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Chapter 1

Introduction

Cette these a pour sujet I'étude de quelques équations aux dérivées par-
tielles singulieres ou dégénérées, sous contraintes. Sont aussi traitées des
équations dites pénalisées qui remplacent la contrainte par un terme qui as-
symptotiquement tend vers la contrainte, ceci permettant une approximation
numériquement plus souple de ’edp avec contrainte. Les méthodes employées
sont celles du calcul des variations, la convexité, la théorie de la dualité...

La premiere partie concerne I’approximation des premieres fonctions pro-
pres et valeurs propres pour le 1-Laplacien. Lorsque {2 est un ouvert borné
régulier de RY, N > 1, on définit la premiere valeur propre du 1-Laplacien,

comme le réel positif
A= inf {/ |Vu|} (1.1)
wewp (@) LJa

flulli=1

La recherche de 'existence d'une solution demande I'introduction de I'espace
des fonctions a variations bornées défini par:

BV(Q) = {ue L'(Q),Vue M' ()},

olt M!(2) est 'ensemble des mesures bornées dans 2. L’espace BV (Q) est
un espace de Banach, muni de la norme:

lullv = [IVully + [lull,

ou ||Vul|; est la variation totale de Vu.

5



6 Introduction

On introduit ainsi un probleme dit relaxé, donné par:
inf {/ |Vu| +/ |u|} : (1.2)
uﬁ‘/(?) Q o9
ull1=

qui prend en compte la propriété de non continuité de I'application trace.
On montre alors qu’une solution u > 0 qui existe satisfait

—div o = Ay,
o - Vu = |Vu| dans €,
o - nu = —u, sur 0f),

ou o est une fonction de L>(2, R™) satisfaisant ||o|| =~ < 1 dans €, le produit
o - Vu ayant un sens a préciser. Des ouvrages sur la question font état
de l'existence de fonctions propres qui sont des fonctions caractéristiques
d’ensemble, mais le fait que toutes les fonctions propres sont proportionnelles
est encore un probleme ouvert, sauf dans le cas N = 2, ou ([2], [3]) font
d’ailleurs explicitement la construction d’un ensemble propre.

Le premier chapitre, qui a fait ’'objet d’un article accepté pour publication
aux Annales de la Faculté des sciences de Toulouse, concerne ’approximation
de la premiere valeur propre et des premieres fonctions propres par une
méthode de pénalisation. Elle consiste a remplacer la contrainte ||ul|; = 1

2
par le terme n < / lu| — 1) dans la fonctionnelle (1.1). Plus précisemment,
Q

on considere A; ,, définissant

2
in /\vu| +n (/ fuf — 1) | (1.3)
uEWOI’l(Q) Q Q

Puis la forme relaxée de A;, qui consiste a I'étendre a l'espace BV () et
a ajouter a la fonctionnelle a minimiser un terme / |u|. Ce procédé est

classique en théorie des surfaces minimales et en plggticité. Il permet de
pallier au manque de continuité de ’application trace pour la topologie faible.
On montre donc dans un premier temps ’existence d’une solution u,, pour ce
probleme approché, défini par (1.3), solution que I'on peut prendre positive,
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et qui satisfait donc I’équation pénalisée suivante:

(
—div o, + 2n (/ [t | — 1) signu,, = 0,
Q

on - Vu, = |Vun| dans €2,

Op * U = —Uy,.

Par passage a la limite lorsque n tends vers 400, on obtient la convergence
du terme 2n (/ [un| — 1) signu,, vers —\;, et la convergence d’une suite de
Q

solutions u,,, pour une topologie plus forte, intermédiaire entre la topologie
faible et la topologie de la norme, vers une premiere fonction propre pour le
1-Laplacien.

Dans un deuxieéme chapitre on considére un probleme d’obstacle sur W2 (Q)
puis le probleme de controle optimal correspondant. Les résultats généralisent
certains résultats obtenus dans le cas p = 2, dans les travaux bien connus de
Kindherlerer et d’Adams Lennhart ([5], [6], [34]).

Plus précisemment, soit 1 < p < N, Q un ouvert borné régulier de RY, 1)
une fonction de W, () et f une fonction de L” (Q) (p/ étant le conjugué de
p, tel que % + 1% = %) On cherche u qui réalise:

u >, uc WyP(Q).
—div(|VulP~2Vu) > f,
/[Vu]p Vu-V(u—1 /fu—

Pour résoudre ce probleme, on introduit classiquement le probleme de min-

inf {/ |Vu|p—/fu}. (1.4)
ueWy P (Q) Q Q

u>v

1misation suivant:

On montre 'existence d'un minimiseur par les méthodes variationnelles clas-
siques. Puis on caractérise la solution comme la plus petite fonction f-
surharmonique, plus grande que 1, ce qui prouve l'unicité de la solution
alors notée T(1)). On remarque la croissance de 'application qui & ¢ associe
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T¢(1)), ce qui permet de montrer une propriété de semicontinuité inférieure
de Ty, pour la topologie faible de W7 ().

Dans un deuxieme temps on s’intéresse a un probleme de controle optimal
a savoir le probleme suivant: une fonction z étant donnée dans L”(€2), appelée
fonction de cout , on cherche a minimiser la fonctionnelle suivante:

_ ]19 {/|Tf(¢) —z|p+/ﬂ|w|z)}. (1.5)

Lorsqu’un minimiseur v existe, (¢, T(1))) est appelée une paire optimale.
La difficulté de ce type de probleme est due a l’absence de semicontinuité
inférieure de J; pour la topologie faible de W'P(Q). Dans cette partie, on
montre, prolongeant ainsi des résultats obtenus dans le cas p = 2 dans ([5],

[6]), que:
1. Si f <0, il existe une paire optimale de la forme (u*, u*) = (T¢(v), Tt (¢)).
2. Si f >0, et si on définit Gy comme 'unique fonction dans VVO1 P(Q) qui

verifie

—A,(Gy) = f, p.p. dans Q,
Gy =0, sur oS

Si z < Gy, alors il existe une unique paire optimale donnée par (0, Gy).

Le dernier chapitre est consacré d’une part a un probleme d’obstacle sur
BV (), analogue au probleme d’obstacle sur W, () traité dans le chapitre
precedent et a quelques résultats de controle sur BV (€2). On considere tou-
jours © un ouvert borné régulier de RY, N > 1, une fonction f € L>(),
Y dans BV (€2), on cherche un minimum pour le probléme de minimisation

suivant:
P= inf { / |Vu| — / },
uEVV1 (9

u>1/;

et a donner un sens a 1’équation
—diveo =71+ f,
ou 7 est une mesure positive, équation découlant naturellement de I'inéquation

—div o > f,
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ouo = “%“‘) , est “satisfaite” par u lorsque u est solution de P.

On deéfinit tout d’abord la forme relaxée du probleme défini par P, notée

Ppy tel que:
Py — eglvf(m {/|Vu|+/ | — /fu}

On montre dans une premiere étape ’existence d’'un minimiseur au probleme
défini par Ppy, en utilisant une méthode de pénalisation, qui consiste a

remplacer la contrainte “u > 1)” par le terme %/ (u—1)” pour un 6 > 0.
Q

Ainsi on définit le probleme de minimisation suivant:

7o o {7 [ fomor = )

pour lequel on montre I'existence d’une solution us et on montre par la suite
que :
us — u quand 0 — 0,

Ps — P quand § — 0,

ol u est un minimiseur du probleme défini par Ppy .
Ensuite, par une méthode de calcul du dual, on montre 1’existence d’un
couple de solution (o, 7) au probléme dual de P, noté P* et qui réalise:

dive+7+ f =0,
(o,7) € L=®(Q,RY) x L*>(Q),
7200l < 1.

