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Résumé. Cette thése est consacrée a |'étude du comportement asympdpte de
solutions d'une classe d'équations aux dérivées partialavec des coe cients for-
tement oscillants. Dans un premier temps, on s'intéresse aeaifamille d'équations
non linéaires, des lois de conservation scalaires hétémgg qui interviennent dans
divers problemes de la mécanique des uides ou de I'électragmétisme non linéaire.
On suppose que le ux de cette équation est périodique en espaet que la période
des oscillations tend vers zéro. On identi e alors les proslasymptotiques microsco-
pique et macroscopique de la solution, et on démontre un rési de convergence
forte ; en particulier, on montre que lorsque la condition itiale ne suit pas le pro |
microscopique dicté par I'équation, il se forme une coucheitiale en temps durant
laguelle les solutions s'adaptent a celui-ci. Dans un secbtemps, on considere une
équation de transport linéaire, qui modélise I'évolution €l la densité d'un ensemble
de particules chargées dans un potentiel électrique além&et trés oscillant. On
etablit I'apparition d'oscillations microscopiques en teps et en espace dans la den-
sité, en réponse a l'excitation par le potentiel électriguedOn donne également des
formules explicites pour l'opérateur de transport homogéimsé lorsque la dimension
de l'espace est égale a un.

Mots clés. Homogénéisation. Loi de conservation scalaire. Formulati cinétique.
Equation de transport. Equation parabolique.

Abstract. In this thesis, we study the asymptotic behavior of solutios of a class
of partial di erential equations with strongly oscillating coe cients. First, we focus
on a family of nonlinear evolution equations, namely paraliio scalar conservation
laws. These equations are encountered in various problems oid mechanics and
nonlinear electromagnetism. The ux is assumed to be periadiwith respect to
the space variable, and the period of the oscillations goes zero. The asymptotic
pro les in the microscopic and macroscopic variables are st identi ed. Then, we
prove a result of strong convergence; in particular, when theitial data does not
match the microscopic outline dictated by the equation, its shown that there is an
initial layer in time during which the solution adapts itselfto this pro le. The other
equation studied in this thesis is a linear transport equatin, modeling the evolution
of the density of charged patrticles in a highly oscillatingandom electric potential.
It is proved that the density has fast oscillations in time ad space, as a response
to the excitation by the electric potential. We also derive eplicit formulas for the
homogenized transport operator when the space dimension gual to one.

Keywords. Homogenization. Scalar conservation law. Kinetic formulatn. Trans-
port equation. Parabolic equation.
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Introduction




2 Introduction

1.1 Présentation générale

On s'intéresse ici a des équations aux deérivées partiellas tfaduisent la conser-
vation locale, eta fortiori globale d'une certaine grandeur physique (quantité de
mouvement ou énergie d'une particule dans un uide, densitun gaz, etc.) Dans les
premiers chapitres de cette thése, on considérera des loésabnservation scalaires,
equations d'évolution non linéaires qui interviennent das des modeles de uides
compressibles, d'électromagnétisme non linéaire, ou ereae mouvements cellu-
laires. Le dernier chapitre, lui, est consacré a une équatide transport linéaire, qui
régit I'évolution d'une densité de particules chargées samises a un champ électrique.
La particularité de notre étude vient de ce que le milieu dankquel on considere
I'évolution temporelle de cette grandeur comporte de forsehétérogénéités. Notre
but est de décrire I'évolution du systéme lorsque la taillea$ hétérogénéités tend
vers 0 : en particulier, on aimerait parvenir a exhiber un noteau milieu dit ho-
mogénéisé , ainsi que les équations de conservation ou dartsport de la grandeur
étudiée dans ce milieu.

Ce type d'étude s'inscrit dans le cadre de la théorie mathémgtie de I'homogé-
néisation ; cette théorie s'est essentiellement dévelogpées trente dernieres années,
dans le but de décrire mathématiquement les propriétés desatériaux composites,
c'est-a-dire constitués d'au moins deux substances di éres intimement mélées.
L'intérét pour de telles structures s'explique par les prajetés physiques macrosco-
piques particulieres qu'elles présentent : par exemple, tonduction de la chaleur
ou du courant électrique s'e ectueront di éremment - et parféis mieux que dans
chacun des deux constituants homogénes pris séparément -raison de leur jux-
taposition au niveau microscopique. De nombreuses applicas industrielles tirent
parti de ces propriétés améliorées, par exemple la supradaoativité des composites
multi lamentaires. Le but de la théorie de I'homogénéisatin est précisément de
décrire les propriétés moyennes des matériaux au niveau mesropique en tenant
compte de leur arrangement microscopique.

Du point de vue mathématique, la description au niveau macsgopique de gran-
deurs possédant des uctuations a une échelle microscopgguasse par l'introduction

de fonctions du type

f X'i

Ci-dessus, I'échelle macroscopique, qui correspond a lééihd'observation, est repré-
sentée par la variable d'espace. L'échelle microscopique est I'échelle caractéristique
du milieu : elle correspond a la taille des hétérogénéités das uctuations. Le rap-
port entre ces deux échelles typiques est noté ou " est un petit paramétre, et

la variable qui décrit les phénoménes a I'échelle microsagppe est doncx=".

Des hypotheses de modélisation supplémentaires sont etesuiécessaires pour
préciser l'allure de la fonctionf (x;y). Le cadre le plus simple est celui des fonc-
tions périodiques en la variable microscopigug ce qui revient a supposer que les
hétérogénéités du milieu sont réparties de facon périoduCe postulat est plus
ou moins légitime d'un point de vue physique suivant les sy&nes étudiés, mais il
simpli e en général considérablement leur analyse mathétigue. Les chapitres 2,
3, 4, 5 correspondant respectivement aux articles de recblee [14, 19, 18, 17], sont
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des exemples d’homogénéisation dans un cadre périodique.

De fagcon peut-étre plus réaliste, on peut imaginer que la raéition des hétérogé-
néités est aléatoire, mais pas nécessairement périodiql@. suppose également que
la loi de répartition est stationnaire, c'est-a-dire qu'dé possede des propriétés d'in-
variance par translation. Le formalisme correspondant e suivant : on se donne
un espace de probabilitég ; ;P), sur lequel agit un groupe de transformations

y;y 2 RN. La mesureP est invariante par le groupe de transformation$ )yzgn -
Une fonctionu 2 Lt (RN ) est dite stationnaire si

u(y + z;1) = uly; 2!) p.p.
Si on suppose de surcroit que le groupe de transformation$ esyodique pour la
mesureP, ce qui signi e
8A 2 yA=AB8y2RY ) P(A)=0 ouP(A)=1;
alors I'environnement est dit stationnaire ergodique . Le chapitre 6 est un exemple
de probleme d'homogénéisation dans un cadre stationnaingedique.

Introduisons a présent les espaces fonctionnels qui serailisés dans ce cha-
pitre : tout d'abord, on note Y le tore [0;1]Y, et Cger(Y) I'espace des fonctions
Y -périodiques dansC! (RV). Ensuite, on dé nit

— N i
Hoer(Y) 1= Ger(Y) 55 i diwa o = 01l
ki1 v V(Y R, .
WKL (Y R)i= G (Y R) k2 N:
Wit (Y  R):= fu=u(y;v) 2 Wer (R¥*);uestY périodique enyg;
Ger(Y)= fu2C(RY); uestY périodiqueg;
Dper(Y R™)=fu2C* (R} R}); uestY périodique eny;
et9R > 0; 8v2 R™; jvj R; u(y;v)=0g:

On note également, pouw fonction \g-périodique,
hviy == v(y)dy:
Y

Dans la partie suivante, nous décrirons les problématiquesajeures de cette
these, ainsi que le contexte dans lequel s'inscrit ce travaPuis dans les deux der-
nieres parties, nous expliquerons quels sont les résultatsncipaux de ce mémoire.

1.2 Reésultats antérieurs et problématiques

L'objectif initial de ce travail était I'étude de I'hnomogéréisation de lois de conser-
vation scalaires hyperboliques, c'est-a-dire la descriph du comportement asymp-
totique de la famille (u’)-s ¢ des solutions de I'équation

" X
@u @,

@(t;x)+ 5'u"(t;x) =0 t 0, x2RN; (1.1)

@x '
u(t=0)= up XX (1.2)

i=1
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Dans I'équation précedente, on suppose que le ux appartient aw,};,loc(v RN,
et que la condition initiale ug = ug(x;y) appartient aL* (RY Y).

Ce type d'étude s'apparente a I'hnomogénéisation d'équatisrde transport, un
théme qui a recu une attention considérable ces dernieresnaas. On pourra par
exemple se référer a l'article de revue de F. Castella, P. Degloet T. Goudon [11],
et aux références de cet article. Les premiéres contribut® sur le sujet remontent
aux travaux de Y. Amirat, K. Hamdache et A. Ziani [6], de WeinanE [24], et de
Thomas Y. Hou et Xue Xin [42]. Plus récemment, ce type de phénonga également
été étudié par R. Alexandre [1, 2], P.-E. Jabin et A. TzavarasAB], T. Goudon et
F. Poupaud [39, 38]. Pour des variantes plus cinétiques , o pourra également
consulter [23, 35, 36, 37, 33, 54].

En ce qui concerne I'équation (1.1), deux types de résultatstérieurs étaient
connus : les premiers se limitaient a une étude en dimension, ule fagon a pouvoir
mener des calculs explicites sur les problémes microscopis (voir [49, 27, 25, 4]),
tandis que les seconds étaient valables en dimension quetpee, mais avec une
condition de structure de type produit a divergence nulle surle ux (voir [24, 43]).
Les résultats obtenus sous ces deux types d'hypothéses sasgez dissemblables.

Rappelons tout d'abord le résultat principal de [24] :

Proposition 1.2.1.  Soita 2 C,(Y)" tel quedivya=0. On note

e
K:=f" 2 L%Y);divy(a' )=0g;

et P la projection orthogonale surk pour le produit scalaire dansL?(Y). On note
a:= P(a).

Soit f 2 CY(R) telle quef qv) 6 0 pour toutv 2 R, et soituy 2 L* (RN YY)
telle queup(x; ) 2 K p.p.

Pour " > 0, on considere la solution entropique de I'équation de trgomt non
linéaire

@' +div, a ~ f(u) =0: (1.3)
u(t=0;x)= ug x;§ . (1.4)
Alors «
u(tx) u tx;o ! 0 danslig;

ouu2C(0;1 );LE (RY Y)\ LY (0;1) RN YY) estla solution entropique de

@Qu + div , (a(y)f (u)) =0; (1.5)
u(t =0;x;y) = up(X;y): (1.6)

De plus, u(t; x) 2 K presque partout.

Expliquons a présent quels sont les résultats génériques @mension un d'es-
pace : tout d'abord, il est possible lorsqu&l = 1 d'utiliser I'équivalence avec les
éguations de Hamilton-Jacobi et donc les résultats de P.Lidns, G. Papanicolaou
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et S.R.S. Varadhan dans [49] ; précisément, si on considexsoblutionv” de I'équation
de Hamilton-Jacobi

" X. " —_— .
@ +A s@v =0 (1.7)
v (t=0)= vo(x);

alorsu” = @v Vvérie une loi de conservation de type (1.1). On rappelle danle
résultat d'homogénéisation montré dans [49] :

Proposition 1.2.2.  Soit A 2 Ce(R}  R}). On suppose que
A(x;p) !l lorsquep!1 ;

uniformément pourx 2 RN
On a alors les résultats suivants :

1. Existence et unicité de I'hamiltonien homogénéiseé :

Pour tout p 2 R, il existe un unique réel (que l'on note par la suiteA(p))
tel qu'il existe une solution de viscosité 2 Cy (RN) de I'équation

A(y;ptryvy)= ; y 2RV

De plus, la fonctionp 7! A(p) est continue.

2. Convergence de" :

Pour tout "> 0, on notev' = Vv (t;x) l'unique solution de viscosité de I'équa-
tion

@' +A Sirw =0
vV (t=0;x) = Vo(X):

Alors pour tout T > 0, v’ converge uniformément suf0;T] RN vers la
solution de viscositév de I'équation

@+ A(r «v) =0;
v(t =0;x) = Vo(X):

3. Application a 'homogénéisation de lois de conservaticstalaires :

Soit u” la solution entropique de la loi de conservatio(l.1), avecu (t = 0) =
ug(x). Alors lorsque™ tend vers 0, on a

u* u w L
ou u est l'unique solution entropique de

@u +div,A(u)=0
u(t = 0;x) = up(x):
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Les articles de Weinan E [25] et Weinan E et Denis Serre [27hitent également
d'un cas particulier de (1.1) avec un uxA de la forme

Aly;p) = f(p) V() (1.8)

avecf strictement monotone et continue surR telle quelm,; f = 1 |,V de
moyenne nulle. On noteg la fonction réciproque dg sur R. Soulignons que ce type
ux ne véri e pas les hypotheses de la proposition précédantpuisque I'on n'a pas

f(v)! +1 lorsquejvj!1l

Néanmoins, dans [4], Debora Amadori démontre le méme résulavec un ux A de
la forme (1.8) et qui véri e les hypotheses de la propositioh.2.2.
Le résultat démontré dans [27] est le suivant :

Proposition 1.2.3. On suppose que le wA est donné par(1.8) Soit A:R! R
la fonction dé nie par l'identité

p= g AP+ V() ; 8p2R;

ou g est l'application réciproque dd sur R.
On suppose que la condition initiale est bien préparée, d:@sdire

@[A(y; uo(x;y))] =0: (1.9)

On pose
u(tx;y) = g(V(y) + A(u));
ou u est l'unique solution entropique de

@u +div,A(u)=0
u(t =0;x) = huo(x; )i:

Alors
. X
u(tx) utx- !0
dansLi,.

Les résultats des propositions 1.2.1 et 1.2.3 sont de natuegtrémement di é-
rente. En e et, dans le cas de la dimension un, il est possible dé nir un opérateur
homogénéisé, ce qui n'est pas le cas en général des que lamBioa est supérieure
ou égale a deux, comme le montre la proposition 1.2.1 : si I'goseu = hui, ou
u est l'unigue solution entropique de (1.5), alorsi ne véri e aucune équation re-
marquable . Autrement dit, il est impossible dans ce cas deélnir un probléme
d'évolution bien posé, ne dépendant que du wA, et dont u soit solution. Ainsi,
des queN 2, le probleme limite ne peut se découpler en une équation dw-
tion macroscopique et une équation régissant le comportemienicroscopique. Cette
absence de probleme homogénéisé vient de la forte non-ugidies solutions du pro-
bléeme microscopique, dit de la cellule

divyA(y;u) =0;
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et du fait que l'on ne peut pas intégrer facilement cette éqtian dés queN 2.

Néanmoins, il convient de souligner qu'il y a unicité des sdlons du systéme limite
(1.5), en dépit de la non-unicité des solutions du problemeda cellule ; mais l'unicité
vient ici d'une propriété de contraction pour I'équation dévolution (1.5). De plus,
cette équation d'évolution méle les variables macroscopiggt et x, et la variable

microscopiquey. L'e et principal de la non-unicité pour les solutions du prdléme
de la cellule est donc bien I'absence de notion de problémartagenéise, plutét que
la non-unicité des solutions du systeme limite. Ce point sei@ucial lorsque nous
aborderons les résultats d'homogénéisation pour des ux elconques.

Le but de ce travail était d'obtenir le méme type de résultat ge ceux des proposi-
tions 1.2.1 et 1.2.3 pour des ux arbitraires, en dimensionuglconque, sans hypothese
de structure du type A(y; ) = a(y)f ( ), et plus généralement, sans condition de di-
vergence nulle sur le uxA. Cette question souleve d'emblée une premiére di culté,
l'obtention de bornesa priori uniformes en" sur la suite u'. En e et, si le ux
A n'est pas a divergence nulle, les bornes usuelles dars ou L{ ., calculées par
exemple par Kruzkhov (voir [69, 70]), sont d'ordrel=", et ne sont par conséquent
d'aucune utilité pour les passages a la limite. Avant de s'aler a 'homogénéisation
de I'équation (1.1), il semblait donc nécessaire de mieuxmprendre la structure
de cette équation, et de construire des outils adaptés a sotude. A cette n, les
premiers travaux de cette thése ont porté sur une équationspirée de (1.1), mais
dont I'étude était facilitée par la présence d'un terme de scosité évanescente :

@i ., @, X .o . o RN
@t(t,x) + . @XA' —:u (t;x) «u =0t 0, x2R"Y; (2.10)
u(t=0)= upy X; x

(1.11)

Avant tout, quelques remarques sur |'échelle choisie powr Viscosité dans I'équation
(1.10) s'imposent : en e et, le terme de di usion est du méme ord de grandeur que
la taille des hétérogénéités, solt. Comme on le verra, cela entraine que la di usion
agit principalement au niveau microscopique. D'un point desue mathématique,
I'introduction du terme de viscosité est arti cielle, et a ppur but de simpli er I'étude
des problémes microscopiques ; mais dans la mesure ou laogié n'a aucun e et
a une échelle macroscopique, les preuves d'homogénéisaéiproprement parler se
rapprochent de celles mises en +uvre pour des lois de conséipn ou des équations
de transport hyperboliques, comme (1.1) ou (1.3).

Nous verrons qu'il est possible pour I'équation (1.10) de mer une étude ex-
haustive du comportement asymptotique de la suite” ; les résultats d'homogénéi-
sation que nous démontrerons dans ce contexte se rappro¢tgans doute plus des
propositions 1.2.2 et 1.2.3 que de la proposition 1.2.1. En ¢ esous certaines condi-
tions sur le ux A et la condition initiale, nous montrerons qu'il existe unednction
v:Y R! R, unique solution d'une équation microscopique, telle que
X

u(t;x) v =—;u(tx) L0 dansLi.:

De plus, la fonctionu peut étre identi ée de facon univoque comme l'unique solwn
d'un probleme homogénéisé. En ce sens, ce résultat rappe#ucde la proposition
1.2.3.
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Dans la partie suivante de cette introduction, ainsi que danles chapitres 2,
3, et 4 de ce mémoire, nous expliquerons les principales @&samu processus d'ho-
mogeénéisation de I'équation (1.10). En particulier, nous amtrerons I'existence de
solutions stationnaires bornées de I'équation (1.10), caligpermettra d'une part
d'obtenir des bornesa priori dansL! pour la famille de solutions(u”), et d'autre
part, de construire une formulation cinétique pour I'équabn (1.10), basée sur ces so-
lutions stationnaires. Soulignons que cette notion de fourtation cinétique peut étre
transposée a I'équation (1.1); cette construction sera l#écdu processus d’homogé-
néisation de I'équation (1.1). Ainsi, I'étude du problemeimpli é (1.10) a abouti a
la mise en place de techniques adaptées aux problémes d'hgér@isation de lois de
conservation scalaires; par la suite, ces méthodes ont pueiappliqguées avec succes
dans le cadre de I'équation (1.1).

En n, la présence du terme de viscosité dans I'équation (1.)18 permis d'aborder
de nouvelles questions d'homogénéisation ; en particuli@ous mettrons en évidence
un phénomene de couche initiale pour I'équation (1.10). Cepg de phénomene se
produit lorsque la condition initiale up n'est pas adaptée au pro | microscopique dicté
par I'équation, c'est-a-dire lorsque I'équation (1.9) n'st pas véri ée par exemple,
dans le cas de I'équation (1.1). Dans le cas hyperbolique,est certainement trés
di cile de traiter en toute généralité ce type de question. M@ dans le modéle
parabolique choisi ici, on peut montrer, au moyen d'estimans nes, un résultat
d'homogénéisation pour des données mal préparées.

Les technigues d'homogénéisation développées pour I'éipa (1.10) ont ensuite
permis d'attaquer I'homogénéisation de I'équation (1.1)ais un angle nouveau, et
ainsi de généraliser signi cativement les résultats de largposition 1.2.1. En parti-
culier, nous verrons que sans restriction de structure sw lux A, il est possible de
dé nir pour I'équation (1.1) une notion de probleme limite,qui se compose d'une
éguation microscopique et d'une équation d'évolution métales variables macrosco-
pigues et microscopiques. De ce point de vue, le résultat peéité dans cette thése
se rapproche fortement de la proposition 1.2.1. La di érencmajeure réside dans
le fait que le probleme limite est en général un probleme ctigue, qui ne peut se
réduire a une loi de conservation. Nous expliquerons celaiplen détail par la suite.
Le résultat de la proposition 1.2.1 est donc un cas particeli pour lequel la forme
du probleme limite est assez simple.

Dans le dernier chapitre de ce mémoire, nous aborderons égatnt un probléme
d'’homogénéisation d'équations de transport linéaires darun cadre stationnaire er-
godique ; cette étude est compléetement indépendante de eales lois de conservation
scalaires, bien qu'il s'agisse toujours de caractériserdemportement asymptotique
de solutions d'équations d'évolution avec des coe cientoftement oscillants. Consi-
dérons la solutionf " de I'équation de transport

8 . . 1 X .
@ (bx ;! )+ ruf(tx ) gryu oo f(gx ) =0;
t>0, x2RN; 2RN;1 2 ;
f't=0:x; ;! )= f, x;?; ;|
(1.12)
Ici, ( ;P) estun espace de probabilités muni d'un groupe ergodique dartsfor-
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mations invariantes( y),,grn . La fonctionfq = fo(x;y; ;! ) est stationnaire en(y; ! )
presque partout enx; , et la fonctionu 2 L*? (R)’)‘ ) est stationnaire. Cette équa-
tion décrit I'évolution de la densité d'un ensemble de partules chargées soumises a
un champ électrique aléatoire fortement oscillant, dériva du potentiel u(x=";! ).

Cette équation avait été étudiée, dans un cadre périodiqueapEmmanuel Fré-
nod et Kamel Hamdache dans [33]. L'enjeu était donc ici de géabser les résultats
de ces auteurs a un cadre stationnaire ; dans un premier temgsest apparu préfé-
rable de ne pas tenter d'utiliser les mémes techniques quendde cadre périodique,
a n de s'aranchir des problémes de compacité inhérents au dee stationnaire. Ce
changement de stratégie s'est révélé fructueux, puisques Igsultats obtenus dans
I'article [16], qui seront décrits au chapitre 6, sont plus ns que ceux de [33]. En
particulier, nous verrons qu'il est possible de démontremurésultat de convergence
forte, tandis que le résultat de [33] ne donnait que la conyggnce faible de la suite
f". En e et, nous montrerons qu'il existe une fonctiorf = f (t;x; ;y; ;! ) telle que
lorsque" ! O

frx; ;) f t;x;%;é;;! I 0 dansL

1.

loc-

Les oscillations microscopiques en espace donnent aingssance a des oscillations
microscopiques en temps, qui ne disparaissent pas lorsdqué! 1

Dans ce chapitre d'introduction, la troisieme partie est awsacrée a l'équation
(1.10), et la quatrieme a I'équation (1.12). Pour chaque metk, on tachera d'exposer
dans les grandes lignes les principaux résultats et les métles de preuve.

1.3 Homogeénéisation de lois de conservation sca-
laires

Dans cette partie, on décrit brievement les résultats qui érrait a I'homogénéi-
sation des équations (1.1) et (1.10). Certaines des preuves ¢ mémoire de these
sont inspirées de techniques de [24, 27], ou reposent sur tEhniques introduites
dans [24]; néanmoins, l'analyse de I'équation (1.10) estcilitée par la présence
du terme de viscosité, ce qui permet une meilleure caracgation des problemes
microscopiques. Ainsi, il sera possible de découpler leddles macroscopiques et
microscopiques des problemes limites pour I'équation (D)1 tandis que dans le pro-
bleme (1.5), la moyenne des ne vérie pas d'équation remarquable. En d'autres
termes, il n'y a pas véritablement pour (1.3)-(1.4) de proleime homogénéisé. Bien
évidemment, il n'y a donc pas non plus de probléeme homogéréisour I'équation
(1.1), puisque (1.3) en est un cas particulier.

1.3.1 Présentation formelle

A n de trouver la forme des problémes limites pour (1.1), (1.0), on postule un
développement asymptotique multi-echelles en puissanas”, appelé Ansatz .
Ce type de méthode est classique en théorie de 'homogéné@at on pourra par
exemple se référer a [9, 44, 12].
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Ici, on commence par prendre un développement du type

u(tx)=u® tx; i +"ul tx; 5 + (1.13)
ol chaque termeu'(t; x;y) est périodique ery.

Autant que possible, nous ménerons simultanément les cdkyour I'équation
(1.1) et pour I'équation (1.10), de fagon a souligner les dirénces entre les deux
types de comportements asymptotiques. A n d'éviter les cdasions, nous noterons
u' les termes du développement asymptotique pour la solutiored1.10), etv' ceux
du développement pour la solution de (1.1).

On insere le membre de droite de (1.13) dans I'équation (1)1@espectivement
(1.1)), on e ectue un développement limité dans lequel on idé e les puissances de
". On obtient ainsi une cascade d'équations sur les termes sessifs du développe-
ment (1.13). Le but de ce calcul est d'identi er les fonctioau® et v°.

Dans le cas de I'équation (1.10), on trouve, pour le terme dre " , une équa-
tion elliptique, dite équation de la cellule , qui régit le comportement microsco-
pique deu® :

yu? +div A(y; u%) =0:

On remarque que les variables x sont des parameétres de I'équation précédente ; un
résultat d'existence et d'unicité pour cette équation elfitique, qui sera énoncé et
démontré plus tard, entraine que

ul(t; x;y) = v(y;u(t:x)); (1.14)

ou u(t;x) = huo(t;x; )i etv = v(y;p) 2 Hr}er(Y), y 2 Y; p2 R est solution de
I'équation elliptique

yV(y;p) +divyA(y;v(y;p) =0; hv(;p)i = p: (1.15)

Admettons provisoirement l'existence et l'unicité des sotions de I'équation
(1.15); le pro | microscopique (c'est-a-dire la dépendaeceny) de la fonction u®
est alors complétement identi é grace a la formule (1.14)| he reste donc plus qu'a
trouver une équation (bien posée) sun pour dé nir la fonction u® de fagon uni-
voque. L'équation suru (encore appelée probléeme homogénéisé ) est obtenue en
calculant le coe cient en facteur de"® dans le développement asymptotique ; mais
avant cela, écrivons I'équation de la cellule pour le probfee hyperbolique (1.1).

Dans le cas de I'équation (1.1), on trouve qué® véri e I'équation

divyA(y; V%) = 0:

La situation est alors beaucoup plus compliquée : en e et, Is®lutions entropiques
d'une telle équation ne sont pas uniques en général, commenlentrent des exemples
en dimension un (voir [49] et les calculs dans le cas 8dy;V) = jvj> V(y)). Par

ailleurs, I'existence de solutions de cette équation est yprobleme ouvert dés que
N 2etquele uxn'est pas adivergence nulle. Notons que si le uast a divergence
nulle, les constantes sont solutions de I'équation ci-dess mais en général, il peut
y avoir d'autres solutions. Dans le cas hyperbolique, I'égtion de la cellule ne su t
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donc pas a caractériser le comportement microscopique\ffe Nous ne présenterons
pas ici le calcul des termes suivants du développement, caug-ci n‘apportent pas
véritablement de lumiére sur le comportement macroscopigulev®. Il apparait donc
clairement ici que le cas hyperbolique est nettement plus dile a traiter que le cas
parabolique avec viscosité évanescente.

Retournons a présent au cas de I'équation (1.10), et calcokle terme suivant
du développement. Le terme d'ordré® donne le comportement macroscopique de
u®; précisément, on trouve

X
@ o @ @(y;uo)ul : (1.16)

@bt X @Ay;w) _ J
o @@y | @y @v

1
@t . @x

En prenant la moyenne de cette équation sur une cellule, ontfdisparaitre tous les
termes qui comportent des dérivées microscopiques; de pltidentité (1.14) donne
nalement I'équation sur u :

@J + div xA(U) = O’
u(t =0;x) = huo(x; )i; (1.17)

ou le ux A est donné par
A(p) = PAG;v(;p)i; p2R:

Le terme u® est ainsi parfaitement identi € ; I'équation (1.16) permetensuite, si
besoin est, de connaitre le pro | microscopique de¢'. Néanmoins, ce procédé souléve
une question non triviale : que se passe-t-il lorsque l'idié (1.14) n'est pas véri ée
alinstant t=0? Eneet,at =0, I'Ansatz (1.13) donne

u(t =0;%y) = uo(X;y);

et il se peut queug(x;y) ne soit pas de la forme/(y;ug(x)). On parle en ce cas de
donnée initiale mal préparée , et on s'attend alors a ce qui' se forme une couche
initiale durant laquelle la solutionsu” de (1.10) s'adapte au pro | microscopique
dicté par I'équation (1.10), c'est-a-dire (1.14). Des odkitions microscopiques en
temps se forment, et la contradiction avec I'Ansatz (1.13)st levée en remplacant
(2.13) par
. t X X
utx)=ul tx; ;= +"ul tx = + : (1.18)

Le terme d'ordre” ! donne alors une équation d'évolution parabolique au niveau

microscopique (c'est-a-dire dans les variablesy) sur u® = u®(t;x; ;y) :

@u® +divyA(y;u’)  yu®=0: (1.19)

On montrera que la parabolicité de cette équation force la meergence en temps
long vers un état stationnaire, c'est-a-dire une solutionall'équation elliptique (1.15).
Ainsi, aprés un laps de temps de l'ordre de quelquéstout se passe comme si la
condition initiale avait été bien préparée, et I'Ansatz (113) est de nouveau valide.
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Le chapitre 4 est entierement consacré a cette question, eius ne reviendrons pas
dessus dans cette introduction.

Notons que les résultats de Weinan E dans [24, 25], et WeinaneEDenis Serre
dans [27] sont valables a condition que les données initmlgoient bien préparées.
Dans le cas hyperbolique, le traitement des couches inigal dans le cas de données
bien préparées semble beaucoup plus compliqué; des hypsd®de non linéarité
sur le ux sont certainement nécessaires. En e et, si I'équain est linéaire, les os-
cillations ont tendance a se propager sans se dégrader, at'yl a donc pas d'espoir
d'arriver au méme type de résultat. A cet égard, signalons gue dernier chapitre de
cette these, qui porte justement sur 'homogénéisation de équation de transport
linéaire, met en évidence un phénomeéne d'oscillations nmascopiques en temps dans
un cas de données mal préparées; ces oscillations microsg@s sont propagées
par I'équation, et ne disparaissent pas lorsque la variablaicroscopique de temps
tend vers l'in ni. Dans le cas de ux non linéaires, peu de réstats sont connus; les
premiéres études remontent aux travaux de Peter Lax dans [4&ans le cas d'un
ux homogene strictement convexe en dimension un, avec unendition initiale os-
cillante. Ce résultat a ensuite été redémontré, et généradigu cas de la dimension
deux, par Bjorn Engquist et Weinan E dans [28]. Un résultat arague (en dimension
un) est également démontré par Constantine Dafermos dans [1Bn n, des travaux
de Denis Serre dans [65], et de Debora Amadori et Denis Serians [5], toujours
dans le cas de la dimension un, traitent de problemes anal@&gu

Dans les sous-parties suivantes, on donne les principausuttats ayant trait a
I'hnomogénéisation de (1.10) et (1.1).

1.3.2 Résultats dans le cas parabolique avec viscosité évanes-
cente

Dans cette sous-partie, on commence par énoncer un résull&xistence et d'uni-
cité pour I'équation (1.15), et une description du comportaent en temps grand des
solutions de (1.19), avec quelques éléments de preuve. Enan donne le résultat
d'homogénéisation pour les solutions de (1.10), pour ledu donne un schéma de
démonstration dans la sous-partie 1.3.4.

A Probleme de la cellule

Théoreme 1. Soit A 2 Wi (Y R)V.
On pose
. @A : . Cey = i -
q (y1 p) - 6p(y’ p)’ 1 I N’ an +1 (y’ p) - d|VyA(y1 p)

On suppose qu'il existe des rée3 > 0, m2[0;1 ), n2 [0;R*2) siN 3, tels
que pour tout(y;p2Y R

jaly:pi Co(@+jp™ 1 i N (1.20)

jana (y;Pj Co(1+jp"): (1.21)
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Alors pour tout p 2 R, il existe au plus une solutiorv( ;p) 2 ngr(Y) de I'équa-
tion (1.15).

Supposons en plus délL.20),(1.21) que I'une au moins des conditions suivantes
est véri ée :

m=0 (1.22)
oubien 0 n<1 (2.23)

: . N+2
ou bien n < min T;Z et9p 2 R; 8y 2 Y ay+1(y;po) =0: (1.24)

Alors pour tout p 2 R, il existe une (unique) solutionv( ; p) 2 H‘}er(Y) de (1.15).

En outre, pour toutp 2 R, v( ;p) appartient awggﬁ(v) pour toutl<qgq< +1
et véri e I'estimation suivante pour toutR > 0 :

Iv(:Piiwzeeyy C 8p2 Rjjp  R; (1.25)

et la constanteC ne dépend que dbl, Y, Cy, m, n, g et R.
Enn, la famille (v(y;p))p 2 R est croissante erp :

8p; P2 R; 8y2Y; p<p’) v(y;p) <v(y;p): (1.26)

Donnons a présent quelgues éléments pour la preuve du thénel . L'estimation
(1.25) découle de résultats de régularité combinés avec urgament de boot-
strap . L'unicité est une conséquence d'un principe du marium fort pour les
équations elliptiques. Le point le plus problématique, etaht la résolution n'est pas
encore entierement satisfaisante, réside dans l'obtential'estimations a priori dans
Héer(Y) pour I'équation (1.15), en vue de la preuve de l'existence delutions. Les
estimationsa priori peuvent étre obtenues de trois facons di érentes, ce qui ekple
la présence des trois régimes d'hypotheses (1.22)-(1.23&ns le cas ou I'hypothése
(1.22) est véri ée, il sut de linéariser I'équation (1.15) en écrivant

A(y;v(y:p) = A(y;0) + v(y; phy);

avech2 L* (Y)N grace a I'hypothése (1.22). Les estimations dakt,, (Y) sont alors
obtenues par des méthodes classiques.

Dans le cas ou I'nypothese (1.23) (ou I'hypothése (1.24))te®ri ée, on multiplie
I'équation (1.15) parv et on integre par parties; en utilisant (1.21), et en posant

ZW
Bi(y;w) = . Ai(y;p+r)dr  pourl i N;

t(y;p) = V(Y;p) P2 Hpe(Y); hei =0;
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on obtient successivement

Z Z
jir gji2dy = A(y;p+4) r tdy (1.27)
Y Y
Xz g ‘X g
= @[Bi(y; t(y))] dy @(y;u(y)) dy
i=1 |Y Y {Z } Yo i=1 Y
=0
Z Z e(y)
= an+1(y;p+r)dr
Y 50
ZZ te(y)
Co (L+(jpj+ jrj)") drdy
Y O
it Gy C (@ ip)EiieZ + i fa (1.28)

Sin < 1, on obtient immédiatement une estimationH ! sur & (et donc surv) grace
a l'inégalité de Poincaré-Wirtinger. Il ne reste donc plus Wja examiner le cas de
I'nypothése (1.24); en ce cas, on &(y;py) = po d'aprés le résultat d'unicité. De
plus, d'aprées (1.26),

Z

jivly;p) - v(y;po)iiLicyy =sgn(p  po) Y[v(;|o) v(;po)l=Jp  Poj;

et donc

Ve Piicseyy  (Poj + P Poj) :
On a ainsi obtenu une estimatiora priori L* surv. Pour des exposant® su sam-
ment petits , on interpole ensuite L"*! entre L et L% ou

2N . .
G = N 2 siN > 2; @ quelconque sinon.

L'exposant critique dans (1.24) est exactement celui nésasre pour obtenir une
estimation H! de cette facon (on rappelle l'injection de Sobolehléer(Y) L%(Y)).

