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INTRODUCTION






INTRODUCTION

Le théme central de l'ensemble d'articles
presentés dans cette thése, est 1'étude de la dynamique
des réseaux d'automates non-uniformes. Ces réseaux
peuvent étre décrits comme des systémes constitués
d'éléments répértis aux sommets d'un graphe, non necessai-
rement régulier, chaque é&lément interajissant avec ses voisins
(au sens d'un graphe de connexion). Un &lé&ment peut éetre
déerit pPar une machine déterministe recevant des signaux
d'entrée (provenant des autres &l&ments), susceptible de
prendre un nombre fini d'états et dont la fonction de
transition ne dépend que des &tats des éléments voisins, 1la
sortie étant identique & son &tat interne.

Un réseaux d'automates est constitué donc,
par un grand nombre de telles "machines" (ou "cellules")
interconnectées. La dynamique d'un tel réseaux est définie
par 1'évolution, dans une &chelle temporelle discréte, de
l1'état de chaque &lément du réseau. Cette évolution peut
s'effectuer en paralléle (toutes les machines changeant

d'état de maniére synchrone en fonction de 1'état du réseau
a l'étape précedente), avec mémoire (1l'état 3 1'instant t

depend des états aux instants t-1, t-2,..., t-k; k étant
appelée la longueur de la mémoire), en série (les machines
changent d'état l'une aprés 1l'autre, selon une séquence
prédeterminée) ,



Exemple: Ensemble d‘états E = (0,1}

(2

@ ——

fonctions associées a chaque machine:

£, (x0,%,) = IH:X1+X2'1:I £,(x5,%,) = I[:x2+x4—2:]

-e

£u(x5,%5) = Iﬁ:x2+x3—2:]

-

£4(x,,%,) = IH:xl+x2—1:]

ou Tu] =

1 sinon

' 4
et (xl,xz,x3,x4) e {0,1}

Itération paralléle:

Il

xl(t+1)

£0xy (£),%, (£)) 5 x,(E+1) = £, (x,(t),x,(t))

I
i

g (t+1) = £3(x, (£) %, (£)) 5 X, (t+1) = £, (x,(t) ,x5(t))

Prenons la configuration initiale:

(Xl(o) 'XZ(O) :X3(0) px4(0)) = (1,1,0,1) :



(lllloll) =+ (llllllo) g (llollll) g (1,0,1,0)9 point fixe.

Itération série: On choisit l'ordre de balayage: 4,3,2,1. En

partant de la méme configuration initiale on a 1'évolution

suivante:’

[}

(1,1,0,1) - (1,0,1,0)¢? point fixe

Le type de fonctions de 1l'exemple précédent est
en fait trés important dans le contexte de cette these.
Ces fonctions ont &té congues par W.Mc.Culloch et
M.Pitts [ 69 ] pour décrire certaines propié&tés du systéme ner-

veux et appelées neurones formels. Un neurone formel est une

o € (0,1} et une sortie,

y. Et caracterisé par un seuil, b, et des poids ajs8y,--,a

machine possédant n entrées X11XgseesX

n
associés aux n entrées. Le neurone formel travaille avec une

échelle de temps discret, t = 0,1,2,..., et il calcule sa sortie,

a 1'étape t+l, selon la fonction:

n



: y
X a (i:).____——) ou bien y(t+l)=f(xl(t),..,xn(t))

Les poids aj positifs correspondent a des
"synapses" excitatrices et ceux ndgatifs aux "synapses"

inhibitrices.

On appele fonction 3 seuil celle qui dé&finit

un neurone formel.

Il est clair qu'on peut relier plusieurs
neurones formels et de cette maniére construire un réseau

d'automates appelé réseau neurcnal. De plus, on a démontré,

qu'en interconnectant des neurones formels, on peut simuler
n'importe quel automate fini [:60;69:], ce qui met en

évidence la richesse dynamique d‘un tel modéle.

La dynamique de ces réseaux a &té trés étudiée,-
aussi bien du point de vue thé&orique gue appliqué; cf. [:23,24,
25,41,43,54,57,68,76,81,82,84,85,96:].

Dans cette thése on &tudie de fagon générale
des propiétés dynamiques de réseaux proches aux réseaux

M L3 -~ ) 3
neuronaux. Les &tudes antérieures consacrées a ce sujef



utilisent des outils trés liés a la topologie du réseau
aussi bien qued la nature de la fonction locale de transi-
tion (en général la méme sur tout le ré&seau). Mon approche
du probléme est différente, car j'ai recherché des outils
mathématiques de nature globale permettant d'étudier la
dynamique d'une large classe de réseaux, dont les réseaux
neuronaux. Ces outils tiennent compte de propiétés trés
générales du réseau (tels que la symétrie) permettant
alors d'englober de larges classes d'automates. Ces outils
sont essentiellement de deux types: Un opérateur monotone
associé au réseau et un autre de nature algébrique. Le
premier est présenté sous le nom d'opérateur d'énergie. Il
consiste a associer a un automate une fonction qui décroit
aw cours de la phase transitoire et permet d'obtenir des
bornes sur la longueur du transitoire. Le deuxiéme outil,
de nature beaucoup plus algébrique, est un invariant qui
prend en compte la structure globale du réseau et le type
d'itération envisagé; cette approche s'avére trés féconde

pour l'étude de la structure des cycles.

La théorie des réseaux d'automates s'est
beaucéup developpée au cours des années 60 en liaison avec
l1'informatique. Les developpements récents (dont ceux
presentés dans cette thése) témoignent d'un changement
d'optique profond, car ils montrent clairement un glissement
vers des applications en biologie et en physique, en adoptant
méme un langage assez proche de celui d'un physicien. La
conclusion qui $e dégage donc de cette &tude est que l'interac-
tion entre réseaux d'automates et certains phénoménes

physiques ne se situe pas au niveau d'une simple analogie. En

effet, cette interaction a permis d‘'une part une meilleure



compréhension de certains problémes rencontrés en physique;
c'est, par exemple, le cas de l'itération du type Monte -
Carlo appliquée 3 la recherche d'un fondamental du probléme
de verres de spins (convergence lente, régle du spin fou,
[ 40,57,76, ], etc...). D'autre part,le concept physique
d'énergie s'avére tré&s puissant pour 1'étude d'une large
classe de réseaux d'automates pour lesquels les approches

de type combinatoire avaient échoué.

Contenu de la thése

Au premier chapitre on &tudie le comportement
périodique de divers réseaux d'automates. L'hypothése de
base pour mener 3 bien cette &tude est la symétrie du réseau;
c'est-i-dire que si la cellule i est connectée a la cellule
j, avec un poids a, alors on a la méme interaction entre j

et i:

Cette hypothése, malgré sa particularité,

est 1'une des conditions de base dans les modeles d‘'auto-

mates uniformes.

En général et sauf cas particuliers, on
travaille sur un graphe fini ou chaque machine ne prend

. ”
qu'un nombre fini d'états; en conséquence, au bout d'un



nombre fini d'itérations le réseau se trouve en régime
stationnaire parcourant nécessairement une orbite finie

(cycle ou point fixe).

Je propose pour l'étude de la longueur des
cycles une approche algébrique basée sur un invariant

associé 3 l'itération. On montre ainsi que:

- Sous certaines hypothéses de symétrie; la longueur
des cycles associés 3 l'itération avec mémoire de

1ongueur k, est un diviseur de k+l1.

- Sous des hypothéses de positivité des coefficients
du réseau, les itérations série-paralléle convergent

toujours vers des points fixes.

Les résultats précédents s'appliquent aux

- . . - . ~ . -~
réseaux neuronaux, de majorité, de fonctions a seuil et a

multiseuils.

Au chapitre deux on se place dans le cadre
d'automates uniformes, a seuil et a multiseuils, unidimen-
sionnels; le graphe de connexion &tant identifié § Z et
chaque machine i ‘ne dépendant que de r voisines a gauche

et a droite:

~

N
A
&
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Dans ce contexte j'étudie les problémes
suivants:

- Détermination de la taille critique du voisinage pour
laquelle la dynamique change (pas:age d'un comportement
stable 3 un comportement cyclique). On montre notamment
que, dans le cas particulier de l'automate majorité
(ol chaque machine i attribue un poids a € N a elle -
méme et 1 3 ses voisines: {i-r,..,i+r}) alors pour
r < %? on a un comportement stable (la dynamique
n'aboutit que & des points fixes) et pour r > 5a-2 on
peut avoir des cycles.

D'autre part, dans le cadre des fonctions a multiseuils,
on étudie la complexité de la reconnaissance d'un
automate "effaceur", c'est-da-dire, celui qui raméne
toute configuration initiale finie a la configuration
ou toutes les machines sont a 1'état de repos.

° [N
Aprés avoir caractérisé par des inéquations les automates
effaceurs 3 deux et trois &tats, on montre que, dans la
ciasse d'automates 3 quatre &tats, les vecteurs de seuil
correspondant aux effaceurs ne forment pas un ensemble
convexe, ce qui illustre la complexité du probléme.

Ce type de problémes avait &té& &tudié par
divers auteurs, entre autres [ 36,91,92 ].

Il faut signaler que si j'ai pu mener a bien ces études c'est
grage aux résultats presentés au premier chapitre et 3 ceux
obtenus par M.Tchuente [ 84 .
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Au chapitre trois on &tudie la dynamique des
diverses itérations conduites sur un réseau d'automates a
seuil symétrique. L'idée de base, consiste 3 associer au
réseau un fonctionnel d'énergie qui permet 1l'é&tude de
1'évolution, tant en régime transitoire que dans la phase

stationnaire.

La fonction d'énergie introduite est tré&s
proche de celle associée au verres de spins [317,57:], pour
lesquels on étudie ici la dynamique d‘'itérations déterminis-
tes (en série) conduites sur des fonctions de majorité.

On montre notamment que pour divers modes
. - - K3 S - *
opératoires il est possible d'associer a un réseau symétrique
un opérateur monotone décroissant, ce qui permet de donner:

- Une borne assez réaliste sur la longqueur du transitoire
(lingaire par rapport au nombre des machines dans le
cas d'un réseau uniforme)

- Des résultats sur la dynamique d'une itération série
dans le cadre de fonctions de majorité; on montre
notamment le r8le joué par des autointeractions
négatives (spin fou) dans 1l'apparition des cycles.

- Une nouvelle démonstration de certains résultats

obtenus au chapitre-I sur la longueur des cycles.

D'autre part, on exhibe une famille de réseaux 3 seuils
symétriques ou la longueur du transitoire en mode paralléle

est exponentielle en fonction du nombre de machines.
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Finalement on montre la relation existant
entre les opérateurs algébriques du chapitre-I et la fonc-

tion d'énergie introduite ici.

Au chapitre quatre on donne un cadre mathéma-
tique général qui permet de caractériser une large classe
de fonctions locales pour lesquelles il est possible d'asso-
cier un operateur d'énergie au réseau. La classe des réseaux
ainsi définie admet, entre autres, comme cas particulier,

les réseaux a seuil et de majorité géneralisée.

Evidemment, 1l'énergie associde 3 un tel réseau

gére toute sa dynamique; elle permet donc de l'étudier.

Au chapitre cing on étudie le compor temment
itératif d'un modé&le neuronal introduit par R.Caianello
[:1,2,23,24:]. Ce modéle correspond A 1l'étude d'une itéra-
tion avec mémoire conduite sur une fonction a4 seuil. Notam-—
ment, on caractérise la structure de bifurcations dans le
cas de mémoire bornée et on montre que le nombre de rotations
en fonction de la valeur du seuil est une approximation

discréte d'un escalier du diable ou fonction de Cantor.

Dans le contexte de mémoire non bornée, on
» \ o
raméne 1'étude au cas d'un systeme dynamique géré par une
. . - - . rd .
fonction linéaire par morceaux, ce qul permet de caracteriser

son évolution et notamment de retrouver un escalier du diable.

Enfin, dans l'annexe on présente deux études de
réseaux d'automates booléens motivées par des problémes de

nature biologique, notamment la description des phénoménes de
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contrdle génétique.

- Dans le premier papier on &tudie des propiétés spatio-
temporelles d‘un réseau bidimensionnel de fonctions

booléennes.

T~ P d . .
~ Dans le deuxieme on caracterise le comportement dynami-
que des itérations asynchrones des fonctions booléennes

pour une classe particuliére de réseaux.

En conclusion, il est important de signaler
le fait suivant: Etant donnée la nature discréte des struc-
tures étudiées, les résultats dynamiques tré@s généraux
connus sont assez rares. Dans cette optique, je pense que
mon travail a au moins le mérite de donner un cadre mathéma-
tique pour 1l'é&tude d'une classe non triviale d'automates
non-uniformes, permettant ainsi de répondre aux divers
problé&mes posés par un processus itératif associé au réseau.

Enfin, je tiens a souligner pour terminer, que
ce document de thése regroupe divers articles &laborés
tout au cours des quatre derniéres annéesj On voit bien
alors la progression de la démarche; certains résultats ont
été obtenus de deux fagons différentes d'autres constituent

des généralisations, etc...

Cette présentation "chronologique" illustre
le cheminement de mon travail dans un domaine ou la démarche
principale consiste en la recherche et la mise au point des

outils mathématiques pertinents.
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CHAPITRE 1
PERIODICITE ET OPERATEURS
INVARIANTS
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CHAPITRE-I

PERIODICITE =T OPERATREURS INVARIANTS

Dans ce chapitre nous étudions le compdrtement
périodique de divers réseaux d'automates.Pour ceci,nous avons
developpé une technirue des opératenurs invariants associss aux

réseaux [43,45,73] .L'idée de base est la suivante:

Considérons un réseau compos? de n cellules Ci;

i=l,...,n ;o chacune i'entre elles interajise avec ses voisines
selon des fonctions:

r; .
fi: Q1% Q ; O un ensemble fini

-

Nous nous interéssons 3 1'dtude de la structure
ies pPériodes de 1'itération paralléle sur le réseau

xi(trl)=fi(x(t)) i=1,...,n
x(t)=(x1(t),...,xn(t))e: oP

n P
Comme Q" est un ensemble fini,nous pouvons nous
plager en r3qgime statitnnaire.Soit donc:

1

X. =(xi(0),...,xi(T-1)) i=1,..,n

l'orbite associée 3 la cellule C{/0N T est la p3riode du réseau.
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Pour les automates &tudiés dans ce chapitre nous

déterminons un opérateur E(xi,xj) A valeurs reels (i,j=1,..,n),

tel que:
1,
LoL(x,,x.) =19 si T‘q (2)
i, 3
T L(x,,x.) < 0 si Tf—q (3)
L. S
i,]

Tvidemment,de (1), (2) et (3) on obtient que les
périodes du réseau sont diviseurs de g.Rien sur,tout le pro-
bléme est de déterminer la valeur de q qui convient (beaucoup

de simulations ou...l'intuition) et,d'autre part,dé&tZ3rminer L.

Dans ce chapitre,nous présentons trois réussites
de "& la recherche de 1'opérateur caché&",mais il est clair
que cette technique n'est pas du tout "passe-nartout" et,
d'autre part, elle ne donne pas de renseignements sur d'autres

aspects de la dvnamique du réseau.

Les réseaux presentés ici viennent de divers
domaines:biologie (réseaux neuronaux),dynamique 1es nopula-
tions (majorité generalisfe) et probl®mes en relation avec

les verres de spin (itérations s&rie-paralléle).

"inalement,nous €étudions aussi la structure des
cycles des réseaux 3 multiseuil,en &tablissant un morphisme
entre eux et un réseau & seuil,cas particulier d'un réseau

neuronal.
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COMPORTEMENT ITERATIF
DES FONCTIONS DE MAJORITE
GENERALISEES
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ITERATIVE BEHAVIOUR OF
GENERALIZED MAJORITY FUNCTIONS

Math. Soc. Sciences,4,1982
en collaboration avec M. Tchuente

1 - INTRODUCTION

Let n,p be two positive integers, let {oi; 1 < i < n}
be a collection of n permutations over {1,2,...,n} and
let a be a mapping from (1,2,...,p} into R.

We consider the mapping

¢ {l,2,...,p}n -+ {1,2,...,p}n

X = (x X)) > (¢1(X),-.-,¢n(x))

1'...
defined by
alk) & a.. > al(r T a,. 1if o.(k) > o.(r
xx 13240 x.=r *J R
¢i(x) = k <=>
alk) I a.. > alr by a,. 1f o.,(k) < o, (r
( )X o 23 (r) op 243 l( ) 01( )
where aij e IR , aij = aji for i,j ¢ {1,...,n}

2 - PARALLEL ITERATION

In this section we study the iterative behaviour of ¢ ’

i.e. sequences of the form

r+

x° € {1,2,...,p}n , X . ¢ (xT) for r >0

The behaviour of this model has been characterized by Poljak
and Sura (1982) as follows
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THEOREM 1
For any Xx° ¢ {l,...,p}n there exists an

integer s such "that :

r+2 r
X = X for any r > s .

COMMENTS

The Poljak and Sura's proof has been given in the parti-

cular case where

a(k) =1 for k e {1,...,p} and o, = ¢

for i e {1,...,n}
(en denotes the identity permutation).

The interest of our proof is to provide an algebraic invariant
associated with the iteration. This approach was introduced by
Goles (1980), Goles and Olivos (1980), for the study of the ite-
rative behaviour of symmetric threshold and multithreshold

functions.

APPLICATION

Let us consider a society of n persons named Pl’PZ"°"Pn
and let {61,62,...,6p} be the set of opinions which may be
assumed by any person. The parameters of the problem can be inter-
preted as follows :

- o(k) 1is the weight of opinion ek

- aij is the weight of the interaction between Pi and Pj

- permutation oy is a local hierarchy adopted by Pi with |
respect to the different opinions.

Let x = (xl,xz,.,.,xn) represent the state of the society at

instant t , 1i.e. Pi has opinion Xy o Clearly, with respect
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to opinion ek ’ Pi is subjected to an influence whose total

weight is

a(k) £ a. .,

The function ¢i can be interpreted by saying that, at ins-
tant t+1 , Pi selects the opinion of maximum hierarchy among

those of maximum weight. If

a,. e {0,1} for j=1,...,n and if z a,. 1s odd
ij 1<j<n 13

then ¢i is the classical majority transformation.

Theorem 1 says that in such a society, the opinion of
any member Pi » after a certain number of steps either remains

constant or oscillates between two values.

Let us now introduce some notations and definitions.
Since {1,...,p}n is finite, the sequence :

xTH = o(x") , r >0 ; x° e {1,2,...,p}"

is ultimately periodic, i.e. there exist two positive integers
s,T such that :

r+7T r
X = X for any r > s

Let us denote

yt = xs+t for t > 0

and let Yy be the period of the sequence



Clearly, any Y; , i=1,...,p can be identified with the

boolean vector

1 if yz =k

1,t p,t)

k
(yi l-vvlyi where yi =

0 otherwise

We are now ready to introduce the algebraic invariant asso-

ciated with the iteration, i.e.

L = r z L; .
0<t<T-1 1<i,j<n *+°J
where
t _ k,t, k,t+1 k,t-1)
L, . = a,. T al(k)y,’ ! -v.'
i,3 i Lenep )Yy (yJ Y5
LEMMA 1 :
L=20
PROOF :
Since
aiJ = aji for any i,j=1,...,n

it is easily verified that :

T LI . = a, . L T a(k)yg't(yg’t+l-yk’t-l)
o<t<T-1 ] *J o<t<T-1 1<k<p * J 3
= -a__ z X a(k)y¥’t(yk't+l—y5't"l)
J1 0<t<T-1 1<k<p J 1 1



Therefore
2L = 5 ( s LE +
1<i,j<n  0<t<T-1 173
hence
L =20 .
LEMMA 2 :
If y, <2 then s, = £ X L
1 0<t<T-1 1<j<n

otherwise Si < 0 .

PROOF

k,t

S, = z z a, . z al(k)y,’ (y
0<t<T-1 1<j<n I 1<k<p *

t

= T L a. . I a(k)yg’ (y

0<t<T-1 1<j<n 13 1<k<p

i -

y}iq,t—l ylic,t+1 for t >0
hence

Si =0

Let us now assume that yi‘> 2 . We can write

k,t+1 k,t-1
. -y.

k,t-1__k,t+l
i RS

3 )

)

1
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il
(o]
L<
]
fu—
[\q
1)
’-l

]
(o]
<

t

+

ot

- . a,.
t_ t-1 ] . t_ ts1 13
Y= Y5 Y37 Yy
. t+1 t . . s
Since Yy = ¢i(y ) , it follows from the definition of ¢i
that :
t-1 t+1 . .
o, ly; 1) > o,(y; ") implies B <0
and
t+1

) implies B, < 0

-1
o ly; 7) <oy ly £

i i

Since vy, > 2 , there exists t o« {0,1,...,T-1} such that

i
t-1 t+1

oi(yi ) < ci(yi )
hence

B < 0 and Si = X Bt < 0 .

t 0<t<T-1 .

PROOF OF THE THEOREM :

L = L S, =0 (Lemma 1)

where

S, <0 for i=1l,...,n (Lemma 2).



27

Thus

Si =0 for i=1,...,n

and from the proof of the preceeding lemma, it follows that

Y; < 2 for i=l,...,n

3 - SEQUENTIAL ITERATION

Now we consider, for the generalized majority rule,
the sequential iteration defined by x° ¢ {1,...,p}" and :

t+l t ot
Xl - ¢1(Xl,...,xn)
t+l t+1 t+l _t t
X, = ¢i(x1 oo s X 10X ree e X)
t+1 t+l t+1 _t
Xp o = 0y X X))

Such an iteration modelizes a situation where, at instant t ,
person P1 first adjusts its opinion, followed by

PZ’P3""'Pn : the linear order P1 < P2 < P3 < +.. < Pn .
associated with such an iteration, may correspond, for instance

to a hierarchy in the population.

The dynamical behaviour is then given by the following
result. .

THEOREM 2 :

If a(k) a;; 2 0 for any k ¢ {1,...,p} and i ¢ {1,...,n}

then the sequential iteration only admits fixed points,

i.e. for any x° ¢ {1,2,...,p}n there exists an integer

7

s such that :

r+l r
X = X for any r > s .
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PROOF : (Similar to the proof of theorem 1)

There exist two positive integers s,T such that

r+T r
X = X for any r > s

Let us denote yt = xr+t ., t >0 , and let Yy be the

period of {yi : £t > 0} . We introduce the algebraic invariant :

L= I 5 Lt

0<t<T-1 1<i,j<n  *'J

where
A I alk) AT LA L S P SRR
¢
=<0 .
Li,] if j i
a,; I alk) AT T AR At Y SRR

It is easily verified that for any i,j e {1,...,n}

hence

1<i,j<n i,3

Let us consider
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where U = 1 a(k) yRet( 5 o JRetHl a,.y*t
t 1<k<p 1 j<i 1373 i>i 137
and
Vt = z a(k) yk't ( Zz a..y}.c't + I a..yg’t—l)
1<k<p 1 j<i 1373 j>i 1373
Clearly, we can write
S, = L (U, ~v )
L octepoy b tH
t t+1 t+1 t t
Let us denote z© = (yl ""'Yi-l’yi""’yn) and

1 if a=b
§(a,b) = {

0 otherwise

It is easily verified that

t  t+1

— P t -
Bt = Ut Vt+l+a(yi)aii[l 6(yi,yi )]

= X a..a(z?) - X a..a(z?)
t_ 1) _ t+r 33
zj-yi 2=y,

) t+1 t t
Since yi = ¢i(zl,...,zn) it follows that

t+1 e, .
oi(yi ) > 9, (y;) implies B, <0

t+1 t . .
oi(yi ) < oi(yi) implies Bt <0

If Yy > 2 , then there exists t such that

t+1

oY) <oy )
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thus

< B <0

Ue = Vs S B

The rest of the proof is similar to the proof of theorem 1.

5 - OTHER EXTENSIONS

5.1, SEQUENTIAL-PARALLEL ITERATION

We can consider, for the generalized majority rule the
general case of "sequential-parallel:-iteration" '
Let {Jl,...,Jq} be an ordered partition' of the set {1,...,n},
i.e. if k < m , the integers belonging to Jk are smal;er than

those in Jﬁ
We define the "sequential-parallel iteration" as follows

For i e J :
m

a(k)( by a,., + r a,.l] Zoal(r)l z a,. + I a,.]
o1k tv1_, 131 ¢ i3 e+l 13 ¢ 43
x. "=k x.=k X, =r X.=r
3 3 3 I
JeAm JeAm JeAm JeAm
if oi(k) > oi(r)
x§+1=k@
al(k)L T a,. + I a..]l »al(n)[ a,. + r a,.l]
ij ij ij ij
x?+1=k x?=k x?+1=r x?=r
3 i_ 3 ER
\\ ]eAm JeAm jeAm ]eAm
if oi(k) < oi(r)
VN Y
where A_ = 1<s<m-1% ¢ Ay < msssq'% , mef{l,...,ql
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This iteration modelizes a situation where , at instant t ,

persons in J, first adjust their opinions in parallel ,

1
followed by the persons of J2,J3,...,J

The preceeding dynamic rules are %imit cases of
"sequential-parallel iteration"” ; if J1 = {1,2,...,n} we
have a parallel iteration and if J, = {i} , 1 =1,...,n ,
we have a sequential iteration .

The dynamical behaviour of this model is given by the

following result :

THEOREM 3

If the ordered partition P = {Jl,...,Jq} is such that
for each set Jy

alk)la,; z la(k) | ]eJ Ialjl, for each i « J,r k=1,...,p

J‘l
then the sequential-parallel iteration associated with P

only admits fixed points
PROOF :
Using the notations introduced in the preceeding sections

one proceeds as in the proof of theorems 1 and 2 , with the

following algebraic invariant :

= t
L = octsr-1 1<i,jsn Ti,3
where .
2o k,t, k,t+l )
[aij 1<k<p a(k)y (Y] - ] ) if ied ,]eJS,m>s
tooZ 2_ k,t, k,t+1 _k,
Liys 59315 1skept®yy " yy' 70 y:l Ly if 1 (Jed

a, . 2_ a(k)yf t(y?'t_ y?'t 1) if iEum,]€J ,m<s

For more details see Goles(1981) (1

COMMENT
The hypothesis of theorem 3 is a sort of diagonal domi-
nance condition ; clearly, if such a property is true for a

partition P then it holds for any partition P' finer than P



5.1. ITERATION WITH MEMORY

Let us assume that each person has a memory of length q,
g > 1, i-e x(t+l) is a function of x(t),x(t+l),...,x(t-qg+l) .

In the particular case of linear memory , that is to say

A ———

a (k) :E:; ;Z——- a,. = a(r) 21—- .. if oi(k)ZOi(r)

a
0<e<g-1 xF *=x 13 0<2=a~1 xt =y 13
t+1 ] 3
X ~=k& : o
a (k) TZ:;- 2%:;' a;j; > alr) :Z::' :%:;‘ a;. if o, (k) <o, (r)
0<e<g-1 X =k *J 0<2<g-1 Xy =r J

It can be shown , using the same idea of algebraic invariant,
that the only possible periods of the model are the divisors of
g+l,see Goles (1980) in a similar context . This is consistent

with theorem 1 when g =1 .
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COMPORTEMENT DYNAMIQUE
DE RESEAUX NEURONAUX






DYNAMICAL BEHAVIOUR

OF NEURAL NETWORKS

a paraitre: SIAM Journal on
Algebraic and Disc. !Methods.

ABSTRACT.

We characterize the cyclic behaviour of a threshold neural
network defined by an iteraction with memory. Our study is based
in an algebraic approach that consists in defining and invariant
associated which the dynamic of the network.



36

1. INTRODUCTION

A mathematical model of neural networks rroposed by

E.R. Caianello [1,2] is represented by a set of equations:

‘n ok
Y?t)=lLL ). ajj(S)Yj(t'S)“UjJ for i=Ll,...,n

i j=1s=1

vhere yéa)e{O,]}for j=1,....,n and

l[ﬁ]:{o if u <0
1

otherwise

The dynamic of this model has been studied in some particular

cases:

-For a single neuronic equation;ie:

k

Y(L)=] Y, a(S)Y(t"S)"G]
S:‘-:

T.Kitagawa [41 ,Nacgami,Kitahashi,Tanaka, Poljak |6,7| have

caracterized the dvnamical behaviour of the svstem
(convergence to stable confiagurations,reverberations
cycles,etc) with hypothesis on the couplina coeffi-
cients,a(s).The principals results are the followina:
-1f the couvnlina coefficients are all nonnegative,
any initial configuration converces to a stable confi-
guration (the fixed points 0 or 1) [6l .
-1f the coupling coefficients are all nonvositive,
there exist reverberation cycleé when xz=!a(s)<e<0
If the als) are nonnositive and identicals; a(s)=a<C,

the cycle lendth,T,is a divisor of k+l {e) . ;

-For a neural equation that evolve in varallel;ie k=]
and:

n
vi(t)'-'l[jilaijyj(t-l)- ei]; i=1,...,n

we have proved in the svmmetrical casejie A=(aij)
symmetric that the cycle lenath,T,is one or two[3]_



37

- {f A is non symmetric the associated dynamic
is very complicated because this class of networks
is a Mc. Culloch-Pitts net and it simulates any finite
~automata 5] )
In this paper we study some aswects of the dyna-
mical behaviour of neural networks with non trivial memory
(k> 1) .0ur analysis will be based on an algebraic discrete

invariant associated with the network.

2 .NOI UNIFORM COUPLING COEFFICIENTS

Let us consider the set of neural equations:

n k’

. for fiﬁi.sf.,n ; yj(t) €e{0,1}; aij(a),Qi R

with the hypothesis:
aij(k-s+l)=aji(s) for s=1,...,k gnd iiqi=1,...,n

We will mrove that,inq such a network, the cycle lenqgth,T,
is a divisor of k+l. N
Let us denote y(t)=(y1(t),....,yn(t)).Since v(t)a{o,1}
it is obvious that for any initial configuration y(0),..,y(k-1)
the iteration on the neural network is ultimately periodic;
that is to say:there exist r,T€IN and vectors y(r),..,y(r+T-1)
such that: ‘

n

vy =10
1 j:l 5=
for m=r,...,r+T-1 and i=l,..,n

“k
Xlaij (s)yj (m—s)-&i]

where the indexes are taken modulo T

We can then associate with any cell i of the network the
"cycle-vector":

X, =(x,(0), ..., x; (T-1))=(y; (r),...,y; (r+T-1))
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2P T R 2~ RG-S L 2

Let E be the overator:

T-1 {k k
E(x,,x. )= 1 x (¢ % a, (k-s+1)x, (t+s)- I a‘..(S)x,(t-S)}
o)ot=0 1 s=1 ] s=1 ) )
for i,j=1,....,n
where the indexes are taken modulo T
Properties_of E
1- E(xi,xj)+E(xj,xi) =0 for i,j=1,...,n
Proof. We have:
?~1 k k
- - o - — + -—
E(xi,xj) tioxj(t)(si1aij(5)xi(t+5) si1aij(k s l)xi(t s)}

Since aij(s)=aji(k—s+1), aij(k-s+1)=aji(s), hence

B(xi,xj)= —E(xj,x

i) a

2~ Let 1 the period of vector xi,then~if yi4’k+1
then:

E(xi,xj) =0 for any j=1,....,n

P1oof . Since T is the neriod of the network,we have

‘I‘=—'BYi and by hypothesis k+1=eyi

et Cm he the set
¢ ={m,m+yi ,m+Zyi ,......,m+(8-1)yi }

m=0,.....,yi—1
since T=Byi we have

Yi ."‘1 K k
E(xi,xj)— LI xi(t){ T a j(k-—s+1)xj(t+s)— T aij(s)xj(t~s)}

m=(0 teC s=1 i s=1
m
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Let M(i,j,m) be:

k
a, . (k-s+1)x (t+s)- & a. (s)x_ (t-s)}
, 13 j sy 13 3

MO, j,m)= ¥ x (t){
teCm i s

[ o o

Since Y, is the period of vector Xt

x ;(t)=x;(t+qy; ) for any ge(N, hence
i i Yi

: k .

M(i,j,m)=xi(m) % ai.(s) ) {x.(t+k+l—s)—xj(t-s)}

s=1 ') tec 3
n
since k+1=9yi

k B-1 B-1

MO, 3,m)=x,(m) L a (s){ L x (m+(t+8)y, =~ s)- & x_(mity, - s)}

ST T ! t=0 7 !

since T is the pmeriqd of the network and T=Byi, it is easy to see
that: ‘

B-1 B-1
I x . (m+(t+68)y.-s) = ¢ x_ (m+ty. -s)
t=0 3 . * t=0 - .
hence M(1,4i,m) = 0
,Yih- 1 Il .
then E(xi,xj)= T M(i,j,m) =0 II
m=0
n
3. If Y.4’k+1 then I E(x,,x.)<0
i =1 i’

Before proving this property let us denote
Sup(xj)=fte{0,...,T-l}/xi(t)=1}

and let {CTlizobe the partition of Sup(xi) defined as follows:
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Let €7 = (t/{t+(k+1),t+2(k+1), ... t=(k+1)} € Sup(x;)
In particular C? = ¢ 1if (k+1) 7‘ T

Let C%,...,C? the maximal subsets of Sup(xi)\ C? having the form:

m—
c; = {tm, tn +.(k+1),°,.,t + qm(k+1)}

m

form = 1,...,p

Exemple: k=3 with T = Yy = i6.

t Jolti2]3lal{s'6;7]8laf1o}t1|12]13]1a]15
. 3 '
x, [0 10 111 11| o} 1]t
} 1 ¢
a,=(1,5,9,13}  A,=(2,6,10,14)

~

C?=[1,2,5,6,9,10,13,14}

C;={3,7,11}

Proof of vrownerty 3

From the partition intruduced above we have:

n n p k k
z E(xi,x.)= I oz T x(e){ ¢ ai.(k—s+1)x.(t+s)— L ai.(s)x.(t~s)}
j=1 3 4=1 m=0 rect * s=1 *-J ] s=1 '3 J
k k
Let R(i,j,m)= £ x, (£){ I a, (k-s+l)x_ (t+s)- L a, . (s)x_ (t-s)!}
t&c? 1 s=1 13 ] s=1 1] J
Clearly "
R(i,j,m)= % a,.(s) ¢z (x,(t+k-s+1)-x,(t-s))
s=1 -7 téc? 3 3
From definition cof Ci ,it is easy to see that R(i,j,O):O
Since Yf¥k+1 , W -have at least C;# b, henre
|3 dm
r a,, (s) ¢t (xj(tm+(k+1)t+k+l~s)—xj(tm+(k+l)t—s))

R(irj:m)=

s=1 *tJ t=0
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then

k
R(i,j,m)= %

a. .(s)( x
15 1]

(tm+(k+l)(qm+1)*s)-xj(tm-s))

i 3

hence
n nook n ok |

’ R(1,j,m)= ¢ 7% a, (s)x.(t +(k+1) (g +1)-s)- & ¥ a,_ (s)x.(t_-s)
jzl ey et lom m j=1 s=1"J oo

since x_(t +(k+1)(q +1))=0 ,x (t )=1 and by definition of
i m m i m
the neuronic equation:

aij(s)xj(ta(k+l)(qm+1)—s) < 8

aij(s)xj(tm~s) ¥ 0
it follows that:

n

I R(i,j,m) < 0 , hence
i=1

)

[ e =

E{x,,x.)=
i
1 ] 3

]

g2 ™Mo

R(i,3,m)< 0 .l
1 =0

The properties above can be summarized as follows:

THEOREM-1 If we have:
ai$k~s+1)=aji(s) for i1,3j=1,..,n and s=1,..,k
then, for any initial confiquration v(0),...,y(k-1)€{0,1}"

the neural network converges towards a cycle of lenath
T,such that T'k+1.
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}

Proof: If T is not a divisor of k+1l, there exists at least one

index ie{1,...,n} such that yi+/k+1, hence from properties 2 and 3
we conclude:n ‘

~
ho~M 3

E(x, ,x )< 0
1 3

i=1 9=1

and from oroperty one: :

n
L

i &1 3

E(xi,xj)= 0

i=1 j=1

which is a contradiction, therefore T | k+1 ll

COMMENTS
If k=1 and A=(ai1) is a symmetric matrix,we have

the two-cycle behaviour studied ). the contex of non
uniform cellular automata [3].