Dans la suite, on s’intéresse au cas unidimensionnel en présentant deux
exemples explicites de résolution.

Dans la derniere partie, on s’intéresse a I’étude d’un probleme de controle
optimal sur BV () pour f < 0 et pour cela on introduit le probleme de
minimisation suivant:

Py = ueml/zlf {/|Vu| / } (1.6)

On remarque que si A € L*®(£2) est assez petit, Py est coercif sur BV (€2). On
montre 'existence d’une solution au probleme d’obstacle, mais en 1’absence
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de résultat d’unicité, Th; —analogue de Tt dans le cas p > 1 est mal défini.
Pour cette raison, on dira que u € E,f(¢)) quand w appartient a BV (Q2) et
réalise I'infimum du probleme d’obstacle définie par Pj.

On peut néanmoins montrer les propriétés suivantes de Ej:

Si ¢ — 1 faiblement dans BV(Q),

alors

P(y) < liminf Py,

et si
U <, il y a egalité .

D’autre part, on a la propriété de “croissance” des ensembles E'(1)), analogue
a la propriété de croissance de T¢(1)) pour le p—obstacle:

Y1 > o, Fuy € Ep(hr), us € Ef(1h2), tels que ug > us.

Enfin dans une derniere section, on définit le probleme de controle optimal:
soit z dans BV (Q) appelée fonction de coiit et 1) € W, (Q) appelée vari-
able de controle, on cherche le couple (¢, u € E¢(1))), solution du probleme

suivant:
inf {/ lu — 2| +/ (V| dx} (1.7)
(u) €Wy ()2

ueEf 'IZJ)

La solution (¢*,u*) de ce probleme est appelé couple optimal. On définit

A = mf / \Vul| du. (1.8)
(w)eWy ()
fou 1

Dans le cas A < Ay et f < 0, on montre I'existence d'un couple optimal de
la forme (u, u).

Pour le cas A = Ay et f < 0, on donne quelques propriétés et car-
actérisation de la solution.



Chapter 2

Approximation of eigenvalues
and eigenfunctions for the
1-Laplacian

2.1 Introduction: the first eigenvalue for the
1-Laplacian

In recent works, several authors were interested on the study of the “first
eigenvalue” for the 1-Laplacian operator, that we shall denote as the not
everywhere defined u +— —div(%).

Due to the singularity of this operator, the definition of the first eigenvalue
can be correctly defined with the aid of a variational form: let A\; be defined
as

A= inf /|Vu| (2.1)
ueW, ' (Q) Jo
lJulli=1
Notice that A; is well defined and is positive, due to Poincaré’s inequality.

In order to justify the term “eigenvalue” for A;, one must prove the ex-
istence of an associated “eigenfunction”. As in the p-Laplacian case, an
eigenfunction will be a solution of (2.1). Unfortunately, since W1(Q) is not
a reflexive space, one cannot hope to obtain a solution for (2.1) by classical
arguments.

This difficulty can be overcome by introducing the space BV (€2), which
is the weak closure of W11(Q), and by extending the infimum to that space,

11



12 Approximation of eigenvalues and eigenfunctions for the 1-Laplacian

using the features of BV (Q2): Density of regular maps in BV (€2), existence of
the trace map on the boundary... However, these properties are not sufficient
to obtain solutions by classical methods, since the trace map —which is well
defined on BV (§2)- is not continuous for the weak topology.

This new difficulty can be “solved” by introducing — as it is the case in the
theory of minimal surfaces and in plasticity and also for related problems — a
“relaxed” formulation for (2.1). This relaxed formulation consists in replacing
the condition {u = 0} on the boundary by the addition of a term / lu| in

a0
the functional to minimize. The new formulation is then

inf /\VuH/ lul. (2.2)
’U,EBV(Q) Q a0

flulli=1

This problem has an infimum equal to ;. It can be seen by approximating
function in BV(Q) by functions in W'(Q) for a topology related to the
narrow topology of measures. This topology is specified in section 2.2.

Then we can prove the existence of a minimizer of (2.2) in BV () using
classical arguments, which will be specified later in this chapter.

To obtain the partial differential equation satisfied by a minimizer of (2.2),
equation which can be seen as an eigenvalue’s equation, the author used in
[20] an approximation of (2.1) by the following problem on W, ¢(€):

M=  inf / |Vu|'te, (2.3)
ueWy 't () Jao
llulli=1
and proves that A;,. converges to A;. Moreover, if u. is a positive solution
of the minimizing problem defined in (2.3), u. converges weakly in BV (12)

to some uw which satisfies
Vu
—div| —= ) =\
v (rw) "

in a sense which needs to be specified, and is detailed in the present chapter.
Let us note that it is also proved in [18] that there are characteristic
functions of sets which are solutions. These sets are therefore called eigensets.
Another approach is used in [2], [3], where the authors use the concept
of Cheeger sets [14]. In these papers, the authors present a remarkable con-
struction of eigensets for 2—dimensional convex sets 2. Among their results,
there is the uniqueness of eigensets in the case N = 2.
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Our aim in the present chapter is to propose an approach of the first
eigenvalue and the first eigenfunction of the 1-Laplacian operator, using a
penalization method. This method has an obvious numerical advantage: the

constraint / |u| = 1 has a higher cost than the introduction of a penalization
Q

2
term as n (/ lu| — 1) . This provides in the same time, a new proof of the
Q

existence and uniqueness of a positive eigenfunction.

2.2 Survey on known results about the space
BV ()

Let us recall the definition of the space of functions with bounded variation.
Let Q be an open regular domain in RY, N > 1, and let M*(2) be the space
of bounded measures in 2. We define

BV(Q) ={ue L'(Q),Vue M'(Q)}.

Endowed with the norm /|Vu| +/ |ul, the space BV (€2) is a Banach space.
Q Q

Another topology is crucial when one wants to use variational technics.
We define the weak topology with the aid of sequences as follows: we say

that a sequence u,, — u weakly in BV () if the following two conditions are
fulfilled:

o/|un—u|—>0 in L'(Q) when n — oo,
Q

. /@-un o — /@u ¢, Vi=1,2..N Vo€l whenn— oc.
Q Q

Let us note that the second convergence is also called the vague convergence
of Vu,, towards Vu.

We shall also use the concept of tight convergence in BV (€2): we say that
a sequence u, converges tightly to v in BV () if the following two conditions

are fulfilled:

e u, — u, weakly in BV (Q2) when n — oo,
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. /qun| — /|Vu\ when n — o0.
Q 0

Let us note that the last assertion is equivalent to say that, for all ¢ €
C(Q,RY),

/Vun-¢—>/Vu-gb, when n — oc.
Q Q

We now recall some facts about embedding and compact embedding from
BV to other LY spaces:

e If Q) is an open C' set, then BV (Q) is continuously embedded in LP(£2)
for all p < %

e If O is also bounded and smooth, the embedding is compact in LP(€)

N
for every p < 7.

