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▲❛❜♦r❛t♦✐r❡
❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡ ✷✵✵✼❊❱❘❨✵✵✶✺

❚❤ès❡ ❈■❋❘❊ ♣rés❡♥té❡ ♣♦✉r ❧✬♦❜t❡♥t✐♦♥ ❞✉ t✐tr❡ ❞❡
❉♦❝t❡✉r ❞❡ ❧✬❯♥✐✈❡rs✐té ❞✬➱✈r②✲❱❛❧ ❞✬➱ss♦♥❡

❡♥ ❙t❛t✐st✐q✉❡ ●é♥ét✐q✉❡ ♣❛r

▼✐❝❦❛ë❧ ●✉❡❞❥

▼ét❤♦❞❡s ❙t❛t✐st✐q✉❡s
♣♦✉r ❧✬❆♥❛❧②s❡ ❞❡s ❉♦♥♥é❡s

●é♥ét✐q✉❡s ❞✬❆ss♦❝✐❛t✐♦♥ à ●r❛♥❞❡ ➱❝❤❡❧❧❡

❙♦✉t❡♥✉❡ ❧❡ ✶✸ ❏✉✐❧❧❡t ✷✵✵✼ ❞❡✈❛♥t ❧❡ ❥✉r② ❝♦♠♣♦sé ❞❡ ✿

❉✐r❡❝t❡✉rs ❞❡ t❤ès❡ ✿ ●ré❣♦r② ◆✉❡❧ ▼❛îtr❡ ❞❡ ❈♦♥❢ér❡♥❝❡ ❡♥ ❙t❛t✐st✐q✉❡ à
❧✬❯♥✐✈❡rs✐té ❞✬➱✈r②✲❱❛❧ ❉✬➱ss♦♥❡

❇❡r♥❛r❞ Pr✉♠ Pr♦❢❡ss❡✉r ❞❡ ❙t❛t✐st✐q✉❡ à ❧✬❯♥✐✈❡rs✐té
❞✬➱✈r②✲❱❛❧ ❉✬➱ss♦♥❡

❊♥❝❛❞r❛♥t ❙❡r♦♥♦ ✿ ❏érô♠❡ ❲♦❥❝✐❦ ❘❡s♣♦♥s❛❜❧❡ ❞❡ ❧❛ ❇✐♦✐♥❢♦r♠❛t✐q✉❡ ❝❤❡③
❙❡r♦♥♦✱ ●é♥è✈❡

Prés✐❞❡♥t❡ ❞✉ ❥✉r② ✿ ❋❧♦r❡♥❝❡ ❉❡♠❡♥❛✐s ❉✐r❡❝tr✐❝❡ ❞✬✉♥✐té ■◆❙❊❘▼✱ ❊✈r②

❘❛♣♣♦rt❡✉rs ✿ ❉❛✈✐❞ ❇❛❧❞✐♥❣ Pr♦❢❡ss❡✉r ❞❡ ❙t❛t✐st✐q✉❡ à ❧✬■♠♣❡r✐❛❧ ❈♦❧✲

❧❡❣❡ ❞❡ ▲♦♥❞r❡s
❆✈♥❡r ❇❛r✲❍❡♥ Pr♦❢❡ss❡✉r ❞❡ ❙t❛t✐st✐q✉❡ à ❧✬❯♥✐✈❡rs✐té ❞❡

P❛r✐s ❳■■■
❊①❛♠✐♥❛t❡✉rs ✿ ❋r❛♥ç♦✐s❡ ❈❧❡r❣❡t ❉✐r❡❝tr✐❝❡ ❞✬✉♥✐té ■◆❙❊❘▼✱ ❱✐❧❧❡❥✉✐❢

❏❡❛♥✲❋r❛♥ç♦✐s ❩❛❣✉r② Pr♦❢❡ss❡✉r ❞❡ ❇✐♦✐♥❢♦r♠❛t✐q✉❡ ❛✉ ❈❡♥tr❡
◆❛t✐♦♥❛❧ ❞❡s ❆rts ❡t ▼ét✐❡rs





✐

❘❡♠❡r❝✐❡♠❡♥ts

❏❡ t✐❡♥s à r❡♠❡r❝✐❡r ❡♥ ♣r❡♠✐❡r ❧✐❡✉ ●ré❣♦r② ◆✉❡❧ ♣♦✉r ❛✈♦✐r ❞✐r✐❣é ❝❡ tr❛✈❛✐❧ ❞❡ t❤ès❡
❡♥ ② ❛♣♣♦rt❛♥t s❡s ❝♦♠♣ét❡♥❝❡s ❡♥ ❙t❛t✐st✐q✉❡ ❡t ❆❧❣♦r✐t❤♠✐q✉❡ ❛✐♥s✐ q✉❡ s♦♥ ♣♦✐♥t ❞❡ ✈✉❡
s✉r ❧❛ ●é♥ét✐q✉❡✳ ❚r❛✈❛✐❧❧❡r s♦✉s s❛ ❞✐r❡❝t✐♦♥ ❛ été très ❡♥r✐❝❤✐ss❛♥t✱ t❛♥t ♣❛r s❡s q✉❛❧✐tés
❞✬❡♥s❡✐❣♥❛♥t q✉❡ ❞❡ ❝❤❡r❝❤❡✉r✱ ❛✐♥s✐ q✉❡ ♣♦✉r ❧✬é♥❡r❣✐❡ ❡t ❧✬❡♥❣♦✉❡♠❡♥t ❞♦♥t ✐❧ s❛✐t ❢❛✐r❡
♣r❡✉✈❡✳

❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❇❡r♥❛r❞ Pr✉♠ ♣♦✉r s❛ ♣é❞❛❣♦❣✐❡✱ s❛ ❣❡♥t✐❧❧❡ss❡✱ ❡t ♣♦✉r ❧❡s r❡s✲
♣♦♥s❛❜✐❧✐tés q✉✬✐❧ ♠✬❛ ❝♦♥✜é❡s✱ ♠❡ ♣❡r♠❡tt❛♥t ❛✐♥s✐ ❞❡ ♣r❡♥❞r❡ ♣❧❡✐♥❡♠❡♥t ♣❛rt à ❧✬❡ss♦r
❞❡ ❧❛ t❤é♠❛t✐q✉❡ ❙t❛t✐st✐q✉❡ ●é♥ét✐q✉❡ ❛✉ s❡✐♥ ❞❡ s♦♥ éq✉✐♣❡✳

❏❡ ✈♦✉❞r❛✐s r❡♠❡r❝✐❡r ❏érô♠❡ ❲♦❥❝✐❦ ♣♦✉r s♦♥ ❡♥❝❛❞r❡♠❡♥t ❛✉ s❡✐♥ ❞❡ ❙❡r♦♥♦✱ s❡s
s✉❣❣❡st✐♦♥s✱ ❛✐♥s✐ q✉❡ ♣♦✉r ❧✬✐♥térêt q✉✬✐❧ ❛ ❝♦♥t✐♥✉❡❧❧❡♠❡♥t ♠❛♥✐❢❡sté ❡♥✈❡rs ♠♦♥ tr❛✈❛✐❧
❡♥ ❧✬✐♥té❣r❛♥t ❛✉① ♣r♦❥❡ts ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ❙❡r♦♥♦✳

❏❡ r❡♠❡r❝✐❡ é❣❛❧❡♠❡♥t ❍✐r♦❛❦✐ ❚❛♥❛❦❛ ♣♦✉r ❛✈♦✐r ❧❛r❣❡♠❡♥t ❝♦♥tr✐❜✉é à ✐♥✐t✐❡r ❧✬é❝❤❛♥❣❡
s❝✐❡♥t✐✜q✉❡ ❡♥tr❡ ❙❡r♦♥♦ ❡t ❧❡ ❧❛❜♦r❛t♦✐r❡ ❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡ ❡t ❞♦♥❝ ♣❡r♠✐s ❧❛ ré❛❧✐✲
s❛t✐♦♥ ❞❡ ❝❡tt❡ t❤ès❡ à ❧✬✐♥t❡r❢❛❝❡ ❞❡ ❝❡s ❞❡✉① ❡♥t✐tés ❞❡ r❡❝❤❡r❝❤❡✳

❉❡ ♠❛♥✐èr❡ ♣❧✉s ❣é♥ér❛❧❡✱ ❥❡ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t ❡♥✈❡rs ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s r❡s♣♦♥✲
s❛❜❧❡s ♣♦✉r ❧❡ t❡♠♣s ❡t ❧❛ ❧✐❜❡rté ❞❡ tr❛✈❛✐❧ q✉✬✐❧s ♦♥t s✉ ♠✬❛❝❝♦r❞❡r✳

❏❡ r❡♠❡r❝✐❡ ❧❡s ♠❡♠❜r❡s ❞✉ ❥✉r② ♣♦✉r ♠✬❛✈♦✐r ❢❛✐t ❧✬❤♦♥♥❡✉r ❞❡ ❧❡✉r ♣rés❡♥❝❡ à ♠❛
s♦✉t❡♥❛♥❝❡ ❡t ♠✬❛✈♦✐r ♣❡r♠✐s✱ ♣❛r ❧❡✉rs ❝♦♥s❡✐❧s ❡t ❧❡✉rs r❡♠❛rq✉❡s✱ ❞❡ t❡r♠✐♥❡r ❧❛ ré❞❛❝✲
t✐♦♥ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳

❏❡ r❡♠❡r❝✐❡ ❧❡s ♣❡rs♦♥♥❡s ❛✈❡❝ q✉✐ ❥✬❛✐ ❡✉ ❧✬♦❝❝❛s✐♦♥ ❞❡ ❞✐s❝✉t❡r ♦✉ ❞❡ ❝♦❧❧❛❜♦r❡r ❡t q✉✐
♦♥t ❛✐♥s✐ ❧❛r❣❡♠❡♥t ❝♦♥tr✐❜✉é à ❝❡ tr❛✈❛✐❧✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❥❡ ✈♦✉❞r❛✐s r❡♠❡r❝✐❡r ❑ ❋♦r♥❡r✱
❉ ❘♦❜❡❧✐♥✱ ❋ P✐❝❛r❞✱ ❊ ❉❡❧❧❛✲❈❤✐❡s❛✱ ▼ ❍♦❡❜❡❦❡✱ ▼ ▲❛♠❛r✐♥❡✱ ❍ ❆s❝❤❛r❞✱ ❏ ❉❛✉✈✐❧❧✐❡r✱
❱ ▼✐è❧❡✱ ❈ ❆♠❜r♦✐s❡✱ ❙ ❘♦❜✐♥✱ ❙ ▲è❜r❡✱ ❈ ▼❛t✐❛s✱ ❆ ●✉✐❧❜♦t✱ ❈ ❙t❛❧❡♥s✱ ❨ ❙❧❛♦✉✐✱ ❇
❏✉♥♦t✱ ▼ ❇❛✉❞r② ❡t ▼ ■❧❜❡rt ❛✐♥s✐ q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞✉ ♣❡rs♦♥♥❡❧ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❙t❛t✐st✐q✉❡
❡t ●é♥♦♠❡ ❡t ❞❡ ❙❡r♦♥♦✳

❏❡ s✉✐s très r❡❝♦♥♥❛✐ss❛♥t ❡♥✈❡rs ❧❡ ❈◆❘❙✱ ❧✬■◆❘❆✱ ❧✬❯♥✐✈❡rs✐té ❞✬❊✈r②✲❱❛❧ ❞✬❊ss♦♥♥❡✱
❙❡r♦♥♦ ❡t ❧✬❆◆❘❚ ♣♦✉r ❛✈♦✐r ✜♥❛♥❝é ♠❛ t❤ès❡ ❛✐♥s✐ q✉❡ ❧❡s ♥♦♠❜r❡✉① ❞é♣❧❛❝❡♠❡♥ts q✉✬❡❧❧❡
❛ s✉s❝✐tés✳ ❏❡ ✈♦✉❞r❛✐s r❡♠❡r❝✐❡r ✉♥❡ ❞❡r♥✐èr❡ ❢♦✐s ❧❡s r❡s♣♦♥s❛❜❧❡s ❞❡ ❙❡r♦♥♦ ❛✐♥s✐ q✉❡ ❧❡s
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♠❡♠❜r❡s ❞✉ ❝♦♠✐té ●❆❲✲✶✺✶ ♣♦✉r ♠✬❛✈♦✐r ♣❡r♠✐s ❞❡ ❞✐s♣♦s❡r ❧✐❜r❡♠❡♥t ❞❡ ❧❡✉r ❞♦♥♥é❡s✳

❊♥✜♥✱ ♣♦✉r ❧❡✉r s♦✉t✐❡♥ ♥♦♥✲s❝✐❡♥t✐✜q✉❡ ♠❛✐s ♥♦♥ ♠♦✐♥s s✐❣♥✐✜❝❛t✐❢✱ ❥❡ t✐❡♥s à r❡♠❡r✲
❝✐❡r ♠❡s ♣❛r❡♥ts✱ ♠♦♥ ❢rèr❡✱ ❧❛ ❢❛♠✐❧❧❡ P❡❝♥✐❦✱ ◆❛t❛ss✐❛✱ ❆r✐❡❧❧❡✱ ❈❧❛✐r❡✱ ➱♠✐❧✐❡✱ ❏♦❤❛♥♥❡✱
❲✐❧❧✐❛♠ ❡t ❧❡s ❇■▼s✳

✶❡♥ ❧❛ ♣❡rs♦♥♥❡ ❞❡ ▼✐❝❤❛❡❧ ▼✐❧❧❡r ❡t ❞✉ s✉♣♣♦rt ❛♣♣♦rté ♣❛r ◆■❍ ❣r❛♥ts ✺❘❖✶✲❍▲✵✹✾✻✵✾✲✶✹✱ ✶✷✵✶✲
❆●✵✷✶✾✶✼✲✵✶❆✶✱ ❧✬✉♥✐✈❡rs✐té ❞✉ ▼✐♥♥❡s♦t❛✱ ❧❡ ▼✐♥♥❡s♦t❛ ❙✉♣❡r❝♦♠♣✉t✐♥❣ ■♥st✐t✉t❡ ❡t ❧❡ ●❆❲ ❣r❛♥t

❘✵✶✲●▼✵✸✶✺✼✺✳
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❘és✉♠é

▲❡s ❛✈❛♥❝é❡s ❡♥ ❇✐♦❧♦❣✐❡ ▼♦❧é❝✉❧❛✐r❡ ♦♥t ❛❝❝é❧éré ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ t❡❝❤♥✐q✉❡s ❞❡
❣é♥♦t②♣❛❣❡ ❤❛✉t✲❞é❜✐t ❡t ❛✐♥s✐ ♣❡r♠✐s ❧❡ ❧❛♥❝❡♠❡♥t ❞❡s ♣r❡♠✐èr❡s ét✉❞❡s ❣é♥ét✐q✉❡s ❞✬❛s✲
s♦❝✐❛t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡✳ ▲❛ ❞✐♠❡♥s✐♦♥ ❡t ❧❛ ❝♦♠♣❧❡①✐té ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ ❝❡ ♥♦✉✈❡❛✉
t②♣❡ ❞✬ét✉❞❡ ♣♦s❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❞❡ ♥♦✉✈❡❧❧❡s ♣❡rs♣❡❝t✐✈❡s st❛t✐st✐q✉❡s ❡t ✐♥❢♦r♠❛t✐q✉❡s ♥é✲
❝❡ss❛✐r❡s à ❧❡✉r ❛♥❛❧②s❡✱ ❝♦♥st✐t✉❛♥t ❧❡ ♣r✐♥❝✐♣❛❧ ❛①❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ❝❡tt❡ t❤ès❡✳

❆♣rès ✉♥❡ ❞❡s❝r✐♣t✐♦♥ ✐♥tr♦❞✉❝t✐✈❡ ❞❡s ♣r✐♥❝✐♣❛❧❡s ♣r♦❜❧é♠❛t✐q✉❡s ❧✐é❡s ❛✉① ét✉❞❡s
❞✬❛ss♦❝✐❛t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ♥♦✉s ❛❜♦r❞♦♥s ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲
♠❛rq✉❡✉r ❛✈❡❝ ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡s ♣r✐♥❝✐♣❛✉① t❡sts ❞✬❛ss♦❝✐❛t✐♦♥✱ ❛✐♥s✐ q✉❡ ❞❡ ❧❡✉r
❝♦♠❜✐♥❛✐s♦♥s✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❡♥s✉✐t❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs ❛✈❡❝ ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ♠ét❤♦❞❡ ❞✬❛♥❛❧②s❡ ❢♦♥❞é❡ à ♣❛rt✐r ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧✳
❈❡❧❧❡✲❝✐ ♣❡r♠❡t ❞✬✐❞❡♥t✐✜❡r ❞❡s ❛ss♦❝✐❛t✐♦♥s st❛t✐st✐q✉❡s à ♣❛rt✐r ❞❡ ré❣✐♦♥s ❣é♥♦♠✐q✉❡s
❝♦♠♣❧èt❡s✱ ❡t ♥♦♥ ♣❧✉s ❞❡s ♠❛rq✉❡✉rs ♣r✐s ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♠ét❤♦❞❡ s✐♠♣❧❡✱
r❛♣✐❞❡ ❡t ✢❡①✐❜❧❡ ♣♦✉r ❧❛q✉❡❧❧❡ ♥♦✉s é✈❛❧✉♦♥s ❧❡s ♣❡r❢♦r♠❛♥❝❡s s✉r ❞❡s ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛✲
t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡ s✐♠✉❧é❡s ❡t ré❡❧❧❡s✳ ❊♥✜♥ ❝❡ tr❛✈❛✐❧ tr❛✐t❡ é❣❛❧❡♠❡♥t ❞✉ ♣r♦❜❧è♠❡ ❞✉
t❡st✲♠✉❧t✐♣❧❡✱ ❧✐é ❛✉ ♥♦♠❜r❡ ❞❡ t❡sts à ré❛❧✐s❡r ❧♦rs ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❣é♥ét✐q✉❡s ♦✉
❣é♥♦♠✐q✉❡s ❤❛✉t✲❞é❜✐t✳ ▲❛ ♠ét❤♦❞❡ q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s à ♣❛rt✐r ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♣r❡♥❞
❡♥ ❝♦♠♣t❡ ❝❡ ♣r♦❜❧è♠❡✳ ◆♦✉s é✈♦q✉♦♥s ♣❛r ❛✐❧❧❡✉rs ❧✬❡st✐♠❛t✐♦♥ ❞✉ ▲♦❝❛❧ ❋❛❧s❡ ❉✐s❝♦✈❡r②
❘❛t❡ à tr❛✈❡rs ✉♥ s✐♠♣❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥✳

▲✬❡♥s❡♠❜❧❡ ❞❡s ♠ét❤♦❞❡s ❞é❝r✐t❡s ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ♦♥t été ✐♠♣❧é♠❡♥té❡s à tr❛✈❡rs
tr♦✐s ❧♦❣✐❝✐❡❧s ❞✐s♣♦♥✐❜❧❡s s✉r ❧❡ s✐t❡ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡ ✿ ❢✉❡❛t❡st✱
▲❍✐❙❆ ❡t ❦❡r❢❞r✳



✐✈ ❘és✉♠é



✈

❆❜str❛❝t

❚❤❡ ✐♥❝r❡❛s✐♥❣ ❛✈❛✐❧❛❜✐❧✐t② ♦❢ ❞❡♥s❡ ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠s ✭❙◆Ps✮ ♠❛♣s
❞✉❡ t♦ r❛♣✐❞ ✐♠♣r♦✈❡♠❡♥ts ✐♥ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ❛♥❞ ❣❡♥♦t②♣✐♥❣ t❡❝❤♥♦❧♦❣✐❡s ❤❛✈❡ r❡✲
❝❡♥t❧② ❧❡❞ ❣❡♥❡t✐❝✐sts t♦✇❛r❞s ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ✇✐t❤ ❤♦♣❡s ♦❢ ❡♥❝♦✉r❛❣✐♥❣
r❡s✉❧ts ❝♦♥❝❡r♥✐♥❣ ♦✉r ✉♥❞❡rst❛♥❞✐♥❣ ♦❢ t❤❡ ❣❡♥❡t✐❝ ❜❛s✐s ♦❢ ❝♦♠♣❧❡① ❞✐s❡❛s❡s✳ ❚❤❡ ❛♥❛❧②s✐s
♦❢ s✉❝❤ ❤✐❣❤✲t❤r♦✉❣❤♣✉t ❞❛t❛ ✐♠♣❧✐❡s t♦❞❛② ♥❡✇ st❛t✐st✐❝❛❧ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣r♦❜❧❡♠❛✲
t✐❝s t♦ ❢❛❝❡✱ ✇❤✐❝❤ ❝♦♥st✐t✉t❡ t❤❡ ♠❛✐♥ t♦♣✐❝ ♦❢ t❤✐s t❤❡s✐s✳

❆❢t❡r ❛ ❜r✐❡❢ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠❛✐♥ q✉❡st✐♦♥s r❛✐s❡❞ ❜② ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉✲
❞✐❡s✱ ✇❡ ❞❡❛❧ ✇✐t❤ s✐♥❣❧❡✲♠❛r❦❡r ❛♣♣r♦❛❝❤❡s ❜② ❛ ♣♦✇❡r st✉❞② ♦❢ t❤❡ ♠❛✐♥ ❛ss♦❝✐❛t✐♦♥ t❡sts
❛♥❞ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥✳ ❲❡ ❝♦♥s✐❞❡r t❤❡♥ t❤❡ ✉s❡ ♦❢ ♠✉❧t✐✲♠❛r❦❡rs ❛♣♣r♦❛❝❤❡s ❜② ❢♦❝✉s✐♥❣
♦♥ t❤❡ ♠❡t❤♦❞ ✇❡ ❞❡✈❡❧♦♣❡❞ ✇❤✐❝❤ r❡❧✐❡s ♦♥ t❤❡ ▲♦❝❛❧ ❙❝♦r❡✳ ❚❤✐s s✉♠ st❛t✐st✐❝ ✐❞❡♥t✐✜❡s
❛ss♦❝✐❛t✐♦♥s ❜❡t✇❡❡♥ r❡❣✐♦♥s ❛♥❞ t❤❡ ❞✐s❡❛s❡ ✐♥st❡❛❞ ♦❢ ♠❛r❦❡r ❝♦♥s✐❞❡r❡❞ ✐♥❞✐✈✐❞✉❛❧❧②✳
■t r❡♣r❡s❡♥ts ❛ s✐♠♣❧❡✱ ❢❛st ❛♥❞ ✢❡①✐❜❧❡ ♠❡t❤♦❞ ❢♦r ✇❤✐❝❤ ✇❡ ❛ss❡ss t❤❡ ❡✣❝✐❡♥❝② ❜❛s❡❞
♦♥ s✐♠✉❧❛t❡❞ ❛♥❞ r❡❛❧ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ ❞❛t❛✳ ❋✐♥❛❧❧②✱ t❤✐s t❤❡s✐s ❛❧s♦ ❞❡❛❧s ✇✐t❤
t❤❡ ♠✉❧t✐♣❧❡✲t❡st✐♥❣ ♣r♦❜❧❡♠ ❛tt❛❝❤❡❞ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ✐♥❞❡♣❡♥❞❡♥t t❡sts ♣❡r❢♦r♠❡❞ ❢♦r
t❤❡ ❛♥❛❧②s✐s ♦❢ ❤✐❣❤✲t❤r♦✉❣❤♣✉t ❞❛t❛✳ ❖✉r ▲♦❝❛❧ ❙❝♦r❡✲❜❛s❡❞ ❛♣♣r♦❛❝❤ ❝✐r❝✉♠✈❡♥ts t❤✐s
♣r♦❜❧❡♠ ❜② r❡❞✉❝✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ t❡sts✳ ■♥ ♣❛r❛❧❧❡❧✱ ✇❡ ♣r❡s❡♥t ❛♥ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡
▲♦❝❛❧ ❋❛❧s❡ ❉✐s❝♦✈❡r② ❘❛t❡ ❜② ❛ s✐♠♣❧❡ ●❛✉ss✐❛♥ ♠✐①❡❞ ♠♦❞❡❧✳

❚❤❡ ♠❡t❤♦❞s ❞❡s❝r✐❜❡❞ ✐♥ t❤✐s ♠❛♥✉s❝r✐♣t ❛r❡ ✐♠♣❧❡♠❡♥t❡❞ ✐♥ t❤r❡❡ s♦❢t✇❛r❡s ❛✈❛✐❧❛❜❧❡
♦♥ t❤❡ ✇❡❜s✐t❡ ♦❢ t❤❡ ❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡ ❧❛❜♦r❛t♦r② ✿ ❢✉❡❛t❡st✱ ▲❍✐❙❆ ❛♥❞ ❦❡r❢❞r✳



✈✐ ❆❜str❛❝t



✈✐✐

❚❛❜❧❡ ❞❡s ♠❛t✐èr❡s

❘❡♠❡r❝✐❡♠❡♥ts ✐

❘és✉♠é ✐✐✐

❆❜str❛❝t ✈

Pré❛♠❜✉❧❡ ✶
❈♦♥t❡①t❡ ❡t ♦❜❥❡❝t✐❢s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
P❧❛♥ ❞❡ ❧❛ t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

✶ ■♥tr♦❞✉❝t✐♦♥ ✺
✶✳✶ Pré❝❡♣t❡s ❞❡ ❙t❛t✐st✐q✉❡ ✿ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻
✶✳✷ Pré❝❡♣t❡s ❞❡ ●é♥ét✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✸ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✹ ❈❛❞r❡s ❞✬ét✉❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✶✳✺ ❉ér♦✉❧❡♠❡♥t ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✶✳✻ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ✜❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ✸✾
✷✳✶ ■♥tr♦❞✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✷✳✷ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶
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❈♦♥t❡①t❡ ❡t ♦❜❥❡❝t✐❢s

▲❡s ✐♥❞✉str✐❡s ♣❤❛r♠❛❝❡✉t✐q✉❡s ♦♥t t♦✉❥♦✉rs ❡✉ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ ❞é✈❡❧♦♣♣❡r ❞❡s ♠é✲
t❤♦❞❡s ♣❡r♠❡tt❛♥t ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡ ♥♦✉✈❡❧❧❡s ♠♦❧é❝✉❧❡s t❤ér❛♣❡✉t✐q✉❡s✳ ❉❡♣✉✐s ❧♦♥❣t❡♠♣s
❡t ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐✱ ❧✬❛♣♣r♦❝❤❡ ♣❤❛r♠❛❝♦❧♦❣✐q✉❡ ♣r✐✈✐❧é❣✐é❡ ❝♦♥s✐st❡ à ❝❤♦✐s✐r ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞❡ ♠♦❧é❝✉❧❡s ❡♥ s✉✐✈❛♥t ✉♥ ❝❛❤✐❡r ❞❡s ❝❤❛r❣❡s✱ ❞❡ ❧❡s t❡st❡r ❡t ❞✬❡♥ ♦❜s❡r✈❡r ❧❡s
❡✛❡ts✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❝r✐❜❧❛❣❡ ♦✉ s❝r❡❡♥✐♥❣✳ ❙✐ ❝❡❧✉✐✲❝✐ ❛ ❞❛♥s ❧❡ ♣❛ssé ❧❛r❣❡♠❡♥t ❢❛✐t
s❡s ♣r❡✉✈❡s✱ ✐❧ ❝♦♠♠❡♥❝❡ à ♠♦♥tr❡r s❡s ❧✐♠✐t❡s ❢❛❝❡ à ❞❡ ♥♦✉✈❡❧❧❡s ❛♣♣r♦❝❤❡s s✬❛♣♣✉②❛♥t
s✉r ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♠é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s à ❧✬♦r✐❣✐♥❡ ❞❡s ♠❛❧❛❞✐❡s✳

❊♥ ❡✛❡t✱ ♦♥ s❛✐t ❛✉❥♦✉r❞✬❤✉✐ q✉✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛t❤♦❧♦❣✐❡s ♦♥t ✉♥❡ ❝♦♠♣♦s❛♥t❡
❣é♥ét✐q✉❡✳ ❯♥❡ séq✉❡♥❝❡ ❞✬❆❉◆ ♣♦✉✈❛♥t êtr❡ r❡♣rés❡♥té❡ ❝♦♠♠❡ ✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ ❧❡ttr❡s
④❛✱t✱❣ ❡t ❝⑥ ❛♣♣❡❧é❡s ❜❛s❡s✱ ❡♥ ✉♥❡ ♠ê♠❡ ♣♦s✐t✐♦♥ ❞✬✉♥ ❝❤r♦♠♦s♦♠❡ ♦✉ ❧♦❝✉s✱ ♦♥ ♣♦✉rr❛
tr♦✉✈❡r ❞✐✛ér❡♥t❡s ✈❡rs✐♦♥s ❞✉ ✏t❡①t❡ ❣é♥ét✐q✉❡✑ ♦✉ ❛❧❧è❧❡s✳ ❉❛♥s ❧❡ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡✱
❧❡ ❝❤❛♥❣❡♠❡♥t ❞✬✉♥ ❛❧❧è❧❡ ❡♥ ✉♥ ❧♦❝✉s ❞♦♥♥é ♣❡✉t à ❧✉✐ s❡✉❧ êtr❡ r❡s♣♦♥s❛❜❧❡ ❞✬✉♥❡ ♠❛✲
❧❛❞✐❡ ✿ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ♠❛❧❛❞✐❡ ♠♦♥♦❣é♥✐q✉❡ ❀ ❞❡ ♠❛♥✐èr❡ ♠♦✐♥s tr✐✈✐❛❧❡✱ ❧❛ ♠❛❧❛❞✐❡
❞✐t❡ ♠✉❧t✐✲❢❛❝t♦r✐❡❧❧❡ ♦✉ ❝♦♠♣❧❡①❡ ❡st ❧❡ rés✉❧t❛t ❞❡ ❝♦♠♣♦s❛♥t❡s ♠✉❧t✐✲❣é♥✐q✉❡s ❡t ❡♥✈✐✲
r♦♥♥❡♠❡♥t❛❧❡s✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❞❡ ❧❛ ♣❧✉♣❛rt ❞❡s ❝❛♥❝❡rs✱ ❞❡s ♠❛❧❛❞✐❡s ♣s②❝❤✐❛tr✐q✉❡s✱
❛✉t♦✲✐♠♠✉♥❡s ❡t ❜✐❡♥ ❞✬❛✉tr❡s✳ ▲❡s ét✉❞❡s é♣✐❞é♠✐♦❧♦❣✐q✉❡s ❢♦♥❞é❡s s✉r ❧❛ ●é♥ét✐q✉❡
❝❤❡r❝❤❡♥t ❞♦♥❝ à ❧♦❝❛❧✐s❡r ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t à ❡♥ é✈❛❧✉❡r ❧❛ r❡s♣♦♥s❛❜✐❧✐té✳ ❯♥❡
❛♣♣r♦❝❤❡ ♣♦♣✉❧❛✐r❡ ❝♦♥s✐st❡ à ❝♦❧❧❡❝t❡r ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞✬✐♥❞✐✈✐❞✉s ❛♣♣❡❧és ✏❝❛s✑ ❡t ❞✬✐♥❞✐✲
✈✐❞✉s ♥♦♥✲❛✛❡❝tés ❛♣♣❡❧és ✏té♠♦✐♥s✑ ❡t ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ♣♦s✐t✐♦♥s ❞❛♥s ❧❡ ❣é♥♦♠❡ ♣♦✉r
❧❡sq✉❡❧❧❡s ❧❡ t❡①t❡ ❣é♥ét✐q✉❡ ❞✐✛èr❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❡♥tr❡ ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s✳ ❖♥ ♣❛r❧❡
❛❧♦rs ❞✬ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s✳ ■❧ ♥✬❡st ❜✐❡♥ ❡♥t❡♥❞✉ ♣❛s q✉❡st✐♦♥ ❛✉❥♦✉r❞✬❤✉✐ ❞❡
séq✉❡♥❝❡r ❧❡ ❣é♥♦♠❡ ❡♥t✐❡r ❞❡ t♦✉t ✐♥❞✐✈✐❞✉ ✐♥tr♦❞✉✐t ❞❛♥s ❧✬ét✉❞❡✱ ❜✐❡♥ q✉❡ ❧❛ ❢❛✐s❛❜✐❧✐té
❞✬✉♥❡ t❡❧❧❡ ❞é♠❛r❝❤❡ s♦✐t ❞❡ ♣❧✉s ❡♥ ♣❧✉s ❝♦♥❝❡✈❛❜❧❡✳ ■❧ s✬❛❣✐t ♣❧✉tôt ❞❡ tr❛✈❛✐❧❧❡r à ♣❛rt✐r
❞✬✉♥ ❥❡✉ ❞❡ ❧♦❝✉s ❛♣♣❡❧és ♠❛rq✉❡✉rs ❣é♥ét✐q✉❡s✱ ❞♦♥t ❧❛ ♣♦s✐t✐♦♥ s✉r ❧❡ ❣é♥♦♠❡ ❡st ❝♦♥♥✉❡
❡t ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❣é♥♦t②♣✐q✉❡ ❡st t❡❝❤♥✐q✉❡♠❡♥t ✏❢❛❝✐❧❡✑ à ❞ét❡r♠✐♥❡r✳

▲❡s ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠s ❝♦♠♠✉♥é♠❡♥t ❛♣♣❡❧és ❙◆Ps✱ s♦♥t ❞❡s ♠❛r✲
q✉❡✉rs ❝♦♥st✐t✉❛♥t ✉♥❡ s♦✉r❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡ r✐❝❤❡ ❡t ❛❜♦♥❞❛♥t❡✳ ❉é✜♥✐s ❝♦♠♠❡
❞❡s ♣♦s✐t✐♦♥s s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ♦ù ❧❡ t❡①t❡ ❣é♥ét✐q✉❡ ✈❛r✐❡ ❞✬✉♥❡ s❡✉❧❡ ❜❛s❡ ❞✬✉♥ ✐♥❞✐✈✐❞✉
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à ✉♥ ❛✉tr❡✱ ✐❧s s♦♥t ♥♦♠❜r❡✉①✱ ❛♣♣❛r❛✐ss❛♥t ❡♥ ♠♦②❡♥♥❡ ✉♥❡ ❢♦✐s t♦✉t❡s ❧❡s ✷✱✵✵✵ ❜❛s❡s ❧❡
❧♦♥❣ ❞❡s ✸ ♠✐❧❧✐❛r❞s ❞❡ ❜❛s❡s q✉✐ ❝♦♥st✐t✉❡♥t ❧❡ ❣é♥♦♠❡ ❤✉♠❛✐♥✳ ▲❛ ❞✐♠✐♥✉t✐♦♥ à ❧❛ ❢♦✐s ❞✉
❝♦ût ❡t ❞✉ t❡♠♣s ❞❡ ❣é♥♦t②♣❛❣❡ ❞❡s ❙◆Ps ❛ ❝♦♥tr✐❜✉é ré❝❡♠♠❡♥t ❛✉ ❧❛♥❝❡♠❡♥t ❞✬ét✉❞❡s
❣é♥ét✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ♣❡r♠❡tt❛♥t ❞✬❡①♣❧♦r❡r ✉♥❡ ♣❛rt ❝♦♥séq✉❡♥t❡ ❞❡s
♣♦❧②♠♦r♣❤✐s♠❡s ❣é♥ét✐q✉❡s ♣♦✉✈❛♥t êtr❡ ✐♠♣❧✐q✉és ❞❛♥s ❧❡s ♠é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s à
❧✬♦r✐❣✐♥❡ ❞❡s ♠❛❧❛❞✐❡s✳ ▲✬❛♥❛❧②s❡ ❞❡ t❡❧❧❡s ❞♦♥♥é❡s ♥✬❡st ♣❛s s❛♥s s♦✉❧❡✈❡r ❞❡ ♥♦♠❜r❡✉s❡s
q✉❡st✐♦♥s ♠ét❤♦❞♦❧♦❣✐q✉❡s✳

❆ ❧❛ s✉✐t❡ ❞❡ rés✉❧t❛ts ❡♥❝♦✉r❛❣❡❛♥ts s✉r ❧❛ s❝❤✐③♦♣❤ré♥✐❡ ♠❡tt❛♥t ❡♥ ❝❛✉s❡ ❧❡s ❞❡✉①
❣è♥❡s ●✼✷ ❡t ❉❆❆❖ ✭❈❤✉♠❛❦♦✈ ❡t ❛❧ ✷✵✵✷✮✱ ❧✬✐♥❞✉str✐❡❧ ❙❡r♦♥♦✱ ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡ ❞❡ s♦♥
❙❡r♦♥♦ ●❡♥❡t✐❝s ■♥st✐t✉t❡ ❧♦❝❛❧✐sé à ➱✈r②✱ s❡ ❧❛♥❝❡ ❞❛♥s ✉♥❡ ✈❛st❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲
té♠♦✐♥s ❝♦♥❝❡r♥❛♥t q✉❛tr❡ ♠❛❧❛❞✐❡s ❛✉t♦✲✐♠♠✉♥❡s ✿ ❧❛ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡✱ ❧❛ ♣♦❧②❛rt❤r✐t❡
r❤✉♠❛t♦ï❞❡✱ ❧❡ ❧✉♣✉s ❡t ❧❡ ♣s♦r✐❛s✐s✳ ▲❡ ❜✉t ❡st à ❧❛ ❢♦✐s ❞❡ ❝♦♠♣r❡♥❞r❡ ❧✬ét✐♦❧♦❣✐❡ ❞❡ ❝❤❛q✉❡
♠❛❧❛❞✐❡ ❛✜♥ ❞❡ ❞ét❡r♠✐♥❡r ❞❡ ♥♦✉✈❡❧❧❡s ❝✐❜❧❡s t❤ér❛♣❡✉t✐q✉❡s✱ ♠❛✐s ❛✉ss✐ ❞❡ ♠❡ttr❡ ❡♥
❛✈❛♥t ❞❡s ♠é❝❛♥✐s♠❡s ❝♦♠♠✉♥s ❛✉① q✉❛tr❡ ♠❛❧❛❞✐❡s✳ ❈❡ ♣r♦❥❡t ♣♦rt❡ ❧❡ ♥♦♠ ❞❡ ♣r♦❥❡t
❆■▼✲❙❝❛♥✳

❆ ❧✬♦r✐❣✐♥❡ ❞❡ ❙❡r♦♥♦ ●❡♥❡t✐❝s ■♥st✐t✉t❡ ♦♥ tr♦✉✈❡ ❧✬❡♥tr❡♣r✐s❡ ❢r❛♥ç❛✐s❡ ❞❡ ❜✐♦t❡❝❤✲
♥♦❧♦❣✐❡s ●❡♥s❡t✱ ❢♦♥❞é ❡♥ ✶✾✽✾ ❡t ❧✬✉♥❡ ❞❡s ♣r❡♠✐èr❡s ❣r❛♥❞❡s ❡♥tr❡♣r✐s❡s ♣rés❡♥t❡s s✉r
❧❡ s✐t❡ ❞❡ ❧❛ ❣é♥♦♣♦❧❡ ❞✬❊✈r②✳ ❊♥ ✷✵✵✷✱ ●❡♥s❡t r❡❥♦✐♥t ❧❡ ❣r♦✉♣❡ ❙❡r♦♥♦ ❡♥ ❞❡✈✐❡♥t ❛❧♦rs
❧❡ ❙❡r♦♥♦ ●❡♥❡t✐❝s ■♥st✐t✉t❡✱ ❧❡q✉❡❧ ❝♦♠♣t❡ ✶✸✵ ❡♠♣❧♦②és ❞♦♥t ✾✵✪ s♦♥t r❛tt❛❝❤és à ❧❛
r❡❝❤❡r❝❤❡✳ ❊♥ ✷✵✵✻✱ ❙❡r♦♥♦ ❢❡r♠❡ ❧❡ s✐t❡ ❞✬➱✈r② ❡t tr❛♥s❢❡rt ❧✬❡♥s❡♠❜❧❡ ❞❡ s❡s ❛❝t✐✈✐tés à
●❡♥è✈❡✳ ❉é❜✉t ✷✵✵✼✱ ❙❡r♦♥♦ ❢✉s✐♦♥♥❡ ❛✈❡❝ ❧✬✐♥❞✉str✐❡❧ ♣❤❛r♠❛❝❡✉t✐q✉❡ ▼❡r❝❦ ♣♦✉r ❢♦r♠❡r
❧❡ ❣r♦✉♣❡ ▼❡r❝❦✲❙❡r♦♥♦✳

P♦✉r ❧❡ ♣r♦❥❡t ❆■▼✲❙❝❛♥✱ ❙❡r♦♥♦ ♣❛ss❡ ✉♥ ❛❝❝♦r❞ ❛✈❡❝ ❆✛②♠❡tr✐① ❛✜♥ ❞✬✉t✐❧✐s❡r ❛✈❡❝
✉♥ t❡♠♣s ❞✬❛✈❛♥❝❡ ❧❡s ♣✉❝❡s ❞❡ ❣é♥♦t②♣❛❣❡s ✶✵✵❑ ❡t ✺✵✵❑ ❞é✈❡❧♦♣♣é❡s ♣❛r ❧✬✐♥❞✉str✐❡❧✳
P♦✉r ❝❤❛q✉❡ ♠❛❧❛❞✐❡✱ ❙❡r♦♥♦ ❞✐s♣♦s❡ ❞✬é❝❤❛♥t✐❧❧♦♥s ✐ss✉s ❞❡ ❞❡✉① à tr♦✐s ♣♦♣✉❧❛t✐♦♥s
✐♥❞é♣❡♥❞❛♥t❡s ❡t ❞♦♥t ❧❛ t❛✐❧❧❡ ♣❡✉t ❛❧❧❡r ❥✉sq✉✬à ✶✱✵✵✵ ✐♥❞✐✈✐❞✉s ❝❛s ❡t té♠♦✐♥s✳ ❆✈❡❝
✉♥ t❡❧ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❡♥ ♠❛✐♥ ❡t ✈♦✉❧❛♥t s❡ ❞♦♥♥❡r t♦✉t❡s ❧❡s ❝❤❛♥❝❡s ❞❡ ré✉ss✐r✱ ❙❡r♦♥♦
●❡♥❡t✐❝s ■♥st✐t✉t❡ s❡ t♦✉r♥❡ ❡♥ ✷✵✵✹ ✈❡rs ❧❡ ❧❛❜♦r❛t♦✐r❡ ❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡ ❛✜♥ ❞❡
♠❡ttr❡ ❡♥ ❝♦♠♠✉♥ ❧❡✉rs ❡①♣❡rt✐s❡s r❡s♣❡❝t✐✈❡s ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♣♦✉r ❧✬✉♥✱ ❡t ❞❡
❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡ ❞❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ♣♦✉r ❧✬❛✉tr❡✳ ❈✬❡st ❞❛♥s ❝❡ ❝♦♥t❡①t❡ q✉❡ s❡
s✐t✉❡ ❝❡tt❡ t❤ès❡ ❈■❋❘❊ ❡♥tr❡ ❧✬✐♥❞✉str✐❡❧ ❡t ❧❡ ❧❛❜♦r❛t♦✐r❡✳

▲❡s ♦❜❥❡❝t✐❢s ❞❡ ❝❡tt❡ t❤ès❡✱ t❡❧s q✉✬✐❧s ♦♥t été ❞é✜♥✐s à ❧✬♦r✐❣✐♥❡✱ ♦♥t été ❞✬❛♣♣♦rt❡r ✉♥
s✉♣♣♦rt ❡♥ ❙t❛t✐st✐q✉❡ ❛✐♥s✐ q✉✬✉♥❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧❛ ❧✐ttér❛t✉r❡ ❞❛♥s ❧❡ ❜✉t ❞✬❛♠é❧✐♦r❡r
❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s ❡①✐st❛♥t❡s✳
■❧s ♦♥t é❣❛❧❡♠❡♥t été ❞❡ ❝♦♥tr✐❜✉❡r ❛✉ ♣❛ss❛❣❡ à ❧✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❡♥ ②
❛♣♣♦rt❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ♠ét❤♦❞♦❧♦❣✐q✉❡ ❛❞❛♣té✱ ré♣♦♥❞❛♥t ❛✉① ❜❡s♦✐♥s ✐❞❡♥t✐✜és ♣❛r
❙❡r♦♥♦ ❡t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❣✉✐❞é ♣❛r ❧❡s ❡①✐❣❡♥❝❡s s♦✉❧❡✈é❡s ♣❛r ❧✬❛♥❛❧②s❡ ❞❡ t❡❧❧❡s ❞♦♥♥é❡s✳

▲✬❛♥❛❧②s❡ ❞❡ ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡ r❡♣rés❡♥t❡ ✉♥❡ ♥♦✉✈❡❧❧❡ t❤é♠❛✲
t✐q✉❡ ❞❡ r❡❝❤❡r❝❤❡ ♣♦✉r ❧❡ ❧❛❜♦r❛t♦✐r❡ ❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡✳ ❈❡❧❧❡✲❝✐ ❛ ❞é❜✉té ❧♦rs ❞❡ ❧❛
❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❙❡r♦♥♦ ❡t s✬❡st ❝♦♥❝rét✐sé❡ ❛✈❡❝ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ ❝❡tt❡ t❤ès❡ ❈■❋❘❊✳



Pré❛♠❜✉❧❡ ✸

P❧❛♥ ❞❡ ❧❛ t❤ès❡

❈❡ ♠❛♥✉s❝r✐t s✬♦r❣❛♥✐s❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t ❛✉t♦✉r ❞❡ q✉❛tr❡ ❣r❛♥❞s ❝❤❛♣✐tr❡s✳ ❈❤❛q✉❡
❝❤❛♣✐tr❡ s✬♦✉✈r❡ s✉r ✉♥ é♥♦♥❝é ✐♥tr♦❞✉❝t✐❢ ❞❡s ❞✐✛ér❡♥ts ♣♦✐♥ts q✉✐ ② s♦♥t ❛❜♦r❞és ❡t
s❡ ❝♦♥❝❧✉t s✉r ✉♥❡ s②♥t❤ès❡✳ ▲❡ tr❛✈❛✐❧ ♣rés❡♥té ❡st ♣❛r ❛✐❧❧❡✉rs ❛❝❝♦♠♣❛❣♥é ❞✬✉♥ ❞é✈❡✲
❧♦♣♣❡♠❡♥t ❧♦❣✐❝✐❡❧ ❝♦♥séq✉❡♥t✱ ❛✈❡❝ ❧❛ ♠✐s❡ à ❞✐s♣♦s✐t✐♦♥ ❞❡s ♠ét❤♦❞❡s ♣r♦♣♦sé❡s à ❧❛
❝♦♠♠✉♥❛✉té✳ ❉❛♥s ❝❡tt❡ ❡s♣r✐t✱ ♥♦✉s tr❛✐t♦♥s à ♣❧✉s✐❡✉rs r❡♣r✐s❡s ❞❡ ❧❡✉r ♠✐s❡ ❡♥ ♦❡✉✈r❡
♣r❛t✐q✉❡ ❀ ❝❡t ❛s♣❡❝t ♥♦✉s s❡♠❜❧❡ ❡♥ ❡✛❡t ❡ss❡♥t✐❡❧ ❧♦rsq✉✬♦♥ ❡st ❝♦♥❢r♦♥té à ❧✬❛♥❛❧②s❡ ❞❡
❞♦♥♥é❡s ♠❡tt❛♥t ❡♥ ❥❡✉ ❞❡ sér✐❡✉s❡s ❡①✐❣❡♥❝❡s ❡♥ t❡r♠❡ ❞❡ ❝♦♠♣❧❡①✐té ❛❧❣♦r✐t❤♠✐q✉❡✳ ❊♥✲
✜♥ ❝❡tt❡ t❤ès❡ s✬❛♣♣✉✐❡ ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❡s ❞♦♥♥é❡s ❛♣♣♦rté❡s ♣❛r ❙❡r♦♥♦✳ P♦✉r ❞❡s
r❛✐s♦♥s ❞❡ ❝♦♥✜❞❡♥t✐❛❧✐té é✈✐❞❡♥t❡s✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s ❞♦♥♥é❡s ❣❛r❞❡ ✉♥❡ ❞✐♠❡♥s✐♦♥ ✉♥✐q✉❡✲
♠❡♥t ✐❧❧✉str❛t✐✈❡ ❡t ♥♦✉s ♥✬✐♥❞✐q✉♦♥s ❡♥ ❝♦♥séq✉❡♥❝❡ ❛✉❝✉♥ rés✉❧t❛ts ✏❜✐♦❧♦❣✐q✉❡s✑ ♦❜t❡♥✉s
❛✈❡❝ ♥♦s ♠ét❤♦❞❡s✳ ◆♦✉s s♦♠♠❡s ♥é❛♥♠♦✐♥s très r❡❝♦♥♥❛✐ss❛♥ts ❡♥✈❡rs ❧❡s r❡s♣♦♥s❛❜❧❡s
❞❡ ❙❡r♦♥♦ ❞❡ ♥♦✉s ❛✈♦✐r ♣❡r♠✐s ❞✬✉t✐❧✐s❡r ❝❡s ❞♦♥♥é❡s ❛✈❡❝ ❛✉t❛♥t ❞❡ ❧✐❜❡rté✳

❆✜♥ ❞❡ ❢❛❝✐❧✐t❡r ❧❛ ❧❡❝t✉r❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❡t ❞❡ ❧❛ r❡♥❞r❡ ♣❧✉s ✢✉✐❞❡✱ ❧❡s ♣♦✐♥ts ❧❡s
♣❧✉s t❡❝❤♥✐q✉❡s ❞❡ ❙t❛t✐st✐q✉❡ s♦♥t r❛♠❡♥és ❡♥ ❛♥♥❡①❡✳

▲❡ ❝❤❛♣✐tr❡ ✶ ❡st ✉♥ ❝❤❛♣✐tr❡ ❞✬✐♥tr♦❞✉❝t✐♦♥✳ ■❧ ♣❡r♠❡t ❞❡ ♣♦s❡r ❧❡s ❢♦♥❞❡♠❡♥ts st❛t✐s✲
t✐q✉❡s ❡t ❣é♥ét✐q✉❡s ♥é❝❡ss❛✐r❡s à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❞é♠❛r❝❤❡ s❝✐❡♥t✐✜q✉❡ s✉r ❧❛q✉❡❧❧❡
s✬❛♣♣✉✐❡ t♦✉t❡ ét✉❞❡ ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡✳ ◆♦✉s ♣rés❡♥t♦♥s à ❝❡tt❡ ♦❝❝❛s✐♦♥ ❧❡s
❞✐✛ér❡♥ts ❝❛❞r❡s ❞✬ét✉❞❡s ♣♦ss✐❜❧❡s ❡♥ ✐♥s✐st❛♥t s✉r ❧❡s ♣r✐♥❝✐♣❛✉①✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧✬❛❝❝❡♥t
❡st ♠✐s s✉r ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s à ❣r❛♥❞❡ é❝❤❡❧❧❡✱ ❞♦♥t ❧✬❛♥❛❧②s❡ ❝♦♥st✐t✉❡
❧❛ ♣r♦❜❧é♠❛t✐q✉❡ ♣r✐♥❝✐♣❛❧❡ ❞❡ ❝❡tt❡ t❤ès❡✳ ◆♦✉s ❞ér♦✉❧♦♥s é❣❛❧❡♠❡♥t ❧❡s ❣r❛♥❞❡s ét❛♣❡s
❞✬✉♥❡ ét✉❞❡ ✿ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s ❞♦♥♥é❡s✱ ❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✬❤②♣♦t❤ès❡s
❡t ❧❡✉r ❝♦♥✜r♠❛t✐♦♥ ♣❛r ré♣❧✐❝❛t✐♦♥✳ ❊♥✜♥ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❡t ❞✐s❝✉t♦♥s ❧❡s ♣r✐♥❝✐♣❛✉①
❢❛❝t❡✉rs é✈♦q✉és ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ q✉✐ ♣❡✉✈❡♥t ❛✛❡❝t❡r ❧❛ q✉❛❧✐tés ❞❡s rés✉❧t❛ts ✿ ❧❡
♠❛♥q✉❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ❧❡ t❡st✲♠✉❧t✐♣❧❡✱ ❧❡s ❡rr❡✉rs ❧✐é❡s ❛✉ ❣é♥♦t②♣❛❣❡✱ ❧❡s ✈❛❧❡✉rs ♠❛♥✲
q✉❛♥t❡s ❞❛♥s ❧❡s ❞♦♥♥é❡s ❛✐♥s✐ q✉❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥✳ ❈❡ ❝❤❛♣✐tr❡ s❡ t❡r♠✐♥❡
s✉r ❧❡ ❞é✜ q✉❡ ♣♦s❡ ♣❛r❛❧❧è❧❡♠❡♥t t♦✉t❡ ❧❛ ❝♦♠♣❧❡①✐té ✐♥tr✐♥sèq✉❡ ❛✉① ❞♦♥♥é❡s ❛✉①q✉❡❧❧❡s
♦♥ s✬✐♥tér❡ss❡✳

▲❛ s✉✐t❡ ❞✉ ♠❛♥✉s❝r✐t ❞ét❛✐❧❧❡ ♣❧✉s s♣é❝✐✜q✉❡♠❡♥t ❧❡ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ré❛❧✐sé à
❧✬♦❝❝❛s✐♦♥ ❞❡ ❝❡tt❡ t❤ès❡ ✐♥s♣✐ré ❞❡s ♣r♦❜❧é♠❛t✐q✉❡s ♠ét❤♦❞♦❧♦❣✐q✉❡s s♦✉❧❡✈é❡s ♣❛r ❙❡r♦♥♦
♣♦✉r ❧✬❛♥❛❧②s❡ ❞❡ ❧❡✉rs ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s ❣❡♥♦♠❡✲✇✐❞❡✳

▲❡ ❝❤❛♣✐tr❡ ✷ ré✉♥✐t ❧✬❡♥s❡♠❜❧❡ ❞✉ tr❛✈❛✐❧ ré❛❧✐sé s✉r ❧❡s ❛♣♣r♦❝❤❡s ❞✐t❡s s✐♠♣❧❡✲
♠❛rq✉❡✉r q✉✐ tr❛✐t❡♥t ❝❤❛q✉❡ ♠❛rq✉❡✉r ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ■❧ ❡①✐st❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡
❞❡ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ❡t ❞♦♥❝ ❞❡ str❛té❣✐❡s ❞✬❛♥❛❧②s❡ ♣♦ss✐❜❧❡s✳ ❆ tr❛✈❡rs ✉♥❡ ét✉❞❡ ❞❡
♣✉✐ss❛♥❝❡ ♥♦✉s ❞✐s❝✉t♦♥s ❧❡✉r ♣❡rt✐♥❡♥❝❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧✬❛❝❝❡♥t ❡st ♠✐s s✉r ❧❛ ❝♦♠♣❛r❛✐✲
s♦♥ ❞❡s ❞✐✛ér❡♥ts ♠♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❛✐♥s✐ q✉❡ s✉r ❧❛ ✈❛❧✐❞✐té st❛t✐st✐q✉❡
❞❡s t❡sts ❛❧❧é❧✐q✉❡ ❡t ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ♣♦✉r ❧❡sq✉❡❧s ♦♥ ♣r♦♣♦s❡ ♣❧✉s✐❡✉rs ❛❧t❡r♥❛t✐✈❡s✳
❊♥s✉✐t❡ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s ❛✉ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡ ❡♥ ♣rés❡♥t❛♥t ✉♥❡ q✉❛♥t✐té
st❛t✐st✐q✉❡ ✐♥tr♦❞✉✐t❡ ré❝❡♠♠❡♥t✱ ❡t q✉✐ ♥♦✉s s❡♠❜❧❡ ❛♣♣♦rt❡r ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥tér❡s✲
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s❛♥t❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✿ ❧❡ ▲♦❝❛❧ ❋❛❧s❡ ❉✐s❝♦✈❡r② ❘❛t❡✳
◆♦✉s ❛❜♦r❞♦♥s s♦♥ ❡st✐♠❛t✐♦♥ à tr❛✈❡rs ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ q✉✐ ❝♦♥st✐t✉❡ ♣♦✉r
♥♦✉s ❧❛ ♠ét❤♦❞❡ ❧❛ ♣❧✉s s✐♠♣❧❡ ❡t ❧❛ ♣❧✉s ✐♥t✉✐t✐✈❡ ❞❡ ❝♦♥s✐❞ér❡r ❧❡ ♣r♦❜❧è♠❡✳ ❈❡ ❝❤❛♣✐tr❡
tr❛✐t❛♥t ❞✬❛s♣❡❝ts ❛ss❡③ ✈❛r✐és ❞❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r✱ ✐❧ s✬❛❝❤è✈❡ s✉r ✉♥❡ s②♥t❤ès❡
q✉✐ ♣❡r♠❡t ❞❡ ❧❡s ❧✐❡r ❡t ❞❡ ❧❡s r❡♣❧❛❝❡r ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❛❝t✉❡❧ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥✳

▲❡ ❝❤❛♣✐tr❡ ✸ tr❛✐t❡ ❞✉ ♣r♦❜❧è♠❡ ❞❡ ❧✬❛♥❛❧②s❡ s✐♠✉❧t❛♥é❡ ❞❡ ♣❧✉s✐❡✉rs ♠❛rq✉❡✉rs✱ ❞❡s
♣r✐♥❝✐♣❛✉① ❡♥❥❡✉① ♠ét❤♦❞♦❧♦❣✐q✉❡s s♦✉❧❡✈és ♣❛r ❝❡ t②♣❡ ❞✬❛♣♣r♦❝❤❡s ❡t ❞❡s ❞✐✛ér❡♥t❡s
s♦❧✉t✐♦♥s ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ■❧ ❞é❝r✐t é❣❛❧❡♠❡♥t ❧✬é❧é♠❡♥t q✉✐ ❝♦♥st✐t✉❡ ♣♦✉r
♥♦✉s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ♠ét❤♦❞♦❧♦❣✐q✉❡ ❧❡ ♣❧✉s ✐♠♣♦rt❛♥t ré❛❧✐sé ❞✉r❛♥t ❝❡tt❡ t❤ès❡ ✿
✉♥❡ ♠ét❤♦❞❡ ❞✬❛♥❛❧②s❡ ♠✉❧t✐✲♠❛rq✉❡✉rs ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞✉ ❙❝♦r❡
▲♦❝❛❧✳ ❙✬❛♣♣✉②❛♥t s✉r ❧❛ ❞ét❡❝t✐♦♥ ❞✬❛❝❝✉♠✉❧❛t✐♦♥s ❞❡ s✐❣♥❛✉① ❞✬❛ss♦❝✐❛t✐♦♥ é❧❡✈és ❛✉t♦✉r
❞❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ❝❡tt❡ ❛♣♣r♦❝❤❡ ♣❡r♠❡t ❞✬❡✛❡❝t✉❡r s✉r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
♠❛rq✉❡✉rs ❝❡ q✉❡ ❧✬❡①♣❡rt ❛ t❡♥❞❛♥❝❡ à ré❛❧✐s❡r ✏à ❧✬♦❡✐❧✑ s✉r ❞❡ ♣❧✉s ♣❡t✐ts ❥❡✉① ❞❡ ❞♦♥♥é❡s✳
❈❡tt❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ ❡st ❛♣♣❧✐q✉é❡ s✉r q✉❛tr❡ ❥❡✉① ❞❡ ❞♦♥♥é❡s ré❡❧s ❡t s✐♠✉❧és✳ ❊♥✜♥✱
s✉r ❧❛ ❜❛s❡ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✱ ❡❧❧❡ ❡st ❞✐s❝✉té❡ ❡t r❡♣❧❛❝é❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞é✜♥✐ ♣❛r
❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs ❡①✐st❛♥t❡s✳

▲❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝♦♥❝❧✉s✐♦♥ ❛ ♣❧✉s✐❡✉rs ♦❜❥❡❝t✐❢s ✿ ✐❧ r❡♣r❡♥❞ ♥❛t✉r❡❧❧❡♠❡♥t ❧✬❡♥✲
s❡♠❜❧❡ ❞❡s ♣♦✐♥ts ❞é✈❡❧♦♣♣és ❞❛♥s ❝❡tt❡ t❤ès❡ ♠❛✐s ♦✉✈r❡ é❣❛❧❡♠❡♥t s✉r ❞✐✛ér❡♥t❡s ♣❡rs✲
♣❡❝t✐✈❡s s❝✐❡♥t✐✜q✉❡s q✉❛♥t à ❧❛ ❧✬❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡✳ ❈❡ ❝❤❛✲
♣✐tr❡ ❛❝❤è✈❡ ❝❡ ♠❛♥✉s❝r✐t s✉r ✉♥❡ ❞✐s❝✉ss✐♦♥ ❝♦♥❝❡r♥❛♥t ❧✬❛♣♣♦rt ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥
à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ❡t ❝♦♠♠❡♥t ❡❧❧❡s s✬✐♥tè❣r❡♥t ❞❛♥s ✉♥❡ ❞é✲
♠❛r❝❤❡ ♣❧✉s ❣é♥ér❛❧❡ ❞✬❛❝q✉✐s✐t✐♦♥ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ♣❡r♠❡tt❛♥t ❞✬é❧✉❝✐❞❡r ❧❡s ♠é❝❛♥✐s♠❡s
❜✐♦❧♦❣✐q✉❡s à ❧✬♦r✐❣✐♥❡ ❞❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s✳
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▲✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ✐♥tr♦❞✉❝t✐❢ ❡st ❞❡ ♣♦s❡r ❧❡s ❜❛s❡s ♥é❝❡ss❛✐r❡s à ❧❛ ❝♦♠♣ré❤❡♥✲
s✐♦♥ ❞✉ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ré❛❧✐sé ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❝❡tt❡ t❤ès❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ✐❧ ♣❡r♠❡t
❞❡ ♣♦s❡r ❧❡ ❝♦♥t❡①t❡ s❝✐❡♥t✐✜q✉❡ ❞❛♥s ❧❡q✉❡❧ s❡ s✐t✉❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❧❡s ét✉❞❡s ❣é♥ét✐q✉❡s
❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡✳

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣ré❝❡♣t❡s st❛t✐s✲
t✐q✉❡s ❡t ❣é♥ét✐q✉❡s ❢♦♥❞❛♠❡♥t❛✉① t❡❧s q✉❡ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡✱ ❧❛ ❞✐✈❡rs✐té ❣é♥ét✐q✉❡✱
❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡t ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ◆♦✉s ♣rés❡♥t♦♥s ❡♥s✉✐t❡ ❧✬❡♥✲
s❡♠❜❧❡ ❞❡s t❤é♠❛t✐q✉❡s s❝✐❡♥t✐✜q✉❡s q✉❡ r❡❝♦✉✈r❡ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡✱ ❛✐♥s✐ q✉❡
❧❡s ❞✐✛ér❡♥ts ❝❛❞r❡s ❞✬ét✉❞❡ ♣♦ss✐❜❧❡s ✿ ❢❛♠✐❧✐❛❧❡✴❝❛s✲té♠♦✐♥s✱ ❧✐❛✐s♦♥✴❛ss♦❝✐❛t✐♦♥✱ ❣è♥❡s✲
❝❛♥❞✐❞❛ts✴❣❡♥♦♠❡✲✇✐❞❡✳ P✉✐s✱ ♥♦✉s é✈♦q✉♦♥s ❝❤❛❝✉♥❡ ❞❡s ét❛♣❡s ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛✲
t✐♦♥ ✿ ✭✐✮ ❧❡ r❡❝r✉t❡♠❡♥t ❞❡s ✐♥❞✐✈✐❞✉s ✭à ❧✬♦❝❝❛s✐♦♥ ❞✉q✉❡❧ ♥♦✉s ❛❜♦r❞♦♥s é❣❛❧❡♠❡♥t ❞❡s
q✉❡st✐♦♥s ❞✬♦r❞r❡ ét❤✐q✉❡✮✱ ✭✐✐✮ ❧❡ ❝❤♦✐① ❞❡s ♠❛rq✉❡✉rs à ❣é♥♦t②♣❡r ❛✐♥s✐ q✉❡ ❧❡s t❡❝❤♥✐q✉❡s
♠♦❞❡r♥❡s ❞❡ ❣é♥♦t②♣❛❣❡✱ ✭✐✐✐✮ ❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡✱ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✬❤②♣♦t❤ès❡s ❡t ✭✐✈✮
❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡s ❤②♣♦t❤ès❡s é♥♦♥❝é❡s ♣❛r ré♣❧✐❝❛t✐♦♥✳

Pr♦❧♦♥❣❡❛♥t ❧❛ ❝♦♥st❛t❛t✐♦♥ q✉❡ ❧❛ ré♣❧✐❝❛t✐♦♥ ❞❡ rés✉❧t❛ts ❡st ❡♥ ♣r❛t✐q✉❡ ❞✐✣❝✐❧❡ à
♦❜t❡♥✐r✱ ❧❛ ❞❡r♥✐èr❡ s❡❝t✐♦♥ ❞❡ ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥ tr❛✐t❡ ❞✉ ❝♦♥trô❧❡ q✉❛❧✐té ❞✬✉♥❡ ét✉❞❡✱
❝✬❡st à ❞✐r❡ ❞❡ t♦✉s ❧❡s ❢❛❝t❡✉rs ♣♦✉✈❛♥t ❛✛❡❝t❡r ❧❛ ✈❛❧✐❞✐té ❡t ❧❛ ✜❛❜✐❧✐té ❞❡s rés✉❧t❛ts✳
❊♥ ♣❛rt✐❝✉❧✐❡r ❧❡ ♠❛♥q✉❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ❧❡ t❡st✲♠✉❧t✐♣❧❡✱ ❧❡s ❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡s✱ ❧❡s
✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ❡t ❧❛ str❛t✐✜❝❛t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥✱ ♦♥t été s♦✉✈❡♥t ♠✐s ❡♥ ❛✈❛♥t
❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳ ❆✉ ❞❡❧à ❞❡ ❝❡s ❢❛❝t❡✉rs r❡❧❛t✐❢s ❛✉ ❞❡s✐❣♥ ❞❡ ❧✬ét✉❞❡ ♦✉ à ❧❛ q✉❛❧✐té
❞❡s ❞♦♥♥é❡s✱ ❧❛ ❝♦♠♣❧❡①✐té ❞❡s ét✐♦❧♦❣✐❡s ♣♦s❡ é❣❛❧❡♠❡♥t ✉♥ ❞é✜ ♣♦✉r ❧✬é❧✉❝✐❞❛t✐♦♥ ❞❡s
♠é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s ♠✐s ❡♥ ❝❛✉s❡✳

◆♦t❡s ❜✐❜❧✐♦❣r❛♣❤✐q✉❡s ✿ ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ s✬❡st ❛♣♣✉②é❡ ❡♥ ♣❛rt✐❡ s✉r ❧❛
❧❡❝t✉r❡ ❞❡ ●❛r♥✐❡r ✭✷✵✵✼✮✱ ❇❛❧❞✐♥❣ ✭✷✵✵✻✮✱ ◆❡✇t♦♥✲❈❤❡❤ ❡t ❍✐rs❝❤❤♦r♥ ✭✷✵✵✺✮✱ ❍✐rs❝❤❤♦r♥
❡t ❉❛❧② ✭✷✵✵✺✮✱ ❙❤❡♥ ❡t ❛❧ ✭✷✵✵✺✮✱ ❏❛♥♥♦t ✭✷✵✵✹✮✱ ❙✐❧❧❛♥♣❛❛ ❡t ❆✉r❛♥❡♥ ✭✷✵✵✹✮✱ P❛❣❡ ❡t ❛❧
✭✷✵✵✸✮ ❡t ❊❧st♦♥ ❡t ❛❧ ✭✷✵✵✷✮✳



✻ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✶ Pré❝❡♣t❡s ❞❡ ❙t❛t✐st✐q✉❡ ✿ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡

❉é✜♥✐t✐♦♥

❯♥❡ q✉❡st✐♦♥ ❡ss❡♥t✐❡❧❧❡ ❞❛♥s ✉♥❡ ❞é♠❛r❝❤❡ s❝✐❡♥t✐✜q✉❡ ❡st s♦✉✈❡♥t ❞✬ét❛❜❧✐r ✉♥❡ r❡✲
❧❛t✐♦♥ ❡♥tr❡ ❞❡✉① ❝♦♥❝❡♣ts✱ q✉✬✐❧ s✬❛❣✐ss❡ ❞✬✉♥❡ ❛ss♦❝✐❛t✐♦♥ ♦✉ ❞✬✉♥❡ ❝♦♠♣❛r❛✐s♦♥✳ ❈❡tt❡
❞é♠❛r❝❤❡ ♣❛ss❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♣❛r ❧✬é❧❛❜♦r❛t✐♦♥ ❞✬❤②♣♦t❤ès❡s✱ ♣✉✐s ♣❛r ❧❡✉r ✈❛✲
❧✐❞❛t✐♦♥✳

❯♥❡ ❢❛ç♦♥ ❛ss❡③ ♥❛t✉r❡❧❧❡ ❜✐❡♥ q✉❡ ❢❛✉ss❡ ❞❡ r❛✐s♦♥♥❡r ❡st ❞❡ s❡ ❞✐r❡ ✿ A ✐♠♣❧✐q✉❡ B
❞♦♥❝ B ✐♠♣❧✐q✉❡ A✳ ❊♥ ré❛❧✐té ❝❡ r❛✐s♦♥♥❡♠❡♥t ❡st ❢❛✉① ❞❛♥s ❧❛ ♠❡s✉r❡ ♦ù ✉♥❡ ❛❧t❡r♥❛t✐✈❡
A′ ♣❡r♠❡ttr❛✐t ❛✉ss✐ ❞❡ ❥✉st✐✜❡r ❧✬♦❜s❡r✈❛t✐♦♥ ❞❡ B✳ ❯♥❡ ❞é♠❛r❝❤❡ ❞❡ t❡st ❞✬❤②♣♦t❤ès❡
❛❞♦♣t❡r❛ ❞♦♥❝ ♣❧✉tôt ✉♥❡ str❛té❣✐❡ ❞❡ ❞é♠♦♥str❛t✐♦♥ ♣❛r ❧✬❛❜s✉r❞❡ ❡♥ ❝❤❡r❝❤❛♥t à ♠♦♥tr❡r
❧❛ ❢❛✉ss❡té ❞❡ B ♣♦✉r ❡♥ ❞é❞✉✐r❡ q✉❡ A ♥✬❡st ♣❛s ✈r❛✐ ✿ ♥♦♥ B ✐♠♣❧✐q✉❡ ♥♦♥ A✳ ❈❡tt❡ ❞❡r✲
♥✐èr❡ ❤②♣♦t❤ès❡✱ q✉✐ ré❢èr❡ à ❧❛ ♥é❣❛t✐♦♥ ❞❡ ❧✬❤②♣♦t❤ès❡ ❞❡ r❡❝❤❡r❝❤❡ ✭H1✮✱ ❡st ❧✬❤②♣♦t❤ès❡
♥✉❧❧❡ ✭H0✮✳

Pr✐s❡ ❞❡ ❞é❝✐s✐♦♥

❈♦♠♣t❡ t❡♥✉ ❞✬✉♥❡ ❤②♣♦t❤ès❡ ♥✉❧❧❡✱ q✉❛tr❡ s✐t✉❛t✐♦♥s s♦♥t ♣♦ss✐❜❧❡s q✉❛♥t à ❧✬✐ss✉❡ ❞✉
t❡st ❞❡ ❝❡tt❡ ❤②♣♦t❤ès❡ ✿ ♦♥ ♣❡✉t ❞é❝✐❞❡r ❞❡ r❡❥❡t❡r ♦✉ ♥♦♥ H0✱ ❛❧♦rs q✉✬❡♥ ré❛❧✐té ✭♠❛✐s
♥♦✉s ♥❡ ❧❡ s❛✈♦♥s ♣❛s✮ H0 ❡st ✈r❛✐❡ ♦✉ ❢❛✉ss❡✳ ❖♥ s❡ tr♦✉✈❡ ❞♦♥❝ ❞❛♥s ❧✬✐♥❝❡rt✐t✉❞❡ q✉❛♥t
à ❧❛ ❞é❝✐s✐♦♥ à ♣r❡♥❞r❡✱ ❡t ❧✬❡♥❥❡✉ s❡r❛ ❛❧♦rs ❞❡ s❡ ❝♦♥✈❛✐♥❝r❡ q✉❡ ❧✬♦♥ ♣r❡♥❞ ❧❛ ❜♦♥♥❡
❞é❝✐s✐♦♥ ❡♥ ❝♦♥trô❧❛♥t ❧❡ r✐sq✉❡ ❞❡ s❡ tr♦♠♣❡r✳

■❧ ❡①✐st❡ ❡♥ ré❛❧✐té ❞❡✉① ❢❛ç♦♥s ❞✐st✐♥❝t❡s ❞❡ s❡ tr♦♠♣❡r ❡t ❞❡ ❢❛✐t✱ ❞❡✉① t②♣❡s ❞❡ r✐sq✉❡s✳
❖♥ ♣❡✉t r❡❥❡t❡r H0 ❛❧♦rs q✉❡ H0 ❡st ✈r❛✐❡✱ ❝✬❡st à ❞✐r❡ ❛✣r♠❡r ✉♥❡ ❛ss♦❝✐❛t✐♦♥ ♦✉ ✉♥❡
❞✐✛ér❡♥❝❡ ❛❧♦rs q✉✬✐❧ ♥✬② ❛ r✐❡♥ ❀ ❝❡ t②♣❡ ❞✬❡rr❡✉r ❡st ❛♣♣❡❧é ❡rr❡✉r ❞❡ t②♣❡✲■ ❡t ❧❡ r✐sq✉❡
❛ss♦❝✐é ❡st ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ♥♦té α✶✳ ❙✐ ❞✬❛✉tr❡ ♣❛rt ♦♥ ❞é❝✐❞❡ ❞❡ ♥❡ ♣❛s r❡❥❡t❡r
H0 ❛❧♦rs q✉❡ H1 ❡st ✈r❛✐❡✱ ❥❡ ❝♦♠♠❡ts ❛❧♦rs ✉♥❡ ❡rr❡✉r ❞❡ t②♣❡✲■■ ❛✈❡❝ ✉♥ t❛✉① ♥♦té
β✷✳

H0 ♥♦♥ r❡❥❡té❡ H0 r❡❥❡té❡
H0 ✈r❛✐❡ 1 − α α ✭❡rr❡✉r ❞❡ t②♣❡✲■✮
H0 ❢❛✉ss❡ β ✭❡rr❡✉r ❞❡ t②♣❡✲■■✮ 1 − β

❊♥ ♣r❛t✐q✉❡✱ ❧❛ ✈❛❧❡✉r ❞❡ β ❞é♣❡♥❞ ❞❡ ❧✬❛❧t❡r♥❛t✐✈❡ H1 ❡t ✐❧ ❡st q✉❛s✐♠❡♥t ✐♠♣♦ss✐❜❧❡ ❞❡
❧✬❡st✐♠❡r ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té✳ ❈✬❡st ♣♦✉rq✉♦✐✱ s❡✉❧ α ❡st ✉t✐❧✐sé ❝♦♠♠❡ ❝r✐tèr❡ ❞❡ ❞é❝✐s✐♦♥✳

✶♦♥ ♣❛r❧❡ é❣❛❧❡♠❡♥t ❞✬❡rr❡✉r ❡t ❞❡ r✐sq✉❡ ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡
✷♦♥ ♣❛r❧❡ é❣❛❧❡♠❡♥t ❞✬❡rr❡✉r ❡t ❞❡ r✐sq✉❡ ❞❡ ❞❡✉①✐è♠❡ ❡s♣è❝❡



✶✳✷✳ Pré❝❡♣t❡s ❞❡ ●é♥ét✐q✉❡ ✼

P❛r ❛✐❧❧❡✉rs✱ 1−β s✬❛♣♣❡❧❧❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬✉♥ t❡st✳ ❖♥ ❝♦♠♣❛r❡r❛ ✲ q✉❛♥❞ ❝❡❧❛ ❡st ♣♦ss✐❜❧❡
✲ ❞❡✉① t❡sts ❡♥ ❝♦♠♣❛r❛♥t ❧❡✉r ♣✉✐ss❛♥❝❡✳

❉❛♥s t♦✉s ❧❡s ❝❛s✱ ✉♥ t❡st ❞✬❤②♣♦t❤ès❡ s✉✐t ✉♥ s✉❝❝❡ss✐♦♥ ❞✬ét❛♣❡s ❞é✜♥✐❡s ✿ ✭✐✮ é♥♦♥❝é
❞❡s ❤②♣♦t❤ès❡s ♥✉❧❧❡ ❡t ❛❧t❡r♥❛t✐✈❡ ❀ ✭✐✐✮ ❝❛❧❝✉❧ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❞❡ ❞é❝✐s✐♦♥ ✲ ❧❛ st❛t✐st✐q✉❡
✭S✮ ✲ ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ❊❧❧❡ ♠❡s✉r❡ ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❝❡
q✉❡ ❥✬♦❜s❡r✈❡ ❡t ❝❡ q✉❡ ❥✬❛tt❡♥❞s s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ P❧✉s ❝❡tt❡ ❞✐st❛♥❝❡ ❡st ❣r❛♥❞❡ ❡t
♠♦✐♥s H0 ❡st ♣r♦❜❛❜❧❡ ❀ ✭✐✐✐✮ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❝r✐t✐q✉❡ ✭♦✉ p✲✈❛❧✉❡✸✮ ❞✬♦❜t❡♥✐r
✉♥❡ ✈❛❧❡✉r ♦❜s❡r✈é❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ ✭S♦❜s✮ ❛✉ ♠♦✐♥s ❛✉ss✐ é❧❡✈é❡ q✉❡ ❧❛ ✈❛❧❡✉r ♦❜t❡♥✉❡ s✐
H0 ❡st ✈r❛✐❡ ✿

p✈ = PH0(S > S♦❜s);

✭✐✈✮ ❝♦♥❝❧✉s✐♦♥ ❞✉ t❡st ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ p✲✈❛❧✉❡ ♣❛r r❛♣♣♦rt à ✉♥❡ ✈❛❧❡✉r
s❡✉✐❧ ❞✉ r✐sq✉❡ ❞❡ ♣r❡♠✐èr❡ ❡s♣è❝❡ ✭α✮ ♦✉ ♥✐✈❡❛✉ ❞✉ t❡st✳ ▲❛ ❝♦♥❝❧✉s✐♦♥ ♣❡✉t s❡ ❢❛✐r❡ ❞❡
❢❛ç♦♥ ❛♥❛❧♦❣✉❡ s✉r ❧❛ ❜❛s❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ ❡❧❧❡✲♠ê♠❡ ♣❛r r❛♣♣♦rt à ✉♥ s❡✉✐❧ tα t❡❧ q✉❡ ✿

α = PH0(S > tα).

❚②♣❡s ❞❡ t❡sts

▲❛ ♣r❛t✐q✉❡ ❞❡s t❡sts st❛t✐st✐q✉❡s ♥é❝❡ss✐t❡ q✉❡ ❧✬♦♥ ❞✐st✐♥❣✉❡ ❞✐✛ér❡♥t❡s s✐t✉❛t✐♦♥s✳
❈❡❧❧❡s✲❝✐ s♦♥t ❞é❝r✐t❡s ♣❛r tr♦✐s é❧é♠❡♥ts ✿ ✭✐✮ ❧❛ ❢♦r♠❡ ❞✉ t❡st ✭❝♦♠♣❛r❛✐s♦♥ ❜✐❧❛tér❛❧❡
♦✉ ✉♥✐❧❛tér❛❧❡✮✱ ✭✐✐✮ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❢❛✐r❡ ❛♣♣❡❧ à ✉♥❡ ❧♦✐ ❞❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥♥✉❡ ✭t❡st
♣❛r❛♠étr✐q✉❡ ♦✉ ♥♦♥✲♣❛r❛♠étr✐q✉❡✮ ❡t ✭✐✐✐✮ ❧✬❛♣♣❛r✐❡♠❡♥t ❞❡s ♠❡s✉r❡s ✭✉♥❡ ♦✉ ♣❧✉s✐❡✉rs
♠❡s✉r❡s ré❛❧✐sé❡s s✉r ✉♥ ♠ê♠❡ é❝❤❛♥t✐❧❧♦♥✮✳

✶✳✷ Pré❝❡♣t❡s ❞❡ ●é♥ét✐q✉❡

▲❡ ❣é♥♦♠❡✱ s✐è❣❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❣é♥ét✐q✉❡

▲❛ ●é♥ét✐q✉❡ ❡st ❧❛ s❝✐❡♥❝❡ q✉✐ ét✉❞✐❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡s ❝❛r❛❝tèr❡s ❞❡s ♣❛r❡♥ts à
❧❡✉rs ❡♥❢❛♥ts✳ ❉❡♣✉✐s ❧❛ ✜♥ ❞✉ ❳■❳è♠❡ s✐è❝❧❡✱ ❧❡s ♠é❝❛♥✐s♠❡s ❞❡ ❧✬❤éré❞✐té s♦♥t ❞❡ ♠✐❡✉①
❡♥ ♠✐❡✉① ❝♦♠♣r✐s ✿ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ♣♦rt❡ ❡♥ ❝❤❛❝✉♥❡ ❞❡ s❡s ❝❡❧❧✉❧❡s ✉♥ ♣❛tr✐♠♦✐♥❡ ❣é✲
♥ét✐q✉❡ q✉✐ ❞ét❡r♠✐♥❡ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ s❡s ❝❛r❛❝tér✐st✐q✉❡s✳ ❈❡ ♣❛tr✐♠♦✐♥❡✱ q✉✐ ❡st
❛♣♣❡❧é ❧❡ ❣é♥♦♠❡✱ ❡st ❝♦♠♣♦sé ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ❡♥t✐tés ❛♣♣❡❧é❡s ❧❡s ❝❤r♦♠♦s♦♠❡s✳
▲❡ ♥♦♠❜r❡ ❞❡ ❝❤r♦♠♦s♦♠❡s ❞é♣❡♥❞ ❞❡ ❧✬❡s♣è❝❡ ❀ ❧❡s ❜❛❝tér✐❡s ♥✬♦♥t ♣❛r ❡①❡♠♣❧❡ q✉✬✉♥
s❡✉❧ ❝❤r♦♠♦s♦♠❡ t❛♥❞✐s q✉❡ ❧✬❡s♣è❝❡ ❤✉♠❛✐♥❡ ❡♥ ❝♦♠♣t❡ ✹✻ ✿ ✷✷ ♣❛✐r❡s ❞❡ ❝❤r♦♠♦s♦♠❡s
❤♦♠♦❧♦❣✉❡s ❡t ✷ ❝❤r♦♠♦s♦♠❡s s❡①✉❡❧s✳

✸♥♦té❡ p✈
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❈❤❛❝✉♥ ❞❡ ❝❡s ❝❤r♦♠♦s♦♠❡s ❡st ❡♥ ❢❛✐t ✉♥❡ ❝❤❛î♥❡ ♦r✐❡♥té❡ ❧❡ ❧♦♥❣ ❞❡ ❧❛q✉❡❧❧❡ s❡
s✉❝❝è❞❡♥t q✉❛tr❡ ♠♦❧é❝✉❧❡s ❞✐✛ér❡♥t❡s ❛♣♣❡❧é❡s ❜❛s❡s ♦✉ ♥✉❝❧é♦t✐❞❡s ❡t ♥♦té❡s ❆✱ ❈✱ ● ❡t
❚ ♣♦✉r ❛❞é♥✐♥❡✱ ❝②t♦s✐♥❡✱ ❣✉❛♥✐♥❡ ❡t t❤②♠✐♥❡✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ séq✉❡♥❝❡ ❞✬❆❉◆✹✳ ❯♥
❝❤r♦♠♦s♦♠❡ ❡st ❞♦♥❝ ✉♥ t❡①t❡ é❝r✐t ❞❛♥s ❧✬❛❧♣❤❛❜❡t ❝♦♥st✐t✉é ❞❡ ❝❡s q✉❛tr❡ ❧❡ttr❡s✳ ❯♥❡
♣❛rt ❞❡ ❝❡ ❣é♥♦♠❡ ♣❡r♠❡t✱ s❡❧♦♥ ✉♥ ❝♦❞❡ ❛✉❥♦✉r❞✬❤✉✐ ♣❛r❢❛✐t❡♠❡♥t ❞é❝❤✐✛ré✱ ❧❛ ❢❛❜r✐❝❛t✐♦♥
♣❛r ❧❛ ❝❡❧❧✉❧❡ ❞❡ ♠♦❧é❝✉❧❡s ♣❛rt✐❝✐♣❛♥t à t♦✉s ❧❡s ♠é❝❛♥✐s♠❡s ❞✉ ✈✐✈❛♥t ✭❧❛ r❡s♣✐r❛t✐♦♥✱
❧✬❛❧✐♠❡♥t❛t✐♦♥✳✳✳✮ ✿ ❧❡s ♣r♦té✐♥❡s✳ ❈❡ q✉✐ ❝♦❞❡ ♣♦✉r ✉♥❡ ♣r♦té✐♥❡ ❡st ❛♣♣❡❧é ✉♥ ❣è♥❡✳
▼❛✐s s❡✉❧❡ ✉♥❡ ♣r♦♣♦rt✐♦♥ ❧✐♠✐té❡ ❞✉ ❣é♥♦♠❡ ❝♦❞❡ ♣♦✉r ❧❡s ♣r♦té✐♥❡s ❡t ✉♥ ♠ê♠❡ ❣è♥❡
♣❡✉t ❝♦❞❡r ♣♦✉r ♣❧✉s✐❡✉rs ♣r♦té✐♥❡s✳ ❉❡♣✉✐s q✉❡ ❧✬♦♥ ❝♦♥♥❛ît ❧❛ séq✉❡♥❝❡ ❝♦♠♣❧èt❡ ❞✉
❣é♥♦♠❡ ❤✉♠❛✐♥ ✭❍✉♠❛♥ ●❡♥♦♠❡ Pr♦❥❡❝t✺✮ ♦♥ ❡st✐♠❡ ❡♥tr❡ ❡♥✈✐r♦♥ ✷✵✱✵✵✵ ❡t ✷✺✱✵✵✵ ❧❡
♥♦♠❜r❡ ❞❡ ❣è♥❡s ♣rés❡♥ts ❝❤❡③ ❧✬❍♦♠♠❡✱ ❝❡ q✉✐ r❡♣rés❡♥t❡ à ♣❡✉ ♣rès ✺✪ ❞✉ ❣é♥♦♠❡✳ ▲❡s
✾✺✪ r❡st❛♥ts ❝♦♥t✐❡♥♥❡♥t ❞❡s é❧é♠❡♥ts ❞❡ ré❣✉❧❛t✐♦♥ ❞❡ ❧✬❡①♣r❡ss✐♦♥ ❣é♥✐q✉❡ ❛✐♥s✐ q✉✬✉♥❡
❣r❛♥❞❡ q✉❛♥t✐té ❞✬❆❉◆ ❞♦♥t ❧❛ ❢♦♥❝t✐♦♥ r❡st❡ à ❞ét❡r♠✐♥❡r✳

❉✐✈❡rs✐té ❣é♥ét✐q✉❡

❖♥ ❞és✐❣♥❡ ♣❛r ❧♦❝✉s ✉♥❡ ♣♦s✐t✐♦♥ ❞✉ ❣é♥♦♠❡ ❡t ♣❛r ❛❧❧è❧❡ ✉♥❡ ✈❡rs✐♦♥ ❞♦♥♥é❡ ❞✉
t❡①t❡ ❣é♥ét✐q✉❡✳ ❯♥ ♣♦❧②♠♦r♣❤✐s♠❡ ❝♦rr❡s♣♦♥❞ ❛❧♦rs à ❧❛ ♣rés❡♥❝❡ ❡♥ ✉♥ ❧♦❝✉s ❞❡ ♣❧✉✲
s✐❡✉rs ❛❧❧è❧❡s✳ ❖♥ ❞é✜♥✐t ♣❛r ❤❛♣❧♦t②♣❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ♣❧✉s✐❡✉rs ❛❧❧è❧❡s s✐t✉és s✉r ❞❡s
❧♦❝✉s ❞✐✛ér❡♥ts ❞✬✉♥ ♠ê♠❡ ❝❤r♦♠♦s♦♠❡✳ ❉❛♥s ❧✬❡s♣è❝❡ ❤✉♠❛✐♥❡✱ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ♣♦ssè❞❡
✷✷ ♣❛✐r❡s ❞❡ ❝❤r♦♠♦s♦♠❡s ❤♦♠♦❧♦❣✉❡s ❀ ♦♥ tr♦✉✈❡r❛ ❞♦♥❝ ❡♥ ✉♥ ❧♦❝✉s ❞♦♥♥é ✉♥❡ ❝♦♠❜✐♥❛✐✲
s♦♥ ❞❡ ❞❡✉① ❛❧❧è❧❡s q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❣é♥♦t②♣❡✳ ❈❡s ✹✹ ❝❤r♦♠♦s♦♠❡s ❛✉①q✉❡❧s s✬❛❥♦✉t❡♥t
✷ ❝❤r♦♠♦s♦♠❡s s❡①✉❡❧s✱ t♦t❛❧✐s❡♥t ❡♥✈✐r♦♥ ✸ ♠✐❧❧✐❛r❞s ❞❡ ❜❛s❡s ❡t ❞❡ ❢❛✐t✱ s❡✉❧❡ ✉♥❡ ✐♥✲
✜♠❡ ♣❛rt✐❡ ❞✉ ❣é♥♦♠❡ ✈❛r✐❡ ❞✬✉♥ ✐♥❞✐✈✐❞✉ à ❧✬❛✉tr❡✳ ▲❛ ❞✐✈❡rs✐té ❣é♥ét✐q✉❡ ❛✉ s❡✐♥ ❞✬✉♥❡
♣♦♣✉❧❛t✐♦♥ ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞✉❡ à ❞❡✉① é✈é♥❡♠❡♥ts ✿ ❧❛ ♠✉t❛t✐♦♥ ❡t ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥✳

✲ ▼✉t❛t✐♦♥ ✿ ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ♣♦❧②♠♦r♣❤✐s♠❡s ❞❛♥s ❧❡ ♣❛tr✐♠♦✐♥❡ ❣é♥ét✐q✉❡ ❞✬✉♥❡
♣♦♣✉❧❛t✐♦♥ ❡st ❧❡ rés✉❧t❛t ❞✬é✈é♥❡♠❡♥ts ❞❡ ♠✉t❛t✐♦♥✳ ❯♥❡ ♠✉t❛t✐♦♥ ❝♦rr❡s♣♦♥❞ à ✉♥❡
♠♦❞✐✜❝❛t✐♦♥ s♦✉❞❛✐♥❡ ❡t tr❛♥s♠✐ss✐❜❧❡ ❞❡ ❧❛ séq✉❡♥❝❡ ❞✬❆❉◆✱ ♣❛r ❡①❡♠♣❧❡ ❧❡ ❝❤❛♥❣❡♠❡♥t✱
❧✬❛❥♦✉t✴✐♥s❡rt✐♦♥ ♦✉ ❧❛ s✉♣♣r❡ss✐♦♥✴❞é❧ét✐♦♥ ❞✬✉♥❡ ❜❛s❡✳ ❊♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❜❛s❡ ❛✛❡❝té❡✱
❝❡s ♠✉t❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ s✐❧❡♥❝✐❡✉s❡s✱ ❝✬❡st à ❞✐r❡ ♥✬❛✈♦✐r ❛✉❝✉♥ ❡✛❡t s✉r ❧❛ ♣r♦té✐♥❡
rés✉❧t❛♥t❡✱ ♦✉ ❛✉ ❝♦♥tr❛✐r❡ ❛✈♦✐r ✉♥❡ ✐♥❝✐❞❡♥❝❡ ♣♦s✐t✐✈❡ ♦✉ ♥é❣❛t✐✈❡ s✉r ❧❛ ♣r♦té✐♥❡ ❡t
❞♦♥❝ s✉r ❧✬✐♥❞✐✈✐❞✉✳ P❛r ❡①❡♠♣❧❡ ❧❛ ♠✉t❛t✐♦♥ ❞✬✉♥ ❣è♥❡ ♣❡✉t ❝❤❛♥❣❡r ❧❛ ❝♦♥st✐t✉t✐♦♥✱ ❧❛
❢♦r♠❡ ❡t ♣❛r ❧❛ ♠ê♠❡ ♦❝❝❛s✐♦♥ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦té✐♥❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ❀ ♦♥ ♣❛r❧❡ ❛❧♦rs
❞❡ ♠✉t❛t✐♦♥ ♠✐ss❡♥s❡✳

✲ ❘❡❝♦♠❜✐♥❛✐s♦♥ ✿ ✉♥❡ ❛✉tr❡ s♦✉r❝❡ ❞❡ ❞✐✈❡rs✐té ❣é♥ét✐q✉❡ ❡st ❧❛ r❡❝♦♠❜✐♥❛✐s♦♥✳ ■❧
s✬❛❣✐t ❞✬✉♥ ♣❤é♥♦♠è♥❡ q✉✐ s❡ ♣r♦❞✉✐t ♣❛r ❡♥❥❛♠❜❡♠❡♥t ❞❡s ❝❤r♦♠♦s♦♠❡s ❤♦♠♦❧♦❣✉❡s✻✳

✹❆❝✐❞❡ ❉és♦①②r✐❜♦✲◆✉❝❧é✐q✉❡
✺❤tt♣✿✴✴✇✇✇✳s❛♥❣❡r✳❛❝✳✉❦✴❍●P
✻❝r♦ss✐♥❣✲♦✈❡r



✶✳✷✳ Pré❝❡♣t❡s ❞❡ ●é♥ét✐q✉❡ ✾

❊❧❧❡ s✉r✈✐❡♥t ❛✉ ❝♦✉rs ❞✉ ♣r♦❝❡ss✉s ❞❡ ❢♦r♠❛t✐♦♥ ❞❡s ❣❛♠èt❡s✼ ✿ ❧❛ ♠é✐♦s❡✳ ❈❤❛q✉❡ ❝❤r♦♠♦✲
s♦♠❡ ❛ ❛❧♦rs ❧❛ ♣♦ss✐❜✐❧✐té ❞✬é❝❤❛♥❣❡r ✉♥❡ ♣❛rt✐❡ ❞✬❆❉◆ ❛✈❡❝ s♦♥ ❝❤r♦♠♦s♦♠❡ ❤♦♠♦❧♦❣✉❡✳
▲❛ ❝❤❛♥❝❡ q✉✬✉♥ é✈é♥❡♠❡♥t ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥ s❡ ♣r♦❞✉✐s❡ ❡♥tr❡ ❞❡✉① ❧♦❝✉s ❛✉❣♠❡♥t❡ ❛✈❡❝
❧❛ ❞✐st❛♥❝❡ q✉✐ ❧❡s sé♣❛r❡✳

Mutation

TGA

TAA TTGA
T_A

Recombinaison

Déséquilibre de Liaison

mutation
ancestrale

re
co
m
b
in
ai
so
n
s

x

x

x

x

x

❋✐❣✳ ✶✳✶ ✕ ▼✉t❛t✐♦♥s ✿ ❡❧❧❡ ♣❡✉t s❡ tr❛❞✉✐r❡ ♣❛r ✉♥ ❝❤❛♥❣❡♠❡♥t ❞❡ ❜❛s❡✱ ✉♥❡ ❞é❧ét✐♦♥ ♦✉
✉♥❡ ✐♥s❡rt✐♦♥✳ ❘❡❝♦♠❜✐♥❛✐s♦♥ ✿ ❡❧❧❡ ❡st ♣r♦✈♦q✉é❡ ♣❛r ❧✬❡♥❥❛♠❜❡♠❡♥t ❞❡ ❝❤r♦♠♦s♦♠❡s
❤♦♠♦❧♦❣✉❡s ❛✉ ❝♦✉rs ❞❡ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞❡s ❣❛♠èt❡s✳ ❉éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ✿ ✐❧ ❡st ❧❡
rés✉❧t❛t ❞✬✉♥ é✈é♥❡♠❡♥t ❞❡ ♠✉t❛t✐♦♥ ❛♥❝❡str❛❧ ❡t ❞✬✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥s ❛✉
❝♦✉rs ❞❡s ❣é♥ér❛t✐♦♥s✳

❉éséq✉✐❧✐❜r❡ ❞❡ ▲✐❛✐s♦♥

✲ ❉é✜♥✐t✐♦♥ ✿ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♥♦té ▲❉ ♣♦✉r ▲✐♥❦❛❣❡ ❉✐s❡q✉✐❧✐❜r✐✉♠ ❞é❝r✐t ❧❛
r❡❧❛t✐♦♥ ❡♥tr❡ ❞❡✉① ❛❧❧è❧❡s à ❞❡✉① ❧♦❝✉s ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❡t ❡①✐st❡ ❧♦rsq✉❡ ❧❛ ♣r♦❜❛❜✐❧✐té
❞✬♦❜s❡r✈❡r ✉♥ ❝♦✉♣❧❡ ❞✬❛❧❧è❧❡s s✉r ✉♥ ❝❤r♦♠♦s♦♠❡ ♥✬❡st ♣❛s é❣❛❧❡ ❛✉ ♣r♦❞✉✐t ❞❡s ♣r♦❜❛❜✐❧✐✲
tés ❞✬♦❜s❡r✈❡r ❝❡s ❛❧❧è❧❡s ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ■❧ s❡ ❞é✜♥✐t é❣❛❧❡♠❡♥t ❡♥tr❡ ♣❧✉s ❞❡ ❞❡✉① ❧♦❝✉s✳
▲❡ ▲❉ ♣❡✉t ❛✈♦✐r ❞✐✛ér❡♥t❡s ♦r✐❣✐♥❡s✳ ▲❡ ♣❧✉s ❢réq✉❡♠♠❡♥t ✐❧ s✉r✈✐❡♥t ❧♦rsq✉✬✉♥ ♥♦✉✈❡❧
❛❧❧è❧❡ ❛♣♣❛r❛ît ♣❛r ♠✉t❛t✐♦♥ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❝❤r♦♠♦s♦♠✐q✉❡ ❝❛r❛❝tér✐sé❡✱ ❞❛♥s ❧❛ ♣♦♣✉✲
❧❛t✐♦♥✱ ♣❛r ✉♥ ♣❛tt❡r♥ ❞✬❛❧❧è❧❡s ♦✉ ❤❛♣❧♦t②♣❡ s♣é❝✐✜q✉❡ s✉r ❧❡s ❧♦❝✉s ✈♦✐s✐♥s✳ ❈❡ ♣❛tt❡r♥
❞✬❛❧❧è❧❡s ♥♦✉✈❡❧❧❡♠❡♥t ❝♦♥st✐t✉é ❡st tr❛♥s♠✐s ❡♥ ❜❧♦❝ ❞❡ ❣é♥ér❛t✐♦♥s ❡♥ ❣é♥ér❛t✐♦♥s✱ ♣❧✉s
♦✉ ♠♦✐♥s ❛❧téré ♣❛r ❧❡s r❡❝♦♠❜✐♥❛✐s♦♥s s✉❝❝❡ss✐✈❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡s ❧♦❝✉s à ♣r♦①✐♠✐té
❞✉ ❧♦❝✉s ❛②❛♥t ✐♥✐t✐❛❧❡♠❡♥t ♠✉té ❝♦♥s❡r✈❡♥t ❛❧♦rs ✉♥❡ ❢♦rt❡ ❛ss♦❝✐❛t✐♦♥ ❛❧❧é❧✐q✉❡ q✉✐
❝❛r❛❝tér✐s❡ ❧❡ ▲❉ ♣rés❡♥t ❞❛♥s ❝❡tt❡ ♣♦rt✐♦♥ ❞✉ ❣é♥♦♠❡✳

✼❝❡❧❧✉❧❡s ✐♠♣❧✐q✉é❡s ❞❛♥s ❧❛ r❡♣r♦❞✉❝t✐♦♥



✶✵ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✲ ▼❡s✉r❡s ❞❡ ▲❉ ✿ ❧❡s ♠❡s✉r❡s ❞❡ ▲❉ s♦♥t ❡♥ ❢❛✐t ❞❡s ♠❡s✉r❡s ❞✬❛ss♦❝✐❛t✐♦♥ ✭✈♦✐r
❝❤❛♣✐tr❡ ✷ ♣✳ ✸✾✮ q✉✐ ✈♦♥t q✉❛♥t✐✜❡r ❧✬é❝❛rt ❡♥tr❡ ❧❡s ♣r♦♣♦rt✐♦♥s ❤❛♣❧♦t②♣✐q✉❡s ♦❜s❡r✈é❡s
❡t ❝❡❧❧❡s ❛tt❡♥❞✉❡s s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ❛❧❧è❧❡s✳ ■❧ ❡♥ ❡①✐st❡ ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❝❡ q✉✐ ♥❡ ❢❛❝✐❧✐t❡ ♣❛s ❧❡s ❝♦♠♣❛r❛✐s♦♥s ❡♥tr❡ ❞✐✛ér❡♥t❡s ét✉❞❡s✳ ◆♦✉s ✐♥tr♦❞✉✐s♦♥s
✐❝✐ ❧❡s tr♦✐s ♣r✐♥❝✐♣❛❧❡s✳

❙♦✐t ❞❡✉① ❧♦❝✉s ❜✐✲❛❧❧é❧✐q✉❡s ❞♦♥t ❧❡s ❛❧❧è❧❡s s♦♥t a/A ❡t b/B r❡s♣❡❝t✐✈❡♠❡♥t✳ ❙♦✐t
pa✱ pA✱ pb ❡t pB ❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❡t pab✱ paB✱ pAb ❡t pAB ❧❡s ♣r♦♣♦rt✐♦♥s ❤❛♣❧♦✲
t②♣✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s✳ ▲❡ ❝♦❡✣❝✐❡♥t ❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ✭D✮ ❝♦rr❡s♣♦♥❞ à ❧❛
s✐♠♣❧❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞✬✉♥ ❤❛♣❧♦t②♣❡ ❞♦♥♥é ❡t ❝❡❧❧❡ ❛tt❡♥❞✉❡ s♦✉s ❧✬❤②♣♦✲
t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✿

D = pAB − pApB = pab − papb.

❆✐♥s✐ ♣❧✉s D ❡st é❧❡✈é ❡t ♣❧✉s ❧❡s ❧♦❝✉s s♦♥t ❡♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳ ❉❡s st❛♥❞❛r❞✐s❛t✐♦♥s
❞❡ D ♦♥t été ♣r♦♣♦sé❡s ❛✜♥ ❞✬❛✈♦✐r ❞❡s ♠❡s✉r❡s ❝♦♠♣r✐s❡s ❡♥tr❡ ✲✶ ❡t ✶✳ ▲❡s ♣❧✉s ❝♦♥♥✉❡s
s♦♥t ❧❡ ❝♦❡✣❝✐❡♥t D′ ❞❡ ▲❡✇♦♥t✐♥ ✭✶✾✻✹✮ ❡t ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦rré❧❛t✐♦♥ r2✳

▲❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡st ❞é♣❡♥❞❛♥t à ❧❛ ❢♦✐s ❞✉ t❡♠♣s é❝♦✉❧é ❞❡♣✉✐s ❧❛ ♠✉t❛t✐♦♥
✐♥✐t✐❛❧❡ ❡t ❞✉ t❛✉① ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥ ❡♥tr❡ ❧❡s ❞❡✉① ❧♦❝✉s✳ D′ ♣❡r♠❡t ❞✬❡st✐♠❡r ❞❡ ❝♦♠❜✐❡♥
❧❡ ❞éséq✉✐❧✐❜r❡ ❛ ❞✐♠✐♥✉é ♣❛r r❛♣♣♦rt à s❛ ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ✿

D′ =
D

Dmax

❛✈❡❝ Dmax =

{
min(pApb; papB) s✐ D > 0
min(papb; pApB) s✐ D < 0

D′ ❛ ❧❛ ♣r♦♣r✐été ❞❡ ♣r❡♥❞r❡ ❧❡s ✈❛❧❡✉rs ✶ ♦✉ ✲✶ ❧♦rsq✉❡ ❧❡s ❞❡✉① ❛❧❧è❧❡s ♥✬♦♥t ♣❛s été
sé♣❛rés ❛✉ ❝♦✉rs ❞❡ ❧✬❤✐st♦✐r❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥✳ ❊♥ ♣r❛t✐q✉❡✱ ❝❡❧❛ s❡ tr❛❞✉✐t ♣❛r ❧✬❛❜s❡♥❝❡
❞✬✉♥ ❞❡s ❤❛♣❧♦t②♣❡s ♣♦ss✐❜❧❡s ❀ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❞éséq✉✐❧✐❜r❡ ❝♦♠♣❧❡t✳ Pr❡♥♦♥s ✉♥
❡①❡♠♣❧❡ ✿

❜ ❇
❛ ✵✳✶✵✷✾ ✵✳✵✼✶✾
❆ ✵✳✽✷✺✷ ✵

P♦✉r ❝❡t ❡①❡♠♣❧❡ ♣ré❝✐s✱ D = −0.0593 ❡t D′ = −1✳ ❙✐ ❞❡s ✈❛❧❡✉rs ✐♥❢ér✐❡✉r❡s à ✶
✐♥❞✐q✉❡♥t ✐♥t✉✐t✐✈❡♠❡♥t q✉❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❛❧❧é❧✐q✉❡ ✐♥✐t✐❛❧❡ ❛ été ❞é❣r❛❞é❡✱ ❡❧❧❡ ♥✬♦♥t ❝❡✲
♣❡♥❞❛♥t ♣❛s ❞✬✐♥t❡r♣rét❛t✐♦♥ ♣ré❝✐s❡ ❡t ❞é♣❡♥❞❡♥t ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥✱
❝❡ q✉✐ r❡♥❞ ✐♠♣♦ss✐❜❧❡ t♦✉t❡ ❝♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ❞✐✛ér❡♥t❡s ét✉❞❡s✳ P❛r ❛✐❧❧❡✉rs ✉♥❡ ✈❛❧❡✉r
❞❡ ✶ ♣♦✉r D ♦✉ D′ ♥✬✐♠♣❧✐q✉❡ ♣❛s q✉❡ ❞❡✉① ❧♦❝✉s ♣♦rt❡♥t ❡①❛❝t❡♠❡♥t ❧❛ ♠ê♠❡ ✐♥❢♦r♠❛✲
t✐♦♥✳ P♦✉r ❝❡tt❡ r❛✐s♦♥✱ ♦♥ ✉t✐❧✐s❡ ❛✉❥♦✉r❞✬❤✉✐ ♣❧✉tôt ✉♥ ✐♥❞✐❝❡ ❞❡ ❝♦rré❧❛t✐♦♥ ✭r2✮✱ ❧✐é à ❧❛
q✉❛♥t✐té ❞✬✐♥❢♦r♠❛t✐♦♥ q✉❡ ❢♦✉r♥✐t ✉♥ ❧♦❝✉s s✉r ❧✬❛✉tr❡ ✿

r2 =
D2

papApbpB

.



✶✳✷✳ Pré❝❡♣t❡s ❞❡ ●é♥ét✐q✉❡ ✶✶

❯♥❡ ✈❛❧❡✉r ❞❡ ✶ ♥❡ ♣❡✉t êtr❡ ♦❜s❡r✈é❡ q✉❡ s✐ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣♦rté❡ ♣❛r ✉♥ ♠❛rq✉❡✉r ❛♣♣♦rt❡
✉♥❡ ✐❞é❡ ❝♦♠♣❧èt❡ ❞❡ ❝❡❧❧❡ ♣♦rté❡ ♣❛r ❧❡ s❡❝♦♥❞✳ ❊♥ ♣r❛t✐q✉❡ ❝❡❧❛ s❡ tr❛❞✉✐t ♣❛r ❧❛ ♣rés❡♥❝❡
❞❡ s❡✉❧❡♠❡♥t ❞❡✉① ❞❡s ❣é♥♦t②♣❡s ♣♦ss✐❜❧❡s ❡t ♣❛r ❧✬é❣❛❧✐té ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ✭pa =
pb✮✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❞éséq✉✐❧✐❜r❡ ♣❛r❢❛✐t✳ Pr❡♥♦♥s ✉♥ ❡①❡♠♣❧❡ ✿

❜ ❇
❛ ✵✳✺✼✻✸ ✵
❆ ✵ ✵✳✹✷✸✼

■❝✐✱ D = 0.2442✱ D′ = 1 ❡t r2 = 1 ❛❧♦rs q✉❡ s✉r ❧✬❡①❡♠♣❧❡ ♣ré❝é❞❡♥t ✭❞éséq✉✐❧✐❜r❡
❝♦♠♣❧❡t✮ r2 ✈❛❧❛✐t 0.6044✳

❊♥ ♣r❛t✐q✉❡✱ ♦♥ ❝♦♥♥❛ît ❧❡s ❣é♥♦t②♣❡s ♣♦✉r ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ s❛♥s ✐♥❞✐❝❛t✐♦♥ ❞❡ ♣❤❛s❡✱
❝✬❡st à ❞✐r❡ s❛♥s ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞✉ ❝❤r♦♠♦s♦♠❡ s✉r ❧❡q✉❡❧ s❡ tr♦✉✈❡ ❝❤❛❝✉♥ ❞❡s ❞❡✉①
❛❧❧è❧❡s✳ ▲❡s ♣r♦♣♦rt✐♦♥s ❤❛♣❧♦t②♣✐q✉❡s ♦❜s❡r✈é❡s ❞❛♥s ✉♥ é❝❤❛♥t✐❧❧♦♥ ♥❡ s♦♥t ❞♦♥❝ ♣❛s
❝♦♥♥✉❡s✱ ❝❡ q✉✐ ♣♦s❡ ✉♥ ♣r♦❜❧è♠❡ ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳ ❈❡rt❛✐♥❡s
♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ♣❡r♠❡tt❡♥t ❝❡♣❡♥❞❛♥t ❞❡ ❧❡s ❡st✐♠❡r à ♣❛r✲
t✐r ❞❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ✭❊①❝♦✣❡r ❡t ❙❧❛t❦✐♥ ✶✾✾✺✱ ❙t❡♣❤❡♥s ❡t ❛❧ ✷✵✵✶✱ ❈♦✉❧♦♥❣❡s
❡t ❛❧ ✷✵✵✻✮✳

✲ ❇❧♦❝s ❞❡ ▲❉ ✿ ❆ ♣r❡♠✐èr❡ ✈✉❡✱ ♦♥ ♣❡✉t ♣❡♥s❡r q✉❡ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❞é❝r♦ît
❛✈❡❝ ❧❛ ❞✐st❛♥❝❡✱ ♠❛♥✐❢❡st❛t✐♦♥ ❞❡s é✈é♥❡♠❡♥ts ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥ ❛②❛♥t ❡✉ ❧✐❡✉ ❛✉ ❝♦✉rs ❞❡
❧✬❤✐st♦✐r❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ✭❈♦❧❧✐♥s ❡t ❛❧ ✷✵✵✶✱ ✜❣✉r❡ ✶✳✷✲❆ ♣✳ ✶✸✮✳ ❈❡rt❛✐♥❡s ét✉❞❡s ❢♦♥❞é❡s
s✉r ❞❡s s✐♠✉❧❛t✐♦♥s ♠♦♥tr❡♥t q✉✬✉♥ ❞éséq✉✐❧✐❜r❡ s✐❣♥✐✜❝❛t✐❢ ♥❡ s✬ét❡♥❞❛✐t ❣é♥ér❛❧❡♠❡♥t ♣❛s
❛✉ ❞❡❧à ❞❡ ✸❦❜ ✭●♦❧❞st❡✐♥ ✷✵✵✶✮✳ ❈❡♣❡♥❞❛♥t ❡♥ ♣r❛t✐q✉❡✱ ❞❡ ❢♦rt❡s ✈❛❧❡✉rs ❞❡ ▲❉ s♦♥t
♦❜s❡r✈é❡s ❛✉ ❞❡❧à ❞❡ ✺✵✵❦❜✳ ■❧ ♥✬❡①✐st❡ ❞♦♥❝ ♣❛s ✈r❛✐♠❡♥t ❞❡ ❧♦❣✐q✉❡ ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡
❧❡ ❞❡❣ré ❞❡ ▲❉ ❡♥tr❡ ❞❡✉① ♠❛rq✉❡✉rs ♣❧✉s ♦✉ ♠♦✐♥s ❞✐st❛♥ts✳

❉❡s ét✉❞❡s ♣❧✉s ré❝❡♥t❡s ♠♦♥tr❡♥t ✉♥❡ str✉❝t✉r❛t✐♦♥ ❞✉ ❣é♥♦♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ▲❉
rés✉❧t❛♥t ❞✬✉♥ t❛✉① ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥ ✐♥❤♦♠♦❣è♥❡ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✳ ❈❡rt❛✐♥s ♣❛q✉❡ts ❞❡
❧♦❝✉s s♦♥t tr❛♥s♠✐s ✐♥t❛❝ts ❞❡ ❣é♥ér❛t✐♦♥s ❡♥ ❣é♥ér❛t✐♦♥s ❀ ❝❡s ❣r♦✉♣❡s ❞❡ ♠❛rq✉❡✉rs s♦♥t
❛♣♣❡❧és ❜❧♦❝s ❞❡ ▲❉ ♦✉ ❜❧♦❝ ❤❛♣❧♦t②♣✐q✉❡s ♦✉ ❡♥❝♦r❡ ❤❛♣❧♦❜❧♦❝s ❡♥ r❛✐s♦♥ ❞✉ ❢♦rt ❞❡❣ré
❞❡ ▲❉ ❡t ❞❡ ❧❛ ❢❛✐❜❧❡ ❞✐✈❡rs✐té ❤❛♣❧♦t②♣✐q✉❡ q✉✐ ❡♥ rés✉❧t❡ ✭❈♦❧❧✐♥s ❡t ❛❧ ✶✾✾✾✱ ◆♦r❞❜♦r❣ ❛♥❞
❚❛✈❛ré ✷✵✵✷✱ ✜❣✉r❡ ✶✳✷✲❇ ♣✳ ✶✸✮✳ ❊♥ ❝♦♥séq✉❡♥❝❡✱ ❧✬❡ss❡♥t✐❡❧ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥❝❡r♥❛♥t
❧❡ ♣❛tt❡r♥ ❞❡ ✈❛r✐❛t✐♦♥ ❣é♥ét✐q✉❡ ❛✉ s❡✐♥ ❞✬✉♥ ❜❧♦❝ ♣❡✉t s❡ rés✉♠❡r à ♣❛rt✐r ❞✬✉♥ s♦✉s✲
❡♥s❡♠❜❧❡ ❞❡ ❧♦❝✉s✳ ▲❡ ♣r♦❥❡t ❍❛♣▼❛♣✽ ❛ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ ❞é❝r✐r❡ ❝❡s ♣❛tt❡r♥s ❞❡ ✈❛r✐❛t✐♦♥
❣é♥ét✐q✉❡ ❝♦♠♠✉♥ ❝❤❡③ ❧✬❍♦♠♠❡✱ ❡♥ ❞é❧✐♠✐t❛♥t ❧❡s ❜❧♦❝s ❞❡ ▲❉ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✳

❊♥ ❞❡❤♦rs ❞✬✉♥ t❛✉① ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥ ✐♥❤♦♠♦❣è♥❡✱ ♦♥ ❛ ♠♦♥tré q✉✬✉♥❡ str✉❝t✉r❛t✐♦♥
❞✉ ❣é♥♦♠❡ ❡♥ ❜❧♦❝s ❞✉ ▲❉ ♣♦✉✈❛✐t rés✉❧t❡r ❞✬❛✉tr❡s ♣❤é♥♦♠è♥❡s ❧✐és à ❧❛ ♣♦♣✉❧❛t✐♦♥✱
à s♦♥ ❡♥✈✐r♦♥♥❡♠❡♥t ❡t ❛✉ ❣é♥♦♠❡ ❧✉✐✲♠ê♠❡ ✿ ❧❛ ❞ér✐✈❡ ❣é♥ét✐q✉❡✾✱ ❧❛ ❝r♦✐ss❛♥❝❡ ❞❡ ❧❛

✽❤tt♣✿✴✴✇✇✇✳❤❛♣♠❛♣✳♦r❣
✾✜①❛t✐♦♥ ❛❧❧é❧✐q✉❡ ❛❧é❛t♦✐r❡ ❛✉ s❡✐♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥



✶✷ ✶✳ ■♥tr♦❞✉❝t✐♦♥

♣♦♣✉❧❛t✐♦♥✱ ❧❛ str❛t✐✜❝❛t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥✶✵✱ ❧❛ sé❧❡❝t✐♦♥ ♥❛t✉r❡❧❧❡✱ ❧❡s ♠✉t❛t✐♦♥s ❛✐♥s✐ q✉❡
❧❡s ❝♦♥✈❡rs✐♦♥s ❞❡ ❣è♥❡s ✭❩❛✈❛tt❛r✐ ❡t ❛❧ ✷✵✵✵✮✳

➱q✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣

✲ Pr✐♥❝✐♣❡ ✿ ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡st ❧✬✉♥ ❞❡s ♣r✐♥❝✐♣❡s ❢♦♥❞❛♠❡♥t❛✉① ❞❡ ❧❛
●é♥ét✐q✉❡ ❞❡s P♦♣✉❧❛t✐♦♥s✳ ■❧ ♣r❡s❝r✐t q✉❡ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❡t ❛♣rès q✉❡❧q✉❡s
❣é♥ér❛t✐♦♥s✱ ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❞✬✉♥ ❧♦❝✉s s❡ ✜①❡♥t ❛✉t♦✉r ❞✬✉♥ éq✉✐❧✐❜r❡ ✿
❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ■❧ s♣é❝✐✜❡ ❛✉ss✐ ❝❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❝♦♠♠❡ ✉♥❡
s✐♠♣❧❡ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s✳ ▲❡s ❝♦♥❞✐t✐♦♥s ♣♦✉r ❛tt❡✐♥❞r❡ ❧✬éq✉✐❧✐❜r❡ s♦♥t ✿
✭✐✮ ♣♦♣✉❧❛t✐♦♥ ✐♥✜♥✐❡ ♦✉ s✉✣s❛♠♠❡♥t ❣r❛♥❞❡ ♣♦✉r ♠✐♥✐♠✐s❡r ❧❡s ❡✛❡ts ❞❡ ❧❛ ❞ér✐✈❡ ❣é♥é✲
t✐q✉❡✱ ✭✐✐✮ ♣♦♣✉❧❛t✐♦♥ ♣❛♥♠✐❝t✐q✉❡✱ ❝✬❡st à ❞✐r❡ q✉❡ ❧❡s ❛❝❝♦✉♣❧❡♠❡♥ts s❡ ❢♦♥t ❞❡ ♠❛♥✐èr❡
éq✉✐♣r♦❜❛❜❧❡s✱ ✭✐✐✐✮ ♣❛s ❞❡ sé❧❡❝t✐♦♥✱ ♣❛s ❞❡ ♠✉t❛t✐♦♥✱ ❡t ♣❛s ❞❡ ♠✐❣r❛t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥
❞❡ ❢❛ç♦♥ à s❡ ♣ré♠✉♥✐r ❞❡s ♣❡rt❡s ♦✉ ❣❛✐♥s ❞✬❛❧❧è❧❡s ❡t ❡♥✜♥ ✭✐✈✮ ❧❡s ❣é♥ér❛t✐♦♥s s✉❝❝❡ss✐✈❡s
s♦♥t ❞✐s❝rèt❡s✳ ❉❛♥s ❧❡ ❝❛s ❧❡ ♣❧✉s s✐♠♣❧❡ ❞✬✉♥ ❧♦❝✉s ♣rés❡♥t❛♥t ❞❡✉① ❛❧❧è❧❡s ✭a✱ A✮ ❛✈❡❝
❧❡s ♣r♦♣♦rt✐♦♥s pa ❡t pA = 1 − pa r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ✭p0✱ p1 ❡t
p2✮ à ❧✬éq✉✐❧✐❜r❡ s❡r♦♥t ❛❧♦rs ❞♦♥♥é❡s ♣❛r ✭✜❣✉r❡ ✶✳✷✲❈ ♣✳ ✶✸✮ ✿






p0 = p2
a

p1 = 2papA

p2 = p2
A

✲ ❉é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ✿ ❧♦rsq✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ♥❡
s♦♥t ♣❛s r❡s♣❡❝té❡s✱ ❧❡s ♣r♦♣♦rt✐♦♥s ♦❜s❡r✈é❡s ♣❡✉✈❡♥t ❞é✈✐❡r ❞❡s ✈❛❧❡✉rs ❛tt❡♥❞✉❡s✳ ❙✐ ❧❡s
❝♦♥tr❛✐♥t❡s ❞❡ ♣❛♥♠✐①✐❡ ❡t ❞❡ ♣♦♣✉❧❛t✐♦♥ ✐♥✜♥✐❡ ❛✛❡❝t❡♥t ❞✐r❡❝t❡♠❡♥t ❝❡s ♣r♦♣♦rt✐♦♥s✱ ❧❛
♠✐❣r❛t✐♦♥✱ ❧❛ sé❧❡❝t✐♦♥ ❡t ❧❛ ♠✉t❛t✐♦♥ ❝❤❛♥❣❡r♦♥t ❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ♠❛✐s ❧❛ ♣♦♣✉✲
❧❛t✐♦♥ ❝♦♥t✐♥✉❡r❛ à r❡s♣❡❝t❡r ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ♣ré❞✐t❡s à ❧✬éq✉✐❧✐❜r❡ à ❝❤❛q✉❡
❣é♥ér❛t✐♦♥✳ ▲❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ✭F✮ ♣❡✉t✲êtr❡ ✈✉ ❝♦♠♠❡ ✉♥❡ ♠❡s✉r❡ ❞❡ ❞é✲
✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡✱ r❡♥❞❛♥t ❝♦♠♣t❡ ❞❡ ❧✬❡①❝ès ♦✉ ❞✉ ❞é✜❝✐t ❞✬❤étér♦③②❣♦t❡s
❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❀ ❲r✐❣❤t ✭✶✾✷✶✮ ❛ ♣r♦♣♦sé ✉♥ ♠♦❞è❧❡ ♣❡r♠❡tt❛♥t ❞❡ s♣é❝✐✜❡r ❧❡s ♣r♦✲
♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s à ♣❛rt✐r ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❡t ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té
q✉❛♥❞ ❧❛ ♣♦♣✉❧❛t✐♦♥ ♥❡ s✉✐t ♣❛s ❧✬éq✉✐❧✐❜r❡✳ ❉❛♥s ❧❡ ❝❛s s✐♠♣❧❡ ❞✬✉♥ ❧♦❝✉s à ❞❡✉① ❛❧❧è❧❡s
✭✜❣✉r❡ ✶✳✷✲❉ ♣✳ ✶✸✮ ✿ 





p0 = p2
a + FpapA

p1 = 2papA − 2FpapA

p2 = p2
A + FpapA

❯♥ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ♣♦s✐t✐❢ ✭F > 0✮ ✐♥❞✉✐r❛ ✉♥ ❞é✜❝✐t ❞✬❤étér♦③②❣♦t❡s ❞❛♥s
❧❛ ♣♦♣✉❧❛t✐♦♥✱ ✉♥ ❝♦❡✣❝✐❡♥t ♥é❣❛t✐❢ ✭F < 0✮ ✐♥❞✉✐r❛ ✉♥ ❡①❝ès✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ♥♦t❡r
q✉✬✉♥ ❝♦❡✣❝✐❡♥t ♥✉❧ ✭F = 0✮ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♣♦♣✉❧❛t✐♦♥ à ❧✬éq✉✐❧✐❜r❡✳

✶✵❧❛ ♣♦♣✉❧❛t✐♦♥ ❞✬✐♥térêt ❝♦♠♣♦rt❡ ❞❡s s♦✉s✲❣r♦✉♣❡s ❞✬✐♥❞✐✈✐❞✉s q✉✐ s♦♥t ❡♥ ♠♦②❡♥♥❡ ♣❧✉s ❛♣♣❛r❡♥tés
❧❡s ✉♥s ❛✉① ❛✉tr❡s q✉✬❛✉① ♠❡♠❜r❡s ❞❡s ❛✉tr❡s s♦✉s✲❣r♦✉♣❡s



✶✳✷✳ Pré❝❡♣t❡s ❞❡ ●é♥ét✐q✉❡ ✶✸

0 5 10 15 20

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

A

t

D
t

! = 0.5
! = 0.2
! = 0.1

B

SNP

S
N

P

0.0 0.2 0.4 0.6 0.8 1.0

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

C

Proportions alléliques

P
ro

p
o
rt

io
n
s
 g

é
n
o
ty

p
iq

u
e
s

AA
aA
aa

!0.4 !0.2 0.0 0.2 0.4

0
.0

0
.2

0
.4

0
.6

0
.8

1
.0

D

F

P
ro

p
o
rt

io
n
s
 g

é
n
o
ty

p
iq

u
e
s

❋✐❣✳ ✶✳✷ ✕ ❆ ✲ ❉é❝r♦✐ss❛♥❝❡ ❞✉ ▲❉ ✿ ❧❡ ▲❉ ❡♥tr❡ ❞❡✉① ❧♦❝✉s ❞✐♠✐♥✉❡ ❛✈❡❝ ❧❡ t❡♠♣s
✭t✮ ❡t ❧❡ t❛✉① ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥ ✭ρ✮✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈❛❧✉❡r ✐♥✐t✐❛❧❡ ❞❡ ▲❉ ❛✉ ♠♦♠❡♥t
❞❡ ❧❛ ♠✉t❛t✐♦♥ ✭D0✮ ✿ Dt = D0(1 − ρ)t ✭♠♦❞è❧❡ ❞❡ ▼❛❧❡❝♦t✮✳ ❇ ✲ ❇❧♦❝s ❞❡ ▲❉ ✿ ♦♥
❛ r❡♣rés❡♥té ❧✬✐♥t❡♥s✐té ❞✉ ▲❉ ✭r2✮ ❡♥tr❡ ❝❤❛q✉❡ ❙◆Ps ❞✬✉♥❡ ré❣✐♦♥ ❞✉ ❝❤r♦♠♦s♦♠❡ ✶✷
♣♦✉r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❋r❛♥ç❛✐s✱ ❛✜♥ ❞❡ ♠❡ttr❡ ❡♥ ❛✈❛♥t ❧❡s ❜❧♦❝s ❞❡ ▲❉ ✭❡♥ s♦♠❜r❡✮✳ ❈
✲ Pr♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣✳ ❉ ✲ Pr♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ✭pa =
0.4✮✳



✶✹ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✸ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡

❉é✜♥✐t✐♦♥

▲✬➱♣✐❞é♠✐♦❧♦❣✐❡ ❡st ✉♥❡ ❞✐s❝✐♣❧✐♥❡ s❝✐❡♥t✐✜q✉❡ q✉✐ ét✉❞✐❡ ❝❡ q✉✐ ❡st r❡❧❛t✐❢ à ❧❛ s❛♥té
❞✬✉♥❡ ♣♦♣✉❧❛t✐♦♥ ✿ ♠❛❧❛❞✐❡s✱ ❝♦♥séq✉❡♥❝❡s ❞❡s ♠❛❧❛❞✐❡s✱ ❝❛✉s❡s ❞❡ ♠♦rt❛❧✐té ❡t é❧é♠❡♥ts
❞❡ ✧❜♦♥♥❡ s❛♥té✧✳ ▲✬é♣✐❞é♠✐♦❧♦❣✐❡ ❡st ❛✈❛♥t t♦✉t ✉t✐❧✐sé❡ ♣♦✉r ❛❣✐r s✉r ❧❛ s❛♥té ❞❡s ♣♦✲
♣✉❧❛t✐♦♥s✱ ❞❛♥s ✉♥ s♦✉❝✐ ❞✬é✈❛❧✉❛t✐♦♥ ❞❡s r✐sq✉❡s✱ ❞❡ ♣ré✈❡♥t✐♦♥ ❡t ❞✬✐♥t❡r✈❡♥t✐♦♥ ❀ ❡❧❧❡ ♥❡
♣❡✉t ❣é♥ér❛❧❡♠❡♥t ♣❛s ❞♦♥♥❡r ❧❛ ♣r❡✉✈❡ ❞❡s ♠é❝❛♥✐s♠❡s q✉✐ ♣r♦✈♦q✉❡♥t ❧✬❛♣♣❛r✐t✐♦♥ ❞❡s
♣r♦❜❧è♠❡s ❞❡ s❛♥té ❀ ❡♥ r❡✈❛♥❝❤❡✱ ❡❧❧❡ é✈❛❧✉❡ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ st❛t✐st✐q✉❡ ❞✬✉♥❡ r❡❧❛t✐♦♥
❝❛✉s❛❧❡ ❡t ♣❡r♠❡t ❞✬❛❣✐r s✉r ❧❛ s❛♥té t♦✉t ❡♥ s❡ ♣❛ss❛♥t ❞❡s ❝♦♥tr❛✐♥t❡s ❡①♣ér✐♠❡♥t❛❧❡s✳
P❛r ❡①❡♠♣❧❡✱ ♦♥ ♥❡ ✈❛ ♣❛s ✐♥❝✐t❡r ❞❡s s✉❥❡ts à ❢✉♠❡r ♣♦✉r ♣r♦✉✈❡r ✉♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ ❧❡ ❢❛✐t
❞❡ ❢✉♠❡r ❡t ❝❡❧✉✐ ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥ ❝❛♥❝❡r ❞✉ ♣♦✉♠♦♥✳ ❖♥ ❞✐st✐♥❣✉❡r❛ ✿ ✭✐✮ ❧✬➱♣✐❞é♠✐♦✲
❧♦❣✐❡ ❞❡s❝r✐♣t✐✈❡✱ q✉✐ ❞é❝r✐t ❧❡s ♣❤é♥♦♠è♥❡s ❞❡ s❛♥té ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s
✐♥❞✐✈✐❞✉s t❡❧s q✉❡ ❧✬â❣❡ ♦✉ ❧❡ s❡①❡✱ ✭✐✐✮ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ❛♥❛❧②t✐q✉❡✱ q✉✐ ✈✐s❡ à ét❛❜❧✐r ❧❡s
❝❛✉s❡s ❡t ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢❛❝t❡✉rs ❧✐és ❛✉① ♣❤é♥♦♠è♥❡s ❞é❝r✐ts✱ ✭✐✐✐✮ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ♣r♦s✲
♣❡❝t✐✈❡ q✉✐ ✈✐s❡ à ♣ré✈♦✐r ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♣❤é♥♦♠è♥❡s ♣❛t❤♦❧♦❣✐q✉❡s ❡♥ s✬❛♣♣✉②❛♥t s✉r ❞❡s
❝♦♥♥❛✐ss❛♥❝❡s ♦❜t❡♥✉❡s✱ ❡t ✭✐✈✮ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ❞✬✐♥t❡r✈❡♥t✐♦♥ q✉✐ ❝♦♥s✐st❡ à ét✉❞✐❡r ❧❡s
❝♦♥séq✉❡♥❝❡s ❞✬✉♥❡ ♠ét❤♦❞❡s ❞❡ ♣ré✈❡♥t✐♦♥ s✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ♠❛❧❛❞✐❡ ❞♦♥♥é❡✳

❖♥ s❛✐t ❛✉❥♦✉r❞✬❤✉✐ q✉✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❛t❤♦❧♦❣✐❡s ❛ ✉♥❡ ❝♦♠♣♦s❛♥t❡ ❣é♥ét✐q✉❡✳
▲✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ s❡ ❞é✜♥✐t ❞♦♥❝ ❝♦♠♠❡ ❧❛ ❞❡s❝r✐♣t✐♦♥ ❡t ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡
❝❡s ❢❛❝t❡✉rs ❣é♥ét✐q✉❡s✱

✏❛ s❝✐❡♥❝❡ t❤❛t ❞❡❛❧s ✇✐t❤ ❡t✐♦❧♦❣②✱ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❝♦♥tr♦❧ ♦❢ ❞✐s❡❛s❡ ✐♥ ❣r♦✉♣s ♦❢
r❡❧❛t✐✈❡s ❛♥❞ ✇✐t❤ ✐♥❤❡r✐t❡❞ ❝❛✉s❡s ♦❢ ❞✐s❡❛s❡ ✐♥ ♣♦♣✉❧❛t✐♦♥✑ ✭▼♦rt♦♥ ✶✾✾✽✮✳

❉❡ ❢❛✐t✱ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ s❡ s✐t✉❡ à ❧✬✐♥t❡r❢❛❝❡ ❞❡ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ❡t ❞❡ ❧❛
●é♥ét✐q✉❡ ❛♣♣❧✐q✉é❡ à ❧✬é❝❤❡❧❧❡ ❞❡s ♣♦♣✉❧❛t✐♦♥s✳ ❉❡s ❞❡✉① ❞✐s❝✐♣❧✐♥❡s ❡❧❧❡ ❡♠♣r✉♥t❡ ❧❡s
♦❜❥❡❝t✐❢s✱ ❧❡s ♣r♦❜❧é♠❛t✐q✉❡s ❛✐♥s✐ q✉❡ ❧❡s ♦✉t✐❧s ❞✬❛♥❛❧②s❡✳

➱t✐♦❧♦❣✐❡ s✐♠♣❧❡✱ ét✐♦❧♦❣✐❡ ❝♦♠♣❧❡①❡

▲✬ét✐♦❧♦❣✐❡ ❞✬✉♥❡ ♠❛❧❛❞✐❡ r❡♣rés❡♥t❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠é❝❛♥✐s♠❡s ❞✐r❡❝t❡♠❡♥t ❧✐és à s♦♥
❛♣♣❛r✐t✐♦♥✳ ❉✬✉♥ ♣♦✐♥t ❞✉ ✈✉❡ ❣é♥ét✐q✉❡✱ ❞❛♥s ❧❡ ♣❧✉s s✐♠♣❧❡ ❞❡s ❝❛s✱ ❧❛ ♠♦❞✐✜❝❛t✐♦♥
❞✬✉♥ ❣è♥❡ ♠❛❥❡✉r ❡st r❡s♣♦♥s❛❜❧❡ à ❡❧❧❡ s❡✉❧❡ ❞❡ ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ ❖♥ ♣❛r❧❡
❛❧♦rs ❞❡ ♠❛❧❛❞✐❡ ♠♦♥♦❣é♥✐q✉❡ ♦✉ ❞✬ét✐♦❧♦❣✐❡ s✐♠♣❧❡✳ ■❧ ❡①✐st❡ ❡♥✈✐r♦♥ ✻✱✵✵✵ ♠❛❧❛❞✐❡s
♠♦♥♦❣é♥✐q✉❡s ré♣❡rt♦r✐é❡s à ❝❡ ❥♦✉r✳ P❛r♠✐ ❧❡s ♣❧✉s ❝♦✉r❛♥t❡s✱ ♦♥ tr♦✉✈❡ ♣❛r ❡①❡♠♣❧❡ ❧❛
♠✉❝♦✈✐s❝✐❞♦s❡✱ ❧❛ ❞ré♣❛♥♦❝②t♦s❡✱ ❧❛ ❝❤♦ré❡ ❞❡ ❍✉♥t✐♥❣t♦♥✱ ❧❛ ♠②♦♣❛t❤✐❡ ❞❡ ❉✉❝❤❡♥♥❡ ❛✐♥s✐
q✉❡ ❧❛ ❞②str♦♣❤✐❡ ♠✉s❝✉❧❛✐r❡✳ ❊❧❧❡s ♣rés❡♥t❡♥t ❡♥ ❣é♥ér❛❧ ✉♥ très ❢♦rt ❝❛r❛❝tèr❡ ❤éré❞✐t❛✐r❡✳



✶✳✸✳ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ✶✺

▲♦rsq✉❡ ❧❛ ♠❛❧❛❞✐❡ ♣rés❡♥t❡ ❞❡s ❝♦♠♣♦s❛♥t❡s ❣é♥ét✐q✉❡s ❡t ❡♥✈✐r♦♥♥❡♠❡♥t❛❧❡s ♠✉❧✲
t✐♣❧❡s✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ♠❛❧❛❞✐❡ ♠✉❧t✐❢❛❝t♦r✐❡❧❧❡ ♦✉ ❞✬ét✐♦❧♦❣✐❡ ❝♦♠♣❧❡①❡✳ ▲❡✉r ♠♦❞❡
❞❡ tr❛♥s♠✐ss✐♦♥ ❡st ❜✐❡♥ ♠♦✐♥s é✈✐❞❡♥t ❡t ❧❛ ❝♦❡①✐st❡♥❝❡ ❞✬❡✛❡ts ❝♦♠❜✐♥és ❞❡ ❢❛❝t❡✉rs
❣é♥ét✐q✉❡s ❡t ❡♥✈✐r♦♥♥❡♠❡♥t❛✉① r❡♥❞ ❞✐✣❝✐❧❡ ❧❛ ♣ré❞✐❝t✐♦♥ ❞❡ ❧❛ ♠❛❧❛❞✐❡ ❛✉ r❡❣❛r❞ ❞✬✉♥
❣è♥❡ s❡✉❧✳ ❖♥ ❢❡r❛ ❛❧♦rs ♣❧✉tôt ré❢ér❡♥❝❡ ❛✉① ❣è♥❡s ✐♠♣❧✐q✉és ❡♥ t❛♥t q✉❡ ❣è♥❡s ❞❡ ♣ré✲
❞✐s♣♦s✐t✐♦♥ ♦✉ ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ P❛r♠✐ ❧❡s ♣❧✉s ❝♦✉r❛♥t❡s✱ ♦♥ ♣♦✉rr❛ ❝✐t❡r ❧✬❛st❤♠❡✱
❧❡s ♠❛❧❛❞✐❡s ❛✉t♦✲✐♠♠✉♥❡s ✭❡✳❣✳ ❞✐❛❜èt❡ ❞❡ t②♣❡✲■✱ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡✱ ♣♦❧②❛rt❤r✐t❡ r❤✉✲
♠❛t♦ï❞❡✮✱ ❧❡s ♠❛❧❛❞✐❡s ♣s②❝❤✐❛tr✐q✉❡s ✭❡✳❣✳ s❝❤✐③♦♣❤ré♥✐❡✮ ❡t ❧❡s ❝❛♥❝❡rs ✭❡✳❣✳ ♠é❧❛♥♦♠❡
♠❛❧✐♥✮✳

❉❡s ♦r✐❣✐♥❡s ❞❡ ❧❛ ❞✐s❝✐♣❧✐♥❡ à ♥♦s ❥♦✉rs

✲ ▲❡s ♣èr❡s ❢♦♥❞❛t❡✉rs ✿ ❧❛ ♣❛t❡r♥✐té ❞❡ ❧❛ ●é♥ét✐q✉❡ ❡st s♦✉✈❡♥t ❛ttr✐❜✉é❡ à ▼❡♥❞❡❧
✭✶✽✷✷✲✶✽✽✹✮✳ ■❧ ❢✉t ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ❧❡ ♣r❡♠✐❡r à ✉t✐❧✐s❡r ❧❡ t❡r♠❡ ❞❡ ✏❣è♥❡✑ ❞❛♥s ❧❡
❝❛❞r❡ ❞❡ s❡s r❡❝❤❡r❝❤❡s s✉r ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡s ❝❛r❛❝tèr❡s ❤éré❞✐t❛✐r❡s✳ ❙❡❧♦♥ ▼❡♥❞❡❧✱ ❧❡s
❝❛r❛❝tèr❡s s❡ tr❛♥s♠❡tt❡♥t ❞✬✉♥❡ ❣é♥ér❛t✐♦♥ à ❧✬❛✉tr❡ ♣❛r ❧❡ ♠♦②❡♥ ❞❡ ❣è♥❡s q✉✐ s✉✐✈❡♥t
❞❡s ❧♦✐s ♣ré❝✐s❡s ❞❡ sé❣ré❣❛t✐♦♥s✱ ❛♣♣❡❧é❡s ❧♦✐s ❞❡ ▼❡♥❞❡❧✳ ❯♥❡ t❡❧❧❡ ✐❞é❡ ét❛✐t ❡♥ t♦t❛❧❡
♦♣♣♦s✐t✐♦♥ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❞❡ ❧✬é♣♦q✉❡ q✉✐ ♠✐s❛✐t ♣❧✉tôt s✉r ✉♥ ♠é❧❛♥❣❡ éq✉✐♣r♦❜❛❜❧❡ ❞❡s
❝❛r❛❝tèr❡s ♣❛r❡♥t❛✉①✳ ❙✐ ❧❡s tr❛✐ts ♠♦♥♦❣é♥✐q✉❡s s✉✐✈❡♥t ♣❛r❢❛✐t❡♠❡♥t ❧❡s ❧♦✐s ❞❡ ▼❡♥❞❡❧
❡t ♣♦rt❡♥t ❡♥ ❝♦♥séq✉❡♥❝❡s ✲ ❞❡ ❢❛ç♦♥ ✉♥ ♣❡✉ s✐♠♣❧✐st❡ ❡t ❛❜✉s✐✈❡ ✲ ❛✉ss✐ ❧❡ ♥♦♠ ❞❡
tr❛✐ts ♠❡♥❞é❧✐❡♥s✱ ❧❡s tr❛✐ts ❝♦♠♣❧❡①❡s ♦♥t r❛♣✐❞❡♠❡♥t ♠♦♥tré ❧❡s ❧✐♠✐t❡s ❞❡ ❝❡s ❧♦✐s✳ ❆✉
❞é❜✉t ❞✉ ✷✵è♠❡ s✐è❝❧❡✱ ❞❡s s❝✐❡♥t✐✜q✉❡s t❡❧s q✉❡ ●❛❧t♦♥ ✭✶✽✷✷✲✶✾✶✶✮ ❡t P❡❛rs♦♥ ✭✶✽✺✼✲
✶✾✸✻✮ ❝♦♠♠❡♥❝❡♥t à ❞é❝r✐r❡ ❞❡s ❝❛r❛❝tèr❡s q✉✐ ♥❡ s❡♠❜❧❡♥t ♣❛s s✉✐✈r❡ ❧❡s ❧♦✐s ❞❡ ▼❡♥❞❡❧✳
❈✬❡st ❡♥ ✶✾✶✽ q✉❡ ❋✐s❤❡r ✭✶✽✾✵✲✶✾✻✷✮ ♣✉❜❧✐❡ ✉♥ tr❛✐té s✉r ❧❡s ❝❛r❛❝tèr❡s ♣♦❧②❣é♥✐q✉❡s ❡♥
✐♥tr♦❞✉✐s❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡ ♣❤é♥♦t②♣❡ ❞✬✉♥ ✐♥❞✐✈✐❞✉ ♣❡✉t rés✉❧t❡r ❞❡s ❡✛❡ts ❝♦♥❥♦✐♥ts ❞❡
♣❧✉s✐❡✉rs ❣è♥❡s✱ ❛✉❝✉♥ ♥✬❛②❛♥t ♣❛r ❛✐❧❧❡✉rs ❞✬❡✛❡t ♠❛❥❡✉r s✉r ❧❡ ❝❛r❛❝tèr❡ ❀ ✐❧ ♠❛rq✉❡ ❛✐♥s✐
❧❡ ❞é❜✉t ❞❡ ❧✬ét✉❞❡ ❞❡s tr❛✐ts ❝♦♠♣❧❡①❡s ♦✉✱ ♣❛r ♦♣♣♦s✐t✐♦♥ ❛✉① tr❛✐ts ♠❡♥❞é❧✐❡♥s ❡t ❞❡
❢❛ç♦♥ t♦✉t ❛✉ss✐ ❛❜✉s✐✈❡✱ tr❛✐ts ♥♦♥✲♠❡♥❞é❧✐❡♥s✳

✲ ▲✬✐♠♣❛❝t ❞❡ ❧❛ ❇✐♦❧♦❣✐❡ ❈❡❧❧✉❧❛✐r❡ ❡t ▼♦❧é❝✉❧❛✐r❡ ✿ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ✲
❡t ♣❧✉s ❣é♥ér❛❧❡♠❡♥t ❧❛ ●é♥ét✐q✉❡ ✲ ❛ ❜✐❡♥ é✈✐❞❡♠♠❡♥t é✈♦❧✉é ❡♥ ♣❛r❛❧❧è❧❡ ❛✈❡❝ ❧❡s ♣r♦❣rès
t❡❝❤♥✐q✉❡s ❡♥ ❇✐♦❧♦❣✐❡✳ ▲❡ ❇✐♦❧♦❣✐❡ ❈❡❧❧✉❧❛✐r❡ ❛ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♣❡r♠✐s ❞❡ ❥❡t❡r
❧❡s ❜❛s❡s ❝❡❧❧✉❧❛✐r❡s ❞❡ ❧✬❤éré❞✐té ✿ ❧❡ ❝❤r♦♠♦s♦♠❡✳ ▲✬❛✈è♥❡♠❡♥t ❞❡ ❧❛ ❇✐♦❧♦❣✐❡ ▼♦❧é❝✉❧❛✐r❡
❞❛♥s ❧❡s ❛♥♥é❡s ✶✾✼✵ ❛ ♣❡r♠✐s ❡♥s✉✐t❡ ❧✬é❧✉❝✐❞❛t✐♦♥ ❞❡s ❜❛s❡s ♠♦❧é❝✉❧❛✐r❡s ❞❡ ❧✬❤éré❞✐té ✿ ❧❛
séq✉❡♥❝❡ ❞✬❆❉◆✳ ❈❡❧❛ ❛ ❛❝❝é❧éré ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠❛rq✉❡✉rs ❣é♥ét✐q✉❡s✶✶ à ❧✬♦r✐❣✐♥❡
❞❡s ♣r❡♠✐èr❡s t❡♥t❛t✐✈❡s ❞❡ ❝❛rt♦❣r❛♣❤✐❡ ❞✉ ❣é♥♦♠❡ ✈❡rs ❧❛ ✜♥ ❞❡s ❛♥♥é❡s ✶✾✽✵✳ ❉❡ ❢❛✐t✱
❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ❡♥❣❧♦❜❡ ❧❡ ❝♦♥❝❡♣t ❞✬➱♣✐❞é♠✐♦❧♦❣✐❡ ▼♦❧é❝✉❧❛✐r❡ q✉✐ ré❢èr❡ à
❧✬✐♥té❣r❛t✐♦♥ ❞❡s ♠❛rq✉❡✉rs ❣é♥ét✐q✉❡s ❞❛♥s ❧❡s ét✉❞❡s é♣✐❞é♠✐♦❧♦❣✐q✉❡s✳

✶✶séq✉❡♥❝❡ ❞✬❆❉◆ ✈❛r✐❛❜❧❡ ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞♦♥t ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❡st ♣❛r❢❛✐t❡♠❡♥t ❝♦♥♥✉❡



✶✻ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✲ ▲✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ▼♦❞❡r♥❡ ✿ ❛♣♣✉②é❡ ♣❛r ❞❡s ♣r♦❥❡ts ✐♥t❡r♥❛t✐♦♥❛✉①
❞❡ ❣r❛♥❞❡ ❡♥✈❡r❣✉r❡ ✭❍✉♠❛♥ ●❡♥♦♠❡ Pr♦❥❡❝t✱ ❍❛♣▼❛♣ Pr♦❥❡❝t✶✷✱ ❞❜❙◆P✶✸✮ q✉✐ ❛❝❝♦♠✲
♣❛❣♥❡♥t ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞✬✉♥❡ q✉❛♥t✐té ✐♠♣♦rt❛♥t❡ ❞❡ ❞♦♥♥é❡s✱ r❡♥❞✉❡ ♣♦ss✐❜❧❡ ♣❛r ❧❡s ré✲
❝❡♥ts ❞é✈❡❧♦♣♣❡♠❡♥t t❡❝❤♥♦❧♦❣✐q✉❡s ❡♥ ♠❛t✐èr❡ ❞❡ ❣é♥♦t②♣❛❣❡✱ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡
ré✉♥✐t ❛✉❥♦✉r❞✬❤✉✐ t♦✉s ❧❡s ♠♦②❡♥s ♥é❝❡ss❛✐r❡s à ❧✬é❧✉❝✐❞❛t✐♦♥ ❞❡s ♠é❝❛♥✐s♠❡s ❣é♥ét✐q✉❡s
❞❡s ♣r✐♥❝✐♣❛❧❡s ♣❛t❤♦❧♦❣✐❡s ♠✉❧t✐❢❛❝t♦r✐❡❧❧❡s✳

▲❡s ❝❤❛♥❝❡s ❞❡ ré✉ss✐t❡s ❞❛♥s ❝❡ ❞♦♠❛✐♥❡s ❞❡✈r♦♥t s✬❛♣♣✉②❡r ♣❛r❛❧❧è❧❡♠❡♥t s✉r ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠ét❤♦❞❡s ♠❛t❤é♠❛t✐q✉❡s✱ st❛t✐st✐q✉❡s ❡t ✐♥❢♦r♠❛t✐q✉❡s ♣❡r♠❡tt❛♥t ❧❡
tr❛✐t❡♠❡♥t ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❞✐s♣♦♥✐❜❧❡s✳

✶✳✹ ❈❛❞r❡s ❞✬ét✉❞❡

▲❡s ♠❛rq✉❡✉rs ❣é♥ét✐q✉❡s

❏✉sq✉❡ ❞❛♥s ❧❡s ❛♥♥é❡s ✶✾✽✵✱ ❧❡s ♠❛rq✉❡✉rs ✉t✐❧✐sés ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ét❛✐❡♥t
❞✬♦r❞r❡ ❜✐♦❝❤✐♠✐q✉❡✳ ■❧ s✬❛❣✐ss❛✐t ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❞✉ ❣r♦✉♣❡ s❛♥❣✉✐♥ ❆❇❖ ✭❘❛❝❡ ❡t
❙❛♥❣❡r ✶✾✼✺✮ ♣✉✐s ❞❡ ♣r♦té✐♥❡s ♣♦rt❡✉s❡s ❞❡ ♣♦❧②♠♦r♣❤✐s♠❡s✱ ❝✬❡st à ❞✐r❡ ♣rés❡♥t❡♥t s♦✉s
♣❧✉s✐❡✉rs ❢♦r♠❡s ✐❞❡♥t✐✜❛❜❧❡s ❣râ❝❡ à ❧❡✉r ❞✐✛ér❡♥❝❡ ❞❡ ♠✐❣r❛t✐♦♥ s✉r ❣❡❧ ✭❘♦②❝❤♦✉❞❤✉r✐ ❡t
◆❡✐ ✶✾✽✽✮✳ ▲❡s ❛✈❛♥❝é❡s ❡♥ ❇✐♦❧♦❣✐❡ ▼♦❧é❝✉❧❛✐r❡ ♦♥t ❡♥s✉✐t❡ ♣❡r♠✐s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s
♠❛rq✉❡✉rs ❣é♥ét✐q✉❡s r❡♣♦s❛♥t s✉r ❧❛ ✈❛r✐❛❜✐❧✐té ❞❡ ❧❛ séq✉❡♥❝❡ ❞✬❆❉◆ ❡♥ ❞❡s ♣♦s✐t✐♦♥s
♣❛r❢❛✐t❡♠❡♥t ❝♦♥♥✉❡s✶✹✳ ▲❡s ♣r❡♠✐❡rs ❢✉r❡♥t ❧❡s ❘❡str✐❝t✐♦♥ ❋r❛❣♠❡♥t ▲❡♥❣t❤ P♦❧②♠♦r✲
♣❤✐s♠s ✭❘❋▲Ps✮✱ ❧❡s ❱❛r✐❛❜❧❡ ◆✉♠❜❡r ♦❢ ❚❛♥❞❡♠ ❘❡♣❡❛t ✭❱◆❚❘s ♦✉ ♠✐♥✐s❛t❡❧❧✐t❡s✮ ❡t ❧❡s
❙❤♦rt ❚❛♥❞❡♠ ❘❡♣❡❛t P♦❧②♠♦r♣❤✐s♠s ✭❙❚❘Ps ♦✉ ♠✐❝r♦s❛t❡❧❧✐t❡s✮✳

▲❡s ♣❧✉s ré❝❡♥ts s♦♥t ❧❡s ❙✐♥❣❧❡ ◆✉❝❧❡♦t✐❞❡ P♦❧②♠♦r♣❤✐s♠s ✭❙◆Ps✮✳ ■❧s ❢♦♥t ♣❛rt✐❡ ❞❡ ❧❛
❢❛♠✐❧❧❡ ❞❡s ❘❋▲Ps✱ ♠❛✐s ♥✬✐♠♣❧✐q✉❡♥t ❧❡ ❝❤❛♥❣❡♠❡♥t ✭✐✳❡✳ ♠✉t❛t✐♦♥✱ ❞é❧ét✐♦♥✱ ✐♥s❡rt✐♦♥✮
q✉❡ ❞✬✉♥ ♥✉❝❧é♦t✐❞❡ ❡♥ ✉♥ ❧♦❝✉s ❞♦♥♥é ❡t s♦♥t ❞❡ ♠❛♥✐èr❡ ❣é♥ér❛❧❡ ❜✐✲❛❧❧é❧✐q✉❡s ✭a✱ A✮✳
❈❤❛q✉❡ ✐♥❞✐✈✐❞✉ s❡r❛ ❞♦♥❝ ♣♦rt❡✉r ❛✉ ♥✐✈❡❛✉ ❞✬✉♥ ❙◆P ❞✬✉♥ ❞❡s tr♦✐s ❣é♥♦t②♣❡s ♣♦ss✐❜❧❡s✱
❧❡s ❞❡✉① ❣é♥♦t②♣❡s ❤♦♠♦③②❣♦t❡s ✭aa ❡t AA✮ ❡t ❧❡ ❣é♥♦t②♣❡ ❤étér♦③②❣♦t❡ ✭aA ♦✉ Aa
✐♥❞✐s❝❡r♥❛❜❧❡s ❧✬✉♥ ❞❡ ❧✬❛✉tr❡✮✳ ▲❡s ❙◆Ps r❡♣rés❡♥t❡♥t ✉♥❡ s♦✉r❝❡ ❞✬✐♥❢♦r♠❛t✐♦♥ r✐❝❤❡ ❡t
❛❜♦♥❞❛♥t❡✱ ❛♣♣❛r❛✐ss❛♥t ❡♥ ♠♦②❡♥♥❡ ❥✉sq✉✬à ✉♥❡ ❢♦✐s t♦✉t❡s ❧❡s ✷✱✵✵✵ ❜❛s❡s ❧❡ ❧♦♥❣ ❞❡s ✸
♠✐❧❧✐❛r❞s ❞❡ ❧❡ttr❡s ❝♦♥st✐t✉❛♥t ❧❡ ❣é♥♦♠❡ ❤✉♠❛✐♥✳ ▲❛ ❞✐♠✐♥✉t✐♦♥ à ❧❛ ❢♦✐s ❞✉ ❝♦ût ❡t ❞✉
t❡♠♣s ❞❡ séq✉❡♥ç❛❣❡ ❛ ré❝❡♠♠❡♥t ❛❥♦✉té à ❧❡✉r ✐♥térêt ❝r♦✐ss❛♥t✳ ❖♥ ♣❡✉t ❛✉❥♦✉r❞✬❤✉✐
❛♣♣r♦❝❤❡r à ✵✳✵✵✵✼ ❡✉r♦s ❡t ✵✳✵✷✼ s❡❝♦♥❞❡s ❧❡ ❝♦ût ❡t ❧❡ t❡♠♣s ❞❡ ❣é♥♦t②♣❛❣❡ ❞✬✉♥ ❙◆P
♣❛r ✐♥❞✐✈✐❞✉✳ ▲❡s ❙◆Ps ❧♦❝❛❧✐sés ❞❛♥s ❧❡s ré❣✐♦♥s ❝♦❞❛♥t❡s ❞✬✉♥ ❣è♥❡ ♣❡✉✈❡♥t ♣❛r ❛✐❧❧❡✉rs
❥♦✉❡r ✉♥ rô❧❡ ❞✐r❡❝t ❡♥ ❛❧tér❛♥t ❧❛ ❢♦r♠❡ ❡t ❛✐♥s✐ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦té✐♥❡ ♣r♦❞✉✐t❡ à ♣❛rt✐r
❞✉ ❣è♥❡ ❡♥ q✉❡st✐♦♥ ✭❙◆P ♠✐ss❡♥s❡✮✳

✶✷❤tt♣✿✴✴✇✇✇✳❤❛♣♠❛♣✳♦r❣
✶✸❤tt♣✿✴✴✇✇✇✳♥❝❜✐✳♥❧♠✳♥✐❤✳❣♦✈✴❙◆P
✶✹♦✉ ❧♦❝✉s✲s♣é❝✐✜q✉❡s
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RFLP

aa

aA

AA

ACGTG  CCATA

ACGTG  CCATA

ACGTG  CCATA

ACGTAACATA

ACGTAACATA

ACGTAACATA

sites de restriction 
enzymatique

...CGCGCG...