O
B Homogénéisation
Théoréme 2. Soit up 2 Lt (RY; Ger(Y)).
On suppose qu'il existe des constantes; , 2 R telles que
v(y; 1) uo(xiy) v(y; 2) p.p.x2RN;y2Y: (1.29)

On suppose toujours que le wA 2 WXL (Y R)N vérie (1.20),(1.21), ainsi que

per,loc
(1.22),(1.23) ou (1.24), et queg—;‘ 2 LL.(Y R), @a(y; ) 2 C(R) pour presque tout
y2Yetl i N+1,1 j N.
Alors pour tout T >0, R> 0
X

u(t;x) v =—;u(tx) !l 0 lorsque"! O;
L((0;T) Br)
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ou u est la solution du probleme homogénéi¢#.17) avec pour donnée initiale

u(t =0;x) = up(x) = hug(x; )i:

Ce théoreme est valable pour des données initiales bien pnémss ou mal pré-
parées. Nous donnerons dans la partie 1.3.4 quelques élémele preuve pour les
résultats d'homogénisation, pour le cas parabolique et pole cas hyperbolique si-
multanément, dans le cas de données bien préparées.

1.3.3 Résultats dans le cas hyperbolique

Dans cette partie, nous nous contenterons de donner des Héss dans le cas
d'un ux a divergence nulle, an de simpli er la présentation. Toutefois, tous ces
résultats peuvent étre généralisés a des ux quelconquesn @nvoie au chapitre 5
pour des énoncés précis dans le cas ou le ux n'est pas a diesce nulle.

On commence par donner une notion de probléme limite dans Escyperbolique.
Comme nous l'avons déja souligné, le probleme limite est ungmiéme cinétique
par essence; celui-ci est a rapprocher de la formulation étique pour les lois de
conservation scalaires, mais ne peut cependant pas se réglld une équation de
type loi de conservation. On donne ensuite un résultat d'estence et d'unicité pour
ce probléme limite, et en n on donne un résultat de convergea pour la familleu’
de solutions de (1.1).

On introduit la fonction :R2!f  1;1;0g dé nie par

<1 si0O<v<u;
(v;u) = 1 siu<v< 0
0 sinon.

Dé nition 1.3.1  (Solutions du probléme limite) Soitf 2 L ([0;1 );LY}(RN Y
R)), Up 2 L*\ LT (RN Y). On dit quef est une solution cinétique généralisée
du probleme limite, avec donnée initiale ( ;ug), s'il existe une distribution M 2
Dger([o; 1) RY Y R)telle que les propriétés suivantes soient véri ées :

1. Support compact en : il existe une constanteK > 0 telle que
Suppf; SuppM  [0;1) RY Y [ KK]; (1.30)
2. Equation microscopique f est solution au sens des distributions de I'équation
divy(ay; )f (txy; ))=0: (1.31)

3. Equation d'évolution : le couplef; M ) est solution au sens des distributions
de I'équation

aly; ) rxf =M;
f(t=0;xy; )= (uolxy)) = folxy; ) (1.32)
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Autrement dit, pour toute fonction test 2Dp([0;1) RY Y R),ona
Z .,z
fxy )@ (tExy; )+ aly; ) rx (txy; )gdidxdyd =

N
0 RN Y R 7

= h ; Mi;po (;uo(x;y)) (t=0;xy; )dxdyd:

RN Y R

4. Contraintes surf : il existe une mesure positive 2 M1 ([0;1) RY Y R)

per
telle que
@ = () ; (1.33)
sgnOf (bxiy: ) = Jf(txy: )i 1 pp. (1.34)
1 . ..
= . jif(s) foliLen v r ds!! 0O: (1.35)

5. Contrainte sur M : pour toute fonction' 2D ([0;1) RN telle que' 0,
la distribution M, ' appartient aC([0;1) RV;L?(Y R)), et de plus

R
v RM e ) (X)) 0,

L'existence et 'unicité de solutions du systeme limite estssurée par le théoréme
suivant :

Théoreme 3. Soit A2 W2 (Y R) tel quediv,A =0.

per,loc

1. Existence : soitug 2 L* (RN Y)\ LY(RV; G (Y)) telle que I'équation suivante
soit véri ée au sens des distributions :

divy (aly; ) (;uo(x;y))=0:

Alors il existe une fonctionf , solution cinétique généralisée du probléme limite,
avec comme donnée initiale (;uy).

2. Rigidité :soit up2 L* \ LYRN Y),etsoitf 2 L ([0;1 );LY(RN Y
R)) une solution cinétique généralisée du probléme limite, audmme donnée
initiale  (;uy). Alors il existe une fonctionu 2 L ([0;1 );LYRN  Y))\
LY (0;1) RN Y)telle que

f(t;x;y; )= (;u(t;x;y)) presque partout.

3. Unicité et principe de contraction : soitug;vo 2 L* \ LY(RY Y), et soitf; g
deux solutions cinétiques généralisées du probleme limaeec comme données
initiales  (;up) et (;Vvo) respectivement. Alors pour tout > 0, on a

it oMiiLyry v ry Jl Uo  VoliLrry v): (1.37)

Par conséquent, pour toutlp 2 L* \ LY(RN; G (Y)), il existe une unique fonction
f 2L (0;1);LYRY Y R)) solution cinétique généralisée du probléme limite.
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Ce théoréme sera démontré en détail au chapitre 5.
Passons a présent au résultat d'homogénéisation :

Théoréme 4. Soit A 2 W2 (Y R). On suppose que

per,loc
divyA(y; )=0 8(y; )2 R"™;

et on suppose que la condition initialely véri e les conditions suivantes :

up2 LY (RN Y); (1.38)

Uo 2 LY(R™; Ger(Y)); (1.39)

divy (a(y; ) (;uo(x;y))=0 dansD® (1.40)

Soitf = (;u) l'unique solution cinétique généralisée du probléme limjtavec

comme donnée initiale ( ;ug). Alors, lorsque" tend vers zéro, on a
(U’ X)) # Guxy)): (1.41)

Par conséquent, pour tout noyau régularisarit de la forme

=5 X x2RY >0

R
avec' 2D(RV), ' =1,0 ' 1, etpourtout compactKk [0;1) RN,ona
la convergence suivante :

IilrnO,I,i'rn0 u(tx) u ' t;x;§ =0: (1.42)

Li(K)

1.3.4 Technigues d’homogénéisation pour les lois de conser-
vation scalaires

Dans cette partie, on donne une méthode pour démontrer lesudtat d'homogé-
néisation des théorémes 2 et 4. Cette technique avait initexhent été mise en +uvre
dans l'article [19] pour I'homogénéisation de I'équation1(10), et est décrite en deé-
tail dans le chapitre 3. Appliquée ensuite a I'équation (1)1elle a permis de dé nir
une notion de probleme limite dans le cas hyperbolique (voir.3.1) et de donner
un résultat de convergence. L'idée maitresse est d'écriraeuformulation cinétique
adaptée a I'équation que I'on désire homogénéiser, et de gasensuite a la limite
a deux échelles dans I'équation de formulation cinétique.|Else distingue donc des
preuves d’homogénéisation mises en +uvre par Weinan E darzel] et par Weinan E
et Denis Serre dans [27], puisque les preuves de ces deuxlagireposent sur 'utili-
sation des mesures d'Young a deux échelles, une notion imtuite par Weinan E dans
[24]. L'utilisation de formulations cinétiques plutét quedes mesures d'Young permet
d'écrire des preuves plus simples et plus souples, et il esspible que cette technique
puisse étre transposée a d'autres équations d'évolutionradttant des formulations
cinétiques, dans le but d'étudier des phénoménes d'osdilians.
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Dans toute cette partie, on se concentrera sur le cas de doaadien préparées, et
on traitera simultanément I'hnomogénéisation de I'équatio(1.1) et celle de I'équation
(1.10). A n de ne pas compliquer la présentation, on n'exgjue pas ici I'obtention
des formulations cinétiques pour les équations (1.1) et {D), et on renvoie a l'article
[15] pour la formulation cinétique de (1.1), et a I'article 19] (ou au chapitre 3) pour
celle de (1.10).

Le résultat est le suivant : soitu” (resp. V") la solution entropique de I'équation
(1.1) (resp. (1.10)), avec pour données initiales

U(E=0iX)= U Xix
V(t=0;x)=vV ?;vo(x) © Vo2 LT (RVY):

On suppose de surcroit quely vérie (1.38)-(1.40). On dé nit, pour " > 0, les
fonctions

fr(txp) = (p;u(tx));
g" (tx;p):= 1v(¥;p)<v " (t;x);

g (txip) = g(tx p)%\; P

Alors il existe des mesures positives1' (t;x;p), (t;x;p) telles que les équations
suivantes soient veéri ées au sens des distributions :

@, @ o X tixp =@M
@1; + @( a —p f(txp) @p (1.43)
f't=0:x;p)=  p;Uo x;? : (1.44)
gg"+ @@x & 2V ap 6§ "= %: (1.45)
g (t=0:XP) = Ly(sp)ew (xnai) = Locuoto’ (1.46)

Dans la derniére ligne, on a utilisé le fait que la conditiomitiale pour v' est
bien préparée.

L'idée est de traduire les résultats de convergence forteadrtés dans les théo-
remes 2, 4, par un résultat de convergence a deux échellesndde convergence
faible) pour les suitesf ', g'. Rappelons tout d'abord la notion de convergence a
deux échelles, formalisée par Grégoire Allaire dans [3]aptes une idée de Gabriel
N'Guetseng (voir [56]) :

Proposition 1.3.1. Soit fw'g- o une famille bornée deL?() , oli  est un ouvert
guelconque d&R". Alors il existe une suite(",)n2n de nombres strictement positifs
tendant vers 0, ainsi qu'une fonctionv® 2 L?2( YY), telles que
Z Z
X; L w(x) dx ! (x; Y)VO(x;y) dx dy
n Y
pour tout 2 Cper(Y;L2()) .
On dit alors que la suitef w' " g,,n converge a deux échelles vevg.
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Ce concept est aisément généralisable a des familles de fiomst bornées dans
L1 ((0;1) RN R); les fonctions test oscillantes considérées seront alotstgpe

X
UX &P

avec 2Dper([0;1) RN Y Rp).Ilexiste donc deux suiteg” n)nan €t ("2)n2n, ten-
dant vers 0, ainsi que des fonctionk = f (t;X;y; p), 9= a(t;x;y;p) 2 LY ((0;1)
RY Y R),telles que la suitef "~ (resp. la swteg ") converge a deux échelles vers
f (resp.g). Par souci de simplicité, on notef *, g les suitesf ", g’ h

On peut alors démontrer que le résultat de convergence forde théoreme 2 est

équivalent a
v 2 géch.
g * Lv(yip)<v (yzuctx) = Lp<u(tx);

et que le résultat de convergence forte du théoreme 4 est éqilént a

£7 28N (o u(t x;y)):

Le but est a présent de passer a la limite dans les équations4@), (1.45), an de
montrer quef est une solution cinétique généralisée du systeme limite32), et que
g = 1p<y, OU u est I'unique solution entropique du probleme homogénéisg.{7).

Pour cela, on commence par démontrer que et g véri ent les conditions sui-
vantes :

sgnf)=jfj 1 p.p; (1.47)
f(txy;p) =0 sijpj > jjuojjs ; (1.48)
@f = (p) 1(t;X;y;p); 1 mesure positive (1.49)
et
0O g 1 pp; (1.50)
g(t;x;y;p) =0 sip> supuo; (1.51)
gt x;y;p) =1 sip<infug; (1.52)
@y= 2tXxy;p); 2 mesure positive (1.53)

Ces propriétés sont obtenues par passage a la limite faiblendades propriétés ana-
logues Vvéri ées parf * et g ; elles sont démontrées en détail aux chapitres 3 et 5.

Ensuite, on étudie les pro Is microscopiques de et g. A cette n, on choisit des
fonctions tests du type' " = " (t;x;x=";p) dans les équations (1.43) et (1.45), et
on passe a la limite a deux échelles. Grace aux bornes sur, " etf’, g, tous les
termes qui comportent au moins une dérivée macroscopique déc'est-a-dire, ent,
X, ou p), tendent vers 0 quand' ! 0, et il ne reste que les termes qui ne comportent
gue des dérivées microscopiques (ghde . On obtient ainsi

divy [a(y; p)f ] = 0

ce qui signi e quef est solution de I'équation microscopique (1.31), et

y %gy;p)g +divy a(y;V(y;p))%[vgy;p)g =0:
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L'équation surf n'est pas su sante pour déterminer de facon univoque le pro-
| microscopique def. En revanche, on peut montrer que@v=@gst une mesure
positive, solution de I'équation

@
@
En utilisant le théoreme de Krein-Rutman, on en déduit que la frction que g est
indépendante dey. Donc g = g(t; x; p).

Enn, on montre que f et g sont solutions des équations cinétiquead hoc;
commencons par le cas dg qui est un peu plus simple. On prend a présent pour
I'équation (1.45) des fonctions tests qui n'ont plus d'ositations en x="; autrement
dit, on passe a la limite faible dans I'équation (1.45). A exaction d'une sous-suite
prés, il existe une mesure positiven(t; x; p) telle que “ converge faiblement dans
M1 versm, et g est donc solution de I'équation d'évolution

@f @m

@+a(p) r«f = @p

gy o) +divy a(y;v(y;p) gy;p) = 0:

On a utilisé les propriétés
Z Z
Vo(yip) dy =
7 y o é:lp Y

e . _d ot _d _ .
Ya(y,V(y,|0))Vp(y,|o)dy— dp YA(y,V(y,p)) dy OIIOA(lO) a(p):

v(y;p) dy =1;

Cette équation, combinée avec les propriétés (1.47)-(1.4@ntraine grace a un
théoreme de rigidité d0 a Benoit Perthame (voir [58, 59]) quk est une fonction
indicatrice :

F= Tpcuw;s

ouu2C(0;1);LLt.(RV)\ L ([0;1) RN) estl'unique solution entropique de
(2.17). Le résultat est donc demontré poug.
Pour f , la preuve est un peu moins simple, car il faut montrer que lasdribution

. @f .
M = @t+ aly;p) r «f
veéri e les hypothéses de la dé nition 1.3.1; or le lien entreggularisation par convo-
lution et convergence a deux échelles est assez compliqtid, faut donc utiliser des
fonctions tests un peu particuliéres. On renvoie au chapér5 pour la construction
de ces fonctions tests.
Ici, nous allons nous contenter de donner une preuve forngelllu résultat, en

partant du postulat suivant : pour 2 D([0;1) RN), 0, et pour 2
Li.(Y Rp) telleque@ O divy(a )=0,0na
Z,Z7

M (t;xy;p) (t;x) (y;p) dtdxdydp
0 ZRNZY R
! @f X

= lim + a

- fr :
"0 0 RN +1 @t " ’p Fx (LX)

p dt dx dp:
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Cette égalité n'a pas vraiment de sens telle gu'elle est é@itci, mais on peut
rendre cette formulation rigoureuse avec des régularisatis; on utilise ici le fait
qguediv(a ) = 0. En utilisant I'équation sur f *, on en déduit que
1
M (X y;p) (tx) (y;p) dtdxdydp

N
OzFszR

= lim @_m (t; x) ?;p dtdx dp
1o 07 Ry @p
! . X
= lim m (tLx)@ ;p dtdxdp
Y 0 RN +1
0:
Ci-dessus, on a utilisé les inégalittm” 0, @ 0, 0. Donc M Vérie

la condition de la dé nition 1.3.1, etf est une solution cinétiqgue généralisée du
probléme limite. D'apres le théoréme 3, on en déduit qu'il &te une fonctionu telle
quef = (p;u), ce qui entraine le résultat du théoréme 4.

1.4 Homogénéisation d'une équation de transport
linéaire

Cette partie est consacrée a I'étude de la familfdf "g-. o de solutions de (1.12).
A n de simpli er la présentation, on se limite dans cette intoduction au cas pério-
dique, c'est-a-dire que I'on suppose que le potentiglappartient a Cgér(RN), et que
la condition initiale f, appatient & Lj.,(RY Y RY). Néanmoins, tous les ré-
sultats de cette partie peuvent étre généralisés au cas statnaire, comme cela sera
expliqué en détail au chapitre 6. Comme pour I'étude des éqimts (1.1), (1.10), on
commence par postuler un développement formel en puissaside" a n de trouver
le systeme limite, puis on donne un résultat de convergenaeté du type

f'f t;x;%;?; I 0

fortement dansL} ., avecf solution du systeme limite.

Ce type de comportement asymptotique avait été étudié par Emmael Frénod
et Kamel Hamdache dans [33] dans un cadre périodique ; dans asicle, les auteurs
démontraient un résultat de convergence faible pour la fali@ f f "g-- . Le méme type
de systéme avait également été étudié par Radjesvarane Adexire [2], ou encore par
K. Hamdache, Y. Amirat et A. Ziani [6]. Plus recemment, LaurenDumas et Frangois
Golse [23] ont étudié 'homogénéisation d'une équation deahsport avec des termes
d'absorption et de scattering (voir aussi [35]); on pourra également consulter les
méthodes exposées dans l'article de revue de F. Castella, Rgond et T. Goudon
[11].

1.4.1 Etude formelle

On s'intéresse au comportement asymptotique de la familfé “g-. o de solutions
de (1.12). Comme précédemment, on commence par postuler unveléppement
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asymptotique en puissances dg& dont le but est de nous permettre de deviner les
problemes limites. On suppose que

Frltx: )= 10 tx » +"L tx o +

On insere ce développement dans I'équation et on identi edeuissances dé. On
obtient alors I'équation microscopique suivante :

rfoy;;t) royu(yst) rofoy; 1 )=0 (1.54)
Cela suggere la dé nition suivante :

Dé nition 1.4.1. On note K, et on appelle espace de contraintes , l'espace vec-
toriel suivant :
K= ff 2 Ligeper(RY  Y;LY()); f vérie (1.54)dansDJ.(Y R")p.s.en!g:

per

On note P la projection surK ; pour f 2 LL (RN Y;LY()) stationnaire quel-

loc
congue, la fonctionP(f ) est caractérisée par les propriétés

(i) P(f)2K;
(i) Pour toute fonction g2 L* (Y RN ) \ K, g de support compact en,
on a
Z
(RO D)t )d dP()=0 ppy2 RY:

On dé nit enn

K?:=ff 2LL __(RV Y;LY()); 9g2LL (RN Y:LY)) ; f=PQg gg

loc,per loc,per

Comme dans la partie précédente, il se peut que I'équation $4) ne soit pas
satisfaite par la condition initiale fo. Comme I'équation (1.12) est linéaire, il est
utile d'écrire f sous la forme

f0: P(f0)+[f0 P(fo)] ;

on posegy = P(fo), hg = fo P(fo), et on noteg’, h' les solutions de I'équation
(1.12) avec comme conditions initiales

Jo x;§; 7 ho x;ﬁ;

respectivement. Alorsond” = g +h’, etgy 2 K, hyg 2 K?, de sorte que la condition
initiale pour g est bien préparée, et celle pour est mal préparée. On s'attend donc
a observer des oscillations temporelles rapides dams mais pas dansgy .

Pour h", on postule un développement du type

W(Gx )= M0 6xain; +'hE Exa +
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et on trouve que
@h®+ ryh®r yur h°=0: (1.55)

Cette équation régit donc le comportement microscopique errhps deh” ; contrai-
rement au cas parabolique étudié précédemment, cette égoat préserve toutes les
normesLP, donc on ne s'attend pas a ce que
h°C)! 0 dansL},

lorsque !1 .1l n'y adonc pas de disparition des oscillations temporels micro-
scopiques dues a la mauvaise préparation de la conditiontiale.

Passons a présent aux équations macroscopiques : pgyren postulant toujours
un développement du type

. X X
gtx )=9¢ tx 5 +"g" tx T +

on obtient
@P°+ ry®+ rygtr yur,gt=0:
Projetons a présent cette équation suK ; on rappelle que grace a la premiere étape,

g° 2 K presque partout. D'autre part, la projectionP commute avec les dérivées en
t et enx. Par conséquent,

P( rxd”)=P() 19"
En n on véri e (formellement) que
rygt royu rygt 2K

On en déduit donc que
@+ 1y; ) r«g®=0 (1.56)

Wy; )= P(y; ) 7! ):

Nous verrons plus tard quen® véri e la méme équation de transport ; néanmoins,
il semble di cile de déduire cette équation de transport (pair h®) du développement
formel, et nous ne calculons donc pas le terme suivant du déampement pourh®,

1.4.2 Reésultats

Dans [33], Emmanuel Frénod et Kamel Hamdache démontrent que $alution
f" de I'équation (1.12) converge a deux échelles vers une footf = f (t;x;y; )
qui vérie les équations (1.54), (1.56), aved (t = 0;x;y; ) = P(fo)(x;y; ). Ici,
nous allons démontrer un résultat de convergence forte, reatt en évidence un
phénomeéne d'oscillations microscopiques en temps, et apjpot ainsi une vision
plus ra née du comportement des solutions. Le résultat estel suivant :
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Théoreme 5. Soit fo 2 Liy. e (RY  RY Y), et soitf™ = f'(t;x; ) la solution
de (1.12).

Alors il existe deux fonctions périodiqueg = g(t;x;y; ) et h = h(t;x; ;y; ),
ainsi qu'une famillefr'(t;x; )g-s o telles que

F(tx: )= g tx o +h t;x;%;?; + (X )

les fonctionsg, h et la famille fr'g- o Véri ent les propriétés suivantes :
Convergence vers 0 du terme de restejirjii: .1y ry rv) ! O lorsque
"0,
Contrainte sur g: g2 L.
presque toutt 0, x 2 RN ;
Contraintes sur h: h2 Li([0;1 ) [0;1 );Lieper(RY Y RY)). De plus,
h(t;x; ; ) 2 K? pour presque tout(t;x; )2 (0;1) RN (0;1), et h est
solution de I'équation(1.55).
De plus, pour toutT > 0

Z

((0;1 );LL. (RN RN Y;)), etg(t;x) 2 K pour

loc,pér

h t;x;E;i; dt I' 0 lorsque"! O:

0 LL, (RY RN

Equation d'évolution macroscopique pourg et h : g et h véri ent I'équation
(1.56), avec les conditions initiales :

gt =0;xy; )= P(fo)(Xy; );
h(t=0;x; =0;y; )=[fo P{](Xy; ):

Rappelons que ce résultat reste vrai dans un cadre stationreergodique (voir
le chapitre 6); I'hypothése de périodicité n'est faite icige pour simpli er la présen-
tation.

La méthode de la preuve est fondée sur la remarque suivanteoupt > O,
x; 2RV, 12 ,ona

X )= fo Y bRy BN LXea

ou (Y;) estle systtme Hamiltonien associék(y; ;! )=1=2j j2+ u(y;!) :

EY_(t;y;;!)= (ty;;');, t>0
Ly t)=ryulyty; ;! )t);, t>0 (1.57)
Y(t=0;y;;')=y; (t=0;y;:!)=; (y;;!')2RN

Ainsi, I'étude du comportement asymptotique de * méne naturellement a celle
de la limite en temps grand du system¢Y;) . La sous-partie 1.4.3 est consacrée
a l'analyse du systemgY:; ) , et on donne une ébauche de la preuve du théoreme
5 dans la sous-partie 1.4.4. En n, la derniére sous-partiedite du cas intégrable,
c'est-a-dire du cas olN =1.
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1.4.3 Etude d'un systéme hamiltonien

On étudie ici la limite en temps grand du systeme hamiltonieqY; ) , solution
de (1.57) aveau fonction périodique de périodd =[0; 1]N. On véri e aisément que
pourtout y 2 T, 2 RN, etk 2 zZN, (Y;)( ;y+k et (Y(;y; )+ kK (;y))
satisfont le méme systeme d'équations di érentielles et la@&me condition initiale.
Par conséquent,

Y(ty; )+k=Y(@ty+k ) 8 0 (y; )2RN; k22zN:
On peut donc considére(Y;) comme un systéme dynamique suF RN, en in-
troduisant le semi-groupe
Te:(y; )2Y RYT7L Y(ty; ) (ty; )

ouyY(ty, )2TetY(ty; ) Y(ty; )2 zZN. D'aprés le théoréme de Liouville, le
semi-groupeT, préserve la mesure de Lebesgue stir RN.

Par ailleurs, on rappelle que le hamiltonietd (y; ) = %j j?+ u(y) est constant
le long des trajectoires du systeme hamiltoniefl; ) . Sans perte de généralité, on
choisit u 2 Cger(T) de telle sorte que

igf =0;SUpuU = Umpax > O:
Alors pour tout ¢ > 0, la mesure
dme(y; ) = 1n(y; )<c dy d
est invariante par le semi-groupd;, et
m(T RY) C(07< +1;

ou la constanteC ne dépend que dé\ .
On déduit alors du théoreme ergodique de Birkho (voir par esmple [66, 41]) le
résultat suivant :

Proposition 1.4.1. 1. Soitc > 0 quelconque, et soit 2 LY(T RN;dm,). Alors
il existe une fonctionf 2 LY(T RN;dm,) telle que lorsque !'1
Z

T f (VY )i (ty: )it f(y; ) pp. et dansLi(dm):
0
De plus,f est invariantezpar le ot hamziltonien (Y;) et

fdm. = fdm:

T RN T RN
2. Soit f § Loerioc (Y~ RY). Alors, lorsque !'1

Lt v(ty: )i (ty: ) dtl PEYy: )i pop. et dansLi(dmy);
0

ou P est la projection surK (voir la dé nition 1.4.1).

On conclut cette sous-partie par un lien entre le systeme dgmique (1.57) et
I'équation (1.55). Soit o2 L (T R), et soit

ty; )= oYty ); (ty; ) t Oy2T, 2R
Alors est l'unique solution de I'équation (1.55) avec la conditioinitiale .
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1.4.4 Eléments de preuve

On donne ici les principales idées de la preuve du théoremed.8.principe de base
est d'étudier séparément les données initiales qui ne dépent que de la variable
macroscopiquex et celles qui ne dépendent que des variables microscopigyes.
Une fois ces deux cas particuliers résolus, le cas généralodde de la linéarité de
I'équation et d'un résultat de densité ; on n'expliquera pase dernier point ici.

Premier cas :fo = fo(y; ) 2 L (RY; LY (T))
On pose alors
f = P(fo);
g=90;y; )=I[fo PEJY(C5y; ) ( 5y )

Il est alors immédiat quef 2 K et g véri e I'équation d'évolution (1.55) d'apres la
remarque a la n de la sous-partie précédente. De plusy P(fo) 2 K?, et donc
g2 K? car pour tout 0,

PCOICYCs ) Cs N=PLYC ) €5 NI
Doncf et g véri ent les équations du théoreme 5. De plus,

fi(tx; ) f x. g Ei

= f(@x ) foY 5% 0 o =0;

et le théoréme est donc vrai avec = 0.
Deuxiéme cas fo = fo(x) 2 WHL (RY)
Dans ce cas, on a, pour> 0; x; 2RN; "> 0
" t x
fx )="Ff Y &% ;
et le résultat repose alors sur le lemme suivant, qui est au of du résultat de
convergence forte :

Lemma 1.4.1. Soit T > 0O, quelconque. Alors lorsqué ! 0,

dansL?! ((0;T);LL.(RY  RN)).

loc

Démonstration. On écrit, pour t > 0 quelconque

"Y g;ﬁ; x+t! X = vy %:?: AL
(z. )
= ! l 1 n? d +§] ?7
0
(.z. )
" X X
= t - d |
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On prend R; ¢ > 0 quelconques, eD< <T quelconque. Posons’= ¢?=2 + Upax.
Alors sit> |
zZz Z Z

CRVsup _  (;)d () ;
LY RN;dmo)
et la constanteC ne dépend que d&l . Le majorant de l'inégalité ci-dessus tend vers
0 pour tout > O; il ne reste plus qu'a voir ce qui se passe pour les temps petit

Sijj ¢ alors

H(y; )= HIY(sys )i (sys ) 8y2Y:
On en déduit que
p
iy ) CC+2Umax 8 > 0; 8y 2 Y;
o R
Iy; ) C+2Umx 8Y2Y:

Donc si c, pourtout "> 0,t> 0,x2 RN, ona

t p—
"y ;;?; X+t i; 2 2+ 2Umaxt:

On obtient ainsi une majoration du type

t X X "
Yoo x+t! = Cre *+ — 8:"> 0
L ((0;T)LY(Br Bc))
aveclim; =0. Cela entraine le résultat annoncé.
[l

Revenons a présent a la preuve du théoreme 5. Sbita solution de I'équation
de transport (1.56) aved (t =0) = fo. Alors on a

t X
fo "Y T fo x t! =::1

fiix; ) f t;x;?;

" X .o t X X
Fix ) f 6xE i foiws Y &E ox+th D
Le théoreme est alors une conséquence facile du lemme 1avécg =0 et

X

rgx; )=f(x ) f tx;=;
Troisiéme cas :fo quelconque.

Ce cas découle facilement des étapes précédentes, graceiadarité de I'équation
de transport et au résultat de convergence forte du lemme 114On commence par
considérer des conditions initiales du type

foxiy; ) = a(x)hy; );
puis on généralise le résultat a des conditions initiales gjaonques grace a une

propriété de contraction de I'équation de transport. Les dails sont expliqués au
chapitre 6.
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1.4.5 Le cas intégrable

Dans cette derniére sous-partie, on donne quelques fornsukxplicites pour la
projection P dans le cas olN = 1, ou plus généralement, dans le cas ou

X
uy)=  ui(yi); y=(ys ) 201,

i=1

et chaqueu; :R! R (1 i N) estune fonctionC?, périodique de période 1.
Dans ces conditions, le systémgy; ) est intégrable, et chaque systemgy;; ;)
est un systeme hamiltonien en dimension 1, dérivant de I'Halionien

Hii )= 5P+ w)i w2 [01) (2 R;

Dans ce cas, on peut donner des formules explicites podirainsi que pour la
projection P grace aux formules du paragraphe 1.4.3. Pour cela, on commerpar
étudier le cas oUN = 1, puis on étend ces résultats au cas d¥ est quelconque,
lorsque cela est possible. On donne ici sans démonstrati@s Irésultats obtenus
dans ce cadre, et on renvoie au chapitre 6 pour les calculs koifes menant a ces
expressions.

Commencons par I'expression de la projectioR en dimension un : sif 2
Léer,loc([O; 1] R)’ alors

P(E)(y: )= f(sgn();H(y; ))

l<e f ; 2(E u) +f ; 2(E u) 1

f(;E):=

1
2 1u< Epﬁ

Si E < Upay, €t
P

. 1
f ; 2(E U) pﬂ
f(;E):=
1
(E u)
Si E > U max-
En prenantf (y; )= , on en déduit que
Wy; )=sgn( ) (H(y; );

ou 8

3 0 Si E < Umax;

1 .
(E) = ———— SIE>Upma:
2 1
) 2(E u)

Cette derniere formule reste vraie en dimension quelconqumjisque lai éme
coordonnée del ne dépend que du systéme hamiltonien monodimension(gl; ;).
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1.5 Perspectives et problemes ouverts

En ce qui concerne 'homogénéisation de lois de conservatgmalaires hyperbo-
liques dans un cadre périodique, deux points essentielsteas ouverts : I'existence de
solutions du probléme de la cellule dans le cas hyperboliget le comportement de
la famille u” dans le cas de données initiales mal préparées. Pour ces denirts, des
hypotheses de non linéarité sur le ux semblent nécessainesur que les résultats
démontrés dans le cas parabolique restent vrais, et la nomédarité interviendrait
d'ailleurs pour la méme raison : dans les deux cas, il s'agtrd'obtenir un résultat
de compacité pour une équation hyperbolique (équation de &llule ou équation
d'évolution microscopique en temps). L'existence de solahs du probleme de la
cellule pourrait également étre d'une aide précieuse pouétlde du phénomene de
couche initiale. En e et, il est possible que I'écriture d'undormulation cinétique
adaptée a I'équation d'évolution simpli e I'étude de la compacité des solutions de
la dite équation. Mais la question du comportement en temps g des solutions
de lois de conservation scalaires semble di cile, et a ce jgyoeu de résultats sont
connus des que la dimension de l'espace est supérieure oleégadeux. Quant a
I'existence de solutions du probléme de la cellule, préamsoque la di culté princi-
pale est d'obtenir des estimations priori dansL?! sur les solutions ; mais dés que la
dimension est supérieure ou égale a deux, I'opérateur deealigence se préte peu aux
calculs explicites, et la méthode utilisée en dimension urersemble pas permettre
I'obtention de ces bornes priori.

Il serait également intéressant d'étudier I'homogénéisan de lois de conservation
scalaires dans un cadre stochastique. Cette question estaugd'hui completement
ouverte, sauf en dimension un, ou des résultats de convergeraible peuvent étre
déduits de 'homogénéisation d'équations de Hamilton-Jabi.

D'autre part, il est vraisemblable que I'on puisse générakr le résultat d'homo-
généisation sur les équations de transport linéaires, exggodans la derniere partie
de cette introduction, en prenant des hypotheéses moins restives sur le potentiel
u. On pourrait par exemple imaginer de travailler avec des fations u sous-linéaires
(dans le cadre stationnaire). Le cas intégrable (c'est-drd, le cas ouN = 1) donne
également naissance a des problemes ouverts originaux déattie des systemes dy-
namiques, détaillés dans le chapitre 6.
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Organisation du mémoire :

Les chapitres 2 et 3 (parties 3.1 a 3.4) correspondent aux iates de recherche
[14, 19] respectivement, et traitent de 'hnomogénéisatiate I'équation (1.10) dans le
cas de données bien préparées; seule la cinquieme et deenparrtie du chapitre 3
(Appendice) ne gure pas dans l'article [19], et n'a pas faitobjet d'une publication
antérieure. Cette partie généralise les résultats des chaps 2 et 3 a des ux pos-
sédant une dépendance macroscopique explicite. Le chapitt est issu de l'article
[18], et apporte une preuve d’homogénéisation pour I'équean (1.10) dans le cas de
données mal préparées. Le chapitre 5 traite de 'homogéradisn de lois de conser-
vation scalaires hyperboliques. En n, le chapitre 6 corregmd a l'article [16], et est
dédié a I'hnomogénéisation de I'équation (1.12).

Une bibliographie générale se trouve a la n du manuscrit.



Chapitre 2

Homogénéisation d'une loi de
conservation scalaire avec Vviscosité
évanescente.

Partie | : données bien-préparees

On étudie ici la limite quand " ! 0des solutions de I'équation
; h oy ;
@ +divy A —;u " xu =0:

Aprés avoir identi é le probleme homogénéisé grace a un développement asymp-
totique, on montre que u" se comporte dans L2, comme v *;u(t;x) lorsque
"1 0, ouv est la solution d'un probleme de la cellule et u celle du probleme
homogénéisé. La preuve utilise les mesures d'Young a deux échelles, une généra-
lisation des mesures d'Young adaptée aux problemes d'homogénéisation a deux

échelles.

Ce chapitre a fait I'objet d'une publication dans le Journal de Mathématiques
Pures et Appliquées (volume 86, 2006).

31
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2.1 Introduction

This paper is devoted to the analysis of the behavior a@s! 0 of the solutions

u 2LE(0;1) RMNC(0;1 );LE(RV)\ L2.([0;1 ); HL.(RY)) of the parabolic
scalar conservation law :

@u X @ X . . N

—(t;x) + —A; —u(tx "u=01t 0 x2RY; 2.1

Gt gt muEx) (21)

u(t=0)= up x;§ : (2.2)

The functions A; = Ai(y;Vv) (y 2 Y; v2 R) are assumed to bé -periodic, where
Y = N, (0;T;) is the unit cell, andup 2 L* (RN Y) is alsoY -periodic (in fact,
a little more regularity is necessary in order to ensure thaty x; % is measurable,
see for instance section 5 in [3]).

Our goal is to derive the homogenized problem, i.e. to showahthere exists a
function u® = u°(t; x;y) such that as" ! 0,

u(tx)! u(txy)

(the precise meaning of the above convergence will be madeaclater on) and to
nd the equations solved byu®. The homogenized operator can be computed by
means of a formal double-scale expansion (see [9]), as welsdee in the second
section; our main result is that they-average ofu® is the solution of a hyperbolic
scalar conservation law, the ux of which can be computed in tems of A and of the
solution of a quasilinear elliptic cell problem.