Finally we recall the existence of a map, called trace map and defined on
BV (), which coincides with the restriction on 92 of u when u belongs to
C(Q)NBV(Q) or less classically when u € WH(Q). . This map is continuous
under the strong topology. It is not continuous under the weak topology
However the following property holds: if u,, — u tightly in BV (), then

/ |up, —u| — 0 for n — oo.
o0

We now state a generalization of the Green’s formula : this allows us to give
sense to the product o - Vu when o is in L>®(Q,RY), div o € LY (Q) and
u € BV(Q2). This will be useful in the formulation of the partial differential
equation associated to the eigenvalue.

Let us recall that D(2) is the space of C*-functions, with support on .

PROPOSITION 2.2.1. Let ¢ € L®(Q,RY), dive € LN(Q) and u € BV (Q).
Define the distribution o - Vu by the following formula : for any ¢ € D(Q),

(0 -Vu,p) =— /Q(diva)ugp - /Q(a V) u. (2.4)

Then
[(o - Vu, )| < lofloo{|Vul, |¢l).

In particular, o - Vu is a bounded measure which satisfies:

|0 Vu| < |o]|ooVul.
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In addition, if ¢ € C(Q) NCHQ), the following Green’s Formula holds:
(0-Vu,p) =— /(diva)wp — /(a Vo) u +/ o-mu P, (2.5)
Q Q

o0

where T is the unit outer normal to OS).
Suppose that U € BV (RN \ Q), that u € BV (Q) and define the function

u as:
- u in €,

u= _

Uin RV \ Q.

Vi =Vu xo+ VU xgvg) + (U —u) doq,

Then u € BV (RY) and

where in the last term, U and u denote the trace of U and u on 02 and dgq
denotes the uniform Dirac measure on 09). Finally, we introduce the measure
o - Vu on € by the formula

(O’ . V%I) = (O’ . VU)XQ +o- W(U — u) (Sag,

where (0 - Vu)xq has been defined in (2.4). Then o -Vu is absolutely contin-
uous with respect to |Vu|, with the inequality

|- V| < [lole[Val.

For a proof the reader can consult [17], [35], [43].

2.3 Presentation of the main result

We now describe the approximation result here enclosed. Let n € N*| let us
consider the following minimization problem:

No= it {/|Vu|+n</ yu|—1) } (2.6)

Let us introduce the relaxed formulation

Py E]131‘1/f {/WUH—/ ]u\—i—n(/ ]u\—l) } (2.7)

We prove here the following result :
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THEOREM 2.3.1. Let ) be a piecewise C* bounded domain in RN, N > 1. For
every n € N* the problem (2.7) possesses a solution u,, in BV () which can
be chosen nonnegative. Moreover, u,, satisfies the following partial differential
equation:

(
—div o, + 2n (/ Uy — 1) sign®(u,) =0 in Q,
Q
oy € L®(Q,RY), [[on[le <1, (2.8)
on - Vu, = |Vu,| in £,

| Uy, is not identically zero, —o, - 7 (uy) = u, on 0%,

where T denotes the unit outer normal to O and o, - Vu, is the measure
defined in Proposition 2.2.1 and sign™ (u,) is some function in L>(S)) such
that sign™ (u, )u, = u, in .

Moreover M\, converges towards A\ and w, converges towards the first
eigenfunction u.

REMARK 2.3.1. Clearly, u, is not identically zero for n large enough as soon
as n > Aj.

REMARK 2.3.2. From Proposition 2.2.1 (with U = 0), the conditions
on - Vu, = |Vu,| inQ, —0p - 1 (up) = u, on 0%,

are equivalent to
on -V, = |Vu,| on QUOIN.

REMARK 2.3.3. The identity o, - Vu,, = |Vu,| makes sense since

—div o, = —2n (/ Uy — 1) sign™ (uy,),
Q

which implies that dive, € L*(Q), therefore o, - Vu,, is well-defined by
Proposition 2.2.1.

We subdivide the proof of Theorem 2.3.1 into several steps :

e First step: We use some kind of regularization of the minimization
problem by introducing for some € > 0 and small

2
inf / |Vul'™ +n </ |u|tte — 1) :
ueW, ' (Q) Q Q
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We prove that for n large enough, this problem possesses a solution
which can be chosen nonnegative and denoted by u,, ., which satisfies

{—div(]VunﬁF*Vun,E) +2n </ upte — 1) u,, =0, inQ,
Q

e Second step: We extend u, . by zero outside of €2 and observe that the
sequence still denoted (uy,.) is uniformly bounded in BV (R”), more
precisely

/ |Vu, 't < C.
RN

Then we can extract from u,. a subsequence, such that u,. — u,

weakly in BV (RY). The limit function belongs to BV (R") and is zero
outside of €.

e Third step: we prove that 0y, . = |V, |* Vi, is uniformly bounded
in L9(2) V g < oo. Then we can extract from o, . a subsequence, such
that o, . — o0, weakly in L) V ¢ < oo, such that ||o,[s < 1 and
on - Vi, = |Vu,| in QU Q.

e Fourth step: we prove that u, is a solution of the minimizing problems
(2.7) and (2.8). We also prove that o,, satisfies the problem (2.8).

o Fifth step: we establish that \;, converges strongly to A\; when n
goes to oo and that u, converges strongly to the first eigenfunction
associated to A;.

2.4 Proof of the main result

We provide here the proof of Theorem 2.3.1, outlined as above.

Step 1: We prove here the existence and uniqueness of a positive solution
for the following approximation problem

)\1+€,7L = inf ]14_57”(”), (29)

ueWy ' (Q)

where 1., is the following functional

2
Liyen(u) = / |Vu|1+E +n (/ |u|1Jr6 — 1) , (2.10)
Q Q
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for some positive e given.

We first prove that A, is achieved, using standard variational technics:
Let (u;); be a minimizing sequence for \j.,. Without loss of generality, up
to replace u; by |u;|, one may assume that w; is nonnegative. Since I, ,, is
coercive, (u;) is bounded in W, ' *¢(Q).

As a consequence, we may extract from it a subsequence, still denoted
(u;);, which converges weakly in W, () to some function u, . € W, **(Q).
Furthermore, by the Rellich-Kondrakov Theorem [10], [9], [1], (u;); converges
to u, . in L(Q).

Using the weak lower semicontinuity of the semi-norm / |Vu|'* for the

weak topology of Wy"'*%(Q), one has:

2
Mpon < / |Vun,a|1+€+n( / |un,a|1+f—1)
Q Q
2
/ |V |t +n </ ;| — 1) ] = Mien-
Q Q

Hence, u,, . is a solution of the minimization problem (2.9).
We now prove that this weak solution solves the following partial differ-
ential equation:

1 1+e [H— :

divo, . +2n (/ Uy, 1) Uy . =0 in (),
Q

One Ve = |[Vu, '™ in Q,

Upe >0 inQ, u,. =0 on O

< lim inf

i——400

(2.11)

Indeed, for every h € D(2), we have:
D]H-e n(un a) -h

(1+5 [/ |vune|6 IVung Vh—I—Zn(/ 1+6— >/un6h:|
Q

=(1 +5)/ { div (V"' Vu, ) +2n ( up s 1) }
Q
=0.
Thus, we get:

—div (V| 'V, ) + 2n ( / upts — 1) w,. =0, (2.12)
Q
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in a distribution sense.

