
HAL Id: tel-00197541
https://theses.hal.science/tel-00197541

Submitted on 14 Dec 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Stabilité des systèmes à retard de type neutre
Salvador Antonio Rodriguez Paredes

To cite this version:
Salvador Antonio Rodriguez Paredes. Stabilité des systèmes à retard de type neutre. Automatique
/ Robotique. Institut National Polytechnique de Grenoble - INPG, 2003. Français. �NNT : �. �tel-
00197541�

https://theses.hal.science/tel-00197541
https://hal.archives-ouvertes.fr


�����������	�
���
���	�����
�����������
���	���
�
������� ����!�"#���$��%&�'�

No (*)+)-,/.10325476�(8,:9;(<03.1039=.1>*)@?�ACB325D

EGFIHGJ
H

KMLONQPRLOSQTVUXWQYZP'[@U]\�P3^O_QU`_QU
a#b�c E`Hed&f a Hhg:iZj*k&lnm

o�prq/s*tvuOw;tvxyq{z}|�~��V�������/���5~}�5�V���*����~����/���5~��
pM�VqypQuO�Vq3�nuO�&���������*���V�����*������|�~��V�������/����~������ �n�8�5¡�����¢+�

£ uO¤Q¥]w@�{sVu £ �V� £ �<wV¦ §:s3¨Ow@�ª©�¨8s8x«¨O�/uOw@�
¬ ¢-�­���/�*��¡7����~���® ¬ ¢-���5�/�8���V����¯�¡7����~���®R|�~��V�������/����~���®�°²±�¢-±��­���³��~�¡7���­���/����¡7´­®eµ7�v¶r¡���¢

p��Vq·¥*�X¤�xyq3�n�*x¸¥X¨O�¹xy�º¤��Q�'p��r»ºw¼t¾½X�r�º¿��º¤�x�pQuO�

J�ÀrÁ-ÂQÀQÃÅÄ�Æ�Ç	ÈMÉ8ÄMÈ}Ê+Ä
f b�a f	Ë­mÌdÌH<ÍÎlÏÇ	f�H a H<J

[@U<ÐnL�ÑXTVLOSQPVU�Ò�Ó�Ó�Ô

E<Ê-É8Æ­Õ Ö
J�E�Ç�×nj*g¸j*E`Ø a H<J J�Ù�J�E`ÚeÛÜH`J$ÝÞf	HªE�Ç�f a�a HhE]ÙÌl`Hßk&Hed�E`f�H

a Ê+Æ�Õ5à�É8Õ�á�Æ�â�ÃÅÕãE<ä}å5â�Õ
Ö
æ U8^�W�çãY@Ñ3èrUX[�éeê/ëeìÜUºTRíîNrÑ`éªï]ðªñeòRé

ó d&feÙ
ç
ôQéõY@_¹Y@UXPªðªöÏëeò'ð]öÏ÷ ø¸PVù*ú/Y@_QUXW�T
ç
ô æ U8^�W¹ûyø�Y@UXP/P3U<òõêCü�ýeñõòõé òe^�KQKMLOP/TVUXNQP
ç
ô�÷�LOKQèQY@U`þ}ñeòRÿ'ëeïeòRê�öÏü�ý òe^�KQKMLOP/TVUXNQP
ç
ô��õ[1^O_¹Y���YZP��]ýõñeòRê�þRëeì]ë�� ö��Q^	��YZW�^�TVUXNQP
ç
ô æ U8^�W¹ûyç�Y@Ñ3èrUX[ÅéªêCëeì éeYZPVU*ÑXTVUXNQPõ_QU]T/è�
*úVU
ç
ôQíîNrÑ`éªï]ðªñõòõé éeYZPVU*ÑXTVUXNQPõ_QU]T/è�
*úVU



�
�



� ����������������� �����! "���$#&%�' (*) +-,
Π . %0/2143��5%0/6)7#8��'9�:�<;

�
�=�



�?>



@ A B C D E D F A @ G9D H D F

�e��%&�'� ���	�JI �����­�n"#�	� K
"ML����NIOL ���QPª"����SRÌ�³��� TVU
"ML����NIOL ��� ���$!��õ�³��� U
"³�WI �{"³�����WI �n� ��� UXT
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�­�
��"³����� ��������� [
[ I ���]\��R��� �����}� ���^\_I �	�J` "³���e�³"�� ��� ������� � �n�
��"³� ab�c?b d�egfihkj_lWmWn<fkdoj_e c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c qb�csr nkj�t�j_egevuwn:xvhkj�y{z�f|j�}�h|zv~�x|do�_mvu c^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c �b�c�r�c=b ��doy2mgt�z�fkdoj_e c^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c�b�rb�c�� tXdo}�evu�lWu�fihizWev��y{do����doj_e4��zWeW�N~�u�h�fiu���cpc^c^cpc^c^c^cpc^c^cpc^c�b!�b�cs��c=b ��doy2mgt�z�fkdoj_e c^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c�b��b�c�� �<zWh|hgu���tXu��Wd��<t�uwnkj_mg~�tX��u��-mgevuwn:x|zWhk}^u cpc^c^c^cpc^c^cpc^c�b��b�c���c=b ��doy2mgt�z�fkdoj_e c^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c�b!�b�cs� n<d�hin:m|d�f|�{���_mgd���zvtXu�e|f|�{lWu��6��t���y2u�e|f|�2~$zWh�fkd�u�t��6~�u�u�n�c^c�r�bb�c���c=b ��doy2mgt�z�fkdoj_eW��c^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c�r�rb�c�� nkj�evn:tXmW��doj_ev� c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c�r �
¡ �R� ��"³��%&��\_I � ��� �õ� ¢n���'����" ���
���������'� ��� �Ï���õ���	�������
������" �}� �7�p\_I �	� ��� �����	� �
�����	"³� ¡ ar�c?b d�egfihkj_lWmWn<fkdoj_e c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c�r£qr�csr t�¤���f�z�fOlizveW�6t�¤�u���~�z|n:uwlWu��6��j_eWn<fkdoj_ev�{nkj�e|fkd�evmgu�� c^cpc^c�r£�r�c�� t�¤���f�z�f¥lizveW��t�¤�u���~�z|n:u�lWu�����j_eWn<fkdoj_ev�_zW�k��j�tXmvy2u�egf¦nkj_egfkd¨§evmvu�� c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©���
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r�c�� t�¤���f�z�fOlizveW�6tXu�~�hkj_lWm|d�fOlWu��6u���~$zgn:u�� c^c^cpc^c^c^cpc^c^cpc^c©���r�cs� ��j_t�m|fkdoj_eªlWu«��¬^��fi­�y{u��®evu�mgfkhgu��®t�d�ev��zgd�hgu��¯~�zvh7tXzªy2��§fixWj_lWuw~$z_�]�-~�zW�°cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©��qr�c�� ��j_t�m|fkdoj_e±lWuw�²¬^��fi­�y2u��{egu�m|fih|u��NtXd�eg��zvd�h|u��N~�zvhO��z-h|u�§~�h|����u�egf�z�fkdoj�e-lWuwn<z|mvn:xi¬ cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©���r�cs��c=b u��_u�y2~�tXu c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c³�²rr�cs� nkj�evn:tXmW��doj_ev� c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c³���
´ ���e��%Ì�­�R�­�pL ��� �7�e��%Ì���'���^L "³��%&�
����� ������" �R�	�Ü�Å� �7�p\WI ���
� ������"³�	��µÏ��� ������" !����­�NL ¶�·��c?b d�egfihkj_lWmWn<fkdoj_e c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c³�����csr ��f�zW�<d�t�d�fi�7lvu7�²¬^��fi­�y2u��{evu�mgfih|u���c^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c³�����c�� fih|zveW����j_hvy{z�f:d¸j_ev�{lvu7y2j�lv­�tXu�� c^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c���r��cs��c=b fihizWev����j_hgy{z�fkdoj_eW�¹lkzWev�7t�u8lWj^y6zvd�evu���h|����mgu�ei§fkd�u�t�c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c���r��cs��c�r fihizWev����j_hgy{z�fkdoj_eW�6lizveW�6tXu�lWj^y6zvd�evu�fiu�y{~�j_h|u�t°c��£���c�� ��f�zW�<d�t�d�fi�wd�eglW��~�u�eglizWegfiu7lWu�t�z±f�zvd�tXtXuwlWm±h|u�f�zvhglºc_cpc^c������cs� ��f�zW�<d�t�d�fi�7lv��~�u�evlkzWegfiu7lWu�t�z±f�zvd�tXtXuwlWm±h|u�f�zvhgl4c^c^cpc^c��£���c�� nkj�evn:tXmW��doj_ev� c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©��b

¶ ���e��%Ì�­�R�­�pL "³��%&� �7�	� ��� �Å� �7�p\_I �	� � �n�
��"³�	� �i¢��	� ���M»
�
�]I ������� ��������������� � �n�õ�'� ¼ ´��c?b d�egfihkj_lWmWn<fkdoj_e c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©�£���csr ~�hkj_�:tX­�y2u cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©�����c�� fih|zveW����j_hvy{z�f:d¸j_e8lWu-y�j_lW­�tXu±z��Wu�n³l:¬_egzWy{do��mgu-zvlWlvd¨§fkdoj�egevu�tXtXu cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©�����c�� ��f�zW�<d�t�d�fi�&hij_�:mv��fiu�lW��~�u�eglizWe|f½lWu�t�z½f�zvd�tXtXu�lWm¾h|u�§f�zvhgl±z��_u�nªl:¬_egzWy{do�_mvu�zWlWlgd�f:d¸j_egevu�t�tXu c^cpc^c^c^cpc^c^cpc^c©�����cs� u��Wu�y2~�t�u��¿c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c��£���c�� nkj�evn:tXmW��doj_ev� c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c��£�

· ���e��%Ì�­�R�­�pL "³��%&�
���	� ��� �Å� �7�p\WI ��� �
�����	"³��� ������� ���M»
�
�]I ������� ��������������� � �n�õ�'� aÀa��c?b d�egfihkj_lWmWn<fkdoj_e c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c��£q��csr ~�hkj_�:tX­�y2u cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c��£q��c�� fih|zveW����j_hvy{z�f:d¸j_eÁlWu�y2j�lv­�tXu���zveW�Jl:¬_egzWy{do�_mvu©zvlWlvd¨§fkdoj�egevu�tXtXu cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©q�Â��c�� ��f�zW�<d�t�d�fi�±hkj_�:mW��fiuÃlW��~�u�eglizWegfiu-lvuOt�zÄf�zgdotXtXuOlWmÄh|u�§f�zvhglÅ��zWev�6l:¬_egzWy{do�_mvu�zWlWlgd�fkdoj�egevu�t�tXu c^cpc^c^c^cpc^c^cpc^c©q�r��cs� nkj�evn:tXmW��doj_ev� c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c^c^cpc^c^cpc^c©���
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n<ÒvÓÕÔ	ÓÕÖ �=× ÒkÒ	ØoÙ:Ú ×5�
Û�Ü	� Ú�Ý�Þ
Ò*ÓÕÒ Û Ù�ß�Ô*ß � ÔgàpÞ
Ý�Ø¸ÙáÝ£â � Þ � Ù5Ô × Ö�â�ã�ØoÙäÒgß�Ò*Ø<Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø:à × Ò*ÙäÝ × ßß�ÒpÙ�å�Ú$Ò Û Ò	ã�Ù × Ò9Ò*ÙWÚ�Þ
ã�ØvÚ"Ý × Ù �
Ü ã�Þ � æ × Ò	ÓÕÒ Û ÙWà®ÞY¤�Ö�â�ÙäÒ Û Ù � Ö Û ß�Ò Ü Ö Û ß � Ù � Ö Û Øgß�Ò9ØoÙáÝ�â � Þ � Ù5Ô^ç�ã �ß�Ô*Ú$Ò Û ß�Ò Û ÙWß�ÒpÞ
ÝèÙáÝ � Þ=Þ=Ò_ß�Ò	Ø × ÒÊÙáÝ × ß�Ø	c�j Û2Ü Ö Û Ø � ß�æ × Òpß�Ò*ØvØ¸å�ØoÙäæ	ÓÕÒ*ØWß�Ô Ü	×¸� ÙäØ|Ú"Ý × ß�Ò	ØgÔ	ç�ã"Ý §Ù � Ö Û Ø0ß �=é Ô × Ò Û Ù � Ò	Þ
Þ=Ò*ØëêVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Ø�Ý!å²Ý Û ÙXß�Ò	Ø × ÒÊÙáÝ × ß�ØXØ5ã × Þ¨¤�Ô*ÙáÝ Ù �=Û Ø¸ÙäÝ Û ÙäÝ Û Ô�Ò*ÙXØäÝiß�Ô ×5�?> Ô	Ò£ìÝ > Ò Ü ß�Ò*Ø �
Û�Ü Ò × Ù � Ù5ã�ß�Ò*Ø�â$Ö ×5Û Ô*Ò	Ø Û Ö Û Þ �
Û Ô	Ý �=× Ò*Ø > Ý ×5� Ý Û ÙäÒ*Ø�ß"Ý Û Ø<Þ=Ò|Ù5Ò	ÓÕÚ�Ø�Ø5ã × Þ¨¤�Ô*ÙäÝ£Ù �
Û Ø¸ÙáÝ Û §ÙäÝ Û ÔgÒ*Ù:ÞY¤�ÔÊÙáÝ Ù �=Û Ø¸ÙäÝ Û ÙäÝ Û Ô × Ò*ÙáÝ × ß�Ô£ì�Ò*Ù<ß�Ò	Ø �
Û�Ü Ò × Ù � Ùäã�ß�Ò*Ø�â$Ö ×5Û Ô*Ò	Ø:ç�ã"Ý£Ø � Þ �
Û Ô!Ý �=× Ò	Ø > Ý ×5� Ý Û ÙäÒ*Øß"Ý Û ØÕÞ
ÒMÙäÒ*Ó¯Ú�ØÕØ5ã × Þ¨¤�Ö�Ú$Ô × Ý£ÙäÒ*ã × ß�ÒNß �=é Ô × Ò Û�Ü Ò�c�t�¤�Ý Û Ý�Þ?å�Ø¸Ò6Ò*Ø¸ÙÕêZÝ � ÙäÒ]Ú"Ý × ã Û Ò{Ý�Ú�Ú × Ö Üáí ÒÜ Ö�Ó9â �
Û Ý Û ÙkÞ=Ò	Ø:ÙäÒ Üáí�Û�� ç�ã�Ò*Øgt�y6d_î �
Û Ô*ï²Ý�Þ � ÙäÔ*Ø:Ó¯Ý£Ù ×¸�
Ü	� Ò*Þ=Þ=Ò*Ø:Þ �=Û Ô!Ý �
× Ò	Øäð�Ò*ÙiÞ
Ò*ØkêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Øß�Òvt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø¸Ö > Ø5ñ �
� ì�ÒÊÙ<Ú"Ý × ã Û ÒvÝ�Ú�Ú × Ö Üáí Ò Ü Ö Û ØoÙ × ã Ü Ù �?> Òvß�Òvt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
� clWÝ Û Ø<Þ
Ý^Ú × Ò	Ó � æ × Ò|Ú�Ý × Ù � Ò�ì²Ö Û Ö�â�Ù � Ò Û Ù�ß�Ò	Ø Ü Ö Û ß � Ù � Ö Û Ø�Ø5ã�òÕØ5Ý Û Ù5Ò	Ø:ß�ÒgØoÙáÝ�â � Þ � Ù5Ô × Ö�â�ã�Ø¸Ù5ÒvÒ ÛÙ5Ò × ÓÕÒ	ØXß�Ò�Þ¨¤�Ò Ì�� ØoÙäÒ Û�Ü Ò�ß�Ò�Ø5Ö�Þ
ã�Ù � Ö Û Ø�Ú$Ö�Ø � Ù �?> Ò	ØXß�Ò�t�y{d�Ø	c lWÝ Û Ø�ÞóÝkß�Ò	ã Ì�� æ*ÓÕÒ�Ú"Ý × Ù � Ò�ì!Ö Û Ú × Ö£§Ú$Ö�Ø¸Ò|ã Û ÒiÓ¯ÔÊÙ í Ö�ß�Òiç�ã � Ú$Ò × Ó¯ÒÊÙ�ß�Ò Ü Ý�Þ Ü ã�Þ
Ò × ß�Ò*Ø�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Ø�ß�Ò|t0å²Ý�Ú�ã Û Ö > §�È × Ý£Ø5Ö > Ø¸ñ �=�Ú$Ö�ã × ã Û Ò Ü ÞóÝ£Ø5Ø5Ò]ß�Ò]Ø¸å�Ùäæ*Ó¯Ò*ØÕÞ �
Û Ô	Ý �=× Ò*Ø Û Ò*ã�Ù × Ò	Ø*ô�Ò Û Ø	¤�Ý�Ú�Ú�ã�å²Ý Û ÙÕØ¸ã × Þ=Ò	Ø9êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*ØÚ × Ö�Ú$Ö�Ø¸Ô	Ò	Ø*ì�Ö Û Ö�â�Ù � Ò Û Ù<ß�Ò Û Ö�ã > Ò	Þ=Þ
Ò*Ø Ü Ö Û ß � Ù � Ö Û Ø�ß�ÒvØ¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�Ø¸ÙäÒ£c�t�Ò*Ø Ü Ö Û ß � Ù � Ö Û Ø�ß�ÒØoÙáÝ�â � Þ � Ù5Ô¯Ö�â�ÙäÒ Û ã�Ò	Øèï�Ô Û Ô × Ý�Þ � Ø5Ò Û Ù9ß�Ò*Ø × Ô*Ø5ã�Þ?ÙáÝ£Ù5Ø9Ò Ì�� Ø¸ÙäÝ Û Ù5Øõà2ÞóÝ Ü Þ
Ý�Ø5Ø¸Ò®Ù × æ*Ø9ï�Ô Û Ô × Ý�Þ=ÒMß�Ò	ØØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò*Ø	c
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���e��%Ì���'�­��� �ÕP ���	I �g»X�����R�n� �}� �7�	�_I � �ÕP �
�����	"���� �������
��%ã����"��³�Ì�Õµ f í�� Ø9Ù í Ò*Ø � ØèêVÖ Ü ã�Ø¸Ò	ØÕÖ Û Ù í ÒNß�Ò*ÞóÝ!å�§�ß�Ò	Ú$Ò Û ß�Ò Û Ù × Ö�â�ã�ØoÙÕØ¸ÙäÝ�â � Þ � Ù�å�Ö�êÞ �
Û Ò	Ý ×]Û Ò*ã�Ù × Ý£Þ�ß�Ò	Þ
Ý�åwØ¸å�Ø¸Ù5Ò	ÓÕØ	cgf í Ò�Ø¸å�Ø¸ÙäÒ*ÓÕØ2ã Û ß�Ò ×{Ü Ö Û Ø � ß�Ò × Ý£Ù � Ö Û Ý × Ò÷ß�Ò	Ø Ü	×5� â$Ò	ßøâ�åêVã Û�Ü Ù � Ö Û Ý£Þgß �=é Ò × Ò Û Ù � Ý£ÞgÒ*ç�ã"Ý£Ù � Ö Û Ø*ì�ù � Ù í�Û Ö × Ó â$Ö�ã Û ß�Ò	ßwÙ � ÓÕÒ > Ý × å �=Û ï Û Ö Û Þ �=Û Ò!Ý × ã Û §Ü Ò × ÙäÝ �=Û Ù � Ò	Ø �
Û Ù í Ò�ú*Ø¸ÙáÝ ÙäÒ�ú£ì �
Û Ù í Ò®ß�Ò	ÞóÝ!å�Ò	ßwú*ØoÙáÝ£ÙäÒ�ú¯Ý Û ß Û Ö × Ó½â$Ö�ã Û ß�Ò	ß¿Ù � ÓÕÒ > Ý × å �=Û ïç�ã"Ý�Ø � Þ �
Û Ò	Ý × ã Û�Ü Ò × ÙáÝ �=Û Ù � Ò*Ø �=Û Ù í Ò2ß �=é Ò × Ò Û�Ü Ò2Ö�Ú$Ò × Ý£Ù5Ö × c�f í Ò�Ý Û Ý�Þ?å�Ø � Ø � Ø¯Ú$Ò × êVÖ × ÓÕÒ	ß �
ÛÙ í ÒºÙ � ÓÕÒpß�Ö�Ó®Ý �
Û ã�Ø �=Û ï]Ý Ü Ö�Ó9â �=Û Ò	ß�t�y6d|t0å²Ý�Ú�ã Û Ö > §�È × Ý£Ø5Ö > Ø¸ñ �=� Ý�Ú�Ú × Ö²Ý Üáí Ý Û ßSÝ Û ÒÊùt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
�:Ü Ö Û ØoÙ × ã Ü Ù �?> ÒNÝ�Ú�Ú × Ö²Ý Üáí c�� �
× Ø¸Ù!ì�Ø5ã�ò Ü	� Ò Û Ù Ü Ö Û ß � Ù � Ö Û ØpêVÖ ×9× Ö�â�ã�Ø¸ÙØoÙáÝ�â � Þ � Ù�å÷Ý × Ò®ï �?> Ò Û¥�
Û Ù5Ò × ÓÕØºÖ�êkÙ í ÒMÒ Ì�� Ø¸Ù5Ò Û�Ü Ò]Ö�êiÚ�Ö�Ø � Ù �=> Ò¯ß�Ò*û Û�� Ù5ÒMØ5Ö�Þ=ã�Ù � Ö Û ØpÖ�ê|t�y{d�ØÝ Û ß�ù<Ò9Ò Ì ÙäÒ Û ß÷Ø¸Ö�Ó¯ÒºÚ × Ò >�� Ö�ã�Ø × Ò	Ø¸ã�Þ=Ù5ØWÖ Û Ù í Ò9Ø5ã�â�ü¸Ò Ü Ù!cX��Ò Ü Ö Û ßSù<Ò9Ú × Ö�Ú$Ö�Ø5ÒèÝMÓÕÒ*Ù í Ö�ßÙ5Ö Ü Ö�Ó¯Ú�ã�ÙäÒWÝºt0å²Ý�Ú�ã Û Ö > §�È × Ý£Ø5Ö > Ø¸ñ �=� êVã Û�Ü Ù � Ö Û Ý£ÞÀêVÖ × Ýºï �=> Ò Û®Ü ÞóÝ£Ø5Ø<Ö�ê�Þ �=Û Ò!Ý ×�Û Ò	ã�Ù × Ý�Þ�Øoå�Øo§Ù5Ò	ÓÕØ	ô�â"Ý�Ø5Ò*ß6Ö Û Ù í Ò_Ú × Ö�Ú$Ö�Ø¸Ò	ß{t0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø¸Ö > Ø5ñ �
� êVã Û�Ü Ù � Ö Û Ý�Þ=Ø	ì Û ÒÊù × Ö�â�ã�Ø¸ÙiØ¸ÙäÝ�â � Þ � Ù�åÜ Ö Û ß � Ù � Ö Û ØiÝ × Ò�ï �=> Ò Û c
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n<Ò�Ù × Ý > Ý � Þ�ÝgÔ*Ù5Ô × Ô	Ý�Þ � Ø5Ô�Ý�ãºØ5Ò �
Û ß�ãètXÝ�â$Ö × Ý£ÙäÖ �
× Ò�ß0¤�zvã�ÙäÖ�Ó¯Ý£Ù � ç�ã�Ò�ß�Òk} × Ò Û Ö�â�Þ
ÒvîYt�z|}pðØ¸Ö�ã�Ø�ÞóÝ_ß �=× Ò Ü Ù � Ö ÛõÜ Ö Û ü¸Ö �
Û ÙäÒkß�Òvy�y�c�þ�Ò	Ý Û §�y �
Üáí Ò*Þ$lvdoj_e7ÒÊÙ<t�ã Ü lWmv}�zvhglpì�l �=× Ò Ü ÙäÒ*ã × Øß�ÒèhiÒ Üáí Ò ×5Üáí ÒÕÝ£ã÷n:evhg��c�þ�Ò > Ö�ã�ß × Ý � ØvÞ
Ò*ã × Ò Ì Ú ×¸� ÓÕÒ × Ó¯Ý®Ú × Ö�êVÖ Û ß�Ò9ï × Ý£Ù � Ùäã�ß�ÒpÚ$Ö�ã × Þ
Ò*ØÜ Ö Û Ø5Ò � Þ=Ø	ì�Þ
Ýÿï × Ý Û ß�Ò{Ò Ì Ú�Ô ×5� Ò Û�Ü Ò�ß�Ò{ÞóÝ × Ò Üáí Ò ×¸ÜÆí Ò�Ò*Ù¯Þ
Ò*ã × ØÕÒ Û�Ü Ö�ã × Ý�ï�Ò*Ó¯Ò Û ÙäØ¯ç�ã � Ó6¤�Ö Û Ùâ$Ò	Ý�ã Ü Ö�ã�Ú2Ý�Ú�Ú$Ö × ÙäÔWÙäÖ�ã�Ù|Ý�ã6Þ=Ö Û ïèß�Ò Ü Ò_Ù × Ý > Ý � Þ¨cþ�Ò > Ò	ã Ì Ò Ì Ú ×¸� ÓÕÒ × Ý£ã�Ø5Ø � Ó¯ÝÕÚ × Ö�êVÖ Û ß�Ò × Ò Ü Ö Û�Û Ý � Ø5Ø5Ý Û�Ü ÒèàMy�c$�vÞóÝ�ß � Ó �?× È�xgzWhid�f|jg§evji�9ìÀ~ × Ö�êVÒ	Ø¸Ø5Ò	ã × Ý�ã2n<Ò Û Ù × Ö¯ß�Ò�d Û�> Ò*Ø¸Ù � ï²Ý Ü*����Û å]ß�Ò^u�Ø¸Ùäã�ß � Ö�Øiz > Ý Û�� Ý�ß�Ö�Ø|ß�Ò*ÞXd Û ØoÙ � Ùäã�Ù5Ö~�Ö�Þ � Ù5Ò Ü*Û��
Ü Ö_evÝ Ü*� Ö Û Ý�Þ�î¨n<d�ei�_u���f�z��|§�d�~�eWð�Ý�ã¯y6Ò Ì�� ç�ã�Ò£ì�Ú$Ö�ã × ØäÝ Ü Ö�Þ
ÞóÝ£â$Ö × Ý Ù � Ö Û ß"Ý Û Ø Ü ÒÙ × Ý > Ý � ÞYìëÚ$Ö�ã × Ø5Ò	Ø Ü Ö�ÓÕÓ¯Ò Û ÙäÝ �
× Ò	Ø_Ò*Ù^Ú$Ö�ã × ÞY¤ í Ö Û�Û Ò*ã × ç�ã0¤ � Þ�ÓÕÒèêZÝ � Ù_Ò Û Ý Ü	Ü Ò	Ú�ÙäÝ Û Ùpß0¤��*Ù × ÒÒ Ì Ý£Ó �=Û Ý£Ù5Ò	ã × ß�Ý Û ØiÞ
Ò^þ�ã × å�cþ�Ò > Ö�ã�ß × Ý � Ø9Ý£ß × Ò*Ø5Ø5Ò × ÓÕÒ*Ø × Ò	ÓÕÒ ×¸Ü	� Ò	ÓÕÒ Û ÙäØ9à�y�c�l � ß � Ò × }^u�j_hk}^u���ì�~ × Ö£êVÒ	Ø5Ø¸Ò	ã × àÞY¤�d�eg~�}èì²Ú$Ö�ã × Þ¨¤ í Ö Û�Û Ò	ã × ç�ã0¤ � ÞÀÓ¯ÒkêZÝ � Ù�Ò Û Ý Ü*Ü Ò	Ú�ÙáÝ Û Ù:ß�ÒgÚ × Ô*Ø � ß�Ò × Þ=Òvþ�ã × åÕß�Ò Ü Ò*Ù¸ÙäÒ|Ù í æ*Ø5Ò�cþ�Ò®Ù � Ò Û Ø9à × Ò*ÓÕÒ ×5Ü*� Ò ×p>��=> Ò*Ó¯Ò Û Ùõy�c�þ�Ò	Ý Û §�~ � Ò ×¸× ÒMhid¸n<xgzWh|lºì�~ × Ö�êVÒ*Ø5Ø¸Ò	ã × à2Þ¨¤�� Ü Ö�Þ
Òn<Ò Û Ù × Ý�Þ=Ò�ß�Ò<t � Þ
Þ=Ò£ì!ß0¤�Ý > Ö �
× Ý Ü*Ü Ò*Ú�ÙäÔ�ß0¤��*Ù × Ò × Ý£Ú�Ú$Ö × Ù5Ò	ã × ÒÊÙ�ß�Ò�Ú�Ý × Ù �
Ü*� Ú$Ò × Ý�ã9þ�ã × å�c£��Ò	Ø Û Ö�Óõ§â × Ò	ã�Ø¸Ò	Ø × Ò	Ó¯Ý × ç�ã�Ò	Ø�Ò*Ù^Ø¸Ò	Ø Ü Ö Û Ø5Ò � Þ=Ø�Ú$Ò × Ù �=Û Ò Û ÙäØ�Ó6¤�Ö Û Ù_Ú�Ò × Ó � ØWß0¤�Ý�Ó¯Ô*Þ � Ö × Ò × ï × Ý Û ß�Ò	ÓÕÒ Û ÙÓÕÖ Û Ó¯Ý Û ã�Ø Ü*×5� Ùkß�Ò_Ù í æ*Ø5Ò�cþ�Ò÷Ø5ã � Ø6Ô	ï�Ý�Þ
Ò*Ó¯Ò Û Ù]Ù × æ*Ø í Ö Û Ö × Ô÷ß�Ò÷Þ
Ý«Ú"Ý × Ù �=Ü	� Ú"Ý£Ù � Ö Û ß�Ò¿y{Þ
Þ=Ò÷��Ö�Ú í�� Òÿf�zvhg�:j�mk§hid�u�n:xpì�l �
× Ò Ü Ù5Ò	ã × ß�ÒghiÒ Üáí Ò ×5Üáí ÒvÝ£ã®n:evhg�õÝ�ã¯t�zgz_�õà_f�Ö�ã�Þ
Ö�ã�Ø5Ò�ì�Ú$Ö�ã × Ø5Ò	Ø × Ò	Ó¯Ý × ç�ã�Ò*ØÒÊÙ�Ø5Ò*Ø Ü Ö�Ó¯ÓÕÒ Û ÙáÝ �=× Ò*Ø�Ø5ã × ÓÕÖ Û Ù × Ý > Ý � Þ�ß�ÒkÙ í æ*Ø5Ò|ÒÊÙ�Ú$Ö�ã × Ý > Ö �
× Ý Ü*Ü Ò	Ú�ÙäÔ|ß0¤��*Ù × Ò × Ý�Ú�Ú$Ö × ÙäÒ*ã ×ÒÊÙ|Ó¯Ò*Ó9â × Ò_ß�ã�þ�ã × å�cþ�Ò > Ò*ã Ì Ý�ß × Ò*Ø5Ø5Ò × ÓÕÒ	Ø × Ò	ÓÕÒ ×5Ü*� Ò*Ó¯Ò Û Ù5Ø�àWy�c Þ
Ò�~ × Ö�êVÒ*Ø5Ø5Ò*ã × z Û ï�Ò	Þ�xvu�h|hgu�hiz�egzimWyÚ$Ö�ã × Ø5Ö Û Ò Û�Ü Ö�ã × Ý�ï�Ò	ÓÕÒ Û Ù|ÒÊÙ|ØäÝ Ü Ö�Ó¯Ú × Ô í Ò Û Ø � Ö Û ì�ç�ãë¤ � Þ × Ò	Ú$Ö�Ø¸Ò^Ò Û Ú"Ý � Ì cþ�Ò > Ò*ã Ì®× Ò*Ó¯Ò ×5Ü*� Ò × Ý�ã�Ø¸Ø � y�c��ÀÝ�ß � d��:hizWxgdoyÁÚ�Ö�ã × Ø5Ò*Ø Ü Ö�ÓÕÓ¯Ò Û ÙäÝ �
× Ò	Ø�Ø5ã × Þ
Ò|ÓÕÖ�ß�æ	Þ=Òß�Ò�Þ
Ý Ü Ö�Þ
Ö Û�Û Ò ÜÆí�× Ö�Ó¯Ý£ÙäÖ�ï × Ý�Ú í�� ç�ã�ÒWÒ*Ù|Ú$Ö�ã × Ø5Ö Û Ý�Ó � Ù � Ô£c
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þ�Ò > Ò*ã Ì Ý£ß × Ò*Ø5Ø5Ò × ÓÕÒ	Ø × Ò*Ó¯Ò ×5Ü*� Ò*Ó¯Ò Û ÙäØºàSy�c�lWÝ Û d > Ý Û Ò	Ø Ü ãJÚ$Ö�ã × ØäÝ Ü Ö�Þ=ÞóÝ£â�Ö × Ý Ù � Ö Ûß"Ý Û Øiã Û Ù × Ý > Ý � Þ Ü Ö�ÓÕÓ9ã Û cþ�Ò > Ò*ã Ìÿ× Ò	ÓÕÒ ×¸Ü	� Ò × Ù5Ö�ã�ÙäÒ*Ø Ü Ò	Þ
Þ=Ò	ØvÒ*ÙWÙäÖ�ã�Ø Ü Ò*ã Ì ç�ã � Ö Û Ù × Ò Û ß�ãÿÓ¯Ö Û Ø¸Ô�ü¸Ö�ã × Ý�ï × Ô!Ý�â�Þ
ÒÝ�ã6Ø¸Ò �=Û ß�ã2t�z|}4ÒÊÙ|Ù5Ö�ã�ØiÓÕÒ	ØiÚ × Ö�êVÒ	Ø¸Ø5Ò	ã × ØgÒ*ÙgÝ�Ó � Ø*ì�Ù × Ö�Ú Û Ö�Ó9â × Ò*ã Ì Ú$Ö�ã × ç�ã�Ò:ü¸Ò�Ú�ã � Ø5Ø¸ÒÞ=Ò	Ø Ü	� Ù5Ò ×k�
Ü*� cþ�Ò > Ò	ã Ì]× Ò	ÓÕÒ ×5Ü*� Ò × Ó¯Ò*Ø:Ú"Ý × Ò Û ÙäØ|y÷c"}^Ý�Þ=ß �=Û Öºhkj�lvh��o}�u	�StXmve|zÃÒ*Ù|y6Ó¯Ò_y2Ý ×5Ü Ò	Þ
Ý~$zWh|u�lWu��2��zWevn:xvu	�÷Ú$Ö�ã × Þ=Ò	ã × Ý�ÓÕÖ�ã × ì�Þ
Ò*ã × ØkÒ Û�Ü Ö�ã × Ý�ï�Ò*ÓÕÒ Û Ù5ØiÒ*ÙiÞóÝ Ü Ö�Ó¯Ú × Ô í Ò Û Ø � Ö Ûç�ã0¤ � Þ=ØkÓ{¤�Ö Û ÙiÚ × Ö�ß � ï�ã�Ô	ØkÙ5Ö�ã�Ù|Ý�ã6Þ=Ö Û ïèß�Ò�Ó®Ý >�� Ò�c� �
Û Ý�Þ
Ò*ÓÕÒ Û Ù!ì!ü¸Ò > Ö�ã�ß × Ý � ØkÝ�ß × Ò	Ø5Ø¸Ò × ÓÕÒ*Ø × Ò	ÓÕÒ ×¸Ü	� Ò*ÓÕÒ Û Ù5ØkÝ�ã]Ú$Ò	ã�Ú�Þ
ÒWß�ã{y6Ò Ì�� ç�ã�Ò_Ò*ÙkÞ
Òn<Ö Û Ø5Ò�ü¸ÖèegÝ Ü	� Ö Û Ý�Þ"ß�ÒWn � Ò Û�Ü	� Ý�åõf�Ò Ü*Û Ö�Þ
Ö�ï � ÝÕî¨nkj_egz|n�¬_f|ð�ç�ã � Ó{¤�Ý_êZÝ � Ù�â$Ô Û ÔÊû Ü	� Ò × ß0¤�ã Ûâ$Ö�ã × Ø5Ò�Ú$Ö�ã × ÓÕÖ Û ß�Ö Ü ÙäÖ × Ý£Ù	c
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¤
c�c�cëc�c�c�c�cëc�c�c�c�cëc�c�c�cëc�c�c�c�cëc�c�c�c�cëc�c�c�cëc�c�c�c�cëc�ã Û Ò_ß�Ô	ÓÕÖ Û Ø¸Ù × Ý£Ù � Ö Û Ò*Ø¸Ù:û Û�� Ò

Z cÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀc�Þ¨¤�Ò Û Ø5Ò	Ó9â�Þ=Ò|ß�Ò	Ø Û Ö�Ó9â × Ò	Ø�Ò Û Ù � Ò × Ø
R î × Ò	Ø5Úëc C ð�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c£Þ¨¤�Ò Û Ø5Ò	Ó9â�Þ=Ò<ß�Ò	Ø Û Ö�Ó9â × Ò	Ø × Ô	Ò*Þ
Økî × Ò	Ø5Úëc Ü Ö�ÓÕÚ�Þ
Ò Ì Ò	Øäð
Z+ cÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀcÀc�ÞY¤�Ò Û Ø5Ò*Ó9â�Þ
Òiß�Ò*Ø Û Ö�Ó9â × Ò*Ø�Ò Û Ù � Ò × Ø�Ú$Ö�Ø � Ù � êVØ
R+ c$cÀc$c$c$c$c$c$cÀc$c$c$c$c$cÀc$c$c$c$c$c$cÀc$c$c$c$c$cÀc$c�Þ¨¤�Ò Û Ø5Ò	Ó9â�Þ=Ò|ß�Ò	Ø Û Ö�Óèâ × Ò	Ø × Ô	Ò	Þ=Ø�Ú$Ö�Ø � Ù � êVØ
Rn c$c�c$c$c$c�c$c$c�c$c$c�c$c$c�c$c$c�c$c$c�c$c$c�c$c$c�c$c$c�c$c�Þ¨¤�Ò	Ø¸Ú"Ý Ü ÒWu�ã Ü Þ � ß � Ò Û ß�Òvß � ÓÕÒ Û Ø � Ö Û n
Rn×m c"cÀc"cÀc"cÀc"cÀc"cÀc"c"cÀc"cÀc"cÀc²Þ¨¤�Ò Û Ø¸Ò	Ó9â�Þ=Òiß�Ò	Ø�Ó®Ý£Ù ×5�=Ü Ò	Ø × Ô*Ò	Þ
Þ=Ò	Ø�ß�Ò|ß � Ó¯Ò Û Ø � Ö Û

n×m
r ∈ R+ c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c�c0c�c0c�c0c�c0c�c0c�c0c�c0c"ã Û6× Ò*ÙáÝ × ß Û Ö Û6Û Ô	ï²Ý Ù � ê
x (·) ,y (·) ∈ Rn c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c�ß�Ò	Ø > Ò Ü ÙäÒ	ã × Øgß�Ò�ß � Ó¯Ò Û Ø � Ö Û n
xt,yt,φ,ϕ,ψ

c0c0cëc0c0cëc0c0cëc0c0cëc0c0c0cëc0c0cëc0c0c0cëc0c0cëc0c0cëc0c0c�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Ø:Ø¸ã ×
[−r,0]

0n×n ∈ Rn×n c$c$c$c$c$c$c$c�c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c�c$c$c$c$c$c$c$c$c$c$c�ÞóÝ^Ó¯Ý£Ù ×¸�
Ü Ò|ß�Ò � Ô × Ö�Ø
In×n ∈ Rn×n c�c$c�c�c�c$c�c�c�c$c�c�c�c$c�c�c�c$c�c�c�c$c�c�c�c$c�c�c�c$c�c�c$c�c�c�Þ
ÝpÓ¯Ý£Ù ×¸�
Ü Ò � ß�Ò Û Ù � ÙäÔ
A,B,C ∈ Rn×n cÀc$c$c$cÀc$c$c$cÀc$c$c$c$cÀc$c$c$cÀc$c$c$cÀc$c$c$cÀc$c$c$cÀc�ß�Ò	Ø�Ó®Ý£Ù ×5�=Ü Ò	Ø Ü Ö Û ØoÙáÝ Û ÙäÒ*Ø
λmax (M)

c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�Þ
Ý > Ý£Þ
Ò*ã × Ú × Ö�Ú × ÒkÓ¯Ý Ì�� Ó¯Ý�Þ?Ò<ß�Ò
M ∈ Rn×n

λinf (M)
c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�ÞóÝ > Ý�Þ=Ò	ã × Ú × Ö�Ú × Ò �=Û êVÔ ×¸� Ò*ã × Ò:ß�Ò

M ∈ Rn×n

M> ∈ Rn×m c�c�c�c�c�c�c�cëc�c�c�c�c�c�c�c�c�c�c�c�c�c�cëc�c�c�c�c�c�ÞóÝ^Ù × Ý Û Ø5Ú$Ö�Ø¸Ô	Ò_ß�Ò
M ∈ Rn×m

P = P> > 0
c"cÀc"cÀc"cÀc"cÀc"cÀc"cÀc"cÀc"c"cÀc"cÀc"cÀc"cÀc"c�ã Û ÒgÓ¯Ý£Ù ×¸�
Ü ÒkØ¸å�Ó¯ÔÊÙ ×¸� ç�ã�Ò|Ò*Ù�Ú$Ö�Ø � Ù �=> Ò

X > Y (X,Y ∈ Rn×n)
c0c�c0c�c0c�c0c�c0c�c0c�c�c�ÞóÝ9Ó¯Ý£Ù ×¸�
Ü Ò

X − Y
Ò	ØoÙgß�ÔÊû Û�� Ò�Ú$Ö�Ø � Ù �=> Òt�y6dÊîZØáðkcÀcÀcÀc"cÀcÀcÀc"cÀcÀcÀcÀc"cÀcÀcÀc"cÀcÀcÀc"cÀcÀcÀc"cÀcÀc �=Û Ô	ï²Ý£Þ � Ù5Ô²îVØáð�Þ �=Û Ô!Ý �=× Ò²îVØáð�Ó®Ý£Ù ×5�=Ü	� Ò*Þ=Þ=Ò�îZØáð

E
c$c$c�c$c�c$c$c�c$c$c�c$c�ã Û ß�Ö�Ó¯Ý �
Û Òiß�Ò R, Ö Û®Û Ò Ü Ö Û Ø � ß�æ × ÒWç�ã�Òvß�Ò	Ø<Ö�ã > Ò × ÙäØ Û Ö Û®>�� ß�Ò	Ø

O
c�c�c�c�c�c�c�c�c�cëc�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�ã Û Ò Û Ø5Ò*Ó9â�Þ
ÒvÖ�ã > Ò × Ùkß�Ò R

Ω
c0c�c0c�c0c�c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c0c�c"Ò Û ï�Ô Û Ô × Ý�Þ�ã Û ß�Ö�Ó®Ý �
Û ÒWÖ�ã > Ò × Ù|ß�Ò R

C (E,Rn)
c$c$c�c$c$c$c�c$c$c$c�c$c$c$c�c$c$c�c$c�Þ¨¤�Ò	Ø¸Ú"Ý Ü ÒWß�Ò	Ø<êVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �=Û ã�Ò*Ø

f : E → Rn

Ck (E,Rn)
cëc�c�cëc�cëc�cëc�cëc�c�cëc�cëc�cëc�c�cëc�Þ
Ò*Ø<êVÖ Û�Ü Ù � Ö Û Ø<ç�ã � Ö Û Ù

k
ß�Ô ×5�?> Ô	Ò*Ø Ü Ö Û Ù �=Û ã�Ò*Ø



Ì��?>
C, C ([−r,0] ,Rn)

cëcëcëcëcëcëcëc0cëcëcëcëcëcëc�ÞY¤�Ò*Ø5Ú"Ý Ü Ò_ß�Ò��<Ý Û Ý Üáí ß�Ò*ØkêVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �=Û ã�Ò*Ø
C ([−r,0] ,Rn×n)

c0c0c0c�c0c0c0c�c0c0c0c0c�c0c�Þ¨¤�Ò	Ø¸Ú"Ý Ü Ò^ß�Ò^�:Ý Û Ý ÜÆí ß�Ò	ØiêVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �=Û ã�Ò*Ø
B (C,Rn)

cëcëcëcëcëcëcëcëc0cëcëcëcëcëcëcëcëcëcëcëc�Þ¨¤�Ò	Ø5Ú�Ý Ü Ò_ß�Ò	ØiÝ�Ú�Ú�Þ �
Ü Ý£Ù � Ö Û Ø<Þ �
Û Ô	Ý �=× Ò*Ø<â$Ö ×¸Û Ô	Ò*Ø
H c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c$c?c$c$c$c$c$c$c$c$c$c$c$c$c�ã Û Ö�ã > Ò × Ù:ß"Ý Û Ø

E×C ([−r,0] ,Rn)

Lp, Lp ([−r,0] ,Rn)
Ý > Ò Ü

1 ≤ p ≤ ∞ c�c$c�c�c$c�c�c$c�c�ÞY¤�Ò*Ø5Ú"Ý Ü Òvß�Ò_t�Ò*â$Ò	Ø5ï�ã�Ò_Ø¸ã ×
[−r,0]

Lp (Ω,Rn)
Ý > Ò Ü

1 ≤ p ≤ ∞ cëc�cëcëcëc�cëcëcëc�cëcëcëc�cëcëcëc�c�Þ¨¤�Ò	Ø¸Ú"Ý Ü Ò_ß�Ò_tXÒ*â$Ò	Ø¸ï�ã�Ò�Ø¸ã ×
Ω

Lloc1 (Ω,Rn)
c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c�c£ÞY¤�Ò*Ø5Ú"Ý Ü Ò:ß�Ò	Ø�êVÖ Û�Ü Ù � Ö Û Ø�Þ
Ö Ü Ý�Þ
Ò*ÓÕÒ Û Ù �=Û Ù5Ô	ï × Ý�â�Þ=Ò	Ø

Mp
cëcëcëcëcëcëcëcëcëcëcëcëcëcëcëcëcëcëcëcëc�cëcëcëcëcëcëcëcëcëcëcëcëcëcëcëc�Þ¨¤�Ò	Ø¸Ú"Ý Ü Ò_Ú × Ö�ß�ã � Ù Rn ×Lp

p.p.
ß�Ý Û Ø

E
cÀc$c$c$c$c$c$c$c$c$c$c$cÀc$c$c$c$c$c$c$c$c$c$c$cÀc$c$c$c$c$c$c$c�Ú × Ò	Ø¸ç�ã�Ò_Ú�Ý × Ù5Ö�ã�Ù<ß�Ý Û Ø

E

W , W ([−r,0] ,Rn)
c�c0c�c0c�c0c�c0c�c0c�c�Þ¨¤�Ò	Ø5Ú�Ý Ü Ò�ß�Ò	ØkêVÖ Û�Ü Ù � Ö Û Ø|Ý£â�Ø5Ö�Þ
ã�ÓÕÒ Û Ù Ü Ö Û Ù �=Û ã�Ò*Ø

W1
p , W1

p ([−r,0] ,Rn)
Ý > Ò Ü

1 ≤ p ≤ ∞ cëc�c�cëc�c�cëc�c�c�ÞY¤�Ò*Ø5Ú"Ý Ü ÒWß�Ò���Ö�â$Ö�Þ=Ò > ß0¤�Ö × ß × Ò
1

D (Ω,Rn×n)
c�c$c�c�c$c�c�c�c$c�c�c$c�c�c�c$c�c�c�c$c�c�c$c�c�c$c�c�c�ÞY¤�Ò*Ø5Ú"Ý Ü ÒWß�Ò	Ø<êVÖ Û�Ü Ù � Ö Û Ø�ß�ÒgÙäÒ	ØoÙ

D′ (Ω,Rn×n)
cÀcÀcÀcÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀcÀc"cÀcÀcÀcÀcÀcÀc�Þ¨¤�Ò	Ø¸Ú"Ý Ü Ògß�Ògß � Ø¸Ù ×5� â�ã�Ù � Ö Û Ø

T (·) = 〈T,·〉 c�cëc�cëc�c�cëc�c�cëc�cëc�c�cëc�cëc�c�cëc�cëc�c�cëc�cëc�c�cëc�cëc�c�cëc�c�ÞóÝpß � ØoÙ ×5� â�ã�Ù � Ö Û T
δp (·) = 〈δp,·〉

c0cëc0cëc0cëc0cëc0cëc0cëc0cëc0cëc0cëc0cëc�Þ
Ý9ß � Ø¸Ù ×5� â�ã�Ù � Ö Û
δp
ß�Ò�l �=× Ý Ü Ý�ã]Ú$Ö �
Û Ù

p

[f ] (·) = 〈[f ] ,·〉 cëc0c0c0c0cëc0c0c0c0cëc0c0c0cëc0c0c0c0cëc0c0c0cëc0c0c�Þ
Ý9ß � Ø¸Ù ×¸� â�ã�Ù � Ö ÛM× Ô*ï�ã�Þ � æ × Ò [f ]
‖·‖ c"c"c"c"cÀc"c"c"cÀc"c"c"cÀc²Þ
Ý 2 § Û Ö × ÓÕÒkß0¤�ã Û¯> Ò Ü Ù5Ò	ã × Ö�ãÕÞóÝ Û Ö × ÓÕÒ �
Û ß�ã � Ù5Òkß0¤�ã Û ÒgÓ¯Ý£Ù ×¸�
Ü Ò
‖φ‖C = sup−r≤θ≤0 ‖φ (θ)‖

cëcëcëc�cëcëcëc�cëcëc�cëcëcëc�cëcëcëc�cëcëc�cëcëc�Þ
Ý Û Ö × ÓÕÒWØ¸ã�Ú × Ò	Ó9ã�Ó
‖φ‖Lp

=
[∫ 0
−r
‖φ (θ)‖p dθ

] 1
p Ø �

p ∈ [1,∞) c0cëc0c0cëcëc0cëc0cëc0cëc0cëc0cëc0cëc0c�ÞóÝ Û Ö × ÓÕÒ Lp
‖φ‖L∞ = ess supθ∈[−r,0] ‖φ (θ)‖

Ø �
p =∞ c$c$c$c$c$c$c$c$c�c$c$c$c$c$c$c$c$c$c$c�ÞóÝ Û Ö × ÓÕÒ L∞

‖φ‖W1
p
=
[
‖φ (0)‖p +

∫ 0
−r

∥∥∥
.

φ (θ)
∥∥∥
p

dθ
] 1

p Ø �
p ∈ [1,∞) cëc�cëc�c�cëc�c�cëc�c�ÞóÝ Û Ö × ÓÕÒ W1

p

‖φ‖W1
∞
= max

{
‖φ (0)‖ ,ess supθ∈[−r,0] ‖φ′ (θ)‖

} Ø �
p =∞ cÀcÀcÀcÀcÀc"c�ÞóÝ Û Ö × ÓÕÒ W1

∞
.

f (·) c0c0c�c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c0c�c0c0c0c�Þ
Ý9ß�Ô ×¸�=> Ô*Ò�ß�Ò f Ú"Ý ×i× Ý�Ú�Ú$Ö × Ù|Ý�ã]ÙäÒ*Ó¯Ú�Ø
df+

dξ

c0c0c0cëc0c0c0cëc0c0c0c0cëc0c0c0cëc0c0c0c0cëc0c0c0cëc0c0c0cëc0c0c0c0cëc0c0c�Þ
Ý9ß�Ô ×5�?> Ô	Ò^àèß × Ö � ÙäÒWß�Ò
f

df−

dξ

c�cëcëc�cëcëc�cëc�cëcëc�cëcëc�cëcëc�cëc�cëcëc�cëcëc�cëc�cëcëc�cëcëc�cëc�cëc�Þ
Ýºß�Ô ×5�?> Ô	Ò�àºï²Ý�ã ÜÆí ÒWß�Ò
f

f ′ (·) cëc0c0cëc0c0cëc0c0cëc0c0cëc0c0cëc0c0cëc0c0cëc0c0cëc0cëc0c�Þ
Ý9ß�Ô ×5�?> Ô	Ò�Ø¸ã�Ú$Ô ×¸� Ò*ã × Ò^àèß × Ö � ÙäÒWß�Ò f
[f ]′

c0cëcëcëcëcëcëcëcëc0cëcëcëcëcëcëcëc0cëcëcëcëcëcëcëc�ÞóÝºß�Ô ×¸�=> Ô*Ò_ß�Ò_ÞóÝºß � Ø¸Ù ×5� â�ã�Ù � Ö Û®× Ô*ï�ã�Þ � æ × Ò
[f ]
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Ï � @ A @ G
� Ï F

lWÝ Û Ø Ü ÒÊÙ5ÙäÒÕÝ Û�Û Ò Ì Ò�ìXÖ Û ß�Ö Û�Û Òõã Û Ý�Ú$Ò ×�� ã÷ß�ÒõÞóÝ Û Ö�ÙäÝ£Ù � Ö Û Ø¸ÙáÝ Û ß"Ý × ß0ì�ß�ÔÊû Û�� Ù � Ö Û Ø_Ò*ÙÙ í Ô	Ö × æ	ÓÕÒ	Ø®ç�ã � Ø5Ö Û Ù]ã�Ù � Þ � Ø5Ô*Ø¯ß"Ý Û Ø Ü Ò�ÓÕÔ	ÓÕÖ �=× Ò�ì�Ý > Ò Ü�Ü Ö�Ó¯ÓÕÒ{Ö�â�ü¸Ò Ü Ù � ê�ß�Ò{êZÝ Ü	� Þ � ÙäÒ × Þ
ÝÞ=Ò Ü Ùäã × Òºß�Ò Ü Ò9Ù × Ý > Ý � Þ¨c$m ÛSÜ Ò × ÙáÝ �=Û�Û Ö�Ó9â × Òºß�Ò9ß�ÔÊû Û�� Ù � Ö Û ØvÒÊÙ_ß�Ò × Ô*Ø5ã�Þ?ÙáÝ£Ù5ØWØ¸Ö Û ÙvÙ �=× Ô	Øvß�Ò
� b�Â²���Yì � b��Yì � �����¨ì � b!���Ycm Û Ò�������� »���TVKXT � T ��� �"!�#%$ T'&)(*('& ß0¤�ã Ûø�
Û ÙäÒ ×¸> Ý£Þ
Þ=Ò

I ⊂ R Ò*Ø¸Ù2ã Û Ò Ü Ö�Þ
Þ
Ò Ü Ù � Ö Û
S =

{I1,I2, . . . ,Il}
ß0¤�Ò Û Ø5Ò*Óèâ�Þ
Ò	ØkêVÒ × ÓÕÔ	Ø:ÙäÒ	Þ=Øiç�ã�Ò�+

i) I1 ∪ I2 ∪ · · · ∪ Il ⊆ I;

ii)
Ú�Ý ×^ÜÆí Ý�ç�ã�Ò

k,κ = 1,2, . . . ,l
Ý > Ò Ü

k 6= κ, Ik ∩ Iκ
Ò	ØoÙºØ5Ö � Ù >�� ß�ÒÕÖ�ã Ü Ö Û Ø � ØoÙäÒ¯Ò Û ã ÛÚ$Ö �=Û ÙiØ � Ó¯Ú�Þ=Ò_ç�ã � Ò	ØoÙvã Û Ú$Ö �=Û Ùkê × Ö Û Ù � æ × Ò_ß�Ò

Ik
ÒÊÙ
Iκ
î �=Ü	�

I
Ò	Ø¸Ùgß0¤�Ý�ß í Ô × Ò Û�Ü Òºß�Ý Û Ø R ß�ÒÞY¤�Ò Û Ø5Ò*Ó9â�Þ
Ò

I
ðÆc��Ö � Ù

(µi,j) : [−r,0] → Rn×m (i = 1,2, . . . n,j = 1,2, . . . m)
ã Û ÒÿêVÖ Û�Ü Ù � Ö Û Ó®Ý£Ù ×5� §Ü*� Ò*Þ
Þ
Ò£ì�Ø¸Ö � Ù

S = {I1,I2, . . . ,Il}
ã Û ÒMØ5Ö�ã�Ø�§�ß �?>�� Ø � Ö Û Ú"Ý × Ù � Ò*Þ
Þ=ÒÕß�Ò

[−r,0] Ò*ÙèÚ$Ö�ã ×9Üáí Ý�ç�ã�Ò
k = 1,2, . . . ,l,

Ø5Ö � Ù
Ik := [ak,bk] .

zvÞ=Ö × Ø*ì�Ö Û Ú$Ò	ã�Ù�Ý�Ø5Ø¸Ö Ü	� Ò × à
µi,j, [−r,0] ,S

Þ
Ý¯ç�ã�Ý Û Ù � ÙäÔ
Var[−r,0],S (µi,j)

ß�Ô*û Û�� Ò�Ú"Ý ×
Var[−r,0],S (µi,j) =

l∑

k=1

|µi,j (bk)− µi,j (ak)| .

j Û¦Ü Ö Û Ø � ß�æ × Ò]Ó¯Ý �
Û ÙäÒ Û Ý Û ÙºÞ¨¤�Ò Û Ø5Ò	Ó9â�Þ
Ò
Var[−r,0] (µi,j) = {Var[−r,0],S (µi,j) : S

Ò	Ø¸Ùèã Û ÒØ¸Ö�ã�Øo§�ß �=>�� Ø � Ö Û Ú�Ý × Ù � Ò	Þ=Þ=Ò|ß�Ò
[−r,0]}. j ÛM× Ò	Ó¯Ý × ç�ã�Ògç�ã�Ò Var[−r,0],S (µi,j) Û ÒvÚ$Ò	ã�Ù:Ú"Ý£Ø,�ÊÙ × ÒÛ Ô*ï²Ý£Ù � ê�ì�Ý�Þ=Ö × Ø

0
Ò*Ø¸Ù_ã Û Ò9â$Ö ×¸Û Ò �=Û êVÔ ×¸� Ò*ã × Òpß�Ò

Var[−r,0] (µi,j) .
tXÝMÚ�Þ
ã�ØvÚ$ÒÊÙ � Ù5Òºâ$Ö ×5Û ÒºØ5ã�§Ú$Ô ×5� Ò*ã × Òpß�Ò

Var[−r,0] (µi,j)
Ò	ØoÙ_Ý�Ú�Ú$Ò*Þ
Ô*ÒºÞ
Ý K !�# T !)$ T ���-$%�.$%! ('& ß�Ò

µi,j
Ø5ã ×

[−r,0] , ÒÊÙvÒ	Ø¸Ùß�Ô Û Ö�Ù5Ô	Ò
TVar[−r,0] (µi,j) .

j Û Ý
0 ≤ TVar[−r,0] (µi,j) ≤ ∞

Ú$Ö�ã ×iÛ ¤ � ÓÕÚ$Ö × ÙäÒ_ç�ã�Ò*Þ
µi,j

Ò*Ù
[−r,0] , Ó¯Ý � Ø�Ø � TVar[−r,0] (µi,j) Ò	ØoÙ�ã Û¯Û Ö�Óèâ × ÒiÚ$Ö�Ø � Ù � ê�ì�Ý�Þ=Ö × Ø µi,j Ò	ØoÙ�ß � Ù5Òiß�Ò K !�# T !/$ T ���0 �1#2�"3 & Ø¸ã ×

[−r,0] . tXÝ{êVÖ Û�Ü Ù � Ö Û Ó®Ý Ù ×5�=Ü	� Ò*Þ=Þ=Ò µ = (µi,j)
Ò	ØoÙõß�Ò > Ý ×5� Ý£Ù � Ö Û â$Ö ×5Û Ô*Ò]Ø5ã ×

[−r,0] Ø ��Üáí Ý£ç�ã�Ò µi,j Ò*Ø¸Ù|ß�Ò > Ý ×5� Ý£Ù � Ö Û â$Ö ×5Û Ô*Ò^Ø¸ã × [−r,0] .



Ì�>��
��ã�Ú�Ú$Ö�Ø¸Ö Û Ø

ϕi : R → R (i = 1,2, . . . n)
ß�Ò > Ý ×5� Ý£Ù � Ö Û â$Ö ×¸Û Ô	ÒºØ¸ã × R Ò*Ù Û Ö Û ß�Ô Ü*× Ö � Øo§Ø5Ý Û Ù5Ò � c�Ò�c

ϕi (α) ≤ ϕi (β)
Ø �
α ≤ β.

zvÞ=Ö × Ø<Þ
Ý
µ− 4 & ���"# &5�"&
" ! � ����ß0¤�ã Û]�
Û ÙäÒ ×¸> Ý�Þ=Þ=Ò IØ¸ã × R Ý > Ò Ü ß�Ò	Ø|Ú$Ö �
Û Ù5Ø:ê × Ö Û Ù � æ × Ò*Ø {a,b} ß�Ò I Ò*Ø¸Ù|ß�Ô*û Û�� Ò�Ú"Ý × +

µ ([a,b]) := ϕ> (b+)− ϕ> (a−) , µ ((a,b]) := ϕ> (b+)− ϕ> (a+) ,

µ ([a,b)) := ϕ> (b−)− ϕ> (a−) , µ ((a,a)) := 0,ÒÊÙ|Ø �
a < b µ ((a,b)) := ϕ> (b−)− ϕ> (a+) .j Û ã�Ù � Þ � Ø¸Ò_ç�ã�Ò*Þ
ç�ã�Ò*ØgÒ*Ø5Ú"Ý Ü Ò	Øgß�Ò^�:Ý Û Ý Üáí ì"ç�ã�Ò^ÞY¤�Ö Û]× Ý�Ú�Ú$Ò*Þ
Þ=Ò_ß"Ý Û Ø|Þ
ÝèØ¸ã � Ù5Ò�ct�¤ & ���"!.6 &7�"& �98:���"6;$ T ����� K�& 6;$%�1# T*&<(*(=& �
6>����$ T �?� & �èß�Ô*û Û�� Ò*Ø^Ø5ã ×

[−r,0] à > Ý�Þ=Ò	ã × Øß"Ý Û Ø Rn Ò*Ø¸Ù Û Ö�ÙäÔõÚ"Ý × C ([−r,0] ,Rn)
Ö�ã÷Ø � ÓÕÚ�Þ
Ò*ÓÕÒ Û Ù C. n<Ò*Ù^Ò	Ø¸Ú"Ý Ü ÒÕÒ	ØoÙpã Û Ò	Ø5Ú�Ý Ü ÒÕß�Ò�:Ý Û Ý Üáí Óèã Û�� ß�Ò�ÞóÝ Û Ö × ÓÕÒ_Ø5ã�Ú × Ò*Óèã�Ó ‖·‖C , � c�Ò£c�Ø � ÞóÝºêVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò φ ∈ C Ý�Þ=Ö × Ø

‖φ‖C = sup
−r≤θ≤0

‖φ (θ)‖ .

� � Ò Û Ú�Þ=ã�Ø Üáí Ý�ç�ã�Ò Ü Ö�ÓÕÚ$Ö�Ø5Ý Û Ù5Ò_ß�Ò
φ, φi (i = 1,2, . . . n)

ØäÝ£Ù � ØoêZÝ � Ù�+�Ú$Ö�ã ×kÛ ¤ � ÓÕÚ$Ö × ÙäÒvç�ã�Ò	Þ
ε > 0

� Þ�Ò Ì�� ØoÙäÒ
δ (ε) > 0

ÙäÒ*Þ�ç�ã�ÒõÚ$Ö�ã ×_Û ¤ � ÓÕÚ$Ö × Ù5Ò9ç�ã�Ò	Þ=Þ
Ò*Ø�Ø¸Ö�ã�Ø�§�ß �?>�� Ø � Ö Û ØWÚ"Ý × Ù � Ò*Þ
Þ=Ò*ØWß�Ò
S = {I1,I2, . . . ,Il} ,

� Þ0Ò*Ø¸Ù > Ô ×¸� û"Ô�ç�ã�Ò
l∑

k=1

(ak,bk) < δ ⇒ Var[−r,0],S (φi) =
l∑

k=1

|φi (bk)− φi (ak)| < ε,

Ý�Þ=Ö × Ø
φ
Ò	Ø¸Ù^ß � Ù5Ò@! 0 ��� ( � 4 & ��$A6>����$ T �?� & Ò*Ù^Ö Û ß�Ô Û Ö£ÙäÒ Ü Ò*Ù^Ò	Ø5Ú�Ý Ü Ò W ([−r,0] ,Rn)

Ö�ã
W . j Û ß � Ù|ç�ã0¤�ã Û ÒºÚ × Ö�Ú ×5� ÔÊÙäÔ^Ò*Ø¸Ù > Ô ×5� û"Ô	ÒpÚ × Ò	Ø5ç�ã�ÒºÚ"Ý × Ù5Ö�ã�ÙgØ¸ã × ã Û Ø5Ö�ã�Ø�§�Ò Û Ø5Ò*Ó9â�Þ
Ò

E
ß�Ò

R Ø � Ò*Þ
Þ=Ò_Ò*Ø¸Ù > Ô ×5� û"Ô	Ò�ß"Ý Û Ø
E ⊂ R Ò Û ß�Ò í Ö × Øiß0¤�ã Û Ò Û Ø5Ò*Ó9â�Þ
Ò�ß�Ò�ÓÕÒ	Ø¸ã × Ò Û ã�Þ
Þ
Ò£c

Lp
Ö�ã Lp ([−r,0] ,Rn) (

Ý > Ò Ü
1 ≤ p ≤ ∞) × Ò*Ú × Ô*Ø5Ò Û ÙäÒ¯ÞY¤ & ���"!.6 &B�"& �	& 0 & ��C�� & ß�Ò*ØÜ ÞóÝ�Ø¸Ø5Ò*ØÕîVÚ$Ö�ã × Þ¨¤�Ô	ï�Ý�Þ � Ù5Ô^Ú × Ò*Ø5ç�ã�ÒèÚ"Ý × ÙäÖ�ã�Ùáð|ß�ÒpêVÖ Û�Ü Ù � Ö Û Øvß�Ò

[−r,0] ß"Ý Û Ø Rn,
> Ô ×5� ûÀÝ Û ÙD+

pêVÖ � Ø_t�Ò*â�Ò*Ø5ï�ã�Ò �=Û ÙäÔ*ï × Ý£â�Þ
ÒºØ¸ã ×
[−r,0] Ø � p < ∞ Ö�ãSÒ	Ø5Ø¸Ò Û Ù � Ò*Þ
Þ=Ò	ÓÕÒ Û Ù_â$Ö ×5Û Ô*Ò	Ø�Ø �

p = ∞.t�¤�Ò	Ø5Ú�Ý Ü Ò^ß�Ò^t�Ò	â$Ò*Ø5ï�ã�Ò^Ò	Ø¸Ù|ã Û Ò	Ø¸Ú"Ý Ü Òpß�Ò^�:Ý Û Ý Üáí Ó9ã Û�� ß�Ò�ÞóÝ Û Ö × ÓÕÒ
‖φ‖Lp

=

[∫ 0

−r

‖φ (θ)‖p dθ
] 1

p

, si p ∈ [0,∞)

ÒÊÙ
‖φ‖Lp

= ess sup
θ∈[−r,0]

‖φ (θ)‖ , si p =∞, φ ∈ Lp.



Ì�>��=�
lvÒ2ÓE�	ÓÕÒ�ì�Ö Û Ú$Ò	ã�Ù®ß�Ô*û Û��
× ß�Ò*Ø®Ò	Ø¸Ú"Ý Ü Ò	ØMß�Ò2tXÒ*â$Ò	Ø¸ï�ã�Ò�Ø¸ã × ß�Ò	Ø®ß�Ö�Ó¯Ý �=Û Ò	ØõÖ�ã > Ò × ÙäØ

Ω, Lp (Ω,Rn)
î × Ò	Ø¸Ú0c Lp (Ω,Rn×n)

ðõÖ�ã�ß�Ò*ØMÒ	Ø5Ú�Ý Ü Ò*Ø]Ö>F�Þ
Ò*Ø¯êVÖ Û�Ü Ù � Ö Û Ø¯Ø5Ö Û ÙMØ5Ò*ã�Þ
Ò*Ó¯Ò Û Ù
( �G6>! ('& 4 & ��$ T ��$%3HC1#�! 0 (*& � Lloc1 (Ω,Rn)

î × Ò*Ø5Ú0c Lp (Ω,Rn×n)
ðÆì � c�Ò£c�ß�Ò*Ø�êVÖ Û�Ü Ù � Ö Û Ø

f : Ω→
Rn î × Ò*Ø5Ú0c f : Ω→ Rn×n ð�ÙäÒ*Þ
Þ
Ò*Ø0ç�ã�Ò f ∈ L1 (O,Rn)

î × Ò	Ø5Úëc L1 (Ω,Rn×n)
ðëÚ$Ö�ã ×�Û ¤ � ÓÕÚ$Ö × Ù5Òç�ã�Ò*Þ

O
ØoÙ ×¸�
Ü Ù5Ò	ÓÕÒ Û Ù Ü Ö Û ÙäÒ Û ãõß"Ý Û Ø

Ω
tXÒ*â$Ò	Ø¸ï�ã�Ò �=Û Ù5Ô	ï × Ý�â�Þ=Ò�c£~�Ý × Ò Ì Ò	ÓÕÚ�Þ=Ò:ÞóÝ|êVÖ Û�Ü Ù � Ö Û

1/xÒ*Ø¸Ù�Þ=Ö Ü Ý�Þ=Ò	ÓÕÒ Û Ù �
Û Ù5Ô	ï × Ý�â�Þ=Ò�Ø¸ã ×
(0,1) ,

Ó¯Ý � Ø Û ¤�Ò	Ø¸Ù�Ú"Ý�Ø �
Û ÙäÔ*ï × Ý�â�Þ
Ò�c�tXÝ|ÓI�*ÓÕÒ�êVÖ Û�Ü Ù � Ö Û^Û ¤�Ò	ØoÙÚ"Ý£ØiÞ
Ö Ü Ý£Þ
Ò	ÓÕÒ Û Ù �=Û Ù5Ô	ï × Ý�â�Þ
ÒWØ¸ã ×
(−1,1) .t�Ý�ß�ÔÊû Û�� Ù � Ö Û ß0¤�ã Û Ò*Ø5Ú"Ý Ü ÒNß�ã"Ý�Þ:ÝSÔÊÙäÔ]ß�Ö Û�Û Ô	ÒNÚ"Ý × h � Ò*Ø � Ò Û b!��b�Â/+�t�¤�Ò*Ø5Ú"Ý Ü Ò6ß�ã"Ý�Þß0¤�ã Û Ò	Ø¸Ú"Ý Ü Ò|Ù5Ö�Ú$Ö�Þ=Ö�ï � ç�ã�Ò X ß�Ô Û Ö�Ù5Ô X ′, Ò*Ø¸Ù�Þ¨¤�Ò	Ø¸Ú"Ý Ü ÒiÖ>FõØ5Ò*Ø�Ô	Þ
Ô*ÓÕÒ Û Ù5Ø�Ø¸Ö Û Ù�ß�Ò	Ø�êVÖ Û�Ü Ù � Ö Û ØÜ Ö Û Ù �
Û ã�Ò	Ø_Þ �=Û Ô	Ý �=× Ò*ØWØ¸ã × X . lWÝ Û Ø_ÞóÝ®Ø5ã � ÙäÒ�ìëÖ Û ß�Ö Û�Û ÒèÞ
Ò*ØWÙ í Ô	Ö × æ	ÓÕÒ	Ø_ß�Ò × Ò*Ú × Ô*Ø5Ò Û ÙáÝ Ù � Ö Ûß�Ò¯h � Ò	Ø � ç�ã � Ú$Ò × Ó¯ÒÊÙ5Ù5Ò Û Ùpß�Ò × Ò*Ú × Ô*Ø5Ò Û ÙäÒ × ß�ÒÕêVÖ × ÓÕÒÕã Û�� ç�ã�Ò¯ã Û ÒÕêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
ÒèÞ �=Û Ô!Ý �=× Ò

F (φ) ∈ L′p ∀ φ ∈ Lp.
�	�{L	��"®\_I �KJMLNJGLZ[.LPORQ2S)TVUXW/Y[Z�S1\^]DQ2_?Ua`*b:Q2_._?\ac=c�\@cdb=_?e�Y;b=T�\

F (φ) ∈ L′p ([−r,0] ,Rn) ,

p ∈ [1,∞) b=cf\hg>b�ia`j\kS<_lS<_.b*Z�S.\Eeac�eamn\a_.` ϕ ∈ Lq ([−r,0] ,Rn)
(
1
p
+ 1

q
= 1
) `j\ac�Z�S1\Ro.Q2S)T

_?p b=mqo.Q2Tr`s\tZ�S1\acuc�\v]DQ2_?Ua`*b:Q2_._?\ac=c�\
φ ∈ Lp ([−r,0] ,Rn)

Q2_wY
F (φ) =

∫ 0

−r

ϕ> (θ)φ (θ) dθ.

�	�{L	��"®\_I �xJGLNJGL ¡ LtORQ2S<T5c�\yU�Y2i
p = ∞,

c�pz\Xijo/Y<UX\5{;S�Y;c L′∞ ([−r,0] ,Rn)
\Xia`tb�i%Q2|

mnQ2T}o.W.\V~�c�pz\Xijo/Y<UX\V{<\nmn\XiaS<T�\Xi
{<\��^Y[{<Q2_
µ
iaS<T

[−r,0] . � c�Q2T�iko.Q2S<T�UXW/YHZ�S.\ F (φ) ∈
L′∞ ([−r,0] ,Rn) ,

Q2_wY
F (φ) =

∫ 0

−r

dµ (θ)φ (θ) .

L′∞ ([−r,0] ,Rn)
UXQ2_.`�b:\a_.` L1 ([−r,0] ,Rn)

UXQ2m@mn\qi%Q2SHia|�\Xijo/Y<UX\��u Û Ø5ã � ÙäÒ�ì"Ö Û6× Ý�Ú�Ú$Ò	Þ
Þ=Ò_ã Û{× Ô	Ø5ã�Þ=ÙáÝ Ùiç�ã �X× Ò	Þ � ÒWÞ¨¤�Ò	Ø¸Ú"Ý Ü Ò W Ò*Ù L1.
�	�{L	��"®\_I ��JMLNJGL ´ L^��Q2b=`

φ ∈ W ([−r,0] ,Rn) ,
Y;c�Q2T�i

φ
\Xia`	UXQ2_.`�b=_.S.\t\a`v{<\q�2Y;Trb*Y;`�b:Q2_

� Q2Tr_?eX\ViaS<T
[−r,0] , b=cq\hg>b�ia`j\ ϕ ∈ L1 ([−r,0] ,Rn)

`s\acRZ�S1\�cNYI]DQ2Trm@S<c�\9{<\V�"\ab � _.b=`��w\Xia`
�;eaTrb �,eX\��

φ (b)− φ (b) =

∫ b

a

ϕ (θ) dθ

o.Q2S<T�_?p b=mqo.Q2Ta`j\kZ�S.\ac
(a,b) ⊂ [−r,0] \a` .φ= ϕ p.p.

iaS)T
(−r,0) .tXÒ]Ù í Ô*Ö × æ*Ó¯Ò6Â�c�Â�c��ÿÓ¯Ö Û Ù × ÒNç�ã0¤�ã Û Ò6êVÖ Û�Ü Ù � Ö Û Ý�â�Ø5Ö�Þ
ã�ÓÕÒ Û Ù Ü Ö Û Ù �
Û ã�ÒNØ5ã ×

[−r,0] Ò*Ø¸Ùß�Ô ×5�?> Ý�â�Þ=Ò_Ú × Ò*Ø5ç�ã�ÒpÚ�Ý × Ù5Ö�ã�ÙiØ5ã ×
(−r,0) .



Ì�>��
�=�
lWÝ Û ØiÞ
Ý9Ø5ã � ÙäÒWÖ ÛN�
Û Ù × Ö�ß�ã � Ù:ß�Ò	ØiÒ	Ø¸Ú"Ý Ü Ò	Ø|Ú�Þ
ã�Økï�Ô Û Ô × Ý£ã Ì ç�ã � Ú$Ò × ÓÕÒ*Ù¸Ù × Ö Û Ùkß�Ò�ß�Ô ×5�?> Ò ×ß�Ò*ØiêVÖ Û�Ü Ù � Ö Û ØkÒ*ÙkêVÖ × ÓÕÒ	ØkÞ �=Û Ô!Ý �=× Ò*Økß"Ý Û Ø|Þ=Ò_Ø5Ò Û Ø|ß�Ò	Ø|ß � Ø¸Ù ×5� â�ã�Ù � Ö Û Ø*c��Ö � ÙMÞ¨¤ & ����!.6 &��"& ��8}����6;$ T ����� �"& $ & ��$ D (Ω,Rn) ,

ß�Ò	ØMêVÖ Û�Ü Ù � Ö Û Ø
u : Ω → Rn�=Û û Û�� Ó¯Ò Û Ù�ß�Ô ×¸�=> Ý�â�Þ
Ò*Ø�Ø5ã ×

Ω (u ∈ Ck (Ω,Rn) ∀ k ∈ Z+) à�Ø5ã�Ú�Ú$Ö × Ù Ü Ö�ÓÕÚ"Ý Ü Ù K ⊂ Ω îZß�ÒÓE�	ÓÕÒvÖ Û Ú$Ò*ã�Ùiß�ÔÊû Û��=× D (Ω,Rn×n)
ðÆc�t�¤�Ò	Ø5Ú�Ý Ü Ò_ß�ã"Ý�Þëß�Ò*Ø:êVÖ Û�Ü Ù � Ö Û Ø<ß�ÒWÙ5Ò	ØoÙiÒ	ØoÙiÞ¨¤ & ���"!.6 &

�M& � ��T ��$%# T 0 �G$ T ���"� D′ (Ω,Rn) ,
Ò	Ø¸Ú"Ý Ü Ò�ß�Ò*Ø:êVÖ × Ó¯Ò*Ø<Þ �=Û Ô!Ý �=× Ò	Ø Ü Ö Û Ù �=Û ã�Ò	Ø:Ø5ã × D (Ω,Rn)

à> Ý�Þ
Ò*ã × Ø_ß�Ý Û Ø Rn.
~�Ö�ã × ÙäÖ�ã�Ù

(T,u)
ß�Ò D′ (Ω,Rn) × D (Ω,Rn) , T (u)

Ý�Ú�Ú"Ý × Ù � Ò Û Ù�à RnÒÊÙ|Ö Û ß�Ô Û Ö�Ù5Ò
T (u) = 〈T,u〉 îZß�Ò�ÓE�	ÓÕÒ�ì�Ö Û Ú$Ò	ã�Ùgß�ÔÊû Û��=× D′ (Ω,Rn×n)

ðÆcÀ~�Ý × Ò Ì Ò*Ó¯Ú�Þ=Ò�Ø �
f ∈ L1loc (Ω,Rn×n) ,

Ý�Þ=Ö × Ø
[f ] : D (Ω,Rn×n)→ Rn×n ß�Ô*û Û�� Ò Ü Ö�ÓÕÓ¯ÒWÞóÝ �
Û ÙäÔ	ï × Ý�Þ=Ò

〈[f ] ,u〉 =
∫

Ω

f (ξ) u (ξ) dξ

Ò*Ø¸Ù2ã Û Ò�ß � ØoÙ ×5� â�ã�Ù � Ö Û cin<Ò÷Ù�å�Ú$Ò�ß�Ò÷ß � ØoÙ ×5� â�ã�Ù � Ö Û ç�ã � Ø5Ò × Ô*Ô Ü*×5� Ù{Ø¸Ö�ã�Ø{Þ
Ý¦êVÖ × ÓÕÒÿß0¤�ã Û Ò�=Û ÙäÔ*ï × Ý�Þ
Ò^Ò*Ø¸Ù�Ý�Ú�Ú�Ò*Þ
Ô*Ò ��T �a$%# T 0 �G$ T ����#�3HC�� ('� # & Ý�Ø5Ø¸Ö Ü	� Ô*Òèà®Þ
ÝÕêVÖ Û�Ü Ù � Ö Û
f.
~�Ý × Ò Ì Ò	ÓÕÚ�Þ
ÒÞ
Ý ��T �a$%# T 0 �M$ T ��� �"& �NT #�!.6

δϑ : D (Ω,Rn×n)→ Rn×n ß�ÔÊû Û�� Ò�Ú"Ý ×
〈δϑ,u〉 = u (ϑ)

Ú$Ö�ã ×iÛ ¤ � ÓÕÚ$Ö × Ù5ÒWç�ã�Ò	Þ
ϑ ∈ Ω Ò	ØoÙgã Û Ò�ß � Ø¸Ù ×¸� â�ã�Ù � Ö Û ì�Ó®Ý � Ø Û ¤�Ò	ØoÙgÚ"Ý�Ø × Ô*ï�ã�Þ=æ × Ò£c��Ö � Ù

Ω
ã Û Ö�ã > Ò × Ù�ß�Ò R, [f ] ã Û Ô	Þ
Ô*Ó¯Ò Û Ù�ß�Ò D′ (Ω,Rn×n) :

Ö Û Ý�Ú�Ú$Ò	Þ
Þ=Ò � 3H# TVK 3 &n�M&V( !
��T �a$%# T 0 �M$ T ���l#23HC�� (YT'� # &

[f ]
Ö�ã � 3H# T K 3 & 8}! T 0 (*& ß�Ò

[f ]
Ò*Ù|Ö ÛNÛ Ö�ÙäÒ

[f ]′
Þ¨¤�Ý�Ú�Ú�Þ �=Ü Ý£Ù � Ö Û +

〈
[f ]′ ,u

〉
= −

∫

Ω

f (ξ)u′ (ξ) dξ.

n<ÒÊÙ5ÙäÒ�ß�Ô ×¸�=> Ô*Ò^Ú$Ò × ÓÕÒ*Ù|ß�Ò�ß�ÔÊû Û��=× Þ¨¤�Ò*Ø5Ú"Ý Ü Ò^ß�Òp��Ö�â$Ö�Þ
Ò > ß0¤�Ö × ß × Ò
1.��Ö � Ù

p
ã Û Ô*Þ
Ô*Ó¯Ò Û Ùgß�Ò

[1,∞] , Ω ⊂ R. j Û Ý£Ú�Ú$Ò	Þ=Þ
Ò�Ò	Ø¸Ú"Ý Ü Òºß�Ò9��Ö�â$Ö�Þ=Ò > ß0¤�Ö × ß × Ò 1 ìÀÒ*ÙÖ ÛNÛ Ö�Ù5Ò W1
p (Ω,Rn)

Þ¨¤�Ò Û Ø¸Ò	Ó9â�Þ=Ò;+
W1

p (Ω,Rn) = {u ∈ Lp (Ω,Rn)
∣∣[u]′ ∈ Lp (Ω,Rn)}.

t�¤�Ò*Ø5Ú"Ý Ü Ò:ß�Ò	Ø�êVÖ Û�Ü Ù � Ö Û Ø�Ý£â�Ø5Ö�Þ=ã�ÓÕÒ Û Ù Ü Ö Û Ù �=Û ã�Ò*Ø W Ò*Ù�ÞY¤�Ò	Ø5Ú�Ý Ü Ò�ß�Ò:��Ö�â$Ö�Þ
Ò > W1
p (Ω,Rn)Ø¸Ö Û Ù × Ò	Þ � Ô	Ò*Økß"Ý Û ØiÞ
ÒWÙ í Ô	Ö × æ	ÓÕÒ�Ø5ã �=> Ý Û ÙD+

�	�{L	��"®\_I �KJGL�JGL ¶ML���Q2b=`
(−r,0) ⊂ R

\a`
u ∈ W1

p ((−r,0) ,Rn) . � c�Q2T�iEcNYt]DQ2_?Ua`�b:Q2_
u ∈ W ([−r,0] ,Rn) .

O�cdS[iRo�TXeXUab�i%eamn\a_.`=�
u
o.\aS<`��a`�T�\kmnQ�{;b �,eX\PiaS)TtS<_�\a_/i%\am � c�\�{<\tmn\a|

iaS<T�\t_.S)cuc�\�{<\
(−r,0) o.Q�S<T�Q � `j\a_.b=T�S<_?\v]DQ2_?Ua`*b:Q2_wY � i%Q2cdS<mn\a_.`^UXQ2_.`*b=_.S.\��



Ì�� Ì
n<Ò × Ô	Ø¸ã�Þ=ÙäÝ£Ù �=Û ß � ç�ã�Òºç�ã0¤ � Þ�Ò Ì�� Ø¸Ù5Ò9ã Û Ò T �<� & 6;$ T ���¦ß�ÒºÞ¨¤�Ò	Ø5Ú�Ý Ü Ò W1

p ((−r,0) ,Rn)
ß"Ý Û ØÞY¤�Ò*Ø5Ú"Ý Ü Ò W ([−r,0] ,Rn) .

��Ö � Þ
àJÚ�Ö�ã × ç�ã�Ö � Þ¨¤ & ����!.6 &��M&Þ� � 0 � ('&²K ß0¤�Ö × ß × Ò
1
ß�Ô Û Ö£ÙäÔ

W1
p ,W1

p ([−r,0] ,Rn) ,
Ò*Ø¸Ù^ß�Ô*û Û���Ü Ö�Ó¯ÓÕÒèÞY¤�Ò*Ø5Ú"Ý Ü Òõß�Ò	Ø�êVÖ Û�Ü Ù � Ö Û Ø^Ý£â�Ø5Ö�Þ=ã�ÓÕÒ Û Ù Ü Ö Û Ù �=Û ã�Ò*ØØ¸ã × Þ¨¤ �=Û ÙäÒ ×¸> Ý�Þ
Þ=Ò

[−r,0] ã Û Ò]ß�Ô ×5�=> Ô*ÒMêZÝ � â�Þ
Ò �
Û ÙäÔ	ï × Ý�â�Þ=ÒMÝ�ã¦Ø5Ò Û Ø Lp Ø5ã × [−r,0] c�� � φ ∈
W1

p ([−r,0] ,Rn)
ß�Ö Û�Ü

〈
[φ]′ ,u

〉
= −〈[φ′] ,u〉 ,

−
∫ 0

−r

φ (ξ) u′ (ξ) dξ =

∫ 0

−r

φ′ (ξ)u (ξ) dξ, ∀ u ∈ D
(
(−r,0) ,Rn×n

)
.

W1
p ([−r,0] ,Rn)

Ó9ã Û�� ß�Ò�ÞóÝ Û Ö × ÓÕÒ
‖φ‖W1

p
=

[
‖φ (0)‖p +

∫ 0

−r

∥∥∥
.