Notice that the viscosity has the same order of magnitude timathe size of the
heterogeneities, characterized by the small parametérhence, the problem we study
in this article is closer to the homogenization of consenian laws and transport
equations than to the homogenization of parabolic equatisnn which the viscosity
is of order 1; therefore, the technique we shall use for theqaf is inspired from
the one developed by W. E and D. Serre in [27] (see also [245][2nd [49] for an
equivalent formulation using Hamilton-Jacobi equationsjor the homogenization of
a one-dimensional conservation law. From a mathematical pwiof view, the role
of the viscosity here is to simplify the analysis of the cellrpblem, but it is not
fundamental in the convergence proof. Speaking in more phyal terms, we will
see that viscosity has an e ect at a microscopic level only. Téiis obvious when
looking at the homogenized problem : the cell equation, whigiales the microscopic
behavior of u®, remains elliptic, while the viscosity vanishes from the magscopic
evolution equation, which is a hyperbolic conservation law.

The proof of our main result relies on the use of two-scale cargence, which
was introduced by Allaire in [3], following an idea of Nguets® (see [56]). The
fundamental idea of Allaire and Nguetseng is to try and justy the formal two-scale

expansions
X
Lo+

. X
u(x)=uw x;= +"u

widely used in homogenization theory by expressing as a particular weak limit :
precisely, let us recall the basic result of two-scale comgence (see [3]) :
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Proposition 2.1.1. Let fu'g- be a bounded sequence bf() , where is an

open set ofRN. Then as" ! 0, there exists a subsequence, still denoted 'hyand
u®2 L2( YY), such that
z « z
X; = U (x)dx! (x; y)ul(x;y) dx dy

Y
for all 2 Cper(Y;L2())

Two-scale convergence is thus based on an appropriate clkeoof oscillating test
functions (see also [29] for a variant of this method applietb Hamilton-Jacobi
equations, and [12] for an exposition of Tartar's method ofsaillating test functions).
Unfortunately, we will not be able to use this theorem in the fom given by Allaire
because of the non-linearity of equation (2.1); instead, weill need two-scale Young
measures, a tool introduced by Weinan E in [24] which handle®m-linearities and
in which the information contained in two-scale limits is intuded. We will give more
details about two-scale Young measures and their propersien the third section.

Throughout this article, we use the notation
Z

1
hvi T \) d ;
YEN (y) dy

and we will work in the following functional spaces : it:,}er(Y) denotes the space of
Y -periodic functions inCt (RV), then :

——HYY) .. . e e
Hoer(Y) = Gee(Y)™ 5 i limge vy = i B
V= fv2 Hoo (Y); iy = 0g; jivijv = jir Vijiey)
Gea(Y R)=ff =f(y;v)2C' (RY R);f isY periodic inyg;

- wk1
WEL(Y R) = Go(Y R k2N

per
Wil (Y  R):= fu=u(y;v) 2 Wi (R¥?);uisY periodic inyg;
Kper == fV(x;y) 2CH (RN Y);visY periodic iny
and has compact support inxg;
Jper = fV(t;x;y) 2CH([0;+1) RY Y);vY periodiciny
and has compact support irt; xg:

Thanks to the Poincaré-Wirtinger inequality, the norm onV is equivalent to theH !
norm.
We will often use the following notations:

@ANyY;V)
@v

X @AY:V).

(L i N); avwa(y;v):= Qy

a(y;v) =

i=1

The organization of the paper is as follows : in the next subséamh, we state our
main results, which consist in two theorems : theorem 1 statdéke existence and
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unigueness of solutions of the cell problem, and theorem Z/gs the strong conver-
gence of the sequenag in case of well-prepared initial data. In the next section we
derive the homogenized problem thanks to formal double-deaexpansions, and we
perform the analysis of the cell problem (2.8). In the third ad last section, we give
two proofs of theorem 2, the rst one using thel.* contraction principle for equation
(2.1), but requiring very strong regularity assumptions, ad the second one using
two-scale Young measures.

2.1.1 Main results
Theorem 1. LetA 2 WX (Y R)N. Assume that there exisCo > 0, m 2 [0;1 ),

per,loc
n 2 [0;8*5) whenN 3, such that for all(y;p) 2 Y R
ja(y;pj Co(L+jp™) 81 i N; (2.3)
jan+1 (yip)j Co(1+jpi"): (2.4)

Assume as well that one of the following conditions holds:

m=0 (2.5)
or 0 n<1 (2.6)
or n< 2 and9pp 2 R; 8y 2 Y ay+1(Y;po) =0: (2.7)

Then for all p 2 R, there exists a unique solution+ 2 V of the cell problem
ye+divyA(y;p+ ) =0; (2.8)

For all p2 R, & ;p) belongs toWéﬁ(Y) forall 1< g < +1 and satis es the
following a priori estimate for allR > 0

ie(;Piiwzacyy C 8p2 Rjjp  R; (2.9)
for some constant C depending only oN, Y, Cy, m, n, g and R.

Theorem 2. Assume thatA 2 W&éiloc(Y R)N satis es the assumptions of theorem

1,andthatg—§2|_|1m(v R),Z22LL(Y Rfor1 i N+1,1 j N.

Let p2 R, and let & be the unique solution iV of the cell problem(2.8).
Let V4

1
Ai(p) = = Aily;p+ (y;p) dy: (2.10)
YT v
Assume also thatu, is well-prepared , i.e. satis es
Uo(X;y) = V(Y; Uo(X)) (2.11)

for someug 2 L\ Lt (RV).
Then as" goes to 0,

u(tx) v ?;u(t;x) I 0 inLZ.(0;1) RM);
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whereu = u(t;x) 2 C([0;1 );LY¥RN))\ L* ([0;1) RN) is the unique entropy
solution of the hyperbolic scalar conservation law

8
2 @ N enutx) .

@ @« ’ (2.12)
u(t =0:x) = up(x) 2 LY\ LT (RV):

>

Remark 2.1.1. Notice that in general, the null function is not a solution of(2.1),
unless we make the additional hypothesig.1 (y;0) =0 for all y 2 Y. Therefore, in
general there are no globdl! bounds on the solutions 0f2.1), even ifug x; % 2
LY(RN). Moreover, slightly stronger assumptions on the wA are required in gen-
eral in order to ensure the existence of solutions q®.1), e.g. A 2 W4 (Y R).
The hypothesisg)—;; %ﬁl 2 Li.(Y R)is necessary so that the?! contraction principle
holds.

Remark 2.1.2. Assumption (2.11) means that the initial data is already adapted to
the microstructure; if it is not, i.e. if it cannot be written in the form

Uo(X;y) = V(y;Uo(X)) ;

then it is expected that there will be an initial layer of orde" during which the
solution will adjust itself to the microstructure; this prdlem is not addressed here,
and will be delt with in a future article.

2.2 Formal computation of the homogenized prob-
lem

In order to compute the e ective equations which rule the systa in the limit " ! 0,
we use double scale asymptotic expansions (see [9] for a ganaresentation of this
technique): assume thau’ satis es the following Ansatz :
; X X
utx)=u tx = +"ul tx; = +

Inserting this expansion in equation (2.1) and identifyinghe powers of', we derive
the following equations onu®, u? :

Order " 1:
yUo(t X y) +div yA(y; u(t %)) = 0; (2.13)
Order "0 :
et X @ 0 0 L@ o
—+ — Ai(y;u 2 wu u- + — ua(y;u’) =0: 2.14
@t . @x (y;u’) y y @y a(y;u) (2.14)

(2.13) leads us to writeu® in the form

uO(t; x;y) = u(t; x) + s(y; u(t; x));
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whereu(t;x) = hu(t;x; )i, and &= d(y;p); ¥y 2 Y;p2 R satis es the so-called
cell equation
ye+divA(y;p+t(y;p) =0

together with the condition hti, = 0 for all p. Then, averaging (2.14) with respect
to y yields the evolution equation ornu :

@, X e _

@t ax O

i=1
where the homogenized uxA; can be computed thanks to the formula
Ai(p) == PA(;p+H(;p)iy :

The "9 term also allows us to derive the equation on? :

(

X @ et X @

ut+ = ula(y;w®) =2 Ju° =—+ = Ay;L

y @y (y;u’) xy | x i(y;u’)

Unfortunately, these calculations are entirely formal, ath must be justi ed rig-
orously. In the following subsections, we will show that the dmogenized equations
computed above have solutions, and in the third section, wéall prove the conver-
gence ofu” to the solution of the homogenized problem.

2.2.1 Cell problem

This subsection is devoted to the proof of theorem 1. In fact, one general results
can be proved, which we state in the following lemmas.

Lemma 2.2.1. AssumeA 2 Wi (Y R) satises (2.3),(2.4) with m 0 arbi-

trary, n 2 [0;X*%) whenN > 2 (if N 2, there is no restriction onn).

1. Regularity: If o 2 H;er(Y) is a solution of (2.8) for somep 2 R, then & 2
W?24(Y) for all 1<q< +1 , and the following estimate holds: for alR > O,
there exists a constantC > 0 depending only onR, g, N, Y, m, n and C,
and a constantM depending only org, m, n and N such that

jie(; Piiwaacy) C(1+jjujo1(Y))M 8p2[ R;R] (2.15)

2. Uniqueness and monotony: for alp 2 R, there exists at most one solution
ty;p) 2 V of (2.8). Moreover, if t(y;p) and t(y;p? are two solutions of
(2.8) with p  p° then settingv(y;p) := p+ d(y; p) we have

vy;p)  Vv(y;p) ae. onY:
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3. p-derivative : assume that there exists a solution af2.8) for all p 2 R and
that
Kr = sup jje(;P)jjHiyy < +1 8 R> 0
jpi R
Then for all p 2 R, %F( p) 2 ng,(Y) and for all R > 0 there existsC =
C(R;N;Y;Co; m;n;Kg) such that

@

= C: (2.16)
@P L1 rR)HL (V)

Moreover, if a(y; ) 2 C(R) for a.e. y, then %;2 Héer(Y) is the unique solution

of
@AV @v
— +divy aly;v(y;p)—= =0 2.17
vap v (y:v(y p))@p (2.17)
D E
under the constraint v =1,
Py
The Krein-Rutman theorem ensures that
%\éy; p >0 forae. (y;p2Y R: (2.18)
If additionnally & 2 L* (Y R)forl1 i N (i.,e. m=0), then there exists
> 0depending only o\, Y, and max; i y jj&jj1 such that
Qwy;p)
> 0 8y2Y8p2R: 2.19
@p y p (2.19)
Hence
iQf viy;pp! +1 asp! +1; (2.20)
supv(y;p) ! 1 asp!1l (2.21)
Y

We now state the existence result:

Lemma 2.2.2. AssumeA 2 WX' (Y R) satises (2.3),(2.4) with m and n

per, loc

satisfying one of the three conditiong2.5), (2.6) or (2.7). Then there exists a
(unique) solution of (2.8) for all p 2 R, and it satis es the following a priori estimate

jit(Piin: Cr 8p2[ R;R]; (2.22)
whereCg depends on
1. N, Y, and C, when (2.5) is satis ed;
2. N, Y, Cy, R and n when (2.6) is satis ed;



Homogénéisation d'une loi de conservation scalaire avec vi scosité
38 evanescente. Partie | : données bien-préparées

3. N, Y, Coy, R, nandpy when (2.7) is satis ed.

Remark 2.2.1. Hypothesis(2.7) can be slightly relaxed : in fact, we only need that
forall 2 [0;1], there existsp 2 R andu 2 V such that

yu + divyA(y;p +u)=0

and sup ,o.y(Jp J + jju JiLaey)) < +1 .

In that case, the constantCg in the a priori estimate (2.22) depends onN, Y,
Co, R, nand sup ,o.5(ip j + Jju JiLycy))-

If ay+1(Y;po) O, we can takep = po for all 2 [0; 1], and u 0.

We will need the following lemma, of which we skip the proof :

Lemma 2.2.3. Letb2 L* (Y)Y, > 0,f 2 L*(Y). Let m 2 H.,(Y) be a solution
of
ym +div ,(bm) = f

R
such that |, m
There exists a positive constant, depending only orN, Y, jjlj 1 (vyn, jif JjLzey)
and , s.t.

IMjuiyy  Co

Proof of Lemma 2.2.1.
- First step : A priori estimates :
Multiplying equation (2.8) by j&j9 ', for someq 1, we see that iftt 2 V\ L"*4
Is a solution of (2.8), thenu satis es
Z Z

a jrefe tdy=q j&? 'A(y;p+t) r wdy;
Y Y

set Z .,

Bi(y;w) = jirj9 *Ai(y;p+r) dr for1 i N:
0

Then using hypothesis (2.4)

Z"2"q1 )@Z@ ZX\I@B
q rdge? tdy = g @y BiEMI dv d GLH) dy
Y =1 | Y 4 {z ) v i, @y
=0
Z Z':f(y)
= q jri® fansa (y;p+r) dr
2°Z )
ac jri® @+ (jpi + jrij)") drdy
Y
1 . yn.. .3 .. ..h*a
o C (@+jp)ziitida + it i (2.23)

L2(Y)

forall g 1 and for some constanC depending only onN, n, Y, Cy and q.
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- Second step &2\ 1 <1 L'(Y):

Let R > O arbitrary, and let p 2 [ R;R], np = max(1;n). According to the a
priori estimate (2.23), there exists a constan€Cr depending only onR, N, n, Y, Cg
and g such that if &2 V \ L9 "o(Y) is a solution of (2.8)

it fir Cr (1 jitiLeno) 2
H?! is imbedded inL%(Y) for N > 2, and in L"(Y) for N 2,1 r< +1
arbitrary. Hence if a2 V is a solution of (2.8)

H’2\1r<+1 Lr(Y) if N 2

(g+1) N

B2 LIMo(Y)) w2L w2z (Y) 892 [L+1)if N> 2

When N > 2, de ne the sequencdo)x 1 by

N
qp=1; q<+1+n0—(q<+1)N—2, k L

Then it is easily checked that sincen < I*2, ¢ 1forallk 1and

u2 L% "(y) 8k 1;
! +1 ask!l

Moreover,
efjisne Clieg) o Clithjne
where the constantC depends only onN, Y, and n.
In all cases,tt 2\ 1 «+1 L"(Y). And for all r 2, there exists a constantCr

depending only onR, r, N, n, Co and Y, and a constantM depending only onr, n
and N such that for all p2 [ R;R], for all solutionsu 2 V of (2.8)

it Cr(1+ jidiju)" : (2.24)

- Third step : W2" estimates :
LetR> 0,and letp2 R, jpi R; let o be a solution of (2.8) for the parameter

p.
Sincew 2 H ., (Y), the chain rule allows us to write

yr = ana (y;p+d(y)) aly;p+u(y)) ryt (2.25)

In the above equation, a1 (y;p + t(y)), a(y;p + t(y)) belong to L'(Y) for all
r2[L+1),andr y&2 L2(Y).

Hence the right-hand side belongs ta.9(Y) for all 1 < q < 2, with locally
uniform bounds in p. Using interior regularity results for elliptic equations (see
[34],[47]) combined with the periodicity, it can be proved tat & 2 W24(Y) for all
g<2and

fitliwzaryy  CEA+ jitiu)"; (2.26)
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for a constant C depending only onCy, m, n, N, Y, g, and R and a constantM
depending only onm, n, N and g.

Next, Sobolev imbeddings entail thatr & 2 L} (R;L9Y)) for all g > 1 such
that ;> 3 § and we can repeat the same argument as above replachy 5
(if N > 2).

More precisely, let us de ne the sequenag by

N
Xk N
N 2

NI =

1_
Gk
then it is easily checked using the above method that
#2 WH(Y) 802 (1;g)) w2 WHI(Y) 892 (1;0+1);

as long ask +1 < %, and with bounds of the type (2.26).

2 )
By induction, &2 WL9(Y) for all 1< q < qy,, wherekg is the integer de ned by

N
ko< — ko+1:
0 2 0

Then g, N; consequentlyt2 W29(Y) for all g <N, and thus a2 WX (Y) for
all r 1. Plugging this result once more into (2.25) yieldst 2 W2" for all r 1,
with bounds of the type (2.26). Hence (2.15) is proved.

- Fourth step : Uniqueness and monotony of solutions of (2.8) :

If & and tr, are two solutions of (2.8) for parameters;, p., then wy,.,, =
(pr +H1) (p2+ Hy) 2 V satis es an elliptic equation

yWpyip, + iV y (B0, Wpyip,) = 0
where 7
1

By :p, (Y) = . aly; (1 Iv(y;p)+ v(yip) d:

Thanks to the regularity result we have just shownh,,.,, 2 L (Y)N for all py;p; 2
R. And for all R > 0, there exists a constantC depending onN, Y, Cy, m, n, R,

jit(pLiinz, jit(p2)jin, such that
IBiplic: vyv - € 8pyp2[ RIR]
The uniqueness and the monotony follow from the following lerman

Lemma 2.2.4. Letb2 L* (Y)V, and letv 2 H_,(Y) be a solution of the linear
elliptic equation

yv+divy(bvy) =0: (2.27)

There exists a positive probability measumn 2 Mpler(Y) = Ger(Y)?and a con-

stant ¢ 2 R such thatv = cm. In particular, if hvi, =0, thenv =0.
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We postpone the proof of the lemma.

Hence, sincdwp,p,i, = (p1  p2), we deduce thatwp,.p, = (P1 P2)Mp,;p,, With
Mp,;p, @ positive measure orY. If py = py, then wy,;p, = 0, and the uniqueness is
proved. If p, > p,, then

v(y;p) >Vv(y;p) 8y2Y:

As a consequence, we deduce
Z

ivly;p)  vly:pijLiy) = Y(V(y;|01) v(y;p2)) dy=jYj(pr P2)

- Fifth step : p-derivative:

NOW, My, p, () = “UBUP2) s g positive measure ofY for p; 6 py, py;p2 2 R,
and mp, ., satis es

yMpiop, iV y(By:0,Mp,p,) =05 My, 0 = 1 (2.28)

Assume that
Kr = sup jjt{p)jjhiv)y < +1 8 R> O
ip R

Then for all R > 0 there exists a constantCr > 0 depending only onN, Y, n,
m, Cp, R and Kr such that

ippadic: vy Cr 8puip22 [ RIRI:

Hence, using lemma 2.2.3, there exists a positive constadt depending only onR,
Co, m, n, N, Y, Kgr such that

iMppodinaeyy € 8(P1ip2) 2 R% 16 paipajijpa R
Letpn! po,po2[ R;R]. Extracting a subsequencemy,.,, () converges weakly in
Ioer(Y) strongly in LZ(Y) to Ky; Po) and by, .,, converges taa(y; v(y; po)). Passing
to the limit in equation (2.28) leads to equation (2.17). A priori estimates are

obtained using lemma 2.2.3, and eventually, lemma 2.2.4 ails that &l g‘r’(y Po) IS
a positive probability measure onY for all po.

- Sixth step : Proof of (2.20), (2.21) :

Whenm =0, g“;satls es (2.17) with

jaly;v(y;P)iic: (vyv - 2Co 8p2 R:

According to the Harnack inequality (see for instance [34gombined with the
periodicity, there exists a constantC depending only onCy, N, and Y such that

supw Cinfw:
Y Y

Since , w=jYj, sup,w 1. Hence there exists a positive constant, depending
only on Cy, N, and Y, such that
Qw;p)
@p

and (2.20), (2.21) are proved. m
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Proof of Lemma 2.2.2. Let us de ne the operatorT : u 2 V 7! v 2 V where
v = T(u) 2 V is the unique solution of the elliptic equation
yv = divyA(y;p+ u(y)):
Fixed points of T are solutions of (2.8), andTl is a continuous compact operator.
We want to apply Schaefer's xed point theorem, and thus proe that

fu2Vv;9 20,1 u= T (uwg

iIs bounded. In the sequel, we take 2 V, 2 [0;1] such thatu = T (u), and we
try and derive a bound onu.
We begin with the casem = 0. In that case, u satis es

yu+div(bu) = any.+1(y;0);

where Z,
(y) = . a(y;t(p+ u)) dt:

Henceb2 L! (Y)N and
ibic (vyy Ji A v rv 2Co;
i ans (v;0)jizey  CofYit:

Thus according to lemma 2.2.3, there exists a constafit depending only onN, Y
and Cy, such that

jiUjjiyy C
and the estimate is proved.
When either (2.6) or (2.7) are satis ed, for allu 2 V such thatu = T (u), the
a priori estimate (2.23) withg= 1 and changingA into A yields

n+1

n.. .1 -
Uiy C @+ jpi)zjjufiZs + jjujj 7a (2.29)

for some constantC depending only onN, n, Co and Y.

If n < 1, then it is easily seen that this inequality leads to anH! a priori
estimate, and thus to the existence of solutions of (2.8). IHee, we now focus on
the casen 1.

Sincen+1 < &2 2 (if N > 2), we can interpolateL"*! betweenL' and

Lvz : let 2 (0:1] such that

=
[EE

S
+
H
=

&

whereq := 2%, Then

n+1 (n+1) (n+)@ )
Lo 0D .. Lo 5
Jujl nsa Ul W) Leo
(n+1) (n+1)(1 )

Jouiia® iy, ®
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It is easily checked thatn < M¢2 if and only if ™) < 1. The whole problem
thus reduces to nd L' estimates for the solutions of (2.8). This is quite easy if
hypothesis (2.7) is satis ed. Indeed, in that cases(y;pp) 0 is a special solution
of (2.8) for p= po and for the ux A ; hence, according to lemma 2.2.1,

jujjie = Jju e(po)jjcr J P PoliYjt+ ji(pt u)  (Pot H(Po)iiL: 2P PoliYj:
Plugging these estimates into (2.29) yields

(n+1)(1 )

jiujjus - Cr 1+ jjujj, 2 (2.30)

for all p such thatjpj R, where the constantCg depends only onN, Y, n, Co,
po and R. Since ™) < 1 jjujj,: is bounded by a constant depending on the
same parameters a€r. Hence the a priori estimate is proved and solutions of (2.8)
exist for all p2 R.

O

Proof of Lemma 2.2.4. The constant function equal to 1 onY, denoted by1l, is a
solution of the dual problem

yl bly) ry1=0: (2.31)

We want to prove, using the strong form of the Krein-Rutman therem, that there
exists a constantc 2 R such that w = cm, wherem > 0 is a solution of (2.27).
Indeed, in that casec = 0 necessarily sincéwi, =0 and thusw =0.

Let us introduce the operatorF : u 2 L?(Y) 7! v 2 H wherev = F(u) is the
unique solution of the equation

vV brv+ v = u

and is a positive constant chosen so that the bilinear form asdated to F is
coercive (e.g. = ”b‘% + %). With that choice of F is a strictly positive operator.

Next, using once again interior regularity results for linar elliptic equations
combined with the periodicity, we show thatF maps L(Y) into WZ4(Y) for all
q 2 Hence, the restriction ofF to Ger(Y), still denoted by F, is a compact
operator from Ger(Y) into itself.

The last step consists in using the maximum principle: it 2 Cyer(Y), u 0,
u60 andv = F(u), thenv(y) > Oforally 2 Y (see for instance [61]; the maximum
principle is in general proved for classical solutions ofliptic equations with regular
coe cients. However the proofs remain unchanged for weak lsions and b2 L*
provided the following property holds true for any > O:

u2 L3(Y);u a.e.) v=F(u)

This property can be proved by approximatingoin L9for 1< g < 1 by a sequence
b 2 C (Y) for some 2 (0;1).)
Hence,F : Ger(Y) ! C per(Y) is a strongly positive operator.
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We conclude by using the strong form of the Krein-Rutman the@m (see [20],
[45]): sinceF (1) = 1, the spectral radius ofF is equal to 1 and1 is a simple
eigenvalue ofF , the adjoint of F, with a positive eigenvector. Letm 2 Mr}er(Y) =
Goer(Y)°be the unique positive invariant measure such thatmi, =1 and F (m) =
m. Sincev 2 H2, (Y) Mg, (Y) solves (2.27)F (v) = v; thus, there existsc 2 R
such thatv = cm. If vi, =0, thenc=0 andv = 0, which completes the proof of
the lemma.

O

Remark 2.2.2. This lemma can be generalized without any di culty to the cas
b2 L9 for someq > N using the inequality

Z
e o1 N L1+ N
vb r v CjibjLajivii . jir vij,.®

Y

whereC is a constant depending only otN and Y.

Remark 2.2.3. Let us point out that the techniques we have used in order todn
a priori bounds on the solutions of the cell problem rely strgly on the ellipticity of

equation (2.8). In particular, when the viscosity is equal to 0 in equatioii2.1), the

cell problem becomes

divyA(y; p+ #(y)) = 0;

and we have no clue how to derive a priori bounds on the solofoof the above
equation in general. The few cases in which we are able to gr@uch bounds suggest
strongly that the ux A should be nonlinear. However, it is an open problem how to
treat such an equation in general, and which hypotheses ddolbe expected on the
ux. We will come back on these questions in a future paper.

Before going any further in the multi-scale analysis of prdém (2.1), let us men-
tion a few examples in which hypotheses (2.5), (2.6), and (2.3eem natural .

Take A(y; V) = b(y)f (v), whereb2 WL (Y)N has values inRY, f 2 Wl (R)
IS scalar.

If divyb 0onY, then constants are solutions of equation (2.8). Lemma 212.
asserts that there are no other solutions as long &shas polynomial growth. Notice
that in that case, hypothesis (2.7) is satis ed.

Let us study now the less trivial casdxy) = r , (y), where 2 Cger(Y). As-
sume thatf does not vanish orR (otherwise we are in case (2.7)); without loss of
generality, we can assume that

f(v)>0 8v2R:

We can thus de ne 7

Vo1
H(v) = ——dw 8w2R:

o f(w)
It is obvious that any solution of

ryu=r y (Vf(p+u) (2.32)
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is a solution of (2.8); hence, we search for particular solahs of (2.8) which satisfy
(2.32).
(2.32) is equivalent to
ryH(p+u)=r ;

and thus to
H(p+u)= +cst

Thus we deduce that solutions of (2.32) exist if and only if
Z

HH+1) H(1 )= fE> 0SscC: (2.33)
R

In particular, this is always satis ed whenjf (v)j Co(1 + jvj)" for somen < 1
(i.e. when (2.6) holds) since in that case

Z

HH+1) H(1 )= =+1:

1
rT
Assume that (2.33) is satis ed; notice thatH 2 C'(R) and H®= % does not

vanish onR. HenceH is aC! di eomorphismfromRto (H(1 );HH1 ) =:(; ).
We denote byH ':(; )! Rits reciprocal application. Let

C = max ;
c = min :

Then for all c2 (c ;c.) we can de ne
Ve:i= H Y +0); uc:=ve hv (2.34)

and u. is a solution of (2.8) for allc2 (c ;c:). Hence, when (2.33) is satis ed, we
have found special solutions of (2.8). € = 1 , then we have found solutions for
all values of the parametem in (2.8). If jf (v)j Co(1+ jvj)" with n < M2 then
we deduce that there exist solutions of (2.8) for all valuesf @ as well thanks to
lemma 2.2.2 and the remark following the lemma (changing into A is equivalent
to changing into ).

Reciprocally, let us prove that (2.33) is a necessary coniih for solutions of (2.8)
to exist at all whenn < m*zz Let up 2 V be a solution of (2.8) for the parameter
Po 2 R, and let vg := po + Ug. According to lemma (2.2.1),vo 2 L (Y). Hence we
can change the functiorf for values ofv larger than jjvgjj_: so that the function f~

thus obtained satis es (2.33) and

fvo(y)) = f(vo(y)) 8y2Y:

We can even choos€& so that
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In that case, we have proved that there exist solutions of (@) for the ux r (y)f{v)
for all values of the parameterp. Let u;, be the solution for the parameterpy,
Ve, := Ug, + Po. Then

yWeo +divy 1 (V) (Ve(y)) =0;
yVo+divy 1 (Y)f{vo(y)) = yVo +divy (r (y)f (vo(y))) =0;

and by uniqueness of the solutions of (2.8) for the ux (y)f(v), Vo = V. Conse-
quently,

Vo= H *( +c)=H ' +c
and (2.33) is satis ed. Moreover, we have proved that all salwns of (2.8) can be
written in the form (2.34).

Now, let us explain why condition (2.7) is optimal, to a certainextent. Take
f(v) = (1+ jvj?)z for somen > M2 Then = 2 R. Assume that (2.33)
is satis ed. In order to simplify our analysis, we assume asell that attains its
minimum in a unigue point yy in the interior of Y.

We de ne

v =H ! +c);

v (y) is nite for all y 6 yo,. Moreover, ifu 2 V is a solution of (2.8) for the
parameterp, then u can be written in the form (2.34). Thus there exist€ 2 (¢ ;c:)
such thatu + p = v, and necessarily

p+u>v :

Hence, if we can prove thav 2 L(Y), we will be able to derive a lower bound on
the admissible values op so that there exists a solution of (2.8) for the parameter
p. In other words, there will be no solution forp < hv i.

Let us prove thatv 2 L1(Y): there exists a constant 1 such that fory in a
neighbourhoodV, of yy

1 o
y vl ) (o) Gy i

Hence 1
Jy ovd® Hv) o dy oyl

On the other hand, there exists a constan€ depending only onn such that for all
A 1 7

1 1 1o 1

——— ——dv C——::

CAn1? A F(V) An 1
ChooseV, such thatv (y) 1in V. In Vg,

Z \
1 1 Hv ) _ 1 1

——dv C————:
1 F(v) jv jn !
Thus, there exists a constantC such that for all y 2 Y,
C .
Iy Yot

Ejv jn 1

v
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If n> N*2 ‘then 2. <N and the singularity in y is integrable:v 2 L(Y).

Let us gather our results in the following
Lemma 2.2.5. Let A(y;v)=r (y)f (v), with f (v) > Ofor all v2 R. Assume that
+2

f(vV) Co(l+jvj)" withn< R'

Then
1. There exist solutions of (2.8) for some values (but possibly not all) of the
parameterp if and only if v

— > 0SC:
rf

2. If the above inequality is satis ed and (v)  Co(1 + jvj)" with n < N2 then
there exist solutions of(2.8) for all values of the parametep.

3. If

Z, Zy

1
= —=+4+1
f

1
LI

0
then there exist solutions of(2.8) for all values ofp 2 R.

4.1f jf (v)j = (L + jvj)? with n > M2 then there exists 2 CL.(Y) and

p ;p+ 2 R such that there are no solutions of2.8) for p<p or p>p..

The second point in the above lemma is the analogue of condiig2.7), and
the third one of (2.6) (or (2.5): if f is uniformly Lipschitz, then it satis es f (v)
Co(1 + jvj), and thus the condition in the third point of the lemma is sats ed).
Hence this example somehow explains the di erent conditionghich are required for
existence, and enlights the various regimes which can occuiowever, hypotheses
(2.5), (2.6) and (2.7) do not cover all the cases in which the istence holds, even in
this rather simpli ed problem. A more general and more thoragh existence theory
remains to be accomplished.

As a conclusion to this subsection, let us also mention thahe above example
also provides cases when the convergences (2.20), (2.21)aldwld. Indeed, assume
that ; 2 R and that solutions of (2.8) (or, equivalently, of (2.32)) eist for all
p2 R. Then

lim infv(y;p)=lim H *(inf +c¢=H *( osc)<+1
pl +1 Y cl c+
and similarly limp ;1 sup, v(y;p) > 1

2.2.2 Evolution equation and rst order corrector

Oncew is rigourously de ned, we can compute the homogenized ux

A(p) = PA(;p+ H(;p)i (2.35)
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Denealsoforl i N
@\i(p) @v;p)
a(p) @b @p a(;v(;p)

Then according to the results of the preceding subsectioa, 2 Li.(R).
u can thus be de ned as the unique entropy solution irC([0;1 );L*(RN)) \
L1 ([0;1) RN) of the scalar conservation law (see for instance [59] for angplete
theory of existence and uniqueness)
8
2 @ X e _ . . N
@t+ . a@x 0; t 0O x2R (2.36)
u(t =0;x) = up(x) 2 LYRY)\ L* (RV):

>

On sets of[0;1 ) RN on whichu is regular (sayW??1), one can de ne the rst
order correctoru® by
( )
X e » @t X @

ut+ = ula(y;u®) =2 u — — Ai(y;u®  : (2.37
y @y (y;u) y @t . @x (y;u) (2.37)
(t; x) are parameters; since the right hand side has mean zero, ahe bnly solutions
of the adjoint equation

yWooa(y;u®) ryw=0

are constants, one can apply the Riesz-Fredholm theory to ®h that solutions of
(2.37) exist, and are unique up to solutions of the homogeneoequation

W+>(\I _@ Wa‘(yuO) :O-

’ i=1 @y ’
Comparing the above equation to (2.17), and recalling the rels of the proof of
lemma 2.2.1, we see that the solutions of the homogeneousaen can be written
w(t; x;y) = c(t;x)%z(y;u(t;x)): In particular, u® is unequivocally de ned under the

condition
Z

ul(t;x;y)@ tx;y)dy=0 a.e.(tx)2[0;1) RN:
v @

Pushing the calculations a little further, we writeu?® in the slightly more sympathetic
form

X @it x)
i=1 @x

where ;(;p) 2 HL. (Y) 8p2 R solves the elliptic equation :

per

ul(t; x;y) = {(y;u(t; x));

@v(y;p) , @y;p) @, . . .
2 @y@p"‘ @p @pM.(,V(,p))ly

@ A (v vty o -
@ FgA.(y,V(y, ) : (2.38)

X
L+ %(q(y:v(y:p» )
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As before, the existence and uniqueness qf follow from the Fredholm alterna-
tive provided the condition

Z @v

i—=0 8p2R
, ep - P
holds true.

Let us summarize the results of this subsection in the follong
Lemma 2.2.6. AssumeA 2 W)\ (Y R) satis es (2.3), (2.4). Then there exists
a unique entropy solutioru 2 C([0;1 ); LYRN)\ L ([0;1 ) RN) of the hyperbolic
scalar conservation law(2.36).

If u2 WH(0), whereO [0;1) RN, then for (t;x) 2 O, there exists a
unique u'(t;x; ) 2 HZ,(Y) satisfying (2.37) and the condition

z @

ul(t;x;y)@\ét; X;y)dy=0 a.e.(t;x)20:

Y

Moreover, ul can be written

@i(t; x)
@x

ui(tx;y) = (s u(t; x));

i=1
where i(;p) 2 Héer(Y) satis es equation (2.38) 8p 2 R.
In the rest of the article, we set

W0t x;y) i= u(t; x) + H(y; u(t; X)) = v(y; u(t; x)): (2.39)

2.3 Convergence proof

2.3.1 Naive idea using L?* contraction principle

We are now ready to prove the convergence result announcedtieorem 2. A rst
naive idea consists in computing the equation satis ed by® t;x; X , or rather

. X X
V(tx):=uw tx o +"ut tx o

whereu® and u! were de ned in the last section : assuming thati and A are regular
in order to compute all the necessary derivations; is a solution of

ev,* @, x.. .

— —Ai T
@t . @x "
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where
. 1 @A X 4. w1 @A X o .1 @A x 4
f(tx) = - — —;u+"u — U u —u
(6) @y @y @yav
+ } @_EI Q@A §;uo+nu1 Q@A §;UO uul@Ai §;uo
@y @v @v @¥
+ n0 @Ej_l_ @EI @A §;u0+ nul @ ?;UO
@y @x @v @v
@t @bt x
nl = =Y, 20 n o 1 0 1
+ @t+ @xa. —;u +"u <u 2 wu
"2 (2.40)
Assuming that u” satis es (2.11),
X
v(t=0;x) u(t=0;x)="u?! t=0;x;§ .0 @ i ?;uo(x)
- @X

We assume thatay+; (y;0) = 0, so that u'(t) and v'(t) belong to L*(RN) for all
t 0. Thus, using theL?! contraction property for equation (2.1) yields :
« Z.Z
UMV @ioEo U T2006E e+ 0] det
The next step consists in deriving a bound of order for f*. The calculations are
lengthy and fastidious, and require very strong regularitassumptions onu and on
the ux A : for instance, in order to upper bound the rst two terms in (240),
which are Taylor expansions, we need to assurde?2 wgg} (Y R)N. Eventually,
we obtain the following rough estimate :
Z.Z Z.:Z
jif "(t;x)jdxdt C" g (t;x) dx dt;

0 R 0 R

where
g (tX) = jr xUj*+j@ujjr «uj+jD2uj+j@ xuj +jD3uj+jr cuj+jD2ujjr xuj (2.41)

and C is a constant depending only o\, Y, and the bounds onA.