Since wu,. is a weak solution of equation (2.12), by regularity results
(as developed by Guedda-Veron [33], see also Tolksdorf [47]), one gets that
Upe € CH(Q) V a € (0,1). Moreover, since u,. is a nonnegative weak
solution of the equation (2.12), by the strict maximum principle of Vazquez
(see [48]), un. is positive everywhere. Hence, setting 0y, . = |V, |* ' Vi,,
we have shown that u, . € CH*(Q)NW,"'**(Q) is a positive solution of (2.11).

LEMMA 2.4.1. The problem (2.11) has a unique positive solution

Proof of Lemma 2.4.1. Let u and v be two positive solutions of (2.11). Then
we have:

—div [on (1) — ope(v)]+2n [a(u) — a(v)] v +2n a(v) (u° —v°) =0, (2.13)

where a(u) = /ul+€ -1
Q

Case 1: [ulliye > [[v]l14e.

Let us multiply (2.13) by (u — v)" then integrate. It is clear that
on [(u) — a(v) /qu(u — )t >0,
So we get that:
/Q[an,e(u) (V)] - V(= 0)* +2n (o) /Q (U — %) (u—v)* < 0. (2.14)

We know that

Q(cfn,g(u) — 0pe(v)) - V(u—v) > 0. (2.15)

On the other hand it is clear that
/ (u® —v%) (u—wv) >0. (2.16)
Q

By (2.15) and (2.16), we have that:

/Q[on,g(u) — 0n (V)] V(u—v)" +2n alv) / (u® — %) (u—v)t > 0. (2.17)

Q
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So from (2.14) and (2.17), we obtain that

/Q[anﬁa(u) — 0pe(v)] - V(u—2)"+2n a(v) / (u® — %) (u—v)* = 0.

Q

Then [ (u® —v°) (u—v)* =0, which implies (v —v)* =0, i.e. u <wv. Using

Q
llull14e > ||v||14e, one finally gets u = v a.e.

Case 2: [lull14e < lvflise.

We use the same arguments as in the Case 2, just replacing (u — v)* by
(v—u)". O
Thus, we have proved the existence and uniqueness of a positive solution

to the problem (2.9).

Step 2: We prove here that lin(l))\prw = A
E—
PROPOSITION 2.4.1. For every n € N*, we have:

limsup Aiien < Aip
e—0

Proof of Proposition 2.4.1. Let § > 0 be given and ¢ € D(2) such that

2
In() = / |W|+n( / Isol—l) Y

But lirr(l)llﬁ,n(gp) = 11 ,(¢), hence,
limsup Aiyen < Ay + 6.
e—0

0 being arbitrary, we get limsupAiic, < Aj,. O]

e—0 o

Let now u, . be the positive solution of the minimizing problem (2.9).
Using Poincaré’s and Holder’s inequalities, we get

I
/uwda: < C’/ |Vupe|de < C (/ |Vun75]1+8dx) Q|+
Q Q Q

S C,)\lJra,n-
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These inequalities show that (u,.).>o and (Vu,)e>o are both bounded in
L*(€2). This means that (u,c).>o is bounded in BV ().

Therefore, we may extract from it a subsequence, still denoted by (uy ),
which converges in BV for the weak topology, towards some limit denoted
by u,, such that

N
Upe — U, strongly in LF(Q),V k< 1* = N1 when ¢ — 0,

Vi, = Vu, weakly in MY Q) when e — 0,

where M1(Q2) denotes the space of bounded Radon measures on .

In step (4) we shall precise this limit. In particular we shall obtain u, as
the restriction to {2 of some limit of extended functions w,, . by zero outside
of Q.

Step 3: we obtain o, = |§5"| as the weak limit of 0, . = |V, |* 'Vu,..
n
Let 0,. = |Vu,*'Vu,., one sees that o,. is uniformly bounded

in L= (Q). Let us prove that 0. is uniformly bounded in every L9(£2),
for all ¢ < oo. Indeed, let ¢ > 1 be given and let € be such that ¢ < %

Then ) .
q o\ 1+¢ 14e(1—q)
(/ yan,grq>q < (/ ENs ) Q| G < C.
Q Q

Then we may extract from it a subsequence, still denoted by o, ., such that
one tends to some o, weakly in L?(S2), for all ¢ < oo and o, tends to o,
a.e., when ¢ tends to 0.

We need now to prove that ||o,||« < 1. For that aim, let i be in D(Q, RY).
Then

/ Op 77‘ < liminf
Q e—0

/Un,g . 77’ S hmlnf/ |Vun,5‘€‘n‘
< lim inf (/ |Vun7€|1+a) (/ |77|1+5)
e—0 Q Q
1
- 1+e
< liminf (A4 ,) ™ (/ ’77‘1+€>
e—0 (o)

g/\n!-
Q
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This implies that ||, [/ < 1.
Let us now observe that g, _ is uniformly bounded in every L(2), q < oo.
Indeed, let ¢ be given and let € be small enough, such that ¢ < %, then

1 _e
€ |q ! < 14€ e 9 1q(1(+€) < C.
i un ) < : |tn.e | 1€2]

Then wy. = u;, . converges weakly, in every L?(Q2), ¢ < 0o, up to a subse-
quence, to some w,, when ¢ tends to 0.

Let us prove that 0 < w, <1 and (w, — 1)u, = 0. For the first assertion,
let n € D(92),

1+e 14¢€
77' < ( 1?5) (/ !77\”)
Q

1

1+4¢
<11m1nf (Mten) )T (/ |77|1+5)
§/|n|-
Q

Hence 0 < w, <1, Vn e N*.
To prove that (w, — 1)u, = 0, let us observe that u,. — u, in LF()
strongly for all k < <~ and w, . — w, in L¥™(Q) weakly, therefore

/wwun,s — / Wy, when e — 0
Q Q

1

Finally,

wply, = lim | w, U, = lim u}f; = [ u,.
Q e—0 Jq ’ ’ e—0 Jo 7 Q

Using the fact that 0 < w,, < 1, one gets the result.
Passing to the limit in (2.12), one gets:

—divo, + 2n (/ Uy — 1) wy, = 0. (2.18)
Q

Step 4: Extension of u, . outside {2 and convergence towards a solution of
(2.11).
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Let w, . be the extension of wu, . by 0 in RV \ﬁ Since U, = 0 on 01,
then @,. € WH™(RY) and (u,.) is bounded in BV (RY). Then one may
extract from it a subsequence, still denoted (uy, ), such that

N
Upe — Uy, in L*(R"Y), Vk<N when ¢ — 0,

with v, = 0 outside of  and
Vi — Vv, weakly in M*(R") when e — 0.

We denote by u,, the restriction of v, to 2. We use in the above some limit
op of o = \Vun75|5_1Vun7E obtained in the third step. More precisely:

One = |V, 'Vu,. — 0, weakly in LI(Q), V¢g<oo whene— 0.