φ (θ)
∥∥∥
p

dθ

] 1
p

, si 1 ≤ p <∞

ÒÊÙ
‖φ‖W1

p
= max

{
‖φ (0)‖ ,ess sup

θ∈[−r,0]

‖φ′ (θ)‖
}
, si p =∞,

W1
p

Ò	ØoÙgã Û Ò*Ø5Ú"Ý Ü Òpß�Ò^�:Ý Û Ý Üáí c� �
Û Ý�Þ
Ò*ÓÕÒ Û ÙgÖ Û ß�Ô Û Ö£ÙäÒ9Þ=Ò	ØWÝ�ã�Ù × Ò*ØWß�Ô ×5�?> Ô	Ò	ØWã�Ù � Þ � Ø5Ô	Ò*Øvß"Ý Û Ø Ü ÒºÙ × Ý > Ý � Þ:+$��Ö � Ù
f : R →

Rn.
tXÝ:ß�Ô ×¸�=> Ô	Ò�Ø5ã�Ú$Ô ×5� Ò	ã × Ò�àkß × Ö � ÙäÒ�ß�Ò

f
Ò	ØoÙ�ß�ÔÊû Û�� Ò�Ú�Ý ×

f ′ (ξ) = limh→0+ sup
1
h
[f (ξ + h)−

f (ξ)], ξ ∈ R ÒÊÙXÞóÝ<ß�Ô ×¸�=> Ô*Ò �=Û êVÔ ×¸� Ò	ã × Ò�à:ß × Ö � ÙäÒ�ß�Ò
f
Ò*Ø¸ÙXß�Ô*û Û�� Ò�Ú"Ý ×

limh→0+ inf
1
h
[f (ξ + h)−

f (ξ)], ξ ∈ R. � �ëÜ Ò	Økß�Ò*ã Ì ß�Ô ×5�=> Ô*Ò	ØkØ5Ö Û ÙkÔ	ï²Ý�Þ=Ò	Ø*ì f Ý9ã Û Ò_ß�Ô ×5�?> Ô	Ò�à9ß × Ö � ÙäÒvÒ Û ξ ß�Ô Û Ö£ÙäÔ	Ò
df+

dξ
.
lvÒ�ÓI�*Ó¯ÒWÚ$Ö�ã × Þ
Ýèß�Ô ×5�?> Ô	Ò^àõï²Ý£ã ÜÆí Ò^ß�Ò

f
Ò Û
ξ ∈ R ç�ã"Ý Û ß

h→ 0−,
ß�Ô Û Ö�ÙäÔ*Ò df−

dξ
.
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GèÏ @ H � E Î ý @ G
� Ï

lvÒ Û Ö�Óèâ × Ò	ã Ì Ø¸å�Ùäæ*Ó¯Ò*Ø�ß�å Û Ý�Ó � ç�ã�Ò	Ø�Ú × Ý Ù � ç�ã�Ò*Ø�Ú × Ô*Ø5Ò Û ÙäÒ Û Ù�ß�Ò*Ø × ÒÊÙáÝ × ß�Ø	ì!Ó®Ý � Øëç�ã � Ø¸Ö Û ÙØ¸Ö�ã > Ò Û Ù Û Ô	ï�Þ � ï�Ô*Ø�Ú"Ý × Ø � Ó¯Ú�Þ �=Ü*� ÙäÔ£c�n<Ò	Ú$Ò Û ß"Ý Û Ù!ì�Þ
ÝpÚ × Ô	Ø¸Ò Û�Ü Ò�ß�Ò*Ø × ÒÊÙáÝ × ß�Ø:Ú$Ò*ã�Ù �=Û ß�ã �=× Ògß�Ò	ØÓ¯Ý�ã > Ý � Ø¸Ò	ØºÚ$Ò × êVÖ × Ó®Ý Û�Ü Ò*Ø9Ò*Ù9ß�Ò*Ø �
Û ØoÙáÝ�â � Þ � Ù5Ô	Øpß�Ý Û Ø9Þ=Ò	ØºØoå�ØoÙäæ*Ó¯Ò*Øèß�Ò Ü Ö�ÓÕÓ®Ý Û ß�Ò�ì � Þ�Ò	ØoÙß�Ö Û�Ü�� ÓÕÚ$Ö × ÙäÝ Û Ù:ß�Ò�Þ
Ò*ØiÚ × Ò Û ß × Ò^Ò Û{Ü Ö�Ó¯Ú�ÙäÒ�ctXÒ*Ø<Ø¸å�Ø¸Ù5æ	ÓÕÒ	Økà × ÒÊÙáÝ × ß®êVÖ × Ó¯Ò Û Ù�ã Û Ò Ü ÞóÝ�Ø¸Ø5Òvß�ÒgØ¸å�Ø¸Ùäæ*ÓÕÒ	Ø:ß�Òvß � Ó¯Ò Û Ø � Ö Û¯�=Û û Û�� ÒgÞ
Ý × ï�ÒÊ§ÓÕÒ Û Ù�ã�Ù � Þ � Ø5Ô*Ò�Ú�Ö�ã × ÞóÝ|Ó¯Ö�ß�Ô*Þ � ØäÝ£Ù � Ö Û Ò*Ù�Þ¨¤�Ý Û Ý�Þ?å�Ø5Ò�ß�Ò<Ú í Ô Û Ö�Ó¯æ Û Ò*Ø�ß�Ò�Ù × Ý Û Ø5Ú$Ö × Ù�Ò*Ù�Ú × Ö�Ú"Ý §ï²Ý Ù � Ö Û îVß�ÒgÓ¯Ý£Ù � æ × Ò�ì�ß0¤�Ô Û Ò × ï � ÒgÖ�ã¯ß0¤ �=Û êVÖ × Ó®Ý£Ù � Ö Û ðÊc�d�Þ
Ø�Ý£Ú�Ú"Ý × Ý � Ø¸Ø5Ò Û Ù Û Ý£Ù5ã × Ò*Þ
Þ
Ò*ÓÕÒ Û Ù�ß"Ý Û ØÞ
ÝÕÓÕÖ�ß�Ô*Þ � ØäÝ£Ù � Ö Û ß�ÒpÚ × Ö Ü Ò*Ø5Ø¸ã�Ø × Ò Û�Ü Ö Û Ù × Ô	ØvÒ Û Ú í å�Ø � ç�ã�Ò�ì�ÓÕÔ Ü Ý Û�� ç�ã�Ò£ìÀÔ Ü Ö Û Ö�Ó � Ò£ì Üáí�� Ó � Ò�ìâ � Ö�Þ=Ö�ï � Ò�ìÀß�å Û Ý£Ó � ç�ã�Òºß�Ò	ØWÚ$Ö�Ú�ã�ÞóÝ£Ù � Ö Û Ø	ìÀÔ Ü Ö�Þ
Ö�ï � Ò£ì$Ú í å�Ø � Ö�Þ
Ö�ï � Ò�ìÀÔ*Ú � ß�Ô	Ó � Ö�Þ=Ö�ï � Ò�ìÀÒÊÙ Ü c � �£���Yì
� ��q2�¨ì � ���2� � ��q��Yì � q��2�¨c"~�Ý × Ý � Þ=Þ=Ò*ã × Ø*ì�ÓE�	ÓÕÒWØ � Þ
ÒWÚ × Ö Ü Ô	ß�Ô�Þ
ã � §�ÓE�	ÓõÒ Û Ò Ü Ö Û Ù � Ò Û ÙiÚ"Ý£Øiß�Ò × ÒÆ§ÙäÝ × ß0ì�Þ=ÒgØoå�ØoÙäæ*Ó¯ÒWÒ Û â$Ö�ã Ü Þ=ÒgêVÒ × ÓÕÔ	ÒgÚ$Ò	ã�Ù:Ò Û ï�Ò Û ß × Ò × ß�Ò*Ø × ÒÊÙáÝ × ß�Ø Û Ö Û®Û Ô	ï�Þ � ï�Ò!Ý�â�Þ
Ò*ØvîYÝ > Ò ÜÞ=Ò	Ø Ü Ý�Ú�Ù5Ò	ã × Ø	ìÀÞ=Ò	ØiÝ Ü Ù � Ö Û�Û Ò	ã × ØiÒ*Ù|Þ=ÒWÙäÒ	ÓÕÚ�Øiß�Ò Ü Ý�Þ Ü ã�Þóð � �²r��¨cm Û Øoå�ØoÙäæ*Ó¯Òpà × Ò*ÙáÝ × ß6ß�Ò_Ù�å�Ú$Ò × ÒÊÙáÝ × ß�Ô�Ò	ØoÙ|Ó¯Ö�ß�Ô	Þ � Ø5ÔWÚ�Ý × ã Û Ø¸å�ØoÙäæ	ÓÕÒ^ß"Ý Û ØiÞ
Ò*ç�ã�Ò	Þ�Þ
Ýß�Ô ×5�?> Ô	Òõß�Ò���ÞY¤�ÔÊÙáÝ£Ù��9Ý�ãSÙ5Ò	ÓÕÚ�Ø_Ú × Ô*Ø5Ò Û ÙpÒ*Ø¸Ù�êVÖ Û�Ü Ù � Ö Û ß�Ò*Ø > Ý�Þ=Ò	ã × Ø�ß�Ò���ÞY¤�ÔÊÙáÝ£ÙWÚ"Ý�Ø¸Ø5Ôr�õß"Ý Û Øã Û��=Û ÙäÒ ×¸> Ý�Þ
Þ=Ò�c0m Û Ø¸å�Ø¸Ù5æ	ÓÕÒ®à × ÒÊÙáÝ × ß�ß�ÒõÙ�å�Ú$Ò Û Ò	ã�Ù × ÒÕÒ	Ø¸Ùpã Û Ò Ü Þ
Ý�Ø5Ø¸Ò¯ß�Ò¯Øoå�Ø¸Ùäæ*Ó¯Ò*ØºÚ�Þ=ã�Øï�Ô Û Ô × Ý�Þ=Ò�ç�ã�Ò^Þ
Ò*ØiØ¸å�ØoÙäæ	ÓÕÒ	Ø × Ò*ÙäÝ × ß�Ô*Ø	ìÀß�Ý Û ØiÞ
Ò_Ø5Ò Û ØgÖ>F � Þ0Ò*Ø¸Ùgß�Ô Ü	×¸� ÙiÚ"Ý × ã Û ÓÕÖ�ß�æ	Þ=Ò_ß"Ý Û ØÞ=Ò	ç�ã�Ò*ÞëÞ
Ýpß�Ô ×5�=> Ô*ÒWß�Ò���ÞY¤�ÔÊÙáÝ£Ù��gÝ£ã®ÙäÒ*Ó¯Ú�Ø<Ú × Ô	Ø¸Ò Û ÙiÒ*Ø¸Ù:êVÖ Û�Ü Ù � Ö Û®Û Ö Û Ø¸Ò	ã�Þ=Ò	ÓÕÒ Û Ù:ß�Ò	Ø > Ý�Þ
Ò*ã × Øß�Òf��Þ¨¤�Ô*ÙäÝ£ÙXÚ"Ý£Ø5Ø5Ôr�áìÉÓ¯Ý � Ø�Ý�ã�Ø¸Ø � ß�Ò�ÞóÝkß�Ô ×5�?> Ô	Ò�ß�Ò ��Þ¨¤�Ô*ÙáÝ ÙXÚ"Ý�Ø¸Ø5Ôa��ß"Ý Û Ø�ã Ûp�=Û Ù5Ò ×¸> Ý�Þ
Þ=Ò�c!lvãpÚ$Ö �=Û Ùß�Ò > ã�ÒgÓ¯Ý£Ù í Ô	Ó¯Ý£Ù � ç�ã�Ò�ì Ü Ò	Ø�Øoå�Ø¸Ùäæ*Ó¯Ò*Ø<Ø¸Ö Û Ù�ß�Ô Ü	×¸� ÙäØ�Ø5Ö � Ù�Ú"Ý × ß�Ò	Ø�Ô	ç�ã"Ý£Ù � Ö Û Ø�ß �=é Ô × Ò Û Ù � Ò*Þ
Þ=Ò*ØêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò	Ø*ì�Ø5Ö � ÙiØ5ã × ß�Ò*Ø|Ò	Ø¸Ú"Ý Ü Ò	ØvÝ�â�Ø¸Ù × Ý � Ù5Ø^îZØ¸å�ØoÙäæ	ÓÕÒ	Ø|ß�Ò�ß � ÓÕÒ Û Ø � Ö Û]�
Û û Û�� Ò � �2�óðÊct�Ý{Þ � Ù5Ù5Ô × Ý£Ùäã × ÒÕØ¸ã × Þ
Ò*ØºØoå�Ùäæ	ÓÕÒ	Ø9Þ �
Û Ô	Ý �=× Ò*Øpà × Ò*ÙäÝ × ß�ØºÒ*Ø¸Ù � ÓÕÚ$Ö × ÙáÝ Û ÙäÒÕÝ�ã�Ø5Ø � â � Ò Û Ø5ã ×Þ=Ò	Ø¯Ý�Ø5Ú$Ò Ü Ù5ØMÓÕÖ�ß�Ô	Þ � Ø5Ý£Ù � Ö Û ç�ã�Ò2Ø5ã × Þ=Ò	Ø¯Ý�Ø¸Ú�Ò Ü Ù5ØMØoÙáÝ�â � Þ � Ø5Ý£Ù � Ö Û î > Ö �=× ì�Ú"Ý × Ò Ì Ò	ÓÕÚ�Þ=Ò � ��b��Yì
� �²r��¨ì � q����óðÊc�~�Ý ×<Ü Ö Û Ù × Ò � Þ Û ¤ å®Ú�Ý�Ø<â$Ò!Ý�ã Ü Ö�ã�Ú]ß�Ò × Ô*Ø5ã�Þ?ÙáÝ£Ù5Ø<ß�ÒWØoÙáÝ�â � Þ � Ù5Ô|Ú$Ö�ã × Þ
Ò	Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	ØÛ Ò*ã�Ù × Ò	Ø�Þ �
Û Ô	Ý �=× Ò*Ø	ô!Ò Û êZÝ � Ù!ì!ÓE�	ÓÕÒ�Ú$Ö�ã × Þ=Ò�Ø¸å�Ø¸Ù5æ	ÓÕÒ Û Ò	ã�Ù × Ò�Þ �=Û Ô!Ý �=× Ò�Ø Ü Ý�Þ
Ý �
× Ò�Þ
Ò�Ú�Þ=ã�ØXØ � ÓÕÚ�Þ=Ò;+



r
.
x (t) = ax (t)+bx (t− r)+c

.
x (t− r)

Ý > Ò Ü {a,b,c} ∈ R, r ∈ R+,
� Þ Û ¤ åpÚ"Ý�Ø�ß�Ò<Ø5Ö�Þ
ã�Ù � Ö ÛÝ Û Ý�Þ=å�Ù � ç�ã�Ò�Ý�ãNÚ × Ö�â�Þ
æ	ÓÕÒ_ß�Ò^ØoÙáÝ�â � Þ � Ù5ÔWß�Ô*Ú$Ò Û ß�Ý Û Ù5Òpß�ã × ÒÊÙáÝ × ß

r.t�¤�ÔÊÙäã�ß�Ò ×5� ï�Ö�ã × Ò	ã�Ø¸Ò9ß�ÒèÞóÝ®ØoÙáÝ�â � Þ � Ù5Ôpß�Ò	Ø_Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø × ÒÊÙáÝ × ß�Ô	Ø�Ý Ü Ö�Ó¯ÓÕÒ Û�Ü Ô > Ò × Ø�ÞóÝ¯û Ûß�Ò*ØèÝ Û�Û Ô*Ò	Øõ��Â6ç�ã�Ý Û ß¦È × Ý�Ø5Ö > Ø5ñ �
� Ý{Ô*Ù5Ò Û ß�ã¥ÞóÝ6ß�Ò*ã Ì�� æ	ÓÕÒ®ÓÕÔÊÙ í Ö�ß�Ò¯ß�ÒMt0å²Ý£Ú�ã Û Ö > Ý�ã ÌØoå�ØoÙäæ*Ó¯Ò*Ø × ÒÊÙáÝ × ß�Ô	Ø � �����Yì � �²���¨c�d�Þ�Ø	¤�Ò	ØoÙkÚ"Ý�Ø¸Ø5ÔWÚ�Þ=ã�Ø<ßë¤�ã Û ÒWß ��� Ý �=Û Ògß0¤�Ý Û�Û Ô	Ò*ØkÚ$Ö�ã × Ý > Ö �
× ß�Ò	ØÙ í Ô	Ö × æ	ÓÕÒ	Ø_ß0¤�Ò Ì�� Ø¸ÙäÒ Û�Ü ÒõÒ*Ù�ßë¤�ã Û��
Ü	� ÙäÔ9Ú$Ö�ã × Þ=Ò	ØWØ¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*Ø � �²���Yì0ÒÊÙ�ã Û ÒèÒ Ì ÙäÒ Û Ø � Ö Ûß�ÒèÞóÝ®Ó¯ÔÊÙ í Ö�ß�Òõß �
× Ò Ü Ù5Òèß�ÒÕt0å²Ý£Ú�ã Û Ö > Ú$Ö�ã × Þ=Ò	Ø_Øoå�Ø¸Ùäæ*Ó¯Ò*Øpà × ÒÊÙáÝ × ßÿß�ÒèÙ�å�Ú$Ò Û Ò	ã�Ù × ÒõÚ�Ý ×y�cÀn × ã � ÒÊÙvþ�cÀxgÝ�Þ
Ò � b��2�¨c�_ã�Ò	Þ=ç�ã�Ò	Ø_Ù × Ý > Ý�ã Ì Ö Û Ù�ÔÊÙäÔèß�Ô > Ò	Þ
Ö�Ú�Ú$Ô	Ø�Ø5ã × Þ
ÝMØ¸ÙäÝ�â � Þ � Ù5Ôºß�Ò	Ø_Ø¸å�Ø¸Ùäæ*ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø�ß"Ý Û ØÞ=Ò6ß�Ö�Ó¯Ý �=Û Ò]ÙäÒ*Ó¯Ú$Ö × Ò	ÞYì > Ö �
× Ú�Ý × Ò Ì Ò	ÓÕÚ�Þ
Ò � �²Â2�Yì � b�bÉr��Yì � q�Â2�¨ì � q�b��Yì�Ö�ã ß"Ý Û Ø¯Þ
Ò6ß�Ö�Ó®Ý �
Û Òê × Ô	ç�ã�Ò Û Ù � Ò	Þ > Ö �
× Ú�Ý × Ò Ì Ò*Ó¯Ú�Þ
Ò � b��2�¨ì � b�b�r2�Yc�y2Ý � Ø Ü Ò	Ø|Ù × Ý > Ý�ã Ì6Ü Ö Û�Ü Ò ×5Û Ò Û ÙvÞóÝõØoÙáÝ�â � Þ � Ù5Ô �
Û §ß�Ô*Ú$Ò Û ß�Ý Û Ù5Òiß�Ò:ÞóÝgÙäÝ � Þ
Þ?Ò�ß�ã × Ò*ÙäÝ × ß0ì£Þ
Ò*Ø × Ô*Ø5ã�Þ?ÙáÝ£Ù5Ø�Ø5Ö Û Ù�ß�Ö Û�Ü:Ü Ö Û Ø5Ò ×o> Ý£Ù � êVØ�ç�ã�Ý Û ßõÞ=Ò × Ò*ÙäÝ × ßÒ*Ø¸Ù �=Û�Ü Ö Û�Û ã0c�zgÞ
Ö × Ø � Þ�Ò*Ø¸Ù �=Û ÙäÔ × Ò*Ø5ØäÝ Û Ù_ß�Ò Ü Ö Û Ø � ß�Ô × Ò × ÞY¤sÝ Û Ý�Þ=å�Ø¸Òºß�Ò9Ø¸ÙäÝ�â � Þ � Ù5Ôpß�Ô	Ú$Ò Û ß"Ý Û ÙäÒß�Ò�Þ
Ý9ÙäÝ � Þ=Þ=Òvß�ã × Ò*ÙäÝ × ßëì > Ö �=× � b!���Yì � �²q2�¨clWÝ Û ØiÞ
Ý9Ú × Ý£Ù � ç�ã�Ò�ì�Þ=Ò	ØkÚ"Ý × Ý�ÓÕæ*Ù × Ò*Økß�ã6ÓÕÖ�ß�æ	Þ=Ò Û Ò_Ø5Ö Û Ù|Ú�Ý�Øiâ � Ò ÛNÜ Ö Û�Û ã�Ø	ì � ÞëÒ	ØoÙ|ß�Ö Û�ÜÛ Ô Ü Ò*Ø5ØäÝ �=× ÒÕß�Ò Ü Ö Û Ø � ß�Ô × Ò × ÞóÝ]Ø¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�Ø¸Ù5ÒÕÚ"Ý ×�× Ý�Ú�Ú$Ö × ÙpÝ�ã Ì Ú"Ý × Ý�ÓÕæ*Ù × Ò	Ø � ��b��¨ì � r�r2�Yì
� �²r��¨c�lWÝ Û Ø Ü Ò Ü Ý�ØvÞóà�ìÀÞ=Ò	ØgØ¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*ØWÚ�Ò*ã > Ò Û Ù��*Ù × Ò × Ò	Ú × Ô	Ø¸Ò Û ÙäÔ*Ø�Ú"Ý × ß�Ò	ØWÓÕÖ�ß�æ*Þ
Ò	ØÝ > Ò ÜS�
Û�Ü Ò × Ù � Ùäã�ß�Ò*Ø	ì > Ö �=× Ú"Ý × Ò Ì Ò*Ó¯Ú�Þ
Ò � q�Â��Yì � q�b��Yì � �£���õîVÞóÝ¿Þ � ï Û Ò2ß�Ò2Ù × Ý Û Ø5Ó � Ø¸Ø � Ö Û Ø5Ý Û ØÚ$Ò × ÙäÒ*Ø|Ú$Ò	ã�ÙgÝ > Ö �
× ß�Ò	Ø �=Û�Ü Ò × Ù � Ùäã�ß�Ò	Økß"Ý Û ØiÞ
Ò*ØiÚ"Ý × Ý�ÓÕæ*Ù × Ò	ØäðÊcn<Ò × Ý£Ú�Ú$Ö × ÙkÚ$Ò	ã�ÙR�*Ù × Ò Ü Ö Û Ø � ß�Ô × Ô Ü Ö�ÓÕÓÕÒWÞóÝºØ5ã � ÙäÒ_ß�Ò*ØkÙ × Ý > Ý£ã Ì Ø5ã × Þ
Ò*ØkØ¸å�Ù5æ	ÓÕÒ	Ø|à × ÒÆ§ÙäÝ × ß6ç�ã � Ö Û Ù|ÔÊÙäÔ^ß�Ô	Ó¯Ý ×5× Ô	Ø|Ý�ã{tXÝ�â$Ö × Ý ÙäÖ �=× ÒWÒ Û b!���²r�ì Ü Ö Û�Ü*× Ô*Ù � Ø¸Ô	ØgÚ�Ý × ÞóÝ9Ø5Ö�ã�Ù5Ò Û Ý Û�Ü Òpß�ÒÙ × Ö � Ø0Ù í æ	Ø¸Ò	Ø:îY��c�e �=Ü ã�Þ=Ò	Ø Ü ã � �£���YìÉlpc�d > Ý Û Ò*Ø Ü ã � �²�2�²Ò*Ù�zpcÉ�ÀÝ£Ù¸ÙäÖ�ã í � r£���óðÊì!ß�Ò Û Ö�Ó9â × Ò	ã�Ø¸Ò	Ø�Ú�ã�§â�Þ �
Ü Ý£Ù � Ö Û Ø � r �;��Ò*Ù:Ú"Ý × Þ¨¤�Ö × ï�Ý Û�� ØäÝ£Ù � Ö Û ß�ÒvÓ®Ý Û�� êVÒ*Ø¸ÙáÝ£Ù � Ö Û Ø�Ø Ü	� Ò Û Ù � û"ç�ã�Ò*Ø�î'¡�Ö × ñ�Ø í Ö�Ú]d���z|nb�����q�ì�� Ü Ö�Þ=Ò�ß0¤���ÙäÔºr£Â�Â�Â � r£��� ðÆcn<Ö�ÓÕÓ¯ÒvÖ Û Þ¨¤�Ý > ã0ì�ÞY¤�ÔÊÙäã�ß�Ò_ß�Ò_Þ
ÝºØ¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�ØoÙäÒ_ÒÊÙkß�Ò_Þ
ÝºØoÙáÝ�â � Þ � Ù5Ôgß�Ô	Ú$Ò Û ß"Ý Û ÙäÒ�ß�ÒÞ
ÝèÙáÝ � Þ=Þ=Ò_ß�ã × ÒÊÙáÝ × ß{Ò	ØoÙvß�Ò^Ú × Ò*Ó � æ × Ò � Ó¯Ú$Ö × ÙáÝ Û�Ü Ò£ì"Ú�Ý ×5Ü Òpç�ã0¤�Ò Û Ú × Ý£Ù � ç�ã�Ò^Þ=Ò	ØiÚ"Ý × Ý£Ó¯æÊÙ × Ò*Øß0¤�ã Û Øoå�ØoÙäæ*Ó¯Ò Û Ò6Ø5Ö Û ÙÕÚ"Ý�ØÕâ � Ò ÛJÜ Ö Û�Û ã�Ø¯ÒÊÙ¯Ú�Ý ×5Ü Ò6ç�ã�Ò6ÞóÝSÚ × Ô	Ø5Ò Û�Ü Ò{ß0¤�ã Û × Ò*ÙäÝ × ßJÚ$Ò*ã�Ù�=Û ß�ã �=× ÒºÞY¤ �=Û Ø¸ÙäÝ�â � Þ � ÙäÔ£c�lWÝ Û Ø Ü ÒèÓ¯Ô*Ó¯Ö �
× Ò�ì$Ö Û Ý]Ý Û Ý�Þ?å�Ø¸Ô9Ú$Ö�ã × ÞóÝ¯Ú × Ò*Ó � æ × ÒpêVÖ � Ø Ü Ò*Ø�ß�Ò*ã ÌÙ�å�Ú$Ò	Ø9ß�Ò®Ø¸ÙäÝ�â � Þ � ÙäÔÕÒ Û ÓI�*Ó¯ÒÕÙ5Ò	ÓÕÚ�Ø	ì � c�Ò�c�Þ
Ý{Ø¸ÙäÝ�â � Þ � Ù5Ô × Ö�â�ã�Ø¸Ù5ÒMß�Ô*Ú$Ò Û ß�Ý Û Ù5Ò]ß�Ò®ÞóÝNÙáÝ � Þ
Þ?Òß�ã × Ò*ÙäÝ × ß]ß�Ò*ØiØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò	ØkÞ �=Û Ô!Ý �=× Ò	Ø<Ú�Ý ×:× Ý�Ú�Ú$Ö × ÙiÝ£ã Ì Ú"Ý × Ý£Ó¯æÊÙ × Ò*Ø:Ò*ÙkÚ"Ý ×:× Ý�Ú�Ú$Ö × ÙÝ�ã ÌN× ÒÊÙáÝ × ß�Ø	cÀlWÝ Û Ø Ü Ò�Ù × Ý > Ý � Þ¨ì�ÙäÖ�ã�ØiÞ
Ò	ØkØ¸å�Ø¸Ùäæ*ÓÕÒ	Øvà × ÒÊÙáÝ × ß6Ô*Ù5ã�ß � Ô*Ø|Ø¸Ö Û Ù|ß�Ô Ü	×5� ÙäØiÚ"Ý × ß�Ò	Ø



�
Ô*ç�ã�Ý£Ù � Ö Û Øiß �?é Ô × Ò Û Ù � Ò	Þ=Þ=Ò	Ø<êVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Ø:Ò*ÙgÝ Û Ý�Þ=å�Ø5Ô*Øiß"Ý Û Øiã Û Ò^Ý�Ú�Ú × Ö ÜÆí Ò�ÙäÒ*ÓÕÚ�Ö × Ò*Þ
Þ
Ò£clWÝ Û Ø Ü Ò{Ù × Ý > Ý � Þiß�Ò6Ù í æ	Ø5Ò£ì�Ö Û Ý�Ö�â�ÙäÒ Û ã�Ù5Ö�ã�Ù¯ß0¤�Ý�â$Ö × ß�ß�Ò	Ø Ü Ö Û ß � Ù � Ö Û ØÕØ¸ã�òÕØäÝ Û ÙäÒ	Øß�ÒÕØoÙáÝ�â � Þ � Ù5Ô × Ö�â�ã�Ø¸Ù5Ò�ô�Þ=Ò	Ø × Ô*Ø5ã�Þ?ÙáÝ£ÙäØ�Ø5Ö Û ÙpÚ × Ô*Ø5Ò Û ÙäÔ*Ø9Ò Û Ù5Ò × ÓÕÒ*Øpßë¤ �=Û Ô	ï�Ý�Þ � Ù5Ô	Ø_Ó®Ý£Ù ×5�=Ü	� Ò*Þ=Þ=Ò*ØÞ �
Û Ô	Ý �=× Òit�y6d�Ø	ì0î Ù í Ô*Ö × æ*Ó¯Ò*Ø�+���c���c?b�ì���c���c?bvÒÊÙk��c���csr�ð�Ò*Ù<Ò Û Ù5Ò × ÓÕÒ	Ø�ßë¤ �=Û Ô	ï²Ý£Þ � ÙäÔ*Ø�Ó®Ý£Ù ×5�=Ü	� Ò*Þ=Þ=Ò*ØÛ Ö Û Þ �
Û Ô	Ý �=× Ò*Øgî Ù í Ô*Ö × æ*Ó¯Òg��c���c?bÉðÊc�t�¤�ÔÊÙäã�ß�Òvß�ÒgÞóÝ�ØoÙáÝ�â � Þ � Ù5ÔkÒ	ØoÙ�êZÝ � Ù5Òiß"Ý Û Ø�ã Û ÒvÝ£Ú�Ú × Ö Üáí Ògß�ÒÙ�å�Ú$ÒÕt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
� ì0Ú$Ö�ã ×_Ü Ò*Ù¸ÙäÒõÔÊÙäã�ß�Ò�ì�Ö Û ÝMØ5Ö � Ù_ã�Ù � Þ � Ø5Ôºß�Ò*Ø_êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò	Øvß�Òt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
� ß�Ô�ü5àNÚ × Ö�Ú$Ö�Ø5Ô	Ò*Ø^ß"Ý Û Ø�ÞóÝMÞ � Ù5Ù5Ò × Ý Ùäã�ÒNî ÜÆí Ý�Ú � Ù × ÒÕ��ðÆì0Ø5Ö � Ù�Ô*Ù5Ò Û ß�ã Ü ÒÙ�å�Ú$Òpß�Ò�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Øpî Üáí Ý�Ú � Ù × Ò���ðÆìÀØ¸Ö � Ù|Ú × Ö�Ú$Ö�Ø¸ÔpÚ$Ö�ã × ÞóÝèÚ × Ò*Ó � æ × Ò�êVÖ � Øiã Û ÒpÓÕÔ*Ù í Ö�ß�ÒÜ Ö Û Ø¸Ù × ã Ü Ù �?> Òÿß�Ò�êVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Ø®ß�Òÿt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø¸ñ �
� Ú$Ö�ã × Þ=Ò	ØMØ¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*Øî ÜÆí Ý£Ú � Ù × Òk�²ðÊc�~�Ý ×�× Ý�Ú�Ú$Ö × Ù�Ý£ã Ì Ý�Ø5Ú$Ò Ü Ù5Ø�t�y{d � �²���¨ì�Ö;FõÞ
Ò	Ø Ü Ö Û ß � Ù � Ö Û Ø�ß�ÒkØ¸ÙáÝ£â � Þ � Ù5Ô × Ö�â�ã�Ø¸Ù5ÒØ¸Ö Û ÙXêZÝ Ü	� Þ
Ò*Ø�à > Ô ×5� û�Ò × ì Ü ÒÊÙ5ÙäÒ�Ô*Ù5ã�ß�Ò�êVÖ × ÓÕÒ�ã Û Ò�ß�Ò	Ø Ü Ö Û Ù ×¸� â�ã�Ù � Ö Û Ø�Ú ×5�=Û�Ü	� Ú"Ý�Þ=Ò	Ø�ß�Ò Ü Ò�Ù × Ý > Ý � ÞÒÊÙ�ï�Ô Û Ô × Ý£Þ � Ø5Ò:ß�Ò*Ø × Ô*Ø5ã�Þ?ÙáÝ£Ù5Ø�Ø¸ã × ÞY¤�Ô*Ùäã�ß�Òkß�ÒkÞóÝvØ¸ÙäÝ�â � Þ � ÙäÔ<Ý > Ò Ü ã Û Ø¸Ò	ã�Þ"Ú�Ý × Ý�ÓÕæÊÙ × Ò:ß�Ò × Ò*ÙäÝ × ßÒÊÙ_ß�Ò	Ø í å�Ú$Ö�Ù í æ	Ø5Ò*Ø × Ò	ØoÙ ×5�=Ü Ù �=> Ò	ØWØ¸ã × ÞóÝ¯Ú"Ý × Ù � Ò Û Ò	ã�Ù × Ò � �����YôëÒ*ÙWß"Ý Û ØWã ÛSÜ Ý�ØWÚ�Þ=ã�ØWï�Ô Û Ô × Ý�Þ
� ���2�ëÓ¯Ý � Ø�Ý > Ò Ü ß�Ò Ü Ö Û ß � Ù � Ö Û Ø�ß�ÒWØ¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�ØoÙäÒ Û Ö Û Þ �
Û Ô	Ý �=× Ò*Ø�ß � ò Ü	� Þ
Ò	Ø�à > Ô ×¸� û"Ò × c�u ÛÜ Òõç�ã ��Ü Ö Û�Ü Ò ×5Û ÒÕÞóÝ®Ó¯ÔÊÙ í Ö�ß�Ò Ü Ö Û ØoÙ × ã Ü Ù �?> Òõß�ÒèêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*ØWß�Òõt0å²Ý�Ú�ã Û Ö > §�È × Ý£Ø5Ö > Ø¸ñ �=�Ú$Ö�ã × Þ
Ò*Ø<Ø¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò	Ø*ì�Ö Û ÝpÙ × Ý > Ý � Þ=Þ=Ô|Ò Û]Ü Ö�Þ
Þ
Ý�â$Ö × Ý£Ù � Ö Û Ý > Ò Ü Þ
ÒgÚ × Ö�êVÒ	Ø¸Ø5Ò	ã × �ºc�È í Ý §×¸� ÙäÖ Û Ö > ì�Ö Û ÝSß�Ô > Ò*Þ
Ö�Ú�Ú$Ô6ã Û ÒNÓ¯ÔÊÙ í Ö�ß�Ò Ü Ö Û Ø¸Ù × ã Ü Ù �=> Ò6Ø¸å�ØoÙäÔ	Ó¯Ý£Ù � ç�ã�ÒNß�Ò]êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Øß�ÒWt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
� â � Ò Û Ý£ß"Ý�Ú�Ù5Ô	Ò*ØkàºÞY¤�ÔÊÙäã�ß�Ògß�ÒvÞóÝ^Ø¸ÙáÝ£â � Þ � ÙäÔ × Ö�â�ã�Ø¸ÙäÒvß�Ò	Ø<Ø¸å�Ø¸Ù5æ	ÓÕÒ	ØÛ Ò*ã�Ù × Ò	Ø � ���2�¨c�n<Ò	Ø × Ô	Ø5ã�Þ=ÙáÝ ÙäØ|ç�ã � êVÖ × ÓÕÒ Û Ù|Ô	ï�Ý�Þ
Ò*Ó¯Ò Û Ù|ã Û Ò Ü Ö Û Ù ×¸� â�ã�Ù � Ö Û Ú ×5�=Û�Ü	� Ú"Ý�Þ=Ò�ß�Ò Ü ÒÙ × Ý > Ý � ÞëÔÊÙäÒ Û ß�Ò Û ÙvÞ=Ò	Ø × Ô	Ø¸ã�Þ=ÙäÝ£ÙäØkß�Ò � �����XÝ�ã ÌNÜ Ý�Ø Û Ò	ã�Ù × Ò*Ø	c
�����
�	�n�
� ��� �R� ���
�	�Å�9µlWÝ Û Ø�Þ=Ò ��¢ !�� T $%# &2[ ì²Þ
Ò*Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø�Þ �
Û Ô	Ý �=× Ò*Ø�à × ÒÊÙáÝ × ßÕß�ÒiÙ�å�Ú$Ò × Ò*ÙäÝ × ß�Ô|Ø5Ö Û Ù�ß0¤sÝ£â$Ö × ß�=Û Ù × Ö�ß�ã � ÙäØ	ì�Ú�ã � Ø_Ø5Ö Û Ù�ß�Ô*û Û�� Ø�Þ=Ò	Ø_Øoå�ØoÙäæ*Ó¯Ò*Ø^Þ �
Û Ô!Ý �=× Ò	Ø_à × Ò*ÙäÝ × ßÿß�Ò9Ù�å�Ú$Ò Û Ò	ã�Ù × Ò£ìXÝ�Ú�Ú$Ò*Þ
Ô	ØÚ�Þ=ã�Ø�Ø � Ó¯Ú�Þ
Ò	ÓÕÒ Û Ù�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*Ø	c�j Û Ú × Ô	Ø¸Ò Û ÙäÒgã Û Ú × Ö Ü Ô*ß�ÔgÓÕÖ�ß�Ô	Þ � Ø¸ÔkÚ"Ý × ã Û Øoå�Ø¸Ùäæ*Ó¯Òà × ÒÊÙáÝ × ß�+�ã Û Ò Ü Ö�Þ
Ö Û�Û Ò ÜÆí�× Ö�Ó¯Ý£ÙäÖ�ï × Ý�Ú í�� ç�ã�ÒÕÒ*ÙpÙ × Ö � Ø^Ú × Ö Ü Ô	ß�Ô*Ø9Ó¯Ö�ß�Ô*Þ � Ø5Ô*ØpÚ"Ý × ß�Ò	Ø9Øoå�Øo§Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø�+�ã Û Ò<Þ � ï Û Ò�ß�Ò�Ù × Ý Û Ø¸Ó � Ø5Ø � Ö Û ØäÝ Û Ø�Ú$Ò × ÙäÒ*Ø	ì�ã Û Ò<â"Ý ×¸× Ò�£"Ò Ì�� â�Þ=Ò Ü Ö�ã�Ú�Þ=Ô	Ò:àvã Û ÒÜáí Ý × ï�ÒiÒÊÙ�ã ÛÕÜ	�=×5Ü ã � Ù�Ô	Þ=Ò Ü Ù × Ö Û�� ç�ã�Òiß � Ù�à�Ô*Þ
Ô	ÓÕÒ Û ÙäØ¤��Ú"Ý × Ù � Ò	Þ=Ø��_îZ~�u�u�nkðÆc�lWÝ Û Ø Ü Ò ÜÆí Ý�Ú � Ù × Ò£ìÞ=Ò	ØvÓÕÖ�ß�æ	Þ=Ò	ØvØ¸Ö Û ÙWß�Ô Ü*×5� ÙäØvÚ"Ý × ß�Ò	ØWÔ	ç�ã"Ý Ù � Ö Û ØWß �=é Ô × Ò Û Ù � Ò*Þ
Þ=Ò	ØvÝ£ã Ì ß�Ô ×¸�=> Ô	Ò*Ø_Ú"Ý × Ù � Ò	Þ=Þ=Ò	Ø*ì$Ö ÛÛ Ò®Þ
Ò	Ø Ü Ö Û Ø � ß�æ × ÒMÚ"Ý�Ø Ü Ö�ÓÕÓ¯Ò¯ß�Ò*ØèÓÕÖ�ß�æ*Þ
Ò*Ø9Ý > Ò Ü Ú�Ý × Ý�ÓÕæ*Ù × Ò*Ø �=Û�Ü Ò × ÙäÝ �
Û ØpÒ*Ù9Ö Û¥Û ¤�Ò Û Ù × ÒÚ"Ý£Ø�ß"Ý Û Ø�Þ
Ò	Ø�ß�Ô*ÙáÝ � Þ
Ø�Ó®Ý£Ù í Ô	Ó¯Ý£Ù � ç�ã�Ò*Ø|î Ü Ò	Ø�Ý�Ø¸Ú$Ò Ü Ù5Ø�Ø5Ò × Ö Û Ù�ß�Ô > Ò*Þ
Ö�Ú�Ú$Ô	Ø�ß"Ý Û Ø�Þ
Ò*Ø Üáí Ý�Ú � Ù × Ò	ØØ¸ã �=> Ý Û Ù5ØáðÊì"Ó¯Ý � Ø:Ö Û Ú × Ô	Ø5Ò Û Ù5ÒpÞ
Ò*Øiâ�Ý�Ø5Ò*Ø Û Ô Ü Ò	Ø5ØäÝ �
× Ò*ØgÚ$Ö�ã × Ý�Ú�Ú × Ö�êVÖ Û ß �
× Þ=Ò_Ø5ã ü¸ÒÊÙ!c



�
lWÝ Û ØvÞ
Ò ��¢ !�� T $D# & ¡ ì$Ö Û Ú × Ô	Ø¸Ò Û ÙäÒ9Þ
ÒpÚ × Ö�â�Þ=æ	ÓÕÒ^ß�ÒºÞóÝ > Ý£Þ
Ò	ã ×g�
Û�� Ù � Ý£Þ=Ò�Ú$Ö�ã × Þ
Ò*ØvØoå�Øo§Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø	ì�Ö ÛJ× Ý�Ú�Ú$Ò*Þ
Þ=Ò Ü Ò{Ú × Ö�â�Þ
æ*ÓÕÒNß"Ý Û ØÕÙ × Ö � ØõÒ	Ø¸Ú"Ý Ü Ò	Ø�+�ÞY¤�Ò*Ø5Ú"Ý Ü Ò6ß�Ò	ØÕêVÖ Û�Ü Ù � Ö Û ØÜ Ö Û Ù �
Û ã�Ò	Ø C, Þ¨¤�Ò	Ø5Ú�Ý Ü Ò|ß�Òg��Ö�â$Ö�Þ=Ò > W1

p

Ò*Ù�Þ¨¤�Ò	Ø5Ú�Ý Ü ÒgÝ£â�Ø¸Ù × Ý � Ù Mp = Rn×Lp
c�j ÛÕ× Ý�Ú�Ú$Ò*Þ
Þ=ÒÝ�ã�Ø5Ø � Þ=Ò	Ø|Ø5Ö�Þ=ã�Ù � Ö Û Øiß�Ò*ØvØ¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*ØvÞ �=Û Ô!Ý �
× Ò	Ø*ì"ÞóÝ × Ò*Ú × Ô*Ø5Ò Û ÙáÝ Ù � Ö Û ß�Ò9n:Ý�ã Üáí å6Ò*ÙvÞ
ÝÓ¯Ý£Ù ×¸�
Ü ÒkêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=ÒiÝ�Ø5Ø¸Ö Ü*� Ô*ÒvÝ�ã Ì Ø¸å�Ø¸Ùäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò	Ø<Þ �
Û Ô!Ý �=× Ò	Ø	c�j Û Ú × Ö�Ú$Ö�Ø5Ògß�Ò	ã Ì Ó¯Ý §Û�� æ × Ò	Øvß�ÒºÙ × Ö�ã > Ò × ÞóÝ¯Ó¯Ý£Ù ×¸�
Ü Ò^êVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=ÒpÖ;F0ì�Ú$Ö�ã × ÞY¤�ã Û Òºß0¤�Ò	Þ=Þ
Ò	Ø*ì�Ö Û ã�Ù � Þ � Ø¸ÒpÞY¤�Ò*Ø5Ú"Ý Ü ÒÚ × Ö�ß�ã � Ù Mp = Rn ×Lp,

ç�ã � Ý9Þ¨¤�Ý > Ý Û ÙäÝ�ï�Òvß0¤¥�ÊÙ × Ò�ï�Ô Û Ô × Ý�Þ0Ú$Ö�ã ×k× Ô*Ø5Ö�ã�ß × Ò�Þ=Ò	Ø:Ú × Ö�â�Þ
æ*Ó¯Ò*ØÖ>Fk��ÞY¤�ÔÊÙáÝ£Ù��
x
Û ¤�Ò	Ø¸Ù Û�� ß �=é Ô × Ò Û Ù � Ý£â�Þ
Ò Û�� ÓI�*Ó¯Ò Ü Ö Û Ù �=Û ã0ì Ü Ö�ÓÕÓ¯Ò Ü ¤�Ò*Ø¸Ù�Þ=Ò Ü Ý£Ø�ß�Ò:ÞóÝgØ5Ö�Þ
ã�Ù � Ö Ûß�Ò�Þ
ÝèÓ¯Ý£Ù ×¸�
Ü ÒvêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ£Þ
Ò�ì�ã Û Ò Ì Ò	ÓÕÚ�Þ
Ò�ß�Ý Û Ø R2 × Lp

Ò	ØoÙgÚ × Ô	Ø¸Ò Û Ù5Ô�ctXÒ ��¢ !�� T $D# & ´ Ý÷Ú$Ö�ã × Ö�â�ü¸Ò Ü Ù � êvß�ÒNêZÝ�Ó � Þ � Ý ×5� Ø5Ò × Þ
ÒNÞ=Ò Ü ÙäÒ	ã × Ý > Ò Ü Þ
ÝSØ¸ÙáÝ�â � Þ � ÙäÔ]ß�Ò	ØØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò	Ø*cij Û Ú × Ô	Ø¸Ò Û ÙäÒSã Û Ú"Ý Û Ö × Ý�Ó¯Ý × Ý�Ú � ß�Ò2Ø¸ã × ÞóÝ�ØoÙáÝ�â � Þ � Ù5Ô{ß�Ò	ØMØ¸å�Ø¸Ù5æ	ÓÕÒ	ØÛ Ò*ã�Ù × Ò	Ø*c�lWÝ Û Ø Ü Ò Üáí Ý�Ú � Ù × Ò�ìXÖ Û Ú × Ô*Ø5Ò Û ÙäÒ®ß0¤�Ý�â$Ö × ß�ç�ã�Ò	Þ=ç�ã�Ò	Øºß�Ô*û Û�� Ù � Ö Û Ø�ß�Ò¯Ø¸ÙäÝ�â � Þ � ÙäÔèÒ*Ùß�Ò*ØºÙ í Ô*Ö × æ*Ó¯Ò*Ø9ß�ÒMâ�Ý�Ø5ÒMØ¸ã × Þ
Ý{Ø¸ÙáÝ£â � Þ � ÙäÔÕß�Ò*ØèØoå�Ø¸Ùäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò*Ø	c�j Û Ú$Ö�Ø5ÒMã Û¦Û Ö�ã > Ò!Ý�ãÚ × Ö�â�Þ=æ	ÓÕÒ^ß�ÒpØoÙáÝ�â � Þ � Ù5Ô × Ö�â�ã�Ø¸Ù5ÒpÙ × æ	Øgï�Ô Û Ô × Ý�Þ�Ý > Ò Ü ß�Ò	ã Ì{× Ò*ÙäÝ × ß�Ø Ü Ö Û ØoÙáÝ Û ÙäØvÒÊÙ �
Û�Ü Ö Û�Û ã�Ø	ìÞY¤�ã Û ß�Ý Û Ø,��ÞY¤�ÔÊÙáÝ£Ù × Ò*ÙäÝ × ß�Ôr�_Ò*Ù|ÞY¤sÝ£ã�Ù × Ò_ß"Ý Û Ø|ÞY¤�Ö�Ú$Ô × Ý ÙäÒ	ã × ß�Ò�ß �=é Ô × Ò Û�Ü Ò�c$j Û Ú × Ô	Ø¸Ò Û Ù5ÒpÔ*ï²Ý §Þ=Ò	ÓÕÒ Û Ù Ü Ò × ÙáÝ �
Û Ò*Ø9Ù × Ý Û Ø¸êVÖ × Ó®Ý Ù � Ö Û Øºç�ã0¤�Ö Û ã�Ù � Þ � Ø5Ò®Ú$Ö�ã × ß�Ô	ÓÕÖ Û Ù × Ò × Þ
Ý�ØoÙáÝ�â � Þ � Ù5Ô®Ö�ã«ã Û ÒÚ × Ö�Ú ×¸� Ô*Ù5Ô � Ó¯Ú$Ö × ÙáÝ Û ÙäÒºß�Ò	Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò	Ø*c�� �=Û Ý�Þ=Ò	ÓÕÒ Û Ù	ì�Ö Û Ú × Ô*Ø5Ò Û ÙäÒõã Û Ù5Ö�ã × ï�ã � ß�ÔØ¸ã × Þ
ÝèØoÙáÝ�â � Þ � Ù5ÔWß�Ô	Ú$Ò Û ß"Ý Û ÙäÒpÒÊÙ �
Û ß�Ô*Ú$Ò Û ß�Ý Û Ù5Ò^ß�Ò�ÞóÝ9ÙäÝ � Þ=Þ=Òvß�ã × Ò*ÙáÝ × ß6Ú$Ö�ã × Þ
Ò	ØkØ¸å�Ø¸Ù5æ	ÓÕÒ	ØÛ Ò*ã�Ù × Ò	Ø*clWÝ Û Ø�Þ
Ò ��¢ !�� T $D# &�¶ ì0Ö Û Ý�â$Ö × ß�ÒõÞ
Ý]ØoÙáÝ�â � Þ � Ù5Ô × Ö�â�ã�Ø¸ÙäÒõß�Ô*Ú$Ò Û ß"Ý Û ÙäÒÕß�ÒõÞ
Ý®ÙáÝ � Þ
Þ?Ò9ß�ã× Ò*ÙáÝ × ßwß�Ò	Ø]Ø¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	ØNÞ �
Û Ô!Ý �=× Ò	Ø	ì�Ý > Ò Üÿ�=Û�Ü Ò × Ù � Ùäã�ß�Ò	ØMØ5ã × Þ
Ò*ØMÚ"Ý × Ý�Ó¯æÊÙ × Ò	ØMÒ*Ù]Þ
Ò*Ø× Ò*ÙáÝ × ß�Ø*c�tXÒ*Ø�Øoå�Ø¸Ùäæ*Ó¯Ò*Ø Ü Ö Û Ø � ß�Ô × Ô	Ø�Ø¸Ö Û Ù�ß�Ô Ü*×5� Ù5Ø_Ú"Ý × ß�Ò	Ø_Ô	ç�ã"Ý£Ù � Ö Û Ø_ß �=é Ô × Ò Û Ù � Ò	Þ
Þ=Ò*ØgêVÖ Û�Ü §Ù � Ö Û�Û Ò	Þ=Þ
Ò*Ø:Ý > Ò Ü ß�Ò	Ø �=Û�Ü Ò × Ù � Ù5ã�ß�Ò	Ø Û Ö Û Þ �
Û Ô	Ý �=× Ò*Ø:ÒÊÙ > Ý ×¸� Ý Û ÙäÒ*Økß"Ý Û ØiÞ=ÒvÙäÒ*Ó¯Ú�Ø	ì Ü Ö Û�Ü Ò ×5Û Ý Û ÙÞ=Ò	Ø�Ú�Ý × Ý�ÓÕæ*Ù × Ò*Ø�ß�Ò*Ø�Ó¯Ý£Ù ×5�=Ü Ò	Ø�ß0¤�ÔÊÙáÝ£Ù�ÒÊÙ�ß0¤�ÔÊÙáÝ£Ù × Ò*ÙáÝ × ß�Ô£ì�ÒÊÙ �
Û�Ü Ò × Ù � Ù5ã�ß�Ò*Ø > Ý ×¸� Ý Û ÙäÒ	Ø�ß"Ý Û Ø�Þ
ÒÙ5Ò	ÓÕÚ�Ø:ÒÊÙkç�ã"Ý�Ø � Þ �=Û Ô!Ý �=× Ò	Ø�Ú$Ö�ã × ÞY¤�Ö�Ú$Ô × Ý£Ù5Ò	ã × ß�ÒWß �=é Ô × Ò Û�Ü Ò�c�t�¤sÝ Û Ý�Þ=å�Ø¸ÒWß�ÒWØ¸ÙäÝ�â � Þ � Ù5ÔgÚ × Ô	Ø5Ò Û §Ù5Ô	Ò�Ò	ØoÙgÒ é Ò Ü Ùäã�Ô*Òpï × à Ü Ò�àõã Û Ò^Ý�Ú�Ú × Ö Üáí Ò^Ú"Ý × êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò	Ø:ß�Ò^t0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
� ctXÒ ��¢ !�� T $%# &¿·�¦ Ü Ö�ÓÕÓÕÒºÞ=Ò Üáí Ý�Ú � Ù × ÒºÚ × Ô Ü Ô	ß�Ò Û Ù!ì0Ù × Ý � ÙäÒpß�Ò9Þ
Ý¯Ø¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�Ø¸Ù5Òèß�ÔÊ§Ú$Ò Û ß"Ý Û ÙäÒpß�Ò^ÞóÝ9ÙáÝ � Þ=Þ=ÒWß�ã × ÒÊÙáÝ × ß{ß�Ò*ØgØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò	ØgÞ �
Û Ô	Ý �=× Ò*ØiÝ > Ò Üp�=Û�Ü Ò × Ù � Ùäã�ß�Ò�ß"Ý Û ØÞ=Ò	Ø<Ú�Ý × Ý�ÓÕæ*Ù × Ò*Ø<Ò*Ù:Þ=Ò	Ø × Ò*ÙáÝ × ß�Ø*c�t�Ò*Ø:Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Ü Ö Û Ø � ß�Ô × Ô	Ø:Ø5Ö Û Ù:ß�Ô Ü	×5� ÙäØ<Ú"Ý × ß�Ò	Ø:Ô*ç�ã"Ý£Ù � Ö Û Øß �?é Ô × Ò Û Ù � Ò	Þ=Þ=Ò	Ø�êVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Ø�Ý > Ò Ü��
Û�Ü Ò × Ù � Ù5ã�ß�Ò*Ø Û Ö Û Þ �=Û Ô!Ý �=× Ò	ØXÒÊÙ > Ý ×¸� Ý Û ÙäÒ*Ø�ß�Ý Û Ø�Þ
Ò�ÙäÒ	ÓÕÚ�Ø



�
ß"Ý Û Øk��Þ¨¤�Ô*ÙáÝ Ùh�ÕÒÊÙ���Þ¨¤�Ô*ÙäÝ£Ù × Ò*ÙäÝ × ß�Ôr�áì�ÒÊÙ �=Û�Ü Ò × Ù � Ùäã�ß�Ò	Ø > Ý ×5� Ý Û Ù5Ò	Øºß"Ý Û Ø9Þ
ÒÕÙäÒ*Ó¯Ú�Ø9ÒÊÙèç�ã"Ý£Ø � Þ � §Û Ô	Ý �=× Ò	Ø�ß"Ý Û Ø�Þ¨¤�Ö�Ú$Ô × Ý£ÙäÒ*ã × ß�Òkß �?é Ô × Ò Û�Ü Ò£c²lWÝ Û Ø Ü Ò Üáí Ý�Ú � Ù × Ò�ì�àWÞ
ÝWß �=é Ô × Ò Û�Ü Òiß�ãõÚ × Ô Ü Ô*ß�Ò Û Ù!ìÖ Û Ô >�� ÙäÒ�ß0¤�Ý ü¸Ö�ã�ÙäÒ × Ý�ãpØoå�ØoÙäæ	ÓÕÒ<Þ
Ýiß�å Û Ý�Ó � ç�ã�Ò�Ý�Ø¸Ø5Ö Ü	� Ô	Ò<à|Þ
ÝkÙ × Ý Û Ø¸êVÖ × Ó®Ý Ù � Ö Û ã�Ù � Þ � Ø5Ô	Ò�ß"Ý Û ØÞ=Òõn í Ý�Ú � Ù × Ò9��ì�Ò Û ÔÊÙäÒ Û ß"Ý Û Ù�Þ
Ý¯Ù × Ý Û Ø¸êVÖ × Ó®Ý Ù � Ö Û Ú"Ý ×W�
Û Ù5Ô	ï × Ý£Ù � Ö Û Ø¸ã × ã ÛS�
Û Ù5Ò ×o> Ý�Þ
Þ=Ò � ���2��+Øoå�ØoÙäæ*Ó¯Ò®îY��cs��c��²ðÆì"Ý�ã Ü Ý�Ø Û Ò	ã�Ù × Ò^Ý > Ò Ü^�
Û�Ü Ò × Ù � Ùäã�ß�Ò*Ø�+�Ø¸å�Ø¸Ùäæ*Ó¯Ò®îY��csr�c=b�ð�§ÊîY��csr�c���ðÊclWÝ Û Ø�Þ=Ò ��¢ !�� T $D# &õ¼ ì£Ö Û Ú × Ô*Ø5Ò Û ÙäÒ:Ú$Ö�ã × Þ
ÝgÚ × Ò	Ó � æ × Ò�êVÖ � Ø�ã Û ÒkÝ£Ú�Ú × Ö Üáí Ò Ü Ö Û ØoÙ × ã Ü Ù �=> Òß�Ò*Ø�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Ø�ß�Ògt0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
� Ý�Ú�Ú�Þ � ç�ã�Ô	Ò|Ý�ã Ì Øoå�Ø¸Ùäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò	Ø�Þ �
Û Ô!Ý �=× Ò	Ø	cn<ÒÊÙ5ÙäÒ<Ý£Ú�Ú × Ö Üáí Ò Ü Ö Û Ø � ØoÙäÒ�ßë¤�ã Û Ò�Ú"Ý × Ù�Ò Û Þ
Ý Ü Ö Û Ø¸Ù × ã Ü Ù � Ö Û ß�Ò�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò	Ø�ß�Ò�t�å²Ý£Ú�ã Û Ö > §È × Ý£Ø5Ö > Ø¸ñ �=� ��â � Ò Û Ý�ß"Ý�Ú�ÙäÔ	Ò*Ø���Ý£ã Ì Øoå�ØoÙäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò	ØiÞ �=Û Ô!Ý �
× Ò	Ø<ÒÊÙiß0¤�Ý�ã�Ù × Ò_Ú"Ý × Ù!ì�Ö Û ã�Ù � Þ � Ø¸ÒÜ Ò	ØpêVÖ Û�Ü Ù � Ö Û�Û�Û Ò	Þ=Þ
Ò	Ø�Ú$Ö�ã × ÓÕÖ Û Ù × Ò × ÞóÝNØ¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�Ø¸Ù5Ò®ß�Ò¯Øoå�ØoÙäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò	ØºÞ �
Û Ô	Ý �=× Ò*ØÝ > Ò Ü^�=Û�Ü Ò × Ù � Ù5ã�ß�Ò	Ø*clvÒ	Ø§6>����6 ( �"� T ���"� & $E� & #���� & 6;$ T K�& �_Ù5Ò × Ó �=Û Ò Û ÙiÞóÝºÙ í æ	Ø5Ò£c
�����
�	"#��%&���	������� ��� �R� ���
�	�Å�tXÒ*Ø Ü Ö Û Ù ×5� â�ã�Ù � Ö Û Ø:ß�Ò�ÞóÝºÙ í æ*Ø5Ò^Ø5Ö Û Ù|Þ
Ò*ØiØ¸ã �=> Ý Û Ù5Ò	Ø�+
¨ t�¤�Ö�â�ÙäÒ Û Ù � Ö Û ßë¤�ã Û Ó¯Ö�ß�æ	Þ
Ò6à × ÒÊÙáÝ × ß�Ø � Ó¯Ú�Þ=ÒNß�Ò{ÞóÝ Ü Ö�Þ
Ö Û�Û Ò ÜÆí�× Ö�Ó¯Ý£ÙäÖ�ï × Ý�Ú í�� ç�ã�Ò£ìß�Ô > Ò*Þ
Ö�Ú�Ú$Ô÷Ò ÛªÜ Ö�Þ=ÞóÝ�â$Ö × Ý£Ù � Ö Û Ý > Ò Ü y�ci�ÀÝ�ß � d�â × Ý í�� Ó{ì<ß�Ö Ü ÙäÖ × Ý Û Ù{Ý�ãªt�z|}õì:ã Û Ò> Ò × Ø � Ö Û ß�Ò6ÞóÝSÞ � ï Û Ò]ß�ÒNÙ × Ý Û Ø5Ó � Ø5Ø � Ö Û ØäÝ Û ØÕÚ$Ò × ÙäÒ	Ø � ��q2�Yì�Ø � Ó � Þ=Ý �?× Ò]à � b�b��¨ì � �£���iÒ*Ùç�ã�Ò	Þ=ç�ã�Ò	Ø × Ò	Ó¯Ý × ç�ã�Ò*Ø|Ú$Ö�ã × ÞóÝ9Ø � Ó9ã�ÞóÝ Ù � Ö Û ß�Ò	Ø Ü*�
×5Ü ã � Ù5Øi~�u�u�n � �2�Yì > Ö �
× Ý£ã�Ø5Ø � � �����Yc
¨ m Û Ò�Ó¯ÔÊÙ í Ö�ß�Ò�Ú$Ö�ã × Ö�â�ÙäÒ Û��
× Þ
ÝJÓ®Ý Ù ×5�=Ü ÒSêVÖ Û ß"Ý£Ó¯Ò Û ÙäÝ�Þ
Òÿß"Ý Û Ø{Þ¨¤�Ò	Ø5Ú�Ý Ü Ò¿Ý�â�Ø¸Ù × Ý � Ù
Mp = Rn × Lp

ÒÊÙ|ØäÝõØ5Ö�Þ=ã�Ù � Ö Û Ý Û Ý�Þ=å�Ù � ç�ã�Ò�c
¨ lvÒ	ã Ì Ù × Ý Û Ø¸êVÖ × Ó¯Ý£Ù � Ö Û ØXß�Ò�Ó¯Ö�ß�æ*Þ
Ò�Ú$Ö�ã × Þ=Ò	Ø�Øoå�ØoÙäæ	ÓÕÒ*Ø Û Ò	ã�Ù × Ò	Ø*c�~�Ö�ã × Þ
Ý|Ú × Ò	Ó � æ × Ò£ì � ÞØ	¤�Ý�ï � Ù�ß�Ò<Ù × Ý Û ØoêVÖ × ÓÕÒ × Þ
Ò�Ø¸å�ØoÙäæ	ÓÕÒ Û Ò	ã�Ù × Ò�îY��cs��cs��ðXÒ Û ã Û Ø¸å�ØoÙäæ	ÓÕÒià × Ò*ÙäÝ × ß Ü Þ
Ý�Ø5Ø � ç�ã�ÒîY��c���c��²ð�Ò*ÙkÖ Û ß�Ö Û�Û Ò_ã ÛN× Ô	Ø¸ã�Þ=ÙäÝ£Ùkß�ÒWØ¸ÙäÝ�â � Þ � ÙäÔ�+�f í Ô	Ö × æ	ÓÕÒ���c���c?b � ��q2�¨c�tXÝ9ß�Ò*ã Ì�� æ*Ó¯ÒÙ × Ý Û Ø¸êVÖ × Ó®Ý Ù � Ö Û¯× Ò >�� Ò Û Ùià9ã�Ù � Þ � Ø5Ò × Þ
Ý × æ	ï�Þ=Òvß�Ò_t�Ò � â Û�� Ù � Ú$Ö�ã × Þ¨¤�Ö�Ú$Ô × Ý£Ù5Ò	ã × ß�ÒWß �?é ÔÆ§× Ò Û�Ü Ò¯îY��cs��c=b!�²ðÊì � ���2�Yì�ç�ã � Ù × Ý Û Ø¸êVÖ × ÓÕÒWã Û Ò Ü Þ
Ý�Ø5Ø¸Ò_ß�Ò_Ó¯Ö�ß�æ*Þ
Ò*Ø:ß�Ò_Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*ØÚ�Þ
ã�ØNï�Ô Û Ô × Ý�Þ=Òÿç�ã�Ò�ÞY¤�ã�Ù � Þ � ØäÝ Ù � Ö Û ß�Ò÷Þ
Ý × æ	ï�Þ
Òÿß�Ò�t�Ò � â Û�� Ù � Ø5Ò	ã�Þ
Ò	ÓÕÒ Û Ù6Ø5ã × ÞY¤�ÔÊÙáÝ£Ù	cn<Ò Ü*� Ú$Ò × ÓÕÒÊÙºß0¤�Ý > Ö �
× ß�Ò*ØºØ¸Ö�Þ
ã�Ù � Ö Û ØpÝ > Ò Ü ß � Ø Ü Ö Û Ù �=Û ã � ÙäÔ*Ø	ì�ÙäÝ Û ß � Ø^ç�ã�Ò®ÞY¤�Ö�Ú$Ô × Ý£Ù5Ò	ã ×ß�Ò_ß �?é Ô × Ò Û�Ü Ò × Ò	ØoÙäÒ_ß �?é Ô × Ò Û Ù � Ý�â�Þ=ÒèîVÚ × Ò*Ø5ç�ã�Ò�Ú"Ý × ÙäÖ�ã�ÙÆðÊc�u Û êZÝ � Ù!ì�Ú$Ö�ã × ã�Ù � Þ � Ø5Ò ×<Ü Ò*Ù¸ÙäÒÙ × Ý Û Ø¸êVÖ × Ó®Ý Ù � Ö Û ì�Ö Û Ø5ÒSÚ�ÞóÝ Ü ÒSß�Ý Û Ø]ß�Ò	ØNÒ*Ø5Ú"Ý Ü Ò	Ø �=Û ÙäÔ × Ò*Ø5ØäÝ Û ÙäØNÚ"Ý ×]× Ý£Ú�Ú$Ö × ÙNà¦Þ
ÝØ¸ÙáÝ£â � Þ � ÙäÔ � ��q��kÖ>F«Þ
ÒMÚ × Ö�â�Þ
æ*Ó¯ÒMß�Ò]ÞóÝ > Ý�Þ=Ò	ã ×9�
Û�� Ù � Ý£Þ=Ò®Ò	ØoÙÕâ � Ò Û Ú$Ö�Ø5ÔNÚ"Ý × Ò Ì Ò*Ó¯Ú�Þ
Ò
W1

p ([−r,0] ,Rn)
� �²r2�Yì C ([−r,0] ,Rn)

� �²Â2�Yì Mp = Rn × Lp ([−r,0] ,Rn)
� b!���Yc



�
¨ m Û Òÿß�Ò	Ø Ü Ö Û Ù ×5� â�ã�Ù � Ö Û Ø]Ú ×5�
Û�Ü	� Ú"Ý�Þ
Ò*ØMß�Ò Ü ÒSÙ × Ý > Ý � ÞvÒ*Ø¸Ù6Þ
Òÿn í Ý�Ú � Ù × ÒS��ì:â"Ý£Ø5ÔÿØ5ã ×� ��q2��ç�ã � ï�Ô Û Ô × Ý�Þ � Ø5ÒèÞ=Ò	ØWÙ × Ý > Ý�ã Ì Ý Û Ù5Ô ×5� Ò	ã × Ø � ���;�Yì � ���2��êVÖ Û ß�Ô	Ø�Ø5ã × Þ
Ò*Ø �=Û�Ü Ò × Ù � Ùäã�ß�Ò	Ø> Ý ×¸� Ý Û ÙäÒ	ØNß"Ý Û Ø6Þ
ÒSÙ5Ò	ÓÕÚ�Ø6ÒÊÙ{ç�ã"Ý�Ø � Þ �=Û Ô	Ý �=× Ò*ØNß�Ý Û Ø6Þ¨¤�Ö�Ú$Ô × Ý£Ù5Ò	ã × ß�Òÿß �=é Ô × Ò Û�Ü Ò�ìiÒ*ÙÖ Û Ý�Ø¸Ø5ã × Ò9Þ¨¤�Ö�â�Ù5Ò Û Ù � Ö Û ß�Ò Ü Ö Û ß � Ù � Ö Û Ø|ß�ÒºØoÙáÝ�â � Þ � Ù5Ô × Ö�â�ã�Ø¸Ù5ÒNî êZÝ Ü	� Þ
Ò*Øgà > Ô ×5� û�Ò × ðiç�ã �Ø	¤�Ò Ì Ú ×5� Ó¯Ò Û Ù|Ò Û Ù5Ò × ÓÕÒ	Økß�Ò^ÞY¤�Ò Ì�� ØoÙäÒ Û�Ü Ò^ß�Ò^Ø¸Ö�Þ
ã�Ù � Ö Û ØkÚ$Ö�Ø � Ù �=> Ò*Øiß0¤�ã Û Ò^t�y6dác
¨ m Û Ò�Ý�ã�Ù × Ò�ß�Ò	Ø Ü Ö Û Ù ×¸� â�ã�Ù � Ö Û Ø0ß�Ò Ü Ò�Ù × Ý > Ý � Þ�Ò*Ø¸Ù�Þ
Ò�n í Ý�Ú � Ù × Ò���ô!ÞY¤sÝ£Ú�Ú$Ö × Ù�Ò*Ø¸Ù�Þ¨¤�Ý Û Ý£Þ=å�Ø5Òß�Ò÷Ø¸ÙäÝ�â � Þ � ÙäÔ >�� Ý¦ã Û Ò�Ý�Ú�Ú × Ö ÜÆí Ò÷ß�ÒÿêVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Ø]ß�Ò�t0å²Ý£Ú�ã Û Ö > §�È × Ý�Ø¸Ö > Ø5ñ �
� Ò ÛÔ >�� ÙäÝ Û ÙWÞóÝ®ß�å Û Ý�Ó � ç�ã�ÒèÝÉü¸Ö�ã�ÙäÔ*Ò9Ú"Ý × Þ
Ý¯Ù × Ý Û Ø¸êVÖ × Ó¯Ý£Ù � Ö Û ã�Ù � Þ � Ø5Ô*Òºß"Ý Û ØWÞ
Òèn í Ý�Ú � Ù × Ò��ì�Ò Û Ô*Ù5Ò Û ß"Ý Û Ù_ÞóÝÕÙ × Ý Û Ø¸êVÖ × Ó®Ý Ù � Ö Û Ú"Ý ×v�
Û ÙäÔ	ï × Ý£Ù � Ö Û Ø5ã × ã Ûÿ�=Û Ù5Ò ×¸> Ý�Þ
Þ=Ò � �²����Ý£ã Ü Ý£ØÛ Ò	ã�Ù × Ò^Ý > Ò Ü��
Û�Ü Ò × Ù � Ù5ã�ß�Ò*Ø	c
¨ t�ÝMß�Ò ×5Û�� æ × Ò Ü Ö Û Ù ×5� â�ã�Ù � Ö Û ß�Ò Ü Ò9Ù × Ý > Ý � Þ�Ò	ØoÙ�ß�Ö Û�Û Ô*Òõß�Ý Û Ø_Þ=Òõn í Ý£Ú � Ù × Òè��ôëÞ
Ý Û Ö�ã�§> Ò!Ý�ã�ÙäÔ Ü Ö Û�Ü Ò ×5Û Ò�ÞóÝ<Ó¯ÔÊÙ í Ö�ß�Ò Ü Ö Û Ø¸Ù × ã Ü Ù �=> Ò�ß�Ò	Ø�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*Ø0ß�Ò�t0å²Ý�Ú�ã Û Ö > §�È × Ý�Ø5Ö > Ø5ñ �
�Ý > Ò Ü ã Û Ò¯ï × Ý Û ß�ÒÕÚ"Ý × Ù � Òõß�Ô	ß � Ô	Ò¯Ý�ã Ì Ú × Ö�Ú ×5� Ô*Ù5Ô	Ø^ß�Ò¯Þ
ÝNÓ¯Ý£Ù ×¸�
Ü Òèß�Ò®t0å²Ý£Ú�ã Û Ö > ì Ü ÒÙ × Ý > Ý � Þ0ÝèêZÝ � ÙkÞ¨¤�Ö�â�ü¸Ò*Ùißë¤�ã Û Ò Ü Ö�Þ=ÞóÝ£â�Ö × Ý Ù � Ö Û Ý > Ò Ü Þ=Ò�~ × c��vÞóÝ�ß � Ó �?× È í Ý ×5� ÙäÖ Û Ö > c
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lWÝ Û Ø Ü Ò ÜÆí Ý£Ú � Ù × Ò�ì�Ö Û��
Û Ù × Ö�ß�ã � ÙÕß0¤�Ý�â$Ö × ß�Þ=Ò	Ø¯Ø¸å�ØoÙäæ	ÓÕÒ*ØNà × Ò*ÙáÝ × ß�ß�Ò{Ù�å�Ú$Ò × Ò*ÙäÝ × ß�ÔÞ �
Û Ô	Ý �=× Ò*ØÕÚ�ã � Ø¯Þ
Ò*Ø®Øoå�ØoÙäæ*Ó¯Ò*ØNà × Ò*ÙäÝ × ß�ß�Ò{Ù�å�Ú$Ò Û Ò*ã�Ù × Ò�ì�Þ �=Û Ô!Ý �=× Ò	ØÕÖ�ã�Ú�Þ
ã�Ø¯Ø � Ó¯Ú�Þ
Ò	ÓÕÒ Û ÙØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò	Ø9Þ �=Û Ô!Ý �=× Ò	Ø � �²r��¨ô�ß�Ý Û Ø9Þ=Ò®Ú × Ö ÜÆí Ý �
Û¥Üáí Ý£Ú � Ù × Ò®ã Û Ò Ü ÞóÝ£Ø5Ø5Ò®Ú�Þ
ã�Ø9ï�Ô Û Ô × Ý�Þ=Òß�Ò¯Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø9Ò*Ø¸Ù9ß�ÔÊû Û�� Ò�c�j Û Ú × Ô	Ø5Ò Û Ù5ÒMã Û Ú × Ö Ü Ô*ß�ÔMÓÕÖ�ß�Ô*Þ � Ø5ÔÕÚ�Ý × ã Û Øoå�Ø¸Ùäæ*Ó¯Ò× Ò*ÙáÝ × ß�Ô6îZã Û Ò Ü Ö�Þ=Ö Û�Û Ò ÜÆí�× Ö�Ó¯Ý£Ù5Ö�ï × Ý£Ú í�� ç�ã�Ò!ðÊì�Ò*Ù_Ù × Ö � ØWÚ × Ö Ü Ô*ß�Ô	Ø^ÓÕÖ�ß�Ô*Þ � Ø5Ô*ØWÚ"Ý × ß�Ò	Ø�Øoå�Øo§Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò	Ø]îVã Û Ò¯Þ � ï Û Òõß�ÒÕÙ × Ý Û Ø¸Ó � Ø5Ø � Ö Û Ø5Ý Û ØpÚ$Ò × ÙäÒ	Ø*ì�ã Û Ò®â�Ý ×5× ÒE£"Ò Ì�� â�Þ=Ò Ü Ö�ã�Ú�Þ
Ô*Ò®àã Û Ò Üáí Ý × ï�Ò:ÒÊÙ�ã ÛèÜ	�=×5Ü ã � Ù�Ô	Þ=Ò Ü Ù × Ö Û�� ç�ã�Ò<ß � Ù�àWÔ*Þ
Ô*Ó¯Ò Û Ù5Ø���Ú"Ý × Ù � Ò*Þ
Øs�vîY~�u�u�nkð5ðÊc²lvÝ Û Ø Ü Ò ÜÆí ÝÉ§Ú � Ù × Ò�ì$Ö Û2Û Ò Ü Ö Û Ø � ß�æ × Ò9Ú"Ý£ØvÞ
Ò*ØvÓÕÖ�ß�æ	Þ=Ò	ØvÝ > Ò Ü ß�Ò	ØWÚ�Ý × Ý�ÓÕæ*Ù × Ò*Ø �=Û�Ü Ò × ÙáÝ �
Û Ø|Ò*ÙWÖ Û2Û ¤�Ò Û Ù × ÒÚ"Ý£Ø�ß"Ý Û Ø�Þ
Ò	Ø�ß�Ô*ÙáÝ � Þ
Ø�Ó®Ý£Ù í Ô	Ó¯Ý£Ù � ç�ã�Ò*Ø|î Ü Ò	Ø�Ý�Ø¸Ú$Ò Ü Ù5Ø�Ø5Ò × Ö Û Ù�ß�Ô > Ò*Þ
Ö�Ú�Ú$Ô	Ø�ß"Ý Û Ø�Þ
Ò*Ø Üáí Ý�Ú � Ù × Ò	ØØ¸ã �=> Ý Û Ù5ØáðÊì"Ó¯Ý � Ø:Ö Û Ú × Ô	Ø5Ò Û Ù5ÒpÞ
Ò*Øiâ�Ý�Ø5Ò*Ø Û Ô Ü Ò	Ø5ØäÝ �
× Ò*ØgÚ$Ö�ã × Ý�Ú�Ú × Ö�êVÖ Û ß �
× Þ=Ò_Ø5ã ü¸ÒÊÙ!ct�¤�Ý�Ú�Ú�Ö × Ù<ß�Ò Ü Ò ÜÆí Ý£Ú � Ù × ÒgÒ	Ø¸Ù:Þ¨¤�Ö�â�Ù5Ò Û Ù � Ö Û ßë¤�ã Û ÓÕÖ�ß�æ	Þ=Ò × ÒÊÙáÝ × ß�ÔvØ � Ó¯Ú�Þ=Ò|ß�ÒvÞóÝ Ü Ö�Þ
Ö Û�Û ÒÜáí�× Ö�Ó®Ý ÙäÖ�ï × Ý�Ú í�� ç�ã�Ò�ì²ß�Ô > Ò*Þ
Ö�Ú�Ú$ÔgÒ Û®Ü Ö�Þ=ÞóÝ�â$Ö × Ý£Ù � Ö Û Ý > Ò Ü �ÀÝ£ß � d�â × Ý í�� Ó{ì�Ô*Ù5ã�ß � Ý Û Ù�ß�Ògß�Ö Ü §Ù5Ö × Ý£ÙWß�ã÷t�z|}õìëã Û Ò > Ò × Ø � Ö Û ß�ÒèÞóÝ®Þ � ï Û Òºß�Ò9Ù × Ý Û Ø5Ó � Ø¸Ø � Ö Û ØäÝ Û Ø_Ú$Ò × ÙäÒ*Ø � ��q��Yì0Ø � Ó � Þ=Ý �?× Òºà
� b�b��¨ì � ���2�¨cÀm Û Ò^ß�Ô	ÓÕÖ Û Ø¸Ù × Ý£Ù � Ö Û Ý�Þ=Ù5Ò ×¸Û Ý£Ù �?> Ò�à Ü Ò	Þ=Þ
Ò_Ú × Ö�Ú$Ö�Ø5Ô*Òpß�Ý Û Ø � ��b��XÚ$Ö�ã × ÞY¤�Ò Ì�� Ø¸Ù5Ò Û�Ü Òß�ÒNØ5Ö�Þ
ã�Ù � Ö Û ØèÝ�Ø¸å�ÓÕÚ�ÙäÖ£Ù � ç�ã�Ò*Ó¯Ò Û ÙõØ¸ÙäÝ�â�Þ
Ò*ØõÚ$Ö�ã × Þ
Ò*ØõØ¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò	ØÕÞ �=Û Ô!Ý �=× Ò	Ø9ç�ã �iÛ ÒØ¸Ö Û Ù_Ú"Ý�ØWÒ Ì Ú$Ö Û Ò Û Ù � Ò	Þ=Þ
Ò*Ó¯Ò Û ÙWØ¸ÙäÝ�â�Þ=Ò	ØWÒ	Ø¸Ù�ß�Ö Û�Û Ô*ÒÕÝ �=Û Ø � ç�ã�Òèç�ã�Ò	Þ=ç�ã�Ò	Ø × Ò*Ó¯Ý × ç�ã�Ò*Ø_Ø5ã × Þ
ÝØ � Ó9ã�Þ
Ý£Ù � Ö Û ß�Ò	Ø Ü	�
×¸Ü ã � ÙäØi~�u�u�n � ���¨ì � �����YclWÝ Û Ø Ü Ò Üáí Ý�Ú � Ù × Ò�ì�Ö Û¥> Ò	ã�ÙõÚ × Ô	Ø¸Ò Û ÙäÒ × ç�ã�Ò	Þ
ç�ã�Ò*ØõØ¸å�ØoÙäæ	ÓÕÒ	Ø × Ô	Ò*Þ
Ø9ç�ã � Ø5Ò]ÓÕÖ�ß�Ô	Þ � Ø¸Ò Û Ùâ � Ò Û Ý > Ò Ü ß�Ò*ØiØoå�Ø¸Ùäæ*Ó¯Ò*Ø|à × ÒÊÙáÝ × ß�îVÞóÝºÚ�Þ=ã�Ú"Ý × Ù:ß�ÒWÙ�å�Ú$Ò Û Ò	ã�Ù × Ò!ð<Ú$Ö�ã × Ó¯Ö£Ù �?> Ò × Þ=ÒWÞ=Ò Ü ÙäÒ	ã × c



q
lWÝ Û Ø<Þ
Ý^Ø5ã � ÙäÒ|ß�Ò Û Ö�Ù × Ò|Ù × Ý > Ý � ÞYì Û Ö�ã�Ø Û Ö�ã�Ø �
Û ÙäÔ × Ò	Ø¸Ø5Ò × Ö Û Ø:àpÞY¤sÝ Û Ý�Þ=å�Ø¸Ò|ß�Ò Ü Ò	Ø<Øoå�ØoÙäæ*Ó¯Ò*Ø:Ò*ÙÒ Û Ú"Ý × Ù �=Ü ã�Þ � Ò × àõÞ
ÝèØ¸ÙäÝ�â � Þ � ÙäÔ × Ö�â�ã�Ø¸ÙäÒ£c
¶t·�¶ ¸�¹»º�¼¾½À¿ÂÁxÃÄº�¸M½À¹
tXÒ*Ø�Ø¸å�Ø¸Ùäæ*ÓÕÒ	Øºà × Ò*ÙáÝ × ßÿêVÖ × Ó¯Ò Û Ù_ã Û Ò Ü Þ
Ý�Ø5Ø¸Òõß�ÒõØ¸å�Ø¸Ù5æ	ÓÕÒ	Ø^ß�Òõß � Ó¯Ò Û Ø � Ö ÛS�
Û û Û�� Ò9ÞóÝ × §ï�Ò*ÓÕÒ Û Ùiã�Ù � Þ � Ø5Ô	ÒWÚ$Ö�ã × Þ
ÝèÓÕÖ�ß�Ô*Þ � ØäÝ£Ù � Ö Û Ò*Ù|ÞY¤sÝ Û Ý�Þ=å�Ø¸Ò_ß�Ò�Ú í Ô Û Ö�ÓÕæ Û Ò*Øgß�Ò�Ù × Ý Û Ø5Ú$Ö × Ù|Ò*Ù|ß�ÒÚ × Ö�Ú"Ý�ï�Ý£Ù � Ö Û îZß�Ò:Ó®Ý Ù � æ × Ò£ì£ß0¤�Ô Û Ò × ï � Ò:Ö�ãèß0¤ �=Û êVÖ × Ó®Ý Ù � Ö Û ðÊcÉd�Þ
Ø�Ý£Ú�Ú"Ý × Ý � Ø¸Ø5Ò Û Ù Û Ý£Ù5ã × Ò*Þ
Þ
Ò*Ó¯Ò Û Ùß"Ý Û Ø�ÞóÝgÓÕÖ�ß�Ô	Þ � Ø5Ý£Ù � Ö Û ß�Ò:Ú × Ö Ü Ò	Ø¸Ø5ã�Ø × Ò Û�Ü Ö Û Ù × Ô*Ø�Ò Û Ú í å�Ø � ç�ã�Ò£ì�Ó¯Ô Ü Ý Û�� ç�ã�Ò�ì£Ô Ü Ö Û Ö�Ó � Ò�ì ÜÆí�� §Ó � Ò£ì$â � Ö�Þ=Ö�ï � Ò�ìÀß�å Û Ý£Ó � ç�ã�Òºß�Ò	ØWÚ$Ö�Ú�ã�ÞóÝ£Ù � Ö Û Ø	ìÀÔ Ü Ö�Þ
Ö�ï � Ò�ìÀÚ í å�Ø � Ö�Þ
Ö�ï � Ò�ìÀÔ*Ú � ß�Ô	Ó � Ö�Þ?Ö�ï � Ò�ìÀÒÊÙ Ü c

� ���2�¨ì � ��q2�Yì � �����Yì � ��q2�¨c�~�Ý × Ý � Þ
Þ=Ò*ã × Ø*ì�ÓE�	ÓÕÒgØ � Þ=ÒgÚ × Ö Ü Ô	ß�ÔWÞ=ã � §�ÓE�*ÓÕÒ Û Ò Ü Ö Û Ù � Ò Û Ù<Ú"Ý�Ø<ß�Ò × ÒÆ§ÙäÝ × ß0ì�Þ=ÒgØoå�ØoÙäæ*Ó¯ÒWÒ Û â$Ö�ã Ü Þ=ÒgêVÒ × ÓÕÔ	ÒgÚ$Ò	ã�Ù:Ò Û ï�Ò Û ß × Ò × ß�Ò*Ø × ÒÊÙáÝ × ß�Ø Û Ö Û®Û Ô	ï�Þ � ï�Ò!Ý�â�Þ
Ò*ØvîYÝ > Ò ÜÞ=Ò	Ø Ü Ý�Ú�Ù5Ò	ã × Ø	ìÀÞ=Ò	ØiÝ Ü Ù � Ö Û�Û Ò	ã × ØiÒ*Ù|Þ=ÒWÙäÒ	ÓÕÚ�Øiß�Ò Ü Ý�Þ Ü ã�Þóð � �²r��¨c��Ö � Ù
r > 0, A,B,C ∈ Rn×n, h

ã Û Ò]êVÖ Û�Ü Ù � Ö Û¦Ü Ö Û Ù �=Û ã�Ò]Ø¸ã × R. m Û Øoå�ØoÙäæ*Ó¯Ò6ß�Ý Û ØÞ=Ò	ç�ã�Ò*Þ�ÞóÝ¯ß�Ô ×5�?> Ô	Ò9ß�Ò9ÞóÝ¯Ø¸Ö�Þ=ã�Ù � Ö Û à®ÞY¤ �=Û ÙäÝ Û Ù
t
Ò	Ø¸ÙWêVÖ Û�Ü Ù � Ö Û ß�Ò*Ø > Ý�Þ
Ò*ã × Øvß�ÒºÞóÝ¯Ø5Ö�Þ
ã�Ù � Ö Û àÞY¤ �=Û ÙäÝ Û Ù

t − r
ß"Ý Û Øºã Û¦�=Û Ù5Ò ×¸> Ý�Þ
Þ=ÒÕÒ*Ø¸Ùèã Û Ø¸å�ØoÙäæ	ÓÕÒ × Ò*ÙäÝ × ß�ÔMÞ �
Û Ô	Ý �=× ÒõØ	¤ � Þ�Ý2ÞóÝ6Ø¸Ù × ã Ü Ùäã × Ò

� �²Â2�:+
.
x (t) = Ax (t) +Bx (t− r) + h (t) , t > 0 , r > 0.m Û Øoå�ØoÙäæ*Ó¯Òpß"Ý Û Ø|Þ
Ò*ç�ã�Ò	ÞXÞóÝèß�Ô ×¸�=> Ô	Ò^ß�ÒpÞ
ÝõØ5Ö�Þ
ã�Ù � Ö Û àÕÞY¤ �=Û ÙäÝ Û Ù

t
Ò	ØoÙgêVÖ Û�Ü Ù � Ö Û6Û Ö Û Ø¸Ò	ã�Þ=ÒÊ§ÓÕÒ Û ÙWß�Ò	Ø > Ý£Þ
Ò*ã × Øvß�ÒºÞóÝÕØ5Ö�Þ=ã�Ù � Ö Û à®ÞY¤ �=Û ÙäÝ Û Ù

t − r
ß�Ý Û Øvã Û��
Û Ù5Ò ×o> Ý�Þ=Þ
Ò£ìÀÓ¯Ý � ØgÝ�ã�Ø¸Ø � ß�ÒºÞóÝß�Ô ×5�?> Ô	Òõß�ÒõÞ
ÝMØ5Ö�Þ=ã�Ù � Ö Û à]ÞY¤ �=Û ÙáÝ Û Ù

t − r,
Ò	Ø¸Ù^ã Û Ø¸å�Ø¸Ùäæ*ÓÕÒ Û Ò	ã�Ù × ÒõÞ �
Û Ô	Ý �=× ÒºØ	¤ � Þ�Ò*Ø¸Ù^ß�Ô Ü	×¸� ÙÚ"Ý × � �²Â2�:+

.
x (t) = Ax (t) +Bx (t− r) + C

.
x (t− r) + h (t) , t > 0 , r > 0.

m Û Ø¸å�Ø¸Ù5æ	ÓÕÒ�Ò Û â$Ö�ã Ü Þ
Ò�Ö�ã > Ò × Ù5Ò .
x (t) = Ax (t)+Bu (t)

ç�ã �²Û ¤sÝkÚ"Ý�ØXß�Ò × Ò*ÙäÝ × ß �
Û Ù ×5�=Û Ø5æ*ç�ã�ÒÚ$Ò*ã�ÙgÒ Û Ý > Ö �=× Ò Û â$Ö�ã Ü Þ
ÒWêVÒ × ÓÕÔ*Ò;+
.
x (t) = Ax (t) +Bx (t− r) ,t > 0,r > 0,

îZà Ü Ý�ã�Ø5Ògß�Ò*Ø�Ú$Ö�Ø5Ø � â�Þ
Ò*Ø × Ò*ÙäÝ × ß�Ø �
Û Ù × Ö�ß�ã � ÙäØ�Ú"Ý × Þ
Ò*Ø Ü Ý�Ú�Ù5Ò	ã × Ø	ì�Þ
Ò*Ø�Ý Ü Ù � Ö Û�Û Ò*ã × Ø�Ò*Ù�Þ
Ò:ÙäÒ	ÓÕÚ�Øß�Ò Ü Ý�Þ Ü ã�Þ ðÆc



�
n<Ò	Ú$Ò Û ß"Ý Û Ù9Ò Û Ú × Ý Ù � ç�ã�Ò£ìXâ$Ò	Ý�ã Ü Ö�ã�Ú¿ß�ÒÕØ¸å�Ø¸Ùäæ*ÓÕÒ	Ø × ÒÊÙáÝ × ß�Ô	Ø^Ú$Ò	ã > Ò Û Ù��ÊÙ × Ò¯ß�Ô*ß�ã � ÙäØpàÚ"Ý × Ù �=× ß�ÒgÓÕÖ�ß�æ*Þ
Ò	Ø�ß�Ò|Ù�å�Ú$ÒgÔ	ç�ã"Ý£Ù � Ö Û Ø<Ý�ã Ì ß�Ô ×5�=> Ô*Ò	Ø�Ú"Ý × Ù � Ò*Þ
Þ=Ò	Ø�ß�Ò|Ù�å�Ú$ÒgÚ"Ý × Ý�â$Ö�Þ � ç�ã�Ò�ì²Ú�Ý ×Ò Ì Ò*ÓÕÚ�Þ
Ò � b�Â��2��+

a
∂2u

∂x2
+ 2b

∂2u

∂x∂y
+ c

∂2u

∂y2
+ d

∂u

∂x
+ e

∂u

∂y
+ fu = g,

î�b�c=b�c=bÉð
Ö>F�î

u = u (x,y)
Ò*Ù
a, b, c, d, e, f, g

Ú$Ò	ã > Ò Û Ù§�*Ù × Ò_êVÖ Û�Ü Ù � Ö Û Økß�Ò
x
Ö�ã

y
ð

b2 − ac = 0,ÒÊÙ9Þ=Ò	ØpØ¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò*Ø9Ú × Ö >�� Ò Û�Û Ò Û Ù9Ø5Ö�ã > Ò Û Ùèß�Ò®ÓÕÖ�ß�æ	Þ=Ò	ØpÝ�ã Ì ß�Ô ×¸�=> Ô	Ò*Ø9Ú"Ý × Ù � Ò	Þ=Þ=Ò	Ø^ß�ÒÙ�å�Ú$Ò í å�Ú$Ò × â$Ö�Þ � ç�ã�Ò�ì"Ú�Ý × Ò Ì Ò	ÓÕÚ�Þ
ÒÕîob�c?b�c?bÉð:Ý > Ò Ü
b2 − ac > 0.lWÝ Û Ø^Þ
Ý]Ø5ã � ÙäÒ£ì�Ö Û÷� Þ=Þ=ã�Ø¸Ù × Ò Ü Ò	Þ
Ý6Ý > Ò Ü ç�ã"Ý£Ù × ÒÕÒ Ì Ò*Ó¯Ú�Þ
Ò*Ø�+Xã Û Ò Ü Ö�Þ=Ö Û�Û Ò ÜÆí�× Ö�Ó¯Ý£ÙäÖ�ï × Ý §Ú í�� ç�ã�Ò£ì£ã Û Ò<Þ � ï Û Ò�ß�Ò�Ù × Ý Û Ø5Ó � Ø5Ø � Ö Û Ø5Ý Û Ø�Ú$Ò × Ù5Ò	Ø*ì�ã Û Ò<â"Ý ×5× Ò	£"Ò Ì�� â�Þ
Ò Ü Ö�ã�Ú�Þ=Ô	Ò<àvã Û Ò ÜÆí Ý × ï�ÒÒÊÙ|ã Û6Ü	�=×5Ü ã � ÙkÔ	Þ
Ò Ü Ù × Ö Û�� ç�ã�Ò^àèÔ	Þ
Ô*ÓÕÒ Û Ù5ØiÚ"Ý × Ù � Ò	Þ=Ø	c

¶t·�Å ÃÀ½ÀÆÇ½À¹¯¹ÉÈ ÃËÊ¯¼¾½ÀÌ ÍÎºÏ½ ÐÑ¼¾ÍKÒÎÊ¯¸MÓÀÁÂÈ
d Ü	� Ö Û Ó¯Ö Û Ù × Ò Ü Ö�Ó¯ÓÕÒ Û Ù�Ù × Ý Û ØoêVÖ × ÓÕÒ × ã Û Ó¯Ö�ß�æ	Þ
Ò�Þ �=Û Ô!Ý �=× Ò�Ø � ÓÕÚ�Þ=Ò�ß0¤�ã Û Ú × Ö Ü Ô*ß�Ô Üáí�× Ö §Ó¯Ý£ÙäÖ�ï × Ý£Ú í�� ç�ã�Ò9Ò Û ã Û Ø¸å�ØoÙäæ	ÓÕÒ × Ò*ÙáÝ × ß�Ô£c�d Ü	� ��Þ �=Û Ô	Ý �=× Òr�ºØ � ï Û�� û"Ò9Þ �=Û Ô!Ý ×5� ÙäÔºß�ÒõÞ
Ý × Ò	Þ
Ý£Ù � Ö Ûß0¤�Ô	ç�ã � Þ � â × ÒWÒ Û Ù × Ò�ÞóÝ9Ú í Ý�Ø¸Ò^Þ � ç�ã � ß�ÒWÒÊÙ|ÞóÝ9Ú í Ý�Ø5Ò�Ø5Ö�Þ � ß�Ò£c"j Û6Ü Ö Û Ø � ß�æ × Ò^ã Û Ó¯Ö�ß�æ*Þ
ÒWØ � Ó¯Ú�Þ
ÒÚ$Ö�ã × ã Û Ò Ü Ö�Þ
Ö Û�Û Ò Üáí�× Ö�Ó®Ý ÙäÖ�ï × Ý�Ú í�� ç�ã�ÒèØäÝ Û Ø^ß � Ø¸Ú$Ò × Ø � Ö Û Ý Ì�� Ý£Þ
Ò � r����¨ì � q2��� � ï�ã × ÒNb�c?b�c��ÞY¤�Ò Û Ù × Ô	Ò_ß�Ò_ÞóÝ Ü Ö�Þ
Ö Û�Û Ò�ì�Ö ÛN�
Û ü¸Ò Ü Ù5Ò_ã Û ÓÕÔ	Þ
Ý Û ï�Ò_Ý > Ò Ü�Ü Ö Û�Ü Ò Û Ù × Ý£Ù � Ö Û

Cin
ß�Ò Ü Ö�ÓÕÚ$Ö�ØäÝ Û ÙäØ

A
Ò*Ù
B
Ó¯Ô*ÞóÝ Û ï�Ô	Ø�Ò Û Ú í Ý�Ø¸Ò¯Þ � ç�ã � ß�Ò£c0��ÞóÝ]Ø5Ö × Ù � Òõß�ÒÕÞóÝ Ü Ö�Þ=Ö Û�Û Ò£ì�Þ
Ò Ü Ö�ÓÕÚ$Ö�ØäÝ Û Ù

A
ÝNÞóÝÜ Ö Û�Ü Ò Û Ù × Ý£Ù � Ö Û

Cout
ÙáÝ Û ß � Ø^ç�ã�ÒMÞ=Ò Ü Ö�ÓÕÚ�Ö�ØäÝ Û Ù

B
Ò	Ø¸ÙèÝ£â�Ø5Ö × â$Ô®Ò Û Ú í Ý�Ø¸ÒMØ¸Ö�Þ � ß�ÒÕØ¸ã × Þ=Ò	ØÚ"Ý × Ö � Økß�Ò�ÞóÝ Ü Ö�Þ
Ö Û�Û Ò�cn<ÒºØ¸å�Ø¸Ùäæ*ÓÕÒ9Ò	ØoÙWß�Ô Ü*×5� ÙvÚ�Ý × ß�Ò	ØvÔ	ç�ã"Ý Ù � Ö Û ØWÝ£ã Ì ß�Ô ×5�?> Ô	Ò*ØWÚ"Ý × Ù � Ò	Þ
Þ?Ò	Ø|ß�Ò^Ù�å�Ú$ÒºÚ"Ý × Ý£â$Ö£§Þ � ç�ã�Òf+

∂ci
∂t

+
1− ε

ε

∂qi
∂t

+ u
∂ci
∂x

= 0, i ∈ {A,B} , t > 0, 0 < x < L
î�b�csr�c?bÉð

ÒÊÙ�Ú"Ý × ã Ûè� Ø5Ö£Ù í Ò × ÓÕÒ<Þ �=Û Ô!Ý �
× ÒWî Ü Ò*Ù¸ÙäÒ í å�Ú$Ö�Ù í æ*Ø5ÒiÒ*Ø¸Ù�Ù × æ*Ø�Ø5Ý£Ù � Ø¸êZÝ � ØäÝ Û ÙäÒ�Ú$Ö�ã × ß�Ò Û Ö�Ó9â × Ò*ã ÌÚ × Ö Ü Ô*ß�Ô	Ø �
Û ß�ã�Ø¸Ù ×¸� Ò*Þ
Øäð
qi = Kici, Ki =

Ü Ö Û Ø¸ÙäÝ Û Ù5Ò�ì îob�c�r�csr�ð



b!Â

Ô�Õ=Ö^× b�c?b ¨ ��UXW.eamEYV{<\,o�Trb=_?UabØo.\k{<\�cNY5UXQ2c�Q2_._?\��
Ö>F

L
Ò*Ø¸Ù�Þ
Ý®Þ
Ö Û ï�ã�Ò*ã × ß�ÒèÞ
Ý Ü Ö�Þ=Ö Û�Û Ò£ì

ci
Ò	Ø¸Ù�Þ
Ý Ü Ö Û�Ü Ò Û Ù × Ý£Ù � Ö Û ß�ã Ü Ö�Ó¯Ú$Ö�Ø5Ý Û Ù

i
ß�Ý Û Ø_Þ
ÝÚ í Ý�Ø5ÒiÞ � ç�ã � ß�Ò£ì�Ò Û

g/cm3 ì qi Ò	Ø¸Ù�ÞóÝ Ü Ö Û�Ü Ò Û Ù × Ý£Ù � Ö Û ß�ã Ü Ö�ÓÕÚ$Ö�ØäÝ Û Ù i ß"Ý Û Ø�Þ
Ý_Ú í Ý�Ø5ÒiØ5Ö�Þ � ß�Ò£ìÒ Û
g/cm2 ì u Ò	ØoÙ_ÞóÝ >�� ÙäÒ*Ø5Ø¸Ò9ß�ãy£�ã � ß�ÒpÒ Û cm/s ô ε Þ
ÝÕê × Ý Ü Ù � Ö Û ß�ã >�� ß�Òºß�ÒºÞóÝ Ü Ö�Þ
Ö Û�Û ÒºÒÊÙ

Ki
Þ
Ò Ü Ö�Ò*ò Ü	� Ò Û Ùgß�Ò^x|Ò Û�× åNß�ã Ü Ö�Ó¯Ú$Ö�ØäÝ Û Ù

i
Ø¸Ö Û Ù|ß�Ò	Ø Û Ö�Óèâ × Ò	ØkØäÝ Û Øiß � ÓÕÒ Û Ø � Ö Û ct�Ý Ü Ö Û ß � Ù � Ö ÛN�=Û�� Ù � Ý�Þ?ÒWÒ*Ø¸ÙD+

ci (0,x) = cii (x) ,
î�b�c�r�cs�²ð

Ö>F
cii
Ò	Ø¸Ù|ÞóÝ Ü Ö Û�Ü Ò Û Ù × Ý£Ù � Ö Û6�=Û�� Ù � Ý�Þ?ÒWß�ã Ü Ö�Ó¯Ú$Ö�ØäÝ Û Ù

i.t�Ý Ü Ö Û ß � Ù � Ö Û Þ � Ó � ÙäÒvÒ	ØoÙD+
ci (t,0) = cei (t) ,

î�b�c�r�c��²ð
lim
x→∞

∂ci
∂x

(t,x) = 0,
îob�csr�cs��ð

ÒÊÙ|ÞóÝ Ü Ö Û ß � Ù � Ö Û Þ � Ó � ÙäÒWß�Ò Ü Ö�ÓÕÓ®Ý Û ß�ÒÕî > Ö �
× � �£����Ú$Ö�ã ×
ki = 0

ð:Ò*Ø¸Ùg~�dX+
∂ci
∂t
(t,0) = −kp

[
ci (t,L)− cdi

]
− ki

∫ t

t−r

[
ci (τ,L)− cdi

]
dτ,

îob�c�r�cs�²ð
Ö>F

cei
Ò	Ø¸ÙgÞóÝ Ü Ö Û�Ü Ò Û Ù × Ý Ù � Ö Û Þ � Ó � Ù5Ò_ß�ã Ü Ö�ÓÕÚ$Ö�Ø5Ý Û Ù

i, cdi
Ò	Ø¸ÙgÞóÝ Ü Ö Û�Ü Ò Û Ù × Ý Ù � Ö Û ß�Ô	Ø �
× Ô	Òpß�ãÜ Ö�ÓÕÚ$Ö�ØäÝ Û Ù

i
à�ÞóÝ2û Û ß�Ò]Þ
Ý Ü Ö�Þ
Ö Û�Û Ò

(x = L)
ß"Ý Û ØèÞóÝ2Ú í Ý£Ø5ÒNÞ � ç�ã � ß�Ò�ô

kp, ki
Ø5Ö Û ÙÕß�Ò	ØÜ Ö�Ò*ò Ü	� Ò Û ÙäØ Ü Ö Û Ø¸ÙäÝ Û Ù5Ø	ct�ÝèØ5Ö�Þ
ã�Ù � Ö Û ï�Ô Û Ô × Ý�Þ=Ò�ß�Ò¯îob�c�r�c=bÉð�§Êî�b�c�r�c�r�ð�Ò	ØoÙD+

ci (t,x) = ψi

(
u

γ
t− x

)
, γ :=

(
1 +

1− ε

ε
Ki

)
,

îob�c�r�cs��ð



b�b
Ö>F

ψi
Ò*Ø¸Ù]ã Û Ò{êVÖ Û�Ü Ù � Ö Û à�ß�Ô*Ù5Ò × Ó �
Û Ò × c�lvÒ�Þ
Ý�Ú × Ò*Ó � æ × Ò Ü Ö Û ß � Ù � Ö Û Þ � Ó � ÙäÒ¿î�b�c�r�c��²ðÊì�Ö ÛÖ�â�Ù � Ò Û Ù

ci (t,0) = ψi

(
u

γ
t

)
,Ü Ò^ç�ã ��� ÓÕÚ�Þ � ç�ã�Ò

ci (t,x) = cei

(
t− γ

u
x
)
, t ≥ 0 , 0 ≤ x ≤ L.zgÞ
Ö × Ø	ì"àèÞ¨¤�Ò Ì Ù × Ô	Ó � Ù5Ô_ß�Ò^Þ
Ý Ü Ö�Þ
Ö Û�Û Ò

(x = L) ,
Ö Û Ý

ci (t,L) = cei

(
t− γ

u
L
)
, t ≥ 0. î�b�c�r�csq�ð

� � Ö Û ß�Ô*û Û�� Ù�Ó¯Ý �
Û ÙäÒ Û Ý Û ÙWÞóÝ >�� ÙäÒ*Ø5Ø5Òõß�ÒõÚ × Ö�Ú"Ý�ï�Ý£Ù � Ö Û
wi
ß�ã Ü Ö�Ó¯Ú$Ö�ØäÝ Û Ù

i
à]Þ¨¤ �
Û ÙäÔ ×¸� Ò	ã ×ß�Ò�Þ
Ý Ü Ö�Þ
Ö Û�Û Ò Ü Ö�ÓÕÓÕÒ_ß"Ý Û Ø � r����:+

wi := −
∂ci
∂t

/
∂ci
∂x

=
u

γ
,

Ý�Þ=Ö × Ø	ìgß"Ý Û Ø Ü Ò*Ù¸ÙäÒ«Ø � ÓÕÚ�Þ=Ò¥Ý�Ú�Ú × Ö Üáí Ò�ìWÞ
Ý Ü Ö�Þ
Ö Û�Û Ò Üáí�× Ö�Ó®Ý£Ù5Ö�ï × Ý�Ú í�� ç�ã�Ò¿Ò	Ø¸Ù Ü Ö Û Ø � ß�Ô × Ô	ÒÜ Ö�ÓÕÓ¯ÒWã Û Ø � ÓÕÚ�Þ=Ò × ÒÊÙáÝ × ß,Ù:ß�Ý Û Øpîob�csr�c�q²ða+
ci (t,L) = cei (t− r) , r :=

L

wi
, t ≥ 0, î�b�c�r�cs��ð

Ý > Ò Ü Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=ÒvÖ�â�ÙäÒ Û ã�Ò^Ú"Ý × îob�csr�c��²ð<ÒÊÙºîob�csr�cs��ð
cei (θ) =





cii

(
−u
γ
θ
)

si θ ∈ [−r,0] ,
0 si θ ∈ (−∞,− r] .~�Ö�ã × ÞóÝ Ü Ö�ÓÕÓ®Ý Û ß�Ò¯ß�Òÿîob�c�r�cs�²ðÆì�Ö Û¦Ü Ö Û Ø � ß�æ × ÒMÒ Û�Ü Ö × ÒMã Û Ò®êVÖ � ØpÞóÝ Ü Ö Û ß � Ù � Ö Û Þ � Ó � ÙäÒî�b�c�r�cs��ðÊì�Ò*Þ
Þ
ÒWß�Ö Û�Ü Ú�Ò*ã�Ù��*Ù × Ò × Ò	Ú × Ô	Ø¸Ò Û ÙäÔ	ÒpÚ"Ý × Þ
Ò_Øoå�Ø¸Ùäæ*Ó¯Ò × Ò*ÙáÝ × ß�Ô�Ø¸ã �=> Ý Û Ù�+

.
c
e
i (t) = −kp

[
cei (t− r)− cdi

]
− ki

∫ t

t−r

[
cei (τ − r)− cdi

]
dτ,

îob�csr�c?b�Â²ð
Ö>F

kp
ÒÊÙ
ki
Ø5Ö Û Ù|ß�Ò*Ø Ü Ö Û Ø¸ÙáÝ Û ÙäÒ*ØgàÕÝÉü¸ã�Ø¸Ù5Ò × clWÝ Û Ø�Þ
Ý_Ø5ã � ÙäÒ£ì²Ö Û ÓÕÖ Û Ù × Òkã Û Ò|Ø � Ó9ã�Þ
Ý£Ù � Ö Û ��ß � ß�Ý Ü Ù � ç�ã�Òr�kß�Ò|ÞóÝ Ü Ö�Þ=Ö Û�Û Ò ÜÆí�× Ö�Ó¯Ý£ÙäÖ�ï × Ý §Ú í�� ç�ã�Ò£c

Ú�Û�ÜHÝqÞ�Ý�ß:àrÞ}á
r = L/wi

àtâ�ß�âqã�Þ:äaã;ä�å�â§á�àræ2åqçzè�éhêuë�äaìEí�æ2ÝPàrã�ã�Þ:ä%î}ï�Ý�ã2àaÞðâhñ�í2àXß:ò¥ä�æ2åðàrí%óEá%â�Þ:òØôaâ�Ýhåã2àrÞ�ß�òØÝ�õØõØÝhå�Ýhå*ßGí%ß:ò¥õØòöå*âhÝaÛ



b�r
÷vø:ù^ø�÷ úðû>üþý ÿ ��� û����
��Ö � Ù®Þ=Ò{Ø¸å�Ù5æ	ÓÕÒ�ß�Ô Ü	×¸� Ù®Ú"Ý × ÞY¤�Ô*ç�ã"Ý£Ù � Ö Û îob�csr�c?b�Â²ðèÖ>F

kp = 1, ki = 0, r = 1
Ò*Ù®ÞóÝ× Ô*êVÔ × Ò Û�Ü Ò

cdi = 0
ì"Ö Û ÝÕÝ�Þ=Ö × Ø�+

.
c
e
i (t) = −cei (t− 1) , t ≥ 0.

