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Résumé

Ce mémoire de these porte sur les ondes progressives pour ’équation de Gross-Pitaevskii,
et les ondes solitaires pour les équations de Kadomtsev-Petviashvili.

L’équation de Gross-Pitaevskii est un modele pour 'analyse des condensats de Bose-
Einstein, de la supraconductivité, de la superfluidité ou de I'optique non linéaire. Les
équations de Kadomtsev-Petviashvili décrivent 1’évolution d’ondes dispersives, faiblement
non linéaires, et des ondes sonores dans les matériaux anti-ferromagnétiques.

On s’intéresse ici aux propriétés d’existence et au comportement asymptotique de ces
ondes. On montre la non-existence des ondes progressives supersoniques, non constantes,
d’énergie finie, pour 1’équation de Gross-Pitaevskii en dimension supérieure ou égale a
deux, puis celle des ondes progressives soniques, non constantes, d’énergie finie, en di-
mension deux. On décrit ensuite le comportement asymptotique des ondes progressives
subsoniques, d’énergie finie, pour ’équation de Gross-Pitaevskii, puis celui des ondes so-
litaires pour les équations de Kadomtsev-Petviashvili en dimension supérieure ou égale a
deux.

Mots-clés : Equation de Gross-Pitaevskii; Equation de Kadomtsev-Petviashvili; Equa-
tions de convolution ; Onde progressive ; Onde solitaire ; Existence de solutions ; Régularité
de solutions ; Décroissance a I'infini ; Comportement asymptotique.

Classification AMS : 35A05, 35A08, 35A22, 35B40, 35B65, 35C15, 35C20, 35E05,
35Q40, 35Q51, 35Q53, 35Q55, 42B15, 44A35.

Abstract

This PhD thesis is devoted to the travelling waves in the Gross-Pitaevskii equation, and
the solitary waves in the generalised Kadomtsev-Petviashvili equations.

The Gross-Pitaevskii equation is a model for Bose-Einstein condensates, superconduc-
tivity, superfluidity or non-linear optics. The generalised Kadomtsev-Petviashvili equa-
tions arise in the study of weakly non-linear, dispersive waves, and sound waves in anti-
ferromagnetics.

Here, we investigate the existence properties and the asymptotic behaviour of such waves.
We first establish the non-existence of non-constant supersonic travelling waves of finite
energy in the Gross-Pitaevskii equation in dimension larger than two, and of non-constant
sonic travelling waves of finite energy in the Gross-Pitaevskii equation in dimension two.
We then describe the asymptotic behaviour of subsonic travelling waves of finite energy
in the Gross-Pitaevskii equation, and of solitary waves in the generalised Kadomtsev-
Petviashvili equations, in dimension larger than two.

Keywords: Gross-Pitaevskii equation; Kadomtsev-Petviashvili equation; Convolution
equations; Travelling wave; Solitary wave; Existence of solutions; Regularity of solutions;
Decay at infinity; Asymptotic behaviour.

AMS Classification: 35A05, 35A08, 35A22, 35B40, 35B65, 35C15, 35C20, 35E05,
35Q40, 35Q51, 35Q53, 35Q55, 42B15, 44A35.






Introduction.

1 Motivation physique.

1.1 L’équation de Gross-Pitaevskii.

L’équation de Gross-Pitaevskii s’écrit sous sa forme non dimensionnée
i = Au + u(l — |ul?). (1)

Elle intervient dans de nombreux domaines de la recherche physique contemporaine (su-
praconductivité, superfluidité de I’hélium II, optique non linéaire...). Elle modélise en
particulier la condensation de Bose-Einstein des gaz atomiques ultra-froids. Cet étonnant
phénomene se produit a tres basse température dans un gaz de bosons sans interactions
réciproques : une fraction des particules se condense dans I’état quantique d’énergie mi-
nimale (Cf [12] pour de plus amples détails). L’'idée d’une telle condensation remonte a
une prédiction d’A. Einstein en 1925. Cependant, elle n’a été observée expérimentalement
qu’en 1995, ce qui a conduit a un regain d’intérét pour ce phénomene.

Afin de comprendre les mécanismes sous-jacents a cette condensation, E.P. Gross [28] et
L.P. Pitaevskii [45] ont considéré un gaz de N bosons de masse m remplissant un volume
V et ont supposé que tous les bosons sont rassemblés dans 1’état quantique d’énergie
minimale. Ils les ont alors décrits par une fonction d’ondes macroscopique ¥, puis, en
ont déduit ’équation de Gross-Pitaevskii par une méthode analogue a I’approximation de
Hartree-Fock en physique atomique :

zﬁat\I/—i——A\Il \I'/\I/x t)2U(z — 2")dx’ = 0. (2)

Dans cette équation, le potentiel U représente les interactions entre particules, qui sont
non nulles & une température différente du zéro absolu. A tres basse température, ces
interactions sont tres faibles et & courte portée. Aussi sont-elles le plus souvent modélisées
par des potentiels d’interactions U de la forme Uydg.

Pour obtenir I’équation non dimensionnée (1), on introduit le niveau d’énergie moyen par
unité de masse des bosons Ej, et 'on pose

—imEyt

U(t,x) =e 7 U(tx).

L’équation (2) devient alors

- [ 22 - .
ihO W + 5 AV + mE, — U V)2 =
m

Il suffit ensuite d’opérer les changements d’échelles

~ b 2F
Uo W(m bt m bl‘),

ultz) =/ b
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pour obtenir ’équation non dimensionnée (1).

L’équation de Gross-Pitaevskii conserve (au moins formellement) deux quantités perti-
nentes sur le plan physique. La premiere d’entre elles est 1’énergie E(u), usuellement
dénommeée énergie de Ginzburg-Landau : elle s’exprime sous la forme

B =5 [ o+ [ 0= luPy 3)

La seconde est une grandeur vectorielle, le moment P(u), qui s’écrit

P(u) = ;/VZVuu (4)

Ces deux grandeurs interviennent dans 1’étude des ondes progressives pour 1’équation de
Gross-Pitaevskii, notamment dans la description de leur comportement asymptotique.

Avant d’en venir a I’étude de ces ondes, il faut mentionner une autre forme de I’équation de
Gross-Pitaevskii : sa forme hydrodynamique. Si ’on utilise la transformation de Madelung

[37]

u= \/ﬁeie’
et si l'on note

v=—2V0,

on obtient une forme dite hydrodynamique de ’équation (1) qui s’écrit

Op + div(pv) =0

p(Opv +v.Vv) + Vp? = pV(% — ‘252'2). 5)
Cette nouvelle forme motive I'introduction de I’équation de Gross-Pitaevskii pour décrire
la superfluidité de I’hélium II & trés basse température !. Le systéme (5) est en effet
semblable aux équations d’Euler pour un fluide irrotationnel de pression p(p) = p?. Il en
differe cependant par le terme fortement non linéaire de sa seconde équation, que 1’on
appelle souvent pression quantique. En outre, par I’analogie précédente, le systeme (5)
fournit la vitesse des ondes sonores autour de la solution constante u = 1 : elle est égale
A cs = V2. Cette vitesse joue un role crucial dans I'étude des ondes progressives pour
I’équation de Gross-Pitaevskii.

1.2 Les ondes progressives pour I’équation de Gross-Pitaevskii.

Les ondes progressives pour ’équation de Gross-Pitaevskii sont les solutions particulieres
de I’équation (1) qui s’expriment sous la forme

u(t,x) =v(xy — ctyxa, ..., TN).

Elles correspondent a la propagation d’un front d’ondes v suivant la direction z; a la
vitesse constante c. L’équation vérifiée par le profil v est alors

icorw + Av +v(1 — [v]?) = 0. (6)

INéanmoins, 1’équation de Gross-Pitaevskii n’est pas un trés bon modele pour la superfluidité de ’hélium
IT : les interactions entre particules a I'intérieur du fluide sont trop importantes pour pouvoir étre négligées
a des températures différentes du zéro absolu.



On supposera par la suite que la fonction v est définie sur 'espace RV (avec N > 1) % et
a valeurs dans le corps des complexes C.

Ces ondes progressives jouent un role important dans la dynamique associée a ’équation de
Gross-Pitaevskii. Aussi les physiciens C.A. Jones, S.J. Putterman et P.H. Roberts [29] [30]
les ont-ils minutieusement étudiées d’un point de vue numérique et formel en dimensions
deux et trois.

La premiere question qu’ils ont considérée est bien stur 'existence d’ondes progressives
non constantes. En effet, ’équation (6) présente de nombreuses solutions. Les plus simples
sont les solutions constantes, nulles ou de module un. Mais, il existe d’autres solutions
comme la fonction x — e~%®1, et il est assez facile de construire de nouvelles solutions.
Par exemple, si 'on connait une solution v définie sur RY, v est une solution en toute
dimension M > N. De méme, si I’on translate v, si on la multiplie par un nombre complexe
de module un ou si I’on pose

—icx

v(2),

on obtient de nouvelles solutions en dimension V.

o(z)=e

Toutefois, ces solutions sont peu intéressantes sur le plan physique, notamment car leur
énergie est infinie. Ceci n’est guere acceptable pour modéliser les condensats de Bose-
Einstein (mais, demeure possible dans le cas de l'optique non linéaire). Se pose donc la
question de l'existence de solutions non constantes, d’énergie finie de I’équation (6). A
partir de calculs numériques et formels, C.A. Jones et P.H. Roberts [30] ont répondu
affirmativement a cette question. Selon eux, en dimensions deux et trois, I’équation (6)
possede des solutions non constantes, d’énergie finie, si et seulement si la vitesse c est
strictement comprise entre 0 et v/2. En d’autres termes, les seules ondes progressives non
constantes, d’énergie finie, sont subsoniques.

En fait, C.A. Jones, S.J. Putterman et P.H. Roberts [29] [30] ont précisé le comportement
qualitatif de ces ondes progressives v, qu’ils ont obtenues comme points critiques de I’
énergie F/ pour un moment scalaire p = P; fixé. Ces ondes forment une branche réguliere
de solutions pour des vitesses ¢ comprises entre 0 et /2, qui vérifient la symétrie naturelle
associée a I’équation (6). Elles sont en effet a symétrie axiale autour de 'axe x; : elles ne
dépendent que de la variable z1 et de la distance d; a ’axe x1, donnée par la relation

Vo € RN, di(z) = |z, | =

N
Zx?, x) = (x2,...,TN).
j=2

Leur développement formel & U'infini est donné (& une constante multiplicative de module

un pres) par la formule
1o

2
wi+ (1 - 5)a3

en dimension deux, tandis qu’en dimension trois, il s’écrit

(7)

v(x) ~ 14

1o
2 3
(3 + (1 - §)(23 +23))2
Dans ces formules, le nombre réel o désigne le coefficient dipolaire élastique, qui dépend
de Iénergie E(v) et du moment scalaire p(v) a travers les relations

2MR = cE(v) + 2 (1 - i) p(v) 9)

2Néanmoins, on pourrait aussi s’intéresser & ce type de solutions sur d’autres domaines de R (Ct
Particle de A. Aftalion et X. Blanc [1] par exemple).

v(z) ~ 1+ (8)

9



en dimension 2, et
dra = gE(U) + 2p(v) (10)

en dimension 3.

En outre, C.A. Jones, S.J. Putterman et P.H. Roberts ont déterminé le comportement
local d’une onde progressive v pour des valeurs de ¢ proches de 0 et de v/2. En dimension
2, lorsque c est proche de 0, v présente deux vortex de degrés —1 et 1, symétriques par
rapport a l'axe 1 et a une distance équivalente a % lorsque ¢ tend vers 0. Les vortex
sont des points d’annulation de la fonction v autour desquels elle se comporte comme la
fonction p
¢tz Cr ¢dz) = <|j|>
autour de 0. Leur degré est égal a I’exposant d € Z de la fonction ¢%. Lorsque la vitesse
c augmente, les vortex se rapprochent, puis disparaissent au-dessus d’une vitesse critique
¢y. Quand ¢ approche la vitesse du son ¢, = /2, 'onde devient une onde de raréfaction,
dont I’amplitude est gouvernée par I’équation de Kadomtsev-Petviashvili. En effet, si I'on
note 1 := 1 — |v|?, et si 'on opere le changement d’échelles

Ve € R? w(z) =

8 ( 1 ﬂ )
2*0277 ml‘1527 2%2 ’

la fonction w vérifie, lorsque ¢ tend vers v/2, ’équation des ondes solitaires de vitesse 1
pour I'équation de Kadomtsev-Petviashvili usuelle, qui s’exprime sous la forme

—81w + wéﬁw + 8fw — 82’(1)2 = 0,
8111)2 = 82w.

L’équation de Kadomtsev-Petviashvili usuelle généralise I’équation de Korteweg-de Vries
aux dimensions supérieures ou égales & deux. Elle s’écrit sur RV,

N
ou + udju + Ofu — > 0ju; =0,
i= (11)
Vj e {2,...,N},81’U,j = Bju,

et décrit I’évolution d’ondes dispersives, faiblement non linéaires et essentiellement uni-
directionnelles dans la direction de propagation. Les ondes solitaires pour cette équation
sont les solutions particulieres de la forme

u(t,z) = v(xy — dt,wa,...,2N).

Elles correspondent a la propagation d’un front d’ondes v suivant la direction z; a la
vitesse constante ¢’. L’équation vérifiée par le profil v est alors

N
— O +vdv + Fv — > v =0,
=5 (12)

J
Vj € {2,...,N},81vj :8]‘7).

La description des ondes progressives en dimension trois est similaire. Elles présentent aussi
des vortex lorsque leur vitesse ¢ est petite. Mais, ils forment un cercle autour de 'axe x1,
dont le diametre est équivalent a % lorsque ¢ tend vers 0. Quand la vitesse ¢ augmente,
le diametre du cercle diminue jusqu’a la disparition des vortex au-dessus d’une vitesse
critique ¢,. Lorsque la vitesse tend vers v/2, les ondes progressives deviennent des ondes

10



de raréfaction, dont 'amplitude est gouvernée par I’équation (12). En effet, la fonction w,
obtenue apres le changement d’échelles

Vr € R w(z) = 5 ( 21 V2 \/§2$3)7

X1 x2
2N\ @ vy 2™y

vérifie, & la limite ¢ — /2, 'équation (12) pour ¢ = 1.

Enfin, C.A. Jones, S.J. Putterman et P.H. Roberts ont évalué numériquement les valeurs
de I'énergie E(v) et du moment scalaire p(v) d’une onde progressive v en fonction de sa
vitesse c. En dimension deux, ils ont obtenu le graphe suivant.

Sur ce graphe, chaque point représente une onde progressive v d’énergie E(v) et de moment
scalaire p(v). La vitesse de 1'onde correspond & la pente de la tangente & la courbe. En
effet, v est (au moins formellement) un point critique de 1’énergie F pour un moment
scalaire p fixé. Sa vitesse est le multiplicateur de Lagrange associé a ce point critique, ce
qui conduit a la relation formelle

c(v) = %§<v) (13)

La pente de la tangente a la courbe ci-dessus désigne donc bien la vitesse de 'onde
considérée. Il s’ensuit que ’énergie et le moment scalaire de I'onde progressive tendent
vers oo lorsque sa vitesse ¢ tend vers 0, tandis que ces deux grandeurs tendent vers 0
lorsque ¢ tend vers v/2.

En dimension trois, la situation n’est guere différente.
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c2~2

Sur ce graphe, chaque point correspond toujours a une onde progressive v d’énergie F(v),
de moment scalaire p(v) et de vitesse ¢ égale a la pente de la tangente a la courbe.
L’énergie et le moment scalaire tendent toujours vers +oo lorsque c tend vers 0. Néanmoins,
ces quantités tendent aussi vers 400 lorsque ¢ tend vers v/2. La courbe énergie-moment
scalaire dessinée ci-dessus présente donc un point de rebroussement pour une vitesse c,
strictement comprise entre ¢, et v/2.

Ces estimations d’énergie jouent un roéle dans la stabilité orbitale des ondes progressives :
une onde progressive qui minimise I'énergie F a moment scalaire p fixé est vraisembla-
blement stable. Aussi semble-t-il que les ondes progressives obtenues par C.A. Jones, S.J.
Putterman et P.H. Roberts soient stables en dimension deux, de méme que celles qui ap-
partiennent & la branche inférieure du graphe ci-dessus, en dimension trois. Quant a la
stabilité de celles de la branche supérieure, elle semble sujette a caution car ces ondes ne
minimisent pas 1’énergie £ & moment scalaire p fixé.

2 Contexte mathématique.

Le probleme de Cauchy associé a ’équation de Gross-Pitaevskii (ainsi que la dynamique
attachée) souleve de multiples difficultés mathématiques. F. Béthuel et J.C. Saut [4] I'ont
résolu en dimension supérieure ou égale a deux a l’aide d’arguments de T. Kato [32, 33].

Théoreme ([4]). Supposons que N soit supérieur ou égal a 2, et que ug soit une fonction
de 14+ HY(RYN). L’équation (1) a alors une unique solution de donnée initiale ug dans
Vespace CO(1+H'(RN)). De plus, cette solution conserve l’énergie E définie par la relation

(3)-

Ce mémoire de these ne portera pas sur ce probleme, mais sur les nombreuses conjectures
formulées par C.A. Jones, S.J. Putterman et P.H. Roberts sur I'existence et le comporte-
ment qualitatif des ondes progressives pour 1’équation de Gross-Pitaevskii. Elles sont la
source de nombreux travaux mathématiques qui les ont pour la plupart confirmées. On
peut ainsi illustrer leur bien-fondé dans le cas élémentaire de la dimension un.
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2.1 Cas de la dimension un.

L’équation (6) est entierement intégrable en dimension un. Son intégration conduit au
théoreme suivant (Cf [25] [39]).

Théoréme 1 ([25]). Supposons que N = 1 et ¢ > 0, et considérons une solution v
d’énergie finie de ’équation (6). Alors,
- sic> \/Q, v est une constante de module un.
~ 510 < ¢ <2, a multiplication par une constante de module un et translation prés, v
est soit identiquement égale a la constante 1, soit a la fonction
2 — 2 V2= 2

c
Ve(z) = |1 — ————<exp <z arctan< > - arctan<>>.
2ch? <2262£L‘) V2= V2=

Conformément aux conjectures de C.A. Jones, S.J. Putterman et P.H. Roberts, les seules
ondes progressives v, non constantes, d’énergie finie, sont subsoniques en dimension un.
Elles forment (& multiplication par une constante de module un et translation pres) une
famille réguliere de solutions pour des vitesses strictement comprises entre 0 et /2. Leur
énergie est égale a

1
B(ve) = 5(2 - 2)2. (14)
Leur moment scalaire vaut

p(ve) = g — arctan (\/%) — gv 2—c2 (15)

En particulier, la fonction ¢ — p(v,) est strictement décroissante sur I'intervalle ]0, v/2[.
L’énergie E(v.) s’exprime donc en fonction de p(v.), ce qui conduit au tracé du graphe
suivant.

Ce graphe ressemble a celui de C.A. Jones, S.J. Putterman et P.H. Roberts en dimension
deux. La pente de la courbe donne la vitesse ¢ de la solution v. considérée : la relation
formelle (13) se justifie ici rigoureusement grace aux formules (14) et (15). Comme en
dimension deux, ’énergie et le moment scalaire de v, tendent vers 0 lorsque ¢ tend vers
V2. Néanmoins, ces deux quantités ne tendent pas vers +oo lorsque ¢ tend vers 0. En
dimension un, les ondes progressives présentent en effet au moins deux différences avec
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celles des dimensions supérieures. D’une part, elles ne comportent pas de vortex lorsque
leur vitesse est petite : c’est la raison pour laquelle I’énergie et le moment scalaire restent
bornés lorsque ¢ tend vers 0. D’autre part, leur décroissance a l'infini est exponentielle au
lieu d’étre algébrique. De fait, en dimension un, I’équation (6) est associée au noyau K de

transformée de Fourier
1

VfERaf{(f):m,

qui impose une décroissance exponentielle & I’infini.

2.2  Ondes progressives pour I’équation de Gross-Pitaevskii.

L’étude mathématique de ces ondes est plus délicate en dimension supérieure ou égale
a deux. L’équation (6) n’est plus intégrable. Se pose donc la question de l'existence de
solutions non constantes, d’énergie finie. En dimension deux, F. Béthuel et J.C. Saut [4, 5]
ont répondu a cette question par les deux théorémes suivants.

Théoreme ([4]). Soit N = 2. I existe une constante co > 0 telle que ’équation (6) a
une solution v. non constante, d’énergie finie, pour chaque valeur de c €]0,cy|. De plus, il
existe des constantes Ay et Ay telles que l’énergie de cette solution vérifie

Ve €]0, cof, 2| In(e)| + Ao < E(ve) < 27| In(c)| + A. (16)

Théoréme ([5]). Soit N = 2. Il existe une suite (¢, )nen de réels compris dans 'intervalle
10,V2[, qui tend vers \/2, et telle que ’équation (6) a une solution v., non constante,
d’énergie finie et de vitesse ¢, pour tout entier n.

Ces deux théoremes découlent d’une approche variationnelle de 1’équation (6). F. Béthuel
et J.C. Saut obtiennent les solutions v, en appliquant le lemme du col (ou une version
améliorée due & N. Ghoussoub et D. Preiss [21]) a la fonctionnelle F., définie pour tout
v e 1+ HYRN) par

Fu(v) = Eu(v) — p(v) = ;/RN Vol? + 41? [Ty - ;/RN iow.(v—1). (7)

Leur approche fournit de plus des informations qualitatives sur les solutions v. (comme
I'estimation (16) de leur énergie). Par exemple, lorsque ¢ est suffisamment petit, la solution
v. présente deux vortex de degrés —1 et 1, dont la distance est équivalente a % lorsque ¢
tend vers 0.

En dimension supérieure ou égale a trois, F. Béthuel, G. Orlandi et D. Smets [7] ont
également établi I'existence d’ondes progressives non constantes, d’énergie finie, pour des
vitesses petites.

Théoréme ([7]). Soit N > 3. Il existe une suite (cn)nen de réels compris dans intervalle
10,V2[, qui tend vers 0, et telle que l’équation (6) a une solution v., mon constante,
d’énergie finie et de vitesse ¢, pour tout entier n. De plus, I’énergie et le moment scalaire
de v, vérifient

Blve,) o~ wlSY 2N = 2)¥ 2N In(e,) [V, (18)
2T _ 11— _
Poe,) |~ ISV — 2V e )V (19)
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Ce théoreme résulte aussi d’'un argument variationnel. Il s’agit ici de la minimisation de
I’énergie de Ginzburg-Landau F,, définie par

1 1
Po) =5 [ V0P + g [ AP (20)

sous la contrainte que le moment scalaire p(v) soit fixé. Comme en dimension deux, cette
analyse fournit des propriétés qualitatives des solutions : les estimations (18) et (19) de
leur énergie et de leur moment scalaire, ainsi que la preuve de I'existence de vortex. Ces
derniers constituent un anneau dont le diametre est équivalent a % lorsque ¢ tend vers 0.
De plus, ce raisonnement par minimisation sous contrainte permet d’envisager la stabilité
orbitale des ondes obtenues (Cf le théoréme 6 ci-dessous).

Néanmoins, cette approche ne fournit pas un intervalle complet de solutions pour des
vitesses proches de 0. D. Chiron [9] a donc complété ce théoreme en prouvant l’existence
de solutions pour un intervalle de la forme |0, co].

Théoréme ([9]). Soit N > 3. Il existe une constante cop > 0 telle que l’équation (6) a
une solution v. non constante, d’énergie finie, pour chaque valeur de ¢ dans l’intervalle
10, co[. De plus, lénergie et le moment scalaire de v. vérifient les relations (18) et (19).

La preuve de D. Chiron reprend 'argumentation de F. Béthuel, G. Orlandi et D. Smets
[7]. Cependant, sa démarche repose sur le lemme du col pour la fonctionnelle F,. définie
par la relation (17). Il obtient ainsi un intervalle complet de solutions comme F. Béthuel
et J.C. Saut [4, 5] en dimension deux.

Ces quatre théoremes forment ’ensemble des résultats d’existence d’ondes progressives
non constantes, d’énergie finie, pour 1’équation de Gross-Pitaevskii. L’existence de ces
ondes pour toute valeur de la vitesse dans I'intervalle ]0, v/2[ reste un probléme ouvert en
dimension supérieure ou égale a deux.

La preuve de la non-existence de ces ondes est par contre au coeur de ce mémoire (Cf
les théoremes 2 et 3). A l'aide des identités de Pohozaev, F. Béthuel et J.C. Saut [4] ont
d’abord montré leur non-existence lorsque leur vitesse est nulle en dimension supérieure
ou égale a deux.

Théoréeme ([4]). Soit N > 2. Toute solution de l’équation (6) d’énergie finie et de vitesse
c = 0 est une constante de module un.

Par ailleurs, F. Béthuel et J.C. Saut [4, 5] d'une part, A. Farina [18] d’autre part, ont
justifié de maniére rigoureuse certaines propriétés qualitatives énoncées par C.A. Jones,
S.J. Putterman et P.H. Roberts [29, 30]. F. Béthuel et J.C. Saut [4, 5] ont prouvé I'existence
d’une limite a 'infini des ondes progressives subsoniques d’énergie finie en dimension deux.

Théoréme ([4, 5]). Supposons que N =2 et 0 < ¢ < /2, et considérons une solution v
de l’équation (6) d’énergie finie. Il existe alors une constante Ao de module un telle que

v(x) — s
|| =00

Quant a A. Farina [18], il a calculé une borne universelle sur leur module grace a une
version raffinée du principe du maximum.

Théoréme ([18]). Soit N > 1 et c € R. Si v, est une solution sur RN de I’équation (6),

alors,
c2
Ve € RN Juo(x)] <4/1+ R
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Enfin, deux résultats récents se rattachent également a 1’étude des ondes progressives pour
I'équation de Gross-Pitaevskii. Le premier, dit a D. Chiron [10], énonce 'existence d’ondes
progressives non constantes (mais d’énergie infinie) pour des vitesses petites en dimension
trois.

Théoréme ([10]). Soit N =3 et L > 0. Il existe un réel eo(L) tel que pour tout e €]0, gg],
I’équation (6) a une solution non constante ve, périodique pour la variable x1 (de période
28). dont la vitesse c(e) et le moment scalaire p(v.) vérifient

e|In(e)|
e—0 /14 L2
212 L2
p(ve) = 2

De plus, la fonction x — ve(Z) présente des vortex qui se concentrent suivant une hélice
d’aze 1, de rayon L et de longueur 2m/1 + L? lorsque ¢ tend vers 0.

Ce théoreme découle d’une approche variationnelle par minimisation sous contrainte de
I'énergie de Ginzburg-Landau donnée par la relation (20). Il illustre de maniére rigoureuse
un phénomene observé depuis longtemps sur le plan expérimental ou numérique (Cf [2,
42]) : existence d’ondes progressives dont les vortex se concentrent le long d’une hélice.

Le second résultat, di a A. Aftalion et X. Blanc [1], stipule I’existence d’ondes progressives
de vitesses petites pour un probleme avec obstacle en dimension deux : ce probleme consiste
a résoudre ’équation (6) sur le domaine Q := R?\ B(0, 1) avec une condition de Dirichlet
sur le bord de la boule B(0,1).

Théoréme ([1]). Soit N = 2. Il existe une constante co > 0 telle que pour toute valeur
de ¢ €]0,¢q[, l’équation (6) a une solution v., définie sur le domaine ), qui ne s’annule
pas sur ce domaine et qui vérifie la condition de Dirichlet,

ve =0 on Sh.
Ce théoreme, déduit d’arguments variationnels, permet de résoudre un probléme analogue
a I’équation (6) en dimension trois.

Théoréme ([1]). Il existe une constante 0 < c¢; < ¢ telle que pour toute valeur de
¢ €]0,c1[, l"équation

Vo = (x1, 29, 23) € 0x]0,1[,ico1u(z) + Au(z) + u(z)(z3 — |u(x)|?) =0,

munie des conditions aux limites

V(x1,x2) € Q,u(x1,z2,0) =0,
Vo € SN=1x]0, 1[,u(z) = 0,
V(z1,22) € Q,u(xy,22,1) = ve(w1, 22).

a une solution u. qui ne s’annule pas sur ’ensemble 2x]0, 1.

2.3 Ondes solitaires pour les équations de Kadomtsev-Petviashvili.

Les équations de Kadomtsev-Petviashvili s’écrivent

N
Opu + uPOyu + Ou — > 0ju; =0,
i=2 (21)

VjE{Q,...,N},al’U,j:aju,
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pour une fonction u définie sur RV (avec N > 2) et & valeurs réelles. Le réel p est un
nombre rationnel de la forme p = 7, ot n est impair, et m et n sont premiers entre eux.
La fonction u +— uP est définie par la convention usuelle

Vu € R,uP = Sign(u)™|ulP.

L’équation de Kadomtsev-Petviashvili usuelle (souvent notée KP I) correspond au cas
p=1.

L’équation KP I décrit I’évolution d’ondes dispersives, faiblement non linéaires et essen-
tiellement unidirectionnelles dans la direction de propagation z; (Cf l'article de B.B. Ka-
domtsev et de V.I. Petviashvili [31]). Pour p égal a 2, ’équation (21) modélise 1’évolution
d’ondes sonores dans les matériaux anti-ferromagnétiques (Cf larticle de G.E. Falkovitch
et de S.K. Turitsyn [19]).

Le probléeme de Cauchy associé & 1’équation (21) a motivé un grand nombre de travaux
mathématiques (Cf [17, 20, 46, 47, 50, 52, 53]) que 'on peut synthétiser par le théoréme
que voici.

Théoréme. Soit N € {2,3} et s > 3. Considérons 'espace X, défini par

X, = {f e H(RY), (g) c HS(RN)}.

1

Supposons que u(0) appartienne a Uespace X et qu’il existe des fonctions u;(0) € L*(RYN)
(2<j < N) telles que
8]2-u(0) = 9u;(0).

Il existe alors un réel strictement positif T tel que l’équation (21) a une unique solution
u, de donnée initiale u(0), qui vérifie

ue CO[-T,T), H*RN)) n CY([-T,T), H* 3 (RN)),
et, pour tout j € {2,..., N},
uj € CO[—T,T), H 1 (RY)).

De plus, la norme L? de la fonction u

et son énergie

1 l 1 )
£ = [ (oo + 3o = iy [ wta

sont définies pour tout t € [T, T] et sont indépendantes de t.

Ce mémoire de thése ne portera pas sur ce probleme de Cauchy, mais sur un type particulier
de solutions de I’équation (21) : les ondes solitaires.

Ces ondes sont les solutions u de ’équation (21) de la forme
u(t,z) =v(xy —ctyxy), v = (z2,...,2N),
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dont le profil v appartient & I'espace Y, défini comme ’adhérence de 'espace 0;C5°(RY)
pour la norme

1

0o (N 2 2 2 2
o & CFE, 10101y = (19817, + 10,6l
Ce sont (au moins formellement) des points critiques sur Y de 'action S, définie par
Vo eY,S(v)=E@)+ =I(v). (22)

Le parametre ¢ > 0 désigne la vitesse de l'onde, qui se déplace dans la direction de
propagation x1. L’équation pour le profil v s’écrit

N
—cOv + VPO v + v — > 0jv; =0,
i= (23)

Vj € {2,...,N}7811}j=aj1).

En particulier, si v vérifie I’équation (23), la fonction © donnée par le changement d’échelles,

~ -1 xT1 TL
Vo e RN, o(z1,2,) = ¢ po| 2=, == |, 24

(o) = ro( 25,24 (24)
est une onde solitaire de vitesse 1. Afin de simplifier les notations et les énoncés qui suivent,
on supposera par la suite que

c=1

grace au changement d’échelles (24). En raison de cette hypothése supplémentaire, le profil
v vérifie I’équation

—Av + 0fv +

1
o =, (25)

sur laquelle repose ’analyse du comportement asymptotique des ondes solitaires.

Ces ondes jouent un role prépondérant dans la dynamique des équations de Kadomtsev-
Petviashvili. De plus, comme I'ont souligné C.A. Jones, S.J Putterman et P.H. Roberts,
elles décrivent le comportement des ondes progressives pour I’équation de Gross-Pitaevskii
a la limite ¢ — /2. Ainsi, A. de Bouard et J.C. Saut [13, 14, 15] (Cf aussi [46]) les
ont attentivement étudiées en dimensions deux et trois. Ils ont d’abord établi I'existence
d’ondes solitaires non constantes en dimensions deux et trois.

Théoréme ([13]). Supposons que N soit égal 4 2 ou a 3, et que ¢ soit égal a 1. L’équation
(23) a des solutions non constantes dans l’espace Y si et seulement si

O<p<

5N 3" (26)

La non-existence des ondes solitaires non constantes pour p > 2]\;1—_3 provient des identités
de Pohozaev. Quant & la preuve de leur existence, lorsque p vérifie la relation (26), elle
découle une nouvelle fois d’'un argument variationnel : la minimisation de la norme de Y
sous la contrainte que la fonctionnelle

Y — R
v = fRN Up+2 (y)dy

soit fixée. Ce raisonnement exploite le principe de concentration-compacité de P.L. Lions
[34] et le théoreme d’injection pour les espaces de Sobolev anisotropes (Cf 'ouvrage de
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O.V. Besov, V.P. II'in et S.M. Nikolskii [3]). Il ne dépend de la dimension considérée
qu’a travers ce théoreme d’injection. Aussi peut-il s’étendre sans difficulté aux dimensions
supérieures ou égales a 4 (ce qui est réalisé dans [27] pour I'aspect non-existence).

En outre, A. de Bouard et J.C. Saut [13, 14, 15] ont déterminé certaines propriétés quali-
tatives des ondes solitaires, comme leur régularité.

Théoréme ([13, 14]). Supposons que N soit égal 4 2 ou a 3, que ¢ soit égal a 1 et que
0<p< ﬁ. Les solutions de I’équation (23) dans l’espace Y sont continues et tendent
vers 0 a linfini. De plus, si p est entier, elles appartiennent a ’espace

H®RY):= n H"(RY).
neN

Ils ont également précisé leur décroissance a l'infini.

Théoréme ([14]). Supposons que c soit égal a 1 et que 0 < p < ﬁ. Si N est égal a 2,
alors, les solutions v de l’équation (23) dans Uespace Y wvérifient la propriété

.|?v € L(R?).
Si N est égal a 3, elles satisfont

Vs € [0, ;[, |.|% € L3(R?).

Cette analyse asymptotique s’appuie sur un argument sur lequel on reviendra longuement
par la suite. Cependant, il faut d’ores et déja souligner le caractére optimal de ce théoreme
en dimension deux. En effet, ’équation (23) posseéde une solution explicite lorsque N est
égal a 2 et p, a 1. Cette solution "bosse” s’écrit

2, 2,2
3 — cx] + c 3

V(z1, 22) € R?, ve(xq, 22) = 24c .
(21, 22) (w1, 72) (3 + ca? + 2x3)?

En raison de l’existence de cette solution, on ne peut espérer un taux de décroissance
supérieur a celui énoncé par le théoreme ci-dessus, lequel est donc optimal.

Finalement, A. de Bouard et J.C. Saut [14] ont décrit les propriétés des états fondamen-
taux. Les états fondamentaux (dont I’ensemble sera noté ) sont les ondes solitaires qui
minimisent ’action S donnée par la relation (22). Ils sont & symétrie axiale autour de I’axe
z1 en dimensions deux et trois.

Théoréme ([14]). Supposons que N soit égal a 2 ou a 3, que ¢ soit égal a 1 et que
0<p< ﬁ. Un état fondamental v de ’équation (23) ne dépend (a translation preés)
que de la variable x1 et de la distance di a l'axe x1, donnée par

Vo € RN, di(2) = |21 | =

La preuve de ce théoreme, qui découle d’un argument d’O. Lopes [36], permet d’amorcer
I’analyse de la dynamique des équations de Kadomtsev-Petviashvili. Elle conduit en effet
a la stabilité orbitale des états fondamentaux en dimension deux lorsque p est strictement
inférieur a %.
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Théoréme ([15]). Supposons que N =2, 1 < p < 3 et s > 3, et considérons un état
fondamental v de ’équation (23). Il existe alors pour tout réel ¢ > 0, un réel § > 0 tel
que, quelle que soit la fonction ug € X qui vérifie

HUO - U”Y S 67

la solution u de l’équation (21), de donnée initiale ug, satisfait

sup( inf [ju(t) — w||y) <e.
t>0 \WEER

La stabilité dépend fortement de I’exposant p considéré. A. de Bouard et J.C. Saut [15]
ont ainsi établi 'instabilité orbitale des ondes solitaires a symétrie axiale lorsque p est
strictement supérieur a %.

Théoréme ([15]). Soit N =2 et % < p < 4. Les ondes solitaires solutions de l’équation
(23), a symétrie aziale autour de ’aze x1, sont orbitalement instables.

3 Principaux résultats.

Ce mémoire de these contient trois types de résultats :

- la non-existence des ondes progressives non constantes, d’énergie finie et de vitesse su-
personique ou sonique, pour ’équation de Gross-Pitaevskii,

- la description asymptotique des ondes progressives d’énergie finie et de vitesse subso-
nique pour I'équation de Gross-Pitaevskii,

- la description asymptotique des ondes solitaires pour les équations de Kadomtsev-
Petviashvili.

3.1 Non-existence des ondes progressives de vitesse sonique ou super-
sonique pour ’équation de Gross-Pitaevskii.

En dimension deux et trois, C.A. Jones, S.J. Putterman et P.H. Roberts [29, 30] ont
conjecturé la non-existence des ondes progressives non constantes, d’énergie finie, pour
I’équation de Gross-Pitaevskii lorsque leur vitesse est supérieure ou égale & v/2. On corro-
bore la validité de cette conjecture dans les deux cas suivants.

Théoréme 2 ([23]). Soit N > 2. Une onde progressive d’énergie finie et de vitesse ¢ > /2
pour ’équation de Gross-Pitaevskii est constante.

Théoréme 3 ([25]). Soit N = 2. Une onde progressive d’énergie finie et de vitesse c = /2
pour l’équation de Gross-Pitaevskii est constante.

Ne demeure donc que le cas ot la vitesse ¢ est égale & v/2 et la dimension est supérieure ou
égale a trois. On tachera d’expliquer pour quelle raison ce dernier cas differe des précédents
(Cf le paragraphe 4.2.1).

3.2 Comportement asymptotique des ondes progressives pour I’équation
de Gross-Pitaevskii.

En dimension deux et trois, C.A. Jones, S.J. Putterman et P.H. Roberts [29, 30] ont
également calculé les développements asymptotiques formels donnés par les formules (7),
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(8), (9) et (10) pour les ondes progressives subsoniques pour I’équation de Gross-Pitaevskii.
Afin d’établir rigoureusement ces formules, on détermine dans un premier temps la limite
a l'infini de ces ondes en dimension supérieure ou égale a trois.

Théoréme 4 ([22]). Supposons que N > 3 et 0 < ¢ < V2, et considérons une onde
progressive v d’énergie finie et de vitesse ¢ pour l’équation de Gross-Pitaevskii. Il existe
alors un nombre complexe Ao de module un tel que

v(z) — A
|z|—+o0

Remarques. 1. L’équation (6), vérifiée par la fonction v, est invariante par multiplication
par un nombre complexe de module un. Quitte & considérer la fonction ﬁ, on supposera
dans la suite que Ay est égal a 1.

2. F. Béthuel et J.C. Saut [4, 5] ont démontré ce théoréme en dimension deux.

En outre, ce théoréme reste valable pour des ondes progressives d’énergie finie et de vitesse
¢ = v/2 en dimension supérieure ou égale & trois (ce qui peut constituer une premiere étape
vers leur non-existence (Cf [25] pour de plus amples détails)).

Théoréme 5 ([25]). Soit N > 3. Si v est une onde progressive d’énergie finie et de
vitesse ¢ = /2 pour U’équation de Gross-Pitaevskii, alors, il existe un nombre complexe
Ao de module un tel que

v(r) — Ao
|z =00

On calcule ensuite le taux de décroissance a l'infini des ondes progressives subsoniques
d’énergie finie en dimension supérieure ou égale a deux.

Théoréme 6 ([24]). Supposons que N > 2 et 0 < ¢ < /2, et considérons une onde
progressive v d’énergie finie et de vitesse ¢ pour l'équation de Gross-Pitaevskii. Il existe
alors un nombre réel A tel que

Ve e RY -1 < —.
v e R o) ~11 < {7 w

Le théoréme 6 fournit un corollaire important. Selon ce théoréme, la fonction v — 1 appar-
tient & tous les espaces LP(RY) pour

<p< .
N_SPsTte

Si N > 3, elle appartient donc a l’espace 1 + H 1(RN ), dans lequel I’équation de Gross-
Pitaevskii est globalement bien posée (Cf [4]). Aussi est-il possible désormais d’étudier
la stabilité orbitale de v dans cet espace (ce qui constitue une premiere étape vers la
description de la dynamique de I’équation de Gross-Pitaevskii). Par exemple, en dimension
supérieure ou égale a trois, F. Béthuel, G. Orlandi et D. Smets [7] ont construit des ondes
progressives qui minimisent 1’énergie F sur l'espace 1+ H* (]RN ) pour un moment scalaire

p fixé. Pour déterminer la stabilité orbitale de ces ondes, il suffit grace au théoreme 6 de
prouver un peu de compacité pour ce probleme.

Enfin, on confirme la validité des conjectures (7), (8), (9) et (10).
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Théoréme 7 ([26, 27]). Considérons une onde progressive d’énergie finie et de vitesse
0 < ¢ < V2 pour Uéquation de Gross-Pitaevskii en dimension N > 2. Il existe une fonction
Voo définie sur la sphére SN=1 et a valeurs réelles telle que

2V (v(z) — 1) — iveo (i,) 0

De plus, il existe des constantes o, (3o, ..., On telles que la fonction v est égale a

_ gj
Vo = (o1,...,0n) € SV v (0) = a2 E+Zﬁ] . ! ~- (27)
2 2

(1—%+ ) -5+

Les constantes o et 3; sont données par les relations

(1 ) (e 2o X2 w). e

27T
'(1-5) " A (29)

I'(

T 2
Remarque. La définition du moment ]3(1)) présente une difficulté. L’intégrale qui ap-
parait dans la définition (4) n’est pas toujours convergente pour des ondes progressives
subsoniques. Afin de formuler les équations (28) et (29) rigoureusement, il faut définir le
moment par

M\Z

Bj =

Plo) = ;/RN iVo.(v— 1),

et le moment scalaire dans la direction z; par

p(v) = Pi(v) = ;/RN i01v.(v—1).

Toutes ces intégrales sont bien définies lorsque v est une onde progressive subsonique (Cf
24]).

Le théoreme 7 est plus précis que les conjectures (7), (8), (9) et (10), qui ne concernent que
le cas d’ondes progressives a symétrie axiale autour de I’axe x1. Au contraire, le théoreme
7 décrit le comportement asymptotique de n’importe quelle onde progressive.

De plus, le théoreme 7 est optimal. Grace aux résultats de F. Béthuel et J.C. Saut [4, 5]
en dimension deux, et de F. Béthuel, G. Orlandi et D. Smets [7] en dimension trois, on
sait qu’il existe en toute dimension supérieure ou égale a deux, des ondes progressives non
constantes, d’énergie finie, a symétrie axiale autour de I'axe x1. La constante a associée a
de telles ondes est non nulle, les constantes 3; étant nulles (Cf [26]). Il s’ensuit qu'une onde
progressive de ce type a exactement le comportement asymptotique donné par le théoréeme
7, lequel est donc optimal. Néanmoins, on ne sait pas s’il existe des ondes progressives v
qui correspondent & chacun des comportements asymptotiques décrits par le théoreme 7.
En particulier, on ne connait pas a ce jour d’ondes progressives pour lesquelles au moins
une des constantes (3; est non nulle.

3.3 Comportement asymptotique des ondes solitaires pour les équations
de Kadomtsev-Petviashvili.

Ce dernier résultat concerne le comportement asymptotique des ondes solitaires pour les
équations de Kadomtsev-Petviashvili. Il complete ceux de A. de Bouard et J.C. Saut [14].
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Théoreme 8. Supposons que N > 2 et 0 < p < %_3, et considérons une solution de

vitesse égale a 1 de l’équation (23). La fonction x — (1 + |z|V)v(x) est alors bornée sur
RYN. De plus, si on note vs la fonction définie sur la sphére SN—1 par

(X
Vo = (o1,...,0n) € SV H (o) = N( 2 (1- NO‘%)/ v(z)Pdr, (30)
21z (p+1) RN
alors, on a la convergence
Vo € SVt RNu(Ro) it Voo (). (31)

En outre, cette convergence est uniforme (c’est-a-dire qu’elle a liew dans L>®(SN™1)) si
% <p< ﬁ. Enfin, sip est égal a 1, la fonction v s’exprime sous la forme

Vo € SV vo(o) = —"~22(1 — No})E(v)

(32)

Comme le théoreme 7, ce théoreme est optimal si le numérateur m de p est impair. En
effet, si m est impair, I'intégrale fRN v(z)PHdz associée & une onde solitaire non nulle ne
peut étre nulle. Le théoreme 8 décrit donc le comportement asymptotique exact de toutes
les ondes solitaires non nulles. Au contraire, cette intégrale peut étre nulle si m est pair.
En particulier, lorsque m est pair, L. Paumond [43] a montré Iexistence d’ondes solitaires
pour une équation analogue a celle de Kadomtsev-Petviashvili, qui vérifient cette condition
d’intégrale nulle : cette équation s’écrit sur R3,

5
8tu+up81u+617u— Z(‘?juj = 0,
j=2
Vj e {2, .. .,5},81Uj = 8ju.

De telles ondes existent vraisemblablement pour les équations de Kadomtsev-Petviashvili.
Aussi est-il possible que le théoréme 8 ne soit pas optimal lorsque m est pair.

4 Principales techniques employées.

Les théoremes précédents reposent sur un ensemble de techniques que ’on va maintenant
décrire plus abondamment.

4.1 Equations de convolution.

Que ce soit pour I'étude de propriétés de non-existence ou pour l'analyse de certains
comportements asymptotiques, on commence par transformer les équations aux dérivées
partielles considérées en équations de convolution. Cette transformation fait apparaitre
explicitement les noyaux associés a ces équations, qui fournissent la plupart des propriétés
des solutions. Par exemple, le comportement asymptotique des noyaux d’une équation
surlinéaire dicte le comportement asymptotique des solutions de cette équation, comme
on le vérifiera ci-dessous.

Dans le cas d’une onde progressive v pour ’équation de Gross-Pitaevskii, on transforme
I’équation (6) en un systeme d’équations de convolution. Cette transformation, réalisée
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par F. Béthuel et J.C. Saut [5], repose sur 'introduction de nouvelles variables. Grace a la
régularité de v et & la convergence de son module p := |v| vers 1 & D'infini,  on construit
un relevement régulier 6 de la fonction v sur un voisinage B(0, Rp)¢ de l'infini : il s’agit
d’une fonction § € C*°(B(0, Ry)¢) qui vérifie

v = pe

sur Pouvert B(0, Rg)¢. Comme la fonction  n’est pas définie sur 'espace R tout entier,
on introduit * une fonction plateau 1 € C®(R [0, 1]) telle que

1 = 0 sur B(0,2Ry),
1 =1 sur B(0,3Rg)¢,

puis on calcule le systeme d’équations suivant pour les nouvelles variables 1 := 1 — p? et

V(40) :

A%n — 280+ ¢*07 \n = —AF — 2c0,div(G), (33)
et c
A(6) = S0m + div(C). (34)
ou les fonctions F' et G sont définies par
F = 2|Vo|* + 2n? — 2¢idv.v — 2c01 (¥0), (35)
et
G =iVv.w+ V(¥0). (36)

Les équations (33) et (34) conduisent enfin aux équations de convolution :

N
n=KoxF+2) K;*Gj, (37)
j=1

ou Ky et K; sont les noyaux de transformée de Fourier,

= €7
Ko(§) = , 38
O = g aier - og -
respectivement
= &1
K;(&) = , 39
1) = i — g (3)
et
. N N
vj € {l,... . N}, 0;(v0) = S K * F+c> Lig#Gr+ Y RjpxGh, (40)
k=1 k=1
ol L;j et R;j sont les noyaux de transformée de Fourier,

T EP(E T 20EP - 2ed)

3En dimension deux, il faut invoquer 'appartenance du gradient de v & I’espace L? (RN) pour justifier

la nullité du degré de la fonction T a linfini.

4Malgré le caractére arbitraire des choix du réel Ry et de la fonction 1, les propriétés de v considérées
par la suite ne dépendent pas de ces choix.
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respectivement

Roa(6) = f,gf’“

On peut accomplir la méme transformation pour les ondes solitaires pour les équations de
Kadomtsev-Petviashvili. Dans ce cas, I’équation (25) conduit directement a I’équation de
convolution

(42)

1
v = mﬂo s P (43)
ou Hj est le noyau de transformée de Fourier,
~ &
Ho(§) = GEEzE (44)

Les équations (37), (40) et (43) sont toutes de la forme
g=Kxf. (45)

Les noyaux K sont donnés explicitement par leur transformée de Fourier, qui est une frac-
tion rationnelle. Les fonctions f dépendent de maniere surlinéaire des variables g étudiées
(a savoir n et V(10) pour I’équation de Gross-Pitaevskii, et v pour celles de Kadomtsev-
Petviashvili) : ceci signifie qu’il existe des réels A > 0 et p > 1 tels que

|fI < Algl”. (46)

Ainsi, 1’étude qualitative des solutions des équations (6) et (23) se ramene a celle des
solutions ¢ des équations de la forme (45)-(46). En particulier, il s’agit maintenant de
préciser le comportement qualitatif des noyaux K, avant d’utiliser le caractere surlinéaire
des équations pour en déduire les propriétés attendues.

4.2 Etude des noyaux de convolution.

Les noyaux associés aux formules (38), (39), (41), (42) et (44) sont caractérisés par la
forme de leur transformée de Fourier, qui est une fraction rationnelle

~ P
K=—. (47)
Q

Leurs propriétés dépendent fortement des singularités de la fonction K , & savoir de son
comportement au voisinage des points d’annulation du polyndéme @), et au voisinage de
I'infini. Elles different sensiblement selon que la fonction K (ou l'une de ses dérivées

partielles) est intégrable au voisinage de ses singularités ou non.

L’objectif de cette partie n’est pas de détailler de maniere exhaustive ces différences, ce
qui est fort délicat. On se contentera plutot d’illustrer sur des exemples élémentaires des
méthodes générales qui fournissent les informations qualitatives sur les noyaux Ko, K
L;, Rji et Hy qui sont nécessaires a la preuve des théorémes 2, 3, 6, 7 et 8.

4.2.1 Equations de convolution et singularités non intégrables.

La premiere méthode concerne les noyaux K dont la transformée de Fourier présente des
singularités locales non intégrables. Avec les notations de la formule (47), ceci signifie
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que K n’appartient pas a certains espaces LP(V'), ou V est un voisinage d’un point de
I’ensemble d’annulation de @,

Z(Q) == {¢ e RY,Q(¢) = 0}.

Cette méthode fournit des informations sur les fonctions f et g solutions de I’équation
(45) associée au noyau K grace aux singularités locales de K. Elle se résume par le lemme
suivant.

Lemme 1. Soit§y € Z(Q) et V', un voisinage de &y. Supposons qu’il existe un entier p > 2
telle que la fonction K n’appartienne pas a LP(V'), et que les fonctions f et g appartiennent
o LY(RYN), respectivement LY (RN) pour p/ = p%l. Alors, la fonction f s’annule au point

€o-

Remarque. Le lemme 1 s’applique plus généralement a tous les noyaux K de la forme
(47), avec des fonctions P et () quelconques.

Démonstration. D’apres les hypotheéses du lemme 1, les transformées de Fourier des fonc-
tions f et g sont respectivement dans les espaces CO(RY) et LP(RY). L’équation (45)
devient ainsi pour presque tout & € RY,

~ ~

9(&) = K(&)f(£)-

Supposons alors que

~

f(&) # 0.

La fonction fest continue en & : il existe donc un voisinage V' de & tel que

~

VEeVIf(§)=A>0.

Il s’ensuit que
V¢ eV, [g(e)] = AIK(E)].

Néanmoins, la fonction g appartient & LP(V'), alors que la fonction K nest pas dans cet
espace. On aboutit ainsi a une contradiction qui prouve que

~

f(&) = 0.
O

A travers 'annulation de f, le lemme 1 fournit de nouvelles relations intégrales sur la
non-linéarité f, qui amenent a leur tour des informations qualitatives sur la fonction g.
On peut illustrer cette affirmation par 'exemple des ondes progressives supersoniques
d’énergie finie pour I’équation de Gross-Pitaevskii. Le lemme 1 est en effet valable pour
ces ondes. Comme leur énergie est finie, les fonctions 1 et V(1) appartiennent & L2(RY).
D’aprés les formules (35) et (36), les fonctions F et G sont donc dans l'espace L'(R™Y).
Par ailleurs, les noyaux Ko et K, dont les dénominateurs sont égaux a

VE € RY,Qo(€) = |¢|* + 21¢° — ¢,

n’appartiennent pas aux espaces L?(V), ol V est un voisinage d’un point quelconque de
I’ensemble

Z(Qo) = {¢ e RY, ¢ +2[¢]” — *¢} = 0}.

26



I1 découle donc du lemme 1 et de I’équation (37) que la fonction

N
€ [EPF(€) +2¢ Y 616,G5(€)

J=1

s’annule sur ’ensemble Z(Qp), ce qui conduit a la nouvelle relation intégrale,

/RN(ywy? g 20<1 _ 622)1)(’0). (48)

L’équation (48), qui relie I’énergie et le moment scalaire de l'onde, est au coeur de la
preuve du théoreme 2. Elle est en effet incompatible avec d’autres identités intégrales plus
classiques (les identités de Pohozaev), sauf si 'onde progressive est constante.

De méme, le théoreme 3 résulte de 'argument du lemme 1. Par cet argument, les ondes
progressives soniques, d’énergie finie, vérifient aussi I’équation (48) en dimension deux, ce
qui prouve qu’elles sont constantes. °

En définitive, c’est le caractére non intégrable des singularités locales des fonctions K et
K qui conduit a la non-existence des ondes progressives dans les deux cas précédents.

Par ailleurs, les relations intégrales fournies par le lemme 1 ont bien d’autres applications.
Par exemple, A. de Bouard et J.C. Saut [14] les ont utilisées afin d’établir le caractere
optimal de leur théoréeme sur la décroissance asymptotique des ondes solitaires pour les
équations de Kadomtsev-Petviashvili en dimension deux.

4.2.2 Singularités intégrables et comportement local et asymptotique des
noyaux.

L’équation de convolution (45) relie le comportement asymptotique de la fonction g a
celui du noyau K. Si I’on connalit la décroissance algébrique du noyau K, c’est-a-dire son
appartenance & un espace de la forme

MERY) = {u: RY — C, Jullyge gy = sup{|a]*[u(@)], 2 € RY} < o0}

pour un indice o > 0, on en déduit dans des cas simples la décroissance algébrique de la
fonction g.

Lemme 2. Soit f € CORY) et K € CORN) N MZ(RYN), ot a est un réel strictement
positif. Alors, la fonction g, solution de l’équation de convolution (45), appartient a l’espace
M (RN).

Démonstration. Considérons un nombre réel R tel que le support de f soit inclus dans la
boule B(0, R —1). Comme la fonction g est continue sur RY, I’équation (45) s’écrit

Vz € B(0,R)", g(x) = /B(O ) K(z —y)f(y)dy,

5Au contraire, argument du lemme 1 ne s’applique plus aux noyaux Ko et K j lorsque ¢ = V2 et
N > 3 :ils ne sont plus suffisamment singuliers au voisinage de l’origine. On ne sait donc pas comment
établir la formule (48) dans ce cas, ce qui empéche de prouver la non-existence des ondes progressives
soniques, non constantes, d’énergie finie, en dimension supérieure ou égale & trois par cet argument.
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ce qui donne

Vo € B(0, R)", [z[*|g(z)| S\xlo‘/ i K (z = y)llf(y)ldy

SAMQ/B 1f(y)] dy

0,r—1) |z —yl*

|z[*
<A— <A
([ -R+1)> —

Puisque g est continue, elle appartient ainsi a ’espace M2° (RN ). ]

Cet exemple élémentaire illustre la facilité avec laquelle le comportement asymptotique
d’une fonction g, donnée par ’équation de convolution (45), se déduit de celui du noyau
K. Néanmoins, cet exemple requiert la connaissance de plusieurs propriétés du noyau :
sa continuité et sa décroissance algébrique. Dans un cadre plus général, la description
asymptotique de la fonction g nécessite I’analyse d’au moins deux aspects du noyau K :
- sa décroissance et sa convergence a 'infini (afin de déterminer le comportement asymp-
totique de la fonction g),

- I'absence ou la présence de singularités locales pour ce noyau (afin de donner un sens
rigoureux a 1’équation de convolution (45), ce qui n’est pas toujours évident).

Plusieurs méthodes permettent d’atteindre cet objectif pour les noyaux dont la transformée
de Fourier présente des singularités intégrables. Cette notion désigne les fonctions u pour
lesquelles il existe un recouvrement fini de R par des ouverts réguliers 1, ..., et des
multi-indices aq, ..., a, tels que

V1 <i < N,0%u € L*(Q).

Ces méthodes reposent sur des formules intégrales, classiques en analyse harmonique, que
I’on va maintenant exposer.

Décroissance et convergence a I’infini des noyaux dont la transformée de Fou-
rier présente des singularités intégrables.

On considére un noyau K dont la transformée de Fourier K présente des singularités
intégrables, et on cherche a déterminer sa décroissance algébrique a I'infini, puis, si possible,
un équivalent simple de ce noyau a infini. On dit ici que K présente une décroissance
algébrique a l'infini de taux oo > 0 si K appartient a l’espace

V(BB = {u: BOR = C iz o = _sw (" ufz)]) < +oo}
e ,R)¢

pour un réel R donné. Dans ce cas, la recherche d’un équivalent de K a l’infini, & savoir
d’une limite non nulle pour la fonction z — |z|*K(z) lorsque |z| tend vers +oo, permet
de conclure que la décroissance algébrique obtenue au préalable est bien optimale.

Il s’agit donc de relier la décroissance algébrique du noyau K a 'intégrabilité de sa trans-
formée de Fourier (ou de l'une de ses dérivées). Ce lien repose d’abord sur 'inégalité
L'-L*> pour la transformée de Fourier : si u est une fonction de L'(R"), alors, 4 est une
fonction de L>(RY), qui vérifie

18]l oo mvy < llull L1 @y

Il résulte ensuite de la formule de la dérivée d’une transformée de Fourier : si u appartient
a l'espace de Schwartz S(R™), et si v est un multi-indice, alors, la dérivée partielle d’ordre
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a de u a pour transformée de Fourier,
Ve € RY, 9°u() = i€ a(¢).

Il découle de ces deux arguments que, si la dérivée d’ordre « de K appartient & L'(RY),
la fonction x +— %K (x) appartient & L°°(RY). En définitive, montrer de la décroissance
algébrique pour K revient a montrer de 'intégrabilité pour une dérivée de sa transformée
de Fourier. Néanmoins, ce raisonnement comporte au moins deux difficultés. D’une part, il
impose des décroissances algébriques entieres du fait d’ordres de dérivation entiers. D’autre
part, il ne s’applique qu’a Iespace RN tout entier. Pour remédier & ces deux difficultés,
deux approches semblent possibles.

La premieére repose sur 'introduction des espaces de Sobolev WS’I(RN ) pour un réel s > 0.
Ces espaces sont définis par

WS RYN) .= {u € L*(RY),V|a| < s,0% € L'(RY)},

lorsque s est entier, et par

WLRY) := {u € WOLRN), Vo :0,/ / 19%u(z) = O] 44 < oo,
RN JRN |z —y|NHr

lorsque s s’écrit sous la forme s = o + r avec 0 € N et r €]0,1]. Ils donnent un sens
aux dérivées d’ordre non entier d'une fonction : appartenir  I'espace W1 (RY) signifie en
quelque sorte avoir des dérivées dans Ll(RN ) jusqu’a lordre s. L'inégalité L'-L> s’étend
ainsi a cet espace.

Lemme 3 ([25]). Soit 0 < s <1 et u € WSL(RYN). La fonction = — |z|*u(x) appartient
a l’espace CS(RN). De plus, il existe une constante Ax ne dépendant que de la dimension
N telle que

] Pull oo vy < Anllallps vy (49)

Remarque. Le lemme 3 est prouvé dans larticle [24]. De plus, dans cet article, 'inégalité
(49) est étendue a quelques espaces plus généraux que W*H(RY).

Le lemme 3 permet par exemple de montrer que les noyaux Ko, K; et L; sont dans
tous les espaces M°(RY) pour N — 2 < a < N (Cf [24] pour de plus amples détails).
Néanmoins, il a deux défauts inhérents. Il ne s’applique qu’a I'espace RY tout entier, ce
qui empéche de tenir compte de singularités locales ou de la non-isotropie des noyaux.
De plus, il ne peut donner la décroissance optimale des noyaux considérés, ce qui est plus
problématique encore. De fait, le lemme 3 affirme que si K est dans I'espace Ws’l(RN ), la
fonction = +— |z|* K (x) tend vers 0 & 'infini. Le taux de décroissance de K peut donc étre
strictement supérieur a s. C’est le cas pour les noyaux Ko, K; et L;j qui appartiennent a
'espace MP(RY) (ce que ne donne pas le lemme 3).

Une seconde technique corrige ces défauts et donne les décroissances optimales des noyaux
associés aux équations de Gross-Pitaevskii, et de Kadomtsev-Petviashvili. Elle repose sur
des formules intégrales bien connues des experts. On se donne un multi-indice o € NV
et un noyau K dont la transformée de Fourier présente des singularités intégrables, mais,
demeure réguliere en dehors de ces singularités. On écrit formellement la formule de Fourier
inverse pour la fonction z — z*K (z),

o _
2K (z) = (;W . 0K (£)e™<de,
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puis, on découpe l'intégrale du second membre conformément au recouvrement associé a
K,

ol

2K (x) = NZ/ 0K (€)e' ™ de.

Enfin, on integre par parties les différentes intégrales du second membre pour se ramener
aux dérivées d’ordre «;, ce qui donne

Z‘O‘J|

K (x) 2 N ( o= a/ 8% K (¢)e™€d¢ + Termes de bords sur 8Qj>. (50)
)
.7

A ce stade, cette formule est bien str formelle. Néanmoins, toutes les intégrales de son
membre de droite sont bien définies. Aussi est-il possible de lui donner un sens rigoureux
dans la plupart des cas. Par exemple, le lemme suivant justifie la formule (50) dans des
conditions qui s’appliquent pour les noyaux Ko, K; et L;; (Cf [24]).

Lemme 4 ([24, 27]). Soit u une distribution tempérée sur RN dont la transformée de
Fourier appartient ¢ C*° (RN \{0}). Supposons qu’il existe des entiers1 < j < N et p € N*
tels que

(i) &5 € L\(B(0,1)),

(i7) 0% 'd e LY(B(0,1)),

(tit) |. |8pﬁ € LY(B(0,1)).

p

]u(:c) est alors continue sur RN et vérifie pour presque tout réel X > 0,

La fonction x — x
Vo € RN, afu(z) = LN / OVu(&)e ™ dg + 1 / 5j8§?—1a(§)d§
(2m) B(ON)° A Json)

AP () (€ — 1)d
+ /B o O s)

Remarque. Le lemme 4 est démontré dans les articles [24] et [27]. Dans ces articles, sont
mentionnées d’autres formules analogues a la formule (50).

(51)

Les formules (50) et (51) donnent la décroissance algébrique du noyau K : il suffit de
majorer leur second membre indépendamment de x grace a l'intégrabilité des fonctions
0% K pour déterminer cette décroissance. Ces formules offrent 'avantage de s’adapter
aux singularités de la transformée de Fourier de K (grace a un recouvrement adapté),
et a son éventuelle non-isotropie. En effet, en modifiant la valeur du multi-indice «, on
modifie les directions d’étude de la décroissance. En pratique, le principal avantage de ces
formules provient de leur dépendance vis-a-vis de parametres (les exposants «;, les ouverts
2;...) que l'on peut adapter aux noyaux étudiés. Par exemple, la formule (51) introduit
un parametre A qui module la taille des ouverts du recouvrement. Dans Particle [27], cette
formule donne a la fois la décroissance algébrique du noyau Hj et ses singularités locales,
grace a des choix appropriés de la valeur de .

Ces formules conduisent de plus au calcul explicite d’équivalents simples a l'infini des
noyaux K. Afin d’illustrer cette affirmation, considérons ’exemple du noyau Hy, traité
dans [27]. Par un lemme analogue au lemme 4, ce noyau vérifie une formule similaire a la
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formule (50) :sij € {1,...,N}, A>0et z € Q; = {x € RN, x; # 0}, alors,

‘N mjfl
o : 1
e Ho(w) =~ | (—iz; ij/ 97 Ho(€)e™4de + = —ix; Nkl/ A
How) =gy | i)™ [ O HQe e 4y 1;\/( /) o &
Hy ' ! -1 7. T
s+ [ goV @i [ Ve -5_1>dg>,
5(0,2) B(0,)\)

(52)

pour m; = 2N — 2 et mj = N si j > 2 (Cf [27]). On cherche alors & calculer la limite
de la fonction x — :cév Hy(z) lorsque |x| tend vers +o00. En fait, cette limite dépend de la
direction d’étude ﬁ On pose donc = Ro pour R > 0 et 0 € SV~1, et on s’intéresse a la

limite lorsque R tend vers +oo de la fonction R +— R™ Hy(Rc). Pour un choix de A égal &
%, la formule (52) donne apres le changement de variable u = R,

ZN - ” ] m]-—l
RNHD Ro :< PO N—mj/ R—mjamJHO e udy + o N—k—1
(Ro) = gy (i)™ [ R, (%) Y (io

pkakir (Y Jiow pl-NgN-177 (U
/SN_IUJR a]HO(R)e du—l—/SN_lujR 0! HO(R)du

_NaN7 (U io.u
+/B(01)R 0! H0<E>(e —1)du>.