Multiplying the equation (2.12) by @, ., where p € D(RY), and integrating
by parts, one obtains:

/ One V(Unep) + 2n </ ﬂ};gs _ 1) / ﬂiffgo =0,
Q Q Q

or equivalently

/ IV (T o) o + / Opetine - Vo +2n (/ a}j: — 1) / a};;go =0.
RN Q RN RN

(2.19)
Since 0, — 0, in L) for all ¢ < oo, in particular for any o > 0, o,
tends weakly towards o, in LYT*(Q). Since 1, . tends strongly towards v,

in L*(2), k < &5, one obtains that:

/ Opeline - Vo — / Oplly - Vo,  when e — 0.
Q Q

By passing to the limit in the equation (2.19) and defining, up to extracting a
subsequence, the measure p on RY by: lim. o |V (@, )| = i, one obtains:

(b, @) + / Tptin - Vo + 21 (/ VU — 1) / v = 0. (2.20)
(9] RN RN

On the other hand, multiplying equation (2.18) by v, where ¢ € D(RY),
one gets

/ On - VUpip + / Oty - Vip +2n (/ Uy — 1) / Upp = 0. (2.21)
QUAN Q Q Q
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Subtracting (2.21) from (2.20), one gets

p=o0, Vv, inQUOINL (2.22)
This implies in particular, according to Proposition 2.2.1, that

lu| < |Vu,| in QUOIQ,

and
/ IV (t,)|'t — |Vv,| when e — 0.
RN

RN
Finally, according to proposition 2.2.1, one has Vv, - 0, < |Vv,| on QU 9,
one derives that
|Vo,| =0, Vv, inQUOIN.

Recall that from Proposition 2.2.1
Vv, = Vi, xa — Un 6907,
On - Vv, = On - vunXQ — Op - Wun&')(%

we have obtained
on - Vi, =|Vu,| in Q,

ﬁ
Op* MUy, = —u, on o).

Then wu,, is a nonnegative solution of (2.8). Moreover, the convergence of
|V, | is tight on €, i.e.

/|Vun,6|—>/|Vun|—l—/ Up, when e — 0.
Q Q 00

Indeed, one has /|Vun,€]1+‘€ — /|Vun| +/ u, when ¢ — 0. Using
Q Q o0

the lower semicontinuity for the extension u, . and Holder’s inequality, we
get

lim/ |Vun7€|1+€:/ |Vun\+/ ungliminf/ |V, |
=0 Jq Q a0 =0 Jo
< liminf (/ ]Vuma\l“) || T+
e—0 Q

:lim/ |V, | te
e—0 Q

The result is proved.
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Step 5: The convergence of 4., towards A\

In this step we explicit the relation between the values A4, when n is
large and the first eigenvalue \; defined in the first part.

THEOREM 2.4.1. Let u,, be a nonnegative solution of (2.18), then, up to a
subsequence, as n — o0, (u,) converges to uw € BV (Q2), u >0, u # 0, which
realizes the minimum defined in (2.2). Moreover

lm A, = Ar.

n—oo

Proof of the Theorem 2.4.1. For A, and \; defined as above, it is clear that
we have:

limsup Ay, < Ag. (2.23)

n—oo

Let (un)n be a sequence of positive solutions of the relaxed problem defined
in (2.7). We begin to prove that (u,), is bounded in BV (€2). For that aim

2
let us note that by (2.23), one gets that n (/ Uy — 1) is bounded by Ay,
Q

2
which implies that lim,, . < / Uy, — 1) = 0. Then
Q

lm [ u, =1,
n—oo Q

Hence, (u,), is bounded in L().

Using once more (2.23), one can conclude that (u,), is bounded in BV (Q).
Then, the extension of each u, by zero outside of Q is bounded in BV (R¥).
One can then extract from it a subsequence, still denoted wu,,, such that

u, —u weakly in BV(RY) when n — oo,

obviously v = 0 outside of Q and u > 0 in Q. By the compactness of the
Sobolev embedding from BV (Q2) into L'(€2), one has ||u| ;1o = 1. Using

the lower semi continuity of the total variation |Vu| with respect to the
RN



26 Approximation of eigenvalues and eigenfunctions for the 1-Laplacian

weak topology, one has (since u, — u in L'(Q))

2
)\13/ |Vu|§/ |Vu|+n(/ u—1>
RN RN RN
2
§liminf[/ |Vun|+n(/ un—l)]
n—oo RN RN

<limsup A;,, < Ap.

Then one gets that
lim )\Ln = )\1.

n—oo

Since u = 0 outside of Q, one has Vu = Vuyq — un 0 and then

/ |Vu|:/|Vu|—|—/ u.
RN 0 o9

Moreover, one obtains that:

2
limn(/un—l) =0,
n—oo [¢)

lim |Vun|:/|Vu|+/ ).
n—oo Ja Q o0

Then, we get the tight convergence of u,, to u in BV ().
Let us observe that sign™(u,) converges to some w, 0 < w < 1 in every
Li(Q),V q < oo. Using the convergence of u, to u in L4(Q), V q < 2=, one

N-1
gets
/un:/unsign+(un) —>/u:1 when n — oc.
Q Q Q

As a consequence

—2n</un—1)/un—>)\1 when n — oo,
Q Q
—Qn(/un—1> — A1 when n — oo.
Q

This ends the proof of the main result. n

and

and then also
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2.5 The duality method

We propose here another approach of the partial differential equation satis-
fied by u, and o,, using convex analysis. This approach does not need the
approximation in W11¢(Q) developed in section 2.4

We begin by recalling some basic definitions and properties about theory
of duality in convex analysis, which are necessary to study the variational
problem defined above.

Let X, Y be some Banach spaces, X* the topologic dual of X, and let
¢ : X — R be a function. We recall that the conjugate function ¢* : X* — R
of ¢ is defined by:

©*(y) = 33;{@,@ —¢(r)}, VyeX"

Let us introduce the following minimizing problem:
P in)f({F(u) + G(Au)},
ue

where F' is some convex function on X, G is convex on Y and A € L(X,Y)
is linear and continuous on X. We can introduce now the dual problem P*
of P:
P sup {—F*(—A"p") — G*(p")},
p*GX*
PROPOSITION 2.5.1 (See [41], [28], [22]). Let F' be a function defined on X.
If there exists ug € X, such that F(ug) < oo and if G is continuous on Auyg,
then:

inf {G(Au) + F(u)} = sup {~G*(5") — F*(~A"p")} (2.24)

p*ey*
and P* possesses a solution.