We do not give the details of the proof here; the main advantagof this method
is to give a better understanding of the problem thanks to eXjgit calculations. The
proof we will give of theorem 2 in this article does not requiras many calcula-
tions, but might seem less intuitive since the convergence hidden behind Young
measures.

2.3.2 A few results about two-scale Young measures

Let us rst recall a few results about two-scale Young meases : standard Young
measures were introduced by Luc Tartar in [68] in the framewk of compensated
compactness as a tool to study weak limits of non-linear futions. Weinan E in
[24] combined Tartar's results with Nguetseng's and Allaite theory of two-scale
convergence (see [3], [56]) and proved the following lemma:
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Lemma 2.3.1. Assume we have a sequence of functidngg- o, with v' : RN | K,
whereK is a compact set ofR. Then there exists a subsequence, still denoted by
fVv'gs 0, and a family of parametrized probability measurefs ., ( )g supported inK ,
which depends measurably dix;y), and is periodic iny with period Y, such that as

10,
Z Z

FOV(Ex) x5 dx! F( )i (GY)dxdy — (2.42)
RN RN Y
forall 2 Ky, F 2 C(K). The subsequence does not depend oror F.

f «y( )gis the two-scale Young measure associated to the sequence

For our application, we will need the following straightforwad generalization of
E's lemma :

Corollary 2.3.1. Assume we have a sequence of functidnsg- o, with v’ : [0;1 )

RN I K, whereK is a compact set ofR. Then there exists a subsequence, still
denoted byfv' g o, and a family of parametrized probability measures iy ( )g
supported in K, which depends measurably oft; x;y), and is periodic iny with
pe;iod Y, such that as" ! 0,

F 5'v"(t;x) t;x;? dtdx !

[0;1) RN 7
! hE(Y; ); eyl (GXy) dtdxdy (2.43)
[0;1) RN Y
forall 2 Jper, F 2 Coer(Y K). The subsequence does not depend oror F.
We will also use the following lemma, due to Tartar (see [68]):

Lemma 2.3.2. The two-scale Young measurk i g associated witH v'g- o reduces
to a family of Dirac measures v (.xy) if and only if
. X
v(tx) V tx - IO
L2, (0;1) RM)

We want to apply corollary 2.3.1 to the sequence’ of solutions of (2.1). Let
us prove that u is bounded. First, recall thatu' (t = 0;x) = v ¥;ug(x) with
Up 2 L* (RN). Thus, setting C = jjugjj_: (rv) and recalling (2.18), we have

v X C u(=0;x) v é;C fora.e.x 2 RN:

Then, notice that for all p2 R, v X;p is a stationary solution of (2.1) and that
the evolution operator associated to (2.1) is order preseng. Hence,

v 3 cC u(tx) v ?;C forae.t;x 2[0;1) RN

and

judice gy ryy  max jiv(;C)jict (vyidiv(; Cliir vy =t k
Thanks to this estimate, we can use corollary 2.3.1 for the sepceu’, with K =
[ k;k]. Let .x, be the two-scale Young measure associated to the sequeticeAs
in [24], [27], [25], the goal is to reduce the famil§ (yy O.xy to a family of Dirac
masses, which will lead to the strong convergence lir§ ., as announced in theorem
2.
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2.3.3 Formulation of the cell problem in terms of Young mea-
sures
With this aim in view, we use once again the factthav %;p is a stationary solution

of (2.1), combined with theL* contraction principle for equation (2.1) and we obtain
the following inequality:

h [

@ . X ; X ; X X
— u vV —; + — sgh u vV oo A, —u A v o
ot P @x g p p

JU Vo Sp ] 0 (2.44)

In a rst step, we multiply (2.44) by positive test functions t;x; * , where' 2
Jper, and we pass to the limit as" ! 0 using corollary 2.3.1 in order to derive
information at the microscopic level on the mesure. This leads to the inequality
(in the sense of distributions or{0;1 ) RN Y, forallp2 R):

yhi  v(y;p)j: eyl +divysgn(  v(y;p)[ALY; ) AP txyi O

Since the left-hand side has mean zero, the inequality is iact an equality :

yhi  v(YipJs eyl +divyhsgn(  v(y;p)[A(Y; ) A VYiP)] exyi = 0:
(2.45)
As we shall see in the sequel of the proof, we need to prove tllag quantity
hsgn( V(Y;P); txyl

is well de ned and independant ofy 2 Y. This result can be obtained in a rather
simple and straightforward way by deriving equation (2.45Wwith respect to p; un-
fortunately, this manipulation is valid if and only if ¢y, (v(y;p)) = 0. However,
deriving equation (2.45) on the right and on the left yields hie following lemma :

Lemma 2.3.3. We use the convention
hsgn( )ty = oy (>) wxy (<)

Then forallp2 R, hsgn(  v(y;p); txyl is well de ned and is independant of
y 2 Y : there existsC = C(t;x;p) 2 L ([0;1) RN R) such that

ksgn( Vv(Y;p); wyi = C(t;x;p) forae. (tx;y)2[0;1) RY Y;8p2R:
We postpone the proof of the lemma to subsection 3.5.

2.3.4 Reduction of Young measures

As in [24], [25], [27], we apply DiPerna's method in [22] to deice the family
f txyOuxy to afamily of Dirac masses : we want to prove that
Z Z
@ i WEXYN oy dy+r@ iy sul(txy) wy dy 0 (2.46)

Y Y
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where

i(y;sv)=san( - V)[Aily; ) Ailly;V)]:
Indeed, if (2.46) is true, then we multiply (2.46) bye! *I (recall that u® is bounded
in LY, butnotin LYRN Y) in general) and we get

42

- i WXy wy € 9 dydx

dtZ RN Y

C joutX Y] ey € Y dydx;
RN Y

whereC = jjajjL1 (v [ kk). Hence, by Gronwall's lemma,
Z

i Xy ey € M dydx (2.47)
RNzY

e“! hi  V(y;uo(x))j; t=oixyi € % dy dx:

RN Y
Moreover, since the initial data is well prepared thanks to (21),
i W(t=0:XY)i; toxy =0: (2.48)
Thus, combining (2.47) and (2.48), we obtain
j o uwtxy)i; wy =0 forae(txy)2[01) RY VY

which entails
txy = uo(txy)- (2.49)

(2.46) remains to be proved. Formally, the left-hand side of2.46) can be split
into a sum of two terms :

. #
X
i XY@ ey + i(y; ;u’(txy); @ wy dy (2.50)
Y i=1
and 7 * “ +
@ WYt @ iy s ul(EXy); ey dy: (2.51)
Y i=1

First, in order to prove that (2.50) is nonpositive, we multply (2.44) by nonneg-
ative test functions' ="' (t;x) 2D([0;1) RN), and pass to the limitas"! 0
using once again corollary 2.3.1. We obtain, in the sense a$tdibutions and for all
p2 R,

Z W Z
@ Yhi VY;PIi eyl v @, Yhi(y: VP, i 0 (2.52)
i=1
(2.52) yields
7 " #
X

hJ V(y1 p)J! @ Xy I + h I(y1 1V (y, p)); @l LXy | dy O

Y i=1
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for all p2 R. The choicep = u(t; x) implies that (2.50) is nonpositive.

Proving that the term (2.51) is nonpositive is a bit more di cult, mainly because
if uis an entropy solution of (2.36), there is no reason why’ should be an entropy
solution of the scalar law

@8 X @, o

ot @ v = gtxy);
whereg is a source term with nullY -average (recall thatu! is de ned only on the
sets on whichu is regular; on such sets, it can be proved that® is indeed an entropy
solution of such a law).

The idea is to use the results on kinetic formulation of consaation laws (see for
instance [59]): ifS 2 C2(R), then

@) X @) _
@t Q@x

wherem is the entropy defect measure associated tg and ; is de ned by

Xp) = a(p)SYp):

S%p)m(t; x; p) dp; (2.53)
R

i=1

Set, for(y; )2Y R,

ZSV; () = jv(y;p) |

p .
F @)= a@sontlyia y@w:Q

@q

Unfortunately S is not C? : thus, we use (2.53) foS¥' (p):= S ' (p), where
' isastandard mollier,and we let ! 0. It can be readily shown thatS¥:: (resp.
Y'* ) converges toSY (resp. ) uniformly on compact sets ofR and uniformly
for(y; )2Y K (recall that (y, is supportedinK). Thusas ! O, inthe sense

of distributions on [0;1 ) RN,
z z
@S (U(tX)); txy dy* @S (u(t;x)); txy dy;

Y Y

dag:

and the same convergence holds f@, "' (u).
On the other hand,

z
s Np) = R@Fvgy;p‘bsgn(v(y;p‘) ) °(p P dp®

D E
using lemma 2.3.3 and the property &¥ =1 yields
Z D E Z Z
.. 0 1
S D) gy dy= sgni(y;@) ) %p PYdRP 5 ey dy:
Y Y R

Then, using a regularization of the function signum it can berpved that
4

sgn@v(y;p) ) °%(p pHdp® O 8y2Y; 2R;

R
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and consequently
D o E
% 1) wy m(tx;p)dpdy O:

RY

Thus, passing to the limitas ! 0, we obtain
* +

z X
@ v(y;u(t; x))j + @, |y (U); txy dy O (2.54)

Y i=1

where the inequality is meant in the sense of distributions.

We split (2.51) into
z " +
X
. @ CEXY)i+ @ iy sul(txy); ey dy
S * i=1 +
= @ eyt @ () ey dy (2.55)
Y i=1
X Z D h o E
+ @ i(y;sutxy)) V(U)o dy (2.56)
i=1 Y
Thanks to (2.54), (2.55) is nonpositive. Let us now focus on .&5) : set
h i
. @ .
f'y;sp) = — _i(ys vy 4
(y;:p) @p (y; ;v (y:p) (p)
@v
= sgn(v(y;p) )@Aaa(y;v(y; P) a(p)]
Using once again Iem&na 2.3.3 and the de nition of; yields
fi(y;;p); txy dy=0 8p2R: (2.57)
Y
Set Z,
Fiy;;q) = f'(y; ;p)dp
0
Then (2.56) is equal to
X £ |
@F'(y; ; u(t;x)); txy dy
i=1 Y
Z Z
= @  F'Uy;; utx); exy dy FI(y; 5 u(tx); @ exy dy:
i=1 Y Y

(2.57) entails that
Z

F'(y; ;0); wy dy=0 forae(tx)2[01) R"8q2R;
Y
and thus (2.56) is null as well. Hence, we have proved (2.46nd the family

f txy Ouxy IS reduced to a family of Dirac masses.
]
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Remark 2.3.1. In fact, several regularizations are necessary in order to ake the
proof rigorous; for instance, we need to regularize the meass with respect tot; X,
so that the quantities@ , @ are well-de ned and the properties of lemma 2.3.3
are preserved, together with inequalit{2.52). These calculations are straight-forward
and follow the arguments developed by R. DiPerna in [22].

Let us stress as well that the equalityi-o xy = u(xy) IS NOt obvious: indeed,
uniform bounds in" on u'(t) uy x; % Li(rv)» fOr t close to 0, are not easy to

derive; a simple way to prove this fact is to go back to ineqtyal(2.44), which yields
Z
lim sup i V(Y;P)ii eyl (X) dxdy

tr 0 RN Y 7

Jv(y;uo(x))  v(y;p)j" (x) dxdy;
RN Y
forallp2 R,' 2D(RV).. Hence, for any measure ., ( ) such that there exists a
sequence, ! Owith { xy * xy W-MYR RN Y), we have
z Z
hj  v(y;p)i; xyl dy jv(y;uo(x))  v(y;p)j dy
Y Y

for all p 2 R and in the sense of measures for 2 RN. Taking p = ug(x) gives

xy = uo(xy), and thus the whole sequence,, converges in WM ! to uo(xy) as
t! O

2.3.5 Proof of lemma 2.3.3

First, observe thathj  v(y;p)j; wxyl Is acontinuous function ofp for a.e. (t;x;y) 2
[0;1) RN Y. Moreover, if 6 v(y;p), then the functionfy(;p):=j v(y;p)j
has a partial derivative with respect top at the point (;p o) which is equal to

@ hy= OV, o)
GfiPO= Glimsan( vy p)):
If = v(y; ), then fy has a partial derivatives on the right and on the left at the
point (;p o) which are equal to
@, o @y
@p(v(y,po),po) @:gy,po),
@, @Y
oV imip) = lyip):

Additionnally, notice that forall 2 R, p6 po

fy(sp) fy(Gpo)  Vv(yip)  V(Y;Po) @v .
P Po P Po @pLiy R

Hence, using Lebesgue's dominated convergence theoremgdesuce that the func-
tion
Fixy (P) = hi  v(Y:D)J; txyl
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has derivatives on the right and on the left with respect top for almost every
(tx;y)2[0;1) RN Y:
FO +\ — @ . . . H . @ . .
Sy ()= Gl BONC  VOYip): ey * ey (Vi )O) i o)
@

Focy (Po) = @Fvgy;po) ksgn( V(Y;P0)); txyl  txy (FV(Y:Po)g) %rvgy; Po):

In a similar fashion, the function

Gy (P) = bsgn( V(D) [AI(Y: ) AV )] by |
has derivatives on the right and on the left with respect tq at p = po which are
equal to

G‘ﬁx;y(p8)= %Ey:po)aa(y;V(y:po))[fsgn( VY;Po): eyl oty (FV(Y:P0)O)];

G‘Sx;y(po)= @y;po)a(y;V(y;po))[fsgn( V(Y;Po)): txyl + xy (FV(Y;po)9)l:
@

Thus, setting

r(txy;p): %Fvgy;p)[hsgn( VIYiP); txyl ey (FV(Y;P)O)];

@ :
I(t; X y;p) : @rvgy: PIsgn( Vv(yiP); txyi+ txy (FV(Y;PI)];
we see thatl and r both satisfy for all p 2 R the elliptic equation

yg+divy (aly;v(y;p)g) =0 (2.58)

a.e. on[0;1) RM and in the sense of distributions onY. Thus I;r 2 HZ,(Y)
forall p2 R and for a.e. (t;x) 2 [0;1 ) RN, and the equation is satis ed in the
variational sense for elliptic equations.

Comparing (2.58) to (2.17), and using the Krein-Rutman theomra (see lemma
2.2.1), we deduce that there exist constants, = C,(t; x;p) and C, = C(t; X; p) such
that

rtx;y;p) = Gt x p)% Yy, p);

I(t;xy;p) = Ci(tx; p)%gy; p)

Since %‘éis a positive function which does not vanish ory (see lemma 2.2.1), this

yields
rsgn( V(Y;P); txyl  txy (FV(Y;P9) = Ci(tX;p);
rsgn( v(y;P); txyi + xy (FV(Y;P)9) = Ci(t; X; p):
Thus,

tsgn( Vv(Y;P); txyl = %(Q(t:x; p)+ Ci(t;xp)) = C(t;x;p):

and the proof is complete. Notice that we have also proved tha,, (fv(y;p)g)
does not depend oty.
[



58

Homogénéisation d'une loi de conservation scalaire avec vi scosité
evanescente. Partie | : données bien-préparées




Chapitre 3

Formulation cinétique d'une loi de
conservation scalaire paraboligue.
Application a un probleme
d'homogénéisation

On construit dans ce chapitre une formulation cinétique pour la loi de conser-
vation parabolique
@u +div yA(y; u) yu=0:

En s'appuyant sur cette formulation, on dé nit une notion de solution faible dans

L! de la loi de conservation ci-dessus, et on montre que ces solutions faibles
obéissent a un principe de contraction. Par ailleurs, on donne une nouvelle preuve
du résultat d'homogénéisation du chapitre précédent. La démonstration présen-
tée ici repose sur la structure de I'équation de formulation cinétique plutét que
sur les mesures d'Young a deux échelles. La relative simplicité de cette preuve
permet de la transposer a des situations plus complexes : on traite ici le cas ou le
ux A possede une dépendance macroscopique.

Ce chapitre a fait I'objet d'une publication dans SIAM Journal on Mathemati-
cal Analysis (2007), a I'exception de I'appendice en francais.

59
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3.1 Introduction

This paper is devoted to the study of the solutioru of the equation

@u(t;y) +div yA(y; u(t;y)) yuty)=0; t>0y2Y 31
u(t = 0;y) = uo(y); (3-1)

whereY =[0; 1N is the N -dimensional torus;A = A(y;v) 2 RN, y2 Y, v2 Ris a
given N -dimensional ux, periodic in the space variabley. The function u belongs
to O[0;1 ); LAY\ LA([0:1 )s HA (YD) \ L ((0:1) V).

In [15], a kinetic formulation was derived for such heterogeous conservation
laws (in fact, this work was achieved for hyperbolic laws, but ican be generalized
to parabolic laws with no di culty), based on the previous papes of P.-L. Lions, B.
Perthame and E. Tadmor concerning hyperbolic homogeneouseervation laws (see
[53], [52], [60], [58], and the general presentation in [59However, this formulation
IS not entirely satisfactory : indeed, it is based on the congpison between the
solution u(t;y) of the conservation law and the constants via the functiof,<y (ty),
wherev is an additional uctuation variable. But the constants, which happen to be
stationary solutions of homogeneous conservation laws, ranger play a special role
in the context of heterogeneous conservation laws. Hencey goal in this article is
to derive a kinetic formulation based on the study of the stabnary solutions of (3.1).
Let us mention a related work of E. Audusse and B. Perthame [8)hich de nes a
notion of entropy solution which is not based on Kruzkhov's irgualities, but rather
on the comparison with special stationary solutions, and whids su cient to derive
the L! contraction principle.

Let us precise a few notations which will be used later on : @, (Y) denotes
the space ofY -periodic functions inC! (RV), then

—  \Wkp
WER(Y) = Gu)"
Woiee(Y  R):=fu=u(y;v) 2 Wgi (R¥?);uisY  periodic inyg;
Dper([0;1) Y R):=fu=u(ty;v)2C* ([0;1) RV*™); uis periodic iny
and %R > 0; u(ty;v)=0ift+jvj Rag;

—  y(y)dy 8v2LYY):
JYJY(y).\/ (Y)

First, let us recall a few results on the stationary solutios of (3.1), which were
studied in [14]:

Proposition 3.1.1. Let A= A(y;v) 2 WXL (Y R)N. Let a(y;Vv) := @Ai(Y;V),

per,loc
1 i N, b(y;v) := divyA(y;Vv) 2 Li(RV*™). Assume that there exist real
numbersCqy > 0, m 2 [0;1 ), n 2 [O; H*ZZ) whenN 3, such that for all (y;p) 2
Y R
jay;pi Co(L+jpi™) 81 i N; (3.2)

joly;pj Co(1+jpi"): (3.3)
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Assume as well that
a(y; ) 2 C(R)N for almost everyy 2 Y; (3.4)

and that the couplgm;n) satis es at least one of the following conditions

m=0 (3.5)
or 0 n<1 (3.6)
. N+2
or n< min T;Z and9p 2 R; 8y2Y Hy;p) =0: (3.7)

Then for all p 2 R, there exists a unique solution( ; p) 2 ngr(Y) of the equation

yV(y;p) +div yA(y;v(y; p) =0; hv(;p)i = p: (3.8)

For all p2 R, v(;p) belongs toWZl(Y) for all 1< g < +1 and satis es the
following a priori estimate : for allR > 0, there exists a constanCr > 0 depending
onlyonN, Y, Cy, m, n, g, pp and R, such that

jiv(;Piiwzayy Cr 8p2R; jpi  R: (3.9)

Moreover, for allp2 R, @v( ;p) 2 ngr(Y) and is a solution of

y%‘é divy a(y; v(y; p)) %\; =0; %\; =1 (310)

And for all R > O, there exists > 0 depending only orN, Y, Co, m, n, g, po and
R, such thatforall(y;pp2Y ( R;R),

%:gy; p >0

Equation (3.8) is also called cell problem, on account ofstsigni cance in homog-
enization problems.

Following the idea of E. Audusse and B. Perthame (see [8]), wewmajive a
notion of entropy solution for equation (3.1) based on the coparison with stationary
solutions :

De nition 3.1.1.  Assume the hypotheses of proposition 3.1.1 are satis ed.
Let u2 C([0;1 );LY(Y))\ L2.([0;1 );HL.(Y)\ LL.([0;1) Y) be a solution

per loc

of (3.1). We say thatu is an entropy solution of (3.1) if u satis es the inequality

@u(ty) v(y;p)+ tdivy Ly yp(Aly;u) Ay v(y;p))
y(uy)  v(y;p)+ 0 (3.11)

for all p2 R and in the sense of distributions ofi0;1 ) Y.
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Notice that this notion of entropy solution is di erent (at least in its formulation)
from the one of Kruzkhov, since the latter is based on the compson with constants.
However, inequality (3.11) was known by Kruzkhov, since it cabe considered as
a particular case of the comparison principle (notice thav(y;p) is a stationary
solution of (3.1)). It will be proved in the second section, uter suitable regularity
assumptions on the ux function A, that all solutions of (3.1) are entropy solutions
in the sense of de nition 3.1.1.

Let us mention here an important application of inequality 8.11) and of the
kinetic formulation which follows from (3.11) : we give in thispaper another proof
for a homogenization result proved in [14], which we recall tee for the reader's
convenience :

Proposition 3.1.2.  Assume thatA 2 W7, (RN*1)N satis es the assumptions of
proposition 3.1.1, and that@ & 2 L, (RV*), @a 2 Li (RV**) for1 i N +1,
1 j N.

For"> 0,letv 2 LL.([0;1) RMY\C([0;1 );LE.(RV)\ L2.([0;1 ); HL.(RV))
be a solution of the parabolic scalar conservation law :

: X
%:““” - @@xAi TV(EX) " =0t 0 x2RY; (3.12)
X

V(t=0)= vy X;=— : (3.13)

Let p 2 R, and letv = v(y;p) be the unique solution inHF}er(Y) of the cell
problem (3.8). De ne

z
1
Ai(p) = - Aily;v(y; p) dy: (3.14)
Yl v
Assume also thatvg is well-prepared , i.e. satis es

Vo(X;y) = V(Y; Vo(X)) (3.15)

for somevg 2 L1\ L (RV).
Then as" goes to 0,

v(tx) v 5'v(t;x) I 0 inLZ.(0;1) RM);

wherev = v(t;x) 2 C([0;1 );LY(R"Y))\ L*([0;1) RN) is the unique entropy
solution of the hyperbolic scalar conservation law

8
2 @ X @uvtx) _,.

@t _, @« ' (3.16)
v(t=0:%x) = vo(x) 2 LT\ LT (RM):

>
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Actually, the result proved in section 3.3 is more general #n proposition 3.1.2,
but is much more complicated to state at this stage. In partiglar, we work in a
L?! rather than L1 setting, which appears to us to be entirely new for this kind of
equation; this point will be developed a little further in renark 3.3.2. We emphasize
that inequality (3.11) was already used in [14], but we bele that the proof given
here gives a better insight of the homogenization process.

Let us mention related results of Weinan E (see [24], [25])n@ Weinan E and
Denis Serre (see [27]), which use two-scale Young measureseisd of the kinetic
formulation in a hyperbolic context. In fact, the proof of [#] is close to the ones of
these articles, although the viscous term in (3.12) is absgnom the problems studied
by Weinan E in [24], and Weinan E and Denis Serre in [27]. Indgethe scaling in
our problem is chosen so that the viscosity has the same ordsr magnitude than
the size of the oscillations in the ux function, and thus theviscosity has an e ect at
a microscopic level only. Notice that the (macroscopic) hoogenized problem (3.16)
is hyperboilic; this justi es the use of hyperbolic tools, sth as Young measures or a
kinetic fomulation, in the study of equation (3.12).

We also wish to point out that the expression of the homogered ux in the case
studied by Weinan E and Denis Serre in [27] wheN =1 is the same as in (3.14).
However, the correctorv appearing in the expression is not the same in both cases :
indeed, in the hyperbolic case studied by Weinan E and Deni®i$e, v is a solution
of

QA(y;Vv(y;p) =0:

In particular, v is not unique in general, although the homogenized ux is. We
refer the interested reader to [27] and [49] for details; thatter uses an equivalent
formulation using Hamilton-Jacobi equations.

The organization of this article is as follows : rst we derive &inetic formulation
for equation (3.1). As usual, this allows us to de ne a weakeration of solutions of
the parabolic conservation law (3.1), callefinetic solutions We also derive formally
the L! contraction principle for kinetic solutions of equation (3L). Then we use this
formulation to give another proof of proposition 3.1.2 in sgion 3.3. Eventually, in
section 3.4 we give a rigorous proof for the derivation of tHe! contraction principle
announced in section 3.2.

3.2 Kinetic formulation

This section is devoted to the derivation of a kinetic formulon for equation (3.1).
Throughout the section, we assume that the hypotheses of pragition 3.1.1 are
satis ed, thatis, A 2 W ir . (Y  R), and A satis es either (3.5), or (3.6), or (3.7),
together with (3.4).

Under such hypotheses, the following result is easily dedac&om proposition
3.1.1:

Lemma 3.2.1. Forae. y2 Y, p7 v(y;p is aC dieomorphism from R to
( () +(y), where (y)=Ilmp1 Vv(y;p).
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Its reciprocal application is denoted bywv(y; )

wiy):( ), +M)! R

Remark 3.2.1. Notice that+1 (resp. 1 ) is an admissible value for . (resp.
). In fact, it can be checked that

h i=1 ;

and there are cases when
(y)=1 8 y2Y:
Indeed, for ally 2 Y, the family (v(y;p) V(y;0))p>0 is increasing in p and
nonnegative. Moreover,

hv(ip) v(:0i=p 8p2R:

Hence according to Lebesgue's monotone convergence theote .  v(;0)i =+ 1 ,
and thush ,i =+ 1 . If we assume additionnally thatm = O in hypothesis(3.2)
(i.e. we assume that(3.5) is satis ed), then it is proved in [14], lemma 6 (see also
(2.20), (2.21)), that

p!“r+n1 JQI{ viy;p) =+ 1
In that case, +(y)=+1 forally2Y.

We begin our study of equation (3.1) with the following

Lemma 3.2.2. Letu2 C([0;1 ); LY(Y))\ Lie(0;1 ;H (YD Line([0;1) Y) be
an arbitrary solution of (3.1). Assume that the uxA 2 W7 (Y R) satises
(3.4) and the hypotheses of proposition 3.1.1.

Then the function u satis es the following equality in the sense of distributis
on[0;1) Y R,

@u  v(y;p)+ +divy Ly yp(Aly;u) Ay Vv(Y;p)) y(u viy;p)+ = m;
(3.17)

where 1
M(GY;p) = go—r y(uty) v(y:ip)i® (P= w(y;u(ty)))
onY:p)
IS a nonnegative measure of0;1) Y R.
Consequentlyu is an entropy solution of (3.1) in the sense of de nition 3.1.1.

We postpone the proof of lemma 3.2.2 to the end of section 312t us stress that
equality (3.17) is to be understood in the sense of distribigins in[0;1 ) Y R.
Such an equality would indeed be meaningless were it consetbfor p2 R xed.

Let us now write down the kinetic formulation for equation (3.). Let u be an
entropy solution of (3.1); di erentiating equality (3.17) with respect to p leads to

@ @wp;. ., @ @W;p @W:p),. _ @nty:p)

= ft =
@t @p @y @p @p @p
(3.18)

a(y;v(y;p)f* y
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wheref * (t, Y, p) = 1u(t;y)>v (y:p)-
The same kind of equation holds fof = 1wy« =1 7 (recall (3.10))

@ @w;p) @ @W:p)_, ... . @w:p. _ @m
ot @pf +@y s a(y; v(y; p)f y @pf (3@1%)

This leads to a notion of kinetic solution :

De nition 3.2.1. Assume that the ux A satis es the hypotheses of proposition
3.1.1. Letu=u(t;y) 2C([0; 1 ); LY(Y))\ L{c(0;1 ;H L, (Y)) such that

(y)<u(ty)< +(y) forae. (ty)2[01) Y:

We say thatu is a kinetic solution of (3.1) if f* = 1yy)>v(y:p) Satis es (3.18)
in the sense of distributions with the initial dataf * (t = 0;y;p) = L1uyy)>v (y:p), and
if there exists a function 2 L! (R) such that (p)! Oasjpj!l , and

Z,Z
m(ty;p)dydt  (p) in DYR): (3.20)
0 Y
Precisely, u is a kinetic solution of (3.1) if (3.20) holds and if for all test function
= (ty;p) 2Dper([0;1) Y R), we have

Z lZ .
f*(t;y;p)@%’p)f@ +a(y;v(y;p)@ + y gdtdydp=
2,27 i z @w;p)
= m(t;y; p)@ (t;y;p) dtdydp 1uo(y)>v(y;p)T’p (0;y; p)dydp:
0 Y R Y R p

(3.21)

Notice that without any loss of generality, we can choose a fation in (3.20)
which is nonincreasing or(0; 1 ) and nondecreasing ot 1 ;0).

It is easily checked that the notions of entropy and kinetic@utions are equivalent
as long asu is bounded in some kind of-! norm :

Proposition 3.2.1. Assume thatA satis es (3.4) and the hypotheses of proposition
3.1.1. Letu = u(ty) 2 C([0;1 ); LY(Y))\ LE.(0;1 ;Hp,(Y)). Assume that there
exist real numbers 1; > 2 R such that

vly; 1) uty) v(y; 2) forae.(ty)2(0;1) Y: (3.22)
Then u is an entropy solution of (3.1) if and only if u is a kinetic solution.

We are then able to prove thel.! contraction principle thanks to the kinetic
formulation; we wish to emphasize that whem satis es (3.22), this result is not new
by any means, and has been known since the articles of Kruzkh®9][ 70]. However,
we present here a di erent proof (see section 3.4), using mreegularizations by
convolution following [58, 59]. Moreover, we prove that thé! contraction principle
holds for a larger class of solutions.
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Theorem 3. Assume the hypotheses of proposition 3.1.1 are satis ed,thvia 2
wit (v R)V,and

per,loc
@a2Li.(Y R)N; (3.23)
8R>0;9;C> 0;8(y;y92Y?*8v2( R;R) jaly;v) ay%v)i Cijy yi:
(3.24)

Let uy, u, be two kinetic solutions of(3.1). Then

jue(t)  uaA(t)+jjLreyy i (Ua(t=0) Ut =0))+jjLieyy: (3.25)
Moreover, if forall T > 0
Z:72 Z
Qw;p) . .
:p) ja(y; v(y; P)j Luy(ty)<v (yp)<u 1 (ty) dtdy dp < +1 ; (3.26)
o vy r @p
then the following inequality holds, in the sense of distutions on[0;1 ) Y

ggul u2)++@@y[1ul>uZ(Ai(y;ul) AGE) S W) O (3.27)

Remark 3.2.2. Hypothesis(3.26) is necessary in order to retrieve inequality3.27).
However, if the sole purpose is to derive the! contraction inequality (3.25), hy-
pothesis(3.26) is no longer required. Hypothesi$3.26) implies that the function

(tY) 7! Lusu, [AQY; Ut y))  AQY; u(t;y))]

belongs toL*((0; T) Y)N for all T > 0. Notice that such an integrability property
is not obvious in general, since we no longer assume tha? LL_, and thusA(;u)
does not belong ta .. either.

Let us explain formally how inequality (3.27) is derived : leu,, u, be two kinetic
solutions of (3.1). We seff1 = 1y, ¢ty)sv yp) F2 = Luaey)<v (yip)

M= uy) T YD gy (= WU(EY)): i=1:2

Then "
ook o esvvuimf o =Th 29
o oF T esLvYPf:  , of = Th @29

Multiply (3.28) by f,, and (3.29) byf; recalling equation (3.10), we add the two
eqguations thus obtained and we are led to

@ @ @ @v, . @ _
ot @\élfz + @V @Si(y,V(y,p))flfz y @\élfz =
@ @ @

= @r?)fz @r?)fl 2@\{/) yf]_ r yf2: (330)
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Set' i(ty) = w(y;ui(ty)) (i=1;2),i.e. v(y;" i(ty)) = ui(t;y) . Then

ryhity) = & [ryui(ty) royv(y:"i(Gy)l:

oY’ i(ty))
Notice that
fl = 1u1(t;y)>v (y;p) = 1 1(ty)>p s
fo= Li,cey)yvim = 1 oty)<ps

and thus, setting ;=1 and ,= 1,

= i (p="ity);
ity ity) (p="1(ty)):

We refer to the proof of lemma 3.2.2, at the end of the presergion, for a derivation
of the above equalities in the sense of distributions d@;1) Y R.
On the other hand, for any functionG 2 W, (R),

Z Y4

R UIRE @gpp) dp

Q;
GAV(Y; D) Lua(ty)<v (yip)<u 1 (ty) g) )
R p

= Lu,(ty)<us(ty) [GUL(tY))  G(uz(ty))]:
Hence, integrating (3.30) with respect tp on R yields

@@ Ug u2)++@@Vluz(t;y)wl(t;y)[Ai(y;ul(t;y)) Ai(y; uz(t; y))] y(Ur  U2)+

dp

@v
= m@f,+ ma@f, 2—r 1 r fodp

RZ @p 1
= Rjr yur(ty) royv(y;’ 1)]2W (p="1) (p="2)dp
z o
ryte(ty) 1oVl Noggm (P="2) (p="1)dp
7 @p
+2 %Fvgy;p) ry’aty) ry aty) (p="1) (p="2)dp
zZRE

= @D (P="1) (P="2Jr y(ur u) r y(y;' 1)+ r yv(y;' 2)j’dp
R ~ap
0

which is exactly theL! contraction principle betweenu; and us.

However, the calculations above are entirely formal, sindbe product of Dirac
masses is not a well-de ned object, and;;f, do not have enough regularity to
perform nonlinear calculations. Thus, regularizations aneecessary in order to justify
the contraction principle, which is proved in section 3.4.
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Proof of lemma 3.2.2.Notice rst that since u(t;y) and v(y; p) are both solutions
of (3.1), we always have

@u(ty) Vv(y;pl+divy[A(y;u)  Aly;vly;p)]  yluty) v(y;p]=0:

Thanks to the regularizing parabolic (resp. elliptic) term,the regularity of u (resp.
V) is su cient for us to use the chain rule, and thus

Lutyysv (yp @IU(tY)  V(Y;P] = @[u(ty) Vv(Y;p)],
Luy)ysv i divy [A(y; U) Ay V(Y p)I=div y Lywy)ysv i (ACYsU) Ay vIY;R))
levp ylu viy;pl= ylu vyipl, o ylevgp Fylu viy;p)l

Similar calculations can be found for instance in [69, 70]nd are in fact at the
heart of Kruzkhov's method for proving theL! contraction principle.
The major di culty comes from the term r y1,y)sv (y:p)- Notice that

Luty)sv iyip) = Twiysuctyy>p:

When p 2 R is considered as a xed parameter, we have
Fylovgp = H &'

where! = fy 2 Y; w(y;u(t;y)) > pg, H”@!1 is the (n  1)-dimensional Hausdor
measure alond w(y; u(t;y)) = pg, and is the unit normal vector eld oriented from
fw(y;u(t;y)) <pgto fw(y;u(t;y)) >pg. In general, no simpli cation occurs. How-
ever, when deriving a kinetic formulation for equation (3.1)we are only interested
in the computation of r y 1,5y (y;p) in the sense of distributions of0;1 ) Y R,
(see for instance [53], [52], and section 3.2 in [59]). In thease, we can give another
expression for the gradient ofl sy (y;p), Namely

FyLugyysvym = T yLwuty)>p
ry (w(y;u(t;y)) (p= w(y;u(t;y)))

= %r AUty) V(yip) (p= W(Y;u(ty))):

Notice that the above expression, although meaningless dresidered forp 2 R xed,
is well-de ned in the sense of distributions of0;1 ) Y R,.

Thus (3.17) is proved. Consequently, all solutions of (3.1) 8sfy inequality
(3.11) in the sense of distributions 0f0;1 ) Y R. And itis then easily checked
that if a solution u of (3.1) satis es (3.11) in the sense of distributions ity y; p, then
u satis es (3.11) for all p in the sense of distributions int, y.