(53)

Pour déterminer la limite de cette fonction, on applique le théoreme de convergence do-
minée aux intégrales du second membre de la formule (53), ce qui donne

N

N ¢ i N+17pH i0.€ i / aNp
H — | — - — ;
B Hol o) Rto0 (2m0;) N (%’ /B(o,nc O Qe oj JsN-1 407 fia©)

e td¢ + /le 5;‘5;%1}?171(5)615 +/B

(0,1)

ON Rra(€)(e< - 1>ds> 7
(54)

olt Ry est le noyau défini par la formule (42). En fait, les noyaux R;j sont liés aux
opérateurs de Riesz pour lesquels on a des formules explicites. Le noyau R; est ainsi
donné par

INES 5'7k\:n|2 — Nz;xy, 5‘,k|m|2 — Nz;zy,
Rji(x) = 2;’% (PV( J PRES J 13(071)>+ J L g0 |, (55)

. 2_ .
ou PV <W1 B(O,l)> est la valeur principale a l'origine de la fonction

§iklz]? — Nxjay
x o[V T2 1po,1) (),

qui est définie par

§iklz|? — Nzjay §ixll? = Najay,
<PV( S |’x1N+2 ] 13(0’1))’¢> - /B(O y : ‘;U|N+2 —(6(x) — ¢(0))da,
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pour toute fonction ¢ € C§(RYN). Les formules (54) et (55) conduisent finalement &
I’équivalent suivant du noyau Hy,

L(5)(1 - Nof)

Vo e SN Ho(R
g 0( U) R—+o00 27T%RN

. (56)

En conclusion, les formules (50), (51) et (52) fournissent des équivalents explicites des
noyaux a l'infini, ce qui permet de caractériser leur décroissance algébrique optimale.

Singularité locale des noyaux dont la transformée de Fourier présente des
singularités intégrables.

Le noyau K contient souvent des singularités locales, notamment au voisinage de ’origine.
Par la formule (55), le noyau R est ainsi égal a une valeur principale au voisinage de
I’origine. Ceci souleve une difficulté pour définir rigoureusement 1’équation de convolution
(45). En effet, il n’est pas possible de convoler deux fonctions K et f qui ne sont pas
suffisamment intégrables.

Pour un noyau K dont la transformée de Fourier a des singularités intégrables, on peut
parfois résoudre cette difficulté grace aux égalités de la forme (50). Elles permettent en
effet I'analyse des singularités locales a l'origine de K. Plus précisément, elles décrivent
I’explosion algébrique au voisinage de l'origine du noyau K, c’est-a-dire s’il appartient a
I’espace

ME(B(O.R) = {u: BOR) = C lulemonm = sup_ (af'lula)) <-+oo}
e s

pour des réels R > 0 et a > 0 donnés. Il suffit pour cela de borner le second membre de
la formule (50) indépendamment de z lorsque x est suffisamment petit.

Lorsque I'on connait I’explosion algébrique du noyau K, on peut donner un sens rigoureux
a I’équation de convolution (45), quitte a modifier certains de ces termes. Illustrons cette
affirmation sur l'exemple des dérivées du noyau Hy (Cf [27]). On note pour tout k €

{1,..., N}, Hg, le noyau dont la transformée de Fourier est égale a
= &3
Hy(§) = 0 - (57)
€12 + ¢t

Ce noyau est associé aux dérivées du noyau Hy par la formule
Hk = —iakHo.

Par un lemme analogue au lemme 4, le noyau Hy, vérifie une formule similaire a la formule
(51), de laquelle on déduit I’explosion algébrique a 'origine du noyau Hy, :

146
Vo € B(0,1), (22 + [z )N~ 2 |Hy(z)| < A. (58)

Cette explosion a l'origine n’est pas isotrope, ce qui provient de la non-isotropie dans la
direction x; de la formule (57). En outre, la formule (58) laisse présager que le noyau Hj,
n’est pas dans I'espace L'(B(0,1)), ce qui implique que 1’équation (45) associée & Hj, n’a
pas de sens par exemple pour certaines fonctions continues a support compact. Néanmoins,
par la formule (58), la fonction = +— x;Hy(z) appartient a L'(B(0,1)), ce qui conduit au
lemme suivant.

Lemme 5 ([27]). Soit une fonction f € CO(RYN) telle que

(i) € L®N) N MR, ) (BY),
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(i) Vf € L=(RM)Y,
et soit g = Hy * f. La fonction g est de classe C* sur RYN. De plus, sa dérivée partielle
Org s’écrit

Vo € RY, Opg(z) = z/
B(0,1)¢

([, mmr) )

Hy() f(x — y)dy + i /B oy T =) = Sy
’ (59)

L’analyse de I'explosion algébrique a l’origine d’un noyau K donne un sens a une équation
qui n’est pas valable en général. Il suffit de restreindre I’espace des fonctions f avec les-
quelles on convole le noyau K, en leur imposant un peu plus de régularité. Cette approche
intégrale émane de la théorie des distributions. Dans I’exemple précédent, le noyau Hy, est
égal en tant que distribution a

Hy, = Hglp)e + PV (Hilpo,)) — Z( Kﬂ(y)ykdy) do,

S§N-1

o PV (Hy1po,1)) désigne la valeur principale a l'origine de la fonction Hy,

Vo € C(B(0,1)), < PV (Hil o), & >= /B oy ) 60

L’analyse de ’explosion algébrique a l’origine d’un noyau K permet de mieux le décrire
en tant que distribution, puis de donner un sens a ’équation de convolution (45) (quitte
a restreindre ’espace des fonctions f considérées).

En conclusion, la formule (50) constitue un outil remarquable pour décrire les noyaux
de convolution dont la transformée de Fourier présente des singularités intégrables. Elle
donne leur décroissance algébrique optimale, fournit des équivalents simples a l'infini de
ces noyaux, ainsi que la description de leur explosion locale a l'origine. En fait, elle pro-
cure toutes les propriétés nécessaires au calcul de la décroissance a 'infini des solutions
d’équations de convolution par 'argument du lemme 2.

4.3 Détermination itérative de la décroissance a l’infini.

Il s’agit maintenant de calculer la décroissance algébrique optimale d’une fonction g qui
vérifie une équation de convolution surlinéaire de la forme (45)-(46). Ce calcul découle
d’une méthode affinée dans une série d’articles de J.L. Bona et Yi A. Li [8], A. de Bouard
et J.C. Saut [14] et M. Maris [40, 41]. Par un argument itératif, elle exploite le caractére
surlinéaire de la non-linéarité f pour prouver que la décroissance algébrique de la fonction
g est au moins égale a celle du noyau K (qui est connue grace aux arguments du paragraphe
précédent). Le lemme suivant illustre cette méthode pour un modele simplifié.

Lemme 6. Soit ax > 0. On considére une fonction continue g € L'(RN) et un noyau
continu K € LY(RN) N M (RY), solutions d’une équation de convolution surlinéaire de
la forme (45)-(46). On suppose de plus qu’il existe un réel o > 0 tel que

g € MP(RM). (60)

Alors, la fonction g appartient a MSS, (RM).
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Démonstration. Soit x € RN et 3 > 0. L’équation (45) entraine
ol lgta)l <lel” | 1@ =)l £)ldy
§A</ & =y’ |K (x — )| £ (y)|dy + / K (x — y)l!ylﬁ\f(y)\dy>,
RN RN

ce qui devient par I'inégalité (46),

2|7 |g(z)| < A(/RN |z — y|°| K (z — y)|lg(y)Pdy + /RN K (2 — y)llylﬁlg(y)lpdy>,

puis, par l'inégalité de Holder,

2 lg(a)] < A(||K||MEO<RN>||9||QP(RN) T rK||L1<RN)ng§4%Q(RN)).

P

En outre, la fonction g est continue et appartient & L'(RY). Par I’hypothese (60), elle
appartient donc a tous les espaces Lq(RN ) pour ¢ > 1. De méme, le noyau K est continu
sur RY et appartient & I'espace M (RY), donc, il est dans tous les espaces M EO(RN )
pour 0 < 8 < ag. Lorsque 0 < 8 < ag, il s’ensuit que

lolagge )y < A1+ 1 o) )-

P

Comme la fonction g appartient aux espaces M 5 (RM) pour 0 < 8 < a, on en déduit
qu’elle appartient aux espaces Mg® (R™) pour 0 < 3 < min{pa, ax}, puis en itérant, pour
0<p< min{an, ag}... En définitive, comme la suite (p"a),en tend vers +o00, la fonction
g appartient & tous les espaces Mgo(RN) pour 0 < 8 < agk. O

Remarque. Le lemme 6 n’utilise que l'inégalité de Holder L'-L°°, mais 1’'on peut bien
str utiliser inégalité plus générale LP-LF' .

Le lemme 6 expose une situation fort simplifiée, mais, il met en valeur les éléments décisifs
pour obtenir la décroissance algébrique d’une fonction solution d’une équation de convo-
lution surlinéaire :

- lintégrabilité et la décroissance algébrique du noyau K,

- I'intégrabilité de la non-linéarité f,

- un peu de décroissance algébrique pour la fonction g.

Quitte a utiliser des formules intégrales comme celles du lemme 5 dans les cas les plus singu-
liers, I’analyse menée dans le paragraphe précédent fournit I'intégrabilité et la décroissance
requises pour le noyau K.

L’intégrabilité de la non-linéarité f s’obtient par deux arguments distincts. D’une part,
des méthodes de bootstrap elliptique donnent plus de régularité pour la fonction g. Par
exemple, pour les ondes progressives pour I’équation de Gross-Pitaevskii, les solutions
faibles sont en fait des solutions classiques. Cette affirmation résulte du fait que leur
énergie est finie, ce qui permet d’amorcer un bootstrap elliptique. Cependant, cet argu-
ment, qui prouve que les ondes progressives sont dans les espaces LP(RY) pour p suffi-
samment grands, ne permet pas de savoir si elles sont dans les espaces LP(RN ) pour p
petit (ce qui est plus intéressant au voisinage de l'infini). Cette difficulté se résout par
des arguments classiques en analyse harmonique, qui tirent profit du caractere surlinéaire
de 1’équation de convolution (45)-(46). Puisque la fonction g est dans I’espace LI(R™)
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pour q assez grand, la non-linéarité f est dans I’espace L%(RN ). En outre, la transformée
de Fourier du noyau K constitue souvent un multiplicateur de Fourier dans les espaces
LY(RN). Par un théoréme de P.I. Lizorkin (Cf [35]), les noyaux Ko, Kj, L; et Hy sont
ainsi des multiplicateurs de Fourier dans tous les espaces L4(R™) pour 1 < ¢ < 4-o0. Aussi

la fonction g est-elle finalement dans I'espace L%(RN ). Ce raisonnement itéré autant que
nécessaire fournit l'intégrabilité L? de la fonction g pour ¢ petit. Par la formule (46), on
en déduit l'intégrabilité de la non-linéarité f.

Enfin, il faut déterminer un peu de décroissance algébrique pour la fonction ¢ pour ini-
tialiser 'argument itératif du lemme 6 : cette décroissance survient souvent sous forme
intégrale. En intégrant par parties I’équation aux dérivées partielles d’origine, on montre

qu’une intégrale de la forme
[ el
RN

est finie pour des exposants r» > 1 et a > 0 bien choisis. Cette décroissance intégrale est
tres faible, mais elle se substitue sans difficulté a I'assertion (60) grace aux inégalités de
Holder LP-L¥ . Par exemple, pour les ondes progressives ou solitaires dans les équations
de Gross-Pitaevskii, de Kadomtsev-Petviashvili, de Benney-Luke et de Benjamin-Ono (Cf
(14, 24, 27, 40, 41]), elle suffit & initier 'argument itératif du lemme 6 pour calculer la
décroissance algébrique de ces ondes.

Apres avoir déterminé 'intégrabilité et la décroissance algébrique de K, 'intégrabilité de f
et un peu de décroissance pour g, 'argument du lemme 6 fournit la décroissance optimale
de g. La principale conclusion que ’on peut tirer de cet argument est que, dans le cas
d’équations de convolution surlinéaires, la décroissance des solutions est au moins égale a
celle des noyaux. Ainsi, les décroissances des ondes progressives pour I’équation de Gross-
Pitaevskii, et des ondes solitaires pour les équations de Kadomtsev-Petviashvili, qui sont
données par les théoremes 6 et 8, sont identiques a celles des noyaux Ko, Kj, L; et Hy
correspondants (Cf [24, 26, 27]). En quelque sorte, les noyaux imposent leur décroissance
aux solutions.

4.4 Détermination de asymptote a ’infini.

Pour compléter la description asymptotique de la fonction g, on détermine un équivalent a
I'infini de g. Ceci permet en particulier de prouver le caractere optimal de la décroissance
algébrique obtenue au préalable. Les théoremes 7 et 8 fournissent ainsi des équivalents
simples a l'infini des ondes progressives subsoniques pour ’équation de Gross-Pitaevskii,
et des ondes solitaires pour les équations de Kadomtsev-Petviashvili.

Une nouvelle fois, le calcul de cet équivalent s’appuie sur 1’équation de convolution (45).
En effet, apres avoir déterminé au paragraphe précédent le taux m de la décroissance
algébrique de g, il s’agit désormais de calculer la limite a infini de la fonction z +—
|z|™g(x). Comme pour le noyau K, cette limite dépend souvent de la direction d’étude
ﬁ. On pose donc z = Ro ott R > 0 et 0 € S¥71, et on se rameéne au calcul de la limite,
lorsque R tend vers 400, des fonctions gg : 0 — R™g(Ro), égales a

Vo e SNt gr(o) = | R™K(Ro —y)f(y)dy. (61)
RN
On invoque alors le théoreme de convergence dominée. En effet, 'analyse menée au para-
graphe 4.2.2 fournit un équivalent a l'infini du noyau K de la forme
Koo (o)

v SV« RN K(Ro — ~

I
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ot Ko, est une fonction définie sur S¥~! (Cf par exemple la formule (56)). On en déduit
la convergence de 'intégrant du terme de droite de I’équation (61),

V(o,y) € SV XRY, RMK(Ro — y)f(y) | —  Koo0)f(y):
On domine alors cet intégrant grace a l'intégrabilité et a la décroissance algébrique du
noyau K et de la fonction g précisées dans les paragraphes 4.2.2 et 4.3. Il s’ensuit par
le théoreme de convergence dominée que les fonctions gr ont une limite ponctuelle go,
lorsque R tend vers 400,

Vo € 8V L gnl0) | = gna(0) = Kulo) [ | fl0)d (62
R—+o00 RN

Néanmoins, cette convergence ponctuelle n’est gueére satisfaisante : la notion classique de
limite & l'infini correspond plutot a la convergence uniforme de la famille de fonctions
(9r)R>0 vers la fonction goo. Il s’agit donc de montrer que la famille de fonctions (gr)r>0
converge vers la fonction g, dans L (SV~1) lorsque R tend vers +oo. Puisqu’on connait
la limite ponctuelle de la famille (gg)r>0, le théoreme d’Ascoli-Arzela fournit cette uni-
formité. Cependant, ce théoréme requiert de la compacité pour la famille (gr)r>0. On
I’obtient en montrant que la famille (VSN_IgR) R>0 est uniformément bornée sur S¥-1. 6
Cette affirmation provient également de I’équation (45). De fait, le gradient de la fonction
g vérifie au moins formellement I’équation de convolution

Vg=VK x f.

Quitte a utiliser des formules intégrales comme celles du lemme 6, on peut donner un sens
rigoureux a cette équation. Grace aux méthodes des paragraphes 4.2.2 et 4.3, on en déduit
le taux m’ de décroissance algébrique de Vg. Grace a l'inégalité

V(R,0) € Ry x SV [V gp(o)] < R™YVg(Ro)),
il s’ensuit que la famille (VSN_lgR) R>0 est uniformément bornée des que
m' >m+ 1.

Le théoreme d’Ascoli-Arzela prouve alors la convergence uniforme a l'infini de la famille
(9r) R>0-

Remarque. En général, le noyau VK impose le taux m’, qui vaut alors le plus souvent
m =m+ 1.

Par exemple, les ondes progressives pour I'équation de Gross-Pitaevskii vérifient cette
allégation (Cf le théoréme 7). Il arrive cependant que la non-linéarité f impose un taux m’
strictement inférieur a m + 1. Ce cas de figure se produit pour les ondes solitaires pour les
équations de Kadomtsev-Petviashvili (Cf le théoreme 8) : 'argument précédent ne fournit
plus 'uniformité de la convergence. Néanmoins, la convergence ponctuelle demeure valable.

Pour conclure ’analyse asymptotique de g, on peut chercher a expliciter la valeur de g.. La
formule (62) fournit parfois cette valeur : il suffit en effet de connaitre explicitement celle
de la fonction K, par des formules de la forme (56). Par exemple, ceci est possible pour

3 N—-1
6Si u est une fonction réguliere sur S¥~!, la notation V5 u désigne le gradient de u sur la sphere
sV
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tous les noyaux associés aux équations de Gross-Pitaevskii et de Kadomtsev-Petviashvili
(Cf [27]).

Néanmoins, une autre approche est envisageable. A l'origine, la fonction g vérifie une
équation aux dérivées partielles. Quitte a étudier le comportement asymptotique de cer-
taines dérivées partielles de g, on peut calculer la limite a I'infini de cette équation, ce
qui donne une équation aux dérivées partielles linéaire pour la fonction g, sur la sphere
SN=1 11 suffit alors d’intégrer cette équation pour obtenir une valeur explicite de guo.
Cette méthode fournit par exemple un équivalent des ondes progressives a symétrie axiale
autour de I’axe z1 pour I’équation de Gross-Pitaevskii (Cf [26]). Cependant, elle produit
parfois des solutions parasites, solutions de I’équation aux dérivées partielles vérifiée par la
fonction g, sans donner d’équivalents pour g. C’est la raison pour laquelle il est préférable
de calculer explicitement la valeur de la limite K (si possible).

5 Perspectives.

L’étude des ondes progressives pour I’équation de Gross-Pitaevskii et des ondes solitaires
pour les équations de Kadomtsev-Petviashvili ameéne de nombreuses questions toujours
sans réponses. Néanmoins, certaines de ces questions ne semblent pas totalement hors de
portée sur un plan mathématique.

Pour ce qui concerne les ondes progressives pour I’équation de Gross-Pitaevskii, se pose
d’abord le probleme de leur existence pour toute valeur de ¢ comprise entre 0 et /2.
Cette question semble fort délicate. Néanmoins, deux problemes semblables paraissent plus
accessibles. Le premier consiste a chercher des solutions avec vortex analogues a celles de
F. Béthuel et J.C. Saut [4, 5] et F. Béthuel, G. Orlandi et D. Smets [7] pour le probleme
avec obstacle étudié par A. Aftalion et X. Blanc [1] en dimension deux. Le second vise a
obtenir des ondes progressives v, d’énergie finie, pour I’équation de Gross-Pitaevskii, qui
vérifient la propriété
Jje{2,...,N},Pj(v) #0.

En effet, la description asymptotique des ondes progressives pour I’équation de Gross-
Pitaevskii semble indiquer ’existence de telles solutions, ce qui n’est confirmé par aucun
résultat numérique ou mathématique (Cf le théoreme 7).

L’existence (au moins locale) d’une branche d’ondes progressives pour I’équation de Gross-
Pitaevskii constitue un second développement intéressant. Cette existence parait envisa-
geable par des méthodes d’inversion locale pour des vitesses petites, ou pour des vitesses
proches de v/2. Dans ce cas, on peut concevoir une telle méthode & partir des ondes soli-
taires pour les équations de Kadomtsev-Petviashvili. Une application de ce développement
serait de retrouver l'allure générale des courbes énergie-moment scalaire obtenues par C.A.
Jones, S.J. Putterman et P.H. Roberts en dimensions deux et trois. En particulier, la
présence d’un point de rebroussement en dimension trois reste une question ouverte.

Dans le méme ordre d’idée, on peut espérer prouver rigoureusement le lien entre les ondes
progressives pour I’équation de Gross-Pitaevskii et les ondes solitaires pour les équations
de Kadomtsev-Petviashvili. Les articles de C.A. Jones, S.J. Putterman et P.H. Roberts
[29, 30] fournissent en effet un argument formel qui décrit la limite des ondes progressives
pour I’équation de Gross-Pitaevskii lorsque leur vitesse tend vers v/2.

Une derniére question concerne le role des ondes progressives dans la dynamique de
I’équation de Gross-Pitaevskii : est-il possible de vérifier la stabilité orbitale des ondes
obtenues pour des vitesses petites par F. Béthuel et J.C. Saut [4, 5], et F. Béthuel, G.
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Orlandi et D. Smets [7] ? Pour les ondes obtenues par minimisation sous contrainte par
F. Béthuel, G. Orlandi et D. Smets [7], la difficulté semble essentiellement technique (une
question de compacité de ’ensemble d’étude) et parait donc plus accessible.

Pour les ondes solitaires pour les équations de Kadomtsev-Petviashvili, se pose la question
de leur unicité (a translation pres), au moins dans le cas ou p est égal a 1. Une approche
possible repose sur leur développement asymptotique : il s’agirait de prouver qu’une onde
qui décroit plus vite que ce qui est attendu est nécessairement constante. Néanmoins, il
semble qu’il faille utiliser un développement au second ordre des ondes solitaires (afin
d’éliminer la difficulté posée par les translations).

Ceci constitue I'une des perspectives les plus prometteuses des techniques décrites dans
cette introduction. Apres avoir obtenu un développement asymptotique & tout ordre d’une
onde solitaire (ou au moins & un ordre suffisant), il s’agirait de montrer qu’il existe au
plus une solution associée a ce développement. Ce n’est évidemment pas possible pour
des fonctions quelconques. Mais, les ondes solitaires pour les équations de Kadomtsev-
Petviashvili sont analytiques lorsque p est entier, ce qui impose une rigidité tres forte.
Ainsi, est-il envisageable d’utiliser leur comportement asymptotique pour étudier leur
unicité.

Cette approche s’applique aussi aux ondes progressives pour les équations de Gross-
Pitaevskii. En particulier, elle pourrait fournir la non-existence des ondes progressives
non constantes, d’énergie finie et de vitesse v/2, en dimension supérieure ou égale & trois
(Cf [25]). Mais, elle pourrait également conduire & I'existence d’ondes progressives sub-
soniques : si 'on connait le développement asymptotique a tout ordre d’une onde, et le
caractere analytique de cette onde, il suffit d’envisager un prolongement analytique pour
obtenir une solution globale. En conclusion, la description asymptotique de ces ondes
pourrait permettre de déterminer leur unicité ou leur existence grace a leur analyticité.

6 Plan de la these.

Ce mémoire de these comporte six chapitres. Le premier est formé par un article paru
dans la revue Communications in Mathematical Physics sous le titre ” A non-existence
result for supersonic travelling waves in the Gross-Pitaevskii equation”. Il porte sur la
preuve du théoreme 2 qui énonce la non-existence des ondes progressives supersoniques,
non constantes, d’énergie finie, pour I’équation de Gross-Pitaevskii.

Le second chapitre est constitué par un article accepté par la revue Differential and Integral
Equations sous le titre ”Limit at infinity and non-existence results for sonic travelling
waves in the Gross-Pitaevskii equation”. I décrit les ondes progressives d’énergie finie
et de vitesse ¢ = /2 pour ’équation de Gross-Pitaevskii. En particulier, il donne les
preuves du théoreme 3 sur leur non-existence en dimension deux, et du théoréeme 5 sur
leur comportement asymptotique en dimension supérieure ou égale a trois. De plus, la
preuve du théoreme 1 sur le cas de la dimension un est mentionnée en annexe de cet
article.

Le troisieme chapitre consiste en une note parue aux Comptes Rendus Mathématiques sous
le titre ” Limit at infinity for travelling waves in the Gross-Pitaevskii equation”. Cette note
fournit la preuve du théoreme 4 qui affirme ’existence d’une limite a I’infini pour les ondes
progressives subsoniques pour ’équation de Gross-Pitaevskii.

Le quatrieme chapitre présente un article accepté par la revue Annales de I'Institut Henri
Poincaré (Analyse Non Linéaire) sous le titre ”Decay for travelling waves in the Gross-
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Pitaevskii equation”. Il décrit la décroissance des ondes progressives subsoniques pour
I’équation de Gross-Pitaevskii formulée par le théoreme 6.

Quant au cinquieme chapitre, il se compose d’un article soumis sous le titre ” Asymptotics
for the travelling waves in the Gross-Pitaevskii equation”. Cet article porte sur ’étude du
comportement asymptotique des ondes progressives subsoniques pour I’équation de Gross-
Pitaevskii. Il contient la preuve du théoreme 7 en dimension deux, et dans le cas des ondes
a symétrie axiale autour de ’axe x.

Enfin, le dernier chapitre présente un projet d’article intitulé ” Asymptotics for solitary
waves in the generalised Kadomtsev-Petviashvili equations”, qui apporte la preuve du
théoreme 8 sur le comportement asymptotique des ondes solitaires pour les équations de
Kadomtsev-Petviashvili. De plus, la preuve du théoréme 7 amorcée dans le cinquieme
chapitre est achevée en annexe de ce chapitre.
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Chapitre 1

A non-existence result for
supersonic travelling waves in the
Gross-Pitaevskii equation.

Published in Communications in Mathematical Physics,
Volume 243, Number 1, November 2003, 93-103.

Abstract.
We prove the non-existence of non-constant travelling waves of finite energy
and of speed ¢ > /2 in the Gross-Pitaevskii equation in dimension N > 2.

Introduction.

In this paper, we will focus on the Gross-Pitaevskii equation
i = Au + u(l — |ul?). (1)

One of the motivations for this equation is the analysis of Bose-Einstein condensation,
which describes the behaviour of interacting bosons near absolute zero. When conden-
sation occurs, equation (1) can be used as a model for the Bose condensate (see [12] for
more details). In particular, this model is relevant to describe Bose-condensed gases. The
model is also sometimes proposed to describe the superfluid state of Helium II, though
in this case the interactions between particles are important and cannot be neglected at
temperature different from zero.

In order to describe this condensation, E.P. Gross [28] and L.P. Pitaevskii [45] considered
a set of N bosons of mass m that fill a volume V: they then assumed almost all bosons are
Bose-condensed in the fundamental state of energy. Therefore, they can be described by a
macroscopic wave function W. They then deduced the Gross-Pitaevskii equation satisfied
by the function ¥ from a Hartree-Fock approach:

ﬁ2
ihop + — AV — \If/ W(z',1)|?U(z — z')dz’ = 0.
2m v
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Here, U(z — 2’) denotes the interaction between the bosons at positions z and z’: this
interaction being of very short range, it is often approached by Uy 6(x—2'). Thus, denoting
Ey, the average energy level per unit mass of a boson, and,

—imEyt

u(t,x) =e & U(t,x),

they computed the equation

ﬁ2
ihdyu + 2—Au + mEyu — Ugulu|? = 0.
m

They finally rescaled the equation by taking the mean density py = ”%fb as unity,
h__ as unit length, and LE as unit time, in order to obtain the dimensionless equation
2m2Eb misy

i0pu + Au + u(l — |u?) = 0.

At this point, we can write the hydrodynamic form of this equation by using the Madelung
transform [37],

w = \/ﬁeif)’
which is only meaningful where p does not vanish. Denoting v = 2V#6, we deduce the
equations

{ Op + div(pv) =0,

2
PO +v.Vv) + Vp? = pV (82 — 2F).

Those equations are similar to Euler’s equations for an irrotational ideal fluid with pressure

p(p) = p?: the term of the right member is then considered as a quantic pressure term.
Here, we can remark that the sound speed is ¢, = /2.

In this article, we will consider equation (1) in the space RY for every integer N > 2: we
can notice that this equation is associated to the energy

E(u):;/RN|vu|2+jl/RN(1—|uy2)2:/RNe(u).

We will study the travelling waves of finite energy and of speed ¢ > 0 for this equation,
i.e. the solutions u which are of the form

u(t,x) =v(xy —ct,...,xN).
The simplified equation for v, which we will consider now, is
icO1v + Av +v(1 — |v|*) = 0. (2)

C.A. Jones, S.J. Putterman and P.H. Roberts [29] [30] first considered formally and nu-
merically those particular solutions because they suppose they play an important role in
the long time dynamics of general solutions. They conjectured that non-constant travel-
ling waves only exist when their speed ¢ is in the interval ]0, v/2[, i.e. they all are subsonic.
They then noticed the apparition of vortices for those solutions when ¢ tends to 0 in dimen-
sion two (two parallel oppositely directed vortices) and in dimension three (a vortex ring).
They also gave for each value of ¢ their asymptotic development at infinity in dimension
two )

Lo %]

el =o0 2 + (1= §)af

v(z) —1
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and in dimension three

1T
’U(ZE) -1 ~ 2 > 5 5 3
lwl—=Foo (z7 + (1 — §)(x5 + 23))2

where the constant « is the stretched dipole coefficient.

F. Béthuel and J.C. Saut [4, 5] first studied mathematically those travelling waves. They
proved their existence in dimension two when c is small and the apparition of vortices in
this case. They also gave a mathematical proof for their limit at infinity.

In dimension N > 3, F. Béthuel, G. Orlandi and D. Smets [7] showed their existence when
c is small and the apparition of a vortex ring.

In every dimension, A. Farina [18] proved a universal bound for their modulus.

Finally, we proved their uniform convergence to a constant of modulus one in dimension
N > 3 [22], and also studied their decay at infinity in dimension N > 2 [24].

In this paper, we will complete all those results by the following theorem.

Theorem 1. In dimension N > 2, a solution of equation (2) of finite energy and speed
c > /2 1is constant.

This paper will be organised around the proof of Theorem 1. In the first step, we will
write the equation satisfied by

n:=1-|v%
Then, we will derive a new integral identity when ¢ > v/2: this is the crucial step of the
proof of Theorem 1. Finally, we will write the Pohozaev identities in order to prove that
the energy F(v) vanishes and that the travelling wave v is constant.

1 Equation satisfied by 7.

In this part, we will write the equation satisfied by the variable n for every ¢ > 0. In
particular, the results in this section (i.e. Propositions 1, 2 and 3) are valid for every
¢ > 0. We first recall two useful propositions yet mentioned in [22, 24] and based on
arguments taken from F. Béthuel and J.C. Saut [4, 5].

Proposition 1. For every ¢ > 0, if v is a solution of equation (2) in L}OC(RN) of finite
energy, then, v is smooth, bounded and its gradient belongs to all the spaces W*P(RN) for
keN andp € [2,+00].

Thus, a travelling wave is a smooth function and a classical solution of equation (2), which
will simplify the following discussion.

Proposition 2. The modulus p of v satisfies

(:B) — 1.
|z]—+o00

Proof. Indeed, the function 72 is uniformly continuous because v is bounded and lips-
chitzian by Proposition 1. As [px n? is finite, n converges uniformly to 0 at infinity, which
completes the proof of this proposition. O

43



Thus, the function p does not vanish at infinity, and we can define a smooth function 6
on a neighbourhood of infinity such that v can be written

v = pe.

Denoting 1, a smooth function from R¥ to [0, 1] such that ) = 0 on a neighbourhood
of Z = {x € RY,p(z) = 0}, and ¥ = 1 on a neighbourhood of infinity, and denoting
v = v1 + iv9, we can write the equation satisfied by the function 7.

Proposition 3. For every ¢ > 0, the function n satisfies the equation
A%n—2An + 028%717] = —AF + 2¢0,div(G), (3)

where
F =2|Vo|* + 202 + 2¢(v101v2 — v20101) — 2¢01 (¥0)
and
G = vIva — Ugvvl — V(l/)@)
Proof. By equation (2), we have

Avy — cO1vg + 1)1(1 — |v\2) =0, (4)
Avy + cdyv1 + va(1 — |v]?) = 0.

We then compute
A —2An + c%)im = —2A|Vo|? — 2A(v.Av) — 247 + 0285177,
and by equations (4) and (5), we have on one hand,
v.Av = v1Av; + v2Avg = ¢(v101v2 — V201V1) — |v|217,
and, on the other hand,
cO1n = —2c(v101v1 + v201v2) = 2(Avev; — Avyvy) = 2div(Vuvavr — Vorvg).
Therefore, we finally get

A?n — 2An + 623%’177 = —2A|Vv|2 - 2A772 — 2¢A(v101v9 — v201v1)
+ 2¢01div(v; Vg — v2 V)
= —A(Q\VU!Q + 20 + 2¢(v101v9 — v201v1) — 2¢01(10))
+ 2¢01div(v1 Ve — 12V — V(10))
= —AF + 2c0,div(G),

which is the desired equality. O

2 A new integral relation.

We have

Proposition 4. If ¢ > /2, the travelling wave v satisfies the integral equation

/RN(|VU|2 +1?) = c<c22 - 1> /RN(vl@lvg — vpdyvy — 01 (10)). (6)
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Remark. This is the only point where we use the assumption ¢ > v/2.

For the proof, we use

Lemma 1. F and G belong to the space W1 (RN).

Proof. Indeed, G is smooth and satisfies at infinity
G = (p* —1)V6.
By Proposition 1, the functions 7 and Vv belong to H2(RY) N W2>(RN). Since
Vof? = [Vpf* + p?| V6%,

and since p uniformly converges to 1 at infinity by Proposition 2, the function V6 belongs
to H?2 N W2 on a neighbourhood of infinity. Thus, the function G belongs to the space
W2HRY). Since

F =2(]Vv|]* + n?) + 2¢Gy,

the function F' also belongs to this space, which completes the proof of Lemma 1. ]

Proof of Proposition 4. By Proposition 1, the function 7 belongs to H*(RV), so, by taking
the Fourier transformation of equation (3), we can write for almost every & € RV,

N
(I€1* + 20¢? — 2ed)iie) = [E2F(€) — 2¢ S €16;G5(€) == H(€). (7)
j=1

Consider the set

[ ={¢ RV, [¢]" +2¢* — Z¢f = 0}.
This set is reduced to {0} when ¢ < V2, but, when ¢ > /2, it is a smooth hypersurface of
codimension 1 except at {0}: in dimension 2, it has the geometry of a bretzel, and in higher
dimensions, it has the geometry of two spheres linked at some point. Indeed, I is a surface
of revolution around axis x1: in spherical coordinates & = (r cos(«), 7 sin(a) cos(f), . ..), it

is described by the equation

r? = ¢ cos?(a) — 2.

In particular, we notice that there are two sequences (x,)neny and (yp)nen of points of
I'\ {0} which tend to 0 when n tends to +oo and which satisfy

2 2 2 2
o W’F’O"“ Cand Y f’_F’O"“ ®
x Nn— 100 C C n—-—+00 C C
|7 + 2 |Yn| + 2

Coming back to the study of equation (7), we claim that

Lemma 2. The function H defined by equation (7) is continuous on RY and satisfies

H=0onT.

Proof of Lemma 2. The first assertion follows from Lemma 1. Indeed, since the functions
F and G belong to the space W2!(RY), the functions & \{]213(5) and £ — flgjé;({)
are continuous on RY, and therefore, the function H is continuous on R too.

In order to prove the second assertion, we argue by contradiction and assume there is some

point & € I'\ {0, (V¢? —2,0,...,0)} such that
H (&) # 0.
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Since the function H is continuous on RY, there is some neighbourhood V of the point &y
and some positive real number A such that

vEeV[H(E)] = A
Hence, by equation (7), we have for almost every £ € V' \ T,
A2
(g1t +21€2 — 2€7)*

Integrating this relation and using spherical coordinates, we get

A ¢
24¢ > A2
/V\r (e)fde = /V\r (e[t + 20 — )2
sN=2dsd¢,

> AN/
rnrxr, (824 €3)2 + 252 + (2 — 2)£2)?
rN=1sinV 2 (a)drda
> An 10,2 2 cos2 ()2
VAPARy x[0,7] TH(r% + 2 — 2 cos?(a))?.

() =

Thus, denoting
&o = (ro cos(ap), ro sin(ag) cos(Bo), - - -),

there is some real number ¢ > 0 such that

ro+e ag+te s N_2(Od)dT'dOé
dé > A = AnT .
/‘/ r |77 | é. N/ /Oé 7'2 + 9 _ CQ COSQ(a)>2 N (O{O,TO,E)

Since & € T\ {0, (V% —2,0,...,0)}, ro is different from 0 and g is different from 0 and
so, we can compute for € sufﬁmently small,

ro+e ap+te drda
I(ag,rg,e) > A(ag, 10, € .
(a0, 70, 8) = Alao, 1o )/TOE /aoE (12 +2 — 2 cos?())?

27

By doing the change of variable r = \/c? cos?(3) — 2, we know that there is some real
number § > 0 such that

ag+0 /a0+5 dﬂda

o (c?cos?(B) — % cos?(a))?’

I(ag,r0,8) > A(Oéoﬂ“oﬁ)/

)
and finally, by denoting a = a — a9 and b = 8 — a, we get
dadb
I > A
(0, 70,€) > (050>T0a5>c)/_6/_5 (COSQ(b—i-CtQ) —COSQ(a—i-Oé()))Q

> A )/ / dadb
C
= «@p,To, ¢, COS 2[) + 2@0) — COS(2CL + 2040))2

// dadb
> A(ag, 10, €, C
(sin(b

Since the function (a,b) — ——A—5 is not integrable at the origin in R?, the integral
(sin(b—a))

I(ap, 79, €) is not finite and we can conclude that

/ 7€) 2de = +oc.
VAl
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Since the energy of the function v is finite, so is the integral fRN n?, and by Plancherel
theorem, we deduce

/ 17(6)2de < +ov,
RN

which leads to a contradiction and proves that H is identically equal to 0 on the set I\
{0, (v/¢? —2,0,...,0)}. The second assertion of Lemma 2 then follows from the continuity
of the function H. O

End of the proof of Proposition 4. By Lemma 2, we now know that
Vn e N, H(x,) =0,
which gives by dividing by |z, |?,

s~

N
Vn €N, F(z,) = QCZ ()1 (Zn); Gj(zn).

|Zn|  |zn] !

j=1

By continuity of the functions F and é;, we can take the limit as x,, — 0 of this expression
and obtain by assertion (8)

F(0) = %@(0) +2v24/1 - %@(0).

Likewise, we know that
VneN, H(y,) =0,

which gives by the same method,

F(0) = —=G1(0) — 2v24/1 — 2G2(0)
Finally, we have
F(0) = 26 (0)
so that,
/]RN F(z)dz = % x Gi(x)dx.
The conclusion then follows from the expression of the functions F' and G. O

3 Pohozaev identities.

We now prove for sake of completeness two well-known identities based on the use of
Pohozaev multipliers (see [4] [7] [29] [30] for more details). Those estimates do not use the
fact that ¢ > /2.

Proposition 5. Let ¢ > 0. A finite energy solution v to equation (2) satisfies the two
identities

Bo) = [ 1ol (9

V2 <ji< N,E(U) = / ‘(%"UP + c/ (1)2811)1 — v101v9 + 81(¢0)) (10)
RN 2 ]RN
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Proof. We first fix some real number R > 0 and we multiply equation (2) by Pohozaev
multiplier x10;v on the ball B(0, R) to obtain

/ (Av.z101v 4 2101v.0(1 — |v]?)) = 0. (11)
B(0,R)

Integrating by parts, we compute

‘VU‘Q 2
Av.z1O1v = —_— |O1v|” + 2101v.0,v
B(0,R) B(0,R) 2 B(0,R) S(0,R)

and

_ 2\2 . 212
[ womenpp= [ OTWPE G RR
B(0,R) B(0,R) 4 S(0,R) 4

By equation (11), we then get

/ e(v) :/ |8lv|2 —/ 1:1810.8,,1)—1—/ vizie(v). (12)
B(0,R) B(0,R) S(0,R) S(0,R)

On one hand, by Proposition 1, we know that

/ e(v)—/ o2 — E(v)—/ 102,
B(0,R) B(0,R) R—+o00 RN

On the other hand, we have

/ (mlalv.&,v — lele(v))‘ < AR/ e(v).
S(0,R) S(0,R)

Since the integral fR+ (/. S(0,R) e(v))dR is finite, there are some positive real numbers R,
such that R, — +oo and

n—-+o00

Vn € N, Rn/ e(v) < )
S(0,Rn) (@) In(R,)

which gives

/ (r101v.0,v — 1z1e(v)) — 0,
S(0,Rn)

n—-+o00

and finally, by equation (12),
E(v) = / 01v]2.
RN

In order to prove the second identity, we multiply equation (2) by Pohozaev multiplier
xj0jv on the ball B(0, R) to find

/ (Av.z;0;v0 + icov.a;0jv + z;0;v.0(1 — [v]*)) = 0. (13)
B(O,R)

Integrating by parts, we compute

|VU|2 2
Av.z;0jv = - |0;0]" + xj0jv.0,v
B(O,R) B(O,R) 2 B(O,R) S(0,R)

[Vol?
- V]x] 2 )
5(0,R)
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and - .
1-— 1—
[ wopa—py= [ CEREE o (R
B(0,R) B(0,R) 4 S(0,R) 4
If R is sufficiently large such that v = 1 on S(0, R), we also compute

1
/ i&u%@v=2</ 250> — )00 — 119;0)
B(0,R) S(0,R)

- / (v201v1 — v101v2 + Oy (@09))),
B(O,R)

which leads to

/ e(v) = / |0;0]% + ;/ (v201v1 — v101v2 + O (Y0))
B(0,R) B(O,R) B(O,R)

(14)
+ / <.CEjI/j6(7)) — 2;0,0.0,0 — x;(p* — 1)(v;010 — V18j6)>.
S(0,R)

On one hand, by Proposition 1, we know that

c

/ e(v) — / 0;0]? — 2/ (020101 — v101v2 + O1(Y0))
B(0O,R) B(O,R) B(0,R)

C
— E(U) — / ‘6j’l)|2 — / (’1}2611]1 — v101v9 + 81(¢9))
R—+o0c0 RN 2 RN

On the other hand, we have

/ (zjvje(v) — 2;0;0.0,0 — x;(p* — 1) (v;010 — 1/18]-0))‘ < AR/ e(v).
S(0,R) S(0,R)

By using the sequence of positive real numbers R,, constructed to prove equality (9), we
get

/ (zjvje(v) — 2;0,0.0,v — x;(p* — 1)(v;000 — 110;0)) — 0,
5(0,Rn)

n—-—+o00
and finally, by equation (14),

Cc

E(v) = / 00> + / (020101 — v101v2 + O1(¥0)).
]RN 2 RN

4 Conclusion.

We now complete the proof of Theorem 1. By Proposition 5, we have

Eww=/ D102,
RN

which gives by denoting Vv = (dqv,...,0nv),

1 1 1 E()
1 Vool 4 = 2_/ o2 = =)
2/RN| “}’+4/RN" 3 Jo 10101 2
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and

/ n* = 2E(v) —2/ IV Lo (15)
RN RN
We then compute
[ Vol o) =3B(0) — [ V.ol (16)
RN RN
and, by Proposition 5,
2
e [ (@i~ vadroy —0n(08) = 7 [ (V10 - 2E(0), (1)
RN - RN

Proposition 4 gives

/RN(|v7)|2 + 772) = C<622 — 1) /RN(vlé)lvg — 02811)1 — 81(1/)9)),
which leads by equations (16) and (17) to
(* +4)(N —1)E(v) = (N = 3)c* + 4)/ IV L v]? (18)
RN

If N =2, we get
@+ 0EE) == [ 91,
RN

which gives by equation (15),

2+4
o / 0 = —202/ Viv*=0.
2 RN RN

Finally, we have involving equation (15) once more

E(v) =0.

If N > 3, since by equation (15),

[ Vil < B,
RN
equation (18) gives

(2¢ +4N —8)E(v) <0,
and finally, E(v) is also equal to 0 in this case.

In conclusion, since E(v) = 0, the function Vv vanishes on RY and v is a constant (of
modulus one since 7 also vanishes on RY).

Acknowledgements. The author is grateful to F. Béthuel, G. Orlandi, J.C. Saut and D.
Smets for interesting and helpful discussions.
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Chapitre 11

Limit at infinity and non-existence
results for sonic travelling waves
in the Gross-Pitaevskii equation.

Accepted in Differential and Integral Equations.

Abstract.
We study the limit at infinity of sonic travelling waves of finite energy in the
Gross-Pitaevskii equation in dimension N > 2 and prove the non-existence

of non-constant sonic travelling waves of finite energy in dimension two.

Introduction.

In this article, we focus on the travelling waves of speed ¢ > 0 in the Gross-Pitaevskii

equation
i = Au + u(l — |ul?), (1)

which are of the form
u(t,z) =v(xy —cty...,xN).

The equation for v, which we will study now, is
icopw + Av + (1 — |[v]?) = 0. (2)

The Gross-Pitaevskii equation is a physical model for Bose-Einstein condensation. It is
formally associated to the energy
1 1
B =y [ Vel [ -l = [ e, 3)
RN RN RN

and to the momentum



Equation (1) presents an hydrodynamic form. Indeed, if we make use of Madelung trans-
form [37]

v = \/peie

(which is only meaningful where p does not vanish), and if we denote
v =2V0,

we compute

{ dyp + div(pv) =0,

5
PO +v.Vv) + Vp? = pv (22 — [Fef) (5)

Equations (5) look like Euler equations for an irrotational ideal fluid with pressure p(p) =
p? (see [6, 7] for more details). In particular, the sound speed of this fluid near the constant
solution u =1 is

cs = V2.

The non-constant travelling waves of finite energy play a great role in the long time
dynamics of general solutions. This motivates their study by C.A. Jones, S.J. Putterman
and P.H. Roberts [29, 30]. In particular, they conjectured that they can only exist when

0<c<V2,

i.e. they are subsonic. F. Béthuel and J.C. Saut [4] first studied mathematically this
conjecture. In dimension N > 2, they proved that all the travelling waves of finite energy
and of speed ¢ = 0 are constant. On the other hand, we proved in [23] the non-existence
of non-constant travelling waves of finite energy and of speed ¢ > v/2 in dimension N >
2. Thus, the non-existence conjecture of C.A. Jones, S.J. Putterman and P.H. Roberts
remains an open problem only in the case ¢ = /2. That is the reason why we focus here
on the sonic travelling waves of finite energy, i.e. we assume

c=V2.

In particular, we will prove their conjecture in dimension two.

Theorem 1. In dimension two, a travelling wave for the Gross-Pitaevskii equation of
finite energy and speed ¢ = \/2 is constant.

Remarks. 1. Theorem 1 holds also in dimension one, but its proof is fairly elementary.
Indeed, equation (2) is entirely integrable in dimension one. If ¢ > \/5, the solutions v
of equation (2) are constant functions of modulus one. Instead, if 0 < ¢ < V2, up to a
multiplication by a constant of modulus one and a translation, the solutions v of equation
(2) are equal either to the constant function 1 or to the function

2 — 2 eV2—cr 4 2 c
vir)= |1 — — —exp| ¢ arctan — ¢ arctan| —— .
o 2Ch2<\/272 > p( ( V2 —¢c? ) (\/2—02>>

—c
3 T

We refer to the appendix for more details (see also the article of M. Maris [39]).

2. In dimension two, F. Béthuel and J.C. Saut [4, 5] showed the existence of travelling
waves of finite energy when ¢ is small and for a sequence of values of ¢ tending to v/2.
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In dimension N > 3, Theorem 1 is still open. We believe that a positive answer to the
non-existence of non-constant sonic travelling waves of finite energy would be an important
step towards another fundamental conjecture: the non-existence of non-constant travelling
waves of small energy !. Indeed, if the speed ¢ = v/2 is excluded, we may use the rescaling
given by the parameter ¢ = v/2 — ¢2 to prove that the travelling waves for the Gross-
Pitaevskii equation converge towards the solitary waves for the Kadomtsev-Petviashvili
equation when € tends to 0 (see the articles of A. de Bouard and J.C. Saut [13, 14] for more
details on the solitary waves for the Kadomtsev-Petviashvili equation). In particular, in
dimension N > 3, the energy of a non-constant travelling wave for the Gross-Pitaevskii
equation would tend to +oco when € tends to 0, which would presumably prevent the
existence of non-constant travelling waves of small energy.

In order to prove the non-existence of non-constant sonic travelling waves of finite energy
in dimension N > 3, one fruitful argument seems to study their behaviour at infinity (see
the conclusion for more details). In particular, we can already state their convergence at
infinity towards a constant of modulus one.

Theorem 2. Let N > 3 and v a travelling wave for the Gross-Pitaevskii equation of finite
energy and speed ¢ = /2. There exists a constant oo of modulus one such that
v(x) — Ao
|| =00
Remarks. 1. In dimension two, F. Béthuel and J.C. Saut [4] gave a mathematical evidence

of the limit at infinity of subsonic travelling waves of finite energy. We complemented their
work in dimension N > 3 [22].

2. C.A. Jones, S.J. Putterman and P.H. Roberts [29, 30] derived a formal asymptotic ex-
pansion of subsonic travelling waves which are axisymmetric around axis 1. In dimension

two, they computed
1o

vir)—1 ~ , 6
while in dimension three, they obtained
v(ix)—1 ~ it . (7)

el =t (22 4+ (1 — £)(a2 + 23))2

Here, the constant « is the stretched dipole coefficient linked to the energy E(v) and to
the scalar momentum p(v) = P;(v) by the formulae

c? 2
2ray /1 — 5 = cE(v) +2 <1 - 4) p(v) (8)
in dimension two and c
dra = §E’(v) + 2p(v) 9)

in dimension three. In [24, 26], we derived rigorously conjectures (6), (7), (8) and (9).
However, the study of the asymptotic behaviour of sonic travelling waves is much more
involved than in the subsonic case. Indeed, in the subsonic case, it relies on a lemma
(Lemma 10 of [24]) which is not valid anymore for ¢ = v/2.

3. In dimension N > 3, F. Béthuel, G. Orlandi and D. Smets [7] showed the existence of
travelling waves of finite energy when c is small. A. Farina [18] proved a universal bound
for their modulus.

'In particular, if this is true, a scattering theory for small energy solutions to equation (1) is possible,
although presumably difficult.
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Our paper is organised around the proofs of Theorems 1 and 2. In the first part, we recall
some preliminary results yet mentioned in [22, 23, 24]. In particular, we derived some
convolution equations from equation (2). They are the basic ingredient of the proofs.
The second part is devoted to the proof of Theorem 1. It relies on the same argument as
in [23]: the singularity at the origin of the Fourier transforms of the kernels which appear
in the convolution equations of the first part.

Finally, the last part deals with the proof of Theorem 2. It follows from the use of the
convolution kernels as Fourier multipliers and from Proposition 2 of [22].

1 Some convolution equations.

In this part, we write some convolution equations which are the key ingredient of all the
proofs of this article. In order to state them, we first recall two useful propositions yet
mentioned in [22, 23, 24] and based on arguments taken from F. Béthuel and J.C. Saut
[4, 5].

Proposition 1 ([24]). Let ¢ > 0 and N > 2. Consider a solution v of equation (2) in
LI (RN) of finite energy. Then, v is of class C* and bounded on RYN. Moreover, its

loc

gradient Vv and the function 1 := 1 — p? belong to all the spaces WFP(RN) for k € N and
p € [2,400].

Remark. By Proposition 1, any weak solution of finite energy of (2) is a classical solution.

We deduce from Proposition 1 a first lemma which gives the convergence of the modulus
of a travelling wave at infinity.

Lemma 1 ([22, 23, 24]). Let ¢ > 0 and N > 2. Consider a solution v of equation (2)
in Lt (RN) of finite energy. The modulus p of v uniformly converges to 1 at infinity.

loc

In particular, there is some real number Ry such that
1 C
p> 5 on B(0, Ry)°.

Thus, using a standard degree argument in dimension two, we can construct a lifting 6 of
v on B(0, Ry)¢, that is a function in C*°(B(0, Rp)¢,R) such that

v = pe.

We next compute new equations for the new functions 1 and 6. However, since 6 is not
well-defined on RY, we must introduce a cut-off function 1 € C*°(R¥ [0, 1]) such that

¥ =0 on B(0,2Ry),
1 =1 on B(0,3Rg)°.

All the results in the following will be independent of the choice of Ry and 1. Finally, we
deduce

Proposition 2 ([24]). Let ¢ > 0 and N > 2. Consider a solution v of equation (2) in
L}OC(RN) of finite energy. Then, the functions n and V60 satisfy

An —2An+ ¢*07 1n = —AF — 2c01div(G) (10)
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and

A@Wo) = S0 + div(G), (11)
where
F =2|Vu|* + 212 — 2¢idyv.v — 2¢01 (¥0) (12)
and
G = iVv.w+ V(¥0). (13)

Remark. The functions F' and G are related to the density of energy and of momentum.
In order to clarify this claim, we must remove a difficulty in the definition of P(v). Indeed,
the integral which appears in definition (4) is not always convergent for a travelling wave
of finite energy. In order to give a rigorous definition of the momentum 13(11), we state

= 1

) = /RN(NU.U + V(). (14)

This new definition is rather suitable (see for instance [23, 24, 26]). In particular, it is now
straightforward to link the functions F' and G to the density of energy and of momentum.

Finally, equations (10) and (11) lead to the desired convolution equations

N
n=KoxF+2V2) K;*G; (15)
j=1
and for every j € {1,..., N},
1 N N
0;(Y0) = —=K;* F+2Y LixxGp+ Y _ Rjj*Gy (16)

\/i k=1 k=1

where Ky, Kj, L;j and R;}, are the kernels of Fourier transform

Roe) = 5L (1)
‘ €%+ 2[€ L[

= §1&5

KO = s aje (1)
T ey AT

Liw®) = e 2 ey (19)
Roae) = 85 (20)

e

Remarks. 1. Here, we denoted £ the variable given by

VgGRN>€L = (52)'“75]\[)'

In particular, the value of |£, |? is
N
2 _ 2
E? =Y "¢.
j=2

2. We only wrote equations (15) and (16) in the sonic case ¢ = v/2. However, we can
compute similar equations for other values of c.

Now, thanks to equations (15) and (16), we turn to the proofs of Theorems 1 and 2.
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2 Non-existence of non-constant travelling waves of finite
energy in dimension two.

The proof of Theorem 1 relies on the form of the Fourier transforms of the kernels Ky
and K. They are singular at the origin, in particular in direction ;. In dimension two,
we deduce from this singularity a new integral relation (formula (21) just below), which
provides the non-existence of non-constant sonic travelling waves of finite energy.

Proposition 3. Let N = 2. Any sonic travelling wave v of finite energy satisfies the
integral equation

/ﬂ@qw2 +7?) = 0. (21)

Remark. Actually, we recover formula (6) of [23]

90 ) =2c(1- 5 )oto)

in the specific case ¢ = v/2 and N = 2. As in the present paper, it was the key ingredient
of the non-existence of non-constant supersonic travelling waves of finite energy.

Theorem 1 is a direct consequence of Proposition 3.

Proof of Theorem 1. By equation (21), the gradient of v vanishes on R2. Therefore, v
is constant on R2. Moreover, it is a constant of modulus one since the function 7 also
vanishes on R? by equation (21). O

Now, it remains to prove Proposition 3. In order to explain the difficulty which appears in
dimension N > 3, we keep in our analysis the dimension N > 2 arbitrary and only specify
the case of dimension two at the very end.

Proof of Proposition 3. By Proposition 1, the functions n, F' and G respectively belong to
H4YRN), W2LRY) and W21 (RY). Therefore, we can write for almost every ¢ € RY by
taking the Fourier transform of equation (15),

N € 5 4y =

O = g © 222 g .
The strategy of the proof now relies on the finiteness of the energy. Indeed, since the
energy is finite, the function 7 belongs to L?(R"). By Plancherel’s theorem, the function
7 is also in L2(R™). On the other hand, equation (22) gives an expression of the function
n. We are going to integrate its square modulus on a suitable subset of RY and prove
that this integral cannot be finite unless equality (21) holds. The choice of the set of
integration is motivated by the singularity at the origin of the Fourier transforms of the
kernels Ky and K. Indeed, by formulae (17) and (18), they are both more singular in
case &| vanishes. That is the reason why we are going to integrate the function || on
the set

Q={¢eRY,0<& < 1,6, | <&}

Indeed, it follows from equation (22) that

1 2P (&, W2AE2G (61, G, e
/!77(5)|2d€=/ / IEPF (&1, 60) + 2V2(3G1(&1,€0) + §161.G 1 (&1,€L))] de  dé,.
Q 0 J|gL|<e?

(1614 + 211 1%)?
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Consider then the function H defined by

A A~ ~ 2
V&1 €0, 1],H(§1):/ [(Jyl? + €D F(&1,9) + 2v2(2G1(61,y) + £19.G L (&1, )| "

lyl<e? ((ly[* + €)% + 2[y[*)?
so that .

[ f©pde = [ s (23)
We claim that
Claim 1. If F(0) + 2v/2G1(0) # 0, then
1 N-2

H(&) ~ <|SN2Hﬁ(0)+2\/§é\1(0)|2/ 5’)2%)53(%3)_

1—0 oy (14287

Indeed, the function H satisfies for every & = (&1,r0),

rN2dodr

N (&7 +72)2 4 2r2)2

H(&) :/ﬁ / (12 + E)F () + 2vV2(E2G1(€) + &iro.G 1 ()]
SN -2
=6 1),

where, denoting & = (£1,£2s0), we let

sV 2dods.

o (5262 + DF(€) + 2v2G1(€)) + 2v/26150.G L (€) |
1(51)—/61\]’2 /SN—2 ((6%82—1—1)24-282)2

Moreover, by Proposition 1, the functions F' and G belong to Ll(]RN ), so their Fourier
transforms are continuous on RY. Therefore, the dominated convergence theorem yields

8N72

1
1 N=2||p 2v2G, 2/ ——5ds.
(€)=, S IFO + 2GR0 [ s

In particular, if F/(0) 4+ 2v/2G1(0) # 0, it gives

1 N-2
H(E) ~ (ISV2F(0) + 2v26G, 2/ s |
@ ~, <|S 1RO+ 2V3GOF [| s )

which is the desired result.

We next argue by contradiction and assume that
F(0) +2v2G1(0) # 0. (24)
If assertion (24) were true, then, by Claim 1,

-~ 2(N-3)
H(él) €150 A§1 .

However, in dimension two, the function & — - is not integrable near 0. By formula

§2
(23), it yields 1
| l€) e = +x.
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Thus, it gives a contradiction with the fact that the function 7 is in L?(R?). Therefore,
assumption (24) does not hold and we find

F(0) + 2v2G,(0) = 0.

However, by formulae (12) and (13),

ﬁ(O) + 2\/§C/r’\1(0) = 2/ (IVv|? + 0% — V2id1v.0 — V20, (40)) + \/§/ (i01v.v + 01(¥0))
R2

R2

=2/ (Vo + ),
RQ
which gives
/(yw|2+n2):o.
RQ
OJ
3)

Remark. The argument fails in dimension N > 3 since the function £; — {% (N=3) s then

integrable near 0.

3 Limit at infinity in dimension N > 3.

Theorem 2 follows from two arguments.
e The first one is to improve the LP-integrability of the functions n and V(18), and of
their derivatives.

Proposition 4. Consider a € NV such that |a| > 2. Then, we claim

(i) (n,V(¥0)) € LP(RN) for every p > 35=;,

(i) (Vn,d*(y0)) € LP(RY) for every p > 35=5,

(iii) (0%n, 0V (v0)) € LP(RYN) for every p > 1.

Proposition 4 follows from Lizorkin’s theorem [35].

Theorem ([35]). Let 0 < 3 < 1 and K a bounded function in CN(RN \ {0}). Assume

N
k; 7o 00
[T o .. ok k(€) e L*®RY)
j=1
as soon as (ki,...,ky) € {0,1}V satisfies

NE

0<Y k<N

1

.
Il

Then, K is a multiplier from LP(R™) to LT=5»(R™Y) for every 1 <p < 3.
By Lizorkin’s theorem, the kernels Ko, K; and L,; are multipliers from some spaces
LP(RY) to some other spaces LI(R™). For instance, the kernel K satisfies the assumptions

of Lizorkin’s theorem for 3 = ﬁ Therefore, the function l/(\g is a Fourier multiplier

o8



(2N—1)
from LP(R™) to LEN-p1 (RY). By convolution equations (15) and (16), this enables to
improve the LP-integrability of the functions n and V(¢8), and of their derivatives.
e The second argument follows from Proposition 4. Since the function Vv belongs to

some spaces WP (RY) and W1P1(RN) for 1 < pg < N — 1 < p; < +00, we can use the
following proposition to prove the convergence of the function v at infinity.

Proposition 5 ([22]). Consider a smooth function v on RN and assume that N > 3 and
that the gradient of v belongs to the spaces WP (RN) and WHPL(RN) where 1 < py <
N —1 < p; < +oo. Then, there is a constant voo € C which satisfies

v(T) = Voo
|z| =400

The proof of Theorem 2 is then a consequence of Propositions 4 and 5. That is the reason
why we first show Proposition 4.

Proof of Proposition 4. We split the proof in three steps. In the first one, we specify the
form of some derivatives of the Fourier transform of the kernel Ky. Our goal is to prove
that the kernel Ky satisfies the assumptions of Lizorkin’s theorem in order to show that
Ky is a Fourier multiplier from some space LP(R"V) to another space LI(RY).

Step 1. Consider o € {0,1}". Then, the function 8QE) writes

£ P ()
(I +2[€ L [P)rHlel”

where P, is a polynomial function of degree d,, < 2|a| + 2 which satisfies

ve € RV \ {0}, 0°Ko(€) = (25)

(i) For every j € {1,...,N}, P, is even in the variable ;.
(i3) The term of lowest degree of Py is equal to (—1)1*1=1(Ja| —1)141*|€ |2 if a1 = 1, and
to (=)= al4lole? if a; = 0 and |a| # 0.

Step 1 follows from an inductive argument on |«|. Indeed, if |a| = 0 or |a| = 1, we compute
by formula (17) for every j € {2,..., N},

Rol©) = S
NI E
= . &(=20gt +4J€.P)
) = ale,
N 4 2
0]'[/(\0(5): §i(=2[¢]" + 4€7)

(g1t +20€ )
Thus, Step 1 holds in this case.

Now, assume that Step 1 is valid for |a| = p and fix some o € {0, 1} such that |a| = p+1.
There are two cases to consider. If a; = 0, there is some integer j € {2,..., N} such that
a; =1, so we can state

Ko = 9;0°K,

with |3] = p. Applying the inductive assumption, it yields for every ¢ € RV \ {0},

fﬁ
(€1 + 260 ?)

0" Kol€) = o <8J‘Pﬁ(5)(|€|4+2|&|2)—(1+|ﬂ|)PB(5)(4fj|5|2+4§j)>~ (26)
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However, by assumption (i), Pg is even in every variable &, so there is some polynomial
function Rg, even in every variable &, such that

9;P3(§) = & Ra(8).
Moreover, by assumption (ii), Rg is either equal to 0 or the term of lowest degree of Rg
is of degree at least equal to one.

Then, let us denote

Po(€) = Rp(€)(I* + 206 L") — 4(1 + B Pa(€) (JE* + 1) (27)

By the inductive assumption, the functions P and Rg are even in every variable &, so by
equation (27), P, is also even in every variable . Likewise, the term of lowest degree of
Pg is equal to (—1)P~1pldP¢? and, if Ry is not equal to 0, the term of lowest degree of Rg
is of degree at least equal to one. Therefore, by equation (27), the term of lowest degree of
P, is (—=1)P(p + 1)14PT1¢£2 On the other hand, by the inductive assumption and formula
(27), the degree d,, of P, is less than 2|a| + 2. Finally, equation (25) is a straightforward
consequence of equations (26) and (27). Therefore, the proof of the inductive step is valid
in case o = 0.

In the case y = 1, we can always assume that we first derivated I/(\o by the partial operator
01. Therefore, there is some integer j € {2,..., N} such that o; = 1 and we can state

Ky = 0,0°K,
with |3| = p. Applying the inductive assumption, it yields for every ¢ € RY \ {0},

gﬁ
(I€1* +21€1 %)

Likewise, by assumption (i), Pg is even in every variable &, so there is some polynomial
function Rg, even in every variable &, such that

0;P3(&) = &Rs().

Moreover, by assumption (i), the term of lowest degree of Ry is equal to 2(—1)P~1(p—1)!4P.

O Ko(¢) =

o (a(E1el + 260 ) — 40+ DG PO L+ IP) )

Denoting
Pa(€) = Rp(&)(IE1* + 2[611%) — 4(1 + [B)) Pa(&) (€ + 1),

we can prove equation (25), assumptions (i) and (i), and compute the suitable bound of
the degree of P, by the same argument as in the case a; = 0. By induction, this completes
the proof of Step 1.

In the second step, we use Step 1 and Lizorkin’s theorem to state some properties of the
Fourier multipliers Ko, K; and Lj.
Step 2. Let 1 < p < +00. The functions I/(\o, I/(\] and I//J\k are Fourier multipliers from

_(2N—1)p_ —_— —
LP(RN) to L2 (RY) if 1 < p < N — 3, while the functions d*Ko, d*K; and d*L;,
are LP-multipliers.