Let us apply these general technics to solve our primal problem defined
in (2.6). Let us note A}, its dual problem. For that aim, let us introduce

the following Banach spaces: X = W, ''(Q) and Y = L*(Q, RY) x L'(Q), and
define the following functions:

F:X —R, F(u) =0, (2.25)
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the linear continuous operator A:
A X —Y
u+— (Vu,u),

and the function G(o,7) = G1(0) + Ga(7) where

Gi(o) = /Q lo|, VoeLl'QRY), (2.26)

2
Go(T) =n (/ || — 1) , YT1eLYQ). (2.27)
Q
Using these functions, we can write the minimization problem in (2.6) as:
Mo in}f( {G(Au) + F(u)} . (2.28)
ue
The dual problem is defined by
A, sup {=G*(0,—7) — F*(A*(—0,7))} =

(o,7)EY ™
= sup {=Gi(0) = G5(=7) = F*(A" (=0, 7))}, (2.29)
(o,7)EY ™
where Y* = L>®(Q,RY) x L>*(Q). Let us compute first the conjugate F*:

F*(A*(=0,7)) = sup {(A"(—0,7),u) — F(u)}

ueX

— EE)I?{«_U’ T),AU> - F(u)}

= Sup {<(_07 T)’ (vu’ U)> - F(u)}

ueX

:sup{/—a-Vu—i—/u.T}
ueX Q Q

> sup {/(diva+7')<p}.
peD(N) Q

This implies that if the left-hand side is finite, the right one is finite too,
therefore dive + 7 = 0 in the distribution sens. By the definition of F* we
get

F*(A*(—=o,7)) =

{0 if dive +7 =0, (2.30)

+o00 elsewhere.
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On the other hand, we have

G’{(U)IS;JLQUGW Gi(u)}
= { [ [}
= sup { ol [ ju}
{

/ (o — } Vo e I¥QRY).

= sup
ueLl

Then

+00 elsewhere.

0 if o <1,
Gi(0) = { i flole < (231)
And finally, we have

Gy (1) = sup {(7, u) — Ga(u)}

uell

< { e () 2o f o}
e {/Q|T||“|‘”(/Qlul> +2n/9|u|_n}
- sup {/Q(|7‘|+2n)|u|—n(/ﬂ|u|)2}_n

= sup {UIllos + 20) ully = nllullf = n}
ue

= sup {([|7]lc +20)A — nA* — n}
AERT

o+ 20\ o+ 2n)°
. {_n <A_ s + n) oy Ul +20) }
AERF 2n 4dn

2
(7l +20)*
4n

+[|7||eo, VT ELXQ).

a8

4dn
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Thus, we obtain the following dual problem

* 1 2
T IR £ o MU 8 SRCEY
(0,7)EL>®(Q,RN ) x L>(Q) n
lo|<1
dive+7=0

The extremality relation

Let u,, be a positive solution of the relaxed problem (2.7) as obtained in the
fourth section. Let (o, 7,) be a solution of the dual problem (2.32). Then
one has the following extremality relation

2
1
Zual+ [ funl o ([ fual = 1) ==l = ol
/Q 0 Q 4n
/ Vuy, - o, = —/(divan)un = / Tnln,
QUAR Q Q
one gets

/ Vul— [ Va0,
QUIN QUON

1 2
= —lrlle = gl = el = 1)* = [ 7

Using

1

2
= —/ Tattn = [ Tallselfunllt + [I7alloo (lfunll = 1) = = l7allS = n([lunlly = 1)
Q n

/ Frllionl) = = [E il = n(laal = 1)]
=\ — nUnp — nl|loo||Un — — | Z|Tnllcc — N ||Un - .
QT T, 1 n 27_ 1

Since the left hand side is nonnegative and the right hand side is the sum of

two negative terms, we can conclude that the two sides are equals to zero.
We obtain then

|Vu,| = Vu, - 0, in QU IQ,
—Tn - Un = [Tl o |t 1
and
1Tnlloe = 2n([[unlly — 1).
Using this in the fact that —dive, = 7, we get the following

—dive, = —2n sign® (u) (/ || — 1) :
Q
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2.6 Minima as Caccioppoli sets

Let us introduce Ag as the value of the infimum

2
Ap = EGH(}‘EQ) {/Q IVxe|+n (/Q XE — 1) } : (2.33)

where C'(2) = {E, E is Caccioppoli set E CC Q} (let us recall that a Cac-
cioppoli set in €2 is merely a set whose characteristic function belongs to
BV (€)). We have the following:

THEOREM 2.6.1. One has

2
=l {/ wl < ([ e 1) }
2
= inf {/\VXEH—/ XE+n(/XE_1> }
EcC(RN) 90 Q

= inf {P(E,Q)+|ENdQ+n(ENQ| —1)°"}

EcC(RN)

and
AE > Mo,

where Ay, is defined in (2.6).
REMARK 2.6.1. P(E,Q) is the perimeter of E in 2, see ([15], [32]).

PROPOSITION 2.6.1. Let Ag be defined as in Theorem 2.6.1, then Ag 1is
achieved.

Proof of Proposition 2.6.1. Let (FE;) be a subsequence of Caccioppoli sets,

E; CcC Q such that
2
Q

2
limsup{/|VXEi|—|—n(/in—1) }S/\E.
1—00 0 Q

Then
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It is clear that xp, is bounded in BV () (same arguments as in Theorem
2.6.1). More precisely g, is bounded in BV (RY).
Extracting from it a subsequence still denoted xp,, one get that

Xg, — u  weakly in BV (RY).

By construction u = 0 outside of 2. Moreover one can assume that x g, tends
to u a.e, and then u can only takes the values 0 and 1. As a consequence u
is the characteristic function of some set E. By lower semicontinuity, one has

that
2
/ ‘VXE’—FTL(/ XE—1> <hm1nf{ (/XE¢_1>}-
RN RN 1—00

Then, one obtains that F is a solution for the relaxed problem (2.33). O]




Chapter 3

The obstacle problem on WP

An optimal control problem for an elliptic obstacle variational inequality with
a source term was considered in the case p = 2 by Adams, Lenhart and Yong
in ([5], [6]). The authors consider the following obstacle problem:

u € K(1),

/QO(U)-V<U—U) d.CEZ/Qf(U—u) dz, ¥ v € K(1), (3.1)
where

K() ={v € Hy(Q),v > a.e. in Q}.

They produced existence, uniqueness and regularity as well as some charac-
terizations of the solution u =: T(1)) to the obstacle problem (3.1). They
consider then ¢ € HJ(f) as the control variable and u =: Ty(¢) as the
corresponding state variable. The goal of their work is to find the optimal
obstacle ¢ from HJ(£2) so that the corresponding state u =: Ty(1)) is close to
some given desired profile, while 1 is not too large in H} (). For that aim,
the authors introduce the following cost functional:

~ 2 2
e A [ st = [ vup ah. (32)

for some z € L?(9) is referred to as the initial profile, 1 as the control variable

and T¢(¢) as the state variable. The pair (¢*, T¢(1)*)) where ¢* is a solution

to the problem (3.2) is called an optimal pair and ¢* an optimal control.
We consider here the analogous problem on Wy”(Q), p > 1.

33
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Let © be a bounded domain in RY, N > 2, whose boundary is C' piece-
wise. For p > 1 and for ¢ given in W,"*(2), define

K1) = {v e WyP(Q),v > v a.e. in Q}.

It is clear that K(1) is a convex and weakly closed set in LP(Q2). Let p’ be
the conjugate of p, and f € LP(Q2). We consider the following variational
inequality called the obstacle problem:

u e K(y),

/a(u) V(v —u)dx > /f(v — ) dz, Yo € K(¥), (3.3)
@ Q

where o(u) = |Vul[P72Vu. We shall say that v is the obstacle and f is the
source term.

We begin to prove existence and uniqueness of a solution u to (3.3), using
variational formulation of the obstacle problem on the set K (). We shall
then denote u by: u = T¢(¢). Secondly, we characterize T(1)) as the lowest
f—superharmonic function greater than .