3.3 An application to homogenization

We provide here a proof for proposition 3.1.2. The kinetic farulation derived above
allows a better understanding of the homogenization processnd the proof is much
more elegant than the original one in [14], which used two-dea¥oung measures.
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We will work in the context of kinetic solutions of equation (312) : let" > 0,
and letu” 2 LE([0;1 );LE(RN)\ L2.(0;+1 ;HL.(RY)). We assume that

fr (tx;p) = 1v(§;p)<u "(tx)

is a solution in the sense of distributions of

h i
X " X X X " X " N
@v, mpf +@ a v P Vo wpf "x Vp mp fo=@m;
f (t = O) = lv(é;p)<u o(x;é) (331)
where
" " X 2 X .
m(tx;p):="ru(t;x) r ywv ;p =~ p=w +;u(tx)

We assume that the hypotheses of proposition 3.1.1 are said, together with
(3.4), so that w(y; p) is well-de ned (see lemma 3.2.1). We have used the notation

Vo(Y; p) = @v(y; p).

The hypotheses orf * are the following:
(H1) uo(x;y) = v(y;Uo(x)), for someup 2 LY(RN);

(H2) up Vv(y;0)2 LY(RN; Ger(Y)); this means that
Z
supjv(y;uo(x)) Vv(y;0)jdx< +1;

RN y2Y
which is slightly stronger than requiringuy 2 L*.
(H3) f'(tx;p)! O(resp.1 f'! 0O)asp! +1 (resp. asp! 1 ) for a.e.
(tx)2[0;1) RN and forall"> 0. Equivalently,
§ <u(tx)< o i fora.e.(t;x)2 (0;1) RN;
where and . were de ned in lemma 3.2.1.

(H4) For all " > 0, there exists a function « 2 L! (R) such that -(p) ! 0 as
.
jp'l and Z,7 “
m (t;x; p) dtdx «(p) 8p2 R:
N

0 R

(H5) For all "> 0, the function

@v X ; .
(tx;p) 7! a@p P [1p>of (5XP)+ Lp<o(l f (£ P))]
belongs toL;.([0;1 ); LY(RN*1)). Equivalently, the function
(t;x) 7' u'(t;x) v §;0

belongs toL.([0;1 ); LY{(RV)).
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A function u” 2 L ([0;1 );LE (RM))\ L2.(0;+1 ;HL.(RN)) such that f" is a
solution of (3.31) and such that(H3)-(H5) are satis ed is called akinetic solution
of the parabolic scalar conservation law (3.12). Notice thave do not assume that

(8.12) is satis ed in the sense of distributions.
Let us now state the result we prove in this section.

Theorem 4. Assume thatA satis es the hypotheses of proposition 3.1.1 an(®.4).
Letu 2 LE([0;1 ); LE(RN)\ L2.(0;+1 ;HL (RV)) be a kinetic solution of(3.12)

such that hypothese@H1) - (H5) are satis ed. Then

u(tx) v ?;u(t;x) 1 0
in LE.([0;1) RN), whereu2 L ([0;1 );LY(RN)) is the kinetic solution of (3.16)

with initial data up.

Remark 3.3.1. When hypothesigH1) on the microscopic pro le of the initial data
is not satis ed, it is proved in the L! case in [18] that there is an initial layer of
typical size", during which the solution adapts itself to the pro le dicted by the
microscopic structure. The proof of this result relies on #h parabolic structure of
the equation, which cannot be used here since the kineticnhodation is essentially
a hyperbolic tool.

Remark 3.3.2. It is can be checked thatH2) - (H5) are always satis ed when
Up 2 LY\ LYRN) and u” 2 L., is an entropy solution. However, we wish to
stress that hypothesigH3) does not imply thatu” 2 LL.([0;1 ) RW) in general.
For instance, in the case when hypothesi8.5) is satised, we have = 1 , as
explained in remark 3.2.1. Hence in that case, hypothegid3) is always satis ed,
and the only bound required om" is (H5) , which is anL?! bound. Consequently,
we refer to (H2) - (H5) as an L?! setting, by contrast with the L' setting of
entropy solutions.

At last, let us mention that the function - in hypothesis(H4) can in fact be
derived from equation(3.31) (see lemma 3.3.1 below), if it is known thaiH4) holds
for some function -; nonetheless,(H4) cannot be avoided and is necessary for
lemma 3.3.1 to hold.

We will prove the convergence in several steps; rst, we intduce the two-scale
weak limit f (t;x;y;p) of f . Then, the key point in the analysis is to show that
f(t;X;y;P) = Lp<ux), Whereu is the solution of the homogenized problem. Hence,
we rst prove that f does not depend ory. Then we derive the macroscopic equation
solved byf and we prove thatf (t = 0) = 1,cy,(x); this entails that f = 1<, and
u can be identi ed thanks to the equation solved byf . Eventually, we prove the
strong convergence i ..

We begin with a few preliminary bounds orm” and f *, of which we only give a
rough idea of the proof (see for instance [59], propositionl47 and lemma 3.1.7 for
the derivation of similar inequalities):

Lemma 3.3.1. Assume that(H1) - (H5) are satis ed.
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~ There exists a constanC > 0 such that for all" > 0, for a.e. t> 0,
Z
X " .
Vo P (Lpsof (Xp)+ 1p<o(1  f)(t;x;p)) dxdp C:

RN +1

" There exists a constanC > 0 such that for allpy > 0, " > 0,
zZ,7Z z

m’ (t; X; po) dx dt v ?;uo(x) v 5 dx C:

0 R RN

The same kind of bound holds fqs, < 0.
Thusm'((0;+1) RN ( R;R)) is bounded for allR > 0 uniformly in ".

" Forallt O, forall pp> 0, forall "> 0
z X z X X
u(tx) v =:po dx V iuo(X) Vo =ipo dx

RN + RN +
(3.32)

We deduce from the second bound in the lemma that we can take (H4)
Z

X X
«(p) = 1o V o U(X) v . dx

X X
+1p<0 Vo oU(X) v dx:
RN

Then - is bounded inL?! , uniformly in ". Moreover, it will be proved in the very
last step of the proof that for allp, -(p) converges as! O0towards o(p), for some
function 2 L! (R) vanishing at in nity.

Proof. Thanks to the integrability assumptions(H4)-(H5) onf" andm’, we prove
that for any test function S°2 D (R), for all t > 0, we have
z X z X
. SYpf (X p)v, +;p dxdp SYp)f(t=0;x;p)v, =;p dxdp=
7 z.z
= m’ (t; x; p)S*p) dt dx dp:

0 RN +1

RN

Then, using the fact that - vanishes at in nity , we prove that the above equality
holds for more general function$. In particular, the choice S{p) = 1,., (and thus
S%p) = (p = 0)) yields the rst bound on f", and the choiceSYp) = 1,.,, for
somepy > 0 gives the one orm’. Moreover

Z Z

" X X
- lospof (KX P)Vp +ip dxdp = - 1v(.x.f;po)<v(.X.f;p)<u"(t;x)vp P dxdp
R Z%h i

Utx) v aipp dx;

RN

and thus the choiceS{p) = 1,.,, also yields the bound oru’. O
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We now use the concept of two scale convergence, de ned by Goiée Allaire in
[3] following an idea of Gabriel N'Guetseng (see [56]), in adto nd a two-scale
limit for " :

Proposition 3.3.1. Let fv g-( be a bounded sequence bf() , where is an
open set ofRN. Then as" ! 0, there exists a subsequence, still denoted 'hyand
v92 L?( YY), such that

Z Z

X; % V'(x) dx! (X Y)VO(X; y) dx dy
Y

for all 2 Cper(Y;L2()) .
It is then said that the sequencév' g o two-scale converges tas.

This concept is easily generalized to functions ih? (the proof goes along the
same lines as the one given in [3]), which allows us to prove tr@ldwing :

Lemma 3.3.2. There exists a functionf (t;x;y;p) 2 L* (0;1) RY Y R)and
a subsequence, still denoted By such thatf * two-scale converges tb.

It is easily checked that0 f 1a.e. Sincev,, f and1 f are nonnegative,
lemma 3.3.1 entails that there exists a constar® such that
Z

flpof (6XY;P)+ Loco(l (X YiP)gVe(y;p)dxdydp C ae. t>0:
RN Y R
The goal is now to identify the equations solved by in order to prove that f
is an indicator function. Hence, we now focus on the microgmo (i.e. iny) and
macroscopic (i.e. int;x) equations solved byf .

First step. Microscopic pro le. Multiplying (3.31) by a test function of the form
"ot x;x="p), with ' 2 Dper((0;1) RY Y R) and passing to the limit as
"1 0leads to the equation

y %\é +divy a(y;V(y;p))%\é =0 (3.33)

in the sense of distributionsor{0; 1 ) RN Y R. Letus point out that a(y; v(y; p))
is an admissible test function in the sense of G. Allaire ée [3]) thanks to the
continuity assumption (3.4).

Then, we regularize the equation (3.33) in the variables x;y;p thanks to a
convolution kernel, and pass to the limit as the parameter othe regularization
vanishes. We easily deduce that equation (3.33) in fact hadlmost everywhere in
t; X; p, in the variational sense iny.

Notice that the constant function equal to 1 on Y, denoted byl, is a positive
solution of the dual problem

yl aly;v(y;p) ry1=0:

Consequently, by the Krein-Rutman theorem, we infer that any @ution g of the
equation
yg+divy (aly;v(y; p)g) = 0
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can be written g(y) = 2%, wherec is a constant iny.
Thus f (t; x; y; p) does not depend ory, and f = f (t;X;p).

Second step. Evolution equationNow, we multiply (3.31) by a test function of the

form ' (t;x;p), with ' (t;x;p) =0 whenjpj R, R> 0 arbitrary; thanks to lemma

33.1,m(0;1) RN ( R;R)) is bounded uniformly in", and thus up to the

extraction of a subsequence, there exists a measung such that

m* mg inw M¥0;1) RY ( R;R)):

We de ne, for anyp 2 R,
z

_ 1 cofaeay @V
a(p) = V] Ya(y,V(y,p))@pdy,

recall also that Z
! @de =1:
jYi v @p .
Then f satis es, in the sense of distributions or{0;1) RN ( R;R)
@ng

@ +divy(a(p)f) = (3.34)

@p’

We deduce that forany0 < R <R % mg = mgoon (0;1) RN ( R;R).
Consequently, the measuren, dened by m = mgon (0;1) RN ( R;R)is
well-de ned. Hence equation (3.34) holds if0; 1 ) RN*! with mg replaced bym,
andm 2 C(R;w M?*([0;1) R}). Moreover the measuren inherits the following
property from the bounds onm’: for almost everyp 2 R,

Z,27
m(t; x;y;p) dtdxdy  o(p); (3.35)
0 RN Y

and o belongs toL! and vanishes at in nity, as we shall prove in the fourth step.

Equation (3.34) looks very much like the kinetic formulationfor a homogeneous
and hyperbolic scalar conservation law (see for instance3[5[52], and [59], chapter
3). However we have to work out a few points before jumping to @nclusion.

Third step. Identi cation of f as an indicator function. First, the function which
occurs in the kinetic formulation is the function :R?!f 1; 1;0g de ned by

8
<1 ifO<v<u;
(v;u) == 1 ifu<v< O
0 otherwise.

Here, ifu’(t;x) v (x="; u(t;x)) converges strongly to 0, as we intend to prove, then
f = 1uym auix) = lp<uex); hence, a good candidate for a function(v;u(t; x))
seems to be

a(t;x;p) = Lpsof  Lp<o(l f)=f lyo:

The function g satis es the same equation a$, and

sgnP)g = Lp>of + Lp<o(l T)=jgi2 [0;1]
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Moreover,
@g
— = =0)+ : 3.36
@p (p=0)+ @f (3.36)
Recall that ) X .
@f (txp)= pow Su(tx)

Hence @f (t;x;p) is a nonnegative measure, uniformly bounded thon compact
sets of(0;1 ) RMN*'. Since@f " weakly converges ta@f , we deduce that@f is a
nonpositive locally nite measure.

There remains to check that

g(t=0;xp) = (pP;uUo(X)); (3.37)

this equality is in fact not obvious : iff "(t = 0;x;p) = fo(X;x=";p), then it is false
in general thatf (t = 0;x;y;p) = fo(X;y;p). Indeed, there might be initial layers
of typical size". These are not taken into account when passing to the two-scale
limit because the test functions do not select the microscapinformation in time.
In order to see the possible initial layers, we should havekan test functions of the
kind
t X

Lo X ap

Here, it is unnecessary to consider test functions which haweicroscopic oscil-
lations in time because the initial data is well-prepared. Ehce, there is no initial
layer in this case. In other words, theu’ are uniformly continuous in time at time
t = 0 (with values in L}.). In terms of the kinetic formulation, this result follows

loc/-

directly from the fact that
f (t=0;x;p) = 1v(§;p)<v (%5u0(x)) = 1p< uo(x) -
Hencef "(t = 0) does not depend ori. Consequently, multiplying (3.31) by a test
function ' (t;x;p) 2D ([0;1) RN*!) yields
Z,Z n 0
f"(ﬂX:lO)%V TP @ +a Lvomip @ +" 0 dtdxdp
Zol fN+l p
m'(t;x;p)@ (tx;p) dtdx dp
OZ RN +1

@v X
— P locu' (t=0;x;p)dxd
RN+1@p..p p<uo(x) ( p) dx dp

Passing to the limit as” ! 0 entails that

f (t = O;X; p) = 1p<ua(x);
and thus
gt=0;xp) = (p;uo(x)):

Gathering (3.34), (3.35), (3.36), (3.37), we infer thag is a generalized kinetic
solution (see de nition 4.1.2 in [59]) of the scalar conseation law

@U+ @\i(u) _
@t @«

0;
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where

Ap) = a(p):
Now, we can apply theorem 4.3.1 in [59] : there existgt;x) 2 L ([0;1 ); LY}(RV))
such that g(t;x; p) = (p;u(t;x)) a.e., andu is a kinetic solution of the above scalar

conservation law.
And since

Ip>of  1p<o(@ f)= (p;u(t;x));
we deduce that
f(6EXP) = Tp<uax)
almost everywhere.
Fourth step. Strong convergencel.et us now prove that this result entails that

X .

u(t;x) v —;utx) ! 0

inLL..

(i) Convergence ofi' * v(x="; po) for all p, > 0O: take an arbitrary cut-o function
' =" (t;x) with compact supportin[0;1 ) RN, py> 0 and set

(GXY:P) == Lux)<p<p o %Ky; P " (tx):

Sincef "(tX,P) = 1,(x p)<u” 1) WO-Scale converges t = Lycu(x), We deduce that
as"! 0 Z. 7

1 . . X . .

6LX P 1v(§;p)<u " (tx) dpdxdt! O:

0 RN +1

And the left-hand side can be transformed as follows

Z,Z «
o n tX P 1V(§;p)<u..(t;x)dpdxdt
S 602V X:p dpdxd
T o g RGO () w0y (tim) (6X) gp =P dp et
1

= . - 1v(§;u(t;x))<v<u " (t;x)/\v(é;po) I (t: X)dV dX dt
VAR h « i

"(x) u(tx)Mv X, v

—; u(t; x) dx dt:
0 RN +

Take any compact selK [0;1 ) RN, and choose a test function 2 D ([0;1 )

RN)suchthat0 ' 1,and' 1onK. Then forall"> 0,
h i
u(t;x)"v 5 v ?;u(t;x)
+ 1
z,2 h WA

CGX) UEX)AV mip v oasu(tx)  dxdt
0 RN +
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In the inequality above, we have used the fact that. = max(u;0) is always non-
negative. Thus we deduce that for alpy > 0

h i

u(t;x)"v 5 Vv ?;u(t;x) IO

"1
* Ll (0;1) RN)

The same kind of result holds fopy < O.

(i) Convergence ofi": let T > 0, R> 0, and setQ :=(0;T) Bg. Forpy,> 0
arbitrary, we have
h ) X [
u(t;x) v —;u(t;x)
T LYQ) _
h ) X X (I h ) ) i
u”™v —po v —;u(t;x) + U urv —;
*LYQ) T LYQ)
h ) X X [ h ) X i
u”v —po v —;u(t;x) + U V —ipo
N R (o)) MR (o)
h ) X X i
unrv 5ip vV 5 u(tx)
Z AR R (o))
X X |
+T VvV —;Uo(X) V —Po dx
RN +

thanks to inequality (3.32).

According to (H2) , we have[v(y;uo) V(Y;po)l, 2 LY(RY; Ger(Y)); thus, using
to a result of Grégoire Allaire (see [3]), we deduce

Z n N « i Z
VoSiu(x) v dx ! [v(y;uo(x)) Vv(y;po)l, dxdy
RN + RN Y
as" ! 0 forall pp > 0. Sincejj(v(y;p) v(Y;P). jiLryy = (p P9+ for all
p; 2 R, we derive the following bound
Z1Z h « i
u(t;x) v —;u(t;x) dx dt
0 Br +
Z1Z h « « i
u(tx)rv —; v - u(t;x) dx dt
0 fR . +
h x | N N
+T VoSilo(x) v dx jj (o Po)+iiLz(r)
RN +
+Tjj(Uo  Po)+iLi(ry)

In the above inequality, takepg large enough so thaij(uo

Po)+JiL1(ry) IS Small

enough, and then for thispy, take " > 0 small enough so that the two other terms
are small (notice that the rst one vanishes thanks to the rg step). We deduce

that h

u(tx) v i'u(t;x) 10

inLE.([0;1)

RN), and theorem 4 is proved.
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Moreover, we have proved that for alp > 0,
Z n i
im v nu(x) v oaip dx
Z' 0 RN +
[V(y;uo(x)) v(y;p)l, dxdy

RN Y

i(Uo  P+licrwrny =0 o(p):

fim-(p)

Thus ( vanishes at in nity, and the result stated after lemma 3.3.1holds.

3.4 Rigorous proof of the L? contraction principle

This section is devoted to the proof of inequality (3.27) undeassumption (3.26) and

the hypotheses of theorem 3. The main ideas behind the proofreeexposed in the

formal calculations in section 3.2; however, regularizatns are necessary in order to
justify nonlinear manipulations of the type

f1@f, + fo@F 1 = @f1f2);

as well as the reduction of the right hand-side.

As in [58], [59] (Chapter 4), we will merely regularize the eqtian by convolution;
let " > 0 be a small parameter,; 2 D(R), »2D(RV), 32D(R) such that

i 0 (=1;23),
Supp 1 [ L0 §UD|0 2, Bi; %upp s [ 1,1 1(0)=0;
1= 2 = 3=1:
R RN R

We set, for" > 0, (t;x;p) 2 RN*2

1 t X
(BXP) = i 1 w2 w3 B ;

and for (t;x;p)2[0;1) RV R
Z
f (tx;p) = fi(s;z;9 -(t s;x z;p 0 dsdzdg;
ZRN+2
m; (t;x; p) = mi(s;z;9 -(t s;x z;p q)dsdzdqg:
RN+2

(Notice that the convolution in the space variablex is meant in the whole ofRN: f;
is thus considered as a function de ned of0;1 ) RN R, periodic with period Y
in its second variable. The functionf; is of courseY -periodic as well.)

We begin with the derivation of the equation solved by " :

Lemma 3.4.1. Seta(y;p) = a(y;v(y;p) g2 for1 i N,y2Y,p2R.
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Then for "< 1=2, f (j = 1;2) is a classical solution of

ol tayaua ot = Ther
where ;1 =1, ,= 1, and the error termr; is equal to
r(ty;p) = @@t %Ey; pf; (ty;p) %\é,- (L y;p)
+@@; a(y;pf; (ty;p) (af)) -(ty:p)
y %[vgy;p)f,-"(t;y;p) %:f)j (ty;p)

Moreover, for all0<" < 1=2, for all p2 R,
Z,7Z
o m;(ty;p) dtdy max( i(p+1); i(p 1))

where the functions ; were introduced in hypothesig3.20) in de nition 3.2.1.

We postpone the proof of lemma 3.4.1 to the end of the section.
Now, sincef; is smooth we can multiply (3.38) written forf, (resp. f,) by f,
(resp. f;), and add the two equations thus obtained. Following the caidations in

section 3.2 leads to

o okt + 2@t ol

+rof, + rof g
Let R > O arbitrary, and let Kr 2 D (R) be a cut-o function such that

0 Kgr(p) 1L JKR(PI 2 8p2R;
Kr(P=1 8p2[ R;R];
Kr(p)=0 8p2(1 ; R 1][ [R+1;+1):

Classically, the following convergence results hold for anggt function = (t;y) 2
Dper([0;1 ) YY) (recall (3.26))
z,2 @ z
lim - lim —gy;p)fif; (GY)Kr(P dtdydp= (U1 W), (ty)dtdy;
RIL "T0 5 y p@ v
z,2
lim lim a(y;pf,f,@ (ty)Kr(p)dtdydp=
R!1 10 0 Y R 7 7
1

= Lupsu, [Ai(Y;uz)  Ai(y;u2)] @ (try) dtdy:

0 Y
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(If one is interested in deriving (3.25), without assumptior(3.26), instead of (3.27),
one should merely take 2 D ([0;1 )), independent ofy, at this stage; the left-hand
side in the second equality above is zero in that case. The redtthe proof remains
unchanged.)

On the other hand, it is easily proved that the rst order terms in rJ gotoOin
LE.(0;1) RN*1)as" ! 0 thanks to the assumptiona 2 W' Hence, we now
focus on the convergence of

@m,. @m,. @V .. .
Er?)fz Erifl 2511 12

and the second order terms imjf', that is

@y . ... @
y @Fvgy,p)fl(t,y,p) @};1

y %Fvgy;p)fé(t;y;p) %\éz (ty;p) fq:

(ty;p) f,

In the following, we set
Lilty) = wlysui(ty)) (e v(y;tity)) = ui(ty)); (3.39)
i(tY) = &y [Fyui(ty) (ry(y: i(GyDlI= ry i(ty):  (3.40)

oy i(ty))
We recall that
. —_ . 1 . '2@ ot . _ .
mityip) = ir ' ity @gy, (GY) (p='ity)  (341)
= el YD) (= (k) (3.42)
ryfity;p) = iry i(ty) (p="i(ty)) (3.43)
i i(ty) (p="i(ty)) (3.44)
@ = i (p="ity) (3.45)
fori=1;2 where ;=1 and ,= 1.
First, for any test function = (t;y) 2 Dpe([0;+1 ) Y) such that 0, for
"< 1, R> 1, we claim that
1% @m. @m,. .@v
f, f. 2—r ,f, f, : dtdyd
Zole - @p 2 @p @By 1 Fyfy  (4y)Kgr(p) dtdy dp
(tospy yup ')t sy yap ') (BY)Kr(P)
0 ., R2N +3 y S '#
2 1 2 %gy;p) %zyl;' ﬂ%&w:' 2)  dydpdy dy,ds; ds; dt
2] jla [ (R 1)+ 1( R+1)+ (R 1)+ 2 R+1)] (3.46)

In the integral of the right-hand side above, i, ' | are evaluated at(s;;y;) (i = 1;2).
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The derivation of this inequality is rather technical, but straightforward if one
follows the formal calculations of section 3.2. Let us focusidhe rst term of the
left-hand side, namely
Z,72 .

@m. .
@”j;fz (t;y)Kr(p) dt dy dp
OZ 12 R
= m, @f, (ty)Kgr(p)dtdydp
Zole R
m;f, (ty) KR(p) dtdy dp
0 Y R
= (Ina+ In2):

Remembering (3.42) and (3.45), we have
z @
my(ty;p) = 1(sl;y1)jz@rvgy1;' 1(si;vh)) (t suy  yup ' a(Siyi) dsp dys;
Z

@f, = (U sy Yap ! 2(S2rYe)) ds; dys;

RN +1

and thus
z.2 Z
ly = (tosuy yup ‘1) (tosay yxp '2)

0 R2N +2 Y B
s #2

(ty)Kr(P) %gyl;'l(sl;yl)) ((siy) dydpdy dy, ds, ds, dt:

On the other hand, according to lemma 3.4.1 and the assumpti® onK g,

z,2
2] m; (tY)iKRr(p)j dtdy dp
0 Y R

2l i [ (R 1+ 4( R+1)]:

(jaj’+ jb?) 2a bforall a;b2 RN with a= " vp(y1;' 1) 1. b= Vo(y2' 2) 2
and ;,'; are evaluated at(s;;yi) 2 [0;1 ) RN. This concludes the derivation of

(3.46).
Next, we investigate the second order terms |q ie.,

The two other terms are treated in a similar way; eventually, & Usg the inequality

Z,Z
@V e @ e .

Ly gyt gl @y 1

oy %Fvgy;p)fé(t;y;p) %::()2 (ty;p) f,  (ty)Kr(p) dtdy dp:
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Integrating by parts, we obtain for instance

z,2
oY %\él %\él . 5 (ty)Kr(p) dtdy dp
_ 71 2 @v . @v _—
= . @ yf1 @Fgr yf1) « ryf, (ty)Kgr(p)dtdy dp
2,z
- . Qv ¢ f5 (ty)Kg(p)dtdyd
" YRI’y@pl l’y@p 1 ryf, (Gy)Ks(p) y dp
Z
1
IV %\éi %\él » 1yf; 1 (ty)Kg(p) dtdy dp
2,z
oy %}f,i %\él - f5 (ty)Kr(p) dtdy dp

= Jurt Jup+ Jugt Jug

Notice that hypothesis (3.23) ensures tha%g exists and is Hoélder continuous iry,
with locally uniform bounds in p (see theorem 8.24 in [34]), and hypothesis (3.24)

entails that r y%‘é is Holder continuous iny, with locally uniform bounds in p (see

theorem 8.32 in [34]).

Hence,@‘ébelongs toC(R; G, (Y)) for some 2 (0; 1). Moreover, thanks to clas-
sicalH! bounds for elliptic equations, we deduce that y%;belongs toC(R; L2(Y)).
Together with identity (3.44), these regularity results ea#y entail that for all R > 0,

,I,i'mOJ--;i =0 fori=2:;34

In the following, we denote byl g : [0;1 ) ! [0;1 ) afunction such thatlimg- ' g =0
and

9o+ j3usi + [3uaf 1e() 8R>0; 8> 0

Without loss of generality, we can also assume that the rstraler terms in rJ are
bounded by! r("):

We now focus on the termJ-.; thanks to identity (3.44), we have

Z.,7 z
g = “(t sy yup 1) o(t sy yap o ' 2)

0 R2N+2 Yy R

%Ey;p) %:gyl;' 1) 1 2 (ty)Kgr(p) dydpdy dy.ds; ds, dt;



Formulation cinétique d'une loi de conservation scalaire p arabolique.

82 Application a un probleme d’homogénéisation
and ;;'; are evaluated att;;s;. Gathering all the terms, we infer
Z,Z7 " .

720 Y R @p @p @p
(t sy yup 1) ot sy yap 2 (GY)Kr(P) 1 2
S

|
%Eyl;' 1)+ %gyz;' 2) 2 %\SW;' 1)%\5312;' ) dy dpdy dy, ds; ds, dt

+ %jl%l [ 1(£a D+ 1( R+1)+ (R 1)+ ( R+1)]+ Clg(")

(t sy yup 1) -t szy yap '2) (KY)KRr(P)
s #

0 RN?2 Y R
S

@ @
—(yq;" —(y,;" dy dp dy; dy, ds; ds, dt
12 @\é)ﬁ 1) @EYZ 2) Yy ap 0y dy, ds; 0S;

2] i1 [ (R 1)+ 1( R+1)+ (R 1)+ ,( R+1)]+ Clr("):

The function %‘F’,belongs tonlgiloc(Y R) and is bounded away from zero on bounded
subsets ofY R. As a consequence, there exists a constadk > 0, depending on

R, such that for all " > 0,
S S

%:gyl;' 1) %rvgyz;' 2) Cr"

wheneverjy; v, 2',]'1 "2 2',andj 4j;]' 2 R. We set

(tx;p) = 1(t) 2(x) 3(p):

Performing changes of variables in the integral in the righbhand side, we obtain
zZ,7Z . .
@m. @ SOV v e K

@ @ @

0 \Z?Z pZ p p

Cr "? St sy yup 1) ot szy yap '2)
0 R2N+2 Y R

(y)Kr(p) 1 2dydpdy dy,ds; ds, dt
+2jj gllgl(R D+ 1 R+D+ (R 1)+ o( R+I)]+ Clr(")

Cr" (LY)Kr(p+ ™ 2(t  "si;y  "y1))

0 R2N +2 Y R

it sy " "ot "so; "
(SLyip)  SuVap+ 1( nY Y1) _ 2( 2y "Y2)

1t "syy "y1) ot sy o) dy dp dy dy. ds; ds; dt
+2jj ja [ (R 1)+ 1( R+1)+ (R 1)+ ,( R+1)]+ Clg(")
Cr"+ Clr(")
+2) i [ (R D+ 1( R+1)+ (R 1)+ ( R+1)];
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so that eventually, for all test functions (t;y) 2 Dper([0;1 ) RN) such that 0,

Z,Z7 . .
. . @, @m,. @V .. . .. o
limsuplimsu —f —=f 2—r f, r f,+r.f,+r.f
R!lp”!Opo . @p2 @pl @pyl ) L) 2l

(ty)Kr(p)dtdydp 0 (3.47)

Consequently, in the limit, we obtain for any test function (t;y) 2 D e ([0; 1 )
RN) such that 0
zZ,7Z
(Ur W)+ @ (BY)+ Lupsu, [Alysun  A(y;u2)] 1y (ty) didy
ZO Y

(us(t=05y) ux(t=05y))+ (t=0;y)dy;
Y
which means exactly that

@ur  Ug)+ +divy [Lysu, (Alysu)  Alysw))] O (3.48)

in the sense of distributions.
Integrating this last inequality on (0; T) Y forany T > 0O yields

Jut=T) ut=T)sjieryy Il (U(t=0) Ut =0)+jiLeevy:  (3.49)

Hence the derivation of (3.25) and (3.27) is complete; themnly remains to prove
lemma 3.4.1. The argument goes along the same lines as lemn#aldin [59].
Proof of Lemma 3.4.1.Notice that equation (3.38) is equivalent to

@ @y @ @an

e oy taem ol (3.50)

@p - @p

Thus we focus on the derivation of (3.50) fof ;; let (t;y;p) 2 [0;1) Y R be
arbitrary. Following [59], one is tempted to consider the tesfunction

; 1 t s z
(s;z;9 70 (t sy zip O= vz 1 2 y" 3 u

in the de nition 3.2.1 of kinetic solutions. However, such aest function is not
periodic in z, as required in de nition 3.2.1; but the support ofz 7! ,((y 2)=")
is a subset ofB(y;"), the closed ball centered ory and of radius"”. Thus, for
0<"< 1=2,

supp2((y )=) B N v %;W%

Hence for" < 1=2, we can extend , ((y )=") by periodicity on RV ; the function
thus obtained is denoted by, and belongs toG,(R"):
Now, for xed (t;y;p)2[0;1) Y R, we de ne the test function

1 t s _
(8297 fr 1 v (2) 3 w
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By construction, belongs toDpe([0;1) Y R). Thus is an admissible test
function, and according to de nition 3.2.1,

Z 1Z .
fl(s;z;a)@(lz’q)f@ +a(z;v(z;0)@ + ., gdsdzdg=
R @q
2.z z o
= m(s;z;9@ (s;z;0 dsdzdq Lu@>vza (0;2;0 (/Z’q)ddeI
0 Y R Y R @q

First, notice that sinceSupp 1 [ 1;0], we have (0;z;0) =0 forall z; g Moreover,
sincef, and areY -periodic in their second variable, we have for instance,tdag
Yy= Ny(yi 1=2yi+1=2)=y e+ Y,wheree:=(1=2, ;1=2)2 RV,

Z.,7 Loy 2.7 f
0 YRl@q 0 Yle@

@\@:

And whenz2Y,, (s;z;d= '(t s;y z;p q) by denition. Thus, using once
again the assumption on the support of5,

Z.,Z @
fl(s;z;a)@(vsz;q)@ (s;z;9ds dz dg
Zole R
= fl(S;Z;O)%éZ;q)@ (t siy z;p 0)dsdzdg
Zolz\(y R
= fl(s;z;a)%(vsz;q)@ (t s;y z;p 0)dsdzdqg
OZ 1R2 R

fl(s;z;cb@\éz;q)@ ‘(t s;y z;p Q)dsdzdq
0 RN R i} @
@[(f1vp)  1(ty;p):

The other terms are treated in a similar way; we obtain

zZ,7Z
f1(s;z;98(z; 9@ (s;z;0 dsdzdq
ZO ZY R
1

fi(s;z;9&(z;9@ (t s;y z;p Q) dsdzdg
0 RN R
Zl@[flaa] &y p);

fi(siz:9ve(z;0) - (sizigdsdzda= [(fave)  1(Ly:p);
2 7R

m(s;2;90@ (s;z;9 dsdzdg= @m;(ty;p):
Y R
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There remains to derive the bound om; : by de nition,
Z,7
m;(t;y; p) dt dy
20,722
= mi(s;z;9 (t s;y z;p 0)dsdzdqdtdy
22zY %7z,
= mi(s;z;9 (t s;y z;p Q) dtdsdzdqdy
VR 20, 20
= mi(s;z;9 (u;y z;p ) duds dzdqdy
VARV A A
mi(s;z;9 (u;y z;p 0q) duds dzdqdy
Y RZPz0 2.

% my(s;z;9 2 y"z 3 p_q ds dz dq dy:

Y RN*1 0

Then, with the same notations as earlier,

Z Z .
my(s;z;0 » y— dz dy
Y RN |
Z Z .
= dy dz my(s;z;9 »
\ Yy
Z 04 o
= mi(s;y+y° e 9 » y dy dy’
ZY Y
= mys;yid » — dy dy’
z z o
y
= my(s;y; 0 dy 2 —— dy°
Y RN
In the one before last step, we have used the periodicity of;.
Thus
Z,7Z 22 7,4
mi(ty:p)dtdy 3 mi(sizid s P ds dzdg
0 Y ZR z2Y O
1
Toa@s T dg
z .~

1(p "a) s(a) da:

1

The monotonicity of ; yields the desired result.

3.5 Appendice : cas d'un ux avec une dépendance
macroscopique

On se concentre a présent sur le cas ou le ux possede une délagice explicite en

la variable d'espacex 2 RN. Autrement dit, on considére un ux A 2 W21 (RN
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Y R)N, et on s'intéresse au comportement de la solution entropigw’ de la loi
de conservation scalaire

@_'U . >(\I Q . . i " e n R . N .
@t(t,x)+ . @XA' X; =V (t;x) U =0t 0 x2R"Y, (3.51)
U(t=0)= Up X~ : U2L'(R" Y): (3.52)

Pour simpli er I'étude, on se place dans un cadr&?® (voir I'hypothése (3.54)); en
e et, il est un peu plus compliqué de trouver des bornes priori sur la suiteu’ que
dans le cas ou le ux ne possede pas de dépendance macrosoepigt I'étude du
comportement des solutions cinétiqgues de I'équation apgét, pour l'instant, hors
de portée.

Le lemme suivant donne un résultat de régularité pour les smions du probleme
de la cellule :

Lemme 3.5.1. SoitA 2 LL (RN; W2l (Y R))N. Alors pour presque toutx 2 RN,

loc per

pour tout p 2 R, il existe une unique solutiorv(x; ;p) du probleme de la cellule
YV y;p) +div Ay vixy;p) =05 hv(x; ;p)i = p: (3.53)
De plus, si le ux A est tel que
r(divyA); 1 @A @A, A2 L (RY Y R); (3.54)

alorsv2 LY (RY RY;WZI(Y)) pour toutq2 (1;1 ), et il existe une constante

per

C > 0O telle que pour presque tow;y; p,

VOGY P T xS Y RIS T xy VXY RIS %:gx;y;p) C:

Le résultat principal de cette partie est énoncé dans la propition suivante :

Proposition 3.5.1.  SoitA 2 L* (RY;WZ! (Y R))V; on suppose que la condition
(3.54) est véri ée. Soitug 2 Lt (RV), et soit

Uo(X;y) == V(X;y:Uo(x)) 2 LT (RN Y):

On dé nit le ux homogénéisé A 2 Wil (RN*1) par
1 +
AR = ABGYIVOGYip) dyi () 2 RY™;

et on considére la solution entropiqua 2 C([0; 1 );LE (RV)\ L ([0;1 ); L (RV))
de la loi de conservation scalaire
@l(@;?) +div,A(Xu(t;x))=0; t> 0 x2RN; (3.55)
u(t =0;x) = up(x): (3.56)

Soit u’ la solution entropique de I'équation(3.51). Alors lorsque” ! 0, on a

u(tx) v x;?;u(t;x) I 0

dansLi ([0;1) RN).
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La preuve de la proposition 3.5.1 est divisée en trois parsie dans le paragraphe
3.5.1, on montre le lemme 3.5.1. Le paragraphe 3.5.2 est @oié a |'obtention de
bornes uniformes erf dansLi ([0;1 );L* (RY)) sur la famille u", et le paragraphe
3.5.3 est dédié au passage a la limite proprement dit.