...CGCGCG...

...CGCGCG...

...CGCG...

...CGCG...

...CGCG...

(CG)3

(CG)2

STRP SNP

...AGTA...

...AGTA...

...AGTA...

...ACTA...

...ACTA...

...ACTA...

❋✐❣✳ ✶✳✸ ✕ ▼❛rq✉❡✉rs ❣é♥ét✐q✉❡s ✿ ♦♥ r❡♣rés❡♥t❡ ✐❝✐ tr♦✐s t②♣❡s ❞❡ ♠❛rq✉❡✉rs ❣é♥é✲
t✐q✉❡s ✭❘❋▲P✱ ❙❚❘P ❡t ❙◆P✮ ❜✐✲❛❧❧é❧✐q✉❡s ♣♦✉r ❞❡s ✐♥❞✐✈✐❞✉s ❤♦♠♦③②❣♦t❡s ✭aa ❡t AA✮ ❡t
❤étér♦③②❣♦t❡s ✭aA✮✳

❉♦♥♥é❡s ❋❛♠✐❧✐❛❧❡s ✈s ❈❛s✲❚é♠♦✐♥s

✲ ➱t✉❞❡s ❢❛♠✐❧✐❛❧❡s ✿ ❧❡s ét✉❞❡s ❢❛♠✐❧✐❛❧❡s tr❛✐t❡♥t ❝♦♥❥♦✐♥t❡♠❡♥t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡
❞❡ ❢❛♠✐❧❧❡s ❞❡ ❢❛ç♦♥ à ❞ét❡❝t❡r ❧❛ tr❛♥s♠✐ss✐♦♥ ♣ré❢ér❡♥t✐❡❧❧❡ ❞✬❛❧❧è❧❡s ❝❤❡③ ❧❡s ♣❡rs♦♥♥❡s
❛tt❡✐♥t❡s ♣❛r ❧❛ ♠❛❧❛❞✐❡ ❝♦♥s✐❞éré❡✳ P❛r♠✐ ❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞✬ét✉❞❡s ❢❛♠✐❧✐❛❧❡s✱ ♦♥ ❞✐s✲
t✐♥❣✉❡r❛ ❝❡❧❧❡s r❡♣♦s❛♥t s✉r ❞❡s ♣❡❞✐❣r❡❡ ✭♦✉ ❧✐❣♥é❡s ❢❛♠✐❧✐❛❧❡s✮ ♣❧✉s ♦✉ ♠♦✐♥s ❧❛r❣❡s ❞❡
❝❡❧❧❡s ❢♦♥❞é❡s s✉r ❞❡s ❢❛♠✐❧❧❡s ♥✉❝❧é❛✐r❡s ✭❧❡s ❞❡✉① ♣❛r❡♥ts ❡t ❛✉ ♠♦✐♥s ✉♥ ❡♥❢❛♥t✮ q✉✐
♣❡✉✈❡♥t s❡ ré❞✉✐r❡ ❛✉ ❝❛s ❞❡s tr✐♦s ✭❧❡s ❞❡✉① ♣❛r❡♥ts ❡t ✉♥ s❡✉❧ ❡♥❢❛♥t✮✳ ❖♥ ♣❡✉t ❞❡ ❧❛
♠ê♠❡ ❢❛ç♦♥ ♠❡♥❡r ✉♥❡ ét✉❞❡ s✉r ❧❛ ❜❛s❡ ❞❡ ❢r❛tr✐❡s ✭s❛♥s ❧❡s ♣❛r❡♥ts✮✱ ❝❡ q✉✐ ♣♦rt❡ ❧❡
♥♦♠ ❞✬ét✉❞❡ ❞❡ ♣❛✐r❡s ❞❡ ❣❡r♠❛✐♥s ♦✉ s✐❜✲♣❛✐rs✳

✲ ➱t✉❞❡s ❝❛s✲té♠♦✐♥s ✿ ❛✉① ét✉❞❡s ❢❛♠✐❧✐❛❧❡s ♦♥ ♦♣♣♦s❡r❛ ✉♥❡ ❛♣♣r♦❝❤❡ ♣❧✉s é♣✐❞é✲
♠✐♦❧♦❣✐q✉❡ ❛♣♣❡❧é❡ ❝❛s✲té♠♦✐♥s✳ ❯♥❡ ét✉❞❡ ❝❛s✲té♠♦✐♥s ❝❤❡r❝❤❡ à ❞é❝❡❧❡r ✉♥❡ ❞✐✛ér❡♥❝❡
❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡s ✈❛r✐❛♥ts ❣é♥ét✐q✉❡s ❡♥tr❡ ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❛s✱ ❝♦♥st✐t✉é❡ ❞✬✐♥❞✐✈✐❞✉s
❞✐❛❣♥♦st✐q✉és ❛✈❡❝ ❧❛ ♠❛❧❛❞✐❡ ❞✬✐♥térêt✱ ❡t ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ té♠♦✐♥s sé❧❡❝t✐♦♥♥és ❞❛♥s
❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❡t q✉✐ ♥❡ s♦♥t ❛ ♣r✐♦r✐ ♣❛s ♣♦rt❡✉rs ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ ❆ ♣r❡♠✐èr❡ ✈✉❡✱
❧❡ r❡❝r✉t❡♠❡♥t ❞❡ ❝❛s ❡t ❞❡ té♠♦✐♥s ♣❡✉t ♣❛r❛îtr❡ ♣❧✉s ❢❛❝✐❧❡ q✉❡ ❝❡❧✉✐ ❞❡ ❢❛♠✐❧❧❡s✱ ❞✉ ❢❛✐t
❞❡ ❧❛ ❝♦♥tr❛✐♥t❡ ✐♠♣♦sé❡ ❞❛♥s ❝❡ ❞❡r♥✐❡r ❝❛s ♣❛r ❧✬♦❜t❡♥t✐♦♥ ❞❡s ❣é♥♦t②♣❡s ❞✬✐♥❞✐✈✐❞✉s
❛♣♣❛r❡♥tés✳ ■❧ ♣❡✉t ❡♥ ❡✛❡t s✬❛✈ér❡r ❞✐✣❝✐❧❡ ❞✬♦❜t❡♥✐r ❧❡s ♣❛r❡♥ts ❞❡ ❝❤❛q✉❡ ♣❛t✐❡♥t✱ ❡♥
♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧❛ ♠❛❧❛❞✐❡ s❡ ❞é✈❡❧♦♣♣❡ à ✉♥ â❣❡ ❛✈❛♥❝é✳ ❈❡♣❡♥❞❛♥t✱ ❧❡ ❝❤♦✐① ❞❡s ❝❛s ❡t
❞❡s té♠♦✐♥s ♣❡✉t é❣❛❧❡♠❡♥t s♦✉❧❡✈❡r ❝❡rt❛✐♥s ♣r♦❜❧è♠❡s✳ ❊♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ✐❧ ❡st ♥é❝❡ss❛✐r❡
❞✬❛ss✉r❡r ❧✬❤♦♠♦❣é♥é✐té ❞❡s ❞❡✉① ❣r♦✉♣❡s ❡♥ ♣r❡♥❛♥t s♦✐♥ ❞❡ ❧❡s ❛ss♦rt✐r s✉r ❞❡s ❝♦✈❛r✐❛❜❧❡s



✶✽ ✶✳ ■♥tr♦❞✉❝t✐♦♥

t❡❧❧❡s q✉❡ ❧✬â❣❡ ♦✉ ❧❡ s❡①❡✱ q✉✐ ♣❡✉✈❡♥t ❛✈♦✐r ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧❡ ♣❤é♥♦t②♣❡ ♦❜s❡r✈é ❡t
❛✐♥s✐ ❜✐❛✐s❡r ❧❡ ❢❛❝t❡✉r ❣é♥ét✐q✉❡ q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à ❞ét❡❝t❡r✳ ❙✐ ❝❡rt❛✐♥s ❜✐❛✐s ❝♦♠♠❡ ❧❡
s❡①❡ ♦✉ ❧✬â❣❡ s♦♥t ❛✐sé♠❡♥t ❝♦♥trô❧❛❜❧❡s ❧♦rs ❞✉ r❡❝r✉t❡♠❡♥t ❞❡s ✐♥❞✐✈✐❞✉s✱ ❞✬❛✉tr❡s t❡❧s
q✉❡ ❧✬♦r✐❣✐♥❡ ét❤♥✐q✉❡ ❧❡ s♦♥t ♣❧✉s ❞✐✣❝✐❧❡♠❡♥t ✭✈♦✐r ❙tr❛t✐✜❝❛t✐♦♥ ♣✳ ✸✹✮✳

▲❡s ét✉❞❡s ❝❛s✲té♠♦✐♥s ♣rés❡♥t❡♥t ♣❛r ❛✐❧❧❡✉rs ✉♥❡ ✢❡①✐❜✐❧✐té q✉✐ ❧❡✉r ♣❡r♠❡t ❞❡ s✬❛❞❛♣✲
t❡r ❛✉① ❢❛❝t❡✉rs ❞❡ s✉s❝❡♣t✐❜✐❧✐tés r❡❝❤❡r❝❤és✳ P❛r ❡①❡♠♣❧❡✱ ♣❧✉tôt q✉❡ ❞❡ s✬✐♥tér❡ss❡r ❛✉①
❞ét❡r♠✐♥❛♥t ❣é♥ét✐q✉❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ♠❛❧❛❞✐❡✱ ♦♥ ♣❡✉t ♣ré❢ér❡r
r❡❝❤❡r❝❤❡r ❝❡✉① ✐♠♣❧✐q✉és ❞❛♥s ✉♥❡ ❢♦r♠❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ ❙✉r ❧✬❡①❡♠♣❧❡ ❞✉ ❙■❉❆✱ ❧✬✐❞é❡ ❡st
❞❡ r❡❝❤❡r❝❤❡r ❧❡s ❣è♥❡s r❡s♣♦♥s❛❜❧❡s ❞✬✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❧❡♥t ♦✉ r❛♣✐❞❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡ ❝❤❡③
❧❡s ✐♥❞✐✈✐❞✉s sér♦♣♦s✐t✐❢s✳ ▲✬ét✉❞❡ ✈✐s❡r❛ ❛❧♦rs à ❝♦♥tr❛st❡r ❧❡s ♣❤é♥♦t②♣❡s ❡①trê♠❡s ✭✐❝✐
❞é✈❡❧♦♣♣❡♠❡♥t ❧❡♥t ❝♦♥tr❡ r❛♣✐❞❡✮✱ ♣❧✉tôt q✉❡ ❞✬✉t✐❧✐s❡r ❞❡s té♠♦✐♥s sér♦♥é❣❛t✐❢s ✭❍❡♥❞❡❧
❡t ❛❧ ✶✾✾✻✮✳

trio

sib-pair

Famille Cas-témoins

cas

témoins

❋✐❣✳ ✶✳✹ ✕ ❊t✉❞❡s ❢❛♠✐❧✐❛❧❡s ❡t ❝❛s✲té♠♦✐♥s✳

▲✐❛✐s♦♥ ✈s ❆ss♦❝✐❛t✐♦♥

▲❡ ❝❤♦✐① ❡♥tr❡ ✉♥❡ ét✉❞❡ ❢❛♠✐❧✐❛❧❡ ♦✉ ❝❛s✲té♠♦✐♥s ❞é♣❡♥❞ ❡♥ ♣❛rt✐❡ ❞❡ ❧❛ q✉❛♥t✐té q✉❡
❧✬♦♥ ✈❡✉t ❛♥❛❧②s❡r ✿ ❧❛ ❧✐❛✐s♦♥ ❡t✴♦✉ ❧✬❛ss♦❝✐❛t✐♦♥✳

✲ ➱t✉❞❡s ❞❡ ▲✐❛✐s♦♥ ✿ ✉♥❡ ét✉❞❡ ❞❡ ❧✐❛✐s♦♥ ✈✐s❡ à q✉❛♥t✐✜❡r ❧✬❡①❝ès ❞✬❛❧❧è❧❡s ✐❞❡♥t✐q✉❡s
♣❛r ❞❡s❝❡♥❞❛♥❝❡ ♠❡♥❞é❧✐❡♥♥❡ q✉❡ ♣❛rt❛❣❡♥t ❞❡s ❣❡r♠❛✐♥s ❛tt❡✐♥ts✳ ❯♥ t❡st ❞❡ ❧✐❛✐s♦♥ ✭❡✳❣✳
▲♦❞✲❙❝♦r❡ ❚❡st✮ ❝♦♠♣❛r❡r❛ ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ♦❜s❡r✈é❡s à ❝❡❧❧❡s ❛tt❡♥❞✉❡s s♦✉s
❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ q✉❡ ❧❡s r❡❝♦♠❜✐♥❛✐s♦♥s ❡♥tr❡ ❧♦❝✉s s♦♥t éq✉✐♣r♦❜❛❜❧❡s✳ ❙✐ ❧❡s ét✉❞❡s ❞❡



✶✳✹✳ ❈❛❞r❡s ❞✬ét✉❞❡ ✶✾

❧✐❛✐s♦♥ ♦♥t r❡♥❝♦♥tré ✉♥ ❝❡rt❛✐♥ s✉❝❝ès ❞❛♥s ❧❡ ♣❛ssé✱ ❧❛ t❛✐❧❧❡ r❡❧❛t✐✈❡♠❡♥t ❧✐♠✐té❡ ❞❡s
❢❛♠✐❧❧❡s ♥❡ ♣❡r♠❡t ♣❛s ❞❡ tr❛✐t❡r ❞❡ ♣❡t✐t❡s ❢r❛❝t✐♦♥s ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥s✶✺✱ ❡♥ r❛✐s♦♥ ❞✉
♠❛♥q✉❡ ❞✬✐♥❞✐✈✐❞✉s r❡❝♦♠❜✐♥❛♥ts ❞❛♥s ❧❡s é❝❤❛♥t✐❧❧♦♥s✳

✲ ➱t✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ✿ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❤❡r❝❤❡♥t à ❞é❝❡❧❡r ✉♥❡ ❛ss♦❝✐❛t✐♦♥
❡♥tr❡ ✉♥ ✈❛r✐❛♥t ❣é♥ét✐q✉❡ ❡t ❧❛ ♠❛❧❛❞✐❡✱ à ✉♥ ♥✐✈❡❛✉ ♣♦♣✉❧❛t✐♦♥♥❡❧ ❡t ♥♦♥ ♣❧✉s ❢❛♠✐❧✐❛❧
✉♥✐q✉❡♠❡♥t✳ ▲✬❛ss♦❝✐❛t✐♦♥ ♣❡✉t✲êtr❡ ❞✐r❡❝t❡ s✐ ❧❡ ♠❛rq✉❡✉r ♦❜s❡r✈é ❡st ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣✲
t✐❜✐❧✐té✱ ♦✉ ✐♥❞✐r❡❝t❡ s✐ ❝❡❧✉✐✲❝✐ s❡ tr♦✉✈❡ ♣❤②s✐q✉❡♠❡♥t ♣r♦❝❤❡ ❞✉ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té
❡t q✉❡ ❧❡✉rs ❛❧❧è❧❡s s♦♥t st❛t✐st✐q✉❡♠❡♥t ❛ss♦❝✐és ❡♥ r❛✐s♦♥ ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳

▲❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ s✬✐♥s❝r✐✈❡♥t ♥❛t✉r❡❧❧❡♠❡♥t ❞❛♥s ✉♥ ❝❛❞r❡ ❝❛s✲té♠♦✐♥s ✿ ❧✬❛s✲
s♦❝✐❛t✐♦♥ ❡♥tr❡ ✈❛r✐❛♥t ❣é♥ét✐q✉❡ ❡t st❛t✉t ❝❛s✲té♠♦✐♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t s✬ét❛❜❧✐r ❡♥ ✉t✐❧✐✲
s❛♥t ❞❡s ♠ét❤♦❞❡s é♣✐❞é♠✐♦❧♦❣✐q✉❡s ❝❧❛ss✐q✉❡s ♣♦✉r ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s
✭❇r❡s❧♦✇ ❡t ❉❛② ✶✾✽✷✮✳ ▲❡ ❝❤❛♣✐tr❡ ✷ ✭♣✳ ✸✾✮ ❡st ❞é❞✐é à ❝❡tt❡ t❤é♠❛t✐q✉❡✳ ❊♥ r❛✐s♦♥ ❞❡
❧❛ ❞✐✣❝✉❧té ❧✐é❡ à ❧✬♦❜t❡♥t✐♦♥ ❞❡ té♠♦✐♥s ❛♣♣r♦♣r✐és✱ ❧❡ r❡❝r✉t❡♠❡♥t ❞❡ ♣❛r❡♥ts r❡♣rés❡♥t❡
✉♥❡ s♦✉r❝❡ ✐❞é❛❧❡ ❞❡ té♠♦✐♥s ❡t ♣❧✉s✐❡✉rs ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❞✬❛ss♦❝✐❛t✐♦♥ ♠✐s❛♥t s✉r ❧❡s
❢❛♠✐❧❧❡s ♦♥t été ❞é✈❡❧♦♣♣é❡s✳ ▲❡ ❚r❛♥s♠✐ss✐♦♥ ❉✐s❡q✉✐❧✐❜r✐✉♠ ❚❡st ❡st ❧✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s
❝♦♥♥✉ ✿ ✐❧ t❡st❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❞✬✉♥ ❛❧❧è❧❡ ❝♦♥tr❡ ✉♥ ❛✉tr❡ ❞❛♥s ✉♥ é❝❤❛♥t✐❧❧♦♥ ❢♦r♠é ❞❡ ❝❛s
❡t ❞❡ ❧❡✉rs ❞❡✉① ♣❛r❡♥ts✳ ▲❡ ❣é♥♦t②♣❡ ❞❡ ❝❤❛q✉❡ ♣❛r❡♥t ❡st ❝♦♥s✐❞éré ❝♦♠♠❡ ✉♥ ❝♦✉♣❧❡ ❞❡
✈❛r✐❛❜❧❡s ❛♣♣❛r✐é❡s ✲ ❧❡s ❛❧❧è❧❡s ✲ ❞♦♥t ❧✬✉♥ ❡st tr❛♥s♠✐s ❡t ❧✬❛✉tr❡ ♥♦♥✳ ▲✬❤②♣♦t❤ès❡ ♥✉❧❧❡
❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡st ❛❧♦rs é♣r♦✉✈é❡ ❡♥ ❝♦♠♣❛r❛♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❛❧❧è❧❡s tr❛♥s♠✐s ♣❛r
❧❡s ♣❛r❡♥ts à ❝❡❧❧❡ ❞❡s ❛❧❧è❧❡s ♥♦♥✲tr❛♥s♠✐s✳ ❙♦✉s H0✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡ ❝❡s ❞✐str✐❜✉✲
t✐♦♥s ❝♦ï♥❝✐❞❡♥t✳ ▲❡ t❡st ❞❡ ▼❝◆❡♠❛r ✭✶✾✹✼✮ s✉r ❧❡s ✈❛r✐❛❜❧❡s ❛♣♣❛r✐é❡s ❡st ❛❞❛♣té à ❝❡
♣r♦❜❧è♠❡ ❡t ❛ ♣❡r♠✐s ❞✬❛❜♦✉t✐r ❛✉ ❚❉❚ ✭❙♣✐❡❧♠❛♥ ❡t ❛❧ ✶✾✾✸✮✳ ❯♥ ❛✈❛♥t❛❣❡ ♣r♦♥♦♥❝é
❞✉ ❚❉❚ ❡t q✉✬✐❧ ♣❡r♠❡t ❞❡ ❞ét❡❝t❡r ❞❡ ❧❛ ❧✐❛✐s♦♥ s❡✉❧❡♠❡♥t ❡♥ ♣rés❡♥❝❡ ❞✬❛ss♦❝✐❛t✐♦♥✳
❊♥ ✐♥tr♦❞✉✐s❛♥t ❞❡s ❞♦♥♥é❡s ❢❛♠✐❧✐❛❧❡s✱ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ♣♦t❡♥t✐❡❧❧❡s ❛ss♦❝✐❛t✐♦♥s ❧✐é❡s à ✉♥
♠❛♥q✉❡ ❞✬❤♦♠♦❣é♥é✐té ❝❛s✲té♠♦✐♥s ❡st é❧✐♠✐♥é❡✳ ◆é❛♥♠♦✐♥s✱ ❧♦rsq✉❡ ❧❛ ♠❛❧❛❞✐❡ s❡ ❞é✈❡✲
❧♦♣♣❡ à ✉♥ â❣❡ r❡❧❛t✐✈❡♠❡♥t ❛✈❛♥❝é✱ ✐❧ ❡st q✉❛s✐♠❡♥t ✐♠♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ❧❡s ❣é♥♦t②♣❡s
♣❛r❡♥t❛✉①✳ ❯♥❡ ❛❧t❡r♥❛t✐✈❡ r❛✐s♦♥♥❛❜❧❡ ❡st ❛❧♦rs ❞✬✉t✐❧✐s❡r ❞❡ ❣❡r♠❛✐♥s ♥♦♥ ❛✛❡❝tés ❝♦♠♠❡
té♠♦✐♥s✳ ❆ ♣❛rt✐r ❞✉ ❚❉❚✱ ❙♣✐❡❧♠❛♥ ❡t ❊✇❡♥s ✭✶✾✾✽✮ ♦♥t ♣r♦♣♦sé ✉♥ t❡st ♣♦✉r ❝♦♠♣❛r❡r
❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❡♥tr❡ ❞❡s ❝❛s ❡t ❧❡✉r ❣❡r♠❛✐♥ ♥♦♥✲❛✛❡❝té✱ ❛♣♣❡❧é s✐❜✲❚❉❚✳

▲♦rsq✉❡ ❧✬♦♥ ❛♠♦r❝❡ ✉♥❡ ét✉❞❡ ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡✱ ❧✬♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r
q✉❡❧❧❡ ❛♣♣r♦❝❤❡ ❞♦✐t êtr❡ ❝❤♦✐s✐❡ ✿ ❧✐❛✐s♦♥ ♦✉ ❛ss♦❝✐❛t✐♦♥ ❄ ❚rès tôt✱ ❘✐s❝❤ ❡t ▼❡r✐❦❛♥❣❛s
✭✶✾✾✻✮ ♦♥t s✉❣❣éré✱ à ♣❛rt✐r ❞❡ s✐♠✉❧❛t✐♦♥s✱ q✉❡ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ s♦♥t ✈r❛✐s❡♠❜❧❛✲
❜❧❡♠❡♥t ♣❧✉s ♣✉✐ss❛♥t❡s q✉❡ ❧❡s ét✉❞❡s ❞❡ ❧✐❛✐s♦♥ ♣♦✉r ✐❞❡♥t✐✜❡r ❞❡s ❡✛❡ts ♠♦❞❡st❡s✳ ❈❡tt❡
✐❞é❡ s✬❡st r❛♣✐❞❡♠❡♥t ✐♥st❛❧❧é❡ ❞❛♥s ❧✬❡s♣r✐t ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té ❀ ❧❛ ré♣♦♥s❡ ♥✬❡st ♣♦✉rt❛♥t
♣❛s ❛✉ss✐ tr❛♥❝❤é❡✳ ■❧ ❡①✐st❡ ✉♥❡ ❞✐✛ér❡♥❝❡ ❞✬é❝❤❡❧❧❡ ❧♦rsq✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❛ ❧✐❛✐s♦♥ ♦✉
❧✬❛ss♦❝✐❛t✐♦♥ ✿ é❝❤❡❧❧❡ ❞❡ t❡♠♣s t♦✉t ❞✬❛❜♦r❞ ♣✉✐sq✉✬✉♥❡ ét✉❞❡ ❞❡ ❧✐❛✐s♦♥ s✬✐♥tér❡ss❡ à
❧❛ tr❛♥s♠✐ss✐♦♥ ❞✬✉♥ ♠❛rq✉❡✉r ❛✈❡❝ ❧❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té s✉r q✉❡❧q✉❡s ❣é♥ér❛t✐♦♥s
❛❧♦rs q✉✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ r❡♣♦s❡ s✉r ❧✬❛ss♦❝✐❛t✐♦♥ rés✉❧t❛♥t❡ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡
❣é♥ér❛t✐♦♥s ❀ é❝❤❡❧❧❡ ❞❡ ❞✐st❛♥❝❡ ❣é♥ét✐q✉❡ ❡♥s✉✐t❡ ♣✉✐sq✉❡ ❞✉ ❢❛✐t ❞❡ ❧❛ ❢❛✐❜❧❡ ❢r❛❝t✐♦♥

✶✺❧♦❝✉s très ♣r♦❝❤❡s



✷✵ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❞❡ r❡❝♦♠❜✐♥❛♥ts ♦❜s❡r✈é❡ ❞❛♥s ✉♥❡ ét✉❞❡ ❞❡ ❧✐❛✐s♦♥ ❧✐é❡ à ❧❛ t❛✐❧❧❡ ❧✐♠✐té❡ ❞❡s ❢❛♠✐❧❧❡s✱
❝❡❧❧❡s✲❝✐ ✈♦♥t ❝♦♥s✐❞ér❡r ❧❛ tr❛♥s♠✐ss✐♦♥ ❞❡ ❣r❛♥❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ❛✈❡❝ ❧❡ ❧♦❝✉s ❞❡
s✉s❝❡♣t✐❜✐❧✐té ✭❞❡ ❧✬♦r❞r❡ ❞✉ ❝▼✶✻✮✳ ❯♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝♦♥s✐❞èr❡ ❧❡ rés✉❧t❛t ❞✬✉♥
❣r❛♥❞ ♥♦♠❜r❡ ❞❡ r❡❝♦♠❜✐♥❛✐s♦♥s ❡t ❞♦♥❝ ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ✉♥ ♠❛rq✉❡✉r ❡t ❧❡ ❧♦❝✉s ❞❡
s✉s❝❡♣t✐❜✐❧✐té s✬♦♣èr❡ s✉r ❞❡ ❜✐❡♥ ♣❧✉s ♣❡t✐t❡s ❞✐st❛♥❝❡s ✭❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ❞✐③❛✐♥❡s
à q✉❡❧q✉❡s ♠✐❧❧✐❡rs ❞❡ ♣❛✐r❡s ❞❡ ❜❛s❡s✮ ❀ é❝❤❡❧❧❡ ❞❡ ♣❛r❡♥té ❡♥✜♥ ♣✉✐sq✉❡ ✉♥❡ ét✉❞❡ ❞❡
❧✐❛✐s♦♥ ❢♦❝❛❧✐s❡ s✉r ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ❛✉ ♥✐✈❡❛✉ ❢❛♠✐❧✐❛❧❡ ❛❧♦rs q✉✬✉♥❡ ét✉❞❡ ❞✬❛ss♦✲
❝✐❛t✐♦♥ s✬é❧è✈❡ à ❧❛ ♣♦♣✉❧❛t✐♦♥ ❡♥t✐èr❡✳ ❖♥ ♣❡✉t ❞✬❛✐❧❧❡✉rs ❝♦♥s✐❞ér❡r ❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♠♠❡
✉♥❡ ❣r❛♥❞❡ ❢❛♠✐❧❧❡ ♦ù ❧❡s ✐♥❞✐✈✐❞✉s ♦♥t ❞❡s ❧✐❡♥s ❞❡ ♣❛r❡♥té ♣❧✉s ❢❛✐❜❧❡s✳ ❖♥ ❝♦♠♣r❡♥❞
❞♦♥❝ q✉✬à ❧✬♦r✐❣✐♥❡✱ ❧❡s ét✉❞❡s ❣é♥ét✐q✉❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ s❡ ❢❛✐s❛✐❡♥t s✉r ❧❛ ❜❛s❡ ❞❡ ❧❛
❧✐❛✐s♦♥✱ ♥é❝❡ss✐t❛♥t ❛✐♥s✐ ✉♥ ♥♦♠❜r❡ ♣❧✉s ré❞✉✐t ❞❡ ♠❛rq✉❡✉rs ♣♦✉r ❝♦✉✈r✐r ❧✬❡♥s❡♠❜❧❡ ❞✉
❣é♥♦♠❡✳ P♦✉r r❡✈❡♥✐r à ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s✱ ❚✉ ❡t ❲❤✐tt❡✲
♠♦r❡ ✭✶✾✾✾✮ ♦♥t ♥✉❛♥❝é ❧❡s ♣r♦♣♦s t❡♥✉s ♣❛r ❘✐s❝❤ ❡t ▼❡r✐❦❛♥❣❛s ❡♥ s✉❣❣ér❛♥t q✉❡ s✐✱ ❞❡
❢❛ç♦♥ ❣é♥ér❛❧❡✱ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ét❛✐❡♥t ♣❧✉s ♣✉✐ss❛♥t❡s q✉❡ ❧❡s ét✉❞❡s ❞❡ ❧✐❛✐s♦♥✱
❝❡ ❣❛✐♥ ❞❡ ♣✉✐ss❛♥❝❡ ❞é♣❡♥❞❛✐t très ❢♦rt❡♠❡♥t ❞❡ ♣❛r❛♠ètr❡s t❡❧s q✉❡ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡
❧✐❛✐s♦♥ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ✉t✐❧✐sés ❡t ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ❛✐♥s✐ q✉❡ ❧❡s ♣r♦♣♦rt✐♦♥s
❛❧❧é❧✐q✉❡s r❡s♣❡❝t✐✈❡s✳ ❉❛♥s ❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s✱ ✐❧s ♦♥t ♦❜s❡r✈é q✉❡ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❧❛ ❧✐❛✐s♦♥
s✉r ❧✬❛ss♦❝✐❛t✐♦♥ ♥✬ét❛✐t ♣❛s s✐ ♥❡t ❡t q✉❡ ❝❡tt❡ t❡♥❞❛♥❝❡ ♣♦✉✈❛✐t q✉❡❧q✉❡s ❢♦✐s s✬✐♥✈❡rs❡r✳

❖♥ ♣❡✉t s❡ ♣♦s❡r ❧❛ ♠ê♠❡ q✉❡st✐♦♥ s✉r ❧❡ ❝❤♦✐① ❞❡ ❢❛♠✐❧❧❡s ♦✉ ❞✬✐♥❞✐✈✐❞✉s ✐♥❞é♣❡♥✲
❞❛♥ts ♣♦✉r ♠❡♥❡r ✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥✳ ❖✉tr❡ ❧❡s ❝♦♥s✐❞ér❛t✐♦♥s ♣r❛t✐q✉❡s é✈♦q✉é❡s
♣ré❝é❞❡♠♠❡♥t✱ ❧❡s ét✉❞❡s ❝❛s✲té♠♦✐♥s s♦✉✈❡♥t ❝r✐t✐q✉é❡s ♣♦✉r ❧❡✉r ❞é❢❛✉t ❞❡ r♦❜✉st❡ss❡
❢❛❝❡ à ❧❛ str❛t✐✜❝❛t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥✱ s❡♠❜❧❡♥t ❝❡♣❡♥❞❛♥t ❣é♥ér❛❧❡♠❡♥t ♠♦♥tr❡r ♣❧✉s ❞❡
♣✉✐ss❛♥❝❡ q✉❡ ❧❡s ét✉❞❡s ❢❛♠✐❧✐❛❧❡s✱ à t❛✐❧❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥ éq✉✐✈❛❧❡♥t❡ ✭▼♦rt♦♥ ✶✾✾✽✱ ❘✐s❝❤
❛♥❞ ❚❡♥❣ ✶✾✾✽✮✳

●è♥❡s✲❈❛♥❞✐❞❛ts ✈s ●❡♥♦♠❡✲❲✐❞❡

✲ ●è♥❡s✲❝❛♥❞✐❞❛ts ✿ ❧❡s ❛♣♣r♦❝❤❡s ❣è♥❡s✲❝❛♥❞✐❞❛ts ❝♦♥s✐st❡♥t à sé❧❡❝t✐♦♥♥❡r ✉♥ ❡♥✲
s❡♠❜❧❡ ❞❡ ❣è♥❡s ❞♦♥t ❧❡s ❢♦♥❝t✐♦♥s ♣♦✉rr❛✐❡♥t ✐♥t❡r✈❡♥✐r ❞❛♥s ❧✬ét✐♦❧♦❣✐❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡
ét✉❞✐é❡✱ ❡t à ❧❡s t❡st❡r ❞✐r❡❝t❡♠❡♥t ♣❛r ❛ss♦❝✐❛t✐♦♥✳ ▲❡ ❝❤♦✐① ❞❡s ❣è♥❡s ♣❡✉t êtr❡ ❣✉✐❞é
♣❛r ❞❡s ❛ ♣r✐♦r✐ ❜✐♦❧♦❣✐q✉❡s t❡❧s q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ♦✉ ❧✬❛♣♣❛rt❡♥❛♥❝❡ à ✉♥❡ ✈♦✐① ♠ét❛❜♦❧✐q✉❡
❛ss♦❝✐é❡ à ✉♥❡ ♠❛❧❛❞✐❡✱ ♦✉ ❡♥❝♦r❡ s✉r ❧❛ ❜❛s❡ ❞❡ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❝❤r♦♠♦✲
s♦♠✐q✉❡ ❞✬✐♥térêt✱ s✉❣❣éré❡ ♣❛r ✉♥❡ ♣ré❝é❞❡♥t❡ ét✉❞❡ ❞❡ ❧✐❛✐s♦♥ ♦✉ ❞✬❛ss♦❝✐❛t✐♦♥✳ ▼ê♠❡
❧♦rsq✉❡ ❧❡s ❝♦♥♥❛✐ss❛♥❝❡s ❛ ♣r✐♦r✐ s♦♥t ❧❛r❣❡s ❡t q✉❡ ❧❛ ♣❤②s✐♦♣❛t❤♦❧♦❣✐❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡ ❡st
r❡❧❛t✐✈❡♠❡♥t ❜✐❡♥ ❝♦♠♣r✐s❡✱ ❧✬❛♣♣r♦❝❤❡ ❣è♥❡s✲❝❛♥❞✐❞❛ts ♥✬✐❞❡♥t✐✜❡r❛ q✉✬✉♥❡ ❢r❛❝t✐♦♥ ❞❡s
❞ét❡r♠✐♥❛♥ts ❣é♥ét✐q✉❡s✳ ❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ❡❧❧❡ ❡st ❛❧♦rs ✐♥❛❞❛♣té❡ ♣♦✉r ❛♣♣ré❤❡♥❞❡r
❞❡ ❢❛ç♦♥ ❡①❤❛✉st✐✈❡ ❧❡s ❝❛✉s❡s ❣é♥ét✐q✉❡s ❞❡s ♠❛❧❛❞✐❡s✳

✶✻❧❡ ❝❡♥t✐♠♦r❣❛♥ ♥♦té ❝▼ ❡st ✉♥❡ ✉♥✐té ❞❡ ❞✐st❛♥❝❡ ❣é♥ét✐q✉❡✳ ❊❧❧❡ r❡♣rés❡♥t❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ r❡❝♦♠✲
❜✐♥❛✐s♦♥ s✉r ✉♥❡ ❞✐st❛♥❝❡ ✿ ✶❝▼ ❂ ✉♥❡ ♣r♦❜❛❜✐❧✐té ❞❡ ✶✪ ❞❡ r❡❝♦♠❜✐♥❡r



✶✳✹✳ ❈❛❞r❡s ❞✬ét✉❞❡ ✷✶

Association directe
Maladie

Site étiologique

Marqueur

Maladie

Association indirecte

LD

❋✐❣✳ ✶✳✺ ✕ ❆ss♦❝✐❛t✐♦♥ ❞✐r❡❝t❡ ❡t ✐♥❞✐r❡❝t❡✳

✲ ●❡♥♦♠❡✲❲✐❞❡ ✿ ✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✭♦✉ s②sté♠❛t✐q✉❡✮ ✐♥✈❡st✐t ✉♥❡
❣r❛♥❞❡ ♣❛rt✐❡ ❞✉ ❣é♥♦♠❡ s❛♥s ❛✉❝✉♥ ❛ ♣r✐♦r✐ s✉r ❧✬✐❞❡♥t✐té ❞❡s ❧♦❝✉s ✐♠♣❧✐q✉és✳ ❈❡tt❡ ❛♣✲
♣r♦❝❤❡ r❡♣rés❡♥t❡ ✉♥❡ str❛té❣✐❡ ✐♠♣❛rt✐❛❧❡✱ ♥♦♥ ❞✐r✐❣é❡ ❡t ❛ss❡③ ❝♦♠♣❧èt❡ ♣♦✉✈❛♥t êtr❡
♠✐s❡ ❡♥ ♣❧❛❝❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬✐♥❞✐❝❡s s✉r ❧❛ ❢♦♥❝t✐♦♥ ♦✉ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐✲
❜✐❧✐tés✳ ❊❧❧❡ ❛ ❞✬❛❜♦r❞ été ✉t✐❧✐sé❡ ♣♦✉r ❞❡s ét✉❞❡s ❞❡ ❧✐❛✐s♦♥ ✉t✐❧✐s❛♥t ❞❡s ♠✐❝r♦s❛t❡❧❧✐t❡s
❡t ❛ ♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❛ ♣❧✉♣❛rt ❞❡s ❣è♥❡s r❡s♣♦♥s❛❜❧❡s ❞❡s ♠❛❧❛❞✐❡s ♠♦✲
♥♦❣é♥✐q✉❡s ❝♦♥♥✉s✳ ▼❛❧❤❡✉r❡✉s❡♠❡♥t✱ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❛ ❡✉ ❞❡s ❞✐✣❝✉❧tés à s✬ét❡♥❞r❡ ❛✉①
♠❛❧❛❞✐❡s ♠✉❧t✐❢❛❝t♦r✐❡❧❧❡s✱ ❧✬❡①❝ès ❞❡ tr❛♥s♠✐ss✐♦♥ ❝❤❡③ ❞❡s ❛♣♣❛r❡♥tés ❛tt❡✐♥ts ét❛♥t ♣❧✉s
❢❛✐❜❧❡ ♣♦✉r ❞❡s ❡✛❡ts ♠♦❞érés✳ ▲❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ s♦♥t ❞♦♥❝ ❛♣♣❛r✉❡s
❝♦♠♠❡ ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ❞❡ ❝❤♦✐① ❡t ❞❡✈❛✐❡♥t ❝♦♥st✐t✉❡r ♣♦✉r ❘✐s❝❤ ❡t ▼❡r✐❦❛♥❣❛s ✭✶✾✾✻✮
❧✬❛✈❡♥✐r ❞❡s ét✉❞❡s ❣é♥ét✐q✉❡s ❞❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s✱ ❝❛t❛❧②sé❡s ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛✈❛♥✲
❝é❡s t❡❝❤♥♦❧♦❣✐q✉❡s✳

❉✉ ❝❤♦✐① ❞❡ ❧✬❛♣♣r♦❝❤❡ ✈❛ ❞é♣❡♥❞r❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡s ♠❛rq✉❡✉rs✳ ▼❛✐s ✐❧ ❡st é✈✐❞❡♥t
q✉❡ ❝❡ ❝❤♦✐① ❡st ❝♦♥tr❛✐♥t ❛✉① ♠♦②❡♥s ❞♦♥t ❞✐s♣♦s❡ ❧❡ ❧❛❜♦r❛t♦✐r❡✳ ❉❡ ❣r❛♥❞s ❝❡♥tr❡s ❞❡
séq✉❡♥ç❛❣❡ ❡t ❞❡ ❣é♥♦t②♣❛❣❡s✶✼ s❡ ❢♦r♠❡♥t ❛✜♥ ❞❡ ❝❡♥tr❛❧✐s❡r ❧❛ t❡❝❤♥♦❧♦❣✐❡ ♥é❝❡ss❛✐r❡ ❛✉
❧❛♥❝❡♠❡♥t ❞✬ét✉❞❡s ❞❡ ❣r❛♥❞❡ ❡♥✈❡r❣✉r❡✳

✶✼♣❛r ❡①❡♠♣❧❡ ❧❡ ❈❡♥tr❡ ◆❛t✐♦♥❛❧ ❞❡ ●é♥♦t②♣❛❣❡✱ ❊✈r②



✷✷ ✶✳ ■♥tr♦❞✉❝t✐♦♥

✶✳✺ ❉ér♦✉❧❡♠❡♥t ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡

➱t❛♣❡ ✶ ✿ ❘❡❝r✉t❡♠❡♥t ❞❡s ✐♥❞✐✈✐❞✉s ❡t q✉❡st✐♦♥s ét❤✐q✉❡s ❛ss♦❝✐é❡s

✲ ❘❡❝r✉t❡♠❡♥t ✿ ❧❡ r❡❝r✉t❡♠❡♥t ❞❡s ✐♥❞✐✈✐❞✉s ✐♥tr♦❞✉✐ts ❞❛♥s ❧✬ét✉❞❡ ❝♦♥st✐t✉❡ ❧❛ ♣r❡✲
♠✐èr❡ ét❛♣❡ ❞❡ t♦✉t❡ ét✉❞❡ é♣✐❞é♠✐♦❧♦❣✐q✉❡ ❡t ❞é♣❡♥❞ ❞✉ ❝❛❞r❡ ❝❤♦✐s✐ ✿ ❢❛♠✐❧❧❡s ♦✉ ❝❛s✲
té♠♦✐♥s✳ ▲❡ r❡❝r✉t❡♠❡♥t ❞❡s ❝❛s ♥é❝❡ss✐t❡ ✉♥ ❞✐❛❣♥♦st✐❝ ♣ré❝✐s ❞❡ ❧❛ ♣❛t❤❧♦❣✐❡ ❢♦♥❞é s✉r ❞❡s
✐♥❞✐❝❛t❡✉rs ❤✐st♦❧♦❣✐q✉❡s✱ ♣❤②s✐♦❧♦❣✐q✉❡s✱ s♦♠❛t✐q✉❡s ♦✉ ❡♥❝♦r❡ ❝♦♠♣♦rt❡♠❡♥t❛✉① ❞❛♥s ❧❡
❝❛s ❞❡s ♠❛❧❛❞✐❡s ♣s②❝❤✐❛tr✐q✉❡s✳ ▲❡ ❞✐❛❣♥♦st✐❝ ♣❡✉t s✬❛✈ér❡r ♣❧✉s ♦✉ ♠♦✐♥s é✈✐❞❡♥t ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♥❛t✉r❡ ❞❡ ❧❛ ♣❛t❤♦❧♦❣✐❡ ❡t ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ✐♥❞✐❝❛t❡✉rs✳

✲ ◗✉❡st✐♦♥s ét❤✐q✉❡s ✿ ❧❛ ♣r♦t❡❝t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s ❡st ✉♥ ❛s♣❡❝t ❢♦♥❞❛♠❡♥t❛❧ ❞❡ t♦✉t❡
ét✉❞❡ é♣✐❞é♠✐♦❧♦❣✐q✉❡✳ ▲❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ r❡ss♦✉r❝❡s ❣é♥♦♠✐q✉❡s ♣✉❜❧✐q✉❡s✱ à ♣❛rt✐r ❞❡
♣♦♣✉❧❛t✐♦♥s ❡t ❞✬✐♥❞✐✈✐❞✉s ✐❞❡♥t✐✜és✱ s♦✉❧è✈❡ ❞♦♥❝ ❞❡s q✉❡st✐♦♥s s❝✐❡♥t✐✜q✉❡s✱ s♦❝✐❛❧❡s ❡t
ét❤✐q✉❡s q✉✐ s♦♥t ✐♥❡①tr✐❝❛❜❧❡♠❡♥t ❧✐é❡s✳

✏ ■ t❤✐♥❦ ②♦✉ ♥❡❡❞ t♦ ❣✐✈❡ ❝♦♥s❝✐♦✉s ❝♦♥s❡♥t t♦ ❤❛✈✐♥❣ ❛♥② ❞❛t❛✱ ❛♥② ♣❡rs♦♥❛❧ ❞❛t❛
✉s❡❞✱ ✇❤❡t❤❡r ②♦✉ ❛r❡ ✐❞❡♥t✐✜❡❞ ♦r ♥♦t✳ ❚❤❛t✬s ❝❡rt❛✐♥❧② ❛ r✐❣❤t✳ ❚❤❛t✬s ②♦✉r ✐♥❢♦r♠❛t✐♦♥✱
✐t✬s ②♦✉r ♠❡❞✐❝❛❧ ❤✐st♦r②✳ ❲❤❡t❤❡r ✐t✬s ✐❞❡♥t✐✜❡❞ ♦r ♥♦t✱ ②♦✉ s❤♦✉❧❞ ❝♦♥tr♦❧ ✐t✳✑ P❛t✐❡♥t ✶✹
❞❛♥s ❲✐❧❧✐s♦♥ ❡t ❛❧ ✭✷✵✵✸✮✳

❆ ♣❛rt✐r ❞❡ ❧✬❡①❡♠♣❧❡ ❞✉ ♣r♦❥❡t ❍❛♣▼❛♣✶✽ ♥♦✉s ❛❧❧♦♥s é✈♦q✉❡r q✉❡❧q✉❡s ✉♥s ❞❡s ♣r♦✲
❜❧è♠❡s ét❤✐q✉❡s q✉✐ s❡ ♣♦s❡♥t ❛✉❥♦✉r❞✬❤✉✐✱ ❡t ❝♦♠♠❡♥t ❝❡ ♣r♦❥❡t ② ❛ ré♣♦♥❞✉ ❞❡ ♠❛♥✐èr❡
à ❝♦♥❝✐❧✐❡r ❧❡s ❞✐✛ér❡♥t❡s ❧é❣✐s❧❛t✐♦♥s ❡t s❡♥s✐❜✐❧✐tés s♦❝✐♦✲❝✉❧t✉r❡❧❧❡s ❞❡s ♣❛②s ♣❛rt✐❝✐♣❛♥ts
✭t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❍❛♣▼❛♣ ❈♦♥s♦rt✐✉♠✱ ✷✵✵✹✮✳

▲❡ ♣r♦❥❡t ❍❛♣▼❛♣ ❛ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ ❞é❝r✐r❡ ❧❡s ♣❛tt❡r♥s ❞❡ ✈❛r✐❛t✐♦♥ ❣é♥ét✐q✉❡ ❝♦♠✲
♠✉♥s ❝❤❡③ ❧✬❤♦♠♠❡✱ ❡♥ ✐❞❡♥t✐✜❛♥t ❧❡s ❜❧♦❝s ❞❡ ▲❉ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ❛✐♥s✐ q✉❡ ❧❡s t❛❣❙◆Ps
❝♦rr❡s♣♦♥❞❛♥ts✱ ❝✬❡st à ❞✐r❡ ❧❡s ❙◆Ps ♣❡r♠❡tt❛♥t ❞❡ rés✉♠❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ❞❛♥s
✉♥ ❜❧♦❝✳ ▲❡s ❝❤❡r❝❤❡✉rs ♣❡✉✈❡♥t ❛❧♦rs ❡①❛♠✐♥❡r ❧✬❡♥s❡♠❜❧❡ ❞✉ ❣é♥♦♠❡ à ♣❛rt✐r ❞✬✉♥ ♥♦♠❜r❡
r❡str❡✐♥t ❞❡ t❛❣❙◆Ps ✭à ♣❡✉ ♣rès ✺✵✵✱✵✵✵✮ ❛✉ ❧✐❡✉ ❞✬ét✉❞✐❡r ❧❡s ✶✵ ♠✐❧❧✐♦♥s ❞❡ ❙◆Ps q✉✬✐❧
❝♦♥t✐❡♥t✱ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧❡ ❝♦ût ❞❡s ét✉❞❡s ❣❡♥♦♠❡✲✇✐❞❡✳ ❆✜♥
❞✬❛ss✉r❡r ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡s q✉❡st✐♦♥s ét❤✐q✉❡s à ❝❤❛q✉❡ ét❛♣❡ ❞✉ ♣r♦❥❡t✱ ✉♥ ❣r♦✉♣❡
❊▲❙■ ✭♣♦✉r ❊t❤✐❝❛❧✱ ▲❡❣❛❧ ❛♥❞ ❙♦❝✐❛❧ ■♠♣❧✐❝❛t✐♦♥s✮ ❛ été ❝♦♥st✐t✉é✳

▲❛ ♣r❡♠✐èr❡ q✉❡st✐♦♥ ❝♦♥❝❡r♥❡ ❜✐❡♥ é✈✐❞❡♠♠❡♥t ❧❛ ♣r♦t❡❝t✐♦♥ ❞❡s ♣❛rt✐❝✐♣❛♥ts ✿
❞❛♥s ❧❡s ❞♦♥♥é❡s ❍❛♣▼❛♣✱ ♦♥ tr♦✉✈❡✱ ❛✈❡❝ ❧❡s ❣é♥♦t②♣❡s ❞❡ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉✱ ✉♥❡ ✐♥❞✐❝❛t✐♦♥
s✉r ❧❡ s❡①❡ ❛✐♥s✐ q✉❡ s✉r ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞✬♦r✐❣✐♥❡✳ ❊♥ r❡✈❛♥❝❤❡ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❞♦♥♥é❡
♣❡r♠❡tt❛♥t ❞❡ ❢❛✐r❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡s ❞♦♥♥❡✉rs ✿ s✐ ❧❡s ❝❡♥tr❡s q✉✐ ré❝♦❧t❡♥t ❧❡s é❝❤❛♥t✐❧❧♦♥s

✶✽❤tt♣✿✴✴✇✇✇✳❤❛♣♠❛♣✳♦r❣



✶✳✺✳ ❉ér♦✉❧❡♠❡♥t ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✷✸

❝♦♥s❡r✈❡♥t ❧❡s ✐❞❡♥t✐✜❛♥ts✱ ❝❡✉①✲❝✐ ♥❡ s♦♥t ♥❛t✉r❡❧❧❡♠❡♥t ♣❛s ♠✐s à ❞✐s♣♦s✐t✐♦♥ ❞✉ ♣✉❜❧✐❝✳
▲❡s ❞♦♥♥é❡s ♥✬✐♥❝❧✉❡♥t ♣❛r ❛✐❧❧❡✉rs ❛✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ♠é❞✐❝❛❧❡ ♦✉ ♣❤é♥♦t②♣✐q✉❡ s✉r ❧❡s
❞♦♥♥❡✉rs✳ ❆✜♥ ❞❡ r❡♥❢♦r❝❡r ❧❛ ♣r♦t❡❝t✐♦♥ ❞❡ ❧✬✐❞❡♥t✐té✱ ❧❡ ♣r♦❥❡t ❛ r❡❝r✉té ♣❧✉s ❞❡ ❞♦♥♥❡✉rs
q✉❡ ♥é❝❡ss❛✐r❡ ❞❡ t❡❧❧❡ ♠❛♥✐èr❡ q✉❡ ❧❡ ❞♦♥♥❡✉r ❧✉✐ ♠ê♠❡ ♥❡ s❛✐t ♣❛s s✬✐❧ ❛ ♣❛rt✐❝✐♣é à ❧❛
✈❡rs✐♦♥ ✜♥❛❧❡ ❞✉ ♣r♦❥❡t✳ ■❧ ❡st ❞♦♥❝ très ❞✐✣❝✐❧❡ ❞❡ ❢❛✐r❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s
❞✐s♣♦♥✐❜❧❡s s✉r ❍❛♣▼❛♣ ❡t ❧✬✉♥ ❞❡s ♣❛rt✐❝✐♣❛♥ts✳ ❈❡❧❛ ♣❡✉t très ❤②♣♦t❤ét✐q✉❡♠❡♥t ❛rr✐✈❡r
s✐ ❧✬♦♥ ♦❜t✐❡♥t ❧❡s ❣é♥♦t②♣❡s ❞✬✉♥❡ ♣❡rs♦♥♥❡ ❞♦♥t ♦♥ ♣❡♥s❡ q✉✬❡❧❧❡ ❛ ♣❛rt✐❝✐♣é ❛✉ ♣r♦❥❡t✱
❡t q✉✬♦♥ ❧❡s ❝♦♠♣❛r❡ ❛✈❡❝ ❧❡s ❞♦♥♥é❡s ❞✐s♣♦♥✐❜❧❡s✳ ❉♦♥❝ s✐ ❧❡ r✐sq✉❡ ♣♦✉r ❧❡s ♣❛rt✐❝✐♣❛♥ts
❞✬êtr❡ ✐❞❡♥t✐✜és ♥✬❡st ❞❛♥s ❧✬❛❜s♦❧✉ ♣❛s ♥✉❧✱ ✐❧ ❡st ❝❡♣❡♥❞❛♥t ré❡❧❧❡♠❡♥t ♥é❣❧✐❣❡❛❜❧❡✳

▲❡ ❞❡✉①✐è♠❡ q✉❡st✐♦♥ ❡st ❧✐é❡ à ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♣♦♣✉❧❛t✐♦♥s à ♣❛rt✐r ❞❡sq✉❡❧❧❡s
♣r♦✈✐❡♥♥❡♥t ❧❡s é❝❤❛♥t✐❧❧♦♥s✳ P♦✉r ❞❡s ✐♥térêts s❝✐❡♥t✐✜q✉❡s ❡t ét❤✐q✉❡s é✈✐❞❡♥ts✱ ✐❧ ét❛✐t
♥é❝❡ss❛✐r❡ ❞❡ ❝❤♦✐s✐r ❞❡s ♣♦♣✉❧❛t✐♦♥s ❞✐✈❡rs❡s✱ q✉✐ tr♦✉✈❡♥t ❧❡✉r ♦r✐❣✐♥❡ ❡♥ ❊✉r♦♣❡✱ ❡♥ ❆s✐❡
❡t ❡♥ ❆❢r✐q✉❡✳ ❙✐ ❧❡ ❢❛✐t ❞❡ ♣rés❡r✈❡r ❧✬❛♥♦♥②♠❛t ❞❡s ♣❛rt✐❝✐♣❛♥ts ét❛✐t ♥❛t✉r❡❧✱ ❝❡❧✉✐ ❞❡
❧✬♦r✐❣✐♥❡ ❞❡s é❝❤❛♥t✐❧❧♦♥s ❧✬ét❛✐t ♠♦✐♥s ✿ ❝♦♥♥❛îtr❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞✬♦r✐❣✐♥❡ ❞❡ ❝❤❛q✉❡ é❝❤❛♥✲
t✐❧❧♦♥ ♣❡r♠❡ttr❛✐t ❞❛♥s ❧❡s ét✉❞❡s ❢✉t✉r❡s ❞❡ ❝❤♦✐s✐r ❧❡ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♥s✐❞éré❡✳ P❛r ❛✐❧❧❡✉rs ❧❡s ♣♦♣✉❧❛t✐♦♥s s❡r❛✐❡♥t ❡♥ ré❛❧✐té
❢❛❝✐❧❡♠❡♥t ✐❞❡♥t✐✜❛❜❧❡s✳ ❉♦♥❝ ♣❧✉tôt q✉❡ ❞❡ ❧❛✐ss❡r ❛✉① ❝❤❡r❝❤❡✉rs ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✐♥❢ér❡r✱
é✈❡♥t✉❡❧❧❡♠❡♥t à t♦rt✱ ❧✬✐❞❡♥t✐té ❞❡s ♣♦♣✉❧❛t✐♦♥s ♣❛rt✐❝✐♣❛♥t❡s ❛✉ ♣r♦❥❡t✱ ✐❧ ♣❛r❛✐ss❛✐t ♣❧✉s
❥✉❞✐❝✐❡✉① ❞❡ r❡♥❞r❡ ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐s♣♦♥✐❜❧❡✳

❊♥✜♥ ❧❛ q✉❡st✐♦♥ ❞❡s ❜é♥é✜❝❡s ❞✬✉♥ t❡❧ ♣r♦❥❡t ❝❡ ♣♦s❡ é❣❛❧❡♠❡♥t✳ ■❧s ❞❡✈r❛✐❡♥t ❞✐✲
r❡❝t❡♠❡♥t ❝♦♥tr✐❜✉❡r à ❧✬❛♠é❧✐♦r❛t✐♦♥ ❞❡ ❧❛ s❛♥té✱ ❜✐❡♥ q✉❡ ❝❡❧❛ ♣✉✐ss❡ ♣r❡♥❞r❡ q✉❡❧q✉❡s
❛♥♥é❡s ❛✈❛♥t ❞❡ s❡ ♠❛tér✐❛❧✐s❡r✳ ❆ ♣❧✉s ❝♦✉rt t❡r♠❡✱ ❧❡s ♣r✐♥❝✐♣❛✉① ❜é♥é✜❝✐❛✐r❡s ❞✉ ♣r♦❥❡t
♥❡ s❡r♦♥t ♣❛s ❧❡s ♣❛rt✐❝✐♣❛♥ts ❡✉①✲♠ê♠❡s ♠❛✐s ❧❡s ❝❤❡r❝❤❡✉rs ❡t ❧❡s ✐♥❞✉str✐❡❧s q✉✐ ✈♦♥t
❞é✈❡❧♦♣♣❡r ❞❡ ♥♦✉✈❡❧❧❡s ♠♦❧é❝✉❧❡s✱ ❞❡s t❡sts ❞✐❛❣♥♦st✐q✉❡s ❡t t♦✉t ❛✉tr❡ ♣r♦❞✉✐t ❝♦♠♠❡r✲
❝✐❛❧ à ♣❛rt✐r ❞❡s r❡❝❤❡r❝❤❡s ✉t✐❧✐s❛♥t ❧❡s ❞♦♥♥é❡s ❍❛♣▼❛♣✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡ ♣r♦❥❡t ❧✉✐ ♠ê♠❡
♥✬❛ ♣❛s ✈♦❝❛t✐♦♥ à ❣é♥ér❡r ❞❡s ❜é♥é✜❝❡s✳

➱t❛♣❡ ✷ ✿ ❙é❧❡❝t✐♦♥ ❞❡s ♠❛rq✉❡✉rs ❡t t❡❝❤♥✐q✉❡s ❞❡ ❣é♥♦t②♣❛❣❡
❤❛✉t✲❞é❜✐t

P♦✉r ✉♥❡ ❛♣♣r♦❝❤❡ ❣è♥❡s✲❝❛♥❞✐❞❛ts✱ ❧❡ ❝❤♦✐① ❞❡s ♠❛rq✉❡✉rs ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t ❣✉✐❞é
♣❛r ❧❡ ❝❤♦✐① ❞❡s ❣è♥❡s ✐♥❝❧✉s ❞❛♥s ❧✬ét✉❞❡✳ P♦✉r ✉♥❡ ❛♣♣r♦❝❤❡ ❣❡♥♦♠❡✲✇✐❞❡✱ ♣❧✉s✐❡✉rs
str❛té❣✐❡s ❞❡ sé❧❡❝t✐♦♥ s♦♥t ❡♥✈✐s❛❣❡❛❜❧❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❞✐✛ér❡♥ts ❛ ♣r✐♦r✐ ❜✐♦❧♦❣✐q✉❡s ❡t
t❡❝❤♥✐q✉❡s ♣r✐s ❡♥ ❝♦♠♣t❡✳

✲ ❙é❧❡❝t✐♦♥ ▲❉ ✿ ♣♦✉r êtr❡ ✉t✐❧❡✱ ✉♥ ♠❛rq✉❡✉r ❞♦✐t êtr❡ ❧✉✐✲♠ê♠❡ ✉♥ ❧♦❝✉s ét✐♦❧♦❣✐q✉❡
♦✉ ❛❧♦rs êtr❡ ❡♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❛✈❡❝ ✉♥ ❧♦❝✉s ét✐♦❧♦❣✐q✉❡ ✭❑r✉❣❧②❛❦ ✶✾✾✾✱ ❏♦r❞❡
✷✵✵✵✮✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à ✈✉ ❡♥ ❛❜♦r❞❛♥t ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ✭♣✳ ✾✮✱ ❧❡ ❣é♥♦♠❡
♣❡✉t êtr❡ ré❞✉✐t à ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❜❧♦❝s ❞❡ ▲❉ ❞❛♥s ❧❡sq✉❡❧s ❝❤❛q✉❡ ✈❛r✐❛♥t ❡st ❢♦rt❡♠❡♥t
❝♦rré❧é ❛✈❡❝ ❧❡s ❛✉tr❡s ✭❉❛❧② ❡t ❛❧ ✷✵✵✶✱ ●❛❜r✐❡❧ ❡t ❛❧ ✷✵✵✷✮✳ ❯♥ ♠❛rq✉❡✉r ♣❡✉t ❞♦♥❝ à



✷✹ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❧✉✐ s❡✉❧✱ ♣♦rt❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❡♥ q✉❡st✐♦♥ ✿ ♦♥ ♣❛r❧❡ ❞❡ t❛❣❙◆P✳
❙✉r ❧❛ ❜❛s❡ ❞✉ ♣r♦❥❡t ❍❛♣▼❛♣✱ ♦♥ ❡st✐♠❡ ❛✉❥♦✉r❞✬❤✉✐ q✉❡ q✉❡❧q✉❡s ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs
❞❡ ❙◆Ps ❜✐❡♥ ❝❤♦✐s✐s ❞❡✈r❛✐❡♥t s✉✣r❡ à rés✉♠❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ✈❛r✐❛t✐♦♥s ❣é♥ét✐q✉❡s ❞✉
❣é♥♦♠❡ ❤✉♠❛✐♥✳ ▲❡ ♥♦♠❜r❡ ♣ré❝✐s ❞❡ t❛❣❙◆Ps ♥é❝❡ss❛✐r❡s ❞é♣❡♥❞ ❡♥ ❢❛✐t ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥
❡t ❞❡ ❧❛ ♠ét❤♦❞❡ ❡♠♣❧♦②é❡ ♣♦✉r ❧❡s ❞ét❡r♠✐♥❡r ✭❩❤❛♥❣ ❡t ❛❧ ✷✵✵✷✮✳

✲ ❙é❧❡❝t✐♦♥ ▼✐ss❡♥s❡ ✿ ✈✉ ❧❡ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ♠✉t❛t✐♦♥s ♠✐ss❡♥s❡ ♣❛r♠✐ ❧❡s
♣♦❧②♠♦r♣❤✐s♠❡s à ❧❛ ❜❛s❡ ❞❡s ♠❛❧❛❞✐❡ ♠♦♥♦❣é♥✐q✉❡s✱ ❇♦tst❡✐♥ ❡t ❘✐s❝❤ ✭✷✵✵✸✮ ♦♥t ♣r♦♣♦sé
❞❡ s❡ ❢♦❝❛❧✐s❡r s✉r ❧❡s ❙◆Ps ♠✐ss❡♥s❡✶✾ ❀ ✉♥ ❣è♥❡ ❝♦♥t❡♥❛♥t ❡♥ ♠♦②❡♥♥❡ ✉♥ ♦✉ ❞❡✉① ❙◆Ps
♠✐ss❡♥s❡ ✭❈❛r❣✐❧❧ ❡t ❛❧ ✶✾✾✾✮✱ ❝❡tt❡ str❛té❣✐❡ ✐♠♣❧✐q✉❡ ❧❡ ❣é♥♦t②♣❛❣❡ ❞❡ ✸✵✱✵✵✵ à ✻✵✱✵✵✵
❙◆Ps✳ ❙✐ ❧❡s ✈❛r✐❛♥ts sér✐❡✉s❡♠❡♥t ❛ss♦❝✐és à ❞❡s ♠❛❧❛❞✐❡s ✐♥❝❧✉❡♥t ❡✛❡❝t✐✈❡♠❡♥t ✉♥❡
❢♦rt❡ ♣r♦♣♦rt✐♦♥ ❞❡ ✈❛r✐❛♥ts ♠✐ss❡♥s❡✱ ❝❡t ❛r❣✉♠❡♥t ❡st ♥é❛♥♠♦✐♥s ❜✐❛✐sé ♣❛r ❧❡ ❢❛✐t q✉❡
❥✉sq✉✬à ♣rés❡♥t✱ ❝❡s ❞❡r♥✐❡rs ♦♥t été ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t ❛♥❛❧②sés✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ❡st ❛ss❡③
✈r❛✐s❡♠❜❧❛❜❧❡ q✉❡ ❧❡s ❛❧❧è❧❡s ✐♠♣❧✐q✉és ❞❛♥s ❞❡s ♠❛❧❛❞✐❡s ♠✉❧t✐❢❛❝t♦r✐❡❧❧❡s s♦✐❡♥t ♣❧✉tôt
❧♦❝❛❧✐sés ❛✉ ♥✐✈❡❛✉ ❞❡ ✈❛r✐❛♥ts ♥♦♥✲❝♦❞❛♥ts✱ ✐♠♣❧✐q✉és ❞❛♥s ❞❡s é✈é♥❡♠❡♥ts ❞❡ ré❣✉❧❛t✐♦♥
❡t ❛✈❡❝ ✉♥ ✐♠♣❛❝t ♣❧✉s ♠♦❞❡st❡ s✉r ❧✬❡①♣r❡ss✐♦♥ ❞❡s ❣è♥❡s✳ ▲✬♦♥ ♣❡✉t ❞♦♥❝ s✬✐♥t❡rr♦❣❡r
s✉r ❧✬❡✣❝❛❝✐té ❞✬✉♥❡ t❡❧❧❡ str❛té❣✐❡ ❞❡ sé❧❡❝t✐♦♥✳

✲ ❙é❧❡❝t✐♦♥ ●è♥❡✲❈❡♥tré ✿ ✐❧ s✬❛❣✐t ✐❝✐ ❞❡ r❡t❡♥✐r ❧❡s ♠❛rq✉❡✉rs s✉r ❧❛ ❜❛s❡ ❞❡ ❧❡✉r
♣r♦①✐♠✐té ❛✈❡❝ ✉♥ ❣è♥❡✳ ❈♦♠♠❡ ♣ré❝é❞❡♠♠❡♥t✱ ❧❛ sé❧❡❝t✐♦♥ ♣❡✉t✲êtr❡ ❛❝❝♦♠♣❛❣♥é❡ ❞✬❛
♣r✐♦r✐ ❜✐♦❧♦❣✐q✉❡s t❡❧s q✉❡ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♦✉ ❧❛ ♥❛t✉r❡ ❞❡s ✈❛r✐❛♥ts ✭❡✳❣✳ ♠✐s✲
s❡♥s❡✮✳ ❈❡tt❡ str❛té❣✐❡ ♥é❝❡ss✐t❡ ❝❡♣❡♥❞❛♥t ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡ t♦✉s ❧❡s ❣è♥❡s ♣rés❡♥ts
❞❛♥s ❧❡ ❣é♥♦♠❡ ❡t ❢❛✐t t♦t❛❧❡♠❡♥t ❛❜str❛❝t✐♦♥ ❞❡ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞✬é✈❡♥t✉❡❧s é❧é♠❡♥ts ❞❡
ré❣✉❧❛t✐♦♥ s✐t✉és ❞❛♥s ❞❡s ré❣✐♦♥s ❞é♣♦✉r✈✉❡s ❞❡ ❣è♥❡s✳

✲ ❙é❧❡❝t✐♦♥ Pr❛❣♠❛t✐q✉❡ ✿ ✉♥❡ ❞❡r♥✐èr❡ str❛té❣✐❡ ❝♦♥s✐st❡ à sé❧❡❝t✐♦♥♥❡r ❧❡s ✈❛r✐❛♥ts
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝♦♥s✐❞ér❛t✐♦♥s ❧♦❣✐st✐q✉❡s t❡❧❧❡s q✉❡ ❧❛ ❢❛❝✐❧✐té ♦✉ ❧❡ ❝♦ût ❞❡ ❣é♥♦t②♣❛❣❡✳
❘é❝❡♠♠❡♥t✱ ❞❡ ❧❛r❣❡s ❝♦❧❧❡❝t✐♦♥s ♣♦✉✈❛♥t ❛❧❧❡r ❞❡ ✶✵✱✵✵✵ à ✶✱✵✵✵✱✵✵✵ ❙◆Ps ♦♥t été ❞é✲
✈❡❧♦♣♣é❡s ❡t ♣r♦♣♦sé❡s à ✉♥ ❝♦ût t♦✉t à ❢❛✐t r❛✐s♦♥♥❛❜❧❡✳ ❈❡s ❝♦❧❧❡❝t✐♦♥s ♣❡r♠❡tt❡♥t ❞❡
❝♦✉✈r✐r ✉♥❡ ❢r❛❝t✐♦♥ s✐❣♥✐✜❝❛t✐✈❡ ❞✉ ❣é♥♦♠❡✱ ❜✐❡♥ q✉✬ét❛♥t ❛ ♣r✐♦r✐ ♠♦✐♥s ❡①❤❛✉st✐✈❡s
q✉✬✉♥❡ sé❧❡❝t✐♦♥ r❡♣♦s❛♥t s✉r ❧❡ ▲❉✳

✲ ❚❡❝❤♥✐q✉❡s ❞❡ ❣é♥♦t②♣❛❣❡ ❤❛✉t✲❞é❜✐t ✿ ❧❡s ♠ét❤♦❞❡s ❞❡ ❣é♥♦t②♣❛❣❡ s♦♥t ♠✉❧t✐♣❧❡s
❡t s❡ s♦♥t ❞é✈❡❧♦♣♣é❡s ❛✉ ❢✉r ❡t à ♠❡s✉r❡ ❞❡s ❛✈❛♥❝é❡s ❡♥ ❇✐♦❧♦❣✐❡ ▼♦❧é❝✉❧❛✐r❡ ❡t ❞❡s
♣r♦❣rès t❡❝❤♥♦❧♦❣✐q✉❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ tr♦✉✈❡ ❧❛ P❈❘✷✵ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ♣❧✉♣❛rt ❞❡s
t❡❝❤♥✐q✉❡s ❞❡ ❣é♥♦t②♣❛❣❡✳ ▲❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ t❡❝❤♥♦❧♦❣✐❡s ❤❛✉t✲❞é❜✐t ❡t ♣❡✉ ❝♦ût❡✉s❡s
❛ ♣❡r♠✐s ❞❡ s❡ t♦✉r♥❡r ✈❡rs ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ à ❣r❛♥❞❡ é❝❤❡❧❧❡✳ ■❧ ❡♥ ❡①✐st❡ ♣❧✉s✐❡✉rs

✶✾q✉✐ ❝❤❛♥❣❡ ❧❛ ❝♦♥st✐t✉t✐♦♥ ❞❡ ❧❛ ♣r♦té✐♥❡ ♣r♦❞✉✐t❡ ♣❛r ❧❡ ❣è♥❡ ❞❛♥s ❧❡q✉❡❧ ❧❡ ❙◆P s❡ s✐t✉❡
✷✵♣❡r♠❡t ❞✬❛✉❣♠❡♥t❡r ❧❛ q✉❛♥t✐té ❞✬❆❉◆ à ♣❛rt✐r ❞✬✉♥❡ très ❢❛✐❜❧❡ q✉❛♥t✐té ❞❡ ❞é♣❛rt



✶✳✺✳ ❉ér♦✉❧❡♠❡♥t ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✷✺

t②♣❡s à ❝❡ ❥♦✉r✱ ❧❡s ♣r✐♥❝✐♣❛❧❡s ét❛♥t ❢♦♥❞é❡s s✉r ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ♣✉❝❡s✲à✲❆❉◆ ✭♦✉ ❉◆❆✲
♠✐❝r♦❛rr❛②✮✳

▲❡ ♣r✐♥❝✐♣❡ ❞❡s ♣✉❝❡s✲à✲❆❉◆ ♠❡t ❡♥ r❡❧❛t✐♦♥ ❧❡s ♣r✐♥❝✐♣❡s ❞✬❤②❜r✐❞❛t✐♦♥ ❡♥tr❡s ❜r✐♥s
❞✬❆❉◆ ♣❛r ❝♦♠♣❧é♠❡♥t❛r✐té ❞❡s ❜❛s❡s✱ ❞❡ ✢✉♦r❡s❝❡♥❝❡ ❡♥ ♠✐❝r♦s❝♦♣✐❡ ❡t ❞❡ ❝❛♣t✉r❡
❞✬❆❉◆ s✉r ❞❡s s✉r❢❛❝❡s s♦❧✐❞❡s✳ ▲❡s ♣r✐♥❝✐♣❛✉① ❝♦♠♣♦s❛♥ts ❞✬✉♥❡ ♣✉❝❡ s♦♥t ✿ ✭✐✮ ❧❡ s✉♣✲
♣♦rt s✉r ❧❡q✉❡❧ ❡st ✜①é ❧✬❆❉◆ ❝✐❜❧❡✱ ✭✐✐✮ ❧❡s ❆❉◆ s♦♥❞❡s ❡t ✭✐✐✐✮ ✉♥ s②stè♠❡ ❞❡ ❞ét❡❝t✐♦♥
q✉✐ ❡♥r❡❣✐str❡ ❡t ✐♥t❡r♣rèt❡ ❧❡ s✐❣♥❛❧ ❞✬❤②❜r✐❞❛t✐♦♥✳ ❉❡✉① t②♣❡s ❞❡ ♣✉❝❡s ♦♥t été é❧❛❜♦rés
♣❛r ❧❡s ✐♥❞✉str✐❡❧s ❆✛②♠❡tr✐① ❡t ■❧❧✉♠✐♥❛✳ ❯t✐❧✐s❛♥t t♦✉s ❞❡✉① ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ✢✉♦r❡s❝❡♥❝❡✱
✐❧s ❞✐✈❡r❣❡♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉r ❧❛ ♥❛t✉r❡ ❞✉ s✉♣♣♦rt ❞✬❤②❜r✐❞❛t✐♦♥ ✿ ♣♦✉r ❧❛ t❡❝❤♥♦❧♦✲
❣✐❡ ❆✛②♠❡tr✐①✱ ❧✬❆❉◆ ❝✐❜❧❡ ❡st ❞✐r❡❝t❡♠❡♥t s②♥t❤ét✐sé s✉r ❞❡s ♣✉❝❡s✱ ❛❧♦rs q✉❡ ♣♦✉r ❧❛
t❡❝❤♥♦❧♦❣✐❡ ■❧❧✉♠✐♥❛✱ ❧✬❤②❜r✐❞❛t✐♦♥ s❡ ré❛❧✐s❡ s✉r ❞❡s ❜✐❧❧❡s✳

▲❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❞❡ ♣✉❝❡✲à✲❆❉◆ ♣❡r♠❡tt❛♥t ❞❡ ❞ét❡r♠✐♥❡r ❧❛ ❝♦♥✜❣✉r❛t✐♦♥
❣é♥♦t②♣✐q✉❡ ❞✬✉♥ ❙◆P✱ r❡♣♦s❡♥t ❛✈❛♥t t♦✉t s✉r ❧❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r ❧❡ s✐❣♥❛❧ ❞❡ ✢✉♦r❡s❝❡♥❝❡
rés✉❧t❛♥t✱ ❞❡ ❝♦rr❡s♣♦♥❞r❡ à t❡❧ ♦✉ t❡❧ ❣é♥♦t②♣❡✳ ❙✐ ♣♦✉r ❧❡ ❣é♥ét✐❝✐❡♥ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡
tr❛✈❛✐❧❧❡r s✉r ❞❡s ❣é♥♦t②♣❡s ♣ré❝✐s✱ ✐❧ ② ❛ ❝❡♣❡♥❞❛♥t✱ ❧♦rs ❞✉ ♣❛ss❛❣❡ ❞❡s ♣r♦❜❛❜✐❧✐tés à ❧❛
❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❣é♥♦t②♣❡s✱ ✉♥❡ ♣❡rt❡ ❞✬✐♥❢♦r♠❛t✐♦♥ é✈✐❞❡♥t❡ ♣♦✉r ❧❡ st❛t✐st✐❝✐❡♥✳ ❈❡tt❡
♣❡rt❡ ❞✬✐♥❢♦r♠❛t✐♦♥ ♣❡✉t ❛✈♦✐r ♣♦✉r ❝♦♥séq✉❡♥❝❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❡rr♦♥é ❞✬✉♥ ❣é♥♦t②♣❡
♦✉ ✉♥❡ ✐♥❞ét❡r♠✐♥❛t✐♦♥ s✉r s❛ ✈❛❧❡✉r ✭✈❛❧❡✉r ♠❛♥q✉❛♥t❡✮✳ ❈❡ ♣r♦❜❧è♠❡ ❡st é✈♦q✉é ♣❛❣❡
✸✷✳ ❙✐ ❛✉❥♦✉r❞✬❤✉✐ ❡♥❝♦r❡✱ ♦♥ ❛ ❧✬❤❛❜✐t✉❞❡ ❞❡ ❞✐st✐♥❣✉❡r ❧✬❛♥❛❧②s❡ ❞✉ s✐❣♥❛❧ ❞❡ ✢✉♦r❡s❡♥❝❡
❞❡ ❝❡❧❧❡ ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❞❡s ❣é♥♦t②♣❡s ❛✈❡❝ ❧❛ ♠❛❧❛❞✐❡✱ ❧✬♦♥ ♣❡✉t ♥é❛♥♠♦✐♥s ✐♥s✐st❡r s✉r
❧❡ ❜é♥é✜❝❡ q✉✬❛♣♣♦rt❡r❛✐t ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❡s ❞❡✉① ❛♥❛❧②s❡s ❝♦♥❥♦✐♥t❡♠❡♥t✱ s❛♥s ♣❛ss❡r
♣❛r ✉♥❡ ❞✐s❝rét✐s❛t✐♦♥ ❡♥ ❣é♥♦t②♣❡s ❞✉ s✐❣♥❛❧ ❞❡ ✢✉♦r❡s❝❡♥❝❡ ❛✜♥ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡
❧✬✐♥❝❡rt✐t✉❞❡ ❞✉ ❣é♥♦t②♣❛❣❡✳

❊♥✜♥✱ ♣♦✉r s❡ ❞♦♥♥❡r ✉♥❡ ✐❞é❡ ❞✉ ❝♦ût ❡t ❞✉ t❡♠♣s ❞❡ ❣é♥♦t②♣❛❣❡✱ ❧❡ ❣é♥♦t②♣❛❣❡ ❞✬✉♥
✐♥❞✐✈✐❞✉ ❛✈❡❝ ✉♥❡ ♣✉❝❡ ❆✛②♠❡tr✐① ✺✵✵❑ r❡✈✐❡♥t à ✸✺✵ ❡✉r♦s ❡t ✐❧ ❢❛✉t ❝♦♠♣t❡r ❡♥✈✐r♦♥
❞❡✉① s❡♠❛✐♥❡s à ✉♥ ❡①♣ér✐♠❡♥t❛t❡✉r ♣♦✉r ❣é♥♦t②♣❡r ✾✻ ✐♥❞✐✈✐❞✉s✳

➱t❛♣❡ ✸ ✿ ❆♥❛❧②s❡ st❛t✐st✐q✉❡ ❡t ❢♦r♠✉❧❛t✐♦♥ ❞✬❤②♣♦t❤ès❡s

✲ Pré✲tr❛✐t❡♠❡♥t ✿ ✉♥❡ ét❛♣❡ ♣ré❧✐♠✐♥❛✐r❡ à ❧✬❛♥❛❧②s❡ ❝♦♥s✐st❡ à ♠❡ttr❡ ❡♥ ❢♦r♠❡ ❧❡s
❞♦♥♥é❡s✱ à ❧❡s r❛♥❣❡r ❞❛♥s ❞❡s ✜❝❤✐❡rs ♦✉ ❞❛♥s ❞❡s ❜❛s❡s ❞❡ ❞♦♥♥é❡s✱ ❡t à ❧❡s ✏♥❡tt♦②❡r✑
❞❡ ❢❛ç♦♥ à ♠✐♥✐♠✐s❡r ❧❡s é✈❡♥t✉❡❧❧❡s ❡rr❡✉rs✳ ▲✬✐♠♣♦rt❛♥❝❡ ❞❡ ❝❡ ♣ré✲tr❛✐t❡♠❡♥t ♥❡ ❞♦✐t
♣❛s êtr❡ s♦✉s✲❡st✐♠é❡ ♣✉✐sq✉✬✐❧ ♣❡✉t ❢❛❝✐❧✐t❡r ❧❡s ❛♥❛❧②s❡s ❡t ❝♦♥tr✐❜✉❡r à ❧❛ q✉❛❧✐té ❞❡s
rés✉❧t❛ts ✭✈♦✐r ❈♦♥trô❧❡ ◗✉❛❧✐té ♣✳ ✷✽✮✳

✲ ❆♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r ✿ ✉♥❡ ♣❛rt ✐♠♣♦rt❛♥t❡ ❞❡s ❛♥❛❧②s❡s st❛t✐st✐q✉❡s ❝♦♥s✐st❡
❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s à tr❛✐t❡r ❧❡s ♠❛rq✉❡✉rs ✉♥ ♣❛r ✉♥✱ ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t
❝❡✉① q✉✐ s♦♥t ✲ ❞✐r❡❝t❡♠❡♥t ♦✉ ♥♦♥ ✲ ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡✳ ❯♥ ❝❤❛♣✐tr❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐♣t
❡st ❝♦♥s❛❝ré à ❝❡ t②♣❡ ❞✬❛♥❛❧②s❡ ✭❝❤❛♣✐tr❡ ✷ ♣✳ ✸✾✮✳
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❋✐❣✳ ✶✳✻ ✕ ❚❡❝❤♥✐q✉❡ ❞❡ ❣é♥♦t②♣❛❣❡ ❤❛✉t✲❞é❜✐t ✿ ❧✬❆❉◆ ❞❡ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❡st
❢r❛❣♠❡♥té ❡t ❧❛❜❡❧✐sé ♣❛r ✉♥ ✢✉♦r♦❝❤r♦♠❡ ❞♦♥t ❧❛ ❝♦✉❧❡✉r ❞é♣❡♥❞ ❞❡ ❧✬❛❧❧è❧❡ ♣rés❡♥t s✉r ❧❛
séq✉❡♥❝❡ ❞✬❆❉◆✳ ❈❡tt❡ ❆❉◆ s♦♥❞❡ ❡st ❡♥s✉✐t❡ ❞é♣♦sé s✉r ✉♥❡ ♣❧❛q✉❡ ♦✉ ♣✉❝❡✲à✲❆❉◆ q✉✐
❝♦♥t✐❡♥t ❧✬❆❉◆ ❝✐❜❧❡ ✭❝❤❛q✉❡ ♣✉✐t r❡♣rés❡♥t❛♥t ✉♥ ❧♦❝✉s ❞♦♥♥é✮ s✉r ❧❡q✉❡❧ ✐❧ s✬❤②❜r✐❞❡✳ ▲❛
♣✉❝❡ ❡st ❡♥s✉✐t❡ ❧✉❡ à ❧✬❛✐❞❡ ❞✬✉♥ s❝❛♥♥❡r ❡t ❡♥ ❢♦♥❝t✐♦♥ ❞✉ s✐❣♥❛❧ ❞❡ ✢✉♦r❡s❝❡♥❝❡ ♦❜s❡r✈é
♦♥ ❞ét❡r♠✐♥❡ ❧❡ ❣é♥♦t②♣❡ ❞❡ ❧✬✐♥❞✐✈✐❞✉ ♣♦✉r ❧❡ ❧♦❝✉s ❝♦♥s✐❞éré✳ ■❝✐ ✏♥♦✐r✑ ❝♦rr❡s♣♦♥❞ ❛✉
❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ AA✱ ✏❜❧❛♥❝✑ ❛✉ ❣é♥♦t②♣❡ ❤♦♠♦③②❣♦t❡ aa✱ ❡t ✉♥ ♠é❧❛♥❣❡ ❞❡s ❞❡✉①
❝♦✉❧❡✉rs ✭❣r✐s✮ ❛✉ ❣é♥♦t②♣❡ ❤étér♦③②❣♦t❡ aA✳ ❈❤❛q✉❡ ❧♦❝✉s ❡st r❡♣rés❡♥té ♣❧✉s✐❡✉rs ❢♦✐s
s✉r ❧❛ ♣✉❝❡ ❞❡ ❢❛ç♦♥ à ❛♠é❧✐♦r❡r ❧❛ q✉❛❧✐té ❞❡s rés✉❧t❛ts✳



✶✳✺✳ ❉ér♦✉❧❡♠❡♥t ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✷✼

✲ ❆♥❛❧②s❡ ♠✉❧t✐✲♠❛rq✉❡✉rs ✿ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ♥❛t✉r❡ ♠✉❧t✐❢❛❝t♦r✐❡❧❧❡ ❞❡s ♠❛❧❛❞✐❡s
ét✉❞✐é❡s ❡t ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✱ ✐❧ ❛♣♣❛r❛ît ❥✉❞✐❝✐❡✉① ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡s ♣❤é✲
♥♦♠è♥❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❡t ❞✬❛ss♦❝✐❛t✐♦♥ ♠✐s ❡♥ ❥❡✉ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs✳ ❯♥ ❛✉tr❡ ❝❤❛♣✐tr❡
❞é✈❡❧♦♣♣❡ ❝❡tt❡ t❤é♠❛t✐q✉❡ ✭❝❤❛♣✐tr❡ ✸ ♣✳ ✶✵✸✮✳

✲ ■♥té❣r❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❤étér♦❣è♥❡s ✿ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝❤♦✐s✐r
❞❡s ❣è♥❡s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✈✐❛ ✉♥❡ ❛♣♣r♦❝❤❡ ❣è♥❡✲❝❛♥❞✐❞❛t✱ ♦✉ ❡♥❝♦r❡ ❞❡ sé❧❡❝t✐♦♥♥❡r ❧❡s
♠❛rq✉❡✉rs à ❣é♥♦t②♣❡r ❡♥ ✐♥té❣r❛♥t ❛ ♣r✐♦r✐ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s✱ ✐❧ ♥✬❡st ♣❛s ❡①❝❧✉
❞✬✉t✐❧✐s❡r ❝❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ❛ ♣♦st❡r✐♦r✐ ♣♦✉r r❡♥❢♦r❝❡r ❧❡s ❤②♣♦t❤ès❡s ✐ss✉❡s ❞❡s ❛♥❛❧②s❡s
st❛t✐st✐q✉❡s✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ✉t✐❧✐s❡r ❧❛ ♥❛t✉r❡ ❣é♥♦♠✐q✉❡ ❞❡s ♠❛rq✉❡✉rs ❛ss♦❝✐és
✭❡✳❣✳ ♠✐ss❡♥s❡✮✱ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞❡s ❣è♥❡s ❞❛♥s ❞❡s ✈♦✐① ♠ét❛❜♦❧✐q✉❡s ❝♦♥♥✉❡s✱ ❧✬❤♦♠♦❧♦❣✐❡
❛✈❡❝ ❞❡s ❣è♥❡s ❞♦♥t ❧❛ ♠♦❞✐✜❝❛t✐♦♥ ❞❛♥s ❞❡s ♠♦❞è❧❡s ❛♥✐♠❛✉① ✐♥❞✉✐t ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ s✐❣♥❡s
♣r♦❝❤❡s ❞❡ ❧❛ ♠❛❧❛❞✐❡ ét✉❞✐é❡✱ ❧✬❛♥❛❧②s❡ ❞✬❡①♣r❡ss✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❡ ❣è♥❡s ❛✉ ❝♦✉rs ❞❡
♣r♦❝❡ss✉s ♣❤②s✐♦♣❛t❤♦❧♦❣✐q✉❡s ❛✐♥s✐ q✉❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❞❡ s✐♠✐❧❛r✐té ❞❡ séq✉❡♥❝❡s ❡♥tr❡
❡s♣è❝❡s ❞❛♥s ❧❡ ❜✉t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s é❧é♠❡♥ts ❞❡ ré❣✉❧❛t✐♦♥✳

❊t❛♣❡ ✹ ✿ ❱ér✐✜❝❛t✐♦♥ ❞❡s ❤②♣♦t❤ès❡s ♣❛r ré♣❧✐❝❛t✐♦♥

❊♥ s❝✐❡♥❝❡s ❡①♣ér✐♠❡♥t❛❧❡s✱ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡ ❝♦♥♥❛✐ss❛♥❝❡s ♥♦✉✈❡❧❧❡s ✐♠♣❧✐q✉❡ ❞❡✉①
ét❛♣❡s ❞✐st✐♥❝t❡s ✿ ❧❛ ♣r♦❞✉❝t✐♦♥ ❞✬❤②♣♦t❤ès❡s ❡t ❧❛ ✈ér✐✜❝❛t✐♦♥ ❞❡ ❝❡s ❤②♣♦t❤ès❡s ✭▲❛♥✲
t♦✇s❦✐ ❡t ▼❛❦❛❧♦✇s❦✐ ✷✵✵✵✮✳

❊♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡✱ ❧❛ ré♣❧✐❝❛t✐♦♥ ❞❡s rés✉❧t❛ts à tr❛✈❡rs ✉♥❡ ♦✉ ♣❧✉s✐❡✉rs
♣♦♣✉❧❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❧✬❛♣♣r♦❝❤❡ ♣r✐✈✐❧é❣✐é❡ ♣♦✉r ❝❡tt❡ ✈ér✐✜✲
❝❛t✐♦♥ ❀ ❡❧❧❡ ♣❡r♠❡t ❞❡ ❞✐st✐♥❣✉❡r ❧❡s ❢❛✉①✲♣♦s✐t✐❢s ❞❡s ✈r❛✐s s✐❣♥❛✉① ❞✬❛ss♦❝✐❛t✐♦♥ ✭▲❛♥❞❡r
❡t ❑r✉❣❧②❛❦ ✶✾✾✺✱ ❑❡✐❣❤t❧❡② ❡t ❑♥♦tt ✶✾✾✾✮✳ ❈❡♣❡♥❞❛♥t ❧❛ ❞é✜♥✐t✐♦♥ ♠ê♠❡ ❞❡ ré♣❧✐❝❛✲
t✐♦♥ ♥✬❡st ♣❛s ❢♦r❝é♠❡♥t ❝❧❛✐r❡ ❡t ♣❡✉t ♣r❡♥❞r❡ ✉♥ s❡♥s ♣❧✉s ♦✉ ♠♦✐♥s ❞é✜♥✐✳ ❉❡ ❢❛ç♦♥
str✐❝t❡✱ ✐❧ s✬❛❣✐r❛ ❞❡ ❧❛ ré♣❧✐❝❛t✐♦♥ ❞✬✉♥ ♠ê♠❡ ❧♦❝✉s✱ ♠❡tt❛♥t ❡♥ ❝❛✉s❡ ❧❡s ♠ê♠❡s ❛❧❧è❧❡s
♦✉ ❣é♥♦t②♣❡s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❝♦♥s✐❞ér❡r ❧❛ ré♣❧✐❝❛t✐♦♥ t❡❝❤♥✐q✉❡ q✉✐
✈✐s❡ à ré✐tér❡r ❧❛ ♠ê♠❡ ❡①♣ér✐❡♥❝❡ ❛✈❡❝ ❧❛ ♠ê♠❡ t❡❝❤♥✐q✉❡ ❡t s✉r ❧❛ ♠ê♠❡ ♣♦♣✉❧❛t✐♦♥ q✉❡
❧✬♦♥ ❞✐st✐♥❣✉❡ ❞❡ ❧❛ ❝♦♥✜r♠❛t✐♦♥ t❡❝❤♥✐q✉❡ q✉✐ ré❛❧✐s❡ ❧❛ ♠ê♠❡ ❡①♣ér✐❡♥❝❡ s✉r ❧❛ ♠ê♠❡
♣♦♣✉❧❛t✐♦♥ ♠❛✐s ❛✈❡❝ ✉♥❡ t❡❝❤♥✐q✉❡ ❞✐✛ér❡♥t❡✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♣✉❝❡ ■❧❧✉♠✐♥❛
❧♦rsq✉❡ ❧❛ ♣r❡♠✐èr❡ ❡①♣ér✐❡♥❝❡ ❛ été ❢❛✐t❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ♣✉❝❡ ❆✛②♠❡tr✐①✳

❊♥ ❣é♥ér❛❧✱ ❧❡s rés✉❧t❛ts ❞❡s ré♣❧✐❝❛t✐♦♥s s♦♥t q✉❡❧q✉❡s ♣❡✉ ❞é❝❡✈❛♥ts✳ P❛r ❡①❡♠♣❧❡✱
s✉r ♣❧✉s ❞❡ ✶✱✸✵✵ ét✉❞❡s ♠❡♥é❡s s✉r ❞❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s ❡t ✜♥❛♥❝é❡s ♣❛r ❧❡ ◆❛t✐♦✲
♥❛❧ ■♥s✐t✉t❡s ♦❢ ❍❡❛❧t❤✱ ♦♥ ❡st✐♠❡ ❡♥tr❡ ✶✻✪ ❡t ✸✵✪ ❧❛ ♣r♦♣♦rt✐♦♥ ❞✬ét✉❞❡s ♠❡tt❛♥t ❡♥
❛✈❛♥t ❞❡s ré♣❧✐❝❛t✐♦♥s ❡t à q✉❡❧q✉❡s ❞✐③❛✐♥❡s ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛♥ts ❣é♥ét✐q✉❡s ✐❞❡♥t✐✜és
❝♦♠♠❡ ét❛♥t ✐♠♣❧✐q✉és ❞❛♥s ✉♥❡ ♠❛❧❛❞✐❡ ❝♦♠♣❧❡①❡ ✭■♦❛♥♥✐❞✐s ✷✵✵✸✱ P❛❣❡ ❡t ❛❧ ✷✵✵✸✮✳
❖♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r ♣♦✉r q✉❡❧❧❡s r❛✐s♦♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♥❡ r❡♥❝♦♥tr❡♥t ♣❛s ❧❡
s✉❝❝ès ❛tt❡♥❞✉ ❀ ❧❡s ré♣♦♥s❡s ♣❡✉✈❡♥t s❡ tr♦✉✈❡r ❡♥ ❝♦♥s✐❞ér❛♥t ❧❛ ♥❛t✉r❡ ❝♦♠♣❧❡①❡ ❞❡s
❞é♠❛r❝❤❡s ❡①♣ér✐♠❡♥t❛❧❡s ❡t ❞❡s ❛♥❛❧②s❡s st❛t✐st✐q✉❡s ♠✐s❡s ❡♥ ♣❧❛❝❡✱ ♠❛✐s ❛✉ss✐ ❞❡s ♠❛✲



✷✽ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❧❛❞✐❡s ❛✉①q✉❡❧❧❡s ♦♥ s✬✐♥tér❡ss❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡ ✉♥❡ ❛tt❡♥t✐♦♥ t♦✉t❡ ♣❛rt✐❝✉❧✐èr❡ ❞❡✈r❛✐t
êtr❡ ♣♦rté❡ s✉r ❧❡ ❝♦♥trô❧❡ q✉❛❧✐té ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞✬✉♥❡ ét✉❞❡✱ ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s ❞♦♥♥é❡s
à ❧❛ ❢♦r♠✉❧❛t✐♦♥ ❞✬❤②♣♦t❤ès❡s✳

✶✳✻ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ✜❛❜✐❧✐té ❞❡s rés✉❧t❛ts

▲✬✉♥ ❞❡s ♠♦♠❡♥ts ❧❡s ♣❧✉s ❣r❛t✐✜❛♥ts ♣♦✉r ❧❡ ❝❤❡r❝❤❡✉r ❡st ❝❡rt❛✐♥❡♠❡♥t ❧✬♦❜t❡♥t✐♦♥
❞❡s ♣r❡♠✐❡rs rés✉❧t❛ts ✐ss✉s ❞❡ s♦♥ ét✉❞❡✳ ◆é❛♥♠♦✐♥s✱ ✐❧ ❞♦✐t ✐♠♠é❞✐❛t❡♠❡♥t s❡ ♣♦s❡r
❧❛ q✉❡st✐♦♥ ✏❊st✲❝❡ q✉❡ ❥❡ ❝r♦✐s à ❝❡ q✉❡ ❥✬♦❜s❡r✈❡ ❄✑✳ ▲❛ ré♣♦♥s❡ à ❝❡tt❡ q✉❡st✐♦♥ ❡st ❡♥
❣r❛♥❞❡ ♣❛rt✐❡ ❞ét❡r♠✐♥é❡ ♣❛r ✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞✬✐♥t❡rr♦❣❛t✐♦♥s s♦✉s✲❥❛❝❡♥t❡s ❝♦♥❝❡r♥❛♥t
❧❛ q✉❛❧✐té ❞❡s ❞♦♥♥é❡s ❡t ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✳

Vraie valeur 

Fiable

Non valide

Non fiable

Valide

Fiable

Valide

❋✐❣✳ ✶✳✼ ✕ ❱❛❧✐❞✐té ❡t ✜❛❜✐❧✐té ✿ rés✉❧t❛ts ❞✬✉♥ t❡st ❞✬❤②♣♦t❤ès❡ ✐❧❧✉str❛♥t ❧❛ ❞✐st✐♥❝t✐♦♥
❡♥tr❡ ✈❛❧✐❞✐té ❡t ✜❛❜✐❧✐té✳ ▲❛ ✈❛❧✐❞✐té ré❢èr❡ à ❧✬❛❜s❡♥❝❡ ❞❡ ❜✐❛✐s ❞❛♥s ✉♥ rés✉❧t❛t✱ à s❛
❥✉st❡ss❡✱ t❛♥❞✐s q✉❡ ❧❛ ✜❛❜✐❧✐té r❡♣rés❡♥t❡ s❛ r❡♣r♦❞✉❝t✐❜✐❧✐té ♦✉ ♣ré❝✐s✐♦♥✳

▲✬♦❜t❡♥t✐♦♥ ❞❡ ❞♦♥♥é❡s ❡t ❞❡ rés✉❧t❛ts t♦t❛❧❡♠❡♥t ❞é♣♦✉r✈✉s ❞✬❡rr❡✉rs ❡st ✐♠♣♦ss✐❜❧❡✳
▲✬♦❜❥❡❝t✐❢ ♥✬❡st ❞♦♥❝ ♣❛s ❞❡ ♥✬❛✈♦✐r ❛✉❝✉♥❡ ❡rr❡✉r ♠❛✐s ♣❧✉tôt ❞✬êtr❡ ❝❛♣❛❜❧❡ ❞❡ ❥❛✉❣❡r
❧✬ét❡♥❞✉❡ ❞❡ t♦✉t t②♣❡ ❞✬❡rr❡✉r✱ ❞✬❡♥ ❡st✐♠❡r ❧❡s ❝♦♥séq✉❡♥❝❡s ❡t ❞❡ ❧❡s ✐♥❝❧✉r❡ ❞❛♥s ❧✬✐♥✲
t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts✳

❉❛♥s ✉♥ ❛rt✐❝❧❡ ❞é❝r✐✈❛♥t ❧❡s ❝❛✉s❡s ❞❡ ❝❡rt❛✐♥s ❜✐❛✐s ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡✱ ▼❛❝❧✉r❡ ❡t
❙❝♥❡❡✇❡✐ss ✭✷✵✵✶✮ s✉❣❣èr❡♥t ❧✬✐❞é❡ ❞✬✉♥ ✏❊♣✐s❝♦♣❡✑ à tr❛✈❡rs ❧❡q✉❡❧ ✉♥ é♣✐❞é♠✐♦❧♦❣✐st❡
♦❜s❡r✈❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ✉♥ ❛❣❡♥t ❝❛✉s❛❧ ❡t ❧❛ ♠❛❧❛❞✐❡ ✿ ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ❧✬✉t✐❧✐s❛t❡✉r
❞✬✉♥ té❧❡s❝♦♣❡ ❞♦✐t s✬✐♥t❡rr♦❣❡r s✉r ❧✬❡①✐st❡♥❝❡ ❡t ❧❡s ❝♦♥séq✉❡♥❝❡s ❞✬✉♥❡ ❞é❣r❛❞❛t✐♦♥ ❞❡
❧✬✐♠❛❣❡✱ ✉♥ é♣✐❞❡♠✐♦❧♦❣✐st❡ ❞❡✈r❛✐t é❣❛❧❡♠❡♥t s✬✐♥t❡rr♦❣❡r s✉r ❧❡ ♣♦✉rq✉♦✐ ❡t ❧❡ ❝♦♠♠❡♥t



✶✳✻✳ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ❢✐❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✷✾

s❡s rés✉❧t❛ts ♦♥t ♣✉ êtr❡ ❞é♥❛t✉rés ♣❛r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ❧✐é❡s à ❧❛ q✉❛❧✐té ❞❡s ❞♦♥♥é❡s✱
❧✬❡✣❝❛❝✐té ❞❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❛✐♥s✐ q✉❡ ❧❛ ✈❛❧✐❞✐té ❡t ❧❛ ✜❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✿

▲❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ❡♠♣❧♦②é❡s s♦♥t✲❡❧❧❡s ❛♣♣r♦♣r✐é❡s ❄ ❆ ♣❛rt✐r ❞❡ q✉❡❧ ♥✐✈❡❛✉ ❞❡
s✐❣♥✐✜❝❛t✐✈✐té ❞♦✐t✲♦♥ ❝♦♥❝❧✉r❡ q✉✬✉♥ rés✉❧t❛t ❡st ♣♦s✐t✐❢ ❄ ▲❡s ❞♦♥♥é❡s ♦♥t✲❡❧❧❡s été ❝♦rr❡❝✲
t❡♠❡♥t ❝♦❧❧❡❝té❡s ❄ ▲❛ ♣♦♣✉❧❛t✐♦♥ ✉t✐❧✐sé❡ ét❛✐t✲❡❧❧❡ ❛♣♣r♦♣r✐é❡ ❄ ▼♦♥ ét✉❞❡ ❡st✲❡❧❧❡ ❝❛♣❛❜❧❡
❞❡ s❛✐s✐r ❧❛ ♥❛t✉r❡ ❝♦♠♣❧❡①❡ ❞❡s ❞♦♥♥é❡s ❜✐♦❧♦❣✐q✉❡s ❄

❈❤❛❝✉♥❡ ❞❡ ❝❡s q✉❡st✐♦♥s ♣♦✐♥t❡ ✉♥ ❞❡s ♣r✐♥❝✐♣❛✉① ♣r♦❜❧è♠❡s ♠✐s ❡♥ ❝❛✉s❡ ❞❛♥s ❧❛
q✉❛❧✐té ❞❡s rés✉❧t❛ts✳ ❆ ❧✬♦❝❝❛s✐♦♥ ❞❡ ❝❡tt❡ s❡❝t✐♦♥ ♥♦✉s ❧❡s ❛❜♦r❞❡r♦♥s ✉♥ ♣❛r ✉♥✱ ♥♦✉s
❡♥ ❞✐s❝✉t❡r♦♥s ❧❡s ❡✛❡ts ❡t ♥♦✉s é✈♦q✉❡r♦♥s ❧❡s ♣r✐♥❝✐♣❛❧❡s s♦❧✉t✐♦♥s ❡①✐st❛♥t❡s✳

P✉✐ss❛♥❝❡ st❛t✐st✐q✉❡

▲❡ ♣r❡♠✐❡r ❢❛❝t❡✉r à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❡st ❧❡ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ st❛t✐st✐q✉❡ ❞✬✉♥
t❡st ❞✬❤②♣♦t❤ès❡ ❀ ✐❧ s✬❛❣✐t ❞❡ s❛ ❝❛♣❛❝✐té à r❡❥❡t❡r ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ q✉❛♥❞ ❝❡❧❧❡✲❝✐ ❡st
❡✛❡❝t✐✈❡♠❡♥t ❢❛✉ss❡✳ ❊♥ ❞✬❛✉tr❡s t❡r♠❡s✱ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬✉♥ t❡st ❡st ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ♥❡
♣❛s ❝♦♠♠❡ttr❡ ✉♥❡ ❡rr❡✉r ❞❡ t②♣❡✲■■ ✿

π(α) = PH1(S > tα) = 1 − β.

▲❡ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ❛tt❡✐♥t ❞é♣❡♥❞ ❞❡ ♣❧✉s✐❡✉rs ♣❛r❛♠ètr❡s ❞❡ ♥❛t✉r❡ st❛t✐st✐q✉❡ ♦✉
s♣é❝✐✜q✉❡s ❛✉ ♣r♦❜❧è♠❡ ❣é♥ét✐q✉❡ ❝♦♥s✐❞éré✳ ❈❡s ♣❛r❛♠ètr❡s s♦♥t ✿

✲ ❧❛ st❛t✐st✐q✉❡ ✿ ❧❛ ♣✉✐ss❛♥❝❡ ❞✬✉♥ t❡st ❞é♣❡♥❞ ❞❡ ❧❛ ♣❡rt✐♥❡♥❝❡ ❞❡ ❧❛ st❛t✐st✐q✉❡
❡❧❧❡✲♠ê♠❡ ❡t ❞♦♥❝ ❞❡ s♦♥ ❛❞éq✉❛t✐♦♥ ❛✈❡❝ ❧❛ q✉❡st✐♦♥ ♣♦sé❡✳

✲ ❧❡ ♥✐✈❡❛✉ α ✿ ❧❛ ♣✉✐ss❛♥❝❡ ❡st ❞✐r❡❝t❡♠❡♥t ❢♦♥❝t✐♦♥ ❞✉ ♥✐✈❡❛✉ ✜①é✳ P❧✉s ❧❡ t❛✉①
❞✬❡rr❡✉r ❞❡ t②♣❡✲■ q✉❡ ❧✬♦♥ ❛❝❝❡♣t❡ ❞❡ ♣r❡♥❞r❡ ❡st ♣❡t✐t ❡t ♣❧✉s ❧❛ ♣✉✐ss❛♥❝❡ s❡r❛ ❢❛✐❜❧❡✳ ❆
❧✬✐♥✈❡rs❡✱ ✉♥❡ ❢♦rt❡ ♣✉✐ss❛♥❝❡ s❡r❛ ❛❝❝♦♠♣❛❣♥é❡ ❞✬✉♥ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ♣❧✉s é❧❡✈é✱ ❝❡
q✉✐ ♥✬❡st é✈✐❞❡♠♠❡♥t ♣❛s s♦✉❤❛✐t❛❜❧❡ ♥♦♥ ♣❧✉s✳ ▲✬♦❜❥❡❝t✐❢ ❡st ❞♦♥❝ ❞❡ tr♦✉✈❡r ❧❡ ❝♦♠♣r♦♠✐s
❡♥tr❡ ✉♥❡ ♣✉✐ss❛♥❝❡ s❛t✐s❢❛✐s❛♥t❡ ❡t t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ r❛✐s♦♥♥❛❜❧❡✳

✲ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ✿ ♣❧✉s ❧✬é❝❤❛♥t✐❧❧♦♥ ❡st ✐♠♣♦rt❛♥t ❡t ♣❧✉s ❧❛ ♣✉✐ss❛♥❝❡ s❡r❛
é❧❡✈é❡✳ ❊♥ ●é♥ét✐q✉❡✱ ✐❧ ② ❛ ❢♦rt à ♣❡♥s❡r q✉❡ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s ét✉❞❡s ♣✉❜❧✐é❡s ❥✉sq✉✬à
ré❝❡♠♠❡♥t✱ ❧❡ ♠❛♥q✉❡ ❞❡ ♣✉✐ss❛♥❝❡ ❛✈éré ❡st ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞û à ❞❡s é❝❤❛♥t✐❧❧♦♥s tr♦♣
♣❡t✐ts ❡♥ ❝♦♠♣❛r❛✐s♦♥ ❞❡s ❡✛❡ts ♠♦❞❡st❡s q✉❡ ❧✬♦♥ ❡s♣èr❡ ✐❞❡♥t✐✜❡r ✭■♦❛♥♥✐❞✐s ❡t ❛❧ ✷✵✵✶✮✳
❆ t✐tr❡ ❞✬❡①❡♠♣❧❡✱ s✉r ❧❡s ✷✷✻ ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝♦♥❝❡r♥❛♥t ❧✬♦sté♦♣♦r♦s❡✱ ♣✉❜❧✐é❡s ❛✉
❝♦✉rs ❞❡ ❧✬❛♥♥é❡ ✷✵✵✷✱ ✉♥ ♣❡✉ ♣❧✉s ❞❡ ❧❛ ♠♦✐t✐é ❡st ❢♦♥❞é❡ s✉r ❞❡s é❝❤❛♥t✐❧❧♦♥s ❞❡ ♠♦✐♥s
❞❡ ✷✵✵ ✐♥❞✐✈✐❞✉s ✭▲✐✉ ❡t ❛❧ ✷✵✵✸✮✳ ❉❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ❞❡ ❧✬♦r❞r❡ ❞✉ ♠✐❧❧✐❡r ❞✬✐♥❞✐✈✐❞✉s



✸✵ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❛♣♣❛r❛✐ss❡♥t ♣❧✉s ❝ré❞✐❜❧❡s✳ P❛r ❛✐❧❧❡✉rs à t❛✐❧❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥ ❝♦♥st❛♥t❡✱ ❧❛ ♣✉✐ss❛♥❝❡ ❡st
♠❛①✐♠❛❧❡ ♣♦✉r ✉♥ ♥♦♠❜r❡ ❞❡ ❝❛s ❡t ❞❡ té♠♦✐♥s éq✉✐✈❛❧❡♥ts✳

✲ ❧❛ ❢♦r❝❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✿ ♣❧✉s ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ✉♥ ✈❛r✐❛♥t ❣é♥ét✐q✉❡ ❡t ❧❛ ♠❛❧❛❞✐❡
s❡r❛ ❢♦rt❡✱ ♣❧✉s ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❝❡ q✉❡ ❥✬♦❜s❡r✈❡ ❡t ❝❡ q✉❡ ❥✬❛tt❡♥❞s s♦✉s ❧✬❤②♣♦t❤ès❡ H0
s❡r❛ ❢r❛♥❝❤❡✱ ❡t ♣❧✉s ❧❛ ♣✉✐ss❛♥❝❡ s❡r❛ é❧❡✈é❡✳

✲ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ✿ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ r❡♣♦s❡♥t ❡♥ ♣❛rt✐❡ s✉r ❧❡ ❢❛✐t q✉❡
❧❡ ♠❛rq✉❡✉r t❡sté ❡st ❡♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❛✈❡❝ ❧❡ ✈❛r✐❛♥t ét✐♦❧♦❣✐q✉❡✳ ▲✬❛♣t✐t✉❞❡ à
✐❞❡♥t✐✜❡r ❝❡s ❛ss♦❝✐❛t✐♦♥s ✐♥❞✐r❡❝t❡s ❞é♣❡♥❞ ❞✉ ❞❡❣ré ❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ q✉✐ ❡①✐st❡
❡♥tr❡ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t ❧❡s ♠❛rq✉❡✉rs✳

✲ ❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ✿ ♦♥ s❛✐t q✉❡ ❧❛ ♣✉✐ss❛♥❝❡ ♣♦✉r ❞ét❡❝t❡r ✉♥❡ ❛ss♦❝✐❛t✐♦♥
❞é♣❡♥❞ é❣❛❧❡♠❡♥t ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❞✉ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t ❞✉ ♠❛rq✉❡✉r
❞❛♥s ❧❡ ❝❛s ❞✬✉♥❡ ❛ss♦❝✐❛t✐♦♥ ✐♥❞✐r❡❝t❡ ✭❩♦♥❞❡r✈❛♥ ❡t ❈❛r❞♦♥ ✷✵✵✹✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ❛
✈✉ q✉❡ ❧❡ ❞❡❣ré ❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ✭❡t ❞♦♥❝ ❧❛ ♣✉✐ss❛♥❝❡✮ ❡st ♠❛①✐♠✉♠ ❧♦rsq✉❡ ❧❡s
♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❡♥tr❡ ❧❡s ❞❡✉① ❧♦❝✉s s♦♥t é❣❛❧❡s ✭❞éséq✉✐❧✐❜r❡ ♣❛r❢❛✐t✮✳

▲✬❡✛❡t ❝♦♥❥♦✐♥t ❞❡ ❝❡s ❢❛❝t❡✉rs ♣❡✉t ❢❛✐r❡ s❡♥s✐❜❧❡♠❡♥t ✈❛r✐❡r ❧❛ ♣✉✐ss❛♥❝❡ st❛t✐st✐q✉❡
❞✬✉♥❡ ét✉❞❡✳ ▲✬ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ❝✬❡st à ❞✐r❡ ❧❛ ♣r♦❝é❞✉r❡ q✉✐ ✈✐s❡ à ❡st✐♠❡r ❧❛ ♣✉✐ss❛♥❝❡
❞✬✉♥❡ ét✉❞❡ ♦✉ ❞✬✉♥❡ ♠ét❤♦❞❡ st❛t✐st✐q✉❡ ❞♦♥♥é❡ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ❡st ❛✉❥♦✉r❞✬❤✉✐
✉♥❡ ❞é♠❛r❝❤❡ t♦✉t à ❢❛✐t ❝♦✉r❛♥t❡ ❡♥ ❙t❛t✐st✐q✉❡ ❛♣♣❧✐q✉é❡ à ❧❛ ●é♥ét✐q✉❡✳ ❊❧❧❡ ♣❡r♠❡t
♣❛r ❡①❡♠♣❧❡ ❞✬❡st✐♠❡r ❧❛ t❛✐❧❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥ ♥é❝❡ss❛✐r❡ ♣♦✉r ❛tt❡✐♥❞r❡ ✉♥ ❝❡rt❛✐♥ ♥✐✈❡❛✉
❞❡ ♣✉✐ss❛♥❝❡ s♦✉s ✉♥❡ ❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡ ❞é✜♥✐❡✳ ❊❧❧❡ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞✬❡st✐♠❡r ❧❛
♣✉✐ss❛♥❝❡ ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❞❡ ❢❛ç♦♥ à ❧❛ ❝♦♠♣❛r❡r à ❞✬❛✉tr❡s ❛♣♣r♦❝❤❡s ❝♦♥❝✉rr❡♥t❡s✳ ❈❡tt❡
❞é♠❛r❝❤❡ st❛t✐st✐q✉❡ ✈❛ êtr❡ ❡♠♣❧♦②é❡ à ♣❧✉s✐❡✉rs r❡♣r✐s❡ ❛✉ ❝♦✉rs ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳

❚❡st✲♠✉❧t✐♣❧❡

▲♦rsq✉❡ ❧✬♦♥ ré❛❧✐s❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ t❡sts ✭n✮ ❛✈❡❝ ✉♥ ❝r✐tèr❡ ❞❡ r❡❥❡t ❞❡s ❤②♣♦✲
t❤ès❡s ♥✉❧❧❡s ✭H01, ..., H0n✮ ❞✉ t②♣❡ p✈ 6 α✱ ♦♥ ♦❜t✐❡♥t ❞❡s rés✉❧t❛ts ❞❡ q✉❛tr❡ ♥❛t✉r❡s ✿

H0 ♥♦♥ r❡❥❡té❡ H0 r❡❥❡té❡ t♦t❛❧
H0 ✈r❛✐❡ vn fp V
H0 ❢❛✉ss❡ fn vp F

t♦t❛❧ n − R R n



✶✳✻✳ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ❢✐❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✸✶

❖♥ ♥♦t❡ fp ❧❡ ♥♦♠❜r❡ ❞✬❡rr❡✉rs ❞❡ t②♣❡✲■ ✭♦✉ ❢❛✉①✲♣♦s✐t✐❢s✮ ❡t fn ❧❡ ♥♦♠❜r❡ ❞✬❡rr❡✉rs
❞❡ t②♣❡✲■■ ✭♦✉ ❢❛✉①✲♥é❣❛t✐❢s✮✳ ❙✐ ❧✬♦♥ ré❛❧✐s❡ ❝❡s n t❡sts ❞❡ ❢❛ç♦♥ ✐♥❞é♣❡♥❞❛♥t❡✱ ♦♥ r❡❥❡tt❡
❝❧❛ss✐q✉❡♠❡♥t H0i ❧♦rsq✉❡ p✈i 6 α✳ ▼❛✐s ❧♦rsq✉❡ ❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s
n t❡sts✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ♦❜t❡♥✉s ♣❛r ❝❤❛♥❝❡ ❛✉❣♠❡♥t❡ ❛✈❡❝ n✳ P❛r ❡①❡♠♣❧❡✱
s✐ ❥❡ ré❛❧✐s❡ ✶✵✵✱✵✵✵ t❡sts à ✉♥ ♥✐✈❡❛✉ ✺✪✱ ❥❡ ♠✬❛tt❡♥❞s à ♦❜t❡♥✐r s♦✉s H0 ❡♥ ♠♦②❡♥♥❡
fp = nα = 5, 000 ❢❛✉①✲♣♦s✐t✐❢s ❀ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❞❡✈✐❡♥t ❛❧♦rs ❝♦♥séq✉❡♥t❡
❝♦♠♣❛ré❡ ❛✉ ♥♦♠❜r❡ ❞❡ ✈r❛✐s✲♣♦s✐t✐❢s q✉❡ ❧✬♦♥ s✬❛tt❡♥❞ à tr♦✉✈❡r✳ ❆✜♥ ❞❡ ♠✐♥✐♠✐s❡r ❝❡tt❡
✐♥✢❛t✐♦♥ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s✱ ❧✬✐❞é❡ ❡st ❞❡ ❝❤♦✐s✐r ✉♥ s❡✉✐❧ ❞❡ ❞é❝✐s✐♦♥ ♣❧✉s str✐♥❣❡♥t q✉✐ ♥❡
s❡r❛ ♣❧✉s ✜①é à ♣❛rt✐r ❞✉ r✐sq✉❡ ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❛ttr✐❜✉é à ❝❤❛q✉❡ t❡st✱ ♠❛✐s ♣❧✉tôt
❢♦♥❞é s✉r ❧❡ ❝♦♥trô❧❡ ❞❡ q✉❛♥t✐tés ♣❧✉s ❛❞❛♣té❡s ❡t q✉✐ r❡♣♦s❡♥t s✉r ❧❡ ♥♦♠❜r❡ ❞✬❡rr❡✉rs
❣é♥éré❡s ♣❛r ❧✬❡♥s❡♠❜❧❡ ❞❡s n t❡sts✳

✲ ▲❡ ❋❛♠✐❧②✲❲✐s❡ ❊rr♦r✲❘❛t❡ ✿ ❧❡ ❋❲❊❘ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ r❡❥❡t❡r
à t♦rt ❛✉ ♠♦✐♥s ✉♥❡ ❤②♣♦t❤ès❡ ❛❧♦rs q✉❡ t♦✉t❡s ❧❡s ❤②♣♦t❤ès❡s t❡sté❡s s♦♥t ♥✉❧❧❡s ✿

❋❲❊❘ = PH0(fp > 0).

❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❧❡ tr♦✉✈❡r s♦✉s ❧❡ ♥♦♠ ❞❡ ●❧♦❜❛❧ ♦✉ ●❡♥♦♠❡✲✇✐❞❡ ❙✐❣♥✐✜❝❛♥❝❡ ▲❡✈❡❧✳
❉❛♥s ❧❡ ❝❛s ❞❡ t❡sts ✐♥❞é♣❡♥❞❛♥ts✱ ♦♥ ❛ ✿

❋❲❊❘ = 1 − PH0(fp = 0) = 1 − (1 − α)n
6 max(nα; 1).

❈❡tt❡ ♠❛❥♦r❛t✐♦♥ ♣r♦♣♦sé❡ ♣❛r ❇♦♥❢❡rr♦♥✐ ✭✶✽✾✷✲✶✾✻✵✮ ❡st très ♣r♦❝❤❡ ❞❡ ❧❛ ✈r❛✐❡ ✈❛❧❡✉r
❞✉ ❋❲❊❘ ❞❛♥s ❧❡ ❝❛s ❞❡ t❡sts ✐♥❞é♣❡♥❞❛♥ts ♦✉ ❢❛✐❜❧❡♠❡♥t ❞é♣❡♥❞❛♥ts✳ ◆é❛♥♠♦✐♥s✱ ❡❧❧❡
t❡♥❞ à s✬❡♥ é❝❛rt❡r ❧♦rsq✉❡ ❧❡s t❡sts s♦♥t ❞é♣❡♥❞❛♥ts✱ ❝❡ q✉✐ ♣❡✉t✲êtr❡ ❧❡ ❝❛s ❞❡s ét✉❞❡s
❞✬❛ss♦❝✐❛t✐♦♥ ❡♥ r❛✐s♦♥ ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳ ❯♥❡ ❛❧t❡r♥❛t✐✈❡ ❡♠♣✐r✐q✉❡ ♣❡r♠❡t ❞✬❡s✲
t✐♠❡r ❧❡ ❋❲❊❘ ♣❛r s✐♠✉❧❛t✐♦♥s ❞❡ ▼♦♥t❡✲❈❛r❧♦ q✉✐ ✐♥tè❣r❡♥t ❧✬é✈❡♥t✉❡❧❧❡ ❞é♣❡♥❞❛♥❝❡
❡♥tr❡ ❧❡s t❡sts✳ ▲❡ ♣r✐♥❝✐♣❡ ❝♦♥s✐st❡ à ❣é♥ér❡r ✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞❡ ❥❡✉① ❞❡ ❞♦♥♥é❡s s♦✉s
H0 à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s✱ ❡♥ ♣❡r♠✉t❛♥t ❧❡s ♣❤é♥♦t②♣❡s ❞❡ ❢❛ç♦♥ à ❝❡ q✉❡ ❝❡s
❥❡✉① ❞❡ ❞♦♥♥é❡s s❛t✐s❢❛ss❡♥t ❧✬❤②♣♦t❤ès❡ ❞❡ ♥♦♥✲❛ss♦❝✐❛t✐♦♥ ❡t ❝♦♥s❡r✈❡♥t ❧❡ ♣❛tt❡r♥ ❞❡ ▲❉
♦❜s❡r✈é ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ✐♥✐t✐❛❧✳ ❊♥ ré❛❧✐s❛♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣❡r♠✉t❛t✐♦♥s✱ ♦♥
♣❡✉t ❛✐♥s✐ ❛♣♣r♦❝❤❡r ❧❛ ✈❛❧❡✉r ❞✉ ❋❲❊❘✳ ❙✐ ❝❡tt❡ ❞é♠❛r❝❤❡ ❡st ❝♦♥❝❡♣t✉❡❧❧❡♠❡♥t s✐♠♣❧❡✱
❡❧❧❡ ❞❡♠❛♥❞❡ ❡♥ r❡✈❛♥❝❤❡ ✉♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ♣❧✉s ✐♠♣♦rt❛♥t✳

✲ ▲❡ ❋❛❧s❡ ❉✐s❝♦✈❡r② ❘❛t❡ ✿ ❜✐❡♥ q✉✬✉♥ ❝♦♥trô❧❡ ❞✉ ❋❲❊❘ à ✺✪ s♦✐t très ❧❛r❣❡♠❡♥t
✉t✐❧✐sé ❡♥ s❝✐❡♥❝❡✱ ✐❧ ❛♣♣❛r❛ît ✐♥❛♣♣r♦♣r✐é ♣♦✉r ❧❡s ét✉❞❡s ❣é♥ét✐q✉❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❝❛r
tr♦♣ ❝♦♥s❡r✈❛t✐❢ ✿ s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❡♥ ❡st ❧❛r❣❡♠❡♥t ❞✐♠✐♥✉é✱ ❧❡ ♥♦♠❜r❡ ❞❡
✈r❛✐❡s ❞é❝♦✉✈❡rt❡s ❧✬❡st t♦✉t ❛✉t❛♥t✳ ▲❛ ♣❧✉♣❛rt ❞❡s ❝❤❡r❝❤❡✉rs ♥✬❡st ❝♦♥❝❡♣t✉❡❧❧❡♠❡♥t
♣❛s ❝♦♥tr❡ ❧❡ ❢❛✐t ❞✬❛❝❝❡♣t❡r ✉♥ t❛✉① ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ✉♥ ♣❡✉ ♣❧✉s é❧❡✈é ❡♥ é❝❤❛♥❣❡ ❞✬✉♥❡
❛✉❣♠❡♥t❛t✐♦♥ s✐❣♥✐✜❝❛t✐✈❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡✳ ❈♦♠♠❡ ❛❧t❡r♥❛t✐✈❡ ❛✉ ❋❲❊❘✱ ♦♥ ❛ ❞♦♥❝
♣r♦♣♦sé ❧❡ ❋❉❘ q✉✐ ❡st ❧❛ ♣r♦♣♦rt✐♦♥ ❛tt❡♥❞✉❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ♣❛r♠✐ ❧✬❡♥s❡♠❜❧❡ ❞❡s
♣♦s✐t✐❢s ✿

❋❉❘ = E(Q),



✸✷ ✶✳ ■♥tr♦❞✉❝t✐♦♥

❛✈❡❝ Q = fp
R

s✐ R > 0 ❡t Q = 0 s✐♥♦♥✳ ▲❡ ❋❉❘ ❞é♣❡♥❞ ❞✉ ♥✐✈❡❛✉ ✐♥❞✐✈✐❞✉❡❧ α ❛ss♦❝✐é à
❝❤❛q✉❡ t❡st✱ ❞❡ ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡ ❛✐♥s✐ q✉❡ ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣r✐♦r✐ ♣♦✉r ❝❤❛q✉❡
t❡st ❞✬êtr❡ ♦✉ ♥♦♥ s♦✉s H0✳ ▲❡s ❞❡✉① ❞❡r♥✐❡rs ♣❛r❛♠ètr❡s ♥✬ét❛♥t ♣❛s ❞✐r❡❝t❡♠❡♥t ❛❝✲
❝❡ss✐❜❧❡s✱ ❧❡ ❝♦♥trô❧❡ ❞✉ ❋❉❘ ♣❡✉t ♣❛r❛îtr❡ ♠♦✐♥s s✐♠♣❧❡ à ♠❡ttr❡ ❡♥ ♣❧❛❝❡ q✉❡ ❝❡❧✉✐ ❞✉
❋❲❊❘✳ ❈♦♠♠❡ ❧❡s p✲✈❛❧✉❡s s♦♥t ✉♥✐❢♦r♠é♠❡♥t ❞✐str✐❜✉é❡s ❡♥tr❡ ✵ ❡t ✶ s♦✉s H0 ❡t q✉❡ ❧❛
♣r♦❜❛❜✐❧✐té ❛ ♣r✐♦r✐ ❞✬êtr❡ s♦✉s H1 ❡st t❡❧❧❡♠❡♥t ♣❡t✐t❡ q✉✬♦♥ ♣❡✉t ❧❛ ❝♦♥s✐❞ér❡r ❝♦♠♠❡
♥✉❧❧❡✱ ❇❡♥❥❛♠✐♥✐ ❡t ❍♦❝❤❜❡r❣ ✭✶✾✾✺✮ ❡st✐♠❡♥t ♣❛r V̂ = nα ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s
❡t ♣r♦♣♦s❡♥t ❞✬✉t✐❧✐s❡r ❧❛ ♠❛❥♦r❛t✐♦♥ ✿

❋❉❘ 6 max

(
nα

R(α)
; 1

)
,

❛✈❡❝ R(α) ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦s✐t✐❢s ♦❜s❡r✈és à ✉♥ ♥✐✈❡❛✉ α ❞♦♥♥é✳

▲❡ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡ ❡st r❡♣r✐s ❞❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷ ♣❛❣❡ ✽✼ à ❧✬♦❝❝❛s✐♦♥ ❞✉q✉❡❧
♥♦✉s é✈♦q✉♦♥s ✉♥❡ tr♦✐s✐è♠❡ q✉❛♥t✐té ♣❡r♠❡tt❛♥t ❧❡ ❝♦♥trô❧❡ ❞✉ ♥♦♠❜r❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s
❡t ❛✐♥s✐ ❞❡ ✜①❡r ❧❡ s❡✉✐❧ ❞❡ r❡❥❡t ❞❡ ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ■❧ s✬❛❣✐t ❞✉ ❋❉❘ ▲♦❝❛❧✳

❊rr❡✉rs ❞❡ ♠❡s✉r❡

▲❛ ♠❡s✉r❡ ❞❡s ❢❛❝t❡✉rs ét✉❞✐és ♥✬❡st ♣❛s t♦✉❥♦✉rs é✈✐❞❡♥t❡ à ré❛❧✐s❡r ❛✈❡❝ ♣ré❝✐s✐♦♥
❡t ❞❡s ❡rr❡✉rs ❞❡ ♠❡s✉r❡ ♣❡✉✈❡♥t s✉r✈❡♥✐r ♣♦✉r ❞✐✛ér❡♥t❡s r❛✐s♦♥s ❝♦♠♠❡ ❧❛ q✉❛❧✐té ❞❡s
é❝❤❛♥t✐❧❧♦♥s✱ ❧❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡s ♠❛❝❤✐♥❡s ✉t✐❧✐sé❡s ♣♦✉r ❡✛❡❝t✉❡r ❧❡s ♠❡s✉r❡s ❛✐♥s✐ q✉❡ ❧❡s
♣r❛t✐q✉❡s ❞❡ ❧❛❜♦r❛t♦✐r❡✳ ❉❡ ❢❛✐t ❧✬♦♥ ❞♦✐t s❡ ♣ré♣❛r❡r à tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ❞♦♥♥é❡s ❞❡ ♣❧✉s
♦✉ ♠♦✐♥s ❜♦♥♥❡ q✉❛❧✐té✳ ❉❛♥s ❧❡ ❝❛s ❞❡ ✈❛r✐❛❜❧❡s ❞✐s❝rèt❡s✱ ♦♥ ♣❛r❧❡r❛ ❞✬❡rr❡✉rs ❞❡ ❝❧❛s✲
s✐✜❝❛t✐♦♥✳ ▲❡s ❡rr❡✉rs q✉✐ ❛✛❡❝t❡♥t ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ s♦♥t ❛♣♣❡❧é❡s
❡rr❡✉rs ♥♦♥✲❞✐✛ér❡♥t✐❡❧❧❡s✳ ▼❛✐s ✐❧ ♣❡✉t ❛rr✐✈❡r q✉❡ ❧❡ ❡rr❡✉rs ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ✈❛❧❡✉r
❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ❝♦✈❛r✐❛❜❧❡s ❀ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞✬❡rr❡✉rs ❞✐✛ér❡♥t✐❡❧❧❡s✳ ❈❡❧❛ ❛rr✐✈❡ ♣❛r
❡①❡♠♣❧❡ ❧♦rsq✉❡ ❧❡s ✐♥❞✐✈✐❞✉s ❞❡ ❞✐✛ér❡♥t❡s ❢❛♠✐❧❧❡s s♦♥t tr❛✐tés ❞❡ ♠❛♥✐èr❡s ❞✐✛ér❡♥t❡s ❀
❧❡s ❝♦♥séq✉❡♥❝❡s ❞❡s ❡rr❡✉rs ❞é♣❡♥❞r♦♥t ❛❧♦rs ❞❡ ❧❛ ❢❛♠✐❧❧❡ à ❧❛q✉❡❧❧❡ ❛♣♣❛rt✐❡♥t ❝❤❛q✉❡
✐♥❞✐✈✐❞✉✳ ▲❡s ❡rr❡✉rs ♥♦♥✲❞✐✛ér❡♥t✐❡❧❧❡s s♦♥t ❝♦♥♥✉❡s ♣♦✉r ♣r♦✈♦q✉❡r ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡
♣✉✐ss❛♥❝❡✳ ▲❡s ❡rr❡✉rs ❞✐✛ér❡♥t✐❡❧❧❡s ♣❡✉✈❡♥t êtr❡ à ❧✬♦r✐❣✐♥❡ ❞✬❡✛❡ts ♣❧✉s sé✈èr❡s ❡♥ ❛✛❡❝✲
t❛♥t ❧❛ ♥❛t✉r❡ ❞❡s r❡❧❛t✐♦♥s ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ét✉❞✐és ❡t ❧❛ ♠❛❧❛❞✐❡ ✭❋❧❡✐ss ✶✾✽✶✱ ❊✇❡♥
❡t ❛❧ ✷✵✵✵✮✳

✲ ❊rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡ ✿ ❧❡s ❡rr❡✉rs ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ q✉✐ ❛✛❡❝t❡♥t ❧❡s ❣é♥♦t②♣❡s
s♦♥t ❛♣♣❡❧é❡s ❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡s✳ ❉❛♥s ❧❡s ét✉❞❡s ❝❛s✲té♠♦✐♥✱ ✐❧ ❛ été ❝♦♥st❛té q✉✬✉♥❡
❛✉❣♠❡♥t❛t✐♦♥ ❞✉ t❛✉① ❞✬❡rr❡✉r ❞❡ ❣é♥♦t②♣❛❣❡ ❞❡ ✶✪ ♥é❝❡ss✐t❛✐t ❞✬❛✉❣♠❡♥t❡r ❧❛ t❛✐❧❧❡ ❞❡
❧✬é❝❤❛♥t✐❧❧♦♥ ❞❡ ✽✪ ♣♦✉r ♠❛✐♥t❡♥✐r ❝♦♥st❛♥ts ❧❛ ♣✉✐ss❛♥❝❡ ❡t ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■
✭●♦r❞♦♥ ❡t ❛❧ ✷✵✵✷✮✳ ■❧ ♥✬❡①✐st❡ ♣❛s ✈r❛✐♠❡♥t ❞✬❛♣♣r♦❝❤❡ st❛♥❞❛r❞ ♣♦✉r ❞ét❡❝t❡r ❧❡s ❡rr❡✉rs
❞❡ ❣é♥♦t②♣❛❣❡ ❡t ♠✐♥✐♠✐s❡r ❧❡✉r ❡✛❡ts✳

❉❡ ❜♦♥♥❡s ♣r❛t✐q✉❡s ❡♥ ❧❛❜♦r❛t♦✐r❡ ♣❡✉✈❡♥t ② ❝♦♥tr✐❜✉❡r✱ ♣❛r ❡①❡♠♣❧❡ ❡♥ ✏r❛♥✲



✶✳✻✳ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ❢✐❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✸✸

❞♦♠✐s❛♥t✑ ❧❡s ❡①♣ér✐❡♥❝❡s ✿ ❡♥ ♠é❧❛♥❣❡❛♥t ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s ❧♦rs ❞❡s ❡①♣ér✐❡♥❝❡s✱ ♦♥
s❡ ♣ré♠✉♥✐t ❛✐♥s✐ ❞✬❡rr❡✉rs ❞✐✛ér❡♥t✐❡❧❧❡s ❧✐é❡s ❛✉ st❛t✉t ♦✉ à ❞❡s ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s t❡❧❧❡s
q✉❡ ❧✬❡✛❡t ❞✉ s✉♣♣♦rt ❞❡ ❧❛ ♣✉❝❡ ❞❡ ❣é♥♦t②♣❛❣❡ ♦✉ ❡♥❝♦r❡ ❞❡ ❧✬❡①♣ér✐♠❡♥t❛t❡✉r ♣♦✉✈❛♥t
❡♥tr❛î♥❡r ❞❡s ❡rr❡✉rs ❞✐✛ér❡♥t✐❡❧❧❡s✳

❯♥❡ ❛✉tr❡ ✐❞é❡ q✉✐ ✈✐❡♥t à ❧✬❡s♣r✐t ❡st ❞❡ ré♣ét❡r ❧❡s ❣é♥♦t②♣❛❣❡s ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡
❞❡ ❢♦✐s ❀ ❞❡ ❝❡tt❡ ❢❛ç♦♥ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣❛r❡r ❧❡s ❞✐✛ér❡♥t❡s ré♣ét✐t✐♦♥s ❛✜♥ ❞✬✐❞❡♥✲
t✐✜❡r ❧❡s ✐♥❞✐✈✐❞✉s ♣♦✉r ❧❡sq✉❡❧s ✉♥ ♠ê♠❡ ♠❛rq✉❡✉r ♣rés❡♥t❡ ❞❡s ❣é♥♦t②♣❡s ❞✐✛ér❡♥ts✳
◆é❛♥♠♦✐♥s ✐❧ ♥✬❡st ♣❛s ❡①❝❧✉ q✉❡ ❝❡rt❛✐♥s ♣r♦❜❧è♠❡s ❧✐és à ❧❛ ♥❛t✉r❡ ♠ê♠❡ ❞✉ ♠❛rq✉❡✉r
♥✬❡♥❣❡♥❞r❡♥t ✉♥❡ ❡rr❡✉r à ❝❤❛q✉❡ ré♣ét✐t✐♦♥✳ P❛r ❛✐❧❧❡✉rs✱ s✐ ❧❡s ✐♥❝♦❤ér❡♥❝❡s ❡♥tr❡ ❧❡s
rés✉❧t❛ts ❞❡ ♣❧✉s✐❡✉rs ré♣ét✐t✐♦♥s ♣❡r♠❡tt❡♥t ❞✬✐❞❡♥t✐✜❡r ❧❡s ♠❛rq✉❡✉rs ♣r♦❜❧é♠❛t✐q✉❡s✱
❡❧❧❡s ♥❡ ♣❡r♠❡tt❡♥t ❡♥ r❡✈❛♥❝❤❡ ♣❛s ✈r❛✐♠❡♥t ❞✬❛✣r♠❡r q✉❡❧ ❣é♥♦t②♣❡ ❡st ❧❡ ❜♦♥✳ ❊♥✜♥✱
❧❛ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❞❡s ❣é♥♦t②♣❛❣❡s ❡♥tr❛î♥❡ ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ♥♦♥✲♥é❣❧✐❣❡❛❜❧❡ ❞✉ ❝♦ût ❡t
❞✉ t❡♠♣s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡s ❞♦♥♥é❡s✳ ❯♥❡ ❢❛ç♦♥ ❞❡ s❡ ❝♦♥✈❛✐♥❝r❡ ❞❡ ❧❛ q✉❛❧✐té ❣❧♦❜❛❧❡
❞❡s ❞♦♥♥é❡s ♣❡✉t✲êtr❡ ❞❡ ❣é♥♦t②♣❡r ✉♥ s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ✏❝♦♥trô❧❡s✑ ❡♥ ✉t✐❧✐✲
s❛♥t ✉♥❡ ♠ét❤♦❞❡ ❞❡ ❣é♥♦t②♣❛❣❡ ♣❧✉s ✜❛❜❧❡ q✉❡ ❧❡s ♠ét❤♦❞❡s ❝❧❛ss✐q✉❡s ❞❡ ❣é♥ér❛t✐♦♥ ❞❡
❞♦♥♥é❡s ❤❛✉t✲❞é❜✐t ✭♣✉❝❡s✲à✲❆❉◆✮✱ ❢♦♥❞é❡ s✉r ❧❡ séq✉❡♥ç❛❣❡ ♣❛r ❡①❡♠♣❧❡✳

❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ♠❡ttr❡ ❡♥ ❛✈❛♥t ❞❡s ❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡s ❡st ❞❡ t❡st❡r ❧✬éq✉✐✲
❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❝❤❡③ ❧❡s té♠♦✐♥s✳ ❯♥❡ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ♣❡✉t
s❡ ♣r♦❞✉✐r❡ ♣❛r ❝❤❛♥❝❡ ♦✉ ❡♥ r❛✐s♦♥ ❞✬é✈é♥❡♠❡♥ts ❣é♥ét✐q✉❡s ❡t é✈♦❧✉t✐♦♥❛✐r❡s ✭♣✳ ✶✷✮ ❀
✉♥❡ ❞é✈✐❛t✐♦♥ ♣❡✉t ❛✉ss✐ êtr❡ ❝❛✉sé❡ ♣❛r ❞❡s ♣r♦❜❧è♠❡s t❡❝❤♥✐q✉❡s ❧✐és ❛✉ ❣é♥♦t②♣❛❣❡ t❡❧s
q✉❡ ❧❛ ♥♦♥✲s♣é❝✐✜❝✐té ❞❡s s♦♥❞❡s ✉t✐❧✐sé❡s ♦✉ ❡♥❝♦r❡ ❧❡ t②♣❛❣❡ s②sté♠❛t✐q✉❡ ❞✬❤♦♠♦③②✲
❣♦t❡s ❡♥ ❤étér♦③②❣♦t❡s ❡t ✈✐❝❡ ✈❡rs❛✳ ▲❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛♣♣❛r❛ît ❞♦♥❝ ❝♦♠♠❡ ✉♥
♠♦②❡♥ s✐♠♣❧❡ ❡t ❡✣❝❛❝❡ ❞❡ ❞✐s❝r✐♠✐♥❡r ❧❡s ♠❛rq✉❡✉rs s♦✉♠✐s à ✉♥ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞✬❡r✲
r❡✉rs✳ ❈❡tt❡ ✐❞é❡ ♥✬❡st ❡♥ ré❛❧✐té ♣❛s ♥♦✉✈❡❧❧❡✳ ❉é❥à ❞❛♥s ❧❡s ❛♥♥é❡s ✶✾✼✵✱ ❞❡s ❝❤❡r❝❤❡✉rs
t❡st❛✐❡♥t ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ s✉r ❧❛ ❜❛s❡ ❞❡s ❣r♦✉♣❡s s❛♥❣✉✐♥s ❀ ✉♥❡ ❞é✈✐❛t✐♦♥
s✐❣♥✐✜❝❛t✐✈❡ ♣♦✉✈❛✐t s♦✉❧✐❣♥❡r ❧✬é✈✐❞❡♥❝❡ ❞❡ ❝♦♠♣❧✐❝❛t✐♦♥s ❡①♣ér✐♠❡♥t❛❧❡s ✭▼♦✉r❛♥t ❡t ❛❧
✶✾✼✻✮✳ ▲✬❡✣❝❛❝✐té ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ❡st ❝❡♣❡♥❞❛♥t ❞✐s❝✉té❡✳ ❉❡s
ét✉❞❡s ❞❡ s✐♠✉❧❛t✐♦♥s ♠♦♥tr❡♥t q✉❡ ❝❡s ❡rr❡✉rs ♥❡ ❣é♥èr❡♥t ♣❛s ❛ss❡③ ❞❡ ❞é✈✐❛t✐♦♥ ♣♦✉r
êtr❡ ré❡❧❧❡♠❡♥t ❞ét❡❝té❡s ❛✈❡❝ ✉♥❡ ♣✉✐ss❛♥❝❡ s❛t✐s❢❛✐s❛♥t❡ ✭▲❡❛❧ ✷✵✵✺✱ ❈♦① ❡t ❑r❛❢t ✷✵✵✻✮ ❀
♣♦✉rt❛♥t ❡♥ ♣r❛t✐q✉❡ ❧✬ét✉❞❡ ❡♠♣✐r✐q✉❡ ♣r♦♣♦sé❡ ♣❛r ❍♦s❦✐♥❣ ❡t ❛❧ ✭✷✵✵✹✮ t❡♥❞ à ♠♦♥tr❡r
❧✬✐♥✈❡rs❡ ✿ s✉r ✸✶✸ ❙◆Ps✱ ✸✻ ✭s♦✐t ✶✶✳✺✪✮ ❞é✈✐❡♥t s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❞❡ ❧✬éq✉✐❧✐❜r❡ ❀ ✐❧ ❛ été
❛ ♣♦st❡r✐♦r✐ ♣r♦✉✈é q✉❡ ✷✻ ❞❡ ❝❡s ❞é✈✐❛t✐♦♥s ✭s♦✐t ✼✵✪✮ tr♦✉✈❡♥t ❧❡✉r ♦r✐❣✐♥❡ ❞❛♥s ❞❡s
♣r♦❜❧è♠❡s ❧✐és ❛✉ ❣é♥♦t②♣❛❣❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ♠ét❤♦❞♦❧♦❣✐❡ ♣❧✉s ❡✣❝❛❝❡✱
❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ r❡st❡ ✉♥ ♠♦②❡♥ s✐♠♣❧❡ ❞❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✬❡rr❡✉rs✳

✲ ❊rr❡✉rs ❞❡ ♣❤é♥♦t②♣❛❣❡ ✿ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ q✉✬✐❧ ❡①✐st❡ ❞❡s ❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡✱
✐❧ ♣❡✉t ❡①✐st❡r ❞❡s ❡rr❡✉rs ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❧✐é❡s à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ♣❤é♥♦t②♣❡s ✭❘✐❝❡
❡t ❛❧ ✷✵✵✶✱ ❊❣❛♥ ❡t ❛❧ ✷✵✵✸✮✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à é✈♦q✉é ❧❡ r❡❝r✉t❡♠❡♥t ❞❡s ❝❛s
♥é❝❡ss✐t❡ ✉♥ ❞✐❛❣♥♦st✐❝ ♣ré❝✐s ❞❡ ❧❛ ♣❛t❤♦❧♦❣✐❡ ❢♦♥❞é s✉r ❞❡s ✐♥❞✐❝❛t❡✉rs ❤✐st♦❧♦❣✐q✉❡s✱
♣❤②s✐♦❧♦❣✐q✉❡s✱ s♦♠❛t✐q✉❡s ♦✉ ❡♥❝♦r❡ ❝♦♠♣♦rt❡♠❡♥t❛✉①✳ ▲❡ ❞✐❛❣♥♦st✐❝ ♣❡✉t s✬❛✈ér❡r ♣❧✉s
♦✉ ♠♦✐♥s é✈✐❞❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♥❛t✉r❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡ ❡t ❞❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ✐♥❞✐❝❛t❡✉rs✳
❈♦♠♣❛ré❡s ❛✉① ❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡s✱ ❧❡s ❡rr❡✉rs ❞❡ ♣❤é♥♦t②♣❛❣❡s ♦♥t r❡ç✉ ❜❡❛✉❝♦✉♣



✸✹ ✶✳ ■♥tr♦❞✉❝t✐♦♥

♠♦✐♥s ❞✬❛tt❡♥t✐♦♥ ♣♦✉r ❞❡s ❝♦♥séq✉❡♥❝❡s ♣♦✉rt❛♥t s✐♠✐❧❛✐r❡s s✉r ❧❡s rés✉❧t❛ts✳

✲ ●é♥♦t②♣❡s ♠❛♥q✉❛♥ts ✿ ❧❡ ♣r♦❜❧è♠❡ ❧✐é ❛✉ tr❛✐t❡♠❡♥t ❞❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ❡st
❝♦✉r❛♥t ❡♥ ❙t❛t✐st✐q✉❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧❡s ❞♦♥♥é❡s ♣r♦✈✐❡♥♥❡♥t ❞✬✐♥❞✐✈✐❞✉s ♦✉ ❞✬❡①✲
♣ér✐♠❡♥t❛t✐♦♥s✳ ❯♥❡ ♣r❡♠✐èr❡ s♦❧✉t✐♦♥ ❝♦♥s✐st❡ à ✐❣♥♦r❡r ❧❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ❡♥ ❝♦♥s✐✲
❞ér❛♥t q✉✬❡❧❧❡s ♥✬♦♥t ♣❛s ❞✬❡✛❡t s✉r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✳ ❯♥❡ t❡❧❧❡ ❞é♠❛r❝❤❡✱ ❜✐❡♥ q✉✬❛t✲
tr❛❝t✐✈❡✱ ♥é❝❡ss✐t❡ ❞❡ ♣♦s❡r ✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞✬❤②♣♦t❤ès❡s ❞♦♥t ♦♥ ♥❡ ♣❡✉t êtr❡ sûr
q✉✬❡❧❧❡s s❡ ré❛❧✐s❡♥t ❡♥ ♣r❛t✐q✉❡✳ ❯♥❡ ❞❡✉①✐è♠❡ s♦❧✉t✐♦♥ ❝♦♥s✐st❡ à ❡①❝❧✉r❡ ❧❡s ♠❛rq✉❡✉rs
♣♦✉r ❧❡sq✉❡❧s ❧❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s s❡♠❜❧❡♥t êtr❡ ❞✐✛ér❡♥t✐❡❧❧❡s ❡♥tr❡ ❧❡s ❝❛s ❡t ❧❡s té✲
♠♦✐♥s ✭▲✐tt❧❡ ❡t ❘✉❜✐♥ ✶✾✽✼✮✳ ❈❡tt❡ ✐❞é❡ ♣❛rt ❞✉ ♣r✐♥❝✐♣❡ q✉❡ ❧❡s ♠❛rq✉❡✉rs ♣♦✉r ❧❡sq✉❡❧s
❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ♥❡ ❞✐✛èr❡ ♣❛s ❡♥tr❡ ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s s♦♥t ♠♦✐♥s
♣r♦❜❧é♠❛t✐q✉❡s✳ ❈❡❧❛ ♥✬❡①❝❧✉t ♣♦✉rt❛♥t ♣❛s ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡t ❧❡ ❢❛✐t q✉❡
❧❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s s❡ ❞✐str✐❜✉❡♥t ♣ré❢ér❡♥t✐❡❧❧❡♠❡♥t s✉✐✈❛♥t ✉♥❡ ❛✉tr❡ ✈❛r✐❛❜❧❡ q✉❡ ❧❡
st❛t✉t✳ ❖♥ s❛✐t ♣❛r ❡①❡♠♣❧❡ q✉❡ ❞❛♥s ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ♣✉❝❡s ❞❡ ❣é♥♦t②♣❛❣❡✱ ❧❡s ❣é♥♦t②♣❡s
❤étér♦③②❣♦t❡s s✉❜✐ss❡♥t ✉♥❡ ♣❧✉s ❢♦rt❡ ✐♥❞ét❡r♠✐♥❛t✐♦♥ ❡t ❞♦♥❝ ✉♥ ♣❧✉s ❣r❛♥❞ t❛✉① ❞❡
✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s q✉❡ ❧❡s ❣é♥♦t②♣❡s ❤♦♠♦③②❣♦t❡s✳ ❯♥❡ tr♦✐s✐è♠❡ ✐❞é❡ ❝♦♥s✐st❡ à ✐♥❢ér❡r
❧❡s ❣é♥♦t②♣❡s ♠❛♥q✉❛♥ts ♣❧✉tôt q✉❡ ❞❡ ❧❡s r❡t✐r❡r ❞❡ ❧✬ét✉❞❡✳ ❉❡s ❛❧❣♦r✐t❤♠❡s t❡❧s q✉❡
❧✬❊▼ ✭♣✳ ✶✾✸✮ ❡t ❞❡s ♣r♦❝é❞✉r❡s ❞✬✐♠♣✉t❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ✭❘✉❜✐♥ ✶✾✽✼✮ ❝♦♥st✐t✉❡♥t ✉♥
❡♥s❡♠❜❧❡ ❞❡ ré♣♦♥s❡s à ❝❡ ♣r♦❜❧è♠❡✳ ▲❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s ❞✬✉♥ ♠ê♠❡ ✐♥❞✐✈✐❞✉ ❡t✴♦✉
❞✬✐♥❞✐✈✐❞✉s ❞✐✛ér❡♥ts s♦♥t ❛❧♦rs ♣r✐s❡s ❡♥ ❝♦♠♣t❡ ♣♦✉r ✐♠♣✉t❡r ❧❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ❀
♦♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ✐♥té❣r❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡ ♣❛r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♦✉
❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳

❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡✱ ♦♥ ♣❡✉t ♣❡♥s❡r q✉❡ ❧❡ t❛✉① ❞✬❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡s ❡st étr♦✐t❡♠❡♥t
❧✐é à ❝❡❧✉✐ ❞❡ ❣é♥♦t②♣❡s ♠❛♥q✉❛♥ts ✿ ❧❡s ♠ét❤♦❞❡s ❞❡ ❣é♥♦t②♣❛❣❡s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧✬✐♥❞é✲
t❡r♠✐♥❛t✐♦♥ s✉r ❧❡s ❣é♥♦t②♣❡s ❡st ❢❛✐❜❧❡ ♣❡✉✈❡♥t ❛✈♦✐r t❡♥❞❛♥❝❡ à ❝♦♠♠❡ttr❡ ✉♥❡ ❡rr❡✉r ❡t
ré❝✐♣r♦q✉❡♠❡♥t ✭▲❛♠② ❡t ❛❧ ✷✵✵✻✮✳ ■❧ ② ❛ ❞♦♥❝ ❞❛♥s ❧❡s ♠ét❤♦❞❡s ❞❡ ❣é♥♦t②♣❛❣❡ ❤❛✉t✲❞é❜✐t
❛❝t✉❡❧❧❡s✱ ✉♥ éq✉✐❧✐❜r❡ à tr♦✉✈❡r ❡♥tr❡ ❡rr❡✉rs ❞❡ ♠❡s✉r❡s ❡t ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s✳

❈♦♥❢✉s✐♦♥ ❡t ❙tr❛t✐✜❝❛t✐♦♥

✏❲❤✐❧❡ t❤❡ ❧♦❣✐❝❛❧ ❛❜s✉r❞✐t② ♦❢ ❛tt❡♠♣t✐♥❣ t♦ ♠❡❛s✉r❡ ❛♥ ❡✛❡❝t ❢♦r ❛ ❢❛❝t♦r ❝♦♥tr♦❧❧❡❞
❜② ♠❛t❝❤✐♥❣ ♠✉st ❜❡ ♦❜✈✐♦✉s✱ ✐t ✐s s✉r♣r✐s✐♥❣ ❤♦✇ ♦❢t❡♥ ✐♥✈❡st✐❣❛t♦rs ♠✉st ❜❡ r❡str❛✐♥❡❞
❢r♦♠ ❛tt❡♠♣t✐♥❣ t❤✐s✑ ✭▼❛♥t❡❧ ❡t ❍❛❡♥s③❡❧ ✶✾✺✾✮✳

❖♥ ♣❛r❧❡ ❞❡ ❝♦♥❢✉s✐♦♥ ❧♦rsq✉❡ ❧❛ ♣ré✈❛❧❡♥❝❡✷✶ ❞✐✛èr❡ ❞✬✉♥ ❣r♦✉♣❡ ❞✬❡①♣♦s✐t✐♦♥ à
✉♥ ❛✉tr❡✳ ❯♥ ❢❛❝t❡✉r ❞❡ ❝♦♥❢✉s✐♦♥ ✭✐✮ ♣❡r♠❡t ❞❡ ♣ré❞✐r❡ ❧❛ ♠❛❧❛❞✐❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❧❛
✈❛r✐❛❜❧❡ ❞✬❡①♣♦s✐t✐♦♥ ✭✐❝✐ ❧❡ ❣é♥♦t②♣❡✮✱ ❡t ✭✐✐✮ ❡st ❛ss♦❝✐é à ❧❛ ✈❛r✐❛❜❧❡ ❞✬❡①♣♦s✐t✐♦♥ ❞❛♥s
❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♥s✐❞éré❡✳ ▲✬❛ss♦rt✐♠❡♥t ❞❡s ❝❛s ❡t ❞❡s té♠♦✐♥s s✉r ❝❡rt❛✐♥❡s ❝♦✈❛r✐❛❜❧❡s
❛ ♣♦✉r ♦❜❥❡❝t✐❢ ❞✬éq✉✐❧✐❜r❡r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❛s ❡t ❞❡ té♠♦✐♥s ❞❛♥s ❞❡s str❛t❡s ❞é✜♥✐❡s ♣❛r

✷✶r✐sq✉❡ ❞❡ ❞é✈❡❧♦♣♣❡r ✉♥❡ ♠❛❧❛❞✐❡



✶✳✻✳ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ❢✐❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✸✺