As a particular case of the preceding result we
can consider the case of uniform counling coefficients
with a non-connected memory structure;ie a set of
neural equations :

k

n
y.(t)=1[ Zlaijsilgj(t—pg)—ei]

where (a ) is a symmetric matrix and the memory stens
ij

P,> p2>....>pki] verify:
PytPy Pyt Py T TPy if k=2r

(H)

PyTPoy 1T Pp¥Pyp p =ee-=Pp y¥P 4= 29, 1f k=2r-)

It is easy to see that this system is equivalent to the
following:



43

n g
y,(t)=1[ I I a.J(s)x,(t—s)-ﬂr]
* j=1 s=1"7 ] '

where

a,. if selpy;,...,p.!
ai:(s) N ij 1 k
J 0 otherwise

and q=p]+pk~L

furthermore, from hymothesis (H) and A being a symmetric matrix,
we have:

aij(q~s+1)=aji(s) for s=1,..,9
then we have the corollary:
COROLLARY. If we have hypothesis (H),then for any initial
configuration y(O),..,y(plol)e{O,I}n ,the neural network

converges towards a cycle of length T,such that ‘I“pﬁpk

Proof..Directly from previous comment. ll

a particular algebraic invariant.With the notations above.

Let us define:

T-1 k k’
E(x.,x.)=a.. I x. () ¢ x . (t+p )- ¥ x (t-p_))
ol Meeo t s=1 J 57 g=1 ) ®

for i,j=1,....,n

From hypothesis (H) and the symmetrical property of A
it is easy to prove that E verifies oroperties 1,2,3,
hence T | p,+p_ . Il
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3.SOME REMARKS ON SINGLE NEURONIC EQUATION

In the particular case of a single neuronic
eguation; i.e.

-,

y(t) = 1| 7§ a(s)y(t-s) - eJ

s=1

we cgeneralize to non-connected memory structure the result
of Nagami [:6:], obtaining it as a particular case of

Theorem-1; i.e.
If a(s) = a # 0, for s=1,...,k then T | (k+1)

Furthermore, we can interpret the single neuronic eguation
with memory of lenath k as a directed graph with one threshold
cell and k-1 tranfert cells which only transmit their binary
input. For instance, if we have k=4 and a(s)=a for s=1,2,3,4,
the associated graph is:

a

Q

[] : threshold cell

N
"]

®*

@

(:): tranfert cell

/

5

where:

4
yq (t) 1[aj£lyj(t—l)—6]

yj(t) Y (t-1) j=2,3,4

j~1
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4.NON CONNECTED !TT1ORY COEFFICIENTS

Let us take the following neural equation:

n k
y;(t) =][[jj§1 szpaij(s)yj(t—s)-bi:] for i=1,...,n
yj(*)e{O,l} and aij(*), bieR

with hypotesis:

A(s) = hij(s)) = At(k-s+1) for s=p,....k.

3

Example: n=1:

-

B k
y(t) =1 [ ] a(s)y(t-s)-b7]
. . s=p

and coefficients verify: a(s) = a(k-s+1), s=p,..,k. There we have that memory
coefficients, for s=1,...,p-1 are zero. That is to say,step t
depends only of steps t-p,...,t-k. In previous cases we applied
symmetrical hypothesis to coefficients a(1),...,a(k); here we applied
symmetry only to a(p),...,a(k).

t-k t-p t-ptl t-1 t

Vol

alk) ~ - a(p)

R
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In this case we-define,in a similar way that previous
cases,the algebraic invariant:

k
aij(k+p~s)xj(t+s) - Z

a..(s)x.(t-s)}
p ssp

, T-1 K
E(X_i ,xj) = tZ()x‘(t) {SZ

Properties on E:

1) E(xi,xj) + E(xj,xi) =0 Vi,j=1,...,n

2) If Yi‘kﬂn => E(xi,xj) =0 V¥j=1,...,n

The proof is similar to analogous properties in precedents
cases.

n
3) If'yi-P ktp => 7§ E(xi,xj) <0

j=1
For the proof it is sufficient.to fake partition {C%}z=0
of sup(xi) defined as follows -
Let C? = {t/{t,t+k+p, t+2(k+p),...,t-(k+p)} c sup(x;)}
In particular C? =9 if k+p+T.
0

Let C%,...,Cg the maximal subsets of sup(xi) \NC
having the form:

i

m _
Ci = {t .t + (k+p),...,tm + q_(k+p)}

(et - (kep), t + (o,+1)(kep) ¢ sup(x;) > €F)
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k+p-1 k+p-1 k+p-1
TN N —
2o XX o 1__ 0
t-(k+p) t Eptlkep)  toeq (kip)  t +(q +1) (k+p)

From this partition we prove property 3 in a similar way
that in the previous paragraph.

Hence we may conclude:
Theorem: If we have:
A(s) = A(k+p-s) for s=p,...,k

then, for any initial configuration, the neural network converges
towards a cycle of length T such that T/k+p,

Proof. Directly from properties 1,2,3.

Ll

Remark: By this way we can obtained the folloeing cycles:

P T

1 | T/k+1 % connected memory
2 | T/k+2

k| T/2k

It is always possible to build networks with cycles T
divisors of k+p,As a pérticu]ar case we may obtain maximum divisors;
i.e. in a one-dimensional neural-network:

| 1 K .
x(t) = 1[5 - ] x(t-s)7] with 1<p<k
S=p
k)

we have the cycle (1P0 = (1...10...... 0)
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The preceding remarks show that our aﬁalysis can be
considered as a first step towards the study of the
dynamical behaviour of nonsymmetric threshold
networks, i.e. directed éraphs where each node is a
threshold cell.

A first problem to study should be the cyclic behaviour
of arbitrary directed networks of order n consisting
of one threshold cell and n-1 transfert cells.
Finally, the approach introduced here seems to be the
appropiate tool for this study because it takes into
account both the structure of the network and the

iteration scheme in an algebraic fashion.
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CONVERGENCE D'AUTOMATES
A SEUIL VERS DES POINTS
FIXES
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FIXED POINT BEHAVIOUR OF

THRESHOLD FUNCTIONS ON A FINITE SET

SIAM J. Alg. and Disc. MMeth.,Vol 3,4,82

ABSTRACT :

Let A be an application from {0, 1} lnto itself,
‘whose components are threshold functions with separator Z auyJ -8.,
(y;e{0,1}, a;;-8;€R; i, e {1,...,n}). =1

In this paper we determine a.sufficient condition
on A = (a, J), a real simetric nxn matrix, so that the blocks Gauss-Sei
del iteration over A only admits fixed points on the steady state.
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1. PRESENTATION OF THE PROBLEM.

Let a: (0,13" » {0,1}"

Y= Ypaeyy) » (8,(0),.008 (1)

be an application, in which:

n
¢](.y) =

1 otherwise
A= (aij) being a real simetric nxn matrix and § = (91,..,0n)TeR" )
Consider a ordered partition {Jl,..,Jp} of the

set {1,..,n}. That is to say, if k<m, the integers belonging to Jk
are smaller than those in Jm‘ For instance, if n=8:

J1 = {1,2}, J2 = {3}, J3 = {4,5,6}, J4 = {7,8}
This condition on the partition is not restrictive,
since it is easy to obtain a general partition by reordering the com-

ponentes of A.

We define the "block Gauss-Seidel" iteration over
{Jl,...,Jp} in the following way:
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If ied
m
0 if ] a yr+1 Ja..y% < @
| nop 97 p 1973
r+l _ je U J_. je U4
Yj ! s=1 ° s=m °
U otherwise
r =0,1,2,...

vee(0,11",  me{l,...,p}

Since {0,1}" is a finite set, it is obvious that
starting with any initial vector, the iteration converges to a cycle
of period Tg?". This means that for every y°e{0,l}", there is an
seN such that:

S s+l s+T-1

There are two well known iterative strategies:

{1,..,n} corresponding to the "parallel"or "Jacobi" iteration

1
[
]

Yot re0,1,2,..; yoe(0,11"

This strategy 1is usual in the contex of classic
automata, and only,with the simmetrical hypothesis on A we have T<2.

- Ji = {i}, ie{l,...,n} corresponding to the "serie" or "Gauss-Seidel"

jteration, a strategy used in "spin glass" simulation.

'

We are interested in determining a simple condi-
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tion on A = (aij) so that the block Gauss - Seidel iteration admits on
ly fixed points.
THEOREM: Let P = {Jl,...,Jp} be an ordered partifion on {1,...,n}
such that, for each set J, we have:

a2 1 Iaij' ; for each ied
JeJ2
j#i
Then, the block Gauss-Seidel iteration asociated to
P only admits fixed points.

Note: If J; = {i}, for some i, we shall assume | Ja..| = 0.
jed,
i

J#i

aij

We will need some definitions and basic proposition
to prove this result. ‘

2. PROOF OF THE THEOREM.

Since the iteration converges, starting with any
initial vector ye{O,l}", it is possible to associate an nxT matrix to
each y:
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in which (ys,...,ys+T'1) is the vector matrix of the cycle with period
T, to which the iterations converges, starting with the vector ye[O,l}"

Let S = {xl,..,xn} be the row

A set of X(y,T),
and let L be the application

L: SxS =+ R
(xi ’xj) -+ L(X] ’xj)

[ 11
aijlgoxi(Q)(xj(z)vxj(z-l)) it ded , jed ; mek
T-1
= 4 _ ) ) o
Llx;,x5) aijzzoxi(z)(xj(2+l) x(e-10) i i,ge )
T-1 o
aijzgoxi(2)(xj(2+1)-xj(2)) if ded, jeds mk

\

with i,je{l,...,n}
Note: The indexes & are taken modulo T.
It is easy to prove, considering the definitions
and the simmetry of A = (aij), that L has the following properties:

(1) L is antisimmetric:

L(xi,xj) + L(xj,xi) =0 for a?l i,J €{1,..,n}
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(2) If we note v, the period of row x, (yi is necessarily a divisor of
T), then:

ify;=1= L(xi,xj) =0 for all je(l,...,n}

On the other hand, if yizz, for some ie{l,..,n},
we note:

sup(x;) = {2€{0,..,T-1} / x;(2) = 1}
and we built a partition on sup(xi):
¢, = {2yts / 21+sesup(xi), 5=0,..,9;}

where ¢, € sup(xi) is the first index such that xi(ll’l) = 0 and q,
the first of the following indexes such that xi(21+q1+1) = 0.

Similarily:

C, = (g,ts / g.s € sup(xi), s=0,...,q,}; re{2,..,q}
where £ = zr,1+w(mod T) ¢ sup(xi) {275.492,1} is the first index
such that xi(zr—l) = 0 and q_ the first of the following such that

xi(zr+qr+1) = 0,

It is obvious that this partition exists, since
Yi->~2'
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Example:.
=(0000111,000
‘)
Lemma: Let 7132, with ied such that:
ag; 2 1 lagl
1= 5e ij
M
0 J#
then Z,L(xi,x.) <0
j=1 J
Proof: We have:

L100Q1,001111L10 0)
C2 C3 C4

n
¥ L(x:,x:) = Z L(x.,x_) + 7 Lx.,x;) + L(x.,x.)
=1 V) m-1 V3 jey V4 Z J
UJ m j€ U J
s=1° s=mtl >

as the partition is ordered, let us suppose;

Jm = {jl,jl+1,...,j2}, then
Jl"l
Z L(x; Xy ) = 2 aij Z X: (2)(xj(2+1)-x (o)) +
j=1 2=0
ip -1
+ ) gy Doxg(0)xy(a41) - x4(2-1)) #
= 2=0
n T-1
- 1
1 a5 RZOxI(l)(x (2) - x;(e-1))

i=ipt
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¢
1 r

[ =i =]

since sup(x.) =
! r

where Cr = {zr,2r+1,...,£r+qr}, we have:

n ‘]‘1;1 Ay
jZIL(xi,xj) = E [:jzl a5 ) (xj(1r+s+1) - xj(zr+s)) +

r=1 s=0
j2 qr
Voa.. T (x.(e #s+1) - x.(g +s-1)) +
j=j1 Weg J°T 3T
{ 3{
+ a. . (x:(2 #s) - x.(2 +s-1))
j=j2+1 Wezg 7 T
Let Dr be defined as:
Jp-1 9%
D = .. . +s+ - X, + +
- jgl 3 SZO(XJ(Rr s+1) xJ(zr s))
;2 2{
a. . (x,(2 +s+1) - x.(2 _+s-1)) +
j=j1 Y s=0 T 3T
n 9% (
+ a,. (x,(2 +s) - x.(2 _+s-1)
J=};+1 13 sgo T T )

SO

E ( ) g
L{x.,x.) = D
j=1 L r=1 "
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Looking at the sign of Dr’ we notice that:

Dr = m§1 aijxj(gr+qr+1) + g ]JxJ(g +q ) +
je U d je U Jd
s=1 3 ; s=m °
- ( Z a;%5e,.) g a;5%(8-1)) #
je U J je U
S s=m °

jezJ a;i(x5(2#q+1) - x5(2))

since xi(2r+qr+1) =0, xi(lr) =

(2 +q +
mzl aUxJ(zr qtl) + ] a]JxJ(Q *tq.) < 6,

P
je U d je U J
s=1 S s=m S
and
Z a]JxJ(l ) + Z a1JxJ(2 -1) > CR
Je U JS je U J
s=1 S=m

so the difference between both terms is strictly negative.

Moreover, since xi(zr) = 1, we have:
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E = ) a (x(lql)-x.(z))=
m jeJ ii‘7j ittr
= (x, (z +1) -x.(2.)) +
JGJX‘U}U jtheta ittr
a..>0
i
+ +q + - . - .
Jerxh}‘J(xJ(l art1) - xle ) - ay
aij<0
then E < §J a,,- V] a..-a,.
"7 dedn v N gegngip T
aij>0 aij<0

but, by hypothesis: a.. > }  |a.]
jegp tip

) Emgp, and then D <0 and this implies:

Z L(x; Xy ) = ? D. <0
j=1 r=1

0

This lemma and the two properties of L, are helpful
in the proof of the main theorem. Let us suppose that there exists
ye{O,l}n such that the block Gauss-Seidel iteration converges, with
y as a initial vector, to a cycle of period T>2, whose associated
matrix is X(y,T).

Let A1 = {ie{l,...,nl/ Yi=1}
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A2 = {ie{l,...,n}/ Yiz?}

Property (2) implies:

n
¥ ¥ L(xi,x.) =0 -
ieA1 j=1 J

On the other hand,aplying the hypothesis on A, and the 1emma, we have:

n
} Y L(x;x5) <0
ieA, j=1 J

Moreover, as T>Z, the set A, is nonempty.

From both equations we get:

] n
LI Lx5x) <0
i=1 j=1 J

and this contradicts the fact that L is antisimmetric, so we must have
T=1.

(0]

If P' is a finer partition than P, in other words,
P' is a subpartition of P, we can prove the following:

Corollary 1: Let P = {Jl,...,Jp} be an ordered partition of {1,...,n}
such that, for each set JR we have:

i 2 ! laiJ'Is ied, (1)

J#i
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Then, for each ordered partition p' finer than p, the block Gauss-Seidel
iteration, asociated to P', over A, admits only fixed points.

Proof: It is sufficient to see that if p' = {J},...,d'} is finer than
P, then hypothesis (1) impliies that for each set Ji:

a.. > ) la;:], ied;
i1 = 58 By 2
o 02
J#i

0

A particular case of this corollary is the follo-
wing global convergence condition:

n
Corollary 2: If a;; > 7} laijl for ie{l,...,n}, then each block
] j:l
J#i
Gauss-Seidel iteration over A, admits only fixed points

Another interesting condition is the following:

Corollary 3: If a,,>0 for ie{l,...,n} then the "serie" or Gauss-
Seidel iteration over A admits only fixed points.

We use the following exemple as an ilustration
of the preceding results. Let A defined by:

2 -1 6 -1 2
111 42 o s
A=1o 2 5 1 0=1;

01 2 3
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If we note partition {Jl,...,Jp} as (Jl)(JZ)"(Jp)’
the behaviour of the block Gauss-Seidel iteration associated to diffe-
rents partitions of {1,2,3,4} is the following(*):

(1 234) arallel iteration (1 2 3)(4)
par i ng?ra | 0 & Q
8 6 8 6 7
() 5 fo 12 1"5 Q b 4 1
13 —, 0 5 10 14 15
12
11 /7\ 2 ; 1211//T\\3
9 1
) 9 1 2
3
(1 2)(3)(4) (1 2)(3 4)
e 9o
5
13 5 0.
\)Q‘/ 110 1*4 1+5 13—> g 4 1+0 1f4 1+5

119//"1"\\23

74 7{\\3

2

——— fusd

11
(1)(2)(3 4) (1)(2)(3)(4) "serie iteration"
e Q Q ¢ @
8 6 7 8 6 7
PO 5
¢ 10 14 15 13\0/ 1fo 1+4 1f5

(*): The numbers

12—> 04

NS

9
1

are the binary representation of the boolean vecior.
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An other example is the following:

O =
WD
N O
— e ) O
b
i
W W

(1 2 34) Parallel iteration: there is not diagonal dominance pro-
perty

oD
o)
)
o

5 10 15

(1 2)(3 4) there is diagonal dominance property

¢ ¢
ZTN /TN ,
4 8 12 1 9 13

Q Q

0

NN
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If we eliminate the symmetric hypothesis it is not
hard to find threshold function families so that the block Gauss-Seidel
jteration admits long cycles.

Analogously, if we suppress the diagonal dominan-
ce hypothesis we obtain long cycles too.

3. "SERIE" ITERATION OVER A TORUS.

Let us considerer the torus T(n,n)

a a\ 1
....... 2 0 3
n 4
~ neighboorhood of node 0
VU

where each arc is asociated to a plus (+) or minus (-) sign.

We can associate a transition rule to each node
such that, given an initial configuration of zeros and ones on the ver
tices, it will evolve following the transition rule associated to each
node. Moreover, this evolution is acomplished in "serie", that is to
say, by fixing a secuential run on the torus.

The study of "spin glass problem" is the inspira-
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tion for the iteration on a torus. In this context, each vertex repre
sents a spin that can take two orientations, which are symbolized by
variable yie{O,l}, and each arc represent the energetic interaction
(which can be positive or negative) between both spins.

The physical problem consists in determining a

spin configuration that minimices the unbalanced interactions, in

which, a interaction of arc (i,j) is unbalanced if:

¥i¥Yj and (i,j) is marked minus (-)

yifyj and (i,j) 1is marked plus (+)
_ Angles d'Auriac, Maynard, Robert = - have
suggested an algorithm that follows a local majority rule (each spin
tries to orient itself in the same direction as its positive bond
neighbours, and in opposite direction to its negative bond neighbours).

This algorithm converges, in "serie" iteration to
a fixed point, which is a local minimun of the number of unbalanced in
teractions. On the other hand for some mayority rules, the "serie"
iteration admits cycles.

We are interested in determining the conditions
under which a local mayority rule selection implies a "serie" iteration
with or without cycles.

If we note the neighboorhood of a node in the
torus T(n,n):
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1

aol

2 0 a03

a04
4

The mayority rules which we will consider are:
(. 4
0 if ay, + Z

cly;) <3
j=1 9

Amaj(y sy s¥,s¥34¥,) = 1
1 otherwise

( 4
0 if -ay + J c(y.) <2
. R

BmaJ(yosyl"yZ’.Y3!y4) =1

1 otherwise
\

oe[ 0,+o] , c(yj) =Y if 3, = +, 1 - yj; otherwise.

For the first rule, Amaj, the spin tries to take
the mayority between the orientations of the spin neighboors that inte
ract with a plus (+) and the opposite of the ones that interact with
a minus (-). If there is a draw, the spin will try (depending of the
weight o) to stay invariant.

For the Bmaj rule, the transition is the same,
excepting the case of a draw, in which case the spin tries to change
it orientation.
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From Corollary 3 we can state the following result:

Proposition: If we carry out the "serie" iteration on the torus, we
have:

-~ If we use the Amaj rule on each node, for any
initial'configuration the iteration converges to a fixed point (not ne-
cessarily unique).

- If we use the Bmaj rule on each node, with
ae]0, +w[: we cannot be assured of the convergence to a f1xed point.
(cycles could possibly exist).

Examples: Torus T(3,3), serie iteration by rows

(i) a;; =+ for each arc (i,3)

0+1+0 0+0+0

o+ 4+ o+ o+ Ama
}.+2+}_ —> 2+2+2 fixed point
0+1+0 0+0+0

0+1+0 1+0+1

O+ o+ ,//"‘\‘\ o+ o+ Bmaj
1+0+1 0+1+80 >

+ o+ 4 + 0+ 4 cycle of
0+1+0 W/ 1+0+1 period 2
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(ii) 0-1-0 0-1-0
1-0-1 — > 1-0-1 Amajj ,
} ) 9 ) } i i} 9 ) i fixed point
0-1-0 0-1-0
0-1-0 1-0-1
1.0 -1 /\\ 7.1.-0 Bmaj,
BN oaiia
0-1-0 \/ 1-0-1 period 2

(iii) ,a>2, aij = -,Bmaj:

1-0-0 1-1-0
0-1-1 — 0-0-1
1-0-0 1-1-1
0 - I -1 0 - { -1
1-1-0 €«—— 1-0-0
0-0-1 0-1-1

cycle of period 4
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0-1-1 0-0-0 1-1-0
0-0-1—2 1-0-0—»0-1-1
1-1-0 0-0-1 1-0-0
1 - Ik- 0 ' 0 - £ -1
1-1-0 - 0-0-0
0-0-0 0-1-1

cycle of period 5.

We can see that,using rule Bmaj, we obtain
very long cycles. Simulation experiments confirm this tendency.
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PERIODICITE D'AUTOMATES
A MULTISEUIL
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A Short Proof on the Cyclic Behaviour
of Multithreshold Symmetric Automata

ERIC GOLES CH. AND SERVET MARTINEZ A.

Departamento de Matemdticas y Ciencias de la Computacion,
Facultad de Ciencias Fisicas y Matemdticas, Universidad de Chile.
Casilla 5272 - Correo 3 Santiago, Chile

It is shown that there exists a monomorphism from a multithreshold symmetric
automata into a binary threshold symmetric automata. This implies that both
automata have the same transient and cyclic behaviour. By a theorem proved in
Goles and Olivos (1981) we conclude that a multithrehold symmetric automata
does not have cycles of length greater than two.

1. THRESHOLD AUTOMATA

By a finite system we shall mean a couple (X, ¢) where X is a finite set
(the state space) and ¢ is a function from X into itself (the transition
function). For every point x € X we can define the number p(x), ¢(x) called,
respectively, the cycle length and the transient length, as the smallest integers
that satisfy: ¢7*#%(x) = ¢%(x) for each g > t(x), being p(x) > 0, 1(x) > 0.

We shall call y a monomorphism from the finite system (X,, ¢,) into the
finite system (X,, ¢,) if y: X, - X, is an injection and w o ¢, = ¢, o . In this
case we obtain: p(x) = p(u/(x)) and #(x) = t(y(x)) for each x € X,.

Now consider a finite set E = {6,,..,0,_,JcR, (0<6§,<0, < <
8,_,). A multithreshold symmetric automata (MSA) is a special class of
finite system, being its state space E" and the transition function ¢ being
characterized by means of two real matrices:

= (ay/1 <i, j<n),
=b/1<i<n 1<k p-1),
where 4 is symmetric and B satisfies
by < by for each k € {2,..., p — 1},
¢ is deﬁned as follows: for each x = (x, ,..., ,,)T € E" we have (¢(x)), =6, if

NP O ' f __v_._. L Vo~ FAr s nl
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We shall note by (E", 4, B) the MSA defined by the matrices 4, B.
A binary symmetric threshold automata (BSA) will be a MSA satisfying
= {0, 1}.

In Goles and Olivos (1981) it has been proved that the BSA satisfies the
following property: p(x) < 2 for each x € {0, 1}". This result was extended in
Goles and Olivos (1980) for the MSA, the proof in this case uses the
properties of an algebraic operator associated to the limit cycle behaviour of
the MSA. In this note we shall prove the result for the MSA by means of a
canonical monomorphism among them and the BSA. The existence of the
canonical monomorphism allows us to show the equivalence of the transient
and cyclic lengths of these two class of finite systems, then the two cycle
property follows from Goles and Olivos (1981).

2. MONOMORPHISMS FROM MSA INTO BSA

We define the following injection from E = {6,,..., 8,_,} into {0, 1}”:

v,(8,) = (1,..., 1,0,..,0)" € {0, 1}°
(k + D)th coordinate.

This function induces a canonical ‘injection from E" into {0, 1}°":
F((X) roees X)) = (Yol )senes Wo(x,)) "

THEOREM. Let (E", A, B) be a MSA. There exist A, a np X np symmetric

matrix, and B a np X 1 matrix such that y is a monomorphism among
(E", A, B) and ({0, 1}"7, A, B).

Proof. Define the following p X p symmetric matrix:

C=(C‘,k/0<1,k< P — l),

where _
e =(0,—0,)(6, — 8,) for '1 <kI<p-1,
w=02  cu=Co=000,—0,) for k>1

" Now define the following np X np matrix:

“Tn Aij Aln
A= Zn Zu ;fin s
A4 A A...
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where A4, is the following p X p matrix: A,j—a C The symmetry of 4
and C- 1mphes the symmetry of 4. Take B = (B, --- B,)” where B, R?;

Ez = (b;’a, b“(B, - 90),---’ bik(9 ) , - 1(‘9 -1 90))T,
where b satisfies:
bio* < Inf{(dx);0,/i€ {1 --- n},x € E"}.
We have Zu?(’c)—-A_((wo (x)) = wolx,))") = (v, --- »,)7 where the p, are
vectors of length p. I is easy to see that the kth coordinate of Y is

y?=QS . ,)(9 =0 if k>l

= (S a,,x,)eo if k=1
Ni=1

Then ¢(7(x)) = (zy--- z,)" where z, is a vector of length p satisfying

ziz(l...l 0...0)
L kth coordinate,

where k + 1 is the first coordinate for which

(S aijxj) (Or — 6y) < b; 10, — 8,) being k > 1

j=1
Then we obtain @ o #(x) = o ¢(x) Vx € E". Q.E.D.

This theorem implies, directly from Goles and Olivos (1981), that a MSA
does not have cycles of length greater than two.

When 6, =0 it is easy to obtain a monomorphism § from (E", 4, B) into
a BSA supported by {0, 1}"?~" (see Goles and Martinez (1982)).

RECEIVED: May 24, 1982.
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CHAPITRE 11
DYNAMIQUE D'AUTOMATES
UNIDIMENTIONNELS
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CHAPITRN~IT

DYNAMIQUE D'AUTOMATES
OUNIDIMENTIONNELS

A la lumiére des résultats obtenus dans le Chapitre-I

et dans(éd],nous €tudions les problémes suivants:

1-

Déterminer la lonqueur critique du voisinage dans un automa-
te 34 seuil ou multiseuil unidimentionnel (1l'espace cellulaire

est Z ) tel que,pour cette valeur critique,la dynamique
change d'un comportement stable & un comportement deux cvcli-

que.Aussi,nous génféralisons certains Ade ces rAsultats au cas

bidimentionnel.

Une classe assez &tudide d'automates est celle d'automates
"effaceurs" [36],c'est-§~iire,ce1uirpi ramenent toute cenfi-
juration finie,dans un nombre €ini A‘'anplications de la
fonction globale,d la configuration oii chaque cellule est

d 1'atat de repos.

Le nrobléme de caract?riser un tel réseau 4'automates

a &té résolu dans le cas bidimentionnel pour les automates
monotones uniformes & deux &tats 91 ,mais pour plusieurs
états le probl2me,mé&me A une dimension,n'est pas évident.
Dans 36 ,on donne un théoré&me de caractérisation des effa-
ceurs monotones unidimentionnels,mais les coniitions restent
assez difficiles 3 vérifier du point vu alqorithmique.Dans
cette optique,nous Ztudions ce probléme pour les “onctions

4 multiseuil,sur 1l'espace cellulaire Z2,en essavant de donner
une mesure de la complexité& dAu probl2me de reconaissance 4'un

effaceur.
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POINTS FIXES ET PERIODES |
D'AUTOMATES A SEUIL ‘
DANS Z
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FIXED POINT CONVERGENCE AND
PERTODICITY IN ONE DIMENSIONAL THRESHOLD AUTOMATA

En collaboration avec M. Tchuente
Disc. Math., 04

ABSTRACT

We study the iterative behaviour of some uniform
one-dimensional threshold automata. In order to carry this study we
use an algebraic approach based on two results previously obtained by
the authors |2,3,15].

Some extensions and counter examples are given in
the two dimensional case.



36

1, INTRODUCTION.

We are interested in the dynamical behaviour of
cellular automata, i.e. networks of cells interconnected in a regular -
way. This problem has previously been studied by many authors:

T. Kitagawa |6], A. Waksman |16], M. Tchuenté |13,14|, R.Shingai [11],
Goles, Olivos |2,3|, A.L. Toom [13]|, G. Galperin |4|, J.M. Greenberg
et al |5], S. Poljak and M. Sura |9]|. The interest of such a

study is to see how simple Tocal interactions can induce a global
behaviour in a complex structure. The domains of applications of
cellular models range from population dynamics |3,9|, Spin glass
problem |3|, chemistry |5| and neurophysiology |1,11].

In this paper we focuss our attention on the
particular case of binary threshold networks. The underlying
mathematical problem is the study of the iterative behaviour of
functions of the form:

F: o, > o, 11t

X : (Xl""’xL) + F(x) = (yl,...,yL) :

0 otherwise
L -
where LeN , 0eR- and A = (aij)eMLxL(B%)

Our analysis will be based on two results, obtained
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previously by the authors, and which can be stated as follows:

(i) If A is symmetric, then, for any xe{O,l}L, there exists seN
such that FS+2(x) = F(x), |2,3].

(ii) If A is a symmetric matrix such that, for any ue{—l,O,l}L,
there ex1sts an index i for which uj (Au) > 0, then, for any
xe{0, 1} » there exists seN such that

F*(x) = FS(x), |15

The latter result holds for instance if A is

L s x“Ax > 0; this particular

positive semidefinite, i.e. for any xeR
case has also been obtained by P.D, Tao |12|, in a context of convex

analysis.

2. NOTATIONS AND DEFINITIONS.

A cellular structure of size L can formally be
defined as a couple (G,Q), where G = (V,U) is a directed graph of
ordér L and Q is a finite non empty set; every vertex i of G is
associated with a cell Hi with Q as state-set, and whose inputs are
the states of the cells HJ such that (j,i)eU. More precisely, if
s(i,t) denotes the state of y at time t, if {i;,...,i } = (§/(j,i)ev)
and if f Q + Q denotes the local transition funct1on of H » then:

s(i,641) = £,(s(i),t),....8(i ,t)

The mapping obtained by the simultaneous applications
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previously by the authors, and which can be stated as follows:

(i) If A is symmetric, then, for any xe{O,l}L, there exists seN
such that FS+2(x) = F3(x), |2,3].

(ii) If A is a symmetric matrix such that, for any ue{-l,O,l}L,
there exists an index i for which ui(Au)1° > 0, then, for any
xe{O,l}L, there exists seN such that:

Pt x) = FS(x), |15

The latter result holds for instance if A is

positive semidefinite, i.e. for any xeRL s xtAx > 0; this particular
case has also been obtained by P.D, Tao |12]|, in a context of convex

analysis.

2. NOTATIONS AND DEFINITIONS.

A cellular structure of size L can formally be
defined as a couple (G,Q); where G = (V,U) is a directed graph of
order L and Q is a finite non empty set; every vertex i of G is
associated with a cell Hi with Q as state-set, and whose inputs are
the states of the cells nj such that (j,i)eU. More precisely, if
s(i,t) denotes the state of I, at time t, if {i;,...,i } = {j/(i,i)eV}
and if fi: Qr -+ Q denotes the local transition function of Hi’ then:

s(i,t+l) = fi(s(il,t),...,s(ir,t)

The mapping obtained by the simultaneous applications
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of the local transition functions of all the cells Sy 1gisl, s
called the global transition function of the network. Since {0,1}L
is a finite set of cardinality 2L, any sequence'{Fs(x); xeN } is
ultimately periodic., The maximum period of such sequences is
called the maximum period of the structure and will be denoted by T.