Indeed, consider o € {0,1}" and set 3 = 5~x2—~. By equation (25), we compute
N
Oég'f‘ﬁ aaK B a(é)
1 H”E ]
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Therefore, by Step 1, if |£] > 1,

N NB+4|al+2
- - é‘ —
[LE o Rate)| < A8 < ajgvo2 < a.
On the other hand, if |¢| < 1, denoting & = po where p > 0 and o € SV~!, we compute
by Step 1,

N 2|a|+NG+2 )B+2|a|—2
i a1 Y o1
[T o Koo < 4 LML(

j=1

max{p? |0 [*}
2 4 2|0 |2)1+lel

< Amax{p?, |0 |?}@N-D8-2 < 4,

Thus, it follows that

N
Va e {0,13",¢ = T ("o Ko(e) € L= ®Y).
j=1
(2N-1)p

By Lizorkin’s theorem KO is a Fourier multiplier from L? (RN ) to LQ(N p)—1 (RN ) for every
1<p< N — 5.
Moreover, by equations (18) and (19), the Fourier transforms of the functions K; and L;
write

= &1
K;(§) = \ing 0(§)
— ¢ Sk 75
Ljx(€) = 2727 Ko(€)-
i
By the standard Riesz operator theory (see for instance the book of E.M. Stein and G.

Weiss [49] for more details), the functions £ — % and £ — Eﬁgf’“ are LP-multipliers

for every p > 1. Therefore, .f(\j and L;j are also Fourier multipliers from LP(RN) to
(2N—1)p

L2&=0-1(RN) for every 1 <p < N — 3.

Now, consider the Fourier transform of the kernel AKj. Leibnitz’s formula yields for every

a e {0, 1},

9°(|€[2 Ko (¢ —226%,1@8 Ko(6) + €20 Ko (€),

7j=1
where 37 is defined by

Ak, if k 7é .j7
0, otherwise.

Vke{l,...,N},ﬂiz{

Therefore, we compute

N 2c
% o 3 (LU ) ) €716 Pat€)]
|| g A
0P Ro(e)) < <|§r4+2|@| 20 ) " (et + 2y

Jj=1 Jj=1

By Step 1, if [{| > 1,

N Aj g 27 ‘5’4‘01' ’6’4‘a|+4
[I&7 0P Ko()| < A € [lel T €[ el =4

J=1
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Likewise, by Step 1, if |¢| < 1, denoting & = po where p > 0 and o € SV,

N — _
Lo (el Ra(e))| <A (Lo tlos P02 e lou T2 max{loul?, o}
e J 0 = pZ\a|(p2+2‘UL’2)|a\ pQ\a|+2(p2+2‘o-J—’2)1+|o¢|

<A,

which yields
N
va e {01}V, ¢ — [ €7 0°AKo () € L=(RY).
j=1

By Lizorkin’s theorem, we conclude that AKO 1s a LP- multlpher for for every p > 1. By the

standard Riesz operator theory, it follows that dQKo, d2K and dQL k are LP-multipliers
for every p > 1.

Remark. By standard Riesz operator theory, the functions E]\k are also LP-multipliers
for every p > 1.

At this stage, by Proposition 1 and formulae (12) and (13), the functions F' and G are in
all the spaces LP(RY) for every p > 1. Therefore, by Proposition 1, Step 2 and equations
(15) and (16), the functions n and V(¢8) are in LP(RN) for every p > 2= %, while their

second order derivatives are in LP(RY) for every p > 1. Thus, it only remains to prove

2N—1
Step 3. The functions Vn and d*(¢0) belong to LP(RY) for every p > 33=3.

2N1 2N—-1

. There are some real numbers q > 55—=5 and r > 1 such that

1_1(1,1
p 2\q 1)’

In particular, by Gagliardo-Nirenberg inequality, we derive

Indeed, consider p >

1 1
19l ey < Al 30 gy 1420012, gy < +oo.

2N1

Thus, the function V7 is in LP(RY) for every p > . The proof being identical for the
function d?(t0), we omit it. O

Now, we end the proof of Theorem 2.

Proof of Theorem 2. By Proposition 1, the function Vv is C* on R and is equal to

Vv:<2\/7 \/fv¢9> i(40)

on a neighbourhood of infinity. However, by Lemma 1, the function 1 — 7 converges to 1
at infinity, so by Proposition 4, there is some real numbers 1 < pg < N — 1 < p; < 40
such that Vv belongs to W1Po(RN) and WPt (RY). Therefore, by Proposition 5, there is
some constant Ao € C such that

v(z) — Ao
|| =00

Finally, by Lemma 1, the modulus of A, is necessarily equal to one. O
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4 Conclusion.

To our knowledge, the question of the non-existence of non-constant sonic travelling waves
of finite energy remains open in dimension N > 3. However, we can expect to prove such
a conjecture by studying the asymptotic behaviour of the sonic travelling waves. Here,
the key idea is to prove integral equation (21) by some integrations by parts. Indeed, let
Bpr, be the ball of centre 0 and of radius R > 0 and Sg the related sphere. By multiplying
equation (2) by the function v and integrating by parts on Bg, we find

/BR(WUI2 +?) = /BR(U +V2idv.0) + /SR o,v.v. (28)

However, the multiplication of (2) by the function iv gives
o +V2div(iVu.w) = 0,

so, by multiplying by the function z; and integrating by parts on Bg,

/ (n + V2i01v.v) = / z1(v1n + V2id,v.v). (29)
Br

SR

The sum of equations (28) and (29) is then

/ (|Vv]? +7%) = / (Dyv.v + 21 (11 + V2i0,0.0)). (30)
Br

Skr

The question is now to prove that the integral of the second member of equation (30)
tends to 0 when R tends to +00. One possible argument in this direction is to derive some
algebraic decay for the functions n and V(¢0). Actually, it seems rather difficult because
Lemma 10 of [24], which gives a crucial decay estimate in the subsonic case, is not yet
available for sonic travelling waves.

Appendix. Travelling waves for the Gross-Pitaevskii equa-
tion in dimension one.

In this appendix, we classify the travelling waves for the Gross-Pitaevskii equation of finite
energy and of speed ¢ > 0 in dimension one (see also the article of M. Maris [39] for more
details).

Theorem 3. Assume N =1 and ¢ > 0. Let v a solution of finite energy of equation (2).
Then,

e if ¢ > /2, v is a constant of modulus one.

e if0 < c <2, up to a multiplication by a constant of modulus one and a translation,
v is either identically equal to 1, or to the function

v(z)= |1- 2_—CQexp (z arctan<e S i 1> —1 arctan(c>>
9ch? <\/ﬁ$> cV2 — c? V2 —c?
2
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Proof. Indeed, let us denote v = vy + ivp. Equation (2) then writes

v — cvh 4+ v (1 — v —v3) =0, (31)
v + vl + va(1 — v? —v3) = 0. (32)

The multiplication of equation (31) by ve and of equation (32) by v gives
(v1vh — vov) = gn'. (33)

However, Proposition 1 also holds in the case N = 1. In particular, it follows that the
functions 1 and v" uniformly converge to 0 at infinity. Thus, by integrating equation (33),
we get

c
V1Vl — Vo] = P (34)

Likewise, we multiply equation (31) by v] and equation (32) by v} to deduce

(%) - (%)

which yields
2

o2 =T (35)
Finally, we compute
0 = 2|2 = 2(v10] + vavh)) = =20 > = 2¢(v1vh — vav)) 4+ 217 — 217
Therefore, by equations (34) and (35),
n" +(c* —2)n+3n* = 0. (36)

Finally, we multiply equation (36) by the function 7’ and integrate to obtain
0%+ (= 2% + 203 = 0. (37)

Now, we consider different cases according to the value of c.
o If ¢ > /2, then, by equation (37),

(2 =2+ 2m)n* = - <0.

Therefore, for every x € R, n(z) is either equal to 0, or less than 1 — % Since the function
7 is continuous and in L?(R), we deduce that 7 is identically equal to 0. By equation (35),
v’ also vanishes, which means that v is a constant of modulus one.

e If ¢ = \/2, then, by equation (37),

3 77,2
2

N’ = <0,

S0, 71 is a non positive function on R. Now, assume for the sake of contradiction that there
is some real number xy such that

n(zop) < 0.

Since 1 is smooth on R by Proposition 1, we deduce that there are some positive real
number § and some integer € € {—1, 1} such that

Vag =8 < < ao+ 0,1/ (2) = eV/~2P ).
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. . 9 .
Denoting 1 = xg — €4 /= no) it follows that

2
Veg—0 <z <xg+0,n(z)=— 5

(x — 1)

In particular, such a solution cannot be extended to a function in L?(R), which yields a
contradiction and proves that

n = 0.
As in the case ¢ > /2, it follows that v is a constant of modulus one.

e Assume finally that 0 < ¢ < v/2 and 1 # 0 (indeed, if n = 0, it follows from equation
(35) that 7 is a constant of modulus one). By equation (37),

(@ =242 = —* <0,

S0,
2

ngl—%. (38)

Now, suppose for the sake of contradiction that there is some real number x(y such that

n(zo) < 0.

Since n is smooth on R by Proposition 1, there are some positive real number § and some
integer € € {—1, 1} such that

Vog— 8 <x <zo+ 6,10 () =en(z)\/2 — 2 — 2n(x).

2—c2

Denoting x1 = ¢ + \/227f760th71 ( 202277(0)), it yields

2

Veg—6 <z <xo+6,n(z)=— 2 :
sh?( 22_62 (x — 1))

Q

i

Since such a solution cannot be extended to a function in L?(R), it yields a contradiction
and proves that

n>0.

Moreover, by equation (38), since the constant function 1 — % is not in L?(R) and since

we made the additional assumption that 1 # 0, we can assume up to a translation that
2
0<n0)<1- 5

Therefore, there are some positive real number ¢ and some integer € € {—1, 1} such that

V—§<ax<,n(x)=en(x)y/2— % —2n(z),

which gives

V—d<z<don(z)= 2




_ 2e -1 2—c2
where 21 = 7mCh 2n(0)

function in L?(R). Therefore, up to another translation, we conclude that

. Naturally, this solution can be extended to a smooth

2

1 ¢
Vr € R,n(x 2 (39)
ch2( )
In particular, we find
vr € R, |v(x)| = /1 n(z) > —= > 0.

>

Therefore, we can construct a smooth lifting 6 of v which satisfies
Ve € R, v(z) = p(a)e®,
By equation (34), the function 6 verifies the differential equation

cn
0 = .
2—2n

Thus, there is some real number 6y such that

V2—c2x 2_1q
Vr € R, 0(x) =0y + arctan(e te )

V2 — c?

By equation (39), up to a multiplication by a constant of modulus one, we finally obtain

() 1 2-¢ e ('acta <e 2_0%_'_02_1) , arcta < ¢ ))

v(x) = — ————exp| ¢ arctan — ¢ arctan ,
9ch?2 <\/ﬁx> P V2 — c? V2 —c?

which concludes the proof of Theorem 3. 0

Acknowledgements. The author is grateful to F. Béthuel, G. Orlandi, J.C. Saut and D.
Smets for interesting and helpful discussions.
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Chapitre 111

Limit at infinity for subsonic
travelling waves in the
Gross-Pitaevskii equation.

Published in Comptes Rendus Mathématiques,
Volume 336, Number 2, January 2003, 147-152.

Abstract.
We study the decay of the travelling waves of finite energy in the Gross-
Pitaevskii equation in dimension larger than three and prove their uni-

form convergence to a constant of modulus one at infinity.

Résumé.
Nous étudions la limite a I'infini des ondes progressives d’énergie finie
dans I’équation de Gross-Pitaevskii en dimension supérieure ou égale
a trois et nous montrons leur convergence uniforme vers une constante

de module un.

Version francaise abrégée.

Dans cet article, nous étudions les ondes progressives u de vitesse ¢ > 0 pour ’équation

de Gross-Pitaevskii
10 = Au + u(l — |ul?)

de la forme
u(t,z) =v(xy —ct,...,xN).

L’équation vérifiée par v que nous étudierons désormais est
ico1v + Av +v(1 — |v|*) = 0. (1)
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L’équation de Gross-Pitaevskii est un modele physique qui décrit la supraconductivité ou
la superfluidité et qui est associé a 1’énergie

1 1
P =5 [ Vel [ P

C.A. Jones et P.H. Roberts [30] se sont intéressés aux ondes progressives d’énergie finie
parce qu’elles sont supposées expliquer la dynamique en temps long des solutions générales.
Ils ont ainsi conjecturé qu’elles n’existent que lorsque

O<c<\/§,

ce que nous supposerons désormais, et qu’elles ont une limite & ’infini qui est une constante
de module un.

F. Béthuel et J.C. Saut [4, 5] les ont étudiées sur le plan mathématique et ont notamment
montré leur existence en dimension deux lorsque ¢ est petit, et I’existence de leur limite a
I’infini.

Théoréme 1 ([4, 5]). En dimension deuz, une onde progressive v pour l’équation de
Gross-Pitaevskii de vitesse 0 < ¢ < \/2 et d’énergie finie vérifie & une constante multi-
plicative de module un pres,

v(iz) — L
|z| =400

En dimension supérieure ou égale a trois, F. Béthuel, G. Orlandi et D. Smets [7] ont
prouvé leur existence lorsque c est petit. En toute dimension, A. Farina [18] a donné une
borne universelle sur leur module. Dans cet article, nous allons compléter leurs travaux
en dimension supérieure ou égale a trois par le théoreme suivant.

Théoréme 2. En dimension supérieure ou €gale a trois, une onde progressive v pour
Uéquation de Gross-Pitaevskii de vitesse 0 < ¢ < /2 et d’énergie finie vérifie a une
constante multiplicative de module un prés,

v(iz) — L
|| —-+o0

Dans la suite, nous esquisserons la preuve de ce théoreme. Nous déterminerons d’abord
la régularité des ondes progressives avant d’énoncer un argument général pour I’étude de
la limite a I'infini d’une fonction.

Introduction.

In this article, we will focus on the travelling waves of speed ¢ > 0 in the Gross-Pitaevskii
equation
i = Au + u(l — |ul?),

which are of the form
u(t,x) =v(xy —ct,...,xN).

The simplified equation for v, which we will study now, is
ico1v + Av +v(1 — |v|*) = 0. (1)
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The Gross-Pitaevskii equation is a physical model for superconductivity or superfluidity
which is associated to the energy

1 1
B =5 [ VP [ APy

The travelling waves of finite energy are supposed to explain the long time dynamics of
general solutions. They were first considered by C.A. Jones and P.H. Roberts [30]: they
conjectured that they only exist when

O<c<\f2,

which will be supposed henceforth, and that they have a limit at infinity which is a constant
of modulus one.

F. Béthuel and J.C. Saut [4, 5] first studied mathematically those travelling waves: they
showed their existence in dimension two when c is small, and also gave a mathematical
proof for their decay at infinity.

Theorem 1 ([4, 5]). In dimension two, a travelling wave for the Gross-Pitaevskii equation
of finite energy and speed 0 < ¢ < \/2 satisfies up to a multiplicative constant of modulus
one

v(iz) — L
|z| =400

In dimension larger than three, F. Béthuel, G. Orlandi and D. Smets [7] showed their
existence when c¢ is small. In every dimension, A. Farina [18] proved a universal bound
for their modulus. In this paper, we will complete these results for the dimensions larger
than three by proving the following theorem.

Theorem 2. In dimension larger than three, a travelling wave v for the Gross-Pitaevskii
equation of finite energy and speed 0 < ¢ < \/2 satisfies up to a multiplicative constant of
modulus one

v(iz) — L
|z| =400

This paper will be organised around the proof of Theorem 2. In the first part, we will
study the local and Sobolev regularity of the travelling waves, while in the second part,
we will give a general argument to study their decay at infinity.

1 Regularity of travelling waves.

In this part, we will study the regularity of a travelling wave of finite energy and of speed
0 < ¢ < V2 in dimension N > 2. We will prove the following proposition thanks to
arguments from F. Béthuel and J.C. Saut [4, 5].

L (RN) of finite energy, then, v
is smooth, bounded and its gradient belongs to all the spaces WHP(RN) for k € N and
p €]1, +00].

Proposition 1. If v is a solution of equation (1) in L},

Proof. We first establish the following lemma which is valid even if ¢ > /2.

Lemma 1. v is smooth, bounded and its gradient belongs to all the spaces WFP(RN) for
k€N and p € [2,+00].
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The proof of Lemma 1 is reminiscent of a bootstrap argument introduced by F. Béthuel
and J.C. Saut [4], so, we will only give its sketch, and only in dimension three because the
general proof is identical with small changes of Sobolev indices.

We first consider a point zg in R? and we denote €, the unit ball with centre zy. Then,

we consider the solutions v; and vy of the equations

Av; =0 on ,
v1 = v on 0f),

and

7AU2 = g(v) = ’U(l — |’U‘2) -+ icalv on Q,
vy = 0 on 0.

Since the energy of v is finite, g(v) is uniformly bounded in L%(Q), which means that
||g(v)||L% o 18 bounded by a constant which only depends on ¢ and E(v) but not on

zo. By standard elliptic thfory and Sobolev embeddings, v; and v are then uniformly
bounded in L*(Q) and W?3(Q) respectively.

If we denote w, the ball with centre zg and with radius %, by Caccioppoli’s inequalities, vy
is uniformly bounded in W23 (w) and in Wit (w), so, v is uniformly bounded in W23 (w).
Furthermore, we compute

Vg(v) = Vo(l — |v]?) — 2(v.Vv)v + icd Vv,

so, Vg(v) is uniformly bounded in L%(w). By standard elliptic theory and Sobolev em-
beddings, we finally get that v is uniformly bounded in C’O’%(w).
Thus, v is continuous and bounded on R3. However, its gradient w = Vv satisfies

2 2
—Aw — icOjw + <C2 + 2>w = w(l — |v]?) = 2(v.w)v + <c2 + 2>w = h(w).

On the other hand, by the previous inequalities, h(w) belongs to L?(R3), which gives that
w belongs to H?(R?). So, w is continuous and bounded, and by iterating, we can conclude
that v is smooth, bounded and that all its derivatives belong to the spaces L?(R3) and
L>(R3). We then end the proof of Lemma 1 by standard interpolation between LP-spaces.

We deduce from Lemma 1 the following lemma.

Lemma 2. The modulus p of v satisfies

(x) — L
|z|—=+o00

Indeed, if we denote

ni=1-p
n? is uniformly continuous because v is bounded and lipschitzian by Lemma 1. Since
fRN n? is finite, n converges uniformly to 0 at infinity, which ends the proof of Lemma 2.

Thus, p does not vanish at the neighbourhood of infinity. Therefore, we can write there
v = pe'?, and compute the following equations satisfied by p and 6,

div(p*Vl) = —£01p%, 2)
—Ap + p|VO|? + cpdi0 = p(1 — p?).

Thanks to this polar form, we can now conclude the proof of Proposition 1 by the next
lemma.
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Lemma 3. The gradient of v belongs to all the spaces WFP(RN) for k € N and p €]1,2].

This proof is also reminiscent of an article of F. Béthuel and J.C. Saut [5], so, we will only
give its sketch. We first notice by Lemma 2 that p does not vanish at the neighbourhood
of infinity, and, in order to simplify, we will suppose that p does not vanish on RY. The
general situation is technically slightly more involved, but follows essentially the same idea
(see [24] for more details).

We first denote
F =2n% — 21010 + 2|Vv|?,

and
G =nVe.

Since
[Vol? = [Vl + p2[V6P,

by Lemmas 1 and 2, we can establish that F' and G are in all the spaces W*?(RN) for k € N
and p € [1, +o0]. Moreover, we compute by taking the Fourier transform of equations (2),

(1€]> + 2)(€) — 2ict18(¢) = F(¢€),
G

)=
N ~ .
"EET KPR + (o) - < 6l

Denoting Ly and (Lj1)1<j<n the operators associated to the Fourier multipliers

Ko(6) = €7
U el 20 - e
respectively
Ra(e) = 4

we compute
N
n=1Lg (F + QCZ LjJ(G)) .
j=1
Furthermore, by standard Riesz operator theory, the operators (L 1)1<;j<n are multipliers

on all the spaces LP(RY) for p €]1,+oc[. On the other hand, Ky is a smooth bounded
function on RV \ {0}, which satisfies

N

k; = .
[1&7ot .. o8 Ko(€) € Lo (RY),
j=1

as soon as (ki,...,ky) € {0,1}" satisfies

N
<> k<N
j=1

Therefore, by Lizorkin’s theorem [35] (see also [38] for more details), L is a multiplier on
all the spaces LP(RY) for p €]1,+o00[ too. By the previous statements on F' and G, we
conclude that 7 is in all the spaces LP(R™) for p €]1, +oo[. Therefore, by the equation

vie{l,.. N}ae_— ZZLJka
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where (Lj;)1<jk<n is the operator associated to the Fourier multiplier

Fol6) = ’%&f;“

V0 is also in all the spaces LP(RY) for p €]1, 4-o0l.

By iterating this process to all the derivatives of n and V8 by Lemma 1, we conclude that
n and V6 belong to all the spaces W*P(RY) for k € N and p €]1, +oo[. Since n = 1 — p?
and p is in all the spaces W*>(RM) for k € N, and since

[Vol? = |Vp|* + p*|V0|?,

Lemma 3 is proved as well as Proposition 1. ]

2 Limit at infinity.

Before concluding the proof of Theorem 2, we establish the following general proposition
concerning the limit of a function at infinity.

Proposition 2. Consider a smooth function v on RN and suppose that N > 3 and that
the gradient of v belongs to the spaces WP (RN) and WEPH(RYN) for 1 <pg < N —1<
p1 < +0o. Then, there is a constant vo € C which satisfies

v(r) = Vs
|| =00

Proof. We begin by constructing the limit vo.. Indeed, we have

/swl /1+OO Orv(ré)|drdé < /SNl ( /1 +m\Vv(r§)|PoTN—1dT>plo < /1+°° e dT)% «

<+ 00,

which gives for almost every & € SV—1,

+oo
/ |Opv(rE)|dr < +o00.
1

Thus, there is a function ve, defined on SV~1 such that for almost every ¢ € SN—1,

If we denote
Vp € [pOapl]avr € Rj-ad)p(r) = TN_l /SNl ‘VU(Tf)lpdg,

the function ¢, is smooth on R* , and its derivative satisfies
+00 1
, _
| 160l < CUTIE iy + 1901 b [ Vlhnoany) < 4.

Hence, the function ¢, has a limit at infinity, and since

+oo
¢p(r)dr = HVUHZ(RN) < +00,
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this limit is zero. Furthermore, if we denote
V(r,§) € RY x SV 0n(€) = w(re),
we remark that
[Vo(re) = 18,0 + 172V ur (€)%,
which leads finally to

pN-1-p / VS T (&) Pde — 0.
SN—1

r—-+00

Thus, if N —1 < ¢ < min{p;, N}, we get for every r € RY,

/S s [ < / " |arv<s£>|ds)qdf

+oo
<Chnyg /SN_l T’qN/ Vo (s€)|9s™ ~tdsde

—-N
S CN,QHVUH%q(RN)rq )

which gives

N-1
IS I N2

[0 — Vool -1 gv—1) = CN/ N oy — w0t

0
<Cngq (/0 (Ivr - vool*(t)>th>

< COngllvr = UOOHLQ(SN—l)

-N
< On gl V0|2 gy

1
SV a

This proves that ||v; — veo|| v -1.1gn—1) tends to 0 when r tends to +oo. Now, we fix e > 0
and we denote for every r € R,

YA € R, a,(\) = [{€ € SV [V 0, (6)] > A},

and
Vi e RY, fo(t) = |VS" 0, [ (t) = inf{A € R%, a,(N) < £},
We showed that there exists r. € R% such that
Vr > re, Vi e {0,1}, 7N 1P / VY 0 (6)|Pide < e
SN-1

This gives

VA € RY, ap(N) < mi = -
< +’ar( } < min rN=1-po )\po’ pN—1-p1)p1 |’

then,

r P0 tpo r P1 {PI

* 3 8 E
Vt€R+,fr(t) Smln{ N_1 19 N-1 1 }

Thus, we finally get

LN Y N LoN- YT Nes o
||VU7=HLN71,1(SN71)SCN€ TP / t N-U nidt 4+ ro / t N-1 podt
0 r

1-N

S CN7p07p1€'
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This proves that Vv, converges to 0 in LY ~51(SV=1) when r tends to +oc. Since (v;.)y>0
converges to vso in LY L1 (SN=1) and the limit of its gradient is 0 in this same space, we
conclude that the gradient of v, is 0. Therefore, v, is constant. Moreover, by a theorem
of A. Cianchi and L. Pick [11], there is some constant C' which satisfies for every r > 0,

N-1
vy — Uoo||Loo(SN_1) < C(||vy — ’UOOHLN—l,l(SN—l) + ||VS (vp — voo)||LN—1,1(SN—1)) — 0.
r—+00

This completes the proof of Proposition 2. O

Now, we conclude the proof of Theorem 2. If v is a travelling wave of finite energy and
of speed ¢ < /2, it satisfies the hypothesis of Proposition 2 by Proposition 1. Therefore,
there is a constant v, € C such that

v(x) — Vs
|| =00

It remains to show that v, has a modulus equal to one, which follows from Lemma 2.

Acknowledgements. The author is grateful to F. Béthuel, G. Orlandi, J.C. Saut and D.
Smets for interesting and helpful discussions.
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Chapitre IV

Decay for subsonic travelling
waves in the Gross-Pitaevskii
equation.

Accepted in Annales de UInstitut Henri Poincaré, Analyse non
linéaire.

Abstract
We study the limit at infinity of the travelling waves of finite energy
in the Gross-Pitaevskii equation in dimension larger than two: their
uniform convergence to a constant of modulus one and their asymp-

totic decay.

Résumé
Nous étudions la limite a 'infini des ondes progressives d’énergie finie
pour les équations de Gross-Pitaevskii en dimension supérieure ou é-
gale a deux: leur convergence uniforme vers une constante de modu-

le un et leur comportement asymptotique.

Introduction.
In this article, we focus on the travelling waves in the Gross-Pitaevskii equation
10 = Au + u(l — |ul?) (1)

of the form wu(t,z) = v(x; —ct,...,xy): the parameter ¢ > 0 is the speed of the travelling
wave. The profile v then satisfies the equation

icdv + Av +v(1 — [v]?) = 0. 2)
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The Gross-Pitaevskii equation is a physical model for superconductivity or superfluidity
associated to the energy

B =5 [ Vg [ a-pP2= [ ew. Q

The non-constant travelling waves of finite energy play an important role in the long time
dynamics of general solutions and were first considered by C.A. Jones and P.H. Roberts
[30]: they conjectured that they only exist when ¢ < /2 and that they are axisymmetric
around axis x1. They also proposed an asymptotic development at infinity for the travelling
waves up to a multiplicative constant of modulus one. In particular, in dimension two,
they conjectured that ’
Yo%l
T e B - D2 W

and in dimension three, that

1]
v(x) =1 ~ , (5)
[el=too (22 4 (1 — £) (a3 + 22))?

where the real number « is the so-called stretched dipole coefficient.
The non-existence of non-constant travelling waves of finite energy for the case ¢ > v/2
was recently established in [23]. Therefore, we will suppose throughout that

O§c<\/§.

Concerning existence, F. Béthuel and J.C. Saut [4, 5] first showed the existence of travelling
waves in dimension two when c is small, and also gave a mathematical evidence for their
limit at infinity.

Theorem ([4, 5]). In dimension two, a travelling wave for the Gross-Pitaevskii equation
of finite energy and of speed 0 < ¢ < \/2 satisfies up to a multiplicative constant of modulus
one

v(iz) — L
|z| =400

In dimension N > 3, F. Béthuel, G. Orlandi and D. Smets [7] showed their existence
when ¢ is small, and in every dimension, A. Farina [18] proved a universal bound for their
modulus.

In this paper, we complement the previous analysis by proving the convergence of the
travelling waves at infinity in dimension N > 3 and by giving a first estimate of their
asymptotic decay, which is consistent with conjectures (4) and (5) of C.A. Jones and P.H.
Roberts [30].

More precisely, we are going to prove the following theorem.

Theorem 1. In dimension N > 3, a travelling wave v for the Gross-Pitaevskii equation of
finite energy and of speed 0 < ¢ < \/2 satisfies up to a multiplicative constant of modulus
one
v(z) — 1
|z| =00
Moreover, in dimension N > 2, the function
z = |V (o(x) = 1)

is bounded on RY.
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Remark. In view of conjectures (4) and (5) of C.A. Jones and P.H. Roberts [30], it is
likely that Theorem 1 yields the optimal decay rate for v — 1.

However, we do not know if there is some argument which prevents the solutions to decay
faster as it is the case for constant solutions. Actually, it is commonly conjectured that
Theorem 1 gives the optimal decay rate of the travelling waves which are non-constant
and axisymmetric around axis x1.

We deduce immediately from Theorem 1 some integrability properties for v — 1.

Corollary 1. The function v — 1 belongs to all the spaces LP(RY) for

<p< .
N1 p < 400

N
Remark. We conjecture that the function v — 1 does not belong to L¥ -1 (RY) unless it
is constant.

Corollary 1 has interesting consequences in dimension N > 3 because, in this case, the
function v — 1 belongs to the space LQ(RN ), and therefore, in view of the energy bound,
to the space H'(RY). Thus, the function

(x,t) — v(xy —ct,z2,...,2TN)

is solution in CO(R, 1+ H'(RY)) of the Cauchy problem associated to equation (1) with
the initial data

u(0,2) = v(z).

The next theorem due to F. Béthuel and J.C. Saut [4] asserts that equation (1) is well-
posed in this space.

Theorem ([4]). Let vg € 1+ HY(RYN). There is a unique solution v € CO(R, 14+ H'(RN))
of equation (1). Moreover, the energy E(vy) of vy is conserved and the solution v depends
continuously on the initial data vg.

Therefore, we are now able to study the stability of a travelling wave in the space 1 +
H'(RY), and to understand better the long time dynamics of the time-dependent Gross-
Pitaevskii equation.

The proof of Corollary 1 being an immediate consequence of Theorem 1, the paper is
organised around the proof of Theorem 1.

In the first part, we study the local smoothness and the Sobolev regularity of a travelling
wave v.

Theorem 2. If v is a solution of finite energy of equation (2) in L} (RY), then, v is
C*®, bounded, and the functions n := 1 — |v|?> and Vv belong to all the spaces W*P(RN)
forkeNand 1l <p<+oo.

Remark. We do not know if the functions n and Vv belong to some spaces W1 (RY):
we will only show that all the derivatives of n are in L'(R™). In fact, it is commonly
conjectured that  and Vv do not belong to L'(RY) (except for the constant case), but
that all their derivatives are in L'(R") (see for example the article of C.A. Jones and P.H.
Roberts [30] for more details).
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By a bootstrap argument adapted from the articles of F. Béthuel and J.C. Saut [4, 5],
we first prove that v is C™ on RY and that n and Vv belong to all the LP-spaces for
2 < p < +o0o: it follows that the modulus p of v converges to 1 at infinity (see Lemma 5
in Section 1.2). In particular, there is some real number Ry such that

1
p> 5 on °B(0, Ry).

We then construct a lifting 6 of v on B(0, Rp), i.e. a function in C*°(°B(0, Ry), R) such
that

v = pe®.
The construction is actually different in dimension N = 2, where it involves to determine
the topological degree of the function % at infinity, and in dimension N > 3 (see Lemma
6 in Section 1.2).
We next compute new equations for the new functions n and V8: those functions are more
suitable to study the asymptotic decay of v. In order to do so, since 6 is not defined on
RY, we introduce a cut-off function ¢ € C>°(R¥[0,1]) such that

1 =0 on B(0, 2Ry),
1 =1 on “B(0, 3Ry).

All the asymptotic estimates obtained subsequently will be independent of the choice of
1. The functions 1 and 0 then satisfy the equations

A%n —2An + 62(9%177 = —AF — 2¢01div(G) (6)
and c
A(ph) = 50 + div(G), (7)
where
F =2|Vo|* + 2n? — 2¢cidv.v — 2c01 (¢0), (8)
and
G =iVv.w+ V(¥0). (9)

An important aspect of equations (6) and (7) is the fact that F' and G behave like quadratic
functions of 7 and Vv at infinity: it allows to apply the bootstrap argument in Lemma 2.

Remark. In this paragraph, we try to motivate the introduction of the lifting 8. Without
lifting, equations (6) and (7) may be written as

A%y —2An + 028127177 = —AF — 2¢9,div(G)
$01n +div(G) = 0,

where ~
F =2|Vv|? 4 212 — 2cidyv.v
G =iVv.w.

However, F and G do not behave like quadratic functions of n and Vo at infinity. For
instance, the function G is given by

G = —p>Vo

at infinity, and behaves like —V#. It seems rather difficult to determine the asymptotic
decay of v with such an equation.
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Starting with equations (6) and (7), we can develop an argument due to J.L. Bona and Yi
A. Li [8], and A. de Bouard and J.C. Saut [14] (see also the articles of M. Maris [40, 41]
for many more details): it relies on the transformation of a partial differential equation in
a convolution equation. Actually, equations (6) and (7) can be written as

N
n=KoxF+2) K;xGj, (10)
j=1

where Ky and K are the kernels of Fourier transform,

= €7
Ko(€) = , 11
o) = e - g =
respectively,
= §1&;
Ki(¢) = : 12
) = g —og (12
and for every j € {1,...,N},
c N N
9; (1) = SKj* F+ > Lig*Gr+ Y Rjpx Gy, (13)
k=1 k=1
where L and R; are the kernels of Fourier transform,
= £2¢56n
L (&) = , 14
i+ &) = Tep(en+ 2P - o) )
respectively,
5= ik
Rjr(§) = ’2? (15)

Equations (10) and (13) seem more involved than equation (2), but are presumably more
adapted to study the Sobolev regularity of the functions n and Vo, as well as their decay
properties. Indeed, concerning regularity, we complete the proof of Theorem 2 by showing
that the kernels Ko, Kj, L;j and R;j are LP-multipliers for 1 < p < +oo. It follows
from Lizorkin’s theorem [35] and standard arguments on Riesz operators (see for instance
the books of J. Duoandikoetxea [16], and E.M. Stein and G. Weiss [49]). We can then
deduce from equations (10) and (13) that the functions n and Vv belong to all the spaces
WHEP(RN) for k € N and 1 < p < 2 (see Proposition 4 in section 1.3).

Finally, we infer from Theorem 2 the convergence of the travelling waves towards a constant
of modulus one at infinity.

Corollary 2. In dimension N > 3, a travelling wave v for the Gross-Pitaevskii equation
of finite energy and of speed 0 < ¢ < \/2 satisfies up to a multiplicative constant of modulus
one

v(iz) — L
|z[—+00

As mentioned above, equations (10) and (13) are also presumably more adapted to study
the asymptotic decay of the functions  and V. In order to clarify this claim, let us study
a simple example. Consider a convolution equation of the form

g=Kxf,
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where we suppose that the functions K and f are smooth functions. We want to estimate
the algebraic decay of the function g, i.e. to determine all the indices « for which it belongs
to the space

MPRY) = {u:RY = C / [lullpggemry = sup{|a|*|u(@)],z € RN} < +o0},
in function of the algebraic decay of K and f. We have the following lemma.

Lemma 1. Assume K and f are continuous functions on RN which are in the space
Mgf(RN), respectively MS;’(RN), where o > N and ag > N. Then, the function g
belongs to the space M (RN) for

a < min{ag, as}.
Proof. The proof of Lemma 1 relies on Young’s inequalities
Vo € RY.laflo(o)] < [ol” | IK (=)l f0)ldy
< A/RN (lz = y*|K(z =)l f ()| + K (@ = )lly|*[f (v)]) dy

< A (1K gz 1Ly + 1K e 1 lagge ) ) -

Since a1 > N and ay > N, K and f belong to L'(R™). Thus, if o < min{ay,as}, the
last term is finite and the function g belongs to the space MZ°(RY). O

The assumptions oy > N and as > N are quite restrictive, but we can generalise this
method by using Young’s inequalities involving not only the L'-L> estimate, but the
LP-L¥ estimate, and determine the algebraic decay of functions which satisfy such a
convolution equation.

Our situation is close to the previous example. Indeed, equations (10) and (13) are of the
form

where F' behaves like a quadratic function in terms of the variables n and V(¢0).
In order to understand what happens in this case, we consider the non-linear model

f=Kxf?
where f and K are both smooth functions. We get

Lemma 2. Assume K and f are continuous functions on RN which are in the space
MP(RYN), respectively MZS(RY), where a1 > N, oy > % and a1 > «ag. Then, the
function f belongs to the space M°(RYN) for

a<og.

Proof. The proof of Lemma 2 also relies on Young’s inequalities
Vo € RY, |z]*|f(x)] < [« /RN K (= y)l|f(y)Pdy
< A/RN (lz = y[* K (@ = )l f W) + K (@ = y)llyI*1f W)I) dy
< A (I | arge @ 1£117 + K| @) I £ :
< Mg RN IL2®N) LY(RY) M;(RN)
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Since a1 > N and as > &, K and f belong to LY(RY) and L*(RY). Thus, if a <
min{a1,2as}, the last term is finite and the function f belongs to the space MZ°(RY).
By iterating this step, the function f belongs to the space M°(RY) if & < min{ay, 2Fas}
for every k € N; i.e. for a < ay. O

Lemma 2 provides a striking optimal decay property for super linear equations. Indeed,
assuming f possesses some algebraic decay, then, if f is moreover solution of such a
convolution equation, it decays as fast as the kernel. However, some decay of f must be
established first, in order to initiate the inductive argument.

Turning back to the functions n and V(4#) and convolution equations (10) and (13), the
situation is a little more involved, since we have a system of equations and since the kernels
are singular at the origin. However, the conclusion is similar: the decay of the solution is
determined by the decay of the kernel.

Thus, in our case, we will determine the decay at infinity of the kernels Ko, K;, L;; and
R; 1, some decay at infinity for the functions n and V(¢8), before getting their optimal
decay by the previous inductive argument.

In view of the previous discussion, the second part of the paper will be devoted to the
analysis of the kernels Ko, Kj, L;; and R;;. We will estimate their algebraic decay at
the origin, where they are singular, and at infinity. It relies on three different arguments.
e We first use an L'-L> inequality, which generalises the classical one between a function
and its Fourier transform. It follows from the next lemma which is presumably well-known
to the experts.

Lemma 3. Let 0 < s < 1 and f € S(RN). Then, the function x + |z|*f(x) is in

CYRN) :={g € CO(RN)/g(x) \z|——>->i-oo 0}, and satisfies for every x € RV,

=" fe) = I /RN RN ‘y—zj{[is) e rdydz, (16)

where we denote

N

(%)

and where Jn _ is the Bessel function defined by
2

u%_l)u_%_sdu)_1 > 0,

+oo
Iy = =(Ca)* [ 7y ) -

N_q t+

u\ 3 (_1)nu2n
Vu e R, JJy_(u) = (= _—
3o ) (2) ;4nn!r(n+§)

We deduce from Lemma 3 the following theorem.

Theorem 3. Let N —2 < a < N, n €N and (j,k) € {1,...,N}2. The functions d" Ky,
d"K; and d"L;y, belong to M., (RY).

e We then prove independently that all those functions are bounded even in the critical
case, i.e. when a = N. This is done by another duality argument in S’(R"), and by a
standard integration by parts.

Theorem 4. Let n € N and (j, k) € {1,...,N}>. The functions d"Koy, d"K; and d"Lj
belong to M]%O+n(RN).
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Remark. We conjecture Theorem 4 is optimal, i.e. the functions |.|*t"d" Ky, |.|*""d" K
and |.|*T"d" L, ; are not bounded on RY for o > N.

e Finally, we study what we shall call the composed Riesz kernels, i.e. the kernels R; .
We exactly know their form by standard Riesz operator theory (see for example the books
of J. Duoandikoetxea [16], and E.M. Stein and G. Weiss [49]). If f is a smooth function
and if we denote g; 1 = R * f for every (j,k) € {1,..., N}2, we have the formula

85 elyl® — Nyjyi

Vo € RN, gji(z) = An P flz —y)dy

ly|>1

(17)
8;klyl> = Nysyn oy
+ Ay /|y<1 (e =)~ @)

Therefore, in this section, we do not study the decay of the kernels R, at infinity, but
directly, the decay of the functions g;;, when the function f belongs to LY(RY) and the
functions |.|*f and |.|*V f are bounded for some positive number a.

In the third part, we turn to the decay of the functions n and Vv at infinity. We first give
a refined energy estimate due to F. Béthuel, G. Orlandi and D. Smets [7].

L (RN). For every
0 < ¢ < V2, there is a strictly positive constant o, such that the function

R — R% / e(v)
B(0,R)c

Lemma 4. Let v, a solution of finite energy of equation (2) in L}

s bounded on R .

It is the starting point of the whole study of the decay of v at infinity. Indeed, it enables
to prove some algebraic decay for the functions  and Vv, which leads to the following
theorem by the inductive method mentioned above.

Theorem 5. Let o € NV, Then, the functions n, V(0) and Vv satisfy

(n,0*V(10),0°Vv) € M (RY)?,
9°Vn € M3, (RY).

Remark. The key result of Theorem 5 is that the algebraic decay of the functions 7,
Vn and V(¥0) is imposed by the kernels of the equations they satisfy. We believe that
Theorem 5 is optimal for @« = 0, but not for higher derivatives. The functions 0%n,

0V () and 0*Vv are commonly supposed to belong to M]‘f,oJr'a'(RN).

As mentioned above, we can deduce from Theorem 5 some integrability for the derivatives
of the function 7.

Corollary 3. Let « € NV. Then,
9°Vn € L'(RY).
The proof of Corollary 3 being an immediate consequence of Theorems 2 and 5, we will

omit it, and instead, we will conclude the paper by proving the asymptotic estimate of
Theorem 1 for v — 1.
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1 Regularity and convergence at infinity of travelling waves
for the Gross-Pitaevskii equation.

The first part is devoted to the proofs of Theorem 2 and Corollary 2, i.e. to determine the
Sobolev regularity and the convergence at infinity of a travelling wave v of finite energy
and of speed 0 < ¢ < v/2 in dimension N > 2.

The proofs essentially stem from the articles of F. Béthuel and J.C. Saut [4, 5], and are
based on equations (10) and (13). We first determine the Sobolev regularity of n and Vv
for Sobolev exponents p € [2,+00]. We then derive properly equations (10) and (13) by
introducing some lifting 8 of v. This yields the Sobolev regularity of n and Vv for Sobolev
exponents p €]1,2[ by using some Fourier multiplier theory. At last, Corollary 2 follows
from a general argument connecting the existence of a limit at infinity for some function
with its Sobolev regularity (see Proposition 5 in section 1.4).

1.1 LP-integrability for 2 < p < +4o0.

We first prove the Sobolev regularity of n and Vo for Sobolev exponents p € [2, +00]. The
following proposition holds even if ¢ > v/2.

L (RN, then, the
function v is C™, bounded, and the functions n and Vv belong to all the spaces WP (RY)
for ke N and 2 < p < +oo.

Proposition 1. If v is a solution of finite energy of equation (2) in L},

Proof. We only prove Proposition 1 in dimension three because the general proof is iden-
tical with small changes of Sobolev indices. The proof is reminiscent of an article of F.
Béthuel and J.C. Saut [4], where it is written in dimension two. It relies on a bootstrap
argument.

We first consider a point zg in R? and we denote 2, the unit ball with centre zy. Then,
we consider the solutions v; and vy of the equations

{Avl—OonQ,

vy = v on 0f),
and

—Avy = v(1 — |[v]?) +icov := g(v) on Q,
vy = 0 on 0.

Since the energy E(v) of v is finite, v is uniformly bounded in L*(Q), which means that
the norm of v in L*(Q) is finite and bounded by a constant which only depends on ¢ and
E(v), but not on zg. Thus, v(1 — |v|?) is uniformly bounded in L%(Q) Likewise, O1v is
also uniformly bounded in Lg(Q), such as g(v). By standard elliptic theory, vy is then
uniformly bounded in W2’%(Q), and by Sobolev embeddings, v; is uniformly bounded in
LA(Q).

If we denote w, the ball with centre zy and with radius %, then, by Caccioppoli’s inequali-
ties, v1 is uniformly bounded in W33 (w). Thus, v is uniformly bounded in W23 (w), and,
by Sobolev embeddings, in L?(w).

Furthermore, we compute
Vi € {1,2,3},0;9(v) = 9;0(1 — |v]?) — 2(v.0jv)v + icaijv.
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Therefore, d;g(v) is uniformly bounded in Lg(w), and by standard elliptic theory, vy and
v are uniformly bounded in WS%(OJ) Finally, by Sobolev embeddings once more, v is
uniformly bounded in C’O’g(w), S0, v is continuous and bounded on R3.

However, its gradient w = Vv satisfies

2 2
—Aw — icOjw + <C2 + 2) w=w(l— |v]?) = 2(v.w)v + (62 + 2> w := h(w).
Since h(w) belongs to L?(R3), this proves that w belongs to H%(R3). So, w is continuous
and bounded, and by iterating, we conclude that v is C°°, bounded and that all its
derivatives belong to the spaces L?(R3) and L>°(R3). Proposition 1 then follows from
standard interpolation between LP-spaces. O

Remark. Proposition 1 shows that every weak solution of finite energy of equation (2) is
a classical solution.

1.2 Convolution equations.

In this section, we establish the convolution equations, i.e. equations (10) and (13): we
will use them to complete the study of the Sobolev regularity of the travelling waves, and
to determine their decay at infinity.

We first construct a lifting 6 of v. In order to do so, we first prove that v does not vanish
at infinity. This follows from Proposition 1.

Lemma 5. The modulus p of v and all its derivatives 0%v satisfy

plz) — 1,
|z| =400
®v(zx) — 0.

|z =00

Remark. Lemma 5 holds even if ¢ > /2.

Proof. Indeed, on one hand, v is bounded and lipschitzian by Proposition 1, so, 1? is
uniformly continuous on RV. As Jan n? is finite, we get

() — 0,
|x|—4o00
which gives

p(z) — L
o] —+o0

On the other hand, Vv belongs to all the spaces W*P(RY) for every k € N and p € [2, +00],
so, 0%v is uniformly continuous and satisfies

/ |0%0|? < 400,
RN

%v(x) — 0.

|| =00

and we get likewise

O

Therefore, v does not vanish at the neighbourhood of infinity, and we can construct a
smooth lifting of v there.
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Lemma 6. There is some real number Ry > 0 and a function § € C*(°B(0, Rp),R) such
that ‘
v = pe? on °B(0,Ro).

Remark. Lemma 6 holds even if ¢ > v/2.
Proof. By Lemma 5, there is some real number Ry > 0 such that p satisfies
1 (¢}
p> 5 on B(0, Ro).

Thus, the map ﬁ is a O function from °B(0, Ry) to the circle S!.

In dimension N > 3, the fundamental group 71(SV 1) of the sphere S¥~! is reduced to
{0}, and therefore, there is a function § € C*(°B(0, Rp),R) such that

v = |v|e? = pe®.

In dimension N = 2, the fundamental group 71(S') of the circle S! is Z, so, there is a
function § € C=(¢B(0, Ry),R) such that v is equal to |v|e?® on ¢B(0, Ry), if and only if
the topological degree of v on the circle S(0, Rp) is 0.

Let us denote d € Z, the topological degree of v on this circle. Since v does not vanish on
°B(0, Rp), d is the degree of v on each circle S(0, R) for every R > Ry, and we get

(0 O [ 0@
2mdft = /S(o,m af<|v|>(5)'|v<§>rd§ /wm G

whence

1 00(0)] o 1 e o)
d < — d — \Y d — \Y% d .
5 507 [ T %= 2 o OIS Y (/S(O,R)' ()| 5)

Since Vv belongs to L2(RY), there is some real number R > max{1, Ry} such that

/ Vo(é)[2de < 1,
S(0,R)

2
|d]§\/><1.
T

d=0,
and there is a function § € C*°(°B(0, Rp), R) such that

which gives

As d € Z, it yields

v = pe'.
O

Now, we can compute equations (6) and (7) on RY. Indeed, we introduce a cut-off function
¥ € C*(RN,[0,1]) such that

¥ = 0 on B(0,2Ry),
1 =1 on “B(0, 3Ry),

and we then prove
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Proposition 2. If v := v; +ivy is a solution of finite energy of equation (2) in L}OC(RN),
the functions 1 and Y0 satisfy the equations

A%n —2An + c28f7177 = —AF — 2c0,div(G), (6)
and
A@o) = 501 + div(G), (7)
where
F = 2|Vv]* + 2n* + 2c(v101v2 — v201v1) — 2¢01 (¥0), (8)
and
G = —v1Vv2 + ’Ugvvl + V(lﬁg) (9)

Remark. Proposition 2 holds even if ¢ > V2.

Proof. Denoting v = v + ivg, we have by equation (2),

Avy — cdyvg +v1(1 — |v]?) =0, (18)
Awy + cOiv1 + va(1 — |v]*) = 0.

We then compute
A%n —2An + 02(9%7177 = 2A|Vu|* — 2A(v.Av) — 2A7 + 028%7177.
By equations (18) and (19), we have on one hand
v.Av = v1Avy + v2Avg = c(v101v2 — V201V1) — |v|277,
and on the other hand,
coin = —2c(v101v1 4+ v201v2) = 2(Avguy — Avyvy) = 2div(Vvgu; — Voqvg). (20)
Therefore, we get

A%n —2An + 628%7177 = —2A]V1}]2 —2An? — 2¢A(v101v2 — v201v1)
+ 2¢01div(v1 Vg — v2 V)
= 7A(2‘VU’2 + 21 + 2¢(v101v92 — v201v1) — 2¢01 (Y0))
+ 2¢01div(v1 Vg — v2 Vo — V(10))
= —AF — 2c0,div(G),

which gives equation (6).
For equation (7), we introduce the function 6 in equation (20) and we get

A(yh) = gam + div(Vurvs — Vosuy + V(18)) = gam + div(Q).

O]

Finally, so as to study equations (6) and (7), we transform them in convolution equations.
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Proposition 3. The functions n and V(10) satisfy the equations

N
n:KO*F+2cZKj*Gj, (10)
j=1
. N N
0;(v0) = §Kj*F+022Lj,k*Gk+ZRj,k*Gk, (13)
k=1 k=1

where Ko, K, L;i and R;}, are the kernels of Fourier transform,

Ro(e) = ()
’ €%+ 2]¢2 — 268

=P §1&;

K5O = g algr —ee (12)

T KA

EklO) = Tea(iefi + 2le — ey .

Roa(e) = S3% (15)

e

Though equations (10) and (13) look more involved than equation (2), they simplify a lot
the study of the regularity and of the decay of v in the next sections.

1.3 LP-integrability for 1 < p < 2.

In this section, we complete the proof of Theorem 2 by proving the following proposition
in the case ¢ < /2.

Proposition 4. If v is a solution of finite energy of equation (2) in L}OC(RN), then the

functions n and Vv belong to all the spaces WFP(RYN) for k€ N and 1 < p < 2.

Proof. The proof is reminiscent of an article of F. Béthuel and J.C. Saut [5]. It relies on
equations (10) and (13). We first study the Sobolev regularity of the functions F' and G
for Sobolev exponents p € [1, +00].

Step 1. F and G belong to all the spaces WFP(RYN) for k € N and 1 < p < +oo0.
By formulae (8) and (9), F" and G are equal to
F = Q‘VU‘Q + 2772 + 26(1]181’[)2 — 1)281’1)1) — 2¢O, (1#9)

and
G = —v1Vug + 19V + V(wg)

Therefore, by Proposition 1, they are C*> on RY, and it is sufficient to prove that they
belong to all the spaces W*P(°B(0,3Rg)) for k € Nand 1 < p < +o0.
On the set °B(0,3Ry), F is equal to

F = 2|Vu|? + 20 — 2¢nds 6.

On one hand, by Proposition 1, n and Vv belong to all the spaces W*P(RN) for k € N
and 2 < p < +o0.
On the other hand, p is higher than 3 on the set °B(0,3Ry) by definition of Ry (see the
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proof of Lemma 6), and v belongs to all the spaces W (RY) for k € N. Therefore, the
map V(16), given by
1. Vv

o

at infinity, also belongs to all the spaces W*P(°B(0,3Ry)) for k € N and 2 < p < +oo.
As F is a quadratic function of 1, V(¥#) and Vv, it is in all the spaces W*P(°B(0,3Ry))
for ke Nand 1 <p < +co.

Likewise, the function G is given by

V(b) =

G =nV(y0)

on the set “B(0,3Ry), and it is also a quadratic function of 7 and V(¢6). Thus, G belongs
to all the spaces W*P(°B(0,3Ry)) for k € N and 1 < p < 4o0.

We then establish a first property of the Gross-Pitaevskii kernels Ko, K, L; and R; .

—

Step 2. The functions I/(\o, I/(\]-, L and Ej\k are LP-multipliers for 1 < p < 4+o0.

Step 2 follows from Lizorkin’s theorem [35].
Theorem ([35]). Let K a bounded function in CN (RN \ {0}) and assume

N
k; ~ o
[IEHo8 .. o0 K(€) € L= (RY),
j=1
as soon as (ki,...,ky) € {0,1} satisfies
N
0<> ki <N.
j=1

Then, K isa LP-multiplier for 1 < p < +o00.

By a straightforward computation, I/(\O, f(\J and ITJ\k satisfy all the hypothesis of Lizorkin’s
theorem, so, they are LP-multipliers for 1 < p < 4o00.

By standard Riesz operator theory, the functions Ej\k are LP-multipliers too (see for ex-
ample the books of J. Duoandikoetxea [16] and E.M. Stein and G. Weiss [49]).

Step 3. n and V(100) belong to all the spaces WFP(RYN) for k € N and 1 < p < 2.
By Steps 1 and 2, and equations (10) and (13),  and V(0) belong to LP(RY) for

1 < p < 2. We then iterate the proof for all the derivatives of n and V(@) using the
equations

N
aan — KO * O%F + 202}(] * aan, (21)
=1
c al Y
0°0;(10) = 5K x 0" F + Y Likx0°Gr+ Y Rjpx9*Gy, (22)
k=1 k=1

for every a € NV. By Step 1, 0%F and 9°G belong to all the spaces LP(RY) for 1 < p <
+oo: Step 3 then follows from Step 2 and equations (21) and (22).

Step 4. Vv belongs to all the spaces WFP(RN) for k € N and 1 < p < 2.
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The function v being C* on RN by Proposition 1, it is sufficient to prove that Vv belongs
to all the spaces W*P(°B(0,3Ry)) for k € Nand 1 < p < 2.

In order to do so, we first claim that Vp belongs to the spaces W*?(°B(0,3Ry)) for k € N
and 1 < p < 2. Indeed, p is given by

p=+1—-n.

By the proof of Lemma 6, n is higher than % on the set °B(0,3Ry), so, by Step 3 and by
the LP-chain rule theorem, Vp belongs to all the spaces W*P(¢B(0,3Ry)) for k € N and
l<p<?

Thus, p and V(:0) belong to all the spaces W*>(¢B(0,3Ry)) for k € N, and Vp and
V(¥0) belong to all the spaces W*P(¢B(0,3Ry)) for k € Nand 1 < p < 2. Since Vv is
given by

Vo = Vpe'*? + ipV(@/JG)ewe

at infinity, by Leibnitz’ formula and the LP-chain rule theorem, Vv belongs to all the
spaces WP (°B(0,3Ry)) for k € Nand 1 < p < 2. O

1.4 Convergence at infinity in dimension N > 3.

We now deduce Corollary 2 from Theorem 2. Indeed, by the following proposition, the
convergence at infinity of a travelling wave v follows from its regularity.

Proposition 5. Let v € C?(RY), and suppose that N > 3 and that the gradient of v
belongs to the spaces WP (RY) and WHPL(RN), where

1<pg<N—-1<p <+o0.
Then, there is a constant ve € C such that

v(x) = Vs
|z| =400

Proof. Proposition 5 relies on a radial construction of the limit vo: we focus on the
functions (v, ), defined by

V¢ € SN_l,vr(f) =v(rf).

We first prove their convergence almost everywhere towards a measurable function v
on S¥~! when r tends to +00. We then show the uniformity of this convergence by a
standard embedding theorem involving Lorentz’ spaces, and we conclude by showing that
Uso 18 a constant function.

At first, we construct the limit v,. We compute

/SNl/l+m\arv(rg)|drdgg/SNl </1+w|Vv(r§)|p°rN_1dr)plO (/1+°Or—évolldr> d

1

PO
< Anpo <[B(O ) |Vo(x) ]podl“) < 400,

so, for almost every & € SN,

S

+oo
/ |Opv(r)|dr < +o00.
1
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Hence, there is a measurable function vs on SV~1 such that for almost every & € SV—1,

We now claim

Lemma 7. vy is the limit in L°(SN™1) of the functions (v, )0 when r tends to +oo,
i.e.

|[vr — Vool | oo (sn—1y T 0.

Indeed, denote
Vp € [po, 1], Vr > 0, I,(r) = er/ |Vo(ré)Pde.
SN—l

The function I, is C L on R% and its derivative satisfies

Vr >0, [I(r)] < (N - 1)7“N_2/ IVv(TE)I”d€+pTN‘1/ Vo) P10, Vo (ré)]de,
§N-1 §N-1

S0,

“+oo
/0 [ (r)ldr < AVl gy + V01, g V0l lwro ) < +oo.

Hence, I, has a limit at 400, and since

—+o0
/0 1, (r)dr = |[V0]2, ) < 400,

this limit is zero.
Furthermore, we notice that

Vo(r)2 = [8,0(r€) 2 + 12V 0 (6)2,

where VSN_IUT denotes the gradient of the function v, on the sphere S¥=1. Tt yields

T——+00

N-1-p VS T ()|Pde — 0. 23
[V e (23)

So, we know at least partly the LP-convergence of the gradients of the functions v,. We
now estimate the L?-convergence of the functions v, to prove their uniform convergence
by using embedding theorems.

Thus, if pg < ¢ < min{p;, N}, we get for every r > 0,

/le [0r(§) — Voo (§)[7dE < /SN1 (/;"o \&«v(sg)ds)ng

-1 00
<(v=2) Lo 7 ol tasas Y
- SN-1 r

—N
<ANQ||VU||Lq RN .

By assertions (23) and (24), the functions v, converge to vs, in LI(SN™1) for every q €
[po, min{p1, N}[, and their gradient converge to 0 in LI(SV~!) for every q € [pg, N — 1].
Hence, the functions v, converge to vy, in WH4(SV=1) for every ¢ € [pg, N — 1], and since
their gradient converge to 0, the gradient of vy, in D/(SV~1) is 0, i.e. the function vy is
constant.
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Actually, by standard Sobolev embedding theorem, the spaces W4(SN¥=1) do not embed
in L>°(SN~1) for any q € [po, N — 1]: that is the reason why we introduce the Lorentz
space LN~L1(SN-1),

At first, let us recall briefly the definition of this space. Consider a measurable function f
on SV~! and define its distribution function A 7 by

Vit > 0,Ap(t) := p({€ € SNL|£(E)] > t}),

where p is the standard measure of SV =1

Vt >0, f*(t) :==inf{s > 0, A\f(s) < t}.

, and its decreasing rearrangement f* by

The Lorentz space LY ~11(SV~1) is then the set of all measurable functions f such that

—+o00
liaagsny = [ 7T < +oc.

The interest of this space relies on the theorem of A. Cianchi and L. Pick [11].
Theorem ([11]). Denote
W(LN—I,l(SN—l)) — {u c LN—l,l(SN—l)’VSNflu c LN—l,l(SN—l)}'
Then,
WL V) < LoEN ),
i.e. there is some constant C' > 0 such that for every function f € W(LN-LL(SNLY),

N—-1
£l oo @r—1y < CUIfllpv-ragn-1y + [V fllpa—1a@gv-1y).

Remark. In fact, A. Cianchi and L. Pick [11] proved a stronger result (Theorem 3.5 and
Remark 3.7 there), which is not useful here, but which explains why we introduce the
Lorentz space LV ~b1(SN-1),

Let X, a rearrangement-invariant Banach function space on the sphere S¥~!, and denote

W(X)={ue X, V" 'ue X}
Then, W(X) embeds in L>(SV~1!) if and only if
X < LN*l,l(SNfl).

Thus, in some sense, W (LY ~11(SV=1)) is the largest space (among the admissible W (X))
which embeds in L>(SV~1): that is the reason why the space LY~11(SN=1) appears
naturally in our proof.

By Cianchi and Pick’s theorem, it only remains to prove that the functions v, and their
gradients converge to Vs, respectively Vus, in LV ~51(SN=1), Indeed, by assertion (24),
we have for every N — 1 < ¢ < min{p;, N},

‘SN71| N2

Hvr — UOOHLN71,1(§N71) = / t_m’w« — UOO‘*(t)dt
0

N-1 L
ST

1
Sal a Joveny \ 7
< / [0y — vao (8t / R g
0 0

< Angllvr — UOOHLq(SN*l)

< An gV gy

q
La(RN

— 0.
r——+00
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Now, fix ¢ > 0. By assertion (23), there is some real number r. > 0 such that
¥r > 1w € (o) [V g < e
SN-1

Thus, denoting A, = Agsv-1, and f, = \VSN_IUT\* , we obtain

. 5p0 5101
YVt > 0, \r(t) < min N T=pogpe’ TN=T=pigpr

and

. 3 €
VE >0, fr(t) <min{ —F— 1 L N1 g L (-
r PO tro 1 P1 tr1
Finally, we compute
S

IV oy [ vt gty = / Lt N
0

1 N2
<er n t
0

N-1 ISV N—2 1

+ert ro t N1 podt

P1-N

< ANuPOaPIE‘

It yields that v, converges to 0 in LV ~L1(SV1) when 7 tends to +oc. By Cianchi
and Pick’s theorem, we then get

||vr — UOOHLOC(SN*) Tﬂjoo 0,

which ends the proof of Lemma 7.
The proof of Proposition 5 is then complete because the functions v, converge uniformly

to v by Lemma 7, and because the proof of Lemma 7 yields that v, is a constant
function. O

Corollary 2 then follows from Theorem 2 and Proposition 5.

Proof of Corollary 2. If v is a travelling wave of finite energy and of speed 0 < ¢ < V2,
it satisfies the assumptions of Proposition 5 by Theorem 2. Therefore, there is a constant
Vo € C such that

v(r) — Vo
|z|—-+o0

By Lemma 5, the modulus of v, is one. O

Remark. To simplify the notations, and since the solutions are defined up to a rotation,
we will assume from now on that
Voo = 1.

2 Linear estimates for the Gross-Pitaevskii kernels.

In the second part, we estimate the algebraic decay of the kernels associated to the Gross-
Pitaevskii equation Ko, Kj, L, and Ry, i.e. the exponents o for which the functions
12Ky, |.|“Kj, |.|*L; x and |.|*R; j, are bounded on RY. We then deduce some LP-regularity
for those kernels.
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2.1 Inequalities L'-L*>.

In this section, for sake of completeness, we first prove Lemma 3, which is presumably
well-known to the experts. We then deduce three generalisations of it for functions which
are not necessarily in S(RY). The first one concerns the functions in the fractional Sobolev
space W*1(RY) defined by

WL RY) = ueLlRN,/ /
&) =1 ( )]R RN ’Z—Z/‘NJFS

for 0 < s < 1, the second one, the functions in the fractional Deny-Lions space D*(R")
defined by

dydz < 400} (25)

D (RN = {u e LPS(RN)’/R /RN Py |N+ dydz < +oo} (26)

for 0 < s < 1: they are both useful to study the algebraic decay of the kernels Ko, K; and
L. The last one concerns the functions in the homogeneous fractional Sobolev space
Ws’l(]RN ), whose definition is more involved: it is likely to be the largest space in which
the L'-L> estimate of Lemma 3 holds.

Proof of Lemma 3. Let f, a function in S(RY). At first, f is also in S(RY), so, the
function x — \x]sf(x) is in C(RY). Now , fix z € RV, We get

/ - fw) ¢ dy _/ f(y+t)—f(y)em.ydydt
RN RN JRN

RN !z = y\N+S |t|N+s

—it.o
— i(xy—oy) € —1
L </RN </RN flo)e Es d“) dy) .

e—it.a -1
/IR{N |t|N+s dt

by a general formula for the Fourier transform of radial functions (see for example the
book of L. Schwartz [48]):

We then compute

e~ito _ 1 400 ﬂ.%*l N —s—— -
/RN Wdt = 2”/0 (Jy 4 @mrlol) - & Y (rlo) 2=y o]~ 2 dr
400 %71
= 2%]0]8/ (Jy _{(27mu) — T Du=2"%du
0 E r(%)
So, if we denote
+o0 N_q
An = 27r/ (Jy_,(27mu) — T 2N u%_l)u_%_sdu <0,
0 2 I'(3)
we get
f(y> z:c _ s i(x.y—o.y)
/]RN x W Ydydz = An (a)\a! "\ TY7Y dody
— Ay / P
RN
= 2m)NV A f(2)|z].
Thus, formula (16) holds for every function f € S(RM). O
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We assumed in Lemma 3 that f is a smooth function in S (RY). However, we can extend
Lemma 3 at least in three ways by an argument of density.

e Consider first the fractional Sobolev space W*1(RY) defined by (25) for every 0 < s < 1.
W1 (RN) is a Banach space for the norm

)
sy = Ty + [ [ D=8y

in which the space S(R”) is dense (see the books of J. Peetre [44] and H. Triebel [51] for
many more details: W*!(R"V) is equal to the Besov space Bf,l(RN ))-
We deduce from the property of density of S(R™) and from Lemma 3 the next corollary.