❝❡s ❝♦✈❛r✐❛❜❧❡s✱ ❞❡ ❢❛ç♦♥ à é✈✐t❡r q✉✬❡❧❧❡s ♥❡ ❥♦✉❡♥t ❧❡ rô❧❡ ❞❡ ❢❛❝t❡✉r ❞❡ ❝♦♥❢✉s✐♦♥✳ ❖♥
❞✐t ❛❧♦rs q✉❡ ❧✬♦♥ ❛❥✉st❡ ♦✉ ❝♦♥trô❧❡ ❧✬❡✛❡t ❞❡ ❝❡s ❝♦✈❛r✐❛❜❧❡s✳ ❈❡rt❛✐♥❡s ❝♦✈❛r✐❛❜❧❡s t❡❧❧❡s
q✉❡ ❧❡ s❡①❡ ♦✉ ❧❛ ❝❧❛ss❡ ❞✬â❣❡ s♦♥t ❢❛❝✐❧❡s à ♦❜t❡♥✐r ♠❛✐s ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ❞❡s ❜✐❛✐s ❞❡
sé❧❡❝t✐♦♥ ♣❧✉s ♣r♦❜❧é♠❛t✐q✉❡s t❡❧s q✉❡ ❧✬♦r✐❣✐♥❡ ❡t❤♥✐q✉❡ ❞❡s ✐♥❞✐✈✐❞✉s✳ ▲❛ ♣♦♣✉❧❛t✐♦♥ ❡st
❛❧♦rs str❛t✐✜é❡✱ ❝❡ q✉✐ ♣❡✉t r❡♠❡ttr❡ ❡♥ ❝❛✉s❡ ❧❛ ✈❛❧✐❞✐té ❞✬✉♥❡ ét✉❞❡✳

▲❛ str❛t✐✜❝❛t✐♦♥ ❡st ❞♦♥❝ ❧❛ ♣rés❡♥❝❡ ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ♣❧✉s✐❡✉rs s♦✉s✲❣r♦✉♣❡s
q✉✐ ❞✐✛èr❡♥t ❡♥ t❡r♠❡ ❞❡ ♣ré✈❛❧❡♥❝❡ ❢❛❝❡ à ❧❛ ♠❛❧❛❞✐❡ ❀ t♦✉t❡ ♠❛❧❛❞✐❡ q✉✐ ❛♣♣❛r❛ît ❛✈❡❝
✉♥ r✐sq✉❡ ♣❧✉s é❧❡✈é ❞❛♥s ✉♥ ❞❡ ❝❡s s♦✉s✲❣r♦✉♣❡s s❡r❛ ♣♦s✐t✐✈❡♠❡♥t ❛ss♦❝✐é❡ à t♦✉t ❛❧✲
❧è❧❡ ❞♦♥t ❧❛ ❢réq✉❡♥❝❡ ❡st ♣❧✉s ✐♠♣♦rt❛♥t❡ ❞❛♥s ❝❡ s♦✉s✲❣r♦✉♣❡✳ ❊❧❧❡ ♣❡✉t rés✉❧t❡r ❞✬✉♥
♠é❧❛♥❣❡ ré❝❡♥t ❞❡ ♣♦♣✉❧❛t✐♦♥s ♦✉ ❞✬✉♥ ❛ss♦rt✐♠❡♥t ✐♥s✉✣s❛♥t ❞❡s ❝❛s ❡t ❞❡s té♠♦✐♥s✳
❯♥ ❡①❡♠♣❧❡ ❛♠✉s❛♥t ❡st ❞♦♥♥é ♣❛r ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ❧❡s ❛❧❧è❧❡s ❞❡ ❧❛ ré❣✐♦♥ ❍▲❆ ❡t ❧❛
❝❛♣❛❝✐té à ♠❛♥❣❡r ❛✈❡❝ ❞❡s ❜❛❣✉❡tt❡s ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❙❛♥ ❋r❛♥❝✐s❝♦ ✿ ❧❡s ❝❛s s♦♥t
♣r✐♥❝✐♣❛❧❡♠❡♥t ❞✬♦r✐❣✐♥❡ ❛s✐❛t✐q✉❡ ❛❧♦rs q✉❡ ❧❡s té♠♦✐♥s s♦♥t ♠❛❥♦r✐t❛✐r❡♠❡♥t ❞✬♦r✐❣✐♥❡
❝❛✉❝❛s✐❡♥♥❡ ❀ ♣❛r ❛✐❧❧❡✉rs ❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❞❡s ♣♦❧②♠♦r♣❤✐s♠❡s ❞❡ ❧❛ ré❣✐♦♥ ❍▲❆
s♦♥t ❞✐✛ér❡♥t❡s ❝❤❡③ ❧❡s ❝❛✉❝❛s✐❡♥s ❡t ❧❡s ❛s✐❛t✐q✉❡s ❀ ♣❛r ❝♦♥séq✉❡♥t ❧✬❛ss♦❝✐❛t✐♦♥ ♦❜s❡r✈é❡
♥✬❛ ♥❛t✉r❡❧❧❡♠❡♥t r✐❡♥ à ✈♦✐r ❛✈❡❝ ❧❡ rô❧❡ ❞✉ s②stè♠❡ ❍▲❆ ❞❛♥s ❧❛ ❞❡①tér✐té ♠❛♥✉❡❧❧❡
♥é❝❡ss❛✐r❡ ♣♦✉r ♠❛♥❣❡r ❛✈❡❝ ❞❡s ❜❛❣✉❡tt❡s✳

▲❛ str❛t✐✜❝❛t✐♦♥ ♣❡✉t êtr❡ à ❧✬♦r✐❣✐♥❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❡t ❞✬✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡
✭❉❡♥❣ ✷✵✵✶✮ ♠❛✐s s♦♥ ré❡❧ ✐♠♣❛❝t ❡st s✉❥❡t à ❞✐s❝✉ss✐♦♥✳ ❲❛❝❤♦❧❡r ❡t ❛❧ ✭✷✵✵✵✮ ♠♦♥tr❡
q✉❡ s❡s ❡✛❡ts ♥❡ s♦♥t ♣❛s ❛✉ss✐ ✐♥q✉✐ét❛♥t q✉✬♦♥ ❧✬❛✈❛✐t ✐♠❛❣✐♥é✱ à ♠♦✐♥s q✉❡ ❝❡rt❛✐♥❡s
❝♦♥❞✐t✐♦♥s ♥❡ s♦✐❡♥t ré❛❧✐sé❡s ✿ ❧❡s ♣❧✉s ✐♠♣♦rt❛♥t❡s s♦♥t ✉♥❡ s❡♥s✐❜❧❡ ✈❛r✐❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡
♣r♦♣♦rt✐♦♥ ❛❧❧é❧✐q✉❡ ❡t ❞❡ ♣ré✈❛❧❡♥❝❡ ❡♥tr❡ ❧❡s s♦✉s✲❣r♦✉♣❡s✳ ❊♥ ❞❡❤♦rs ❞❡ ❝❡s ❝♦♥❞✐t✐♦♥s
❧❡s ❛✉t❡✉rs s✉❣❣èr❡♥t q✉❡ ❧✬✐♠♣❛❝t ❞❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ❛ t♦✉t❡s ❧❡s ❝❤❛♥❝❡s ❞✬êtr❡ ♠✐♥✐♠❡✱
❡♥ ♣❛rt✐❝✉❧✐❡r s✐ ❧❡ ♥♦♠❜r❡ ❞❡ s♦✉s✲❣r♦✉♣❡s ❡st s✉♣ér✐❡✉r à ✷✳ ◆é❛♥♠♦✐♥s✱ ❡❧❧❡ r❡st❡ ✉♥
❢❛❝t❡✉r ❞❡ ❝♦♥❢✉s✐♦♥ é✈❡♥t✉❡❧ q✉✬✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♣♦✉✈♦✐r ❡st✐♠❡r ❡t ♠❛îtr✐s❡r✳

❯♥ ♠♦②❡♥ ❞❡ s❡ ♣ré♠✉♥✐r ❞❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ❡st ❞✬✉t✐❧✐s❡r ✉♥❡ ❛♣♣r♦❝❤❡ ❢❛♠✐❧✐❛❧❡
♣❧✉tôt q✉❡ ❝❛s✲té♠♦✐♥s✳ ▼❛✐s ❛✉❥♦✉r❞✬❤✉✐✱ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❡st
❡ss❡♥t✐❡❧❧❡♠❡♥t ❢♦♥❞é❡ s✉r ❞❡s ❝♦❤♦rt❡s ❞✬✐♥❞✐✈✐❞✉s ♥♦♥✲❛♣♣❛r❡♥tés✳ ❉❡s s♦❧✉t✐♦♥s ♦♥t
❞♦♥❝ été ♣r♦♣♦sé❡s✱ tr❛✈❛✐❧❧❛♥t s✉r ✉♥ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs ✏♥❡✉tr❡s✑ ❢❛❝❡ à ❧❛ ♠❛❧❛❞✐❡✳

✲ ●❡♥♦♠✐❝ ❈♦♥tr♦❧ ✿ ✐❧ s✬❛❣✐t ❞❡ ❧✬❛♣♣r♦❝❤❡ ❧❛ ♣❧✉s ❡♠♣❧♦②é❡ s❛♥s ❞♦✉t❡ ♣♦✉r s❛ s✐♠✲
♣❧✐❝✐té ✭❉❡✈❧✐♥ ❡t ❘♦❡❞❡r ✶✾✾✾✮✳ ❊❧❧❡ ❝♦♥s✐st❡ à ❡st✐♠❡r ❧❡ ❞❡❣ré ❞❡ s✉r❞✐s♣❡rs✐♦♥ ✭λ✮ ❞❡ ❧❛
st❛t✐st✐q✉❡ ✉t✐❧✐sé❡ ❣é♥éré ♣❛r ❧❛ str❛t✐✜❝❛t✐♦♥✱ ❡t ❞❡ ❧✬✉t✐❧✐s❡r ♣♦✉r ❛❥✉st❡r ❧❛ st❛t✐st✐q✉❡
❛✈❛♥t ❞❡ ré❛❧✐s❡r ❧❡ t❡st✳ ❊♥ ♣r❛t✐q✉❡✱ ✐❧ s✬❛❣✐t ❞✬✉♥❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡ ❧❛ st❛✲
t✐st✐q✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ❞✐str✐❜✉t✐♦♥ ❛tt❡♥❞✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st
s✐♠♣❧❡ ♠❛✐s r❡♣♦s❡ s✉r ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ❡st ❝♦♥st❛♥t❡ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡
❝❡ q✉✐ ♥✬❡st ♣❛s ❢♦r❝é♠❡♥t ❧❡ ❝❛s✱ ♣❛r ❡①❡♠♣❧❡ ❧♦rsq✉✬✉♥ ❧♦❝✉s s✉❜✐t ✉♥❡ ❢♦rt❡ ♣r❡ss✐♦♥ ❞❡
sé❧❡❝t✐♦♥✳
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sous-groupe A

sous-groupe B

❋✐❣✳ ✶✳✽ ✕ ❙tr❛t✐✜❝❛t✐♦♥ ✿ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❡st ré♣❛rt✐❡ ❡♥ ❞❡✉① s♦✉s✲❣r♦✉♣❡s ❆ ❡t ❇✳ ■❝✐
❧❡s ♣r♦♣♦rt✐♦♥s ❞❡s s♦✉s✲❣r♦✉♣❡s ❆ ❡t ❇ s♦♥t ❞✐✛ér❡♥t❡s ❡♥tr❡ ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s✳ ❯♥❡
❞✐✛ér❡♥❝❡ ❞❡ ♣r♦♣♦rt✐♦♥ ❛❧❧é❧✐q✉❡ ❡t ❞❡ ♣ré✈❛❧❡♥❝❡ ❡♥tr❡ ❝❡s s♦✉s✲❣r♦✉♣❡s ♣❡✉t ❜✐❛✐s❡r ❧❡s
rés✉❧t❛ts s✐ ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ♥✬❡st ♣❛s ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡s ❛♥❛❧②s❡s✳

✲ ❆♣♣r♦❝❤❡ ré❣r❡ss✐✈❡ ✿ ✉♥❡ ❛✉tr❡ ❛♣♣r♦❝❤❡ t♦✉t ❛✉ss✐ s✐♠♣❧❡ ❡t ♣❡✉t✲êtr❡ ✉♥ ♣❡✉
♣❧✉s ♥❛t✉r❡❧❧❡ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ st❛t✐st✐q✉❡ ❝♦♥s✐st❡ à ✐♥tr♦❞✉✐r❡ ❧❡s ♠❛rq✉❡✉rs ✏♥❡✉tr❡s✑
❡♥ t❛♥t q✉❡ ❝♦✈❛r✐❛❜❧❡s ❞❛♥s ❧✬❛♥❛❧②s❡✱ ❞❡ ❢❛ç♦♥ à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡✉rs ❡✛❡ts ❡t ♣❛r ❧❛
♠ê♠❡ ♦❝❝❛s✐♦♥ ❧✬❡✛❡t ❞❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ✭❙❡t❛❦✐s ❡t ❛❧ ✷✵✵✻✮✳

✲ ❙tr✉❝t✉r❡❞ ❆ss♦❝✐❛t✐♦♥ ✿ ✉♥❡ tr♦✐s✐è♠❡ ❢❛♠✐❧❧❡ ❞✬❛♣♣r♦❝❤❡s ✐♥❢èr❡ ♣♦✉r ❝❤❛q✉❡ ✐♥❞✐✲
✈✐❞✉ ❧❡ s♦✉s✲❣r♦✉♣❡ ❛✉q✉❡❧ ✐❧ ❛♣♣❛rt✐❡♥t ❡t é✈❛❧✉❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à ❝❡tt❡
str✉❝t✉r❡ ❡st✐♠é❡ ✭Pr✐t❝❤❛r❞ ❡t ❛❧ ✷✵✵✵✱ ❙❛tt❡♥ ❡t ❛❧ ✷✵✵✶✮✳ ❈❡s ❛♣♣r♦❝❤❡s r❡♣♦s❡♥t s✉r ❞❡s
❛❧❣♦r✐t❤♠❡s ❞✬✐♥❢ér❡♥❝❡ ❞❡ ✈❛r✐❛❜❧❡s ❧❛t❡♥t❡s ♣❛r ❞❡s ♣r♦❝é❞✉r❡s ❞❡ t②♣❡ ❊▼ ✭❉❡♠♣st❡r ❡t
❛❧ ✶✾✼✼✮ ♦✉ ▼❈▼❈ ✭●r❡❡♥ ❡t ❛❧ ✷✵✵✸✮✳ ❊❧❧❡s s♦♥t ♣❛r ❝♦♥séq✉❡♥t ✉♥ ♣❡✉ ♣❧✉s ❝♦♠♣❧❡①❡s à
♠❡ttr❡ ❡♥ ♣❧❛❝❡✱ ❛✈❡❝ ✉♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❜✐❡♥ s✉♣ér✐❡✉r ❛✉① ❞❡✉① ❛♣♣r♦❝❤❡s ♣r♦♣♦sé❡s
♣ré❝é❞❡♠♠❡♥t✳

✲ ❆✉tr❡s ❛♣♣r♦❝❤❡s ✿ ❞✬❛✉tr❡s ❛♣♣r♦❝❤❡s ❢♦♥❞é❡s ♣❛r ❡①❡♠♣❧❡ s✉r ❞❡s ❛♥❛❧②s❡s ❡♥
❝♦♠♣♦s❛♥t❡s ♣r✐♥❝✐♣❛❧❡s ✭Pr✐❝❡ ❡t ❛❧ ✷✵✵✻✮ ♦✉ s✉r ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ✭❨✉ ❡t ❛❧ ✷✵✵✻✮
♦♥t ré❝❡♠♠❡♥t été ♣✉❜❧✐é❡s ❡t ❛♣♣❛r❛✐ss❡♥t ❝♦♠♠❡ ❞❡s ❛❧t❡r♥❛t✐✈❡s r❛♣✐❞❡s ❡t ❡✣❝❛❝❡s✳

▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s ❛♣♣r♦❝❤❡s ♥é❝❡ss✐t❡ ❛✉ ♣ré❛❧❛❜❧❡ ❧✬♦❜t❡♥t✐♦♥ ❞✬✉♥ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs
✏♥❡✉tr❡s✑✳ ▲❡ ❝❤♦✐① ❞❡ ❝❡s ♠❛rq✉❡✉rs ♣❡✉t êtr❡ ♣r♦❜❧é♠❛t✐q✉❡ ✿ s✐ ❧✬♦♥ s❡ tr♦✉✈❡ ❞❛♥s ❧❡
❝❛s ♦ù ❧❡s ♠❛rq✉❡✉rs à ❛♥❛❧②s❡r s♦♥t sé❧❡❝t✐♦♥♥és s❛♥s ❛ ♣r✐♦r✐ ❜✐♦❧♦❣✐q✉❡✱ ❧❡s ♠❛rq✉❡✉rs
✏♥❡✉tr❡✑ ♣❛r r❛♣♣♦rt à ❧❛ ♠❛❧❛❞✐❡ ♥✬♦♥t ❛❧♦rs ♣❛s ♣❧✉s ❞❡ r❛✐s♦♥ ❞❡ ❧✬êtr❡ q✉❡ ❧❡s ♠❛rq✉❡✉rs



✶✳✻✳ ❈♦♥trô❧❡ q✉❛❧✐té ✿ ✈❛❧✐❞✐té ❡t ❢✐❛❜✐❧✐té ❞❡s rés✉❧t❛ts ✸✼

✉t✐❧✐sés ♣♦✉r ❧✬❛♥❛❧②s❡✳ ❉❡ ♣❧✉s✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧✬✐♥t❡♥s✐té ❞❡ ❧❛ str❛t✐✜❝❛t✐♦♥✱ ❧❡ ♥♦♠❜r❡
❞❡ ♠❛rq✉❡✉rs ♥❡✉tr❡s à ✐♥❝❧✉r❡ ❞❛♥s ❧✬ét✉❞❡ ♣❡✉t ✈❛r✐❡r ❞✬✉♥❡ ❞✐③❛✐♥❡ à ✉♥❡ ❝❡♥t❛✐♥❡
✭Pr✐t❝❤❛r❞ ❡t ❛❧ ✷✵✵✵✮✳

❙✐ ❧❛ str❛t✐✜❝❛t✐♦♥ ❡st s♦✉✈❡♥t ♠✐s❡ ❡♥ ❝❛✉s❡ ♣♦✉r ❡①♣❧✐q✉❡r ❧❡ ♠❛♥q✉❡ ❞❡ r❡♣r♦❞✉❝t✐✲
❜✐❧✐té ❞❡s rés✉❧t❛ts ❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s✱ s❡✉❧❡♠❡♥t ✉♥ ♣❡t✐t ♥♦♠❜r❡
❞✬ét✉❞❡s ♦♥t✱ ❥✉sq✉✬à ♣rés❡♥t✱ ♠✐s ❡♥ é✈✐❞❡♥❝❡ s❡s ❡✛❡ts✳ ❯♥ ❡①❡♠♣❧❡ ❝♦♥♥✉ ❡st ❧✬❛ss♦❝✐❛✲
t✐♦♥ r❛♣♣♦rté❡ ❡♥tr❡ ❧✬❤❛♣❧♦t②♣❡ ●♠✸ ❀✺ ❀✶✸ ❀✶ ❛✈❡❝ ❧❡ ❞✐❛❜èt❡ ❞❡ t②♣❡✲■■ ✭❑♥♦✇❧❡r ❡t ❛❧
✶✾✽✽✮ ✐♥❞✉✐t❡ ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❜❧❛♥❝s ❡✉r♦♣é❡♥s ❛✈❡❝ ❞❡s ✐♥❞✐❡♥s ❛♠ér✐❝❛✐♥s
P✐♠❛✳

➱t✐♦❧♦❣✐❡s ❤étér♦❣è♥❡s

❆✉ ❞❡❧à ❞❡s ♣r♦❜❧è♠❡s q✉❡ ♥♦✉s ✈❡♥♦♥s ❞❡ ✈♦✐r ❡t q✉✐ ♠❡tt❡♥t ❡♥ ❝❛✉s❡ ❧❛ q✉❛❧✐té ❞❡s
❞♦♥♥é❡s ❡t ❞❡s rés✉❧t❛ts✱ ❞❡s ❝♦♥❝❧✉s✐♦♥s ❝♦♥tr❛❞✐❝t♦✐r❡s ❡♥tr❡ ❞❡✉① ♣♦♣✉❧❛t✐♦♥s ♣❡✉✈❡♥t
tr♦✉✈❡r ❧❡✉r ♦r✐❣✐♥❡ ❞❛♥s ❞❡ ré❡❧❧❡s ❞✐✛ér❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s✳ ▲♦rsq✉✬✉♥❡ ♠❛❧❛❞✐❡ ✐♠♣❧✐q✉❡
❞❡s ♠é❝❛♥✐s♠❡s ❞✐✛ér❡♥ts ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✐♥❞✐✈✐❞✉s✱ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞✬ét✐♦❧♦❣✐❡ ❤étér♦❣è♥❡✳
❈❡tt❡ ♣r♦♣r✐été ♣♦s❡ ✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞❡ ❞é✜s ♣♦✉r ❧❛ ❞é❝♦✉✈❡rt❡ ❞❡ ♥♦✉✈❡❛✉① ❧♦❝✉s
❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t ❧❡✉r ré♣❧✐❝❛t✐♦♥✳

✲ P❧é✐♦tr♦♣✐❡ ✿ ❧❛ ♣❧é✐♦tr♦♣✐❡ ré❢èr❡ à ❧✬❡✛❡t ❞✬✉♥ ♠ê♠❡ ❣è♥❡ s✉r ♣❧✉s✐❡✉rs ♣❤é♥♦t②♣❡s
é✈❡♥t✉❡❧❧❡♠❡♥t ♣❛t❤♦❧♦❣✐q✉❡s✳ ❯♥ ❡①❡♠♣❧❡ ❝♦♥♥✉ ❡st ❝❡❧✉✐ ❞♦♥♥é ♣❛r ❧❛ ♣❤❡♥②❧❦❡t♦♥✉r✐❛✱
♠❛❧❛❞✐❡ ❤✉♠❛✐♥❡ r❡s♣♦♥s❛❜❧❡ ❞✬✉♥ r❡t❛r❞ ♠❡♥t❛❧ ❡t ❞✬✉♥❡ ❞é♣✐❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛ ♣❡❛✉
♠❡tt❛♥t ❡♥ ❝❛✉s❡ ❧❡ ♠ê♠❡ ❣è♥❡ ✭❈❛♠♣❜❡❧❧ ❡t ❘✉❞❛♥ ✷✵✵✷✮✳

✲ ❍étér♦❣é♥é✐té ❛❧❧é❧✐q✉❡ ✿ ♦♥ ♣❛r❧❡ ❞✬❤étér♦❣é♥é✐té ❛❧❧é❧✐q✉❡ ❧♦rsq✉❡ ❞✐✛ér❡♥ts ❛❧❧è❧❡s
❝♦♥❢èr❡♥t ❧❛ ♠ê♠❡ ♣❛t❤♦❧♦❣✐❡✳ ❆ t✐tr❡ ❞✬❡①❡♠♣❧❡✱ ♦♥ ♣❡✉t ❝✐t❡r ❧❡ ❝❛s ❞✉ ❣è♥❡ r❡s♣♦♥s❛❜❧❡
❞❡ ❧❛ ✜❜r♦s❡ ❝②st✐q✉❡ ✭❑❡r❡♠ ❡t ❛❧ ✶✾✽✾✮ ♣♦✉r ❧❡q✉❡❧ ✼✺✪ ❞❡s ♣❛t✐❡♥ts ♣♦rt❡♥t ❧✬❛❧❧è❧❡
❉❡❧t❛✺✵✽ t❛♥❞✐s q✉❡ ❧❡s ✷✺✪ r❡st❛♥t s❡ ♣❛rt❛❣❡♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛✉tr❡s ❛❧❧è❧❡s✳

✲ ❍étér♦❣é♥é✐té ❞❡ ❧♦❝✉s ✿ q✉❛♥❞ ❧❛ ♠❛❧❛❞✐❡ ét✉❞✐é❡ ♣❡✉t tr♦✉✈❡r s♦♥ ♦r✐❣✐♥❡ ❛✉
♥✐✈❡❛✉ ❞❡ ❞✐✛ér❡♥ts ❧♦❝✉s✱ ♦♥ ♣❛r❧❡ ❞✬❤étér♦❣é♥é✐té ❞❡ ❧♦❝✉s✳ ❯♥ ❡①❡♠♣❧❡ ❝❧❛ss✐q✉❡ ❡st
❝❡❧✉✐ ❞♦♥♥é❡ ♣❛r ✉♥❡ ❢♦r♠❡ ré❝❡ss✐✈❡ ❞❡ ❧✬❛❧❜✐♥✐s♠❡ q✉✐ ♣❡✉t êtr❡ ♣r♦✈♦q✉é❡ ♣❛r ✉♥ ❞❡s
❞❡✉① ❣è♥❡s ♠✐s ❡♥ ❝❛✉s❡ ✭❚r❡✈♦r✲❘♦♣❡r ✶✾✺✷✮✳

✲ ❈♦♥séq✉❡♥❝❡s ❡t s♦❧✉t✐♦♥s ✿ ❝❡s ❢❛❝t❡✉rs ♣❡✉✈❡♥t ❡♥❣❡♥❞r❡r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❛s
✐♥❤♦♠♦❣è♥❡ ❡♥ t❡r♠❡s ❞✬ét✐♦❧♦❣✐❡ ❡t ❝♦♥❞✉✐r❡ à ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ s❡♥s✐❜❧❡✳
▲❡s ét✉❞❡s ❢❛♠✐❧✐❛❧❡s✱ ❡♥ s❡ ❝♦♥❝❡♥tr❛♥t s✉r ✉♥❡ ❢♦r♠❡ ❤éré❞✐t❛✐r❡ ❞✬✉♥❡ ♠❛❧❛❞✐❡ ❡t ❞♦♥❝
♣♦t❡♥t✐❡❧❧❡♠❡♥t ♣❧✉s ❤♦♠♦❣è♥❡ ❡♥tr❡ ❧❡s ❝❛s✱ ♣❡✉✈❡♥t s❡ ♠♦♥tr❡r ♣❧✉s r♦❜✉st❡s ❢❛❝❡ à ❝❡



✸✽ ✶✳ ■♥tr♦❞✉❝t✐♦♥

t②♣❡ ❞✬❤étér♦❣é♥é✐té✳ P❡❧t♦♥❡♠ ✭✷✵✵✵✮ s✉❣❣èr❡ ❞❡ tr❛✈❛✐❧❧❡r ❛✈❡❝ ❞❡s ♣♦♣✉❧❛t✐♦♥s ✐s♦❧é❡s✷✷

❛✜♥ ❞❡ ♠✐♥✐♠✐s❡r ❧❡ ♣❤é♥♦♠è♥❡✳ P❛r ❛✐❧❧❡✉rs✱ ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♠ét❤♦❞♦❧♦❣✐q✉❡✱ ❝❡rt❛✐♥s
❛✉t❡✉rs ♣r♦♣♦s❡♥t ❞❡ ♣❛rt✐t✐♦♥♥❡r ❧❡s ❝❛s ❡♥ s♦✉s✲❣r♦✉♣❡s ❤♦♠♦❣è♥❡s ♣♦✉r ❧❡sq✉❡❧s ❞✐✛é✲
r❡♥t❡s ét✐♦❧♦❣✐❡s s♦♥t ❛✉t♦r✐sé❡s ✭❲❤✐tt❡♠♦r❡ ❡t ❍❛❧♣❡r♥ ✷✵✵✶✱ Pr♦✈✐♥❝❡ ❡t ❛❧ ✷✵✵✶✱ ❘✐t❝❤✐❡
❡t ❛❧ ✷✵✵✸✮✳

❍étér♦❣é♥é✐té ✐♥t❡r✲♣♦♣✉❧❛t✐♦♥s ✿ ❡♥✜♥ ❛❥♦✉t♦♥s q✉❡ t♦✉s ❝❡s ❢❛❝t❡✉rs ♣❡✉✈❡♥t ❛❣✐r
❞✐✛ér❡♠♠❡♥t s✉r ❧❡ ♠ê♠❡ tr❛✐t ❞✬✉♥❡ ♣♦♣✉❧❛t✐♦♥ à ❧✬❛✉tr❡✳ ❇✐❡♥ q✉❡ ❧❡s ✈❛r✐❛♥ts ét✐♦❧♦✲
❣✐q✉❡s ✐♠♣❧✐q✉és ♣✉✐ss❡ êtr❡ ❧❡s ♠ê♠❡s✱ ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ♣❛tt❡r♥ ❞❡ ▲❉ ♣❡✉t é❣❛❧❡♠❡♥t
❛❝❝❡♥t✉❡r ❧❡s ❞✐✛ér❡♥❝❡s ❞❡ rés✉❧t❛ts ❡♥tr❡ ♣♦♣✉❧❛t✐♦♥s ✭❩❛✈❛tt❛r✐ ❡t ❛❧ ✷✵✵✵✮✳

▲❛ s✉✐t❡ ❞✉ ♠❛♥✉s❝r✐t ❞ét❛✐❧❧❡ ♣❧✉s s♣é❝✐✜q✉❡♠❡♥t ❧❡ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ré❛❧✐sé à
❧✬♦❝❝❛s✐♦♥ ❞❡ ❝❡tt❡ t❤ès❡✱ ✐♥s♣✐ré ❞❡s ♣r♦❜❧é♠❛t✐q✉❡s ♠ét❤♦❞♦❧♦❣✐q✉❡s s♦✉❧❡✈é❡s ♣❛r ❧✬❛♥❛✲
❧②s❡ ❞❡ ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s ❣❡♥♦♠❡✲✇✐❞❡✳ ◆♦✉s tr❛✐t♦♥s s✉❝❝❡ss✐✈❡♠❡♥t ❞❡s
❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ❡t ♠✉❧t✐✲♠❛rq✉❡✉rs✳

✷✷♣♦✉r ❧❡✉r ❤♦♠♦❣é♥é✐té



✸✾

❈❤❛♣✐tr❡ ✷

❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ❞❡ ❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡ ❞✬✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝♦♥s✐st❡ s♦✉✈❡♥t
❛✉ tr❛✐t❡♠❡♥t ✐♥❞✐✈✐❞✉❡❧ ❞❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r✳ ❈❡ ❝❤❛♣✐tr❡ ❡st ❞é❞✐é à ❝❡ t②♣❡ ❞✬❛♥❛❧②s❡✳
◆♦✉s ✐♥tr♦❞✉✐s♦♥s ❡♥ ♣r❡♠✐❡r ❧✐❡✉ ❧❡s ♥♦t✐♦♥s ❞✬❛ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡✱ ❞❡ t❡st ❞✬✐♥❞é♣❡♥✲
❞❛♥❝❡ ❡t ❞❡ ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥✳ P✉✐s ♥♦✉s ♣rés❡♥t♦♥s ❧❡s t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ❣é♥ét✐q✉❡
♣r✐♥❝✐♣❛❧❡♠❡♥t ✉t✐❧✐sés ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✿ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡✱ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡✱ ❧❡ t❡st
❛❧❧é❧✐q✉❡ ❡t ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳

❆✉ ♣r❡♠✐❡r ❛❜♦r❞✱ ❧❡s ❛♥❛❧②s❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ♣❡✉✈❡♥t ♣❛r❛îtr❡ t♦✉t à ❢❛✐t tr✐✈✐❛❧❡s ❀
❡❧❧❡s s♦✉❧è✈❡♥t ❝❡♣❡♥❞❛♥t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ q✉❡st✐♦♥s ❡t ❞❡ ❞é❝✐s✐♦♥s à ♣r❡♥❞r❡ ❡♥
t❡r♠❡ ❞❡ str❛té❣✐❡ ❞✬❛♥❛❧②s❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✉t✐❧✐s❡r ❧✬✉♥ ♦✉ ❧✬❛✉tr❡ ❞❡s ❞✐✛ér❡♥ts t❡sts
❞✬❛ss♦❝✐❛t✐♦♥ ♣❡✉t ❝❤❛♥❣❡r ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ❧✬❛♥❛❧②s❡ ❛✐♥s✐ q✉❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✳ ❆✜♥
❞✬é❝❧❛✐r❡r ❝❡ ❝❤♦✐①✱ ♥♦✉s ♠❡tt♦♥s ❡♥ ♣❧❛❝❡ ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡✳ ❆ ❝❡tt❡ ♦❝❝❛s✐♦♥✱
♥♦✉s ❝♦♠♣❛r♦♥s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡✳ ❊♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ♥♦✉s
♠♦♥tr♦♥s q✉❡ ♠❛❧❣ré ✉♥❡ ❝♦♠♣❧❡①✐té ❛✈éré❡✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❋♦r♠❡s ◗✉❛❞r❛t✐q✉❡s ♣rés❡♥t❡
✉♥ ❝❡rt❛✐♥ ✐♥térêt ❝♦♠♣❛ré ❛✉① ♠ét❤♦❞❡s tr❛❞✐t✐♦♥♥❡❧❧❡s✳ ❈❡s rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és
❞❛♥s ❆♥♥❛❧s ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s ✭✷✵✵✻✮✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❝♦♠♣❛ré ❧❛ ♣✉✐ss❛♥❝❡
❞❡s st❛t✐st✐q✉❡s ❝♦♥s✐❞éré❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❝♦♥s❛❝r♦♥s ✉♥❡ s❡❝t✐♦♥ ❛✉ t❡st ❛❧❧é❧✐q✉❡
❞♦♥t ❧❛ ✈❛❧✐❞✐té ❞é♣❡♥❞ ❡♥ ré❛❧✐té ❞✉ r❡s♣❡❝t ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❀ ❝♦♠♠❡
❛❧t❡r♥❛t✐✈❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ t❡st ❛❧❧é❧✐q✉❡ ❡①❛❝t ❡t ✈❛❧✐❞❡ ❡♥ t♦✉t❡s ❝✐r❝♦♥st❛♥❝❡s q✉❡
♥♦✉s ❛✈♦♥s ♣✉❜❧✐é ❞❛♥s ❍✉♠❛♥ ❍❡r❡❞✐t② ✭✷✵✵✻✮✳ ◆♦✉s ❝♦♥s❛❝r♦♥s é❣❛❧❡♠❡♥t ✉♥❡ s❡❝t✐♦♥
❛✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ q✉✐ ❛ ré❝❡♠♠❡♥t été ♣r♦♣♦sé ❡♥ t❛♥t q✉❡ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ ❀ s✐
s❛ ✈❛❧✐❞✐té ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ❡st ❞✐s❝✉té❡✱ ❝♦♠❜✐♥é à
❞✬❛✉tr❡ t❡sts✱ ✐❧ s❡♠❜❧❡ ♥é❛♥♠♦✐♥s ❛♣♣♦rt❡r ✉♥ ❣❛✐♥ ❞❡ ♣✉✐ss❛♥❝❡ t♦✉t à ❢❛✐t ✐♥tér❡ss❛♥t✳
❈❡ tr❛✈❛✐❧ ❡st ❛❝t✉❡❧❧❡♠❡♥t ❡♥ ❝♦✉rs ❞❡ s♦✉♠✐ss✐♦♥ ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥✳

❊♥✜♥ ❧♦rsq✉❡ ❧✬♦♥ ré❛❧✐s❡ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t❡sts✱ ❧❡ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡ ❡st
à ❝♦♥s✐❞ér❡r très sér✐❡✉s❡♠❡♥t ♣♦✉r ❞é❝✐❞❡r ❞✬✉♥ ♥✐✈❡❛✉ ❛❞éq✉❛t ❞❡ r❡❥❡t ❞❡ ❧✬❤②♣♦t❤ès❡
♥✉❧❧❡✳ ❈❡tt❡ t❤é♠❛t✐q✉❡ ❛ été é✈♦q✉é❡ ❡♥ ✐♥tr♦❞✉❝t✐♦♥✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s ❛❜♦r❞♦♥s
✉♥❡ q✉❛♥t✐té ❞é✈❡❧♦♣♣é❡ ré❝❡♠♠❡♥t✱ ❧❡ ❋❉❘ ▲♦❝❛❧✱ ♣♦✉r ❧❡q✉❡❧ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥❡
♠ét❤♦❞❡ ❞✬❡st✐♠❛t✐♦♥ ❛✉ss✐ s✐♠♣❧❡ ❡t r❛♣✐❞❡ q✉✬✐♥t✉✐t✐✈❡✳



✹✵ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

✷✳✶ ■♥tr♦❞✉❝t✐♦♥

▲❡s ❞♦♥♥é❡s ✐ss✉❡s ❞✬ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲té♠♦✐♥s ♦✉ ❢❛♠✐❧✐❛❧❡s ❞♦✐✈❡♥t ✐♥❞✐q✉❡r
♣♦✉r ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❧❡ st❛t✉t ✭❛✛❡❝té✴♥♦♥✲❛✛❡❝té✮ ❛✐♥s✐ q✉❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❣é♥♦t②♣✐q✉❡
❞❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ② tr♦✉✈❡r ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❝♦♠♣❧é♠❡♥t❛✐r❡s t❡❧❧❡s
q✉❡ ❧❡s ✐❞❡♥t✐✜❛♥ts ❞❡s ✐♥❞✐✈✐❞✉s✱ ❞❡s ♠❛rq✉❡✉rs✱ ❧❛ ♣♦s✐t✐♦♥ ❞❡s ♠❛rq✉❡✉rs s✉r ❧❡ ❣é♥♦♠❡✱
❧❡s ❧✐❡♥s ❞❡ ♣❛r❡♥tés ❡♥tr❡ ✐♥❞✐✈✐❞✉s s✬✐❧s ❡①✐st❡♥t✱ ❛✐♥s✐ q✉❡ ❞❡s ❝♦✈❛r✐❛❜❧❡s t❡❧❧❡s q✉❡ ❧❡
s❡①❡✱ ❧✬â❣❡ ♦✉ ❧✬♦r✐❣✐♥❡ ❡t❤♥✐q✉❡✳ ▲❡ ❢♦r♠❛t ❞❡ ❞♦♥♥é❡s q✉❡ ♥♦✉s ✉t✐❧✐s♦♥s ♣♦✉r ✐♥té❣r❡r
t♦✉t❡s ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❡st ré♣❛rt✐ ❡♥ tr♦✐s t❛❜❧❡s ✿ ✏❣❡♥♦✑✱ ✏♣❤❡♥♦✑ ❡t ✏✐♥❢♦✑✳

▲❛ t❛❜❧❡ ✏❣❡♥♦✑ ❞♦♥♥❡ ♣♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r ✭Mi✮✱ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ❣é♥♦t②♣✐q✉❡ ✭✵✱ ✶
❡t ✷ ❝♦rr❡s♣♦♥❞❛♥t à aa✱ aA ❡t AA✮ ♣❛r ✐♥❞✐✈✐❞✉ ✭ii✮ t❛♥❞✐s q✉❡ ❧❛ t❛❜❧❡ ✏♣❤❡♥♦✑ ✐♥❞✐q✉❡
♣♦✉r ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ s♦♥ ♣❤é♥♦t②♣❡ ✭❉ ♣♦✉r ❛✛❡❝té ♦✉ ❞✐s❡❛s❡❞ ❡t ❍ ♣♦✉r ♥♦♥✲❛✛❡❝té ♦✉
❤❡❛❧t❤②✮ ❛✐♥s✐ q✉❡ ❧❡s é✈❡♥t✉❡❧❧❡s ✈❛❧❡✉rs ❞❡ ❝♦✈❛r✐❛❜❧❡s ✭t❛❜❧❡ ✷✳✶✮✳

M1 M2 · · · Mn st❛t✉t s❡①❡ â❣❡
i1 ✵ ✵ · · · ✵ ❉ ♠ ✶✽
i2 ✷ ✶ · · · ✶ ❉ ❢ ✸✾
i3 ✷ ✶ · · · ✷ ❉ ♠ ✸✷
✳✳✳

iN ✷ ✵ · · · ✶ ❍ ❢ ✸✺

❚❛❜✳ ✷✳✶ ✕ ●❡♥♦ ❡t P❤❡♥♦✳

▲❛ t❛❜❧❡ ✏✐♥❢♦✑ ✭✷✳✷✮ ❞♦♥♥❡♥t t♦✉t❡s ❧❡s ✐♥❢♦r♠❛t✐♦♥s ❝♦♠♣❧é♠❡♥t❛✐r❡s s✉r ❧❡s ♠❛r✲
q✉❡✉rs✱ ❧❡s ❞❡✉① ♣r✐♥❝✐♣❛❧❡s ét❛♥t ❧❡ ❝❤r♦♠♦s♦♠❡ s✉r ❧❡q✉❡❧ ✐❧s s❡ tr♦✉✈❡♥t ❛✐♥s✐ q✉❡ ❧❡✉r
♣♦s✐t✐♦♥ ✭❡♥ ♣❛✐r❡s ❞❡ ❜❛s❡s ♣❛r ❡①❡♠♣❧❡✮✳

❝❤r ♣♦s✐t✐♦♥
M1 ✶ ✶✶✷✸✹
M2 ✶ ✶✶✽✽✾
M3 ✷ ✹✸✻✼✽✾
✳✳✳

Mn ✷ ✹✹✺✻✸✶

❚❛❜✳ ✷✳✷ ✕ ■♥❢♦✳

▲❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ❡st✐♠❡♥t ❧✬❡✛❡t ♠❛r❣✐♥❛❧ ❞❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r s✉r ❧❛
♠❛❧❛❞✐❡ ✐♥❞é♣❡♥❞❛♠♠❡♥t ❞❡s ❛✉tr❡s ♠❛rq✉❡✉rs✳ ■❧ s✬❛❣✐t ❞✬❛ttr✐❜✉❡r à ❝❤❛q✉❡ ♠❛rq✉❡✉r
✭Mi✮ ✉♥❡ ✈❛❧❡✉r ❞❡ ❧❛ st❛t✐st✐q✉❡ ❝♦♥s✐❞éré❡ ✭Si✮ ❡t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❝❡tt❡ ✈❛❧❡✉r ♣❛r r❛♣♣♦rt
à ✉♥ s❡✉✐❧ ❞ét❡r♠✐♥é ♣❛r ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ q✉❡ ❧✬♦♥ s❡ ❞♦♥♥❡ ✭❡♥ ❣é♥ér❛❧ ✺✪✮✱
❞❡ ❞é❝✐❞❡r s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ♦✉ ♥♦♥ ❧❡ ♠❛rq✉❡✉r ❝♦♠♠❡ ét❛♥t st❛t✐st✐q✉❡♠❡♥t ❛ss♦❝✐é à ❧❛
♠❛❧❛❞✐❡ ✭t❛❜❧❡ ✷✳✸✮✳



✷✳✷✳ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✹✶

M1 M2 · · · Mi · · · Mn

S S1 S2 · · · Si · · · Sn

H0 ♥♦♥ r❡❥❡té❡ r❡❥❡té❡ · · · ♥♦♥ r❡❥❡té❡ · · · ♥♦♥ r❡❥❡té❡

❚❛❜✳ ✷✳✸ ✕ ❙✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥✳

✷✳✷ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡

❉é✜♥✐t✐♦♥

❉❡✉① ✈❛r✐❛❜❧❡s s♦♥t ❞✐t❡s ♠✉t✉❡❧❧❡♠❡♥t ❞é♣❡♥❞❛♥t❡s s✐ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬♦❜s❡r✈❡r ✉♥❡
✈❛❧❡✉r ♣♦✉r ✉♥❡ ✈❛r✐❛❜❧❡ ❞é♣❡♥❞ ❞❡ ❧❛ ✈❛❧❡✉r ♣r✐s❡ ♣❛r ❧✬❛✉tr❡✳ ▲✬❛ss♦❝✐❛t✐♦♥ ❡st ✉♥❡ ❢♦r♠❡
❝♦✉r❛♥t❡ ❞❡ ❞é♣❡♥❞❛♥❝❡ ❡t ✐♠♣❧✐q✉❡ q✉❡ ❧❡ ♥✐✈❡❛✉ ❣é♥ér❛❧ ♣r✐s ♣❛r ✉♥❡ ✈❛r✐❛❜❧❡ ❝❤❛♥❣❡
❡♥ ❢♦♥❝t✐♦♥ ❞❡s ✈❛❧❡✉rs ❞❡ ❧✬❛✉tr❡✳ ■❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉❡ ❧✬❛ss♦❝✐❛t✐♦♥ ♥✬✐♠♣❧✐q✉❡
♣❛s ❢♦r❝é♠❡♥t ✉♥❡ r❡❧❛t✐♦♥ ❞❡ ❝❛✉s❛❧✐té ✿ ❞❡✉① ✈❛r✐❛❜❧❡s ♣❡✉✈❡♥t ❡♥ ❡✛❡t êtr❡ ❡♥ ❛ss♦❝✐❛✲
t✐♦♥ s❛♥s q✉❡ ❧✬✉♥❡ ♥✬❛✐t ✉♥ ❡✛❡t ❞✐r❡❝t ❡t ét❛❜❧✐ s✉r ❧✬❛✉tr❡✳ ▲❡ ❝♦♥❝❡♣t ❞✬❛ss♦❝✐❛t✐♦♥ ❡st
s❡♥s✐❜❧❡♠❡♥t ♣r♦❝❤❡ ❞❡ ❝❡❧✉✐ ❞❡ ❝♦rré❧❛t✐♦♥✳ P♦✉r ❞❡s ✈❛r✐❛❜❧❡s q✉❛♥t✐t❛t✐✈❡s✱ ❧❛ ❞✐✛ér❡♥❝❡
❡st q✉❡ ❧❛ ❝♦rré❧❛t✐♦♥ ✐♠♣❧✐q✉❡ ✉♥❡ r❡❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❡♥tr❡ ❧❡s ✈❛r✐❛❜❧❡s ❛❧♦rs q✉❡ ❧✬❛ss♦✲
❝✐❛t✐♦♥ ♥✬❡st ♣❛s ❝♦♥tr❛✐♥t❡ à ❧❛ ♠♦♥♦t♦♥✐❡ ✿ ✉♥❡ ✈❛r✐❛❜❧❡ ♣❡✉t ❛✉❣♠❡♥t❡r ♣✉✐s ❞✐♠✐♥✉❡r
♣❡♥❞❛♥t q✉❡ ❧✬❛✉tr❡ ❛✉❣♠❡♥t❡✳ ▲✬❛ss♦❝✐❛t✐♦♥ ❡st ❛✉ss✐ ❧❡ t❡r♠❡ ❡♠♣❧♦②é ♣♦✉r ❡①♣r✐♠❡r
✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ✈❛r✐❛❜❧❡s q✉❛❧✐t❛t✐✈❡s✳

❯♥❡ ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❡st ✉♥❡ st❛t✐st✐q✉❡ q✉✐ ♣❡r♠❡t ❞❡ q✉❛♥t✐✜❡r ❧❡ ❞❡❣ré ❞❡ ❞é✲
♣❡♥❞❛♥❝❡ ❡♥tr❡ ♣❧✉s✐❡✉rs ✈❛r✐❛❜❧❡s✳ ❯♥ ❢♦rt ❞❡❣ré ❞✬❛ss♦❝✐❛t✐♦♥ ✐♥❞✐q✉❡ q✉❡ ❧❛ ❝♦♥♥❛✐ss❛♥❝❡
❞✉ ♥✐✈❡❛✉ ❞✬✉♥❡ ✈❛r✐❛❜❧❡ ❛✉❣♠❡♥t❡ ❢♦rt❡♠❡♥t ❧✬❛♣t✐t✉❞❡ à ♣ré❞✐r❡ ♣ré❝✐sé♠❡♥t ❧❡ ♥✐✈❡❛✉
❞❡ ❧✬❛✉tr❡ ❀ ✉♥ ❞❡❣ré ♣❡✉ é❧❡✈é ✐♥❞✐q✉❡ ✉♥❡ ♠♦✐♥s ❜♦♥♥❡ ❝❛♣❛❝✐té ❞❡ ♣ré❞✐❝t✐♦♥✳

❚❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❡t ♠♦❞è❧❡s ❞✬é❝❤❛♥t✐❧❧♦♥❛❣❡

❙♦✐❡♥t ❞❡✉① ✈❛r✐❛❜❧❡s q✉❛❧✐t❛t✐✈❡s I ❡t J ♣♦✉✈❛♥t ♣r❡♥❞r❡ ❧❡s ✈❛❧❡✉rs I1, ..., Ip ❡t
J1, ..., Jq r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❛ ré❛❧✐s❛t✐♦♥ ❞❡ N ♦❜s❡r✈❛t✐♦♥s ❞✉ ❝♦✉♣❧❡ ❞❡ ✈❛r✐❛❜❧❡s I, J
♣❡✉t s❡ ♠❡ttr❡ s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ✭T ✮✱ t❡r♠❡ ✐♥tr♦❞✉✐t ♣❛r P❡❛rs♦♥✱
♦ù ❝❤❛q✉❡ ❝❛s❡ i, j r❡♣rés❡♥t❡ ❧❡ ♥♦♠❜r❡ ❞✬♦❝❝✉rr❡♥❝❡s ❞✉ ❝♦✉♣❧❡ Ii, Jj ✭t❛❜❧❡ ✷✳✹✮✳

▲✬❡♥s❡♠❜❧❡ ❞❡s ♣r♦❜❛❜✐❧✐tés pij✱ pi. ❡t p.j ❞é♥♦t❡♥t ❧❡s ❞✐str✐❜✉t✐♦♥s ❥♦✐♥t❡ ❡t ♠❛r❣✐♥❛❧❡s
❞❡ I ❡t J r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s ✈❛❧❡✉rs ❞❡ ❝❤❛q✉❡ ❝❛s❡ s♦♥t ✐ss✉❡s ❞✬✉♥ ♠♦❞è❧❡ ❞✬é❝❤❛♥✲
t✐❧❧♦♥♥❛❣❡ ❞♦♥♥é ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s q✉❡ ❧✬♦♥ s❡ ✜①❡✳

✲ ◗✉❛♥❞ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❝♦♥tr❛✐♥t❡ s✉r ❧❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r ❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡✱
✉♥ ♠♦❞è❧❡ ❞❡ P♦✐ss♦♥ tr❛✐t❡ ❝❤❛q✉❡ ❝❛s❡ ❝♦♠♠❡ ✉♥❡ ✈❛r✐❛❜❧❡ ❛❧é❛t♦✐r❡ ❞❡ P♦✐ss♦♥ ❞❡



✹✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

J1 · · · Jj · · · Jq t♦t❛❧
I1 N11 · · · N1j · · · N1q N1.
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

Ii Ni1 · · · Nij · · · Niq Ni.
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

Ip Np1 · · · Npj · · · Npq Np.

t♦t❛❧ N.1 · · · N.j · · · N.q N

❚❛❜✳ ✷✳✹ ✕ ❚❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ✭T ✮✳

♣❛r❛♠ètr❡ λij = Npij✱ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡s ❛✉tr❡s ❝❛s❡s✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞✬♦❜s❡r✈❡r ✉♥❡ t❛❜❧❡
❞♦♥♥é❡ ❡st ❛❧♦rs ✿

P(T ) =
∏

i

∏

j

exp(−λij)
λNij

ij

Nij!
.

✲ ◗✉❛♥❞ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ❡st ✜①é❡ ♠❛✐s q✉❡ ❧❡s ♠❛r❣❡s ❡♥ ❧✐❣♥❡s ❡t ❝♦❧♦♥♥❡s ♥❡
❧❡ s♦♥t ♣❛s✱ ♦♥ ❛♣♣❧✐q✉❡ ✉♥ ♠♦❞è❧❡ ♠✉❧t✐♥♦♠✐❛❧ M(N, p11, · · · , pij, · · · , ppq) ♦ù ❝❤❛q✉❡
❝❛s❡ ❝♦rr❡s♣♦♥❞ à ✉♥ t✐r❛❣❡ ♣♦ss✐❜❧❡ s✉r ❧❡s N ré❛❧✐sés✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬✉♥❡
t❛❜❧❡ s❛t✐s❢❛✐s❛♥t

∑
i

∑
j Nij = N ❡st ❞♦♥♥é❡ ♣❛r ✿

P(T ) =
N !∏

i

∏
j Nij!

∏

i

∏

j

p
Nij

ij .

✲ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❝♦♥s✐❞ér❡r q✉❡ ❧❡s ♠❛r❣❡s ❡♥ ❧✐❣♥❡ ♦✉ ❡♥ ❝♦❧♦♥♥❡ s♦♥t ✜①é❡s à
❧✬❛✈❛♥❝❡✳ ❈✬❡st ❧❡ ❝❛s ♣❛r ❡①❡♠♣❧❡ ❞✬✉♥❡ ét✉❞❡ ❝❛s✲té♠♦✐♥s ♦ù ❧❡s ♥♦♠❜r❡s ❞❡ ❝❛s ❡t ❞❡
té♠♦✐♥s s♦♥t ❞ét❡r♠✐♥és ❛ ♣r✐♦r✐✳ ❉❛♥s ❝❡ ❝❛s ❝❤❛q✉❡ ❧✐❣♥❡ ❡st é❝❤❛♥t✐❧❧♦♥♥é❡ ✐♥❞é♣❡♥❞❛♠✲
♠❡♥t ❞❡s ❛✉tr❡s s✉✐✈❛♥t ✉♥ t✐r❛❣❡ ♠✉❧t✐♥♦♠✐❛❧ M(Ni., pi1, ..., pij, ..., piq)✳ ❖♥ ♣❛r❧❡ ❛❧♦rs
❞❡ ♠♦❞è❧❡ ♠✉❧t✐♥♦♠✐❛❧ ✐♥❞é♣❡♥❞❛♥t ♦✉ ❞❡ ♣r♦❞✉✐t ❞❡ ♠✉❧t✐♥♦♠✐❛❧❡s✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛
♣r♦❜❛❜✐❧✐té ❞✬♦❜s❡r✈❡r ✉♥❡ ❧✐❣♥❡ ✭li✮ s❛t✐s❢❛✐s❛♥t

∑
j Nij = Ni. ❡st ✿

P(li) =
Ni.!∏
j Nij!

∏

j

p
Nij

ij ,

❡t ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬✉♥❡ t❛❜❧❡ ❡st ❞♦♥♥é❡ ♣❛r ✿

P(T ) =
∏

i

P(li) =
∏

i

(
Ni.!∏
j Nij!

∏

j

p
Nij

ij

)
.

✲ ❊♥✜♥ ❧♦rsq✉❡ ❧❡s ♠❛r❣❡s ❡♥ ❧✐❣♥❡ ❡t ❝♦❧♦♥♥❡s s♦♥t ✜①é❡s✱ ❧❡ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥❛❣❡
❛♣♣r♦♣r✐é q✉✐ s❛t✐s❢❛✐t

∑
j Nij = Ni. ❡t

∑
i Nij = N.j ❡st ❧❡ ♠♦❞è❧❡ ❤②♣❡r❣é♦♠étr✐q✉❡



✷✳✷✳ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✹✸

♠✉❧t✐✈❛r✐é✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞✬♦❜s❡r✈❡r ✉♥❡ ❧✐❣♥❡ ❡st ❛❧♦rs ✿

P(li) =

∏q−1
j=1

(
Nij

N.j

)
(

N.j

N

) ,

❡t ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬✉♥❡ t❛❜❧❡ ❡st ❞♦♥♥é❡ ♣❛r ✿

P(T ) =

p−1∏

i=1

P(li) =

p−1∏

i=1

∏q−1
j=1

(
Nij

N.j

)
(

Ni.

N

) .

▲❛ ❞✐str✐❜✉t✐♦♥ ❤②♣❡r❣é♦♠étr✐q✉❡ t❡❧❧❡ q✉✬❡❧❧❡ ❡st s♦✉✈❡♥t ❝♦♥♥✉❡ ❝♦rr❡s♣♦♥❞ ❛✉ ❝❛s i =
j = 2✳

❚❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡

▲✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❞❡✉① ✈❛r✐❛❜❧❡s I ❡t J ❝♦rr❡s♣♦♥❞ à ❧✬é❣❛❧✐té ❞❡ ❝❤❛q✉❡ ♣r♦❜❛❜✐❧✐té
pij ❛✉ ♣r♦❞✉✐t ❞❡s ♣r♦❜❛❜✐❧✐tés ♠❛r❣✐♥❛❧❡s ✿ pij = pi.×p.j✳ ❈❡s ♣r♦❜❛❜✐❧✐tés ♥✬ét❛♥t ❡♥ ré❛❧✐té
♣❛s ❝♦♥♥✉❡s✱ ♦♥ ✉t✐❧✐s❡r❛ ❧❡✉rs ❡st✐♠❛t✐♦♥s ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ p̂i. = Ni.

N
❡t p̂.j =

N.j

N
✳ ❯♥❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ q✉❛♥t✐✜❡ ❛❧♦rs ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s ❞❡

❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ✭Nij✮ ❡t ❝❡❧❧❡s ❛tt❡♥❞✉❡s s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡
✭Eij = Np̂i.p̂j. =

Ni.Nj.

N
✮✳

✲ ❚❡st ❞❡ s❝♦r❡ ✿ ❡♥ ✶✾✵✵✱ P❡❛rs♦♥ ✐♥tr♦❞✉✐t ❧❡ t❡st ❞❡ s❝♦r❡ ❝♦rr❡s♣♦♥❞❛♥t à ❝❡ t❡st
❞✬✐♥❞é♣❡♥❞❛♥❝❡✳ ▲❛ st❛t✐st✐q✉❡ ❛ss♦❝✐é❡ q✉❛♥t✐✜❡ ❧✬é❝❛rt ♥♦r♠❛❧✐sé ❡♥tr❡ ❧❡s ✈❛❧❡✉rs ♦❜s❡r✲
✈é❡s ❞❡ ❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❡t ❝❡❧❧❡s ❛tt❡♥❞✉❡s s♦✉s H0 ✿

X =
∑

i

∑

j

(Nij − Eij)
2

Eij

.

✲ ❚❡st ❞✉ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✿ ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ❛✉ t❡st ❞❡ s❝♦r❡ ♣r♦♣♦sé ♣❛r
P❡❛rs♦♥ ❡st ❧❡ t❡st ❞✉ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡s ✿

Λ =

∏
i

∏
j(Ni.N.j)

Nij

NN
∏

i

∏
j(Nij)Nij

.

❊♥ ♣r❛t✐q✉❡ ♦♥ ✉t✐❧✐s❡r❛ ♣❧✉tôt ❧❛ st❛t✐st✐q✉❡ ✿

G = −2 log Λ = 2
∑

i

∑

j

Nij log
Nij

Eij

.



✹✹ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❈❛❧❝✉❧ ❞❡ s✐❣♥✐✜❝❛t✐✈✐té ✿ ❛s②♠♣t♦t✐q✉❡✱ ❡①❛❝t ❡t ❡♠♣✐r✐q✉❡

■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ♠❛♥✐èr❡s ❞✬❡st✐♠❡r ❧❛ p✲✈❛❧✉❡ ❛ss♦❝✐é❡ à ✉♥❡ ✈❛❧❡✉r ♦❜s❡r✈é❡ ❞✬✉♥❡
st❛t✐st✐q✉❡ ✿ ✭✐✮ ♦♥ ❝♦♥♥❛ît ♣❛r❢❛✐t❡♠❡♥t ❧❛ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té q✉❡ s✉✐t ❧❛ st❛t✐st✐q✉❡ ❡♥ q✉❡s✲
t✐♦♥ ❡t ❧✬♦♥ ♣❡✉t ❛❧♦rs ❞ét❡r♠✐♥❡r ❧❛ ✈❛❧❡✉r ❡①❛❝t❡ ❞❡ ❧❛ p✲✈❛❧✉❡ ❀ ✭✐✐✮ ♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s
❡①❛❝t❡♠❡♥t ❝❡tt❡ ❧♦✐ ♠❛✐s ♦♥ s❛✐t q✉❡ s♦✉s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s✱ ❧❛ st❛t✐st✐q✉❡ s✉✐t ❛s②♠♣✲
t♦t✐q✉❡♠❡♥t ✉♥❡ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦♥♥✉❡ ❀ ✭✐✐✐✮ ❧♦rsq✉❡ ❧✬♦♥ ❛ ♥✬❛ ❛✉❝✉♥❡ ✐♥❞✐❝❛t✐♦♥ ❡①❛❝t❡
♦✉ ❛s②♠♣t♦t✐q✉❡ s✉r ❧❛ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té s✉✐✈✐❡ ♣❛r ❧❛ st❛t✐st✐q✉❡✱ ♦♥ ♣❡✉t ❧✬❛♣♣r♦❝❤❡r ❞❡
❢❛ç♦♥ ❡♠♣✐r✐q✉❡✱ ❡♥ s✐♠✉❧❛♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ré❛❧✐s❛t✐♦♥s ❞❡ ❧❛ st❛t✐st✐q✉❡ ❡♥ q✉❡st✐♦♥
s♦✉s H0✳ ■❧ ❡①✐st❡ ❞♦♥❝ tr♦✐s ❢❛ç♦♥s ❞✬❡st✐♠❡r ❧❛ p✲✈❛❧✉❡ ❞✬✉♥❡ ♦❜s❡r✈❛t✐♦♥✳ ❍✐st♦r✐q✉❡♠❡♥t
❡t ❡♥❝♦r❡ ❛✉❥♦✉r❞✬❤✉✐ ♣♦✉r ❞❡s r❛✐s♦♥s ❞❡ s✐♠♣❧✐❝✐té✱ ❧✬❛♣♣r♦❝❤❡ ❛s②♠♣t♦t✐q✉❡ r❡st❡ ❧❛ ♣❧✉s
✉t✐❧✐sé❡✳

✲ ❚❡st ❛s②♠♣t♦t✐q✉❡ ✿ s♦✉s H0✱ ❧❛ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ✭X✮ ❡t ❧❛ st❛t✐st✐q✉❡ ❞✉
r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✭G✮ s✉✐✈❡♥t t♦✉t❡s ❞❡✉① ❛s②♠♣t♦t✐q✉❡♠❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✉
χ2 à k ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ▲❛ p✲✈❛❧✉❡ ❛ss♦❝✐é❡ à ❧❛ ✈❛❧❡✉r ♦❜s❡r✈é❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ ✭S♦❜s✮
❡st ❛❧♦rs ✿

p✈ = P(χ2(k) > S♦❜s).

▲❡ ❞❡❣ré ❞❡ ❧✐❜❡rté ✭k✮ ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s à ❡st✐♠❡r✳ ❉❛♥s ❧❡ ❝❛s
❣é♥ér❛❧✱ ✐❧ ❢❛✉t ❡st✐♠❡r t♦✉s ❧❡s pij ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧❛ r❡str✐❝t✐♦♥ ❧✐♥é❛✐r❡

∑
pij = 1

❝❡ q✉✐ ❞♦♥♥❡ pq − 1 ♣❛r❛♠ètr❡s à ❡st✐♠❡r✳ ❙♦✉s H0✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡s pij ❡st ❞ét❡r♠✐♥é❡
♣❛r pi. ❡t p.j ❛✈❡❝ ❧❡s r❡str✐❝t✐♦♥s ❧✐♥é❛✐r❡s

∑
pi. = 1 ❡t

∑
p.j = 1 s♦✐t (1 − p) + (1 − q)

♣❛r❛♠ètr❡s à ❡st✐♠❡r✳ ■❧ r❡st❡ ❞♦♥❝ (pq − 1) − [(1 − p) + (1 − q)] s♦✐t k = (p − 1)(q − 1)
❞❡❣rés ❞❡ ❧✐❜❡rté✳

❊♥ ♣r❛t✐q✉❡✱ X ❡t G t❡♥❞❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ✈❡rs ❧❛ ♠ê♠❡ ❞✐str✐❜✉t✐♦♥✳ ❆ ❞❡❣ré
❞❡ ❧✐❜❡rté ✜①é✱ q✉❛♥❞ N ❛✉❣♠❡♥t❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ X ❝♦♥✈❡r❣❡ ❝❡♣❡♥❞❛♥t ♣❧✉s ✈✐t❡
✈❡rs ✉♥ χ2 q✉❡ ❝❡❧❧❡ ❞❡ G ✭❑♦❡❤❧❡r ❡t ▲❛r♥t③ ✶✾✽✵✮✳ ▲✬❛❞éq✉❛t✐♦♥ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
❞é♣❡♥❞ ❞✉ ♥♦♠❜r❡ ❞❡ ❝❡❧❧✉❧❡s ✭pq✮ ❡t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ✭N✮✳ ❈♦❝❤r❛♥ ❛ ét✉❞✐é
❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❛♥s ♣❧✉s✐❡✉rs ❛rt✐❝❧❡s✳ ❊♥ ✶✾✺✹ ✐❧ ♣r♦♣♦s❡ q✉❡ t♦✉t Eij ❞♦✐t êtr❡
s✉♣ér✐❡✉r à ✺ ♠❛✐s q✉❡ ❞❡s ✈❛❧❡✉rs ♣❧✉s ❢❛✐❜❧❡s ♥❡ ❞❡✈r❛✐❡♥t ♣❛s ♣♦s❡r ❞❡ ♣r♦❜❧è♠❡ ♣♦✉r
❞❡ ❣r❛♥❞❡s t❛❜❧❡s ❞❡ ❝♦♥t✐♥❣❡♥❝❡s s✐ ❛✉ ♠♦✐♥s ✹✴✺è♠❡ ❞❡s Eij s♦♥t s✉♣ér✐❡✉rs à ✺✳ ■❧ ♥✬②
❛ ♣❛s ✈r❛✐♠❡♥t ❞❡ rè❣❧❡ ❣é♥ér❛❧❡ ♠❛✐s s✉♣♣♦s❡r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✉ χ2 ♣♦✉r X ♦✉ G
❞❛♥s ❞❡s ❝❛s ♦ù ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ♥✬❡st ♣❛s ❥✉st✐✜é❡ ♣❡✉t ❡♥tr❛î♥❡r ✉♥❡ ✐♠♣ré❝✐s✐♦♥ ❞❛♥s
❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡✱ ❡t ♣❛r ❧❛ ♠ê♠❡ ♦❝❝❛s✐♦♥ ✉♥❡ ✐♥✢❛t✐♦♥ ♦✉ ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞✉
t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■✳

✲ ❚❡st ❡①❛❝t ✿ ✉♥ t❡st ❡①❛❝t ❝♦♥s✐st❡ à ✉♥ ❝❛❧❝✉❧ ❡①❛❝t ❞❡ ❧❛ p✲✈❛❧✉❡ ❞✬✉♥❡ ♦❜s❡r✈❛t✐♦♥✳
❉❛♥s ❧❡ ❝❛s ❞✬✉♥ t❡st ❞✬✐♥❞é♣❡♥❞❛♥❝❡✱ ✐❧ s✬❛❣✐t ❞❡ ❝❛❧❝✉❧❡r ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛♣♣❛r✐t✐♦♥
s♦✉s H0 ❞✬✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ✭PH0(T )✮ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡
❝♦♥s✐❞éré✳ ▲❛ p✲✈❛❧✉❡ ❞❡ ❧❛ ✈❛❧❡✉r ♦❜s❡r✈é❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ ✭S♦❜s✮ ❡st ❛❧♦rs ❞ét❡r♠✐♥é❡



✷✳✷✳ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✹✺

♣❛r ❧❛ s♦♠♠❡ ❞❡s ♣r♦❜❛❜✐❧✐tés ❞❡s t❛❜❧❡s✶ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ st❛t✐st✐q✉❡s ✭S(i)✮
❡st ❛✉ ♠♦✐♥s ❛✉ss✐ ❡①trê♠❡ q✉❡ S♦❜s ✿

p✈ =
∑

i|S(i)>S♦❜s

PH0(T (i)).

▲❡ ♥♦♠❜r❡ ❞❡ t❛❜❧❡s ♣♦ss✐❜❧❡s ❛✐♥s✐ q✉❡ ❧❡✉r ♣r♦❜❛❜✐❧✐té ❞é♣❡♥❞❡♥t ❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥✲
t✐❧❧♦♥♥❛❣❡ ❝❤♦✐s✐✳ ▲❡ ♣❧✉s ❝♦✉r❛♥t ❡st ❞❡ ❝♦♥s✐❞ér❡r q✉❡ t♦✉t❡s ❧❡s ♠❛r❣❡s s♦♥t ✜①é❡s ❡t q✉❡
❧❛ t❛❜❧❡ rés✉❧t❡ ❞✬✉♥ é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❤②♣❡r❣é♦♠étr✐q✉❡ ✭❨❛t❡s ✶✾✸✹✮ ❀ ❧❡ t❡st ❡①❛❝t ❡st ❞✐t
❝♦♥❞✐t✐♦♥♥❡❧ ❞❛♥s ❧❡ s❡♥s ♦ù ❧❛ p✲✈❛❧✉❡ ❡st ❝❛❧❝✉❧é❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t à ❧❛ ✈❛❧❡✉r ❞❡s
♠❛r❣❡s q✉❡ ❧✬♦♥ s❡ ❞♦♥♥❡✳ ❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ♣r♦❝é❞❡r ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r ❝❤❛q✉❡ ❧✐❣♥❡
❝♦♠♠❡ ✐ss✉❡ ❞❡ t✐r❛❣❡s ♠✉❧t✐♥♦♠✐❛✉① ✐♥❞é♣❡♥❞❛♥ts ✭❇❛r♥❛r❞ ✶✾✹✺✮ ❀ ❞❛♥s ❝❡ ❝❛s s❡✉❧❡ ✉♥❡
♣❛rt✐❡ ❞❡s ♠❛r❣❡s s♦♥t ✜①é❡s✳ ❈❡ t❡st ❡st ❛♣♣❡❧é t❡st ❡①❛❝t ♥♦♥✲❝♦♥❞✐t✐♦♥♥❡❧ ♣❛r ♦♣♣♦s✐✲
t✐♦♥ ❛✉ ♣ré❝é❞❡♥t✱ ❜✐❡♥ q✉✬✐❧ s♦✐t ❡♥ ré❛❧✐té s❡♠✐✲❝♦♥❞✐t✐♦♥♥❡❧✳ P✉✐sq✉❡ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s
❡①✐st❡♥t✱ ❧❛ ❜♦♥♥❡ ♠❛♥✐èr❡ ❞❡ ♣r♦❝é❞❡r ❛ ❧♦♥❣t❡♠♣s ❢❛✐t ❞é❜❛t ❝❤❡③ ❧❡s st❛t✐st✐❝✐❡♥s✳ ❋✐s❤❡r
❝r✐t✐q✉❛ ❧♦♥❣✉❡♠❡♥t ❧✬❛♣♣r♦❝❤❡ ♥♦♥✲❝♦♥❞✐t✐♦♥♥❡❧❧❡ ✿

✏✭✳✳✳✮ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡s❡ ❧❡ss ✐♥❢♦r♠❛t✐✈❡ ♣♦ss✐❜✐❧✐t✐❡s s❤♦✉❧❞ ♥♦t ❛✛❡❝t ♦✉r ❥✉❞❣✲
♠❡♥t ♦❢ s✐❣♥✐✜❝❛♥❝❡ ❜❛s❡❞ ♦♥ t❤❡ s❡r✐❡s ❛❝t✉❛❧❧② ♦❜s❡r✈❡❞✳ ❚❤❡ ❢❛❝t t❤❛t s✉❝❤ ❛♥ ✉♥❤❡❧♣❢✉❧
♦✉t❝♦♠❡ ❛s t❤❡s❡ ♠✐❣❤t ♦❝❝✉r ✭✳✳✳✮ ✐s s✉r❡❧② ♥♦ r❡❛s♦♥ ❢♦r ❡♥❤❛♥❝✐♥❣ ♦✉r ❥✉❞❣♠❡♥t ♦❢ s✐✲
❣♥✐✜❝❛♥❝❡ ✐♥ ❝❛s❡s ✇❤❡r❡ ✐t ❤❛s ♥♦t ♦❝❝✉r❡❞ ❀ ✭✳✳✳✮ ✐t ✐s ♦♥❧② t❤❡ s❛♠♣❧✐♥❣ ❞✐str✐❜✉t✐♦♥ ♦❢
s❛♠♣❧❡s ♦❢ t❤❡ s❛♠❡ t②♣❡ t❤❛t ❝❛♥ s✉♣♣❧② ❛ r❛t✐♦♥❛❧ t❡st ♦❢ s✐❣♥✐✜❝❛♥❝❡s✑✳

❯♥ t❡st ♥♦♥✲❝♦♥❞✐t✐♦♥♥❡❧ ♣❡r♠❡t ❞❡ ❣é♥ér❡r ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t❛❜❧❡s ♣♦ss✐❜❧❡s
❡t ré❞✉✐t ❞♦♥❝ ♣❛rt✐❡❧❧❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞✐s❝rét✐s❛t✐♦♥ q✉✐ ❡st ❞✐s❝✉té ♣❛r ❧❛ s✉✐t❡ ✭♣✳
✹✻✮✳ ■❧ ❛ ❞♦♥❝ t❡♥❞❛♥❝❡ à êtr❡ ♠♦✐♥s ❝♦♥s❡r✈❛t✐❢ q✉❡ s♦♥ ❤♦♠♦❧♦❣✉❡ ❝♦♥❞✐t✐♦♥♥❡❧✳ ■❧ ❡st ❡♥
r❡✈❛♥❝❤❡ ❜❡❛✉❝♦✉♣ ♣❧✉s ❧♦✉r❞ ❡♥ t❡r♠❡ ❞❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❝❡ q✉✐ ♣❡✉t ♣♦s❡r ✉♥ ✈r❛✐
♣r♦❜❧è♠❡ ♣♦✉r ❧❡s t❛❜❧❡s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥s✳

▲❡ t❡st ❡①❛❝t ❧❡ ♣❧✉s ❝♦♥♥✉ ❡st ❧❡ t❡st ❡①❛❝t ❞❡ ❋✐s❤❡r ✭✶✾✸✹✮✳ ■❧ s✬❛❣✐t ❞✬✉♥ t❡st
❡①❛❝t ❝♦♥❞✐t✐♦♥♥❡❧✳ ▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ p✲✈❛❧✉❡ s❡ ❢❛✐t ❡♥ s♦♠♠❛♥t ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡s t❛❜❧❡s
❞♦♥t ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬❛♣♣❛r✐t✐♦♥ ❡st ♣❧✉s ♣❡t✐t❡ q✉❡ ❝❡❧❧❡ ❞❡ ❧❛ t❛❜❧❡ ♦❜s❡r✈é❡ ✭T ♦❜s✮ ✿

p✈ =
∑

i|PH0(T (i))6PH0(T ♦❜s)

PH0(T (i)).

❉❡ ❢❛✐t✱ ❧❡ t❡st ❡①❛❝t ❞❡ ❋✐s❤❡r ♥✬❡st ❢♦♥❞é s✉r ❛✉❝✉♥❡ st❛t✐st✐q✉❡ ❝❧❛✐r❡ ❡t s✐ ❧❡s p✲✈❛❧✉❡s q✉✐
❡♥ rés✉❧t❡♥t t❡♥❞❡♥t à êtr❡ très ♣r♦❝❤❡s ❞❡ ❝❡❧❧❡s ❣é♥éré❡s ♣❛r ✉♥ t❡st ❡①❛❝t ❝♦♥❞✐t✐♦♥♥❡❧
❢♦♥❞é s✉r ❧❛ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ✭X✮ ♦✉ ❞✉ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✭G✮✱ ❧✬♦♥ ♣❡✉t
r❡♥❝♦♥tr❡r ❡♥ ♣r❛t✐q✉❡ q✉❡❧q✉❡s ❞✐✛ér❡♥❝❡s✳ P♦✉r ❝❡s r❛✐s♦♥s✱ ❝♦♠♠❡ ❛❧t❡r♥❛t✐✈❡ à ✉♥ t❡st
❛s②♠♣t♦t✐q✉❡ ❢♦♥❞é s✉r ✉♥❡ st❛t✐st✐q✉❡✱ ♥♦✉s ❛✉r♦♥s t❡♥❞❛♥❝❡ à ♣ré❢ér❡r ❧❡ t❡st ❡①❛❝t✱
❝♦♥❞✐t✐♦♥♥❡❧ ♦✉ ♥♦♥✱ ♠❛✐s ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♠ê♠❡ st❛t✐st✐q✉❡✳ P❛r ❛✐❧❧❡✉rs ❧❡ t❡st ❡①❛❝t
r❡q✉✐❡rt ❧✬é♥✉♠ér❛t✐♦♥ ❞✬✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t❛❜❧❡s ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❝❡ q✉✐ r❡♥❞ s♦♥ t❡♠♣s
❞✬❡①é❝✉t✐♦♥ ❜✐❡♥ s✉♣ér✐❡✉r à ✉♥ s✐♠♣❧❡ t❡st ❛s②♠♣t♦t✐q✉❡✳

✶♣❛r♠✐ t♦✉t❡s ❧❡s t❛❜❧❡s ♣♦ss✐❜❧❡s ✭T (i)✮ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❡ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❝❤♦✐s✐



✹✻ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

✲ ❚❡st ❡♠♣✐r✐q✉❡ ✿ ❧♦rsq✉❡ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ t❡st ❡①❛❝t ❡st ❢❛st✐❞✐❡✉s❡ ♦✉ ✐♠♣♦ss✐❜❧❡
❡t q✉❡ ❧✬♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ♦✉ q✉❡ ❝❡❧❧❡✲❝✐ ♥❡ s✬❛♣♣❧✐q✉❡ ♣❛s
❞❛♥s ❧❡s ❝♦♥❞✐t✐♦♥s ❞❛♥s ❧❡sq✉❡❧❧❡s ♥♦✉s ♥♦✉s tr♦✉✈♦♥s✱ ✐❧ ❡st t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞✬❛♣♣r♦❝❤❡r
❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦ ✭❋♦rst❡r ❡t ❛❧ ✶✾✾✻✮✳ ❈❡tt❡ ❛♣♣r♦❝❤❡
❡♠♣✐r✐q✉❡ ❝♦♥s✐st❡ ❞❛♥s ♥♦tr❡ ❝❛s à t✐r❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t❛❜❧❡s s✉✐✈❛♥t ❧❡ ♠♦❞è❧❡
❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❝♦♥s✐❞éré ❡t à ♣❛rt✐r ❞❡s ♣❛r❛♠ètr❡s ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❞ét❡r♠✐♥és ♣❛r
❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ❆ ❝❤❛q✉❡ s✐♠✉❧❛t✐♦♥ i✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ✈❛❧❡✉r ❞❡ ❧❛ st❛t✐st✐q✉❡ ✭S(i)✮ ❡t
❛✉ ❜♦✉t ❞❡ B s✐♠✉❧❛t✐♦♥s✱ ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ ✭S(1)✱ ✳✳✳✱ S(B)✮✳
▲❛ p✲✈❛❧✉❡ ❡st ❛❧♦rs ❡st✐♠é❡ ♣❛r ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ✈❛❧❡✉rs s✐♠✉❧é❡s q✉✐ ❞é♣❛ss❡ ❧❛ ✈❛❧❡✉r
♦❜s❡r✈é❡ S♦❜s ✿

p̂✈ =
♯{S(i) > S♦❜s}

B
,

♦ù ♯ ❡st ❧✬♦♣ér❛t❡✉r ❝❛r❞✐♥❛❧✳ ❉❛♥s ❧❡s ét✉❞❡s ❝❛s✲té♠♦✐♥s✱ ✉♥❡ ❢❛ç♦♥ s✐♠♣❧❡ ❞❡ ♣r♦❝é❞❡r
❛✉ t❡st ❡♠♣✐r✐q✉❡ ❝♦♥❞✐t✐♦♥♥❡❧ ❡st ❞❡ ré❛❧✐s❡r ❝❤❛q✉❡ s✐♠✉❧❛t✐♦♥ ❡♥ ♣❡r♠✉t❛♥t à ❝❤❛q✉❡
❢♦✐s ❧❡s st❛t✉ts ❝❛s✲té♠♦✐♥s ❞❡ ❢❛ç♦♥ à s✐♠✉❧❡r s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡✳ ❈❡tt❡
❞é♠❛r❝❤❡ ❡st éq✉✐✈❛❧❡♥t❡ à ✉♥ t❡st ❡♠♣✐r✐q✉❡ ré❛❧✐sé à ♣❛rt✐r ❞✬✉♥ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡
❤②♣❡r❣é♦♠étr✐q✉❡ ♦ù t♦✉t❡s ❧❡s ♠❛r❣❡s s♦♥t ✜①é❡s ✭✜❣✉r❡ ✷✳✶✮✳

▲❡ ❝❛❧❝✉❧ ❞❡ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té ♣❛r ▼♦♥t❡✲❈❛r❧♦ ❡st ❢❛❝✐❧❡ à ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ♠❛✐s r❡q✉✐❡rt
✉♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ q✉✐ ✈❛ ❞é♣❡♥❞r❡ ❞❡ ❧❛ ♣ré❝✐s✐♦♥ q✉❡ ❧✬♦♥ s♦✉❤❛✐t❡ ❛tt❡✐♥❞r❡ ♣♦✉r
❧✬❡st✐♠❛t✐♦♥✳ P✉✐sq✉❡ p̂✈ × B ❡st ❞✐str✐❜✉é s✉✐✈❛♥t ✉♥❡ ❜✐♥♦♠✐❛❧❡ B(B, p✈)✱ p̂✈ ♣❡✉t êtr❡

❛♣♣r♦❝❤é ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ N
(
p✈, p✈(1−p✈)

B

)
q✉✐ ❞♦♥♥❡ ♣♦✉r p̂✈ ❧✬✐♥t❡r✈❛❧ ❞❡

❝♦♥✜❛♥❝❡ à ✾✺✪ s✉✐✈❛♥t ✿
[
p̂✈− 1.96

√
p̂✈(1 − p̂✈)

B
; p̂✈ + 1.96

√
p̂✈(1 − p̂✈)

B

]
.

P❛r ❝♦♥séq✉❡♥t ❧✬♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ❞❡ ❧✬❡rr❡✉r ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡ ♣❛r ▼♦♥t❡✲
❈❛r❧♦ ❞é❝r♦✐t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ 1/

√
B✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♣❡r✲

♠✉t❛t✐♦♥s ♥é❝❡ss❛✐r❡s ♣♦✉r ❡st✐♠❡r ❛✈❡❝ ♣ré❝✐s✐♦♥ ❞❡s p✲✈❛❧✉❡s très ♣r♦❝❤❡s ❞❡ ✵ ♦✉ ❞❡ ✶
✭❞❡ ❧✬♦r❞r❡ ❞❡ 10−8 ♣❛r ❡①❡♠♣❧❡✮ ♣❡✉t ❞♦♥❝ r❛♣✐❞❡♠❡♥t ❞❡✈❡♥✐r ❝♦♥séq✉❡♥t ❡t ✐rré❛❧✐s❛❜❧❡
❡♥ ♣r❛t✐q✉❡ ❧♦rsq✉✬✐❧ ② ❛ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t❡sts à ❡✛❡❝t✉❡r✳

✲ ◆♦t❡ s✉r ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ✿ ❧❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ q✉❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s s♦♥t
❞✐s❝rèt❡s ❡t ❞❡ ❢❛✐t ❧❛ p✲✈❛❧✉❡ ♥❡ ♣❡✉t ♣❛s ♣r❡♥❞r❡ t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✶✳
❊♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ✐❧ ♥✬❡st ❣é♥ér❛❧❡♠❡♥t ♣❛s ♣♦ss✐❜❧❡ ❞✬❛tt❡✐♥❞r❡ ✉♥ ♥✐✈❡❛✉ ♣ré❝✐sé♠❡♥t é❣❛❧
à ✺✪ ♣♦✉r ❧❡ t❡st ❡t ❧❡ ✈r❛✐ r✐sq✉❡ ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❡st ❡♥ ♣r❛t✐q✉❡ ✐♥❢ér✐❡✉r✳ ❊♥ ❝❡ s❡♥s✱
❧✬❛♣♣r♦❝❤❡ tr❛❞✐t✐♦♥♥❡❧❧❡ ❞✉ t❡st ❞✬❤②♣♦t❤ès❡ ❡st ❝♦♥s❡r✈❛t✐✈❡✱ ❝✬❡st à ❞✐r❡ q✉❡ ❧❡ t❡st ❛
t❡♥❞❛♥❝❡ à ♥❡ ♣❛s s✉✣s❛♠♠❡♥t r❡❥❡t❡r H0✳ P♦✉r ❞❡ ❣r❛♥❞s é❝❤❛♥t✐❧❧♦♥s✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡
❧❛ st❛t✐st✐q✉❡ ❡st ♣r♦❝❤❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ❝♦♥t✐♥✉❡ ❞❡ t②♣❡ χ2 ❞♦♥❝ ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ♥❡
♣♦s❡ ♣❛s ré❡❧❧❡♠❡♥t ❞❡ ♣r♦❜❧è♠❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ♣♦✉r ❧❡s ♣❡t✐ts é❝❤❛♥t✐❧❧♦♥s✱ s✉r ❧❡sq✉❡❧s
♦♥ ✈❛ ❛♣♣❧✐q✉❡r ✉♥ t❡st ❡♠♣✐r✐q✉❡ ♦✉ ❡①❛❝t✱ ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ ❡t ❞♦♥❝
❞❡s p✲✈❛❧✉❡s ❡st ♣❛rt✐❝✉❧✐èr❡♠❡♥t ♠❛rq✉é❡ ❝❡ q✉✐ ♣❡✉t s❡♥s✐❜❧❡♠❡♥t ❞✐♠✐♥✉❡r ❧❡ r✐sq✉❡ ❞❡
♣r❡♠✐èr❡ ❡s♣è❝❡ ❡t ♣❛r ❧❛ ♠ê♠❡ ♦❝❝❛s✐♦♥ ❧❛ ♣✉✐ss❛♥❝❡ ❛ss♦❝✐é❡ à ✉♥ ♥✐✈❡❛✉ ✜①é✳



✷✳✷✳ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✹✼

a
A
a
A
A
A

1
0
1
1
0
0

1
0
1
0
1
0

1
0
1
0
0
1

1
1
0
1
0
0

1
1
0
0
1
0

1
1
0
0
0
1

0
1
1
1
0
0

0
1
1
0
1
0

0
1
1
0
0
1

0
0
1
1
1
0

0
0
1
1
0
1

0
0
1
0
1
1

0
1
0
1
1
0

0
1
0
1
0
1

0
1
0
0
1
1

1
0
0
1
1
0

1
0
0
1
0
1

1
0
0
0
1
1

0
0
0
1
1
1

a A

1 2 1 3

0 0 3 3

2 4

1
1
1
0
0
0

20 combinaisons correspondant à 720 permutations 
(1 combinaison = 36 permutations)

3 tables de contingences

a A

1 1 2 3

0 1 2 3

2 4

a A

1 0 3 3

0 2 1 3

2 4

❋✐❣✳ ✷✳✶ ✕ ❚❡st ❡♠♣✐r✐q✉❡ ♣❛r ♣❡r♠✉t❛t✐♦♥ ✿ ✐❧ r❡✈✐❡♥t à é❝❤❛♥t✐❧❧♦♥♥❡r s✉✐✈❛♥t ✉♥
♠♦❞è❧❡ ❤②♣❡r❣é♦♠étr✐q✉❡ ♦ù ❧❡s ♠❛r❣❡s ❧✐❣♥❡s ❡t ❝♦❧♦♥♥❡s s♦♥t ✜①é❡s✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞❡
t✐r❡r ✉♥❡ ♣❡r♠✉t❛t✐♦♥ ❡st ❞❡ ✶ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣❡r♠✉t❛t✐♦♥s ♣♦ss✐❜❧❡s ✭✐❝✐ ✶✴✼✷✵✱ ✉♥❡
❝♦♠❜✐♥❛✐s♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ✸✻ ♣❡r♠✉t❛t✐♦♥s ♣♦ss✐❜❧❡s✮✳ ▲❛ ♣r♦❜❛❜✐❧✐té ❞❡ t✐r❡r ✉♥❡ t❛❜❧❡
❝♦rr❡s♣♦♥❞ ❞♦♥❝ ❛✉ ♥♦♠❜r❡ ❞❡ ♣❡r♠✉t❛t✐♦♥s q✉✐ ♣❡r♠❡tt❡♥t ❞❡ ❣é♥ér❡r ❝❡tt❡ t❛❜❧❡ ❞✐✈✐sé
♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ ♣❡r♠✉t❛t✐♦♥s ♣♦ss✐❜❧❡s ✭✐❝✐ ✶✹✹✴✼✷✵✱ ✹✸✷✴✼✷✵ ❡t ✶✹✹✴✼✷✵ r❡s♣❡❝t✐✈❡♠❡♥t✮
❝❡ q✉✐ ❡st str✐❝t❡♠❡♥t éq✉✐✈❛❧❡♥t ❛✉① ♣r♦❜❛❜✐❧✐tés ❞é✜♥✐❡s ♣❛r ❧❡ ♠♦❞è❧❡ ❤②♣❡r❣é♦♠étr✐q✉❡



✹✽ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

▼❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✿ ♦❞❞s r❛t✐♦

▲❡s st❛t✐st✐q✉❡s ♣r♦♣♦sé❡s ♣❡r♠❡tt❡♥t ❞❡ q✉❛♥t✐✜❡r ❧❡ ❞❡❣ré ❞✬é✈✐❞❡♥❝❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❡t
❞❡ ré❛❧✐s❡r ✉♥ t❡st ♠❛✐s ♥❡ s♦♥t ❡♥ ❛✉❝✉♥ ❝❛s ❞❡s ♠❡s✉r❡s ❞✬❛ss♦❝✐❛t✐♦♥✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❡❧❧❡s
❞é♣❡♥❞❡♥t ❞✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ✭N✮✳ P♦✉r ❞✐✛ér❡♥t❡s r❛✐s♦♥s ❧✬♦❞❞s r❛t✐♦ ❛ é♠❡r❣é
❝♦♠♠❡ ❧❛ ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❧❛ ♣❧✉s ♣♦♣✉❧❛✐r❡ ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡✳ ❙♦✐t px ❧❛ ♣r♦❜❛❜✐❧✐té
❞✬êtr❡ ♠❛❧❛❞❡ s❛❝❤❛♥t q✉❡ ♦♥ ❡st ❡①♣♦sé à ✉♥❡ ❝❡rt❛✐♥❡ ✈❛r✐❛❜❧❡ ❞✬❡①♣♦s✐t✐♦♥ ✭❞❛♥s ♥♦tr❡
❝❛s ❧❡ ❣é♥♦t②♣❡✮✳ ▲✬♦❞❞ ✭O✮ ❡st ❛❧♦rs ❞é✜♥✐ ❝♦♠♠❡ ❧❡ q✉♦t✐❡♥t ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r ✉♥
✐♥❞✐✈✐❞✉ ❞✬êtr❡ ♠❛❧❛❞❡ s❛❝❤❛♥t q✉✬✐❧ ❡st ❡①♣♦sé ♣❛r ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ♥❡ ♣❛s êtr❡ ♠❛❧❛❞❡
s❛❝❤❛♥t q✉✬✐❧ ❡st ❡①♣♦sé ✿

Ox =
px

1 − px

.

▲❡s ♦❞❞s s♦♥t ♣♦s✐t✐❢s ❀ ✐❧s s♦♥t s✉♣ér✐❡✉rs à ✶ ❧♦rsq✉❡ ❧❛ ❝❤❛♥❝❡ ♣♦✉r ✉♥ ✐♥❞✐✈✐❞✉ ❞✬êtr❡ ❛t✲
t❡✐♥t q✉❛♥❞ ✐❧ ❡st ❡①♣♦sé ❡st ♣❧✉s é❧❡✈é❡ q✉❡ ❝❡❧❧❡ ❞❡ ♥❡ ♣❛s ❧✬êtr❡✳ ■♥tr♦❞✉✐s♦♥s ♠❛✐♥t❡♥❛♥t
❧❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r ✉♥ ✐♥❞✐✈✐❞✉ ❞✬êtr❡ ♠❛❧❛❞❡ s❛❝❤❛♥t q✉✬✐❧ ♥✬❡st ♣❛s ❡①♣♦sé à ❧❛ ✈❛r✐❛❜❧❡
❞✬❡①♣♦s✐t✐♦♥ ✭px̄✮✳ ▲✬♦❞❞s r❛t✐♦ ❞✬êtr❡ ❛tt❡✐♥t ✭OR✮ s❡ ❞é✜♥✐t ❛❧♦rs ❝♦♠♠❡ ❧❡ r❛♣♣♦rt ❞❡s
♦❞❞s ✿

ORx,x̄ =
px(1 − px̄)

(1 − px)px̄

.

❍✐st♦r✐q✉❡♠❡♥t✱ ❧✬♦❞❞s r❛t✐♦ ét❛✐t ✉t✐❧✐sé ❝♦♠♠❡ s✐♠♣❧❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❛♥s ❧❡s ét✉❞❡s ❝❛s✲
té♠♦✐♥ ❞✉ r✐s❦ r❛t✐♦ ✭px

px̄
✮ ❧♦♥❣t❡♠♣s ❝♦♥s✐❞éré ❝♦♠♠❡ ❧❛ ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❞❡ ❝❤♦✐①✳

P❧✉s ré❝❡♠♠❡♥t ❧✬♦❞❞s r❛t✐♦ ❛ ❣❛❣♥é ❧❡ st❛t✉t ❞❡ ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ à ♣❛rt ❡♥t✐èr❡ ❡♥
r❛✐s♦♥ ❞❡ ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ✐♥tér❡ss❛♥t❡s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧✬♦❞❞s r❛t✐♦ ♣❡✉t êtr❡
❡st✐♠é s✉r ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t②♣❡s ❞✬ét✉❞❡s é♣✐❞é♠✐♦❧♦❣✐q✉❡s q✉❡ ❧❡ r✐s❦ r❛t✐♦✱
❝✬❡st q✉✐ ❡st ✉♥ ❛✈❛♥t❛❣❡ ♣♦✉r ❝♦♠♣❛r❡r ❞✐✛ér❡♥t❡s ét✉❞❡s ❡♥tr❡ ❡❧❧❡s✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ❡st
s②♠étr✐q✉❡ ❞❡ s♦rt❡ q✉❡ ❧✬♦❞❞s r❛t✐♦ ❞✬êtr❡ ❛tt❡✐♥t ❡st s✐♠♣❧❡♠❡♥t ❧✬✐♥✈❡rs❡ ❞❡ ❧✬♦❞❞s r❛t✐♦
❞❡ ♥❡ ♣❛s êtr❡ ❛tt❡✐♥t ✿

OR =
1

OR
=

(1 − px)px̄

px(1 − px̄)
.

❊♥✜♥✱ ❡t ❝❡ q✉✐ ❡st ♣❡✉t✲êtr❡ ❧❛ ♣r♦♣r✐été ❧❛ ♣❧✉s ✐♥tér❡ss❛♥t❡✱ ❧✬♦❞❞s r❛t✐♦ ♥❡ ❞é♣❡♥❞ ♣❛s
❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ❝♦♥tr❛✐r❡♠❡♥t ❛✉① st❛t✐st✐q✉❡s ❞❡ P❡❛rs♦♥ ❡t ❞✉ r❛♣♣♦rt ❞❡
✈r❛✐s❡♠❜❧❛♥❝❡ ✐♥tr♦❞✉✐t❡s ♣ré❝é❞❡♠♠❡♥t✳

❊♥ t♦✉t❡ ❣é♥ér❛❧✐té✱ ❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❞✉ ❝♦✉♣❧❡ ❞❡ ✈❛r✐❛❜❧❡s I✱J ❡t ❞❡ ❞✐♠❡♥s✐♦♥
p × q ♠❡t ❡♥ ❥❡✉ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬♦❞❞s r❛t✐♦s ❀ ❡♥ ré❛❧✐té ✉♥ ♣❛r ❝♦✉♣❧❡ i✱i′ ❞❡ ✈❛❧❡✉rs
♣r✐s❡s ♣❛r I ❝r♦✐sé ❛✈❡❝ ✉♥ ❝♦✉♣❧❡ ❞❡ ✈❛❧❡✉rs j, j′ ♣r✐s❡s ♣❛r J ✱ s♦✐t (p

2)(
q
2) = pq(p−1)(q−1)

4

♦❞❞s r❛t✐♦s ❞✐✛ér❡♥ts ✿
OR(ii′jj′) =

pijpi′j′

pi′jpi′j

.

▲✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❞❛♥s ✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ r❡✈✐❡♥t à ❝❡ q✉❡ t♦✉s ❧❡s ♦❞❞s
r❛t✐♦s ✈❛❧❡♥t ✶✳ ❈❡✉①✲❝✐ s✬❡st✐♠❡♥t ♣❛r ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ q✉✐ ❝♦♥st✐t✉❡ ❛✉❥♦✉r❞✬❤✉✐ ✉♥❡
❛♣♣r♦❝❤❡ ❞❡ ré❣r❡ss✐♦♥ s✉r ❞❡s ✈❛r✐❛❜❧❡s ❜✐♥❛✐r❡s ✭❝❛s✲té♠♦✐♥s ♣❛r ❡①❡♠♣❧❡✮ très ♣♦♣✉❧❛✐r❡✳
▲❡ ❧❡❝t❡✉r ✐♥tér❡ssé ♣❛r ✉♥❡ é♥✉♠ér❛t✐♦♥ ❞❡s ❛✉tr❡s ♠❡s✉r❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♣❡✉t s❡ ré❢ér❡r
à ❆❣r❡st✐ ✭✷✵✵✷✮ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✳



✷✳✷✳ ❆ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ ❡t t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ✹✾

❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡

✲ ❉é✜♥✐t✐♦♥ ✿ ❧❛ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ❡st s❛♥s ❞♦✉t❡ ❧❡ ♠♦❞è❧❡ ❧❡ ♣❧✉s ✐♠♣♦rt❛♥t ❞✬❛♥❛✲
❧②s❡ ❞❡ ✈❛r✐❛❜❧❡s q✉❛❧✐t❛t✐✈❡s ❜✐♥❛✐r❡s✳ ❊❧❧❡ ❡st ❧❛r❣❡♠❡♥t ✉t✐❧✐sé❡ ❞❛♥s ✉♥ ❣r❛♥❞ ♥♦♠❜r❡
❞❡ s❡❝t❡✉rs✱ ❡t t♦✉t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ♦ù ❡❧❧❡ ♣❡r♠❡t ❞✬❡st✐♠❡r ❧❡s ♦❞❞s
r❛t✐♦s✳ ■❝✐ ❧❛ ✈❛r✐❛❜❧❡ ❞✬❡①♣♦s✐t✐♦♥ ❡st x ❀ s♦✐t px ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬êtr❡ ♠❛❧❛❞❡ s❛❝❤❛♥t ❧❛
✈❛❧❡✉r ❞❡ ❧❛ ✈❛r✐❛❜❧❡ ❡①♣❧✐❝❛t✐✈❡ x✳ ■❧ ♣❡✉t êtr❡ t❡♥t❛♥t à ♣r❡♠✐èr❡ ✈✉❡ ❞✬❛❥✉st❡r ❧✐♥é❛✐r❡✲
♠❡♥t ❧❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r px s✉r ❝❡❧❧❡s ❞❡ x✳ ◆é❛♥♠♦✐♥s ✐❧ ❡st ❝❧❛✐r q✉✬✉♥❡ t❡❧❧❡ ♠✐s❡ ❡♥
r❡❧❛t✐♦♥ ♣❡✉t ♠❡♥❡r à ❞❡s ✈❛❧❡✉rs ❞❡ px ❡♥ ❞❡❤♦rs ❞❡ ❧✬✐♥t❡r✈❛❧❧❡ ❬✵✱✶❪✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡
❞✬❛♣♣❧✐q✉❡r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ à px q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥tr❛✐♥❞r❡ s❡s ✈❛❧❡✉rs ❡♥tr❡ ✵ ❡t ✶ ❀
❝❡tt❡ tr❛♥s❢♦r♠❛t✐♦♥ ❡st ♥❛t✉r❡❧❧❡♠❡♥t ré❛❧✐sé❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ❧♦❣✐st✐q✉❡ ✿

px = ❡①♣✐t(α + βx) =
exp(α + βx)

1 + exp(α + βx)
.

❈❡ ♠♦❞è❧❡ ❡st ❛♣♣❡❧é ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ❡♥ r❛✐s♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❧♦❣✐st✐q✉❡
✭♦✉ ❡①♣✐t✮ s✉r ❧❛q✉❡❧❧❡ ✐❧ r❡♣♦s❡✳ ◗✉❡❧❧❡s q✉❡ s♦✐❡♥t ❧❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r α✱ β ❡t x✱ px ♣r❡♥❞
❞❡s ✈❛❧❡✉rs ❝♦♠♣r✐s❡s ❡♥tr❡ ✵ ❡t ✶✳ P♦✉r ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧❡s ✐♠♣❧✐❝❛t✐♦♥s ❞✉ ♠♦❞è❧❡
❧♦❣✐st✐q✉❡✱ ✐❧ ♣❡✉t✲êtr❡ ✐♥tér❡ss❛♥t ❞❡ ❧✬❡①♣r✐♠❡r ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♦❞❞s ✿

Ox =
px

1 − px

= exp(α + βx).

❈❡tt❡ ❢♦r♠✉❧❛t✐♦♥ ♠♦♥tr❡ q✉❡ ❧❡ ♠♦❞è❧❡ ❧♦❣✐st✐q✉❡ ❡st éq✉✐✈❛❧❡♥t à ✉♥ ♠♦❞è❧❡ ❡①♣♦♥❡♥t✐❡❧
❞❡s ♦❞❞s✳ ❊♥ ❝♦♥s✐❞ér❛♥t q✉❡ ❧❛ ❢♦♥❝t✐♦♥ ❧♦❣✐t ❞✬✉♥ r✐sq✉❡ ❡st ❞é✜♥✐❡ ♣❛r ❧❡ ❧♦❣❛r✐t❤♠❡
❞❡s ♦❞❞s ❡t ❡♥ ❛♣♣❧✐q✉❛♥t ❧❡ ❧♦❣❛r✐t❤♠❡ ❞❡ ❝❤❛q✉❡ ❝ôté ❞❡ ❧❛ ❢♦r♠✉❧❛t✐♦♥ ♣ré❝é❞❡♥t❡✱ ♦♥
♦❜t✐❡♥t ✿

❧♦❣✐t(px) = log(Ox) = log

(
px

1 − px

)
= α + βx.

❙♦✉s ❝❡tt❡ ❢♦r♠❡ éq✉✐✈❛❧❡♥t❡✱ ❧❡ ♠♦❞è❧❡ ❧♦❣✐st✐q✉❡ tr♦✉✈❡ ❛✉ss✐ ❧❡ ♥♦♠ ❞❡ ♠♦❞è❧❡ ❧♦❣✲❧✐♥❛✐r❡
❞❡s ♦❞❞s ♦✉ ♣❧✉s s✐♠♣❧❡♠❡♥t ♠♦❞è❧❡ ❧♦❣✐t✳

✲ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞❡s ♠♦❞è❧❡s ❧✐♥é❛✐r❡s ❣é♥ér❛❧✐sés ✿ ▲❡ ♠♦❞è❧❡ ❧♦❣✐st✐q✉❡ ❡st ❡♥
ré❛❧✐té ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡s ♠♦❞è❧❡s ❧✐♥❛✐r❡s ❣é♥ér❛❧✐sés ✭●▲▼✮ ❞♦♥t ❧❛ ❢♦r♠❡ ❣é♥ér❛❧❡
❡st ✿

E(y|x) = f(α + βx),

♦ù f ❡st ✉♥❡ ❢♦♥❝t✐♦♥ ❝♦♥t✐♥✉❡ ❡t str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡ ❡t g ❧❛ ❢♦♥❝t✐♦♥ ✐♥✈❡rs❡ ❞❡ f t❡❧❧❡
q✉❡ ✿

g(E(y|x)) = α + βx.

g ❡st ❛♣♣❡❧é❡ ❢♦♥❝t✐♦♥ ❞❡ ❧✐❡♥ ❡t α + βx ❡st ❧❡ ♣ré❞✐❝t❡✉r ❧✐♥é❛✐r❡✳ P♦✉r ❧❡ ❝❛s ♣❛rt✐❝✉❧✐❡r
❞✉ ♠♦❞è❧❡ ❧♦❣✐st✐q✉❡✱ f ❡st ❧❛ ❢♦♥❝t✐♦♥ ❡①♣✐t ❡t ❧❛ ❢♦♥❝t✐♦♥ g ❞❡ ❧✐❡♥ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❧♦❣✐t✳
P♦✉r ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡s ●▲▼ ✈♦✐r ▼❝●✉❧❧❛❣❤ ❛♥❞ ◆❡❞❧❡r ✭✶✾✽✾✮✳



✺✵ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

✲ ■♥t❡r♣rét❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s α ❡t β ✿ ❝♦♠♠❡♥t ♣♦✉✈♦♥s✲♥♦✉s ✐♥t❡r♣rét❡r β ❄
❙♦♥ s✐❣♥❡ ❞ét❡r♠✐♥❡ s✐ px ❛✉❣♠❡♥t❡ ♦✉ ❞é❝r♦ît ❛✈❡❝ x✳ P❧✉s β ❡st ♣r♦❝❤❡ ❞❡ ✵ ❡t ♣❧✉s px

❡st ✐♥s❡♥s✐❜❧❡ ❛✉① ✈❛r✐❛t✐♦♥s ❞❡ x✳ P♦✉r β = 0✱ px ❡t x s♦♥t ✐♥❞é♣❡♥❞❛♥ts✳ P❛r ❛✐❧❧❡✉rs✱
♣♦✉r ❝❤❛q✉❡ ❛❝❝r♦✐ss❡♠❡♥t ❞❡ x ❞✬✉♥ ✉♥✐té✱ β ❛ ✉♥ ❡✛❡t ❛❞❞✐t✐❢ s✉r ❧✬é❝❤❡❧❧❡ ❞✉ ❧♦❣✐t ❡t
♠✉❧t✐♣❧✐❝❛t✐❢ s✉r ❧✬é❝❤❡❧❧❡ ❞❡s ♦❞❞s✳ ❊♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ♣♦✉r ❞❡✉① ✈❛❧❡✉rs xA ❡t (xA + 1) ❞❡
x ✿

ORxA+1,xA
= eβ

❧♦❣✐t(pxA+1) − ❧♦❣✐t(pxA
) = β,

❡t ♣♦✉r ❞❡✉① ✈❛❧❡✉rs xA ❡t xB ❞❡ x ✿

ORxA,xB
=

eα+βxA

eα+βxB
= eβ(xA−xB)

❧♦❣✐t(pxA
) − ❧♦❣✐t(pxB

) = β(xA − xB).

▲✬✐♥t❡r♣rét❛t✐♦♥ ❞✉ ♣❛r❛♠ètr❡ α ❛ ❣é♥ér❛❧❡♠❡♥t ♠♦✐♥s ❞✬✐♥térêt ❀ ✐❧ s✬❛❣✐t ❞✬✉♥ ♣❛r❛✲
♠ètr❡ ❞❡ ❝❡♥tr❛❣❡ ❞✉ ♣ré❞✐❝t❡✉r ❧✐♥é❛✐r❡ s✉r ✵ ❡t ♣❡✉t s✬✐♥t❡r♣rét❡r ❝♦♠♠❡ ❧❛ ✈❛❧❡✉r ❞✉
❧♦❣✐t ♣♦✉r ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ x✳

✲ ❊st✐♠❛t✐♦♥ ✿ s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t ♣♦✉r ✉♥
é❝❤❛♥t✐❧❧♦♥ ❛ss❡③ ❧❛r❣❡✱ ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✭α̂✱ β̂✮
s♦♥t ❞❡s ❡st✐♠❛t❡✉rs ♥♦♥✲❜✐❛✐sés ❞❡s ✈r❛✐❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ✭α✱β✮✳ ▲❛ ❢♦♥❝t✐♦♥ ❧♦❣✲
✈r❛✐s❡♠❜❧❛♥❝❡ ♣♦✉r ❧❡s ♠♦❞è❧❡s ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ❡st str✐❝t❡♠❡♥t ❝♦♥❝❛✈❡ ❝❡ q✉✐
✐♠♣❧✐q✉❡ ❧✬❡①✐st❡♥❝❡ ❡t ❧✬✉♥✐❝✐té ❞❡ α̂ ❡t β̂✱ ❡①❝❡♣té ❞❛♥s ❝❡rt❛✐♥s ❝❛s ❧✐♠✐t❡s ✭❲❡❞❞❡r❜✉r♥
✶✾✼✻✮✳

✲ ❚❡st ❞❡ ❲❛❧❞ ✿ t❡st❡r ❧✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ px ❡t x r❡✈✐❡♥t à t❡st❡r q✉❡ ❧✬♦❞❞s r❛t✐♦
eβ = 1✱ ❝❡ q✉✐ r❡✈✐❡♥t ✐❝✐ à t❡st❡r H0 : {β = 0}✳ ❉✬❛♣rès ❧❡s rés✉❧t❛ts ❞❡ ❲❛❧❞ ✭✶✾✹✸✮ s✉r ❧❛
❞✐str✐❜✉t✐♦♥ ❞❡s ❡st✐♠❛t❡✉rs ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✱ α̂ ❡t β̂ ♦♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥
♥♦r♠❛❧❡✳ ❚❡st❡r H0 ♣❡✉t ❞♦♥❝ r❡✈❡♥✐r à ré❛❧✐s❡r ✉♥ t❡st ❞❡ ❲❛❧❞ s✉r β ✿

Z =
β̂√
V(β̂)

∼
H0

N (0, 1).

P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❧❡s ♠♦❞è❧❡s ❧♦❣✐st✐q✉❡s ✈♦✐r ❆❣r❡st✐ ✭✷✵✵✷✮ ❀ ♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s
s✉r ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡ t②♣❡ ❞❡ ♠♦❞è❧❡s à ❧✬é♣✐❞é♠✐♦❧♦❣✐❡✱ s❡ ré❢ér❡r à ❆❤r❡♥s ❛♥❞ P✐❣❡♦t
✭✷✵✵✹✮✳



✷✳✸✳ ❚❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ♠❛rq✉❡✉r✲♠❛❧❛❞✐❡ ✺✶

✷✳✸ ❚❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ♠❛rq✉❡✉r✲♠❛❧❛❞✐❡

❚❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ♠❛rq✉❡✉r✲♠❛❧❛❞✐❡

P♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r✱ ♦♥ ét❛❜❧✐t ✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s✳
❙✐ ❝❡tt❡ ❞é♠❛r❝❤❡ ♣❛r❛ît s✐♠♣❧❡✱ ❡❧❧❡ ♣♦s❡ ♥é❛♥♠♦✐♥s ✉♥❡ q✉❡st✐♦♥ s✉r ❧❛ ♠❛♥✐èr❡ ❞❡
ré♣❡rt♦r✐❡r ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s✳ ❉❡ ❢❛ç♦♥ ❛ss❡③ ♥❛t✉r❡❧❧❡✱ ❝❡❧❛ ♣❡✉t s❡ ❢❛✐r❡ s✉r ❧❛ ❜❛s❡
❞❡s ❣é♥♦t②♣❡s✱ ❝❡ q✉✐ ❝♦♥❞✉✐t à ✉♥❡ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❣é♥♦t②♣✐q✉❡ TG ✭✷✳✺✮✳

aa aA AA t♦t❛❧
❝❛s D0 D1 D2 ND

té♠♦✐♥s H0 H1 H2 NH

t♦t❛❧ N0 N1 N2 N

❚❛❜✳ ✷✳✺ ✕ ❚❛❜❧❡ ❣é♥♦t②♣✐q✉❡ ✭TG✮✳

❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ♣r♦❝é❞❡r ❡st ❞❡ ❝❧❛ss❡r ❧❡s ✐♥❞✐✈✐❞✉s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉rs ❛❧❧è❧❡s ❀
❞❛♥s ❝❡ ❝❛s✱ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❝♦♥tr✐❜✉❡ à ❞❡✉① ♦❜s❡r✈❛t✐♦♥s ❝❡ q✉✐ ❝♦♥❞✉✐t à ✉♥❡ t❛❜❧❡ ❞❡
❝♦♥t✐♥❣❡♥❝❡ ❛❧❧é❧✐q✉❡ TA ✭✷✳✻✮✳

a A t♦t❛❧
❝❛s Da(= 2D0 + D1) DA(= 2D2 + D1) 2ND

té♠♦✐♥s Ha(= 2H0 + H1) HA(= 2H2 + H1) 2NH

t♦t❛❧ Na(= 2N0 + N1) NA(= 2N2 + N1) 2N

❚❛❜✳ ✷✳✻ ✕ ❚❛❜❧❡ ❛❧❧é❧✐q✉❡ ✭TA✮✳

❯♥ ❝♦♠♣t❛❣❡ r❡♣♦s❛♥t s✉r ❧❡s ❛❧❧è❧❡s ♣❡✉t ♣❛r❛îtr❡ ♣❧✉s ✐♥tér❡ss❛♥t ♣✉✐sq✉❡ ❧❛ t❛✐❧❧❡
❞✬é❝❤❛♥t✐❧❧♦♥ ❡♥ ❡st ❞♦✉❜❧é❡✳ ▼❛✐s ❧❡s ❛❧❧è❧❡s ♥✬❛❣✐ss❡♥t ♣❛s ❢♦r❝é♠❡♥t ❞❡ ❢❛ç♦♥ ✐♥❞é♣❡♥✲
❞❛♥t❡ ❝❡ q✉✐ ♣❡✉t r❡♥❞r❡ ✉♥ t❡❧❧❡ ❛♣♣r♦❝❤❡ ❝♦♥tr❡✲✐♥t✉✐t✐✈❡ ❡t ✐♥❛♣♣r♦♣r✐é❡✳

❆ ♣❛rt✐r ❞❡ ❝❡s t❛❜❧❡s ❞❡ ❝♦♥t✐♥❣❡♥❝❡✱ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ❛ été
♣r♦♣♦sé✱ ❢♦♥❞és s✉r ❧❡s ❣é♥♦t②♣❡s ♦✉ ❧❡s ❛❧❧è❧❡s✳



✺✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❚❡sts ❢♦♥❞és s✉r ❧❡s ❣é♥♦t②♣❡s

✲ ❚❡st ❣é♥♦t②♣✐q✉❡ ✿ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ ❝♦♠♣❛r❡ ❧❡s ✈❛❧❡✉rs ♦❜s❡r✈é❡s ❞❛♥s ❧❛ t❛❜❧❡
❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❣é♥♦t②♣✐q✉❡ à ❝❡❧❧❡s ❛tt❡♥❞✉❡s s♦✉s H0 ✿

H0 :






pD0 = pDp0 ; pH0 = pHp0

pD1 = pDp1 ; pH1 = pHp1

pD2 = pDp2 ; pH2 = pHp2






▲❡ t❡st ❞❡ s❝♦r❡ ❝♦rr❡s♣♦♥❞❛♥t ❡st ❢♦♥❞é s✉r ❧❛ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ✿

XG =
2∑

i=0

(
Di − NDNi

N

)

NDNi

N

+

(
Hi − NHNi

N

)

NHNi

N

∼
H0

χ2(2).

❈❡ t❡st ❡st ❧❡ ♣❧✉s ❣é♥ér❛❧✳ ■❧ ❝♦rr❡s♣♦♥❞ ❛✉ ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ♦ù ❧❛ ✈❛r✐❛❜❧❡
❡①♣❧✐❝❛t✐✈❡ x ❡st ✉♥❡ ✈❛r✐❛❜❧❡ q✉❛❧✐t❛t✐✈❡ ♣♦✉✈❛♥t ♣r❡♥❞r❡ tr♦✐s ✈❛❧❡✉rs ❝♦rr❡s♣♦♥❞❛♥t ❛✉①
tr♦✐s ❣é♥♦t②♣❡s ♣♦ss✐❜❧❡s✳ ❈❡s tr♦✐s ♣♦ss✐❜✐❧✐tés s♦♥t ❝♦❞é❡s ❞❛♥s ❧❡ ♠♦❞è❧❡ s♦✉s ❧❛ ❢♦r♠❡
❞❡ ❞❡✉① ✈❛r✐❛❜❧❡s✷ ✭x1 ❡t x2✮ ♣r❡♥❛♥t ❧❡s ✈❛❧❡✉rs ✵ ♦✉ ✶ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❣é♥♦t②♣❡ ♦❜s❡r✈é✳
❊♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ❧❡ ❣é♥♦t②♣❡ aa s❡r❛ ❝♦❞é ♣❛r (x1=0

x2=0)✱ aA ♣❛r (x1=1
x2=0) ❡t AA ♣❛r (x1=1

x2=1)✳

❧♦❣✐t(p) = α + β1x1 + β2x2,

H0 : {β1 = β2 = 0}.

✲ ❚❡st ❞❡ t❡♥❞❛♥❝❡ ✿ ❈♦❝❤r❛♥ ✭✶✾✺✹✮ ❡t ❆r♠✐t❛❣❡ ✭✶✾✺✺✮ ♦♥t été ♣❛r♠✐ ❧❡s ♣r❡♠✐❡rs à
♠❡ttr❡ ❧✬❛❝❝❡♥t s✉r ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧✬♦r❞r❡ ❞❡s ✈❛r✐❛❜❧❡s ❧♦rsq✉❡ ❝❡❧✉✐✲❝✐
❡st ❥✉st✐✜é✳ ■❧ s✉♣♣♦s❡ ✉♥❡ r❡❧❛t✐♦♥ ❧✐♥é❛✐r❡ ❡♥tr❡ ❧❡s ♣r♦❜❛❜✐❧✐tés ❞✬êtr❡ ♠❛❧❛❞❡ s❛❝❤❛♥t ❧❡
❣é♥♦t②♣❡ ✭pD0 ✱ pD1 ❡t pD2✮ ❝❡ q✉✐ r❡str❛✐♥t ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡ ❡t ♣❡r♠❡t ❞❡ ❣❛❣♥❡r ✶
❞❡❣ré ❞❡ ❧✐❜❡rté ✿

H0 : {pD0 = pD1 = pD2}
▲❡ t❡st ❞❡ s❝♦r❡ ❝♦rr❡s♣♦♥❞❛♥t ❡st ❢♦♥❞é s✉r ❧❛ st❛t✐st✐q✉❡ ✿

XT =
N [N(D1 + 2D2) − ND(N1 + 2N2)]

2

NDNH [N(N1 + 4N2) − (N1 + 2N2)2]
∼
H0

χ2(1).

❈❡ t❡st ❝♦rr❡s♣♦♥❞ à ✉♥ ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ♦ù ❧❡s ❣é♥♦t②♣❡s s♦♥t ❝♦❞és ♣❛r
✉♥❡ ✈❛r✐❛❜❧❡ q✉❛❧✐t❛t✐✈❡ x ♣r❡♥❛♥t ❧❡s ✈❛❧❡✉rs 0✱ 1 ❡t 2 ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ❣é♥♦t②♣❡ ♦❜s❡r✈é ✿

❧♦❣✐t(p) = α + βx

H0 : {β = 0}.
❈❡ ♠♦❞è❧❡ s✉♣♣♦s❡ ✉♥ ❡✛❡t ❛❞❞✐t✐❢ ❞❡s ❛❧❧è❧❡s✳ P♦✉r ❙❧❛❣❡r ❛♥❞ ❙❝❤❛✐❞ ✭✷✵✵✶✮ ✉♥ ❞❡s
❛✈❛♥t❛❣❡s ❞✉ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡st s❛ ✢❡①✐❜✐❧✐té ♣✉✐sq✉✬❡♥ ❢❛✐s❛♥t ✈❛r✐❡r ❧❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r
x✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ tr❛✐t❡r ✉♥❡ ❣r❛♥❞❡ ✈❛r✐été ❞❡ ♠♦❞è❧❡s ❞✐✛ér❡♥ts ✭❞♦♠✐♥❛♥t✱ ré❝❡ss✐❢✳✳✳
✈♦✐r ♣✳ ✺✼✮✳ P❛r ❛✐❧❧❡✉rs ❧❡ t❡st ❞✬❆r♠✐t❛❣❡ ❡st ❧❡ t❡st ✉t✐❧✐sé ♣❛r ❉❡✈❧✐♥ ❡t ❘♦❡❞❡r ✭✶✾✾✾✮
♣♦✉r ❝♦♥trô❧❡r ❧❡s ❡✛❡ts ❞❡ ❧❛ str❛t✐✜❝❛t✐♦♥ à tr❛✈❡rs ❧❡ ●❡♥♦♠✐❝ ❈♦♥tr♦❧✳

✷❛♣♣❡❧é❡s ❢❛❝t❡✉rs ♦✉ ❞✉♠♠② ✈❛r✐❛❜❧❡s



✷✳✸✳ ❚❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ♠❛rq✉❡✉r✲♠❛❧❛❞✐❡ ✺✸

❚❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✿ ■❧ ❛ été s✉❣❣éré q✉❡ ❞❡ t❡st❡r ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣
❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❛s ♣♦✉✈❛✐t ❛✐❞❡r à ❞é❝❡❧❡r ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ✭❋❡❞❡r ❡t ❛❧ ✶✾✾✻✮✳

H0 :






pD0 = p2
Da

pD1 = 2pDa
pDA

pD2 = p2
DA






▲❡ t❡st ❞❡ s❝♦r❡ ❝♦rr❡s♣♦♥❞❛♥t ✉t✐❧✐s❡ ❧❛ st❛t✐st✐q✉❡ ✿

X❍❲ =
[D0 − (2D0+D1)2

4ND
]2

2D0+D1

4ND

+
[D1 − (2D0+D1)(2D2+D1)

2ND
]2

(2D0+D1)(2D2+D1)
2ND

+
[D2 − (2D2+D1)2

4ND
]2

2D2+D1

4ND

∼
H0

χ2(1).

❉❡ ❢❛ç♦♥ t♦✉t à ❢❛✐t éq✉✐✈❛❧❡♥t❡✱ ♦♥ ♣❡✉t ❢♦♥❞❡r ❧❡ t❡st s✉r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té
♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s ❛✈❡❝ ❧❛ st❛t✐st✐q✉❡ F =

√
NDF ❛✈❡❝ ✿ F ∼

H0
N (1), ❡♥ r❡♠❛rq✉❛♥t q✉❡

F 2 = X❍❲✳

❈❡ t❡st ♥✬❡st ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ st❛t✐st✐q✉❡ ♣❛s ✉♥ ✈r❛✐ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ ♣✉✐sq✉✬✐❧ r❡♣♦s❡
s✉r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡♥❣❡♥❞ré ♣❛r ✉♥❡ ❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ❧❡ ♠❛rq✉❡✉r ❡t ❧❛
♠❛❧❛❞✐❡✳ ❉✉ ❢❛✐t ❞❡ ❝❡tt❡ ♣❛rt✐❝✉❧❛r✐té✱ ❧❡ t❡st ♣♦ssè❞❡ ❞❡s ♣r♦♣r✐étés q✉✐ ❧✉✐ s♦♥t ♣r♦♣r❡s
❡t q✉✐ s♦♥t ❞✐s❝✉té❡s ❞❛♥s ✉♥❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ✭♣✳ ✼✼✮✳

❚❡sts ❢♦♥❞és s✉r ❧❡s ❛❧❧è❧❡s

✲ ❚❡st ❛❧❧é❧✐q✉❡ ✿ ❉❡ ❢❛ç♦♥ s✐♠✐❧❛✐r❡ ❛✉ t❡st ❣é♥♦t②♣✐q✉❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ ré❛❧✐s❡r ✉♥
t❡st ❞✬✐♥❞é♣❡♥❞❛♥❝❡ s✉r ❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❛❧❧é❧✐q✉❡ ✿

H0 :

{
pDa

= pDpa ; pHa
= pHpa

pDA
= pDpA ; pHA

= pHpA

}

▲❛ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❡st ✿

XA =
2N((2D2 + D1)(2H0 + H1) − (2D0 + D1)(2H2 + H1))

2

2NDNH(2N2 + N1)(2N0 + N1)
∼
H0

χ2(1).

❈❡ t❡st ❝♦rr❡s♣♦♥❞ à ✉♥ ♠♦❞è❧❡ ❞❡ ré❣r❡ss✐♦♥ ❧♦❣✐st✐q✉❡ ♦ù ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❛♣♣❛r❛ît ❞❡✉①
❢♦✐s ❡t ❧❛ ✈❛r✐❛❜❧❡ ❡①♣❧✐❝❛t✐✈❡ x ♣r❡♥❞ ❧❡s ✈❛❧❡✉rs ✵ s✐ ❧✬❛❧❧è❧❡ ♦❜s❡r✈é ❡st a ❡t ✶ s✬✐❧ s✬❛❣✐t
❞❡ A ✿

❧♦❣✐t(p) = α + βx,

H0 : {β = 0}.



✺✹ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

▲❛ ❥✉st✐✜❝❛t✐♦♥ ❞❡ ❝❡ t❡st ❞❛♥s ❧❡s ét✉❞❡s ❝❛s✲té♠♦✐♥s ❡st ❞✐s❝✉té❡ ♣✉✐sq✉✬✐❧ tr❛✐t❡ ❧❡s
♦❜s❡r✈❛t✐♦♥s ❞❡ ❢❛ç♦♥ ✐♥❞é♣❡♥❞❛♥t❡✳ ❖r ✉♥ ✐♥❞✐✈✐❞✉ ❝♦♥tr✐❜✉❡ à ❞❡✉① ♦❜s❡r✈❛t✐♦♥s✳ ❈❡tt❡
♦♠✐ss✐♦♥ st❛t✐st✐q✉❡ ♣❡✉t ✐♥tr♦❞✉✐r❡ ✉♥ ❜✐❛✐s ❞❛♥s ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡ ❧♦rsq✉❡ ❧✬♦♥
ré❛❧✐s❡ ❧❡ t❡st ❞✬✐♥❞é♣❡♥❞❛♥❝❡✳ ◆♦✉s ❞é✈❡❧♦♣♣♦♥s ❝❡tt❡ ♣r♦❜❧é♠❛t✐q✉❡ ❡t ♣r♦♣♦s♦♥s ✉♥❡
s♦❧✉t✐♦♥ ❞❛♥s ✉♥❡ ♣r♦❝❤❛✐♥❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ✭♣✳ ✻✾✮✳

▼ét❛✲st❛t✐st✐q✉❡s ❡t ❝♦♠❜✐♥❛✐s♦♥s ❞❡ t❡sts

❉❡s t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ❝♦♠❜✐♥❛♥t ❞✐✛ér❡♥t❡s st❛t✐t✐q✉❡s ♦✉ ❞✐✛ér❡♥ts t❡sts ♦♥ ré❝❡♠✲
♠❡♥t ❢❛✐t ❧❡✉r ❛♣♣❛r✐t✐♦♥ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✭❍♦❤ ❡t ❛❧ ✷✵✵✶✱ ❙♦♥❣ ❡t ❛❧ ✷✵✵✺✮✳ ■❧ ♣❡✉t
s✬❛❣✐r ❞❡ s✐♠♣❧❡s s♦♠♠❡s✱ ♣r♦❞✉✐ts ♦✉ ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞❡ st❛t✐st✐q✉❡s ❞❛♥s ❧❡ ❝❛s ❞❡s
♠ét❛✲st❛t✐st✐q✉❡s ♦✉ ❜✐❡♥ ❡♥❝♦r❡ ❞❡ ❝♦♠❜✐♥❛✐s♦♥s ❜♦♦❧é❡♥♥❡s ❞❡ t❡sts ❞✉ t②♣❡ ♦♥ r❡❥❡tt❡
H0 s✐ t♦✉s ❧❡s t❡sts r❡❥❡tt❡♥t H0 ♦✉ s✐ ❛✉ ♠♦✐♥s ✉♥ ❞❡s t❡sts r❡❥❡tt❡ H0✳

▲❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ♣❧✉♣❛rt ❞❡ ❝❡s ❝♦♠❜✐♥❛✐s♦♥s ❡st ❢❛❝✐❧❡ à ❞ét❡r♠✐♥❡r ❞❛♥s ❧❡ ❝❛s ❞❡
st❛t✐st✐q✉❡s ♦✉ ❞❡ t❡sts ✐♥❞é♣❡♥❞❛♥ts✳ P❛r ❡①❡♠♣❧❡ ❧❛ s♦♠♠❡ ❞❡ ❞❡✉① χ2 ✐♥❞é♣❡♥❞❛♥ts à
k ❡t l ❞❡❣rés ❞❡ ❧✐❜❡rté ❡st ✉♥ χ2 à k + l ❞❡❣ré ❞❡ ❧✐❜❡rté✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥✱ ❧❛ ♣r♦❜❛❜✐❧✐té
❞❡ r❡❥❡t❡r H0 ♣♦✉r ❞❡✉① t❡sts ✐♥❞é♣❡♥❞❛♥t ❡st s✐♠♣❧❡♠❡♥t ❧❡ ♣r♦❞✉✐t ❞❡s ♣r♦❜❛❜✐❧✐tés
❞❡ r❡❥❡t❡r H0 ♣♦✉r ❝❤❛q✉❡ t❡st✳ ▲❡ ♣r♦❜❧è♠❡ ✈✐❡♥t ❞✉ ❢❛✐t q✉❡ ❧❡s st❛t✐st✐q✉❡s q✉❡ ❧✬♦♥
❝♦♥s✐❞èr❡ ✭XG✱ XT ✱ XA ✳✳✳✮ ♥❡ s♦♥t ❡♥ ❣é♥ér❛❧ ♣❛s ✐♥❞é♣❡♥❞❛♥t❡s ❡t ❞❡ ❢❛✐t ❧❡✉r ❞✐str✐❜✉t✐♦♥
s♦✉s H0 ♥✬❡st ♣❛s ❢♦r❝é♠❡♥t tr✐✈✐❛❧❡ à ♦❜t❡♥✐r✳ ❉❛♥s ❝❡ ❝❛s✱ ❝❡s ❞✐str✐❜✉t✐♦♥s ♥❡ ♣❡✉✈❡♥t
♣❛s êtr❡ ❛♣♣r♦❝❤é❡ ♣❛r ✉♥❡ ❧♦✐ ❞❡ ♣r♦❜❛❜✐❧✐té ❝♦♥♥✉❡ ❡t ❞♦✐✈❡♥t êtr❡ ❞ét❡r♠✐♥é❡ ♣❛r ✉♥❡
❛♣♣r♦❝❤❡ ❡①❛❝t❡ ♦✉ ❡♠♣✐r✐q✉❡✳

❆ t✐tr❡ ❞✬❡①❡♠♣❧❡✱ ♥♦✉s ❛✈♦♥s ✐❧❧✉stré ✜❣✉r❡ ✷✳✷ ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❛ ❞✐str✐❜✉t✐♦♥
t❤é♦r✐q✉❡ ❞❡ XT+G = XT + XG s✐ ❧❡s st❛t✐st✐q✉❡ XT ❡t XG ét❛✐❡♥t ✐♥❞é♣❡♥❞❛♥t❡s✸ ❡t ❧❛
❞✐str✐❜✉t✐♦♥ ♦❜s❡r✈é❡ ❡♥ ♣r❛t✐q✉❡✳ ▼ê♠❡ s✐ ❧❛ ❞✐✛ér❡♥❝❡ ♥✬❡st ♣❛s très ♣r♦♥♦♥❝é❡✱ ❧❡s ❞❡✉①
❞✐str✐❜✉t✐♦♥s ♥❡ s♦♥t ♣❛s ❧❡s ♠ê♠❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ s✐ ♦♥ ré❛❧✐s❡ ✉♥ t❡st ❛✉ ♥✐✈❡❛✉ ✺✪ s♦✉s
❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡✹✱ ♦♥ ♦❜t✐❡♥t ❡♥ ré❛❧✐té ✉♥ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ré❡❧ ❞❡ ✽✪✳
❈❡t ❡①❡♠♣❧❡ ✐❧❧✉str❡ ❛ss❡③ ❜✐❡♥ ❧❛ ♥é❝❡ss✐té ❞❡ ré❛❧✐s❡r ❛✈❡❝ ♣ré❝❛✉t✐♦♥ ✉♥ t❡st ❝♦♥str✉✐t à
♣❛rt✐r ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ st❛t✐st✐q✉❡s ♦✉ ❞❡ t❡sts✳

Pr♦❜❧é♠❛t✐q✉❡s ❧✐é❡s ❛✉① ❛♥❛❧②s❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❯♥❡ ❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r ♣❡✉t ♣❛r❛îtr❡ ❛✉ ♣r❡♠✐❡r ❛❜♦r❞ ❛ss❡③ s✐♠♣❧❡ à ♠❡ttr❡
❡♥ ♣❧❛❝❡✳ ❖✉tr❡ ❧❡s ❝♦♥s✐❞ér❛t✐♦♥s ❞✬♦r❞r❡ st❛t✐st✐q✉❡ ❞✉ t②♣❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥✱ ❧❡
❝❤♦✐① ❞✉ t❡st✺ ❡t ❧❡ ❝❤♦✐① ❞❡ ❧✬❛♣♣r♦❝❤❡ ♣♦✉r ❡st✐♠❡r ❧❛ p✲✈❛❧✉❡✻✱ ❡❧❧❡s s♦✉❧è✈❡♥t ✉♥ ❝❡rt❛✐♥s

✸s♦✐t ✉♥ χ2 à ✸ ❞❡❣rés ❞❡ ❧✐❜❡rté
✹s♦✐t ✼✳✽✼ ♣♦✉r ✉♥ χ2 à ✸ ❞❡❣rés ❞❡ ❧✐❜❡rté
✺t❡st ❞❡ s❝♦r❡✱ ❞❡ r❛♣♣♦rt ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦✉ ❞❡ ❲❛❧❞
✻❧✐é à ❧❛ ✈❛❧✐❞✐té ❞✬✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛②♠♣t♦t✐q✉❡ ❞❛♥s ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❡t ❛✉ t❡♠♣s ❞✬❡①é❝✉t✐♦♥
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Distribution théorique

Distribution observée

❋✐❣✳ ✷✳✷ ✕❉✐str✐❜✉t✐♦♥ ♦❜s❡r✈é❡ ❞❡ XT+G ✿ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ❞✐str✐❜✉t✐♦♥ t❤é♦r✐q✉❡
s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ XT ❡t XG ✿ χ2(3) ✳ ❚❡st ❞✬❛❞éq✉❛t✐♦♥ ❞❡s ❞❡✉①
❞✐str✐❜✉t✐♦♥s ❞❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ✿ p✈ < 0.05✳

♥♦♠❜r❡ ❞✬❛✉tr❡s ♣r♦❜❧é♠❛t✐q✉❡s ❡♥ t❡r♠❡ ❞❡ str❛té❣✐❡ ❞✬❛♥❛❧②s❡ ❡t ♥♦✉s ❡♥ ❞é✈❡❧♦♣♣♦♥s
❞❡✉①✳

❈❤♦✐① ❞❡s st❛t✐st✐q✉❡s ✿ ✐❧ ❡①✐st❡ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ st❛t✐st✐q✉❡s ❡t ❞♦♥❝ ❞❡ t❡sts
❞✬❛ss♦❝✐❛t✐♦♥✳ ❈❤❛❝✉♥ r❡♣♦s❡ s✉r ❞❡s ❤②♣♦t❤ès❡s st❛t✐st✐q✉❡s ❡t ❜✐♦❧♦❣✐q✉❡s s❡♥s✐❜❧❡♠❡♥t
❞✐✛ér❡♥t❡s✳ ❆ ❝❡s t❡sts s✬❛❥♦✉t❡♥t t♦✉t❡s ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ st❛t✐st✐q✉❡s ❡t ❞❡ t❡sts ♣♦s✲
s✐❜❧❡s✳ ❉❡✈❛♥t ❧✬ét❡♥❞✉❡ ❞❡ ❝❡ ❝❤♦✐①✱ ✐❧ ❡st r❛✐s♦♥♥❛❜❧❡ ❞❡ s❡ ❞❡♠❛♥❞❡r ✿

◗✉❡❧❧❡ str❛té❣✐❡ ❢❛✉t✲✐❧ ❛❞♦♣t❡r ❄ ◗✉❡❧ st❛t✐st✐q✉❡ ❛✐✲❥❡ ✐♥térêt à ✉t✐❧✐s❡r✱ ❞❛♥s q✉❡❧❧❡
s✐t✉❛t✐♦♥ ❄ ❊st✲✐❧ ❥✉❞✐❝✐❡✉① ❞❡ ré❛❧✐s❡r ♣❧✉s✐❡✉rs t❡sts ❡♥ ♠ê♠❡ t❡♠♣s à tr❛✈❡rs ✉♥❡ ❝♦♠✲
❜✐♥❛✐s♦♥ ❞❡ st❛t✐st✐q✉❡s ♦✉ ❞❡ t❡sts ❄ ❚♦✉s ❧❡s t❡sts s♦♥t✲✐❧s ré❡❧❧❡♠❡♥t ❛♣♣r♦♣r✐és q✉❡❧ q✉❡
s♦✐t ❧❡ ❝♦♥t❡①t❡ ❜✐♦❧♦❣✐q✉❡ s♦✉s✲❥❛❝❡♥t ❄

❆✜♥ ❞❡ ré♣♦♥❞r❡ à ❝❡t ❡♥s❡♠❜❧❡ ❞❡ q✉❡st✐♦♥s✱ ♥♦✉s ❛✈♦♥s ♠❡♥é ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡
♣♦✉r ❛✐❞❡r à ♣r♦♣♦s❡r ❝❡ q✉✐ ♥❡ ❝♦♥st✐t✉❡ ♣❡✉t✲êtr❡ ♣❛s ♣♦✉r ♥♦✉s ❧❛ ♠❡✐❧❧❡✉r❡ str❛té❣✐❡ ✲ à
s✉♣♣♦s❡r q✉✬✐❧ ❡♥ ❡①✐st❡ ✉♥❡ ✲ ♠❛✐s ❧❛ ♣❧✉s é❝❧❛✐ré❡ ❡t ❧❛ ♣❧✉s ❛❞❛♣té❡✳ ▲❛ s❡❝t✐♦♥ s✉✐✈❛♥t❡
tr❛✐t❡ ❞❡ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞❡ ❝❡tt❡ ét✉❞❡✱ ❞✉ ♣❧❛♥ ❡①♣ér✐♠❡♥t❛❧ ❡t ❞❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts
q✉❡ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉s t❛♥❞✐s q✉❡ ❧❡s ❞❡✉① s❡❝t✐♦♥s s✉✐✈❛♥t❡s tr❛✐t❡♥t ❡♥ ❞ét❛✐❧s ❞❡ ❝❛s
q✉✐ ♥♦✉s s❡♠❜❧❡♥t ♣❛rt✐❝✉❧✐❡rs ✿ ❧❡ t❡st ❛❧❧é❧✐q✉❡ ✭♣✳ ✻✾✮ ❡t ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✭♣✳
✼✼✮✳



✺✻ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❈❤♦✐① ❞✉ ♥✐✈❡❛✉ ❞❡ s✐❣♥✐✜❝❛t✐✈✐té ✿ ✉♥❡ ❛✉tr❡ t❤é♠❛t✐q✉❡ ❞♦♥t ♥♦✉s ❛✈♦♥s ❞é❥à
♣❛r❧é ❡♥ ✐♥tr♦❞✉❝t✐♦♥ ❡st ❧❡ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡ ✭♣✳ ✸✵✮✳ P♦✉r r❛♣♣❡❧✱ ✐❧ s✬❛❣✐t ❞❡
❧✬✐♥✢❛t✐♦♥ ❞✉ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❧♦rsq✉❡ ❧✬♦♥ ré❛❧✐s❡ ❞❡ ❢❛ç♦♥ ✐♥❞é♣❡♥❞❛♥t❡ ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞❡ t❡sts à ✉♥ ♥✐✈❡❛✉ ✜①é✳ ◆♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t ❞❡✉① q✉❛♥t✐tés q✉✐ r❡♣rés❡♥t❡♥t
❝❤❛❝✉♥❡ ✉♥ ❝r✐tèr❡ ❛❧t❡r♥❛t✐❢ ❞❡ sé❧❡❝t✐♦♥ ✿ ❧❡ ❋❲❊❘ ❡t ❧❡ ❋❉❘✳ ❉❛♥s ❝❡ ❝❤❛♣✐tr❡✱ ♥♦✉s
♥♦✉s ♣r♦♣♦s♦♥s ❞❡ ♣r♦♠♦✉✈♦✐r ✉♥❡ ❛✉tr❡ q✉❛♥t✐té ❛♣♣❛r✉❡ ré❝❡♠❡♥t ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❡t
q✉✐ s❡♠❜❧❡ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❛❞❛♣té❡ ❛✉ ♣r♦❜❧è♠❡ ❞❡ t❡st✲♠✉❧t✐♣❧❡ ❡♥ ❣é♥♦♠✐q✉❡ à ❣r❛♥❞❡
é❝❤❡❧❧❡ ✿ ❧❡ ❋❉❘ ▲♦❝❛❧ ✭♣✳✽✼✮

✷✳✹ ➱t✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡

❯♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❝♦♥s✐st❡ à é✈❛❧✉❡r ❧❛ ♣✉✐ss❛♥❝❡ ✭π✮ ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❞✬❛♥❛❧②s❡
st❛t✐st✐q✉❡✱ ❝✬❡st à ❞✐r❡ s❛ ❝❛♣❛❝✐té à r❡❥❡t❡r ❧✬❤②♣♦t❤ès❡ H0 q✉❛♥❞ ❝❡❧❧❡✲❝✐ ❡st ❢❛✉ss❡ ✿

π(α) = PH1(S > tα).

❈♦♠♠❡ é♥♦♥❝é ❡♥ ✐♥tr♦❞✉❝t✐♦♥✱ ❧❛ ♣✉✐ss❛♥❝❡ ❞é♣❡♥❞ ❞✬✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞❡ ❢❛❝t❡✉rs ❞♦♥t
❧❡ ♥✐✈❡❛✉ α ❛✐♥s✐ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ s♦✉s H1✳ ❈♦♠♠❡ H1 r❡♣rés❡♥t❡ t♦✉t
❝❡ q✉✐ ♥✬❡st ♣❛s H0✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞✬❛✈♦✐r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡ s♦✉s H1
❡♥ t♦✉t❡ ❣é♥ér❛❧✐té ❡t ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ s❡ ❢❡r❛ ❞♦♥❝ ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡ ❞✬✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ H1 ❞✐✛ér❡♥t❡s✱ r❡♣rés❡♥t❛t✐✈❡s ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛❧t❡r♥❛t✐✈❡s ♣♦ss✐❜❧❡s✳ ❉❛♥s
❧❡s ❝❛s ❞❡ t❡sts ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❛♣♣❧✐q✉és à ❞❡s t❛❜❧❡s ❞❡ ❝♦♥t✐♥❣❡♥❝❡✱ ❧✬❤②♣♦t❤ès❡ H1 s❡
tr❛❞✉✐r❛ ♣❛r ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ s✬é❝❛rt❛♥t ❞❡ ❝❡✉① ❞é✜♥✐s ♣❛r
❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ▲✬✐❞é❡ ❡st ❞❡ ❞ét❡r♠✐♥❡r ❝❡s ♣❛r❛♠ètr❡s ❞❡ ❢❛ç♦♥ à ❝❡ q✉✬✐❧s r❡♣rés❡♥t❡♥t
❛✉ ♠✐❡✉① ❧❛ ré❛❧✐té ❜✐♦❧♦❣✐q✉❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥ ♠♦❞è❧❡
❣é♥ét✐q✉❡✳

❯♥❡ ❢♦✐s ❝❡s ♣❛r❛♠ètr❡s ❞ét❡r♠✐♥és✱ ❧✬♦❜❥❡❝t✐❢ ❡st ❞✬♦❜t❡♥✐r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐s✲
t✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ s♦✉s ❝❡tt❡ ❛❧t❡r♥❛t✐✈❡✳ ■❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ❞é♠❛r❝❤❡s
♠❛t❤é♠❛t✐q✉❡s ♣♦ss✐❜❧❡s ✿ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❧❡s ♣❧✉s ♣♦♣✉❧❛✐r❡s ❡♥ ❣é♥ét✐q✉❡ r❡♣♦s❡♥t s✉r
❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ ▼♦♥t❡✲❈❛r❧♦ ♣♦✉r ❧✬✉♥❡ ❡t s✉r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s
H1 ♣❛r ✉♥ χ2 ❞é❝❡♥tré ♣♦✉r ❧✬❛✉tr❡✳ ❆ ❝❡s ❞❡✉① ❛♣♣r♦❝❤❡s ♥♦✉s ❛❥♦✉t♦♥s ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡
t❡❧❧❡ q✉✬❡❧❧❡ ❡st tr❛❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❡♠♣❧♦②é❡✱ ❛✐♥s✐ q✉✬✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❝❡❧❧❡✲❝✐ ♣❡r♠❡tt❛♥t
❞❡ tr❛✐t❡r ❞❡s t❡sts ♣❧✉s ❝♦♠♣❧❡①❡s✱ ❝♦♥str✉✐ts ♣❛r ❡①❡♠♣❧❡ à ♣❛rt✐r ❞❡ ♠ét❛✲st❛t✐st✐q✉❡s✳

❊♥✜♥✱ ❡t ❛♣rès ❛✈♦✐r ❛❜♦r❞é ❧❡ ♣r♦t♦❝♦❧❡ ❡①♣ér✐♠❡♥t❛❧ ✉t✐❧✐sé ♣♦✉r ❝❡tt❡ ét✉❞❡✱ ♥♦✉s
♣rés❡♥t❡r♦♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✳ ▲❡s ❝❛s ❞❡s t❡sts ❛❧❧é❧✐q✉❡ ❡t ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣ ❢❛✐s❛♥t ❧✬♦❜❥❡t ❞❡ s❡❝t✐♦♥s à ♣❛rt ❡♥t✐èr❡✱ ♥♦✉s ♥♦✉s ❧✐♠✐t♦♥s ✐❝✐ ❛✉① ❝❛s ❞✉
t❡st ❣é♥♦t②♣✐q✉❡ ✭XG✮✱ ❞✉ t❡st ❞❡ t❡♥❞❛♥❝❡ ✭XT ✮ ❛✐♥s✐ q✉❡ ❞❡ ❞❡✉① ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❝❡s
t❡sts r❡♣♦s❛♥t s✉r ❧❡s st❛t✐st✐q✉❡s XT+G = XT + XG ❡t XT×G = XT × XG



✷✳✹✳ ➱t✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ✺✼

▲❡ ♠♦❞è❧❡ ❣é♥ét✐q✉❡

▲✬♦❜❥❡❝t✐❢ ❡st ❞❡ ❞ét❡r♠✐♥❡r ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥❛❣❡✳ ❖♥ ❝♦♥s✐❞èr❡
❧❡s ND ❝❛s ❡t ❧❡s NH té♠♦✐♥s ❝♦♠♠❡ ét❛♥t é❝❤❛♥t✐❧❧♦♥♥és ✐♥❞é♣❡♥❞❛♠♠❡♥t s✉✐✈❛♥t ✉♥❡
♠✉❧t✐♥♦♠✐❛❧❡M(ND, pD0 , pD1 , pD2) ♣♦✉r ❧❡s ❝❛s ❡tM(NH , pH0 , pH1 , pH2) ♣♦✉r ❧❡s té♠♦✐♥s✳
ND ❡t NH ét❛♥t ✜①és✱ ✐❧ r❡st❡ à ❞ét❡r♠✐♥❡r ❧❡s ♣r♦❜❛❜✐❧✐tés ♣♦✉r ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❞❡ ♣♦rt❡r
✉♥ ❣é♥♦t②♣❡ s❛❝❤❛♥t q✉✬✐❧ ❛♣♣❛rt✐❡♥t ❛✉ ❣r♦✉♣❡ ❞❡s ❝❛s ✭pDi

✮ ♦✉ ❞❡s té♠♦✐♥s ✭pHi
✮✳

❙♦✐t ✉♥ ♠❛rq✉❡✉r ❜✐✲❛❧❧é❧✐q✉❡ ❞❡ t②♣❡ ❙◆P ♣❛r ❡①❡♠♣❧❡ ❀ s♦✐❡♥t p0✱ p1 ❡t p2 ❧❡s ♣r♦♣♦r✲
t✐♦♥s ❣é♥♦t②♣✐q✉❡s ❞✉ ♠❛rq✉❡✉r ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❞ét❡r♠✐♥é❡s à ♣❛rt✐r ❞❡ s❡s ♣r♦♣♦rt✐♦♥s
❛❧❧é❧✐q✉❡s ✭pa ❡t pA = 1 − pa✮ ❡t ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ✭F✮ ✿






p0 = p2
a + Fpa(1 − pa)

p1 = 2pa(1 − pa) − 2Fpa(1 − pa)
p2 = (1 − pa)

2 + Fpa(1 − pa)

❙♦✐t Kp ❧❛ ♣ré✈❛❧❡♥❝❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡✼ ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞♦♥♥é❡✳ ❙♦✐❡♥t f0✱ f1 ❡t
f2 ❧❡s ♣é♥étr❛♥❝❡s✽ ❛ss♦❝✐é❡s ❛✉① ❣é♥♦t②♣❡s aa✱ aA ❡t AA r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆ ♣❛rt✐r ❞❡s
♣é♥étr❛♥❝❡s ♦♥ ♣❡✉t ❞é✜♥✐r ♥✬✐♠♣♦rt❡ q✉❡❧ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ ❧❛ ♠❛❧❛❞✐❡ ✭♥♦té ▼❖■
♣♦✉r ♠♦❞❡ ♦❢ ✐♥❤❡r✐t❛♥❝❡✮✳ ❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ A ❝♦♠♠❡ ét❛♥t ❧✬❛❧❧è❧❡ ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✿






f1 = f0 ❡t f2 = f0 + c ❞é✜♥✐t ❧❡ ♠♦❞❡ ré❝❡ss✐❢ ✭❘✮✳
f1 = f0 + c ❡t f2 = f1 + c = f0 + 2c ❞é✜♥✐t ❧❡ ♠♦❞❡ ❛❞❞✐t✐❢ ✭❆✮✳
f1 = f0 × c ❡t f2 = f1 × c = f0 × c2 ❞é✜♥✐t ❧❡ ♠♦❞❡ ♠✉❧t✐♣❧✐❝❛t✐❢ ✭▼✮✳
f1 = f0 + c ❡t f2 = f1 ❞é✜♥✐t ❧❡ ♠♦❞❡ ❞♦♠✐♥❛♥t ✭❉✮✳
f2 = f0 ❡t f1 = f0 + c ❞é✜♥✐t ❧❡ ♠♦❞❡ s✉r✲❞♦♠✐♥❛♥t ✭❙✮✳

❊♥ ♥♦t❛♥t q✉❡ Kp = p0f0 + p1f1 + p2f2✱ ❧✬♦♥ ♣❡✉t à ♣❛rt✐r ❞❡ f2 ♦✉ f1✱ ❞❡ c✱ ❞✉ ♠♦❞❡ ❞❡
tr❛♥s♠✐ss✐♦♥✱ ❞❡ Kp✱ ❞❡ pa ♦✉ pA✱ ❞❡ F ❡t ❞❡s ❢♦r♠✉❧❡s ❞❡ ❇❛②❡s✱ ❞ét❡r♠✐♥❡r ❧❡s ♣❛r❛♠ètr❡s
r❡❝❤❡r❝❤és ✿

(pD0 , pD1 , pD2) =

(
f0p0

Kp

,
f1p1

Kp

,
f2p2

Kp

)
,

(pH0 , pH1 , pH2) =

(
(1 − f0)p0

1 − Kp

,
(1 − f1)p1

1 − Kp

,
(1 − f2)p2

1 − Kp

)
.

❯♥❡ ❢❛ç♦♥ ❞❡ ❣❛❣♥❡r ✉♥ ♣❛r❛♠ètr❡ ❝♦♥s✐st❡ à ❞é✜♥✐r ❧❡ ♠♦❞è❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s r✐sq✉❡s
r❡❧❛t✐❢s ♣❧✉tôt q✉❡ ❞❡s ♣é♥étr❛♥❝❡s✳ ❙♦✐t RRi = fi

f0
✿






RR1 = 1 → ❘
RR1 = RR2+1

2
→ ❆

RR1 =
√

RR2 → ▼
RR1 = RR2 → ❉
RR2 = 1 → ❙

✼❝✬❡st à ❞✐r❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ ❞é✈❡❧♦♣♣❡r ❧❛ ♠❛❧❛❞✐❡
✽❝✬❡st à ❞✐r❡ ❧❡s r✐sq✉❡s ♣♦✉r ✉♥ ✐♥❞✐✈✐❞✉ ❞❡ ❝♦♥tr❛❝t❡r ❧❛ ♠❛❧❛❞✐❡ s❛❝❤❛♥t q✉✬✐❧ ♣♦ssè❞❡ t❡❧ ♦✉ t❡❧

❣é♥♦t②♣❡



✺✽ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

▲❡ ♠♦❞è❧❡ ❣é♥ét✐q✉❡ ♠❡t ✜♥❛❧❡♠❡♥t ❡♥ ❥❡✉ ✺ ♣❛r❛♠ètr❡s à ✜①❡r ✭pa ♦✉ pA✱ F ✱ Kp✱ RR2 ♦✉
RR1✱ ▼❖■✮✱ ❡t ❞❛♥s ❝❡ ❝♦♥t❡①t❡✱ H0 : {RR1 = RR2 = 1}✳ ❈❡ ♠♦❞è❧❡ ♣❡r♠❡t ❞❡ s✐♠✉❧❡r
❞❡s s✐t✉❛t✐♦♥s ♦ù ❧❡ ❙◆P ❝♦♥s✐❞éré ❡st ❧❡ ❙◆P ét✐♦❧♦❣✐q✉❡ ✭❛ss♦❝✐❛t✐♦♥ ❞✐r❡❝t❡✮✳ ▲✬♦♥ ♣❡✉t
❛✉ss✐ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ❞❡s s✐t✉❛t✐♦♥s ♦ù ❧❡ ❙◆P q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❡st ✉♥ ♠❛rq✉❡✉r ❡♥
❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❛✈❡❝ ❧❡ ❙◆P ét✐♦❧♦❣✐q✉❡ ✭❛ss♦❝✐❛t✐♦♥ ✐♥❞✐r❡❝t❡✮✳ ❉❛♥s ❝❡ ❝❛s ✐❧ ❡st
♥é❝❡ss❛✐r❡ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡t ❞✬✐♥tr♦❞✉✐r❡ ❞❛♥s ♥♦tr❡ ♠♦❞è❧❡
✉♥ ♣❛r❛♠ètr❡ ❝♦rr❡s♣♦♥❞❛♥t✳ ◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦rré❧❛t✐♦♥ ✭r2✮ ♣rés❡♥té
❡♥ ✐♥tr♦❞✉❝t✐♦♥ ✭♣✳ ✾✮

▼ét❤♦❞❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s ❍✶

◆♦✉s ✐♥tr♦❞✉✐s♦♥s ✐❝✐ q✉❛tr❡ ♠ét❤♦❞❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬✉♥❡ st❛✲
t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ s♦✉s H1 ✿ ❧❡s tr♦✐s ❧❡s ♣❧✉s ✉t✐❧✐sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ à s❛✈♦✐r ❧❡s
s✐♠✉❧❛t✐♦♥s ❞❡ ▼♦♥t❡✲❈❛r❧♦✱ ❧❡ χ2 ❞é❝❡♥tré ❡t ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡ ❛✉①q✉❡❧❧❡s ♥♦✉s ❛❥♦✉t♦♥s
✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡ à ❧✬♦r❞r❡ ✷✱ ❛♣♣❡❧é❡ ❞❛♥s ❝❡ t❡①t❡ ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡✳

✲ ▼♦♥t❡✲❈❛r❧♦ ✿ ❝❡tt❡ t❡❝❤♥✐q✉❡ ❡st t♦✉t à ❢❛✐t s✐♠✐❧❛✐r❡ à ❝❡ q✉❡ ♥♦✉s ❛✈♦♥s ✈✉ ♣♦✉r
❡st✐♠❡r ❧❛ p✲✈❛❧✉❡✳ ▲❡ ❜✉t ❡st ❞❡ ❣é♥ér❡r B t❛❜❧❡s ❞❡ ❝♦♥t✐♥❣❡♥❝❡s ✭T (1), ..., T (B)✮ à ♣❛r✲
t✐r ❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❛✜♥ ❞✬❛✈♦✐r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡ ❧❛ st❛t✐st✐q✉❡
✭S(1), ...,S(B)✮ s♦✉s ❧❡ ♠♦❞è❧❡ H1 ❝♦♥s✐❞éré✳ ❆ ♣❛rt✐r ❞❡ ❝❡tt❡ ❞✐str✐❜✉t✐♦♥ ❧✬♦♥ ❞é❞✉✐t ✉♥❡
❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ♣❛r ✿

π̂(α) =
♯{S(i) > tα}

B
,

♦ù ♯ ❡st ❧✬♦♣ér❛t❡✉r ❝❛r❞✐♥❛❧✳ ❈♦♠♠❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ p✲✈❛❧✉❡✱ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❡st ❞❛♥s ❧❡
❝❛s ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❢❛❝✐❧❡ à ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ❡t ❞♦♥❝ très ❧❛r❣❡♠❡♥t ✉t✐❧✐sé❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r
❞❛♥s ❧❡ ❝❤❛♠♣ ❞❡ ❧❛ ❙t❛t✐st✐q✉❡ ❛♣♣❧✐q✉é❡ à ❧❛ ●é♥ét✐q✉❡ ♦ù ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H1✱
❝♦♠♠❡ s♦✉s H0✱ ♣❡✉t êtr❡ ❞✐✣❝✐❧❡ ✈♦✐r ✐♠♣♦ss✐❜❧❡ à ❛♣♣r♦❝❤❡r ❛♥❛❧②t✐q✉❡♠❡♥t ✭▲♦♥❣♠❛t❡
✷✵✵✶✮✳ ◆é❛♥♠♦✐♥s ❝❡ t②♣❡ ❞✬❛♣♣r♦❝❤❡ r❡q✉✐❡rt ✉♥ ❝❡rt❛✐♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❞♦♥t ❞é♣❡♥❞
❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❡st✐♠❛t✐♦♥✳ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ à ❧❛ p✲✈❛❧✉❡✱ π̂×B ❡st ❞✐str✐❜✉é s✉✐✈❛♥t ✉♥❡

❜✐♥♦♠✐❛❧❡ B(B, π) ❡t π̂ ♣❡✉t êtr❡ ❛♣♣r♦❝❤é ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ N
(
π, π(1−π)

B

)
✳

❈❡❧❛ ♥♦✉s ♣❡r♠❡t ❞✬♦❜t❡♥✐r ♣♦✉r π̂ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ à ✾✺✪ q✉✐ ❞✐♠✐♥✉❡ ❛✈❡❝ ✉♥❡
✈✐t❡ss❡ ❞❡ ❧✬♦r❞r❡ ❞❡ 1/

√
B ✿

[
π̂ − 1.96

√
π̂(1 − π̂)

B
; π̂ + 1.96

√
π̂(1 − π̂)

B

]
.