î�b�c�r�c=b�bÉð
z > Ò Ü ÞóÝ Ü Ö Û ß � Ù � Ö ÛN�=Û�� Ù � Ý�Þ?ÒWØ¸ã �=> Ý Û Ù5Ò

cei (θ) = 1 , θ ∈ [−r,0] , r = 1.
îob�csr�c?bÉr�ð

t�¤�Ò > Ö�Þ=ã�Ù � Ö Û Ø5ã{Øoå�ØoÙäæ*Ó¯Ò^Ò*Ø¸Ùgß�Ö Û�Û Ô*Ò^Ú"Ý × ÞóÝ Ü Ö�ã × â$Ò^Ú × Ô	Ø¸Ò Û ÙäÔ	Òpß�Ý Û ØiÞóÝè� � ï�ã × Ò9b�c�r�c

Ô�Õ=Ö^× b�csr ¨	� �;Q2cdS)`*b:Q2_l{<\ cei (t− r)
\a_�]DQ2_?Ua`*b:Q2_w{<\�`}�

n<Ò¯Ø¸å�Ø¸Ù5æ	ÓÕÒ®ßë¤�Ô*ç�ã�Ý£Ù � Ö Û ØMî�b�csr�c?b�bÉð�§Æîob�csr�c?bÉr�ðgÒ	ØoÙºã Û Ø¸å�Ø¸Ùäæ*ÓÕÒ × ÒÊÙáÝ × ß�ÔÕç�ã � Ý6ÔÊÙäÔ®Ý Û Ý §Þ?å�Ø¸Ô{Ú"Ý × Ù � Ò	Þ
Þ?Ò	ÓÕÒ Û ÙÕß�Ý Û Ø � r �;�|Ú"Ý × þ�c §�~�c�h �
Üáí Ý × ß Ò*ÙMy�c�lWÝ£Ó9â ×5�=Û Ò�c�~�Ý × Þ
ÝÿØ � ÓÕÚ�Þ �=Ü	� ÙäÔß�ÒÕî�b�csr�c=b�bÉð�§Æîob�csr�c?bÉr�ðÆì � Þ�Ò*Ø¸ÙkêZÝ Ü	� Þ
Òvà Ü Ö Û ØoÙ × ã �
× ÒWÞ
Ò*ØkØ¸Ö�Þ
ã�Ù � Ö Û Ø:Ý Û Ý�Þ?å�Ù � ç�ã�Ò	Ø	ì �=Û ÙäÒ ×¸> Ý�Þ
Þ=ÒvÚ�Ý ×�=Û ÙäÒ ×¸> Ý�Þ
Þ=Ò�ìÀÒ Û ã�Ù � Þ � ØäÝ Û ÙgÞóÝ¯ÓÕÔ*Ù í Ö�ß�ÒºÚ"Ý�ØWà®Ú"Ý�Ø � ���2�¨ì�ß�Ô Ü	×¸� Ù5Ò9ß"Ý Û ØWÞ
ÒpÚ × Ö Üáí Ý �
Û�Üáí Ý�Ú � Ù × ÒîY��Ò Ü Ù � Ö Û r�cs��ðÆc"tXÒ*Ø|Ø¸Ö�Þ
ã�Ù � Ö Û Ø:Ù × Ö�ã > Ô	Ò	Ø|Ø5ã × Þ=Ò	Ø �
Û Ù5Ò ×o> Ý�Þ=Þ
Ò*ØkØ¸Ö Û Ù�+
cei (t) = 1, si −1 ≤ t ≤ 0,
cei (t) = 1− t, si 0 ≤ t ≤ 1,
cei (t) =

t2

2
− 2t+ 3

2
, si 1 ≤ t ≤ 2,

cei (t) = − t3

6
+ 3

2
t2 − 4t+ 17

6
, si 2 ≤ t ≤ 3, ...



b!�
tXÝ®Ø5Ö�Þ
ã�Ù � Ö Û ß�ÒNîob�c�r�c?b�b�ð�§Êî�b�csr�c=b�r�ðkß�Ò >�� Ò Û Ù_ß�Ò9Ú�Þ
ã�ØvÒ Û Ú�Þ
ã�Ø × Ô	ï�ã�Þ � æ × Òpç�ã"Ý Û ß

t
Ü*× Ö�
=Ù!c�u ÛêZÝ � Ù

cei (t)
Û ¤�Ò*Ø¸ÙgÚ"Ý£Ø|ß�Ô ×5�?> Ý�â�Þ
Ò_Ò Û5� Ô × Ö

d−cei
dt

(0) = 0 6= d+cei
dt

(0) = −1,

Ó¯Ý � Ø:Ò	Þ
Þ=Ò_ÞY¤�Ò	Ø¸ÙiÒ Û
t = 1,

d−cei
dt

(1) = −1 = d+cei
dt

(1) .~�Ý ×iÜ Ö Û Ù × Ò�ì
cei (t)

Û ¤�Ò*Ø¸ÙgÚ"Ý£Ø|ß�Ô ×5�?> Ý�â�Þ
Ò_ß�Ò*ã Ì êVÖ � ØkÒ Û
t = 1,

d2−cei
dt2

(1) = 0 6= d2+cei
dt2

(1) = 1,

Ó¯Ý � Ø:Ò	Þ
Þ=Ò_ÞY¤�Ò	Ø¸ÙiÒ Û
t = 2,

d2−cei
dt2

(2) = 1 =
d2+cei
dt2

(2) ...n<Ò*Ù5Ù5Ò:Ú × Ö�Ú ×5� Ô*ÙäÔ�ß�Ò�� × Ô	ï�ã�ÞóÝ ×5� ÙäÔr��Ò*Ø¸Ù Ü Ý × Ý Ü ÙäÔ ×5� Ø¸Ù � ç�ã�Ò<ß�Ò	Ø�Øoå�ØoÙäæ*Ó¯Ò*Ø × Ò*ÙäÝ × ß�Ô*Ø � q����Yì � �£q��YôÜ Ò	Ú$Ò Û ß"Ý Û Ù�Ò*Þ
Þ
Ò Û ¤�Ò	ØoÙ�Ú"Ý�Ø�ØäÝ Ù � ØoêZÝ � Ù5Ò<Ú$Ö�ã × Þ=Ò	Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò	Ø Ü Ö�Ó¯ÓÕÒ:Ö Û Þ
Ò:ÓÕÖ Û Ù × Ò:Ú�Ý ×Þ
ÝèØ¸ã � Ù5Ò�c
¶t·
� Æ�¸"Ð ¹¯È ¿ÂÈ º�¼¾ÍK¹��nÌ ¸����I¸M½À¹ �nÍK¹�� ÒÎÈ ¼ º�È��
j Û]Ü Ö Û Ø � ß�æ × Ò_Ó¯Ý �=Û Ù5Ò Û Ý Û Ù<Þ¨¤�Ò Ì Ò	ÓÕÚ�Þ=ÒWØ¸ã �=> Ý Û Ù � ��q2�Yì�Ø � Ó � Þ
Ý �=× Òvà � b�b��Yì � ���2�¨ì�î > Ö �=× Ý�ã�Ø¸Ø �

� b�Â2� ðÆìXç�ã � Ù × Ý � ÙäÒèã Û ÒÕÞ � ï Û Òèß�ÒõÙ × Ý Û Ø5Ó � Ø¸Ø � Ö Û Ø5Ý Û ØpÚ$Ò × ÙäÒ*Ø	ô�à6ã Û Ò¯Ò Ì Ù × Ô	Ó � ÙäÔ
(x = 0) ,

� Þå÷Ý6ã Û Ò¯Ø¸Ö�ã ×5Ü Ò¯ß�ÒõÙäÒ Û Ø � Ö Û�Ü Ö Û ØoÙáÝ Û ÙäÒ
E
Ò*Ùºà6Þ¨¤�Ý�ã�Ù × ÒõÒ Ì Ù × Ô*Ó � ÙäÔ

(x = l)
ã Û Ò Ü Ý£Ú"Ý Ü	� ÙäÔÒ*Ø¸Ùvâ × Ý Û�Üáí Ô*ÒºÒ Û Ú"Ý × Ý�Þ=Þ
æ*Þ=Ò�Ý > Ò Ü ã Û Ò^ß � Ö�ß�Ò�Ù5ã Û�Û Ò*Þ<î Ü Òpï�Ò Û�× Òpß�Ò^ß � Ö�ß�Ò	Ø|Ò*Ø¸Ùvã�Ù � Þ � Ø5Ô_ß"Ý Û ØÞ=Ò	Ø_Ý�ÓÕÚ�Þ � û Ü Ý£ÙäÒ*ã × Ø í Ý�ã�Ù5Ò9ê × Ô*ç�ã�Ò Û�Ü ÒÕß�Ò Ü	�
×¸Ü ã � ÙäØWÖ�Ø Ü	� Þ
Þ
Ý Û ÙäØvÔ*Þ
Ò Ü Ù × Ö Û�� ç�ã�Ò	Ø_Ú"Ý × Ò Ì Ò	ÓÕÚ�Þ=Ò�ðÜ Ö�ÓÕÓ¯ÒWÖ Û Þ=Ò > Ö � Ùi� � ï�ã × Ò9b�cs� � ��Â��YctXÒ Ü Ö�ã × Ý Û Ù

i (·,·) ÒÊÙ9Þ
ÝNÙäÒ Û Ø � Ö Û v (·,·) Ø¸Ö Û Ùºß�Ò	ØpêVÖ Û�Ü Ù � Ö Û Ø^ß�Ò t Ò*Ù x, ç�ã � ØäÝ Ù � ØoêVÖ Û ÙÞY¤�Ô*ç�ã"Ý£Ù � Ö Û ß�ã¯ÙäÔ*Þ
Ô	ï × Ý�Ú í Ò�ì�ã Û ÒvÔ	ç�ã"Ý Ù � Ö Û Ý�ã Ì ß�Ô ×5�?> Ô	Ò*Ø:Ú"Ý × Ù � Ò	Þ=Þ=Ò	Ø�ß�ÒgÙ�å�Ú$Ò í å�Ú$Ò × â$Ö�Þ � ç�ã�Ò�ì
L
∂i

∂t
+
∂v

∂x
= 0, C

∂v

∂t
+
∂i

∂x
= 0 , t > 0 , 0 ≤ x ≤ l,

îob�c���c?bÉð
Ý > Ò Ü Þ=Ò	Ø Ü Ö Û ß � Ù � Ö Û Ø:Þ � Ó � ÙäÒ	Ø:Ø¸ã �=> Ý Û Ù5Ò	Ø�+

E = Ri (t,0) + v (t,0) , i (t,l) = Cl
∂v (t,l)

∂t
+ id (v (t,l)) ,

îob�c���csr�ð



b	�

Ô�Õ=Ö^× b�cs� ¨�� b=T�UaS<b=`,{<\�cNYncöb��;_?\k{<\t`*ThY;_/iam@b�iXiab:Q2_
Ö>F

l
Ò*Ø¸ÙiÞ
ÝºÞ
Ö Û ï�ã�Ò*ã × ß�Ò_ÞóÝpÞ � ï Û Ò�ì

L
ì
C
Ø5Ö Û ÙkÞ¨¤ �
Û ß�ã Ü ÙáÝ Û�Ü ÒWÒÊÙkÞóÝ Ü Ý�Ú"Ý Ü*� ÙäÔvß�ã Ü Ö Û ß�ã Ü ÙäÒ*ã ×Ú"Ý × ã Û�� ÙäÔpß�Ò9Þ=Ö Û ï�ã�Ò	ã × ì

R
Ò*Ø¸Ù_ÞóÝ × Ô*Ø � ØoÙáÝ Û�Ü Òèà®ÞY¤�Ò Û Ù × Ô	Ò£ì

Cl
Ò*Ø¸Ù_Þ
Ý Ü Ý�Ú"Ý Ü*� ÙäÔpÒ Û Ú�Ý × Ý�Þ=Þ
æ*Þ=ÒÝ > Ò Ü ÞóÝºß � Ö�ß�ÒvÙäã Û�Û Ò	ÞYì

id (v)
Ò	ØoÙ|Þ
Ý Ü Ö�ã × â$Ò Ü Ý × Ý Ü Ù5Ô ×5� Ø¸Ù � ç�ã�Ò Ü Ö�ã × Ý Û Ù¸§�Ù5Ò Û Ø � Ö Û ß�Ò_ÞóÝºß � Ö�ß�ÒîVã Û Ò_êVÖ Û�Ü Ù � Ö Û Ú$Ö�Þ=å Û�� Ó � Ý�Þ?Ò Û Ö Û Þ �
Û Ô!Ý �=× Ò�ðÊì�ß�Ö Û�Û Ô	Òp� � ï�ã × Òèb�c�� � b!q��Yc

Ô�Õ=Ö^× b�c�� ¨�� Q2S<T � \ U�Y;ThY<Ua`seaTrb�ia`*b*Z�S1\�UXQ2S)ThY;_.`�|j`j\a_/iab:Q2_Î\a`�cdb��;_?\w{<\ UXW/Y;T��<\w{<\�cNY-{;b:Q�{<\`*S)_._�\acN�
tXÒ*Ø|Ú$Ö �
Û Ù5Økß0¤�Ô*ç�ã � Þ � â × Ò

(v0,i0)
ØäÝ£Ù � Ø¸êVÖ Û Ùiã Û Ò^Ô*ç�ã�Ý£Ù � Ö Û Þ �
Û Ô	Ý �=× Òvß�Ö Û�Û Ô*Ò^Ú"Ý × +

E = v0 +Ri0 , i0 = id (v0) .



b��
j Û Ø¸ã�Ú�Ú$Ö�Ø¸Ò9ç�ã�ÒºÞ=Ò^Ú$Ö �
Û Ùgß�ã{êVÖ Û�Ü Ù � Ö Û�Û Ò*Ó¯Ò Û ÙgÒ*Ø¸Ùvß�Ö Û�Û ÔºÚ"Ý × ÞY¤sÝ�Ú�Ú × Ö Ì�� Ó¯Ý£Ù � Ö Û ß�ã2Ú × ÒÆ§Ó � Ò × Ö × ß × Ò

i (vd) ≈ i (v0) +m (vd − v0) ,
îob�cs��c��²ð

Ý > Ò Ü
m
Ü Ö Û Ø¸ÙäÝ Û Ù5Ò_Ú$Ö�Ø � Ù �=> Ò£c�tXÝºØ¸Ö�Þ
ã�Ù � Ö Û ï�Ô Û Ô × Ý�Þ
Òvß�Òèîob�c���c?bÉð�Ò	Ø¸Ùkß�Ö Û�Û Ô*Ò_Ú"Ý × ÞóÝ^êVÖ × Óèã�Þ
Òß�Ò�ß0¤�zvÞ=Ò	Ó9â$Ò × Ù

v (t,x)− v0 = ϕ (t− bx) + ψ (t+ bx) ,

i (t,x)− i0 = Z−1 [ϕ (t− bx)− ψ (t+ bx)] ,

b :=
√
LC , Z :=

√
LC−1.z > Ò Ü ÞóÝ{Ú × Ò	Ó � æ × Ò Ü Ö Û ß � Ù � Ö Û Þ � Ó � Ù5Ò2îob�c���csr�ðÊì�Ö Û Ý

ϕ (t) = (R0 − Z) (R0 + Z)−1 ψ (t) .tXÝèØ5Ò Ü Ö Û ß�Ò Ü Ö Û ß � Ù � Ö Û î�b�cs��c�r�ð�ß�Ö Û�Û Ò�Þ
Ò_Øoå�Ø¸Ùäæ*Ó¯Ò^Þ �
Û Ô	Ý �=× Ò Û Ò	ã�Ù × Ò�Ø5ã �?> Ý Û Ù
dψ

dξ
(ξ)− C

dψ

dξ
(ξ − r) = Aψ (ξ) +Bψ (ξ − r) ,

îob�c���c���ð
Ý > Ò Ü

A =
m−
√

C
L

C`
, B = −

(√
L
C
−R0

)(
m+
√

C
L

)

(√
L
C
+R0

)
Cl

, C =

(√
L
C
−R0

)

(√
L
C
+R0

) , r = 2
√
LCl, ξ := t− b`.n<Ò*ÞóÝèÓ¯Ö Û Ù × Ò_ã Û Ò_Ù × Ý Û ØoêVÖ × Ó¯Ý£Ù � Ö Û ß�Ò�Þ¨¤�Ô	ç�ã"Ý Ù � Ö Û ß �?é Ô × Ò Û Ù � Ò	Þ=Þ=ÒWÚ"Ý × Ù � Ò	Þ=Þ=Òõîob�cs��c=bÉð�ß�Ò_Ù�å�Ú$Òí å�Ú$Ò × â$Ö�Þ � ç�ã�Ò:Ò Û ã Û Ø¸å�Ø¸Ù5æ	ÓÕÒ|à × Ò*ÙäÝ × ßèß�Ò:Ù�å�Ú$Ò Û Ò	ã�Ù × ÒkÖ�ãèØ¸å�Ø¸Ù5æ	ÓÕÒ Û Ò	ã�Ù × Ò^îob�c���c���ðÊc�n<Ò*Ù¸ÙäÒÙ × Ý Û ØoêVÖ × Ó¯Ý£Ù � Ö Û÷Û ¤�Ò	ØoÙ9Ú"Ý�Øpã Û�� ç�ã�Ò � ��Â��Yì � �����Yô�ß�Ý Û Ø � ���2��Þ
Ý6ÓE�	ÓÕÒÕÓÕÔ*Ù í Ö�ß�Ò¯Ò*Ø¸Ùºã�Ù � Þ � Ø¸Ô	ÒÝ > Ò Ü

i (vd) ≈ i (v0)−m (vd − v0)− p (vd − v0)
2 ,Ý > Ò Ü

m
ÒÊÙ
p
Ü Ö Û Ø¸ÙäÝ Û Ù5Ò	ØgÚ$Ö�Ø � Ù �=> Ò*Ø|Ý�ã6Þ � Ò	ãNß�Ò¯îob�c���c��²ðÊì�Ó¯Ý � Ø:Þ
Ò_ÓÕÖ�ß�æ	Þ=Ò�Ú × Ö�Ú$Ö�Ø¸Ô^Ú"Ý × � ���2�Û Ò|Ú$Ò*ã�Ù<Ú"Ý£Ø	�*Ù × ÒgÓ � Ø�Ø¸Ö�ã�Ø�Þ
Ý_êVÖ × Ó¯Ò^îob�c���c���ð�ç�ã"Ý Û ß

p = 0
î � Þ�åÕÝ^ÞY¤sÝ Û�Û ã�Þ
Ý£Ù � Ö Û ß�Ò|ÞY¤�ÔÊÙáÝ£ÙáðÊcu Û Ø5ã � ÙäÒ�ì"Ö Û Ó¯Ö Û Ù × Ò_ã Û Ò�Ø � Ó9ã�ÞóÝ Ù � Ö Û Ú$Ö�ã × ã Û Ò�Þ � ï Û ÒWß�Ò�Ù × Ý Û Ø¸Ó � Ø5Ø � Ö Û ��ß � ß"Ý Ü Ù � ç�ã�Òa�äc

÷vø���ø�÷ úðû>üþý ÿ ��� û����
y2Ý �
Û ÙäÒ Û Ý Û Ù�Ö Û ÓÕÖ Û Ù × Ò�ã Û Ò	� × Ô	Ú$Ö Û Ø¸Ò � Ó¯Ú�ã�Þ
Ø � Ö Û�Û Ò*Þ
Þ?Òa��Ú$Ö�ã × ÞóÝiÞ � ï Û Ò�ß�Ò�Ù × Ý Û Ø5Ó � Ø5Ø � Ö ÛØ5Ý Û Ø|Ú$Ò × Ù5Ò	Ø|ÓÕÖ�ß�Ô	Þ � Ø¸Ô	Ò_Ú�Ý × +

dψ

dξ
(ξ)− 0.5dψ

dξ
(ξ − 0.5) = −ψ (ξ)− 0.5ψ (ξ − 0.5) . îob�cs��cs��ð

lWÝ Û Ø|Þ
Ýõ� � ï�ã × Òèb�cs��ì�Þ
Ý Ü Ö Û ß � Ù � Ö ÛN�=Û�� Ù � Ý£Þ=ÒWÒ*Ø¸Ù
ψ (ξ) ≡ 0 pour ξ < 0 et ψ (0) = 1. îob�c���c��²ð



b!�

Ô�Õ=Ö^× b�c�� ¨ ��ejo.Q2_/i%\�b=mqo�S)cØiab:Q2_._?\acuc�\ðo.Q2S)T�cNYIcdb��;_?\k{<\�`�ThY;_/iam@b�iXiab:Q2_5i�Y;_/i,o.\aTr`s\Xi��
t�Ý{� � ï�ã × ÒNb�c��NÓÕÖ Û Ù × Òõç�ã�Ò®Þ
ÝNß�å Û Ý�Ó � ç�ã�ÒÕÚ$Ö�ã × ã Û Ø¸å�Ø¸Ù5æ	ÓÕÒ®Þ �=Û Ô	Ý �=× Ò Û Ò	ã�Ù × Ò¯Ò	ØoÙºÙ × æ*Øß �?é Ô × Ò Û Ù5Ò^ß�Ò Ü Ò*Þ
Þ=Ò�ß0¤�ã Û Ø¸å�Ø¸Ù5æ	ÓÕÒºà × Ò*ÙäÝ × ß¿î > Ö �=× Þ
ÝèØ � Ó9ã�Þ
Ý£Ù � Ö Û Ú × Ô Ü Ô	ß�Ò Û Ù5Ò�ìë� � ï�ã × Òõb�c�r�ðÖ�ã^ßë¤�ã Û Øoå�Ø¸Ùäæ*Ó¯Ò�Þ �=Û Ô!Ý �=× Ò �
Û²> Ý ×¸� Ý Û Ù�ß"Ý Û ØXÞ
Ò�ÙäÒ*Ó¯Ú�Ø*cÉu Û êZÝ � Ù	ì!Þ
ÝkØ5Ö�Þ
ã�Ù � Ö Û ß�Òvî�b�c���cs��ð�§Æîob�c���c��²ðÛ ¤�Ò	ØoÙèÚ"Ý�Øºß �?é Ô × Ò Û Ù � Ý�â�Þ
Ò¯Ý£ã Ì¿�
Û Ø¸ÙáÝ Û ÙäØ

0, 0.5, 1.5, ...
Ò*Ù9ÞóÝ6Ø5Ö�Þ=ã�Ù � Ö Û ß�Òÿî�b�c���c���ð�§Êî�b�c���cs��ðÛ Òèß�Ò >�� Ò Û Ù^Ú"Ý£Ø × Ô*ï�ã�Þ � æ × Ò9ç�ã�Ý Û ß

t
ï × Ý Û ß � Ù	ì Ü Ö�ÓÕÓÕÒ Ü Ò	Þ
Ý]Ò	ØoÙ > Ô ×5� û"ÔõÚ$Ö�ã × Þ=Ò	Ø_Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø× Ò*ÙáÝ × ß�Ô*Ø	ctXÒ*Ø�Ø5Ö�Þ=ã�Ù � Ö Û Ø�Ý Û Ý�Þ=å�Ù � ç�ã�Ò	Ø�ß�Òºî�b�c���c���ð�§Êî�b�c���cs��ð�Ø5Ö Û Ù�ß�Ö Û�Û Ô	Ò*Ø	ì �
Û ÙäÒ ×¸> Ý£Þ
Þ=ÒkÚ"Ý ×��=Û Ù5Ò ×o> Ý�Þ
Þ=Òî > Ö �
× ÞóÝ9Ó¯ÔÊÙ í Ö�ß�Ò_Ú"Ý�Ø|àèÚ"Ý�ØiØ5Ò Ü Ù � Ö Û r�cs��ðÆc"tXÒ*Ø|Ø¸Ö�Þ
ã�Ù � Ö Û ØkØ¸Ö Û Ù�+

0, si −1 ≤ ξ < 0,

e−t, si 0 ≤ t < 0.5,

1
2
e−(t−

1
2) + e−t − e−(t−

1
2)
(
t− 1

2

)
, si 0.5 ≤ t < 1, ...

îob�c���cs��ð
j Û × Ò	Ó¯Ý × ç�ã�Ò{ç�ã�Ò{ÞóÝÿØ¸Ö�Þ
ã�Ù � Ö Û

ψ (ξ)
Ò*Ø¸Ù®ß �?é Ô × Ò Û Ù � Ý�â�Þ=ÒNÚ"Ý × ÙäÖ�ã�Ù®à÷ß × Ö � Ù5Ò�ô�Ú"Ý ×ÕÜ Ö Û Ù × Ò

d−ψ
dξ
(ξ)

Û ¤�Ò*Ø¸ÙgÚ"Ý£Øiû Û�� Ò_Þ
Ö × Økß�Ò*Ø|ØäÝ£ã�ÙäØ�+ÀÒ Û
ξ = 0

d−ψ

dξ
(0) = +∞ 6= d+ψ

dξ
(0) = −1,

Ò Û
ξ = 0.5

d−ψ

dξ
(0.5) = +∞ 6= d+ψ

dξ
(0) = −2.1065,

Ò Û ï�Ô Û Ô × Ý�Þ�ß"Ý Û Ø�ÙäÖ�ã�Ø�Þ=Ò	Ø�ØäÝ�ã�Ù5Ø ∣∣∣d+ψdξ ∣∣∣ <∞.
zgÞ
Ö × Ø�Þ
Ò*Ø�Ø¸Ö�Þ=ã�Ù � Ö Û Ø:îob�c���cs��ð�Ø5Ý£Ù � Ø¸êVÖ Û Ùiî�b�cs��c���ð�§î�b�cs��cs��ð<Ú"Ý × Ù5Ö�ã�ÙiØäÝ£ã�ê�Ý�ã Ì Ú$Ö �=Û Ù5Ø

ξ = kr, k = 1,2,...



b��
d�Þ²Ò*Ø¸ÙXêZÝ Ü*� Þ=Ò�ß�Ò > Ô ×¸� û"Ò × ç�ã�Ò�ÞóÝ:ß �?é Ô × Ò Û�Ü Ò

[ψ (ξ)− 0.5ψ (ξ − r)] , r = 0.5,
Ò*Ø¸Ù Ü Ö Û Ù �
Û ã�ÒÚ$Ö�ã ×

ξ > 0
cÀ� �=Û Ý�Þ=Ò	ÓÕÒ Û ÙiÚ$Ö�ã × î�b�c���c���ðÊì�ÞóÝèØ5Ö�Þ=ã�Ù � Ö Û Ò*Ø¸ÙgÒ Ì Ú$Ö Û Ò Û Ù � Ò*Þ
Þ=Ò	ÓÕÒ Û Ù|Ø¸ÙäÝ�â�Þ=Ò�Ú"Ý ×5Ü Òç�ã�Ò9Þ=Ò Ü Ö�Ò*ò Ü	� Ò Û Ù_ß�Ò9Þ
Ý¯Ú"Ý × Ù � Òºß�Ô ×5�?> Ô	Ò × Ò*ÙäÝ × ß�Ô*Ò�ì�ÞóÝ¯Ó¯Ý£Ù ×¸�
Ü Ò

C = 0.5,
Ò	ØoÙ^� Üáí ã × §on<Ö í�ÛØoÙáÝ�â�Þ=Ò � �;�vîZÞ=Ò	Ø > Ý�Þ=Ò	ã × ØpÚ × Ö�Ú × Ò	ØpØ5Ö Û Ù9à6ÞY¤ �=Û ÙäÔ ×5� Ò	ã × ß�ã¿ß � Ø5ç�ã�Ò¯ã Û�� ÙäÝ �
× Òõß"Ý Û Ø C ðÊc�lvÖ Û�Ü ìÞY¤sÝ£Ó¯Ú�Þ � Ùäã�ß�Ò ∥∥Ck

∥∥ , ß�Ò*Ø<Ø5Ý�ã�Ù5Ø<Ý�ã Ì Ú$Ö �
Û ÙäØ kr, k = 1,2,... ß�Ô Ü*× Ö�
=Ù!ì�Ý�Þ
Ö × Ø limk→∞

∥∥Ck
∥∥ =

0
î > Ö �=× Ø¸Ò Ü Ù � Ö Û r�cs��ì�Þ
Ò*Ó¯ÓÕÒ_r�c���csr�ðÊc�t�¤�Ò Ì Ò	ÓÕÚ�Þ
Ò_Ø¸ã �=> Ý Û ÙiÓÕÖ Û Ù × ÒWã Û Øoå�Ø¸Ùäæ*Ó¯Ò�Ú$Ö�ã × Þ=Ò	ç�ã�Ò	ÞÜ Ò*Ù5Ù5Ò^Ú × Ö�Ú ×¸� Ô*Ù5Ô Û ¤�Ò*Ø¸ÙgÚ�Ý�Ø > Ô ×5� û"Ô	Ò£c
¶t·�� ��ÍK¼¾¼¾È  ÇÆ�È"! ¸#��Æ È ÃÀ½ ÁÑÒ�Æ%$ È & ÁÂ¹¯È Ã­Ê¯Í ¼¾Ð È
j Û¯Ü Ö Û Ø � ß�æ × ÒvÞ=Ò Ü Ö�ÓÕÚ$Ö × Ù5Ò	ÓÕÒ Û Ù�ß0¤�ã Û Ògâ"Ý ×5× Ò�£�Ò Ì�� â�Þ=Ò|Ø5Ö�ã�Ó � Ø5Ògà^ã Û®Ü Ö�ã�Ú�Þ
ÒgÝ�Ú�Ú�Þ � ç�ã�Ôà9ã Û Ò_Ò Ì Ù × Ô	Ó � Ù5Ô�ì�Ý > Ò Ü ã Û Ò_Ó¯Ý�Ø¸Ø5Ò_Ý£Ù5ÙäÝ ÜÆí Ô	Ò�à9ÞY¤sÝ£ã�Ù × ÒvÒ Ì Ù × Ô*Ó � ÙäÔ�c�n<Ò_Ø¸å�Ø¸Ù5æ	ÓÕÒ�Ò	ØoÙiß�Ô Ü	×5� ÙÚ"Ý × ã Û ÒkÔ*ç�ã�Ý£Ù � Ö Û ß0¤�Ö Û ß�Ò^îVÔ	ç�ã"Ý£Ù � Ö Û Ý£ã Ì ß�Ô ×¸�=> Ô	Ò*Ø�Ú�Ý × Ù � Ò	Þ=Þ=Ò	Ø�ß�Ò:Ù�å�Ú�Ò í å�Ú$Ò × â$Ö�Þ � ç�ã�Ò!ð > Ö �
×

� b�Â�b��Yc�tXÝ Ü Ö�ÓÕÓ¯Ý Û ß�Ò9Ò	ØoÙ^Þ
Ò Ü Ö�ã�Ú�Þ
ÒõÝ£Ú�Ú�Þ � ç�ã�Ô9Ò*Ù�Þ
Ò Ü Ö�ã�Ú�Þ
Òèß�Ò × Ô!Ý Ü Ù � Ö Û Ò	Ø¸Ù�ß�'�à]ÞY¤�Ò é ÒÊÙß�Ò�Þ
ÝèÓ¯Ý�Ø5Ø¸Ò^Ý£Ù5ÙäÝ Üáí Ô	Ò^àõÞY¤sÝ£ã�Ù × Ò_Ò Ì Ù × Ô	Ó � Ù5Ô � ��q2�¨ì � ��Â���+
σ2
∂2q

∂τ 2
(τ,z) =

∂2q

∂z2
(τ,z)

î�b�c���c=b�ð
∂q

∂z
(τ,0) = −u (τ) , ∂q

∂z
(τ,L) = −J ∂

2q

∂τ 2
(τ,L)

q (0,z) = q0 (z) ,
∂q

∂τ
(0,z) = q1 (z) .d Ü*�

q (τ,z)
Ò*Ø¸Ù<Þ=Ò|ß�Ô*Ú�Þ
Ý Ü Ò*Ó¯Ò Û Ù<Ý Û ï�ã�ÞóÝ �
× Ò|Ý£ã¯Ú$Ö �
Û Ù

z ∈ [0,L] ÒÊÙ:Ý£ãÕÙäÒ	ÓÕÚ�Ø τ ≥ 0, Ü Ö�Ó¯ÓÕÒÞ=ÒgÓ¯Ö Û Ù × ÒgÞóÝº� � ï�ã × Òpb�cs��ô
L
Ò*Ø¸Ù:ÞóÝpÞ=Ö Û ï�ã�Ò	ã × ß�ÒvÞóÝ^â"Ý ×¸× Ò�ì

σ
Ò	Ø¸Ù:Þ¨¤ �
Û²> Ò × Ø¸Òvß�ÒvÞóÝ >�� ÙäÒ*Ø5Ø5ÒWß�ÒÚ × Ö�Ú"Ý�ï�Ý£Ù � Ö Û ß�Ò^Þ¨¤�Ö Û ß�Ò�ì

J
Ò	ØoÙgÞ
Ò_Ó¯Ö�Ó¯Ò Û Ùißë¤ �=Û Ò × Ù � Ò_ß�Ò�ÞóÝèÓ¯Ý�Ø5Ø¸Ò�ì

u (τ)
Ò	Ø¸ÙgÞ=Ò Ü Ö�ã�Ú�Þ=Ò�ß�ÒÜ Ö�ÓÕÓ®Ý Û ß�Ò�ì�Ò*Ù

q0,q1
Ø5Ö Û Ù × Ò	Ø5Ú$Ò Ü Ù �?> Ò	ÓÕÒ Û ÙgÞ
Ò*ØiÚ$Ö�Ø � Ù � Ö Û Ø:Ò*Ù >�� ÙäÒ	Ø¸Ø5Ò	ØgÝ Û ï�ã�ÞóÝ �
× Ò	Ø	ct�ÝèØ5Ö�Þ
ã�Ù � Ö Û ï�Ô Û Ô × Ý�Þ=Ò�ß�Ò¯îob�c���c=bÉð�Ò	Ø¸Ù|ß�Ö Û�Û Ô	Ò^Ú"Ý × Þ
Ý9êVÖ × Ó9ã�Þ
ÒWß�Ò^ßë¤�zgÞ
Ò*Óèâ$Ò × Ù�+

q (τ,z) = ϕ (τ + σz) + φ (τ − σz)

Ö>F
ϕ, ψ

Ø5Ö Û Ù�ß�Ò	ØXêVÖ Û�Ü Ù � Ö Û Ø�Ý × â � Ù × Ý �=× Ò	Ø�ßë¤�ã Û Ò > Ý ×¸� Ý�â�Þ
Ò × Ô*Ò	Þ=Þ
Ò�c�t�¤�Ö�â�ü¸Ò Ü Ù � ê�ß�Ò�ÞóÝ Ü Ö�ÓÕÓ¯Ý Û ß�ÒÒ*Ø¸Ù|ã Û Ø5ã �?>�� ß�Ò_Ù × ÝÉü¸Ò Ü ÙäÖ �=× ÒWÚ$Ö�ã × ÞY¤sÝ Û ï�Þ
Òvß�Ò�ÞóÝ9Ó®Ý�Ø¸Ø5Ò£ô"ÞóÝ9Ø5Ö × Ù � Ò_Ò*Ø¸Ù|ß�Ö Û�Ü
y (τ) = q (τ,L) .



b!q

Ô�Õ=Ö^× b�c�� ¨�( Y;TrTX\*)R\hg>b � c�\�UXQ2S%o�c�eX\k~nS<_?\@UXW/Y;T+�<\��
~�Ö�ã ×

t = (σ/J) τ, v (t) = (2J/σ2)u (t)
ÒÊÙ
T = σL,

ß�ÒÕØ � ÓÕÚ�Þ
Ò*Ø Ü Ý�Þ Ü ã�Þ
Ø	ì0Ø � Ó � Þ
Ý �?× Ò	Ø_àÞY¤�Ò Ì Ò	ÓÕÚ�Þ
Ò_Ú × Ô Ü Ô	ß�Ò Û Ùèî > Ö �=× � ��q���Ú$Ö�ã × Þ=Ò	Økß�Ô*ÙäÝ � Þ
Øáð�ß�Ö Û�Û Ò Û ÙgÞ=Ò_Ø¸å�Ø¸Ù5æ	ÓÕÒ Û Ò	ã�Ù × Ò^Ø¸ã �=> Ý Û Ù�+
.

ψ (t)− C
.

ψ (t− r) = Aψ (t) +Bψ (t− r) +Dv
(
t− r

2

)
,

Ö>F
r = 2T, ψ> (t) =

(
y (t)

.
y (t)

)
, A =

(
0 1

0 −1

)
, B =

(
0 0

0 1

)
, C =

(
0 0

0 −1

)
, D =

(
0

1

)
.
n<ÒWØoå�ØoÙäæ*Ó¯ÒWÒ*Ø¸Ù Ü Ý × Ý Ü Ù5Ò ×5� Ø5ÔvÚ�Ý × Þ=Ò Ü Ö�ÒÊò Ü	� Ò Û Ù:ß�ÒvÞóÝ^ß�Ô ×5�=> Ô*Ò

× Ò*ÙáÝ × ß�Ô*Ò
C,
Û Ö Û � í ã × §�n<Ö í�Û ØoÙáÝ�â�Þ
Ò�c�n<ÒÊÙ5ÙäÒvÚ × Ö�Ú ×¸� ÔÊÙäÔ|Ò	Ø¸Ù � ÓÕÚ$Ö × ÙäÝ Û Ù5Ò Ü Ý × Ò	Þ=Þ
ÒiÒ	Ø¸Ù Û Ô Ü Ò	Ø�§Ø5Ý �
× ÒvÚ$Ö�ã × Ý > Ö �=× ã Û ÒWØ5Ö�Þ=ã�Ù � Ö Û Ò Ì Ú$Ö Û Ò Û Ù � Ò	Þ=Þ
Ò*Ó¯Ò Û Ù<ØoÙáÝ�â�Þ=Ò�ì Ü Ö�ÓÕÓÕÒ � Þ$Ò*Ø¸ÙkÓÕÖ Û Ù × Ôgß�Ý Û Ø:Þ
ÝØ¸ã � Ù5Ò^Ý > Ò Ü ã Û Øoå�ØoÙäæ*Ó¯Ò^Ø � Ó � Þ
Ý �=× Ò_Ý�ãNÚ × Ô Ü Ô*ß�Ò Û ÙvÓ®Ý � Ø × Ô*ß�ã � ÙgÝ£ã Ü Ý£Ø|Ø Ü Ý�Þ
Ý �
× Ò�c



b!�
÷vø-,§ø�÷ úðû>üþý ÿ ��� û����
lWÝ Û Ø Ü ÒÊÙ5ÙäÒºØ � Ó9ã�ÞóÝ Ù � Ö Û Ö Û Ú × Ô*Ø5Ò Û ÙäÒ9Þ
Ò^Ú í Ô Û Ö�ÓÕæ Û Òºß�Ò*ØWØ5Ö�Þ
ã�Ù � Ö Û Ø Û Ö Û Ò Ì Ú$Ö Û Ò Û Ù � Ò	Þ?§Þ=Ò	ÓÕÒ Û ÙèØoÙáÝ�â�Þ=Ò	Ø9Ú$Ö�ã × Þ
Ò*ØèØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò	Ø*c�~�Ý × Ø5Ö�ã Ü*� ß�Ò]Ø � Ó¯Ú�Þ �=Ü*� ÙäÔ£ì�Ö Û«Ü Ö Û Ø � ß�æ × Ò]Þ
ÒØoå�ØoÙäæ*Ó¯Ò Û Ò*ã�Ù × Ò .

x (t)+
.
x (t− 1) = −ax (t) , × Ô*Ô Ü*×5� Ù|ß"Ý Û Ø|Þ
Ý9êVÖ × Ó¯ÒWß�Ò^xvÝ�Þ=Ò � ��b��:+

d

dt
[x (t) + x (t− 1)] = −ax (t) , a > 0 , t ≥ 0, î�b�c���c�r�ð

Ý > Ò Ü Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=Ò£ì�Ý�ãNÓ¯Ö �=Û Ø Ü Ö Û Ù �=Û ã�Ò
x (t) = g (t) , si − 1 ≤ t ≤ 0. î�b�c���cs��ð

m Û Ò�Ø � Ó9ã�Þ
Ý£Ù � Ö Û Ò	ØoÙgÚ × Ô	Ø¸Ò Û Ù5Ô	Òº� � ï�ã × Òèb�cs��c

Ô�Õ=Ö^× b�cs� ¨ ��Q2cdS<`�b:Q2_wY;�;\XU g (t) = (t− 1) , − 1 ≤ t ≤ 0.

�	�{L	��"®\_I �4[.L ¶MLZ[	.·� ! ('&@& $ ¢t& # � �0/M� � �"� &)( ¡ J1J ¡21 L43kY;_/i6587[�:9��<;>=Pc�\qUXQ%\-? Uab:\a_.`
{<\
x (t− 1) _?pz\Xia`�o/Y2iP��W<S)Tr| � Q%W<_�ia`}Y � c�\X��UX\jo1\a_1{HY;_.` x→ 0

Z�S/Y;_�{
t→∞.

�"\qiA@�ia`�Bamn\
587[�:9��<;>=E_?pz\Xia`^{<Q2_?U^o/Y2i�\hg�o.Q2_?\a_.`�b:\ac=c�\amn\r_.` ia`}Y � c�\kmEY;b�itb=c \Xia`^Y2iA@2mqo�`sQ2`*b*Z�S1\amn\a_.`via`:Y � c�\
5}�;Q2b=TC3�e'�v_.b=`*b:Q2_�DH�<;)�E72� � W/Yao�b=`�T�\ 3 =;�n<Ò × Ô*Ø5ã�Þ?ÙáÝ£Ù�Ò*Ø¸Ùpß�Ö Û�Û Ôõß"Ý Û Ø � ��b���Ö>F÷Þ
Ò*Ø^Ý�ã�ÙäÒ	ã × Ø^ã�Ù � Þ � Ø5Ò Û Ù_ã Û ÒÕÝ�Ú�Ú × Ö ÜÆí ÒõØ5Ú$Ò Ü Ù × Ý�Þ
Òß�ÒvÞ
Ý^Ù í Ô	Ö ×¸� Ògß�Ò*Ø:Ö�Ú$Ô × Ý£ÙäÒ*ã × Ø<Ú�Ö�ã × Þ
Ýpß�Ô*Ó¯Ö Û Ø¸Ù × Ý£Ù � Ö Û ô �=Ü	� Ö Û ß�Ö Û�Û Òvã Û Òvß�Ô	ÓÕÖ Û ØoÙ × Ý Ù � Ö ÛÚ"Ý × Ù � Ò	Þ=Þ=ÒWÒ Û ã�Ù � Þ � ØäÝ Û Ùkã Û Ò^Ý�Ú�Ú × Ö Üáí Ò�Ù5Ò	ÓÕÚ$Ö × Ò*Þ
Þ=ÒWØ � Ó¯Ú�Þ
Òõî > Ö �
× ��Ò Ü Ù � Ö Û Øgr�c���ìÀr�cs��ða+
3�eamnQ2_/ia`*ThY;`�b:Q2_�� ��ã�Ú�Ú$Ö�Ø5Ö Û Øgç�ã�ÒºÞ
ÝõØ5Ö�Þ=ã�Ù � Ö Û ß�ÒMîob�c���csr�ð�§Êîob�c���c��²ð<Ò*Ø¸ÙWÝ�Øoå�ÓÕÚ�Ù5Ö�Ù � ç�ã�Ò	ÓÕÒ Û ÙØoÙáÝ�â�Þ=Ò � c�Ò�c?ì

x → 0
ç�ã�Ý Û ß

t → ∞.
~�Ý ×vÜ Ö Û Ù × Ý�ß �=Ü Ù � Ö Û ìÀÖ Û Ø5ã�Ú�Ú$Ö�Ø5Òèç�ã�Ò9ÞóÝ¯Ø5Ö�Þ=ã�Ù � Ö Û Ò	Ø¸Ù



r£Â
Ò Ì Ú$Ö Û Ò Û Ù � Ò	Þ
Þ=Ò	ÓÕÒ Û Ù^Ø¸ÙäÝ�â�Þ=Ò � c�Ò£c=ì � Þ�Ò Ì�� Ø¸ÙäÒ

α > 0
Ò*Ù
β > 0

Ù5Ò	Þ=Ø^ç�ã�Ò ‖x (t)‖ ≤ βe−αt, ∀
t > 0.

zvÞ=Ö × ØkÖ Û Ú$Ò	ã�Ù|â$Ö ×¸Û Ò × Þ
ÝèØ¸Ö�Þ
ã�Ù � Ö Û ß�Ò®î�b�c���c�r�ða+
x (t) = −x (t− 1) + e−at [x (0) + x (−1)] + a

∫ t

0

e−a(t−s)x (s− 1) ds î�b�c���c��²ð
Ú"Ý ×

x (t) ≤ −x (t− 1) + e−at [g (0) + g (−1)] + a

∫ t

0

e−a(t−s) ‖x (s− 1)‖ ds

≤ −x (t− 1) + e−at [g (0) + g (−1)] + a

∫ t

0

e−a(t−s)βe−α(s−1)ds,

ç�ã � ÓÕÖ Û Ù × Ò_ç�ã�Ò^Þ
Ýèß �?é Ô × Ò Û�Ü Ò
x (t) + x (t− 1) Ýèã Û Ò�â$Ö ×5Û Ò^Ø¸ã�Ú$Ô ×¸� Ò*ã × Ò^Ú$Ö�Ø � Ù �=> Ò�+

x (t) + x (t− 1) ≤ e−at [g (0) + g (−1)] + aβe−ateα
∫ t

0

e(a−α)sds;

û Û Ý�Þ
Ò*Ó¯Ò Û Ù	ì"Ý�Ú × æ	Ø �
Û Ù5Ô	ï × Ý£Ù � Ö Û ì�Ö Û Ö�â�Ù � Ò Û ÙD+
x (t) + x (t− 1) ≤ e−at [g (0) + g (−1)] + aβeα

(a− α)

(
e−αt − e−at

)
.

îob�c���cs��ð
t�¤�Ô	ç�ã"Ý£Ù � Ö Û î�b�c���c���ð^Ø � ï Û�� û"Ò®ç�ã�Ò ∀ ε > 0

� Þ�Ò Ì�� ØoÙäÒ
σ > 0

ÙäÒ*Þ:ç�ã�Ò
x (t) + x (t− 1) ≤

ε, ∀ t ≥ σ,
Ý£Þ
Ö × ØkÞ
ÝèØ5Ö�Þ
ã�Ù � Ö Û î�b�c���c���ð�ØäÝ£Ù � Ø¸êZÝ � Ù:Þ¨¤ �
Û Ô*ç�ã�Ý£Ù � Ö Û

x (t) + x (t− 1) ≤ ε, t ≥ σ,
î�b�c���cs��ð

Ú$Ö�ã ×iÛ ¤ � ÓÕÚ$Ö × Ù5ÒWç�ã�Ò	Þ
Þ=Ò Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý�Þ?Ò Ü Ö Û Ù �=Û ã�Ò
x (σ + θ) = −g̃ (σ + θ) , θ ∈ [−1,0] .

~�Ý × Ø � Ó¯Ú�Þ �=Ü*� ÙäÔ£ì:Ö ÛªÜáí Ö � Ø � Ù
g̃ (σ + θ) = −1 ìiÝ�Þ
Ö × ØNÞ
Ý«Ø¸Ö�Þ
ã�Ù � Ö Û ß�Ò�îob�c���c���ðMÚ$Ö�ã × t ∈

[σ,σ + 1]
Ò*Ø¸Ù

x (t) = −x (t− 1) + e−at [x (σ) + x (σ − 1)] + e−at
∫ t

σ

deas,

Ý�Þ=Ö × ØkÞ
Ýèß �?é Ô × Ò Û�Ü Ò
x (t) + x (t− 1) Ò Û t = σ

Ò	ØoÙ
x (t) + x (t− 1) = 2e−aσ.

� �=Û Ý�Þ=Ò	ÓÕÒ Û Ù:Ø � Ö Û6Üáí Ö � Ø � Ù
ε = e−aσ,

Ý�Þ
Ö × Ø�îob�c���c��²ð � ÓÕÚ�Þ � ç�ã�Ò_ÞóÝ Ü Ö Û Ù × Ý�ß �=Ü Ù � Ö Û +
2 ≤ 1.



r�b
lvÖ Û�Ü

x (t)
Û ¤�Ò	ØoÙ�Ú"Ý�Ø�Ò Ì Ú$Ö Û Ò Û Ù � Ò*Þ
Þ=Ò	ÓÕÒ Û Ù0Ø¸ÙáÝ£â�Þ
Ò�Ò*Ù�î�b�c���csr�ð�§Æîob�c���c��²ð$Ò*Ø¸ÙXØ � ÓÕÚ�Þ=Ò	ÓÕÒ Û Ù�Ý�Øoå�ÓÕÚ�§Ù5Ö�Ù � ç�ã�Ò	ÓÕÒ Û ÙiØ¸ÙáÝ£â�Þ
Ò£c

¤�GF4H � �JILK�F b�c���c?b � n<ÒÊÙ5ÙäÒ_ß�Ô	ÓÕÖ Û Ø¸Ù × Ý£Ù � Ö Û®Ü Ö�ÓÕÓÕÒvÖ Û ÞY¤sÝºß � ÙkÝ�ã]ß�Ô*Ú"Ý × Ù!ì�Ò	ØoÙiÚ"Ý × Ù � Ò	Þ
Þ=Ò£ìÜ Ý ×Õ� Þ:êZÝ�ã�Ù¯ÓÕÖ Û Ù × Ò × ç�ã�Ò
x → 0

ç�ã�Ý Û ß
t → ∞ Ó®Ý � Ø Ü Ò × Ô*Ø5ã�Þ?ÙáÝ Ù¯Ú$Ò*ã�ÙI�*Ù × Ò6Ö�â�ÙäÒ Û ãÒ Û Ý Ü	Ü Ö × ß¦Ý > Ò Ü � ��b��_î � Þ Û ¤�Ò	ØoÙèÚ"Ý�ØºÓÕÖ Û Ù × Ô!ð�Ò Û ß�Ô	ÓÕÖ Û Ù × Ý Û Ùºç�ã�ÒMÞ
Ý6Ù × Ý Û Ø¸êVÖ × Ó¯Ý£Ù � Ö Û ß�ÒtXÝ�Ú�ÞóÝ Ü Ò�ß�ÒJî�b�c���c�r�ðÕÝ¥ã Û Ò�Ò Ì ÙäÒ Û Ø � Ö Û Ý Û Ý�Þ=å�Ù � ç�ã�Ò2ß"Ý Û ØMÞ
Ò2ß�Ò	Ó � §�Ú�ÞóÝ Û�Ü Ö�Ó¯Ú�Þ
Ò Ì Ò {s ∈

C |Re (s) ≥ 0}, Ý�Þ
Ö × Ø�îob�c���csr�ðMÒ	ØoÙ �
Û ÙäÔ	ï × Ý�â�Þ=ÒÿÞ=Ò÷Þ=Ö Û ïJß0¤�Ý Ì Ò × Ô*Ò	Þ^Ú$Ö�Ø � Ù � ê�ì:ÒÊÙ x (t) Ò*Ø¸ÙØoÙáÝ�â�Þ=Ò�ì�ß�Ö Û�Ü
x→ 0

ç�ã�Ý Û ß
t→∞ î > Ö �=× u Ì Ò	ÓÕÚ�Þ
Ò���c�r�c�r�ì"n í Ý�Ú � Ù × Ò��²ðÆc

¶t·NM Ã­¸�¼ ÃËÁÂ¸?º�� $�ÓÀÁÂ¸PO ÍKÆ È ¹xºQ� ¿ÂÈ�� $ ÆR$ Ì È ¹»º��
Ò ÍK¼ º�¸�È Æ�� ÒÎÈ ÈÎÃ

n<Òõß�Ò ×¸Û�� Ò × Ò Ì Ò	ÓÕÚ�Þ=ÒõÒ*Ø¸Ù^ã ÛÿÜ	�=×5Ü ã � Ù_ß"Ý Û Ø�Þ
Ò*ç�ã�Ò	Þ�Þ
Ò*Ø_Ô	Þ=Ô	ÓÕÒ Û Ù5Ø_Ö Û Ù�ß�Ò	Ø × ÒÊÙáÝ × ß�Ø¯îVç�ã �× Ò	Ú × Ô	Ø5Ò Û Ù5Ò Û ÙpÞ
Ò*Ø Ü	�
×¸Ü ã � ÙäØWÔ	ç�ã �?> Ý�Þ=Ò Û Ù5Ø�ß�Ò*Ø^Ô*Þ
Ô*Ó¯Ò Û Ù5Ø�Ú"Ý × Ù � Ò	Þ=Ø_~�u�u�nkð � �2�Yì � �����YcXn<Ò	Ø Ü*�
× §Ü ã � Ù5Ø�Ø5Ò × Ò Û�Ü Ö Û Ù × Ò Û Ùpß�Ý Û Ø^ÞY¤ �=Û Ù5Ò ×5Ü Ö Û�Û Ò Ì�� Ö Û ß�Ò Ü*�
×¸Ü ã � ÙäØ_ß � ï � ÙäÝ�ã Ì Ö�ã�Ý > Ò Ü ß�Ò*Ø Ü	�
×¸Ü ã � ÙäØ�=Û ÙäÔ*ï × Ý Û Ù�ß�Ò	Ø�Ó �
Ü	× Ö�Ö Û ß�Ò*Ø	ô � Þ
Ø�Ø5Ö Û Ù�ß�Ò > Ò Û ã�Ø�Ù × æ*Ø � Ó¯Ú$Ö × ÙáÝ Û ÙäØ�Ú"Ý ×5Ü Òiç�ã0¤ � Þ"Ú$Ò × ÓÕÒ*Ù5Ù5Ò Û Ù�ß�Òß�Ô Ü	×¸�
× Ò_Þ
Ò Ü Ö�Ó¯Ú$Ö × ÙäÒ*Ó¯Ò Û Ùiß�Ò	Ø|Øoå�ØoÙäæ*Ó¯Ò*Ø|�_t���dácj Û Ó¯Ö�Ù �=> Ò Ü ÒpÙ × Ý > Ý � Þ�Ý > Ò Ü ã Û�Ü	�=×5Ü ã � Ùgß�ÒpÙäÒ	ØoÙ!ì�ç�ã � Ò*Ø¸ÙWã Û�Ü	�
×¸Ü ã � ÙW~�u�u�n × Ô*Ò	Þ � b!Â��2�ÓÕÖ Û Ù × Ô9� � ï�ã × Ò®b�csqÿîVâÀðÊc�n<Ò Ü*�
×5Ü ã � Ù × Ò	Ú × Ô	Ø¸Ò Û ÙäÒõã ÛÿÜ	�=×5Ü ã � ÙWÔ*ç�ã �=> Ý�Þ
Ò Û Ù_ß0¤�Ö Û ß�Ò Ü Ö�ÓÕÚ�Þ
ÔÊÙäÔÚ$Ö�ã × ã Û Òvâ"Ý ×5× Ò|ß�ÒgÓÕÔ*ÙáÝ£ÞÀç�ã � Ò	ØoÙ<ß � Ø Ü	× ÔÊÙ � Ø5Ô	ÒgÒ Û ß�Ò	ã Ì¯Ü Ò*Þ
Þ
ã�Þ
Ò*Ø Ü Ö�ÓÕÓ¯ÒiÖ Û Þ=Ò > Ö � Ù<� � ï�ã × Òb�c�q6îYÝ²ðÆctXÒ9ÓÕÖ�ß�æ	Þ=Òºß�Ò9ÞóÝM� � ï�ã × Ò®b�c�qÿîVâÀð �
Û�Ü Þ
ã�ÙWß�Ò*Ø�Ô*Þ
Ô*Ó¯Ò Û Ù5ØWß�Ò Ü*�
×¸Ü ã � ÙWç�ã�ÒèÞ¨¤�Ö Û Ý Ü*Ü Ö�ã�Ú�Þ
ÒÒ Û Ù × Òpß�Ò	Ø �=Û ß�ã Ü ÙáÝ Û�Ü Ò	ØvÝ > Ò Üp× Ò*ÙäÝ × ß{ß�Ò^Þ
ÝèêVÖ × Ó¯Ò
LPij (t− r)

Ò*Ùgß�Ò	Ø × Ò*ÙáÝ × ß�Ø|ß�Ô	Ú$Ò Û ß"Ý Û Ùß�Ò*Ø:Ø5Ö�ã ×5Ü Ò*Økß�Ò Ü Ö�ã × Ý Û Ù:ß�ÒWÞ
Ý^êVÖ × ÓÕÒ
iCj (t− r) .

tXÝpêVÖ × Ó¯Ògï�Ô Û Ô × Ý�Þ=Òvß�Ò Ü ÒvÙ�å�Ú$ÒWß0¤�Ô*ç�ã"Ý §Ù � Ö Û Ò	Ø¸Ù
.
x (t) = Ax (t) +Bx (t− r) + C

.
x (t− r) , t ≥ t0

îob�cs��c?bÉð
Ý > Ò Ü Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=Ò

x (t) = g (t) , t ≤ t0,Ö>F2Ù5Ö�ã�Ù5Ò	ØWÞ=Ò	ØvÓ¯Ý£Ù ×¸�
Ü Ò	Ø
A, B

ÒÊÙ
C,
Ò*ÙWÞ=Ò > Ò Ü ÙäÒ*ã ×

g
Ö Û ÙWß�Ò	Ø > Ý�Þ=Ò	ã × Ø × Ô	Ò*Þ
Þ=Ò	Ø	cëj Û ß�Ö Û�Û Òß"Ý Û ØiÞóÝ9Ø5ã � ÙäÒ�ã Û Ø � Ó9ã�Þ
Ý£Ù � Ö Û c



r�r

Ô�Õ=Ö^× b�csq ¨ 5sYA= � Y;TrT�\�{<\�mnea`}Y;cØ�S5 � =Po.\a`*b=`�mnQ�{�Bac�\qO4FTF � �
÷vø�U^ø�÷ úðû>üþý ÿ ��� û�����ú
~�Ö�ã ×:Ü Ò*Ù¸ÙäÒ_Ø � Óèã�ÞóÝ£Ù � Ö Û ì�Ö Û]Ü Ö Û Ø � ß�æ × Ò_ã ÛNÜ*�
×¸Ü ã � Ù:ß�ÒWÙäÒ*Ø¸Ù � �2��î > Ö �=× Ý�ã�Ø5Ø � � b�Â��2�óðÊì�Ö>F]Þ
Ò× Ò*ÙáÝ × ß

r = 1,
Þ
Ò*ØiÓ¯Ý£Ù ×¸�
Ü Ò	ØkØ¸Ö Û Ù

A

100
=




−7 1 2

3 −9 0

1 2 −6


 ,

B

100
=




1 0 −3
−0.5 −0.5 −1
−0.5 −1.5 0


 ,C =

1

72




−1 5 2

4 0 3

−2 4 1




îob�cs��csr�ðÒÊÙ|ÞóÝ Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý�Þ?ÒWÒ	ØoÙ
g (t) =




sin (πt)

sin (2πt)

sin (3πt)


 , − 1 ≤ t ≤ 0. î�b�cs��cs��ð

n<Ò:Øoå�ØoÙäæ*Ó¯ÒiÝvã Û Ò:Ø5Ö�Þ=ã�Ù � Ö Û Ý�Ø¸å�ÓÕÚ�ÙäÖ�Ù � ç�ã�Ò*Ó¯Ò Û Ù�ØoÙáÝ�â�Þ
Ò_îZÒ Ì Ú$Ö Û Ò Û Ù � Ò	Þ=Þ
Ò*Ó¯Ò Û Ù�Ø¸ÙäÝ�â�Þ
Ò!ð�Ó¯Ý � Ø
��ß � ò Ü*� Þ=Òa�ºà]Ø � Ó9ã�Þ
Ò ×vÜ Ý × Ó¯Ý�Þ Ü Ö Û ß � Ù � Ö Û�Û Ô£ô � Þ�Ý]Ô*ÙäÔõã�Ù � Þ � Ø5Ôºß"Ý Û Ø�Þ
ÝMÞ � ÙäÔ × Ý£Ùäã × Ò9Ú$Ö�ã × ß�Ò	ØÜ Ö�ÓÕÚ"Ý × Ý � Ø5Ö Û Ø�ß�Ò¯Ó¯ÔÊÙ í Ö�ß�Ò	Øpß0¤ �
Û ÙäÔ	ï × Ý£Ù � Ö ÛÿÜ Ö�Ó¯ÓÕÒõÚ"Ý × Ò Ì Ò	ÓÕÚ�Þ=Ò¯Þ
Ý × æ	ï�Þ
ÒõÙ × Ý�Ú$Ô � Ö � ß"Ý�Þ=Òã�Ù � Þ � Ø5Ô*ÒõÚ"Ý × ��~�don:ukì�Ö�ã÷ÞóÝNÓÕÔÊÙ í Ö�ß�Ò Ü Ö Û Ù × Ý Ü Ù �?> Ò¯à{rÉ§�ÔÊÙáÝ�Ú$Ò*Øºt�Ö�â�Ý£Ù5Ù5Ö6d5d¸d¨§onvìXÚ × Ö�Ú$Ö�Ø¸Ô	Òß"Ý Û Ø � �2��Ú"Ý × Ò Ì Ò*Ó¯Ú�Þ=Ò�cu Û Ø5ã � ÙäÒ�ß�Ò	ØiØ � Ó9ã�ÞóÝ£Ù � Ö Û Ø:Ø5Ö Û Ù|Ú × Ô	Ø5Ò Û Ù5Ô	Ò	ØvÝ > Ò Ü ÞóÝ9Ø5Ö × Ù � Ò

y (t) =
(
0 0 1

)
x (t) .
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Ô�Õ=Ö^× b�c�� ¨ ��Q2cdS)`*b:Q2_Io1Q2S<T y Y;�;\XU�cNYnTNB��;c�\�`*T�Yao.e��2Q2b*{[Y;c�\V5:��OXW � F0=

Ô�Õ=Ö^× b�c?b�Â ¨ ��Q2cdS<`*b:Q2_no.Q2S<T y Y;�;\XU�cNYnmnea`=W.Q�{<\�UXQ2_.`*T�Y<Ua`*b=�;\J;[|�ea`}Yao.\Xiq�MQ � Y;`*`jQYWZW
Wa| �
tXÒ*Øg� � ï�ã × Ò*Ø�b�c���ì�b�c?b�ÂõÓÕÖ Û Ù × Ò Û Ù|ß0¤�ã Û Ò^Ú"Ý × Ù!ì"ÞY¤ �=Û Ò*ò Ü Ý Ü	� Ù5Ô_ß�Ò^ÞóÝ × æ*ï�Þ=Ò_Ù × Ý£Ú$Ô � Ö � ß"Ý£Þ
Ò�ìç�ã � Ò Û ï�Ò Û ß × ÒWß�Ò*Ø:Ö�Ø Ü*� Þ=ÞóÝ Ù � Ö Û Ø�Ú$Ö�ã × Þ=Ò	Ø<Ø¸Ö�Þ=ã�Ù � Ö Û Ø	ì�ÓE�	ÓÕÒgØ � Þ=Ò	Ø�Ø5Ö�Þ=ã�Ù � Ö Û Ø�Ø5Ö Û Ù:Ò Ì Ú$Ö Û Ò Û §Ù � Ò	Þ=Þ=Ò	ÓÕÒ Û ÙkØoÙáÝ�â�Þ
Ò	Ø*clº¤sÝ£ã�Ù × Ò^Ú"Ý × Ù!ì"Ó¯Ý�Þ
ï × ÔWÞ
Ò_â$Ö Û6Ü Ö�ÓÕÚ$Ö × Ù5Ò	ÓÕÒ Û Ù|ß�Ò^ÞóÝèØ � Ó9ã�ÞóÝ Ù � Ö Û Ý > Ò Ü t�Ö�â"Ý£Ù¸ÙäÖÕd¸d¸d¨§onvìÜ Ò	Þ=Þ
ÒÊ§ Ü	� Ú$Ö�Ø5Ò�ã Û Ú × Ö�â�Þ
æ*Ó¯Ò£ì > Ö �=× ÞóÝ × Ò*Ó®Ý × ç�ã�Ò�Ø5ã �=> Ý Û ÙäÒ�+



r �
�GF4H � �JILK�F b�c���c?b � tXÝ Ü Ö Û ß � Ù � Ö Ûõ�=Û�� Ù � Ý�Þ?Ò^î�b�c���cs�²ð�Ò	ØoÙ�Ù5Ò	Þ=Þ
Òkç�ã�Ò9î�b�c���c=b�ð Û Ò|ØäÝ Ù � ØoêZÝ � Ù�Ú"Ý�ØÞ
Ý Ü Ö Û ß � Ù � Ö Û ß � Ù5Ò_ß�ÒP��Ø5ÒÊù �
Û ï Ü Ö Û ß � Ù � Ö Û � � �²Â2�¨ì � ��q��Yì � ���2� ð<Ò Û

0,
� c�Ò�c

.
x (0) 6= Ax (0) +Bx (−r) + C

.
x (−r) ,

ß�Ö Û�Ü ÞóÝèØ¸Ö�Þ
ã�Ù � Ö Û ß�Ò®î�b�cs��c=b�ð�§Êî�b�cs��cs��ð Û Ò�Ú$Ò	ã�Ù|Ú"Ý�ØR�ÊÙ × Ò�ß �?é Ô × Ò Û Ù � Ý�â�Þ
ÒvÒ Û
0,
Ü Ö�ÓÕÓ¯ÒWÖ Û Þ
Ò> Ö � ÙiØ¸ã × ÞóÝõ� � ï�ã × Ò9b�c=b�bpÝ > Ò Ü ÞóÝ9Ó¯ÔÊÙ í Ö�ß�Ò_Ö�ß�Ò	�¯hiã Û ï�ÒÊ§�È_ã�Ù¸ÙáÝ�c

Ô�Õ=Ö^× b�c=b�b ¨ ��Q2cdS)`*b:Q2_Io.Q2S)T y Y;�;\XU�Q�{<\[99�^S)_\�<\a|^]tS<`*`}Y_H �a` � � ( �
n<Ò	Ú$Ò Û ß"Ý Û Ù Ü Ò Ü Ö�Ó¯Ú$Ö × ÙäÒ*Ó¯Ò Û Ù Û ¤�Ò	ØoÙgÚ"Ý�ØiØ5Ý£Ù � Ø¸êZÝ � Ùkß"Ý Û Ø|Þ=Ò	Øi� � ï�ã × Ò*Ø_b�cs�èÒ*Ù�b�c=b!Â�c~�Ö�ã × Þ
Ò*Ø Ü	�=×5Ü ã � Ù5Ø�~�u�u�nvì ß�Òf��â$Ö Û�Û Ò	ØXØ � Ó9ã�Þ
Ý£Ù � Ö Û Ø���Ö Û Ù�Ô*Ù5Ô�Ö�â�Ù5Ò Û ã�Ò	Ø�Ý > Ò Ü Þ
ÝkÓÕÔ*Ù í Ö�ß�Òß0¤�u�ã�Þ
Ò × � b�Â�����Ò*Ù � q�q��Yc

¶t·
b ÃÀ½À¹ Ã­Æ Ác�n¸M½À¹��
lWÝ Û Ø Ü Ò Üáí Ý�Ú � Ù × Ò�ìXÖ Û Ý6Ú × Ô*Ø5Ò Û ÙäÔ]à6â"Ý�Ø¸Ò®ß0¤�Ò Ì Ò	ÓÕÚ�Þ=Ò	ØºÞ=Ò	ØpØoå�Ø¸Ùäæ*Ó¯Ò*Ø × ÒÊÙáÝ × ß�Ô	ØpÒ*ÙºÞ
Ò*ØØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò*ØpÞ �
Û Ô	Ý �=× Ò*Ø	ôëÖ Û ÝNÓÕÖ Û Ù × Ô Ü Ö�ÓÕÓÕÒ Û Ù Ü Ò × ÙáÝ �=Û Ò	Ø�Ô	ç�ã"Ý Ù � Ö Û Ø^Ý�ã Ì ß�Ô ×5�=> Ô	Ò	ØÚ"Ý × Ù � Ò	Þ=Þ=Ò	Ø:ß�Ò_Ù�å�Ú$Ò^Ú"Ý × Ý�â$Ö�Þ � ç�ã�Ò_Ø¸Ö Û Ù × Ò	Þ � Ô*Ò	ØiÝ�ã Ì Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø × Ò*ÙäÝ × ß�Ô	Ø	ì"ÒÊÙ Ü Ò × ÙáÝ �
Û Ò*ØiÔ	ç�ã"Ý §Ù � Ö Û Ø�Ý£ã Ì ß�Ô ×5�=> Ô*Ò	Ø<Ú"Ý × Ù � Ò	Þ
Þ=Ò*Ø�ß�ÒgÙ�å�Ú$Ò í å�Ú$Ò × â$Ö�Þ � ç�ã�ÒvÝ�ã Ì Øoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò*Ø	c�~�Ý ×�Ü Ö Û Ù × Ò�ì� Þ Û ¤�Ò Ì�� Ø¸ÙäÒ�Ú"Ý�ØMß�Ò2Ù í Ô*Ö ×5� Ò2ï�Þ
Ö�â"Ý�Þ=Ò{ç�ã �vÜ Ý × Ý Ü ÙäÔ ×¸� Ø5Ò�ç�ã�Ò*ÞvÙ�å�Ú$ÒSß0¤�Ô	ç�ã"Ý£Ù � Ö Û Ø]Ú$Ò*ã�Ù��ÊÙ × ÒÙ × Ý Û ØoêVÖ × ÓÕÔ|Ò Û Øoå�Ø¸Ùäæ*Ó¯Ò*Økà × ÒÊÙáÝ × ß�Ø	ì�Ö�ã®ã Û ÒvÓÕÔÊÙ í Ö�ß�Ö�Þ
Ö�ï � ÒiÚ$Ö�ã × Þ
Ò*Ø�Ù × Ý Û Ø¸êVÖ × ÓÕÒ × c�d Ü*� ì�Ö ÛÝõã�Ù � Þ � Ø5ÔWÞ¨¤�Ô	ç�ã"Ý£Ù � Ö Û î�b�c�r�c���ð<Ò*Ù|ÞóÝ9êVÖ × Ó9ã�Þ=Ò_ß�Ò^ß0¤�zvÞ=Ò	Ó9â$Ò × Ù!ì�Ó®Ý � Ø � ���2�XÚ × Ö�Ú�Ö�Ø5ÒpÝ�ã�Ø5Ø � ã Û Ò



r��
Ù5Ò Üáí�Û�� ç�ã�Òvç�ã �$�
Û Ù × Ö�ß�ã � Ù�ã Û®× Ò*ÙäÝ × ß®Ý × Ù � û Ü*� Ò*Þ"Ú$Ö�ã × Þ¨¤�Ý Û Ý�Þ?å�Ø¸Ò|ß�ÒgÞY¤�Ô*ç�ã"Ý£Ù � Ö Û ß�ÒgÞóÝ ÜÆí Ý�Þ
Ò*ã ×ÒÊÙ9ÞóÝ6Ó¯ÔÊÙ í Ö�ß�Ò®Ú"Ý£Ø9à2Ú"Ý�Ø]îVÚ"Ý�ï�c�b���rÉ§áb��£��ðÆc�j Û Ý{Ú × Ô*Ø5Ò Û ÙäÔMã Û ÓÕÖ�ß�æ	Þ=Ò¯Ø � ÓÕÚ�Þ
ÒõÚ$Ö�ã × Þ
ÝÜ Ö�Þ
Ö Û�Û Ò Üáí�× Ö�Ó®Ý ÙäÖ�ï × Ý�Ú í�� ç�ã�Ò�ì�ã ÛÕÜ	�=×5Ü ã � Ù�Ô*Þ
Ò Ü Ù × Ö Û�� ç�ã�Òißë¤�ã Û Ò|Þ � ï Û Ò:ß�Ò:Ù × Ý Û Ø5Ó � Ø¸Ø � Ö Û Ø5Ý Û ØÚ$Ò × ÙäÒ*Ø � ��q��:î í å�Ú$Ö�Ù í æ	Ø5Ò9ã�Ù � Þ � Ø¸Ô	Ò^Ú$Ö�ã × ÞóÝÕØ¸å Û Ù í æ	Ø¸Òèß�Ò × Ô*Ø5Ò!Ý£ã Ì à í Ý�ã�Ù >�� ÙäÒ*Ø5Ø¸Ò9ß"Ý Û Ø � b�Â2�ß�Òºd��:y�ðÊì�ã Û Ø¸å�Ø¸Ùäæ*Ó¯ÒºÓ¯Ô Ü Ý Û�� ç�ã�ÒpêZÝ � Ùgßë¤�ã Û Ò9â"Ý ×¸× Òt£"Ò Ì�� â�Þ
ÒºÝ Ü Ö�ã�Ú�Þ=Ô	Òºà®ã Û Ò Üáí Ý × ï�Ò£ì�Ò*Ùã Û¯Ü*�
×¸Ü ã � Ù�Ô	Þ
Ò Ü Ù × Ö Û�� ç�ã�Ògà�Ô	Þ=Ô	ÓÕÒ Û ÙäØ�Ú"Ý × Ù � Ò*Þ
Ø|îY~�u�u�nkð � ������î Ü*�
×5Ü ã � Ù�Ú × Ý£Ù � ç�ã�Òiß�ÒiÙäÒ*Ø¸Ù�Ô*Ù5ã�§ß � ÔºÚ"Ý × � ��� ðÆìëÝ > Ò Ü Ý�ã�Ø5Ø � ç�ã�Ò	Þ
ç�ã�Ò*Ø_Ø � Ó9ã�ÞóÝ Ù � Ö Û Ø*cën<Ò*Þ
Þ=Ò	Øo§ Ü	� ÓÕÖ Û Ù × Ò Û ÙvÞ
Ò Ü Ý × Ý Ü Ùäæ × ÒºÙäÖ�ã�Ù_àêZÝ � Ù�Ú"Ý × Ù �=Ü ã�Þ � Ò × ß�Ò	Ø<Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*ØkÚ�Ý ×�× Ý�Ú�Ú$Ö × Ù:Ý�ã Ì Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø × ÒÊÙáÝ × ß�Ô	Ø*ì Û Ö£ÙáÝ�ÓÕÓÕÒ Û ÙÚ$Ö�ã × ÞóÝ Ü Ö Û�> Ò × ï�Ò Û�Ü ÒpÒ*Ù|Þ
Ýèß �=é Ô × Ò Û Ù � Ý�â � Þ � ÙäÔvÒ Û6Ü Ò × ÙáÝ �=Û ØiÚ$Ö �
Û Ù5Ø	clWÝ Û Ø Ü Ò ÜÆí Ý�Ú � Ù × Ò£ì�Þ=Ò	Ø�Ó¯Ö�ß�æ	Þ
Ò*Ø�Ö�â�Ù5Ò Û ã�Ø�Ø5Ö Û Ù�Þ �=Û Ô!Ý �
× Ò	Ø�îZØ5Ý Û ØXÔ	Þ=Ô	ÓÕÒ Û ÙäØXß�Ò�ß � Ø5Ø � Ú"Ý Ù � Ö Û ðÝ > Ò Ü ß�Ò*Ø Ü Ö Û ß � Ù � Ö Û ØpÞ � Ó � Ù5Ò	ØpÞ �
Û Ô!Ý �=× Ò	Ø	c�y2Ý � Øpß"Ý Û Ø � ���2�¨ì � Þ�å¥Ý2ß�Ò*ØèÒ Ì Ò	ÓÕÚ�Þ
Ò*ØèÝ > Ò Ü ß�Ò	ØÔ*Þ
Ô*Ó¯Ò Û ÙäØ�ß�Ò�ß � Ø5Ø � Ú"Ý Ù � Ö Û^Ü Ö�ÓÕÓ¯Ò�Þ
Ý × Ô	Ø � Ø¸ÙäÝ Û�Ü Ò:à|Þ
Ý Ü*�
×¸Ü ã�Þ
Ý£Ù � Ö Û Ø5Ý Û ï�ã �=Û Ò�Ú$Ö�ã × Þ
Ò Ü Ö Û Ù ×Z� Þ
Òß�ÒºÞY¤ í å�Ú$Ò × Ù5Ò Û Ø � Ö Û ì Ü Ö Û ß � Ù � Ö Û Ø|Þ � Ó � Ù5Ò	Ø Û Ö Û Þ �
Û Ô	Ý �=× Ò*ØgÖ;F�Þ
Ò*ØvÓÕÖ�ß�æ	Þ=Ò	ØgÖ�â�Ù5Ò Û ã�ØWØ5Ö Û Ù Û Ö ÛÞ �
Û Ô	Ý �=× Ò*Ø	ìÉÒ*Ù�ß"Ý Û Ø � ��q��Yì � b�b�Â2��Ø5Ö Û Ù�Ú × Ö�Ú$Ö�Ø5Ô*Ø�ß�Ò*Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò	Ø Û Ö Û Þ �=Û Ô!Ý �=× Ò	Ø�ß�ÔÊÙáÝ � Þ
Þ=Ô*Øç�ã � ÓÕÖ�ß�Ô	Þ � Ø¸Ò Û ÙMÞ
Ý Ü*× Ö � Ø5Ø5Ý Û�Ü Ò�ß�Ò*Ø]Ò	Ø¸Ú$æ Ü Ò*Ø	ìkç�ã � Ú × Ò Û�Û Ò Û ÙNÒ ÛwÜ Ö�Ó¯Ú�Ù5Ò�Þ
Ý Ü Ý�Ú"Ý Ü*� Ù5Ô�ß�ÒÞY¤�Ò Û�>��
× Ö Û�Û Ò*Ó¯Ò Û Ù	ì�ÞóÝ Ü Ö Û Ø5Ö�ÓÕÓ®Ý Ù � Ö Û ß�Ò Û Ö�ã ×5×¸� Ùäã × Ò�ì�Ò*Ù Ü c
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lWÝ Û Ø Ü Ò Üáí Ý�Ú � Ù × Ò�ì:Ö Û Ú × Ô	Ø¸Ò Û Ù5Ò�Þ
ÒSÚ × Ö�â�Þ=æ	ÓÕÒSß�ÒÿÞóÝ > Ý�Þ=Ò	ã ×]�
Û�� Ù � Ý£Þ=Ò2Ú$Ö�ã × Þ=Ò	ØNØoå�Øo§Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*Ø	ôÀÞ
Ò	Ø � ß�Ô*Ò	ØiØ5Ö Û ÙgØ � ÓÕÚ�Þ
Ò*ØkÓ¯Ý � Ø:ÞóÝ Û Ö�ÙáÝ Ù � Ö Û Ú$Ò	ã�Ù§�*Ù × Ò Ü Ö�ÓÕÚ�Þ � ç�ã�Ô	ÒÕî > Ö �
× Þ
ÝÚ × Ò	Ó � æ × Ò¯Ø¸Ò Ü Ù � Ö Û Ö>F¿Ø5Ò¯Ù × Ö�ã > Ò®ÞóÝ Û Ö�ÙäÝ£Ù � Ö Û ðÊc�d Ü	� Ö Û¿× Ý�Ú�Ú$Ò	Þ=Þ
Ò Ü Ò®Ú × Ö�â�Þ
æ*Ó¯ÒÕß"Ý Û ØpÙ × Ö � ØÒ*Ø5Ú"Ý Ü Ò	Ø<ß �=é Ô × Ò Û Ù5Ø�+�Þ¨¤�Ò	Ø¸Ú"Ý Ü Ògß�Ò*Ø�êVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �=Û ã�Ò*Ø C, ÞY¤�Ò*Ø5Ú"Ý Ü Ògß�Òv��Ö�â$Ö�Þ
Ò > W1
p

ÒÊÙ�Þ¨¤�Ò	Øo§Ú"Ý Ü ÒõÝ£â�Ø¸Ù × Ý � Ù Mp = Rn × Lp
c�j Ûÿ× Ý�Ú�Ú$Ò*Þ
Þ
ÒºÝ�ã�Ø¸Ø � Þ
Ò*ØWØ5Ö�Þ
ã�Ù � Ö Û Øgß�Ò	Ø_Øoå�ØoÙäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò*ØÞ �
Û Ô	Ý �=× Ò*Ø	ì"ÞóÝ × Ò	Ú × Ô	Ø¸Ò Û ÙäÝ£Ù � Ö Û ß�Òèn:Ý�ã ÜÆí å{Ò*ÙvÞóÝÕÓ¯Ý£Ù ×5�
Ü Ò�êVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=Ò^Ý�Ø5Ø5Ö Ü*� Ô*Ò9Ý�ã Ì Øoå�Øo§Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø:Þ �=Û Ô!Ý �=× Ò	Ø*c�j Û Ú × Ö�Ú$Ö�Ø¸ÒWß�Ò*ã Ì Ó¯Ý Û�� æ × Ò	Ø�ß�ÒgÙ × Ö�ã > Ò × Þ
ÝpÓ¯Ý£Ù ×5�
Ü ÒiêVÖ Û ß"Ý£Ó¯Ò Û §ÙäÝ�Þ
Ò£ô$Ú$Ö�ã × ÞY¤�ã Û Òpß0¤�Ò*Þ
Þ=Ò	Ø*ì$Ö Û ã�Ù � Þ � Ø5Ò^ÞY¤�Ò*Ø5Ú"Ý Ü ÒºÚ × Ö�ß�ã � Ù Mp = Rn × Lp,

ç�ã � Ý¯Þ¨¤�Ý > Ý Û ÙäÝ�ï�Òß0¤��*Ù × Òºï�Ô Û Ô × Ý�Þ�Ú$Ö�ã ×g× Ô	Ø¸Ö�ã�ß × Ò9Þ=Ò	ØgÚ × Ö�â�Þ=æ	ÓÕÒ	Ø|Ö>F2ÞóÝ > Ý ×5� Ý�â�Þ=Ò
x
Û ¤�Ò*Ø¸ÙWÚ"Ý£Øvß �?é Ô × Ò Û Ù � Ý�â�Þ=Ò�ìÓE�	ÓÕÒ®Ú"Ý�Ø Ü Ö Û Ù �=Û ã�Ò Ü Ö�ÓÕÓ¯Ò Ü ¤�Ò	Ø¸ÙõÞ=Ò Ü Ý�Øèß�ÒMÞóÝ{Ø5Ö�Þ=ã�Ù � Ö Û ß�Ò]Þ
Ý2Ó¯Ý£Ù ×¸�
Ü ÒÕêVÖ Û ß�Ý�ÓÕÒ Û ÙäÝ�Þ
Ò

� ���Ycim Û Ò Ì Ò	ÓÕÚ�Þ=Òÿß�Ò÷Øoå�Ø¸Ùäæ*Ó¯Ò Û Ò*ã�Ù × Ò÷ß"Ý Û Ø R2 × Lp ([−0.5,0] ,R2)
Ò	ØoÙ{Ú × Ô	Ø5Ò Û Ù5Ô�cgm ÛÝ�ã�Ù × Ò|Ò Ì Ò*Ó¯Ú�Þ=Ògß"Ý Û Ø R×Lp ([−1,0] ,R)

Ó¯Ö Û Ù × Ò Ü Ö�Ó¯ÓÕÒ Û Ù�ÞY¤sÝ Û Ý�Þ?å�Ø¸Ò|ß�ã®Øoå�ØoÙäæ*Ó¯Ò Û Ò*ã�Ù × Ò
.
x (t)+

.
x (t− 1) = −x (t) , x (t) ∈ C1 ((0,∞) ,R) , Ò*Ø¸Ù �
Û ÒÊò Ü Ý Ü ÒiÚ$Ö�ã × ÞY¤sÝ Û Ý�Þ=å�Ø¸Ò:ß�ãõØoå�Øo§Ù5æ	ÓÕÒ d

dt
[x (t) + x (t− 1)] = −x (t) , Ö>FSØ¸Ò	ã�Þ=Ò	ÓÕÒ Û Ù_Þ
Ý¯ß �=é Ô × Ò Û�Ü Ò [x (t) + x (t− 1)] Ò	ØoÙß �?é Ô × Ò Û Ù � Ý�â�Þ=ÒvÚ × Ò	Ø5ç�ã�Ò�Ú"Ý × Ù5Ö�ã�Ù	c"lvÝ Û Ø Ü Ò	ØiÒ*Ø5Ú"Ý Ü Ò	Ø|Ú × Ô Ü Ô	ß�Ò*Ó¯ÓÕÒ Û Ù|ß�Ô Ü	×¸� ÙäØ*ì�Þ
ÒWÚ × Ö�â�Þ=æ	ÓÕÒß�Ò^ÞóÝ > Ý�Þ=Ò	ã ×i�
Û�� Ù � Ý£Þ=Ò_Ú$Ö�ã × Þ
Ò*Ø|Ø¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*ØvÒ*Ø¸Ùvâ � Ò Û Ú$Ö�Ø5Ô�ì > Ö � Þ
àèÚ$Ö�ã × ç�ã�Ö �X� Þ
ØkØ¸Ö Û Ùã�Ù � Þ � Ø5Ô*Økß"Ý Û ØiÞ=Ò	ØiÚ × Ö Üáí Ý �=Û Ø Üáí Ý�Ú � Ù × Ò	Ø	c



r£q
t�Ý Ü Ö Û Ù ×¸� â�ã�Ù � Ö Û ß�Ò Ü Ò ÜÆí Ý£Ú � Ù × Ò�Ò	Ø¸ÙXß�Ò�Ú × Ö�Ú$Ö�Ø5Ò × ã Û ÓÕÔ*Ù í Ö�ß�Ò�Ú$Ö�ã × Ö�â�Ù5Ò Û��=× ÞóÝ<Ó¯Ý£Ù ×5�=Ü ÒêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=ÒWß"Ý Û ØiÞ¨¤�Ò	Ø¸Ú"Ý Ü ÒpÝ�â�Ø¸Ù × Ý � Ù Mp = Rn × Lp

ÒÊÙ|ØäÝõØ5Ö�Þ
ã�Ù � Ö Û Ý Û Ý�Þ=å�Ù � ç�ã�Ò�c
Å�·�¶ ¸�¹»º�¼¾½À¿ÂÁxÃÄº�¸M½À¹
tXÒèÚ × Ö�â�Þ=æ	ÓÕÒ9ß�ÒèÞóÝ > Ý�Þ=Ò	ã ×W�
Û�� Ù � Ý�Þ?ÒºÚ$Ö�ã × Þ=Ò	Ø_Øoå�Ø¸Ùäæ*Ó¯Ò*Ø Û Ò*ã�Ù × ÒõÒ	ØoÙ^ã Û Ú × Ö�â�Þ
æ*Ó¯Òºç�ã �Ü Ö Û Ø � Ø¸Ù5Òºàõß�Ô*Ù5Ò × Ó �=Û Ò × ã Û ÒpØ5Ö�Þ
ã�Ù � Ö Û àõÞ¨¤�Ô	ç�ã"Ý£Ù � Ö Û ß�Ò�Ù�å�Ú$Ò Û Ò	ã�Ù × ÒºÝ > Ò Ü ß�Ò	Ø × Ò	Ø¸Ù ×5�=Ü Ù � Ö Û ØØ¸ã × ÞóÝ^êVÖ Û�Ü Ù � Ö Û®�
Û�Ü Ö Û�Û ã�ÒWÒ Û ã Û Ò > Ý�Þ
Ò*ã × ß�ÒWÞ
Ý > Ý ×5� Ý�â�Þ=Ò �
Û ß�Ô	Ú$Ò Û ß"Ý Û ÙäÒ£c"m Û ÒvÙäÒ	Þ=Þ
Ò Ü Ö Û ß � §Ù � Ö Û Ò	Ø¸ÙgÝ�Ú�Ú$Ò*Þ
Ô*Ò > Ý�Þ=Ò	ã ×k�
Û�� Ù � Ý£Þ=Ò£c"n<Ö Û Ø � ß�Ô × Ö Û Ø|ÞY¤�Ò Ì Ò*ÓÕÚ�Þ
Ò_Ø¸ã �=> Ý Û Ù	c

FgfhFTH5Ov�0F r�c?b�c=b � ��Ö � Ù
r = π

2
, t0 =

π
4

ÒÊÙ|Þ
Ò_Ø¸å�ØoÙäæ	ÓÕÒpà × Ò*ÙáÝ × ß6ß�Ò_Ù�å�Ú$Ò × ÒÊÙáÝ × ß�Ô;+
.
x (t) = −x (t− r) , t ≥ t0,

î¨r�c=b�c?bÉð
Ý > Ò Ü Þ
Ý > Ý�Þ
Ò*ã ×k�
Û�� Ù � Ý£Þ=ÒWÖ�ã Ü Ö Û ß � Ù � Ö Û]�=Û�� Ù � Ý�Þ?Ò

x (t0) = sin
π

4
.

î¨r�c=b�csr�ð
m Û ÒvØ5Ö�Þ=ã�Ù � Ö Û ß�ÒèîYr�c?b�c?bÉð�§Æî¨r�c?b�csr�ð�Ò*Ø¸Ù

x (t) = sin t,
Ó¯Ý � Ø

x (t) = cos t
Ò	ØoÙiÝ�ã�Ø5Ø � ã Û Ò_Ý£ã�Ù × ÒØ¸Ö�Þ
ã�Ù � Ö Û ì²Ý�Þ=Ö × Ø � Þ Û ¤�åÕÝ�Ú"Ý�Ø�ã Û ÒgØ¸Ö�Þ
ã�Ù � Ö Û ã Û�� ç�ã�ÒgÝ�ã¯Øoå�Ø¸Ùäæ*Ó¯Ò9îYr�c?b�c=b�ð�§ÊîYr�c?b�csr�ðÊc�~�Ý ×�Ü Ö Û Ù × ÒØ � ÞóÝ Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý�Þ?ÒWÒ	ØoÙgã Û Ò_êVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò

φ (·) Ü Ö Û Ù �=Û ã�Ò�ß"Ý Û Ø|ÞY¤ �=Û ÙäÒ ×¸> Ý�Þ
Þ?Ò [−π
4
,π
4

]
:

x (t0 + θ) = φ (θ) , θ ∈ [t0 − r,t0] ,
î¨r�c=b�c��²ð

� Þ�Ò Ì�� ØoÙäÒõã Û ÒõØ5Ö�Þ
ã�Ù � Ö Û ã Û�� ç�ã�Òõß�Ò{îYr�c?b�c=b�ð
x (t) ,

Ü Ö Û Ù �
Û ã�ÒèÚ$Ö�ã ×
t ≥ t0 − r

ç�ã � Ú"Ý£Ø5Ø5ÒÕàÙ × Ý > Ò × Øiß�Ò�ÞóÝºêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò �
Û�� Ù � Ý£Þ=Ò
φ
îYr�c?b�cs��ð � ��Â��Ycn<Ò*ÙõÒ Ì Ò*Ó¯Ú�Þ
ÒMÓ¯Ö Û Ù × Ò®ç�ã�ÒNÚ$Ö�ã × Ù × Ö�ã > Ò × ã Û Ò]Ø5Ö�Þ
ã�Ù � Ö Û ã Û�� ç�ã�Ò]ß�ã«Øoå�Ø¸Ùäæ*Ó¯Ò÷î¨r�c?b�c?bÉð� ÞiêZÝ£ã�Ù ÜÆí Ö � Ø �=× ã Û Ò{êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò �
Û�� Ù � Ý£Þ=ÒNß"Ý Û Ø®Þ¨¤�Ò*Ø5Ú"Ý Ü Ò�ß�Ò	Ø®êVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �
Û ã�Ò	Ø®Ø5ã ×

[t0 − r,t0] : C ([t0 − r,t0] ,R) .
lgÒ÷Ú�Þ=ã�Ø Ü Ö�ÓÕÓ¯Ò

x (·) ∈ C ([t0 − r,∞) ,R) Ý�Þ
Ö × Ø]Ú$Ö�ã ×Üáí Ý�ç�ã�Ò
T ∈ R û Ì Ô�ì x (·) Ò	ØoÙ�ã Û�� êVÖ × ÓÕÔ	ÓÕÒ Û Ù Ü Ö Û Ù �
Û ã�Ò�ß�Ý Û Ø [t0 − r,T ] ,

ÒÊÙ�Ú$Ö�ã ×�Û ¤ � ÓÕÚ$Ö × ÙäÒç�ã�Ò*Þ
ε > 0

� ÞkÒ Ì�� ØoÙäÒ
δ > 0

ÙäÒ*Þ|ç�ã�Ò |x (t)− x (τ)| < ε
Ø � |t− τ | < δ.

zvÞ
Ö × Ø	ì�Ú$Ö�ã ×
t ∈ [t0 − r,T ] , |t− τ | < δ,

Ö Û Ý
|x (t+ θ)− x (τ + θ)| < εÚ$Ö�ã ×|Û ¤ � Ó¯Ú$Ö × ÙäÒ_ç�ã�Ò*Þ

θ ∈ [t0 − r,t0] ,
ç�ã � ÓÕÖ Û Ù × Ò_ç�ã�Ò^Ú�Ö�ã ×iÜÆí Ý£ç�ã�Ò

t ∈ R, Þ
Ý9êVÖ Û�Ü Ù � Ö Û §Û Ò*Þ
Þ=Ò
xt (θ) = x (t+ θ)

Ò	ØoÙvã Û Ò^êVÖ Û�Ü Ù � Ö Û6Ü Ö Û Ù �=Û ã�Ò^ß�Ò
t,
� c�Ò�c"Ø � Þ
ÝèêVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò �=Û�� Ù � Ý�Þ?Ò



r£�
îYr�c=b�cs��ða+

xt0 (·)
Ý£Ú�Ú"Ý × Ù � Ò Û Ùpà C ([t0 − r,t0] ,R) ,

Ý�Þ=Ö × Ø_ÞóÝ]Ø5Ö�Þ=ã�Ù � Ö Û ß�Ò�îYr�c?b�c=b�ð Ü Ö Û Ø � ß�Ô × Ô*ÒÜ Ö�ÓÕÓ¯Òõã Û ÒÕêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò
xt (·)

Ú"Ý�Ø¸Ø5ÒMàNÙ × Ý > Ò × Øpß�Ò�î¨r�c?b�c��²ðÊì�Ò*Ø¸Ùºã Û�� ç�ã�Ò¯Ò*Ù × Ò*Ø¸Ù5Ò®ß�Ý Û ØÞ=Ò_ÓI�*Ó¯Ò_Ò*Ø5Ú"Ý Ü Òpß�Ò^ß�Ô*Ú"Ý × Ù!c"zvÞ=Ö × Økß"Ý Û Ø Ü Ò*Ù5Ù5ÒpÝ�Ú�Ú × Ö Üáí Ò�ì"Þ¨¤�Ô*ÙäÝ£Ù Û ¤�Ò	Ø¸ÙgÚ�Ý�Ø
x (·) , Ó®Ý � Ø:ÞóÝêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò

xt (·) .~�Ö�ã ×^Ü Ý£Þ Ü ã�Þ
Ò × ÞóÝNØ¸Ö�Þ
ã�Ù � Ö Û ß0¤�ã Û Øoå�Ø¸Ùäæ*Ó¯Ò®à × Ò*ÙáÝ × ß�ß�ÒÕÙ�å�Ú$Ò Û Ò*ã�Ù × Ò¯ç�ã�Ò	Þ Ü Ö Û ç�ã�Ò¯ç�ã �Ú"Ý£Ø5Ø5Ò_à^Ù × Ý > Ò × Ø:ã Û ÒgêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò �
Û�� Ù � Ý£Þ=Ò£ì�Ö Û êZÝ � Ù�ÞóÝ^ÓI�*Ó¯Ò Üáí Ö�Ø¸ÒWç�ã�ÒWÚ$Ö�ã × Þ=ÒvØoå�Ø¸Ùäæ*Ó¯Ò× Ò*ÙáÝ × ß�Ôèß�ÒõÞ¨¤�Ò Ì Ò*Ó¯Ú�Þ=ÒèÚ × Ô Ü Ô	ß�Ò Û Ù�+ � Þ�êZÝ�ã�Ù�ßë¤sÝ�â$Ö × ß÷Ú × Ô Ü*� Ø¸Ò × ÞY¤�Ò*Ø5Ú"Ý Ü Òõß�Òõß�Ô*Ú"Ý × Ù!cXt�Ò*Ø^Ò*Øo§Ú"Ý Ü Ò*Ø:Þ
Ò*Ø<Ú�Þ=ã�Ø Ü Ö�ã × Ý Û ÙäØ<ç�ã � Ø5Ö Û Ù:ã�Ù � Þ � Ø¸Ô	Ø�Ú$Ö�ã × ÞY¤�ÔÊÙäã�ß�Òvß�Ò*Ø:Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*Ø:Ø5Ö Û Ù�î > Ö �
×Þ
Ý2Ø5Ò Ü Ù � Ö Û ß�Ò]Ø¸å�Ó9â$Ö�Þ
Ò*Øáðr+�ÞY¤�Ò*Ø5Ú"Ý Ü Ò]ß�ÒN�<Ý Û Ý Üáí ß�Ò*ØèêVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �=Û ã�Ò*Ø C ([−r,0] ,Rn)� �²Â2�¨ì�ÞY¤�Ò*Ø5Ú"Ý Ü Ò_ß�Ò^��Ö�â$Ö�Þ
Ò > ß0¤�Ö × ß × Ò
1 W1

p ([−r,0] ,Rn)
� �����Yì � �²r2�Yì � �£���0ÒÊÙiÞ¨¤�Ò*Ø5Ú"Ý Ü Ò_Ú × Ö�ß�ã � Ù

Mp = Rn × Lp ([−r,0] ,Rn)
� bÉr��¨ì � b��2�Ycy{Ö�Ù �?> Ô�Ú�Ý × Þ=ÒWêZÝ � Ùkç�ã�Ò�Þ¨¤�Ô	ç�ã"Ý£Ù � Ö Û îob�c���c���ð<Ø¸Ò × Ô*Ô Ü*×5� Ù Ü Ö�Ó¯ÓÕÒ

d

dξ
[ψ (ξ)− Cψ (ξ − r)] = Aψ (ξ) +Bψ (ξ − r) ,

î¨r�c?b�c���ð
Ö Û Ú × Ô	Ø¸Ò Û ÙäÒiß0¤�Ý�â$Ö × ßèÞ
Ò<Ú × Ö�â�Þ
æ*ÓÕÒ<ß�ÒkÞóÝ > Ý�Þ
Ò*ã ×��=Û�� Ù � Ý�Þ?Ò�Ú$Ö�ã × Þ
Ò*Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø × Ò	Ú × ÔÊ§Ø¸Ò Û Ù5Ô	Ø_Ø5Ö�ã�Ø_ÞóÝÕêVÖ × Ó¯Òpß�ÒèxvÝ�Þ=Ò � �²���¨ì � ���2�Yì0Ý�Ú�Ú × Ö Üáí ÒºêVÖ Û�Ü Ù � Ö Û Ø Ü Ö Û Ù �=Û ã�Ò*Ø C ([−r,0] ,Rn)

cu Û Ø¸ã � Ù5Ò�ì�Ö Û Ú × Ô	Ø¸Ò Û ÙäÒ¯Þ=ÒèÚ × Ö�â�Þ
æ*Ó¯Ò9ß�ÒõÞóÝ > Ý�Þ=Ò	ã ×_�
Û�� Ù � Ý£Þ=ÒºÒ*Ù^Þ
Ò*Ø�Ø¸Ö�Þ
ã�Ù � Ö Û Ø_Ú$Ö�ã × Þ=Ò	Ø�Øoå�Øo§Ù5æ	ÓÕÒ	ØWß�ÒºÙ�å�Ú$Ò Û Ò	ã�Ù × Ò9ß"Ý Û ØWÞ¨¤�Ò	Ø¸Ú"Ý Ü Òèß�Òõ��Ö�â$Ö�Þ
Ò > ß�Ò	ØWêVÖ Û�Ü Ù � Ö Û ØWÝ�â�Ø5Ö�Þ=ã�Ó¯Ò Û Ù Ü Ö Û Ù �
Û ã�Ò*Ø
W1

p ([−r,0] ,Rn)
c²j Û Ú × Ô*Ø5Ò Û ÙäÒ|Ý�ã�Ø5Ø � Þ=Ò:Ú × Ö�â�Þ
æ*Ó¯Ò<ß�ÒkÞóÝ > Ý£Þ
Ò	ã ×��
Û�� Ù � Ý£Þ=Ò�Ú$Ö�ã × Þ
Ò*Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	ØÛ Ò*ã�Ù × Ò	Ø_ï�Ô Û Ô × Ý£Þ � Ø5Ô	Øvß"Ý Û ØWÞ¨¤�Ò	Ø¸Ú"Ý Ü ÒèÝ�â�ØoÙ × Ý � Ù Mp = Rn × Lp ([−r,0] ,Rn)

ô�ß"Ý Û Ø Ü ÒèÚ × Ö£§ß�ã � Ù^ßë¤�Ò*Ø5Ú"Ý Ü Ò	Ø	ì�ÞóÝ]Ø5Ö�Þ=ã�Ù � Ö Û Ý�ã÷Ú × Ö�â�Þ
æ*Ó¯Òèß�ÒÕÞóÝ > Ý£Þ
Ò	ã ×^�=Û�� Ù � Ý�Þ?ÒèÚ$Ò*ã�ÙºÝ > Ö �=× ã Û�Û Ö�Ó9â × Ò�=Û û Û�� Ó¯Ý � Ø:ß�Ô Û Ö�Óèâ × Ý�â�Þ=Ò_ß�Ò�ß � Ø Ü Ö Û Ù �=Û ã � ÙäÔ*Ø	c� �
Û Ý�Þ
Ò*ÓÕÒ Û Ù!ì�Ö Û Ú × Ô	Ø¸Ò Û Ù5Ò{Þ=Ò	ØèØ5Ö�Þ=ã�Ù � Ö Û Ø9Ú$Ö�ã × Þ
Ò*ØõØoå�ØoÙäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò	ØÕÞ �=Û Ô	Ý �=× Ò*Ø6îVÓ¯ÔÆ§Ù í Ö�ß�Ò|Ú"Ý�Ø�à^Ú�Ý�ØáðÆì�ÞóÝ�Ó¯Ý£Ù ×5�
Ü Ò:êVÖ Û ß"Ý£Ó¯Ò Û ÙáÝ£Þ
ÒiÝ�Ø¸Ø5Ö Ü	� Ô	Ògà Ü Ò*Ø�Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø	ì�ØäÝ × Ò*Ú × Ô*Ø5Ò Û ÙáÝ Ù � Ö Ûß�Òpn:Ý�ã ÜÆí å�c
Å�·�Å Æji8$ º�Í º ¿ Í ¹�� ÆjisÈ��nÒ�Í Ã­È ¿ÂÈ��  �½À¹þÃ�ºÎ¸"½À¹��

ÃÀ½À¹xºÎ¸�¹¯ÁÂÈ��
lWÝ Û Ø Ü ÒÊÙ5Ù5ÒpØ5Ò Ü Ù � Ö Û ìÀÖ Û{× Ý�Ú�Ú�Ò*Þ
Þ=Ò�ç�ã�Ò	Þ=ç�ã�Ò	Ø × Ô*Ø5ã�Þ?ÙáÝ£Ù5Ø Ü ÞóÝ£Ø5Ø � ç�ã�Ò	Ø*ô Ü ÒÊÙ5ÙäÒºÝ�Ú�Ú × Ö Üáí ÒpÒ	ØoÙã�Ù � Þ � Ø5Ô*Ò_Ú�Þ=ã�ØkÙäÝ × ßNß"Ý Û ØiÞ
Ò^n í Ý�Ú � Ù × Ò_��c
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τ ∈ R, H ã Û Ö�ã > Ò × Ùºß�Ò
[τ,∞) × C ([−r,0] ,Rn)

� c�Ò�cXã Û Ø5Ö�ã�ØºÒ Û Ø5Ò*Ó9â�Þ
Ò¯ß�Ò®Þ
ÝêVÖ × Ó¯Ò
Ω1 × Ω2

Ö>F
Ω1

Ò*Ø¸Ù�Ö�ã > Ò × Ù�ß"Ý Û Ø Rn Ò*Ù Ω2 Ò	ØoÙ�Ö�ã > Ò × Ù�ß"Ý Û Ø C. j ÛÿÜ Ö Û Ø � ß�æ × ÒèÞ
ÒØoå�ØoÙäæ*Ó¯Ò^Ø5ã �=> Ý Û Ù!ì�Ô Ü*×5� ÙiØ¸Ö�ã�Ø|Þ
Ý9êVÖ × ÓÕÒ_Ú × Ö�Ú$Ö�Ø5Ô*Ò^ß"Ý Û Ø � �²���¨ì � ��Â��Yì � ���2�:+
d

dt
[D (t)xt] = F (t,xt) , t ≥ t0,

î¨r�c�r�c?bÉð
D (t)ϕ := [ϕ (0)−G (t,ϕ)] ,

î¨r�csr�csr�ð
Ý > Ò Ü Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=Ò

xt0 ≡ φ (θ) , {φ,ϕ} ∈ C [−r,0] , îYr�csr�cs��ð
Ö>F

xt = {x (t+ θ) : θ ∈ [−r,0] ,r := max {r1,r2} ≥ 0} , D (·)
Ò*Ø¸ÙvÞY¤�Ö�Ú$Ô × Ý£Ù5Ò	ã × ß�Òpß �?é ÔÆ§× Ò Û�Ü Ò�ì

F,G : [τ,∞)×C ([−r,0] ,Rn)→ Rn Ø¸Ö Û Ù�Ø¸ã�Ú�Ú$Ö�Ø¸Ô	Ò	Ø Ü Ö Û Ù �=Û ã�Ò*Ø � b!���Yì � b�Â��2�Yì G (t,ϕ)Ò*Ø¸Ù_Þ �=Û Ô!Ý �
× Òpß�Ý Û Ø
ϕ, ‖F (t,ϕ)‖ , ‖G (t,ϕ)‖ Ø¸Ö Û ÙWâ$Ö ×5Û Ô*Ò	Ø_ã Û�� êVÖ × ÓÕÔ	ÓÕÒ Û ÙvÚ"Ý ×v× Ý�Ú�Ú$Ö × Ù_à

t
Ú$Ö�ã ×

ϕ
ß"Ý Û Øiã Û Ò Û Ø5Ò*Ó9â�Þ
Ò Ü Ö�ÓÕÚ"Ý Ü Ùiß�Ò C � b�Â²���Yì"Ý > Ò Ü F (t,0) ≡ 0, G(t,0) ≡ 0 ß�Ò_Ù5Ò	Þ=Þ
ÒêZÝ � Ö Û ç�ã�Ò
x = 0