3.5.1 Régularité des solutions du probleme de la cellule

Le lemme 3.5.1 est une conséquence facile de la propositidn13et des résultats
démontrés dans l'article [14] (voir le chapitre 2). Tout d'dord, a x 2 RN xé,
I'existence et l'unicité des solutions du probleme de la dele est assurée par I
inégalité

jdivyA(Y: P + I@AMGY: P i divyAfic: me v r)* @Al Rv v R
Autrement dit, les hypothéses (3.2) et (3.3) sont satifaittavecm = n =0, et donc
(3.5) est véri ée également. On en déduitque 2 L* (R} RY; WZJ(Y)) pour tout
g <1 . Etdapres [14], il existe une constante> O telle que

@

hdll AV Cy- N .
@\éx,y,p) 8(x;y;p) 2 R Y R:

Par ailleurs, sous I'hypothése (3.54), on montre que la faimn v est réguliere en
X. Précisément,@v=@ st solution de I'équation

gv
Y@x

= div, %ﬁ(x;y;V(x;y; P)

@livyA @
= — (X} Y, VXY, —\ XY, VIX)Y; ryvixiy;p):
@x(y(yp)) @;(y(yp)) yV(X;Y;Pp)
Le membre de droite appartient aL* (RN Y R); par un argument de boot-
strap , on en déduit quer v 2 L* (R}  Rp;W29(Y)) pour tout g < 1 , et donc
r«v2LY(RY Ry WEL(Y)).
En dérivant une nouvelle fois I'équation précédente par rappt a x;, on obtient

+divy a(xy;v(xy; p))%\:

y xV+divy @y v(xy;p) «V)
[divy (r x (@06 y; V(X;y;p)) T xV)+divy (( xA)XY; VX y;p)]
divy ((r x@)(X;y; V(X y;p)) T xV(X;y;p)) :

Le membre de droite de I'équation précédente appartientld (RY R, W 1 (Y));
en utilisant une fois encore un argument ddoot-strap on conclut que v 2
LY (RN RpWEA(Y)) pourtout g< 1, puisque v2L'(RN Y R).

3.5.2 Bornes a priori dans L! sur la famille u

Dans le cas ou le ux ne dépend que de la variable microscopigen espace,
I'obtention de bornesa priori dansL?! est réalisée en comparant la fonction™ aux
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solutions stationnaires de (3.12), c'est a dire aux fonctis v(x="; p), ou v est solution
du probléme de la cellule. Ici, en raison de la dépendance mascopique du ux, la
fonction v(x; x="; p) n'est pas une solution stationnaire de (3.51) ; néanmoing,eist
possible de construire des sur-solutions (et des sous-tiohs) de (3.51) a partir des
solutions de (3.53). Précisément, pour toy 2 R, on a

@ X X . X X
@(Ai X; i VoX P vV X;—p =b X—-;p ; (3.57)
ou
b (xy;p) =divx (ACGY;VOGY;iP)) 2 wVIGYip) "V
D'aprés le lemme 3.5.1, il existe une constantg, > 0 telle que
ib(y;pi  Co 8(x;y;p) 2 R™*; 8" 2 (0;1):
Posons X
V(tx)i= v ox;ops(t)
ou la fonctionp, : R! R est donnée par
P+ (t) = po+ &t; (3.58)
ou
Po = SUpUg
P o) VAR
= it o
Si"2(0;1),ona
@. @ X :
=V + —A XV " V=S
@t @«
X @v X
= b X ope(t) + = X ops (1) pe(t
p: () @b P+ (1) Pe(t)
= b x;?;p+(t) + Co
0:
De plus, presque partout erx, on a
v(t=0;x) u(t=0;x):
On en déduit que pour toutt 0, pour presque toutx 2 RN,
u(x) vgx)=v x;é;supuo+ t& . (3.59)
De méme, on montre que
u(x) v x §;inf Uo t& : (3.60)

Par conséquent, la familles” est bornée dand.* ((0;T) RN) pourtout T > 0.
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3.5.3 Passage a la limite et homogénéisation

Le but de ce paragraphe est de montrer le résultat de convenge énoncé dans la
proposition 3.5.1; pour cela, la méthode est exactement |laéme que lorsque le ux
n'a pas de dépendance macroscopiqgue ; par conséguent, ncassprons rapidement
sur les points qui sont similaires & ceux développés dans ke 3.3.

Commencons par écrire une formulation cinétique pour I'égtian (3.51). D'apres
(3.57), on a

. X h X X x |
@u Vv X+p Y @, Lixrp)r A XU Al XV X P

Lyt p)eu D ;2P " U VX aip = om(txp) O

L'égalité précédente est entendue au sens des distributsopret m" est une mesure
positive. En dérivant cette égalité par rapport g, on obtient une équation cinétique

véri ée par la fonction f " (t; x; p) = Ly (xxp)<u” (1) -

@em_ @ ..@v X @ Xy Xy @V X e
@p_ @t fh@ X! ||’ + @x al Xl ||’V X! ||’p @px’ ||7p f (t7X7p)
@ " e ! A n @V .
@pf (t’ X, p)b X, u’p) X @p X, ..1p . (361)

On xe untemps T > 0. Compte tenu des bornes sur” et m’, il existe une fonction
f2LY(O;T]\ RN Y R)etune mesurem2 MY((0;T) RN*) telles que, a
extraction d'une sous-suite pres,

£ txp) “r (txyip);
m'(tx;p)*m (tx;p) w MU
De plus,f et m véri ent les propriétés suivantes :
@ 0 m G0
o f 1
. . Co
f(t;x;y;p)=1 sip<infu, t—;
f(t;x;y;p) =0 sip> supug+ t&;
m(t;x;y;p) =0 sip<infug t& ou Sip > supug + t%:
Comme dans la partie 3.3, on commence par choisir des foncsdests du type
X
EX P s

avec' 2Dper([0;1) RN Y R). En passant a la limite double-échelle lorsque
"1 0, on obtient (voir (3.33))

@¥ +divy a(y;v(y; p)) ¥ =0:
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On en déduit alors que la fonctiorf estindépendante de la variable microscopiquye
f=1(txp):

Dans un deuxieme temps, on passe a la limite faible dans I'égion (3.61). On
trouve alors que la fonctionf est solution d'une équation de transport linéaire :

@ + @ (a(x;p)f)+ @(an«1 (X p)f) = @m (3.62)
avec
ey = atx v o @Yy = @i(XP),
a(p) = a0 ;v ,p))@gx, p) on
an+1 (X;p) = hdiviA(Xy; v y;p)i =  diviA(X;p);
ou

A(X;p) := PA(X; ;v(X; ;p)i:

En utilisant un théoréme de rigidité pour la formulation cinéique d'une loi de
conservation scalaire hétérogéne (voir [15]), on en déduju'il existe une fonction
u2C(0;1 ); L (RY)\ L ([0;1 );L* (RV)) telle que

loc
f(tXP) = lp<uwx) P-P.
et u est l'unique solution entropique de la loi de conservatiorcalaire

@I((;;i() +div A u(tx))=0; t> 0; x 2 RV

u(t =0;x) = up(x):

Le résultat de convergence forte énoncé dans la propositiBrb.1 est ensuite une
conséquence facile de la propriété

2 gch.

1v(x;§;p)<u "(tx) 1p<u(t;x):

La preuve de ce résultat est identique a celle de la partie 3Bar conséquent, nous
laissons au lecteur le soin de I'écrire dans ce contexte.



Chapitre 4

Homogénéisation d'une loi de
conservation scalaire avec Vviscosité
évanescente.

Partie Il : données mal-préparees

On étudie ici le comportement lorsque " ! 0 des solutions de I'équation
; h oy ;
@ +divy A —;u "ou =0:

Dans les chapitres précédents, on a démontré un résultat d'homogénisation pour
cette équation, mais la validité de celui-ci est limitée au cas de données bien preé-
parées, c'est-a-dire au cas ou le pro | microscopique de la condition initiale est
adapté au milieu oscillant. Dans ce chapitre, on s'intéresse au cas de données mal
préparées ; on montre qu'il se forme alors une couche limite en temps, de taille
typique ", pendant laquelle la solution u’ s'adapte au pro | microscopique dicté
par I'environnement. La preuve repose sur la nature parabolique de I'équation.

Ce chapitre a fait I'objet d'une publication dans Archive for Rational Mecha-
nics and Analysis (2007).

91
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4.1 Introduction

We study the homogenization of equation

@i, . @, X .o . o RN
@t(t,x) . @XA' —:u (t;x) u=01t 0 x2R"Y; (4.1)
u(t=0)= upy X; i . (4.2)

It is well-known (see for instance [69, 70]) that under suitde regularity as-
sumptions onA and up, there exists a unique solutioru’ (t; x) of (4.1) belonging to
C[0;1 );LE(RYD\ LEL(0;1 ) RM)\ L2.([0;1 ); HE.(RN)). The rst part of the
homogenization process was already performed in [14], thaimresults of which we
recall below. Precisely, it is proved in [14] that if the initid data is already adapted
to the microstructure, then u’(t; x) behaves inL2.([0;1 ) RN) like some function
v X u(t;x) , wherev(y;p) is the solution of a microscopic cell problem depending
on the parameterp 2 R, and u(t;x) is the entropy solution of a nonlinear scalar
conservation law. This result was proved with the help of two-ste Young measures,
a tool introduced by Weinan E in [24]. Although equation (4.1is parabolic, the
proof bears a lot of resemblance with the ones of Weinan E in [28nd Weinan E
and Denis Serre in [27], both of which tackle hyperbolic profains. However, this is
not surprising if we take into account the scaling of the vigisity: indeed, since the
viscosity is of order"”, it has an e ect on the microscopic asymptotic pro le of the
solution u’, but it disappears from the macroscopic homogenized probie which is
hyperbolic.

This article is the next step in the analysis of equation (4.1)indeed, we are
able to prove that homogenization holds even when the initiadlata is not well-
prepared, i.e. when it cannot be written aslg X; > = v ¥;Ug(x) for some function
Ug 2 LT\ LY (RN). In that case, there is an initial layer of order" during which
the solution adapts itself to the microstructure. The proof elies strongly on the
parabolic form of the equation, which compels the solutiond ¢4.1) to match the
microscopic pro lev X;u(t;x) exponentially fast. In the case when the viscosity is
zero, nonlinearity assumptions on the uxA are most probably necessary in order
to obtain the same kind of result, but few cases are known: ingR Bjorn Engquist
and Weinan E prove that homogenization holds in dimensionsne and two for a
nonlinear homogeneous ux in the case where the initial data ioscillating. In [25],
Weinan E studies a particular kind of heterogeneous consation law in dimension
one, for which he proves a result similar to our theorem 5 under strict convexity
assumption (see also [24] for further results in the lineamase). Let us point out
that in the hyperbolic case, these issues are certainly liedd to the compactness
of solutions of conservation laws and to the cancellation ofdillations in the case
when the ux is nonlinear (see [53], [52]). However, even if i connection seems
natural, it is still an open problem how to handle initial layers (or for that matter,
homogenization in general) in the hyperbolic case when thengénsion is greater than
or equal to two (for N=1, an equivalence with Hamilton-Jacobequations allows us
to use the results of P.-L. Lions, G. Papanicolaou and S.R.S8aradhan in [49], and
thus to identify the weak limit of u” as" ! 0).
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Throughout this article, we use the notationY := [N, (0;T;), T; > Ofor1 i
N (Y is the unit cell), and .
1
hvi = — \' dy;
N7 o)y

we will work in the following functional spaces: ifC},e,(Y) denotes the space of
Y -periodic functions inCt (RV), then:

1 = v R A O NP I .
Hper(Y) = Gler(Y) I DR, o =0 e
V= fv 2 Hoo (Y); iy = 0g; jivilv = jir Vijizey)
Ge(Y R)=1ff =f(y;v)2C* (RN R);f isY periodic inyg;

. o= WKL (Y R)
Weir (Y R):= Go(Y R) k2 N;
wrt (Y R):=fu=u(y;v)2 Wi (RV*1);uisY periodic inyg:

per,loc loc

Thanks to the Poincaré-Wirtinger inequality, the norm onV is equivalent to theH*
norm.
We will often use the following notations:

@AY; V) X @ny:v).

@v - @y

Let us now recall the main results of [14]; the rst one is abduhe cell problem:
Proposition 4.1.1. Let A 2 WX (Y R)N. Assume that there exisiC, > O,

a(y;v) = @ i N); ana(y;Vv):=

per,loc

m2[0;1), n2 [0;¥*2) whenN > 2, such that for all(y;p) 2 Y R
jai(y;pj  Co(1+jpi™) 81 i N; (4.3)
jan+ (y;Pi Co(1+jp"): (4.4)

Assume as well that at least one of the following conditionsltis:
m=0 (4.5)
or 0 n<1 (4.6)
. N+2
or n< min T;Z and9pg 2 R s.t. an+1(Y;po) =0 8y 2 Y: 4.7)
Then for all p 2 R, there exists a unique solutiont 2 V of the cell problem

ytt+divyA(y;p+ t) = 0; (4.8)

For all p2 R, t( ;p) belongs tonzgﬂ(Y) forall 1< g < +1 and satis es the
following a priori estimate for allR > 0

e(;Pjwzayy C 8p2 Rijpi  R; (4.9)

for some constant C depending only oN, Y, Cy, m, n, g and R.
Moreover, settingv(y;p) ;= p+ d(y;p), the sequencer is increasing in p: for
everyp > p°
viy;p) >v(y;p) 8y2Y:
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The homogenization result proved in [14] is stated in the falwing

Proposition 4.1.2.  Assume thatA 2 W (Y R)V satis es the hypotheses of
proposition 4.1.1, and thatg—;‘ 2Li(Y R),Z214(Y R)forl i N+1,
1 j N.

Let p2 R, and letu( ; p) be the unique solution iV of the cell problem(4.8).

Assume thatug is well-prepared , i.e. satis es

Uo(X;Y) = V(Y; Uo(X)) (4.10)
for someug 2 L\ L (RN).
Let 1 Z
Ai(p) = Ve A(y;p+ t(y;p) dy; (4.11)
1Y) v

and letu = u(t;x) 2 C([0;1 );LYRN) \ LT (0;1) RN) be the unique entropy
solution of the hyperbolic scalar conservation law

8

2 @ N @nutx) _,.
@t ., @x ’ (4.12)
u(t=0:x) = up(x) 2 LY\ LT (RY):

>

Then as" goes to 0,

X .

u(tx) v Sutx) ! 0 inLZ.(0;1) RM):

We now state the main results of this paper; the rst one addigses the long-time
behavior of the solutions of a parabolic problem, which is deed by inserting in
(4.1) a two-scale Ansatz in both space and time, namely

" t X t X
u(tx) W toox= +'ul toxs 4+

Theorem 5. Let up 2 L (Y). Assume thatA 2 W2' (Y R)N satises the

per,loc

hypotheses of proposition 4.1.1, and th%ﬁ‘ 2 Li.(Y R). Assume also that there
exist constants 1; » 2 R such that

v(y; 1) Uo(y) Vv(y; 2): (4.13)

Let u2 C([0;1 );LY(Y)\ LT ([0;1) Y)\ L{.([0:1);HL,(Y)) be the unique
solution of the parabolic equation

( @q;y)

+divy [A(y;u(;y)] yu(;y)=0; 0 y2Y; (4.14)
u( =0;y) = uo(y):

Let p = hugi, and let v(y;p) 2 ngr(Y) be the solution of the associated cell
problem (4.8).
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Thenas !'1 ,
juC;y) vy Piice (! O (4.15)
Consequently, there exist constants; > 0, with  depending only onY, N,
and max jiajjcs (v ( k. WhereK =sup  ,jiv(;piiLs (v) such that

juCsy)  v(y;Piic: vy djuo(y)  V(Y:PliLzvye 8 L (4.16)

The proof of the rst part of theorem 5, i.e. of the convergenceesult (4.15),
IS given is section 4.2 and relies strongly on the paraboliorin of equation (4.14).
Thus, no condition of nonlinearity onA is required. The same kind of result has been
proved for hyperbolic scalar conservation laws under strigtonlinearity conditions
(see [28], [48], [53] and the references therein). The secpadt of the theorem, i.e.
the exponential decay result stated in (4.16), will be a strghtforward consequence
of one of the lemmas in section 4.3.

Combining the results of [14] and of theorem 5, we obtain thelfowing homog-
enization result:

Theorem 6. Let up 2 L} (RN; Ger(Y)) such that there exist constants;; » 2 R
such that

v(y:; 1) uo(xy) v(y; ) fora.e.x2RN:y2Y: (4.17)
Assume thatA satis es the hypotheses of theorem 5 and th@a(y; ) 2 C(R) for
ae.y2Yandforl i N+1. ThenforallT>0, forallR>0
u(tx) v ?;u(t;x) l 0 as"! O
L1((0:T) Br)

whereu is the solution of the homogenized proble(d.12) with initial data

u(t =0;x) = ug(x) = huo(x; )i:

Remark 4.1.1. Notice that hypothesis(4.13) (or hypothesis(4.17)) is somehow a
generalization of the well-preparedness hypothesis on thetial data in proposition

4.1.2. It implies in particular that u® 2 L* (RN Y). Conversely, ifu® is any
function in L* (RN Y), and if

IO!Ilrpl |Qf viy;pp=+1;

lim supv(y;p)= 1 ; (4.18)
p'l Y

then we can always nd constants;; , 2 R such that(4.17)is satis ed. And (4.18)
is always satised wherg; 2 L1 (Y R)for1 i N (see [14]).

However, when(4.18) is not satis ed (see [14] for examples in which this condi-
tion is violated), we could not nd more general hypothesisnathe initial data. Ba-
sically, hypothesis(4.17) provides a subsolution and a supersolution @#.1) which
are bounded uniformly in" in L ((0;T) RN). In particular, this implies uniform
L' bounds onu’, which are not easy to derive otherwise.
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4.2 Long time behavior of solutions of (4.14)- proof
of (4.15)

This section is devoted to the rst part of the proof of theorem5; the proof uses

Harnack's inequality and therefore relies strongly on thegrabolic form of equation

(4.14). Equation (4.14) is derived by means of a formal doubkeale expansion in
time and space variables :

t

) X
u(tx)=u’ t_;x =

S TR ¢

Inserting this expansion in equation (4.1) and identifyinghe coe cient of " ! yields
equation (4.14).

Before tackling the proof of theorem 5, let us recall a few fexcabout the solutions
of equations (4.14) and (4.8):

1. v(y;p) v(y;pd) forally2Y forp p°
2. V2 C(Ry; C (Y)) for some 2 (0;1);

3. If uy, Uy are solutions of (4.14), then fol0 s t

jjug(t)  uaOijiaeyy G uals)  uAS)jiLreyy; (4.19)
Juet)  uat), icaeyy I (Uu(s)  uaAs)), iy (4.20)

4. If u is a solution of (4.14) with initial data satisfying (4.13), henu belongs to
L2 (0;1) Y)andv(y; 1) u(;y) v(y; o) forall 0O y2Y.

We skip the proof of these properties; the rst two are provedh [14]. In particular,
the second one follows from the fact that 2 Li,.(Rp; W#9(Y)) \ C (Rp; H e (Y))
forall g2 [1;1). (4.19) and (4.20) can be shown by Kruzkhov's method (see [64]
for instance in the case of a hyperbolic homogeneous conaépn law). The last
property is a consequence of (4.20).

We are now ready to prove theorem 5 : dene,foy2 Y, t2 [0;1 )

Ut y) = supu(:y);
andp (t) :=inffp;v(y;p) U(t;y) fora.e.y2 Yg < 1
Then it is easily proved that
1.U2LY(0;1) Y);
2. U(ty) U(@%y)fort t%andfora.e.y2Y;
3.v(y;p(t)) U(ty) forallt2[0;1), forae.y2Y;

4. p (t) is a bounded non-increasing function df let p :=limy;  #p (t);
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5. forallt2 [0;1 ), if p<p (t), then the set
E(p;t) = fy2 Y;v(y;p) <U (ty)g
has positive measure.
Set > 0; sincev is a continous function ofp, there exists > 0 such that
jpopi )ivep) VOGP )i vy

take tp 2 R such that if t  tg, thenjp  p (1)j , and takep < p such that
jp  pj : Then

ivGp (1)) VPl yy 2 8t 1o

and the setE(p ;t) has positive measure for alt 0. Hence, fort to, for
y 2 E(p;t), we have

viy;p (1) 2 v(y;p) U(ty) v(y:p (1): (4.21)

Now, take any sequencé, ! 1 , and for all n 2 N choosey, 2 E(p ;tn +1);
there exists ,, t, +1 such that

uC niyn) Ultn+10y,) (4.22)
then for n large enought, to and gathering (4.21) and (4.22) leads us to
V(Yn;P (ta)) 2 V(yasp)  U(ta +15y,)  V(Yn;P (th+1))  V(YniP (tn));
u( ni¥n)  V(YniP ()  3:
Set,fors2 [ 1;1]landy 2,
Wio(s;y) := v(y;p (ta))  u( , + s;y);

since , t,+1, according to the de nition of p (t,) and to that of U(t,), w, is
a nonnegative function for alln 2 N; > 0. Moreover, thanks to our preliminary
analysis, forn large enough,

Wo(s=0;y,) 3:

w,, is therefore a nonnegative solution of the parabolic equati

@S+ - @y d" (S1y)Wn(S’y) yWn O’
where Z,
B" (s;y) = aly; viy;p(ta)+(1  Ju(,+siy)d:

0
Let K > 0 such that

K o v(ly; 1) v(y; 20 K 8y2Y:
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Thenforl i N,
i ict vy vy i @lict ey (kky 8N2N8 > O
According to Harnack's inequality, there exists a constan€C depending only on

Y and jjajj.1 (v ( kk )y~ Such that for n large enough

}'y) C inf w,(0;y): (4.23)
y2yY

SUpw, ;
y2Yp n( 2

Hence, we have proved that fon large enough,
0 Viyip() u(, Z¥) C 8n2N8y2Y;

Butasn!l
V(y;p (ta)) ! v(y;p) inL*(Y):

Thus there exists a sequencé, ! 1  such that

Ju(Tasy)  v(ysp)iiLs vy ! O (4.24)
There remains to prove thatp = hugi and that

uit; )! v(;p) ast!l
R

in LY (Y); since y U(t) is conserved by the equation, as ! 1

hu(Tn)i = huoi th v(;p)i =p;

and p = hugi. Using the L! contraction property (4.19) for equation (4.14) with
U; = u, U, = v(y; p) (uy is a stationary solution of (4.14)),s= T, andt T, shows
that

u(t; )! v(;p) i LY(Y):

The strong convergence i norm follows from parabolic regularity. O

4.3 Homogenization of equation (4.1) in case of ill-
prepared initial data

The proof of theorem 6 is rather technical, but the ideas inveéd are quite simple.
Our guess is thatu’ behaves inL, as

)= w st v S +VEX)

where

~ w( ;X; ) is the solution of (4.14) with periodic initial data ug(X; ) (X 2 RN
being treated as a parameter),
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~ Up(X) = hug(X; )i for X 2 RN,
"~ v'(t;x) is the solution of (4.1) with initial data v’ (t =0;x) = v ¥;ug(X) .

Let us point out the roles of the di erent terms inz" : for small times, V' is close to
vV %iup(x) ,and thusz® w L;x;2  w  =0;x;% . On the contrary, on time
scales which are large with respect tb, w L;x; % v X ug(x) = O(e E*), and
thus z° v'. But according to proposition 4.1.2y" behaves inL2_ asv ¥;u(t;x) ,
where u = u(t;x) is the solution of the homogenized problem (4.12) with initia
data up (in proposition 4.1.2, this result is stated forup 2 L'\ L!, but it can be
generalized easily taup 2 L' as explained in paragraph 3.2.1). In other words,
there is an initial layer of size" which is described byw !;x;* , and after whichz'

behaves ay *;u(t; x) .

In order to prove thatu” z goesto OinLi ((0;+1) RN), we could compute
. @z X @ X . .
f o= —=—(tx)+ —A; —;z(tx "z
o0t A HZEX)

i=1

and prove thatf " goesto OinL: ((0;+1 ) RN) (noticethatu'(t=0)= z (t =0)).

loc

However, this involves rather heavy and unnecessary calatibns. Instead, we notice

that since u’ and v’ are both solutions of (4.1), we can use thé! contraction
principle:

X X

@ —u ;v

I

@u  Vvij+ "ju Vo0 (4.25)
where

i(y;v;w) :=sgn(v - W) [Ai(y;v)  Aily;w)]:
First, let us prove that u” andv" are uniformly bounded inL?! : since equation (4.1)
Is order preserving, for all; 0, fora.e.x2 RN; y 2 Y we have

X . X
V i1 u(;x) v - 2 8t Ofora.e.x2RN;
1 U(x) o fora.e.x2RN;

X . X
Vv o1 Vv(tx) v ;2 8 Oforaex2RN:

Consequently, there exists a constank > 0 depending only on 1; ,;N;Y;n;m
such that
jutx)j+jv(tx)j K 8t Oforaex2RN:

Now, let' 2 C! (RV) be such that' (x) = el ¥ whenjxj 1,andi ' (x) 1

for jxj 1. Notice that thanks to the L* bound, it is enough to prove that
Z.Z
ju(tx) v(x)j' (x)dxdt! 0
RN

as"! Oforall0O< <T (this fact will be explained more thoroughly in paragraph
3.2.1). Moreover, there exists a constar€@ such that

irx" isi « i C (x) 8x2RY:
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Hence, multiplying (4.25) by' (x) and integratingon(;T ) RN with 0< <T
arbitrary yields

A Z
ju(T;x) v (T;)j" (x) dx ju(;x) v(x)jit (x) dx
RN R -z )
+C Zouv () dxdt
z.7
+"C ju(tx) v (tx)j]" (x) dxdt
RN

Thanks to the L bound, we deduce that
i UV I &jlLr (v ( kk U V|

and thus for all" 2 (0; 1)

z V4
ju(T;x) v (T;x)j" (x) dx ju(x) V(x)it(x) dx
N RNZ TZ

+C ju(tx) Vv (tx)j]" (x) dxdt
RN

R

where the constantC depends only onjaijj.: (v ( kx ). Using Gronwall's lemma,
we deduce that

Z V4

ju(T;x)  v(T:x)j' (x) dx e ) ju(:x) Vv(:x)' (x)dx:

R R

On the other hand, for allR > 1, we have

z
RNJ'U"(;X) VX)) dx i u () v )iieiea) + Ce T

where C depends only orN and K.
Thus, forallR> 1

Z

Ju(Tsx) v(Tix)jt (x)dx €T ) jju'() v iiea + Ce T : (4.26)
RN

It remains to prove that for all R > 0, we can choosé and small enough so
that jju'( ) Vv ( )iiL:ss) is arbitrarily small. But for small , our guess is that



Homogenization of equation(4.1) in case of ill-prepared initial data 101

u'(;x ) behaves awv «;x; % . If we follow this intuition, we are led to

Juix) v GxX)iLee) u(ix) w &x5 iBe)
R
. -X X-
+ w T1X17 \ T1UO(X) L1(BR)
R
X X
+ Vo U(x) v ou(;x) iee)
R
X- . " .
+ v —u(;x) v(,x)Ll(B)
R

" X
u@:;x) w X+
L1(Br)

oW Xy V(Y uo(x))
Ll(BR;Cper(Y))

+iiv(yiuo(x)) VUG X DIl ser g (v)
£V onuGx) VGX)
L1(BRr)

In the next subsections we prove that each of the terms of théght-hand side of
the above inequality goestoOas! Oand"! O.

We have used above the following proposition, due to Allaird3]):

Proposition 4.3.1. Let be an open set oRN.
Let (xy) 2 LY(; Ger(Y)). Then, for any positive value of', x;* is a
measurable function on such that
z

X . . . .
w I SYIiL g vy = SéJYpJ (x;y)j dx:
y

X,
L)

4.3.1 Preliminary lemmas

First of all, let us recall the following result, which is the bais of all our analysis:

Lemma 4.3.1. Letb2 LY (Y)N, vo 2 L?(Y) with hvgi =0 and letv = v(;y) 2
L5:(0;1 ;H,(Y)) be the solution of

loc

@v +div y(bv) yVv=0;
v( =0)= vg (4.27)
Then there exist;C > 0, depending only orlN, Y and jjhj_: , such that
iv()ijcr  Ciivojce 8 1
iv( )iicz Cijvolize 8 0

Proof. This result is linked to the existence of gaps in the spectrunt the operator

Lw = w + div( bw):
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We use the result stated in lemma 1.1 of [55] (see also the refeces therein).
Let be the invariant probability measure associated to the eqtian, i.e. is the
solution of

y tdivy(b)=0; hi=1:

2 ngr(Y) exists and is unique, and there exists> 0 such that by the
Krein-Rutman theorem, and depends only onY, N and jjhj; .
Now, according to [55] we have for ang? function H : R! R

h [ h [
v . v @ @ 1 Y v v 2
H — +divi bH - = 2= -H - = H®_- =
@ g @x @«
Take nowH (p) = %jpjz. Integrating this equality on Y yields
1% ve 5 vz
2dt oy '

But according to the Poincaré inequality for the measure, there exists a constant
> 0 such that for anyw 2 HL, (Y),

per
Z Z

jw hwi j? ir wj?;
Y Y

where we have used the notation

R
v () (v)dy,

hwi =
v (y)dy
(this inequality can be proved exactly along the same linessahe usual Poincaré
inequality, for which 1.) Hence
1d £ v 2 £ v DyE 2
And since D E R y
— =R =0
Y
we deduce that Z Z
Vv 2 2t Vo 2
j— e —
Y Y

and we obtain the result announced in lemma 4.3.1. The exporigh convergence
in L norm follows from parabolic regularity.
0

Remark 4.3.1. For the reader's convenience, we provide here a short prodfthe
parabolic regularity result used here, for which we have le&d to nd an explicit
reference. Assume that = u( ;y) is a solution of

@u +div y(bu) yu=0; (4.28)
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whereb= b(;y) 2 L1 ((0;1) Y)N (we allowbto depend on time). Then there
exists a constaniC > 0, depending only onjjhj.: , N andY, such that for all 0,

jiuC +Djice oy Ciju( )iiLzeyy: (4.29)

Indeed, if u is a nonnegative solution of(4.28), then (4.29) follows from Harnack's
inequality: there exists a constanC depending only onjjhj.: , N and Y, such that
for all 0

@%XU( +1y) nglp u( +2;y):

Thus c
juC +Djjier vy Chu( +2)i = Chu( )i = jY—jjiu( diLeyy:
Hence (4.29) is proved for nonnegative solutions o{4.28). Now, if u is an arbitrary
solution of (4.28)and o 0, we writeu( = o) = Ug = (Ug)+ (ug) , with
a. :=max(a;0) foranya2 R,anda =( a).. We denote byu*, u the solutions
of (4.28)for o corresponding to initial datau*( = o) = ug, U ( = o) = U,.
Then u* andu are nonnegative solutions of(4.28) andu = u* u for 0-
Thus
Z
maxu( o+1) maxu'(o+1) C u"(o);
Y Y
4
inffu( o +1) maxu ( o+1) C u (o)
Y Y v
and consequently
Z Z

juCo+Djjis C Y(Ué’fuo) C YJ'u( 0]

which is the desired inequality for an arbitrary solution 0f(4.28).

We now generalize lemma 4.3.1 to the case when the coe cientdght depend
on the time variablet and on a parameterx 2 RN. We wish to emphasize that the
results stated in the two next lemmas are not optimal, but mexly adapted to the
problem addressed here.

Lemma 4.3.2. LetR> 0.

Let b= b(;xy) 2 L ((0;1) Bgr Y)N such thatdivyb 2 L* ((0;1)
Br;L2(Y)), Vo = Vo(X;y) 2 L (Bg;L?(Y)) with hvg(x; )i = O for almost every
X2 Br.

Let v=v(;xy)2 L' (Br;L{:(0;1 ;HL,(Y))) be the solution of

@v +div y(bv) yV=0;

v =0)2 v (4.30)

(x is a parameter of the above equation.)
Assume that there existdy 2 L* (Bgr;L* (Y)) with divyby 2 L* (Bgr;L2(Y))
such thatas !'1
() bujjir @rier vy ! 0
jidivyb( ) divyby jjL1 grizery ! O
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Then there exists a constan€C depending only orN, Y and the bounds orb and
by such that for all 1,

Vil BroL2(: +n2ev)y) VO )i Brnieyyy  Clive  Djic: grizevy: (4.31)

Moreover, there exists a constant depending o\, Y, bandb, , and a constant
> 0 depending only onN, Y, and jjb, jj.: (gx v) such that

V()i et vy CliVoliLt BriL2(y) € 8 1;
v )i erzevyy  CliVoliL BriLzer) € 8 O:

Proof. Let us treat x as a parameter. LetL; (x) be the di erential operator

Ly 0Qw(y) == yw(y) +div (b (X y)w(y));
then v satis es the equation
@v+ Ly (X)v="~1(xy);
wheref (;xy) =div (b (y) b xy))V(;xy)).

According to standard regularity results on parabolic equ#ns (see for instance
[32]), we have on the one hand, for all > 0 and for a.e.x 2 By

Sup V(e X)ijs + VOO Lxcrirs gmecvy
Tt T+3

C it Oizrr+3y vy + IVITXNiine

and on the other hand, for all 1,

: X ;
L2

NI

sup V(X)) + VO Lo
z b *3

N

cpHiyy  ©V

where C is a constant which depends only oN, Y and the bounds onband by .
For a.e. x 2 Br, we chooselT 2 [ %; ]such that

N N P N
BvMiine - 2AvOhjLz 1 vy
and we evaluate
h i
jif (X)ijZ((T;T+g) vy  C JIv(X)jjLz Loszuy T VX)L L+3) y) -

Always thanks to parabolic regularity, there exists a consint C (depending only on
N, Y andjjbj_: ) such that for all 1

VOOl 5ezy vy GO LXiey:

Gathering all the terms, we obtain inequality (4.31) (notie that [; + 1]
[T;T+ g]).
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Let us now prove the exponential convergence: léi; ( ;x) be the evolution
operator associated to the equatior@w + L; (X)w = 0, that is, U; ( ;X)wy =
w( ;y;X), wherew( ;x) 2 L2.(0;1 ;Héer(Y)) is the solution of the system

@w +div (b w) yW =0;
w( =0)= wy:
According to lemma 4.3.1, for alw 2 L?(Y) such that hwi = 0 and for almost every
X 2 Bgr
UL (sx)wijj . Cjjwijze 8 O
whereC and are constants which depend only ol ,Y, and the bounds onb, .
We use Duhamel's formula: for all Z> 0, x 2 By

V(;x)= U (;X)vo+ U ( X)) (;x)d:
0
Notice that f has mean value zero; consquently,

Bv(;x)iie - Ce jivo(jicz+ e © jif (5x)jjzd:
0
We boundjjf (;x )jjLz by
i) bujicy (nliv( ijne + Jidivyb( ) divyby jjzevyiv( )jjLe
C jib( ) bujjur vy + jidivyb( ) divyby jjoeyy Jjv( 1jj.z:
Let > O arbitrary. There exist > 0 such that if , then for a.e.x 2 Bgr
ibC;x ) b (i vy + jidivyb(;x ) divyb (X)jjLz(y)

Hence,
Z
v X)Lz Ce jjvo(X)jj.z+ C e O jiv(;x)jjuad
Z 0
+C e O IJjiv( Lx)jjed:

Returning to equgtion (4.30), it is easily proved that
oot d @ va0olE:

(Other bounds are possible).