3. ONE-DIMENSIONAL STRUCTURES.

In this section we study the particular case of
binary scope n one-dimensional structures, i.e.:

- Q=1{0,1} : A
- V=012, U= ((3.0) /i) <n)
- The local transition function of'fﬁ is a threshold function:
L
1 if .E a;5 sist) > e,
s(i,t+1) = 3=l

0 otherwise

where 0 = (Ol,...,@L) € RL and AeMLXL(R) is a Toeplitz matrix
defined by:

a(k) for |i-j| = k <n
ij
0 otherwise

It is know that:

(i) If a(k) = a>0 for k=0,...,n and 0, =0
for i=1,...,L, then T=1, |14,15|.
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(i) If n=1, and 0,=0 for any ieZ, then T<4, |11].
(iii) If a(-k) = a(k) for k=1,...,n, then T<2, |2,3|
(iv) If n=1 and a(0), a(1)>0 then T<2, |10].

Since the coefficient a(k) stands for the interaction
between two cells T, Hj such that |i-j|= k, we are going to study
some particular cases where a(k) is a decreasing function of k; this
hypothesis is consistent with what happens for instance in physical
phenomena.

PROPOSITION 1. Let us assume that a(0) = aeN and a(k) = 1
for 1<k<n

(i) Ifn< %g-- 2 then T=1,

(ii) If n>5a-2 then T=2 and this bound is attainable for an appropiate
choice of LeN and OeB!L

Before coming to the proof, we are going to introduce
some notations, definitions and lemmas.

."
is represented by the coefficient aij’ then we obtain the following

If any cell Hj in the neighborhood of a cell I,

figure:

1 cen 1{1 a 1{1 cen 1

(i-n) ... (i-1) (i) (i+1) (i)

Figure 1
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Let x,ye{O,l}L, x#y be such that Fx=y, Fy=x;
i.e, vectors x and y are a two cycle of the automata.

Let us denote u=(u1,...,uL) = x-y, It is known

that:
n
(1) u;#0 = "i(a“i + kzl(u]._k tug,)) <o [15]
n
thus, if S(i) = kgln Us,p > we conclude from (1):
(2) u. = 1= S(i) < -a
(3) u, = -1 = §(i) > a

~ On the other hand, from definition on S(i) it is
easy to see that:

u

S(1+1) = S() = ugypp, - Uy

thus, if i<j and uiuj = -1 we have:

-1
S(3) - $(1) = °L (s(rt1) - 5(r)), hence
r=i

i

jil ( )
u -u
p=j - rtln r-n

hence:

J
1SG) = SGM < T Jugqeg - vl < 2(3-1)

»

r=i
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on the other hand, from (2) and (3) we have:

|S(3) - S(i}| > 2a, then:

(4) i<j and ujuy = -1 = j-i>a
(5) i<3, uguy = -land u _ = 0 for i<r<j = j-i>2a

Properties (2), (3), (4) and (5) will be the
principals tools in order to prove theorem 1.

Let us define 3y, bi’ Pis i=1,...,9 as follows:

a; = min {j/uj 7 0}

without any lost of aenerality we can assume u, = 1.
1

bi = max{J/uj#O and u, u

>0, a,<s<j} i=1,...,q
i L

S

a = min{j/j>b, and Uy Uy < 0} i=1,...,9-1

i+
i+l i

p; = card{j/a;<j<b, and uj#O}_ i=1,...,9

Example:
1 2 3 4 5 6 7 8 9 1011 12 13 14
v=4{0,1,0, -1, -1,0,0, -1,1,1,0,0, ~-1,0,
a; = b1 = 23 a, = 4, b2 = 8; ag = 9, b3 = 10, 3, = b4 = 13

with this definitions we partition vector u into class such that each
class has only components of the same sign or zero.
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Proof, of Theorem 1.

Since a(k) = a(-k) for k=1,...,n, the maximum
period of the automata is T <2 |2,3]

(i) We only need to show that T#2.

Therefore, let us assume the existence of a two
cycle, i.e. vectors x,ye{O,l}L, x#y, such that Fx=y, Fy=x and let us
adopt the previous notations.

Since u, =1, from property (2) we have:
S(a1)57a<0 and since by definition of partition ujzp for jgpl, it is
clear that S(al) takes into account elements of negative block
[az ,sz , hence:

(6) n+a; > a,
as a consequence we have Uy = 0 for b153<a2 hence, by property (5):

Y3, Yp

. =-l,b <2, = a, - b, > 2a

1
On the other hand if n+a; > a,

0 -0, 0o 0 V. G, _%
a b a b a b a n+a
1 1 2 2 3 3 4 1
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and it is easy to see that from property (5):
a3-b, > 2a and a4—b3 > 2a

hence n>6a, which contradicts to the assumption (i) of the theorem.
Then:

(7) n+a; < a4‘
From properties (2) and (7) we can write:
Py - Py 5_S(a1) < -a, hence
(8) by zatp
Inequality (8) implies that the right
neigboorhood of 3, take account at Teast a+p1 elements of the negative

block [az,bz].

If n+a,>a,,

from properties (5) and (8) we have:
n393-a131a3—b2)+(b2—a2)Ka2—b1)
32a+p2—1+2a3§a+p1—13§a
which contradicts to the assumption (i) of the theorem hence:

(9) n+a; < CH

If a2 +n< a3, lTet us:



(2) and (3):

a5

pé = card{je[al,alm] D’EaZ’ij/“j = -1]
pé‘ = Card{jEEaz,az"fn]f‘t[az’sz/uj = ..1}

Clearily pé j_pg < Py and we have from properties

-a 2.5(31) =Py - pé and a E_S(az) =Py - pg

hence pé > pg, which is a contradiction. hence

(10)

n+a, > a,

hence, from property (3):

and from (8):

(11)

S(az)=p1‘p2* Z u: > a

<i<a,+
az<i<a,n

If a, + n > a,, then

- 000 ————400000—————00000+— H
a b a b a a,+n
2 2 23 3 2

+ - +
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n 3_(b2—a2) + (a3—b2-1) + ) ug + (a4—b3—1) +

a3535p3 a,<i

> (b,-a,) + (a,-b,-1) + (a,-b,-1) + ) U
2 (By-ay) + (a5-b, Pt ke

and from properties (4), (8), (11) and definition of the blocks:
n > (p,-1) + (a-1) + (a-1) + 2a
9a

> (atpy-1) + (a-1) + (a-1) + 22 > 52 - 2 > 5 -

which is a contradiction with the hypothesis (i)
hence:

(12) a, +n<a,

as a consequence:

a < S(ap) < py - Py + P}
where pj = card{je[:az,azm:]n[:a3,b3:]/uj = 1} hence from (8):
(13) P3zp§za+p2'-plzZa

On the other hand if a; + n > ac

-~ 0000 = 0000~ 0000 - 0000 [ ! ]
\___,/‘J R/—J

+ - + -
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then, from (4) and (13):
n Z_(p3~1) + (a4—b3v1) +pgt (a5—b4—1) +pg + (a6—b5-1)
> (2a-1) + (a-1) +1 + (a-1) +1 + (a-1)
" >ba-2> %?—- 2,
which is a contradiction with aﬁsumption (i) of the theorem. Then:
(14)- a; + 1< a
Let us denote Py = card{je[aa,b4jn [a3,a3+n]/uj=1}
From (3) and (12) it is clear that:
S(a2) =P - P f p3 > a, then
(15) Py <Py tpy-a

On the other hand from (10) and (12)

-+ &

000t————-— 00000t

-+

(16) n Z_(pz“l) + (aB'bz'l) + pé :

and from (4), (8) and (13):
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n 3_(a+p1-1) + (a-1) + 2a, hence
(17) n>da+p -2

If a, + n < a4, we have:

3
'315(33) Z‘P2+23=> Py > 3a

and from (16):

n > (3a-1) + (a-1) + 2a = 6a - 2 > 3 .2

which is a contradiction, hence:
(18) ag + n > a,, then; from (2):
-a > S(az) >-p, + py - Py
and from (15):
Pp 2@ -py -P3+atops,

since Ps Z_pé then p& > 2a - pgs hence from (4), (13),

——00000+—————+00000¢ 41

ag b3 a, a3+n

n > (p3-1) + (ag-bs-1) + py
> (2a-1) + (a-1) + 2a - P
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u,v
length r |ntl-4r| 3r |ntl-7r| 4r |3r-1] 4r |n+l-7r| 3r |n+l-4r| r

threshold |6

C

u,v
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(19) n>5a-p -2
It follows from (17) and (19) that:

2n > 9a - 4, then n z;%?-« 2

which is a contradiction with the hypothesis of the theorem

L

(i1) Here, we just need to exhibit, LeN , 0eR™, and two vectors

x,ye{O,l}L such that:
x#y, F(x) = y and F(y) = x

Case 1: a=2r; n=10r - 2

= fu,..uj0...0 |v...v|[0...0 {u...ul0...0]v...v|0...0 fu...uf0...0 {v...v

5r] 0>5r | O=3r

]
]

3r| ©>5r {(0=b5r | ©7r |G=6r|o>7r|o=6r|o>7r |0

Figure 2
Clearly, CO,l # CI,O and F(CO,I) = cl,O; _F(CI.O) = (20,1

Case 2: a=2r+1 3 n=10r+ 3

u...u |0...0 fv.o.v [0,..0 u...u {0,..0 fv...v {0...0 Ju...u 0...0 fv...v

length r+1  |n-4r-2}| 3r+2 |n-7r-3| 4r+2 3r 4r+2 In-7r-3]| 3r+2 |n-4r-2]| r+l
threshold |6=3r+2[0>5r+3[0=5r+3|0>7r+4|0=6r+4|0>7r+4|0=6r+4|0>7r+4|0=5r+3|0>5r+3 |0=3r4

Figure 3
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C]ear"y, CO,l # Cl ,0, F(CO,].) = C]. ,0’ F(Cl’o) = 0’1|

Comment, We think that T =1 for 9a/2 - 2 < n < 5a - 2 but the proof
seems very difficult.

PROPOSITION 2. If a(k) =n-|k|, for k=-n,-n+l,,..,n; neN, then T=1.

PROOF . Let AeMLxL(R) be the matrix associated with the
network., A is a Toeplitz matrix defined by:

a;y=n - li-3]

From |15|, it is sufficient to prove that A is
positive definite, For any reZ, let us denote by A(r)eMLxL(R) the
matrix defined by:

1 if max{l,r} < i,j < min{n,r+n-1}
alr) - |
1]
0 otherwise

AN

It is easily verified that:

n

A= 3 al)
r=-n+l
Since
min{n,r+n-1}
Ealr)y = ; xi)z;
i=max{1l,r}

for any xeRL it follows that:
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n .
xtax= Y xBANy s o
r=-n+l

for any xeRL and the result holds,

The following example shows that Proposition 2 cannot be extended to
all cellular structures where a(k) decreases in an arithmetic manner,
i.e.: a(k) = n-|kA], k=0,1,...

Example:

n=3,L=28, =(9,12,14,14,14,14,12,9)
a(k) =7 - |k|, k=-3,.,.,3
It is easily verified that:

x = F2(x) = (0,0,1,1,0,0,0,1)

F(x) (1,0,0,0,1,1,0,0)

Clearly, in the particular case n=qX, qeN , with a(k) = n-|kxr[,
k=0,1,...,q, it is direct from the proof above that the matrix A
associated with the structure is a Toeplitz positive definite matrix,
hence T = 1,
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4. TWO-DIMENSIONAL STRUCTURES.

A finite cellular structure is said to be
two-dimensional of size L1 X L2, if the underlying graph can be coded
into the form G = (V,U) where:

<
it

AT1=(r,s) / 1cr<ly, 1ss<l,)

[
L]

((L,14;) / 1amd,
o

_ 2
where T = {V;,...,V }CZ

As in the preceding section, the local transition function is of the
form:

m .
1oif ] a(v)s(I+v,,t) > 0
i=1

I
s(I,t+l) =
0 otherwise

We are going to study some extensions of Proposition
1,2 to such structures.

Let us first consider the generalized scope -n
Von-Neumann neighborhood; i.e.:

ro- {(o,r),(r,0) / -n < r<n}

as illustrated in the example below, Proposition 1,2 cannot be extended
directly.

Example:

a(0,0) <1 = min{a(0,1)+a(1,0}),a(0,-1)+a(1,0),a(0,1)+a(-1,0),a(0,-1)+a(-1,0)}
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L, =L,=2,0, =2 foranyl

1 2 I
0 1 — 1 )
1 0 < 0 1
Figure 4

However, we can prove the following:

PROPOSITION 3; If a(0,0)> 2n and a(o,r) = a(r,0) = n - Irl, for
r=-n,...,n3 then T = 1.

[
PROOF. Let us consider such a structure with size leL2 and let
BeMLxL(R) » L =1Ly denote the associated matrix; clearly, B is

symmetric. N
For xeRL we write:
X = (XqqseeeaXqy sXoqseessX >,...,x oo aX )
11 1L2 21 2L2 Lll L1L2

L, .

Xj. = (Xil""’xiLz)eR : 1=1,...,L1
Ly

X- 5 = (xlj,...,xLlj)eR ; J=1,...,L2

with these notations it is eaéi]y verified that:

xUBx = (a(0,0)-2n) _z.xa + x.. A X5} f!xF_A X. .
i )
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(R) and A eM (R) are Toeplitz matrices whose
2 szL

where AleML )

le
(i,j)-entry is:

1

n-]i-j| is  |i-j] <n

0 otherwise

From Proposition 2, it follows that:
x? A.x.. >0 and xt Ax,. >0 for i=1 Ly
.lal.io___ -J'znj___ 1) s---gls
J=1y~o-s|—2-

Hence x‘Bx > 0 for any xeR! and the ProPosition holds

Let us now consider the generalized scope - pxq
Moore- neighborhood, i.e.:

Ir={(r,s) / -p<r<p; -g<s <ql
Case 1: a(r,s) = 1 for any (r,s)el \ {(0,0)}

Let us assume the existence of x,yelé‘ such that
xty, F(x) =y, F(y) = x.

If €= {(i.j) | x, 5 7Y j}» then the application

of property (2) of section 3 to the leftmost cell on the upper boundary
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a(0,0) < pq

On the other hand, the example below shows that
the structure may have maximum period, T = 2, when a(0,0) zgg-p.q;

p-q < a(0,0) < g-p.q

seems very difficult to handle,

Example: XeN; a(0,0) = 4273

CU,V =

length :

threshold :

‘Case 2:

2

p =5\ q=4Xx
11X
u...ulo...0}lv...v|0...0fu...uj0...0]v
wooule ol vlo . 0fla.. al0...0fv
< > | < > 1 < > 1 < < > | < <
A 2\ 2 Y 2X 2 A
o=32 | o1222] o102 | @102 | e-1222| e-122%| e=82’
Figure 5

Clearly, CO,I # CI,O : F(CO,I) = Cl,O : F(CI,O) = CO,l

a(r,s) =n - (|r] + |s])

This is the two-dimensional analog of the one-dimensional
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structure studied in Proposition 2, As shown in the following figure,
it is always possible to choose the thresholds 1 in orden to obtain

a maximum period T=2,

1
o)
e
it
b

<
(=
G

C < AL ) Ve e s s w v N v
u,v _
\—// V A 1 u-
Cl o — ?
{ 1 n_
2
w A" . \L
«—— ntl > |« n+l >

Q ‘cell (0,0)

Figure 6
u if (i,j) 1is represented by [u]
Cu,v(i’j) =|v if (i,j) is represented by [V]
0 otherwise
OO,O = 6092n+1 = 2"*2; 91,1 = @-1’1 = el’zn = @‘I,Zn = 2"'1

for -k<ic<k:

-1

) (n-g) + 1
2=0

i n
Oi,n = O%k-i,nt1 = Ok+i,n T Okrinel T 2__Z_l(n—z) +
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n2 otherwise

Clearly, CO,l # Cl,O and F(CO,I) = Cl,O’ F(Cl,O) = CO’1
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ERASING MULTITHRESHOLD AUTOMATA

En collaboration avec M. Tchuente
a paraitre en Dynamical Cystems and

Automata Networks,Ac. Press ,85

1. INTRODUCTION

The one-dimensional multithreshold automata studied here are
discrete dynamical systems A = (Z,[K],b,h) in which any
cell x € Z can assume an integer state in the range 0
through K , and where the state c¢(x,t) of any cell x at
time t is determined by the states of the cells in a neigh-
borhood of radius h as follows :

c(x,t)=f(c(x-h,t~1),...,c(x+h,t-1)) = i

, h
<=> bi < . I c(x+j,t-1) < bi

f 1is called the local transition function, and
b = (bO’bl’ |
c(e,t) : 2z - [K]l=1{0,1,...,K} is called a configuration

""bK—l) € IRK is called the threshold vector ;

and we write c(+,t) = F(c(*,t~1)) where F denotes the
global transition functionm.

A configuration ¢ : Z - [K] 1is said to be finite if
there are only a finite number of cells such that c(x) # 0.
In this paper, we are interested in the particular case of
erasing multithreshold automata, i.e. those where, for any

evolution {c(*,t) = F-(c(+,0)) ; t >0} starting from a
finite configuration c¢(+,0) , there exists an integer s
such that c(-,s) 1is the null configuration, i.e.

c(x,s) =0 for any x ¢ Z . This problem has previously
been studied by Toom (10) and Galperin (1,2), for general
monotonic local interactions ; however, the results of Toom
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concern only the binary case while those of Galperin are dif-
ficult to handle algorithmically. The analysis presented in
this paper for K =2 and K = 3, is based on very simple
algorithms and it illustrates the complexity of the problem.
The reader interested in more general results about the dyna-
mic behaviour of multithreshold automata, may refer to
(3,4,5,6,7,8,9).

2. NOTATIONS AND DEFINITIONS

A stair e 1is a configuration such that

x <y implies e(x) < e(y) ; and 0 = lim e(x) # lim e(x)
- X-+—00 X400

We always assume that e(0) = 0 ; as a consequence, we only

need to specify the states of the cells x > 1 ; for ins-
< - « 2 4> -

tance , e = 00011112 = 0012 1is such that

e(x) =0 for x <2 , e(x) =1 for 3<x<6 ,

e(x) = 2 for x > 7 .

T,(e) 1is the stair obtained from e by a right-shift and

is defined by T+(e)(x) = e(x-1) for any x ¢ Z .

We shall assume that any constant configuration is inva-
riant , i.e. f(a,a,...,a) = a for any a ¢ [K] ; it follows
that (2h+1) (i-1) < bi—l < (2b+1)i for any i > 1

Clearly, A 1is erasing if and only if, for any stair e,

there exists an integer t such that Ft(e) < T+(e) . As

a consequence, it is sufficient, as suggested in Galperin
(1,2) to study the evolution of stairs.

If K=1, then it is trivial that A is erasing if and
only if bo.Z h+2 ; let us now turn to the case k = 2 .

~

3. 2-STATE MULTITHRESHOLD AUTOMATA

Proposition | :

Let A = (2,[2],b,h) ; be N?2 , he N be a one-
dimensional multithreshold automaton in which any
constant configuration is invariant (i.e.

b, < 2h+] < bl < 4h+2) ., A is erasing if and only if

0
h+2 < by < 2h+l, 2143 <b) <4h+2 and 4h+5 < b+ b

0 1
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Proof : Necessary condition : We are going to prove that if

one of these conditions does not hold, then there exists a

stair e such that F(e) > e . If b0 < h+l (resp. bl:£2h+m
<=

then the stair e =.Bf*'(resp. e = d%) verifies F(e) > e .

If h+2 < by < 2+l , 2h+3 < by < 4h+2 and by+b, < bbb

then we can write bo = h+l+t , bl = 3h+3-s where 1<t<s<h

and it is easily verified that the stair e = Blh*l~t§. is

such that F(e) > e .

Sufficient condition : Let h+2 < bo.ﬁ 2h+l ,

2h+3 < bl < 4h+2  and b0+bI > 4h+5 we can write

bo =h+l+t , 1 <t <h and it is easily verified that the
5 18"t 3 is such that F2(e) < 1 _(e). Thus A

stair e = U
is erasing.

Comment : Since the local transition functiom of a multi-
threshold automaton is defined in terms of linear inequali-
ties, one may expect the set E of threshold vectors asso-
ciated with erasing automata, to be a convex region. Theorem
| shows that this convexity property holds when the treshold
vectors are restricted to be in N° ; however, as shown
below, this is not true in R? .

-1 - b' = (h+1.1,3h+2.1) € E

b" = (h+2.1,3h+1.1) € E

b = % (b+b') = (h+1.6,3h+1.6) £ E
-2 - b' = (h+2,3h+2) £ E

b" = (h+3,3h+1) £ E

b =-% (b+b') = (h+2.5,3h+1.5) ¢ E

Let us now study the case when any elementary cell can
assume four states (i.e. K=3).

4. 3-STATE MULTITHRESHOLD AUTOMATA

Lemma 2 : If A = (Z,[3],b,h) , b ¢ n° , h ¢ IN is such that
h+2§b0j 2h+1 , 2h+3f_blf_4h+2 . 4h+3_fb2§_5h+3 and
b +blf_4h+5 then there exists a stair e=0L.12..23

0
such that F(e) > e or F(e) < e .
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. “ . r.Ss3
Proof : For any stair e = 01273 ; 1 < r,s we denote

e,., =min {x : e(x) =i} for i =1,2,3 ;
(1)
h e(x+j) for any x € Z . It is sufficient to

exhibit a stair e such that

S(e,0) = 2177

(*) F(e)(e(i)—l) = i-] and F(e)(e(i)) = i for two distinct

values of i . Indeed, if for instance property (*) holds
with i=1,3 , then F(e)(e(z)) > 2 (resp. F(e)(e(z)) <D

implies F(e) > e (resp. F(e) <e).
Let us denote b, = h+l+t ; s = h+l-t

0
al® = § 1% 2T

P e T T T v 0 < x <

Clearly, a(o) = c(o) i F(e)(e

2(h+l)-b0
-3

3forr>0;

£
2
(l)-l) =0 and

(l)) =1 for e ¢ {a(r)’c(r) ; £ >0} .

) (0) (0) -
Case l s 8@a7,a3)"=1) = by + 3h = b,
0)

a’ verifies property (*) with i=1,3 . Let e = a :
S(e,e(z)) = 6(h+1)-2b. . If 6(h+l)-2boib

otherwise F(e) <e.

Case 2 : s ,a)-1) -

(r) (r) (r) (r)
Sa7Thag)) = s hag

sa™™ 1 4 Eg)')—1)+| for r=1,...,s~1

-1) = Sh+1 > b,=2

F(e) (e

]
(=2
[

then F(e) > e ,

0 1

+ 3h < b, -2

~1)+2 for r=l .y8-1

a3~ =
(s—l) (s 1)
S(a (3)

a(P)

Let s, where p = b2—2—(b0+3h) ;s e verifies pro-

(2)) = b0+3s—p = 9h+8~- bo—b2 .

if 9h+8—b0-b2.3 bl then F(e) >.e , otherwise F(e) < e .

. © ,©
------ PooSlahagy

It follows that 4h+3 < b, < by +3h

On the other hand it is easily verified that :

perty (*) with 1i=1,3 and S(e,e

-1) = b0+3h

| v

by

h+i+t+3h , hence t > 2.



() Oy 2og D oDy I 4
S(c ©3) 1) = S(c c(3) -1)-3 for 1< r<q 7
() (r) _ (r ) ( r)_ i
S(c (3)) = S(¢ ©(3) 1)+3 for 1 <r <gq
s(c{®, E;; 1) = b +3h—3q
= h+l+t+3h-3 L < 4h+l < b
7 = 2
“b+3h=b_+2
Let e = c(p) where p = -9-——3—3—- ; clearly,
: . i
-— = — = ! .
S(e’e(B) 1) b2 £ , S(e,e(3)) b2+e where 1 ;_e ;
0 <e' and € +¢€' =3, and
"by*3h-b,+2
S(e,e(z)) = b0+3$+3p = 6(h+l)-—2b0+3 3 :
1f S(e,e(z)) > b then F(e) > e , otherwise F(e) <e .

Comment : Clearly, the proof of Lemma 2 can be written as a
sequential program containing only elementary operations on
numbers with the same order of magnitude as h ; as a conse-
quence, a stair such that F(e) < e or F(e) > e can be
constructed in constant time (if we take as unlt, the maximum
delay necessary to perform a comparison, addition, multipli-
cation or division).

Lemma 3 :
For any A = (Z,[3],b,h) ,b ¢ EISL h ¢ N such that
ht2 < by < 2h+l , 2043 < b < 4he2 ,

3n+3 < b, < Sh#3 , bytb) > 4h#S

the question of the existence of invariant stairs, can
be answered in constant time.

Proof : From proposition 1, any invariant stair is of one of
the following forms :

r ,8

“
01
R

01

e is of the form (i) if and only if

(1) e

(ii) e

2 2?3 ; 1 £r,s 5 tes=h+l ; 0<c;s+t<h
T s g

[

3 1<r;0<s ;r+ts<h
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by + € = h+l+s = S(e,e(l))
' 5 - =

b +e b0+e+3r t S(e,e(z))

by * e" = b +e'+3s+2t-1 = S(e,e(3))

Where r,s,t ¢ W;e ¢ {0,1} ; €' e {0,1,2} : " ¢ {0,1}
e is of the form (ii) if and only if

b, + & = r+2s+3(h+l-r-s)

0
bl + ' = b0+€+3r
b2 + g" = bl+e'+3s

where €,c',e" ¢ {0,1,2} ; r,s e W

Clearly, for any h ¢ IN , these systems of linear equations
can be solved in constant time.

We are now ready T to prove the main Theorem.

Theorem 4 :

Erasing multithreshold automata A = (Z,[3],b,h) in which
any constant configuration is invariant, can be recognized
in constant time.

Proof : If bz.i Sh+4 , then, for any stair e = 6 1t 2® 3 .
F(e)(e(3)) = 2 3 as a consequence, A 1is erasing = if and
only if (see Proposition 1),

h+2 < b0 < 2h+l , 2h+3 < bl < 4h+2 and b0+b| > 4h+5 .
1f b2 < 5h+3 , then A is erasing if and only if (see
Lemma 2, 3)

h+2 < b0 < 2h+l , 2h+3 < b

4h+3 < b, < Sh+3

< 4h+2 5 botb, > 4ht5

1 1

2
and there is mo stair e such that F(e) > e ; moreover,
these conditions can be tested in constant time.

The examples below show that the set E of threshold
vectors associated with erasing automata is not convex.

1 = b' = (h+2,3h+2,5h+4) ¢ E
b" = (h+3,3h+1,5h+4) € E
b =-% (b'+b") = (h+2.5,3h+1.5,5h+4) < E
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2 - b' = (h+l.1,3h+2.1,5h+4) € E ;

b" = (h+2.1,3h+1.1,50+4) ¢ E

b =% (b'+b") = (h+1.6,3h+1.6,5h+4) ¢ E
3- h=4 ; b'=(8,16,21) ¢ En IN® ;

b" = (8,18,19) e En IN’
b =-‘2- (b'+b") = (8,17,20) ¢ E n N°

However, we can prove the following

Proposition 5 :
Let A = (Z,[31,b,h), be K3, h ¢ N be such that
h+2 < by < 2h+l , 2h+3 < b, < 4h42
4h+3 < b, < 5h+3 , by+b, > 4h+5

01
(1) If b,+b,+b, > 9h+10 then A is erasing

071 2

(i1) 1If b0+b1*b2‘i 9h+8 then A is not erasing.
Proof : (i) b0+b1+b2 > 9h+10 . Let e be a stair such that
F(e) > e . '

— r Y . 1
If e =017 7 then by*b, < Se,e))) 3 S(e,e(y)) = 4h+ and
this contradicts by*b, 2 4h+5 .
If e=0173° then h#2 <by < S(e,e)y) » thus T <h;
on the other hand, 4h+3 < bg.ﬁ S(e,e(B)) = r+3(h+l) , thus
r =h and b0 < h+3 ; as a consequence ,
bI Z_9h+10-b0—b2 > 4h+4 and this contradicts bl < 4h+2 .
If e =0 2F 3 then 2h+3 < bl f_S(e,e(z)) sthus r < h ;
bl+b2-i S(e,e(z)) + S(e,e(3)) = 6(h+l)+r < 7h+6 hence
b0 2.9h+10-b1-b2 > 2h+3 and this contradicts b0 < 2h+1 .

If e = ) 125 7% 3 1 <r,s then
b0+bl+b2‘§ S(e,e(l)) + S(e,g(z)) + S(e,e

this contradicts bo+bl+b2 > 9h+10 .

It follows that, if e 1is the stair exhibited in Lemma 2,

(3)) < 9h+9  and

then {Ft(e) ; t >0} is a strictly decreasing sequence ;

hence A is erasing.
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(ii) b0+bl+b2 = 9h+8 ; let e be the stair exhibited in

Lemma 2 ; if F(e) > e , then A is not erasing, otherwise,
we are in one of the following situations (we use the nota-
tions introduced in the proof of Lemma 2).

Case | :  by*3h = b=l ; e = 01923 ; s+t = b+l
S(e,e(l)) = bo . S(e,e(z)) a b!-l , S(e,e )) = b

Fi(e) = F3(e) .

Case 2 : b0+3h < bz -2 3 e = 6 ls 2t+p 3

S(e,e(l)) = bo ’ S(e,e(z)) = bl ’ S(e,e(B)) = b2 ; thus
F(e) = e .

Case 3 : b°+3h > b2 :
.S(e,e(l)) = b0 . S(e,e(z)) = bl

€' = g+l ; thus F¥(e) = F¥(e) .

+| ; thus

@3 2

- -
s e =0 |SYP TP 3

- g, S(e,e ) =b, + '

(3) 2

Comment : This result shows that the region where E n N
and E n IN? "merge"” , is contained in the hyperplane

k3 3 ° -
H={be N?: bo+bl+b2 9h+9} .



5 OSCILLATING STAIRS

Since the interacion coefficients of the multithreshold automata
studied here are symmetric, we know from Goles (3,4) that if e
is a stair and Ft(e) = e then t £ 2 . In this paragraph, we are
interested in the existence of oscillating stairs, i-e stairs

e , e' such that e # e' , F(e) = e' and F(e') = e .
We show that if k < 4 then there are no oscillating stairs ; then
for k =2 6 we exhibit a multithreshold automaton for which there
are oscillating stairs

Let us first introduce some notations and definitions :

If e, e' are two oscillating stairs, we denote

d =e'-e = I e.x
1<ism 1 Caj/P;l
g eseygt ;
where e, € {+1,+2, Pkl a; s bi < a1 for i 2 1

1 if ais X < bi

x[allbl](X) - {

0 otherwise

S(x) = e(x+j) ; S'(x) = £ e'(x+j); T(x)=S"(x)-5(x)
-h <jsh -h<js<h
EXAMPLE e' = 0002344779

e = 0122333839

d=-xgy 131~ %Xr2,21 ¥ X(5,61 T X[7,8]

Clearly, as pointed out in Tchuente(9)

If d(x) > 0 then F(e)(x) = e'(x) > e(x) = F(e') (x) hence T(x)<0
Similarly

If d(x) < 0 then T(x) > 0
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Lemma 6 ¢

The difference d = between two oscillating

z g,
1sism *X{a b ]
stairs cannot verify; for a fiXed™s ¢ N, 1 < s < m ,

ei > 0 for i < s and ey < 0 for i =2 s

Proof : Let us assume the existence of such stairs and let

g - T _ -
ics f1(Py =a3#1) 5 8 = e (byma;Hl)

Since d(al) > 0 it follows that a-8 < T(al) < 0 (i)
Since d(bm) < 0 it follows that 0 < T(bm) < a=8 (ii)
Clearly, (i) and (ii) are contradictory .

-

]

Lemma 7 :
z
1<ism

cannot verify for a fixed s ¢ N, 1 < s < m ei>0 for i#s and es=—1

The difference d = ei)ifai,bi] between two oscillating stairs

Proof :Let us assume the existence of such stairs and let

4 . T
a = L Ei(bi-ai+1) , B=Db -a +1 , y =

i<s S s i>s ei(bi~ai+l)

Since d(al) > 0 it follows that T(al) < 0 , hence « < B8 (i)
Since d(bm) > 0 it follws that T(bm) < 0, hence vy < B (ii)
As a consequence, B8 2z 2 , i-e bs > as
Since F(e')(as) = e(ag) > e'(bs) = F(e) (by) it follows that

0 > S(bs)-S'(as) (S(bs)-S(as)) + (S(as)-S'(as))

z
assa<b

B=1l+(=a+B=v)

(61a+1)-S(a)) + (S(a )-S8'(a ))
s s S

’

v

thus a+y22f (iii)

Clearly, (i) (ii) and (iii) are contradictory .

Lemma 8 :

The difference d = z €4X

between two oscillating stairs
l1gism Eai,biﬂ '

cannot verify for a fixed s ¢ N,1 < s < m ei>0 for i#¥s and es=—2

-
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Proof

T
i<s

3

’

=

B8

a e.(bi-ai+1) bs'as+

Since d(a,) » 0 it follows that T

1

or in other words o <28-1 (i)

Let us assume the existence of such stairs, and let

-
4 =

!