Corollary 4. Let 0 < s < 1 and f € WSHRN). Then, the function x — |x|°f(z) is in
CY(RN) and satisfies

[ 112 Fl Lo mivy <IN Fllwsr vy (27)
where In s the constant given by Lemma 3.

Proof. Let f € WSL(RN). Since S(RY) is dense in W*1(RY), there is a sequence (ﬁ)neN
of functions of S(R") such that

||f anW“RN) _’ 0
Thus, by Lemma 3, the sequence of functions

gn 2 = gn(x) = [2[* fu(z)

is a Cauchy sequence in the space C§(RY). Therefore, there is a function g € CJ(RY)

such that
1gn — gl Loo m) oo V"

By assumption, the functions ?; converge to f in L'(RY), so, the functions f,, converge
to f in L>®(RY), and up to an extraction, almost everywhere. It follows that

g=I"f
By Lemma 3, we have for every n € N,
-1 fall ooy < IN Il fullwsa @y,
which yields inequality (27) by taking the limit n — +oo. O
e Actually, we are going to work on functions which do not belong to the space W4 (RN).

That is the reason why we introduce a second space in which Lemma 3 holds. By standard
Sobolev embeddings, we know that

Ws’l(RN ) < LP*(RY)

for every 0 < s < 1 and ps = Lions
space D1(RY) defined by (26) for every 0 <s<1. D% I(RN ) is also a Banach space for

the norm il
ey = el + [ [ 2= Bayas,

and the space S(RY) is also dense in D*!(R") (see the books of J. Peetre [44] and H.
Triebel [51] for many more details).
We deduce from the property of density of S(R™) and from Lemma 3 the next corollary.
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Corollary 5. Let 0 < s < 1 and f € D*YRN). Then, the function x +— |x|*f(z) is in
CY(RYN) and satisfies
|1 fll oo vy <IN fll Do mnvys

where I is the constant given by Lemma 3.

Proof. The proof being nearly identical to the proof of Corollary 4, we omit it. The main
difference is that the functions fn do not converge to f in L' (RY) anymore. However, they
converge to f in LPs(RY): since ps < 2, the functions f,, converge to f in L¥s s(RY) where
= fjl, S0, up to an extraction, they also converge to f almost everywhere. Corollary
5 then follows from the same arguments as in the proof of Corollary 4. O

e Finally, we introduce a last space to which the conclusion of Lemma 3 can be extended:
the homogeneous fractional Sobolev space W*!(RY). Its definition is rather involved. We
first consider the space

Z(RY) = {u e S(RY)/Va e NV, 9°%(0) = 0},

and its topological dual space Z'(RY). We are going to identify Z’(R") with the factor
space S'(RY)/P(RY), where P(R") denotes the set of all polynomial functions on R*.
In this case, an element of Z/(RY) is a class of tempered distributions defined modulo
a polynomial function: we will denote 1, a representative of the class u in S'(R™). The
space W*L(RY) is then given by

P(z) —uly) —

. P(y)|
WweH RN = Z'(RN)/ inf / / dydz | <
(RT) = {u e 24 PeglRN) < RN JRN \zfy|N+5 ez oo}

for every 0 < s < 1. W (R™N) is a Banach space for the norm

. s P(z) —i(y) — P(y)l
Hu”Ws,l(RN) = Pe}il;l(g{N) (/RN /RN ’2 — ’N—&-s dydz .

The space Z(RY) is dense in W' (RY) and W*(RY) is continuously embedded in Z’ (RY)
(see the book of J. Peetre [44] and H. Triebel [51] for many more details: W1 (RY) is
equal to the homogeneous Besov space Bl, (RV)).

We deduce from the property of density of Z(R"V) and from Lemma 3 the following corol-
lary.

Corollary 6. Let0 < s <1 and fe WsYRN). There exists a distribution f in the class
f such that the function x — |x|*f(z) is in CJ(RY) and satisfies

111 Fll oo @y < INIFllyiron oy (28)
where I is the constant given by Lemma 3.

Remark. We must clarify some points. fis a class of distributions modulo a polynomial
function. Thus, f is also a class of tempered distributions, but modulo a finite linear
combination of the Dirac mass dy in 0 and of some of its derivatives: we will denote f, a
representative of the class f in S'(RY).

Proof. Let f € WL(RYN). Z(RY) is dense in W*!(RV), so, there is a sequence (ﬁ)neN
of functions of Z(R™Y) such that

||f anWisN) ‘> 0. (29)
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Thus, (ﬁ)neN is a Cauchy sequence in W*!(RY), so, by Lemma 3, the sequence of func-
tions

gn 2 @ = gn(z) = [2]° fn (@)
is a Cauchy sequence in the space C§(RY). Therefore, there is a function g € CJ(R")
such that

1gn — gl Loo ) oo V"

On the other hand, since W*(RY) is continuously embedded in Z’(RY), assertion (29)
yields that

f. — fin Z'(RM).

n—-+00

Thus, if we consider a function ¢ € S(R”Y) such that

—

¢ € Z(RY),
i.e. a function ¢ € S(R™) such that |.|*¢ is in C°(RY) and
Vo€ NV, 9%(|.["¢)(0) = 0,
we get
<g¢>= lim <[fn,¢>
= (@) lim < fo [0 >
= 2m) N < [ []P6>
=<|.°’f,0>.

We deduce that there is some representative f in the class of f which is in C§(RY \ {0})
and which satisfies

.I°f = g on RV \ {0}.

Smce g is in CJ(RY), % is in L} (RY), so, it is a tempered distribution. Consequently,

? is also a tempered distribution whose support is included in the set {0}.
By échwartz lemma, it is a finite linear combination of §y and of some of its derivatives,
i.e. the classes of f and I |5 modulo a finite linear combination of dg and of some of its

loc

derivatives are the same. Up to the choice of a new representative f in the class f, we will
assume that we have exactly

f= W in §'(RM).

Then, f is in Ll (RN), and |.|* f is a tempered distribution in L} (RY) which satisfies
g=|I°f on RV,

Finally, |.|*f is in C§(R"), and since for every n € N,

H "|sanL°°(RN) < INanHWs,l(RN),

estimate (28) holds by taking the limit n — +o0. O
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2.2 First estimates for the Gross-Pitaevskii kernels.

In this section, we deduce from Lemma 3 and Corollaries 4, 5 and 6 some L*-estimates
for the Gross-Pitaevskii kernels, i.e. Theorem 3.

Proof of Theorem 3. We first report some properties of the functions Ko, K, L; and of
their derivatives.

Step 1. Let (n,p) € N? and f, either the function dp(m, dpd/"\Kj or dp@.
f is a rational fraction on RN, whose denominator only vanishes at 0 and such that

[P f e L¥(B(0,1)),

and

P72 f € Lo(B(0,1)°).

Step 1 follows from a straightforward inductive argument based on formulae (11), (12)
and (14): we only give its sketch. For instance, for n = 0, by formula (11), the function
Ky is a rational fraction equal to

Rol©) = i
’ €A+ 20¢2 — e

so, it satisfies the estimates of Step 1. Moreover, its derivative 8]'[/(:) is

26, A Et 48518 — 26704 0¢17

9;Ko(€) = €7+ 2] — 2 (€% + 202 — 2€2)2

It is also a rational fraction which satisfies the conclusion of Step 1. The proof then follows
from a straightforward induction on p.

Remark. We infer from Step 1 that the behaviour of all those kernels is identical, and in
order to simplify the proof, we focus on the function d" Kj.

We notice that dV *H"df\Ko belongs to L'(RY), so, by the standard L'-L> inequality,
|.|N=1+nd" Ky is bounded on RY.
To prove the other estimates, we then derive
Step 2. Let s €]0,1] and n € N. The functions
|.‘N—2+s+ndnK0

are bounded on RY.

Indeed, we apply Corollary 5 to the function
f=dV"Hrang,
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We first notice by Step 1 that fis in LP(RN) for 1 < p < % Since 1 < ps < % for
every 0 < s <1, fis in LPs (RN ) for every 0 < s < 1 and it only remains to compute

Fly+t)—F
/]RN /]RN |z — ’N+8 |dydz /RN (/RN = \t\J)V+s (y)|dy> dt
_ fly+1)— ()]
- [ e
fly+1) — ()]
+ AI>1 </y|>2|t ||V dy) dt

4 8) — f
cf ([ Ml
o1 \ i<z
For the first integral, we have

/sz (/tlg 1/ (y J‘;‘tj)v;f(y)!dt> by < /01 (/RN (AQWdt) dy) do
< (L) (/)

< A/ AN gn Ko (€)|de < +oo,
]RN

for the second one,

Jor (o P07 )
1 i
= / (/|t|>1 </|y>2t| W@) dt) v
= A/ </t|>1 (/yl>2lt ‘y+iZ’NH> ‘t‘Ncil> v
= e </|y>2|t| (vl —dﬁ')N“) |t|Ndf31

< A / 7dt / 7du < 400
- >t [tNFe 2 (Jul = )N+ ’

and for the last one,

/ ( [ Vuro-jwl dy) .
[t1>1 \Jlyl<2lt] L[N+

) 2/|t>1 </Iy|§3t| |f(y)|dy> |t|(z{/t+s
P </yIS1 |yﬁ§’2 i /1<y|§3|t| Iydl%v> ‘t‘iirs
' </t|>1 ﬁﬁf%) </ lyl<1 ,yﬁé’ 2) ' A/t|>1 1|1115|(2|i|s)dt < 400
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Thus, we get

W)l
S dydz <
/R/R |z— rN+s R

S0, fis in D*>Y(RY). By Corollary 5, |.|N~2+5t"d" K{ is then bounded on RY for every
0<s<l1.

We complete the proof by the next similar step.
Step 3. Let s €]0,1[ and n € N. The functions

||Vt gn g
are bounded on RY.
The proof relies on Corollary 4 for the function
f=dVrnani,

By Step 1, fis in L'(RY) and we compute likewise

/RN/]RN 2 — yN+s = L0y /RN/RN yTt‘tNﬂ f(y Dl g
= /RN </|tZl 1/ (y m;;f(y)dt> "
’ /'t'<1 </y|s2|t o J!rtlt])v;f(y”dy) “
: /'t'<1 </y|>2|t & J!rtff)v;sf(y”dy) dt.

For the first integral, we have

/RN (/MZI 1y H}V;-’?(y)'dt> dy < 2 </RN If(z)\dz> </t|>1 |t|czlvt+s>
<2 </RN |dN—1+nd7I?o(z)|dZ> </t|>1 |t|cz{/t+s)

< 400,

for the second one,

fly+t) - fw) / / : dt
dy | dt <2 f(y)ldy
/t|<1 </|y|s2|t [t e i ") s
dy dt
<A /
lt]<1 ( ly|<3J¢| |y|N1> L[N +s
dt du
() ([
< lt]<1 |75|N+81> < u|<3 \U|N1>

< +00,
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and for the last one,

. N f
[ (] Mero-iwl,),
1tl<1 \JJy|>2|¢| It]
1 ~ dt
0 1tl<1 \JJy|>2¢| |t]
dy dy dt
<A / / S /
lt|<1 ( 2>|y|>2]t| (Jyl = ‘t‘)N ly|>2 (Jyl = ‘t‘)N+2> ’t’N+S_1
o N-1
U dt dt dy
A / / du LA / _ar / W
lt|<1 ( o (u—1)N ) MN+S_1 ( lt|<1 ‘t‘ tse 1) ( ly|>2 (lyl = 1) N2
| In(t)] / dt / dy
< A/ ———dt+ A _— —=—— | < +o0.
lt|<1 ‘t‘N—'—s ! [t|<1 ’t’N+s ! ly|>2 (Jyl = 1)N+2

Thus, we also get
F(v)]
" dydz <
/IRN /RN Iz—le“ oo

so, f is in W*L(RN). By Corollary 4, |.|[N*t5=147¢@" K is bounded on RY for every 0 <
s < 1, which completes the proofs of Step 3 and Theorem 3. O

IA

Remark. Here, the key ingredient is the form of the Fourier transform K of the kernels.

e K is a rational fraction;

o Kis only singular at the origin, where the singularity is of the form Oo(ﬁ);

e at infinity, K is of the foom O (%), where 8 > a.
jgl—+oo" 1]

We can obtain the algebraic decay of all the kernels whose Fourier transform satisfies
similar assumptions by the same argument.

Before improving those estimates, we deduce some LP-integrability for the Gross-Pitaevskii
kernels.

Corollary 7. Let (j, k) € {1,...,N}2. The functions Ko, K; and Ljy, belong to all the
spaces LP(RN) for

1
<p< N _2o
and their gradients, for
1<p< .
=p N—1
Proof. 1t follows from the estimates of Theorem 3. O

Remark. We conjecture Corollary 7 is optimal, i.e.

e the functions Ko, K; and L; do not belong either to L!(RY), nor to L%(RN);

e their gradients do not belong to L%(RN).
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2.3 Critical estimates for the Gross-Pitaevskii kernels.

In this section, we improve the linear estimates of Theorem 3 by proving Theorem 4. It
seems very similar to Theorem 3, but its proof is quite different. Indeed, we conjecture
that the functions |.|NT"d" Ky, |.|N*"d"K; and |.|NT"d"L; ) do not tend to 0 at infinity.
Thus, we cannot prove Theorem 4 from a general inequality deduced from the density of
S(RM): it would mean that |.|NT"d" Ky, |.|NT"d"K; and |.]NT"d"L; . tend to 0 at infinity.
Actually, the proof relies on the following lemma.

Lemma 8. Let 1 < j < N. The function
z =z f(x)
is bounded on B(0,1)¢ for every f € S'(RN) such that
(i) Jis of class C% on RN \ {0},
(ii) (|.INF'+ | IN=1)f is bounded on RV,
(iii) (|.]NF2 + |.|N)0;  is bounded on RY,
(iv) (||]NT3 + [ |Nt1);0f are bounded on RN for 1 <k < N.

Proof. Indeed, we establish the formula

Step 1. Let A > 0. The following equality holds almost everywhere

ey Ty inE PV piTE
%ﬂwﬂ%w<é@m@m” dg+ [ of(e) e - e

B(0,\)

1 Ry
5 Lo G0 %>.

Let g € S(RY). We have
<3;f,§ >=< f,2;§ >= i < f,0;,9 >= —i < [, 09 > .

By assumption (ii), fis in L'(RN), so, we can write

<oyt g>=—i | F©00

and by integrating by parts, we deduce

<zjif,g>=—-i< f,ajg> :i/
B(0,\)¢

@ﬂ@ﬂ@%+¢/ 0,7(6)(g(€) — 9(0))de

B(0,))

ig(0) ,
Tl G

Since g is in S(RY), it satisfies




which yields

s { ~ Y iw.& Y g _
<apf5> = o [ 3) ( [ 2iF @ [ 0@~ ag

B(ON)
1 .
— ; d¢ | dx.
/. G 5) v

As the function
7(£)e BN 1 -
— O z:c.fd O . d 4 ‘ d
x /B(M)C if(§)e §+/B(0’A) if(€)(e 1)dé¢ + )\/S(O,A) & F(&)de

belongs to L} (RY), by standard duality, formula (30) is valid almost everywhere.

To proceed further, we estimate each term of formula (30).

Step 2. The following inequalities hold for every z € RN and X\ > 0,

| oo 27 (€)(€™€ ~ 1)dg| < ANz,
| fS(O,A) & f(&e™4dE| < AN,

where A is a real number independent of x and .
Indeed, on one hand, we know
Vu € R, e — 1| < Alul,

and therefore,

[ i@t - nag| < Al [ o)
B(0,)) B(0,))

By assumption (iii), we get

N i df
| oFees ~ e < Al o < AN,
B(0.)) B, €]
On the other hand, we deduce likewise from assumption (ii),
<A e AN

/ & Fle)em<de
S(0,3)

s [§V=2 ~
Therefore, it only remains a single integral to estimate.

Step 3. The following inequality holds for every x € B(0,1)¢ and 0 < A < 1,

1
< -
—A<”A|x\)’

where A is a real number independent of x and .

/ 9, f(€)eimSdg
B(0,))¢
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Indeed, we have

/ 0, (&)< dg = / 0, F (€)™ Sde + / 0, F(e)e <.
B(0,\)¢ B(0,1)°

B(0,1)\B(0,))

For the first integral, we deduce from assumption (iii),

[ of@esi < [ jfee<a
B(0,1)¢ B(0,1)¢

)

For the second one, by assumption,
| > 1,

S0, there is some integer 1 < k < N such that
|z|

>
|z > N

By integrating by parts, we then get

~ ) 1 ~ )
/ 9 F(&)e™tde = — 0; F(€)0h(e™4)de
B(0,1)\B(0,\) Tk JB(0,1)\B(0,\)

1 ~ )
=— (— / 00k f(£)e'™ ¢
(293 B(0,1)\B(0,)\)

[ o feeneus
S(0,1)

1
A Json

@f(&)em%kds) :

and by assumptions (iii) and (iv),

- N dé A d§
9, f(&)e™tde| < — A/ =+ A+ = T
/B(O,l)\B(O,)\) 318 |z| B(0,)\B(O,) [§INT A Json 1€V
A
< —+ A.
= N +
Thus, we get
~ A
9; f(&)e™ede| < — + A.
/B(O,A)C 3E) Alz|

Finally, by Steps 1, 2 and 3, we get for every z € B(0,1) and 0 < A < 1,
A
‘:ij<$)’ < A)\’.CL“ + m + A.
By choosing

mv
we obtain the result of Lemma 8. O

Now, we can deduce the proof of Theorem 4.
Proof of Theorem 4. By Step 1 of the proof of Theorem 3, the functions dN*H”dTI?o,

anN *H"dqf?j and dV *H”@ satisfy the four assumptions of Lemma 8, which implies
Theorem 4. O
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2.4 Estimates for the composed Riesz kernels.

We focus next on the kernels R;j, for which we have the explicit expression (17). Indeed,
if f is a smooth function, and if g; ;. is the function defined by

—

Ve € RY, g;7(€) = Rjx(€)f(9),

we have

S 2 _ Nuy.
Vo € RY, g u(x) = AN/ kY] VU g
ly|>1 ‘y’

85 elyl® — Nyjyi

ly|<1

Therefore, we do not need to study the decay of the kernels R; directly, and instead,
we may restrict ourselves to the decay of the functions g;j with suitable assumptions on
f. In that context, we recall some useful facts, which are presumably well-known to the
experts. For sake of completeness, we also mention the proofs.

Proposition 6. Let f a function C' on RN which belongs to LP(RN) for 1 < p < +o0,
and suppose there is

d €]0, N]

such that for every B € [0, 0],

LPf € LR,
{ PV f € LoRY).

Then, the functions
1795 € L=(RY)

for every (j,k) € {1,...,N}? and for every 8 € [0,6].

Proof. Recalling formula (17), we first denote

Siklyl? — Nyjy
gin(x) = Ay /y|>1 e = )y

8 kelyl> — Nyjyi
A Js .] o o d
+ Ay /y@ e (= 0) — f(@)dy

Then, if we fix 5 € [0, d], we get

_ |8 _ _
]x\ﬁlh(x)\ SA/ |z —y|’| f(x y)‘dy_i_A/bl |f(x y)‘dy.
y

ly>1 ly|¥ |y| V=P

Hence, if p > Ni_ﬂ, we have

=) [ W
F@ =0l il TR RPN
/y|>1 s W< Wlloen | [ e
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and if § < § — ¢ and |z| > 4, then,

B
/ |z —y|°|f(x y)!dySA dy
ly|>1

ly|V i>1 [Nz =yl
A dt
=Ll Jigs 2 [N gy — e

< A/ dt A/ dt
el S e 1Y el Sacp<s Iy — U

L4 dt
Z|* Jjyy>2 \t\N(\t\ - 1)
Aln\x| /
<
|| Iw\ ——|<1 ’m ﬂs
Al
< na] + A< 40,
|z|°

whereas, if |z| < 4, we get

|z —yl°|f(z = y)| / dy / dy
dy < A — + A — s < +oo.
/|y|>1 ly|¥ 1<|y|<5 lyN¥ ly|>5 [y (Jy] — 4)°

Thus, |.|°I; is bounded on RY. Likewise, we have for I,

2|P Lo () gA/ lﬂc—ylﬁlf(x—y)—f(fv)ldy%él/l|<1 fl@—y) — f@)],

lyl<1 ly|V |y|N =P

On one hand, if 8 < § — ¢, we compute

_ B _ _

x—yl°|flx—y)— f(z dy
/ | P N )~/ )|dy§ |’Vf‘|L°°(B(x,1))(‘x|+1)ﬂ/ T
ly|<1 Y ly|<1 Y

<A
— (LA faf)e

< +00.

On the other hand, we get if 3 =0,

ey~ @], dy
/y|<1 P d“/ D

i<t Y

whereas if 8 > 0,

[ E Py
ly|<1 [yl <1 |yl
Therefore, |.|°I5 is also bounded on RY, such as |.|%g; . O

Remark. In fact, a similar proposition holds for the Riesz kernels.

Actually, we will make use of the next more precise proposition in the critical case. It is
also presumably well-known to the experts, but for sake of completeness, we also mention
the proof.

Proposition 7. Let f a function C' on RN which belongs to L'(RYN), and suppose that

{ (1+.IV)f € Lo(RY),
(1+ [NV f e L2(RN).
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Then, the functions
1V gjn € LX(RY)

for every (4,k) € {1,...,N}2.

Proof. Recalling formula (17) once more, we notice

8 elyl® — Nyjyi
s =av [ ey
8 kelyl> — Ny;yi
A .]7 ] _ d
+ N\/u_w<ﬁ| ‘y|N+2 f(.’I} y) Yy

S 2 _ Nu.
vy [ BT )~ )y
YIS

For the first integral, we compute

I(2)] < Ay / dy

y\>%,|xfy\>% |y|N|:E - y|N

< An / dz
= , N[z _ LN
2N S>> 1 121V gy — 2

< AN/ dz
TN Jgs L jer—z> 1 |2V ]er — 2N

for the second one,

and for the last one,

@) < Av [ ey
<7

An
<
=z

=

Thus, |.|Vg; s is bounded on RY. O

3 Decay at infinity.
In this last part, we study the algebraic decay of the functions 1, V(16), Vv and of their
derivatives by the inductive argument yet explained in the introduction (see Lemmas 1

and 2), which was introduced by J.L. Bona and Yi A. Li [8], and A. de Bouard and J.C.
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Saut [14] (see also the articles of M. Maris [40, 41] for many more details).

We first prove a refined energy estimate based on Lemma 4, which provides some algebraic
decay for the functions n, V(¢)0) and Vv. Then, by convolution equations (10) and (13),
we deduce inductively Theorem 5 which gives some decay rates for all those functions.

3.1 A refined energy estimate.

We first give an energy estimate for v thanks to arguments from F. Béthuel, G. Orlandi
and D. Smets [7]. It will yield in the next section some algebraic decay for the functions
n, V(¢0) and V.

Proposition 8. If v is a solution of finite energy of equation (2) in L} (RN), there exists

loc
some real number a > 0 such that the integral

[ el e
RN
is finite for every 0 < 8 < a.

The proof relies on Lemma 4 proved by F. Béthuel, G. Orlandi and D. Smets [7] for small
c. For sake of completeness, we mention the proof of Lemma 4 for every 0 < ¢ < v/2.

Proof of Lemma 4. We first invoke Lemma 6 to choose some real number R so large that
v = pe? on B(0, R)".
By equation (2), we then compute

—Ap+ p|VO? + cpdrf = p(1 — p*), (31)
div(p?V) = —gﬁpo, (32)

on the set B(0, R)°.
Then, fix A > R and denote Q2 = B(0,\) \ B(0, R), and fp = @ fSR 6. We first multiply

equation (31) by p? — 1, which gives by integrating by parts,

2 [ Vol = [ duple* =)+ [ oupts? - )
Q Sa Sr

(33)
+ /Qp(p2 - 1)|Ve)* + C/Qp(p2 —1)016 = —/Q/J(p2 —1)%

We already know that d,p(p? — 1) belongs to L'(B(0, R)¢), so, we can construct an in-
creasing sequence (A,)nen which diverges to +o0o, and such that

dup(p*—1) — 0.
S)\n n—-4o0o

By taking the limit at infinity in equation (33), we get

2 / PVl + / Duplp® — 1) + / p(5? — 1) V82
B(0,R)e Sk B(0,R)e

+ C/ p(p® —1)010 = —/ plp® —1)°
B(0,R)¢ B(0,R)*
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We also get such a result by multiplying equation (32) by § — 6 and by integrating by

/,02|V0|2 —/ p°0,0(0 — 0R) +/ p°9,0(0 — 0R)
Q Sa Sr

=5 [F =100+ 5 [ (PO —0m—5 [ (7~ 1m0 -on).

Sa Sr

parts,

N
By Theorem 2, V6 and 1 — p? belong to L¥-1(B(0, R)¢), so, we can construct another
increasing sequence (A, )neny which diverges to 400, and such that

A [ (VO £ 1 - 27T 0.

S, e
Since
\fS p20,6(0 — 0r)| < A f; 10,6] < A 5 0,6]%1)"%"
{ oy (0% = D0 = )| < A i 11— p* < AN fy, L= 25 1) 5
we get

[ Pvop [ 0,60 - on)
B(0,R)° Sk

) (39)
=3 (/ (p* —1)0,160 +/ (p? — v (0 — 03)) .
B(0,R)c Sr
By adding equations (34) and (35), we infer
¢ 2 1 2
e(v)=— = p(p”—1)010 — = p°0,0(0 —OR)
B(0,R)¢ 2 JB(o,R)e 2 Jsg
Vol2 (1 — p2)2
[ oo -nm [ o (T BEE)
Sr B(0,R) (36)

1
[ a-aw-nao-1 [ s -1
B(0,R)¢ Sr
wy [ - pIveP,
4 JB(o,Rr)e

It remains to evaluate each term in the right member of equation (36). For the first one,
c

we can write
28192 (1 _ p2>2 c
— p(p® —1)010] < / < > < / e(v
2 /B(O,R)c (v* ' B(0,R)° 2 4 V2 JB(o,r)" (@)

For the next one, we get by Sobolev-Poincaré inequality,

(] o) (o0
can( o)’ ([ a0)

sAR/SR e(v),
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and likewise,

< fs (0 aR) y<ARfS e(v
| s, Ovplp ’<Afs e(v

In order to estimate the other terms, we fix € > 0, and by Lemma 5, we choose R sufficiently
large such as |p — 1] and |V#)| are less than ¢ on the domain B(0, R)¢. For such an R, we
have

Vp|? 1—
oot = ) (55 + S | < [y e e(0)
|EIB(0,R)c(1 p)(p? —1)819\<A8IB(0R e(v)
17 S50,y (L= PP)IVOP| < Ac [0 gy v

which finally gives,

/B(O’R)C "= <\;§ i As) /B(O,R)c o)+ AR Sk )

If ¢ is sufficiently small such as

L—|—A<€<1,

V2

/B(O,R)c e(v) < AR /SR e(v).

Denoting J(R) = || B(O,R)e e(v), we get for R sufficiently large

it yields

J(R) < —A.RJ'(R)

which gives

J(R)

IN

Lemma 4 then holds for o, = A%. ]
Finally, we deduce Proposition 8 from Lemma 4.

Proof of Proposition 8. The case = 0 being immediate, we choose (3 €]0, a.[ and com-
pute

/RN|:L"|B d:z:-/+oo /T
:—[r /m/ v)dp +5/+Oo 1</T+M/Spe(v)dp>d7"
—5/0 P01 </B(0,T)C ()) dr < +o0.

Remark. Proposition 8 is crucial to initialise the proof of the next section.
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3.2 Decay of the functions n and V.

In this section, we prove Theorem 5, which gives some algebraic decay for the functions
n, V(¥0), Vv and their derivatives.

The proof of Theorem 5 essentially follows inductively from the arguments developed in the
introduction in Lemmas 1 and 2. However, as mentioned above, it is more involved, since
we have to consider a system of convolution equations and to handle the singularities of the
convolution kernels near the origin. Thus, we will split the argument in four subsections.
In subsection 3.2.1, we show that the functions 7 and Vv belong to some spaces M BOO(RN )
for § sufficiently small. It provides the initialisation needed by Lemma 2.

In subsection 3.2.2, we apply the inductive argument of Lemma 2 to equations (10) and
(13) to improve the algebraic decay of the functions n, Vi, V(¢0) and V.

In subsection 3.2.3, we deduce inductively some algebraic decay for the derivatives of the
functions 1, V(10) and Vv by the same argument.

Finally, in subsection 3.2.4, we improve once more the decay rate of the functions n, Vn,
V(¢0) and Vv by using the critical estimates of Theorem 4 instead of Theorem 3, and
Proposition 7 instead of Proposition 6.

3.2.1 [Initialisation of the proof of Theorem 5.

In this first subsection, we deduce some algebraic decay for the functions n, Vn, V(¢0)
and Vv from Proposition 8.

Proposition 9. There exists some real number o > 0 such that
(1, Vi, V(¥9), Vv) € MEF(R")*
for every 0 < 8 < a.

Proof. The proof relies on equations (10),

N
n:Kg*F+2cZKj*Gj,
j=1
and (13),
c ) N N
@(1/)9) = in * F 4+ ¢ ZLj7k * Gk +2Rj,k *Gk
k=1 k=1

We estimate each term of those equations beginning by equation (10).

Step 1.1. Let j € {1,...,N}. Then,
o KoxF e MgRY),
o Kj*Gje MPRY),
for B sufficiently small.
Indeed, we have for 0 < 8 < N and for every x € RV,

2|7 Ko« F(z)] < A (/RN |z — y|°| Ko(z — y)I|F(y)|dy + /RN | Ko(z — y)Hy!ﬁlF(y)\dy> :
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On one hand, by Theorem 3,
HBKO € LP(RN)a

for

<p<

N_3 N_G—2

if0 << N -2, and for
N
N-—p
if N—2< 8 < N. For such a p, by Theorem 2, F is in L” (R"), so, we get by Young’s
inequality,

P>

1(1-17Ko) * Fll e @ny < || [1° Kol o) 1 Fll v (govy < +00.
On the other hand, by Corollary 7,

Ko € LY(RY)

for every 1 < ¢ < %, and by Proposition 8, there is some real number « > 0 such that
vo.e 0.al, [ LIPIF]+16]) < +oc.
R

Then, consider 3 € [0, QWO‘[ Thereis 1 < ¢ < % such that

Bq < a.

As F tends to 0 at infinity by Lemma 5, we deduce

/|ﬁﬂm¢§A/\Wﬂﬂ<+w.
RN RN

Thus, for every (3 € [0, QWO‘[, we get
1Ko # (1" F)l e @y < 1 Koll pamll |1 F Il Lo vy -

Therefore, the function Ky * (|.|°F) is bounded on RY, such as the function |.|*Ky * F:
the proof being identical for the functions |.|°K; * G; by replacing F' by G, we omit it.

By equation (10) and Step 1.1, n belongs to M EO(RN ) for 3 sufficiently small.

To prove the remaining results, we turn to the function V7 which satisfies the equation

N
Vi =VEo*F+2c) VE;xG, (37)
j=1
and we establish similarly

Step 1.2. Let j € {1,...,N}. Then,
o VKo* F e M(RY),
o VK;+Gje MZP(RY),

for B sufficiently small.
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Indeed, we have for 0 < 8 < N + 1 and for every x € RV,
ol IV = F@)I < 4 [ (I =01V Eole = )l [Pl + Vol = )l IF()]) v

On one hand, by Theorem 3,
||’V Ko € LP(RY),

for
N <p< N
N+l—-g P SN_1-3
if0<B< N —1, and for
- N
P NT1-5

if N—1 <3< N+1. For such a p, by Theorem 2, F is in L¥' (RN), so, we get by Young’s
inequality,

(P9 Eo) * Fll ey < Il 1O Koll o1 Fll s gany < oo
On the other hand, by Corollary 7,
VK, € LY(RY)

for 1 <g< %, and by Proposition 8, there is some real number o > 0 such that
vo.< 0.al, [ LIPIF]+161) < +oc.
R

Then, consider 3 € [0, §-[. Thereis 1 < ¢ < % such that

Bq < «a.

As F tends to 0 at infinity by Lemma 5, we deduce

/!ﬁﬂﬂdsA/\ﬁﬂﬂ<+w-
RN RN

Thus, for every 3 € [0, £[, we get
IV Ko # (117F) oo any < IV Eoll ol [17F | o gvy-

Hence, VK * (|.|°F) is bounded on RY, such as |.|°V Ky * F: the proof being identical
for |.\5VKJ~ * Gj by replacing F' by G, we omit it.

By equation (37) and Step 1.2, V1 belongs to M EO(RN ) for [ sufficiently small.

We then turn to the function V(10) and study equation (13). The study of the terms
involving the kernels K; and L; is strictly identical to Step 1.1, and gives

Step 1.3. Let (j, k) € {1,...,N}2. Then,
o KjxF e MZRY),
* LJ,/C * Gy, € MEO(RN)’

for B sufficiently small.
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It only remains to evaluate the functions Ry * Gy.

Step 1.4. Let (j, k) € {1,...,N}2. Then,
Rjj + Gy € MZ°(RY),
for B sufficiently small.

Indeed, on one hand, by Steps 1.1 and 1.2, the functions |.|%n and |.|?V# are bounded on
RY for 3 sufficiently small.
On the other hand, V(¥6) is C*™ on RY and is given by

w.Vo
|v|?

V(8) =

at infinity. However, by Theorem 2, Vv and d?v are bounded on RY, and by Lemma 5,

(@) = plx) — L,

|z =00
so, V(¥0) and d?(y0) are bounded on R,
At last, G is C*™ on RY and is equal to
G =nV(40)

at infinity, so, |.|’G and |.|°VG are bounded on RY for 3 sufficiently small. As G and VG
belong to all the spaces LP(RY) by Step 1 of the proof of Proposition 4, it follows from
Proposition 6 that |.|? R; i * G is bounded for g sufficiently small.

By equation (13) and Steps 1.3 and 1.4, V(1#) then belongs to MEO(RN) for B sufficiently
small.

We complete the proof of Proposition 9 by deducing that
Vv € MP(RY)

for 3 sufficiently small. Indeed, by Theorem 2, Vv is C* on R and satisfies at infinity

Vol = Vo2 2v92_|V77|2 217 (10)|2
[Vol® = [Vp|” + p°|VO]" = 1 + |V (0)|".

Since

plz) — 1
|| =00

by Lemma 5, we infer from the study of V) and V(¢0) that |.|*Vv is bounded on RY for
0 sufficiently small. O

3.2.2 Inductive argument for the decay of the functions 7, Vn, V(¢0) and Vv.

We then improve by the inductive argument of Lemma 2 the decay rate of the functions
n, Vn, V(¥0) and V.

Proposition 10. Assume there is some real number o > 0 such that
(1, Vi, V(48), Vo) € Mg (RY)",
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for

B el0,al.
Then,
(n, V(48), Vo) € Mg (RY)?,
for
B € [0, min{N, 2a}],
and
Vi € Mg (RY),
for

B € [0,min{N + 1,2a}|.

Proof. The proof is quite similar to the previous one. We first use the quadratic form of
F and G.

Step 2.1. The function
P(1F+1G)

18 bounded for every
B € [0,2a].

By formulae (8) and (9), F and G are C™ on RY and are given by
F =2|Vu|* + 21 — 2endy (¥6),

and

G =nV(0)
at infinity. Step 2.1 then follows directly from the assumptions of Proposition 10.
Now, we study the function n by equation (10).

Step 2.2. Let j € {1,...,N} and 8 € [0,min{N, 2a}[. Then,
e KoxF € MgO(RN),
o KjxGje MPRY).

Indeed, we have likewise for 0 < 3 < N and for every z € RV,

ol Vs P < A ( [ 1o = uPlote - llFGlay+ [ 1Kate - il F)dy).
On one hand, we have already proved in the proof of Step 1.1 that for every g € [0, N|,
(112 Ko) # Fl e ey < +00.
On the other hand, by Corollary 7,
Ko € LY(RY)
forl <g< %, so, we get for every 3 € [0, 2],
1Ko * (1" F)ll oo @y < 1 EKoll zaemyll 17 Fll o vy -
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By Step 2.1, there is some real number 1 < g < % such that
/ L9 | Pl < oc.
RN

Thus, the function Ky * (|.|°F) is bounded on R, such as the function |.|[°Ky * F: the
proof being identical for the functions |.|° K; * G; by replacing F by G;, we omit it.

By Step 2.2 and equation (10), Proposition 10 holds for the function 7.
We then estimate the function V7 by equation (37).

Step 2.3. Let j € {1,...,N} and 8 € [0,min{2a, N + 1}[. Then,
o VKo F e Mg(RY),
o VK;+Gje MZP(RY).
In Step 1.2, we showed that
(|.|I°VEKy) « F € L®(RY)

for 5 € [0, N 4+ 1[. We also deduce from Corollary 7 that for ¢ € [1, %[ sufficiently small
and for every 8 € [0, 2¢],

IVEo * (1 F) oo vy < IV EKollLam) |l P Fll o vy < 400

Similarly, the functions VK *(|.|’G;) and (|.|?VK;)*G; are bounded for 3 € [0, min{N +
1,2a}[, which completes the proof of Step 2.3.

The result of Proposition 10 for the function V7 follows from Step 2.3 and equation (37),
and we can turn to the function V(10), which satisfies equation (13). The study of the
terms involving the kernels K; and L is strictly identical to Steps 2.2 and 2.3.

Step 2.4. Let (j k) € {1,...,N}2. Then,

o KjxF e MFRY),

o Lip*xGy € MEO(RN),
for every 5 € [0, min{N, 2a}|.
Thus, it only remains to evaluate the functions R * Gy.
Step 2.5. Let (j,k) € {1,...,N}? and 3 € [0,min{N, 2a}[. Then,

Rj* Gy € MZ(RY).

Indeed, by Steps 2.2 and 2.3, the functions |.|°n and |.|°V# are bounded on RN for
B € [0, min{N, 2a}[, so, the functions |.|°G and |.|°VG are also bounded on RY for 3 in
this range. Since G' and VG belong to the spaces LP(RY) for 1 < p < 400 by Step 1 of

the proof of Proposition 4, by Proposition 6, the functions |.\3Rj7k x (7}, are bounded for
in this range.

Subsequently, by Steps 2.4 and 2.5, and equation (13), V(¥0) is in MEO(RN) for B €
[0, min{ N, 2a}].
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We conclude the proof of Proposition 10 by showing that
Vv e Mg° (RY)

for 3 € [0, min{N, 2a}[. Indeed, by Theorem 2, Vv is C* on R and satisfies at infinity

2 _ 2, 2 2 _ [Va|? 2 2
[V[” = [Vp[” + p7|VO|" = AR IV (40)]".
Since
@ — 1
|z =00
by Lemma 5, it follows from the study of Vn and V(¢f) that |.|°Vv is bounded on R¥
for 0 < 8 < min{N, 2a}. O

3.2.3 Inductive argument for the decay of the derivatives of the functions 7,
V() and Vv.

We deduce from Propositions 9 and 10 that
(n, V(¥0), Vo) € Mg (RY)?,

for every € [0, N[ and
Vn € MEO(RN),

for every # € [0, N + 1[. We now estimate the decay of the derivatives of 1, V(1f) and
V.

Proposition 11. Let o € NV, Then,
(n,0°V (40),0*Vv) € MEF(RY)?,

for every 5 € [0, N[ and
0*Vn € MEO(RN),
for every 5 € [0, N + 1].
Proof. The proof is by induction on |a| € N: the case a = 0 follows from Propositions 9
and 10.

Now, assume that Proposition 11 holds for every |a| < p and fix a € N¥ such that
|| = p+ 1. As in the proof of Proposition 10, we first estimate F' and G.

Step 3.1. The function
17107 F| +107G))

is bounded for every 3 € [0, N[ and for every v € NV such that |y| = p+ 1.

Step 3.1 relies on Leibnitz’ formula and on the quadratic form of F' and G.
F is a C*™ function on RY given by

F =2|Vo|? + 21? — 2en01 (1)
at infinity. By Leibnitz’ formula, we compute

DF =2 ¢;4[07°V0.0Vo + 87 °0.0°n — cd"n.0°01 (10)),
o<y
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where the coefficients cs,, are positive integers.
On one hand, by the assumption of induction,

[12(10° Vo] +18°n] + [8°01(v0)]) € LX(RY)

for 6 <~ and § # v, and for 8 € [0, N|.
On the other hand, by Theorem 2, "Vuv, 97y and 979 (1/6) are bounded on R, so,

17107 F| € L®(RY)

for every 3 € [0, N|.
Likewise, G is a C* function on R given by

G =nV(y0)

at infinity, so, by the same argument, |.|°97G is bounded on RY for 3 € [0, N|.
We then study the function *Vn, which satisfies

N
0°Vn = VEo*9°F +2c Y _VK; *0°G;. (38)
j=1
Step 3.2. Let j € {1,...,N} and 8 € [0, N[. Then,
o VKy*x0F € MEO(RN),
o VK;+0°Gj € Mg(RN).

By Step 3.1, the proof is similar to the proof of Step 2.3. By Step 1 of the proof of
Proposition 4, 0F and 9“G; are in all the spaces LP(RY) for 1 < p < +o00 as well as F'
and Gj. Therefore, we omit it.

Thus, 9*Vn belongs to MEO(RN) for every 3 € [0, N|.
Now, we turn to the function 0*0;(10), which satisfies

N N
0°9;(v0) = ng x0°F + Y Ljp#0°Gr+ Y Ry 0°Gy. (39)
k=1 k=1

By Step 3.1, the study of the terms involving the kernels K; and L, is strictly identical
to Steps 2.2, 2.3, 2.4 or 3.2.

Step 3.3. Let (j, k) € {1,...,N}2. Then,
o K;+0°F € Mg(RY),
o Ljj*d°G e MPRY),

for every 3 € [0, N|.

It only remains to evaluate the functions R * 0“Gy.

Step 3.4. Let (j k) € {1,...,N}? and 3 € [0, N[. Then,

Rng * 8aGk € MEO(RN).
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Indeed, let Hy = 0°Gy. Hj belongs to all the spaces LP(RY) for 1 < p < 400 by Step 1
of the proof of Proposition 4, and |.|?H}, is bounded on RY for every 3 € [0, N| by Step
3.1.

In order to apply Proposition 6, we claim that |.|°VH) is bounded on RN for every
B € [0,N]. Tt follows from Leibnitz’ formula as well as in the proof of Step 3.1. Indeed,
by formula (9), we have at infinity

VG = Vn.0k(¢0) + n.V O (¢0).
By Leibnitz’ formula, we get

VHy =Y ¢5a(0°Vn.0% 00, (10) + 8°1.0° "V j(16)).

i<a

The terms involving the highest derivatives are 0“Vn.0k(¢0), V1.0%0(10), 0“n.V i (¢0),
n.VOi(0). All of them belong to MEO(RN) for 5 € [0, N[ because of the assumption
of induction and of Step 1 of the proof of Proposition 4. The other terms are also in
MEO(RN) for 3 € [0, N[ by the same argument. Therefore, |.|°V Hy is bounded on RY for
every (3 € [0, N[ and we can apply Proposition 6 to end the proof of Step 3.4.

Subsequently, by Steps 3.3 and 3.4, and equation (39), 9V (¥0) is in MgO(RN) for g €
[0, NT.

Then, by Steps 3.2, 3.3 and 3.4, we claim that
0“Vuv € M3 (RY)
for 8 € [0, N[. Indeed, Vv is C* on RY and is given by

Vv = deupe + ipV(wﬁ)ewe

at infinity. Our claim then follows from Theorem 2, Lemma 5, Steps 3.2, 3.3 and 3.4, the
chain rule theorem and Leibnitz’ formula once more.

At last, we improve Step 3.1 so as to improve the estimate for the function 0“Vr.

Step 3.5. The function
L7107 F| + |07 Gl)

is bounded for every 3 € [0,2N| and for every v € NV such that |y| = p + 1.

The proof is similar to the proof of Step 3.1.
For instance, F' is a C* function on RY given by

F = 2|Vl + 20 — 210, (¥0)
at infinity. By Leibnitz’ formula, we compute again

DNF =2 c5,[07°V0.0°Vo + 070.0°n — cd"°n.0° 01 (10))].
o<y

On one hand, by the assumption of induction, we know
17 (10° Vo] + |0°n] + [0°01 (10)]) € L= (RY)
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for 6 <~ and ¢ # v, and for 8 € [0, N|.
On the other hand, by Steps 3.2, 3.3 and 3.4,

17107V 0| + 07| + 8701 (v6)]) € L2 (RY)

for every 3 € [0, N|, so,
17|07 F| € L=(RY)

for every § € [0,2N].
The proof is identical for 97G.

We then deduce from equation (38)

Step 3.6. Let j € {l,...,N} and 3 € [0, N + 1[. Then,
o VKo x9°F € Mg (RN),
o VK;+0°Gj € Mg (RN).

The proof is identical to the proof of Step 3.2 by replacing Step 3.1 by Step 3.5, so, we
omit it.

By equation (38), 0“Vn belongs to Mg® (RY) for every 8 € [0, N + 1[, which completes
the inductive argument of the proof of Proposition 11. O
3.2.4 Critical decay of the functions 7, V(¢0) and V.
At last, we study the critical case, i.e. the case 3 =N or =N + 1.
Proposition 12. Let o € NV, Then,

(1,0°V (¢6),0°Vv) € MFP(RY)?,
and

0*Vn € Mg, (RY).

Proof. The proof is similar to the proofs of Propositions 9, 10 and 11. We first recall some
estimates for the functions F' and G.

Step 4.1. The function
17 (10° F| +6°G])

is bounded on RY for every o € NV and 8 € [0,2N].

The proof of Step 4.1 is the same as the proof of Step 3.5, so, we omit it.
We then turn to the function 7, i.e. to equation (10).

Step 4.2. Let j € {1,...,N}. Then,
o KoxF e MPRY),
o K;xGje MFRY).
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Indeed, we have for every z € RY,

oV x P < A ( [ 1o =y ot - wllFGlay+ [ Koo -l IF)dy).
On one hand, by Theorem 4 and Step 1 of the proof of Proposition 4,
111V Ko) % Fll ey < I 1Y Koll ooy 1l 1 ey < 405
On the other hand, by Corollary 7,
Ko € LY(RY)

for1<q<%,so,

1Ko * (|1 )|l oo vy < 1Kol pagem | ’-\NFHLq’(RN)'
By Step 4.1, there is some real number 1 < g < % such that

DY Fll o vy < o0,

so, the function Ko # (|.|N F) is bounded on R¥, such as the function |.|Y K * F': the proof
being identical for the functions |.|V K j * G; by replacing F' by G, we omit it.

By Step 4.2 and equation (10), Proposition 12 holds for the function 7.
For the functions 0V, we study equation (38).

Step 4.3. Let j € {1,...,N}. Then,
o VKo 0*F € Mg ,(RY),
o VK« 0°Gj € M, (RY).
Indeed, we have for every z € RY,
|| N TV Ky % 0YF ()]
< A/RN(\HJ —yNVEo (2 = )07 F(y)| + [V EKo(x — y)lly] 0" F(y) ) dy.
On one hand, by Theorem 4 and Step 1 of the proof of Proposition 4,
1T K) + 07 Fll ooy < I 1NV Kol e ) |0 Fll gy < +o0.
On the other hand, by Corollary 7,
VK, € LY(RY)
for1§q<%,so7
IV Ko * (|- N1V ooy < IV Kol Lamyll 11V OVF | s vy
By Step 4.1, there is some real number 1 < g < % such that
| |‘|N+18QFHL4'(RN) < +00,

so, the function VKq * (|.|NT10°F) is bounded on R, such as the function |.|NT1V K *
O0“F': the proof being identical for the functions HNHVKj * 0%Gj by replacing 0“F by
0°Gj, we omit it.

By Step 4.3 and equation (38), Proposition 12 also holds for the function 0*Vn.

We then deduce a similar estimate for 0“0;(¢0) by equation (39). We first study the
terms involving the kernels K; and L .
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Step 4.4. Let (j k) € {1,...,N}2. Then,
o K;x0°F € Mg (RY),
o Ljj*0"Gj € MY (RY).

The proof is identical to the proof of Steps 4.2 and 4.3, so, we omit it.

Finally, it only remains to evaluate the functions R;; * G}

Step 4.5. Let (j,k) € {1,...,N}2. Then,

R * 0°Gy € My (RY).

Indeed, by Step 4.1 and Step 1 of the proof of Proposition 4, 9*G and 90“VG belong to
LYRY), and |.|N90°G and |.|NT10“VG are bounded on R¥: Step 4.5 then follows from

Proposition 7.

Steps 4.4 and 4.5 yield the critical decay of 0*V (@), and we can end the proofs of
Proposition 12 and of Theorem 5 by computing the critical decay of the functions 0“Vwv.
Indeed, Vv is C* on RN and is given by

Vo = Z;}e“w +ipV (1h)e™’

at infinity. The critical decay of 9*Vv then follows from Theorem 2, Lemma 5, Steps 4.3,
4.4 and 4.5, the chain rule theorem and Leibnitz’ formula. O

3.3 Asymptotic decay for the function v.

In this last section, we complete the proof of Theorem 1. We already showed the conver-
gence at infinity of v towards a complex number of modulus one in Corollary 2. We are
now in position to prove the second part of Theorem 1.

Proposition 13. The function ||V~ (v — 1) is bounded on RV .

Proof. Indeed, by Theorem 5, the function |.|N Vv is bounded on RY. Since

vz e RV {0}, v(z) — 1 = — /M Oy (“) ds,

|| |z
we get
o0 ds A
vz € RV\ {0 —1]<A4 — <
(S \ {0}, |v(z) — 1] < o SN [N
which ends the proofs of Proposition 13 and of Theorem 1. 0
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Chapitre V

Asymptotics for subsonic
travelling waves in the
Gross-Pitaevskii equation.

Abstract.

We investigate the asymptotic behaviour of the subsonic travelling waves of
finite energy in the Gross-Pitaevskii equation in dimension larger than two.
In particular, we give their first order development at infinity in the case
they are axisymmetric, and link it to their energy and momentum.

Introduction.

1 Motivations.

In this article, we focus on the travelling waves in the Gross-Pitaevskii equation
10 = Au + u(l — |ul?) (1)

of the form u(t,z) = v(z; —ct,...,zn). The parameter ¢ > 0 represents the speed of the
travelling wave, which moves in direction x1. The equation for v, which we will consider

now, writes
icd1v + Av +v(1 — |v|*) = 0. (2)

The Gross-Pitaevskii equation is a physical model for the Bose-Einstein condensation,
which is associated at least formally to the so-called Ginzburg-Landau energy

1 1
B =y [ Vel [ -l (3)
2 RN 4 RN
and to the momentum

P(v) = ;/RN iVv.v. (4)

Equation (1) presents an hydrodynamic form

{ Op + div(pv) =0,

2 )
p(Orv +v.Vv) + Vp? = pV (% - ‘fozl ) ) (%)
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obtained by using the Madelung transform [37]

U = \/567:0,

and denoting
v = —2V0.

Equations (5) are similar to Euler equations for an irrotational ideal fluid with pressure
p(p) = p%. In particular, the speed of the sound waves near the constant solution u = 1 is

cs = V2.

The travelling waves of finite energy play an important role in the long time dynamics of
general solutions. They were thoroughly studied by C.A. Jones, S.J. Putterman and P.H.
Roberts [29, 30]. They conjectured that there exist non-constant travelling waves of finite
energy only in the subsonic case

0<c<V2

F. Béthuel and J.C. Saut [4, 5] first investigated mathematically this conjecture. In di-
mension two, they showed the existence of non-constant travelling waves of finite energy
for small values of ¢, and for a sequence of values of ¢ < v/2 tending to v/2. They also
proved their non-existence for ¢ = 0 in every dimension. Their work was complemented
in dimension larger than three by F. Béthuel, G. Orlandi and D. Smets [7] and D. Chiron
[9], who also showed their existence when ¢ is small. On the other hand, we proved their
non-existence for every ¢ > v/2 [23]. Thus, the problem of their non-existence only remains
open in the sonic case ¢ = v/2 (see [25] however for more details). We will deliberately
omit this case and only consider from now on the subsonic travelling waves, i.e. we will
assume
0<c<V2

Under this assumption and the additional hypothesis the travelling waves are axisymmetric
around axis z1, C.A. Jones, S.J. Putterman and P.H. Roberts [29, 30] characterised their
behaviour at infinity by giving their first order development up to a multiplicative constant
of modulus one. In dimension two, they derived a formal asymptotic expansion

1]

vix)—1 ~ 6
and in dimension three,
1]
v(x)—1 ~ . (7)
rl=ee (23 4 (1 - ) (23 + 23))2

Here, the constant « is the stretched dipole coefficient linked to the energy E(v) and to
the scalar momentum in direction x1, p(v) = Pi(v), by the formulae

2MR = cE(v) + 2 (1 - i) p(v) (8)

dra = gE(v) + 2p(v) 9)

in dimension two, and

in dimension three.

The goal of this paper is to provide a rigorous derivation of the asymptotic behaviour
described in (6), (7), (8) and (9), and a generalisation to every dimension N > 2.

124



2 Main results.

Our main results are summed up in the next three theorems. The first one is the most
general. We consider any subsonic travelling waves of finite energy in any dimension N > 2,
and prove the existence of their first order development at infinity (which is consistent
with conjectures (6) and (7) in dimensions two and three). Moreover, we compute a linear
partial differential equation satisfied by the first order term of their asymptotic expansion.

Theorem 1. Let v be a travelling wave for the Gross-Pitaevskii equation in dimension
N > 2 of finite energy and speed 0 < ¢ < /2. There exist a complex number \os of
modulus one and a smooth function ve defined from the sphere SN—1 to R such that

12|V (0(2) = Aoo) — iAooloo <‘z’> — 0 uniformly.

|z| =00

Moreover, the function vy, satisfies the following linear partial differential equation on
SNfly

2 2
ASN,lvoo—%afN*(afl“voo)+c2(N—1)018§N*1%0+(N_1)(1+%(1_(N+1)a%))voo = 0.
(10)

Remarks. 1. Subsequently, we will always assume that
Ao = 1.

Indeed, if this is not the case, we can study the function A\ v instead of v: it is also a
travelling wave of finite energy and of speed ¢ which satisfies equation (2).

2. Equation (10) is defined on the sphere S¥~! immersed in the space R. In order
to clarify its sense, we need to explicit some notations for derivations on S¥~!. Thus,
consider some function f € C*(S¥~! C). The notation 3§N71 is then defined by

F(EHe) — f(x)
t )

Vie{l,...,N},Vo e SN1 08" f(z) = lim

where (e, ..., ey) is the canonical basis of RY. The operator Agn-1 is the usual Laplace-
Beltrami operator on the sphere S¥~1, given by

N
Vo e SV Agv i f(z) = 305 (@08 ) ().
=1

Our next theorems specify the form of the limit function v in two cases: for the axisym-
metric travelling waves, which only depend on the variables z; and

in every dimension N > 2, and for every travelling wave in dimension N = 2. In both
cases, equation (10) reduces to an ordinary differential equation of second order, which is
entirely integrable. In particular, it yields a proof of conjectures (6), (7), (8) and (9) in
the axisymmetric case.
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Theorem 2. Let v be a travelling wave for the Gross-Pitaevskii equation in dimension
N > 2 of finite energy and speed 0 < ¢ < \/2, azisymmetric around axis 1. Then, there
exists some constant a such that the function vso is given by

g1

Vo = (01,...,0n8) € SV ug(0) = —— = (11)
(1-S+51)2
Moreover, the constant a is equal to
N-3
r& 2N (4-N N-3
o= 12) (1 - C) ( cE(v) + (2 n 02)])(0)) . (12)
272 2 2 2

Likewise, in dimension two, we can describe explicitly the asymptotic behaviour of every
travelling wave.

Theorem 3. Let v be a travelling wave for the Gross-Pitaevskii equation in dimension
two of finite energy and speed 0 < ¢ < /2. Then, there exist some constants o and 3 such
that the function vs, 1S given by

o1 o9

Vo € SV vao(0) = a RN + 4 N (13)
Moreover, the constants o and (3 are equal to
1 2
o= (et + (2= o).
o2my /1 — < 2
\V 2
(14)
2
5=V 2
= - )

Remarks. 1. There is a difficulty in the definition of ﬁ(v) Indeed, the integral which
appears in definition (4) is not always convergent for a travelling wave of finite energy. In
order to state formulae (12) and (14) rigorously, we define the momentum P(v) as

P(v) = ;/RN iVo.(v—1), (15)

and the scalar momentum in direction x; by

p(v) = ;/]RN i01v.(v — 1). (16)

By [24], those integrals are well-defined in the case of travelling waves of finite energy.
However, we will give another equivalent definition of the momentum which is more suit-
able in our context (see subsection 3.1 of the introduction).

2. Theorem 3 is consistent with the axisymmetric case: assuming 3 = 0, we recover the
axisymmetric solution of Theorem 2 with the same value of the stretched dipole coefficient
.

The integration of equation (10) seems rather involved in dimension N > 3: we are not
able to compute an explicit formula for the function v from equation (10). However, we

conjecture its expression as follows.
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Conjecture 1. Let v be a travelling wave for the Gross-Pitaevskii equation of finite energy
and speed 0 < ¢ < /2. Then, there exist some constants «, B2, ..., Bn such that the
function vy s equal to

N
o
Vo e SN ug(0) = a 7 + > B J .
(1-2+<)5 JZ—; (1-9+ 5705
Moreover, the constants o and [3; are equal to
N-3
& A\ ? [(4-N N -3
a= (2; <1— 2) < 5 cE(v) + (2—{— 5 62>p(1})>,
272
N-—-1
T E) 2\ 2
Bj=—x" <1—2> Pj(v).
T2

Remark. In the second part, we will motivate this conjecture. Notice that, in case
Conjecture 1 holds, it yields every possible asymptotic behaviour of a travelling wave v
of finite energy in the Gross-Pitaevskii equation. In particular, the first order term v, of
the asymptotic expansion of v is completely determined by some integral quantities «;, 35,
..., Bn, related to the energy E(v) and the momentum P(v).

This raises an interesting question. Consider N real numbers a1, ..., ay: is it possible
to construct a travelling wave v such that the values of the integral quantities «, (o, ...,
BN are exactly equal to a1, ..., ay 7 In other words, is it possible to construct travelling
waves v whose asymptotic behaviour correspond to any possible one given by Conjecture
1, or are there other restrictions for the possible asymptotic behaviours ?

To our knowledge, those questions remain open problems. Indeed, the existence results of
F. Béthuel and J.C. Saut [4, 5] in dimension two, and F. Béthuel, G. Orlandi and D. Smets
[7] and D. Chiron [9] in dimension N > 3 prove the existence of travelling waves which
are assumed to be axisymmetric. However, in this case, we can show that the constants
B2, ..., Bn are all equal to 0 (which is consistent with Theorem 2). Therefore, we do not
know any travelling wave for which the values of s, ..., By are not 0. Thus, a first step
to answer to our questions could be to prove the existence of travelling waves which are
not axisymmetric.

One of the main interests of Theorems 1, 2 and 3 is their sharpness. In order to clarify
this claim, we must recall some recent mathematical results. F. Béthuel and J.C. Saut [4, 5]
first investigated the asymptotic behaviour of subsonic travelling waves in dimension two.
They gave a mathematical evidence for their convergence towards a constant of modulus
one at infinity. We complemented their work in [22] by proving the same convergence in
every dimension N > 3. Finally, in [24], we gave a first estimate of their decay at infinity
(which is moreover an important starting point of the analysis in this paper).

Theorem 4 ([24]). In dimension N > 2, for every travelling wave v for the Gross-
Pitaevskii equation of finite energy and speed 0 < ¢ < \/2, the function

z e oM u(z) — 1)

is bounded on RY .

Theorems 1, 2, 3 and 4 are then sharp because the decay rate at infinity they give is
optimal. There exist some travelling waves v such that the function

& |z’ (v(z) — 1)
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is not bounded on RY for any 3 > N —1: the decay exponent N — 1 is the best possible in
general (although some travelling waves, the constant ones for instance, can decay faster at
infinity). The proof of the existence of such travelling waves v follows from two arguments.
The first one is the proof of the existence of non-constant axisymmetric travelling waves
by F. Béthuel and J.C. Saut [4, 5] in dimension two, and F. Béthuel, G. Orlandi and
D. Smets [7] and D. Chiron [9] in dimension N > 3. The second one relies on the next
corollary of Theorem 2.

Corollary 1. Let v be a travelling wave for the Gross-Pitaevskii equation in dimension
N > 2 of finite energy and speed 0 < ¢ < /2, azisymmetric around axis x1. Then, the
constant a is equal to 0 if and only if v is a constant travelling wave.

Therefore, if we now consider a non-constant axisymmetric travelling wave v, by Theorem
2 and Corollary 1, the function v is not identically equal to 0 on S¥—1. In particular,
by Theorem 1, it means that the function

& |z’ (v(z) — 1)

is not bounded on RY for any 3 > N — 1, which shows the sharpness of Theorems 1, 2, 3
and 4.

Now, in the hope of clarifying the proof of Theorem 1 and in order to specify general
arguments which could prove fruitful for other equations, we are going to explain how to
infer such a theorem.

3 Sketch of the proof of Theorem 1.

Theorem 1 deals with the asymptotic expansion of a travelling wave. We construct the
limit at infinity of some function, in our case the function

@ [a] Y (o(2) — 1),

prove that the convergence is uniform and then compute a partial differential equation
satisfied by the limit function.

3.1 A new formulation of equation (2).

In [24], we already investigated the asymptotic behaviour of the travelling waves v in the
Gross-Pitaevskii equation. In particular, we derived Theorem 4 just mentioned above. The
proof of this theorem relies on a new formulation of equation (2), also relevant here, which
we are going to recall concisely. The first argument is to state the local smoothness and
the Sobolev regularity of a subsonic travelling wave v (see also the articles of F. Béthuel
and J.C. Saut in dimension two [4, 5], and of A. Farina [18]).

Proposition 1 ([24]). If v is a solution of finite energy of equation (2) in Ll (RY),
then, v is C™, bounded, and the functions 1 := 1 — |v|?> and Vv belong to all the spaces
WHFP(RN) for k € N and 1 < p < +o0.

It follows that the modulus p of v converges to 1 at infinity. In particular, there is some
real number Ry such that

1
p> 5 on B(0, Ry)°.
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Since the energy F(v) is finite, it follows (up to a standard degree argument in dimen-
sion two) that we may construct a lifting 6 of v on B(0, Ry)¢, that is a function in
C*(B(0, Ry)¢, R) such that

v = pe'.

We next compute new equations for the new functions n and V#: since 6 is not well-defined
on RY, we introduce a cut-off function ¢ € C*°(R¥,[0,1]) such that

1 =0 on B(0, 2Ry),
1 =1 on B(0,3Rp)°.

All the asymptotic estimates obtained in [22, 24] are independent of the choice of Ry and
v, and it will also be the case here. We finally deduce

A277 —2An+ 028%7177 = —AF — 2¢0,div(G), (17)
and ¢
A1) = 01 + div(G), (18)
where
F = Q\Vv\z + 2772 — 2cid1v.v — 2¢0; (VY0), (19)
and
G =iV + V(8). (20)

Remark. At this stage, we can state another definition of the momentum

_ 1

P(v) = 5 /RN(Z'VU.U + V(¢8)),

and of the scalar momentum in direction x1

p(v) = % /R (0.0 -+ 01(00))

A straightforward computation shows that those new definitions are equivalent to the
previous ones given by formulae (15) and (16). In the following, we will always use them
in preference to formulae (15) and (16) since they seem more suitable in our context.

It follows from those new definitions and from formulae (19) and (20) that the functions
F and G are almost quadratic functions of  and Vv, related to the density of energy and
of momentum. This is an important aspect of equations (17) and (18): they link our new
functions 1 and 6 to some superlinear quantities F' and G, which have a relevant interpre-
tation in terms of quantities conserved by the Gross-Pitaevskii equations. In particular,
the superlinear nature of the nonlinearities is a key ingredient to establish the asymptotic
properties of the travelling waves. It motivates the introduction of the new variables n

and 6.

3.2 Convolution equations.

It is well-known that the asymptotic properties of solutions to linear partial differential
equations are related to the behaviour at infinity of their kernels, and this, for a large
deal, also remains valid for many nonlinear problems. Our approach is reminiscent of the
article of J.L. Bona and Yi A. Li [8], and also appeared in the articles of A. de Bouard and
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J.C. Saut [14], and M. Maris [40, 41]. It consists in transforming the partial differential
equations satisfied by the travelling wave (equation (2) in our context) in some convolution
equations. In the case of the travelling waves for the Gross-Pitaevskii equation, we already
computed such convolution equations in [22, 24]. They follow from equations (17) and (18)
and write

N
n=KoxF+2) K;*Gj, (21)
j=1

where Ky and K are the kernels of Fourier transform,

= €17
Ko(€) = , 22
o) = ol — g 22)
respectively
= §1&;
K& = , 23
)= ol — g (23)
and for every j € {1,...,N},
. N N
8J(¢9) = §Kj *F—f—CQZLj,k *Gk+ZRj,k*Gk, (24)
k=1 k=1
where L;; and R;}, are the kernels of Fourier transform,
= £3¢i&k
L;k(§) = ; 25
i+ = Tep e+ 207 — 2e) 2)
respectively
= &5k
R;jk(§) = Ié’? (26)

Equations (21) and (24) are convolution equations with terms of the form K * f. The
functions K are kernels with explicit Fourier transforms which are rational fractions. The
functions f are nonlinear functions of n, Vv and V(¢/6).