✲ χ2 ❞é❝❡♥tré ✿ ❊♥ ✶✾✺✽✱ ▼✐tr❛ ❞é♠♦♥tr❡ q✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡✱ ✉♥❡ st❛✲
t✐st✐q✉❡ ❞❡ χ2 s✉✐t ❛s②♠♣t♦t✐q✉❡♠❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✉ χ2 ❞é❝❡♥tré❡ χ2(k, λ) ♦ù k ❡t
❧❡ ❞❡❣ré ❞❡ ❧✐❜❡rté ❡t λ ❧❡ ♣❛r❛♠ètr❡ ❞❡ ♥♦♥✲❝❡♥tr❛❧✐té ❞♦♥t ❧✬❡①♣r❡ss✐♦♥ ❞é♣❡♥❞ ❞❡ ❧❛



✷✳✹✳ ➱t✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ✺✾

st❛t✐st✐q✉❡ ❝♦♥s✐❞éré❡✳ ❈❡ ❞❡r♥✐❡r s❡r❛ ✐♥❞✐q✉é ❞❛♥s ❧❡ ♣r♦t♦❝♦❧❡ ❡①♣ér✐♠❡♥t❛❧ ♣♦✉r ❧❡s
st❛t✐st✐q✉❡s q✉❡ ♥♦✉s ❝♦♥s✐❞ér♦♥s✮✳ ❯♥❡ ❢♦✐s λ ❞ét❡r♠✐♥é✾✱ ❧✬♦♥ ♣❡✉t ❞é❞✉✐r❡ ✉♥❡ ❡st✐♠❛✲
t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ✿

π(α) = P(χ2
1−tα(k, λ) > tα).

■❧ s✬❛❣✐t ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❛s②♠♣t♦t✐q✉❡ q✉✐ ❡st ❞❡ ❢❛✐t r❡str❡✐♥t❡ à ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s ❞✬❛♣✲
♣❧✐❝❛t✐♦♥✶✵✳ ❊❧❧❡ r❡st❡ ♥é❛♥♠♦✐♥s ✉♥❡ ❛♣♣r♦❝❤❡ r❛♣✐❞❡✱ ❝♦♥s✐❞éré❡ ❛✈❡❝ ✉♥ ✐♥térêt ❝r♦✐ss❛♥t
❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♦ù ❧❡s st❛t✐st✐q✉❡s s✉✐✈❡♥t ❜✐❡♥ s♦✉✈❡♥t ❞❡s ❞✐str✐❜✉t✐♦♥s ❞✉
χ2 ✭❙❤❛♠ ❡t ❛❧ ✷✵✵✵✱ ●♦r❞♦♥ ❡t ❛❧ ✷✵✵✷✱ ❑❛♥❣ ❡t ❛❧ ✷✵✵✹✮✳

✲ ❉❡❧t❛✲▼ét❤♦❞❡ ✿ ❡❧❧❡ ❡st ✉t✐❧✐sé❡ ♣♦✉r ❛♣♣r♦❝❤❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ S s♦✉s H1 à ♣❛rt✐r
❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ✈❛❧❡✉rs ♣r✐s❡s ♣❛r ❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ X = (D0, D1, D2, H0, H1, H2)✱
❡♥ ❢❛✐s❛♥t ❧✬❤②♣♦t❤ès❡ q✉❡ ❝❡❧❧❡s✲❝✐ s✉✐✈❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ♠✉❧t✐♥♦♠✐❛❧❡ ❡t ♣❡✉✈❡♥t ❞♦♥❝
êtr❡ ❛♣♣r♦❝❤é❡s ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ N (M, Σ) ♦ù M ❡st ❧✬❡s♣ér❛♥❝❡ ❞❡ X ❡t Σ
❧❛ ♠❛tr✐❝❡ ❞❡ ✈❛r✐❛♥❝❡✲❝♦✈❛r✐❛♥❝❡ ❞♦♥♥é❡s ♣❛r ✿

M =




ND × pD0

ND × pD1

ND × pD2

NH × pH0

NH × pH1

NH × pH2




Σ =




NDpD0
(1 − pD0

) −NDpD0pD1
−NDpD0

pD2
0 0 0

−NDpD0
pD1

NDpD1
(1 − pD1

) −NDpD1
pD2

0 0 0
−NDpD0

pD2
−NDpD1

pD2
NDpD2

(1 − pD2
) 0 0 0

0 0 0 NHpH0
(1 − pH0

) −NHpH0
pH1

−NHpH0
pH2

0 0 0 −NHpH0
pH1

NHpH1
(1 − pH1

) −NHpH1
pH2

0 0 0 −NHpH0
pH2

−NHpH1
pH2

NHpH2
(1 − pH2

)




❊♥ ❛♣♣❧✐q✉❛♥t ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❚❛②❧♦r à ❧✬♦r❞r❡ ✶ ❞❡ S = f(X) ❛✉t♦✉r M ✱ ♦♥
♣❡✉t ❛♣♣r♦❝❤❡r S ♣❛r ✿

S ≈ f(M) +t (X − M) ×∇f(M),

♦ù t ❡st ❧✬♦♣ér❛t❡✉r ❞❡ tr❛♥s♣♦s✐t✐♦♥ ❡t ∇f ❧❡ ❣r❛❞✐❡♥t ❞❡ f ✳ ❈❡ ❞é✈❡❧♦♣♣❡♠❡♥t à ❧✬♦r❞r❡
✶ ♣❡r♠❡t ❞✬❛♣♣r♦❝❤❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ S ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ N (m, σ) ❛✈❡❝
m = f(M) ❡t σ =

√
t∇f(M) × Σ ×∇f(M)✳ ❆ ♣❛rt✐r ❞❡ ❝❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐❧ ❡st

♣♦ss✐❜❧❡ ❞✬♦❜t❡♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ✿

π(α) = 1 − Φ

(
tα − m

σ

)
,

✾❝❡ q✉✐ ♣❡✉t s❡ ❢❛✐r❡ ❡♥ r❡♠❛rq✉❛♥t q✉❡ λ = E(χ2(k, λ)) − 2k
✶✵à s❛✈♦✐r ❧❡s ♠ê♠❡s q✉✐ ❞♦✐✈❡♥t êtr❡ ❛♣♣❧✐q✉é❡s à ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡ ♣❛r ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣✲

t♦t✐q✉❡ ❞✉ χ2



✻✵ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

♦ù Φ ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ré♣❛rt✐t✐♦♥✶✶ ❞✬✉♥❡ ♥♦r♠❛❧❡ ❝❡♥tré❡ ré❞✉✐t❡ N (0, 1)✳ ▲❛ q✉❛❧✐té
❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❛s②♠♣t♦t✐q✉❡ ❡t ♥✉♠ér✐q✉❡ ❞é♣❡♥❞ ❞❡ ❧❛ q✉❛❧✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥
♥♦r♠❛❧❡ ❢❛✐t❡ s✉r X ❡t s✉r S✳

✲ ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ✿ ♣♦✉r ❧❡s ❝❛s ♦ù ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ S ♣❛r
✉♥❡ ♥♦r♠❛❧❡ s♦✉s H1 ♥✬❡st ♣❛s ré❛❧✐st❡✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞✬ét❡♥❞r❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡
❚❛②❧♦r ❡✛❡❝t✉é ♣ré❝é❞❡♠♠❡♥t à ❧✬♦r❞r❡ ✷ ❀ ♦♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♣❧✉s ♣ré❝✐s❡
r❡♣♦s❛♥t s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬✉♥❡ ❢♦r♠❡ q✉❛❞r❛t✐q✉❡ ❡♥ ✈❛r✐❛❜❧❡s ♥♦r♠❛❧❡s✶✷ ✿

S ≈ f(M) +t (X − M) ×∇f(M) +
1

2
t(X − M) ×∇2f(M) × (X − M),

♦ù ∇2f ❡st ❧❛ ❍❡ss✐❡♥♥❡ ❞❡ f ✳ ❉❛♥s ❧❡ ❝❛s ♣ré❝é❞❡♥t✱ ❧❛ ❝❛❧❝✉❧ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ♥é❝❡ss✐t❛✐t
❧❛ ❈❉❋ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡✳ ■❝✐✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ S ❡st ❛♣♣r♦❝❤é❡ ♣❛r ✉♥❡ ❝♦♠❜✐✲
♥❛✐s♦♥ ❞❡ χ2 ❞♦♥t ❧❛ ❈❉❋ ❡st ❜❡❛✉❝♦✉♣ ♠♦✐♥s é✈✐❞❡♥t❡ à ♦❜t❡♥✐r✳ ▲❡s ❞ét❛✐❧s t❡❝❤♥✐q✉❡s
à ❝❡ s✉❥❡t s❡ tr♦✉✈❡♥t ❡♥ ❛♥♥❡①❡ ♣❛❣❡ ✶✽✾✳

Pr♦t♦❝♦❧❡ ❡①♣ér✐♠❡♥t❛❧

❙t❛t✐st✐q✉❡s ❝♦♥s✐❞éré❡s ✿ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❛tr❡ st❛t✐st✐q✉❡s ✿ XG ❡t XT ❝♦rr❡s✲
♣♦♥❞❛♥t❡s ❛✉① t❡sts ❣é♥♦t②♣✐q✉❡ ❡t ❞❡ t❡♥❞❛♥❝❡ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s
st❛t✐st✐q✉❡s ❝❧❛ss✐q✉❡s✱ ❡t XT+G = XT + XG ❡t XT×G = XT × XG ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s
♠ét❛✲st❛t✐st✐q✉❡s✳ ❆✜♥ ❞❡ ♣❡r♠❡ttr❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ♣❛r χ2 ❞é❝❡♥tré✱ ♥♦✉s
❢♦✉r♥✐ss♦♥s ♣❛r ❛✐❧❧❡✉rs ❧❡s ✈❛❧❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❞é❝❡♥tr❛❧✐s❛t✐♦♥ λG ❡t λT ❡♥ ❢♦♥❝t✐♦♥
❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❣é♥ét✐q✉❡ ❡t ❝♦rr❡s♣♦♥❞❛♥t❡s à XG ❡t XT r❡s♣❡❝t✐✈❡♠❡♥t ✿

λG = NDNH ×
2∑

0

(
fipi

Kp
− (1−fi)pi

1−Kp

)2

ND
fipi

Kp
+ NH

(1−fi)pi

1−Kp

λT = NDNH ×

[∑2
1 i
(

(1−fi)pi

1−Kp
− fipi

Kp

)]2

∑2
1 i
(
ND

fipi

Kp
+ NH

(1−fi)pi

1−Kp

)
−

h

P2
1 i

“

ND
fipi
Kp

+NH
(1−fi)pi
1−Kp

”i2

N

P❛r❛♠ètr❡s ✜①és ♣♦✉r t♦✉t❡ ❧✬ét✉❞❡ ✿ Kp = 0.05✱ B = 5, 000 ❡t ND = NH = 500✳

P❛r❛♠ètr❡s à ❢❛✐r❡ ✈❛r✐❡r ✿ ▼❖■ ❂ ④❘✱ ❆✱ ▼✱ ❉✱ ❙⑥✱ pA = [0, 1]✱ r2 = [0, 1]✱ F =
[−1, 1] ❡t RR2 = {1.5, 2} ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢✱ ♠✉❧t✐♣❧✐❝❛t✐❢ ❡t

✶✶❈❉❋ ♣♦✉r ❈✉♠✉❧❛t✐✈❡ ❉✐str✐❜✉t✐♦♥ ❋✉♥❝t✐♦♥
✶✷◗❋◆❱ ♣♦✉r ◗✉❛❞r❛t✐❝ ❋♦r♠ ✐♥ ◆♦r♠❛❧ ❱❛r✐❛❜❧❡s



✷✳✹✳ ➱t✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ✻✶

❞♦♠✐♥❛♥t ❡t RR1 = {1.5, 2} ♣♦✉r ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✳ P❛r ❛✐❧❧❡✉rs✱ ♣♦✉r
❧❡ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s ❝❤♦✐s✐✱ ❧❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❞❞✐t✐❢s ❡t
♠✉❧t✐♣❧✐❝❛t✐❢s s♦♥t très s✐♠✐❧❛✐r❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ❞❛♥s ✉♥ s♦✉❝✐ ❞❡ s✐♠♣❧✐❝✐té✱ ♥♦✉s ♥❡
♣rés❡♥t♦♥s ♣❛s ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s à ♣❛rt✐r ❞✉ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ♠✉❧t✐♣❧✐❝❛t✐❢✳

❘és✉❧t❛ts

✲ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠ét❤♦❞❡s ❞✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❍✶ ✿ ❧✬♦❜❥❡❝t✐❢ ❞❡ ❝❡ ♣❛r❛❣r❛♣❤❡
❡st ❞❡ ❝♦♠♣❛r❡r ❧❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ q✉❡ ♥♦✉s ❛✈♦♥s
✐♥tr♦❞✉✐t❡s✳ ◆♦tr❡ ré❢ér❡♥❝❡ s❡r❛ ❧✬❡st✐♠❛t✐♦♥ ♦❜t❡♥✉❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦ q✉✐ ❛✉ ❜♦✉t ❞✬✉♥
❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s s❡ r❛♣♣r♦❝❤❡ ❛✈❡❝ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ✈r❛✐❡ ✈❛❧❡✉r ❞❡ π✶✸✳

▲❛ ✜❣✉r❡ ✷✳✸ ♣❛❣❡ ✻✹ ✐❧❧✉str❡ ❧❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧❡s st❛t✐st✐q✉❡s s✐♠♣❧❡s ✭XT

❡t XG✮✳ ▲✬❛♣♣r♦❝❤❡ χ2 ❞é❝❡♥tré ❡st ❞❡ ❢❛ç♦♥ ♥♦♥ s✉r♣r❡♥❛♥t❡ t♦t❛❧❡♠❡♥t ❛❞❛♣té❡ ❛✉①
st❛t✐st✐q✉❡s q✉✐ s✉✐✈❡♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✉ χ2 ❡t ❢♦✉r♥✐t ❞♦♥❝ ❞❡s ❡st✐✲
♠❛t✐♦♥s très ♣ré❝✐s❡s✳ ❈♦♠♠❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✬✉♥ χ2 ❞é❝❡♥tré ❡st ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞✬✉♥❡
❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡✱ ❝❡❧❧❡✲❝✐ ❞♦♥♥❡ é❣❛❧❡♠❡♥t ❞❡ très ❜♦♥ rés✉❧t❛ts✳ ❊♥ ❝♦♥tr❡♣❛rt✐❡ ❧❛
❉❡❧t❛✲▼ét❤♦❞❡ s♦✉s✲❡st✐♠❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧❡s ❞❡✉① ❝❛s ❝❡ q✉✐ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❢❛✐t
q✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s st❛t✐st✐q✉❡s ❝♦♥s✐❞éré❡s s♦✉s H1 ♣❛r ✉♥❡ ❞✐s✲
tr✐❜✉t✐♦♥ ♥♦r♠❛❧❡ ♥✬❡st ♣❛s ❞✉ t♦✉t ré❛❧✐st❡✳ ❖♥ ♣❡✉t ♥é❛♥♠♦✐♥s ♥♦t❡r q✉❡ ❝❡tt❡ ❛♣♣r♦❝❤❡
❛♣♣♦rt❡ ❞❡ ♠❡✐❧❧❡✉rs ❡st✐♠❛t✐♦♥s ♣♦✉r ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ q✉❡ ♣♦✉r ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ ❀
❝❡tt❡ ❞✐✛ér❡♥❝❡ ❞❡ q✉❛❧✐té ❞✬❡st✐♠❛t✐♦♥ ♣❡✉t êtr❡ ❞✉❡ ❛✉ ❢❛✐t q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ XT

s♦✉s H1 s❡r❛✐t ♠♦✐♥s é❧♦✐❣♥é ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ q✉❡ ❝❡❧❧❡ ❞❡ XG ❀ ❧❡ t❡st ❞❡ ♥♦r✲
♠❛❧✐té ❞❡ ❙❤❛♣✐r♦✲❲✐❧❦ s❡♠❜❧❡ ❛❧❧❡r ❞❛♥s ❝❡ s❡♥s ✿ ❧❛ ✈❛❧❡✉r ♠♦②❡♥♥❡ ❞❡ ❧❛ st❛t✐st✐q✉❡
❝♦rr❡s♣♦♥❞❛♥t❡ ❡st ❞❡ ✵✳✻✾ ♣♦✉r ✉♥ é❝❤❛♥t✐❧❧♦♥ t✐ré s✉✐✈❛♥t ✉♥ χ2(1) ❡t ❞❡ ✵✳✽✶ ♣♦✉r ✉♥
é❝❤❛♥t✐❧❧♦♥ t✐ré s✉✐✈❛♥t ✉♥ χ2(2)✶✹✳ ◗✉♦✐ q✉✬✐❧ ❡♥ s♦✐t✱ ✐❧ ♥✬❡st ♣❛s r❛✐s♦♥♥❛❜❧❡ ❞✬❛♣♣r♦✲
❝❤❡r ❧❡s ❞✐str✐❜✉t✐♦♥s ❞❡ XT ❡t XG ♣❛r ❞❡s ❞✐str✐❜✉t✐♦♥s ♥♦r♠❛❧❡s ❡t ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❧❛
❉❡❧t❛✲▼ét❤♦❞❡ à ❧✬♦r❞r❡ ✶ ♥✬❛♣♣❛r❛ît ❞♦♥❝ ♣❛s ❝♦♠♠❡ ✉♥❡ ❜♦♥♥❡ s♦❧✉t✐♦♥✳

P❛r ❛✐❧❧❡✉rs ✐❧ ❛ été s✉❣❣éré ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ q✉❡ ❞❡s ❢❛❝t❡✉rs t❡❧s q✉❡ ❧❡ r❛♣♣♦rt ❝❛s✲
té♠♦✐♥s ✭ND/NH✮✱ ❧❛ ❢réq✉❡♥❝❡ ❛❧❧é❧✐q✉❡ ✭pa✮ ❡t ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ✭N✮ ♣♦✉✈❛✐❡♥t
❛✈♦✐r ✉♥ ✐♠♣❛❝t s✉r ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❛♣♣r♦❝❤❡s ❛♥❛❧②t✐q✉❡s ♣❛r r❛♣♣♦rt à ❞✉ ▼♦♥t❡✲❈❛r❧♦
✭❏✐ ❡t ❛❧ ✷✵✵✺✮✳ ◆♦✉s ❛✈♦♥s ❝❤❡r❝❤é à ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡ t❡❧s ❡✛❡ts ❡♥ ❢❛✐s❛♥t ✈❛r✐❡r
❝❡s ♣❛r❛♠ètr❡s ✭ND/NH = {0.04; 0.2; 1} ❡t N = {40; 200; 1000}✮✳ ◆♦✉s ♥✬❛❜♦✉t✐ss♦♥s
❝❡♣❡♥❞❛♥t ♣❛s ❛✉① ♠ê♠❡s ❝♦♥st❛t❛t✐♦♥s ❡t ♥❡ ❞é✈❡❧♦♣♣♦♥s ❞♦♥❝ ♣❛s ♣❧✉s ❧❛ q✉❡st✐♦♥✳

▲❛ ✜❣✉r❡ ✷✳✹ ♣❛❣❡ ✻✺ ❞♦♥♥❡ ❧❡s rés✉❧t❛ts ❝♦♥❝❡r♥❛♥t ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ♣♦✉r
❧❡s ♠ét❛✲st❛t✐st✐q✉❡s ✭XT+G ❡t XT×G✮✳ ❉❛♥s ❝❡ ❝❛s ❧✬❛♣♣r♦❝❤❡ χ2 ❞é❝❡♥tré ♥✬❡st ♣❛s ❛♣✲
♣❧✐❝❛❜❧❡ ♣✉✐sq✉❡ ❧❡s ❞✐str✐❜✉t✐♦♥s rés✉❧t❛♥t❡s ❞❡ XT+G ❡t ❞❡ XT×G ♥❡ s✉✐✈❡♥t ❛s②♠♣t♦✲
t✐q✉❡♠❡♥t ♣❛s ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✉ χ2 ❞❡ ❢❛✐t ❞❡ ❧❛ ♥♦♥✲✐♥❞é♣❡♥❞❛♥❝❡ ❞❡ XG ❛✈❡❝ XT ✳

✶✸à ❧✬❡①❝❡♣t✐♦♥ ❞❡s ✈❛❧❡✉rs très ♣r♦❝❤❡s ❞❡ ✵ ♦✉ ❞❡ ✶ q✉✐ ❞❡♠❛♥❞❡♥t ✉♥ ♥♦♠❜r❡ ❝♦♥séq✉❡♥t ❞❡ s✐♠✉❧❛✲
t✐♦♥s✱ ♠❛✐s ♥♦✉s ♥❡ ♥♦✉s ♣❧❛ç♦♥s ♣❛s ❞❛♥s ❝❡s ❝❛s

✶✹❝❡ q✉✐ ❡st ❝♦♥tr❛✐r❡ à ❝❡ q✉❡ ❧✬♦♥ ♣♦✉rr❛✐t ❛tt❡♥❞r❡ ❛✈❡❝ ❞❡s ❞✐str✐❜✉t✐♦♥s ❞❡ χ2(1) ❡t χ2(2)



✻✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

▲❛ ❉❡❧t❛✲▼ét❤♦❞❡ ❝♦♥t✐♥✉❡ ❞❡ ❞♦♥♥❡r ❞❡s ❡st✐♠❛t✐♦♥s ❛✉ss✐ ♣❡✉ ♣ré❝✐s❡s✳ ❊♥ r❡✈❛♥❝❤❡ ❧❛
❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ❛♣♣♦rt❡ ❞❡ très ❜♦♥♥❡s ❡st✐♠❛t✐♦♥s ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ XT+G ❀ ❝♦♠♠❡
s♦✉❧✐❣♥é ♣ré❝é❞❡♠♠❡♥t✱ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ st❛t✐st✐q✉❡s ❞✐str✐❜✉é❡s s✉✐✈❛♥t ✉♥ χ2

✐♥❞é♣❡♥❞❛♥ts ♦✉ ♥♦♥ ❡st ✉♥❡ ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ❝❡ q✉✐ ❡①♣❧✐q✉❡ q✉❡ ❝❡tt❡ ♠ét❤♦❞❡ tr❛✐t❡
s✐ ❜✐❡♥ XT+G✳ P♦✉r ❝❡ q✉✐ ❡st ❞❡ XT×G✱ ♥✐ ❧✬♦r❞r❡ ✶ ♥✐ ❧✬♦r❞r❡ ✷ ❞❡ ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡ ♥❡
❞♦♥♥❡♥t ❞❡ rés✉❧t❛ts s❛t✐s❢❛✐s❛♥ts ❀ ♦♥ ♣❡✉t ♣❡♥s❡r q✉❡ ❧❡ ♣r♦❞✉✐t ❞❡ χ2 r❡q✉✐❡rt ✉♥ ♦r❞r❡
s✉♣ér✐❡✉r✱ ♣♦✉r ❧❡q✉❡❧ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ ❧❛ ❈❉❋ s❡r❛✐t ♥✉♠ér✐q✉❡♠❡♥t très ❝♦ût❡✉s❡
✈♦✐r ✐rré❛❧✐s❛❜❧❡ ❡♥ ♣r❛t✐q✉❡✳

✲ P✉✐ss❛♥❝❡ ❞❡s st❛t✐st✐q✉❡s s✐♠♣❧❡s ✿ ❧❡s rés✉❧t❛ts s✉r ❧❡s st❛t✐st✐q✉❡s s✐♠♣❧❡s s♦♥t
r❡❧❛t✐✈❡♠❡♥t é✈✐❞❡♥ts ✭✜❣✉r❡s ✷✳✺✱ ✷✳✻ ❡t ✷✳✼ ♣✳ ✻✻✱ ✻✼ ❡t ✻✽✮✳ ▲❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡st
❡✣❝❛❝❡ ♣♦✉r t❡st❡r ❧❡s ❝❛s ♣♦✉r ❧❡sq✉❡❧s ✐❧ ❛ été ❝♦♥str✉✐t ❀ ❡♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ✐❧ ❡st ❧❡ ♣❧✉s
♣✉✐ss❛♥t ♣♦✉r tr❛✐t❡r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❞❞✐t✐❢ ❡t ♠✉❧t✐♣❧✐❝❛t✐❢✳ ❊♥ r❡✈❛♥❝❤❡ ✐❧ ❡st
très ♠❛✉✈❛✐s ♣♦✉r tr❛✐t❡r ✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✱ ❝♦♥❝❡♣t✉❡❧❧❡♠❡♥t ❧❡ ♣❧✉s
é❧♦✐❣♥é ❞✉ ♠♦❞❡ ❛❞❞✐t✐❢✳ ▲❡ t❡st ❣é♥♦t②♣✐q✉❡ ♣rés❡♥t❡ ❧❡s ♠❡✐❧❧❡✉rs ♣✉✐ss❛♥❝❡s ♣♦✉r tr♦✐s
❞❡s q✉❛tr❡ ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ✐❧❧✉strés ✭❘✱ ❉ ❡t ❙✮✳ ❈❡ ♥✬❡st ♣❛s s✉r♣r❡♥❛♥t ♣✉✐sq✉❡
❝❡ t❡st ❡st très ❣é♥ér❛❧ ❡t ♥❡ ❢❛✐t ❛✉❝✉♥❡ ❤②♣♦t❤ès❡ s✉r ❧❛ ❢❛ç♦♥ ❞♦♥t ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦✲
t②♣✐q✉❡s ❞é✈✐❡♥t ❞❡ ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ P❛r ❛✐❧❧❡✉rs ♠ê♠❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥
♣♦✉r ❧❡sq✉❡❧s ✐❧ ❡st ❧❡ ♣❧✉s ❢❛✐❜❧❡ ✭❆ ❡t ▼✮✱ ✐❧ t❛❧♦♥♥❡ ❞❡ ♣rès ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡✳

✲ P✉✐ss❛♥❝❡ ❞❡s ♠ét❛✲st❛t✐st✐q✉❡s ✿ ❞❡ ❢❛ç♦♥ ❣é♥ér❛❧❡ ❧❡s ♣✉✐ss❛♥❝❡s ❞❡ XT+G ❡t
XT×G s✬✐♥t❡r❝❛❧❡♥t ❡♥tr❡ ❝❡❧❧❡s ❞❡ XT ❡t XG ✭✜❣✉r❡s ✷✳✺✱ ✷✳✻ ❡t ✷✳✼ ♣✳ ✻✻✱ ✻✼ ❡t ✻✽✮✳ ◆♦✉s
❛✈♦♥s ♣✉ ❝♦♥st❛t❡r ❞❡s rés✉❧t❛ts ❞❡ ❧❛ ♠ê♠❡ ♥❛t✉r❡ ♣♦✉r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ t❡sts ❞✉
t②♣❡ ♦♥ r❡❥❡tt❡ H0 s✐ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡t✴♦✉ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ r❡❥❡tt❡♥t H0 ✭rés✉❧✲
t❛ts ♥♦♥ ♣rés❡♥tés✮✳ ■❧ s✬❛✈èr❡ ✐❝✐ q✉❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❞❡✉① st❛t✐st✐q✉❡s à tr❛✈❡rs ✉♥❡
s✐♠♣❧❡ s♦♠♠❡ ♣rés❡♥t❡ ❞❡ ❜✐❡♥ ♠❡✐❧❧❡✉rs rés✉❧t❛ts q✉❡ ❧❡ ♣r♦❞✉✐t✳ ❖♥ ♦❜s❡r✈❡ é❣❛❧❡♠❡♥t
❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ q✉❡ ❧❡s ♠ét❛✲st❛t✐st✐q✉❡s ❢♦♥❞é❡s s✉r ❞❡s s♦♠♠❡s s❡♠❜❧❡♥t êtr❡ ♣❧✉s
♣❡r❢♦r♠❛♥t❡s q✉❡ ❝❡❧❧❡s ❢♦♥❞é❡s s✉r ❞❡s ♣r♦❞✉✐ts ✭❍♦❤ ❡t ❛❧ ✷✵✵✶✱ ❙♦♥❣ ❡t ❊❧st♦♥ ✷✵✵✻✮✳
❊♥✜♥✱ ❧✬♦♥ ♣❡✉t ♥♦t❡r q✉❡ s✐ ❧❡s ♠ét❛✲st❛t✐st✐q✉❡s ♥❡ ♣rés❡♥t❡♥t ♣❛s ❧❡s ♠❡✐❧❧❡✉r❡s ♣✉✐s✲
s❛♥❝❡s✱ ❡❧❧❡s s❡ tr♦✉✈❡♥t ❝❡♣❡♥❞❛♥t ♣r♦❝❤❡s ❞✉ ♠❡✐❧❧❡✉r t❡st ♣♦✉r ❧❛ ♣❧✉♣❛rt ❞❡s s✐t✉❛t✐♦♥s
❝♦♥s✐❞éré❡s✳

✲ ❉✐s❝✉ss✐♦♥ ✿ ❧✬ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ✉♥ ♦✉t✐❧ ✐♠♣♦rt❛♥t ❡♥ st❛t✐st✐q✉❡ ♣♦✉r ❝♦♠✲
♣❛r❡r ❧✬❡✣❝❛❝✐té ❞❡ ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ♦✉ ♣♦✉r ❛✐❞❡r à ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥❡
ét✉❞❡✳ ❆✈❡❝ ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ♥♦✉✈❡❧❧❡s str❛té❣✐❡s ❞✬❛♥❛❧②s❡ q✉✐ ❛❝❝♦♠♣❛❣♥❡ ❛✉❥♦✉r❞✬❤✉✐
❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ❣r❛♥❞❡s q✉❛♥t✐tés ❞❡ ❞♦♥♥é❡s✱ ▲✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ♥❡ ♣❡✉t ❢❛✐r❡
❧✬é❝♦♥♦♠✐❡ ❞❡ t❡❧❧❡s ét✉❞❡s✳ ◆♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ✐❝✐ ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛
♣✉✐ss❛♥❝❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡s ❛♥❛❧②s❡s s✐♠♣❧❡✲♠❛rq✉❡✉r✳

▲✬❛♣♣r♦❝❤❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦✱ ❢❛❝✐❧❡ à ♠❡ttr❡ ❡♥ ♣❧❛❝❡✱ ❡st s♦✉✈❡♥t ❝❡❧❧❡ ❡♠♣❧♦②é❡✳
❊❧❧❡ ❞❡♠❛♥❞❡ ♥é❛♥♠♦✐♥s ✉♥ ❝❡rt❛✐♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❡t ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❡st✐♠❛t✐♦♥s
❡st ❞✐r❡❝t❡♠❡♥t ❧✐é❡ ❛✉ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ✭B✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ❧❛r❣❡✉r ❞❡



✷✳✹✳ ➱t✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ✻✸

❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❝♦♥✜❛♥❝❡ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞✐♠✐♥✉❡ ❛✈❡❝ ✉♥❡ ✈✐t❡ss❡ 1/
√

B✳ ▲✬❛♣♣r♦❝❤❡ χ2

❞é❝❡♥tré❡ ❡st ♥❛t✉r❡❧❧❡♠❡♥t ❛❞❛♣té❡ à t♦✉t❡ st❛t✐st✐q✉❡ q✉✐ s✉✐t ✉♥ χ2✳ ▲❛ ❉❡❧t❛✲▼ét❤♦❞❡
à ❧✬♦r❞r❡ ✶ ❢❛✐t ❧✬❤②♣♦t❤ès❡ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ s♦✉s H1 ❝❡ q✉✐
♥✬❡st ♣❛s ❧❡ ❝❛s ❞❡s st❛t✐st✐q✉❡s q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré❡s✳ ❈❡♣❡♥❞❛♥t ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✱
❝❡tt❡ ❛♣♣r♦❝❤❡ ❡st ✉t✐❧✐sé❡ ❛✈❡❝ s✉❝❝ès ♣♦✉r ❢♦✉r♥✐r ❞❡s ❡st✐♠❛t✐♦♥s ♣ré❝✐s❡s ❞❡ ♣✉✐ss❛♥❝❡s
❞✉ t❡st ❛❧❧é❧✐q✉❡ ❡t ❞❡ t❡♥❞❛♥❝❡ ✭❙❧❛❣❡r ❡t ❙❝❤❛✐❞ ✷✵✵✶✱ ❏❛❝❦s♦♥ ❡t ❛❧ ✷✵✵✷✮✳ ❇r✐è✈❡♠❡♥t✱
❧❛ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ q✉❡ ♥é❝❡ss✐t❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❝❡tt❡ ♠ét❤♦❞❡ ♣❡✉t êtr❡ ♦❜t❡♥✉❡
❡♥ ❝♦♥s✐❞ér❛♥t ♣❛r ❡①❡♠♣❧❡ ❧❛ st❛t✐st✐q✉❡ ✿ zT ∼ N (0, 1) s♦✉s H0 ❛✈❡❝ z2

T = XT ❛✉ ❧✐❡✉
❞❡ XT ❞✐r❡❝t❡♠❡♥t✳ ❉❛♥s ❝❡ ❝❛❞r❡ ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡ ❞♦♥♥❡ ❞❡ très ❜♦♥♥❡s ❡st✐♠❛t✐♦♥s
❡t r❡✈✐❡♥t ❡♥ ❢❛✐t à ✉♥❡ s✐♠♣❧✐✜❝❛t✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡ ❧❛ ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ❀ ❝❡♣❡♥❞❛♥t
s♦♥ ❛♣♣❧✐❝❛t✐♦♥ ❡st r❡str❡✐♥t❡ à ❞❡s st❛t✐st✐q✉❡s ❞❡ t②♣❡ z✲s❝♦r❡ ♦✉ ♣❛r ❡①t❡♥s✐♦♥ à ❞❡s
st❛t✐st✐q✉❡s ❞✐str✐❜✉é❡s s✉✐✈❛♥t ✉♥ χ2(1)✱ ❝❡ q✉✐ r❡♥❞ ❞❡ ❢❛✐t ❝❡tt❡ ❛♣♣r♦❝❤❡ ♠♦✐♥s ❣é♥ér❛❧❡
q✉❡ ❝❡❧❧❡ ❢♦♥❞é❡ s✉r ❧❡ χ2 ❞é❝❡♥tré✳ ❆ ❝❡s tr♦✐s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥✱ ♥♦✉s ❛✈♦♥s ❛❥♦✉té
✉♥❡ ❛♣♣r♦❝❤❡ ❢♦♥❞é❡ s✉r ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡ ❞é✈❡❧♦♣♣é❡ à ❧✬♦r❞r❡ ✷ ✿ ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡✳
❈❡tt❡ ❛♣♣r♦❝❤❡ ♣r♦❞✉✐t ❞❡ ❜♦♥s rés✉❧t❛ts ❡t ♣❡✉t tr❛✐t❡r ❛✉ss✐ ❜✐❡♥ ❞❡s st❛t✐st✐q✉❡s s✐♠♣❧❡s
✭XG✱ XT ✳✳✳✮ q✉❡ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞❡ ❝❡s ♠ê♠❡s st❛t✐st✐q✉❡s ❝❡ q✉✐ r❡♣rés❡♥t❡ ✉♥
❛✈❛♥t❛❣❡ s✉r ❧❡s ❛✉tr❡s ❛♣♣r♦❝❤❡s✳ ▼❛❧❣ré ✉♥❡ é✈❛❧✉❛t✐♦♥ ❞❡ ❧❛ ❈❉❋ ❜✐❡♥ ♠♦✐♥s é✈✐❞❡♥t❡✱
❡❧❧❡ r❡♣rés❡♥t❡ ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ♠♦✐♥s ❝♦ût❡✉s❡ ❡♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ q✉❡ ❧❡ ▼♦♥t❡✲❈❛r❧♦✱
♣❧✉s ❣é♥ér❛❧❡ q✉❡ ❧❡ χ2 ❞é❝❡♥tré ❡t ♣❧✉s ♣ré❝✐s❡ q✉❡ ❧❛ ❉❡❧t❛✲▼ét❤♦❞❡ à ❧✬♦r❞r❡ ✶✳

▲❡s rés✉❧t❛ts s✉r ❧❡s st❛t✐st✐q✉❡s s✐♠♣❧❡s ét❛✐❡♥t ♣ré✈✐s✐❜❧❡s ✿ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡st ❧❡
♠❡✐❧❧❡✉r ❞❛♥s ❞❡s ❝❛s ❛❞❞✐t✐❢s ♦✉ ♠✉❧t✐♣❧✐❝❛t✐❢s t❛♥❞✐s q✉❡ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡✱ ♣❧✉s ❣é♥ér❛❧✱
♣rés❡♥t❡ ❧❡s ♠❡✐❧❧❡✉r❡s ♣✉✐ss❛♥❝❡s ❞❛♥s ❧❡s ❝❛s ré❝❡ss✐❢s✱ ❞♦♠✐♥❛♥ts ❡t s✉r✲❞♦♠✐♥❛♥t s❛♥s
♣❛r ❛✐❧❧❡✉rs ♠♦♥tr❡r ❞❡ ❣r♦ss❡s ♣❡rt❡s ❞❡ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧❡s s✐t✉❛t✐♦♥s ✐♥t❡r♠é❞✐❛✐r❡s✳

❆ ♣r❡♠✐èr❡ ✈✉❡✱ ❧❛ str❛té❣✐❡ q✉✐ ❝♦♥s✐st❡ à ❝♦♠❜✐♥❡r ❞❡s st❛t✐st✐q✉❡s ♦✉ ❞❡s t❡sts ❛✈❡❝
❝♦♠♠❡ ♦❜❥❡❝t✐❢ ❞✬♦❜t❡♥✐r ♣❧✉s ❞❡ ♣✉✐ss❛♥❝❡ é❝❤♦✉❡✳ ❉❛♥s ❧❛ ♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡s ❝❛s✱ ❧❡s
♣✉✐ss❛♥❝❡s rés✉❧t❛♥t❡s s✬✐♥t❡r❝❛❧❡♥t ❡♥tr❡ ❝❡❧❧❡s ❞❡s t❡sts s✐♠♣❧❡s✳ ❙✬✐❧s ♥❡ s♦♥t ♣❛s ❧❡s t❡sts
❧❡s ♣❧✉s ❡✣❝❛❝❡s q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ s✐t✉❛t✐♦♥ ❝♦♥s✐❞éré❡✱ ✐❧s ♥❡ s♦♥t ♣❛r ❛✐❧❧❡✉rs ♣❛s ♥♦♥
♣❧✉s ❝❡✉① ♠♦♥tr❛♥t ❧❛ ♣❧✉s ♠❛✉✈❛✐s❡ ♣✉✐ss❛♥❝❡✳ ❉❡ t❡❧❧❡s ❝♦♠❜✐♥❛✐s♦♥s ♣❡r♠❡tt❡♥t ❞♦♥❝
❞❡ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ❞❡s str❛té❣✐❡s ❞✬❛♥❛❧②s❡ ✐♥t❡r♠é❞✐❛✐r❡s ❡♥ t❡r♠❡ ❞❡ ♣✉✐ss❛♥❝❡✱ q✉❡❧
q✉❡ s♦✐t ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s♦✉s✲❥❛❝❡♥t ❝❡ q✉✐ ♣❡✉① s✉s❝✐t❡r ❞❡ ❧✬✐♥térêt ❀ ❝❡♣❡♥❞❛♥t
❧✬❡st✐♠❛t✐♦♥ ❞❡ q✉❛♥t✐tés st❛t✐st✐q✉❡s t❡❧❧❡s q✉❡ ❧❛ p✲✈❛❧✉❡s ♦✉ ❧❛ ♣✉✐ss❛♥❝❡ s✬❛✈èr❡ ❜✐❡♥
♠♦✐♥s é✈✐❞❡♥t❡✱ ❝❡ q✉✐ ♣❡✉t ♠❡♥❡r à ❞❡s rés✉❧t❛ts ❡rr♦♥és ❧♦rsq✉✬❡❧❧❡s ♥❡ s♦♥t ♣❛s ré❛❧✐sé❡s
❛✈❡❝ ♣ré❝❛✉t✐♦♥✳
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❋✐❣✳ ✷✳✸ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ✿ ▼♦♥t❡✲❈❛r❧♦✱
χ2 ❞é❝❡♥tré✱ ❉❡❧t❛✲▼ét❤♦❞❡ ✭❉▼✮ ❡t ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ✭◗❋◆❱✮ ❛♣♣❧✐q✉é❡s ❛✉① st❛t✐s✲
t✐q✉❡s s✐♠♣❧❡s ❞✉ t❡st ❞❡ t❡♥❞❛♥❝❡ ✭XT ✮ ❡t ❣é♥♦t②♣✐q✉❡ ✭XG✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥
❛❧❧é❧✐q✉❡ ✭pA✮ ❛✉ ♥✐✈❡❛✉ ✺✪ ✳
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❋✐❣✳ ✷✳✹ ✕ ❈♦♠♣❛r❛✐s♦♥ ❞❡s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ✿ ▼♦♥t❡✲❈❛r❧♦✱
χ2 ❞é❝❡♥tré✱ ❉❡❧t❛✲▼ét❤♦❞❡ ✭❉▼✮ ❡t ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ✭◗❋◆❱✮ ❛♣♣❧✐q✉é❡s ❛✉① ♠ét❛✲
st❛t✐st✐q✉❡s ✭XT+G ❡t XT×G✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❛❧❧é❧✐q✉❡ ✭pA✮ ❛✉ ♥✐✈❡❛✉ ✺✪✳
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❋✐❣✳ ✷✳✺ ✕ P✉✐ss❛♥❝❡s ❞❡ ✹ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ✿ XT ✱ XG✱ XT+G ❡t XT×G ❡♥ ❢♦♥❝t✐♦♥
❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té F ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ pA = 0.3✱ RR2 = 1.5 ♣♦✉r
❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉ RR1 = 1.5 ♣♦✉r ❧❡ ♠♦❞❡ ❞❡
tr❛♥s♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳
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❋✐❣✳ ✷✳✻ ✕ P✉✐ss❛♥❝❡s ❞❡ ✹ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ✿ XT ✱ XG✱ XT+G ❡t XT×G ❡♥ ❢♦♥❝t✐♦♥
❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s pA ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ F = 0✱ RR2 = 1.5 ♣♦✉r ❧❡s ♠♦❞❡s
❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉ RR1 = 1.5 ♣♦✉r ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥
s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳
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❋✐❣✳ ✷✳✼ ✕ P✉✐ss❛♥❝❡s ❞❡ ✹ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ✿ XT ✱ XG✱ XT+G ❡t XT×G ❡♥ ❢♦♥❝t✐♦♥
❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ r2 ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ pA = 0.4✱ qA = 0.4✱ F = 0✱
RR2 = 1.5 ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉ RR1 = 1.5
♣♦✉r ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳



✷✳✺✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❛❧❧é❧✐q✉❡ ✻✾

✷✳✺ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❛❧❧é❧✐q✉❡

▲❡ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé

▲❛ ✈❛❧✐❞✐té ❞✉ t❡st ❛❧❧é❧✐q✉❡ ❛ été ré❝❡♠♠❡♥t ❞✐s❝✉té❡ ❡t ❝❡rt❛✐♥s ❛✉t❡✉rs ♥❡ r❡❝♦♠✲
♠❛♥❞❡♥t ♣❛s s♦♥ ✉t✐❧✐s❛t✐♦♥ ✭❙❛s✐❡♥✐ ✶✾✾✼✱ ❏❛❝❦s♦♥ ❡t ❛❧ ✷✵✵✷✮✳ P♦✉r r❛♣♣❡❧✱ ❧✬❤②♣♦t❤ès❡
♥✉❧❧❡ ♣♦st✉❧❡ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ❛❧❧è❧❡s ❡st ✐♥❞é♣❡♥❞❛♥t❡ ❞✉ st❛t✉t ❝❛s ♦✉ té♠♦✐♥✱
♠❛✐s ❛✉ss✐ q✉❡ ❧❡s ❛❧❧è❧❡s s♦♥t é❝❤❛♥t✐❧❧♦♥♥és ✐♥❞é♣❡♥❞❛♠♠❡♥t✳ ❙✐ ❧❡s ❣é♥♦t②♣❡s ❧❡ s♦♥t✱
✐❧ ❡st ❝❧❛✐r ❝❡♣❡♥❞❛♥t q✉❡ ❝❡ ♥✬❡st ♣❛s ❧❡ ❝❛s ❞❡s ❛❧❧è❧❡s q✉✐ s♦♥t t✐rés ♣❛r ❞❡✉① ❀ ❞❛♥s ❧❛
t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡ ❛❧❧é❧✐q✉❡✱ ❝❤❛q✉❡ ✐♥❞✐✈✐❞✉ ❝♦♥tr✐❜✉❡ ❛❧♦rs à ❞❡✉① ♦❜s❡r✈❛t✐♦♥s✳ P❛r
❝♦♥séq✉❡♥t✱ ❧❛ ❢❛ç♦♥ ❞♦♥t ❧❡s ❛❧❧è❧❡s s♦♥t ❛♣♣❛r✐és✶✺✱ ❞é✈✐❡ XA ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s✉♣♣♦✲
sé❡ s♦✉s H0 ❡t ❜✐❛✐s❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡✳ ❆✉ ❧✐❡✉ ❞✉ t❡st ❛❧❧é❧✐q✉❡✱ ❙❛s✐❡♥✐ ✭✶✾✾✼✮
r❡❝♦♠♠❛♥❞❡ ❞✬✉t✐❧✐s❡r ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❞♦♥t ❧✬❛✉t❡✉r ♠♦♥tr❡ q✉❡ ❧❛ st❛t✐st✐q✉❡ ✭XT ✮
❡st ❡①❛❝t❡♠❡♥t éq✉✐✈❛❧❡♥t❡ à XA ❧♦rsq✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♠❜✐♥é❡ ❞❡s ❝❛s ❡t ❞❡s té♠♦✐♥s
♦❜s❡r✈é❡ ❡st ❡①❛❝t❡♠❡♥t à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ◆♦✉s ♠♦♥tr♦♥s ❡♥ ❛♥♥❡①❡ ✭♣✳
✶✾✶✮ q✉❡ ❧❡s ❞❡✉① st❛t✐st✐q✉❡s s♦♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥t❡ ❧♦rsq✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥
❝♦♠❜✐♥é❡ ❡st s✉♣♣♦sé❡ à ❧✬éq✉✐❧✐❜r❡✳

▲❡ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé

❈♦♠♠❡ ❛❧t❡r♥❛t✐✈❡ ♣❧✉s ♥❛t✉r❡❧❧❡ ❛✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞✬✉t✐❧✐s❡r
✉♥ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé✱ ❢♦♥❞é s✉r ❧❛ ♠ê♠❡ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ✭XA✮ ♠❛✐s ❞♦♥t ❧❛
❞✐str✐❜✉t✐♦♥ ❡st ❞ét❡r♠✐♥é❡ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬é✈❡♥t✉❡❧❧❡ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ❛❧❧è❧❡s✳
❙❧❛❣❡r ❡t ❏❛❝♦❜s❡♥ ✭✶✾✾✾✮ ♦♥t été ❧❡s ♣r❡♠✐❡rs à ❝♦♥st❛t❡r q✉❡ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■
❞✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé ❡st ❛❧téré ❞✬✉♥❡ ♠❛♥✐èr❡ ♣ré✈✐s✐❜❧❡ ❡t ♣r♦♣♦s❡♥t ✉♥❡ ❝♦rr❡❝t✐♦♥ ❞❡
XA ❞❡ s♦rt❡ q✉❡ ❧❛ st❛t✐st✐q✉❡ s✉✐✈❡♥t ❡✛❡❝t✐✈❡♠❡♥t s♦✉s H0 ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞✉ χ2(1)✳
◆♦tr❡ s♦❧✉t✐♦♥ s❡ ❢♦♥❞❡ s✉r ✉♥ ❝❛❧❝✉❧ ❡①❛❝t ❞❡ ❧❛ p✲✈❛❧✉❡ ♣❛ss❛♥t ♣❛r ❧✬é♥✉♠ér❛t✐♦♥ ❞❡s
t❛❜❧❡s ❣é♥♦t②♣✐q✉❡s ♣♦ss✐❜❧❡s✳

P❧✉s ♣ré❝✐sé♠❡♥t✱ ❧❡ t❡st ❛❧❧é❧✐q✉❡ ❡①❛❝t ❜✐❛✐sé ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ t♦✉t❡s ❧❡s t❛❜❧❡s 2× 2
❞♦♥t ❧❡s ♠❛r❣❡s ❝♦rr❡s♣♦♥❞❡♥t à ❝❡❧❧❡s ❞❡ ❧❛ t❛❜❧❡ ❛❧❧é❧✐q✉❡ ♦❜s❡r✈é❡✳ ❆✐♥s✐✱ ❧❛ p✲✈❛❧✉❡
❝♦rr❡s♣♦♥❞❛♥t❡ ✭p✈b ♣♦✉r ❜✐❛s❡❞✮ ❡st ♦❜t❡♥✉❡ ❡♥ s♦♠♠❛♥t ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡s t❛❜❧❡s 2×2

✭T (i)
A ✮ ♣♦✉r ❧❡sq✉❡❧❧❡s XA ❡st s✉♣ér✐❡✉r❡ à ❧❛ ✈❛❧❡✉r ♦❜s❡r✈é❡ X♦❜s

A ✿

p✈b =
∑

i|X(i)
A >X♦❜s

A

PH0(T (i)
A ).

▲❡ t❡st ❛❧❧é❧✐q✉❡ ❡①❛❝t ♥♦♥✲❜✐❛✐sé q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s ♣r❡♥❞ ❧✉✐ ❡♥ ❝♦♠♣t❡ t♦✉t❡s ❧❡s t❛❜❧❡s
2 × 3 ❞♦♥t ❧❡s ♠❛r❣❡s ❝♦rr❡s♣♦♥❞❡♥t à ❝❡❧❧❡s ❞❡ ❧❛ t❛❜❧❡ ❣é♥♦t②♣✐q✉❡ ♦❜s❡r✈é❡✳ ❆✐♥s✐✱ ❧❛

✶✺♦ù ❞❡ ❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡ ❧❛ ❢❛ç♦♥ ❞♦♥t ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❞é✈✐❡♥t ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣
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p✲✈❛❧✉❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ✭p✈u ♣♦✉r ✉♥❜✐❛s❡❞✮ ❡st ♦❜t❡♥✉❡ ❡♥ s♦♠♠❛♥t ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡s
t❛❜❧❡s 2 × 3 ✭T (i)

G ✮ ♣♦✉r ❧❡sq✉❡❧❧❡s XA ❡st s✉♣ér✐❡✉r❡ à ❧❛ ✈❛❧❡✉r ♦❜s❡r✈é❡ X♦❜s

A ✿

p✈u =
∑

i|X(i)
A >X♦❜s

A

PH0(T (i)
G ).

❉❡ ❝❡tt❡ ♠❛♥✐èr❡✱ ❧❡s ❛❧❧è❧❡s ♥❡ s♦♥t ♣❧✉s ❝♦♥s✐❞érés ✐♥❞é♣❡♥❞❛♠♠❡♥t ❡t ❧✬❤②♣♦t❤ès❡ H0
✐♠♣❧✐q✉❡ ❛❧♦rs ✉♥✐q✉❡♠❡♥t ❧✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ❛❧❧è❧❡s ❡t ❧❛ ♠❛❧❛❞✐❡✳ ❖♥ ♣❡✉t ♣❛r
❛✐❧❧❡✉rs ♥♦t❡r q✉❡ ✿ ✭✐✮ ♦♥ s❡ ♣❧❛❝❡ ✐❝✐ ❞❛♥s ✉♥ ❝❛❞r❡ ❞❡ t❡st ❡①❛❝t ❝♦♥❞✐t✐♦♥♥❡❧ ❀ ✭✐✐✮
❧❡ t❡st ❡①❛❝t ❞❡ ❋✐s❤❡r ❛♣♣❧✐q✉é à ❧❛ t❛❜❧❡ ❛❧❧é❧✐q✉❡ ❝♦♥❞✉✐t à ✉♥❡ p✲✈❛❧✉❡ ❜✐❛✐sé❡ ❛❧♦rs
q✉❡ ❝❡❧✉✐ ❛♣♣❧✐q✉é à ❧❛ t❛❜❧❡ ❣é♥♦t②♣✐q✉❡ ❝♦rr❡s♣♦♥❞ à ✉♥ t❡st ❡①❛❝t ❣é♥♦t②♣✐q✉❡ ❡t ♥♦♥
♣❧✉s ❛❧❧é❧✐q✉❡ ❀ ✭✐✐✐✮ ❧❛ p✲✈❛❧✉❡ ♥♦♥✲❜✐❛✐sé❡ ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ♦❜t❡♥✉❡ s✐♠♣❧❡♠❡♥t ♣❛r
▼♦♥t❡✲❈❛r❧♦ ❡♥ ♣❡r♠✉t❛♥t ❧❡s ❧❛❜❡❧s ❝❛s✲té♠♦✐♥s✳

❙♦❢t✇❛r❡

▲❡ t❡st ❛❧❧é❧✐q✉❡ ❡①❛❝t ♥♦♥✲❜✐❛sé ♥♦♠♠é ❢✉❡❛t❡st✶✻ ✭♣♦✉r ❋❛st ❊①❛❝t ❛♥❞ ❯♥❜✐❛s❡❞
❆❧❧❡❧✐❝ ❚❡st✮ ❡st ❞✐s♣♦♥✐❜❧❡ s♦✉s ❞✐✛ér❡♥t❡s ✈❡rs✐♦♥s ✿ ❘✱ ❈ ❡t P❡r❧✳ ❯♥❡ ❛tt❡♥t✐♦♥ ♣❛rt✐✲
❝✉❧✐èr❡ ❛ ♥♦t❛♠♠❡♥t été ♣♦rté❡ à ❧✬❡①é❝✉t✐♦♥ r❛♣✐❞❡ ❞❡ ❝❡ t❡st✳ ▲❛ ❞❡s❝r✐♣t✐♦♥ ♣ré❝✐s❡ ❞❡
❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ♦♣t✐♠✐sé❡ ❡t ré❛❧✐sé❡ ♣❛r ❑❛r❧ ❋♦r♥❡r s♦rt ❞✉ ❝❛❞r❡ ❞❡ ❝❡tt❡ t❤ès❡ ❀ ❧❡
❧❡❝t❡✉r ✐♥tér❡ssé ♣♦✉rr❛ ❝❡♣❡♥❞❛♥t s❡ ré❢ér❡r à ❧✬❛rt✐❝❧❡ ♣✉❜❧✐é ❞❛♥s ❍✉♠❛♥ ❍❡r❡❞✐t② ✭✷✵✵✻✮
♣♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✳ ❇r✐è✈❡♠❡♥t ❧❡s ♦♣t✐♠✐s❛t✐♦♥s s♦♥t ❢♦♥❞é❡s s✉r ✉♥❡ ré❞✉❝t✐♦♥ s❡♥s✐❜❧❡
❞✉ ♥♦♠❜r❡ ❞❡ t❛❜❧❡s à é♥✉♠ér❡r ❛✐♥s✐ q✉✬✉♥❡ r❡❧❛t✐♦♥ ré❝✉rs✐✈❡ ❡♥tr❡ ❧❡s ♣r♦❜❛❜✐❧✐tés ❞❡
❝❤❛q✉❡ t❛❜❧❡ P(T (i)

G )✳

❆✜♥ ❞✬✐❧❧✉str❡r ❧❡ ❣❛✐♥ ❞❡ t❡♠♣s ré❛❧✐sé ♣❛r ♥♦tr❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ ♥♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡
t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❛✈❡❝ ❝❡❧✉✐ ❞✬✉♥❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ ❜❛s✐q✉❡ ♣❛ss❛♥t ♣❛r ❧✬é♥✉♠ér❛t✐♦♥ ❞❡
t♦✉t❡s ❧❡s t❛❜❧❡s✳ ▲❛ ❝♦♠♣❛r❛✐s♦♥ s✬❡st ❢❛✐t❡ s✉r ❧❛ ❜❛s❡ ❞❡ ✶✵✱✵✵✵ ♠❛rq✉❡✉rs ❛✈❡❝ ✉♥❡ t❛✐❧❧❡
❞✬é❝❤❛♥t✐❧❧♦♥ ❛❧❧❛♥t ❥✉sq✉✬à ✽✱✵✵✵ ✐♥❞✐✈✐❞✉s ✭✜❣✉r❡ ✷✳✽ ♣✳ ✼✶✮✳ ❇✐❡♥ q✉❡ ❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥
s♦✐t ❞✐r❡❝t❡♠❡♥t ❧✐é à ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛ ♠❛❝❤✐♥❡✱ ♦♥ ❝♦♥st❛t❡ ✉♥ ♥❡t ❛✈❛♥t❛❣❡ ❞❡ ♥♦tr❡
✐♠♣❧é♠❡♥t❛t✐♦♥ ♦♣t✐♠✐sé❡ ❀ ♣♦✉r ❞❡ ❧❛r❣❡s é❝❤❛♥t✐❧❧♦♥s✱ ❧❡ ❣❛✐♥ ❞❡ t❡♠♣s ♣❡✉t êtr❡ ♠✉❧t✐♣❧✐é
❥✉sq✉✬à ✻× ❡t ✶✷× ♣♦✉r ❞❡s é❝❤❛♥t✐❧❧♦♥s ❞❡ ✹✱✵✵✵ ❡t ✽✱✵✵✵ ✐♥❞✐✈✐❞✉s r❡s♣❡❝t✐✈❡♠❡♥t✳

❆♣♣❧✐❝❛t✐♦♥

✲ ❉♦♥♥é❡s ✿ ♥♦✉s ❛✈♦♥s ❛♣♣❧✐q✉é ❧❡s t❡sts ❛❧❧é❧✐q✉❡s ❜✐❛✐sé ❡t ♥♦♥✲❜✐❛✐sé s✉r ❧❡s ❞♦♥♥é❡s
❆■▼✲❙❝❛♥ ❣❡♥♦♠❡✲✇✐❞❡ ❝♦♥❝❡r♥❛♥t ❧❛ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡✳ ▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❝♦♠♣r❡♥❞
✻✻✱✾✾✵ ❙◆Ps ❀ ❧✬❆❉◆ ❞❡ ✷✼✾ ♣❛t✐❡♥ts ❡t ✸✵✶ té♠♦✐♥s s✉é❞♦✐s ♦♥t été ❣é♥♦t②♣és ❡♥ ✉t✐❧✐s❛♥t
✉♥❡ ♣✉❝❡ ❆✛②♠❡tr✐① ✶✵✵❑✳ ▲❛ ♠ét❤♦❞❡ ✉t✐❧✐sé❡ ♣♦✉r ❞ét❡r♠✐♥❡r ❧❡s ❣é♥♦t②♣❡s ❡st ❝❡❧❧❡
❞é❝r✐t❡ ♣❛r ▼❛ts✉③❛❦✐ ❡t ❛❧ ✭✷✵✵✹✮✳

✶✻❤tt♣✿✴✴st❛t✳❣❡♥♦♣♦❧❡✳❝♥rs✳❢r✴❢✉❡❛t❡st



✷✳✺✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❛❧❧é❧✐q✉❡ ✼✶
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❋✐❣✳ ✷✳✽ ✕ ❚❡♠♣s ❞✬❡①é❝✉t✐♦♥ ✿ ❡st✐♠é ♣♦✉r ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❜❛s✐q✉❡ ❡t ♦♣t✐♠✐sé❡ ❞✉
t❡st ♥♦♥✲❜✐❛✐sé s✉r ✶✵✱✵✵✵ ❙◆Ps s✐♠✉❧és ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥✳ ❘é❛❧✐sé
s✉r ✉♥ ♣r♦❝❡ss❡✉r ■t❛♥✐✉♠ ✷ ✭✻✹ ❜✐ts✱ ✶✳✻ ●❍③✮✳

❤tt♣✿✴✴st❛t✳❣❡♥♦♣♦❧❡✳❝♥rs✳❢r✴❢✉❡❛t❡st



✼✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

✲ ❈♦♠♣❛r❛✐s♦♥ q✉❛❧✐t❛t✐✈❡ ✿ t♦✉t ❞✬❛❜♦r❞✱ ❧❛ ✜❣✉r❡ ✷✳✾✲❆ ♣❛❣❡ ✼✹ r❡♣rés❡♥t❡ ❧✬é❝❛rt
❞❡ s✐❣♥✐✜❝❛t✐✈✐té (p✈b − p✈u) ❣é♥éré ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❡st ❜✐❛✐sé ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢♦r❝❡
❞❡ ❧❛ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✱ é✈❛❧✉é❡ ♣❛r ❧❛ p✲✈❛❧✉❡ ❞✉ t❡st
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛♣♣❧✐q✉é s✉r ❧❡s ♣♦♣✉❧❛t✐♦♥s ❝♦♠❜✐♥é❡s ❞❡ ❝❛s ❡t ❞❡ té♠♦✐♥s ✭p✈❍❲✮✳
❈♦♠♠❡ ❛tt❡♥❞✉✱ ❧❡s ❞❡✉① s♦♥t ❞✐r❡❝t❡♠❡♥t ❧✐és✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❢❛ç♦♥ ❞♦♥t ❧❡s ❛❧❧è❧❡s s♦♥t
❛♣♣❛r✐és ❞é✈✐❡ p✈b ❞❛♥s ✉♥❡ ❞✐r❡❝t✐♦♥ ♣ré✈✐s✐❜❧❡ ✿ ✉♥ ❞é✜❝✐t ❞✬❤étér♦③②❣♦t❡s ❛✉❣♠❡♥t❡ p✈b

❡t ♣❛r ❧❛ ♠ê♠❡ ♦❝❝❛s✐♦♥ ❧❡ t❛✉① ❞✬❛❝❝❡♣t❛t✐♦♥ ❞✬H0✳ ❊♥ ❝♦♥tr❡♣❛rt✐❡✱ ✉♥ ❡①❝ès ❞✬❤étér♦✲
③②❣♦t❡s ❞✐♠✐♥✉❡ p✈b ❡t ❞❡ ❢❛✐t ❛✉❣♠❡♥t❡ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■✳ ▲❛ ✜❣✉r❡ ✷✳✾✲❇ ✐❧❧✉str❡
❧❡ ❧✐❡♥ q✉✬✐❧ ❡①✐st❡ ❡♥tr❡ ❧❛ ❢réq✉❡♥❝❡ ❛❧❧é❧✐q✉❡ ✭pA✮ ❡t ❧✬é❝❛rt (p✈b − p✈u)✳ ❉❛♥s ❧❡ ❝❛s ❞✬✉♥
❞é✜❝✐t ❞✬❤étér♦③②❣♦t❡s✱ ❧✬♦♥ ♥❡ ❝♦♥st❛t❡ ❛✉❝✉♥❡ r❡❧❛t✐♦♥ é✈✐❞❡♥t❡ ♠❛✐s ❞❛♥s ❧❡ ❝❛s ❞✬✉♥
❡①❝ès✱ ❧✬é❝❛rt ♠❛①✐♠✉♠ ♦❜s❡r✈é ❡st ❝❧❛✐r❡♠❡♥t ♣r♦♣♦rt✐♦♥♥❡❧ à ❧❛ q✉❛♥t✐té pA(1 − pA) ❡t
❞♦♥❝ ♠❛①✐♠❛❧ ♣♦✉r pA = 0.5 ❡t ♠✐♥✐♠❛❧ ❛✉① ❡①tré♠✐tés ♣♦✉r pA = 0 ❡t pA = 1✳

✲ ❈♦♠♣❛r❛✐s♦♥ q✉❛♥t✐t❛t✐✈❡ ✿ ✉♥❡ ❛✉tr❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥tér❡ss❛♥t❡ ❡st ❧❡ ♣♦✉r❝❡♥t❛❣❡
❞❡ ♣ré❞✐❝t✐♦♥s ❡rr♦♥é❡s ❢❛✐t❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❡st ❜✐❛✐sé ✭✷✳✾✲❈✮✳ ❈❡ ♣♦✉r❝❡♥t❛❣❡ ❡st s✐♠✲
♣❧❡♠❡♥t ❧❡ r❛♣♣♦rt ❞✉ ♥♦♠❜r❡ ❞❡ ❢❛✉① ✭♣♦s✐t✐❢s ❡t ♥é❣❛t✐❢s✮ ❣é♥érés ♣❛r ❧❡ t❡st ❜✐❛✐sé
s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦s✐t✐❢s ✐ss✉s ❞✉ t❡st ♥♦♥ ❜✐❛✐sé✳ ❖♥ ❝♦♥st❛t❡ q✉✬✐❧ ❡st r❡❧❛t✐✈❡♠❡♥t ✐♠✲
♣♦rt❛♥t ❡t ❛✉❣♠❡♥t❡ ❥✉sq✉✬à ✾✱ ✶✻✱ ✸✵ ❡t ✹✵✪ ❧♦rsq✉❡ ❧✬♦♥ ❛❜❛✐ss❡ ❧❡ ♥✐✈❡❛✉ ❞✉ t❡st à
✺✱ ✶✱ ✵✳✶ ❡t ✵✳✵✶✪ r❡s♣❡❝t✐✈❡♠❡♥t✳ ❈♦♠♠❡ ✐❧ ❡st r❡❝♦♠♠❛♥❞é ❞✬❡①❝❧✉r❡ ❞✬✉♥❡ ét✉❞❡ ❧❡s
❙◆Ps q✉✐ ♥❡ ré♣♦♥❞❡♥t ♣❛s à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❝❤❡③ ❧❡s té♠♦✐♥s ✭♣✳ ✸✷✮ ♥♦✉s
❛✈♦♥s é❣❛❧❡♠❡♥t ❝❛❧❝✉❧é ❝❡ ♣♦✉r❝❡♥t❛❣❡ ❡♥ r❡❥❡t❛♥t ❧❡s ❙◆Ps ♣♦✉r ❧❡sq✉❡❧s ❧❛ p✲✈❛❧✉❡ ❞✉
t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❝❤❡③ ❧❡s té♠♦✐♥s ♥❡ ❞é♣❛ss❡ ♣❛s ❧❡ s❡✉✐❧ ✺✪✱ ❛♣rès ❝♦rr❡❝t✐♦♥ ❞❡
❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣ ♣♦✉r ❧❡ t❡st✲♠✉❧t✐♣❧❡ ✭♣✳ ✸✵✮✳ ❈❡ ♣♦✉r❝❡♥t❛❣❡ ❡st ❛❧♦rs✱ ❝❡rt❡s ♠♦✐♥s
✐♠♣♦rt❛♥t✱ ♠❛✐s ❛tt❡✐♥t t♦✉❥♦✉rs ✉♥ ♥✐✈❡❛✉ ❞❡ ✷✽✪ ♣♦✉r ✉♥ s❡✉✐❧ ✜①é à ✵✳✵✶✪ ♣❛r ❡①❡♠♣❧❡✳

✲ ❈♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ✿ ❡♥✜♥✱ ♣✉✐sq✉❡ ❞❡✉① ❛❧t❡r♥❛t✐✈❡s ❡①✐st❡♥t
❛✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé✱ ♥♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡s ❞✐✛ér❡♥❝❡s ❞❡ ♣✉✐ss❛♥❝❡ ❡♥tr❡ ❧❡ t❡st ❞❡ t❡♥✲
❞❛♥❝❡ ❡t ❧❡ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé✱ ❡♥ ✐♥❝❧✉❛♥t ❝❡ ❞❡r♥✐❡r à ❧✬ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ♣rés❡♥té❡
♣ré❝é❞❡♠♠❡♥t✳ ▲♦rsq✉❡ ❧✬♦♥ ❢❛✐t ✈❛r✐❡r ❧❛ ❢réq✉❡♥❝❡ ❛❧❧é❧✐q✉❡ ✭pA✮✱ ❧❡s ♣✉✐ss❛♥❝❡s ❞❡s ❞❡✉①
t❡sts ♥❡ s♦♥t ♣❛s s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❞✐✛ér❡♥t❡s ✭✜❣✉r❡ ✷✳✶✵ ♣✳ ✼✺✮✳ ❊❧❧❡ s♦♥t ❞✬❛✐❧❧❡✉rs ❛✉ss✐
✐❞❡♥t✐q✉❡s à ❝❡❧❧❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé ❝❡ q✉✐ ❡st ❝♦❤ér❡♥t ❛✈❡❝ ❧❡ ❢❛✐t q✉❡ ❧♦rsq✉❡ ❧❛ ♣♦✲
♣✉❧❛t✐♦♥ ❝♦♠❜✐♥é❡ ❞❡ ❝❛s ❡t té♠♦✐♥s ❡st s♦✉s ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✱ ❧❡s tr♦✐s t❡sts
s♦♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥ts✳ ◗✉❛♥❞ ♦♥ ❢❛✐t ✈❛r✐❡r ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té
✭F✮✱ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡t ❧❡ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé ❛✣❝❤❡♥t ❞❡s ♣✉✐ss❛♥❝❡s très ❝♦♠♣❛✲
r❛❜❧❡s q✉✐ ❛✉❣♠❡♥t❡♥t ❛✈❡❝ F ✳ ◆♦✉s ❛✈♦♥s ❛✉ss✐ r❡♣rés❡♥té ❧❛ ♣✉✐ss❛♥❝❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡
❜✐❛✐sé ❜✐❡♥ q✉✬✐❧ ♥✬② ❛✐t ♣❛s ❞❡ s❡♥s ❞❡ ❧❛ ❝♦♠♣❛r❡r ❛✉① ❛✉tr❡s ✿ ❡♥ ❡✛❡t ❧❡ t❛✉① ❞✬❡rr❡✉r
❞❡ t②♣❡✲■ ❣é♥éré ♣❛r ❝❡ t❡st ✈❛r✐❡ ❛✈❡❝ F ❝❡ q✉✐ s❡ ♠❛♥✐❢❡st❡ ✐❝✐ ♣❛r ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥
✭F > 0✮ ❡t ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ✭F ❁ ✵✮ ❛rt❡❢❛❝t✉❡❧❧❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡✳

P❛r ❛✐❧❧❡✉rs ♠❛❧❣ré ❧❡✉r ❡✣❝❛❝✐té ❝♦♠♣❛r❛❜❧❡✱ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡t ❧❡ t❡st ♥♦♥✲❜✐❛✐sé
♣rés❡♥t❡♥t ❞❡ ♣❡t✐t❡s ♠❛✐s s✐❣♥✐✜❝❛t✐✈❡s ❞✐✛ér❡♥❝❡s ✿ s✐ ❧❡s ❞❡✉① s♦♥t ✐❞❡♥t✐q✉❡s ♣♦✉r ✉♥
▼❖■ ❛❞❞✐t✐❢✱ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ❡st ❧é❣èr❡♠❡♥t ♠❡✐❧❧❡✉r ♣♦✉r ✉♥ ▼❖■ ❞♦♠✐♥❛♥t ❡t ❧❡
t❡st ♥♦♥✲❜✐❛✐sé ♣♦✉r ✉♥ ▼❖■ ré❝❡ss✐❢✳ ❈❡s ❞✐✛ér❡♥❝❡s s♦♥t ❛❝❝❡♥t✉é❡s ♣♦✉r ✉♥ ❝♦❡✣❝✐❡♥t
❞❡ ❝♦♥s❛♥❣✉✐♥✐té ♥é❣❛t✐❢ ✭F < 0✮ ❡t ❛✉❣♠❡♥t❡♥t ❛✈❡❝ ❧❡ r❛♣♣♦rt ❝❛s✲té♠♦✐♥s ✭ND/NH✮✳



✷✳✺✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❛❧❧é❧✐q✉❡ ✼✸

❊♥✜♥ ❡♥ ✐♥✈❡st✐❣❛♥t ❧✬❡✛❡t ❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥t✐❧❧♦♥ ✭N✮✱ ♦♥ ❝♦♥st❛t❡ q✉❡ ❝❡❧❧❡✲❝✐ ❛❝❝❡♥t✉❡
❝❧❛✐r❡♠❡♥t ❧❡ ❜✐❛✐s ✐♥tr♦❞✉✐t ♣❛r ❧❡ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé ✭✜❣✉r❡ ✷✳✶✶ ♣✳ ✼✻✮✳

❉✐s❝✉ss✐♦♥ s✉r ❧❡ t❡st ❛❧❧é❧✐q✉❡ ✿

❙✉✐t❡ ❛✉① ❝♦♥❝❧✉s✐♦♥s ❞❡ ❙❛s✐❡♥✐ ✭✶✾✾✼✮✱ ✐❧ ❡st ❛✉❥♦✉r❞✬❤✉✐ ❜✐❡♥ ❝♦♥♥✉ q✉❡ ❞❡ ❝♦♠♣❛r❡r
❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡ ❞✬✉♥ t❡st ❞✉ χ2 ♦✉ ✉♥ t❡st ❡①❛❝t ❞❡ ❋✐s❤❡r✱
❡st ✉♥❡ str❛té❣✐❡ ❜✐❛✐sé❡ ❞✉ ❢❛✐t ❞❡ ❧✬❛♣♣❛r✐❡♠❡♥t ♥♦♥✲éq✉✐♣r♦❜❛❜❧❡ ❞❡s ❛❧❧è❧❡s✳ ▲❡ t❡st
❝♦♥❞✐t✐♦♥♥❡❧ ❡①❛❝t ❡t ♦♣t✐♠✐sé q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s ❝♦♥st✐t✉❡ ✉♥❡ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡
♣✉✐sq✉✬✐❧ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♥❡ ❢❛✐r❡ ❛✉❝✉♥❡ s✉♣♣♦s✐t✐♦♥ s✉r ❧❛ ♠❛♥✐èr❡ ❞♦♥t ❧❡s ❛❧❧è❧❡s s♦♥t
❛♣♣❛r✐és✳ ❙✉r ❧❛ ❜❛s❡ ❞❡ ❞♦♥♥é❡s ❣❡♥♦♠❡✲✇✐❞❡✱ ♥♦s rés✉❧t❛ts ✐❧❧✉str❡♥t ❝❧❛✐r❡♠❡♥t q✉❡ ❧✬✐♠✲
♣♦rt❛♥❝❡ ❞✉ ❜✐❛✐s ❞é♣❡♥❞ ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❧❛ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ❉❡ ♣❧✉s ❧❛ ❞✐r❡❝t✐♦♥ ✈❡rs ❧❛q✉❡❧❧❡ ❧❛ p✲✈❛❧✉❡ ❞é✈✐❡ ❡st ❧✐é❡ à ❧❛ ❢❛ç♦♥
❞♦♥t ❧✬éq✉✐❧✐❜r❡ ♥✬❡st ♣❛s r❡s♣❡❝té ✭❡①❝ès ♦✉ ❞é✜❝✐t ❞✬❤étér♦③②❣♦t❡s✮✳ ▲❛ t❛✐❧❧❡ ❞❡ ❧✬é❝❤❛♥✲
t✐❧❧♦♥ s❡♠❜❧❡ é❣❛❧❡♠❡♥t ❛✈♦✐r ✉♥ ✐♠♣❛❝t✱ t♦✉t ❝♦♠♠❡ ❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❞❛♥s ❧❡ ❝❛s
❞✬✉♥ ❡①❝ès ❞✬❤étér♦③②❣♦t❡s✳ ❊♥✜♥ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧✬✐♠♣❛❝t ❞✉ ❜✐❛✐s s✉r ❧❡s ♣ré❞✐❝t✐♦♥s
❛✉❣♠❡♥t❡ ❧♦rsq✉❡ ❧✬♦♥ ❞✐♠✐♥✉❡ ❧❡ ♥✐✈❡❛✉ ❞✉ t❡st✳

❊♥ ♣r❛t✐q✉❡✱ ❝❡s ❝♦♥❝❧✉s✐♦♥s ♥❡ ❥♦✉❡♥t ♣❛s ✈r❛✐♠❡♥t ❡♥ ❢❛✈❡✉r ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛✲
t✐♦♥ ✿ ✭✐✮ ❧❡ ♥✐✈❡❛✉ ❞❡ r❡❥❡t ❞✬H0 ❡st ❣é♥ér❛❧❡♠❡♥t ❢❛✐❜❧❡✱ tr❛❞✐t✐♦♥♥❡❧❧❡♠❡♥t ✜①é à ✶✪
♦✉ ✺✪ ❡t ❡♥❝♦r❡ ♣❧✉s ❢❛✐❜❧❡ ❧♦rsq✉❡ ❧✬♦♥ ♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ❧❡ t❡st✲♠✉❧t✐♣❧❡ ❀ ✭✐✐✮ ❧❡s ét✉❞❡s
❞✬❛ss♦❝✐❛t✐♦♥ ❢♦♥t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ❛❧❧è❧❡s ét✐♦❧♦❣✐q✉❡s ♦♥t ✉♥❡ ♣r♦♣♦rt✐♦♥ ❝♦♥séq✉❡♥t❡
❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧✬❤②♣♦t❤ès❡ ❝♦♠♠♦♥ ❞✐s❡❛s❡ ✲ ❝♦♠♠♦♥ ✈❛r✐❛♥t✶✼ ❡t
✭✐✐✐✮ ♠❡tt❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❡♥ ❥❡✉ ❞❡s t❛✐❧❧❡s ❞✬é❝❤❛♥t✐❧❧♦♥s ❞❡ ♣❧✉s ❡♥ ♣❧✉s é❧❡✈é❡s✳ P❛r
❝♦♥séq✉❡♥t✱ s✐ ❧❡ ré❡❧ ✐♠♣❛❝t ❧✐é à ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé ♥✬❡st ♣❛s ❢❛❝✐❧❡ à
❡st✐♠❡r✱ ✐❧ r❡st❡ ❝❡♣❡♥❞❛♥t ✉♥❡ s♦✉r❝❡ ❞✬❡rr❡✉r é✈❡♥t✉❡❧❧❡ ♣♦✉✈❛♥t ❞✐♠✐♥✉❡r ❧❛ q✉❛❧✐té ❞❡s
rés✉❧t❛ts ❞✬✉♥❡ ét✉❞❡✱ ❡t ❝♦♥tr❡ ❧❛q✉❡❧❧❡ ♦♥ s❛✐t ❛✉❥♦✉r❞✬❤✉✐ ♣❛r❢❛✐t❡♠❡♥t s❡ ♣ré♠✉♥✐r✳

❈♦♠♣❛ré ❛✉ t❡st ❞❡ t❡♥❞❛♥❝❡✱ ❧❡ t❡st ♥♦♥✲❜✐❛✐sé ♣rés❡♥t❡ ❞❡s ♣✉✐ss❛♥❝❡s t♦✉t à ❢❛✐t
s✐♠✐❧❛✐r❡s s♦✉s ❞✐✛ér❡♥t❡s ❛❧t❡r♥❛t✐✈❡s✳ P❛r ❝♦♥séq✉❡♥t ❧❡ ❝❤♦✐① ❡♥tr❡ ❧❡s ❞❡✉① t❡sts s❡
❞é❝✐❞❡ ♣❧✉tôt s✉r ❧❛ ❜❛s❡ ❞❡ ❝♦♥s✐❞ér❛t✐♦♥s ♣r❛t✐q✉❡s✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ s♦✉❧✐❣♥❡r ❧❡
❢❛✐t q✉❡✱ ♣♦✉r ❝♦♠♣❛r❡r ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s✱ ❧❡ t❡st ❛❧❧é❧✐q✉❡ r❡st❡ s❛♥s ❞♦✉t❡ ♣♦✉r ❧❡
❣é♥ét✐❝✐❡♥ ♣❧✉s ✐♥t✉✐t✐❢ q✉❡ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ✭❑♥❛♣♣ ✷✵✵✸✮✳ ▲❡ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé
❝♦♥st✐t✉❡ ♣❛r ❛✐❧❧❡✉rs ✉♥❡ ❡①t❡♥s✐♦♥ ♥❛t✉r❡❧❧❡ ❞✉ t❡st ❜✐❛✐sé✱ ❡t ♥♦✉s ❧❡ ♣r♦♣♦s♦♥s s♦✉s
❞✐✛ér❡♥t❡s ✈❡rs✐♦♥s ✭❘✱ ❈ ❡t P❡r❧✮ ❛✜♥ ❞❡ s✉♣♣♦rt❡r s❛ ❞✐✛✉s✐♦♥✳ ❊♥✜♥✱ ❛✈❡❝ ❧✬❛❝❝✉♠✉❧❛t✐♦♥
❞❡s ❞♦♥♥é❡s ❡♥ ❣é♥ét✐q✉❡✱ ❧❡s ❛♥❛❧②s❡s ♥é❝❡ss✐t❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❧❡ tr❛✐t❡♠❡♥t s✐♠✉❧t❛♥é ❞✬✉♥
❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs ✭❥✉sq✉✬à ✺✵✵✱✵✵✵✮✳ ❆✉ ❞❡❧à ❞❡s ♣r♦❜❧è♠❡s ❞✬♦r❞r❡ st❛t✐st✐q✉❡✱
❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ r❡st❡ ✉♥❡ q✉❡st✐♦♥ ✐♠♣♦rt❛♥t❡✳ ▲❡s ♣r♦❝é❞✉r❡s ❞❡ t❡st ❡①❛❝t ♥❡ s♦♥t
♣❛s ré♣✉té❡s ♣♦✉r ❧❡✉r r❛♣✐❞✐té ❞✬❡①é❝✉t✐♦♥ ❡t ♥♦✉s ❛✈♦♥s ♣❡♥sé ✐♠♣♦rt❛♥t ❞✬❛♣♣r♦❢♦♥❞✐r
❝❡ ♣♦✐♥t ✿ ❝♦♠❜✐♥é❡ à ❧❛ ♣✉✐ss❛♥❝❡ ❞❡s ♠❛❝❤✐♥❡s ❛❝t✉❡❧❧❡s✱ ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ q✉❡ ♥♦✉s
♣r♦♣♦s♦♥s ♣❡✉t ❧❛r❣❡♠❡♥t êtr❡ ❛❞❛♣té❡ à t♦✉t t②♣❡ ❞❡ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ ❡t r❡♥❞r❡ ❛✐♥s✐
❧✬✉t✐❧✐s❛t✐♦♥ ❞❡s t❡sts ❡①❛❝ts à ❣r❛♥❞❡ é❝❤❡❧❧❡ t♦✉t à ❢❛✐t ❡♥✈✐s❛❣❡❛❜❧❡✳

✶✼q✉✐ st✐♣✉❧❡ q✉❡ ❧❡s ♣♦❧②♠♦r♣❤✐s♠❡s ❝♦♥❢ér❛♥t ✉♥❡ s✉s❝❡♣t✐❜✐❧✐té à ❧❛ ♠❛❧❛❞✐❡ s♦♥t ❞❡s ✈❛r✐❛♥ts ❝♦♠✲
♠✉♥s ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥✳ ❈❡tt❡ ❤②♣♦t❤ès❡ ❡st ❧❛r❣❡♠❡♥t ❞✐s❝✉té❡ ❞❛♥s ❧❛ ❝♦♠♠✉♥❛✉té✳



✼✹ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❋✐❣✳ ✷✳✾ ✕ ❉✐✛ér❡♥❝❡ ❡♥tr❡ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé ❡t ♥♦♥✲❜✐❛✐sé s✉r ❧❡s ❞♦♥♥é❡s
❆■▼✲❙❝❛♥ ✿ ❆✲ ❝❡ ❣r❛♣❤✐q✉❡ r❡♣rés❡♥t❡ ❧✬❡rr❡✉r ❛❜s♦❧✉❡ ❢❛✐t❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❡st ❜✐❛✐sé
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ❇✲ ❝❡
❣r❛♣❤✐q✉❡ ♠❡t ❡♥ é✈✐❞❡♥❝❡ ❧❡ ❧✐❡♥ ❡♥tr❡ ❧✬❡rr❡✉r ❢❛✐t❡ ❡♥ ✉t✐❧✐s❛♥t ❧❡ t❡st ❜✐❛✐sé ❡t ❧❛ ♣r♦♣♦r✲
t✐♦♥ ❛❧❧é❧✐q✉❡ ✭pA✮✳ ❈✲ ▲❡ ♣♦✉r❝❡♥t❛❣❡ ❞✬❡rr❡✉r ❡st ❡st✐♠é ♣❛r ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡ ♥♦♠❜r❡
❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❡t ❞❡ ❢❛✉①✲♥é❣❛t✐❢s ❣é♥érés ♣❛r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❡st ❜✐❛✐sé s✉r ❧❡ ♥♦♠❜r❡
❞❡ ♣♦s✐t✐❢s ♦❜t❡♥✉s ❛✈❡❝ ❧❡ t❡st ♥♦♥✲❜✐❛✐sé✳ ■❧ ❡st r❡♣rés❡♥té ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥✐✈❡❛✉ ❞✉ t❡st
♣♦✉r ❧❡ ❥❡✉ ❝♦♠♣❧❡t ❞❡ ❙◆Ps ✭❖✮ ❡t ❧❡ ♠ê♠❡ ❥❡✉ ❡♥ ❡①❝❧✉❛♥t ❧❡s ❙◆Ps q✉✐ ♥❡ r❡s♣❡❝t❡♥t
♣❛s ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❝❤❡③ ❧❡s té♠♦✐♥s ✭❳✮✳



✷✳✺✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❛❧❧é❧✐q✉❡ ✼✺

❋✐❣✳ ✷✳✶✵ ✕ P✉✐ss❛♥❝❡s ❞✉ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé ❡t ❞✉ t❡st ❞❡ t❡♥❞❛♥❝❡ ✿ ❡♥
❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❛❧❧é❧✐q✉❡ pA ❡t ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té F ❛✉ ♥✐✈❡❛✉ ✺✪
✭Kp = 0.05✱ RR2 = 1.5✱ ND = NH = 500✮✳



✼✻ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❋✐❣✳ ✷✳✶✶ ✕ P✉✐ss❛♥❝❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé ❡t ❞✉ t❡st ❞❡ t❡♥❞❛♥❝❡ ✿ ❡♥
❢♦♥❝t✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té F ✱ ❞❡ ❧❛ t❛✐❧❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥ N ❡t ❞✉ r❛♣♣♦rt ❞❡
❝❛s ❡t ❞❡ té♠♦✐♥s ND/NH ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ pA = 0.5✱ RR2 = 1.5✱ ▼❖■ ❂ ❘✮✳



✷✳✻✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✼✼

✷✳✻ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣

➱t❛t ❞❡ ❧✬❛rt

▲❡s ét✉❞❡s ❝❛s✲té♠♦✐♥s r❡♣♦s❡♥t s✉r ❧❡ ♣r✐♥❝✐♣❡ q✉❡ ❧✬❛❧❧è❧❡ ❝♦♥❢ér❛♥t ✉♥❡ s✉s❝❡♣t✐❜✐❧✐té
à ❧❛ ♠❛❧❛❞✐❡ ❞❡✈r❛✐t êtr❡ ♣❧✉s r❡♣rés❡♥té ❝❤❡③ ❧❡s ❝❛s✳ ❈❡❧❛ ✐♠♣❧✐q✉❡ ♣❛r ❧❛ ♠ê♠❡ ♦❝❝❛s✐♦♥
❞❡s ❞✐s♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳

❈♦♥st❛t❛♥t ❞❡ t❡❧❧❡s ❞✐s♣r♦♣♦rt✐♦♥s ❞❛♥s ❧❡✉rs ❞♦♥♥é❡s✱ ❋❡❞❡r ❡t ❛❧ ✭✶✾✾✻✮ s✉❣❣èr❡♥t ❞❡
t❡st❡r ❧✬éq✉✐❧✐❜r❡ ❝❤❡③ ❧❡s ❝❛s ❛✜♥ ❞❡ ❝♦♥tr✐❜✉❡r à ❧♦❝❛❧✐s❡r ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ P❛r
❧❛ s✉✐t❡✱ ◆✐❡❧s❡♥ ❡t ❛❧ ✭✶✾✾✾✮ ♣r♦♣♦s❡♥t ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞✉ t❡st à ♣❧✉s ❞❡ ❞❡✉① ❛❧❧è❧❡s
❡t ❡♥ ét✉❞✐❡♥t ❝❡rt❛✐♥❡s ♣r♦♣r✐étés✳ ▲❛ ❥✉st✐✜❝❛t✐♦♥ ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡♥ t❛♥t q✉❡
t❡st ❞✬❛ss♦❝✐❛t✐♦♥ r❡♣♦s❡ s✉r tr♦✐s ❝♦♥❞✐t✐♦♥s ❞✬❛♣♣❧✐❝❛t✐♦♥ ✭✈♦✐r ❛♥♥❡①❡ ♣✳ ✶✾✷ ♣♦✉r ❧❡✉r
❥✉st✐✜❝❛t✐♦♥✮ ✿

❈♦♥❞✐t✐♦♥ ✶ ✿ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❡st à ❧✬éq✉✐❧✐❜r❡✳

❈♦♥❞✐t✐♦♥ ✷ ✿ ❧❛ ♣é♥étr❛♥❝❡ ❞♦✐t êtr❡ ✐♥❝♦♠♣❧èt❡✳

❈♦♥❞✐t✐♦♥ ✸ ✿ ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s♦✉s✲❥❛❝❡♥t ♥❡ ❞♦✐t ♣❛s êtr❡ ♠✉❧t✐♣❧✐❝❛t✐❢✳

P❛r ❛✐❧❧❡✉rs ❧❡ t❡st ♣rés❡♥t❡ ❞❡✉① ♣r♦♣r✐étés ✐♥tér❡ss❛♥t❡s ✿

Pr♦♣r✐été ✶ ✿ ❝♦♥❝❡r♥❛♥t tr♦✐s ❞❡s ❝✐♥q ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ♣♦✉r ❧❡sq✉❡❧s ♦♥
s✬❛tt❡♥❞ à tr♦✉✈❡r ❞✉ ❞éséq✉✐❧✐❜r❡ ✭❘✱ ❉✱ ❆✮✱ ◆✐❡❧s❡♥ ❡t ❛❧ ✭✶✾✾✾✮ ♦♥t ♠♦♥tré
q✉❡ ❧❛ ♣✉✐ss❛♥❝❡ ♣♦✉r ❞ét❡❝t❡r ❧❡ ❞éséq✉✐❧✐❜r❡ ❣é♥éré ♣❛r ❧❛ ♠❛❧❛❞✐❡ ❞é❝r♦ît ♣❧✉s
r❛♣✐❞❡♠❡♥t ❛✈❡❝ ❧❡ ▲❉ q✉❡ ❧❛ ♣✉✐ss❛♥❝❡ ♣♦✉r ❞ét❡❝t❡r ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❛✈❡❝ ✉♥ t❡st
❝❧❛ss✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✭❡✳❣✳ ❣é♥♦t②♣✐q✉❡✱ ❛❧❧é❧✐q✉❡ ✳✳✳✮✳

Pr♦♣r✐été ✷ ✿ ✉♥❡ ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❢♦♥❞é❡ s✉r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣
❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♥é❝❡ss✐t❡r ❧❡ r❡❝r✉t❡♠❡♥t ❞❡ ❝❛s ✉♥✐q✉❡♠❡♥t✱ ❝❡ q✉✐ ♣❡✉t s✬❛✈ér❡r
♣r❛t✐q✉❡ ❧♦rsq✉❡ ❞❡s té♠♦✐♥s ♦✉ ❞❡s ♣❛r❡♥ts s♦♥t ❞✐✣❝✐❧❡s à ♦❜t❡♥✐r✳

✲ ❋✐♥❡✲s❝❛❧❡ ♠❛♣♣✐♥❣ ✿ s✉r ❧❛ ❜❛s❡ ❞❡ ❧❛ Pr♦♣r✐été ✶✱ ❧❡s ❛✉t❡✉rs ✈♦✐❡♥t ❧❡ t❡st ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣ ❝♦♠♠❡ ✉♥❡ ❢❛ç♦♥ ❞❡ ♣ré❝✐s❡r ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬✉♥ s✐t❡ ét✐♦❧♦❣✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱
❋❡❞❡r ❡t ❛❧ ✭✶✾✾✻✮ ❛✣❝❤❡♥t ❧❡ ❞éséq✉✐❧✐❜r❡ ❝❤❡③ ❧❡s ❝❛s ♣❛r ❝❤❛❝✉♥ ❞❡ ❧❡✉r ♠❛rq✉❡✉r✳ ▲❛
❝♦✉r❜❡ ♦❜t❡♥✉❡ ♣rés❡♥t❡ ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❧❡ ♠ê♠❡ ♠❛①✐♠✉♠ q✉❡ ❧❛ ❝♦✉r❜❡ ♦❜t❡♥✉❡
❛✈❡❝ ❧❡✉r ♠❡s✉r❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✭p❡①❝❡ss éq✉✐✈❛❧❡♥t à ✉♥❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ♣r♦♣♦rt✐♦♥s ❛❧❧é✲
❧✐q✉❡s pDA

− pDa
✮✱ ❛✈❡❝ ❝❡♣❡♥❞❛♥t ✉♥❡ ❢♦r♠❡ ♣❧✉s ♣♦✐♥t✉❡ ✭✜❣✉r❡ ✷✳✶✷ ♣✳ ✼✽✮✳ ▲❡s ❛✉t❡✉rs

❡♥ ❝♦♥❝❧✉r❡♥t ❧❛ ❝♦♥✜r♠❛t✐♦♥ ❞❡ ❧❡✉r rés✉❧t❛t ♣ré❧✐♠✐♥❛✐r❡ ❡t ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❞❡
s✉s❝❡♣t✐❜✐❧✐té✳ ◆✐❡❧s❡♥ ❡t ❛❧ ✭✶✾✾✾✮ ❝♦♥✜r♠èr❡♥t ❝❡tt❡ ♣r♦♣r✐été ❛♥❛❧②t✐q✉❡♠❡♥t✳
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❋✐❣✳ ✷✳✶✷ ✕ ➱t✉❞❡ ❞❡ ❋❡❞❡r ❡t ❛❧ ✿ ❧❡s ❞❡✉① ❣r❛♣❤✐q✉❡s ✐❧❧✉str❡♥t ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s
♣❛r ❧❡s ❛✉t❡✉rs ❡♥ ❛✣❝❤❛♥t ♣♦✉r ❧❡ ♠ê♠❡ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs✱ ✉♥❡ ♠❡s✉r❡ ❞❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡
❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ♦❜s❡r✈é❡s ❝❤❡③ ❧❡s ❝❛s ❡t ❝❤❡③ ❧❡s té♠♦✐♥s ✭p❡①❝❡ss = pDA

− pDa
✮

❡t ✉♥❡ ♠❡s✉r❡ ❞✉ ❞éséq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐❜❡r❣ ♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s ✭FD✮✳



✷✳✻✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✼✾

✲ ●❡♥♦♠❡✲✇✐❞❡ s❝r❡❡♥✐♥❣ t♦♦❧ ✿ ♣❧✉s t❛r❞✱ ▲❡❡ ✭✷✵✵✸✮ ❧❛✐ss❡ ❝❡tt❡ ✐❞é❡ ❞❡ ❝ôté ❡t
♣r♦♣♦s❡ ❞✬✉t✐❧✐s❡r ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❝♦♠♠❡ ♦✉t✐❧s ❞✬✐♥✈❡st✐❣❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ❞❡
❜❛♥q✉❡s ❞✬✐♥❞✐✈✐❞✉s ❛✛❡❝tés ✭Pr♦♣r✐été ✷✮✳ ■❧ ♠♦♥tr❡ ❡♥ ♣❛rt✐❝✉❧✐❡r q✉❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❡st
♣❧✉s ♣✉✐ss❛♥t❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢ ♦✉ ❞♦♠✐♥❛♥t ❡t à ♥♦♠❜r❡
❞✬✐♥❞✐✈✐❞✉s ❣é♥♦t②♣és é❣❛❧✱ q✉✬✉♥❡ ❛♣♣r♦❝❤❡ ❢❛♠✐❧✐❛❧❡ ✉t✐❧✐s❛♥t ❧❡ ❚r❛♥s♠✐ss✐♦♥ ❉✐s❡q✉✐❧✐✲
❜r✐✉♠ ❚❡st ✭❙♣✐❡❧♠❛♥ ❡t ❛❧ ✶✾✾✸✮✳

✲ ▲✐♠✐t❛t✐♦♥s ✿ ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ t❡❧ q✉✬✐❧ ❡st ♣r♦♣♦sé ♣❛r ❋❡❞❡r ❡t ❛❧ ✭✶✾✾✻✮
r❡♣♦s❡ s✉r ✉♥❡ ❝♦♥❞✐t✐♦♥ ❞✬❛♣♣❧✐❝❛t✐♦♥ très ❝♦♥tr❛✐❣♥❛♥t❡ ✿ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❞♦✐t êtr❡
à ❧✬éq✉✐❧✐❜r❡ ✭❈♦♥❞✐t✐♦♥ ✶✮✳ ❈♦♠♠❡ ❞é❥à ❛❜♦r❞é ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t✱ ❢❛✐r❡ ❝❡tt❡ ❤②♣♦t❤ès❡
♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❥✉❞✐❝✐❡✉①✱ ❧✬éq✉✐❧✐❜r❡ ♣♦✉✈❛♥t êtr❡ ♠✐s à ♠❛❧ ♣♦✉r ❞✐✛ér❡♥t❡s r❛✐✲
s♦♥s ✭♣✳ ✶✷ ❡t ✸✷✮✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✉ t❡st ❧♦rsq✉❡ ❝❡tt❡ ❝♦♥❞✐t✐♦♥ ♥✬❡st ♣❛s r❡s♣❡❝té❡ ♣❡✉t ❞♦♥❝
êtr❡ à ❧✬♦r✐❣✐♥❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s✳ P❛r ❛✐❧❧❡✉rs✱ ❧❛ ❈♦♥❞✐t✐♦♥ ✸ ❧✐♠✐t❡ ❧❡ ❝❤❛♠♣ ❞❡ s♦♥ ❛♣♣❧✐❝❛✲
t✐♦♥ à ❞❡s s✐t✉❛t✐♦♥s q✉✐ ♥❡ ♣❡✉✈❡♥t êtr❡ ♣ré✈✉❡s à ❧✬❛✈❛♥❝❡✳ P❛r ❝♦♥séq✉❡♥t✱ ❧✬✉t✐❧✐s❛t✐♦♥
❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡♥ t❛♥t q✉❡ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ ❞❛♥s ❧❡s ét✉❞❡s ❣❡♥♦♠❡✲✇✐❞❡ ❡st
s✉❥❡t à ❝♦♥tr♦✈❡rs❡✳

❊rr❡✉r ❞❡ t②♣❡✲■ ❡t ♣✉✐ss❛♥❝❡

▲✬✐♥✢❛t✐♦♥ ❞✉ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❡t ❧✬✐♥s✉✣s❛♥❝❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞✉ t❡st ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣ ✭X❍❲✮ ♥✬♦♥t ♣❛s été ét✉❞✐és ❞❡ ❢❛ç♦♥ ❡①❤❛✉st✐✈❡✳ ■❧ ♥✬❡st ♣❛s ❝❧❛✐r ❝♦♠♠❡♥t
❝❡s q✉❛♥t✐tés s❡ ❝♦♠♣♦rt❡♥t ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❣é♥ét✐q✉❡ t❡❧s q✉❡ ❧❛
♣r♦♣♦rt✐♦♥ ❛❧❧é❧✐q✉❡s ✭pA✮✱ ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ✭F✮ ❡t ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥
❡♥tr❡ ❧❡ ♠❛rq✉❡✉r ❝♦♥s✐❞éré ❡t ❧❡ ❧♦❝✉s ét✐♦❧♦❣✐q✉❡ ✭r2✮✳ ◆♦✉s ❛✈♦♥s ✐♥❝❧✉ ❝❡ t❡st à ♥♦tr❡
ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❢❛ç♦♥ à ❝♦♥✜r♠❡r✱ ❞✐s❝✉t❡r ❡t ❝♦♠♣❧ét❡r ❧❡s rés✉❧t❛ts ♦❜s❡r✈és s✉r
❞❡s ét✉❞❡s ✐♥❞é♣❡♥❞❛♥t❡s✳ ❊♥ ♣❧✉s ❞❡ ❝♦♠♣❛r❡r ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛✉① t❡sts ❞❡
t❡♥❞❛♥❝❡ ✭XT ✮ ❡t ❣é♥♦t②♣✐q✉❡ ✭XG✮✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ✉♥❡ ❛❧t❡r♥❛t✐✈❡ q✉✐ ❞♦✐t ♣❡r♠❡ttr❡
❞❡ s❡ ♣ré♠✉♥✐r ❞❡s ❢❛✉①✲♣♦s✐t✐❢s ❧♦rsq✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ♥✬❡st ♣❛s à ❧✬éq✉✐❧✐❜r❡✳ ❈❡
t❡st ❛ ❞é❥à été ❞é❝r✐t ♣❛r ❙♦♥❣ ❡t ❛❧ ✭✷✵✵✺✮ ❡♥ t❛♥t q✉❡ ❍❛r❞②✲❲❡✐♥❜❡r❣ ❉✐s❡q✉✐❧✐❜r✐✉♠
❚r❡♥❞ ❚❡st✳ ■❧ ❝♦♠♣❛r❡ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s
❡t ♣♦st✉❧❡ q✉✬✉♥❡ ❞✐✛ér❡♥❝❡ s✐❣♥✐✜❝❛t✐✈❡ ❞♦✐t êtr❡ ❞✉❡ à ❧❛ ♠❛❧❛❞✐❡ ✿

H0 : {FD = FH}.

▲❛ st❛t✐st✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t❡ ♠❡s✉r❡ ❞♦♥❝ ✉♥❡ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡ ❞éséq✉✐❧✐❜r❡ ♦❜s❡r✈é ❝❤❡③
❧❡s ❝❛s ❡t ❝❤❡③ ❧❡s té♠♦✐♥s ✿

∆F = FD − FH ∼
H0

N (0, 2).

▲❛ ✜❣✉r❡ ✷✳✶✸ ♣❛❣❡ ✽✷ ♣rés❡♥t❡ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❣é♥éré ♣❛r ❝❤❛❝✉♥ ❞❡s t❡sts ♣♦✉r
✉♥ ♥✐✈❡❛✉ ❞❡ ✺✪✳ P♦✉r F = 0✱ ❝❡tt❡ q✉❛♥t✐té ❞❡♠❡✉r❡ ❛✉① ❛❧❡♥t♦✉rs ❞❡ ✺✪ ♣♦✉r t♦✉s
❧❡s t❡sts✳ ▲♦rsq✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ s✬é❝❛rt❡ ❞❡ ❧✬éq✉✐❧✐❜r❡✱ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■
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❛✉❣♠❡♥t❡ r❛♣✐❞❡♠❡♥t à ✶ ♣♦✉r X❍❲ ❛❧♦rs q✉✬✐❧ ❡st ❝♦♥trô❧é à ❧❛ ✈❛❧❡✉r ❛tt❡♥❞✉❡ ♣♦✉r ❧❡s
tr♦✐s ❛✉tr❡s t❡sts ✭XT ✱ XG ❡t ∆F✮✳

▲❡s ✜❣✉r❡s ✷✳✶✹ ❡t ✷✳✶✺ ♣✳ ✽✸ ❡t ✽✹ ✐♥❞✐q✉❡♥t ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ❝❤❛q✉❡ t❡st ❡♥ ❢♦♥❝t✐♦♥ ❞❡s
♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❡t ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳ ❖♥ ✈♦✐t q✉❡ ❧♦rsq✉❡ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡
❝♦♥s❛♥❣✉✐♥✐té ❡st ♥✉❧ ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❡t ♠❛❧❣ré s♦♥ ❝♦♥trô❧❡ ❞✉ t❛✉① ❞✬❡rr❡✉r
❞❡ t②♣❡✲■✱ ∆F ❡st ❣é♥ér❛❧❡♠❡♥t ❧❡ ♠♦✐♥s ♣✉✐ss❛♥t✳ ❈❡ rés✉❧t❛t ♥✬❡st ♣❛s s✉r♣r❡♥❛♥t✱ ❝❡
t❡st ♣♦ssé❞❛♥t ❧❡s ❞é❢❛✉ts ❞❡ s❡s q✉❛❧✐tés ✿ ❧♦rsq✉✬♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s ❧❡ ❝♦❡✣❝✐❡♥t ❞❡
❝♦♥s❛♥❣✉✐♥✐té✱ ✐❧ ♣❡r♠❡t ❞❡ ❧✬❡st✐♠❡r ❡t ❞❡ ♠❛✐♥t❡♥✐r ❛✐♥s✐ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❛✉
♥✐✈❡❛✉ s♦✉❤❛✐té ❀ ❧♦rsq✉❡ ❧✬♦♥ s❛✐t q✉❡ ❝❡ ❝♦❡✣❝✐❡♥t ❡st ♥✉❧✱ ❝❤❡r❝❤❡r à ❧✬❡st✐♠❡r ❡♥tr❛î♥❡
♦❜❧✐❣❛t♦✐r❡♠❡♥t ✉♥❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡✳ P♦✉r ❞❡ ❢❛✐❜❧❡s ✈❛❧❡✉rs ❞❡ pA ✭< 0.4✮ ❡t
✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ X❍❲ ❡st ❧❡ ♣❧✉s ♣✉✐ss❛♥t✳ ❉❡ ❢❛ç♦♥ s②♠étr✐q✉❡ ✐❧ ❧✬❡st
❛✉ss✐ ♣♦✉r ❞❡ ❢♦rt❡s ✈❛❧❡✉rs ❞❡ pA ✭> 0.6✮ ❡t ✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✳ P❛r ❛✐❧❧❡✉rs
♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❝❡ t❡st ❡st é❣❛❧❡♠❡♥t ❧❡ ♠❡✐❧❧❡✉r à ♣❡r❝❡✈♦✐r ✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥
s✉r✲❞♦♠✐♥❛♥t ♣♦✉r ❞❡s ✈❛r✐❛♥ts ❝♦♠♠✉♥s ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ✭0.2 < pA < 0.8✮✳

❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❞❞✐t✐❢✴♠✉❧t✐♣❧✐❝❛t✐❢✱ ❧❡s ♣✉✐ss❛♥❝❡s ❞❡s
❞❡✉① t❡sts ❢♦♥❞és s✉r ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✭X❍❲ ❡t ∆F✮ r❡st❡♥t ❛✉ ♥✐✈❡❛✉ ❞✉
t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ✜①é ✭✐❝✐ ✺✪✮✳ ❈❡❧❛ s✬❡①♣❧✐q✉❡ ♣❛r ❧❡ ❢❛✐t q✉❡ ❝❡s t❡sts ♥❡ s♦♥t ♣❛s
❝❛♣❛❜❧❡s ❞❡ ❝❛♣t❡r ❞❡s s✐t✉❛t✐♦♥s ❣é♥éré❡s à ♣❛rt✐r ❞✬✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ♠✉❧t✐♣❧✐❝❛t✐❢
✭❈♦♥❞✐t✐♦♥ ✸✮ ♦✉ ❞✉ ♠♦✐♥s ♣r♦❝❤❡✳ ❊♥✜♥ ❧❛ ❞é❝r♦✐ss❛♥❝❡ ♣❧✉s ♣r♦♥♦♥❝é❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡
❞❡ X❍❲ ❛✈❡❝ r2 ✭Pr♦♣r✐été ✷✮ s✬♦❜s❡r✈❡ é❣❛❧❡♠❡♥t ♣♦✉r ✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s✉r✲
❞♦♠✐♥❛♥t ✭♠✐s ❡♥ ❛✈❛♥t s✉r ❧❛ ✜❣✉r❡ ✷✳✶✺✮ ❝❡ q✉✐ ♥✬❛✈❛✐t ♣❛s ❡♥❝♦r❡ été ❝♦♥st❛té ❀ ❡♥
r❡✈❛♥❝❤❡✱ ❧❡ t❡st ❢♦♥❞é s✉r ∆F ♥❡ ♣♦ssè❞❡ ♣❛s ❝❡tt❡ ♣r♦♣r✐été ❝♦♥tr❛✐r❡♠❡♥t à ❝❡ q✉❡
❝❡rt❛✐♥s ❛✉t❡✉rs s❡♠❜❧❡♥t ❛✣r♠❡r s❛♥s ❛♣♣♦rt❡r ❝❡♣❡♥❞❛♥t ❛✉❝✉♥❡ ❥✉st✐✜❝❛t✐♦♥ ✭❙♦♥❣ ❡t
❊❧st♦♥ ✷✵✵✻✮✳

➱q✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡t ♠ét❛✲st❛t✐st✐q✉❡s

▲✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ♥✬❛ ♣❛s é❝❤❛♣♣é à ❧❛ t❡♥t❛t✐♦♥ ❞✬êtr❡ ❝♦♠❜✐♥é à ❞✬❛✉tr❡s
st❛t✐st✐q✉❡s ❛✈❡❝ ❧✬✐♥t❡♥t✐♦♥ ❞✬② ❣❛❣♥❡r ❡♥ ♣✉✐ss❛♥❝❡✳ ❉❛♥s ❧❡✉r ❙❡t ❆ss♦❝✐❛t✐♦♥✱ ❍♦❤ ❡t
❛❧ ✭✷✵✵✶✮ ♣♦♥❞èr❡♥t ❧❛ st❛t✐st✐q✉❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡ XA ♣❛r ❧❛ st❛t✐st✐q✉❡ ❞✉ t❡st ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣ ❝❛❧❝✉❧é ❝❤❡③ ❧❡s ❝♦♥trô❧❡s ♠❛✐s ❝❡tt❡ ❛♣♣r♦❝❤❡ s✬❡st ré✈é❧é❡ ♠♦✐♥s ♣✉✐ss❛♥t❡ q✉❡
❧❡ t❡st ❛❧❧é❧✐q✉❡ ré❛❧✐sé s❡✉❧ ✭❍❛♦ ❡t ❛❧ ✷✵✵✹✮✳ ❙♦♥❣ ❡t ❊❧st♦♥ ✭✷✵✵✻✮ ♣r♦♣♦s❡♥t ✉♥❡ ❝♦♠✲
❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ XT ❛✈❡❝ ∆F ✿ t❤❡ ❲❡✐❣❤t❡❞ ❆✈❡r❛❣❡ st❛t✐st✐❝✳ ❉❛♥s ❧❡✉rs s✐♠✉❧❛t✐♦♥s✱
❝❡ t❡st ❡st ❣❧♦❜❛❧❡♠❡♥t ♠❡✐❧❧❡✉r q✉❡ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ s❡✉❧✳

❈❡s rés✉❧t❛ts ❝♦rr♦❜♦r❡♥t ❝❡✉① ❞❡ ♥♦tr❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ♦ù ❧❡ ❢❛✐t ❞✬❛❥♦✉t❡r X❍❲
❛✉① st❛t✐st✐q✉❡s XT ✭✜❣✉r❡ ✷✳✶✻ ♣✳ ✽✺✮ ❡t XT+G ✭✜❣✉r❡ ✷✳✶✼ ♣✳ ✽✻✮ ♣♦✉r ❞♦♥♥❡r XT+❍❲

❡t XT+G+❍❲ r❡s♣❡❝t✐✈❡♠❡♥t ♣❡r♠❡t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❞❛♥s ❧❛ ♣❧✉♣❛rt ❞❡s
s✐t✉❛t✐♦♥s✳ ▲❡s ❜♦♥♥❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❧✬❛❥♦✉t ❞❡ X❍❲ s♦♥t ❡♥ q✉❡❧q✉❡ s♦rt❡ s✉r♣r❡♥❛♥t❡s
❝♦♠♣t❡ t❡♥✉ ❞❡s ♣ré❝é❞❡♥t❡s ❝♦♥❝❧✉s✐♦♥s s✉r ❧❡s ♠ét❛✲st❛t✐st✐q✉❡s ✭♣✳ ✻✶✮ q✉✐ t❡♥❞❡♥t à
♠♦♥tr❡r q✉✬❡❧❧❡s ♥✬♦♥t ♣❛s ♣♦✉r ❡✛❡t ❞✬② ❣❛❣♥❡r ❡♥ ♣✉✐ss❛♥❝❡✳



✷✳✻✳ ❈❛s ♣❛rt✐❝✉❧✐❡r ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ✽✶

❈❡s ♦❜s❡r✈❛t✐♦♥s ♣❡✉✈❡♥t s✬❡①♣❧✐q✉❡r ♣❛r ❧❛ ♥❛t✉r❡ ♣❛rt✐❝✉❧✐èr❡ ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳
❈♦♥tr❛✐r❡♠❡♥t ❛✉① t❡sts ❣é♥♦t②♣✐q✉❡✱ ❛❧❧é❧✐q✉❡ ♦✉ ❞❡ t❡♥❞❛♥❝❡✱ ✐❧ ♥✬✉t✐❧✐s❡ ♣❛s à ♣r♦♣r❡✲
♠❡♥t ♣❛r❧❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❞✬❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ❧❡ ♠❛rq✉❡✉r ❡t ❧❛ ♠❛❧❛❞✐❡✱ ♠❛✐s s❡ s❡rt ♣❧✉tôt
❞✉ ❞éséq✉✐❧✐❜r❡ ❣❛♠ét✐q✉❡ ♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s ❝♦♠♠❡ s✉❜st✐t✉t ❞❡ ❝❡tt❡ ❛ss♦❝✐❛t✐♦♥✳ ■❧
✉t✐❧✐s❡ ❞♦♥❝ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐✛ér❡♥t❡ ♣♦✉r ❞ét❡❝t❡r ❧❡ ♠ê♠❡ ♣❤é♥♦♠è♥❡ ❡t ❧✬♦♥ ♣❡✉t s❡
❞❡♠❛♥❞❡r s✐ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ♦❜s❡r✈é❡ ♥✬❡st ♣❛s ❞✉❡ à ✉♥❡ ✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s
t❡sts ❢♦♥❞és s✉r ❍❛r❞②✲❲❡✐♥❜❡r❣ ❛✈❡❝ ❧❡s ❛✉tr❡s t❡sts ❞✬❛ss♦❝✐❛t✐♦♥✳ ❉❡s ❡st✐♠❛t✐♦♥s ❡♠✲
♣✐r✐q✉❡s ❞❡s ❝♦✈❛r✐❛♥❝❡s ❡♥tr❡ ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡t ❧❡s t❡sts ❣é♥♦t②♣✐q✉❡✱ ❛❧❧é❧✐q✉❡
❡t ❞❡ t❡♥❞❛♥❝❡ ♦♥t ❝❧❛✐r❡♠❡♥t r❡❥❡té ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❛✈❡❝ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡✱
❜✐❡♥ q✉❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ s♦✐t ❢❛✐❜❧❡✳ ❊♥ r❡✈❛♥❝❤❡ ❧❛ ❝♦✈❛r✐❛♥❝❡ ❡st✐♠é❡ ♥✉❧❧❡ ❡♥tr❡ ❧❡ t❡st
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡t ❧❡s t❡sts ❛❧❧é❧✐q✉❡ ❡t ❞❡ t❡♥❞❛♥❝❡ ♥❡ ♥♦✉s ♣❡r♠❡t ♣❛s ❞❡ r❡❥❡t❡r ❝❡tt❡
❤②♣♦t❤ès❡✳ ❈❡❧❛ ♥❡ ❝♦♥st✐t✉❡ ♣❛s ❡♥ r❡✈❛♥❝❤❡ ✉♥❡ ♣r❡✉✈❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡t ❞✬✉♥ ♣♦✐♥t ❞❡
✈✉❡ t❡❝❤♥✐q✉❡ ❧❛ ♣r❡✉✈❡ ❢♦r♠❡❧❧❡ r❡st❡ à ♣r♦♣♦s❡r✳ ◆é❛♥♠♦✐♥s✱ ♣♦✉r ♥♦✉s ❡♥ ❝♦♥✈❛✐♥❝r❡✱
♥♦✉s ❛✈♦♥s é✈❛❧✉é ❡♠♣✐r✐q✉❡♠❡♥t ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0 ❞❡ ❧❛ st❛t✐st✐q✉❡ XT+❍❲✳ ❙♦✉s
❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ XT ❡t X❍❲✱ XT+❍❲ s✉✐t ❛s②♠♣t♦t✐q✉❡♠❡♥t ✉♥❡ ❞✐str✐✲
❜✉t✐♦♥ ❞✉ χ2 à ✷ ❞❡❣rés ❞❡ ❧✐❜❡rté ❝❡ q✉❡ s❡♠❜❧❡ ♥♦✉s ré✈é❧❡r ❧❛ ✜❣✉r❡ ✷✳✶✸✲❇ ♣❛❣❡ ✽✷ ♦ù
❧❡s ❞❡✉① ❞✐str✐❜✉t✐♦♥s s❡ ❝❛❧q✉❡♥t ♣❛r❢❛✐t❡♠❡♥t ❧✬✉♥❡ s✉r ❧✬❛✉tr❡✳

❖♥ ❝♦♥st❛t❡ ♣❛r ❛✐❧❧❡✉rs q✉❡ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ♥❡ ❝♦♥❝❡r♥❡ ♣❛s ❧❡ ❝❛s ❛❞❞✐✲
t✐❢✴♠✉❧t✐♣❧✐❝❛t✐❢ ✭✜❣✉r❡ ✷✳✶✻ ♣✳ ✽✺ ❡t ✜❣✉r❡ ✜❣✉r❡ ✷✳✶✼ ♣✳ ✽✻✮✳ ▲❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣
ét❛♥t ❡♥ ❡✛❡t ✐♥❡✣❝❛❝❡ ❞❛♥s ❝❡ t②♣❡ ❞❡ s✐t✉❛t✐♦♥✱ ♦♥ ❛✉r❛✐t ♣✉ s✬❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❡s
♣✉✐ss❛♥❝❡ ❞❡ XT+❍❲ ❡t XT+G+❍❲ s♦✐t ❛✉ ♥✐✈❡❛✉ ❞❡ ❝❡❧❧❡s XT ❡t XT+G r❡s♣❡❝t✐✈❡♠❡♥t✳
▼❛✐s ❧❡ ❢❛✐t ❞✬❛❥♦✉t❡r X❍❲ ✐♥tr♦❞✉✐t ✉♥ ❜r✉✐t q✉✐ ✈❛ ❛✈♦✐r ♣♦✉r ❡✛❡t ❞❡ ❞é❣r❛❞❡r ❧❡ s✐✲
❣♥❛❧ ♣❧✉tôt q✉❡ ❞❡ ❧✬❛♠é❧✐♦r❡r✳ ◆♦t♦♥s ♥é❛♥♠♦✐♥s q✉❡ ❝❡tt❡ ❞✐♠✐♥✉t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ r❡st❡
♠✐♥✐♠❡ ❝♦♠♣❛ré❡ à ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❣❧♦❜❛❧❡ ❞❛♥s ❧❡s ❛✉tr❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥✳

❉✐s❝✉ss✐♦♥ s✉r ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣

❆ ♣r❡♠✐èr❡ ✈✉❡✱ ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛♣♣❧✐q✉é s✉r ❧❡s ❝❛s ♣♦ssè❞❡ ❞❡s ♣r♦♣r✐étés
✐♥tér❡ss❛♥t❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ✐❧ ♣❡r♠❡t ❞❡ ❞ét❡❝t❡r ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞❡ ❝❛s ✉♥✐✲
q✉❡♠❡♥t ✭Pr♦♣r✐été ✷✮ ❝❡ q✉✐ ♣❡✉t êtr❡ très ❛✈❛♥t❛❣❡✉① ❞✬✉♥ ♣♦✐♥t ❞✉ ✈✉❡ ❞✉ ❞❡s✐❣♥ ❞❡
❧✬ét✉❞❡✳ P❛r ❛✐❧❧❡✉rs✱ s♦✉s ❝❡rt❛✐♥s ♠♦❞è❧❡s ❣é♥ét✐q✉❡s✱ ✐❧ ♣❡r♠❡t ❞❡ ♣ré❝✐s❡r ❧❛ ❧♦❝❛❧✐s❛✲
t✐♦♥ ❞✉ ❧♦❝✉s ét✐♦❧♦❣✐q✉❡ ✭Pr♦♣r✐été ✶✮✳ ◆é❛♥♠♦✐♥s✱ ❧❡s r❡str✐❝t✐♦♥s ❧✐é❡s à s♦♥ ✉t✐❧✐s❛t✐♦♥
♥❡ ♥♦✉s ♣❡r♠❡tt❡ ♣❛s ❞❡ ❧❡ r❡❝♦♠♠❛♥❞❡r ♣♦✉r ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡✳ ❊♥
♣❛rt✐❝✉❧✐❡r✱ ✐❧ ❢❛✐t ❧✬❤②♣♦t❤ès❡ ❢♦rt❡ q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❡st à ❧✬éq✉✐❧✐❜r❡✱ ❝❡ q✉✐ ♣❡✉t
❡♥tr❛î♥❡r ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ✐♥q✉✐ét❛♥t❡ ❞✉ t❛✉① ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❧♦rsq✉❡ ❝❡tt❡ ❤②♣♦t❤ès❡
♥✬❡st ♣❛s ré❛❧✐sé❡✳ P❛r ❛✐❧❧❡✉rs ❝❡ t❡st ❡st ♣❡r❢♦r♠❛♥t ❞❛♥s ❞❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥
❧✐♠✐t❡s t❡❧s q✉❡ ré❝❡ss✐❢✱ ❞♦♠✐♥❛♥t ❡t s✉r✲❞♦♠✐♥❛♥t ✭❘✱ ❉ ❡t ❙✮✳ ▼❛✐s ✐❧ ❡st t♦t❛❧❡♠❡♥t
✐♥❡✣❝❛❝❡ ❢❛❝❡ à ❞❡s s✐t✉❛t✐♦♥s ✐♥t❡r♠é❞✐❛✐r❡s t❡❧❧❡s q✉❡ ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❞❞✐t✐❢s
❡t ♠✉❧t✐♣❧✐❝❛t✐❢s ✭❆ ❡t ▼✮✳ ❉❡ t❡❧❧❡s s✐t✉❛t✐♦♥s ♦♥t ♣♦✉rt❛♥t t♦✉t❡s ❧❡s ❝❤❛♥❝❡s ❞✬êtr❡ ❧❛
rè❣❧❡ ♣❧✉tôt q✉❡ ❞❡s ❝❛s ♣❛rt✐❝✉❧✐❡rs ✿ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ r❡♣♦s❡♥t ❡ss❡♥✲
t✐❡❧❧❡♠❡♥t s✉r ❧✬❛ss♦❝✐❛t✐♦♥ ✐♥❞✐r❡❝t❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ❡t ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ ❉✉
❢❛✐t ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✱ ❝❡s ♠❛rq✉❡✉rs ♣rés❡♥t❡♥t ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ✉♥❡ r❡❧❛t✐♦♥



✽✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❛✉ r✐sq✉❡ ❞✬êtr❡ ♠❛❧❛❞❡ ✐♥t❡r♠é❞✐❛✐r❡ ❡♥tr❡ ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ❧✐♠✐t❡s ✭❞♦♠✐♥❛♥t✱
ré❝❡ss✐❢✮ ♠ê♠❡ s✐ ❧❡s ❧♦❝✉s ♣♦✉r ❧❡sq✉❡❧s ✐❧s s❡r✈❡♥t ❞❡ s✉❜st✐t✉t ♣rés❡♥t❡♥t ❡✉①✲♠ê♠❡s ✉♥
❞❡ ❝❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ✭❲❡✐♥❜❡r❣ ❛♥❞ ▼♦rr✐s ✷✵✵✸✮✳

▲✬❛❧t❡r♥❛t✐✈❡ q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s ❡t q✉✐ ❛ été ♣ré❝é❞❡♠♠❡♥t ❞é❝r✐t❡ ♣❛r ❙♦♥❣ ❡t ❛❧
✭✷✵✵✺✮✱ r❡♣♦s❡ s✉r ❧❛ st❛t✐st✐q✉❡ ∆F ❡t ♣❡r♠❡t ❞❡ ❝♦♥trô❧❡r ❡✣❝❛❝❡♠❡♥t ❧❡ t❛✉① ❞❡ ❢❛✉①✲
♣♦s✐t✐❢s ❛✉ ♥✐✈❡❛✉ α ✜①é✱ q✉❡❧ q✉❡ s♦✐t ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥
❣é♥ér❛❧❡✳ ◆é❛♥♠♦✐♥s ❝❡ t❡st s✬❛✈èr❡ ❜✐❡♥ ♠♦✐♥s ♣✉✐ss❛♥t q✉❡ ❧❡ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡t
❞❡♠❡✉r❡ ✐♥❡✣❝❛❝❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❞❞✐t✐❢s ❡t ♠✉❧t✐♣❧✐❝❛t✐❢s✳ P❛r ❛✐❧❧❡✉rs✱
✐❧ ♥❡ ♣♦ssè❞❡ ❛✉❝✉♥❡ ❞❡s ❞❡✉① ♣r♦♣r✐étés ✐♥tér❡ss❛♥t❡s ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ P❛r
❝♦♥séq✉❡♥t ✐❧ ♥❡ ❝♦♥st✐t✉❡ ❛ ♣r✐♦r✐ ♣❛s ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ré❡❧❧❡♠❡♥t s❛t✐s❢❛✐s❛♥t❡ ❝♦♠♣❛ré❡
❛✉① t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ♣❧✉s ❝❧❛ss✐q✉❡s t❡❧s q✉❡ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ ♦✉ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡✳

❊♥ r❡✈❛♥❝❤❡✱ ❝♦♠❜✐♥é❡ à ❞✬❛✉tr❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥✱ ❧✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡
♣❛r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐❜❡r❣ ♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s ❞❡✈✐❡♥t ♣❡rt✐♥❡♥t❡✳ ❈❡rt❛✐♥s
❛✉t❡✉rs ♦❜s❡r✈❡♥t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ s❡♥s✐❜❧❡ ❞❡ ♣✉✐ss❛♥❝❡ ✭❙♦♥❣ ❡t ❊❧st♦♥ ✷✵✵✻✮ ❝❡ q✉❡
♥♦✉s ❝♦♥✜r♠♦♥s ♣❛r ♥♦tr❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡✳ ◆é❛♥♠♦✐♥s✱ ❡t ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à
♣ré❝✐sé✱ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ t❡❧s t❡sts r❡q✉✐❡rt ✉♥❡ ❝❡rt❛✐♥❡ ❛tt❡♥t✐♦♥ q✉❛♥t à ❧✬❡st✐♠❛t✐♦♥ ❞❡
❧❛ p✲✈❛❧✉❡ ❞✉ ❢❛✐t ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s st❛t✐st✐q✉❡s✳ ❯♥❡ ✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ XT

❡t X❍❲ ♣❡r♠❡ttr❛✐t ❞✬❛✐❧❧❡✉rs ❞✬❛♣♣r♦❝❤❡r ❞✐r❡❝t❡♠❡♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ st❛t✐st✐q✉❡
XT+❍❲ ♣❛r ✉♥ χ2 à ✷ ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ❙✐ ❝✬❡st ❡♥ ♣r❛t✐q✉❡ ❝❡ q✉❡ ♥♦✉s ♦❜s❡r✈♦♥s✱ ❝❡tt❡
✐♥❞é♣❡♥❞❛♥❝❡ ♥✬❛ ♣❛s été ❢♦r♠❡❧❧❡♠❡♥t ❞é♠♦♥tré❡✱ ❝❡ q✉✐ ❝♦♥st✐t✉❡ ✉♥ ♣♦✐♥t t❡❝❤♥✐q✉❡ à
❝♦♠♣❧ét❡r ♣❛r ❧❛ s✉✐t❡✳
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❋✐❣✳ ✷✳✶✸ ✕ ❆ ✲ ❊rr❡✉r ❞❡ t②♣❡✲■ ❞❡ ✹ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ✿ XT ✱ XG✱ X❍❲ ❡t ∆F ❡♥
❢♦♥❝t✐♦♥ ❞✉ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té F ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ pA = 0.4✱ F = 0✱
RR2 = 1✱ RR1 = 1 ❡t ND = NH = 500✮✳ ❇ ✲ ❉✐str✐❜✉t✐♦♥ ♦❜s❡r✈é❡ ❞❡ XT+❍❲ ✿
❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ ❞✐str✐❜✉t✐♦♥ t❤é♦r✐q✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ XT ❡t
X❍❲ ✿ χ2(2)✳ ❚❡st ❞✬❛❞éq✉❛t✐♦♥ ❞❡s ❞❡✉① ❞✐str✐❜✉t✐♦♥s ❞❡ ❑♦❧♠♦❣♦r♦✈✲❙♠✐r♥♦✈ ✿ p✈ ≃ 0.8✳
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♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s pA ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ F = 0✱ RR2 = 1.5 ♣♦✉r ❧❡s ♠♦❞❡s
❞❡ tr❛♥♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉ RR1 = 1.5 ♣♦✉r ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥
s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳
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❋✐❣✳ ✷✳✶✺ ✕ P✉✐ss❛♥❝❡ ❞❡ ✹ t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ✿ XT ✱ XG✱ X❍❲ ❡t ∆F ❡♥ ❢♦♥❝t✐♦♥ ❞✉
❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ r2 ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ pA = 0.4✱ F = 0✱ RR2 = 1.5 ♣♦✉r
❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥s ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉ RR1 = 1.5 ♣♦✉r ❧❡ ♠♦❞❡ ❞❡
tr❛♥s♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳ ▲❛ ❞é❝r♦✐ss❛♥❝❡ ♣r♦♥♦♥❝é❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡
❛ss♦❝✐é❡ à X❍❲ ❞❛♥s ❧❡ ♠♦❞è❧❡ s✉r✲❞♦♠✐♥❛♥t ❡st ♠✐s❡ ❡♥ ❛✈❛♥t ♣❛r ✉♥ tr❛✐t✳
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❋✐❣✳ ✷✳✶✻ ✕ P✉✐ss❛♥❝❡ ❞❡s ♠ét❛✲st❛t✐st✐q✉❡s ✐♠♣❧✐q✉❛♥t ❍❛r❞②✲❲❡✐♥❜❡r❣ ✿ XT ✱
X❍❲ ❡t XT+HW ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s pA✱ ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱
F = 0✱ RR2 = 1.5 ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉
RR1 = 1.5 ♣♦✉r ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳
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❋✐❣✳ ✷✳✶✼ ✕ P✉✐ss❛♥❝❡ ❞❡s ♠ét❛✲st❛t✐st✐q✉❡s ✐♠♣❧✐q✉❛♥t ❍❛r❞②✲❲❡✐♥❜❡r❣ ✿ XA+G

❡t XA+G+❍❲ ❡♥ ❢♦♥❝t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s pA✱ ❛✉ ♥✐✈❡❛✉ ✺✪ ✭Kp = 0.05✱ F = 0✱
RR2 = 1.5 ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢✱ ❛❞❞✐t✐❢ ❡t ❞♦♠✐♥❛♥t ♦✉ RR1 = 1.5
♣♦✉r ❧❡ ♠♦❞❡ ❞❡ tr❛♥♠✐ss✐♦♥ s✉r✲❞♦♠✐♥❛♥t✱ ND = NH = 500✮✳
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✷✳✼ ❋❉❘ ▲♦❝❛❧

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞é❥à é✈♦q✉é✱ ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ❣é♥érés ❛✉❥♦✉r❞✬❤✉✐
✐♠♣❧✐q✉❡ ❞❡ ré❛❧✐s❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ t❡sts ❞✬❤②♣♦t❤ès❡ à ✉♥ ♥✐✈❡❛✉ α✱ ❝❡ q✉✐ ❝♦♥❞✉✐t
❛✉ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡ ❧✐é à ✉♥❡ ❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ✭✐♥tr♦❞✉❝t✐♦♥ ♣✳ ✸✵✮✳
❈♦♠♠❡ ❛❧t❡r♥❛t✐✈❡ à ✉♥ ❝♦♥trô❧❡ ❞✉ ❋❲❊❘✶✽ s♦✉✈❡♥t ❝♦♥s✐❞éré ✐♥❛❞❛♣té ❛✉ ♣r♦❜❧è♠❡✱
❧❡ ❝♦♥trô❧❡ ❞✉ ❋❉❘ ❛ été ✐♥tr♦❞✉✐t ♣❛r ❇❡♥❥❛♠✐♥✐ ❡t ❍♦❝❤❜❡r❣ ✭✶✾✾✺✮✳ ◆é❛♥♠♦✐♥s✱ ✉♥
✐♥❝♦♥✈é♥✐❡♥t ❞✉ ❋❉❘ ❡st q✉✬✐❧ ❡st ❛tt❛❝❤é à ✉♥❡ ré❣✐♦♥ ❞❡ r❡❥❡t ✭tr❛❞✐t✐♦♥♥❡❧❧❡♠❡♥t [0; α]✮
❡t ♣❛r ❝♦♥séq✉❡♥t à ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛rq✉❡✉rs ❞♦♥t ❧❛ p✲✈❛❧✉❡ s❡ tr♦✉✈❡♥t ❞❛♥s ❝❡tt❡ ré❣✐♦♥✳
■❧ ♥❡ ♣r❡♥❞ ❞♦♥❝ ♣❛s ❡♥ ❝♦♠♣t❡ ❧❛ ♣r♦①✐♠✐té ❞✬✉♥❡ p✲✈❛❧✉❡ ✈❡rs ❧❡s ❧✐♠✐t❡s ✵ ♦✉ α✱ q✉✐
❢❛✐t ♣♦✉rt❛♥t ✈❛r✐❡r ❧❛ ♣r♦❜❛❜✐❧✐té ♣♦✉r ❧❡ ♠❛rq✉❡✉r ❝♦rr❡s♣♦♥❞❛♥t ❞✬êtr❡ s♦✉s H0 ♦✉ H1✳
❆✜♥ ❞❡ ré♣♦♥❞r❡ à ❝❡ ♣r♦❜❧è♠❡✱ ❊❢r♦♥ ✭✷✵✵✶✮ ❛ ré❝❡♠♠❡♥t ✐♥tr♦❞✉✐t ❧❛ ♥♦t✐♦♥ ❞❡ ❋❉❘
▲♦❝❛❧ ♥♦té ❢❞r✱ ❡t q✉✐ ré❢èr❡ à ❧❛ ♣r♦❜❛❜✐❧✐té s♣é❝✐✜q✉❡ ♣♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r ❞✬êtr❡ s♦✉s
H0✱ ❝✬❡st à ❞✐r❡ ❞❡ ♥❡ ♣❛s êtr❡ ❛ss♦❝✐é à ❧❛ ♠❛❧❛❞✐❡✳

❆♣rès ❛✈♦✐r ♣♦sé ❧❛ ❞é✜♥✐t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧✱ ♥♦✉s ♣r♦♣♦s♦♥s à tr❛✈❡rs ✉♥ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡ ❣❛✉ss✐❡♥✱ ✉♥ ❝❛❞r❡ ♥❛t✉r❡❧✱ s✐♠♣❧❡ ❡t ❞✐❞❛❝t✐q✉❡ ♣♦✉r ❛❜♦r❞❡r s♦♥ ❡st✐♠❛t✐♦♥✳
▲❡ ♠♦❞è❧❡ ❡♥ q✉❡st✐♦♥ ❛ ♣ré❝é❞❡♠♠❡♥t été ❡♠♣❧♦②é ❞❛♥s ❧✬ét✉❞❡ ❞❡ ❞♦♥♥é❡s ❞✬❡①♣r❡ss✐♦♥
❞❡ ❣è♥❡s ✭▼❝▲❛❝❤❧❛♥ ❡t ❛❧ ✷✵✵✻✮✳ ❆ ❧❛ s✉✐t❡ ❞✬✉♥❡ ❛♣♣❧✐❝❛t✐♦♥ s✉r ❞❡s s✐♠✉❧❛t✐♦♥s ❡t s✉r
❞❡s ❞♦♥♥é❡s ré❡❧❧❡s ❣❡♥♦♠❡✲✇✐❞❡✱ ♥♦✉s ❞✐s❝✉t♦♥s ❧❡s ❛✈❛♥t❛❣❡s ❡t ✐♥❝♦♥✈é♥✐❡♥ts ❞❡ ❝❡tt❡
❛♣♣r♦❝❤❡✳

❉é✜♥✐t✐♦♥

▲❡ ❋❉❘ ▲♦❝❛❧ ♣r♦✈✐❡♥t ❞✬✉♥ ❢♦r♠❛❧✐s♠❡ ❜❛②és✐❡♥ ❞✉ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡✳ ❙♦✐t
✭p✈1✱ ✳✳✳✱ p✈n✮ ❧✬❡♥s❡♠❜❧❡ ❞❡s p✲✈❛❧✉❡s ❛ss♦❝✐é❡s ❛✉① n ♠❛rq✉❡✉rs✳ ❈❡s p✲✈❛❧✉❡s t♦♠❜❡♥t
❞❛♥s ❞❡✉① ❝❧❛ss❡s s❡❧♦♥ q✉❡ pi ❛✐t été ❣é♥éré❡ s♦✉s ❧✬❤②♣♦t❤ès❡ H0 ♦✉ H1✳ P❛r ❝♦♥séq✉❡♥t✱
❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s p✲✈❛❧✉❡s ✭❞♦♥t f ❡st ❧❛ ❢♦♥❝t✐♦♥ ❞❡♥s✐té✮ rés✉❧t❡ ❞✬✉♥
♠é❧❛♥❣❡ ❡♥tr❡ ❧❡s p✲✈❛❧✉❡s ❣é♥éré❡s s♦✉s H0 ❡t ❝❡❧❧❡s ❣é♥éré❡s s♦✉s H1 ✿

f = π0f0 + π1f1,

❛✈❡❝ f0 ❡t f1 ❧❡s ❢♦♥❝t✐♦♥s ❞❡♥s✐té ❞❡s p✲✈❛❧✉❡s ❡t π0 ❡t π1 ❧❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣r✐♦r✐ ❞✬êtr❡
s♦✉s H0 ❡t s♦✉s H1 r❡s♣❡❝t✐✈❡♠❡♥t✳ ❆ ♣❛rt✐r ❞✉ t❤é♦rè♠❡ ❞❡ ❇❛②❡s✱ ❊❢r♦♥ ❢♦✉r♥✐t ❧❛
♣r♦❜❛❜✐❧✐té ❛ ♣r✐♦r✐ ❞✬êtr❡ s♦✉s H0 s❛❝❤❛♥t ❧❛ ✈❛❧❡✉r p✈i ❞❡ ❧❛ p✲✈❛❧✉❡ ✿

❢❞r(p✈i) ≡
π0f0(p✈i)

f(p✈i)
.

❙✐ ❧✬♦♥ ♥♦t❡ F0✱ F1 ❡t F ❧❡s ❢♦♥❝t✐♦♥s ❞❡ ré♣❛rt✐t✐♦♥ ✭❈❉❋✮ ❛ss♦❝✐é❡s ❛✉① ❞❡♥s✐tés f0✱ f1

❡t f r❡s♣❡❝t✐✈❡♠❡♥t✱ ❧✬♦♥ ♦❜t✐❡♥t ✉♥❡ ❡①♣r❡ss✐♦♥ ❞✉ ❋❉❘ ♣♦✉r ✉♥ ♥✐✈❡❛✉ α ✜①é s✉✐✈❛♥t ❧❡
♠ê♠❡ ❢♦r♠❛❧✐s♠❡ ✿

❋❉❘(α) ≡ π0F0(α)

F (α)
=

π0

∫ α

0
f0(x)dx∫ α

0
f(x)dx

.

✶✽t②♣❡ ❝♦rr❡❝t✐♦♥ ❞❡ ❇♦♥❢❡rr♦♥✐
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0 1p-values

H1

H0

❋✐❣✳ ✷✳✶✽ ✕ ▼é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡s p✲✈❛❧✉❡s✳

❊st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ♣❛r ❛❧❣♦r✐t❤♠❡ ❊▼

❙✉✐✈❛♥t ❧❡ ❢♦r♠❛❧✐s♠❡ ♣ré❝é❞❡♠♠❡♥t✱ ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ s❡ ré❞✉✐t à ✉♥❡ ❡s✲
t✐♠❛t✐♦♥ ❞❡ ❞❡♥s✐tés ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡✳ ❯♥❡ ❛♣♣r♦❝❤❡ très s✐♠♣❧❡ ❡t ♥❛t✉r❡❧❧❡
❞❡ ♣r♦❝é❞❡r ❡st ❞❡ ♣❛ss❡r ♣❛r ✉♥ ❛❧❣♦r✐t❤♠❡ ❊▼ ❞♦♥t ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❡st ♣r♦♣♦sé❡ ❡♥
❛♥♥❡①❡ ♣✳ ✶✾✸✳

✲ ●é♥ér❛❧✐s❛t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ✿ ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té✱ s♦✐t X = (X1, · · · , Xn) ✉♥
✈❡❝t❡✉r ❛❧é❛t♦✐r❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ♣♦✉r ❧❡q✉❡❧ ❧❡s Xi s♦♥t ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐♥❞é♣❡♥✲
❞❛♥t❡s✱ ❞❡ ré❛❧✐s❛t✐♦♥ xi ❡t ❞❡ ❢♦♥❝t✐♦♥ ❞❡♥s✐té f(xi) rés✉❧t❛♥t ❞✬✉♥ ♠é❧❛♥❣❡ ❞❡ C ❝❧❛ss❡s
t❡❧❧❡s q✉❡ ✿

fπ,θ(xi) =
C∑

c=1

πcfθc
(xi).

❖♥ ♣❡✉t ♥♦t❡r q✉❡ π = (π1, · · · , πC) ❛✈❡❝
∑

πc = 1 ❡t θ = (θ1, · · · , θC) s♦♥t ❧❡s ♣❛r❛♠ètr❡s
❞✉ ♠é❧❛♥❣❡✳ ❉❡ ❢❛ç♦♥ ♣r❛t✐q✉❡✱ πc ❡st t♦✉t s✐♠♣❧❡♠❡♥t ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣r✐♦r✐ ♣♦✉r t♦✉t❡
♦❜s❡r✈❛t✐♦♥ ❞✬❛♣♣❛rt❡♥✐r à ❧❛ ❝❧❛ss❡ c✳ ❋♦r♠✉❧é ❛✐♥s✐✱ ❧❡ ♠♦❞è❧❡ ♣rés❡♥t❡ ✉♥ ♣r♦❜❧è♠❡ ❞❡
❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ♣✉✐sq✉❡ ❧❡ ❝❧❛ss❡ à ❧❛q✉❡❧❧❡ ❛♣♣❛rt✐❡♥t ❝❤❛q✉❡ ♦❜s❡r✈❛t✐♦♥ ❡st ✐♥❝♦♥✲
♥✉❡✳ ❙♦✐t Z = (Z1, · · · , Zn) ✉♥ ✈❡❝t❡✉r ❛❧é❛t♦✐r❡ ❞❡ ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ♣♦✉r ❧❡q✉❡❧ ❧❡s
Zi = (Zi1, · · · , ZiC) s♦♥t ❞❡s ✈❡❝t❡✉rs ❛❧é❛t♦✐r❡s ✐♥❞é♣❡♥❞❛♥ts ❞❡ t❛✐❧❧❡ C ❡t ❞❡ ré❛❧✐s❛t✐♦♥
zi ❛✈❡❝ zic ♣r❡♥❛♥t ❧❛ ✈❛❧❡✉r ✶ s✐ xi ❛♣♣❛rt✐❡♥t à ❧❛ ❝❧❛ss❡ c ❡t ✵ s✐♥♦♥✳ ▲❛ ❢♦♥❝t✐♦♥ ❞❡♥s✐té
❞❡s ❞♦♥♥é❡s ❝♦♠♣❧èt❡s fc ❞❡ ♣❛r❛♠ètr❡s π ❡t θ ❡st ❛❧♦rs ❡①♣r✐♠é❡ ♣❛r ✿

fc

π,θ(xi, zi) =
C∑

c=1

zic × πcfθc
(xi).
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❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✉♥❡ ❢♦✐s q✉❡ ❧❡s ❡st✐♠❛t✐♦♥s ❞❡s ♣❛r❛♠ètr❡s ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐✲
s❡♠❜❧❛♥❝❡ ✭π̂ ❡t θ̂✮ s♦♥t ❝♦♥♥✉❡s✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡st✐♠❡r ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ✭τic✮
♣♦✉r ❝❤❛q✉❡ ♦❜s❡r✈❛t✐♦♥ ✭xi✮ ❞✬❛♣♣❛rt❡♥✐r à ❧❛ ❝❧❛ss❡ c ✿

τ̂ic =
π̂cfbθc

(xi)
∑C

k=1 π̂kfbθk
(xi)

.

❈♦♠♠❡ ✐♥❞✐q✉é ❡♥ ❛♥♥❡①❡ ♣✳ ✶✾✸✱ à ❧✬✐tér❛t✐♦♥ h ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✱ ❧✬ét❛♣❡ ❊ ❞ét❡r✲
♠✐♥❡ ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ Ez|X,π(h),θ(h){log P(X, z|π, θ)} ✿

Ez|X,π(h),θ(h){log P(X, z|π, θ)} = Ez|X,π(h),θ(h)

{
n∑

i=1

log fc

π,θ(xi, zi)

}

= Ez|X,π(h),θ(h)

{
n∑

i=1

log

(
C∑

c=1

zicπcfθc
(xi)

)}

= Ez|X,π(h),θ(h)

{
n∑

i=1

C∑

c=1

zic log (πcfθc
(xi))

}

=
n∑

i=1

C∑

c=1

Ez|X,π(h),θ(h) {zic log (πcfθc
(xi))}

=
n∑

i=1

C∑

c=1

Ez|X,π(h),θ(h) {zic} log (πcfθc
(xi))

❆✈❡❝ ✿

Ez|X,π(h),θ(h) {zic} = P(Zic = 1|Xi = xi, π
(h), θ(h))

= τ
(h+1)
ic

=
π

(h)
c f

θ
(h)
c∑C

k=1 π
(h)
k f

θ
(h)
k

(xi)

❉✬♦ù ✿

Ez|X,π(h),θ(h){log P(X, z|π, θ)} =
n∑

i=1

C∑

c=1

τ
(h)
ic log (πcfθc

(xi)) .

▲✬ét❛♣❡ ▼ ♠❛①✐♠✐s❡ ❝❡tt❡ ❡①♣r❡ss✐♦♥ ♣❛r r❛♣♣♦rt ❛✉① ♣❛r❛♠ètr❡s π ❡t θ ❛✜♥ ❞❡ ❞♦♥♥❡r
✉♥❡ ♠✐s❡ à ❥♦✉r ❞❡ ❧❡✉rs ❡st✐♠❛t✐♦♥s π(h+1) ❡t θ(h+1)✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♦♥ ♣❡✉t
❡st✐♠❡r π(h+1) à ♣❛rt✐r ❞❡ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡ ❝❤❛q✉❡ ♦❜s❡r✈❛t✐♦♥ à ❝❤❛q✉❡ ❝❧❛ss❡ ✈✐❛ ❧❡s
♣r♦❜❛❜✐❧✐tés ❛ ♣♦st❡r✐♦r✐ τ

(h+1)
ic ✿

π̂(h+1)
c =

∑n
i=1 τ

(h+1)
ic

n
.

❊♥✜♥ ❧✬❡st✐♠❛t✐♦♥ ❞❡ θ à ❧✬✐tér❛t✐♦♥ (h + 1) ❡st ♦❜t❡♥✉❡ ❡♥ rés♦❧✈❛♥t ❧✬éq✉❛t✐♦♥ ✿

∂Ez|X,π(h),θ(h){log P(X, z|π, θ)}
∂θ

= 0.
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✲ ❆♣♣❧✐❝❛t✐♦♥ à ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ✿ ✐❝✐✱ ❧❡ ✈❡❝t❡✉r ❞❡s ♦❜s❡r✈❛t✐♦♥s ❡st
❧✬❡♥s❡♠❜❧❡ ❞❡s p✲✈❛❧✉❡s ✭p✈1, · · · , p✈n✮✳ ▲❡ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s C ❡st é❣❛❧ à ✷ ♣♦✉r ❧❡s p✲✈❛❧✉❡s
❣é♥éré❡s s♦✉s H0 ❡t ❝❡❧❧❡s ❣é♥éré❡s s♦✉s H1✳ ▲❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ s♦♥t ❞♦♥❝ π =
(π0, π1) ❛✈❡❝ π1 = 1 − π0 ❡t θ = (θ0, θ1)✳ ❙♦✉s ❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥✱ ❧❡s ❢♦♥❝t✐♦♥s ❞❡♥s✐tés ❞✉
♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ fθ0 ❡t fθ1 ♥❡ s♦♥t ♣❛s é✈✐❞❡♥t❡s à ❡①♣r✐♠❡r ❀ ✉♥❡ ❢❛ç♦♥ ♣❧✉s ❝♦♥❢♦rt❛❜❧❡
❞❡ tr❛✐t❡r ❧❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❡ à ❛♣♣❧✐q✉❡r ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❜✐t s✉r ❧❡s p✲✈❛❧✉❡s ❞❡
s♦rt❡ q✉❡ ❧❡s ❢♦♥❝t✐♦♥s ❞❡♥s✐tés s♦✉s H0 ❡t H1 s♦✐❡♥t ❝❡❧❧❡s ❞❡ ❞✐str✐❜✉t✐♦♥s ♥♦r♠❛❧❡s
N (µ0, σ0) ❡t N (µ1, σ1) ❞❡ ♣❛r❛♠ètr❡s θ0 = (µ0, σ0) ❡t θ1 = (µ1, σ1) r❡s♣❡❝t✐✈❡♠❡♥t ✿

xi = ♣r♦❜✐t(p✈i) = Φ−1(p✈i),

fθj
(xi) =

1

σj

√
2π

e
−(xi−bµj)

2(σj)2 ,

❛✈❡❝ Φ ❧❛ ❈❉❋ ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ♥♦r♠❛❧❡ ❝❡♥tré❡ ré❞✉✐t❡✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡
❊▼ ❞ér♦✉❧é ♣ré❝é❞❡♠♠❡♥t ♣❡r♠❡t ❞✬♦❜t❡♥✐r ❧❡s ❡st✐♠❛t✐♦♥s ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠✲
❜❧❛♥❝❡ ❞❡s τi0 ❡t τi1✳ ❆ ❧✬✐tér❛t✐♦♥ (h) ♦♥ ♦❜t✐❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ τ

(h+1)
i0 ❡t τ

(h+1)
i1 ♣❛r ✿

τ̂
(h+1)
i0 =

π̂
(h)
0 fθ0(xi)

π̂
(h)
0 fθ0(xi) + π̂

(h)
1 fθ1(xi)

,

τ̂
(h+1)
i1 =

π̂
(h)
1 fθ0(xi)

π̂
(h)
0 fθ0(xi) + π̂

(h)
1 fθ1(xi)

,

❊♥s✉✐t❡ ❧✬♦♥ ♦❜t✐❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s π0✱ π1✱ θ0 ❡t θ1 ♣❛r ✿

π
(h+1)
0 =

∑n
i=1 τ

(h+1)
i0

n
,

π
(h+1)
1 = 1 − π

(h+1)
0 ,

µ
(h+1)
0 =

∑n
i=1 xiτ

(h+1)
i0∑n

i=1 τ
(h+1)
i0

,

µ
(h+1)
1 =

∑n
i=1 xiτ

(h+1)
i1∑n

i=1 τ
(h+1)
i1

,

σ
(h+1)
0 =

∑n
i=1 x2

i τ
(h+1)
i0∑n

i=1 τ
(h+1)
i0

− (µ
(h+1)
0 )2,

σ
(h+1)
1 =

∑n
i=1 x2

i τ
(h+1)
i1∑n

i=1 τ
(h+1)
i1

− (µ
(h+1)
1 )2.