1

Y hX ei(b

i—ai+1)
iss

(al) < 0, hence a< 28

In a similar way, it is easily shown that ys2g8-1 (ii)
On the other hand, since d(as) < 0 it follows that

0 < T(as) Sa =2B8+y hence 28 s a+y-1 (iii)

From (i) (ii) (iii) it follows that 822 i-e bs > as

Since F(e')(as) = e(as) > e'(bs)

0 > S(b )=S'(a_) = (S(b_)-S(a )

= F(e)(bs), it follows that

+ (S(as)-s'(as))

2 2(B8~1) =~a+2B8-vy

hence aty > 48-2 (iv) .
Clearly, (i) (ii) (4iv) are contradictory .
Lemma 9 :

The difference d = I e,y between two oscillating

1<sism 15033/b;]
stairs cannot verify, for a fixed s ¢ N, 1 < s < m
ai=1 for i ¢ ¢€s,s+1} and-es o4l = -1

Proof : Let us assumé‘the éxistence of such stairs and let
a = L (b,~a,+l) ; B=Db -a +1l ; 6 = I (b,-a,+1l),y=b_ -
i<s i s s i>s+l i i s+l
Case 1 «a<3 (or symmetrically 6&<y)
Since T(as) > 0 and « < B it follows that
B+Yy < a+§ and as+h > ay (1)
On the other hand , since’ 822 and

F(e')(as)

0 > S(bs)-s‘(as)

e(as) > e'(bs) = F(e

2 B=l=a+B~G+y
thus a+§ 2 23+Y
hence § 2 B+vy

)(bs), it follows that

(S(bs)-s(as)) + (S(as)~5'(as))

and this contradicts the fact that T(am) < 0

a
.5+

l+l
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Case 2 o 2 B and § 2 vy (2)

: < 3 < B +
Since T(al) 0 , it follows that ¢ +Y and a, h as_ﬂ_1

Since T(bm) < 0 it follows that §<8 + y and bm-h < bS (4)

hence as+l—h < al < bm < as+1+h (5)

Subcase 2-a 8 = y = 1

It is easily verified that ¢ = § =1 , m =4 and s = 2
Since as+h = bm it follows that T(as) =q~B~y+8= 0

v

(3)

and this contradicts the fact that T(as) > 0

Subcase_z2:-b B =1 and y22 (or symmetrically 822 and y=1)

Since T(al) < 0 and T(bm) < 0 it follows that

a $ y and § s vy (6)

Since F(e') (a
s+

)=e(as+1) > e'(bs )=F(e)(bs+

1 +1 1)

it follows from (5) and (6) that _ .

0 > S(bgyq)=s'(a ) = (S(bg,,)-S(a_,;)) + (s(as+l)—S'(as+l))
2(2(a=1)+y~a) + (-a+B+y;6)

hence 2Y < 6

and this contradicts (6) .

Subcase 2-c 822 and y22 (7)

Since e(as) > e'(bs) it follows that
0 > S(b )=S'(a ) = (S(b )-Ss(a )) + (S(a )=-S'(a ))
, s s s s s s

v

2(8=1) + (-a+B+y-§)

hence 3B+y=1 < a+§ |

In a similar way , it can be shown that
3y+8=1 < a+§

Thus 2(B8+y)-1 < a+§

and this contradicts (3) and (4)

Lemma 10 :
The difference d between two oscillating stairs cannot be of the

£ - + -
orm X[allb]_] xfaz'sz X[a3:b3] xCa4'b4]
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Proof : Let us assume the existence of such stairs and let

a = bl- a1+ 1 ; 8 = b2— a2+ 1 ; Yy = b3~ a3+ l; &= b4— a4+ 1

Case 1 az28 (or symmetrically &2y ) (1)

Since T(a;) < 0 it follows that
a+y < B+8 and a1+h > ay (2)

Since T(a4) > 0 and a4-h < a1 it follows that
B+8< aty ‘

and this contradicts (2)
Case 2 a<B and §<y (3)

Since T(az)'> 0 it follows that Bg<a + y and a2+h'>'a3 (4)
Since T(b3) < 0 it follows that y<B + § and b3-hs<b2 (5)
Since 822 and e(az) > e'(bz) it follows from (3) that

0o > S(b2) —S'(az) (S(b2)~S(a2)) +(S(a2)-s'(a2))
(20+8-1-a) +(=a+B-v)

It

v

hence 28 £ vy (6)
It follows from (5) and (6) that a3+h 2 a, and §6>8 (7)
hence § =2 2

Since e'(b4) < e(a4) it follows that

]

0 > S(b4) -SWa4) (S(b4)~S(a4)Y + (S(a4)-s'(a4))

v

2(6-1) + 8-y
hence 36§ s y+1 (8)
From (5) (6) (8) it follows that
Yy <B+§ S yv/2 + (y+1)/3
Clearly, this last inequality contrédicts the fact that y22

’

As a direct consequence of the preceding lemmas, we can state the
following result :

Theorem 11 :

For k = 4 there are no oscillating stairs
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COMMENTS :

- Theorem 11 holds even if, in the multithreshold automaton,

the constant configurations are not invariant, i-e f(a,...,a)7a

- For k

= 5 we think that there are no oscillating stairs, but a

formal proof based on the approach introduced here is very lengtt

- As shown in the ewample below, there exist oscillating stairs in
some multithreshold automata with k = 6 .

EXAMPLE h=4; b= (8,16,26,31,36,48)
e = 001223345568
‘e'= 011122455558
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CHAPITRE 111
ENERGIE ASSOCIEE
AU RESEAU D'AUTOMATES
A SEUIL
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CHAPITRE-TII

FNERGIE ASSQCIEE
AU RESEAU D'AUTOMATES A SEUIL
ET APPLICATIONS

Dans ce chapitre, nous &tudions la dynamique des
réseaux d'automates 3 seuil avec une optique differente.Comme
nous disions au chapitre-I,la technique des invariants,quoique
trés jolie,n'est pas un outil suffisant nour &tudier d'autres
aspects de la dynamique,en particulier le comnortement du ré&seau
en réqgime transitoire.

Notre réussite ici est la détermination,pour les
r2seaux a seuil,d'une fonction d'Bnerqgie ou fonction 3e Lvapunov
qui gére toute la dvnamique de l'automate,permeﬁ%nt donc d'étudier,
aussi bien,le transitoire que la périodicité.De plus,cette énerqgie
permet une interprétation en termes pnhysiques du probléme qui
jusqu'a maintenant était traité plutdt comme un probléme de nature
discr2te,donc avec des outils issus de la combinatoire.Dans ce
contexte,il est intéressant de siqgnaler les analogies existant
entre ce prbbléme de nature informatique et le traitement mathé&é-
matique du probléme de’ verres de spin 34,17,57,54

Les principaux Bujets abord4s ici sont les suivants:

- Deétermination des fonctions d'énergie associées 3 un

processus it&ratif conduit sur les €onctions 3 seuil.

3
N

- Etude du réqgime transitoire:vitesse Ae converqgence en
fonction de la matrice des poiﬂs,A=(aij) et le vecteur

des seuils (bl,..,bn),en mettant en 2#viience une conver-
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qgence rapide pour les réseaux uniformes et une famille

avec convergence exponentielle.

Etude du régime stationnaire:caractérisation de la

périodicit3,

Itérations série~parall@le et applications au raseau

de spins genéralisés avec ballotaqge.
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En collaboration avec F.Fojelman,

et D. Pellejrin
1- DEFINITIONS soumis a Disc. App. Math.

let F: (0,1} ", {0,1} " be a mapping whose camponents

fl""'fn are threshold functions :
V i(l,...n), v xe 0,17, £, (x)=4y j}i;‘lai:.'xj---bi ]
where F[u=(1 if u 3 0
{0 otherwise
and A = (aij) is a real nxn matrix and (bl,...,bn) is
the real threshold vector.
It is easy to see that, for any fi’ there exists a threshold
function 9; such that:
* for all x€{0,1}n, fi(x) = gi(x)

n L)
* = : =
gi(x) 1 if ?__jijxj bi >0

n —
0 i . .X.-b. <0
if §=i13xj—b1
We shall say that 94 is a strict threshold function . In the

following, we always assume that functions fi have strict
threshold.
An ordered partition of the set ({1,...,n} is a partition
(Ik)k=1,...,p such that:

VvV X €Ii' Vy € Ij’ i<j = x<y.

The block sequential iteration on F associated to the ordered

partition (Ik)k is defined by:
V k(L,eeeip)s V i€ I, X (t41) = £;(5(0)
where yl(t) = x(t)
k _ i g s
V k(2,.04,p), yj(t) —{xj(tﬂ) if JELueer UL

xj (t) otherwise
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Particular cases of block sequential iterations correspond to
particular choices of the partition:

- when the partition is ( {k})k=1,...,;' the iteration is
called a sequential iteration on F.

- when the partition is trivially reduced to the unique set

{1,...,n}, the iteration is called a parallel iteration on F.

Clearly, since {0,1}n is a finite set, all the trajectories,
(x(t)tzo), of any block sequential iteration are ultimately
periodic.

Hence, for every x¢ { 0,n'n, there exist numbers p(x), t(x)
such that:

x(t+p(x)) = x(t) for any t2t(x)

and x(t+g) # x(t) for any t<t(x),q<p(x).

We denote T(A,b) = Max{ t(x)/x€[0,1 }n }

Max { p(x)/x€{0,1}"

p(A,b)
and call them the transient and cycle lengths of the mapping F

defined by A = (aij) and b = (bl""'bn)°

It 1is clear that the different block sequential iterations on F,
for the different ordered partitions of {1,...,n} +have the same

fixed points . But they may have limit cycles (of length larger

than 1) which are different.

In this paper, we will give a characterization of the limit
cycles structure and transient 1length of block sequential

iterations on F, depending on specific assumptions on F.
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2- CONDITIONS FOR CONVERGENCE TO FIXED POINTS

This formalism has mainly been introduced in models of neural
networks and spin glasses. The various techniques used to study
the dynamics of this model range fram classical algebra [ 5 ]Jto
statistical mechanics [11 ] . One feature of the model which
proved to be particularly useful is the existence of a monotonic
operator (or Lyapunov function) defined on the trajectories: in
the case of the spin glass problem [1] , this operator is the
spin glass interaction energy .
In our general framework, we define the energy associated to F
as:
n n n
v X E{O,l]n, E(x) = —%.zxi I aijxj t X b.x.
i=1"j=1 i=1
ienma. 1 . Let F be a threshold network whose matrix A is
symmetric . Then, for any ordered partition
R o U T T = T
non negative definite on the set {-1,0,1} , for all k(1,...,p),
the block sequential iteration on F associated to (Ik)k
is such that:
v £, x(t+1) # x(£) = E(x(£41)) < E(x(t))
Proof
Let decampose the block sequential iteration on F at time t
into p successive steps, where at time t+k/p, k=1,...,p,

elements in block I, only change states:

k
x(t) = (xl(t),..:,xn(t))
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¥ k(1,ee0,p), X, (E4k/p) ={fj(x(t+5:l )) v jE T,
k-1 .
xj(t+-—5) v Jq L
Let AE = E [x(t+1)]- E [x(t)]
= E{E[x(uk/p)]- E[x(t+'5:l)]}
k=1 P
If A is symmetric, we have:
p ‘ :
A E=- x5 [x(t4l) -x.(t) 3 ¥ a,.x.(t+l)+
t g i i . iy’)
k=1 [y ISR
3 a; x:.(t)-b.j+ 1/2 I x.(t+l) ¥ a .x.(t+])
&y ! i€y * jer, 1
- b b2
172 € xi(t) €1 aijxj(t)
k k
Let us denote:
6l s -
= e [x, (£+1)—x, () 1L é L % X5(t+1)
K ISPy
+ I a,.x.(t)+ z a,.x.(t)-b, ]
s € 1) : 1)) 1
L AN e

621172 I [x. (t+1)-x.(t) ] £ a.. [ x.(t+1)=x.(t)
k i€r * ! jEIkéllJ ] 5 0]

p
Then: Ap = Z[& 1EI +5€E]‘
t k=1 k
As each fi is a strict threshold function, it follows that:

x(t+l) # x(t) = 5%34 0
and there exists at least one k f1,...,p} such that
1 _
& (E < 0
Moreover, since X, (t41) - x, ()€ {-1,0,1} the

assumption on each block A implies that: iEgO.
Hence A tE < 0.
Remark . The diagonal dominance assumption on A :

ViEI,a..) b
k! “ii jeIlaij'

3415
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is a sufficient condition to ensure the non negative definite
cordition. Thus this condition generalizes results (cf. Goles(6])
based on the diagonal daminance assumption. It is not a necessary

condition.

Proposition 1

ILet F=(A,b) be a threshold network and (Ik) be an

k=1. L] .p
ordered partition of {1,...,n} such that:

* A is a symmetric matrix.

* —3
Vk(l,...rp)s Ak (aij)i,j € Ik is a non negative

definite matrix on the set {-1,0,1} .
Then the block sequential iteration on F associated to

( is such that:

T )k
(i) P(A,b) = 1: the iteration only has fixed points .
n n
.. 1
(1) T(AD) Grapyl1/2 X laj5 1 + §={ b; | ]

where g(A,b)=Min { |E(x(t);-E(x(t+l))| /x(0)e {0,1)7,x(t)#x(t+1))

Proof

Suppose the iteration has a limit cycle of period T>1:
x(0),%(1), ..., x(T-1).
“Then: wt(0,...,T-1), x(t)fx(t+l)
Hence lemma 1 implies that:
E(x(0)) > B(x(1)) > ... > E(x(T-1)) > E(x(0))
which is impossible.
Thus T=1, which proves (i).
It is easy to see that, for any x €{0,1}":

I b -121% = a;s $Ex)§ T b -1/23% I a.
i:b,<0 i j:a, .0 1J i:b,>0 i j:a,.<o M
i ij i i)
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hence:

T(A,b). ¢ (A'b) \<[ —1/2 b3 z aij+ z bi ]—

i j:aij<0 i:bi>0
[-1/2 ¥ T aij + 35 bi]
i j:aij>0 i:bi<0

which proves (ii).
Remark
In the particular case of a sequential iteration, proposition 1
applies and provides a bound for T(A,b). This result had been directly
proven in [4] .
'In the case where aijEZ , it is possible to find a uniform bound
on ¢(A,b): suppose that b€ [k;rk; [ + with kiEZ'
for all i(l,...,r)). Then for each function fi' there exists a
function g with strict threshold ki + 1/2 such that
fi=gi° Hence, we can assume that bi - 1/2 EZ . )
We then have:
~Corollary 1
If A is a symmetric integer matrix with non negative definite
blocks ’Ak" then the block sequential iteration on F

/

associated to the ordered partition (Ik)k is such that:
n n
T(Ab) ¢ 5 |a.,f+2 5 |b,
RN LAY

Proof

In lemma 1, we have shown that:

A E= 3 61E + 2E
t k’il[ k 6E ]
and that:  62E ¢ 0 vk(l,...,p)
1
6 E <O
and 6 ‘I(E < 0 for one k at least, if x(t+l) # x(t).
1 1
Hence AtEg 6kE where 6 kE( 0



135

Fram the strict threshold assumption, it is easy to show that:

. z ox.(t4l)+ I a,. x.(t)=(b,~1/2 0
ang‘Z.t.j P SNl B Ay ey /260 )
k¥<K k' K'JK k'

= o) ‘I(E é -1/2
= | AE| 212w clrD) ) 1/2 ‘
The result then follows fram proposition 1.

An interesting case corresponds to aij €{-1,0,1} : these are

classically the interaction coefficients in spin glass problems.

Corollary 2
If A is a symmetric matrix, with elements in {-1,0,1} and non
negative definite blocks Ak' then the block sequential
iteration on F associated to the ordered partition (Ik)k
is such that:
T(A,b) & 3n°.
(the bound on the transient is quadratic).
Furthermore, if | V(i) | = card {j(1l,...,n) aij #01} is
uniformly (in i) bounded by same constant v, then the bound is
linear:
T(A,b) £ 3nv.
Proof
It is easy to see that:
Vi(l,eeen) - |V | § Zayyxg & VD |
hence: )
* if b ¢ [-|V(i) |, [V(1)] the i-th cell is fixed
by the iteration into one value (0 if bi > |vi) .1
if b, £ - |v(i) |) in one step.

* otherwise, corollary 1 leads to:



136

T(A,b) g
$

The bounds follow immediately.
We have seen that there were different block sequential
iteratibns corresponding to the different ordered partitions. We
now introduce an order on the partitions which will allow to

campare the corresponding block sequential iterations.

I.et P = (Il,ooo'Ip) and P. = (I]'_"..’Iq'),\be
two ordered partitions of the set {1,...,n} . Then P' is finer
than. P, which we denote P';SP, iff any block Ik' k=1,...,p,

is the reunion of same 15.

Remark
Endowed with this relation, the set of ordered partitions of

{1,...,n}is a partially ordered set which is a lattice.

Lemma 2
Iet P be an ordered partition. Then if F satisfies the
assumptions of lemma 1, any partition P' finer than P also

satisfies them.

This means that, as soon as one partition P satisfies the
required assumptions, any P'< P has only fixed points (those of
P) and has a bounded transient length.

The proof is obvious.
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1
1
b=11
1

The ordered partitions lattice is the following:

|

1234)—

\
(1.2 3) (4) 12) (3 (1) (2 3 4)
(Izl 2) (3) (4) 1) (2
1) (2) (3) (4)

Circled ordered partitions satisfy the assumptions of lemma 1.

And,

are also circled.

The

on F are as follows (they all have the same fixed points):

according to lemma 2, all descendants of a circled partition

iteration graphs of the different block sequential iterations

(123 4)

1,119 30

a

2, 7,15 _13_ 8 69

4,149 99

5210 120 09

12 3) (D) T
1,11 «5 3p 1, 9D 3D
2, 69 8 129 2, 7,313 8 69
7,18 13 9¢ 0 5 117
10~ 414D 0D 4-120 147 0?
T 2) (3 4) and (T 2) (3) (4] (M (237 (a); CIJJ
and (1) (2) (3) (4)]

1, 9% 5 3D 1,99 3D
27 6%10 119 2 =610 119
417 8 149 5 412 8 147
7.,15%13 03 7:15"..13 0P
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3- PARALLEL ITERATIONS

In this paragraph, we will study the parallel iterations of
strict threshold mappings. This is a particular case of paragraph
3, which results therefore apply in this section. However, the
non negative definite assumption on matrix A is very restrictive
and results are known [5] when A is simply symmetric: the
parallel iteration has only 1limit cycles of period 2 or fixed
points. 1In [5] , GOLES has used an algebraic invariant to produce
this result.

We will here make use of an "energy” which will allow us to give
an other proof of the previous result and moreover provide a

bound on the transient length.

Proposition 2

let F=(A,b) be a threshold network SQch that A is a symmetric
matrix.
Then, the parallel iteration on F is such tha£§
(i) P(A,b) g 2 |
(ii) T(A,b) <’?R'57 [1/2 zJ laijl + ? Ibi| ]
Proof

Let E(x(t)) = o(x(t),x(t-1))

n n n
with ¢ (u,v) = ~ u. Za,.v.+ Ib, (u, +v.)
=1 L §mid 3 g1 L
Then
AE = E [x(t+1)] - E[ x(t) ]
n n
AE=-% x (t+]1)F a,.x.(t) + z b, [ x. (EH1) + x, (t)]
t 1-11 3—1lJ J i=1 !

n n
+ 1 x.(t)x a, x (t-1) + Z b, il %5 (t) + x, (t -1)
1_11 J =] J i=1
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n n .
R1 xi(t+1) - xi(t-lﬂliia..x.(t) —-bi]

A E=~
t j=113 ]

i=1
because A is symmetric.

And thus, either x(t) = x(t+l) and AtE =0
or x(t) # x(t+l) and A E < 0
which proves that P(A,b) is either 2 or 1 (on any limit cycle
x(t+l) must be equal to x(t-1), for any t).
w(u,v) = - Znui[ b2 a..v. + X a.. v.]

i=1* j:a..>0 ) ) jia,.<c0 M)
ij ij

+ ¥ b.[u, +v]+ £ b.lu, +v, ]
i:b,>0 . i:b, <0 11 1

lf (UIV) E{ 011}2 :
n
- X I a, +2 X big @ (u,v)
i=1 j:a; ;>0 ] i3b, <0

with
£ (A,b) = Min (o(F(x),F(x)) - @(F(),x) | /%€ 10,07, x # F(x) )

As in corollary 1, it follows that:

Corollary 3

If A is a symmetric integer matrix (aij GZ) then:
(i) the parallel iteration on F is such that:

T(A,b) { T Iai.t +21 |bi|

i,] i
2

T(Aub) \< 3n

Furthermore,if |V(i)| = v then T(A,b)  3nv.

Proof : as in corollary 2.
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Corollary 3 shows that for parallel iterations on threshold
_ networks with symmetric matrix of elements -1,0 or +1 and regular
neighbourhood,the transient length is 1linear in n (o(n)). When
the aij are arbitrary, the transient length may be much

larger : see GOLES-OLIVOS [7 ] for an example of convergence in

of 2n/3 )e

Corollary 4 .
Let F = (A,b) be a threshold network. Then there exists a uniform

bound on the transient lengths of the different iterations on F,

T » provided A fulfills the corresponding assumptions:

iter
36> 0: Ty (Ab) ¢ FL S (K ag |+ F by l):
Proof : there only exists a finite number of iterations on F:
parallel, sequential, and block sequential. Hence proposition
l,corollary 1 and proposition 2 prove the existence, under the
suitable assumptions, of a finite number of coefficients
Lab).
The corollary follows by taking € = mink ek(A,b).
Remark :# £, = min{| E(x) - E(y)| /x,y€ {0,1}" x#y}) .
2 | will often be 0,which corresponds to the high degeneracy

0
usually observed in the physical systems (see spin glasses [1]).
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4~ SBQUENTIAL ITERATIONS OF MAJORITY FUNCTIONS .
In this paragraph, we will study sequential iterations of a
particular class of threshold functions,namely majority
functions , which have been introduced in the framework of social
systems ( [5) , [8] ). In the following section, we apply our
results to a model of spin glasses.
Let n € N be given and IO,Il'be a partition of {1,...,n}.

A majority function is defined as follows:

Vi€ I,V x €{0,1 ",
f.(x) = 1 if ¥ a.,. x. -b,. >0
1( ) j#ial] 3 1
X, if £ a,.x.-b. =0
i 41 1373 i
0 if £ a..x.-b. <0
j#i 1 !
Vi€ I,V x€ {0,117,
£.(x) = 1 if £ a..xX.~-b., >0
1( ) e al] i
1l - x. if £ a..x. -b. =0
i ¢i 4 i
0 if ¥ a..x.-b. <0
¢ 173 i

The two different formulations for i € I, and i€ I,
model the two possible reactions in case of a tie : if
£ a. X.-b, =0, element i can either keep
j#i Y !
its state (i € I,) or reverse it (i € Il).
It is easy to see that for any majority function fi there
exists a threshold function 9 such that:
*Vx €{0,117 £.(x) = g, (x)
* . Ny

g; (x) - gil aj45 %5~ b, ]

Proof :

it is sufficient to take:

for i € 1 bi = bi +1/2 . aiy

0’
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i
23 €00, m [

for i1 € Il' bi = bi
i
a;; € Im.0f
with:

i . n
m_=Min {Xa..x. ~b, /x€{0,1} : 5 a,.x.-b.>0 }
+ c s e
j#i 1] ] 1 ji 1131 1
Remarks

1- Note that :

viel,,a.,

0'7ii
V1€Ilpaii<0

>0

2- According to this last result, majority functions are a sub-
class of threshold functions, namely those with diagonal elements
bounded by same given constants mi.
- In the following,we always assume that these conditions are

satisfied.

et F: {0,1) n {0,1 }n be a mapping whose camponents
fl""'fn are majority functions.

We define the energy associated to the sequehtial iteration on
F as follows:

v x€{0,11}",

n

1
E = -=¥xX.¥ . LX. +
(x) 2 ixljﬁau 3T

Proposition 3 .

let F = (A,b) be a mapping whose camponents are majority

functions. If A is a symmetric matrix, then the sequential
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iteration on F is such that:

(1) vk €Iy (t+5-) 4 xk(t+5§1) = E(x(t+-5-) )-E( x(t+-'$;‘;1-n <0

- k k-1 k k-1
(ii) vk € Il,xk(t+ o ) # xk(t+ - ) = E(x(t+ o ) )-E( x(t+-ﬁ-—)) <0
Proof
Let decampose the sequential iteration on F at time t into n
successive steps,where at time t+ 55- )
k=1,...,n,element k only changes states (we assume, for sake of
simplicity, that the seguential iteration corresponds to the
identical permutation).
Let A E = E(x(t+1)) - E(x(t))
ok
A tE= ') t E
k=1
; kg = LIV k-1
with & ¢ E = B(x(t+ n-)) E(x(t+ = ))
(i) if k € IO,then:
k k-1

= - Ky k-1 k-1, _
6tE = ["12“ - ) x}gt+ 5 )][j;:kaijj(u = ) bk]

then it is easy to see,frqn the definition of £ that:

K
6';E<0

(i1) if k € Il,then:

8 = - [x (+—E-)x (520 7[ £ aijj(t+5§l)—bk]
itk

tx

we then have: § E £ 0 and 6';8 = 0 if and only if

k-1
ra .x.(tt+-—=) - b =0
. k n K
which ends the proof.

Corollary 4 .
If A is symmetric,then:
(1) ¥V t,x(t41) # x(t) =AEO

(ii) Furthermore,if gk € Iozxk(tﬂ) # xk(t), then: AtE < 0.
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(iii) If 3k ¢ It x (t+l) x, (t) and there is no

tie for k, then A tE < 0.

(iv) In any 1limit cycle,all elements i with i € I, are
stable, all elements i with i € I1 change states only when

there is a tie.

Proof
obvious fram proposition 3.

Remark :

When I1 = ﬂ +this result is a particular case of proposition 1.



145

5- MODELLING SPIN GLASSES BY MAJORITY FUNCTIONS .

We will now address ourselves to a particular case of block
sequential iteration of threshold networks which has been
introduced in solid states physics.

Some magnetic alloys are obtained by diluting magnetic.impurities

in a non magnetic metal. These systems are called spin glasses .

Their magnetit properties can be deduced fram the study of an
Hamiltonian

- - -

z -

H=-1 J,,8,.8 -F ;8

-y 1')
where Si is the spin (or magnetic moment) of impurity i,
Jij is the interaction between impurities i and j (Jij is
chosen at randam), F is a magnetic field .
The ground states of a spin glass are associated to a minimum of
the energy H. Physicists have introduced many methods to study
these problems [1 ] . One model is the 2D Ising model: the
impurities are supposed to be distributed regularly at the nodes
of a grid, nommally toric. Each spin may only have 2 values: -1
(down) or +1 (up). In the absence of magnetic field, the energy

is then:

= - X
H( w) . ; Jij 8; Sj
[
where w is the state vector (Si) and the sum runs on couple

(i,j) which are neighbours on the grid.

It has been shown that, in the 2D problem, ground states could be
determined in polynamial time, whereas this problem in 2D with
magnetic field or 3D is NP—camwplete [2 ] . In these cases,
heuristic methods have been designed to find approximate
solutions [3,10 ] : these methods usually rely on Monte Carlo

iterations.



146

Formally, these methods consist in uPdating a given spins
configuration by choosing one spin at randam and eventually
changing its state with a probability depending on a local

majority rule.

We will study here sequential iterations of deterministic such
rules, which corresponds in the spin glass context to a zero
temperature: the choice of the spin which ié to change states is
not randam, but fixed by a given permutation of {1,...,n}

which will be assumed in the following to be the identity.

We suppose in the following that all spins are located at the
nodes of an nxn grid drawn on a torus: 1lines 1 and n are
connected, columns 1 and n also. Each spin i may interact with
its four naighbours on the grid with interaction coefficients
aij € {-1,0,+41}.

Iet n € N be given and 1 I1 be a partition of

0'
{1,...," } .

A generalized spin glass is a mapping F: { 0,1} " ~» { o1} "

whose components fl""’fn satisfy:

Vi €1, v x€{0,1}",
. z
fi(X) - 1 lf j*i C(Xj) - 2 > 0
xi if jt} c(xj) -2=0
0 if j#i C(Xj) - 2 < 0
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Vi €1, V X ef0,11",
T

fi(X) = } if s#i c(xj) -2>0
- ; z -9 =
1 X5 if j#i c(xj) 2=0
. )X -
0 if 54 c(xj) 2<0
i L) = . if a.. = +
with c(xJ) { xJ i a1J 1
1-x. if a,. = -1
] 1)

It is clear that fi is a majority function as defined in the
. . . . s = bX

previous section, with coefficients bi j*izaij='l aij + 2

Lemma 3

A generalized spin glass F with interaction coefficients
a..).y:

(@;5) 541

Vi € (1,.-.,\'1), aiiE ]"1,+1[ .

is a threshold network with matrix A?(aij) iff:

Proof .

as here all coefficients aij are in { -1,0,+1} ,

m+i=l, which ends .the proof ,using the results of the
previous section.

In the following, we will always assume that the coefficients

a;; are in }-1,¥1 [ .

In a spin glass, each spin intends to get parallel to the

neighbours with which it is positively connected (aij=+1) and

antiparallel otherwise. Of course, these conditions may be

contradictory and it is usually assumed that the spin takes on

the majority direction:in case of a tie, the spin may either keep

its direction (i € IO) or reverse it (i € Il)' In this

last case, it is called a crazy spin .
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Corollary 5
For any sequential iteration of a generalized spin glass F =
(A,b), with diagonal elements a; s in ]1-1,+1 [ and symmetric
matrix A,
(i) v i(1,...,n), a;; 20 = xi(t) is constant.
(ii) All oscillating elements i have their coefficients s <
0 and change states only in case of a tie.

Proof : obvious fram corollary 4.
Remarks .
1- Oscillating regions in the 1limit cycle are .made up from
connected elements i €I1 (see figure 1).
2- It is clear that elements i in Iy help to stabilize the
network: neighbours of such -stable- elements tend to be stable
also.
Furthermore, oscillating elements i, with i in Il; are
scarce, since the combinatorics needed for this situation makes
'it- occur very rarely: a tie must happen at each instant when the
element is supposed to change states. Simulations usually
exhibited less than 20% of the elements i in I1 oscillating.
3- 1If condition a,, € ]-1,+1[ is violated, some elements i ¢

11

I, may oscillate (see figure 2).

6- OONCLUSION

In this paper, we have shown that the general concept of energy,

first introduced in the spin glasses, allows a very good

understanding of the different iterations of threshold networks.
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In particular, it has been shown that block sequential iterations
with symmetric matrix A and non negative definite blocks could

only lead to fixed points.

Furthermore, the transient length of the different iterations is
uniformly bounded, by a linear bound (in the size of the network)

in spin glasses.

Finally, application of the same ideas in a spin glass model
allows to predict the stability of individual spins in sequential
jterations: these results may provide an insight into the problem

of rigid clusters [3 1.

Simulations were run on a PDP 11-23, with programs in Fortran and
Pascal.



150

REFERENCES

i-

BALIAN R., MAYNARD R., TOULOUSE G. (Eds):I11 Condensed
Matter. Proceedings of Les Houches 1978 Summer School. North

- Holland, 197S8.

10-

11-

BARAHONA F.:Application de 1'optimisation cambinatoire a
certains modéles de verres de spins. Thése IMAG - GRENOBLE
1980.

BIECHE I., MAYNARD R., RAMMAL R., UHRY J.P.:0On the ground
states of the frustration model of a spin glass by a matching
method of graph theory. J.Phys.A 13, pp 2553-2576, 1980.

FOGELMAN F., GOLES E., WEISBUCH G.:Transient length in
sequential iteration of threshold functions.
Discrete Applied Math. 6, pp95-98, 1983.

GOLES-CHACC  E.:Comportement oscillatoire d'une famille
d'automates cellulaires non uniformes. Thése IMAG - GRENOBLE,
1980.

GOLES-CHACC E.:Fixed point behaviour of threshold functions
on a finite set. SIAM J. on Alg. and Appl. Maths , 3, n°4,
1982.

GOLES E., OLIVOS J.:The convergence of symmetric threshold
automata. Information and Control , 51, n°2, 1981.

GOLES E., TCHUENTE M.:Iterative behaviour of generalized
majority functions. Math. Soc. Sci. 4, ppl97-204, 1983.

HOPFIELD «:Neural networks and physical systems with
emergent computational abilities. Proc. Nat. Acad. Sci. USA ,
79, pp2554-2558,1982.

KIRKPATRICK S., GELATT C.D., VECCHI M.P. :Optimization by
simulated annealing. Science , 220, n°4598, pp671-680, 1983.

PERETTO P.:Collective properties of neural networks, a
statistical physics approach. Biol. Cyb. , 50, pp51-62,1984.



151

Figure 1

This figure shows a limit cycle for a given generalized spin
glass.

The network is supposed to be drawn on a torus, its size is n
= 8x8.

The interactions are shown below (right): "+" indicates a
coefficient a.. = +1 and "-" a coefficient aj: = -1,

between elementsd i and j (marked *). ]

The D-matrix gives the diagonal coefficients ai*
For a given initial condition, the 1limit cycle has been
camputed . The period is 12. Elements in I_ were all found
stable, either in 0 or in 1 (marked so oR the picture). Some
elements in I, were stable (marked 0 or 1 as before), but

14 of them wdre oscillating (marked 3 -left- or M -right- on
the pictures).

-0.5 0.9 0.1 -0.2 -0.2 0.2 0.6 1.0
-1.0 -0.8 -0.1 -0.9 0.1 -1.0 0.8 0.0
6.7 -0.4 -0.9 -0.4 -0.2 0.8 0.6 -0.8
D= -0.8 0.0 -0.9 0.3 -0.5 0.3 0.9 0.1
0.5 -0.3 -0.1 0.0 -0.5 0.8 -0.4 0.9
0.4 -0.5 0.4 0.4 -0.6 0.8 0.7 0.4
1.0 0.0 0.3 -1.0 -0.7 0.1 0.0 -0.2
0.9 0.3 -0.2 -1.0 1.0 -0.6 0.1 -0.9
10030001 KRy KoM R R R_RY
-+ + -+ - - -
00030113 HE R REME RN M-
-+ 4+ -+ + + -
10033111 FHEEREM-ME R R
+ - ===+ 4+ +
01111101 KRRy R Ry R_E_ ko
-+ ++ -+ +
13111010 EAME R R R ARk
+ -+ - -+ ++
1 3 l l 1 0 1 0 *_.M+*+*+*__*_*..*_
-+t - - -+ -
11130133 *E R R M- MM
—————— + +
00331313 *HE-M-MER M -ME

- +-- -4+ 4
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Figure 2

This figure shows a generalized spin glass with diagonal
elements not inl-1,+1 P

The connection structure and notations are similar to those in
figure 1.

This simulation shows that some elements i in I
oscillate if some coefficients a; 11e outside ]-1, +9 [

These elements are marked P -right- on the figure.