Our purpose is now to compute the limit at infinity of various weighted functions, for
instance
N
z = |z[" ().

By the previous convolution equations, it reduces to get the limit at infinity of functions
of the type

o ol K s f@) = [ eV @ = )5 (27)

where p is equal to N, K refers to one of the kernels Ko, Kj, L; or R;j and f to the
functions F or G. We will handle this problem, which is of independent interest!, by
invoking the dominated convergence theorem. Here, a main part of the analysis is devoted
to study the properties of the kernel K, leaving the nonlinear nature of the function f
aside for the moment.?

LA similar analysis will be carried out on the solitary waves for the Kadomtsev-Petviashvili equation
(see [27]).

2If the function f had compact support, then the limit at infinity of K * f would be directly deduced
from the limit of K. In our subsequent analysis, we also have to take into account the decay of f using
nonlinear arguments.
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3.3 Main properties of the kernels and pointwise convergence at infinity.

In this section, we derive a number of results for our model function (27), which enter
directly in the proof of Theorem 1 and which rely on the dominated convergence theorem
as mentioned above. More precisely, we wish to establish limits of functions of the form
(27), as |z| — 400, depending on the value of p and the form of K and f.

Step 1. Pointwise convergence of the kernels.

The first step is to prove the pointwise convergence when |x| tends to +oc of the integrand,
i.e.
y— |z[PK(z —y),

where the function K is a kernel whose Fourier transform is known explicitly, actually in
our case a rational fraction (the second step being the domination of the integrand).

Remark. It can depend on the direction of the convergence o = ﬁ: denoting x = Ro

where R > 0 and o € SV, we are reduced to study the pointwise convergence of the
functions

y — R’K(Ro — )

when R tends to 400 for every o € SNV,

Our argument relies on the properties of the Fourier transform of the kernel K. Indeed,
we introduce the space of functions

K(RY) = {u € C=(RN \ {0},C),Vi € N,d'u € MZ(RN) N M, (RV)},
where M2 (RY) is defined by
MZERY) = {u:RY  C / |lull prge ey = sun{|a]*[u(z)], 2 € RY} < +oo},
for every a > 0.

Remark. The choice of the spaces is suggested by the form of the Fourier transforms
of the kernels Ko, K; and L;x. They belong to K(RY) by formulae (22), (23) and (25).
However, we can introduce some variants for other equations.

Now, we can specify the pointwise convergence of some functions whose Fourier transforms
are in JC(RY). Indeed, we claim

Theorem 5. Let o € NV and K € S'(RN,C). Assume its Fourier transform K isa
rational fraction

C).
P
K=",
Q

which belongs to K(RY) and such that

vée € RV\ {0}, Q(¢) # 0.

Then, there exists a measurable function K& € L>®(SVN~1 C) such that

V(o,y) € SN x RN, RNH9o K (Ro — ) w K&(o), (28)
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Remark. In particular, we prove the pointwise convergence of all the derivatives of the
kernels K which satisfy the assumptions of Theorem 5: it will be very useful in the
following.

As mentioned above, Theorem 5 relies on the Fourier transform of the kernels K through
the next lemma which already appeared in [24].

Lemma 1. Let (0,y,R) € SY=! x RN x R% and assume |y| < R and oj # 0 for some
integer 1 < j < N. Consider a tempered distribution K € S'(RN,C) such that its Fourier
transform is in IC(RN). Then, we have

RVNK(Ro — ) o / aNK(g)eif-<R”—y>d§+ / ONEK(€)
2m(o; — BN \Uno, B0,%) (29)

( i€.(Ro—y) d£+R/ &-jaj\f—lf?(é-)ezf(RO'—y)d§> )

The proof of Theorem 5 then follows from applying the dominated convergence theorem
to formula (29).

There are many other ways to study the convergences as in (28), but the use of the
Fourier transforms of the kernels seems well-adapted to the context of partial differential
equations, where we know them explicitly. However, in some cases, we know the explicit
expression of the kernel K. It allows to bypass Theorem 5 for the computation of the limit
of (27) by direct computations. This is the case for the so-called composed Riesz kernels
Rj ;. Indeed, if f is a smooth function and if we denote g, = R; * f, we compute

L(3) Gjklr —y> — N(z — y);(z — y) L(3)
VxeRN,gj,k(x):Q;% /Ir St 2 |z — y|N+2 ’ 5 f(y)dy + = 0
S — w2 = N(x=):(x —
[ et RO ) — piaan
z—y

Here, the difficulty to apply the dominated convergence theorem does not come from the
limit at infinity of the kernels, but instead, from the domination of this convergence.

Step 2. Domination of the convergence.

The second step is to dominate the integrand, given by

y = |zPK(x —y)f(y),

independently of 2 € RY. In order to do so, we assume for instance that f is a smooth
function on RY with some algebraic decay, i.e. f and some of its derivatives belong to
some space C®(RY) N M (RY) for some real number a > 0.

Remark. The choice of such assumptions is suggested by the algebraic decay of the
functions F' and G. Indeed, in [24], we computed the algebraic decay of the functions 7,
V(¢0) and Vv by an argument due to J.L. Bona and Yi A. Li [8], and A. de Bouard and
J.C Saut [14] (see also the articles of M. Maris [40, 41] for many more details).

Proposition 2 ([24]). Let a € NV. Then, the functions n, V(10) and Vv satisfy
e (n,0°V(¥0),0°Vv) € MF(RN)3,
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.« 0°V € M, (RY).

By Propositions 1 and 2, and formulae (19) and (20), the functions F and G are smooth on
RN and belong to M3, (RY), which explains the choice of the assumptions on f. However,
it is possible to introduce some variants for other equations.

Under such assumptions for the function f, it remains to dominate the kernel K. It may
be straightforward when we know its exact expression (for instance, in the case of the
composed Riesz kernels by formula (30)). However, a suitable approach seems once more
to estimate the algebraic decay of K. In many cases, we know the Fourier transform of
K. Therefore, we can invoke some formula like (29) to obtain their algebraic decay. In
[24], we handled this difficulty for the so-called Gross-Pitaevskii kernels Ko, K; and Lj,
and for their derivatives.

Proposition 3 ([24]). Let N-2 < a < N,n € N and (j, k) € {1,...,N}2. The functions
d"Ko, d"K; and d"Lj, belong to M., (RN).

a+n

Proving such a proposition for the kernel K (with possible different rates of decay) and
using the assumptions on the function f with a suitable value of o enables to dominate
the function

y— [z’ K(x —y)f(y)

on RY. We can then apply the dominated convergence theorem to get the pointwise
convergence at infinity of (27), that is the existence of the limit of the function

R+— RPK x f(Ro)

when R tends to 400 for every o € SV,

We can illustrate this argument for the travelling waves for Gross-Pitaevskii equation,
where it can be applied to equations (21) and (24). In this case, the kernels Ky, K; and
L; 1, satisfy the assumptions of Theorem 5 by formulae (22), (23) and (25). Therefore, we
can compute their limit at infinity by Theorem 5. Moreover, they belong to the space of
functions

K(RY) = {u e C®(RN\ {0},C),¥n € N,Va €]N — 2, N], d"u € M., (RV)}

a+n

by Proposition 3. Therefore, by the argument of domination just above, all those kernels
satisfy

Lemma 2. Let 1 < j,k < N and assume the function K : RN — C is in K(RY) and its
Fourier transform is a rational fraction which is only singular at the origin and belongs to
K(RN). We consider a function f € C®(RN) such that
(i) f € Lo¥RY) N MR (RY),
(ii) Vf e L®°RY)Nn Mé’ﬁ,H(RN)N,
and we denote g = K x f. Then, we have for every o € SV1,
« RYg(Ro) | — Ku(0) fon fla)de,
o RN*19,9(Ro) o Kio(0) [on f(z)dz.
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° RN+28JZ7kg(RU) et KF (o) S~ f(z)dz.

Remarks. 1. We do not need to assume (ii) to prove the assertions on the pointwise
convergence of the functions g and d;g: we just need to suppose (7i) in the case of the
functions 8j%k.g.

2. The notations K, K, and K ggk denote the limits at infinity of the kernels K, 0; K and
8?7 K given by Theorem 5. In particular, we prove the pointwise convergence at infinity of
some derivatives of g towards those limits. It will be very useful to compute some partial
differential equations like equation (10). However, it introduces some technical difficulties
on which we will come back in subsections 3.5 and 3.6.

3. For other equations, we can obtain the domination very differently. In particular, the
algebraic decay conditions appearing in (i) and (ii) are suitable for our equations, but
they can be modified in another context. In the article of J.L. Bona and Yi A. Li [8],
domination for a different class of equations in dimension one is obtained using a different
type of argument.

The following lemma yields another illustration of the above argument for the composed
Riesz kernels. It will also be useful to prove Theorem 1.

Lemma 3. Let 1 < j,k, 1 < N and o € SN~1. We consider a function f € C®(RYN) such
that

(i) f € L*RN) N Mg%(RY),
(it) Vf e L®RN) N Mg, (RY),
(iii) d*f € L=®(RN) N MR, (RY),
and we denote g = R; . * f. Then, we have

L(%)

e RNg(Ro) — 2 (0 — Nojor) [pn f(x)da.

R—+o00 2702

ND(E

° RN+181g(Ro—) R:l-oo ﬁ(—@j’kal + 5j,lo'k + 5k,l0j) + (N + 2)0’j0k0'l) f]RN f(z)dx.
Remarks. 1. We do not need to assume (#iz) to show the existence of the pointwise limit
of the function g. Moreover, the algebraic decay conditions appearing in (7), (i7) and (ii7)

should be fixed appropriately for different equations.

2. In Lemma 3 like in Lemma 2, we also prove the pointwise convergence at infinity of the
gradient of g. It also introduces some technical difficulties on which we will come back in
subsections 3.5 and 3.6.

Finally, by convolution equations (21) and (24), Lemmas 2 and 3 yield the pointwise
convergence at infinity of the functions n and 6.

Proposition 4. Let 0 € SN~! and a € NV such that |a| < 2. Then, there exist some
bounded measurable functions n%, and 6%, on SN~ such that

RNl (Ra) | — 1% (0),
RN=1Helgeg(Ro)  — 0% (0).

R—+o00

134



Remark. In particular, we prove the pointwise convergence at infinity of some derivatives
of n and #. Though it introduces some technical difficulties on which we will come back
in subsections 3.5 and 3.6, it is a decisive step to derive equation (10).

On the other hand, in Theorem 1, we would like rather more than the pointwise conver-
gence of the function

z = [af Y o(2) ~ 1)

towards its limit vs,. We would like to prove its uniform convergence, i.e. whether the
function

o— R¥N"Y(v(Ro) — 1)

converges to Vs, in L®(S™V~1) when R tends to +o0o. Coming back to our model problem
(27), it means that we must prove whether the function

o= R'K x f(Ro) = R? [ K(Ro —y)f(y)dy
RN

converges in L (SV~1) when R tends to +oo.

3.4 Uniformity of the convergence.

To solve this difficulty, our argument relies on Ascoli-Arzela’s theorem. Indeed, we already
know the existence of a pointwise limit at infinity, so, it will give the uniformity of the
convergence. However, Ascoli-Arzela’s theorem requires some compactness: we deduce it
from the algebraic decay of the gradient of the function K * f. For instance, the sequence
of functions

o — RPVS" (K « f)(Ro)

is uniformly bounded on S¥~!, which yields the desired compactness.

Thus, in the context of the Gross-Pitaevskii equation, we convert the pointwise convergence
of Proposition 4 in a uniform one.

Proposition 5. There exist some functions (oo, Vo) € CH(SN ™12 and 05 € C*(SN 1)
such that

e RVn(Ro) e Noo (o) in CH(SNL),

e RN-19(Ro) Pt (o) in C2(SV7Y),

e RN"Y(v(Ro) — 1) Bl Voo (o) in CT(SN—1),

Remark. Actually, we prove the convergence at infinity of n, # and v in some spaces
CHSN=1) or C?(SN-1), better than L°°(SV1). It will be fruitful to derive equation (10).

The main difficulty here is to compute the gradient of the function K * f. Indeed, the
gradient of such a convolution is not always the convolution (VK)  f, in particular if the
kernel K is not sufficiently smooth. We will see how to overcome such a difficulty in the
next subsection.
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3.5 Derivation of equation (10).

In the previous subsections, we obtained a uniform limit at infinity, denoted Lo : S¥~1 —
C, for the function

z— |z|PK * f(x).

An ultimate goal for this equation and similar ones would be to obtain an explicit formula
for Lo.. However, this seems rather difficult, though presumably not completely out of
reach (see Conjecture 1 for the Gross-Pitaevskii equation). Instead, we compute an elliptic
partial differential equation satisfied by Lo, namely equation (10) in our context. In some
cases, for instance assuming Lo, is axisymmetric, this equation may lead to the explicit
form of Lo, (see Theorems 2 and 3).

In order to derive such an equation, we take the limit at infinity of the partial differential
equation satisfied by the function K * f on RV (equation (2) in our case). The implemen-
tation of this argument requires some precise knowledge of the convergence at infinity of
some derivatives of the convolution K * f to the corresponding derivatives of Lo,. In order
to obtain it, we face a new difficulty related to the singularity at the origin of the kernels.
Indeed, many of the derivatives of our kernels present a non-integrable singularity at the
origin, and therefore, we are not allowed to differentiate the convolution equation without
additional care. The method to overcome this difficulty is reminiscent of some classical
arguments in distribution theory, using integral formulae. More precisely, consider a kernel
K which belongs to K(RY). Its gradient K is in L'(R"Y), which yields

V(K x f) = (VK) * f,
provided that f belongs for instance to some space LP(R"). However, we cannot write
(K * f) = (°K) * f,

mainly since we do not know enough integrability for the second derivative of K. Yet,
we can find an explicit expression for the second derivative of K * f, provided that f is
sufficiently smooth.

Lemma 4. Let 1 < j,k < N and K € K(RY). Consider a function f € CY(RYN) such
that

(i) f € L®RY) N Ms3(RY),
(ii) Vf € L®RN)N,

and denote g = K x f. Then, the second order partial derivative 8]2,199 of g is continuous
on RN and satisfies

Vi € RN, 02,g(x) = / 02K (y) f(x — y)dy + / 02K () (f(z —y) — f(x))dy
B(0,1)¢ B(0,1)

¥ (/SN_I ajK(y)ykdy> f(@).
(31)

Remarks. 1. Conditions (i) and (i) are suitable in our context, since the functions F'
and G previously defined in equations (19) and (20) satisfy such conditions. However,
they can be chosen differently for other equations.
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2. Formula (31) is quite similar to the expected expression ((‘3j2 wK) * f, which cannot hold
since the function 8j%kK presents a singularity at the origin. Indeed, the function K has
a double partial derivative DJQ- K in the sense of distributions, which is equal to

D3 K =07, K1p1)e + PV(97 . K1p1)) + < /S . 3jK(y)ykdy> 8o,

where PV(8j27kKlB(071)) is the principal value at the origin of the function szkK, given by
o € CX(B(0,1)), < PV(95K1p(01)), ¢ >= /B o 71K (2)(6(x) — 6(0))d.

Then, the double partial derivative in the sense of distribution of K * f is equal to the
distribution Djsz « f, which yields formula (31).

Likewise, we can compute explicit formulae for the first and second order derivatives of
the composed Riesz kernels.

Lemma 5. Let 1 < j,k,I,m < N and denote

T(XY) 5. o lyl2 — N
vy € R\ (0), Ryaly) = 3 LS S
T2

We consider a function f € C*(RY) such that
(i) f € L2RYN) N M%(RY),

(ii) Vfe LOO(]RN) N M%(RN),

(i4i) d*f € L°(RN),

and we set g = R; * f. Then, g is C' on RN and satisfies for every xr € RY,

dg(z) = / IR k(y)f(x —y)dy + / AR k(y)(f(z —y) — f(z) +y.Vf(z))dy
B(0,1)¢ B(0,1)
[, Bir@nlf(@) =y Vf(z)dy.

(32)
Moreover, if f belongs to C3(RY) and verifies
(iv) d°f € L®(RY),
g is C% on RN and verifies for every x € RV,

my(x) = /B( . O mBRj(y) f(x — y)dy + /B(O Y FmBin(y)(f(x—y) — f(z) +y.Vf(z)

)

I+ [ RialnOn @)~ y50ns @y + [ ORiely)
gN-1 gN-1

(F(2) =y VS (@) + 30 @5, ) ymely.
(33)
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Remarks. 1. The algebraic decay conditions appearing in (i) and (i7) should be adapted
for various other kernels.

2. The derivatives and double derivatives of the composed Riesz kernels present singular-
ities at the origin, which are finite parts of the functions 9;R; and amejyk, and some
derivatives of the Dirac mass 6. They both appear in formulae (32) and (33) as they
previously appeared in formula (31).

Formulae (31), (32) and (33) suitably replace convolution equations to prove the conver-
gence at infinity of some derivatives of the convolution K f. Indeed, instead of computing
the pointwise limit at infinity of (27), we now compute the limit at infinity of functions
such as

£ [P / 02K (z — y)(f(y) — F(z))dy.
B(z,1)

However, the argument is the same as in subsection 3.3. We first use Theorem 5 to prove
the convergence at infinity of the derivatives of the kernel K, and then, Propositions 2 and
3 to dominate the convergence and get its uniformity. It yields the convergence at infinity
of some derivatives of the convolution K * f, which was yet mentioned in Lemmas 2 and
3. Finally, by the above argument, we obtain some partial differential equation for the
function L., which completes the study of the asymptotics at infinity of a function given
by a convolution equation. In particular, in our context, by equations (21) and (24), it
yields a system of linear partial differential equations on the sphere SV~ for the functions
Noo and oo, from which we can deduce equation (10).

Proposition 6. The functions ne and O are in C®(SN™1) and satisfy for every o €

SNfly
Mo(@) = €0 bso(0) = (N = Dorbc(e)).  (34)
AT 00 (0) + (N = Db (0) = 507" (o) = Nowno (o). (35)

3.6 Completing the proof of Theorem 1.

Theorem 1 is a consequence of Proposition 5, which yields the uniform convergence of the
function
= [z (o(@) = 1)

towards v, and of Proposition 6, which specifies the partial differential equation (10)
satisfied by veo.

However, in order to complete its proof, we must mention some technical difficulties. In
the case of the travelling waves for the Gross-Pitaevskii equation, the decay estimates
obtained in Proposition 2 for the functions 7, 10 and v are not sufficient to dominate the
convergence at infinity of the functions d?n, V(¢#) and d?(/6) and to prove the uniformity
of the convergences of V), V(18) and d?(¢0). They are neither sufficient to apply Lemmas
2 and 3, nor to prove Proposition 5.

Thus, we improve Proposition 2 for the functions d?n, d?(6), d?v and d*(¥0) in the
following theorem.

Theorem 6. Let v, a travelling wave for the Gross-Pitaevskii equation in dimension
N > 2 of finite energy and speed 0 < ¢ < v/2. Then, we have

o (*(y0),d*) € M7, (RY)?,
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o (d®n,d3(1h8)) € M3 ,(RV)2.

This improvement relies on the method introduced by J.L. Bona and Yi A. Li [§], A. de
Bouard and J.C Saut [14] and M. Maris [40, 41]. To get a feeling for the idea of this
method, let us compute for instance the algebraic decay of the function d?n. By equation
(21), we must estimate the algebraic decay of the function d?(Ky * F), which reduces by
equation (31) to prove in particular that the function

- / 02 Ko(y)F(z — y)dy
B(0,1)¢

belongs to M]C\’,O+2(RN ). The method just mentioned above now consists in writing for

every x € RV,
‘x’N+2 SA /
B(0,1

/B(o Y O o) F (@ = y)dy : 105k Ko ()lly[ V2 F (2 — y)|dy

)

+/ |3?,kKo(y)Hx—y\N”!F(w—y)!dy>
B(0,1)¢

SA(||8J2',I<:KOHM§,°+2(RN)||F||L1(]RN)

N+2 N—2
+ ”ajz,kKOHLl(B(O,I)C)”FH]\i[;;,IOV(RN)||FHL2£(RN))>
and verifying that those norms are finite. Thus, this method connects the algebraic decay
of the function d?n for instance, to the decay of the kernels d>Kg or d>2K j- The main point
is that in the case of superlinear nonlinearities (such as the almost quadratic nonlinearities
F and @), the decay of the function is equal to the decay of the kernels. Applying this
argument to each integral appearing in equations (21) and (31), we can obtain the optimal
algebraic decay of the function d?n, which is equal to the decay of the kernels d>Kj and
d’K j- This yields Theorem 6 3 from which we deduce the useful following corollary
concerning the nonlinear functions F' and G.

Corollary 2. The functions F and G belong to MSS(RY), their gradients to Mé’]‘i]H(RN),
and the second order derivatives of G, to Mgy, o(RY).

Finally, it completes the sketch of the proof of Theorem 1. Indeed, by Corollary 2, we now
have sufficient decay rates for the nonlinear functions F' and G to apply Lemmas 2 and 3
and prove the convergence at infinity of the functions d?n, V(0) and d?(yf). Likewise,
by Theorem 6, we also have sufficient decay rates for the functions d?n, d?(6) and d3(v0)
to prove the uniformity of the convergences mentioned in Proposition 5.

4 Sketch of the proofs of Theorems 2 and 3.

Theorems 2 and 3 both rely on the same argument: the explicit integration of the system
of equations (34) and (35). Indeed, this system presents the striking property to be
integrable in dimension two and in the axisymmetric case. In both cases, it reduces to a
system of linear ordinary differential equations of second order, which is entirely integrable
in spherical coordinates, i.e.

o = (cos(f1), cos(f2) sin(f1), . ..,sin(B1) . ..sin(By-1)).
In particular, the integration of this system yields formulae (11) and (13).

3Theorem 6 is supposed to be optimal. Indeed, it is commonly conjectured that the functions 9%,
0%V (¢8) and 9*Vv are in MX,OHQ‘(RN), at least in the case where |a| < N.
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Proposition 7. In the axisymmetric case, there is some constant o such that for every
o=(o1,...,0n) € SV,

2

1 o1
No(0) = ac - N , (36)
h ( Soi)y <—§+ffﬁ“>

N (37)

20.2
(1_§+621)

Likewise, in dimension two, there are some constants o and (3 such that for every o =
(01, 02) S Sl,

1 202 0102
oo () = ac( 2 | c?o? B 2 | ol 2) —2pe 2 | 2oiy’ (38)
-3t (_7+2) (_5+2)
(o2 g
boo(0) = Oy + B (39)
1_£+cal 1_£+col
2 2 2 2

Remark. The result above in dimension two holds for every subsonic travelling wave of
finite energy, and not only for the axisymmetric ones.

The only remaining difficulty is now to compute the values of the coeflicients o and £.
We link them with the energy E(v) and the momentum P(v) by some integral relations
obtained by standard integrations by parts.

Lemma 6. Let v, a travelling wave for the Gross-Pitaevskii equation in dimension N > 2
of finite energy and speed 0 < ¢ < \/2. Then, we have

/RN(VUP +7?) — 20<1 — %)p(v) = c<ﬂ - 1) /SNl 01000 (0)do + /SN1 03n0e(0)do,
(40)

N
V2 <j < N,Pj(v) = z/SNl 001N (0)do + 2 Jows 000 (0)do. (41)

Remark. Lemma 6 holds even if the travelling waves are not axisymmetric.

Theorems 2 and 3 then follow from equations (36), (37), (38), (39), (40) and (41), and

from the standard Pohozaev identities, which were derived in [23].

Lemma 7 ([23]). Let 0 < ¢ < \/2. A finite energy solution v to equation (2) satisfies the
two identities

E(v):/RN 0102 (42)
V2§j§N,E(v):/ 10,02 + cp(v). (43)
RN

Remark. Lemma 7 holds even if the travelling waves are not axisymmetric and if the
speed c is not subsonic (¢ = 0 or ¢ > /2).

5 Plan of the paper.

The paper is divided in three parts. In the first part, we derive the improved decay
estimates for the travelling waves in the Gross-Pitaevskii equation stated in Theorem 6.
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In a first section, we prove Lemmas 4 and 5 to obtain explicit integral expressions for
some derivatives of the functions 1 and 6, on which the proof of Theorem 6 relies. In
the second section, we compute the algebraic decay of those derivatives by the argument
mentioned above of J.L. Bona and Yi A. Li [8], A. de Bouard and J.C Saut [14] and M.
Maris [40, 41]. Finally, we complete this section by inferring Corollary 2.

The proof of Theorem 1 forms the core of the second part. The first ingredient is the
pointwise convergence at infinity of the kernels Ko, K; and L ;: it follows from the proofs
of Lemma 1 and Theorem 5 in the first section. The second and third sections are devoted
to the proof of the pointwise convergence at infinity of the functions n, 18 and of some of
their derivatives summed up in Proposition 4. It relies on Lemmas 2 and 3. In the fourth
section, we deduce from Ascoli-Arzela’s theorem and the improved decay estimates of the
first part, the uniformity of the convergence described by Proposition 5. Finally, the last
section is devoted to the proof of Proposition 6. Then, Theorem 1 follows from the remark
that

Voo = Ooo,
and the derivation of equation (10) from equations (34) and (35).

The third part is mainly concerned with the proofs of Theorems 2 and 3. In the first
section, we integrate the system of equations (34) and (35) to deduce Proposition 7. In
the second section, we show Lemma 6 to compute the values of the coefficients o and (3
in function of the energy E(v) and the momentum ]3(1)) Finally, we end the paper by
deducing Corollary 1 from Lemma 7.

1 Sharp decay of some derivatives of a travelling wave.

We first improve the asymptotic decay estimates given in [24] by proving Theorem 6. We
state integral representations of the functions d?n, d?(16) and d3(#) and estimate their
algebraic decay by the standard argument mentioned in the introduction.

1.1 Integral forms of the functions d?n, d*0 and d6.

As mentioned above, the functions d?n, d?(10) and d3(¢)#) express as linear combinations
of convolution integrals.

Proposition 8. Let 1 < j. k,1 < N and z € RN. Then,

02,(x) = / 02, Ko(y) F( — y)dy + / 02, Ko(y) (F(x — ) — F(x))dy
B(0,1)¢ B(0,1)

N
+ (/SNl 0jK0(y)ykdy> F(x) + 202 (/B(o,l)c akaz(y)Gz(fC —y)dy (44)

N—-1

+/B(0,1) 95, Ki(y)(Gi(z — y) — Gi(x))dy + (/S ajKi(y)ykdy> Gl($)> 7
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N N
07, (10) (x) :gakKj « F(x) + ¢ Y 0pLij+Gi(z) + ) (/( ) Ok Ri j(y)Gi(z — y)dy
B(0,1)¢

=1 =1

SN-1

s 0RO (Gila =) - Gio) +u VG Ndy + [ Res
B(0,1)
(Gi(x) — y-VGi(x))dy>7
()

0%4(00)(x) = ( Lo, B0y s [0 ) (PG )~ Py

B(0,1)
N
+ ( / alKju/)ykdy) F<x>) ey ( / 3R 1L (y)Cile — y)dy
SN-1 — \/B(0,1)

2 7. i(r—y) — Gz
Jr/B(o,l) Oy aLij () (Gi(z —y) — Gi(z))dy + </

§N-1

N o

alLi,j(y)ykdy> Gz‘(@)

N
+ Z </B(0 e 8}3,lRi,j(y)Gi($ —y)dy + / alilRi,j(y)(Gi(JU —y)
=1 )

B(0,1)

= Gila) + 9.V Gilo) ~ PG W)y + [ Ris)n(OGi(a)

gN-1

—y.NVO,Gi(x))dy + /

[ O Rig()u(Gilw) = y.VCila)
+;d2Gi($)(y,y))dy> :
(46)

Proposition 8 is a straightforward consequence of Lemmas 4 and 5, so we postpone its
proof after their proofs.

Proof of Lemma 4. Consider ¢ €] — £, [\{0}. On one hand, K is in K(R"), so, the
function 0y K belongs to L'(RY). On the other hand, f satisfies assumption (4), so, it is
a continuous, bounded function on RY. Therefore, by standard convolution theory, the
distribution 0, is actually a continuous function on RY, which writes

Ve € RY, Opg(x) = x K (y)f(x —y)dy.

Hence, we can compute

Okg(x +tej) — Org(x) _ B I (y) L e = v) = f@=y) .

t ]RN t
_ / K (y + tej) — K (y)
]RN t

f(z —y)dy,
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and therefore,

Ory(@ + tej) — Opg(x) _ K (y + te;) — 0K (y) .
t _wa ¢ fx—y)dy
K (y + tej) — O K(y) .
" </B(o,1) t dy) f(z) (47)
0K (y +tej) — O K (y) Nt
i /13(0,1) t (fz —y) = f(z))dy.

For the first term, we state

Yy € B(0,1)¢,

K (y + te;-) — akK(y)f(x — ) t:)O ikK(y)f(x —Y),

while, by assumption (i) and since K € K(RY),

0K (y +tej) — 0K (y)
'

A Lo
fz y)‘ =11+ |z —y2N) /0 |8g,k (y + sej)|ds

A
< 2N T\N+2’
1+ |z —ylPY)(lyl = 3)

Vy € B(0,1)¢,

so, by the dominated convergence theorem,

K (y +tej) — K
B(0.1)° t—0 B(0,1)c

For the second term, we compute by integration by parts since K € (RY),

K te;) — O K K te;) — K
/[ KK (y + ei) O (y)dy:: /( (y + tej) (y)ykdy'
B(0,1) SN—1 t
K being in K(RY) once more, we get

K(y+te;) — K(y)
t

vy e SV

A t
Y| < t/o |0; K (y + sej)|ds < A,

hence, by the dominated convergence theorem,

O K (y +tej) — O K
B(0,1) t t—0 JgN-1

For the last term, we find

/ 0K (y + tej) — O K (y)
B(0,1)

; (fla =)~ F)dy

/y|<2|t L tei) —OKL) (f(x —y) — f(z))dy

+/‘ oK (y +tej) — 0K (y)
2lt|<lyl<1 13

(f(z —y) = f(z))dy.
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On one hand, by assumption (ii) and since K € K(RY), we have

(f(z —y) = f(z))dy

/ 0K (y + te;) — 0K (y)
lyl <2l ¢

_A ( 1 L1 ) ld
= 0 1 1 ylay
|t] ly|<2|t| |y—|—tej|N_§ \y|N_§

A d d t|d
<4 / Ny_3+/ yN_3+/ HyN_l
[t \wi<aiel [yN=2  Jwi<2in |y +te;[N72 Jwi<ai |y + te; [V 2

< AVt o 0.

On the other hand, we obtain likewise for 2|t| < |y| < 1,

K (y+te;) — 0K (y)

(- - stan| < 22 [ 2Ky + seyldy

t
< AIyIN :
(ly| = [¢)¥ =2
A
< T
ly|N 2

so, by the dominated convergence theorem,

/ 6]€K(y+t€i) — kK (y) (f(z—y) — f(z))dy t_>0 8?7kK(y)(f(:U—y)—f(a}))dy.
B(0.1) =0 JB(0,1)

Finally, the function Oyg is differentiable in direction z; and, by equation (47), its partial
derivative 8]27 ¢ is given by formula (31). Moreover, the function dig is actually of class C!
on RY. Indeed, by formula (31), 8]2,,69 is continuous on RY. It follows from the continuity
of f, assumptions (i) and (i4), the fact that K belongs to IC(R™V) and a standard application
of the dominated convergence theorem. O

We now turn to the proof of Lemma 5, which is similar.

Proof of Lemma 5. We first show formula (32). Since f is a smooth function on R" which
satisfies assumptions (7) and (ii), we can state by standard Riesz operator theory,

VweRN,g(az):/

B(0,1)°

() f(z — y)dy + / Ris(o)(f(x — ) — f(x))dy.

B(0,1)

In particular, g is a continuous function on R"V (which can also be deduced from a standard

application of the dominated convergence theorem thanks to the continuity of f and

assumptions (i) and (i7)). Therefore, assuming ¢ €] — 3, 2[\{0}, we compute

g(z +te) —g(z) o flatte —y) - flz—y) ,
; = /B (Ovl)cR],k(y) . dy + /B o Rjx(y) )
(f(a: tta—y)—fla—y) [flz+te)- f(:z:)) dy
t t '
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On one hand, by assumption (i),
T +tep—y)— flz— A t
Rj,k(y)f( 1—y) — f( y)‘ < N/ 0, (z + se; — y)|ds
t tly™ Jo
< A
T N+ [z =y

Yy € B(0,1)¢,

so, by the dominated convergence theorem,

r+te—y)— f(z—
[ RPN gy [ it -
B(0,1)¢ - B(0,1)¢

On the other hand, by assumption (i),

Ri(y) (f (et =y) = fle=y) _Sletia) - f(x))’

A t
< W/ lﬁlf(x—ksel —y) —alf(x—i—sel)]ds
0

Yy € B(0,1),

A
< W sup |d?f(2)].

z€RN

Therefore, by the dominated convergence theorem,

(it —y) - fa—y) St te) - f@)
/ o Bl ( / t ) dy

t_)O R;i(y) (O f(x —y) — O f(x))dy.
—V JB(0,1)

Thus, the function g is differentiable in direction x; and, by equation (48), its partial
derivative 0;g is given by

Ris)af(e =)y + [ Riu)(@f(a ) - o)y

vz € RY, 99(z) = /
B(0,1)
(49)

B(0,1)c

Now, we integrate by parts the first term of the right member:

/ Ryu(y)auf (x — y)dy = / R, () f(x — y)dy + / Riw)uf (x — y)dy.
B(0,1)c B(0,1)c 1

SN—
(50)
It can be made rigorously by integrating by parts on B(0, R) \ B(0,1) for some large R
and taking the limit R — 400, using assumptions (7) and (i¢). Likewise, assumption (7i7)
yields for the second term

/B(O 1) Rix@)@if (@ =) = af(@))dy = limy Rjk()(Ouf(x —y) — Ouf (z))dy.

e=0 Jecyl<1
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However, we find by integrating by parts,

[ Raw@se -y - sy

e<]y|<1

— / Rix(9)01f (z — y)dy
e<]y|<1

_ / AR (y) f(x — y)dy + / Ri() 2 f(x — y)dy — / Ris(y)nf (x — y)dy
e<Jyl<1 5(0,¢) € SN—1

:/<| » O R (y)(f(z —y) —f(;v)+y.Vf(x))dy+/ Rm(y)%(f(m_y)_f(x)

S(0,e)

cuSf@Ndy [ RialmFe— ) = f@) + .9 f(@)dy

Now, we remark by assumption (7ii),

A 2
sup |d“f(z)],
|y|N’1zeRN‘ (2)]

Yy € B(0,1), [0 Rk (y)(f(x —y) — f(2) + 4.V f(2))] <

S0,

/ AR =) = 1) + 0V @)y
e<|y|<

— [ AR~ y) ~ f@) +y T @)dy.
e=0 JB(0,1)

We also notice by assumption (iii),

sup |d*f(z)],
2€RN

¥y € S0,2), Ry — ) — 1) +y VS| € oy

therefore, .
L Rl ) — @)+ 9 @)dy =)0
S(0,e) £—

€
Finally, it leads to

/ i) (@0 (x — ) — 01 ())dy = / OR; () (f (& — ) — F(2) + 4.V f(x))dy
B(0,1)

B(0,1)

~ [ Bl = 9) = ) + 595
1)

Finally, by combining equations (49), (50) and (51), the partial derivative 0;g is given by
formula (32). Thus, the function g is actually of class C! on RY. Indeed, by formula
(32), 919 is continuous on RY. By a standard application of the dominated convergence
theorem, it follows from the smoothness of f and assumptions (i), (i7) and (i7).

We now turn to formula (33) and we assume again that ¢ €] — 1, 1[\{0}. Since f satisfies

assumptions (i), (43) and (4ii), 0;g is continuous on RY and satisfies formula (32),

Ve € RN, 9ig(z) = /
B(0,1)

AR () f (x — y)dy + /B oy A=) = 1@

S @y + [ Rialn(f@) = 5.V @)
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Hence,

Ag(x +tem) — Oig(x) o flattem —y) = fla—vy) A
; = /B o OR;k(y) . dy + /B o IR k(y)
(f(-%' +tem—y) = fle—y) [fl@+ten)— fz) n
¢ ¢ Y

Vf(m+t67:)—Vf(13)) dy+/SN1Rj”“(y) (f(w+te7:)—f(:ﬂ)
Vf(x+tem)—Vf(:c))
t

yidy.
(52)

On one hand, by assumption (i7),

. T +tey, —y)— fx— A t
vy € BO.1) 0B, 5(5) D= s [ st sen - s
A
< )
= BT o )

so, by the dominated convergence theorem,

x+te, —vy)— flez—
[ amum” NIC=D gy o [ By )onf (e vy
B(0,1)¢ —vJB(01)°

On the other hand, assumption (iv) yields for every y € B(0, 1),

AR;k(y)

([t tem —y) = f@—y) = [z +tem) + (@) + y.(VI(z + tem) = V(2)))

A t
< o IN+1 - - .
—t|y|N+1/0 O f( + sem — y) = O f (2 + sem) +y.VOn f(z + sep)|ds

A
<

2€RN

hence, by the dominated convergence theorem,

/ W <f(x +tem —y) — f(x —y) — f(z +tem) + f(2) +y.(Vf(z + tem)
B(0,1)

=9I )y =, [ AR )OS (e )~ Do) + 5 T0 S )
=0 JB(o,1)
Finally, f is in C*°(R"), which gives

[ sty (Lo 2 I0) _ Viatlen) ZVIY

— YR (y) (O f(2) = y. VO f(2))dy.

t—0 SN—

Thus, the function ;g is differentiable in direction z,, and, by equation (52), its partial
derivative Gfmg is given by

OR; ()0 f (& — y)dy + / AR (4) (O (@ — )

vz € RN, 0F,,9(z) = /
B(0,1)

B(0,1)°

= O f @) + 550 @)y + [ Ros0)n (00 @) = 990 f @)y
(53)
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We now integrate by parts the first term of the right member,

| Rty = [ Ry [ ORuwm
B(Ovl)c B(O,l)c -1

SN
f(z —y)dy.
(54)

Similarly to equation (50), it can be made rigorously by integrating by parts on B(0, R) \
B(0,1) for some large R and taking the limit R — 400, using assumptions (i) and (7).
Likewise, assumption (iv) yields

/ DR, 1) (O f (2 — ) — O f (&) + 4.V f (2))dy
B(0,1)

= lim 8le,k(y) (8mf($ - y) - 8mf($) + yvamf(x))dy

e=0 Jecly|<1

However, we compute by integrating by parts

[ PR O S 9) = 0 ) VS

e<ly

:/ O mRik() f(z — y)dy — / AWk (Y)ym f(x — y)dy + / R (y)
e<|y|<1 SN-1 €

S(0,e)

OR;k(y)dy O f () + / OR; 1 (y)y.NV O f(x)dy

e<|y|<1

flo =)y~ [

e<|yl<1

—/ et BZij,k(y)(f(x —y) — f(x) + y.Vf(x) _ %de(x)(y,y))dy
e<|y|<

- /szv-1 Rk (y)ym(f(x —y) = f(z) +y.V () = %de(x)(y, y))dy

[ AR 0) (e )~ F(@) + V@)~ 5 F ) ).
5(0,¢) €

We then notice by assumption (iv) for every y € B(0,1),

O B 0) 7o~ ) — ) + 0.9 ) = 3 F@ ) <

sup |d*f(2)],

2ERN

therefore,
[ RaRiel) (@ =)~ £+ 551 ) = 5P 1) )y
e<]yl<1

[ R R~ )~ F@) + (@) — ) )y,
€=V JB(0,1)

We also remark by assumption (iv) for every y € S(0,¢),

R )om (£ ) — (@) + V1) = 2 1)) < g sup |5,

2€RN
which gives

S AR @I~ 9)  F@) 5.5 @)~ 3 @) )y 0.
S(0,¢) e

9
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Thus, we find
| ORiu0)(Onf (@~ ) = 0 F(5) + 1.V 00 (@)
B(0,1)
1
= [0y, T Bis ) =) = )+ 990~ 3@y (55)
1
— [ AR (@ =) = @) + 5.5 1) = 5 L@ )
Finally, by equations (53), (54) and (55), the partial derivative 812,m9 is given by formula
(33). Thus, the function g is actually of class C? on RY. Indeed, by formula (33), 812,m9
is continuous on R: it follows from the smoothness of f, assumptions (4), (ii), (4ii) and
(1v), and a standard application of the dominated convergence theorem. ]

We then complete the proof of Proposition 8.

Proof of Proposition 8. By formulae (19) and (20), and Proposition 1, the functions F
and G are C* on RV and equal to

{ F = Y0 91— ) [V (6)[2 + 20 — 2n0 (09),
G =nV (o),

on a neighbourhood of infinity, so, by Proposition 2, they satisfy all the assumptions of
Lemmas 4 and 5.

Likewise, by Proposition 3, the kernels Ky, K; and L; are in K(RY). Formula (44) is
then a consequence of equation (21) and Lemma 4, while formulae (45) and (46) follow
from invoking equation (24) and Lemmas 4 and 5. O

Remark. It seems possible to compute similar formulae for higher derivatives of the
functions 1 and 0: since it is useless here, we are not going to investigate this point any
further. However, it is probably a good way to prove the sharp decay of higher derivatives,

i.e. to show that the functions 0%n, 9*V(¢0) and 0*Vv are in MZC\’,OHQ‘(RN), at least in

the case where |a| < N.

1.2 Sharp decay of the functions d?n, d*0 and d6.

We now infer Theorem 6 from Proposition 8. We improve the asymptotic decay rate of
the functions d?n, d?0, d?v and d3f by the argument mentioned in the introduction. We
first apply it in the following lemma.

Lemma 8. Let 1 < j k < N and K € K(RY). Consider a function f € C®(RN) such
that

(i) f € L®RYN)N MY (RY),
(i) Vf € L®RV)N N MRV,

Then,
D2, (K + f) € ME,»(R).
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Proof. Let g = K * f. By assumptions (i) and (i), Lemma 4 yields
Vo e RN, 07 9(x) = / 07K (y) f (z —y)dy + / 02k K (y)(f(x —y) — f(2))dy
B(0,1)¢ B(0,1)
+ (/ 3jK(y)ykdy> f(@).
gN-1

By assumption (i) and since K € K(RY), the first term satisfies

’x’N—i-Q

/ 02 K () (x — y)dy
B(0,1)¢

<A </ YN 2107 K ()| f (2 — y)|dy
B(0,1)°

+/ laf,kK(y)Hw—y!N”\f(w—y)!dy>
B(0,1)¢

< A(Hajg,kK”M‘x’

22 @) f Il @y

) N2 N2
05 v o) 1 ik @ 11l 2 @) < A

By assumption (i) and since K € IC(RY), the second term verifies

] V42 / 0k K (y) (f(z — ) — f(2))dy| < A\$|N+2/ (Y1105 K (y)|dy
B(0,1) (0,1)
sup |V f(2)|
z€B(x,1)
|x‘N+2
<A——-<A
T4 |z2N T
and likewise, by assumption (i) and since K € IC(RY),
N+2 0;K (y)yxd <Al
|z /SN_l i K (Y y‘|f($)\ S AT py =4
Thus, the function g belongs to MFP ,(RY). O

We next prove a similar lemma for the composed Riesz kernels R; .

Lemma 9. Let 1 < j,k,I,m < N and consider a function f € C*®(RY) such that
(i) € L=RY) N M55 (RY),
(it) Vf e L®RYN) N M3 (RY),

(iii) d?f € L°(RN) N MY (RY),

Then,
O(Rjx* f) € ML, (RY).

Moreover, if f also satisfies
(iv) d®f € L(RY) N Ms3 (RY),

then,
O (R * ) € M o(RY).
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Proof. Let g = Rjj * f. On one hand, by assumptions (), (i7) and (iii), Lemma 5 leads
to

vz € RY, 99(x) :/

B(0,1)¢

R () f(a — y)dy + / OR; (1) (f(x —y) — f(2)

B(0,1)

Fu @y + [ Rialon(f@) = 591 @)dy
By assumption (), the first term verifies

’x‘N—H

/ AR (y) f(z — y)dy
B(0,1)°

)

<af (R =)

)

+1OR; g (y)lle =y f(z — y)l)dy

<A (/RN ‘f(t)’dH/B(o,l)c yale,k(y),dy> <A

By assumption (ii7), the second term satisfies

o1

/ AR k() (f(z — ) — F(2) + 3.V f(2))dy
B(0,1)

< AJz|VH /B o POy sup )

z€B(z,1)

’N+1

|z
<A———-< A
ey =

and likewise, by assumptions (i) and (i),

‘ZL‘|N+1 |x’N+1

/SN1 Rjk(y)u(f(z) — y.Vf(a:))dy’ < AW <A

Hence, the derivative 0;(R; * f) is in M3, (RY).
On the other hand, by assumptions (4), (i7), (i) and (iv), Lemma 5 also gives

Vo € RN,al%mg(x) :/

O, Ry () f(x — y)dy + / O, Rin(w)(f( — y) — f(z)
B(0,1)°

B(0,1)
09 f(@) = 5@+ [ Rl (@)
050 f@)dy+ [ Ok (F ) =V ()

45 (@) ,))dy.

Likewise, by assumption (i), the first term satisfies

2| [ Ry

)

<A / (N *2182, R ()| f ( — )
B(0,1)¢

+ 107 Rk (W)l — y| N2 f (= ) )y
<A (/ If(t)ldt+/ Iamej,k(y)!dy> < A
RN B(0,1)°
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For the second term, assumption (iv) yields

|$|N+2

[ RuRiao)fa — )~ @) + 5.5 1) — 5 1) 00))dy
B(0,1)

< Alg|N+? / Y107 Rk (y)|dy  sup |d°f(2)]
B(0,1) 2€B(z,1)

’x‘N+2

<A—— < A

Tl |x2N T

while for the third term, assumptions (i7) and (iii) give

N+2
|| <A

N+2
|| 1+ |x|2N =

/SNl Rk (9)yi(Om f(x) — y-Vf)mf(:v))dy' <A

and likewise, for the last term, by assumptions (), (i7) and (7i7),

’x‘N-i-Q ‘$|N+2

/SN_I OB 1 (y)ym (f(x) — .V f () + ;de(x)@,y))dy' <Ap Ay <A

Thus, the function al%m(RM % f) belongs to MgP, ,(RY). O
Finally, Theorem 6 follows from Lemmas 8 and 9.

Proof of Theorem 6. Equation (21) writes

N
ﬁ:KO*F+QCZKj*Gj.
j=1

However, by Proposition 3, the kernels Ky and K are in K(RYN), whereas by formulae
(19) and (20), and Propositions 1 and 2, the functions F' and G satisfy all the assumptions
of Lemma 8. Thus, the function d*n belongs to Mg, ,(RY) by Lemma 8.

Likewise, equation (24) states

N N
0;(10) = ng *F+ Y LipxGr+ Y Rjp*Gh.
k=1 k=1

Then, Propositions 1, 2 and 3, and formulae (19) and (20) yield for every I € {1,...,N}
and z € RV,

[ YO (B * F) ()] =|2|M (9 K;) * F(2)]
<A AN(\yIN+1\8sz(y)|!F(w — )l + 10K (y)]

@ = yINHF (2 = y)])dy

<a( [ s [ o wi) < a

Therefore, the function 8;(K; * F) is in Mg, (RY). Likewise, the functions 9y(L;y * Gy)
belong to MZC\’,OH(RN ), so, since the functions Gy, satisfy all the assumptions of Lemma 9,
it follows from this lemma that the function d?(:#) also belongs to M]%OH(]RN ).
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The proof is identical for the function d*(y#) by Lemmas 8 and 9, and formula (24), so,
we omit it.

Finally, by Proposition 1, the function d?v is C* on R and equal to

2,0 = [ /1= n(i0%,0 — 8;00,0) — ~2= g J__Ginokn Y i
ik <\/7( k0 — 0;00,.0) N PYRNE

on a neighbourhood of infinity. Since the functions Vn, V(¥#), d?n and d?(1/6) are bounded
and respectively belong to MR, | (RY), MP(RY), M52, ,(RY) and M3P ,(RY), and since
n converges to 0 at infinity by Proposition 2, d?v belongs to MX,OH(]RN ). O

Before turning to the first order development at infinity of the function v, we establish
Corollary 2.

Proof of Corollary 2. Corollary 2 is a consequence of the superlinear nature of F' and G.
By formulae (19) and (20), and Proposition 1, the functions F' and G are C* on RY and
equal to

2(1-n)
G =nVo

on B(0,3Rp)¢. Thus, we compute for every x € B(0,3Ry)¢,

{ F= |Vn|? + 2(1 _ n)‘vgﬁ + 2772 — 2¢n04 0,

2N (|F ()] + |G (2)]) <Al (IVn(2)? + [VO(2)]” + n(2)? + In(2)|[Ve(2)]),

|2 PMHHVE ()] + VG (2)]) <Al (| d*n(2)][ V()] + [Va(@)]® + [n(2)|[Vi(2)]
+HVn(2)[|VO(2) P + [VO(2)[|d*0(x)| + [Vn(z)[| V()|
+Hi(@)||d*60()),

2PV F2|d2 G (2)| <Al PN (|dPn(2)[[VO()] + [V ()||d*0 ()]
+Hn(@)||d*0()).

Corollary 2 then follows from Proposition 2 and Theorem 6. O

2 Asymptotic development at first order.

Now, we consider the existence of a first order asymptotic expansion for the subsonic
travelling waves of finite energy. By the method mentioned in the introduction, we first
deduce the pointwise convergence of the Gross-Pitaevskii kernels, then, the pointwise
convergence of all the convolution integrals which appear in formulae (21) and (24). We
finish the proof of Theorem 1 by showing the convergences above are actually uniform on
the sphere SV ~! and by computing a partial differential equation for the first order terms
of this asymptotic expansion.

2.1 Pointwise convergence of Gross-Pitaevskii kernels.

We first prove Theorem 5, i.e. the pointwise convergence of the Gross-Pitaevskii kernels
Ko, Kj and Lj. As claimed in the introduction, it follows from the form of their Fourier
transforms through Lemma 1, whose proof is mentioned below.
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Proof of Lemma 1. Consider some integer j € {1,...,N}. The Fourier transform of K
belongs to K(RY). Therefore, the function f given by

Vo € RN, f(2) = (—iz;)N 'K (z),
is continuous on RY. Indeed, its Fourier transform
f=0V"K
belongs to L'(RY). Moreover, if g € S(RY), we compute
<wzif,g>=< fixjg>=—i < f,@ >=—i < f,ajg >,

so, f being in LY(RN), we can write

T GG

We then deduce from an integration by parts that for every A > 0,

0,7()g(€)de + i / 0,7(6)(9(€) — 9(0))de

B(0,\)

<$jf,§>=i/

B(0,\)¢
ig(0) 7

_ ; d€.
+ i /S RCUGEC

However, g is in S(RY), therefore,

which yields

e { ~ Y i€ g Y g _ 1)d
<al3> = oy [ 3@ (/B o e [ o feens -

1 .
5 Lo éjf(f)d£> d.

Therefore, by standard duality, the tempered distribution x;f is equal to the tempered
distribution ¥ given for every z € RY by

x b F(E)eirE PV (piTE _ 1 2
U(x) (%)N</BMC 9;1(€) d§+/ d; £ (€)( 1)dg + 5 )gjf(g)dé‘)

B(0,)) S(0,A

{

(27r)N </B(O,)\)c 8] K(€)€ d€+/j}3(07)\) 83 K(f)(e 1)d§
1 ~
3 /S(o X gja;v_lK(g)dg)

Indeed, W is a tempered distribution because, since K is in K(RY), ¥ belongs to L} (RM)
and satisfies
Vo € RN, |[W(z)| < A(1 + |2]).
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Moreover, since K is in IE(RN ) once more, by a standard application of the dominated
convergence theorem, ¥ is also continuous on RY. Thus, the function = zjf(z) =
zj(—iz;)N 1K (z) is continuous on RY and verifies for every z € RV,

zi(—iz;)N ! ‘ N[ (€)ei*€ N R () (e
J (i) VK (@) = (/B o R@ e [ o) R g

B(0,\)
1 A
iy [ g 1K<5>d5) .
5(0,0)
It then only remains to choose A\ = R and x = Ro — y to get formula (29). O

Theorem 5 is then a consequence of Lemma 1.

Proof of Theorem 5. Let 1 < j < N and let us first make the additional assumption
a=0.

We will remove it later. The function K is a rational fraction only singular at the origin,
so, all its derivatives are also rational fractions only singular at the origin. Thus, we can
state for every i € {0,1,2},

Epkz

ONTTIK = (56)

Zle

where

e the functions Py ; and Q) ; are homogeneous polynomial functions either equal to 0
or of degree k.

di d,i
e the polynomial functions P; = ) Py; and Q; = Y Q4 are relatively prime.
k=0 k=0

e the polynomial function @Q; does not vanish on R \ {0}.

Moreover, consider ¢ € RV \ {0} and denote

. U(¢) = { min{k € {0,...,di}, Pri(€) # 0}, if 3k € {0, i}, Pri(€) # 0,

400, otherwise,
e I'(§) =min{k €{0,...,d";}, Qri(§) # 0}.
The functions ! and I’ are well-defined on R \ {0}, and we can set
i€ .
Ve e RV \ {0}, Ri(¢) = UGIGENE HZQL’(&) GER H&) # +oo,
0, otherwise.

Now, we claim

Claim 1. The function R; belongs to MNJrZ L(RY) and satisfies

¥ € B\ () g )R (§) o RO 57
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Proof of Claim 1. The case [(§) = +oo being straightforward since

d;
SRR (€)

1 N+i—1 § k=0
RN+i— laj K(R = d'; ‘ :O:RZ(§>7
S RN+=1-kQ, 5(€)
k=0
consider R > 0 and ¢ € RV \ {0} such that
1(&) # +o0.

Formula (56) becomes

d;
R7*P,;
1 GN+I-17 (f) _ k;o ki8) Pye),i(§)
R

R %RN—&—i—l—ka (€) e RNH_I_”(S)H(@Ql’(&)ﬂ'<§).
k=0 !

However, the function K is in I%(RN ), which means in particular that

N N—H 17> € A
Thus, we first deduce
1 3 Pz(g) (6)
AR T ONi —— = R;(§),
RN+Z 1Y R Rj’ N+i—1+1(¢ Ql’(g (é—) (5)
and secondly, by taking the limit R — +o0 in inequality (58),
A
RAQ) < g
i.e. the function R; belongs to M3, ;_ 1(IRN). O

Now, we turn back to the proof of Theorem 5. Consider (o,y) € SN=1 % RN such that
oj #0

and remark once again that the function K is in IE(RN ). By Lemma 1, we can state for
every positive number R sufficiently large

RNK(Ro — )—L / aNf?(g)eif-<Rff—y>d§+ / ONEK(€)
(27 (o %))N B(0,%) ! B(0,4 !

( i.(Ro—y) _ d§+R/ gjajV—ll?(é-)eif.(Ra—y)d§> .
Our goal is to prove the convergence of each term of the right member towards a bounded

measurable function independent of y.

Step 1. The first term of the right member of equation (59) satisfies

. . 1 . .
ONK(&)edHo—vge .  _ — / Ry (£)e’7d +/ R1(£)e’7de | .
/B(O Lye J (5) ¢ R—+o00  10; B(0,1)° 2(6) 3 SN-1 53 1(5) §
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Indeed, for every A > %,

/ ONR ()€ Fr—dg = lim ON R (£)eieFo—v g,
B(0,%)°

Ao S L <lel<x

Moreover, by integrating by parts,

N , 1 . A
aNK(E)ezE.(RU—y)dg :./ aNK(g)a,(ezf-(Ro—y))dg
/}3<|§</\ ! i(Roj — y;) £ <lel<A ! ’
1 / N+15( ey i€ (Ro—y)
= | - 0. T K (&e Yde
i(Roj —yj) ( £ <él<A ! ©

1 [ GaNRE@eE T Ia R [
A Json 1

S(0,%)

N 7> i€.(Ro—
OV K (£ y>d§) .
However, K is in IE(RN ), therefore,

/ ONFLR (¢)ef(Ro—v)ge ajf.VJrlf((g)eif-(RU*y)d{,
E<lél<a A=+oo JB(0,%)°

while

AN
S )\N+2 )\_,4_:_00 O

1

1 / &0V R (€)' R dg
A Json

Thus, we obtain

1

ONE(&)e e = ——
/B(O,}%)C J ( ) Z(RO’j - yj)

N 7> €. (Ro—
(— / L OVTIR (e Medg
BOz)* (60)

-R / &ONEK (€)elsFr—vlge | |
S(0,%)

On one hand, the first term verifies

1 S i (Ro— 1 S8\ ie(o—x
- 8N+1K § ezf.(Ro y)d§ _ / aN-‘rlK <) €Z§~(U R)df
R /B0, L) ’ © RNFL Jpo1ye 7

However, by assertion (57),

and, since K € K(RY),

c 1 N+1 7> € € (oc—L A
V¢ € B(0,1)¢, RNHaj K(R i€ _K]TH’
hence, by the dominated convergence theorem,
1 ~ ) )
= ONTIK (g)eFrvlge  — Ry(€)e™7de.
R Jpo.4)e ’ © R—too JB(0,1)¢
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On the other hand, the second terms writes

~ . _ 1 ~ (& (o Y
AN i€(Ro—y) ¢ _ _* ONK [ S ) e (0—%)ge.
g S R0 0 =g [ 0 () B

Likewise, by assertion (57),

and, since K€ IG(RN),

- & = (€ i€ (o—Y
ve e sV R—jva;VK 7 ¢tlo—B)| < A
which gives by the dominated convergence theorem,
VK (€)e'(Rov)g R €0 e
/;‘(0,112) §0; K(&e §R:roo SN_lfj 1(€)e’*7de

In conclusion, equation (60) yields

~ . 1 . 4
/ O K (g)etFovag  — —— / Ry(§)e™7dE + / §R1(€)et7dg |
B(U}%)c R—+4o00 10y B(0,1)c SN-1

which ends the proof of Step 1.

Step 2. The second term of the right member of equation (59) satisfies

[ R <y Ry (€)(€% — 1)de.
B(0, %) R=%o0 JB(0,1)

Indeed, we have
ONK (&)(e'Ho=y) _1)dg = / ONEK <5> e R) — 1)de.
Lo, AR =g [ R (5) )

Likewise, by assertion (57),

1 N
RfNaJNK (]i) R oo (),

and, since K € IE(RN), we have for every R > 2y|,

—ONK (=) (4R —1)| < = |e(c — 2)| < .
6 € BO.0), | g0 B (§) 5080 1)) < 2 oo - ) <
Hence, the dominated convergence theorem gives
/ VR @©@E ) g — Ry (€)(e7 = 1)de,
B(0,) T JB(0,1)

which is the desired result.
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Step 3. The last term of the right member of equation (59) verifies

R[ - gof R@E g & Ro (€)' de.
S(Oi) -1

R
R —+00 JgN
Indeed, we compute

A ) _ 1 _1n (€ it (o— Y
ON-1f i€.(Ro y)d _ / N1 (S i&.(o )d .
= /5(07},3) % ©e ¢ RN=L Jona 9 R)° n

However, by assertion (57),

I nap (€
RN—laj K <R> Rtoo Ro(€),
and, since K € K(RY),
N1 | L No17 (€ igo—%)
VEe ST, RN*léjE)j K =)e R < A,
which yields by the dominated convergence theorem,
R[ - goi R@ET g &R (€)' de.
5(07%) R—+oco JgNn-1

Finally, by equation (59), and Steps 1, 2 and 3, we conclude

RYK(Ro —y) Tl Koolo),

where K, is given by
Z‘N
(2ma;)N

_L i&.o ' it.o )
i (/B(OJ)C Ra(&)e'>7d¢ + /SN1 §JR1(§)€ d€ )

It then only remains to show that the function K, is uniformly bounded on the sphere
S¥=1, Indeed, up to choose another integer j € {1,..., N}, we can suppose that

Ky(o) = (/B(O,l) Rl(f)(eiﬁ-a —1)dé + /SNl ijO(f)eig'Udg

(61)

1
— < g; <1.
N

We then deduce from Claim 1 and from this additional assumption that

d¢ d¢ dg de
(o) < A TNT ey [EN+T [gN=1 )
el = Ay </B<o,n T s B o B \N‘l)

so, the function K, is uniformly bounded on SV~

Now, we complete the proof of Theorem 5 by considering the case

a # 0.

We first compute
0K (§) = il K (¢).
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We then consider 3 € NV such that |3| = |a| and denote Lg, the tempered distribution
of Fourier transform

L= 0°9K.

We claim that the function I//E belongs to E(RN ). Indeed, by Leibnitz’s formula,

e € RN\ {0}, Ly(€) = °(iPlec K (€)) = Y A, 507(62)9° VK (¢),

0<y<B

so, since K € K(RY),

— §|\oc|—|7|
1+ 1€)THE)] < AL+ 2 | -
’ gﬁﬁ (1+ [€P)eAr=h

Therefore, the function Lﬁ is in LOO(RN YNMS® (RN ). Likewise, a straightforward inductive
argument for the derivatives of LB yields that Lg is a rational fraction which is only singular
at the origin and belongs to IC(]RN). Thus, by the proof ahead for the case ae = 0, there
exists a bounded measurable function Lg o, such that

RNLs(Ro —y) — Lgeo(0).

R—+00

Moreover, we compute

Ly(x) = (—1)*e%0" K (a),

S0,

RY (=) (Ro = y)°0° K (Ro —y) | —  Lgool0),

and

RNH G897 K (Ro — v) o i Lg 00 (0).

However, we can always choose 3 such that

1
lo] *

N2

0| >

S0,
ilad
L@ ( ) <N 2 ‘gIllaX ||Lﬁ,ooHL°°(SN*1)-

Thus, there is a bounded measurable function K& on the sphere S¥ =1 such that

RNTllg K (Ro —y) — K% (o),

R—+o00

which completes the proof of Theorem 5. O

One application of Theorem 5 is given by the next corollary.

Corollary 3. Let 1 < j,k < N, a € NV and o € SN~L. There exist bounded measurable
Junctions K§ o, K5, and L) oo 00 the sphere SN~ such that

J,00

RN Ko(Ro —y) | — Ko
N+|a| 9o 17 . a
Yy € RN, R | la KJ(RU - y) R~>—+>oo Kj,oo(o')v
—

N+|o or, . o
R 0 ]7k(R(T y) Rt

9),

0o L?,k,co(a—)'
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Proof. We infer from formulae (22), (23) and (25) that Ko, I/(\] and I//;k are rational

fractions which are only singular at the origin and belong to I%(RN ). Corollary 3 is then
a consequence of Theorem 5. ]

Remark. Formula (61) gives an expression of the limit K in function of the kernel K.
It is quite involved to compute explicitly such an expression. However, we can conjecture
the limit of the non-isotropic kernels Ky, K; and L;. Indeed, consider for instance the
kernel K. By formula (22), its Fourier transform writes

€1

Kol) = (g yaep = e

Turning back to the proof of Theorem 5, we remark that the limit at infinity of Ky is
formally identical to the limit at infinity of the kernel Ry whose Fourier transform is

€1

Ro(€) = AP — 2

Indeed, the only terms which appear in the limit at infinity of the kernel Ky are the
homogeneous terms of lowest degree of the numerator and denominator of Ky. Moreover,
up to a change of variables, the kernel Ry is related to the composed Riesz kernels. Indeed,

it is equal to
N
22 _ (\/ 517"'751\7)

7j=1

Since we know the limit at infinity of the composed Riesz kernels by formula (30), we
deduce that

Ko ol(0) = Bonol0) = fﬁjfﬂ—@;% . (1— Noy ) (62)

2 c20?
2 + 2

Likewise, by formulae (23) and (25), we can compute formally the limit at infinity of the
kernel K,

r()1-<) s A\ -2 N1 = £) g0
Kioolo) = — 2 (0 (1-5) 7 - ) (63)
2 2

2 c2o?
2 + 2

and of the kernel L;x,

§;1+6 1+1
I ( ) F(%) (1 62)1;’ <5j,k(1 %)_% N(l . 022)—5j,1—6k,1+§0.j0.k>
A?'Ii‘? g)= e —
B ? (1-5+5hH% (1- % 420y

— 0k +N0'j0k>.

Formulae (62), (63) and (64) lead to Conjecture 1 as mentioned in Section 2.3.
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2.2 Pointwise convergence of convolution integrals involving the Gross-
Pitaevskii kernels.

Now, we turn to the pointwise convergence of all the convolution integrals involving the
Gross-Pitaevskii kernels Ko, K; and L .
Proposition 9. Let 0 € S¥71, 1 < j k < N and a € NV such that |a| < 2. Then, the

following assertion holds

RN (K « f)(Ro)  — K& (o) o f(z)dz,

R—+o00

for K, either equal to Ko, Kj or L;, and f, either equal to F', G; or Gy,.

The proof of Proposition 9 is a straightforward consequence of Corollaries 2 and 3, and
Lemma, 2, so we postpone its proof after the proof of Lemma 2.

Proof of Lemma 2. We divide the proof in three steps which correspond to each desired
assertion.

Step 1. The next assertion holds

RVg(Ro) |~ Kwl(o) [ (),

where Ko, denotes the bounded measurable function given by Theorem 5.