▲✬♦♥ ♦❜t✐❡♥t ❛✐♥s✐ ❞✐r❡❝t❡♠❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ❡♥ r❡♠❛rq✉❛♥t q✉❡ ❢❞r(p✈i)
❡t τ0i ❡st✐♠❡♥t t♦✉s ❞❡✉① ❧❛ ♣r♦❜❛❜✐❧✐té ❛ ♣♦st❡r✐♦r✐ ❞✬êtr❡ s♦✉s H0 s❛❝❤❛♥t ❧❛ ✈❛❧❡✉r ❞❡
❧❛ iè♠❡ ♦❜s❡r✈❛t✐♦♥ ✿

❢❞r(p✈i) = τ0i.
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0
+∝

H1

H0

-∝

❋✐❣✳ ✷✳✶✾ ✕ ▼é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥ ❞❡s p✲✈❛❧✉❡s ❛♣rès tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❜✐t✳

❆♣♣❧✐❝❛t✐♦♥s

❉❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s q✉✐ s✉✐✈❡♥t✱ ♦♥ s✉♣♣♦s❡ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0 ❡st ❧❛ ❞✐s✲
tr✐❜✉t✐♦♥ ♥✉❧❧❡ t❤é♦r✐q✉❡✱ à s❛✈♦✐r ✉♥✐❢♦r♠❡ s✉r [0, 1] ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ p✲✈❛❧✉❡✱ ❡t
♥♦r♠❛❧❡ ❞❡ ♠♦②❡♥♥❡ µ0 = 0 ❡t σ0 = 1 ❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡s xi ✐ss✉s ❞❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥
♣r♦❜✐t✳ ❈❡tt❡ ❤②♣♦t❤ès❡ s❡r❛ ❞✐s❝✉té❡ ♣❛r ❧❛ s✉✐t❡✳

❙✐♠✉❧❛t✐♦♥s ✿ ❧❡s s✐♠✉❧❛t✐♦♥s ❝♦♥s✐st❡♥t ❡♥ ✉♥ t✐r❛❣❡ ❞❡ n ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s s✉✐✈❛♥t
❞❡s ❞✐str✐❜✉t✐♦♥s ♥♦r♠❛❧❡s N (0, 1) ❡t N (µ1, σ1) ❛✈❡❝ ❞❡s ♣r♦❜❛❜✐❧✐tés ❛ ♣r✐♦r✐ π0 ❡t π1 =
1− π0 r❡s♣❡❝t✐✈❡♠❡♥t✳ ◆♦✉s ❛✈♦♥s ❢❛✐t ✈❛r✐❡r ❞❡✉① ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ✿ µ1 ✈❛r✐❡ ❡♥tr❡
✲✹ ❡t ✵ t❛♥❞✐s q✉❡ π1 ✈❛r✐❡ ❡♥tr❡ ✵ ❡t ✵✳✷✳ ◆♦✉s ❛✈♦♥s ✜①é µ0✱ σ0 ❡t σ1 à ✵✱ ✶ ❡t ✶
r❡s♣❡❝t✐✈❡♠❡♥t✳

▲❡s rés✉❧t❛ts ♠♦♥tr❡♥t q✉❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ❝♦♥✈❡r❣❡ r❡❧❛t✐✈❡♠❡♥t r❛♣✐❞❡♠❡♥t ✈❡rs
❧❡s ❡st✐♠❛t❡✉rs ❞❡ µ1✱ σ1 ❛✉ π1 ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ✭❞❡ ❧✬♦r❞r❡ ❞✬✉♥❡ ❝❡♥t❛✐♥❡
❞✬✐tér❛t✐♦♥✱ ✜❣✉r❡ ✷✳✷✵ ♣✳ ✾✺✮✳ ▲❛ ✜❣✉r❡ ♠♦♥tr❡ é❣❛❧❡♠❡♥t✱ ♣♦✉r ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r✱ ❧✬❤✐s✲
t♦❣r❛♠♠❡ ❞❡s xi ❛✐♥s✐ q✉❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡♥s✐té f1 q✉✐ ❝♦❧❧❡ ❞❛♥s ❝❡ ❝❛s
♣❛r❢❛✐t❡♠❡♥t à ❧✬♦❜s❡r✈❛t✐♦♥✳ ❖♥ ♣❡✉t ♣❛r ❛✐❧❧❡✉rs r❡♠❛rq✉❡r ✜❣✉r❡ ✷✳✷✶ ♣❛❣❡ ✾✻ q✉❡ ❧❡
❢❛✐t ❞❡ ❞✐♠✐♥✉❡r ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ H0 ❡t H1 ✲ ❝❡ q✉✐ r❡✈✐❡♥t à r❛♣♣r♦❝❤❡r ❧❡ ♣❛r❛♠ètr❡ µ1

❞❡ µ0 ✲ ❛ ♣♦✉r ❡✛❡t ❞✬❛✉❣♠❡♥t❡r ❧❛ ✈❛r✐❛♥❝❡ ❞❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡
❛✐♥s✐ q✉❡ ❧❡ t❡♠♣s ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳ ❈❡❧❛ ❡st ♥❛t✉r❡❧ ♣✉✐sq✉❡ ♠♦✐♥s ✐❧ ②
❛ ❞❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡ H0 ❡t H1 ❡t ♠♦✐♥s ❧✬❛❧❣♦r✐t❤♠❡ ❛ ❞❡ ❢❛❝✐❧✐té à ❞✐st✐♥❣✉❡r ❧❡s ❞❡✉①
❝❧❛ss❡s ❞✉ ♠é❧❛♥❣❡✳ ❉❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ ❧❡ ❢❛✐t ❞❡ r❛♣♣r♦❝❤❡r p1 ❞❡ ✵ ❛✉❣♠❡♥t❡ ❧❛ ✈❛r✐❛♥❝❡
❞❡ µ̂1 ❡t σ̂1 ❝❡ q✉✐ ♣❛r❛ît é❣❛❧❡♠❡♥t ❛ss❡③ ♥❛t✉r❡❧ ♣✉✐sq✉❡ ♠♦✐♥s ✐❧ ② ❛ ❞❡ ♣♦✐♥ts ❞❛♥s ❧✬✉♥❡



✾✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❞❡s ❝❧❛ss❡s ❡t ♠♦✐♥s ❧✬❛❧❣♦r✐t❤♠❡ ❛ ❞❡ ❢❛❝✐❧✐té à ❞✐st✐♥❣✉❡r ❝❡tt❡ ❝❧❛ss❡ ❞❡ ❧✬❛✉tr❡✳ ❖♥ ♣❡✉t
❡♥✜♥ r❡♠❛rq✉❡r q✉❡ ❧❡s ❡s♣ér❛♥❝❡s ❞❡s ❡st✐♠❛t❡✉rs s♦♥t q✉❛♥t à ❡❧❧❡s✱ t♦✉❥♦✉rs ❝❡♥tré❡s
s✉r ❧❛ ✈r❛✐❡ ✈❛❧❡✉r ❞❡s ♣❛r❛♠ètr❡s✳

❉♦♥♥é❡s ré❡❧❧❡s ✿ ♥♦✉s ❛✈♦♥s ❛♣♣❧✐q✉é ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ s✉r ❧❡s ❞♦♥♥é❡s
❆■▼✲❙❝❛♥ ❣❡♥♦♠❡✲✇✐❞❡ ❝♦♥❝❡r♥❛♥t ❧❛ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡✳ ▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❝♦♠♣r❡♥❞
✶✶✹✱✽✵✷ ❙◆Ps ❀ ❧✬❆❉◆ ❞❡ ✷✼✾ ♣❛t✐❡♥ts ❡t ✸✵✶ té♠♦✐♥s s✉é❞♦✐s ♦♥t été ❣é♥♦t②♣és ❡♥ ✉t✐❧✐s❛♥t
✉♥❡ ♣✉❝❡ ❆✛②♠❡tr✐① ✶✵✵❑✳ ▲❡s p✲✈❛❧✉❡s ❛ss♦❝✐é❡s à ❝❤❛q✉❡ ♠❛rq✉❡✉r ✭p✈i✮ ❛✉①q✉❡❧❧❡s
♥♦✉s ❛♣♣❧✐q✉♦♥s ❧❛ tr❛♥❢♦r♠❛t✐♦♥ ♣r♦❜✐t✱ rés✉❧t❡♥t ❞✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛♣♣❧✐q✉é
❛✉① ❝♦♥trô❧❡s ❛✜♥ ❞✬✐❞❡♥t✐✜❡r ❧❡s ❙◆Ps s✉s❝❡♣t✐❜❧❡s ❞✬êtr❡ s✉❥❡ts ❞✬❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡
✭✐♥tr♦❞✉❝t✐♦♥ ♣✳ ✸✷✮✳ P♦✉r ❛♣♣❧✐q✉❡r ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❜✐t✱ ♥♦✉s ❞❡✈♦♥s ♣ré❛❧❛❜❧❡♠❡♥t
r❡t✐r❡r ❧❡s p✲✈❛❧✉❡ é❣❛❧❡s à ✶ ♣✉✐sq✉❡ Φ−1(1) = +∞✳ ❈❡❧❛ ♣♦s❡ ♥❛t✉r❡❧❧❡♠❡♥t ✉♥ ♣r♦❜❧è♠❡
❞❡ tr♦♥❝❛t✉r❡ ❞❛♥s ❧❡s ❞✐str✐❜✉t✐♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❛❜♦r❞é ♣❛r ❛✐❧❧❡✉rs✱ ♠❛✐s q✉❡ ♥♦✉s ♥❡
❞é✈❡❧♦♣♣❡r♦♥s ♣❛s ❞✬❛✈❛♥t❛❣❡ ✐❝✐✳

◆♦✉s ❛✈♦♥s ré❛❧✐sé ❞❡✉① s✐t✉❛t✐♦♥s ✿ ✉♥❡ ♦ù ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0 ❡st ❝♦♥♥✉❡ ❡t ♦ù
µ0 ❡t σ0 s♦♥t ✜①és à ✵ ❡t ✶ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡t ✉♥❡ ❛✉tr❡ ♦ù ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❝❧❛ss❡ H0
s♦♥t ❡st✐♠és ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ❊▼✳ ❉❛♥s ❧❡ ♣r❡♠✐❡r ❝❛s✱ ❧❡s ❡st✐♠❛t✐♦♥s ❞❡s ♣❛r❛♠ètr❡s
❞✉ ♠é❧❛♥❣❡ s♦♥t µ̂1 = −1.36✱ σ̂1 = 2.1 ❡t π̂1 = 0.069 ✭✜❣✉r❡ ✷✳✷✷ ♣✳ ✾✼✮✳ ❖♥ ✈♦✐t q✉❡
❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ❛✉❣♠❡♥t❡ ❛✈❡❝ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛ p✲✈❛❧✉❡ ❥✉sq✉✬à ❧❛ ✈❛❧❡✉r ❞❡ ✵✳✺
♣✉✐s ❞✐♠✐♥✉❡✳ ■❧ s✬❛❣✐t ❡♥ ❢❛✐t ❞✬✉♥ ❛rt❡❢❛❝t ❞❡ ❧❛ ♠ét❤♦❞❡ ❞û à ❧❛ ❢♦r♠❡ ❣❛✉ss✐❡♥♥❡ q✉❡ ❧✬♦♥
✐♠♣♦s❡ s✉r ❧❡s ❞❡♥s✐tés ❀ ❝♦♠♠❡ ✐❧ ② ❛ ♣❡✉ ❞❡ ❝❤❛♥❝❡s q✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡ ❡♥ ♣r❛t✐q✉❡ ❛✉①
♠❛rq✉❡✉rs ❞♦♥t ❧❛ p✲✈❛❧✉❡ ❡st ♣❧✉s ❣r❛♥❞❡ q✉❡ ✵✳✺✱ ♦♥ ♣❡✉t ❧❡s ✐♥❝❧✉r❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s
♦❜s❡r✈é❡s ♣♦✉r ❡st✐♠❡r ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0 ♠❛✐s ✐❧ ♥✬② ❛ ♣❛s ❞❡ r❛✐s♦♥ ❞❡ ❝❤❡r❝❤❡r à ❧❡✉r
❞♦♥♥❡r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ❋❉❘ ▲♦❝❛❧✳ ❉❛♥s ❧❡ ❝❛s ♦ù ❧✬♦♥ ❡st✐♠❡ é❣❛❧❡♠❡♥t
❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0✱ ❧❡s rés✉❧t❛ts s♦♥t très s✐♠✐❧❛✐r❡s ✭✜❣✉r❡ ✷✳✷✸
♣✳ ✾✽✮✳ ▲❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❝❧❛ss❡ s♦✉s H1 s♦♥t ❡st✐♠és à µ̂1 = −1.56✱ σ̂1 = 2.36 ❡t
π̂1 = 0.046 ❡t ❝❡✉① ❞❡ ❧❛ ❝❧❛ss❡ s♦✉s H0 s♦♥t ❡st✐♠és à µ̂1 = −0.06✱ σ̂1 = 1.02 ❡t ❞♦♥❝ très
♣r♦❝❤❡s ❞❡ ✵ ❡t ❞❡ ✶ r❡s♣❡❝t✐✈❡♠❡♥t✳ P❛r ❝♦♥séq✉❡♥t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s
H0 s✉✐t ✉♥❡ ♥♦r♠❛❧❡ N (0, 1) ❡st ❞❛♥s ❝❡ ❝❛s t♦✉t à ❢❛✐t ré❛❧✐st❡ ❡t ❧✬é❝♦♥♦♠✐❡ ❞❡ ❝❡tt❡
❤②♣♦t❤ès❡ ♥❡ ❝❤❛♥❣❡ ♣❛s ✈r❛✐♠❡♥t ❧❡s ❡st✐♠❛t✐♦♥s✳

❉✐s❝✉ss✐♦♥ s✉r ❧❡ ❋❉❘ ▲♦❝❛❧

▲❡ ♠♦❞è❧❡ ♣❛r❛♠étr✐q✉❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ q✉❡ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ❡st ✉♥ ❝❛❞r❡
♥❛t✉r❡❧ s✐♠♣❧❡ ❡t r❛♣✐❞❡ ♣♦✉r ❡st✐♠❡r ❧❡ ❋❉❘ ▲♦❝❛❧✳ ▲✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❡♥ ❘ ❞❡ ❝❡tt❡
♠ét❤♦❞❡ ❞✬❡st✐♠❛t✐♦♥ ❡st ❞✬❛✐❧❧❡✉rs très s✉❝❝✐♥❝t❡ ✿

✶ ① ❂ q♥♦r♠✭♣✈✮

✷ t❛✉✶ ❂ r✉♥✐❢✭❧❡♥❣t❤✭①✮✮

✸ ❢♦r ✭✐ ✐♥ ✶✿✷✵✵✮④

✹ ♠✉✶ ❂ s✉♠✭①✯✭✶✲❢❞r✮✮✴s✉♠✭✭✶✲❢❞r✮✮

✺ s✐❣♠❛✶ ❂ sqrt✭s✉♠✭①❫✷✯✭✶✲❢❞r✮✮✴s✉♠✭✶✲❢❞r✮ ✲ ♠✉✶❫✷✮



✷✳✼✳ ❋❉❘ ▲♦❝❛❧ ✾✸

✻ ♠✉✵ ❂ s✉♠✭①✯❢❞r✮✴s✉♠✭❢❞r✮

✼ s✐❣♠❛✵ ❂ sqrt✭s✉♠✭①❫✷✯ ❢❞r✮✴s✉♠✭❢❞r✮ ✲ ♠✉✵❫✷✮

✽ ♣✐✵ ❂ ♠❡❛♥✭❢❞r✮

✾ ❢❞r ❂ ♣✐✵✯❞♥♦r♠✭①✱ ♠❡❛♥ ❂ ♠✉✵ ✱ s❞ ❂ s✐❣♠❛✵✮✴✭✭✶✲♣✐✵✮✯

❞♥♦r♠✭①✱ ♠❡❛♥ ❂ ♠✉✶ ✱ s❞ ❂ s✐❣♠❛✶✮ ✰ ♣✐✵✯❞♥♦r♠✭①✱

♠❡❛♥ ❂ ♠✉✵ ✱ s❞ ❂ s✐❣♠❛✵✮✮⑥

■❝✐✱ ❧✬❛❧❣♦r✐t❤♠❡ ❡st✐♠❡ ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0✱ ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛✲
t✐♦♥s ❡st ✜①é à ✷✵✵ ❡t ❧❡s ✈❛❧❡✉rs ✐♥✐t✐❛❧❡s ❞❡ τ1i s♦♥t t✐ré❡s ❛❧é❛t♦✐r❡♠❡♥t s✉✐✈❛♥t ✉♥❡ ❧♦✐
✉♥✐❢♦r♠❡ U(0, 1)✱ ❝❡ q✉✐ ♣❡✉t êtr❡ ❢❛❝✐❧❡♠❡♥t ♠♦❞✐✜é✳

❊❢r♦♥ ✭✷✵✵✹✮ s✉❣❣èr❡ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ♥✉❧❧❡ ❡♠♣✐r✐q✉❡ ♦❜s❡r✈é❡ ❞❛♥s ❧❡s ❞♦♥♥é❡s ♣❡✉t
s✬❛✈ér❡r ❞✐✛ér❡♥t❡ ❞❡ ❝❡❧❧❡ t❤é♦r✐q✉❡ ❛tt❡♥❞✉❡✳ ❈❡❧❛ ♣❡✉t ❛rr✐✈❡r ♣❛r ❡①❡♠♣❧❡ ❡♥ r❛✐s♦♥
❞✬✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ♦✉ ❞✬✉♥❡ ❝♦✈❛r✐❛❜❧❡ ❝❛❝❤é❡ t❡❧❧❡ q✉❡ ❧❛ str❛t✐✜✲
❝❛t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥ ✭✈♦✐r ✐♥tr♦❞✉❝t✐♦♥ ♣✳ ✸✹✮✳ ❊❢r♦♥ ♣r♦♣♦s❡ ❛❧♦rs ❞✬❛❥♦✉t❡r ❧✬❡st✐♠❛t✐♦♥
❞❡s ♣❛r❛♠ètr❡s ❞❡ f0 ❝❡ q✉✐ ❛ ♣♦✉r ❡✛❡t ❞✬❛✉❣♠❡♥t❡r ❧❡ ♥♦♠❜r❡ ❞✬✐tér❛t✐♦♥s ♥é❝❡ss❛✐r❡s
à ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ♣♦✉r ❝♦♥✈❡r❣❡r✳ ❉❛♥s ♥♦tr❡ ❛♣♣❧✐❝❛t✐♦♥✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s
❞❡ f0 ♥❡ ❝❤❛♥❣❡ ♣❛s s❡♥s✐❜❧❡♠❡♥t ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ❞✉ ❢❛✐t q✉❡ µ̂0 ❡t σ̂0 s♦♥t
♣r♦❝❤❡s ❞❡s ✈❛❧❡✉rs t❤é♦r✐q✉❡s ✵ ❡t ✶✳ ▲❡✉r ❡st✐♠❛t✐♦♥ ♥✬❛❥♦✉t❛♥t ♣❛s à ❧❛ ❝♦♠♣❧❡①✐té ❞❡
❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❡t ❛✉❣♠❡♥t❛♥t ♣❡✉ ❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ s✉r ❞❡s ❞♦♥♥é❡s ❣❡♥♦♠❡✲✇✐❞❡✱ ✐❧
♥✬② ❛ ❛✉❝✉♥❡ r❛✐s♦♥ ❞❡ ❢❛✐r❡ ❧✬é❝♦♥♦♠✐❡ ❞❡ ❧✬❤②♣♦t❤ès❡ s✉r ❧❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
♥✉❧❧❡ ❛✜♥ ❞❡ ♠✐❡✉① ❝♦❧❧❡r à ❧❛ ré❛❧✐té ❞❡s ❞♦♥♥é❡s✳

❉❡ ♠ê♠❡✱ ❝♦♥❝❡r♥❛♥t ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❜✐t ❛♣♣❧✐q✉é❡ s✉r ❧❡s p✲✈❛❧✉❡s✱ ❝❡❧❧❡✲❝✐ ✈❛
♥❛t✉r❡❧❧❡♠❡♥t êtr❡ ❥✉st✐✜é❡ ❧♦rsq✉❡ ❧❡s xi s✉✐✈❡♥t ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ❣❛✉ss✐❡♥♥❡s✳
◆♦✉s ❛✈♦♥s ✈✉ q✉✬❡♥ ♣r❛t✐q✉❡✱ ❝❡tt❡ ❤②♣♦t❤ès❡ ♣♦✉✈❛✐t ❢❛✉ss❡r ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧
♣♦✉r ❞❡s ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ p✲✈❛❧✉❡s✳ ❈❡❧❛ ♥✬❡st ♣❛s ré❡❧❧❡♠❡♥t ✉♥ ♣r♦❜❧è♠❡ ♣✉✐sq✉❡ ❧❡s
p✲✈❛❧✉❡s ♣r♦❝❤❡s ❞❡ ✶ ♥❡ ♥♦✉s ✐♥tér❡ss❡♥t ♣❛s ❡♥ ♣r❛t✐q✉❡✳ ❆✉♣❛r❛✈❛♥t✱ ❆❧❧✐s♦♥ ❡t ❛❧ ✭✷✵✵✷✮
♦♥t ♣r♦♣♦sé ❞❡ tr❛✈❛✐❧❧❡r ❞✐r❡❝t❡♠❡♥t s✉r ❧❡s p✲✈❛❧✉❡s ♣❛r ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐str✐❜✉t✐♦♥s ❜❡t❛
❡t ❡♥ ❝♦♥s✐❞ér❛♥t ✉♥❡ ✉♥✐❢♦r♠❡✶✾ ♣♦✉r ❧❛ ❝♦♠♣♦s❛♥t❡ ♥✉❧❧❡ ❞✉ ♠é❧❛♥❣❡✳ ❈❡♣❡♥❞❛♥t✱ s❛♥s
♣❧✉s ❞✬❡①♣ér✐❡♥❝❡ s✉r ❧❛ q✉❡st✐♦♥✱ ♥♦✉s ♣❡♥s♦♥s ❛ ♣r✐♦r✐ q✉❡ ❝❡tt❡ ❢❛ç♦♥ ❞❡ ♣r♦❝é❞❡r r❛♠è♥❡
t♦✉t❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ✐♥tér❡ss❛♥t❡ ❝♦♥t❡♥✉❡ ❞❛♥s ❧❡ ♠é❧❛♥❣❡ s✉r ✵✱ ❝❡ q✉✐ ♣❡✉t ❛✛❡❝t❡r ❧❛
q✉❛❧✐té ❞❡ ❧✬❡st✐♠❛t✐♦♥✱ ❝♦♠♣❛ré à ❞❡s ♠ét❤♦❞❡s r❡♣♦s❛♥t s✉r ❞❡s tr❛♥s❢♦r♠❛t✐♦♥s ❞❡ t②♣❡
♣r♦❜✐t ♦✉ ❧♦❣ ♣❛r ❡①❡♠♣❧❡✱ q✉✐ ♣❡r♠❡tt❡♥t ❡♥ q✉❡❧q✉❡ s♦rt❡ ❞❡ ✏③♦♦♠❡r✑ s✉r ❝❡ q✉✐ s❡ ♣❛ss❡
❛✉ ♥✐✈❡❛✉ ❞❡s ❢❛✐❜❧❡s p✲✈❛❧✉❡s✳

❈❡rt❛✐♥❡s ❛♣♣r♦❝❤❡s ♣♦s❡♥t ❞❡s ❝♦♥tr❛✐♥t❡s ♣❧✉s ❢❛✐❜❧❡s s✉r ❧❡s ❞❡♥s✐tés ♥✉❧❧❡s ❡t ❛❧✲
t❡r♥❛t✐✈❡s✳ ❉❛♥s ♥♦tr❡ ❝❛s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❧❡s ♠❛rq✉❡✉rs s♦♥t ré♣❛rt✐s ❡♥ ❞❡✉①
❝❧❛ss❡s ✿ ❛ss♦❝✐és ❡t ♥♦♥✲❛ss♦❝✐és✳ ▼❛✐s ✐❧ ❡st ♣r♦❜❛❜❧❡ q✉❡ ❧❛ ❝❧❛ss❡ r❡♣rés❡♥t❛♥t ❧✬❤②♣♦✲
t❤ès❡ ❛❧t❡r♥❛t✐✈❡ s♦✐t ❡♥ ré❛❧✐té ✉♥ ♠é❧❛♥❣❡ ❞❡ ❞✐✛ér❡♥t❡s ❛❧t❡r♥❛t✐✈❡s ❛r❜♦r❛♥t ❞✐✛ér❡♥t❡s
❢♦r❝❡s ❞✬❛ss♦❝✐❛t✐♦♥✳ ❯♥❡ ❢❛ç♦♥ ❞❡ tr❛✐t❡r ❧❡ ♣r♦❜❧è♠❡ ❡st ❞✬✉t✐❧✐s❡r ✉♥ ♠♦❞è❧❡ ❞❡ ♠é✲
❧❛♥❣❡ à ♣❧✉s ❞❡ ❞❡✉① ❝♦♠♣♦s❛♥t❡s ❡t ❞✬❛♣♣❧✐q✉❡r ✉♥ ❝r✐tèr❡ ❞❡ sé❧❡❝t✐♦♥ ✭❞❡ t②♣❡ ❇■❈✷✵

✶✾✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❜❡t❛
✷✵♣♦✉r ❇❛②❡s✐❛♥ ■♥❢♦r♠❛t✐♦♥ ❈r✐t❡r✐♦♥



✾✹ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

♣❛r ❡①❡♠♣❧❡✮ s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ❝❧❛ss❡s✱ t❡❧ q✉❡ ♣rés❡♥té ♣❛r ▲❡r♦✉① ✭✶✾✾✷✮✳ ❯♥❡ ❛✉tr❡
❛♣♣r♦❝❤❡ s❡♠✐✲♣❛r❛♠étr✐q✉❡ ❝♦♥s✐st❡ à ♥❡ ❢❛✐r❡ ❛✉❝✉♥❡ ❤②♣♦t❤ès❡ s✉r ❧❛ ❢❛♠✐❧❧❡ ❞❡ ❞❡♥✲
s✐tés ❡♥ ❧❡s ✐♥té❣r❛♥t ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞✬❡st✐♠❛t✐♦♥ ✭❍❛❧❧ ✶✾✽✶✱ ❘♦❜✐♥ ❡t ❛❧ ✷✵✵✼✮✳ ❯♥
t❡❧ ♠♦❞è❧❡ ❡st ❡①trê♠❡♠❡♥t ✢❡①✐❜❧❡ ♠❛✐s s❛♥s ❝♦♥tr❛✐♥t❡s s✉r ❧❛ ❢❛♠✐❧❧❡ ❞❡ ❞❡♥s✐tés✱ ❧❡s
♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ♥❡ s♦♥t ❡♥ ♣r❛t✐q✉❡ ♣❛s ✐❞❡♥t✐✜❛❜❧❡s✳ ❈❡tt❡ ❢❛ç♦♥ ❞✬♦♣ér❡r ♥é❝❡ss✐t❡
❞♦♥❝ ❧✬❡st✐♠❛t✐♦♥ ❛ ♣r✐♦r✐ ❞❡s ♣r♦❜❛❜✐❧✐tés πc✳ ❈❡❧❛ ♣❡✉t s❡ ❢❛✐r❡ ❞❡ ❞✐✛ér❡♥t❡s ♠❛♥✐èr❡
✭✈♦✐r ❙t♦r❡② ❡t ❚✐❜s❤✐r❛♥✐ ✷✵✵✸ ♣♦✉r ✉♥ ❡①❡♠♣❧❡✮ ❡t ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ s✉r ❧❡ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡ ♣❛r❛♠étr✐q✉❡ q✉❡ ♥♦✉s ❛✈♦♥s ♣rés❡♥té ❡♥ ❝♦♥st✐t✉❡ ✉♥❡✳ P♦✉r ♣❧✉s ❞❡ ❞ét❛✐❧s✱
✉♥❡ r❡✈✐❡✇ ❞❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ❡t ❞❡ π0 ❡st ❛♣♣♦rté❡ ♣❛r
❉❛❧♠❛ss♦ ❡t ❛❧ ✭s♦✉♠✐s✮✳

❉❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✉t♦✉r ❞❡ ❧✬❛♣♣r♦❝❤❡ ❞é✈❡❧♦♣♣é❡ ♣❛r ❙té♣❤❛♥❡ ❘♦❜✐♥
❡t ❛❧ ✭✷✵✵✼✮✱ ♥♦✉s ❛✈♦♥s ❝♦♥tr✐❜✉é ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥ ♣❛❝❦❛❣❡ ❘ ❝♦♥❝❡r♥❛♥t ✉♥❡
❡st✐♠❛t✐♦♥ s❡♠✐✲♣❛r❛♠étr✐q✉❡ ❞❡s ♠♦❞è❧❡s ❞❡ ♠é❧❛♥❣❡ ❛♣♣❧✐q✉é❡ à ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉
❋❉❘ ▲♦❝❛❧ ✭❡♥ ❞é✈❡❧♦♣♣❡♠❡♥t✮✳

❊♥✜♥✱ ❧❡s ♠ét❤♦❞❡s ❛❝t✉❡❧❧❡s ❞✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ❡t ❞✉ ❋❉❘ ▲♦❝❛❧ ❢♦♥t ❧✬❤②♣♦t❤ès❡
q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s✱ ❤②♣♦t❤ès❡ s♦✉s✲❥❛❝❡♥t❡ ❛✉ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡✳
❉❛♥s ❧❡ ❝❛❞r❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥✱ ♦♥ s❛✐t q✉❡ ❝❡tt❡ ❤②♣♦t❤ès❡ ❛ ♣❡✉ ❞❡ ❝❤❛♥❝❡ ❞❡
s❡ ré❛❧✐s❡r ❡♥ r❛✐s♦♥ ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳ ▼❛✐s ❧✬✉t✐❧✐s❛t✐♦♥ ❝r♦✐ss❛♥t❡ ❞❡ ♠❛rq✉❡✉rs
✐♥❞é♣❡♥❞❛♥ts à tr❛✈❡rs ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡ t❛❣❙◆Ps ♥♦✉s ♣❧❛❝❡ ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❢❛✈♦r❛❜❧❡
q✉❛♥t à ❧❛ ✈❛❧✐❞✐té ❞❡ ❝❡tt❡ ❤②♣♦t❤ès❡✳ P❛r ❛✐❧❧❡✉rs✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❝♦♥st❛té ❞❛♥s
♥♦s s✐♠✉❧❛t✐♦♥s✱ ♣♦✉r ♣r♦❞✉✐r❡ ❞❡s rés✉❧t❛ts ✜❛❜❧❡s ❝❡ t②♣❡ ❞❡ ♠ét❤♦❞♦❧♦❣✐❡ ♥é❝❡ss✐t❡
q✉❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ♠❛rq✉❡✉rs s♦✉s H1 ❡t ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ H0 ❡t H1 ✭à s❛✈♦✐r ❧❛ ❢♦r❝❡
❞✬❛ss♦❝✐❛t✐♦♥ à ❧❛ ♠❛❧❛❞✐❡✮ ♥❡ s♦✐❡♥t ♣❛s tr♦♣ ❢❛✐❜❧❡s✳ ❈❡❧❛ ❡st ♣♦✉rt❛♥t ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t
❧❡ ❝❛s ❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ s✉r ❧❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs
q✉✬♦♥ ❧✬♦♥ s✬❛tt❡♥❞ à tr♦✉✈❡r ❝♦♠♠❡ ét❛♥t ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡ ❡st r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡
❝♦♠♣❛ré ❛✉ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs t❡stés✱ ❡t ♦ù ❧❡s ❡✛❡ts q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡r à ♠❡ttr❡ ❡♥ ❛✈❛♥t
s♦♥t ♠♦❞❡st❡s✳ ❈❡❧❛ ♥✬❡①❝❧✉t ❝❡♣❡♥❞❛♥t ♣❛s ♣♦✉r ❛✉t❛♥t ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧✳ ■❧ ② ❛
❡♥ ❡✛❡t ❢♦rt à ♣❡♥s❡r q✉✬❡♥ ♣r❛t✐q✉❡✱ ❧❡ ❝❤♦✐① ❞❡s ♠❛rq✉❡✉rs ❝♦♥s✐❞érés ❝♦♠♠❡ ❛ss♦❝✐és à
❧❛ ♠❛❧❛❞✐❡ s❡ ❢♦♥❞❡ ♣❧✉tôt s✉r ✉♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ ♠♦②❡♥s ❧✐♠✐t❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs
q✉❡ ❧✬♦♥ ❡st ❝❛♣❛❜❧❡ ❞❡ ♣♦st✲❛♥❛❧②s❡r✱ q✉❡ s✉r ❧❡ ❝❤♦✐① ❞✬✉♥ s❡✉✐❧ st❛t✐st✐q✉❡✳ ▲❡ ❋❉❘ ▲♦❝❛❧
❛♣♣♦rt❡ ❞❛♥s ❝❡ ❝♦♥t❡①t❡ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ✐♥tér❡ss❛♥t❡ ♣♦✉r ❧❛ ✈❛❧✐❞❛t✐♦♥ ✭❜✐❜❧✐♦❣r❛♣❤✐q✉❡✱
❡①♣ér✐♠❡♥t❛❧❡✳✳✳✮ ❞❡s rés✉❧t❛ts✱ ♣❧✉s ❢❛❝✐❧❡ à ✐♥t❡r♣rét❡r ♣♦✉r ❧❡ ❣é♥ét✐❝✐❡♥ q✉❡ ❧❛ p✲✈❛❧✉❡✱
❡t q✉✐ ♣❡r♠❡t ❞❡ ❥❛✉❣❡r ❧❛ ♣❡rt✐♥❡♥❝❡ ❞✬❛✉❣♠❡♥t❡r ♦✉ ❞❡ ❞✐♠✐♥✉❡r ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs
à r❡t❡♥✐r ♣♦✉r ❧❛ s✉✐t❡ ❞❡ ❧✬ét✉❞❡✱ ♣❛r r❛♣♣♦rt ❛✉ ♥♦♠❜r❡ q✉❡ ❧✬♦♥ s✬ét❛✐t ✜①é ❛✉ ❞é♣❛rt✳
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❋✐❣✳ ✷✳✷✵ ✕ ❊st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ♣❛r
❛❧❣♦r✐t❤♠❡ ❊▼ ✿ ❋✐❣✉r❡ ❞❡ ❣❛✉❝❤❡ ✲ é✈♦❧✉t✐♦♥ ❞❡s ❡st✐♠❛t✐♦♥s ❞❡s ♣❛r❛♠ètr❡s µ1✱
σ1 ❡t π1 à ❝❤❛q✉❡ ✐tér❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❥✉sq✉✬à ❝♦♥✈❡r❣❡♥❝❡✳ ❋✐❣✉r❡ ❞❡ ❞r♦✐t❡ ✲
❤✐st♦❣r❛♠♠❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ✭xi✮ ❡t ❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ❞❡♥s✐té s♦✉s H1✳ ▲❛ s✐♠✉❧❛t✐♦♥ ❡st
ré❛❧✐sé❡ ♣♦✉r ❧❡s ♣❛r❛♠ètr❡s µ1 = −4✱ σ1 = 1 ❡t π1 = 0.2✳
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❋✐❣✳ ✷✳✷✶ ✕ ❊s♣ér❛♥❝❡ ❡t ❱❛r✐❛♥❝❡ ❞❡s ❡st✐♠❛t❡✉rs ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❞❡
♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ❡st✐♠és ♣❛r ❛❧❣♦r✐t❤♠❡ ❊▼ ✿ ❡st✐♠és à ♣❛rt✐r ❞❡ ✶✱✵✵✵ s✐♠✉❧❛t✐♦♥s
❡♥ ✜①❛♥t ❧❡ ♣❛r❛♠èt❡ σ1 à ✶ ❡t ❡♥ ❢❛✐s❛♥t ✈❛r✐❡r ❧❡s ♣❛r❛♠ètr❡s µ1 ❡t π1✳
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❋✐❣✳ ✷✳✷✷ ✕ ❊st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ s✉r ❧❡s ❞♦♥♥é❡s ❆■▼✲❙❈❆◆ ✿ ❛♣♣❧✐q✉é❡
s✉r ❧❡s p✲✈❛❧✉❡s rés✉❧t❛♥t❡s ❞✬✉♥ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛♣♣❧✐q✉é ❝❤❡③ ❧❡s té♠♦✐♥s✳ ▲❡s
♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0 s♦♥t s✉♣♣♦sés ❝♦♥♥✉s ✿ N (0, 1)✳
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❋✐❣✳ ✷✳✷✸ ✕ ❊st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ s✉r ❧❡s ❞♦♥♥é❡s ❆■▼✲❙❈❆◆ ✿ ❛♣♣❧✐q✉é❡
s✉r ❧❡s p✲✈❛❧✉❡s rés✉❧t❛♥t❡s ❞✬✉♥ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛♣♣❧✐q✉é ❝❤❡③ ❧❡s té♠♦✐♥s✳ ▲❡s
♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s H0 s♦♥t ❡st✐♠és✳
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✷✳✽ ❈♦♥❝❧✉s✐♦♥s

❆ ♣r❡♠✐èr❡ ✈✉❡✱ ♠❡♥❡r ✉♥❡ ❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r s✉r ✉♥❡ ét✉❞❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝❛s✲
té♠♦✐♥s ♣❡✉t ♣❛r❛îtr❡ t♦✉t à ❢❛✐t tr✐✈✐❛❧❡ ❛✉ r❡❣❛r❞ ❞❡ ❧❛ s✐♠♣❧✐❝✐té ❛✈❡❝ ❧❛q✉❡❧❧❡ ✐❧ ❡st
♣♦ss✐❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r ❧❡s ❞♦♥♥é❡s ✿ ✐❧ s✬❛❣✐t ❡♥ ❢❛✐t ❞❡ t❡st❡r ❧✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ✉♥❡
✈❛r✐❛❜❧❡ ❢❛❝t♦r✐❡❧❧❡ ✭❧❡ st❛t✉t✮ à ❞❡✉① ♥✐✈❡❛✉① ♣♦ss✐❜❧❡s ✭❛✛❡❝té✱ ♥♦♥✲❛✛❡❝té✮ ❡t ✉♥❡ ❛✉tr❡
✈❛r✐❛❜❧❡ ❢❛❝t♦r✐❡❧❧❡ ✭❧❡ ♠❛rq✉❡✉r✮ à ❞❡✉① ♦✉ tr♦✐s ♥✐✈❡❛✉① ♣♦ss✐❜❧❡s ✭❧✬❛❧❧è❧❡ ♦✉ ❧❡ ❣é♥♦t②♣❡✮✱
❞❡ s♦rt❡ q✉❡ ❧✬❛♥❛❧②s❡ ♣❡✉t s❡ rés✉♠❡r à t❡st❡r ❧❛ ❞✐✛ér❡♥❝❡ ♦❜s❡r✈é❡ ❞❡ ❞✐str✐❜✉t✐♦♥
❛❧❧é❧✐q✉❡ ♦✉ ❣é♥♦t②♣✐q✉❡ ❡♥tr❡ ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s✱ ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥ s✐♠♣❧❡ t❡st ❞✉ χ2✳

❈❡♣❡♥❞❛♥t✱ ❧❡ ♠ê♠❡ t❡st ♣❡✉t ❡♥ ❢❛✐t s❡ ❞é❝❧✐♥❡r s♦✉s ❞✐✛ér❡♥t❡s ♠❛♥✐èr❡s ❞❡ ❧❡ ré❛❧✐s❡r
❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ♥❛t✉r❡ ♠ê♠❡ ❞✉ t❡st✷✶✱ ❞✉ ♠♦❞❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡✷✷ ♦✉ ❡♥❝♦r❡
❞✉ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ❡♠♣❧♦②é✷✸✳ ❚♦✉t❡s ❝❡s ♣♦ss✐❜✐❧✐tés ✈♦♥t ❡♥tr❛î♥❡r ❞❡s ❞✐✛é✲
r❡♥❝❡s s✉r ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s✱ ♣❛r❢♦✐s ✐♥✜♠❡s ♠❛✐s ♣♦rt❛♥t ♣❛r❢♦✐s à ❝♦♥séq✉❡♥❝❡✳ ❊♥
❧✬♦❝❝✉rr❡♥❝❡ ✐❧ ❡st ❜✐❡♥ ❝♦♥♥✉ q✉❡ ❧❛ q✉❛❧✐té ❞✬✉♥❡ ❡st✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❧❛ p✲✈❛❧✉❡
❞é♣❡♥❞ ❞❡ ❧❛ ré❛❧✐s❛t✐♦♥ ❞❡ ❝❡rt❛✐♥❡s ❝♦♥❞✐t✐♦♥s s✉r ❧✬é❝❤❛♥t✐❧❧♦♥✳ ❉✬❛✉tr❡ ♣❛rt✱ ✐❧ ❡st sû✲
r❡♠❡♥t ♠♦✐♥s ❝♦♥♥✉ q✉❡ ❧❡ t❡st ❡①❛❝t ♣r♦♣♦sé ♣❛r ❋✐s❤❡r ♥✬❡st ♣❛s str✐❝t❡♠❡♥t éq✉✐✈❛❧❡♥t
à ❧❛ ✈❡rs✐♦♥ ❡①❛❝t❡ ❞✬✉♥ t❡st ❛s②♠♣t♦t✐q✉❡ ♦✉ ❡♠♣✐r✐q✉❡ ré❛❧✐sé s✉r ❧❛ ❜❛s❡ ❞✉ s❝♦r❡ ❞❡
P❡❛rs♦♥✳ ❯♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞✉ tr❛✈❛✐❧ ré❛❧✐sé ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❛✉r❛ ❞♦♥❝ été
❞❡ r❛♣♣❡❧❡r ❧❡s ❢♦♥❞❡♠❡♥ts t❤é♦r✐q✉❡s à ♣❛rt✐r ❞❡sq✉❡❧s ♦♥ ❛ ❝♦♥str✉✐t ❧❡s ♣r✐♥❝✐♣❛✉① t❡sts
❞✬❛ss♦❝✐❛t✐♦♥ ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡✳

❆ ♣❛rt✐r ❞❡ ❝❡s ❝♦♥s✐❞ér❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉✬✐❧ ét❛✐t ♣♦ss✐❜❧❡ ❞❡ ♠❡ttr❡ ❡♥ ♣❧❛❝❡
♣❧✉s✐❡✉rs t❡sts ❞✬❛ss♦❝✐❛t✐♦♥ ❛ss❡③ ♥❛t✉r❡❧s ❝♦♠♠❡ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡✱ ❛❧❧é❧✐q✉❡ ♦✉ ❡♥❝♦r❡
❞❡ t❡♥❞❛♥❝❡✳ ◆♦✉s ❡♥ ❛✈♦♥s é❣❛❧❡♠❡♥t ❝♦♥s✐❞éré ✉♥ q✉❛tr✐è♠❡ ✉♥ ♣❡✉ ♠♦✐♥s ✐♥t✉✐t✐❢ ❞✬✉♥
♣♦✐♥t ❞❡ ✈✉❡ st❛t✐st✐q✉❡✱ ❢♦♥❞é s✉r ❧❛ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣
♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s✳

❉é❝✐❞❡r q✉❡❧❧❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✐❧ ❝♦♥✈✐❡♥t ❞✬✉t✐❧✐s❡r✱ ❡st ❧♦✐♥ ❞✬êtr❡ é✈✐❞❡♥t✳
❈❤❛❝✉♥❡ ♣❡r♠❡t ❞❡ t❡st❡r ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ❞❡ ♥♦♥✲❛ss♦❝✐❛t✐♦♥ ❝♦♥tr❡ ❞❡s ❤②♣♦t❤ès❡s ❛❧✲
t❡r♥❛t✐✈❡s s❡♥s✐❜❧❡♠❡♥t ❞✐✛ér❡♥t❡s✱ ♦♥ s❡ r❡♥❞ r❛♣✐❞❡♠❡♥t ❝♦♠♣t❡ q✉❡ ❧✬❡✣❝❛❝✐té ❞❡ t❡❧
♦✉ t❡❧ t❡st ♣❛r r❛♣♣♦rt à ✉♥ ❛✉tr❡ ❞é♣❡♥❞ ❞❡ ❧❛ ♠❛♥✐èr❡ ❞♦♥t ❧❡ ❧♦❝✉s ❛❣✐t s✉r ❧❛ ♠❛✲
❧❛❞✐❡✳ ❈❡tt❡ ✐♥❢♦r♠❛t✐♦♥ ét❛♥t ✐♥❝♦♥♥✉❡✱ ✐❧ ❡st ✐♠♣♦ss✐❜❧❡ ❞❡ ❢❛✈♦r✐s❡r ❛ ♣r✐♦r✐ ✉♥ t❡st
♣❧✉tôt q✉✬✉♥ ❛✉tr❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ✉♥❡ str❛té❣✐❡ sé❞✉✐s❛♥t❡ ❡st ❞❡ ❝♦♠❜✐♥❡r ❧❡s st❛✲
t✐st✐q✉❡s ♦✉ ❧❡s t❡sts ❛✈❡❝ ❧✬❛tt❡♥t❡ ❞✬② ❣❛❣♥❡r ❡♥ t❡r♠❡ ❞❡ ♣✉✐ss❛♥❝❡✳ ◆♦✉s ❛✈♦♥s ♣❛r❧é
❞❡ ✏♠ét❛✲st❛t✐st✐q✉❡✑ ❛✜♥ ❞❡ ❞és✐❣♥❡r ❝❡ t②♣❡ ❞✬❛♣♣r♦❝❤❡ ❞♦♥t ❧❛ ❥✉st✐✜❝❛t✐♦♥ ❡st ❝❡♣❡♥✲
❞❛♥t ❧♦✐♥ ❞✬êtr❡ ❝❧❛✐r❡✳ ❉❡ ♣❧✉s✱ ❞✉ ❢❛✐t ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s st❛t✐st✐q✉❡s
❞✬❛ss♦❝✐❛t✐♦♥✱ ✉♥ ❝❛❧❝✉❧ ❞❡ ❧❛ p✲✈❛❧✉❡ ❛✉tr❡ q✉✬❡♠♣✐r✐q✉❡ s❡ ré✈è❧❡ ❞é❧✐❝❛t✳

❆✜♥ ❞✬é❝❧❛✐r❡r ❧❛ ❞é❝✐s✐♦♥ ❝♦♥❝❡r♥❛♥t q✉❡❧❧❡✭s✮ st❛t✐st✐q✉❡✭s✮ ❞✬❛ss♦❝✐❛t✐♦♥ ✉t✐❧✐s❡r✱ ♥♦✉s
❛✈♦♥s ♠✐s ❡♥ ♣❧❛❝❡ ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡✳ ❈❡tt❡ ét✉❞❡ ❛ ♥é❝❡ss✐té ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s

✷✶t❡st ❞❡ s❝♦r❡✱ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦✉ ❞❡ ❲❛❧❞
✷✷t❡st ❛s②♠♣t♦t✐q✉❡✱ ❡♠♣✐r✐q✉❡ ♦✉ ❡①❛❝t
✷✸t❡st ❝♦♥❞✐t✐♦♥♥❡❧✱ ♥♦♥✲❝♦♥❞✐t✐♦♥♥❡❧



✶✵✵ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

❧❛ ❞é✜♥✐t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡ ❣é♥ét✐q✉❡ ❛✜♥ ❞❡ s❡ ♣❧❛❝❡r s♦✉s ❞❡s ❤②♣♦t❤ès❡s ❛❧t❡r♥❛t✐✈❡s
❝ré❞✐❜❧❡s✳ ▲❡s ♣r✐♥❝✐♣❛✉① ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ s♦♥t ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❞❡ ❧❛ ♠❛✲
❧❛❞✐❡✱ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡♥tr❡ ❧❡ ♠❛rq✉❡✉r ❡t ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❞❛♥s ❧❡ ❝❛s
❞✬✉♥❡ ❛ss♦❝✐❛t✐♦♥ ✐♥❞✐r❡❝t❡✱ ❧❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s r❡s♣❡❝t✐✈❡s ❛✐♥s✐ q✉❡ ❧❡ ❝♦❡✣❝✐❡♥t
❞❡ ❝♦♥s❛♥❣✉✐♥✐té ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥✳ P❛r♠✐ ❧❡s ❞✐✛ér❡♥t❡s ♠ét❤♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ♣✉✐s✲
s❛♥❝❡✱ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ❧❡s ♣❧✉s ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sé❡s ✿ ▼♦♥t❡✲❈❛r❧♦✱ χ2 ❞é❝❡♥tré ❡t
❉❡❧t❛✲▼ét❤♦❞❡✳ ❆ ❝❡s tr♦✐s ♠ét❤♦❞❡s ♥♦✉s ❛✈♦♥s ❛❥♦✉té ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥❡ ❡①t❡♥s✐♦♥ ❞❡ ❧❛
❉❡❧t❛✲▼ét❤♦❞❡ à ❧✬♦r❞r❡ ✷ ✭❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡✮✳ ◆♦✉s ❛✈♦♥s ❡♥ ❧✬♦❝❝✉rr❡♥❝❡ ❝♦♥st❛té q✉❡
♠❛❧❣ré ✉♥❡ ❝♦♠♣❧❡①✐té ♣❧✉s ✐♠♣♦rt❛♥t❡✱ ❧❛ ❋♦r♠❡ ◗✉❛❞r❛t✐q✉❡ ♣❡r♠❡tt❛✐t ✉♥❡ ❡st✐♠❛t✐♦♥
♣❧✉s r❛♣✐❞❡ q✉❡ ❧❡ ▼♦♥t❡✲❈❛r❧♦✱ ♣❧✉s ❣é♥ér❛❧❡ q✉❡ ❧❡ χ2 ❞é❝❡♥tré ❡t ♣❧✉s ♣ré❝✐s❡ q✉❡ ❧❛
❉❡❧t❛✲▼ét❤♦❞❡✳

▲❡s ♣r❡♠✐èr❡s ❝♦♥❝❧✉s✐♦♥s ❞❡ ♥♦tr❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❝♦♥❝❡r♥❛✐t ❧❡s t❡sts ❣é♥♦t②♣✐q✉❡
❡t ❞❡ t❡♥❞❛♥❝❡ ❛✐♥s✐ q✉❡ ❧❡s t❡sts ❢♦♥❞és s✉r ❧❛ s♦♠♠❡ ❡t ❧❡ ♣r♦❞✉✐t ❞❡s st❛t✐st✐q✉❡s
❝♦rr❡s♣♦♥❞❛♥t❡s✳ ❈♦♠♠❡ ❛tt❡♥❞✉✱ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ s✬❛✈èr❡ êtr❡ ♠❡✐❧❧❡✉r q✉❡ ❧❡ t❡st
❞❡ t❡♥❞❛♥❝❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢s✱ ❞♦♠✐♥❛♥t ❡t s✉r✲❞♦♠✐♥❛♥t✳ ▲❡ t❡st
❞❡ t❡♥❞❛♥❝❡ ♣r✐✈✐❧é❣✐❛♥t ✉♥❡ ❛❧t❡r♥❛t✐✈❡ q✉✐ ✈❛ ❞❛♥s ❧❡ s❡♥s ❞✬✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥
❛❞❞✐t✐❢✱ ✐❧ s❡ ♠♦♥tr❡ ♣❧✉s ♣✉✐ss❛♥t ♣♦✉r ❞❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ❛❞❞✐t✐❢ ❡t ♠✉❧t✐♣❧✐❝❛t✐❢✳
▲❡ ❝❤♦✐① ❡♥tr❡ ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ ♦✉ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ ♥✬❡st ❞♦♥❝ ♣❛s ❝❧❛✐r✳ ❖♥ ♣❡✉t
♣ré❢ér❡r ❧❡ t❡st ❣é♥♦t②♣✐q✉❡ ♣❛r❝❡ q✉✬✐❧ ❡st ♣❧✉s ❣é♥ér❛❧✳ ▼❛✐s ♦♥ ♣❡✉t ❛✉ss✐ ♣❡♥s❡r q✉❡ ❧❡s
♠❛rq✉❡✉rs ✐♥❞✐r❡❝t❡♠❡♥t ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡ ♣❛r ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❛✈❡❝ ✉♥ ❧♦❝✉s
❞❡ s✉s❝❡♣t✐❜✐❧✐té ♦♥t ♣❧✉s ❞❡ ❝❤❛♥❝❡s ❞❡ ♣rés❡♥t❡r ✉♥❡ r❡❧❛t✐♦♥ à ❧❛ ♠❛❧❛❞✐❡ ✐♥t❡r♠é❞✐❛✐r❡✱
♠ê♠❡ ❧♦rsq✉❡ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ♣♦✉r ❧❡sq✉❡❧s ✐❧s s❡r✈❡♥t ❞❡ s✉❜st✐t✉t ♣rés❡♥t❡♥t
❡✉①✲♠ê♠❡s ❞❡s ♠♦❞❡s ❞❡ tr❛♥s♠✐ss✐♦♥ ré❝❡ss✐❢ ♦✉ ❞♦♠✐♥❛♥t✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧✬✉t✐❧✐s❛t✐♦♥
❞✉ t❡st ❞❡ t❡♥❞❛♥❝❡ ♣❛r❛ît t♦✉t à ❢❛✐t r❛✐s♦♥♥❛❜❧❡✳ ▲❛ ♣✉✐ss❛♥❝❡ ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❢♦♥❞é❡ s✉r
❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❝❡s t❡sts ♦✉ ❞❡s st❛t✐st✐q✉❡s ❛ss♦❝✐é❡s s❡ s✐t✉❡ ♣r❡sq✉❡ t♦✉❥♦✉rs ❡♥tr❡ ❧❡s
♣✉✐ss❛♥❝❡s ❞❡s t❡sts ré❛❧✐sés s❡✉❧s✳ P❛r ❝♦♥séq✉❡♥t✱ s✐ ❧✬✐❞é❡ q✉✬✉♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ ❛♣♣♦rt❡
✉♥ ❣❛✐♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡st ❢❛✉ss❡✱ ❡❧❧❡ ♣❡r♠❡t ❡♥ r❡✈❛♥❝❤❡ ❞❡ ♣r♦♣♦s❡r ✉♥❡ str❛té❣✐❡ ❞♦♥t
❧❛ ♣✉✐ss❛♥❝❡ ❡st ✐♥t❡r♠é❞✐❛✐r❡✱ s♦✉✈❡♥t ♣❧✉s ♣r♦❝❤❡ ❞✉ ♠❡✐❧❧❡✉r t❡st q✉❡ ❞✉ ♠♦✐♥s ❜♦♥✱
❡t ❝❡✱ q✉❡❧❧❡ q✉❡ s♦✐t ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡ s♦✉s✲❥❛❝❡♥t❡✳ ❈❡♣❡♥❞❛♥t ❧❡ ❝♦♥trô❧❡ ❞✉ t❛✉①
❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ♥é❝❡ss✐t❡ ❞❡ ♣r♦❝é❞❡r à ❝❡ t②♣❡ ❞❡ t❡sts ❛✈❡❝ ❛tt❡♥t✐♦♥✳

◆♦✉s ❛✈♦♥s ❝♦♥s❛❝ré ✉♥❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ ❛✉ t❡st ❛❧❧é❧✐q✉❡✳ ❊♥ ❢❛✐s❛♥t ❧✬❤②♣♦t❤ès❡
q✉❡ ❧❡s ❛❧❧è❧❡s s♦♥t é❝❤❛♥t✐❧❧♦♥♥és ❞❡ ♠❛♥✐èr❡ ✐♥❞é♣❡♥❞❛♥t❡ ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥✱ ❝❡ t❡st
✐♥tr♦❞✉✐t ✉♥ ❜✐❛✐s ❝❛r ❝❡tt❡ ❤②♣♦t❤ès❡ ♥✬❡st ♣❛s ré❛❧✐st❡✳ ❊♥ ♣r❛t✐q✉❡✱ ❝❡❧❛ ✐♥❞✉✐t ✉♥❡
❞é✈✐❛t✐♦♥ ❞❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ♦❜s❡r✈é❡s ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♠❜✐♥é❡ ♣❛r r❛♣♣♦rt
à ❝❡❧❧❡s ❛tt❡♥❞✉❡s à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡t ✉♥❡ ❡st✐♠❛t✐♦♥ ❡rr♦♥é❡ ❞❡ ❧❛ p✲✈❛❧✉❡✳
◆♦✉s ❛✈♦♥s ét✉❞✐é ❧✬✐♠♣❛❝t ❞✉ ❜✐❛✐s s✉r ❞♦♥♥é❡s ré❡❧❧❡s ❡t ❛✈♦♥s ❝♦♥st❛té q✉❡ ❧❡s ❝♦♥❞✐t✐♦♥s
❞❛♥s ❧❡sq✉❡❧❧❡s s♦♥t ❣é♥ér❛❧❡♠❡♥t ré❛❧✐sé❡s ❧❡s ét✉❞❡s ❣❡♥♦♠❡✲✇✐❞❡ ♥❡ s♦♥t ♣❛s ❢❛✈♦r❛❜❧❡s
à ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡ t❡st✳ ❈♦♠♠❡ ❛❧t❡r♥❛t✐✈❡ ❛✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé✱ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ✉♥
t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé ❡t ❡①❛❝t✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ♠✐s ❧✬❛❝❝❡♥t s✉r ❧✬❡①é❝✉t✐♦♥ r❛♣✐❞❡
❞✉ t❡st✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ♥♦tr❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ♥♦✉s ❛✈♦♥s ❝♦♠♣❛ré ❧❡ t❡st ❛❧❧é❧✐q✉❡
♥♦♥✲❜✐❛✐sé ❛✉ t❡st ❞❡ t❡♥❞❛♥❝❡ q✉✐ r❡♣rés❡♥t❡ ✉♥❡ ❛✉tr❡ ❛❧t❡r♥❛t✐✈❡ ❛✉ t❡st ❛❧❧é❧✐q✉❡ ❜✐❛✐sé✳
▲❡s ❞❡✉① t❡sts ♣rés❡♥t❡♥t ❞❡s ✈❛❧❡✉rs ❞❡ ♣✉✐ss❛♥❝❡ t♦✉t à ❢❛✐t ❝♦♠♣❛r❛❜❧❡s ❀ ❧❡ ❝❤♦✐① ❡♥tr❡
❧❡s ❞❡✉① ❛❧t❡r♥❛t✐✈❡s r❡♣♦s❡ ❞♦♥❝ ♣❧✉s s✉r ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s ♣r❛t✐q✉❡s✳ P♦✉r ❢❛❝✐❧✐t❡r ❧❛



✷✳✽✳ ❈♦♥❝❧✉s✐♦♥s ✶✵✶

❞✐✛✉s✐♦♥ ❞❡ ♥♦tr❡ t❡st✱ ♥♦✉s ❧❡ ♣r♦♣♦s♦♥s s♦✉s tr♦✐s ✈❡rs✐♦♥s ❞✐✛ér❡♥t❡s ✐♠♣❧é♠❡♥té❡s
♣❛r ❑❛r❧ ❋♦r♥❡r ✭❈✰✰✱ P❡r❧ ❡t ❘✮ ❡t ❞✐s♣♦♥✐❜❧❡s s✉r ❧❡ s✐t❡ ❞✉ ❧❛❜♦r❛t♦✐r❡ ❙t❛t✐st✐q✉❡ ❡t
●é♥♦♠❡✷✹✳

❯♥❡ ❛✉tr❡ s❡❝t✐♦♥ ❛ été ❝♦♥s❛❝ré❡ ❛✉ t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡ t❡st
❡♥ t❛♥t q✉❡ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ ❡st ✉♥ ♣❡✉ ♠♦✐♥s ♥❛t✉r❡❧❧❡ ❡t ♣r♦✈✐❡♥t ❞✉ ❢❛✐t q✉✬✉♥❡
❛ss♦❝✐❛t✐♦♥ à ❧❛ ♠❛❧❛❞✐❡ ❡♥tr❛î♥❡ é❣❛❧❡♠❡♥t ✉♥❡ ❞é✈✐❛t✐♦♥ ❝❤❡③ ❧❡s ❝❛s ❞❡s ♣r♦♣♦rt✐♦♥s
❣é♥♦t②♣✐q✉❡s ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣✳ ❈❡ t❡st ♣❡r♠❡t ❡♥ ❧✬♦❝❝✉rr❡♥❝❡
❞❡ ❞é❝❡❧❡r ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❛s ✉♥✐q✉❡♠❡♥t ❡t ❞❡ ♣ré❝✐s❡r
❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✉ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ ◆é❛♥♠♦✐♥s✱ ✐❧ r❡♣♦s❡ s✉r ❞❡s ❤②♣♦t❤ès❡s ❢♦rt❡s✳
▲❛ ♣r❡♠✐èr❡ ❡t ❧❛ ♣❧✉s ✐♥q✉✐ét❛♥t❡ ❡st q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❞♦✐t êtr❡ à ❧✬éq✉✐❧✐❜r❡
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ♣♦✉r ❝♦♥trô❧❡r ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❛✉ ♥✐✈❡❛✉ s♦✉❤❛✐té✳ ◆♦✉s
❛✈♦♥s ✈✉ q✉❡ ❞❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ❝❡ t❛✉① ❛✉❣♠❡♥t❡ très r❛♣✐❞❡♠❡♥t ❛✈❡❝ ❧❛ ❞é✈✐❛t✐♦♥ ♣❛r
r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡✳ ❉❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s✱ ♥♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ♠♦♥tré q✉❡ ❝❡ t❡st
❡st t♦t❛❧❡♠❡♥t ✐♥❛♣♣r♦♣r✐é ❧♦rsq✉❡ ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s♦✉s✲❥❛❝❡♥t ❡st ♠✉❧t✐♣❧✐❝❛t✐❢
✭♦✉ ♣r❡sq✉❡✮ ❝❡ q✉✐✱ ❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ❞✐s❝✉té✱ ❛ ❞❡s ❝❤❛♥❝❡s ❞✬êtr❡ ❣é♥ér❛❧❡♠❡♥t ❧❡
❝❛s✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡ ♥♦✉s ♥❡ r❡❝♦♠♠❛♥❞♦♥s ❞♦♥❝ ♣❛s ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡ t❡st ❡♥ t❛♥t q✉❡
t❡st ❞✬❛ss♦❝✐❛t✐♦♥✳ ◆♦✉s ❛✈♦♥s ♣rés❡♥té ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ✭∆F✮ q✉✐ r❡♣♦s❡ s✉r ❧❛ ❞✐✛ér❡♥❝❡
❡♥tr❡ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ❡st✐♠és ❝❤❡③ ❧❡s ❝❛s ❡t ❧❡s té♠♦✐♥s✱ ❡t q✉✐ ♣❡r♠❡t ❧❡
❝♦♥trô❧❡ ❞✉ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡✳ ❈❡ ❝♦♥trô❧❡ s❡ ❢❛✐t ♥é❛♥♠♦✐♥s ❛✉ ❝♦ût
❞✬✉♥❡ ♣❡rt❡ ❞❡ ♣✉✐ss❛♥❝❡ ❣❧♦❜❛❧❡ ❝♦♥séq✉❡♥t❡✳ ▲✬✐♥térêt ❞✬✉t✐❧✐s❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❛♣♣♦rté❡
♣❛r ❍❛r❞②✲❲❡✐♥❜❡r❣ rés✐❞❡ ❡♥ ré❛❧✐té ❞❛♥s ❧❡ ❣❛✐♥ ❞❡ ♣✉✐ss❛♥❝❡ ❝♦♥st❛té ❞❛♥s ❝❡rt❛✐♥❡s
❝✐r❝♦♥st❛♥❝❡s ❧♦rsq✉✬✐❧ ❡st ❛ss♦❝✐é ❛✉① st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♣❧✉s ❝❧❛ss✐q✉❡s✱ ❞✉ ❢❛✐t q✉✬✐❧
s✬❛♣♣✉✐❡♥t s✉r ❞❡s ❛s♣❡❝ts ❞✐✛ér❡♥ts ❞❡s ❞♦♥♥é❡s✳ P❧✉s✐❡✉rs t❡sts ❞é✈❡❧♦♣♣és ré❝❡♠♠❡♥t
r❡♣♦s❡♥t s✉r ❝❡tt❡ ❝♦♥st❛t❛t✐♦♥✳

❯♥ ❞❡r♥✐❡r ♣♦✐♥t ✐♠♣♦rt❛♥t é✈♦q✉é ❞❛♥s ❝❡ ❝❤❛♣✐tr❡ ❡st ❧❡ ❝❤♦✐① ❞✉ s❡✉✐❧ ❞❡ r❡❥❡t ❞❡
❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ❧♦rsq✉❡ ❧✬♦♥ s❡ tr♦✉✈❡ ❢❛❝❡ ❛✉ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡✳ ■❧ ❡st é✈✐❞❡♥t
q✉❡ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ♥✬❡st ♣❧✉s ✉♥❡ q✉❛♥t✐té ❛♣♣r♦♣r✐é❡ ♣♦✉r ❛ss✉r❡r ❝❡tt❡ ❞é❝✐✲
s✐♦♥✳ ■❧ ❛ été s✉❝❝❡ss✐✈❡♠❡♥t ♣r♦♣♦sé ❞❡ ❣✉✐❞❡r s♦♥ ❝❤♦✐① s✉r ❧❡ ❝♦♥trô❧❡ ❞✉ ❋❛♠✐❧②✲❲✐s❡
❊rr♦r✲❘❛t❡✱ s♦✉✈❡♥t ❝♦♥s✐❞éré ❝♦♠♠❡ tr♦♣ ❝♦♥s❡r✈❛t✐❢ à ✉♥ ♥✐✈❡❛✉ tr❛❞✐t✐♦♥♥❡❧ ❞❡ ✶✪ ♦✉
✺✪✱ ♣✉✐s ❞✉ ❋❛❧s❡ ❉✐s❝♦✈❡r② ❘❛t❡ q✉✐ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣r♦♣♦s❡r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡
❞❡ ❢❛✉①✲♣♦s✐t✐❢s s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦s✐t✐❢s q✉❡ ❧✬♦♥ ♦❜t✐❡♥t à ✉♥ s❡✉✐❧ ❞♦♥♥é✳ ▲✬✐♥❝♦♥✈é✲
♥✐❡♥t ❞✉ ❋❉❘ ❡st q✉✬✐❧ ❝♦♥s✐❞èr❡ q✉❡ t♦✉s ❧❡s ♣♦s✐t✐❢s ♣❛rt❛❣❡♥t ❧❛ ♠ê♠❡ ❝❤❛♥❝❡ ❞✬êtr❡
❞❡s ❢❛✉ss❡s ❞é❝♦✉✈❡rt❡s✱ ❝❡ q✉✐ ❡st ♥❛t✉r❡❧❧❡♠❡♥t ❢❛✉① ❡t ❞é♣❡♥❞ ❞✐r❡❝t❡♠❡♥t ❞❡ ❧❛ ✈❛❧❡✉r
❞❡ ❧❛ st❛t✐st✐q✉❡ ♣❛r r❛♣♣♦rt à ❧❛ ✈❛❧❡✉r ❛tt❡♥❞✉❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ P♦✉r ré♣♦♥❞r❡
à ❝❡ ♣r♦❜❧è♠❡ ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t ✉♥❡ q✉❛♥t✐té ♣r♦♣♦sé❡ ré❝❡♠♠❡♥t ✿ ❧❡ ❋❉❘ ▲♦❝❛❧✳ ❆
❝❡tt❡ ♦❝❝❛s✐♦♥✱ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥ ❛✈❛♥t ✉♥❡ ♠ét❤♦❞❡ ❞✬❡st✐♠❛t✐♦♥ q✉✐ ♥♦✉s s❡♠❜❧❡ êtr❡
❧❛ ♣❧✉s s✐♠♣❧❡ ❡t ❧❛ ♣❧✉s ♥❛t✉r❡❧❧❡✱ r❡♣♦s❛♥t s✉r ❧✬❡st✐♠❛t✐♦♥ ♣❛r❛♠étr✐q✉❡ ❞✬✉♥ ♠♦❞è❧❡
❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ ♣❛r ❛❧❣♦r✐t❤♠❡ ❊▼✱ ❡t ❞♦♥t ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ s❡ rés✉♠❡ ❡♥ q✉❡❧q✉❡s
❧✐❣♥❡s ❞❡ ❝♦❞❡✳ ❈❡tt❡ ♠ét❤♦❞❡ ❡st r❛♣✐❞❡ ❡t ❛ss❡③ ✢❡①✐❜❧❡ ♣♦✉r ✐♥té❣r❡r s✐ ♥é❝❡ss❛✐r❡ ❧✬❡st✐✲
♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s p✲✈❛❧✉❡s s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ❊❧❧❡ ✐♠♣♦s❡

✷✹❤tt♣✿✴✴st❛t✳❣❡♥♦♣♦❧❡✳❝♥rs✳❢r✴s♦❢t✇❛r❡✴❢✉❡❛t❡st



✶✵✷ ✷✳ ❆♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r

♥é❛♥♠♦✐♥s ✉♥ ❝❛❞r❡ ❣❛✉ss✐❡♥ à ❞❡✉① ❝❧❛ss❡s✳ ❉❛♥s ❧❡ ❜✉t ❞❡ ♠✐❡✉① s✬❛❥✉st❡r ❛✉① ❞♦♥♥é❡s✱
❞❡s ❛♠é❧✐♦r❛t✐♦♥s ♦♥t été ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❛✜♥ ❞❡ ♣❡r♠❡ttr❡ ✉♥❡ ❡st✐♠❛t✐♦♥
❞❡s ❞✐str✐❜✉t✐♦♥s ♥♦♥ ❝♦♥tr❛✐♥t❡ à ✉♥❡ ❢♦r♠❡ ❣❛✉ss✐❡♥♥❡ ❡t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ♣❧✉s
❞✬✉♥❡ ❛❧t❡r♥❛t✐✈❡ ♣♦ss✐❜❧❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡ ❡t ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧✬éq✉✐♣❡ ❞❡ ❙té♣❤❛♥❡
❘♦❜✐♥✱ ♥♦✉s ❛✈♦♥s ♣❛rt✐❝✐♣é ❛✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬❛♣♣r♦❝❤❡ s❡♠✐✲♣❛r❛♠étr✐q✉❡ q✉✬✐❧ ♦♥t
♣r♦♣♦sé❡✳ ▲❡ ♣❛❝❦❛❣❡ ❘ ❝♦rr❡s♣♦♥❞❛♥t ❞❡✈r❛✐t s✬✐♥t✐t✉❧❡r ❦❡r❢❞r ❡t êtr❡ ❞✐s♣♦♥✐❜❧❡ r❛♣✐✲
❞❡♠❡♥t✳

P♦✉r rés✉♠❡r ❧❡ tr❛✈❛✐❧ q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é s✉r ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r✱
❝❡❧✉✐✲❝✐ s✬❛rt✐❝✉❧❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❛✉t♦✉r ❞❡ tr♦✐s ❛①❡s ✿ ✭✐✮ ❧❡ r❛♣♣❡❧ ❞❡s ❢♦♥❞❡♠❡♥ts t❤é♦✲
r✐q✉❡s à ❧✬♦r✐❣✐♥❡ ❞❡s t❡sts ❞✬❛ss♦❝✐❛t✐♦♥✱ ✭✐✐✮ ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ q✉✐ ♥♦✉s ❛ ♣❡r♠✐s
❞❡ ❢❛✐r❡ ❧❡ ♣♦✐♥t s✉r ❧❡s ❞✐✛ér❡♥t❡s str❛té❣✐❡s ♣♦ss✐❜❧❡s ❡t ❞❡ s♦✉❧✐❣♥❡r ❞❡s ♣r♦❜❧è♠❡s ❞❡
✈❛❧✐❞✐té st❛t✐st✐q✉❡ q✉❛♥t à ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡rt❛✐♥s t❡sts ❡t ✭✐✐✐✮ ❧❡ ❝❤♦✐① ❞✉ s❡✉✐❧ ❞❡ r❡❥❡t
❞❡ ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡✳ ❈❡ ❝❤❛♣✐tr❡ ❡st ❝❡♣❡♥✲
❞❛♥t ❧♦✐♥ ❞❡ ❝♦✉✈r✐r t♦✉t❡s ❧❡s ♣r♦❜❧é♠❛t✐q✉❡s ❧✐é❡s à ❝❡ t②♣❡ ❞✬❛♥❛❧②s❡ ✿ ❧❡s ❡rr❡✉rs ❞❡
❣é♥♦t②♣❛❣❡✱ ❧❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ❛✐♥s✐ q✉❡ ❧❛ str❛t✐✜❝❛t✐♦♥ ❞❡ ♣♦♣✉❧❛t✐♦♥ s♦♥t ❛✉t❛♥t
❞❡ t❤é♠❛t✐q✉❡s q✉✬✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❛✜♥ ❞✬❛ss✉r❡r ❧❛ ✈❛❧✐❞✐té ❡t ❧❛
✜❛❜✐❧✐té ❞❡s rés✉❧t❛ts✳ ❈❡s ❞✐✛ér❡♥ts ♣♦✐♥ts ♦♥t été é✈♦q✉és ❡♥ ✐♥tr♦❞✉❝t✐♦♥ ✭♣✳ ✷✽✮✳



✶✵✸

❈❤❛♣✐tr❡ ✸

❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

■❧ ❡st ✈r❛✐s❡♠❜❧❛❜❧❡ q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s ♠❡t ❡♥ ❥❡✉ ✉♥ ❝❡rt❛✐♥
♥♦♠❜r❡ ❞❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❛✉① ❡✛❡ts ♠♦❞érés✱ ♣❧✉tôt q✉✬✉♥ s❡✉❧ ❧♦❝✉s ❛②❛♥t ✉♥
❡✛❡t ♠❛❥❡✉r s✉r ❧❛ ♠❛❧❛❞✐❡✳ P❛r ❛✐❧❧❡✉rs ❝❡s ❞✐✛ér❡♥ts ❧♦❝✉s s♦♥t ❧✐és ❧❡s ✉♥s ❛✉① ❛✉tr❡s ♣❛r
❞❡s ❛ss♦❝✐❛t✐♦♥s ❛❧❧é❧✐q✉❡s ❧♦❝❛❧❡s ❣é♥éré❡s ♣❛r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✱ ❡t ♣❛r ❞❡ ♣♦ss✐❜❧❡s
❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧♦❝✉s ❞✐st❛♥ts✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡ ✉♥❡ str❛té❣✐❡ ❞✬❛♥❛❧②s❡ ❞❡ t②♣❡
s✐♠♣❧❡✲♠❛rq✉❡✉r s❡♠❜❧❡ ❧✐♠✐té❡ ♣♦✉r é❧✉❝✐❞❡r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠é❝❛♥✐s♠❡s ✐♠♣❧✐q✉és ❞❛♥s
❧❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s✳

P♦✉r ré♣♦♥❞r❡ à ❝❡ ♣r♦❜❧è♠❡✱ ♣❧✉s✐❡✉rs ❢❛♠✐❧❧❡s ❞❡ ♠ét❤♦❞❡s ❞✬❛♥❛❧②s❡ ♠✉❧t✐✲♠❛rq✉❡✉rs
♦♥t été ❞é✈❡❧♦♣♣é❡s ❡t ♥♦✉s ❡♥ ♣rés❡♥t♦♥s ❧❡s ♣r✐♥❝✐♣❛❧❡s ❞❛♥s ❧❛ ♣r❡♠✐èr❡ ♣❛rt✐❡ ❞❡ ❝❡
❝❤❛♣✐tr❡✳

❉❛♥s ✉♥❡ ❞❡✉①✐è♠❡ ♣❛rt✐❡✱ ♥♦✉s ✐♥tr♦❞✉✐s♦♥s ❧✬❛♣♣r♦❝❤❡ ♠✉❧t✐✲♠❛rq✉❡✉rs q✉❡ ♥♦✉s
❛✈♦♥s ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❝❡tt❡ t❤ès❡✱ r❡♣♦s❛♥t s✉r ❧❛ st❛t✐st✐q✉❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧
❡t ♣✉❜❧✐é❡ ❞❛♥s ❙t❛t✐st✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s ✐♥ ●❡♥❡t✐❝s ❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ✭✷✵✵✻✮✳ ❈❡❧❧❡✲
❝✐ ❝♦♥s✐st❡ à ♠❡ttr❡ ❡♥ ❛✈❛♥t ❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ❛ss♦❝✐é❡s à ❧❛ ♠❛❧❛❞✐❡ s✬❛♣♣✉②❛♥t
s✉r ❞❡s ❛❝❝✉♠✉❧❛t✐♦♥s ❞❡ st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ é❧❡✈é❡s ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✱ ❣é♥éré❡s
♣❛r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♦✉ ❧✬❛❣ré❣❛t✐♦♥ ❞❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞✉
❙❝♦r❡ ▲♦❝❛❧ ♥♦✉s ❛ ♣❡r♠✐s ❞❡ ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ✉♥❡ ❛♣♣r♦❝❤❡ s✐♠♣❧❡✱ r❛♣✐❞❡ ❡t ✈✐s✐❜❧❡♠❡♥t
♣❧✉s ♣❡r❢♦r♠❛♥t❡ q✉❡ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r tr❛❞✐t✐♦♥♥❡❧❧❡s✳ ❊♥ é❧❡✈❛♥t ❧✬✉♥✐té ❞❡
❧✬❛♥❛❧②s❡ ❞✉ ♠❛rq✉❡✉r à ✉♥❡ ré❣✐♦♥✶✱ ❡❧❧❡ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❧❡ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡
❡♥ ❞✐♠✐♥✉❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ t❡sts à ❡✛❡❝t✉❡r✳ ❆ ❧❛ s✉✐t❡ ❞✬❛♣♣❧✐❝❛t✐♦♥s s✉r ❞❡s ❞♦♥♥é❡s
ré❡❧❧❡s ❡t s✐♠✉❧é❡s✱ ♥♦✉s ❞ét❛✐❧❧♦♥s ❧❡s ❝❛r❛❝tér✐st✐q✉❡s✱ ❛✈❛♥t❛❣❡s ❡t ✐♥❝♦♥✈é♥✐❡♥ts ❞❡ ❝❡tt❡
♥♦✉✈❡❧❧❡ ❛♣♣r♦❝❤❡✱ ❡t ❧❛ r❡♣❧❛ç♦♥s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❛❝t✉❡❧❧❡ ❞❡s ❛♥❛❧②s❡s ♠✉❧t✐✲♠❛rq✉❡✉rs✳

◆♦t❡s ❜✐❜❧✐♦❣r❛♣❤✐q✉❡s ✿ ❧❛ ré❞❛❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡ s✬❡st ❛♣♣✉②é❡ ❡♥ ♣❛rt✐❡ s✉r ❧❛
❧❡❝t✉r❡ ❞❡ ❍❡✐❞❡♠❛ ❡t ❛❧ ✭✷✵✵✻✮✱ ❘♦❜❡❧✐♥ ✭✷✵✵✺✮ ❛✐♥s✐ q✉❡ ❍♦❤ ❡t ❖tt ✭✷✵✵✸✮✳

✶❢♦r♠é❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s



✶✵✹ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

✸✳✶ ■♥tr♦❞✉❝t✐♦♥

▲♦rsq✉❡ ❧✬♦♥ s✬✐♥tér❡ss❡ ❛✉① ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s✱ ✉♥❡ ❣r❛♥❞❡ ❞✐✣❝✉❧té ❡st ❧✐é❡ à ❧❛
♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞✉ r❛♣♣♦rt q✉✬❡♥tr❡t✐❡♥♥❡♥t ❧❡s ♠❛rq✉❡✉rs ❧❡s ✉♥s ❛✈❡❝ ❧❡s ❛✉tr❡s✳ ❉✬✉♥
♣♦✐♥t ❞❡ ✈✉❡ ❧♦❝❛❧✱ ❝❤❛q✉❡ ♠❛rq✉❡✉r ❡st ❛ss♦❝✐é ♣❛r ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ à s❡s
✈♦✐s✐♥s ❡t é✈❡♥t✉❡❧❧❡♠❡♥t à ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ ❉✬✉♥ ♣♦✐♥t ❞❡ ✈✉❡ ♣❧✉s ❣é♥ér❛❧✱
✉♥ ✐♥❞✐✈✐❞✉ ♣❡✉t êtr❡ ❛✛❡❝té ❡♥ r❛✐s♦♥ ❞❡ ❧✬❡✛❡t ❥♦✐♥t ❞✬✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❧♦❝✉s ❞❡
s✉s❝❡♣t✐❜✐❧✐té ❀ ✐❧ ❞❡✈✐❡♥t ❡♥ ❡✛❡t ❞❡ ♣❧✉s ❡♥ ♣❧✉s é✈✐❞❡♥t q✉❡ ❝❡ t②♣❡ ❞❡ ♠❛❧❛❞✐❡ rés✉❧t❡
❞❡ ❧✬❛❝t✐♦♥ ❞✬✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ ❣é♥♦t②♣❡s ♣rés❡♥ts s✉r ❞✐✛ér❡♥ts ❧♦❝✉s é✈❡♥t✉❡❧❧❡♠❡♥t
très ❞✐st❛♥ts✱ ✈♦✐r❡ ♣♦s✐t✐♦♥♥és s✉r ❞✐✛ér❡♥ts ❝❤r♦♠♦s♦♠❡s✱ q✉❡ ❞✬✉♥ s❡✉❧ ❣è♥❡ ♠❛❥❡✉r✳
❖♥ ♣❛r❧❡r❛ ❛❧♦rs ❞✬✐♥t❡r❛❝t✐♦♥s ❣é♥ét✐q✉❡s ♦✉ ❞✬é♣✐st❛s✐❡✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r q✉✐ ❝♦♥s✐❞èr❡♥t ✉♥✐q✉❡♠❡♥t ❧❡s ❡✛❡ts
♠❛r❣✐♥❛✉① ♦❜s❡r✈és ❞❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r s✉r ❧❛ ♠❛❧❛❞✐❡✱ ❛tt❡✐❣♥❡♥t ❧❡✉rs ❧✐♠✐t❡s ❡t ❧❡s
st❛t✐st✐❝✐❡♥s ♦♥t ❞û s❡ ♣❡♥❝❤❡r s✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠ét❤♦❞❡s ♣❧✉s é❧❛❜♦ré❡s✱ ❝❛♣❛❜❧❡s
❞❡ t❡♥✐r ❝♦♠♣t❡ ❞❡s r❡❧❛t✐♦♥s ❝♦♠♣❧❡①❡s q✉✐ ❡①✐st❡♥t ❡♥tr❡ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐tés ❡t
♣❛r ❡①t❡♥s✐♦♥✱ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ✐♥❝❧✉s ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡✳

▲❡s ♣r❡♠✐èr❡s t❡♥t❛t✐✈❡s ❞✬❛♥❛❧②s❡ ❞❡ ♣❧✉s ❞✬✉♥ ❧♦❝✉s r❡♠♦♥t❡♥t à ✼✵ ❛♥s ✿ ❡♥ ✶✾✸✷✱
❍♦❣❜❡♥ ✭✶✾✸✷✮ s✉❣❣èr❡ q✉❡ ❞❡s ♣❛✐r❡s ❞❡ ❧♦❝✉s ♥♦♥ ❧✐és ♣♦✉✈❛✐❡♥t êtr❡ ✐♠♣❧✐q✉é❡s ❞❛♥s
❧✬❛♣♣❛r✐t✐♦♥ ❞✬✉♥❡ ♠❛❧❛❞✐❡✳ ■❧ ❛ ❞é❞✉✐t ❛♥❛❧②t✐q✉❡♠❡♥t ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❛t✲
t❡♥❞✉❡s ♣♦✉r ❝❤❛q✉❡ ♣❛✐r❡ ❞❡ ❧♦❝✉s ❝❤❡③ ❧❡s ✐♥❞✐✈✐❞✉s ❛tt❡✐♥ts à ❧❛ ❞❡✉①✐è♠❡ ❣é♥ér❛t✐♦♥
❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉ ♣❤é♥♦t②♣❡ ❞❡s ♣❛r❡♥ts✱ ❡t ❧❡s ❛ ❝♦♠♣❛ré❡s ❛✉① ❞♦♥♥é❡s ♦❜s❡r✈é❡s✳
❈❡tt❡ ét✉❞❡ à été ❧❛ ♣r❡♠✐èr❡ à ❝♦♥s✐❞ér❡r ♣❧✉s ❞✬✉♥ ❣è♥❡ ❞❡ s✉s❝❡♣t✐❜✐❧✐té s✐♠✉❧t❛♥é♠❡♥t✳
P❧✉s ré❝❡♠♠❡♥t✱ ●❛❜r✐❡❧ ❡t ❛❧ ✭✷✵✵✷✮ ♠❡tt❡♥t ❡♥ ❛✈❛♥t ❧❡ ❢❛✐t q✉❡ ❧❛ tr❛♥s♠✐ss✐♦♥ ✈✐s✐✲
❜❧❡♠❡♥t ♥♦♥✲♠❡♥❞é❧✐❡♥♥❡ ❞❡ ❧❛ ♠❛❧❛❞✐❡ ❞❡ ❍✐rs❤❝❤s♣✉♥❣ ❡st ❞✉❡ à ❧✬❡✛❡t ❥♦✐♥t ❞❡ tr♦✐s
❣è♥❡s ♣♦s✐t✐♦♥♥és s✉r tr♦✐s ❝❤r♦♠♦s♦♠❡s ❞✐✛ér❡♥ts✳ ❊♥✜♥ ▼❛rt✐♥ ❡t ❛❧ ✭✷✵✵✷✮ s♦✉❧✐❣♥❡♥t
✉♥❡ ✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡ ❣è♥❡ ❍▲❆ ❡t ❧❡ ❣è♥❡ ❑■❘ s✐t✉és s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✻ ❡t ❧❡ ❝❤r♦✲
♠♦s♦♠❡ ✾ r❡s♣❡❝t✐✈❡♠❡♥t ❀ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ❛❧❧è❧❡s ❍▲❆✲❇❲✹✲✽✵■▲❊ ❡t ❑■❘✲✸❉❙✶ ❡st
❛ss♦❝✐é❡ à ❧❛ ♣r♦❣r❡ss✐♦♥ ❧❡♥t❡ ❞✉ ❙■❉❆ ❝❤❡③ ❧❡s ✐♥❞✐✈✐❞✉s sér♦♣♦s✐t✐❢s✳ ❉✬❛✉tr❡s ❡①❡♠♣❧❡s
s♦♥t ❞♦♥♥és ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❞♦♥t ✉♥ é❝❤❛♥t✐❧❧♦♥ ❡st ♣r♦♣♦sé ♣❛r ❍♦❤ ❡t ❖tt ✭✷✵✵✸✮✳

▲❡ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❡✛❡t ❞❡ ♣❧✉s✐❡✉rs ✈❛r✐❛❜❧❡s ♣ré❞✐❝t✐✈❡s ✭✐❝✐ ❧❡s ♠❛rq✉❡✉rs✮ ❡t
❞❡ ❧❡✉rs ✐♥t❡r❛❝t✐♦♥s ♥✬❡st ♣❛s s❛♥s ♣♦s❡r ❞❡s ♣r♦❜❧è♠❡s st❛t✐st✐q✉❡s ✐♠♣♦rt❛♥ts ✿

✭✐✮ ❉❡ ❢❛ç♦♥ ❛♥❛❧♦❣✉❡ à ✉♥❡ ❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r✱ ❧✬✐♠♣♦rt❛♥❝❡ ❞✉ ♥♦♠❜r❡ ❞❡
t❡sts q✉❡ ❧✬♦♥ ✈❛ ré❛❧✐s❡r ♣❡✉t r❛♣✐❞❡♠❡♥t ❛tt❡✐♥❞r❡ ✉♥ ♥✐✈❡❛✉ ❝r✐t✐q✉❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r s✐
❧✬♦♥ ❡♥✈✐s❛❣❡ ❞❡ t❡st❡r t♦✉t❡s ❧❡s ✐♥t❡r❛❝t✐♦♥s rés✉❧t❛♥t ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ♠❛rq✉❡✉rs✳
▲❡ ♥♦♠❜r❡ ❞❡ t❡sts à ré❛❧✐s❡r ❡st q✉❛❞r❛t✐q✉❡ ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs ♣♦✉r ❞❡s
✐♥t❡r❛❝t✐♦♥s ❞✬♦r❞r❡ ✷✱ ❝✉❜✐q✉❡ ♣♦✉r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❞✬♦r❞r❡ ✸✱ ❡t❝✳✳✳ ❝❡ q✉✐ ♣♦s❡ à ♥♦✉✈❡❛✉
✉♥ ♣r♦❜❧è♠❡ ❞❡ t❡st✲♠✉❧t✐♣❧❡ ❝♦♥séq✉❡♥t ❡t s♦✉❧è✈❡ é❣❛❧❡♠❡♥t ✉♥ ♣r♦❜❧è♠❡ ❞❡ t❡♠♣s
❞✬❡①é❝✉t✐♦♥✳ ❆ t✐tr❡ ✐❧❧✉str❛t✐❢✱ ❧❡ tr❛✐t❡♠❡♥t ❞❡ ✺✵✵✱✵✵✵ ♠❛rq✉❡✉rs ♥é❝❡ss✐t❡ ❞✬❡✛❡❝t✉❡r
❛✉ ♠♦✐♥s 1.25 × 1011 t❡sts r✐❡♥ q✉❡ ♣♦✉r ét✉❞✐❡r ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞✬♦r❞r❡ ✷ ❡♥tr❡ ❝❤❛q✉❡
❝♦✉♣❧❡ ❞❡ ♠❛rq✉❡✉rs✳ ▲❡ t❡st✲♠✉❧t✐♣❧❡ ❛ été ❛❜♦r❞é ❡♥ ✐♥tr♦❞✉❝t✐♦♥ ♣❛❣❡ ✸✵ ❡t ❞❛♥s ❧❡



✸✳✶✳ ■♥tr♦❞✉❝t✐♦♥ ✶✵✺

❝❤❛♣✐tr❡ ✷ ♣❛❣❡ ✽✼✳

✭✐✐✮ ▲❡ ❞❡✉①✐è♠❡ ♣r♦❜❧è♠❡ ❡st ❧✐é à ❧❛ t❛✐❧❧❡ ♠♦❞❡st❡ ❞❡s é❝❤❛♥t✐❧❧♦♥s ❝♦♠♣❛ré❡ ❛✉
❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs à t❡st❡r✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ✢é❛✉ ❞❡ ❞✐♠❡♥s✐♦♥ ✭t❡r♠❡
✐♥tr♦❞✉✐t ♣❛r ❇❡❧❧♠❛♥ ✶✾✻✶✮ q✉✐ ✐♥t❡r✈✐❡♥t ❧♦rsq✉❡ ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s ✭❧❡s ✐♥❞✐✈✐❞✉s
❞❛♥s ♥♦tr❡ ❝❛s✮ ❞❡✈✐❡♥t tr♦♣ ♣❡t✐t ❢❛❝❡ ❛✉ ♥♦♠❜r❡ ❞❡ ♣ré❞✐❝t❡✉rs à t❡st❡r ✭❧❡s ♠❛rq✉❡✉rs✮✳
❉ès ❧♦rs✱ ❝❡rt❛✐♥❡s ✈❛❧❡✉rs ♣♦ss✐❜❧❡s ❞❡ ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ♣ré❞✐❝t❡✉rs ♥❡ ✈♦♥t ♣❛s êtr❡
♦❜s❡r✈é❡s✱ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❧♦rsq✉❡ ❧✬♦♥ ✈❛ s✬✐♥tér❡ss❡r à ❞❡s ❡♥s❡♠❜❧❡s ❞❡ ♠❛rq✉❡✉rs ♦✉
❞❡s t❡r♠❡s ❞✬✐♥t❡r❛❝t✐♦♥s ❞✬♦r❞r❡ s✉♣ér✐❡✉r à ✷ ❡t ❧❛ q✉❛❧✐té ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s
❞✬✉♥ ♠♦❞è❧❡ ♣❡✉t ❡♥ êtr❡ ❛✛❡❝té✳

✭✐✐✐✮ ▲❡ tr♦✐s✐è♠❡ ♣r♦❜❧è♠❡ ❡st ❧✬❛♥❛❧②s❡ ❞❡ ♣❧✉s✐❡✉rs ♠❛rq✉❡✉rs ❡♥ ♣rés❡♥❝❡ ❞❡ ❞♦♥♥é❡s
❛ss♦❝✐é❡s ♣❛r ❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳ ▲❛ ♣✉✐ss❛♥❝❡ ❞❡ ❝❡rt❛✐♥❡s ❛♣♣r♦❝❤❡s ♣♦✉r
✐❞❡♥t✐✜❡r ❧❡s ♣r✐♥❝✐♣❛✉① ♣ré❞✐❝t❡✉rs ♣❡✉t ❡♥ ❡✛❡t ❞✐♠✐♥✉❡r ❧♦rsq✉❡ ❧❡s ♣ré❞✐❝t❡✉rs t❡stés
s♦♥t ♥❡ s♦♥t ♣❛s ✐♥❞é♣❡♥❞❛♥ts✳

▲❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs ♣❡✉✈❡♥t s❡ ré♣❛rt✐r ❡♥ ❞❡✉① ❣r❛♥❞❡s ❢❛♠✐❧❧❡s ✿ ❧❡s ❛♣✲
♣r♦❝❤❡s ❞✐t❡s ♠✉❧t✐✲♣♦✐♥ts ét✉❞✐❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❞❛♥s ❧❡ ❜✉t ❞✬❛♠é❧✐♦r❡r ❧❛
❞ét❡❝t✐♦♥ ♦✉ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❀ ❧❡s ❛♣♣r♦❝❤❡s ❞✐t❡s ♠✉❧t✐✲❧♦❝✉s
ét✉❞✐❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❞❛♥s ❧❡ ❜✉t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ♣❧✉s✐❡✉rs ❧♦❝✉s ❞❡
s✉s❝❡♣t✐❜✐❧✐té✱ ♣♦s✐t✐♦♥♥és é✈❡♥t✉❡❧❧❡♠❡♥t s✉r ❞❡s ❝❤r♦♠♦s♦♠❡s ❞✐✛ér❡♥ts✳ ❈✬❡st à ❝❡tt❡
❝❛té❣♦r✐❡ q✉❡ ♥♦✉s ♥♦✉s s♦♠♠❡s ♣❧✉s ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ssés✳ ▲❡s ❧❡❝t❡✉rs ♥é❛♥♠♦✐♥s
✐♥tér❡ssés ♣❛r ❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♣♦✐♥ts ♣❡✉✈❡♥t s❡ ré❢ér❡r à ❧❛ très ❧❛r❣❡ ❧✐ttér❛t✉r❡ s✉r
❧❡ s✉❥❡t ❝♦♠♣r❡♥❛♥t ❞❡s ♠ét❤♦❞❡s s✬❛♣♣✉②❛♥t ♣❛r ❡①❡♠♣❧❡ s✉r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ ❞és✲
éq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✱ s✉r ❧❛ r❡❝♦♥str✉❝t✐♦♥ ❞❡s ❤❛♣❧♦t②♣❡s ♦✉ ❡♥❝♦r❡ s✉r ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥
❣r❛♣❤✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ✭❙t❡♣❤❡♥s ❡t ❛❧ ✷✵✵✶✱ ▼♦rr✐s ❡t ❛❧ ✷✵✵✸✱ ❚r❡❣♦✉❡t ❡t ❛❧ ✷✵✵✹✱ ❙❝❤❛✐❞
✷✵✵✹✱ ❚❤♦♠❛s ❡t ❈❛♠♣ ✷✵✵✹✱ ❈♦✉❧♦♥❣❡s ❡t ❛❧ ✷✵✵✻✮✳

❈❡ ❝❤❛♣✐tr❡ s✬♦r❣❛♥✐s❡ ❛✉t♦✉r ❞❡ ❞❡✉① ❣r❛♥❞s ❛①❡s✳ ❉❛♥s ✉♥❡ ♣r❡♠✐èr❡ s❡❝t✐♦♥ ♥♦✉s
✐♥tr♦❞✉✐s♦♥s ❧❡s ♣r✐♥❝✐♣❛❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s ❡①✐st❛♥t❡s t♦✉t ❡♥ ♥♦✉s ❡✛♦rç❛♥t ❞❡
♠❡ttr❡ ❡♥ ❛✈❛♥t ❧❡✉rs ♣r✐♥❝✐♣❛❧❡s ❝❛r❛❝tér✐st✐q✉❡s✳ ❊♥s✉✐t❡ ♥♦✉s ♣rés❡♥t♦♥s ❝❡❧❧❡ q✉❡ ♥♦✉s
❛✈♦♥s ❞é✈❡❧♦♣♣é❡✱ r❡♣♦s❛♥t s✉r ❧❛ st❛t✐st✐q✉❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧✳ ▲❡ ♣rés❡♥t❛t✐♦♥ ❞❡ ❝❡tt❡
♥♦✉✈❡❧❧❡ ❛♣♣r♦❝❤❡ ♠✉❧t✐✲♠❛rq✉❡✉r ♣❛ss❡ ♣❛r ✉♥❡ ✐♥tr♦❞✉❝t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ✭✐♥❝❧✉❛♥t
q✉❡❧q✉❡s r❛♣♣❡❧s ♣r♦❜❛❜✐❧✐st❡s✱ ♣r❛t✐q✉❡s ❡t ❛❧❣♦r✐t❤♠✐q✉❡s✮✱ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬❛❧❣♦✲
r✐t❤♠❡ ▲❍✐❙❆ ❞é❞✐é à ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥✱ ❡t s♦♥
❛♣♣❧✐❝❛t✐♦♥ à ❞❡s ❥❡✉① ❞❡ ❞♦♥♥é❡s ré❡❧s ❡t s✐♠✉❧és✳ ❊♥✜♥ ♥♦✉s ❞✐s❝✉t♦♥s ❧❡s ❛✈❛♥t❛❣❡s
❡t ✐♥❝♦♥✈é♥✐❡♥ts ❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ ❡♥ ❧❛ r❡♣❧❛ç❛♥t ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❛❝t✉❡❧ ❞❡s ét✉❞❡s
♠✉❧t✐✲♠❛rq✉❡✉rs✳



✶✵✻ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

✸✳✷ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s ❡①✐st❛♥t❡s

❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡

✲ ❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡ ✿ ✐❧ s✬❛❣✐t ❞✬✉♥❡ ❛♣♣r♦❝❤❡ ❝❧❛ss✐q✉❡ ♣♦✉r ♠♦❞é❧✐s❡r ❧❡s r❡❧❛✲
t✐♦♥s ❡♥tr❡ ❞❡s ✈❛r✐❛❜❧❡s ♣ré❞✐❝t✐✈❡s t❡❧❧❡s q✉❡ ❧❡s ♠❛rq✉❡✉rs ❡t ✉♥❡ ✈❛r✐❛❜❧❡ ❢❛❝t♦r✐❡❧❧❡ à
♣ré❞✐r❡ t❡❧❧❡ q✉❡ ❧❡ st❛t✉t ✭❛✛❡❝té ♦✉ ♥♦♥✲❛✛❡❝té✮✳ ◆♦✉s ❧✬❛✈♦♥s é✈♦q✉é❡ ❞❛♥s ❧❡ ❝❤❛♣✐tr❡
✷✱ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ s❡✉❧ ♠❛rq✉❡✉r ✭♣✳ ✹✾✮✳ ▲✬❛♣♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ❘é❣r❡ss✐♦♥ ▲♦❣✐s✐t✐q✉❡ à
♣❧✉s✐❡✉rs ♠❛rq✉❡✉rs ❡st ✉♥❡ ❡①t❡♥s✐♦♥ ♥❛t✉r❡❧❧❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ tr❛✐t❛♥t ✉♥ s❡✉❧ ♠❛rq✉❡✉r✳
❙✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ q✉❡ ❝❤❛❝✉♥ ❞❡s n ♠❛rq✉❡✉rs ❡st r❡♣rés❡♥té ♣❛r ❞❡✉① ♥✐✈❡❛✉① xi1 ❡t xi2✱
❛❧♦rs ❧❡ ♠♦❞è❧❡ ❣é♥ér❛❧ ❡st à 2n ❞❡❣rés ❞❡ ❧✐❜❡rté ❡t s✬é❝r✐t ❞❡ ❧❛ ♠❛♥✐èr❡ s✉✐✈❛♥t❡ ✿

❧♦❣✐t(px1,...,xn
) = α +

n∑

i=1

βi1xi1 + βi2xi2.

▲✬♦♥ ♣❡✉t é❣❛❧❡♠❡♥t s✉♣♣♦s❡r q✉❡ ❧❡s ❡✛❡ts ❞❡s ❛❧❧è❧❡s s♦♥t ❛❞❞✐t✐❢s ❡t q✉❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r
❡st r❡♣rés❡♥té ♣❛r ✉♥❡ ✈❛r✐❛❜❧❡ xi q✉✐ ♣r❡♥❞ ❧❛ ✈❛❧❡✉r ✵✱ ✶ ♦✉ ✷ s✐ ❧❡ ❣é♥♦t②♣❡ ❡st aa✱ aA
♦✉ AA r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡ ♠♦❞è❧❡ ❡st ❛❧♦rs à n ❞❡❣rés ❞❡ ❧✐❜❡rté ❡t s✬é❝r✐t s♦✉s ❧❛ ❢♦r♠❡
s✉✐✈❛♥t❡ ✿

❧♦❣✐t(px1,...,xn
) = α +

n∑

i=1

βixi.

❆ ❝❤❛q✉❡ ❢♦✐s q✉✬✉♥ ♠❛rq✉❡✉r ❡st ❛❥♦✉té ❛✉ ♠♦❞è❧❡✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬② ❛❥♦✉t❡r ❛✉t❛♥t
❞❡ t❡r♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❞✬♦r❞r❡ ✷ q✉✬✐❧ ② ❛ ❞❡ ♠❛rq✉❡✉rs ❞é❥à ♣rés❡♥ts ❞❛♥s ❧❡ ♠♦❞è❧❡✳
▲❡ ♥♦♠❜r❡ ❞❡ t❡r♠❡s ❞✬✐♥t❡r❛❝t✐♦♥ ❛✉❣♠❡♥t❡ ❞♦♥❝ ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡
♠❛rq✉❡✉rs✱ ❡t ❝❡✱ ♠ê♠❡ ❡♥ s❡ ❧✐♠✐t❛♥t ❛✉① ✐♥t❡r❛❝t✐♦♥s ❞✬♦r❞r❡ ✷✳ ▲❡ ♠♦❞è❧❡ ❣é♥ér❛❧ s✬é❝r✐t
❛❧♦rs ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

❧♦❣✐t(px1,...,xn
) = α +

n∑

1

βi1xi1 + βi2xi2 +
n−1∑

i=1

n∑

j=i+1

2∑

k=1

2∑

l=1

γijklxikxjl.

▲❡s ❡st✐♠❛t✐♦♥s ❞❡s ♣❛r❛♠ètr❡s ❛✐♥s✐ q✉❡ ❧❡s t❡sts s✉r ❝❡s ♣❛r❛♠ètr❡s s❡ ré❛❧✐s❡♥t ❞❡
❧❛ ♠ê♠❡ ❢❛ç♦♥ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ s❡✉❧ ♠❛rq✉❡✉r✳ ❈❡♣❡♥❞❛♥t✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞❡ t❡st❡r ❧❛
♣❡rt✐♥❡♥❝❡ ❞❡ ❧✬❛❥♦✉t ❞✬✉♥ ♦✉ ❞✬✉♥ ❣r♦✉♣❡ ❞❡ ♠❛rq✉❡✉rs ❡♥ ❝♦♠♣❛r❛♥t ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡
❞✉ ♠♦❞è❧❡ ❛✈❡❝ ❧❛ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞✉ ♠♦❞è❧❡ s❛♥s ❝❡✭s✮ ♠❛rq✉❡✉r✭s✮✳ ❖♥ ❞✐t q✉❡ ❧❡s ❞❡✉①
♠♦❞è❧❡s s♦♥t ❡♠❜♦îtés ❡t ❧✬♦♥ ♣❛r❧❡r❛ ❛❧♦rs ❞❡ t❡sts s✉r ❧❡s ♠♦❞è❧❡s ❡♠❜♦îtés✳

❯♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ s♦✉✛r❡ ♥é❛♥♠♦✐♥s ❞❡ ❧✐♠✐t❛t✐♦♥s ♣❧✉tôt ❝♦♥séq✉❡♥t❡s ❧♦rsq✉❡ ❧✬♦♥
tr❛✈❛✐❧❧❡ s✉r ✉♥ ❣r❛♥❞ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs✳ ❊♥ ♦✉tr❡ ❡❧❧❡ ré❛❣✐t ❛ss❡③ ♠❛❧ ❛✉ ♣r♦❜❧è♠❡ ❞❡
❞✐♠❡♥s✐♦♥s ❞❡s ❞♦♥♥é❡s é✈♦q✉é ♣❧✉s ❤❛✉t✳ ❯♥ ♥♦♠❜r❡ r❡str❡✐♥t ❞✬✐♥❞✐✈✐❞✉s ❝♦♠♣❛ré ❛✉
♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs à ❛♥❛❧②s❡r ♣❡✉t ❜✐❛✐s❡r ❧❡s ❡st✐♠❛t✐♦♥s ❞❡s ♣❛r❛♠ètr❡s✱ ❛✉❣♠❡♥t❡r
❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❡t ■■ ✭P❡❞✉③③✐ ❡t ❛❧ ✶✾✾✻✮ ❡t ❞✐♠✐♥✉❡r ❧❛ ♣✉✐ss❛♥❝❡ ♣♦✉r ❞ét❡❝t❡r



✸✳✷✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s ❡①✐st❛♥t❡s ✶✵✼

❞❡s ✐♥t❡r❛❝t✐♦♥s ✭▼♦♦r❡ ❛♥❞ ❲✐❧❧✐❛♠s ✷✵✵✷✮✳ ❯♥ ♠♦②❡♥ ❞❡ ❝♦♥t♦✉r♥❡r ❝❡ ♣r♦❜❧è♠❡ ❡st
❞❡ ♣r♦❝é❞❡r à ✉♥❡ sé❧❡❝t✐♦♥ ✐tér❛t✐✈❡✷ ❞❡s ♠❛rq✉❡✉rs✳ ❖♥ ♣❛r❧❡r❛ ❞❡ sé❧❡❝t✐♦♥ ❢♦r✇❛r❞

q✉❛♥❞ ♦♥ ♣❛rt ❞✉ ♠♦❞è❧❡ ♥✉❧ ✭❧♦❣✐t(p) = α✮ ❡t q✉❡ ❧❡s ♣r✐♥❝✐♣❛✉① ♠❛rq✉❡✉rs s♦♥t ❛❥♦✉tés
❛✉ ♠♦❞è❧❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❡✉r ♣❡rt✐♥❡♥❝❡ ❝✬❡st à ❞✐r❡ ❧✬✐♥❢♦r♠❛t✐♦♥ q✉✬✐❧s ❛♣♣♦rt❡♥t ♣♦✉r
❡①♣❧✐q✉❡r ❧❛ ♠❛❧❛❞✐❡✳ ■❧s s♦♥t ❛❥♦✉tés ❞✉ ♣❧✉s ♣❡rt✐♥❡♥t ❛✉ ♠♦✐♥s ♣❡rt✐♥❡♥t ❛✈❡❝ ✉♥ ❝r✐tèr❡
❞✬❛rrêt ❞✉ t②♣❡ ✿ ♣❧✉s ❛✉❝✉♥ ♠❛rq✉❡✉r ♥❡ ❝♦♥tr✐❜✉❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t à ❛♠é❧✐♦r❡r ❧✬❡①✲
♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ ❆ ❧✬✐♥✈❡rs❡ ✉♥❡ sé❧❡❝t✐♦♥ ❜❛❝❦✇❛r❞ ♣❛rt✐r❛ ❞✉ ♠♦❞è❧❡ ❝♦♠♣❧❡t
✐♥❝❧✉❛♥t t♦✉s ❧❡s ♠❛rq✉❡✉rs ❡t s♦✉str❛✐r❛ ✉♥ à ✉♥ ❧❡s ♠❛rq✉❡✉rs ❧❡s ♠♦✐♥s ♣❡rt✐♥❡♥ts ❛✈❡❝
✉♥ ❝r✐tèr❡ ❞✬❛rrêt ❞✉ t②♣❡ ✿ ❧❡ r❡tr❛✐t ❞✬✉♥ ♣ré❞✐❝t❡✉r s✉♣♣❧é♠❡♥t❛✐r❡ ❞✐♠✐♥✉❡ s✐❣♥✐✜❝❛✲
t✐✈❡♠❡♥t ❧✬❡①♣❧✐❝❛t✐♦♥ ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ ❈❡s ♠ét❤♦❞❡s ❞❡ sé❧❡❝t✐♦♥s✱ ❜✐❡♥ q✉❡ st❛♥❞❛r❞s✱ ♥❡
s♦♥t ♣❛s s❛♥s ♣rés❡♥t❡r q✉❡❧q✉❡s ❧❛❝✉♥❡s✳ P❛r ❡①❡♠♣❧❡✱ ❧❛ sé❧❡❝t✐♦♥ ❢♦r✇❛r❞ ♥❡ ❝♦♥s✐❞èr❡
q✉❡ ❧❡s ✐♥t❡r❛❝t✐♦♥s ❞❡s ♠❛rq✉❡✉rs ✐♥❝❧✉s ❞❛♥s ❧❡ ♠♦❞è❧❡✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t s❡ r❡♥❞r❡
❝♦♠♣t❡ q✉❡ ❧❡s ♠♦❞è❧❡s r❡t❡♥✉s s♦♥t ❜✐❡♥ s♦✉✈❡♥t s♦✉s✲♦♣t✐♠❛✉①✳ ❉❡s ❛❧t❡r♥❛t✐✈❡s ♣❧✉s
❡✣❝❛❝❡s ♦♥t été ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ t❡❧❧❡s q✉❡ ❧❡ ▲❡❛st ❆❜s♦❧✉t❡ ❙❤r✐♥❦❛❣❡ ❛♥❞
❙❡❧❡❝t✐♦♥ ❖♣❡r❛t♦r ✭▲❆❙❙❖✱ ❚✐❜s❤✐r❛♥✐ ✶✾✾✻✮✳

P❛r ❛✐❧❧❡✉rs✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❢❛ç♦♥ ❞♦♥t ❡❧❧❡ ❡st ❛♣♣❧✐q✉é❡✱ ❧❛ ❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡
♣❡✉t êtr❡ très s❡♥s✐❜❧❡ à ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs q✉✐ ♣❡✉t ❝♦♠♣❧èt❡♠❡♥t ❝❤❛♥❣❡r
❧❡s rés✉❧t❛ts ❞❡s t❡sts ❡t ❞♦♥❝ ❛✛❡❝t❡r s❛ ♣✉✐ss❛♥❝❡✳ ❊♥✜♥✱ ✐❧ s✬❛❣✐t ❛✈❛♥t t♦✉t ❞✬✉♥❡ ❛♣✲
♣r♦❝❤❡ ♣❛r❛♠étr✐q✉❡ ❀ ❡❧❧❡ ✐♠♣♦s❡ ❞♦♥❝ ❞❡s r❡❧❛t✐♦♥s ✜①é❡s ❡t ❧✐♥é❛✐r❡s ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs✱
❧❡s ✈❛❧❡✉rs q✉✬✐❧s ♣❡✉✈❡♥t ♣r❡♥❞r❡ ❡t ❧❡ st❛t✉t✱ ❝❡ q✉✐ ❝♦♥tr❛✐♥t ❞❡ ♣♦s❡r ❞❡s ❤②♣♦t❤ès❡s
q✉✐ ♣❡✉✈❡♥t êtr❡ é❧♦✐❣♥é❡s ❞❡ ❧❛ ré❛❧✐té✳

❆♣♣r♦❝❤❡s ♠ét❛✲st❛t✐st✐q✉❡s ✿ s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s

❚♦✉t❡ ✉♥❡ ❢❛♠✐❧❧❡ ❞✬❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs ❝♦♠❜✐♥❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ♣❡rt✐♥❡♥t❡ ♣♦r✲
té❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❞❡ ❢❛ç♦♥ très s✐♠♣❧❡ ✿ ♣❛r ❧✬✐♥t❡r♠é❞✐❛✐r❡ ❞❡ s♦♠♠❡s ❞❡
st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ s✐♠♣❧❡✲♠❛rq✉❡✉rs✳ ❖♥ r❡✈✐❡♥t ✐❝✐ s✉r ❧✬✐❞é❡ ❞✬✉♥❡ ❛♥❛❧②s❡ ❢♦♥❞é❡
s✉r ❧❡ ❝♦♥❝❡♣t ❞❡ ♠ét❛✲st❛t✐st✐q✉❡✳ ▲❛ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❝❡ q✉❡ ♥♦✉s ❛✈♦♥s ✈✉ ❛✉ ❝❤❛♣✐tr❡
♣ré❝é❞❡♥t ❡st q✉✬✐❧ ♥❡ s✬❛❣✐t ♣❧✉s ❝❡tt❡ ❢♦✐s ❞❡ ❝♦♠❜✐♥❡r ❞✐✛ér❡♥t❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛✲
t✐♦♥ ❛ss♦❝✐é❡s à ✉♥ ♠❛rq✉❡✉r ❞❡ ❢❛ç♦♥ à ♦❜t❡♥✐r ✉♥❡ ♥♦✉✈❡❧❧❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥
♣♦✉r ❝❡ ♠ê♠❡ ♠❛rq✉❡✉r✱ ♠❛✐s ❞❡ ❝♦♠❜✐♥❡r ❧❛ ♠ê♠❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❛♣♣❧✐q✉é❡ à
❞✐✛ér❡♥ts ♠❛rq✉❡✉rs ❞❡ ❢❛ç♦♥ à ♦❜t❡♥✐r ✉♥❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ♣♦✉r ❝❡t ❡♥s❡♠❜❧❡ ❞❡
♠❛rq✉❡✉rs✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ s♦♠♠❡s ♣❡✉t êtr❡ ❛ss♦❝✐é❡ à ✉♥❡ r❡❝❤❡r❝❤❡ ❞❡ s✐♠♣❧✐❝✐té ❞❛♥s
❧❛ ♠ét❤♦❞♦❧♦❣✐❡ ✉t✐❧✐sé❡✱ ❛✜♥ ❞❡ ❝❛♣t❡r ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ❞❛♥s ❞❡s ❞♦♥♥é❡s ❞♦♥t ❧❡
♥✐✈❡❛✉ ❞❡ ❝♦♠♣❧❡①✐té ♣❡✉t êtr❡ très é❧❡✈é✳ ◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❧❡s ❞❡✉① ♠ét❤♦❞❡s ❧❡s ♣❧✉s
r❡♣rés❡♥t❛t✐✈❡s ❞❡ ❝❡tt❡ ❢❛♠✐❧❧❡ ❞✬❛♣♣r♦❝❤❡ ✿ ❧❛ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ❡t ❧❛ ❙❡t ❆ss♦❝✐❛t✐♦♥✳

❋❡♥êtr❡ ●❧✐ss❛♥t❡ ✿ ✐❧ s✬❛❣✐t ❞✬✉♥❡ str❛té❣✐❡ q✉✐ ♣❡r♠❡t ❞❡ s❝❛♥♥❡r ❧❡ ❣é♥♦♠❡✱ ❡♥ ❛s✲
s♦❝✐❛♥t à ❝❤❛q✉❡ ♣♦s✐t✐♦♥ ✉♥❡ st❛t✐st✐q✉❡ rés✉❧t❛♥t ❞❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ✐♥❢♦r♠❛t✐♦♥s

✷♦✉ st❡♣✲✇✐s❡



✶✵✽ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❝♦♥t❡♥✉❡s ❞❛♥s ✉♥❡ ❢❡♥êtr❡ ❞❡ t❛✐❧❧❡ ✜①é❡✳ ❈❡tt❡ ❢❡♥êtr❡ ❡st ❛❧♦rs ❞é♣❧❛❝é❡ ❧❡ ❧♦♥❣ ❞✉ ❣é✲
♥♦♠❡✱ ❝❡ q✉✐ ❝♦♥tr❛✐♥t ❞❡ tr❛✈❛✐❧❧❡r s✉r ✉♥ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s✳ ❙✐ n ❡st ❧❡ ♥♦♠❜r❡
❞❡ ♠❛rq✉❡✉rs ❡t t ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ❢❡♥êtr❡✱ ❛❧♦rs ❝❡❧❧❡✲❝✐ ♣❡✉t ♣r❡♥❞r❡ n−t ♣♦s✐t✐♦♥s ♣♦ss✐❜❧❡s
♥♦tés F1,1+t, F2,2+t, ..., Fn−t,n✳ ■❧ ❡①✐st❡ ✉♥❡ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♠❛♥✐èr❡ ❞❡ tr❛✐t❡r ❧✬❡♥s❡♠❜❧❡
❞❡ ♠❛rq✉❡✉rs ❝♦♥t❡♥✉s ❞❛♥s ✉♥❡ ❢❡♥êtr❡ ❛✜♥ ❞❡ ❧✉✐ ❛ttr✐❜✉❡r ✉♥❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛✲
t✐♦♥ S ′

i,i+t✳ ▲✬❛♣♣r♦❝❤❡ ❧❛ ♣❧✉s ❝❧❛ss✐q✉❡ ❝♦♥s✐st❡ à s♦♠♠❡r ❧❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥
❝♦rr❡s♣♦♥❞❛♥t❡s✳ ❈❡❧❛ ♣❡✉t s❡ ❢❛✐r❡ ♣❛r ❡①❡♠♣❧❡ s✉r ❧❛ ❜❛s❡ ❞❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥
s✐♠♣❧❡✲♠❛rq✉❡✉r ✭Si✮ ✿

S ′
i,i+t =

i+t∑

k=i

Sk.

❈❡❧❛ ♣❡✉t é❣❛❧❡♠❡♥t s❡ ❢❛✐r❡ ❡♥ ✉t✐❧✐s❛♥t ❧❛ ❝♦♠❜❛✐s♦♥ ❞❡s p✲✈❛❧✉❡s ❞❡ ❋✐s❤❡r ✿

S ′
i,i+t = −2

i+t∑

k=i

log(p✈k).

▲♦rsq✉❡ ❧❡s ♠❛rq✉❡✉rs s♦♥t ✐♥❞é♣❡♥❞❛♥ts✱ ❝❡tt❡ st❛t✐st✐q✉❡ s✉✐s s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ✉♥❡
❞✐str✐❜✉t✐♦♥ ❞✉ χ2 à t ❞❡❣rés ❞❡ ❧✐❜❡rté✳ ❯♥❡ ❛✉tr❡ ✐❞é❡ ❝♦♥s✐st❡ à ♣r♦❝é❞❡r à ✉♥❡ r❡❝♦♥s✲
tr✉❝t✐♦♥ ❞✬❤❛♣❧♦t②♣❡s ❛✉ s❡✐♥ ❞❡ ❧❛ ❢❡♥êtr❡ ❡t ❞❡ ♣r♦♣♦s❡r ✉♥❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥
❢♦♥❞é❡ s✉r ✉♥❡ ❞✐✛ér❡♥❝❡ ❞❡ ❞✐str✐❜✉t✐♦♥ ❡♥tr❡ ❧❡s ♣r♦♣♦rt✐♦♥s ❤❛♣❧♦t②♣✐q✉❡s ♦❜s❡r✈é❡s ❝❤❡③
❧❡s ❝❛s ❡t ❝❤❡③ ❧❡s té♠♦✐♥s✳ ❉✉ ❢❛✐t ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs✱ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té
❞❡ ❧❛ st❛t✐st✐q✉❡ ❛tt❛❝❤é❡ à ❝❤❛q✉❡ ❢❡♥êtr❡ ❡st ❣é♥ér❛❧❡♠❡♥t é✈❛❧✉é❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦✳

▲✬❛♣♣r♦❝❤❡ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ❡st sûr❡♠❡♥t ❧✬✉♥❡ ❞❡s ♣❧✉s ✉t✐❧✐sé❡s ❡♥ ♣r❛t✐q✉❡ ❞❛♥s
❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✭❍❛♥s♦♥ ❡t ❛❧ ✷✵✵✼ ♣❛r ❡①❡♠♣❧❡✮✳ ❊♥ ❝♦♠❜✐♥❛♥t
❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ♣❛r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s✱ ♦♥ ❡s♣èr❡ r❡♥❢♦r❝❡r ❧❛
♣♦ss✐❜✐❧✐té ❞❡ ❞ét❡❝t❡r ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❞♦♥♥é✳ ❊♥ ❣❧✐ss❛♥t ❧❛ ❢❡♥êtr❡ ❧❡ ❧♦♥❣
❞✉ ❣é♥♦♠❡✱ ♦♥ s✬❛tt❡♥❞ é❣❛❧❡♠❡♥t à ♠❡ttr❡ ❡♥ ❛✈❛♥t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❝❡s ❧♦❝✉s
❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ ▲✬❛♣♣r♦❝❤❡ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ♣❡✉t ❞♦♥❝ êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✉♥❡
❛♣♣r♦❝❤❡ à ❧❛ ❢♦✐s ♠✉❧t✐✲♣♦✐♥t ❡t ♠✉❧t✐✲❧♦❝✉s q✉✐ é❧è✈❡ ❧✬✉♥✐té ❞❡ ❜❛s❡ ❞❡ ❧✬❛♥❛❧②s❡ ❞✉
♠❛rq✉❡✉r à ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s ❞❡ t❛✐❧❧❡ ✜①❡✳ ▲❡ ♣r✐♥❝✐♣❛❧ ✐♥❝♦♥✈é♥✐❡♥t
❞❡ ❝❡tt❡ ❛♣♣r♦❝❤❡ rés✐❞❡ ❞❛♥s ❧❡ ❝❤♦✐① ❞❡ ❝❡tt❡ t❛✐❧❧❡ ❞❡ ❢❡♥êtr❡✳ ❈❡❧✉✐✲❝✐ ❡st ❧♦✐♥ ❞✬êtr❡
é✈✐❞❡♥t s✐ ❧✬♦♥ ✈❡✉t ❝♦❧❧❡r à ✉♥❡ ❝❡rt❛✐♥❡ ré❛❧✐té ❜✐♦❧♦❣✐q✉❡ ❡t ✐❧ ♥✬② ❛ ♣❛r ❛✐❧❧❡✉rs ❛✉❝✉♥❡
r❛✐s♦♥ ♣♦✉r q✉❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ ❢❡♥êtr❡ ♣❡r♠❡tt❛♥t ❞❡ ❝❛♣t❡r ❛✉ ♠✐❡✉① ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡
❧❡s ♠❛rq✉❡✉rs s♦✐t ❝♦♥st❛♥t❡ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✳

✲ ❙❡t ❆ss♦❝✐❛t✐♦♥ ✿ ❍♦❤ ❡t ❖tt ✭✷✵✵✶✮ ♣r♦♣♦s❡♥t ✉♥❡ str❛té❣✐❡ q✉✐ sé❧❡❝t✐♦♥♥❡ ❧✬❡♥✲
s❡♠❜❧❡ ❞❡s ♠❛rq✉❡✉rs ❛✈❡❝ ❧❡ ♣❧✉s ❞❡ ❝❤❛♥❝❡ ❞✬êtr❡ ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡✱ t♦✉t ❡♥ ❝♦♥trô❧❛♥t
❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■✳ ❊♥ ♣r❛t✐q✉❡ ✉♥❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ s✐♠♣❧❡✲♠❛rq✉❡✉r ✭Si✮
❡st ❝❛❧❝✉❧é❡ ♣♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r✳ ❚♦✉t❡s ❧❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ s♦♥t ❡♥s✉✐t❡ ♦r✲
❞♦♥♥é❡s ✭S(1) 6 ... 6 S(n)✮ ❞❡ ❢❛ç♦♥ à r❛♥❣❡r ❧❡s ♠❛rq✉❡✉rs ✭♥♦tés M (1), ...,M (n)✮ ❞✉ ♣❧✉s
❛ss♦❝✐é à ❧❛ ♠❛❧❛❞✐❡ ❛✉ ♠♦✐♥s ❛ss♦❝✐é✳ ❖♥ ❞é✜♥✐t ❛❧♦rs N ❡♥s❡♠❜❧❡s ❞❡ ♠❛rq✉❡✉rs ❢♦r♠és à
♣❛rt✐r ❞❡s N ♠❡✐❧❧❡✉rs ♠❛rq✉❡✉rs ✿ ❙❡t(1), ❙❡t(2), ..., ❙❡t(N) t❡❧s q✉❡ ❙❡t(i+1) = ❙❡t(i)∪M (i+1)

❛✈❡❝ ❙❡t(1) = M (1) ✳ ❊♥ ♣r❛t✐q✉❡✱ ❧✬❡♥s❡♠❜❧❡ ❙❡t(i) ❡st ❝♦♥st✐t✉é ❞❡s i ♠❡✐❧❧❡✉rs ♠❛rq✉❡✉rs✳



✸✳✷✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s ❡①✐st❛♥t❡s ✶✵✾

▲❛ st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t à ❝❡tt❡ ❡♥s❡♠❜❧❡ ✭S ′(i)✮ rés✉❧t❡ ❛❧♦rs ❞❡ ❧❛
s♦♠♠❡ ❞❡s i ♠❡✐❧❧❡✉rs st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ s✐♠♣❧❡✲♠❛rq✉❡✉r ✿

S ′(i) =
i∑

k=1

S(k).

▲❛ s✐❣♥✐✜❝❛t✐✈✐té ❞❡s N ❡♥s❡♠❜❧❡s ❡st ❡♥s✉✐t❡ ❡st✐♠é❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦✳ ▲❛ sé❧❡❝t✐♦♥ ❞❡
❧✬❡♥s❡♠❜❧❡ ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t ❡st ❛ss✉ré❡ ❡♥ ❝♦♥s✐❞ér❛♥t ❝❡❧✉✐ ❞♦♥t ❧❛ p✲✈❛❧✉❡ ❡st ❧❛ ♣❧✉s
♣❡t✐t❡✱ ❛♣♣❡❧é❡ pmin ♣❛r ❧❡s ❛✉t❡✉rs ❡t ❝♦♥s✐❞éré❡ à ❥✉st❡ t✐tr❡ ❝♦♠♠❡ ❧❛ st❛t✐st✐q✉❡ ❡t ♥♦♥
❧❛ p✲✈❛❧✉❡ ❞❡ ❝❡tt❡ sé❧❡❝t✐♦♥✳ ▲❛ ❞❡r♥✐èr❡ ét❛♣❡ ❡st✐♠❡ ❞♦♥❝ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té ❞❡ pmin à
♥♦✉✈❡❛✉ ♣❛r ▼♦♥t❡✲❈❛r❧♦✳

▲✬❛♣♣r♦❝❤❡ ❙❡t ❆ss♦❝✐❛t✐♦♥ ❛ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ r❡t❡♥✐r ❧✬❡♥s❡♠❜❧❡ ❙❡t(i) ❧❡ ♣❧✉s ♣❡rt✐♥❡♥t
♣♦✉r ❡①♣❧✐q✉❡r ❧❛ ♠❛❧❛❞✐❡✳ ❊❧❧❡ ❞é♣❡♥❞ ♥é❛♥♠♦✐♥s ❞✉ ♥♦♠❜r❡ ❞✬❡♥s❡♠❜❧❡s ❝♦♥s✐❞érés ✭N✮
❞♦♥t ❧❡ ❝❤♦✐① ♥✬❡st ❣✉✐❞é ♣❛r ❛✉❝✉♥ ❛ ♣r✐♦r✐ ❜✐♦❧♦❣✐q✉❡ ♦✉ st❛t✐st✐q✉❡✳ P❛r ❛✐❧❧❡✉rs ❡❧❧❡
❝♦♥s✐❞èr❡ ❧❡s ♠❛rq✉❡✉rs ✐♥❞é♣❡♥❞❛♠♠❡♥t ❧❡s ✉♥s ❞❡s ❛✉tr❡s ❡t ♥❡ ♣r❡♥❞ ❞♦♥❝ ♣❛s ❞✉ t♦✉t
❡♥ ❝♦♠♣t❡ ❧❡ ♣❛tt❡r♥ ❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ q✉✐ ♣❡✉t ❡①✐st❡r ❞❛♥s ❧❡s ❞♦♥♥é❡s✳

❉❡ ❢❛ç♦♥ ❣é♥ér❛❧❡✱ ❧❡s ❛♣♣r♦❝❤❡s ❢♦♥❞é❡s s✉r ❞❡s s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s t❡❧❧❡s q✉❡ ❧✬❛♣✲
♣r♦❝❤❡ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ♦✉ ❧✬❛♣♣r♦❝❤❡ ❙❡t ❆ss♦❝✐❛t✐♦♥ t❡♥t❡♥t ❞❡ ❝♦♠❜✐♥❡r ❧✬✐♥❢♦r♠❛t✐♦♥
❝♦♥t❡♥✉❡ ❞❛♥s ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s ♣♦✉r ❧✬✉♥❡ ❡t ❞✐st❛♥t ♣♦✉r ❧✬❛✉tr❡✱ ❞❡
❧❛ ❢❛ç♦♥ ❧❛ ♣❧✉s s✐♠♣❧❡ q✉✐ s♦✐t✱ s❛♥s ♣❛ss❡r ♣❛r ✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ❢♦r♠❡❧❧❡✱ ❝♦♠♣❧❡①❡ ❡t
♣❛r❢♦✐s ❧♦✐♥ ❞❡ ❧❛ ré❛❧✐té ❞❡s r❡❧❛t✐♦♥s q✉✐ ❡①✐st❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs à s❛✈♦✐r ❧❡ ❞éséq✉✐❧✐❜r❡
❞❡ ❧✐❛✐s♦♥ ❡t ❞✬é✈❡♥t✉❡❧s ❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥✳
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F1,5
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Position sur le chromosome

Set(1)

Set(2)

Set(3)

F2,6

F3,7
F4,8

F5,9

F6,10

❋✐❣✳ ✸✳✶ ✕ ❆♣♣r♦❝❤❡s ♣❛r s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s✳



✶✶✵ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❆♣♣r♦❝❤❡s ❝♦♠❜✐♥❛t♦✐r❡s ✿ ▼✉❧t✐♣❧❡ ❉✐♠❡♥s✐♦♥❛r② ❘❡❞✉❝t✐♦♥

▲❡s ❛♣♣r♦❝❤❡s ❝♦♠❜✐♥❛t♦✐r❡s r❡❝❤❡r❝❤❡♥t ❧❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❣é♥♦t②♣❡s ❧❡s ♣❧✉s ♣❡rt✐✲
♥❡♥t❡s ♣♦✉r ❡①♣❧✐q✉❡r ❧❛ ♠❛❧❛❞✐❡✳ ❊♥ ♣r❛t✐q✉❡✱ ré❛❧✐s❡r ❧❡ tr❛✐t❡♠❡♥t ❞❡ t♦✉t❡s ❧❡s ❝♦♠❜✐✲
♥❛✐s♦♥s ♣♦ss✐❜❧❡s ♥✬❡st ❜✐❡♥ sûr ♣❛s ré❛❧✐s❛❜❧❡✱ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧♦rsq✉❡ ❧✬♦♥ ✈❛ s✬✐♥tér❡ss❡r à
❞❡s ❝♦♠❜✐♥❛✐s♦♥s ♠❡tt❛♥t ❡♥ ❥❡✉ ♣❧✉s ❞❡ ❞❡✉① ♠❛rq✉❡✉rs✳ ❈❤❛q✉❡ ♠ét❤♦❞❡ ❝♦♠❜✐♥❛t♦✐r❡
❛♣♣♦rt❡ ❞♦♥❝ s❛ s♦❧✉t✐♦♥ q✉❛♥t à ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❣é♥♦t②♣❡s✳ ◆♦✉s ♥♦✉s
✐♥tér❡ss♦♥s ✐❝✐ à ❝❡❧❧❡ q✉✐ ♥♦✉s s❡♠❜❧❡ êtr❡ ❛✉❥♦✉r❞✬❤✉✐ ❧❛ ♣❧✉s ❝♦♥♥✉❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s
ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ✿ ❧❛ ▼✉❧t✐♣❧❡ ❉✐♠❡♥s✐♦♥❛r② ❘❡❞✉❝t✐♦♥ ✭▼❉❘✮✳

Pr♦♣♦sé❡ ♣❛r ❘✐t❝❤✐❡ ❡t ❛❧ ✭✷✵✵✶✮✱ ❧❛ ▼❉❘ ❡st ❢♦rt❡♠❡♥t ✐♥s♣✐ré❡ ❞❡ ❧❛ ❈♦♠❜✐♥❛t♦r✐❛❧
P❛rt✐t✐♦♥✐♥❣ ▼❡t❤♦❞ ✭◆❡❧s♦♥ ❡t ❛❧ ✷✵✵✶✮✱ ✉♥❡ ♠ét❤♦❞❡ ❝♦♠❜✐♥❛t♦✐r❡ ❞é✈❡❧♦♣♣é❡ ♣♦✉r
❧✬❛♥❛❧②s❡ ❞❡ tr❛✐ts q✉❛♥t✐t❛t✐❢s✳ ❊♥ ♣r❛t✐q✉❡✱ ❧❛ ♣r❡♠✐èr❡ ét❛♣❡ r❡t✐❡♥t ❧❡s ❝♦♠❜✐♥❛✐s♦♥s
❞❡ ❣é♥♦t②♣❡s ❞✐t❡s à ✏❤❛✉t✲r✐sq✉❡✑ ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ q✉♦t✐❡♥t ❞✉ ♥♦♠❜r❡ ❞❡ ❝❛s ♣❛r ❧❛
♥♦♠❜r❡ ❞❡ té♠♦✐♥s ♣♦ssé❞❛♥t ❝❡tt❡ ❝♦♠❜✐♥❛✐s♦♥ ❞é♣❛ss❡ ✉♥ s❡✉✐❧ ❞♦♥♥é ✭✶ ♣❛r ❡①❡♠♣❧❡✮✳
❈❡tt❡ ♦♣ér❛t✐♦♥ ♣❡r♠❡t ❞❡ ❝♦♥str✉✐r❡ ✉♥ ♠♦❞è❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ s✐♠♣❧❡ ✿ ❧❡s ✐♥❞✐✈✐❞✉s q✉✐
♣♦ssè❞❡♥t ✉♥❡ ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡ ❣é♥♦t②♣❡s à ❤❛✉t✲r✐sq✉❡ ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ♠❛rq✉❡✉rs
❝♦♥s✐❞éré s♦♥t ♣ré❞✐ts ❝♦♠♠❡ ét❛♥t ❛✛❡❝tés✳ ▲❛ ♣❡rt✐♥❡♥❝❡ ❞✉ ♠♦❞è❧❡✱ ❝✬❡st à ❞✐r❡ ❧❛
q✉❛❧✐té ❞❡ ♣ré❞✐❝t✐♦♥✱ ❡st ❡♥s✉✐t❡ é✈❛❧✉é❡ ♣❛r ❱❛❧✐❞❛t✐♦♥ ❈r♦✐sé❡✸✳ ▲✬❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs
♣❡r♠❡tt❛♥t ❞❡ ❝♦♥str✉✐r❡ ❧❡ ♠♦❞è❧❡ q✉✐ ♣r♦♣♦s❡ ❧❛ ♠❡✐❧❧❡✉r❡ q✉❛❧✐té ❞❡ ♣ré❞✐❝t✐♦♥ ❡st r❡t❡♥✉
❛✉ ✜♥❛❧✳ ▲❛ s✐❣♥✐✜❝❛t✐✈✐té ❞❡s rés✉❧t❛ts ❡st ❞ét❡r♠✐♥é❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦ ❡♥ ♣❡r♠✉t❛♥t ❧❡s
❧❛❜❡❧s ❝❛s ❡t té♠♦✐♥s ✿ ❧❛ p✲✈❛❧✉❡ ❡st ❡st✐♠é❡ ♣❛r ❧❡ ♥♦♠❜r❡ ❞❡ ❢♦✐s q✉✬✉♥ ♠♦❞è❧❡ ♣rés❡♥t❡
✉♥❡ q✉❛❧✐té ❞❡ ♣ré❞✐❝t✐♦♥ s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ❞✉ ♠♦❞è❧❡ ❝♦♥str✉✐t à ♣❛rt✐r ❞❡s ♦❜s❡r✈❛t✐♦♥s✱
s✉r ❧❡ ♥♦♠❜r❡ t♦t❛❧ ❞❡ ♣❡r♠✉t❛t✐♦♥s ré❛❧✐sé❡s✳

▲❛ ▼❉❘ ❛ été ❞é✈❡❧♦♣♣é❡ ❛✜♥ ❞❡ ♣r♦♣♦s❡r ✉♥❡ ❛❧t❡r♥❛t✐✈❡ ♥♦♥✲♣❛r❛♠étr✐q✉❡ à ❧❛
❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡✱ ♣❡r♠❡tt❛♥t ❞❡ ❞ét❡❝t❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❣è♥❡✲❣è♥❡ ❞✬♦r❞r❡s é❧❡✈és✱
t♦✉t ❡♥ ♥❡ ♣♦s❛♥t ❛✉❝✉♥❡ ❤②♣♦t❤ès❡ s✉r ❧❡ ♠♦❞è❧❡ ❞✬✐♥t❡r❛❝t✐♦♥ s♦✉s✲❥❛❝❡♥t✳ ❊❧❧❡ ❛ ♣❡r♠✐s
❡♥ ❧✬♦❝❝✉rr❡♥❝❡✱ s✉r ❞❡s ❞♦♥♥é❡s ❝♦♥❝❡r♥❛♥t ❧❡ ❝❛♥❝❡r ❞✉ s❡✐♥✱ ❞❡ ♠❡ttr❡ ❡♥ ❛✈❛♥t tr♦✐s
❣è♥❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❡ ♠ét❛❜♦❧✐s♠❡ ❞❡ ❧✬♦❡str♦❣è♥❡ ✭❘✐t❝❤✐❡ ❡t ❛❧ ✷✵✵✶✮✳ ❈❡♣❡♥❞❛♥t
❡♥ ♣r❛t✐q✉❡✱ ❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❧✐♠✐t❡ sér✐❡✉s❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs ❛✐♥s✐ q✉❡
❧✬♦r❞r❡ ❞❡s ✐♥t❡r❛❝t✐♦♥s q✉✬✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❛♥❛❧②s❡r✳ ❉❡ ♣❧✉s✱ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ✐♥❞✐❝❛t✐♦♥ s✉r
❧❛ ♠❛♥✐èr❡ ❞♦♥t ❧❛ ♠ét❤♦❞❡ ré❛❣✐t ❢❛❝❡ à ❧✬❛ss♦❝✐❛t✐♦♥ ❛❧❧é❧✐q✉❡ rés✉❧t❛♥t ❞✉ ❞éséq✉✐❧✐❜r❡
❞❡ ❧✐❛✐s♦♥ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs✳ P♦✉r ❝❡s r❛✐s♦♥s✱ ❧❛ ▼❉❘ ❛♣♣❛r❛ît ❞♦♥❝ ♣❧✉s ❛❞❛♣té❡
❛✉① ét✉❞❡s ❣è♥❡s✲❝❡♥trés q✉✬❛✉① ét✉❞❡s ❣❡♥♦♠❡✲✇✐❞❡✳ P❛r ❛✐❧❧❡✉rs ❧❡s rés✉❧t❛ts ✐ss✉s ❞❡s
❛♣♣r♦❝❤❡s ❝♦♠❜✐♥❛t♦✐r❡s ♥❡ s♦♥t ❡♥ ❣é♥ér❛❧ ♣❛s ❢❛❝✐❧❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡s✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛
s✐❣♥✐✜❝❛t✐✈✐té ♣❡✉t êtr❡ ❞✐s❝✉té✱ ❡t ❞❛♥s s♦♥ ❝❛s✱ ❧❛ ▼❉❘ ♥é❝❡ss✐t❡ ✉♥ ♥♦♠❜r❡ é❣❛❧ ❞❡ ❝❛s
❡t ❞❡ té♠♦✐♥s✳

✸♠♦❞❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ✜❛❜❧✐té ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥✱ ❢♦♥❞é s✉r ✉♥❡ t❡❝❤♥✐q✉❡ ❞✬é❝❤❛♥t✐❧❧♦♥❛❣❡



✸✳✷✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s ❡①✐st❛♥t❡s ✶✶✶

SNP1

SNP2

SNP3

...

SNPn

Sélectionner une 
combinaison de 

marqueurs
aa aA AA

bb 3 0.4 1

bB 0.2 4 1.3

BB 1.5 0.7

SNP1

SN
P

2

Calculer les ratios cas-
témoins pour chaque 

combinaison de génotypes

aa aA AA

bb 3 0.4 1

bB 0.2 4 1.3

BB 1.5 0.7

SNP1

SN
P

2

Haut-risque

Construire le modèle à 
partir des génotypes à 

haut-risque. 

Validation Croisée

Données 

d’entraînement

Données 

test

Estimation de la 
qualité de prédiction. 

❋✐❣✳ ✸✳✷ ✕ ▼✉❧t✐ ❉✐♠❡♥s✐♦♥❛r② ❘❡❞✉❝t✐♦♥✳

❆♣♣r♦❝❤❡s ♣❛r ♣❛rt✐t✐♦♥♥❡♠❡♥ts ré❝✉rs✐❢s ✿ ❆r❜r❡ ❞❡ ❉✐s❝r✐♠✐♥❛✲
t✐♦♥ ❡t ❋♦rêt ❆❧é❛t♦✐r❡

▲❡s ❛♣♣r♦❝❤❡s ♣❛r ♣❛rt✐t✐♦♥♥❡♠❡♥ts ré❝✉rs✐❢s ♣r♦❝è❞❡♥t ❡♥ ♣❛rt✐t✐♦♥♥❛♥t ré❝✉rs✐✈❡♠❡♥t
❧✬❡♥s❡♠❜❧❡ ❞❡s ✐♥❞✐✈✐❞✉s ❡♥ s♦✉s✲❡♥s❡♠❜❧❡ ♣❧✉s ❤♦♠♦❣è♥❡s ❞✬✉♥ ♣♦✐♥t ❞❡ ✈✉ ❞❡ ❧❡✉r st❛t✉t✳
❊❧❧❡s s♦♥t s♦✉✈❡♥t r❡♣rés❡♥té❡s s♦✉s ❧❛ ❢♦r♠❡ ❞✬✉♥ ❆r❜r❡ ❞❡ ❉✐s❝r✐♠✐♥❛t✐♦♥ ✭Pr♦✈✐♥❝❡ ❡t
❛❧ ✷✵✵✶✮✳

❯♥ ❆r❜r❡ ❞❡ ❉✐s❝r✐♠✐♥❛t✐♦♥ ❡st ❝♦♠♣♦sé ❞✬✉♥ ♥♦❡✉❞ r❛❝✐♥❡ q✉✐ ❝♦♥t✐❡♥t ❧❡ ❥❡✉ ❞❡ ❞♦♥✲
♥é❡s ❝♦♠♣❧❡t✳ ❈❡❧✉✐✲❝✐ ❡st ♣❛rt✐t✐♦♥♥é ❡♥ ❞❡✉① s♦✉s✲❣r♦✉♣❡s ❞✬✐♥❞✐✈✐❞✉s ♣❛r ❧❡ ♠❛rq✉❡✉r
q✉✐ ❛♠é❧✐♦r❡ ❛✉ ♠✐❡✉① ❧✬❤♦♠♦❣é♥é✐té ❞❡ ❝❡s ❞❡✉① s♦✉s✲❣r♦✉♣❡s✳ ❈❤❛❝✉♥ ❡st ❧✉✐ ♠ê♠❡ ♣❛r✲
t✐t✐♦♥♥é ❡t ❛✐♥s✐ ❞❡ s✉✐t❡ ❥✉sq✉✬à ❝❡ q✉❡ ❧✬❤♦♠♦❣é♥é✐té ❞❡ ❝❤❛q✉❡ ❣r♦✉♣❡ ♥❡ ♣✉✐ss❡ ♣❧✉s
êtr❡ ❛♠é❧✐♦ré❡✳ ▲❡s ♥♦❡✉❞s t❡r♠✐♥❛✉① s♦♥t ❛♣♣❡❧és ❧❡s ❢❡✉✐❧❧❡s ❞❡ ❧✬❛r❜r❡✳ ❉é❝r✐t ❛✐♥s✐✱ ✉♥
❆r❜r❡ ❞❡ ❉✐s❝r✐♠✐♥❛t✐♦♥ ❛♣♣❛r❛ît éq✉✐✈❛❧❡♥t à ✉♥❡ sé❧❡❝t✐♦♥ ❞❡ ♠❛rq✉❡✉rs ❢♦r✇❛r❞ ❞❛♥s
✉♥❡ ❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡ à ❧❛ ❞✐✛ér❡♥❝❡ ❡ss❡♥t✐❡❧❧❡ q✉❡ ❝❤❛q✉❡ ♥♦❡✉❞ ♣❡✉t êtr❡ tr❛✐té ♣❛r
✉♥ ♠❛rq✉❡✉r ❞✐✛ér❡♥t✳

❯♥❡ ré♣♦♥s❡ à ❝❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❡ à ✐♥tr♦❞✉✐r❡ ❞❡ ❧❛ ✢❡①✐❜✐❧✐té ❞❛♥s ❧❛ ♠ét❤♦❞❡ ❡♥
❛❥♦✉t❛♥t ❞❡ ❧✬❛❧é❛ ❞❛♥s ❧❛ sé❧❡❝t✐♦♥ ❞❡s ♠❛rq✉❡✉rs ❡t ❡♥ ❣é♥ér❛♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞✬❛r❜r❡s
♣♦ss✐❜❧❡s ❀ ♦♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ❋♦rêt ❆❧é❛t♦✐r❡ ✭▲✉♥❡tt❛ ❡t ❛❧ ✷✵✵✹✱ ❇✉r❡❛✉ ❡t ❛❧ ✷✵✵✺✮✳ ❈❤❛q✉❡
❛r❜r❡ ❡st ❝♦♥st✐t✉é ❞✬✉♥❡ s✉❝❝❡ss✐♦♥ ❞❡ ♠❛rq✉❡✉rs ❞✐✛ér❡♥t❡✳ ▲❡s ♠❛rq✉❡✉rs s♦♥t ❡♥s✉✐t❡
♥♦tés ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❢♦✐s q✉✬✐❧ ❛♣♣❛r❛✐ss❡♥t ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ❛r❜r❡s ❡t ❞❡
❧❡✉r ♣♦s✐t✐♦♥✳ ▲❡s ♠❛rq✉❡✉rs q✉✐ ❛♣♣❛r❛✐ss❡♥t ❧❡ ♣❧✉s s♦✉✈❡♥t ❡t✴♦✉ ♣❧❛❝és ♣rès ❞❡ ❧❛
r❛❝✐♥❡ s❡r♦♥t ❝♦♥s✐❞érés ❝♦♠♠❡ ♣❧✉s ♣❡rt✐♥❡♥ts ♣♦✉r ❡①♣❧✐q✉❡r ❧❛ ♠❛❧❛❞✐❡ q✉❡ ❝❡✉① q✉✐
❛♣♣❛r❛✐ss❡♥t ♣❡✉ ❡t✴♦✉ ♣r♦❝❤❡s ❞❡s ❢❡✉✐❧❧❡s✳



✶✶✷ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❆ ❧✬✐♥st❛r ❞❡s ❛♣♣r♦❝❤❡s ❝♦♠❜✐♥❛t♦✐r❡s✱ ❧❡s ❛♣♣r♦❝❤❡s ♣❛r ♣❛rt✐t✐♦♥♥❡♠❡♥ts ré❝✉rs✐❢s
❝❤❡r❝❤❡♥t à ❞ét❡❝t❡r ❧❡s ♠❛rq✉❡✉rs ✐♠♣❧✐q✉és ❞❛♥s ❧❛ ♠❛❧❛❞✐❡ s❛♥s ♣❛ss❡r ♣❛r ✉♥❡ ♠♦❞é✲
❧✐s❛t✐♦♥ ❢♦r♠❡❧❧❡ ❞❡s ❞✐✛ér❡♥ts ❡✛❡ts✳ ❊❧❧❡s ♦♥t ❡♥ ❧✬♦❝❝✉rr❡♥❝❡ ♣♦✉r ♦❜❥❡❝t✐❢ ❞❡ ♠❡ttr❡ ❡♥
❛✈❛♥t ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ♠❛rq✉❡✉rs q✉✐ ♥❡ ♣rés❡♥t❡♥t ❛ ♣r✐♦r✐ ♣❛s ❞✬❡✛❡t ♠❛❥❡✉r s✉r ❧❛
♠❛❧❛❞✐❡✳ ❈♦♥tr❛✐r❡♠❡♥t ❛✉① ❛♣♣r♦❝❤❡s ❝♦♠❜✐♥❛t♦✐r❡s✱ ❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ❛♣♣❧✐q✉é❡s à ✉♥
❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs✳ ▲❡ ✈r❛✐ ♣r♦❜❧è♠❡ ❞❡ ❝❡ t②♣❡ ❞✬❛♣♣r♦❝❤❡ rés✐❞❡ ❞❛♥s ❧❡ ❝❤♦✐①
❞❡s ❝r✐tèr❡s ♣❡r♠❡tt❛♥t ❞❡ r❡t❡♥✐r ❛✉ ✜♥❛❧ ❧✬❡♥s❡♠❜❧❡ ❞❡ ♠❛rq✉❡✉rs ❧❡s ♣❧✉s ♣❡rt✐♥❡♥ts✱
❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❛✐♥s✐ q✉❡ ❧✬❡st✐♠❛t✐♦♥ ❞✬✉♥❡ s✐❣♥✐✜❝❛t✐✈✐té st❛t✐st✐q✉❡✳

c
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s
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aa

aA
 ou A
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 ou C
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bB
 ou B

B
bb cc

racine

feuilles

❋✐❣✳ ✸✳✸ ✕ ❆r❜r❡ ❞❡ ❉✐s❝r✐♠✐♥❛t✐♦♥✳

▲✐♠✐t❡s ❞❡ ❝❡s ❛♣♣r♦❝❤❡s ❡t ❝r✐tèr❡s ❞✬é✈❛❧✉❛t✐♦♥

▲✬❡♥s❡♠❜❧❡ ❞❡s ❛♣♣r♦❝❤❡s q✉❡ ♥♦✉s ✈❡♥♦♥s ❞✬é✈♦q✉❡r ♣❡r♠❡t ❞❡ s♦✉❧✐❣♥❡r ❧❛ ❞✐✈❡rs✐té
❞❡s ♠ét❤♦❞♦❧♦❣✐❡s q✉✐ ♦♥t été ❞é✈❡❧♦♣♣é❡s ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ❛✜♥ ❞❡ ré♣♦♥❞r❡ ❛✉①
♣r♦❜❧é♠❛t✐q✉❡s ♣♦sé❡s ♣❛r ❧✬❛♥❛❧②s❡ s✐♠✉❧t❛♥é❡ ❞✬✉♥ très ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs✳ ❙✐
❝❤❛q✉❡ ❛♣♣r♦❝❤❡ ❛♣♣♦rt❡ s❡s s♦❧✉t✐♦♥s✱ ❛✉❝✉♥❡ ❝❡♣❡♥❞❛♥t ♥✬❡st ✈r❛✐♠❡♥t s❛t✐s❢❛✐s❛♥t❡ ❡♥
t♦✉s ♣♦✐♥ts✳ ❙❛♥s r❡✈❡♥✐r ❞❛♥s ❧❡ ❞ét❛✐❧ s✉r ❧❡s ❛✈❛♥t❛❣❡s ❡t ✐♥❝♦♥✈é♥✐❡♥ts ❞❡ ❝❤❛❝✉♥❡✱ ❧❡s
❛♣♣r♦❝❤❡s ❞❡ t②♣❡ ❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡ s♦♥t très s❡♥s✐❜❧❡s ❛✉ ♠❛♥q✉❡ ❞✬♦❜s❡r✈❛t✐♦♥s ♣❛r
r❛♣♣♦rt ❛✉ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs à t❡st❡r ❀ ❧❡s ❛♣♣r♦❝❤❡s ♣❛r s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s ♥❡
♣❡r♠❡tt❡♥t ♣❛s ❡♥ s♦✐t ❞❡ ♠❡ttr❡ ❡♥ ❛✈❛♥t ❞❡s ❧♦❝✉s ❛✉① ❡✛❡ts ♠♦❞❡st❡s s✉r ❧❛ ♠❛❧❛❞✐❡
♦✉ ❞❡s ❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥ ❀ ❡♥✜♥ ❧❡s ❛♣♣r♦❝❤❡s ❞❡ ❝❧❛ss✐✜❝❛t✐♦♥ ✭❝♦♠❜✐♥❛t♦✐r❡s ❡t ♣❛r
♣❛rt✐t✐♦♥♥❡♠❡♥ts ré❝✉rs✐❢s✮ ✐♠♣❧✐q✉❡♥t ✉♥❡ ✐♥t❡r♣rét❛t✐♦♥ ❞❡s rés✉❧t❛ts ❡t ✉♥❡ é✈❛❧✉❛t✐♦♥
❞❡ ❧❡✉r s✐❣♥✐✜❝❛t✐✈✐té st❛t✐st✐q✉❡ ♣❛s ❢♦r❝é♠❡♥t é✈✐❞❡♥t❡✳ ❉❡ ❢❛ç♦♥ ♣❧✉s ❣é♥ér❛❧❡✱ ❧❛ ♣❧✉♣❛rt
❞❡ ❝❡s ❛♣♣r♦❝❤❡s ♥é❝❡ss✐t❡ ❞❡ ✜①❡r ❞❡s ♣❛r❛♠ètr❡s ❞♦♥t ❧❡ ❝❤♦✐① ♥✬❡st ❣✉✐❞é ♣❛r ❛✉❝✉♥ ❛
♣r✐♦r✐ ❜✐♦❧♦❣✐q✉❡ ♦✉ str❛té❣✐q✉❡ ✈r❛✐♠❡♥t ❝❧❛✐r✳ ❉❡ ♣❧✉s ❡❧❧❡ ♥❡ ♣r❡♥♥❡♥t ♣❛s ✈r❛✐♠❡♥t ❡♥
❝♦♠♣t❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❧♦❝❛❧❡ q✉✐ ❡①✐st❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ❧✐é❡ ❛✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥✳



✸✳✷✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s ❡①✐st❛♥t❡s ✶✶✸

❆✜♥ ❞❡ rés✉♠❡r ❝❡s ✐♥❢♦r♠❛t✐♦♥s✱ ♥♦✉s ♣r♦♣♦s♦♥s ✉♥ t❛❜❧❡❛✉ ré❝❛♣✐t✉❧❛t✐❢ très ♣❡rs♦♥✲
♥❡❧ ❞❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝❤❛q✉❡ ❛♣♣r♦❝❤❡ ✭✜❣✉r❡ ✸✳✹✮✳ ◆♦✉s ❛✈♦♥s ❝♦♥s✐❞éré s❡♣t ❝r✐tèr❡s
❞✬é✈❛❧✉❛t✐♦♥✳ ▲❡ ♣r❡♠✐❡r ❡st ✉♥ ❝r✐tèr❡ ❧✐é à ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡s ❞♦♥♥é❡s ❀ ✐❧ ✐♥❝❧✉t ❧❡ ♣r♦✲
❜❧è♠❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs tr♦♣ ✐♠♣♦rt❛♥t ♣❛r r❛♣♣♦rt ❛✉ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛t✐♦♥s
❛✐♥s✐ q✉❡ ❧❛ ❝❛♣❛❝✐té ❡♥ t❡♠♣s ❡t ❡♥ ♠é♠♦✐r❡ à tr❛✐t❡r ❞❡ ❣r❛♥❞s ❥❡✉① ❞❡ ❞♦♥♥é❡s✳ ▲❡
❞❡✉①✐è♠❡ ❝r✐tèr❡ ✭▲❉✮ é✈❛❧✉❡ ❧❛ ❝❛♣❛❝✐té à ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❧♦❝❛❧❡ ❡♥tr❡
❧❡s ♠❛rq✉❡✉rs✳ ▲❡ tr♦✐s✐è♠❡ ❝♦rr❡s♣♦♥❞ à ❧❛ s✐♠♣❧✐❝✐té ❞❡ ❧❛ ♠ét❤♦❞❡ ❡♥ t❡r♠❡ ❞✬✐♠♣❧é✲
♠❡♥t❛t✐♦♥✳ ▲❡ q✉❛tr✐è♠❡ ♥♦t❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♣❛r❛♠ètr❡s à ✜①❡r ❛✐♥s✐ q✉❡ ❧❛ ❞✐✣❝✉❧té ❧✐é❡
❛✉ ❝❤♦✐① ❞❡ ❝❡s ♣❛r❛♠ètr❡s✳ ▲❡ ❝✐♥q✉✐è♠❡ é✈❛❧✉❡ ❧❛ ❢❛❝✐❧✐té à ✐♥t❡r♣rét❡r ❧❡s rés✉❧t❛ts
❛✐♥s✐ q✉❡ ❧✬é✈❛❧✉❛t✐♦♥ ❞❡ ❧❡✉r s✐❣♥✐✜❝❛t✐✈✐té st❛t✐st✐q✉❡ ❡t ❧❡ ❝♦♥trô❧❡ ❞✉ t❛✉① ❞✬❡rr❡✉r ❞❡
t②♣❡✲■✳ ▲❡ s✐①✐è♠❡ ✐♥❞✐q✉❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ ❞ét❡❝t❡r ❞❡s ❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥ ❡t ❧❡ ❞❡r♥✐❡r
❝r✐tèr❡ ❝❡❧❧❡ ❞❡ ♠❡ttr❡ ❡♥ ❛✈❛♥t ❞❡s ❧♦❝✉s q✉✐ ♦♥t ✉♥ ❡✛❡t ♠♦❞❡st❡ s✉r ❧❛ ♠❛❧❛❞✐❡✳

RL FG SA MDR FA

Dimensions + +++ +++ + ++

LD non
pas 

vraiment non non non

Simplicité ++ +++ +++ + +

Choix des 
paramètres ++ ++ ++ + +

Résultats +++ +++ +++ + +

Interactions oui non non oui oui

Effets 
modestes oui non non oui oui

❋✐❣✳ ✸✳✹ ✕ ❈r✐tèr❡s ❞✬é✈❛❧✉❛t✐♦♥ ✿ ❝♦♠♣❛r❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝✐♥q ♠ét❤♦❞❡s ♠✉❧t✐✲
♠❛rq✉❡✉rs s✉r ❧❛ ❜❛s❡ ❞❡ s❡♣t ❝r✐tèr❡s ❞✬é✈❛❧✉❛t✐♦♥✳ ▲❡s ♠ét❤♦❞❡s s♦♥t ❧❛ ❘é❣r❡ss✐♦♥
▲♦❣✐st✐q✉❡ ✭▲❘✮✱ ❧❛ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ✭❋●✮✱ ❧❛ ❙❡t ❆ss♦❝✐❛t✐♦♥ ✭❙❆✮✱ ❧❛ ▼✉❧t✐♣❧❡ ❉✐♠❡♥✲
s✐♦♥❛r② ❘❡❞✉❝t✐♦♥ ✭▼❉❘✮ ❡t ❧❛ ❋♦rêt ❆❧é❛t♦✐r❡ ✭❋❆✮✳ P❛r ❛✐❧❧❡✉rs ✭✰✮✱ ✭✰✰✮ ❡t ✭✰✰✰✮
r❡♣rés❡♥t❡♥t ✉♥❡ ♥♦t❡ ♠♦②❡♥♥❡✱ ❜♦♥♥❡ ❡t très ❜♦♥♥❡ r❡s♣❡❝t✐✈❡♠❡♥t✳



✶✶✹ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

✸✳✸ ❙❝♦r❡ ▲♦❝❛❧

■♥t❡♥t✐♦♥ ❞❡ ❧✬❛♣♣r♦❝❤❡

❉❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥✱ ♦♥ ♣❡✉t s✬❛tt❡♥❞r❡ à ✉♥❡ ❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ❤❛✉t❡s ✈❛❧❡✉rs
❞❡ st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✳ ❉❡ t❡❧❧❡s ❛❝❝✉♠✉❧❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ ❞✉❡s
✭✐✮ ❛✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ❡t ❧❡ s✐t❡ ét✐♦❧♦❣✐q✉❡ ♦✉ ❡♥❝♦r❡ ✭✐✐✮ à
✉♥❡ ❛❣ré❣❛t✐♦♥ ❞❡ s✐t❡s ét✐♦❧♦❣✐q✉❡s ❞❛♥s ✉♥❡ ♠ê♠❡ ♣♦rt✐♦♥ ❞✉ ❣é♥♦♠❡✳ ❈❡tt❡ ❞❡r♥✐èr❡
❤②♣♦t❤ès❡ ❡st t♦✉t à ❢❛✐t ré❛❧✐st❡ ❧♦rsq✉✬♦♥ ♣❡♥s❡ q✉❡ ♣❧✉s✐❡✉rs ♠✉t❛t✐♦♥s ♣❡✉✈❡♥t ❛✛❡❝t❡r
✉♥ ♠ê♠❡ ❣è♥❡ ♦✉ ✉♥ ❝❧✉st❡r ❞❡ ❣è♥❡s ✈♦✐s✐♥s ✐♠♣❧✐q✉és ❞❛♥s ✉♥❡ ♠ê♠❡ ✈♦✐① ♠ét❛❜♦❧✐q✉❡✳
■❞❡♥t✐✜❡r ❝❡s ❛❝❝✉♠✉❧❛t✐♦♥s ❞❡✈r❛✐t ❞♦♥❝ ❛✐❞❡r à ✐❞❡♥t✐✜❡r ❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ❞✬✐♥térêt
❜✐♦❧♦❣✐q✉❡ ❝♦♥t❡♥❛♥t ❛✉ ♠♦✐♥s ✉♥ s✐t❡ ét✐♦❧♦❣✐q✉❡✳

❉❡ t❡❧s ❛❝❝✉♠✉❧❛t✐♦♥s s♦♥t ❢❛❝✐❧❡s à ❞é❝❡❧❡r à ❧✬♦❡✐❧ s✉r ✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♠❛rq✉❡✉rs✳
❈❡❧❛ ❞❡✈✐❡♥t ✐♠♣♦ss✐❜❧❡ ❧♦rsq✉❡ ❧✬♦♥ ✈❛ ♣❛ss❡r à ❧✬❛♥❛❧②s❡ ❞✬✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♠✐❧❧✐❡rs ❞❡
♠❛rq✉❡✉rs✳ ❯♥❡ ❢❛ç♦♥ ❞❡ ❧❡s ❞ét❡❝t❡r ❞❛♥s ❧❡s ét✉❞❡s à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❡st ❞✬✉t✐❧✐s❡r ❧❡ ❙❝♦r❡
▲♦❝❛❧✳ ❈❡t ♦✉t✐❧ st❛t✐st✐q✉❡ ❛ été s♣é❝✐✜q✉❡♠❡♥t ét✉❞✐é ♣♦✉r ✐❞❡♥t✐✜❡r ❞❡s ❛❝❝✉♠✉❧❛t✐♦♥s
❞❡ ✈❛❧❡✉rs é❧❡✈é❡s ❞❛♥s ✉♥❡ séq✉❡♥❝❡✳ ▲✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ st❛t✐st✐q✉❡ ❡♥ ❜✐♦❧♦❣✐❡ ♥✬❡st ♣❛s
♥♦✉✈❡❧❧❡ ❀ ❡❧❧❡ ❛ été ❡♠♣❧♦②é❡ ❛✈❡❝ s✉❝❝ès ❞❛♥s ❧✬❛♥❛❧②s❡ ❞❡s séq✉❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s ✭❆❉◆
❡t ♣r♦té✐♥❡s✮ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ❧♦❝❛❧✐s❡r ❝❤❡③ ❧❡s ♣r♦té✐♥❡s ❞❡s ré❣✐♦♥s tr❛♥s♠❡♠❜r❛♥❛✐r❡s
♦✉ ❤②❞r♦♣❤♦❜❡s✱ ❞❡s ❉◆❆✲❜✐♥❞✐♥❣ r❡❣✐♦♥s ♦✉ ❡♥❝♦r❡ ❞❡s ré❣✐♦♥s ❝♦♥❝❡♥tré❡s ❡♥ ❝❤❛r❣❡
✭❑❛r❧✐♥ ❡t ❛❧ ✶✾✾✶✱ ❇r❡♥❞❡❧ ❡t ❛❧ ✶✾✾✷✱ ❑❛r❧✐♥ ❡t ❇r❡♥❞❡❧ ✶✾✾✷✮✳ P❛r ❧❛ s✉✐t❡✱ ❧✬❛♣♣r♦❝❤❡ ❛ été
ét❡♥❞✉❡ à ❧❛ ❞ét❡❝t✐♦♥ ❞❡ s✐♠✐❧❛r✐tés ❡♥tr❡ séq✉❡♥❝❡s ✭❆❧ts❝❤✉❧ ❡t ❛❧ ✶✾✾✵✮ ✿ à ❝❤❛q✉❡ ❝♦✉♣❧❡
❞❡ ❧❡ttr❡s ❡st ❛ss♦❝✐é ✉♥ s❝♦r❡ ❞✬❛✉t❛♥t ♣❧✉s é❧❡✈é q✉❡ ❝❡s ❞❡✉① ❧❡ttr❡s s❡ ✏r❡ss❡♠❜❧❡♥t✑ ❀
✉♥❡ ❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ s❝♦r❡s é❧❡✈és ❞és✐❣♥❡ ❞♦♥❝ ❞❡✉① ré❣✐♦♥s très r❡ss❡♠❜❧❛♥t❡s✳ P♦✉r ♣❧✉s
❞❡ ❞ét❛✐❧s s✉r ❧❡s ✉t✐❧✐s❛t✐♦♥s ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❞❛♥s ❧✬❛♥❛❧②s❡ ❞❡ séq✉❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s✱ ❧❡
❧❡❝t❡✉r ✐♥tér❡ssé ♣❡✉t s❡ ré❢ér❡r à ❧❛ r❡✈✐❡✇ ♣r♦♣♦sé❡ ♣❛r ❑❛r❧✐♥ ✭✷✵✵✺✮✳

▲❡ ❙❝♦r❡ ▲♦❝❛❧ ❡st ✉♥❡ st❛t✐st✐q✉❡ ❞é❥à ❜✐❡♥ ❝♦♥♥✉❡✳ ❖♥ s❡ ♣r♦♣♦s❡ ✐❝✐ ❞✬❡♥ r❛♣♣❡❧❡r
❧❛ ❞é✜♥✐t✐♦♥✱ ❧❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ♣r♦❜❛❜✐❧✐st❡s ❛✐♥s✐ q✉❡ ❧❡s ❛❧❣♦r✐t❤♠❡s ♠✐s ❡♥ ❥❡✉✳
❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♥♦✉s tr❛✐t♦♥s ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♦♣t✐♠❛❧ ❞✬✉♥❡ séq✉❡♥❝❡ ❀ ♥♦✉s ♥♦✉s
✐♥tér❡ss♦♥s ♣❛r ❧❛ s✉✐t❡ à ❧❛ s✉❝❝❡s✐♦♥ ❞❡ ❙❝♦r❡s ▲♦❝❛✉① s♦✉s✲♦♣t✐♠❛✉①✳

▲❡ ❙❝♦r❡ ▲♦❝❛❧ ✿ ❞é✜♥✐t✐♦♥✱ rés✉❧t❛ts ♣r♦❜❛❜✐❧✐st❡s ❡t ❛❧❣♦r✐t❤♠❡s

✲ ❉é✜♥✐t✐♦♥ ✿ s♦✐t S = (Si)i=1,...,n ✉♥❡ séq✉❡♥❝❡ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s✳ ❖♥ ❞é✜♥✐t ♣❛r ✿

H = max
16i6j6n

j∑

k=i

Sk,

❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❛ttr✐❜✉é à S✳ ❊♥ ♣r❛t✐q✉❡✱ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❡st ❞é✜♥✐ ❝♦♠♠❡ ❧❛ ✈❛❧❡✉r ❞❡ ❧❛
s♦✉s✲séq✉❡♥❝❡ ✭♦✉ ré❣✐♦♥✮ q✉✐ ♣rés❡♥t❡ ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧❡ ♣♦✉r ❧❡s s♦♠♠❡s ❞❡s Si✳ ❈❡tt❡



✸✳✸✳ ❙❝♦r❡ ▲♦❝❛❧ ✶✶✺

✈❛❧❡✉r ❡st ♠❛①✐♠❛❧❡ ❞❛♥s ❧❡ s❡♥s ♦ù ❧✬♦♥ ♥❡ ♣❡✉t ❛✉❣♠❡♥t❡r ♥✐ ❞✐♠✐♥✉❡r ❧❛ t❛✐❧❧❡ ❞❡ ❧❛
ré❣✐♦♥ s❛♥s ❛✛❡❝t❡r ❧❛ ✈❛❧❡✉r ❞✉ ❙❝♦r❡ ▲♦❝❛❧✳ ❉❡ ❢❛ç♦♥ ♣❧✉s ❢♦r♠❡❧❧❡✱ ❘✉③③♦ ❡t ❚♦♠♣❛
✭✶✾✾✾✮ ❛♣♣♦rt❡♥t ❧❛ ❞é✜♥✐t✐♦♥ s✉✐✈❛♥t❡ ✿

❙♦✐t S ✉♥❡ séq✉❡♥❝❡ ♥♦♥ ✈✐❞❡✳ ❯♥❡ s♦✉s✲séq✉❡♥❝❡ I ❡st ❞❡ s❝♦r❡ ♠❛①✐♠❛❧ ❞❛♥s S s✐✱
❡t s❡✉❧❡♠❡♥t s✐ ✭✐✮ t♦✉t❡s ❧❡s s♦✉s✲séq✉❡♥❝❡s ❞❡ I ♦♥t ✉♥ s❝♦r❡ ♣❧✉s ❢❛✐❜❧❡ ❡t ✭✐✐✮ ❛✉❝✉♥❡
s✉r✲séq✉❡♥❝❡ ❞❡ I ❝♦♥t❡♥✉❡ ❞❛♥s S ♥❡ s❛t✐s❢❛✐t ❧❛ ❝♦♥❞✐t✐♦♥ ♣ré❝é❞❡♥t❡✳

▲❛ ré❣✐♦♥ ❛tt❛❝❤é❡ ❛✉ ❙❝♦r❡ ▲♦❝❛❧ ❡st ❧❛ ✏♠❡✐❧❧❡✉r ré❣✐♦♥✑ ♦✉ ❡♥❝♦r❡ ❛♣♣❡❧é❡ ✏♠❛①✐✲
♠❛❧ s❝♦r✐♥❣ s✉❜s❡q✉❡♥❝❡✑✱ ✏ ❧♦❝❛❧❧② ♦♣t✐♠❛❧ s✉❜s❡q✉❡♥❝❡✑✱ ✏♠❛①✐♠✉♠ s✉♠ ✐♥t❡r✈❛❧✑ ❡t ✏ ❧♦❝❛❧
❤✐❣❤❡st✲s❝♦r✐♥❣ s❡❣♠❡♥t✑ ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳

1     -2     -4     2     1     1     -3     1     -2

H = 4

-1   2   1   -4   -2   -2   2   1   -1   3   1   -2

H = 6

❋✐❣✳ ✸✳✺ ✕ ❙❝♦r❡ ▲♦❝❛❧ ♠❛①✐♠❛❧ ✿ ❡①❡♠♣❧❡s✳

✲ ❘és✉❧t❛ts ♣r♦❜❛❜✐❧✐st❡s ✿ ❡♥ s❡ ré❢ér❛♥t à ❧❛ t❤é♦r✐❡ ❞❡s ✈❛❧❡✉rs ❡①trê♠❡s ❡t ❛✉ tr❛✈❛✐❧
ré❛❧✐sé ♣❛r ■❣❧❡❤❛rt ✭✶✾✼✷✮✱ ❑❛r❧✐♥ ❡t ❉❡♠❜♦ ✭✶✾✾✷✮ ♦♥t ♠♦♥tré q✉❡ ❞❛♥s ❧✬❤②♣♦t❤ès❡ ♦ù
❧❡s Si s♦♥t ✐♥❞é♣❡♥❞❛♥ts ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉és ✭✐✐❞✮✱ ♦ù E(Si) < 0 ❡t ♦ù n ❡st
s✉✣s❛♠♠❡♥t ❣r❛♥❞✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ H ♣❡✉t êtr❡ ❛♣♣r♦❝❤é❡ ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡
●✉♠❜❡❧ ✿

lim
n→+∞

P

(
H >

log n

λ
+ h

)
= 1 − exp(−Ke−λh).