1.3 0.7 =-1.1 -1.0 0.3 -1.1 0.4 -0.5
-1.5 -1.2 -0.3 -0.1 0.5 1.2 1.6 0.3
0.5 -1.8 -0.4 -1.3 -1.0 0.2 -1.9 0.6
b= -1.2 1.9 1.8 -1.8 -0.2 0.7 0.2 -1.3
1.6 -0.9 2.0 -0.2 1.0 -0.3 0.0 0.1
-0.4 1.3 -0.3 0.8 0.5 -1.8 -1.5 0.8
0.9 -1.3 -i.9 -0.1 -0.9 -1.7 -0.1 1.8
0.3 1.3 -1.0 0.4 1.5 0.1 1.6 1.7
03331311 A+ P-M-M+ XM+ *4+*—
------- +
33330101 M-MEMEM$ X =Kok kg
++ 4+ + 4+ 4+ + 4+
03330131 * MMM * R M-
- - = - - -
30131003 it s L
- - - - -
13031111 K-ME*-M-* g R4
+ -4+ -+ - - -
30001330 L e A L s el
-+ -+~ -+
03311330 *M-M-*+*+M-M+ 4+
+- - - -+ ++
00100301 i e

$ == -+ -+
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ENERGIE ASSOCIEE
A L'ITERATION SERIE
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TRANSIENT LENGTH IN
SEQUENTIAL ITERATION OF THRESHOLD FUNCTIONS

En collaboration avec F.Fogelman,
G.Weisbuch Disc. App. Math.,6,84

Let F be a function from {0,1}n into itself whose components are
symmetric threshold functions. We give a general bound on the tran-
sient length for a sequential iteration on F. For this we use a mono-
tonic operator analogous to the spin glass interaction energy (see

in a similar context [1,3]).

1 - Definitions

Let F : {0,1}" ~ {0,1}n be a mapping whose components, fl' fz,..,

fn' are threshold functions :
n
i p) . . - , 2
vi (1,..,n), ¥x € {0,1)7, £,(x) = Lt j=1 235 %5 7 % 70
0 otherwise
where A = (aij) is a real n x n symmetric matrix and (61,..,6n)

is the real threshold vector.

It isﬁgasy to see that, for any fi there exists another
threshold Gi such that:

n -
z . . -
1 1f3=1 a1J xJ ei>0
£ (x) = v
n -
0 if T a.. x. - 6.<0
j=1 iij 3 i

A R .
We shall say that 6; is a strict threshold 1, the following

we always assume that functions f; are defined by strict threshold.
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The sequential iteration associated with F is defined by

X (£41) = fi( X (E+1) oo yxy ) (B4, %, (0) 4.0y x (8) )
t €N, x(0) € {0,1}", i€ {1,..,n}

Clearly, since {0,1}n is a finite set, all the trajectories,
( x(t))t;20 of the sequential ijiteration are ultimately periodic.
Hence, for every x € {0,1}" there exist numbers p(x), t(x), called

respectively the cycle and the transient lengths, such that :
X (t+p(x)) = x(t) for any t > t(x)

and x(t+q) # x(t) for any t < t(x) or 0O<q<p (x)

We denote T(F) = Max t(x)/x € {0,1}" , and call it the transient
length of F.

The energy associated with the sequential iteration on F is
the function E : {0,1}" » IR, defined by :

X Z a,. x.,+ X (B, - a..) x.

¥x € {O,I}n, E(x) = - .
i j#i 1373 . i ii i

N =
| N R

i

For any trajectory (x(t))'t > o We will denote E(t)= E(x(t)) .

2 - A general bound on T(F)

Lemma 1. If A =(aij) is a symmetric matrix with non-negative

diagonal elements, then :
x(t+1) # x(t) = E(t+1) < E(t)

Proof. Let AtE = E(t+1) - E(t). The seguential iteration on F
at time t can be decomposed into n successive steps, where at time

t + i/n, element i only changes state, that is to say s

x(t) = (Xl(t)""“"‘“““"'Xn(t))
k

x(t+0) = (%, (t+1) .., x, (t+1), X (B)reyx (8)) , 1 <k <n
n
Hence A.E = I (E(t+f) - B(t+EZD))

k=1

and, since A is symmetric
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>
tm
I

I M43

k k-1 o k-1
. (3 () = 3 (e550)) ('j;k 2y *3 (BT F Oy~ )

- ky _ k-1 - k-1 -
Let 6kE—(xk(t+n) X, (47 )) ( jik N R akk)
Since,for any k € {1,..,n}, £ has a strict threshold and ap, > 0,
it follows that : :

k k-1
xk(t+—ﬁ) # xk(t+T) = 6kE < 0

thus, x(t) # x(t+1) implies At E<O

]
This lemma gives another direct vroof that all the trajectories

may only have fixed points as limit cycles.[2]

Lemma 2. If A is a symmetric matrix with non-negative diagonal

elements, then :

n
T(F) < T (3 2 laggl +lag;l +legl)

1
12 gp )

with e(F) = Min { |E(x(t0 -'E(x(t+1)) | / x(0) € (0,1)%, x(t)Fx(t+1) }

Proof. It is easy to see that for any x € {o,1}" |

1 n n n 1 n n .
-3 z z a;: + xei - X aii<E(X)<—7 z z a, s+ zei
i=1 jAi ) i=1 i=1 i=1 j#i 3 i=1
a,.>0 0.<0 ' a..<0 6.>0
ij i ij i

On the other hand, for t < t(x), x(t+l) # x(t) implies
|AtE| > g¢(F) > 0, and thus from Lemma 1 :
n

1 1 : 2
T(F) < {z £ = Ja,.|+ £ Ja
e(F) "2 4oy 4% B =) i

n
]+ z |e.| }
=1

A uniform bound on € (F) can be obtained when aij € Wi
suppose that 6, € (k0 kypy [, k; € 2, for any i € {1,..,n}, then,
each function f, may be defined by a 'strict threshold .

1
ki+70

Hence we can assume that ei -

N =

€ %Z.
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Theorem. If A is a symmetric integer matrix with non-negative

diagonal elements, then :

P ox | Eolagl+ = oyl
T(F) < £ £ Ja,.| + 2 z Ja,.| + = e,
i=1 j#i ) ( i=1 i=1 * )
Proof. Since,
k-1 : k k-1
|8, El = ljik 3y X4 (B0 = 8y + ap | s 1E X (B40) # % (B4 )

0 otherwise
for any k € {1,..,n}, from the preceeding comments we conclude that

e(F) 2 1/2 and from Lemma 2, we obtain the result.

An interesting particular case with applications to group dynami

and spin glass simulations [1,2 ], correspondsto aij € {-1,0,1}:

Corollary.if A is a symmetric matrix with aij € {-1,0,1} for any

i,j € {1,..,n} and non-negative diagonal eleme.ts, then :

n n
T(F) <3 = |v(i)| +2 Z Ja,,|<n(3n-1)
. . 11
i=1 i=1
(quadratic bound)
where |V(1i)| = card{j € {1,..,n}/ a;; # 0, j # i}

Furthermore, if |V(i)|< K for i€{1,..,n}, then : T(F)<(3K+2)n (linear bound).
Proof. If 6, & [-[V(i)], |V(i)] 1 the i - th cell is fixed

by the sequential iteration in one step.

If 6, € [~ [V(i)|, |V(i)] 1 the bounds follow from the theorem.
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VITESSE DE CONVERGENCE
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THE CONVERGENCE OF

SYMMETRIC THRESHOLD AUTOMATA

En collabaration avec J.0Olivos,
Inf. and Cantrol,Vol 51,2,1981

ABSTRACT

We study the length of the transient in a threshold auto
mata with values on the set {0,1}. The original conjecture was that in
the symmetric case, this length was a linear function of the number of
cells in the automata [:2,5:]. We shall show that this length can be
exponential. ’
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I. PRELIMINARIES.

Let A be the threshold function given by:

a: {0,137 » {0,1}"
X » (¢1(X),...,¢H(X))

0 if Za”J< ;
with ¢#x)= ie{l,...,n}
1 if Z 313 j 28

where A = (aij) is a real symmetric nxn matrix, 0 = (91,...,On)eR"

We define the symmetric threshold automata asociatedto A as the itera-
tion: E
xr+1 = ax" r=0,1,2...; x°e{0,1}n.

It is obvious that, as {0,1}" is finite, this iteration
converges to a cycle in a finite number of steps (with a period less
than or equal to two [ 1,37]).

We define the transient corresponding to the threshold
automata associated to the couple (A,8) as follows:

2(A,0,n) = Max 2(x,n,A)
xe{0,1}"

where 2(x,n,A) is the number of steps that the iteration needs, with
x as starting vector, to arrive at the steady state.
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We will show the existence of symmetric threshold auto-
mata with exponential transients compared to the number, n, of cell.
This means that the convergence of the iteration to the steady state
can be extremery slow. It is convenient to point out that in general
threshold automata (A not necessarily symmetric) exponential convergen
ce is obvious, because in this case we have an arbitrary Mc Culloch -
Pittsnet, which can simulate the evolution of any finite automata

[4].

IT. STRICT THRESHOLD AUTOMATA.

Without any loss of generality we can suppose that each
application ¢i is defined by a strictly separating hyperplane:
n

0 if Za < 0.
J =} ij J i

1 if Z 313 39

g;(x) =

Indeed, if we have indexes ie{l,...,n} such that:

Z a]J ;79 0 for some xe{0,1}"

Let U(i,-) = {ye{0,11" / lea]J 5 <9

If U(i,-) = @, it is obvious that the automata associated to the couple
(A,8') with:
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Q, if j#i
ot ={
\] .

Oi ~ €5y € > ]

has the same behaviour that the initial one.

In the case U(i,-) # #, let

n
Jas.z. = max Z a.
ST e(r, g J

n
as ) a, < 0., we can determine €.>0 such that:
o1 1 25 <% i

X a]J ;< X a13 i< 1-e , for any yeU(i,-)

so taking 0% = Oi-ei and @ = 8., for j#i we have the same behaviour

for the automata associated to (A,8) and (A,8').
III. DUALITY.

Given the strict symmetric threshold automata associated
to the couple (A,8), we define its dual function, a*, as the follow

a*: (0,11" » 0,1}"
X - (¢$(x),-..,¢;(X))

associated to the pair (A,8*) where:

0y = -0, + leaU for ie{l,...,n}
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It is obyious from this equation that duality is refle-

xive (A** = p). Furthermore the primal and dual functions satisfy:

= y <= A*—x_ =

where z = (Ei,..ih)is the boolean negation in each component.

This equivalence implies that the primal and dual auto-

mata have the same behaviour.

On the other hand, if we do not have

the strict threshold property this equivaience is false.

EXAMPLE 1. Let A be defined by:

_| -6 1
A‘[u 12]
-5 © 10
-6 (rl}————4\2)\, 12

Primal graph
10 13
L) 12
© =

Dual graph

Figure -1

0= ()

0 L1 0 15
0 0 1 1‘
Primal evolution

fixed point

1 0 1 05

-+ >

171707 0"
Dual evolution

fixed point
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ITT. CONTRUCTION OF AN EXPONENTIAL FAMILY,

Using a recursive procedure, we will build a family of
symmetric threshold automata with exponential transient growth.

We shall use the duality in order to add
three cells to the automata in way that doubles the length of the
transient. For instance, if we have the automata:

12 1 010111010
2 0+0+1+1—>1+1—)1+0+0 \\)
3 000011111
4 000001111
28 evolution
Figure-2

We can add three cells to this graph such that they will
stay at the O-level while the original cells evolve according to the
primal automata. Afterwards they will take the 1-level, and contribu-
te to the weights, aij’ that will permit the dual evolution (see Fig.3.)
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Primal evolution Dual evolution
1091011101100 010100010°1
20 011111000011 0000011
300001111111 111100000
4 {0+0+0+0+0+1>1+11+1p1+1+151>1+1+0+0+0-01¢)
5 00000 0O0OO0OGOMI1I111111111
6 0000O0O0OO0OOGOGCOdDI1I11111111
7 0000O0O0O0CO0OO0OOCOD1 1111111

Primal - Dual evolution

Figure-3
with the same idea, we have the following result:

THEOREM: Given a symmetric strict threshold automata associated to
the couple (A,8), with the evolution:

x(0) » x(1)+.....>x(T)O
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where x(0) = T and x(T) is a fixed point, it is possible to build a
symmetric strict threshold automata by adding three cells, so that it
has the following transition:

Steps: 0 1.... T T+1 T+2 TH3....... 2T+3
x{(0) » x(1)»...-x(T) - x(T) - x(T) -~ _ x(0)= ... »x(T)

n+l 0 0 0 1 1 1 1

n+2 0 0 0 0 1 1 1

n+3 0 0 0 0 0 1 1
PROOF: In order to obtain the behaviour of cell n+l:

1 T+l

x ., (2) =
ntl 0 <7

it suffices to choose 9n+1>0 and:

a1k = 9pepts 0 CAf X(T) = (k)

- . jell,...,n}
041 (8+e), e>0, j#k

.= -(&+e) if  jX(T)
W1 +§ if card X(T) > 2

- ntl . .
4n+1j - cardX(T) if JexéT) jel{l,...,n}

ntl

with e>x0 and 0 < § < cardX(T)-1

where X(T) = {je(1,...,n} / xj(T) = 1}



and In+1,n41 > One1 " . LA
n+1j<0
Furthermore, as an+lj > 0 for jeX(T) and an+1j © 0
otherwise, the vector x(T) does not change in steps T+l and T+2.

Behayiour of cell n+2: The role of this cell is to produce the vector

x(0) in the step T+3. This behaviour is accomplished if:
[0 if x;(1) = 1

an+2aj = '
M+0, - { a..; M>0, otherwise
Vojex(m W
a..<0

1]

\

In order to have xn+2(2) = 0 for 2<T+l, and xn+2(2) =1 for £>T+2
we have to choose:

n
gn+2 > Z an+2j

j=1
e

o

an+1,n+2 ? "n+2 ) <0an+2j

An+2j

Behaviour of cell n+3: This cell must contribute the weights associa-
ted to cells 1,...,n in order to have the dual thresholds 0*1,...,03,
then:

n+2
ez = 205 - jzl ay; for de(l,....n}

On the other hand, if we choose
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n
0 .> ) a; and
n+3 =1 jnt3
ajn+3>0
n
gn+3,n+2 = O3 - jzl ajn+3+N’ N-0
ajn+3<Q
we will have: 0 if  <TH2
X ..(R) =
n+3 1 if T3

since the cell n+3 (when xn+3(2) = 1) changes 0, for 0%, we will have
the dual behaviour of the cells 1,...,n beginning at the step 1+3.

Taking as a basis the theorem and the example for n=7
(see Fig. 3), we can work recursevely with the previous construction.
By this means, the number, T(n), of transition vectors inthis automata

with n cells verifies:

T(n+3) = 2T(n) + 2; T(7) = 20
n-4
from which we get T(n) = 11-2 3 _ 2 so 2(0,n,a) = T(n) - 1 implies:
n-4
2 3

%(A,8,n) > 11 - -2
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This shows that there exist symmetric threshold automata

with transients of order 2"/3.

It is interesting to point out that in random simulations

of very large symmetric threshold automata, it is extremely difficult

to find long transients, in general they are shorter than n.
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CHAPITRE IV
FORMALISME POUR
L'ETUDE DES RESEAUX
POSITIFS
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CHARPITRE-IV

PORMALISME GEMTRAL
POUR L'ETODTE DES RESEAUX POSITIWS

Dans ce chanitre,nous donnons un cadre mathZmatique
suffisant pour 1'é&tude d'une classe des réseaux d'automates:

les réseaux positifs,lesquels contiennent comme cas particu-

liers certains des réseaux é&tudiés précéiemment.

Le principal résultat obtenu ici est que ce type d'au-
tomate admet toujours une fonction de Lyapunov ou 1'Znergie,
laquelle gére toute la dynamique,dans et hors 1l'Zquilibre.

Physiquement parlant,nous pouvons dire que chaaue ce-
llule admet un potentiel local qui induit une fonction 4'Z%nerqgie
sur le r#seau et,i cet égard,une itération n'est nas autre
chose que la recherche d'un régime stationnaire qui soit un

minimun, local ou global,de 1'énerqgie.

On donne aussi des résultats de caract®risation de cette

classe de réseaux et des exemples d'applications.
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DYNAMICS ON POSITIVE

AUTOMATA NETWORKS

Soumis & Journal of Theor. Camp. Sci.

1.- INTRODUCCION.

Many authors have studiedthe dynamical behaviour of
automata networks; see for instance [ 1,3,6,7,9,10,14,15,18,23,25,27,
28,29,30,31]. However, a rather difficult combinatorial analysis is
needed in order to handle the discrete nature of the problem (transitions

functions on a finite set, discrete cellular spaces, etc) and hence
fully general results are not commonly available.

In recent years automata networks have been introduced
as a modelling tool in several fields: neural networks in biology
[2,3,4,9,15,16,18,19,27 ], majority networks in the spin glass problem
and others physical models [:5,6,7,15,17,25,30,31:], chemistry and
social dynamics [ 1,13,14,237], and parallel algorithms and systolic
arrays [ 21,297]. | |

In this paper we present a mathematical framework for
the treatment of an important class of such networks which will be called
positive automata networks. Much of the cases of applications cited
above are included in this class. Amona the re]evant.ones we find:
threshold networks [6,7,8,10,11,15,19,27,28 ] and majority networks

[13,237]

By the way, this theoretical framework proves to be
useful in the complete characterization of the positive automata '’
networks dynamics (cycle length, convergence speed, &tc). Recently
obtained results appear in this context as particular cases [:6,8,9,
10,12,13,15,23,27,28,29:]. We are also able to deal with the rate of
convergence towards the steady state while the works cited above do
not give any information about.
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The presentation is organized as follows: we first
define what positive functions are,which will be the local transition
functions of the automata network, Examples are given as well as
characterizations. We then give the principal theorems on dynamics
of positive networks by introducing an energy functional called
Lyapunov function. Finally we exhibit some examples of applications.
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2.- POSITIVE FUNCTIONS.

In this paragraph we give some definitions and
properties on positive functions as well as cyclically monotone
applications, usually used in convex analysis [ 26]. Relations
between convex analysis and some transition functions of automata
networks have been remarked in [ 227] in particular cases, but no
general dynamics theorems have been obtained. 1In [:24:] the
authors study dynamics on cyclically monotone networks but no
result is given for the transient behaviour of such a network, |

furthermore all cyclically monotone applications explicited there,
are also positive.

It seems that the deepest property associated to any
precedent hetwork is the positivity. In a physical view, positivity
represents a local potential that permets to establish a global
energy (Liapunov function)associated to the positive network.
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Let S,Q be two sets iin Rp and f a function from S into
Q. f will be called positive if:

<fx-fy,x>p >0 ¥x ,yes (1)

where < , >_is an inner product in RP . We shall say that f is
strictly positive if equality holds only for x=0 or fx=fy.

This kind of functions is related with monotone and
cyclically monotone functions usually used in convex analysis [:26:]

The function f is called cyclically monotone if:

For any neN , n>2, and any vector (xo,...,xn_l)eSn
we have:

n-1

1_ZO<x1.—x1.+1,fx1.>.n >0, (2)

where indexes are taken modulo n. It is easy to see that condition (2)
is equivalent to the following:

n-1
Loy Xy p 20 (3)

The function f is said to be monotone iff:

<fx—fy,x-y>p >0 for any X,Yy€es

It is clear that: f positive ==>f cyclically monotone, and f cyclically



monotone ==> f monotone. Furthermore, if S,0 ¢ R (i.e. p=1)

we have: f cyclically monotone <==> f monotone <==> f nondecreasing,
but for p>1, a function cyclically monotone is not necessarily
monotone [ 26 J.

For positive functions there is not equivalence with
the other two classes. For instance the real function fx=x is monotone
but it is not positive.

If S ¢ RP is a convex set we may characterize cyclically
monotone functions:

Lemma 1. f is cyclically monotone iff there exists a convex function
¢: S»R such that f is a subgradient of ¢:

o(x) > ¢(y) + <fy,x-y> ¥x ,yeS

p

Proof.: The proof is a particular case of a theorem in [:25, pag.2387] .
Clearly if f is a subgradient of ¢ and if we take a cyclic vector
(Xgs---X,_1) we have:

¢)(X1\ - ¢(X1+1) 2_ <in+1 sxi‘x.i+1>p

n-1
hence ) <fx
i=0

1% %7p 2 0
then f is cyclically monotone.

On the other hand, let us suppose f cyclically
monotone and let ¢ be the following function:

¢(x) = SuD{<x-xm,f(xm)>p +.. .04 <x1-x0,f(xo)>p}

g




where the supremum is taken over all finite set {xo’°"’xm}m39°

Since ¢ is the supremum of a collection of affine
function ¢ is a convex function.

Furthermore, since f is cyclically monotone ¢(x0)§p
(hence ¢(x0) = 0), hence ¢ is a proper convex function.

Furthermore,

0(E) > <B-xp g Flxp q)> ..ot X% f x>y
setting Xpep = Xo We have:

¢ (&) 3_<€—x,f(x)>p + <x—xm,f(xm)>p +...4 <x1-xo,f(x0)>p
for any set {xo,...,xm} cS

hence
$(E) > ¢(x) + <f(x),£-x>p

then f is a subgradient of ¢.
Hence we may conclude that, if S is a convex set any
positive function is a subgradient of a convex function.

If f is a real function we have:

Lemma 2, Let f be a real function then,it is positive iff it is
threshold function; i.e.



a if x<0
f(x) =168 if x=0
B if x>0
with o<B, se[ a,B8].
Proof.: If f is a threshold function:
(a-B)x if x<0 and y>0
(fx-fy)x = (g-a)x if x>0 and y<O0
0 otherwise

hence, from definition of positivity we conclude that f is positive.

On the other hand, if f is a real positive function:

(fx-fy)x > 0 ¥x,yeR (4)
and
‘ (fy-fx)y > 0 ¥x,yeR (5)
hence: X,y<0 => f(x) = f(y) = a

x,y>0 =>  f(x) = f(y) = 8

If x>0 and y<0: (B-a)x>0 ==> B>a and by application of
inequality (4) for y=0, we conclude that}agf(O) = 6<B.

[
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Example:
A
Bx Bx, x>_0
$(x) =
ox ax, x<0
M convex function ¢
hence: 1
g E f a suboradient of ¢.
& B if x<0
x 7 f(X) = § if x=0
a o if x>0

It is interesting to see that if f is positive and
h: U»S we have:

<f(hu) - f(hv),hu>p >0 for any wu,vel
This property will be essential in the next paragraph.

By composition and?sum of functions we can build:

r .
oy +,..+ aq if x<b1

g(x) = 48fﬂ2+”;+aq b, <x<b, ~b<b<...<bq

<

| By toot By if xoby

Folx-by)s f(x-bg) = ¢ % 1F x<b
i1 ! ! B, if by o <8,



These functions are named multithreshold functions|[ 127]. Since each

fi is a positive function each member of the sum verifies:

<fi(x'bi) - fi(y"bi)’ xfb1.>p >0 i=1,...,9

Although g(x) is not positivé, the positivity of each
fi shall be sufficient in order to study this kind of functions.

Since in many applications, functions f are defined in
real finite sets S,0, it is interesting the following lemma:

Lemma 3. Let f:S+0, with S,0 real finite sets, then:

f monotone <==> f cyclically monotone <==> f is a multithreshold

function.
Proof.: The first equivalence holds from the previous properties.
Furthermore if f is multithreshold

Y1 if x<b1
f(x) = \ Yy b15x<b2

1727
if b

q-1%

Clearly f is monotone (non decreasing). On the other hand, let us
suppose

Fr {Xp<xoc,.ousax b {F(xg),. 0 F(x )= Lygsennnyd

Ylf_Yza ceesS Yq
b,<b,< ..,<bq
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without loss of generality we may assume that f is strictly monotone:
x].<xj = fxi < ij Vi#j

Let us take by,by,....b €] x;.x [ with
x1<b1<x2<b2<,...,<bs_1<xS and the functions: f: S > Q defined by:

Yq if x<b1
¥(x) = Y, bysx<b,
s bs-lf-X

hence ¥(x) = F(x)  WxeS = {xq,...,x ]

[

Now we give some examples of positive functions on
RP,

Let o = (o(1),...,0(p)) be a permutation on the set
{1,...,p}, we define a total order on o as follows:

o(i) » o(j) <=> j>i
Let us set the function:

£: RP o {el,...,ep} ( where e, = (0...1...0))

i
defined by:
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X X Vi  such that o(k) > o(i)

f(x) = e, <=>
XX Vi such that o(k) <o(i)
Clearly f is positive:
<fx-fy,x>p = <ek-em,x>p = XpKp 2 0

Furthermore f is the subgradient of the convex function: ¢:Rp-+ R:

X X5 Vi o(k)ap(i)

o(x) = Xy > 4

txk>xi Vi o(k)<o(i)

!
If ¢(x) = X and ¢o(y) = Yo We have

0(x) - o(y) - <Fly)sx-y>p = Xp-yp-<e .x-y>, =

XY ntm T XXy 2 0,
hence f is a subgradient of ¢.

Other positive functions are the following :

6 if xgﬁ
g(x) =
f(x) otherwise
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Xi—xj > Xg~Xg4 L#L!
g(x) = g5 <=> ¢
L x.-xj > XXy if
where e.. = (0,..010...0 -10...0)
Y I 4
i h|

<g(x) - g(y),X>p = <BL. - €L, 0X> =

li-31>]2-2"]

[i-3l<]2-2"]
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3.- DYNAMICSBEHAVIOUR ON POSITIVE NETWORKS

Let fl""’fn be positive functions from S into O,
where S and Q are finite sets in RP .

Let us define the following Tlinear operators:

. n >
A Q S

X =(x1p..ﬂn)-+Aix

and the linear operator:

V4
A: Q" > Q"
X = (xl,...,xn) -> (Alx,...,Anx)

If F 1dis the function:

x + (F)(Ax-bl),...,f (Ax-b"), with Ax-bles

b'eRP and Aix~b1#0 for any er". We shall study the dynamics
of different iterations on F.

1. Parallel Iteratfon.

x(t+1) = Fx(t); t=0,1,...; x(0)eqQ"

Clearly, since Q" is a finite set, parallel iteration
converges, for any vector x(0), to a finite cycle. Hence, for every
xeQ" there exist numbers p(x), t(x) called respectively the cycle and
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transient Tenath, such that:
[}

r
PSP S BS for any s>t(x)

and FxS*a 7 Fx°  for any s<t(x) or 0O<g<p(x)
we denote:

P(F) = max{p(x)/xeqQ™}

T(F) = max{t(x)/xeQ"}

as the maximum period and transient associated to F.

In order to determine bounds on cycles and transients ‘
of a such dynamical system we define:

E(x,y) = -<X,Ay>n + <x+y,b>n where b=(b1,...,b")eSn.

E is called the Lyapunov function associated to F.

Lemma 1. If the functions (fi) are positive and A is a symmetric
linear operator we have:

x(t+1) # x(t-1) ==> E(x(t+1),x(t)) < E(x(t),x(t-1))

Proof. Let us define AtE = E{x(t+1),x(t)) - E(x(t),x(t-1))

LI

The symmetry of A implies:

AtE = -<x(t+1) - x(t-1),Ax(t) - b>n
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hence:

<xs (£41) - x;(E-1), Agx(t) - b‘>p

>
(d
m
]
1
R 1T

since xi(t+1) = fi(Aix(t)—b1), xi(t—l) = fi(Aix(t-Z)-bi) from positivity
on (fi)

<f, (Ax(t)-b") - fi(Aix(t-Z)—bi,Aix(t)—bi> >0 Wi=l,...

p

As x(t+1) #x(t-1) and Aix(t) -b' # 0 there exist
indexes such that the previous inequality is strict, hence, AtE <0

L]

Theorem 1. If the functions (fi) are positive and A is a symmetric
linear operator then: the maximum period verifies: P(F) < 2.

Proof. Let us suppose that there exists a T-cycle:
(x(0),...,x(T-1)) with T>3

hence, from lemma 1:
E(x(1),x(0)) < E(x(0),x(T-1)) <...< E(x(1),x(0))

which is a contradiction

2N
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Since On is a finite set there exist the following
guantities:

Ey = max E(x,y)
T x,ye(!
E, = min n E(x,y)

'X,yel

e(F) = min{<F2x—x,AFx—bﬁ]/ F2x#x, er"}
and we establish the following result:

Theorem 2. If (fi) are positive functions and A is a symmetric linear
operator:

EnEn

T(F) = 0 if e(F) =0
Proof. If F2x=x . ¥xeQ" we get directly T(F)=0. Let us suppose that

e(F)#0. Since (fi) are positive functions then <F2x-x,AFx—b>n:>0 for
sz#x hence €(F)>0 and from lemma 1 we have:

VteN such that x(t+1) # x(t-1):
|AtE| > e(F)
then we have:

E, < E(x(t+1),x(t)) < Ey - te(F)

EM'Em

hence T(F) (3]
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From this theorem we may give a general bound on T(F).

For any x,yeQn we have:

EGey) | < I Iy I e Il eI+ v,
since Q" is finite we take o = max lklk,
zeQn

hence:
]

[Ey)| < of 1A [+ 2alpll,

where ||+ || is a norm associated to the inner product <,> and 1A}
is the induced norm on the linear operator A.

20 |IA] +4a[pl,
hence: T(F) < e(F)

If we known the nature of the operator A, we may give
some betterbounds on T(F). In the general case is not easy to
calculate a bound for €(F). In the next paragraph we shall study same
particular cases.

2. ITERATION WITH MEMORY.

In a more general frame, we shall study the following
iteration on positive functions:

k .
xi(t) = fi( ElAi(s)x(t—s)-b1); i
s=

1]

1,....n

where b'eRP and the Ai(s) are linear operators:
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Ai(s): Q"> Sc RF for i=1,...,n
u - Ai(s)u s=1,...,k

If we define the linear operator:

A(s): Q" -+ s" " for s=1,....k
u- Al(s) u
A (s)]

we can write the following Lyapunov function asociated to the
iteration:
k-1

k K
=-7 < ) A(S-Sl)ys>n + ) <ytbs
2=0 s=4+1 n g=0 n

E(yo,...,y
where yzeOn and b=(b1,‘...,bn)e0n

Theorem 3. If (fi) are positive functions and the linear operators
A(1),...,A(k) verify:

A(s) = Ab(k-s+1) for s=1,...,k
then the cycles of the iteration with memory are divisor of k+l.

Proof. Similary to lemma 1 we have that if x(t)#x(t-k-1) we get:

k-1 k k
8,E= - ] <x(t-2), ] Als-lx(t-s)> + [ <x(t-e),b> +
2=0 s=0+1 =0
kil ( ) % k
- <x(t-1-2), - As- t-1-s - -1-
Lo b (s-g)x(t )>n QZO<X(t 1-2,b>,

where: AE = E(x(t),....x(t-k)) - E(x(t-1),...,x(t-k-1))
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hence:
k
AE = -<x(t)-x(t-(k+1)), SZIA(S)X("‘S)“’”n
D K i
- - izl<xi(t)-xi(t—(k+1)), szlAi(s)xi(t—s)-b >
since xi(t) # Xi(t'(k+1))’ E Ai(s)xi(t-s)—bifo and (fi) are

s=1

positive functions we have:

AtE <0

hence, as in theorem 1 the cycles compatibles with the Lyapunov
function must be divisors of k+l.

L]

As a particular case we have that the maximum period,
P(F), is k+1.

For the transient length we may do an analogous
analysis to theorem 2.

3. SEQUENTIAL ITERATION ON F.

Let us take the following iteration on (fi)’

x,(t) = f(Ax(t-1)-b)
xi(£) = A (x (8, ()% (8, x (1)) - bT)
xg(£) = £ (A (x;(£),..00x 1 (£) x (t-1))-b")
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For this iteration we may define the following
Lyapunov function:

E(x) = - %—<x,Ax>n + <X’b>n

and, in a similar way of precedent results we may prove the following
theorem:

Theorem 4. If the (fi) are positive functions and A is a symmetric
nonnegative definite linear operator then P(F) = 1.

The proof of theorem 4 is analogous to previous
theorems and a particular case can be seen in [ 67].

Obviously, we can also give bounds for T(F).

~ This kind of iteration has been used in the spin glass
problem as a tool in order to reach a fundamental state in an spin
networks | 6,15,17,257].

Comment. In we have a functions define as a sum of composite
positive functions:

(Z‘ Fix)

i=1
with F.: Q

where the(fij) are positive functions.
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Although ZFi(x) it is not neccesarily positive we may
study iterations on this function in the following way:

If we take, for instance, parallel iteration:
)(£41) = ) F(x(8))
Lo
i=1
we define xi(t+1) = Fi(x(t)) i=1,...,9
hence we can write:

x; (t+1) = Fi(k§

=1Xk(t)) = F1(L(x1(t) yeoo ’Xq(t))

for i=1,....q

where L is the linear operator L(yl,...,yq) = ? ¥; hence:
i=1

(xl(t+1),...,xq(t+l)) = F(xl(t),.--,xq(t)),

with F: Q"9 > an

y = (ypsennyg) > (Frlly)s.. . Fo(ly)) =

(fll(AllLy) - bil)"“’f n(Aany—bqn)

q
Since the (fij) are positive and the AijL Tinear
operators, we may study the dynamics analogous to the previous
theorems; i.e. if (AllL""’AnoL) is symmetric then P( Fi(x)) <2
and also we can give bounds on'T(EFi(t)). 1=l

In the next paragraph we shall study a particular case of
sum of positive functions; multithreshold functions.



4.- EXAMPLES.

1. THRESHOLD NETWORKS [:3,7,10,11,15,19,27,28:]
Let us consider the parallel iteration
n | .
x; (t+1) = fi(jzlaijxj(t)'bi) i=1,...,n

where x(t)eQ" = {0,11", A = (aij) a symmetric nxn real matrix, bi a
real threshold and:

0 §if wu<0

fi(u) = is a positive function
1 otherwise
It is easy to see that without loss of generality we may assume that:

2 a1J - b; # 0 ¥ye{0,1}" and i=1,...,n

The Lyapunov function associated with parailel
iteration is the following:

E(x,y) = 1zlx JylalJ it 1E b. (x . )

From previous resultswe have P(F)<2.

Furthermore, in this particular case we can give an
explicit bound of T(F) in the context of uniform threshold networks:

Let us take V(i) = {je(l1,...,n} / aij#O}



and let us suppose that |V(i)}| = K and aije{-l,O,l} for any i,j=1,...,n.