Indeed, consider R > 0 and write the expression of the function g

RVg(Ro) = / RNK(Ro — y)f(y)dy
RN

(65)
[ RYK(o-yiwds+ [ RYK(Ro - )y
|Ro—y|<§ |Ro—y|>F
On one hand, by assumption (i) and since K € IC(RY),
/ RNK(Ro —y) f(y)dy| = ‘ / R*MK(R(0 — 2)) f(Rz)dz
|Ro—y|<§ |lo—21<3
2N
<A 1 dz

T Jjo—aggy (L REVZPY) (RN Yo — 2N 1)

< A / dz 0

— .
— RN-1 IO’—ZlS% ’Z’zN‘J—Z‘N_l R—+o00
On the other hand, by Theorem 5,

BV g,y 2 K (RO =) () = Kocl0)f (1),

while by assumption (i) and since K € IC(RY),
ARN . A
|Ro =y N (1 +[yPN) = 1+ [yPN

R C
we B (Ro.g ) IRNK(Re - ) f)] <
hence, by the dominated convergence theorem,

/ RVK(Ro — ) f()dy  — Kwlo) [ fla)da,
\Ra—y\>§ R—+o00 RN

which gives the desired result by equation (65).
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Step 2. The following assertion is valid

R"*10;9(Ro)  — Kl (o) | f(z)dz,

R—+o00 RN
where Ko denotes the bounded measurable function given by Theorem 5.

The proof is quite similar to the proof of Step 1. Indeed, consider R > 0 and state likewise

RN19,9(Ro) :/ RNT9, K (Ro — y) f(y)dy + / RNT19, K (Ro — )
|Ro—y|<& |Ro—y|>Z
f(y)dy.
(66)

On one hand, by assumption (i) and since K € IC(RY),

/ N+l R2N+1
RY™O,K(Ro —y)f(y)dy| < A dz
|Fio—y|< 2 ’ o—21<h (1+ R2V[2]2N)(RN=3|o — 2|N~3)
A
< +  — 0.
RN*§ R—+o00
On the other hand, by Theorem 5,
RY M gy o n 0K (Ro =) f(y) | — K (0)f(v),
while by assumption (i) and since K € C(RY),
ARN+H1 A

R (&
Vye B(Ro, =) ,|RN0,K(Ro — < < ,
ve B (Ro ) RV R )0 S Gy < T

hence, by the dominated convergence theorem,

/ RYY9,K (Ro — y)fy)dy — KiL(o) [ fla)de,
|Ro—y|> L2 R—+oo RN

which ends the proof of Step 2 by equation (66).

Step 3. The assertion

RNC0%g(Ro) | KE(@) | flayda

R—+o00
holds if KZF denotes the bounded measurable function defined in Theorem 5.

Indeed, Lemma 4 gives

332,k9(RU) = /

02, K (y) f (Ro — y)dy + / 02K (y)(f(Ro —y) — [(Ro))dy
B(0,1)¢

B(0,1)

- (/SN_I 8jK(y)ykdy> F(Ro),
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which yields by an integration by parts and the change of variables z = Ro — y,

RNV (o) =RV [

B(Ra,g)C

(f(2) = f(Ro))dz + 2RV ! ( /S

%K (Ro — 2)f(2)dz + RN*? / 02K (Ro — )
B(Ro, &)

oK (y)ykdy> f(Ro).

(0.5)

On one hand, we compute by assumption (i) and since K € K(RN),

N+1
RN+ ‘f(RU)|§ AR / dy Si — 0.
S(0

1+ R2N

/ 0; K (y)yrdy
5(0,%
On the other hand, by assumption (ii) and since K € K(RY), we find

RN+2

[ k(R = )(7(e) - f(o))d:
B(Ro,3)

dz dz
<ARNH? / — T sw Vi) + / S —
B(Ro,1) |Ro — Z|N_%y€B(RU,1)‘ )l 1<|Ro—2|< B |Ro — z|N+1

sup \Vf(y)\>

yeB(Ro, %)

<— — 0.

Finally, Theorem 5 gives

RN21 om0 K (Ro = 2)f(2) | = KE(0)f(2),

while by assumption (i) and since K € K(RY),

ARN+2 A
<
[Ro — 2|NH2(1 4 [22N) 7 1+ |22V

(&
)

Vz e B <RU, 1;) |RN+2832»7,§K(R0 —2)f(2)] <

hence, by the dominated convergence theorem,

2 K — dz — Kbk d
/B(Ra &) Ok (B = 2)1(2) ZRHMO % (o) RN f(@)dz,

’2

which ends the proofs of Step 3 and Lemma 2 by equation (67). O

Before investigating the pointwise convergence of the convolution integrals involving the
composed Riesz kernels, we complete the proof of Proposition 9.

Proof of Proposition 9. By Corollary 2, the functions F' and G satisfy assumptions (i) and
(ii) of Lemma 2. Moreover, the functions Ko, K; and L; . belong to K(RY) by Proposition
3 and their Fourier transforms are rational fractions in I/C\(RN ), only singular at the origin
by formulae (22), (23) and (25). Thus, Proposition 9 follows from Lemma 2 applied to
the kernels Ky, K; and Lj, and to the functions F' and G. [
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2.3 Pointwise convergence of convolution integrals involving the com-
posed Riesz kernels.

We now establish Proposition 4 by studying the pointwise convergence of the convolution
integrals involving the composed Riesz kernels R; .

Proposition 10. Let 1 < j,k,l < N and o € SN™1. Then, we have

e
RNRjyk * Gk(RU) R—:)-oo 222}) ((Sng — NUjUk) fRN Gk(x)dx,

ND(X
RNHLO R, i+ G(Ro)  — F(NQ ) (N 4 2)ojor01 — 05 k01 — 050K — 03105) [pn Gk

R—4o00 2772

Proof. By Corollary 2, the functions Gy, verify assumptions (), (i7) and (¢i¢) of Lemma 3.
Thus, Proposition 10 follows from Lemma 3 and it only remains to prove this lemma. [

Proof of Lemma 3. We split the proof in two steps which correspond to each desired as-
sertion.

Step 1. We have

RNg(Ro) — F(g)(&k—NU-ak)/ f(z)dx.
Rotoo 9py ’ RN

Indeed, equation (30) yields for every R > 0,

I'(§)RN 8 klyl* — Nyjyi 8iklv)? — Nyjyk
RNg(RO-) — 2 - / Js ’ ‘ N3 J f(RO_ o y)dy +/ Js ‘ ’ o J
w>% Yl lyl< ly]

Nk

(f(Ro —y) — f(RU))dy> ,

so, by the change of variable z = Ro — v,

F(E)RN 5‘k|Rafz\27N(R0-fz-)(Rkazk)
N 2 7 i
— d
R g(Ro) QW% /Raz|>1§ ‘RO’—Z|N+2 f(Z) z o
68
§ik|Ro — 2| — N(Ro; — 2;)(Roy, — z)
o AL (1) - £(Ro))dz ).
o—z|<%
However, on one hand, we compute
(5',k|RO' — 2’2 - N(RO’ — z~)(Rak - Zk)
R b (F(2)  §(Ro))dz
o—z|<F
dz
car’ [ s Vi)
Ro—z|<2 |Ro = 2NN ppo 1)
ARN+1
< = 0.
“14 R2N+1 Rpyoo
On the other hand, we find
5'7k’RJ — 2’2 — N(RU‘ — Z)(de — Zk)
RNl\Rafng ’ Ro — Z|JN+2 : f(z) Mt (0 — Nojoi) f(2).
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Moreover, assumption (i) yields

8 k| Ro — z|* — N(Roj — z;)(Roy — z)
|Ro — z|N+2

fo)| < —2

‘ N
€B B S
Vz <RO’, 2) ,R 1 |Z|2N7

so, by the dominated convergence theorem,

0jk|Ro — 2> — N(Ro; — 2)(Roy — 21)
d 51— No,
R /Rcrz|>1; |RO' — Z|N+2 f(Z) z R:roo ( 5,k O-]Uk) /I\{N f’

which leads to the desired result by equation (68).

Now, we show the second assertion, which relies on equation (32).

Step 2. We have

RN+18lg(Ra) —

~ )(—(5j,k0l + 610k + 0k 105) + (N + 2)oj0101) /RN f(z)dz.
2

The proof is rather similar to the previous one. Indeed, consider R > 0 and integrate
equation (32) by parts:

dig(Ro) = /

B(0,%)

ORI e =y + [ OB =) = [(Ro)

0,3)

2
FuNIRy+ 3 [ Riu@n(f(Re) gV F(Ro))dy.
S(0,2)
By the change of variable z = Ro — y, it becomes

RN*19,g(Ro) =RNH! /

. ORjx(Ro — 2)f(2)dz + RN+ / O R;x(Ro — 2)
B(Ro,3)¢

B(Ro, %)

(F2) = $(Ro) + (Bo = 2).9F(Ro))dz + 28" [ Ryu(y)uf(Ro)

S(0,£)
—y.Vf(Ro))dy.

2

(69)

Now, by assumptions (i) and (i7),

RN

[, PGS Ro) +u9 )y

0.3

1 R
< ARN
= AR (1+R2N * 1+R2N+1> oo
while by assumptions (iii),

RN+1

[ R = 2)((:) ~ F(Ro) + (Ro — 2).V f(Ro)dz
B(Ro,3)

dz
<ARN+ / N ]
B(Ro, %) |Ro — Z’NilxeB(Ra,g)

RN+2

<A—rr— 0.
=1+ R2N+2 R—>——&>-oo

However, we compute

RN*21 rO R (Ro—2)f(z) — ((N+2)ojokor — (65501 + 6510k + 0k105)) f(2),

‘RO’—Z|>5 R—+0c0
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and by assumption (i),
R\° A
B = N+1 . _ < =
Vz € <Ra, 2> JRYTHOIR i(Ro — 2) f(2)] < T4 oY

so, by the dominated convergence theorem,

RNH1 /R x OR;i(Ro — z)f(2)dz
o—z|>%

— ((N + 2)ajakal — (5j,k0'l + 5',10'k + 5k,lo'j)) / f(w)dx
R—+4o0 RN

which completes the proofs of Step 2 and of Lemma 3 by equation (69). O
We are now in position to show Proposition 4.

Proof of Proposition 4. It follows from equations (21) and (24), and from Propositions 9

and 10 that there exist bounded measurable functions 7.0, 7%, 0, éok and 6% such that

for every o € SN 1,
([ RVn(Ro) P Noo(0),
—+00

RN 0 (Ro) | = 1o(0),

RN,0(Ro) R 0l (0),

RY 238 (o) o (),
i,k

RNJrlan’ke(RJ) R—>——&>-oo 0% (o).

In particular, we can compute for every o € SV 1,

N
Too(0) = Ko0(0) /R Fla)de + 2cj§::1 K)o (0) /R Gy (70)
. c N INE
0l (o) = in,oo(O') /]RN F(z)dz + Z(CzLj,k,oo(U) + 2;21;) (0jx — Nojoy)) / Gz

k=1
(71)

Thus, it only remains to consider the existence of the function 6.,. It follows from the
next lemma.

Lemma 10. Let f € C¥(RN,(C) and M > 1. Assume that for every j € {1,...,N}, there
is a bounded function fl, defined on the sphere SN=1 such that

Vo € SYLRM f(Ro) | —  fl(0),
and that

Then,

Vo e S L RMYF(Ro) — Aoo)  —  foolo) = —




Proof of Lemma 10. Indeed, f belongs to C*(RY,C) and converges to A at infinity, so,
since M > 1, we can state

+oo N
VR > 1, f(Ro) — Ao = _/R Z@f(ra)@dr.
j=1

Moreover, we have
N N
Y 0uftra)e; = g Y ;
ro)o; 0 —
J i~ 7‘4’4*00 rM )7
Jj=1 =1

therefore,

N

+00 1
/R j;@f(ra)ajdr o7 RM il Zf R—>+oo <RM—1> ,

which yields

RM(f(Ro) = Aw) = -

= foo(0).

O]

At this stage, we notice that the function 6 satisfies all the assumptions of Lemma 10
with M = N and Ay, = 0. Thus, there is a bounded measurable function 6., such that

N
_ 1 )
RN"'0(Ro) it Oc(0) = 55— Z:UJG%O(U)

Moreover, by equation (71), we compute the next more explicit form of 0,

(ZUJ .00 ) /RN F(z)dx +é <C2éajLJ~7km(g)

(72)
272 RN

=
=
=
w\z [\ e}

O]

Remark. Conjecture 1 follows from formulae (70) and (72). Indeed, in the first section of
the second part, we computed formally the values of Ko oo, Kj oo and L; j o (see formulae
(62), (63) and (64)). By equations (70) and (72), it only remains to compute the values
of fRN x)dx and fRN Gr(z)dx to get explicit expressions of the limits 75, and 0. In
the thlrd part we will compute such integrals and we will obtain that

[ Fl@)ds =24 = N)B@) + (N = 3)p(0).

and

/ Gr(x)dr = 2P (v).
RN
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Finally, by equations (62), (63), (64), (70) and (72), it yields the value of the functions
LY

reol0) = c;ig) <1 B 022>N23 ((4_2NCE(’U) + (2+ N; 3c2)p(v)) <(1 N Jlr %)%

)
8
Q
S~—
I
pr
N—
N
=
|
no| Q.
~__
w‘l
w
Ve
N
N
ol |
o
5
4
S~—
—
[\)
+
|
w
)

[\o]
~—
=
4
S~—
~__

—~
—
V)
Q
i
vz

2 2
2 c?oy
2+2)

02 N 0']
H2\1-5) ) P ——0ss
j=2 (1-5+=")2

Since v, is equal to O, it leads formally to Conjecture 1.

2.4 Uniformity of the convergence.

Now, we show the uniformity of the previous pointwise convergence. Actually, Proposition
5 even yields a little more. Indeed, the functions ¢ — R¥n(Ro) and o — RYN710(Ro)
converge to 1), respectively 0, in CT(SV~1), respectively C2(SV~1), when R tends to
+00. As claimed in the introduction, it follows from the decay estimates of Theorem 6
and Ascoli-Arzela’s theorem.

Proof of Proposition 5. Consider the functions (ng)r>o and (6r)r>o defined by

nr(o) = RNn(Ro),
Vo € SN < Op(o) = RN-H(0)(Ro),
vr(o) = RV=1(v(Ro) — 1).

Step 1. Computation of some derivatives of the functions nr and Or and of their limits
at infinity.

We first compute some explicit expressions of some derivatives of ng and g and of their
limits when R — +oo. It will be fruitful to prove the uniformity of the convergence and
to deduce Proposition 6. By Proposition 4, we first get for every o € SV =1,

nR(U) R:Foo Teo (0)1

By definition, we then have for every j € {1,..., N} and for every function f € C1(SN~1),

N1 F(ee) = flo)
A0 =l

Therefore, considering a function f € C'(R") and denoting for every R > 0 and o € SV~
fr(0) = f(Ro),
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we compute

85" fr(0) = R(9; f(Ro) %Zaﬁf Ro)). (73)

Likewise, we find for every k € {1,...,N} and o € SNfl,
N—
OJS 1ak =0 — 00 (74)
Thus, it follows from formula (73) that
SN -1 N+1 N
9;" nr(c) =R (9;n(Ro) — Ujkzlakakn(RU)),
~ N

07" 0r(0) = R (9;(00)(Ro) = 0; 3. 010k (v6) (o).

By Proposition 4, it gives

8SN—l

N
nr(0)  — k(o) — 0 X ot (o),
R—otoo k=1

B 0r(0) —  0l(o)—o; %a;ﬂk (o).
! R—+oo =T

Moreover, the functions 1 and 6 satisfy all the assumptions of Lemma 10 with M = N+1,
respectively M = N, and Ao, = 0. Therefore, Lemma 10 leads to

N
> 0wt (o) = —Nneo(0),
k=1

N (76)
> 0105 (0) = —(N = 1)0(0),
k=1
and finally,
N-1
% (o) = o(0) + Nojio(0), .
35" Or(0) a 020 () + (N = 1)0j000(0). (77)

Likewise, formulae (73) and (74) yield for every (j, k) € {1,..., N}?,

N
(8JSN—1HR)(O') —RN+1 <3]27k6(RU) - Z ol (Ukaj%lﬂ(RU) + Jja,ilQ(Ra) — 0}0;
=1

N
Z amﬁlm (Ro )) Z ( ik — 00k)o1 + (O — okal)o]>
m=1 =1

SNl

o

9,0(Ro),
(78)
so, by Proposition 4,
N
o (05" 0R) (o) L @)=Y (akej’ (0) + 0,08 (o) — opo; Z o

Hébm(a)) - i ((5j7k —0jog)or + (Opg — 0k01)0j>eloo(‘7)-



However, the function 0;60 also satisfies the assumptions of Lemma 10 with M = N 41
and Ao = 0. Thus, we obtain likewise

N
S 98 (0) = — N6 (o), (79)
=1

and

(" o) (0) R;we&’“(@ + Nowblo (o) + (N = 1)oj08,(0) + (N = 1)(3j (80)
+ (N = 2)0j0k)000(0).

Step 2. Uniformity of the convergence.

Now, assume for the sake of contradiction that (ng)r>o does not converge to 7o in
CY(SN=1). There are then some real number ¢ > 0, and a sequence of positive real
numbers (R, )nen tending to 400, such that

N

N-—1 —1
Vn € N, [0, — Noollzee@v-1) + VS nr, = V& ool pogn-1) > €.

However, on one hand, by Proposition 2 and equation (75), there is some real number A
such that

MR, | oo sn-1y < A,
Vn € N, N
{ |vs" 1anHL°°(SN*1) < ARNTHIVn(Ry.) | poo gv-1y < A.

On the other hand, formulae (73), (74) and (75), Proposition 2 and Theorem 6 yield that

SN—l

1457 nr, [l poogn-1y < ARY V(R )| oo ev-1) + RY T2 d*n( R )| oo gv-1)) < A.

Therefore, by Ascoli-Arzela’s theorem, up to a subsequence, (g, )nen converges in the
space CI(SN —1). By Proposition 4, its limit is necessarily equal to 7., which yields a
contradiction. Thus, (nr)g>o converges to 1 in C1(SV~1). In particular, s is of class
C' on S¥~1 and satisfies by equations (77) for every j € {1,..., N},

SN—l

aj 7700(0) = ngo(o') + Najnoo(a)' (81)

Likewise, by Proposition 2, Theorem 6 and equations (75) and (78), there is some real
number A such that

||9R|1|VL_°1°(SN71) S Av
19" 0l e -1y < ARN [V @O)(R.) e vy < A,
€5 0] oo g1y < ARN (|9 (00) (R | 1ow(en ) + RIG(W0) (R o) < A

Formulae (73), (74) and (78) then give

“d?),SNleRHLOO(SN—l) < ARN |V (0) (R.)| oo v -1y + RN T d? (100) (R.)[| oo (g1
+ RN+2Hd3(¢9)(R.)HLoo(SN,l)),

so, by Proposition 2 and Theorem 6,
N-—-1
1d*S™ Og|l oo (en-1) < A.
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Thus, up to the argument by contradiction above, the functions (0r)r>o converge to 0
in C2(SV—1). In particular, 0 is in C2(SV~!) and satisfies by equations (77) and (80)
for every (j,k) € {1,..., N}

05" 00(0) = 04,(0) + (N — 1)0;00(0), (82)

and
O O] 0)(0) = BL(0) + Norblel@) + (N = Doyble(o) + (N =D g
+ (N = 2)00)050(0).

Finally, we consider the uniform convergence of the function vg. By definition, we have
for every o € SV "1 and R > 3Ry,

vr(o) = RN (/1= n(Ro)e ) — 1),

so, by Proposition 2 and the proof of the uniform convergences of nr and 6z just above,
”’UR — ’iaoo‘|Loo(SN—1)
<RNTHIVT=n(R) = 1 poe(en—1) + RV () = 1) — ibog | oo g1
1 1
SA(RH"?RHLOO(SN_I) + WHG%%HLOC(SN_U + HOR — 900”LOC(SN—1)>

— 0.
R—+o00

Likewise, we compute for every j € {1,..., N} by equation (73),

85" op(o) = RN (i\/T(RJ)(?ﬂ(RU) - 2;% > Uk’< - %
k=1

+iy/1— n(Ra)ake(Ra)»ew(Ra)

651\771

i ST = (B 0nlo) — nr(9) Li0(Ro)

Therefore, by Proposition 2 and the proof of the convergences in C*(SV~1) of nz and 6
just above,

N-1 LAQN-—1 N-1 CAeN-—1
107" vr =0} ool po(en-1) §A<||3gS Or — i8] OoollLoe@n-1) + (V1 = n(R.)
i N—1 1 N-—-1
B — 1) Ooo| oo (sn—1y + EHGJS 77R||L°°(SN—1)>
N-1 _QN-1 1
<A(1165" " 05— 105" booll poe 1) + T lInelpoe vy

1 1 N-1
IRl ey + 10 nall )

— 0.
R—+00

SN—I

Thus, denoting vo, = 0, Voo is & smooth function on , which satisfies

||’UR - voo||01(SN—1) R:i-oo 0.

This concludes the proof of Proposition 5. 0
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2.5 Partial differential equations satisfied by 7., 0., and v..

Finally, we deduce from the proof of Proposition 5 just above the partial differential
equations satisfied by 7., and 0

Proof of Proposition 6. Let o € SV~1. On one hand, we compute from equation (2) on a
neighbourhood of infinity

An + 2|Vv|? + 2¢0,0 — 21 — 2end16 + 2> = 0,
so, for every R > 0,
RN(An(Ro) + 2|Vu(Ro)|* — 2¢010(Ro) — 2n(Ro) + 2en(Ro)016(Ro) + 2n(Ro)?) = 0.
Taking the limit R — 400, it gives by Propositions 2 and 4, and Theorem 6,
Noo(0) = 3 (),

which reduces to equation (34) by equation (82).
On the other hand, equation (18) yields on a neighbourhood of infinity

RN(AO(Ro) — galn(Ra) — Vi(Ro).VO(Ro) — nAO(Ro)) =

Therefore, Propositions 2 and 4, and Theorem 6 yield once again at the limit R — +o0,

N .. c
> 08(0) = Sul.(0),

J=1

which gives by equation (81),

N
Z 023 (o aSN oo () = No7oo(0))

.
—_

However, by equations (82) and (83),

N N
Zew )= (07 ) (0) — 2N —1) > 067 (0)
Jj=1 . j=1
—(N=1)Y (1 + (N =2)0%)bs(0)
j=1
N
=A% 050 (0) — (2N — 1)) 0569, (0) — (N = 1)(2N — 2)000(0).

Equation (76) then states

N
> 0t (0) = (N = 1)fo(0),
=1

S0,



Thus, we finally find equation (35),
AT oe(0) + (N = Dbn(0) = S0 moe(0) = Nownuo o).

Now, it only remains to prove that the functions ., and 7., are smooth on SN¥~1. Indeed,
equations (34) and (35) give
SN*l C2 SN71 SN71 2 SN71 62 62 2
A 900—581 (07 Ooo)+c*(N—1)o107 000+(N—1)(1+5—(N+1)501)000 =0.
(84)
Thus, 6 is solution on SV¥~1 of an elliptic partial differential system with smooth coef-

ficients. By standard elliptic theory, it is of class C* on SV~!. By equation (34), s is
also smooth on SV~ O

We conclude the second part by the proof of Theorem 1, which follows from Proposition
5 and equation (84).

Proof of Theorem 1. By Proposition 5, there exists a smooth function vs = s on SN¥71

such that
mel(v(x) —1) —ivg <|9:|> — 0 uniformly.
T

|z| =400

Moreover, by equation (84), vy, satisfies the linear partial differential equation (10). [

3 Asymptotics in dimension two and in the axisymmetric
case.

In the last part, we focus on the axisymmetric case and on the case of dimension two. In
both cases, the system of equations (34) and (35) reduces to an entirely integrable system
of linear ordinary differential equations of second order. In Proposition 7, we compute
explicitly its solutions up to undetermined constants o and . Lemma 6 in connection
with the Pohozaev identities of Lemma 7 links the value of o and § with the energy E(v)
and the momentum ﬁ(v), which completes the proof of Theorems 2 and 3. Finally, we
deduce Corollary 1 from Lemma 7.

3.1 Explicit expression for the first order term.
This section is devoted to the integration of the system of equations (34) and (35) in

dimension two and in the axisymmetric case. It relies on the use of spherical coordinates.
That is the reason why we first recall some of their properties.

Indeed, let @y : Q2 =Ry x [0, 7]V 2 x [0, 27] — R¥, the function defined by

N-1

DN(r, b1, ..., Bn—1) = (rcos(f1),rsin(Br) cos(Ba), . - . ,rille sin(3;)).
The function @y is smooth on {2 and its Jacobian matrix is
J(®N)(r, B1s-- -, Bn=1) = (Jij)1<ij<N,
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where -
e
Jij = klel sin(B) cos(5;),

Jij=0,ifi>2and j <i—2,

i—1
Jiji—1 = —?"kl}l sin(f),
j—1
Jij = 7"/761:11 sin(f) cos(B;) cos(Bi—1), otherwise.

\

Thus, J(®y) is invertible if and only if » # 0 and 8; # 0 modulo 7 for every j €
{1,..., N — 2}. Moreover, its inverse is

J(@N) T (r, By Bn1) = (i 1<igens

where 1
4 'L*
Jijll = kl;ll Sll’l(ﬂk) COS(ﬁi)7
Jijjlzo, if j>2andi<j—2,
gL sin(Bi1)
j_lzj - j—2 . ’
Tkl;ll sin(B)
7—1
Iy sin(Bk) .
ij . i-2 Cos(ﬁj—l)COS(ﬁi), otherwise.
Tkl;ll sin(Bg)

Therefore, if we consider a smooth function f € C°°(R") and denote

g=1[o®n,
the chain rule theorem yields
o1f(®n(y)) drg(y)
Vy € Q,J(2n)(y) : = :
ONf(Pn(y)) Ipn-19(Y)
Moreover, assuming f is axisymmetric around axis x1 or the dimension N is equal to
two, the function ¢ is independent on the variables (o, ... and Gy, which yields for every
je{2,...,N},
sin
0 F(@n () = cos(3)0ra(w) — 2, 0(0),
g1 cos cos(3;)i=1 .
0,F(@x(w) = L sin(B) cos(8)0ra() + LN G505 000,
2sin cos 2sin cos
071 f(@N(y)) = cos®(B1)7,9(y) + (ﬁlr)2 (ﬁl)aﬁlg(y) - (ﬂli (ﬁl)af,mg(y)
sin?( sin?(3
+ 30 500+ 52 o).
=1 . 2sin coS
02 F(@n () = TL sin® (B cos? () (sin2(30)2, g (w) + 2OV o)
2sin cos cos? cos?
- (ﬂlr)Q (ﬁl)%g(y) + T(ﬂl)arg(y) + rgﬁl)ﬁél,glg(y)
1 cos(B) 1 cos(f1)
20r0) = 15 50 5 0m9W)) + L Dhal) + 5 2 S D0)

Af(®n(y) = 07,9(y) + ?&g(y) + T%(%,glg(y) + (N — 2)cotan(B1)ds,9(v)),
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provided that r # 0 and sin(f;) # 0. Finally, consider now a smooth function f €
C>*(SM~1) and denote

9B, Bn=1) = f(@n(L, 51, ..., BN=1))-

Assuming f is axisymmetric around axis x1 or the dimension N is two, we deduce that
for every y = (1,41, ..., n—1) such that sin(f;) # 0,

3" f(@n(y) = —sin(51)9p,9(y),
SNfl

077 f(@n(y) = sin®(81)83, 5,9(y) + 2sin(B1) cos(B1)s,9(y), (85)
Agv—1 (PN (y)) = 93, 5,9(y) + (N — 2)cotan(B1)0,9(y).-

Proposition 7 is then a consequence of formulae (85), and equations (34) and (35).

Proof of Proposition 7. In this proof, the dimension N is assumed to be two, or the trav-
elling wave v is supposed to be axisymmetric around axis x1. Thus, the functions 7, and
0~ only depend on the variable 31 in spherical coordinates. Up to a misuse of notations,
we will consider them as functions of (.

However, by Proposition 6, 6 is smooth on S¥~1 and satisfies equation (84). Therefore,

in the new variables, it is smooth on [0, 7] in dimension N > 3, respectively [0,27] in
dimension two. Moreover, by equation (84) and formulae (85), it verifies the second order
ordinary differential equation

2
(1-— % sin?(81))0% (B1) + ((N — 2)cotan(B;) — N¢? cos(31) sin(81))05 (1) + (N — 1)
2 2

(1+ 5 = (N +1)5 cos”(51))0oc (B1) = 0.

(86)

The articles of C.A. Jones, S.J. Putterman and P.H. Roberts [29, 30] yield one particular
solution of equation (86) in dimensions two and three. Generalising its form to every
dimension, we find a first solution equal to

cos(f1)
(1-§ sin(81)%
However, the set of solutions on |0, 7[ in dimension N > 3, respectively |0, 7| and |7, 27[ in

dimension two, is a vectorial space of dimension two. In order to find another independent
solution, we let

SOll(ﬂl) =

_ 900(/31)
u(fr) = Sol(B1)’

for every 1 €]0,7[\{3} in dimension N > 3, respectively 81 €]0, 7[\{3 }U]r, 2x[\{3X} in
dimension two. We then compute the next ordinary differential equation for the function
u’

2
sin(f) cos(B1) (1 — 5 sin(B1))u”(B1) + (N = 2 = N'sin®(5) + ¢ sin (B1) ) (81) = 0.

After a first integration, we deduce that there is some real constant A such that

(1 sin(B1))

cos?(By) sinV 2(By)
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and, after another integration, we infer that there is another real constant B such that

A\ 2(k 3
B"‘AZ 3 P1(1_2> tan(_p)+ (/61)

if N=2p,and if N =2p+1,

2\ p—1 p k;
u(ph) —B+A<1—02> (\/l+<1—>tan (B1) Za—”
< ( Ftan(ﬂl) >_§%+1 \/1+(1—C22)tan2(61)>>,

1+ \/1 ) tan?(5;) 2¢  (1- %)q tan®?(3 )

q=1
where - )
. (=) ((k—-1)!)
Vk e N =
© 2k - 1))
Thus, we find another particular solution equal to
sin
Soly(B1) = &
1— < sin?(31)
if N =2,
-1 k+p—3
cos(f1) u 1 k ¢ 2 (k-
Sol = C 1—— t p)+3
ol2(f) (1— Zsin(By)r &= 2(k —p) +3 7~ 2 o (By)

if N=2pand p>1,andif N =2p+1,

oy cos() A \/ AT = Cy
Sol>(31) =02 a2 (1 2) ( 1+ (1 5 ) tan?(3) Z o
( ( 1 — & tan(1) >_’§aq+1 \/1+(1—02)tan2(ﬁl)>>
1+ \/1 — c— tan?(31) a=1 2¢  (1- %)qtanzq(ﬁl) ‘

2

In particular, we remark that

(87)

o) ~ 0TV
o —7
if N=2pandp>1,
Sola (1) ,: In(51) (88)
if N=3,andif N =2p+1 withp > 1,
1
Soly(B1) ~ ———— (89)

B0 (2 — 2p)BEP %
Thus, every solution v of equation (86) writes as
v(B1) = ASoli (1) + BSolz (1)
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on ]0,7[\{3} in dimension N > 3, respectively |0, 7[\{3} and |m,2x[\{2F} in dimension
two.

Actually, 6 is a smooth, bounded solution of equation (86). By assertions (87), (88) and
(89), the functions Sols are not bounded at the point #; = 0 in dimension N > 3, so,
there is some real constant « such that

acos(f1)
(1— < sin?(B1))

0o (B1) = aSoli (£1) =

N
2
which yields formula (37) in the axisymmetric case. On the other hand, in dimension two,

both solutions Sol; and Sols are smooth and bounded on S'. Therefore, there are some
real constants o and 3 such that

cos(f1) e sin(/31)

2 c2 cos? (1) 2 c cos?(B1) ’
S¢S T gy el

0o (B1) = a

which is formula (39). Moreover, in dimension two, the axisymmetric travelling waves are
even functions of B1. Thus, if the travelling wave v is axisymmetric, the function 6, is an
even function of 81, which means that the constant 3 vanishes and which leads to equation
(37) in dimension two.

Now, equation (34) yields in spherical coordinates, up to a new misuse of notations,

Moo (B1) = —c(sin(B1)0 (B1) + (N — 1) cos(81)0o0 (51))-

In dimension two, it gives equation (38),

1 2 cos?(31) ) B 2Bc(sim(ﬁl)cos(ﬂl)

) e (1 — sin?(B)  (1- Ssin?(5)? L= G sin®(51))*

while in the axisymmetric case, it gives formula (36),

1 N cos?(By) )
~(f1) = ac 5 - — - - :
Teo(1) ((1 —2n2(B)F  (1— € sin(B))3 !

This ends the proof of Proposition 7. O

3.2 Value of the stretched dipole coefficient.

Finally, we link the values of the coefficients o and 3 to the energy E(v) and the momentum
]3(11) The proof essentially relies on integral equations which are summed up by Lemmas
6 and 7. In Lemma 7, we state Pohozaev’s identities for equation (2). They follow from the
multiplication of equation (2) by the standard Pohozaev multipliers z;0;v(x) and several
integrations by parts. They were already derived in [23], so, we omit their proof here.
On the other hand, Lemma 6 provides integral equations (40) and (41). In particular,
equation (40) is similar to the new integral relation of [23]. The main difference is that
the speed c is now supposed to be subsonic, whereas it was supersonic in [23].

Proof of Lemma 6.
Step 1. Proof of equation (40).
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The proof relies on the multiplication of equation (2) by the standard multipliers v and
iv. Indeed, consider the function defined by

VR > 0,P(R) = / n(z)dz.
B(0,R)

The multiplication of equation (2) by the function v gives after some integrations by parts,

/ (Vo> +7?) = c/ i01v.v + ®(R) +/ Oy,
B(O,R) B(0,R) S(0,R)

which also writes for R sufficiently large,

bémR

)

1
(V|2 +n?) :c/ <i8w.v+61(w9))+<13(R)—/ 81,77—6/ 116. (90)
) B(0,R) 2 Js(o,R) S(0,R)

By Proposition 1, we infer

/ (Vo2 +7)  — / (Vo + 7).
B(0,R) R—+o0 JrN

while by definition,

[ s onwo) = 2w) (o1)
B(0,R) R—+00
However, Proposition 2 yields
ARN—l
on < ——— — 0,
/S(O,R) RN+l R yoo

while Proposition 5 gives

/ v = RN_I/ 010(Ro)do — 0100 (0)do. (92)

S(0,R) SN-1 R—4o00 JgN-1

Thus, equation (90) leads to

®(R) R:roo /RN(]VU|2 +1?) — 2ep(v) + C/SN—l 01000 (0)do. (93)

On the other hand, we can also multiply equation (2) by the function iv to find
%am + div(iVv.v) = 0. (94)

Now, we multiply this equation by the function x1 and integrate by parts to obtain

E<I)(R) +/ 101w = / (CRV%’I’] + Ryliﬁ,,v.U),
2 B(0,R) S(0,R) \2

which also writes for R sufficiently large

®(R) = —/ (01(¥8) + i01v.v) + / (CRV%T] + Rvyid,v.v + V19). (95)
B(0,R) S(0,R) \2

By Proposition 5, we get

/ Rufn:RN/ o?n(Ro)de  — 02100 (0)do.
S(0,R) SN-1 R—+o00 JgN-1
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We then compute

N
/ Ruid,vw = —/ Ru1p%0,0 = / Rvind, 0 — / Ry Z vi0g0.
5(0,R) 5(0,R) 5(0,R) 5(0,R) P

However, on one hand, Proposition 2 gives

/ lelna 0
S(0,R)

On the other hand, by Propositions 2 and 4, equation (76) and the dominated convergence
theorem, we compute

N
Rv I/kake :/
/S(O,R) ' ; N-

SNt k=1

ARN
- RQN R—>+oo

N N
RNoy Z orOk0(Ro)do — o1 Z Jkﬂlgo(o')da
=1

R—+o00 JgN-1

=—(N-1) /SN—l 01000 (0)do.

Thus, it follows from equations (91), (92) and (95) that

4
®(R) Finee —Ep(v) + /SNl 0300 (0)do —|— = Jonn 01000

By equation (93) and by uniqueness of the limit of the function ® in +oo, we finally find

/ (Vo 0%)—2ep(v) e / 01600 (0)do = —p(v)+ / (02100 (0)+ 2 51050 () dor,
RN gN-1 c c

gN-1
which yields immediately equation (40).
Step 2. Proof of equation (41)

The proof relies once more on equation (94) just above. Here, we multiply it by the
function z; for any j € {2,..., N} and integrate by parts on the ball B(0, R) to obtain

/ 10v.0 = / (cRulujn + Ruji&,v.v),
B(O,R) S(0,R) \2

which also writes for R sufficiently large

/ (0;(v0) + idjv.v) = / <0me + Ryjid,v.v + vﬁ)- (96)
B(0,R) S(0,R) \2
By Proposition 5,

/ Rl/lz/jn:RN/ oron(Ro)doe  — 01010 (0)do,
S(0,R) SN-1 R—+o0 JgN-1

and

/ vt = RNl/ 0j0(Ro)do — 00 (0)do.
S(0,R) SN-1 R—+o00 JgN-1

Likewise, we compute

N
/ Rvjid,v.v = —/ Rujpzd,ﬁ = / Rv;no,0 — / Ry; Z v, O0L0.
5(0,R) S(0,R) S(0,R) S(0,R) P
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However, on one hand, Proposition 2 gives

/ Rl/jna,,e
S(0,R)

On the other hand, by Propositions 2 and 4, equation (76) and the dominated convergence
theorem, we get

< ARN
—_— =
— R2N Rt

N N N
' = No, A k
/S(O,R) Ry, ; V3,00 /SN—l R" 0 ; 0,00 (Ro)do Mt . of ; ox0% (0)do

=—(N-1) /SN1 0000 (0)do.

Thus, it follows from the definition of the momentum and from equation (96) that

Qﬁj(v) = C/ 010N (0)do + N 00 (0)do,
2 SN-1 SN-1
which is equation (41). O

We now complete the proof of Theorem 2.

Proof of Theorem 2. By Proposition 7, we already know
Q01

VUESN*I,UOO(U):%O(J): S
(1_£+col
2 2

N
2

)

Thus, it only remains to deduce the value of the stretched dipole coefficient « from formula
(40). Indeed, by Proposition 7, formula (40) writes

2 2N 2
/ (Vo> +n?) — 2c<1 - 2>p(v) =ac (2 — 1> / . % T wdo —I—/
RN C C SN-1 (1 _c + 1) 2 SN—-1

Denoting
h= [ (9P ) = 2e(1- 5 i),
and ) .
2N o o
JQ:7 - 10202 NdO'—NC/ . 16202 ~ 1dU,
SN-1 (1_%+ 21)2 SN-1 (1 %+ 21)2-i-

it also writes

Ji = oy, (97)

Now, we express J; in function of the energy E(v) and the momentum p(v). Indeed,

Lemma, 7 yields
/ |o1v|? = E(v),
RN

[ 1920 = (¥ = 1)(B) = o),

and
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where V| v is defined by
VJ_U = (62?}, ey 8]\/’[)).

However, by definition,

1 1 1
E(v):Q/RN\alv\Q—l—Q/RN\VLUF—FZl/RNT]Q,

/]RN n? = 2(N — 1)ep(v) — 2(N — 2)E(v).

S0,

Thus, we conclude that
4
h:@LJwE@y+«N—3y+Eym» (98)

On the other hand, we can explicitly compute the value of Jo in function of ¢ and N.

Indeed, we have
2N 2 2
Jy = — (1 - 62> / . 016202 < 1da. (99)
C §N-1 (1 _ % + 71)74‘

2

Therefore, we are reduced to estimate the integral defined by

2
07

I(N,c) = do. 100
(’@(LHu—§+%w+1“ (100

In dimension two, we use the polar coordinates to compute such an integral,

B 2m cos? (ﬁ) B +o0 dt
o= [ g e = a0

\/7/ 1+u2

where we made the successive changes of variables ¢ = tan(f) and u = /1 — %t.
In dimension N > 3, we use the spherical coordinates:
N-2
1060 =2 [T S (10)
- 2 sin?(3))2 !

At this stage, the computations depend on the parity of the dimension N. Assuming first
that N = 2p + 2 is even, we find

and

™ 2 s N=2 400 2p

/ cos (?)sm E\,ﬂ) dﬂ—2/ t i it
o (T-gsEit o Q- 9@
9 +oo u2p

= - / du

(1-Syptz Jo  (L+u?)??
) +oo th 2p

_ / (s) ds,

(1— 022 )p+$ ch(s)3
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where we made the changes of variables t = tan((3), u = /1 — %t and u = sh(s). Then,

consider

+ooth(8)2p
Y N, I, = d
PET /0 ch(s)

An integration by parts gives

400 th(s)Qp I 1
I —1,.1= ds = P~
P ptl /0 ch(s)3 § 2p+1

Since Iy = 7, the value of I, is

o (@ptn
TooamEl(ph)?
and finally,
/+°° th(s)QPds B Q2+ 1))
o (P T (4 D)2p 1)
Thus, equation (101) writes
I2p+2,¢)= . (102)

(1 - P 2(p+1)!
In particular, formula (102) remains valid when p = 0.
On the other hand, assuming that N = 2p + 3 is odd, we compute

QP+l

pl

5241 =

and
/7r cosz(f)sianzgvﬁ) dﬁ:Q/l ui(l—uz)p _du
o (- gsmP@)iT s <1+L<u2—1>>P+*

= / ey 1+U) v2)pdv

62p+3 p+1 14+ U2)
= /f w?)Pw? dw
62p+3 p+1
2
= / (sin®PT1(9) — sin?T3(0))d,
(=5 o
where we successively made the changes of variables u = cos(), v = 20362, w = \/117
and w = % cos(#). Now, Wallis” formulae yield
2 4P (pl)?
/ " (sin?*1(0) — sin®*3(0))d6 = a0
0 (2p+1)(2p+3)
which gives
[ 221 (p)?
0 (1-Ssin?(@)FH T (1= 2+ )I2p+3)
and finally, by equation (101),
4m)Ptpl
I(2p+3,c) = ()" p (103)

(1—-S)PH(2p+1)l(2p+3)
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In conclusion, if N = 2p + 2, we have by equations (97), (98), (99), (100) and (102),

o= (1_2;2_2251_%19! ((1 —p)cE(v) + (2 + 2p; 102)11(”)) )

and if N = 2p + 3, by equations (97), (98), (99), (100) and (103),

(- Sy2p+1)! (1 2 |
(4m)pt+ipl 2

E(v)+ 2+ ch)p(v)) :

It yields immediately equation (12) by using the definition of the function I', and completes
the proof of Theorem 2. O

By the same arguments, we complete the proof of Theorem 3.

Proof of Theorem 3. By Proposition 7, we already know that

g1 02
2 c2o? 2 22’
=5+ 1-% 2

Vo € S 000(0) = Ouo(0) = @

Thus, it only remains to deduce the values of the coefficients a and 3 from equations (40)
and (41). Indeed, by Proposition 7, formula (40) writes in dimension two,

2 4 o? of

2 2 1 1
/R2(|VU +7?) — 2c<1 - 02)])(11) —a (C /SJ1 ez do — 2c/81 e da> .

-S4 -S4+

2 2

Actually, we remark that we recover formula (97) in dimension two. Therefore, the value
of « is exactly the same as in the proof of Theorem 2, i.e.

o= 1022 <cE(v) + (2 — i)p(v))

2m4/1

Likewise, by Proposition 7, formula (41) writes in dimension two

2 2 2
Pyw) = 2 (2 / _% g2 / _91% 400, (104)
2\ Jor1- o 51 (1 S2)2

Denoting

we compute
3 sin?(t
J3=(2— c2)/ de =4(2 - 02)/ c2si(n?)(t)dt
(1= 5P 0 (1 Sy

8 “+oo u2
= du
1-¢Jo (1+u?)?
2

400 h2
= 8 / S 3(U) d?)
1_¢Jo ch’(v)
2
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where we successively made the changes of variables u = /1 — % tan(t) and u = sh(v).
Then, the computation of J3 yields by equation (104),

ﬂ — Vlﬂ__C;PQ(rU)

)

which concludes the proof of Theorem 3. O

Finally, we conclude the paper by the proof of Corollary 1, which is an immediate conse-
quence of Theorem 2 and Lemma 7.

Proof of Corollary 1. By equations (97), (99), (100), (102) and (103), there is some real
number A, x > 0 such that

a=AcnN </RN(]VU|2 + 1) — 2ep(v) + jzp(v)> = AcnJ1. (105)

However, Lemma 7 gives on one hand

E(v) = / 00|
RN
On the other hand, by definition,

1 1 1
B(w) =+ / o] + / Voo 42 / 2,
2 Jrn 2 Jrn 4 Jrn

1
E(v)—/ ‘VJ_”U|2+/ n?.
RN 2 ]RN

S0,

Thus, we compute

4 1
T = 2E() - o) + o) + 5 [ o (106)
C 2 RN
Moreover, Lemma 7 once more yields
1
E(v) —ep(v) = N1 /]RN |V .v]? >0,

and likewise,
1 N -2 1
=FWw) — —— 2-_ < 24z 2>0.
o) = Bo) = 57 [ Vaol = 5= [ 1Vw g [ o
Therefore, J; is the sum of three non negative terms.

Now assume that o is equal to 0. A,y being strictly positive, Ji is equal to 0. By formula
(106), it follows that

B(w) - ep(v) =pl0) = [ =0,
RN

so, the energy E(v) vanishes, and the travelling wave v is a complex constant of modulus
one.

Reciprocally, if v is constant, the energy F(v) and the momentum p(v) vanish, and « is
equal to 0 by equation (105), which ends the proof of Corollary 1. O
Remark. By the proof of Corollary 1, the stretched dipole coefficient « is always non
negative.
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Chapitre VI

Asymptotics for solitary waves in
the generalised Kadomtsev-Petvia-
shvili equations.

Abstract.
We investigate the asymptotic behaviour of the localised solitary waves
in the generalised Kadomtsev-Petviashvili equations. In particular, we

give their first order development at infinity in every dimension N > 2.

Introduction.

1 DMotivation and main results.

In this paper, we focus on the localised solitary waves in the generalised Kadomtsev-
Petviashvili equations

N
E)tu+upc‘)1u+8i°’u— Zf)juj =0,

j=2 (1)
Vj e {2,...,N},81Uj = Gju.

We will assume here that p is a rational number, which writes p = 7, where m and n

are relatively prime, and n is odd. The function u +— «? is then defined by the standard

convention

Vu € R,uP = Sign(u)™|ulP.
Two cases at least are physically relevant. First the case p = 1 which corresponds to the
standard Kadomtsev-Petviashvili equation, and which is a universal model for dispersive,
weakly nonlinear long waves, essentially unidimensional in the direction of propagation x;
(see the article of B.B. Kadomtsev and V.I. Petviashvili [31]). The case p = 2 appears

as a model for the evolution of sound waves in antiferromagnetics (see the article of G.E.
Falkovitch and S.K. Turitsyn [19]).

The generalised Kadomtsev-Petviashvili equations conserve at least formally two quanti-
ties: the L?-norm of the function u

I(u) = /]RN u?(z)dz, (2)
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and the energy of u

N

B =3 [ (0P + 3 u@P)do - o [ ey an @)

Jj=2

The localised solitary waves of the generalised Kadomtsev-Petviashvili equations are the
solutions u of (1) of the form

u(z,t) =v(xy —ct,xy), v = (x2,...,2N),

which belong to the space Y defined as the closure of the space 9;C§°(R") for the norm

1

2
o e G @), 000l = (IV6lsgem, + 116 s ) - 0
They are formally critical points on Y of the action S defined by
Yo € Y,Sw) = E(v) + %I(v). (5)

The parameter ¢ > 0 represents the speed of the solitary wave, which moves in direction
x1. The time-independent equation for v writes

N
—cO1v + VPO v + Ofv — > 0jv; =0,
= (6)
Vj € {2,...,N}781Uj = 8]'1}.

Actually, we can always make the additional assumption
c=1.

Indeed, if v is a solitary wave with speed ¢, the function o, given by the scale change,

- _1 1T T |
Ve e RN, o(z,2,) = ¢ po| 2=, == |, 7
(w1, 21) < N > (7)
is a solitary wave with speed 1. In order to simplify the notations, we will assume from
now on that the speed c of the solitary wave v is equal to 1. We will recover the arbitrary
case by the scale change (7). In particular, with this additional hypothesis, the solitary
wave v solves the equation

—Av + 8% + ——2(wPH) =0, (8)

p+1
which is the starting point of our analysis.

A. de Bouard and J.C. Saut first studied mathematically the existence and the properties
of the solitary waves in the generalised Kadomtsev-Petviashvili equations. In their first
paper [13], they completely solved the problem of their existence in dimensions two and
three: they proved there exist non-trivial solutions of equation (6) in Y if and only if

0<p<

2N — 3’

Moreover, they gave some regularity properties of the solitary waves. In particular, any
solution of (6) in Y actually belongs to H*(RY) when p is an integer. In their second
paper [14], they focused on qualitative properties of the solitary waves. They proved the
axisymmetry around axis z1 of the ground states (the solitary waves which minimise the
action S on the space Y'). They also described the algebraic decay of any solitary wave in
dimensions two and three.
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Theorem ([14]). In dimension two, any solitary wave v of equation (1) satisfies
r?v € L®°(R?),r? = 2% 4 23.
In dimension three, any solitary wave v of equation (1) satisfies
V0 <9< g,r‘sv € L*(R?),r? = 22 + 22 + 2.

Remark. Their theorem is sharp in dimension two. Indeed, we know an explicit solution
of equation (6) in dimension two, the lump solution v, given by

2 2,2
3 —cx] + c 3

V(z1, 22) € R?, ve(xq, ) = 24c .
(21, 22) (w1, 72) (3 + ca? + 2x3)?

(9)
In particular, we cannot expect a decay rate better than 7—2 in dimension two.

The goal of this article is to complement their description of the asymptotic behaviour of
a solitary wave in every dimension N > 2.

Theorem 1. Let v € Y be a solution of speed 1 of equation (6). Assume that

0<p<72N_3,

and consider the function ve, € C=(SN™1) given by

Vo = (o1,...,0n) € SV H (o) = g(i(l - NO‘%)/ v(z)Pdr. (10)
212 (p+1) RN

Then, the function x +— |z|Nv(z) is bounded on RY, and

Vo € SV RYu(Ro) wll Voo (7). (11)

Moreover, if % <p< ﬁ, this convergence is uniform, which means that it holds in

Le(SN-1.

Remarks. 1. The function v is well-defined on the sphere SV~!. Indeed, the integral
Jg~ v(z)PTdz is finite. By Theorem 7, the function v belongs to all the spaces LI(RY)
for every 1 < ¢ < +oo, in particular, to LPT1(RY),

2. In view of the existence results of A. de Bouard and J.C. Saut [13] in dimensions two
and three, we conjecture ! that, in dimension N > 4, there exist non-trivial solutions of
equation (6) in Y if and only if

'Indeed, their proof can probably be generalised to every dimension N > 4. Their argument relies on
the concentration-compactness lemma of P.L. Lions [34] and on the embedding theorem for anisotropic
Sobolev spaces, which states that the space Y embeds in L?(RY) for every 2 < ¢ < % (see the book of
0O.V. Besov, V.P. I'in and S.M. Nikolskii [3]). This embedding theorem holds in every dimension N > 2,
so, the argument of A. de Bouard and J.C. Saut can certainly be adapted to every dimension N > 2. The
aim of this article is not to prove such existence results, so, we will not consider this existence conjecture
any further. However, in Corollary 2, we will derive from some integral identities (which are of independent

interest in this article) that there are no non-trivial solutions of equation (6) in Y if p > ﬁ.
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In the case of the standard Kadomtsev-Petviashvili equation (p = 1), we can link the
asymptotic behaviour of a solitary wave v to its energy E(v) and its action S(v).

Theorem 2. Let v € Y be a solution of speed 1 of equation (6). Assume that N = 2 or
N =3, and p =1. Then, the function ve s equal to

Vo € SV voo(o) = %(1 — No?)E(v)
22N — 5)r3 12)
N
_ T=2NIG) zfzvr(ﬂ (1 - No?)S(w).

Theorem 2 follows from the standard Pohozaev identities, which were already derived by
A. de Bouard and J.C. Saut in [13]. Its main interest is to link the asymptotic behaviour
of a solitary wave with some integral quantities which are conserved by equation (1). In
the case of the standard Kadomtsev-Petviashvili equation, the asymptotic behaviour of a
solitary wave depends on its energy, whereas this may not be the case if the exponent p
is different from 1. We can expect more rigidity for the standard Kadomtsev-Petviashvili
equation: the conjecture on the uniqueness of the solitary waves is more likely to hold for
the standard Kadomtsev-Petviashvili equation.

When m is an odd number, Theorem 1 gives a sharp decay rate at infinity for any non-
trivial solitary wave: the decay exponent N is the decay exponent of any non-trivial
solitary waves. Indeed, assume m is odd and consider a non-trivial solitary wave v in
Y such that its decay exponent « is strictly more than N. It means that there is some
positive real number A such that

vz € RV, [u(z)] < .
[

SN—I

By Theorem 1, the function vy is then identically equal to 0 on , which gives

/ v(x)PTdr = 0.
RN

Since m is odd, we conclude that v is trivial, which leads to a contradiction. Thus,
Theorem 1 is optimal for any non-trivial solitary wave when m is an odd number (which
holds in particular for the standard Kadomtsev-Petviashvili equation).

On the other hand, Theorem 1 may not be sharp if m is even. The decay rate at infinity
given by Theorem 1 may not be optimal for any non-trivial solitary waves: there may
be non-trivial solitary waves which decay faster at infinity. This could be the case if the
function v, was identically equal to 0, that is if

/ v(x)PTdr = 0.
RN

Actually, we do not know any non-trivial solitary waves which verify such assumption.
However, L. Paumond considers in [43] an equation very similar to equation (1): it writes
on R?

5
Opu + uPOyu + O u — > 0ju; =0,
j=2
Vj S {2, ceey 5}, 81Uj = 8ju.

When m is even, he proves the existence of non-trivial solitary waves v for this equation
which satisfies the symmetry

5
Vo € R?, v(x1, 22, 23, 24, x5) = —v(21, 24, T5, T2, T3).
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In particular, such solutions satisfy

/ v(x)Pdr = 0.
RN

Moreover, we conjecture that Theorem 1 remains valid for this equation. Therefore, the
functions vy, associated to the solutions of L. Paumond are identically equal to 0: the
decay rate given by Theorem 1 may not be optimal for such non-trivial solitary waves.

Now, in the hope of clarifying the proof of Theorem 1 and in order to specify general
arguments which could prove fruitful for other equations, we are going to explain the
main arguments of the proof of Theorem 1.

2 Sketch of the proof of Theorem 1.

Theorem 1 deals with the asymptotic behaviour of a solitary wave v: we compute its
algebraic decay at infinity and then, its first order asymptotic expansion. Our proof is
reminiscent of a series of articles of J.L. Bona and Yi A. Li [8], A. de Bouard and J.C.
Saut [14], M. Maris [40, 41] and [22, 24, 26]. It relies on the use of convolution equations
and, in particular, on a precise analysis of the kernels they involve.

2.1 Convolution equations.

By equation (8), the solitary wave v satisfies at least formally, two convolution equations
on which the proof of Theorem 1 relies,

v =1Hy* (vPOv), (13)
and !
v = ]mKO * ’Up+1. (14)
Here, Hy and K are the kernels of Fourier transform,
T &1
Ho(§) = — > 15
=g (19)
and
Role) = S (16)
€[% + &

Equations (13) and (14) link the asymptotic properties of the solitary wave v to the
behaviour at infinity of the kernels Hy and K. This requires to derive them rigorously by
a precise analysis of some properties of the kernels they involve. Moreover, this analysis
is also useful to study the asymptotic behaviour of solutions of such equations.

2.2 Main properties of the kernels.

This section is devoted to the study of the kernels Hy, Ky and K}, = —i0, Ky, given by

= 231
Vke{l,...,N}, Ky(§) = ———.
€2 + ¢
In view of the comment above, we first describe the asymptotic properties and the sin-
gularities near the origin of the kernels Hy, Ky and Kj in order to compute later the
asymptotic properties of the solitary waves.

(17)
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Algebraic decay at infinity and singularities near the origin.

Consider the spaces of functions MS°(€2) defined by
M) ={u: Q= C, |lullyge o) = sup{|z|*|u(z)], 2 € Q} < +o0},

for every o > 0 and every open subset © of RY. We will say that a function f presents
some algebraic decay at infinity if it belongs to some space MS°(B(0,1)¢) for some positive
real number «. Likewise, we will say that f presents some algebraic explosion near the
origin if it belongs to some space M3°(B(0, 1)) for some positive real number .

One of the goals of Theorem 1 is to derive the algebraic decay at infinity of the solitary
waves v of the generalised Kadomtsev-Petviashvili equations. As mentioned above, the
first step towards this aim is to study the algebraic decay at infinity and the algebraic
explosion near the origin of the kernels Hy, Ky and K. More precisely, we establish the
algebraic decay at infinity of those kernels in the following theorem.

Theorem 3. Let k € {1,...,N}. The kernels Hy, Ko and K}, are continuous on B(0,1)°
and respectively belong to MR>_(B(0,1)¢), M (B(0,1)¢) and Mg, ,(B(0,1)°).

Remark. We conjecture that Theorem 3 is sharp in the sense that the kernels Hy, Ky and
K}, do not belong to MZ°,(B(0,1)¢), M (B(0,1)¢) and MZS(B(0,1)¢) for any oo > N.

Likewise, we describe their singularities near the origin in the next theorem.

Theorem 4. Let 1 < k < N. Then, there exists some positive real number A such that
for every x € B(0,1),

(@t + 2. )Y72 [Ho()| < AL+ dwz|In(|])]),
(af + |21 )72 |Ko(2)] < A,

2 N k1 K <4
(z1 + L) 2 |Ky(z)] < A

Remarks. 1. By Theorem 4, the kernels Hy, Ky and K}, respectively belong to the spaces
Mg 4(B(0,1)), Msx,_4(B(0,1)) and MQOR,_I_(SM(B(O, 1)) in dimension N > 2. However,
those spaces are not suitable to describe their singularities near the origin. Indeed, their
singularities are non-isotropic: they are much more singular in direction x;. This comes
from formulae (15), (16) and (17): the Fourier transforms of the kernels are more integrable
at infinity in the direction &, than in any other direction.

2. We conjecture that Theorem 4 is sharp in the sense that it gives the right exponents
of the singularities near the origin of the kernels Hy, Ky and K.

Moreover, we can also describe the singularities near the origin of the kernels Hy, Ky and
K}, in terms of LP-spaces.

Corollary 1. Let 1 < j,k < N and q € [1,+o0[. Then, the functions Hy, Ky and

1=6k,1 . : 2N -1 2N—1 2N-1
z; K}, respectively belong to LY(B(0,1)) if ¢ < 55—, ¢ < 553 and ¢ < 5xy—5-

The proofs of Theorems 3 and 4 both rely on a careful study of the Fourier transforms of
the kernels Hy, Ky and K. By formulae (15), (16) and (17), they are rational fractions
which write

P(§)

vé e RN, R(€) = EE 1 e (18)
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where P is some polynomial function on RY of the form
N N d;
ve e R, P(g) = T &, (19)
]:

The function P is equal to & for the kernel Hy, &7 for the kernel Ky and to &3 for
the kernel Kj. In this section, we deduce Theorems 3 and 4, and Corollary 1 from some
slightly more general results for some tempered distributions f whose Fourier transforms
f = R are rational fractions of form (18)-(19). Indeed, we can compute explicitly the
algebraic decay of such distributions.

Proposition 1. Let f be a tempered distribution on RN whose Fourier transform writes
on form (18)-(19), and denote

=

d=>) dj=dy+d,.
j=1
Assume moreover that d #= 0 if N = 2 and d1 + 2d, < 4. Then, f belongs to the space
ME_544(B(0,1)).
Likewise, we can describe their singularities near the origin.

Proposition 2. Let f be a tempered distribution on RY whose Fourier transform writes
on form (18)-(19), and denote

=2

d=> dj=dy+d,.
j=1

Assume moreover that d # 0 if N =2, and d1 +2d, < 4. Then, there exists some positive
real number A such that for every x € B(0,1)\ {0},

d
(2% + e DN TEE R f(@)] < AQL+ 0n 200,104, ol In(|a])]): (20)

In particular, if di + 2d) < 4, the distribution f belongs to LI(B(0,1)) for every

2N -1
1<

. 21
S ON_"51d +2d, (21)

Likewise, if (di,d) ) = (2,1) or(di,d 1) = (4,0), the distributions z; f belong to LI(B(0,1))
for every
l<a< 2N —1
=S ON 6t d +2d,

Remark. When (d;,d;) = (2,1) or (di,d)) = (4,0), the distribution f is not a function
in Lllo .(B(0,1)). The singularities of f near the origin can present some principal values at
the origin or some Dirac masses (see Lemma 3 for more details). However, the distributions

z;f are in L} (B(0,1)), so, we can study their Li-integrability.

(22)

The first step of the proof of Propositions 1 and 2 is to describe by some inductive argu-
ment the derivatives of J? = R, in particular their singularities near the origin and their
integrability at infinity. By standard integral expressions, we will then deduce the be-
haviour near the origin and at infinity of the distribution f. More precisely, we first state
the form of the derivatives of R.
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Proposition 3. Let 1 < j < N and p € N. Consider a rational fraction R on RN which
N

satisfies formulae (18) and (19), and denote d, = ) d;. Then, the partial derivative 8§’R
=2
writes P
Ve € RN, VR(¢) = _ P& (23)

(11 + &)t

where P}, is a polynomial function on RN . Moreover, there exist some positive real num-
bers A, such that the function Py, satisfies

VE € B(0,1)% [Py <Ay D max{|g], 13Dk PR (24)
0<hs AL
V€ € B(0,1),|P1p(8)] < AplgPrartar, (25)

Likewise, if j > 2, the function P}, verifies

6 € B0,1) [Pip(©)] <4, D max{ler], 3P max{le ], 1}, (26)

0k M
VE € B(0,1), | P1p(€)] <Ap|g[rr i, (27)
Remark. By linearity, similar estimates hold for any rational fractions of the form (18)
(where P is any polynomial function on RY). However, in the following, all the considered

rational fractions will satisfy (18) and (19), so, in order to simplify some computations,
we will not investigate this point any further.

As mentioned above, Proposition 3 provides a description of the derivatives of the rational
fraction R which is sufficient to describe its singularities near the origin and its integrability
at infinity.

Proposition 4. Let 1 < j < N, p € N and q € [1,+00]. Consider a rational fraction R
on RN which writes under form (18)-(19), and denote

N
d=> dj=dy+d,.
j=1

Then, the partial derivative 8§’R belongs to the space Mﬁ%d(B(O» 1)). Moreover, if
p> dy + QdJ_ - 4a (28)
the partial derivative O7 R belongs to L1(B(0,1)¢) for

2N -1

LR — v (29)
while it belongs to L>(B(0,1)¢) for
p>di+2d;, —4. (30)
Likewise, if j > 2 and
p>%+dL—2, (31)
the partial derivative afR belongs to L4(B(0,1)¢) for
2N -1 (32)

>
T oy a—d—2d,°
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while it belongs to L>(B(0,1)¢) for
d
pZ%—{—dL—Q. (33)

Remarks. 1. By linearity, we can find similar estimates for any rational fractions of form
(18) where P is any polynomial function on R¥.

2. We conjecture that Proposition 4 describes sharply the singularities near the origin
of the functions 8§3R. We believe that they do not belong to MS°(B(0,1)) for any o >
p+2—d —dj.

3. Likewise, the inequalities above may not characterise all the Li-spaces to which belong
the derivatives 3? R. However, Proposition 4 is probably sharp in the sense that the

2N—-1 2N—-1
functions 97 R and ¥R do not belong to L7*#=1=241 (B(0,1)¢) and L2*+=%1=271 (B(0,1)°)
(except in the case those spaces are equal to L>°(B(0, 1)¢)).

Our argument then links the behaviour of the tempered distribution f to the behaviour
of the derivatives of its Fourier transforms R given by Propositions 3 and 4. This relies
on some explicit integral expressions which already appeared in [24] and [26], and which
are constructed from the next lemma.

Lemma 1. Let f be a tempered distribution on RN such that its Fourier transform belongs
to C°(RN \ {0}). Assume moreover that there are some integers 1 < j < N and p € N*
such that

(i) & F € L\(B(0,1)°),
(i) 8 f e LY(B(0,1)),
(iii) |-|07f € LY(B(0,1)).

The function x — x?f(a:) is then continuous on RN and satisfies for every positive real

number \,

;P ~ 1
Ve € RY 2P f(x) = S / o e qe + /
7 ( ) (27T)N ( B(07>\)c 7 f(&) 5 )\ S(O

[ aRE@ - 1)d5>.

B(0,\)

&7 F()de
A)

(34)

Lemma 1 links the algebraic decay at infinity of a distribution f, or its algebraic explosion
near the origin, to the integrability of some derivatives of its Fourier transform f Indeed,
under the assumptions of Lemma 1, it is sufficient to prove that the right member of
equation (34) is uniformly bounded on B(0,1) (or B(0,1)¢) to infer that f belongs to
MZe(B(0,1)) (or Mp°(B(0,1)°)). In particular, Lemma 1 seems very fruitful to study the
algebraic decay and the singularity near the origin of the tempered distributions f whose
Fourier transforms [ satisfy (18)-(19). Indeed, Proposition 4 yields a lot of information on
their integrability. Thus, we can presumably apply formula (34) to compute their algebraic
decay or their singularity near the origin.