▲❡s ♣❛r❛♠ètr❡s α ❡t β ❞❡ ❧❛ ❧♦✐ ❞❡ ●✉♠❜❡❧ t❡❧s q✉✬✐❧ s♦♥t ❝❧❛ss✐q✉❡♠❡♥t ❞♦♥♥és ❞❛♥s ❧❛
❧✐ttér❛t✉r❡ s♦♥t ❞❛♥s ❝❡ ❝❛s α = log n+log K

λ
❡t β = 1

λ
✳ ▲❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❞é♣❡♥❞

❞♦♥❝ ❞❡ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ séq✉❡♥❝❡ n ❛✐♥s✐ q✉❡ ❞❡ ❞❡✉① ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ K ❡t λ✳
❖♥ ♣❡✉t ❡①♣r✐♠❡r ❝❡ rés✉❧t❛t ♣❧✉s s✐♠♣❧❡♠❡♥t ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ♥♦r♠❛❧✐sé
H✬ = λH − log(nK) ✿

lim
n→+∞

P (H✬ > h) = 1 − exp
(
−e−h

)
.



✶✶✻ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

K ❡t λ ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ Si ❡t s♦♥t r❛r❡♠❡♥t ❢❛❝✐❧❡s à ❝❛❧❝✉❧❡r ❡♥ ♣r❛t✐q✉❡✳
▲❡ ❧❡❝t❡✉r ✐♥tér❡ssé tr♦✉✈❡r❛ ❡♥ ❛♥♥❡①❡ ✭♣✳ ✶✾✻✮ ❧❛ ❞é♠♦♥str❛t✐♦♥ ♣❡r♠❡tt❛♥t ❞✬♦❜t❡♥✐r ❧❛
❧♦✐ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❛✐♥s✐ q✉✬✉♥❡ ♣ré❝✐s✐♦♥ s✉r ❧✬❡st✐♠❛t✐♦♥ ❞❡ K ❡t λ✳

❖♥ s❛✐s✐t ♣❛r ❛✐❧❧❡✉rs ❛ss❡③ ❜✐❡♥ q✉✬❡♥ ♣r❛t✐q✉❡ ❧✬❡s♣ér❛♥❝❡ ❞❡s Si ❞♦✐t êtr❡ ♥é❣❛t✐✈❡✱
❛✉tr❡♠❡♥t ❧❛ ♠❡✐❧❧❡✉r❡ ré❣✐♦♥ ♣❡✉t ❢❛❝✐❧❡♠❡♥t r❡❝♦✉✈r✐r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ séq✉❡♥❝❡✱ ❝❡ q✉✐
♥✬❡st ♥❛t✉r❡❧❧❡♠❡♥t ♣❛s ❧❡ ❜✉t r❡❝❤❡r❝❤é✳

✲ ❆❧❣♦r✐t❤♠❡s ✿ ✐❧ s✬❛❣✐t ✐❝✐ ❞❡ ♣rés❡♥t❡r ❝♦♠♠❡♥t ❞ét❡r♠✐♥❡r ❡✣❝❛❝❡♠❡♥t ❧❡ ❙❝♦r❡
▲♦❝❛❧ ❛✐♥s✐ q✉❡ ❧❛ ré❣✐♦♥ i, j ❝♦rr❡s♣♦♥❞❛♥t❡✳ ❯♥❡ ❛♣♣r♦❝❤❡ ♥❛ï✈❡ ❝♦♥s✐st❡ à ❝❛❧❝✉❧❡r ❡t
❝♦♠♣❛r❡r t♦✉t❡s ❧❡s ✈❛❧❡✉rs ❞✉ s❝♦r❡ ✭

∑j
i Sk✮ ♣♦✉r t♦✉t❡s ❧❡s t❛✐❧❧❡s ❞❡ ré❣✐♦♥s ♣♦ss✐❜❧❡s✳

❖♥ ♣❡✉t ♥♦t❡r q✉✬✐❧ ♥✬② ❛ ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ✉♥✐❝✐té ❞❡ ❧❛ s♦❧✉t✐♦♥✳ ❈❡rt❛✐♥s ♣ré❝♦♥✐s❡♥t
❞❡ ❢❛✈♦r✐s❡r ❧❛ ré❣✐♦♥ ❧❛ ♣❧✉s ❝♦✉rt❡ ❝❡ q✉✐ ❧✐♠✐t❡ ❧❡ ♥♦♠❜r❡ ❞❡ s♦❧✉t✐♦♥s ♠❛✐s ♥❡ rés♦✉t ♣❛s
❧❡ ♣r♦❜❧è♠❡✳ ❉❛♥s ❝❡ ❝❛s✱ ✉♥❡ ré❣✐♦♥ ❡st ❝❤♦✐s✐❡ ❛r❜✐tr❛✐r❡♠❡♥t ♣❛r♠✐ t♦✉t❡s ❧❡s ré❣✐♦♥s
q✉✐ ré❛❧✐s❡♥t ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ♦♣t✐♠❛❧ ✿

❆❧❣♦r✐t❤♠❡ ✶
✶ ✿ P♦✉r t♦✉s ❧❡s i ❡t j t❡❧s q✉❡ i 6 j ∈ [1, n]✱ ❝❛❧❝✉❧❡r Hij =

∑j
i Sk✳

✷ ✿ ❝❛❧❝✉❧❡r H = max(Hij)✳

❯♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ ❡st ❝✉❜✐q✉❡ ❡♥ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ séq✉❡♥❝❡
✭❖✭n3✮✮✳ ❯♥❡ ❛✉tr❡ ❢❛ç♦♥ ❞❡ ♣r♦❝é❞❡r ❝♦♥s✐st❡ à ❝♦♥s✐❞ér❡r ❧❛ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ M =
(Mi)i=1,...,n ❛✈❡❝ Mi = Mi−1 + Si ❡t M1 = max(0,S1)✳ ▲❡ ❙❝♦r❡ ▲♦❝❛❧ ❡st ❛❧♦rs ❞ét❡r♠✐♥é
♣❛r ❧❛ ♣❧✉s ❣r❛♥❞❡ ❞✐✛ér❡♥❝❡ ❞❡ ♠❛r❝❤❡ Mij = Mj − Mi ✿

❆❧❣♦r✐t❤♠❡ ✷
✶ ✿ ❝❛❧❝✉❧❡r M1 = max(0,S1)✳
✷ ✿ P♦✉r t♦✉t i ∈ [2, n]✱ ❝❛❧❝✉❧❡r Mi = Mi−1 + Si✳
✸ ✿ P♦✉r t♦✉s ❧❡s i ❡t j t❡❧s q✉❡ i 6 j ∈ [1, n]✱ ❝❛❧❝✉❧❡r Mij = Mj − Mi✳
✹ ✿ ❝❛❧❝✉❧❡r H = max(Mij)✳

❈❡tt❡ ❛♣♣r♦❝❤❡ ❡st q✉❛❞r❛t✐q✉❡ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ séq✉❡♥❝❡ ✭❖✭n2✮✮✳ ❯♥❡ ❞❡r♥✐èr❡
❢❛ç♦♥ ré❡❧❧❡♠❡♥t ♣❧✉s ❡✣❝❛❝❡ ❞❡ tr❛✐t❡r ❧❛ séq✉❡♥❝❡✱ ❡st ❞❡ r❛♠❡♥❡r t♦✉t❡s ❧❡s ❞✐✛ér❡♥❝❡s ❞❡
♠❛r❝❤❡s ♥é❣❛t✐✈❡s à ✵ ❡♥ ❝♦♥s✐❞ér❛♥t ❧❡ ♣r♦❝❡ss✉s H = (Hi)i=1,...,n ❛✈❡❝ Hi = max(0, Hi−1+
Si) ❡t H1 = max(0,S1) ✭❇❛t❡s ❛♥❞ ❈♦♥st❛❜❧❡ ✶✾✽✺✮ ✿

❆❧❣♦r✐t❤♠❡ ✸
✶ ✿ ❝❛❧❝✉❧❡r H1 = max(0,S1)✳
✷ ✿ P♦✉r t♦✉t i ∈ [2, n]✱ ❝❛❧❝✉❧❡r Hi = max(0, Hi−1 + Si)✳
✸ ✿ ❝❛❧❝✉❧❡r H = max(Hi)✳

❉❡ ❝❡tt❡ ♠❛♥✐èr❡✱ tr♦✉✈❡r ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❞✬✉♥❡ séq✉❡♥❝❡ r❡✈✐❡♥t à tr♦✉✈❡r ❧❡ ♠❛①✐♠✉♠
❞✉ ♣r♦❝❡ss✉s H✱ ❝❡ q✉✐ ❡st ❧✐♥é❛✐r❡ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛ séq✉❡♥❝❡ ✭❖✭n✮✮ ❡t ♥♦♥ ♣❧✉s
q✉❛❞r❛t✐q✉❡✳



✸✳✸✳ ❙❝♦r❡ ▲♦❝❛❧ ✶✶✼

❋✐❣✳ ✸✳✻ ✕ ■❧❧✉str❛t✐♦♥ ❞❡s tr♦✐s ❛❧❣♦r✐t❤♠❡s ❞❡ r❡❝❤❡r❝❤❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♦♣✲
t✐♠❛❧ ✿ X ❡st ❧❛ séq✉❡♥❝❡ s✉r ❧❛q✉❡❧❧❡ ♦♥ tr❛✈❛✐❧❧❡ ❀ H ❡st ❛❧♦rs é❣❛❧ à max

∑j
i Xk✳ ❖♥

❞é✜♥✐t ♣❛r M ❧❛ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ ❛ss♦❝✐é❡ à X ❀ H ❡st ❛❧♦rs é❣❛❧ à ❧❛ ♣❧✉s ❣r❛♥❞❡ ❞✐✛ér❡♥❝❡
❞❡ ♠❛r❝❤❡✳ ❊♥✜♥✱ ❧❡ ♣r♦❝❡ss✉s H r❛♠è♥❡ t♦✉t❡s ❧❡s ❞✐✛ér❡♥❝❡s ❞❡ ♠❛r❝❤❡ ♥é❣❛t✐✈❡s à ✵✳
❆✐♥s✐✱ H ❡st é❣❛❧ à ❧❛ ✈❛❧❡✉r ♠❛①✐♠❛❧ ❞❡ H✳



✶✶✽ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

▲❡ kè♠❡ ❙❝♦r❡ ▲♦❝❛❧ ✿ ❞é✜♥✐t✐♦♥✱ rés✉❧t❛ts ♣r♦❜❛❜✐❧✐st❡s ❡t ❛❧❣♦✲
r✐t❤♠❡s

▲❛ ❞é✜♥✐t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ q✉❡ ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t❡ s❡ r❡str❡✐♥t à ❧❛ r❡❝❤❡r❝❤❡
❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ré❣✐♦♥ ❀ ❝❡♣❡♥❞❛♥t ❧❡s ♣❤é♥♦♠è♥❡s ❜✐♦❧♦❣✐q✉❡s q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à ❞é❝❡❧❡r
❛✈❡❝ ❝❡tt❡ st❛t✐st✐q✉❡ ♣❡✉✈❡♥t s❡ ré♣ét❡r ♣❧✉s✐❡✉rs ❢♦✐s ❧❡ ❧♦♥❣ ❞❡ ❧❛ séq✉❡♥❝❡ ♣✉✐sq✉❡
❧✬♦♥ s✬❛tt❡♥❞✱ ❞❛♥s ♥♦tr❡ ❝❛s✱ à ❝❡ q✉✬✐❧ ❡①✐st❡ ♣❧✉s✐❡✉rs ré❣✐♦♥s ❞✬✐♥térêt✳ P❛r ❝♦♥séq✉❡♥t✱
❡♥ ♣❧✉s ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♠❛①✐♠❛❧✱ s♦✐t ❧❡ ✶❡r ❙❝♦r❡ ▲♦❝❛❧ ✭H(1)✮✱ ♦♥ ✈❛ s✬✐♥tér❡ss❡r à ❧❛
r❡❝❤❡r❝❤❡ ❞✉ ✷è♠❡✱ ✸è♠❡ ❥✉sq✉✬❛✉ kè♠❡ ❙❝♦r❡ ▲♦❝❛❧ ✭H(2), ..., H(k)✮✳

✲ ❉é✜♥✐t✐♦♥ ✿ ❛✉ s❡♥s str✐❝t ❞❡ ❧❛ ❞é✜♥✐t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ❢♦✉r♥✐❡ ♣ré❝é❞❡♠♠❡♥t✱ ❧❛
✷è♠❡ ♠❡✐❧❧❡✉r❡ ré❣✐♦♥ ❛ ❞❡ ❣r❛♥❞❡s ❝❤❛♥❝❡s ❞❡ r❡❝♦✉✈r✐r ❡♥ ♣❛rt✐❡ ❧❛ ✶èr❡ ❡t ❞✬✐❞❡♥t✐✜❡r
♣❧✉s ♦✉ ♠♦✐♥s ❧❛ ♠ê♠❡ ♣♦rt✐♦♥ ❞❡ ❣é♥♦♠❡✱ ❝❡ q✉✐ ♥✬❛♣♣♦rt❡ ❛✉❝✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉♣✲
♣❧é♠❡♥t❛✐r❡✳ P❛r ❝♦♥séq✉❡♥t ❧✬♦♥ ❞é✜♥✐t ❧❡ ✷è♠❡ ❙❝♦r❡ ▲♦❝❛❧ ❝♦♠♠❡ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❞❡
❧❛ séq✉❡♥❝❡ ❞✐s❥♦✐♥t❡ ❞❡ ❧❛ ♠❡✐❧❧❡✉r❡ ré❣✐♦♥✱ ❡t ❡♥ t♦✉t❡ ❣é♥ér❛❧✐té✱ ❧❡ kè♠❡ ❙❝♦r❡ ▲♦❝❛❧
❝♦♠♠❡ ét❛♥t ❝❡❧✉✐ ❞❡ ❧❛ séq✉❡♥❝❡ ❞✐s❥♦✐♥t❡ ❞❡s k − 1 ♠❡✐❧❧❡✉r❡s ré❣✐♦♥s✳ ▲✬❡♥s❡♠❜❧❡ ❞❡s
st❛t✐st✐q✉❡s ♦r❞♦♥♥é❡s H(1) > ... > H(k) ❝♦rr❡s♣♦♥❞ ❛❧♦rs ❛✉① k ♣r❡♠✐❡rs ❙❝♦r❡s ▲♦❝❛✉①
❞❡ ❧❛ séq✉❡♥❝❡s ❛ss♦❝✐és ❛✉① k ♣r❡♠✐èr❡s ♠❡✐❧❧❡✉r❡s ré❣✐♦♥s ❞✐s❥♦✐♥t❡s✳

-1   2   1   -4   -2   -2   _   _   _   _   _   -2   -3   1   1   -1   

-1   2   1   -4   -2   -2   2   1   -1   3   1   -2   -3   1   1   -1   

H(1) = 6

H (2) = 3

-1   _   _   -4   -2   -2   _   _   _   _   _   -2   -3   1   1   -1   

H (3) = 2

❋✐❣✳ ✸✳✼ ✕ ▲❡s k ♠❡✐❧❧❡✉rs ❙❝♦r❡ ▲♦❝❛✉① ✿ ✉♥ ❡①❡♠♣❧❡✳

✲ ❘és✉❧t❛ts ♣r♦❜❛❜✐❧✐st❡s ✿ ▲❡s k ♣r❡♠✐❡rs ❙❝♦r❡ ▲♦❝❛✉① H(1), ..., H(k) ♣❡✉✈❡♥t s✬é❝r✐r❡
s♦✉s ❧❛ ❢♦r♠❡ ♥♦r♠❛❧✐sé❡ H✬(1), ..., H✬(k) ❛✈❡❝ H✬(i) = λH(i) − log(nK) ♦ù λ ❡t K s♦♥t ❧❡s
❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❞é✜♥✐❡s ♣ré❝é❞❡♠♠❡♥t✳ ❆ ♣❛rt✐r ❞❡ ❝❡tt❡ ❢♦r♠✉❧❛t✐♦♥✱ ❑❛r❧✐♥



✸✳✸✳ ❙❝♦r❡ ▲♦❝❛❧ ✶✶✾

❡t ❆❧ts❝❤✉❧ ✭✶✾✾✸✮ ♣r♦♣♦s❡♥t ✉♥❡ ❣é♥ér❛❧✐s❛t✐♦♥ ❞❡ ❧❛ ❢♦r♠✉❧❡ ♣♦✉r ❧❡ kè♠❡ ❙❝♦r❡ ▲♦❝❛❧ ✿

lim
n→+∞

P

(
H✬(k)

> h✬
)

= 1 − exp
(
−e−h✬

)
×

k−1∑

i=0

e−ih✬

i!
.

▲❡s ❛✉t❡✉rs ❢♦✉r♥✐ss❡♥t é❣❛❧❡♠❡♥t ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡♥s✐té
✭fi✮ ♣♦✉r ❧❛ s♦♠♠❡ ❞❡s i ♣r❡♠✐❡rs ❙❝♦r❡s ▲♦❝❛✉① ♥♦r♠❛❧✐sés✱ T ✬(i) = H✬(1) + ... + H✬(i) ✿

lim
n→+∞

fi(t✬) =
e−t✬

i!(i − 2)!

∫ +∞

0

yi−2 exp
(
−e(y−t✬)/i

)
dy.

❆❧❣♦r✐t❤♠❡s ✿ ❧❛ ♠ét❤♦❞❡ ❧❛ ♣❧✉s ♥❛t✉r❡❧❧❡ ❡t ❧❛ ♣❧✉s ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sé❡ ♣♦✉r tr♦✉✈❡r
❧❡s ❙❝♦r❡s ▲♦❝❛✉① ❝♦♥s✐st❡ à ❛♣♣❧✐q✉❡r ✐tér❛t✐✈❡♠❡♥t ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❞✉ ❙❝♦r❡
▲♦❝❛❧ ♦♣t✐♠❛❧ ❡♥ r❡t✐r❛♥t ❞❡ ❧❛ séq✉❡♥❝❡ ❧❡s ré❣✐♦♥s ❛tt❛❝❤é❡s ❛✉① ❙❝♦r❡s ▲♦❝❛✉① ❞é❥à
✐❞❡♥t✐✜és ✿ ♦♥ tr♦✉✈❡ ❧❡ ✶❡r ❙❝♦r❡ ▲♦❝❛❧✱ ♦♥ r❡t✐r❡ ❧❛ ré❣✐♦♥ ❛ss♦❝✐é❡ ❞❡ ❧❛ séq✉❡♥❝❡✱ ♦♥
tr♦✉✈❡ ❧❡ ✷è♠❡ ❡t ♦♥ ré✐tèr❡ ❥✉sq✉✬à ❝❡ q✉✬✐❧ ♥✬② ❛✐t ♣❧✉s ❞❡ ❙❝♦r❡s ▲♦❝❛✉① ♣♦s✐t✐❢s ❞❛♥s ❧❛
séq✉❡♥❝❡✳

❆❧❣♦r✐t❤♠❡ ✹
✶ ✿ ❝❛❧❝✉❧❡r H(1)✳
✷ ✿ r❡t✐r❡r ❧❛ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❞❡ ❧❛ séq✉❡♥❝❡✳
✸ ✿ i = 1✳
✹ ✿ t❛♥t q✉❡ H(i) > 0 ✿

❃ i = i + 1✳
❃ ❝❛❧❝✉❧❡r H(i)✳
❃ r❡t✐r❡r ❧❛ ré❣✐♦♥ ❝♦rr❡s♣♦♥❞❛♥t❡ ❞❡ ❧❛ séq✉❡♥❝❡✳

❉❛♥s ❧❡ ♣✐r❡ ❞❡s ❝❛s✱ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❡st q✉❛❞r❛t✐q✉❡ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞❡
❧❛ séq✉❡♥❝❡ ✭n2✮✳ ❊♥ ♣r❛t✐q✉❡ ✉♥❡ ❝♦♠♣❧❡①✐té ❞❡ ❧✬♦r❞r❡ ❞❡ n log n s❡♠❜❧❡ ♣❧✉s ré❛❧✐st❡
✭❛♥♥❡①❡ ♣✳ ✶✾✻✮✳ ❆✉ r❡❣❛r❞ ❞❡ ❧❛ t❛✐❧❧❡ ❞❡s séq✉❡♥❝❡s q✉❡ ❧✬♦♥ tr❛✐t❡ ❛✉❥♦✉r❞✬❤✉✐✱ ♦♥
♣ré❢èr❡ ✉t✐❧✐s❡r ❧✬❛❧❣♦r✐t❤♠❡ s✉✐✈❛♥t✱ ❜✐❡♥ ♣❧✉s ❡✣❝❛❝❡✳

❘✉③③♦ ❛♥❞ ❚♦♠♣❛ ✭✶✾✾✾✮ ♣r♦♣♦s❡♥t ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡ t♦✉s ❧❡s ❙❝♦r❡s
▲♦❝❛✉① ♣♦s✐t✐❢s ♣rés❡♥ts ❞❛♥s ✉♥❡ séq✉❡♥❝❡✱ ❞✬✉♥❡ ❝♦♠♣❧❡①✐té ❧✐♥é❛✐r❡ ❛✈❡❝ ❧❛ t❛✐❧❧❡ ❞❡ ❧❛
séq✉❡♥❝❡✳ ▲❛ séq✉❡♥❝❡ ❡st ❧✉❡ ❞❡ ❣❛✉❝❤❡ à ❞r♦✐t❡ ❡t à ❝❤❛q✉❡ ✐tér❛t✐♦♥✱ ✉♥❡ ❧✐st❡ ❞❡ ré❣✐♦♥s
❞✐s❥♦✐♥t❡s ♥♦té❡s I1, ..., Ik−1 é✈♦❧✉❡✳ ❆ ❝❤❛q✉❡ Ij ❡st ❛ss♦❝✐é Lj ❧❛ s♦♠♠❡ ❝✉♠✉❧é❡ ❞❡ t♦✉s
❧❡s s❝♦r❡s à ❣❛✉❝❤❡ ❞❡ Ij ❡t Rj✱ ❧❛ s♦♠♠❡ ❝✉♠✉❧é❡ ❞❡ t♦✉s ❧❡s s❝♦r❡s ❞❡♣✉✐s ❧❡ ❞é❜✉t ❞❡ ❧❛
séq✉❡♥❝❡ ❥✉sq✉✬à ❧❛ ✜♥ ❞❡ Ij✳ ❆✉ ❞é❜✉t ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✱ ❧❡ ❧✐st❡ ❡st ✈✐❞❡✳ ▲❡s s❝♦r❡s ♥♦♥✲
♣♦s✐t✐❢s ♥❡ s♦♥t ♣❛s tr❛✐tés✳ ❙❡✉❧s ❧❡s s❝♦r❡s ♣♦s✐t✐❢s s♦♥t ✐♥❝❧✉s ❞❛♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ré❣✐♦♥
Ik ♣✉✐s tr❛✐tés ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿



✶✷✵ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❆❧❣♦r✐t❤♠❡ ✺
✶ ✿ ❧❛ ❧✐st❡ ❡st ♣❛r❝♦✉r✉❡ ❞❡ ❞r♦✐t❡ à ❣❛✉❝❤❡ ❥✉sq✉✬à ❝❡ q✉❡ Lj < Lk✳
✷ ✿ s✬✐❧ ♥✬② ❛ ♣❛s ✉♥ t❡❧ j✱ ❛❧♦rs ❧❛ ré❣✐♦♥ Ik ❡st ❛❥♦✉té❡ ❡♥ ✜♥ ❞❡ ❧✐st❡✳
✸ ✿ s✬✐❧ ❡①✐st❡ ✉♥ t❡❧ j ❡t q✉❡ Rj > Rk✱ ❧❛ ré❣✐♦♥ Ik ❡st ❛❥♦✉té❡ ❡♥ ✜♥ ❞❡ ❧✐st❡✳
✹ ✿ ❞❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ❧❛ ré❣✐♦♥ Ik ❡st ét❡♥❞✉❡ s✉r ❧❛ ❣❛✉❝❤❡ ❥✉sq✉✬à ❝❡ q✉✬❡❧❧❡
❝♦♥t✐❡♥♥❡ ❧❡ s❡❣♠❡♥t Ij✱ ❧❡s s❡❣♠❡♥ts ♥✉♠ér♦tés ❞❡ j à k − 1 s♦♥t é❧✐♠✐♥és ❞❡ ❧❛
❧✐st❡ ❡t ❧❡ s❡❣♠❡♥t Ik ♣r❡♥❞ ❧❛ ♣❧❛❝❡ ❞❡ Ij ❡t ❝❡tt❡ ♥♦✉✈❡❧❧❡ ré❣✐♦♥ s✉❜✐t à ♥♦✉✈❡❛✉
❧❡ tr❛✐t❡♠❡♥t ❞❡♣✉✐s ❧✬ét❛♣❡ ✶✳

❆✉ ✜♥❛❧✱ ❧❛ ✈❛❧❡✉r ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❞✬✉♥❡ ré❣✐♦♥ Ij ❡st ❞♦♥♥é❡ ♣❛r Rj −Lj ❡t ❧❛ ❧✐st❡ ❞❡s
❙❝♦r❡s ▲♦❝❛✉① ❞♦♥♥é❡ ♣❛r ❧✬❛❧❣♦r✐t❤♠❡ ♥✬❡st ♣❛s tr✐é❡ s✉✐✈❛♥t ❧❡s ✈❛❧❡✉rs ❞❡ ❙❝♦r❡ ▲♦❝❛❧
❞é❝r♦✐ss❛♥t❡s✳

✲ ❊①❡♠♣❧❡ ❞✉ ❞ér♦✉❧❡♠❡♥t ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ✺ ✿ ❞ér♦✉❧♦♥s ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ ❘✉③③♦ ❡t
❚♦♠♣❛ s✉r ❧✬❡①❡♠♣❧❡ ♣r♦♣♦sé ♣❛❣❡ ✶✶✽ ❡t rés✉♠é ❞❛♥s ❧❡ t❛❜❧❡❛✉ s✉✐✈❛♥t ✿

✐♥❞❡① ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵ ✶✶ ✶✷ ✶✸ ✶✹ ✶✺ ✶✻
S ✲✶ ✷ ✶ ✲✹ ✲✷ ✲✷ ✷ ✶ ✲✶ ✸ ✶ ✲✷ ✲✸ ✶ ✶ ✲✶
M ✲✶ ✶ ✷ ✲✷ ✲✹ ✲✻ ✲✹ ✲✸ ✲✹ ✲✶ ✵ ✲✷ ✲✺ ✲✹ ✲✸ ✲✹
H ✵ ✷ ✸ ✵ ✵ ✵ ✷ ✸ ✷ ✺ ✻ ✹ ✶ ✷ ✸ ✷

❉❛♥s ❝❡t ❡①❡♠♣❧❡ ✐❧ ❡st s✐♠♣❧❡ ❞✬✐❞❡♥t✐✜❡r à ✏❧✬♦❡✐❧✑ ❧❡s tr♦✐s ❙❝♦r❡ ▲♦❝❛✉① t❡❧s q✉✬✐❧s s♦♥t
♠♦♥trés s✉r ❧❛ ✜❣✉r❡ ✸✳✼ ♣✳ ✶✶✽✳ ▲❡s ❞❡✉①✐è♠❡✱ tr♦✐s✐è♠❡ ❡t q✉❛tr✐è♠❡ ❧✐❣♥❡s ❞✉ t❛❜❧❡❛✉
❝♦rr❡s♣♦♥❞❡♥t r❡s♣❡❝t✐✈❡♠❡♥t à ❧❛ séq✉❡♥❝❡ S✱ à ❧❛ s♦♠♠❡ ❝✉♠✉❧é❡ M ❡t ❛✉ ♣r♦❝❡ss✉s
H t❡❧s q✉✬✐❧s ♦♥t été ❞é✜♥✐s ♣ré❝é❞❡♠♠❡♥t ✭✜❣✉r❡ ✸✳✻ ♣✳ ✶✶✼✮✳ ❉ér♦✉❧♦♥s ♠❛✐♥t❡♥❛♥t
❧✬❛❧❣♦r✐t❤♠❡✳ ❆ ❝❤❛q✉❡ ét❛♣❡ ♥♦✉s ✐♥❞✐q✉❡r♦♥s ❧❛ ❧✐st❡ ❞❡s ré❣✐♦♥s✱ ❝❤❛❝✉♥❡ ❞❡s ré❣✐♦♥s Ii

ét❛♥t ❞é❝r✐t❡ ♣❛r s❛ ♣♦s✐t✐♦♥ ❡♥ t❡r♠❡s ❞✬✐♥❞❡① ❞❛♥s ❧❛ séq✉❡♥❝❡✱ ❧❛ s♦♠♠❡ ❝✉♠✉❧é❡ ❛✉
❞é❜✉t ❞✉ s❡❣♠❡♥t Li ❡t ❧❛ s♦♠♠❡ ❝✉♠✉❧é❡ à ❧❛ ✜♥ Ri✳

❖♥ ❧✐t ❧❡ ♣r❡♠✐❡r ♥♦♠❜r❡ ❞❡ S✱ S1 = −1✳ ■❧ ❡st ♥é❣❛t✐❢ ❞♦♥❝ ✐❧ ♥✬❡st ♣❛s tr❛✐té✳

❖♥ ❧✐t S2 = 2 ✿

I1 ✷ L1 = −1 R1 = 1

❖♥ ❧✐t S3 = 1 ✿

I1 ✷ L1 = −1 R1 = 1
I2 ✸ L2 = 1 R2 = 2

L1 < L2 ❡t M2 > M1 ❞♦♥❝ ❧❡s ❞❡✉① ré❣✐♦♥s s♦♥t ❢✉s✐♦♥♥é❡s ✿



✸✳✸✳ ❙❝♦r❡ ▲♦❝❛❧ ✶✷✶

I1 ✷✲✸ L1 = −1 R1 = 2

❖♥ ♣❛ss❡ ❛✉ Si ♣♦s✐t✐❢ s✉✐✈❛♥t✳ ❖♥ ❧✐t S7 = 2 ✿

I1 ✷✲✸ L1 = −1 R1 = 2
I2 ✼ L2 = −6 R2 = 0

L2 < L1 ❞♦♥❝ ❧❡s ❞❡✉① ré❣✐♦♥s ♥❡ ❢✉s✐♦♥♥❡♥t ♣❛s✳ ❖♥ ❧✐t S8 = 1✳ L2 < L3 ❡t R3 > R2

❞♦♥❝ ❧❡s ❞❡✉① ré❣✐♦♥s s♦♥t ❢✉s✐♦♥♥é❡s ❡t ✐❧ ❡♥ ❡st ❞❡ ♠ê♠❡ ❥✉sq✉✬à S11 = 1 ✿

I1 ✷ L1 = −1 R1 = 1
I2 ✼✲✶✶ L2 = −6 R2 = 0

❖♥ ♣❛ss❡ ❛✉ Si ♣♦s✐t✐❢ s✉✐✈❛♥t✳ ❖♥ ❧✐t S14 = 1 ✿

I1 ✷✲✸ L1 = −1 R1 = 2
I2 ✼✲✶✶ L2 = −6 R2 = 0
I3 ✶✹ L3 = −4 R3 = −3

L2 < L3 ♠❛✐s R3 < R2 ❞♦♥❝ ❧❡s ❞❡✉① ré❣✐♦♥s ♥❡ ❢✉s✐♦♥♥❡♥t ♣❛s✳ ❖♥ ❧✐t S15 = 1✳ L3 < L4

❡t R4 > R3 ❞♦♥❝ ❧❡s ❞❡✉① ré❣✐♦♥s s♦♥t ❢✉s✐♦♥♥é❡s✳ ▲❡ ❞❡r♥✐❡r é❧é♠❡♥t ❞❡ ❧❛ séq✉❡♥❝❡ S

❡st ♥é❣❛t✐❢ ❞♦♥❝ ✐❧ ♠❛rq✉❡ ❧❛ ✜♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳ ❆✉ ✜♥❛❧✱ ♥♦✉s ❛✈♦♥s ✐❞❡♥t✐✜é ❧❡s tr♦✐s
ré❣✐♦♥s ❞♦♥t ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❛ss♦❝✐é à ❝❤❛q✉❡ ré❣✐♦♥ Ii ❡st ❞♦♥♥é ♣❛r ❧❛ ❞✐✛ér❡♥❝❡ Ri −Li✳
❖♥ ♦❜t✐❡♥t ❛❧♦rs ❧❛ ❧✐st❡ ♥♦♥✲♦r❞♦♥♥é❡ ✿

I1 ✷✲✸ H1 = R1 − L1 = 3
I2 ✼✲✶✶ H2 = R2 − L2 = 6
I3 ✶✹✲✶✺ H3 = R3 − L3 = 2

❯♥❡ ❢♦✐s ♦r❞♦♥♥é❡✱ ❧❛ ❧✐st❡ ❞❡s ré❣✐♦♥s ❡st ❛❧♦rs ❞♦♥♥é❡ ♣❛r ✿

I
(1) ✼✲✶✶ H(1) = R2 − L2 = 6

I
(2) ✷✲✸ H(2) = R1 − L1 = 3

I
(3) ✶✹✲✶✺ H(3) = R3 − L3 = 2



✶✷✷ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

✸✳✹ ❆❧❣♦r✐t❤♠❡ ▲❍✐❙❆

▲✬❡♥s❡♠❜❧❡ ❞❡s ❝♦♥♥❛✐ss❛♥❝❡s s✉r ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ré✉♥✐❡s ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡
❛ été ✉t✐❧✐sé ♣♦✉r ♣r♦❞✉✐r❡ ✉♥ ❛❧❣♦r✐t❤♠❡ ❡♥ q✉❛tr❡ ét❛♣❡s ✭❛♣♣❡❧é ▲❍✐❙❆ ♣♦✉r ▲♦❝❛❧
❍✐❣❤✲s❝♦r✐♥❣ ❙❡❣♠❡♥ts ❢♦r ❆ss♦❝✐❛t✐♦♥✮ ❛❞❛♣té ❛✉① ♣❛rt✐❝✉❧❛r✐tés ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥
❡t ♣❡r♠❡tt❛♥t ❞❡ ♠❡ttr❡ ❡♥ ❛✈❛♥t ❞❡s ré❣✐♦♥s ❞✉ ❣é♥♦♠❡ st❛t✐st✐q✉❡♠❡♥t ❛ss♦❝✐é❡s à
❧❛ ♠❛❧❛❞✐❡ ❝♦♥s✐❞éré❡✳ ❯♥❡ ♣r❡♠✐èr❡ ét❛♣❡ ❛ttr✐❜✉❡ à ❝❤❛q✉❡ ♠❛rq✉❡✉r ✉♥❡ st❛t✐st✐q✉❡
❞✬❛ss♦❝✐❛t✐♦♥ ♣♦✉r ❝♦♥st✐t✉❡r ❧❡ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥ ❀ ✉♥❡ ❞❡✉①✐è♠❡ ét❛♣❡ ✐❞❡♥t✐✜❡ ❧❡s
❙❝♦r❡s ▲♦❝❛✉① ❝♦♥t❡♥✉s ❞❛♥s ❧❡ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥ ❀ ✉♥❡ tr♦✐s✐è♠❡ ét❛♣❡ ♣r♦♣♦s❡ ✉♥
s♦✉s✲❡♥s❡♠❜❧❡ ❞❡ ré❣✐♦♥s ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♥tér❡ss❛♥t❡s ❡t ✉♥❡ ❞❡r♥✐èr❡ ét❛♣❡ é✈❛❧✉❡ ❧❛
p✲✈❛❧✉❡ ❛ss♦❝✐é❡ à ❝❡tt❡ sé❧❡❝t✐♦♥✳

P❛r ❛✐❧❧❡✉rs✱ ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ t❡sté❡ ✐❝✐ ❡st H0 ✿ ✐❧ ♥✬② ❛ ♣❛s ❞❡ ré❣✐♦♥ ❛ss♦❝✐é❡ à
❧❛ ♠❛❧❛❞✐❡ ❝♦♥tr❡ ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡ H1 ✿ ✐❧ ② ❛ ❛✉ ♠♦✐♥s ✉♥❡ ré❣✐♦♥ ❛ss♦❝✐é❡ à ❧❛
♠❛❧❛❞✐❡✳

➱t❛♣❡ ✶ ✿ ❣é♥ér❡r ❧❡ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥

❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♦♥ ❛ttr✐❜✉❡ à ❝❤❛q✉❡ ♠❛rq✉❡✉r ✉♥❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥
✭Si✮ ❛✜♥ ❞❡ ❝♦♥st✐t✉❡r ❧❡ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥ à ❧❛ ❜❛s❡ ❞❡ ❧❛ ♠ét❤♦❞❡ ✿ S = (Si)i=1...n✳
▲❛ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❡♥ q✉❡st✐♦♥ ♣❡✉t êtr❡ ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ st❛t✐st✐q✉❡ ❝❧❛ss✐q✉❡
❞✬❛ss♦❝✐❛t✐♦♥ ✭XG✱ XT ✱ XA✱✳✳✳✱ ✈♦✐r ❝❤❛♣✐tr❡ ✷ ♣✳ ✸✾✮✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ❝♦♥s✐❞ér❡r ❧❡s
p✲✈❛❧✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❞❡ ♠❛♥✐èr❡ à ❝❡ q✉✬✉♥❡ ❢♦rt❡
✈❛❧❡✉r ❞❡ Si ✐♠♣❧✐q✉❡ ✉♥ ❤❛✉t ❞❡❣ré ❞✬❛ss♦❝✐❛t✐♦♥✳ ❖♥ ♣❡✉t ♣❛r ❡①❡♠♣❧❡ ❛♣♣❧✐q✉é❡ ❧❛
tr❛♥s❢♦r♠❛t✐♦♥ ❧♦❣❛r✐t❤♠✐q✉❡ ✿ − log10(p✈)✳

❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✐♥❞✐q✉é ♣ré❝é❞❡♠♠❡♥t✱ ✉♥❡ ❝♦♥tr❛✐♥t❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ ♣❛r ❙❝♦r❡
▲♦❝❛❧ ❡st q✉❡ ❧❛ séq✉❡♥❝❡ s✉r ❧❛q✉❡❧❧❡ ✐❧ s✬❛♣♣❧✐q✉❡ ❞♦✐t êtr❡ ♥é❣❛t✐✈❡ ❡♥ ❡s♣ér❛♥❝❡ ✿ E(Si) <
0✳ ❈❡❧❛ ♥✬❡st ❣é♥ér❛❧❡♠❡♥t ♣❛s ❧❡ ❝❛s✱ ❡♥ ♣❛rt✐❝✉❧✐❡r s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❞❡s st❛t✐st✐q✉❡s
❞✬❛ss♦❝✐❛t✐♦♥ ❞❡ t②♣❡ χ2 q✉✐ s♦♥t ♣♦s✐t✐✈❡s✳ ■❧ ❡st ❛❧♦rs ♥é❝❡ss❛✐r❡ ❞❡ ❞✐♠✐♥✉❡r ❧❡ s✐❣♥❛❧
❞✬✉♥❡ ❝♦♥st❛♥t❡ δ ❛✜♥ ❞✬♦❜t❡♥✐r ✉♥ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥ S✬ = (S✬i)i=1...n ❛✈❡❝ S✬i = Si − δ
t❡❧ q✉❡ E(S✬i) < 0✳

▲❡ ♣❛r❛♠ètr❡ δ ❡st ❧❡ s❡✉❧ à ✜①❡r✳ ■❧ ❡st ❢❛❝✐❧❡♠❡♥t ✐♥t❡r♣rét❛❜❧❡ ♣✉✐sq✉✬✐❧ ❝♦rr❡s♣♦♥❞
❛✉ s❡✉✐❧ s✐♠♣❧❡✲♠❛rq✉❡✉r ❛✉ ❞❡ss✉s ❞✉q✉❡❧ ♦♥ ❝♦♥s✐❞èr❡ q✉✬✉♥ ♠❛rq✉❡✉r ❡st ♣♦t❡♥t✐❡❧❧❡✲
♠❡♥t ✐♥tér❡ss❛♥t ❡t ❞♦✐t ♣♦s✐t✐✈❡♠❡♥t ❝♦♥tr✐❜✉❡r ❛✉ ❙❝♦r❡ ▲♦❝❛❧✱ ❡t ❡♥ ❞❡ss♦✉s ❞✉q✉❡❧ ✐❧
❞♦✐t ❧❡ ♣é♥❛❧✐s❡r✳ ▲✉✐ ❝❤♦✐s✐r ❧❛ ✈❛❧❡✉r q✉✐ ❝♦rr❡s♣♦♥❞ ❛✉ tr❛❞✐t✐♦♥♥❡❧ ♥✐✈❡❛✉ ✺% ♣♦✉r ❧❛
st❛t✐st✐q✉❡ ❝♦♥s✐❞éré❡ ❡st t♦✉t à ❢❛✐t r❛✐s♦♥♥❛❜❧❡ ❀ ❝♦♠♠❡ ❧❡s ❡✛❡ts q✉❡ ❧✬♦♥ ✈❡✉t ❞ét❡❝t❡r
s♦♥t ✈r❛✐s❡♠❜❧❛❜❧❡♠❡♥t ♠♦❞❡st❡s✱ ♦♥ ♣❡✉t é❣❛❧❡♠❡♥t ❝♦♥s✐❞ér❡r ❞✬êtr❡ ✉♥ ♣❡✉ ♣❧✉s ❧❛①✐st❡
s✉r ❧❛ ✈❛❧❡✉r ❞❡ δ ❡t ❞❡ ♠♦♥t❡r ❛✉ ♥✐✈❡❛✉ ✶✵%✳

P❛r ❡①❡♠♣❧❡✱ s✐ Si ❡st ❧❛ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ❛♣♣❧✐q✉é❡ à ❧❛ t❛❜❧❡ ❞❡ ❝♦♥t✐♥❣❡♥❝❡



✸✳✹✳ ❆❧❣♦r✐t❤♠❡ ▲❍✐❙❆ ✶✷✸

❣é♥♦t②♣✐q✉❡✱ q✉❡ ❧✬♦♥ ❝♦♥s✐❞èr❡ r❛✐s♦♥♥❛❜❧❡♠❡♥t q✉❡ ❝❡tt❡ st❛t✐st✐q✉❡ s✉✐s ✉♥ χ2 à ✷ ❞❡❣rés
❞❡ ❧✐❜❡rté✱ ❡t q✉❡ ❧✬♦♥ ✜①❡ δ à ❧❛ ✈❛❧❡✉r ❞❡ ❝❡tt❡ st❛t✐st✐q✉❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉ ♥✐✈❡❛✉ ✺✪✱
δ ❡st ❛❧♦rs é❣❛❧ à ✺✳✾✾✳ ❙✐ ❞❛♥s ✉♥ ❛✉tr❡ ❝❛s Si ❡st ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞❡s p✲✈❛❧✉❡s ❡♥
❛♣♣❧✐q✉❛♥t ♣ré❛❧❛❜❧❡♠❡♥t ✉♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ❧♦❣❛r✐t❤♠✐q✉❡ − log10(p✈)✱ δ ❡st ❛❧♦rs é❣❛❧
à − log(0.05)✳

▲✬✐♠♣❛❝t ❞❡ δ s✉r ❧❡s rés✉❧t❛ts ❡st ✉♥ ❛s♣❡❝t ✐♠♣♦rt❛♥t ❞❡ ❧✬ét✉❞❡ ❞❡s ♣❡r❢♦r♠❛♥❝❡s
❞❡ ♥♦tr❡ ♠ét❤♦❞❡ q✉✐ ❡st ❞✐s❝✉té ♣❛r ❧❛ s✉✐t❡✳

➱t❛♣❡ ✷ ✿ ✐❞❡♥t✐✜❡r ❧❡s ❙❝♦r❡ ▲♦❝❛✉①

❯♥❡ ❢♦✐s ❧❡ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥ S✬ ❣é♥éré à ♣❛rt✐r ❞❡s ❞♦♥♥é❡s✱ ❧❡ ❜✉t ❡st ❞✬✐❞❡♥t✐✜❡r
t♦✉s ❧❡s ❙❝♦r❡ ▲♦❝❛✉① ♣♦s✐t✐❢s ✭H(1), ..., H(k)) ♣rés❡♥ts ❞❛♥s ❧❡ s✐❣♥❛❧ ❛✐♥s✐ q✉❡ ❧❡s ré❣✐♦♥s
❝♦rr❡s♣♦♥❞❛♥t❡s ✭I(1), ...., I(k)✮✳ ▲❡s ❛❧❣♦r✐t❤♠❡s ♠✐s ❡♥ ❥❡✉ à ❝❡tt❡ ét❛♣❡ ♦♥t été ❞é❝r✐s ❡♥
❞ét❛✐❧ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡✳

➱t❛♣❡ ✸ ✿ ♣r♦♣♦s❡r ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ré❣✐♦♥s

❆ ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡✱ s❡✉❧ ❧✬❛rt✐❝❧❡ ❞❡ ❑❛r❧✐♥ ❡t ❆❧ts❝❤✉❧ ✭✶✾✾✸✮ tr❛✐t❡ ❞❛♥s ❧❛ ❧✐ttér❛✲
t✉r❡ ❞✉ ♣r♦❜❧è♠❡ ❞✉ ❝❤♦✐① ❞❡s ré❣✐♦♥s à r❡t❡♥✐r ❡♥ ♣r♦♣♦s❛♥t q✉❡❧q✉❡s ♣✐st❡s à s✉✐✈r❡ s❛♥s
✈r❛✐♠❡♥t ♣r♦♣♦s❡r ✉♥❡ s♦❧✉t✐♦♥ ❛❜♦✉t✐❡✳ ▲✬✐❞é❡ ❡st ❞❡ ❝♦♥s✐❞ér❡r q✉❡ ♣❛r♠✐ ❧❡s k ❙❝♦r❡s
▲♦❝❛✉① ✐❞❡♥t✐✜és✱ ♦♥ ✈❛ r❡t❡♥✐r ❧❡s r ♣r❡♠✐❡rs✳ P♦✉r ❝❡❧❛ ❧❡s ❙❝♦r❡s ▲♦❝❛✉① H(1), ..., H(k)

s♦♥t ❝♦♠❜✐♥és ❞❛♥s ✉♥❡ ♥♦✉✈❡❧❧❡ s♦♠♠❡ ❞❡ st❛t✐st✐q✉❡s ✿ T (i) =
∑i

j=1 H(j)✳ ❊♥ ♣r❛t✐q✉❡✱
T (1) r❡♣rés❡♥t❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡ ❧❛ ♣r❡♠✐èr❡ ré❣✐♦♥✱ T (2) ❧❛ sé❧❡❝t✐♦♥ ❞❡s ✷ ♣r❡♠✐èr❡s ré❣✐♦♥s
❡t T (k) ❝❡❧❧❡ ❞❡s k ré❣✐♦♥s✳ ▲❡s p✲✈❛❧✉❡s ✭p(1)

T , ..., p
(k)
T ✮ ❝♦rr❡s♣♦♥❞❛♥t❡s à ❝❤❛q✉❡ sé❧❡❝t✐♦♥

s♦♥t ❡st✐♠é❡s ❡♥ ✉t✐❧✐s❛♥t ❧❡s rés✉❧t❛ts ♣r♦❜❛❜✐❧✐st❡s ❞♦♥♥és ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ ♦✉
♣❛r ▼♦♥t❡✲❈❛r❧♦ ❡♥ ♦❜t❡♥❛♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ s♦✉s H0 ❞❡ ❝❤❛q✉❡ T (i)✳

❑❛r❧✐♥ ❡t ❆❧ts❤✉❧ ❝♦♥s✐❞èr❡♥t q✉❡ ❧✬❛❥♦✉t ❞✬✉♥❡ ré❣✐♦♥ ❡st ❜✐♦❧♦❣✐q✉❡♠❡♥t ✐♥tér❡ss❛♥t
❞✉ ♠♦♠❡♥t q✉✬✐❧ ♥❡ ❞✐♠✐♥✉❡ ♣❛s ❧❛ s✐❣♥✐✜❝❛t✐✈✐té ❞❡ ❧❛ sé❧❡❝t✐♦♥ ✭p(i+1)

T 6 p
(i)
T ✮✳ P❛r ❝♦♥sé✲

q✉❡♥t✱ r ❝♦rr❡s♣♦♥❞ ❛✉① ♣r❡♠✐èr❡s ré❣✐♦♥s q✉✐ ♥✬✐♥❞✉✐s❡♥t ♣❛s ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧❛
p✲✈❛❧✉❡ ❛✉ ♠♦♠❡♥t ❞❡ ❧❡✉r ✐♥❝❧✉s✐♦♥ ❞❛♥s ❧❛ sé❧❡❝t✐♦♥ ✿

r = ❛r❣♠✐♥i(p
(i+1)
T > p

(i)
T ).

❈❡tt❡ ❢❛ç♦♥ ❞❡ ♣r♦❝é❞❡r ❝♦♥st✐t✉❡ ✉♥❡ s♦❧✉t✐♦♥ ❛✉ ♣r♦❜❧è♠❡ ❀ ✐❧ ❡♥ ❡①✐st❡ ❞✬❛✉tr❡s q✉❡
♥♦✉s ❞✐s❝✉t❡r♦♥s ❡t ♠❡ttr♦♥s ❡♥ ♣❡rs♣❡❝t✐✈❡s ❞❡ ❝❡ tr❛✈❛✐❧✳



✶✷✹ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

➱t❛♣❡ ✹ ✿ ❝❛❧❝✉❧❡r ❧❛ p✲✈❛❧✉❡ ❣❧♦❜❛❧❡

❙✐ ❑❛r❧✐♥ ❡t ❆❧ts❤✉❧ ✭✶✾✾✸✮ ♣r♦♣♦s❡♥t ✉♥❡ str❛té❣✐❡ q✉✐ sé❧❡❝t✐♦♥♥❡ ❧❡s r ré❣✐♦♥s q✉❡
❧✬♦♥ ✈❛ r❡t❡♥✐r✱ ❧❡s ❛✉t❡✉rs ♥❡ s♦♥t ❡♥ r❡✈❛♥❝❤❡ ♣❛s ❝❧❛✐rs s✉r ❧❛ p✲✈❛❧✉❡ rés✉❧t❛♥t❡ ❞❡ ❝❡tt❡
sé❧❡❝t✐♦♥✳ ■❧s ❝♦♥s✐❞èr❡♥t q✉❡ ❧❛ p✲✈❛❧✉❡ ❣❧♦❜❛❧❡ ✭pG✮ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❡st p♦❜smin = p

(r)
T ✳ ❖r ✐❧ ❡st

é✈✐❞❡♥t q✉❡ s✐ p♦❜smin ❡st ❧❛ p✲✈❛❧✉❡ ❛ss♦❝✐é❡ ❛✉ ❢❛✐t ❞❡ sé❧❡❝t✐♦♥♥❡r r ré❣✐♦♥s✱ ❡❧❧❡ ♥❡ ♣r❡♥❞
❛❜s♦❧✉♠❡♥t ♣❛s ❡♥ ❝♦♠♣t❡ ❧❡ ❢❛✐t q✉❡ r ♣❡✉t ✈❛r✐❡r ❡t ❞♦♥❝✱ ❞❡ ❢❛ç♦♥ ♣❧✉s ❣❧♦❜❛❧❡✱ ♥❡ ♣r❡♥❞
♣❛s ❞✉ t♦✉t ❡♥ ❝♦♠♣t❡ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ sé❧❡❝t✐♦♥ ♣r♦♣♦sé❡ à ❧✬ét❛♣❡ ✸✳ ❋♦r♠❡❧❧❡♠❡♥t✱ p♦❜smin

❡st ❧❛ st❛t✐st✐q✉❡ ❡t ♥♦♥ ❧❛ p✲✈❛❧✉❡ ❛ss♦❝✐é❡ à ❧❛ sé❧❡❝t✐♦♥✳ ■❧ ❡st ❞♦♥❝ ♥é❝❡ss❛✐r❡ ❞✬❡st✐♠❡r
pG ♣❛r ▼♦♥t❡✲❈❛r❧♦ ❡♥ ré✐tér❛♥t B ❢♦✐s ❧❡s ét❛♣❡s ✶✱ ✷ ❡t ✸✱ ❡♥ ♣❡r♠✉t❛♥t à ❝❤❛q✉❡
s✐♠✉❧❛t✐♦♥ ✭i✮ ❧❡s ❧❛❜❡❧s ❝❛s✲té♠♦✐♥s ❡t ❡♥ ❝❛❧❝✉❧❛♥t ❧❡ p

(i)
min ❝♦rr❡s♣♦♥❞❛♥t✳ ❈❡❧❛ ♣❡r♠❡t

❞✬♦❜t❡♥✐r ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡ pmin s♦✉s H0 ✭p(1)
min, ..., p

(B)
min✮ ❡t ❞✬❡st✐♠❡r ❧❛ p✲✈❛❧✉❡

❣❧♦❜❛❧❡ rés✉❧t❛♥t❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ ✿

pG =
♯{p(i)

min 6 p♦❜smin}
B

.

❙♦❢t✇❛r❡

▲✬❛❧❣♦r✐t❤♠❡ ▲❍✐❙❆ ❡st ✐♠♣❧é♠❡♥té ❡t ❞✐s♣♦♥✐❜❧❡ s♦✉s ❞✐✛ér❡♥t❡s ✈❡rs✐♦♥s✹ ✿ ❧❛ ✈❡rs✐♦♥
❡♥ ❈✰✰ ❛ été ré❛❧✐sé❡ ❞❡ ❢❛ç♦♥ à s✬❡①é❝✉t❡r r❛♣✐❞❡♠❡♥t t♦✉t ❡♥ ✉t✐❧✐s❛♥t ✉♥ ♠✐♥✐♠✉♠ ❞❡
♠é♠♦✐r❡✳ P♦✉r ❝❡❧❛✱ ❝❤❛q✉❡ ❣é♥♦t②♣❡ ❡st ❝♦❞é ❞❛♥s ✷ ❜✐ts ❞❡ ♠é♠♦✐r❡✱ ✵ ❡t ✶ ❝♦rr❡s♣♦♥❞❛♥t
❛✉① ❛❧❧è❧❡s a ❡t A r❡s♣❡❝t✐✈❡♠❡♥t ❝❡ q✉✐ ♣❡r♠❡t ❞❡ ré❞✉✐r❡ ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧✬❡s♣❛❝❡
♠é♠♦✐r❡ ✉t✐❧✐sé✳ ▲✬❛❧❣♦r✐t❤♠❡ ♣❡✉t êtr❡ ❧❛♥❝é ❡♥ ❧✐❣♥❡ ❞❡ ❝♦♠♠❛♥❞❡ ♦✉ à ♣❛rt✐r ❞✬✉♥❡
❛♣♣❧✐❝❛t✐♦♥ ✇❡❜ ré❛❧✐sé❡ ♣❛r ▼❛r❦ ❍♦❡❜❡❦❡✳ ❆ t✐tr❡ ✐♥❞✐❝❛t✐❢✱ ❡♥ ♣r♦❝é❞❛♥t à ✉♥ ❝❛❧❝✉❧
❞❡s p✲✈❛❧✉❡s ♣❛r ▼♦♥t❡✲❈❛r❧♦ ❡t s✉r ✉♥❡ ♠❛❝❤✐♥❡ t♦✉t à ❢❛✐t r❛✐s♦♥♥❛❜❧❡ ✭■♥t❡❧ P❡♥t✐✉♠
✹✱ ❈P❯ ✷✳✽✵ ●❍③✱ ✺✶✷ ▼♦ ❘❆▼✮✱ ❧✬✐♠♣❧é♠❡♥t❛t✐♦♥ ❡♥ ❈✰✰ ♣r❡♥❞ à ♣❡✉ ♣rès ✶✵✱ ✶✽✵
❡t ✽✵✵ s❡❝♦♥❞❡s ♣♦✉r tr❛✐t❡r ✷✵✵✱ ✷✱✵✵✵ ❡t ✶✵✱✵✵✵ ❙◆Ps r❡s♣❡❝t✐✈❡♠❡♥t✳ P❛r ❛✐❧❧❡✉rs ✉♥❡
✈❡rs✐♦♥ ❡♥ ❘ ✭♣❧✉s ❧❡♥t❡✮ ❡①✐st❡ ❡t ❞❡✈r❛✐t ❜✐❡♥tôt êtr❡ ❞✐s♣♦♥✐❜❧❡ ❞❡ ❢❛ç♦♥ ♦✣❝✐❡❧❧❡✳

✸✳✺ ❆♣♣❧✐❝❛t✐♦♥s

❆♣♣❧✐❝❛t✐♦♥ ✶ ✿ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡

✲ ❙✐♠✉❧❛t✐♦♥s ✿ ❧✬ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ ❛♣♣r♦❝❤❡ s✬❛♣♣✉✐❡ s✉r ❞❡s s✐♠✉❧❛✲
t✐♦♥s ❞❡ ▼♦♥t❡✲❈❛r❧♦✳ ▲❛ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧✬ét✉❞❡ ré❛❧✐sé❡ ❛✉ ❝❤❛♣✐tr❡ ✷ ❡st q✉✬❡❧❧❡ ♥é❝❡ss✐t❡
❞❡ ❣é♥ér❡r ✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞❡ ♠❛rq✉❡✉rs ❝♦♥sé❝✉t✐❢s✱ ❧✐és ❧❡s ✉♥s ❛✈❡❝ ❧❡s ❛✉tr❡s ♣❛r
✉♥ ♣❛tt❡r♥ ❞❡ ▲❉ ❧❡ ♣❧✉s ré❛❧✐st❡ ♣♦ss✐❜❧❡✳ ❯♥❡ ❢❛ç♦♥ ❞❡ ♣r♦❝é❞❡r ❝♦♥s✐st❡ à ❛♣♣❧✐q✉❡r✱ s✉r
✉♥❡ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡s ❞✐♣❧♦t②♣❡s ♣♦ss✐❜❧❡s✺ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞✬✉♥❡ ♣♦♣✉❧❛t✐♦♥

✹❤tt♣✿✴✴st❛t✳❣❡♥♦♣♦❧❡✳❝♥rs✳❢r✴s♦❢t✇❛r❡s✴❧❤✐s❛
✺❡♥s❡♠❜❧❡ ❞❡ ❣é♥♦t②♣❡s ❝♦♥❝❡r♥❛♥t ❞❡✉① ❧♦❝✉s ❝♦♥sé❝✉t✐❢s✳ ❈♦rr❡s♣♦♥❞❛♥t é❣❛❧❡♠❡♥t à ✉♥❡ ♣❛✐r❡

❞✬❤❛♣❧♦t②♣❡s ♥♦♥✲♣❤❛sés✳



✸✳✺✳ ❆♣♣❧✐❝❛t✐♦♥s ✶✷✺

❤tt♣✿✴✴st❛t✳❣❡♥♦♣♦❧❡✳❝♥rs✳❢r✴s♦❢t✇❛r❡✴❧❤✐s❛

❤tt♣✿✴✴st❛t✳❣❡♥♦♣♦❧❡✳❝♥rs✴✇❡❜❧❤✐s❛



✶✷✻ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

ré❡❧❧❡✱ ❧❡ ♠♦❞è❧❡ ❣é♥ét✐q✉❡ ✐♥tr♦❞✉✐t ❛✉ ❝❤❛♣✐tr❡ ✷ ♣❛❣❡ ✺✼ ❛✜♥ ❞❡ ❣é♥ér❡r ✉♥ ❥❡✉ ❞❡ ❝❛s
❡t ❞❡ té♠♦✐♥s ✭❈❤❛♣♠❛♥ ❡t ❛❧ ✷✵✵✸✱ ◆✐❡❧s❡♥ ❡t ❛❧ ✷✵✵✹✮✳ ■❝✐ ♥♦✉s ♣r❡♥♦♥s ❡♥ ❝♦♠♣t❡ ❧❡s
✻✼✹ ❙◆Ps ❞✉ ❝❤r♦♠♦s♦♠❡ ✶✾ ❣é♥♦t②♣és ♣♦✉r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❢r❛♥ç❛✐s❡ ❞❡ ✸✵✶ té♠♦✐♥s ❡♥
✉t✐❧✐s❛♥t ✉♥❡ ♣✉❝❡ ❆✛②♠❡tr✐① ✶✵✵❑✳ ▲❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡st ❝❤♦✐s✐ ❞❡ ❢❛ç♦♥ éq✉✐✲
♣r♦❜❛❜❧❡ ♣❛r♠✐ ❧❡s ♠❛rq✉❡✉rs ♣♦✉r ❧❡sq✉❡❧s ❧❛ ♣❧✉s ❢❛✐❜❧❡ ♣r♦♣♦rt✐♦♥ ❣é♥♦t②♣✐q✉❡ ❡①❝è❞❡
✺✪✳ P❛r ❛✐❧❧❡✉rs ♥♦✉s ✜①♦♥s ❧❛ ♣ré✈❛❧❡♥❝❡ ✭K✮ à ✵✳✵✺✱ ❧❛ ♣r♦♣♦rt✐♦♥ ❛❧❧é❧✐q✉❡ ✭pA✮ à ✵✳✸✱
❧❡ ❝♦❡✣❝✐❡♥t ❞❡ ❝♦♥s❛♥❣✉✐♥✐té ✭F✮ à ✵ ❡t ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ❡st ❛❞❞✐t✐❢✳ ▲❡ ♥♦♠❜r❡
❞❡ ❝❛s ❡t ❞❡ té♠♦✐♥s ❡st ❞❡ ✺✵✵ ❡t ❧❡ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s ❞❡ ✷✵✵✳ ◆♦✉s ❢❛✐s♦♥s ✈❛r✐❡r ❧❛
✈❛❧❡✉r ❞✉ r✐sq✉❡ r❡❧❛t✐❢ RR2 ❡t ❞✉ ♣❛r❛♠ètr❡ δ ❡t ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ❞✐✛ér❡♥t❡s s✐t✉❛✲
t✐♦♥s ♣♦✉r ❧❡sq✉❡❧❧❡s ❧❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡st ❝♦♥t❡♥✉ ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s s✐♠✉❧é ♦✉
♥♦♥✳ ❊♥✜♥✱ ♥♦✉s ❣é♥ér♦♥s é❣❛❧❡♠❡♥t ❞❡s ❞♦♥♥é❡s ♣♦✉r ✸ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✐♥❞é♣❡♥✲
❞❛♥ts✱ s✐♠✉❧é❡s à ♣❛rt✐r ❞✉ ♠ê♠❡ ❥❡✉ ❞❡ ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❣é♥ét✐q✉❡✳ ▲❛ st❛t✐st✐q✉❡
s✐♠♣❧❡✲♠❛rq✉❡✉r ✉t✐❧✐sé❡ ❡st ❧❛ st❛t✐st✐q✉❡ ❞❡ P❡❛rs♦♥ ❛♣♣❧✐q✉é❡ s✉r ❧❛ t❛❜❧❡ ❞❡s ❣é♥♦✲
t②♣❡s ✭XG✮✳ ▲❡s rés✉❧t❛ts ❞❡ ♣✉✐ss❛♥❝❡ s♦♥t ❝♦♠♣❛rés à ❝❡✉① ♦❜t❡♥✉s ❡♥ ❛♣♣❧✐q✉❛♥t ✉♥❡
❛♣♣r♦❝❤❡ s✐♠♣❧❡✲♠❛rq✉❡✉r ❝♦rr✐❣é❡ ♣❛r ❇♦♥❢❡r♦♥♥✐ ♦✉ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣✳ ▲❡s ❞ét❛✐❧s
s✉r ❝❡s ❞❡✉① ❝♦rr❡❝t✐♦♥s ♦♥t été ❞♦♥♥és ❡♥ ✐♥tr♦❞✉❝t✐♦♥ ♣❛❣❡ ✸✵✳

✲ ❘és✉❧t❛ts ✿ ❧❡s rés✉❧t❛ts s♦♥t ♣rés❡♥tés ✜❣✉r❡ ✸✳✽✳ ◗✉❡ ❧❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té s♦✐t
✐♥❝❧✉s ❞❛♥s ❧❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ♦✉ ♥♦♥✱ ❧✬❛♣♣r♦❝❤❡ ❙❝♦r❡ ▲♦❝❛❧ ♠♦♥tr❡ ❞❡ ♠❡✐❧❧❡✉rs rés✉❧✲
t❛ts q✉❡ ❧❡s ❛♥❛❧②s❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ❝♦rr✐❣é❡s ♣❛r ❇♦♥❢❡r♦♥♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣✱
❛✣❝❤❛♥t ✉♥❡ ❛✉❣♠❡♥t❛t✐♦♥ ♠♦②❡♥♥❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ✵✳✷✺✳ ▲❡ ❢❛✐t ❞❡ r❡t✐r❡r ❧❡ ❧♦❝✉s ❞❡ s✉s✲
❝❡♣t✐❜✐❧✐té ❞❡s ❞♦♥♥é❡s s✐♠✉❧é❡s ❞✐♠✐♥✉❡ ♥❛t✉r❡❧❧❡♠❡♥t ❧❛ ♣✉✐ss❛♥❝❡ r❡s♣❡❝t✐✈❡ ❞❡ ❝❤❛q✉❡
❛♣♣r♦❝❤❡✳ ❖♥ ♣❡✉t ❛✉ss✐ ♥♦t❡r q✉❡ ❧❛ ❝♦rr❡❝t✐♦♥ ❞❡ ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣ ❡st ♣❧✉s ♣✉✐ss❛♥t❡
q✉❡ ❝❡❧❧❡ ❞❡ ❇♦♥❢❡r♦♥♥✐ ❝❡ q✉✐ ❡st ❡♥ ❛❝❝♦r❞ ❛✈❡❝ ❧❛ ❧✐ttér❛t✉r❡ ❀ ✐❧ ❢❛✉t ❝❡♣❡♥❞❛♥t r❛♣♣❡❧❡r
q✉✬❡❧❧❡ ✐♠♣❧✐q✉❡ é❣❛❧❡♠❡♥t ✉♥ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ✉♥ ♣❡✉ ♣❧✉s ✐♠♣♦rt❛♥t✳ ❉❛♥s t♦✉s
❧❡s ❝❛s s✐♠✉❧és ❛✈❡❝ ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ❧❡ ♣❛r❛♠ètr❡ δ ♥❡ s❡♠❜❧❡ ♣❛s ❛✛❡❝t❡r ❧❛
♣✉✐ss❛♥❝❡ ❞❡ ♥♦tr❡ ❛♣♣r♦❝❤❡✳ ❉❡ ♣❧✉s✱ s♦✉s H0 ✭RR2 = 1✮✱ ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■✻ ❡st
❝♦♥trô❧é à ✺✪ q✉❡❧❧❡ q✉❡ s♦✐t ❧❛ ✈❛❧❡✉r ❞❡ δ ❝❡ q✉✐ ❡st ✉♥❡ ❜♦♥♥❡ ❢❛ç♦♥ ❞❡ s✬❛ss✉r❡r ❞❡ s❛
✈❛❧✐❞✐té st❛t✐st✐q✉❡✳

▲♦rsq✉❡ ❧✬♦♥ tr❛✐t❡ ❧❡s s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s ❛✈❡❝ tr♦✐s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ❧❡ ❙❝♦r❡
▲♦❝❛❧ ♣rés❡♥t❡ é❣❛❧❡♠❡♥t ❞❡ ❜♦♥♥❡ ♣❡r❢♦r♠❛♥❝❡s ❝♦♠♣❛rés ❛✉① ❞❡✉① ❛✉tr❡s ❛♣♣r♦❝❤❡s
s✐♠♣❧❡✲♠❛rq✉❡✉r✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ✈❛❧❡✉r ❞❡ δ ♥❡ s❡♠❜❧❡ ♣❛s ❛✈♦✐r ♣❧✉s ❞✬❡✛❡t s✉r ❧❛
♣r♦❜❛❜✐❧✐té ❞❡ r❡❥❡t❡r ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❛ ❝❛♣❛❝✐té ❞❡ ❧❛ ♠ét❤♦❞❡ à ❞ét❡❝t❡r
❞❡s ✈r❛✐s ❞é❝♦✉✈❡rt❡s ❡st✐♠é❡ ♣❛r ❧❛ s❡♥s✐❜✐❧✐té ❝✬❡st à ❞✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ ✈r❛✐s✲♣♦s✐t✐❢s s✉r
❧❡ ♥♦♠❜r❡ ❞❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✭ = vp

V
❡♥ r❡♣r❡♥❛♥t ❧❡s ♥♦t❛t✐♦♥s ❞♦♥♥é❡s ❡♥ ♣❛❣❡

✸✵✮ ❛✉❣♠❡♥t❡ ❛✈❡❝ δ ❀ ❧❡ ❚r✉❡ ❉✐s❝♦✈❡r② ❘❛t❡ ✭❚❉❘ ❂ 1−❋❉❘✮ rés✉❧t❛♥t ❡st✐♠é ♣❛r ❧❡
♥♦♠❜r❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s s✉r ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦s✐t✐❢s ✭ = fp

R
✮ ❞✐♠✐♥✉❡ ❛✈❡❝ δ✳ P♦✉r ✐♥❞✐❝❛t✐♦♥

✉♥❡ ré❣✐♦♥ ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✏✈r❛✐❡✑ s✐ ❡❧❧❡ ✐♥❝❧✉t ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t ✏❢❛✉ss❡✑
s✐♥♦♥ ❀ ❞❡ ❧❛ ♠ê♠❡ ♠❛♥✐èr❡ ❡❧❧❡ ❡st ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ✏♣♦s✐t✐✈❡✑ s✐ ❡❧❧❡ ❡st ✐♥❝❧✉❡ ❞❛♥s ❧❛
sé❧❡❝t✐♦♥ ♣r♦♣♦sé❡ ♣❛r ♥♦tr❡ ♠ét❤♦❞❡ ❡t ✏♥é❣❛t✐✈❡✑ s✐♥♦♥✳

✻♣♦✉r r❛♣♣❡❧ ✐❧ s✬❛❣✐t ❞❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞❡ r❡❥❡t❡r à t♦r❞ ❧✬❤②♣♦t❤ès❡ H0 ✿ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ré❣✐♦♥ ❛ss♦❝✐é❡

à ❧❛ ♠❛❧❛❞✐❡



✸✳✺✳ ❆♣♣❧✐❝❛t✐♦♥s ✶✷✼

❋✐❣✳ ✸✳✽ ✕ ➱t✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ✿ ❆✲ ❈♦♠♣❛r❛✐s♦♥ ❡♥tr❡ ▲❍✐❙❆✱ ❇♦♥❢❡rr♦♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲
❍♦❝❤❜❡r❣ ♣♦✉r ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t tr♦✐s ❛❧t❡r♥❛t✐✈❡s ✭RR2 = 1.5, 2 ❡t 2.5✮✳ ❇✲
❊✛❡t ❞✉ ♣❛r❛♠ètr❡ δ s✉r ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ▲❍✐❙❆ ♣♦✉r ✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ❧✬❤②♣♦✲
t❤ès❡ ♥✉❧❧❡ ✭RR2 = 0✮ ❡t tr♦✐s ❛❧t❡r♥❛t✐✈❡s ✭RR2 = 1.5, 2 ❡t 2.5✮✳ ❈✲ ❈♦♠♣❛r❛✐s♦♥ ❡♥tr❡
▲❍✐❙❆✱ ❇♦♥❢❡rr♦♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣ ♣♦✉r tr♦✐s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t tr♦✐s ❛❧✲
t❡r♥❛t✐✈❡s ✭RR2 = {1.5/1.5/1.5}, {1.5/2/2.5} ❡t {2.5/2.5/2.5}✮✳ ❉✲ ❊✛❡t ❞✉ ♣❛r❛♠ètr❡
δ s✉r ❧❛ ♣✉✐ss❛♥❝❡✱ ❧❛ s❡♥s✐❜✐❧✐té ❡t ❧❡ ❚❉❘ ✭❂✶✲❋❉❘✮ rés✉❧t❛♥t ❞❡ ▲❍✐❙❆ ♣♦✉r ❞❡✉①
❛❧t❡r♥❛t✐✈❡s ✭RR2 = 1.5/2/2.5 ❡t 2.5/2.5/2.5✮✳



✶✷✽ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❆♣♣❧✐❝❛t✐♦♥ ✷ ✿ s❝❤✐③♦♣❤ré♥✐❡

✲ ❉♦♥♥é❡s ✿ ♥♦✉s ❛♣♣❧✐q✉♦♥s ♥♦tr❡ ❛♣♣r♦❝❤❡ s✉r ❞❡s ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ✐♠♣❧✐q✉❛♥t
❧❡s ❣è♥❡s ●✼✷ ❡t ❉❆❆❖✼ ❞❛♥s ❧❛ s❝❤✐③♦♣❤ré♥✐❡ ✭❈❤✉♠❛❦♦✈ ❡t ❛❧ ✷✵✵✷✮✳ ▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s
❝♦♥s✐st❡ ❡♥ ✶✼✷ ❙◆Ps ❞♦♥t ✽ s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✶✷ ❡t ✶✻✹ s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✶✸ ❞❛♥s ❞❡s
ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ✐♥❝❧✉❛♥t ●✼✷ ❡t ❉❆❆❖ r❡s♣❡❝t✐✈❡♠❡♥t✳ ▲❡s ❆❉◆ ❞❡ ✷✶✸ ♣❛t✐❡♥ts ❡t
✷✹✶ té♠♦✐♥s ❝❛♥❛❞✐❡♥ ♦♥t été ❣é♥♦t②♣és ♣♦✉r ❝❡ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs✳ P♦✉r ❧✬❛♣♣r♦❝❤❡ ❙❝♦r❡
▲♦❝❛❧✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ❧❛ p✲✈❛❧✉❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡ ♣♦✉r ❝❤❛q✉❡ ❙◆P ✭p✈i✮ ❞❡ s♦rt❡ q✉❡
Si = − log10(p✈i) ❡t S ′

i = − log10(p✈i)−δ ❛✈❡❝ δ = − log10(0.1) ❝♦rr❡s♣♦♥❞❛♥t ❛✉ s❡✉✐❧ ✶✵✪
♣♦✉r ❧❛ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ s✐♠♣❧❡✲♠❛rq✉❡✉r ❝♦♥s✐❞éré❡✳ P❛r ❛✐❧❧❡✉rs✱ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞❡
G72 ❞❛♥s ❧❛ s❝❤✐③♦♣❤ré♥✐❡ ❛ été r❡♣♦rté❡ à ♣❧✉s✐❡✉rs r❡♣r✐s❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ✭❉❡t❡r❛✲
❲❛❞❧❡✐❣❤ ❡t ▼❝▼❛❤♦♥ ✷✵✵✻✮✳

✲ ❘és✉❧t❛ts ✿ ❧✬❛♣♣r♦❝❤❡ ❙❝♦r❡ ▲♦❝❛❧ ✐❞❡♥t✐✜❡ tr♦✐s ré❣✐♦♥s ✭r = 3✮ ❡t ❧❛ p✲✈❛❧✉❡ ❝♦rr❡s✲
♣♦♥❞❛♥t à ❧❛ s♦♠♠❡ ❞❡s ♣r❡♠✐❡rs ❙❝♦r❡ ▲♦❝❛✉① ✈❛✉t p

(3)
T = p♦❜smin = 0.1660✳ ▲❛ s✐❣♥✐✜❝❛t✐✲

✈✐té ❣❧♦❜❛❧❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ pG ✈❛✉t ✵✳✷✷✳ ▲❡s ❞❡✉① ♣r❡♠✐èr❡s ré❣✐♦♥s s♦♥t ❝♦♥t❡♥✉❡s ❞❛♥s
●✼✷ ❡t ❧❛ tr♦✐s✐è♠❡ ❡st ❝♦♥t❡♥✉❡ ❞❛♥s ❉❆❆❖✳ ◆♦tr❡ ♠ét❤♦❞❡ ré✉ss✐t ❞♦♥❝ à ✐❞❡♥t✐✜❡r
❧❡s ❞❡✉① ❣è♥❡s ❛tt❡♥❞✉s✳ ◆é❛♥♠♦✐♥s✱ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té ❣❧♦❜❛❧❡ ❡st ❧♦✐♥ ❞✬êtr❡ ré❡❧❧❡♠❡♥t
❝♦♥✈❛✐♥❝❛♥t❡ q✉❛♥t à ❧✬❛ss♦❝✐❛t✐♦♥ ré❡❧❧❡ ❞❡ ❝❡t ❡♥s❡♠❜❧❡ ❞❡ ré❣✐♦♥s ❛✈❡❝ ❧❛ ♠❛❧❛❞✐❡✳ ❈❡❧❛
s✬❡①♣❧✐q✉❡r ♣❛r ❧✬❡✛❡t ♠♦❞❡st❡ ❞❡ ❝❡s ❞❡✉① ❣è♥❡s s✉r ❧❛ ♠❛❧❛❞✐❡ ♦✉ ✈❡♥✐r ❝♦♥✜r♠❡r ❝❡rt❛✐♥s
❞♦✉t❡s é♠✐s ré❝❡♠♠❡♥t q✉❛♥t à ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞❡ ❝❡s ❞❡✉① ❣è♥❡s ❞❛♥s ❧❛ s❝❤✐③♦♣❤ré♥✐❡ ✭❘✐✲
❧❡② ❡t ❑❡♥❞❧❡r ✷✵✵✻✮✳ P❛r ❛✐❧❧❡✉rs✱ ♠ê♠❡ ❡♥ ♣❧❛ç❛♥t ❧❡ ♥✐✈❡❛✉ ✐♥❞✐✈✐❞✉❡❧ ❞❡ ❝❤❛q✉❡ t❡st à
✵✳✷✷✱ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ❝♦rr✐❣é❡s ♣❛r ❇♦♥❢❡rr♦♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣ ♥❡
❞ét❡❝t❡♥t ❛✉❝✉♥ ❙◆Ps ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡✱ ❧❛ ♣❧✉s ❢❛✐❜❧❡ p✲✈❛❧✉❡ ❛❧❧é❧✐q✉❡ ♦❜s❡r✈é❡ ♣❛r
❧❡s ❛✉t❡✉rs ét❛♥t ❞❡ ❞❡ ✵✳✵✵✸ ✭0.003 × 172 = 0.516✮✳

r❛♥❣ ❝❤r ré❣✐♦♥ H T pT

✶ ✶✸ ✶✹✾✲✶✺✸ ✷✳✺✹✷ ✷✳✺✹✷ ✵✳✷✹✺✾
✷ ✶✸ ✶✺✾✲✶✻✶ ✶✳✾✼✽ ✹✳✺✷✵ ✵✳✶✼✸✼
✸ ✶✷ ✺ ✶✳✶✻✺ ✺✳✻✽✻ ✵✳✶✻✻✵
✹ ✶✸ ✽✹ ✵✳✼✺✽ ✻✳✹✹✹ ✵✳✶✼✵✷
✺ ✶✸ ✹✾✲✺✶ ✵✳✺✽✼ ✼✳✵✸✶ ✵✳✶✼✹✼

❚❛❜✳ ✸✳✶ ✕ ❘és✉❧t❛ts ❞❡ ▲❍✐❙❆ s✉r ❧❡s ❞♦♥♥é❡s ❝♦♥❝❡r♥❛♥t ❧❛ s❝❤✐③♦♣❤ré♥✐❡✳

❆♣♣❧✐❝❛t✐♦♥ ✸ ✿ ❞♦♥♥é❡s ❆■▼✲❙❝❛♥

✲ ❉♦♥♥é❡s ✿ ♥♦✉s ❛♣♣❧✐q✉♦♥s ♥♦tr❡ str❛té❣✐❡ ❛✉① ❞♦♥♥é❡s ❆■▼✲❙❝❛♥ ❣❡♥♦♠❡✲✇✐❞❡ ❝♦♥❝❡r✲
♥❛♥t ❧❛ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡✳ ▲❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❝♦♠♣r❡♥❞ ✶✶✹✱✽✵✷ ❙◆Ps ❀ ❧❡s ❆❉◆ ❞❡ ✷✼✾ ♣❛✲
t✐❡♥ts ❡t ✸✵✶ té♠♦✐♥s s✉é❞♦✐s ♦♥t été ❣é♥♦t②♣és ❡♥ ✉t✐❧✐s❛♥t ✉♥❡ ♣✉❝❡ ❆✛②♠❡tr✐① ✶✵✵❑✳ ▲❛

✼❉✲❆♠✐♥♦ ❆❝✐❞ ❖①✐❞❛s❡



✸✳✺✳ ❆♣♣❧✐❝❛t✐♦♥s ✶✷✾

❋✐❣✳ ✸✳✾ ✕❆♣♣❧✐❝❛t✐♦♥ s✉r ❧❛ s❝❤✐③♦♣❤ré♥✐❡ ✿ à ❝❤❛q✉❡ ❙◆P ❡st ❛ttr✐❜✉é ✉♥❡ st❛t✐st✐q✉❡
❞✬❛ss♦❝✐❛t✐♦♥ Si = − log10(p✈i) ❛✈❡❝ p✈i ❧❛ p✲✈❛❧✉❡ ✐ss✉❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡✳ ▲❡s ❙◆Ps ✐♥❞é①és
❞❡ ✶ à ✽ s♦♥t ❧♦❝❛❧✐sés s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✶✷ ❡t ❝❡✉① ✐♥❞❡①és ❞❡ ✾ à ✶✼✷✱ s✉r ❧❡ ❝❤r♦♠♦s♦♠❡
✶✸✳

st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❛ss♦❝✐é❡ à ❝❤❛q✉❡ ♠❛rq✉❡✉r s✬❛♣♣✉✐❡ s✉r ❧❛ p✲✈❛❧✉❡ ✐ss✉❡ ❞✉ t❡st
❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé ❡t ❡①❛❝t q✉❡ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é ✭♣✳ ✻✾✮ ✿ Si = − log10(p✈i)✳ ▲❡ ♣❛✲
r❛♠ètr❡ δ ❡st ✜①é ❛✉ ♥✐✈❡❛✉ ✺✪ ♣♦✉r ❧❛ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝❤♦✐s✐ ✿ δ = − log10(0.05)✳

✲ ❘és✉❧t❛ts ✿ ❧✬❛♣♣r♦❝❤❡ ❙❝♦r❡ ▲♦❝❛❧ ♠❡t ❡♥ ❛✈❛♥t ✸ ré❣✐♦♥s r❡❝♦✉✈r❛♥t ❛✉ t♦t❛❧ ✼✵
❙◆Ps✳ P❛r♠✐ ❝❡s ❙◆Ps✱ ✻ s♦♥t ❡♥ ❝♦♠♠✉♥ ❛✈❡❝ ❝❡✉① ✐❞❡♥t✐✜és ♣❛r ❧✬❛♥❛❧②s❡ s✐♠♣❧❡ ♠❛r✲
q✉❡✉r ré❛❧✐sé❡ ❛✈❡❝ ❧❡ ♠ê♠❡ t❡st ❡t ❝♦rr✐❣é❡ ♣❛r ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣✱ ✐♥❝❧✉s ✉♥✐q✉❡♠❡♥t
❞❛♥s ❧❛ ♣r❡♠✐èr❡ ré❣✐♦♥✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ♠❡t ❡♥ ❛✈❛♥t ❞❡✉① ré❣✐♦♥s q✉✐
♥❡ s♦♥t ♣❛s ✐❞❡♥t✐✜é❡s ♣❛r ❧✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r✳ ❘é❝✐♣r♦q✉❡♠❡♥t✱ ❧✬❛♥❛❧②s❡ s✐♠♣❧❡✲
♠❛rq✉❡✉r ✐♠♣❧✐q✉❡ ✺✽ ♠❛rq✉❡✉rs ❞♦♥t ❧❛ ♣❧✉♣❛rt ♥❡ s♦♥t ♣❛s ✐❞❡♥t✐✜és ♣❛r ❧❡ ❙❝♦r❡ ▲♦❝❛❧✳
P❛r ❝♦♥séq✉❡♥t s✉r ❝❡ ❥❡✉ ❞❡ ❞♦♥♥é❡s✱ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❞♦♥♥❡♥t ❞❡s rés✉❧t❛ts ❞✐✛ér❡♥ts
❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❝♦♠♣❧é♠❡♥t❛✐r❡s✳

❯♥❡ ❞❡s ré❣✐♦♥s ♣❡r♠❡t ❞❡ ❧♦❝❛❧✐s❡r ❧❡ ❣è♥❡ ❇❚◆▲✷✳ ❈❡ ❣è♥❡ s✐t✉é s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✻
❡st ♣❧✉s ❝♦♥♥✉ ♣♦✉r s♦♥ ✐♠♣❧✐❝❛t✐♦♥ ❞❛♥s ❧❛ ♠❛❧❛❞✐❡ ❞❡ ❇❡s♥✐❡r✲❇♦❡❝❦✽✱ ✉♥❡ ❛✉tr❡ ♠❛❧❛❞✐❡
❛✉t♦✲✐♠♠✉♥❡ ♣❧✉s r❛r❡✳ ❈❡ ❣è♥❡ ❛ été ré❝❡♠♠❡♥t ♠✐s ❡♥ ❝❛✉s❡ ❞❛♥s ❧❛ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡
♠❛✐s ♦♥ ❛ ♠♦♥tré q✉❡ ❧✬❛ss♦❝✐❛t✐♦♥ ♦❜s❡r✈é❡ ❛✈❡❝ ❧❛ ♠❛❧❛❞✐❡ ét❛✐t ❧✐é❡ à ✉♥ ❞éséq✉✐❧✐❜r❡
❞❡ ❧✐❛✐s♦♥ é❧❡✈é ❡♥tr❡ ❝❡ ❣è♥❡ ❡t ❧❡ ❧♦❝✉s ❍▲❆✲❉❘❇✶ ❞♦♥t ❧✬❤❛♣❧♦t②♣❡ ❍▲❆✲❉❘❇✶✯✶✺ ❡st
très ❢♦rt❡♠❡♥t ❛ss♦❝✐é ❛✉ r✐sq✉❡ ❞❡ ❞é✈❡❧♦♣♣❡r ❧❛ s❝❧ér♦s❡ ❡♥ ♣❧❛q✉❡ ✭❚r❛❤❡r♥❡ ❡t ❛❧ ✷✵✵✻✮✳

✽♦✉ ❙❛r❝♦✐❞♦s✐s



✶✸✵ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❆♣♣❧✐❝❛t✐♦♥ ✹ ✿ ❞♦♥♥é❡s ●❆❲✶✺ ❡t sé✈ér✐té

✲ ❉♦♥♥é❡s ✿ à ❧✬♦❝❝❛s✐♦♥ ❞❡ ❧❛ ✶✺❡ é❞✐t✐♦♥ ❞✉ ●❡♥❡t✐❝ ❆♥❛❧②s✐s ❲♦r❦s❤♦♣✱ ✐❧ ❛ été
❞✐str✐❜✉é ✶✵✵ ré♣❧✐❝❛t✐♦♥s ❞✬✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s s✐♠✉❧é✱ ❡ss❛②❛♥t ❞❡ ♠✐♠❡r ❞❡s ❞♦♥♥é❡s
❝♦♥❝❡r♥❛♥t ❧❛ ♣♦❧②❛rt❤r✐t❡ r❤✉♠❛t♦ï❞❡✳ ❈❤❛q✉❡ ré♣❧✐❝❛t✐♦♥ ✐♥❝❧✉t ✶✱✺✵✵ ❢❛♠✐❧❧❡s ♥✉❝❧é❛✐r❡s
❡t ✷✱✵✵✵ té♠♦✐♥s✳ ▲❡ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs ❝♦♠♣r❡♥❞ ✾✱✶✽✼ ❙◆Ps ❞✐str✐❜✉és ❧❡ ❧♦♥❣ ❞❡ ❣é♥♦♠❡
❞❡ ❢❛ç♦♥ à ✐♠✐t❡r ✉♥❡ ♣✉❝❡ ✶✵❑✳ ❈❡s ❞♦♥♥é❡s ♣r♦♣♦s❡♥t ♣❛r ❛✐❧❧❡✉rs ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞❡s
♠❛rq✉❡✉rs ❛✐♥s✐ q✉✬✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ❝♦✈❛r✐❛❜❧❡s ❝♦♥❝❡r♥❛♥t ❧❡s ✐♥❞✐✈✐❞✉s ✭s❡①❡✱ â❣❡
✳✳✳✮✳ P❛r♠✐ ❧❡s ✾ ❧♦❝✉s tr❛✐ts s✐♠✉❧és✱ ✷ ❛♣♣❡❧és ❧♦❝✉s ● ❡t ❍ ❧♦❝❛❧✐sés s✉r ❧❡ ❝❤r♦♠♦s♦♠❡ ✾
♦♥t ✉♥ ✐♠♣❛❝t ✐♠♣♦rt❛♥t s✉r ❧❛ sé✈ér✐té à ❧❛q✉❡❧❧❡ ♥♦✉s ♥♦✉s ✐♥tér❡ss♦♥s✳ ▲❛ sé✈ér✐té ❞✬✉♥❡
♠❛❧❛❞✐❡ ré❢èr❡ à s❛ ❣r❛✈✐té ❡t ❡st ✐♥❞❡①é❡ ❞❛♥s ♥♦tr❡ ❝❛s ❞❡ ✶ ✭♣❡✉ sé✈èr❡✮ à ✺ ✭très sé✈èr❡✮✳
❆✜♥ ❞❡ ❞ét❡❝t❡r ❧❡s ♠❛rq✉❡✉rs ❛ss♦❝✐és à ❧❛ sé✈ér✐té✱ ♥♦✉s ❝♦♥s✐❞❡r♦♥s ❧❡s ✐♥❞✐✈✐❞✉s ❛✛❡❝tés
❡t ❡①trê♠❡s ❡♥ t❡r♠❡ ❞❡ sé✈ér✐té✱ ❝✬❡st à ❞✐r❡ ❝❡✉① q✉✐ ♣rés❡♥t❡♥t ✉♥ ✐♥❞❡① ❞❡ sé✈ér✐té ❞❡
✶✴✷ ♦✉ ❞❡ ✹✴✺✳ ▲❛ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✭Si✮ ✉t✐❧✐sé❡ ✐❝✐ ❡st ❢♦♥❞é❡ s✉r ❧❛ p✲✈❛❧✉❡ ✭p✈i✮
✐ss✉❡ ❞✉ t❡st ❛❧❧é❧✐q✉❡ q✉✐ ❝♦♥tr❛st❡ ❝❡tt❡ ❢♦✐s✲❝✐✱ ♥♦♥ ♣❧✉s ❧❡s ❝❛s ❞❡s té♠♦✐♥s✱ ♠❛✐s ❧❡s
✐♥❞✐✈✐❞✉s ♣rés❡♥t❛♥t ✉♥ ✐♥❞✐❝❡ ❞❡ sé✈ér✐té ❢❛✐❜❧❡ ✭✶ ♦✉ ✷✮ ❞❡ ❝❡✉① ♣rés❡♥t❛♥t ✉♥ ✐♥❞✐❝❡ ❞❡
sé✈ér✐té é❧❡✈é ✭✹ ❡t ✺✮ ✿ Si = − log10(p✈i)✳ ▲❡ ♣❛r❛♠ètr❡ δ ❡st ✜①é ❛✉ ♥✐✈❡❛✉ ✺✪ ♣♦✉r ❧❛
st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❝❤♦✐s✐❡ ✿ δ = − log10(0.05)✳

◆♦tr❡ ♦❜❥❡❝t✐❢ ✐❝✐ ❡st ❞✬é✈❛❧✉❡r✱ s✉r ✺✵ ré♣❧✐❝❛t✐♦♥s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ❢♦✐s q✉❡ ♥♦tr❡ ❛♣♣r♦❝❤❡
✐❞❡♥t✐✜❡ ❧❡s ❧♦❝✉s ● ❡t ❍ ❡t ❞❡ ❝♦♠♣❛r❡r s❡s ♣❡r❢♦r♠❛♥❝❡s ❛✈❡❝ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲
♠❛rq✉❡✉r ❝♦rr✐❣é❡s ♣❛r ❇♦♥❢❡rr♦♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣✳ ▲❡s ❞❡✉① ❧♦❝✉s à ✐❞❡♥t✐✜❡r
❛②❛♥t été ♣ré❛❧❛❜❧❡♠❡♥t r❡t✐rés ❞❡s ❞♦♥♥é❡s✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s q✉❡ ❝❤❛q✉❡ ❛♣♣r♦❝❤❡ ❞ét❡❝t❡
❡✛❡❝t✐✈❡♠❡♥t ✉♥ ❧♦❝✉s s✐ ❡❧❧❡ ♠❡t ❡♥ ❛✈❛♥t ✉♥ ❞❡s ❞❡✉① ♠❛rq✉❡✉rs ✢❛♥q✉❛♥t ❝❡ ❧♦❝✉s✳

✲ ❘és✉❧t❛ts ✿ ♦♥ ✈♦✐t t❛❜❧❡ ✸✳✷ q✉❡ ❧✬❛♣♣r♦❝❤❡ ❙❝♦r❡ ▲♦❝❛❧ ❞ét❡❝t❡ ❧❡s ❞❡✉① ❧♦❝✉s ❞❛♥s ❧❛
♠❛❥❡✉r❡ ♣❛rt✐❡ ❞❡s ✺✵ ré♣❧✐❝❛t✐♦♥s✳ ❙✐ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ❞ét❡❝t❡♥t ❛ss❡③ ❜✐❡♥
❧❡ ❧♦❝✉s ●✱ ❧❡s ❝♦♥❝❧✉s✐♦♥s ❝♦♥❝❡r♥❛♥t ❧❡ ❧♦❝✉s ❍ ♥❡ s♦♥t ♣❛s ❛✉ss✐ ♣♦s✐t✐✈❡s✳ ▲✬❛✈❛♥t❛❣❡
❞✉ ❙❝♦r❡ ▲♦❝❛❧ rés✐❞❡ ✐❝✐ ❞❛♥s ❧❛ ♣r♦①✐♠✐té ❞❡s ❞❡✉① ❧♦❝✉s q✉✐ ♣❡r♠❡t ❞❡ r❡♥❢♦r❝❡r ❧❛
st❛t✐st✐q✉❡✱ ❝❡ q✉❡ ♥❡ ♣r❡♥❞ ♣❛s ❞✉ t♦✉t ❡♥ ❝♦♠♣t❡ ✉♥❡ ❛♣♣r♦❝❤❡ s✐♠♣❧❡✲♠❛rq✉❡✉r✳

❧♦❝✉s ▲❍✐❙❆ ❇♦♥ ❇❍
● ✹✾ ✹✷ ✹✹
❍ ✹✺ ✺ ✽

❚❛❜✳ ✸✳✷ ✕ P❡r❢♦r♠❛♥❝❡ s✉r ❧❡s ❞♦♥♥é❡s ●❆❲✶✺ ✿ ♥♦♠❜r❡ ❞❡ ré♣❧✐❝❛t✐♦♥s s✉r ❧❡s
✺✵ ré♣❧✐❝❛t✐♦♥s ❝♦♥s✐❞éré❡s ♦ù ❧❡s ❧♦❝✉s ● ❡t ❍ s♦♥t ❞ét❡❝tés ♣❛r ❧✬❛♣♣r♦❝❤❡ ❙❝♦r❡ ▲♦❝❛❧
✭▲❍✐❙❆✮ ❡t s✐♠♣❧❡✲♠❛rq✉❡✉r ❝♦rr✐❣é❡ ♣❛r ❇♦♥❢❡rr♦♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣✳



✸✳✺✳ ❆♣♣❧✐❝❛t✐♦♥s ✶✸✶

Etude de puissance

G72
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BTNL2
HLA-DRB1 locus G et H

1

❋✐❣✳ ✸✳✶✵ ✕ ▲♦❝✉s ❡t ❝❤r♦♠♦s♦♠❡s ✐♠♣❧✐q✉és ❞❛♥s ❧❡s q✉❛tr❡ ❛♣♣❧✐❝❛t✐♦♥s ❞✉ ❙❝♦r❡ ▲♦❝❛❧✳



✶✸✷ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

✸✳✻ ❉✐s❝✉ss✐♦♥ s✉r ❧❡ ❙❝♦r❡ ▲♦❝❛❧

▲✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❛♣♣❛r❛ît êtr❡ ✉♥❡ s♦❧✉t✐♦♥
s✐♠♣❧❡ ❡t r❛♣✐❞❡ ♣♦✉r ❞ét❡❝t❡r ❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ❛ss♦❝✐é❡s à ❧❛ ♠❛❧❛❞✐❡✱ ♣❧✉tôt q✉❡
❞❡s ♠❛rq✉❡✉rs ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ❘❡♣♦s❛♥t s✉r ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ❤❛✉t❡s ✈❛❧❡✉rs ❞❡ st❛t✐s✲
t✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❛✉t♦✉r ❞❡ ✉♥ ♦✉ ♣❧✉s✐❡✉rs ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✈♦✐s✐♥s✱ ✐❧ ♣❡r♠❡t ❞❡
♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❧♦❝❛❧❡ q✉✐ s✬❡①❡r❝❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ❡t ❞✬✐❞❡♥t✐✜❡r
♣❧✉s✐❡✉rs ré❣✐♦♥s ❞✐st❛♥t❡s✱ ✈♦✐r❡ s✉r ❞❡s ❝❤r♦♠♦s♦♠❡s ❞✐✛ér❡♥ts✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ♣❡✉t
❞♦♥❝ êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ♠✉❧t✐✲♣♦✐♥t ❡t ♠✉❧t✐✲❧♦❝✉s✳ ❊❧❧❡ ♣❡✉t é❣❛❧❡♠❡♥t êtr❡ ❛♣♣❛✲
r❡♥té❡ ❛✉① ❛♣♣r♦❝❤❡s ♣❛r s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s q✉❡ ♥♦✉s ❛✈♦♥s ✐♥tr♦❞✉✐t❡s ❛✉ ❞é❜✉t
❞❡ ❝❡ ❝❤❛♣✐tr❡ ✭♣✳ ✶✵✼✮✳ ▲✬❛✈❛♥t❛❣❡ ♣❛r r❛♣♣♦rt à ❧✬❛♣♣r♦❝❤❡ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ❡st q✉❡ ❧❡
❙❝♦r❡ ▲♦❝❛❧ ♥❡ ♥é❝❡ss✐t❡ ♣❛s ❞❡ ❝♦♥tr❛✐♥❞r❡ à ❧✬❛✈❛♥❝❡ ❧❛ t❛✐❧❧❡ ❞❡s ❢❡♥êtr❡s ♦✉ ré❣✐♦♥s✳ ▲❛
♣r✐♥❝✐♣❛❧❡ ❞✐✛ér❡♥❝❡ ❛✈❡❝ ❧❛ ❙❡t ❆ss♦❝✐❛t✐♦♥ rés✐❞❡ ❞❛♥s ❧❡ ❢❛✐t q✉❡ ❧✬✉♥✐té st❛t✐st✐q✉❡ ❞❡
❧❛ ♠ét❤♦❞❡ ♥✬❡st ♣❧✉s ❧❡ ♠❛rq✉❡✉r ♠❛✐s ✉♥❡ ré❣✐♦♥ ❞❡ ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s✳ ❙✉r ✉♥ ❥❡✉ ❞❡
♠❛rq✉❡✉rs ✐♥❞é♣❡♥❞❛♥ts ❡t ❡♥ ❧✬❛❜s❡♥❝❡ ❞✬❛❣ré❣❛t✐♦♥ ❞❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❞❛♥s ✉♥❡
♠ê♠❡ ré❣✐♦♥ ❞✉ ❣é♥♦♠❡✱ ❧❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❞❡✈r❛✐❡♥t ❞✬❛✐❧❧❡✉rs ❢♦✉r♥✐r ❞❡s rés✉❧t❛ts t♦✉t
à ❢❛✐t ❝♦♠♣❛r❛❜❧❡s✳

✲ ❚❡st✲♠✉❧t✐♣❧❡ ✿ ❡♥ ré❞✉✐s❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ t❡sts ❞❡ n ♠❛rq✉❡✉rs à k ré❣✐♦♥s✱ ♣✉✐s ❞❡ k
ré❣✐♦♥s à ✉♥ t❡st ♣♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧❛ ♣r♦❝é❞✉r❡✱ ❧✬❛❧❣♦r✐t❤♠❡ q✉❡ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é
♣❡r♠❡t ❛✉ss✐ ❞❡ ❝♦♥t♦✉r♥❡r ❧❡ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡✳ ❖♥ ❛ é❣❛❧❡♠❡♥t ❧✬❛ss✉r❛♥❝❡ q✉❡
❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❡st ❝♦♥trô❧é ❛✉ ♥✐✈❡❛✉ α q✉❡ ❧✬♦♥ s❡ ❞♦♥♥❡✳

✲ P❛r❛♠ètr❡ ✿ ♥♦tr❡ ♠ét❤♦❞❡ ♥é❝❡ss✐t❡ ❞❡ ✜①❡r ✉♥ s❡✉❧ ♣❛r❛♠ètr❡ ✿ δ✳ ❈❡ ♣❛r❛♠ètr❡
❡st ❢❛❝✐❧❡ à ✐♥t❡r♣rét❡r ❡t ❞♦♥❝ à ❞ét❡r♠✐♥❡r ✿ ✐❧ ❝♦rr❡s♣♦♥❞ ❛✉ s❡✉✐❧ s✐♠♣❧❡✲♠❛rq✉❡✉r ❛✉
❞❡ss✉s ❞✉q✉❡❧ ♦♥ ❝♦♥s✐❞èr❡ q✉✬✉♥ ♠❛rq✉❡✉r ❞♦✐t ♣♦s✐t✐✈❡♠❡♥t ❝♦♥tr✐❜✉❡r ❛✉ ❙❝♦r❡ ▲♦❝❛❧ ❀
à ❧✬✐♥✈❡rs❡✱ ✉♥ ♠❛rq✉❡✉r ❞♦♥t ❧❛ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ ❡st ✐♥❢ér✐❡✉r❡ à δ ❧❡ ♣é♥❛❧✐s❡✳
▲✬❡✛❡t ❞❡ δ s✉r ❧❡s rés✉❧t❛ts ❡st ❛ss❡③ ♥❛t✉r❡❧✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❧❛ ✈❛❧❡✉r ❞❡ δ ✈❛
❛✛❡❝t❡r ❧❡ ♥♦♠❜r❡ ❡t ❧❛ t❛✐❧❧❡ ❞❡s ré❣✐♦♥s ✿ ✉♥ δ é❧❡✈é ❡♥tr❛î♥❡r❛ ✉♥ ♥♦♠❜r❡ ♣❧✉s ♣❡t✐t
❞❡ ré❣✐♦♥s ❡t ❞❡ t❛✐❧❧❡s ♣❧✉s ♣❡t✐t❡s q✉✬✉♥ δ ♠♦✐♥s str✐♥❣❡♥t✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ♣✉
❝♦♥st❛t❡r q✉❡ s✐ δ ♥✬❛ ❤❡✉r❡✉s❡♠❡♥t ❛✉❝✉♥ ✐♠♣❛❝t s✉r ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❛tt❛❝❤é
à ✉♥ ♥✐✈❡❛✉ α ❞♦♥♥é✱ ❧❛ ♣✉✐ss❛♥❝❡ ❡st é❣❛❧❡♠❡♥t ♣❡✉ s❡♥s✐❜❧❡ ❛✉ ❝❤♦✐① ❞❡ ❝❡ ♣❛r❛♠ètr❡✳
■❧ ❛✛❡❝t❡ ♥é❛♥♠♦✐♥s ❡t ❛ss❡③ ❧♦❣✐q✉❡♠❡♥t ❧❛ ♥❛t✉r❡ ❞❡s rés✉❧t❛ts✳ ❊♥ ❧✬♦❝❝✉rr❡♥❝❡ ❞❛♥s
♥♦tr❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ♥♦✉s ❝♦♥st❛t♦♥s q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❞❛♥s ❧✬❡♥s❡♠❜❧❡
❞❡s ré❣✐♦♥s ♣r♦♣♦sé❡s ❞✐♠✐♥✉❡ ❛✈❡❝ δ t❛♥❞✐s q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té
❡✛❡❝t✐✈❡♠❡♥t ❧♦❝❛❧✐sés ❛✉❣♠❡♥t❡✳

✲ ❋❧❡①✐❜✐❧✐té ✿ ❡♥✜♥✱ ✉♥ ❞❡r♥✐❡r ❛✈❛♥t❛❣❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❡st q✉✬✐❧ ❝♦♥st✐t✉❡ ✉♥ ❝❛❞r❡
❞✬❛♥❛❧②s❡ ✢❡①✐❜❧❡ q✉✐ ♣❡✉t êtr❡ ❛♣♣❧✐q✉é à ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥ s✐♠♣❧❡✲
♠❛rq✉❡✉r ✭Si✮✳ ◆♦✉s ❧✬❛✈♦♥s ❡①♣❧♦ré ❞❛♥s ♥♦tr❡ ❛♣♣❧✐❝❛t✐♦♥ s✉r ❧❡s ❞♦♥♥é❡s ●❆❲ ❡♥ ♥♦✉s
✐♥tér❡ss❛♥t ❛✉① ❧♦❝✉s ✐♠♣❧✐q✉és ❞❛♥s ❧❛ sé✈ér✐té ❞❡ ❧❛ ♠❛❧❛❞✐❡✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t ✐♠❛❣✐♥❡r



✸✳✻✳ ❉✐s❝✉ss✐♦♥ s✉r ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ✶✸✸

♣♦✉✈♦✐r ❞ét❡❝t❡r ❞❡s ♠❛rq✉❡✉rs ✐♠♣❧✐q✉és ❞❛♥s ❞❡s ♣❤é♥♦♠è♥❡s ❞✬✐♥t❡r❛❝t✐♦♥s ❣è♥❡✲❣è♥❡
♦✉ ❣è♥❡✲❡♥✈✐r♦♥♥❡♠❡♥t ❡♥ ❝♦♥str✉✐s❛♥t Si s✉r ❧❛ ❜❛s❡ ❞✉ t❡r♠❡ ❞✬✐♥t❡r❛❝t✐♦♥ ✐ss✉ ❞✬✉♥❡
❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡ ♣❛r ❡①❡♠♣❧❡✱ ❡♥tr❡ ❝❤❛q✉❡ ♠❛rq✉❡✉r ❡t ❧❛ ❝♦✈❛r✐❛❜❧❡ ✭❣é♥✐q✉❡ ♦✉
❡♥✈✐r♦♥♥❡♠❡♥t❛❧❡✮ ❞✬✐♥térêt✳

■♠♣❧é♠❡♥t❛t✐♦♥ ✿ ❝❡♣❡♥❞❛♥t✱ ❧❛ ✢❡①✐❜✐❧✐té ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ❝♦♥st✐t✉❡ é❣❛❧❡♠❡♥t ✉♥ ❞❡
s❡s ♣r✐♥❝✐♣❛✉① ✐♥❝♦♥✈é♥✐❡♥ts✳ ■❧ ♥✬❡st ❡♥ ❡✛❡t ♣❛s ♣♦ss✐❜❧❡ ❞❡ ♣r♦♣♦s❡r ✉♥❡ ✐♠♣❧é♠❡♥t❛t✐♦♥
✉♥✐✈❡rs❡❧❧❡ ❝❛♣❛❜❧❡ ❞❡ ré♣♦♥❞r❡ à t♦✉s ❧❡s ♣r♦❜❧è♠❡s ❛✉①q✉❡❧s ❧❡ ❣é♥ét✐❝✐❡♥ ♣❡✉t ✈♦✉❧♦✐r
ré♣♦♥❞r❡✱ ❞✉ ❢❛✐t ❞✬✉♥ ❝❛❧❝✉❧ ❞❡ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té ❣❧♦❜❛❧❡ ♣❛r ▼♦♥t❡✲❈❛r❧♦ q✉✐ ❞é♣❡♥❞ à
❧❛ ❢♦✐s ❞❡ ❧❛ st❛t✐st✐q✉❡ Si ❡♠♣❧♦②é❡ ♠❛✐s ❛✉ss✐ ❞❡ ❧❛ str✉❝t✉r❡ ♠ê♠❡ ❞❡s ❞♦♥♥é❡s✳ ❉❡
♣❧✉s ❧✬❡st✐♠❛t✐♦♥ ❞❡s p✲✈❛❧✉❡s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① s♦♠♠❡s T (i) ❡st é❣❛❧❡♠❡♥t ré❛❧✐sé❡ ♣❛r
▼♦♥t❡✲❈❛r❧♦ ♣❧✉tôt q✉✬❡♥ ✉t✐❧✐s❛♥t ❧❡s rés✉❧t❛ts ✐ss✉s ❞❡ ❧❛ t❤é♦r✐❡ ❞❡s ✈❛❧❡✉rs ❡①trê♠❡s✳
❈❡✉①✲❝✐ ♥é❝❡ss✐t❡♥t ❡♥ ❡✛❡t ❞❡ ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ♠❛rq✉❡✉rs s♦♥t ✐♥❞é♣❡♥❞❛♥ts ❝❡
q✉✐ ♥✬❡st ♣❛s ❧❡ ❝❛s ❡♥ ♣r❛t✐q✉❡ ❡t ❝❡ q✉✐ ✐♥tr♦❞✉✐r❛✐t ✉♥ ❜✐❛✐s ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡s p✲✈❛❧✉❡s✳
▲❡s s✐♠✉❧❛t✐♦♥s ❞❡ ▼♦♥t❡✲❈❛r❧♦ ♣❡r♠❡tt❡♥t ❞✬✐♥té❣r❡r ❧❡ ♣❛tt❡r♥ ❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥
❧✐❛♥t ❧❡s ♠❛rq✉❡✉rs ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡s p✲✈❛❧✉❡s✳ ❈❡❧❛ ♥♦✉s ❛ss✉r❡ q✉✬✉♥❡ ❢❛✐❜❧❡ p✲✈❛❧✉❡ ❡st
❡✛❡❝t✐✈❡♠❡♥t ❞✉❡ à ✉♥❡ ❛ss♦❝✐❛t✐♦♥ à ❧❛ ♠❛❧❛❞✐❡✱ ❡t ♥♦♥ à ✉♥❡ ❛❝✉♠✉❧❛t✐♦♥ ❞✬❛ss♦❝✐❛t✐♦♥s
é❧❡✈é❡s ♦❜s❡r✈é❡s ♣❛r ❝❤❛♥❝❡✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡s s✐♠✉❧❛t✐♦♥s ❛✉❣♠❡♥t❡♥t ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧❡
t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❞❡ ❧❛ ♠ét❤♦❞❡✳ ❈❡tt❡ ❞❡r♥✐èr❡ r❡♠❛rq✉❡ ❡st ♥é❛♥♠♦✐♥s ❧✐♠✐té❡ ♣✉✐sq✉❡
❝♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ✈✉✱ ❧❡ t❡♠♣s t♦t❛❧ ❞✬❡①é❝✉t✐♦♥ r❡st❡ r❛✐s♦♥♥❛❜❧❡ ❡♥ ♣r❛t✐q✉❡ ✭✸ ♠✐♥✉t❡s
♣♦✉r tr❛✐t❡r ✶✵✱✵✵✵ ♠❛rq✉❡✉rs ♣❛r ❡①❡♠♣❧❡✮✳

✲ ❙é❧❡❝t✐♦♥ ❞❡s ré❣✐♦♥s ✿ ✉♥ ♣r♦❜❧è♠❡ sér✐❡✉s❡♠❡♥t ✐♥q✉✐ét❛♥t q✉❛♥t à ❧✬✉t✐❧✐s❛t✐♦♥
❞❡ ♥♦tr❡ ❛♣♣r♦❝❤❡ rés✐❞❡ ❞❛♥s ❧❡ ♣r♦❝❡ss✉s ❞❡ sé❧❡❝t✐♦♥ ❞❡s ré❣✐♦♥s✳ ❊❧❧❡ r❡♣♦s❡ s✉r ❧❛
✈❛r✐❛t✐♦♥ ❞❡s p✲✈❛❧✉❡s ❛ttr✐❜✉é❡s ❛✉① T (i)✳ ❉❛♥s ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡s ♠❡✐❧❧❡✉r❡s ré❣✐♦♥s ♦♥t
✉♥ ❡✛❡t ❡①trê♠❡♠❡♥t é❧❡✈é s✉r ❧❛ ♠❛❧❛❞✐❡✾✱ ❞❡ t❡❧❧❡s ✈❛r✐❛t✐♦♥s ♥❡ s♦♥t ♣❛s ❞é❝❡❧❛❜❧❡s ❛✈❡❝
❧❡ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s q✉❡ ❧✬♦♥ ❛ ❧✬❤❛❜✐t✉❞❡ ❞❡ ré❛❧✐s❡r ✭❞❡ ❧✬♦r❞r❡ ❞❡ q✉❡❧q✉❡s ♠✐❧❧✐❡rs✮✳
❈❡❧❛ ❛ ♣♦✉r ❡✛❡t ❞❡ sé❧❡❝t✐♦♥♥❡r ✉♥ ♥♦♠❜r❡ très ✐♠♣♦rt❛♥t ❞❡ ré❣✐♦♥s ❛✈❡❝ ✉♥❡ p✲✈❛❧✉❡
❡st✐♠é❡ à ✵✳ ▲❡ ❝❤♦✐① ❞❡ ♥♦tr❡ ♠ét❤♦❞❡ ❞❡ sé❧❡❝t✐♦♥ s✬❡st ✐♥s♣✐ré ❞❡ ❝♦♥s✐❞ér❛t✐♦♥s ♥♦♥
❛❜♦✉t✐❡s ❢♦r♠✉❧é❡s ♣❛r ❑❛r❧✐♥ ❡t ❆❧ts❤✉❧ ✭✶✾✾✸✮✳ ■❧ ❡st ❝❡♣❡♥❞❛♥t ♣♦ss✐❜❧❡ ❞❡ ❝♦♥s✐❞ér❡r
❞✬❛✉tr❡s ♠ét❤♦❞❡s q✉✐ sé❧❡❝t✐♦♥♥❡♥t ❧❡s ré❣✐♦♥s ❡♥ s✬❛♣♣✉②❛♥t s✉r ❞✬❛✉tr❡s ❝r✐tèr❡s q✉❡
❧❛ ✈❛r✐❛t✐♦♥ ❞❡s p✲✈❛❧✉❡s ❛ttr✐❜✉és ❛✉① T (i) t❡❧s q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ❙❝♦r❡s
▲♦❝❛✉① ♣❛r ❡①❡♠♣❧❡✳ ❈❡ ♣♦✐♥t ❡st ❞é✈❡❧♦♣♣é ❞❛♥s ❧❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❞✉ ♠❛♥✉s❝r✐t✳

✲ P❛tt❡r♥ ❞❡ ▲❉ ✿ ❧✬✉t✐❧✐s❛t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♥é❝❡ss✐t❡ ♣❛r ❛✐❧❧❡✉rs q✉❡ ❧✬✐♥t❡♥s✐té ❞✉
❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ s♦✐t r❡❧❛t✐✈❡♠❡♥t ❤♦♠♦❣è♥❡ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡✳
❉❛♥s ❧❡ ❝❛s ❝♦♥tr❛✐r❡✱ ❧❛ ❞ét❡❝t✐♦♥ ❞✬✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡♥ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥
❛✈❡❝ ❜❡❛✉❝♦✉♣ ❞❡ ♠❛rq✉❡✉rs ❡st ❢❛✈♦r✐sé❡ ♣❛r r❛♣♣♦rt à ❝❡❧❧❡ ❞✬✉♥ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡♥
❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❛✈❡❝ ♣❡✉ ❞❡ ♠❛rq✉❡✉rs✳ ❈❡❧❛ ét❛♥t✱ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r
r❡♣♦s❡♥t é❣❛❧❡♠❡♥t s✉r ❧❛ q✉❛❧✐té ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡♥tr❡ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té

✾❝♦♠♠❡ ❝❡❧❛ ♣❡✉t✲êtr❡ ❧❡ ❝❛s ❛✈❡❝ ❧❛ ré❣✐♦♥ ❍▲❆ ❞✉ ❝❤r♦♠♦s♦♠❡ ✻ ♣♦✉r ❧❡s ♠❛❧❛❞✐❡s ❛✉t♦✲✐♠♠✉♥❡s



✶✸✹ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

❡t ❧❡s ♠❛rq✉❡✉rs ❣é♥♦t②♣és ✈✐❛ ❧❡ ♣r✐♥❝✐♣❡ ❞✬❛ss♦❝✐❛t✐♦♥ ✐♥❞✐r❡❝t❡✳ ❉❡ ♣❧✉s✱ ❧✬❛♣♣r♦❝❤❡ ♣❛r
❙❝♦r❡ ▲♦❝❛❧ ♣❡r♠❡t ❛✐♥s✐ ❞❡ ♠❡ttr❡ ❡♥ ❝♦♠♣ét✐t✐♦♥ ❞❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✐s♦❧és q✉✐ ♦♥t
✉♥ ❡✛❡t ♠❛❥❡✉r s✉r ❧❛ ♠❛❧❛❞✐❡ ❛✈❡❝ ❝❡✉① q✉✐ ♦♥t ✉♥ ❡✛❡t ♣❧✉s ♠♦❞❡st❡ ♠❛✐s q✉✐ s❡r❛✐❡♥t
✏♠✐❡✉①✑ ❡♥t♦✉rés ♣❛r ❧❡ ❥❡✉ ❞❡ ♠❛rq✉❡✉rs ♦✉ q✉✐ s✬❛❣rè❣❡r❛✐❡♥t ❞❛♥s ✉♥❡ ré❣✐♦♥ ❣é♥♦♠✐q✉❡
❞♦♥♥é❡✱ ❝❡ q✉❡ ♥❡ ♣❡r♠❡t ♣❛s ✉♥❡ ❛♣♣r♦❝❤❡ s✐♠♣❧❡✲♠❛rq✉❡✉r✳

■♥t❡r❛❝t✐♦♥ ✿ ❡♥✜♥ ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ ♥♦t❡r q✉✬à ❧✬✐♥st❛r ❞❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs
q✉✐ s✬❛♣♣✉✐❡♥t s✉r ❞❡s s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s✱ ❧✬❛♣♣r♦❝❤❡ ♣❛r ❙❝♦r❡ ▲♦❝❛❧ ♥✬❡st ❛❜s♦❧✉✲
♠❡♥t ♣❛s ❞é❞✐é❡ à ❧❛ ❞ét❡❝t✐♦♥ ❞✬❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥ ❡♥tr❡ ❧❡s ♠❛rq✉❡✉rs ❝❡ q✉✐ ♣❡✉t êtr❡
✈✉ ❝♦♠♠❡ ✉♥ ✐♥❝♦♥✈é♥✐❡♥t✱ ❡t ❞✐s❝✉té ❞❛♥s ❧❛ ❞❡r♥✐èr❡ s❡❝t✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐tr❡✳

❆♣♣❧✐❝❛t✐♦♥ ✿ s✐ ❧❡s s✐♠✉❧❛t✐♦♥s ❡t q✉❡❧q✉❡s ✉♥❡s ❞❡ ♥♦s ❛♣♣❧✐❝❛t✐♦♥s ♦♥t ♣❡r♠✐s ❞❡
♠❡ttr❡ ❡♥ ❛✈❛♥t ❧✬✐♥térêt ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♣❛r r❛♣♣♦rt ❛✉① ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r✱
❧✬❛tt✐t✉❞❡ à ❛❞♦♣t❡r ❡♥ ♣r❛t✐q✉❡ ♥é❝❡ss✐t❡ ♥é❛♥♠♦✐♥s ♣❧✉s ❞✬❡①♣ér✐❡♥❝❡✳ ■❧ s❡ ♣❡✉t ❞❛♥s
❝❡rt❛✐♥❡s s✐t✉❛t✐♦♥s✱ q✉❡ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ♥✬❛♣♣♦rt❡ ♣❛s ♣❧✉s ❞✬✐♥❢♦r♠❛t✐♦♥ q✉❡ ❧❡s ❛♣♣r♦❝❤❡s
s✐♠♣❧❡✲♠❛rq✉❡✉r✳ ❉❛♥s ❞✬❛✉tr❡s✱ ✐❧ ♣❡✉t ❛❜♦✉t✐r à ❞❡s ❝♦♥❝❧✉s✐♦♥s t♦t❛❧❡♠❡♥t ❞✐✛ér❡♥t❡s✳
❉❛♥s ✉♥ t❡❧ ❝❛s✱ ♦♥ ♣❡✉t ❝♦♥s✐❞ér❡r q✉❡ ❧❡s ❞✐✛ér❡♥t❡s ❛♣♣r♦❝❤❡s ❛♣♣♦rt❡♥t ❞❡s rés✉❧t❛ts
❝♦♠♣❧é♠❡♥t❛✐r❡s✳ ❈❡ ❞♦♥t ♥♦✉s ♣♦✉✈♦♥s êtr❡ sûrs✱ ❝✬❡st q✉❡ ❧❡s ❞✐✛ér❡♥❝❡s ❞❡ rés✉❧t❛ts
s❡r♦♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞✉❡s ❛✉ ♣❛tt❡r♥ ❞❡ ▲❉ ❡♥tr❡ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ❡t ❧❡ ❥❡✉ ❞❡
♠❛rq✉❡✉rs ❣é♥♦t②♣és✱ ❛✐♥s✐ q✉✬à ❧✬é✈❡♥t✉❡❧❧❡ ♣r♦①✐♠✐té ❞❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳

✸✳✼ ❈♦♥❝❧✉s✐♦♥s

❈❡ ❝❤❛♣✐tr❡ ❛ été ❧✬♦❝❝❛s✐♦♥ ❞❡ ♣r♦♣♦s❡r ✉♥❡ r❡✈✐❡✇ ❞❡s ♣r✐♥❝✐♣❛❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲
❧♦❝✉s ♣✉❜❧✐é❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡ ❡t ❞❡ ❧❡s ❞✐s❝✉t❡r✳ ❯♥❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞✉ tr❛✈❛✐❧ ré❛❧✐sé
s✬❡st é❣❛❧❡♠❡♥t ❝♦♥❝❡♥tré❡ s✉r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ r❡♣♦s❛♥t s✉r ❧❛
st❛t✐st✐q✉❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧✱ ✐♥✐t✐❛❧❡♠❡♥t ✉t✐❧✐sé❡ ❞❛♥s ❧✬❛♥❛❧②s❡ ❞❡s séq✉❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s✳
❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡✱ ❧✬♦❜❥❡❝t✐❢ ❡st ❞❡ ♣r♦♣♦s❡r ✉♥ ♦✉t✐❧
s✐♠♣❧❡ ❡t r❛♣✐❞❡ ♣♦✉r ❞ét❡❝t❡r ❞❡s ré❣✐♦♥s ❣é♥♦♠✐q✉❡s ❛ss♦❝✐é❡s à ❧❛ ♠❛❧❛❞✐❡✳

❙✐ ❧❡ tr❛✈❛✐❧ ré❛❧✐sé s✉r ❝❡tt❡ ♠ét❤♦❞❡ ❡st ❝♦♥séq✉❡♥t ❡♥ t❡r♠❡ ❞❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❡t
❞✬❛♣♣❧✐❝❛t✐♦♥✱ ✐❧ r❡st❡ ♥é❛♥♠♦✐♥s ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts à ❛♣♣r♦❢♦♥❞✐r sér✐❡✉s❡♠❡♥t✳
❊♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ✐❧ ❡st ✐♠♣ér❛t✐❢ ❞❡ ❧✬❛♣♣❧✐q✉❡r ♣❧✉s ❧❛r❣❡♠❡♥t s✉r ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥
à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡ ❢❛ç♦♥ à ❛✣♥❡r ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❞✐✛ér❡♥❝❡s ♦❜✲
s❡r✈é❡s ❡♥tr❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s ❛✈❡❝ ❝❡tt❡ ♠ét❤♦❞❡✱ ❡t ❝❡✉① ♦❜t❡♥✉s ❛✈❡❝ ✉♥❡ ❛♣♣r♦❝❤❡
s✐♠♣❧❡✲♠❛rq✉❡✉r✳ ■❧ ♥♦✉s ♣❛r❛ît é❣❛❧❡♠❡♥t ✐♠♣♦rt❛♥t ❞❡ ré❛❧✐s❡r ♣❧✉s ❞❡ s✐♠✉❧❛t✐♦♥s ❛✜♥
❞✬é✈❛❧✉❡r ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❞❛♥s ❞❡s s✐t✉❛t✐♦♥s q✉✐ ✐♠♣❧✐q✉❡♥t ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❧♦❝✉s
❞❡ s✉s❝❡♣t✐❜✐❧✐té ❛✐♥s✐ q✉❡ ❞❡s ♣❛tt❡r♥s ❞❡ ▲❉ ❞✐✛ér❡♥ts✳ ■❧ ♣❡✉t ♣❛r ❛✐❧❧❡✉rs êtr❡ ✐♥tér❡ss❛♥t
❞✬✐♥té❣r❡r ❞❛♥s ❧❛ ❞é❧✐♠✐t❛t✐♦♥ ❞❡s ré❣✐♦♥s ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❞✬❛♥♥♦t❛t✐♦♥ t❡❧❧❡s q✉❡ ❧❡s ❧✐✲
♠✐t❡s ❞❡s ❣è♥❡s ♣❛r ❡①❡♠♣❧❡ ❀ à ❝❡ s✉❥❡t✱ ♦♥ ♣❡✉t ♥♦t❡r q✉❡ ❧❡ ❧♦❣✐❝✐❡❧ q✉❡ ♥♦✉s ♣r♦♣♦s♦♥s



✸✳✼✳ ❈♦♥❝❧✉s✐♦♥s ✶✸✺

♣r❡♥❞ ❞✬♦r❡s ❡t ❞é❥à ❡♥ ❝♦♠♣t❡ ❧❡s ❧✐♠✐t❡s ❡♥tr❡ ❧❡s ❝❤r♦♠♦s♦♠❡s✱ ✉♥❡ ré❣✐♦♥ à ❝❤❡✈❛❧ ❡♥tr❡
❞❡✉① ❝❤r♦♠♦s♦♠❡s ♥❡ ❝♦rr❡s♣♦♥❞❛♥t ♥❛t✉r❡❧❧❡♠❡♥t à ❛✉❝✉♥❡ ré❛❧✐té ❜✐♦❧♦❣✐q✉❡✳ ❊♥✜♥✱ ❧❡
♣r♦❝❡ss✉s ❞❡ sé❧❡❝t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ à ❧✬ét❛♣❡ ✸ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ♥✬❡st ♣❛s s❛♥s
s♦✉❧❡✈❡r ❞❡s ♣r♦❜❧è♠❡s✳ ❈❡ ♣♦✐♥t t❡❝❤♥✐q✉❡ ❡st s❛♥s ❞♦✉t❡ ♣♦✉r ♥♦✉s ❧❡ ♣❧✉s ✐♠♣♦rt❛♥t à
❛♣♣r♦❢♦♥❞✐r✳ ■❧ ❡st ❞✐s❝✉té ❛✈❡❝ ♣❧✉s ❞❡ ❞ét❛✐❧s ❞❛♥s ❧❡ ❞❡r♥✐❡r ❝❤❛♣✐tr❡ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳

❈❤❛❝✉♥❡ ❞❡s ♠ét❤♦❞❡s ♠✉❧t✐✲❧♦❝✉s q✉❡ ♥♦✉s ❛✈♦♥s é✈♦q✉é❡s ♣rés❡♥t❡ s❡s ❛✈❛♥t❛❣❡s ❡t
s❡s ✐♥❝♦♥✈é♥✐❡♥ts✳ ❈❡❧❧❡ q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥str✉✐t❡ à ♣❛rt✐r ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♥✬é❝❤❛♣♣❡ ♣❛s
à ❝❡tt❡ ❝♦♥st❛t❛t✐♦♥✳ ❆✜♥ ❞❡ ❧❛ r❡♣❧❛❝❡r ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❛❝t✉❡❧✱ ♥♦✉s ❧✬❛✈♦♥s ❛❥♦✉té❡ ❛✉
t❛❜❧❡❛✉ ❞✬é✈❛❧✉❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé ❡♥ ❞é❜✉t ❞❡ ❝❤❛♣✐tr❡ ✭✜❣✉r❡ ✸✳✶✶ ♣✳ ✶✸✻✮✳ ❉❡
❢❛ç♦♥ très ❣é♥ér❛❧❡✱ ♦♥ ♣❡✉t ❝♦♥❝❧✉r❡ q✉❡ ❝❤❛❝✉♥❡ ❞❡s ♠ét❤♦❞❡s ♠✉❧t✐✲❧♦❝✉s ❡①♣r✐♠❡ s❡s
♣❡r❢♦r♠❛♥❝❡s ♣❛r r❛♣♣♦rt à ✉♥ ❝♦♠♣r♦♠✐s ❡♥tr❡ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ tr❛✐t❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡
❞❡ ♠❛rq✉❡✉rs ❡t ❝❡❧❧❡ ❞❡ ❝♦♥s✐❞ér❡r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❡♥tr❡ ♠❛rq✉❡✉rs ❞✬♦r❞r❡ é❧❡✈é✳ ▲❛
st❛t✐st✐q✉❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♣❛r ❡①❡♠♣❧❡ ♥✬❡st ♣❛s ❛❞❛♣té❡ à ❧❛ ❞ét❡❝t✐♦♥ ❞✬✐♥t❡r❛❝t✐♦♥s✳
❊♥ ❝♦♥tr❡♣❛rt✐❡✱ ❧❛ ▼❉❘ ❛ été ❞é✈❡❧♦♣♣é❡ ❞❛♥s ❧❡ ❜✉t ❞❡ ❞ét❡❝t❡r ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❞❡
❣é♥♦t②♣❡s ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡ ♠❛✐s ♥❡ ♣❡✉t ♣❛s ❣ér❡r ✉♥ ❥❡✉ ❞❡ ❞♦♥♥é❡s ❞❡ ❧✬♦r❞r❡ ❞❡
❧❛ ❝❡♥t❛✐♥❡ ❞❡ ♠✐❧❧✐❡rs ❞❡ ♠❛rq✉❡✉rs ❡♥ t❡r♠❡s ❞❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥✳ ❯♥❡ ✐❞é❡ ♣❡✉t ❞♦♥❝
êtr❡ ❞✬❛❧❧✐❡r ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡s ❞❡✉① ♠ét❤♦❞❡s ❡♥ ✐❞❡♥t✐✜❛♥t ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s
❧❡s ré❣✐♦♥s ✐♥tér❡ss❛♥t❡s ❛✈❡❝ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❡t ❡♥ ❛♣♣❧✐q✉❛♥t ❞❛♥s ✉♥ ❞❡✉①✐è♠❡ t❡♠♣s ❧❛
▼❉❘ s✉r ❧❡s ♠❛rq✉❡✉rs ❧♦❝❛❧✐sés ❞❛♥s ❝❡s ré❣✐♦♥s✳



✶✸✻ ✸✳ ❆♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs

RL FG SA MDR FA LHiSA

Dimensions + +++ +++ + ++ +++

LD non
oui 

mais ...
non non non oui

Simplicité ++ +++ +++ + + +++

Choix des 
paramètres ++ ++ ++ + + +++

Résultats +++ +++ +++ + + +++

Interactions oui non non oui oui non

Effets 
modestes oui non non oui oui

non 
mais ...