Since the interesting cases are bie[:—K,K:l (otherwise
we have convergence in one step) we can give the following bound of E:

~3 3

] a; +2] b
[ _ J 1
i=1 aij"l bi>0

He~13

2 ) b, - ) a.. < Elx,y) < -
b,<0 V4= a;5°1 Y -

. L _ 1
and, since aije{-l,o,l} it is easy to see that e(F) 3_5-[:6:]
hence:

n n n
TF) <20 ] laggl+2 ] IbD)
i=1 j=1 i=1 |

T(F) < 20K + 4nK = 6nK  (1inear bound)

Then we conclude that the convergence in uniform threshold
networks is very fast; for instance in a two dimensional torus, ann:

(i-1,3)
| (1,3+1) Von Neuman
neigboorhood
(i+1,3)
n v -
V(i,j) = £(i,3-1),0i,3+41),(i-1,3) ,(i+1,3)}
with 0 if z x2<bij

N 2eV(1,j)
xij(t+1) =

1 otherwise

we have T(F) < 24N, where N = n2.



In general case; i.e, A a nxn real symmetric matrix,
we can give nonuniform threshold networks such that T(F) = 0(2n/3)

117,

If we consider an iteration with memory on threshold
functions: '

s=1 j=1

L

K n
x;(t) = £.0) 7 aij(s)xj(t-s)-bi) for i=1,...,n
where x(t-s)eQ" = {0,1}", s=1,...,k, and
A(s) = (aij(s)) = At(k-s+1) for s=1,...,k
From precedent results we conclude that the period of
a such iteration are divisors of k+l. Furthermore, we may exhibit
networks having cycles of any divisor [[77]. Also we can give bounds

on T(F) in a similar way of parallel iteration.

2. MULTITHRESHOLD NETWORKS [j7,12,21,22:]

Let us take multithreshold functions:
p-1 ( n .
kZO fik'jglaijxj - bik) i=1,...,n

A= (aij) a symmetric nxn matrix.

0 if wu<0
Fiklu) =

1 otherwise

with b10< b11<°"<bin—1’

-

It is clear that we can write:
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0 if ) a;.%; <b,
) { : =1 ij J i0

Z oo Z -b,
1k =1 13 J ik

From the last comment in previous paragraph, for
studing the parallel iteration on the sum is sufficient to study the
parallel iteration on components:

n
(t+1) = f1k( f a1 QZ x: (t) b
i=1,...,n3 k=0,...,p-1

from {0,1}np into itself.

In this case, the asociated linear operator is the

following:
n, .
A = AﬁMpo (8: tensorial product)
) —pP—
ajy---a31 | 32---212] ¢+ |21 -%n T
. _ p
a1 | 427812 i (R 111 I A

= = \\ i “\ - ~\

X A . ‘ §
?nl"'anl z ?nn"‘?nn
. i - - . .
301" 301 ‘ ann"'ann_

where Mpxp = ':1”.1] a pxp matrix



clearly K is symmetric hence P(F} < 2 and when we have a uniform network:
(i.e.: aije{—l,O,l}, [V(i)| = K) we conclude that T(F) = 0 (Knp).

3. MAJORITY NETWORKS [ 13,23 7]

Let n,p be two positive integers and the finite set
E=1{1,...,p}. We define the functions:

fi: " > E, where

filx) = k <=> ]

X,=
J

kaij + by = Max(X eraijJ“bir)
A

where (A=(aij) is a symmetric nxn real matrix and (bil"°"bip) = bi
a real vector.

It is easy to see that always we can take vector bi
such that there is not equality for the maximum.

This class of functions can be interpreted in the

following way; let us consider a society of n persons P .,Pn and

100
let 1,...,p a set of opinions which may assume by any person of

a such society.

In this cc-ntextbﬁ,...,bip represent the 1local

hierarchy adopted by Pi for the different opinions; i.e.:

bi1>b12>"'>bip minds that Pi prefers opinion s to opinion

k for any bis>bik’ and  numbers b, are the weights of each preference.

On the other hand, aij represents the degree of



bt
o
(0

interaction (friend, unfriend,indifference) between Pi and P..
3

Finally local function associated to Pi’ selects next
opinion as the maximum hierarchy among those of maximum weight.

Let us take now affine operators:

. n P
Ai+bi‘ {el,...,ep} +ScR

N
(Upysreeslippser iy > 2 Gt biy> jzlaijujp+bip)
where e, = (0...1...0)
1
*
1

and functions:

¥i: S » {el,...,e }

p
such that ?i(x) =g <= X = max (x )
1<1_p
where S = {xeRP/ xi#xj for any i#j}

It is clear that

. n n
f.o(A.+b.)u=¢e, <=> Ya,. u,+b,, = max () a,.u, +b. )
- i i k : ik ISLPJIIJJr ir

and functions fi and ?i are équiva]ent if we change state q by eq.

» m 3 > - .
Furthermore functions T are positive, and, in this case,

the linear operator is the following:



<« D —>
41 % I
A ", p
397 A L
A= ARl ' : ‘ 1 O
- T pxp ‘ ) ¢ > Tpxp "
4 N { 0 1
f: tensor product
anl 3nn
an1 ann

n,
Clearly, since A is symmetric A is symmetric and the
Lyapunov function is the following:

E(u,v) = —<u,AQIpv>np + <u+v,b>np

- np
where A b = (bll,...,blp,...,bnl,...,bnp)eF
Then we conclude that P(F) <2. In a similar way to
previous examples we can give bounds on T(F) and to study other

iterations.
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CHAPITRE V
STRUCTURE CYCLIQUE
D'UNE EQUATION NEURONALE
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CHAPITRE-V

STRUCTURE CYCLIQUE
D'UNE EQUATION NEUROMALE

Dans ce chapitre,nous Ztudions la dynamique de
q
1'2quation:
k-1

il v i
x_.q=1[0 b %1 | x;e{0,1}

avec B R et 0<h<1/2

C'est-a-dire,on fait une itération avec k pas de

-

mémoire,conduite sur une fonction a seuil.

Etant donnée la nature des coefficients de mZmoire,

il n'est plus possible d'appliquer les outils et résultats
obtenus pr3cédemment,pour caractériser le comportement ilvna-

mique de cette itération.Malgré cela,nous présentons une techni-

que originale pour y aboutir.

D'autre part,nous étudions aussi cette itfration

dans le cas de mémoire non bornde :

- n : '
1
ey <1[0 - 2 5 ]
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COMPORTEMENT DYNAMIQUE D'UN AUTOMATE A MEMOIRE

ANALOGIE AVEC LE FONCTIONNEMENT D'UN NEURONE

¥n collaboration avec M.Cosnard
a paraitre aux Eds. du CNRS

I - INTRODUCTION

La théorie des automates a souvent été utilisée pour modéliser des
propriétés élémentaires du systéme nerveux (7), (8), (9, (10), (11),
(12). Dans leur majorité, ces modéles discrétisent 1'influx nerveux sous
la forme d'une variable tout ou rien : O ou 1. En dépit de cette hypothése
simplificatrice, leur comportement dynamique est en général complexe. Dans
ée contexte, le premier modéle proposé, les réseaux de neurones de Mac
Culloch et Pitts (8), est aussi général qu'une machine de Turing , ce qui
met en évidence la richesse de sa dynamique. Il est basé sur 1'intercon—-
nexion de modules réagissant suivant des lois représentées par des

fonctions A seuil :

n
x, (t) 1 — y(tH)=f(x,(£), -0 ,x (1) )=1( L a;x;(t)-b)
i=1




Z1b

et xl(t),;..,xn(t) correspondent aux signaux (0 ou 1) que regoit 1le
module, ou "neurone formel”, i 1'instant t. Il est.important de noter que,
dans ce modéle, seul 1'état actuel du neurone est pris en compte pour le
calcul du nouvel état. Le module ne posséde qu'une possibilité réduite de
mémorisation.ce qui ne permet pas de tenir compte de la période

d'inhibition du neurone.

Cet aspect est introduit dans le modéle proposé par Caianello (2),

(3) qui considére pour le calcul du nouvel état, soit tous les états
antérieurs, soit un nombre fixé d'entre eux

k-1 n

y(eH) =q4(6 - ] a(®) y(t-0) - § a (0 x (£-2))

- 1 i

2=0 i=1
Chaque unité mémorise ses derniers k états, ainsi que ceux des unitéds

connectées avec elle.

La dynamique de ce modéle est trés complexe et n'a donc été étudiée
que dans des cas particuliers, en imposant des hypothéses sur les coef-
ficients a(l), ai(l) .

Dans ce travail, nous présentons les résultats obtenus dans des cas
particuliers du modéle suivant : '

k-1
xn+1=1( © - Xa(i) xn-i)
i=0
Dans ce modéle, pour calculer un nouvel état (0 ou 1),le neurone pondére

linéairement ses k états précédents.

A titre d'exemple, nous allons étudier 1'automate pour des valeurs de
paramétres égales d : k=4, a(0)=a(l)=a(2)=0, a(3)=1/2, 0=1/2 .
Autrement dit, X 4 est égal a 0 si X -3 est egai a 1. Supposons

x.= x,= x,= 0 , 1'8tat

VS T R
suivant est égal 4 1. Représentant les 4 derniers états, on obtient alors

que les 4 états initiaux soient égaux &4 0 : x

1'évolution suivante :

0000 » 0001 » 0011 » 0111
4 ¥ cycle de longueur 8
1000 « 1100 « 1110 « 1111

ce qui peut &tre écrit sous la forme réduite : (11110000) = (1404) .

Si nous prenons comme états initiaux x0= x2= x3= 0 et x1= | N

1'évolution de 1‘'automate est :



0100 » 1001 » 0010 » 0101

4 ¥ cycle de longueur 8
1010 « 1101 <« 0110 « 1011
sous forme réduite : (10110100) = 10120102

IT - MEMOIRE BORNEE

Nous supposerons dans cette partie que les coefficients a(i)

satisfont la propriété suivante :

a(i) = bl 0¢b<1/2 .

L' automate suit alors 1'équation suivante :

k-1 i
xn+l=1( © -1§0b *a-1 )

Dans ce cas, la réponse du neurone dépend de ses derniers k états,

accordant un plus grande importance aux états les plus récents.

Exemple : k = 3, b =1/2
xn+1=1( 0 - X, - 1/2 X 1" 1/4 X 9 )

0 <©<¢b” : cycle attractif unique de longueur 4 : 103

001 > 010 « 101
t v 011
Ve
000 « 100 « 110'\111

b <0< b : cycle attractif unique de longueur 3 : 10

000 » 001 » 010 « 101
2N
& 011
100 « 110 “111
b <0« b+b2 ¢ cycle attractif unique de longueur 2 : 10

111 100
+ ¥ .
011 » 110 » 100 » 001 » 010 N 101

b+b2 €0 <1 : cycle attractif unique de longueur 2 : 10

000 011
» 001 -+ 010 : 101 « 110e
100 111
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Plus généralement, nous avons démontré dans (5) les propriétés
suivantes qui permettent de comprendre complétement la dynamique de

1*équation (2) :

1 - Pour tout 0, k , , le modéle admet un cycle unique,

globalement attractif.
2 - La période de chaque cycle est inférieur a k + 1.

3-51 p<k+1, il existe un seuil 0O tel que 1'équation (2)

admet un cycle de longueur p.

On déduit donc de ces résultats que, quels que soient les k premiers
états, l'automate va engendrer, au bout d'un temps fini, une suite
périodique qui ne dépend que de k et de O . On remarquera de plus que la
longueur de cette suite est inférieur 3 k + 1, ce qui est faible par
rapport au maximum théorique de 2k . La relation entre k , 0, et la
période du cycle n'est pas encore complétement élucidée. Les deux
résultats qui suivent permettent de la préciser. Pour cela nous

introduisons le nombre de rotation, p(6) , associé i un cycle de (2) :

nombre de 1 dans le cycle
p(0) =

période du cycle

4 - p(0) est une fraction irréductible.

5 -~ k étant fixé, quelle que soit la fraction irréductible p/q,
avec q <k +1 , il existe une valeur de O telle que :
p(0) = p/q
c'est 4 dire que 1'équation (2) avec cette valeur de O posséde un cycle

dont le nombre de rotation est p/q.

6 - k étant fixé, p est une fonction croissante de O . Lorsque
k » » ; le graphe de la fonction p est une approximation discréte d'une

fonction de Cantor (escalier du diable).

Les résultats 5 et 6 permettent d'obtenir 1n liste des périodes de

tous les cycles pour une valeur de k fixée et pour O variant de 0 a 2.
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I1 suffit pour cela d'écrire toutes les fractions irréductibles de
dénominateur inférieur 3 k + 1, de les ordonner par ordre croissant et de

considérer la suite des dénominateurs. Celle-ci est la suite des périodes.

Le tableau et la figure suivants 1l1lustrent ces résultats pour k = 8.
Omax correspond 34 la valeur maximale de O pour laquelle le systéme
admet le cycle C. T est la période correspondante et p(0) 1le nombre de
rotation de C. On remarquera que la suiﬁe des fractions est croissante.

Les périodes obtenus sont les dénominateurs de ces fractionms.

o c T 0(0)

0 0 1 0

b’ 108 9 1/9

b0 10’ 8 1/8

b° 10° 7 1/7

b 10° 6 1/6

b3 10 5 1/5

b3+ b’ -~ 10M103 9 2/9

b2+ b0 103 4 1/4

b2+ b° 10310 7 2/7

b+ b+ b’ 10 3 1/3
b+ b+ b° 101010 8 3/8
b+ b+ b° 10°10 5 2/5
b+ b+ b’ 10%(10)2 7 3/7

b+ b+ b+ b 1?10’ 9 479
1+ b2+ b+ pb° 10 2 1/2
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ITT - MEMOIRE NON BORNEE

La majorité des résultats prédsentds dans le cas précédent (avec k pas
de mémoire et des coefficients en progression géométrique), peut &tre

généralisee au cas d'une mémoire non bornde :
T
X241 =1[ ® —izob xn-—i]

Une étude détaillée de cet automate nécessite un formalisme mathématique
qui dépasse le cadre de ce travail. En particulier, les notions de
convergence et d'attraction ne sont plus aussi simples : une suite A
convergera vers une autre suite B s'il existe dans A des mots (un mot est
une suite finie) de taille de plus en plus grande qul coincident avec le
début de B. Cet automate n'engendre donc pas uniquement des suites
périodiques a partir d'un certain rang, mais peut engendrer des suites non
périodiques. Les résultats qui suivent permettent de préciser suivant les

valeurs des paramétres. les occurrences de ces deux cas :

1 - Pour tout © , le modéle précédent admet un attracteur unique.
Cet attracteur est soit un cycle, soit un ensemble de Cantor pour 1la

topologie induite par la notion de convergence précédente.

2 - Pout tout n, 11 existe O tel que le modéle admette un cycle

d'ordre n.

Comme dans le modéle i mémoire bornde, 11 est possible de définir,
pour O fixé, le nombre de rotation associé. I1 est égal & :

p(e)=1im(2xi/n)

n> >«

3 -81 p(0) est rationnel, alors le modéle admet un cycle

attractif; sinon i1 admet un attracteur cantorien.

4 - p est une fonction de O qul est continue, monotone
croissante et dont la dérivée est presque partout nulle (escalier du
diable).



IV - MEMOIRE PALINDROMIQUE

Retournons maintenant & 1'étude de 1'automate i mémoire bornée, mais

avec des coefficients de mémoire différents :

k
x = 1 [ 6 - z a(s) x ]
n n-s
. s=p
avec a(s) = a(k+p-s) pour s = p,...,k. Le vecteur de mémoire a(p),...,a(k)
a donc une structure de palindrome. On peut alors démontrer le résultat

suivant

1 - Pour des valeurs fixées des paramétres, le modéle précédent
peut amettre plusieurs cycles en méme temps, mais la période de ces cycles

divise k+p.

Ce rédsultat peut &tre étendu au cas d'un réseau de neurones i mémoire
palindromique :
(s) y

n k
Yi(t) -1 [e-1) 1} a, (t-s) ] i=1,...,n

j=1 s=p ’ j

3

dont la matrice des coefficients A(s) = ( a1 j(s) ) vérifie :

1<1, j<n

?

A(s) = SA(k+p-s)  s=p,...,k

A titre d'exemple, signalons que 1'équation :

10
x =112 —st x ]

posséde le cycle de période 15 : 15010 .

V - CONCLUSION

La complexité des résultats précédents fllustre 1la richesse des
modéles. On peut cependant,en déduire certalnes caractéristiques : nombre
faible de cycles, unicité de 1'attracteur dans de nombreux cas, longueur
de la période variant linéairement avec la taille de la mémoire alors que

le nombre de suites différentes croit exponentiellement. Les expériences
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numériques et les résultats théoriaues nous conduisent 3 conjecturer que
la période des cycles ets infAriear au dpal au doubhle de la taille de la

»
memoire.
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SYSTEMES DYNAMIQUES. — Dynamique d’un automate a mémoire modélisant
le fonctionnement d’un neurone.
Note de Michel Cosnard et Eric Goles, présentée par René Thom.

Remise le 18 juin 1984.

Nous décrivons la structure de bifurcations de deux automates 4 mémoire, définis par des fonctions a seuil.
Ces automates admettent un attracteur unique, périodique si la mémoire est bornée, périodique ou cantorien
sinon. Nous montrons que le nombre de rotation associé est une fonction croissante du paramétre, constanie
par morceaux. Dans le cas d'une mémoire non bornée, cette fonction est un escalier du diable.

DYNAMICAL SYSTEMS. — Dynamics of a Threshold Automaton with Memory Used as a Neuron
Model.

We present the bifurcations diagram of two threshold automata with memory. These automata have a unique
attractor which is periodic if the memory is bounded, periodic or cantorian if it is unbounded. We show that the
associated rotation number is an increasing piecewise constant function of the parameter. If the memory is
unbounbed, this function is a devil's staircase. ’

0. InTRODUCTION. — L’utilisation de réseaux d’automates et d’automates cellulaires a
conduit a de nombreux modéles de réseaux de neurones. Caianello ({3], [4]) a proposé le
modéle suivant : '

n k

(0) )’i(l)=l< Z ai,j(s)yj(t~s)_9i>; i=1,...,n,
1

j=1 s=
ot y;€{0,1} et 1(u) est la fonction caractéristique de u. La dynamique de ce modéle est
extrémement riche et seuls des cas particuliers ont été étudiés par Kitagawa [14], Nagami
et coll. [16], Nagumo et Sato {17], Goles [6]. De tels automates modélisent aussi le
fonctionnement de réseaux électriques, des processus biologiques (voir par exemple Bacon-
nier et coll. [2], Glass et Perez [9]) ou informatiques (Tchuente [18]).

Dans ce travail, nous étudions la dynamique de l'itération a k pas de mémoire :

) k-1
(l) xn+l=l(9_ Z bixn—i)’
i=0

ol xle{O,l }, 0eR et 0<b=<1/2. Nous décrivons complétement la structure de bifurca-
tions de (1) lorsque 6 varie. Nous montrons ainsi que le nombre de rotation de (1) est
fonction croissante de 6.

Le modéle & mémoire non bornée : ,

2 x,,+,=l<9— ¥ bfx,,_,.),

i=0
est isomorphe a I'itération d’une injection continue du cercle. En complétant des résultats
de Keener [13], nous décrivons sa structure de bifurcations et étudions les propriétés du
nombre de rotation associé.
1. Modéle a k pas de mémoire. — Le comportement itératif de [1] et de {2] dépend

fortement de la position de 8 par rapport aux sommes partielles de b. Comme 0<b<1/2,
il w’est pas difficile de montrer que le probléme peut étre réduit a b=1/2.

0249-6321/84/02990459 'S 2.00 ©® Académie des Sciences
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TueoREME §. — |' VO, (1) admet un cycle globalement attractif unique.

27 I existe 9 tel que (1) admette un p-cycle si et seulement si p<k+1.

La longueur maximale des cycles de (1) est donc k+1 et Vp<k+1 PPautomate admet
un cycle de période p. Etudions maintenant la structure d’un cycle. Soit (xgs  « -5 X7_4)
un T-cycle, il n'est pas difficile de montrer que Vie[0, T—1], x;.x;,,=0. De plus si
8<1(z1) alors x;=1 implique x;, , =0 (resp. x;=0 implique x;, ,=1).

LEMME 2. — Si (xg, . . .,fo ll) est un T-cycle de (1) avec 01, alors (xq, . . ., X5 )
est un T-cycle de (1) avec 6= Y b'—0.
Considérons les substitution::uivames :
0- 10 110
VreN: 1, 4: {1__,10’+| 1., {O—MO'“.
THEOREME 2. — X =(xq, . . ., Xg_,) est un T-cycle de (1) avec 01 si et seulement si :
1° T<k+1;

2° il existe une permutation circulaire 2 (X) et {(r, s)eNx {0,1}, i<n} tels que
Tp 5%+ - O Ty, 5, (0)=2(X).
Pour terminer cette description, il suffit de connaitre I'ordre d’apparition des cycles en

fonction de 0. 1l est clair que 8 et k étant fixés, p= lim ( )3 xi/rz) existe et est

n - w i=1
indépendant de (x,, ...,x,_,). p(k, 0) sera appelé le nombre de rotation de (1). Si
(xgs . . ., xg.,) est un T-cycle de (1) pour (k, 8) fixés, alors p(k, 0) est égal au nombre
de 1 dans (x,, . . ., xy_,) divisé par T. C'est donc un élément de Q.

THEOREME 3. — Soit k fixé.

1° Pour tout 0, p(k, 0) est une fraction irréductible.

2° Si p/q est une fraction irréductible avec p<q<k+1, alors il existe O tel que
p(k, 8)=p/q.

3° p(k, 0) est une fonction croissante de 9.

2. Modéle a mémoire non bornée. — Considérons maintenant le modéle (2). Le change-
ment de variable (voir [17]) :

k-1
yu=9— Z bi Xp—is
i=0

conduit a la récurrence suivante :
(3) Vae1=by,+(1=b)0+1(p,), Yo=0.

Le comportement itératif de (2) est donc équivalent a celui d’une injection linéaire du
cercle. Inversement, si nous appliquons a (3) une technique de codage identique a celle
employée dans la théorie des itinéraires (voir Collet et Eckmann [5]), nous pouvons
montrer que (2) génére Iitinéraire maximal de (3) (suite de pétrissage). (3) fait partie
d’une classe de systémes trés étudiés actuellement (Feigenbaum [8], Glass et Perez [9],
Kadanoff [11], Kaneko [12], Tresser [19]), le modéle « logistique » étant :

Xpe1=X,+a+bsin(2nx,) mod I
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En appliquant les résultats de Keener et en généralisant les techniques utilisées dans la
démonstration des théorémes 1, 2, 3, nous obtenons les résultats suivants.

THEOREME 4. — | Pour tout 8, (2) et (3) admettent un attracteur global unique qui est
soit un cycle, soit un ensemble de Cantor de mesure nulle (pour la topologic et lu mesure
induites par celles de R dans { 0,1} ™).

2° Pour tout n, il existe 8 tel que (2) et (3) admettent un cycle & ordre n.

Le lemme 2 se généralise dans ce cas et il est possible d’obtenir une description des
attracteurs.

THEOREME 5. — A €{0,1} ™ est un artracteur de (2) avec 0<1 si et seulement s'il existe
une suite B décalée de A dun nombre fini de positions et une suite (r;, s)eNx {0,1} telles
que :

I° soit (t,, ,,°...°1, ,,(0)°=B;
2° soit lim 1, ,-...°1, , (0)=B.
[ Bandi- *]

De maniére classique, on peut définir le nombre de rotation associé a (3) pour 6 fixé.
Il est égal & p(8)= lim () x,/n). Hl est clair que si p(B) est rationnel, alors (2) admet un

n - ®©

cycle attractif tandis que, dans le cas contraire, (2) admet un attracteur cantorien.

THEOREME 6. — p est une fonction continue monotone croissante dont la dérivée est
presque partout nulle (escalier du diable).

Si b=1, la dynamique de (2) est simple : x, est égal & 0 & partir d’un certain rang. Le
cas b>1 est plus intéressant puisqu’il peut conduire a des suites chaotiques.

3. Concrusion. — Il n’est pas trés étonnant que le modéle 4 mémoire bornée engendre
des comportements proches du modéle 4 mémoire non bornée lorsque k est trés grand
(les coefficients décroissant géométriquement). La richesse des comportements obtenus
montre la complexité de I'étude théorique de modéles aussi généraux que le modéle (0).

Le lien que nous avons établi entre I'automate (2) et Pitération unidimensionnelle ( 3)
constitue une réciproque a la technique des itinéraires et des suites de pétrissage. Elle
peut se généraliser 4 une application continue par morceaux quelconque de R.
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BIFURCATION STRUCTURE OF
A DISCRETE NEURONAL EQUATION

En cqllaboration avec M.Cosnari
sommis d Disc. Math.
1. INTRODUCTION

Automata theory is often used to modelize
elementary properties of the nervous system f:3,4,6,14,15,
16,17,19,20:]. Most of these models discretize the nervous
signal and then treat only boolean information. In spite
of the simplicity of such an assumption, dynamical behaviour
of this models is extremely rich. Then it is necessary to
analyze them through difficult mathematical studies. For
example, the neural model proposed by Mc.Culloch and

W.Pitts can simulate every finite automaton [:15:].

R.Cianello generalized the above model in
order to take into acéount the refractary character of the
neural response. He introduced a memory associated to the
system. More precisely, he proposed to simulate the neural

response by the following equation :

n
X4l = TCe- § a(i)x ;]

i=0 -

where X; € {0,1},6 € R, a(i) € IR, and
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0 ifu<o

o] -

1 otherwise

This model is based on an unbounded memory since the convo-
lution between the 3 and ¥ vectors goes from 0 to n and

hence uses all the previous states of the boolean automaton.

The dynamical analysis of this eqﬁation has
been done only in particular cases; is a(i) = a; a(i) = bl
for some 0 < b ¢« 1/2 [ 14,16,17,19 20 ]. 1In the last case
the previous equation is equivalent to a one dimensional
real recurrence equation [ 16,17 ]. 1In section 3 of this
paper we recéll basic dynamical properties of this model.
However the bulk of our work is devoted to the bounded

memory case-:

where k is a given integer.

. , . i
In section two we consider a(i) = b
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-

for 0 < b ¢ 1/2 . For all k and b, we describe completely
the bifurcations structure of this equation when 6 varies.
In particular we show that this recurrence has a unique
cycle whose length is less than or equal to k+l. We asso-
ciate to this cycle a rational rotation number. These
numbers form a Farey sequence of rational fractions. The
graph of the rotation number in function of 6 is then a

truncated devil staircase.

In section four we assume that the coefficients
a(i) have a palindromic structure; i.e a(i) = a(k-i-1) for
i =0,..,k. In this context we characterize the lengths of

the cycles.

Clearly the results presented in this paper
are only partial analysis of the previous equations. They
show however the complexity of the dynamical behaviour of a

such neural model.
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2. BOUNDED MEMORY MODEL

Let us consider the iteration with k-steps memory :

k-1 .
2ppp = TC6 - ] b 7] (1)

- i=0
where X, € {o,1} ,6 >0, 0 <b < 1/2
It is clear that the dynamical behaviour of (1) depends
heavily on the position of 6 with respect to the different
parcial sums of b>. Since 0 < b € 1/2 , the next lemma

shows that we can reduce the problem to b = 1/2

Lemma 1 : There exists X > 0 such that (1) is equivalent to

k
Proof Lgt (ao,...,ak_l) ; (80,...,Bk_1) € {0,1}" be such

that
k-1 |, k=1 . k=1 .

6- ] b'a. = min{6- J b y; / 8- ] by, 3 0} y; € {0,1}
i=o 1 i=0 i=0
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s
b y. < 0}
i=o ~*t

k=1 k
6~ § b7g; = max{6-
i-0 ;

1

, k
i
b y. / 6-
0 i

L
k-1 i k-1 .
Clearly, ] b o; <6 < 7} b'B

i=0 izg 1

Definie A = ) 2 %'a,. A direct computation shows that

k-1 . k-1 _.
TWe- §biv; D =T ) 2700wy e 01)
i= i=

From nowon we assume that b =1/2. We can
code the parcial sums as follows. Let I<{0,...,k-1}, defi-

ne ¢ as :

. _ k . _ .
2 o1 f Xp = (xo,...,xk_l)é-{o,l} with x; = 1 <=>1 ¢ I.
iel

Clearly, if ¢ Ya < 6 < ¢ ‘b where a,b e {0,1}X , then
k=1 _. 1 if o7 e < o7 )
Folx) = M6~ ] 2 7=, ]=
i=0 0 otherwise

¢—l induces on {0,1}¥ a total ordering relation which
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coincides with the natural lexicographical ordering.

If x belongs to {O,l}k , we write X the dual

Of X H ;(— = (-X—O'...’;{-k_l)

Lemma 2 : Let ¢—1a < 0 < ¢"lb < 1. If ¢'1B < B < ¢—1§, then

Fg(x) = F§(SE)

It is sufficient to see that

o

Proof

!
A\
i
I
A\
m
L
%1
I
o

X ¢ a => Fe(x) =1
Lemma 2 implies that we can assume 6 < 1 .

If 6 < O, then there exists a globally
attracting fixed point, namely 0. As a dual consequence,
k-1 .
if 8 > z 27t , then there exists a globally attracting
i=0

fixed point, namely 1.

-

We shall now study the stationnary state of
(1) : the relationship between the cycles and the values

of 8. Let us write a T-cycle as C = (C(T-1),...,C(0))



with T > 1 and
C(n+l) = Fe(C(n),...,C(n—k+l)) n=20,...,T1.

where the indexes are taken modulo T. We assume that T 3 2

and that T is minimal.
Lemma 3 : If C is a T-cycle of (1) then
v £ e {0,...,T-1} c(e)-C(L+1) = 0
Proof : If C(£) = C(£+1) = 1 for some £ in {o,...,T7-1}, then

k=1 __
c(e+l) = T e- } 27 'c(e-i) ] =1
i=0

this implies that 6 3 1 which contradicts our assumption Il

Lemma 3 implies that we can write a T-cycle

in the two following ways :

a-1 a 4
c.=00°% 10v1....10P1 wi,d s>1
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8 8 § -1
1....10P 0o wi, s 31

where (d;,d;,...,d) max{(di,di+l,...,di_1) / i €{0,...,T-1}}

p

S )

(S TRARERANY

S

I

0 min{ 61,61+1,...,61_1) / i €{0,...,T-1}}
with the lexicographical ordering relation. C0 and C1 are

called the max and the min decomposition of C.

Definition : C is admisible if there exist k and 6 such that

k-1
c(e) = I 6- ) c(e-1-i) | L €{0,...,T-1}
i=0

Lemma 4 : C is admisible if and only if EO> él where

C, = CO(T—Z),...,CO(O) Cl = Cl(T—Z),...,Cl(O)

Proof : Let k and 6 be such that C is admisible and assume
that él 3 EO' Since &0 # 51 we must have-&1 > EO‘ Let 3

be the greatest integer such that éo(j) = 0 and El(j) = 1.

In order that Cy(T-1) = 0 and cy(T-1) =1

we have
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k 3 T-1-j |
6 < cO(T-2)+...+c0(j)2“T“2“j)+...

6 > cl(T—2)+....+c1(j)2”(T‘2"j’+...

which is impossible since C,(T-2) = C,(T-2)...C,(j+1) = C, (j+1).

~

Assume now that CO > él. Set k = T-1 and let

6 be such that

k“l __i k"l _i
] 277c (k-1-i) < & < ] 277Cq(k-1-i)
i=0 i=0

we deduce that

!
o

CO(T—l)

k=1 _;
NCe- ) 2 7cy(r-2-i) ]
i=0

)
=

c, (T-1)

I

k“l “‘i
TCe- ] 27 7cy(T-2-1) 7]
i=0

It is now lear that the definition by min-max of C0 and C1

implies that

k-l g
co(e) = Mo~ | 277cye-1-1) 7]
i=0
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k=1 _;
c, (&) = ]]J_”_e-\§02 C, (£-1-i) 7]

where the indexes are taken modulo T. - l.
. IfF T =

= 2, 10 is the only 2-cycle. Let now
T > 3. °

Theorem 1 :

Let C be a T-cycle. C is admissible if and
only if

Co(d) = €y (d)
Proof : Assume that the condition holds. We have

(@i

0~ CO(T—Z)....Co(l)l = Cl(T—Z),...Cl(l)l >

> Cl(T-Z)....Cl(l)O = C1

and lemma 4 implies that C is admissible.

Let now C be an admissible cycle. Set
(dO' o ® o ldp) -

(6q,6q+1,...,6q_1) for some g e[:O,p:].
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From Lemma 4 we deduce that éO > él wich implies

(6q=Ls8pqrer-iqy) s (50,51,...,ap—1)(max-min condition)
If p =0, then clearly : ¥i, 1 ¢ i € T-2, Co(i) = Cl(i) =0

Assume now that p'z> 1. If (6q—1,6q+1,...,Sq_l)=(60,61,...,6p-l),

the conclu51onlstr1v1al.1f(6q-1,6q+1,...,dq_l)<(50,51,,.,,5p~1),

it is clear that the theorem does not hold. Let us show

that this cannot happen

Assume that: m?x{(61—1,61+1,...,6i_1)}<min{(5i,_,.,5i_1_1)}
Hence: § -1 = max §.-1 ¢« min 8§, = §, => max 6. € min 6.+1.
! i 1 i + 0 i g

If max Gi = min 61, then Vi Gi = 60 which contradicts the

minimality of T.

Hence 8§ = max 8. = min §.+1 = §.+1. The
q i i 0

max-min condition implies that 6q+l < Gl. If this inequa-

lity is strict, we have 6q+l = 60 and 61 = 60+l which

implies that 621 = 60 and 621+1 = 60+l which is in

contradiction witn a strict inequality in the max-min condition
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Hence § = §

g+l 1

Let us consider two cases.

Case 1 : If 61 = 60+l = 6q+1 , we deduce that 60 is always

followed by 60+1. Introduce the following substition

operator :

10F > 0o 10F + 1

r,l

10r+l 1 10r+l 5> 0

C, and §

Apply T60'1 to C and define S; =1 1% 0= T60,1C0'

0’
The max-min condition implies that S0 and Sl are the max-
min decompositioﬁ of a cycle S and that §0 > 51, From
Lemma 4 we deduce that S is an admissible T'-cycle with

T < T.