Ò*Ø¸ÙWã Û ÒºØ5Ö�Þ=ã�Ù � Ö Û ß�ã2Ø¸å�Ø¸Ù5æ	ÓÕÒNî¨r�c�r�c=bÉð�§Êî¨r�c�r�cs�²ðÆc$n<Ò Ü*� Ý£Ø5Ø5ã × Ò9ã Û ��Ú$Ö �=Û Ù��ß0¤�Ô	ç�ã � Þ � â × Ò_àõÞY¤�Ö ×5� ï �=Û Ò�cn<Ö�ÓÕÓ¯Ò|Þ=ÒgÚ × Ö�â�Þ=æ	ÓÕÒ|ß�ÒvÞ
Ý > Ý£Þ
Ò	ã ×��
Û�� Ù � Ý£Þ=ÒiÚ$Ö�ã × Þ
Ò|Ø¸å�Ø¸Ù5æ	ÓÕÒõîYr�csr�c=b�ð�§ÊîYr�csr�cs��ðÊì²Ò Û ï�Ô Û ÔÊ§× Ý�Þ¨ì Û ¤�ÝÕÚ"Ý�Ø|ß�Ò^Ø5Ö�Þ=ã�Ù � Ö Û � �²�2�YìÀÞ=Ò�Ø¸å�Ø¸Ùäæ*ÓÕÒ]îYr�c�r�c=b�ð�§ÊîYr�csr�cs��ð<Ò	ØoÙvß�ÔÊû Û���Ü Ö�ÓÕÓ¯Ò_ã Û Øoå�Ø¸Ùäæ*Ó¯ÒÛ Ò*ã�Ù × ÒkØ �
D (t)

Ò*Ø¸Ù�Ý ÙäÖ�Ó � ç�ã�Ò�Ò Û�� Ô × Ö�ì Ü Ò*Ù¸ÙäÒkÚ × Ö�Ú ×¸� Ô*Ù5Ô:ï²Ý × Ý Û Ù � Ù�ç�ãë¤ � Þ�Ò Ì�� Ø¸ÙäÒ:ã Û ÒkØ¸Ö�Þ
ã�Ù � Ö Ûß�Ò¯îYr�c�r�c=bÉð�§ÊîYr�c�r�cs�²ð�Ø5Ö�ã�Ø|Þ=Ò	Ø Ü Ö Û ß � Ù � Ö Û ØkÝ > Ý Û Ù|ß�Ô Ü	×¸� ÙiÒ Û
F
Ò*Ù
G :��Ö � Ù

Ω
ã Û Ö�ã > Ò × ÙWß�Ò R, t ∈ Ω, L (t) ∈ B (C,Rn) ,

îZÞY¤�Ò*Ø5Ú"Ý Ü Òºß�Òè�<Ý Û Ý Üáí ß�Ò	Ø_Ý�Ú�Ú�Þ � §Ü Ý£Ù � Ö Û ØpÞ �
Û Ô	Ý �=× Ò*Øpâ$Ö ×5Û Ô*Ò	Ø9ß�Ò C ß�Ý Û Ø Rn ð L : Ω → B (C,Rn) ;
Ý�Þ
Ö × Ø	ìXÞ
ÒõÙ í Ô*Ö × æ*Ó¯Ò®ß�Ò× Ò	Ú × Ô	Ø5Ò Û ÙäÝ£Ù � Ö Û ß�Òºh � Ò	Ø �^� Ó¯Ú�Þ � ç�ã�Ò�ç�ãë¤ � ÞXÒ Ì�� ØoÙäÒpã Û ÒpÓ®Ý£Ù ×5�=Ü Ò_êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò_ß�Ò > Ý ×5� Ý£Ù � Ö Ûâ$Ö ×¸Û Ô	Ò

η
Ø5ã ×

[−r,0] ÙäÒ*Þ
Þ=Ò_ç�ã�Ò
L (t)ϕ =

∫ 0

−r

[dθη (t,θ)]ϕ (θ) .
î¨r�csr�c���ð

~�Ö�ã × ã Û Ù5Ò	Þ
η,
Ö Û Ú$Ò	ã�ÙõÞ
Ý2Ú × Ö�Þ
Ö Û ï�Ò®ß"Ý Û Ø R Ø �

η (t,θ) = η (t,− r)
Ú�Ö�ã ×

θ ≤ −r ÒÊÙ
η (t,θ) = η (t,0)

Ú$Ö�ã ×
θ ≥ 0

� ��q��Yc
�]L_Pª�­� �­�	����� ¡ L ¡ LZ[�.·� ! ('&9& $ ¢t& # � ��/M� � ��� &<(_[�ÇÀÇ ´21 L � �

β ∈ R, ÒÊÙ|ÞóÝ9Ó®Ý£Ù ×5�=Ü Ò
A (t,β,L (t))=η

(
t,β+

)
− η

(
t,β−

) î¨r�csr�cs��ð
Ò*Ø¸Ù Û Ö Û Ø �=Û ï�ã�Þ � æ × Ò^Ò Û

t = σ,
Ý�Þ
Ö × Ø

L (t)
Ò	ØoÙ_ß � ÙWÝ£ÙäÖ�Ó � ç�ã�ÒpÒ Û

β
Ò Û

σ.
� �

A (t,β,L)
Ò	Ø¸ÙÛ Ö Û Ø �=Û ï�ã�Þ � æ × ÒWØ5ã ×

O ⊂ Ω, Ý£Þ
Ö × Ø L (t) Ò	Ø¸Ù|ß � Ù|Ý£ÙäÖ�Ó � ç�ã�Ò_Ò Û β Ø5ã × O.
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D (t)
Ò*Ø¸ÙgÝ£ÙäÖ�Ó � ç�ã�Ò_Ò Û

β
Ø5ã × H Ø �

detA (t,β,D (t)) 6= 0 ∀ t ∈ R. î¨r�csr�c��²ð
�]L_Pª�­� �­�	����� ¡ L ¡ L ¡ .º� ! (*&N[�Ç�aë[ 1 L m Û Øoå�Ø¸Ùäæ*Ó¯Ò Û Ò*ã�Ù × ÒiÒ	Ø¸Ù�ã Û Ø¸å�Ø¸Ùäæ*Ó¯Òiß�ÒkÞóÝgêVÖ × ÓÕÒîYr�c�r�c=b�ð�§ÊîYr�c�r�cs��ð|Ú$Ö�ã × Þ=Ò	ç�ã�Ò	Þ

D (t) ,F : H → Rn Ø¸Ö Û Ù Ü Ö Û Ù �
Û ã�Ò	Ø_Ò*Ù D (t) Ò	ØoÙpÝ£Ù5Ö�Ó � ç�ã�ÒÒ Û9� Ô × ÖÕØ¸ã × H cu Û ï�Ô Û Ô × Ý�Þ¨ì"Þ
Ò*Ø|Ù í Ô	Ö × æ	ÓÕÒ	Øgß0¤�Ò Ì�� Ø¸ÙäÒ Û�Ü Ò£ìëß0¤�ã Û��=Ü	� ÙäÔ^ÒÊÙvß�Òpß�Ô*Ú$Ò Û ß"Ý Û�Ü Ò Ü Ö Û Ù �
Û ã�ÒpØ¸Ö Û Ùß�Ö Û�Û Ô*Øpß"Ý Û Ø � �²����Ú$Ö�ã × ÞóÝ]Ú × Ò	Ó � æ × Ò9êVÖ � Ø_Ú$Ö�ã × Þ
ÒèØ¸å�ØoÙäæ	ÓÕÒ�îYr�csr�c=b�ð�§ÊîYr�csr�c��²ðgØ5Ö�ã�Ø^Þ¨¤ í å�Ú$Ö£§Ù í æ	Ø¸Ò_ç�ã�Ò
G (t,ϕ)

Ò*Ø¸Ù Û Ö Û §�Ý£ÙäÖ�Ó � ç�ã�ÒgÒ Û
� Ô × Ö6îVÒ	ç�ã �?> Ý�Þ=Ò Û Ù5Ò_àºÞ¨¤�Ý£Ù5Ö�Ó �?Ü	� Ù5Ô|ß�ÒWÞ¨¤�Ö�Ú$Ô × Ý£ÙäÒ*ã ×ß�Òiß �=é Ô × Ò Û�Ü Ò|ç�ã"Ý Û ß
G (t,ϕ)

Ý�ÞóÝ_ØoÙ × ã Ü Ùäã × Òvr�csr�c��²ðÊc�zvÚ × æ	Ø*ì�ß�Ý Û Ø � ���2�ÀÒ	ØoÙ�Ú × Ö�Ú$Ö�Ø5Ô	Ò|Þ
Ý_ß�ÔÊ§û Û�� Ù � Ö Û ß0¤sÝ ÙäÖ�Ó �
Ü*� ÙäÔ Ü Ý × Ò*Þ
Þ
ÒgÚ$Ò × ÓÕÒ*Ù:ß�ÒWï�Ý × Ý Û Ù �=× ç�ã0¤ � Þ$Ò Ì�� ØoÙäÒWã Û ÒWØ¸Ö�Þ
ã�Ù � Ö Û ß0¤�ã Û Ò Ü Þ
Ý�Ø5Ø¸Òï�Ô × Ô × Ý�Þ=Ò]ß�Ò6Øoå�Ø¸Ùäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò*Ø	ì�ÓE�	ÓÕÒ]ç�ã"Ý Û ß ÞY¤�Ö�Ú�Ô × Ý ÙäÒ	ã × ß�ÒNß �?é Ô × Ò Û�Ü Ò
D (t,ϕ)

Û ¤�Ò	ØoÙÚ"Ý£ØvÞ �=Û Ô!Ý �
× Ò � ���2�¨ì � �²Â2�¨cën<Ò	Ú$Ò Û ß"Ý Û Ù�ß�Ý Û Ø Ü ÒÊÙ5ÙäÒ9Ý�Ú�Ú × Ö Üáí Ò�ì�Þ
Ý Ü Ö Û ß � Ù � Ö Û ß0¤�Ý£ÙäÖ�Ó �=Ü	� ÙäÔ�Ø5ã ×
D (t,ϕ)

Ò*Ø¸Ù<ã Û Ò Ü Ö Û ß � Ù � Ö ÛÕÛ Ô Ü Ò*Ø5ØäÝ �
× ÒgØ5Ò*ã�Þ
Ò*Ó¯Ò Û Ù<Ú$Ö�ã × ï�Ý × Ý Û Ù �=× ÞY¤�Ò Ì�� Ø¸Ù5Ò Û�Ü Ògß�ÒgØ5Ö�Þ=ã�Ù � Ö Û Øß�Ò*Ø|Ø¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò	ã�Ù × Ò*Ø9î > Ö �=× � �����Yì � b��2� ðÆclWÝ Û Ø Ü Ò^Ù × Ý > Ý � Þ�Ö Û2Û ÒpØ	¤ �
Û ÙäÔ × Ò	Ø¸Ø5Òºç�ã0¤�à¯ß�Ò*ØvÖ�Ú$Ô × Ý£Ù5Ò	ã × Øgß�ÒpÞ
ÝèêVÖ × Ó¯Ò¯îYr�c�r�c�r�ð^î � Þ�Ø¸Ö Û ÙÙ × æ	Ø�ã�Ù � Þ � Ø5Ô*Ø�ß"Ý Û Ø�Þ
ÝvÙ í Ô	Ö ×5� Ò:ß�ÒkÞóÝvØ¸ÙáÝ£â � Þ � ÙäÔ � b��2�óðÊì�Ö>F
G (t,ϕ)

Ò*Ø¸Ù�Þ �
Û Ô!Ý �=× Ò<Ò Û
ϕ.
zgÞ
Ö × Ø	ì£Ö Ûß�Ö Û�Û Ò�Þ
Ò*Ø Ü Ö Û ß � Ù � Ö Û Ø:Ø5ã ×

G (t,ϕ)
Ú$Ö�ã × Ý > Ö �
× ã Û Ø¸å�Ø¸Ù5æ	ÓÕÒ Û Ò	ã�Ù × Ò£ì � c�Ò£c

G
Û Ö Û Ý ÙäÖ�Ó � ç�ã�ÒÒ Û�� Ô × Ö�c"n<Ò*Ù¸ÙäÒ_Ú × Ö�Ú ×5� Ô*Ù5Ô_Ý�Ø¸Ø5ã × Ò_ç�ã�Ò

G(t,ϕ)
Û ÒWß�Ô*Ú�Ò Û ß6Ú"Ý£Økß�Ò

ϕ (0) .
~�Ý × Þ=ÒvÙ í Ô	Ö × æ	ÓÕÒß�Ò × Ò	Ú × Ô	Ø¸Ò Û ÙáÝ£Ù � Ö Û ß�Òõh � Ò	Ø � � �����¨ì � Þ�Ò Ì�� Ø¸Ù5Òèã Û ÒèÓ¯Ý£Ù ×¸�
Ü Ò Ü Ý ×¸× Ô*Ò

µ (t,θ)
ß�Ò9ß � ÓÕÒ Û Ø � Ö Û

nÙ5Ò	Þ
Þ=ÒWç�ã�Ò
G (t,ϕ) =

∫ 0

−r

[dθµ (t,θ)]ϕ (θ) ,
î¨r�csr�cs��ð

Ý > Ò Ü
t ∈ [t0,∞) , θ ∈ [−r,0] ,

ß�Ò > Ý ×¸� Ý£Ù � Ö Û â�Ö ×5Û Ô*ÒkÒ Û
θ.
��¤ � Þ�Ò Ì�� Ø¸ÙäÒ:ã Û Ò:êVÖ Û�Ü Ù � Ö Û Ø Ü Ý�Þ
Ý �
× Ò

m (s)
Ü Ö Û Ù �
Û ã�Ò Û Ö Û ß�Ô Ü	× Ö � Ø¸ØäÝ Û ÙäÒ�Ú$Ö�ã ×

s ∈ [−r,0] , m (0) = 0, ÙäÒ*Þ
Þ=Ò	Økç�ã�Ò
∥∥∥∥
∫ 0

−s

[dθµ (t,θ)]ϕ (θ)

∥∥∥∥ ≤ m (s) sup
−s≤θ≤0

‖ϕ (θ)‖ , îYr�csr�csq�ð
Ú$Ö�ã × Ù5Ö�ã�Ù

t
ß�Ý Û Ø

[t0,∞)
Ò*Ù
ϕ
ß"Ý Û Ø C, ß�Ö Û�Ü ç�ã�Ò G (t,ϕ) Ò	ØoÙ Û Ö Û Ý£ÙäÖ�Ó � ç�ã�Ò�Ò Û�� Ô × Ö�cÉzvÞ=Ö × ØîYr�c�r�c=b�ð�§ÊîYr�c�r�cs��ð^Ò	Ø¸Ùõã Û Ø¸å�ØoÙäæ	ÓÕÒ Û Ò	ã�Ù × Ò£ì � Þ<Ò Ì�� Ø¸Ù5ÒNã Û ÒNØ¸Ö�Þ
ã�Ù � Ö Û ã Û�� ç�ã�Ò

x
ì�ß�ãJØoå�Ø¸Ùäæ*Ó¯ÒîYr�c�r�c=b�ð�§ÊîYr�c�r�cs��ðÊì Û Ö ÛèÛ Ô Ü Ò*Ø5ØäÝ �=× Ò	ÓÕÒ Û Ù�ß �=é Ô × Ò Û Ù � Ý£â�Þ
Ò£ôÉØ5Ò	ã�Þ¨ì£Þ¨¤�Ö�Ú$Ô × Ý£ÙäÒ*ã × ß�Ò:ß �=é Ò × Ò Û�Ü Ò

D (·)Ò*Ø¸Ù|ß �=é Ô × Ò Û Ù � Ý�â�Þ
ÒWØ¸ã ×
(t0,∞)

îVÒ*Ù|ß �?é Ô × Ò Û Ù � Ý�â�Þ=Ò_àõß × Ö � ÙäÒ_Ò Û
t0
ðÆc
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�GF4H � �JILK�F r�c�r�c=b � lWÝ Û Ø Ü Ò*Ù5Ù5Ò�Ý�Ú�Ú × Ö Üáí Ò�ì!Þ¨¤�Ô*ÙäÝ£Ù�Ò*Ø¸ÙXÞóÝ�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò xt (θ) = x (t+ θ) ∈
C, −r ≤ θ ≤ 0,

ÒÊÙ Û Ö Û Þ
Ò > Ò Ü ÙäÒ*ã ×
x (t) ∈ Rn.

n<Ò Ü*� Ò*Ø¸Ù Û Ý£Ùäã × Ò	Þ�Ú"Ý ×¸Ü Òºç�ã�ÒèÞ=ÒpØ¸å�Ø¸Ùäæ*Ó¯ÒîYr�c�r�c=b�ð�§ÊîYr�c�r�cs��ð�Ò*Ø¸Ùgß�Ò^ß � ÓÕÒ Û Ø � Ö Û]�
Û û Û�� Ò£cm Û Ò Ü ÞóÝ£Ø5Ø5Ò � ÓÕÚ$Ö × ÙáÝ Û Ù5Òpß�Ò9Ø¸å�Ø¸Ù5æ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø Ü Ö Û�Ü Ò ×5Û ÒèÞ
Ò	ØvØoå�Ø¸Ùäæ*Ó¯Ò*Ø Û Ò	ã�Ù × Ò*Ø_ï�Ô Û ÔÊ§× Ý�Þ � Ø5Ô*Ø�+
d

dt
[Dxt] = Lxt , t ≥ 0,

îYr�c�r�cs��ð
Ö>F

D
ì
L : C → Rn,

Ø5Ö Û ÙMß�Ò	ØMÖ�Ú$Ô × Ý ÙäÒ	ã × ØMÞ �
Û Ô	Ý �=× Ò*Ø¯â$Ö ×5Û Ô*Ø®ÙäÒ*Þ
Ø®ç�ã�Ò�ÞY¤�Ö�Ú$Ô × Ý ÙäÒ	ã × ß�Òß �?é Ô × Ò Û�Ü Ò�Ø5Ö � Ù|Ý£Ù5Ö�Ó � ç�ã�ÒWÒ Û5� Ô × Ö�ì Ü ¤�Ò*Ø¸Ùvàõß �
× Ò�+
Dϕ := ϕ (0)−

∫ 0

−r

dµ (θ)ϕ (θ) ,
îYr�c�r�c=b�Â�ð

Ö>F
µ
Ò	Ø¸Ù Ü Ö Û Ù �
Û ã�Ò2Ò Û�� Ô × Ö¦Ò*ÙMÞ¨¤�Ö�Ú$Ô × Ý£Ù5Ò	ã × Þ �
Û Ô!Ý �=× Ò

L
Ú$Ò	ã�Ù
�ÊÙ × Ò × Ò*Ú × Ô*Ø5Ò Û ÙäÔSÚ"Ý × ã Û ÒêVÖ Û�Ü Ù � Ö Û Ó¯Ý£Ù ×5�
Ü*� Ò	Þ=Þ?Ò_à > Ý ×¸� Ý£Ù � Ö Û â$Ö ×5Û Ô	Ò�ì � c�Ò�c

Lϕ =

∫ 0

−r

dη (θ)ϕ (θ) ,
îYr�c�r�c=b�b�ð

Ö>F
η (θ) , −r ≤ θ ≤ 0,

Ò*Ø¸ÙWã Û Ò9Ó¯Ý£Ù ×5�=Ü Ò
n × n

Ý > Ò Ü ß�Ò*ØWÔ	Þ=Ô	ÓÕÒ Û ÙäØWà > Ý ×¸� Ý Ù � Ö Û â$Ö ×¸Û Ô	Ò£ìÙ5Ò	Þ
Þ=ÒÕç�ã�Ò
η
Ò	Ø¸Ù Ü Ö Û Ù �
Û ã�ÒMà{ï²Ý�ã ÜÆí Ò®Ø¸ã ×

(−r,0) Ò*Ù η (0) = 0,
� c�Ò�c�ß�Ò > Ý ×5� Ý£Ù � Ö Û â$Ö ×5Û Ô*ÒÛ Ö × Ó¯Ý�Þ � Ø5Ô*Ò�c~�Ý × Ò Ì Ò*Ó¯Ú�Þ=Ò�ì�Þ=Ò<Ø¸å�Ø¸Ùäæ*Ó¯Ò Û Ò*ã�Ù × ÒkØ5ã �?> Ý Û Ù�Ò	Ø¸Ù�ã ÛõÜ Ý�Ø�Ú�Ý × Ù �=Ü ã�Þ � Ò × ß�Ò^î¨r�c�r�c��²ð�Ö>F

x
Û ¤�Ò*Ø¸ÙÚ"Ý£Ø Û Ô Ü Ò	Ø5Ø5Ý �
× Ò	ÓÕÒ Û Ù|ß �=é Ô × Ò Û Ù � Ý£â�Þ
Ò�+

d

dt
[x (t)− Cx (t− r)] = Ax (t) +Bx (t− r) , t ≥ 0 , r > 0. î¨r�csr�c?bÉr�ð

n<Ò	Ú$Ò Û ß"Ý Û Ù�Ò Û Ú × Ý£Ù � ç�ã�Ò�ì�Þ
Ò*Ø�Ú�Ý × Ý�ÓÕæÊÙ × Ò*Ø�ß0¤�ã Û Ó¯Ö�ß�æ	Þ
Ò Û Ò�Ø5Ö Û Ù�Ú"Ý£Ø Ü Ö Û�Û ã�Ø�Ý > Ò Ü Ò Ì Ý Ü §Ù � Ùäã�ß�Ò�ì � Þ�Ò*Ø¸ÙpÝ�Þ
Ö × Ø �=Û Ù5Ô × Ò*Ø5Ø5Ý Û Ù^ß0¤�Ô*Ù5ã�ß � Ò × Þ
Ò*Ø�Øoå�ØoÙäæ*Ó¯Ò*ØºÝ > Ò ÜÕ�=Û�Ü Ò × Ù � Ùäã�ß�Ò	Ø � ��b��¨ì Ü Ö�Ó¯ÓÕÒÞ=Ò_Ó¯Ö�ß�æ	Þ
ÒWØ5ã �?> Ý Û ÙD+
d

dt
[x (t)− Cx (t− r1)−∆C ] = Ax (t) +Bx (t− r2) + ∆A +∆B,t ≥ 0,

î¨r�csr�c?b��²ð
Ö>F

r1 > 0, r2 > 0,
Ò*ÙõÞ
Ò*Ø9ÙäÒ × Ó¯Ò*Ø �=Û�Ü Ò × ÙäÝ �
Û Ø

∆A, ∆B, ∆C
Ø5Ò × Ö Û ÙÕÚ × Ô Ü	� Ø5Ô*ØÕß"Ý Û ØõÞ
Ò*Øn í Ý£Ú � Ù × Ò*ØX��ìs�:Ò*Ù���cÉy2Ý � Ø�Ò Û ï�Ô Û Ô × Ý£Þ¨ì!Þ=Ò�Øoå�Ø¸Ùäæ*Ó¯Ò Û Ö Û Þ �
Û Ô	Ý �=× Ò�Ú × Ö ÜÆí Ò�ß�ã^Ú$Ö �
Û Ù�ß0¤�Ô	ç�ã � Þ � â × Ò

d

dt
[Dxt − g̃ (t,xt)] = Lxt + f̃ (t,xt) , t ≥ 0,



���
Ú$Ò*ã�Ù,�*Ù × ÒvÔ*Ù5ã�ß � ÔvÚ"Ý × ÞY¤sÝ£Ú�Ú × Ö Ì�� Ó¯Ý£Ù � Ö Û Þ �
Û Ô	Ý �=× Òpî¨r�c�r�c��²ðÆc�d Ü*�

D, L
Ø5Ö Û Ù:Þ
Ò*Ø�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò*ØîYr�c�r�c=b!Â²ð:Ò*Ù9îYr�c�r�c=b�bÉð × Ò*Ø5Ú$Ò Ü Ù �?> Ò	ÓÕÒ Û ÙWÒÊÙ

f̃ ,g̃
Ø¸Ö Û Ùgß�Ò*Ø|êVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Ø Ü Ö Û Ù �
Û ã�Ò	Ø|ß�Ò R×Cß"Ý Û Ø Rn ØäÝ£Ù � ØoêZÝ � Ø5Ý Û Ù f̃ (t,0) = 0 ÒÊÙ

∥∥∥f̃ (t,ϕ)− f̃ (t,ψ)
∥∥∥ ≤ ζ (ν) ‖ϕ− ψ‖C pour ‖ϕ‖C , ‖ψ‖C ≤ ν,

ÒÊÙpÞóÝ]ÓI�*Ó¯Ò Ü Ö Û ß � Ù � Ö Û Ú$Ö�ã ×
g̃,
Ö�ã

ζ (ν) → 0
ç�ã"Ý Û ß

ν → 0+.
��Ö�ã�Ø Ü Ò*Ù5Ù5Ò í å�Ú$Ö�Ù í æ	Ø¸Ò�ìÞ=ÒºÚ × Ö�â�Þ=æ	ÓÕÒpß�ÒºÞóÝ > Ý�Þ
Ò*ã ×v�=Û�� Ù � Ý�Þ?Ò^Ò	ØoÙ_â � Ò Û Ú$Ö�Ø5Ôºß"Ý Û Ø C, Ò*ÙWÞ=Ò	ØvØ¸Ö�Þ
ã�Ù � Ö Û ØgÚ$Ò	ã > Ò Û Ù��ÊÙ × ÒÜ Ö Û Ù �
Û ã�Ò	ØiÚ$Ò Û ß"Ý Û Ù|ç�ã0¤�Ò*Þ
Þ=Ò	Ø × Ò	Ø¸Ù5Ò Û Ùgâ$Ö ×5Û Ô	Ò	Ø � ���2�¨clº¤sÝ£ã�Ù × Ò:Ú"Ý × Ù	ì£Ò Û Ú × Ý£Ù � ç�ã�Ò�ì � Þ�Ò*Ø¸Ù�Ú"Ý × êVÖ � Ø Û Ô Ü Ò*Ø5ØäÝ �=× Ò:ß0¤sÝ > Ö �=× ß�Ò*Ø�Ø¸Ö�Þ
ã�Ù � Ö Û Ø × Ô	ï�ã�Þ � æ × Ò*Ø�+Ú"Ý × Ò Ì Ò	ÓÕÚ�Þ
Ò£ìëØ � ÞóÝ Ü Ö�Ó¯Ó¯Ý Û ß�Òºß�Ô*Ú$Ò Û ßÿß�Ò9Þ
Ý®ß�Ô ×5�?> Ô	Ò9ß�Ò9Þ
Ý¯Ø5Ö�Þ=ã�Ù � Ö Û � ��b��Yì � �²Â2�Yì0Ý£Þ
Ö × Ø � ÞÒ*Ø¸Ù Û Ý£Ùäã × Ò	Þ�ß�Ò Ü Ö Û Ø � ß�Ô × Ò × ÞY¤�Ò*Ø5Ú"Ý Ü Ò W1

p

ã�Ù � Þ � Ø5ÔWß"Ý Û Ø|Þ
ÝèØ5Ò Ü Ù � Ö Û Ø¸ã �=> Ý Û Ù5Ò�c
Å�·
� Æji8$ º�Í º ¿ Í ¹�� ÆjisÈ��nÒ�Í Ã­È ¿ÂÈ��  �½À¹þÃ�ºÎ¸"½À¹��

Ík�l�5½ Æ�ÁÂÌ È ¹»º ÃÀ½ ¹»ºÎ¸�¹¯ÁÂÈ��
lº¤sÝ£â$Ö × ßSÖ ÛSÜ Ö Û Ø � ß�æ × Ò9Þ=ÒºØ¸å�ØoÙäæ	ÓÕÒ Û Ò	ã�Ù × ÒNî¨r�csr�c?bÉðiÒ*ÙWÖ Û Ø5ã�Ú�Ú$Ö�Ø5Òèç�ã�Ò9ÞóÝÕêVÖ Û�Ü Ù � Ö Û

xØ5Ý£Ù � Ø¸êZÝ � Ù�î¨r�csr�c?bÉð<Ø¸ã × ã Û6�=Û Ù5Ò ×¸> Ý�Þ
Þ=Ò�ì�Ý > Ò Ü ã Û Ò�ß�Ô ×5�?> Ô	Ò × Ô*ï�ã�Þ � æ × ÒvÙäÒ*Þ
Þ
Òvç�ã�Ò^ÞY¤�Ö Û Ú$Ò	ã�ÙiêZÝ �
× ÒÞ
Ýèß �?é Ô × Ò Û Ù � Ý£Ù � Ö Û ß�Ò�ÞóÝ9Ú"Ý × Ù � Ò�àõï�Ý�ã Üáí Ò^ß�Ò®îYr�csr�c=b�ð � ���2� � c�Ò�c
d

dt
[D (t)ϕ] =

.
ϕ (0)−G′t (t,ϕ)−G′ϕ (t,ϕ)ψ,Ö>F

G′t (t,ϕ)
Ò	ØoÙ�Þ
Ý|ß�Ô ×5�?> Ô	Ò�Ú"Ý × Ù � Ò*Þ
Þ=Ò�Ú�Ý ×�× Ý�Ú�Ú$Ö × Ù�à

”t”
Ò*Ù
G′ϕ (t,ϕ)

Ò*Ø¸Ù�ÞóÝ|ß�Ô ×5�?> Ô	Ò�Ú"Ý × Ù � Ò	Þ
Þ=ÒÚ"Ý ×i× Ý�Ú�Ú$Ö × Ùgà
”ϕ”.

j Û Ö�â�Ù � Ò Û Ù|Ý�Þ
Ö × Ø:Þ
Ò_Ø¸å�ØoÙäæ	ÓÕÒ Û Ò*ã�Ù × Ò�Ø5ã �?> Ý Û ÙD+
.
x (t) = G′t (t,xt) +G′xt

(t,xt)
.
xt +F (t,xt) .

î¨r�cs��c?bÉð
t�ÒMØoå�ØoÙäæ*Ó¯Ò÷îYr�cs��c=b�ð Ü Ö�Ó¯Ú × Ò Û ß¦Þ=Ò	ØºØ¸å�Ø¸Ù5æ	ÓÕÒ	Øèß�Ò®Ù�å�Ú$Ò Û Ò	ã�Ù × ÒMÖ>F¦Þ
Ý{ß�Ò ×¸�=> Ô*Ò �=Û ÙäÒ ×¸>�� Ò Û ÙÞ �
Û Ô	Ý �=× Ò*ÓÕÒ Û Ù!c"y2Ý �
Û ÙäÒ Û Ý Û Ù	ì"Ö Û6Ü Ö Û Ø � ß�æ × Ò^ã Û Ø¸å�ØoÙäæ	ÓÕÒ^Ú�Þ=ã�Øiï�Ô Û Ô × Ý�Þ�ç�ã�Ò®îYr�cs��c=bÉð

.
x (t) = f

(
t,xt,

.
xt
)
, t ≥ t0,

î¨r�cs��csr�ð
Ö>F Ü Ö Û Ù �
Û ã�ÒiÒ*Ù

f
Ò*Ø¸Ù Ü Ö Û Ù �=Û ã�ÒiÒ*Ù�t � Ú�Ø Üáí�� Ù � ß"Ý Û Ø�Þ=Ò	Ø�ß�Ò	ã Ì�� æ*Ó¯ÒiÒÊÙ�Ù × Ö � Ø � æ*Ó¯ÒkÝ × ï�ã�ÓÕÒ Û ÙäØ�+

‖f (t,ϕ2,ψ2)− f (t,ϕ1,ψ1)‖ ≤ l1 ‖ϕ2 − ϕ1‖C + l2 ‖ψ2 − ψ1‖C , ϕi,ψi ∈ C,



�£�
l1 ∈ [0,∞) , l2 ∈ [0,1) .

j Û¯Û Ö�Ù5Ògç�ã0¤ � Þ Û ¤�Ò*Ø¸Ù<Ú"Ý�Ø�Ú$Ö�Ø5Ø � â�Þ=Ò|ç�ã�Ò|ÙäÖ�ã�Ù�Ø¸å�Ø¸Ù5æ	ÓÕÒ Û Ò*ã�Ù × ÒvÔ Ü	×¸� ÙØ¸Ö�ã�Ø|Þ
Ý9êVÖ × ÓÕÒÕî¨r�cs��c���ð<Ú�ã � Ø¸Ø5Ò��*Ù × Ò × Ô	Ô Ü	×5� Ù|Ø¸Ö�ã�Ø|Þ
Ý9êVÖ × ÓÕÒÕî¨r�c�r�c=bÉð � ���2�Ycy2Ý �
Û ÙäÒ Û Ý Û Ù¯Ö Û Ø¸Ò{Ú$Ö�Ø5Ò6ÞóÝÿç�ã�Ò*Ø¸Ù � Ö Û Ø5ã �?> Ý Û ÙäÒ;+�ç�ã�Ò	Þ=Þ
Ò Ü Ö Û ß � Ù � Ö Û«�
Û�� Ù � Ý�Þ?Ò
φ
êZÝ�ã�Ù¸§ � ÞÚ$Ö�ã × Ý > Ö �
× ã Û ÒvØ¸Ö�Þ
ã�Ù � Ö Û ß �=é Ô × Ò Û Ù � Ý�â�Þ
Òkß�Ò9îYr�cs��c�r�ð
mWn<Ò*Ù5Ù5Ò Ü Ö Û ß � Ù � Ö Û Ò	ØoÙkÝ£Ú�Ú$Ò	Þ=Ô	ÒR� Ü Ö Û ß � §Ù � Ö Û ß�Ò × Ý Ü	Ü Ö × ß�Ò	ÓÕÒ Û Ùh�¯î=��Ø¸Ò*ù �=Û ï Ü Ö Û ß � Ù � Ö Û �WÒ Û Ý Û ï�Þ
Ý � Øáð � ���2�¨ì � �²Â2�¨c$j Û Ø5ã�Ú�Ú$Ö�Ø¸Òºç�ã�ÒpÞ
ÝêVÖ Û�Ü Ù � Ö Û�Û Ò	Þ
Þ=Ò �=Û�� Ù � Ý�Þ?Ò

φ
Ò*Ø¸Ù Û Ö Û Ø5Ò*ã�Þ
Ò*Ó¯Ò Û Ù C ([−r,0] ,Rn)

Ó¯Ý � Ø^Ý£ã�Ø5Ø � C1 ([−r,0] ,Rn) ,ÒÊÙ|ØäÝ£Ù � Ø¸êZÝ � Ù
.

φ
(
0−
)
= f

(
t0,φ,

.

φ
)
.

î¨r�cs��c��²ð
zgÞ
Ö × Ø	ì .

x (t)
Ò*Ø¸Ù Ü Ö Û Ù �=Û ã�Ò]Ú$Ö�ã ×

t ≥ t0
ÒÊÙÕÒ Û Ù × Ýn
 Û Ò]Þ
Ý�ß �=é Ô × Ò Û Ù � Ý£â � Þ � Ù5ÔMß�Ò

x (t)
ß�Ý Û Ø

(t0 − r,∞) .n<Ö�ÓÕÓ¯ÒWÞóÝ Ü Ö Û ß � Ù � Ö Û ß�Ò�� × Ý Ü*Ü Ö × ß�Ò*Ó¯Ò Û Ùh�õî¨r�cs��c��²ð<Ú$Ò*ã�Ù��*Ù × Ò × Ò*Ø¸Ù ×¸�
Ü Ù �=> Ò£ì�Ö Û Ú × Ô	Ø¸Ò Û ÙäÒÞY¤sÝ£Ú�Ú × Ö Üáí ÒWØ5ã �=> Ý Û ÙäÒ£cÀ��Ö � Ù
Ων ⊂ W1

2

Þ
Ý9â$Ö�ã�Þ
ÒWÖ�ã > Ò × ÙäÒ_ß�Ô*û Û�� Ò_Ú�Ý ×
Ων := {ϕ : ‖ϕ‖W1

2
<

ν , ν > 0} ÒÊÙ|Ø5Ö � Ù f : [τ,∞)× Ωω × L2 → Rn ã Û Ò�êVÖ Û�Ü Ù � Ö Û�Û Ò	Þ=Þ
Ò Ü Ö Û Ù �
Û ã�Ò�ç�ã � Ø5Ý£Ù � Ø¸êZÝ � ÙÞ
Ý Ü Ö Û ß � Ù � Ö Û ß�Òºt � Ú�Ø Üáí�� Ù � ß�Ý Û ØgÞ
Ò*Ø|Ø5Ò Ü Ö Û ß�ÒÊÙgÙ × Ö � Ø � æ*ÓÕÒ^Ý × ï�ã�ÓÕÒ Û ÙäØ	ì$Ý > Ò Ü ÞóÝ Ü Ö Û ØoÙáÝ Û ÙäÒß�Ò^t � Ú�Ø Üáí�� Ù � Ú$Ö�ã × Þ=ÒWÙ × Ö � Ø � æ	ÓÕÒ_Ý × ï�ã�ÓÕÒ Û Ù �=Û êVÔ ×¸� Ò	ã × Ò�à
1
cÀj Û Ø5ã�Ú�Ú$Ö�Ø¸Òpç�ã�Ò

f (t,0,0) ≡ 0 ,
∥∥∥f
(
t,ϕ,

.
ϕ
)∥∥∥ ≤M, ∀ ϕ ∈ Ωω , t ≥ t0.

zgÞ
Ö × Ø � ÞëÒ Ì�� ØoÙäÒ�ã Û Ò�Ø5Ö�Þ=ã�Ù � Ö Û ã Û�� ç�ã�Ò Û Ö�ÙäÔ*Ò
x (·; t0,φ) ,

ß�Ò
.
x (t) = f

(
t,xt,

.
xt
)
, t ≥ t0,

î¨r�cs��c���ð
Ý > Ò Ü Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=ÒvØ5ã �?> Ý Û ÙäÒ � �£����+

xt0 (θ) = φ (θ) , φ ∈ W1
2 , t ≥ t0 , − r ≤ θ ≤ 0. îYr�c���c���ð

��ÙáÝ Û Ùiß�Ö Û�Û Ô^ç�ã�Ò
φ
Ò*Ø¸Ù|ã Û Ô*Þ
Ô	ÓÕÒ Û Ùiß�Ò�ÞY¤�Ò*Ø5Ú"Ý Ü Ò�ß�Ò^�<Ý Û Ý Üáí W1

2

� b��Yì � ���2�¨ì � �����¨ì�Þ¨¤�Ô	ï�Ý�Þ � ÙäÔÒ Û î¨r�c���c���ðpÒ	ØoÙÕØäÝ£Ù � ØoêZÝ � Ù5ÒMÚ × Ò	Ø¸ç�ã�Ò{Ú�Ý × Ù5Ö�ã�Ù � r��2�Yô�Ý > Ò Ü ç�ã�Ò*Þ
ç�ã�Ò*ØÕÓ¯Ö�ß � û Ü Ý£Ù � Ö Û Ø	ì
φ
Ú$Ò*ã�Ù

�ÊÙ × Ò W1
p

î > Ö �
× Ý£ã�Ø5Ø � � �²r2�Yì � �£���<Ú$Ö�ã × W1
∞

Ò*Ù W1
p

ðÊc�zgÞ
Ö × Ø	ì�Ö Û¥Ü Ö Û Ø � ß�æ × ÒMç�ã�ÒMÞ¨¤�Ô*ÙäÝ£Ù
xt,ß�ã¯Ø¸å�Ø¸Ùäæ*ÓÕÒ Û Ò	ã�Ù × Ò9î¨r�c���c���ð�§Æî¨r�c���cs��ð�Ò	ØoÙ:Ý�â�Ø5Ö�Þ
ã�ÓÕÒ Û Ù Ü Ö Û Ù �
Û ã®ÒÊÙ<ç�ã0¤ � Þ$Ý^ß�Ö Û�Ü ÞóÝ�Ú × Ö�Ú ×5� Ô*Ù5Ôß0¤��*Ù × Ò�ß �=é Ô × Ò Û Ù � Ý£â�Þ
ÒvÚ × Ò*Ø5ç�ã�ÒpÚ"Ý × ÙäÖ�ã�Ù!ô Ü ÒÊÙ5ÙäÒ^Ý�Ú�Ú × Ö ÜÆí Ò^Ò*Ø¸Ù × Ò	Ú ×¸� Ø¸Ò�ß"Ý Û ØiÞ
Ò^n í Ý�Ú � Ù × Ò^��clWÝ Û Ø Ü ÒÊÙ5Ù5ÒNÝ�Ú�Ú × Ö Üáí Ò£ì

x
Ò	ØoÙÕÝ�â�Ø¸Ö�Þ
ã�ÓÕÒ Û Ù Ü Ö Û Ù �=Û ã�Ò£ì Ü Ò]ç�ã � Ò*Ø¸ÙõÚ�Þ
ã�Ø × Ò	ØoÙ ×¸�
Ü Ù � êiç�ã�Òß"Ý Û Ø�Þ
Ý�Ø5Ò Ü Ù � Ö Û Ú × Ô Ü Ô	ß�Ò Û ÙäÒWÖ;F
x
Ò	Ø¸Ù Ü Ö Û Ù �
Û ã�Ò�ô²ß"Ý Û Ø�Þ
Ý�Ø5Ò Ü Ù � Ö Û Ø5ã �?> Ý Û ÙäÒ£ì�Ö Û¯× Ò	Þpo ÜÆí Ò Ü Ò	Ø× Ò	Ø¸Ù ×5�=Ü Ù � Ö Û Ø*ì�Ò*Ù|Ö ÛNÜ Ö Û Ø � ß�æ × Ò

x
ß � Ø Ü Ö Û Ù �
Û ã�Ò�ì�Ò Û êZÝ � Ù�ü¸ã�Ø¸Ù5Ò Lp ([−r,0] ,Rn)

c



���
Å�·�� Æji8$ º�Í º ¿¾ÍK¹�� Æ�È ÒÎ¼¾½À¿ÂÁÂ¸?º ¿ÂÈ�� È��nÒ�Í Ã­È��
lWÝ Û ØpÞ
Ò*ØpØ¸Ò Ü Ù � Ö Û ØpÚ × Ô Ü Ô	ß�Ò Û ÙäÒ	Ø9Þ¨¤�Ô*ÙäÝ£ÙpÔÊÙáÝ � Ù Ü Ö Û Ø � ß�Ô × Ô Ü Ö Û Ù �=Û ã

(xt ∈ C)
Ú�ã � ØpÝ�â�Ø¸Ö£§Þ=ã�ÓÕÒ Û Ù Ü Ö Û Ù �
Û ã (

xt ∈ W1
p

)
.
lWÝ Û Ø Ü ÒÊÙ5Ù5Ò9Ø5Ò Ü Ù � Ö Û ì�Þ¨¤�Ô*ÙäÝ£ÙWÝ£Ú�Ú"Ý × Ù � Ò Û Ùvà®ÞY¤�Ò*Ø5Ú"Ý Ü ÒºÚ × Ö�ß�ã � Ù

Mp = Rn×Lp ([−r,0] ,Rn) ,
Ö>F
x
Ú$Ò	ã�Ù�Ý > Ö �=× ã Û9Û Ö�Ó9â × Ò �
Û û Û�� ß�Ô Û Ö�Ó9â × Ý�â�Þ=Ò�ß�Ò<ß � Ø Ü Ö Û §Ù �
Û ã � ÙäÔ*Ø	ì Ü Ò*Ú$Ò Û ß"Ý Û ÙgÞ¨¤�Ô*ÙäÝ£Ù

(Dxt,xt)
Ý�Ú�Ú"Ý × Ù � Ò Û Ù|àèÞ¨¤�Ò	Ø¸Ú"Ý Ü ÒpÝ�â�Ø¸Ù × Ý � Ù Mp.

j Û6× Ò	Ó¯Ý × ç�ã�Òç�ã�ÒMÞ¨¤�Ý�Ú�Ú × Ö Üáí Ò®ß�Ò	Ø9Ô	ç�ã"Ý£Ù � Ö Û Ø9ß �?é Ô × Ò Û Ù � Ò	Þ=Þ=Ò	Ø^êVÖ Û�Ü Ù � Ö Û�Û Ò*Þ
Þ=Ò	Øpç�ã � Ò	Ø¸ÙèÚ × Ô	Ø¸Ò Û ÙäÔ]ß"Ý Û Ø9Þ
ÝØ¸ã � Ù5Ò^Ú$Ò	ã�Ù§�*Ù × ÒpÚ × Ô	Ø5Ò Û Ù5Ô9Ý�ã�Ø¸Ø � ß"Ý Û Øgã Û ÒpÝ�Ú�Ú × Ö ÜÆí Ò^ß�Ò	ØgØ¸å�ØoÙäæ	ÓÕÒ*ØWß�Òpß � Ó¯Ò Û Ø � Ö Û6�=Û û Û�� Ò
� b��2�¨clº¤sÝ£â$Ö × ß Ö Û Ü Ö Û Ø � ß�æ × Ò{Þ
ÒNØoå�ØoÙäæ*Ó¯Ò¥î¨r�c�r�c��²ð�§Êî¨r�c�r�c?b�bÉðÆc���Ý Û Ø¯Ú$Ò × Ù5Ò{ß�Ò6ï�Ô Û Ô × Ý£Þ � ÙäÔ�ì�Ö ÛØ¸ã�Ú�Ú$Ö�Ø¸Ò®ç�ã�Ò¯Þ¨¤�Ö�Ú$Ô × Ý£ÙäÒ*ã × Þ �
Û Ô	Ý �=× Ò

L ∈ B
(
W1

p ,Rn
) Ý6Þ
Ý × Ò*Ú × Ô*Ø5Ò Û ÙáÝ Ù � Ö Û Ø5ã �=> Ý Û ÙäÒ � b!���Yì

� b��
Lϕ =

∫ 0

−r

[
F (θ)ϕ (θ) +G (θ)

.
ϕ (θ)

]
dθ,Ö>F

F
Ò*Ù
G
Ø5Ö Û Ù�ß�Ò	Ø�êVÖ Û�Ü Ù � Ö Û Ø�Ó¯Ý£Ù ×¸�
Ü*� Ò	Þ=Þ?Ò	Ø

n×n Ý > Ò Ü ß�Ò*Ø > Ò Ü Ù5Ò	ã × Ø Ü Ö�Þ
Ö Û�Û Ò	Ø�ç�ã � Ý�Ú�Ú"Ý × §Ù � Ò Û�Û Ò Û Ù�à Lq ([−r,0] ,Rn) ,
(
1
p
+ 1

q
= 1, {p,q} ∈ R

)
.
j Û Ø5ã�Ú�Ú$Ö�Ø5Ò�Ý�ã�Ø5Ø � ç�ã�Ò�ÞY¤�Ö�Ú$Ô × Ý ÙäÒ	ã ×Þ �
Û Ô	Ý �=× Òvß�Ò�ß �=é Ô × Ò Û�Ü Ò

D ∈ B (C,Rn)
Ò	Ø¸Ù^��Ý ÙäÖ�Ó � ç�ã�ÒWÒ Û9� Ô × Ö��áì � c�Ò�c

Dϕ = ϕ (0) +

∫ 0

−r

dµ (θ)ϕ (θ)
î¨r�c���c?bÉð

ÒÊÙ
lim
ε→0

TVar[−ε,0] (µ) = 0,
îYr�c���c�r�ð

Ö>F
TVar[a,b] (µ)

ÙäÔ	ÓÕÖ � ï Û Òiß�ÒvÞ
Ý > Ý ×¸� Ý£Ù � Ö Û ÙäÖ�ÙäÝ�Þ
Òiß�Ò
µ (·) ß"Ý Û Ø [a,b] , ÞóÝ�êVÖ Û�Ü Ù � Ö Û Ó¯Ý£Ù ×¸� §Ü*� Ò*Þ
Þ
Ò

n × n, µ (·) , Ý¯ß�Ò	Ø Ü Ö�ÒÊò Ü	� Ò Û Ù5Ø�à > Ý ×5� Ý£Ù � Ö Û Øgâ$Ö ×¸Û Ô	Ò*Ø_Ø¸ã × [−r,0] , Ò	Ø¸Ù Ü Ö Û Ù �
Û ã�Ò9àß × Ö � Ù5Òpß"Ý Û Ø
(−r,0) Ý > Ò Ü µ (−r) = 0,

Ò*ÙWÔ*ÙäÒ Û ß�ã�ÒèØ¸ã × R Ú�Ý ×
µ (s) = µ (0)

Ú$Ö�ã ×
s ≥ 0ÒÊÙ

µ (s) = 0
Ú$Ö�ã ×

s ≤ −r.y2Ý �
Û ÙäÒ Û Ý Û Ù|Ö Û6Ü Ö Û Ø � ß�æ × Ò�Þ
Ò_Øoå�Ø¸Ùäæ*Ó¯Ò Û Ò*ã�Ù × Ò^ï�Ô Û Ô × Ý�Þ � Ø5Ô � bÉr��:+
d

dt
[Dxt] = Lxt , t ≥ 0, p.p.

î¨r�c���c��²ð
Ý > Ò Ü Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=Ò

Dx0 = η , x0 = φ , (η,φ) ∈ Rn × Lp ([−r,0] ,Rn) .
î¨r�c���c���ð

m Û Ò�Ø5Ö�Þ=ã�Ù � Ö Û ß�Ò¯î¨r�c���c��²ð�§Æî¨r�c���c���ð�Ò*Ø¸Ù|ã Û Ò_êVÖ Û�Ü Ù � Ö Û
x : [−r,+∞)→ Rn ç�ã � ØäÝ£Ù � Ø¸êZÝ � Ù

b�c
xt ∈ Lp ([−r,0] ,Rn)

Ú$Ö�ã × Ù5Ö�ã�Ù
t ≥ 0,



���
r�c
x (θ) = φ (θ)

Ú × Ò*Ø5ç�ã�ÒpÚ"Ý × ÙäÖ�ã�Ù|Ø¸ã ×
[−r,0] Ò*Ù��ckÚ$Ö�ã × Ú × Ò	Ø¸ç�ã�Ò^ÙäÖ�ã�Ù

t ∈ (0,+∞) , x × Ô*Ø5Ö�ã�Ù|ÞY¤�Ô*ç�ã�Ý£Ù � Ö ÛN�=Û Ù5Ô	ï × Ý�Þ
Ò�+
x (t) +

∫ 0

−r

dµ (θ)x (t+ θ) = y (t) ,
îYr�c���c���ð

Ö>F
y (t) = η +

∫ 0

−r

G (θ) [x (t+ θ)− x (θ)] dθ +
îYr�c���cs��ð

∫ t

0

∫ 0

−r

F (θ)x (ϑ+ θ) dθdϑ.

� �
(η,φ) ∈ Rn × Lp ([−r,0] ,Rn)

ì�Ý£Þ
Ö × Ø � Þ�Ò Ì�� Ø¸ÙäÒÕã Û Ò¯Ø5Ö�Þ
ã�Ù � Ö Û ã Û�� ç�ã�Ò
x (·; η,φ) ß�ÒîYr�c���cs��ð�§ÊîYr�c���c��²ðÊc�u Û Ú"Ý × Ù �
Ü ã�Þ � Ò × ì � ÞÀÒ Ì�� Ø¸Ù5Òvã Û ÒvÚ"Ý �=× Ò|ã Û�� ç�ã�Ò

(y (·; η,φ) ,x (·; η,φ)) ç�ã � ØäÝ §Ù � Ø¸êZÝ � Ù�î¨r�c���c��²ð�§Æî¨r�c���c���ð0Ý > Ò Ü
x (θ; η,φ) = φ

Ú0c�Ú0cÉß"Ý Û Ø
[−r,0] . � � T > 0

ÒÊÙ
0 ≤ t ≤ T,

Ý£Þ
Ö × ØÞY¤sÝ£Ú�Ú�Þ �=Ü Ý£Ù � Ö Û
(η,φ)→ xt (·; η,φ)

ß�Ò Mp = Rn×Lp ([−r,0] ,Rn)
ß"Ý Û Ø Lp ([−r,0] ,Rn)

Ò*Ø¸ÙÜ Ö Û Ù �
Û ã�Ò�c$n<Ö�ÓÕÓ¯Ò
xt ∈ Lp

Ý£Þ
Ö × Ø
y (·; η,φ) Ò*Ø¸Ù Ü Ö Û Ù �
Û ã�Ò^Ò Û t ÒÊÙgÚ$Ö�ã ×iÜÆí Ý£ç�ã�Ò t ∈ (0,T )û Ì Ô£ìÀÞ¨¤�Ý�Ú�Ú�Þ �=Ü Ý Ù � Ö Û

(η,φ)→ y (·; η,φ) ß�Ò Mp
ß�Ý Û Ø Rn Ò	ØoÙvÝ�ã�Ø5Ø ��Ü Ö Û Ù �=Û ã�Ò£cj Û Ú$Ò*ã�ÙkÚ$Ò Û Ø5Ò × ç�ã�ÒWÞ¨¤�Ò	Ø¸Ú"Ý Ü ÒvÚ × Ö�ß�ã � Ù Mp = Rn×Lp ([−r,0] ,Rn)

Ò*Ø¸Ù:Ù × Ö�Ú®ï�Ô Û Ô × Ý�ÞÚ$Ö�ã × ß�Ò	Ø�Ý�Ú�Ú�Þ �=Ü Ý£Ù � Ö Û Ø*ì�Ó¯Ý � ØvÖ Û ÓÕÖ Û Ù × Òºß"Ý Û Ø_Þ
Ý®Ø5Ò Ü Ù � Ö Û Ø5ã �?> Ý Û ÙäÒ£ì0ç�ã�Ò Ü ÒÊÙ�Ò*Ø5Ú"Ý Ü ÒõÒ	ØoÙÛ Ô Ü Ò*Ø5ØäÝ �=× ÒõÚ$Ö�ã ×�× Ô	Ø¸Ö�ã�ß × Ò Ü Ò × ÙäÝ �
Û Ø_Ú × Ö�â�Þ
æ*Ó¯Ò*Ø	ì0Ú�Ý × Ò Ì Ò	ÓÕÚ�Þ
ÒèÞ¨¤�Ô	ç�ã"Ý Ù � Ö Û Ó¯Ý£Ù ×5�
Ü*� Ò	Þ=Þ?Ò9ß�ÒÙ�å�Ú$Ò Û Ò*ã�Ù × Ò^Ý�Ø5Ø¸Ö Ü	� Ô	Ò^Ý�ã6Øoå�ØoÙäæ	ÓÕÒ®î¨r�c�r�c?bÉr�ðr+
d

dt
[DΦ] = Φ (t)A+ Φ(t− r)B , t ≥ 0 , r ≥ 0, î¨r�c���cs��ð

Ý > Ò Ü ÞY¤�Ö�Ú$Ô × Ý£ÙäÒ*ã × ß�Ò�ß �=é Ô × Ò Û�Ü Ò
DΦ = [Φ (t)− Φ (t− r)C] ,

î¨r�c���csq²ð
ÒÊÙ|ÞóÝ Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý�Þ?Ò

DΦ = I , Φ (t) = 0 , t < 0,
î¨r�c���c��²ð

Ö>F
Φ
Ò	ØoÙ�Ý�Ú�Ú$Ò	Þ
Ô*ÒkÞóÝvÓ®Ý£Ù ×5�=Ü Ò�êVÖ Û ß"Ý£Ó¯Ò Û ÙäÝ�Þ
Ò:Ý�Ø¸Ø5Ö Ü	� Ô	ÒiÝ�ãõØ¸å�ØoÙäæ	ÓÕÒpî¨r�csr�c?bÉr�ðÆc²��ã × Þ
Ý_� � ï�ã × Òr�c?b�ìÉÖ Û Ó¯Ö Û Ù × Ò�ÞóÝ|Ø5Ö�Þ
ã�Ù � Ö Û ß�Ò_îYr�csr�c?bÉr�ð�§Æî¨r�c���c��²ð

(DΦ,Φ)
ß"Ý Û Ø Mp = R×Lp ([−0.5,0] ,R)Ú$Ö�ã × Þ
Ò Ü Ý�ØiØ Ü Ý�ÞóÝ �=× Ò_Ý > Ò Ü

A = −1, B = −0.5, C = 0.5, r = 0.5.tXÒõÚ × Ö�â�Þ
æ*Ó¯Òèß�ÒÕÞóÝ > Ý£Þ
Ò*ã ×��
Û�� Ù � Ý£Þ=Ò9Ò	Ø¸Ù^Ù × æ	Ø � Ó¯Ú$Ö × ÙáÝ Û Ù_Ú$Ö�ã × Þ
Ò	Ø�Øoå�ØoÙäæ	ÓÕÒ*Ø Û Ò*ã�Ù × Ò	Ø	ìÓE�	ÓÕÒiÚ$Ö�ã × Þ
Ò*Ø�Øoå�ØoÙäæ*Ó¯Ò*Ø Û Ò*ã�Ù × Ò	Ø�Þ �=Û Ô!Ý �
× Ò	Ø*c�n�Ö Û Ø � ß�æ × Ö Û Ø�Þ
ÒiØ¸å�ØoÙäæ	ÓÕÒ Û Ò*ã�Ù × Ò � ��b���îob�c���csr�ð



���

Ô�Õ=Ö^× r�c?b ¨ ��Q2cdS<`�b:Q2_w{<\_5^;<�<;)�E7�;>=2|q5^;<�r9��EsA= (DΦ,Φ) {[Y;_/i Mp = R× Lp ([−0.5,0] ,R)
�

Ý Û Ý�Þ=å�Ø¸Ô�ß"Ý Û Øg��Ò Ü Ù � Ö Û b�c���c?b�ìÀn í Ý�Ú � Ù × Òèb>+
d

dt
[x (t) + x (t− r)] = −ax (t) , r = 1, a > 0, t ≥ 0. î¨r�c���c?b�Â²ð

zgÞ
Ö × Ø
x (t) → 0

ç�ã"Ý Û ß
t → ∞

� ��b��YìëØ � ÞóÝ Ü Ö Û ß � Ù � Ö Û2�
Û�� Ù � Ý£Þ=ÒpÒ*Ø¸Ù Ü Ö Û Ù �
Û ã�Ò�c�y2Ý � ØvØ � Ö ÛÜáí Ý Û ï�Ò^Þ
Ý Ü Ö Û ß � Ù � Ö Û]�
Û�� Ù � Ý£Þ=ÒvÚ"Ý × +
[x (0) + x (0− 1)] = 1, x (t) = 0, si t < 0, î¨r�c���c?b�bÉð

Ö>F
x (t)

ÝSã Û ØäÝ�ã�ÙÕÒ Û
t = 0,

Ý�Þ=Ö × Ø9Þ
ÒMÚ × Ö�â�Þ
æ	ÓÕÒMß�ÒNÞóÝ > Ý£Þ
Ò	ã ×è�
Û�� Ù � Ý£Þ=Ò®Ò	ØoÙ¯â � Ò Û Ú$Ö�Ø¸Ôß"Ý Û Ø Mp = R × Lp ([−1,0] ,R) .
tXÝ¿Ø¸Ö�Þ
ã�Ù � Ö Û ß�Ò«îYr�c���c=b!Â²ð

x (t) → 0
Ý > Ò Ü ÞóÝÿÙäÖ�Ú$Ö£§Þ=Ö�ï � Ò�ß�Ò C ([−1,0] ,R) Ø � ÞóÝ Ü Ö Û ß � Ù � Ö Û7�=Û�� Ù � Ý�Þ?ÒSÝ�Ú�Ú"Ý × Ù � Ò Û Ù{à C ([−1,0] ,R) î > Ö �
× Ø¸Ò Ü §Ù � Ö Û îob�c���c?bÉð5ðÆì0Ó¯Ý � ØWØ � Ö Û÷Üáí Ö � Ø � Ù_ÞóÝ Ü Ö Û ß � Ù � Ö ÛS�=Û�� Ù � Ý�Þ?Òõr�c���c?b�bõç�ã � Ý�Ú�Ú"Ý × Ù � Ò Û Ù�à Mp =

R × Lp ([−1,0] ,R) , x (t) 9 0
ß"Ý Û ØpÞ
Ý Û Ö × Ó¯Ò ‖·‖C , Ü Ý ×^� Þ�å÷Ý6ß�Ò	ØpØäÝ�ã�ÙäØ	ì Ü Ò	Ú$Ò Û ß"Ý Û Ù

x (t)→ 0
ß"Ý Û ØiÞ
Ý Û Ö × Ó¯Ò ‖·‖Lp

,
Ü Ö�ÓÕÓ¯Ò � ÞëÒ*Ø¸Ù|ÓÕÖ Û Ù × ÔWß"Ý Û ØiÞ
Ýè� � ï�ã × Ò_r�c�r�c�zgÞ
Ö × ØkÞY¤�Ý�Óõ§Ú�Þ � Ù5ã�ß�Òèß�Ò	ØpØ5Ý�ã�Ù5ØºÝ�ã Ì Ú$Ö �
Û ÙäØ

kr, k = 1,2,...
Û ÒÕß�Ô Ü*× Ö � Ù^Ú"Ý�Ø ∥∥Ck

∥∥ = 1
î > Ö �=× Ø¸Ò Ü Ù � Ö Ûr�c���ì�Þ=Ò	ÓÕÓ¯Ò_r�cs��c�r�ðÆì�Ò*Ù

limk→∞C
k Û ¤�Ò Ì�� ØoÙäÒ^Ú�Ý�Ø	clWÝ Û Ø�Þ
Ý_Ø¸Ò Ü Ù � Ö Û Ø5ã �=> Ý Û ÙäÒ£ì²Ö Û Ó¯Ö Û Ù × Òkç�ã�Òºî¨r�csr�c?bÉr�ð�§Êî¨r�c���c��²ð�Ò	ØoÙ�Ù × æ	Ø � ÓÕÚ$Ö × ÙáÝ Û Ù5Ò:Ú$Ö�ã ×× Ò	Ú × Ô	Ø5Ò Û Ù5Ò × Þ=Ò	ØkØ5Ö�Þ=ã�Ù � Ö Û Ø:ß�Ò¯î¨r�csr�c?bÉr�ðÊc
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Ô�Õ=Ö^× r�csr ¨ ��YEi%Q2cdS<`�b:Q2_w{<\t5^;<�:9��E7�uv=2|q5^;<�:91�E7w7A= limt→∞ x (t) 9 0.

Å�·NM �5½ÀÆ Á¯ºÎ¸"½À¹ ¿ÑÈ �Lxy�Vº{z Ì È{�¾¹¯È Á«º�¼¾È�� Æ�¸�¹|$"} ¸�¼¾È��
ÒR}K¼ Æ%} Ì $ º�Êþ½À¿ÂÈ ÒR}~� & ÒR}~�

j ÛNÜ Ö Û Ø
�
ß�æ × Ò�Þ
Ò_Øoå�ØoÙäæ*Ó¯Ò^Þ�� Û Ô	Ý�� × ÒvØ5ã����£Ý Û Ù�+
·
x (t) = Ax (t) +Bx (t− r) + C

·
x (t− r) , p.p. t ≥ 0 , r ≥ 0, îYr�c���c=bÉð

Ý���Ò Ü Þ
Ý Ü Ö Û ß��?ÙN�=Ö Û � Û �?ÙN�
Ý£Þ=Ò
x0 (θ) = φ (θ) , φ ∈ W1

2 , − r ≤ θ ≤ 0. îYr�cs��c�r�ð
n:Ý�Ø]b>+����

A = 0, B
ÒÊÙ
C
Ø5Ö Û Ùõß�Ò]Ó®Ý£Ù × � Ü Ò*Ø Ü Ö Û Ø¸ÙäÝ Û Ù5Ò	Øõß�ÒMß��
ÓÕÒ Û Ø
�
Ö Û

n × n,
Þ
ÝØ¸Ö�Þ
ã�ÙZ�
Ö Û ß�Ò®îYr�cs��c?bÉð<Ò	ØoÙ

x (t) = x (0) +

∫ t

0

[
Bx (s− r) + C

·
x (s− r)

]
ds, t ≥ 0, îYr�cs��c:��ð

Ó¯Ý��=Ø:ß"Ý Û ØiÞ¨¤�� Û ÙäÒ × �£Ý�Þ=Þ=Ò
t ∈ [0,r] x (· − r) = φ (·) , Ý�Þ
Ö × Ø

x (t) = x (0) +

∫ t−r

−r

[
Bφ (θ) + C

·

φ (θ)

]
dθ,

Ö>FSÞ=Ò Üáí Ý Û ï�Ò*Ó¯Ò Û Ù_ß�Ò��£Ý × �óÝ�â�Þ
Ò
θ = s − r

ÝMÔÊÙäÔèã�ÙZ�
Þ<�?Ø5ÔºÒ*Ù_ÞóÝ Ü Ö Û ß��?ÙN�
Ö Û � Û �=ÙN�=Ý�Þ=ÒMîYr�c���c�r�ðØ¸ã × Þ¨¤�� Û ÙäÔ*ï × Ý£Þ=Ò�îYr�cs��cr�²ðÊc�zvÞ=Ö × Ø�Ö Û Ú$Ò	ã�Ù Ü Ý�Þ Ü ã�Þ
Ò ×
x
ß"Ý Û Ø�ÞY¤r� Û Ù5Ò × � Ý�Þ
Þ?Ò

t ∈ [r,2r] Ò Û ã�ÙZ�
Þ<�?ØäÝ Û ÙîYr�c���c:��ð:ß�Ò Û Ö�ã���Ò!Ý£ã2Ú"Ý ×5Ü Ò^ç�ã�Ò
x (·) Ò	ØoÙgß��
Ø¸Ú$Ö Û �
â�Þ
Ò_ß�Ý Û Ø [0,r] , ÒÊÙvÝ�� Û ØZ�0ß�Ò^Ø5ã��=ÙäÒ£c$n<Ò*Ù¸ÙäÒ
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ÓÕÔ*Ù í Ö�ß�ÒMÒ	Ø¸ÙÕÝ�Ú�Ú$Ò	Þ
Ô*Ò]ÓÕÔ*Ù í Ö�ß�ÒMÚ"Ý�Øõà�Ú"Ý�Ø Ü Ý × Ò	Þ
Þ=Ò®Ú$Ò × Ó¯ÒÊÙõß�Ò Ü Ö Û ØoÙ × ã�� × ÒMÞóÝ2Ø5Ö�Þ
ã�ÙZ�
Ö Ûß0¤�ã Û Ø¸å�Ø¸Ù5æ	ÓÕÒºà × ÒÊÙáÝ × ß0ìP� Û Ù5Ò × � Ý�Þ
Þ=ÒWÚ"Ý × � Û ÙäÒ × � Ý�Þ
Þ=Ò�cn:Ý�Øºr)+����

A 6= 0
ß�Ý Û Ø®î¨r�cs��c?bÉðÊì0ÞóÝ]Ø¸Ö�Þ
ã�ÙZ�
Ö Û Ò	Ø¸ÙpÚ�Þ=ã�Ø_êZÝ Ü �=Þ
Òèà Ü Ý�Þ Ü ã�Þ
Ò × Ø
��Ö Û÷× Ô	Ô Ü	× �=ÙîYr�c���c=b�ð<Ø5Ö�ã�ØiÞóÝºêVÖ × ÓÕÒÕîYr�csr�c=b�r�ð<ÒÊÙ|ØZ��Ö ÛNÜ Ö Û Ø
�
ß�æ × Ò�Þ¨¤�Ô*ÙäÝ£Ù

xt
Ò Û C, � ��Â��

d

dt
[x (t)− Cx (t− r)] = Ax (t) +Bx (t− r) , t ≥ 0 , r ≥ 0, î¨r�cs��c���ð

Ý���Ò Ü Þ
Ý Ü Ö Û ß��?ÙN�=Ö Û � Û �?ÙN�
Ý£Þ=Ò
x0 (θ) = φ (θ) , φ ∈ C , − r ≤ θ ≤ 0. îYr�cs��c���ð

zgÞ
Ö × Ø��
ÞëÒ Ì �
ØoÙäÒ�ã Û Ò�ã Û �=ç�ã�Ò^Ø¸Ö�Þ
ã�ÙN�
Ö Û
x
Ü Ö Û ÙZ� Û ã�Ò�ß"Ý Û Ø

(−r,∞)
� �²Â2�Xß�Ö Û�Û Ô	Ò^Ú�Ý ×

x (t) = Cx (t− r)+eAt [φ (0)− Cφ (−r)]+
∫ t

0

eA(t−s) (AC +B) x (s− r) ds.
îYr�c���cs�²ð

j Û6Û Ö£ÙäÒ^Ý�ã�Ø5ØZ��ç�ã�Ò^ÞóÝ9Ø5Ö�Þ
ã�ÙZ�
Ö Û ï�Ô Û Ô × Ý�Þ
Ò_ß�Ò¯î¨r�c���c?bÉð�§Êî¨r�c���csr�ð�Ò	ØoÙgÚ$Ö�ã ×
t > 0,

x (t) = eAtφ (0) +

∫ t

0

eA(t−s)
[
Bx (s− r) + C

.
x (s− r)

]
ds.

î¨r�c���c���ð
n<Ò Ü �XÚ$Ò*ã�Ù§�ÊÙ × ÒJ��Ô × �?û"Ô�Ú"Ý × ß�Ô × ���£Ý ÙN�
Ö Û ß�� × Ò Ü Ù5Ò�ß�Ò¯î¨r�cs��c��²ð<Ò*Ù|ß�Ò®îYr�cs��c���ðÊc�g� Û Ý�Þ
Ò*ÓÕÒ Û Ù!ì$Ö Û Ú × Ô	Ø5Ò Û Ù5Òõã Û ÒèØ5Ö�Þ
ã�ÙZ�
Ö Û Ý£Þ=ÙäÒ ×5Û Ý ÙN����Òºß�Ò6îYr�cs��c=b�ð�§ÊîYr�cs��c�r�ðiÒÊÙ_ß�ÒNî¨r�cs��cs��ðç�ã���ã�ÙZ�
Þ<�?Ø5ÒWÞóÝ9Ó®Ý Ù × � Ü ÒvêVÖ Û ß�Ý�ÓÕÒ Û ÙäÝ�Þ
ÒõîYr�c���c���ð�§ÊîYr�c���cs��ð<Ý�Ø¸Ø5Ö Ü �
Ô	Ò^à Ü Ò	Ø|Øoå�ØoÙäæ*Ó¯Ò*Ø	c
Å�·
b �5½ÀÆ Á¯ºÎ¸"½À¹ ¿ÑÈ �Lxy�Vº{z Ì È{�¾¹¯È Á«º�¼¾È�� Æ�¸�¹|$"} ¸�¼¾È��

ÒR}K¼ �t} ¼¾È Ò�¼�$��IÈ ¹»ºR}ÎºÎ¸M½À¹ ¿ÂÈ Ã�} ÁxÃ­Ê�x
j ÛNÜ Ö Û Ø
�
ß�æ × Ò�Þ¨¤�Ô	ç�ã"Ý ÙN�
Ö Û Ø5ã����£Ý Û ÙäÒ � ���Yì � �²Â2��î-��Ö�� × Ý�ã�Ø5Ø
� � ����� ðr+
.

Φ (t)− C
.

Φ (t− r) = AΦ (t) +BΦ (t− r) , r ≥ 0, t 6= kr , k = 0,1,2, . . . ,
î¨r�cs��c=bÉð

Ö>F
Φ (t)

Ò*Ø¸Ù|ã Û Ò�êVÖ Û�Ü ÙZ�
Ö Û Ó®Ý Ù × � Ü �=Ò*Þ=Þ=Ò
n× n

ÙäÒ	Þ=Þ
ÒWç�ã�Ò
Φ (t) = 0n×n, pour t < 0, et Φ (0) = I,

î¨r�cs��c�r�ð
Φ (t)

Ò	ØoÙvÝ�Ú�Ú�Ò*Þ
Ô*Ò�ÞóÝ9Ó®Ý Ù × � Ü ÒvêVÖ Û ß�Ý�ÓÕÒ Û ÙäÝ�Þ
ÒWß�ã{Øoå�ØoÙäæ*Ó¯Ò®î¨r�c���c���ðÆc
�a� La�V�®\_I�� ¡ L
¼�LZ[R.Z��&<(*( 4 !.� & $��k���#� &�[�ÇÀ¼ ´�1 L^��YEmEY>`*Trb:UX\f]DQ2_�{[Y;mn\a_.`:Y>c�\ Φ (t){;S
iA@%ia`8Bamn\_5
�;�<;<�E7A=�i�Y;`*b�i']�Y;b=`ðY;S[iXiab c�pze�Z�S/Y;`�b:Q2_

.

Φ (t)−
.

Φ (t− r)C = Φ(t)A+ Φ(t− r)B, t > 0, t 6= kr, k = 1,2, . . . ,
îYr�cs��c:�²ð



��Â
t�ÝpÓ®Ý£Ù × � Ü ÒiêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=ÒgÚ × Ô	Ø¸Ò Û ÙäÒ_ß�Ò	Ø:Ø5Ý�ã�ÙäØ:ß"Ý Û Ø:Þ
Ò*Ø<Ú$Ö�� Û ÙäØ

tk = kr, k = 0,1,2,...ÙäÝ Û ß��=Øºç�ã�ÒMÞóÝ{ß�� é Ô × Ò Û�Ü Ò
[Φ (t)− CΦ (t− r)]

Ò	ØoÙ Ü Ö Û ÙN� Û ã�Ò£c�t�ÒMÞ=Ò	ÓÕÓ¯ÒÕØ¸ã����£Ý Û Ù9ß�Ô Ü	× �?ÙÞ=Ò	ØkØäÝ�ã�Ù5Ø	c
�4�_I±I�� ¡ L=¼GL ¡ .Z��&<(�( 4 !�� & $	�k����� & [�ÇÀ¼ ´21 L���Y
mEY;`*Tab:UX\	]DQ2_�{[Y;mn\a_.`}Y;c�\ Φ (t) o�T�ea|i%\a_.`j\�{<\XiPi�Y;S<`'i�Y;S�gko.Q2b=_.`=i

tk = kr, k = 0,1,2,...
�

∆Φ(t) |t=tk := [Φ (kr + 0)− Φ (kr − 0)] = Ck,
î¨r�cs��c���ð

\a`
Φ (t) = Φ (t+ 0)

o.\a_�{[Y;_.`vc�\XiPi�Y;S)`=i��
�4�_I±I�� ¡ L=¼�L ´ . � ! (*& & $ ¢�& # � �0/G� � �"� &<(2[�ÇÀÇ ´21 L6Wacq\hg>b�ia`s\

α ∈ R
`s\ac§Z�S.\R�ucNY

`*ThY;_/i']DQ2TamneX\���{<\k��Yao�cNY<UX\�{<\�cNY�mEY;`�Trb:UX\ð]DQ2_�{[Y;mn\a_.`:Y;c�\@{<\kiA@%ia`8Bamn\�5
�;�<;<�E7A=5\Xia`�{<Q2_._?eX\
o/Y;T

L [Φ (t)] =
[
s
(
In − e−srC

)
− A− e−srB

]−1
,{[Y;_/i�c�\k{<\am@bØo�cNY;_lQ2S<�;\aTa` {s ∈ C |s ∈ Re (s) > α} .�4�_I±I�� ¡ L=¼GL ¶|.Z��&<(�( 4 !�� & $��k����� & [�ÇÀ¼ ´21 L@��Y-i%Q2cdS)`*b:Q2_­{;S iA@%ia`8Bamn\�5^;<�E�[�E7A=2|

5^;<�E�[�<;>=%�ð\Xia`
x (t;φ) = [Φ (t)− Φ (t− r)C]φ (0)+

î¨r�cs��cs��ð
+

∫ 0

−r

Φ (t− θ − r)
[
Bφ (θ) + C

.

φ (θ)
]
dθ, t ≥ 0,

Qn 
Φ(t)
\Xia`�cNYImEY;`�Trb:UX\ ]DQ2_�{[Y;mn\a_.`:Y>c�\t{;S�iq@�ia`�Bamn\t5^;<�E�[�E7A=;�t�ÝNØ5Ö�Þ=ã�ÙN�=Ö Û ß�ã¿Øoå�Ø¸Ùäæ*Ó¯Ò�î¨r�cs��c?bÉð�§Æî¨r�cs��csr�ðvß�Ö Û�Û Ô*Ò®Ú�Ý × î¨r�cs��c���ðWÒ*Ø¸Ù9Ý�Ú�Ú$Ò	Þ
Ô*Ò × Ò	Ú × Ô	Ø¸Ò Û §ÙäÝ£ÙN�=Ö Û ß�ÒNn:Ý�ã Üáí å$ô�Ò	Þ
Þ=Ò®Ò*Ø¸ÙèêVÖ Û�Ü ÙN�=Ö Û ß�Ò]Þ
Ý2Ó¯Ý£Ù × � Ü ÒÕêVÖ Û ß�Ý�Ó¯Ò Û ÙäÝ�Þ
Ò®Ý�Ø5Ø¸Ö Ü �=Ô	ÒNà«îYr�cs��c=b�ðÊcj Û�× Ò	Ó¯Ý × ç�ã�Ò{ç�ã�Ò�Þ¨¤�� Û ÙäÔ × �ÊÙ®ß�Ò Ü Ò*Ù¸ÙäÒ × Ò	Ú × Ô	Ø¸Ò Û ÙáÝ£ÙZ�
Ö Û�Û Ò	���
Ò Û Ù®Ú"Ý�Ø®ß�ã�êZÝ��=Ù¯ç�ã�Ò Ü ¤�Ò	Ø¸ÙÚ�Þ=ã�Ø:Ø
�
ÓÕÚ�Þ=Ògß�Ò_Ø
�
Ó9ã�Þ=Ò ×

Φ
ç�ã�Ò

x,
Þ¨¤�� Û ÙäÔ × �*Ù¡���
Ò Û Ùkß�ÒWÞ¨¤�Ý Û Ý£Þ=å�Ø5Òvß�ÒWØ¸ÙäÝ�â��=Þ<�?ÙäÔ|ß�Ò	ØkØ¸Ö�Þ
ã�ÙN�
Ö Û ØîYr�c���c=b�ð�§ÊîYr�c���c�r�ðÊì���Ö�� × n í Ý�Ú��?Ù × Ò���clWÝ Û Ø|ß0¤�Ý�ã�Ù × Ò*Ø Ü Ý�Ø	ì"Þ
Ò_Ú × Ö�â�Þ
æ	ÓÕÒ_ß�Ò^Þ
Ý��£Ý�Þ=Ò	ã × � Û �?ÙN�
Ý£Þ=Òõî¨r�cs��c?bÉð�§Êî¨r�c���c?bÉð�Ú$Ò*ã�Ù§�*Ù × Ò^ÓÕÖ£§ß��?û"Ô£ì�Ú"Ý × Ò Ì Ò	ÓÕÚ�Þ=Ò�ì�ç�ã"Ý Û ß�Ö Û Ú$Ö�Ø5ÒÕÞ=ÒèÓI�*Ó¯ÒèÚ × Ö�â�Þ=æ	ÓÕÒèß"Ý Û Ø^Þ¨¤�Ò	Ø¸Ú"Ý Ü ÒÕÚ × Ö�ß�ã��=Ù Mp =

Rn × Lp ([−r,0] ,Rn) .
����Ö Û6Ü Ö Û Ø
�
ß�æ × Ò

d

dt
[DΦi] = AΦi (t) +BΦi (t− r) , ∀ t ≥ 0, r ≥ 0, î¨r�cs��c��²ð

Ö>F
Φi

Ò	ØoÙ]Þ
Ý
i− æ	ÓÕÒ Ü Ö�Þ
Ö Û�Û Ò 1 ≤ i ≤ n

ß�Ò2ÞóÝ÷Ó®Ý Ù × � Ü ÒNêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=Ò¿î¨r�c���c?bÉðÕÝ���Ò ÜÞY¤�Ö�Ú�Ô × Ý ÙäÒ	ã × ß�Ò^ß�� é Ô × Ò Û�Ü Ò
DΦi = [Φi (t)− CΦi (t− r)] ,

îYr�c���c���ð



��b
ÒÊÙ|ÞóÝ Ü Ö Û ß��=ÙZ�
Ö Û � Û �=ÙN�=Ý�Þ?Ò

[Φ (0)− CΦ (−r)] = I , Φ (t) = 0 , t < 0,
î¨r�c���c�q²ð

îE��Ö�� × î¨r�c���cs��ð�§Êî¨r�c���cs�²ð¸ðÊì�Ö Û Ý]Þ¨¤�Ý¢�£Ý Û ÙáÝ£ï�Ò9ç�ã�ÒÕÞ=ÒèÚ × Ö�â�Þ
æ*Ó¯Ò9ß�ÒõÞ
Ý��£Ý�Þ=Ò	ã × � Û �=ÙN�=Ý�Þ?Ò9Ò*Ø¸Ù^â��
Ò ÛÚ$Ö�Ø¸Ô�ì�Ø
��Þ
Ý Ü Ö Û ß��?ÙN�
Ö Û � Û �=ÙZ�
Ý�Þ?ÒiÒ	ØoÙ:ß"Ý Û Ø Mp,
ÞóÝ^Ø¸Ö�Þ=ã�ÙN�=Ö Û¯× Ò	ØoÙäÒvß"Ý Û Ø Mp.

lvÒvÚ�Þ=ã�Ø�Ø	¤��=Þ$Ò*Ø¸ÙÛ Ô Ü Ò*Ø5ØäÝ�� × Òpß�Ò ÜÆí Ý Û ï�Ò × Þ
Ý Ü Ö Û ß��=ÙZ�
Ö Û � Û �=ÙN�=Ý�Þ?ÒÕîZÖ�ã{Þ=Ò�Ø¸å�Ø¸Ù5æ	ÓÕÒºÞ�� Û Ô	Ý�� × Ò_Ú�Ý × ã Û Ý�ã�Ù × Ò^Ú�Þ=ã�Øï�Ô Û Ô × Ý�ÞYì�Ú"Ý × Ò Ì Ò	ÓÕÚ�Þ=ÒÕîYr�c���c:��ð�§ÊîYr�c���c��²ð5ð�ß"Ý Û Ø Mp,
ÞóÝºØ¸Ö�Þ
ã�ÙN�
Ö Û

(DΦi,Φi)
× Ò*Ø¸ÙäÒ_ß�Ý Û Ø Mp,Ú"Ý × Ò Ì Ò	ÓÕÚ�Þ=ÒèÖ Û Ú$Ò	ã�Ù ÜÆí Ö��
Ø
� ×vÜ Ö�Ó¯ÓÕÒ Ü Ö Û ß��=ÙZ�
Ö Û � Û �?ÙN�
Ý£Þ=ÒMî¨r�cs��c�q²ð

([Φ (0)− CΦ (−r)] =
I , Φ (θ) = 0 , θ ∈ [−r,0] ,) Ò*Ù9Ö Û Ú$Ò	ã�Ù���Ö�ã�â�Þ��
Ò × �õç�ã�Ò Φ (0) = I

îVÚ"Ý ×5Ü ÒMç�ã0¤��
Þ�Ò*Ø¸Ùèß�ÒÓÕÒ	Ø¸ã × Ò Û ã�Þ
Þ=Ò�ð�Ò Û ï�Ý × ß"Ý Û Ù�ç�ã�Ò
DΦ = I

Ú$Ö�ã ×
Φ (·) ß"Ý Û Ø [−r,0] . tXÝgØ5Ö�Þ
ã�ÙZ�
Ö Û Φ Ø¸Ò<Ù × Ö�ã���Òß�� × Ò Ü ÙäÒ*ÓÕÒ Û ÙiÒ Û6× Ô*Ø5Ö�Þ��£Ý Û Ù|ØZ�=Ó9ã�Þ=ÙäÝ Û Ô*ÓÕÒ Û Ù^î¨r�c���cs��ð�§Æî¨r�c���c��²ð�Ú$Ö�ã × î¨r�cs��cs�²ð�§Êî¨r�cs��c���ðÆì��Yc�Ò£c

[Φ (t)− CΦ (t− r)] = Y (t) ,
îYr�c���c��²ð

Ý���Ò Ü
Y (t) = I +

∫ t

0

AΦ (τ) +BΦ (τ − r) dτ.
î¨r�c���c?b�Â²ð

u Û êZÝ��=Ù!ì�Ú$Ö�ã × ÞóÝ Ü Ö Û ß��?ÙN�=Ö Û � Û �?ÙN�
Ý£Þ=ÒõîYr�cs��csq²ðÆì�Þ
Ò*ØiÔ	ç�ã"Ý ÙN�
Ö Û Øpî¨r�c���c��²ð�§Æî¨r�c���c?b�Â²ð�Ø5Ö Û ÙgÔ*ç�ã���� Ý §Þ=Ò Û ÙäÒ	Ø|à � �£���Yì � ��q2�
d+

dt
[Φ (t)− CΦ (t− r)] = AΦ (t) +BΦ (t− r) , t ≥ 0 , r ≥ 0, îYr�cs��c=b�bÉð

ß�Ö Û Ù|Þ
ÝèØ¸Ö�Þ
ã�ÙN�
Ö Û Ò	Ø¸Ù
Φ (t)− CΦ (t− r) = eAt +

∫ t

0

eA(t−s) (AC +B) Φ (s− r) ds.
î¨r�c���c?bÉr�ð

tXÝ¦Ú × Ò	ã���Ò÷Ò*Ø¸Ù6ß�� × Ò Ü ÙäÒSÒ Û ã�ÙZ�
Þ��=ØäÝ Û ÙMÞóÝ¿Ó¯ÔÊÙ í Ö�ß�ÒSÚ"Ý�ØNà¦Ú"Ý�Ø]Ò*ÙNÞ=Ò2êZÝ��=ÙMç�ã�Ò
Φ (s− r)Ò*Ø¸Ù Ü Ö Û ÙN� Û ã�Ò¯Ú$Ö�ã ×

s ∈ [0,t) , t ∈ [0,r] ; Ý�Þ
Ö × Ø^ÞóÝ6ß�� é Ô × Ò Û�Ü Ò [Φ (t)− CΦ (t− r)]
ß�Ý Û ØîYr�cs��c=b�r�ðvÒ*Ø¸Ù^ß�� é Ô × Ò Û ÙN�
Ý�â�Þ=Òèà]ß × Ö��=Ù5ÒèÚ"Ý ×5Ü Òõç�ã0¤�Ò	Þ=Þ
ÒõÝ]ã Û ÒÕß�Ô × ����Ô	Ò Ü Ö Û ÙZ� Û ã�ÒÕà]ß × Ö��=Ù5Ò�ìëÒ*ÙÞ
Ý��£Ý£Þ
Ò*ã × ß�Ò d+

dt
[Φ (t)− CΦ (t− r)]

Ò Û5� Ô × ÖÕÒ	Ø¸Ù|ß�Ö Û�Û Ô	Ò^Ú�Ý × Þ
ÝèÞ��
Ó_� ÙäÒvç�ã�Ý Û ß
t→ 0

Ò ÛîYr�cs��c=b�r�ðÊì��¨c�Ò�c
d+

dt
[Φ (t)− CΦ (t− r)]|t=0 = A.

î¨r�c���c?b¢�²ð
zgÞ
Ö × Ø]Ö Û Ý Ü Ö Û ØoÙ × ã��=ÙNÞ=ÒSÚ × Ò	Ó_�
Ò × Ú"Ý�Ø	ì:Ò*ÙNÖ Û Ú$Ò	ã�Ù6ã�ÙN�=Þ<�=Ø¸Ò ×MÜ Ò*Ù¸ÙäÒÿÓÕÔ*Ù í Ö�ß�ÒSß�ÒSêZÝ � Ö Û
�?ÙäÔ × Ý£ÙN����Ò�c



�²r
~�Ö�ã ×�Ü Ö Û Ø¸Ù × ã�� × Ò<Þ
Ý|Ø5Ö�Þ=ã�ÙN�=Ö Û ß�Ò_î¨r�cs��c?b�bÉð�ß�Ý Û Ø Mp,

Ö Û Ú$Ò	ã�Ù Ü Ö�ÓÕÓ¯Ò Û�Ü Ò × Ú"Ý × Ò Ì Ò*ÓÕÚ�Þ
ÒÚ"Ý × Þ=Ò_Ú$Ö�� Û Ù
DΦ0 = η, Φ0 = Φ(θ) , θ ∈ [−r,0] ,

(
η,Φ (θ)

)
= (In×n,0n×n) ∈ Rn × Lp,

ÒÊÙ¯Ú$Ö�ã × Ö�â�ÙäÒ Û � ×èÛ ¤��
ÓÕÚ$Ö × Ù5Ò]ç�ã�Ò*ÞgÝ£ã�Ù × Ò6Ú$Ö�� Û ÙÕß�Ò6ÞóÝSØ¸Ö�Þ
ã�ÙN�
Ö Û ß"Ý Û Ø Mp,
Ö Û ã�ÙZ�
Þ��=Ø5Ò]Þ
ÝêVÖ × Ó9ã�Þ
Ò¯î¨r�c���c?bÉr�ðÆì$Ö Û ÝMÝ£Þ
Ö × Ø

DΦt
Ý¢��Ò Ü

t > 0,
ÒÊÙvû Û Ý�Þ=Ò	ÓÕÒ Û ÙvÞóÝõêVÖ × Ó9ã�Þ
Ò¯î¨r�c���c��²ðiß�Ö Û�Û Ò

Φt
ì��¨c�Ò�c�Þ=Ò Û Ö�ã���Ò	Ý�ã{Ú$Ö�� Û Ù

(DΦt,Φt) .t�¤�Ò Ì Ò*Ó¯Ú�Þ
ÒpØ5ã����£Ý Û ÙvÓ¯Ö Û Ù × ÒpÞ
ÝÕØ5Ö�Þ
ã�ÙZ�
Ö Û ß�ÒºÞ
ÝÕÓ¯Ý£Ù × � Ü Ò�êVÖ Û ß"Ý�ÓÕÒ Û ÙäÝ�Þ
Ò¯î¨r�cs��c?b�bÉð:ç�ã���ÝÔÊÙäÔ�Ö�â�Ù5Ò Û ã�Ò^Ò Û ã�ÙN�=Þ<�=Ø5Ý Û Ù:Þ¨¤�Ò	Ø¸Ú"Ý Ü Ò Mp.

ù,ø�£�ø�÷ ¤�¥j¤�ü§¦�ÿ�¤
¨ Ö��?ÙiÞ
ÝèÓ¯Ý£Ù × � Ü ÒWêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=Òõî�©�ªr«�ª�¬�¬Éð<Ý¢��Ò Ü

A = −
(
2 0

0 0.9

)
, B = −

(
1 0

1 1

)
, C =

(
0.1 0

0 0.1

)
et r = 0.5.

­ Þ
Ö × Ø�ã Û ÒvØZ�=Óèã�ÞóÝ£ÙZ�=Ö Û ß�Òèî�©�ª:«�ª�¬�¬Éð�Ý¢��Ò Ü ÞóÝ Ü Ö Û ß��=ÙZ�
Ö Û � Û �=ÙZ�
Ý�Þ?Òºî+©�ª:«�ª:®²ð�Ò*Ø¸Ù:ß�Ö Û�Û Ô	ÒWß"Ý Û Ø:Þ
Ý
¯ �=ï�ã × Ò°©�ª:�a±XÝ^Ø5Ö�Þ
ã�ÙZ�
Ö Û ß�ÒgÞóÝ�Ó¯Ý£Ù × � Ü ÒkêVÖ Û ß"Ý£Ó¯Ò Û ÙäÝ�Þ
Ò|Ý^ß�Ò	Ø<Ø5Ý�ã�Ù5Ø	ì�Þ
ÒiØäÝ�ã�Ù<Ý�ã¯Ú�Ö�� Û Ù

0
Ò*Ø¸Ù

I2×2,
Þ
Ò_Ø5Ý�ã�ÙgÝ�ã6Ú$Ö�� Û Ù

0.5
Ò*Ø¸Ù

C
ÒÊÙgÝ�ã6Ú$Ö�� Û Ù

k
êVÖ��=Ø

0.5,
Þ=Ò_ØäÝ�ã�Ù|Ò*Ø¸Ù

Ck
� «��+ª



² �

Ô¡³=Ö^× ©�ª:� ¨ ��Q2cdS<`�b:Q2_ Φ(t), t ∈ [−0.5,7].