❋✐❣✳ ✸✳✶✶ ✕ ❈r✐tèr❡s ❞✬é✈❛❧✉❛t✐♦♥ ✿ ❝♦♠♣❛r❡ ❧❡s ♣❡r❢♦r♠❛♥❝❡s ❞❡ ❝✐♥q ♠ét❤♦❞❡s ♠✉❧t✐✲
♠❛rq✉❡✉rs s✉r ❧❛ ❜❛s❡ ❞❡ s❡♣t ❝r✐tèr❡s ❞✬é✈❛❧✉❛t✐♦♥✳ ▲❡s ♠ét❤♦❞❡s s♦♥t ❧❛ ❘é❣r❡ss✐♦♥
▲♦❣✐st✐q✉❡ ✭▲❘✮✱ ❧❛ ❋❡♥êtr❡ ●❧✐ss❛♥t❡ ✭❋●✮✱ ❧❛ ❙❡t ❆ss♦❝✐❛t✐♦♥ ✭❙❆✮✱ ❧❛ ▼✉❧t✐♣❧❡ ❉✐♠❡♥✲
s✐♦♥❛r② ❘❡❞✉❝t✐♦♥ ✭▼❉❘✮✱ ❧❛ ❋♦rêt ❆❧é❛t♦✐r❡ ✭❋❆✮ ❡t ❧❛ ♠ét❤♦❞❡ r❡♣♦s❛♥t s✉r ❧❡ ❙❝♦r❡
▲♦❝❛❧ ✭▲❍✐❙❆✮✳ P❛r ❛✐❧❧❡✉rs ✭✰✮✱ ✭✰✰✮ ❡t ✭✰✰✰✮ r❡♣rés❡♥t❡♥t ✉♥❡ ♥♦t❡ ♠♦②❡♥♥❡✱ ❜♦♥♥❡
❡t très ❜♦♥♥❡ r❡s♣❡❝t✐✈❡♠❡♥t✳



✶✸✼

❈❤❛♣✐tr❡ ✹

❈♦♥❝❧✉s✐♦♥s

❆✈❡❝ ❧✬❛✈❛♥❝❡♠❡♥t ❞❡s ❝♦♥♥❛✐ss❛♥❝❡s ❡♥ ❇✐♦❧♦❣✐❡ ▼♦❧é❝✉❧❛✐r❡✱ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥
à ❣r❛♥❞❡ é❝❤❡❧❧❡ s♦♥t ❛✉❥♦✉r❞✬❤✉✐ ❞❡✈❡♥✉❡s ✐♥❝♦♥t♦✉r♥❛❜❧❡s ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ▲✬➱♣✐❞é✲
♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ♠♦❞❡r♥❡✳ ❊❧❧❡s ♦✛r❡♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ s✬✐♥tér❡ss❡r s✐♠✉❧t❛♥é♠❡♥t à
❞❡s ❝❡♥t❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ❞❡ ✈❛r✐❛♥ts ❣é♥ét✐q✉❡s ❞❛♥s ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞♦♥♥é❡✱ ❛✜♥ ❞✬✐❞❡♥✲
t✐✜❡r ❧❡s q✉❡❧q✉❡s ✈❛r✐❛♥ts ✐♠♣❧✐q✉és ❞❛♥s ❧✬❛♣♣❛r✐t✐♦♥ ❞❡ ♠❛❧❛❞✐❡s✳ ❉❡✈❛♥t ❝❡ ♣r♦❜❧è♠❡
q✉✐ ♣❡✉t êtr❡ ✐♠❛❣é ♣❛r ✏❝❤❡r❝❤❡r q✉❡❧q✉❡s ❛✐❣✉✐❧❧❡s ❞❛♥s ✉♥❡ ❜♦tt❡ ❞❡ ❢♦✐♥✑✱ ❧✬❛♣♣♦rt ❞❡
♠ét❤♦❞♦❧♦❣✐❡s ♥♦✉✈❡❧❧❡s ❡t ❛❞❛♣té❡s ♣r❡♥❞ ✉♥❡ ♣❛rt ❞❡ ♣❧✉s ❡♥ ♣❧✉s ✐♠♣♦rt❛♥t❡ ❞❛♥s
❧❛ ❧✐ttér❛t✉r❡ ❛ss♦❝✐é❡ à ❝❡ t②♣❡ ❞✬ét✉❞❡s✱ ❝♦♠♠❡ ❝❡❧❛ s✬❡st ♣r♦❞✉✐t ♣ré❝é❞❡♠♠❡♥t ♣♦✉r
❧✬❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s ✐ss✉❡s ❞❡ ❧❛ ❣é♥♦♠✐q✉❡ ❡t ❞❡ ❧❛ ♣♦st✲❣é♥♦♠✐q✉❡✳ ❈❡tt❡ t❤ès❡ s✬✐♥s❝r✐t
❞❛♥s ❝❡ ❝♦♥t❡①t❡ ✿ ❧✬♦❜❥❡❝t✐❢ à ❧✬♦r✐❣✐♥❡ ❡st ❞❡ ré♣♦♥❞r❡ ❛✉① ♣r♦❜❧é♠❛t✐q✉❡s st❛t✐st✐q✉❡s
s♦✉❧❡✈é❡s ♣❛r ❧✬✐♥❞✉str✐❡❧ ❙❡r♦♥♦ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❞❡ r❡❝❤❡r❝❤❡ ♥♦✉✈❡❛✉ ♣♦✉r ❧❡ ❧❛❜♦r❛✲
t♦✐r❡ ❙t❛t✐st✐q✉❡ ❡t ●é♥♦♠❡ ✿ ▲✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡✳ ❈❡ tr❛✈❛✐❧ s✬❡st ❞♦♥❝ ❞✬❛❜♦r❞
tr❛❞✉✐t ♣❛r ✉♥❡ r❡❝❤❡r❝❤❡ ❜✐❜❧✐♦❣r❛♣❤✐q✉❡ ❝♦♥séq✉❡♥t❡✱ ♣❡r♠❡tt❛♥t ❞❡ ♣♦✐♥t❡r ❧✬❡♥s❡♠❜❧❡
❞❡s t❤é♠❛t✐q✉❡s ❛ss♦❝✐é❡s ❛✉① ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡✳ P❛r❛❧❧è❧❡♠❡♥t✱ ♥♦✉s ♥♦✉s
s♦♠♠❡s ❡✛♦r❝és ❞❡ ♣r♦♣♦s❡r ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ♠ét❤♦❞♦❧♦❣✐q✉❡ ♣❡rt✐♥❡♥t✱ s✉♣♣♦rté ♣❛r
❧❛ ♠✐s❡ à ❞✐s♣♦s✐t✐♦♥ ❛✉ s❡✐♥ ❞❡ ❧❛ ❝♦♠♠✉♥❛✉té ❞❡s ❛❧❣♦r✐t❤♠❡s ❝♦rr❡s♣♦♥❞❛♥ts✳

❈❡ ❝❤❛♣✐tr❡ ♣♦rt❡ ♥❛t✉r❡❧❧❡♠❡♥t s✉r ❧❡s ❝♦♥❝❧✉s✐♦♥s ❞❡ ❝❡tt❡ t❤ès❡ ❡♥ r❡♣r❡♥❛♥t ❧✬❡♥✲
s❡♠❜❧❡ ❞❡s ❛s♣❡❝ts ✐♠♣♦rt❛♥ts ♠❛✐s ✐❧ ❡st é❣❛❧❡♠❡♥t ❧✬♦❝❝❛s✐♦♥ ❞✬é✈♦q✉❡r ❧❡s ❞✐✛ér❡♥t❡s
♣❡rs♣❡❝t✐✈❡s s❝✐❡♥t✐✜q✉❡s q✉✬❡❧❧❡ ♦✉✈r❡✳ ❊♥✜♥ ♥♦✉s ❝❧ôt✉r♦♥s ❝❡ ♠❛♥✉s❝r✐t ♣❛r ✉♥❡ ❞✐s❝✉s✲
s✐♦♥ ❣é♥ér❛❧❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ❛✐♥s✐ q✉✬✉♥❡ ♦✉✈❡rt✉r❡ s✉r ❧❡s ❜é♥é✲
✜❝❡s ❝❡rt❛✐♥s ❛♣♣♦rtés ♣❛r ❧✬✐♥té❣r❛t✐♦♥ ❡♥ ➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ❞❡ t❤é♠❛t✐q✉❡s ❧✐é❡s
à ❧✬ét✉❞❡ ❞❡s ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❡t ♣♦st✲❣é♥♦♠✐q✉❡s✳



✶✸✽ ✹✳ ❈♦♥❝❧✉s✐♦♥s

✹✳✶ ❈♦♥❝❧✉s✐♦♥s ❣é♥ér❛❧❡s

▲✬✉♥❡ ❞❡s ❛♠❜✐t✐♦♥s ❞❡ ❝❡ ♠❛♥✉s❝r✐t ❡st ❞❡ ❝♦♥st✐t✉❡r ✉♥❡ ❧❡❝t✉r❡ ❞❡ ré❢ér❡♥❝❡ ♣♦✉r
q✉✐❝♦♥q✉❡ ✈♦✉❞r❛✐t ❢❛✐r❡ ✉♥ ♣r❡♠✐❡r ♣❛s ❞❛♥s ❧✬❛♥❛❧②s❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲
✇✐❞❡✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❡♥ r❡♥❞ ♣❛rt✐❝✉❧✐èr❡♠❡♥t ❝♦♠♣t❡✳ ❊♥ ♣❧✉s ❞❡ r❛♣♣❡❧❡r ❧❡s ♣ré❝❡♣t❡s
st❛t✐st✐q✉❡s ❡t ❣é♥ét✐q✉❡s ❢♦♥❞❛♠❡♥t❛✉① ❡t ♥é❝❡ss❛✐r❡s à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❝❡tt❡ t❤ès❡✶✱
♥♦✉s ❛✈♦♥s ❛❜♦r❞é ▲✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ❡♥ é✈♦q✉❛♥t ❡t ❞✐s❝✉t❛♥t ❧❡s ❞✐✛ér❡♥ts
❞❡s✐❣♥s ❞✬ét✉❞❡ ♣♦ss✐❜❧❡s✷✱ ❛✐♥s✐ q✉❡ ❧❡✉r ❞ér♦✉❧❡♠❡♥t✱ ❞❡ ❧❛ ❣é♥ér❛t✐♦♥ ❞❡s ❞♦♥♥é❡s à ❧❛
❢♦r♠✉❧❛t✐♦♥ ❡t ❧❛ ❝♦♥✜r♠❛t✐♦♥ ❞✬❤②♣♦t❤ès❡s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♥♦✉s ❛✈♦♥s ✈♦✉❧✉ s♦✉❧✐❣♥❡r
❧❡s ♣r♦❜❧è♠❡s q✉❡ s♦✉❧è✈❡ ❧❡ ♣r✐♥❝✐♣❡ ❞❡ ré♣❧✐❝❛t✐♦♥✱ ✐♥❡①tr✐❝❛❜❧❡♠❡♥t ❧✐és à ❧❛ q✉❛❧✐té
❞❡s ❞♦♥♥é❡s ❡t ❞❡s rés✉❧t❛ts✳ ▲❡ ♠❛♥q✉❡ ❞❡ ♣✉✐ss❛♥❝❡✱ ❧❡ t❡st✲♠✉❧t✐♣❧❡✱ ❧❡s ❡rr❡✉rs ❞❡
❣é♥♦t②♣❛❣❡s✱ ❧❡s ✈❛❧❡✉rs ♠❛♥q✉❛♥t❡s ❡t ❧❛ str❛t✐✜❝❛t✐♦♥ é✈❡♥t✉❡❧❧❡ ❞❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ s♦♥t
❛✉t❛♥t ❞❡ ❢❛❝t❡✉rs à ♣r❡♥❞r❡ ❡♥ ❝♦♥s✐❞ér❛t✐♦♥ ❛✉ ♠♦♠❡♥t ❞❡ ❧✬❛♥❛❧②s❡ ❞❡ ❢❛ç♦♥ à ♣♦✉✈♦✐r
r❡♥❞r❡ ❝♦♠♣t❡ ❞❡ ❧❛ ✈❛❧✐❞✐té ❡t ❞❡ ❧❛ ✜❛❜✐❧✐té ❞❡s rés✉❧t❛ts ♦❜t❡♥✉s✳

▲❡ ❝♦r♣s ❞❡ ❝❡ ♠❛♥✉s❝r✐t t♦✉r♥❡ ❛✉t♦✉r ❞❡s ❞❡✉① ❣r❛♥❞s ❛①❡s ❞❡ ❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡
❞❡ ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ✿ ❧✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r ❡t ❧✬❛♥❛❧②s❡ ♠✉❧t✐✲♠❛rq✉❡✉rs✳

▲✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r ✈✐s❡ à ✐❞❡♥t✐✜❡r ❧❡s ♠❛rq✉❡✉rs ❛ss♦❝✐és à ❧❛ ♠❛❧❛❞✐❡ ❡♥
❧❡✉r ❛♣♣❧✐q✉❛♥t ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t ❧❡ ♠ê♠❡ t❡st ❞✬❛ss♦❝✐❛t✐♦♥✳ ❇✐❡♥ q✉❡ ❧✬❡✣❝❛❝✐té ❞✬✉♥❡
t❡❧❧❡ str❛té❣✐❡ ♣✉✐ss❡ êtr❡ r❡♠✐s❡ ❡♥ q✉❡st✐♦♥ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ♠❛❧❛❞✐❡s ❝♦♠♣❧❡①❡s✱
❧✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r r❡st❡ ❡♥ ♣r❛t✐q✉❡ ❧✬❛♣♣r♦❝❤❡ ♣r✐✈✐❧é❣✐é❡✳ ❆ ♣r❡♠✐èr❡ ✈✉❡ t♦✉t
à ❢❛✐t tr✐✈✐❛❧❡✱ ❡❧❧❡ s♦✉❧è✈❡ ♥é❛♥♠♦✐♥s ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♣r♦❜❧é♠❛t✐q✉❡s✳ ❆✉ r❡❣❛r❞
❞✉ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ♠❛rq✉❡✉rs à t❡st❡r ❡t ❞❡s ❡✛❡ts ♠♦❞❡st❡s q✉❡ ❧✬♦♥ ❝❤❡r❝❤❡ à ❞é✲
t❡❝t❡r✱ ✐❧ ❡st ✐♠♣♦rt❛♥t q✉❡ ❧✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r s♦✐t ♠❡♥é❡ ❛✈❡❝ ♣ré❝❛✉t✐♦♥ q✉❛♥t
❛✉① ♣♦ss✐❜❧❡s ❜✐❛✐s q✉✐ ♣❡✉✈❡♥t ❛✛❡❝t❡r ❧❛ q✉❛❧✐té ❞❡s rés✉❧t❛ts✳ ❖✉tr❡ ❞❡s ❝♦♥s✐❞ér❛t✐♦♥s
❞✬♦r❞r❡ st❛t✐st✐q✉❡ t❡❧s q✉❡ ❧❛ ♥❛t✉r❡ ❞✉ t❡st ✉t✐❧✐sé ♣♦✉r t❡st❡r ❧❛ ♠ê♠❡ ❤②♣♦t❤ès❡ ♥✉❧❧❡✸✱
❧❡ ♠♦❞❡ ❞✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ p✲✈❛❧✉❡✹ ❡t ❧❡ ♠♦❞è❧❡ ❞✬é❝❤❛♥t✐❧❧♦♥♥❛❣❡ ✉t✐❧✐sé✺✱ ♥♦✉s ❛✈♦♥s ✈✉
q✉✬✐❧ ❡①✐st❛✐t ❞✐✛ér❡♥ts t❡sts ❝♦♥str✉✐ts s✉r ❞❡s ❤②♣♦t❤ès❡s ♥✉❧❧❡s ❡t ❛❧t❡r♥❛t✐✈❡s s❡♥s✐❜❧❡✲
♠❡♥t ❞✐✛ér❡♥t❡s✳ ▲❡s t❡sts ❣é♥♦t②♣✐q✉❡ ❡t ❛❧❧é❧✐q✉❡ ❝❤❡r❝❤❡♥t à ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ✉♥❡
❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ♦✉ ❛❧❧é❧✐q✉❡s ♦❜s❡r✈é❡s ❡t ❝❡❧❧❡s ❛tt❡♥❞✉❡s
s♦✉s ❧✬❤②♣♦t❤ès❡ ❞✬✐♥❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ✉♥ ♠❛rq✉❡✉r ❡t ❧❛ ♠❛❧❛❞✐❡✳ ▲❡ t❡st ❞❡ t❡♥❞❛♥❝❡
♣r❡♥❞ ❡♥ ❝♦♠♣t❡ ✉♥ ♦r❞r❡ ❞❛♥s ❧❡s ❣é♥♦t②♣❡s ❡t s✉♣♣♦s❡ q✉❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬êtr❡ ❛✛❡❝té
❛✉❣♠❡♥t❡ ❧✐♥é❛✐r❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞✬❛❧❧è❧❡s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✭♠♦❞è❧❡ ❛❞❞✐t✐❢✮✳ ❊♥✜♥✱ ❧❡
t❡st ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ s✬❛♣♣✉✐❡ s✉r ❧❛ ❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ♦❜s❡r✈é❡ ❝❤❡③ ❧❡s
❝❛s✳ ❉❡✈❛♥t ❝❡tt❡ ❧✐st❡ ♥♦♥ ❡①❤❛✉st✐✈❡ ❞❡ t❡sts ♣♦ss✐❜❧❡s✱ ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r q✉❡❧❧❡ str❛✲
té❣✐❡ ✐❧ ❝♦♥✈✐❡♥t ❞❡ ♠❡ttr❡ ❡♥ ♣❧❛❝❡✳ P♦✉r ❝❡❧❛✱ ♥♦✉s ❛✈♦♥s ré❛❧✐sé ✉♥❡ ét✉❞❡ ❞❡ ♣✉✐ss❛♥❝❡ ❀
à ❝❡tt❡ ♦❝❝❛s✐♦♥ ♥♦✉s ❛✈♦♥s ❞é✜♥✐ ✉♥ ♠♦❞è❧❡ ❣é♥ét✐q✉❡ ❞❡ ❢❛ç♦♥ ♦❜t❡♥✐r ❞❡s ❛❧t❡r♥❛t✐✈❡s
ré❛❧✐st❡s✱ ❡t ♥♦✉s ❛✈♦♥s ❞✐s❝✉té ❞✐✛ér❡♥ts ❝❛❞r❡s st❛t✐st✐q✉❡s ♣❡r♠❡tt❛♥t ❞✬❛♣♣r♦❝❤❡r ❧❛

✶t❡❧s q✉❡ ❧❡ t❡st ❞✬❤②♣♦t❤ès❡✱ ❧❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡t ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣
✷❢❛♠✐❧✐❛❧❡✴❝❛s✲té♠♦✐♥s✱ ❧✐❛✐s♦♥✴❛ss♦❝✐❛t✐♦♥✱ ❣è♥❡s✲❝❛♥❞✐❞❛ts✴❣❡♥♦♠❡✲✇✐❞❡
✸t❡st ❞❡ s❝♦r❡✱ t❡st ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ♦✉ t❡st ❞❡ ❲❛❧❞
✹❛s②♠♣t♦t✐q✉❡✱ ❡♠♣✐r✐q✉❡ ♦✉ ❡①❛❝t
✺t❡st ❝♦♥❞✐t✐♦♥♥❡❧✱ ♥♦♥✲❝♦♥❞✐t✐♦♥♥❡❧



✹✳✶✳ ❈♦♥❝❧✉s✐♦♥s ❣é♥ér❛❧❡s ✶✸✾

❞✐str✐❜✉t✐♦♥ ❞❡s st❛t✐st✐q✉❡s ❝♦♥s✐❞éré❡s s♦✉s ❝❡s ❛❧t❡r♥❛t✐✈❡s✳ ❆ tr❛✈❡rs ♥♦tr❡ ét✉❞❡ ❞❡
♣✉✐ss❛♥❝❡✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧✬❡✣❝❛❝✐té ❞❡ ❝❤❛q✉❡ t❡st ❞é♣❡♥❞ ♥❛t✉r❡❧❧❡♠❡♥t ❞✉ ♠♦❞è❧❡
❣é♥ét✐q✉❡ s♦✉s✲❥❛❝❡♥t✳ ❈❡✉①✲❝✐ ♥✬ét❛♥t ❡♥ ♣r❛t✐q✉❡ ♣❛s ❝♦♥♥✉s✱ ✉♥❡ str❛té❣✐❡ sé❞✉✐s❛♥t❡
❝♦♥s✐st❡ ❛❧♦rs à ❝♦♠❜✐♥❡r ❝❡s t❡sts ♦✉ ❧❡s st❛t✐st✐q✉❡s ❝♦rr❡s♣♦♥❞❛♥t❡s ❞❛♥s ❧❡ ❜✉t ❞✬♦❜✲
t❡♥✐r ❧❛ ♠❡✐❧❧❡✉r❡ ♣✉✐ss❛♥❝❡ ❡♥ t♦✉t❡ ❝✐r❝♦♥st❛♥❝❡✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞❡ ♠ét❛✲st❛t✐st✐q✉❡s✳
❙✐ ♥♦✉s ❛✈♦♥s ♦❜s❡r✈é q✉❡ ❝❡tt❡ str❛té❣✐❡ ♥✬❡st ❧❛ ♠❡✐❧❧❡✉r❡ ❞❛♥s ❛✉❝✉♥❡ ❞❡s ❛❧t❡r♥❛t✐✈❡s
❝♦♥s✐❞éré❡s✱ ❡❧❧❡ ♣❡r♠❡t ❡♥ r❡✈❛♥❝❤❡ ❞✬❛tt❡✐♥❞r❡ ✉♥ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ ✐♥t❡r♠é❞✐❛✐r❡ ❡t
s♦✉✈❡♥t ♣❧✉tôt ♣r♦❝❤❡ ❞✉ t❡st ❧❡ ♣❧✉s ♣✉✐ss❛♥t✳ ▼❛✐s ❞✉ ❢❛✐t ❞❡ ❧❛ ❞é♣❡♥❞❛♥❝❡ ❡♥tr❡ ❧❡s
❞✐✛ér❡♥t❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥✱ ❝♦♥str✉✐r❡ ✉♥ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ s✉r ❧❛ ❜❛s❡ ❞✬✉♥❡
❝♦♠❜✐♥❛✐s♦♥ ❞❡ t❡sts ♦✉ ❞❡ st❛t✐st✐q✉❡s ♥é❝❡ss✐t❡ ❞✬❡st✐♠❡r ❧❛ p✲✈❛❧✉❡ ❛✈❡❝ ♣ré❝❛✉t✐♦♥ ✿ ♦♥
♣♦✉rr❛ ♦❜t❡♥✐r ❧❛ ❞✐str✐❜✉t✐♦♥ s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ❞❡ ❝❡s ♠ét❛✲st❛t✐st✐q✉❡s ♣❛r ▼♦♥t❡✲
❈❛r❧♦ ♦✉ é❣❛❧❡♠❡♥t✱ ❞❛♥s ❧❡ ❝❛s ❞❡ ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❞❡ st❛t✐st✐q✉❡s✱ ♣❛r ❧❛ ❋♦r♠❡
◗✉❛❞r❛t✐q✉❡ ✐♥tr♦❞✉✐t❡ ❧♦rs ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡✳

P❛r ❛✐❧❧❡✉rs✱ ✉♥ t❤è♠❡ ❡♥ ✜❧✐❣r❛♥❡ t♦✉t ❛✉ ❧♦♥❣ ❞❡ ❧❛ ♣r❡♠✐èr❡ ♠♦✐t✐é ❞✉ ♠❛♥✉s❝r✐t
tr❛✐t❡ ❞❡ ❧✬✉t✐❧✐s❛t✐♦♥ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❞é✈✐❛t✐♦♥s ♦❜s❡r✈é❡s ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❞❛♥s ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥✳ ◆♦✉s ❛✈♦♥s ✈✉ ❡♥ ✐♥tr♦❞✉❝t✐♦♥ q✉✬✉♥❡
❞é✈✐❛t✐♦♥ ❝❤❡③ ❧❡s té♠♦✐♥s ♣❡✉t s♦✉❧✐❣♥❡r ❞❡s ❡rr❡✉rs ❞❡ ❣é♥♦t②♣❛❣❡ ❝❡ q✉✐ ❢❛✐t ❞✉ t❡st
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❧❡ ♠♦②❡♥ ❧❡ ♣❧✉s s✐♠♣❧❡ ❞❡ tr❛✐t❡r ❝❡ ♣r♦❜❧è♠❡✳ ❉❛♥s ❧❡ ❝❤❛♣✐tr❡ ✷✱
♥♦✉s ❛✈♦♥s ❝♦♥st❛té q✉✬✉♥❡ ❞é✈✐❛t✐♦♥ ❝❤❡③ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♠❜✐♥é❡ ❞❡s ❝❛s ❡t ❞❡s té♠♦✐♥s
♣❡✉t r❡♠❡ttr❡ ❝♦♠♣❧èt❡♠❡♥t ❡♥ ❝❛✉s❡ ❧❛ ✈❛❧✐❞✐té ❞✉ t❡st ❛❧❧é❧✐q✉❡ ❡t q✉✬✉♥❡ ❞é✈✐❛t✐♦♥ ❝❤❡③
❧❡s ❝❛s ✉♥✐q✉❡♠❡♥t ♣❡r♠❡t ❞❡ ❞ét❡❝t❡r ❞❡ ❧✬❛ss♦❝✐❛t✐♦♥ ❡t ❞✬❛✉❣♠❡♥t❡r ❧❛ ♣✉✐ss❛♥❝❡ ❞❡s
❛✉tr❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥✱ ❝♦♥❞✐t✐♦♥♥❡❧❧❡♠❡♥t ❛✉ ❢❛✐t q✉❡ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡
❡st à ❧✬éq✉✐❧✐❜r❡✳ P❛r ❝♦♥séq✉❡♥t ❧✬❛♥❛❧②s❡ ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❞❛♥s ✉♥ ❥❡✉
❞❡ ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♣❡✉t à ❧❛ ❢♦✐s r❡♥❢♦r❝❡r ❧✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r t♦✉t ❝♦♠♠❡
❧❛ r❡♠❡ttr❡ ❡♥ ❝❛✉s❡✳ ▲❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♣♦✉rr❛✐❡♥t t✐r❡r ❛✈❛♥t❛❣❡✉s❡♠❡♥t ♣❛rt✐
❞✬✉♥ r❛♣♣♦rt ♣❧✉s s②sté♠❛t✐q✉❡ ❞❡s ❝❡s ✐♥❢♦r♠❛t✐♦♥s ❡♥ t❡r♠❡s ❞❡ q✉❛❧✐té ❞❡s rés✉❧t❛ts✳
❈♦♥❝❡r♥❛♥t ❧❛ ✈❛❧✐❞✐té ❞✉ t❡st ❛❧❧é❧✐q✉❡✱ ✉♥❡ ❢❛ç♦♥ s✐♠♣❧❡ ❞❡ ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✉♥❡
❞é✈✐❛t✐♦♥ ♣❛r r❛♣♣♦rt à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❡st ❞✬✉t✐❧✐s❡r ✉♥ t❡st q✉✐ ♥❡ ❢❛✐t ♣❛s
❞✬❤②♣♦t❤ès❡ s✉r ❧✬❛♣♣❛r✐❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t ❡♥tr❡ ❧❡s ❛❧❧è❧❡s t❡❧s q✉❡ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡
♦✉ ❧❡ t❡st ❛❧❧é❧✐q✉❡ ♥♦♥✲❜✐❛✐sé q✉❡ ♥♦✉s ❛✈♦♥s ♣r♦♣♦sé s♦✉s ✉♥❡ ❞é❝❧✐♥❛✐s♦♥ ❞❡ t❡st ❡①❛❝t✳

❆✉ r❡❣❛r❞ ❞❡s r❡❧❛t✐♦♥s q✉✬❡♥tr❡t✐❡♥♥❡♥t ❧❡s ♠❛rq✉❡✉rs ❡t ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱
à s❛✈♦✐r ♣r✐♥❝✐♣❛❧❡♠❡♥t ❧✬❛ss♦❝✐❛t✐♦♥ ❛❧❧é❧✐q✉❡ rés✉❧t❛♥t ❞✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❛✐♥s✐
q✉❡ ❞✬é✈❡♥t✉❡❧s ❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥✱ ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r ❛♣♣❛r❛✐ss❡♥t ❧✐♠✐té❡s
♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ t♦✉t❡ ❧❛ ❝♦♠♣❧❡①✐té s♦✉s✲❥❛❝❡♥t❡ ❛✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s✳ ▲❡s st❛✲
t✐st✐❝✐❡♥s ❡t ❧❡s ✐♥❢♦r♠❛t✐❝✐❡♥s s❡ s♦♥t ❞♦♥❝ ♣❡♥❝❤és s✉r ❞❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs
q✉✐ ♥❡ s♦♥t ❝❡♣❡♥❞❛♥t ♣❛s s❛♥s ♣♦s❡r ❞❡s ♣r♦❜❧è♠❡s ♠ét❤♦❞♦❧♦❣✐q✉❡s é✈✐❞❡♥t ❧✐és à ❧❛
❞✐♠❡♥s✐♦♥ ❞❡s ❞♦♥♥é❡s ❡t ❛✉ ♥✐✈❡❛✉ ❞❡ ❝♦♠♣❧❡①✐té q✉❡ ❧✬♦♥ ✈❡✉t ♣♦✉✈♦✐r tr❛✐t❡r✳ ◆♦✉s
❛✈♦♥s ❞✐st✐♥❣✉é ❞❡✉① ❢❛♠✐❧❧❡s ❞✬❛♣♣r♦❝❤❡s ✿ ❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♣♦✐♥ts q✉✐ ❝♦♥s✐❞èr❡♥t
♣❧✉s✐❡✉rs ♠❛rq✉❡✉rs ❝♦♥t✐❣✉s ❞❛♥s ❧❡ ❜✉t ❞✬❛♠é❧✐♦r❡r ❧❛ ❞ét❡❝t✐♦♥ ♦✉ ❧❛ ❧♦❝❛❧✐s❛t✐♦♥ ❞✬✉♥
❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ❡t ❧❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲❧♦❝✉s q✉✐ ❝♦♥s✐❞èr❡♥t ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ♠❛r✲
q✉❡✉rs ❞❛♥s ❧❡ ❜✉t ❞✬✐❞❡♥t✐✜❡r ♣❧✉s✐❡✉rs ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✱ ♣♦t❡♥t✐❡❧❧❡♠❡♥t ❞✐st❛♥ts✳
❈✬❡st à ❝❡s ❞❡r♥✐èr❡s q✉❡ ♥♦✉s ♥♦✉s s♦♠♠❡s ✐♥tér❡ssés✳ ▲❡s ❛♣♣r♦❝❤❡s ♣❛r ré❣r❡ss✐♦♥ ❧♦✲
❣✐st✐q✉❡✱ ♣❛r s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s✱ ❝♦♠❜✐♥❛t♦✐r❡s ❡t ♣❛r ♣❛rt✐t✐♦♥♥❡♠❡♥ts ré❝✉rs✐❢s q✉❡



✶✹✵ ✹✳ ❈♦♥❝❧✉s✐♦♥s

♥♦✉s ❛✈♦♥s é✈♦q✉é❡s ❝♦♥st✐t✉❡♥t ❧❡s ♣r✐♥❝✐♣❛❧❡s s♦❧✉t✐♦♥s ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳
◆♦✉s ♣r♦♣♦s♦♥s ✉♥❡ ♥♦✉✈❡❧❧❡ ♠ét❤♦❞❡ q✉✐ s✬❛♣♣✉✐❡ s✉r ❧❛ st❛t✐st✐q✉❡s ❞✉ ❙❝♦r❡ ▲♦❝❛❧
❛ss✐♠✐❧é❡ ❛✉① ❛♣♣r♦❝❤❡s ♣❛r s♦♠♠❡s ❞❡ st❛t✐st✐q✉❡s✳ ❊❧❧❡ ❛ été ❞é✈❡❧♦♣♣é❡ à ♣❛rt✐r ❞❡ ❧❛
✈♦❧♦♥té ❞✬❡✛❡❝t✉❡r s✉r ✉♥❡ ❝❡♥t❛✐♥❡ ❞❡ ♠✐❧❧✐❡rs ❞❡ ♠❛rq✉❡✉rs ❝❡ q✉❡ ❧✬♦❡✐❧ ré❛❧✐s❡ ✐♥t✉✐t✐✲
✈❡♠❡♥t s✉r ✉♥❡ ❝❡♥t❛✐♥❡ ✿ ✐❞❡♥t✐✜❡r ❞❡s ❛❝❝✉♠✉❧❛t✐♦♥s ❞❡ ✈❛❧❡✉rs é❧❡✈é❡s ❞❛♥s ❧❡ s✐❣♥❛❧
❞✬❛ss♦❝✐❛t✐♦♥✳ ❉❡ t❡❧❧❡s ❛❝❝✉♠✉❧❛t✐♦♥s ♣❡✉✈❡♥t êtr❡ ❞✉❡s ❛✉ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ♦✉ à
✉♥❡ ❛❣ré❣❛t✐♦♥ ❧♦❝❛❧❡ ❞❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳ Pr♦❝é❞❛♥t ❛✐♥s✐✱ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ♣❡r♠❡t
❞✬é❧❡✈❡r ❧✬✉♥✐té ❞❡ ❧✬❛♥❛❧②s❡ ❞✉ ♠❛rq✉❡✉r à t♦✉t❡ ✉♥❡ ré❣✐♦♥✱ ❞♦♥t ❧❛ t❛✐❧❧❡ ♥✬❡st ♣❛s ✜①é❡
à ❧✬❛✈❛♥❝❡✳ ■❧ sé❧❡❝t✐♦♥♥❡ ❛✉ ✜♥❛❧ ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ré❣✐♦♥s s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❛ss♦❝✐é❡s à ❧❛
♠❛❧❛❞✐❡✱ q✉✐ ♣♦✉rr♦♥t êtr❡ ♣❛r ❧❛ s✉✐t❡ ét✉❞✐é❡s ❛✈❡❝ ♣❧✉s ❞❡ ♣ré❝✐s✐♦♥✳ ❈♦♠♣❛ré ❛✉① ❛✉tr❡s
❛♣♣r♦❝❤❡s✱ ✐❧ ❡st ❝❧❛✐r q✉❡ ❝❤❛❝✉♥❡ ♣♦ssè❞❡ s❡s ❛✈❛♥t❛❣❡s ❡t ✐♥❝♦♥✈é♥✐❡♥ts✱ ❢❛✈♦r✐s❛♥t ❡♥
❣é♥ér❛❧ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ tr❛✐t❡r ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞♦♥♥é❡s ♦✉ ✉♥ ❞❡❣ré ❞❡ ❝♦♠♣❧❡①✐té
é❧❡✈é✳ ■❧ ♥✬❡st ♣❛s ✈r❛✐♠❡♥t ♣♦ss✐❜❧❡ ❞❡ ❝♦♠♣❛r❡r ❧❡✉r ♣❡r❢♦r♠❛♥❝❡s r❡s♣❡❝t✐✈❡s✳ ▲❡ ❙❝♦r❡
▲♦❝❛❧ ♣❛r ❡①❡♠♣❧❡ ♥✬❛ ♣❛s ♣♦✉r ♦❜❥❡❝t✐❢ ❞✬✐❞❡♥t✐✜❡r ❞❡s ✐♥t❡r❛❝t✐♦♥s ❡♥tr❡ ❧❡s ❧♦❝✉s✳ ❖♥
♣❡✉t ♥é❛♥♠♦✐♥s ♣❡♥s❡r q✉❡ ❧❡s ré❣✐♦♥s ✐❞❡♥t✐✜é❡s ♣❛r ❝❡tt❡ ♠ét❤♦❞❡ ✐♠♣❧✐q✉❡♥t ❞❡s ❧♦✲
❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✐♥t❡r❛❣✐ss❛♥t ❧❡s ✉♥s ❛✈❡❝ ❧❡s ❛✉tr❡s q✉✐ ♣♦✉rr❛✐❡♥t êtr❡ ✐❞❡♥t✐✜és ❡♥
❛♣♣❧✐q✉❛♥t ❧❛ ▼❉❘ à ❧❛ s✉✐t❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧✳

▲❡s ❞❡✉① ♣r✐♥❝✐♣❛✉① ❛①❡s ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ à s❛✈♦✐r ❧❡s ❛♣♣r♦❝❤❡s s✐♠♣❧❡✲♠❛rq✉❡✉r
❡t ♠✉❧t✐✲♠❛rq✉❡✉rs ♣❡✉✈❡♥t ♣❛r❛îtr❡ ❛✉ ♣r❡♠✐❡r ❛❜♦r❞ ❞é❝♦♥♥❡❝té❡s✳ ❊♥ ré❛❧✐té✱ ❧❡s ❛♣✲
♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs ❞é♣❡♥❞❡♥t é♥♦r♠é♠❡♥t ❞❡ ❧❛ str❛té❣✐❡ ❛❞♦♣té❡ ❡♥ s✐♠♣❧❡✲♠❛rq✉❡✉r✳
❉é❥à ♣❛r❝❡ q✉✬✉♥❡ ♣❛rt✐❡ ❞❡s ♠ét❤♦❞❡s ❝♦♥s✐❞ér❛♥t ♣❧✉s✐❡✉rs ♠❛rq✉❡✉rs s✐♠✉❧t❛♥é♠❡♥t ♥❡
♣❡✉✈❡♥t ♣❛s ❣ér❡r ❧❡ ♥♦♠❜r❡ ✐♠♣♦rt❛♥t ❞❡ ♠❛rq✉❡✉rs à tr❛✐t❡r✳ ▲✬❛♥❛❧②s❡ s✐♠♣❧❡✲♠❛rq✉❡✉r
♣❡✉t ❛❧♦rs êtr❡ ✈✉❡ ❝♦♠♠❡ ✉♥❡ ♣ré✲sé❧❡❝t✐♦♥ ❞❡s ♠❛rq✉❡✉rs à ❝♦♥s✐❞ér❡r ♣❛r ❧❛ s✉✐t❡✳ ❊♥✲
s✉✐t❡ ♣❛r❝❡ q✉❡ ❝❡rt❛✐♥❡s ♠ét❤♦❞❡s t❡❧❧❡s q✉❡ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ r❡♣♦s❡♥t ❞✐r❡❝t❡♠❡♥t s✉r
❧❡ t❡st ❞✬❛ss♦❝✐❛t✐♦♥ ❝❤♦✐s✐ ❡♥ s✐♠♣❧❡✲♠❛rq✉❡✉r✳ ▲❛ ♣❡rt✐♥❡♥❝❡ ❡t ❧❛ ✈❛❧✐❞✐té ❞❡ ❧✬❛♥❛❧②s❡
s✐♠♣❧❡✲♠❛rq✉❡✉r ❛ ❞♦♥❝ t♦✉t❡s ❧❡s ❝❤❛♥❝❡s ❞✬✐♥✢✉❡♥❝❡r ♣❛r ❧❛ ♠ê♠❡ ♦❝❝❛s✐♦♥ ❧✬❡✣❝❛❝✐té
❞❡s ❛♣♣r♦❝❤❡s ♠✉❧t✐✲♠❛rq✉❡✉rs✳

◗✉❡❧❧❡ q✉❡ s♦✐t ❧❛ str❛té❣✐❡ r❡t❡♥✉❡✱ ❧✬❛♥❛❧②s❡ st❛t✐st✐q✉❡ ❞❡s ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♥é✲
❝❡ss✐t❡ ❞✬❡✛❡❝t✉❡r ✉♥ ♥♦♠❜r❡ ❝♦♥séq✉❡♥t ❞❡ t❡sts✳ ❉é❝✐❞❡r ❞✉ s❡✉✐❧ ❞❡ r❡❥❡t ❞❡ ❧✬❤②♣♦t❤ès❡
♥✉❧❧❡ à ♣❛rt✐r ❞✉ ❝♦♥trô❧❡ ❞✉ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❛ss♦❝✐é à ❝❤❛q✉❡ t❡st ✐♥❞✐✈✐❞✉❡❧❧❡✲
♠❡♥t ♥✬❡st ♣❛s ❛❞❛♣té ❡t ❡♥tr❛î♥❡ ✉♥ ♥♦♠❜r❡ tr♦♣ ✐♠♣♦rt❛♥t ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❧♦rsq✉✬✐❧s
s♦♥t ❝♦♥trô❧és ❛✉ ♥✐✈❡❛✉ tr❛❞✐t✐♦♥♥❡❧ ❞❡ ✺✪✳ ■❧ s✬❛❣✐t ❞✉ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡✳ ❯♥❡
ré♣♦♥s❡ à ❝❡ ♣r♦❜❧è♠❡ ❝♦♥s✐st❡ à ❝♦♥trô❧❡r ❞✬❛✉tr❡s q✉❛♥t✐tés st❛t✐st✐q✉❡s r❡❧❛t✐✈❡s à ❧❛ ❢❛✲
♠✐❧❧❡ ❞❡ t❡sts ré❛❧✐sés✳ ▲❡ ❋❲❊❘ ❝♦♥trô❧❡ ❧❛ ♣r♦❜❛❜✐❧✐té ❞✬♦❜t❡♥✐r ❛✉ ♠♦✐♥s ✉♥ ❢❛✉①✲♣♦s✐t✐❢✳
▲❡ ❋❉❘ ❝♦♥trô❧❡ ❧❛ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ❞❛♥s ❧✬❡♥s❡♠❜❧❡ ❞❡s ♣♦s✐t✐❢s✳ ▲✬✉t✐❧✐s❛t✐♦♥
❞❡ ❧✬✉♥ ♦✉ ❞❡ ❧✬❛✉tr❡ ❞é♣❡♥❞ ❡♥ ❢❛✐t ❞❡ ❧❛ q✉❡st✐♦♥ ♣♦sé❡✳ ▲❡ ❝♦♥trô❧❡ ❞✉ ❋❲❊❘ ❡st s♦✉✲
✈❡♥t ❝♦♥s✐❞éré ❝♦♠♠❡ tr♦♣ ❝♦♥s❡r✈❛t✐❢ ❡t ❞♦♥❝ ♣❡✉ ♣✉✐ss❛♥t ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s ❧♦❝✉s ❞❡
s✉s❝❡♣t✐❜✐❧✐té✳ P❛r ❧❡ ❝♦♥trô❧❡ ❞✉ ❋❉❘✱ ♦♥ ❛❝❝❡♣t❡ ✉♥❡ ♣r♦♣♦rt✐♦♥ ❞❡ ❢❛✉①✲♣♦s✐t✐❢s ✉♥ ♣❡✉
♣❧✉s ✐♠♣♦rt❛♥t❡ ❡♥ é❝❤❛♥❣❡ ❞✬✉♥❡ ♠❡✐❧❧❡✉r❡ s❡♥s✐❜✐❧✐té à ❞ét❡❝t❡r ❧❡s ✈r❛✐s✲♣♦s✐t✐❢s✳ ▼❛✐s s✐
♣❛r ❡①❡♠♣❧❡✱ ❞❛♥s ✉♥❡ ♦♣t✐q✉❡ ❞❡ ❝♦♥trô❧❡ q✉❛❧✐té✱ ♦♥ ❞é❝✐❞❡ ❞❡ r❡t✐r❡r ❞❡ ❧✬ét✉❞❡ ❧❡s ♠❛r✲
q✉❡✉rs q✉✐ s✬é❝❛rt❡♥t s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❞❡ ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❝❤❡③ ❧❡s té♠♦✐♥s✱
❧✬♦❜❥❡❝t✐❢ ❡st ❞✬❡♥ r❡t✐r❡r ❧❡ ♠♦✐♥s ♣♦ss✐❜❧❡✳ ▲❡ ❝♦♥trô❧❡ ❞✉ ❋❲❊❘ ❛♣♣❛r❛ît ❛❧♦rs t♦✉t à ❢❛✐t
❛❞❛♣té✳ ❯♥❡ tr♦✐s✐è♠❡ q✉❛♥t✐té ❛ été ✐♥tr♦❞✉✐t❡ ré❝❡♠♠❡♥t ❡t ❝♦rr❡s♣♦♥❞ à ❧❛ ♣r♦❜❛❜✐❧✐té



✹✳✶✳ ❈♦♥❝❧✉s✐♦♥s ❣é♥ér❛❧❡s ✶✹✶

♣♦✉r ❝❤❛q✉❡ ♠❛rq✉❡✉r ❞✬êtr❡ ♦✉ ♥♦♥ ❛ss♦❝✐é à ❧❛ ♠❛❧❛❞✐❡✳ ■❧ s✬❛❣✐t ❞✉ ❋❉❘ ▲♦❝❛❧✳ ❙✐ s♦♥
❡st✐♠❛t✐♦♥ s✬❛✈èr❡ ♠♦✐♥s é✈✐❞❡♥t❡ à ♣r❡♠✐èr❡ ✈✉❡ q✉❡ ❧❡s ♠❛❥♦r❛t✐♦♥s ❞✉ ❋❲❊❘ ❡t ❞✉
❋❉❘ ♣r♦♣♦sé❡s ♣❛r ❇♦♥❢❡rr♦♥✐ ❡t ❇❡♥❥❛♠✐♥✐✲❍♦❝❤❜❡r❣ r❡s♣❡❝t✐✈❡♠❡♥t✱ ❡❧❧❡ ♥✬❡♥ r❡st❡ ♣❛s
♠♦✐♥s✱ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ q✉❡ ♥♦✉s ❛✈♦♥s ♣rés❡♥té✱ s✐♠♣❧❡ ❡t
r❛♣✐❞❡✳ ❉❛♥s ❧❡ ❝♦♥t❡①t❡ ❛❝t✉❡❧✱ ❧❡ ❋❉❘ ▲♦❝❛❧ ❛♣♣♦rt❡ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉♣♣❧é♠❡♥t❛✐r❡
❛✉① rés✉❧t❛ts✱ ♣❧✉s ✐♥t✉✐t✐✈❡ à ✐♥t❡r♣rét❡r ♣♦✉r ❧❡ ❣é♥ét✐❝✐❡♥ q✉❡ ❧❛ p✲✈❛❧✉❡✱ ❧❡ ❋❲❊❘ ♦✉
♠ê♠❡ ❧❡ ❋❉❘✳ ❯♥❡ ♠❛♥✐èr❡ ❛❧t❡r♥❛t✐✈❡ ❞❡ ré♣♦♥❞r❡ ❛✉ ♣r♦❜❧è♠❡ ❞✉ t❡st✲♠✉❧t✐♣❧❡ ❝♦♥s✐st❡
à ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ t❡sts ❡♥ s✬❛♣♣✉②❛♥t s✉r ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❜✐♦❧♦❣✐q✉❡s ♣❡rt✐♥❡♥t❡s✳
▲✬❡①✐st❡♥❝❡ ❧❡ ❧♦♥❣ ❞✉ ❣é♥♦♠❡ ❞❡ ❜❧♦❝s ❞❡ ▲❉ ❡♥ ❡st ✉♥❡ ✿ ❡♥ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡ ❧✬❛❝❝✉✲
♠✉❧❛t✐♦♥ rés✉❧t❛♥t❡ ❞❡ st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ é❧❡✈é❡s✱ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ♣❡r♠❡t ❞❛♥s ✉♥
♣r❡♠✐❡r t❡♠♣s ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡ t❡sts ❞❡ n ♠❛rq✉❡✉rs à k ré❣✐♦♥s✱ ♣✉✐s ❞❡ k ré❣✐♦♥s
à ✉♥ t❡st✱ ❝♦♥t♦✉r♥❛♥t ❛✐♥s✐ ❧❡ ♣r♦❜❧è♠❡ ❧✐é ❛✉ t❡st✲♠✉❧t✐♣❧❡✳ ❉✬❛✉tr❡s str❛té❣✐❡s s✉✐✈❡♥t
❧❛ ♠ê♠❡ ✐❞é❡✳

▲❡s ♣r♦❜❧é♠❛t✐q✉❡s s♦✉❧❡✈é❡s ❞❛♥s ❝❡tt❡ t❤ès❡ ♦♥t été ♣r✐♥❝✐♣❛❧❡♠❡♥t ❣✉✐❞é❡s ♣❛r ❧❡s
❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ❝❛s✲té♠♦✐♥s ♣r♦♣♦sé❡s ♣❛r ❙❡r♦♥♦✳ ▲❛ ♣❧✉♣❛rt s♦♥t
♥é❛♥♠♦✐♥s é❣❛❧❡♠❡♥t ✈❛❧❛❜❧❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❢❛♠✐❧✐❛❧❡s✳ ▲❡s ❞✐✛é✲
r❡♥ts ♠♦❞❡s ❞✬❡st✐♠❛t✐♦♥ ❞❡ ♣✉✐ss❛♥❝❡ ❡①♣❧♦rés ♣❡✉✈❡♥t s✬❛♣♣❧✐q✉❡r é❣❛❧❡♠❡♥t ❛✉① t❡sts
❞✬❛ss♦❝✐❛t✐♦♥ ❝♦♥str✉✐ts s✉r ❞❡s ❢❛♠✐❧❧❡s t❡❧s q✉❡ ❧❡ ❚❉❚✱ t♦✉t ❝♦♠♠❡ ❧❡s ❝♦♥❝❧✉s✐♦♥s
s✉r ❧❡s ♠ét❛✲st❛t✐st✐q✉❡s ✿ ✐❧ ② ❛ ♣❛r ❡①❡♠♣❧❡ ❢♦rt à ♣❡♥s❡r q✉❡ ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞✉ t❡st
❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛✈❡❝ ❧❡ ❚❉❚ s✉r ❞❡s ❞♦♥♥é❡s ❢❛♠✐❧✐❛❧❡s ♣✉✐ss❡ ❛✉❣♠❡♥t❡r ❧❛ ♣✉✐ss❛♥❝❡✱
t♦✉t ❝♦♠♠❡ ❝❡❧❛ s❡ ♣r♦❞✉✐t ❛✈❡❝ ❧❡ t❡st ❞❡ t❡♥❞❛♥❝❡ s✉r ❞❡s ❞♦♥♥é❡s ❝❛s✲té♠♦✐♥s✳ ❊♥✜♥
❧❡ ❋❉❘ ▲♦❝❛❧ ❡t ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ✐♠♣❧✐q✉❡♥t ❞❡s ♠ét❤♦❞♦❧♦❣✐❡s q✉✐ ♣❡✉✈❡♥t s✬❛♣♣❧✐q✉❡r
à ♥✬✐♠♣♦rt❡ q✉❡❧❧❡ st❛t✐st✐q✉❡ ❞✬❛ss♦❝✐❛t✐♦♥✱ ❡t ❞♦♥❝ é❣❛❧❡♠❡♥t à ❝❡❧❧❡s ✐ss✉❡s ❞✬ét✉❞❡s
❞✬❛ss♦❝✐❛t✐♦♥ ❢❛♠✐❧✐❛❧❡s✳

▲❡ tr❛✈❛✐❧ ré❛❧✐sé ❛ é❣❛❧❡♠❡♥t été s✉♣♣♦rté ♣❛r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧♦❣✐❝✐❡❧s ✿ ❢✉❡❛t❡st
❡♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❡ t❡st ❛❧❧é❧✐q✉❡ ❡①❛❝t ♥♦♥✲❜✐❛✐sé✱ ❦❡r❢❞r ♣♦✉r ❧✬❡st✐♠❛t✐♦♥ s❡♠✐✲
♣❛r❛♠étr✐q✉❡ ❞✉ ❋❉❘ ▲♦❝❛❧ ✭❡♥ ❞é✈❡❧♦♣♣❡♠❡♥t✮✱ ❡t ▲❍✐❙❆ ♣♦✉r ❧✬❛❧❣♦r✐t❤♠❡ ❝♦♥str✉✐t
à ♣❛rt✐r ❞✉ ❙❝♦r❡ ▲♦❝❛❧✳ ❚♦✉s ❝❡s ❧♦❣✐❝✐❡❧s s♦♥t ❞é✈❡❧♦♣♣és ❞❛♥s ❧❡ s♦✉❝✐ ❝♦♥st❛♥t ❞❡ ré✲
♣♦♥❞r❡ ❛✉① ❝♦♥tr❛✐♥t❡s q✉✬✐♠♣♦s❡♥t ❧❡ tr❛✐t❡♠❡♥t ❞❡ ❞♦♥♥é❡s ❛✉ss✐ ✐♠♣♦rt❛♥t❡ ❡♥ t❡r♠❡s
❞❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥ ❡t ❞❡ r❡ss♦✉r❝❡ ♠é♠♦✐r❡ ✉t✐❧✐sé❡✳ ▲❡s ♥♦♠❜r❡✉s❡s ❝♦♥s✐❞ér❛t✐♦♥s ❛❧✲
❣♦r✐t❤♠✐q✉❡s ❝♦♥❝❡r♥❛♥t ❢✉❡❛t❡st ❡t ▲❍✐❙❆ ❡♥ té♠♦✐❣♥❡♥t✳ P❛r ❛✐❧❧❡✉rs✱ ✐❧ ♥♦✉s ❛ s❡♠❜❧é
✐♠♣♦rt❛♥t ❞❡ ♣r♦♣♦s❡r ❝❤❛q✉❡ ✐♠♣❧é♠❡♥t❛t✐♦♥ s♦✉s ❞✐✛ér❡♥t❡s ✈❡rs✐♦♥s ✭❈✰✰✱ ❘✱ P❡r❧✱
❆♣♣❧✐❝❛t✐♦♥ ❲❡❜✮ ❞❛♥s ❧❡ ❜✉t ❞❡ ❢❛❝✐❧✐t❡r ❧❡✉r ❛♣♣❧✐❝❛t✐♦♥✳

❊♥✜♥✱ ♥♦✉s ❛✈♦♥s ❛❜♦r❞é ❧❡s ♣r♦❜❧è♠❡s ét❤✐q✉❡s ❧✐és ❛✉ ❣é♥♦t②♣❛❣❡ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡
♣♦♣✉❧❛t✐♦♥s ❤✉♠❛✐♥❡s✳ ❇✐❡♥ q✉❡ ❝❡ ♣♦✐♥t ❛✐t été tr❛✐té s✉❝❝✐♥❝t❡♠❡♥t ❡♥ ✐♥tr♦❞✉❝t✐♦♥✱ ✐❧
♥♦✉s ♣❛r❛✐ss❛✐t ✐♠♣♦rt❛♥t ❞✬❡♥ ♣❛r❧❡r ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ tr❛✈❛✐❧ ❡✛❡❝t✉é à ♣❛rt✐r ❞❡ t❡❧❧❡s
❞♦♥♥é❡s✳
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▲❡ tr❛✈❛✐❧ ❞❡ r❡❝❤❡r❝❤❡ ❞é❝r✐t ❞❛♥s ❝❡ ♠❛♥✉s❝r✐t ♥❡ ♣r❡♥❞ ♥❛t✉r❡❧❧❡♠❡♥t ♣❛s ✜♥ ❛✈❡❝
❧✬é❝r✐t✉r❡ ❞❡ ❝❡❧✉✐✲❝✐✳ ■❧ ❝♦♥st✐t✉❡ ♣♦✉r ♥♦✉s ✉♥❡ ♦✉✈❡rt✉r❡ s✉r ❞❡ ♥♦✉✈❡❧❧❡s t❤é♠❛t✐q✉❡s✳
◆♦✉s ♣rés❡♥t♦♥s ✐❝✐ ❧❛ ❞✐r❡❝t✐♦♥ s❝✐❡♥t✐✜q✉❡ q✉❡ ♥♦✉s ♣r❡♥♦♥s ❛❝t✉❡❧❧❡♠❡♥t✳ ▲❡s ♣♦✐♥ts
q✉❡ ♥♦✉s ✈♦✉❧♦♥s ❞é✈❡❧♦♣♣❡r ❝♦♥❝❡r♥❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧❛ ♣♦✉rs✉✐t❡ ❞❡s tr❛✈❛✉① ré❛❧✐sés
s✉r ❧❡ ❙❝♦r❡ ▲♦❝❛❧ ❡t s✉r ❧❡ ❋❉❘ ▲♦❝❛❧ ❛✐♥s✐ q✉❡ ❧❛ ♣r✐s❡ ❡♥ ❝♦♠♣t❡ ❞❡ ❧✬❤étér♦❣é♥é✐té
✐♥tr✐♥sèq✉❡ ❛✉① ❞♦♥♥é❡s ❞✬❛ss♦❝✐❛t✐♦♥✳

❙❝♦r❡ ▲♦❝❛❧

❙✉r ♥♦tr❡ ♠ét❤♦❞❡✱ ❧❡ ♣♦✐♥t t❡❝❤♥✐q✉❡ q✉✐ ❞❡♠❛♥❞❡ ❡♥❝♦r❡ ❧❡ ♣❧✉s ❞❡ ❝♦♥s✐❞ér❛t✐♦♥ ré✲
s✐❞❡ ❞❛♥s ❧❛ sé❧❡❝t✐♦♥ ❞❡s ré❣✐♦♥s r❡t❡♥✉❡s ❛✉ ✜♥❛❧✳ ■♥s♣✐ré❡ ♣❛r ❞❡ ♣ré❝é❞❡♥t❡s r❡♠❛rq✉❡s
❢♦r♠✉❧é❡s ♣❛r ❑❛r❧✐♥ ❡t ❆❧ts❤✉❧✱ ❝❡tt❡ sé❧❡❝t✐♦♥ s✬❛♣♣✉✐❡ s✉r ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té
❞❡s s♦♠♠❡s ❞❡ ❙❝♦r❡s ▲♦❝❛✉①✳ ◆♦✉s ❛✈♦♥s ✈✉ q✉❡ ♣♦✉r ❞❡s ré❣✐♦♥s très ❛ss♦❝✐é❡s✱ ❝❡tt❡
♠❛♥✐èr❡ ❞❡ ♣r♦❝é❞❡r ❛ ❝♦♠♠❡ ✐♥❝♦♥✈é♥✐❡♥t ❞❡ ♥é❝❡ss✐t❡r ✉♥ ♥♦♠❜r❡ très ✐♠♣♦rt❛♥t ❞❡
s✐♠✉❧❛t✐♦♥s✱ ❛✉❣♠❡♥t❛♥t s❡♥s✐❜❧❡♠❡♥t ❧❡ t❡♠♣s ❞✬❡①é❝✉t✐♦♥✳ ◆♦✉s ♣r♦♣♦s♦♥s ❞❡✉① ♣✐st❡s
à ❡①♣❧♦r❡r ♣♦✉r ❝♦♥t♦✉r♥❡r ❝❡ ♣r♦❜❧è♠❡✳ ▲❛ ♣r❡♠✐èr❡ ❝♦♥s✐st❡ à t❡st❡r séq✉❡♥t✐❡❧❧❡♠❡♥t
❧❡s ré❣✐♦♥s ❧✬✉♥❡ ❛♣rès ❧✬❛✉tr❡ ❛✈❡❝ ✉♥ ❛r❣✉♠❡♥t ❞❡ t②♣❡ ♦♥ sé❧❡❝t✐♦♥♥❡ ❧❡s ré❣✐♦♥s t❛♥t
q✉✬❡❧❧❡s s♦♥t s✐❣♥✐✜❝❛t✐✈❡s à ✉♥ ♥✐✈❡❛✉ ✜①é✱ ❝♦♠♠❡ ❝❡❧❛ ❡st ♣r♦♣♦sé ❞❛♥s ❧❛ t❤ès❡ ❞❡ ❉❛✈✐❞
❘♦❜❡❧✐♥✳ ❈❡tt❡ ❞é♠❛r❝❤❡ ❞❡ t❡sts séq✉❡♥t✐❡❧s s✉r ❞❡s ✈❛r✐❛❜❧❡s ♦r❞♦♥♥é❡s ✭✐❝✐ ❧❡s ❙❝♦r❡s
▲♦❝❛✉① s✉❝❝❡ss✐❢s✮ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ❝♦♥trô❧❡r s✐♠♣❧❡♠❡♥t ❧❡ t❛✉① ❞✬❡rr❡✉r ❞❡ t②♣❡✲■ ❛✉ ♥✐✲
✈❡❛✉ ✜①é✳ ▲❛ ❞❡✉①✐è♠❡ ♣✐st❡ ❝♦♥s✐st❡ à sé❧❡❝t✐♦♥♥❡r ❧❡s ré❣✐♦♥s ✐♥tér❡ss❛♥t❡s s✉r ❧❛ ❜❛s❡
❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ré❣✐♦♥s s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ ❊♥ ❡✛❡t✱ ❧❡s ❞✐✛ér❡♥t❡s
❛♣♣❧✐❝❛t✐♦♥s ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♥♦✉s ♦♥t ♣❡r♠✐s ❞❡ ❝♦♥st❛t❡r q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡ ❙❝♦r❡ ▲♦✲
❝❛✉① ♦❜t❡♥✉s ♣♦✉r ✉♥❡ ✈❛❧❡✉r ❞❡ δ ❞♦♥♥é❡ s♦✉s ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡✱ ét❛✐t s✉♣ér✐❡✉r
❛✉ ♥♦♠❜r❡ ❛tt❡♥❞✉ s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡✳ P❛r ❝♦♥séq✉❡♥t ❧❛ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❧❡s ❞❡✉①
♣❡✉t ♣♦t❡♥t✐❡❧❧❡♠❡♥t ♥♦✉s ❢♦✉r♥✐r ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ ré❣✐♦♥s à sé❧❡❝t✐♦♥♥❡r✳
◆♦tr❡ ♦❜❥❡❝t✐❢ ❡st ❞♦♥❝ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❞✬♦❜t❡♥✐r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡
❙❝♦r❡ ▲♦❝❛✉①✱ ♣✉✐s ❞❡ ❝♦♠♣❛r❡r ❧❡s tr♦✐s ❛♣♣r♦❝❤❡s ❡♥ t❡r♠❡s ❞❡ ♣✉✐ss❛♥❝❡✱ ❞❡ s❡♥s✐❜✐❧✐té
❡t ❞❡ s♣é❝✐✜❝✐té ❞❡s rés✉❧t❛ts✳ ◆♦t♦♥s q✉❡ ❝❡tt❡ ♣r♦❜❧é♠❛t✐q✉❡ ❛ ❞❡s ❛♣♣❧✐❝❛t✐♦♥s ♣❧✉s
❧❛r❣❡s q✉❡ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ♣✉✐sq✉❡ ❧❛ q✉❡st✐♦♥ ❞❡ ❧❛ sé❧❡❝t✐♦♥ ❞❡s ré❣✐♦♥s ❛ss♦❝✐é❡s
❛✉① ♠❡✐❧❧❡✉rs ❙❝♦r❡s ▲♦❝❛✉① r❡st❡ é❣❛❧❡♠❡♥t ♦✉✈❡rt❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧✬❛♥❛❧②s❡ ❞❡s
séq✉❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s✳

❯♥ ❛✉tr❡ ♣♦✐♥t à ❞é✈❡❧♦♣♣❡r ❝♦♥❝❡r♥❡ ❧❡ ♣♦st✲tr❛✐t❡♠❡♥t ❞❡s ré❣✐♦♥s sé❧❡❝t✐♦♥♥é❡s ♣❛r
❧❡ ❙❝♦r❡ ▲♦❝❛❧✳ ▲✬♦r✐❡♥t❛t✐♦♥ ♣r♦♣♦sé❡ ❛✈❡❝ ❙♦♣❤✐❡ ▲è❜r❡ ❡st ❞❡ tr❛✐t❡r ❧❡s ♠❛rq✉❡✉rs ✐♥❝❧✉s
❞❛♥s ❧❡s ré❣✐♦♥s à ❧✬❛✐❞❡ ❞✬✉♥ ♠♦❞è❧❡ ❣r❛♣❤✐q✉❡ ❞❡ ❢❛ç♦♥ à ✐❞❡♥t✐✜❡r ❞❛♥s ❧❡s ré❣✐♦♥s✱ ❧❡s
♣❛q✉❡ts ❞❡ ♠❛rq✉❡✉rs ❛ss♦❝✐és ❛✉ ♠ê♠❡ ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✭❜❧♦❝s ❞❡ ▲❉✮ ❡t ❡♥tr❡
❞❡✉① ré❣✐♦♥s✱ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ♣rés❡♥t❛♥t ❞❡s ❡✛❡ts ❞✬✐♥t❡r❛❝t✐♦♥✳

❊♥✜♥✱ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ✉♥❡ t❤è♠❛t✐q✉❡ ❞❡ r❡✲
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❝❤❡r❝❤❡ ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r ❧❡ ❞❡s✐❣♥ ❞✬ét✉❞❡ ♦♣t✐♠❛❧ ♣❡r♠❡tt❛♥t ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡
❞❡ ❣é♥♦t②♣❛❣❡s à ré❛❧✐s❡r t♦✉t ❡♥ ♠❛✐♥t❡♥❛♥t ✉♥ ♥✐✈❡❛✉ ❞❡ ♣✉✐ss❛♥❝❡ r❛✐s♦♥♥❛❜❧❡✳ ❉❛♥s
❝❡tt❡ ♦♣t✐q✉❡✱ ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ❞❡s✐❣♥s ♦♥t été ♣r♦♣♦sés✱ ✐♠♣❧✐q✉❛♥t ❣é♥ér❛❧❡♠❡♥t ✉♥❡
❛♥❛❧②s❡ ❡♥ ❞❡✉① ét❛♣❡s ✿ ✉♥❡ ét❛♣❡ ♣ré✲sé❧❡❝t✐♦♥♥❡ à ♣❛rt✐r ❞✬✉♥ ♥♦♠❜r❡ ré❞✉✐t ❞✬✐❞✐✈✐❞✉s
❧❡s ♠❛rq✉❡✉rs ✏✐♥tér❡ss❛♥ts✑ ❡t ✉♥❡ ❞❡✉①✐è♠❡ ❛♥❛❧②s❡ s✉r ✉♥ ♣❧✉s ❣r❛♥❞ ♥♦♠❜r❡ ❞✬✐♥❞✐✈✐✲
❞✉s✱ ❝❡ ❥❡✉ ré❞✉✐t ❞❡ ♠❛rq✉❡✉rs✳ ❊♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❍✉❣✉❡s ❆s❝❤❛r❞✱ ♥♦✉s tr❛✈❛✐❧❧♦♥s
❛❝t✉❡❧❧❡♠❡♥t s✉r ✉♥❡ t❡❧❧❡ ❛♣♣r♦❝❤❡ ♦ù ❧❛ sé❧❡❝t✐♦♥ à ❧✬ét❛♣❡ ✶ ❡st ré❛❧✐sé❡ ♣❛r ❧❡ ❙❝♦r❡
▲♦❝❛❧✳ ❈❡tt❡ ❛♣♣r♦❝❤❡ ❛ été r❡t❡♥✉❡ à ❧✬♦❝❝❛s✐♦♥ ❞✉ ●❡♥❡t✐❝ ❆♥❛❧②s✐s ❲♦r❦s❤♦♣ ✭●❲❆✶✺✮
♣♦✉r ❧❛ s❡ss✐♦♥ ✏◆♦✈❡❧ ♠❡t❤♦❞s✑ ❡t ♣✉❜❧✐é❡ ❞❛♥s ❇❈▼ ●❡♥❡t✐❝s ✭❆s❝❤❛r❞ ❡t ❛❧ ✷✵✵✼✮✳

❋❉❘ ▲♦❝❛❧

❈❡ q✉❡ ♥♦✉s ❛✈♦♥s ♣rés❡♥té s✉r ❧❡ ❋❉❘ ▲♦❝❛❧ r❡♣rés❡♥t❡ ♣♦✉r ♥♦✉s ✉♥ tr❛✈❛✐❧ ✐♥✲
tr♦❞✉❝t✐❢ s✉r ❝❡tt❡ t❤é♠❛t✐q✉❡✳ ◆♦tr❡ ♦❜❥❡❝t✐❢ ❛❝t✉❡❧❧❡♠❡♥t ❡st ❞✬❛❝❤❡✈❡r ❛✈❛♥t t♦✉t ❧❡
❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❦❡r❢❞r ❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❧✬éq✉✐♣❡ ❞❡ ❙té♣❤❛♥❡ ❘♦❜✐♥✳ P❛r ❛✐❧❧❡✉rs✱
♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❜✐t ♣♦✉✈❛✐t ♣♦s❡r ✉♥ ♣r♦❜❧è♠❡ ❞❡ tr♦♥❝❛t✉r❡ ♣♦✉r
❧❡s ✈❛❧❡✉rs ❞❡ p✲✈❛❧✉❡s à ✶ ❝♦♠♠❡ ♣♦✉r ❧❡s p✲✈❛❧✉❡s ❡st✐♠é❡s à ✵ rés✉❧t❛♥t ❞✬✉♥❡ ❡st✐♠❛✲
t✐♦♥ ♣❛r ▼♦♥t❡✲❈❛r❧♦✳ ◆♦✉s ❝♦♥s✐❞ér♦♥s ❛❝t✉❡❧❧❡♠❡♥t ❝❡ ♣r♦❜❧è♠❡ ❡t ❝♦♠♣t♦♥s ✐♥té❣r❡r
s❛ s♦❧✉t✐♦♥ ❞❛♥s ❦❡r❢❞r✳ ❊♥✜♥✱ ❧❛ ♠ét❤♦❞❡ ❞✬❡st✐♠❛t✐♦♥ s❡♠✐✲♣❛r❛♠étr✐q✉❡ ❞✉ ❋❉❘ ▲♦✲
❝❛❧ ♥é❝❡ss✐t❡ ❧✬❡st✐♠❛t✐♦♥ ❛ ♣r✐♦r✐ ❞❡s ♣r♦♣♦rt✐♦♥s ❞❡ ♠❛rq✉❡✉rs s♦✉s ❧✬❤②♣♦t❤ès❡ ♥✉❧❧❡ ❡t
s♦✉s ❧✬❤②♣♦t❤ès❡ ❛❧t❡r♥❛t✐✈❡ ❝❡ q✉❡ ♣❡r♠❡t ❧❡ ♠♦❞è❧❡ ❞❡ ♠é❧❛♥❣❡ ❣❛✉ss✐❡♥ q✉❡ ♥♦✉s ❛✈♦♥s
♣rés❡♥té✳ ◆♦✉s ♣r♦❥❡t♦♥s ❞✬❡♥ é✈❛❧✉❡r ❧❛ q✉❛❧✐té ❡t ❞❡ ❧❛ ❝♦♥❢r♦♥t❡r ❛✉① ❛✉tr❡s ♠ét❤♦❞❡s
❞✬❡st✐♠❛t✐♦♥ ♣r♦♣♦sé❡s ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✳

❙✐ ❧✬❡st✐♠❛t✐♦♥ ❞✉ ❋❉❘ ▲♦❝❛❧ ♣❡✉t ♣❡r♠❡ttr❡ ❝❡❧❧❡ ❞✉ ❋❉❘✱ ✐❧ ♥✬❡①❝❧✉t ♣❛r ❛✐❧❧❡✉rs ♣❛s
❞❡ ♣r♦❝é❞❡r à ❞❡s ❡st✐♠❛t✐♦♥s ♣❧✉s ❞✐r❡❝ts ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ♣❧✉s ♣ré❝✐s❡s ❞❡ ❝❡ ❞❡r♥✐❡r✳
▲✬éq✉✐♣❡ ❞❡ ❇✐♦✐♥❢♦r♠❛t✐q✉❡ ❞❡ ❙❡r♦♥♦ s✬❡st ♣❡♥❝❤é s✉r ✉♥❡ ♠ét❤♦❞♦❧♦❣✐❡ ❞✬❡st✐♠❛t✐♦♥
❞✉ ❋❉❘ ❢♦♥❞é❡ s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♠♣✐r✐q✉❡ ❞❡s st❛t✐st✐q✉❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❡t ❛❞❛♣té❡ à
t♦✉t t②♣❡ ❞❡ ❞❡s✐❣♥ ❞✬ét✉❞❡✳ ❈❡ tr❛✈❛✐❧ ❡st ❛❝❝❡♣té ❞❛♥s ❍✉♠❛♥ ❍❡r❡❞✐t②✳

❍étér♦❣é♥é✐té ✐♥tr❛✲♣♦♣✉❧❛t✐♦♥ ✿ ♠♦❞è❧❡s ▲❈✲▼❊▲❘

❊♥ ✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❝❡ ♠❛♥✉s❝r✐t✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ♣❧✉s✐❡✉rs ❢❛❝t❡✉rs t❡❧s q✉❡ ❧✬❤é✲
tér♦❣é♥é✐té ❛❧❧é❧✐q✉❡ ♦✉ ❞❡ ❧♦❝✉s ♣♦✉✈❛✐❡♥t ❡♥❣❡♥❞r❡r ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞❡ ❝❛s ✐♥❤♦♠♦❣è♥❡s
❡♥ t❡r♠❡s ❞✬ét✐♦❧♦❣✐❡ ❡t ❝♦♥❞✉✐r❡ à ✉♥❡ ❞✐♠✐♥✉t✐♦♥ s❡♥s✐❜❧❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡✳

❯♥❡ ❛♣♣r♦❝❤❡ ❜✐❡♥ ét❛❜❧✐❡ ♣♦✉r ♣r❡♥❞r❡ ❡♥ ❝♦♠♣t❡ ✉♥❡ t❡❧❧❡ str✉❝t✉r❡ ❡♥tr❡ ❧❡s ✐♥✲
❞✐✈✐❞✉s ❡st ❞✬✐♥tr♦❞✉✐r❡ ❞❛♥s ❧❡ ♠♦❞è❧❡ ❞❡s ❡✛❡ts ❛❧é❛t♦✐r❡s ❡♥ ♣❧✉s ❞❡s ❡✛❡ts ❞✐ts ✜①❡s✳
▲❡s ♠♦❞è❧❡s ❞❡ ❘é❣r❡ss✐♦♥ ▲♦❣✐st✐q✉❡ à ❊✛❡ts ▼✐①t❡s ✭▼❊▲❘✮ ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sés ♣♦✉r
♣ré❞✐r❡ ❞❡s ✈❛r✐❛❜❧❡s ❞✐s❝rèt❡s ❞❛♥s ❞❡s ♦❜s❡r✈❛t✐♦♥s ❝♦rré❧é❡s s✉✐✈❛♥t ✉♥❡ str✉❝t✉r❡ ❞❡ ❝♦r✲
ré❧❛t✐♦♥ ❞♦♥♥é❡✳ ❯♥❡ ❡①t❡♥s✐♦♥ ✐♥tér❡ss❛♥t❡ ❞❡s ♠♦❞è❧❡s ▼❊▲❘ s♦♥t ❧❡s ♠♦❞è❧❡s ▼❊▲❘



✶✹✹ ✹✳ ❈♦♥❝❧✉s✐♦♥s

à ❈❧❛ss❡s ▲❛t❡♥t❡s ✭▲❈✲▼❊▲❘✮ ♣♦✉r ❧❡sq✉❡❧s ❧❛ str✉❝t✉r❡ ❞❡ ❝♦rré❧❛t✐♦♥ ♥✬❡st ♣❛s ❝♦♥♥✉❡
❡t ❡st ✐♥❢éré❡ ♣❛r❛❧❧è❧❡♠❡♥t à ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡✳

❉❡ t❡❧s ♠♦❞è❧❡s s♦♥t ❝♦✉r❛♠♠❡♥t ✉t✐❧✐sés ❡♥ ❙❝✐❡♥❝❡s ❞✉ ❈♦♠♣♦rt❡♠❡♥t ♠❛✐s ❛♣♣❛✲
r❛✐ss❡♥t é❣❛❧❡♠❡♥t ❛ttr❛❝t✐❢s ❞❛♥s ❧❡s ét✉❞❡s ❣é♥ét✐q✉❡s ♦ù ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s
♥❡ s♦♥t ♣❛s ♦❜s❡r✈é❡s✳ ◆♦✉s ❛✈♦♥s ♣❛r❧é ❞❡ ❧✬❤étér♦❣é♥é✐té ❞❡s ét✐♦❧♦❣✐❡s✱ ♠❛✐s ✐❧ ♣❡✉t
é❣❛❧❡♠❡♥t s✬❛❣✐r ❞❡ ✈❛r✐❛❜❧❡s ❡♥✈✐r♦♥♥❡♠❡♥t❛❧❡s ♦✉ ❣é♥ét✐q✉❡s t❡❧❧❡s q✉❡ ❧❡s ❤❛♣❧♦t②♣❡s✳

❍étér♦❣é♥é✐té ✐♥t❡r✲♣♦♣✉❧❛t✐♦♥s ✿ ❘é♣❧✐❝❛t✐♦♥s ▲♦❝❛❧❡s

❉❛♥s ❧❡s ét✉❞❡s ❣é♥ét✐q✉❡s✱ ♥♦✉s ❛✈♦♥s ✈✉ q✉❡ ❧❛ ré♣❧✐❝❛t✐♦♥ ❞❡s rés✉❧t❛ts ❞❛♥s ✉♥❡
♦✉ ♣❧✉s✐❡✉rs ♣♦♣✉❧❛t✐♦♥s ✐♥❞é♣❡♥❞❛♥t❡s✱ ét❛✐t ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❧✬❛♣♣r♦❝❤❡ ♣r✐✈✐❧é❣✐é❡
♣♦✉r ❞✐st✐♥❣✉❡r ❧❡s ❢❛✉①✲♣♦s✐t✐❢s ❞❡s ✈r❛✐s s✐❣♥❛✉① ❞✬❛ss♦❝✐❛t✐♦♥✳ ❊♥ ♣r❛t✐q✉❡✱ ❞❡ t❡❧❧❡s
ré♣❧✐❝❛t✐♦♥s s✬♦❜s❡r✈❡♥t ❞✐✣❝✐❧❡♠❡♥t✳ ❆✉ ❞❡❧à ❞❡s ❢❛❝t❡✉rs ❧✐és à ❧❛ q✉❛❧✐té ❞❡s ❞♦♥♥é❡s ❡t
❞❡s rés✉❧t❛ts✱ ❞❡s ❝♦♥❝❧✉s✐♦♥s ❝♦♥tr❛❞✐❝t♦✐r❡s ❡♥tr❡ ❞❡✉① ♣♦♣✉❧❛t✐♦♥s ♣❡✉✈❡♥t ♣r♦✈❡♥✐r ❞❡
ré❡❧❧❡s ❞✐✛ér❡♥❝❡s ❜✐♦❧♦❣✐q✉❡s ❡♥tr❡ ❧❡s ♣♦♣✉❧❛t✐♦♥s✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❧❛ ✈❛r✐❛t✐♦♥ ❞✉ ♣❛tt❡r♥
❞❡ ❞éséq✉✐❧✐❜r❡ ❞❡ ❧✐❛✐s♦♥ ❡t ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s ❡♥tr❡ ❞❡s ♣♦♣✉❧❛t✐♦♥s ❞✬♦r✐❣✐♥❡s
❞✐✛ér❡♥t❡s ♣♦s❡ ✉♥ ❞é✜ ♠❛❥❡✉r ♣♦✉r ❧❛ ❞é❝♦✉✈❡rt❡ ❞❡ ♥♦✉✈❡❛✉① ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té✳

P❧✉tôt q✉❡ ❞❡ s✬✐♥tér❡ss❡r à ❞❡s ré♣❧✐❝❛t✐♦♥s ❛✉ s❡♥s str✐❝t ❞✉ t❡r♠❡ ✭♠ê♠❡ ❧♦❝✉s✱
♠ê♠❡s ❛❧❧è❧❡s ❛ss♦❝✐és✮✱ ♥♦✉s ♣r♦♣♦s♦♥s ❞❡ ❝♦♥s✐❞ér❡r ❧❛ ré♣❧✐❝❛t✐♦♥ ❞❡ ré❣✐♦♥s ♣❧✉tôt q✉❡
❞❡s ♠❛rq✉❡✉rs ✐♥❞✐✈✐❞✉❡❧❧❡♠❡♥t✳ ❖♥ ✐♥tr♦❞✉✐t à ❝❡tt❡ ♦❝❝❛s✐♦♥ ❧❡ ❝♦♥❝❡♣t ❞❡ ❘é♣❧✐❝❛t✐♦♥
▲♦❝❛❧❡✱ ❞é✜♥✐❡ ♣❛r ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❝❤r♦♠♦s♦♠✐q✉❡ ❧♦❝❛❧✐sé❡ ❞❡ ❤❛✉t❡s
✈❛❧❡✉rs ❞✬❛ss♦❝✐❛t✐♦♥✱ ❡t ré♣❧✐q✉é❡ ❡♥tr❡ ❧❡s ♣♦♣✉❧❛t✐♦♥s✱ s❛♥s ❢♦r❝é♠❡♥t ❝♦♥tr❛✐♥❞r❡ ❧❛
ré♣❧✐❝❛t✐♦♥ ❞❡ t❡❧ ♦✉ t❡❧ ♠❛rq✉❡✉r✳ ▲❛ ❞ét❡❝t✐♦♥ ❞❡ t❡❧❧❡s ❘é♣❧✐❝❛t✐♦♥ ▲♦❝❛❧❡s ♣❡✉t s❡ tr❛✲
❞✉✐r❡ ✉♥ ♥♦✉✈❡❧❧❡ ❢♦✐s ❡♥ t❡r♠❡s ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ❙❝♦r❡ ▲♦❝❛✉①✳ ▲✬❛♣♣r♦❝❤❡ ❛ été ♣rés❡♥té❡
❧♦rs ❞✉ ❞❡r♥✐❡r ❊✉r♦♣❡❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ●❡♥❡t✐❝s ▼❡❡t✐♥❣ ✭✷✵✵✼✮ ❡t ❧❡s ♣r❡♠✐❡rs rés✉❧t❛ts
♥♦✉s ❝♦♥❢♦rt❡♥t ❞❛♥s ❧✬✐❞é❡ ❞❡ ♣❡rsé✈ér❡r ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✳

✹✳✸ ❉❡ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ à ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é✲
♥♦♠✐q✉❡

✏❆r❡ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ❛❧❧ t❤❛t ✇❡ ♥❡❡❞ t♦ ❞✐ss❡❝t t❤❡ ❣❡♥❡t✐❝ ❝♦♠♣♦♥❡♥t
♦❢ ❝♦♠♣❧❡① ❤✉♠❛♥ ❞✐s❡❛s❡s ❄✑ ❇♦✉r❣❛✐♥ ❡t ❛❧ ✭✷✵✵✻✮✳

▲❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ s♦♥t ❛✉❥♦✉r❞✬❤✉✐ ❞❡✈❡♥✉❡s ✉♥❡ ré❛❧✐té ❡t s❡ s♦♥t
✐♠♣♦sé❡s ♣♦✉r ❧❛ ❞é❝♦✉✈❡rt❡ ❞❡ ❞ét❡r♠✐♥❛♥ts ❣é♥ét✐q✉❡s ✐♠♣❧✐q✉és ❞❛♥s ❞❡s ♠❛❧❛❞✐❡s
❝♦♠♣❧❡①❡s✳ ▲❡s ♣r❡♠✐❡rs rés✉❧t❛ts ♦♥t été ♣✉❜❧✐és ré❝❡♠♠❡♥t ✭▼❛r❛❣❛♥♦r❡ ❡t ❛❧ ✷✵✵✺✱
❍❡r❜❡rt ❡t ❛❧ ✷✵✵✻✮✳ ❊❧❧❡s s♦✉❧è✈❡♥t ❝❡♣❡♥❞❛♥t ✉♥ ❣r❛♥❞ ♥♦♠❜r❡ ❞❡ ♣r♦❜❧é♠❛t✐q✉❡s ❧✐é❡s
❛✉ ❞❡s✐❣♥ ❞❡ ❧✬ét✉❞❡✱ à ❧❛ q✉❛❧✐té ❞❡s ❞♦♥♥é❡s✱ ❞❡s rés✉❧t❛ts ❡t à ❧❛ ❝♦♠♣❧❡①✐té ❞❡s ét✐♦❧♦❣✐❡s



✹✳✸✳ ❉❡ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ à ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥♦♠✐q✉❡ ✶✹✺

❛✉①q✉❡❧❧❡s ♦♥ s✬✐♥tér❡ss❡✳ ❈❤❛❝✉♥ ❞❡ ❝❡s ♣♦✐♥ts ❛ été ❞✐s❝✉té ❛✉ ❝♦✉rs ❞❡ ❝❡ ♠❛♥✉s❝r✐t✳
P❛r ❛✐❧❧❡✉rs✱ ❧❡s ét✉❞❡s ❞✬❛ss♦❝✐❛t✐♦♥ ❣❡♥♦♠❡✲✇✐❞❡ ♥✬❡①❝❧✉❡♥t ♣❛s ❧❡s ét✉❞❡s ❞❡ ❧✐❛✐s♦♥s ♦✉
❣è♥❡s✲❝❛♥❞✐❞❛ts✱ ❝❡tt❡ ❞✐✈❡rs✐té ❞❡ str❛té❣✐❡s ré♣♦♥❞❛♥t ♣♦s✐t✐✈❡♠❡♥t à ❧❛ ❞✐✈❡rs✐té ❛✈❡❝
❧❛q✉❡❧❧❡ ❧❡s ❧♦❝✉s ❞❡ s✉s❝❡♣t✐❜✐❧✐té ✐♠♣❛❝t❡♥t s✉r ❧❡s ♠❛❧❛❞✐❡s✳

▲✬♦❜❥❡❝t✐❢ ❞❡ t❡❧❧❡s ét✉❞❡s ❡st ❞❡ ❝♦♥tr✐❜✉❡r s✐❣♥✐✜❝❛t✐✈❡♠❡♥t à ❧❛ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ♠é✲
❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s à ❧✬♦r✐❣✐♥❡ ❞❡s ♠❛❧❛❞✐❡s✳ ❯♥❡ ❢♦✐s ✉♥ s✐❣♥❛❧ ❞✬❛ss♦❝✐❛t✐♦♥ ♦❜t❡♥✉ ❛✈❡❝
s✉✣s❛♠♠❡♥t ❞❡ ❝❡rt✐t✉❞❡✱ ❧❡ ♣❛ss❛❣❡ ❞❡ ❝❡tt❡ ❛ss♦❝✐❛t✐♦♥ st❛t✐st✐q✉❡ à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥
❞❡s ❡✛❡ts ❝❛✉s❛✉① ✐♠♣❧✐q✉és ❡st ❝❡♣❡♥❞❛♥t ❧♦✐♥ ❞✬êtr❡ é✈✐❞❡♥t✳ ❯♥ ❡①❡♠♣❧❡ ❡st ❞♦♥♥é ♣❛r
❧✬❛ss♦❝✐❛t✐♦♥ ❞❡ ❧❛ ré❣✐♦♥ ❍▲❆ ❞❛♥s ❧❡ ❝❤r♦♠♦s♦♠❡ ✻ ❛✈❡❝ ❧❡s ♠❛❧❛❞✐❡s ❛✉t♦✲✐♠♠✉♥❡s✳
❙✐ ❧✬✐♠♣❧✐❝❛t✐♦♥ ❞✬❍▲❆ ❡st s✉❣❣éré❡ ❞❡♣✉✐s ♣❧✉s ❞❡ ✷✵ ❛♥s✱ s❡s ✐♠♣❧✐❝❛t✐♦♥s ❢♦♥❝t✐♦♥♥❡❧❧❡s
❞❛♥s ❞❡s ♣r♦❝❡ss✉s ♣❛t❤♦❧♦❣✐q✉❡s r❡st❡♥t ❡♥❝♦r❡ ♣❡✉ ❝♦♥♥✉❡s✳

❈❡t ❡①❡♠♣❧❡ s♦✉❧è✈❡ ❧❛ ♥é❝❡ss✐té ❞❡ ❞é♣❛ss❡r ❧❡ ♥✐✈❡❛✉ ❞❡ r❡❝❤❡r❝❤❡ ❝♦♥s✐❞éré ♣❛r ❧❛
●é♥ét✐q✉❡ ✲ ❧❛ ✈❛r✐❛t✐♦♥ ❞❡ ❧❛ séq✉❡♥❝❡ ❞✬❆❉◆ ❡♥tr❡ ❧❡s ✐♥❞✐✈✐❞✉s ✲ ❛✜♥ ❞✬❛tt❡✐♥❞r❡ ❧❡
❞❡❣ré ❞❡ ❝♦♠♣❧❡①✐té ❞❡s ♦r❣❛♥✐s♠❡s ✈✐✈❛♥t ❡♥ ✐♥té❣r❛♥t ❞✬❛✉tr❡s t②♣❡s ❞❡ ❞♦♥♥é❡s ✐ss✉❡s
❞❡ ♥✐✈❡❛✉① ❜✐♦❧♦❣✐q✉❡s ❞✐✛ér❡♥ts✳ ❖♥ s❛✐t q✉❡ ❧✬❡♥s❡♠❜❧❡ ❞❡ ❧✬✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❡♥✉❡ ❞❛♥s
❧❡ ❣é♥♦♠❡ ♥❡ s❡ rés✉♠❡ ♣❛s ✉♥✐q✉❡♠❡♥t ❛✉① ❣è♥❡s ♠❛✐s ♣r♦❣r❡ss❡ ❞❡ ❧✬❆❉◆ à ❧❛ ♣r♦té✐♥❡
❡♥ ♣❛ss❛♥t ♣❛r ✉♥ ♥✐✈❡❛✉ ✐♥t❡r♠é❞✐❛✐r❡ ✿ ❧✬❆❘◆✻✳ ▲❡s ❛✈❛♥❝é❡s ré❝❡♥t❡s ❡♥ ●é♥♦♠✐q✉❡ ✭r❡✲
❧❛t✐❢ à ❧✬❆❉◆✮✱ ❚r❛♥s❝r✐♣t♦♠✐q✉❡ ✭r❡❧❛t✐❢ à ❧✬❆❘◆✮ ❡t Pr♦té♦♠✐q✉❡ ✭r❡❧❛t✐❢ ❛✉① ♣r♦té✐♥❡s✮
♦♥t ♣❡r♠✐s✱ ♣❛r❛❧❧è❧❡♠❡♥t à ❧✬❛❝❝✉♠✉❧❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❣é♥ét✐q✉❡s✱ ❞❡ ❣é♥ér❡r ✉♥ ❣r❛♥❞
♥♦♠❜r❡ ❞❡ ❞♦♥♥é❡s ❣é♥♦♠✐q✉❡s ❡t ♣♦st✲❣é♥♦♠✐q✉❡s ✐♥❞✐s♣❡♥s❛❜❧❡s à ❧❛ ❝♦♠♣ré❤❡♥s✐♦♥
❞❡s ♠é❝❛♥✐s♠❡s ❜✐♦❧♦❣✐q✉❡s à ❧✬♦r✐❣✐♥❡ ❞❡s ♠❛❧❛❞✐❡s✳ ❈❤❛q✉❡ ♥✐✈❡❛✉ ❞❡ r❡❝❤❡r❝❤❡ ❛♣♣♦r✲
t❛♥t ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐✛ér❡♥t❡ ♦✉ ♣❛rt✐❡❧❧❡♠❡♥t r❡❞♦♥❞❛♥t❡✱ ❧❡s ❝❤❡r❝❤❡✉rs ♣❡✉✈❡♥t t✐r❡r
❛✈❛♥t❛❣❡✉s❡♠❡♥t ♣❛rt✐ ❞❡ ❧❡s ❝♦♥s✐❞ér❡r s✐♠✉❧t❛♥é♠❡♥t✳

■❞❡♥t✐✜❡r ❧❡s ③♦♥❡s ❣é♥♦♠✐q✉❡s ❛ss♦❝✐é❡s à ✉♥❡ ♠❛❧❛❞✐❡ ❡t s✐♠✐❧❛✐r❡s ❡♥tr❡ ❞✐✛ér❡♥t❡s
❡s♣è❝❡s ♣❛r ●é♥♦♠✐q✉❡ ❈♦♠♣❛r❛t✐✈❡ ❞❛♥s ❧❡ ❜✉t ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s é❧é♠❡♥ts ❞❡
ré❣✉❧❛t✐♦♥s ✐♠♣❧✐q✉és✱ ✐❞❡♥t✐✜❡r ❧❡s ✈❛r✐❛♥ts ❣é♥ét✐q✉❡s ❛ss♦❝✐és à ❧✬❡①♣r❡ss✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡
❞❡ ❝❡rt❛✐♥s ❣è♥❡s ❡t ♠❡ttr❡ ❡♥ r❡❧❛t✐♦♥ ❧❡s rés❡❛✉① ❞✬✐♥t❡r❛❝t✐♦♥s ✲ ❛✉ s❡♥s st❛t✐st✐q✉❡ ✲
❡♥tr❡ ❣è♥❡s ❛✈❡❝ ❧❡s rés❡❛✉① ❞✬✐♥t❡r❛❝t✐♦♥s ✲ ❛✉ s❡♥s ❢♦♥❝t✐♦♥♥❡❧ ✲ ❡♥tr❡ ♣r♦té✐♥❡s✱ s♦♥t
❛✉t❛♥t ❞✬❡①❡♠♣❧❡s q✉✐ ♠♦♥tr❡♥t à ❧❛ ❢♦✐s ❧❛ ❞✐✈❡rs✐té ❞❡s ♣♦ss✐❜✐❧✐tés ❞✬❛♥❛❧②s❡ ♦✛❡rt❡s
❛✉① ❝❤❡r❝❤❡✉rs✱ ♠❛✐s ❛✉ss✐ ❧❡ ❞é✜ q✉❡ r❡♣rés❡♥t❡ ❧✬✐♥té❣r❛t✐♦♥ ❞❡ ❞♦♥♥é❡s ❜✐♦❧♦❣✐q✉❡s
❤étér♦❣è♥❡s ✭❘❡✐❢ ❡t ❛❧ ✷✵✵✹✱ ■❜r❛❤✐♠ ❡t ●♦❧❞ ✷✵✵✺✱ ❳✐♦♥❣ ❡t ❛❧ ✷✵✵✺✱ P❛rs♦♥s ❡t ❛❧ ✷✵✵✺✮✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ♠ét❤♦❞♦❧♦❣✐❡s st❛t✐st✐q✉❡s ❡t ✐♥❢♦r♠❛t✐q✉❡s
❛❞❛♣té❡s ❡st ✉♥❡ ♥♦✉✈❡❧❧❡ ❢♦✐s ♥é❝❡ss❛✐r❡ ♣♦✉r ♣❡r♠❡ttr❡ ❞❡ ❧✐❡r ❧❡s ❞✐✛ér❡♥ts ✢♦ts ❞❡
❞♦♥♥é❡s ❡t ré✉ss✐r ❧❛ tr❛♥s❧❛t✐♦♥ ❞❡ ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥ét✐q✉❡ ✈❡rs ❧✬➱♣✐❞é♠✐♦❧♦❣✐❡ ●é♥♦✲
♠✐q✉❡✳

✻❆❝✐❞❡ ❘✐❜♦◆✉❝❧é✐q✉❡



✶✹✻ ✹✳ ❈♦♥❝❧✉s✐♦♥s



✶✹✼

❈♦♠♠✉♥✐❝❛t✐♦♥ s❝✐❡♥t✐✜q✉❡

P✉❜❧✐❝❛t✐♦♥s ❛ss♦❝✐é❡s à ❧❛ t❤ès❡

●✉❡❞❥✱ ▼✳ ✭✷✵✵✼✮✳ ■♥t❡r♣r❡t❛t✐♦♥ ❍❛r❞②✲❲❡✐♥❜❡r❣ ❞❡✈✐❛t✐♦♥s ✐♥ ❝❛s❡✲❝♦♥tr♦❧s ❛ss♦❝✐❛✲
t✐♦♥ st✉❞✐❡s ✿ ❜❡♥❡✜ts ❛♥❞ ❧✐♠✐ts s✉❜♠✐tt❡❞ ✐♥ ❙t❛t✐st✐❝s ✐♥ ▼❡❞❡❝✐♥❡✳

●✉❡❞❥✱ ▼✳✱ ❉❡❧❧❛✲❈❤✐❡s❛✱ ❊✳✱ P✐❝❛r❞✱ ❋✳✱ ❛♥❞ ◆✉❡❧✱ ●✳ ✭✷✵✵✻❛✮✳ ❈♦♠♣✉t✐♥❣ ♣♦✇❡r ✐♥
❝❛s❡✲❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s t❤r♦✉❣❤ ✉s❡ ♦❢ q✉❛❞r❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ✿ ❛♣♣❧✐❝❛t✐♦♥ t♦
♠❡t❛✲st❛t✐st✐❝s✳ ❆♥♥❛❧s ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✼✶✱ ✷✻✷✕✷✼✵✳

●✉❡❞❥✱ ▼✳✱ ❘♦❜❡❧✐♥✱ ❉✳✱ ❍♦❡❜❡❦❡✱ ▼✳✱ ▲❛♠❛r✐♥❡✱ ▼✳✱ ❲♦❥❝✐❦✱ ❏✳✱ ❛♥❞ ◆✉❡❧✱ ●✳ ✭✷✵✵✻❜✮✳
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 Introduction 

 Recent great progresses in the field of genotyping tech-
nologies have led to a decrease in cost and time for data 
production  [1] . Geneticists can now consider launching 
large-scale genetic association studies in order to shed 
light on mechanisms responsible for complex human dis-
eases and to provide opportunities for pharmaceutical 
companies to discover new drug targets. 

 Association analyzes are generally performed via a 
case-control design that has been preferred to family-
based frameworks  [2]  since it is cheaper and quicker, and 
data are easier to collect. This approach involves unre-
lated individuals sampled from the same general popula-
tion and clustered into two sub-populations (cases and 
controls) according to their disease status. When com-
paring the two populations, differences in terms of geno-
type frequencies should be due to an association between 
the marker and the phenotype under consideration.

  Single-point strategies which treat one marker at a 
time are widely used as a preliminary step in the analysis. 
Individuals are organized into contingency tables ac-
cording to their marker and disease status. Various ap-
proaches are proposed to test for association, based on 
either genotypes or alleles. Among them the genotypic, 
allelic and Hardy-Weinberg  [3]  chi-square tests as well as 
the Cochran-Armitage test for trends  [4]  are mainly in-
voked.

 Key Words 
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 Abstract 

 Association studies are traditionally performed in the case-

control framework. As a first step in the analysis process, 

comparing allele frequencies using the Pearson’s chi-square 

statistic is often invoked. However such an approach as-

sumes the independence of alleles under the hypothesis of 

no association, which may not always be the case. Conse-

quently this method introduces a bias that deviates the ex-

pected type I error-rate. In this article we first propose an 

unbiased and exact test as an alternative to the biased al-

lelic test. Available data require to perform thousands of 

such tests so we focused on its fast execution. Since the bi-

ased allelic test is still widely used in the community, we il-

lustrate its pitfalls in the context of genome-wide associa-

tion studies and particularly in the case of low-level tests. 

Finally, we compare the unbiased and exact test with the 

Cochran-Armitage test for trend and show it perfoms simi-

larly in terms of power. The fast, unbiased and exact allelic 

test code is available in R, C++ and Perl at: http://stat.geno-

pole.cnrs.fr/software/fueatest. 
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  In this article, we focus on the approach based on allele 
frequencies to test for association. It has been shown to 
be unadapted when alleles are not paired independently 
 [5]  but it remains widely used. As an alternative we pro-
pose an unbiased test based on the exact computation of 
the  p  value. Since highthroughput data require to per-
form a lot of tests, we have paid attention to the speed of 
execution by optimizing the implementation to make 
each exact test the less time consuming possible. Then an 
application on experimental data gives an idea about the 
real impact of using the biased test in the context of ge-
nome-wide association studies. The Cochran-Armitage 
test for trends has also been suggested as an alternative to 
the biased alellic test. To guide the choice between the two 
alternatives, we propose to study their respective powers 
focusing on situations where genotype frequencies do not 
comply with Hardy-Weinberg equilibrium (HWE).

  Methods 

 Testing for Association 
 Let us denote  X , a case-control sample. Testing for association 

requires first to consider a null hypothesis ( H  0 ) used to test a par-
ticular distribution of the observations. To do so, we consider a 
statistic defined as a function of the observations:  S  =  f ( X ), and 
carefully chosen such that  S  grows when  H  0  is less likely. Using 
the distribution of  S  under  H  0 , we can find a threshold ( t   �  ) such 
as  �  = PP H  0  

( S   6   t   �  ), where level  �  can be set to 5% for instance. The 
significance of an observed value ( S  obs ) is termed p value and cor-
responds to the probability to observe data as or more extreme 
than the observation if  H  0  were true: p value = PP H  0  

( S   6   s  obs ).

  The Biased Allelic Test 
 Two strategies exist to tabulate data from genetic case-control 

studies: the first classifies cases and controls according to their 
genotypes ( table 1 ) and the second according to their alleles ( ta-
ble 2 ).

  Allelic association tests aim at detecting significant differenc-
es in allelic frequencies between cases and controls testing the null 
hypothesis of no association with the disease. Alleles are sup-
posed to be sampled from the case and control populations with 
probabilities  p  d  and  p  c  corresponding to the proportions of the 
susceptibility allele in cases and controls respectively. Under  H  0 , 
alleles are sampled from the same general population and  p  d  and 
 p  c  are equal to  p . To test this hypothesis we classically consider the 
statistic:
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d c
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   or the equivalent Pearson statistic applied to the allelic table: 
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 Focusing on  S  A , the p value can be calculated using two testing 
procedures: (i) Under  H  0  and when data are in accordance with 
Cochran’s conditions (each expected cell count greater than 5) 
 [6] , the distribution of S A  can be asymptotically well-approximat-
ed by a one degree-of-freedom (df) chi-square distribution. This 
comes down to the well-known chi-square test on contingency 
tables applied, in our case, to the 2  !  2 allelic table. (ii) An exact 
procedure also exists: the probability to observe a table condition-
ally to the margins is given by the hypergeometric distribution. 
Hence enumerating the whole set of 2  !  2 tables in accordance 
with the observed margins of the allelic table, the exact p value 
comes down to the sum of the probabilities to observe 2  !  2 tables 
for which S A  is at least as great as  s  A

obs 
  .

  Strategies based on allelic contingency tables may appear ap-
pealing since the sample size is doubled in comparison with the 
genotypic approach. However the validity of this test has been 
recently discussed and some authors recommend against its use 
 [5, 7] . As described below, the null hypothesis makes two assump-
tions:

( )biased
0

1.
: .

2. Alleles are sampled independently

d cp p
H

� �=� �� �
� �
� �
� �� �

  Although genotypes are sampled independently from cases 
and controls, it is however clear that alleles are not: in the allelic 
contingency table, each individual contributes to two observa-
tions so alleles are actually sampled by two at a time. As a result, 
the way alleles are paired (corresponding to a departure from 
HWE) deviates S A  from its wrongly supposed distribution under 
 H  0  and hence dramatically biases the p value.

Table 1. Genotypic contingency table (di/hi stands for the fre-
quency of diseased/healthy individuals having i alleles A)

aa aA AA Margins

Case (diseased) d0 d1 d2 Nd

Control (healthy) h0 h1 h2 Nh

Margins N0 N1 N2 N

Table 2. Corresponding allelic contingency table

a A Margins

Case 2d0 ` d1 2d2 ` d1 2Nd

Control 2h0 ` h1 2h2 ` h1 2Nh

Margins 2N0 ̀  N1 2N2` N1 2N
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  The Cochran-Armitage Test for Trends 
 Instead, Sasieni recommended to use the Cochran-Armitage 

test for trends  [5] . It has been shown to be asymptotically equiva-
lent to the allelic test when the combined population is in HWE 
(cases and controls) but makes no assumption about allele match-
ing. It is based on the genotypic contingency table. Genotypes are 
sampled from the case and control populations with probabilities 
( p  d  0 

,  p  d  1 
,  p  d  2 

) for cases and ( p  c  0 
,  p  c  1 

,  p  c  2 
) for controls, which is more 

consistent with reality. The null hypothesis for the Cochran-Ar-
mitage test is no trend, which means that the proportions  p  d i   are 
the same for all genotypes:

   H  0
(trend) 

   : { p  d  0 
 =  p  d  1 

 =  p  d  2 
}.

  In practice, the trend statistic S T  measures a linear trend in 
proportions weighted by a dose effect score  x  i  associated to each 
column of the contingency table. When  x  i  quantifies the number 
of high-risk allele, this test is equivalent to the score test in the 
logistic regression model where each SNP is coded according to 
its count of high-risk allele. In our case:
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  An Unbiased and Exact Allelic Test 
 As a more natural alternative to the biased allelic test, we pro-

pose to perform an unbiased test still based on the allelic Pearson 
statistic (S A ) and on the sampling of genotypes instead of alleles 
taken independently.

   H  0
(unbiased) 

   : { p  d  =  p  c }.

  Following this direction, Schaid and Jacobsen  [8]  found out 
that using the classical but biased allelic test alters the type I er-
ror-rate in a predictable manner and proposed a correction on the 
chi-square approximation. Our alternative relies on an exact 
computation of p values and can be thus termed as an unbiased 
and exact test. The principle is quite similar to the biased and ex-
act procedure described below with the difference that instead of 
enumerating the 2  !  2 tables, we enumerate all the 2  !  3 tables 
in accordance with the observed margins of the genotypic table. 
In such a way, alleles are not considered individually,  H  0  takes the 
allele matching into account and makes only the assumption of 
no association. Probabilities are computed using a multiple hy-
pergeometric distribution and as previously, the exact p value 
comes down to the sum of the probabilities to observe 2  !  3 tables 
for which S A  is at least as great as  s A

obs
  .

  Implementation 

 Here we propose an accurate description of the imple-
mentation for this test. Divided in three main steps, it 
intends to avoid most of errors due to computation.

  Enumerating the Genotypic Tables 
 Conditionally to the margins, 2  !  3 contingency ta-

bles have two degrees of freedom. Consequently a table is 

completely determined by setting two of its elements, for 
example  d  0  and  d  1  that we refer now to as  i  and  j  to stress 
out that they are integer variables ( table 3 ). These vari-
ables can take a range of values which depends on the 
margins:

  •  i  takes all integer values in:

[ ] ( ) ( )min max 1 1, , max 0 , ,min , ,
def .

h di i ,N N N N� �= �� �� �
� �

  • for a given value of  i ,  j  can take all integer values in:

( ) ( ) ( ) ( )min max 3 2i , , max 0 , ,min , .
def .

d dj j i ,N N i N N i� �� � = � � �� �� � � �
� �

  Determining these intervals of variation allows us to 
enumerate the whole set of 2  !  3 tables in accordance 
with the margins of the observed genotypic table.

  Comparing Pearson Statistics 
 This issue can appear trivial but can generate errors 

and lead to inaccurate results: on a computer, real num-
bers are stored in floating-point format for which the 
arithmetic is not exact  [9] . As a result, two scores ( s  1 ,  s  2 ) 
that are supposed to be mathematically equal can show 
different computational representations so that the result 
of the logical expression  s  1   6   s  2  is unpredictable. In our 
case, it is possible to circumvent this problem by coming 
back to integer arithmetic that is mercifully exact on 
computers.

  To do so we first outline a simplified expression for the 
Pearson statistic on 2  !  2 tables. By definition, for a giv-
en allelic table

a   b
c   d

  this statistic is usually expressed as:

( ) ( ) ( ) ( )
2 2

2 2

A

b b d da a c c

a cb d

� �
� �

= + + +S

Table 3. Ti, j the 2 ! 3 genotypic table with respect to the values 
of i, j and the margins

aa aA AA Margins

Case i j Nd – i – j Nd

Control N0 – i N1 – j Nh – N0 – N1 + i + j Nh

Margins N0 N1 N2 N
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  where  ā ,  b̄ ,  c̄ ,  d̄   are the expected values of  a ,  b ,  c  and  d  un-
der  H  0 , i.e. the products of the margins divided by the 
total number  n  =  a  +  b  +  c  +  d . For instance

( )( )
.

a b a c
a

n

+ +
=

  An interesting property is that all the numerators are 
equal. For example

( ) ( )( ) ( ) ( )( )
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  The expression of S A  comes down to:

( ) ( )
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S  (1)

  where  ā  and  �  only depend on the margins and hence are 
constant. We take advantage of this property to compare 
statistics by the way of integers: for two tables  T  1  = ( a  1 ,  b  1 , 
 c  1 ,  d  1 ) and  T  2  = ( a  2 ,  b  2 ,  c  2 ,  d  2 ) with respective statistics S 1  
and S 2 , it follows that:

   S  1   6   S  2   ⇔   �  na  1  –  nā  �   6   �  na  2  –  nā  � ,

  which is computationally interesting since the statement 
 �  na  1  –  nā  �   6   �  na  2  –  nā  �  only involves integers.

  Computing the Probability of a 2  !  3 Table 
 The probability of a 2  !  3 table  T  under  H  0  is given by 

the multiple hypergeometric distribution:

( ) 1 2 3

0 1 2 0 1 2

! ! ! ! !

! ! ! ! ! ! !
d hN N N N N

p T
N d d d h h h

=

  Numbers under consideration are so huge that the 
straightforward approach is not computationally feasible. 
Instead we use the log-factorial  [9]  and exponential func-
tions to compute approximates.

  Let us note LF( k ) = log( k !) =  �  k  i  =1  log( i ), so that 
exp(LF( k ))  �   k !. Thus:

   p ( T )  � exp( �  LF( k ) –  �  LF( k �  )) (2)

  for  k  D { N  d ,  N  h ,  N  1 ,  N  2 ,  N  3 } and  k �   D { N ,  d  0 ,  d  1 ,  d  2 ,  h  0 ,  h  1 , 
 h  2 }. The accuracy of these approximations is greater than 
1.10– 10 .

    Optimizations 
 In terms of implementation, the main difference be-

tween the exact biased and unbiased tests relies on the 
number of tables to enumerate. In most cases, consider-
ing 2  !  3 contingency tables in accordance with the data 
is likely to increase the execution time. The dimension of 

available data requires to compute thousands of tests. In 
order to speed up analyzes, we optimized our implemen-
tation, working on (i) a sensitive reduction of the number 
of tables to enumerate and (ii) a recursive relation be-
tween table probabilities  p ( T ). Interested readers can re-
fer to the Appendixes 1 and 2 for more details.

  Application 

 We use an application on real data to assess the conse-
quences of using the biased test, first in terms of p value 
deviation from the unbiased p value (qualitative results), 
but also in terms of effective impact on predictions (quan-
titative results).

  Data 
 We applied the biased and unbiased exact tests on ge-

nome-wide data concerning the multiple sclerosis. The 
data set consists in 66,990 SNPs. DNA from 279 patients 
and 301 controls were genotyped with this marker set us-
ing the 100K Affymetrix chip. The algorithm used for 
making genotype calls has been previously described by 
Affymetrix  [10] .

  Notation 
 In what follows,  p  u  and  p  b  refer to the unbiased and 

biased exact allelic p values respectively. Let  p  be the fre-
quency of the allele of susceptibility,  p  HW  the p value for 
the HW test on combined population and  f  the coefficient 
of consanguinity quantifying a deficit (  f   1  0) or excess 
(  f   !  0) of heterozygotes.

Algorithm 1. Pseudo-code of the basic implementation

compute all margins Nd, Nh, N1, N2, N3, N and n = 2N
compute the observed allelic count a = 2d0 + d1 and nā
compute the observed threshold t = �na – nā�
let p value = 0
for i = max(0, N1 – Nh) to min(N1, Nd)
for j = max(0, Nd – N3 – i) to min(N2, Nd – i)
if �n(2i + j) – na� 6 t then
compute p(Ti,j)
p value = p value + p(Ti,j)
output the p value
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  Qualitative Results 
 First,  figure 1  displays the absolute error made using 

 p  b  to approximate  p  u  with respect to the strength of de-
viation to HWE and the allele frequency. As expected, the 
amount of deviation is directly proportional to the depar-
ture from HWE ( fig. 1 a). The way alleles are paired devi-
ates  p  b  in a predictive direction: a deficit of heterozygotes 
increases  p  b  and at the same time the rate of false posi-
tives. By opposition an excess of heterozygotes decreases 

 p  b  and so increases the conservatism of the test. These 
observations are also illustrated in the examples in  ta-
ble 4 . It is clear that  p  u  and  p  b  are strictly identical when 
the combined population is in HWE and that the absolute 
error increases with the amount of departure from the 
equilibrium.

   Figure 1 b represents the link that exists between allele 
frequencies ( p ) and the deviation of  p  b . In the case of a 
deficit of heterozygotes, there is absolutely no visible de-
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  Fig. 1.  Deviation of  p  b  from  p  u :  a  This 
graphic represents the absolute error made 
using  p  b  to approximate  p  with respect to 
the strength of departure from HWE.  b  It 
outlines the dependence between the ab-
solute error and the frequency of the allele 
of susceptibility ( p ).  c  The percentage of 
errors is estimated by the ratio of total false 
positives and negatives made by the use of 
the biased test on the count of positives 
predicted by the unbiased exact test. It is 
represented with respect to the level of the 
test for the whole set of SNPs ( S ) and this 
same set excluding SNPs that fail the HWE 
test ( ! ). 
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pendence but in the case of an excess, the maximum 
amount of possible deviation is proportional to the quan-
tity  p (1 –  p ) and hence maximal for  p  = 0.5 and minimal 
at the bounds  p  = 0 and  p  = 1.

  Quantitative Results 
 Even more interesting is the percentage of erroneous 

predictions made with the biased allelic test ( fig. 1 c). It is 
quite substantial and increases as the level of the test de-
creases up to 9, 16, 30 and 40% for respectively a 5, 1, 0.1 
and 0.01% level respectively. Since most of researchers 
would exclude SNPs that clearly fail HWE in controls  [11] , 
we also computed these erroneous prediction rates exclud-
ing SNPs for which the HWE test p values for controls does 
not exceed the 5% significance level (when taking into ac-
count multipletesting using the Benjamini-Hochberg pro-
cedure  [12] ). In this case, these rates are less important but 
remain substantial, up to 28% for a test level of 0.01.

  Validation 
 Our implementation intends to avoid errors of compu-

tation. To be convinced of the exactness of our procedure, 
we compared our p values with p values calculated with 
an infinite precision, which requires an important time 
of execution. Both appear to be identical (data not shown). 
Moreover, we compared our p values with p values calcu-
lated with Monte-Carlo simulations ( table 4 ). The distri-
bution of a statistic under  H  0  can be empirically deduced 
via a set of simulations, permuting at each iteration the 
case and control labels. Considering the precision due to 

the number of simulations performed, the situations test-
ed show that exact and empirical p values are not signifi-
cantly different.

  Computational Time 
 We ran some benchmarks on simulated data to evalu-

ate the gain made by the proposed optimizations. The 
machine used is an Itanium 2 (64 bits, 1.6 GHz) running 
GNU/Linux. We performed the unbiased exact test with 
the basic and optimized implementations on 10,000 
markers for different sizes of population ( fig. 2 ). The time 
of execution is strongly linked to the power of the com-
puter but we can notice the great advantage of the opti-
mized implementation. For large populations, the gain 
grows with the population size up to 6 and 12 times fast-
er for data implicating 4,000 and 8,000 individuals re-
spectively.

  Unbiased and Trend Tests: Comparative Assessment 

 Two alternatives are proposed to the biased allelic test 
based on two different statistics (S A  and S T ) and testing for 
two slightly different null hypotheses, as described previ-

Table 4. Biased, unbiased and Monte-Carlo p values for five rep-
resentative examples: each example varies in the strength of de-
parture from the Hardy-Weinberg equilibrium and in the direc-
tion of departure

pHW f Genotypic table pu pb pMC

1 = 0 29 117 124 0.571 0.571 0.571
34 135 128

0.5 > 0 26 109 113 0.326 0.318 0.326
28 111 144

0.5 < 0 97 113 26 0.347 0.353 0.347
128 123 28

0.05 > 0 10 77 140 0.310 0.288 0.310
24 82 161

0.05 < 0 155 94 9 0.228 0.249 0.229
171 90 5

pMC was computed based on 106 simulations.
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  Fig. 2.  Computational time: the time of execution is assessed for 
the basic and the optimized algorithms on 10,000 simulated SNPs 
and increasing sizes of population. 
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ously. These two approaches have been compared in a 
power study based on Monte-Carlo simulations: as long 
as it is possible to generate a case-control sample  X  under 
an alternative hypothesis ( H  1 ), it is very easy to get an es-
timation of the power  � ( � ) = PP H  1 

(S  6   t   �  ). We first draw 
 B  samples denoting  x  (  i  )  the  i -th sample. From this sample 
we get  B  statistics  s  (1) , ...,  s  (  B  )  from which we compute the 
estimate:

( )

( ){ }#
.

i
as t

ˆ
B

� �
�

=

  This method is widely used in the field of statistical 
genetics when alternative distributions are hard to derive 
analytically  [13] . But computing  �  ̂    (�) requires first to de-
fine a genetic model. Let a bi-allelic disease susceptibility 
locus (DSL) with its two possible alleles (the allele of sus-
ceptibility  A  and  a ),  p  be the frequency of the allele  A  and 
 r  0 ,  r  1  and  r  2  the frequencies of the genotypes  aa ,  aA  and 
 AA  respectively. According to Wright’s model  [14] , we 
have:  r  2  =  p  

2
  +  fp (1 –  p ),  r  1  = 2 p (1 –  p ) – 2 fp (1 –  p ) and 

 r  0  = (1 –  p ) 
2

  +  fp (1 –  p ) with  f  the coefficient of consan-
guinity defined previously. Now we introduce the preva-
lence of the disease ( K  p ), and the penetrances (  f  i ) associ-
ated to each genotypes ( i ). Considering the relative risks 
( RR  i ) such as  RR  i  =  f  i / f  0  for  i  = 1 or 2, we define the four 
main modes of inheritance (MOI) underlying the mode 
of action of the DSL on the disease: recessive ( RR  1  = 1), 
multiplicative (RR1 = �RR2), additive (RR1 = (RR2 + 1)/2) 

    and dominant ( RR  1  =  RR  2 ). From these parameters, we 
can easily derive  f  0  =  K  p /( r  0  +  RR  1 �  r  1  +  RR  2 �  r  2 ),  f  1  = 
 RR  1 �  f  0  and  f  1  =  RR  1 �  f  0  and finally genotype frequencies 
in case and control populations:

( )

( )
( ) ( ) ( )

� 	
� 
�= 
� 
� 

�� 


� 	� � � 
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�= 
� 
� 
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  In such a context,  H  0 : { RR  2  = 1} and  H  1 : { RR  2   1  1}.

  Simulations 
 Simulations are performed considering three distinct 

sets. The power is estimated first with respect to the sus-
ceptibility allele frequency ( p ), then according to the co-
efficient of consanguinity (  f  ) introduced in the general 
population and finally we investigate the effect due to the 
variation of subpopulation sizes ( N  d  and  N  h ). All situa-
tions are considered for a prevalence  K  p  = 0.05, the four 
MOI and two strengths of disease implication ( RR  2  = 1.5 

and  RR  2  = 2). Each estimate is done on the basis of 10,000 
simulations.

  Results 
 Main results are summarized in  figures 3  and  4 . Full 

results are compiled in supplementary data available 
upon request. With the relative risks considered, the ad-
ditive and multiplicative models present actually close 
values of  RR  1  and hence very similar results. In the case 
where p varies ( fig. 3 ), the power of the trend and the un-
biased allelic tests are not significantly different. They are 
also similar to the biased allelic test which is consistent 
with the fact the three tests are strictly identical when 
HWE holds in the combined population. However differ-
ences can still be observed since a departure from the 
equilibrium in cases can be generated by the disease.

  When the equilibrium does not hold in the general 
population (  f   0  0,  fig. 3 ), both trend and unbiased allelic 
tests show comparable power with each MOI, increasing 
along with  f . We also represented the power of the biased 
allelic test (dotted) although there is no sense to take it in 
consideration. Previous conclusions about the deviation 
of the type-I error rate with respect to  f  corresponds here 
to an artificial decrease (  f   !  0) and increase (  f   1  0) of 
power. Despite their comparative efficiency in all situa-
tions studied, the trend and unbiased allelic tests how-
ever show small but significant differences. Under a dom-
inant model, the trend test tends to be more powerful 
than the unbiased allelic test which, by opposition, ap-
pears more powerful under a recessive model. These dif-
ferences are clearer when the population contains a high 
proportion of heterozygotes (  f   !  0) and increase with the 
ratio  N  d / N  h  ( fig. 4 ). In addition, investigating the poten-
tial influence of the sample size, results outline that an 
augmentation of  N  clearly accentuates the bias intro-
duced by the biased allelic test.

  On our real dataset, the biased p value distribution ap-
pears closer to the unbiased one than to the trend one 
( fig. 5 a–c). This is logical since the biased and unbiased 
tests are based on the same statistic ( S  A ) and almost the 
same  H  0  hypothesis. In practice, differences in term of 
findings are not important between the unbiased and the 
trend test, up to 8%, with a mean of 4% along with the 
level of the test ( fig. 5 d).
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  Discussion 

 With the work of Sasieni, it is today well-known that 
the classical allelic test which assumes an independence 
of alleles is biased by the allele matching  [5] . The solution 
we developed here constitutes an unbiased and exact test 
to compare allele frequencies. It has the advantage of 
making no assumption about the way alleles are paired 

and unlike asymptotic tests, its validity is not constraint 
to the filling of the contingency tables. Based on real 
 genomewide data, our results clearly outline that the 
strength of deviation directly depends on the importance 
of the departure from HWE. Moreover, the direction in 
which the p value deviates is linked to the way the equi-
librium is not respected. The sample size also appears to 
have an effect on the width of the bias as well as the allele 
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  Fig. 3.  Power estimation with respect to  p  and  f  ( K  p  = 0.05,  RR  2  = 1.5 and  n  D  =  n  C  = 500). 
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frequency in the case of an excess of heterozygotes. Some 
of these observations actually confirm and illustrate on 
genome-wide real data results analytically deduced by 
Schaid and Jacobsen  [8] . Finally, we show that this bias 
can have a substantial impact on predictions that increas-
es as the level of the tests decreases.

  In practice, association studies are not working in a 
favorable situation w  ith regard to our conclusions: (i) the 

threshold chosen to decide for the acceptance or the re-
jection of the  H  0  hypothesis is generally low, commonly 
set to 5 or 1% and even lower when one takes the multiple-
testing into account; (ii) recent studies aim to detect com-
mon susceptible alleles responsible for common diseases, 
and (iii) involve hundreds of subjects. As a result, if the 
impact on true findings is not easy to assess in real data, 
it remains potential and likely to be substantial. One usu-
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  Fig. 4.  Power estimation with respect to  f ,  N  and the ratio  N  d / N  c  ( K  p  = 0.05, p = 0.5,  RR  2  = 1.5,  RR  1  = 1.) 
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al way to deal with HWE violations is to discard markers 
that fail HWE in controls with the argument that dis-
equilibrium may be indicative of genotyping errors  [11] . 
If such a strategy manages to reduce the percentage of er-
roneous predictions, it still represents an important 
amount of errors. In addition, HWE may be violated be-
cause of genotyping error but not only: chance, nonran-
dom mating, inbreeding, genetic drifting, selection, pop-
ulation stratification or combination of these reasons are 
mainly evoked and also susceptible to introduce a statis-

tical bias on allele-based contrast  [15] . Because the origin 
of HW disequilibrium can not be ensured, unbiased tests 
should reasonably be applied on all markers, with addi-
tional attention on interpretations when HWE does not 
hold in controls. And besides the impact on predictions, 
the exactness of p values can be really important when 
one applies methods based on p value distributions such 
as FDR-based approaches  [16] .

  Compared to the trend test, the unbiased allelic test 
presents comparable power under various alternatives 
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  Fig. 5.   a–c  Histograms of absolute differences between the p-values of the biased, unbiased and trend tests.  d  It 
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test. 
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and results on real data are quite similar. Consequently 
the choice between the trend or the unbiased allelic tests 
should rather be based on practical reasons. As under-
lined by Knapp, the allelic statistic (S A ) appears more in-
tuitive than the trend statistic (S T ) to the genetics com-
munity  [17] . Moreover, we see the unbiased test as a more 
natural alternative to the biased test and we have devel-
opped the unbiased test in various languages to support 
its diffusion. With the recent accumulation of data, ge-
netic studies require the simultaneous treatment of a 
large amount of markers (up to 500,000). Besides the sta-
tistical problems that the analysis raises (multiple-test-
ing, curse of dimensionality), the time of execution is also 
an important issue. Exact testing procedures are time 
consuming and so we found relevant to improve the basic 
implementation in order to accelerate the algorithm ex-
ecution. Using the optimized implementation is clearly 
advantageous for the treatment of large populations. Such 
computational considerations, that can be easily extend-
ed to other contexts, along with the current power of 
computers make the use of exact tests reasonable.

  A major issue in genetic studies is to observe replica-
tions in independent populations to ensure the reliability 
of the results but they are generally difficult to obtain  [18, 
19] : with the complexity of the diseases under investiga-
tion, lack of power, multiple-testing  [12] , genotyping er-
rors  [20]  and population stratification  [21, 22]  are gener-
ally invoked to explain the difficulty in replicating find-
ings. In such a context it is important to avoid errors due 
to the choice of the method of analysis. The procedure we 
propose meets this goal. Unbiased, it avoids false predic-
tions produced by the use of the biased allelic test. Exact, 
it avoids additional errors due to asymptotic approxima-
tions and computations. Fast and available under differ-
ent versions, its execution is easy and adapted to very 
large data sets: http://stat.genopole.cnrs.fr/software/
fueatest.
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  Appendix 1: Optimized Implementation 

 Reducing the Number of Tables to Enumerate 
 To compute p values, we can restrain the enumeration to tables 

that present a better/equal or worse statistic than the observed 
one, termed as ‘better’ and ‘worse’ tables respectively:

( ) ( )
better tables worse tables

value 1p p T p T= = �� �

  Considering the smallest set of tables (instead of the whole 
one) decreases the time of execution but also the accumulation of 
imprecision. Since in genome-wide data most of the variables are 
likely to be under  H  0 , it may generally exists less worse tables than 
better tables. Therefore we will now focus on obtaining this subset 
of worse tables. The analog reasoning can be proposed for better 
tables.

  For a given value of  i , let  J  w ( i ) be the set of  j  values correspond-
ing to worse tables. Defining floor(x) as the highest integer  ̂   x  
and ceil( x ) as the lowest integer  6  x , it can be shown that:

( )
( ) ( )

( ) ( )
� �� 	 � 	� +
 
� �� � � �
 
� �= � + � � �
 
 � �� �� � � �
 

 
� �� 
 � 
� �� �

min maxfloor 2 1, ceil 2 1 ,w

na t na t
J i i i j i j i

n n

  As a result, a given value of i is obviously useless if  J  w ( i ) is empty 
for this value. So we can also describe the useful set  I  u  of values 
for  i  for which  J  w ( i ) 0 Ø. See Appendix 2 for more details.

  Recursive Relation between Table Probabilities under H 0  
 In principle, the computation of the probability  p ( T  i  ,  j ) requires 

a call to the exponential function (see Relation 2). Noticing the 
recursive relation that exists between  p ( T  i  ,  j ) and  p ( T  i  ,  j  +1 ), it is pos-
sible to use this function only once per  i  value:

( )
( )( )

( )( )
( )1

, 1 ,

0 11 1

d
i j i j

h

N i j N j
p T p T

j N N N i j
+

� � �

= ×
+ � � + + +

  To save some more computational time, we can pre-calculate 
LF( t ) for  t  D [0, ...,  N ] as well as  K  =  � LF( k ) – LF( N ) for  k  D 
{ N  d ,  N  h ,  N  1 ,  N  2 ,  N  3 } that is constant through the algorithm execu-
tion.

  Appendix 2: Determining the Set  I  u  

 From appendix 1 we have  J  w ( i ) = [ �  – 2 i ,  �  – 2 i ]   �   
[ j  min ( i ),  j  max ( i )] with

floor 1
na t

n
�

� �� ��
= ��� ���� �

  and 

ceil 1.
na t

n
�

� �� ��= +�� ���� �

   In the very particular case where  �   1   � , we can see that  J  w ( i ) = Ø 
C i , meaning that there is no ‘worse’ table and that the p value is 
exactly 1. So in the following we will suppose that  �   ̂    � :

   J  w ( i )  0  Ø  ⇔  ( �  – 2 i   ̂    j  max ( i )) AND ( j  min ( i )  ̂    �  – 2 i ),
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Association Studies∗
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and Gregory Nuel

Abstract

Genetic epidemiology aims at identifying biological mechanisms responsible for human dis-
eases. Genome-wide association studies, made possible by recent improvements in genotyping
technologies, are now promisingly investigated. In these studies, common first-stage strategies fo-
cus on marginal effects but lead to multiple-testing and are unable to capture the possibly complex
interplay between genetic factors.

We have adapted the use of the local score statistic, already successfully applied to analyse long
molecular sequences. Via sum statistics, this method captures local and possible distant depen-
dences between markers. Dedicated to genome-wide association studies, it is fast to compute,
able to handle large datasets, circumvents the the multiple-testing problem and outlines a set of
genomic regions (segments) for further analyses. Applied to simulated and real data, our approach
outperforms classical Bonferroni and FDR corrections for multiple-testing. It is implemented
in a software termed LHiSA for Local High-scoring Segments for Association and available at:
http://stat.genopole.cnrs.fr/software/lhisa.
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Introduction

Localizing trait loci responsible for human diseases is a challenge for new drug
target discovery. Limited results from linkage analysis scans and the increasing
availability of dense Single Nucleotid Polymorphisms (SNP) maps (Collins et
al. 1998) due to rapid improvements in SNP genotyping technologies (Shen-
dure et al. 2004, Hirschhorn et al. 2005) have recently led geneticists towards
genome-wide association studies with hopes of encouraging results concerning
our understanding of the genetic basis of complex diseases (Risch and Merikan-
gas 1996, Risch 2000, Carlson et al. 2004, Hirschhorn et al. 2005). Association
analyses can be carried out in a family-based framework using the Transmis-
sion Disequilibrium Test (TDT) (Spielman and Ewens 1996) for instance, or in
a case-control design where individuals are unrelated, sampled from the same
general population, and separated into cases and controls. The TDT method
has been shown to be more robust to confounding factors such as stratifica-
tion but also more susceptible to technological false-positive results (Ott 2004).
Gordon et al. (2001) have proposed an approach to tackle genotyping errors in
a TDT analysis. However case-control studies are still largely preferred mainly
because they require less cost and time to collect data (McGinnis et al. 2002).
They merely rely on the fact that genotypes associated with the disease should
accumulate among cases compared to controls.

Nevertheless, association analyses appear to be insufficient to shed light
on the causative genes of non-mendelian diseases. One reason pointed out
by Page et al. (2003) is that complex diseases result from the interplay of
multiple genetic and environmental factors. As a result each causal gene only
makes a small contribution to overall heritability and “disease” alleles may
be present in the healthy population. Classical marker-by-marker analyses
based on contingency tables can then hardly succeed, since they rely on the
detection of marginal effects. In addition, the statistical problem of multiple-
testing arises, inflating the number of false positive results (type-I errors) when
a large number of SNPs are tested independently. To face such complexity,
statisticians and computer scientists have developed numbers of multi-marker
strategies that can be divided into two classes, as underlined by Hoh and Ott
(2003): “multipoint analysis” for the joint analysis of neighbouring marker loci,
with the purpose of localizing one disease locus independently from the others
(Morris et al. 2003, Tregouet et al. 2004, Schaid 2004) and “multi-locus”
approaches that are specifically designed to find multiple disease loci, possibly
on different chromosomes (Nelson et al. 2001, North et al. 2003, Yoon et al.
2003, Bastone et al. 2004, Bureau et al. 2005). Such strategies appear very
promising in considering various interaction patterns between loci, but present
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some weaknesses (Wille et al. 2003): First, most of them are not appropriate
to treat data of large dimensionality. Moreover these methods require generally
a difficult and unintuitive specification of parameters. Finally the statistical
assessment of the results is not always available. See Hoh and Ott’s review
(2003) on mathematical multi-locus approaches for more detailed discussions.

Consequently, further efforts have to be made to propose methods that are
easy to use, computationally fast, able to handle large data sets while reducing
the multiple-testing problem. Sum statistics based methods can help to meet
these needs. Based on simulation studies conclusions, Longmate (2001) sug-
gested that combining single-marker genetic marginal effects should increase
the power to detect susceptibility genes, possibly interacting with each other.
One approach to combine individual association scores without assuming any
interaction pattern among markers can be done with sums. Two examples of
such strategies termed “scan statistics” (Hoh and Ott 2000) and “set associa-
tion” (Hoh et al. 2001) have been proposed: they have been shown to be more
powerful than conventional single-point analyses and presented promising re-
sults when applied to real data (Whille et al. 2003, Hao et al. 2004).

As part of the sum statistics family methods for association, we propose
the use of the local score. This statistic has been a matter of theorical
works (Altschul and Erickson 1986a, Altschul and Erickson 1986b, Karlin and
Altschul 1990, Dembo and Karlin 1991, Karlin and Dembo 1992, Mercier and
Daudin 2001) and frequently applied to long DNA or protein sequences to lo-
cate transmembrane or hydrophobic segments, DNA-binding domains, regions
of concentrated charges (Karlin et al. 1991, Brendel et al. 1992, Karlin and
Brendel 1992). It has been extended to identify similar regions among two or
more sequences (Altschul et al. 1990) . See Karlin (2005) for a review on the
topic.

In association studies, the local score approach intends to delimit segments
(or subsequences) presenting unexpected accumulations of high scores, assum-
ing that such features may be biologically relevant and outline etiological ge-
nomic regions. It represents a natural improvement of sliding-frame methods
since it does not require to specify the size of the segments. Via sum statis-
tics, we will see how this method considers local information to identify each
segment and can be thus termed as a multi-point and multi-locus strategy.
It proposes at the end a selection of candidate regions through the genome
associated with a measure of statistical significance.
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Methods

Definition

Let X = (Xi)i=1,...,n a sequence of real random variables:

H = max16i6j6n

(
j∑

i

Xk

)

defines the local score assigned to X (Figure 1). In practice, the local score
statistic is defined as the value of the segment with the maximal sum of scores
Xi; this segment is also termed as “maximal scoring subsequence”, “locally
optimal subsequence” or “maximal sum interval” in the literature. Note that
the segment is maximal in the sense that it can not be extended or shortened
without reducing the local score. Consequently the variables Xi must have
a negative expectation otherwise the maximal segment would easily span the
entire sequence, which is not consistent with the aim of this approach.

This definition of the local score restrains our search to the highest scoring
sequence but data may not contain only one region of interest: next highest
scoring subsequences are as potentially interesting. However, segments with
the successive high scores could overlap the highest-scoring one and lead to
the identification of more or less the same genomic region, yielding to no
additional useful information. Consequently, it appears better to look for
disjoint segments, with the kth best segment defined as the local score of the
initial sequence disjoint from the preceding k − 1 best segments. We consider
in this case H(1) > ... > H(k) as being the scores of the k first and distinct
highest-scoring segments.

Test for association

Given the local score statistic, advantages to simple-marker strategies will
arise from the definition of a more appropriate alternative hypothesis (H1):
there is at least one contiguous segment of the genome associated with the
disease. This alternative is justified by haplotypes that have remained intact
for many generations around a disease susceptibility locus (DSL). As a result,
instead of looking for one marker at a time, it has been shown relevant to
look for a stretch of DNA inherited in all mutation carriers (Clayton et al.
2004). From this point of view, our approach can be categorized as a haplotype
similarity based method (Tzeng et al. 2003). Note that when more than one
mutation is suspected to alter the gene function, we expect an accumulation of
high scores of association in a quite small genomic region, situation also well
detected by the local score statistic.
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Figure 1. Local score statistic : A - A set of scores Xi represents the
sequence X. The highest-scoring segment is delimited. A naive approach
to get the local H score from X consists in comparing the value of

∑j
i Xk

for all possible pairs (i, j)i6j; such an approach is quadratic with the length
of the sequence. B - Considering the processus H = (Hi)1,...,n with Hi =
max (0, Hi−1 + Xi) and H0 = max(0, X0), the local score statistic is merely
defined as H = max(Hi). Finding the maximal scoring subsequence comes
down to find the maximal value H what is linear instead of quadratic.
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Statistical results

Based on the extreme values theory and the work of Iglehart (1972) ,
Karlin and Dembo (1992) underlined that when Xi are independent, identically
distributed and E(Xi) < 0, the distribution of H can be well approximated
for large n by the Gumbel distribution:

lim
n→+∞

P

(
H >

log n

λ
+ x

)
= 1 − exp

(
−Ke−λx

)
(1)

The random distribution of the local score is thus expressed in terms of three
parameters that are the length of the sequence n and two parameters of nor-
malization, K and λ depending on the distribution of scores Xi. Given all
parameters, the statistical theory can be more simply expressed by the use of
the normalized score H ′ = λH − log(nK):

lim
n→+∞

P (H ′
> x) = 1 − exp

(
−e−x

)
(2)

When searching for multiple genomic regions, H(1), ..., H(k) can also be
written using normalized expressions H ′(1), ..., H ′(k) with H ′(i) = λH(i)−log(nK)
for which Karlin and Altschul (1993) and Altschul (1997) provided some in-
teresting results.

Considering values h′
1 > h′

2 > ... > h′
k, the asymptotic joint probability

density function for H ′(1) > ... > H ′(k) is well approximated by:

lim
n→+∞

f(h1, ..., hk) = exp

(
−e−hk −

k∑

i=1

hi

)
(3)

From this, Karlin and Altschul (1993) deduced a generalization of Formula
1 for the kth score:

lim
n→+∞

P
(
H ′(k)

> h′
k

)
= 1 − exp

(
e−x
)
×

k−1∑

i=0

e−ix

i!
(4)

The authors also provided the asymptotic probability density function for
the sum of the k highest normalized scores T ′(k) = H ′(1) + ... + H ′(k):

lim
n→+∞

fk(t
′) =

e−t′

k!(k − 2)!

∫ +∞

0

yk−2 exp
(
−e(y−t′)/k

)
dy (5)
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Algorithm

Knowledge about the local score is compiled in the following four-step
algorithm (Figure 2) in order to propose a new approach for SNP-data analysis:

1 - First we assign an “individual score” Xi to each marker, a high score
meaning a high chance of association to the disease. It can be based on
common statistics like allelic, genotypic, Hardy-Weinberg or Armitage statis-
tics; p-values pi can as well be used but need a transformation such as Xi =
− log10(pi). As previously underlined, a constraint of the strategy is to have
negative expected individual scores; that does not happen with scores based
on chi-square statistics or p-values for instance. In such cases, a constant
δ must be subtracted from the whole signal X to get a corrected sequence
X

′ = (X ′
i)i=1,...,n, with X ′

i = Xi − δ and E(X ′
i) < 0. SNPs with a score higher

than δ will improve the cumulative score of a given segment whereas SNPs
with a score below the threshold will penalize it.

2 - Then the aim is to identify the best high-scoring segments and to
compute their respective scores H(1), ..., H(k). A simple strategy is to use
an iterative algorithm: (i) find the highest-scoring segment (refer to Figure
1), (ii) remove it, (iii) apply the algorithm again. The process is stopped
when the next best score is non-positive. In the worst case, all maximal
scoring subsequences can be found in O(n2) time. Considering the length of
the sequences we want to analyze, we will prefer instead of this naive approach,
a more recent and faster one developed by Ruzzo and Tompa (1999) that finds
all maximal scoring subsequences in a linear running time, and which has been
proved to be 15 to 20 times faster on megabase sequences. From this step we
get cumulative scores H(1), ..., H(k). Testing n markers has been reduced to
the test of k sums.

3 - Given H(1), ...,H(k), the third step proposes a way to select a set of
interesting segments. The successive local scores are combined into new sum
statistics T (1), ..., T (k) with T (i) = H(1) + ... + H(i). Corresponding p-values
pT1, ..., pTk can be computed using theoretical results and normalized scores
(we obtain the tail probability that T ′(k) > x integrating formula 5 for t′ from x
to infinity) or by Monte-Carlo simulations (permuting case and control labels).
As proposed by Karlin and Altschul (1993), we select interesting segments as
being the r first ones with r = argmini(pT i+1 > pT i). In practice, it makes the
hypothesis that segments are biologically interesting as long as they improve
the overall result (pT i decreases) and segments that are actually noise do not
improve it anymore. This gives us the number r of segments to select and an
associated statistic p

(0)
min = pTr for this selection.

4 - The last step consists of assessing the global significance (pG) of the

6 Statistical Applications in Genetics and Molecular Biology Vol. 5 [2006], No. 1, Article 22

http://www.bepress.com/sagmb/vol5/iss1/art22



1 

3 

N
 t

im
es

segments

Data

phenotype labels

PermuteCompute 

Compute a whole

set of segments

procedure p−value

high−scoring 2 

Propose a 

Produce a 
sequence of

marker scores

4 

Figure 2. Algorithm

process via Monte-Carlo simulations. We iterate N times steps 1 to 3, permut-
ing each time case and control labels, and computing p

(i)
min attached to the ith

iteration. This operation leads to the distribution of pmin under the assump-
tion H0 of total independence between genotypes and the disease. Finally, the
p-value of the whole procedure is:

pG =
card

{
i, p

(i)
min 6 p

(0)
min

}

N

Our method circumvents the multiple-testing problem by reducing the
number of tests performed from n marker scores (Xi) to k local scores (H(i))

and then from k to one statistic (p
(0)
min).

Power study

This power study aims at showing the advantages of such a strategy compared
to classical simple-marker with Bonferroni and FDR (Benjamini and Hochberg
1995) corrections. In addition we investigated the effect of the parameter δ
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on results, as well as the efficiency of our selection when more than one DSL
contributes to the phenotype.

Computing power

The power calculations were performed using Monte-Carlo simulations
based on real data by applying a genetic model to the functional site(s). We
used diplotype frequencies of a given population as an empirical distribution
of the range of possible diplotypes. This way of simulating preserves the LD
patterns expected in real data (Chapman et al. 2003, Nielsen et al. 2004). We
then use the following genetic model to generate samples of affected and un-
affected individuals, along with their genotypes at each marker of the dataset.
Let a bi-allelic disease susceptibility locus with its two possible alleles (the al-
lele of susceptibility A and a), p be the frequency of the allele A and r0, r1 and
r2 the frequencies of the genotypes aa, aA and AA respectively. According to
Wright’s model (1921), we have: r2 = p2+fp(1−p), r1 = 2p(1−p)−2fp(1−p)
and r0 = (1−p)2+fp(1−p) with f the coefficient of consanguinity. Now we in-
troduce the prevalence of the disease (Kp), and the penetrances (fi) associated
to each genotype (i). Considering the relative risks (RRi) such as RRi = fi

f0

for i = 1 or 2, we define the four main modes of inheritance (MOI) underlying
the mode of action of the DSL on the disease: recessive (RR1 = 1), multiplica-
tive (RR1 =

√
RR2), additive (RR1 = RR2+1

2
) and dominant (RR1 = RR2).

From these parameters, we can easily derive f0 = Kp/(r0 + RR1.r1 + RR2.r2),
f1 = RR1.f0 and f1 = RR1.f0 and finally genotype frequencies for the DSL in
case and control populations:

(pd0 , pd1 , pd2) =

(
f0.r0

Kp

,
f1.r1

Kp

,
f2.r2

Kp

)

(pc0 , pc1 , pc2) =

(
(1 − f0).r0

1 − Kp

,
(1 − f1).r1

1 − Kp

,
(1 − f2).r2

1 − Kp

)

Simulations

Simulations were based on 674 SNPs covering the chromosome 19 and
DNA from 301 controls were genotyped using the 100K Affymetrix chip. DSL
were chosen randomly as long as they satisfy polymorphim constraints (minor
genotype frequency more than 5%) and random union of gametes was assumed
(f = 0). We computed the genotypic Pearson statistic for each SNP and com-
pared the local score strategy with common Bonferroni and FDR corrections.
The sampling and testing procedure was repeated 200 times for an additive
MOI, different values of RR2 and δ, first with one (hidden or not) DSL and
then with three.
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Figure 3. Power study: A - LHiSA, Bonferroni and FDR power estimates
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Results

Results are summarized in Figure 3. In the two situations tested (DSL
hidden or not, Figure 3-A), our strategy shows better performances than the
classical Bonferroni and FDR ones with an average increase of 0.25. Simulating
a hidden DSL logically leads to a loss of power. Note also that FDR is more
powerful than Bonferroni which is consistent with the literature. On situations
considered, the parameter δ does not seem to have any effect on the power
(Figure 3-B). Moreover, under H0 (RR2 = 1), the type-I error-rate remains
around 5% for any value of δ which is reassuring concerning the statistical
assessment of results. When dealing with three DSL, the local score strategy
also presents greater power (Figure 3-C). In this case, δ does not seem to have
more effect on the probability to reject H0 (Figure 3-D). However, the ability
of the method to detect the true positives (sensitivity) increases and the count
of true positives among the positives (specificity) tends to decrease along with
δ.

Application

Data

We applied our strategy to genetic data implicating G72 and DAAO (D-
amino acid oxydase) genes in schizophrenia (Chumakov et al. 2002). The
dataset consists of 172 SNPs: 8 on chromosome 12 (surrounding DAAO) and
164 on chromosome 13 (including G72). DNA from 213 schizophrenic patients
and 241 normal individuals were genotyped with this marker set. We computed
the allelic chi-square statistics for each SNP (i) and associated p-values (pi).
Let Xi = − log10(pi) and X ′

i = Xi−δ with δ = − log10(0.1) so that we consider
SNPs with a p-value lower than 0.1 as potentially interesting and contributing
positively to the score of a segment (Figure 4). The implication of G72 in
schizophrenia has been reported many times in the literature (Detera-Wadleigh
and McMahon, 2006)

Results

The local score strategy identifies three segments (r = 3), and p
(0)
min =

0.1660 corresponding to the sum of the three first segments (Table 1). The
global significance is pG = 0.22. The two first segments are part of the G72
gene and the third one is part of the DAAO gene. Our method success in
detecting the two genes expected. However, the significance is not convaincing
enough to conclude to an association and confirms recent doubts about the
implication of G72 and DAAO in schizophrenia (Riley and Kendler 2006).
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Figure 4. Schizophrenia - data: for each SNP i, an individual score
Xi = −log10(pi) + log10(0.1) is assigned. SNPs labelled 1 to 8 are located on
chromosome 12 and SNPs labelled 9 to 172 on chromosome 13.

rank chr segment H T pT

1 13 149-153 2.542 2.542 0.2459
2 13 159-161 1.978 4.520 0.1737
3 12 5 1.165 5.686 0.1660
4 13 84 0.758 6.444 0.1702
5 13 49-51 0.587 7.031 0.1747

Table 1
Schizophrenia - results of the local score strategy: N = 10000,

δ = − log10(0.1), p
(0)
min

= 0.1660 and pG = 0.22.
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Discussion

Based on H(i) and T (i), the sums of contiguous marker scores and the combi-
nation of distant segments, our strategy proposes to test the null hypothesis
of no association against the existence of at least one region involved in the
disease. The size of the regions is not predefined. This is an important ad-
vantage over sliding-frame strategies (Hoh and Ott 2000, Marques-Bonet et
al. 2005) for which the choice of the frame size is arbitrary, often difficult,
and may depend on multiple biological a priori (pattern of LD and density of
markers for instance). Additionally, there is absolutely no biological reason to
constrain the successive high-scoring segments to the same size. Our method
handles the multiple-testing problem by reducing the number of tests from
n markers to one statistic p

(0)
min. On our power study it outperforms classical

Bonferroni and FDR strategies. On schizophrenia data, it detects expected
genes but with a significance that does not allow us to really conclude to an
association with the disease.

The method requires the specification of one control parameter δ. This
parameter represents the level upon which one marker is considered to be pu-
tatively interesting and hence can be intuitively set. One can choose classical
1% or 5% levels for the considerate marker score (Xi). However, since effects
we want to detect are generally weak, we decide to increase it to 10%. Re-
sults predictively change along with this parameter: lowering δ will logically
increase the size of the segments and the number of segments detected whereas
augmenting it will lead to the contrary. Moreover, to correctly determinate
the significance of the process using the Gumbel approximation, it is a neces-
sary assumption for marker scores Xi to be weakly dependent. Because of the
LD that may exist between successive loci (particulary for dense maps), this
assumption is not ensured, so we recommend for this step to use Monte-Carlo
simulations instead of the extreme value theory. It also has the advantage
of avoiding asymptotic approximations and hence works on small sequences.
The software has been implemented so that the use of Monte-Carlo simu-
lations does not dramatically extend the algorithm computation time. The
theoretical time complexity is in O (N log(N) + Nn log(n)) and the memory
complexity is in O (n + N log(n)). On a quite basic machine (Intel Pentium 4
CPU 2.80GHz, 512Mo RAM) it takes approximatively 10, 180 and 800 seconds
to process respectively 200, 2000 and 10000 SNPs with N = 2000 simulations.
The use of a more powerful machine will obviously improve this computation
time, and considering the large number of independent Monte-Carlo simula-
tions performed, our algorithm allows for parallelisation if applied on a cluster
of machines. Finally, our method handles data from SNP genotyping but can
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easily be adapted to other frameworks and types of markers.
Developed to manage large data sets in a quite reasonable time and to pro-

pose a selection of segments surrounding putative etiological sites, we believe
that our approach is well adapted to genome-wide association studies. Having
found significant associations with given regions, this selection can then be
subject to further attention (haplotype reconstruction, fine-mapping, annota-
tion, interaction patterns...) in order to formulate assumptions on the way
they may contribute to the disease.
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Summary

In the framework of case-control studies many different test statistics are available to measure the association of a

marker with a given disease. Nevertheless, choosing one particular statistic can lead to very different conclusions. In

the absence of a consensus for this choice, a tempting option is to evaluate the power of these different statistics prior

to make any decision. We review the available methods dedicated to power computation and assess their respective

reliability in treating a wide range of tests on a wide range of alternative models.

Considering Monte-Carlo, non-central chi-square and Delta-Method estimates, we evaluate empirical, asymp-

totic and numerical approaches. Additionally we introduce the use of the Delta-Method, extended to order 2,

intended to provide better results than the traditional order-1 Delta-Method. Supplementary data can be found at:

http://stat.genopole.cnrs.fr/software/dm2.

Keywords: Power, association tests, Delta-Method

Introduction

Case-control association studies are considered to be the

simplest framework to help elucidate the genetic basis

of complex diseases (Risch, 2000). Even if they have

some weaknesses with ragard to potential confounding

factors such as population stratification, they remain an

important tool in genetical epidemiology and are of-

ten preferred to family-based studies (Zhao, 2000) due

to the availability of data. Such an approach involves

unrelated individuals split into cases, who are diagnosed

with the disease of interest, and unaffected controls. This

merely relies on the assumption that disease-related ge-

netic determinants should accumulate among cases.

Tests of association are used as a first step in the anal-

ysis process. Various tests are proposed based on either

∗Corresponding author: Mickaël Guedj, Laboratoire Statis-

tique et Genome, 523 place des terrasses de l’Agora, 91000

EVRY, Tel: +33-1-6087-3800, Fax: +33-1-6087-3809, E-mail:

guedj@genopole.cnrs.fr

genotypes (Table 1) such as the genotypic, Hardy-

Weinberg equilibrium or Cochran-Armitage tests, or

alleles such as the allelic test.

Since different single statistics can be used to test for

association, another strategy is to combine them via

meta-statistics with the hope of gaining power.

If they aim to establish an association between markers

and disease, each test has a slightly different null hypoth-

esis (H 0) and hence a different efficiency with respect to

the underlying hypothesis. One way to compare them is

to assess their power (π ), defined as the ability of a test to

reject the null hypothesis when the alternative hypoth-

esis (H 1) is true. Power studies require the distribution

of statistics under H 1.

This article reviews and discusses the most com-

monly used mathematical frameworks to approximate

the H 1 distribution (and hence to compute π ) in the

context of genetic association studies. Our study in-

cludes two popular approaches. The first is empiri-

cal and based on Monte-Carlo simulations under the

alternative hypothesis. The second is based on the
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Table 1 The genotypic contingency table

aa aA AA total

Diseased D0 D1 D2 n D

Control C0 C1 C2 n C

Total n0 n1 n2 n

asymptotic non-central chi-square distribution of the

statistics under H 1. We compare these two approaches

with the Delta-method with emphasis on its extension

to order 2. As expected, non-central chi-square approx-

imations appear to be very reliable (whenever available),

while the order-1 Delta-Method is not. To treat non-

explicit cases (combinations of statistics, for instance) for

which computationally expensive Monte-Carlo simula-

tions are usually considered, we show that the order-2

Delta-Method approximations are sufficiently efficient

to represent a valid and cheaper alternative.

Method

Testing for association

Let us denote by x a case-control sample that is a re-

alisation of the random variable X , and which can be

represented by a genotypic contingency table (Table 1).

To establish an association we consider a null hypothesis

(H 0) used to test a particular distribution of the ob-

servations. To do so we consider a statistic defined as a

function of these observations: S = f (X), and carefully

chosen such that S grows when H 0 is less likely. Using

the distribution of S under H 0, we can find a threshold

(t α) such as α = PH0
(S ≥ tα), where level α can be set

to 5% for example.

Computing power

Using the distribution of S under an alternative associ-

ation hypothesis H 1, we can compute the power π (α)

of the test such that: π (α) = PH1
(S ≥ tα). To calculate

π (α), the first step is to define a genetic model as well

as the null and alternative hypotheses.

Genetic Model

Consider a bi-allelic disease susceptibility locus (DSL)

with A being the susceptibility allele and a the other, p

the frequency of allele A, and r 0, r 1 and r2 the genotype

frequencies in the general population. Assuming that the

Hardy-Weinberg equilibrium (HWE) holds in the pop-

ulation, genotypic frequencies reduce to r 2 = p2, r 1 =

2p (1 − p ) and r 0 = (1 − p )2. Now we introduce the

prevalence of the disease (K p ), and penetrances ( f i ) as-

sociated with each genotype (i). Considering the relative

risks (RRi ) such that RRi =
f i
f0

for i = 1 or 2, we define

the four main modes of inheritance (MOI) correspond-

ing to the modes of action of the DSL on the disease:

recessive (RR1 = 1), multiplicative (RR1 =
√

RR2),

additive (RR1 =
RR2+1

2
) and dominant (RR1 = RR2).

Considering these parameters, we can easily de-

rive f 0 = K p/(r 0 + RR1.r 1 + RR2.r 2) and f i =

RRi . f0 for i = 1 or 2. With the further assumption of

an infinite population, the genotype distributions (D0,

D1, D2) in cases and (C0, C1, C2) in controls are multi-

nomial with parameters:

(D0, D1, D2) ∼ M
(

n D;
f0r 0

K p

,
f1r 1

K p

,
f2r 2

K p

)
,

(C0, C1, C2) ∼

M
(

nC;
(1 − f0)r 0

1 − K p

,
(1 − f1)r 1

1 − K p

,
(1 − f2)r 2

1 − K p

)
.

In such a context, H 0: {RR2 = 1} and H 1:

{RR2 �= 1}. Once the alternative hypothesis is ex-

plicit, power can be calculated using one of the fol-

lowing frameworks to approximate the distribution of

S under H 1.

Monte-Carlo estimation

As long as it is possible to generate a case-control sample

X =

{
D0 D1 D2

C0 C1 C2
. under H 1, it is very easy to estimate

the power. We first draw N samples denoting x(i ) the

i th sample. From this sample we get N statistics s (1), . . .,

s (N) from which we get the estimation of the power:

π̂ (α) =
♯
{
s (i ) ≥ tα

}

N
.

This well-known method is often very easy to perform

and is consequently widely used, particularly in the field

of statistical genetics when alternative distributions are

hard to calculate analytically (Longmate, 2001). But such

an approach may generally require a lot of time to reach a

given level of precision. As π̂ is distributed according to

a binomial distribution, using the central limit theorem

C© 2006 The Authors
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we find that π̂ ∼ N (π, π (1 − π )/N), which gives the

following 95% confidence interval:
[
π̂ − 1.96

√
π̂ (1 − π̂ )√

N
; π̂ + 1.96

√
π̂ (1 − π̂ )√

N

]
.

Consequently the precision of the power estimate in-

creases with speed 1/
√

N. One could remark that the

same method can be used to estimate the threshold of

tests involving statistics for which the distribution under

H 0 is not easily available (e.g. meta-statistics).

Asymptotic non-centrality parameter

Mitra (1958) demonstrated that, under H 1, the asymp-

totic distribution of a chi-square frequency test applied

to a 2 × c contingency table follows a non-central chi-

square distribution χ ′2(k, λ), where k is the degree of

freedom and λ the non-centrality parameter, such that

λ = N1N2 ×
c∑

j=1

(p1 j − p2 j )
2

N1 p1 j + N2 p2 j

,

with p i j the frequency of case ij and N1, N2 the total

counts of the first and second row. Mitra derived the

asymptotic power for the test:

π (α) →∞ 1 − χ ′2
1− tα

(k, λ).

Given the expression of the non-centrality parameter,

this approach can be adapted to any statistic following

a chi-square distribution under H 0 (see below for the

particular case of the trend test) and is appropriate when

sample sizes are large enough. It has recently been pre-

sented as an appealing and fast way to approximate power

in association studies (Sham et al. 2000; Gordon et al.

2002; Kang et al. 2004).

Delta-Method

The Delta-Method is used to approximate the distribu-

tion of S with X . The multinomial distribution of X

(derived from the genetic model) is asymptotically dis-

tributed according to a Gaussian distribution N (M, �).

Using an order-1 Taylor development of S = f (X)

around M we hence approximate S by:

S ≃ f (M) + t (X − M) × ∇ f (M),

where t is the transpose operator and ∇ f is the gradient

of f . This 1-order development allows us to approxi-

mate the distribution of S by a Gaussian distribution

N (m , σ 2), with m = f (M) and σ 2 =t∇ f (M) × � ×
∇ f (M). Then we have:

π (α) →∞ 1 − �

(
tα − m

σ

)

where � is the cumulative distribution function (CDF)

of a Gaussian variable with zero mean and a variance of

one. Of course, the closer the distribution under H 1 is

to a Gaussian distribution, the better will be this 1-order

approximation.

For cases where the Gaussian distribution of the statis-

tic under H 1 is not realistic, we propose to use a order-

2 Taylor expansion around M . We hence get a more

precise approximation based on the distribution of a

quadratic form in normal variables (QFNV):

S ≃ f (M) + t (X − M) × ∇ f (M)

+
1

2
t (X − M) × ∇ 2 f (M) × (X − M),

where ∇ 2 f is the Hessian of f .

In the case of the first order development, the com-

putation of power only requires evaluating the CDF

of a normal distribution. With the second order de-

velopment, however, the distribution of S is approxi-

mated by a combination of chi-squares and the CDF

is not straighforward to derive. Technical details can

be found in Appendix 1 and derivations of the dis-

tribution for the statistics considered are available at:

http://stat.genopole.cnrs.fr/software/dm2.

Application

Statistics considered

Here we consider four statistics.

(i) The genotypic test compares genotypic frequencies

between affected and unaffected subjects by using

the Pearson’s chi-square statistic:

SG =

2∑

i=0

(
Di −

n D × n i

n

)2

n D × n i

n

+

(
Ci −

nC × n i

n

)2

nC × n i

n

H̃0
χ 2(2),

From the formula given in (2.2.3) and the param-

eters of the genetic model (2.2.1), we can derive
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the non-centrality parameter for this statistic:

λG = n DnC ×
2∑

i=0

(
f i r i

Kp
− (1 − f i )r i

1 − Kp

)2

n D
f i r i

Kp
+ nC

(1− f i )r i

1−Kp

and SG H̃1
χ 2(2, λG)

(ii) Another test based on genotypes is the Cochran-

Armitage test for trends (Armitage, 1995). It measures

a linear trend in proportions weighted by a dose

effect score x i associated to each column with

x i corresponding to the number of susceptibility

allele:

ST =

n. [n.(D1 + 2D2) − n D.(n1 + 2n2)]
2

n DnC. [n.(n1 + 4n2) − (n1 + 2n2)2] H̃0
χ 2(1).

For this particular case (trend test with three

categories) Gordon et al. (2005) derived the

expression of the non-centrality parameter, based

on previous work of Chapman & Nam (1968).

With our notation, it comes down to:

λT = n DnC

×

[
∑

xi

(
(1− f i )r i
1−Kp

− f i r i
Kp

)]2

∑
x2

i

(
n D

f i r i
Kp

+ nC
(1− f i )r i

Kp

)
−




∑
xi

(
n D

fi r i
Kp +nC

(1− f i )r i

Kp

)


2

n

andST H̃1
χ 2(1, λT)

Note that chi-square approximations are appro-

priate when sample sizes are in accordance with

Cochran’s condition (each expected cell count >

5 -, Cochran, 1952).

(iii) Another strategy is to combine simple statistics via

meta-statistics with the hope of gaining power.

Nevertheless, the actual null hypothesis tested is not

explicit and distributions of such statistics (under

H 0 or H 1) are not easy to assess out of Monte-Carlo

simulations. Our aim considering S� = SG + ST

and S	 = SG × ST is to assess the efficiency of

competing approaches to handle their power com-

putation.

Simulations

Simulations are performed using the susceptibility allele

frequency (p) as a factor of variation. All simulations are

considered for a prevalence K p = 0.05, n D = nC =

500 and the four MOIs (RR2 = 1.5). Each Monte-

Carlo estimate of power is carried out on the basis of

N = 10, 000 simulations, and is considered as a refer-

ence to compare with the other approaches. Using this

approach to compute a power π̂ , we get a 95% confi-

dence interval of radius 0.0196
√

π̂ (1 − π̂ ) centered on

π̂ . For example, this radius gives 0.588% for π̂ = 10%

(or 90%), 0.784% for π̂ = 20% (or 80%) and is always

smaller than 0.98% (case π̂ = 50%).

Results

Results concerning SG and ST are compiled in Fig-

ure 1. For the set of parameters considered, the additive

and multiplicative models give very close results so we

have displayed them only for the additive, recessive and

dominant models.

The non-central chi-square approach (NC) is fully

adapted to chi-square distributed statistics and hence

gives accurate estimates of power. As non-central chi-

square distributions are particular cases of QFNV, the

order-2 Delta-Method (DM2) unsurprisingly also gives

good results. By comparison, the order-1 Delta-Method

(DM1) underestimates the power in the two cases. This

underscores the fact that the Gaussian approximation

under H 1 made by this approach is not realistic. How-

ever it provides better estimates for the trend test than

for the genotypic test. This variation is due to the fact

that the distribution of ST under H 0 and H 1 is closer

to a Gaussian distribution - that requires this approach -

than SG. For instance, the expected value for the Wilk-

Shapiro statistic test for normality is 0.69 for one degree-

of-freedom chi-square distributed samples and 0.81 for

two degrees-of-freedom chi-square distributed ones.

In the literature it has been suggested that factors such

as the ratio of cases to controls, minor allele frequency

and total sample size affect the accuracy of the analytic

power calculations (Ji et al. 2005). We investigated such

effects considering the genotypic and trend tests for the

four MOIs and values of (0.04, 0.2, 1), (0.2,0.3,0.4,0.5)
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Figure 1 Power estimation (at the 5% significance level) for the trend and genotypic tests according to the allele

frequency (p).

and (40,200,1000) for the ratio, the minor allele fre-

quency and the total sample size, respectively. Normal-

ized absolute differences have been computed for the

NC and DM2 calculations (data not shown). However,

we did not observe any clear effect of these factors on

the accuracy of the analytic calculations.

Figure 2 presents the results for the two meta-statistics

(S� and S	). In these cases, the non-central chi-square

approach is not applicable. Even if S� is the sum

of two chi-square distributed statistics, SG and ST

are not independent and hence S� is not merely

distributed according to a three degrees-of-freedom

chi-square distribution under H 0. DM1 still badly

estimates power. DM2 is really efficient to treat S� .

As previously underlined, a linear combination of

(dependent or not) chi-square distributed statistics is

a QFNV which explains that DM2 works well on

S� . Nevertheless DM2 does not manage to assess the
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Figure 2 Power estimation (at the 5% significance level) for the meta-statistics according to the allele frequency (p).

power of S	. We can imagine that such a product of

chi-square distributed statistics would have required

the use of the Delta-Method to a higher order, for

which the determination of the CDF would have been

numerically very expensive and unrealistic in practice.

In terms of comparison between the four strate-

gies considered, ST,SG,S� and S	 (Figure 3), meta-

statistics power estimates mainly lie between trend and

genotypic ones and hence do not clearly represent a

better alternative to single-statistics. However, they do

more than merely averaging power estimates of single

statistics, and hence can appear as a clever alternative to

combine efficiency according to the model.