Case 2 : If 61 = 60 = 6q+1, we deduce that 60+1 is always

followed by 50 . Apply 160'0 to C and define S, = 160’0 C0

C

and SO = T o€y -

Sqr
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The max~min condition implies that Sg and

5, are the max-min decomposition of a cycle S and that
§0 > 51. Once again S is an admissible Tcycle with T'< T.

We can repeat the first part of the proof to
S. The strict inequality in the max-min condition on C
implies the same strict inequality in the max-min condition
on S. Repeating this construction we obtain a cycle of the
form 10T for which the inequality is not strict which

contradicts the assumption and concludes the proof. [ |

Theorem 1 has very important consequences on

the dynamical behaviorof (1).

Definition : C is k-admitted if there exists 6 such that

the iteration (1) with k-steps memory admits C as a cycle.
If k and 6 are given, C is (k,0) - admitted if (1) with

k and 6 admits C as a cycle.

Corollary 1 : A cycle is k-admitted if and only if it is

an admissible T-cycle with T ¢ k+l.
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Proof : The if part is proven at the end of the proof of

lemma 4.

Assume that C is a k-admitted T-cycle with

T > k+1l. Theorem 1 implies that

0 = CO(T—l)

1l

Fe(CO(T-Z),...,CO(T—k~l))

= Fy(Cy (T-2),...,C; (T-k-1)) = C (T-1) = 1
which is false. ‘ .

Corollary 2 : If C is k-admitted then ¥ k' > k, C is

k'-admitted
Proof : Direct consequence of theorem 1 and corollary 1.

If C is a binary sequence composed only with

10F and 10r+1' recall that Te s C (re N, s € {0,1}) is
7

defined to be the binary sequence obtained by remplacing

each occurences of 10Y*S (resb. 10r+s) by 0 (resp, 1). It

is clear that Tr s acts on C as a renormalization operator.
[4
A consequence of the proof of theorem-1 is that t and T—l
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transform admissible cycles into admissible cycles. More

precisely we have :

Corollary 3 : 1) If C is a k-admitted cycle different from

0, there exist (rl,sl)...(rn,sn) such that T, s 0...0T, s C=0
n’“n 1’'°1
2) If C is admissible, then ¥(r,s) € Wx{0,1} , T;ls C is
[4
admissible.

Fron the definition of 1, we deduce that an
admissible cycle has a structure which is almost self
similar (but with a finite number of steps). We shall see
iater'on that this is closely related with exéct self
similarity. 1In fact if we call S the infinite sequence

defined as S = lim 1.0 0 then we have T S = S. Note
foe LS r,s

that S is not cyclic. Moreover Corollary 3 gives us an

algorithm to construct all the k-admitted cycles: the

cycles Tt el o with length less than k+1.
r .S, A

Corollary 4 : A k-admitted cycle C different from 0, is

(k,0)-admitted if and only if emin(c) < 8 < em X(C) where

a
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-1 -
Omin (C)=077(Cy (T-2) o0ty Cy (k1)) 8 (€C)=97  (Cy (T-2) .., Cq (P-ke1)

and the indexes are taken modulo k.

Proof : Direct consequence of theorem 1 and the proof of

lemma 4.

Lemma 5 : If C and S are k-admitted cycles such that 5, > C

thenbemin(S) 2 BmaX(C).

Proof : Let Tc and Ts be the period of C and S and

T = min(Tc,Ts).

Since Sl > Cl' we have Sl(TS-Z),..,Sl(TS-T+1) 2 Cl(TC-Z),..,Cl(Tc—T+
Theorem 1 implies that Co(Te=2) s nn, C (T =T+1)=C, (T =2, ..,C (T_~T+1
From the monotonocity of ¢“1 and corollary 4 we deduce the

result.

We are now ready to summarize the above

results and study the stationnary states of (1).

Theorem 2 : 1) For all 6 and k, (1) admits a unique globally

attractingcycle.
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2) The period of a cycle of (1) is less than or equal to
k+1.
3) If p € k+1, then there exists 6 such that (1) admits

a p-cycle.

Proof : 1) The unicity is a direct consequence of lemma 5.
2) Follows from Corollary 1.

3) Let ¢ = 10P"L. ¢ is k-admitted. ]

From theorem 2 we know what are the possible
periods of a cycle of (1) and that there exists only one
cycle for a given k. Corollary 3 gives us a way to construct
such cycles. However, we do not know completely the
bifurcation structure : Qhat is the sequence of the periods
as 6 varies? Table-1 shows this structuré for k = 8 and

8 < 1 (the structure is clearly symmetrical).
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fmax C T p(06)
0 0 1 0
b’ 108 9 1/9
b6 10’ 8 1/8
b> 10° 7 1/7
b4 10° 6 1/6
3 4
b 10 5 1/5
b34b’ 104103 9 2/9
b24p® 103 4 1/4
b2+b> 103102 7 2/7
bibdeb’ 10° 3 1/3
4. 6 2. 2
b+b4b 1010210 8 3/8
b+b +b° 10210 5 2/5
3.5 2, 2
b+b>+b 102 (10) 7 3/7
btb +b +b 10%(10)3 9 4/9
24 10 2 1/2

Table 1 : The rotation number is listed for increasing

we define the rotation number of a cycle.

values of 6 for k = 8

In order to understant the sequence of periods

Let C be a cycle

of length g and let p be the number of 1 in C. The rotation

number of C is defined to be p (C) = p/q.

a fraction but do not allow for reduction.

We consider p/q as

Later on, if,
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for some value 6, (1) admits a cycle C, we shall use p(0)

instead of p(C).

Lemma 6 : 1) If C is a g-cycle, then p(C) = p/q is irredu-
cible.
2) Let p/q be an irreducible fraction with q < k+1. Then

there exists a unique g-cycle C such that p (C) = p/qg.

Proof : We shall prove 2) first. We assume without loss of
generality that p/q < 1/2 and prove it by induction on q.
If g =1 then p =0 and C = 0. Assume 2) has been proved

1, then ¢ = 10771, Let g and y be such

for q' < gq. If p

that :

Bp+y with 0 <y <op

Q
I

this implies that C is composed of y packages 10B and p-y
packages 10871, Assume that p-y<y (the equality is
impossible since p/q is irreducible and the other inequality
lead to the same reasqning). Let p' = p-y and q' = v .
Clearly p'/q' is irreducible. Let C' be the unique cycle

such that p (C') = p'/q'. Let C = Téil ;€. Cisa
7
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k-admitted cycle and o (C) = p/q. It is clear that C is
unique. If y < p-y, we set p' =y and q' = p-y and use

-1 . 1
Tg-1,0 instead of Tg-1,1 to conclude the proof.

1) Assume now that p/q is reducible and let C be such
that p (C) = p/q. Call § = gcd(p,q) and let B and Y be such
that q = Bg+y with 0 < y < p. If y =0 , then C = (108-1)p
which is impossiﬁle since C is minimal. If vy # 0 , we
assume that p-y<y and set p' = p-y , q' = Yy . We have
gcd(p',q') = 8. Let C' = TB—l,l(C)' We have p (C*') = p'/q'.
Repeating the process we obtain lastly that p (C*) = p*/q*
with q* = 8p*. This implies that c* = (10P""1)% which

contradicts the minimality of C* [ |

Lemma 7 : Let C1 and C2 correspond to 61 and 92(Cl # C2)
and assume that Fl = Tr'sCl and F2 = Tr'scz exist for some

r,s € N* x {0,1}. 1If Fl and Pz correspond to ei and eé

then

8] < 65 if s =1

8; > Gé if s =0
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Proof : Direct consequence of Lemma 5 and of the following:

0 < 1 <=>

Theorem 3 : p is a monotone increasing surjection from IR
on to the set of irreducible fraction with denominators

not greater than k+1.

Proof : Lemma 6 proves that p is a surjection. Let us
prove that it is monotone increasing. Let 61 < 62 and let

us assume that

Py Py

We use induction proof on qland q2. If q;.d, < 2 then

p
__].L=0<
q, I

. Assume it is true for d;.95 < Q and let

~

Ny
NN
T

qq,dy € Q+1l. Define ql= Blpl+yl ¢ dp = 82p2+y2 with

0 < Yy < pl,and 0 <y, < pye-
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P, Py
If B, # B, then Lemma 5 implies that B,<8, and hence —- <2
2 1 284 a, “a,
If B, = By and y,<py-Y;, Lemma 5 implies that Yo<Py=Yop-

Consider Iy = 18-1,0C1 and Iy = TB—l,OCZ where C; and C,
correspond to 61 and 0, and let ei and eé correspond to Pl
and F2. Lemma 7 imnlies that Gi > 65. The recurrence
hypothesis implies that p(8;) > Q(Gé)

Y Y p p
p(ei) = _l > p(eé) = _E => al.< _3
Py Py q; q5
Py P
If Y1 > P1-Yq and Yo < Py~Yy s Lemma 5 implies that §%<§§'

If Y, > py~Y; and Y, > py~Y, , consider I; = Tg=1,1 €, and

2
rrence hypothesis implies that

— . . ] ] m -
r, = TB-1,1C2 Lemma 7 implies that 6; < 65. The recu

pl-Yl . Po7Yy pl Py

p(o}) =



253

A
/2__‘_
/9
Y I
4= 3
/8t ————— == - - = - — — — —
3 e
) e e ]
2/7 k = 8
/4y . _ __
2/9F - — -~ ]
1/5) __
1/63 .
1/7]
1/81+
1/9[1

Fig 2

Figure 2 illustrates theorem 3 and shows that p

is discrete approximation of a devil staircase.

- 2



The preceding results give us a way to obtain
the bifurcation structure of (1). Consider the set of
irreducible fractions with denominators not greater than

k+1 and list them in increasing order.

The list of their denominators is the ordered
list of the periods of the attractive cycles of (1). Using
their numerators we deduce the values of emax’ Hence given
a value of 6, we can obtain easily the period of the

corresponding cycle.

From a more geneéal point of view, the theorems
imply fhat a simple iteration formula can lead to a very rich
structure of bifufcations. Remark, however, that the lengths
of the cycles is linear in k compared to the Zk‘possible

states.

3 UNBOUNDED MODEL

In order to have a better understanding of

the behaviour of (1), let us consider the iteration with



an unbounded memory :
Vool
g = M0 = o 7] 2)
where xj € {0,1} , 6 €IR, 1> b >0 .

The following results have been obtained by
Keener [ 13 ], Nagumo et Sato [ 17 |, Yoschizawa [ 207,

Yamaguti and Hata [ 19 .

Let us introduce first the change of variable

It is not difficult to show that Yn satisfies :

by, + (1-b)6 if y_ <0
Y+l = (3)
by + (1-p)6 - 1 if y_ >0

Conversely, if we apply Nilnor and Thurston's
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itinerary theory, we can see that {xn} is the kneading
sequence associated to (3). Hence (2) is equivalent to (3)

with Yo = 0 .

Theorem 4 : i) For all b and 6, (2) has a unique global

attractor which is either a cycle or a Cantor set.

ii) Let b be fixed. For all positive integer p, there

exists 6 such that (2) has a p-cycle.

iii) Let b be fixed. The set of 6 values such that (2)
has a Cantor attractor is a Cantor set of Lebesque measure

zZero.

Let us consider now the rotation‘number
associated with (3) :
g-l 1
PL (@) = lim é- ) TKyn) = lim 3
g 1T n=0 g+ e - n
Theorem 5 : i) For all b and 68, p(6) is independent of Y-

If p(8) is a rational p/q, then (2) has a globally

attracting g-cycle. If p, (8) is irrational, then (2) has
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a globally attracting Cantor set.

ii) Let b be fixed. pbis a continuous monotone
increasing function from IR on [:0,1:], whose derivative

is zero almost every where (devil's staircase).

The correspondance between 6 and pb(e) is

explicitly given in Yamaguti and Hata [ 19 ].

From theorems 4 and 5, we deduce that (1) can
be viewed as a troncation of (2) : if we consider and
unbounded memory we can obtain a cycle of infinite length
(CantbrAset), but if we restrict the memory to k steps, the

cycle is limited to k+1 .

We can conclude that the iterative behaviour
of (2) is equivalent to that of a linear injection of the
circle (equation (3)). Conversely if we apply to (3) a
coding technique similar to this used in the itinerary
theory [:5:], we can show that (2) generalize the kneading

sequence of (3).
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Finally, equation (3) belongs to a class of
systems studied by several authors [7,8,9,11,12,18 7], the

logistic model being

X = X + a + bsin(ZHxn) mod 1.

n+1

4. PALINDROMIC MEMORY COEFFICIENTS

We study in this section the iterative behavior

of

Il o~ 8

xn=j][:b_

a(s)x
s n-s ]

p

when k and p are given integers and 1 ¢ p < k. Furthermore

we assume that the coefficients have a palindromic structure:
a(s) = a(k+p-s) S = Py..esk

Remark that for s = 1,...,p-1 , a(s) is zero. Hence the

state of the automaton at step n depends only of the states
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of steps n-p,...,n-k.

To each initial configuration we associate a
cycle of length T : X = (x(0),...,x(T-1)). For such a cycle

consider the following 6perator :

T-1 k k
E(X) = ) x(t)( ] atk+p-s)x(t+s)- § a(s)x(t-s))
t=0 s=p s=p

where the indexes are taken modulo T. i

It is easy to show that the palindromic

structure of the coefficients implies that E(X) = 0.

We can now prove a theorem on the length of

the cycles.

Theorem 6: If the coefficients have a palindromic structure,

then the length of the cycle is a divisor of k+p.

Proof : We prove that if T is not a divisor of k+p, then

E(x) > 0.
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Define Sup(x) = {t e{0,...,T-1} / x(t) = 1}
Consider the following partition of sup(x).

Cy = {t / {t,t+k+p,t+2(k+p),..,t-(k+p) lesup(x)}
gventually C0 = ¢

For m = 1,...,q,Cm are maximal subsets of sup(x)\co such that:

Cp = {tm,tmf(k+p),...,tm+qm(k+p)}

where tm-(k+p) and tm+(qm+1uk+p) ¢ sup(x)\C0

we then have

k k
E(x) = ? Y () alk+tp-s)x(t+s)- ] a(s)x(t-s))
m=0 teCm sS=p S=p

The palindromic structure and definition of Co implies
that
k - k

Yy ¢ ) a(k+p-s)x(t+s)- ) a(s)x(t-s)) = 0
teCu S=p S=p
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Since T is not a divisor of k+p, Cl # ﬂ .

Form=1,...,q9 we have :

k k
by = I (] alktp-s)x(t+s)- ) a(s)x(t-s))
teCm S=p s=p
k k
= ¥ (] a(s)x(t+p+k-s)- ] a(s)x(t-s))
tecm s=p S=p
k 9n :
= J a(s) } (x(tm+t(k+p)+p+k-s)—x(tm+t(k+p)—s))
S=p t=0, , :
k Iy '
= ] a(s) [ (x(t_+(t+l) (k+p)-s)-x(t +t (k+p) -s) )
s=p t=0 m :
k k
= ] a(s)x(t_+(q +1) (k+p)-s)- L a(s)x(t -s)
s=p s=p

The construction of Cm implies that :

k

x(tm+(qm+l)(k+p)) =0 = SZpa(s)x(tm+ (qm+1)(k+p)-s)—b > 0
k

x(ty) = 1 = ] a(s)x(t -s)-b ¢ 0

s=p
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Hence ¢ > 0 and E(x) = ?

wm > 0 which concludes the
m=0 ,

proof.

On the other hand it is easy to construct
examples with a T-cycle for any divisor of k+p. For instance

consider the case p = 1 and let 1 < pl < p2 <io.< pq = k+1

be the divisor of k+1. The equation :

~ where b e[:ai—l,ai[: with a.p. = k+1
_ P;
has the following cycle:10 of length P;-

Moreover the equation:

o~ %0

x, =T 1/2 -

S

- Xn-s:] 1 <pcxgk

has a cycle of length p+k (1pok).
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We conclude this section by remarking that

these results can be extended to the general context of a

network of automata in a similar way to [:6:].
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ANNEXE

Dans cette annexe,nous présentons deux anplications

de réseaux d'automates pour certains modéles dA'origine biologique.

Dans le premier papier on fait un 2tude experimentale
(simulations sur ordinateur) et aussi th&orique des ré&seaux

booléens orientés,oil chaque cellule ne 4&pend que de deux voisins.

Dans le deuxi®me papier,nous A&terminons le comporte-

ment dynamique de certains réseaux issus 1'un moiéle asvnchrone
de contrdle gé&nétique 86 .
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Random Boolean networks have striking properties of self-organization. In this paper we
propose an algorithm based on the different roles of Boolean mappings and on the
connection structure to analyze the organization of the network. For a few cases—
transfer mappings, AND/OR, equivalence/XOR—rigorous results are obtained about the
dynamics of homogeneous networks. Conclusions are then drawn concerning the non-
homogeneous networks.

1. Introduction. Boolean networks have been used to simulate complex
systems composed of many interacting elements. This modelling is very
relevant in biology, where it has been proposed for systems of interacting
genes (Kauffman, 1969, 1970a) or for regulatory systems in immunology
(Thomas, 1979); but it may also be adequate in more general contexts,
such as, for example, in management theory (Walker and Gelfand, 1979;
Gelfand and Walker, 1980). '

Because of these stimulating possibilities, numerous attempts were
made to explain the dynamical behavior of Boolean networks. Due to the
large number of elements in any relevant system, the exact structure of
the connections (or ‘wiring pattern’) and the distribution of the functions
of all elements are generally unknown: usually, connections and Boolean

*This paper is dedicated to the Soviet cybernetician Victor Brailovski.
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functions will be assumed to be distributed at random. Hence, many
authors tried to derive descriptions of random Boolean networks. Their
behavior proved to be surprisingly stable. Although a network composed
of N modules could occupy a great number of possible states (2V), in
fact it exhibits a much simpler behavior; after a short transient time it
enters a state limit cycle, where it stays forever. The number of possible
limit cycles and the lengths of these are usually very small (as compared
to the total number of possible states).

Numerous results have been given about this temporal organization of
Boolean networks (Walker and Ashby, 1966; Walker 1971; Gelfand and
Walker, 1977) in the form of statistical descriptions. Using computer
simulations Kauffman (1969) provided his so-called ‘square-root law’,
relating the median cell-cycle time (or state-cycle length) to the estimated
number of genes per cell (or number of elements in the network).

On the other hand, very few formal analytical results are available.
After the attempts by Kauffman (1971) and Aleksander (1973), Sherlock
(1979) proposed a formal analysis; using the state transition graph he
derived the distribution of limit-cycie lengths. His theoretical resuits
agree with experimental data in the case of totally connected networks.
But for the low connectivity case, he faces ‘serious quantitative dis-
crepancies” (Sherlock, 1979). ‘

It seems to us that a possible reason for this partial failure is that any
theoretical understanding should include both of the following in-
gredients: the structure of the connections, and the nature of Boolean
mappings; so far, they have only been studied separately.

In his seminal paper, Holland (1960) developed the first point. He
raised the question whether “the full range of logical net behavior could
be obtained from nets using cycles of limited complexity”’, and answered
negatively “not because we restricted the complexity of the switching
elements used, but because the cycles were limited in the complexity of
their feedback patterns”. Hence the “number of feedback loops... is a
salient point of the study of cycles in logical nets”. This limiting factor
must be taken into account.

The different roles of Boolean mappings have been much investigated
and different concepts have proved to be useful. These include: for-
cibility (Kauffman, 1971, 1979); internal homogeneity (Walker and
Ashby, 1966). Walker and Gelfand (1979) proved that these two concepts
were ‘highly correlated’; extended threshold (Gelfand and Walker, 1980);
and liveliness (Aleksander, 1973), which also includes properties of the
connection structure.

But all these authors used these concepts in the perspective of yielding
statistical results, irrespective of the possible structure of the network
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which was always “taken to be fixed but unknown in detail’’ (Walker and
Gelfand, 1979).

In this paper we want to use these different results in the framework of
a general non-statistical analysis of Boolean networks. We make use of
some analytical results (Goles-Chacc, 1980; Snoussi, 1980) to study the
dynamics of homogeneous networks by rigorous methods, taking into
account the constraints imposed by the connection structure. Finally, we
propose a general algorithm for non-homogeneous networks based on
concepts and results previously discussed.

2. Definitions. We consider networks made of many interacting
modules. A module can be at time ¢ in a state 0 or 1, depending upon the
states of its two input modules at time ¢ —1: all N modules of a net of
size N are connected in such a way that each module receives signals
from 2 input modules and sends a signal (its internal state) to other
output modules. Each module is an automaton which computes its
internal state using a Boolean function of 2 variables (its input signals).

The restriction to connectance k =2 (2 inputs per module) is obviously
limiting. It has been proved (Kauffman, 1970a; Walker and Gelfand, 1979)
that nets with connectance k =2 or 3 were much more stable than for
higher values of k. But we want here to propose a solution as rigorous
and complete as possible and hence we begin with the simpler case. For
this reason, we also assume that each module sends its signal to 2 output
modules. o

A network is thus specified by its incidence matrix A which has N
lines and N columns. Element A; =1 if module i has module j as one of
its inputs, or 0 otherwise. Hence, matrix A has two 1’s per line and per
column; and its Boolean function matrix F which has N lines. Element F,
specifies the number of the Boolean function which allows one to
compute the output of module i (see Table I).

Starting from an initial condition matrix X , describing the states of all
modules at time ¢ =0, it is then possible to compute the different X,,
X,,..., X, matrices representing the state of the network at time 1,
2,...,n. After some time m, the sequence of matrices X,,, Xnsts.- -,
X,.+7- reproduces itself with a period T:

xm +T = xm'

The network is said to have entered a limit cycle. The classification of
the limit cycles that can be reached according to the different initial
states characterizes what we refer to as the dynamics of the system.
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It has been shown [see Kauffman (1970a) for more details] that ‘random’
nets (for which matrices A, F and X, are set at random), with con-
nectance k =2, do evolve towards limit cycles whose periods are rela-
tively short compared to the amount of initially possible states (2" for a
net of size N). Furthermore, Kauffman (1969) noted that “most modules
are constant throughout the cycle”. In a previous paper (Atlan et al.,
1981) we introduced the concept of subnet: a subnet is an aggregate of
oscillating modules (during the limit cycle they change state at least
once), closely connected. Subnets are separated by those modules which
remain constant (see Figure 1).

In order to get a geometrical representation of this fact, we present
results on a particular class of networks, plane lattices with connectiqns

TABLE 1

Boolean Functions numbered O...... 15 According to
the Decimal Representation of Their Table of Values) -

’\2|01 201’201X0
1 1 1 1

0!0 0 o, ‘0 i
1lo o 1{0 o0 t]l1 o0 1 o
0 Contradiction i NOR N=— 3

2 2 2
INJO 1 No i x\l 0 1 1 o
0!0 I ol 11 0ol o0 1 i
ilo o 110 o 11 o0 i 0
4= 5t 6 XOR 7NAND
2 2 2 |
N 0 I No NI No
.0 ‘ 0 0 0 I 1 0 0 lo 0 ] i :
110 1 1o 1 BRI 1l u
8 AND 9 Equivalence 101, &=
2 2 2
l\J 0 11 ‘ 0 1 \I 0 1 N 0
o\o I o‘ R o‘o i ol 1
1o 1 ilo 1 1l 1]
12t, B= {4 OR 15 Tautology

Table (‘CI z) is numbeted: a2y +b(2)* +c(2) +d.
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between nearest neighbours. Such a network is shown in Figure 2. This
lattice has a periodic structure of connections. At the edges circular
connections are established: for instance, the node [, j takes its inputs
from (respectively sends outputs to) nodes 1,j and [ —1, j if j is odd
(respectively even). The network can be viewed as drawn on a torus. Of
course, with such a structure we have lost the randomness. of con-

<

50 15 5 56[1 0|6 6 6666550 1/5556]10]6 5
5L056651116565565105665111 6
65jooJess56lo11]s566565/000]656]01 5
so106556566555655[010[655656 5
ss105555ssssslossss‘xossesss 5
6 66655655¢6[0010{566666556556 6
6 665666565[0110/656666566656S5 5
665[01]66565/0f66665665[01]66565 5
01051010110[6556[10105101011 B
1100100000[55666(01100100000 I_g
56500111[5]o1]s56656565]01111[]o 6
656/001100101|5655656{0011001 5
55566/1111[5]101]5655556}1111 1f6 5
555555565 5]0f6 6555555655655 5
56656561 1/5656|]1/565665655[11]5 6
s 6[1]6 5 6 5|1 0l6 6 5655656[1]16565|1o0]6 6
5o 1{5s s 5 6]1 0l6 6 6 6 6655[01]5556]|10ls 5
5|1 0f{5665[111|6565565|10[56865|111 6
65|000]656{011|55665635|000|6586}01 5
slor1of6656566555655[010[655656 5565
55/10f65665566¢6[0]5555|10[/65665S5 6[o]s s
6§666556556[0010/566666556556[001C[56
6 6656665665[0110[6566656666565(0110]65
665fo1[665h5|0f66665665[01]66565/[66665
Orcfsjtoro11ols556[T010[5]1010110}6 1
1100100000(55666{01100100000[55G6 0
5650011 15]o 5665656500111@]0]56656
65600 1100101|]5555656[/001100101]5655
55566[1111]6'0155555566|1111|6|1o1535
5556565655605 5(0j6]0 116 55565655565 5/0[6]0 1165
56556551156551555665655m56:‘?]_1_]55
5 6f1]6 5 6 5|1 0{6 65655656[1l6565/10l665655G¢
Figure 1. State of a random boolean network at a given time of the limit

cycle. 0 and 1 correspond to oscillating modules; 5 and 6 correspond to
modules which remain in a constant state (0 or 1) during the limit cycle. This
figure is obtained from a 16 X 16 modules plane lattice, the connections of
which are shown on Figure 2. Boolean mappings are distributed at random on
the different modules, excluding constant mappings (Nos 0 and 15). We have
extended (by two translations) this lattice to a 32 x32 lattice in order to
visualize the connections in the oscillating subnets. We are in the presence
here of three different oscillating subnets separated by a stable component.
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Figure 2. Scheme of connections of the planar lattice, a state of which is

shown on Figure 1. A module takes its inputs and outputs among its

neighbours. The structure is completed at the boundaries by connecting

symmetrical nodes. The directions of the arrows are periodic of period 2 and
yield, in particular, the shortest feedback loops.

nections, but we kept the randomness for the distributions of mappings
and initial states.

The system has evolved from a situation where at the beginning, all
modules were fully interacting to an organization in independent subnets
where modules in different subnets behave as if there were no functional
connections. Another important point is the partial loss of the random
character of the network. At time 0 the system is in a random state and
interactions are set at random. Once the system has reached the limit
cycle, the property of oscillation is not random any more. Strong local
correlation exists since a node has far greater chances to oscillate if its
neighbours oscillate. The network has undergone a process of self-
organization.

The period of the limit cycle is the least common multiple of the
periods of the subnets.

This subnet organization has been shown to be relatively stable against
perturbations such as ‘amputation’, ‘immersion’ or application of external
noise on one module (Atlan et al., 1981). Roughly speaking, perturbations
can only propagate through subnets.

All the results about organization into subnets exist for random con-
nection networks and not only for planar lattices. ‘Local’ properties
(‘neighbors’) are always meant with respect to the underlying con-
nection structure. Usually these properties are shown on figures where
regular connections are used, which allow for a simple geometrical



277

SPECIFIC ROLES OF THE DIFFERENT BOOLEAN MAPPINGS 721
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Figure 3. Representation of the state of a 256-module boolean network with

random connections, during the limit cycle. The 0’s correspond to the stable

modules. Notice that this network, though randomly connected, still exhibits

an organization into subnets (there are 2 oscillating subnets here, whose

nodes are indicated by 1 and 2 on the figure). The geometrical representation

proposed here does not allow one to visualize the connections between the
different modules of each subnet.

representation (see Figure 3 for an organization into subnets in the case
of non-regular, random connections). When properties are valid only for
regular connections, specific mention will be made.

3. Role of the Different Boolean Mappings. Table 1 gives the different
Boolean mappings of 2 inputs. Their roles are, of course, not equivalent
and we propose the following classification, based on the concepts of
internal homogeneity and forcibility (see Walker and Gelfand, 1979):
internal homogeneity 4 (mappings with 4 identical outputs): contradiction
(No. 0) and tautology (No. 15). Kauffman (1969) already noticed these
could be excluded; internal homogeneity 3: we call them reducing map-
pings. They reduce the amount of information which was present at the
inputs (Nos. 1, 2, 4, 7, 8, 11, 13 and 14). The reducing mappings are
forcible on 2 inputs: for one value of each input, their value is in-
dependent of the other input; and internal homogeneity 2: 6 mappings
among which 4 are forcible on 1 input: we call them transfer maps.
Numbers 3 and 5 transfer an output equal to their forcing input, and Nos
10 and 12 the inverse of the forcing input; the remaining 2 are not
forcible: Nos 6 and 9. They fully depend on their 2 inputs.
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Notice that there are only 2 non-forcible maps and 14 which are
forcible on at least 1 input. Kauffman (1969, 1970b) established that this
was the main reason for the stability of random networks with con-
nectance 2.

This classification is based on the properties which are of interest for
our problem. In some cases it is useful to note that it also corresponds to
a partition between affine and non-affine functions. For nets made of
affine functions only (Nos 0, 15; 3, 5, 10, 12; 6, 9), the dynamics of the
network can be represented by an equation X, = AX,_, +b (where A is
the incidence matrix and b is a matrix depending on the Boolean function
matrix F). As can be inferred from previous works by Kauffman (1969)
and Walker and Gelfand (1979), the dynamical properties of random
networks composed of only one class of mappings differ according to the
class. In the following we give rigorous results for some cases of
homogeneous networks (using only one class of mappings).

4. Non-forcible Mappings. Homogeneous networks exclusively using
these mappings are known to have very long limit cycles (Walker and
Gelfand, 1979). ,

Holland (1960) stated that it was even possible to build a network (a
‘locally balanced cycle’) having a state limit cycle including all 2V
possible states. This property is used in shift registers with feedback
loops. :

Figure 4 represents a shift register containing n gates. The state of a
gate at time ¢ is given by the state of its left neighbour at time t —1
(transfer mapping), except for the leftmost gate whose state is obtained
by application of a Boolean mapping to inputs coming from gates num-
bered m and n (n > m).

If the Boolean mapping is of the type 6 or 9, by appropriately choosing
the gates used as inputs for the feedback, the maximum period 2" —1 can
be reached. Such systems are used as pseudo-random sequence genera-
tors.

n
1T — 2 43 w4 — 5

I m
Figure 4. Shift register with feedback loops. The line of modules 1-5 defines
a shift register of size 5. The input gate (module 1) receives the signals
coming from modules m and n and transforms them according to a boolean
mapping. If this mapping is non-forcible (Nos 6 or 9), the period of the limit
cycle of the output sequence (of states of module n) is large (31 in the case

shown here). If it is an OR or AND mapping, this period is short (1 in the case
shown here).
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Simulations run on homogeneous networks with random connections
exhibit these long periods: there exists no stable component and the
period of the limit cycle increases in proportion with 2", Such networks
have a behavior very different from Kauffman networks, although they
are built by random repartition of connections and mappings.

But, in the particular case of plane lattices with loop connections, the
results can be very different: suppose a network made of N XN
modules having only mappings Nos 6 or 9. Then if N =2* there is a
unique fixed point independent of initial conditions: there is no limit
cycle of period T > 1. From any initial condition X,, the network reaches
a stable asymptotic state where no module oscillates (see appendix 3); if
N is not a power of 2, there are limit cycles whose periods are relatively
small.

The differences seem to be related to the very short feedback effects in
loop connections, which help to stabilize the network. It also exemplifies
the importance of the connection structure in the asymptotic behavior of
the network (see Holland, 1960). '

5. Transfer Mappings. In this case, one of the inputs is ineffective and
the mappings are in fact only one-input mappings. The dynamics of such
networks can be seen in Figure 5. The following features are apparent.

Since every node has one effective input, a node has 0, 1 or 2 effective
output(s). The network is readily decomposed into independent sub-

20 011 0ls>0 0~
1 1 e 1 21 121
0 =<>0 1 <—0—1 6
0 { -0 =0 5§ 25

ey

I8 5 0 - 1 6 <«— 6 —o
i InNF Y
5-—'—>5 [+] <;5.—>-5

Figure 5. State and functional connections of a 6 X 6 planar lattice built only

with transfer mappings. The arrows show which input is functional, and the

— and + signs show whether the input is inverting or not. One can notice the

existence of two independent subnetworks. Each subnetwork is made of a

4-module loop sending information along the arms. Letters F and NF refer to

the frustration of the loop (frustrated and non-frustrated respectively). The
stable component corresponds to the non-frustrated loop.
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networks [this fact had been noticed by Kauffman (1969)]. These sub-
networks are all composed of loops and arms: a loop is a closed path (or
circuit), an arm is a path which is not closed. If we consider the state of a
module as a signal, this signal propagates across modules with or without
change according to whether the mapping is inverting or not (mappings
Nos 3 and 5 are inverting, Nos 10 and 12 are not). The signal propagates
around a loop or leaves the loop at modules with two outputs, but it
cannot enter a loop since all the modules of a loop have their only input
node in the loop. The signal flows, then, from the loop towards the end of
the arms. A subnetwork has only one loop since the signal flows from the
loops (if two loops had a common arm, contradiction would occur about
the direction of propagation along the arm).

Since the signal flows out from the loop, the period of a subnetwork is
determined by the loop which plays the role of a pacemaker. We are then
led to define the frustration of the loop, in accordance with the definition
used in the spin glass problem (Balian et al., 1979) or in psychology
(Harary and Cartwright, 1956). The frustration is 0 if the parity of the
number of inverting nodes is even, and 1 if otherwise. If frustration is 0,
the signal comes back identical to itself after it has gone through the
loop. The period of the loop, and hence that of the connected sub-
network, can be any divisor of n, the number of nodes of the loop. Such
a loop can also remain in a stationary state if the initial conditions allow
it. If frustration is 1, the signal comes back identical to itself after having
gone twice through the loop. The period is 2k, where k is any divisor of n
by an odd number. Hence it cannot be less than 2 (there may be no
stationary state).