²�²
Å�·N´ ÃÀ½À¹ Ã­Æ Ác�n¸M½À¹��

µ Ý Û Ø Ü Ò Üáí Ý�Ú��=Ù × Ò�ì�Ö Û Ý2Ú × Ô	Ø5Ò Û Ù5ÔNß�� é Ô × Ò Û Ù5Ø9Ò	Ø¸Ú"Ý Ü Ò	ØèÖ>F¦Þ=Ò®Ú × Ö�â�Þ=æ	ÓÕÒ®ß�ÒMÞóÝ��£Ý£Þ
Ò*ã ×
� Û �=ÙZ�
Ý�Þ?Ò9Ú$Ö�ã × Þ
Ò*Ø�Ø¸å�ØoÙäæ	ÓÕÒ	Ø Û Ò*ã�Ù × Ò	Ø^Ò	Ø¸Ùpâ��
Ò Û Ú�Ö�Ø5Ô�ª¶±�Ý]Ó®Ý£Ù × � Ü ÒºêVÖ Û ß"Ý�ÓÕÒ Û ÙáÝ�Þ=ÒõÝ£Ø5Ø5Ö Ü �
Ô*Òà{ã Û Ø¸å�Ø¸Ù5æ	ÓÕÒ Û Ò*ã�Ù × Ò]Ý{Ô*ÙäÔ®ß�ÔÊû Û �=Ò®Ò*Ù9Ö Û Ý{Ú × Ô*Ø5Ò Û ÙäÔMß�Ò	ã�·¥ÓÕÔ*Ù í Ö�ß�Ò	ØºÚ$Ö�ã × Þ�¸�Ö�â�Ù5Ò Û � × ôÚ"Ý × Ó_��Þ=Ò	Øpß�Ò*ã�·�ì�ã Û Ò®Ý{ÔÊÙäÔ¯Ú × Ö�Ú$Ö�Ø5Ô	Ò�ªX¹»º½¼
¼Nº�¾t¿�¼NÀ
�<Á½ºLÂ-Ã�Ä�ÅP¿�¾_º>Äw¼v¿�Æ�ºCÇ
Ã�È�ºtÈ�ÄÉÀ � Æ<ºV¼ZÀZÊ½Ë
��¾tÌ#Ã�À
¼v¿�Ä\¼_Á>¿�Àtº½Æ<Æ<ºÍ�<Äw¼Nº>À[���<º>Äw¼tÅP¿�Ä�ËtÆp¿ÎË[¼v¿�Ï��<Æ���¼ZÐÍÅ�º½Ë�Ë
Ñ�Ë
¼NÊ½¾tº½ËÒÄ�º½È�¼NÀ
º>ËÒÁ½Ã�¾_¾tºÍÃ�Ä�Æ<º
��º½ÀZÀN¿_¿�È	¹»ÓP¿�Ì���¼NÀZºJ«�ª



²wÔ

Õ Ö~×�Ø|Ù#ÚÍÛ	Ü Ý

Þàß á â ã�ä ãVß å æ ß Þàß á â ã�ä ãVß å

ç è â é Þàß æ ê è é ç ä æ Þ Þ�ë Þàß ì æ Þ

í æ é ß ç æ Þ îcé í ß è é ç ï é ã�ð å

±4¸�Ã�Ï�Ç
º½¼°Å�ºaÁ>ºaÁvÓP¿�Ì���¼NÀ
ºñº>Ë
¼CÅ�ºñÂ�¿�¾_��Æ��<¿�ÀZ��ËZº½ÀGÆ<ºñÆ�º>ÁA¼Nº½È�ÀC¿���º>ÁYÆ<¿VË
¼v¿�Ï��<Æ���¼ZÐJÅ�ºaË
Ñ�Ë
¼ZÊ>¾_º>Ë
Ä�º½È�¼NÀ
º>Ë½ª�òhÄtÌ�À
Ð>Ë
º>Ä\¼Zº°È�ÄtÌP¿�Ä�Ã�ÀN¿�¾t¿6ÀZ¿�Ì���Å�ºGÃ�ÈV¼NÃ�È�À4ó�È���Å�ÐGËZÈ�ÀTÆp¿6Ë[¼v¿�Ï���Æ<��¼ZÐ�Å�º>ËTË
Ñ�Ë
¼ZÊ>¾_º>Ë
Ä�º½È�¼NÀ
º>Ë½ª2òhÄ	Ì�À
Ð>ËZº½Ä\¼ZºYÅô¸r¿�Ï#Ã�À
Å	õ\È�º>Æ�õ\È�º>Ë°Å�ÐAöPÄ���¼Z�<Ã�Ä�ËGÅ�ºñË[¼v¿�Ï���Æ<��¼ZÐ6ºA¼S¼NÓ�Ð½Ã�ÀZÊ½¾_º>ËSÅ�ºñÏP¿�Ë
º
Ë
È�ÀGÆp¿LË[¼v¿�Ï��<Æ<��¼ZÐhÅ�º½ËSË
Ñ�Ë
¼ZÊ>¾_º>ËSÄ�º>È�¼ZÀZº½Ë>ª�òhÄ�Ì#Ã�ËZºJÈ�Ä�Ä�Ã�È���º>¿�È	Ì�ÀZÃ�Ï�Æ<Ê½¾tºhÅ�ºJË
¼v¿�Ï��<Æ���¼NÐhÀ
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¼N¿�Ä\¼ZºYÅ�º>Ë6Ë
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Ð>Ë
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¼NÊ½¾tº½Ë°Ä�º½È�¼NÀ
º>Ë½ª
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Ñ�Ë[¼NÊ>¾_º½Ë�Ä�º½È�¼NÀ
º>Ë½ª�±0¿aÌ�ÀZº½¾t��Ê>À
ºS¼NÀZ¿�Ä�Ë[Â-Ã�ÀZ¾t¿�¼N��Ã�Ä_Á>Ã�Ä�Ë
�<Ë[¼Nºhúñ¼NÀZ¿�Ä�Ë[Â-Ã�ÀZ¾_º>ÀTÈ�ÄÒË[Ñ�Ë
¼NÊ½¾tº
Ä�º½È�¼NÀ
º6º>Ä�È�Ä��^Ë
Ñ�Ë
¼ZÊ>¾_º6ÀZºA¼v¿�À
Å�Ð��Cº½¼�Ã�Ä�Å�Ã�Ä�Ä�º6È�Ä�ÀZÐ½ËZÈ�¼N¿�¼GÅ�ºhË
¼N¿�Ï��<Æ���¼NÐ��E¼NÓ�Ð½Ã�ÀZÊ½¾tº6��ª ² ª�¬��
��� ®2�2¿���º>Á°õ\È�º>Æ�õ\È�º>Ë»Á>Ã�¾t¾_º>Äw¼v¿���ÀZº½Ë4ËZÈ�À¡Æ<¿ñË[¼v¿�Ï��<Æ<��¼ZÐGÀ
Ã�Ï�È�Ë[¼Nº°ÌP¿�ÀTÀN¿�Ì�Ì#Ã�À
¼¡¿�È�·tÀ
º½¼N¿�ÀZÅ�Ë½ª�±0¿
Å�º½È�·��<Ê½¾tº�¼NÀN¿�Ä�Ë
Â-Ã�À
¾�¿n¼N��Ã�ÄRÈ�¼N��Æ<��ËZº�Æp¿ À
Ê>ó�Æ�ºÒÅ�ºÍ±�º½�<Ï�Ä���¼
	�ËZÈ�À�Æ�¸�Ã�Ì#Ð>ÀZ¿�¼Nº½È�À�Å�º�Å���ü2Ð½ÀZº½Ä�Á>º�ù
��� «2��ùPÌ#Ã�È�À�¼NÀZ¿�Ä�Ë
Â-Ã�ÀZ¾_º>À�È�Ä�ºJÁ>Æp¿�ËZËZºJÅ�ºñ¾_Ã�Å�Ê½Æ<º½ËGÅ�ºJË
Ñ�Ë
¼ZÊ>¾_º>Ë°Ä�º½È�¼NÀ
º>ËSÌ�Æ<È�Ë�ó�Ð>Ä�Ð½ÀN¿�Æ�ºJõ\È�º
õ\ÈP¿�Ä�ÅjÃ�Ä È�¼N��Æ<��Ë
º	Æ<¿%ÀZÊ½ó�Æ<º	Å�º�±�º>�<Ï�Ä���¼�		Á>Æ<¿�ËZË
�<õ\È�º ËZº½È�Æ<º½¾tº½Ä\¼ÒËZÈ�ÀÒÆ�¸�Ð½¼N¿�¼�ª¡¹»º>Á>�CÌ#º½ÀZ¾_º½¼
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Åô¸r¿���Ã��<ÀVÅ�º½Ë�Ë
Ã�Æ<È�¼Z�<Ã�Ä�Ë_¿¢��º½Á Å��<ËZÁ½Ã�Äw¼N�<Ä\È���¼ZÐ>Ë½ùT¿�Æ<Ã�À
ËVõ�È�º Æ+¸rÃ�Ì#Ð>ÀN¿n¼Nº>È�À_Å�º	Å���ü�Ð>ÀZº½Ä�Á½º	ÀZº>Ë[¼Nº
Å���ü2Ð½ÀZº½Ä\¼Z�p¿�Ï�Æ�º��-Ì�ÀZº½ËZõ\È�ºÍÌP¿�À[¼NÃ�È�¼
�Aª��*Ä�Â�¿���¼�ù¶Ì#Ã�È�À�È�¼N��Æ<��ËZº>ÀaÁ>º½¼
¼NºÒ¼NÀZ¿�Ä�Ë
Â-Ã�ÀZ¾t¿�¼N��Ã�Ä2ù¶Ã�Ä�Ë
º
Ì�Æ<¿�Á½º6ÅP¿�Ä�Ë�Å�º>ËGº½ËZÌP¿�Á½º>ËS�<Äw¼NÐ½ÀZº>Ë
ËN¿�Äw¼NËGÌP¿�À�ÀZ¿�Ì�Ì#Ã�À[¼SúLÆ<¿�Ë
¼N¿�Ï��<Æ���¼NÐ ��� ®2��Ã�øÍÆ<ºhÌ�ÀZÃ�Ï�Æ<Ê½¾tºhÅ�º
Æ<¿Y��¿�Æ<º>È�À��<Ä���¼N��¿�Æ�ºCº>Ë[¼SÏ���º>ÄÍÌ#Ã�Ë
Ð�ù�ÌP¿�À�ºq·�º>¾_Ì�Æ<º W1

p ([−r,0] ,Rn)
� ² ©��+ù C ([−r,0] ,Rn)

� ²�� �+ù
Mp = Rn × Lp ([−r,0] ,Rn)

� ¬¢�2��ª

����� ���������! #"%$&���'�!�

( Ã�È�Àñ¾tÃ�Ä\¼NÀ
º>ÀJÆp¿ÍË[¼v¿�Ï��<Æ���¼ZÐLÅô¸�È�ÄRË
Ñ�Ë
¼ZÊ>¾_º�Ä�º½È�¼NÀ
ºtõ�È�º>Æ<Á½Ã�Ä�õ\È�º*)û�<Æ*º½Ë
¼+�^Á>Æ<¿�ËZËZ��õ\È�º��VÅ�º
¼ZÀN¿�Ä�Ë[Â-Ã�ÀZ¾_º>ÀJÆ<º_¾_Ã�Å�Ê>Æ�º_Ä�º½È�¼NÀZºtÃ�ÀZ��ó���ÄP¿�ÆXº>ÄRÈ�ÄÉ¿�È�¼NÀ
ºt¾tÃ�Å�Ê>Æ�º_Ä�º>È�¼NÀZºtõ�È��»¿�Å�º�Ï#Ã�Ä�Ä�º>Ë
Ì�À
Ã�Ì�À
�<Ð½¼ZÐ>Ë½ùþºA¼ÍÆ�¸r¿�ÄP¿�Æ�Ñ�ËZº�Å�ºÿË[¼v¿�Ï��<Æ���¼ZÐ Å�È Ë
Ñ�Ë
¼NÊ½¾tº�¼NÀN¿�Ä�Ë
Â-Ã�À
¾tÐ õ�È��hº>Ë
¼ÍÌ�Æ�È�Ë�Ë
�<¾_Ì�Æ<º ú
ºAü2º½Á½¼ZÈ�º>À½ù�Ì#º½ÀZ¾_º½¼þÅ�ºCów¿�ÀZ¿�Ä\¼Z�<ÀTÆ<¿aË
¼N¿�Ï���Æ<��¼NÐSÅ�È�Ë
Ñ�Ë[¼NÊ>¾_ºhÃ�ÀZ��ó���ÄP¿�Æ � Ô ¬��+ª-,�Á>��Ã�ÄÒÌ�À
Ð>Ë
º>Äw¼Nº6Æ<º½Ë
¼ZÀN¿�Ä�Ë[Â-Ã�ÀZ¾t¿�¼Z�<Ã�Ä�ËþÅ�ºJ¾_Ã�Å�Ê½Æ<ºhÆ<º½ËGÌ�Æ<È�Ë�Á>Ã�È�ÀN¿�Äw¼Nº½ËSÅP¿�Ä�ËGÆp¿�Æ<��¼Z¼ZÐ>ÀN¿n¼NÈ�À
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Ð>Á½º>Ä\¼ZËaËZÈ�ÀJÆp¿�Ë[¼v¿�Ï���Æ<��¼ZÐLÅ�º_Ë
Ñ�Ë
¼ZÊ>¾_º>ËaÄ�º½È�¼NÀ
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Ð>Ë
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º>Äw¼
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Ñ�Ë
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º>Ë
ËZº_Ì�Æ<È�ËJÌ�¿�À
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Æ��<Ê½ÀZº>¾_º>Äw¼°ú_Å�º½ËCË
Ñ�Ë[¼NÊ>¾_º½ËhÄ�º½È�¼NÀ
º>ËCÆ��<Ä�Ð>¿���ÀZº½ËGÐ>Á½ÀZ��¼ZË°Å�¿�Ä�Ë°Æp¿LÂ-Ã�ÀZ¾_º0�+©�ª ©�ª�¬1��Ì�À
Ã�Ì#Ã�ËZÐ½ºYÌ�¿�À
� ²�� �0ºA¼2��©�ªr��ª ² �»Ð½¼ZÈ�Å���Ð>ºJÅP¿�Ä�Ë � Ô � ��ª
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¼v¿�Ï��<Æ���¼NÐaÅ�º½Ë6Ë
Ñ�Ë
¼ZÊ>¾_º>Ë
Ä�º½È�¼NÀ
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È���¼ZºJÃ�Ä�¿�Ï#Ã�ÀZÅ�ºJÆp¿�Ë[¼v¿�Ï���Æ<��¼ZÐhÅ�º½ËSÃ�Ì#Ð>ÀN¿n¼Nº>È�ÀZËGÅ�ºJÅ���ü�Ð>À
º>Ä�Á½ºJº½¼Gö�ÄP¿�Æ�º>¾_º>Ä\¼�Ã�Ä
Ì�À
Ð>Ë
º>Ä\¼ZºCÆ�¸r¿�Ì�Ì�ÀZÃ�ÁvÓ�ºSÅ�ºC±ôÑw¿�Ì�È�Ä�Ã¢�\÷CB6ÀN¿�Ë
Ã ��Ë�D\�<�+ª�¹»º½¼
¼NºC¿�Ì�Ì�ÀZÃ�ÁvÓ�º°º>Ë[¼»ÀZÐ½ËZÈ�¾_Ð>º°ÅP¿�Ä�Ë¡Å�º½È�·
¼ZÓ�Ð>Ã�À
Ê>¾_º>ËñÅ�º_Ë
¼N¿�Ï���Æ<��¼NÐ�Ì#Ã�È�ÀñÆ�º>ËJË[Ñ�Ë[¼NÊ>¾_º½ËYÄ�º>È�¼ZÀZº>ËñÐ>Á>À
��¼ZËñË
Ã�È�ËñÆp¿ÒÂ-Ã�ÀZ¾_ºLÅ�º�E°¿�Æ<º � ²F� �+ù
�+©�ª ©�ª�¬1�Aù�º½¼GÅP¿�Ä�ËGÆ<¿YÂ-Ã�ÀZ¾_ºhÌ�À
Ã�Ì#Ã�ËZÐ½ºJÅP¿�Ä�Ë � Ô � �+ù'��©�ª:��ª ² �qªPò6ÄÍÀ
º>¾t¿�ÀZõ\È�º6õ\È�ºJÁ>º½À
¼v¿��<Ä�º½ËGÅ�ÐA÷
öPÄ���¼N��Ã�Ä�Ë4º½¼¡¼NÓ�Ð>Ã�À
Ê>¾_º>Ë¡Å�ºCË[¼v¿�Ï��<Æ<��¼ZÐGÌ#º>È���º½Ä\¼HG½¼NÀ
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º½ÄtÂ�¿��<ËZ¿�Ä\¼¡¿n¼Z¼Nº½Ä\¼Z�<Ã�ÄtúñÆp¿JÄ�Ã�ÀZ¾_ºSõ\È��#º½Ë
¼»È�¼Z�<Æ<��ËZÐ>º�ªFJ4Ã���À µ Ð½öPÄ���¼N��Ã�Ät��ª ©�ª�¬�ùwº½¼¡ÅP¿�Ä�ËTÆ<ºGÀZº>Ë[¼Nº
Å�º	Á>ºA¼Z¼Nº Ë
º>ÁA¼N�<Ã�ÄôùTÃ�Ä Å�Ã�Ä�Ä�º Æ�º>ËtÅ�Ð½öPÄ���¼N��Ã�Ä�Ë_Å�º Ë
¼N¿�Ï���Æ<��¼NÐÍÅ�¿�Ä�Ë�Æ+¸rº½ËZÌP¿�Á½º Å�º½Ë�Â-Ã�Ä�Á½¼Z�<Ã�Ä�Ë
Á½Ã�Ä\¼Z�<Ä\È�º>Ë C ([−r,0] ,Rn) .±¶¿�Å�Ð½ö�Ä���¼Z�<Ã�ÄÿÅ�º_Ë[¼v¿�Ï���Æ<��¼ZÐ�ÅP¿�Ä�ËJÆ<ºLË
º>Ä�ËñÅ�ºt±ôÑw¿�Ì�È�Ä�Ã¢�ÿÌ#º>È�¼KG½¼ZÀZº_¿�ÅP¿�Ì�¼NÐ>º_¿�È�·ÿË[Ñ�Ë[÷
¼ZÊ>¾_º>ËGÄ�º½È�¼NÀ
º>Ë�L
MONQPHRTSUR � R¢�VS WYX[Z\X^]_X ¨ Ã���¼ X = C Ã�È X = W1

2 .
±0¿�ËZÃ�Æ�È�¼N��Ã�Äÿ¼ZÀZ�����<¿�Æ�º

x(t) = 0
Å�º

�+©�ª ©�ª�¬1�LÃ�È`��©�ª:��ª ² �L¿���º>Á	Æp¿ýÂ-Ã�Ä�Á½¼N��Ã�Ä�Ä�º½Æ<Æ�º��<Ä���¼N�<¿�Æ�ºa��©�ª ©�ª:���qùb��©�ªr��ª Ô �LÀ
º>Ë
Ì#º>Á½¼Z����º½¾tº½Ä\¼>ù¡º>Ë[¼
Ë[¼v¿�Ï�Æ�ºCË
�2Ì#Ã�È�À»Äô¸��<¾_Ì#Ã�À
¼Zº°õ\È�º½Æ

ε > 0, t0 ∈ [τ,∞) ,
�<Æ�ºA·��<Ë[¼Nº

δ = δ (ε,t0)
¼Nº>Æ�õ\È�º ‖φ‖X ≤

δ (ε,t0)
��¾_Ì�Æ���õ\È�º ‖x (t; t0,φ)‖ ≤ ε.

±0¿aË
Ã�Æ<È�¼N�<Ã�Ä
x (t) = 0

º>Ë[¼þ¿�Ë
Ñ�¾_Ì�¼NÃ�¼Z�<õ\È�º½¾tº½Ä\¼¡Ë
¼N¿�Ï�Æ�º
Ë
�6º>Æ<Æ�º�º>Ë
¼�Ë
¼N¿�Ï�Æ<ºýºA¼

x (t; t0,φ) → 0
õ�È�¿�Ä�Å

t → ∞ ¿���º>ÁÿÆp¿ÉÆ<�<¾V��¼Zº�Á>Ã�¾tÌ�À
�<Ë
ºýÅP¿�Ä�Ë
Æ<¿�¼ZÃ�Ì#Ã�Æ�Ã�ó���ºa�<Äw¼NÀZÃ�Å�È���¼ZºYÌP¿�ÀhÆp¿�Ä�Ã�ÀZ¾_º ‖·‖X . ±0¿�Ë
Ã�Æ<È�¼N�<Ã�Ä�Ä�È�Æ�Æ<ºYº½Ë
¼JºA·�Ì#Ã�Ä�º½Ä\¼Z�<º>Æ�Æ<º½¾tº½Ä\¼Ë[¼v¿�Ï�Æ�º�ùnË>¸��<Æ�ºA·��<Ë[¼Nº

α > 0, β ≥ 1 ¼Nº½Æ<Ëgõ\È�ºþÁvÓP¿�õ\È�ºþËZÃ�Æ�È�¼N��Ã�Ä x (t; t0,φ) Å�ºc��©�ª ©�ª�¬��0Ã�È.�+©�ª:��ª ² �¿���º>ÁñÆ<¿LÁ½Ã�Ä�Å���¼N��Ã�Ä��<Ä���¼N�<¿�Æ�º
φ
º½Äd�+©�ª:©�ª:�F�Aù'�+©�ª:��ª Ô �»ËN¿�¼Z�<Ë
Â�¿�ËZËZºJÆ+¸r��Ä�Ð>ó�¿�Æ���¼ZÐ

‖x (t; t0,φ)‖ ≤ β ‖φ‖X e−αt ,∀ t > t0.

egfhejilknm'e ��ª:©�ª�¬�o ¨ ��Æ<º¡Ë
Ñ�Ë
¼ZÊ>¾_º+�+©�ª Ô ª�¬1�¶º½Ë
¼XºA·�Ì#Ã�Ä�º½Ä\¼N��º>Æ�Æ<º½¾tº½Ä\¼gË[¼v¿�Ï�Æ�º�ù�¿�Æ<Ã�ÀZËûÆ<¿°¾t¿�¼NÀZ��Á>º
Â-Ã�Ä�ÅP¿�¾_º>Äw¼v¿�Æ�º

Φ (t)
ËN¿n¼N��Ë
Â�¿���¼�Æp¿�Ï#Ã�ÀZÄ�º

‖Φ (t)‖ ≤ γe−αt, t ≥ 0, α > 0, γ > 0. �+��ª ©�ª�¬��
pqeni.rspctvu\e ��ª ©�ª�¬xwzyQ{}|�~v~�����~����}�-��� m ���:~�|������F�T�}o ¨-� Æp¿�¾�¿�¼ZÀ � Á>º

C
º½Ë
¼ ¨ ÁqÓ\È�À[÷8¹»Ã�Ó�Ä

Ë[¼v¿�Ï�Æ�º�ùn¿�Æ<Ã�ÀZË¶Æ<¿SË
¼N¿�Ï � Æ � ¼NÐT¿�Ë[Ñ�¾tÌ�¼ZÃ�¼ � õ\È�º¡Å�ÈYË
Ñ�Ë
¼NÊ½¾_ºc��©�ª Ô ª�¬���º½Ë
¼XÐ½õ�È �[� ¿�Æ�º>Äw¼Nº»ú°Æp¿GË
¼v¿�Ï � Æ � ¼NÐ
ºq·�Ì#Ã�Ä�º>Äw¼ � º>Æ<Æ�º6Å�º���©�ª Ô ª�¬��Aª

µ ¿�Ä�Ë°Á>ºñ¼ZÀN¿ � ¿ � Æ�ù�Ã�Ä	ÐA¼NÈ�Å � ºaÌ�À � Ä�Á � ÌP¿�Æ<º½¾_º>Äw¼SÆ�º>ËSË[Ñ�Ë[¼NÊ½¾tº½ËhÄ�º½È�¼NÀ
º>ËCÆ � Ä�Ð�¿ � À
º>Ë>ù�º>Ä�Ë
È � ¼Zº
Ã�Ä�Ì�ÀZÐ½ËZº>Äw¼Nº�Æ<º>ËgÁ>Ã�Ä�Å � ¼ � Ã�Ä�ËûÅ�ºþË
¼v¿�Ï � Æ � ¼NÐ¡º½ÄL¼Zº>ÀZ¾_º½Ë*Å�º>Ë�	½Ð>ÀZÃ�Ë*Å�ºþÆ<º½È�ÀûÂ-Ã�Ä�Á½¼ � Ã�ÄYÁ�¿�ÀZ¿�Á½¼ZÐ>À � Ë[÷
¼ � õ\È�º}L�±0ºhË
Ñ�Ë[¼NÊ>¾_ºV��©�ª:©�ª � �Tº>Ë[¼S¿�Ë
Ñ�¾_Ì�¼NÃ�¼ � õ\È�º½¾tº½Ä\¼þË
¼v¿�Ï�Æ<ºCË � ËN¿YÂ-Ã�Ä�Á½¼ � Ã�ÄÒÁ>¿�ÀN¿�Á½¼NÐ½À � Ë
¼ � õ\È�º
� ²�� �0Å�Ã�Ä�Ä�Ð>ºJÌP¿�À

h (s) = det

(
s

(
I −

∫ 0

−r

estd [µ (t)]

)
−
∫ 0

−r

estd [η (t)]

)
, s ∈ C, �^��ª:©�ª ©}�

Äô¸r¿VÌP¿�ËGÅ�ºñÀZ¿�Á � Ä�º½ËS¿ � º½ÁñÌP¿�À[¼ � º6ÀZÐ½º>Æ<Æ�º6Ä�Ã�Ä�Ä�Ð>ów¿n¼ ��� º�ª
egfhejilknm'e ��ª:©�ª ©/oþ±�º_Ë
Ñ�Ë
¼ZÊ>¾_º���©�ª:©�ª�¬ ©F�hº>Ë[¼�¿�Ë
Ñ�¾_Ì�¼NÃ�¼ � õ\È�º½¾tº½Ä\¼aË[¼v¿�Ï�Æ�º_Ë � ËN¿�Â-Ã�Ä�Á½¼ � Ã�Ä
Á>¿�ÀN¿�Á½¼NÐ½À � Ë
¼ � õ\È�º

p
(
s,e−rs

)
= det

(
s
(
I − Ce−rs

)
− A−Be−rs

) �z��ª:©�ª����



² ®
ËZ¿�¼ � Ë
Â�¿ � ¼

sup
{
Re (s) : det

(
s
(
I − Ce−rs

)
− A−Be−rs

)
= 0
}
< 0.

�z��ª ©�ª ² �
pqeni.rspctvu\e ��ª:©�ª:©`wzyQ{}|�~�~�����~����}�-��� m ���:~�|b�/�������}o ( Ã�È�À�Æ<º½Ë�Ë[Ñ�Ë
¼NÊ½¾tº½Ë�Ä�º>È�¼ZÀZº>ËÒÆ � ÷
Ä�Ð>¿ � ÀZº>Ë½ùgÆp¿ Ë
¼N¿�Ï � Æ � ¼NÐ�¿�Ë
Ñ�¾tÌ�¼NÃ�¼ � õ\È�ºÒÄô¸ � ¾_Ì�Æ � õ\È�º�ÌP¿�ËLÆp¿	Ë
¼v¿�Ï � Æ � ¼ZÐtºA·�Ì#Ã�Ä�º½Ä\¼ � º½Æ<Æ<º�Á>Ã�¾t¾_º
Á�¸rº½Ë
¼°Æ<º6Á>¿�ËGÌ#Ã�È�À�Æ<º>Ë�Ë
Ñ�Ë
¼ZÊ>¾_º>Ë°À
º½¼N¿�ÀZÅ�Ð½ËSÆ � Ä�Ð>¿ � ÀZº½Ë � Ô ¬���ª ( ¿�ÀGºq·�º>¾_Ì�Æ<º � ² ¬��

d

dt
[x (t)− x (t− 1)] = −ax (t) , t ≥ 0, �z��ª ©�ª Ô �

x0 = φ ∈ C,
¿ � º>Á

a > 0
� ¾_Ì�Æ � õ\È�º

x → 0
õ�È�¿�Ä�Å

t → ∞,
¾�¿ � ËCÆ�º�Ë[Ñ�Ë
¼NÊ½¾tºl�z��ª:©�ª Ô �SÄô¸rº½Ë
¼JÌP¿�ËhºA·�Ì#Ã�÷

Ä�º½Ä\¼ � º½Æ<Æ<º½¾_º>Ä\¼þË
¼v¿�Ï�Æ<ºV� � Ã � À�È�Ä�ºñÅ�Ð½¾tÃ�Ä�Ë
¼ZÀN¿�¼ � Ã�Ä�ÌP¿�À[¼ � º½Æ<Æ�ºCÅP¿�Ä�ËK�[¬�ª ² ª�¬��qù�¹»ÓP¿�Ì � ¼NÀ
ºV¬��qª
� ¿ � Äw¼Nº½ÄP¿�Äw¼SÃ�Ä�Á>Ã�Ä�Ë � Å�Ê>ÀZºJÆ�¸�Ð>õ\ÈP¿n¼ � Ã�ÄÍËZÈ �[� ¿�Ä\¼Nº

D (t)xt = D (t0)φ+H (t)−H (t0) , t ≥ t0,
�z��ª ©�ªr«��

xt0 = φ
�z��ª ©�ª I �

H ∈ C ([t0,∞) ,Rn) , φ ∈ C ([−r,0] ,Rn)
º½¼�È�ÄÉÃ�Ì#Ð>ÀZ¿�¼Nº½È�ÀYÅ�º�Å � ü�Ð>ÀZº½Ä�Á>º

D (t)xt
õ�È�¿n÷

Ë � Æ � Ä�Ð>¿ � À
ºd��Æ � Ä�Ð>¿ � ÀZº�ÅP¿�Ä�ËÒÆ<º Å�º½È�· � Ê½¾tºý¿�À
ó�È�¾_º>Äw¼ÒËZº½È�Æ<º½¾tº½Ä\¼��tõ\È � ËN¿n¼ � Ë
Â�¿ � ¼t¼NÃ�È�¼Nº>ËÒÆ<º½Ë
Á½Ã�Ä�Å � ¼ � Ã�Ä�Ë�Å�Ã�Ä�Ä�Ð½º>ËSÅP¿�Ä�ËGÆ<º6Ì�¿�ÀN¿�ó�ÀN¿�Ì�Ó�ºa©�ª ©�ª
MONQPHRTSURT�KR1�VS�WYX[ZYX�Z9���K *¡'¢V£¥¤K¦U§_¨©£x]�ª¬«/­Y®1X òhÄtËZÈ�Ì�Ì#Ã�Ë
ºCõ\È�º

H ⊂ C ([τ,∞) ,Rn) .±*¸�Ã�Ì#Ð>ÀZ¿�¼Nº½È�À�Å�º6Å � ü�Ð>À
º>Ä�Á½º
D (t)

�z��ª:©�ªr«��¡º½Ë
¼GÈ�Ä � Â-Ã�À
¾tÐ½¾tº½Ä\¼»Ë
¼N¿�Ï�Æ<ºhÌ�¿�ÀþÀN¿�Ì�Ì#Ã�À
¼Gú
H
Ë½¸ � Æ

ºq· � Ë
¼ZºñÅ�º>ËSÁ½Ã�Ä�Ë
¼N¿�Ä\¼Zº>Ë
K
ù
Λ
¼Nº>Æ�Æ<º½Ë�õ�È�ºaÌ#Ã�È�ÀSÄ2¸ � ¾tÌ#Ã�À[¼Nºhõ�È�º>Æ<Ë

φ ∈ C, t0 ∈ [τ,∞) ,
ºA¼
HÅP¿�Ä�Ë

H,
Æp¿�ËZÃ�Æ�È�¼ � Ã�Ä

x (t0; t,φ,H)
Å�º��z��ª ©�ª:«��^÷��^��ª ©�ª I �TËN¿�¼ � Ë[Â�¿ � ¼

‖x (t; t0,φ,H)‖ ≤ K ‖φ‖C + Λ sup
t0≤τ≤t

‖H (τ)−H (t0)‖ , t ≥ t0.
�z��ª ©�ªr®��

pqeni.rspctvu\e ��ª ©�ª¯�°og±hÈP¿�Ä�ÅtÆ�¸�Ã�Ì#Ð>ÀZ¿�¼Nº½È�ÀTÅ�º°Å � ü�Ð>À
º>Ä�Á½º°º>Ë
¼ � Ä�Å�Ð½Ì�º½Ä�ÅP¿�Ä\¼»Å�º
t
ù\Æp¿6Á>Ã�Ä�Å � ÷

¼ � Ã�Äa�z��ª:©�ªr®�� � ¾_Ì�Æ � õ\È�º6õ\È�ºñÆ�º>Ë�ÀN¿�Á � Ä�º½ËGÅ�ºJÆ�¸�Ð>õ\ÈP¿n¼ � Ã�Ä

det

(
I −

∫ 0

−r

[dµ (θ)] ρθ
)
= 0

Ã�Äw¼hÈ�Äý¾tÃ�Å�È�Æ<º � Ä�Â-Ð½À � º>È�À°Ã�È�Ð>ów¿�Ægú
1.
( ¿�Àhºq·�º>¾_Ì�Æ<º�ù2Æ+¸rÃ�Ì#Ð½ÀN¿�¼Zº>È�ÀCÅ�ºLÅ � ü�Ð>ÀZº½Ä�Á>º

Dϕ :=

ϕ (0)−Cϕ (r) Ì#Ã�È�À²�+©�ª:©�ª�¬¢©F�ôº½Ë
¼gË[¼v¿�Ï�Æ�ºTÈ�Ä � Â-Ã�À
¾tÐ½¾_º>Ä\¼0Ë � C º½Ë
¼gÈ�Ä�º¡¾t¿�¼NÀ � Á½º ¨ ÁqÓ\È�À[÷8¹»Ã�Ó�ÄË[¼v¿�Ï�Æ�º�� � ¿�Æ�º>È�À
ËGÌ�À
Ã�Ì�ÀZº½Ë°úLÆ�¸ � Äw¼NÐ>À � º>È�ÀþÅ�È�Å � ËZõ\È�ºJÈ�Ä � ¼v¿ � ÀZº1�qª



² �

�4Ä�ËZÈ � ¼NºtÃ�Ä%ÀN¿�Ì�Ì#º>Æ<Æ�ºVÆ�¸r¿�Ì�Ì�À
Ã�ÁqÓ�ºtÅ�º>ËñÂ-Ã�Ä�Á½¼ � Ã�Ä�Ä�º>Æ�Æ<º½ËJÅ�º�±ôÑw¿�Ì�È�Ä�Ã � ÷³B6ÀZ¿�ËZÃ � Ë�D ��� � ²F� �+ù
� Ô � �0ÅP¿�Ä�ËGÆ<º>Ë�º>Ë
ÌP¿�Á>º½Ë C º½¼ W1

2

ÀZº½ËZÌ#º½Á½¼ ��� º>¾_º>Äw¼�ª
¨ Ã � ¼

V : [τ,∞) × C → R+ È�Ä�ºÍÂ-Ã�Ä�Á½¼ � Ã�Ä�Ä�º½Æ<Æ�ºÒÁ>Ã�Ä\¼ � Ä�È�º*)*Æp¿ýÅ�Ð>À ��� Ð>º�Ë
È�Ì#Ð>À � º>È�ÀZº	ú
Å�À
Ã � ¼Zº6Å�º

V
Æ<º6Æ�Ã�Ä�óLÅ�º>ËGËZÃ�Æ�È�¼ � Ã�Ä�ËþÅ�È�Ë
Ñ�Ë
¼ZÊ>¾_º0��©�ª:©�ª�¬���÷���©�ª:©�ª����¡º½Ë
¼SÅ�Ð½öPÄ � ºJÌP¿�À � ¬ � ©��

V ′ (t,φ)|(2.2.1)−(2.2.3) := lim
h→0+

sup
1

h
[V (t+ h,xt+h (·; t0,φ))− V (t,φ)] .

�z��ª ©�ª � �
�K¦UNK�µ´0¶Q·A¸ WYX[ZYXz]6���K �¡�¢7£�¤?¦U§_¨©£¹]-ª¬«/­:®�X»º �!¼
½��/¾�¿^��À��
~d|�~9¾��1¾��³À�Á0~d�:~��-�^�
~
wÂ��o���oÃ����Ä�wÂ��o���oÅ���}o º �K¾��1Æ�Æ_½1¾1~ÈÇ���~

D(t)
~
¾������_¿ ÉÊ½���Á0Ë�Á0~��_�°¾��Ì{�Í�|�~YÆ/{}�n��{�Æ�Æ_½*���¬Î C ([τ,∞) ,Rn)~��QÇ��nÏ ¿Ã|H~�ÐF¿�¾��³~���~
¾bÉÊ½��:¼��z¿Ì½��/¾V�:½��Ñ��Ë
¼��
½�¿�¾
¾�{}�_�C~
¾O¼
½��_�z¿Ã�°��~
¾

vi : R+ → R+ Ò i = 1,2,3�C~�|Ã|�~
¾OÇ���~
vi(0) = 0

~��
vi(s) > 0 Ò Æ_½����l¼
Ó/{�Ç��_~ s > 0

~��
i = 1,2,3

o r |�½��
¾ Ò |�{x¾1½�|Ô��Ä
�^¿Ì½��0�_�-|Ã|�~b��~cwÂ��o���oÃ����Ä�wÂ��o���o��T�+~
¾��Õ{�¾���ÁsÆ��³½��^¿^Ç���~�Á0~��_�:¾��Â{�Í�|�~²¾_Ï ¿Ã|�~�ÐF¿�¾��³~Ö���:~YÉÊ½��:¼��z¿Ì½��_�:~�|Ã|�~
¼
½��_�^¿Ã�_��~

V : [τ,∞)× C → R+ �C~�|Ã|�~2Ç��_~�×

v1 (‖D(t)ϕ‖) ≤ V (t,ϕ) ≤ v2 (‖ϕ‖C)

V ′ (t,xt)|(2.2.1)−(2.2.3) ≤ −v3 (‖D(t)xt‖) ,∀ t ≥ t0.

m ~cÁ0Ø�Á0~c�
Ë
¾���|Ô�Â{}�Ö~
¾��jÙ1��{}¿Õ¾�¿�|�{�Í�½����:~h¾��1Æ_Ë���¿Ì~��-�
~h¾��-�
V ′ (t,xt)|(2.2.1)−(2.2.3)

~
¾��²��½��_�:Ë
~
Æ/{}� −v3 (‖x(t)‖) .�K¦UNK�µ´0¶Q·A¸AWYX[Z\X[ZÚ��Û�Ü�¨zÝÚ§_Þ�Ü�ß'à�á\â^âY£¥¤c·`ã'àÊä'á\âzàv]�ª�ª�ª:®�Xsº ��¾��1Æ�Æ_½1¾1~åÇ���Ï ¿Ã|:~�ÐF¿�¾��C~
��~
¾hÉÊ½��:¼��z¿Ì½��/¾»¼
½��_�^¿Ã�_�_~
¾.�:½��æ��Ë
¼��
½�¿�¾
¾�{}�_�³~
¾

ωi : R+ → R+, i = 1, 2, 3,
�C~�|Ã|�~
¾UÇ��_~

ωi (0) = 0
~��
ωi (s) > 0 Ò Æ_½��-�V¼
Ó/{�Ç��_~ s > 0

~��
i = 1, 2, 3. ç ½�¿Ã� Ων ⊂ W1

2

���è½��-Ù}~����
��Ë©én�_¿nÆ/{}�

Ων :=
{
ϕ : ‖ϕ‖W1

2
< ν , ν > 0

}
.
r |�½��
¾ Ò |�{�¾1½�|Ô���^¿Ì½��ê�_��|Ã|�~l�-~�wÂ��oÅ�¥o¯ë}�Ú~
¾��

{�¾���ÁsÆ��³½��^¿^Ç��_~�Á�~��°�+¾��Ì{�Í�|�~.¾_Ï ¿Ã|h~�ÐF¿�¾��C~U���:~KÉÊ½��:¼��^¿Ì½��_�:~�|Ã|�~�¼
½��_�^¿Ã�_�_~
v : [t0,∞) × Ων ×

L2 [−r,0]→ R �C~�|Ã|�~2Ç��_~+|�~
¾c¿Ã�:ËÌì�{}|Ô¿Ã�CË
¾h¾���¿ÃÙ�{}�_�³~
¾h¾1½��_��¾�{}�^¿�¾©ÉT{}¿Ã�³~
¾�×

ω1 (‖ϕ (0)‖) ≤ v (t,ϕ,ψ) ≤ ω2

(
‖ϕ‖W1

2

)
et

�z��ª:©�ª�¬ � �
v′|(2.3.4)−(2.3.5) ≤ −ω3 (‖x (t)‖) ∀ t ≥ t0 ≥ 0.

�z��ª:©�ª�¬�¬��
¹»Ã�¾_¾tºtÃ�Ä�Æ�¸r¿ � È�ÅP¿�Ä�Ë�Æp¿ ¨ º>ÁA¼ � Ã�Ä ©�ª���ùûÁ>º½À
¼N¿ � Ä�ËYË
Ñ�Ë
¼ZÊ>¾_º>ËVÄ�º½È�¼NÀ
º>ËLÐ>Á½À � ¼NË�Ë
Ã�È�ËLÆ<¿

Â-Ã�À
¾tºl�+©�ª¯��ª ² �hÌ#º>È � º>Äw¼�GA¼NÀZºVÀZÐ>Ð½Á>À � ¼NËJËZÃ�È�ËaÆ<¿�Â-Ã�ÀZ¾_ºVÅ�º�EC¿�Æ<ºU�+©�ª:©�ª�¬��Aù � ª�º�ª�ù�Æ<º½ËJË
Ñ�Ë
¼ZÊ>¾_º>Ë
Å�ºG¼�Ñ�Ì#º°Ä�º>È�¼ZÀZº°Ã�øtÆ<¿JÅ�º>À ��� Ð>º � Äw¼Nº½À ��� º½Ä\¼TÆ � Ä�Ð>¿ � ÀZº½¾_º>Äw¼�ù��+©�ª���ª�¬��Aª ­ Æ<Ã�ÀZË4Å�¿�Ä�ËTÁ>ºSÁ�¿�Ë[÷�Æ<ú�ù�Æ<º½Ë
Å�º½È�·	¿�Ì�Ì�ÀZÃ�ÁvÓ�º½ËSÌ#º>È � º½Ä\¼åG½¼NÀ
ºñÈ�¼ � Æ � ËZÐ½º>Ë½ª



Ô*�
� ¿ � Äw¼Nº½ÄP¿�Äw¼�Ã�ÄÉËZºÒÌ#Ã�ËZº�¼NÀ
Ã � ËñÌ�ÀZÃ�Ï�Æ<Ê>¾_º>ËaÅ�ºÒË[¼v¿�Ï � Æ � ¼ZÐ � ¾_Ì#Ã�À
¼N¿�Ä\¼ZËñÌP¿�ÀYÀN¿�Ì�Ì#Ã�À
¼�¿�È

Ë[Ñ�Ë[¼NÊ½¾tºñÄ�º½È�¼NÀ
º0��©�ª ©�ª�¬1�F�Q� � Ã � ÀG¿�È�ËZË � ��� ² �Å��L
d

dt
[x (t)− Cx (t− r1)−∆C ] = Ax (t) +Bx (t− r2) + ∆A +∆B,t ≥ 0,

¿ � º>ÁaÅ�º>Ë � Ä�Á>º½À
¼ � ¼NÈ�Å�º>Ë
∆A, ∆B

º½¼
∆C

Å�Ð>Á½À � ¼Zº>ËSÌP¿�ÀGÅ�º>Ë°¿�Ì�Ì�Æ � Á>¿�¼ � Ã�Ä�Ë�Á>Ã�Äw¼ � Ä�È�º½ËSº½¼C± � Ì�÷
Ë
ÁqÓ � ¼
	YÅP¿�Ä�ËhÆ�º>ËCÅ�º½È�· � Ê½¾tºa¼Zº>Æ<Ë°õ\È�º�Æ<º½Ëh¿�Ì�Ì�Æ � Á>¿�¼ � Ã�Ä�Ë

∆A (t,ϕ (0)) , ∆B (t,ϕ (−r2))
Ë
Ã�Äw¼

Ä�Ã�Ä�Æ � Ä�Ð�¿ � ÀZº>ËþºA¼SÆ+¸:¿�Ì�Ì�Æ � Á>¿�¼ � Ã�Ä
∆C (t,ϕ (−r1))

º½Ë
¼SÆ � Ä�Ð�¿ � À
ºhÅ�¿�Ä�ËGÆ<ºhÅ�º>È�· � Ê>¾_ºñ¿�ÀZó�È�¾_º>Ä\¼
Ë
º>È�Æ�º>¾_º>Äw¼SÌ#Ã�È�ÀGÌ#Ã�È � Ã � ÀþÈ�¼ � Æ � Ë
º>ÀþÆ<ºh¼ZÓ�Ð>Ã�À
Ê>¾_º+��ª:©�ª�¬�ª
í+ �Ü�îÕ¨©ï-ÝÚ£Uð�£xàT¤1§°îÕâz¨^âÃ¤Êñl �Ü�îÕ¡�àT¤1£xâzÞ�ð'ñ�ò�£�Þ�ð�§_Þ�¤1£�ðÕ¡ê �£�¤1§° �ðnóQô ÀZÃ�È � º>À�Å�º>Ë�Á½Ã�Ä�Å � ÷

¼ � Ã�Ä�ËÖ�-õ�È�¿�Ä�ÅLº>Æ�Æ<º½Ëgºq· � Ë
¼Nº½Ä\¼
�ûËZÃ�È�ËXÆ�º>Ë
õ�È�º>Æ<Æ�º>ËgÆp¿°Ë[¼v¿�Ï � Æ � ¼ZÐ»¿�Ë
Ñ�¾_Ì�¼NÃ�¼ � õ\È�º»Å�ºc�+©�ª:©�ª�¬Ê���
º>Ë
¼h¿�Ë
ËZÈ�À
Ð>º0¿Ã����ËCÆ_~�����{}ÁvÁ0~��°�H��~
¾K�
~��Ì{}����¾

r1,r2
º½¼CÌ#Ã�È�À°Äô¸ � ¾_Ì#Ã�À
¼ZºJõ�È�º>Æ<Æ�º>ËGÂ-Ã�Ä�ÁA÷

¼ � Ã�Ä�Ë
∆A, ∆B, ∆C

ËN¿n¼ � Ë[Â�¿ � ËZ¿�Äw¼GÆ�º>Ë�Á>Ã�Ä�Å � ¼ � Ã�Ä�ËþÌ�ÀZÐ½Á>Ð½Å�º>Äw¼Nº>Ë>ª
µ ¿�Ä�Ë � ®�¬��+ù#È�Ä�Ì�À
Ã�Ï�Æ�Ê>¾_ºaË � ¾ � Æ�¿ � ÀZºJÐ½¼ZÐYÐ½¼ZÈ�Å � Ða¾t¿ � Ë � Æ0Äô¸ Ñ ¿tÌP¿�ËCÅô¸ � Ä�Á½º>À[¼ � ¼ZÈ�Å�ºaÅP¿�Ä�Ë

Æ<¿LÌP¿�À
¼ � º6Ä�º½È�¼NÀ
º0�
∆C (·,·) ≡ 0 �
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.
x (t) = −ax (t)− bx (t− r) , t ≥ 0 , r > 0 , (a,b) ∈ R× R,
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x (t) = 0
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t < 0

º½¼
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Ñ�Ë
¼NÊ½¾_ºaº½Ë
¼
s+ a+ be−st = 0,
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±�º°¾tÐA¼NÓ�Ã�Å�ºCÅ�ºCÆ<¿

D
÷^Å�º>Á½Ã�¾_Ì#Ã�Ë � ¼ � Ã�Ä � «}����Å�Ã�Ä�Ä�ºCÈ�Ä�ºCÌP¿�ÀZ¿�¾_Ð½¼NÀ � ËZ¿�¼ � Ã�Ä_Å�ºCÆ+¸rº½ËZÌP¿�Á>º

(a,b)ÅP¿�Ä�Ë4Á½º>À
¼N¿ � Ä�º>Ë*ÀZÐ>ó � Ã�Ä�Ë½ù�ÁvÓP¿�Á½È�Ä�ºGº>Ë
¼4Á�¿�ÀZ¿�Á½¼ZÐ>À � ËZÐ½ºGÌP¿�À*Æ�ºþ¾�G½¾tºþÄ�Ã�¾LÏ�ÀZº�Å�ºGÀN¿�Á � Ä�º>Ë*Ì#Ã�Ë � ÷
¼ �[� º½Ës� � Ã � À4¿�È�Ë
Ë � � ® Ô �+ù � ©�®��Å�Aª¥�*ÄtÌ�Æ�È�Ë>ùwÁvÓP¿�õ\È�ºSÀZÐ>ó � Ã�ÄVº>Ë[¼¡Ï�Ã�ÀZÄ�Ð½ºSÌP¿�À4È�Ä�ºÖ�^Ó\Ñ�Ì#º>À
ËZÈ�À[Â�¿�Á>º��
� � Á � Å�ºCÅ � ¾tº½Ä�Ë � Ã�Ä�¬��Aù\ÅP¿�Ä�Ë¡Æp¿�õ�È�º>Æ<Æ�ºS¿�È�¾_Ã � Ä�Ë4È�Ä�º°ÀN¿�Á � Ä�ºSÅ�º°Æ�¸�Ð>õ\ÈP¿�¼ � Ã�ÄtÁ>¿�ÀN¿�Á½¼NÐ½À � Ë
¼ � õ\È�º
º½Ë
¼CËZÈ�À°Æ�¸r¿n·�º � ¾t¿�ó � ÄP¿ � ÀZº6Ì#Ã�È�ÀSÆ<º½ËSÌP¿�ÀZ¿�¾tÊA¼NÀ
º>ËSÁ>Ã�À
ÀZº½ËZÌ#Ã�Ä�Å�¿�Ä\¼ZË

a, b, r.
­ Ì�ÀZÊ>Ë°õ\È�º>Æ�õ\È�º>Ë

Á>¿�Æ<Á½È�Æ<Ë½ù�Ã�Ä�Ì#º½È�¼S¾_Ã�Ä\¼ZÀZº>Àþõ\È�ºJÆ<º>Ë�À
Ð>ó � Ã�Ä�ËþÁ>Ã�À
ÀZº>Ë
Ì#Ã�Ä�ÅP¿�Ä\¼Nº½Ë°Ë
Ã�Ä\¼GÅ�Ã�Ä�Ä�Ð>º½ËSÁ>Ã�¾_¾tº � Ä�Å � ÷
õ\È�ÐCÅP¿�Ä�Ë»Æp¿ ¯ � ó�È�À
ºå��ª�¬ µ ¿�Ä�Ë

S∞
Æp¿ñË[¼v¿�Ï � Æ � ¼ZÐSº½Ë
¼�¿�Ë
ËZÈ�À
Ð>º � Ä�Å�Ð>Ì#º½Ä�ÅP¿�¾t¾_º>Äw¼»Å�ºCÆ<¿J¼v¿ � Æ<Æ�º

ø¡³ÃùÖú ��ª�¬hû p ~Ìì}¿Ì½��/¾+��~Q¾��Ì{�Í�¿Ã|Ô¿Ã�CË Ò Sr ~�� S∞
Å�È�À
º½¼N¿�ÀZÅ

r
º½¼�ÅP¿�Ä�Ë

Sr ∪ S∞,
Æ<¿YË[¼v¿�Ï � Æ � ¼ZÐ°º½Ë
¼G¿�ËZË
È�ÀZÐ½ºJÌ#Ã�È�ÀþÄô¸ � ¾tÌ#Ã�À[¼Nº°õ\È�º>Æ2ÀZºA¼v¿�À
Å�Ð>ó�¿�Æ

Ã�È � Ä�Â-Ð>À � º>È�Àñú
r.
­ Æ�Ã�ÀZË½ù0ÐA¼v¿�Äw¼YÅ�Ã�Ä�Ä�ÐtÈ�ÄRÁ½À � ¼NÊ>À
º_Å�ºtË
¼N¿�Ï � Æ � ¼NÐLÌ#Ã�È�ÀñÆ<ºVË
Ñ�Ë
¼ZÊ>¾_º���©�ª¯��ª ² �

Á½º>Æ�È � ÷^Á � Ì#º>È�¼sGA¼NÀZºaÁ½Æp¿�Ë
ËZÐaÁ>Ã�¾t¾_ºñË[¼v¿�Ï � Æ � ¼ZÐ � Ä�Å�Ð½Ì#º>Ä�ÅP¿�Ä\¼NºaÅ�È ÀZºA¼v¿�À
Å Ã�È Å�Ð>Ì#º>Ä�ÅP¿�Ä\¼Zº�Å�È
À
º½¼v¿�ÀZÅôù�ËZº>Æ�Ã�Ä�ËZ¿VÅ�Ð>Ì#º½Ä�ÅP¿�Ä�Á>ºaÃ�È�Ä�Ã�Ä�ËZÈ�ÀGÆp¿Y¼v¿ � Æ�Æ�ºhÅ�È	À
º½¼N¿�ÀZÅ � © Ô ��ª



Ô ©
egfhejilknm'e ��ª:©�ª ² o ¨ Ã � ¼�Æ<º6Ë[Ñ�Ë
¼NÊ½¾tºñË
Á�¿�Æ<¿ � À
º6Ä�º>È�¼ZÀZº ��� «2�ÌL
d

dt
[x (t)− r1cx (t− r1)] = −ax (t)− bx (t− r2) , t ≥ σ , xσ ≡ φ , φ ∈ C. �z��ª ©�ª�¬ ©F�
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¼N¿�Ä\¼Zº>ËGÄ�Ã�ÄÍÄ�Ð½ów¿�¼ �[� º½Ë>ª_ü � º>Ä�Ë�ý�À>ùÁ½Ã�¾_¾tº
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� �-ÿ���ÿ���� �»õ fhSHTa_
C = 0,

.
x (t) = Ax (t) +Bx (t− r) , t ≥ 0. �z� ÿ � ÿ�� �
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Hxu (s) = (sI − A)−1B,
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x (t) = Ax (t) +Bu (t) , t ≥ 0. �z� ÿ � ÿ ���
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|w| = 1.
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p (s,z) = det ((sI − A)− (B + Cs) z) , |z| ≤ 1 , (s,z ∈ C) . �^� ÿ � ÿ s}�

��� �!��� $&%('()+*-,�./%102'3$345.6)+* 71'8)9* :<; 7G./02'(4>)?; $&;I0�B
� ./%1;F:

} S|M#OrSHy°��k���O]bd_aKNM�M#lmMXORn�[�K�M ú Q]K{OrSHQX_�S|b{ORbpb�O]fV_°�gb�KpKNTxfaO��gk[��MRSHT�O�_aKNM�ORQRSUTVMXWZY>QX[@S\O
��Y>TVM
_VK�[jYm_VnNk�KdMXY>fVM�k � q^lmceYHORqanNM]K õ fVK�k�S<M]Y>k�faO
��Y>TuKNM#O�_°� ü b�Q]K�T^O
�gSHyVk�K ÿ ò TIk�KNM-QRSHcVceK�kgk�KQ��i�� ÿ



s �
�+´utOSwvYPH�µ´O·9tc�+R��VS��

	 SHTVM!i�Kpi�SUM!k ú�ù�õ fVK�k õ fVKNM�SHfaORK�fVQ]Mq�gT�ORQ]Ym_Vf/�gM]K�T^O�_VK�M�ORQ]SHTVMXWZYHQ][�SUO
��Y>TaM-ceYHfVQ�[�YHT^ORQXKNQ
kgS@MXORSHy°�gk[��ORb ) chSHQ`K 
 KN[jcVkgK ù �gkgM!ORQ]SHTVM#WZY>Q][jKNT�OdfVT&MXlmMXO]nN[jK ú QXK�ORSHQ]_&_VK<k�S�WZY>QX[�K .

x (t) =
∑m

i=0Bix (t− hi) , hi ≥ 0,
KNT6fVT6MXlmMXO]nN[jKFTaKNfaO]Q]Kub�iNQ���O<M]Y>fVM<k�SxWZYHQ][jK@_VK E SUkgK ù chSHQ

��T^ORb ó Q]SUO
��Y>TuMXfVQ�fVTl�gT^O]KNQ �USHk�kgK ��� s��+ù
d

dt

[
x (t) +

m∑

i=0

Bi

∫ t

t−hi

x (τ) dτ

]
=

m∑

i=0

Bix (t) .
�^� ÿ � ÿ � �

ò T1TaYHORK õ fVKIiNK{O]ORKFORQ]SHTVMXWZYHQ][�SUO
��Y>T6KNM#OCSHfaM]M��!SHcVcak���i�SHyVk�KFSUf1MXlmM#ORnN[jKxTVK�faORQXKxM]f/�[�USUT^O
�^� ÿ � ÿ I � S1�>K�i

u = 0, ri > 0,
� �>YF��Q � I � �Ã� ÿ	 SHTVM�k�S<M]f°��ORK�YHTIcVQXY>ceY>M]K�k�S�ORQ]SHTVM#WZY>Q][�SUO
��YHTO�gT��>KNQXM]K ù � ÿ K ÿ ù ORQ]SHTVMXWZYHQ][jKNQ-faTxM#lmMXORn�[�K

TVK�faORQXKpK�TxfVT � MXlmMXORn�[�K�Q]K{OrSHQX_Vb � ÿ
�+´utOSwvYPH�µ´O·9tc�+R��VS��

ò TFiNY>TVM��g_Vn�Q]K�kgKdM#l5M#ORn�[�KpTVK�faORQXK
d

dt

[
x (t)−

m∑

i=1

Cix (t− ri)

]
= A0x (t) +

m∑

i=1

Aix (t− ri) + u (t− r) , ri > 0, t ≥ t0,

�z� ÿ � ÿ I �SÊ�>KNi
r ≥ 2 inf {ri,i = 1,2,...m} .

� S}��T^O]KNThSUT^O ù M��
YHT3i�qaYF�gM���O�k�S|WZY>TVi�O��gY>Tx_VK<i�Y>[j[@SUTV_VK
i�Y>[j[�K

u (t− r) = −
m∑

i=1

[A0Ci + Ai]
m∑

j=1

Cix (t− ri − rj) ,
�z� ÿ � ÿ�� �

Y>TFY>yaO��gKNT�O�kgKdM#lmMXORn�[�K ú Q]K�ORSHQ]_FM]f°���USHT^O�KNTIyeY>fVi�kgKdWZK�Q][jbNK
.
y (t) = A0y (t) +

m∑

i=1

[A0Ci + Ai] y (t− ri) ,
�z� ÿ � ÿ � �

Y ø
y (t) := x (t)−∑m

j=1Cjx (t− rj) .

�+´utOSwvYPH�µ´O·9tc�+R��VS��
� TxSHfaO]Q]KdO]QRSHTVM#WZY>Q][�SUO��gYHTuceY>MXM���yVkgKdKNM#O�YHyaORK�TmfVK õ fhSUTV_xk�KdMXlmMXORn�[jK�TaKNfaO]Q]K

.
x (t) = f

(
t,xt,

.
xt
)
,



sHs

ceK�faO G ORQXKpQXbNb�iNQ���O!MXY>fVM!kgS<WZYHQ][jKd_VK E SUkgK � s � ��ù'� �-ÿ��-ÿ�� �Aù �>YF�gQ-kgSj�mKNi�O��gY>T �-ÿ��Fÿ�� ù'� �-ÿ � ÿ�� � ÿ� S}�gT�ORK�ThSHT�O!YHTIiNY>TaM��g_anNQ]K�k�S<Q]n ó kgKd_aK } KT�gyVT°��O 	 M]fVQ�k � b�ORSUO
xt
��� � �

x (t)− x (t− r) =

∫ 0

−r

.
x (t+ θ) dθ , t ≥ 0 , θ ∈ [−r,0] . �z� ÿ � ÿ�� � �

� kgY>QXM ù cVSHQPK 
 KN[jcVkgK ù k�K�MXlmMXO]nN[jK<Q]K�ORSHQ]_ab �z� ÿ � ÿ�� � SÊ�>KNi<_aKNM`QXK�OrSUQ]_VMPceY>TVi{ORfVK�kgMPceK�faO G ORQXK
QXbNbNi�Q���O!i�Y>[�[jK`fVTIMXlmMXORn�[jK ú Q]K{OrSHQX_VM�_°�gM#ORQ���yVfVb�M

.
x (t) = (A+B)x (t)−B

∫ 0

−r

[Ax (t+ θ) +Bx (t+ θ − r)] dθ.
�^� ÿ � ÿ��>� �

JLK�ceKNTV_VSHT^O ù kgS<WZY>TVi{O
��Y>TF_VKdORQ]SHTVM#WZKNQXO!SHM]MXYmi��gb�K úl�z� ÿ � ÿ��>� � KNM#O�_VYHTVTVbNKpcVSHQ�k�KdcVQ]Ym_af°��O
H (s) =

(
sI − A− e−srB

)(
I − 1− e−sr

s
B

)
,

� ÿ K ÿ ù kgS�WZY>Tai�O
��Y>T6_VKCORQ]SHTVM#WZKNQXO�Y>Q�� ó ��ThSHk�K@_Vf/MXlmMXO]nN[jK �z� ÿ � ÿ�� �Aù (sI − A− e−srB) ,
K{O|k�S

_almThSU[�� õ fVK�SH_V_/��O
��Y>TVTVK�kgk�Kc��T^ORQXYm_Vf°��ORK�chSHQ!k�S�ORQRSUTVMXWZY>QX[@S\O
��Y>TIK�MXO`_aY>TVTVb�K�chSHQ � � � �+ù � �>s2�+ù
� s � ��ù � s*���zL (

I − 1− e−sr

s
B

)
.

�z� ÿ � ÿ���� �JLK�O]O]KF[jb�O]qVYm_VKCceKNfaO G O]Q]Kub{ORKNTa_VfVKF_hSHTVM�kgS3MXf°��O]KFSUf 
 M#l5M#ORn�[�K�MjTVK�faORQXKNM|k[�gTVbNS}��Q]K�M
� �-ÿ���ÿ���� � K�TIM]facVceY>MRSUT^O õ fVK

x (t)
KNMXO�iNY>T�O
��TmfVK`[@S}��MLTVY>TFTVb�iNK�M]MRS}��Q]K�[�K�T^O!_/� ü bNQ]K�T^O���SHyVk�K ÿ

�+´utOSwvYPH�µ´O·9tc�+R��VS «

.
x (t) = Ax (t) +Bx (t− r) + C

.
x (t− r) , t ≥ 0, r > 0, �z� ÿ � ÿ�� ���K{O �z� ÿ � ÿ�� � � K�MXO�M]SUO
��MXW S}��ORK ÿ ò T<Q]K�[�SHQ õ fVK õ fVKo_hSHTaM~k�KNM�K 
 K�[�cakgK�M~cVQXbNiNb�_VKNT�ORM ù kgS�iNYHTV_°��O��gY>T

��T°��O��gSHk�K�_aYF��O G ORQ]K�_/� ü bNQ]K�T^O���SHyakgK
φ ∈ C1 ([−r,0] ,Rn)

� ��� � Y>fwSHfw[jYF��TVMP_°� ü b�Q]KNT�O
�gSHyVkgK ú
_VQXYF��O]K ��� � � ÿ JLKNceK�TV_hSHT�O-iNKPcVQXY>yVk�nN[jK�ORKNirqVT°� õ fVK`ceK�faO G ORQ]K�bT����O]bPM��

φ ∈ C ([−r,0] ,Rn)
K�O

M���k�S<Q]n ó kgKd_VK } K���yVT°��O 	 K�MXO!faO
��k���M]b�Kd_hSUTVM!k � Y>cebNQ]SUORK�fVQ-_VK�_°� ü bNQXKNTVi�K
D (t)xt,

���>� �
D (t)xt −D (t− r) xt−r =

∫ 0

−r

dθ [D (t+ θ) xt+θ] =

∫ 0

−r

d

dt
[D (t+ θ)xt+θ] dθ,�^� ÿ � ÿ��N� �SHk�Y>QXM-Y>TIS|kgKdTaY>f/�>KNSHfxMXlmMXO]nN[jK

d

dt
Dxt = (A+B) x (t)−BCx (t− r) +BCx (t− 2r) �z� ÿ � ÿ�� sF�

−B
∫ 0

−r

[Ax (t+ θ) +Bx (t+ θ − r)] dθ.



s �

JLK�k�S�iNY>TaMXO
��ORfVK�fVTVK3iNk�SUM]M]K3_VK3caQ]Y>yVk�nN[jKNM@cVk�fVM ó bNTVb�QRSHk�K3cVSHQ]i�K õ faK&k�S�M]Y>k�faO
��Y>T(ceK�faO
SÊ�>YF�gQ-_VKNM�_/�gM]i�Y>T�O
�gT^f°��O]bNM ù SHkgYHQ]M õ fVK�kgS|_°� ü b�Q]K�TViNK

[x (t)− Cx (t− r)]
KNMXO�_°� ü bNQXKNT�O
��SUyVkgK

���>� � ÿ � kgY>QXM ù kgK�MXlmMXO]nN[jK ùn� �-ÿ��-ÿ���� � M]K<O]QRSHTVM#WZY>Q][jK�KNT �^� ÿ � ÿ�� s}� K�O�SCk�S@[ G [jK<_5l5TVSH[V� õ fVK
SH_a_°��O��gY>TaTVKNk�k�K �z� ÿ � ÿ���� �Aù�õ fVKpceY>faQ�kgKdM#l5M#ORn�[�K ú Q]K�ORSHQ]_ � ��� � ÿpqeni.rspctvu\e � ÿ � ÿ�� ob, i��dY>T�S/ceYHM]b k�S�O]QRSHTaMXWZY>Q][�SUO��gYHT¡_hSHTVMIk � K�M]chSUiNK _VK�MIWZYHTVi�O��gY>TVM
i�Y>T^O��gT^fVKNM C � � � �+ù [�S}�gM�iNK{O]ORK�ORQRSUTVMXWZYHQ][�SUO
��Y>TIKNM#O�SUfVM]M��Õ�>b�Q�� ö bNK�_hSHTVM õ fVK�k õ fVK�MdK�M]chSHi�KNM
��T^ORb�Q]K�M]MRSUT^O]M`ceY>faQPk � b{ORfV_VK�_VK�k�SjMXORSHy°��k���ORb ��� � �ûõ fVSHTV_3kgKpcVQ]Y>yakgnN[jKp_VK�kgSµ�USHk�KNfVQå��T°��O��gSHk�K
K�MXO`y°�gK�T3ceY>MXb ù chSHQ�K 
 KN[jcVk�K�k � KNMXchSHi�K<_VK��mY>yeY>kgK�� W1

p

� �^� �+ù Y>f�k � KNMXchSHiNK�cVQXYm_Vf°��O Mp =

Rn×Lp
� � �2��ù Y ø Dxt K�MXO�SHyVMXY>kgfV[jK�T^O�i�Y>T�O
�gT^f�M]fVQ

[0,∞) � SÊ�>KNi-k � �gT�ORb ó QRSHk�KL_VSHTVM �z� ÿ � ÿ���� �_hSUTVM�kgKdM]K�TVM!_VK } K�yeKNM ó fVK � � �2�Ã� ÿ
�+´utOSwvYPH�µ´O·9tc�+R��VS�¢

� �gTVSHkgK�[jKNT�OoY>TFcVQXbNMXKNT�ORKpkgS�O]QRSHTVM#WZY>Q][�SUO��gYHTuSHcVceK�kgb�K � WZY>QX[�KP_VK�M]i�Q��gc5ORKNfaQ �V�Ã� _VKNMXiNQ��gc ÷
O]Y>Q�WZY>QX[ � K�T1SUT ó k�S*�gM � caQ]Y>ceY>MXbNKu_hSHTVM�kgS3QXb�WZb�Q]KNTaiNK � � � � ÿ } � �g_Vb�Ku_aKuiNK{O]ORKCORQ]SHTVMXWZYHQ][�S ÷
O��gY>T/M]KIyhSHM]KIM]fVQjk � q�lmceYHORqVn�M]K õ fVKxkgSwi�Y>TV_°��O
��Y>Tè�gT°��O
�gSUk�KCceY>fVQ �z� ÿ � ÿ I � φ SHcVchSUQXO
��KNT�O ú
C1 ([−r,0] ,Rn) ,

SHk�Y>Q]MoKNk�kgK`iNY>TaM��g_anNQ]K�kgK`MXl^ORnN[jK�TVKNfaO]Q]K
.
x (t)−

m∑

i=1

Ci
.
x (t− ri) =

m∑

i=0

Aix (t− ri) + u (t− r) , t ≥ t0,
�z� ÿ � ÿ�� � �

Y ø
r0 = 0, 0 < ri ≤ r, i = 1,...,m.

} KoMXlmMXORn�[jK �z� ÿ � ÿ�� � � S`k�SPcVQXY>cVQ��gb�O]bo_ ��G O]Q]K-b õ f/�[�USUkgKNT�O
SHfFMXlmMXO]nN[jK�S1�>KNi�_VKNM�Q]K�ORSHQ]_VM�_°��MXO]Q��gyafVbNK�M L
.
x (t) = y (t) , y (t)−

m∑

i=1

Ciy (t− ri) =
m∑

i=0

Aix (t)−
m∑

i=1

Ai

∫ t

t−ri

y (θ) dθ + u (t− r) , t ≥ t0,

�^� ÿ � ÿ�� I �Y ø kgS��\SHQ��gSHyVk�K
y (t)

KNM#O�SHcVceK�kgbdk�S2�USUQ���SUyVkgKPQRSHc°��_VK ÿ JLK�OXORKpSHcVcVQXYmi�qVK�K�MXOb�g[jceY>Q#OrSHT�ORKPi�SHQ
K�kgk�Kd_VYHTVTVK�_VK�yeY>TVM�Q]bNMXfVk�ORSUORM-MRSHTVM!SH_\£XY>Tai�O
��Y>TF_aKp_5l5TVSH[�� õ fVKpSH_a_°��O��gY>TaTVKNk�k�K � � � �+ù � � � � ÿ( SHQ�k�S`MXf°��O]K ù Y>Tv�USdfaO
��k���MXKNQ~i�KNQ#OrS}��TVKNM~ORQRSUTVMXWZY>QX[@S\O
��Y>TVM õ f°�hY>T�O�b�ORb-cVQ]b�M]KNT�ORb�KNM�cVQ]b�iNb ÷
_VK�[j[�K�T^OL_hSHTVMLk�K�_VY>[�S}�gTaK!WZQXb õ fVK�T^O��gKNk¤K{OLORKN[jceY>QXKNkeceY>fVQ�O]Q]Y>f/�HKNQL_VKNMLQ]bNMXfVk�ORSUORM�_VK`M#OrS ÷
y°��k���O]bP_Vb�ceKNTV_VSHT^O]M!Y>f.��TV_VbNceK�TV_hSHT�ORM�_VKdkgS�OrS*�gk�k�KP_afIQXK�OrSUQ]_FceY>faQ-_VKNM-MXlmMXORn�[�K�M!TVK�faORQXKNM ÿ
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ò Tj_aY>TVTVK õ fVK�k õ fVK�M�Q]b�M]fVk�OrSUO]M�Q]bNi�KNT�ORM�MXfVQ�kgSdMXORSHy°��k���ORbH��TV_Vb�ceKNTV_hSUT^ORK!_af�Q]K{OrSHQX_jceY>fVQ
k�KNM©MXlmMXO]nN[jKNM
TVK�faORQ]K�M ÿ 	 SHTVMªk�S-M]K�i�O��gY>TpcVQ]b�iNbN_aKNT�ORK ù faTVK�ORQ]SHTVMXWZYHQ][�SUO
��Y>Td_hSHTaMªkgK�_aY>[@S*�gTVK
_Vf�ORK�[�caM<S�b�O]b@W S}��ORKjM]fVQ�kgK�MXlmM#ORnN[jKCTVKNf5ORQ]K �^� ÿ � ÿ I ��÷��^� ÿ � ÿ�� � ceY>fVQ�YHyaORK�T°�gQ�k�K@M#lmMXORn�[�K
ú QXK�OrSUQ]_ �z� ÿ � ÿ � �Aù _VK�W SU«NY>T ú b�O]fV_°��KNQ�KNTVMXf°��O]K@MRSxMXORSHy°�gk[��ORb ÿ � S}�gT�ORKNTVSHT^O�YHT�caQ]Y>ceY>MXK@kgK
QXbNM]fak�OrS\O�M]f°���USHT^O L
�K¦UNK�µ´0¶Q·A¸%WYX��'X^]_X�º � ¼
½��/¾�¿^��À��
~O|�~�¾��1¾��³À�Á0~awC�¥oÅ�¥oÃ���ao º �Ñ¾��1Æ�Æ_½1¾1~UÇ��_~

0 < rj¾1½��_�q��~
¾2�:½�ÁVÍ��
~
¾2�
Ë
~�|¯¾2�³~�|¯¾vÇ���~�|�~2��{�Æ�Æ�½����
ri/rj

~
¾��H��{}�^¿Ì½��_�:~�|\¾�¿
m > 1

~��H�³½����³~
¾�|�~
¾
��{�¼�¿Ã�:~
¾K��~c|�Ï Ë�Ç��/{}�z¿Ì½��

det

[
I −

m∑

i=1

Ciρ
−ri

]
= 0,

�z� ÿ��/ÿ�� �
½��_�j�-��Á0½��}�-|�~ |ρ| ¿Ã�ÊÉÊË���¿Ì~��-�KÎ 1. r |�½��
¾ Ò ¾�¿�|�~Q¾��1¾��³À�Á0~2Î0�
~��Ì{}���xwC�¥oÅ�¥oÃ����~
¾��²{*¾��*ÁsÆ��C½��z¿ÃÄÇ��_~�Á0~��_�'¾��Â{�Í�|�~Kw³��~åÁV{}�_¿ÌÀ��
~QË�Ç���¿ÃÙ�{}|�~��_�³~Q~�ÐTÆ_½��:~��_�^¿Ì~�|Ã|�~�Á0~��_�Y¾��Â{�Í�|�~�¬®­��X¯ Ò Ù}½�¿Ã�b�
~�ÁV{}��Ç���~
�¥o���oÃ��� Ò |�~µ¾���¾��CÀ�Á0~l~��ÑÍ�½��_¼�|�~bÉÊ~���Á�Ë
~UwC�¥oÅ�¥o±°���Ä�wC�¥oÅ�¥o�²T�x~
¾��b¾��Ì{�Í�|�~0���_¿ ÉÊ½���Á0Ë�Á0~��_�Âo ç ¿h~��Æ�|Ô��¾ Ò |�Ï Ë�Ç��°{}�^¿Ì½��õ¼�{F��{�¼��CË���¿�¾��z¿^Ç��_~�{�¾
¾1½1¼�¿ÌË
~�ÎèwC�¥oÅ�¥oÃ���.�:Ï {�Æ/{�¾���~<³�Ë��
½1¾v¾��-��|�Ï {ÊÐ-~V¿ÃÁV{1ì}¿ÃÄ
��{}¿Ã�
~ Ò wC�¥oÅ�¥o±°���Ä�wC�¥oÅ�¥o�²��0~
¾���¾��Ì{�Í�|�~2{�¾���ÁsÆ��³½��^¿^Ç��_~�Á�~��°�Âo
´ Ë�Á0½��/¾��^��{}�z¿Ì½���o �-� �^� ÿ � ÿ � � KNMXOªSHM#l5[jcaO]YHO
� õ faKN[jKNT^O�M#OrSHyVk�K ù SHk�Y>Q]M ‖y (t; t0,φ)‖ ≤ β ‖φ‖C e−αt :

∥∥∥∥∥x (t)−
m∑

i=1

Cix (t− ri)

∥∥∥∥∥ ≤ β ‖φ‖C e−αt , α > 0 , β ≥ 1.

JLYH[�[jK �^� ÿ��°ÿ�� � KNM#O��HbNQ�� ö bNK ù k � Y>cebNQ]SUORK�fVQ|_VKI_°� ü b�Q]K�TViNKIKNM#O@faT°��WZY>QX[�b�[jKNT�O|MXORSHyVkgKFcVSHQ
Q]SHcVceY>Q#O ú C ([t0,∞) ,Rn)

� �>YF��Q � � � �Å� K�O<_VYHTVi �^� ÿ���ÿ�� � [jY>T�ORQ]K õ fVK
x (t)

KNMXO<fVT°��WZYHQ][jb ÷
[jKNT�OoMXOrSUyVkgK ÿ } � b ó SHk���ORb �^� ÿ��-ÿ�� � M�� ó T°� ö K õ fVK`kgKPM#lmMXORn�[�KdTaKNfaO]Q]K �z� ÿ � ÿ I ��÷��z� ÿ � ÿ�� � KNTuyeY>fViNk�K
WZK�Q][jbNK<KNM#O�fVT°��WZY>Q][jKN[jKNT�O`M#OrSHyakgK<Y>fwSHM#l5[jcaO]YHO
� õ fVKN[jKNT�OdMXORSHyVk�K ÿ �-��KNTwcakgfVM`k � b õ fVSUO
��Y>T
iNSHQRSUi�ORb�Q���MXO
� õ fVKdSHM]MXYmi���bNK úO�z� ÿ � ÿ � � T � S<chSHMo_VK 	 bNQXY>M-M]fVQok � S 
 Kh��[@S ó ��TVS}��QXK ù SUkgY>QXM �z� ÿ � ÿ I �^÷�^� ÿ � ÿ�� � KNMXO!MXORSHyVk�KpSHM#lm[�caO]YHO
� õ fVKN[jKNT�O ÿ
¤ 	�� faTVK|chSUQXOd_hSHTaMdkgK ô qabNY>QXnN[jK � ÿ��°ÿ�� ù Y>T&M]fVcaceY>M]K õ fVK�kgK�MXlmMXORn�[jK ú Q]K�ORSHQ]_ �z� ÿ � ÿ � �K�MXO-M#OrSHyVk�K ù SUkgY>QXM�Y>TCceKNfaOofaO
��k���MXKNQ � kgK!O]qVbNYHQ]nN[jKP_VfuceK{O
��O ó S*�gT � ceYHfVQÈ�>bNQ�� ö KNQLk�SpMXOrSUy°�gk[��ORb



s �
_VfxMXlmMXO]nN[jK ú Q]K�ORSHQ]_ � � s2�+ù � � � � ÿ 	�� SHf5ORQ]K�chSUQXO ù k�K�W S*��O!_ � faO��gk[�gMXKNQ�k�KpQXK�ORYHfVQ �^� ÿ � ÿ�� � MXfVQ�kgK
M#l5M#ORn�[�KpTVKNfaO]Q]K �z� ÿ � ÿ I � ceY>MXKpkgKdcVQ]Y>yakgnN[jKd_VKpM#OrSHy/�gk���O]b`Q]Y>yVfaMXORKpcVSHQ�QRSUcVceY>QXO!SHfIQ]K�ORSHQ]_aM
i�Y>[j[�K�TVM]fVQ]SHyVk�KNM

ri.
	 SUTVMofaTVK`SHcVcVQXYmi�qVKP_°� ü b�Q]K�T^ORK ù � �V� � ceYHM]KPkgK�[ G [jK!cVQ]Y>yakgnN[jK!ceY>fVQ

fVTaKji�k�SHMXM]K|cVk�fVM ó bNTVb�QRSHk�K|_aKjQXK�O]Y>fVQ�_ � b{OrSUO ÿ } K|cVQ]YHyVkgn�[�K<_VK|i�qaYF�gM��gQ`fVT Q]K{ORY>fVQ �z� ÿ � ÿ�� �ceY>faQ�kgK�M#lmMXORn�[�K �^� ÿ � ÿ I � KNM#OoSHcac¤K�kgb � WZY>Q#ORK�[�K�T^O�MXOrSUy°�gk[��MRSHyVk�K �c�Ã� MXORQXY>T ó k�l<MXORSHy°�gk[� 	 SUyVk�K � K�T
SHT ó k�S*�gM �Aù M��Vk�S`MXY>kgf5O
�gYHT<TmfVk�kgKL_VK �z� ÿ � ÿ � � KNM#O�K 
 ceY>TaKNT^O��gK�kgk�KN[jKNT^O~MXOrSUyVkgK õ fhSHTV_jk�KNM~Q]K�ORSHQ]_aM
ri

YHT^O�_aKNM�ceK�O���ORK�M��USHQ��gSUO
��Y>TaM ÿ � TVM]f°��ORK ù Y>T|_VYHTVTVK�faTVK�iNYHTV_°��O��gY>T<TVb�iNKNMXMRS}��Q]K�K�O�M]f � M]SHT^O]K
ceY>faQ�k�S<MXORSHy°��k���ORbPQ]Y>yVfaMXORK�_VK�k�S�ORQ]SHTVMXWZYHQ][�SUO
��Y>T �z� ÿ � ÿ � � ÿ�K¦UNK�µ´0¶Q·A¸¹WYX��'X[Z`��¦l§_¨^£Ú£�¤Iµc£¥ *ð�¡'ã\Þ=¶È¡�Þ�£�¨cZ_­�­�Z:®1Xsm ~hÆ��
½}Í�|�À�Á0~.wC�¥oÅ�¥o±°��U~
¾��
· ÉÊ½����C~�Á0~��_�H¾��Â{�Í�¿Ã|Ô¿�¾�{�Í�|�~ · Æ/{}�v|�{�¼
½�ÁvÁV{}����~OwC�¥oÅ�¥o�²T�0¾�¿å~��Ö¾1~���|�~�Á0~��_�H¾�¿ÕÆ_½��-�v�:Ï ¿ÃÁsÆ_½����³~
Ç��_~�|¯¾+�
~��Ì{}����¾

r1,r2,...rm,
½���{�×




Rang

[
s
(
I −

∑m
j=1C

−sri
i

)
−
∑m

i=0Aie
−sri

]
= n ∀ s ∈ C avec Re (s) ≥ −ε

Rang
[
I −∑m

j=1C
−sri
i

]
= n ∀ s ∈ C avec Re (s) ≥ −ε,

Æ_½����KÇ���~�| Ç���~
ε = ε (r1,r2,...rm) .� S}�gT�ORK�ThSHT�O ù _hSHTaM�k�KL_VY>[�S}�gTaK�WZQ]b õ faKNT^O��gK�k ù � �H� � faO
��k���M]K�k�S!ORQ]SHTVMXWZYHQ][�SUO
��Y>T�_VK �x� y°��fVM

�^� ÿ � ÿ�� � K�O
kgK�ceY>k�lmTV�>[jK�i�SHQ]SHi�O]bNQ��gMXO�� õ fVK �z� ÿ � ÿ sF� ceY>fVQª_VbN[jY>T�ORQ]K�QªkgK } K�[�[jK � ÿ��/ÿ � caQ]Y>ceY>MXb
chSUQ � � ��I �j� _hSHTaM � � ��I � iNK�kgK�[�[jK`T � KNM#O�chSHM�_Vb�[jY>T^O]Q]b ��L
¶n¸Q·?·A¸ WYX��'X[W ��vYâ^¨�¸�§/á�]�ª¬«h��¹K¦»¡!£¥¤è¦»¡6]�ª�ªe�¬®�X�º � ¼
½��/¾�¿^��À��
~.|�~µÆ_½�|Ô���»º�Á0~»Î
��~��*ÐÚÙ�{}��¿^{�Í�|�~
¾�wC�¥oÅ�¥o¼­��}o ç ¿s|�~
¾»¼
½����}¿Ã�^¿Ì½��/¾ p (s,0) 6= 0

Æ_½��-���:Ï ¿ÃÁsÆ_½����³~.Ç��_~�|
s
�C~�|qÇ��_~

Re (s) ≥ 0
~��
p (s,z) 6= 0

Æ_½������:Ï ¿ÃÁsÆ_½����³~0Ç��_~�|Ã|�~+Æ/{}¿Ã�
~
(s,z)

�³~�|Ã|�~�Ç��_~
Re (s) = 0

~��
|z| ≤ 1 ¾1½��_��¾�{}�z¿�¾©ÉT{}¿Ã�C~
¾ Ò {}|�½��
¾ p (s,z) 6= 0 Æ_½��-�å�:Ï ¿ÃÁsÆ_½����C~hÇ���~�| (s,z) �³~�|:Ç���~ Re (s) ≥ 0~�� |z| ≤ 1.JLKukgK�[�[jK�K�MXO|k � K 
 ORKNTaM��gYHT/SHf6i�SHM<TVK�faORQ]KC_VKukgS�cVQXY>ceY>M���O
��Y>T � � _hSHTVM � � s2� faO
��k���MXbNK
ceY>faQ�kgK�M�M#l5M#ORn�[�K�M�Q]K{OrSHQX_VbNM � � � � ÿ	 SHTVM � �>� �+ùgõ fVKNk õ faKNM|Q]b�M]fVk�OrSUO]M�MXfVQ�k�S�M#OrSHy°��k���O]b0��TV_Vb�c¤K�TV_hSUT^ORKu_Vf/QXK�OrSUQ]_ ù W SHiT�gk�KNM ú
�>b�Q�� ö KNQ ù M]Y>T�O!b ó SUkgKN[jK�T^O�cVQXY>ceY>MXbNM ù K�O!chSHQX[��»KNf 
 k�K`ORqVb�Y>Q]n�[�KdM]f°���USHT^O L
�K¦UNK�µ´0¶Q·A¸?WYX½�'X��d��¦U¡Ú£�¤+¦»¡õ]�ª�ª¾�¬®�Xjm ~Ö¾���¾��CÀ�Á0~KwC�¥oÅ�¥oÃ�F�T�2~
¾���{�¾��*Áv�C½��^¿^Ç���~�Á0~��_�
¾��Ì{�Í�|�~h¾�¿�|�~
¾K��~��}Ðl¼
½����}¿Ã�z¿Ì½��/¾s¾���¿ÃÙ�{}�_�³~
¾h¾1½��_��¾�{}�^¿�¾©ÉT{}¿Ã�³~
¾

µ (A) + ‖B‖+ ‖CA‖+ ‖CB‖
1− ‖C‖ < 0 ; ‖C‖ < 1.



s �

¿ ¼�¿
µ (A) = limε→0

1
ε
(‖I + εA‖ − 1) ~
¾��\|�{+Á0~
¾����
~b��~H|�{+ÁV{}�^��¿Ì¼
~ A ~�� ‖·‖ ~
¾��'|�{c�:½���Á0~��~
¾cÁV{}�^��¿Ì¼
~
¾�o

	 SHTVMFfaTVK SHcacVQ]YmirqVK&ORK�[jceY>Q]K�kgkgK�YHf�_VK&OzlmceK } l�SHcVfVTaY�� ÷³B QRSUM]Y1�5M D �[� � I � ��ù YHT§S6kgK
QXbNM]fak�OrS\O�_VKpM#OrSHy/�gk���O]bh��TV_VbNceK�TV_hSHT�O�_afxQXK�ORSHQ]_ L
�K¦UNK�µ´0¶Q·A¸AWYX½��X��a�]¶Èâ©£�Þa£�¤Q§_¨ XZ¹:Z_­�­�­:®�Xnm ~Ö¾��1¾��³À�Á0~+wC�¥oÅ�¥o±°��+{}Ù}~
¼

u = 0
~
¾��\¾��Ì{�Í�|�~

{�¾���ÁsÆ��³½��^¿^Ç��_~�Á�~��°�j¾�¿ ∑m
i=1 ‖Ci‖ < 1

~��j¾_Ï ¿Ã|�~�ÐF¿�¾��C~���~
¾KÁV{}�^��¿Ì¼
~
¾
Ri > 0, i = 1,2,...m,�C~�|Ã|�~
¾2Ç��_~




A0 + A>0 +
∑m

i=1Ri A1 − A>0 C1 · · · Am − A>0 Cm

A>1 − C>1 A0 −C>1 A1 − A>1 C1 −R1 · · · −C>1 Am
A>2 − C>2 A0 −A>2 C1 · · · −C>2 Amooo ooo o o o ooo
A>m − C>mA0 −A>mC1 · · · −C>mAm − A>mCm −Rm




< 0.

� �gTVSHkgK�[jKNT�O ù _hSHTVMLkgSpM]K�i�O
��Y>TCMXf°�[�\SHT^O]K ù YHTCcVQXbNMXKNT^O]K õ faKNk õ fVK�MoQ]bNMXfVk�ORSUORM�M]faQLk�SpMXORSHy°� ÷
k[��ORbP_VbNceK�TV_hSHT�ORKp_VfxQXK�ORSHQ]_ ÿ
���RÀ 4����657��89�:��;  #;§¦?< �@ ��¹���?<  #< 8�� ���6��898Ú<

 #" ��< ���6�� 

± faKNk õ faKNM�Q]b�M]fVk�OrSUO]M-Q]bNi�KNT�ORM!MXfVQ�kgS<MXORSHy°�gk[��ORbP_Vb�ceKNTV_VSHT^O]Kp_VK�kgS�OrS*�gk�k�KP_VfFQ]K{OrSHQ]_FMXY>T^O
cVQXbNMXKNT^O]bNM�iT� ÷ SUcVQ]n�M ÿ	 SHTVMPfaTVK<SHcVcaQ]YmirqVK�ORK�[jceY>Q]K�kgkgK�YHf�_VK } l�SHcafVTVY�� ÷CB QRSHM]Y1�mM D ��� ù � I � � faO
��k���MXKpkgS|ORQ]SHTVM ÷
WZY>QX[@S\O
��YHT �z� ÿ � ÿ � � ceY>fVQ-k�K`MXlmM#ORnN[jK�TVK�faORQXK �z� ÿ � ÿ I � S1�>K�i

u = 0
K�O�Y>y5O
�gK�T^OokgK`Q]b�M]fVk�OrS\O�_aK

M#OrSHy°��k���O]b`_Vb�ceKNTV_hSUT^O�_VK�k�S�OrS}��kgk�K`_VfIQ]K{OrSUQ]_IM]f/�[�USUT^O L
�K¦UNK�µ´0¶Q·A¸ W\X��YX^]÷�]¶jâ^£�Þ £�¤õ§_¨ XZ¹µZ_­�­�­:®�XKm ~U¾��1¾��³À�Á0~ wC�¥oÅ�¥o±°�� {}Ù}~
¼

u = 0
~
¾��

¾��Ì{�Í�|�~b{�¾���ÁsÆ��³½��^¿^Ç���~�Á0~��_�:¾�¿ ∑m
i=1 (‖Ci‖+ ri ‖Ai‖) < 1

~��Y¾�¿�Æ_½��-�q��~
¾ÖÁV{}�^��¿Ì¼
~
¾
Q > 0,

Ri > 0, i = 1,2,...m,
¿Ã|Õ~�ÐF¿�¾��³~c���:~Q¾1½�|Ô���z¿Ì½��

P > 0
Î�|�Ï Ë�Ç��°{}�^¿Ì½�����~ p ¿Ì¼
¼�{}�^¿Õ¾��-¿ÃÙ�{}�_�C~�×

A
>
P + PA+

m∑

i=1

[
(ri +mi)Ri + riA

>
PAiR

−1
i A

>

i PA+ A
>
PCiR

−1
i C>i PA

]
= −Q,

½\Á
A = A0 +

∑m
i=1Ai

Ò mi = 0
¾�¿
Ci = 0, mi = 1

¾�¿
Ci 6= 0,i = 1,2,...m.
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� S}�gT�ORK�ThSHT�O�Y>TxcVQ]b�M]KNT�ORK�fVT�caQ]Y>yVk�nN[jK�_VK�MXORSHy°��k���ORbdQXY>yVfVM#ORK�_VKNceK�TV_hSHT�O`_VKpk�S�OrS*�gkgk�K
_VfÂQ]K{OrSHQ]_ ÿ � � �2� iNYHTVM���_VnNQXKIk � b õ fhSUO��gY>T � �-ÿ���ÿ�� �F� _hSHTVMjfaTVKxSHcVcVQXYmi�qaKFWZQ]b õ fVK�T^O��gKNk�kgKFSÊ�>KNi
r1 = r2,

Y ø kgK�Mq�gTaiNKNQ#O
��ORfV_VK�M

∆J := EδJFJ ,J ∈ {A,B,C}
�z� ÿ s ÿ�� �

K{O
δA ∈ Rm×pA , δB ∈ Rm×pB , δC ∈ Rm×pC

_VbNTaYHORK�T^Oxk�KNMuceKNQXO]fVQ]yVSUO
��Y>TVMu_hSHTVMFkgK�M
[�SUORQ��gi�KNMPK�O

E ∈ Rn×m, FA ∈ RpA×m, FB ∈ RpB×m, FC ∈ RpC×m
MXY>T�O�_VKNMd[�SUORQ��gi�KNM

_VK�[V�gMXK ú k � bNirqVKNk�kgK ÿMONQPHRTSURT�KR1�VS@WYXg�YX^]_X �5YF��O
δ := [δA, δB, δC ] .

} K�QRS�lHY>TC_aKPMXORSHy°��k���ORb�_VK � �-ÿ��-ÿ�� ��� SÊ�>KNi
k�KNMÖ�gTVi�KNQXO���O]fV_VKNM �z� ÿ s ÿ�� � K�MXO

rR (A,B,C;E,FA,FB,FC) := inf
{
σ (δ) : δ ∈ Rn×(pA+pB+pC) et (2.2.13) est instable.

}

, iT�
σi (M) , i = 1,2,...,min {n, (pA + pB + pC)}

_Vb�TVYHORK@k�KNM+�USUkgKNfaQ]M�cVQ]Y>caQ]KNM�_VK
M ∈

Cn×(pA+pB+pC),
YHQ]_VY>TaTVbNK�M!_VK�[@SHT/�gnNQXKdTaY>Tl�gTVi�Q]b�[�K�T^ORSHkgK`K�O

σ1 (M) := σ (M) .

�K¦UNK�µ´0¶Q·A¸�WYX��YX�Z9��¦U¡9£�¤KMO§�ß'âzÞ�à�Ü�ÞèZ_­�­�­:®�X ç ¿\|�~q¾��1¾��³À�Á0~å�¬½*Áv¿Ã��{}|���~KwÂ��o���oÃ�F�T�~
¾���¾��Ì{�Í�|�~ Ò {}|�½��
¾c|�~c��{}��½��a��~h¾��Ì{�Í�¿Ã|Ô¿Ã�³ËK��~�wÂ��o���oÃ�F�T�0~
¾��²��½��_�:ËHÆ/{}�

rR =

{
sup
s∈Cg

inf
γ∈(0,1]

σ2

([
ReQ −γImQ
γ−1ImQ ReQ

])}−1
,

½\Á

Q (s) :=




FA

FB

FC


 (sI − A−Ber1s − Cer1s)−1E ∈ Cn×(pA+pB+pC).

} S�cVQXKNf/�>Kp_VK�iNKdORqVb�Y>Q]n�[jK�faO
��k���MXKdk�KdQ]b�M]fVk�OrSUO�_VK � � � � ÿ	�� faTVK�chSUQXO ù�ú k�S6_°� ü b�Q]K�TViNK _VK�MxSHfaORQXKNMIQXbNM]fak�OrS\ORMFQRSUcVceKNk�bNMI_VSHTVMIi�K i�qVSHc°��O]Q]K ù kgK
ô qVb�Y>QXnN[jK � ÿ s ÿ�� b�ORfa_°�gK�k�S�MXOrSUy°�gk[��O]bdQXY>yVfVM#ORKp_VbNceK�TV_hSHT�ORK�_aKpk�S�ORS}��kgk�Kd_VfxQ]K{OrSHQX_ � [ G [jK
MXf\£XK�Ojb�O]fV_°�gbu_hSHTVM|kgKCQ]KNM#ORKI_VKFi�KIQ]SHcVceY>Q#O � ÿ 	�� SHf5ORQ]KFchSHQ#O ù Y>TÂQXKN[�SHQ õ fVK õ fVKF_hSHTVM|kgK
ô qVb�Y>QXnN[jK � ÿ s ÿ�� ù k�KpM#lmMXORn�[�K�TVY>[V�gTVSHk � ��ÿ��-ÿ�� �F� KNMXO�M]fVcVceY>MXb�MXORSHyVk�K ) i�K�OXORK�iNYHTV_°��O
�gYHTIKNM#O
faO��gk[��M]b�K|WZQ]b õ faKN[j[�K�T^O�K�T�cVQ]SUO
� õ faK�chSHQpkgKNM�SHfaO]KNfVQXM ÿ 	 SUTVM�kgK@JLqVSHc°��O]Q]K � ù Y>T�MXfVcVceY>MXK
SHfaM]M���iNK{O]ORK�iNY>Ta_°��O��gY>T � s � � ÿ
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	 SHTVM�iNK�irqhSUc°��O]Q]K ù Y>TxS�caQ]bNMXKNT�ORbpkgK�M-_Vb ö T/��O
��Y>TVMoK�O-ORqVb�Y>Q]n�[�K�M�_VK�yhSUM]K�ceY>fVQ-kgS�M#OrS ÷
y°��k���O]b!_VKPMXlmM#ORnN[jKNMoTVKNfaO]Q]K�M ù kgK�MLKNMXchSHi�KNM õ f°�¤Y>T^OLb�ORbPfaO��gk���M]bNM�M]Y>T�Ook � KNM]cVSHiNKP_VKNMLWZYHTVi�O��gY>TVM
i�Y>T^O��gT^fVKNM
K�O�k � K�M]chSUiNK�_VK-�mY>yeY>kgK�� ÿ ò T<S�caQ]bNMXKNT�ORb-SUfVM]M��mORQXYF�gM�ORQRSUTVMXWZY>QX[@S\O
��Y>TVM©_VK�[jYm_VnNk�K
_hSUTVMokgKP_aY>[@S*�gTVK!WZQXb õ fVK�T^O
��KNk � O]QRSHTaMXWZY>QX[@SUO���Y>TVM � ù � ù K�O ��� K�Ooi��gT õ _VSHTVMokgKP_aY>[@S*�gTVK!O]KN[ ÷
ceY>QXKNk � O]QRSHTaMXWZY>QX[@SUO���Y>T � ù�s�ù ÿ[ÿ�ÿ ù � ��) chSHQX[��©i�KNM�ORQRSUTVMXWZY>QX[@S\O
��Y>TVM ù _aKNf 
 Y>T�OPb�O]b�cVQXY>ceY>M]b�KNM L
k�KNM-O]QRSHTaMXWZY>QX[@SUO���Y>TVM � K{O I ÿ ò TxS�cVQ]YHceY>M]bpSHfVM]M��©fVTFORqabNY>QXnN[jK�_VK�MXOrSUy°�gk[��ORb`K{O!fVTVK�SUThS ÷
k�l5MXK�_VK�M#OrSHy°��k���O]b�Q]YHyVfVMXO]KPcVSHQ�QRSHcVceYHQXOLSHf 
 Q]K{OrSHQX_VM�ceY>fVQ�kgK!M#l5M#ORn�[�K�O]QRSHTVM#WZY>Q][jb �^� ÿ � ÿ � � ÿ� ��ThSHk�KN[jK�T^O ù fVTFORYHfVQ ó f°�g_Vb�S�b�O]bpcVQXbNMXKNT^O]b�MXfVQ�k�S�M#OrSHy/�gk���O]b`_VK�M!MXlmMXO]nN[jKNM!TVKNfaO]Q]K�M ÿ
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	 SHTVMLiNKPirqhSHc°��ORQXK ù Y>T@b�O]fV_°�gK�k�SpM#OrSHy°��k���O]b!QXY>yVfVM#ORKP_VbNceK�TV_hSHT�ORK`_VKPkgSpORS}�gk�k�K!_VfCQXK�ORSHQ]_
_VK�MjMXlmMXO]nN[jKNM�TVK�faORQXKNMjk��gTab�S}��QXKNM�S1�>K�il�gTVi�KNQXO���O]fV_VKNM|MXfVQjk�KNM|cVSHQRSH[jn�O]Q]K�M|K�OjkgK�M|Q]K{OrSHQX_VM ÿ} K�MdMXlmM#ORnN[jKNMdiNY>TaM��g_abNQ]b�MdM]Y>T�Od_VbNi�Q���ORM`chSHQP_VK�Mdb õ fhSUO��gY>TaM`_°� ü bNQXKNT�O
�gK�kgk�K�M�WZYHTVi�O��gY>TVTaKNk�kgK�M
SÊ�>KNiF_aKNMµ�gTaiNKNQ#O
��ORfV_VK�M�TVY>T/k[�gTVbNS}��Q]K�M<K{Ov�USHQ���SHT�ORKNM<_hSHTVM�kgK@O]KN[jcVM ù MXfVQ|k�KNM<chSHQRSU[�n{ORQ]K�M
_VK�M�iNYmK � i��gK�T^O]M|_ � b{OrSUO ú k � ��TVMXORSHT^O�cVQXbNMXKNT^O|K�O�_ � b�ORSUO ú k � ��TVMXORSHT^O�Q]K{OrSHQX_Vb ù K{O|S1�>KNiu_aKNM
��TViNK�QXO
��ORfV_aKNMj�USHQ���SHT�ORK�M�_hSHTVMLk�K!O]KN[jcVM�K�O õ fVSHM���k���TVb�S}��QXKNM � � ÿ K ÿ k���TVb�S*�gQXKNM�M]KNfakgKN[jK�T^OLM]fVQLfaT
_VK�M�O]KNQX[�K�M � ceY>fVQpk � Y>cebNQ]SUORK�fVQp_VKj_°� ü bNQXKNTVi�K@SHcVcVk[� õ fVb ú k � b�OrS\O ÿ } � SUThSHk�lmMXK�_VKjMXOrSUy°�gk[��ORb
K�MXO!K ü KNi�O]fVbNK ó QRÇHi�K ú fVTVKpSHcVcVQXY5irqVK�_VKdO®lmceKdWZY>TVi�O��gY>TaTVKNk�kgK�M-_aK } l�SUcVfVTVY1� ÷CB QRSHMXY��mM D ��� ÿ} Sji�Y>T^O]Q��gyafaO
��Y>TIcVQ���TVi���chSHk�K�_VK�i�K�O]QRSÊ�US}�gk ù ORqVb�Y>Q]n�[jK �°ÿ��°ÿ�� ù Q]K�ceY>M]K�MXfVQ�kgK�M�QXbNM]fak�OrS\ORM
_VKCMXORSHy°��k���ORb�QXY>yVfVM#ORKu_abNceKNTa_hSHT^O]KF_VKCk�SxORS}�gk�k�K�_af/Q]K{OrSHQX_6Y>yaORK�TmfaM|_VSHTVM ���F� ��ù ��� I �+ùgõ f/�
ó b�TVb�QRSHk[�gM]K�T^O!_VKNM!O]QRSÊ�USHf 
 SHT�ORb�Q��gK�fVQ]M ��� � ��ù ���>� � S1�>K�i�_VKNMå��TViNK�QXO
��ORfV_aKNMq�USUQ���SUT^ORK�M!_hSHTaM�kgK
O]KN[jcVM�K{O õ fhSHM���k���TVb�S*��Q]KNM�_hSUTVM�k � Y>cebNQ]SUORK�fVQ!_VK�_°� ü b�Q]K�TViNK ù K{O`SÊ�>KNi�k � Y>yaORK�T^O��gY>TI_VK�i�Y>TV_°� ÷
O��gY>TVMo_VK�MXOrSUy°�gk[��ORbPQ]Y>yVfaMXORK ù W SUi���kgKNM ú �>bNQ�� ö K�Q ùPõ f°��M � K 
 cVQ��g[jKNT�O!KNTFORK�Q][jKNM�_VK�k � K 
 �gMXO]KNTVi�K
_VK�MXY>kgfaO��gY>TaM-ceYHM���O��[�>K�M�_ � fVTVKc�gTVb ó SHk[��ORb`k[�gTVbNS}��Q]KP[@S\ORQ���i���K�k�k�KPY>f }�� , ÿ
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� TVK ó QRSHTV_aKH�USUQ��gb{ORbo_VK-M#lmMXORn�[�K�M�c¤K�f/�>K�T^O G O]Q]K-[jYm_VbNk[�gMXbNM�chSHQ~kgS`i�k�SUM]M]K-_aKNM�MXlmMXO]nN[jKNM
TVK�faORQXKNMPk��gTab�S}��QXKNM ù i�SUQRSHi{ORb�Q��gMXbNK�cVSHQ�k�S|cVQ]b�M]KNTaiNK�_aK�_VK�f 
 Q]K{OrSHQX_VM

r1
K�O
r2,

k � fVT�_VSHTVMPkgS
_Vb�Q����>bNK`_VK`k � Y>ceb�QRSUO]KNfVQL_aK`_°� ü bNQXKNTVi�KdSHcVcVk[� õ fVb ú k � b{OrSUO

Dxt := [x (t)− Cx (t− r1)] ,
K{O

k � SUfaORQ]K`_hSHTVM
x (t− r2) ,

d

dt
[x (t)− Cx (t− r1)] = Ax (t) +Bx (t− r2) , t ≥ 0, r1 > 0, r2 > 0.

JLK�ceKNTV_VSHT^Op_hSHTaMdk�S@cVQRS\O
� õ fVK ù kgK�MdcVSHQRSH[jn�O]Q]K�Md_afw[�Ym_Vn�kgK�TVK�MXY>T^OdchSHMdy°��KNT&iNYHTVTmfVM ù ��k
K�MXOL_VY>TVi�TabNiNK�M]MRS*�gQ]K�_VK�iNY>TaM��g_abNQ]K�Q�k�S�MXORSHy°�gk[��ORb-Q]Y>yafVMXORK�chSUQ�Q]SHcVceY>Q#OLSHf 
 cVSHQRSH[jn{ORQ]K�M�_af
M#l5M#ORn�[�K L
d

dt
[x (t)− Cx (t− r1)−∆C ] = Ax (t)+Bx (t− r2)+∆A+∆B,t ≥ 0 , r1 > 0 , r2 > 0.