However, some derivatives of the rational fraction R are not sufficiently integrable at
infinity to satisfy the assumptions of Lemma 1. Therefore, we need to fit those assumptions
to the integrability properties given by Proposition 4.
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Lemma 2. Let 1 < j < N, A\ > 0 and f, a tempered distribution on RN such that
its Fourier transform belongs to C°(RN \ {0}). Assume moreover that there exist some
integers 1 < p < m and some positive real number A such that

(3) Ve € RN |f(&)] < A(E]™" + [¢]*),

(i) V(k,&) € {0,...,p} x B(0,1), |€|N-P+F|9F f(£)] < 4,
(iii) 9" f € LY(B(0,1)°),
(i) Vk € {0,...,m —1},0%f € Lim-+(B(0,1)°),

where r < N, s > 0, 1<qk<% if1<k<N-1,andl <q <+ if k> N. Then,
the function x +— xff(a:) is continuous on the set Q; = {z € ]R{N,a:j # 0} and satisfies for
every x € €1,

P

1 '« .
p g \P—mM am 1. éd - _ p k—1 ak
@) =y (( iy [ opfigeniacs | kz iy [ eogfe

ertdg v [ o Fede+ [

S(0,)) B(0,))

P 7 ir.g
95 f(&)(e 1)d§> :
(35)
Remark. Assumptions of Lemma 2 are tailored for the tempered distributions whose
Fourier transforms are rational fractions of the form (18)-(19). However, the proof of this

lemma, which relies on Lemma 1 and some integrations by parts, can be adapted to many
other distributions which do not necessarily satisfy all the hypothesis of Lemma 2.

Indeed, by Proposition 4, Lemma 2 applies to some tempered distributions f whose Fourier
transforms are rational fractions R of form (18)-(19).

Proposition 5. Let j € {1,...,N}, A >0, Q; = {z € RN x; # 0}, and f, a tempered
distribution on RN whose Fourier transform f = R writes on form (18)-(19). Denote

=2

d=> dj=dy+dy,
=1
and assume moreover that d # 0 if N = 2, and di + 2d; < 4. Then, the function
T — a;‘;)jf(w) is continuous on §); and is given for every x € €);, by
o f(a) = o (i / IR + 5 3 (g kT / 3
(2) B(0,\)¢ A P S(0,))

kpieyeieEge 1 L gpil ) g
LGE R A OT IEALGIT 1)d5>,

mj—l

B(0,)\)
(36)

where pj = N —2+4+d, mi =2N —4+di +2d, and if j > 2, mj = N —2+d.
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Remark. We make two additional assumptions d # 0 if N = 2, and d; +2d; < 4. Indeed,
if d = 0 and N = 2, all the derivatives of the Fourier transform f are not integrable near the
origin. In particular, we cannot expect to prove some formula like (36) for this tempered
distribution. On the other hand, the second assumption is more technical. Lemma 2
requires some integrability at infinity for the derivatives of the Fourier transform f. This
is not possible for the derivatives of low order in the case d; +2d, > 4. However, we could
probably improve Lemma 2 to compute a formula like (36) even in the case d; +2d; > 4.
Since it is not useful in our context, we will not investigate this point any further.

Formula (36) links the algebraic decay at infinity of the tempered distribution f (or its
algebraic explosion near the origin) to the integrability properties of its Fourier transform
R. Indeed, it suffices to choose

2|’

and to bound the second member of formula (36) by Proposition 4 to obtain the algebraic
decay of f stated in Proposition 1. Likewise, we choose

1
A
and bound the second member of formula (36) by Proposition 4 to establish the algebraic
explosion of f near the origin. In particular, one interest of formula (36) is the possibility
to choose the value of the parameter A in the most fruitful way. We can fit it to the
non-isotropy of our problem to obtain non-isotropic estimates (20) of Proposition 2.

Finally, Theorems 3 and 4, and Corollary 1 are direct consequences of Propositions 1 and
2. They correspond to the cases (di,d;) = (1,0) for the kernel Hy, (d1,d;) = (2,0) for
the kernel Ky and (di,d ) = (24 61,1 — 0p,1) for the kernels Kj.

Pointwise limit of the kernel K, at infinity.

The integral expressions of Lemmas 1 and 2 have another important application: the
computation of the pointwise limit at infinity of the kernel Ky, that is the limit when R
tends to +o00 of the function

R — RVNKy(Ro —y),

SNfl

for every o € and every y € RV,

Theorem 5. Let o € SN~ and y € RN. Then, the following convergence holds

(1— No?). (37)

The proof of Theorem 5 relies on formula (36). Indeed, by Proposition 5, the kernel K
satisfies for every j € {1,...,N} and x € Q; = {x € RV, z; # 0},

‘N - ) 1 mj—l
2V Ko(z) = | (—ix; ij/ O Ko(€)e™ede + = —ix; Nkl/ 13
A U L T A kz]:\f( /) sy

O Ry (€)cEde + /
! A Js

)

&0N LI, (€)de + / O Ko(€)(e™* — 1)d5),
) B(0,\)
(38)

197



where mi = 2N — 2 and m; = N if j > 2. By applying the dominated convergence
theorem to this formula, we obtain for any j € {1,..., N} such that o; # 0,

N

N L i N+15 io.& i / AN D
K - | = 3 R dé + — M R
R O(RU y) Rt (27T0'])N <J] / (0’1)6 a] 171(6)6 é- i Jav- 6]8] 1,1(6)

emic+ [ ol @+ [ o¥ R - 1>d5> -

(0,1)
(39)
Here, the distributions Ry ; are the so-called composed Riesz kernels given by,
2 _ §k&l
V(k, 1) € {1,..., N}, R (§) = G (40)

To complete the proof of Theorem 5, it now remains to prove that the right members of
equations (37) and (39) are equal.

Theorem 6. Let 1 < j, kIl < N, y € RN and ¢ € SN~ such that oj # 0. Then, the
following equality holds

r'(%) i i NA1T ™ (o io& i NP
v Ok — Nogoy) =—-——— 9, T Ry y(§)e" 7 dE + — £;0;" Ry1(§)
El B(0,1)° SN-1

= o \ o )

it [ oY R+ [

B(0,1)

0N Ry (&) (e — 1)d§) .
(41)

Remark. Theorem 6 yields a proof of Conjecture 1 of [26]. We can now compute the first
order asymptotic development of any travelling waves for the Gross-Pitaevskii equation
in any dimension N > 3 (and not only the axisymmetric ones as in [26]). We refer to the
appendix for more details on this subject.

Theorem 6 follows once more from Lemmas 1 and 2, and from an explicit formula for the
composed Riesz kernels. Indeed, by standard Riesz operator theory, the composed Riesz
kernels Ry are equal to

F(ﬁ) 5k,l|x’2 — Na:kxl (5k7l|x]2 — kaxl
2Py (B e ) + S ). G2
272 || ||

Ry (x) =

2_
where PV<W1 3(071)> is the principal value at the origin of the function x —

5k,l‘$|2*NﬂﬁkIl .
=z (o) (%), given by

5kl|x‘2_kaa;l / 5kl|$‘2—ka3;l
P : 1 e Ll _ 4
< V( 2| V2 B(0,1) ,¢> o [N (¢p(x) — #(0))dz,  (43)

for every function ¢ € C§°(RY). In particular, formula (42) leads to equation (41), which
completes the analysis of the pointwise convergence of the kernel K described in Theorem
D.

The main interest of Theorem 5 is the computation of the first order term vy, of the
asymptotic expansion of v at infinity. Indeed, in subsection 2.5, we will use the computa-
tion of the pointwise limit of the kernel K to obtain the expression of the limit v, of the
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function R +— RNv(Ro) when R tends to +oco. However, formulae (10) and (37) already
show the patent link between the radial pointwise limit of the kernel K and the function

Voo-
Rigorous formulation of equations (13) and (14).

We conclude the study of the kernels Hy, Ko and K by which is one of its justifications:
to give a rigorous sense to convolution equations (13) and (14).

Indeed, consider equation (13). By Theorem 3 and Corollary 1, the kernel Hy belongs to
all the spaces LI(R™N) for every % <q< %%:}L' However, we will prove in Theorem
7 that the functions v and Vv belong to all the spaces LI(RY) for every 1 < q < -+oo0.
Therefore, the function vPd;v belongs to L' (RY). Thus, by Young’s inequalities, equation
(13) makes sense in all the spaces LI(RY) for every N]X 1 <q< g%:}l. In particular, it

makes sense almost everywhere, which will be sufficient in the following.

Likewise, by Theorem 3 and Corollary 1, the kernel Ky belongs to all the spaces LI(RY)

for every 1 < ¢ < g%::l,), and by Theorem 7, the function vP*! belongs to Ll(]RN). Thus,
2N-1
2N—3>

equation (14) makes sense in all the spaces LI(RY) for every 1 < ¢ < and therefore,

almost everywhere.

However, we will also study the gradient of the function v. Thus, we will consider the
gradient of equation (14). This arises another difficulty: by Theorem 4, the first order
derivatives of the kernel Ky, given up to a multiplicative coefficient by the kernels K,
present non-integrable singularities near the origin. We are not allowed to differentiate
convolution equation (14) without additional care. In particular, we cannot write

1
+1
The method to overcome this difficulty is reminiscent of some classical arguments in distri-

bution theory, using integral formulae. Indeed, by Theorem 3 and Corollary 1, the kernel
K has first order partial derivatives in the sense of distributions, which are equal to

O Ko * vPTL.

OpU =
p

Ko =1 Kylpe +1i PV(Kilpo) + ( Ko(y)ykdy> 50,

gN-1

where PV (Kj;lp,1)) denotes (as above for the composed Riesz kernels) the principal
value at the origin of the function Kj,

Vo € C°(B(0,1)), < PV(Kilp,a)), ¢ >= /B(O ) Ky (z)(¢(z) — ¢(0))dx.
Provided we know some sufficient smoothness for the function vP*!, we will be able to

differentiate equation (14) and to obtain an explicit integral expression for its derivative.

Lemma 3. Consider a function f € CO(RY) such that

(i) f € L¥®RN) N Mg, (RY),

(ii) Vf € L®RM)V,

and denote g = Ko f. Then, g is of class C* on RY. Moreover, its partial derivative Oyg
s given by

Vo € RN, Opg(x) = z/
B(0,1)

Ki(y)f(z — y)dy +i /B oy KD =) = Sy
’ (44)

+ ( " Ko(y)ykdy> f(x).
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In our context, the function vP*! will satisfy the assumptions of Lemma 3, so, we will be
able to give a sense to the gradient of equation (14) and to complete our analysis of the
asymptotic behaviour of v.

2.3 Integral properties of the solitary waves.

In this section, we specify the L%-integrability of a solitary wave v and of some of its
derivatives. In particular, we extend to every dimension N > 2 some regularity properties
stated by A. de Bouard and J.C. Saut in their articles [13] and [14].

Theorem 7. Let v € Y be a solution of speed 1 of equation (6). Assume that 0 < p <
ﬁ. Then, the function v is bounded and continuous on RN . Moreover, the function v,
its gradient Vv and its double partial derivative 8%v belong to L4(RY) for every q €]1, +o0].

Remark. A. de Bouard and J.C. Saut already proved Theorem 7 in dimensions N = 2
and N = 3 (see the proof of Theorem 4.1 in their first article [13] and the proof of Theorem
1.1 in their second article [14]).

Theorem 7 is an important preliminary to understand the asymptotic behaviour of a
solitary wave v. Indeed, it has at least two interests. The first one is to give a rigorous
sense to equations (13), (14) and (44) (which was already mentioned in subsection 2.2).
The second one is related to our method to establish the decay properties of the solitary
waves. Indeed, this method requires some knowledge of the integrability of the solitary
waves to estimate the integrals which appear in equations (13), (14) and (44) by standard
Holder’s inequalities.

The proof of Theorem 7 is reminiscent of the articles of A. de Bouard and J.C. Saut [13, 14].
It relies on the fact that the kernels Ky and Kj are L?-multipliers for every 1 < g < +o0.
Indeed, they satisfy the assumptions of the next theorem due to P.I. Lizorkin [35].

Theorem ([35]). Let K be a bounded function in C*°(RN \ {0}) such that
A R
¢ o5 .. oM K (€) € Lo (RN)
j=1
as soon as (ki,...,kx) € {0,1}V satisfies
N
0<> ki <N.
j=1

Then, K isa Li-multiplier for every 1 < q < 4+00.

Theorem 7 then follows from a standard bootstrap argument which uses the superlinearity
of the non-linearity vP*1.

2.4 Decay properties of the solitary waves.

In this section, we establish the algebraic decay at infinity of a solitary wave v and of its
gradient. In particular, we extend to every dimension N > 2 the decay properties stated
by A. de Bouard and J.C. Saut in their paper [14].
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Theorem 8. Let v € Y be a solution of speed 1 of equation (6). Assume that 0 <
p < ﬁ. Then, the function v belongs to M]C{,O(RN), while its gradient belongs to

MI?SH{([)—‘,—I)N,N-}—I}(RN)'

The proof of Theorem 8 relies on a standard argument which is reminiscent of a paper of
J.L. Bona and Yi A. Li, and also appeared in the articles of A. de Bouard and J.C. Saut
[14] and M. Maris [40, 41] (see also [24, 26]). This argument links the algebraic decay of
the solitary waves to the algebraic decay of the kernels of the convolution equations they
satisfy. Those algebraic decays are identical, essentially because the nonlinearity vP*! is
superlinear.

To get a feeling for this claim, let us consider the simplified model
f=K=x[f1,

where we assume that ¢ > 1, f and K are smooth functions such that f belongs to all the
spaces LI(RY) for every 1 < ¢ < 400, and the kernel K belongs to L'(R") and to some
space Mg (RN) for some positive real number ag. In order to study the algebraic decay
of the function f, we then write for every € RY and for every real number a > 0,

ol @) < A( [ o=yl = nllrwldy+ [ 1KG-plieloe)

(45)
< A(IIK | nrge @y 1 I gy + N oy 111 e gvy)-
q

Now, the function f belongs to LY(RY), while the kernel K belongs to L'(R™) and to
every space MgO(RN ), provided that 0 < a < ag. Therefore, if 0 < a < ag, equation
(45) reduces to

1 ey < A+ AlFI% e vy (46)
q

Thus, equation (46) links the algebraic decay with exponent « of the function f to its
algebraic decay with exponent £. In particular, if we know some algebraic decay with
some small exponent ag > 0, a bootstrap argument yields that the function f belongs to
MSO(RN) for a = qag, @ = ¢%ap, ..., and at last, for every a € [0, ax]. This provides a
striking optimal decay property for superlinear equations. Indeed, assuming f possesses
some algebraic decay, then, if f is solution of such a convolution equation, it decays as
fast as the kernel. However, some decay of f must be established first in order to initiate
the inductive argument.

The situation for the function v and for the kernels Hy, Ky and K}, is rather involved, but,
this simple model shows that the decay of the solitary wave is determined by the decay
of the kernels. Actually, the main difficulties come from the singularities near the origin
of the kernels which do not appear in the previous example. In particular, in the case of
the kernels K}, we must adapt our argument to equation (44), which is not anymore a
convolution equation.

However, in order to apply the above argument to equations (13), (14) and (44), we first
determine some initial decay for the function v. Indeed, we already know the integrability
of the solitary wave v by Theorem 7, and the integrability and the algebraic decay of
the kernels Hy, Ky and Kj by Theorems 3 and 4, and Corollary 1. Therefore, it only
remains to establish some algebraic decay for the function v. We deduce it from the next
proposition due to A. de Bouard and J.C. Saut [14].
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Proposition 6 ([14]). Let v € Y be a solution of speed 1 of equation (6). Assume that
0< p < ﬁ Then,

/RN 22 Vo(@) 2 + |630(z) P)dz < +oo. (47)

Remark. Actually, in [14], A. de Bouard and J.C. Saut proved Proposition 6 in dimensions
two and three. However, their proof is still relevant in dimensions N > 4. Indeed, it follows
from the multiplication of equation (8) by the multiplier  + |x|?v(z) (after some standard
process of truncation). Thus, we will omit the proof of Proposition 6 here, and refer to
[14] for more details.

Proposition 6 gives some very weak decay for the gradient of v and its double partial
derivative O?v. In particular, it does not provide some local algebraic decay at infinity but
some integral algebraic decay. However, it is sufficient to apply the argument above and
to prove Theorem 8.

2.5 Asymptotic expansion of the solitary waves

In Theorem &, we established the decay properties of a solitary wave v and of its gradient.
In order to complete the proof of Theorem 1, we now state the existence of a first order
asymptotic expansion of a solitary wave v, i.e. we compute the limit when |z| tends to
+o0 of the function x — |z|Nv(z). Our argument is reminiscent of [26] and relies once
more on convolution equation (14).

Indeed, by equation (14), this reduces to compute the limit when R tends to +oo of the
functions vg defined by

N
Vo € 8L up(0) = RVo(Ro) = —— [ Ko(Ro— gy ip)dy,  (43)
p+1Jgn
and to prove that this convergence is uniform on the sphere S¥~!, provided that p > %
Thus, our argument splits in two steps. We invoke the dominated convergence theorem to
compute the pointwise limit of the functions vg above, and then, Ascoli-Arzela’s theorem
to prove the uniformity of the convergence.

Step 1. Pointwise convergence of the functions vg.

Proposition 7. Let v € Y be a solution of speed 1 of equation (6). Assume that 0 < p <

2]\;173. Then, the following convergence holds

N—-1
ST

N
Vo € vr(o)  — (o) = 11;( 2)

(1-Not) [ oy (19)
R—+o00 22 (p+ 1) RN

Proposition 7 follows from the dominated convergence theorem applied to formula (48).
Indeed, by Theorem 5, the integrand of formula (48) satisfies for every y € RM and
oe SN,

N r%)
RVEKo(Ro —y)v"*(y) — —x2—(1 - Noj)u"*(y).
R—+o00 271-5(})_‘_ 1)

It then remains to dominate this integrand by invoking Theorems 3, 4 and 7 to obtain
Proposition 7.
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Step 2. Uniform convergence of the functions vg.

Proposition 8. Let v € Y be a solution of speed 1 of equation (6). Assume that % <p<

2]\;173. Then, the following convergence holds

H/UR_'UOOHLOO(SNfl) R:roo 0. (50)

Proposition 8 is a consequence of Ascoli-Arzela’s theorem. Indeed, we already know the
existence of a pointwise limit at infinity, so, this theorem will give the uniformity of the
convergence. However, Ascoli-Arzela’s theorem requires some compactness: we deduce it
from the algebraic decay of the gradient of the function v. Provided that p > %, this
gradient belongs to J%OH(RN ) by Theorem 8. Therefore, the gradients on the sphere
SN=1 of the functions vg are uniformly bounded on SN¥~!. This yields the compactness

which is necessary to invoke Ascoli-Arzela’s theorem.

Remark. Our argument based on Ascoli-Arzela’s theorem fails to prove the uniformity of
the convergence when 0 < p < % However, the nonlinearity vP*! is less and less smooth
at the origin when p tends to 0. Thus, it may be possible that the convergence is not
anymore uniform when p is too small.

Finally, Theorem 1 follows from Theorem 8 (which states the decay properties of the
solitary waves) and from Propositions 7 and 8 (which describe their asymptotic expansion).

3 Plan of the paper.

The paper is divided into two parts. The first part is devoted to the analysis of the kernels
Hy, Ky and Kj. In the first section, we establish some properties of the rational fractions
of form (18)-(19) stated in Propositions 3 and 4. In the second one, we prove Lemmas 1
and 2 to obtain integral formula (36): it is the starting point of the proofs of Propositions
1 and 2. The third section deals with the algebraic decay at infinity of the kernels Hy, Ky
and Kj, and their explosion near the origin stated in Theorems 3 and 4, and Corollary
1. The fourth section is concerned with the pointwise limit of the kernel Ky obtained by
Theorems 5 and 6, while in the last section, we prove Lemma 3 to give a rigorous sense
to the derivative of convolution equation (14).

The proof of Theorem 1 forms the core of the second part. The first ingredient is the
integral properties of the solitary waves stated in Theorem 7: the first section is devoted to
its proof which follows from Lizorkin’s theorem [35]. In the second one, we show Theorem
8, which gives the optimal algebraic decay of a solitary wave and of its gradient. In the
third section, we end the proof of Theorem 1 by computing the asymptotic expansion of a
solitary wave of Propositions 7 and 8. Finally, in the last section, we focus on the standard
Kadomtsev-Petviashvili equation. We link the asymptotic expansion of a solitary wave to
its energy and its action by Theorem 2. As mentioned above, Theorem 2 follows from the
standard Pohozaev identities which were derived by A. de Bouard and J.C. Saut in [13] 2.

2 Actually, in [13], A. de Bouard and J.C. Saut proved Lemma 4 in dimensions two and three. However,
their proof is still relevant in dimensions N > 4. Indeed, it follows from the multiplication of equation (6)
by the multipliers v and z +— zv(z) for k € {1,..., N} (after some standard process of truncation). Thus,
we will omit the proof of Lemma 4 here, and refer to [13] for more details.
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Lemma 4 ([13]). Consider some positive real number p and a solution v € Y of speed 1
of equation (6). Then, the following identities hold for every k € {2,...,N},

/RN(—U(x)2+2v(a:)p+2 301v(z 2+§:v] ) =0, (51)

p+2 =
/ (v@)* - 2 (@4 Ow(@)? — 20n(a)? + ZN:U-(m)2>dx ~0, (52
R (P +D(p+2) 1 T o
1 ) N
/RN (v(a)? - @+ la)? + ; v(x)?)do = 0. (53)

Moreover, we will mention another straightforward consequence of Lemma 4: the non-
existence of non-trivial solutions of equation (6) in Y when p > 53+ in dimension N > 4.

Corollary 2. Consider a solution v € Y of speed 1 of equation (6) and, assume that
N >4 and
4

> .
P=95N_"3

Then, v is constant.

Finally, we complete the paper by an appendix where we mention the proof of Conjecture
1 of [26]. This proof, which is a straightforward consequence of Theorem 6, yields a
complete description of the first order asymptotic development of any travelling wave for
the Gross-Pitaevskii equation in any dimension N > 2.

1 Main properties of the kernels H,, K, and K.

In this part, we state some properties of the kernels Hy, Koy and K. We first study their
algebraic decay at infinity and their explosion near the origin. It follows from a careful
analysis of the integrability properties of their Fourier transforms and from some integral
expressions. Then, we compute the pointwise limit at infinity of the kernel Ky, and we
derive rigorously convolution equations (13), (14) and (44).

1.1 Properties of the Fourier transforms of the kernels H,, K, and K.

This first section is devoted to the analysis of the Fourier transforms of the kernels Ho,
Ky and Kj. This analysis relies on the form of the functions Ho, KO and Ky ;. By formulae
(15), (16) and (17), they are rational fractions of form (18)-(19). In Proposition 3, we
describe precisely the derivatives of all the rational fractions of this form. Here, the main
difficulty comes from their non-isotropy in direction &;. We must differentiate the terms
which involve the variable & and the other terms. In particular, we must differentiate
the derivatives in this direction and in the other directions. More precisely, Proposition 3
relies on the next inductive argument.

3Their non-existence was already proved in dimensions two and three by A. de Bouard and J.C. Saut
in their article [13].
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Proof of Proposition 3. By a straightforward inductive argument, the derivatives (95 R sat-
isfy equation (23). Here, P;, are polynomial functions on RY given by

N 4.
Piol€) = P(§) = &Y. (54)
Pips1(€) = (& + €00 Pin(€) = 2(p +1)(& + 20516)) Py ()

In particular, the inductive definitions of P;, are different according j = 1 or j > 2. Thus,
we split our analysis in two cases depending on the value of j.

Case 1. j =1.
The polynomial function P, then writes

+o0 N ‘
Pry(8) = kz arp(E)lEL P TLE, (55)
0

where the functions ay, are polynomial functions on R. Indeed, by formulae (54), if the
function P, writes under the above form, then, the function P; ;41 writes

+oo N .
Prpia(€) = Z (a;g7p(£1) <|§¢|2 + &+ fil) —2(p+1) <§1 + 25?) ak,p(€1)> |§L|2kj1;12§;lj-
k=0

Therefore, with the usual convention a_1, = 0, the functions ay j, are given by the induc-
tive definition

vk e N { aro(61) = ko€t
T akpr1(&n) = ap (&) + (6 FEDa (&) — 20+ Dé (1 + 267 )ar p(61)-

Thus, they are polynomial functions on R. Moreover, denoting their degree dj, =
deg(arp) € NU {—oo} (with the usual convention deg(0) = —o0), we obtain

dk7p+1 S max{dk,lyp — 1, dkyp + 3}. (56)

It follows that
dip < dy + 3p — 4k. (57)

Indeed, by assumption (19), the degrees dj o are equal to

doo = dy,
k> 1,dyo = o0,

so, formula (57) holds for p = 0 and every k € N. Now, assume that it holds for every
0 <p <po and every k € N. In particular, it gives

dk—l,po —1<dy +3py — 4k + 3,

and
dk,po +3< d1—|—3p0—4k‘+3.

Therefore, by inequality (56), we deduce
i po+1 < di + 3(po + 1) — 4k.
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Hence, by induction, inequality (57) holds for every (k,p) € N2. Thus, by equation (55)
and inequality (57), we notice that

V¢ € B(0,1)%|Pp() <Ay > max{|g, 1}HTEm e PR
0<k<dt3e
SFEST
which yields inequality (24).

On the other hand, by equations (54) and a straightforward inductive argument, either
the function Py, is identically equal to 0, either its terms of lowest degree are of degree

vip > di+di +p.

It follows that
V€ € B(Ov 1)> |P1,p(§)‘ < Ap’avl’p < Ap‘§|d1+di+p,

which is exactly inequality (25).
Case 2. j > 2.

The polynomial function P;, then writes

+o00
Pip(€) = D bip(60)ET, (58)
k=0

where the functions by, are polynomial functions on RN=1. Indeed, by formulae (54), if
the function P;;, writes under the above form, then, the function P; ;1 writes

“+o00

Pipt(€) = (@bk,p(@) (fi‘ +E& + !&!2) —2(p+ 1)§jbk,p(&)> 2k

k=0

so, with the usual convention b_;, = 0, the functions by, are given for every k € N by
the inductive definition

N
beo(§L) = 5k,0j1;[2§;‘l]7
bipt1(€1) = Ojbr—2p(EL) 4+ Ojbr—1,(E1) + [€L10jbrp(€1L) — 2(p + 1)Ebrp(EL).-

Thus, they are polynomial functions on RV~1. Moreover, denoting their degree dj, =
deg(byp) € NU {—o00}, we obtain

;c,p—l—l S max{d./k—Q,p - 17 d.;c—l,p - 17 d;c,p + 1} (59)
It follows that
oy it p— k- () (60)

where v(k) = 0 if k is even, and v(k) = 1 if k is odd. Indeed, by assumption (19), the
degrees d?c,o are equal to

{ d6,0 =dy,
!
Vk > 1,dk70 = —00,

so, formula (60) holds for p = 0 and every k € N. Likewise, by assumption (19) and

equation (54), P;1 writes

dj—1 dj—1 dj—1 di+1y N
ve e RN, Pia(e) = (dle) T +digiey T +aile Py - 26T T g
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Therefore,

d’o’l == dj_ + 1,
d/271 S dJ_ - 17

vk > 3,d§€71 = —00,

and formula (60) holds for p = 1 and every k € N. Now, assume that it holds for every
0 < p <py and every k € N. In particular, it gives for every k € N,

o — 1< dl 4 pot1—k—v(k),
;_1’p0—1§dL+p0—k—y(k—l),

and
epo F1<di+po+1—k.

Therefore, by inequality (59), since v(k — 1) > v(k) — 1, we deduce
fpot1 < dL+po+1—F.

Hence, by induction, inequality (60) holds for every (k,p) € N2. Thus, by equation (58),
we find that for every & € B(0,1)¢,

1Pip(O)] <4y Y max{|ey], 1} % [+

dy >0
SAp Z max{|§l|, 1}dlfp72k|§l|4k+d1 + Z |§1|4k+2+d1
0<k< LLt? 0<k<Lt?_q

- 1}‘“—1’—%—2)
<A

—=4p Z maX{‘gL‘7 1}dj__p—2k maX{‘gl ’7 1}4k+d17
0Sk< T4

which is inequality (26).

On the other hand, by equations (54) and a straightforward inductive argument, either
the function Pj, is identically equal to 0, either its terms of lowest degree are of degree

Uj7p2d1+dj_+p.

It follows that
VE € B0, 1), |Pip(€)] < Al < Ayl

which completes the proof of Proposition 3. 0

Proposition 3 yields rather keen estimates of the derivatives of the rational fractions R
of form (18)-(19). In particular, they are sufficiently keen to prove Proposition 4 which
describes the singularities of the derivatives of R near the origin and their integrability at
infinity.

Proof of Proposition 4. Proposition 4 is a consequence of Proposition 3. Indeed, let us
first consider the behaviour of the derivative 5§7 R near the origin. By equation (23), and
estimates (25) and (27) of Proposition 3, we compute for every £ € B(0, 1),

€t Ap

RO < Aviepygmprt < gpeea
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Therefore, the partial derivative 8§R belongs to M9, ,(B(0,1)).

Then, consider the integrability properties of the derivative 8;7 R at infinity. By equation
(23), and inequalities (24) and (26) of Proposition 3, we can estimate the L9-norm of the
function 85’ R for every q € [1,+00]. However, estimates (24) and (26) differ because of
the non-isotropy of the rational fraction R in direction &;. Thus, we split our study in two
cases depending on the value of j.

Case 1. j =1.

We first assume ¢ < 400 and compute from Proposition 3,

Py
orr(e) s < [ PpOF e
/B(o,l)c| 1RO B, (€2 + &1)ap+D)
q(d1+3p—4k) q(2k+d )
ay max{|&],1} o gﬁ?;i{ﬁ"ﬁ'} e,
o<k g " HOD" e
so, denoting
\ max{|¢ ], 1} max{1, |1}/
Y€ L, +ool,¥(a,8,7) € (RE s () = [ %, (61
[ [ ( ) ( -‘r) ﬁ’Y( ) S0 (‘£|2+§%)’Y ( )

we have

+oo
/B(D . PR(E)|dE< A D /1 Ja(d1+3p—4k),q(2k+d 1 )qp+1) ()T (62)

0<k< Ut
However, by using the spherical coordinates
x = (rcos(01),rsin(61) cos(b2),...,rsin(f) ...sin(0n-1)),

and the successive changes of variables u = tan(f;) and v = %, we obtain

2 max{cos(), 1}
Jo A) <A
82 (N) = /0 (14 A2 cos(61)4)7
400 (1+u2)27—%—1
§A<AN—1+ﬁ—2’y/ do; +)\N—1+a+ﬁ—2'y/ — - du>
cos(@l)g% 0 ((1 tu ) + A )W

Al AV-2+6-27v | \N-1ta+h-2y bodu foo ytr—as2 J
< - - —1l+ta+p-— _au utme
B " </o <1+A2>v+/1 (uh + X2)7 “>

- +o00 v4'y—a—2
AN=2+8-2y | \N-lt+a+B-dy | \N—-3+5+8-2y / —aodv | |,
o (vr+1)

dgl)\N—l—&-oc-&-ﬁ—?"/

IA

A
S0,

VA > 1,Y(a, 3,7) € (RL)3, Ja s (N) < A(AN—W—?7 4 AN atB—dy 4 )\N—§+§+B—2V> .
(63)
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Thus, by equations (62) and (63),

/ |07 R(§)]ds <A Z / < a(d1+2k=2p=2) | 1+q(di+d—p—2k—4)
B(0,1)e

0<k< @t

+r2+q<;+drg—2>>dr

<A/ ( —1+q(d1+d+t—p—4) + N 2+q(dgl+dL§2))dr.

In particular, if

N —1+q(dy +d-—p—4) < —1, (64)
N-34+q@+d--2-2)<-1,
the derivative & R belongs to LI(B(0,1)¢). Moreover, by assumption (28), the system of

inequalities (64) reduces to
2N —1

p+4—dy—2d)’
which completes the proof of assertion (29).

q>

Now, consider the case ¢ = +o00. It follows from Proposition 3 that for every ¢ € RY,

[ Prp()] max{[& [, 1} k|¢ [P
RN < g ey <4 2 (e + et

0<k< d1t3p
SR>3

2+3P+L
< (e e

0<k<m

<A<max{sms|}z o2y g P -hrdus )

Hence, the function 97 R belongs to L>(B(0,1)°) if assumption (30) holds.
Case 2. j > 2.

We first assume ¢ < +00, and compute likewise from Proposition 3 and definition (61),

PO
p q
/Bm)c 10 Rl </ (&P + e ®

q(dL+p=2k) q(4k-+dy)
<A Z max{[{1],1} — +§4)miﬁ|&|’ 1} ”
ngg dL2+P B(071) )
+oo
<4 Z / J(J(4k+d1),q(dl+pf2k),q(p+1)(T)dra
oshst?
so, by formula (63),
/ |8PR( )’qdf <A Z / ( q(d; —p—2k—2) +T1+q(d1+dl,3p+2k,4)
o 0<k<LLtP

+T§+Q(71+dL —p—2)) dr

<A/ < —14q(dy+2d+—2p—4) —i—TNngq(li?lerpo))dr.
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In particular, if assumption (31) holds, the derivative 8;7 R belongs to LI(B(0,1)¢) as soon

as
2N —1

> :
T oy a—d, —2d,

which completes the proof of assertion (32).

Finally, consider the case ¢ = +00. We deduce from Proposition 3 that for every ¢ € RV,

| Pjp(£)] max{[¢1 |, 1} P28 max{|¢ ], 1}
FRE)| < 25— <
| j (5)‘ — (‘§|2 _|_€il)p+1 — Zd: . (|€’2+§il)p+1
0<k< S
<A > (maX{if, €[} 32 maxfe, ], 1) P2
0<ks ST

T max{]g], 1A=t 1)

d
gA<1+Hmﬂfimuf+@-pQ—%mwdmLLuinz
(], 1),

Hence, the function 8;7 R belongs to L>®(B(0, 1)) if assumption (33) holds. This ends the
proof of Proposition 4. O

1.2 Integral representations of some classes of tempered distributions.

In this section, we derive the integral expressions stated in Lemmas 1 and 2, and Propo-
sition 5. They link the properties of a tempered distribution f with the properties of the
derivatives of its Fourier transform (in particular, when this Fourier transform is a rational
fraction R of form (18)-(19)). For sake of completeness, we first show Lemma 1 (which
is probably well-known to the experts and which already appeared in a slightly different
form in [24] and [26]). Indeed, though it cannot be applied to our kernels, Lemma 1 is the
key ingredient of the proof of Lemma 2.

Proof of Lemma 1. Consider some positive real number A and a smooth function ¢ €
C>®(RM,[0,1]) such that

supp(y)) C B(0,2)),
{ VﬂCpIG) B(0,\),¢(x) = 1. (65)

By standard duality, we state for every function g € S(RV),
< x?f,/g\> =< x?f,@ >+ < x?f,(li%g >

=< foadg >+ <2 f (1—4)g >

= —i < a7 105 (hg) >+ < OF, (1 —1h)g >

=i"(= <0 [.0;(g) > + < . (1-w)g >).
However, by assumptions (i) and (77), and the smoothness of f, the tempered distributions
5‘§’f and 8?71f belong to L*(B(0,\)¢) and L'(B(0,2X)). Hence, by assumption (65),
<drge=v(- [ o 2 R+ (- v(ENg(E)de.) (66)

B(0,\)¢
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However, by assumptions (ii7) and (65), and some integration by parts,

ey . _ 2y _ =
/B . GG /B R AGIUGRYIOIE / [ & e

90~ [ FFOus)d
A<|€]<2A

while by assumptions (65),

/ 07 F(&)(1—(€))g(€)dE = 97 F(&)(1—(€))g(€)dE+ / 07 f(£)g(&)de.
B(0,)\)¢

A<[€]<2A B(0,2X)¢

Hence, equation (66) becomes

Pr 5~—qP P F _ 1 p—1 70\ e
<abrgs=r( [ RO -ooni [ a7 Fosds o0

-
: /B(O,)\)c S )g(ﬁ)df) :

However, g is in S(RY), so,

1 -~ T
V€ € RN,g(g) = (27r)N/ g(x)e dz,
which yields

~

S PF(e) (€ 1
<af>=gmy | Ng(a:)( [ ZFO@m a5 [ o fregesae

PF(€)eEde | du.
+/B(O,/\)C e §> ‘

Therefore, by standard duality, the tempered distribution a:? f is equal to the tempered
distribution ® given for every z € RN by

P 1

__ v 2y iz.g + p—17 .
¥() =5 ( Loy, BT@E a5 [ o e

+ /B o T s)

Indeed, by assumptions (i) and (iii), ® belongs to L}, (RY) and satisfies

(67)

Vo € RN, |®(z)] < A1+ |z)).

Therefore, ® is well-defined on R and is a tempered distribution. Moreover, it is con-
tinuous on RY by assumptions (i) and (iii) once more, and a standard application of the
dominated convergence theorem. Thus, the function z — x? f(z) is continuous on RY and
verifies formula (34) by equation (67). O

Lemma 2 then follows from Lemma 1.
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Proof of Lemma 2. Consider some positive real number € and denote f., the tempered
distribution defined by

vE € RN, F(€) = f(&)e I, (68)

The functions fg decay much faster at infinity than the function ]? In particular, we can
apply them Lemma 1, which is not always possible for the function f. Thus, Lemma 2
follows from applying Lemma 1 to the distribution f., and after several integrations by
parts, taking the limit ¢ — 0. In order to do so, we first establish some properties of the
distributions f-.

Step 1. Let (j,p) € {1,..., N} xN. The function - belongs to C>®(RN\{0}) and satisfies

Ve € RN\ {0}, 0] (¢ ic e80T F©)Su(vag)e P, (69)

k=0

Here, the functions Sy are polynomial functions on R of degree less or equal to k. In
particular, Sy is identically equal to the constant function 1.

Indeed, consider the function ¥ given by
Ve e R,U(zx)=¢ .

By a straightforward inductive argument, there exist some polynomial functions (Sg)ren
on R such that
V(z, k) € R x N, U0 (z) = Sp(x)e®

Moreover, the degree of the polynomial function Sy, is less or equal to k, and Sy is identically
equal to the constant function 1.

However, the function f. writes by formula (68),

ve € BN, 1.(6) = T(&) I w(vag).

Therefore, since f is in O (R \ {0}), f- is also in C>®(RN\ {0}). Moreover, by Leibnitz’
formula, we compute for every j € {1,...,N} and p € N,

vg € RN\ {0}, 7 L8 Zc o7 Fook (wivag)) T, w(ves)

p
- Z C}];Eg8?_kf(§)5k(\/g§j)e_5|f|27

which completes the proof of Step 1.
As claimed above, we then apply Lemma 1 to the tempered distribution f..

Step 2. Let j € {1,...,N} and A € R.. Then, the function x — a:ffa(x) is continuous
on RN and writes

P

Vo e RN P f. 2/ T (€)' Cde +
z € RY, 7 fe(2) (27T)N< B(0.))° AT SO

+ O F (&) (€™ - 1)d5>.

B(0,)\)
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Indeed, by formula (68), f. is a tempered distribution on R™ whose Fourier transform is
in C>°(RM \ {0}). Moreover, it follows from formula (69) that

p
VE € B(0,1)°, 97 F-(6)] < A D IEfFIay F)le T,
k=0

so, since the functions 8;“1? belongs to Lim—+(B(0,1)) for every k € {0,...,p} by assump-

tion (iv), the derivative afﬁ belongs to L'(B(0,1)¢). On the other hand, by formula
(69),
p—1

Ve € B(0,1), 107 F(&)] < A 19V R R,

k=0

so, by assumption (i7),

Ae
(R

p—1
Ve € B(0,1), |07 (&) < A gl <
k=0

It follows that the function 85’ 17 isin LY(B(0,1)). Likewise, by formula (69) and as-
sumption (i),
~ A

so, the function \|afﬁ also belongs to L'(B(0,1)). Finally, the tempered distribution f.
satisfies all the assumptions of Lemma 1. Thus, the function x — a;? fe(z) is continuous

on RY and satisfies equation (70).

Now, we integrate by parts equation (70) in order to compute formula (35) for the tempered
distribution f.

Step 3. Let Q; = {z € RN,:Cj # 0}. Then, the following equation holds for every x € Q;,

__® N mT ()i éde 4 &
af fe () =@ny ((—mg)p /B(OA)C 07" fe(§)e™>dE +

gy [ gor g [ REE - 5)

(71)
Indeed, consider the integrals defined for every « € ; and k € {p,...,m} by
Ia) = (i)™ [ oER(e . (72)
B(0,\)¢

By formula (69), we compute
-~ k ~ 2
Ve € B(0,1), |0} (&) < A lel1f T (&)l
=0

Since the functions 851? belongs to C°(RY \ {0}) and L%-1(B(0,1)°) for every | €
{0,...,m} (with gy = 1) by assumptions (i) and (iv), we deduce that the derivative
8;'?‘fa belongs to L'(B(0,1)¢). Thus, the integral Iy(z) is well-defined for every x € Q.
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On the other hand, an integration by parts of I (z) yields for every k € {p,...,m — 1},
Ik((L‘) =— (—ixj)kl/ 8?};(5)8]6”502
B(0,\)¢

i —k—1 =N )
=lsa(e) + [ @

By adding this equation for any k between p and m — 1, we obtain

1 m—1 R '
@) = Infe) + 3 3 e [ o ergeas
k=p )

which gives by formula (72),

3

TV TEJE — (i \P—T0 M (e iné 1 ket
/B(O,A)cafff(f)e d§ =(—iz;)" / O f-(&)e dg + 5 (—ix;)P

c
B(0,\) .

T

/ OF - ()¢ < .
S(0,0)

Equation (71) then follows from replacing the first term of the right member of equation
(70) by the expression just above.

In order to derive formula (35), it only remains to study the convergences when ¢ tends
to 0 of both members of equation (71). We begin by the convergence of its left member
in the sense of distributions.

Step 4. Let j € {1,...,N} and denote D'(RYN), the standard space of distributions. Then,
the following convergence holds in D' (RY):

2f. = abf. (73)
Indeed, by standard duality, we have
Vo e CX(RY), < al fo, ¢ >=< fo,alp >=< fg,;ﬁs >=i < fo,00p > .
Moreover, by assumption (i) and formula (68), fe is in LY(RY), so,
<alfe =P /R ROXEde = /R FO@a©)e I de.

On the other hand, it follows from assumption (7) that

Ve € RN, |F(£)806(&)ee1E"] < Ale| |08 g(€))-

Therefore, by the dominated convergence theorem,

fOFo(E)e 1l de — [ F(&)Fro(€)d.

RN RN

However, by assumption (i), the function fbelongs to L} (RYN), so, by standard duality,
F&)PG(&)de =< .06 >= (=i < alf, ¢ > .
RN

Finally,
<aifed > <abf.é>,
e—0 J

and the distribution z’ fo converges towards « f in D’ (RM).

Then, we consider the convergence of the right member of equation (71) in L3 (£2;).
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Step 5. Let g : Q; — R, the function defined by

P : -m m r ix 1 = ; —k—
¥r € 9.0(e) = (5o ((—w)p [ T @+ 5 > (i | @

S(0,\)

O Fle)ei=Sde + 5 /S LA Gl / A — 1)d5> .

B(0,\)
(74)
Then, g is continuous on 2; and satisfies
va;fg 9 in Ly, (€;). (75)

Indeed, by assumptions (ii) and (ii7), the functions 5]7”]? and |.\8§7 f respectively belongs
to L (B(0,))¢) and L'(B(0,\)). Moreover, the function fisin C>=(RN\ {0}). Therefore,
by equation (74) and a standard application of the dominated convergence theorem, the
function ¢ is well-defined and continuous on RY.

On the other hand, it follows from equations (69), (71) and (74) that for every z € Q,
" ) -m N k % am—k 7 —e|€|24-ix.
$§f5(m) —g(z) :W ((—ij)p / ZCmgza. f(g)gk(\/ggj)e elgl*+ Edg
m—1
1 ) -k L — ix
DY > (—iayp 1/3(“ & Che20i~ LF(€)Si(Vag e clE it ge

k=p
A/OAQZC’“ 12 (@) Sk(Vag e W dg

k=1

/B ZC’“ 200 R F() S (v/ag e (e — 1)d£>.

(0.2) =1
(76)

Assumption (iv) and Step 1 then yield for the first term of the right member,

Ch 2 0mh F(&) (Vg e izt g

B(0 /\)“

<AZ / 10 7€) 1Sk (vEE e IE  de

B(0,\)¢

S

18k(VEg )|%e™ ”k'“dé)

)

1

m & ke
<A 2|07 fllza B /
k=1 Bl

m E*L/ ’ 71612 Ik
SAZ€2 247, / ’Sk(fj”qke*qk\ﬁl d¢
k=1 RN

where ¢, = qgﬁ 1

l<q <L if1<k<N-1,
1 < g < 400 otherwise,
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so, there is some positive real number § such that for every k € {1,...,m},

kN
—— — >
2 2q,

Thus, we obtain

Ch ez 0m = F(&)Sp(vee))e s Findae| < A, (77)

B(0 )\)‘
By Step 1 and the smoothness of fon S(0, ), we then estimate the second term of the
right member of equation (76),

m—1

1 . —k— i L ok—1 7 —el¢|?+ix
R i [ 63 e SR g

k=p

m—1

k
<Ae? > |;cj|p—k—1/ Z (1 + el Abde,
k=p l:l

which reduces to

m— 1 p k—1
Z / &3 Cleb L Fle)Si(v/aeyJe P+ in e | < Ak S [ayphe1,
SO0 = k=
=p =p

(78)
Likewise, the third term of the right member of equation (76) satisfies by Step 1 and the
smoothness of f on S(0,\),

< Ae?. (79)

1 i
: A C gap F=1 7 —<lé? g
A/S(Ms]; S (GENVE AT

Finally, the last term of the right member of equation (76) verifies by Step 1 and assump-
tion (i),

‘/Bm > Cjeto 500 () Su(vag)e W (€ — 1)de

<Apl [ Z 00 ) ek (v lde

<Alaled / €[FN g,
B(0,)) k;zl

which gives

< A£%|m|. (80)

/ BON Z Clez a7 F(€)Sk(Vaeg e (16 — 1)de

Thus, equations (76), (77), (78), (79) and (80) yield

m—1
V€ Qy, ]:Uffs(:c) —g(x)| < A<56 te3 (1 + |x| + Z |xj|p_k_1>>.

k=p
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Therefore, the functions z +— :cz; fe converge towards the function g in LjS (€2;) when €
tends to 0.
Finally, by Step 4, the function z — x? fe converges towards the function z +— x? fin

D'(RY) when ¢ tends to 0, while by Step 5, it also converges towards the function ¢ in

L7 (92;). Therefore, the function z — x? [f is identically equal to g on €2;. In particular, by

Step 5, it is continuous on §2; and satisfies equation (35), which ends the proof of Lemma
2. O

Lemma 2 then yields the integral expression (36) of Proposition 5 for some tempered
distributions f whose Fourier transform is a rational fraction R of form (18)-(19).

Proof of Proposition 5. Let us denote p; = N —2+d, m; = 2N — 4+ dy + 2d; and
mj = N —2+4+dif j > 2. In order to prove formula (36), we apply Lemma 2 to the
distribution f with p = p; and m = m;.

Indeed, by Proposition 4, the tempered distribution f satisfies all the assumptions of
Lemma 2. By formulae (18)-(19), its Fourier transform f = R belongs to C°(R" \ {0})
and satisfies

ve e BY, |76 < A(\ad n md-?).

Thus, since d # 0 if N = 2, assumption () is satisfied by f.

Moreover, by Proposition 4, there is some positive real number A such that
V(k,€) €{0,....N =1} x B(0,1), [¢]* 7|07 F(6)| < A.
Therefore, f verifies assumption (i7) with p; = N — 2+ d.

On the other hand, by Proposition 4, the function 6?'7fbelongs to L'(B(0,1))¢. Moreover,

since di + 2d; < 4, for every k € {0,...,m; — 1}, the function a]’ff belongs to some
space LI(B(0,1)). More precisely, they belong to all the spaces L4(5B(0,1)¢) for every
2N — . In particular, we remark that

J —
9> Gny—k = (150, ) k+A—dy —2d

2N—1< N
2N -k ~N-—k’

Vke{l,...,N —1},qt =

while for every j € {2,...,N},

2N -1 _ N
2N —2k+dy  N-—-k

Vke{l,...,N —1},q]

Therefore, the distribution f also verifies assumptions (i77) and (iv) of Lemma 2, and we
can apply it with p = p; and m = m;. Thus, the function z — a:?jf(af) is continuous on
(2, and by equation (35), formula (36) holds. O

1.3 Algebraic decay and explosion near the origin of the kernels H,, K
and K.

This section focuses on the proofs of Propositions 1 and 2 (which immediately yield The-
orems 3 and 4, and Corollary 1). Their proofs follow from expression (36) of Proposition
5. We estimate it for any value of the parameter A\ before choosing it appropriately (either
to compute the algebraic decay at infinity or the explosion near the origin of the consid-
ered distribution). For instance, let us begin by the algebraic decay properties stated in
Proposition 1 and Theorem 3.
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Proof of Proposition 1. By Proposition 5, the functions =z — x?j f(x) are continuous on
QQ; for every j € {1,..., N}. In particular, it follows that the restriction of the tempered
distribution f to R™\ {0} is a continuous function on R™V\ {0}. Now, consider = € B(0,1)¢
and 7 € {1,..., N} such that

|z]
|| > N (81)
and choose )
A= —.
2|

By formula (36) of Proposition 5, and since the restriction to B(0,1)¢ of the tempered
distribution f is a continuous function, we compute

—1
N—2+d <A [N 24 N—2+d—m; 9™ F(e)d £ N-3+d—k
|| |f(2)] < [y [V-2+d EA ) 0,7 f(E)]dE + § |z
J B(0,157)° k=N—2+d

. AT (3]
]

ok F(€)ld ON3Tf(6)|d
[ 0RO [ o) e el [

REd REd

|€d€>-

Therefore, by assumption (81), Proposition 4, and since m; > N —2 +d,

o d
‘$|N_2+d|f(x)| <Ay <‘x|N—2+d—mj </B ‘8] Jf(é')’df +/ |£|m]§—2—d)

(0,1)¢ <gl<1

]

mi—1
\ d§ d¢

N xN—3+d—k/ +/ Tl
Z o S(0.24) |g|k+2=d S(0.14) 3R =

k=N—2+d (

Jyo P
B(0,%) (3R

el

<A(|xfNTEATM 41) < AL
Thus, the distribution f belongs to MF>_,, ;(B(0,1)°). O
Then, we deduce the proof of Theorem 3.

Proof of Theorem 3. Theorem 3 is a direct application of Proposition 1 with (dy,d;) =
(1,0) for the kernel Hy, (d1,d ) = (2,0) for the kernel Ko and (dy,d 1) = (2+ 651,11 —0p.1)
for the kernels K. O

Now, we turn to the study of the singularities of the distribution f near the origin.

Proof of Proposition 2. We first derive local estimates (20) for the distribution f. Then,
we describe its singularities in terms of L%-spaces.

The proof relies on the use of expression (36), which we estimate by the same arguments
as in the proof of Proposition 4. Indeed, the distribution f satisfies the assumptions of
Proposition 5. Therefore, by the argument mentioned above in the proof of Proposition 1,
its restriction to the open set B(0, 1)\ {0} is a continuous function, which satisfies moreover
equation (36). Thus, it remains to bound the second term of equation (36) independently
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of z to obtain local estimates (20). However, there are at least two difficulties. The first
one follows from the form of equation (36). Indeed, this equation is suitable to give the
optimal algebraic decay of the distribution f, but not its optimal algebraic explosion near
the origin. More precisely, a simple way to estimate the last term of equation (36) is to
write by Proposition 4,

9 F(€)(e™€ — 1)de

B(0,)\)

<Az / &)llélde + A / RCAIGLE

<Alz|+ A,\.

By this argument, we cannot expect to prove (for any choice of A\) that this term is
bounded by Al|z;|? for some positive real numbers A and d (which is actually the goal of
Proposition 2). Thus, in order to describe precisely the singularities of the distribution f
near the origin, we integrate by parts the last term of equation (36).

Indeed, consider j € {1,...,N}, A > 1 and =z € B(0,1) N Q;. By Proposition 4, the
functions 8]’-“]“ belong to the space L'(B(0,A)) for every 0 < k < p;. Therefore, by
integrating by parts the integral above, we deduce for any integer 1 < ¢; < pj,

PN . 1 L .
e —nae——5 [ gor'ie df+2 G [ e

B(0,))

O Fle)dg + (—iay)® /B o oY f(&)er 4 de.

Hence, equation (36) becomes

mj—1
p] WP ; p-—m-/ Uy ir.§ 1 - -—k—l/
—ga ;)P 0, e dl + ~ E —ix ;)P
f( ) (271_) (( J) BON)e j f(é.) § A k:pj( J) S(0.) J

i —i; j—k 2 iz, . i iz.
fd§+2 iy o G RO i [ o

B(0,\)

o f(&)d§> :
(82)

In particular, the simple argument used above to bound the integral on B(0, \) now gives
by Proposition 4,

(g [ eep fleyde

Al |9 Dj—4j 7| ;=45 £
<Ala| ( / A /Klwraf f(f)!d£>

)

<Alxj|Y 4 Ay|zz]P.

Therefore, by choosing ¢; and A appropriately, we can now expect to describe sharply the
singularities of the distribution f near the origin.

On the other hand, a second difficulty arises from the non-isotropy of the considered
distributions. Their explosion near the origin is not the same in all the directions, so, we
will split our analysis in two steps: the first one for the direction z1, the second one for
the directions x; with j > 2. In particular, we will choose different values of ¢; and A
according to the value of j.
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Step 1. Estimates of the distribution f in direction x7.

Let us first study the singularity of f near the origin in direction z;. In order to do so,
consider x € B(0,1) N Qy and A > 1. By Proposition 5, the restriction to B(0,1) Ny of
the distribution f is continuous and satisfies by equation (82),

mi1—1

mnmwﬂ@r§A<A%M o+ Y u|m»1k/wkﬂﬁf@nmn%
? k=p1—q1 ) (83)

oo |
B(O,))

)

|3f1q1f(§)|d§>,

where we denote as above pj = N — 2+ d and m; = 2N — 4 + dy + 2d,, and choose
¢1 = min{p1,2}. Indeed, since d # 0 if N = 2, ¢q; satisfies in any case

I<q1 <p1-

The first term of the right member of equation (83) then becomes by Proposition 3,

mF |[Prmy (6)]
o d¢ = _Elmis)E
»/B(O,/\)C‘ 1 f(g)‘ g /B(O)\)C ’£‘2+§1)m1+1 g
max{|¢ [, 1}di3mi—dk|¢ | |2k+dy

A d
<4 X /QA (€2 + ehym+1 &

0<k<Utimy

so, by equations (61) and (63),

~ —+00
/ 07" f(&)|dE <A Z Jdy+3m — 4k 2k+d | ;mi+1(7)dr

BOA* 0<k< At

—+00
_ _ _ _9k—N—1— _3
SA E : (T’Zk 3N+4—2d1—3d | T 2k—N—-1—d Iy 2)d’r’

0<k< d1t3my A
SRS

+o0 3
gA/ r—2dr,
A
A

A f(€)|de < —=. 84
Lo T < 2 (34)

Likewise, Proposition 3, and equations (61) and (63) yield for every k € {p1 —q1,...,m1 —

1},

and finally,

P,
AWIM@f Jlde = /Qkiﬂ;ggﬂs
1+d1+3k—4l 2l+d |
<A max{|{], 1} €1 ]
- /S(O ) (1€]? + &)+t

dg

o<i< i3k

<A Z J1tdy+3k—41214+d . Jk+1(N)

o<i< @tk

<A Z )\N—4<)\2l+dl—2kz_i_)\dl—f—dL—k—Ql_i_)\l—i-d;—&-dL—g)’

o<i< @tk
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which gives

/S ok e < ANN-3F (5)

)

Finally, the last term of the second member of equation (83) satisfies by Propositions 3
and 4, and equations (61) and (63),

[ ernReues [ oo+ [ jap e
B( B(0,1) L<IEI<A

[P1py—q1 (§))]
A d
= (1 ! /1S|§<>\ (1% + &fypr—a+t £>

§A<1+ Z / Jdy +3p1 —3q1 — 4k, 2k+d | p1— Q1+1( )d>

0<k< a1 +3P1 3q1

A No
A(l—i—/ 741\7 5+;u+q1dr>7
1

[ o Rl < a1+ - o
B(0,)\)

IA

which yields

N-3+d | +q1
2

+0 ln()\)), (86)

where 6 = dn 204,104, 0. It then follows from equations (83), (84), (85) and (86) that

mi—1
|1 [ f ()] SA(A‘é + > (\xl\2N—5+d1+2dL"“AN—4+di+@) I (1
k=p1—q1

I 6ln()\)))

However, since |z| < 1, we can set

to obtain
1) < AJor 4 Y25 (14 ) )
Finally, we deduce the estimate of the kernel f near the origin in direction x1,
a1 PYIEA20 ()] < A(1+ 628,100, ol Il ])] ) (87)

Step 2. Estimates of the distribution f in directions x;, j # 1.

Now, we consider the singularity of f near the origin in every direction z; with j €
{2,...,N}. In order to do so, let z € B(0,1) N Q; and A > 1. Equation (82) then yields

12 P11 (2) SA< /B .

g /B . |8§’f‘qu<s>rds>,

) 7

k—1
81’1 d ’373‘ apjfk d
| rs+z /S(O 61107 F(e)|de .

)
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where we denote p; = N — 2 4 d and choose ¢; = min{k € N,k > %} — 0 with
0 = 0n,204,,104, 0 as above. Indeed, since d # 0 if N = 2, g; satisfies in any case

1<q; <pj.
On one hand, by Proposition 3, and equations (61) and (63),
o |Pjop; (§)]
O Felds = [t e
/B(O,)\) I B (€2 +h)pitt

A max{]& |, 1} max{|¢ [, 1} 9P 2
= Z / (0N (€2 + ehypa+l §

0<k< ZLIEI
+00
<A Z / J4k+d17d¢+pj*2k7pj+1(T)dr
0<k< ZLIPI
oo gy
<A/ 3+d1,
S0,
A
A I < o (39)
B(0,\)¢

On the other hand, Proposition 3 and equation (61) yleld for every k € {1,...,¢;},

, I
. 8?] d Jipj— J
/S(OA) ’fj” J ‘ § /0/\) |£|2+£4 pj—k+1 f

)

Z Jd1+4ldL+1+pg k—2l,p;j— k+1()\)

O<l<%

which gives by equation (63),

| lgllofTelde < ax
S(0.0)

)

Finally, we deduce from Proposition 3 and equation (61),

a?’j —4q; 7 d 8PJ q; d a}?j*CIj 7 d
/B(M\j f(&)\fs/B(Oyl f>\§+/1<|£<” 7(6)lde

|Pj,p-—q»(§)’
A L d
: (1 * ) con T L 5)

<A+A Y / Jaktdi,d s +p;—q;—2k,p;—q;+1(1)dr,

0<k<m

which yields by equations (63),

7d1

[l < a(i+ a-on 7
B(O,\)

oy 51n()\)>, (91)

where 0 = dn 204,104, 0 as above. It then follows from equations (88), (89), (90) and (91)
that

% 1—dy
5P| f ()] < A()\_ | ) g0 (14 (1-0)A 2 +qj+51n()\)>>.
k=1
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However, since |z| < 1, we can set

1
A=—>1,
|z

to obtain the estimate of the kernel f near the origin in direction z;,
_5,.%
|V TE L £ (@)] < A(1 4 Ovzda 104, 0 ()] ) (92)

Step 3. Proof of local estimate (20).

Estimate (20) follows from Steps 1 and 2. Indeed, assume first that N = 2, d; = 1 and
d; = 0. Since the restriction of the distribution f to B(0,1)\ {0} is continuous, equations
(87) and (92) yield

Ve € B(0,1)\ {0}, /()] < Amin{|In(|z:])], | In(jz])]}.
| Ve € B(0,1)\ {0}, /(2)] < AlIn(j]),

which is exactly estimate (20). Likewise, if N # 2, d; # 1 or d; # 0, the restriction of
the distribution f to B(0,1)\ {0} is also continuous, and equations (87) and (92) give for
every xz € B(0,1) \ {0},

N
d
()] < A(fog PN D2 4 3 VRS L) ()] < 4,
j=2

5, d
N—§+71+dL

(% +2.11)

which concludes the proof of estimate (20).

Step 4. Li-integrability of the distribution f near the origin.

Now, we turn to integral estimates of the distribution f near the origin. They will follow
from local estimates (20) by a standard argument of distribution theory. Indeed, let
j € {1,...,N} and denote f; and g;, the tempered distributions defined on RY and
R\ {0} by

5!
fj:x] )

, (93)
9i = 5 fiv\ (o).

Here, ¢ is equal to 1 if (d1,d1) = (2,1) or (di,d1) = (4,0), and 0, otherwise, while
firv\ 01 denotes the restriction of the distribution f to RM \ {0}. As mentioned above,
fir~\ {0y is actually a continuous function on RN\ {0}, so, g; is also continuous on R\ {0}.
Moreover, equation (20) yields for every x € RY \ {0},

(1 + 8| n(lz])])|=|”

(maP + oo ) 6

lgj(z)| <

where we denote § = dn204,,104, 0 and s = N — % + % +d,. Thus, if N =2, d; =1 and
d; =0, we compute for every ¢ > 1,

i

g5() |7 < A / [ In(je)da < +oo,
1) B(0,1)

)
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so, the distribution g; belongs to L4(B(0, 1)) for every ¢ > 1, i.e.

2N -1

1<q< .
=9SON 51 d +2d,

On the other hand, if N # 2, dy # 1 or d; # 0, equation (94) yields for every ¢ > 1,

|
lgj(z) qd:U<A/ o dx,
/13(0,1) (@) B(o,1) ([z1> + |21 [)s

which gives by using the spherical coordinates and the successive changes of variables
u = tan(fy) and v = 7,

1 s . N—2
/ |g;(z)|9dx <A / N—14¢(5'~s) < / :__ sin(0y) T d6y > dr
B(0,1) o (rcos?(6y)+sin(6y))es
_N
<A/ —1+q(8'—s </+°° uN A1+ ) du>dr
0 (r 4+ uV1 + u2)ds
) — s— N
<A / 2N —24q(5'~25) ( / oo pN=2(1 4 p22)05 3 d”)m«
~ o 0 (1+vv/1 + r2v2)es
However, we compute for every r €]0, 1],
+oo UN_2(1 -+ 7“2’[}2)(187%6{1) % N_Qd’l) +o00 TQqs—N,UQqs—Qd,U
/ §A</ +/ > >
o (T+vvT+r2?)e o (I+0)  Ji  (IT+re?)e
dU +oo de
- qs—N «v
SA(l—i— . qufN+2+T [ UZ)’

A if gs>N-—1,

+o0 , & 1 2,,2 qsfﬂd
/ v +Tv)222 U< Alln(r)] if ¢gs=N -1,
0 (1+’U\/1+T’ v )qs AT’qS_N+1 if gs < N —1.

S0,

Thus, we deduce

01 p2N=24a0" =245 i gg > N — 1,
/ lg(@)|%de < AQ - [r | In(r)ldr it gs=N—1,
B(0,1) fOl pN+ad'—as=14,.  if qgs < N — 1.

Hence, the distribution g; belongs to L(B(0,1)) for

2N —1
25 — 8"’

which is exactly condition (21) if 6’ = 0, and condition (22) if §' = 1.

1<¢g<

Now, we deduce the same result for the distributions f;. Indeed, by the conclusion just
above, g; is continuous on RY \ {0}, and belongs to L'(B(0,1)). Therefore, it defines a
distribution on the whole space R" (and not only on the subset R\ {0}). It then follows
from definition (93) that the support of the distribution f; — g; is included in the singleton
{0}. Thus, by Schwartz’ theorem, there exist some integer M and some real numbers A,

such that
9= Y Xalala- (95)
la|<M

224



However, by Proposition 1, definition (93) and the proof just above, the distribution g;

belongs to all the spaces LI(B(0,1)) for every 1 < ¢ < 2N75fé\§112dl75,, and to all the

spaces L1(B(0,1)) for every ¢ > %. Therefore, it belongs to all the spaces LI(R™)
for

N e IN — 1
N—2+d—¢ 1SoN_51d +2d, —o"

In particular, if N > 4 — 2d, g; belongs to some space LY(R") with 1 < ¢ < 2. Therefore,

its Fourier transform g; belongs to LY (RN) (where ¢’ = 717). Since equation (95) then

writes for almost every & € RV,

N

IT ¢
Za?-/< l:1l >:g‘\j(§)+ Z )\ai‘a|§a7

2 4
€2+ € =,

the distribution g; belongs to L (R™) only if all the real numbers A\, vanish. Finally, if
N > 4—2d, we deduce from equation (95) that the distribution f; is equal to the function
gj. Thus, f; belongs to LY(B(0,1)) when condition (21) (if &' = 0) or condition (22) (if
0’ = 1) holds.