Stable components can then include non-frustrated loops exclusively.
A few initial conditions allow such a loop to be stable: hence stable
components are very restricted. Contrary to the case of networks includ-
ing all Boolean mappings, homogeneous networks with transfer mappings
have the majority of their elements oscillating during limit cycles.

The period of the full network is the least common multiple of the
periods of the subnetworks. The derivation of these results is given in
Appendix 1.

The results presented here generalize those given by Holland [see
theorem 5 in Holland (1960)]: our concept of frustration is related to
Holland’s notions of ‘normally oriented’ and ‘inversely oriented’ cycles.

6. Reducing Mappings. Using Goles-Chacc’s results (1980), it is pos-
sible to design an algorithm to obtain the maximum period of a homo-
geneous network composed of either mapping AND or mapping OR. An
example is given in Figure 6. A brief outline of the proof is given in
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5

/\ o
1 ' 2 l 6 [\a o /
/

4 3 7
Figure 6. Network composed of two fully connected subnetworks (modules
1, 2,3, 4, and 5 on the one hand, and modules 6, 7 and 8 on the other).
Subnetwork 1, 2, 3, 4, 5 contains 2 loops: 1, 5,2, 3, 4 and 1, 2, 3, 4. Hence its
only possible period is 1. Thus the full network, if only composed of AND or

OR modules, has a maximum period of 3, according to the algorithm given in
the text.

Appendix 2. The algorithm is the following: decompose the network into
fully connected subnetworks G, ... Gi; this means that in G; any point
can be reached from any other point in G; by a series of oriented arrows;
decompose each fully connected subnetwork into loops (elementary
circuits); any period of a loop divides the number of nodes of the loop;
any period of a fully connected subnetwork G, is a divisor of the highest
common factor g(G;) of the lengths of all the loops that can be drawn in
the subnetwork; the maximum period of the network is then the least
common multiple of the maximum periods g(G;) of the fully connected
subnetworks.

In a fully connected subnetwork with a large number of loops of
different lengths the highest common factor is often one, which explains
the easy formation of large regions of fixed nodes. The derivation of the
algorithm is based on the fact that laws AND and OR are monotonic, and
thus that the dynamics of the network can be represented in matrix form
by an equation X, = AX,_, or X, = A'X,, where X, is the initial conditions
matrix (see Appendix 2).

This algorithm is thus based on the consideration of the connection
structure. We show that the periods are related to the number and size of
loops in the network or equivalently, stated in Holland’s words (1960),
that the complexity of the.state transition graph depends on the com-
plexity of the feedback loops in the net.

Of course, these results cannot be easily generalized to any combination
of mappings, but the concepts of fully connected network and loops
remain important.

7. The General Case: Non-homogeneous Networks. In this section we
propose an algorithm to predict the possible periods and organization into
subnets of a Boolean network whose connection structure is completely
determined. In real-world situations it may happen that the connections
are not known in full detail; our algorithm could then be used in an
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heuristic fashion to provide some insight into the real connection struc-
ture.

This algorithm wofks in 3 steps.

(i) The search for the stable components. The network is decomposed
into fully connected subnetworks. In each subnetwork, elementary cir-
cuits or loops are investigated. If all inputs coming from elements outside
the loop are held constant, the apparent function of each element of the
loop is then a transfer mapping. Hence, for each combination of external
inputs, the loop can be viewed as a homogeneous loop with transfer
mappings. We can then find if it is frustrated or not, and which
configurations of internal states can make it stable.

Once this analysis has been made for all the loops we have to select for
every pair of connected loops only those configuration which are con-
sistent, namely those for which the connection nodes are in the same
state.

We have thus selected configurations of elements which could belong
to the stable component.

(ii) The search for frontiers. The next step is to look for the input
frontier of the stable component. Such a frontier is made of stable
elements with one of their inputs oscillating, the other being stable. These
elements may have as Boolean mappings: transfer functions, the func-
tional input of which comes from the stable component: reducing
functions, the state of which is fully determined by their input from the
stable component: their forcing input is stable.

In no case can such an element have a No. 6 or 9 mapping.

These two first steps allow one to predict the stable components and
thus to define the different oscillating subnets. :

(iti) The dynamics of the oscillating subnets. These have to be directly
investigated by ordinary methods. Since the subnets are smaller than the
entir: network, this analysis is simpler (since the number of states varies
as 27).

8. Conclusion. The analysis given above is not easily implemented for
large, non-homogeneous networks. The corresponding algorithm is not as
fast as those given for homogeneous networks of either transfer or
reducing mappings. Nethertheless, it allows us to understand the origin of
the organization of the whole network into stable components and
oscillating subnets.

The analysis exemplifies the differences of roles of Nos 6 and 9
mappings and reducing or transfer mappings. Only reducing or transfer
mappings can play the role of frontiers, allowing the existence of a stable
component (and thus the particular behavior of Kauffman’s networks).
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The main reason for the existence of short periods is not randomness
since random networks composed of Nos 6 and 9 nodes have large
periods and no structure. Short periods are due to the presence of nodes
with reducing or transfer mappings, which allow the appearance of
frontiers separating oscillating regions from the stable component.

The analysis also shows the role of the intricacy of connections in the
asymptotic organization of the network; fully connected components and
feedback loops must be taken into account to explain periods and
subnets. _

These two points have previously been developed separately in the
literature. This paper shows that both must be considered in a compre-
hensive study of Boolean networks.

APPENDIX 1

Homogeneous Networks of Transfer Mappings. We determine the periods of the different
limit cycles of a loop (we characterize only the smallest periods: any period is then a
multiple of these). .

Let us describe the state of module i at time ¢ as a signal S (i, ) moving along the loop.
Since the loop has no external input, to determine S(i, t) from the state vector of the loop
at time ¢ — p, we only need to know the state of module i — p (i — p is to be understood as a
congruence class modulo n where n is the number of modules in the loop). This is written

SG, 1) = gf, [S(i - p, t - p)],

where gf_, is the equivalent of a propagator or a Green function. Its determination is very
easy: we calculate the parity of the number of inverting modules between i —-pand ilfit
is odd the signal is inverted, otherwise it is not.

(a) Case of non-frustrated loops.
PROPOSITION 1. The period of a non-frustrated loop of n modules can be any divisor k of n.

Proof. The n modules loop can be divided into I segments of length k (with n = k). It
is then possible to build an initial state vector X, which leads to a limit cycle of period k
in the following way.

On the first segment the inital state of modules 1. .. k are chosen arbitrarily: x9... x}.
We take as initial states x} of the second segment, the transform of the states of the
first segment by functions gf .:

X =gha(x®) for j=k+1,...2k

This operation is done for all the other segments in the same way: the state of a module in
segment i (i=2,...1) is determined by application of a function g* to the initial state,
previously computed, of the corresponding module in segment i —1.

Xo=(x}...x7) is then a fixed point of F* [where the dynamics of the loop are
represented by X,,, = F(X,)]. To prove this it is sufficient to prove that any segment is .
stable under g*. (A)).

This is true by construction for the (/ — 1) last segments. The state of any module of the
first segment is

" xi = S0, k)= gf S(i — k,0) = g, Og* 2.0. . .0g!S(i, 0),

since i —n =i mod n. The successive applications of functions g* I times correspond to a
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full turn along the loop, which restores the signal identical to itself. Proposition (A,) is
then also true for the first segment.

k is then the period of the limit cycle corresponding to X,. .

Conversely, let us suppose that there exists a period g which is not a divisor of n. Since
the signal is always restored after one turn around the loop, n is also a period. There
exists then a smaller period which is the HCF of n and q. The period is then a divisor of
n.

(b) Frustrated loops.
PROPOSITION 2. The period of a frustrated loop of n modules is 2k, where k is any
divisor of n such that n/k is odd.

Proof. The idea is to build an initial state vector X, in a similar manner as we did for
non-frustrated loops. But since after one turn around the loop the signal is inverted, we
have to choose the segments in such a way as to close the loop in the process of
composing function g ? after two turns, which restores the signal.

The n-modules loop is divided into 2/ + 1 segments of length k [with n = (2] + 1)k]. On
the first segment, the initial states of modules 1.. .k are chosen arbitrarily: x?...x% The
state of a module in segment 3 is defined by

X0=gPu(x0) j=2k+1,...3k

The state of a module in segment i(i=3,5,...,2/+1,2,4,...,2]) is determined by the
image under g** of the initial state of the corresponding module in segment i —2 (2/ +1 if
i=2). :

X, =(x...xY% is then a fixed point under F**. By construction, segments 2...2[ +1 are
stable under g?*. The state of a module in segment 1 is such that

xi* =g 0O...0g(x).

The successive applications of functions g”* 2/ +1 times correspond to two full turns
around the loop, which restores the signal. This is the reason why n/k must be odd:
otherwise the composition process could be closed after an odd number of turns around
the loop, leaving the signal inverted (because of frustration).

'Hence segment 1 is also stable under g, which ends the proof of proposition 2.

The preceding discussion was concerned with loops without periodicity in the dis-
tribution of mappings. In the case of a loop built according to g repetitive patterns of
mappings, the periods are those of a loop of length n/q, whose frustration is the
frustration of the pattern.

Remark. Non-frustrated loops have also been called ‘positive loops’ (see Thomas,
1979). They play an important role in models of control of immunity.

APPENDIX 2

Homogeneous Networks ‘OR’ (see Goles-Chacc, 1980). We consider here a homo-
geneous network where all n modules have the same Boolean function OR (No. 14). To
this network corresponds a graph G, the vertices of which are the modules of the
network. Arc (i, j) exists if module j receives an input from module i. Then if A is its
incidence matrix, the dynamics of the network can be represented by the equation

xi
X, ., =AX,, with X, = (:,) and the matrix-operations are OR(+) and AND(X), as
usually in graph theory. ' ™"

Ay A
Let 0 A: be the normal form of A (see Varga, 1962). Let g(A;) be the HCF

kk
of the lengths (number of vertices) of the elementary circuits of graph G(A;) (fully
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connected component of graph G associated with A;). Take g(A;) =0 if there is no
circuit and let p(A) be the least common multiple of g(A;) (i = 1...k).
PROPOSITION. Cycles are of length T < p(A). If A is irreducible, then forany divisork of p(A)
there exists a cycle of length k.

The proof (see Goles-Chacc, 1980) makes use of the decomposition of irreducible
matrices (see Gantmacher, 1959). L

Remark. The AND function is the dual of the OR function [AND (x,, x,) = OR(%,, %.),
where 0 =1 and 1 = 0].

Hence all results for homogeneous ‘OR’ networks stand for homogeneous ‘AND’
networks (eventually exchanging the roles of 0 and 1).

APPENDIX 3

Homogeneous Networks of No. 6 and No. 9 Mappings. We consider here a homo-
geneous network where all n modules have Boolean function No. 6 or No. 9. If A is the
incidence matrix of this network, the dynamics can be represented by the equation:

3

Xy b,
X"*,=A)(',+b, where X, =( ) and b=( ) ,
. X, b,
with b; =0 if module i has mapping No. 6 (XOR), or 1 if module i has mapping No. 9
(equivalence), and matrix operations are made in Z/2 (+is function XOR and X is
function AND).

Then there are two cases: A is nilpotent: there exists r such that A" = 0 (take r as the
smallest integer which satisfies this relation). Then the network has a unique fixed point
which is given by: X =(A""' + ... + A+ I)b, and thus is independent of the initial conditions
Xo; A is not nilpotent: let r and g be the smallest integers such that A”*Y = A”. Then the
network has limit cycles whose lengths are divisors of nq [see Snoussi (1980) for proofs].

Applying these two results to plane lattices with loop connections and mappings No. 6
and No. 9 only, we can prove the results obtained by computer simulations: if n = N x N
and N =2* matrix A is nilpotent and there is a unique fixed point; otherwise there are
limit cycles of length the divisors of N?q. To our knowledge the problem of finding a
bound for q is unsolved, except in particular cases (see Snoussi, 1980): hence the
theoretical law describing the dependence of periods on N is still unknown.

We thank Prof. H. Atlan for helpful discussions and Dr J. Salomon for help in
programming. We also want to acknowledge criticism and remarks made by the refereles.
This research was supportéd by a CNRS grant (ATP Analyse de Systémes-ERA No. 373)
and an INSERM (France)-CNRD (Israel) grant.
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ETUDE DU GRAPHE DES CHEMINS
POUR DES RESEAUX DE CONTROLE LOGIQUE

En collaboration avec H.Snoussi,
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Résumé : De récents travaux de R. THOMAS modélisent des vhénar@nes de contrdle
génétique par une représentation booléenne. Ils posent le probléme de
1'étude du grarhe des chemins construit 3 partir de fonctions booléennes
campatibles avec un r3seau de contrdle logique. P. VAN HAM et I. LASTERS
ont établi des méthodes de ré&duction permettant de ramerer le nrobléme 3
1'étude de fonctions booléennes du type suivant :

F: {0,1}" - {0,1}"
fl(x) =g (x2 r-o-v:xn)
fi(x) =X 2<i<n

Ils ont &tudiZ les fonctions g du type "armd" et "or" oour le cas o n=3.

Nous généralisons ce travail au cas oll n est quelcongue et ol g est du tyve
"and", "or", "or-exclusif" ou fonction 3 seuil.

Abstract : Recents research of R. THOAS mcdelize genetic control vhencmena by means
of boolean representation. Thev pose the orablem of studvng the grarh
constructed fram boolean functions which are derived from a logical control
network. P. VAN HAM and I. LASTERS established methods reducing the problem
to the study of bcolean functions of the following tvme :

v (0,137 +{0,1}"
£ =g (x%5,...,x)

is n

in

They present results for functions g of "and" and "or" tvpe in case n = 3.
We generalize this work with any n and g of tyoe "ard", "or", "exclusive-or"
and "threshold".
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GRAPHE DES CHEMINS POUR
DES RESEAUX DE CONTROLE LOGINUE

INTRODUCTION :

De récents travaux [1,2] ont modélisé les situations camlexes de contrdle
génétique 3 l'aide d'une représentation booléenne. Cette formulation raméne le
probléme de 1l'étude du camportement d'un géne, 3 la construction d'un grache
compatible avec une fonction boolé&enne.

F .{0,1}" + {0,1}"

P. VANHAM et I. LASTERS {3] ont introduit des techniques de raduction vermettant
de se limiter 3 1l'analyse des séquences temporelles d'é&tats décrites par un systdme

d'équations logiques du type suivant :
F: (0,1} + {0,1}"
X = (xl, ceer X TX) = (£ (%), ..., fn(x))

avec fl(X) ne dérerdant pas de X et fi(x) =x , 2<i<:n

1'

Dans ce travail, nous généralisons les résultats de VAN HAM et LASTERS, &tablis

pour n = 3 et f1 du tyre "et" et "ou", au cas ol n est quelconque et f,du type "et",
"ou", "ou“exlusif" ou fonction 3 seuil.

I'- DEFINITIONS :

- > - e - -

Pour une fonction F: {C,1}™ + {0,1}", on définit le graphe des chemins Gp
comre étant le gramhe orienté des 2P atats possibles, et un successeur d'un
somet p est un sommet p' tel que :

si F(p) = palors p' = p



[y
0
o

sinon, p' vérifie :
d (e,p') =1etd ( F(p), p'Yy=4d ( F(p),p) -1

n
avec d (x,y) =T |x

-y,
= L H

Clest un circuit &lémentaire de Gr qui contient au moins un scmret avant
un successeur hors du circuit.

_—-—--—---.—-_------n-—-——---——-—-

ensemble _attractif_d'un_état stable :

Soit p un &tat stable de GF' on définit 1'ensemble attractif de p,noté A‘p,— par

peApet

si un sommet appartient 3 Apalors tous ses successeurs
appartiennent 3 Ap

Exerple :
1 Gaexgxs ) = %

£ (o3 ) = %) | -—

f3 (xl,xz,x3)=x1 \ /?

X X %3 £ £, 5 '

0O 00 00 o0

001 000

010 100 ‘
"

011 000 . m

100 o001 1 J,/ \

1 0 1 01 1 ,

110 1 1 1 (J

111 o011
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*

1t'état (000) est un état stable

1'ensenble attractif de (000) est {(000),(001)}
{(011),(010), (110), (111)} est un cycle instable
(100) est un jardin d'Eden.

*

*

*

Nc_)tation :
soient x = (xl,xz,...,;%)e {O,I}n et o= (ul,cxz,...,ozn)e {O,I}n
on pose X O (xlal,.. .xnan)

i=1

siai=0
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IT - ETUDE DES FONCTIONS DE "TYPE PRODUIT" :

Ure fonction de type produit est définie de la manidre suivante :

Fg ¢ (0,17 > {0,1}"
(xllXZI“‘Ixn) + (fl(x)l Xl,...,xl)
a o

_ 2 n
avec fl(x) -x2....xl_l .

} ol étant fixé, une telle fonction posséde les

a= (az,..‘.,an) e 10,1

propriétés élémentaires ‘suivantes :

a- F{[ (l,az,...,an) ={(1,1,...,1)

b - Fﬂ (0,(12,...,an) = (1,0,...,0)

C-Fy (L%, e0x) = (0,1,.0,1) i (Ky,...,% )% a

d - Fyq (O,xz,...,:;n) = (0,0,...,0) si (XZ"""%)g o

e - sia= (1,1,...,1)¢{ 0,1}"} , alors (0,0,...,0) et (1,1,...,1) sont les
uniques points fixes de Fﬁ

£-sia=(0,0,...,0 <{0,1}"™, alors F, n'a pas de point fixe

g -sia=(1,1,...,1) et a= (0,0,...,0), alors (0,0,...,0) est 1'unique voint
fixe de F'J

Pour la construction du graphe des chemins Gy + nous utilisercns la notation

cordensée suivante :

€ n
xk = [X €{0,1}? ; X = E'iizxi =k et (xz,...,xn)z (uz,...,o: n)}

Théorsme :

Le graphe des chemins G q assceié a F“ ,posséde les propriétés suivantes :

1) 8i o#(0,0,...,0) et a=( 1,1,...,1)

* 1'&tat (0,0....,0) est l'gnique état stable et son dow'alne d'attraction est
D . .

D0
l'ensemble U X ; cip = I a,
i=1 - i=2 1

* G, posséde des cycles instables de longueur 2k nour k = 2,3,...,(n=p)

*(1,0,...,0) est un jardin d'Eden
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2) si a= (0,0,...,0)

* Gq n'a pas d'état stable

* Gy posséde des cycles instables de longueur 2%, k = 2,3,...,n
3) Si a :(1'1'-0-'1)

x (0,0,...,0) et (1,1,...,1) sont les uniques &tats stables de Gﬂ'
. n—-2
« le domaine d'attraction de (0,0,...,0) est U x°

* le domaine d'attraction de (1,1,...,1) est v:Lée
* Gq n'admet pas de cycles
* (0,1,1,...,1) et (1,0,...,0) sont des jardins d’Eden

Déamonstration

Tous les résultats énoncés se déduisent directement de la construction du

graphe Gy
n

l;e;_._ I ] :(0'0,000,0) et 03(1,1,...,1) "msans p=i§-2ui )
* soit xeX) , k= 0 , alors Fy (x) = (0,0,...,0) .

Un suivant gde x est tel queg, =0 et une composante de X non nulle et
une seule prend la valeur 0, doncg exk -1
Dans le cas ok =0 i.e x = (0,0,...,0) alors x est un état stable

-

+ soit maintenant x e)gl( alors Fy (x) = (0,1,...,1)

si k #n-1, x posséde, dans Gﬂ , deux types de successeur 1l'un appartenant
a X]c: 1l'autre & X!l(_‘~1

sik=n-1, i.e x=(1,1,...,1), x posséde un seul successeur (0,1,...,1)

* sl x= (O,c:t2 ,...,.an) alors ]5‘17 (x)= (1,0,...,0) et x vossé&de  gGeux

successéur'-«,(lfob se-+s®) , ou bien un &lément de X° .
n p-1

* sl x = (I,az,...,an) alors Fﬂ (x) = (1,1,...,1)
et un successeurf de x est tel que une composante nulle (et une seule) de

a premne la valeur l, c'est-d-dire quef ¢ ;ﬂ ; d'old le grarhe des chemins :
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eopl)

-/0) eta= (1,.

a = (0,..

ler cas :

- 3
e
m —
n [ ] O N Lo am.. T
w L ] < o » ‘l ¢ s 0 e XK‘I'.oo‘l OXPlOXf Ox.m.‘l
[} 4 4 A 4 * 4
\0’ Lonl Loul
M 'l.lv.AIl.l‘lXZ I.'...Il'lvmkll'....ll'lru. D..ll.'l,m?l-'

(10..

1
o oo gD Ol

X

.1)

(011..




(100...0)-—-.-}(:

A

(00...0) =« Xl

2e_cas

: o= (0,0,...,0)

On cbtient le grache suivant :

1
-—--DXZ-—-—h--

3e cas

1

(100...00__, X,
v v

(000..0)q— XO — X

O

1

s A= (1,1,.-.,1)

- Xz-‘—-——o..
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—x

-— X

On obtient le granshe suivant :

v
0
2

1

e X — o

k+1

e X‘k+1 e o

o X e (11...1)

n-2

Y 1

0
- #—X _pe—(011...1)

PG SUPRN ¢} § PP
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IIT - ETUDE DES FONCTIONS DE "TYPE SOMME" :

Soit ¥ 2{ 0,1} +{0,1}"
(Xl,'XZ"“'xn) + (fl (x), xl,.,..,xl)

n
ou fl(x) = I x%4 (I : some booléenre) .
=2t

La construction de G 5! associé 3 FZ , Se déduit de G 1 associé 3 F.',

d'anrés la proposition suivante :

Proposition :
Les grarhes G gt Gy se déduisent l'un de 1'autre nar 1'isomorchisme :

X+ X

Démonstration :

I1 suffit de montrer que si x est un successeur de y sur G“ alors X est un
successeur de y sur G, et réciproquement.
Posons @

I' _ 1'ensenble des successeurs de x dans Gﬂ

g B ]

et r % 1l'ensenble des successeurs de x dans GT

Notons d'abord que  y est un état stable vour Gq si et seulement si y est
un état stable pour Gy . Il suffit de remarquer que :

¥x €10,1}" Fy % = FX

Soit x un Atat non stable de G“ (et de GZ )
letd (Fgx, y) = a(Fgx,x)-1

alors v 61‘1<'=>.d(x,y)

«>d (®y) =1etd (FX,v) = dFgX,%)-1
<d (x,y) =1letd (FZ§,§) = d(wzi,i)—l

<==>§€I'§ .

Le théoréme 1 nous permet alors d'affirmer les oronriétés suivantes du

graphe Gy :
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1) Si a=(0,0,...,0) et a =(1,1,...,1)

* 1'état (1,1,...,11) est 1'uniq_He état stable et son domaine d'attraction
est l'ensenble p;xl odp= Ia,
i=2" n-i j=2 3

* GZ vosséde des cycles instables de longueur 2k, k = 2,3,..., (n—p)

=~ (0,1,1,...,1) est un jardin d'Eden

2) si o= (0,0,...,0)
* G2 n'a pas d'état stable

* Gzposséde des cycles instab'les de longueur 2k k = 2,3,...,n

3) Sia=(1,1,...,1)
= (0,0,...,0) et (1,1,...,1) sont les uniques états stables de GZ

* le domaine d'attraction de (0,0,...,0) est vide et celui de (1,1,...,1) gst
1'ensenble U_X]." '
R §
*i=1
* Gy n'a pas de cycle

* (0,1,1,...,1) et (1,0,...,0) sont des jardins d'Eden.



IV - ETUDE DES FONCTIONS DE "TYPE OU-EXCLUSIF" :

Soit
rg @ {0,1}% »{0,1}"
(xl,...,xn) - (fl(X)p xl'x]."“'xl)
n o,
avec fl(x) =9 x, T
. . 1 ~
i=2
@ = (a g0 n) efﬂyl}n-l

® : some dans le corps 2/22

Une telle fonction reut s'écrire sous la forme :
Fe (x) =‘A x®b

avec
' ~011 .. .1
100...0

A y matrice (nxn) 3 &léments dans 2/,,

)

]

b = ° €{ O'I}n

et e C!i est malr

| M3

=’ 1 =i l:l =
{ i=2
0 sirmon
Remarque ¢ Il est clair que 1l'analyse du grarhe des chemins Gg

dérend de la varits de |a| et de n.
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La fonction Fg ainsi définie posséde les nropriétés &lémentaires suivantes :
* Si |a| est pair et n pair alors (0,0,...,0) et (1,1,...,1) sont les
uniques états stables de G, ,

* Si |a| pair et n impair alors (0,0,...,0) est 1'unique &tat stable de
Gy

* Si |a|impair et n impair alors (1,1,...,1) est l'unique état stable de
Gy

* Si |a|impair et n pair alors Gy n'a pas d'état stable.

Construction des gravhes des chemins.

Nous considérons, comme précedemment, les ensenbles :
n

)¢1€(={xe {0,1}" P ¥ =cet L

i=2

La construction des graphes remose sur le princine suivant :

supposans que |alest pair et n est pair et soit xexgparexenple .

xi=k}

On a alors : F@ (x) = (fl(x) , 0,0,...,0)

1 si k est impair
avec fl (x) =
‘ 0 sinon

Donc si k est pair, un successeurf de x s'obtient en changeant ure camposante
non nulle de x (et une seule) par 0 ; i.e £¢ Xg__l

Si k est impair, Fo (x) = (1,0,...,0), et x admet deux types de successeurs
Eet T : & s'obtient en changeant seulement Xy =0par x; =1 i.e te X‘t

et £ s'obtient en changeant une composante non nulle de x par 0 i.e Z ¢ X](Z-l
Un raisonnement analogue rermet de construire le gfagize des chemins et
établir le théoréme suivant :

Théorsme :

Le grache des chemins Gg, associé a la fonction Fo rosséde les prooriétés
suivantes :
1) si |a| est pair et n rair
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* (0,0,...,0) et (1,1,...1) sont les uniques états stables de GG)
et leur domaine d'attraction est vide,

x (0,1,1,...,1) et (1,0,0,...,0) sont des jardins d'Eden,
* Gy mosséde des cycles instables de longueur %k, k '= 2,4,6,...,n-2 ,
?) si |a| est pair et n impair

* (0,0,...,0) est 1'unique état stable de Gy » et son domaine d'attraction
est vide,

* (1,0,...,0) est un jardin d'Eden,

* Ge admet des cycles instables de longueur 2k, k = 2,4,6,...,n-1
3) si |a| est impair et n impair

* (1,1,...,1) est 1l'unique &tat stable de GQ ., et son domine d'attraction
est vide,

* (0,1,1,...,1) est un jardin d'Eden,
- * G@ admet des cycles instables de longueur 2k, k = 2,4,6,...,n-1
4) si |a| est impair et n vair -
x 11 n'y a pas d'état stable ni de jardin d'Eden,

* Gg admet des cycles instables de lonqueur 2%k, k = 2,4,...,n.

Gradledescheminspour!al pair et n pair :

0 0 0 0 0

1 .o e 5 .. 0
(011...1) —> Xy > Xn_3—-- —X o5 —-bXn_Zi__i—-—-b —— x1 ———+(00...0)
]
1 1 L1
(11---1) P S, Xn 2‘ Y P . . ‘-—Xl .—2‘(111‘21—?—_' o . 4———1(1 ‘—510...0)

O = n=3 n-Z.i



)11..1)

11...1)

(011...1)

(11...1)

O

(011...1)

(11.‘..1)
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Grache des chemins nour |a| vair et n impair :

0 0 0 0 0
x . e o . . s ¢ o o
— X=Xy — Xy K2 —X
L]

Xl XL xl ..._.Xl Xl
+—%n2 ¢ 3 - e K pje—tnpye— Xy
Grache des chemins pour |a| impair et n impair :

0 0 0 0 : (4]
— 2 =¥z g X K

1 1 1
“"‘Xn—z X - -4——)(:1_21 «——X —24- q——X1
Graphe des chemins pour |a| impair et n pair :

0 0 0 0 0
T T X3 T gy T i T

1 1 1 1 1
‘-—-Xn_.z o 3. "—'xn-Zi -—-Xn_Zi__lq-— ce e a-—--X1

O

~—»(00...00)

"—"(]00 . .0)

——a(00...0)

*—(100...0)

—(00...0)

<—100...0)



V - ETUDE DES FONCTIONS DE TYPE "SYMETRIQUES ELEMENTAIRES"

Soit k¢ {0,1,...,n-1} , considérons la fonction

£ ¢ {0,1)" > {o,1}"
(}{1'...'}(“) +(fl(x) I XI,-'-,XI)
n
1 si Z xi=k
.avec fl(x) = i=2
0 sinon

La fonction E‘k ainsi définie vérifie les propriétés &lémentaires suivantes :

n

*Fk (l,xz,...,xn) = (1,1,...,1) si iizxj_:k
n

* Fk (O’XZ’n'-'}&l) = (1,0,.0-'0) Si 122 ;%- = k
n

* Fk (l,xz,...,xn) = (0,1,...,1) si 1£2 X, # k
, . n

* Fk(O, xz,...,xn) = (0,0,...,0) si iiz x5 =k

* Fy n'a pas d'état stable

* F _, admet (0,0,...,0) et (1,1,...,1) comme uniques &tats stables
* Si k¢ {1,...,n-2} , F, admet (0,0,...,0) come unique &tat stable.

Pour la construction du graphe des chemins Gk' associé a Fk, nous utilisons
la notation :

3

g ) n n f
X = {x €{0,1}" , X; =2 et 022 % =k' ,e el 0,1}
i= .

L'analyse du grarhe G, permet d'établir le théora&me suivant :
Théoréme :

Le gravhe des chemins G, , associé & la fonction F s rosséde les propriétés
suivantes : \
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1) ik =0

* Gk n'a pas d'état stable,

* Gk admet des cycles instables de lonqueur 2%k, k = 2,3,...,n.
2) Sik =n-1

* Gk admet (0,0,...,0) et (1,1,...,1) comme uniques états stables
n-2 0
* le domaine d'attraction de (0,0,...,0) est 1l'ensenble Y X,

i=1*
et celui de (1,1,...,1) est vide

* G n'admet aucun cycle
3) Si kG,{l,...,n‘Z }

* (0,0,.]’._.1,0) est 1l'unique état stable de (ﬁ( et son damaine d‘attraction

0
est
1=

* G admet des cycles instables de longueur 2, X =2,3,...,n%.
x 1'état (1,0,...,0) est un jardin 4'Eden

La démonstration est immédiate 3 partir de la construction des graches G
Gravhe des chemins pour k = 0

;# .'.‘ ”Xi” s e ﬂ}(1 e (11...11)

(100. . .0) = X} ——etr X
1 n-2

(00. . .0) #mm X 4 X) am ot = X] .. 4 XD, e (011...1)



3u4

Graphe des chemins pour k = n-1

¢

(10 + . 0) e X et Ko et . .. -wci-».....-—»xrll_p(u...u)
(00....0) e X)), ... 4k} ... 4 X0 mm(011..1)

&)

Gravhe des chemins mour k €{1,2,...,n~2}

(10...0)-—-—0-)( -—»X —, —"Xllc T-'Xl]; --FX)];+ . "”X:;-Z"(ll-..l)
(00...0) e )4t ... 4 X) om0 30 4 o k0 (011...1)

O

VI - ETUDE DES FONCTIONS DE “TYPE SEUIL"

Considérons la foncticn Fs définie var :

: {0,11™ > {0,1}"
(xl,...,%) > (fl(x) ¢ Ryreees¥y)

n

‘l si Z x2k , kel l,...,n1}
avec fl(x = i=2
?0 sinon
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La fonction FS ainsi définie rosséde les nronrietés &lémentaires suivantes :

(11...1) si 2 xl k
i=2

(01...1) sinon

* FS (l,xz, . .._,xn)

n
(100..0) si I X2 k
g i=2

]

* FS (lez'...'xxl)
{ (00...0) sinon

* (00...0) et (11...1) sont les uniques états stables.

Posons
n
XE = (x {0,117, x =€ et 152 x, =p}, € (0,1}

Construction du graphe des chemins G s ! associé i Fs g

(011...1) = X xg —’x&-l-- x,‘:—oxz --.xf«-» (00...0)
1 1 1 1 o

O

Théoréme :
Le gravhe des chemins Gy associé 3 Fg vosséde les pronriétds suivantes :

* Gs admet (0,0,...,0) et (1,1,...,1) come uﬁiquas &dtats stables

k-1
* Le daomaine d‘'attraction de (OOOé. .0) est UX?.
n- -
et celui de (1,1,...,1) est , UK} =1

* Gg n'adret nas de cycle

* (011...1) et (100...0) sont des jardins d'Eden



306

TABLEAU RECAPTTULATIF

n pair

TYPE DE ETATS DOMAINE JARDINS LONGUEUR DES
FONCTION STABLES D' ATTRACTION D'EDEN |cycrEs mSTARLES
> > > U 7-()
= 0,1 0} i=1 t s |al=p (100...0) 4,6,8,...2(n-p)
. a=0 ¢ ) ) 4.6,3,...,2n
n-2 o 011...1
=1 § U Xi ¢ )
' 1 i= (100...0)
g
L AR J ‘
a #0,7T T 19501, |a|=p (011...1) 4,6,8,...,2(np)
a= 0 [’ A ) 4,6,8,...,2n
5 — 5
a= 7 0 n-2_; 7 (011...1)
T SRt (100...0)
R k-1 4
3 U Xy (011...1)
F it = TR (100...0)
ik i
k =0 1) @ i) 4,6,8,...,2n
n—=2Z
= ol ] U0 (10...0)
F T =11, (01...1)
k-1
k e{l,...,n-2} ] U (100...0) 4,6,8,...,2(n-k)
i=1' 1
la| pair ] (01...1)
veey2n-b
n pair ? ¢ (10...0) 4,8,12, » <R
|&| pair g ) (1000...0) 4,8,12,...,20-2
F n_impair ~ ~
|3| impair N
o i ) (O11...1) 4,8,12,...,20=2
n impair
|a| impair
) ) ) 4,8,12,....2n
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