± fVK�k õ fVK�M�i�Y>TV_°��O
��Y>TVM�MXf � MRSHT�ORKNM�_VKIM#OrSHy/�gk���O]bCQ]Y>yafVMXORKFY>T^Ojb{ORbIYHyaORK�TmfVK�M�chSHQ�iNKNQ#OrS}��TVM
SHf5ORKNfaQ]M ù [@S}��M�SÊ�>KNipMXKNfVk�KN[jKNT�O�fVTIchSHQ]SH[jn�ORQXK�_VK�Q]K{OrSHQX_xK{O�_aKNM!q^lmceYHO]qVnNMXKNMPQXKNMXO]Q���i�O
���>KNM
_hSUTVM�k�S<chSHQXO��gK

[x (t)− Cx (t− r1)−∆C ]
��� � �+ù K{O!_hSHTVM�fVTIiNSHM!cakgfVM ó bNTabNQRSUk ���>� �+ù [�S}�gM

SÊ�>KNip_aKNM!i�Y>TV_°��O
��Y>TVM-_aKpM#OrSHy/�gk���O]b`Q]YHyVfVMXO]KpTaY>TIk���TVb�S*�gQXKNMo_°� � iT�gk�KNM ú �>b�Q�� ö KNQ ÿ} � Y>ym£XKNi{O
��W�_aK|i�K|irqhSHc°��ORQXK�KNM#Opk � b{ORfV_VK<_VK|k � SUThSHk�l5MXK<_VK�MXOrSUy°�gk[��ORb�_Vb�ceKNTV_VSHT^O]Kj_VfwQ]K ÷
ORSHQ]_I_VK�M�MXlmM#ORnN[jKNM�k���TVb�S*�gQXKNM-TVK�faORQXKNMPSÊ�>KNip_VKNMb�gTVi�KNQ#O
��O]fV_VK�M ÿ } K�M�QXK�ORSHQ]_VM!MXY>T^O!M]fVcVceYHM]bNM
��TViNYHTVTmfVM�K{OPi�Y>TVMXORSHT^O]M ù kgKNMb��TViNK�QXO
��ORfV_aKNM!M]Y>T�Oå�USHQ���SHT�ORK�M�_hSUTVM�kgK�O]KN[jcVM ÿ , i��ªYHT�bT����ORK�_aK
W S}��Q]Kuk � q^lmceYHO]qVnNMXK�MXfVQjk�Sw_/� ü bNQ]K�T^O���SHy/�gk[�½ORbu_aK

x
� KNT ó b�TVbNQ]SHk ù Y>T1MXfVcVceY>MXK õ fVKxiNK�kgf°� ÷ iT�

T � KNM#OochSHM�_°� ü bNQXKNT�O
��SUyVkgK ��) Y>T�O]QRSHTaMXWZY>QX[�K!fVT@MXlmMXO]nN[jKdSÊ�>KNiP_VK�MLQ]K�ORSHQ]_aMLceY>TVi{ORfVK�kgM�KNTCfaT
M#l5M#ORn�[�K`S1�>K�iP_VK�MLQ]K�ORSHQ]_aML_°��MXO]Q��gyafVbNM�KNTCf5O
�gk[��MRSUT^O�kgSpQ]b ó kgK!_VK } K���yVT°��O 	 _hSUTVMLk � Y>ceb�QRSUO]KNfVQ
_VK�_°� ü bNQXKNTVi�K

D (t)xt := [x (t)− Cx (t− r1)−∆C ] ÿ ò T�Y>yaO��gKNT�OP_aKNM`i�Y>TV_/��O
��Y>TVM!MXf �L÷
M]SHT^O]KNMo_VbNceK�TV_hSHT�ORKNM-_VK`kgSpOrS}��kgk�K�_afuQ]K{OrSHQX_ ù M]Y>faM-k�KNM õ faKNkgk�KNMLkgS�MXOrSHy/�gk[��ORb!KNM#O ó SHQRSUT^O
��Kb����S
fVTaKdSUcVcVQ]YmirqVKP_VK�Ozl5ceK�WZY>TVi{O
�gYHTVTVKNk�kgK�M�_VK } l�SHcVfVTaY�� ÷³B QRSUM]Y��mM D �[� ÿ } KNMLMXlmMXO]nN[jKNMoiNY>TVM��g_Vb ÷
QXbNMoMXY>T^Oo_VbNi�Q���ORMLchSHQL_VK�M-b õ fhSUO
��Y>TVML_°� ü b�Q]KNT�O
��KNkgk�K�M�WZY>TVi{O
��Y>TVTVK�kgk�KNM ù SÊ�>KNi`_VKNMH��TViNK�QXO
��ORfV_aKNM
_hSUTVM-k � b�ORSUO ù k � b{OrSUOoQ]K{OrSHQX_VbdK�O-k � Y>cebNQ]SUORK�fVQo_VKd_°� ü bNQ]K�TViNK ÿ } KNM-Q]bNMXfVk�ORSUORMo_VKdM#OrSHy°��k���O]bPMXY>T^O
�>b�Q�� ö bNM!K�TFORKNQX[�K�M�_ � faTVK }�� , ÿ
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	 SHTVM�iNK�OXORK�MXKNi�O��gYHT=YHTGiNY>TaM��g_anNQ]K�k�SÂiNkgSHM]MXK�MXf°�[�USUT^O]K�O]Q]n�M ó b�TVbNQ]SHkgK�_VK�MXlmMXO]nN[jKNM
TVK�faORQXKNM � ��ÿ��-ÿ�� �^÷�� ��ÿ��-ÿ�� �qù SÊ�>KNi

F (t,xt) = Ax (t)+Bx (t− r2)+∆A (t,xt (0))+∆B (t,xt (−r2))K{O`YHT3MXfVcVceY>MXK õ fVK
G (t,xt) = Cx (t− r1) + ∆C (t,xt (r1))

K�MXO`TVY>T ÷ SUO]Y>[�� õ fVK�KNT 	 bNQ]Y ù
� �>YF�gQ`�5K�i�O��gY>T �-ÿ�� ùg� �-ÿ��-ÿ�� ����� ÿ , iT��kgK�MPQ]K{OrSHQX_VM

r1
K�O
r2

MXY>T^O`M]fVcVceYHM]bNMdiNYHTVMXORSHT^O]MdTaY>T&Tab ÷
ó S\O
��WZM-K{Ob�gTVi�Y>TVT^fVM ù

d
dt
[D (t)xt] = Ax (t) +Bx (t− r2) + f (t,xt) ,t ≥ σ

D (t)ϕ := [ϕ (0)− Cϕ (−r1)−∆C (t,ϕ (−r1))] ,
f (t,ϕ) := ∆A (t,ϕ (0)) + ∆B (t,ϕ (−r2)) ,

� �°ÿ��-ÿ�� �

SÊ�>KNipkgS�i�Y>TV_°��O
��Y>TO�gT°��O
�gSUk�K�WZY>TVi{O
�gYHTVTVKNk�kgK

xσ ≡ φ, {φ,ϕ} ∈ C, � �°ÿ��-ÿ�� �
Y ø

xt = {x (t+ θ) : θ ∈ [−r,0] , r := max {r1,r2}} ÿ A ù B ù K�O
C

M]Y>T�Ox_aKNMI[@SUO]Q���iNK�M
i�Y>TVMXORSHT�ORKNMpiNY>TVT^fVKNM ù kgK�MpSHcVcak��giNSUO
��YHTVM`TVY>T k��gTab�S}��QXKNM

∆A,∆B : R × Ων → Rn ù K�Opk � SHc ÷
cVk[�giNSUO
��YHT�k[�gTVbNS}��Q]Kp_hSHTaM`kgK�_aKNf 
 �gn�[jK�SHQ ó fV[�K�T^O

∆C : R × Ων → Rn
ORQRSUTVMXWZY>QX[�K�T^O`_aKNM

K�TVM]K�[<yVkgK�M�WZK�Q][jbNM�K{O!yeY>Q]TVb�M!KNTI_VK�M!KNTVMXKN[<yVk�KNM-WZKNQ][jbNM-K�O!yeY>QXTVbNM ÿ , kgM-M]YHT^O!_Vb�iNQ���ORM�cVSHQ

∆A (t,ϕ (0)) := EAδA (t,ϕ (0)) ,

δ>A (t,ϕ (0)) δA (t,ϕ (0)) ≤ ϕ> (0)W>
AWAϕ (0) ,

∆B (t,ϕ (−r2)) := EBδB (t,ϕ (−r2)) ,
δ>B (t,ϕ (−r2)) δB (t,ϕ (−r2)) ≤ ϕ> (−r2)W>

BWBϕ (−r2) ,

∆C (t,ϕ (−r1)) := ECδC (t)ϕ (−r1) , EC = In×n

WC + δC (t) ≥ 0,WC − δC (t) ≥ 0,
∀ (t,ϕ) ∈ R+ × Ων ,

� �°ÿ��-ÿ ���

Y ø
EA,EB

M]YHT^Od_VK�Md[�SUORQ��gi�KNM�iNY>TVT^fVK�M ù
WA, WB

K{O
WC

M]Y>T�Od_VKNM`[@S\ORQ���iNK�MP_VK<ceY>Ta_Vb ÷
Q]SUO
��Y>TuiNY>TaTmfVK�M ù K�O

δA,δB ∈ Rn×n
M]Y>T�O!_VKNM�SUcVcVk[�gi�S\O
��Y>TaMoiNY>T�O
��TmfVK�M õ f°��MRS\O
�gM#WZY>T^O

δA (t,0) ≡ 0,δB (t,0) ≡ 0,
� �°ÿ��-ÿ�� �



�H�

_VK�M]YHQXORK õ fVK
x = 0

KNM#O�fVTVK�M]Y>k�faO
��Y>Tu_VfxM#l5M#ORn�[�KpTVK�faORQ]K � �°ÿ��-ÿ�� ��÷�� �°ÿ��-ÿ�� � ÿ ò TxQXKN[�SHQ õ fVK
õ fVK3k � �gTVi�KNQXO���O]fV_VK

∆C

K�MXOuTVY>T¡M#ORQ]fai�ORfaQ]bNK�� ÿ K ÿ EC = In×n ÿ �5YHfVMCiNK�MFq�lmceYHORqVn�M]K�M ù kgK
cVQXY>yVk�nN[jKC_VKukgS»�\SHkgK�fVQ��gT°��O
�gSUk�K�KNMXO|y°��KNT6c¤YHM]buK�O|Y>Td�USwSHTVSHk�lmM]K�Q�kgS3M#OrSHy°��k���O]b@Q]YHyVfVMXO]K
_Vb�ceKNTV_VSHT^O]K�_VK!kgS`OrS*�gk�k�Ko_VfjQ]K�ORSHQ]_

r2
K�Oj�gTV_abNceKNTa_hSHT^O]K!_VK

r1
) k�KNM�QXbNM]fak�OrS\ORM�ceKNf/�>K�T^O G ORQ]K

�>b�Q�� ö bNM!K�TIfaO
��k���MRSUT^O-_aKNM!k�Y ó ��i���K�k�MoMXORSHTV_hSUQ]_I_VK�Q]bNMXY>kgf5O
�gYHTF_aK }�� , ÿpqeni.rspctvu\e �°ÿ���ÿ�� ogò T@TVYUORK õ faK
r1 > 0

�g[jcVk[� õ fVK õ fVK
Cϕ (−r1)+∆C (t,ϕ (−r1))

TVK
_Vb�ceKNTV_�chSUM�_VK

ϕ (0)
ù k�SFiNY>Ta_°��O��gY>T � �°ÿ���ÿ �F� ceKNQX[�K{O�_VK�M]SUO
��MXW S}��Q]K � �-ÿ��-ÿ I ��÷�� �-ÿ��-ÿ�� �Aù SHkgYHQ]M

Cx(t− r1) + ∆C(t,ϕ (−r1))
KNM#O�TVYHTxSUORY>[V� õ faKdK�T 	 bNQ]Yj_hSUTVM H � � I � ÿ	 SHTVM!i�K�O]O]KpM]K�i�O
��Y>T ù Y>TIi�Y>TVM���_Vn�Q]Kpk�K�cVQXY>yVk�nN[jKd_VKpM#OrSHy°��k���O]b`M]f°���USHT�O ù i�SUM!chSHQ#O
��iNfVk[��KNQ

_VfIcVQXY>yVk�nN[jK � ÿ�� L
í+ �Ü�îÕ¨©ï-ÝÚ£Uð�£xàT¤1§°îÕâz¨^âÃ¤Êñl �Ü�îÕ¡�àT¤1£xð�ñ¥ò�£�ÞÕð'§_Þ¬¤Ê£�ðÕ¡õ �£�¤1§/ *ð

r2
óQô Q]YHf/�>KNQ�fVTVKdyeY>Q]TVK

r∗2
ù+��õ fhSHTV_?KNk�kgK&K 
 �gM#ORK � M]faQ

r2
ù K{Ox_VKNMxi�Y>TV_°��O
��Y>TVMuM]Y>fVMIkgKNM õ fVKNk�kgK�MIk�S6MXOrSUy°�gk[��ORb

SHMXlm[jcaORYHO�� õ fVKC_VK � �°ÿ��-ÿ�� ��÷�� �°ÿ��-ÿ�� � KNM#OjSHM]MXfVQ]b�K õ fhSHTV_/kgK�M<[@SUO]Q���iNKNM
∆A, ∆B, ∆CMRSUO��gMXWZYHT^O � �°ÿ���ÿ ��� K�O!ceY>fVQ-T � ��[jceY>QXORK õ fVK�kgM�Q]K{OrSHQX_VM

r1 > 0
K�O
r2 ≤ r∗2.

, i��VYHT|faO��gk[��M]KLkgSP[�b{ORqVYm_aK-_°��Q]K�i�ORKo_VK } l�SUcVfVTVY1� ÷CB QRSHMXY��mM D ���VceYHfVQ�k � b�ORfa_VK-_aK-k�SPMXORSHy°� ÷
k[��ORb�Q]Y>yVfaMXORKL_VbNceK�TV_hSHT�ORKo_Vf�QXK�ORSHQ]_ ÿ } KNM~i�Y>TV_°��O
��Y>TVM
_aKoM#OrSHy/�gk���O]b�M]YHT^O~_VY>TaTVbNK�M�K�T<ORK�Q][jKNM
_VK�k � K 
 ��MXO]KNTVi�Kp_VK�M]YHkgfaO��gY>TaM-ceY>M���O��[�>KNM-_VK }�� , ÿ
¥O��� �?���6� 4�� � ��= �?���'�!�  #< = �  È� 8Ú< �(É <�$  ËÊÍÌ

�Î�¹= �©Ï!"#< �6  #�Y�?�'� �@�@<>898Ú<

	 SHTVM�k�KoirqhSHc°��ORQXKocVQ]b�iNb�_VKNT�O ù Y>T|S`cVQ]b�M]K�T^ORb õ fVK�k õ fVK�M�ORQRSUTVMXWZY>QX[@S\O
��Y>TVM
faO
��k���M]bNK�M~_hSHTaM
kgSPk���O]O]bNQRS\ORfVQXK ) ceY>faQ~k�SPcVk�fVchSUQXO~_ � KNT�ORQ]K-K�kgk�KNM ù ��k5K�MXO�MXfVcVceY>MXb õ fVK-k � b�ORSUO~KNM#O�_°� ü b�Q]KNT�O
�gSHyVk�K ù
M]SHfaW�kgSdORQRSUTVMXWZY>QX[@S\O
��Y>T �z� ÿ � ÿ���� �Xõ f°�¤Spb{ORb�cVQXY>ceY>M]b�KPceYHfVQ�k�S�cVQXKN[V�gn�Q]K�WZY}�gM�_hSHTVM ���>� �z) ��i��
Y>TFfaO
��k���MXKdi�K�OXORK�SUcVcVQ]YmirqVK ÿ� S}�gT�ORK�ThSHT�O!YHTIiNY>TaM��g_anNQ]K�kgKdM#lmMXORn�[�KpTVK�faORQXK � �°ÿ���ÿ�� ��L

d

dt
[D (t)xt] = Ax (t) +Bx (t− r2) + f (t,xt) ,t ≥ σ.

	 K�kgS@Q]n ó kgK�_VK } K���yVT°��O 	 _hSHTVMdk � YHcebNQRS\ORKNfaQ`_VK�_/� ü bNQ]K�TViNK ù
D (t)xt − D (t− r2)xt−r2 =



� I

∫ 0
−r2

dθ [D (t+ θ) xt+θ]
ù Y>TxS�ceY>fVQ

t ≥ r + r2 :

x (t− r2) = x (t)− Cx (t− r1)−∆C (t,xt)

+Cx (t− r1 − r2) + ∆C (t− r2,xt−r2 (−r1))−
∫ 0
−r2

d
dt
[D(t+ θ)xt+θ] dθ,

� �°ÿ � ÿ�� �

chSUQ]iNK õ fVK
D(t)xt

S�fVTVK�_Vb�Q��[�>b�Kpi�Y>T^O��gT^fVK ÿ
� k�Y>Q]M�k � b õ fhSUO
��Y>T � �°ÿ��-ÿ�� � ceK�faO G ORQXK-QXbNb�iNQ���ORKo_VSHTVM~k�S�TVY>f-�>KNkgk�KÈ�USHQ���SHyakgK

ξ
i�Y>[j[�K � �>Y}�gQ

� s � ��ù ���H� �Å��L
d
dt
[D (t) ξt] = (A+B) ξ (t)−BCξ (t− r1)−B∆C (t,ξt (−r1))

+BCξ (t− r1 − r2) +B∆C (t− r2,ξt−r2 (−r1))
−B

∫ 0
−r2

[Aξ (t+ θ) +Bξ (t+ θ − r2) + f (t+ θ,ξt+θ)] dθ + f (t,ξt) .

� �°ÿ � ÿ�� �

JLK�[�Ym_anNkgK`KNM#OPSHcaceKNkgbdkgKd[jYm_VnNk�K`O]QRSHTaMXWZY>QX[�b ÿpqeni.rspctvu\e �°ÿ � ÿ�� o } SoTVY>f/�>K�kgk�K~iNY>TV_/��O
��Y>Th�gT°��O
�gSUk�K
ceY>fVQ � �°ÿ � ÿ�� � T � KNMXO©chSHM
φ ∈ C [−r,0] ,K�kgk�Kd_VY}��O G ORQXK�_Vb ö T/�gK

ξ (ϑ) ∈ C ([−r − r2,0] ,Rn) , r := max {r1,r2} .pqeni.rspctvu\e �/ÿ � ÿ�� oþò T�ceKNf5O2�>b�Q�� ö KNQ õ fVK@irqhS õ faKCMXY>kgf5O
�gYHT _VK � �°ÿ��-ÿ�� � K�MXO<SHfVM]M���faTVK
MXY>kgfaO��gYHTw_VK � �°ÿ � ÿ�� �Aù k�SuM#OrSHy°��k���O]b�_aK � �°ÿ � ÿ�� � �g[jcVk[� õ fVK|SHk�Y>Q]MdkgSuMXORSHy°��k���ORb<_VK � �°ÿ��-ÿ�� � �>Y}�gQ
� s � � ÿ J�KNceKNTa_hSHT^Ojk � S � Q][�SUO
��Y>Td��T¥�>K�Q]M]KFT � K�MXOjchSUMv�mQRS*�gK ù chSUQ]iNK õ fVK ù i�Y>[j[�K@Y>T/k � S»�mf
_hSUTVMPkgSjMXKNi{O
�gYHT � ÿ � ÿ���ÿ ù iNK{O]O]K�ORQ]SHTVMXWZYHQ][�SUO
��YHTxS\£XYHfaORKpfVTVK�_almThSH[V� õ fVK )#õ fhSHTV_

∆A
ù
∆B

ù
∆C

M]Y>T�O!b ó SUkgK�M úµ	 bNQXY ù iNK{O]O]Kp_almThSH[V� õ fVKdKNMXO!_VY>TaTVbNKpcVSHQ �^� ÿ � ÿ���� � ÿ	 SHTVM�kgS|MXKNi�O��gY>TxMXf°�[�\SHT^O]K ù k � SHThSHk�lmM]K�_VKpMXORSHy°�gk[��ORbd_af�[jYm_VnNk�KdORQ]SHTVM#WZY>Q][jb � �°ÿ � ÿ�� � KNM#O
W S}��ORK`KNTFORK�Q][jKNM�_VK�k�S2�USUQ���SUyVkgK

x.

¥O�z¥ 4����657��89�:��; ���!57"�4���<  ;?¦?<>�  ¨�¹���  #< 8��
���¹�¬8Ú89<  #" ��<`���¹�� �(É <?$  ËÊ#�Î�6= �©Ï " <
�¹ # #�:���'�!�@� <>8Ú89<

	 SHTVM�iNK{O]ORK�M]K�i�O
��Y>T ù iNY>[j[jKp_hSUTVM ��� � �+ù YHT�faO��gk���M]K�k � SHcVcVQXYmirqVK�_aKNM�WZY>Tai�O
��Y>TVTaKNkgk�KNM�_aK
} l�SHcafVTVY�� ÷CB Q]SHM]Y1�mM D ��� ù S1�>K�ixk � S}��_VKu_af ô qVbNYHQ]nN[jK � ÿ��-ÿ�� ceY>fVQ|_VbN[jY>T�ORQ]K�Q|kgKuO]qVbNYHQ]n�[�K
MXf°�[�\SHT^O�M]faQ�k�SdM#OrSHy°��k���O]bo_VbNceK�TV_hSHT�OL_VK!kgS`OrS}��kgk�Ko_Vf�QXK�OrSUQ]_

r2
K{OÈ�gTa_VbNceK�TV_hSHT�O�_VK!kgS`OrS*�gkgk�K

_VfIQXK�OrSUQ]_
r1 :



� �
�K¦UNK�µ´0¶Q·A¸Ð�'X��'X^]_X ç ½�¿Ã�²|[~c¾���¾��CÀ�Á0~K�:~����^�
~0wÅë�o���oÃ����Ä�wÅë�o���o¯ë*�}o ç ¿�|�~
¾µ¼
½����}¿Ã�^¿Ì½��/¾h¾��-¿ÃÄÙ�{}�_�C~
¾h¾1½��_�jÙ}Ë���¿ éHË�~
¾T×
��o
A1 := A + B

~
¾��b���:~VÁV{}�z��¿Ì¼
~�¾��Â{�Í�|�~���~vys���{Ñ�¿Ã�g³�¬ÅëN¯lwÂ|�~
¾µÙ�{}|�~��-�
¾QÆ��
½
Æ��
~
¾�¾1½��_�
��{}�/¾c|�~2��~�Áv¿¬Æ�|�{}�.ì�{}�_¼
Ó_~K�}�vÆ�|�{}� C ��Ò

��o+|�Ï ½
Æ_Ë���{}�C~��-�K��~��}¿ ÓhË��
~��:¼
~
D (t)ϕ := [ϕ (0)− Cϕ (−r1)−∆C (t,ϕ (−r1))]

~
¾��²|Ô¿ÃÄ
�:Ë�{}¿Ã�
~2~��

ϕ,
¼
½��_�^¿Ã�_��~���¾��Â{�Í�|�~c�-�_¿ ÉÊ½���Á0Ë�Á0~��_�YÆ/{}�Q��{�Æ�Æ_½����²Î C ([σ,∞) ,Rn) ;

�¥o+¿Ã|�~�ÐF¿�¾��³~+�-���:½�ÁVÍ��
~+�
Ë
~�|°Æ_½1¾�¿Ã�^¿ É
r∗2
~��Ö��~
¾+ÁV{}�z��¿Ì¼
~
¾2��Ë©én�_¿Ì~
¾ÖÆ_½1¾�¿Ã�^¿ÃÙ}~
¾

P, Si > 0,

i = 1,7
�C~�|¯¾2Ç��_~+|�{ m'iu¿ ¾���¿ÃÙ�{}�_�C~v~
¾���¾�{}�^¿�¾©ÉT{}¿Ã�³~�×

Γ :=




Q (r∗2) Ω12 0 Ω14 S (r∗2)

Ω>12 Ω22 0 0 0

0 0 Ω33 0 0

Ω>14 0 0 Ω44 0

S
>
(r∗2) 0 0 0 R




< 0,
� �/ÿ��/ÿ�� �

½\Á
Q (r∗2) := Ω11 + S (r∗2)R

−1S
>
(r∗2) ,

� �/ÿ��°ÿ�� �
Ω11 := PA1 + A>1 P + 2S − S (r∗2)R

−1S
>
(r∗2)

� �°ÿ��°ÿ ���

S := W>
AWA +

2∑

i=1

Si + r∗2

5∑

i=3

Si,
� �/ÿ��°ÿ�� �

S (r∗2) :=
(
S1 S2 (r

∗
2)
)
,

� �/ÿ��°ÿ sF�
S1 :=

(
PA1,

√
2PB, PEA, PEB

)
,

� �/ÿ��°ÿ � �
S2 (r

∗
2) :=

√
r∗2

(
PBEA, PBEB, PBA, PB2

)
,

� �/ÿ��°ÿ I �

R−1 :=




−I6n 0 0

0 −S−15 0

0 0 −S−16


 ,

� �/ÿ��°ÿ�� �

Ω12 :=

(
PA+W>

AWA +
2∑

i=1

Si + r∗2

5∑

i=3

Si

)
C,

� �/ÿ��°ÿ � �

Ω22 := 2W
>
CWC − S1 + S7 + C>SC + 3W>

C SWC
� �°ÿ��°ÿ�� � �



�}�

Ω33 := W>
BWB − S2 + r∗2S6,

� �°ÿ��°ÿ��>� �
Ω44 := W>

CWC − S7,
� �°ÿ��°ÿ���� �

Ω14 := PBC,
� �/ÿ��°ÿ�� �F�

r |�½��
¾q|�~ ç ��¾��CÀ�Á0~oÔ+~��-�^�
~KwÅë�o���oÃ����Ä�wÅë�o���o¯ë}�+~
¾����
½}Í���¾��³~�Á0~��_�Õ{�¾���ÁsÆ��C½*�^¿^Ç��_~�Á0~��_�Y¾��Ì{�Í�|�~
Æ_½����c�:Ï ¿ÃÁsÆ_½����C~KÇ��_~�|\�
~��Ì{}���

r2 ≤ r∗2
~��j�:Ï ¿ÃÁsÆ�½����C~KÇ��_~�|\�
~��Â{}���

r1 > 0.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���oSò TÂiNY>TVM��g_Vn�Q]KFkgKuM#l5M#ORn�[�KFORQ]SHTVMXWZYHQ][jb � �°ÿ � ÿ�� � K{O�kgS3WZYHTVi�O��gY>TVTaKNkgk�KC_aK
} l�SHcafVTVY�� ÷CB Q]SHM]Y1� D �[��M]f/�[�USUT^ORK L

V (t,ϕ) := V1 (t,ϕ) + V2 (ϕ) + V3 (ϕ) ,ϕ ∈ C,
� �/ÿ��/ÿ���� �

Y ø
V1 (t,ϕ) := [D (t)ϕ]

> PD (t)ϕ,
� �/ÿ��°ÿ�� sF�

V2 (ϕ) :=
2∑

i=1

∫ 0

−ri

ϕ> (θ)Siϕ (θ) dθ +

∫ 0

−r2

[∫ 0

θ

ϕ> (ϑ)S3ϕ (ϑ) dϑ

]
dθ,

� �°ÿ��°ÿ�� � �

V3 (ϕ) :=
∫ 0
−r2

[∫ 0
θ−r2

ϕ> (ϑ)S4ϕ (ϑ) dϑ
]
dθ +

∫ −r1
−r1−r2

ϕ> (θ)S7ϕ (θ) dθ,

+
∑6

i=5

∫ 0
−r2

[∫ 0
θ
ψ>i (ϑ)Siψi (ϑ) dϑ

]
dθ

� �°ÿ��°ÿ�� I �
K{O�k�KNM<WZY>TVi�O��gY>TaTVKNk�kgK�M

ψi,
M]Y>T�O�_aY>TVTVb�KNM�cVSHQ

ψ5 := ϕ, ψ6 (ϑ) := ϕ (ϑ− r2) .
( Y>faQ|k�S

WZY>Tai�O
��Y>TVTaKNkgk�K
V,

Y>TxceKNfaO�iNY>TVM#ORQ]f/�gQ]K
V̇

kgK�kgY>T ó _VK�M�O]QRS�£XKNi{ORYF��Q]KNM�_VK � �°ÿ � ÿ�� � KNTxWZY>Tai�O
��Y>T
_VK

x,
M��
ϕ

KNM#O`Q]K�[�cak�SHi�bNKpchSHQ
xt

_hSHTVM�k�S|chSHQXO��gK ú _aQ]YF��ORKp_VK
V (t,ϕ) ;

Y>T�chSUM]M]K ú
x,

KNT
_°� ü b�Q]K�T^O���SHT�OpchSHQ�QRSHcVceYHQXO ú

t
� ORKNk õ fVK d

dt
D (t)xt

ceKNfaO�SHcVchSUQRSUÕ�ORQ]K�M]K�fVkgK�[�K�T^O�ceY>fVQpkgS
�\SHkgK�fVQ�iNY>fVQ]SHT^O]K � TVYHT6Q]K{OrSHQX_VbNK � _VK

t
�Aù SHcaQ]nNM<Y>T�M]fVyVM#O
��O]fVK d

dt
D (t)xt

chSHQ � �°ÿ � ÿ�� �qù Y>T
chSUM]M]Kd_aK

x
ú
xt
ù K�O-YHTuQ]K�[�cak�SHi�K

xt
chSHQ

ϕ. � �>K�idiNK�OXORK`cVQ]Ymi�bN_VfVQXK ù k�KNMLK 
 cVQ]K�M]M���Y>TVM-ceY>fVQ
V

K{O�k�S@_VbNQ��[�>b�K|M]facebNQ���KNfaQ]K ú _VQ]Y}��ORK�_VK
V ′

� �>YF�gQ �z� ÿ��-ÿ � ��� M]Y>T�OdWZQ]b õ fVKN[j[�K�T^OdQ]bNb�iNQ���ORK�M
i�Y>[j[�K|_VK�M�WZYHTVi�O��gY>TVM�_VK

x
ù KNT ó SHQX_hSHT�O�K�T�[�b�[�YF��QXK|kgSuORQ]SHTVM���O
��Y>T _aK

x
ú
ϕ,

i�Y>[�[jK
i�KNkgS|K�MXO�caQ]Y>ceY>MXbp_VSHTVM � s � � ÿ � kgY>QXM-Y>TxS L

V ′1 (t,xt) = [D (t)xt]
> P

d

dt
D (t)xt +

[
d

dt
D (t)xt

]>
PD(t)xt,

� �°ÿ��°ÿ���� �

V ′2 (xt) =
∑2

i=1

[
x> (t)Six (t)− x> (t− ri)Six (t− ri)

]

+
∫ 0
−r2

[
x>t (0)S3xt (0)− x>t+θ (0)S3xt+θ (0)

]
dθ,

� �°ÿ��°ÿ�� � �



I*�

V ′3 (xt) =
∫ 0
−r2

[
−x>t+θ (−r2)S4xt+θ (−r2) + x>t (0)S4xt (0)

]
dθ

+x> (t− r1)S7x (t− r1)− x> (t− r1 − r2)S7x (t− r1 − r2)

+
∫ 0
−r2
[x>t (0)S5xt (0)− x>t+θ (0)S5xt+θ (0)+

+x>t (−r2)S6xt (−r2)− x>t+θ (−r2)S6xt+θ (−r2)]dθ

� �°ÿ��°ÿ�� � �

ò TIMXfVyVMXO���O]fVK � �°ÿ � ÿ�� � _hSHTVM � �/ÿ��°ÿ���� � K�O!YHTIceY>M]K
A1 := A+B

ceY>faQ!S1�HYF�gQ L

V ′1 (t,xt)|(4.3.2) = [D (t)xt]
> PA1x (t) + x> (t)A>1 PD (t)xt

+2 [D (t)xt]
> P [EAδA (t,xt) + EBδB (t,xt)]

− [D (t)xt]> PBC [x (t− r1)− x (t− r1 − r2)]

−
[
x> (t− r1)− x> (t− r1 − r2)

]
C>B>PD (t)xt

−2 [D (t)xt]> PBEC [δC (t)x (t− r1)− δC (t− r2)x (t− r1 − r2)]

−2 [D (t)xt]> PB
∫ 0
−r2
[Axt+θ (0) +Bxt+θ (−r2)

+EAδA (t+ θ,xt+θ (0)) + EBδB (t+ θ,xt+θ (−r2))]dθ.

� �°ÿ��°ÿ��m� �

� TVMXf°��O]KpYHTIfaO
��k���MXK`k � �gTVb ó SHk[�½ORb`i�k�SUM]M�� õ faK

−2a>b ≤ inf
X>0

{
a>Xa+ b>X−1b

}
∀ a,b ∈ Rn,

� �°ÿ��°ÿ��>� �
SÊ�>KNi � �°ÿ��-ÿ ��� K�O!k�KNM-[@SUO]Q���iNK�M

R1
K{O
R2,

Y>TxS�_°��Q]KNi{ORK�[�K�T^O!k�KNMÖ�gTVb ó SHk[��ORb�M-MXf°�[�\SHT^O]KNM L

2 [D (t)xt]
> PEBδB (t,xt) ≤ [D (t)xt]> PEBE>BPD (t)xt + x>t (−r2)W>

BWBxt (−r2)� �°ÿ��°ÿ�� ���
−2 [D (t)xt]> PB

∫ 0
−r2

Bxt+θ (−r2) dθ ≤∫ 0
−r2
{[D (t)xt]> PB2R−12 (B2)

>
PD (t)xt

+x>t+θ (−r2)R2xt+θ (−r2)}dθ,

� �°ÿ��°ÿ��\� �

K{O!_VKdWZY>Q][jKdMXKN[<yVkgSHyVk�KdceYHfVQ
δA

K�O
R1
ù

−2 [D (t)xt]> PB
∫ 0
−r2

EAδA (t+ θ,xt+θ (0)) dθ ≤∫ 0
−r2
{[D (t)xt]> PBEAE>AB>PD (t)xt
+x>t+θ (0)W

>
AWAxt+θ (0)}dθ,

� �°ÿ��°ÿ�� sF�

K{O!kgK�Mq��TVb ó SUk���O]bNMoceY>fVQ
δB

K�O
R2 ÿ} K�M���TVb ó SUk���O]bNM � �°ÿ��°ÿ�� ����÷�� �°ÿ��°ÿ�� s}� ceK�Q][jK�O]O]KNT�O
_ � S1�HYF�gQ�fVTVK�yeY>Q]TaK�ceY>faQ

V ′1 .
� S}��T^ORK�ThSHT�O

ceY>faQ�M]fVcVcaQ��g[jK�Q�_VK�M�ORK�Q][jKNM�i�SUQ]Q]b�M�_hSHTaM
V ′

Y>T�irqVYF�gM���O�kgK�M�[�SUORQ���iNK�M�ceY>M���O
���>KNM
R1 := S5,



I �

R2 := S6, {
S5 = W>

AWA, si W>
AWA > 0,

S5 > W>
AWA, si non,

� �°ÿ��°ÿ�� � �
{
S6 =W>

BWB, si W>
BWB > 0,

S6 > W>
BWB, si non,

� �°ÿ��°ÿ�� I �
K{O<Y>T�faO��gk[��M]KjkgK�M2��TVb ó SHk���O]bNM � �/ÿ��°ÿ�� � � K�O � �°ÿ��°ÿ�� � � ÿ � k�Y>Q]M ù Y>T�Y>y5O
�gK�T^O�kgSxyeYHQ]TVK@M]f/�[�USUT^ORK
ceY>faQ

V ′
L

V ′ (t,xt)|(4.3.2) ≤ [D (t)xt]
> PA1x (t) + x> (t− r1)S7x (t− r1)

+xT (t)AT1 PD (t)xt − x> (t− r1 − r2)S7x (t− r1 − r2)

− [D (t)xt]> PBC[x (t− r1)− x (t− r1 − r2)]

−[x> (t− r1)− x> (t− r1 − r2)]C
>B>PD (t)xt

+ [D (t)xt]
> PEAE

>
APD (t)xt + x> (t)W>

AWAx (t)

+ [D (t)xt]
> PEBE

>
BPD (t)xt + x>(t− r2)W

>
BWBx(t− r2)

+2 [D (t)xt]
> PBECE

>
CB

>PD (t)xt + x> (t− r1)W
>
CWCx (t− r1)

+x> (t− r1 − r2)W
>
CWCx (t− r1 − r2)

+
∫ 0
−r2

[D (t)xt]
> PBAS−15 A>B>PD (t)xtdθ

+
∫ 0
−r2

[D (t)xt]
> PB2S−16 (B2)

>
PD (t)xtdθ

+
∫ 0
−r2

[D (t)xt]
> PBEAE

>
AB

>PD (t)xtdθ

+
∫ 0
−r2

[D (t)xt]
> PBEBE

>
BB

>PD (t)xtdθ

+
∑2

i=1

[
x> (t)Six (t)− x> (t− ri)Six (t− ri)

]

+r2
∑5

i=3 x
> (t)Six (t) + r2x

> (t− r2)S6x (t− r2) .

� �°ÿ��°ÿ��U� �

�-��Y>TxfaO��gk[��M]KdkgK�Mb�g_aKNT�O
��O]bNM�M]f/�[�USHT�ORK�M � �/ÿ��°ÿ�� � �qù�� �°ÿ��°ÿ � � �Aù S1�>K�i
S = W>

AWA +
∑2

i=1 Si +

r2
∑5

i=3 Si,
Y>T�c¤K�faO�Q]bNb�iNQ��gQXK�i�qVS õ fVKLK 
 cVQ]K�M]M���Y>T õ f°�miNY>T�O
��KNT�O�k�Kn�>KNi{ORKNfaQ

x (t)
_VK � �/ÿ��°ÿ��H� �i�Y>[j[�K`fVTVK�K 
 cVQ]K�M]M���Y>T õ f°��iNY>T�O
�gK�T^O

D (t)xt
K{O
x (t− r1) :

x> (t)Sx (t) = [D (t)xt]
> SD (t)xt + [D (t)xt]

> SCx (t− r1)+

+x>(t− r1)C
>SD (t)xt + x> (t− r1)C

>SCx (t− r1)

+2 [D (t)xt]
> S∆C (t,xt) + 2x

> (t− r1)C
>S∆C (t,xt)

+∆>C (t,xt)S∆C (t,xt) ,

� �°ÿ��°ÿ�� � �



I �

[D (t)xt]
> PA1x (t) + x> (t)A>1 PD (t)xt =

[D (t)xt]
> (PA1 + A>1 P )D (t)xt + [D (t)xt]

> PA1Cx (t− r1)

+x> (t− r1)C
>A>1 PD (t)xt + 2 [D (t)xt]

> PA1∆C (t,xt) ,

� �°ÿ��°ÿ � � �

K{O!Y>TIceK�faO�yeYHQ]TVK�Q�kgKNMoORK�Q][jKNM

2 [D (t)xt]
> S∆C (t,xt) ≤ [D (t)xt]> SD (t)xt

+x> (t− r1)W
>
C SWCx (t− r1) ,

� �°ÿ��°ÿ � � �

∆>C (t,xt)S∆C (t,xt) ≤ x> (t− r1)W
>
C SWCx (t− r1) ,

� �°ÿ��°ÿ � � �
K�O!_VKdWZY>QX[�K`M���[���kgS*��QXK`ceY>faQ

2x> (t− r1)C
>S∆C (t,xt)

ù
2 [D (t)xt]

> PA1∆C (t,xt) ÿò T�TVYUORK õ fVK � �°ÿ��°ÿ � � � K�MXO©Y>yaORK�TmfVK�_°�gQXKNi{ORKN[jKNT�O©_VfdW S}��O õ fVK
(WC + δC (t))

> S (WC − δC (t)) ≥
0

chSHQ-k � q^lmceYHO]qVnNMXK � �°ÿ��-ÿ ��� ÿ
� �>K�i`ORYHfaORK�MoiNK�MÖ��TVb ó SUk���O]bNM�K{OÖ��_VK�T^O
��ORb�M ù M � ��k¤K 
 �gMXO]K`fVTCQ]bNK�k»ceY>M���O
��W

r∗2 ≥ r2
ORK�k õ faKdkgS

}�� ,h� �°ÿ��°ÿ�� � K�MXO�M]SUO
��MXW S}��ORK ù SHkgYHQ]M � �°ÿ��°ÿ�� � KNM#O�b õ f/�[�USHk�KNT�ORK ú/L
V ′ (t,xt)|(4.3.2) ≤ ωTΩω < 0,

� �°ÿ��°ÿ �F���
Y ø kgKh�>K�i�O]KNfVQ

ω
K�MXO

ω :=




D (t)xt

x (t− r1)

x (t− r2)

x (t− r1 − r2)




� �°ÿ��°ÿ � � �

K{O�k�SF[@S\ORQ���iNK
Ω := (Ωi,j) ,i = 1,...,4,j = 1,...,4

KNMXO�_Vb ö T°�gK�_VSHTVM�kgK ô qVb�Y>Q]n�[�K �°ÿ��°ÿ��FÿJLK�i��©K�MXOq�>bNQ�� ö bQ����S�fVTaK�ORQ]SHTVM#WZY>Q][�SUO
��YHTu_VK��5irqmfVQ!SHcVcVQXY>cVQ��gbNK ��� � ÿ} � ��TVb ó SUk���O]b � �°ÿ��°ÿ �F��� M�� ó T/� ö K õ fVK
Ω < 0, Ω1,1 < 0

K�O õ f � �gkªK 
 �gM#ORK<faT
γ > 0

ORK�k õ faK
V̇ (t,xt) ≤ −γ ‖D (t)xt‖

ceY>fVQ-T � �g[jceY>QXO]K õ faKNk
t ≥ σ. D (t)

KNMXO!M#OrSHyakgKdchSHQ-k � q�l5ceYUORqVn�M]K
� � � _Vf ô qVb�Y>Q]n�[�K �°ÿ��°ÿ�� ù �>YF��Q �^� ÿ���ÿ�� � K�O � � � �Ì) SHk�Y>Q]M ù kgS�MXOrSUy°�gk[��ORb�SHMXlm[jcaORYHO�� õ fVKL_VK � �/ÿ��-ÿ�� �^÷� �°ÿ���ÿ�� � KNMXO�SHMXM]fVQ]b�KpchSHQ�k�K ô qVb�Y>Q]n�[�K � ÿ��-ÿ�� ceY>faQ�T � �g[jceY>QXO]K õ faKNk©QXK�OrSUQ]_

r2 ≤ r∗2
ù � � � � ÿ

¤pqeni.rspctvu\e �/ÿ��°ÿ�� o } SFWZYHTVi�O��gY>TVTaKNk�kgK<_VK } l�SHcVfVTaY�� ÷³B Q]SHM]Y1�5M D ��� � �°ÿ��°ÿ���� �^÷�� �/ÿ��°ÿ�� I �°ó b ÷TVb�QRSHk[�gMXKd_VK�M�WZY>TVi{O
�gYHTVTVKNk�k�K`cVQ]YHceY>M]b�Kp_hSHTVM�kgS�k���ORK�QRSUO]fVQ]K ���>� � ÿ



I �

pqeni.rspctvu\e �°ÿ��°ÿ�� oj± fhSHTV_xkgK�Må��TViNK�QXO���ORfa_VKNM
∆A (·,·) , ∆B (·,·) , ∆C (·,·) M]YHT^OPb ó SHk�KNM

úx	 bNQ]Y ù Y>T6ceKNf5O|i�qaYF�gM��gQ�kgSxWZY>TVi�O��gY>TaTVKNk�kgK�_VK } l�SUcVfVTVY1� ÷³B QRSHMXY��mM D �[� � �°ÿ��°ÿ���� � V (ϕ) :=
V1 (ϕ) + V2 (ϕ) + V3 (ϕ)

SÊ�>KNi
V1

_Vb ö T°�gK�_hSUTVM � �°ÿ��°ÿ�� sF� K{O

V2 (ϕ) :=

∫ 0

−r

ϕ> (θ)S1ϕ (θ) dθ +

∫ 0

−r2

[∫ 0

θ

ϕ> (ϑ)S3ϕ (ϑ) dϑ

]
dθ,

� �°ÿ��°ÿ ��sF�

V3 (ϕ) :=

∫ 0

−r2

[∫ 0

θ−r2

ϕ> (ϑ)S4ϕ (ϑ) dϑ

]
dθ +

∫ −r1

−r1−r2

ϕ> (θ)S7ϕ (θ) dθ,
� �/ÿ��°ÿ � � �

Y>TFQXK�ORQXY>f/�>KpSHk�Y>Q]Mok�KdQXbNM]fak�OrS\O�_VK � ��� ��õ f°��_Vb�ceKNTV_x_VfIQXK�ORSHQ]_
r2

[�S}��MoMRSUTVMq�gTVi�KNQ#O
��O]fV_VK�M ÿpqeni.rspctvu\e �°ÿ��°ÿ �_o �-�VY>T�M � �gT^O]bNQXKNM]MXK!M]K�fVkgK�[jKNT^O�SUf|cVQ]Y>yakgn�[�Ko_aK�M#OrSHy°��k���O]bLQ]Y>yafVMXO]K � K�T
∆A (·,·) , ∆B (·,·) � �gTV_abNceKNTa_hSH[j[�K�T^O<_af6Q]K�ORSHQ]_�_Vf6MXlmM#ORnN[jK � �°ÿ���ÿ�� ��÷�� �°ÿ��-ÿ�� �Aù SHkgYHQ]M�k�S
O]QRSHTVM#WZY>Q][�SUO��gYHTF_VKp[�Ym_Vn�kgK�ceK�faO G ORQ]KpbT����ORbNK ) Y>TxirqVYF��M���O

V (ϕ) := V1 (ϕ) + V2 (ϕ)
SÊ�>KNi

V1
_Vb ö T°�gK�_hSUTVM � �°ÿ��°ÿ�� sF� K{O

V2 (ϕ) :=
2∑

i=1

∫ 0

−ri

ϕ> (θ)Siϕ (θ) dθ,
� �/ÿ��°ÿ � I �

Y>TFQ]K{ORQ]Y>f-�>K�SHk�Y>Q]Mo_VKNM�Q]b�M]fVk�OrSUORM-M��g[V��kgS*��QXKNM ú � �a� � ÿpqeni.rspctvu\e �/ÿ��/ÿ�� o �-��k � YHcebNQRS\ORK�fVQ�_VK@_°� ü b�Q]KNTaiNK@_Vb ö T°�LchSUQ
D(t) = D, ∆C (t,ϕ) =

∆Cϕ (t− r1) ,
M��hk � �gTVi�KNQ#O
��O]fV_VK

∆C
KNM#O�fVTVK�[@S\ORQ���iNKoi�Y>TVM#OrSHT�ORK�K�O�M��

ϕ
K�MXO�_°� ü b�Q]KNT�O
�gSHyVk�K

ú _VQ]Y}��ORK
(ϕ ∈ C1), SHk�Y>Q]MoY>TIQXK�O]Q]Y>f/�HKpkgKdQXbNM]fak�OrS\O�_VK ��� � � ÿpqeni.rspctvu\e �°ÿ��/ÿ s°o©	 SHTVM ���>� � M]KNfakgKN[jK�T^O ù _hSHTaM�kgKoi�SUM�Y ø

∆C (t,ϕ) := ECδC (t,ϕ) ≡ 0k�KLQ]bNMXfVk�ORSUO~ceKNfaO G ORQXKH�>K�Q�� ö boKNT�O]KNQX[�K�M�_ � fVTaK }Õ� , ÿ 	 SUTVM�kgK�O]qVbNYHQ]nN[jK �°ÿ��°ÿ�� kgSPiNYHTV_°��O��gY>T
�/L�� �°ÿ��°ÿ�� � K�MXO�fVTVK }�� , K�O�K�kgk�K�ceK�faO G O]Q]K�ORYHf\£XY>fVQXMq�>b�Q�� ö bNKpKNTxfaO��gk[��MRSHT�O�_VK�M�k�Y ó ��i���K�k�M-_aK
QXbNM]YHkgfaO��gY>T�_VK }�� , ��� � ÿ ò T/TaYHORK õ faKFk�S�i�Y>TV_°��O
�gYHT � K�MXO|TVb�iNK�M]MRS}��Q]KFK{O|_Vb�iNY>fakgKu_VKukgS
�>b�Q�� ö i�SUO��gY>Tx_VK�k�Sji�Y>TV_°��O
��Y>T �/L

Q (r∗2) < 0
��[jcVk[� õ fVK

A1 < 0.
} SCJLY>TV_/��O
��Y>T � i�Y>TVM��gMXO]K

ú �>bNQ�� ö K�Q�k�S<MXOrSUy°�gk[��O]b`_aK
D(t)

chSHQ-QRSHcaceY>QXO ú C([σ,∞),Rn),
�>YF��Q 	 b ö T°��O��gYHT � ÿ���ÿ�� ù � � � � ÿ

¥O�RÀ <�Ö <>= ¦�8Ú<A4

	 SHTVM�i�K�chSUQRS ó Q]SHcVqVK ù YHTO�USv�gkgk�fVMXO]Q]KNQLk�KNM-QXbNM]fak�OrS\ORM-_VKdMXORSHy°�gk[��ORb`SÊ�>KNi�_aKNf 
 K 
 KN[jcVkgK�M
_VK�M#l5M#ORn�[�K�M�TVK�faORQ]K�M!Y ø kgS�[�SUORQ��gi�K

C
T � S|chSUM!_ � ��TViNK�QXO
��ORfV_aK�chSUQ�MXY>fVi���_VK�M���[�cak���iT��ORb ÿ



I �
egfhejilknm'e �°ÿ s ÿ�� oTò TIi�Y>TVM��g_Vn�Q]K�_ � SUyeY>Q]_Ik�KdMXlmMXO]nN[jKpTVKNfaO]Q]K L
[
x (t)−

(
0.1 0

0 0.1

)
x (t− r1)

]•
= −

(
2 0

0 0.9

)
x (t)−

(
1 0

1 1

)
x (t− r2)

� �°ÿ s ÿ�� �
y (t) =

(
0 1

)
x (t− r2)

� �/ÿ s ÿ�� �ò TwTaYHORK õ fVK ù�õ fhSUTV_
C ≡ 0,

kgK<M#l5M#ORn�[�K|QXK�OrSUQ]_Vb�T � K�MXOpcVSHM�SHMXlm[jcaORYUO
� õ fVK�[jKNT^OdM#OrSHyVk�K
��TV_Vb�c¤K�TV_hSU[�[jKNT�O�_VKuk�SxOrS}��kgk�K@_afÂQXK�ORSHQ]_

r2, A + B
KNM#OjM#OrSHyVk�KC[@S}��M

A − B
TVKuk � KNM#O

chSUM � i�Y>TV_°��O
��Y>T�Y>yaO]KNT^fVK`ceYHfVQLk�K�MXlmM#ORnN[jK`MRSUTVMoQXK�ORSHQ]_ ù �>YF��Q � � ó fVQXK � ÿ�� � ÿ 	 KPW SH«�Y>T@b õ f°� ÷
�\SHkgK�T^ORK ù ceYHfVQ�k�K�MXlmM#ORnN[jKCTVK�faORQXK ù ceY>fVQ

r1 ≡ 0,
M���k�SI[�SUORQ���iNK

(I − C)−1 (A+B)
KNMXO

E fVQX×q��O 	 MXORSHyVk�KpK�O
(I − C)−1 (A−B)

K�MXOs��TVMXORSHyVkgK ù SHk�Y>Q]M�k�KpM#lmMXORn�[�K�TVK�ceK�faOPchSHM G O]Q]K
M#OrSHyVk�Kj�gTV_Vb�ceKNTa_hSH[j[�K�T^O
_Vf�QXK�OrSUQ]_

r2,
�>YF��Q � � ó fVQ]K � ÿ��Fÿ 	 SUTVM�i�K�O�K 
 KN[jcVk�K ù Y>T�i�Y>TVM���_VnNQXK

r1 = r2,
iNYH[�[jK�i�KNk�S|KNM#OPcVQ]YHceY>M]bp_hSHTVM � �>� � ÿ � k�Y>Q]M�ceYHfVQ!kgK�Mb�gTaiNKNQ#O
��ORfV_VK�M!i�SUQRSHi{ORbNQ��gMXbNKNM

chSUQ
WA =WB = 0.15I2

� cVSHQ~M���[jcVk���i���ORb �Aù k�K ô qabNY>QXnN[jK �°ÿ��°ÿ�� _VY>TVTaK-k�SPyeY>QXTVK
r2 < r∗2 =

0.5s,
fVTVK!M]Y>k�faO
��Y>T|W S*�gMRSUyVkgK-KNM#OLY>yaO]KNT^fVKP_aK�kgS }Õ� ,q� �°ÿ��°ÿ�� � _Vf ô qVb�Y>QXnN[jK �°ÿ��/ÿ��}ÿ 	 SUTVM�k�S

� � ó fVQXK �°ÿ�� ù faTVKoM���[�fak�S\O
��Y>T�KNM#O�cVQ]b�M]K�T^ORb�K�ceY>faQ~k�KLM#lmMXORn�[�K � �°ÿ s ÿ�� ��÷�� �°ÿ s ÿ�� � SÊ�>KNiok�S�i�Y>TV_°� ÷
O��gY>T��gT°��O
�gSUk�K

φ1(θ) = −0.75θ + 1
ù
φ2(θ) = −16.625θ + 1 ÿ �5Y>fVM-iNK{O]ORKdiNY>TV_/��O
��Y>T

φ ∈ C1K{O�k�S � iNY>TV_/��O
��Y>T@_VKdQRSUiNi�Y>Q]_VK�[�K�T^O �µ� �-ÿ � ÿ ����L φ̇(0−) = Aφ(0) +Bφ(−r2) +Cφ̇(−r1)
K�MXO

M]SUO
��MXW S}��ORK õ fhSHTV_a�gk~T � l&chSUMp_ � ��TViNK�QXO
��ORfV_aKNM � �>YF��Qp�5K�i�O��gY>T ��ÿ �F�Aù _VY>TVi
ẋ(t)

KNMXOpiNYHT^O
��TmfVK
ceY>faQ

t ≥ σ
K{O
x(t)

KNMXO�_°� ü bNQXKNT�O
��SUyVkgKuMXfVQ
(σ − r,∞); i�KNceK�TV_hSHT�O ù ceY>fVQjk�KIiNSHM@SÊ�>KNi

��TViNK�QXO
��ORfV_aKNM ù �gk¤lFS�fVTIc¤K{O
��O�MRSHf5O�K�T
t = 0 ÿ	 SHTVM�kgK�i�SUM�M]SHTVMÈ��TVi�KNQXO���ORfa_VK

(WA =WB = 0),
k�SdM]Y>k�faO
��Y>T|_VY>TaTVbNK�cVSHQ�k�K-ORqVb�Y>Q]n�[�K

K�MXO
r1

T � ��[�ceYHQXORK õ fVK�k©Q]b�KNk�ceY>M���O
��WªK{O
r2 < r∗2 = 0.894s.egfhejilknm'e �/ÿ s ÿ�� o } K!_VK�f 
 �gnN[jK!K 
 K�[�cVk�K!K�MXOLfaT@caQ]Y>yVk�nN[jK�caQRSUO�� õ fVK � �>YF��Q��5K�i�O
��Y>T �}ÿ sF�[jYHO
���>b�chSHQ<faT/iT�gQXiNf°��O ( �n� J � ( SHQ#O
�gSHk � k�KN[jKNT�O �4õ f°���USHk�KNT�OjJ²�gQXiNf°��O �qù [jYm_Vn�kgK@b{ORfV_/�gb

_hSUTVM � s2�zL d
dt
[x(t)− Cx(t− r)] = Ax(t) +Bx(t− r)

ù S1�>K�ipkgS�iNYHTV_°��O
�gYHT.��T°��O��gSHk�K � �Fÿ s ÿ �F�_Vb ö T°��K�KNT�ORQ]K −10 ≤ t ≤ 0. , k�K�MXO!i�SHQ]SHi�O]bNQ��gM]b�cVSHQ�k�KNM-[@S\ORQ���iNK�M
A, B, C :

A

100
=




−7 1 2

3 −9 0

1 2 −6


 ,

B

100
=




1 0 −3
−0.5 −0.5 −1
−0.5 −1.5 0


 ,C =

1

72




−1 5 2

4 0 3

−2 4 1




� �°ÿ s ÿ ���
y (t) =

(
0 0 1

)
x (t− r2) .

� �/ÿ s ÿ�� �



I s

ø�ØÃùÖú �/ÿ�� û −4 ≤ y(t) ≤ 10 Ò −0.5 ≤ t ≤ 3

	 SUTVM � ��� �+ù kgS MXORSHy°��k���ORbu_Vf8M#lmMXORn�[�K�KNM#OCY>y5ORKNT^fVK�ceY>faQ�kgK�M�yeY>Q]TaKNM
r∗ = r∗2 = 0.43s ÿ	 SUTVM � s2�+ù k�S|MXOrSUy°�gk[��ORbd_Vf�MXlmMXO]nN[jK�KNM#O`YHyaORK�TmfVK�ceY>fVQ!fVTVK�yeY>Q]TVKpcVkgfVM ó Q]SHTV_VK L

r = 1
K�T

faO��gk[��MRSHT�O�fVTaK-[jb�O]qVYm_VKoT^fV[jbNQ�� õ fVKoi�Y>T^O]QRSHi{O
���>K ÿ JLK�ceKNTV_VSHT^O�_hSHTVM~TVYHO]Q]KoiNSHM ù Y>T ó SHQRSUT^O���O
kgS6M#OrSHy/�gk[��O]b3_af§MXlmMXO]nN[jK ceY>fVQuT � ��[�ceYHQXORK õ fVK�k�QXK�OrSUQ]_>��TaWZbNQ��gK�fVQCY>f§b ó SHk ú

r∗.
�-�`Y>T

SHcacVk�� õ fVK�k�K<O]qVbNYHQ]nN[jK �°ÿ��°ÿ�� K�O�kgK�MdQ]Y>f5O
�gTaKNMd_VK }Õ� ,�÷ ô YmY>kgyeY 
 � SUORkgSHy ù YHT YHyaO
��KNT�O õ fVK
k � ��TVb ó SHk[��O]b�KNMXOdW S*�gMRSUyVkgK�ceY>fVQ

r∗2 = 100s.
� T&W S}��OPk � �gTab ó SHk[�½ORb � �°ÿ��/ÿ�� � KNM#O�MRSUO��gMXW S*��O]K�ceY>fVQ

_VK�Mv�USHk�KNfVQXM|cakgfVM ó QRSHTV_aKNM|_aK
r∗2.

} S&M���[<fVk�S\O
��Y>T õ f°�-K�MXOj[jY>T�ORQ]b�K � � ó ÿ~� KNM#Oji�SUkgi�fVkgb�K
ceY>faQ

r∗2 = 10s ÿ } S<i�Y>TV_°��O
��Y>T��gT/��O
��SHk�KPK�MXO�_VYHTVTVbNKdKNT�ORQXK −10 M-K�O
0
M ÿ ò TFTaYHORK õ faKc��keluS

_VK�M�_/�gM]i�Y>T^O��gT^f°��O]bNM-_hSHTVM!kgS�_VbNQ��[�>b�K�_aK
y(t)

ceY>fVQ
t = 0s,

K{O�k�KNM�[<fVk�O���cVk�K�M-_VK
10s

chSUQ]iNK
õ fVKpkgS � iNY>Ta_°��O��gYHTu_VK�QRSHi�iNY>QX_VKN[jKNT�O � T � KNM#O�chSHMÖ�>b�Q�� ö bNK ÿ�-��YHTFfaO��gk���M]KPM]K�fVkgK�[�K�T^O

V1
_VYHTVTVb�K�chSHQok � b õ fhS\O
�gYHT � �°ÿ��/ÿ�� sF� ceYHfVQ-k�K`MXlmMXO]nN[jK � �°ÿ s ÿ ���M]SHTVMb��TViNK�QXO���ORfa_VKNM ù Y>TFY>yaO
��KNT�O�k�S<iNY>TV_/��O
��Y>Tu_VK�MXORSHy°��k���ORbs�gTV_Vb�ceKNTV_VSHT^O]Kp_VfIQ]K{OrSHQX_ � �H��� �ÌL

(
A>P + PA+ S P (AC +B) + SC

C>S +
(
C>A> +B>

)
C>SC − S

)
< 0,

� �/ÿ s ÿ sF�

C>SC − S < 0,
� �°ÿ s ÿ � �Y ø kgK�M�[@S\ORQ���iNK�M

P > 0
KNMXO

S > 0
M]YHT^O|MXlm[jb�O]Q�� õ fVK�M|_Vb ö T°�gK�M|ceY>M���O
���>KNM ÿ } KuMXlmMXO]nN[jK

� �°ÿ s ÿ �F� MRSUO
��MXW S*��Odk�KNM }�� , M � �°ÿ s ÿ s}��÷�� �°ÿ s ÿ � � K�Opi�Y>[�[jK�i�KNMpiNYHTV_°��O��gY>TaMdTVK|M]Y>T�OpchSHMdWZY>TVi ÷
O��gY>T�_VK

r,
SHk�Y>QXM�Y>T6_Vb�[�YHT^ORQXK õ fVKuk�KCM#lmMXORn�[�K � �/ÿ s ÿ ��� K�MXO�MXOrSUyVkgKCSHMXlm[jcaORYHO�� õ fVK�[�K�T^O ù

��TV_Vb�c¤K�TV_hSU[�[jKNT�O�_VfxQXK�ORSHQ]_
r = r1 = r2.



I �

ø�ØÃùÖú �°ÿ�� û −1 ≤ y(t) ≤ 1 Ò −10 ≤ t ≤ 40

ò T ö T°��OoS1�>K�i`fVTVKPQ]KN[�SHQ õ faK`MXfVQokgS�MXORSHy°��k���ORb�_VK`k � K 
 KN[jcVkgK �z� ÿ���ÿ���� � cVQ]Y>ceYHM]b`_VSHTVMokgS
MXKNiNiT�gYHTxcVQXbNiNb�_VKNT�ORK ÿpqeni.rspctvu\e �°ÿ s ÿ�� og± fhSHTV_Ck�KNM�iNYHTV_°��O
�gYHTVM�_af@ORqVb�Y>Q]n�[�K �°ÿ��°ÿ�� M]Y>T�OoMRSUO��gM#W S}��O]KNM ù kgS�M#OrS ÷
y°��k���O]b�SUMXlm[�c5ORYHO�� õ fVK�Q]Y>yafVMXO]KL_aK � �°ÿ��-ÿ�� ��÷�� �°ÿ��-ÿ�� � KNM#O�SUM]M]faQ]bNKLceY>faQ
T � �g[jceY>Q#ORK õ fVK�k

r2 ≤ r∗2K{O<T � ��[�ceY>Q#ORK õ faKNk�Q]b�KNk�ceYHM���O���W
r1.

JLKNceK�TV_hSHT�O�kgK ô qVb�Y>Q]n�[�K �/ÿ��°ÿ�� ceK�faO G ORQ]K@SHcVcVk[� õ fVb
ceY>faQpk � SHThSUk�lmM]K|_aK �^� ÿ��-ÿ���� �hõ fhSUTV_�kgK|i�YmK � iT�gKNT�O�_aK

x (t− r1)
_abNceKNTa_�_VK

r1.
	 SHTVM�i�K

iNSHM ÷ k ú�ù kgS!MXOrSUy°�gk[��ORb�_VKNceK�TV_�_VK
r1
) _VY>TVi

r1
_VYF��O G ORQXK�ORK�k õ fVKLk�SPJLY>Ta_°��O��gY>T � _Vf ô qabNY>QXnN[jK

�°ÿ��°ÿ�� M]YF��O�MRS\O
�gM#W S}��O]K ÿ
¥O�XÃ $!�!� $ 89" 40�'�!� 4

	 SHTVM!i�Kpi�qVSHc°��O]Q]K ù Y>TxS|iNYHTVM���_VbNQXbpk�S�M#OrSHy°��k���O]bdQXY>yVfVM#ORKp_Vb�ceKNTV_VSHT^O]K�_VfxQXK�OrSUQ]_IceY>fVQ
fVTaK iNkgSHM]MXK ó bNTabNQRSUkgKw_VKwMXlmMXORn�[�K�MxTVKNfaO]Q]K�M ÿ ò T?S/Y>yaORK�Tmf?_VK�Mxi�Y>TV_/��O
��Y>TVMuMXf � MRSHT�ORKNM
õ f°��M � K 
 cVQ��g[jKNT�O<KNT�O]KNQX[�K�M�_VK }Õ� , ÿ ò T6SxcVQ]YHceY>M]b@fVTVK�WZY>TVi�O��gY>TaTVKNk�kgK|_VK } l�SUcVfVTVY1� ÷
B QRSUM]M]Y1�mM D ��� õ f/�q�gTVi�kgf5O|iNYH[�[jKui�SHM|chSHQ#O
�gi�fVk���K�Q<_ � SUfaORQXKNM|WZY>TVi{O
��Y>TVTVK�kgk�KNM�_ab®£ ú faO
��k���MXbNK�M
_hSUTVM
k�S�k���O]ORb�QRSUO]fVQ]K ÿ ò T<S!_VbT�>K�kgY>cacebLkgK�O]QRSÊ�US}��k^_aK ��� � �+ùnõ f°�mKNM#O~cVk�fVM ó bNTVb�QRSHk õ faK ��� � �+ù ���>� �
_hSUTVM�kgK�MXKNTVMpY ø kgK�M�M#l5M#ORn�[�K�M�TVK�faORQXKNMpiNYHTVM���_VbNQXbNMpY>T�O�_VKNM+��TVi�KNQXO���O]fV_VKNMd_hSHTVM�kgSucVSHQXO��gK
TVK�faORQXKuK�O�Y ø kgK�M<Q]b�M]fVk�OrSUORM<MXY>T^O<ORYHf\£XY>fVQXM2�>bNQ�� ö bNM�K�T6ORK�Q][jKNM<_VK }�� , ÿ ò TÂS3caQ]bNMXKNT�ORb
õ fVK�k õ fVK�M�K 
 K�[�cVk�KNM õ f°��[�K{O]ORK�T^O�KNT.�USHk�KNfVQ-kgKdQXbNM]fak�OrS\O�cVQ���TVi���chSHk � O]qVbNYHQ]nN[jK �°ÿ��°ÿ�� � ÿ
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	 SHTVM�iNK�irqhSHc°��ORQ]K ù iNYH[�[jK|_hSHTVM�k�KjcVQ]b�iNb�_VKNT�O ù Y>T�SHyeYHQ]_VKjk�SFMXORSHy°��k���ORb�Q]Y>yafVMXO]K@_ab ÷
ceK�TV_hSHT�OP_VKpk�S<OrS}��kgk�Kd_VfxQ]K�ORSHQ]_x_VK�M�MXlmMXO]nN[jKNMPTaKNfaO]Q]KNM�k���TVb�S*��Q]KNM�SÊ�>KNiK�gTaiNK�QXO
��ORfV_VK�M!_hSHTaM
k�KNMLcVSHQRSH[jn�O]Q]K�MLK�Ook�KNMLQXK�OrSUQ]_VM ÿ } K�MoMXlmMXO]nN[jKNM-i�Y>TVM���_Vb�Q]bNMoM]YHT^Oo_Vb�iNQ���ORMLchSHQ�_VKNMob õ fhSUO
��Y>TVM
_°� ü b�Q]K�T^O��gKNk�k�KNM�WZY>TVi{O
��Y>TVTVK�kgk�KNMjS1�HKNi�_VK�M0��TViNK�QXO
��ORfV_aKNMjTVY>T(k���TVbNS}��Q]K�MjK{O��USHQ���SHT�O�_VSHTVM�kgK
O]KN[jcVM�_hSHTaM�k � b{OrSUO ú k � �gTVM#OrSHT�O�cVQ]b�M]KNT�OoK{O�_hSHTVM�k � b�ORSUO ú fVT0��TVMXORSHT^O�QXK�OrSUQ]_Vb ù K{O�_VKNMÈ��TViNK�Q ÷
O���ORfa_VKNM'�USHQ���SHT�Oª_hSHTVM
k�K�O]KN[jcVMªK�O õ fhSUM��gk[�gTVbNS}��Q]K�M©_hSUTVM
k � Y>cebNQ]SUORK�fVQª_VK�_°� ü bNQXKNTVi�KLSHcVcVk[� õ fVb
ú k � b�ORSUO ÿhÚ kgSj_/� ü bNQ]K�TViNK�_Vf�irqhSHc°��ORQXK�caQ]bNi�bN_VK�T^O ù Y>TxbT����O]K�k�S|_almThSH[V� õ faK�SH_V_/��O
��Y>TVTaKNkgk�K
SHMXM]YmiT�gb�K ú k�SdO]QRSHTVM#WZY>Q][�SUO��gYHT|chSHQ�kgS�Q]n ó kgK�_VK } K���yVT°��O 	 faO
��k���MXbNK�_hSUTVM�kgK�JLqhSHc/��ORQXK � � �>Y}�gQ
QXKN[�SHQ õ fVK �°ÿ � ÿ�� �Aù K�T@b�ORK�TV_hSHT�OokgSdORQRSUTVMXWZY>QX[@S\O
��Y>T|chSHQj��T^ORb ó QRS\O
�gYHTjMXfVQ�fVT0��T^ORK�Q��\SHkgk�K ��� s��
�^� ÿ � ÿ � � SHfIiNSHM!TaKNfaO]Q]K�SÊ�>KNic�gTVi�KNQXO���O]fV_VKNM ��s ÿ��-ÿ�� ��÷���s ÿ��-ÿ I � ÿ} � SHcac¤YHQXOjcaQ��gTai��gcVSHko_aKIi�KIi�qVSHc°��O]Q]KuKNMXOj_VY>TViFk � SHThSHk�lmM]Ku_VKFMXOrSUy°�gk[��O]bCcVQXbNM]K�T^O]bNK õ f/�
M � SHcacVf°�gK�MXfVQ�fVTVKpSHcVcVQXYmi�qaKp_VKdOzl5ceKdWZY>TVi{O
�gYHTVTVKNk�kgK�Mo_VK } l�SUcVfVTVY1� ÷³B QRSHMXY��mM D �[� ÿ
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	 SHTVM�i�KLi�qVSHc°��O]Q]K ù Y>T�b�O]KNTV_<k�S�O]QRSHTVM#WZY>Q][�SUO��gYHTpchSHQÕ�gT�ORb ó QRS\O
�gYHTpM]fVQ�faT��gT�ORK�Q��USUkgkgK ��� s��
�^� ÿ � ÿ � �Aù SUfIi�SUM�_VKNM�MXlmMXO]nN[jKNM!TVKNfaO]Q]K�M�S1�>K�i+�gTaiNKNQ#O
��ORfV_VK�M�cVSHQRSH[jb�O]Q�� õ faKNM ��s ÿ��-ÿ�� �^÷���s ÿ��-ÿ I � ÿ
Ú k�S�_°� ü bNQXKNTVi�KP_VKPkgS�ORQRSUTVMXWZY>QX[@S\O
��Y>TjchSHQ�kgSpQ]n ó kgK!_VK } KT�gyVT°��O 	 faO��gk[��M]b�K�_VSHTVMLk�K�irqhSHc°��ORQXK
cVQXbNi�bN_VK�T^O ù k�S`ORK�irqVT°� õ fVK!chSHQ��gT^O]b ó Q]SUO
��Y>T�MXfVQ�fVTV�gT�ORKNQ �USHk�kgKoT � S�£XY>faO]K�SUfViNfVTaK�_5l5TVSH[V� õ fVK
SH_a_°��O��gY>TaTVKNk�k�K ÿ ò TjY>y5O
�gK�T^O�_VK�f 
 Q]b�M]fVk�OrSUORM�_aK!MXORSHy°�gk[��ORbo_Vb�ceKNTV_VSHT^O�_VK!kgS`OrS}��kgk�Ko_Vf�QXK�ORSHQ]_
r2,

�>b�Q�� ö bNM�K�T�ORKNQX[�K�M�_aK }�� ,
) i�KNceKNTa_hSHT�O�kgKjcVQ�� 
 cVS�l>b@KNM#O õ fVK@k�S.�>b�Q�� ö i�SUO��gY>T�_VK@kgS
M#OrSHy°��k���O]b�_Vf�TVYHf/�>KNk�Y>ceb�QRSUO]KNfVQp_VK�_/� ü bNQ]K�TViNKjKNMXO�faT�ceKNf�cakgfVMpi�Y>[jcVk�� õ fVbNK ÿ ò T�_VY>TVTaK
õ fVK�k õ fVK�M�iNY>Ta_°��O��gY>TaM-M]f � MRSUT^ORK�M�yhSHM]b�KNM�MXfVQ�kgKNMoORKNirqVT°� õ fVKNM!_VKpi�Y>[j[@SHTa_VKdQ]Y>yafVMXO]Kpb�O]f ÷
_°��bNK�M�_hSHTVM � �>� � ceY>fVQÖ�>b�Q�� ö KNQ�kgS�M#OrSHy°��k���O]K`_VK�iNK�TVY>f-�>KNk©YHcebNQRS\ORKNfaQ!_aKp_/� ü bNQ]K�TVi�K ÿ
Àµ�
3 ¦?���!578��>= <

ò T=i�Y>TVM��g_Vn�Q]K6fVTaK6iNkgSHM]MXK6_VK�MXlmMXO]nN[jKNMwTVK�faORQXKNM � �-ÿ��-ÿ�� ��÷�� �-ÿ��-ÿ�� �Aù S1�>KNi
F (t,xt) =

Ax (t)+Bx (t− r2)+∆A (t,xt (0))+∆B (t− r2,xt (−r2))
K�O
Y>T�M]fVcaceY>M]K õ fVK

G (t,xt) =

Cx (t− r1)+∆C (t− r1,xt (−r1))
K�MXO�TVY>T<S\ORY>[V� õ fVK�K�T 	 bNQ]Y ù � ÿ K ÿ ù _VK�M�MXlmMXO]nN[jKNM�TVKNf5ORQ]K�M

k[�gTVbNS}��Q]K�M�S1�>KNib�gTVi�KNQ#O
��O]fV_VK�M � �>Y}�gQ��mKNi�O��gY>T �-ÿ�� ù�� �-ÿ��-ÿ�� ����� ÿ , iT�¾kgK�M�Q]K{OrSHQX_VM
r1 ≥ 0

K�O
r2 ≥ 0MXY>T^O!MXfVcVceY>MXbNM�iNYHTVMXORSHT^O]M!K�Ob��TViNYHTVTmfVM ù

d

dt
[D (t)xt] = Ax (t) +Bx (t− r2) + f (t,xt) ,t ≥ σ ≥ 0, ��s ÿ��-ÿ�� �

D (t)ϕ := [ϕ (0)− Cϕ (−r1)−∆C (t− r1,ϕ (−r1))] ,
��s ÿ���ÿ�� �

f (t,ϕ) = ∆A (t,ϕ (0)) + ∆B (t− r2,ϕ (−r2)) , ϕ ∈ C
��s ÿ��-ÿ �F�

SÊ�>KNipkgS<WZYHTVi�O��gY>TaTVKNk�kgKh��T°��O
�gSUk�K
xσ ≡ φ, φ ∈ C, ��s ÿ��-ÿ�� �

Y ø
xt (θ) = x (t+ θ)

õ fhSHTV_��gk
K 
 ��MXO]K�c¤YHfVQ
t ≥ σ, θ ∈ [−r,0] , r := max {r1,r2} .

} KNM
[�SUORQ��gi�KNM

A
ù
B
ù K�O

C
MXY>T^OPi�Y>TVM#OrSHT�ORKNMPK{OPiNY>TVT^fVK�M ù k � SHcVcVk[��i�SUO���YHTIiNYHT^O
��TmfVKpTVY>T�k[�gTVbNS}��Q]K

∆A : R × Ων → Rn
K{Odk�KNM`SHcacVk���i�SUO���Y>TVM!iNY>T�O
��TmfVK�M õ fhSHM��gk���TVb�S*��Q]KNM � k���TVbNS}��Q]K�M�M]K�fVkgK�[�K�T^O

_hSUTVM�k�Kj_VK�f 
 �gn�[�K�SHQ ó fV[jKNT�O �
∆B, ∆C : R × Ων → Rn

ORQ]SHTVMXWZYHQ][jKNT^Op_VK�M�K�TVM]K�[<yVkgK�M
WZK�Q][jbNM�K{O!yeY>Q]TVb�M!K�Tx_VK�M!KNTaM]KN[<yVk�KNM-WZKNQX[�b�M�K�O!yeY>QXTVbNM ÿ � kgk�KNM-MXY>T^O!_abNTVYHO]bNK�M�chSUQ

∆J,t (θ) = ∆J (t+ θ,ϕ (θ)) , J ∈ {A,B,C} ,



I �

K{O!_Vb ö T°�gK�M!chSHQ

∆A (t,ϕ (0)) := EAδA (t,ϕ (0)) ,

δ>A (t+ θ,ϕ (θ)) δA (t+ θ,ϕ (θ)) ≤ ϕ> (θ)W>
AWAϕ (θ) ,

∆B (t− r2,ϕ (−r2)) := EBδB (t− r2)ϕ (−r2) , EB = In×n,

WB + δB (t+ θ) ≥ 0, WB − δB (t+ θ) ≥ 0,

∆C (t− r1,ϕ (−r1)) := ECδC (t− r1)ϕ (−r1) , EC = In×n,

WC + δC (t+ θ) ≥ 0, WC − δC (t+ θ) ≥ 0,
∀ (t,ϕ) ∈ R+ × Ων , θ ∈ [−r,0] ,

��s ÿ��-ÿ sF�

Y ø k � q^lmceYHO]qVnNMXK
WJ + δJ (t+ θ) ≥ 0,WJ − δJ (t+ θ) ≥ 0, i = 1,2, �g[jcVk[� õ faK

δ>J (t+ θ)SδJ (t+ θ) ≤ W>
J SWJ , S > 0,

��s ÿ���ÿ � �

EA
KNMXO�faTVKj[@S\ORQ���iNK<iNY>TaTmfVK ù

WA, WB

K{O
WC

MXY>T^Op_VKNMp[�SUORQ��giNK�Md_VKjceY>TV_abNQRS\O
��Y>T ù
δAK�MXO!fVTVKpSHcVcVk[�gi�S\O
��YHT õ f°��MRSUO��gMXW S*��O

δA (t,0) ≡ 0,
��s ÿ��-ÿ I �

õ fhSHTa_
x = 0

K�MXO�fVTVK|M]Y>k�faO
��Y>T&_Vf�MXlmM#ORnN[jKjTVKNfaO]Q]K ��s ÿ���ÿ�� �^÷���s ÿ���ÿ�� � ÿ ò T Q]KN[�SHQ õ faK õ fVK
k�KNM+�gTVi�KNQXO���O]fV_VKNM

∆B, ∆C

M]Y>T�O�TVY>T�MXO]Q]fVi{ORfVQXbNK�M ù � ÿ K ÿ EB = EC = In×n.
�5Y>fVM�i�KNM�q^l ÷

ceYHO]qVnNMXKNM ù Y>Tè�US [jY>T�ORQ]K�Q|k�S&MXORSHy°��k���O]buQ]YHyVfVMXO]Kx_abNceKNTa_hSHT^O]K�_aKIk�S3OrS}��kgk�Ku_Vf1QXK�ORSHQ]_
r2K{Oh�gTV_abNceKNTa_hSHT�ORK<_VK

r1
ù kgK�MPQ]b�M]fVk�OrSUO]MPceK�f/�>KNT�O G ORQ]KK�>b�Q�� ö bNMPKNT3faO
��k���M]SHT^O!kgK�M�ORK�irqVT°� õ fVK�M

}�� , ÿ
í+ �Ü�îÕ¨©ï-ÝÚ£Uð�£xàT¤1§°îÕâz¨^âÃ¤Êñl �Ü�îÕ¡�àT¤1£xð�ñ¥ò�£�ÞÕð'§_Þ¬¤Ê£�ðÕ¡õ �£�¤1§/ *ðnóQô Q]Y>f-�>KNQ
fVTVK�yeY>QXTVK

r∗2,��õ fhSHTV_IKNk�kgK`K 
 ��MXO]K � M]faQ
r2,

K{O!_VKNM�iNYHTV_°��O��gY>TaM-MXY>fVM�kgK�M õ fVKNk�kgK�M�kgS�M#OrSHy/�gk���O]bdSUMXlm[�c ÷
ORYHO�� õ fVK�_VK ��s ÿ��-ÿ�� �^÷���s ÿ��-ÿ�� � KNM#OoSUM]M]fVQXbNK ~��QÉÊ½��:¼��^¿Ì½��l�}�0�
~��Â{}���_õ fhSHTa_

∆A
ù
∆B

ù
∆CMRSUO��gMXWZYHT^O � �°ÿ���ÿ ��� ceY>faO!T � ��[�ceY>Q#ORK õ fVKNk

r1
QXbNK�k©ceYHM���O���WªK{O!ceY>fVQ

r2 ≤ r∗2.

, i��5Y>T<faO
��k���MXK�_VKLTVY>f/�>KNSHf�k�S�[jb�O]qVYm_VKL_°��Q]KNi{ORKL_VK } l�SUcVfVTVY1� ÷CB QRSHMXY��mM D ���5ceY>fVQ�k � b�O]fV_VK
_VKLkgS�MXORSHy°��k���O]b�Q]Y>yVfaMXORKL_Vb�c¤K�TV_hSUT^ORKo_Vf<Q]K�ORSHQ]_ ÿ } KNM~i�Y>TV_/��O
��Y>TVMª_VKoM#OrSHy/�gk���O]b�MXY>T^O~_VY>TaTVbNK�M
K�TIO]KNQ][jKNM�_aKpk � K 
 �gMXO]KNTVi�Kp_aKpMXY>kgf5O
�gYHTVM-ceYHM���O��[�>K�M�_VK }�� , ÿ
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ò TFb�O]KNTV_Ik�S�O]QRSHTVM#WZY>Q][�SUO��gYHTucVSHQÖ�gT�ORb ó QRSUO��gYHTuMXfVQ�fVTl��T^O]KNQ��\SHkgk�K ��� s��+ù ��� � �+ù � � I � ceY>fVQ
k�K`MXlmMXO]nN[jK ú Q]K{OrSHQX_ �z� ÿ � ÿ � �Aù SHfFi�SUM�_aKNM�M#l5M#ORnN[jK�M!TVKNf5ORQ]K�M ��s ÿ��-ÿ�� � ÿ JLK{O]O]KdORK�i�qVT/� õ fVK�KNM#O
faO��gk[��M]b�K ú kgS�cVkgSHiNK�_VKPk�S�QXn ó kgK�_VK } KT�gyaT°��O 	 M]fVQLk � Y>ceb�QRSUO]KNfVQ�_VKP_°� ü bNQXKNTVi�K`cVQXY>ceY>MXbNK`_hSHTaM
k�K�i�qhSUc°��O]Q]K�caQ]bNi�bN_aKNT^O�cVSHQ]i�K õ f � KNk�kgK�S@k � S1�\SHT^ORS ó K�_aK<TVK�chSHMs�gT�ORQXYm_Vf°�gQXKp_VK<_5l5TVSH[V� õ fVK
SH_a_°��O��gY>TaTVKNk�k�K ÿ � k�Y>Q]M ù SHcVQXnNMuk � �gT�ORb ó QRSUO���Y>T(_Vf�MXlmMXO]nN[jK ��s ÿ��-ÿ�� ��÷���s ÿ��-ÿ ��� MXfVQFk � ��T^O]KNQ �USHkgk�K
[0,r2]

��� � �+ù Y>T�Q]bNb�iNQ���O©kgK~TVY>f/�>KNSHfp[�Ym_Vn�kgK~K�T�ORKNQX[�K�M©_aK�k�SoTVYHf/�>KNk�kgKg�USHQ���SHyVk�K
ξ (t)

� i�Y>[j[�K
� s � �Ã��L

d

dt
D̃ (t) ξt = (A+B) ξ (t) + ∆A (t,ξ (t)) + ∆B (t,ξ (t)) ,

��s ÿ � ÿ�� �

D̃ (t)ϕ := D (t)ϕ+

∫ 0

−r2

[Bϕ (θ) + ∆B (t+ θ,ϕ (θ))] dθ,
��s ÿ � ÿ�� �

Y ø k � Y>cebNQ]SUORK�fVQ-_VK�_°� ü bNQXKNTVi�K
D (t) ,

KNMXO!_Vb ö T°�©cVSHQ ��s ÿ���ÿ�� � ÿpqeni.rspctvu\e s ÿ � ÿ�� oÈ, k�K�MXOpW SHiT�gk�K<_VKj[jY>T^O]Q]K�Q õ fVKjirqhS õ fVKjM]YHkgfaO��gY>T&_VK ��s ÿ��-ÿ�� ��÷���s ÿ��-ÿ ���K�MXO�SUfVM]M���fVTVK�M]YHkgfaO��gY>TC_VK ��s ÿ � ÿ�� ��÷���s ÿ � ÿ�� �Aù SHkgY>QXMok�S�MXOrSUy°�gk[��ORbP_VK ��s ÿ � ÿ�� ��÷���s ÿ � ÿ�� � ��[�cVk[� õ fVK
kgS�M#OrSHy°��k���O]b`_VK ��s ÿ��-ÿ�� �^÷���s ÿ��-ÿ ��� � s � � ÿpqeni.rspctvu\e s ÿ � ÿ�� o:, kmK�MXO
W SHi���kgK�_aKÈ�>b�Q�� ö KNQ õ fVKLkgS�O]QRSHTaMXWZY>Q][�SUO��gYHTp_VK�[jYm_VnNk�K�caQ]Y>ceY>MXbNK
T � �gT�ORQXYm_Vf°��O
chSHM�_VKo_almThSU[�� õ fVKoSH_V_°��O
�gYHTVTVK�kgk�K õ fhSUTV_�kgKNMg��TViNK�QXO
��ORfV_aKNM�M]YHT^O�TaY>T��\SHQ��gSHyVk�KNM
_hSUTVMdkgK�ORK�[�cVM ) cVSHQ`iNY>T�ORQXK ù K�kgk�K�Q]K õ f°��KNQ#O õ fVK�kgK<TaY>f/�>K�k�Y>ceb�QRSUO]KNfVQ`_VK�_°� ü b�Q]K�TViNK

D̃ (t)��s ÿ � ÿ�� �Aù MXYF��O�M#OrSHyakgKdceY>fVQ�k � SUThSHk�l5MXKd_VK�MXORSHy°�gk[��ORb ÿ¶n¸Q·?·A¸ �YX�WYX^]_Xcr Ù}~
¼l|�{9�^��{}�/¾©ÉÊ½���Á�{}�^¿Ì½�� Ç���¿+{ Ë��CËvÆ��
½
Æ_½1¾1Ë
~»¼�¿+{}Ù�{}�_� Ò |�~.�:½��-Ù}~�{}�
¾��1¾��³À�Á0~c�^��{}�/¾©ÉÊ½���Á0ËVw®­�oÅ�¥oÃ����Ä�w®­�oÅ�¥o[���0~
¾��È���»¾���¾��CÀ�Á0~KÎ0�
~��Â{}���O��~c�^��Æ_~+�:~����z�
~�o
´ Ë�Á0½��/¾��^��{}�z¿Ì½���o JLY>[j[�Ks��k¤T � l@chSHMo_VK`chSHQ]SH[�n{ORQXK ú _Vb ö T/�gQ ù SHkgYHQ]MLkgS�i�Y>TV_°��O
��Y>T���T°��O��gSHk�K
ceY>faQ ��s ÿ � ÿ�� ��÷���s ÿ � ÿ�� � KNM#O�kgS�[ G [jK õ fVKoceY>fVQ�kgK�MXlmM#ORnN[jK-_ � Y>Q�� ó ��TVK ��s ÿ��-ÿ�� ��÷���s ÿ��-ÿ ����)-��s ÿ��-ÿ�� �Aù� ÿ K ÿ xσ ≡ φ,

Q]K�MXORK�_hSHTVM�kgK-[ G [jK-K�M]chSHi�K C � iNK{O]ORK�cVQ]YHcVQ���b�ORb-K�T ó b�TVbNQ]SHkhT � KNM#O�chSHM��USHkgSHyVk�K
ceY>faQIT � �g[jceY>QXO]K õ faKNkgk�K&ORQ]SHTVMXWZYHQ][�SUO
��Y>T ù chSUQIK 
 K�[�cakgK kgS6O]QRSHTVM#WZY>Q][�SUO��gYHT�_VK [jYm_VnNk�K
faO��gk[��M]b�K&_hSHTVMFkgK&irqhSHc/��ORQXKwcVQXbNi�bN_VK�T^O ù Y ø k�S�iNY>Ta_°��O��gY>Tæ�gT/��O
��SHk�K�i�qVSHT ó Kw_VK C [−r,0] ú
C [−r − r2,0] ,

�>YF��Q þ K�[@SUQ õ fVK �°ÿ � ÿ�� � ÿ � TÂW S}��O ù M���k�S&iNY>Ta_°��O��gY>Tè�gT/��O
�gSUk�KCceY>fVQ ��s ÿ � ÿ�� �^÷��s ÿ � ÿ�� � MRSUO��gMXW S*��O�kgS � iNY>Ta_°��O��gY>T�_VKCQRSHi�iNY>QX_VKN[jKNT�O � SHk�Y>Q]M�M]KNM�MXY>kgfaO��gY>TaM�MXY>T^O�k�KNM�[ G [�K�M
õ fVKpceYHfVQ ��s ÿ���ÿ�� �^÷���s ÿ���ÿ ��� ÿ



�5�
� �gTVSHkgK�[jKNT�O ù Y>TI[jY>T^O]Q]K õ fVKpkgKdMXlmMXO]nN[jKpORQ]SHTVM#WZY>Q][jb ��s ÿ � ÿ�� ��÷���s ÿ � ÿ�� � KNM#O�fVTxM#lmMXORn�[�K

TVK�faORQXK ù � ÿ K ÿ Y>T��\SFQ]b�bNi�Q��gQXK|k � Y>ceb�QRSUO]KNfVQ`_VK|_°� ü b�Q]KNTaiNK ��s ÿ � ÿ�� � _hSHTVM�kgSCWZYHQ][jK�_ � fVT Y>ceb ÷
Q]SUORK�fVQpk���TVb�S*�gQXK ��s ÿ � ÿ ��� K{OK�>b�Q�� ö KNQ õ fVK�iNK{O�Y>ceb�QRSUO]KNfVQpK�MXO<SUO]Y>[V� õ fVK�KNT 	 bNQ]YxiNYHTV_°��O��gY>T
� �-ÿ���ÿ � �Q� �>YF��Q-M]K�i�O��gY>T ��ÿ�� � ÿ	�� SUyeY>Q]_IY>TIQXbNb�iNQ���O ��s ÿ � ÿ�� � KNTFWZY>Q][jKd_ � ��T^ORb ó QRSUkgK`_VK þ ��KN[�SHTVT ÷ �mO���KNk�OZ£XKNM

D̃ (t)ϕ =

∫ 0

−r

[dθµ (t,θ)]ϕ (θ) , θ ∈ [−r,0] ,
��s ÿ � ÿ �F�

Y ø
r := max {r1,r2}

K�O

µ (t,θ) := µ0 (θ) + µ1 (θ) + µ2 (t,θ) + µ3 (t,θ) + µ4 (t,θ) ,
��s ÿ � ÿ�� �

SÊ�>KNi
µi

WZY>TVi{O
��Y>TVMp_aKV�USHQ���SUO��gYHT yeY>QXTVbNK ÿ JLKNM
µi

M]Y>T�O�KNTaM]f°��ORK�_Vb ö T°��KNM�M]Y>faM�faTVKjWZY>Q][jK
õ f°��Q]K�cVQ]b�M]K�T^ORK�irqhS õ faKpO]KNQ][jKd_VK ��s ÿ � ÿ�� ��L

µ0 (θ) :=

{
−I si θ < 0,

0n×n si θ = 0,

µ1 (θ) =

{
C si θ < −r1,
0n×n si θ ≥ −r1,

µ2 (t,θ) =

{
δC (t− r1) si θ < −r1,
0n×n si θ ≥ −r1,

µ3 (t,θ) =

{
−r2B si θ ≤ −r2,
θB si −r2 ≤ θ ≤ 0,

µ4 (t,θ) =

{
−
∫ 0
−r2

δB (t+ ϑ) dϑ si θ ≤ −r2,
−
∫ 0
θ
δB (t+ ϑ) dϑ si −r2 ≤ θ ≤ 0,K{O

µ (t,θ) = µ (t,0)
M��
θ ≥ 0. JLY>[j[�K

δB (t+ θ)
K�O
δC (t+ θ)

MXY>T^O�i�Y>T^O��gT^fVKNM�K�O�yeY>QXTVbNK�M
∀ t ≥ σ, θ ∈ [−r,0] , µi

K�MXOP_VKc�USHQ���SUO��gYHTFyeY>Q]TVb�K�K�OPSHk�Y>QXM
µ

KNM#OP_VKc�USHQ���SUO��gY>Tuy¤YHQ]TVb�K�K�O
D̃ (t) ∈ B (C,Rn) .� S}�gT�ORK�ThSHT�O!YHTIY>yaO��gKNT�O � M��g[V�gk�S}��Q]K úU� ��ÿ��-ÿ sF����L

A

(
t,0,D̃ (t)

)
= µ

(
t,0+

)
− µ

(
t,0−

) ��s ÿ � ÿ sF�
= I − C − δC (t− r1) ,



�>�
� ÿ K ÿ kgSP[ G [jKoi�Y>TV_°��O
��Y>T<_ � SUO]Y>[V�giT��O]b õ fVK-ceY>fVQ~k � Y>ceb�QRSUO]KNfVQ�_VK-_°� ü b�Q]K�TViNK

D (t)
��s ÿ��-ÿ�� � _Vf

M#l5M#ORn�[�K ��s ÿ���ÿ�� �^÷���s ÿ���ÿ I � ÿ � �gThSUkgK�[jKNT^O�M��
det (I − C − δC (t− r1)) 6= 0

ceYHfVQ`T � �g[jceY>Q#ORK
õ fVK�k

t ∈ [σ,∞) SUkgY>QXMLk�S�iNY>Ta_°��O��gY>T@_ � SUORYH[���i���ORb � �-ÿ��-ÿ � � KNM#O�MRS\O
�gM#W S}��O]K ù:��s ÿ��-ÿ�� �^÷���s ÿ��-ÿ I � KNMXO
fVT�MXlmMXO]nN[jK@TVK�faORQXK�K�O ��s ÿ � ÿ sF� �g[jcVk[� õ fVK õ fVK ��s ÿ � ÿ�� ��÷���s ÿ � ÿ�� � KNMXO�SUORY>[V� õ faK|KNT 	 bNQXY»� ÿ K ÿfVTIM#l5M#ORn�[�KpTVK�faORQXK ù �>Y}�gQ-_ab ö T°��O
��Y>T � �-ÿ���ÿ�� � ÿ
¤ � TaM]f°��ORK ù YHTub{ORfV_°��K`kgS�M#OrSHy/�gk���O]b�_Vfu[jYm_Vn�kgK!ORQRSUTVMXWZY>QX[�b ��s ÿ � ÿ�� ��÷���s ÿ � ÿ�� � KNTCORK�Q][jKNMo_aK
kgS��USUQ��gSHyVkgK

x.

Àµ�z¥ 4����657��89�:��; ��� 57" 4O�?<  #;?¦?<>�@ ��¹����<  #< 8��
���¹�¬8Ú89<  #" ��<`���¹�� 4��¹� 4  ËÊ#�Î�6= �©Ï " <
�¹ # #�:���'�!�@� <>8Ú89<

	 SHTVMpiNK�OXORK�MXKNi{O
�gYHT ù Y>T�f5O
�gk[��M]K|SHfaM]M���k � SHcVcVQXYmi�qaKjchSHQdWZY>TVi{O
�gYHTVTVK�kgk�KNMd_VK } l�SUcVfVTVY1� ÷
B QRSUM]Y1�5M D �[� ù S1�HKNi<k � S}�g_aK�_Vf ô qabNY>QXnN[jK � ÿ��-ÿ�� c¤YHfVQP[�Y>T�ORQXKNQ�kgKpORqVb�Y>Q]n�[�K�M]f°���USHT�O`M]fVQ`kgS
M#OrSHy°��k���O]b�_abNceKNTa_hSHT^O]K�_VK�k�S�ORS}�gk�k�Kd_Vf�QXK�ORSHQ]_

r2
K�Oå�gTV_abNceK�TV_hSHT�ORK�_VK�k�S�ORS}�gk�k�Kd_Vf�QXK�ORSHQ]_

r1 :�K¦UNK�µ´0¶Q·A¸Ë�YX��'X^]_X ç ½�¿Ã�²|[~c¾���¾��CÀ�Á0~K�:~����^�
~0w®­�o���oÃ����Ä�w®­�o���oÅ���}o ç ¿�|�~
¾µ¼
½����}¿Ã�^¿Ì½��/¾h¾��-¿ÃÄÙ�{}�_�C~
¾h¾1½��_�jÙ}Ë���¿ éHË�~
¾T×
��o
A1 := A+B

~
¾��j���:~+ÁV{}�^��¿Ì¼
~h¾��Ì{�Í�|�~2��~hys�-��Ñ�¿Ã�g³d¬Åë�¯RÒ
��o+|�~
¾Ö½
Æ_Ë���{}�³~����
¾È�-~È�}¿ ÓhË��
~��:¼
~

D (t)ϕ := [ϕ (0)− Cϕ (−r1)−∆C (t,ϕ)]
~��
D̃ (t)ϕ :={

D (t)ϕ+
∫ 0
−r2

[Bϕ (θ) + ∆B (t+ θ,ϕ (θ))] dθ
} ¾1½��_�c|Ô¿Ã�:Ë�{}¿Ã�
~
¾U~��

ϕ,
¼
½��_�z¿Ã�_��¾ Ò

¾��Â{�Í�|�~
¾Q���_¿ ÉÊ½���Á0Ë�Á0~��_�:Æ/{}�Q��{�Æ�Æ_½����ÈÎ C ([σ,∞) ,Rn) Ò D (t) ~
¾��²{}�C½�Áv¿^Ç���~2~��u³�Ë��
½�Ò
�¥o+¿Ã|b~�ÐF¿�¾��C~O���õ�:½�ÁVÍ��
~0�
Ë
~�|�Æ_½1¾�¿Ã�^¿ É

r∗2 ≥ r2
~��K��~
¾�ÁV{}�z��¿Ì¼
~
¾.��Ë©én�_¿Ì~
¾+Æ_½1¾�¿Ã�z¿ÃÙ}~
¾

P,

Si > 0, i = 1,6
�C~�|¯¾2Ç��_~+|�~
¾ m�iu¿ ¾h¾��-¿ÃÙ�{}�_�C~
¾h¾1½��_��¾�{}�z¿�¾©ÉT{}¿Ã�C~
¾�×

Γ :=




Q (r∗2) Γ12 S (r∗2)

Γ>12 Γ22 0

S
>
(r∗2) 0 R


 < 0,

��s ÿ��/ÿ�� �

S2 > S3 +W>
B S4WB + (2r2 + 3)B

>SB + (2r2 + 3)W
>
B SWB,

��s ÿ��°ÿ�� �



� �

½\Á
S :=

(
W>
AWA +W>

B S5WB + S1 + r2S2
)
.

��s ÿ��°ÿ ���
Q (r∗2) := Γ11 + S (r∗2)R

−1S
>
(r∗2) ,

��s ÿ��°ÿ�� �
Γ11 = A>1 P + PA1 + 2S + 2r2S − S (r∗2)R

−1S
>
(r∗2)

��s ÿ��°ÿ sF�
S (r∗2) :=

(
S1 (r

∗
2) S2

)
,

��s ÿ��°ÿ � �
S1 (r

∗
2) :=

√
r∗2

(
PA1B, PA1

)
,

��s ÿ��°ÿ I �
S2 :=

(
P, PA>1 , PEA

)
,

��s ÿ��°ÿ�� �

R−1 :=




−S−13 0 0 0 0

0 −S−14 0 0 0

0 0 −S−15 0 0

0 0 0 −S−16 0

0 0 0 0 −I




,
��s ÿ��°ÿ � �

Γ12 := PA1C + SC,
��s ÿ��°ÿ�� � �

Γ22 := −S1 +W>
C S6WC + (2 + r2)C

>SC + (2 + r2)W
>
C SWC .