Now, assume that N < 4 — 2d. In this case, the coefficient ¢’ is necessarily equal to 0,
and we can simplify our notations by denoting g, the distributions g; above. Moreover,
we will denote f’, the tempered distribution whose Fourier transform is given by

N g
I &7
j=1£]

R

where d; = d;j + 241 for every j € {1,...,N}, and ¢/, the restriction of f’ to the set
RN\ {0}. On one hand, since d; > 2 and N < 4 — 2d, we compute that d’' # 0 if N = 2,

N
dy +2d| <4and N >4 —2d’ (with the usual notation d' = 3" d’; = d} +d ). Hence, by
j=1

7 (96)

the argument just above, the distribution f’ is equal to the distribution ¢’. On the other
hand, by equation (96), the distribution f’ is equal to the distribution —9?f. Likewise,
by definition (93), ¢’ is equal to the distribution —9?g. Thus, equation (95) yields

0=f—g = > X070,

la|<M

It follows that all the real numbers A, vanish. Therefore, the distribution f is equal to g:
it belongs to L9(B(0,1)) when condition (21) holds, which completes the analysis of the
Li-integrability of the distribution f near the origin and the proof of Proposition 2. [

Finally, Theorem 4 and Corollary 1 follow from Proposition 2.

Proof of Theorem 4. Theorem 4 is a direct consequence of equation (20) of Proposition 2
with (dq,dy) = (1,0) for the kernel Hy, (di,d; ) = (2,0) for the kernel Ky and (d1,d ) =
(24 0k1,1 — d51) for the kernels K. O
Proof of Corollary 1. Likewise, Corollary 1 follows from conditions (21) and (22) of Propo-

sition 2 with (di,d;) = (1,0) for the kernel Hy, (di,d;) = (2,0) for the kernel Ky and
(di,d1)=(2+ 5k,1, 1-— 5;971) for the kernels K. L]
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1.4 Pointwise limit at infinity of the kernel K.

This section is devoted to the proofs of Theorems 5 and 6. Since the proof of Theorem
5 involves formula (41) of Theorem 6, we will first show Theorem 6. However, their
proofs follow from the same argument: the use of explicit integral expressions. Indeed, we
will apply Proposition 5 to the kernel K to compute formula (38), while we will apply
Lemma 2 to the composed Riesz kernels R}, ; to get formula (35). Then, we will invoke the
dominated convergence theorem to compute the limits at infinity of such expressions, and
to prove that they are equal. Finally, we will obtain an explicit expression of this limit by
formulae (42) and (43).

Proof of Theorem 6. As mentioned above, our argument relies on expression (35). Indeed,
forany 1 < k,I < N, the composed Riesz kernel Ry, ; satisfies all the assumptions of Lemma
2. By formula (40), its Fourier transform is in C°°(R™ \ {0}) and verifies

Ve € RN\ {0}, |Ris(6)] < 1.

Therefore, assumption (z) holds with » = s = 0. Moreover, by formula (40) once more, we
compute for every j € {1,...,N} and n € N,

A

€

Hence, assumption (i7) and (i¢i) hold with p = N and m = N + 1. Moreover, the partial

Ve € RN\ {0}, |07 Ry (€)] <

derivative 9] Ry belongs to L(B(0,1)°) for any ¢ > qn41-n = ¥ In particular, we

n
notice that
N N

< .
N+1-n N-n
Thus, the kernel Ry, ; also verifies assumption (iv) and we can write by Lemma 2 for every
positive real number A and every x € Q; = {z € R, z; # 0},

Vne{l,...,N—1},q, =

N __ * N+1T (¢ iw.€ L AND (o) iwé
;' Ry () N ( /B(O’A)caj Ry 1(§)e"™>dE + /S(o,,\) §50; Ria(§)e"™>dg

z; Az

(97)
l j N_lA N/\ g
+)\ /S(O,)\) g]aj Rk,l(g)dg + /3(07/\) 6j Rk,l(g)(e 1)df> )

On the other hand, by formulae (42) and (43), the restriction of Ry, to the set R \ {0}
is a smooth function which writes
_ T(%) dkylz? — Nayay

N
Ve € RV \ {0}, Rg(z) = P ||V +2

Thus, equation (97) becomes for every x € §;,

o || N+2 - (2may)N

/ ON T Ry (£)e™ 4 d€ + / gie' s
B(0,\)¢ S(0,X)

/\l‘j

L(5) dpalz? — Nagay N
Z;

_ 1 _ _
OV R+ 5 [ G0V Ru©de+ [ 0V Rui(©
5(0,)) B(0,))

)

(e — 1)d§> :
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In particular, if we consider y € RY, ¢ € S¥~! such that oj # 0, and some positive real
number R such that R|o;| > 2|y;|, we compute for x = Ro—y and A = }% after the change
of variables u = RE,

F(%) Okilo — %|2 — N(op — yl)(gl - yT:lg)
o o - §I

a ; Rt A (el !
2m(o; = BNV \ o5 — % JBo1) ’ R Zh

p—NaNpH (U i(c—L)u pl-NaN-1p (U
/SNlu]R 0; Rk’l(R)e R du—i—/SN1 u; R 8j Rk,l(R>du

— /U : y
+ / RNVONR (=) ("% —1)du |.
B(0,1) / k’l(R>( )

In order to get formula (41), it now remains to compute the limit when R tends to +oo
of all the terms of equation (98). Here, our argument relies on the homogeneity of the
Fourier transform of the distribution Ry ;. Indeed, by formula (40), the Fourier transform

E\kl is a homogeneous rational fraction of degree 0. Therefore, its partial derivative of

order k € N, 8]]“]%:1 is a homogeneous rational fraction of degree —k. Thus, equation (98)
becomes

T(5) dkilo — 417 — N(og — %) (o1 — %)
27r1§ lo — §|N+2
- N

_ L i N+15 i(o—%)ug / ANB
(2 (o; = HNN (%‘ — % </B<o,1>c O Rl TR 0 R (99)

eilo— )Udu> / ujaév—ljil:l( )du—l—/B(O ) 8JN§\/@,1(u)(ei(of%)-u— 1)du).

Now, we invoke the dominated convergence theorem to compute the limit of the right
member of equation (99). Indeed, by homogeneity of the partial derivatives of the Fourier
transform Ry, ;, we compute for the first term of the second member

A

Vu € B(0,1) ‘aNHR (u)e TR < [ NFT

Likewise, the second term of the second member satisfies
Vu € SV Ju0) Ry (u)e 1)) < A,

while the fourth term verifies
A ‘ ’ < A
V1|77 Rl = N1

provided that R > 2|y|. Therefore, by taking the limit R — +o00 in equation (99), the
dominated convergence theorem yields

F(N) N i N+17p io.u NG iou
N (5kl - NUkO'l) — o) 8j RkJ(u)e du + 8j Rk,l(u)e )
2 0,1)c

o (2ma;)N \ oy SN-1

Vu € B(0,1), 0 Rya(w) ("7 — 1)| <

ujdu) +/ ujﬁjj-v_ll/f\m(u)du—i-/ Bj\[}?;:l(u)(ew'“—l)du>,
SN-1 B(0,1)

which is exactly formula (41). O
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We then deduce the pointwise limit at infinity of the kernel Ky given by Theorem 5.

Proof of Theorem 5. Let 0 € S¥~1 and y € RV, and consider some integer j € {1,..., N}
such that o; # 0 and some positive real number R > max{2|y|, 2“"7" }. The kernel K fulfils
J

lo

all the assumptions of Proposition 5 with d; = 2 and d; = 0. Therefore, by equation (36),

formula (38) holds with m; = 2N —2 and m; = N if j > 2. In particular, after the change

of variables u = RE, this formula becomes for x = Ro — y and \ = %,

s =g e (i) [ ()

S S IO ) R M1

ilo=%)ug / RYNoN 1R (Y / RVONE, (L
€ " u+ stl uj J 0<R> u+ B(O,l) J O(R)

(100)
Then, denoting
N;j = max{N + 1,m;}, (101)
we claim that
RV Ko(Ro —y) = (Z-((,,yj))zvzvj/ R0 (L)
(27 (0; — %))N 7 R B(0,1)° ! R
i(a_ﬁ)'ud Ry . yi\\ Nkt R"“G’“I? (7
e “*Z?V(—Z(“J“R)) L, wr o)
i(o—4%)uy RI-NgN-17 (Y4 / RNoNE (Y
(el("*%) v 1)du>.
(102)

Indeed, by Proposition 4 (with d; = 2 and d; = 0), the function 8]"?1/(\0 belongs to
LY(B(0,1)¢) for every k > mj;. In particular, we compute by integrating by parts,

I
B(0,1)¢
(o )T g T R )

+( - i(aj - %))N—mj—l /SN_l w R0 Ky (%)61(07%).1;61%
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Therefore, after several integrations by parts, we obtain

(oo ) g T Rl

(R L R

k=m;

which yields equation (102) by equation (100).
In order to compute formula (37), it now remains to compute the limit when R tends to

+oo of equation (102). In particular, we must compute the limit when R — 400 of the
functions

e ()

for any k € {N —1,...,N;}. In order to do so, we must describe a little more precisely

the partial derivative GJ’?I/(\O. Indeed, the Fourier transform l/(\o satisfies all the assumptions
of Proposition 3 with d; = 2 and d; = 0. By equations (23), (25) and (27), the partial
derivative 8§?Ko then writes for every k € N,

ve € RN, 08 Ko () = (yg\ifgm (103)
where P; . is a polynomial function on RY which satisfies,
W& € B(0,1), |Pir(€)] < Axle[**2. (104)
Moreover, denoting )
V¢ € RY, Pji(6) = ijczi(&), (105)
i=0

where @); are homogeneous polynomial functions either equal to 0 or of degree ¢, we claim
that the non-vanishing function @);, of lowest degree is equal to

vE € RN, Q0 (€) = €208 Ry 1 (€). (106)

Indeed, by a straightforward inductive argument, the partial derivative 8;]?1\1(5) writes

_ S
Ve e RN, OV R 1(8) = M;ffé

where the functions Sy are polynomial functions given by

{ So(€) = &1,
Skr1(8) = €120,k () — 2(k 4 1)&;Sk(£).

In particular, the polynomial function Sy is of degree k + 2. Likewise, by equations (54),
the functions Pjj are given by

{ Pjo(é) = €3,
Pjr1(€) = (1€ + €10, P (&) — 2(k + 1)(& + 20;183) Py i (€).
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Therefore, the homogeneous term of lowest degree Q;, of P;) satisfies exactly the same
equation as the function Sj: the function @, is equal to Sy which leads to formula (106).
In particular, we deduce that the degree ig of Q;, is equal to k + 2.

Now, we compute the limit when R tends to +oo of the function

U R_k({)fl/(\o (%) .

More precisely, we claim that for every k € N,

vu € RV \ {0}, R*kaﬁ?()%) oo R (). (107)

Indeed, by equations (103) and (105), we compute for every u € RV \ {0},

dg ]
Z Rk+2—zQi(u)
—kak7o (U _ i=k+2
R0, KO(R) ~ (Jul2 + R2u})k+1

This gives

—kak7e (U Qr+2(u)
R ajKO(R) R oo |u|2k+2 7

and yields assertion (107) by equation (106).

Finally, we invoke the dominated convergence theorem to compute the limit of the right
member of equation (102). Indeed, the first term of the second member of equation (102)
writes by the change of variables u = RE,

RVigN K, (L ei("_fz)'“du:/ RNV o (L) ilo—1)ugy,
/B(UJ)C ’ O(R) 1<|u|<R / O<R>

+f o BT Ro(@et e e

On one hand, by Proposition 5, the function 8]]-le/(\() belongs to L!(B(0,1)¢), so,

— 400

/ RNfNjaijI/(\O(g)ei(Rgff).udu < RNNj/ lajNJI/(\O(ﬁ)‘df -~ 0.
B(0,1)° B(0,1)¢ R
On the other hand, by equations (103) and (104),

A
Juls’

U

R

V1 < Ju| < R, |R—Nfaj.vﬂf?0( )e“”—%)-ﬂ <

so, since N; > N + 1 by definition (101), by the dominated convergence theorem and
assertion (107),

R*Nja].vj[/(\o<g>@i(af%)'udu — 8NJ}§-1\1 w)el  du.
/1<|u|<R ! R R—+oo Jp(o1)e 1)

Thus, we deduce

RNV K (4 )e e R au — 0N Ry 1 (u)e™ " du. 108
/B(O,l)c J O(R) Rtoo Jpo)e ) 1,1 (u) (108)
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Equations (103) and (104) then yield for every k € {N,..., N; — 1},
— — (U i(0—%).u
Vu e SN [uiR kaj?Ko(E)e (o~ %)) < 4,

and
Vu e SV

RNV R (£ )] < 4

while the last term of the right member of equation (102) verifies likewise

Vu € B(0,1), \R*Najvf?o(%)(eiw%).u _1)| <

provided that R > 2|y|. Therefore, by assertion (107), the dominated convergence theorem
yields

o O ) N AR K T A

IR g TR
0,1

R 1o D (o) /le u;0) R 1 (u)e'™ " du +/§ w1 Ry 1 (u)du

N-1
k=N

+ / ON Ry 1 (u) (e — 1)du.
B(0,1)

Thus, it follows from equations (102) and (108) that

Z'N

RNK()(RO' — y) ~ ((_Z'O.j)NNj / 5jvj]§;1(u)e""'“du
) B(0,1)¢

N S
R—+o0 (210
N;—1
Y i [ ok ey [ o)
k=N s s

ujdu + / 85\[]?-1,\1(11)(6“"“ — 1)du.
B(0,1)
(109)
In order to obtain assertion (37), we then integrate by parts the first term of the right

member of equation (109). Indeed, we previously stated that any partial derivative 8]]“1?1\1
is a homogeneous rational fraction which satisfies

A
€~

Hence, it belongs to L'(B(0,1)¢) for every k > N + 1. In particular, since N; > N +1 by
definition (101), it yields by integrating by parts,

vE € RN\ {0}, |0F R 1 ()| <

(mio) N [ o e du (i) [ N R ()i
B(0,1) B(0,1)

—(—ioj)N N /N lujajj-vjflla(u)ew'“du.
SN—
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Thus, we deduce from several integrations by parts,

(—ioy) VN / O By (w)e' ™ du = OV Ry (u)e v du
B(0,1)° i JB(0,1)e
N;—1
- Z (—ia;)N k= 1/ u;OF Ry 1 (u)e" " du,
k=N41 SNt

so, by equation (109),

i i — —
RNK()(RU —y) - — ( ( / o 8§V+1R1’1(u)ew'udu + /SN_I Ujaijl’l(u)

R—+o00 (27T0'j)N 0j

eia.udu) +/ u]aj]\[—lla(u)du_‘_/ 85\7}?1’\1(?,6)(@’011_1)(111)
SN-1 B(Ovl)

Finally, assertion (37) holds by formula (41) in the case k = [ = 1. This completes the
proof of Theorem 5. O

1.5 Rigorous derivation of the convolution equations.

The aim of this last section is to give a rigorous sense to convolution equations (13),
(14) and (44). Indeed, as mentioned in the introduction, our analysis of the asymptotic
behaviour of the generalised Kadomtsev-Petviashvili solitary waves relies on the use of
those equations.

In the introduction, we already proved that equations (13) and (14) hold almost every-
where. Indeed, by T heorem 3 and Corollary 1, the kernels Hy and Ky belong to all the
V-1 %%:é Moreover, by The-

spaces LI(RY) for every 2~ < ¢ < 2=1,

orem 7, the functions v and Vo belong to all the spaces LI(RY) for every 1 < ¢ < +o0.
Therefore, by Young’s inequalities, equation (13) makes sense in all the spaces LI(R™)

for every g < ¢ < 28=1, while equation (14) makes sense in all the spaces LI(RY) for
ZN-1

. In particular, they both make sense almost everywhere.

every 1 < g <

However, as mentloned in the introduction, we will also study the gradient of equation (14),
whose derivation is rather more difficult. In order to give it a rigorous sense, we establish
equation (44) of Lemma 3, which holds for smooth functions f with sufficient decay at
infinity. In particular, the function vP*! which appears in equation (14) will satisfy such
assumptions by Theorems 7 and 8. Therefore, we will be able to derive rigorously the
gradient of equation (14).

Now, let us establish Lemma 3.

Proof of Lemma 3. Let k € {1,..., N} and consider the function hj given by

Ve € RN, hy(z) =i / Kp(y)f(z — y)dy + i / Ku(y)(f(x — y) — f(2))dy
B(0,1)¢ B(0,1) (110)

#( [, Komay) )

Our proof splits in two steps. In the first one, we will state the continuity of the functions
g, hi, ..., hxy on RN, In the second one, we will establish that the partial derivative dyg
of g in the sense of distributions is equal to the function h;. Then, we will conclude that
the function g is of class C' on RY and that its first order partial derivatives are given by
formula (44).
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Step 1. Continuity of the functions g, hy, ..., hy.

The function f is continuous on RY, so, by assumption (i), it belongs to all the spaces
LA(RY) for every ¢ > 1. It then follows from Young’s inequalities that the function g is
well-defined in all the spaces LI(RY) for every 1 < ¢ < 3%:; In particular, it is given for
almost every = € RV, by

g(x) = x Ko(y) f(x — y)dy. (111)

Moreover, by Corollary 1, the kernel Ky belongs to L'(B(0,1)). Therefore, by continuity
of f, assumption (i) and a standard application of the dominated convergence theorem,
the function

oo / Ko(y)f( — y)dy
B(0,1)

is continuous on RY. On the other hand, the function
pioe [ Ko@)y
B(0,1)c

is also continuous on RY. Indeed, consider zo € RY and compute by assumption (i) and
Theorem 3,

A

Vo € B(xzg,1),Vy € B(0,1)%, | K — < )

In particular, it yields for every x € B(xq, 1),
V1 <y <lzo| + L, |Ko(y)f(z = y)| < A,

and

A
| < :
IV (1 + (ly] = |zo| — HNFD)
Thus, by a standard application of the dominated convergence theorem, the function g

is continuous at the point xy. Hence, it is continuous on RY. Finally, by equation (111),
the function ¢ is equal to g; + ga, so, it is also continuous on RY.

On the other hand, by Theorem 3, the kernel K}, belongs to L'(B(0,1)), so, by continuity
of f, assumption (i) and a standard application of the dominated convergence theorem,
the function

Yy € B(0, |zo| +1)°, [Ko(y) f(z — y)

Bz / Ki(y)f(z — y)dy
B(O,l)C

is continuous on RY. Likewise, by Proposition 5, the kernel Ky belongs to CO(R™ \ {0}),
s0, by continuity of f, the function

h2:x (/SN1 Ko(y)ykdy>f(x)

is continuous on RY. Finally, assumption (i7) yields

N

Vy € B(0,1), |Ki(y)(f(x —y) — f(@)] < IVl o@D w5l Ki(y)].
j=1
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Since the functions y — y; Kx(y) belong to L'(B(0,1) by Corollary 1, it follows that the
function

B / Kp(y)(f(x — ) — f(2))dy
B(0,1)

is also continuous on RY. However, by equation (110), the function hy is equal to hi +
hi + h%, 50, it is continuous on R,

Step 2. First order partial derivatives of g in the sense of distributions.

Now, consider some test function ¢ € C°(RY). By definition (111), we compute

<0 = [ ( F() Kol — y)dy) Op(a)d. (112)
RN RN
Let us then denote
Wy RV Aoly) = | Kol — n)oro(a)da, (13)

and fix some point y € RY. Since ¢ belongs to C°(RY), there is some positive real
number R > |y| 4+ 2 such that

Agly) = / Ko(z — 4)0kd(z)dz
B(0,R)

[ Kol - pou(ol) - o)z + Kol — 9)dyb(x)da.
B(y,1)

B(0,R)\B(y,1)

However, by Proposition 5, the kernels Ky and K}, belong to CO(RY \ {0}). Therefore,
since the kernel K}, is equal to —i0y Ko, the kernel Ky is of class C* on R™ \ {0} such that

Vz € RV \ {0}, 0p Ko(2) = iKi(2).

Hence, by integrating by parts, we infer

M) = [ Kolo— 9)0uéla) - o))z ~ i [ Ki(e - y)o(e)da
B(y,1) B(0,R)\B(y,1) (114)
[ Kole = w)on - moade
S(y,1)
Moreover, by Corollary 1, the kernel Kq belongs to L!(B(0,1)), so,
| Koo = 0)ouo(a) - ofu))ds = lim Kola = )0(0(x) — o(y))da. (115)
B(y,1) =0 Je<clz—y|<1

Since the kernel K is of class C' on R \ {0}, it then follows that for every ¢ €]0, 1],

/<| e Ko(z — y)O(p(x) — ¢(y))dz = — 2/ Ki(z — y)(6(z) — ¢(y))da

e<|z—y|<1

—|-/ Ko(z —y)(xp — yr)(d(x) — ¢(y))dx
S(y,1)

= / Ko(z — )@k — ) (9(x) — 6(u))dz.
S(y,e)

e
(116)
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On one hand, ¢ belongs to C2°(RY), which gives

N

Va € B(y, 1), |Ki(z — y)(6(z) — ¢(y))] < A a1 — wil [Ke(x — y)l,
=1

so, since the functions x — ;K (z) belong to L'(B(0,1)) by Corollary 1,

/<| et Ky(z —y)(o(x) — ¢(y))dz — Ki(z —y)(é(x) — ¢(y))da. (117)

e=0 B(y,1)

On the other hand, the kernel K belongs to L!(B(0, 1)). Therefore, there exists a sequence
of positive real numbers ¢, which tends to 0 when n — 400, and which satisfies

Vo eN3e, €00, [ Ko< [ (Kol
S(0,en) B(0,6n)

Thus, since Ky and ¢ belong respectively to L'(B(0,1)) and C°(RY),

1
vn e N,| - / Kole — y)(ax — y0)(6(x) — oy))da
€n JS(y,en)
A 2
<— |Ko(z — y)||z — y| d=
En S(y,en)

§A5n/ |Ko(2)|dz
S(0,en)
§A/ |Ko(z)|[dz — 0.
B(0,6n) nteo
Therefore, by equations (115), (116) and (117), we obtain

/ Ko(w — 9)0k(6(x) — ())da = —i / Kz — 5)(6(z) — é(y))dz
B(y,1)

B(y,1)
+ [ Kola =)@ = n)(6() - o) da,
S(y,1)
which gives by equation (114),

Ay =i [ | Kalz =)o) — 6 - ( [ Fala = e - yk>das)¢<y>

i / Ki(z — y)é(x)da.
B(0,R)\B(y,1)

(y,1)

(118)

On the other hand, by definition (113), the function A4 belongs to all the spaces LI(RY)
for 1 < ¢ < +oco. Indeed, if the distance between y and the support of ¢ is more than 1,
we compute by Theorem 3,

A
A A —y|™N d _— RN
A=A [ eyl Mol < gl

while if this distance is less than 1, by Corollary 1,
1A (y)] < Al Loo vy [ Kol 1 (Supp(e))-
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Thus, since the support of ¢ is compact, Ay does belong to all the spaces LI(RY) for
1 < ¢ < +00. By assumption (4), the function f then belongs to all the spaces L(R) for
1 < ¢ < +o00. Therefore, it follows from equations (112) and (118), and Fubini’s theorem
that

<ougo>=— | f@Aswy

- [, 1w ( [, K=ot o ([ Kot =m0
d:v> P(y) +1i /B(y’l)c Ky(z — y)sb(ﬂf)dx) dy.

It now remains to make the change of variables z = x — y to get

<ogo>= [ so)(if K0 -owa)are [ ([ Ko:)
s+ [ g ([ Ko+ )ay

RN

=i [ e [ swoeena- [ o) [ o)

o ([ Koz )y [ s ([ st + )i

so, by the change of variables x = y + z,

< Opgy & >—i /

Kk<z>( (¢ — 2)p(a)da —
B(0,1) RN

f(:n)gb(w)dx) dz + ()

RN

gzb(x)( /S . Ko(z)zkdz)dx—l—i /B (071)6Kk(z)< N (:L‘—z)gb(:v)dx)dz

= [o@(i [ B0 - s ([ Kads) @)
+i /B(o,l)c Kp(2)f(x — z)dz> dz,

RN

which gives by definition (110),
< Okg, ¢ >=< hp, ¢ > .

Finally, the partial derivative Opg of g in the sense of distributions is equal to hj. Since
g, hi, ..., hy are continuous functions by Step 1, we conclude that ¢ is of class C* on RY
with partial derivatives given by formula (44). This completes the proof of Lemma 3. [

2 Asymptotic behaviour of the solitary waves.

The second part is mainly devoted to the proof of Theorem 1. We first establish some
integral properties of the solitary waves in Theorem 7: they follow from an argument of
A. de Bouard and J.C. Saut which relies on Lizorkin’s theorem [35]. We then obtain the
optimal algebraic decay of solitary waves stated in Theorem 8 by the standard argument
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mentioned in the introduction. In the third section, we complete the proof of Theorem
1 by inferring the asymptotic expansion of a solitary wave from Propositions 7 and 8.
Finally, the last section is devoted to the proof of Theorem 2 which links the asymptotic
expansion of a solitary wave to its energy and its action in the case of the standard
Kadomtsev-Petviashvili equation. In particular, the proof of Theorem 2 relies on Lemma
4, which also yields the non-existence of non-trivial solitary waves when p > (see
Corollary 2 for more details).

2N3

2.1 Integrability of the solitary waves.

In this section, we derive the integrability properties of Theorem 7. As mentioned in the
introduction, A. de Bouard and J.C. Saut [13, 14] already established them in dimensions
N =2 and N = 3. Moreover, their argument is still relevant in dimensions N > 4. Indeed,
their proof follows from two ingredients which can be extended in every dimension N > 2.
The first one is the embedding theorem for anisotropic Sobolev spaces, which states that
the space Y embeds in LI(RY) for every 2 < ¢ < g%*é (see the book of O.V. Besov, V.P.
II'in and S.M. Nikolskii [3]). This ensures that any solitary wave v belongs to some space
L4(RY), and enables to use some standard argument of multipliers theory in LI(R™N).
Indeed, the second ingredient is to use the fact that the kernels Ky, K and Ly, given by
formulae (16), (17) and

&
Lo(§) = , (119)
[P +¢f
are L9-multipliers for every 1 < ¢ < +oo. Indeed, they satisfy the assumptions of Li-
zorkin’s theorem [35] mentioned in the introduction. Theorem 7 then follows from a
standard bootstrap argument which relies on the superlinearity of the non-linearity vP+!:
if a solitary wave v belongs to some space L(RY), then, by equation (14) and since the

kernel Ky is a Li-multiplier, it belongs to Lﬁ(RN ) and L"(RY) with + = % -3 N2+1‘

Hence, by induction, it belongs to all the spaces LY(RY) for every 1 < g < 400, which is
the desired result.

For sake of completeness, we now extend the argument of A. de Bouard and J.C. Saut
[13, 14] to every dimension N > 2.

Proof of Theorem 7. We split the proof in two steps: we first initialise our inductive ar-
gument by showing that the function v belongs to some space LI(RY).

Step 1. The function v belongs to the space LI(RN) provided that

y oy AN =2
=91=5N8 "3

Indeed, the function v belongs to the space Y. However, by standard embedding theorem
for anisotropic Sobolev spaces [3], the space Y embeds into all the spaces L4(R™) for every

4N—2
2<gq
- _2]\7 3

Therefore, the function v belongs to all those spaces.

We then settle the inductive argument mentioned above.
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Step 2. Consider some real number qo €|p + 1,4+00[, and assume that the function v
belongs to L (RN). Then, if qo # qeiv = w, the function v is in LY(RN) for

q0
p+1

< q <o,
where
ro = (2N — 1)go 7
(2N —-1)(p+1) —2q
if qo < Qerit, and rg = +00 otherwise. Likewise, if qo = qerit, the function v is in Lq(RN)
for z% < ¢ < +00. Moreover, the functions Vv and 83v belong to L%(RN).

Indeed, by a straightforward inductive argument, the Fourier transforms I/(\O, I/(; and EB,
given by formulae (16), (17) and (119), satisfy all the assumptions of Lizorkin’s theorem
[35]. Therefore, they are multipliers on LI(R™) for every ¢ €]1, +oo[. On the other hand,
the function v is solution of convolution equation (14), which writes

1
v=——Kqy* Pt
p+1

In particular, it yields for every k € {1,...,N},

_ i 1
{ v = = Kj, % vP T,

el
However, since v belongs to L% (R™M), the function vP*! belongs to Lot (RN). Thus, since

1% > 1 and since the kernels Ky, K and Lg are L%-multipliers for 1 < ¢ < 400, the

functions v, Vv and d3v belong to Lt (RN). We then invoke the embedding theorem for
anisotropic Sobolev spaces once more [3] to conclude that the function v also belongs to
L (RN) with

(2N —1)qo
2N -1)(p+1) -2’

if o < Qerit, to L®(RN) if go > gerit, and to all the spaces LI(RY) for o < q < +oo0, if
qo = Gerit- Then, Step 2 follows from standard interpolation theory between LP-spaces.

ro =

Finally, Steps 1 and 2 yield the desired conclusion.

Step 3. The functions v, Vv and 8?v belong to all the spaces LY(RYN) for every q €]1,+o0.
Moreover, the function v is continuous and bounded on RN .

4N-2
2N-3"

On one hand, by Step 1, the function v belongs to the space L% (RY) for gq =
However, since

4

P<3sN—3

we compute
2N+1 4N -2

<2N—3<2N—3'

Therefore, by applying inductively Step 2, v belongs to all the spaces L?(R") for (pﬁ% <

q < qo, as long as the integer n satisfies the condition —L—- > p + 1. However, since

(p+1)m
p—+1> 1, the geometric sequence (W)HGN converges to 0 at infinity, so, the function

p+1

v belongs to all the spaces LI(RY) for p+1 < ¢ < qo. Another application of Step 2 then
yields that the function v belongs to all the spaces LI(RY) for 1 < ¢ < qp.

238



On the other hand, consider the function f defined by

_1@N=Dp Ty N =D
Vrel= B 7QCr1t7f(r)_(2N_1)(p+1)_2r'
We compute
vrel, f(r)—r= r2r — (2N — 1)p) >0,

@N-1)(p+1)—2r
so, the function f is increasing on interval I. In particular, if we consider a sequence
(rn)nen such that rg € I and

(2N — 1)ry,
@N-1)(p+1)—2r,’

Vn € N, Tn4+1 =

this sequence is increasing. Moreover, since the function f has no fixed point in I U {qerit },
there is some integer ng such that
T'ng 2 Qerit-
However, we assumed that A
P=onN—3

S0,

(2N —1)p < 4N — 2 _

2 2N -3

Therefore, either gy belongs to the interval I, either gg > gcris- In the second case, by Step
2, the function v belongs to all the spaces LI(R™) for ¢y < ¢ < +o00. However, in the first
case, since qp € I, we can consider the sequence (g )nen given inductively by

qo0-

(2N —1)gn
2N =1)(p+1) —2g,

By the argument above, this sequence is well-defined till some index ny € N. Moreover, all
the real numbers g, belong to I when n < ng, and ¢,, belongs to the interval [gerit, +00].
On the other hand, by Step 2, the function v belongs to LI(R™) for ¢y < q < gp,, and
since ¢n, > Qeit, it also belongs to LY(RYN) for q,, < ¢ < +oco. Thus, in all cases, the
function v belongs to all the spaces LI(RY) for go < q < +00.

Vn € N,qny1 =

In conclusion, v belongs to all the spaces Lq(RN ) for 1 < g < 400. In particular, by Step
2, the functions Vv and 9%v also belong to all the spaces LY(RY) for 1 < ¢ < +oo. By the
embedding theorem for anisotropic Sobolev spaces [3], the function v is then continuous
and bounded on RY, which completes the proofs of Step 3 and of Theorem 7. 0

2.2 Algebraic decay of the solitary waves.

We now establish the algebraic decay of the solitary waves stated in Theorem 8. As
mentioned in the introduction, the proof of this theorem follows from a standard inductive
argument which links the algebraic decay of the solitary waves to the algebraic decay of the
associated kernels. We first determine some small algebraic decay for the solitary waves.
It follows from Proposition 6 which gives some integral algebraic decay for the functions
Vv and 0?v. We then improve inductively the algebraic decay of the functions v and Vv
by using the superlinearity of equations (14) and (44). This is possible as long as the rate
of decay is less important than the rate of decay of the kernels Ky and K. Thus, the
solitary waves decay at least as fast as the kernel Ky, while their gradient decays at least
as fast as the kernels Kj. This leads to Theorem 8 whose proof follows below.
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Proof of Theorem 8. We split the proof in five steps. In the first one, we infer from
Proposition 6 some small algebraic decay for the functions v and V.

Step 1. There is some positive real number ag such that the functions v and Vv belong
to every space MEO(RN) for B €0, ap].

Step 1 follows from Proposition 6 and equations (13) and (14). Indeed, as mentioned
in the introduction, by Theorems 3 and 7, and Corollary 1, equation (13) holds almost
everywhere. In particular, this means that for every real number § > 0, and almost every
r e RY,

2/ Jo(a) =|x|ﬂ‘ [ pute - y>vp<y)aw<y)dy‘
SA(/RN |Ho(z — )| lyl’v(y) IP|010(y)|dy + /RN z — y|P|Ho(z — y)|Jo(y)|?

Iaw(y)\dy)-
(120)

However, if 0 < 8 < N — 1, by Theorem 3 and Corollary 1, we compute for every positive

2N-1
real number 1 < g < 55—,

/RN & — yI’|Ho(x — y)|[v(y)P|01v(y)|dy

SA(/B(:):J)C 2 — y|P N o(y) P101v(y)|dy + / |Ho(x — y)|!v(y)|p!81v(y)|dy>

x,1

SA(/B( b lw(y) |01 (y)|dy + HHO,Lq(B(O,l))”UpalvHLq/(B(x,l))>'
Therefore, by Theorem 7, there exists some real number A such that for every 0 < § <
N —1,
/RN | — y|’|Ho (2 — y)[lo(y)P|0ro(y)|dy < A. (121)

On the other hand, by Theorem 3 and Corollary 1, we compute for every positive real

2N—-1 N
numbers 1 < ¢ < 55— and r > 5,

/RN [Ho(z — )| lyl’|v(y) P 1010(y)|dy

<a( [ o= M PPy + [

,1 B(z,1

|Hola —y)Hyrﬁw(y)\ﬂaw(y)\dy)

1
7

1
§A<< / |y|<1—N>rdy) ( / |y|ﬁ’“’|v<y>|f”"raw<y>|f’dy>
B(0,1)° B(z,1)°
1 1
q / / / q
+( / |Ho<z>|qdz) ( [ e |aw<y>|qczy) )
B(0,1) B(z,1)

However, by Theorem 7, the function v is bounded on R, so, by Proposition 6, for every
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positive real numbers s > 1 and 0 < # < min{1, %},

/ 1% () P ro(y) P dy <A / 1y1%10v0(w)|dy
RN RN

Bs

2 2 2 2(1-8)s -5
<a( [ wpawrar) ([ s a)
RN RN

<A,
so, invoking once more Theorem 7 in case 3 = 0, for every 0 < 8 < min{1, %, % ,
Lo =)l o) oret)idy < 4 (122)

Thus, by equations (120), (121) and (122), there is some positive real number «; such
that the function v belongs to MEO(RN) for every 0 < 38 < ag.

Likewise, by Theorems 3 and 7, and Corollary 1, equation (14) holds in all the spaces
LIRN) for 1 < q < ngV:é Moreover, by Theorem 3 and Corollary 1, the kernel K

N 2N-1
belongs to all the spaces LY(RY) for 1 < q < 5x—3,

to LY(RY) by Theorem 7. Therefore, we can derive from equation (14) the following

: . : N 2N—1
equation, which holds in all the spaces LY(RY) for 1 < ¢ < 533,

while the function vPVv belongs

Vv = Ky * (vPVv). (123)

In particular, it yields for every real number 8 > 0 and almost every z € RV,

o] <A( [ | 1Kot =l PIVeidy + [ o= oot - nllo)l

\Vv(y)!dy> .
(124)

However, if 0 < 8 < N, by Theorem 3 and Corollary 1, we compute for every positive real

number 1 < ¢ < g%:é,

/RN 2 = yl°[Ko(z — ) [lv(@)”| Vo (y)ldy

gA( / \x—yrﬁer<y>\p|w<y>|dy+( / rKo<z>|qdz) ( [ e
B(z,1)¢ B(0,1) B(z,1)

) )

1
7)1y )
Hence, by Theorem 7, there exists some real number A such that for every 0 < g < N,
/RN [ =yl Ko(z — y)|lo(y)["| Vo(y)|dy < A. (125)

On the other hand, by Theorem 3 and Corollary 1, we compute for every positive real
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numbers 1 < ¢ < g%:é and r > 1,

[ 1Koe = )P o)l dy

1
(o) (]
B(0,1)° B(x,1)

1
7

. \ylﬁ’”’\v<y>rp’“’\W<y>V’dy>

)

1 1
q ’ / / q’
+( / |Ko<z>\%zz) ( [ \v<y>|pq\v@<y>|wy) )
B(0,1) B(z,1)

However, by Theorem 7, the function v is bounded on R, so, by Proposition 6, for every
positive real numbers s > 1 and 0 < 5 < min{1, %},

Bs

2(1—3)s 1-%
( [, o dy)
RN

so, invoking once more Theorem 7 in case § = 0, for every 0 < 8 < min{1, %, %},

v

/Iy\ﬁslv(y)\pslw(y)lsdySA(/ IyIZIVv(y)\Qdy>
RN RN
<A,

| VEoe =l o) P9ty < A (126)

Finally, by equations (124), (125) and (126), there is also some positive real number as
such that the function Vv belongs to M EO(RN ) for every 0 < 3 < ay. It then only remains
to set ap = min{ay, as} to complete the proof of Step 1.

Remark. In particular, by Step 1, the function v is lipschitzian on the whole space RY.
Indeed, its gradient Vo is bounded on RY.

We now improve the algebraic decay of the function v by applying the inductive argument
mentioned in the introduction to equation (14).

Step 2. Consider some positive real number o and assume that the function v belongs to

Mﬁoo(RN) for every B € [0,a). Then, it belongs to MBOO(RN) for every 8 € [0, N|N |0, (p+

Dal.

Indeed, equation (14) yields for every positive real number 3 and for almost every z € RN,
o ()] < A(/RN =y’ | Ko(z — y)|[v(y) [P+ dy + /RN [ Koz — y)!!ylﬁ\v(y)!“ldy)-

(127)
However, by Theorem 3 and Corollary 1,

/ |z — y|? | Ko(z — y)||v(y)|Pdy SA(/ |z =y No(y) P dy
RN B(z,1)¢

w [ ot = iy ),
B(z,1)
so, by Theorem 7, for every 0 < 8 < N,

/RN |z — y|°|Ko(z — y)l[o(y) P dy < A(HUHZ;L(RN) + HKOHLl(B(O,l))HUHitOI(RN)) < A
(128)
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Likewise, Theorem 3 and Corollary 1 give for every real number g > 1,

dz / ’ q
/ | Koz = y)llyl’lo(y)["*'dy <A (/ Nq> (/ [y |o(y)| D dy)
RN B(0,1)° |2] B(z,1)c

‘i‘HKoHLl(B(o,l))HUHIJD\}LOIOﬂ (RN)>'

I

Qe
[

However, by the assumption of Step 2, there is some real number ¢ > 1 such that for every
B e [0,(p+ 1af, the function y — |y|®v(y)?t! belongs to the space LI (RY). Hence, we
obtain

/RN [ Koz = y)llyl’lo(y) P dy < A<”|"ﬂvp+1Hqu(RN) + vl (IRN)> <A (129)

T

Thus, by equations (127), (128) and (129), the function v belongs to all the spaces
MEO(RN) for 3 € [0, N]N [0, (p + 1)af, which is the desired result.

Finally, we deduce the rate of decay of the function v given by Theorem 8.

Step 3. The function v belongs to the space M (RY).

Since p + 1 > 1, the geometric sequence given by uy = ap and up+1 = (p + 1)u, tends
to 400 when n tends to +o0o. Thus, by a straightforward inductive argument, it follows
from Steps 1 and 2 that the function v belongs to the space Mg°(RY).

We now turn to the algebraic decay of the gradient of v. In particular, we improve the rate
of decay given by Step 1 by applying the inductive argument mentioned in the introduction
to equation (44).

Step 4. Consider some positive real number o and assume that the function Vv belongs
to MEO(RN) for every B € [0,a]. Then, it belongs to MEO(RN) for every (€ [0, min{N +
L(p+1)N,pN +a}].

Indeed, by Theorem 7, the function vP! is bounded and continuous on RY. Moreover,
by Steps 1 and 3, this function belongs to M&"H)N(RN) and its gradient to L°(RY).
Therefore, by Lemma 3, the following equality holds for every k € {1,..., N} and every

z RN,
Opv(x) =i / Ky (y)o(x —y)P*dy +i / Ky(y)(v(z — y)P* —v(2)P)dy
B(0,1)¢ B(

0,1)
" ( /gzvl ykKO(y)dy> o(z)P

In particular, by Theorem 3 and Corollary 1, it yields for every positive real number 3,

2% |k0(2)| <lel? / K ()]0 — y)lPHdy + o) / K ()l [ola — )
(0.1)¢ B(0,1) (130)

)

—v(x)P T |dy + Ala|’[v(z)[PF
However, Step 3 yields for every 5 € [0, (p + 1)N],

1
2@ < ol gy < A (131)

p+1

(RY)
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On the other hand, by Theorem 3,

ot lc!Kk<y>\|v<x—y>|”“dy§f“(/ o W Py

) )

+f rKk<y>||m—y|ﬁ|v<m—y>|p+1dy>
B(0,1)¢
gA( / PN ol — y)PHdy
B(0,1)¢
[ Y e =yt - y>|p+1dy>,
B(0,1)c
so, by Theorem 7 and Step 3, for every § € [0,min{N + 1, (p+ 1)N}],

ol [ oy RO = 0Py < A0l +IIBES vy) < 4. (132)

P+1

Finally, by Theorem 7 and Step 1, the function v is continuous on RY, while its gradient
Vv is bounded on RY. Hence, we compute for every (z,y) € (RV)2,

o — gl — (@ = —(p+ 1) / o(z — ty)PVo(x — ty).ydt,
0

which gives by Theorem 7, Step 3 and the assumption of Step 4,

2l / " K (y)|[o(z — 9P — v(@)P*|dy

af Sl lKeo) ([ 1P = it — i) ay

1l1

! |z|Bdt
<A K d
<af 1Z\yl\| ([ s )

||
Aq T e /g Z lyi|| Kk (y)|dy-

Corollary 1 then yields for every 8 € [0,pN + af,

leﬁ/ [Ki()llo(@ — )P = v(2)P*dy < A. (133)

i

Thus, by equations (130), (131), (132) and (133), the function Vv belongs to MEO(RN)
for 0 < 8 <min{N + 1, (p+ 1)N,pN + «a}, which ends the proof of Step 4.

In conclusion, we infer the rate of decay of the function Vv given by Theorem 8.

Step 5. The function Vv belongs to the space Mmm{N+1 (p+1)N}( Ny,

Indeed, the arithmetic sequence given by ug = a9 and un4+1 = u, + pN tends to 400
when n tends to +oo. Thus, by Steps 1 and 4, the function Vv belongs to the space

MI?l?n{N—i—l,(p—&-l)N} (R™). This completes the proofs of Step 5 and of Theorem 8. O
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2.3 Asymptotic expansion of the solitary waves.

In this section, we complete the proof of Theorem 1. Indeed, in the previous section, we
proved Theorem 8 which describes the algebraic decay of the solitary waves and of their
gradient. In order to show Theorem 1, it then remains to establish the existence of a first
order asymptotic expansion of any solitary wave v, i.e. to compute the limit when |z| tends
to +oo of the function = +— |z|Nv(z). This is the aim of Propositions 7 and 8. Indeed,
in Proposition 7, we compute the pointwise limit when R tends to 400 of the functions
vR given by formula (48). Our argument follows from Theorems 3, 5 and 8, Corollary 1
and a standard application of the dominated convergence theorem. In Proposition 8, we
then deduce from Theorem 8 and a standard application of Ascoli-Arzela’s theorem that
this convergence is uniform in the case p > % Finally, Theorem 1 follows from Theorem
8 and from Propositions 7 and 8.

However, let us first write the proof of Proposition 7.

Proof of Proposition 7. Let o € SV~1. By formula (48), we compute for every positive
real number R,

1
vp(o) = —— (/ RNKo(RUy)v(y)p“dy+/ RNKo(RUy)v(y)”“dy>-
p+1 (Ro, &) (Ro, &)e
(134)
However, Theorem 5 yields for every y € RV,
N (%)
RYKo(Ro —y)o(y)P*t'  — & (1= Noj)o(y)P*!
R—+o00 9%

while by Theorems 3 and 8,
RN < A
(Ro — y)N (1 + [y|N@+D) = 1 4 [y| N+

Therefore, the dominated convergence theorem yields

F(%ﬂ) (1—No?) /RN o(y)Pdy.  (135)

[RYKo(Ro = y)u(y)" g, s n] < A

On the other hand, by Theorem 8,

‘/ RNKo Ro — y)v (y)p“dy’ SA/ RNy TN Ko (Ro — y)|dy
B(Ro',g)

< /
<— Ky(2)|dz,
<5 g g, )

2

so, by Theorem 3 and Corollary 1,

A dz
RNK (Ro — p+1dy’ (/ Ko(z dz—i—/ )
‘/ ol v)o(y) ~RNp B(O,l)’ o(2)l 1<|z|< 2 2|

<A aimm) — o

—RNP R—+o00
Thus, equations (134) and (135) yield
L(%) > +1
vr(0) oy (1= Nad) [ o)y,
22 (p+1) RN

which is exactly assertion (49). O
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We then establish the uniformity of the pointwise limit computed above in the case p > %
This follows from Proposition 8 whose proof is mentioned below.

Proof of Proposition 8. Assume by contradiction that (vg)rso does not converge uni-
formly to vo when R tends to +00. There is then some real number £ > 0 and a sequence
of positive real numbers (R, )nen tending to +oo, such that

Vn € N, [[ur,, — Vool poosn-1y > €. (136)

However, since p > %, we deduce from Theorem 8 that *

v € N VR, | oo gv-1)< A4, .
NIV g, e g1y < ARNFYV0(Ry) | o g1y < ARy ™Y < 4,

(137)

Therefore, by equation (137) and Ascoli-Arzela’s theorem, up to a subsequence, (vVg, )nen
converges in the space L>(SV~1). By Proposition 8, its limit is necessary equal to Voo,
which leads to a contradiction with assertion (136). Thus, (vg)g>o uniformly converges
to Voo when R tends to 400, which is the desired result. ]

Finally, we conclude the proof of Theorem 1 by invoking Theorem 8 and Propositions 7
and 8.

Proof of Theorem 1. Indeed, by Theorem 8, the function  — |z|Vv(x) is bounded on R,
Moreover, by Proposition 7, assertion (11) holds for every o € SV~!, and by Proposition
8, the convergence given by this assertion is actually uniform when % <p< ﬁ. This
concludes the proof of Theorem 1. O

2.4 Link between the asymptotic behaviour at infinity and the energy
of solitary waves for the standard Kadomtsev-Petviashvili equation.

This last section deals with the standard Kadomtsev-Petviashvili equation. In particular,
we link the asymptotic expansion of a solitary wave to its energy and its action. As
mentioned in the introduction, this link stated in Theorem 2 follows from the standard
Pohozaev identities of Lemma 4, which were derived by A. de Bouard and J.C. Saut in
[13].

Proof of Theorem 2. We split the proof in two steps. We first give an expression of
the integrals [pny O1v(z)%dz, [pn v(2)PT2dz and [gn vi(2)?dz in function of the integral
Jg~ v(2)?da for every p €]0, 55— We then complete the proof of Theorem 2 by linking
the energy and the action of v to the integral [y v(z)%dz in the case p = 1.

“Here, the notation VSN_l denotes the gradient on the sphere SV ! immersed in the space R"Y. More
precisely, if we consider some index i € {1,..., N} and some function f € C°(SY~* C), the notation

5" is defined by

xtte;
Ve e SN T f(z) = hmw

t—0 t ’
where (e1,...,e,) is the canonical basis of R™. The gradient v f of the function f is then given by

f(@).

SN—I SN71

Vo e SNV fa) = (8 (), .., 0%
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Step 1. Let p €]0, 55-—=[. We have for every k € {2,..., N},
2( 1)( 2)
D@+ [ 2 (138)

p+2d
/RN”() 4—|—p3 IN) Jan
(139)

) 2y =—
/RN () de 4+p —2N V(@)

2
d — 140
/RN”’“@) T (3 —2N V(@) (140)
Indeed, let us denote
Iy —/ v(z)?dz,
RN
I ; / v(x)P 2 dx
T+ +2) ’
Jl / (9121 d:L’
J = / v ()2
By formula (51), we obtain
J=1Iy—2(p+ 1), + 3J5. (141)
We then substitute this relation in formula (53) to compute
3p+4
Jy = —ro + p: I, (142)
On the other hand, by summing equations (52) for all k € {2,..., N}, we find
(N —=1)(Ip—2I,+ J1)+ (N —3)J =0,
which gives by relations (141) and (142),
(143)

4+p(3—-2N

Finally, since 0 < p < 53—, this yields formula (138). Moreover, by substituting equation
(143) in equation (142), we compute
Np
= —t
T A p3-2N)”

which is exactly formula (139). Likewise, by substituting equations (139) and (143)

equation (141), we get
(N —-Dp

J= WP
4+p(3—2N)"
However, by formulae (52), we have for every (j, k) € {2,..., N},

1 1 1
/ vi(x)?de = ~Iog— I, + ~J1 + =J = / v () d.
RN 2 2717 2 -
Therefore, all the integrals [ v(z)%dz for 2 < k < N are equal. By definition of .J, this

1 D

yields
2 _ _
/RN“’“(:”) =577 = 15 _am)

which is exactly formula (140).
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Step 2. Assume now thatp =1 and N =2 or N = 3. Then, the function vy, is given by
formula (12).

Indeed, if p = 1, formula (10) becomes

w2,

Vo € SV vao(o) = I( N) (1— No?) /]RN v(x)?dz. (144)

42

However, by formula (3), the energy of the function v is given by

N

1 1
E(v) = / (Oru(x)? + Zvj(x)Q)d:v - / u(z)3dx.
2 JrNv s 6 Jrv
Therefore, by formulae (138), (139) and (140), it is equal to
2N —5
E)= —_° 2 14
) = 5= oy v (145)
so, by equation (144),
7-2N)I(§
Vo € SV vao(o) = M(l — No?)E(v),
22N — 5)r%

which is exactly formula (12). Likewise, by equation (5), the action of the function v is
given by

so, by equation (145),

1 2
S(v) TN Jan x)“dz,
and by equation (144),
N1 (7—2N)I(5) 2
Vo € Y7 veo(0) = ———==(1 — No71)S(v),
4m
which completes the proof of formula (12). O

Finally, for sake of completeness, we complete this subsection by the proof of Corollary
2, which mentions another straightforward consequence of the identities of Lemma 4: the

non-existence of non-trivial solutions of equation (6) in Y if p > 55+ in dimension N > 4.

Proof of Corollary 2. Indeed, Lemma 4 holds for any real number p > 0. In particular,
formulae (141), (142) and (143) of Step 1 of the proof of Theorem 2 also hold for every
positive real number p. However, formulae (142) and (143) yield

(4+p(3—2N)) oyw(z)de = Np/ v(x)?dz.

RN RN
Therefore, if p > 2]\;1—_3,
/ v(z)?dz < 0.
RN
Thus, v is identically equal to 0, which ends the proof of Corollary 2. 0
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Appendix. First order asymptotic expansion of travelling
waves for the Gross-Pitaevskii equation.

This appendix yields an important application of Theorem 6. Indeed, this theorem enables
to solve a conjecture formulated in [26] in the context of the travelling waves for the Gross-
Pitaevskii equation. The Gross-Pitaevskii equation is a non-linear Schrodinger equation
which writes

i = Au + u(l — |ul?), (146)

where u is a function from R x R (N > 2 here) to C. It conserves at least formally two
quantities: the so-called Ginzburg-Landau energy

1 1
Bw=; [ Vg [ a-pupr, (147)
2 ]RN 4 RN
and the momentum )
Pu) = = / iVu.u. (148)
2 ]RN

The travelling waves v for the Gross-Pitaevskii equation are the solutions of equation (146)
of finite energy which are of the form

u(t,x) = v(xy —ct,xa, ..., xyn).
The equation for v, which we will consider now, writes
icopw + Av +v(1 — [v]?) = 0. (149)

Here, the parameter ¢ > 0 represents the speed of the travelling wave v, which moves in
direction x;. In this appendix, we will always assume that

O<c<\@,

i.e. the travelling waves are subsonic. Indeed, for this equation, the speed of the sound
waves near the constant solution u = 1 is v/2. Moreover, the travelling waves which are
not subsonic are much less interesting. Indeed, F. Béthuel and J.C. Saut proved in [4] that
they are constant when their speed is 0, while we proved the same property in [23] when
their speed is strictly more than v/2. On the other hand, it is also commonly conjectured
that they are constant when their speed is /2 (we actually proved this result in dimension
two in [25], but it is still an open question in dimension N > 3). Thus, since the only non
constant travelling waves seem to be subsonic, we will focus on the subsonic case in the
following.

Our aim will be to specify the asymptotic behaviour of subsonic travelling waves at infinity.
Indeed, in a previous paper [26], we proved the existence of a first order asymptotic
expansion at infinity of a travelling wave.

Theorem ([26]). Let v be a travelling wave for the Gross-Pitaevskii equation in dimension
N > 2 of speed 0 < ¢ < /2. There exist a complex number \ss of modulus one and a
smooth function vsy defined from the sphere SN~ to R such that

|x’N_1(U(£U) _ )\oo) — 1 AosoVso (‘;) — 0 uniformly.

|z| =00
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Moreover, we computed explicitly the value of the function v, in dimension N = 2, and
for axisymmetric travelling waves which only depend on the variables x; and

Theorem ([26]). Let v be a travelling wave for the Gross-Pitaevskii equation in dimension
N > 2 of speed 0 < ¢ < /2. Then, if N = 2, there exist some constants o and 3 such
that the function ve, 18 given by

01

1-S+

02

N-1
Vo € 877 vao(0) = gz 0 2o

o7 ﬁ
2 1_2+2

I

while if v is azisymmetric around azis x1, the function vy is given by
o1

2
(1- <+ 950

Vo = (o1,...,0n8) €SV v (0) = —-
2

Moreover, in both cases, the constant a is equal to

N-3

rg 2\ (4-N N -
a= ( QN) (1 - C> < cE(v) + (2 + 302>p(v)> ,
272 2 2 2
while the constant B is equal to
:
=P (v).
B=Y—2R)

However, we were not able to compute explicitly the value of the function v, in the general
case. We only conjectured its value in Conjecture 1 of [26]. Here, we will fill this gap by
proving this conjecture thanks to Theorem 6.

Theorem 9. Let v be a travelling wave for the Gross-Pitaevskii equation of finite energy
and speed 0 < ¢ < /2. Then, there exist some constants «, B2, ..., Bn such that the
function vy s equal to

N
Vo € SV v(0) = a 7 + > B %3 . (150)
TRr AT
Moreover, the constants o and [3; are equal to
N-3
r& 2\ 2 [4-N N -3
o= (2; <1 - C2> < 5 cE(v) + (2 + 02>p(v)> , (151)
272
-1
p(ﬂ) 2\ 2
@=§G—2> P;(v). (152)
T2

Remark. There is a difficulty in the definition of P (v). Indeed, the integral which appears
in definition (148) is not always convergent. In order to state formulae (151) and (152)
rigorously, we define the momentum P(v) as

) =5 /RN iVo.(v 1), (153)



and the scalar momentum in direction x; by
1 .
p(v) = Pi(v) = / i01v.(v —1). (154)
2 RN

By [24], all those integrals are well-defined in the subsonic case.

Proof. The proof is similar to the proof of Theorem 1. Indeed, in [26], we derive a new
formulation of equation (149), which is an equivalent of equation (8). This formulation
relies on a polar form of the function v. Indeed, there is some positive real number Ry
and some functions p := |v| and @ in C*°(B(0, Ry)¢, R)? such that

v = pe®

on the open set B(0, Ry)¢. If we then introduce a cut-off function 1 € C>(RY [0, 1]) such

that
1 =0 on B(0, 2Ry),
1 =1 on B(0,3Rp)¢,

we deduce new equations for the variables 1 := 1 — p? and 6,

A’n = 2An+ ¢*0F \n = —AF — 2c0,div(G), (155)
and c
A(Wo) = 501m + div(G), (156)
where
F = 2|Vo|? + 2n? — 2cidyv.v — 2¢0 (10), (157)
and
G =1iVu.v + V(0). (158)

We then transform equations (155) and (156) in convolution equations,
N
n=KoxF+2Y K;jxGj, (159)
j=1

where Ky and K are the kernels of Fourier transform,

€1

Ko(€) = , 160
O = g2 - og oo
respectively
= §1&;
() = , (161
1O = g —ag )
and for every j € {1,..., N},
c N N
33(1[)9) = in*F+622Lj,k*Gk+ZRj,k*Gk7 (162)
k=1 k=1
where L;; are the kernels of Fourier transform,
Ljk(8) 1656k (163)

e T 20ER - 2ed)
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and R;j are the composed Riesz kernels given by formula (40). In particular, equations
(159) and (162) are very similar to equations (13) and (14). Thus, by the argument of
the proof of Theorem 1, we proved in [26] that there exist some functions (1o, ve0) €
CHSM=12 and 0 € C%(SV~1) such that

RNn(RU) n —J>r Noo(0) in Cl(SN_l),
RN7Y9(Ro) — 60s(0) in C*(SNTY),

R—+00

BT w(R0) 1) 7 el in O (Y

(see Proposition 5 of [26]). Moreover, by equations (70) and (72) of [26], the functions 7,
0~ and v satisfy for every o € SV,

1e(0) = Knoe(o) [

N
x F(z)dz + 20]2_; K (o) /RN Gj(x)dz, (164)

(XN: ajKj,oo(o)> /RN F(x)dx + kZNI <c2 g 05 L; koo 0)

(165)

Here, the functions Kg 0, Kj oo and Lj i o denote the limits at infinity of the kernels Ky,
K; and L;, given by Theorem 5 of [26],

RYKy(Ro —y) it Ko oo(0),
Vo e V-1 { RNK;(Ro —y) it Kjoo(0),
RNLj’k(RU — y) Rjroo Lj,k,oo(a)-

The existence of such limits follow from the same argument as in the proof of Theorem 5 of
the present paper. In particular, equation (61) of [26] gives an explicit integral expression
for the functions Ko o, Kj oo and Ljj o, which is similar to equation (39) of the present
paper. More precisely, denoting for every ¢ € RN and 1 < j, k < N,

c 56
j,k(é) = 2|£|2j_k62£%a

equation (61) of [26] yields for every o € SV~! (with a choice of j € {1,..., N} such that
oj #0),

(166)

N N
? C
KO,OO(O-) = (27T)N le,k7k(g)7 (167)
k=1
N
? C
Kioo(0) = le,l,k(o')v (168)
and
Li1.00(0) N Y (J)_i 7“/ 8N+1§;:l(£)ew'5d§+2/ et
oo (27T02)N Jikd O'jv O'j B(O,I)C J ’ O'j sN—-1 J

0 R ()de + /S o GO R (©)de + /B 0 Ria(€)(e" —1)d5>>-

(169)

(0,1)
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where

k(o) =— ( / ON YIRS (&)e' 7t dE + / &ON R (€)e74de
B(O,l)c SN-1

N . .
Uj gj 0

+ /S L GOYTIRE (©)de + /B

Actually, in [26], we did not state equation (61) on the form of equations (167), (168) and
(169). Indeed, consider for instance the case of the kernel K. Equation (61) of [26] states
that the function Ko, writes

(170)

ONRE () (e — 1>d§).
(0,1)

Z'N

- .0 . i&.o
(mj)N( [, PO vae s [ gmatereoa

- i€o . it >
i0j </B(0’1)c Ry(&)e™7de + /SNI ijl(f)e d¢ ) .

By equation (56) of [26], the functions R;, i € {1,2,3}, are rational fractions whose
numerator are the homogeneous term of lowest degree of the numerator of the rational
fraction BJN “1H K, and whose denominator is the homogeneous term of lowest degree

Ko o(0) =
(171)

of the denominator of the rational fraction 8;-\[ 1+ K. However, by equation (160), the
kernel Ky writes
e

[ + 21812 — e

so, by the argument of the proof of Theorem 5 of the present paper, the function R; is
equal to

Ko(§)

N
Ri(€) =) 07 TR ().
k=1
Equation (167) then follows from substituting this expression in equation (171). Likewise,
equations (168) and (169) follow from equation (61) of [26].

To compute an entirely explicit expression of the functions Koo, Kjoo and Ljj o, it
now remains to compute the right members of equations (167), (168) and (169) by the
argument of Theorem 6. Indeed, consider the kernels R; - By formula (166), they write

e 1 = c?
R, () = oo Lk <1 - 5)51,& :

21— €)™
Therefore, for every o € SV=1 (with a choice of j € {1,..., N} such that o; # 0),

2 Noj1-0k

— ) 1-< — 2 .
/ 8JN+1RE [(©)e' 4 de _z5) e / 8jv+1Rk,l< 1— 051,§¢>6w'5d§
B(0,1)¢ ’ 2 B(0,1)¢ 2
N§; 1 —0p1—1
(1 — é) 2 o ireo’
— 2 - 8§V+1Rk7l(§)€ 7 'gdf,

c2
2 e2-Zler|2>1-5

where

2 -+ 2o}
e\ T e
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and

, 1 /1 c?
o = o1, ——0. ).
( _%_i_csz)% 1 2 1

Finally, since the function 6JN HEZZ is a homogeneous rational fraction of degree —N — 1,
we deduce from the change of variables u = rgf ,

1 N+1pc io. N+1p i’
o]-V“/B(o " ON TR (§)e4dg = P /N+1 — / 07 T Ry (w)e'” Mdu, (172)
J J

2 2 6 1+0 1
where Q.p = {u € RV, [u> = Slu > > 72(1 — )} and d = 2272150 By the same
changes of variables, we compute

1 .
— /S gjaNRc (g)ezo.fdg _

9;

1

N o/ N+1
2ry'o;

T [ 0 e
- c,o

(173)
where A.y = {u € RV, |u|? — %‘UL‘Q =7r2(1 - %)}, and v; is the j-component of the
outward normal of the hypersurface A.,. Likewise, we obtain

1 Ne1De e\ io€ qe 1 Ne1p~ .\ io'u
@ A fjaj Rk,z(f)e d§ = 2rNa’AN(1— C;)d/ '(U)aj Ry (u)e du,
g Vi c,o
(174)
L / ONRE (&) ("¢ —1)de = ! / ON Ry (u) (e — 1)du. (175)
o™ Jeo1 ? ik 2rly §N(1 - %)d Qc, T
In particular, it follows from equations (172), (173), (174) and (175) that

1 )
It _ v aN+1R io’ g / aN—l—lR
<o) 2T§03N(1§)d<03 /Q O e [ (1)

c

ot [ o) Bawe s [ o¥ Rt - i)
Ac,o‘

so, by integrating by parts,

1 ) — - 7 —
IS / ONFLR, 1(w)e' “du + — vi(w)ON TRy (u
140) =g 53 (o7 [ 0 20 Pt 7 o 02 Bt

eia' udu+/ V](u)a‘f\/l‘@(u)ezg/udu_’_/ 8‘7]V-§k‘\,l(u)(€w'/u - 1)du>
SN-1 B

(0,1)

Finally, by Theorem 6, this yields

‘N N
i r(y)
J¢ — 2 )
(2m)N et (0) P ﬁ)d( ki — 0107)
_F(%) 1— g)% . (1 B 62)16,“1:5171 o
ot -2 42 o 2 —g )
(176)
We then deduce from equations (167), (168) and (169) the formulae
T(Y)(1—2) 5 2 No?
Koool0) = —2—2 =5 (1 - ——== | » (177)
8> (1 -5+~ -5+




F(ﬂ)(l_é)T—l 2 _6]',1+1 N(l 02)—(5]',10.10.,
Kjoo(H) - N : 2 : 202\ N 5j’1 (1 B 2 2 N 22 c2o? : ’ (178)
¥ (- g+ o) 2 én
and
PPN ) P3N 1
L, TG (S (=) N §) T R g0y
jikoo(0) = 5 N 5 2 | 2o2 N 2 | 202\ N+2
2cem2 (1—7-1- 2)2 (—7-1- 2)2
- 5j,k + NUjO’k> .
(179)
On the other hand, we already computed in [26] that
/RN F(z)dr =2((4 — N)E(v) + ¢(N — 3)p(v)), (180)
and
Gp(z)dx = 2Py (v) (181)

RN
(see the remark of Subsection 2.3 of [26]). Therefore, by formulae (164), (165), (177),
(178), (179), (180) and (181), we conclude that

i) = SR (1-5) T (5 om0 + (o X520 ) (s

N 2 2 N N .
- ) (-5 AP,
(-5 + %)™ =S

and
N-3
) ANz [([4—N N -3
Voo (0) = Oo(0) = 27:% (1 5 ) ( 5 cE(v) + (2 +— C2>p(’l))>
o 2\ & o
. .
N N+2<1_2>2Pj(”) N N)’
1-F+=4)> j=2 1-F+=)>
which yields formula (150) by equations (151) and (152). O
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