We are eventually led to .

v:x)iiee - Ce jivo(X)jje + C e © jiv(;x)jied;
1

where the constantsC and C depend onN, Y, b b, , and the constantC also
depends on . We use Gronwall's lemma and we nd

vix)iie  Civo(x)jjLee ¢
We take = 5z and use once more parabolic regularity; since the inequalits true
for almost everyx 2 B, the lemma is proved.

c) .

]
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We now prove a third lemma which will be needed in the course ofelproof.

Lemma 4.3.3. Letb= b(;xy) 2 LL.(RY;LT ((0;12) Y)ON, by = by (x;y) 2

LE(RN;LE (Y))N two vector elds satisfying the same hypotheses as in lemma.2

forany R > 0.
Letf = f(;xy) 2 LE((0;1) RN;L2(Y)), and vo 2 LE(RN;LE (Y)). As-

loc
sume thathf (;x; )i = hv(x; )i = 0 for almost every(;x) 2 (0;1) RN, and
that for all R> 0
ifiie 1) BriLzevy <1 (4.32)
Let v=v(;Xx;y) be the solution of

@v(;xy)+divy(bCxy)visxy))  yvixy) = FxY);
v( =0;xy) = vi(x;y): ’ (4.33)

Then for all R > 0, there exists a constanCr depending onN, Y, b, by , and
JJfJJLl (0:1) Bgr;L2(Y))s such that
VO )il eritzeyy  Cr 1+ jVojiLt BriL2eyy) 8 0:
Moreover, if f can be written

X
f=  @f;

i=1
withf; 2 L1 ((0;+1) Br Y)forallR> Oandforl i N,thenforallR> 0,
there exists a constanCg depending only orN, Y, max; i ~ jifijjLr o+1) Br v)>
band b; such that
IvO)iir e vy Cr L+ jVojiLt BriL2eY)) 8 1 (4.34)
v )i et vy Cr L+iVolir Brr vy 8 L (4.35)

Proof. Let U(; ;x) be the evolution operator associated to the equation
@w +div y(bw) yw=0

(x is still treated as a parameter). In other words, for any 0,"' 2 L2(Y),
w(;x;y):= U(; ;x) satises

@w +div y(b( )w) yw=0 for > ;
w( = ;xy)="(y):

In lemma 4.3.2, we have proved that for everir > 0, there existscg; r > O
such that if ' 2 LL_(RN;L2(Y)) satisesh (x; )i =0 for almost everyx, then

loc

UG %) dice et vy GRIIT it @rzepe RO )8 +1 1
UG 5X) dics eeizeyy Rl it genzevye RO ) 8 0:
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And by Duhamel's formula, we also have
V4
vixy) = UG 0x)ve(xy)+ UG 5x)f(Gxy ) d:
0
Thus, for any R > 0, for all 0,
z

V()i BriL2evy) Cr€ R jiValjLt (BriL2(Y)) T CR e *( )d
0
Cr JIVoliLt (BriL2zeyy *1 :

Inequalities (4.34) and (4.35) are direct consequences bebrems 8.1 and 7.1 in
chapter Il of [46]. m

4.3.2 Homogenization

We now apply the lemmas of the preceding subsection to the fetion r( ;Xx;y) =
w( ;X;y) V(y;uo(x)) and its derivatives. The proof is divided into six steps: in th
rst step, we restrict ourselves to smooth initial datas. Inthe second step, we prove
that r converges towards O it (RV;L* (Y)). In the third step, we prove thatr
converges to 0 exponentially fast, thanks to the second stepd lemma 4.3.2. In the
fourth step, we focus on what happens for small times : predigewe derive a bound
onw +;X;%¥ u'(;x). This step is quite long because bounds on the derivatives of
r are required. The fth step is also concerned with the behaviasf the solutions of
(4.1) and (4.12) for small times, but is much shorter and lesavolved. Eventually,

in the sixth and last step, we gather all the bounds derived itthe previous steps

and we prove the convergence result announced in theorem 6.

A Restriction to smooth initial datas

As often in the study of conservation laws, or more generallgf evolution problems
which admit a contraction principle, it is enough to prove theresult for smooth
initial datas: indeed, choose, by density, a family of funans u, such that u, 2
Ger(RY  Y)\ Lit (RN Ger(Y)), with the following properties:

Ug I 0 as ! 0 8R>0;

uo Ll(BR;Cper(Y)) )

viy; 1 1) ug(xy)  v(y; 2+1) 8 > 08(xy)2RY Y;

Up(X) == Ug(x; ) 2 LYRM):
We denote byu’(t;x), v'(t;x) the solutions of (4.1) corresponding to initial datas
Up X; % , V *;Uy(X) respectively, and byu the entropy solution of (4.12) with
initial data u,. Then there exists a constanK® K depending only onN, Y, 1,
>, m, n and C, such that
ju'Gx)i;iviex)i K° 8(;xy)2[01) RY Y;8% >0

and
KO v(y;p K© 8y2Y8p2[: L ,+1]:
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Hence the following inequalities hold, according to th&?! contraction principle for
equation (4.1)

JUm) U (Miites €% e R+jjuo Uit eaigem) (4.36)
ju(m  u (Mg, €7 e R +jiue  UgijLia (4.37)

forallR> 0, T > O, and for some constanC depending only onjjajj_: (v ( kok o).
Assume that we can prove that

u v

goesto 0 inL:.((0;1) RN)as"! O forall > 0. ThenforanyO<T,<T,

loc

R> 1, settingQ:=(0;T) Bg,andQ;:=(Ty;T) Bk,

uovomutx) i Ui + KCBriTi+ iU Vi,

" X
+ v v u(tx)

L1(Q)
X
—;u(t; x)

X .

+ v u (t;x) %

LY(Q)

C e CR + ” Uo qule(BR;Cper(Y)) + ” U" V"ijl(Ql)

+C Vv v é;u (t; x) + C KOjBgjTu:
LY(Q)
In the above inequality, we have used the bound
X X @v . .
v ou(x) vt x) = v Uiy
LHQ) @P sy 14 1041
C(e R +jjuo  UgiiLren))
C(e “R+jiug  UgiiLi(Br:ce (v)):
Let > Oarbitrary, T > 0 xed. Take R > 0 large enough so thatCe °R . For

this R > 0, we now choose > 0 and T; > 0 such that
C jiuo UgiiLien:ge vy + K°BRrjT:

Now, for this choice ofR, T; and , we take", > 0 small enough so that for

all

C jju VijLimT) eg)t VOV U (6X)

LY(Q
thanks to proposition 4.1.2 (notice thatu, belongs toL*\ L! ). Hence, for all > 0,
T >0, R> 0, we have found"y > 0so that forall" ",
; X
u Vv —;u 2.

L1((0;T) BRr)

This is exactly saying thatu” v %;u goestoOinL}.([0;1) RN).
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Thus, we now restrict ourselves to initial datas which have asumh regularity as
desired (this hypothesis will be made precise in the coursetbe proof). We work
with > 0 xed, and thus we drop all 's, and we write K instead of K% The
goal of the next steps is to prove that for su ciently smooth nitial data, we have
u v ! 0inLE.(0;1) RV)as"! O

We wish to stress here that we have proved that the hypothesig 2 L?! in
proposition 4.1.2 is irrelevant : indeed, if theorem 6 is trei for smooth initial data,
then it is true for initial data which merely satisfy (4.17) acording to the above

calculations. And thus proposition 4.1.2 is true foug 2 L' only.

B Convergence of r in L?!

Let us prove that
er( )ijl (RNLT (Y)) I 0 as !1 (438)

loc

Thanks to section 4.2, we already know that for almost every 2 RN,
are;x)jjier ¢y 0 as 1
We deduce easily that

jir( )ijﬁ)C(RN Lyt 0 as !1
forall p2 [1;1 ). However, we need to prove that the same convergence holdshwit
p= 1 : indeed, if we try and prove lemma 4.3.2 with the hypotheses dnreplaced
by

jib( ) blij,'gc(RN L2(Y)) 10
for somep < 1 (idem with divb divly ), then in the course of the proof, we are

led to an inequality of the type

IV( )iiLa@riLrer)y
Ce 7 JiVoliLagr:L1(Y))

+C , e C b ) bujie@arzeryiivl  Diicr@aizery d
Z
+C e ! )jjdin)( ) divby jjeeiLzeryliV( Vi BriLreyy d
0
with £ = I+ 1 |f we cannot takep= 1, thenr > q and we can no longer apply
Gronwall's lemma.

In order to prove (4.38), we go back to the proof of theorem (5nd we de ne
the quantities U(t; x;y), p (t;x), p (X) (x is a parameter of the equation).

If we look closely at the proof, we see that it is enough to prevthat p (t; x)
converges top (x) = ug(x) locally uniformly in x ast! 1 . Since the functions
p (t;x) are decreasing w.r.t. t > 0, and ug(x) is continuous in x if ug(X;y) is
continuous inx uniformly in y 2 Y, according to Dini's theorem we only have to
prove that p (t;x) is continuous w.r.t. x for everyt> 0.
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Let > 0, R> 0. We assume thatug 2 Cper(RN Y). There exists > 0 such
that

8x,x°2Br jx x§ )i Uo(x; ) uo(XS iiLecy)
Let x 2 Bg such thatjx  x§ . By the L contraction property,
jjiuC;x)  uCx iy 8 O
which entails, thanks to parabolic regularity results (seeemark 4.3.1)
jut;x) u(:x9jryy C 8 1

for some constantC depending only onN,Y, R and jjajj 1 (v ( kk )-
From this we deduce easily that

Jju(;x) U(;X%‘J‘Ll vy C 8 1
Let p<p (;x9 arbitrary, 1. There existsy 2 Y such that
vy;p <U(x%y)  UCGxy)+C o vy;p(5x)+ C:

Hence, eitherp p (;x) or

V({y):=v(y;p) Vv(y;p(;x)) 0 8y2Y,;
yig§v(y) C

and V satis es an elliptic equation of the type
yV +divy(bV)=0;

with b2 L (Y), jibijie vy Ji @it v ¢ k-

In the second case, according to Harnack's inequality (se®4]) there exists a
constant C depending only onN,Y, and jjajj.: (v ( k), such that sup, V
CinfyV C , and in that case

1

ip p(;X)j=ijJJV(;p) v(;p (x)licyyy  C:

In all cases, for allp2 R,

p<p (;x9) p p(;x)+C

andthusp (;x9 p (;x)+ C . Of course, the inequality obtained by exchanging
the roles ofx and x° holds andp ( ) is thus continuous inx for all 1
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C r converges exponentially fast to O
r( ;x;y) satis es an equation of the type (4.30), with
Z 1
b(;x;y):=  a(y;Vv(y;uo(x))+ sr(;x;y)) ds:

0

Consequently, setting

b (X;y) == a(y; v(Y;Uo(X)));

we have

i) byjjee (Br;LL (Y)) Colir ( iz (BriLY (Y))>
lidivyb( ) divyb jjir gezevy G 1H ()it BriHg ()
where
Co = Jj@ajL: (v ( kkyn +jdivyaljis (v ( kK )
Notice that in lemma 4.3.2, inequality (4.31) is establistte without using the
assumption that jjdivyb( ) divyb jj! 0; in fact, we only need to prove that

jidivyb divyby jjia gaiz 1 +3) vy

2

Is bounded (uniformly in %), and thus that

jirjip (BriL2( 3i + 3iHIe (Y))

is bounded uniformly in . But we have

2

IV (Brit2( L +3HL (V) Cjjr( E)llLl (Br;L2(Y))»

where C is a constant which depends only orN, Y, and jjbji: ©1) Br Y
jjaliLs (v ( kk yn. Hence inequality (4.31) is satis ed forr. And the continuity
of divya and @a entails that divh( ) divb, converges to 0 inL! (Bg;L?(Y)) as
Il
Consequently the hypotheses of lemma 4.3.2 are satis ed arut &ll R > 0, there
exists a constantcg > 0 such that

r( )L e vy  CrR€  jifoliLt BriL2(y) 8 1 (4.39)
where > 0is a constant which depends only oiN, Y, and jjajj.» (v ( kk ))-

D Behavior of u'(t;x) for small times

In this paragraph, we derive a bound ow +;x; % u'(;x).
Assume that the initial data ug(x;y) is smooth inx andy, namely

[ xUo 2 Lh(RY; Gl (Y)Y and  4Uo 2 LE(RY; Ger(Y)):
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Thenr ,w(;xy) 2 Lie((0:1) RYIGe(YDN, xw 2 Ligo((0;1)  RY; Ger(Y)).
Let us compute

@t ’ ’ - @xl 1 n T X n’ LT}
Tawt x ox otox w L X Lo X
- @x L] L] L] n 1 Xy n? LT X H ! n
= f.(t;x)
and |
jf-MilLieey C 1w 4 + ] xWILiBgiLY (Y))

LI(Br;WEL (Y))

where the constantC depends only onjajj : (v [ kx - Thus, we have to prove that
r xw( ;X;y) is bounded inL'(Bg; Wt (Y)) uniformly in and that ,w(;x;y)
is bounded inLY(Bg;L?! (Y)) uniformly in
With this aim in view, we de ne
@r @io(x)

R(xy) = g lixy)= %’(\f;x;y) @x MOiUe());

wherem( ;p) 2 ngr(Y) is the solution of

ym(y; p) +div y(aly; v(y; p)m(y;p)) =0:

Thanks to elliptic regularity results and the regularity hypotheses oma, m( ;p) 2
W24(Y) forallp2 Rand foralll g < 1, and for all R > 0 there exists a

per

constant cg > 0 depending only onN, Y, a and R such that
ImC P vy +iimCPIinyyy & 8jpf R
R; satis es
@R; +div y(c( ;XY )R;) yRi

= div, (b (xY) C(;x;y))@g;(()

m(y;uo(x)) = fi(;x;y)

where
c(;xy) = aly;w(;xy));
by (x;y) = a(y; v(y; uo(x))):

As a direct application of lemma 4.3.3, we deduce th&; is bounded inL* ([0;1 )
Br; Ger(Y)) for all R > 0. Indeed we only have to check thaf; is bounded in
L1 ((0:1) Bg;L2(Y)):; since

jidivye( ) divybr jjis ggiLzevy) !

C 1+jjr yr(iiLr @riLzeyy * SUP Jir yV(Y;PiLzeyy
p2[ KK]
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we thus obtain a bound onf; thanks to the rst step, inequality (4.31) and propo-
sition 4.1.1. Hence «w( ;x;y) is bounded inL* (Bg; Ger(Y)) uniformly in

In order to prove that the y derivatives are bounded as well, we intend to use
theorem 11.1 in chapter Il of [46]; hence we have to prove tha

@c, 2 2 .
—— 2 L(T;T+1,LYY); 1 i N
ay ( (Y)) ]
with uniform bounds in T > 0, x 2 Bg, for someq 1;r 1 such that
1 N
S+ —=1 4.40
gl (4.40)

with 2 (0;1)if N 2and 2 (0;1)if N =1. Consequently we must prove that
ryw(;x;y) 2 L2 (T; T +1; L%(Y))

with uniform bounds in T > 0 and x 2 Br. However at the moment we only know
that

Fyw(;xy) 2L ((0;1)  BriLA(Y))\ LY (BriLipg((0;1 )i Hpe (YN

which is not su cient to ensure that w has the desired regularity wherN is large.
Hence we rst need to prove the

Lemma 4.3.4. There existq;r satisfying (4.40), and a constantCr depending only
onN, Y, R, K andjjajjwu1 (v ( kky such that forallT >0

ir yWiiLs (groLzr(rr+z;L2ary)  Cr:
Proof. Let
@c;xy)
S(;xy) = ——=:

Then S; satis es
@S; + div( cS) ySi = div( Fi);

where

@€;x;y)

@y r(;xy):

Fi(ixy) =
Then
JFCxy)) CA+iSixy)i);

where the constantC depends only onj@ajj.: (v ( kk ), 1@ ajjL: (v ( kk ), and
K. Moreover,

idice qo1y rRY vy I @it (v ( kK Y-
Thus, according to theorem 9.1 and corollary 9.2 in chapterllof [46], we have
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8
< S 2 LY (Br,LZ(T;T+1; LA(Y))

.. 1 N N
with =+ — =1+ —; 2 (0;1)

r 29 2" 3
< S 2L (Bg;L¥Y(T;T+1; L2(Y)))
) 1 N _N (4.41)
. —_t — = —
. with ot 2 5

and jjSijj 1 gLz T+1: L2a%v)) 1S bounded by a constant which depends only dW,

Y, jjidjwer v (ki  @andjjSijjis geiz e Lz -
Moreover, by interpolation we know that

” Siij1 (Br;L2r (T;T+1;L29(Y))) ” SI”il (Bgr;L1 (T;T+1;L2(Y)))jjSiij1 (Br;L2(T;T+1;L%(Y)))
e 1 ws ..
CUSHIL BriLt (rre L2 ISl @riLzrT+aHieyy)
where the constantC depends only orN and Y and where

i1 1
® 2 N’
:%2[0;1];
i__ 1
29 o 2

Hence we haveS; 2 L! (Bg; L%+ (T;T +1; L2%(Y))) for all (on;r1) 2 [1;1 ) such
that

l + i = ﬂ =1+ &,

20 I 2 2
where ; =1 Nl (notice that in the case whenN = 1, we need not go further).
De ne the sequencd )k o in R by

N k1 k.

1+

2 2
Then it is easily proved by induction that as long as 2 (0;1),
8
< S 2L (Bgr;LZ(T;T+1; qu(Y)))
8(;r) 2 [L1)?st.9 2 ()

“IH
|Z

And the bound on jjSijjL1 g2 (T:T+1:L2a¢v)) depends only onN, Y, K, and
jiajwur (v ¢ KK ) In particular, it is uniform in T;R.
Since =1 k— we can choosd, such that ¢ 2 (0;1) fork kp andO
2 < 1. Then we choose 2 (k;1)suchthatO< &-< 1,andqg;r 1 such that
I+ g‘q = &-. According to the above remarksS; 2 L1 (Br; L2 (T;T+1; L2(Y)))
Wlth unlform bounds in T > 0. Since

ryw=(Sy; ;Sy)+ 1 yv(y;uo(x));

this concludes the proof of the lemma.
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Consequently, according to theorem 11.1 in chapter Ill of [&here exists a con-
stant CR depending oR > O, N , Y, K , j_l a.jjwl;l (Y ( KK)) andjjr XUOijl (Br ;Gper (Y))
such that

jj@ijijl([l;l)BR vy Cr 81 1ijj N:

And for every 2 [0;1],
jj@ij( it 8 v)  Cr 1+ jiUojjwrr (Brick, (V)

It remains to prove that ,w is bounded inL! ([0;1) Bgr Y). The equation
satised by R(;x;y) = xw(;Xx;y)is

@R +div,(cR) ,R= %( divy((@ 0R);

the right-hand side of the above equation belongs @ %! (Y;L! ([0;1) BgR)) for
all R > 0 according to the preceding steps. Thus ,w is bounded inL? ([0;1 )
Br YY) bylemma 4.3.3.
Then, we multiply the L contraction principle inequality between the functions
u and w(t=";x;x=") by a test function' X , with * 2 D(RY), 0 ' 1,
'(x)=1 whenjxj 1,' (x)=0 whenjxj 2, and we integrate over(0; ) RN.
We deduce that there exist constant€; Cg such that C depends only orN and
jjaljL: (v [ kk ) and Cg depends orN, Y, K, R, jjajjw (v ( kk ), and the norms
JiUofjw 1 (Bricty (vy) @NAJi xUojjL (B,r:Ger (v)) SUCh that

. X L X .
u( ) w x4 Ju=0) w =0;%5 JiLie.g)
L1(Br) | {z
z =0
C " S X
+—= u(s) w o;x;— ds
R 0 L1(B2r)
+CRr
For s > O,
0w s_x_x i U (9)i . w s_x_x
_’ ’_ 1 _l l_
1 " Ll(BZR) ” ”L (BZR) n n Ll(BZR)
2jBZRj K:
Thus
. X
u() w x4 Cr
L1(BRr)

where the constantCr depends only orR, N, Y, K, jjajwz1 (v ( kk ). and on the
bounds jjUojjw s (8,r:ck, (v) @NAJJ  xUojiLt (Bor:Ger (Y)) -
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E Boundon v Xu(;x) Vv Xup(x) + V() v Lu(;x)

L1(Br) L1(BRr)
" First, 1 up(X) ,a.e. inRY. Hence, 1 u(t;x) > for a.e. (t;x) 2

(0;1) RN. Thus

\Y; é;u(;x) Y ?;uo(x) (4.42)
L1(BRr)
@w;p) . .
jjuC ) uo(X)iiLr(eg
@p iy (4w PR

@w;p)
@p iy (4w

() (4.43)

where! is the modulus of continuity in time for u:

P(k) == sup jju( ) Uojjrrny ! O
0 K k! 0

" For all R > 0 and for almost every > 0,

v() v ?;u(;x) Ll(BR)! 0 (4.44)

as" ! 0Oaccording to the homogenization result in case of well-praged initial
data.

F Conclusion

Gathering (4.43), (4.44), and the exponential result prowkin the second step, we
obtain, forall R> 0

W) VOl Cr +CLOM* VGX) v qu(ix) | +Cle
as long as "> 0, where :
" the constantCg depends orR, N, Y, K, jjajjwz: (v ( k«k j, and on the norms
liUojiw it (Bor:cl, (v @NA | xUoliL (B ;Ger (Y)) 5
" the constantsC, depend only onN, Y, and jjajjwut (v [ kok);
" the constant C3 depends onR, N, Y, K, jjajwzt (v [ kK . JiUo(X;y)

v(y;Uo(X))jjLt (Br:L2(v)), and the speed of convergence of( ;x;y) towards
v(y;up(x)) in LT (Br ).

Going back to inequality (4.26), and using all the bounds desed in the preceding
steps leads us to

u(m v (Miiea Ce"T eR+Cr +!( )+

) X
+ v(;x) v —u(;x) +Cle ™
L1(BRr)
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The inequality holds for allR > O and for all T > "> 0.
Let > Oarbitrary, T > 0 xed. First, we chooseR > 0 large enough so that

CeCTe R
For this R > 0, we choose o > 0 small enough so that
CeT(Ck +Cl () for 0< 0l

We pick 2 (0; o) such that

vV(;x) v ?;u(;x) I 0 as"! O:
L1(Br)
At last, for this R and > 0, we take0<" small enough so that
CeT  v(;x) v ?;u( "X ) + Cle ™ 8" 2 (0:"g]:
L1(Br)

Hence, we have proved that

v Vi

©1)th vy P 0 asti 0

loc

as long as the initial data has the smoothness required in tHeurth and the rst
steps. Thus according to the rst step, theorem 6 is true for aninitial data satisfying
(4.17).
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Chapitre 5

Homogénéisation de lois de
conservation scalaires hyperboliques

On étudie ici le comportement lorsque " ! 0 des solutions de I'équation
; h oy i
@u +divy A —;u =0:

On montre que la famille u’ converge a deux échelles vers une fonctionu(t; x;y),
et on peut identi er u de fagcon univoque comme solution d'un probleme d'évo-
lution limite. L'originalité du résultat réside dans le fait que le probléme limite
n'est pas une loi de conservation scalaire, mais plutdét une équation cinétique,
dans laquelle les variables macroscopiques et microscopiques sont couplées.

Ce chapitre a été accepté pour publication dans Archive for Rational Mecha-
nics and Analysis.
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5.1 Introduction

This article is concerned with the asymptotic behavior of theexjuenceu’ as the
parameter" vanishes, wherai’ 2 C([0; 1 ); Li.(RV)) is the entropy solution of the
scalar conservation law

@'l'.(t;X) X Q . 5 "(t = X N
ot - @l muEx) =0 t 0 x2RY (5.1)
u(t=0)= up X:? : (5.2)

The functions A; = Ai(y;Vv) (y 2 RY; v 2 R) are assumed to beY -periodic,
whereY = N, (0;T;) is the unit cell, and ug is also assumed to be periodic in its
second variable.

Under regularity hypotheses on the ux, namelyA 2 W2l (RN*1), and when
the initial data u'(t = 0) belongs toL!, it is known that there exists a unique
entropy solution u” of the above system for all' > 0 given (see [13, 69, 70, 62, 63)).
The study of the homogenization of such hyperbolic scalar cegrvation laws has
been investigated by several authors, see for instance [25, 27], and in the linear
case [42, 43]. In dimension one, there is also an equivalemgth Hamilton-Jacobi
equations which allows to use the results of [49]. In generahet results obtained by
these authors can be summarized as follows: there exists adtion u® = u°(t;x;y)
such that

W tx a1 0 inLL(©0:1) RV): (5.3)
The function u°(t;x;y) satis es a microscopic equation, called cell problem, and
an evolution equation, which is a scalar conservation law in wdin the coe cients
depend on the microscopic variablg. In general, there is no decoupling of the
macroscopic variableg; x, and the microscopic variabley: the average ofu® with
respect to the variabley is not the solution of an average conservation law.

To our knowledge, there are no results as soon as the dimens®strictly greater
than one when the ux does not satisfy a structural condition bthe type A(y; ) =
a(y)g( ). Here, we investigate the behavior of the family" for arbitrary uxes. We
prove that (5.3) still holds, in a sense which will be made cledater on, and the
function u® is a solution of a microscopic cell problem. Precisely, we peothat even
though there is no simple evolution equation satis ed by théunction u° itself, the
function

fxy; )=1o

is the unique solution of a linear transport equation, with a gurce term which is
a Lagrange multiplier accounting for the constraints ori . This statement is remi-
niscent of the kinetic formulation for scalar conservatiotaws (see [52, 53, 58], the
general presentation in [59], and [15] for the heterogeneocase); this is not surpris-
ing since our method of proof relies on the kinetic formulain for equation (5.1).
However, in general, it is unclear whetheu® is the solution of a scalar conservation
law. Thus the kinetic formulation appears as the correct vien of the entropy
solutions of (5.1), at least as far as homogenization is camoed.
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The rest of this introduction is devoted to the presentation bthe main results.
We begin with the description of the asymptotic problem, andhen we state the
convergence results.

5.1.1 Description of the asymptotic evolution problem

We rst introduce the asymptotic evolution problem, for which we state an exis-
tence and uniqueness result; then we explain how this asynofit problem can be
understood formally.

In the following, we set, for(y; ) 2 RN*,

ai)= Dy 10w
an+1(y; )= divyA(y; ):

We seta(y; ) = (au(y; ); an«a(y; ) 2 RN*L. Notice that divy. a(y; ) = 0.
These notations were introduced in [15].

Before giving the De nition of the limit system, let us recal the kinetic formula-
tion for equation (5.1), which may shed some light on the strigre of the asymptotic
evolution problem. Letu’ be an entropy solution of (5.1). Then there exists a non-
negative measuran’ 2 M((0;1 ) RN*') such thatf” = 1, () is a solution of
the transport equation

@ra X @rclas S oer-am s

f'(t=0;% )=1_ o(x2)’ (5.5)

In fact, this equation was derived in [15] for the functiorg (t;x; )= (;u (t;x)),
where (;u) = loc<y li<< o, foru; 2 R, and under the additional assumption
an+1(y;0) = 0 for all y 2 RN. However, it is easily proved, using the identity
f'=g + 1., that f" satis es (5.4), even wheray 11 (y;0) does not vanish.

We now de ne the limit system, which is reminiscent of equatio (5.4) :

Denition 5.1.1. Letf 2L (0;1) RN Y R),u2L*(RY Y). We say
that f is a generalized kinetic solution of the limit problem, witimitial data 1, ,,
if there exists a distributionM 2 D J,([0;1) RY Y R) such thatf and M
satisfy the following properties:

1. Compact support in : there exists a constantM > 0 such that

SuppM  [0;1) RV Y [ M;MT; (5.6)
f(txy; )=1 if < M, (5.7)
f(xy; )=0 if >M: (5.8)

2. Microscopic equation forf : there exists a measuren 2 M%((0;1) RN
Y R) suchthatm Oandf is a solution in the sense of distributions of

divy. (aly; f (L xy; )= @m; (5.9)
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andSuppm [0;1) RN Y [ M;M].
and Suppm [0;1) RY Y [ M;M].

3. Evolution equation: the coupl€f; M ) is a solution in the sense of distributions
of
8

> X
> i=1
fF(t=0;%Y; )= La ooy = fo(Xy; )

In other words, for any test function 2Dp([0;1) RY Y R),

ya ( W )
ftxy, ) @ (txy, )+ a(y; )@ (tx;y; ) dtdxdyd =
2:1
= h ; Mi5q0 laioxy) (t=0;xy; )dxdyd:
RN Y R

4. Conditions onf : there exists a non-negative measure2 M, ([0;1) RN
Y R) such that

@ 0 inDS (5.11)
0 f(x;y; ) 1 almosteverywhere. (5.12)

And for all compact setKk RN,
Z

1 .. ..
= i if(s) foiLek v r ds!! 0O: (5.13)

5. Condition on M : de ne the set

G=f 2LL(Y R; @ 0and9 2My (Y R);9C>09 2R;
divy. (a )= @; Supp Y [ C;C] 0;
(y; )= if < Cg:

Thenforall' 2D([0;1) RN)suchthat' 0, the functionM ,' belongs
to ¢([0;1) RN;L%Y R)),and
Z

8(t;x)2[0:1) RN: 8 2G; M o ) (EX) 0 (5.14)
Y R

We now state an existence and uniqueness result for solutsoaf the limit prob-
lem:

Theorem 7. Let A2 W2' (Y R).

per,loc
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1. Existence: letug 2 L (RY; Ger(Y))\ LT (RN), and letfo(X;y; ) = 1 <y o(xy)s
for (x;y; ) 2 RN Y R. Assume that there exists non-negative measure
mo = Mp(X;y; ) such thatf, is a solution of

X
@@y(a(y; o)+ @@ G %“’ (5.15)

andSuppmg RN Y [ M;M], whereM = jjugjj -

Assume that there exist functionsi;, u, 2 L* (Y) such thatl ., , is a solution
of (5.15) for i = 1;2, for some non-negative measuras;, m,, and

ui(y) uo(x;y) ux(y) forae.x2RV;y2Y: (5.16)

Then there exists a generalized kinetic solution of the limit problem (in the
sense of De nition 5.1.1), with initial data f.

2. Rigidity: let up2 L* (RN Y),andletf 2L*([0;1) RY Y R)bea
generalized kinetic solution of the limit problem, with inial data fo = 1, ,.
Then there exists a functionu 2 L* ([0;1) RN Y) such that

f(tXy; )= 1a (txy) almost everywhere.

3. Uniqueness and contraction principle: letip;vo 2 L* (RN Y), and letf;g
be two generalized kinetic solutions of the limit problem twiinitial data 1 ., ,
and 1., , respectively. Then there exists a constar@ > O such that for all
t> 0, for all R;R%> 0O,

Ct+R

it gWiice. v m €T it Voiiiise vyte ™ 1 (5.17)
As a consequence, for allp 2 L* (RY  Y)\ L. (RY; Ger(Y)) satisfying (5.15) and
(5.16), there exists a unique generalized kinetic solutidn2 L* ([0;1) RN Y R)
of the limit problem.

Remark 5.1.1. Notice that for any functionv 2 L? (Y), v is an entropy solution
of the cell problem
divyA(y; v(y)) =0 (5.18)

if and only if there exists a non-negative measura 2 Mpler(Y R) such that equation
divy. (aly; )1« (y)) = @M

Is satis ed in the sense of distributions or¥ R. Hence equation(5.15) entails that
Ug is an entropy solution of the cell equatiorf5.18). In that case, it is said that the
initial data ug is well-prepared .

In the case wheréA is divergence-free, condition(5.15) becomes

X
@I(al(yl )1<v (y)) =0:

i=1
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Indeed, in that case,\v satis es

X
@i (a(y; )1l (y)) = @m

i=1

for some non-negative measumn such thatSuppm Y [ M;M]. Consequently,
for M, we have

X Z
Q@ a(y;Wlywydw =m(y; ) O

i=1 M1

Since the left-hand side has zero mean-value ¥nfor all 2 [ M;M ], we deduce
that m = 0. Thus, in the case where the uxA is divergence free, the limit system
takes a slightly simpler form: conditiong5.9), (5.14) become

divy(a(y; ) (txy; ) =0;
@+ &y, )@f =M,

M o)X ) 0
Y R
8 2Lk (Y R); divy(a )=0;and@ O

loc

(5.19)

All the other properties remain the same.

Remark 5.1.2. Assume that the uxA is divergence-free, and set

f 2 R L) v )=0g
loc ) ! ! - !
_ @y

C, = f 2LL(Y R; @ Og

Cy

Then C,, C, are convex sets of the vector spatg (Y R). Thus condition (5.14)
can be written as follows: for alt 2 D((1 ;0) RN) such that' 0, for all
(t;x)2 (0;1) RN, we have

M "(tx)2 (C\ Cy)

whereC denotes the normal cone of. Let us recall that when the space dimension
is nite (that is, if C;;C, are convex cones irRY for somed 2 N), then

(€l(C)\ cl(C2)) =cl(Cy+ Cy);

wherecl(A) denotes the closure of the sét.
If we forget about the closure and the fact that we are congidg convex sets in
an in nite dimensional space, then we are tempted to write

M '(t,X)Z(Cl\ Cz) = 1+ o
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with ; 2 C;, i =1;2. Moreover, very formally, we have
C, = f@m; m non-negative measuig
Thus, we may think ofM as some distribution of the form
M =@m+ i

with m a non-negative measure of0;1) RY Y R,and ;2 C,.

Of course, these computations are not rigorous, but we bekethey may help the
reader to understand the action of the distributiorM (at least in the divergence-
free case), even though the precise structure B shall not be needed in the proof.
Inequality (5.14) is su cient for all the applications in this paper.

Let us stress that uniqueness for the limit problem holds, en though the cell
problem does not have a unique solution in general; indeed,the linear divergence
free case, that is, ifA(y; ) = b(y) , with divyb= 0, then a function u is a solution
of the cell problem if

divy(b(y)u(y)) =0; huiy =0:

The constant function equal to zero is a solution of this equitn, but in general there
are other entropy solutions: for instance, let us considehé case wheré&l =2, and

by y2) =( @ (Yii¥2); @ (Y1;Y2));

for some function 2 Cf,er(Y). Then any function u of the formg( ) h g( )i, with
g a continuous function, is an entropy solution. Let us emphae that nonlinearity
assumptions on the ux are not enough to ensure uniquenesssafiutions either, see
for instance [49].

In Theorem 7, uniqueness of solutions of the limit system fols from a contrac-
tion principle associated with the macroscopic evolution egtion, rather than the
microscopic cell equation. The well-preparedness of thetial data, that is, the fact
that up(X; ) is an entropy solution of the cell problem, is fundamental.

On the other hand, the lack of uniqueness of solutions of theltproblem entails
that in general, there is no notion of homogenized problemndeed, ifu is a solution
of

divyA(y;p+ u(y)) =0; tui, =0;

then in general, the quantity
PA(C;p+ u()i

depends onu (except whenN = 1, and in some special cases, whésh = 2; see

[31, 49]). Hence the macroscopic and microscopic scalesnmdrbe decoupled: if

1 (txy) IS @ solution of the limit evolution problem, thenu(t;x) = hu(t;x; )i does

not satisfy any remarkable equation. This is the main consegquce of the absence
of uniqueness for the cell problem.

Let us mention an important particular case of Theorem 7, whichve call the
separate case . We now assume that the uA can be written A(y; ) = ag(y)g( ),
with divyap = 0. This case has already been thoroughly investigated by Weimd



126 Homogénéisation de lois de conservation scalaires hype  rboliques

in [24] in the case wher@Y ) 6 O for all , that is, when the function g is strictly
monotonous. Here, we prove that his results hold with no resttion on g.
Let us introduce the so-called constraint space

Ko:= ff 2 LY(Y); divy(af)=0 in D%;

and the orthogonal projectionPy on Ko\ L2(Y) for the scalar product inL2(Y).
Then the following properties hold: for allf;g 2 L?(Y), if f 2 Ko, then

Po(fg) = fPo(0):

And if f;g 2 Ko\ L2(Y), then the product fg belongs toK,. Notice also that all
functions which do not depend ory belong toK,, and that L* (Y) is stable by Pq.