��s ÿ��°ÿ��>� �
r |�½��
¾q|�~ ç ��¾��CÀ�Á0~oÔ+~��-�^�
~Kw®­�o���oÃ����Ä�w®­�o���oÅ�T�+~
¾����
½}Í���¾��³~�Á0~��_�Õ{�¾���ÁsÆ��C½*�^¿^Ç��_~�Á0~��_�Y¾��Ì{�Í�|�~

Æ_½����c�:Ï ¿ÃÁsÆ_½����C~KÇ��_~�|\�
~��Ì{}���
r2 ≤ r∗2

~��j�:Ï ¿ÃÁsÆ�½����C~KÇ��_~�|\�
~��Â{}���
r1 > 0.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o �5YF��O�kgS<WZY>Tai�O
��Y>TVTVK�kgk�K`_VK } l�SHcVfaTVY�� ÷CB Q]SHM]Y1�mM D ����M]f°���USHT�ORK L
V (t,ϕ) := V1 (t,ϕ) + V2 (ϕ) + V3 (ϕ) ,

��s ÿ��°ÿ���� �
Y ø

V1 (t,ϕ) :=
[
D̃ (t)ϕ

]>
PD̃ (t)ϕ,

��s ÿ��°ÿ�� ���

V2 (ϕ) :=

∫ 0

−r2

ϕ> (θ)S1ϕ (θ) dθ,
��s ÿ��°ÿ���� �

V3 (ϕ) :=

∫ 0

−r2

∫ 0

θ

ϕ> (ϑ)S2ϕ (ϑ) dϑdθ.
��s ÿ��/ÿ�� s}�

( YHfVQji�K�OXORKFWZY>TVi{O
�gYHTVTVKNk�kgK
V,

Y>TÂc¤K�faO�i�Y>TVMXO]Q]f°��Q]K
V ′

kgKukgYHT ó _VKNM|ORQ]S\£XK�i�O]YF�gQXKNM ��s ÿ � ÿ�� � ÿ
� kgY>QXM-Y>TxS L

V ′1 (t,ϕ) =
d

dt

[
D̃ (t)ϕ

]>
PD̃ (t)ϕ+

[
D̃ (t)ϕ

]>
P
d

dt

[
D̃ (t)ϕ

]
,



�U�

V ′1 (t,xt)|(5.3.1) = x> (t) (A+B)> Px (t) + x> (t)P (A+B)x (t)

−x> (t) (A+B)> PCx (t− r1)− x> (t− r1)C
>P (A+B)x (t)

−2x> (t) (A+B)> P∆C,t (−r1) + 2x> (t) (A+B)> PB
∫ 0
−r2

x (t+ θ) dθ

+2x> (t) (A+B)> P
∫ 0
−r2

∆B,t (θ) x (t+ θ) dθ

+2x> (t)P (∆A,t (0) + ∆B,t (0))− 2x> (t− r1)C
>P (∆A,t (0) + ∆B,t (0))

−2∆>C,t (−r1)P (∆A,t (0) + ∆B,t (0))

+2
∫ 0
−r2

x> (t+ θ) dθB>P (∆A,t (0) + ∆B,t (0))

+2
∫ 0
−r2

∆>B,t (θ) dθP (∆A,t (0) + ∆B,t (0)) , ��s ÿ��°ÿ�� � �
V ′1 (t,xt)|(5.3.1) =

[
D̃ (t)xt

]>
(A+B)> PD̃ (t)xt

+
[
D̃ (t)xt

]>
P (A+B) D̃ (t)xt

+x> (t− r1)C
> (A+B)> PD̃ (t)xt +

[
D̃ (t)xt

]>
P (A+B)Cx (t− r1)

−2
[
D̃ (t)xt

]>
P (A+B)B

∫ 0
−r2

x (t+ θ) dθ

−2
[
D̃ (t)xt

]>
P (A+B)

∫ 0
−r2

∆B,t (θ) dθ

+2∆>A,t (0)PD̃ (t)xt + 2∆
>
B,t (0)PD̃ (t)xt

+2∆>C,t (−r1) (A+B)> PD̃ (t)xt,

��s ÿ��°ÿ�� I �

Y ø k � �g_VK�T^O���O]b`M]f°���USHT�ORK�b{ORb�faO
��k���M]b�K
[
D̃ (t)xt

]>
(A+B)> PD̃ (t)xt +

[
D̃ (t)xt

]>
P (A+B) D̃ (t)xt

+x> (t− r1)C
> (A+B)> PD̃ (t)xt +

[
D̃ (t)xt

]>
P (A+B)Cx (t− r1)

−2
[
D̃ (t)xt

]>
P (A+B)B

∫ 0
−r2

x (t+ θ) dθ

−2
[
D̃ (t)xt

]>
P (A+B)

∫ 0
−r2

∆Bt (θ) dθ

+2∆>C,t (−r1) (A+B)> PD̃ (t)xt

= x> (t) (A+B)> Px (t) + x> (t)P (A+B) x (t)

−x> (t) (A+B)> PCx (t− r1)− x> (t− r1)C
>P (A+B)x (t)

−2x> (t) (A+B)> P∆C,t (−r1) + 2x> (t) (A+B)> PB
∫ 0
−r2

x (t+ θ) dθ

+2x> (t) (A+B)> P
∫ 0
−r2

∆B,t (θ) x (t+ θ) dθ,

��s ÿ��°ÿ���� �

V ′2 (xt) = x> (t)S1x (t)− x> (t− r1)S1x (t− r1) ,
��s ÿ��°ÿ�� � �

V ′3 (xt) = r2x
> (t)S2x (t)−

∫ 0

−r2

x> (t+ θ)S2x (t+ θ) dθ.
��s ÿ��/ÿ�� � �



� s

ò TIfaO��gk[��M]K ��s ÿ��-ÿ sF�^÷���s ÿ��-ÿ � � K�O!k � ��TVb ó SHk[��O]b`iNkgSHMXM�� õ fVK L

−2a>b ≤ inf
S>0

{
a>Sa+ b>S−1b

}
∀ a, b ∈ Rn ��s ÿ��°ÿ��m� �

ceY>faQ�yeY>QXTVKNQ�_°� ü b�Q]K�T^ORM-O]KNQ][jK�M

−2
[
D̃ (t)xt

]>
P (A+B)B

∫ 0
−r2

x (t+ θ) dθ

≤ r2

[
D̃ (t)xt

]>
P (A+B)BR−11 B> (A+B)> PD̃ (t)xt

+
∫ 0
−r2

x> (t+ θ)R1x (t+ θ) dθ, R1 > 0,

−2
[
D̃ (t)xt

]>
P (A+B)

∫ 0
−r2

∆B,t (θ) dθ

≤ r2

[
D̃ (t)xt

]>
P (A+B)R−12 (A+B)> PD̃ (t)xt

+
∫ 0
−r2

x> (t+ θ)W>
BR2WBx (t+ θ) dθ, R2 > 0,

2∆>A,t (0)PD̃ (t)xt = 2δ
>
A (t,x (t))E

>
APD̃ (t)xt

≤ x> (t)W>
AR3WAx (t)

+
[
D̃ (t)xt

]>
PEAR

−1
3 E>APD̃ (t)xt, R3 > 0,

2∆>Bt (0)PD̃ (t)xt = 2x
> (t) δ>B (t)PD̃ (t)xt

≤ x> (t)W>
BR4WBx (t)

+
[
D̃ (t)xt

]>
PR−14 PD̃ (t)xt, R4 > 0,

2∆>C,t (−r1) (A+B)> PD̃ (t)xt = 2x
> (t− r1) δ

>
C (t− r1) (A+B)> PD̃ (t)xt

≤ x> (t− r1)W
>
C R5WCx (t− r1)

+
[
D̃ (t)xt

]>
P (A+B)R−15 (A+B)> PD̃ (t)xt, R5 > 0,



� �

K{O!Y>TIQXbNbNi�Q���O ��s ÿ��°ÿ�� I ��÷���s ÿ��°ÿ�� � � iNYH[�[jK

V ′ (t,xt)|(5.3.1) ≤
[
D̃ (t)xt

]>
(A+B)> PD̃ (t)xt

+
[
D̃ (t)xt

]>
P (A+B) D̃ (t)xt

+x> (t− r1)C
> (A+B)> PD̃ (t)xt +

[
D̃ (t)xt

]>
P (A+B)Cx (t− r1)

+r2

[
D̃ (t)xt

]>
P (A+B)BR−11 B> (A+B)> PD̃ (t)xt

+
∫ 0
−r2

x> (t+ θ)R1x (t+ θ) dθ

+r2

[
D̃ (t)xt

]>
P (A+B)R−12 (A+B)> PD̃ (t)xt

+
∫ 0
−r2

x> (t+ θ)W>
BR2WBx (t+ θ) dθ

+x> (t)W>
AR3WAx (t) +

[
D̃ (t)xt

]>
PEAR

−1
3 E>APD̃ (t)xt

+x> (t)W>
BR4WBx (t) +

[
D̃ (t)xt

]>
PR−14 PD̃ (t)xt

+x> (t− r1)W
>
C R5WCx (t− r1)

+
[
D̃ (t)xt

]>
P (A+B)R−15 (A+B)> PD̃ (t)xt

+x> (t)S1x (t)− x> (t− r1)S1x (t− r1)

+r2x
> (t)S2x (t)−

∫ 0
−r2

x> (t+ θ)S2x (t+ θ) dθ.

��s ÿ��°ÿ��H� �

� S*�gT�ORKNTVSHT^O�Y>TIi�Y>TVM��g_Vn�Q]K�k � �g_VK�T^O
��ORb

x> (t)Sx (t) =
[
D̃ (t)xt

]>
SD̃ (t)xt

+x> (t− r1)C
>SD̃ (t)xt +

[
D̃ (t)xt

]>
SCx (t− r1)

+x> (t− r1)C
>SCx (t− r1)

−2
[
D̃ (t)xt

]>
SB

∫ 0
−r2

x (t+ θ) dθ

−2
[
D̃ (t)xt

]>
S
∫ 0
−r2

∆B,t (θ) dθ

+2∆>C,t (−r1)SD̃ (t)xt
−2x> (t− r1)C

>SB
∫ 0
−r2

x (t+ θ) dθ

−2x> (t− r1)C
>S
∫ 0
−r2

∆B,t (θ) dθ

+2∆>Ct (−r1)SCx (t− r1)

+
∫ 0
−r2

x> (t+ θ) dθB>SB
∫ 0
−r2

x (t+ θ) dθ

+2
∫ 0
−r2

x> (t+ θ) dθB>S
∫ 0
−r2

∆B,t (θ) dθ

−2∆>C,t (−r1)SB
∫ 0
−r2

x (t+ θ) dθ +
∫ 0
−r2

∆>B,t (θ) dθS
∫ 0
−r2

∆B,t (θ) dθ

−2∆>C,t (−r1)S
∫ 0
−r2

∆B,t (θ) dθ +∆
>
C,t (−r1)S∆C,t (−r1) .

��s ÿ��°ÿ�� ���



� I

ò T�ceK�faO
yeY>Q]TVK�Q
x> (t)Sx (t)

M��^Y>T�f5O
��k���M]K�_aK�TaY>f/�>KNSHf�k � �gTab ó SHk���ORb ��s ÿ��°ÿ��5� � M]faQ
k�KNM�ORK�Q][jKNM
õ f°��Y>T�O!k�K`W SHi�O]KNfVQ � _hSHTVM ��s ÿ��°ÿ�� �F� K�O�SUfVM]M��©M]faQ!k�KNMoORKNQX[�K�M L
∫ 0
−r2

x> (t+ θ) dθB>SB
∫ 0
−r2

x (t+ θ) dθ =
∫ 0
−r2

∫ 0
−r2

x> (t+ θ)B>SBx (t+ ϑ) dϑdθ

≤ 1
2

∫ 0
−r2

∫ 0
−r2

x> (t+ θ)B>R6Bx (t+ θ) dϑdθ

+1
2

∫ 0
−r2

∫ 0
−r2

x> (t+ ϑ)B>SR−16 SBx (t+ ϑ) dϑdθ

= r2
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ, R6 = S,

∫ 0
−r2

∆>B,t (θ) dθS
∫ 0
−r2

∆B,t (ϑ) dϑ =
∫ 0
−r2

∫ 0
−r2

x> (t+ θ) δ>B (t+ θ)SδB (t+ ϑ)x (t+ ϑ) dϑdθ

≤ 1
2

∫ 0
−r2

∫ 0
−r2

x> (t+ θ) δ>B (t+ θ)R7δB (t+ θ)x (t+ θ) dϑdθ

+1
2

∫ 0
−r2

∫ 0
−r2

x> (t+ ϑ) δB
> (t+ ϑ)SR−17 SδB (t+ ϑ)x (t+ ϑ) dϑdθ

= r2
∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ R7 = S,

∆>C,t (−r1)S∆C,t (−r1) = x> (t− r1) δ
>
C (t− r1)SδC (t− r1)x (t− r1)

≤ x> (t− r1)W
>
C SWCx (t− r1) ,SHk�Y>QXM-fVTVK�yeY>QXTVK�_VK ��s ÿ��°ÿ�� ��� K�MXO

x> (t)Sx (t) ≤
[
D̃ (t)xt

]>
SD̃ (t)xt

+x> (t− r1)C
>SD̃ (t)xt +

[
D̃ (t)xt

]>
SCx (t− r1)

+x> (t− r1)C
>SCx (t− r1)

+r2

[
D̃ (t)xt

]>
SD̃ (t)xt +

∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2

[
D̃ (t)xt

]>
SD̃ (t)xt +

∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+x> (t− r1)W
>
C SWCx (t− r1) +

[
D̃ (t)xt

]>
SD̃ (t)xt

+r2x
> (t− r1)C

>SCx (t− r1) +
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2x
> (t− r1)C

>SCx (t− r1) +
∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+x> (t− r1)W
>
C SWCx (t− r1) + x> (t− r1)C

>SCx (t− r1)

+r2
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ + r2
∫ 0
−r2

x> (t+ ϑ)W>
B SWBx (t+ ϑ) dϑ

+r2x
> (t− r1)W

>
C SWCx (t− r1) +

∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2
∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+r2x
> (t− r1)W

>
C SWCx (t− r1) +

∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+x> (t− r1)W
>
C SWCx (t− r1) , ��s ÿ��°ÿ��\� �



�H�
K{O!Y>TIirqhSHT ó Kpk�KNMoORKNQX[�K�M�_VK

x (t)
_VSHTVM

D̃ (t)xt
_hSHTVM ��s ÿ��°ÿ��>� � KNTIfaO
��k���M]SHT^O ��s ÿ��°ÿ��U� �

V ′ (t,xt)|(5.3.1) ≤
[
D̃ (t)xt

]>
(A+B)> PD̃ (t)xt +

[
D̃ (t)xt

]>
P (A+B) D̃ (t)xt

+x> (t− r1)C
> (A+B)> PD̃ (t)xt +

[
D̃ (t)xt

]>
P (A+B)Cx (t− r1)

+r2

[
D̃ (t)xt

]>
P (A+B)BR−11 B> (A+B)> PD̃ (t)xt

+
∫ 0
−r2

x> (t+ θ)R1x (t+ θ) dθ

+r2

[
D̃ (t)xt

]>
P (A+B)R−12 (A+B)> PD̃ (t)xt

+
∫ 0
−r2

x> (t+ θ)W>
BR2WBx (t+ θ) dθ

+
[
D̃ (t)xt

]>
PEAR

−1
3 E>APD̃ (t)xt +

[
D̃ (t)xt

]>
PR−14 PD̃ (t)xt

+x> (t− r1)W
>
C R5WCx (t− r1)

+
[
D̃ (t)xt

]>
P (A+B)R−15 (A+B)> PD̃ (t)xt

−x> (t− r1)S1x (t− r1)−
∫ 0
−r2

x> (t+ θ)S2x (t+ θ) dθ

+
[
D̃ (t)xt

]>
SD̃ (t)xt

+x> (t− r1)C
>SD̃ (t)xt +

[
D̃ (t)xt

]>
SCx (t− r1)

+x> (t− r1)C
>SCx (t− r1)

+r2

[
D̃ (t)xt

]>
SD̃ (t)xt +

∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2

[
D̃ (t)xt

]>
SD̃ (t)xt +

∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+x> (t− r1)W
>
C SWCx (t− r1) +

[
D̃ (t)xt

]>
SD̃ (t)xt

+r2x
> (t− r1)C

>SCx (t− r1) +
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2x
> (t− r1)C

>SCx (t− r1) +
∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+x> (t− r1)W
>
C SWCx (t− r1) + x> (t− r1)C

>SCx (t− r1)

+r2
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2
∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ + r2
∫ 0
−r2

x> (t+ ϑ)W>
B SWBx (t+ ϑ) dϑ

+r2x
> (t− r1)W

>
C SWCx (t− r1) +

∫ 0
−r2

x> (t+ θ)B>SBx (t+ θ) dθ

+r2
∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+r2x
> (t− r1)W

>
C SWCx (t− r1) +

∫ 0
−r2

x> (t+ θ)W>
B SWBx (t+ θ) dθ

+x> (t− r1)W
>
C SWCx (t− r1) , ��s ÿ��°ÿ�� sF�

Y ø
S :=

(
W>
AR3WA +W>

BR4WB + S1 + r2S2
)
.

��s ÿ��°ÿ�� � �



� �

� ��ThSHk�KN[jK�T^OoceY>fVQ-MXfVcVcVQ���[jKNQ-_VK�M�O]KNQX[�K�M�iNSHQ]QXbNM�_hSHTaM
V ′

Y>TFi�qaYF�gM���O
R1 = S3, R2 = S4,

R3 = I, R4 = S5, R5 = S6
K�O

S2 > R1 +W>
BR2WB + 3B

>SB + 3W>
B SWB

+2r2B
>SB + 2r2W

>
B SWB,

��s ÿ��°ÿ�� I �
K{O�S1�HKNi@O]Y>faO]KNM�iNK�M��gTVb ó SHk[��ORb�MpK�O2�g_VK�T^O
��ORb�M ù M � ��k�K 
 �gM#ORK@fVT�QXbNKNk�ceYHM���O���W

r∗2 ≥ r2
ORK�k õ fVK

kgS }�� ,c� �°ÿ��°ÿ�� � KNMXO�MRSUO��gM#W S}��O]K ù SHk�Y>Q]M � �°ÿ��°ÿ�� � KNM#OPb õ f°���USHk�KNT�ORKc����S|fVTVK�ORQRSUTVMXWZY>QX[@S\O
��Y>TF_aK
�5irq^fVQ�SHcacVQ]Y>caQ��gb�K ��� �0ú/L

V ′ (t,xt)|(5.3.1) ≤
( [

D̃ (t)xt

]>
x> (t− r1)

)
Γ

(
D̃ (t)xt

x (t− r1)

)
< 0,

��s ÿ��°ÿ��H� �
SÊ�>KNi

Γ =

(
Γ11 Γ12

Γ>12 Γ22

)

Y ø
(Γi,j) ,i = 1,2, j = 1,2

K�MXO�_ab ö T°��K�_hSHTVM�kgK ô qVbNY>QXnN[jK s ÿ��°ÿ��Fÿ} � ��TVb ó SUk���O]b ��s ÿ��°ÿ��H� � M�� ó T°� ö K
Γ < 0, Γ1,1 < 0

K�O õ f � �gkVK 
 ��MXORK
γ > 0

ORK�k õ fVK
V̇ (t,xt) ≤

−γ ‖D (t)xt‖
ceYHfVQ-T � ��[�ceYHQXORK õ faKNk

t ≥ σ. D (t)
K�O
D̃ (t)

MXY>T^O�MXOrSUyVkgK�M�cVSHQ-k � q^lmceYHO]qVnNMXK
� � � _Vf ô qVbNY>QXnN[jK s ÿ��°ÿ�� ù �>YF��Q �^� ÿ��-ÿ�� � K{O � � � � ÿ � k�Y>Q]M ù kgS�MXORSHy°�gk[��ORb�SHM#l5[jcaO]YHO
� õ faK�_VK ��s ÿ��-ÿ�� �^÷��s ÿ���ÿ �F� KNMXO�SHMXM]fVQ]b�KpchSHQ�k�K ô qVb�Y>Q]n�[�K � ÿ��-ÿ�� ceY>faQ�T � �g[jceY>QXO]K õ faKNk©QXK�OrSUQ]_

r2 ≤ r∗2
ù � � � � ÿ

¤�K¦UNK�µ´0¶Q·A¸Û�YX½�'X[Z\X ç ½�¿Ã�c|�~�¾��1¾��³À�Á0~O�:~����z�
~aw®­�o���oÃ����Ä�w®­�o���oÅ�T�}o ç ¿h|[~
¾x¼
½����}¿Ã�^¿Ì½��/¾ 1,
2,
�}�§ÜYÓ_Ë
½��
À�Á0~�­�o¯ë�oÃ�.¾1½��_�åÙ}Ë���¿ éHË
~
¾�~��b¾_Ï ¿Ã|²~�ÐF¿�¾��C~V���è�:½�ÁVÍ��
~V�
Ë
~�|:Æ_½1¾�¿Ã�z¿ É

r∗2 ≥ r2
~��

��~
¾+ÁV{}�z��¿Ì¼
~
¾2��Ë©én�_¿Ì~
¾ÖÆ_½1¾�¿Ã�^¿ÃÙ}~
¾
P, Si > 0, i = 1,9

�³~�|Ã|[~
¾�Ç���~K|�~
¾ m'iu¿ ¾c¾���¿ÃÙ�{}�_�C~
¾c¾1½��_�
¾�{}�^¿�¾©ÉT{}¿Ã�³~
¾�×

Υ :=




Q2 (r
∗
2) C>PA1 0 S2 (r

∗
2)

A>1 PC Q1 (r
∗
2) S1 (r

∗
2) 0

0 S
>

1 (r
∗
2) R1 0

S
>

2 (r
∗
2) 0 0 R2



< 0,

��s ÿ��°ÿ�� � �

S < 0,
��s ÿ��°ÿ � � �

½\Á
S := −S2 +B>S4B +W>

B S5WB + 2B
>B +W>

BWB,
��s ÿ��°ÿ � � �

Q1 (r
∗
2) := A>1 P + PA1 +W>

A (S6 + S7)WA +W>
B (S8 + S9)WB + S1 + r∗2S2,



� �

S1 (r
∗
2) :=

(
A>1 P

√
r∗2A

>
1 P

√
r∗2A

>
1 P P P

√
r∗2W

>
A P

√
r∗2W

>
B P

)
,

R
−1

1 :=




−S−13 0 0 0 0 0 0

0 −S−14 0 0 0 0 0

0 0 −S−15 0 0 0 0

0 0 0 −S−16 0 0 0

0 0 0 0 −S−18 0 0

0 0 0 0 0 −I 0

0 0 0 0 0 0 −I




,

Q2 (r
∗
2) := −S1 +W>

C S3WC ,

S2 (r
∗
2) :=

(
C>P C>P

)
,

R
−1

2 :=

(
−S−17 0

0 −S−19

)
.

r |�½��
¾9|�~a¾��1¾��CÀ�Á0~9�:~����z�
~êw®­�o���oÃ����Ä�w®­�o���oÅ���æ~
¾��0�
½}Í��¥¾��C~�Á0~��_�O{�¾���ÁsÆ��³½��^¿^Ç��_~�Á�~��°�V¾��Ì{�Í�|�~
Æ_½����c�:Ï ¿ÃÁsÆ_½����C~KÇ��_~�|\�
~��Ì{}���

r2 ≤ r∗2
~��j�:Ï ¿ÃÁsÆ�½����C~KÇ��_~�|\�
~��Â{}���

r1 > 0.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o } K-Q]b�M]fVk�OrSUO~KNM#O�YHyaORK�Tmf|_VK-[�SHT°��nNQXKLM]K�[�yak�SHyVk�KoSHf ô qVb�Y>Q]n�[�K s ÿ��°ÿ�� ù�õ f/�faO��gk[��M]K|SHfVMXM���kgK�M�WZY>TVi{O
��Y>TVTVK�kgk�KNMd_VK } l�SHcVfaTVY�� ÷CB Q]SHM]Y1�mM D ��� ��s ÿ��°ÿ���� ��÷���s ÿ��°ÿ�� sF� ÿ ò T�_VbNQ��[�>K
��s ÿ��/ÿ���� � [�S}�gMoYHTIbT����ORK�k � �g_aKNT�O
��O]b ��s ÿ��/ÿ���� � K�O�Y>TxS|_/�gQ]K�i�O]KN[jKNT�O

V ′ (t,xt)|(5.3.1) = x> (t)A>1 Px (t) + x> (t)PA1x (t)

−x> (t)A>1 PCx (t− r1)− x> (t− r1)C
>PA1x (t)

−2x> (t)A>1 P∆C,t (−r1) + 2x> (t)A>1 PB
∫ 0
−r2

x (t+ θ) dθ

+2x> (t)A>1 P
∫ 0
−r2

∆B,t (θ) x (t+ θ) dθ

+2x> (t)P (∆A,t (0) + ∆B,t (0))− 2x> (t− r1)C
>P (∆A,t (0) + ∆B,t (0))

−2∆>C,t (−r1)P (∆A,t (0) + ∆B,t (0))

+2
∫ 0
−r2

x> (t+ θ) dθB>P (∆A,t (0) + ∆B,t (0))

+2
∫ 0
−r2

∆>B,t (θ) dθP (∆A,t (0) + ∆B,t (0))

+x> (t)S1x (t)− x> (t− r1)S1x (t− r1)

+r2x
> (t)S2x (t)−

∫ 0
−r2

x> (t+ θ)S2x (t+ θ) dθ,



� �
Y>TFfaO
��k���MXK ��s ÿ��°ÿ��5� � ceYHfVQ!SÊ�>YF�gQofVTVK�yeY>Q]TVK�_aK

V ′ (t,xt)

V ′ (t,xt)|(5.3.1) ≤ x> (t)A>1 Px (t) + x> (t)PA1x (t)

−x> (t)A>1 PCx (t− r1)− x> (t− r1)C
>PA1x (t)

+x> (t)A>1 PS
−1
3 PA1x (t) + x> (t− r1)W

>
C S3WCx (t− r1)

+r2x
> (t)A>1 PS

−1
4 PA1x (t) +

∫ 0
−r2

x> (t+ θ)B>S4Bx (t+ θ) dθ

+r2x
> (t)A>1 PS

−1
5 PA1x (t) +

∫ 0
−r2

x> (t+ θ)W>
B S5WBx (t+ θ) dθ

+x> (t)P
(
S−16 + S−18

)
Px (t) + x> (t)

(
W>
A S6WA +W>

B S8WB

)
x (t)

+x> (t− r1)C
>P
(
S−17 +R−19

)
PCx (t− r1) + x> (t)

(
W>
A S7WA +W>

B s9WB

)
x (t)

+2r2x
> (t)

(
W>
A PPWA +W>

B PPWB

)
x (t)

+2
∫ 0
−r2

x> (t+ θ)
(
B>B +W>

BWB

)
x (t+ θ) dθ

+x> (t)S1x (t)− x> (t− r1)S1x (t− r1)

+r2x
> (t)S2x (t)−

∫ 0
−r2

x> (t+ θ)S2x (t+ θ) dθ, ��s ÿ��°ÿ � � �Y ø
Si > 0, i = 1,2,...,9.� �gTVSHkgK�[jKNT�O ù �gk
KNMXOdW SHiT�gk�K�_VK��>b�Q�� ö KNQ õ fVK ù M � �gk
K 
 �gM#ORK�fVTwQ]b�KNk~ceY>M���O
��W

r∗2 ≥ r2
K�O�_aKNM

[�SUORQ��gi�KNM@_ab ö T°��KNMCc¤YHM���O
�[�>K�M
P, Si > 0, i = 1,9,

ORK�k õ faK
V ′ (t,xt)|(5.3.1) < 0,

SHkgYHQ]M
��s ÿ��/ÿ � � � ceK�faO G ORQ]K�QXbNbNi�Q���O!i�Y>[�[jK

V ′ (t,xt)|(5.3.1) ≤ χ>Ξχ+

∫ 0

−r2

x> (t+ θ)Sx (t+ θ) dθ < 0
��s ÿ��°ÿ �F���

Y ø
Ξ :=

(
Q1 (r

∗
2)− S1 (r

∗
2)R

−1

1 S
>

1 (r
∗
2) A>1 PC

C>PA1 Q2 (r
∗
2)− S2 (r

∗
2)R

−1

2 S
>

2 (r
∗
2)

)
< 0,

��s ÿ��°ÿ � � �
S := −S2 +B>S4B +W>

B S5WB + 2B
>B +W>

BWB < 0,
��s ÿ��°ÿ �>sF�

χ> =
(
x> (t) x> (t− r1)

) K{O
Qj, Sj, R

−1

j , j = 1,2
MXY>T^O!_Vb ö T°�gM�_hSHTaM!kgK ô qVbNYHQ]n�[�K

s ÿ��°ÿ��-ÿ � k�Y>Q]M ��s ÿ��/ÿ�� � �Aù Υ < 0,
KNMXOob õ f°�[�\SHkgK�T^O]Ks���gS�fVTaK`_VY>fayVkgK!ORQRSUTVMXWZY>QX[@S\O
��Y>T�_VKd�5irqmfVQ

SHcacVQ]Y>caQ��gb�K ��� �¶úl��s ÿ��°ÿ � � �Aù Ξ < 0.} � ��TVb ó SUk���O]b ��s ÿ��°ÿ � � � M�� ó T°� ö K
Ξ < 0, Ξ1,1 < 0

K�O õ f � �gkVK 
 ��MXORK
ξ > 0

ORK�k õ fVK
V̇ (t,xt) ≤

−ξ ‖x (t)‖ ceYHfVQ-T � �g[jceY>QXO]K õ fVKNk
t ≥ σ. D (t)

K{O
D̃ (t)

MXY>T^O�MXOrSUyVkgK�M-chSHQ-k � q�l5ceYUORqVn�M]K�_Vf
ô qVb�Y>QXnN[jK s ÿ��°ÿ�� ù �>Y}�gQ �z� ÿ��-ÿ�� � K�O � � � �+ù � � � � ÿ � k�Y>Q]M ù k�S�M#OrSHy°��k���O]b�SHMXlm[jcaORYHO�� õ fVKP_aK ��s ÿ��-ÿ�� �^÷��s ÿ���ÿ �F� KNMXO�SHMXM]fVQ]b�KpchSHQ�k�K ô qVb�Y>Q]n�[�K � ÿ��-ÿ�� ceY>faQ�T � �g[jceY>QXO]K õ faKNk©QXK�OrSUQ]_

r2 ≤ r∗2
ù � � � � ÿ

¤



� �
} K�M�i�Y>TV_/��O
��Y>TVM�_VKNM ô qVbNY>QXnN[jK s ÿ��/ÿ�� K�O s ÿ��°ÿ�� M]YHT^O��>bNQ�� ö b�KNM�K�T|O]KNQX[�K�M�_VK }�� ,H� W SHi���kgK

ú �>b�Q�� ö KNQ �qù [�S}��M<kgS3MXOrSUy°�gk[��ORb@_VKFk � Y>ceb�QRSUO]KNfVQ<_VKF_°� ü b�Q]K�TViNK
D̃ (t) ,

��s ÿ � ÿ�� � KNM#OjfVTÂceKNf
cVk�fVM@i�Y>[�cak�� õ fVbNK ÿ � TVMXf°��O]K3Y>T8_VYHTVTVK õ fVK�k õ fVK�MuiNY>Ta_°��O��gY>TVM�MXf � MRSHT�ORK�MFyVSHM]b�KNMuM]faQCkgK�M
O]KNirqVT°� õ faKNM�_aKpi�Y>[j[@SUTV_VKdQXY>yVfVM#ORKpceYHfVQÖ�>b�Q�� ö KNQ�k�S<MXORSHy°��k���ORKP_VK ��s ÿ � ÿ�� � ÿ� T8K 
 K�[�cakgK�_ � Y>ceb�QRSUO]KNfVQ@MXORSHyVkgKxfVT/��WZY>QX[�b�[�K�T^OjchSHQ�QRSHcVceYHQXO ú C ([σ,∞) ,Rn)

K�MXO
_VYHTVTVbdchSHQ

D̃ (t)ϕ = ϕ (0)− g (t,ϕ) , g (t,ϕ) := Cϕ (−r1) +∆C (t,ϕ)−
∫ 0
−r2
[Bϕ (θ) +

∆B (t+ θ,ϕ (θ))]dθ
Y ø ceY>fVQ-T � �g[jceY>QXO]K õ fVK�k

δ, 0 < δ < 1
K�O!ceYHfVQ

t0 ∈ [σ,∞) ,

‖g (t,ϕ)‖ ≤ (1− δ) ‖ϕ‖C , ∀ ϕ ∈ C, t ≥ t0,

� ÿ K ÿ
[‖C‖+ ‖WC‖+ r2 (‖B‖+ ‖WB‖)] < 1.

± fhSUTV_Ik � Y>cebNQ]SUORK�fVQ-_VK�_°� ü bNQXKNTVi�K
D̃ (t)

KNM#Oå��TV_VbNceK�TV_hSHT�O!_VK
t,

D̃ϕ := ϕ (0)− Cϕ (−r1)− δCϕ (−r1)−
∫ 0

−r2

(B + δB)ϕ (θ) dθ,
��s ÿ��°ÿ � � �

Y ø
δB, δC

M]Y>T�O<_VK�M<[�SUORQ��gi�KNMpiNY>TVM#OrSHT�ORK�M ù kgSIMXOrSUy°�gk[��O]b|_VK ��s ÿ � ÿ�� � KNMXO<b õ f/�[�USUkgKNT�ORK ú kgS
M#OrSHy°��k���O]b|SUMXlm[�c5ORYHO�� õ fVK|fVT°��WZY>Q][jK<_VKjk � b õ fhS\O
�gYHTwi�SHQ]SHi�O]bNQ���MXO�� õ fVK|iNYHQ]Q]K�M]ceY>TV_VSHT^O]K � �>Y}�gQ
þ KN[�SHQ õ faK �z� ÿ��-ÿ �����qù � ÿ K ÿ kgKNM-M]Y>k�faO
��Y>TVMo_VK�k � b õ fhS\O
�gYHT

det

(
In − (C + δC) e

−sr1 + (B + δB)

∫ 0

−r2

esθdθ

)
= 0, s ∈ C,

Y>T�O�fVTVK�chSHQXO��gKpQXbNK�kgk�KpTVb ó SUO��[�>K L
Re (s) ≤ −ε < 0, (ε > 0) .

JLK�OXORK�_VKNQXT°�gn�Q]K�b õ fhS\O
�gYHT3S
b{ORb�b�O]fV_°�gb�K�_hSHTVM � ��� � ÿ ò TIQ]SHcVceKNk�kgK õ fVKNk õ fVKNM!Q]bNMXfVk�ORSUORM L
�K¦UNK�µ´0¶Q·A¸Í�YX½�'X[W ��S»â^ö�¡Õ¨Ã£�àÊö�¡ Z�­�­']/®�X ç ¿ C + δC

~
¾��q���:~vÁV{}�z��¿Ì¼
~ ç ¼
Ó�����Ä�ÝÈ½1Ó��¾��Ì{�Í�|�~ Ò |�Ï ½
Æ�Ë���{}�C~��-�s��~Q�}¿ ÓhË��
~��:¼
~Kw®­�o¯ë�oÅ�aÞ
�v~
¾���{�¾��*ÁsÆ��C½��z¿^Ç��_~�Á0~��_��¾��Ì{�Í�|�~nÆ�½����å�:Ï ¿ÃÁsÆ_½����³~
Ç��_~�|

r1
�
Ë
~�|-Æ_½1¾�¿Ã�z¿ É Ò ~�� r2 ∈ [0,r∗2] , �C~�|¯¾2Ç��_~

r∗2 < inf
z∈C,|z|=1

1

ρ
(
(zI − C − δC)

−1 (B + δB)
) , ��s ÿ��°ÿ � I �

r∗2
¾�{}�^¿�¾©ÉT{}¿�¾�{}�_��¾�¿ÃÁv�-|Ô�Ì{}�:Ë�Á0~��_�bw®­�o¯ë�oÅ�h°���~��j|�~
¾uÜYÓ_Ë
½��
À�Á0~
¾�­�o¯ë¬oÃ�O½��3­�o¯ë�o���o

�K¦UNK�µ´0¶Q·A¸Í�YX½�'X½�A��S»â^ö�¡Õ¨Ã£�àÊö�¡ Z�­�­']/®�X ç ¿ C + δC
~
¾��q���:~vÁV{}�z��¿Ì¼
~ ç ¼
Ó�����Ä�ÝÈ½1Ó��¾��Ì{�Í�|�~ Ò |�Ï ½
Æ�Ë���{}�C~��-�s��~Q�}¿ ÓhË��
~��:¼
~Kw®­�o¯ë�oÅ�aÞ
�v~
¾���{�¾��*ÁsÆ��C½��z¿^Ç��_~�Á0~��_��¾��Ì{�Í�|�~nÆ�½����å�:Ï ¿ÃÁsÆ_½����³~

Ç��_~�|
r2 ∈ [0,r∗2] ,

�³~�|�Ç��_~
(
−I + (C + δC)

> (C + δC) r∗2 (B + δB)
>

r∗2 (B + δB) −I

)
< 0,

��s ÿ��°ÿ � � �



� �

r∗2
¾�{}�^¿�¾©ÉT{}¿�¾�{}�_��¾�¿ÃÁv�-|Ô�Ì{}�:Ë�Á0~��_�bw®­�o¯ë�oÅ��²T��~��j|�~
¾uÜYÓ_Ë
½��
À�Á0~
¾�­�o¯ë¬oÃ�O½��3­�o¯ë�o���o
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	 SHTVM!i�Kpi�qVSHc°��O]Q]K ù Y>TxS|iNYHTVM���_VbNQXbpk�S�M#OrSHy°��k���O]bdQXY>yVfVM#ORKp_Vb�ceKNTV_VSHT^O]K�_VfxQXK�OrSUQ]_IceY>fVQ
fVTaKpiNkgSHM]MXK ó b�TVbNQ]SHkgK�_aKpMXlmMXO]nN[jKNM�TVK�faORQXKNM ÿ ò T�S|Y>y5ORKNT^fx_VK�M�i�Y>TV_°��O
��Y>TVM-M]f � M]SHT^O]KNM õ f/�
Y>T�O�b�ORbH�>bNQ�� ö b�KNM�SÊ�>KNi�_aKNM�Y>f5O
�gk�M }�� , ÿ ò TjSdQXKNcVQ��gM~kgKLORQ]S1�\S}�gk5cVQXbNM]K�T^O]b!KNT ��� � � KNT|bT����OrSHT�O
k � S�£XY>faO-_aKp_5l5TVSH[�� õ fVKpSH_a_°��O��gY>TVTaKNk�k�K ù iNK õ f°��iNY>TVM#O
��ORfVK�kgS�i�Y>T^O]Q���yVfaO
��Y>Tu_VfIi�qVSHc°��ORQ]K ÿ
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	 SHTVM�i�K@irqhSHc°��ORQXK ù Y>T�cVQXbNM]K�T^O]KCceY>fVQ�kgSIcVQXKN[V�gn�Q]K|WZYF�gM�fVTVKCSUcVcVQ]YmirqVK�iNY>TVM#ORQXfVi�O��[�>K
_VK�M�WZY>TVi{O
�gYHTVTVKNk�kgK�M�_VK } l>SHcVfVTVY1� ÷³B QRSHMXY��mM D �[� � y°��KNT�SH_hSHc5ORbNK�M �Òú k � SHThSUk�lmM]K�_VK@MXOrSUy°�gk[��ORb
QXY>yVfVM#ORK�_VKNM�MXlmMXORn�[jKNM<TaKNfaO]Q]KNM�k[�gTVbNS}��Q]K�M ÿ JLK{O]ORK@SHcVcVQXYmi�qaK@i�Y>TVM���MXO]K ù KNT�fVTVK�cVQXYmiNb�_VfVQ]K
M#l5M#ORb�[@SUO�� õ fVK�K�O�K � i�SUiNKC_aK@i�Y>TVMXO]Q]fVi{O
��Y>T�_VK�WZYHTVi�O��gY>TVTaKNkgk�K�Mp_VK } l�SHcVfVTVY1� ÷³B QRSUM]Y��mM D �[�
õ f°�©cVSHQ�MRSjM#ORQXfVi�O]fVQ]KpceKNQ][jK�OXORK�T^O�k � b{ORfV_aKp_VK�k�S�MXORSHy°��k���b`_VKNM!MXlmMXO]nN[jKNM�k���TVb�S*��Q]KNMoTVKNfaO]Q]K�M
SÊ�>KNiV��TViNK�QXO���ORfa_VKNM ÿ JLKNM�WZY>TVi{O
�gYHTVTVKNk�k�KNM õ f/��M]YHT^OpY>yaO]KNT^fVKNMpY>T^O�fVTVKjyeYHQ]TVKµ�gT5WZbNQ���KNfVQXK�K�O
MXfVcebNQ��gKNfaQ]K�_VKpO®lmceK õ fVSH_VQRS\O
� õ faK�K�OPk�KNfaQ!_VbNQ��[�>b�K�k�KpkgYHT ó _VKNM�M]Y>k�faO
��Y>TVM�K�MXOPTVb ó SUO
���>K�_aK
MXY>QXO]K õ fVK ù M���k�K`MXlmM#ORnN[jK�TVK�faORQXK�TaY>[���ThSHkeKNM#O�K 
 ceY>TVK�T^O
��KNk�kgK�[�K�T^O-M#OrSHyakgK ù SHkgY>QXMLiNKNMoWZY>TVi ÷
O��gY>TVTaKNk�kgK�M!ceKNQ][jK�OXORK�T^O`_VK�O]Q]Y>f/�>K�Q�ORYHf\£XY>fVQXMPfVTVK�[�SHQ ó K�_VK�M#OrSHy/�gk���O]bpceYHfVQPk�KNM�MXlmMXO]nN[jKNM
TVK�faORQXKNM�SÊ�>KNip_VK�Mb�gTaiNKNQ#O
��ORfV_VK�M�_hSUTVM!k�KNM-chSHQ]SH[�n{ORQXKNM ÿ} S3TVY>f-�>K�SHfaO]b.�giT�LKNMXO|k�S�[�b{ORqVYm_VKCiNY>TVM#ORQXfVi�O��[�>KF_VK�M�WZY>TVi{O
��Y>TVTVK�kgk�KNM�_VK } l�SUcVfVTVY1� ÷
B QRSUM]Y1�5M D �[��K�O!fVTVK ó QRSHTV_aKpcVSHQXO��gKd_VK�M�caQ]Y>cVQ��gb{ORbNM�_VK�k�S�[�SUO]Q���iNKd_aK } l�SHcVfaTVY�� ù�õ f°�©MXY>T^O
_Vb�[jY>T^O]Q]bNK�M!_hSUTVM�iNKpirqhSUc°��O]Q]KdceY>fVQ�kgS�i�k�SHMXM]K�_VKNM�MXlmMXO]nN[jKNM�TVK�faORQXKNM!k���TVbNS}��Q]K�M ÿ
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Ã���� ���������! #"%$&���'�!�

} � SHcacVk���i�SUO���Y>Tw_aK�k � SUcVcVQ]YmirqVK|_VK } l�SHcVfVTaY�� ÷³B QRSUM]Y��mM D �[��ceYHfVQpk � SHTVSHk�lmM]K�_VKjMXOrSUy°�gk[��ORb
cVQXbNMXKNT^O]K|fVT&iNKNQ#OrS}��T&TVYH[�yaQ]K<_aK�_°� � i�fVk�ORbNM ÿ ( SHQX[��
K�kgkgK�M ù k � SHyaM]KNTaiNK�_ � fVTVK�[jb�O]qVYm_VK<Y>f
cVQXYmiNb�_VfVQ]KwK � i�SUiNK ceY>fVQuY>y5ORKNT/�gQu_aKNMuWZY>TVi�O��gY>TaTVKNk�kgK�M � y/�gKNT�SH_hSHc5ORbNK�M �ÿú k � SHThSHk�l5MXK&_aK
M#OrSHy°��k���O]b ÿ } S�cVQRSUO�� õ fVKdk�S�cakgfVM-iNY>fVQ]SHT�ORK�iNY>TaM��gM#ORK�KNTxkgS � iNY>TVM#ORQXfVi�O��gY>T � _VK�yeK�SHfaiNY>fac�_aK
WZY>Tai�O
��Y>TVTaKNkgk�KNM~Q]b�_Vf°��ORKNM ù �>Y}�gQ�chSUQ�K 
 K�[�cVk�K � � � �+ù [�S}�gM��gkaT � l|chSUM�_aK ó SHQ]SHT�O
�gK õ fVK!iNK-O®lmceK
_VK�WZY>TVi{O
��Y>TVTVK�kgk�KNM�Q]b�_Vf°��O]KNM`cVf°��M]M]K<M]K�Q����gQ`ceY>faQ`k � SHThSHk�lmM]K�_VK<MXOrSUy°�gk[��ORb�ceY>faQ`fVTwM#lmMXORn�[�K
TVK�faORQXKp_VYHTVTVb ÿ, i��-YHTÂcVQXY>ceY>M]KFfaTVKFcVQ]Ymi�bN_VfVQXKIMXlmM#ORbN[�SUO�� õ fVKFceY>fVQ�Y>yaO]KNT°��Q�_VK�M|WZY>Tai�O
��Y>TVTVK�kgk�KNM<_aK
} l�SHcafVTVY�� ÷CB Q]SHM]Y1�mM D ��� õ f/�©M � SHcVcaf°�gK�M]YHfVM!k � q^lmceYHO]qVnNMXK õ fVKpk�KdMXlmMXORn�[�KpTVK�faORQXKpk���TVb�S}��QXK ú
b{ORfV_°��KNQdK�MXO�MXOrSUyVkgK � i�K�O]O]K|M]facVceY>M���O
��Y>T&T � KNMXOpcVSHMdQ]KNM#ORQ���i�O��[�>K<chSHQdi�K õ f � Y>T M � ��T^ORK�Q]K�M]M]K ú
k � b{ORfV_VK`_aKdk�S�MXOrSUy°�gk[��ORb�Q]YHyVfVMXO]Kd_VfuMXlmMXO]nN[jK � ÿ , k»K 
 ��MXORK`_VY>TViPORYHf\£XY>fVQXMofVTVK`WZY>Tai�O
��Y>TVTaKNkgk�K
_VK } l�SHcafVTVY1� ÷CB QRSHMXY��mM D ���LORK�kgk�K õ faKFMRS&_abNQ����>bNKuKNM#OjTab ó S\O
�[�>KCkgK@kgY>T ó _VK�M|M]YHkgfaO��gY>TaM<_af
M#l5M#ORn�[�KPTVKNfaO]Q]K � � � � ÿ ò TCcaQ]Y>ceY>MXKPfVTVK�WZY>Tai�O
��Y>TVTaKNkgk�K�TVb ó SUO
���>K�_Vb ö T/�gK õ f°�eKNMXOLk�Sp_Vb�Q��[�>b�K
_ � fVTVK@WZY>TVi�O��gY>TaTVKNk�kgKj_VK } l�SHcafVTVY�� ÷CB Q]SHM]Y1�mM D ��� ù K{O�Y>T6irqVKNQXi�qVKuiNK{O]ORKCWZYHTVi�O��gY>TaTVKNk�kgK�cVSHQ
��T^ORK ó Q]SUO
��Y>T ÿ} K`cVQXY>yVkgn�[jK`_aKdiNY>TaMXORQXfVi�O��gY>Tu_VKNMoWZY>Tai�O
��Y>TVTVK�kgk�KNM�_VK } l�SHcVfVTaY�� ÷³B QRSUM]Y1�5M D ��� ú chSHQ#O
�gQ
_VK`kgKNfaQo_Vb�Q��[�>b�KdchSHQoQRSHcaceY>QXO�SUfuO]KN[jcVM�S<b{ORbdiNYHTVM���_VbNQXbdc¤YHfVQokgKNMoM#l5M#ORn�[�K�M ú Q]K{OrSHQX_FcVSHQ
õ fVK�k õ fVK�MdSHfaO]KNfVQXM ù �>Y}�gQ ��� � ��ù � � s��+ù � � � �+ù � s � � K�O � s>s2� ÿ ( SUQ�iNY>T�ORQXK ù�ú TVYHO]Q]K�i�Y>TVThS*�gM]M]SHTVi�K ù
��k-T � lÂS chSHM�_aKxQ]bNMXfVk�ORSUO�MXfVQ�k�Swi�Y>TVM#ORQ]fai�O
��Y>T(_aKxiNKIOzlmceK�_VKFWZY>TVi�O��gYHTVTVKNk�kgK�M|ceY>fVQjkgK�M
M#l5M#ORn�[�K�M�TVK�faORQ]K�M ÿ	�� faTVKCchSUQXO ù � � � � _VY>TaTVK õ fVKNk õ fVKNM<Q]b�M]fVk�OrSUO]M�M]fVQ�kgSIiNYHTVMXORQXfVi�O��gY>T�_VK�WZYHTVi�O��gY>TVTaKNk�kgK�M
_VK } l�SUcVfVTVY1� ÷CB QRSHMXY��mM D �[�Lb{ORKNTa_VfVM�SHf�iNSHM�_VKNM�MXlmMXO]nN[jKNM<Q]K�ORSHQ]_abNM ó bNTVb�QRSHk[�gMXbNM ù [�S}��MpkgK
OzlmceKp_VKdyeY>Q]TVK õ f/��KNMXO!YHyaORK�TmfIKNM#O�i�fVy°� õ faK ÿ JLKNM�WZYHTVi�O��gY>TaTVKNk�kgK�MoM]Y>T�Ob��[�ceY>Q#OrSHT�ORK�MoceY>fVQ
k � SUThSHk�lmMXKp_VK�k�S|MXOrSUy°�gk[��O]b ù [@S*�gM�KNk�kgK�M!M]Y>T�Os�gTVK � i�SHi�KNMPceY>fVQ�k � SHThSHk�l5MXKp_VK�k�S|MXORSHy°�gk[��ORb�_aKNM
M#l5M#ORn�[�K�M�TaKNfaO]Q]KNM�S1�>K�i���TViNK�QXO
��ORfV_aKNM ù iNSHQ�KNk�kgKNMdiNYHT^O
��KNTaTVKNT�O�M]K�fVkgK�[�K�T^Op_VKNM�ORK�Q][jKNM õ f/�
MXY>T^O~WZYHTVi�O��gY>T�_VKok � b�ORSUO ú k � ��T^OrSUT^O
cVQ]b�M]KNT�O�_Vf�MXlmMXO]nN[jK ÿ 	�� SHfaO]Q]KochSHQ � s � � _VY>TaTVK õ faKNk õ fVK�M
QXbNM]fak�OrS\ORM�M]fVQ�k�S iNYHTVMXORQXfVi�O��gYHT8_VKxWZYHTVi�O��gY>TaTVKNk�kgK�M�SHf(i�SHM@_aKNM@MXlmMXO]nN[jKNMCQ]b{OrSHQX_VbNM@K�O@kgK
OzlmceK!_VK�yeY>QXTVKNM õ f°�hM]Y>T�O�Y>yaORK�TmfaKNM�KNM#O�_VK-OzlmceK õ fhSH_VQ]SUO
� õ fVK ù _VK�cVkgfVM ù i�KNM�WZYHTVi�O��gY>TVTaKNk�kgK�M
i�Y>T^O��gK�TVTVKNT�O�TVY>TuM]K�fVkgK�[�K�T^O-_VKNMoORK�Q][jKNM õ f/��M]Y>T�O-WZY>Tai�O
��Y>TC_VKdk � b{OrSUO ú k � �gTaMXOrSUT^OocaQ]bNMXKNT�O
_VfCMXlmMXORn�[jKd[@S*�gM õ f°�»MXY>T^O-SHfVM]M��¤WZY>TVi�O��gY>T@_VK`k � b{OrSUOoSHf 
 �gTaMXOrSUT^ORMLchSUM]M]b�M ÿ � s � � _Vb�[�YHT^O]Q]K



� I

õ fVK|iNK�O®lmceK|_VK�WZY>TVi{O
�gYHTVTVKNk�kgK�ceKNQX[�K{Op_ � b{ORfV_°��KNQ�k�K�cVQ]YHyVkgn�[�K<_VK|MXORSHy°��k���ORb�Q]YHyVfVMXO]KjcVSHQ
Q]SHcVceY>Q#O�SUf 
 chSUQRSH[jn�O]Q]KNM-_VKNM�MXlmMXORn�[�K�M�QXK�OrSUQ]_Vb�M ÿ	 SHTVMui�K&i�qVSHc°��ORQ]K ùþú chSUQXO
��Q@_VK3k�S�i�Y>TVM#ORQ]fai�O
��Y>T¡_VK3WZYHTVi�O��gY>TaTVKNk�kgK�M@_VK } l�SUcVfVTVY1� ÷
B QRSUM]Y1�5M D �[� ù Y>TCb{OrSHyak���O�_VKPTVY>f/�>KNSHf 
 Q]bNMXfVk�ORSUORM�_VKPMXOrSUy°�gk[��ORb�Q]Y>yVfaMXORK ÿaÚ k�Sp_°� ü bNQXKNTVi�K`_aKNM
QXbNM]fak�OrS\ORMb�>b�Q�� ö bNM�KNTxORKNQX[�K�M�_VK }�� , M ù � �>� �+ù � �a� ��ù ��� � �+ù k�KNM�i�Y>TV_°��O
��Y>TVM õ faK�k � Y>TxcaQ]Y>ceY>MXK
_VYHTVTVK�T^O�_VKNMpyeY>Q]TVK�M�ceY>M���O��[�>KNM�M]faQpkgKNMc�gTaiNK�QXO
��ORfV_VK�MpceYHfVQpT � �g[jceY>Q#ORK õ fVKNk�MXlmMXO]nN[jK�TVY ÷
[V�gTVSHk�M#OrSHyVk�K ÿ , i���YHT�Sxb{ORK�TV_Vf�k�SF[jb�ORqaYm_VK�cVQXY>ceY>MXbNK@chSUQ � s � � SUf�i�SHM�_VK�M�MXlmM#ORnN[jKNM ú
QXK�OrSUQ]_I_VKdOzlmc¤K�TVKNf5ORQ]K ÿ
Ã��
3 ¦?��;>89��= ���Î�¹����<A4

	 SHTVM�i�K�OXORK�M]K�i�O��gY>T ù Y>TÚ�gT�ORQ]Ym_af°��O�kgSF[�SUORQ��gi�K|_VK } l�SHcVfVTaY�� K{O�_VKNM�Y>f5O
�gk�M õ f°��MXY>T^O
faO��gk[��M]b�M-_hSHTVM�k�KNM�MXKNi{O
�gYHTVM�M]f°���USHT�ORKNM ÿ�5YF��O�k�KdMXlmMXO]nN[jK�k[�gTVbNS}��Q]KPTVKNf5ORQ]K�M]f°���USHT�O L

·
x (t)− C

·
x (t− r) = Ax (t) +Bx (t− r) ,t ≥ 0, � � ÿ��-ÿ�� �

Y ø
A, B,

K{O
C

M]Y>T�O`_VK�MP[@S\ORQ���iNK�M!iNY>TVM#OrSHT�ORK�M`_VK�_/�g[jKNTVM��gY>T
n × n,

K�O
r

KNMXOPfVT3QXK�OrSUQ]_
ceY>M���O���WªiNYHTVTmf ÿ �5Y}��O-k�S<iNY>TV_/��O
��Y>TO�gT/��O
��SHk�K

x0 (θ) = φ (θ) , φ ∈ W1
2 , − r ≤ θ ≤ 0, � � ÿ��-ÿ�� �

Y>TFTVYHO]K�chSHQ
x (·;ϕ) kgS�MXY>kgfaO��gYHT õ f°��MRS\O
��MXW S}��O � � ÿ��-ÿ�� � caQ]KNM õ fVK�chSHQ#ORY>faO�ceY>faQ

t ≥ 0.� S}�gT�ORK�ThSHT�O ù Y>T¡cVQXbNM]K�T^O]K kgS�[@SUO]Q���iNK�_aK } l�SUcVfVTVY1�8cVQ]Y>ceYHM]bNK&ceY>fVQCkgK�MCMXlmMXO]nN[jKNM
QXK�OrSUQ]_Vb�M!_VSHTVM � s � ��ù � sHs2� ÿ �5YF��O�k�KdM#l5M#ORn�[�K � � ÿ��-ÿ�� � K 
 ceYHTVKNT�O
��KNkgk�KN[jKNT�O�M#OrSHyakgK ù SUkgY>QXMoceY>fVQ
T � �g[jceY>Q#ORK õ fVK�kgkgKw[�SUO]Q���iNK&iNSHQ]Q]b�K

W,
kgS6WZYHTVi�O��gY>T�[@S\ORQ���i���K�k�k�K � s � � M]f/�[�USUT^ORKwKNMXOxy°��KNT

_Vb ö T°��K L
UW (ξ) :=

∫ ∞

0

Φ> (τ)WΦ (τ + ξ) dτ.
� � ÿ��-ÿ ���

JLK{O]ORKC[�SUO]Q���iNK�S�fVT�Q]Y>k�KjORQXnNM2�g[jceY>QXORSHT^Op_hSHTVM�k�SIiNY>TVM#ORQXfVi�O��gY>T�_VK�M�WZY>TVi�O��gYHTVTVKNk�kgK�M�_aK
} l�SHcafVTVY�� ÷CB Q]SHM]Y1�mM D ��� � �>YF��Q`M]K�i�O
��Y>TwcVQXYmi�qhS*�gTVK � K{OpYHTwk � SHcVceKNk�kgK�[@SUO]Q���iNK�_VK } l�SUcVfVTVY1�
ceY>faQ�kgKdM#lmMXORn�[�K � � ÿ���ÿ�� � ÿ¶n¸Q·?·A¸á�YX[ZYXz]õ��·A§/¤Ê *â^öF£að�£�¶nã�§/òg¡�Þ�Ü�ßg®�X ç ½�¿Ã�Ö|�~K¾��1¾��³À�Á0~OwXÞ}o���oÃ���l~�ÐTÆ�½��:~��_�^¿Ì~�|Ã|�~�ÄÁ0~��_��¾��Â{�Í�|�~�o r |�½��
¾ÈÆ_½��-�å�³½����³~hÁV{}�^��¿Ì¼
~q¾��*Á0Ë��^��¿^Ç��_~

W
��~Q�}¿ÃÁ0~��/¾�¿Ì½��

n×n, |�{vÁV{F�^��¿Ì¼
~



� �
��~ m �F{�Æ����:½�Ù

UW (ξ)
Æ_½��-�c|�~h¾��1¾��³À�Á0~VwXÞ}o���oÃ����~
¾��²Í�¿Ì~�����Ë©én�_¿Ì~ Ò

��o
UW (ξ)

~�ÐF¿�¾��C~ÖÆ_½����c�:Ï ¿ÃÁsÆ_½����³~+Ç���~�|\�
Ë
~�|
ξ, UW (−ξ) = U>W (ξ) ∀ ξ ≥ 0,��o

U (0)
~
¾��È���:~+ÁV{}�^��¿Ì¼�~h¾���Á0Ë��^��¿^Ç��_~v~��

�¥o d
dξ
[UW (ξ)− UW (ξ − r)C] = UW (ξ)A+ UW (ξ − r)B ∀ ξ ≥ 0.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o ó
1.

} S�i�Y>T¥�>K�Q ó K�TViNK&SHyVM]YHkgfVKI_VK�k � ��T^ORb ó QRSUk�K � � ÿ��-ÿ ��� KNM#O ó SHQ]SHT^O��gKIcVSHQ
�^� ÿ���ÿ�� �Aù k � �gT�ORb ó QRSHk�K � � ÿ��-ÿ �F� i�Y>T¥�HKNQ ó K�_VYHTVipceY>fVQ�T � ��[�ceY>Q#ORK õ faKNk©Q]b�KNk

ξ.
JLY>[�[jK � � ÿ��-ÿ�� �K�MXO�K 
 ceY>TVK�T^O��gKNk�kgK�[�K�T^O<M#OrSHyakgK0�gk�K 
 �gM#ORK�T^O

α > 0
K�O
γ > 0

O]KNk õ fVK ‖Φ (ξ)‖ ≤ γe−αξ,

ξ ≥ 0 K�O � � ÿ���ÿ ��� S�fVTVK�yeY>Q]TaK
‖UW (ξ)‖ ≤

∫ ∞

0

∥∥Φ> (τ)WΦ (τ + ξ)
∥∥ dτ ≤ ‖W‖

∫ ∞

0

γe−ατγe−α(τ+ξ)dτ
� � ÿ��-ÿ�� �

≤ ‖W‖ γ2e−αξ
−2α

e−2ατ
∣∣∞
0
=
‖W‖ γ2e−αξ

2α
.

� kgY>QXMpk � �gT�ORb ó QRSHk�K � � ÿ��-ÿ ��� i�Y>T��>KNQ ó K@ceY>fVQ
ξ ≥ 0.

( YHfVQ�[jY>T^O]Q]K�Q õ fVK@k � �gT�ORb ó QRSUk�K � � ÿ���ÿ ���i�Y>T¥�>K�Q ó KxceY>fVQ
ξ ≤ 0,

Y>T(faO��gk[��M]KFkgS caQ]Y>cVQ��gb{ORb
UW (−ξ) = U>W (ξ) .

�mYF��O
U>W (ξ) :=∫∞

0
Φ> (τ + ξ)WΦ (τ) dτ

M��>Y>TdfaO
��k���MXK~faTVK�irqhSHT ó KN[jKNT�O©_VK��USHQ���SHyVk�K�Y>T�YHyaO
��KNT^O
U>W (ξ) =∫∞

0
Φ> (ζ)WΦ (ζ − ξ) dζ, ξ ≥ 0, iNY>[j[jK ‖UW (ξ)‖ = ∥∥U>W (ξ)∥∥ SHk�Y>Q]M � � ÿ���ÿ�� � ��[�cVk[� õ fVK

õ fVK
U>W (ξ)

K 
 �gM#ORK�K�O!b ó SHk�K
UW (−ξ) ,

SUkgY>QXM
UW (ξ)

K 
 ��MXORK�M��
ξ ≥ 0.

2.
	 f&W S}��O õ fVK

UW (−ξ) = U>W (ξ) ∀ ξ ∈ R,
SUkgY>QXM

UW (0)
K�MXO�fVTVK�[@SUO]Q���iNK�MXlm[jb ÷

O]Q�� õ fVK ÿ
3.
� �-ÿ � ÿ ��� ceK�faO G ORQ]K�QXbNb�iNQ���O!i�Y>[�[jK

d

dt

+

[Φ (t)− Φ (t− r)C] = Φ (t)A+ Φ(t− r)B, t ≥ 0, � � ÿ��-ÿ s}�
Y ø £XfaMXORK�kgSj_°� ü b�Q]K�TViNK�K�MXOdSHyaM]Y>k�fV[jKNT^O�i�Y>T^O��gT^fVK�K�OP_°� ü bNQXKNT�O
��SUyVkgK ú _aQ]YF��ORKpceY>fVQ

t ≥ 0.

� kgY>QXM
d

dξ
[UW (ξ)− UW (ξ − r)C] =

d

dξ

∫ ∞

0

Φ> (τ)W [Φ (τ + ξ)− Φ (τ + ξ − r)C] dτ

=

∫ ∞

0

Φ> (τ)W
d

dξ

+

[Φ (τ + ξ)− Φ (τ + ξ − r)C] dτ,

K{O � � ÿ��-ÿ sF� ��[�cVk[� õ fVK d
dξ
[UW (ξ)− UW (ξ − r)C] = UW (ξ)A+ UW (ξ − r)B ∀ ξ ≥ 0.

¤�µ�µ´��j¶�¶�t�RT´0¸ �\X[ZYX[ZYX ç ½�¿Ã�O|�~9¾��1¾��CÀ�Á0~ wXÞ}o���oÃ���>~�ÐTÆ_½��:~��_�z¿Ì~�|Ã|�~�Á0~��_�V¾��Â{�Í�|�~�o r |[½*�
¾
UW (ξ)

~
¾��q¼
½��_�^¿Ã�_�_~�o



�}�

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o �-� � � ÿ��-ÿ�� � K 
 ceYHTVKNT�O
��KNkgk�KN[jKNT�O|M#OrSHyVk�K ù
Ψ(τ,ξ) := Φ> (τ)WΦ (τ + ξ)K�MXO`_VY>TViK�gT^O]b ó Q]SHyVk�KpM]fVQ

[0,∞) × R � cVQ]YHcVQ���b�ORb � _af3kgKN[j[jK � ÿ��-ÿ�� � K{O � � ÿ���ÿ�� � �g[jcVk[� õ fVK
õ fVK

Ψ(τ,ξ)
K�MXO@yeYHQ]TVbIchSHQ#ORY>faOjM]faQ

[0,∞) ; ceY>faQji�qVSHi�qaK
τ ∈ [0,∞) , K{O

ξ ∈ R öa
 b
limζ→ξ Ψ(τ,ζ) = Ψ (τ,ξ)

chSUQXORYHfaO�MRSHfaW5_hSUTVM {τ = kr,k = 0,1,2,...}∪{τ + ξ,kr,k = 0,1,2,...}SHk�Y>QXMaâ
UW (ξ) =

∫∞
0
Ψ(τ,ξ) dτ

K�MXO©iNY>T�O
��TmfVK~_hSHTVM
R,
� ÿ K ÿ ù M�� ξ ∈ R limζ→ξ

∫∞
0
Ψ(τ,ξ) dτ =

∫∞
0
limζ→ξ Ψ(τ,ξ) dτ.

¤ } SjcVQ]YHcVQ���b�ORb
3

_Vf } KN[j[�K � ÿ���ÿ�� K�OPkgK�JLY>QXY>kgkgS}��Q]K � ÿ��-ÿ�� [jY>T�ORQ]K�T^O õ fVK�k�S|_°� ü bNQXKNTVi�K
[UW (ξ)− UW (ξ − r)C]

S`fVTVK-_abNQ����>bNK-i�Y>T�O
�gT^fVK ù k�KLkgKN[j[jK�M]f°���USHT^O�[jY>T�ORQ]K õ fVK
UW (ξ)TVK�M]SUO
��MXW S}��O-chSUM!i�K�OXORKp_VK�Q]T°��nNQXK�cVQ]Y>caQ��gb{ORb ÿ¶n¸Q·?·A¸ �YX�ZYX[WYX ç ½�¿Ã�0|�~
¾ ~��/¾1~�ÁVÍ�|�~
¾ ½���Ù}~����©¾ O := ∪k∈ZOk, Ok := ](k − 1) r,kr[ .r |�½��
¾V|�{ i {}�^��¿Ì¼
~0��~ m �F{�Æ����:½�Ù

UW (ξ)
Æ_½��-�v|�~�¾��1¾��CÀ�Á0~lwXÞ}o���oÃ���»~
¾��å�F¿ ÓhË��
~��_�^¿^{�Í�|�~2¾����

O :

U ′W (ξ) = −
∫ ∞

−∞

Φ′> (τ)WΦ (τ + ξ) dτ −
∞∑

k=0

(
Ck
)ᵀ
WΦ (kr + ξ) ,

� � ÿ��-ÿ � �
~��+¼
½��_�z¿Ã�_�_~�Á0~��_�h�}¿ ÓhË��
~��_�z¿^{�Í�|�~v¾����

Ok.
r �*Ða¿Ã�/¾��Â{}�_�Ã¾

ξk = kr,
|�~
¾�Ù�{F|[~��-�
¾���~
¾µ¾�{}�-�Ã¾

¾1½��_�Ì×
dUW
dξ

(kr + 0)− dUW
dξ

(kr − 0) = −
∞∑

l=0

(
C l
)ᵀ
WCk+l, k ∈ Z, � � ÿ��-ÿ I �

½\Á
C0 := I, C−k := 0

¾�¿
k > 0.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o ( SHQ�_ab ö T°��O
��Y>T ù
Φ (−τ) ≡ 0, ∀ τ > 0, SUkgY>QXM-Y>TFQ]bNi�Q���O � � ÿ��-ÿ ��� iNYH[�[jK

UW (ξ) =

∫ ∞

−∞

Φ> (τ)WΦ (τ + ξ) dτ, ξ ∈ R.

�5Y}��O [
Φ>
]
k,l

k�S@_/�gMXO]Q���yVfaO
��Y>T�QXb ó fVk[�gn�Q]K ���F� ��ù � �5� � SHM]MXYmi���bNK ú kgS@[@S\ORQ���iNK
Φ>

õ f°��SHMXM�� ó TVK
ú irqhS õ fVK�[�SUORQ���iNK

(Fi,j (·)) ∈ D (Ωl,Rn×n) ,
kgK|Q]b�KNk ∫

Ωl−t
Φ> (τ)WF (ξ + τ) dτ,

ceY>fVQ
ξ ∈ Ok,

� ÿ K ÿ 〈[
Φ>
]
k,l
,F
〉
:=

∫

Ωl−t

Φ> (τ)WF (ξ + τ) dτ, ξ ∈ Ok.

ã�ä
U (ξ) å�æ�ç�è�åZé�æ{è�ç�ê�ë]å�ì#í{î\ï�è�ç�è�í{îUå�ï�ë�ì®í�î�ç�è�îNð\è�ç�ñ�å ç�æ�îUï�æ�ò±ïpóHí{ð\ò�ê�ë]å�é½í�î\ìzç�è�í�î\å�ômë#õHëXå�ö{ð\ëLè�î�ç�ñ#ö�ò�æ{õ�ê�ë]å#÷ø í{è�ò�ó\æ{ò�ë®ù�ë#úoó�ê�ëoû ürýgþ



� �F�

� S*�gT�ORKNTVSHT^O`Y>T3ceKNfaOdirqVYF�gM��gQ
Ωl

O]KNk õ fVK
Φ>

S@M]K�fVkgK�[�K�T^O`fVT&MRSHfaO`_VK<_°�gMXiNY>T�O
�gT^f°��ORb�SHf
ceYF��T^O

τ = (l − 1) r. � � ÿ��-ÿ�� �
� TFW S}��O ù Y>TIirqVYF��M���O�ceY>faQ

ξ ∈ Ok := ](k − 1) r,kr[ :

Ωl := O(k+l−1).
� � ÿ��-ÿ � �

	�� fVTVKpcVSHQXO ù chSUQ�_Vb ö T°��O
�gYHTF_VK�k�S<_Vb�Q��[�>b�Kp_ � fVTaKp_°�gM#ORQ��gyVfaO��gYHT ù YHTxS
〈[
Φ>
]′
k,l
,F
〉
:= −

〈[
Φ>
]
k,l
,F ′
〉
.

� � ÿ��-ÿ�� � �
	�� SHfaO]Q]K�chSUQXO ù iNY>[j[jK

Φ>
S�fVTIM]SHfaO!_VSHTVM

Ok

Y>TIS�k�S�WZYHQ][<fVk�K`y/�gKNTFi�Y>TVT^fVK � � � � �+ù ���}� �+ù� �5� �ÌL [
Φ>
]′
k,l
=
[
Φ
′>
]
k,l
+ δ(l−1)r,

� � ÿ��-ÿ��>� �
Y ø k � Y>ceb�QRSUO]KNfVQ�_VK 	 ��QRSHi

δ(l−1)r
��T^ORQXYm_Vf°��O~k�KoM]SHfaO�SUf|ceY}�gT^O � � ÿ��-ÿ�� � chSHQ~kgSPM]bNk�KNi{O
��Y>T�_VK

Ωl_hSUTVM � � ÿ���ÿ � � ÿ 	 K � � ÿ���ÿ�� � �Aù/� � ÿ���ÿ��>� � K�O � � ÿ��-ÿ�� �Aù YHT�S ∀ ξ ∈ Ok ⊂ O, (F )i,j ∈ D (Ωl,Rn×n)

〈[
Φ>
]
k,l
,F ′
〉
= −

〈[
Φ
′>
]
k,l
,F

〉
−
[
Φ
(
(l − 1) r+

)
− Φ

(
(l − 1) r−

)]>
WF (t+ (l − 1) r) ,

_VYHTVi
d
dξ

∫∞
−∞

Φ> (τ)WF (τ + ξ) dτ = −∑l∈Z

〈[
Φ
′>
]
k,l
,F
〉

−∑l∈Z
[Φ ((l − 1) r+)− Φ ((l − 1) r−)]>WF (t+ (l − 1) r) .

� � ÿ��-ÿ���� �

òhø ∑
l∈Z

〈[
Φ
′>
]
k,l
,F
〉
=
∫∞
−∞

Φ′> (τ)WF (ξ + τ) dτ
K�O k�KNM&M]SHfaORMw_hSUTVMwk�S8cVSHQXO��gK

ú _VQXYF��O]K6_VK � � ÿ��-ÿ���� � ceK�f/�>KNT�O G O]Q]KÂiNSHkgi�fVkgb�MwchSHQwkgS8WZY>Q][<fVk�K � �-ÿ � ÿ�� � ÿ � k�Y>Q]M&iNYH[�[jK
(Φi,j (·)) ∈ C (Ωl,Rn×n)

K�O D (Ωl,Rn×n)
KNM#O�_aKNTVMXKxMXfVQ C (Ωl,Rn×n)

� � � � ��ù ���}� �+ù YHT1S
ceY>faQ

ξ ∈ O :

d

dξ
UW (ξ) = −

∫ ∞

−∞

Φ′> (τ)WΦ (ξ + τ) dτ −
∞∑

l=0

(
C l
)>
WΦ (t+ (l − 1) r) . � � ÿ��-ÿ�� ���

� ��ThSHk�KN[jK�T^O ù kgK�MFMRSUfaORMI_VSHTVM � � ÿ��-ÿ I � ceKNf/�>K�T^O G ORQXK iNSHkgi�fVkgb�MF_/�gQ]K�i�O]KN[jKNT�O ú chSUQXO
��Qu_aK
[UW (kr + 0)− UW (kr − 0)] .
¤�µ�µ´��j¶�¶�t�RT´0¸Ë�YX[Z\X½�'X

UW (ξ) ∈ C∞ (O,Rn) .



� � �
´ Ë�Á0½��/¾��^��{}�z¿Ì½���o JLY>[j[�K 〈[

Φ>
]
k,l
,F
〉 KNMXOjfVTVKI_/�gMXO]Q���yVfaO
��Y>T ù dj

dξj

〈[
Φ>
]
k,l
,F
〉 K 
 �gMXO]K

MXfVQ
Ok × D (Ωl,Rn×n)

K{O�KNM#O�i�Y>T^O��gT^fVKN[jKNT�Op_°� ü bNQXKNT^O���SUyVkgK<M]fVQ
Ok.

ò T�SF_°�gQXKNi{ORK�[�K�T^O
chSUQ�QXbNiNfaQ]Q]QXKNTVi�K

〈[
Φ>
]
k,l
,F (j)

〉
= (−1)j

〈[
Φ(j)>

]
k,l
,F
〉

+(−1)j
[
Φ(j−1)> ((l − 1) r+)− Φ(j−1)> ((l − 1) r−)

]
WF (0) (t+ (l − 1) r)

− (−1)j
[
Φ(j−2)> ((l − 1) r+)− Φ(j−2)> ((l − 1) r−)

]
WF (1) (t+ (l − 1) r)

· · ·
−
[
Φ> ((l − 1) r+)− Φ> ((l − 1) r−)

]
WF (j−1) (t+ (l − 1) r) .

� kgY>QXMFceYHfVQFk�S6caQ]Y>cVQ��gb{ORbw_VKw_VKNTaM���O]b _VK D (Ωl,Rn×n)
_hSHTVM C (Ωl,Rn×n) ,

Y>T?S/ceY>fVQ
T � �g[jceY>Q#ORK õ fVKNk

ξ
_hSHTVM

O :

dj

dξjUW (ξ) = (−1)j
∫∞
−∞

Φ(j)> (τ)WΦ (ξ + τ) dτ

+(−1)j
∑∞

l=0

[
Φ(j−1)> ((l − 1) r+)− Φ(j−1)> ((l − 1) r−)

]
WΦ(0) (t+ (l − 1) r)

− (−1)j
∑∞

l=0

[
Φ(j−2)> ((l − 1) r+)− Φ(j−2)> ((l − 1) r−)

]
WΦ(1) (t+ (l − 1) r)

· · ·
−
∑∞

l=0

(
C l
)>
WΦ(j−1) (t+ (l − 1) r) .

¤ } S6cVQ]YHceY>M���O
�gYHT¡M]f°���USHT�ORKw[�YHT^ORQXK õ fVK k�S�[@SUO]Q���iNK
UW (ξ)

MRS\O
�gM#W S}��OCfVTVK b õ fhSUO
��Y>T
[�SUORQ��giT��KNk�k�K`_VfI_VK�f 
 �gn�[�K�Y>QX_VQ]KdMRSHTVM�Q]K{OrSHQ]_ ÿ�K¦UNK�µ´0¶Q·A¸È�YX�ZYX��?��ÛUä�§/ �â©¤1Ü�Þ'Ü-ß £¥¤»§_¨³XbZ�­�­�Z¬®�Xhm {»ÁV{}�z��¿Ì¼
~

UW (ξ)
wXÞ}o���oÅ�T�x~
¾��

¾1½�|Ô���z¿Ì½�����~c|�Ï Ë�Ç��°{}�^¿Ì½����}�x��~��*ÐF¿ÌÀ�Á0~�½����}�
~h¾�{}�/¾c�
~��Ì{}���V¾���¿ÃÙ�{}�_�³~�×

U ′′W (ξ)− C>U ′′W (ξ)C = U ′W (ξ)A− A>U ′W (ξ)+

+C>U ′W (ξ)B −B>U ′W (ξ)C + A>UW (ξ)A−B>UW (ξ)B
Ò ÉÊ½�� ξ ∈ (0,r) ,

{}Ù}~
¼c|�~
¾�¼
½����}¿Ã�z¿Ì½��/¾Q¿Ã�_¿Ã�^¿^{}|�~
¾
[
C>U ′W (r)− A>UW (0)−B>UW (r)

]
+
[
C>U ′W (r)−B>UW (r)− A>UW (0)

]>
=W,

~��
U ′W (0) = UW (0)A+

[
C>U ′W (r) +B>UW (r)

]>
,

½\Á
U ′W (r) =

dU(ξ)
dξ

∣∣∣
ξ=r

~��
W

~
¾��j|�{�ÁV{}�z��¿Ì¼
~K��½��_�:Ë
~K��{}�/¾Q|�Ï Ë
Ç��/{}�^¿Ì½�� wXÞ}o���oÅ�T�}o



� � �
´ Ë�Á0½��/¾��^��{}�z¿Ì½���o ó ò T@ceKNf5OoQ]b�bNiNQ��gQXK�k � b õ fhSUO��gY>T�TaKNfaO]Q]KPceY>fVQ

UW (ξ) ,
_hSUTVMLkgS�ORQXYF�gM��gn�[�K

cVQXY>cVQ��gb�O]bd_Vf } K�[�[�S � ÿ��-ÿ�� ù iNY>[j[jK
U ′W (ξ) = − [U ′W (r − ξ)]

>
C + UW (ξ)A+ UW (r − ξ)B,

ó Q]ÇHi�K ú kgSF_VK�f 
 �gnN[jKjcVQ]YHcVQ���b�ORb|_Vf } K�[�[�S � ÿ��-ÿ��Fÿ } SFORQ]Y}�gM���nN[jK�cVQXY>cVQ���b�O]bj_Vf } K�[�[jK
� ÿ��-ÿ�� ù M � b�iNQ���O!iNYH[�[jK L

U ′W (r − ξ) = U ′W (−ξ)C + UW (r − ξ)A+ UW (−ξ)B.
�-�>Y>TpMXfVyVMXO���O]fVK�i�K�O]O]K�K 
 caQ]KNMXM��gY>T�_VSHTVM©k�SocVQ]b�iNb�_VKNT�ORK�K�OªM���Y>TpfaO��gk���M]K~k�SoM]KNi�Y>TV_aK�cVQ]YHcVQ���b�O]b
_Vf } KN[j[jK � ÿ��-ÿ�� ù Y>TxSUQ]Q����>K ú k � b õ fhSUO
��Y>T L

U ′W (ξ) = C>U ′W (ξ)C −B>UW (ξ)C + UW (ξ)A−

−A>UW (r − ξ)C + UW (r − ξ)B.

ò TIceK�faO�_/� ü bNQ]K�T^O��gK�Q-chSHQ-QRSHcVceYHQXO ú
ξ,

K�O!YHTIY>yaO��gK�T^O L
U ′′W (ξ) = C>U ′′W (ξ)C −B>U ′W (ξ)C + U ′W (ξ)A−

−A> [U ′W (ξ)− UW (ξ)A+ UW (ξ − r)B] + U ′W (ξ − r)B,

Y>f
U ′′W (ξ) = C>U ′′W (ξ)C −B>U ′W (ξ)C + U ′W (ξ)A− A>U ′W (ξ) + A>UW (ξ)A+

− [U ′W (r − ξ)− UW (r − ξ)A]
>
B.

JLYH[�[jK
U ′W (r − ξ)− UW (r − ξ)A = U ′W (−ξ)C + UW (−ξ)B,Y>TISHQ]Q��[�>K ú k � b õ fhSUO��gY>Tu_VfI_VKNf 
 ��nN[jK�Y>Q]_aQ]K�_Vb�M���Q]bNK L

U ′′W (ξ) = C>U ′′W (ξ)C −B>U ′W (ξ)C + U ′W (ξ)A− A>U ′W (ξ) + A>UW (ξ)A+

+C>U ′W (ξ)B −B>UW (ξ)B.

} S|cVQXKN[V�gnNQXK�i�Y>TV_°��O
��Y>T.�gT/��O
��SHk�KdceK�faO G O]Q]KpY>y5ORKNT^fVK�W SHi���kgK�[jKNT^O-M���Y>TxiNSHk�iNfVk�K�_ � SHyeYHQ]_xkgS
_Vb�Q����>bNK�_VK

d

dτ

(
Φ> (τ)WΦ (τ)

)
= [Φ′ (τ − r)C + AΦ (τ) +BΦ (τ − r)]

>
WΦ (τ)

+Φ> (τ)W [Φ′ (τ − r)C + AΦ (τ) +BΦ (τ − r)] ,



� � �

K{OPSUcVQ]n�M!Y>Tl�gT�ORn ó Q]Kd_VKNM!_VK�f 
 iN�UORbNM!_aK
0
ú k �∞ ÿ } S|M]K�iNYHTV_VK�iNYHTV_°��O��gY>TO�gT/��O
��SHk�K`KNMXO�faTVK

i�Y>TVM]b õ fVKNTViNK�_°�gQXKNi{ORK�_Vf } KN[j[jK � ÿ��-ÿ��Fÿ
¤ � TaM]f°��ORK ù kgK�M�Q]b�M]fVk�OrSUO]MPcaQ]bNi�bN_VK�T^O]MdM]YHT^OPfaO
��k���MXbNM!ceY>fVQ�k�S|iNY>TVM#ORQXfVi�O��gY>T�_VKNM�WZY>Tai�O
��Y>T ÷
TVK�kgk�KNM-_VK } l�SHcVfVTaY�� ÷³B Q]SHM]Y1�5M D ��� ÿ
Ã���� $!�!� 4��?�÷"%$&���'� �  #<A4 � �!� $7�?���!�@�@< 8Ú89<A4

 #< 8�Ê+�Í¦�" � �9É Ì9ÿ@����4l�+É 4�ÿ@���

	 SHTVMLi�K�O]O]K`MXKNi{O
��Y>T ù Y>T@cVQ]YHc¤YHM]KPfVTaKPcVQ]Ymi�bN_VfVQXK`chSUM ú chSHM�ceY>fVQ�k�Spi�Y>TVM#ORQ]fai�O
��Y>TC_aKNM
WZY>Tai�O
��Y>TVTaKNkgk�KNM�_VK } l�SHcafVTVY�� ÷CB Q]SHM]Y1�mM D ���oceY>fVQ<k�S�_VbNQ��[�>b�KF_ � fVTVKCWZY>TVi{O
�gYHTVTVKNk�k�K@_VY>TaTVbNK
��� s���ù � � �F� � ÿ } KCM#l5M#ORn�[�Kui�Y>TVM��g_Vb�Q]bCKNM#O|k�K@M#l5M#ORn�[�K � � ÿ��-ÿ�� �Aù c¤YHfVQ õ f°��Y>T6cVQXY>ceY>MXK@ORQ]Y}�gM
WZY>Tai�O
��Y>TVTaKNkgk�KNM

w1, w2
K�O
w3,

Y ø
w1

K�MXO�k�S<WZY>TVi{O
�gYHTVTVK�kgk�KdcVQ���TViT�gchSHk�KdK{O
w2, w3

MXY>T^O�_aKNM
WZY>Tai�O
��Y>TVTaKNkgk�KNM-SHf 
 ��k��gS}��Q]K�MoceY>fVQ�k � b{ORfV_aK�_VK�k�S<MXOrSUy°�gk[��ORb ÿ�K¦UNK�µ´0¶Q·A¸ �YX�WYX^]_X ç ½�¿Ã�g|�~b¾����CÀ�Á0~�wXÞ}o���oÃ���µ~�ÐTÆ_½��:~��_�z¿Ì~�|Å|�~�Á0~��_�\¾��Â{�Í�|�~�o � �Â{}�_�n��½��_�:Ë|�~
¾�ÁV{}�^��¿Ì¼
~
¾���Ë©én�_¿Ì~
¾hÆ�½1¾�¿Ã�^¿ÃÙ}~
¾

W1, W2
~��
W3

{}|�½��
¾�|�Ï Ë�Ù�{}|Ô�/{}�z¿Ì½�� ��~�|�{���Ë���¿ÃÙ}Ë
~0��~�|�{
ÉÊ½��:¼��^¿Ì½��_�:~�|Ã|�~µwXÞ}oÅ�¥o Þ
�V��½��_�:~

d

dt
v (xt (θ))

∣∣∣∣
(6.2.1)−(6.2.2)

= −w (xt (θ)) , t ≥ 0,
� � ÿ � ÿ�� �

{}Ù}~
¼
w (φ) := w1 (φ,W1) + w2 (φ,W2) + w3 (φ,W3) ,

� � ÿ � ÿ�� �
w1 (φ,W1) := φ> (0)W1φ (0) ,

� � ÿ � ÿ �F�
w2 (φ,W2) :=

∫ 0

−r

φ> (θ)W2φ (θ) dθ,
� � ÿ � ÿ�� �

w3 (φ,W3) :=

∫ ∞

0

φ> (−r)W3φ (−r) dt,
� � ÿ � ÿ sF�

v (φ) = ṽ (φ,W ) +

∫ 0

−r

φ>(θ) [(r + θ)W2 +W3]φ(θ)dθ, W := W1 + rW2 +W3,� � ÿ � ÿ � �



� � �

ṽ(φ,W ) := φ(0)>[UW (0)− C>UW (r)− U>W (r)C + C>UW (0)C]φ(0)

+2φ(0)>
∫ 0
−r
[U>W (r + θ)− C>U>W (θ)]

[
Bφ(θ) + C

·

φ (θ)

]
dθ

+
∫ 0
−r

∫ 0
−r

[
Bφ(θ1) + C

·

φ (θ1)

]>
UW (θ1 − θ2)

[
Bφ(θ2) + C

·

φ (θ2)

]
dθ1dθ2,

� � ÿ � ÿ I �

½\Á
v (·) ~
¾��¬|�{gÉÊ½��:¼��^¿Ì½��_�:~�|Ã|�~È��~ m �}{�Æ��-�:½�Ù1Ä��+��{�¾1½�Ù�¾���¿Ã¿ Ò {xt (θ) ,ϕ (θ)} ∈ W [−r,0] , W >

0,
~��
UW (ξ)

~
¾��µ|�{ Á�{}�^��¿Ì¼
~a��~ m �}{�Æ¬���:½�ÙêwXÞ}o���oÅ�T�UÆ_½��-�x|�~»¾���¾��CÀ�Á0~èwXÞ}o���oÃ���èÇ��-¿V~
¾��
ÉÊ½��:¼��^¿Ì½�����~c|�{0ÁV{}�^��¿Ì¼�~

W.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o ó ò T¡i�qaKNQ]irqVKwfVTVK3WZY>TVi{O
��Y>TVTVK�kgk�K
v (xt)

ORKNk�kgK õ fVK&k � b õ fhSUO��gY>T � � ÿ � ÿ�� �K�MXO`MRS\O
��MXW S}��ORK ÿ � k�Y>Q]M!chSHQå��T^O]b ó Q]SUO
��Y>TI_VK � � ÿ � ÿ�� � YHT&S L ∫∞
0

d
dτ
v(xτ (θ)) (6.2.1)−(6.2.2) dτ =

−
∫∞
0
w(xτ (θ;φ))dτ,

Y ø ∫∞
0

d
dτ
v(xτ (θ)) (6.2.1)−(6.2.2)

dτ = limτ→∞ v(x (τ+θ))−v(x (0+θ)).JLYH[�[jK � � ÿ��-ÿ�� � KNMXO�K 
 ceY>TVK�T^O
��KNk�kgK�[�K�T^O`MXORSHyVkgK ù
limτ→∞ v(x (τ+θ)) = v(0) = 0

K�OdchSHQ
kgSIWZY>TVi{O
�gYHTVTVKNk�kgKV��T°��O��gSHk�K � � ÿ��-ÿ�� �Aù v(x0 (θ)) = v (φ) . � k�Y>Q]M�k�SIWZY>Tai�O
��Y>TVTVK�kgk�K

v (·) ceK�faO
G ORQ]K�Y>y5ORKNT^fVKpcVSHQ�kgS<WZYHQ][<fVkgK

v (φ) :=

∫ ∞

0

w(xτ (θ;φ))dτ, ∀φ ∈ W .
� � ÿ � ÿ�� �

JLYH[�[jK
w (·) S<ORQXYF�gMLORKNQX[�K�M ù SUkgY>QXM-kgS<WZY>Tai�O
��Y>TVTVK�kgk�K

v (φ)
S<ORQXYF�gMLORKNQX[�K�M!SHfVMXM��

v (φ) = v1 (φ,W1) + v2 (φ,W2) + v3 (φ,W3)
� � ÿ � ÿ � �

Y ø
vi

iNY>QXQ]K�M]ceY>TV_ ú k � ��T^ORb ó QRSUk�K�_aK
0
ú ∞ _VfxORK�Q][jK

wi
_hSHTaM � � ÿ � ÿ�� � ÿ ò TxiNY>[j[jKNTVi�K�kgS

i�Y>TVMXO]Q]fVi{O
��Y>T�_VK
v1
ú chSUQXO
��Q�_VfpORK�Q][jK�caQ��gTai���chSHk

w1,
iNK�kgf°� ÷ iT��K�MXO
i�qaYF�gM��^_VSHTVM � � ÿ � ÿ ��� cVSHQ]i�K

õ f � �gkªK�MXO`kgK�ORKNQX[�K�k�K�cVk�fVM�M��g[jcVk�K õ f°�
MRS\O
�gM#W S}��O!kgS�i�Y>TV_°��O
��Y>T �z� ÿ��-ÿ��>� � _hSUTVMPkgKpO]qVbNYHQ]n�[�K
�^� ÿ���ÿ�� �Aù � kgY>QXM-_VK � � ÿ � ÿ�� �Aù\� � ÿ � ÿ ���Aù'� � ÿ � ÿ�� � K�O � � ÿ � ÿ � �

v1 (φ,W1) :=

∫ ∞

0

x> (t,ϕ)W1x (t,ϕ) dt.
� � ÿ � ÿ�� � �

} � K õ fhSUO��gY>T � �-ÿ � ÿ sF� ceK�Q][jK�O
_ � b�iNQ���Q]K
x(τ ;φ)

i�Y>[�[jK�fVTVK�WZYHTVi�O��gY>T�_VK�k�S-iNY>TV_/��O
��Y>Tc�gT°��O
�gSUk�K
φ
� � ÿ��-ÿ�� � K{O!k�S<[@S\ORQ���iNKPWZY>Ta_hSH[jKNT�OrSHk�K

Φ
� ��ÿ � ÿ�� � ÿ� S}�gT�ORK�ThSHT�O ù YHTuM � �gT�ORbNQXKNM]K ú kgS�M]K�iNYHTV_VKdWZY>TVi{O
��Y>TVTVK�kgk�K

v2
ù�õ f°�»iNY>QXQ]KNMXceY>TV_ISHfCORK�Q][jK

��T^ORb ó Q]SHk
w2

� � ÿ � ÿ�� ��) i�K-ORK�Q][jK-K�MXO�TVb�iNK�M]MRS}��Q]K�ceY>fVQ�k � SUThSHk�lmMXK-_aK�k�SPMXOrSUy°�gk[��ORbLQ]YHyVfVMXO]K�_hSHTaM
kgS�M]KNi{O
��Y>T&MXf°�[�\SHT^O]K ÿ � kgY>QXMP_aK � � ÿ � ÿ�� �Aùg� � ÿ � ÿ�� �qù�� � ÿ � ÿ�� � K{O � � ÿ � ÿ � �qù ��kªceKNfaO G ORQXK<K 
 cVQ���[jb
_hSUTVM�k�S�WZY>Q][jK

v2(ϕ,W2) :=

∫ ∞

0

[

∫ 0

−r

x>(τ + θ;ϕ)W2x(τ + θ;ϕ)dθ]dτ
� � ÿ � ÿ��H� �



� � s

� Txi�qVSHT ó KNSHT^O�k � Y>QX_VQ]Kd_ � ��T^O]b ó Q]SUO
��Y>TF_hSUTVM!k�S�_VY>fVyVk�Kc�gT^O]b ó Q]SHk�K ù YHTxY>yaO��gK�T^O!k � K 
 cVQXKNMXM��gYHT
MXf°�[�\SHT^O]K L

v2 (φ,W2) =

∫ 0

−r

[∫ 0

θ

φ> (s)W2φ (s) ds+

∫ ∞

0

x> (s;φ)W2x (s;φ) ds

]
dθ,

� � ÿ � ÿ���� �
K{O�SHkgYHQ]M

v2 (φ,W2) = ṽ (φ,rW2) +

∫ 0

−r

(r + θ)φ> (θ)W2φ (θ) dθ,
� � ÿ � ÿ�� ���

Y ø
W2 > 0

K�O
ṽ

M]Y>T�O!_VY>TVTabNKNM!_hSHTaM � � ÿ � ÿ I � ÿ� �gTVSHkgK�[jKNT�O ù Y>TIirqVK�Q]irqVK�kgS�WZY>TVi�O��gY>TaTVKNk�kgK
v3
õ f°��iNYHQ]Q]K�M]ceY>Ta_ ú k � ��T^O]b ó Q]SHk�KP_VfFORK�Q][jK

w3
� � ÿ � ÿ sF��) iNK�ORK�Q][jK ù iNY>[j[�K�kgK�ORK�Q][jK<caQ]bNi�bN_VK�T^O

w2
K�MXO�TabNi�KNM]MRS*�gQ]K�cVSHQ`k � b{ORfV_VK<_aK�kgS

M#OrSHy°��k���O]b�QXY>yVfVM#ORK � �>YF�gQ�M]K�i�O��gY>T3M]f°���USHT�ORK � ÿ � kgYHQ]M�_VK � � ÿ � ÿ�� �qù�� � ÿ � ÿ sF�qùg� � ÿ � ÿ�� � K{O � � ÿ � ÿ � �Aù��k�ceK�faO G ORQXKpK 
 cVQ���[�bd_hSHTaM!kgS<WZY>QX[�K

v3(φ;W3) :=

∫ ∞

0

x>(τ − r;φ)W3x(τ − r;φ)dτ.
� � ÿ � ÿ��N� �

ò TIY>yaM]KNQ �>K õ fVK

x>(t− r;φ)W3x(t− r;φ) = x>(t;φ)W3x(t;φ)−
d

dt
[

∫ t

t−r

x>(s;φ)W3x(s;φ)ds].

�-��Y>TIfaO��gk[��M]K`iNK{O]O]K�WZY>Q][<fakgK ù Y>TIQXbNbNi�Q���O
v3(ϕ,W3)

i�Y>[�[jK

v3(φ,W3) = ṽ(φ,W3) +

∫ 0

−r

φ>(θ)W3φ(θ)dθ.

Y ø
W2 > 0

K�O
ṽ

M]Y>T�O!_VY>TVTabNKNM!_hSHTaM � � ÿ � ÿ I � ÿ� S}�gT�ORK�ThSHT�O`Y>T3Y>yaO��gKNT�O
v(φ)

ú chSHQ#O
��Q�_VKNMPWZY>Tai�O
��Y>TVTVK�kgk�KNM
vi(φ,Wi)

� � ÿ � ÿ � � K�O`_VK<kgS
WZY>Tai�O
��Y>TVTaKNkgk�K � � ÿ � ÿ � � ÿ JLYH[�[jK

φ
K�MXO
T � ��[�ceYHQXORK õ fVK�kgkgK~WZYHTVi�O��gY>TVTaKNk�kgK�_hSHTVM W ,

K�O
xt ∈ W ,

v(φ)
ceK�faO G ORQXK�K 
 cVQ���[�b�K�K�TIORK�Q][jKNM�_VK

xt,
� ÿ K ÿ

v(xt) = x>(t)[UW (0)− C>UW (r)− U>W (r)C + C>UW (0)C]x(t)

+2x>(t)
∫ 0
−r
[U>W (r + θ)− C>U>W (θ)] [Bx(t+ θ) + Cẋ(t+ θ)] dθ

+
∫ 0
−r

∫ 0
−r
[Bx(t+ θ1) + Cẋ(t+ θ1)]

> UW (θ1 − θ2) [Bx(t+ θ2) + Cẋ(t+ θ2)] dθ1dθ2

+
∫ 0
−r
x>(t+ θ)[(r + θ)W2 +W3]x(t+ θ)dθ, � � ÿ � ÿ�� sF�Y ø

UW (ξ)
KNM#O�kgS�[�SUORQ��gi�K`_VK } l�SUcVfVTVY1�FceY>faQ�k � b õ fhS\O
�gYHT � ��ÿ � ÿ�� � _ab ö T°��K�_hSHTVM � � ÿ���ÿ ��� ÿ



� � �

� k�Y>Q]M©k�SoWZY>TVi{O
�gYHTVTVK�kgk�K
v(ϕ)

_Vb ö T°��K�_hSUTVM � � ÿ � ÿ � � K�MXO
fVTVK�WZYHTVi�O��gY>TVTaKNkgk�K�_VK } l�SHcVfVTaY�� ÷
B QRSUM]Y1�5M D �[� ù � ÿ K ÿ v (·) S fVTVK�yeYHQ]TVKU�gT5WZbNQ���KNfaQ]KIK{O@fVTVK�yeYHQ]TVKxM]facVcebNQ��gKNfaQ]K ù K{O@MRSUO��gM#W S}��O
kgS&i�Y>TV_°��O
��Y>T �z� ÿ��-ÿ�� � � _Vf/ORqVb�Y>Q]n�[�K �z� ÿ��-ÿ�� � ÿ ( SHQ|i�Y>TVM#ORQ]fai�O
��Y>T

v (·) K õ ÿ � � ÿ � ÿ � � K�Ojk�KNM
_Vb ö T°��O
��Y>TVM � � ÿ � ÿ�� � �qù'� � ÿ � ÿ��H� �Aù\� � ÿ � ÿ���� �qù Y>TIS

v1(‖xt (0)‖) := λmin (W1)

∫ ∞

0

x>τ (0)xτ (0)dτ

õ f°�©M]SUO
��MXW S}��O �z� ÿ��-ÿ�� � � K�O!KNM#OPfaTVKpyeY>Q]TVKc�gTaWZb�Q���KNfVQXK�_VK
v (·) . 	�� SHfaO]Q]KpchSHQ#O ù _VK � � ÿ � ÿ � � K{O

_VK�M!_Vb ö T°��O��gYHTVM � � ÿ � ÿ�� � �qù'� � ÿ � ÿ��>� �Aù\� � ÿ � ÿ���� �Aù �gk»KNM#O!W SHiT�gk�K`_VKQ�>bNQ�� ö K�Q õ faK

v2 (‖xτ‖W) : = λmax (W1)

∫ ∞

0

[x>τ (0)xτ (0) +

∫ 0

−h

∥∥ .xτ (θ)
∥∥2 dθ]1/2dτ

+

∫ ∞

0

[

∫ 0

−r

x>τ (θ)W2xτ (θ)dθ]dτ

+

∫ ∞

0

x>τ (−r)W3xτ (−r)dτ
M]SUO
��MXW S}��O �^� ÿ��-ÿ�� � � K�O�K�MXO�fVTVKoyeY>Q]TaKoM]fVceb�Q���KNfVQXK-_VK � � ÿ � ÿ � � ÿ � kgY>QXM

v (·) MRSUO��gMXW S*��O
kgK�M~yeY>QXTVKNM
� �°ÿ��/ÿ�� ��� ÿ
¤pqeni.rspctvu\e � ÿ � ÿ�� o2ò TpTaYHORK õ faK�kgSoWZYHTVi�O��gY>TaTVKNk�kgK � � ÿ � ÿ�� � MRSUO��gMXW S*��O�kgK�M©yeYHQ]TVK�MªMXf°�[�\SHT^O]KNM

ω1 (‖φ(0)‖) ≤ w(φ) ≤ ω2 (‖φ‖W) ,
� � ÿ � ÿ�� � �

Y ø
ω1 (‖φ(0)‖) := λmin (W1)φ

>(0)φ(0)
� � ÿ � ÿ�� I �K{O

ω2 (‖φ‖W) := λmax (W1) ‖φ‖W +

∫ 0

−r

φ>(θ)W2φ(θ)dθ + φ>(−r)W3φ(−r).
� � ÿ � ÿ���� �

pqeni.rspctvu\e � ÿ � ÿ�� o �mYF��O-kgKdM#l5M#ORK�[�K � � ÿ���ÿ�� � K 
 ceY>TVK�T^O
��KNk�kgKN[jK�T^O�M#OrSHyVk�K ÿ � k�Y>Q]M ù
v3 (‖xt(0)‖) := ω1 (‖xt(0)‖)

M]SUO
��MXW S}��O �z� ÿ��-ÿ��>� � K�O!kgS�yeYHQ]TVK � � ÿ � ÿ�� I ��L
d+v

dt
(xt) ≤ −ω1 (‖xt(0)‖) ∀ t ≥ 0.

	 SHTVM�k�SwM]KNi{O
��Y>T(M]f°���USHT�ORK ù Y>T(faO��gk���M]KFk�S&WZY>TVi{O
�gYHTVTVKNk�k�K � � ÿ � ÿ � � ceY>faQ�k � b�O]fV_VKx_aK�kgS
M#OrSHy°��k���O]b`Q]YHyVfVMXO]Kp_VK�M!MXlmM#ORnN[jKNM!TVKNf5ORQ]K�M ÿ



� ��I

Ã��z¥ 4����657��89�:��; ���!57"�4���<

� S}�gT�ORK�ThSHT�O ù YHT�MXfVcVceY>MXK õ fVK!kgKNM�[�SUO]Q���iNKNM
A

K{O
B

M]Y>T�O�MXY>fV[V�gMXKNM ú _VK�MÈ��TViNK�QXO���ORfa_VKNM
_VK�kgS<WZY>QX[�K`M]f°���USHT�ORK

AÃ A+∆A , B Ã B +∆B,

Y ø kgK�M�[�SUORQ��gi�KNM-i�Y>TVMXORSHT�ORKNM
∆A, ∆B

MXY>T^O!yeY>QXTVbNK�M!chSHQ

∆ᵀ

ARA∆A ≤ ρAIn,

∆ᵀ

BRB∆B ≤ ρBIn,

� � ÿ��°ÿ�� �

RA

K�O
RB,

M]Y>T�O!_VK�M![@S\ORQ���iNK�M-ceY>M���O
���>KNM-_Vb ö T°�gK�M ù
ρA

K�O
ρB

_VKNM�TVY>[<yVQXKNM�ceY>M���O
��WZM ÿ
� k�Y>Q]M-Y>TFiNY>TaM��g_anNQ]K�kgKdM#lmMXORn�[�KpceK�QXORfVQXyebpM]f/�[�USUT^O L
·
y (t)− C

·
y (t− r) = (A+∆A) y (t) + (B +∆B) y (t− r) , p.p. t ≥ 0. � � ÿ��/ÿ�� �

�5Y}��O!k�KpMXlmM#ORnN[jK � � ÿ���ÿ�� � K 
 ceYHTVKNT�O
�gK�kgk�KN[jKNT�O�M#OrSHyVk�K ù YHT�irqVK�Q]irqVK�_VKNM�iNY>Ta_°��O��gY>TaM!MXY>fVM�kgK�M
õ fVK�kgk�KNM ù kgKpMXlmM#ORnN[jK2�gTVi�KNQ#OrS}��T � � ÿ��/ÿ�� � QXKNM#ORK�MXORSHyVk�K ÿ � TVM]f°��ORK ù Y>TxfaO
��k���MXKpkgS|WZY>Tai�O
��Y>TVTaKNkgk�K



� � �
� � ÿ � ÿ � � i�Y>TVMXO]Q]f°��ORK�ceY>fVQ�kgKpMXlmMXO]nN[jK<TVY>[V�gTVSHk � � ÿ��-ÿ�� � ÿ � caQ]nNMP_VK�M`iNSHkgi�fVkgM!_°�gQXKNi{ORM ù k�Sj_ab ÷
Q��[�>b�K�_VK

v (yt)
K�MXO!_VY>TVTVb�KpchSHQ L

d

dt
v (yt) = 2

.
y

ᵀ

(t) [UW (0) y (t)− UW (0)Cy (t− r)] + 2
.
y

ᵀ

(t)

∫ 0

−r

Uᵀ

W (θ + r)By (t+ θ) dθ

−2
.
y

ᵀ

(t)

∫ 0

−r

.