3.1 Existence and uniqueness of the solution

PROPOSITION 3.1.1. A function u is a solution to the problem (3.3) if and
only if u satisfies the following:

u e K(v),
—Apu > f, a.e. in(, (3.4)

/Qa(u)-V(QQ—u) d:E:/Qf(zZJ—u) dz.

Proof of Proposition 3.1.1. Suppose that u satisfies (3.3). Then taking v =
u+p € K() for p € D(Q), ¢ > 0, one gets that —A,u > f in Q. Moreover,
For v = ¢ and v = 2u — 9, one gets that

otV o= [ - d.

hence u satisfies (3.4).
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Conversely, let u € K () such that —A,u > f, let v be in K(¢) and
©n € D(Q), o, > 0 such that ¢, — v — ¢ in W, ?(Q). Then one gets

/Qa(u)~V(v—w) —tim [ o) Vo,

n—oo o)

= lim | —Ayu ¢,

n—oo 0

> lim fgpn:/f(v—w), Voue K(@).
0 0

n—od

Using the last equality of (3.4), one gets that

/Qa(u)~V(v—u)2/Qf(v—u), Ve K@),

hence u satisfies (3.3). O

Let us prove now the existence and uniqueness of a solution to the obstacle
problem (3.3).

PROPOSITION 3.1.2. There exists a solution to (3.3), which can be obtained
as the minimizer of the following minimization problem

inf I(v), (3.5)

veEK ()

where I s the following energy functional

I(v):%/Q]Vv\p—/va.

Proof of Proposition 3.1.2. Using classical arguments in the calculus of vari-
ations, since K (¢) is a weakly closed convex set in W,(Q), and the func-
tional I is convex and coercive on VVO1 P(€)), then one obtains that there exists
a solution u to (3.5). O

PROPOSITION 3.1.3. The inequation (3.3) possesses a unique solution.

Proof of Proposition 3.1.3. Suppose that uy, us € Wol’p(Q) are two solutions
of the variational inequality (3.3)

UiGK(Wi/

o(u;) - V(v —u;) dxz/f(v—ui) de, Vve K{), i=1,2
Q QO
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Taking v = u; for ¢ = 2 and v = uy for ¢ = 1 and adding, we have
| fotun) = owa)]- Vo =) <.

Recall that we have
| fotun) = o)) Vo ) > 0

which implies that

/ o) — o(u2)] - V(s — ) = 0,
Q
and then, u; = uy a.e in Q. O

Thus, we get the existence and uniqueness of a solution to (3.3).

DEFINITION 3.1.1. We shall say that u is f—superhamonic in €, if v €
VVO1 P(Q) is a weak solution to —A,u > f, in the sense of distributions.

PROPOSITION 3.1.4. A function u is a solution of (3.3), if and only if u is
the lowest f—superharmonic function, greater than 1.

Proof of Proposition 3.1.4. Let u be a solution of (3.3) and v be an f—super
harmonic function, greater than . Let £ = max(u,v), £ € K(¢). Recalling
that v~ = sup(0, —v), one has then ((¢ — u) = —(v — w)~. From (3.3), one
gets

[ otw-vie-u = [ fe-w.
On the other hand, since £ —« <0 and —A,v > f, we have
[ow vie-u < [ se-u
Q Q
We obtain, subtracting the above two inequalities:
[ o) = o) vie =) <o
which implies that
- [ o = otw)- Vo - <0
Q

and then (v —u)~ = 0, or equivalently v < v in . ]
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Recall that we define by Ty(¢) the lowest f—superharmonic function,
greater than ).

LEMMA 3.1.1. The mapping 1 — Ty(¢) is increasing.

Proof of Lemma 3.1.1. Let uy = T(3)1) and uy = T¢(1)2), which are respec-
tively solutions to the following variational inequalities

and let ¢ < 1)y It is clear that us > 11. Hence us is f—superharmonic and
using Proposition 3.1.4, one obtains u; < us. O

PROPOSITION 3.1.5. The mapping ¢ — Ty (1)) is weak lower semicontinuous,
in the sense that:

o If by — b weakly in Wy (Q), then Tj(1) < lim inf T (1)),

o [1vl < mint [ 19501

Proof of Proposition 3.1.5. Let (13,) be a sequence in Wy”(2) which con-
verges weakly in Wy (Q) to 1, and let @), = min(¢), ¥). Since T} is increas-
ing, one gets that T¢(px) < T¢(¢x). We now prove that Ts(¢y) converges
strongly in VVO1 P(Q) towards T¢(¢0). This will imply that

Ty(4) = lim Ty(pp) < liminf Ty ().

We denote uy as Ty(pg). It is clear that uy, is bounded in WyP(Q) since
vr < 1. Hence for a subsequence, still denoted uy, there exists some u in

WyP(€) such that
Vuy, — Vu weakly in LP(Q), u, — u strongly in LP(). (3.6)

On the other hand, using the fact that ¢y converges weakly to ¢ in VVO1 P(Q)
(see Lemma 3.1.2 below), one gets the following assertion:

Ug > QP == u > .
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Let us prove now that u is a solution of the minimizing problem (3.5). For
that aim, for v € K(v), since v > 1 > @, we have

/]Vu]p /fu<hm1nf /\Vuk]p /fuk
< liminf inf {—/|Vw|p—/fw}
k—oo w2er | P Jo 0
§1/|Vv|p—/fv.
D Ja Q

Then u realizes the infimum in (3.5). At the same time, since u € K (¢), one
has the following convergence

1 1
—/|Vuk]p—/fuk—>—/ ]Vu]p—/fu, when £k — oo,
D Ja Q D Ja Q

which implies that u; converges strongly to u in VVO1 P(Q2). We can conclude
that Tt (py) converges strongly to Tr(1)). ]

LEMMA 3.1.2. Suppose that 1 converges weakly to some 1 in Wol’p(Q).
Then, @ = min(y, ) converges weakly to v in Wol’p(Q).

Proof of Lemma 3.1.2. We have
Y — 1 in LP(Q).

Then

I e ]

- 5 —
Let us prove now that |V is bounded in LP(2). For that aim, we write

/Q‘vwﬂpz/ﬂ‘v (Q/Jk‘f‘w_zwk—w’) g
<6, ([1vur+ [1vor).

Therefore the sequence ¢y is bounded in T/VO1 P(Q), so it converges weakly, up
to a subsequence, to 1 in W, 7 (Q). O

in LP(Q).

PROPOSITION 3.1.6. The mapping Ty is an involution, i.e. T7 = Tj.

Proof of Proposition 3.1.6. Up to replacing ¥ by u in the variational inequal-
ities (3.3), and using proposition 3.1.4, one gets that u = T¢(u). Then, we
conclude that TF(¢)) = Ty(¢)). O
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3.2 A method of penalization

Let M+ () be the set of all nonnegative Radon measures on Q and W~ (Q)
be the dual space of W?(£2) on Q where p’ is the conjugate of p (1 < p < 00).
Suppose that u solves (3.3). Using the fact that a nonnegative distribution
on ) is a nonnegative measure on ) (cf. [24]), one gets the existence of
p >0, pe MH(Q), such that

/ o(u) - Vo dr — / fO doe = (u, @), YV &eDH), (3.7)

that we shall also write —Ayu = f+p, p>0in Q.