Discussion

Studying power is an important tool in statistics to com-

pare the efficiency of different tests or to help design a

study. With the accumulation of new analysis meth-

ods that have recently arisen from the accumulation of
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Figure 3 Power comparison: this figure compares the power of the four statistics SG,ST,S� and S	

according to the allele frequency (p). It is done for the additive, recessive and dominant models. Power is

computed by Monte-Carlo at the 5% significance level.

large-scale data, statistical genetics does not escape this

rule. In this article we focus on the computation of

power in the context of simple-marker analyzes via the

genotypic and trend statistics, as well as simple combi-

nations of them.

Easy to implement, Monte-Carlo simulations are of-

ten the preferred approach to compute power estima-

tions. Nevertheless they are computationally expensive

since the precision of the estimates is directly depen-

dent on the number of simulations performed. In par-

ticular the length of the confidence interval decreases

with 1/
√

N, and hence evolves quite slowly with N .

Computing power through the non-centrality param-

eter is logically well adapted for statistics distributed
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according to a chi-square distribution under H 0. The

order-1 Delta-Method is based on a Gaussian distribu-

tion of the statistic. As a result it is not efficient in the

situation considered here. In the literature approaches

based on the order-1 Delta-Method have been success-

fully developed (Slager & Schaid, 2001; Jackson et al.

2002) to compute accurate power approximations for

allelic and trend tests (Slager & Schaid, 2001; Jack-

son et al. 2002). The required Gaussian distributions of

the statistics were obtained by the authors considering

Z ∼ N (0, 1) such that (Z)2 = S instead of S directly

(as we have done here). This approach provides very

good power approximations. However, its application is

restrained to z-scores or by extension to 1 degree-of-

freedom chi-square distributed statistics. It is hence less

general than the non-central chi-square approach. To

go further, we introduce the use of the order-2 Delta-

Method. This approach provides good estimates and can

be used to treat simple statistics and linear combinations

of them, which is an advantage over other approaches.

Besides a less straightforward CDF evaluation, it repre-

sents much less computionally expensive alternative to

Monte-Carlo simulations, more general than the non-

central chi-square framework and more accurate than

the order-1 Delta-Method.

This work has been restricted to the study of the trend

and genotypic tests under alternatives that differ in the

susceptibility allele frequency and the MOI only. How-

ever, our conclusions can easily be extended to other

simple-marker tests (Hardy-Weinberg and allelic tests,

for instance) based on more complicated meta-statistics,

and applied to more elaborate alternative models taking,

for instance, the coefficient of consanguinity, linkage

disequilibrium and genotyping errors into account.

Even if they fail to provide greater power estimates

than single statistics, meta-statistics do not suffer from

substantial power loss when compared with the best sin-

gle statistic for each of the situations considered in this

work. We thus suggest that meta-statistics may provide

a useful means for combining such tests.

If they fail to provide better results than single-

statistics, meta-statistics do not present a sensible loss

of power compared to the best simple statistic in each

situation considered, and hence appear to be a clever

possible way to combine such tests.

Acknowledgements

The authors would like to thank Bernard Prum’s team as well

as members of the Serono Pharmaceutical Institute, in partic-
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Appendix A: Quadratic Form in Normal
Variables

In this appendix we propose to recall the definition of

this distribution and explain how it is possible to com-

pute its cumulative distribution function (CDF).

Definition 1 If X ∼ N (µ, �) is a dimension d ≥ 1

(column) vector of normal variables we call

Q = A+ BX + X′CX

a quadratic form in normal variables (QFNV) of dimen-

sion d with parameters A ∈ R, B ∈ R
(1,d ) and C ∈ R

(d ,d )

and with µ ∈ R
(d ,1) and � ∈ R

(d ,d ) are mean and covari-

ance matrix of the normal variables.

In particular, a linear combination of (central or not,

independent or not) chi-square is a QFNV.

For non-degenerate parameters, it is possible to ex-

press a QFNV as a linear combination of indepen-

dent non-central chi-square distribution (Lu and King,

2002). Namely:

Proposition 2 For any QFNV Q with non-singular covari-

ance matrix � and matrix C, 1 ≤ n ≤ d , λ j ∈ R, d j ∈
N

∗ and ν j > 0 (for all 1 ≤ j ≤ n) such as

Q = K +

n∑

j=1

λ j χ j

where K ∈ R and χ j ∼ χ 2(d j , ν j ) are independent chi-

square variables with d j degrees of freedom and ν j non cen-

trality parameters.

Proof. We first factorize Q in

Q =

(
A− BC−1 B ′

4

)

︸ ︷︷ ︸
K

+

(
X +

C−1 B ′

2

)′
C

(
X +

C−1 B ′

2

)

︸ ︷︷ ︸
Y ′CY

where Y ∼ N (µ̃, �) with µ̃ = µ + C−1 B ′/2. We

consider then the linear transformation Z = �−1/2 Y

so Z ∼ N (�−1/2µ̃, I ) and

Q = K + Z′ �−1/2C
(
�1/2

)′
︸ ︷︷ ︸

C̃

Z

We then consider the orthogonal matrix P of the

eigenvector of C̃ and denote by D = P ′C̃P the diag-

onal matrix of the corresponding eigenvalues. With W

= P−1 Y we get

Q = K + W′ DW

with W ∼ N (P−1�−1/2µ̃, I ). For 1 ≤ j ≤n, we de-

note by λ j the (distinct) eigenvalue and by d j their

orders of multiplicity (one should note that they are

also those of C� or �C). Finally, we consider ν j =∑d j

q=1 γ 2
j,q where γ j,q are the elements of P−1�−1/2µ̃

corresponding to the same eigenvalue λ j and the result

is established.

From now, we hence focus of the numerical CDF

evaluation of

Q =

n∑

j=1

λ j χ
2(d j , ν j )

a linear combination of independent and non central

chi-square distributions.

A numerical inversion of the characteristic function

is then possible, resulting through truncation and trape-

zoidal integration (Davies, 1973; Davies, 1980) in the

following formula

P(Q < c ) =
1

2
−

M∑

m=0

(
sin{θc [(m + 0.5)
]}

π (m + 0.5)γ [(m + 0.5)
]

)

where 
 is the (small) step interval, M the (large) num-

ber of step intervals, and U = (M + 0.5)δ the truncation

value. The functions θ c and γ are given by

θc (u) =

n∑

j=1

[
d j

2
tan−1(2uλ j ) + ν j uλ j (1 + 4u2λ2

j )
−1

]
− c u

and

γ (u) =

n∏

j=1

(1 + 4u2λ2
j )

d j /4 exp

(
2u2

n∑

j=1

ν j λ
2
j

1 + 4u2λ2
j

)
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The numerical evaluation of the CDF using this for-

mula leads to an error of truncation εT depending on

the truncation bound U , and to an error of integration

ε I depending on the step interval 
. There exist many

concurrent ways to choose both these values and Lu &

King (2002) provide a complete review of them.
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(d,d)✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❧✐♥é❛✐r❡ ❞❡ χ2 ✭❞é❝❡♥trés

♦✉ ♥♦♥✱ ✐♥❞é♣❡♥❞❛♥ts ♦✉ ♥♦♥✮ ❡st ✉♥❡ ◗❋◆❱✳

P♦✉r ♣❡✉ q✉❡ ❧❡s ♣❛r❛♠ètr❡s A✱ B ❡t C ♥❡ s♦✐t ♣❛s ❞é❣é♥érés✱ ✐❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡①♣r✐♠❡r
✉♥❡ ◗❋◆❱ ❝♦♠♠❡ ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡ χ2 ❞é❝❡♥trés ✐♥❞é♣❡♥❞❛♥ts ✭▲✉ ❛♥❞ ❑✐♥❣✱ ✷✵✵✷✮✳
❆ s❛✈♦✐r ✿

Pr♦♣♦s✐t✐♦♥ ✿ P♦✉r t♦✉t❡ ◗❋◆❱ Q ❛✈❡❝ ✉♥❡ ♠❛tr✐❝❡ ❞❡ ❝♦✈❛r✐❛♥❝❡ Σ ♥♦♥✲s✐♥❣✉❧✐èr❡ ❡t
t♦✉t❡ ♠❛tr✐❝❡ C✱ ✐❧ ❡①✐st❡ 1 6 n 6 d✱ λj ∈ R✱ dj ∈ N

∗ ❡t νj > 0 ✭♣♦✉r t♦✉t 1 6 j 6 n✮ t❡❧s
q✉❡ ✿

Q = K +
n∑

j=1

λjχj,

♦ù K ∈ R ❡t χj ∼ χ2 (dj, νj)✳



✶✾✵ ❆♥♥❡①❡s

Pr❡✉✈❡ ✿ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♦♥ ❢❛❝t♦r✐s❡ Q ❞❛♥s ✿

Q =

(
A − BC−1B′

4

)

︸ ︷︷ ︸
K

+

(
X +

C−1B′

2

)′
C

(
X +

C−1B′

2

)

︸ ︷︷ ︸
Y ′CY

,

♦ù Y ∼ N (µ̃, Σ) ❛✈❡❝ µ̃ = µ + C−1B′/2✳ ❖♥ ❝♦♥s✐❞èr❡ ❡♥s✉✐t❡ ❧❛ tr❛♥s❢♦r♠❛t✐♦♥ ❧✐♥é❛✐r❡
Z = Σ−1/2Y ❞❡ s♦rt❡ q✉❡ Z ∼ N (Σ−1/2µ̃, I) ❡t

Q = K + Z ′ Σ−1/2C
(
Σ1/2

)′
︸ ︷︷ ︸

C̃

Z.

❙♦✐t ❧❛ ♠❛tr✐❝❡ ♦rt❤♦❣♦♥❛❧❡ P ❞❡s ✈❡❝t❡✉rs ♣r♦♣r❡s ❞❡ C̃ ❡t D = P ′C̃P ❧❛ ♠❛tr✐❝❡
❞✐❛❣♦♥❛❧❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s✳ ❆✈❡❝ W = P−1Y ♥♦✉s ♦❜t❡♥♦♥s ✿

Q = K + W ′DW,

❛✈❡❝ W ∼ N (P−1Σ−1/2µ̃, I)✳ P♦✉r 1 6 j 6 n✱ ❧✬♦♥ ❞é♥♦t❡ ♣❛r λj ❧❡s ✈❛❧❡✉rs ♣r♦♣r❡s
❞✐st✐♥❝t❡s ❡t ♣❛r dj ❧❡✉r ♠✉❧t✐♣❧✐❝✐té✳ P♦✉r ✜♥✐r✱ ❧✬♦♥ ❝♦♥s✐❞èr❡ νj =

∑dj

q=1 γ2
j,q ♦ù γj,q s♦♥t

❧❡s é❧é♠❡♥ts ❞❡ P−1Σ−1/2µ̃ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♠ê♠❡s ✈❛❧❡✉rs ♣r♦♣r❡s λj ❡t ❧❡ rés✉❧t❛t ❡st
ét❛❜❧✐✳

❊st✐♠❛t✐♦♥ ❞❡ ❧❛ ❈❉❋

▲✬✐♥✈❡rs✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❝❛r❛tér✐st✐q✉❡ ❞❡ ❧❛ ◗❋◆❱ ❡st ♣♦ss✐❜❧❡ ❡♥ ❛♣✲
♣❧✐q✉❛♥t ✉♥❡ tr♦♥❝❛t✉r❡ ❡t ✉♥❡ ✐♥té❣r❛t✐♦♥ tr❛♣é③♦ï❞❛❧❡ ✭❉❛✈✐❡s ✶✾✼✸✱ ❉❛✈✐❡s ✶✾✽✵✮ à ❧❛
❢♦r♠✉❧❡ s✉✐✈❛♥t❡ ✿

P(Q < c) =
1

2
−

M∑

m=0

(
sin{θc[(m + 0.5)∆]}

π(m + 0.5)γ[(m + 0.5)∆]

)

♦ù ∆ ❡st ❧❡ ✭♣❡t✐t✮ ✐♥t❡r✈❛❧❧❡✱ M ❧❡ ✭❣r❛♥❞✮ ♥♦♠❜r❡ ❞✬✐♥t❡r✈❛❧❧❡s✱ ❡t U = (M + 0.5)δ ❧❛
✈❛❧❡✉r ❞❡ tr♦♥❝❛t✉r❡✳ ▲❡s ❢♦♥❝t✐♦♥s θc ❡t γ s♦♥t ❞♦♥♥é❡s ♣❛r ✿

θc(u) =
n∑

j=1

[
dj

2
tan−1(2uλj) + νjuλj(1 + 4u2λ2

j)
−1

]
− cu

❡t

γ(u) =
n∏

j=1

(1 + 4u2λ2
j)

dj/4 exp

(
2u2

n∑

j=1

νjλ
2
j

1 + 4u2λ2
j

)
.

▲✬é✈❛❧✉❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞❡ ❧❛ ❈❉❋ ❞❡ ❝❡tt❡ ❢❛ç♦♥ ❛❜♦✉t✐t à ✉♥❡ ❡rr❡✉r ❞❡ tr♦♥❝❛t✉r❡ εT

✭❧✐é❡ à ❧❛ ❧✐♠✐t❡ ❞❡ tr♦♥❝❛t✉r❡ U✮ ❛✐♥s✐ q✉✬à ✉♥❡ ❡rr❡✉r ❞✬✐♥té❣r❛t✐♦♥ εI ✭❧✐é à ❧✬✐♥t❡r✈❛❧❧❡
∆✮✳ ■❧ ❡①✐st❡ ✉♥ ❝❡rt❛✐♥s ♥♦♠❜r❡ ❞❡ str❛té❣✐❡s ♣♦✉r ❝❤♦✐s✐r ❝❡s ✈❛❧❡✉rs ❡t ▲✉ ❛♥❞ ❑✐♥❣
✭✷✵✵✷✮ ❢♦✉r♥✐t ✉♥❡ r❡✈✐❡✇ ❝♦♠♣❧èt❡✳
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XA ❡t XT s♦♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥ts à ❧✬éq✉✐✲
❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣

▲♦rsq✉❡ ❧✬♦♥ ❢❛✐t ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡s ❞❡✉① st❛t✐st✐q✉❡s✱ ❧✬♦♥ ♦❜t✐❡♥t ✿

XA

XT

=
4N0N2 − N12

(N1 + 2N2)(N1 + 2N0)
+ 1 =

A

B
+ 1,

❛✈❡❝ N0✱ N1 ❡t N2 ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ❞❡ ❞✐str✐❜✉t✐♦♥ ♠✉❧t✐♥♦♠✐❛❧❡ ✿

(N0, N1, N2) ∼ M(N, p0, p1, p2),

❡t q✉✐ ♣❡✉✈❡♥t êtr❡ ❛♣♣r♦❝❤é❡s ♣❛r ✉♥❡ ❞✐str✐❜✉t✐♦♥ ♠✉❧t✐♥♦r♠❛❧❡ ❞❡ ♣❛r❛♠ètr❡s ❝♦♥♥✉s✳
P❛r ❛✐❧❧❡✉rs✱ p0✱ p1 ❡t p2 s♦♥t ✐❝✐ ❧❡s ♣r♦♣♦rt✐♦♥s ❣é♥♦t②♣✐q✉❡s ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❝♦♠❜✐♥é❡
❝❛s✲té♠♦✐♥ q✉❡ ❧✬♦♥ s✉♣♣♦s❡ é❣❛❧❡♠❡♥t à ❧✬éq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❛✈❡❝ p0 = p2✱
p1 = 2p(1 − p) ❡t p2 = (1 − p)2✳

P♦✉r ♠♦♥tr❡r q✉❡ XA ❡t XT s♦♥t ❛s②♠♣t♦t✐q✉❡♠❡♥t éq✉✐✈❛❧❡♥ts ❞❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱
✐❧ ❢❛✉t ❛✉ ♠♦✐♥s ♠♦♥tr❡r q✉❡ ❧❡ q✉♦t✐❡♥t ❞❡ A ❛✈❡❝ B t❡♥❞ ✈❡rs ✵ ❧♦rsq✉❡ ♥ t❡♥❞ ✈❡rs
❧✬✐♥✜♥✐ ✿

lim
N→+∞

A

B
= 0.

❊♥ ♣♦s❛♥t N0 = Np0 + Y0✱ N2 = Np2 + Y2 ❡t N1 = Np1 −Y0 −Y2 ♦ù Y0 ❡t Y2 s♦♥t ❞❡s
✈❛r✐❛❜❧❡s ♥♦r♠❛❧❡s ❝❡♥tré❡s✱ ♦♥ ❛ ✿

A = 4N(Y0(1 − p) + Y2p) − (Y0 − Y2)
2,

B = 4N2p2 − (Y0 − Y2)
2.

❙♦✐❡♥t DN = Y0 − Y2 ❡t SN = Y0(1 − p) + Y2p✳ ❖♥ ♣❡✉t ♠♦♥tr❡r q✉❡ DN =
√

ND ❡t
SN =

√
NS ❛✈❡❝ ✿

D ∼ N (0, p1),

S ∼ N (0, p0p2).

❖♥ ♣♦s❡ ✿

Q =

A
N
√

N
B
N2

.
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❆✈❡❝ ❧❡ t❤é♦rè♠❡ ❞❡ ❙❧✉t③❦② ✭❇✐❧❧✐♥❣s❧❡② ✶✾✻✽✮✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ Q ❝♦♥✈❡r❣❡ ❡♥
❧♦✐ ✈❡rs ✉♥❡ ♥♦r♠❛❧❡ N (0, p2

p0
)✳ ❖♥ ♣❡✉t ❡♥ ❞é❞✉✐r❡ q✉❡ ✿

lim
N→+∞

A

B
= lim

N→+∞

1√
N

× Q = 0,

❝❡ q✉✬✐❧ ❢❛❧❧❛✐t ❞é♠♦♥tr❡r✳

❏✉st✐✜❝❛t✐♦♥ ❞❡s ❝♦♥❞✐t✐♦♥s ❞✬❛♣♣❧✐❝❛t✐♦♥ ❞✉ t❡st ❞✬❍❛r❞②✲
❲❡✐♥❜❡r❣

❈♦♥❞✐t✐♦♥ ✶ ✿ ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ❞♦✐t êtr❡ à ❧✬éq✉✐❧✐❜r❡

❯♥ ❞éséq✉✐❧✐❜r❡ ♦❜s❡r✈é ❝❤❡③ ❧❡s ❝❛s ♣❡✉t✲êtr❡ ❞û à tr♦✐s r❛✐s♦♥s ♣r✐♥❝✐♣❛❧❡s ✿ ✭✐✮ ❧❛ ♣♦✲
♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡ ♥✬❡st ♣❛s à ❧✬éq✉✐❧✐❜r❡✱ ✭✐✐✮ ❧❡ ❞éséq✉✐❧✐❜r❡ ♦❜s❡r✈é ❡st ♦❜t❡♥✉ ♣❛r ❝❤❛♥❝❡✱
✭✐✐✐✮ ❧❡ ❞éséq✉✐❧✐❜r❡ ❡st ❧✐é à ✉♥❡ ❛ss♦❝✐❛t✐♦♥ ❡♥tr❡ ❧❡ ♠❛rq✉❡✉r ❝♦♥s✐❞éré ❡t ❧❛ ♠❛❧❛❞✐❡✳
❊♥ ❝♦♥trô❧❛♥t ❧❡ ❢❛✐t q✉❡ ❧❡ ❞éséq✉✐❧✐❜r❡ s♦✐t ♦❜t❡♥✉ ♣❛r ❝❤❛♥❝❡✱ ♣♦✉r ❢❛✐r❡ ❧✬❤②♣♦t❤ès❡
q✉✬✐❧ ❡st ❞û à ❧❛ ♠❛❧❛❞✐❡✱ ❧✬♦♥ ❞♦✐t ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ❡①❝❧✉r❡ ❝❡❧❧❡ q✉✬✐❧ s♦✐t ❞û à ✉♥
❞éséq✉✐❧✐❜r❡ ❞❛♥s ❧❛ ♣♦♣✉❧❛t✐♦♥ ❣é♥ér❛❧❡✳

❈♦♥❞✐t✐♦♥ ✷ ✿ ❧❛ ♣é♥étr❛♥❝❡ ❡st ✐♥❝♦♠♣❧èt❡

FD = 0 ⇔ pD2 − (pDA
)2 = 0

⇔ p2
Af2

Kp

−
[
p
f2pA + f1(1 − pA)

Kp

]2

= 0

⇔ p2
AKpf2 − p2

A[f2pA + f1(1 − pA)]2

K2
p

= 0

⇔ (1 − pA)2p2
A(f0f2 − f 2

1 )

K2
p

= 0

⇔ f0f2 − f 2
1 = 0

⇔ f0 = f1 = f2 = 1 ❖❘ f0 = f1 = 0
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❈♦♥❞✐t✐♦♥ ✸ ✿ ❧❡ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ♥❡ ❞♦✐t ♣❛s êtr❡ ♠✉❧t✐♣❧✐❝❛t✐❢

FD = 0 ⇔ pD2 − (pDA
)2 = 0

⇔ f0f2 − f 2
1 = 0

⇔ f0f0 × RR2 − (f0 × RR1)
2 = 0

⇔ f 2
0 RR2 − f 2

0 RR2
1 = 0

⇔ RR2 = RR2
1

❙♦✉s ✉♥ ♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ ♠✉❧t✐♣❧✐❝❛t✐❢✱ ❧❡s ❣é♥♦t②♣❡s s♦♥t sé❧❡❝t✐♦♥♥és ♣r♦♣♦r✲
t✐♦♥♥❡❧❧❡♠❡♥t ❛✉ ♣r♦❞✉✐t ❞❡s ♣r♦♣♦rt✐♦♥s ❛❧❧é❧✐q✉❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ♦♥ ♥❡ s✬❛tt❡♥❞ ♣❛s à
♦❜s❡r✈❡r ❝❤❡③ ❧❡s ❝❛s ✉♥ ❞éséq✉✐❧✐❜r❡ ❞✬❍❛r❞②✲❲❡✐♥❜❡r❣ ❣é♥éré ♣❛r ❧❛ ♠❛❧❛❞✐❡ ❡t ♣❧✉s ❧❡
♠♦❞❡ ❞❡ tr❛♥s♠✐ss✐♦♥ s✬é❧♦✐❣♥❡ ❞✉ ♠♦❞è❧❡ ♠✉❧t✐♣❧✐❝❛t✐❢✱ ❡t ♣❧✉s ❧❛ q✉❛♥t✐té ❞❡ ❞éséq✉✐❧✐❜r❡
s✉s❝❡♣t✐❜❧❡ ❞✬êtr❡ ❣é♥éré❡ ♣❛r ❧❛ ♠❛❧❛❞✐❡ ❡st ✐♠♣♦rt❛♥t❡✳

■♥tr♦❞✉❝t✐♦♥ à ❧✬❛❧❣♦r✐t❤♠❡ ❊▼

▲✬❛❧❣♦r✐t❤♠❡ ❊▼ ✭❊①♣❡❝t❛t✐♦♥✲▼❛①✐♠✐③❛t✐♦♥✮ ❡st ❛✉❥♦✉r❞✬❤✉✐ ✉♥ ♦✉t✐❧ st❛t✐st✐q✉❡ très
♣♦♣✉❧❛✐r❡ ♣♦✉r tr❛✐t❡r ❧❡ ♣r♦❜❧è♠❡ ❞❡ ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ♦✉ ❞✬❡st✐♠❛t✐♦♥ ❞❡ ♠é❧❛♥❣❡s
✭❉❡♠♣st❡r ❡t ❛❧ ✶✾✼✼✱ ▼❝▲❛❝❤❧❛♥ ❡t P❡❡❧ ✷✵✵✵✮✳ ■❧ s✬❛❣✐t ❞✬✉♥❡ ♣r♦❝é❞✉r❡ ✐tér❛t✐✈❡ ❞❡ ❝❛❧❝✉❧
❞❡ ❧✬❡st✐♠❛t❡✉r ❛✉ ♠❛①✐♠✉♠ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡♥ ♣rés❡♥❝❡ ❞❡ ❞♦♥♥é❡s ✐♥❝♦♠♣❧èt❡s ❀ ❝✬❡st
à ❞✐r❡ q✉❡ ♥♦✉s ❝❤❡r❝❤♦♥s ❧❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ❝♦♥s✐❞éré ♣♦✉r ❧❡sq✉❡❧s ❧❡s ❞♦♥♥é❡s
♦♥t ❧❡ ♣❧✉s ❞❡ ❝❤❛♥❝❡ ❞✬êtr❡ ♦❜s❡r✈é❡s✳ ❈❤❛q✉❡ ✐tér❛t✐♦♥ ❝♦♥s✐st❡ ❡♥ ❞❡✉① ét❛♣❡s ✿ ❧✬ét❛♣❡
❊ ❡t ❧✬ét❛♣❡ ▼✳

❉❛♥s ❧✬ét❛♣❡ ❊✱ ❧❡s ❞♦♥♥é❡s ♠❛♥q✉❛♥t❡s s♦♥t ❡st✐♠é❡s s❛❝❤❛♥t ❧❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s ❡t
✉♥❡ ❡st✐♠❛t✐♦♥ ❝♦✉r❛♥t❡ ❞❡s ♣❛r❛♠ètr❡s ❞✉ ♠♦❞è❧❡ ♣❛r ❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡✳ ❉❛♥s
❧✬ét❛♣❡ ▼✱ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❡st ♠❛①✐♠✐sé❡ s♦✉s ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ❞♦♥♥é❡s
♠❛♥q✉❛♥t❡s s♦♥t ❝♦♥♥✉❡s✳ ❈❡t ❛♥♥❡①❡ ❡st ❧✐❜r❡♠❡♥t ✐♥s♣✐ré ❞✉ t✉t♦r✐❛❧ ♣r♦♣♦sé ♣❛r ❙❡❛♥
❇♦r♠❛♥✼✳

❉é❞✉❝t✐♦♥

❙♦✐t X ✉♥ ✈❡❝t❡✉r ❛❧é❛t♦✐r❡ r❡♣rés❡♥t❛♥t ❧❡s ❞♦♥♥é❡s ♦❜s❡r✈é❡s✳ ▲✬♦♥ ❝❤❡r❝❤❡ à ❞é✲
t❡r♠✐♥❡r θ t❡❧ q✉❡ P(X|θ) ❡st ♠❛①✐♠✉♠✳ ❖♥ ♣❛r❧❡ ❛❧♦rs ❞✬❡st✐♠❛t✐♦♥ ❞❡ θ ❛✉ ♠❛①✐♠✉♠
❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡✽ ❛✈❡❝ P(X|θ) ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❞❡ ♣❛r❛♠ètr❡ θ ❛♣♣❧✐q✉é❡

✼❤tt♣✿✴✴✇✇✇✳s❡❛♥❜♦r♠❛♥✳❝♦♠✴♣✉❜❧✐❝❛t✐♦♥s
✽♥♦t❡ ▼▲ ♣♦✉r ▼❛①✐♠✉♠ ▲✐❦❡❧✐❤♦♦❞
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s✉r ❧❡s ♦❜s❡r✈❛t✐♦♥s X✳ ❆✜♥ ❞✬❡st✐♠❡r θ✱ ♦♥ ✐♥tr♦❞✉✐t ❣é♥ér❛❧❧❡♠❡♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❧♦❣✲
✈r❛✐s❡♠❜❧❛♥❝❡ ❞é✜♥✐❡ ♣❛r ✿

L(θ) = log P(X|θ).

❈♦♠♠❡ log(x) ❡st ✉♥❡ ❢♦♥❝t✐♦♥ str✐❝t❡♠❡♥t ❝r♦✐ss❛♥t❡✱ ❧❛ ✈❛❧❡✉r ❞❡ θ q✉✐ ♠❛①✐♠✐s❡ P(X|θ)
♠❛①✐♠✐s❡ é❣❛❧❡♠❡♥t L(θ)✳

▲✬❛❧❣♦r✐t❤♠❡ ❊▼ ❡st ✉♥❡ ♣r♦❝é❞✉r❡ ✐tér❛t✐✈❡ ❞❡ ♠❛①✐♠✐s❛t✐♦♥ ❞❡ L(θ)✳ ❙✉♣♣♦s♦♥s q✉✬à
❧❛ s✉✐t❡ ❞❡ ❧❛ nè♠❡ ✐tér❛t✐♦♥✱ ❧✬❡st✐♠❛t✐♦♥ ❞❡ θ s♦✐t ❞♦♥♥é❡ ♣❛r θ(h) ❀ ❝♦♠♠❡ ❧✬♦❜❥❡❝t✐❢ ❡st
❞❡ ♠❛①✐♠✐s❡r L(θ)✱ ♦♥ ❝❤❡r❝❤❡ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ θ t❡❧❧❡ q✉❡ ✿

L(θ) > L(θ(h)).

❉❡ ❢❛ç♦♥ éq✉✐✈❛❧❡♥t❡✱ ♦♥ ❝❤❡r❝❤❡ à ♠❛①✐♠✐s❡r ❧❛ ❞✐✛ér❡♥❝❡ ✿

L(θ) − L(θ(h)) = log P(X|θ) − log P(X|θ(h)).

P♦✉r ❧❡ ♠♦♠❡♥t ♥♦✉s ♥✬❛✈♦♥s ♣❛s ❝♦♥s✐❞éré ❞❡ ❞♦♥♥é❡s ♥♦♥✲♦❜s❡r✈é❡s✳ ❙♦✐t Z ✉♥ ✈❡❝t❡✉r
❛❧é❛t♦✐r❡ r❡♣rés❡♥t❛♥t ❧❡s ❞♦♥♥é❡s ♥♦♥✲♦❜s❡r✈é❡s ❡t z ✉♥❡ ré❛❧✐s❛t✐♦♥ ❞❡ Z✳ ■❧ ❡st ❛❧♦rs
♣♦ss✐❜❧❡ ❞✬❡①♣r✐♠❡r P(X|θ) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ z ✿

P(X|θ) =
∑

z

P(X|z, θ)P(z|θ).

❖♥ ♣❡✉t ❛❧♦rs réé❝r✐r❡ L(θ) − L(θ(h)) ❡♥ ❢♦♥❝t✐♦♥ ❞❡ z ✿

L(θ) > L(θ(h)) = log

(
∑

z

P(X|z, θ)P(z|θ)
)

− log P(X|θ).

❊♥ ✉t✐❧✐s❛♥t ❧✬✐♥é❣❛❧✐té ❞❡ ❏❡♥s❡♥✱ ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ✿

log
∑

λixi >
∑

λi log(xi)

❛✈❡❝ λi > 0 ❡t
∑

λi = 1✳ ❈❡ rés✉❧t❛t ♣❡✉t✲êtr❡ ❛♣♣❧✐q✉é à ❧✬éq✉❛t✐♦♥ ♣ré❝é❞❡♥t❡ s♦✉s ♣❡✐♥❡
❞✬✐❞❡♥t✐✜❡r ❧❡s ❝♦♥st❛♥t❡s λi✳ ■❝✐ ❡❧❧❡ ♣❡✉✈❡♥t êtr❡ ❞❡ ❧❛ ❢♦r♠❡ P(z|X, θ(h)) ❀ ❝♦♠♠❡ ✐❧ s✬❛❣✐t
❞✬✉♥❡ ♣r♦❜❛❜✐❧✐té✱ P(z|X, θ(h)) > 0 ❡t

∑
z
P(z|X, θ(h)) = 1 ❡st r❡q✉✐s✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ ❡♥
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✐♥tr♦❞✉✐s❛♥t ❝❡s ❝♦♥st❛♥t❡s ✿

L(θ) − L(θ(h)) = log

(
∑

z

P(X|z, θ)P(z|θ)
)

− log P(X|θ)

= log

(
∑

z

P(X|z, θ)P(z|θ) × P(z|X, θ(h))

P(z|X, θ(h))

)
− log P(X|θ)

= log

(
∑

z

P(z|X, θ(h))
P(X|z, θ)P(z|θ)

P(z|X, θ(h))

)
− log P(X|θ)

>
∑

z

P(z|X, θ(h)) log

(
P(X|z, θ)P(z|θ)

P(z|X, θ(h))

)
− log P(X|θ)

>
∑

z

P(z|X, θ(h)) log

(
P(X|z, θ)P(z|θ)

P(z|X, θ(h))P(X|θ(h))

)

L(θ) > L(θ(h)) +
∑

z

P(z|X, θ(h)) log

(
P(X|z, θ)P(z|θ)

P(z|X, θ(h))P(X|θ(h))

)
.

❊♥ ♣♦s❛♥t ✿

l(θ|θ(h)) ≡ L(θ(h)) +
∑

z

P(z|X, θ(h)) log

(
P(X|z, θ)P(z|θ)

P(z|X, θ(h))P(X|θ(h))

)
,

♦♥ ♦❜t✐❡♥t ✉♥❡ ❢♦♥❝t✐♦♥ ♠❛❥♦ré❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ L(θ)✳ P❛r ❛✐❧❧❡✉rs ♦♥
♣❡✉t ♠♦♥tr❡r q✉❡ ♣♦✉r θ = θ(h)✱ l(θ|θ(h)) ❡t L(θ) s♦♥t é❣❛❧❡s✳

◆♦tr❡ ♦❜❥❡❝t✐❢ ❡st ❞❡ ❝❤♦✐s✐r ✉♥❡ ✈❛❧❡✉r ❞❡ θ q✉✐ ♠❛①✐♠✐s❡ L(θ)✳ ◆♦✉s ❛✈♦♥s ♠♦♥tré
q✉❡ ❧❛ ❢♦♥❝t✐♦♥ l(θ|θ(h)) ❡st ♠❛❥♦ré❡ ♣❛r L(θ) ❡t q✉❡ ❧❡s ❞❡✉① s♦♥t é❣❛❧❡s ♣♦✉r ✉♥❡ ♠ê♠❡
✈❛❧❡✉r ❞❡ θ✳ P❛r ❝♦♥séq✉❡♥t✱ t♦✉t θ q✉✐ ❛❝❝r♦ît l(θ|θ(h)) ❛❝❝r♦ît é❣❛❧❡♠❡♥t L(θ)✳ ❉❡ ❢❛ç♦♥ à
ré❛❧✐s❡r ❧❡ ♠❡✐❧❧❡✉r ❛❝❝r♦✐ss❡♠❡♥t ♣♦ss✐❜❧❡ ❞❡ L(θ)✱ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ♣ré❝♦♥✐s❡ ❞❡ ❝❤♦✐s✐r θ
t❡❧ q✉❡ l(θ|θ(h)) ❡st ♠❛①✐♠✉♠ ❡t ♥♦té θ(h+1)✳ ❈❡tt❡ ♣r♦❝é❞✉r❡ ❡st ✐❧❧✉stré❡ ✜❣✉r❡ ✹✳✶✳ P❧✉s
❢♦r♠❡❧❧❡♠❡♥t ♥♦✉s ❛✈♦♥s ✿

θn+1 = arg max
θ

{l(θ|θ(h)}

= arg max
θ

{
L(θ(h)) +

∑

z

P(z|X, θ(h)) log
P(X|z, θ)P(z|θ)

P(z|X, θ(h))P(X|θ(h))

}

❊♥ r❡t✐r❛♥t ❧❡s t❡r♠❡s ❝♦♥st❛♥ts ♣❛r r❛♣♣♦rt à θ ✿

θ(h+1) = arg max
θ

{
∑

z

P(z|X, θ(h)) log P(X|z, θ)P(z|θ)
}

= arg max
θ

{
∑

z

P(z|X, θ(h)) log
P(X, z, θ)

P(z, θ)

P(z, θ)

P(θ)

}

= arg max
θ

{
∑

z

P(z|X, θ(h)) log P(X, z|θ)
}

= arg max
θ

{
Ez|X,θ(h){log P(X, z|θ)}.

}
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❖♥ ✈♦✐t ❛♣♣❛r❛îtr❡ ✐❝✐ ❧❡s ❞❡✉① ét❛♣❡s ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✿ ✭✐✮ ❧✬ét❛♣❡ ❊ q✉✐ ❞ét❡r♠✐♥❡
❧✬❡s♣ér❛♥❝❡ ❝♦♥❞✐t✐♦♥♥❡❧❧❡ Ez|X,θ(h){log P(X, z|θ)} ❡t ✭✐✐✮ ❧✬ét❛♣❡ ▼ q✉✐ ♠❛①✐♠✐s❡ ❧✬❡①♣r❡s✲
s✐♦♥ ♣❛r r❛♣♣♦rt à θ✳

❋✐❣✳ ✹✳✶ ✕ ■♥t❡r♣rét❛t✐♦♥ ❣r❛♣❤✐q✉❡ ❞✬✉♥❡ ét❛♣❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ ✿ ❧❛ ❢♦♥❝t✐♦♥
l(θ|θ(h)) ❡st ♠❛❥♦ré❡ ♣♦✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ L(θ)✳ ▲❡s ❢♦♥❝t✐♦♥s s♦♥t é❣❛❧❡s
♣♦✉r θ = θ(h)✳ ▲✬❛❧❣♦r✐t❤♠❡ ❊▼ ❝❤♦✐s✐t θ(h+1) t❡❧ q✉❡ l(θ|θ(h)) ❡st ♠❛①✐♠✉♠✳ ❈♦♠♠❡
L(θ) > l(θ|θ(h))✱ ♦♥ ❡st sûr ❡♥ ❛✉❣♠❡♥t❛♥t ❧❛ ✈❛❧❡✉r ❞❡ l(θ|θ(h)) ❞✬❛✉❣♠❡♥t❡r ♣❛r ❧❛ ♠ê♠❡
♦❝❝❛s✐♦♥ L(θ) à ❝❤❛q✉❡ ét❛♣❡✳

❈♦♥✈❡r❣❡♥❝❡

▲❡s ♣r♦♣r✐étés ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ❊▼ s♦♥t ❞✐s❝✉té❡s ❡♥ ❞ét❛✐❧s ♣❛r ▼❝▲❛✲
❝❤❧❛♥ ❡t ❑r✐s❤♥❛♥ ✭✶✾✾✻✮✳ ■❝✐ ♥♦✉s ❞✐s❝✉t♦♥s ❞❡ ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❣é♥ér❛❧❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡✳
▲❛ ✈❛❧❡✉r θ(h+1) ❡st ❝❤♦✐s✐❡ ❞❡ ❢❛ç♦♥ à ❛❝❝r♦îtr❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ L(θ)✳ ◗✉❛♥❞
❧✬❛❧❣♦r✐t❤♠❡ ❛tt❡✐♥t ✉♥ ♣♦✐♥t ✜①❡ ♣♦✉r ✉♥ θn ❞♦♥♥é✱ ❝❡tt❡ ✈❛❧❡✉r ♠❛①✐♠✐s❡ ❛❧♦rs l(θ)✳
❈♦♠♠❡ L ❡t l s♦♥t é❣❛❧❡s à θ(h) ✭s✐ L ❡t l s♦♥t ❞✐✛ér❡♥t✐❛❜❧❡s ❡♥ ❝❡ ♣♦✐♥t✮✱ ❛❧♦rs θ(h)

❡st é❣❛❧❡♠❡♥t ✉♥ ♣♦✐♥t ❞❡ st❛t✐♦♥❛r✐té ♣♦✉r L✳ ◆é❛♥♠♦✐♥s ❝❡ ♣♦✐♥t ♥✬❡st ♣❛s ♥é❝❡ss❛✐r❡✲
♠❡♥t ✉♥ ♠❛①✐♠✉♠ ❣❧♦❜❛❧ ❞❡ ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ✈r❛✐s❡♠❜❧❛♥❝❡ ❀ ✐❧ ❡st ♣♦ss✐❜❧❡ q✉❡ ❧✬❛❧❣♦r✐t❤♠❡
❝♦♥✈❡r❣❡ ✈❡rs ✉♥ ♠✐♥✐♠✉♠ ❧♦❝❛❧ ♦✉ ✉♥ ♣♦✐♥t s❡❧❧❡ ❞❛♥s ❝❡rt❛✐♥s ❝❛s ❧✐♠✐t❡s✳

❘és✉❧t❛ts ❝♦♠♣❧é♠❡♥t❛✐r❡s s✉r ❧❡ ❙❝♦r❡ ▲♦❝❛❧

❈❡tt❡ ❛♥♥❡①❡ ❡st ✐♥s♣✐ré❡ ❞❡ ❧❛ t❤ès❡ ♣rés❡♥té❡ ♣❛r ❉❛✈✐❞ ❘♦❜❡❧✐♥ ✭✷✵✵✺✮✳

❉✐str✐❜✉t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞✉ ❙❝♦r❡ ▲♦❝❛❧

▲❛ ♣r✐♥❝✐♣❛❧❡ ✐❞é❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❡st ❞❡ ❞é❝♦✉♣❡r ❧❛ séq✉❡♥❝❡ ❡♥ ❜❧♦❝s ❞ét❡r♠✐♥és ❞❡
♠❛♥✐èr❡ ❛❧é❛t♦✐r❡✱ ❡t ❞♦♥t ❧❡s ❞✐str✐❜✉t✐♦♥s s♦♥t ✐♥❞é♣❡♥❞❛♥t❡s ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐✲



❆♥♥❡①❡s ✶✾✼

❜✉é❡s ✭✐✐❞✮✳ ▲❛ ♠❛♥✐èr❡ ❞♦♥t ❝❡s ❜❧♦❝s s♦♥t ❞ét❡r♠✐♥és ❡st ♣rés❡♥té❡ ❞❛♥s ❧❛ s✉✐t❡✳ ▲❛
♠ét❤♦❞❡ ❝♦♥s✐st❡ à ré❝r✐r❡ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ s✉r ❧❛ séq✉❡♥❝❡ ❡♥t✐èr❡ à ❧✬❛✐❞❡ ❞✬✉♥❡ ❢♦♥❝t✐♦♥
❞é✜♥✐❡ s✉r ❝❤❛❝✉♥ ❞❡ ❝❡s ❜❧♦❝s ❀ ❞❡ ❝❡tt❡ ❢❛ç♦♥✱ ❧❡ ❙❝♦r❡ ▲♦❝❛❧ s✬❡①♣r✐♠❡ ❝♦♠♠❡ ✉♥❡ ❢♦♥❝✲
t✐♦♥ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ré❡❧❧❡s ❡t ✐✐❞✳ ▲❛ ❧♦✐ ❞❡ ❝❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ❡st ét✉❞✐é❡ s✉r
❧❡ ♣r❡♠✐❡r ❜❧♦❝✳

❙♦✐t S = (Si)i=1,...,n ✉♥❡ séq✉❡♥❝❡ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐✐❞ ❡t ❞✬❡s♣ér❛♥❝❡ ♥é❣❛t✐✈❡✳ ❖♥
♥♦t❡ ∀k ∈ [1, n]✱ Mk =

∑k
i=1 Si ❧❡s s♦♠♠❡s ❝✉♠✉❧é❡s ♣❛rt✐❡❧❧❡s✳ ❖♥ ♥♦t❡ M ❧❡ ♠❛①✐♠✉♠

❞❡s s♦♠♠❡s ❝✉♠✉❧é❡s ♣❛rt✐❡❧❧❡s M = supk>0 Mk✳

▲❛ ❞é♠❛r❝❤❡ ❞❡ ❑❛r❧✐♥ ❡t ❉❡♠❜♦ ✭✶✾✾✷✮ ❝♦♥s✐st❡ à ét✉❞✐❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ M✱ ♣♦✉r
❡♥s✉✐t❡ ❡♥ ❞é❞✉✐r❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♠❛①✐♠✉♠ ❞❡s s♦♠♠❡s ❝✉♠✉❧é❡s ♣❛rt✐❡❧❧❡s s✉r ❧❡
♣r❡♠✐❡r ❜❧♦❝✳ ❈❡tt❡ ❞✐str✐❜✉t✐♦♥ ♣❡r♠❡t ❡♥s✉✐t❡ ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♣❧✉s
❣r❛♥❞ ❙❝♦r❡ ▲♦❝❛❧✳ ▲❡s ❜❧♦❝s s♦♥t ❞é✜♥✐s à ♣❛rt✐r ❞❡ t❡♠♣s ❞❡ r❡❝♦r❞s ♥é❣❛t✐❢s ❞❡ ❧❛
♠❛r❝❤❡ ❛❧é❛t♦✐r❡ M = (Mk)k=1...n✳ ▲❡s t❡♠♣s ❞❡ r❡❝♦r❞ ♥é❣❛t✐❢s s♦♥t ❞é✜♥✐s ❝♦♠♠❡ ét❛♥t
❧❡s t❡♠♣s ❞✬❛rrêt s✉✐✈❛♥ts ✿

T0 = 0 ❡t Tk+1 = inf{i|i > Tk ❡t Mi > MTk
}.

❯♥ t❡♠♣s ❞❡ r❡❝♦r❞ ❝♦rr❡s♣♦♥❞ à ✉♥ ♥♦✉✈❡❛✉ ♠✐♥✐♠✉♠ ❞❛♥s ❧❛ ♠❛r❝❤❡ ❛❧é❛t♦✐r❡ M✳
❈♦♠♠❡ ❧✬❡s♣ér❛♥❝❡ ❞❡ Si ❡st ♥é❣❛t✐✈❡✱ ♦♥ ❛ P(Tk < ∞) = 1 ❡t ❧✬♦♥ ♥♦t❡ ✿ µ = E(T1).
❊♥tr❡ ❞❡✉① t❡♠♣s ❞❡ r❡❝♦r❞s s✉❝❝❡ss✐❢s✱ ♦♥ s✬✐♥tér❡ss❡ ❛✉① ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✈❛❧❛♥t ❧❡
♠❛①✐♠✉♠ ❞❡s s♦♠♠❡s ❝✉♠✉❧é❡s ♣❛rt✐❡❧❧❡s s✉r ✉♥ ❜❧♦❝ ✿

Qi = max
Ti6k6Ti+1

(Mk − MTi
).

❉✬❛✉tr❡ ♣❛rt✱ ❧❡s tr❛❥❡❝t♦✐r❡s ❞❡s s♦♠♠❡s ❝✉♠✉❧é❡s ♣❛rt✐❡❧❧❡s ❡♥tr❡ ❞❡✉① t❡♠♣s ❞❡ r❡❝♦r❞s
s✉❝❝❡ss✐❢s

∑
k = (Mi, Tk 6 i 6 Tk+1)k s♦♥t ✐✐❞✳ ❈❡❝✐ ❡st ❞û à ❧✬✐♥❞é♣❡♥❞❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s

❛❧é❛t♦✐r❡s Si ❡t ❛✉ ❢❛✐t q✉✬❡❧❧❡s s♦♥t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉é❡s✳ P❛r ❝♦♥séq✉❡♥t✱ ❧❡s ♠❛①✐♠❛
❞❡ ❝❡s tr❛❥❡❝t♦✐r❡s ✭Qi✮ s♦♥t é❣❛❧❡♠❡♥t ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐✐❞✳ ▲❡ ❙❝♦r❡ ▲♦❝❛❧ ♦❜t❡♥✉
à ✉♥ ❝❡rt❛✐♥ t❡♠♣s ❞❡ r❡❝♦r❞ s✬❡①♣r✐♠❡ ❝♦♠♠❡ ❧❡ ♠❛①✐♠✉♠ ❞❡ ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✐✐❞ ✿

HTm
= max

06i6Nn

Qi,

∀m > 0 ❡t ♦ù Nm ❡st ❧❡ ♥♦♠❜r❡ ✭❛❧é❛t♦✐r❡✮ ❞❡ t❡♠♣s ❞❡ r❡❝♦r❞s ❞❛♥s ❧❛ séq✉❡♥❝❡ ❞❡ t❛✐❧❧❡
n✳ ❑❛r❧✐♥ ❡t ❉❡♠❜♦ ✭✶✾✾✷✮ ♦♥t ét❛❜❧✐ ✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❧❛ q✉❡✉❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥
❞✉ ♠❛①✐♠✉♠ ❞❡s s♦♠♠❡s ❝✉♠✉❧é❡s ♣❛rt✐❡❧❧❡s ❡♥tr❡ ❞❡✉① t❡♠♣s ❞❡ r❡❝♦r❞s ✿

lim
y→+∞

P(Q1 > y) = Ce−λy,

♦ù λ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ♥♦♥ ♥✉❧❧❡ ❞❡ ❧✬éq✉❛t✐♦♥ E
[
e−xS1

]
= 1✱ ❡t C ❡st ✉♥❡ ❝♦♥st❛♥t❡

❞é♣❡♥❞❛♥t ❞❡ ❧❛ ❧♦✐ ❞❡s Si✳ ■❧s ♦♥t é❣❛❧❡♠❡♥t ét❛❜❧✐ q✉❡ ❧❡ ❞♦♠❛✐♥❡ ❞✬❛ttr❛❝t✐♦♥ ❞❡ ❧❛
❧♦✐ ❞❡ Qi ❡st ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ●✉♠❜❡❧ ❀ ❛✉tr❡♠❡♥t ❞✐t✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ♠❛①✐♠✉♠ ❞❡s
Qi✱ ❝✬❡st à ❞✐r❡ H ❝♦rr❡❝t❡♠❡♥t ♥♦r♠❛❧✐sé✱ ❝♦♥✈❡r❣❡ ✈❡rs ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ●✉♠❜❡❧✳ ❖♥
♥♦t❡ ✿

MNn
= max

16i6Nn

Qi.
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❉✬❛♣rès ❧❛ t❤é♦r✐❡ ❞❡s ✈❛❧❡✉rs ❡①trê♠❡s ❡t ❧❡ rés✉❧t❛t ❞❡ ❑❛r❧✐♥ ❡t ❉❡♠❜♦ ✭✶✾✾✷✮✱ ✐❧ ❡①✐st❡
❞❡✉① séq✉❡♥❝❡s αk ❡t βk t❡❧❧❡s q✉❡ ✿

lim
k→+∞

P((Mk − αk)/βk < x) = e−e−x

,

❛✈❡❝ ✿

αk =
log k + log C

λ
.

βk =
1

λ
,

▲❛ ❞é♠♦♥str❛t✐♦♥ ♣❡✉t s❡ tr♦✉✈❡r ❞❛♥s ❧❛ t❤ès❡ ❞❡ ❉❛✈✐❞ ❘♦❜❡❧✐♥ ✭✷✵✵✺✮✳ ❈❡tt❡ ♣r♦♣♦s✐t✐♦♥
❞♦♥♥❡ ❧❡s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❡♥ ❢♦♥❝t✐♦♥ ❞✉ ♥♦♠❜r❡ ❞❡ t❡♠♣s ❞❡ r❡❝♦r❞s✳ ■❧ r❡st❡
à tr♦✉✈❡r ❝❡s ❝♦♥st❛♥t❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ séq✉❡♥❝❡✳ ❖♥ ✉t✐❧✐s❡ ♣♦✉r ❝❡❧❛ ❧❛
❝♦♥✈❡r❣❡♥❝❡ ♣r❡sq✉❡ sûr❡ ❞❡ Nn/n ✈❡rs 1/µ✳ ❖♥ ♣❡✉t ❞♦♥❝ ❛✣r♠❡r q✉❡ Nn s❡ ❝♦♠♣♦rt❡
♣r❡sq✉❡ sûr❡♠❡♥t ❝♦♠♠❡ n/µ✳ ❈❡tt❡ ♦❜s❡r✈❛t✐♦♥ ❝♦♥❞✉✐t ❛✉① ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥
s✉✐✈❛♥t❡s ♣♦✉r H ✿

lim
n→+∞

P((H − αn)/βn < x) = e−e−x

,

❛✈❡❝ ✿

αn =
log n + log(K)

λ
,

βn =
1

λ
,

❛✈❡❝ K = C/µ✳ ▲❛ ♣r❡✉✈❡ ❡st ♣rés❡♥té❡ ❞❛♥s ❧❛ t❤ès❡ ❞❡ ❙❛❜✐♥❡ ▼❡r❝✐❡r ✭✶✾✾✾✮✳ ◆♦✉s
✈❡♥♦♥s ❞♦♥❝ ❞❡ ✈♦✐r q✉❡ ❝❡s ❝♦♥st❛♥t❡s ❞❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❝♦♥❞✉✐s❡♥t à ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞❡
❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ✭H✮ ❞✬✉♥❡ séq✉❡♥❝❡ ✈❡rs ✉♥❡ ❞✐str✐❜✉t✐♦♥ ❞❡ ●✉♠❜❡❧✳ ❈❡
rés✉❧t❛t ❡st ❧✐é à ❧❛ ❝♦♥✈❡r❣❡♥❝❡ ❞✉ ♠❛①✐♠✉♠ ❞❡s Qi ✈❡rs ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ●✉♠❜❡❧✳

❊st✐♠❛t✐♦♥ ♣r❛t✐q✉❡ ❞❡s ❝♦♥st❛♥t❡s K ❡t λ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡
●✉♠❜❡❧

K ❡t λ ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ Si ❡t s♦♥t ❡♥ ♣r❛t✐q✉❡ r❛r❡♠❡♥t ❢❛❝✐❧❡s à ❞ét❡r✲
♠✐♥❡r✳ ❯♥❡ ❛♣♣r♦❝❤❡ ❝♦♥s✐st❡ à ❧✐♥é❛r✐s❡r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ré♣❛rt✐t✐♦♥ ❞✉ ❙❝♦r❡ ▲♦❝❛❧ ♦❜t❡♥✉❡
♣❛r ▼♦♥t❡✲❈❛r❧♦ ✿ F̂H ✳ ❈❡tt❡ t❡❝❤♥✐q✉❡ r❡♣♦s❡ s✉r ❧❛ ❧✐♥é❛r✐s❛t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡
●✉♠❜❡❧ ✿

lim
n→+∞

log(− log(P(H > x))) = log K − λx + log n,

❖♥ ❡♥ ❞é❞✉✐t ❞✐r❡❝t❡♠❡♥t q✉❡ ✿

log(− log(F̂H(x))) = ax + b,

❛✈❡❝ a = −λ ❡t b = log K + log n ❡t ❞♦♥❝ ❞✐r❡❝t❡♠❡♥t ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ K ❡t λ✳

▲❡ ♣r♦❜❧è♠❡ ❡st q✉❡ ❝❡tt❡ ❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ●✉♠❜❡❧ ♣❛r
▼♦♥t❡✲❈❛r❧♦ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ s✬❛✛r❛♥❝❤✐r ❞❡s ❤②♣♦t❤ès❡s s♦✉s ❧❡sq✉❡❧❧❡s ❧✬❛♣♣r♦①✐♠❛t✐♦♥



❆♥♥❡①❡s ✶✾✾

❞❡ ●✉♠❜❡❧ ❡st ✈❛❧✐❞❡✱ à s❛✈♦✐r ❧✬✐♥❞é♣❡❞❛♥❝❡ ❞❡s ✈❛r✐❛❜❧❡s ❛❧é❛t♦✐r❡s ✭Si✮ ❛✐♥s✐ q✉✬✉♥❡
❧❛r❣❡ t❛✐❧❧❡ ❞❡ séq✉❡♥❝❡ ✭n✮✳ ❉❡ ♣❧✉s ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❧✬❡st✐♠❛t✐♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞é♣❡♥❞
❞✉ ♥♦♠❜r❡ ❞❡ s✐♠✉❧❛t✐♦♥s ré❛❧✐sé❡s✳ P❛r ❝♦♥séq✉❡♥t ✐❧ ♥✬② ❛ ♣❛s ✈r❛✐♠❡♥t ✐♥térêt à ✉t✐❧✐s❡r
❝❡tt❡ ❛♣♣r♦❝❤❡ ♣❛r r❛♣♣♦rt à ✉♥❡ ❡st✐♠❛t✐♦♥ ❞✐r❡❝t❡ ❞❡ ❧❛ s✐❣♥✐✜❝❛t✐✈✐té ❞✉ ❙❝♦r❡ ▲♦❝❛❧
♣❛r ▼♦♥t❡✲❈❛r❧♦✳

❈♦♠♣❧❡①✐té ❞❡ ❧✬❆❧❣♦r✐t❤♠❡ ✹

❉❛♥s ❧❡ ♣✐r❡ ❞❡s ❝❛s✱ ❝❡t ❛❧❣♦r✐t❤♠❡ ♣♦ssè❞❡ ✉♥❡ ❝♦♠♣❧❡①✐té ❞❡ ❧✬♦r❞r❡ ❞❡ n2 ♦✉ n ❡st
❧❛ t❛✐❧❧❡ ❞❡ ❧❛ séq✉❡♥❝❡✳ ❈❡ ❝❛s ❝♦rr❡s♣♦♥❞ à ❧❛ s✐t✉❛t✐♦♥ ♦ù ❧❡s ré❣✐♦♥s ❞ét❡❝té❡s s♦♥t à
❝❤❛q✉❡ ❢♦✐s ❞❡ t❛✐❧❧❡ ✶✳ ❖♥ ♠♦♥tr❡ ❝✐✲❞❡ss♦✉s q✉❡ ❝❡t ❛❧❣♦r✐t❤♠❡ ♣♦ssè❞❡ ❡♥ ♣r❛t✐q✉❡✱ ✉♥❡
❝♦♠♣❧❡①✐té ♠♦②❡♥♥❡ ❞❡ ❧✬♦r❞r❡ ❞❡ n log n ❞❛♥s ❧❡ ❝❛s ♦ù ❧❡s é❧é♠❡♥ts ❞❡ ❧❛ séq✉❡♥❝❡ S s♦♥t
✐♥❞é♣❡♥❞❛♥ts ❡t ✐❞❡♥t✐q✉❡♠❡♥t ❞✐str✐❜✉és ❡t ❞✬❡s♣ér❛♥❝❡ ♥é❣❛t✐✈❡✳

▲❡ ❢❛✐t q✉❡ ❧✬❡s♣ér❛♥❝❡ s♦✐t ♥é❣❛t✐✈❡ ♥♦✉s ♣❡r♠❡t ❞❡ ♥é❣❧✐❣❡r ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ ré❣✐♦♥
❞ét❡❝té❡ ♣❛r r❛♣♣♦rt à ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ séq✉❡♥❝❡ ✭n✮✳ ❯♥❡ ✐tér❛t✐♦♥ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ✈❛
❞♦♥❝ ❝♦✉♣❡r ❧❛ séq✉❡♥❝❡ ❡♥ ❞❡✉① ♣❛rt✐❡s✳ ▲❛ q✉❡st✐♦♥ ❞❡ ❧❛ ❝♦♠♣❧❡①✐té ❞❡ ❧✬❛❧❣♦r✐t❤♠❡
s❡ r❛♠è♥❡ ❡♥ ❝❡s t❡r♠❡s ✿ ❝♦♠❜✐❡♥ ✈❛✲t✲✐❧ ❢❛❧❧♦✐r ❞✬✐tér❛t✐♦♥s ♣♦✉r ♥✬❛✈♦✐r ♣❧✉s q✉❡ ❞❡s
séq✉❡♥❝❡s ❞❡ t❛✐❧❧❡ ✶ ❄ ▲❛ ré♣♦♥s❡ ❡st k t❡❧ q✉❡ n = 2k✱ ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❛ séq✉❡♥❝❡
s♦✐t ❞✬✉♥❡ t❛✐❧❧❡ q✉✐ s♦✐t ✉♥❡ ♣✉✐ss❛♥❝❡ ❞❡ ✷✳ ❖♥ ❡♥ ❞é❞✉✐t q✉❡ k = log2(n)✱ ♦ù log2 ❡st
❧❡ ❧♦❣❛r✐t❤♠❡ ❡♥ ❜❛s❡ ✷✳ ➱t❛♥t ❞♦♥♥é ❞✬❛✉tr❡ ♣❛rt q✉❡ ❧❛ r❡❝❤❡r❝❤❡ ❞❡ ❧❛ ré❣✐♦♥ ❞❡ ❙❝♦r❡
▲♦❝❛❧ ♠❛①✐♠❛❧ ❡st ❞❡ ❝♦♠♣❧❡①✐té O(ni) ♣♦✉r ✉♥❡ s♦✉s✲séq✉❡♥❝❡ ❞❡ t❛✐❧❧❡ ni✱ ❧❛ ❝♦♠♣❧❡①✐té
❞❡ ❧❛ r❡❝❤❡r❝❤❡ à ✉♥❡ ét❛♣❡ ❞♦♥♥é❡ ✈❛✉t

∑
O(ni) = O(

∑
ni)✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❛ ❝♦♠♣❧❡①✐té

❣❧♦❜❛❧❡ ♠♦②❡♥♥❡ ✈❛✉t ✿ k × O(n) s♦✐t O(n log N✮✳



✷✵✵ ❆♥♥❡①❡s



✷✵✶

❇✐❜❧✐♦❣r❛♣❤✐❡

❆❣r❡st✐✱ ❆✳ ✭✷✵✵✷✮✳ ❈❛t❡❣♦r✐❝❛❧ ❞❛t❛ ❛♥❛❧②s✐s✳ ❲✐❧❡②✳

❆❤r❡♥s✱ ❲✳ ❛♥❞ P✐❣❡♦t✱ ■✳ ✭✷✵✵✹✮✳ ❍❛♥❞❜♦♦❦ ♦❢ ❡♣✐❞❡♠✐♦❧♦❣✐❡✳ ❙♣r✐♥❣❡r✳

❆❧❧✐s♦♥✱ ❉✳✱ ●❛❞❜✉r②✱ ●✳✱ ❍❡♦✱ ▼✳✱ ❛♥❞ ❡t ❛❧ ✭✷✵✵✷✮✳ ❆ ♠✐①t✉r❡ ♠♦❞❡❧ ❛♣♣r♦❛❝❤ ❢♦r
t❤❡ ❛♥❛❧②s✐s ♦❢ ♠✐❝r♦❛rr❛② ❣❡♥❡ ❡①♣r❡ss✐♦♥ ❞❛t❛✳ ❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛
❆♥❛❧②s✐s ✱ ✸✾✱ ✶✕✷✵✳

❆❧ts❝❤✉❧✱ ❙✳✱ ●✐s❤✱ ❲✳✱ ▼✐❧❧❡r✱ ❲✳✱ ▼②❡rs✱ ❊✳✱ ❛♥❞ ▲✐♣❛♠♥✱ ❉✳ ✭✶✾✾✵✮✳ ❇❛s✐❝ ❧♦❝❛❧ ❛❧✐❣♥❡✲
♠❡♥t s❡❛r❝❤ t♦♦❧✳ ❏♦✉r♥❛❧ ♦❢ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ✱ ✷✶✺✱ ✹✵✸✕✹✶✵✳

❆r♠✐t❛❣❡✱ P✳ ✭✶✾✺✺✮✳ ❚❡sts ❢♦r ❧✐♥❡❛r tr❡♥❞s ✐♥ ♣r♦♣♦rt✐♦♥s ❛♥❞ ❢r❡q✉❡♥❝✐❡s✳ ❇✐♦♠❡tr✐❝s✱
✶✶✱ ✸✼✺✕✸✽✻✳

❆s❝❤❛r❞✱ ❍✳✱ ●✉❡❞❥✱ ▼✳✱ ❛♥❞ ❉❡♠❡♥❛✐s✱ ❋✳ ✭✷✵✵✼✮✳ ❆ t✇♦✲st❡♣ ♠✉❧t✐♣❧❡✲♠❛r❦❡r str❛t❡❣②
❢♦r ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ❇▼❈ ●❡♥❡t✐❝s ❬✐♥ ♣r❡ss❪ ✳

❇❛❧❞✐♥❣✱ ❉✳ ✭✷✵✵✻✮✳ ❆ t✉t♦r✐❛❧ ♦♥ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r ♣♦♣✉❧❛t✐♦♥ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳
◆❛t✉r❡ ❘❡✈✐❡✇s ●❡♥❡t✐❝s ✱ ✼✱ ✼✽✶✕✼✾✶✳

❇❛r♥❛r❞✱ ●✳ ❆✳ ✭✶✾✹✺✮✳ ❆ ♥❡✇ t❡st ❢♦r ✷①✷ ❝♦♥t✐♥❣❡♥❝② t❛❜❧❡s✳ ◆❛t✉r❡✱ ✶✺✻✱ ✶✼✼✳

❇❛t❡s✱ ❏✳ ❛♥❞ ❈♦♥st❛❜❧❡✱ ❘✳ ✭✶✾✽✺✮✳ Pr♦♦❢s ❛s ♣r♦❣r❛♠s✳ ❆❈▼ ❚r❛♥s❛❝t✐♦♥s ♦♥ Pr♦❣r❛♠✲
♠✐♥❣ ▲❛♥❣✉❛❣❡s ❛♥❞ ❙②st❡♠s✱ ✼✱ ✶✶✸✕✶✸✻✳

❇❡❧❧♠❛♥✱ ❘✳ ✭✶✾✻✶✮✳ ❆❞❛♣t✐✈❡ ❝♦♥tr♦❧ ♣r♦❝❡ss❡s✳ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✳

❇❡♥❥❛♠✐♥✐✱ ❚✳ ❛♥❞ ❍♦❝❤❜❡r❣✱ ❨✳ ✭✶✾✾✺✮✳ ❈♦♥tr♦❧❧✐♥❣ t❤❡ ❢❛❧s❡ ❞✐s❝♦✈❡r② r❛t❡ ✿ ❛ ♣r❛❝t✐❝❛❧
❛♥❞ ♣♦✇❡r❢✉❧ ❛♣♣r♦❛❝❤ t♦ ♠✉❧t✐♣❧❡✲t❡st✐♥❣✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝s ❙♦❝✐❡t② ❇ ✱
✺✼✱ ✷✽✾✕✸✵✵✳

❇✐❧❧✐♥❣s❧❡②✱ ❘✳ ✭✶✾✻✽✮✳ ❈♦♥✈❡r❣❡♥❝❡ ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s✳ ❲✐❧❡②✳

❇♦tst❡✐♥✱ ❉✳ ❛♥❞ ❘✐s❝❤✱ ◆✳ ✭✷✵✵✸✮✳ ❉✐s❝♦✈❡r✐♥❣ ❣❡♥♦t②♣❡s ✉♥❞❡r❧②✐♥❣ ❤✉♠❛♥ ♣❤❡♥♦t②♣❡s ✿
♣❛st s✉❝❝❡ss❡s ❢♦r ♠❡♥❞❡❧✐❛♥ ❞✐s❡❛s❡✱ ❢✉t✉r❡ ❛♣♣r♦❛❝❤❡s ❢♦r ❝♦♠♣❧❡① ❞✐s❡❛s❡s✳ ◆❛t✉r❡
●❡♥❡t✐❝s ✱ ✸✸✱ ✷✷✽✕✷✸✼✳

❇♦✉r❣❛✐♥✱ ❈✳✱ ●é♥✐♥✱ ❊✳✱ ❈♦①✱ ◆✳✱ ❛♥❞ ❈❧❡r❣❡t✲❉❛r♣♦✉①✱ ❋✳ ✭✷✵✵✻✮✳ ❆r❡ ❣❡♥♦♠❡✲✇✐❞❡
❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ❛❧❧ t❤❛t ✇❡ ♥❡❡❞ t♦ ❞✐ss❡❝t t❤❡ ❣❡♥❡t✐❝ ❝♦♠♣♦♥❡♥t ♦❢ ❝♦♠♣❧❡① ❤✉♠❛♥
❞✐s❡❛s❡s✳ ❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✶✺✱ ✷✻✵✕✷✻✸✳
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❛♥❞ ❛❧❣♦r✐t❤♠s ❢♦r st❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ♦❢ ♣r♦t❡✐♥ s❡q✉❡♥❝❡s✳ P◆❆❙ ✱ ✽✾✱ ✷✵✵✷✕✷✵✵✻✳

❇r❡s❧♦✇✱ ◆✳ ❛♥❞ ❉❛②✱ ◆✳ ✭✶✾✽✷✮✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ✐♥ ❝❛♥❝❡r r❡s❛r❝❤✳ ❙❝❤❧❡ss❡❧♠❛♥✳

❇✉r❡❛✉✱ ❆✳✱ ❉✉♣✉✐s✱ ❏✳✱ ❋❛❧❧s✱ ❑✳✱ ▲✉♥❡tt❛✱ ❑✳✱ ❍❛②✇❛r❞✱ ❇✳✱ ❑❡✐t❤✱ ❚✳✱ ❛♥❞ ❱❛♥ ❊❡❞❡✇❡❣❤✱
P✳ ✭✷✵✵✺✮✳ ■❞❡♥t✐❢②✐♥❣ s♥♣s ♣r❡❞✐❝t✐✈❡ ♦❢ ♣❤❡♥♦t②♣❡ ✉s✐♥❣ r❛♥❞♦♠ ❢♦r❡sts✳ ●❡♥❡t✐❝
❊♣✐❞❡♠✐♦❧♦❣② ✱ ✷✽✱ ✶✼✶✕✶✽✷✳

❈❛♠♣❜❡❧❧✱ ❍✳ ❛♥❞ ❘✉❞❛♥✱ ■✳ ✭✷✵✵✷✮✳ ■♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ✐♥ ❝♦♠✲
♣❧❡① ❞✐s❡❛s❡✳ P❤❛r♠❛❝♦❣❡♥♦♠✐❝s✱ ✷✱ ✸✹✾✕✸✻✵✳

❈❛r❣✐❧❧✱ ▼✳ ❛♥❞ ❡t ❛❧ ✭✶✾✾✾✮✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ s♥♣s ✐♥ ❝♦❞✐♥❣ r❡❣✐♦♥s ♦❢ ❤✉♠❛♥ ❣❡♥❡s✳
◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✷✷✱ ✷✸✶✕✷✸✽✳

❈❤❛♣♠❛♥✱ ❏✳✱ ❈♦♦♣❡r✱ ❏✳✱ ❚♦❞❞✱ ❏✳✱ ❛♥❞ ❈❧❛②t♦♥✱ ❉✳ ✭✷✵✵✸✮✳ ❉❡t❡❝t✐♥❣ ❞✐s❡❛s❡ ❛ss♦❝✐❛t✐♦♥s
❞✉❡ t♦ ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ✉s✐♥❣ ❤❛♣❧♦t②♣❡ t❛❣s ✿ ❛ ❝❧❛ss ♦❢ t❡sts ❛♥❞ t❤❡ ❞❡t❡r♠✐♥❛♥ts
♦❢ st❛t✐st✐❝❛❧ ♣♦✇❡r✳ ❍✉♠❛♥ ❍❡r✐❞✐t② ✱ ✺✻✱ ✶✽✕✸✶✳

❈❤✉♠❛❦♦✈✱ ■✳ ❛♥❞ ❡t ❛❧ ✭✷✵✵✷✮✳ ●❡♥❡t✐❝ ❛♥❞ ♣❤②s✐♦❧♦❣✐❝❛❧ ❞❛t❛ ✐♠♣❧✐❝❛t✐♥❣ t❤❡ ♥❡✇ ❤✉♠❛♥
❣❡♥❡ ❣✼✷ ❛♥❞ t❤❡ ❣❡♥❡ ❞❛❛♦ ✐♥ s❝❤✐③♦♣❤r❡♥✐❛✳ P◆❆❙ ✱ ✾✾✱ ✶✸✻✼✺✕✶✸✻✽✵✳

❈♦❝❤r❛♥✱ ❲✳ ●✳ ✭✶✾✺✹✮✳ ❙♦♠❡ ♠❡t❤♦❞s ♦❢ str❡♥❣t❤❡♥✐♥❣ t❤❡ ❝♦♠♠♦♥ ❝❤✐✲sq✉❛r❡ t❡sts✳
❇✐♦♠❡tr✐❝s✱ ✶✵✱ ✹✶✼✕✹✺✶✳

❈♦❧❧✐♥s✱ ❆✳✱ ▲♦♥❥♦✉✱ ❈✳✱ ❛♥❞ ▼♦rt♦♥✱ ◆✳ ✭✶✾✾✾✮✳ ●❡♥❡t✐❝ ❡♣✐❞❡♠✐♦❧♦❣② ♦❢ s♥♣s✳ P◆❆❙ ✱
✾✻✱ ✶✺✶✼✸✕✶✺✶✼✼✳

❈♦❧❧✐♥s✱ ❆✳✱ ❊♥♥✐s✱ ❙✳✱ ❚❛✐❧❧♦♥✲▼✐❧❧❡r✱ P✳✱ ❑✇♦❦✱ P✳ ❨✳✱ ❛♥❞ ▼♦rt♦♥✱ ◆✳ ✭✷✵✵✶✮✳ ❆❧❧❡❧✐❝
❛ss♦❝✐❛t✐♦♥ ✇✐t❤ s♥♣s ✿ ♠❡tr✐❝s✱ ♣♦♣✉❧❛t✐♦♥s ❛♥❞ t❤❡ ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ♠❛♣✳ ❍✉♠❛♥
▼✉t❛t✐♦♥✱ ✶✼✱ ✷✺✺✕✷✻✷✳

❈♦✉❧♦♥❣❡s✱ ❈✳✱ ❉❡❧❛♥❡❛✉✱ ❖✳✱ ●✐r❛r❞✱ ▼✳✱ ❉♦✱ ❍✳✱ ❆❞❦✐♥s✱ ❘✳✱ ❙♣❛❞♦♥✐✱ ❛♥❞ ❩❛❣✉r②✱ ❏✳✲❋✳
✭✷✵✵✻✮✳ ❈♦♠♣✉t❛t✐♦♥ ♦❢ ❤❛♣❧♦t②♣❡s ♦♥ s♥♣s s✉❜s❡ts ✿ ❛❞✈❛♥t❛❣❡ ♦❢ t❤❡ ❣❧♦❜❛❧ ♠❡t❤♦❞✳
❇▼❈ ●❡♥❡t✐❝s ✱ ✼✱ ✺✵✳

❈♦①✱ ❉✳ ❛♥❞ ❑r❛❢t✱ P✳ ✭✷✵✵✻✮✳ ◗✉❛♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣♦✇❡r ♦❢ ❤❛r❞②✲✇❡✐♥❜❡r❣ ❡q✉✐❧✐❜r✐✉♠
t❡st✐♥❣ t♦ ❞❡t❡❝t ❣❡♥♦t②♣✐♥❣ ❡rr♦rs✳ ❍✉♠❛♥ ❍❡r❡❞✐t② ✱ ✻✶✱ ✶✵✕✶✹✳

❉❛❧♠❛ss♦✱ ❈✳✱ ❇❛r✲❍❡♥✱ ❆✳✱ ❛♥❞ ❇r♦ët✱ P✳ ✭✷✵✵✼✮✳ ❆ ❝♦♥str❛✐♥❡❞ ♣♦❧②♥♦♠✐❛❧ r❡❣r❡ss✐♦♥
♣r♦❝❡❞✉r❡ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❧♦❝❛❧ ❢❛❧s❡ ❞✐s❝♦✈❡r② r❛t❡✳ s✉❜♠✐tt❡❞ ✳

❉❛❧②✱ ▼✳✱ ❘✐♦✉①✱ ❏✳✱ ❙❝❤❛✛♥❡r✱ ❙✳✱ ❍✉❞s♦♥✱ ❚✳✱ ❛♥❞ ▲❛♥❞❡r✱ ❊✳ ✭✷✵✵✶✮✳ ❍✐❣❤✲r❡s♦❧✉t✐♦♥
❤❛♣❧♦t②♣❡ str✉❝t✉r❡ ✐♥ t❤❡ ❤✉♠❛♥ ❣❡♥♦♠❡✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✷✾✱ ✷✷✾✕✷✸✷✳
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❉❛✈✐❡s✱ ❘✳ ✭✶✾✽✵✮✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ ❧✐♥❡❛r ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❝❤✐✲sq✉❛r❡ r❛♥❞♦♠ ✈r✐❛❜❧❡s✳
❆♣♣❧✐❡❞ ❙t❛t✐st✐❝s✱ ✷✾✱ ✸✷✸✕✸✸✸✳
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❛♥❞ ❝♦♠♦r❜✐❞ ❞✐s♦r❞❡rs ✿ ❛ ❝♦♠♣❛r✐s♦♥ ♦❢ st❛♥❞❛r❞ ❝❧✐♥✐❝❛❧ ❛ss❡ss♠❡♥t ❛♥❞ str✉❝t✉r❡❞
✐♥t❡r✈✐❡✇s ✐♥ ❝❧✐♥✐❝❛❧ s❡tt✐♥❣✳ Ps②❝❤✐❛tr② ✱ ✸✼✱ ✹✽✹✕✹✾✶✳

❊❧st♦♥✱ ❘✳✱ ❖❧s♦♥✱ ❏✳✱ ❛♥❞ P❛❧♠❡r✱ ▲✳✱ ❡❞✐t♦rs ✭✷✵✵✷✮✳ ❇✐♦st❛t✐st✐❝❛❧ ●❡♥❡t✐❝s ❛♥❢ ●❡♥❡t✐❝
❊♣✐❞❡♠✐♦❧♦❣② ✳ ❲✐❧❡② ❛♥❞ s♦♥s✳

❊✇❡♥✱ ❑✳✱ ❇❛❤❧♦✱ ▼✳✱ ❚r❡❧♦❛r✱ ❙✳✱ ▲❡✈✐♥s♦♥✱ ❉✳✱ ▼♦✇r②✱ ❇✳✱ ❏✱ ❇✳✱ ❛♥❞ ❋♦♦t❡✱ ❏✳ ✭✷✵✵✵✮✳
■❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ❛♥❛❧②s✐s ♦❢ ❡rr♦rs t②♣❡s ✐♥ ❤✐❣❤✲t❤r♦✉❣♣✉t ❣❡♥♦t②♣✐♥❣✳ ❆♠❡r✐❝❛♥
❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✼✱ ✼✷✼✕✼✸✻✳

❊①❝♦✣❡r✱ ▲✳ ❛♥❞ ❙❧❛t❦✐♥✱ ▼✳ ✭✶✾✾✺✮✳ ▼❛①✐♠✐③❛t✐♦♥✲❧✐❦❡❧✐❤♦♦❞ ❡st✐♠❛t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❛r
❤❛♣❧♦t②♣❡ ❢r❡q✉❡♥❝✐❡s ✐♥ ❛ ❞✐♣❧♦✐❞ ♣♦♣✉❧❛t✐♦♥✳ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ❛♥❞ ❊✈♦❧✉t✐♦♥✱ ✶✷✱
✾✷✶✕✾✷✼✳

❋❡❞❡r✱ ❏✳✱ ●♥✐r❦❡✱ ❆✳✱ ❚❤♦♠❛s✱ ❲✳✱ ❚s✉❝❤✐❤❛s❤✐✱ ❩✳✱ ❛♥❞ ❡t ❛❧ ✭✶✾✾✻✮✳ ❆ ♥♦✈❡❧ ♠❤❝ ❝❧❛ss
✐✲❧✐❦❡ ❣❡♥❡ ✐s ♠✉t❛t❡❞ ✐♥ ♣❛t✐❡♥ts ✇✐t❤ ❤❡r❡❞✐t❛r② ❤❛♠❡♦❝❤r♦♠❛t♦s✐s✳ ◆❛t✉r❡ ●❡♥❡t✐❝s ✱
✶✸✱ ✸✾✾✕✹✵✽✳

❋✐s❤❡r✱ ❘✳ ❆✳ ✭✶✾✸✹✮✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r r❡s❡❛r❝❤ ✇♦r❦❡rs✳ ❖❧✐✈❡r ❛♥❞ ❇♦②❞✳

❋❧❡✐ss✱ ❏✳ ✭✶✾✽✶✮✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r r❛t❡s ❛♥❞ ♣r♦♣♦rt✐♦♥s✳ ❲✐❧❡②✳

❋♦r♥❡r✱ ❑✳✱ ▲❛♠❛r✐♥❡✱ ▼✳✱ ●✉❡❞❥✱ ▼✳✱ ❉❛✉✈✐❧❧✐❡r✱ ❏✳✱ ❛♥❞ ❲♦❥❝✐❦✱ ❏✳ ✭✷✵✵✼✮✳ ❯♥✐✈❡rs❛❧ ❢❛❧s❡
❞✐s❝♦✈❡r② r❛t❡ ❡st✐♠❛t✐♦♥ ♠❡t❤♦❞♦❧♦❣② ❢♦r ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ s✉❜♠✐tt❡❞ ✳

❋♦rst❡r✱ ❏✳✱ ▼❝❉♦♥❛❧❞✱ ❏✳✱ ❛♥❞ ❙♠✐t❤✱ P✳ ✭✶✾✾✻✮✳ ▼♦♥t❡✲❝❛r❧♦ ❡①❛❝t ❝♦♥❞✐t✐♦♥❛❧ t❡sts ❢♦r
❧♦❣✲❧✐♥❡❛r ❛♥❞ ❧♦❣✐s✐t❝ ♠♦❞❡❧s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝s ❙♦❝✐❡t② ❇ ✱ ✺✽✱ ✹✹✺✕✹✺✸✳

●❛❜r✐❡❧✱ ❙✳ ❛♥❞ ❡t ❛❧ ✭✷✵✵✷❛✮✳ ❙❡❣r❡❣❛t✐♦♥ ❛t t❤r❡❡ ❧♦❝✐ ❡①♣❧❛✐♥s ❢❛♠✐❧✐❛❧ ❛♥❞ ♣♦♣✉❧❛t✐♦♥
r✐s❦ ✐♥ ❤✐rs❝❤s♣r✉♥❣ ❞✐s❡❛s❡✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✸✶✱ ✽✾✕✾✸✳



✷✵✹ ❇■❇▲■❖●❘❆P❍■❊

●❛❜r✐❡❧✱ ❙✳ ❛♥❞ ❡t ❛❧ ✭✷✵✵✷❜✮✳ ❚❤❡ str✉❝t✉r❡ ♦❢ ❤❛♣❧♦t②♣❡ ❜❧♦❝❦s ✐♥ t❤❡ ❤✉♠❛♥ ❣❡♥♦♠❡✳
❙❝✐❡♥❝❡✱ ✷✾✻✱ ✷✷✷✺✕✷✷✷✾✳

●❛r♥✐❡r✱ ❙✳ ✭✷✵✵✼✮✳ ❘❡❝❤❡r❝❤❡ ❞❡s ❢❛❝t❡✉rs ❣é♥ét✐q✉❡s ❞❡ s✉s❝❡♣t✐❜✐❧✐té à ❧❛ P♦❧②❛rt❤r✐t❡
❘❤✉♠❛t♦ï❞❡✳ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞✬❊✈r② ❱❛❧ ❞✬❊ss♦♥❡✳

●♦❧❞st❡✐♥✱ ❉✳ ❇✳ ✭✷✵✵✶✮✳ ■s❧❛♥❞ ♦❢ ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✷✾✱ ✶✵✾✕✶✶✶✳

●♦r❞♦♥✱ ❉✳✱ ❋✐♥❝❤✱ ❙✳✱ ◆♦t❤♥❛❣❡❧✱ ▼✳✱ ❛♥❞ ❖tt✱ ❏✳ ✭✷✵✵✷✮✳ P♦✇❡r ❛♥❞ s❛♠♣❧❡ s✐③❡ ❝❛❧❝✉❧✲
t❛t✐♦♥ ❢♦r ❝❛s❡✲❝♦♥tr♦❧ ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ t❡sts ✇❤❡♥ ❡rr♦rs ❛r❡ ♣r❡s❡♥t ✿ ❛♣♣❧✐❝❛t✐♦♥ t♦
s♥♣s✳ ❍✉♠❛♥ ❍❡r❡❞✐t② ✱ ✺✹✱ ✷✷✕✸✸✳

●r❡❡♥✱ P✳✱ ▲✐❞✲❍❥♦rt✱ ◆✳✱ ❛♥❞ ❘✐❝❤❛r❞s♦♥✱ ❙✳ ✭✷✵✵✸✮✳ ❍✐❣❤t❧② str✉❝t✉r❡❞ st♦❝❤❛st✐❝ s②st❡♠s✳
❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

●✉❡❞❥✱ ▼✳ ✭✷✵✵✼✮✳ ❙t❛t✐st✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❤❛r❞②✲✇❡✐♥❜❡r❣ ❞✐s❡q✉✐❧✐❜r✐✉♠ ✐♥ ❝❛s✲
❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ s✉❜♠✐tt❡❞ ✳

●✉❡❞❥✱ ▼✳✱ ❉❡❧❧❛✲❈❤✐❡s❛✱ ❊✳✱ P✐❝❛r❞✱ ❋✳✱ ❛♥❞ ◆✉❡❧✱ ●✳ ✭✷✵✵✻❛✮✳ ❈♦♠♣✉t✐♥❣ ♣♦✇❡r ✐♥ ❝❛s❡✲
❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s t❤r♦✉❣❤ ✉s❡ ♦❢ q✉❛❞r❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥s ✿ ❛♣♣❧✐❝❛t✐♦♥ t♦
♠❡t❛✲st❛t✐st✐❝s✳ ❆♥♥❛❧s ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✼✶✱ ✷✻✷✕✷✼✵✳

●✉❡❞❥✱ ▼✳✱ ❘♦❜❡❧✐♥✱ ❉✳✱ ❍♦❡❜❡❦❡✱ ▼✳✱ ▲❛♠❛r✐♥❡✱ ▼✳✱ ❲♦❥❝✐❦✱ ❏✳✱ ❛♥❞ ◆✉❡❧✱ ●✳ ✭✷✵✵✻❜✮✳ ❉❡✲
t❡❝t✐♥❣ ❧♦❝❛❧ ❤✐❣❤✲s❝♦r✐♥❣ s❡❣♠❡♥ts ✿ ❛ ✜rst st❛❣❡ ❛♣♣r♦❛❝❤ t♦ ❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥
st✉❞✐❡s✳ ❙t❛t✐st✐❝❛❧ ❆♣♣❧✐❝❛t✐♦♥s t♦ ●❡♥❡t✐❝ ❛♥❞ ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ✺✱ ✷✷✳

●✉❡❞❥✱ ▼✳✱ ❲♦❥❝✐❦✱ ❏✳✱ ❉❡❧❧❛✲❈❤✐❡s❛✱ ❊✳✱ ◆✉❡❧✱ ●✳✱ ❛♥❞ ❋♦r♥❡r✱ ❑✳ ✭✷✵✵✻❝✮✳ ❆ ❢❛st✱ ✉♥❜✐❛s❡❞
❛♥❞ ❡①❛❝t ❛❧❧❡❧✐❝ t❡st ❢♦r ❝❛s❡✲❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ❍✉♠❛♥ ❍❡r❡❞✐t② ✱ ✻✶✱ ✷✶✵✕✷✷✶✳

❍❛❧❧✱ P✳ ✭✶✾✽✶✮✳ ❖♥ t❤❡ ♥♦♥♣❛r❛♠❡tr✐❝ ❡st✐♠❛t✐♦♥ ♦❢ ♠✐①t✉r❡ ♣r♦♣♦rt✐♦♥s✳ ❘♦②❛❧ ❙t❛t✐st✐❝s
❙♦❝✐❡t② ❇ ✱ ✹✸✱ ✶✹✼✕✶✺✻✳

❍❛♥s♦♥✱ ❘✳✱ ❈r❛✐❣✱ ❉✳✱ ▼✐❧❧✐s✱ ▼✳✱ ❨❡❛tts✱ ❑✳✱ ❑♦❜❡s✱ ❙✳✱ P❡❛rs♦♥✱ ❏✳✱ ▲❡❡✱ ❆✳✱ ❑♥♦✇❧❡r✱
❲✳✱ ◆❡❧s♦♥✱ ❘✳✱ ❛♥❞ ❲♦❧❢♦r❞✱ ❏✳ ✭✷✵✵✼✮✳ ■♥❞❡♥t✐✜❝❛t✐♦♥ ♦❢ ♣✈t✶ ❛s ❛ ❝❛♥❞✐❞❛t❡ ❣❡♥❡
❢♦r ❡♥❞✲st❛❣❡ r❡♥❛❧ ❞✐s❡❛s❡ ✐♥ t②♣❡ ✷ ❞✐❛❜❡t❡s ✉s✐♥❣ ❛ ♣♦♦❧✐♥❣✲❜❛s❡❞ ❣❡♥♦♠❡✲✇✐❞❡ s♥♣
❛ss♦❝✐❛t✐♦♥ st✉❞②✳ ❉✐❛❜❡t❡s ✱ ✺✻✱ ✾✼✺✕✾✽✸✳

❍❛♦✱ ❑✳✱ ❳✉✱ ❳✳✱ ▲❛✐r❞✱ ◆✳✱ ❲❛♥❣✱ ❳✳✱ ❛♥❞ ❳✉✱ ❳✳ ✭✷✵✵✹✮✳ P♦✇❡r ❡st✐♠❛t✐♦♥ ♦❢ ♠✉❧t✐♣❧❡
s♥♣ ❛ss♦❝✐❛t✐♦♥ t❡st ♦❢ ❝❛s❡✲❝♦♥tr♦❧ st✉❞② ❛♥❞ ❛♣♣❧✐❝❛t✐♦♥✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✷✻✳

❍❡✐❞❡♠❛✱ ❆✳✱ ❇♦❡r✱ ❏✳✱ ◆❛❣❡❧❦❡r❦❡✱ ◆✳✱ ▼❛r✐♠❛♠✱ ❊✳✱ ✈❛♥ ❞❡r ❆✱ ❉✳✱ ❛♥❞ ❋❡s❦❡♥s✱ ❊✳
✭✷✵✵✻✮✳ ❚❤❡ ❝❤❛❧❧❡♥❣❡ ❢♦r ❣❡♥❡t✐❝ ❡♣✐❞❡♠✐♦❧♦❣✐sts ✿ ❤♦✇ t♦ ❛♥❛❧②③❡ ❧❛r❣❡ ♥✉♠❜❡rs ♦❢
s♥♣s ✐♥ r❡❧❛t✐♦♥ t♦ ❝♦♠♣❧❡① ❞✐s❡❛s❡s✳ ❇▼❈ ●❡♥❡t✐❝s ✱ ✼✱ ✷✸✳

❍❡♥❞❡❧✱ ❍✳✱ ❈❤♦✱ ❨✳✱ ●❛✉t❤✐❡r✱ ◆✳✱ ❘❛♣♣❛♣♦rt✱ ❏✳✱ ❙❝❤❛❝❤t❡r✱ ❋✳✱ ❛♥❞ ❩❛❣✉r②✱ ❏✳ ✭✶✾✾✻✮✳
❈♦♥tr✐❜✉t✐♦♥ ♦❢ ❝♦❤♦rt st✉❞✐❡s ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ❤✐✈ ♣❛t❤♦❣❡♥❡s✐s ✿ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡
❣r✐✈ ❝♦❤♦rt✳ ❇✐♦♠❡❞✐❝❛❧ P❤❛r♠❛❝♦t❤❡r❛♣② ✱ ✺✵✱ ✹✽✵✕✹✽✼✳

❍❡r❜❡rt✱ ❆✳✱ ●❡rr②✱ ◆✳✱ ▼❝◗✉❡❡♥✱ ▼✳✱ ❛♥❞ ❡t ❛❧ ✭✷✵✵✻✮✳ ❆ ❝♦♠♠♦♥ ❣❡♥❡t✐❝ ✈❛r✐❛♥t ✐s
❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛❞✉❧t ❛♥❞ ❝❤✐❧❞❤♦♦❞ ♦❜❡s✐t②✳ ❙❝✐❡♥❝❡✱ ✸✶✷✱ ✷✼✾✕✷✽✸✳
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❍✐rs❝❤❤♦r♥✱ ❏✳ ❛♥❞ ❉❛❧②✱ ▼✳ ✭✷✵✵✺✮✳ ●❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ❢♦r ❝♦♠♠♦♥ ❞✐s❡❛s❡s
❛♥❞ ❝♦♠♣❧❡① tr❛✐ts✳ ◆❛t✉r❡ ❘❡✈✐❡✇ ●❡♥❡t✐❝s ✱ ✻✱ ✾✺✕✶✵✽✳

❍♦❣❜❡♥✱ ▲✳ ✭✶✾✸✷✮✳ ❚❤❡ ❣❡♥❡t✐❝ ❛♥❛❧②s✐s ♦❢ ❢❛♠✐❧✐❛❧ tr❛✐ts✳ ✐✐✳ ❞♦✉❜❧❡ ❣❡♥❡ s✉❜st✐t✉t✐♦♥s✱
✇✐t❤ s♣❡❝✐❛❧ r❡❢❡r❡♥❝❡ t♦ ❤❡r❡❞✐t❛r② ❞✇❛r✜s♠✳ ❏♦✉r♥❛❧ ♦❢ ●❡♥❡t✐❝s✱ ✷✺✱ ✷✶✶✕✷✹✵✳

❍♦❤✱ ❏✳ ❛♥❞ ❖tt✱ ❏✳ ✭✷✵✵✸✮✳ ▼❛t❤❡♠❛t✐❝❛❧ ♠✉❧t✐✲❧♦❝✉s ❛♣♣r♦❛❝❤❡s t♦ ❧♦❝❛❧✐③✐♥❣ ❝♦♠♣❧❡①
❤✉♠❛♥ tr❛✐t ❣❡♥❡s✳ ◆❛t✉r❡ ❘❡✈✐❡✇ ●❡♥❡t✐❝s ✱ ✹✱ ✼✵✶✕✼✵✾✳

❍♦❤✱ ❏✳✱ ❲✐❧❧❡✱ ❆✳✱ ❛♥❞ ❖tt✱ ❏✳ ✭✷✵✵✶✮✳ ❚r✐♠♠✐♥❣✱ ✇❡✐❣❤t✐♥❣ ❛♥❞ ❣r♦✉♣✐♥❣ s♥♣s ✐♥ ❤✉♠❛♥
❝❛s❡✲❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ●❡♥♦♠❡ ❘❡s❡❛r❝❤✱ ✶✶✱ ✷✶✶✺✕✷✶✶✾✳

❍♦s❦✐♥❣✱ ▲✳✱ ▲✉♠s❞❡♥✱ ❙✳✱ ▲❡✇✐s✱ ❑✳✱ ❨❡♦✱ ❆✳✱ ▼❝❈❛rt❤②✱ ▲✳✱ ❇❛♥s❛❧✱ ❆✳✱ ❘✐❧❡②✱ ❏✳✱ P✉r✈✐s✱
■✳✱ ❛♥❞ ❳✉✱ ❈✳ ✭✷✵✵✹✮✳ ❉❡t❡❝t✐♦♥ ♦❢ ❣❡♥♦t②♣✐♥❣ ❡rr♦rs ❜② ❤❛r❞②✲✇❡✐♥❜❡r❣ ❡q✉✐❧✐❜r✐✉♠✳
❊✉r♦♣❡❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✶✷✱ ✸✾✺✕✸✾✾✳

■❜r❛❤✐♠✱ ❙✳ ❛♥❞ ●♦❧❞✱ ❘✳ ✭✷✵✵✺✮✳ ●❡♥♦♠✐❝s✱ ♣r♦t❡♦♠✐❝s✱ ♠❡t❛❜♦❧♦♠✐❝s ✿ ✇❤❛t ✐s ✐♥ ❛ ✇♦r❞
❢♦r ♠✉❧t✐♣❧❡✲s❝❧❡r♦s✐s✳ ❈✉rr❡♥t ♦♣✐♥✐♦♥ ✐♥ ◆❡✉r♦❧♦❣② ✱ ✶✽✱ ✷✸✶✕✷✸✺✳

■❣❧❡❤❛rt✱ ❉✳ ✭✶✾✼✷✮✳ ❊①tr❡♠❡ ✈❛❧✉❡s ✐♥ t❤❡ ❣✐✴❣✴✶ q✉❡✉❡s✳ ❆♥♥❛❧s ♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐s✲
t✐❝s ✱ ✹✸✱ ✻✷✼✕✻✸✺✳

■♦❛♥♥✐❞✐s✱ ❏✳ ✭✷✵✵✸✮✳ ●❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥s ✿ ❢❛❧s❡ ♦r tr✉❡ ❄ ❚r❡♥❞s ✐♥ ▼♦❧❡❝✉❧❛r ▼❡❞❡❝✐♥❡✱
✾✱ ✶✸✺✕✶✸✽✳

■♦❛♥♥✐❞✐s✱ ❏✳✱ ◆t③❛♥✐✱ ❊✳✱ ❚r✐❦❛❧✐♥♦s✱ ❚✳✱ ❛♥❞ ❈♦♥t♦♣♦✉❧♦s✲■♦❛♥♥✐❞✐s✱ ❉✳ ✭✷✵✵✶✮✳ ❘❡♣❧✐❝❛t✐♦♥
✈❛❧✐❞✐t② ♦❢ ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✷✾✱ ✸✵✻✕✸✵✾✳

❏❛❝❦s♦♥✱ ▼✳✱ ●❡♥✐♥✱ ❊✳✱ ❑♥❛♣♣✱ ▼✳✱ ❛♥❞ ❊s❝❛r②✱ ❏✳ ✭✷✵✵✷✮✳ ❆❝✉r❛t❡ ♣♦✇❡r ❛♣r♦①✐♠❛t✐♦♥s
❢♦r ❝❤✐✲sq✉❛r❡ t❡sts ✐♥ ❝❛s❡✲❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ♦❢ ❝♦♠♣❧❡① ❞✐s❡❛s❡ ❣❡♥❡s✳ ❆♥♥❛❧s
♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✻✱ ✸✵✼✕✸✷✶✳

❏❛♥♥♦t✱ ❆✳ ✭✷✵✵✹✮✳ ❉ét❡❝t✐♦♥ ❡t ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❢❛❝t❡✉rs ❞❡ r✐sq✉❡s ❣é♥ét✐q✉❡s ❞❛♥s ❞❡s
♠❛❧❛❞✐❡s ♠✉❧t✐❢❛❝t♦r✐❡❧❧❡s✳ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐té P❛r✐s ✶✶✳

❏✐✱ ❋✳✱ ❨❛♥❣✱ ❨✳✱ ❍❛②♥❡s✱ ❈✳✱ ❋✐♥❝❤✱ ❙✳✱ ❛♥❞ ●♦r❞♦♥✱ ❉✳ ✭✷✵✵✺✮✳ ❈♦♠♣✉t✐♥❣ ❛s②♠♣t♦t✐❝
♣♦✇❡r ❛♥❞ s❛♠♣❧❡ s✐③❡ ❢♦r ❝❛s❡✲❝♦♥tr♦❧ ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢
♣❤❡♥♦t②♣❡ ❛♥❞✴♦r ❣❡♥♦t②♣❡ ♠✐s❝❧❛ss✐✜❝❛t✐♦♥ ❡rr♦rs✳ ❙t❛t✐st✐❝s ❆♣♣❧✐❡❞ t♦ ●❡♥❡t✐❝ ❛♥❞
▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣② ✱ ✹✳

❏♦r❞❡✱ ▲✳ ✭✷✵✵✵✮✳ ▲✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ❛♥❞ t❤❡ s❡❛r❝❤ ❢♦r ❝♦♠♣❧❡① ❞✐s❡❛s❡ ❣❡♥❡s✳ ●❡♥♦♠❡
❘❡s❡❛r❝❤✱ ✶✵✱ ✶✹✸✺✕✶✹✹✹✳

❑❛♥❣✱ ❙✳✱ ●♦r❞♦♥✱ ❉✳✱ ❛♥❞ ❋✐♥❝❤✱ ❙✳ ✭✷✵✵✹✮✳ ❲❤❛t s♥♣s ❣❡♥♦t②♣✐♥❣ ❡rr♦rs ❛r❡ ♠♦st ❝♦st❧②
❢♦r ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✷✻✱ ✶✸✷✕✶✹✶✳

❑❛r❧✐♥✱ ❙✳ ✭✷✵✵✺✮✳ ❙t❛t✐st✐❝❛❧ s✐❣♥❛❧s ✐♥ ❜✐♦✐♥❢♦r♠❛t✐❝s✳ P◆❆❙ ✱ ✶✵✷✱ ✶✸✸✺✺✕✶✸✸✻✷✳

❑❛r❧✐♥✱ ❙✳ ❛♥❞ ❆❧ts❝❤✉❧✱ ❙✳ ✭✶✾✾✸✮✳ ❆♣♣❧✐❝❛t✐♦♥s ❛♥❞ st❛t✐st✐❝s ❢♦r ♠✉❧t✐♣❧❡ ❤✐❣❤✲s❝♦r✐♥❣
s❡❣♠❡♥ts ✐♥ ♠♦❧❡❝✉❧❛r s❡q✉❡♥❝❡s✳ P◆❆❙ ✱ ✾✵✱ ✺✽✼✸✕✺✽✼✼✳
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❑❛r❧✐♥✱ ❙✳ ❛♥❞ ❇r❡♥❞❡❧✱ ❱✳ ✭✶✾✾✷✮✳ ❈❤❛♥❝❡ ❛♥❞ s✐❣♥✐✜❝❛♥❝❡ ✐♥ ♣r♦t❡✐♥ ❛♥❞ ❞♥❛ s❡q✉❡♥❝❡s
❛♥❛❧②s✐s✳ ❙❝✐❡♥❝❡✱ ✷✺✼✱ ✸✾✕✹✾✳

❑❛r❧✐♥✱ ❙✳ ❛♥❞ ❉❡♠❜♦✱ ❆✳ ✭✶✾✾✷✮✳ ▲✐♠✐t ❞✐str✐❜✉t✐♦♥s ♦❢ ♠❛①✐♠❛❧ s❡❣♠❡♥t❛❧ s❝♦r❡ ❛♠♦♥❣
♠❛r❦♦✈✲❞❡♣❡♥❞❡♥t ♣❛rt✐❛❧ s✉♠s✳ ❆❞✈❛♥❝❡s ✐♥ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t② ✱ ✷✹✱ ✶✶✸✕✶✹✵✳

❑❛r❧✐♥✱ ❙✳✱ ❇✉❝❤❡r✱ P✳✱ ❇r❡♥❞❡❧✱ ❱✳✱ ❛♥❞ ❆❧ts❝❤✉❧✱ ❙✳ ✭✶✾✾✶✮✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r ✐♥s✐❣❤ts
❢♦r ♣r♦t❡✐♥ ❛♥❞ ❞♥❛ s❡q✉❡♥❝❡s✳ ❆♥♥✉❛❧ ❘❡✈✐❡✇ ♦❢ ❇✐♦♣❤②s✐❝s ❛♥❞ ❇✐♦♣❤②s✐❝❛❧ ❈❤❡♠✐str② ✱
✷✵✱ ✶✼✺✕✷✵✸✳

❑❡✐❣❤t❧❡②✱ P✳ ❛♥❞ ❑♥♦tt✱ ❙✳ ✭✶✾✾✾✮✳ ❚❡st✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❜❡t✇❡❡♥ ♠❛♣ ♣♦s✐t✐♦♥s ♦❢
q✉❛♥t✐t❛t✐✈❡ tr❛✐t ❧♦❝✐✳ ●❡♥❡t✐❝❛❧ ❘❡s❡❛r❝❤✱ ✼✹✱ ✸✸✷✕✸✸✽✳

❑❡r❡♠✱ ❇✳ ❛♥❞ ❡t ❛❧ ✭✶✾✽✾✮✳ ■❞❡♥t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❝②st✐❝ ✜❜r♦s✐s ❣❡♥❡ ✿ ❣❡♥❡t✐❝ ❛♥❛❧②s✐s✳
❙❝✐❡♥❝❡✱ ✷✹✺✱ ✶✵✼✸✕✶✵✽✵✳

❑♥❛♣♣✱ ▼✳ ✭✷✵✵✸✮✳ ❘❡ ✿ ❜❛✐s❡❞ t❡sts ♦❢ ❛ss♦❝✐❛t✐♦♥ ✿ ❝♦♠♣❛r✐s♦♥ ♦❢ ❛❧❧❡❧❡s ❢r❡q✉❡♥❝✐❡s ✇❤❡♥
❞❡♣❛rt✐♥❣ ❢r♦♠ ❤❛r❞②✲✇❡✐♥❜❡r❣ ♣r♦♣♦rt✐♦♥s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✶✺✸✱
✷✽✼✳

❑♥♦✇❧❡r✱ ❲✳✱ ❲✐❧❧✐❛♠s✱ ❘✳✱ P❡tt✐t✱ ❉✳✱ ❛♥❞ ❙t❡✐♥❜❡r❣✱ ❆✳ ✭✶✾✽✽✮✳ ●♠✸ ❀✺ ❀✶✸ ❀✶✹ ❛♥❞ t②♣❡ ✷
❞✐❛❜❡t❡s ♠❡❧❧✐t✉s ✿ ❛♥ ❛ss♦❝✐❛t✐♦♥ ✐♥ ❛♠❡r✐❝❛♥ ✐♥❞✐❛♥s ✇✐t❤ ❣❡♥❡t✐❝ ❛❞♠✐①t✉r❡✳ ❆♠❡r✐❝❛♥
❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✹✸✱ ✺✷✵✕✺✷✻✳

❑♦❡❤❧❡r✱ ❑✳ ❛♥❞ ▲❛r♥t③✱ ❑✳ ✭✶✾✽✵✮✳ ❆♥ ❡♠♣✐r✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❣♦♦❞♥❡ss✲♦❢✲✜t st❛t✐st✐❝s
❢♦r s♣❛rs❡ ♠✉❧t✐♥♦♠✐❛❧s✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ❙t❛t✐st✐❝s ❆ss♦❝✐❛t✐♦♥✱ ✼✺✱ ✸✸✻✕✸✹✹✳

❑r✉❣❧②❛❦✱ ▲✳ ✭✶✾✾✾✮✳ Pr♦s♣❡❝t ❢♦r ✇❤♦❧❡✲❣❡♥♦♠❡ ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ♠❛♣♣✐♥❣ ♦❢ ❝♦♠✲
♠♦♥ ❞✐s❡❛s❡ ❣❡♥❡s✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✷✷✱ ✶✸✾✕✶✹✹✳

▲❛♠②✱ P✳✱ ❆♥❞❡rs❡♥✱ ❈✳✱ ❲✐❦♠❛♥✱ ❋✳✱ ❛♥❞ ❲✐✉❢✱ ❈✳ ✭✷✵✵✻✮✳ ●❡♥♦t②♣✐♥❣ ❛♥❞ ❛♥♥♦t❛t✐♦♥
♦❢ ❛✛②♠❡tr✐① s♥♣s ❛rr❛②✳ ◆✉❝❧❡✐❝ ❆❝✐❞s ❘❡s❡❛r❝❤✱ ✸✹✱ ✶✹✳

▲❛♥❞❡r✱ ❊✳ ❛♥❞ ❑r②❣❧②❛❦✱ ▲✳ ✭✶✾✾✺✮✳ ●❡♥❡t✐❝ ❞✐ss❡❝t✐♦♥ ♦❢ ❝♦♠♣❧❡① tr❛✐ts ✿ ❣✉✐❞❡❧✐♥❡s ❢♦r
✐♥t❡r♣r❡t✐♥❣ ❛♥❞ r❡♣♦rt✐♥❣ ❧✐♥❦❛❣❡ r❡s✉❧ts✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✶✶✱ ✷✹✶✕✷✹✼✳

▲❛♥t♦✇s❦✐✱ ❑✳ ❛♥❞ ▼❛❦❛❧♦✇s❦✐✱ ❲✳ ✭✷✵✵✵✮✳ ▼❡t❤♦❞♦❧♦❣✐❝❛❧ ❢✉♥❝t✐♦♥ ♦❢ ❤②♣♦t❤❡s❡s ✐♥
s❝✐❡♥❝❡ ✿ ♦❧❞ ✐❞❡❛s ✐♥ ♥❡✇ ❝❧♦t❤✳ ●❡♥♦♠❡ ❘❡s❡❛r❝❤✱ ✶✵✱ ✷✼✸✕✷✼✹✳

▲❡❛❧✱ ❙✳ ✭✷✵✵✺✮✳ ❉❡t❡❝t✐♦♥ ♦❢ ❣❡♥♦t②♣✐♥❣ ❡rr♦rs ❛♥❞ ♣s❡✉❞♦✲s♥♣s ✈✐❛ ❞❡✈✐❛t✐♦♥s ❢r♦♠
❤❛r❞②✲✇❡✐♥❜❡r❣ ❡q✉✐❧✐❜r✐✉♠✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✷✾✱ ✷✵✹✕✷✶✹✳

▲❡r♦✉①✱ ❇✳ ✭✶✾✾✷✮✳ ❈♦♥s✐st❡♥t ❡st✐♠❛t✐♦♥ ♦❢ ♠✐①✐♥❣ ❞✐str✐❜✉t✐♦♥✳ ❆♥♥❛❧s ♦❢ ❙t❛t✐st✐❝s✱ ✷✵✱
✶✸✺✵✕✶✸✻✵✳

▲❡✇♦♥t✐♥✱ ❘✳ ✭✶✾✻✹✮✳ ❚❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ s❡❧❡❝t✐♦♥ ❛♥❞ ❧✐♥❦❛❣❡ ✿ ❣❡♥❡r❛❧ ❝♦♥s✐❞❡r❛t✐♦♥s ❀
❤❡t❡r♦t✐❝ ♠♦❞❡❧s✳ ●❡♥❡t✐❝s ✱ ✹✾✱ ✹✾✕✻✼✳

▲✐tt❧❡✱ ❘✳ ❛♥❞ ❘✉❜✐♥✱ ❉✳ ✭✶✾✽✼✮✳ ❙t❛t✐st✐❝❛❧ ❛♥❛❧②s✐s ✇✐t❤ ♠✐ss✐♥❣ ❞❛t❛✳ ❲✐❧❡② ❛♥❞ s♦♥s✳
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▲✐✉✱ ❨✳✱ ▲✐✉✱ ❨✳✱ ❘❡❝❦❡r✱ ❘✳✱ ❛♥❞ ❉❡♥❣✱ ❍✳ ✭✷✵✵✸✮✳ ▼♦❧❡❝✉❧❛r st✉❞✐❡s ♦❢ ✐❞❡♥t✐✜❝❛t✐♦♥ ♦❢
❣❡♥❡s ❢♦r ♦st❡♦♣♦r♦s✐s ✿ t❤❡ ✷✵✵✷ ✉♣❞❛t❡✳ ❏♦✉r♥❛❧ ♦❢ ❊♥❞♦❝r✐♥♦❧♦❣② ✱ ✶✼✼✱ ✶✹✼✕✶✾✻✳

▲♦♥❣♠❛t❡✱ ❏✳ ✭✷✵✵✶✮✳ ❈♦♠♣❧❡①✐t② ❛♥❞ ♣♦✇❡r ✐♥ ❝❛s❡✲❝♦♥tr♦❧ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ❆♠❡r✐❝❛♥
❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✽✱ ✶✷✷✾✕✶✷✸✼✳

▲✉✱ ❩✳ ❛♥❞ ❑✐♥❣✱ ▼✳ ✭✷✵✵✷✮✳ ■♠♣r♦✈✐♥❣ t❤❡ ♥✉♠❡r✐❝❛❧ t❡❝❤♥✐q✉❡ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ❛❝✲
❝✉♠✉❧❛t❡❞ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛ q✉❛❞r❛t✐❝ ❢♦r♠ ✐♥ ♥♦r♠❛❧ ✈❛r✐❛❜❧❡s✳ ❊❝♦♥♦♠❡tr✐❝ ❘❡✈✐❡✇s ✱
✷✶✱ ✶✹✾✕✶✻✺✳

▲✉♥❡tt❛✱ ❑✳✱ ❍❛②✇❛r❞✱ ▲✳✱ ❙❡❣❛❧✱ ❏✳✱ ❛♥❞ ❱❛♥ ❊❡r❞❡✇❡❣❤✱ P✳ ✭✷✵✵✹✮✳ ❙❝r❡❡♥✐♥❣ ❧❛r❣❡✲s❝❛❧❡
❛ss♦❝✐❛t✐♦♥ st✉❞② ❞❛t❛ ✿ ❡①♣❧♦✐t✐♥❣ ✐♥t❡r❛❝t✐♦♥s ✉s✐♥❣ r❛♥❞♦♠ ❢♦r❡st✳ ❇▼❈ ●❡♥❡t✐❝s ✱ ✺✱
✸✷✳

▼❛❝❧✉r❡✱ ▼✳ ❛♥❞ ❙❝❤♥❡❡✇❡✐ss✱ ❙✳ ✭✷✵✵✶✮✳ ❈❛✉s❛t✐♦♥ ♦❢ ❜✐❛s ✿ t❤❡ ❡♣✐s❝♦♣❡✳ ❊♣✐❞❡♠✐♦❧♦❣② ✱
✶✷✱ ✶✶✹✕✶✷✷✳

▼❛♥t❡❧✱ ◆✳ ❛♥❞ ❍❛❡♥s③❡❧✱ ❲✳ ✭✶✾✺✾✮✳ ❙t❛t✐st✐❝❛❧ ❛s♣❡❝ts ♦❢ t❤❡ ❛♥❛❧②s✐s ♦❢ ❞❛t❛ ❢r♦♠
r❡str♦♣❡❝t✐✈❡ st✉❞✐❡s ♦❢ ❞✐s❡❛s❡✳ ❏♦✉r♥❛❧ ♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❈❛♥❝❡r ■♥st✐t✉t❡✱ ✷✷✱ ✼✶✾✕✼✹✽✳

▼❛r❛❣❛♥♦r❡✱ ❉✳✱ ❞❡ ❆♥❞r❛❞❡✱ ▼✳✱ ▲❡s♥✐❝❦✱ ❚✳✱ ❛♥❞ ❡t ❛❧ ✭✷✵✵✺✮✳ ❍✐❣❤✲r❡s♦❧✉t✐♦♥ ✇❤♦❧❡✲
❣❡♥♦♠❡ ❛ss♦❝✐❛t✐♦♥ st✉❞② ♦❢ ♣❛r❦✐♥s♦♥ ❞✐s❡❛s❡✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱
✼✼✱ ✻✽✺✕✻✾✸✳

▼❛rt✐♥✱ ▼✳ ❡✳ ❛✳ ✭✷✵✵✷✮✳ ❊♣✐st❛t✐❝ ✐♥t❡r❛❝t✐♦♥ ❜❡t✇❡❡♥ ❦✐r✸❞s✶ ❛♥❞ ❤❧❛✲❜ ❞❡❧❛②s t❤❡ ♣r♦✲
❣r❡ss✐♦♥ t♦ ❛✐❞s✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✸✶✱ ✹✷✾✕✹✸✹✳

▼❛ts✉③❛❦✐✱ ❍✳✱ ❉♦♥❣✱ ❙✳✱ ▲♦✐✱ ❍✳✱ ❉✐✱ ❳✳✱ ❛♥❞ ▲✐✉✱ ●✳ ✭✷✵✵✹✮✳ ●❡♥♦t②♣✐♥❣ ♦✈❡r ✶✵✵✱✵✵✵
s♥♣s ♦♥ ❛ ♣❛✐r ♦❢ ♦❧✐❣♦♥✉❝❧❡♦t✐❞❡ ❛rr❛②s✳ ◆❛t✉r❡ ▼❡t❤♦❞s✱ ✶✱ ✶✵✾✕✶✶✶✳

▼❝●✉❧❧❛❣❤✱ P✳ ❛♥❞ ◆❡❞❧❡r✱ ❏✳ ✭✶✾✽✾✮✳ ●❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ♠♦❞❡❧s✳ ❈❤❛♣♠❛♥ ❛♥❞ ❍❛❧❧✳

▼❝▲❛❝❤❧❛♥✱ ●✳ ❛♥❞ ❑r✐s❤♥❛♥✱ ❚✳ ✭✶✾✾✻✮✳ ❚❤❡ ❊▼ ❛❧❣♦r✐t❤♠ ❛♥❞ ❡①t❡♥s✐♦♥s✳ ❏♦❤♥ ❲✐❧❡②
❛♥❞ ❙♦♥s✱ ◆❡✇ ❨♦r❦✳

▼❝▲❛❝❤❧❛♥✱ ●✳ ❛♥❞ ❑r✐s❤♥❛♥✱ ❚✳ ✭✷✵✵✵✮✳ ❋✐♥✐t❡ ▼✐①t✉r❡ ▼♦❞❡❧s✳ ❏♦❤♥ ❲✐❧❡② ❛♥❞ ❙♦♥s✱
◆❡✇ ❨♦r❦✳

▼❝▲❛❝❤❧❛♥✱ ●✳✱ ❇❡❛♥✱ ❘✳✱ ❛♥❞ ❇❡♥✲❚♦✈✐♥ ❏♦♥❡s✱ ▲✳ ✭✷✵✵✻✮✳ ❆ s✐♠♣❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢
❛ ♥♦r♠❛❧ ♠✐①t✉r❡ ❛♣♣r♦❛❝❤ t♦ ❞✐✛❡r❡♥t✐❛❧ ❣❡♥❡ ❡①♣r❡ss✐♦♥ ✐♥ ♠✉❧t✐❝❧❛ss ♠✐❝r♦❛rr❛②s✳
❇✐♦✐♥❢♦r♠❛t✐❝s✱ ✷✷✱ ✶✻✵✽✕✶✻✶✺✳

▼❝◆❡♠❛r✱ ◗✳ ✭✶✾✹✼✮✳ ◆♦t❡ ♦♥ t❤❡ s❛♠♣❧✐♥❣ ❡rr♦r ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❝♦rr❡❧❛t❡❞
♣r♦♣♦rt✐♦♥s ♦r ♣❡r❝❡♥t❛❣❡s✳ Ps②❝❤♦♠❡tr✐❦❛✱ ✶✷✱ ✻✺✶✕✻✺✺✳

▼❡r❝✐❡r✱ ❙✳ ✭✶✾✾✾✮✳ ❙t❛t✐st✐q✉❡s ❞❡s s❝♦r❡s ♣♦✉r ❧✬❛♥❛❧②s❡ ❡t ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❞❡ séq✉❡♥❝❡s
❜✐♦❧♦❣✐q✉❡s ✳ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❞❡ ❘♦✉❡♥✳

▼✐tr❛✱ ❙✳ ✭✶✾✺✽✮✳ ❖♥ t❤❡ ❧✐♠✐t✐♥❣ ♣♦✇❡r ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢r❡q✉❡♥❝② ❝❤✐✲sq✉❛r❡ t❡st✳ ❆♥♥❛❧s
♦❢ ▼❛t❤❡♠❛t✐❝❛❧ ❙t❛t✐st✐❝s✱ ✷✾✱ ✶✷✷✶✕✶✷✸✸✳
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▼♦♦r❡✱ ❏✳ ❛♥❞ ❲✐❧❧✐❛♠s✱ ❙✳ ✭✷✵✵✷✮✳ ◆❡✇ str❛t❡❣✐❡s ❢♦r ✐❞❡♥t✐❢②✐♥❣ ❣❡♥❡✲❣❡♥❡ ✐♥t❡r❛❝t✐♦♥s
✐♥ ❤②♣❡rt❡♥s✐♦♥✳ ❆♥♥❛❧s ♦❢ ▼❡❞❡❝✐♥❡✱ ✸✹✱ ✽✽✕✾✺✳

▼♦rr✐s✱ ❆✳✱ ❲❤✐tt❛❦❡r✱ ❏✳✱ ❛♥❞ ❇❛❧❞✐♥❣✱ ❉✳ ✭✷✵✵✸✮✳ ▼✉❧t✐✲♣♦✐♥t ❧✐♥❦❛❣❡✲❞✐s❡q✉✐❧✐❜r✐✉♠
♠❛♣♣✐♥❣ ♥❛rr♦✇s ❧♦❝❛t✐♦♥ ✐♥t❡r✈❛❧ ❛♥❞ ✐❞❡♥t✐✜❡s ♠✉t❛t✐♦♥ ❤❡t❡r♦❣❡♥❡✐t②✳ P◆❆❙ ✱ ✶✶✱
✶✸✹✹✷✕✶✸✹✹✻✳

▼♦rt♦♥✱ ◆✳ ✭✶✾✾✽✮✳ ❙✐❣♥✐✜❝❛♥❝❡ ❧❡✈❡❧s ✐♥ ❝♦♠♣❧❡① ✐♥❤❡r✐t❛♥❝❡✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢
❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✷✱ ✻✾✵✕✻✾✼✳

▼♦✉r❛♥t✱ ❆✳✱ ❑♦♣❡❝✱ ❆✳✱ ❛♥❞ ❉♦♠❛♥s✐❡✇s❦❛✲❙♦❜❝③❛❦✱ ❑✳ ✭✶✾✼✻✮✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
❤✉♠❛♥ ❜❧♦♦❞ ❣r♦✉♣s ❛♥❞ ♦t❤❡r ♣♦❧②♠♦r♣❤✐s♠s✳ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

◆❡❧s♦♥✱ ▼✳✱ ❑❛r❞✐❛✱ ❙✳✱ ❋❡r❡❧❧✱ ❘✳✱ ❛♥❞ ❙✐♥❣✱ ❈✳ ✭✷✵✵✶✮✳ ❆ ❝♦♠❜✐♥❛t♦r✐❛❧ ♣❛rt✐t✐♦♥✐♥❣
♠❡t❤♦❞ t♦ ✐❞❡♥t✐✜② ♠✉❧t✐❧♦❝✉s ❣❡♥♦t②♣✐❝ ♣❛rt✐t✐♦♥s t❤❛t ♣r❡❞✐❝t q✉❛♥t✐t❛t✐✈❡ tr❛✐t ✈❛✲
r✐❛t✐♦♥✳ ●❡♥♦♠❡ ❘❡s❡❛r❝❤✱ ✶✶✱ ✹✺✽✕✹✼✵✳

◆❡✇t♦♥✲❈❤❡❤✱ ❈✳ ❛♥❞ ❍✐rs❝❤❤♦r♥✱ ❏✳ ✭✷✵✵✺✮✳ ●❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s ♦❢ ❝♦♠♣❧❡① tr❛✐ts ✿
❞❡s✐❣♥ ❛♥❞ ❛♥❛❧②s✐s ✐ss✉❡s✳ ▼✉t❛t✐♦♥ ❘❡s❡❛r❝❤✱ ✺✼✸✱ ✺✹✕✺✾✳

◆✐❡❧s❡♥✱ ❉✳✱ ❊❤♠✱ ▼✳✱ ❛♥❞ ❲❡✐r✱ ❇✳ ✭✶✾✾✾✮✳ ❉❡t❡❝t✐♥❣ ♠❛r❦❡r✲❞✐s❡❛s❡ ❛ss♦❝✐❛t✐♦♥ ❜②
t❡st✐♥❣ ❢♦r ❤❛r❞②✲✇❡✐♥❜❡r❣ ❞✐s❡q✉✐❧✐❜r✐✉♠ ❛t ❛ ♠❛r❦❡r ❧♦❝✉s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢
❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✸✱ ✶✺✸✶✕✶✺✹✵✳

◆✐❡❧s❡♥✱ ❉✳✱ ❊❤♠✱ ▼✳✱ ❩❛②❦✐♥✱ ❉✳✱ ❛♥❞ ❲❡✐r✱ ❇✳ ✭✷✵✵✹✮✳ ❊✛❡❝t ♦❢ t✇♦ ❛♥❞ t❤r❡❡✲❧♦❝✉s
❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ♦♥ t❤❡ ♣♦✇❡r t♦ ❞❡t❡❝t ♠❛r❦❡r✴♣❤❡♥♦t②♣❡ ❛ss♦❝✐❛t✐♦♥s✳ ●❡♥❡t✐❝s ✱
✶✻✽✱ ✶✵✷✾✕✶✵✹✵✳

◆♦r❞❜♦r❣✱ ▼✳ ❛♥❞ ❚❛✈❛r❡✱ ❙✳ ✭✷✵✵✷✮✳ ▲✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ✿ ✇❤❛t ❤✐st♦r② ❤❛s t♦ t❡❧❧ ✉s✳
❚r❡♥❞s ✐♥ ●❡♥❡t✐❝s ✱ ✶✽✱ ✽✸✕✾✵✳

P❛❣❡✱ ●✳✱ ❱❛r❣❤❡s❡✱ ●✳✱ ●♦✱ ❘✳✱ P❛❣❡✱ P✳✱ ❛♥❞ ❆❧❧✐s♦♥✱ ❉✳ ✭✷✵✵✸✮✳ ❆r❡ ✇❡ t❤❡r❡ ②❡t ❄
❞❡❝✐❞✐♥❣ ✇❤❡♥ ♦♥❡ ❤❛s ❞❡♠♦♥str❛t❡❞ s♣❡❝✐✜❝ ❣❡♥❡t✐❝ ❝❛✉s❛t✐♦♥ ✐♥ ❝♦♠♣❧❡① ❞✐s❡❛s❡s ❛♥❞
q✉❛♥t❛t✐✈❡ tr❛✐ts✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✼✸✱ ✼✶✶✕✼✶✾✳

P❛rs♦♥s✱ ❈✳✱ ▼r♦❝③❦♦✇s❦✐✱ ❍✳✱ ▼❝●✉✐❣❛♥✱ ❋✳✱ ❆❧❜❛❣❤❛✱ ❖✳✱ ▼❛♥♦❧❛❣❛s✱ ❙✳✱ ❘❡✐❞✱ ❉✳✱ ❘❛❧✲
st♦♥✱ ❙✳✱ ❛♥❞ ❘❡✐s✱ ❘✳ ✭✷✵✵✺✮✳ ■♥t❡rs♣❡❝✐❡s s②♥t❡♥② ♠❛♣♣✐♥❣ ✐❞❡♥t✐✜❡s ❛ q✉❛♥t✐t❛t✐✈❡
tr❛✐t ❧♦❝✉s ❢♦r ❜♦♥❡ ♠✐♥❡r❛❧ ❞❡♥s✐t② ♦♥ ❤✉♠❛♥ ❝❤r♦♠♦s♦♠❡ ①♣✷✷✳ ❍✉♠❛♥ ▼♦❧❡❝✉❧❛r
●❡♥❡t✐❝s ✱ ✶✹✱ ✸✶✹✶✕✸✶✹✽✳

P❡❞✉③③✐✱ P✳✱ ❈♦♥❝❛t♦✱ ❏✳✱ ❑❡♠♣❡r✱ ❊✳✱ ❍♦❧❢♦r❞✱ ❚✳✱ ❛♥❞ ❋❡✐♥st❡✐♥✱ ❆✳ ✭✶✾✾✻✮✳ ❆ s✐♠✉❧❛t✐♦♥
st✉❞② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ♣❡r ✈❛r✐❛❜❧❡ ✐♥ ❧♦❣✐s✐t❝ r❡❣r❡ss✐♦♥ ❛♥❛❧②s✐s✳ ❏♦✉r♥❛❧ ♦❢
❈❧✐♥✐❝❛❧ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✹✾✱ ✶✸✼✸✕✶✸✼✾✳

P❡❧t♦♥❡♠✱ ▲✳ ✭✷✵✵✵✮✳ P♦s✐t✐♦♥❛❧ ❝❧♦♥✐♥❣ ♦❢ ❞✐s❡❛s❡ ❣❡♥❡s ✿ ❛❞✈❛♥t❛❣❡s ♦❢ ❣❡♥❡t✐❝ ✐s♦❧❛t❡s✳
❍✉♠❛♥ ❍❡r❡❞✐t② ✱ ✺✵✱ ✻✻✕✼✺✳

Pr✐❝❡✱ ❆✳ ❛♥❞ ❡t ❛❧ ✭✷✵✵✻✮✳ Pr✐♥❝✐♣❛❧ ❝♦♠♣♦♥❡♥t ❛♥❛❧②s✐s ❝♦rr❡❝ts ❢♦r str❛t✐✜❝❛t✐♦♥ ✐♥
❣❡♥♦♠❡✲✇✐❞❡ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✸✽✱ ✾✵✹✕✾✵✾✳
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Pr✐t❝❤❛r❞✱ ❏✳✱ ❙t❡♣❤❡♥s✱ ▼✳✱ ❘♦s❡♥❜❡r❣✱ ◆✳✱ ❛♥❞ ❉♦♥♥❡❧❧②✱ P✳ ✭✷✵✵✵✮✳ ❆ss♦❝✐❛t✐♦♥ ♠❛♣♣✐♥❣
✐♥ str✉❝t✉r❡❞ ♣♦♣✉❧❛t✐♦♥s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✼✱ ✶✼✵✕✶✽✶✳

Pr♦✈✐♥❝❡✱ ▼✳✱ ❙❤❛♥♥♦♥✱ ❲✳✱ ❛♥❞ ❘❛♦✱ ❉✳ ✭✷✵✵✶✮✳ ❈❧❛ss✐✜❝❛t✐♦♥ ♠❡t❤♦❞s ❢♦r ❝♦♥❢r♦♥t✐♥❣
❤❡t❡r♦❣❡♥❡✐t②✳ ❆❞✈❛♥❝❡❞ ●❡♥❡t✐❝s ✱ ✹✷✱ ✷✼✸✕✷✽✻✳

❘❛❝❡✱ ❘✳ ❛♥❞ ❙❛♥❣❡r✱ ❘✳ ✭✶✾✼✺✮✳ ❇❧♦♦❞ ❣r♦✉♣s ✐♥ ♠❛♥✳ ❇❧❛❝❦✇❡❧❧✳

❘❡✐❢✱ ❉✳✱ ❲❤✐t❡✱ ❇✳✱ ❛♥❞ ▼♦♦r❡✱ ❏✳ ✭✷✵✵✹✮✳ ■♥t❡❣r❛t❡❞ ❛♥❛❧②s✐s ♦❢ ❣❡♥❡t✐❝✱ ❣❡♥♦♠✐❝ ❛♥❞
♣r♦t❡♦♠✐❝ ❞❛t❛✳ ❊①♣❡rt ❘❡✈✐❡✇ ✐♥ Pr♦t❡♦♠✐❝s✱ ✶✱ ✻✼✕✼✺✳

❘✐❝❡✱ ❏✳✱ ❙❛❝❝♦♥❡✱ ◆✳✱ ❛♥❞ ❊✱ ❘✳ ✭✷✵✵✶✮✳ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣❤❡♥♦t②♣❡ ✐♥ ●❡♥❡t✐❝ ❞✐ss❡❝t✐♦♥
♦❢ ❝♦♠♣❧❡① tr❛✐ts✳ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ❙❛♥ ❉✐❡❣♦✳

❘✐❧❡②✱ ❇✳ ❛♥❞ ❑❡♥❞❧❡r✱ ❑✳ ✭✷✵✵✻✮✳ ▼♦❧❡❝✉❧❛r ❣❡♥❡t✐❝s st✉❞✐❡s ♦❢ s❝❤✐③♦♣❤r❡♥✐❛✳ ❊✉r♦♣❡❛♥
❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✶✹✱ ✻✻✾✕✻✽✵✳

❘✐s❝❤✱ ◆✳ ❛♥❞ ▼❡r✐❦❛♥❣❛s✱ ❑✳ ✭✶✾✾✻✮✳ ❚❤❡ ❢✉t✉r❡ ♦❢ ❣❡♥❡t✐❝ st✉❞✐❡s ♦❢ ❝♦♠♣❧❡① ❤✉♠❛♥
❞✐s❡❛s❡s✳ ❙❝✐❡♥❝❡✱ ✷✼✸✱ ✶✺✶✻✕✶✺✶✼✳

❘✐s❝❤✱ ◆✳ ❛♥❞ ❚❡♥❣✱ ❏✳ ✭✶✾✾✽✮✳ ❚❤❡ r❡❧❛t✐✈❡ ♣♦✇❡r ♦❢ ❢❛♠✐❧②✲❜❛s❡❞ ❛♥❞ ❝❛s❡✲❝♦♥tr♦❧ ❞❡s✐❣♥s
❢♦r ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ st✉❞✐❡s ♦❢ ❝♦♠♣❧❡① ❤✉♠❛♥ ❞✐❡❛s❡s ✐✳ ❞♥❛ ♣♦❧✐♥❣✳ ●❡♥♦♠❡
❘❡s❡❛r❝❤✱ ✽✱ ✶✷✼✸✕✶✷✽✽✳
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▼✉t✐❢❛❝t♦r✲❞✐♠❡♥s✐♦♥❛❧t② r❡❞✉❝t✐♦♥ r❡✈❡❛❧s ❤✐❣❤✲♦r❞❡r ✐♥t❡r❛❝t✐♦♥s ❛♠♦♥❣ ❡str♦❣❡♥✲
♠❡t❛❜♦❧✐s♠ ❣❡♥❡s ✐♥ s♣♦r❛❞✐❝ ❜r❡❛st ❝❛♥❝❡r✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱
✻✾✱ ✶✸✽✕✶✹✼✳

❘✐t❝❤✐❡✱ ▼✳✱ ▲❛♥❝❡✱ ❲✳✱ ❛♥❞ ▼♦♦r❡✱ ❏✳ ✭✷✵✵✸✮✳ P♦✇❡r ♦❢ ♠✉❧t✐❢❛❝t♦r ❞✐♠❡♥s✐♦♥❛❧✐t② r❡❞✉❝✲
t✐♦♥ ❢♦r ❞❡t❡❝t✐♥❣ ❣❡♥❡✲❣❡♥❡ ✐♥t❡r❛❝t✐♦♥s ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❣❡♥♦t②♣✐♥❣ ❡rr♦r✱ ♠✐ss✐♥❣
❞❛t❛✱ ♣❤❡♥♦❝♦♣② ❛♥❞ ❣❡♥❡t✐❝ ❤❡t❡r♦❣❡♥❡✐t②✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✷✹✱ ✶✺✵✕✶✺✼✳

❘♦❜❡❧✐♥✱ ❉✳ ✭✷✵✵✺✮✳ ❉ét❡❝t✐♦♥ ❞❡ ❝♦✉rt s❡❣♠❡♥ts ✐♥✈❡rsés ❞❛♥s ❧❡s ❣é♥♦♠❡s ✿ ♠ét❤♦❞❡s ❡t
❛♣♣❧✐❝❛t✐♦♥s✳ P❤✳❉✳ t❤❡s✐s✱ ❯♥✐✈❡rs✐té P❛r✐s ✺✳

❘♦❜✐♥✱ ❙✳✱ ❇❛r✲❍❡♥✱ ❆✳✱ ❉❛✉❞✐♥✱ ❏✳✱ ❛♥❞ P✐❡rr❡✱ ▲✳ ✭✷✵✵✼✮✳ ❆ s❡♠✐✲♣❛r❛♠❡tr✐❝ ❛♣♣r♦❛❝❤
❢♦r ♠✐①t✉r❡ ♠♦❞❡❧s ✿ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❧♦❝❛❧ ❢❛❧s❡ ❞✐s❝♦✈❡r② r❛t❡ ❡st✐♠❛t✐♦♥✳ ❈♦♠♣✉t❛t✐♦♥❛❧
❙t❛t✐st✐❝s ❛♥❞ ❉❛t❛ ❆♥❛❧②s✐s ✭t♦ ❛♣♣❡❛r✮✳

❘♦②❝❤♦✉❞❤✉r✐✱ ❆✳ ❑✳ ❛♥❞ ◆❡✐✱ ▼✳ ✭✶✾✽✽✮✳ ❍✉♠❛♥ ♣♦❧②♠♦r♣❤✐❝ ❣❡♥❡s ✇♦r❞ ❞✐str✐❜✉t✐♦♥✳
❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✳

❘✉❜✐♥✱ ❉✳ ✭✶✾✽✼✮✳ ▼✉❧t✐♣❧❡ ■♠♣✉t❛t✐♦♥ ❢♦r ♥♦♥r❡s♣♦♥s❡ ✐♥ s✉r✈❡②s✳ ❲✐❧❡② ❛♥❞ s♦♥s✳

❘✉③③♦✱ ❲✳ ❛♥❞ ❚♦♠♣❛✱ ▼✳ ✭✶✾✾✾✮✳ ❆ ❧✐♥❡❛r t✐♠❡ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛❧❧ ♠❛①✐♠❛❧ s❝♦r✐♥❣
s✉❜s❡q✉❡♥❝❡s✳ ■♥ ✼t❤ ■♥t✳ ❈♦♥❢✳ ■♥t❡❧❧✐❣❡♥t ❙②st❡♠s ❢♦r ▼♦❧❡❝✉❧❛r ❇✐♦❧♦❣②✱ ♣❛❣❡s ✷✸✹✕
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❙❛s✐❡♥✐✱ P✳ ✭✶✾✾✼✮✳ ❋r♦♠ ❣❡♥♦t②♣❡ t♦ ❣❡♥❡s ✿ ❞♦✉❜❧✐♥❣ t❤❡ s❛♠♣❧❡ s✐③❡✳ ❇✐♦♠❡tr✐❝s✱ ✺✸✱
✶✷✺✸✕✶✷✻✶✳

❙❛tt❡♥✱ ●✳✱ ❋❧❛♥❞❡rs✱ ❲✳✱ ❛♥❞ ❨❛♥❣✱ ◗✳ ✭✷✵✵✶✮✳ ❆❝❝♦✉♥t✐♥❣ ❢♦r ✉♥♠❡❛s✉r❡❞ ♣♦♣✉❧❛t✐♦♥
str✉❝t✉r❡ ✐♥ ❝❛s❡✲❝♦♥tr♦❧ st✉❞✐❡s ♦❢ ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ ✉s✐♥❣ ❛ ♥♦✈❡❧ ❧❛t❡♥t✲❝❧❛ss ♠♦❞❡❧✳
❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✽✱ ✹✻✻✕✹✼✼✳

❙❝❤❛✐❞✱ ❉✳ ✭✷✵✵✹✮✳ ❊✈❛❧✉❛t✐♥❣ ❛ss♦❝✐❛t✐♦♥ ♦❢ ❤❛♣❧♦t②♣❡s ✇✐t❤ tr❛✐ts✳ ●❡♥❡t✐❝ ❊♣✐❞❡♠✐♦❧♦❣② ✱
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❙❝❤❛✐❞✱ ❉✳ ❛♥❞ ❏❛❝♦❜s❡♥✱ ❙✳ ✭✶✾✾✾✮✳ ❇✐❛s❡❞ t❡sts ♦❢ ❛ss♦❝✐❛t✐♦♥ ✿ ❝♦♠♣❛r✐s♦♥s ♦❢ ❛❧❧❡❧❡
❢r❡q✉❡♥❝✐❡s ✇❤❡♥ ❞❡♣❛rt✐♥❣ ❢r♦♠ ❤❛r❞②✲✇❡✐♥❜❡r❣ ♣r♦♣♦rt✐♦♥s✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢
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❙❡t❛❦✐s✱ ❊✳✱ ❙t✐r♥❛❞❡❧✱ ❍✳✱ ❛♥❞ ❇❛❧❞✐♥❣✱ ❉✳ ✭✷✵✵✻✮✳ ▲♦❣✐st✐❝ r❡❣r❡ss✐♦♥ ♣r♦t❡❝ts ❛❣❛✐♥st
♣♦♣✉❧❛t✐♦♥ str✉❝t✉r❡ ✐♥ ❣❡♥❡t✐❝ ❛ss♦❝✐❛t✐♦♥ st✉❞✐❡s✳ ●❡♥♦♠❡ ❘❡s❡❛r❝❤✱ ✶✻✱ ✷✾✵✕✷✾✻✳
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❛♥❛❧②s✐s ♦❢ q✉❛♥t✐t❛t✐✈❡ tr❛✐ts✱ ❜② ✉s❡ ♦❢ ✈❛r✐❛♥❝❡ ❝♦♠♣♦♥❡♥t ♠♦❞❡❧s ❢♦r s✐❜s❤✐♣ ❞❛t❛✳
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❙❤❡♥✱ ❍✳✱ ▲✐✉✱ ❨✳✱ ▲✐✉✱ P✳✱ ❘❡❝❦❡r✱ ❘✳✱ ❛♥❞ ❉❡♥❣✱ ❍✳ ✭✷✵✵✺✮✳ ◆♦♥r❡♣❧✐❝❛t✐♦♥ ✐♥ ❣❡♥❡t✐❝
st✉❞✐❡s ♦❢ ❝♦♠♣❧❡① ❞✐s❡❛s❡s ✿ ❧❡ss♦♥s ❧❡❛r♥❡❞ ❢♦r♠ st✉❞✐❡s ♦❢ ♦st❡♦♣♦r♦s✐s ❛♥❞ t❡♥t❛t✐✈❡
r❡♠❡❞✐❡s✳ ❏♦✉r♥❛❧ ♦❢ ❇♦♥❡ ❛♥❞ ♠✐♥❡r❛❧ r❡s❡❛r❝❤✱ ✷✵✱ ✸✷✺✕✸✼✻✳
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❛♥❞ ❤❛r❞②✲✇❡✐♥❜❡r❣ ❞✐s❡q✉✐❧✐❜r✐✉♠ ❢♦r ✜♥❡✲♠❛♣♣✐♥❣ ✐♥ ❝❛s❡✲❝♦♥tr♦❧ st✉❞✐❡s✳ ❙t❛t✐st✐❝s
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❙♣✐❡❧♠❛♥✱ ❘✳ ❛♥❞ ❲✱ ❊✳ ✭✶✾✾✽✮✳ ❆ s✐❜s❤✐♣ t❡st ❢♦r ❧✐♥❦❛❣❡ ❞✐s❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❛ss♦❝✐❛t✐♦♥ ✿ t❤❡ s✐❜ tr❛♥s♠✐ss✐♦♥✴❞✐s❡q✉✐❧✐❜r✐✉♠ t❡st✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥
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❙t❡♣❤❡♥s✱ ▼✳✱ ❙♠✐t❤✱ ◆✳✱ ❛♥❞ ❉♦♥♥❡❧❧②✱ P✳ ✭✷✵✵✶✮✳ ❆ ♥❡✇ st❛t✐st✐❝❛❧ ♠❡t❤♦❞ ❢♦r ❤❛♣❧♦t②♣❡
r❡❝♦♥str✉❝t✐♦♥ ❢r♦♠ ♣♦♣✉❧❛t✐♦♥ ❞❛t❛✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✽✱ ✾✼✽✕
✾✽✾✳



❇■❇▲■❖●❘❆P❍■❊ ✷✶✶

❙t♦r❡②✱ ❉✳ ❛♥❞ ❘✱ ❚✳ ✭✷✵✵✸✮✳ ❙t❛t✐st✐❝❛❧ s✐❣♥✐✜❝❛♥❝❡ ❢♦r ❣❡♥♦♠❡✇✐❞❡ st✉❞✐❡s✳ P◆❆❙ ✱ ✶✵✵✱
✾✹✹✵✕✾✹✹✺✳

❚❤❡✲■♥t❡r♥❛t✐♦♥❛❧✲❍❛♣▼❛♣✲❈♦♥s♦rt✐✉♠ ✭✷✵✵✹✮✳ ■♥t❡❣r❛t✐♥❣ ❡t❤✐❝s ❛♥❞ s❝✐❡♥❝❡ ✐♥ t❤❡ ✐♥✲
t❡r♥❛t✐♦♥❛❧ ❤❛♣♠❛♣ ♣r♦❥❡❝t✳ ◆❛t✉r❡ ❘❡✈✐❡✇ ●❡♥❡t✐❝s ✱ ✺✱ ✹✻✼✕✹✼✺✳

❚❤♦♠❛s✱ ❆✳ ❛♥❞ ❈❛♠♣✱ ◆✳ ✭✷✵✵✹✮✳ ●r❛♣❤✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢ t❤❡ ❥♦✐♥t ❞✐str✐❜✉t✐♦♥ ♦❢ ❛❧❧❡❧❡s
❛t ❛ss♦❝✐❛t❡❞ ❧♦❝✐✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✼✹✱ ✶✵✽✽✕✶✶✵✶✳

❚✐❜s❤✐r❛♥✐✱ ❘✳ ✭✶✾✾✻✮✳ ❘❡❣r❡ss✐♦♥ s❤r✐♥❦❛❣❡ ❛♥❞ s❡❧❡❝t✐♦♥ ✈✐❛ t❤❡ ❧❛ss♦✳ ❏♦✉r♥❛❧ ♦❢ t❤❡
❘♦②❛❧ ❙t❛t✐st✐❝❛❧ ❙♦❝✐❡t② ✱ ✺✽✱ ✷✻✼✕✷✽✽✳

❚r❛❤❡r♥❡✱ ❏✳✱ ❇❛r❝❡❧❧♦s✱ ▲✳✱ ❙❛✇❝❡r✱ ❙✳✱ ❈♦♠♣st♦♥✱ ❆✳✱ ❘❛♠s❛②✱ P✳✱ ❍❛✉s❡r✱ ❙✳✱ ❖❦s❡♥❜❡r❣✱
❏✳✱ ❛♥❞ ❚r♦✇s❞❛❧❡✱ ❏✳ ✭✷✵✵✻✮✳ ❆ss♦❝✐❛t✐♦♥ ♦❢ t❤❡ tr✉♥❝❛t✐♥❣ s♣❧✐❝❡ s✐t❡ ♠✉t❛t✐♦♥ ✐♥ ❜t♥❧✷
✇✐t❤ ♠✉❧t✐♣❧❡ s❝❧❡r♦s✐s ✐s s❡❝♦♥❞❛r② t♦ ❤❧❛✲❞r❜✶✯✶✺✳ ❍✉♠❛♥ ▼♦❧❡❝✉❧❛r ●❡♥❡t✐❝s✱ ✶✺✱
✶✺✺✕✶✻✶✳

❚r❡❣♦✉❡t✱ ❉✳✱ ❊s❝♦❧❛♥♦✱ ❙✳✱ ❚✐r❡t✱ ▲✳✱ ▼❛❧❧❡t✱ ❆✳✱ ❛♥❞ ●♦❧❧♠❛r❞✱ ❏✳ ✭✷✵✵✹✮✳ ❆ ♥❡✇ ❛❧❣♦✲
r✐t❤♠ ❢♦r ❤❛♣❧♦t②♣❡✲❜❛s❡❞ ❛ss♦❝✐❛t✐♦♥ ❛♥❛❧②s✐s ✿ t❤❡ st♦❝❤❛st✐❝✲❡♠ ❛❧❣♦r✐t❤♠✳ ❆♥♥❛❧s
♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✽✱ ✶✻✺✕✶✼✼✳

❚r❡✈♦r✲❘♦♣❡r✱ P✳ ✭✶✾✺✷✮✳ ▼❛rr✐❛❣❡ ♦❢ t✇♦ ❝♦♠♣❧❡t❡ ❛❧❜✐♥♦s ✇✐t❤ ♥♦r♠❛❧❧② ♣✐❣♠❡♥t❡❞
♦✛sr♣r✐♥❣✳ ❇r✐t✐s❤ ❏♦✉r♥❛❧ ♦❢ ❖♣❤t❤❛❧♠♦❧♦❣② ✱ ✸✻✱ ✶✵✼✕✶✶✵✳

❚✉✱ ■✳ ❛♥❞ ❲❤✐tt❡♠♦r❡✱ ❆✳ ✭✶✾✾✾✮✳ P♦✇❡r ♦❢ ❛ss♦❝✐❛t✐♦♥ ❛♥❞ ❧✐♥❦❛❣❡ t❡sts ✇❤❡♥ t❤❡ ❞✐s❡❛s❡
❛❧❧❡❧❡s ❛r❡ ✉♥♦❜s❡r✈❡❞✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✹✱ ✻✹✶✕✻✹✾✳

❲❛❝❤♦❧❡r✱ ❙✳✱ ❘♦t❤♠❛♥✱ ◆✳✱ ❛♥❞ ❈❛♣♦r❛s♦✱ ◆✳ ✭✷✵✵✵✮✳ P♦♣✉❧❛t✐♦♥ str❛t✐✜❝❛t✐♦♥ ✐♥ ❡♣✐❞❡✲
♠✐♦❧♦❣✐❝ st✉❞✐❡s ♦❢ ❝♦♠♠♦♥ ❣❡♥❡t✐❝ ✈❛r✐❛♥ts ❛♥❞ ❝❛♥❝❡r ✿ q✉❛♥t✐✜❝❛t✐♦♥ ♦❢ ❜✐❛s✳ ❏♦✉r♥❛❧
♦❢ t❤❡ ◆❛t✐♦♥❛❧ ❈❛♥❝❡r ■♥st✐t✉t❡✱ ✾✷✱ ✶✶✺✶✕✶✺✽✳

❲❛❧❞✱ ❆✳ ✭✶✾✹✸✮✳ ❚❡st ♦❢ st❛t✐st✐❝❛❧ ❤②♣♦t❤❡s❡s ❝♦♥❝❡r♥✐♥❣ s❡✈❡r❛❧ ♣❛r❛♠❡t❡rs ✇❤❡♥ t❤❡
♥✉♠❜❡r ♦❢ ♦❜s❡r✈❛t✐♦♥s ✐s ❧❛r❣❡✳ ❚r❛♥s✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t② ✱ ✺✹✱ ✹✷✻✕✹✽✷✳

❲❡❞❞❡r❜✉r♥✱ ❘✳ ✭✶✾✼✻✮✳ ❖♥ t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ t❤❡ ♠❛①✐♠✉♠ ❧✐❦❡❧✐❤♦♦❞
❡st✐♠❛t❡s ❢♦r ❝❡rt❛✐♥ ❣❡♥❡r❛❧✐③❡❞ ❧✐♥❡❛r ♠♦❞❡❧s✳ ❇✐♦♠❡tr✐❦❛✱ ✻✸✱ ✷✼✕✸✷✳

❲❡✐♥❜❡r❣✱ ❈✳ ❛♥❞ ▼♦rr✐s✱ ❘✳ ✭✷✵✵✸✮✳ ■♥✈✐t❡❞ ❝♦♠♠❡♥t❛r② ✿ t❡st✐♥❣ ❢♦r ❤❛r❞②✲✇❡✐♥❜❡r❣
❞✐s❡q✉✐❧✐❜r✐✉♠ ✉s✐♥❣ ❛ ❣❡♥♦♠❡ s✐♥❣❧❡✲♥✉❝❧❡♦t✐❞ ♣♦❧②♠♦r♣❤✐s♠ s❝❛♥ ❜❛s❡❞ ♦♥ ❝❛s❡s ♦♥❧②✳
❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❊♣✐❞❡♠✐♦❧♦❣② ✱ ✶✺✽✱ ✹✵✶✕✹✵✸✳

❲❤✐tt❡♠♦r❡✱ ❆✳ ❛♥❞ ❍❛❧♣❡r♥✱ ❏✳ ✭✷✵✵✶✮✳ Pr♦❜❧❡♠s ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥✱ ✐♥t❡r♣r❡t❛t✐♦♥ ❛♥❞
❡✈❛❧✉t❛t✐♦♥ ♦❢ ❣❡♥❡t✐❝ ❤❡t❡r♦❣❡♥❡✐t②✳ ❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ❍✉♠❛♥ ●❡♥❡t✐❝s✱ ✻✽✱ ✹✺✼✕
✹✻✺✳

❲✐❧❧✐s♦♥✱ ❉✳✱ ❑❡s❤❛✈❥❡❡✱ ❑✳✱ ◆❛✐r✱ ❑✳✱ ●♦❧❞s♠✐t❤✱ ❈✳✱ ❛♥❞ ❍♦❧❜r♦♦❦✱ ❆✳ ✭✷✵✵✸✮✳ P❛t✐❡♥t✬s
❝♦♥s❡♥t ♣r❡❢❡r❡♥❝❡s ❢♦r r❡s❡❛r❝❤ ✉s❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❡❧❡❝tr♦♥✐❝ ♠❡❞✐❝❛❧ r❡❝♦r❞s ✿ ✐♥✲
t❡r✈✐❡✇ ❛♥❞ s✉r✈❡② ❞❛t❛✳ ❇r ▼❡❞✐❝❛❧ ❏♦✉r♥❛❧ ✱ ✸✷✻✱ ✸✼✸✕✸✼✽✳

❲r✐❣❤t✱ ❙✳ ✭✶✾✷✶✮✳ ❙②st❡♠s ♦❢ ♠❛t✐♥❣✳ ●❡♥❡t✐❝s ✱ ✻✱ ✶✶✶✕✶✼✽✳
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❳✐♦♥❣✱ ▼✳✱ ❋❡❣❤❛❧✐✲❇♦st✇✐❝❦✱ ❈✳✱ ❆r♥❡tt✱ ❋✳✱ ❛♥❞ ❩❤♦✉✱ ❳✳ ✭✷✵✵✺✮✳ ❆ s②st❡♠s ❜✐♦❧♦❣②
❛♣♣r♦❛❝❤ t♦ ❣❡♥❡t✐❝ st✉❞✐❡s ♦❢ ❝♦♠♣❧❡① ❞✐s❡❛s❡s✳ ❋❡❞❡r❛t✐♦♥ ♦❢ ❊✉r♦♣❡❛♥ ❇✐♦❝❤❡♠✐❝❛❧
❙♦❝✐❡t✐❡s ▲❡tt❡rs✱ ✺✼✾✱ ✺✸✷✺✕✺✸✸✷✳

❨❛t❡✱ ❋✳ ✭✶✾✸✹✮✳ ❈♦♥t✐♥❣❡♥❝② t❛❜❧❡s ✐♥✈♦❧✈✐♥❣ s♠❛❧❧ ♥✉♠❜❡rs ❛♥❞ t❤❡ ❝❤✐✲sq✉❛r❡ t❡st✳
❏♦✉r♥❛❧ ♦❢ t❤❡ ❘♦②❛❧ ❙t❛t✐st✐❝s ❙♦❝✐❡t② ✱ ✶✱ ✷✶✼✕✷✸✺✳

❨✉✱ ❏✳ ❛♥❞ ❡t ❛❧ ✭✷✵✵✻✮✳ ❆ ✉♥✐✜❡❞ ♠✐①❡❞✲♠♦❞❡❧ ♠❡t❤♦❞ ❢♦r ❛ss♦❝✐❛t✐♦♥ ♠❛♣♣✐♥❣ t❤❛t
❛❝❝♦✉♥ts ❢♦r ♠✉❧t✐♣❧❡ ❧❡✈❡❧s ♦❢ r❡❧❛t❡❞♥❡ss✳ ◆❛t✉r❡ ●❡♥❡t✐❝s✱ ✸✽✱ ✷✵✸✕✷✵✽✳

❩❛✈❛tt❛r✐✱ P✳✱ ❉❡✐❞❞❛✱ ❊✳✱ ❲❤❛❧❡♥✱ ▼✳✱ ❛♥❞ ❡t ❛❧ ✭✷✵✵✵✮✳ ▼❛❥♦r ❢❛❝t♦rs ✐♥✢✉❡♥❝✐♥❣ ❧✐♥❦❛❣❡
❞✐s❡q✉✐❧✐❜r✐✉♠ ❜② ❛♥❛❧②s✐s ♦❢ ❞✐✛❡r❡♥t ❝❤r♦♠♦s♦♠❡ r❡❣✐♦♥s ✐♥ ❞✐st✐♥❝t ♣♦♣✉❧❛t✐♦♥s ✿
❞❡♠♦❣r❛♣❤②✱ ❝❤r♦♠♦s♦♠❡ r❡❝♦♠❜✐♥❛t✐♦♥ ❢r❡q✉❡♥❝② ❛♥❞ s❡❧❡❝t✐♦♥✳ ❍✉♠❛♥ ▼♦❧❡❝✉❧❛r
❇✐♦❧♦❣② ✱ ✾✱ ✷✾✹✼✕✷✾✺✼✳

❩❤❛♥❣✱ ❑✳✱ ❉❡♥❣✱ ▼✳✱ ❈❤❡♥✱ ❚✳✱ ❲❛t❡r♠❛♥✱ ▼✳✱ ❛♥❞ ❙✉♥✱ ❋✳ ✭✷✵✵✷✮✳ ❆ ❞②♥❛♠✐❝ ♣r♦❣r❛♠✲
♠✐♥❣ ❛❧❣♦rt✐❤♠ ❢♦r ❤❛♣❧♦t②♣❡ ❜❧♦❝❦ ♣❛rt✐t✐♦♥✐♥❣✳ P◆❆❙ ✱ ✾✾✱ ✼✸✸✺✕✼✸✸✾✳
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