U
ᵀ

W (θ + r)Cy (t+ θ) dθ − 2yᵀ (t)Uᵀ

W (0)C
.
y (t− r)

−2yᵀ (t)

∫ 0

−r

.

U
ᵀ

W (θ + r)By (t+ θ) dθ

−2yᵀ (t)Cᵀ [UW (0)By (t)− UW (r)By (t− r)]

+2yᵀ (t)Cᵀ

∫ 0

−r

.

U
ᵀ

W (θ)By (t+ θ) dθ + 2yᵀ (t)Bᵀ

∫ 0

−r

Uᵀ

W (θ)By (t+ θ) dθ

+2yᵀ (t)CᵀUW (r)Cy (t− r) + 2yᵀ (t) [Uᵀ

W (r)By (t)− UW (0)By (t− r)]

−2yᵀ (t− r)Bᵀ

∫ 0

−r

Uᵀ

W (θ + r)By (t+ θ) dθ

+2yᵀ (t)Bᵀ [Uᵀ

W (0)Cy (t)− UW (r)Cy (t− r)]

−2yᵀ (t)Bᵀ [Uᵀ

W (r)Cy (t)− UW (0)Cy (t− r)]

−2
.
y

ᵀ

(t− r)Cᵀ

∫ 0

−r

Uᵀ

W (θ + r)By (t+ θ) dθ

−2yᵀ (t)Bᵀ

∫ 0

−r

.

U
ᵀ

W (θ)Cy (t+ θ) dθ

+2yᵀ (t− r)Bᵀ

∫ 0

−r

.

U
ᵀ

W (θ + r)Cy (t+ θ) dθ

−2
.
y

ᵀ

(t− r)Cᵀ

∫ 0

−r

Uᵀ

W (θ + r)C
.
y (t+ θ) dθ

+yᵀ (t) [rW2 +W3] y (t)−
∫ 0

−r

yᵀ (t+ θ)W2y (t+ θ) dθ − yᵀ (t− r)W3y (t− r) .

} � bT�USUkgfhSUO��gYHTx_aK�k�S|_VbNQ��[�>b�K�_VK
v (yt)

k�KpkgYHT ó _af�MXlmMXO]nN[jK � � ÿ��°ÿ�� � _VYHTVTVK�SHcVQ]n�M�M���[�cVk[� ö�÷
iNSUO
��Y>T L

d
dt
v (yt)

∣∣
(6.4.2)

= −w (yt)
+2 [∆Ay (t) + ∆By (t− r)]ᵀ UW (0) y (t)

−2 [∆Ay (t) + ∆By (t− r)]ᵀ UW (0)Cy (t− r)

+2 [∆Ay (t) + ∆By (t− r)]ᵀ
∫ 0
−r
Uᵀ

W (θ + r)By (t+ θ) dθ

−2 [∆Ay (t) + ∆By (t− r)]ᵀ
∫ 0
−r

.

U
ᵀ

W (θ + r)Cy (t+ θ) dθ,

� � ÿ��°ÿ ���

Y ø
w (·) KNM#O<_Vb ö T/�gK@cVSHQ � � ÿ � ÿ�� � ÿ ( Y>fVQ�Y>yaO]KNT°��Q�k � b õ fhSUO
��Y>T � � ÿ��°ÿ ���Aù Y>T�SxfaO
��k���MXbjkgK|W S}��O



� � �

õ fVKukgS�_abNQ����>bNKCchSHQ�QRSHcVceYHQXO�SHf�O]KN[jcVM<_VK
v (·) _hSUTVM � � ÿ � ÿ�� sF� K�MXO�b ó SHk�K úè� � ÿ � ÿ�� � chSHQ

i�Y>TVMXO]Q]fVi{O
��Y>T ÿ� S}�gT�ORK�ThSHT�OLK�TCf5O
�gk[��MRSUT^O � � ÿ��°ÿ ��� Y>T�Y>yaO
��KNT�O�kgK�M�i�Y>TV_°��O
��Y>TVM�_VK�Q]Y>yafVMXO]KNM]MXK`M]f°���USHT�ORK�M L
�K¦UNK�µ´0¶Q·A¸=�\X½�'X^]_X ç ½�¿Ã��|�~H¾���¾��CÀ�Á0~KwXÞ}o���oÃ���2~�ÐTÆ_½��:~��_�^¿Ì~�|Ã|�~�Á0~��_�:¾��Â{�Í�|�~ Ò {}|�½��
¾q|�~H¾���¾�Ä�CÀ�Á0~jÆ_~����^����Í�Ë�wXÞ}o¯ë�o����K�
~
¾��³~b¾��Ì{�Í�|�~jÆ_½��-�å�C½*���C~
¾h|�~
¾s¿Ã�:¼
~����z¿Ã�^�°��~
¾+¼
½��/¾��Ì{}�_�³~
¾q¾�{}�^¿�¾©ÉT{}¿�¾�{}�_�
wXÞ}o¯ë�oÃ��� Ò ¾�¿ C ~
¾��²���:~KÁV{}�z��¿Ì¼
~ ç ¼
Ó��-��Ä�ÝÈ½1Ó��»¾��Ì{�Í�|�~µ~��n¾_Ï ¿Ã|�~�ÐF¿�¾��C~���~
¾+ÁV{}�z��¿Ì¼
~
¾ÖÆ_½1¾�¿Ã�z¿ÃÙ}~
¾
W1, W2, W3,

~��È���»¾1¼�{}|�{}¿Ã�
~
µ
�C~�|¯¾2Ç���~

i) W1 > µUW (0)
(
R−1A +R−1B

)
UW (0) +

2
µ
(ρAI + ρArI) ;

ii) W2 > µBᵀUW (θ + r)
(
R−1A +R−1B

)
Uᵀ

W (θ + r)B+

+µCᵀU ′W (θ + r)
(
R−1A +R−1B

)
[U ′W (θ + r)]ᵀC, ∀θ ∈ (−r,0) ;

iii) W3 > µCᵀUW (0)
(
R−1A +R−1B

)
UW (0)C +

2
µ
(ρBI + ρBrI) ,

� � ÿ��°ÿ�� �

½\Á
W := W1 + rW2 +W3.

´ Ë�Á0½��/¾��^��{}�z¿Ì½���o ó , k
S@b{ORb�[�YHT^O]Q]b õ fVK d
dt
v (yt)

_VY>TaTVbNK<cVSHQ � � ÿ��°ÿ �F� KNM#OdyeY>QXTVbNK ÿ � kgY>QXM ù
M���Y>TIfaO��gk[��M]K`k � �gTab ó SHk[�½ORbPiNkgSHM]M�� õ fVK L

2ξᵀζ ≤ ξᵀRJξ + ζᵀR−1J ζ, RJ > 0, J = {A,B} ,

K{O!k � b õ fhSUO��gY>T � � ÿ��°ÿ�� �Aù Y>TxS�k � �gTVb ó SHk[�½ORb`MXf°�[�\SHT^O]K L
d

dt
v (yt)

∣∣∣∣
(6.4.2)

≤ −w (yt)

+yᵀ (t)

[
µUW (0)

(
R−1A +R−1B

)
UW (0) +

2

µ
(ρAI + ρArI)

]
y (t)

+µyᵀ (t− r)
[
CᵀUW (0)

(
R−1A +R−1B

)
UW (0)C

]
y (t− r)

+
2

µ
yᵀ (t− r) [(ρBI + ρBrI)] y (t− r)

+µ

∫ 0

−r

yᵀ (t+ θ)
[
BᵀUW (θ + r)

(
R−1A +R−1B

)
Uᵀ

W (θ + r)B
]
y (t+ θ) dθ

+µ

∫ 0

−r

yᵀ (t+ θ)
[
Cᵀ

.

UW (θ + r)
(
R−1A +R−1B

) .

U
ᵀ

W (θ + r)C
]
y (t+ θ) dθ.

�-�LY>T6irqVYF�gM���O
W1, W2, W3

MRSUO��gM#W S}�gM]SHT^O � � ÿ��°ÿ�� � K{O|kgS3M#ORQXfVi�O]fVQ]Ku_VK
w (ϕ)

_VY>TVTabNKuchSHQ
� � ÿ � ÿ�� � Y>T YHyaO
��KNT^O dv

dt
< 0 ÿ } K ô qabNY>QXnN[jK � ÿ��-ÿ�� ó SHQ]SHT^O���O õ fVK|kgK�M#l5M#ORn�[�K � � ÿ��/ÿ�� � Q]KNM#ORK



�>� �

M#OrSHyVk�K ÿ
¤�µ�µ´��j¶�¶�t�RT´0¸È�YX½�'X[Z\Xsk ½��-�v�:Ï ¿ÃÁsÆ_½*���C~VÇ���~�|Å|�~
¾µÁV{}�^��¿Ì¼
~
¾sÆ_½1¾�¿Ã�^¿ÃÙ}~
¾

W1
Ò W2

Ò W3
~��

µ > 0,
¿Ã|°�C½����Ê½����
¾Q~�ÐF¿�¾��C~q�-�¬~bÁV{}�zì�~gÆ�½1¾�¿Ã�^¿ÃÙ}~b��~H¾��Ì{¥Í�¿Ã| ¿Ã�³Ëq�
½}Í��¥¾��³~å��½��_�:Ë
~gÆ/{}�Ö|�~
¾åÍ�½����:~
¾

ρA, ρB
�³~�|Ã|�~
¾.Ç���~O|�~�¾���¾��CÀ�Á0~�wÂ��oÅ�¥o¯ë}�a~
¾��h¾��Ì{�Í�|�~O�
½}Í���¾��³~�Á0~��_�²Æ_½������:Ï ¿ÃÁsÆ�½����C~.Ç��_~�|Ã|�~
¾

¿Ã�:¼
~����^¿Ã�z�/��~
¾
∆A, ∆B

Ç��-¿K¾�{}�z¿�¾©ÉÊ½��_�lwXÞ}o¯ë�oÃ��� Ò ¿^o^~�oµ½��ÑÆ_~����V�z�
½���Ù}~����-�:~x¾1½�|Ô���z¿Ì½��A{}�}Ð
¿Ã�:Ë�Ç��/{}�z¿Ì½��/¾Q�:½��x|Ô¿Ã�:Ë�{}¿Ã�
~
¾�×�¼
½����}¿Ã�^¿Ì½��/¾

i),ii),iii)
�}�l�©Ó_Ë
½��
À�Á0~<Þ}o¯ë�oÃ��o

´ Ë�Á0½��/¾��^��{}�z¿Ì½���oSò T1ceK�faO�irqVYF��M��gQ<T � ��[jceY>QXORK õ fVKNk�kgK�M|[@SUO]Q���iNKNM�_ab ö T°��KNMjceY>M���O��[�>KNM
W1
ù

W2
ù
W3

K�O�T � �g[jceY>Q#ORK õ fVKNk�M�TVY>[<yVQXKNM�ceYHM���O���WZM
ρA,ρB,µ. � kgYHQ]M ù Y>T�ceKNfaO�ORQXY>f/�>K�Q~ORY>f\£XYHfVQ]M

_VK�Md[�SUORQ��gi�KNM
RA, RB,

M]f � M]SH[�[jKNT�O ��ó QRSHTV_aKNM � K{OQ�gTaiNKNQ#O
��ORfV_VK�M
∆A, ∆B

õ f°��MRSUO��gM#WZY>T^O
� � ÿ��/ÿ�� �Aù O]KNkgk�KNM õ fVK

W1 > ε+ 2
µ
(ρAI + ρArI) ,

W2 > ε,

W3 > ε+ 2
µ
(ρBI + ρBrI) ,ceY>faQ�T � �g[jceY>QXO]K õ faKNk

ε > 0. � kgY>QXM
W1 >

2
µ
(ρAI + ρArI) > 0,W2 > 0,W3 >

2
µ
(ρBI + ρBrI) >

0
K�O�_VY>TVi ù kgK<O]qVbNYHQ]n�[�K � ÿ��/ÿ�� K�MXOc�>bNQ�� ö b|cVSHQdkgKNMd[�SUORQ��gi�KNM

RA, RB

K�O�kgKNMQ��TViNK�QXO
��ORfV_aKNM
∆A, ∆B

õ f°��Y>T�O!b{ORb�i�qaYF�gM��gK�M ÿ
¤pqeni.rspctvu\e � ÿ��°ÿ�� oÈ± fVK�kgk�KNM õ fVK�M]YF��KNT�O`k�KNM�[�SUORQ��giNK�M

W1, W2, W3,
�gk©K 
 ��MXO]K�O]Y>f\£XY>faQ]M

_VK�M�TaY>[<yVQ]K�M!ceYHM���O���WZM
ρA, ρB

ORKNk�M õ fVKpkgK�M#lmMXORn�[�K � � ÿ��-ÿ�� � K�MXO�Q]YHyVfVMXO]KN[jKNT�O�MXORSHyVk�K�ceY>fVQ
O]Y>faORK�M�kgKNMÖ�gTVi�KNQ#O
��O]fV_VK�M

∆A, ∆B

M]SUO
��MXW S}��MRSHT�O � � ÿ��°ÿ�� � ÿpqeni.rspctvu\e � ÿ��/ÿ�� o �-��k�K`MXlmM#ORnN[jK � � ÿ��-ÿ�� � K�MXO�fVTFMXlmMXO]nN[jK ú Q]K{OrSHQX_ ù � ÿ K ÿ ù C ≡ 0 ù SHkgYHQ]M
k � b ó SHk[��ORb � � ÿ��°ÿ ��� KNM#O�M��g[jcVk�� ö bNK`K{O!Y>TIQ]K{ORQXY>f/�>Kpk�KdQ]b�M]fVk�OrSUO�_VK�MXORSHy°��k���ORbP_VK � s � � ÿ	 SHTVM�k�S<M]f°��ORK ù Y>Tl��kgk�faMXORQXK`kgKNM-Q]b�M]fVk�OrSUO]M�M]fVQ�fVTIK 
 K�[�cakgK ÿ
Ã��RÀ <�Ö <>= ¦�8Ú<

ò TCi�Y>TVM��g_Vn�Q]K`faTuMXlmM#ORnN[jK`TVKNfaO]Q]Kh��kgk�faMXORQ]SUO
�½W ù M#OrSHyakgKPceYHfVQLkgK�Q]K{OrSHQX_
r = 1

2
,
�>Y}�gQ � � I � ÿegfhejilknm'e � ÿ s ÿ�� o �mYF��O-kgKdM#lmMXORn�[�K L

·
x (t)−

(
0.1 0

0 0.1

)
·
x (t− 0.5) =

(
−2 0

0 −0.9

)
x (t)+

(
−1 0

−1 −1

)
x (t− 0.5) , t ≥ 0,
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ø�ØÃùÖú � ÿ�� û e |�Ë�Á0~��_�©¾K��~c|�{�ÁV{}�z��¿Ì¼
~ U(t)
� K 
 KN[jcVk�K �/ÿ s ÿ�� _Vf3irqhSHc°��ORQXK � � ÿ �-�ªY>T�faO��gk���M]KpkgSj[�SUORQ��giNK�_VK } l�SUcVfVTVY1� � � ÿ��-ÿ ��� K�OPM��ªY>T
irqVYF��M���O

UW (τ)
SÊ�>KNi

W = W1 + rW2 +W3 = 0.5I2
� chSUQ�K 
 K�[jcVkgK

W1 = 0.2476455I2,

W2 = 0.1993I2, W3 = 0.1527045I2
�qù kgS-WZY>QX[<fVkgK � � ÿ��°ÿ�� � _VY>TVTVK�kgK�MªyeY>QXTVKNM

ρA = 0.050I2,

ρB = 0.050I2
ceY>faQ�k�KNMQ�gTaiNKNQ#O
��ORfV_VK�M

∆A, ∆B

K{O
RA = I2, RB = I2

_hSHTVM � � ÿ��/ÿ�� ��) iNKNM
i�Y>TVMXORSHT�ORKNM�SHMXM]fVQXKNT�OPkgS�M#OrSHy/�gk���O]b`_VfIMXlmM#ORnN[jK+�gTVi�KNQ#OrS}��T ÿ} K�M�b�kgbN[jK�T^ORMd_aK

UW (t)
M]Y>T�O�_VY>TVTabNM�ceY>fVQ

0 ≤ t ≤ 3
� � � ó fVQXK � ÿ�� �Cú chSHQ#O
��Q`_VK�k�S

WZY>QX[<fVkgK � � ÿ��-ÿ ��� ÿ} K�Mob�kgbN[jKNT�ORML_aK .

UW (t)
M]YHT^Ooi�SUkgiNfakgbNM�KNTCfaO
��k���M]SHT^O � � ÿ��-ÿ � �Aù ceY>fVQ

0 ≤ t ≤ 3 � � � ó fVQ]K
� ÿ�� �pqeni.rspctvu\e � ÿ s ÿ�� o�	 SHTVMFiNK{OIK 
 KN[jcVk�K���kgk�fVMXO]QRSUO
�½W ù k�KNMuyeYHQ]TVK�M

ρA, ρB
TVKwMXY>T^OFchSHM

Y>c5O
�g[V��MXbNK�M�chSUQ�QRSHcac¤YHQXO~SHf 
 �gTaiNKNQ#O
��ORfV_VK�M
∆A, ∆B

� KNk�kgK�M�YHT^O~faTVKoMXO]Q]fVi{ORfVQXK õ fhSU_VQRS\O
� õ fVK
� � ÿ��/ÿ�� ��� ÿ � k�Y>Q]M √

ρA
KNM#O@cakgfVM ó QRSUTV_VKI_VK

10%
õ fVKxk�Sx�USUkgKNfaQjcVQXY>cVQXKxSHyVMXY>kgfVKFk�S&cVk�fVM

ó Q]SHTV_VK�_VK�k�S�[�SUORQ��giNK ( −2 0

0 −0.9

) K�O √
ρB

K�MXOdcVk�fVM ó QRSUTV_VK�_VK
20%

õ fVK<k�SV�\SHkgK�fVQ

cVQXY>cVQXK�k�S<cVkgfaM ó Q]SHTV_VK�_aKpkgS�[�SUORQ��gi�K ( −1 0

−1 −1

)
.
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ø�ØÃùÖú � ÿ�� û e |�Ë�Á0~��_�©¾+�-~c|�{�ÁV{}�z��¿Ì¼
~ U ′(t)
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	 SHTVMoiNK`irqhSHc°��ORQ]K ù fVTVK`cVQ]Ymi�bN_afVQ]KdM#l5M#ORb�[@SUO�� õ fVK`KNM#O�caQ]Y>ceY>MXbNK`ceY>fVQokgS�iNY>TaMXORQXfVi�O��gY>T
_VK�M�WZY>TVi{O
��Y>TVTVK�kgk�KNMo_VK } l�SHcVfVTaY�� ÷³B QRSUM]Y1�5M D ���©ceYHfVQ�k�KdMXlmMXO]nN[jK � � ÿ��-ÿ�� � ÿ, k�S@b�ORb�[�YHT^ORQXb õ fVK<k�KNM�WZY>Tai�O
��Y>TVTaKNkgk�KNM!_VbNceK�TV_VK�T^O�KNT&chSUQXO
��iNfVk[��KNQ!_VK�k�S�[�SUO]Q��gi�K�_aK
} l�SHcafVTVY��

UW (τ)
� � ÿ��-ÿ ��� ÿ ± fVKNk õ fVKNM!cVQXY>cVQ��gb{ORbNM-Y>T^O�b�ORb�Y>y5ORKNT^fVKNM!ceY>faQ

UW (τ) ., kaTVY>fVM~M]K�[<yVkgK õ fVK-kgK�M~[@S\ORQ���iNK�M
∆A, ∆B

ceKNf/�>K�T^On�\SHQ���KNQ�_hSHTaM�kgK�O]KN[jcVM~K�O�_Vb�ceKNTV_aQ]K
_VK
y (t)

K{O
y (t− r) .

} � fVT°� õ faKdq^lmceYHORqanNM]K�KNM#O õ f � �gk»KNM#O�TVbNi�KNM]MRS*�gQXK õ faK�iNK�Mq�gTaiNK�QXO
��ORfV_VK�M
MXYF�gK�T^O�i�Y>T^O��gTmfaKNM|SHyaM]Y>k�fV[�K�T^O<chSHQ<QRSUcVceY>QXO ú kgSU�USHQ���SHyVk�K@_Vf6O]KN[jcVM ù K�O } �gcVMXi�q°��O 	 cVSHQ
Q]SHcVceY>Q#O ú k � SHQ ó fV[jKNT^O-_aKpk � b{OrSUO-Y>fI_aKpk � b{OrSUO-Q]K�ORSHQ]_ab ÿ	�� SUfaORQXK3cVSHQXO@k�KNM�Q]b�M]fVk�OrSUO]M@cVQ��gTViT�gchSUf 
 õ f/�PMXY>T�OCY>yaO]KNTmfaMCM]YHT^OC_Vb�iNQ���O]M@KNT(ORK�Q][jKNM
_ � �gTab ó SUk���ORb�M�TVY>Tuk[�gTVbNS}��Q]K�M ù SHk�Y>Q]MÈ��keW SHf5Oob�ORfa_°�gK�Qok � Y>c5O
�g[µ��M]SUO
��Y>T�_VKNM-yeYHQ]TVK�M

ρA, ρB
_hSHTaM

� � ÿ��/ÿ�� � chSHQ�Q]SHcVceY>Q#O�SUf 
 �gTaiNKNQ#O
��ORfV_VK�M
∆A, ∆B

� K�kgk�KNM�Y>T�O<fVTVK@MXO]Q]fVi{ORfVQXK õ fhSU_VQRS\O
� õ fVK
� � ÿ��/ÿ�� ���± faKNk õ faKNM!Q]b�M]fVk�OrS\ORM�_VK�M#OrSHy°��k���O]b`yhSHMXbNM!M]faQ!k�KNMoWZY>TVi�O��gY>TaTVKNk�kgK�MoY>T^O�b�ORb�Y>y5ORKNT^fVM ÿ� TIK 
 K�[�cVk�KpS�b�ORb�cVQXY>ceY>M]b�ceY>fVQÖ�gkgk�fVMXO]Q]K�Q-kgS�[jb�O]qVYm_VY>k�Y ó ��K`cVQ]YHceY>M]b�K ÿ
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	 SHTVM@iNK�[jbN[jYF��Q]K ù Y>T(M � KNM#OO�gT�ORbNQXKNMXM]b&SUf8cVQXY>yVk�nN[jKx_VK�kgS MXOrSUy°�gk[��ORbF_VKNM@MXlmMXO]nN[jKNM
k[�gTVbNS}��Q]K�M�TaKNfaO]Q]KNM ù K�OCcVk�fVM@chSUQXO
��iNfVk[��nNQXKN[jKNT�O@SHf 
 SUM]ceKNi{ORMC_VK3QXY>yVfVM#ORK�M]M]K&cVSHQ@Q]SHcVceY>Q#O
SHf 
 chSHQ]SH[�n{ORQXKNMd_VK�[jYm_VnNk�K<_hSHTaM�k�K�i�Y>T^O]K 
 ORK|_VK�k�S@MXOrSUy°�gk[��ORb ù WZY>TVi{O
�gYHT&_VK|kgS@OrS*�gk�k�K�_af
QXK�OrSUQ]_ ÿJLY>[j[�KoYHTjk � Så�5f|_hSHTVM�k�K�JLqhSHc°��ORQ]K � ù YHTjSd_VbN[jY>T�ORQ]b ùwú yhSUM]K�_ � K 
 K�[�cakgKNM�caQRSUO�� õ fVKNM
i�Y>[j[�K�T^O~kgK�M�M#lmMXORn�[�K�M�TaKNfaO]Q]KNM�MXY>T^O�Q]K�k��gb�M�SUf 
 [jYm_Vn�kgK�M�SHf 
 _VbNQ��[�>b�KNM�chSUQXO
��KNk�k�KNM�_aKoO®lmceK
q�l5ceK�Q]yeY>k[� õ fVK�K{Ooi�Y>[j[�K�T^O�k�KNM�M#lmMXORn�[�K�MoQ]K{OrSHQX_VbNMLMXY>T^OLQXKNk���bNM�SUf 
 [�Ym_anNkgK�M�SHf 
 _Vb�Q��[�HbNKNM
chSUQXO
��KNk�k�KNMP_VK<O®lmceK|chSUQRSHyeY>k[� õ faK ÿ 	 SHTVM�k�K|JLqhSHc°��ORQ]K � ù Y>T SuQ]SHcVceK�kgb�k�K<cVQ]YHyVkgn�[�K<_aK|kgS
�\SHkgK�fVQg�gT°��O
�gSUk�K�ceYHfVQ~k�KNM�MXlmMXORn�[�K�M�TVK�faORQXKNM�_hSHTaM�k�KNM�KNMXchSHiNK�M C,W1

p ,Mp = Rn×Lp
K{O�Y>T

S<ceYHM]bdK{O-Q]bNMXY>kgfCkgKPcVQ]YHyVkgn�[�K�_VKdkgSK�USUkgKNfaQH�gT°��O
��SHk�K!ceY>fVQok�S�[@S\ORQ���iNK!WZY>TV_VSH[�K�T^ORSHkgK�_hSHTaM
k � K�M]chSUiNK�SHyVM#ORQRS}��O Mp.

ò T&SCi�Y>TVM���_Vb�Q]b õ faKNk õ faKNM`ORQRSUTVMXWZY>QX[@S\O
��Y>TVM!_VK<[�Ym_anNkgK�ceY>faQ`k�KNM
M#l5M#ORn�[�K�MoTaKNfaO]Q]KNM�K�O�chSHQX[��hK�kgk�KNM ù _VK�f 
 Y>T�O�b�ORb!cVQ]Y>ceYHM]bNK�ML_hSHTaM�kgK�JLqhSHc/��ORQXK � ���H� �+ù ��� � � ÿ} SCcVQXKN[V�gnNQXK�ORQ]SHTVM#WZY>Q][�SUO
��YHT&SCfaO��gk���M]b�k�S@QXn ó k�K<_VK } KT�gyVT°��O 	 _hSHTaM�k � Y>cebNQ]SUORK�fVQ`_VK�_°� ü b ÷
QXKNTVi�K ù�õ f°�¾ceK�Q][jK�O�_VK�ORQ]S}��O]KNQ�_VK�M�cVQXY>yVkgn�[�K�M�cVkgfaM ó bNTVb�QRSHf 
_õ fVK!k � faO
��k[��M]SUO
��Y>T�_VK!k�SdQ]n ó kgK
_VK } K��gyaT°��O 	 _VSHTVM � k � b�OrS\O � ÿ } S�_VK�f 
 �gn�[�K`S�ceKNQ][V��ML_VK � ORQ]SHTVM#WZY>Q][jKNQ � fVTuM#l5M#ORnN[jKdTaKNfaO]Q]K
K�TFfVTuMXlmMXORn�[�K ú Q]K{OrSHQX_uiNk�SUM]M�� õ fVK ù iNK õ f/��S<ceK�Q][V�gML_ � b{OrSUyVk���QLfVTuTVY>f/�>KNSHfuORqVb�Y>Q]n�[�K`_aK
M#OrSHy°��k���O]b ÿ	 SHTVM�kgK�Mdi�qVSHc°��O]Q]K�M � ù©s K{O � _VK|i�K|[�b�[�YF��QXK ù Y>T SFceYHM]b|K�O�Q]bNMXY>kgfwk�K�cVQXY>yVk�nN[jK�_aK
M#OrSHy°��k���O]b-QXY>yVfVM#ORK!_Vb�ceKNTV_VSHT^OL_aK!k�S`ORS}�gk�k�Ko_VfjQ]K�ORSHQ]_ � i�Y>TV_°��O
��Y>TVM�M]f � M]SHT^O]KNM�_VK!MXORSHy°��k���O]b �
chSUQ�fVTaK�SHcacVQ]YmirqVKdORKN[jceY>QXKNkgk�KdSÊ�>KNip_aKNM�WZY>Tai�O
��Y>TVTVK�kgk�KNMo_VK } l�SHcVfVTaY�� ÷³B Q]SHM]Y1�5M D ��� ÿ( Y>fVQ!k � b�O]fV_VKp_VK�kgS|MXORSHy°��k���ORb ù _VKNf 
 MXY>QXO]KNM�_ � SHcVcaQ]YmirqVKNMPYHT^O�b{ORb�i�Y>TVM���_VbNQXbNK�M L kgS|cVQ]K ÷
[V�gn�Q]K�M]KoyhSHMXKoM]fVQ~kgS�O]QRSHTaMXWZY>QX[@SUO���Y>T�_VKo[jYm_VnNk�KLK{O�M]faQ~k � b�O]fV_VKo_aKok�S�MXORSHy°�gk[��ORb�_Vf�[jYm_VnNk�K



�>���
O]QRSHTVM#WZY>Q][jb ) k�SoMXKNiNYHTV_VK�KNM#O
fVTaK�SUcVcVQ]YmirqVK�i�Y>TVMXO]Q]fVi{O
���>K�_VK�M©WZY>Tai�O
��Y>TVTVK�kgk�KNM�_VK } l�SUcVfVTVY1� ÷
B QRSUM]Y1�5M D �[� ù i�K õ f/�dceKNQX[�K{OF_ � Y>yaORK�T°�gQC_VKNMuWZY>Tai�O
��Y>TVTVK�kgk�KNM@y°�gK�T§SH_hSHcaO]bNK�MxSUf§M#lmMXORn�[�K
TVK�faORQXKpi�Y>TVM���_VbNQXb ÿt�íKí+´����2¦U¸ íot�´@�+¸K�2¦»SUR	��
O¸�v MO¸!�
�.í+¸Ð¶È·AR

ò TwSCfaO��gk[��M]b�fVTVK|SHcacVQ]YmirqVK�yhSUM]bNK�M]faQdk � faO
��k[��M]SUO
��Y>T�_VK<k�S@[jb�O]qVYm_VK<_°��Q]KNi{ORK<_VK } l�S ÷
cVfaTVY��¡ceY>fVQFk�KNMFb õ fVSUO
��Y>TVMF_°� ü bNQXKNT�O
�gK�kgk�K�MCWZY>TVi{O
��Y>TVTVK�kgk�KNMC_VKwOzlmceK TVKNfaO]Q]K ÿ } � �g_abNKwKNM#O
_VK&ORQ]SHTVM#WZY>Q][jKNQuk�K&MXlmMXORn�[jK�TVK�faORQXK _VKw_VbNchSUQXOIKNT§fVT�SUfaORQXKw[�Ym_Vn�kgK õ f/�pS/_aK � y¤YHT ÷
TVK�M � cVQ]YHcVQ���b�ORb�M ù K�O�_VK�[jY>T�ORQ]K�Q�SUkgY>QXM�k�SFM#OrSHy°��k���O]b|_af�[�Ym_anNkgK�O]QRSHTaMXWZY>QX[�b|KNT�f5O
�gk[��MRSUT^O
_VK�M`WZY>Tai�O
��Y>TVTVK�kgk�KNM�_VK } l�SHcafVTVY�� ÷CB Q]SHM]Y1�mM D ��� ÿ } K�MdQXbNM]fak�OrS\ORM`MXY>T^O`_VY>TVTVb�MdKNT3ORK�Q][jKNM`_aK
k � K 
 �gMXO]KNTVi�Kp_VK�[�SUORQ��gi�KNM-_ab ö T°��KNM�ceY>M���O
�[�>K�M õ f°��MRS\O
��MXWZY>T�O�fVTVK }Õ� , ÿò T§M � KNM#O»��T^ORb�Q]K�M]M]b ú k � SHThSHk�lmM]K&_VK kgS6MXOrSHy/�gk[��O]b3Q]Y>yafVMXORK ù _VbNceK�TV_hSHT�ORK�_VKwk�S�OrS*�gkgk�K
_Vf�Q]K�ORSHQ]_�_VK�M�M#l5M#ORn�[�K�M<TaKNfaO]Q]KNM�k[�gTab�S}��QXKNMpSÊ�>KNi��gTVi�KNQ#O
��O]fV_VKjMXfVQ�k�KNMpchSHQ]SH[jn�ORQXKNMpK{O�kgK�M
QXK�OrSUQ]_VM ÿ ò TuS�Y>yaORK�TmfC_VK�MoiNYHTV_°��O��gY>TaM�MXf � MRSHT�ORK�M-_VKPMXORSHy°�gk[��ORbÖ�>bNQ�� ö b�KNMoK�TCO]KNQX[�K�ML_ � fVTVK
}�� , ÿ } K�M�[jYm_VnNk�KNM�b{ORfV_°��bNM�M]YHT^O�_Vb�iNQ���ORM�chSHQ�_VKNM�b õ fhSUO��gY>TVM�_°� ü bNQXKNT�O
�gK�kgk�K�M~WZYHTVi�O��gY>TVTaKNk�kgK�M
_VKdOzlmceKpTVK�faORQXK

d

dt
[x (t)− Cx (t− r1)−∆C ] = Ax (t) +Bx (t− r2) + ∆A +∆B,

Y ø kgK�MH��TViNK�QXO���ORfa_VKNM
∆A, ∆B, ∆C

M]YHT^O
∆A (t,x (t)) , ∆B (t,x (t− r2))

�USHQ��gSHyVk�KNM�_hSHTVMokgK
O]KN[jcVM ù TVY>TIk���TVb�S*��Q]KNMoK{O } ��cVM]irq°��O 	 _hSHTaM!k�Kd_VKNf 
 ��nN[jKpSHQ ó fV[�K�T^O�K{O

∆C :

�Fÿ ∆C (x (t− r1)) = ∆x (t− r1)
SÊ�>KNi

∆
i�Y>TVMXORSHT^O]Kp_hSHTaM ��� � �Ì)

�-ÿ ∆C (t,x (t− r1)) = ECδC (t,x (t− r1))
Y ø

EC
QXKNcVQXbNMXKNT^O]KdkgSpMXO]Q]fVi{ORfVQXK`i�Y>TVM#OrSHT�ORK

K�O
δC

MXKNfVk�KN[jKNT�O!TVY>TIk[�gTVbNS}��Q]KPKNT
t,
���H� �z)

� ÿ ∆C (t,x (t− r1)) = δC (t)x (t− r1)
k[�gTVbNS}��Q]K�M]KNfakgKN[jK�T^O�_hSHTaM�k�K<_VK�f 
 �gnN[jK|SHQ ó f ÷

[�K�T^O�[�S}��M�MRSHTaMLcVSHQXO��gK�MXO]Q]fVi{ORfVQ]b�K ���}� � i�Y>[j[�K�_hSHTaM�kgK�i�SHM�caQ]bNi�bN_VK�T^O ù cVSHQ�iNY>T�ORQXK
kgKdQ]b�M]fVk�OrSUO�caQ��gTai��gcVSHk»KNM#O!ORYHf\£XY>fVQXMÖ�>bNQ�� ö b�K�TIO]KNQX[�K�M�_ � faTVK }�� ,
)

�°ÿ 	 SHTVM�k�K�i�qVSHc°��ORQ]K s MXKNfVk�KN[jKNT�O ù
∆A (t,x (t))

S!fVTVK�MXORQXfVi�O]fVQ]KLK{O
∆C (t,x (t− r1)) =

δC (t)x (t− r1) , ∆B (t,x (t− r2)) = δB (t)x (t− r2)
M]Y>T�OITVYHT§MXO]Q]fVi{ORfVQXbNK�MxK�O

õ fVSHM���k���TVb�S}��QXKNM ù [�S}�gMpk�K@QXbNM]fak�OrS\O<cVQ��gTViT�gcVSHk�K�MXO<O]Y>f\£XY>faQ]MK�>b�Q�� ö bCK�T�ORK�Q][jKNM�_ � fVTVK
}Õ� , ÿ

( Y>fVQ�_VbN[jY>T^O]Q]K�Q�k�S�MXORSHy°�gk[��ORb`_Vb�ceKNTV_hSUT^ORK�_VKpkgS<OrS}��kgk�Kd_afxQ]K{OrSHQ]_
r2

_VK�M�M#lmMXORn�[�K�M � ù
� ù�� K�O � ù Y>T�S|faO��gk���M]bdfVTVK�ORQRSUTVMXWZY>QX[@S\O
��Y>TF_aK�[jYm_Vn�kgK ÿ 	 SHTaM � YHT�SjfaO��gk[��M]bdk�S�Q]n ó kgK�_aK
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} KT�gyVT°��O 	 MXfVQ � k � b�ORSUO �Nù K�O�_hSUTVM � ù\� Y>T SCcVQ]Y>ceYHM]b|kgSCQXn ó k�K�_aK } K���yVT°��O 	 M]faQ�k � Y>ceb�QRSUO]KNfVQ
_VKp_°� ü bNQXKNTVi�K

D (t)ϕ := [ϕ (0)− Cϕ (−r1)−∆C (t,ϕ (−r1))] ,
K�O�_hSHTVM � YHT3Sjb{ORK�TV_Vf

kgSjORQ]SHTVM#WZY>Q][�SUO
��YHTx_VK<[jYm_Vn�kgK�cVSHQs��T^ORb ó QRS\O
��Y>TxM]faQ`k � ��T^ORK�Q��\SHkgk�K
[−r2,0] ,

�^� ÿ � ÿ � �Aù SHf3iNSHM
TVK�faORQXKok��gTab�S}��QXKLSÊ�>KNiH�gTaiNKNQ#O
��ORfV_VK�M ÿ } KNM�ORQ]SHTVMXWZYHQ][�SUO
��YHTVM
_VKo[jYm_Vn�kgK�faO��gk���M]bNK�M�_hSHTaM � ù � K�O
��ù Y ø kgS�Q]b ó kgK�_VK } K���yVT°��O 	 S�b{ORb`f5O
�gk[��M]b�K ù YHT^Ook�K�_VbNM]S1�USUT^OrS ó K`_ � S\£XYHfaORK�QLfVTVK`_5l5TVSH[V� õ fVK
SH_a_°��O��gY>TaTVKNk�k�K � �>YF��QoO]QRSHTVM#WZY>Q][�SUO��gYHT I ù irqhSHc/��ORQXK � �Aù SHk�Y>QXM õ fVK � b��-��ORK�i�K�OXORKp_5l5TVSH[V� õ fVK
SH_a_°��O��gY>TaTVKNk�k�K ÿ � ��ThSHk�KN[jK�T^O�Y>T�QXKN[�SHQ õ fVK õ faK@_hSHTaM � ù � ù�� K{O � ù ��k�K�MXO�TVbNi�KNMXMRS}�gQXK õ fVK
k � YHc¤b�QRS\ORKNfaQ©_VK�_°� ü b�Q]KNTaiNK

D (t)ϕ
MXYF��O©M#OrSHyakgK � �>YF�gQ©JLqhSHc°��ORQ]K � ��) iNK�ceKNTV_VSHT^O
KNT � ù YHTpchS�l>K

k�K�W S*��O õ f � ��k�T � l3SCchSHM`_VK�_5l5TVSH[�� õ fVK�SH_V_/��O
��Y>TVTVK�kgk�K�chSHQPk�S��>b�Q�� ö i�SUO��gY>T3_VK<k�S�MXOrSUy°�gk[��ORb
_VK�k � YHcebNQRS\ORK�fVQp_VK�_°� ü b�Q]KNTaiNK

D̃ (t)ϕ := D (t)ϕ +
∫ 0
−r2

[Bϕ (θ) + ∆B (t+ θ,ϕ (θ))] dθ� �>YF�gQ�JLqhSHc°��ORQXK sF� ÿt�íKí+´����2¦U¸ê�V�µSwvY�K´�
»���+R{µ.¸ÑMO¸�v�PH�VS��2�+R��VSUSU¸d¶�¶n¸�v�MO¸8¶���t�í�
.S��pµ��
Ûl´utxvÕ�pµ3vYÛUR1R

	 SHTVM@iNKxORQRSÊ�US}��k ù kgKxcaQ]Y>yVk�nN[jKx_VK�i�Y>TVMXO]Q]fVi{O
��Y>T8_VK�M@WZY>TVi{O
�gYHTVTVKNk�kgK�Mj_VK } l�SUcVfVTVY1� ÷
B QRSUM]Y1�5M D �[�ªS1�>K�i�fVTVK�_abNQ����>bNK�_afxO]KN[jcVM�Sjb�O]b�cVQXY>ceY>M]bpceY>fVQ!kgK�M!MXlmM#ORnN[jKNMPTaKNfaO]Q]KNM � s � �+ù
� � �F� ��� JLqhSUc°��O]Q]K � � ÿmÚ TVYHORQXKPi�Y>TVThS}��M]M]SHTViNK ù ��keT � l@S�cVSHML_VKPQ]b�M]fVk�OrSUOLMXfVQLk�SpiNY>TaMXORQXfVi�O��gY>T
_VK�i�K�OzlmceKp_VKdWZY>TVi{O
�gYHTVTVK�kgk�KNMoceY>fVQ�k�KNM-MXlmMXO]nN[jKNM�TaKNfaO]Q]KNM ÿ	 SHTVM�iNK�QRSHcVceYHQXO ù yhSUM]b�MXfVQ�k�SLiNY>TaMXORQXfVi�O��gY>T�_aKNM�WZY>Tai�O
��Y>TVTVK�kgk�KNM»_VK } l�SHcVfaTVY�� ÷³B Q]SHM]Y1�mM D ���
Y>TIS|_abN_Vf°��O!_aKpTaY>f/�>KNSHf 
 QXbNM]fak�OrS\ORM�_aKpM#OrSHy/�gk���O]b`QXY>yVfVM#ORK ÿ¾Ú k�S<_°� ü bNQXKNTVi�Kp_aKNM!QXbNM]fak�OrS\ORM
�>b�Q�� ö bNM�KNT�O]KNQX[�K�M�_VK }�� , M ù � � � ��ù � s � �+ù � ��� ��ù � �a� �+ù ��� � ��ù ���>� �+ù ���F� �+ù ��� � ��ù kgK�M�i�Y>TV_°��O
�gYHTVM
õ f°�»MXY>T^O-cVQXY>ceY>MXbNK�M-O]Y>f\£XY>faQ]M-SUcVceY>QXO]KNT�O-_VKNMoyeY>Q]TaKNM-ceYHM���O��[�>K�MoMXfVQokgK�MH��TViNK�QXO���ORfa_VKNMLceY>fVQ
T � �g[jceY>Q#ORK õ fVK�k»MXlmMXORn�[�K`TVY>[V�gTVSHk¾MXOrSUyVkgK ÿ } KNMo[jYm_VnNk�KNM õ f/�»Y>T^Oob{ORb`b{ORfV_°��bNMLM]Y>T�O-_Vb�iNQ���ORM
chSUQ

.
x (t)− C

.
x (t− r1) = Ax (t) +Bx (t− r2) + ∆A +∆B,

� � ÿ � ÿ�� �
Y ø kgK�M»�gTVi�KNQ#O
��O]fV_VK�M

∆A, ∆B

M]YHT^O
∆A (t,x (t)) , ∆B (t,x (t− r2))

�USUQ��gSHyVkgK�M�_VSHTVM3kgK
O]KN[jcVM ù TVY>TIk���TVb�S*��Q]KNMo_hSUTVM � k � b�ORSUO � K{O!_hSHTVM � k � b{OrSUO-QXK�OrSUQ]_Vb � K{O!MXO]Q]fVi{ORfVQXbNKNM ÿ} � ��_VbNK�faO��gk���M]bNK�ceY>faQ`kgS�iNYHTVMXORQXfVi�O��gYHT&_VK�M`WZYHTVi�O��gY>TVTaKNkgk�KNM!KNM#OdyhSHM]b�K�MXfVQ`kgS�Q]KNcaQ]bNMXKNT ÷
ORSUO
��Y>T6_VKuk�S3[�SUORQ��giNK�WZY>TV_hSU[�K�T^ORSHkgK � �-ÿ � ÿ sF� SUM]M]YmiT�gb�KISHf/MXlmMXORn�[jKIMRSHTaMjceK�QXO]fVQ]yhS\O
�gYHTVM
� � ÿ � ÿ�� � (∆A ≡ ∆B ≡ 0) .

ò T�SjM]fVcVceYHM]b õ f � SUf3[V�gT°��[�fV[ ù ceY>fVQ!k � b�ORfa_VK�_aK�k�S|MXORSHy°��k���ORb
QXY>yVfVM#ORK ù iNK�OXORK`Q]K�cVQ]b�M]K�T^OrS\O
��Y>TuKNM#O-MXORSHyVkgKPS1�>K�i

C
fVTVK`[�SUO]Q��gi�K`�5irq^fVQ ÷ JLY>qVTuMXOrSUyVkgK ) Y>TuS
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_Vb ö T°�mkgS � SUORQ��giNK�_aK } l�SHcVfVTaY�� � � ÿ��-ÿ ��� ceY>fVQªkgK�MXlmMXO]nN[jKLMRSHTaM�ceK�QXO]fVQ]yhS\O
�gYHTVM � � ÿ � ÿ�� � K�O ö�÷
ThSUkgK�[�K�T^O�YHTjSdi�Y>TVM#ORQ]f/��O�_VKNM~WZY>TVi{O
�gYHTVTVKNk�kgK�M�_VK } l>SHcVfVTVY1� ÷³B QRSHMXY��mM D �[� õ f°�VM]YHT^O�WZY>Tai�O
��Y>T
_VK � � ÿ���ÿ ��� ÿ� �gTVSHkgK�[jKNT�O ù Y>TuS�_VbN[jY>T�ORQ]bP_VSHTVMok�KdJLqhSUc°��O]Q]K � õ fVKNk õ fVKNM-cVQXY>cVQ���b�O]bNML_VK`kgS � SUORQ��gi�K
} l�SHcafVTVY�� � � ÿ��-ÿ ���.� K 
 ��MXO]KNTVi�K ù i�Y>T^O��gT^f°��O]b ù _/� ü bNQ]K�T^O���SHy°��k[�½ORb ù K�O]i ÿ �Lõ f°��Y>T�O�ceKNQ][V��Mj_aK
i�Y>TVMXO]Q]f°��Q]K<_VKNM`WZY>TVi{O
�gYHTVTVK�kgk�KNMP_VK } l�SHcafVTVY1� ÷CB QRSHMXY��mM D ��� ù K�O�YHT SCY>yaO]KNT^f _aK�TVY>f/�>KNSHf 

QXbNM]fak�OrS\ORM�_aKpM#OrSHy°��k���O]b`Q]YHyVfVMXO]K � � �F� � ÿíK¸h´IvYí+¸K�2�KR�µO¸pv

	 KNM�ceKNQXceKNi{O
�[�>K�M2�gT�ORb�Q]KNMXMRSHT�ORK�M�MXK�cVQXbNM]K�T^O]KNT^O ù M]f/��ORK ú iNK|ORQ]S1�US*�gk ÿ 	�� SHyeY>QX_�k�KNMp[jY ÷
_Vn�kgK�M L ��k~M]KN[<yakgKµ�g[jceY>Q#OrSHT�Od_ � b{ORfV_/�gKNQ�kgK�[�Ym_Vn�kgK�ceY>fVQ�kgSFi�Y>kgYHTVTVK|irqVQ]YH[@SUO]Y ó Q]SHcVq°� õ fVK
SHcacebNk�bNK@[jYm_VnNk�Kj_ � b õ f°�gk[�gyVQXK ÷ _°�gMXceKNQXM���W � � I �+ù cVSHQ]i�K õ fVK ù ceY>fVQ�yeK�SHfaiNY>fVc�_ � SUcVcVk[�gi�S\O
��Y>TVM
��k©caQ]bN_/��O�kgK�M�i�Y>TVi�KNT�ORQRS\O
�gYHTVM

ci
_VKpWZY>QX[�K�cVQ]b�i���M]K�i�SHQb�gk�cVQ]K�TV_3K�T3i�Y>[jcaORKpk�S|_°��M]ceKNQXM���Y>T

S 
 �gSHkgK � � � ORK�Q][jK@TVb ó k[� ó b�_hSHTVM�kgK@irqhSUc°��O]Q]K �Fÿ ò T�Q]KN[�SHQ õ faK õ f � �gk�K 
 �gMXO]KCfVTVKCM]YHkgfaO��gY>T
SHTVSHk�l^O�� õ fVK@ceY>faQ<kgK�[�Ym_Vn�kgK�_ � b õ f°��k��gyaQ]b ÷ _°��M]ceKNQXM���W-cVQ]YHc¤YHM]bCchSHQ � I}� � ceY>fVQ�fVTVKCiNYHkgY>TVTaK
_VKPkgYHT ó fVK�fVQÈ�gT ö T/�gK ù [@S*�gM�KNk�kgK�K�MXO-_/� � i���kgK ú iNSHkgi�fVkgK�Q�K�OoM]K�fVkgK�[�K�T^Oo_VK�M-SHcVcVQXY 
 �g[�SUO���Y>TVM
Y>T�O�b�ORb�faO��gk[��M]b�KNM ÿ ( SUQ�QRSUcVceY>QXOLSUf@[�Ym_anNk�K!_VK�kgSpk[� ó TaK�_VK!ORQ]SHTVMX[���M]M���Y>T ù ��k¾K�MXO²�g[jceY>Q#OrSHT�O
b{ORfV_°��KNQ�kgK�[jYm_VnNk�K�_hSHTVM�k�K!i�SUM�_VK�ceKNQ#ORK�ML_hSHTaM�k�S�k�� ó TVK-chSHQ�QXbNM���MXORSHTViNK�K{OLk�S�M#OrSHy/�gk���O]b�_aKNM
ceYF��T^O]M-k � b õ f°�gk[��yVQ]K ÿ	 SHTVMokgK�i�SH_aQ]K`_VK�MoO]QRSHTVM#WZY>Q][�SUO��gYHTVM�_aK`[�Ym_anNkgK ù �gkeK�MXO-_ � �gT^O]bNQ G Oo_ � b�ORfa_°�gK�Qo_hSHTaM õ faKNk
iNSHM�Y>T1ceK�faO ó b�TVbNQ]SHk���M]KNQ|kgS&ORQ]SHTVMXWZYHQ][�SUO
��Y>T/_VKI[�Ym_anNkgKuchSHQjk�S&Q]n ó kgKF_VK } K���yVT°��O 	 M]faQ
k � YHc¤b�QRS\ORKNfaQ�_VK@_°� ü b�Q]KNTaiNK

D (t)xt − D (t− r) − xt−r =
∫ 0
−r
dθ [D (t+ θ)xt+θ] ,

ceY>fVQ
_VK�MLY>cebNQ]SUORK�fVQ]ML_VKPcakgfVM ó Q]SHTV_VK�i�Y>[�cakgK 
 ��ORb ù chSHQ�K 
 K�[�cakgK � �-ÿ��-ÿ�� �Aù [ G [jK�ceYHfVQ�k�S�ORQ]SHTVM ÷
WZY>QX[@S\O
��YHT3_VK�[jYm_Vn�kgK�chSHQh�gT�ORb ó QRSUO��gYHT3MXfVQdfVT��gT�ORK�Q��USUkgk�K ��s ÿ���ÿ�� � ÿ � �gThSHk�KN[|KNT^O ù ��k
M]KNQ]S}��O
O]Q]nNMå�gT�ORb�Q]KNMXMRSHT�O`_ � b�O]fV_°��KNQ�k�S|MXORSHy°�gk[��ORb�QXY>yVfVM#ORK�_aKNMPMXlmM#ORnN[jKNM`TaKNfaO]Q]KNMPM]YHfVMPkgS|ORQ]SHTVMXWZYHQ ÷
[�SUO
��Y>T � _VK�M]iNQ��gcaO]Y>QoWZY>Q][ � _hSHTVM�fVTVKpSHcVcaQ]YmirqVKp_/� ü bNQ]K�T^O]K�_Vf

H∞
� � � � ÿ( Y>fVQ�k � SHcacVQ]YmirqVK }Õ� ,vù kgSuM#OrSHy/�gk���O]b<QXY>yVfVM#ORK�Sub�O]b�SUThSHk�lmMXbNK ù _VYHTViµ�gk�KNMXO+�g[jceY>Q#OrSHT�O

b ó SHk�KN[jKNT�O-_ � b�O]fV_°��KNQ-kgS�MXOrSHy/�gk[�gM]SUO
��Y>T � � � � K�O��UY>fuk � Y>yVMXKNQ��\SUO
��Y>T � � � � _hSHTVM-kgKPi�SHM-_aKNM�M#lmM ÷
O]nN[jKNM�TVKNf5ORQ]K�M ÿ , k�K�MXOv��T^O]bNQ]K�M]M]SHT^O<_ � b{ORfV_/�gKNQ�K�O<_VK@Q]b�_Vf°�gQXK@kgK�_VK ó Q]bC_aKCi�Y>TVM]K�Q��US\O
�gMX[�K
_VK<kgS@[jb�O]qVYm_VK }Õ� , ÿ 	 SHTVM`iNK<QRSHcac¤YHQXO ù YHT^O`b�O]b�i�Y>TVM���_Vb�Q]bNK�M�_aKNMQ��TViNK�QXO���ORfa_VKNMP_hSHTVM`kgK�M
i�YmK � i���KNT�ORM!_VKNM![@S\ORQ���iNK�M-_VKpk � b{OrSUO ú k � ��TVMXOrSUT^O

t
K�O
t− r2

K{O�_hSUTVM!k � Y>ceb�QRSUO]KNfVQ-_VKp_°� ü b ÷
QXKNTVi�K ÿ � S}��M�k�KNMn��TViNK�QXO
��ORfV_aKNM�M]YHT^O�TVY>Tjk���TVb�S*��Q]KNM ù �\SHQ��gSHyVkgK�M�_hSHTaM�kgKoO]KN[jcVM�K�O�MXORQXfVi�O]fVQ]b�KNM
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MXKNfVk�KN[jKNT�O`_VSHTVM�kgKpiNYmK � iT�gK�T^O`_aK�k � b{OrSUO ú k � �gTVM#OrSHT�O
t. � kgY>QXMb�gk©K�MXOh��[jc¤YHQXOrSUT^O�_ � b{ORfV_/�gKNQ

kgS@M#OrSHy/�gk���O]b õ fhSHTa_&ORYHfaORK�Mdk�KNMs�gTVi�KNQ#O
��O]fV_VK�M`M]YHT^OdM#ORQ]fai�ORfaQ]bNK�M�TVY>T&k[�gTVbNS}��QXKNM�K�Oh�\SHQ��gSHyVk�KNM
_hSUTVM�kgK`ORK�[�caM ÿ� T+iNK õ f°��iNY>TaiNK�Q]TVKÂk � SHcVcVQXYmi�qaK/i�Y>TVMXO]Q]fVi{O
���>KÂ_VKNM&WZY>TVi{O
�gYHTVTVKNk�kgK�M3_VK } l�SUcVfVTVY1� ÷
B QRSUM]Y1�5M D �[�ªSHcVcVk[� õ fVb�K�SHf 
 MXlmMXO]nN[jKNMPTVK�faORQXKNM�k���TVb�S}��QXKNM ù ��k�M]K�[<yVkgK õ f � ��k©M � S ó ��O!_ � fVT�caQ]Y ÷
yVk�nN[jK õ f°�©ceKNfaOPS1�>Y}�gQ-yeK�SHfVi�Y>fVc�_VK ó b�TVbNQ]SHk���MRSUO��gYHTVM ÿ 	�� fVTaK�cVSHQXO ù _VSHTVM!iNKp[�b�[�YF��QXKdY>T
T � S|chSUM�iNY>TVM��g_Vb�Q]b�_ � �gTVi�KNQXO���O]fV_VKNM�_VSHTVM�kgKdi�YmK � i���KNT�O�_VK�kgS�_Vb�Q��[�HbNKp_aKpk � b{OrS\O ú k � ��TVMXORSHT^O
t− r, _VY>TViå�gkhKNM#OH�gT�ORb�Q]KNMXMRSHT�Oo_aKPk�KNM�i�Y>TVM��g_Vb�Q]KNQ ÿ � T@O]QRSÊ�US}��k¾K�MXO ú K ü KNi{ORfVK�QoceY>faQ�Y>yaO]KNT°��Q
_VK�M�[jb�ORqaYm_VKNMdTmfa[�b�Q�� õ fVK�M�ceK�Q][jK�OXOrSHT�O�_ � Y>yaO]KNT°��Q`k�SC[�SUO]Q��gi�K�_VK } l�SUcVfVTVY1� õ f°�~M]YF��KNT�O
M��g[jcVkgK�M ÿ 	�� SUfaORQXKochSHQ#O~k�KNM�QXbNMXfVk�ORSUORM�cVQ��gTViT�gchSUf 
aõ f°�5M]Y>T�O~Y>yaORK�TmfVM~MXY>T^O~_Vb�iNQ���ORM�K�T<ORK�Q][jKNM
_ � �gTab ó SUk���ORb�M�TVY>Tuk[�gTVbNS}��Q]K�M ù SHk�Y>Q]MÈ��keW SHf5Oob�ORfa_°�gK�Qok � Y>c5O
�g[µ��M]SUO
��Y>T�_VKNM-yeYHQ]TVK�M

ρA, ρB
_hSHTaM

� � ÿ��/ÿ�� � chSHQ�Q]SHcVceY>Q#O�SUf 
 �gTaiNKNQ#O
��ORfV_VK�M
∆A, ∆B

� K�kgk�KNM�Y>T�O<fVTVK@MXO]Q]fVi{ORfVQXK õ fhSU_VQRS\O
� õ fVK
� � ÿ��/ÿ�� ��� ÿ ò TuceKNfaO�b ó SUkgKN[jK�T^O ó bNTVb�QRSHk[�gM]K�QoiNK{O]O]KpSHcVcaQ]YmirqVKpSUf 
 MXlmM#ORnN[jKNM�k���TVb�S}��QXKNM ó b�TVb ÷
Q]SHk���M]b�M � �-ÿ���ÿ � � i�SUQQ��k
K 
 �gM#ORK�fVTVK�[�SUO]Q��gi�K�WZY>Ta_hSH[jKNT^ORSHkgK�SHM]MXYmi���bNK ú�� �-ÿ��-ÿ � � � � � � M]Y>faM�kgS
i�Y>TV_°��O
��Y>Tu_VKpM#OrSHy/�gk[��O]b`_VK�k � Y>ceb�QRSUO]KNfVQ-_VK�_°� ü b�Q]KNTaiNK ÿ } � b{ORfV_aKp_VKpkgS�[�SUO]Q��gi�KPWZY>TV_hSU[�K�T ÷
ORSHkgK�SHM]MXYmi���bNK ú�� �-ÿ���ÿ � � ceKNfaO G O]Q]K�b�O]fV_°��bNK�_hSHTaM`k � K�M]chSUiNK�cVQ]Ym_Vf/��O Mp = Rn ×W1
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� � � � _hSH[jM þ ÿ � ÿ � � � I sF� �mY>yeY>kgK��F�5chSHi�KNM ÿ � iNSH_VK�[���i ( QXKNM]M ÿ� � � � qVk�WZY>QXM } ÿ J ÿ � � � I � � JLY>[jcVkgK 
 � ThSHk�lmM��gM ù_� QX_ � _°��O
�gYHT � i	�dQRS�× ÷CE ��kgk ÿ� ��� � ceY>MXO]Y>k ô ÿ � ÿ � � � s I � � SUO]qVKN[�SUO��gi�SUk � ThSHk�lmM��gM ÿ � _a_°�gMXY>T ÷�� K�M]kgK{l ù¥þ K�SH_/�gT ó�ù � SHMXM ÿ� � �Kü SUQ]TVK{O]O!� ÿ � S\ORQ���iNK�M � K�ORqaYm_VM!SUTV_ � cVcVk[�giNSUO
��Y>TaM ù�ò�
 WZYHQ]_ � cacVk���KN_ � SUO]qVKN[�SUO
��iNM
SHTa_�JLY>[�cafaO
��T ó �mi���KNTVi�K��5KNQ��gK�M ÿ� s2�Kü K�kgk�KNT � ÿ ù�� ÿ �df ó k[��KNk�[µ�mSHTV_ � ÿ � ÿ þ faKNqVk[� � � �}�F� � � K�O]qVYm_VM~WZY>Q } ��TVK�SHQ~�mlmMXORK�[�M~YHW
J²��Q]iNf/��ORM 	 K�k�S�l5M 	 � ü KNQXKNT�O
��SUk �*õ fhSUO
��Y>TVM-YHW � KNfaO]QRSHk ô l5ceK ÿ ,³�n�n� ô QRSHTVM ÿ J²��Q]iNf/��ORMSHTa_��mlmM ÿ¾� � ù � L �m��� û �m� � ÿ��� �Kü K�kgk�[@SUT þ ÿ SHTV_ B ÿ } ÿ JLYmY D K � � �>� ���¤	 � ü KNQXKNT�O
��SUk 	 � ü KNQXKNTVi�K �*õ fVSUO
��Y>TVM ÿ � iNSH_VKN[V�gi
( Q]K�M]M ÿ� I �Kü K�TVM]YHfVM]M]SHT � ÿ � ÿ 	 ÿ ( QRS\ORY ù � ÿ 	 K�k�WZY>fVQ�SHTV_�� ÿ � ��O]O]KNQ � � �F� �F�hþ K�cVQ]K�M]KNT�OrSUO��gY>T
SHTa_�JLY>T^O]Q]Y>k�YHW , T ö T°��O]K 	 ��[�K�TVM]M��gY>TVSHk©�mlmM#ORKN[jM J YHkgfV[jK ,�,vù�ü �gQ D q �UfVM]K�Q ÿ� � �Kü ��Q]_ þ ÿ ü ÿ ù!� ÿ � ÿ �mORK{×oSHQ#O�SHTa_ � ÿ � ÿ } � ó q^OXWZYmYHO � � �F� � � ô Q]SHTVMXc¤YHQXO ( qVK�TVY>[jKNTVS � TV_
� _°��O
�gYHT#" ÿ � �gk�K�l�$ �5Y>TVM ÿ��� �Kü Y�lm_(� ÿ ù } ÿ � k%��qhSUY>f°� ùg� ÿ � K�Q]Y>TÂSHTa_ J ÿ ü SHkgS D Q���M]qVThSUT � � �}� � � } ��TVK�SHQ � SUORQ�� 

, TVK õ fhSHk���O
��KNMn��TC�^l5M#ORKN[ SHTa_uJLYHT^ORQXY>k ô qVK�Y>QXl ÿ �5Ymi���K�Ozl�WZY>Q , TV_afVMXORQ���SUkeSHTV_ � cVcVk���KN_
� S\ORqVK�[@SUO��gi�M ÿ� � � �Kü Q]S�l^ORYHT þ ÿ � � �>� � � �5[@SUkgk ÷ �-� ó ThSUkd�mOrSHy/�gk��½O®l¡JLQ���ORK�Q���Y>T¡WZY>Q � kgK�i�O]Q��giNSHk � K�Oz×LYHQ D M
JLY>T�OrS}��T°��T ó } Y>M]MXkgKNMXM ô QRSHTaM][V�gM]M��gY>T } ��TVKNM ù_,³ü � " ÿ þ KNM ÿ 	 KT� ÿ ù ��� L � � � û �>� � ÿ� �H� �Kü Q]S�l^ORYHT þ ÿ � � � I � �&� Y>TVk���TVK�SUQ ò M]iT�gk�k�S\O
��Y>TVM��gTÂS 	 �gMXO]Q���yVfaORK�_ � K�Oz×LYHQ D�ù²± fhSUQXO ÿ
� cVcVk ÿ � SUORq ÿ ù �U� L �H� � ÷C� � �Fÿ� ��� �Kü faQ]TVM'" ÿ � ÿ ù ô ÿ } ÿ E KNQX_V[@SUT&SHTV_ E ÿ � ÿ �^ORKNirq � � � �a� � ô qVK|JoSHfai�q�l ( Q]Y>yVk�KN[ � Y>Q
} �gTaK�SHQ � fVTVi{O
�gYHThSHk 	 � ü KNQXKNT�O
�gSHk �4õ fhS\O
��Y>TVM ÿ } KNi{ORfVQ]K � YUORKNMå��T ( fVQXK<SUTV_ � cVcVk���KN_
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� S\ORqVK�[@SUO��gi�M ù ô ÿ } ÿ E KNQX_V[@SUT ù � ÿ � ÿ þ SHT D �gTuSHTV_ E ÿ � ÿ �mO]KNirq ù K�_VM ÿ � SHQ]i�KNk 	 K D�÷
D K�Q ù�� K�×)(�YHQ D�ù � I L � � � û ��� � ÿ� � ���Kü faQ]TVM�" ÿ � ÿ ù ô ÿ } ÿ E KNQX_V[�SHTÂSUTV_ E ÿ � ÿ �mORK�i�q � � � � ��� } �gTVKNSHQ � faTVi�O��gY>ThSUk 	 � ü K ÷
QXKNT^O���SHk �*õ fVSUO
��Y>TVM � M��mKN[V� ó QXY>fVcVM ò T ( Q]Ym_VfVi{ORM��5cVSHiNK�M ÿ � , � � ÿ " ÿ � SUO]q ÿ � ThSHk ÿ ù
��� L � � û �>� � ÿ� �N� � JoSHQ#ORK�Q � ÿ SHTV_ ü ÿ J SHT ü Q]fVT�O � � �F�F� � ÿ ô qaK } KNyeKNM ó fVK ÷ �mO��gK�k £XKNM , T�ORK ó QRSHk � ( QRSHi{O
��i�SHk
, T�ORQ]Ym_afVi�O��gY>T ÿ �5caQ��gT ó KNQ ÿ� � s2� JoSHM#ORK�k�SHT � ÿ ü ÿ ù � ÿ �-�gk��US ù�� ÿ þ ÿ } kgSHTVY>MPSUTV_w� ÿ ô SHQ]yeYHfVQ���KNirq � � �F� � �°ò T þ K ó ��Y>ThSHk
( Y>k�K ( kgSHiNK�[�K�T^O!y�l ò faO]cVfaO � KNK�_VyhSHi D � Y>Q�S�JLk�SHMXM!YUW 	 KNMXiNQ���caORYHQP�mlmMXO]KN[jM ÿ©� s O]qô Q���KNTVTVSHk � Y>QXkg_xJLYHT ó Q]K�M]M!YHWªORqVK , � � J ù�ü SHQXiNK�kgY>ThS ÿ� � � � JLqVK�T*" ÿ � � �}� sF�ñò T/JLYH[�cafaO
��T ó O]qVK � S 
 �g[�SHk 	 KNkgS�l , T^O]KNQ��\SHkgM�WZY>Q<�mORSHy°��k���Ozl&YHW
} �gTaK�SHQ 	 KNkgS�lI�^l5M#ORK�[�M ÿ ,³�n�j� ô Q]SHTVM ÿ � faORYH[@SUO ÿ JLYHT^ORQ ÿ ù � � L � � � I û � � � � ÿ� � I � JLqVK�T+" ÿ 	 ÿ ù J ÿ E ÿ } ��KNT ù�B ÿ B ÿ � SUT3SUTV_," ÿ � ÿ JLqVKNT ó�� � �}� ��	 K�k�S�l ÷®	 K�ceKNTV_VK�T^Op�^OrS ÷
y°��k���Ozl<JLQ���ORKNQ��gYHT�WZYHQ � K�faORQ]SHk ô ��[�K ÷®	 K�k�S�l��mlmMXO]KN[jM ÿ ,³�j�d� k�KNi�O]Q]Ymi�T°�gi�M } K�OXORKNQXM ù¥� � ù
�>� L ��� � I û ��� � �-ÿ� ��� � JLq^fhS } ÿ ò ÿ ù J ÿ � ÿ 	 KNM]YmK�QpSUTV_ � ÿ � ÿ B fVq � � � � I � } �gTVbNSHQ`SHTV_ � Y>Tak��gTab�SHQ`J²��Q]iNf/��ORM
� i���Q]S�× ÷CE ��k�k ÿ� � � � JLQXf 	 � ÿ � ÿ SUTV_+" ÿ B ÿ E SUkgK � � � I}� � �^OrSHy°��k���OzluYUW~WZfVTVi�O��gY>TVSHk©_°� ü K�Q]KNT�O
�gSHk©K õ fhSUO
��Y>TVM
YHW
TVK�faORQRSUk�O®lmceK ÿ " ÿ 	 � ü K�Q]K�T^O���SHk �*õ TaM ÿ I L��F� � û-�>s>s ÿ� � � ��	 S\O D Y þ ÿ � ÿ � � � � sF�qþ KN[�SHQ D M`JLYHTViNK�Q]T°��T ó O]qVK � M#l5[jcaO]YHO
��i�SHTa_w�^OrSHy°��k�� 	 SUO���Y>TFYHW
} �gTaK�SHQ 	 KNkgS�l 	 � ü KNQ]K�T^O���SHk �*õ fhSUO
��Y>TVM ÿ " ÿ � S\ORq ÿ � ThSHk ÿ � cVcVk ÿ ù �>�>� Lhs I � û5s �H�°ÿ� �m� ��	 K�[�K�T ó K�k � ÿ SUTV_-� ÿ 	 KN[jKNT ó KNk � � �}�F� � � KNMXfVQ]K�MuK�O 	 ��MXORQ��gyVf5O
�gYHTVM ô qVb�Y>Q���K�K�O
, k�kgfVM#ORQRS\O
��Y>T ( SHQ } K�M ��
 KN[jcVkgK�M ù�� ��T � Q]KNTai�q � ÿ � kgk���cVMXKNM ÿ� �H� � _VK �5Y>f 	 S1J ÿ � ÿ SHTV_/. ÿ } � � � �F�F� ��	 KNkgS�l ÷®	 K�ceKNTV_aKNT^O þ Y>yVfVM#O

H∞
JLYHT^ORQXY>k ò W

� TViNK�QXOrS*�gT } ��TVK�SHQ��mOrSUO]K ÷z	 KNkgS�lF�mlmMXO]KN[jM ÿ � faORYH[@S\O
�giNS ù°�>s-L � � � ��û � � �5�}ÿ� � ����	 ��K D [�SHTVT ò ÿ ù � ÿ � ÿ �USHT,�Q�gk�M ù � ÿ � ÿ J K�Q]_VfalmT } fVTVK�k
SHTV_ E ÿ ÷[ò ÿ � SHk�ORqVK�Q � � �}� sF� ÿ	 K�k�S�l �4õ fhS\O
��Y>TVM � faTVi�O��gY>ThSUk ÷Nù JLY>[jcVk�K 
\÷vù SHTa_ � YHTVk���TVK�SHQ � TVSHk�lmM���M ÿ �5cVQ���T ó K�Q J KNQ ÷
kgS ó ÿ� �\� ��	 ��Y>T," ÿ ÷ � ÿ ù } ÿ 	 f ó SUQ]_3K�O�� ÿ � �gi�fVk�KNM]i�f � � �F�}� � � ThSHk�l5M��gMPSHTV_wJLY>T�ORQXY>k
YUW ô �g[jK ÷
	 K�k�S�lI�mlmM#ORKN[jM ÿ � i�Y>kgKd_ �10 O]bp_ � � f5ORY>[�SUO
� õ fVKd_VK��dQ]KNTaY>yVkgK ÿ
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� � s2��	 f ó SHQ]_ } ÿ SUTV_ � ÿ J KNQ]Q��gK�MXO ùH�z� _°��ORY>QXM �0� � �F� I � �mOrSUy°�gk[��Ozl SHTV_ÂJLYHT^ORQXY>k�YHW ô �g[jK ÷

	 K�k�S�lI�mlmM#ORKN[jM ÿ �5cVQ���T ó K�Q J KNQ]kgS ó ÿ� � � ��	 faTaWZY>Q]_ � ÿ SHTV_2" ÿ ô ÿ �5irq�×oSHQXO 	 ×q��O]q�ORqVKFSHMXM���MXOrSUTViNKuYHW � ÿ � ÿ ü SH_VKuSHTV_ þ ÿ � ÿü SUQXORk�K � � � �>� � } �gTaK�SHQ ò ceK�QRSUO]Y>Q]M ( SUQXO ,
L ��K�TVKNQ]SHk ô qaKNY>Q#l#" ÿ � ��kgK{l3$ �5YHTVM ÿ� � I ��	54 TVTVKNy/�gKNQ3� ÿ ùj, ÿ � KT�gQ���irq8SUTV_ B ÿ ÷ � ÿ B k�SUOXO � � �F� � � JLYH[�cVf5OrSUO��gY>ThSUk�k�l�K � i���KNT�O
_almThSU[���i�[jYm_VK�k���T ó SHTV_3M���[<fVk�S\O
��Y>TxYHW�M��g[<fVk�S\ORK�_�[jY�����T ó yeKN_&irqVQXY>[@S\ORY ó Q]SHcVq°��i
cVQXYmiNK�M]M]K�M�×q��O]q<k[�gTVKNSHQ��gMXYHORqVK�Q][jM ÿ JLqVK�[���i�SHk � T ó ��TVKNK�Q���T ó �5i���KNTVi�KNM ù�s}�-L � s*� I û � s � � ÿ� �U� �K� k � M ó YHORMoSHTV_ � Y>Q D �gT � � � I ���j, T�ORQ]Ym_afVi�O��gY>T@ORY ô qaKNY>Q#luSHTV_ � cVcVk���i�S\O
��Y>TVM�YHW 	 � ü K ÷
QXKNT^O���SHk �*õ fVSUO
��Y>TVM-×q��ORqF_VKT����S\O
��T ó SHQ ó fV[jKNT�ORM ÿ � i�SH_aKN[V�gi ( Q]K�M]M ÿ� � � � � SUOXORY>faq � ÿ � � �F�}� �6ò yaM]KNQ �USUO��gY>T K�O<JLY>[j[�SHTV_VK � fV[jbNQ�� õ fVK þ YHyVfVMXO]KNM�_aKNM<�mlmM ÷
O]nN[jKNM úaþ K{OrSHQX_VM ùå� �gT � QXKNTVirq � ÿ ( q ÿ 	 ÿ ô qVKNM��gM ù } SHyeY>QRS\ORYF��Q]Ku_ � � faORY>[�SUO�� õ fVKF_aK
�dQ]K�TVY>yVk�K ù°,6� ( � ù �U� � Y��>K�[<yVQ]K ÿ� � � � � k[�gK�M]M � ÿ SHTV_ E ÿ � Y>fVT°��KNQ � � �F� � �Cò T SFJLk�SHMXMdYHW } �gTVKNSHQ 	 KNk�S�l&�mlmMXORK�[�M ò W¼O]KNT
� Q��gM��gT ó ��T ( Q]SHi{O
�gi�K ÿ B lmyeKNQXTVK�O�� D S ù�� I L � � s1û-� � �/ÿ� � � � � Q��g_V[�SHT � ÿ � � �F� � �7� K�× } l�SHcVfVTVY1� ÷³B QRSHMXY��mM D �[� � fVTVi{O
�gYHThSHk�M©WZY>QªMXORSHy°��k���OzldYHWhk[�gTVKNSHQ
QXK�OrSUQ]_VK�M�SHTV_ITVK�faORQ]SHk�M#l5M#ORK�[�M ù �^l5M#ORK�[�M�SHTa_�JLY>T^O]Q]Y>k } K�O]O]KNQXM ù � ��ù � L�� � � û�� � � ÿ� � � � � Q��g_V[�SHT � ÿ SUTV_ � ÿ �5qhS D K�_ � � �F� � � }�� , � cVcaQ]Y�SHirq ô Y E&, T ö T°��Ozl � ��k�O]KNQ���T óÍò W
} �gTaK�SHQ � KNf5ORQRSUkp�mlmMXORK�[jM � ��ORq 	 KNk�S�l ÿ`� s O]q ô Q���KNTVTVSHk � Y>QXkg_?J�Y>T ó QXKNM]MIYHWpORqVK
, � � J ù�ü SHQXiNK�kgY>TVS ÿ� �}��� �dY>chSHk�MRSH[�l ù�B ÿ � � �F� � � �mORSHy°�gk[��Ozl SHTV_ ò M]iT�gk�k�S\O
��Y>TVM+�gT 	 K�k�S�l 	 � ü K�Q]KNT�O
�gSHk �*õ fhS ÷
O��gY>TVM-YUW ( Y>cafVk�SUO��gYHT 	 lmThSH[V�gi�M ÿ B k�f^×LK�Q � i�SH_aKN[V�gi ( fVyVk[�gMXqVKNQXM ÿ� � � � �df B ÿ SHTV_Â� ÿ � �giNfakgKNMXiNf � � �F�}� � � _V_°��O��gY>TVSHk 	 l5TVSH[V�giNM2�gT ô QRSHTVM#WZY>Q][jKN_ ô �g[jK ÷
	 K�k�S�lI�mlmM#ORKN[jM ÿ ( QXYmi ÿ ,³�n�n� J 	 J ù ( qVYmKNT/� 
�ù � Q�� 	 YHThS ù � � � L � � I ��û � � IFI ÿ� �>s2� �df B ÿ SHTV_Â� ÿ � �giNfakgKNMXiNf � � �F�}� � � _V_°��O��gY>TVSHk 	 l5TVSH[V�giNM2�gT ô QRSHTVM#WZY>Q][jKN_ ô �g[jK ÷
	 K�k�S�lI�mlmM#ORKN[jM ÿ ( QXYmi ÿ ,³�n�n� ô QRSHTaM ÿ Y>T � f5ORY ÿ J�ORQ]k ÿ ù � s�ù_�/L�s I � ûas I s ÿ� � � �KE SHkgK8" ÿ B ÿ � � � I � � � Y>QX×oSUQ]_uSHTV_ ü SHi D ×LSHQ]_xJLYHT^O
��TmfhS\O
��Y>T�WZY>Q � KNfaO]QRSHk � fVTVi�O��gY>TVSHk
	 � ü K�Q]K�T^O
�gSHk �4õ fhS\O
�gYHTVM ÿ " ÿ 	 � ü ÿ �*õ f ÿ ù � L � � � û ���a�Fÿ� � I �KE SHkgK9" ÿ B ÿ SUTV_ � ÿ � ÿ JLQ]f 	»� � � I}� �s��
 ��MXO]KNTVi�K ù � T°� õ fVK�TVKNMXM�SUTV_�JLYHT^O��gTmfaY>fVM 	 K ÷
ceK�TV_VKNTaiNKpWZY>Q E K�Q]K�_°��ORSHQXlF�mlmMXO]KN[jM ÿ � TVT ÿ � SUO ÿ ( fVQRS � cVcVk ÿh� s�ù � L � ��û ���-ÿ� � � �KE SHkgK:" ÿ B ÿ ù�� ÿ � ÿ , TaW SHT�ORK�SUTV_ � ÿ � ÿ ( ÿ ô MXKNT � � � � sF� �^OrSHy°��k���OzlpYHW } �gTaK�SHQ 	 KNkgS�l �*õ fhS ÷
O��gY>TVM ÿ " ÿ � S\ORq ÿ � ThSHk ÿ � cVcVk ÿ�� � s-L�s}�F��û5s>s>s ÿ
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ThSUk 	 � ü K�Q]K�T^O
�gSHk �4õ fhS\O
�gYHTVM ù " ÿ � SUO]q ÿ � TVSHk ÿ � cVcak ÿ¾� � L �H� û�� � ÿ� � � �KE SHkgK;" ÿ B ÿ SHTV_6� ÿ � ÿ J K�Q]_Vf5l5T } fVTVK�k � � �F� ���h, T^ORQXYm_VfVi{O
�gYHT�O]Y � fVTVi�O��gY>TVSHk 	 � ü K ÷
QXKNT^O���SHk �*õ fVSUO
��Y>TVM ÿ �5cVQ���T ó K�Q ÷ÂJ KNQ]kgS ó ÿ� �a� �KE SHkgK<" ÿ B ÿ SHTV_�� ÿ � ÿ J KNQX_VfalmT } fVTVK�k � � �F� � � �mORQXY>T ó �mOrSHy/�gk�� 	 SUO���YHT¡YHW � KNfaO]QRSHk
� fVTai�O
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ò T ô ��[�K ÷®	 K�k�S�lu�mlmMXORK�[�M ÿ B lmyeKNQ]TaK�O
��i�S � I L � s}��û � � � ÿ� �>� ��� �giNfakgK�M]iNfÂ� ÿ , ÿ � � �F� � �aò T 	 K�k�S�l ÷z	 KNceK�TV_VK�T^O@�mOrSUy°�gk[��Ozl � TV_aKNQ � Ym_VK�k ô QRSHTaMXWZY>Q ÷
[�SUO
��Y>TVMoYUW��5YH[�K � K�faORQ]SHk } �gTaK�SHQ��mlmMXORK�[�M ÿ , T^O ÿ " ÿ JLY>T�ORQ ÿ ù I � ù � L � � � û � � I ÿ� � ����� �giNfakgK�M]iNf�� ÿ , ÿ � � �}� � �L	 KNkgS�l �Xü K�i�O]M ò T��mORSHy°��k���Ozl ù �5cVQ��gT ó K�Q ÿ� �U� ��� �giNfakgK�M]iNf1� ÿ , ÿ ù�� ÿ , ÿ J KNQ]Q��gK�MXO ù } ÿ 	 f ó SHQX_1SHTV_*" ÿ ÷ � ÿ 	 ��Y>T � � �F� I � �mORSHy°�gk[��Ozl�SHTV_
þ Y>yVfVM#O��mORSHy°��k���OzljYHW ô �g[jK ÷z	 KNkgS�l@�mlmMXORK�[�M L � ��f°��_VK�_ ô YHfVQ ÿ } ÿ 	 f ó SHQ]_ISUTV_ � ÿ , ÿJ K�Q]Q��gKNM#O ù�� _VM ÿ �5caQ��gT ó KNQ �>� L � û I �Fÿ� � s2��� �giNfakgK�M]iNf � ÿ , ÿ ùÑ� ÿ , ÿ J KNQXQ���KNMXO ù } ÿ 	 f ó SHQ]_ SHTV_ " ÿ ÷ � ÿ 	 ��Y>T � � �F� I � 	 K�k�S�l ÷
, TV_aKNceKNTa_VKNT^OP�^OrSHy°��k���Ozl|YHW } � � L � þ ��iNiNSUO
� �4õ fhS\O
�gYHT � cVcVQ]Y>SHirq ù �gTF�^OrSHy°��k���OzljSHTV_
JLY>T�ORQXY>k�YHW ô ��[�K ÷®	 K�k�S�l��mlmMXORK�[�M ÿ } ÿ 	 f ó SHQX_/SHTa_ � ÿ , ÿ J K�Q]Q���KNM#O ùg� _VM ÿ �mcVQ���T ó KNQ
�>� L � � û � �F� ÿ� � � ��� �giNfakgK�M]iNf¡� ÿ , ÿ SHTV_ ü ÿ ü Q]Y ó k[��S\ORY � � �F� sF�_ò T � Y>QXiNK � K�SUM]fVQXKN[jKNT�O ô �g[jK ÷z	 KNkgS�l
�mlmM#ORKN[jM ù ( QXYmi ÿ , � � J��^l5M#O ÿ �mORQ]fai ÿ JLY>T�ORQ ÿ � SHT�ORKNM � QRSHTaiNK L � �>� û � I �}ÿ� � I �Yò k ó SHi � ÿ SHTV_ þ ÿ �-�gcVSHq°� � ORYISHcac¤KNSHQ � �F� ���P	 ��Q]KNi{O � K{ORqVYm_ � Y>Q � ThSHk�l 	 �gT ó ô qVK
�mORSHy°��k���Ozl ò W � K�faORQ]SHk ô lmceK }-ô ,�÷ ô �g[jK 	 KNkgS�l>K�_3�mlmM#ORKN[jM ÿ � faORYH[@S\O
�giNS ÿ� �H� � ( �gTaKNkgk�Y ùH� ÿ ù � ÿ J ÿ JoSHT ó KNk�k�SHQ���M!SHTV_ � ÿ þ fVKNqak�� � � �F� I �qE lmyVQ���_VK � kgKNi{ORQXY>[�S ó TVK{O
�gi�M
ü SUM]KN_�Y>T�O]qVK ( SHQXO���SHk � k�KN[jKNT�O �4õ f°���USHk�KNT�O|J²��Q]i�f°��O � Y>Q][<fhSUk�O���YHT ÿ ,³�n�j� ô QRSHTVM ÿ� ��iNQXY�×oSÊ�>K ô qVKNY>Q#l ô KNirq ÿ�� s-L ���>� � û ��� �>� ÿ
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� � � �2± �gf } ÿ ùÖü ÿ ü KNQXTVqhSHQX_VM]MXY>T ù � ÿ þ SHT�O 	 K�Q ùÖ� ÿ " ÿ 	 S1���gMXY>T ù ( ÿ � ÿ (�Y>fVT ó SHTV_)" ÿ J ÿ	 Y�lmkgK � � �F� sF� ÿ � � Y>QX[<fVk�S�WZY>Q6JLY>[jcVfaORSUO
��Y>T YHWFO]qVK þ K�SUku�mORSHy°�gk[��Ozl þ SH_°��fVM ÿ
� faORY>[�SUO��giNS L � I � û � � � ÿ��� � �Kþ K D SUM���fVM @gÿ J ÿ � � � � � � � �^OrSHy°��k���Ozl ô K�MXO�WZYHQ|�^l5M#ORK�[�M<×q��ORq 	 KNkgS�lmM ÿ ( Q]Ymi ÿ "HYF�gT�O
� faORY>[�SUO��gi�JLYHT^ORQXY>kªJLYHTaW ÿ ôq( � ÷ ���� � �Kþ KNc°��T�(�f ÿ � ÿ � � �>� s}�È± fVSH_VQRS\O
�gi } l�SHcafVTVY�� � fVTai�O
��Y>ThSUkgM�WZY>Q�MXlmMXO]KN[jML×q��O]q@_VKNkgS�l ÿ( Q�� D k�SH_VTVS�l � SUORK�[@S\O
� D S ù � � L�s � � ûas �>� �^, T þ fVM]M���SHT � ÿ��� � �Kþ �girqhSHQX_I" ÿ ( ÿ � � �F� � � �5Y>[jK ô Q]K�TV_VM�SHTa_ ô YmY>kgMCWZY>QuO]qVK��mO]fV_al�YUW ô ��[�K 	 K�k�S�l
�mlmM#ORKN[jM ÿ ( QXYmi ÿ ,³�n�n�g÷C, � � JLMjJLY>TaWZKNQXKNTVi�KIJLY>[jc ÿ � T ó ÿ ��T6�mlmM ÿ � cVc ÿ ùJ� SHyeK�fVk ù
ô fVT°��M��gS ÿ��� ���Kþ �girqhSHQX_/" ÿ ( ÿ � � �F� ��� ô ��[�K ÷®	 K�k�S�l1�mlmMXO]KN[jM L � T ò �>KNQ ���gK�×ÍYUW�MXY>[jK�QXKNi�KNT�OFSH_ ÷
�USUTViNK�MPSHTa_IY>ceKNTIcVQ]YHyVkgK�[�M ÿ � f5ORY>[�SUO
��i�S ù°� � ù � � L � �>� I û � �F� �°ÿ��� � �Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ù " ÿ � ÿ 	 ��Y>T ù } ÿ 	 f ó SUQ]_=SUTV_ 	 ÿ , �LKUTVKNMXiNf � � �}� � ��ò T�_VKNkgS�l ÷
_VK�ceKNTV_aKNT^O�QXY>yVfVM#O�M#OrSHy°��k���Ozl�YHW�TVKNfaO]QRSHk�M#l5M#ORK�[�M ÿ � QX_ , � � J � Y>Q D MXqVY>c�Y>T ô �g[jK
	 K�k�S�lI�mlmM#ORKN[jM ù �aSHT^ORS � K � � � L � � � û � � � ÿ��� s2�Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ù " ÿ � ÿ 	 �gYHT@SHTV_ } ÿ 	 f ó SHQ]_ ÿ � � �F� � � } l�SHcVfaTVY�� ÷³B Q]SHM]Y1�mM D ��� � fVTVi ÷
O��gY>ThSUkgMoWZY>Q � K�faORQ]SHk��^l5M#ORK�[�M L � JLYHTVMXORQXfVi�O��[�>K � cVcVQXY�SHirq ÿ JLY>T ó Q]K�M]Y } S\O
�gTaY�SH[jK ÷
Q��gi�SUTVY|_VK�JLY>T�ORQ]YHk � faORY>[�SUO��giNY|J } J � , � � J � �}� � �dfhSH_hSUk�S�£]SHQ]S � b 
 �gi�Y ÿ���H� �Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ù " ÿ � ÿ 	 ��Y>T�SHTV_ } ÿ 	 f ó SUQ]_ � � �F� � �cþ Y>yVfVM#O��mOrSHy/�gk��½O®l � ThSUk�lmM���M
YHW � KNfaO]QRSHkL�mlmMXO]KN[jM � TV_VKNQ � Y5_aKNk ô QRSUTVMXWZY>QX[@S\O
�gYHT ÿ��V� M#O ,³�n�n� JLY>TaWZK�Q]KNTaiNKCY>T
	 K�i���M��gYHTxSHTa_3J�Y>T^O]Q]Y>k ù } SHM J K ó SHM ù�� KT�\SH_hS ù � � � L ��� s � û ��� s>s ÿ��� I �Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ù " ÿ � ÿ 	 ��Y>T�SHTV_ } ÿ 	 f ó SHQ]_ � � �}� ���:þ Y>yVfaMXO 	 KNkgS�l 	 KNceK�TV_VKNT^O~�^OrS ÷
y°��k���Ozl � ThSUk�lmM���MdYUW � KNfaO]QRSHk��mlmMXORK�[�M ÿ � Y>Q D MXqVY>c�J �åþ � ÷M� SUO��gY>TVSHk~�5iT�gKNTaiNK � YHfVT ÷
_hS\O
�gYHT ù ">SHTmfhSUQXl �H� ÷ � ��ù ( SHQ���M ù � QRSUTViNK ÿ��� � �Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ù " ÿ � ÿ 	 �gY>TwSHTV_ } ÿ 	 f ó SHQX_ ÿ � � �F� ��� �mORSHy°�gk[��OzlxYHW � KNfaO]QRSHk ô �g[jK
	 K�k�S�l��mlmMXO]KN[jM L � �5fVQ �>K�ljYHW©�mY>[�K þ KNM]fak�ORM ÿ � _-�USHTVi�KNM²�gT � faORY>[�SUO��gi!JLY>T�ORQ]YHk¾y^l
B kgf�×LK�Q � i�SH_aKN[V�gi ( fVyVk[�gM]qaKNQ]M ù�ü Y>M#ORY>T ÿ���}� �Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ù " ÿ � ÿ 	 ��Y>T/SHTV_ } ÿ 	 f ó SHQX_ � � �}� ���Kþ Y>yVfVM#O 	 K�k�S�l 	 K�ceKNTV_aKNT^O
�mORSHy°��k���Ozl � ThSHk�lmM��gM-YHW � K�faORQ]SHkª�mlmMXO]KN[jM ù ��T^O]KNQ]TVSHk�Q]K�ceY>QXO ÿ
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� � �F� �Kþ Ym_VQ�� ó fVK 	 � ÿ � ÿ ùÊJ ÿ B qhSHQ���ORY>TaY�� ù " ÿ � ÿ 	 �gY>TpSHTV_ } ÿ 	 f ó SHQX_ � � �F� �F�Yþ YHyVfVMXO��mOrSUy°� ÷
k[��Ozl`YHW � KNfaO]QRSHk5�^l5M#ORK�[�M L � } l�SHcafVTVY1� ÷CB QRSHMXY��mM D ���5JLY>TVM#ORQ]fai�O
���>K � cVcVQXY�SHirq ÿ � iNKNc ÷
O]KN_FORY , T^ORK�Q]ThS\O
�gYHThSHk7"HYHfVQ]ThSUk�YHW þ Y>yVfVM#O � Y>TVk[�gTVKNSHQ�JLY>T�ORQXY>k ÿ� � � � �Kþ Y>M]KNSHf � ÿ � � � �H� �jJ ��yVQRS\O
�gYHTVMo_VK�MP�mlmMXORn�[jKNM � bNiNSHT°� õ fVK�M ÿ � SHM]MXY>T ù ( SHQ���M ÿ� � � � �Kþ Y�lm_VK�T E ÿ } ÿ � � �>� ���²þ K�SHk�SHTV_ � ThSHk�lmM��gM ù � iN[V�gkgk�SHT ÿ� � � �2�Kþ fVKNqak�� � ÿ � ÿ � � � I � ���*õ f°���USHkgK�T^O�J²��Q]iNf/��O � Ym_VK�kgM<WZY>Q ô qVQXKNK 	 �g[jKNTVM��gY>TVSHk � fak�O
� ÷
i�Y>TV_VfVi{ORY>Q��mlmMXO]KN[jM ÿ ,³�n�n� ô QRSUTVM ÿ � �gi�Q]Y�×oS1�>K ô qVK�Y>QXl ô K�irq ÿ ù �>� ù_�/L �m� � û �H�5�Fÿ� � � � �Kþ fVKNqak�� ù � ÿ � ÿ ù � ÿ � ��K D¥D SHkgS ù � ÿ ü K�kgkgK�TjSHTV_ E ÿ E K�KNy � � �F� � � �mORSHyVkgK ô ��[�K 	 Y>[�S}�gT
�5YHkgfaO��gY>TVM�WZY>Q � � J8cVQ]Y>yakgKN[jM�fVM��gT ó ( �n� J¡[jYm_VKNk�M ÿ , T ( Q]Ymi ÿ YHW , T^ORK�Q ÿ �mlm[jc ÿ Y>T
� kg[�S ó ÿ JLY>[jc ÿ ù JLq/�gi�S ó Y ù°, } ù�� I � û�� I � ÿ� � � s��Kþ fV_°��T � ÿ � � � I ��� � fVTVi�O��gY>TVSHk � ThSHk�l5M��gM ù � i	�dQRS�× ÷³E ��kgk ÿ� � � � � �5q/��WN" ÿ } ÿ � � �F� � � ô qVK } SHcVkgSHiNK ô QRSUTVMXWZY>QX[ ô qVK�Y>QXlFSHTV_ � cacVk���i�SUO��gYHTVM ÿ �mcVQ���T ó KNQ ÿ� � ��I � �-��k £]S DF	 ÿ 	 ÿ J�Q���O]KNQ��gSjWZYHQ ô ×LY ÷ÂJ SHQ���SHyakgKNM ( Y>k�lmTVYH[��gSHk�M � � � I s}� ÿ ,³�n�n� ô QRSHTVM ÿ J²�gQ ÷
i�f°��O!SHTa_��mlmMXORK�[�M ù J � � ÷ �>� ù_�/L ��� sÊû ��� � ÿ� � � � � �5irq^×LSHQXO 	 } ÿ � � � s I � ô qVb�Y>Q���K�_VK�M 	 �gM#ORQ���yVfaO��gY>TVM ÿ ô Y>[�K�M , K�O ,�,vù�E K�Q][�SHTVT ÿ� � � � � �5k�KN[jQ]Ym_ � ÿ SHTV_ � ÿ � ÿ , TaW SHT^O]K � � � I � � � MXlm[�c5ORYHO��gi��mORSHy°��k���OzlFJLQ���ORKNQ���S<WZY>Q } �gTVKNSHQ
�mlmM#ORKN[jM�YHW 	 � ü K�Q]K�TViNK ÷®	 � ü K�Q]K�T^O
�gSHk �*õ fhSUO��gY>TVM`YHW � K�faORQRSUk ô lmceKjSHTV_ ô qVK���Q 	 �gM ÷
i�Q]K�O]K � ThSHkgY ó KNM ÿ " ÿ YHW � SUORq ÿ � TVSHk ÿ SHTV_ � cac ÿ � � L�� �F� û �V� s ÿ� �>� � � �5[V��O]q � ÿ � ÿ � � �>� ��� ( Y>cafVk�SUO��gY>T@_almThSH[V�gi�MÖ��T 	 SUcVqVT°�gS�[�S ó TVS ù/� iNY>k�Y ó l �>� L � s � û� s*� ÿ� �>�>� � ô irqhSHT ó SUT°�~K�O�SHk ÿ � � �F�F� �åþ Y>yafVMXO��^OrSHy°��k���Ozl � ThSHk�lmM��gM`YHW � K�faORQ]SHk��^l5M#ORK�[�M � TV_VK�Q
� Ym_aKNk ô Q]SHTVMXWZYHQ][�SUO
��Y>T ÿ��a� MXO ,³�n�n� JLY>T5WZKNQ]K�TViNK@Y>T 	 KNiT�gM��gY>T�SUTV_6JLY>T^O]Q]Y>k ù } SHM
J K ó SHM ù�� KT�\SH_hS ù � � � L ��� s � û ��� s>s ÿ� �>��� �cJ K�Q]Q��gKNM#O � ÿ , ÿ SUTV_F� ÿ , ÿ � �giNfakgKNMXiNf � � �F� I ��	 KNk�S�l ÷C, TV_VK�ceKNTV_aKNT^O!�mOrSUy°�gk[��Ozl|YUW } � � L �þ �gi�i�SUO�� �4õ fhS\O
�gYHT � cVcaQ]Y�SHirq ù �gTx�mOrSUy°�gk[��OzlCSHTV_�JLY>T^O]Q]Y>k�YHW ô �g[jK ÷z	 KNkgS�lu�mlmMXO]KN[jM ÿ� } ÿ 	 f ó SHQ]_xSHTa_ � ÿ , ÿ J KNQXQ��gK�MXO ù_� _VM ÿ �Aù �5cVQ���T ó K�Q ÷ÂJ KNQ]kgS ó } ÿ¾�>�H� L � � û � �F� ÿ
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þ Ym_VQ�� ó faK 	 � ÿ � ÿ ù " ÿ � ÿ 	 ��Y>T?SHTV_ } ÿ 	 f ó SHQ]_ � � �F� � �V�³þ Y>yVfaMXO 	 KNk�S�l 	 K�ceKNTV_aKNT^O
�mORSHy°��k���Ozl � ThSHk�l5M��gMFYHW � KNfaO]QRSHk��mlmMXO]KN[jM �Nù } KNi{ORfVQXKNM � YHORK�MU��TGJLYHT^ORQXY>kpSHTa_ , T5WZY>Q][�S ÷
O��gY>TF�5iT�gK�TViNK ÿ � _°��O
��Y>TVM-�5cVQ��gT ó K�Q ÷ÌJ KNQXk�S ó � �F� �°ÿ J KNQXM]M���Y>TFb{ORK�TV_VfVK�_Vf � Y>Q D M]qVY>cxJ �sþ � ÷
� SUO
��Y>ThSHk��mi���KNTVi�K � Y>fVTV_VSUO
��Y>T ù ">SHT^fhSHQ#l �>� ÷ � ��ù � �}� � ( SHQ��gM ù � QRSHTVi�K ÿ

þ Ym_VQ�� ó faK 	 � ÿ � ÿ ù " ÿ � ÿ 	 ��Y>T¡SHTV_ } ÿ 	 f ó SHQ]_ � � �F� ����� �^OrSHy°��k[��OzlÂYHW � K�faORQ]SHk ô �g[jK
	 K�k�S�l6�mlmMXO]KN[jM L � �5fVQ �>K�l�YHW!M]YH[�KCQXKNMXfVk�O]M ù � � ��qhS}�gk J Y}�gi�f �z� _ ÿ �Aù�B kgf�×LKNQ � iNSH_VKN[V�gi
( fVyVk[�gMXqVKNQXM ù�ü YHMXORYHT�� 	 Y>QX_VQ]K�irq^OP� } YHTV_VY>T ù � �F� ��ù°, � üQ� � ÷ � � � � ÷ I � �FI ù cVc ÿ � � s ÷C�F� � ÿ