Proposition 5.1.1. Let up 2 LY(RN; Ger(Y))\ LT (RN Y) such thatue(x; ) 2 Ko
for a.e. x 2 RN.

Forl1 i N, de ne the vector valued functiona 2 L (Y)N by &g = Po(ag;).
Let u = u(t; x;y) be the entropy solution of the scalar conservation law

@u(t;x;y) +div« (a(y)gu(t; x;¥)) =0; t>0; x2R"; y2Y;

u(t = 0;x;y) = Uo(X;y): (5.20)

Then the functionf (t;X;y; ) = 1< (txy) IS the unique generalized kinetic solu-
tion of the limit problem (5.10) with initial data 1 <, ,(xy). In that case the distribu-
tion M is given by

@_m

M=g* ol )aly) ao(y) r «f;

wherem is the kinetic entropy defect measure associated with thenftion u, that
Is, f is a solution of

@ + g )aly) rf = @m:
As a consequence, the solution(t; x;y) of (5.20)is an entropy solution of
divyA(y;u) =0

for almost every(t;x) 2 (0;1) RN,

5.1.2 Convergence results

Our rst result is concerned with entropy solutions of (5.1).

Theorem 8. Let A 2 W21 (RN*1).
Assume that the initial dataug 2 L (RV; Ger(Y)) satis es (5.15), (5.16). Let
f = 1., be the unique generalized kinetic solution of the limit prgon, with initial

datal ., ,; the existence of follows from Theorem 7. Then as vanishes,

1< (tx) %1 <u (txy)- (5.21)
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As a consequence, for all regularization kernels of the form

' (x)=iN' . x2RY;

R
with' 2D(RN), ' =1,0 ' 1, we have, for all compack [0;1) RN,

, X
t; X;

=0: (5.22)
LY(K)

|I!n’E)'|'I!I’nO u(t,x) u
Remark 5.1.3. Assumption (5.15) means thatug is well-prepared , that is, ug(X; )
IS an entropy solution of

divy (A(y; Uo(x;y))) = 0

for a.e. x 2 RN. If this hypothesis is not satis ed, then it is expected thahe be-
havior of the sequence’” will depend on the nature of the ux. If the ux is linear,
then oscillations will propagate, and the cell equatiofb.9) shall not be satis ed in
general. If the ux satis es some strong nonlinearity assution, on the contrary,
the conjecture is that the solutioru” re-prepares itself in order to match the micro-
scopic pro le dictated by the equation. Few results in thisirdction are known in
the hyperbolic case; the reader may consult for instance &, 28, 65]. In [18], the
author studies the same equation a&.1) in which a viscosity term of order" is
added, and proves such a result, but the method relies stigngn the parabolicity of
the equation.

Remark 5.1.4. The way in which Theorem 8 is stated might seem slightly peaul
indeed, convergence results of the type

. X .
u(x) u tx;+ ! 0 inLpk

are expected to hold. In order to establish such a result, #esns necessary to prove
that Z

lim supu(t;x;y) u x' (txy) dtdx=0:

10 g y2y
But the evolution equation foru (or rather, for 1., ) is given by De nition 5.1.1,
since the distributionM hinders most computations, it seems di cult to derive such
estimates.

The next result generalizes Theorem 5.1.1 to weaker solutioasequation (5.1),
called kinetic solutions. In order to simplify the present@on, let us restrict the
statement to the divergence-free case; it is explained indhremark following the
Theorem how to derive an analogous result when the uA is arbitrary.

Thus, for the reader's convenience, we rst recall the De nibn of kinetic so-
lutions in the divergence-free case (see [15] for the heig@eoeous case, and the
presentation in [59] for the homogeneous case)

De nition 5.1.2  (Kinetic solutions of (5.1)). Let u" 2 C([0;1 );L*(RN)). Assume
that there exists a non-negative measure’ 2 C(R ;M1([0;1 ) RW)) such that for
all T > 0, the function 7 7

.

7! m'(t;x; ) dtdx
0 RN
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is bounded orR, and vanishes ag j!1
Assume also thaf "(t;x; ):= (;u’(t;x)) is a solution in the sense of distributions
of the linear transport equation

ef X x ._ @ o RN
ot A @f'="g t 0 x2RY (5.23)
f'(t=0)= U x;? ; (5.24)

Then it is said thatu’ is a kinetic solution of equation(5.1).

Remark 5.1.5. Let us recall the De nition of the spaceC(R ;ML([0;1) RNV)).
letm2 M([0;1) RN);for 2C(0;1) RV)),dene 2 MZR) by
Z,7Z

m(t; x; ) (t;x) dtdx:
0 RN

Then

OR ;ML(0;1) RY)):
fm2M([0;1) RY); 8 2C(0;1) RY); 2C(R)g

The existence of kinetic solutions of (5.1) is only known when ¢h ux satis es
additionnal regularity assumptions. Assume thatg; 2 Cger(Y R)forl i N,
and that there exists a constantC such that

jaly; )j C@+jj 8y2Y8 2R: (5.25)

Under such hypotheses, it is proved in [15] that for allip 2 L}(RN; Ger(Y)), there

exists a unique functionu” 2 C([0;1 );L*(RV)) such that (;u") is a solution

of (5.1); u” is called the kinetic solution of (5.1)-(5.2). And ifu" is bounded in

L ((0;T) RN)forall T > 0, thenu’ is the entropy solution of (5.1). Moreover, a
contraction principle holds between kinetic solutions.

Let us now state the convergence result for kinetic solutign

Theorem 9. Let A2 Wi (Y R) such thatdiv,A(y; ) =0 for all y; . Assume
that g 2 Cger(Y R) for 1 i N, and that (5.25) is satis ed. Assume that the
initial data uo belongs toL (R ; G, (Y)) and satis es

X
@@y(aa(y; ) (;ug)=0:

i=1

Let u" 2 C([0;1 );LY(RY)) be the kinetic solution of (5.1) with initial data
Uo(X;x="). Then there exists a functionu 2 L! ([0;1 );L*(RN Y)) such that
the convergence result$s.21) and (5.22) hold, and

@.y(a(y’ ) Gu(txy))=0 inD=
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Moreover, if we set

_e X @
M-—@t(,u)*‘. a(y; )@(

i=1

(;u)2D?

then M satis es (5.19).

Remark 5.1.6. Let us explain how this result can be generalized to the gethease.
First, the L setting is not adapted to this case, because th&norm is not conserved
by the equation in general. Hence another notion of kinetiolsitions is needed; the
correct functional space should be of the type+ L1(RV), whereV is a xed solution

of the cell problem.

Then, the crucial point in Theorem 9 is to nd a sequenceij such that ug
converges towardsly in LY(RV;Ger(Y)), and for all n 2 N, uj satises (5.15),
(5.16). Finding such a sequence is easy in the divergence-free cdmeg seems more
di cult in the general case, since solutions of the cell prdem are not known. This
seems to be the main obstacle to the generalization of Theor@ to arbitrary uxes.
If this step is admitted, it is likely that the proof of Theomn 9 can be adapted to
general settings.

The plan of the paper is the following: in section 5.2 we provender the hypothe-
ses of Theorem 8, that the two-scale limit of the sequende,, -(.x) iS a generalized
kinetic solution of the limit system. In section 5.3, we stug the limit problem
introduced in De nition 5.1.1 and we prove the rigidity and wiqueness results in
Theorem 7; hence Theorem 7 and 8 will be proved by the end of senti5.3. In
section 5.4, we study a relaxation model of BGK type, approhmg the limit system
in the divergence free case. In section 5.5, we prove Propmsit5.1.1. Eventually,
in section 5.6, we have gathered further remarks on the notioof limit evolution
problem.

5.2 Asymptotic behavior of the sequence u

In this section, we prove that the two-scale limit of the secqencef " = 1, - (1x), say
fO(t;x;y; ), is a generalized kinetic solution of the limit system; thushe existence
result of Theorem 7 follows from this section. The organizatiois the following: we
rst derive some basic (microscopic) properties for the fustion f °. Then we explain
how regularization by convolution can be used in two-scaleggblems. The two other
subsections are devoted to the other properties of the limstystem, namely condition
(5.14) and the strong continuity at timet = 0.

5.2.1 Basic properties of f°

We use the concept of two-scale convergence, formalized byAHaire after an idea
of G. N'Guetseng (see [3, 56]). The fundamental result in [3a be generalized to
the present setting as follows:
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Corollary 5.2.1. Let (g')« o be a bounded sequence it ((0;1) RN*1). Then
there exists a functiong® 2 L! ((0;1) RN Y R), and a subsequencg,) such
that",! Oasn!1l , such that
z.,27 .
gr(tx; ) tx; o; dtdxd !
0 RN +1 Z L Z
! (txy; ) (txy; )dtdxdyd
0 RN Y R
for all functions 2 L*((0;1) RN*';Ger(Y)).

Here, the sequenct’ is bounded byl in L! ; hence we can extract a subsequence,
still denoted by ", and nd a function f°2 L ((0;1) RN Y R)suchthat(f")
two-scale converges towardg®. It is easily checked thatf © inherits the following
properties from the sequencé’

0 fotxy; ) L (5.26)
@ o (5.27)

Now, let us prove (5.7)-(5.8): let
M = max (jjudjs ;jjuziiz ) ;

where uq; U, are the functions appearing in assumption (5.16). Sinag (x=") is a
stationary solution of (5.1), by a comparison principle foequation (5.1), we deduce
that X

Uy — u(tx) u, =  foralmosteveryt> 0; x 2 RN:

Thus jju'jiL: oy rv M, and for almost everyt;x; , for all "> 0,

f'ix; )=1 if < M;
f'(tx; )=0 if >M:

Passing to the two-scale limit, we infer (5.7) and (5.8).
Now, we derive a microscopic equation fdr®. First, multiplying (5.4) by SYq ),
with S°2 D (R), and integrating on(0;T) Br R, with T >0, R > 0, yields
z
S(U'(T;x)) S up X X

dx

+ a »i nr()f'ST)d r(x)d dt
X. "0

n aN+1 s fS(()dXd dt

= m'(tx; )S® )dxd dt;

0 R Bg

where ng(x) is the outward-pointing normal to Bg at a given pointx 2 @R, and
d r(x) is the Lebesgue measure o@ & .
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Hence we obtain the following bound om’
"m"((0;T) Br R) Crr

forall"> 0,R>0,T >0, andSuppm" (0;1) R [ M;M].

Consequently, there exists a further subsequence, still dgad by ", and a non-
negative measuren® = m°(t;x;y; ) such that "m" two-scale converges ton° (the
concept of two-scale convergence can easily be generalimedneasures; the argu-
ments are the same as in [3], the only di erence lies in the fum@nal spaces). More-
over,Suppm® (0;1) R Y [ M;M].

We now multiply (5.4) by test functions of the type™ (t;x;x="; ), with ' 2
Dper([0;1) RN Y R), and we pass to the two-scale limit. We obtain, in the
sense of distributionson0;1) RN Y R

@ 0 @ 0 @FH

B (v f + — an+ X f = = 5.28

ay a(y; ) @ (y; ) @ (5.28)

Thus (5.9) is satis ed, which completes the derivation of the &sic properties off .
Now, we de ne the distribution

_e@er X - @f
M= et A ey

The distribution M obviously satis es (5.6). The next step is to prove thatV
satis es (5.14); since regularizations by convolution ar@volved in condition (5.14),
we now describe the links between convolution and two-scalenvergence.

5.2.2 Convolution and two-scale convergence

In this subsection, we wish to make a few remarks concerningetlinks between con-
volution and two-scale convergence. Indeed, it is a well-&wn fact that if a sequence
(f,) weakly converges ir.?(RN) towards a functionf , then for all convolution ker-
nels' = ' (x), the sequencef, ') two-scale converges il? towardsf ' . It
would be convenient to have an analogue property for two-dedimits. However, in
general, if a sequenck” = f "(x) is bounded inL?(RN) and two-scale converges to-

wards a functionf = f (x;y) 2 L3(RN Y), thenf” ' does not two-scale converge
towardsf ' . Indeed,if = (xy)2 L3RY;Ge(Y)), then
Z
" (x) x;§ dx
ZR"
= ' x9 (x x9 x;§ dx dx°
VA z
= dx%f " (x9 "(x X9 x;§ dx :
RN RN

In general, the quantity between brackets in the last integd cannot be written as a
function of x°and x*=", and it seems di cult to pass to the limitas " ! 0.
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In order to get rid of this di culty, let us suggest the following construction,
which is reminiscent of the doubling of variables in the papsiof Kru®kov, see [69, 70].
With the same notations as above, consider the test functioh ') Xx;x , where

'(x):="'( x)8x 2 RN. Then by de nition of the two-scale convergence,
Z z

OOl '] X dx! FOGy ' 106y) dxdy
RN RN Y
And
z z .
OO0l x'] x;§ dx = f x9 (x x9 x;),(—, dx dx®
Z RN RN
fOsy)[ " 1(xy) dxdy= [f x"1(xy) (xiy)dxdy:
RN Yy RN Y

Consequently, as' ! 0,

z . z

f'(xy (x x9 x;),(—, dx dx°! [f «'1(xy) (xy)dxdy (5.29)
R2N RN Y
forall' 2D(RV), forall 2 L*RV;Ger(Y)).
In fact, di erent assumptions on the function can be chosen; the key point
is that should be an admissible test function in the sense of Allaifsee [3]). In

particular, if there exist functions ;2D (RN), 5,2 L! (Y) such that

y) = 1(x) 2(y);

then is an admissible test function, and (5.29) holds.

5.2.3 Proof of the condition on M

The goal of this subsection is to prove that with

X
M =@+ aly)a@"

i=1
condition (5.14) holds; hence, let 2D(R RN), 2D([0;1) RNV), such that
' 0; 0;
"(;x)=08t 08x2RN:

the function ' shall be used as a convolution kernel, which explains the hythesis
on its support. We do not assume that (t =0)=0.
Let 2 G arbitrary (the de nition of the set Gis given in de nition 5.1.1). We have
to prove that the quantity
Z,72,27
A= d dydxdzdsdtfo(s;z;y; ) (y; ) (t;x)
0 0 R2N Y R ( )
X

@t six z)+ aly; )@ (t six z)

i=1
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in non-positive.
Before going into the technicalities, let us explain formgt why the property is

true; let us forget about the convolution and the regularityissues, and take the test
function

(t; x) 5

in equation (5.4).
Let R > max(M;C +1); recall that M and C are such thatSuppf® [0;1)

RN Y [ M;M],and (y; )= if < C. Integratingon[0;1) RN [ R;R],
we obtain
Z, 72 Zg ) h X i X
ftx ) @tx)+a 5 @ (tx) +; dxd dt
0 RN R
212 Zg @
- fx )= - (t;x) dxd dt
7,9 *® @
! 1
+ —an+ o, R (tx)dtdx
z,2°z% y
= m(s;z; )@ =; dzdds
0, R%R R
. R1<U0(X;§) (t=O,X) W dxd :
Notice that
%aN+1 5 R = diviA 5 R ;
and thus
Z,72 Zg h

. X ! X
fx ) @tx)+a - @ (tx) W, dxdodt

212 Zr X 1 X .
= m(s;z; )@ —; - - @f (t;x; ) (tx)dzd ds
0 Zle 7R
A +; R @ (t;x)dtdx
z 2.7
1<UO(X;§) (t=0;x) 5 dxd
Ry R
A - R @ (t;x)dtdx
z 2.7

X
R1<u0(x;§) (t=0;x) dxd:

RN
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Passing to the limit as" ! 0, we retrieve

Z,72 Zg
fo(txy; )@ (tx)+ a(y; )@ (tx)] (y; ) dxdyd dt
0 ZaNl 7R
Ai(y; R)@ (t;x) dtdx
7 %RRN Y
1aoxyy (1=0;x) (y; ) dxd
zR
= R1<u oixy)y (E=0;%x) (y; ) dxd:

RN

This means exactly that

z z
_@ fO + @ af 0 0;
@ty g @x v R
: R : o
or in other words, that , M 0 in the sense of distributions orf0;1 ) RN.

Now, we go back to the regularizations by convolution. Accondg to the preced-
ing subsection,

Z,72,7Z ,
A =1lim d dxdzdsdtf (s;z; ) =; (tx)
"0 o o0 RN YR
( « )
z
@t s;x 2z2)+ a -, @t s;x 2
i=1
Hence, in (5.4), we consider the test function
Z,Z7 .
(s;z; ) = "(t s;x  z) (t;x)dtdx - K();
0 RN

where

K is acut-o function suchthat0 K 1, K2D(R),K()=1ifj) R
(R is the same parameter as before, and satis & max(M;C +1));

R
= y'1 ‘owith';2D(RV),"22D(R),0 '; 1, ';=1 for
i=1;2 and

y

==, Y 0=, 0 0< < 1y
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According to (5.4), we have

Z,2 ) oo #
f'(s5z;) @ (s;z; )+ & % @ (s;z;) dzdds
1021'?2*1 " , i=1
+ 5 f(siz; )an+1 77 @ (s;z; )dzd ds (5.30)
7 07 RV
m(s;z; )@ (s;z; )dzd ds (5.31)
20 RNA
+ iU z;% (s=0;z; )dzd
= o
And
zZ,2
@ (s;z;) = @ (t s;x z) (tx)dtdx ZK();
2, ™
r, (s;z;) = r«' (t s;x 2z) (t;x)dtdx E K()
1 z.% z
+ - "t os;xz) (tx)dtdx (ry ) o K();
z,?2 ®
@ (siz;) = tosx 2 (G)dtdk K()@ o
olei
+ "(t os;x z) (tx)dtdx E @K ()
z,°z ®
(s=0;z;) = "(t;x z) (t;x)dtdx E K()=0:
0 RN

Using the assumption on the sign of,' , and the fact that
@ =(@) .y "2 O

we derive

z,z
tosix z) (Ex)didx K()@ 2 O

0 RN

Moreover, due to (5.7), (5.8), and the assumptions on and K, we have@K =0
on Suppm’, and
Z,7Z ,
"(t s;x z) (tx)dtdx = @K ()f'(s;z;)
0z Rz
= "t os;x z) (Ex)dtdx @K ( )1l :

0 RN
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Hence, we obtain, for all'; > 0,

Z
d dxdzdsdtf (s;z; ) E (t; x)
( N ] )
@t s;x z)+ a -, @t s;x 2
7 i=1
1 " z z
+- f (s;z; )a -; ry. - "(t s;x z) (tx)K()dtdxdsdzd
Z
F— ' (t sx Z) (EX)@K()ans Z:  dtdxdsdzd
0:
Following the formal calculations above, we have to investge the sign of the
term
z z z
f'(s;z;)a 55 1y Z '@t s;x 2z) (tx)K()dtdxdsdzd:
Sincedivy. (a )= @ , we have
: @
divp. (a )= —+r
Y; ( ) @
where = ', ', andr is aremainder term. Then
Z,Z7 " @ «x Z,Z |
f(s;z;))— —; (t s;x z) (;x)dtdx dsdzd
0/ |R¥+ @ « 0 RN
= (=ux) _ o
0 RN +1 Z 1 Z
"(t s;x  z) (t;x)dtdx 0:
0 RN

Hence, we have to prove thatas! O,
r! 0 inLi(Y R):
The proof is quite classical. We have

ry; ) = afy;) ry, "1 2 [y; )] ry "4
w Z
[@ily; ) ailyn D] (Y )@ 1(y Y1) o 1) dy:d

4
+  [ans(ys ) ansa(yn D] (Yo 1"y y)@ 1) dyid
Thus, we compute, for(y;y:; ; 1) 2 RN*2, 1 i N +1,
Z 1
a(y; ) ayn 1) = (y i) (Zr ya(y +(@  yy +(@ ) )d
1

+( 1) 0@aa(y+(1 Wi, +(@ ) )d:
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Set,forl k;i N,y2RV, 2R,

ooy, @ .
ki(y; )= Yk—@y(Y) 2();
@4, .
iy, )= —@V(Y) 2( );

Notice that Z

RN +1

Then, setting X = (y; ), X1 = (Y1 1),
K+ £

r(X) = O8 x +@ X)) (X)) (X Xy dyad1d
i=1 @y
X% @a
+ @(X +(1 )Xy (X1) (X Xy)dy,d,d:
i=1
Hence as ! 0O, r converges to
divy; (afy; )) (y; )=0
in L) (RN*1) foranyp< 1 and for all (t;x) 2 [0;1) RM. We now pass to the
limitas ! O, with " xed, and we obtain
Z
d dxdzdsdtf (s;z; ) = (t; x)
( N )
@t sx 2+ & 5 @( sx 2
Z i=1
EX)@K()A 2 . (t sx z)dtdxdsdzd
0:
Passing to the limit as" vanishes, we are led to
Z
d dxdzdsdydtfo(s;z:y; ) (y: ) (tx)
( )
@t six 2+  a(y; )@t sx 2
Z i=1
(tX)@K()A(Y; ) r (t s;x z)dtdxdsdydzd
0:
Since
Z Z z
(t;x)r ' (t s;x z)dtdxdsdz= (t;x) dtdx r, (s;z)dsdz =0;

v (Vi )= yk%( ) 1);
v Vi )= %( ) 1):

Z

i = NESE
RN+1
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we deduce that
Z
d dxdzdsdydtfo(s;z;y; ) (y; ) (tx)

( " )

@@t s;x z)+ gy, )@ (t s;x 2) 0;

i=1

which means thatf © satis es condition (5.14). There only remains to check the
strong continuity of f at time t = 0.

5.2.4 Strong continuity at time  t=0

The continuity property forf © is inherited from uniform continuity properties at
time t = 0 for the sequencd ". This is strongly linked to the well-preparedness of
the initial data (condition (5.9)), that is, the fact that for all x 2 RN, up(x; ) is an
entropy solution of the cell problem

divyA(y; Uo(X;y)) =0

First, let us consider a regularization of the initial data

O =Ffo x ny'1 2

with , 2 D(RY) a convolution kernel 2 N), > 0, and', dened as in the
previous subsection. Then we can write

X X @h x | 1 X @ X
a — Oy X5 + sana vy =0, X
@x @™
1 X X X X @ X
= ga 5 ry. X5 v + i — X; = 5.32
n n y; gn - a‘ @xgn ( )
= I,
Notice that
Ir xGulitr gy v r)y IIF x nllLiryy;
and
a(y; )ry, g (xy; )= @m, +r,;
where

m, = Mo x n y'1 2
sy, ) = a(y; )ry. g, (xy; ) [afo x nl y: Ty " 1Y) 2():

Then foralln 2 N, for all x 2 RN, r,, vanishesas ! 0in L}.(Y R) and almost
everywhere. The proof of this fact is exactly the same as in thegezeding subsection,

and thus, we leave the details to the reader. As a consequenae can write

. ()= %@mn x;ﬁ; + Ry (%)
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and there exists a constaniC,,, independent of", such that for all n 2 N, for all
"> 0, and for almost everyx;

limsupjR,. (x; )j Cn:
10

Moreover, R;,; (x; )=01if >M + . Inthe following, we take < 1.
Now, we multiply (5.4) bylh 29, (x;x="; ), and (5.32) byl 2f "(t;x; ). Setting
[
hy, (6% ) == f(tx ) 1 2g, x;?; + g, x;?; [1 2f'(t;x; )]

= £UEX ) G X 2+gn X; o & X o "
we obtain
X
gp';; tx )+ & ?: @hy, (tx )+ %aml ?: @hy, (tx; )
i=1
. h i
= %1 1 29, %2 +%@mn X% [ 2'(Gx )
+Ry (6 )[1 2f (% )] (5.33)
Notice that
@1 2f'(tx =2 ( =u(tx));
@@ 1 29, x;?; = 0

Notice also thatf "(t;x; ) g, (x;x="; ) =0 if j j is large enoughj(j>M +1),
whenceh,. has compact support in .
Take a cut-o function 2 C! (RV) such that (x) = el ¥ whenjxj 1, and
: (x) 1forjxj 1. Then there exists a constanC such that
ir« X)j C (x) 8x2RN:

Hence, multiplying (5.33) by (x) and integrating on RN*! | we obtain a bound

of the type
q Z P Z
— h, (tx; ) (x)dxd C h, (tx; ) (x)dxd
dt gua ZRN +1 '
+ Ry, (%) j1 2" (tx )j (x)dxd:
RN +1

Using Gronwall's lemma and passing to the limitas ! Owith " andn 2 N xed,
we retrieve, for aIIZt 0,

" X 2
fx ) o X (x) dxd

2
et fo x;ﬁ; On x;§; (x) dx d
Ct'? X, X, 2
+te O X5 O X7 (x) dxd
RN+1
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where the constantC, does not depend orf, and g, = fo x n». And forall n2 N,
"> 0, we have

z X X 2
fo X O X (x) dxd
ZRN+1 Z X X ,
fo X5 fo X85 A(x X9 (x) dx dx°d
ZRV 7 RN
X O,X, 0

Uo X; —; uo x%=; X x9 (x) dxdx
ZR" ZR"

supjuo (X;y; ) Uo(X%y; )i n(x  x9 (x) dxdx®
RN RN y2Y

The right-hand side of the above inequality vanishes as ! 1  becauseu, 2
Li(RY; Ger(Y)). Similarly,

Z y . ,

O X5 O X; 7 (x) dxd
ZRN+1 )

X x |

O X fo X o (x) dx d

Riﬂ
X 2 X 2
+ fo X+ O X (x) dxd
ZRN+1
3 On x;ﬁ; fo x;ﬁ; (x) dx d
ZRV'7
3 supjuo (X;y; ) Uo(X%y; )i n(x  x9 (x) dx dx®
RN RN y2Y

Hence, we deduce that there exists a function : [0;1 ) ! [0;1 ), independent
of " and satisfyinglimy, o! (t) =0, such that

Z
Ftx: ) fo x o ()dxd (1)
RN +1
forall t> O.
Then, we prove that the same property holds for the functiorf °, that is, the

two-scale limit of the sequencé . Indeed, we write

frix ) 1 o(x:%) =f 21, o) * Lau o(x)s

let 2 L' ([0;1)) with compact support and such that 0. Then for all " > 0,
Z,Z h " " i Z,
f 2f1 <u o(x;é) +1 <u o(x;?) (X) (t) dxd dt | (t) (t) dt:
0

0 RN +1

Sinceup 2 L (RY; Ger(Y)), it is an admissible test function in the sense of G.
Allaire (see [3]); we deduce thatl ., , is also an admissible test function. This
is not entirely obvious because it is a discontinuous funcin of ug. However, this

di culty can be overcome thanks to an argument similar to theone developed below
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in subsection 5.3.3, and which we do not reproduce here. Thuse wan pass to the
two-scale limit in the above inequality. We obtain
z,Z
FOtxy; ) J FOtxy )P+ ifotxy: ) Lauopeni®
0 RN* Y 7
1
(t) (x)dtdxdyd (! (1) dt
0
Notice that f° j f%2 0 almost everywhere. As a consequence, takingt) =
lo<t« , With ; 0 arbitrary, we deduce that

z
1

1) (uolay) > () dtdxdy T 1 (t)d
0

and the left-hand side vanishes as! 0. Thus the continuity property is satis ed
attime t=0.

Hence, we have proved that any two-scale limit of the sequent’” is a solution
of the limit system. Thus the existence result in Theorem 7 is prved, as well as the
convergence result of Theorem 8. We now tackle the proof of thiqueness and
rigidity results of Theorem 7. The strong convergence resuttf Theorem 5.1.1 will
follow from the rigidity.

5.3 Uniqueness of solutions of the limit evolution
problem

In this section, we prove the second and the third point in Theaem 7, that is,

if f is any solution of the limit evolution problem, then there eists a function

u2 Lt (0;1) RY Y)suchthatf (t;x;y; )= 1 (xy) almost everywhere, and
iff,=1.,,f2= 1, , are two generalized kinetic solutions, then the contractio
principle (5.17) holds.

5.3.1 The rigidity result

Let f be a generalized kinetic solution of the limit problem, withnitial data 1 ., ,.
The rigidity result relies on the comparison betweefi and f 2. Precisely, we prove
that f = f?2 almost everywhere, and sinc@f 0, there exists a functionu such
that f = 1., . Thus, we now turn to the derivation of the equalityf = f 2.

Let > O arbitrary, and let ;2 D(R); » 2 D(RN) such that

7 1 02 2 0

1= 2=1;

R RN

Supp : [ 1;0]land 4(0)=0:
We set, for(t;x) 2 RN*?

t X
€x)= [z 2 - 2~
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Setf =f (x« ,M =M ¢ . Thenf isa solution of

ef X @f_
IR Thie

i=1

Moreover,f satis es the following properties

o f 1 (5.34)
divy. (a(y; )f )= @m x (5.35)
@f 0; (5.36)
f(;)=0 if >M; f (;)=1 if < M; (5.37)
whereasM satis es
M 2C(0;T) RMV;L%Y R)\L'(0;1) RN Y R); (5.38)
2 M (;)=0 ifjj>M; (5.39)
M (t;x) 0 8 2G8t;x)2[0;1) RN: (5.40)
Y R

In particular, notice that (1 2f (t;x)) 2 G for all t;x, and
ftxy; ) f(txy; )?=0ifjj>M:

Let 2C! (RV) be acut-o function as in the previous subsection. We multily
by (1 2f ) (x) the equation satis ed byf , and we integrate overRN Y R.
We obtain

a? ‘
= fojfj? aly; )@ (x) f jfj?
2 RN Y R RN Y R
= M 1 2f 0:
RN Y R

We then deduce successively, using Gronwall's lemma,

d” z
it fofp c RN
Zdt RN Y R 2\1 Y R
f @ jf @ e f(t=0) jf (t=0)j> 8t> 0
N R RN R
ﬁT\Z eCT lﬁ
fojfj? f(t=0) jf (t=0)j* (5.41)
0 RV Y R C RN Y R

and the constantC depends only onjajj.: (v | rR)-

Now, let us check thatf (t = 0) strongly converges towardd ., , = fo at time
t = 0. In fact, the main di erence between the rigidity result of Theorem 7 and
the one for generalized kinetic solutions of scalar consaton laws (see chapter 4 in
[59]) lies in this particular point. Indeed, in the case of sdar conservation laws, the
continuity property can be inferred from the equation itsdt in the present case, the
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lack of structure of the right-hand sideM prevents us from deriving such a result,
and hence the continuity of solutions at timet = 0 is a necessary assumption in
De nition 5.1.1.
Using hypothesis (5.13), we write, for almost every;y; ,
z

f (t=0;xy; )

f(s;z;y; ) ( s;x z)dsdz
ZRN+1

(f(s;z;y; ) fo(ziy; ) ( s;x z)dsdz:

f0) fox 2 Xy )
RN
As a consequence, for all> 0
Z
f(t=0) fo x ,  (x)dxdyd
ZRN Y RZ
if (s:ziy; ) fo(ziyi )i* (x) ( six 2z)dxdyd dsdz
ZRN Y R RN+L

. . 1 S
R”f () folifzmy v R axayay- 1 — dsdxdyd

+ij iL1(RN)

T, iif (s) foJsz(RN Y R; (x)dxdyd ) dS+ i P IRIGCUDE
The right-hand side of the last inequality vanishes as ! 0, and thusf (t = 0)
converges towardépas ! 0in L2(RN Y R; (x)dxdyd ), and hence also in
LY(RN Y R; (x)dxdyd). Consequently,
Z
f (t=0) f (=02 1! 0 as ! O

RN Y R

Above, we have used the fact thato = 1, ,, and thusfy = f2.
Now, we pass to the limitas ! 0in (5.41); we obtain, for allT > 0,

Z-.2
f f2' O

0 RN Y R

Since the integrand in the left-hand side is non-negative,emdeduce thatf = f?
almost everywhere. The rigidity property follows.

5.3.2 Contraction principle

Let fq, f, be two generalized kinetic solutions of the limit problem; & denote by
M;M,, and M 1; M ,, the constants and distributions associated td 4, f,, respec-
tively. Without loss of generality, we assume thatM;  M,. According to the rigid-
ity result, there exist functionsu;;u, 2 L ([0;1) RN Y)\ L (0;1 );LY(RN
Y)) such thatf; = 1, .

As in the previous subsection, we regulariZe; M ; by convolution in the variables
t; X, and we denote byf; ; M ; the functions thus obtained. The strategy of the proof
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is the same as in [59], Theorem 4.3.1. The idea is to derive andoality of the type

d” . .
ot ifatxy; ) fatxy; )i (x)dxdyd
Z

C jlutxy; ) fat;xy; )j (x)dxdyd;
where is a cut-o function as in the previous section.

Sincejf1(t) fo(t)j = jfo(t) fa(t)j2= fo+ f, 2f,f,, let us rst write the
equation satised byg = f, +f, 2f;f,. We compute

( » )
@
@, + B a(y; )@(fl =M, 1 2f,;
( » )
@
@,+ aly; )@ffl\/lz 1 2f

i=1

Adding the two equations thus obtained leads to

X @
@ + ai(y;)@(g:'v'll A, +M, 1 2f
i=1
Notice that thanks to (5.7), (5.8) and the microscopic consaints (5.9), (5.11),
1 2f (t;x) 2 G forall (t;x). Hence
Z

M,(t;x) 1 2f,(ttx) 0O 8(t;x)2[0;1) RN;
Y R
and the same inequality holds if the roles df; and f, are exchanged.
Now, take a cut-o function 2 C! (RV) satisfying the same assumptions as
in the previous subsection; multiply the equation org by (x), and integrate over
RN Y R;this yields

z ya
d g (txy; ) (dxdyd C g (txy: ) (dxdyd 8t> O
dt RN Y R RN Y R
and thus
Z vi
gtxy; ) (x)dxdyd € g(t=0;xy; ) (x)dxdyd:
RN Y R RN Y R

According to the strong convergence results df (t = 0) derived in the previous
section, we can pass to the limit as ! 0. We infer that for almost everyt > 0,
Z

ifatxy; ) fatxy; )i (x)dxdyd

RNzY R
et X fut=0:xy; ) f(t=0:x1y; )j (x)dxdyd: (5.42)
R Y R

This completes the derivation of the contraction principle dr the limit system.
Uniqueness of solutions of the limit system follows. In padular, we deduce that
the whole sequencé” of solutions of (5.4) two-scale converges towards.
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5.3.3 Strong convergence result

Here, we explain why the strong convergence result stated in @arem 8 holds, that
is, we prove (5.22). This fact is rather classical, and is a @ict consequence of the
fact that

1 <u "(tx) %S 1 <u (txy)-

Let us express this result in terms of Young measures: the algotwo-scale con-
vergence is strictly equivalent to the fact that the two-scke Young measure .,
associated with the sequenae is the Dirac mass ( = u(t;x;y)) (see [59], Chapter
2). And it is well-known (see [24]) that ifu is a smooth function, then
doy()= (=utxy) 0 U utxy ! 0 inlks

However, here, the functiornu is not smooth, but this issue is bypassed by using
convolution kernels. For the reader's convenience, we nowope the result without
using two-scale Young measures. Wedene = u ' ,with' a standard molli er.
Let K 2D(R) suchthat0 K 1,andK()=1ifjj M. Consider also a
sequence, 2 C! (R) suchthat0 ,, 1, and

. 1 ) 1
W()=11i0f < = n()=0 if >ﬁ:

Then we have
2
larwo 1g (bcx) 7 Taray 20, (tx 4)1 w )+l (tx %)
1

min (u” (tx);u (tx; ¥)) << max(u”(tx)u (tx; X)) :

The function 1 _, (tx %) is not smooth enough to be used as an oscillating test
function. Thus we replace it by

X
n u tx;+

and we evaluate the di erence: for all compactseE [0;1) RN, forall ;"> 0,
Z Z

Ly (or) o U tx; = K()dtdxd %jCj:
C R

According to the two-scale convergence result, for all2 N,
Z Z «
n u tx + 1o woK()dtdxd !
C R Z Z
! n( U (GXY)La @axy)K()dtdxdyd:
C R
Since the sequence, ( u ) uniformly converges towardsl ., asn!1l , we can
pass to the limitasn!1 , and we deduce
Z Z Z Z

1 ?)1<u "(t;x)K( )dthd !

1. (t;x;y)l <u (t;x;y)K( )dthdyd :
C R Y

<u (t;x; c R






































































































































































