Let us introduce
0, >0
x)=1< " ’ 3.8
B(a) t,xgg (33

Clearly, 3 is C! piecewise, 3(x) < 0 and is nondecreasing. Let us consider,
for some 0 > 0, the following semilinear elliptic equation:

3.9
U|3Q =0. ( )

{—Apu +1Bu—p)=f, nQ

We have the following existence result:

THEOREM 3.2.1. For any given ¢ € WyP(Q) and § > 0, (3.9) possesses a
unique solution u®. Moreover,

(1) u® — u strongly in W, ?(Q), as 6 — 0, with u = T;(¢)).
(2) There ezists a unique p € W=7 (Q) N M*(Q) such that:
() ~L5(u — ) in W17(0) N M)
(i) {p Ty () — ) = 0.

Proof of Theorem 3.2.1. (1) Let B be defined as B(r) = / B(s)ds, Vr eR.
0

We introduce the following variational problem

: 1 po L ) —
veml/glgj(m{]—)/ﬂ|Vv| +6/QB(U ) /va} (3.10)
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The functional in (3.10) is coercive, strictly convex and continuous. As a
consequence it possesses a unique solution u’ € WyP(Q). Since B(0) = 0,
one has

%/ﬂwuﬂp—i—%/ﬂB(u‘S_lp)_/ﬂfuéS%/ﬂwwp_/ﬂfw,

since B > 0, then u’ is bounded in I/VO1 P(Q)). Extracting from u’ a subse-
quence, there exists u in W, ?(Q), such that

Vu® — Vu weakly in LF(Q), u® — u strongly in LP(€).

Using %/B(u‘S — 1)) < C and the continuity of B one has
Q

os/QB<u—w>sngggf/QB<u5—¢>=o,

hence u € K(¢).
We want to prove now that u solves (3.3). Let v € K (%), since B(r) >
0, V r € R one gets:

1/\Vu\p—/fugliminf (1/\Vu5\p—/fu5)
P Ja Q 6—0 P Jo 0
1 1
< lim inf —/ VU&p-F—/Bu(S— _/ u(s)
<timiptint {3 [19up 5 [ B - [ 1)

§1/|Vv]p—/fv.
P Ja 9)

Then, one concludes that Vu® — Vu strongly in LP(£2) and since u € K (1),
then u solves (3.3).

(2) (i) let u® be the solution of (3.9), since Vu° is uniformly bounded in
LP(€2) by some constant C', we get that —A,u’— f is bounded in W~ (), so
it converges weakly, up to a subsequence, in W~ (). Hence, —% (u® — 1)
converges too, up to a subsequence, in W‘l’p'(Q), and we have

_%ﬁ(u‘s — 1) — p weakly in W_l’p/(Q),
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where p is a positive distribution, hence a positive measure. Then, by (1),
we see that u and p are linked by the relation (3.7).

We now prove (ii): let u be the solution of (3.3). Taking ¢ = (¢p —u) €
VVO1 P(Q) in the above inequalities, one gets

1
-3 / Bu’ =) (u—) de < ||V [5HIV (@ = w)llp + [l — ullp.
Q
Since u € K(v), passing to the limit we obtain:
(=) = [ 19020 V(=) = [ =) =0, by (3.0
Q Q
Then (ii) follows. O

3.3 Differentiation properties of the solution
of the penalization problem with respect
to the obstacle

In this section, we assume that ( is replaced by a differentiable function of

the same type. For example ((z) = —(a:_)NPI—VJI;HHH, for some v > 0, such
that Nin]{’,er + v > 0. Then (3 is C}(2). We also assume that f = 0.

LEMMA 3.3.1. Suppose that 1 < p < 2. There exists a constant C,, such that
for all X and Y in RN
XX — [YP2Y [T <G [X —YPP, VX, Y eRY. (3.11)

Proof of Lemma 3.3.1. First, by homogeneity, one need only to prove the
result for |Y| < |X| = 1. We distinguish two cases:

(1) Assume first that |X — Y| > 3. Then, suppose that the inequality in
(3.11) is false. There would exist sequences X,, and Y;, in R" such that
| X, — Y| > 3 and |V, < |X,| =1 with

X, — [V P72V, [T > n|X, — Y|P (3.12)

Passing to the limit, up to subsequences, one has X,, - X and Y¥,, — Y.
Then

1 _p_ 2
X — Y|P < lim — (1+|Y,[P?|Y,])7 " < lim = =0. (3.13)
n—oo M, n—oo 1

This implies that X =Y and contradicts the assumption | X —Y| > 1.
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(2) We now assume that | X —Y| < 1. Then using the mean value theorem,
we have for some O € (0,1),

[X[P2X = [Y]P72Y] = (p = DIX +6(Y = X)X — Y]

1\
<o-u(3) x-vl (314
and then taking the power p%lz
1 P(P:f)
X - Py < -0 (3) T X -y
p(p—2) p(2—p)

< (p—1)7 G) G) x—yp

=(p-1)F1[X — Y.

O

LEMMA 3.3.2. For1 <p <2, for all X andY in RY, there exists a constant
Cp such that

(XX =Y P2Y) - (X =Y) 2 G(X[+ Y HX =Y (3.15)

Proof of Lemma 3.3.2. First, by homogeneity, one need only to prove the
result for | X| = 1. Then, we prove that for X =1 and Y > 0 we have

(1=Y"H1-Y) > k(1+Y)P 21 -Y).
For that aim, we introduce the following function:
(1-YyP~H(1-Y
oY) = | T fr Y £
(p—1)2%7P for Y = 1.

v is continuous and positive on R. In addition, one observes that liénv =

limv = 1. Let us denote by k, the minimum of v. Then for C), = inf(3; k,)
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we get the desired result. Indeed, for | X| = 1 we have:

(X = [YP?Y) - (X =)
=1+ [YP-X-Y(1+|Y]P?
=(1-YP A=)+ (Y= (X-Y)L+ Y[
> Cp(L+ YL = [Y)* +2C,(JY | = (X -Y)) (1 + [Y[77?)
>C,(1+ Y21+ |Y]? —2X -Y)
(I X+ Y[ 2X - YP

This ends the proof. [

LEMMA 3.3.3. Let 1 < p < 2. The map v — u = u(y) is weakly differen-
tiable in the following sense: given ¢ € WyP(Q) and | € D(S), there ewists
€ € WyP(Q) such that

— ¢ weakly in WyP(Q) ase — 0., (3.16)

u(¥ +el) — u¥)

Furthermore, =% — 7, weakly in LP%(Q), where T realizes the following

{—div7+§ﬁ'(u—¢)(§—1) =0in Q, (317
o0 = 0.
Proof of Lemma 3.3.3. Note that
—Apue + %ﬁ(ug — (¢ +el)) =0, (3.18)
where u. = To(1 + el) € W, P(Q). Let
N %ﬂ(u - (3.19)

where u = Ty()) € Wy ().
Set 0. = |Vu|P~2Vu, and o = |Vu|P"2Vu. Multiplying ((3.18) — (3.19))
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by (u. —u) and integrating, since 0 < 3’ < 1, one obtains,
/(UE —0) - (Vu: — Vu)
Q 1 1
5 [ [0 sl ) ds = ) ) d
1 1
< 3/ / B ((1—s8)(u—1)+ s(u: — v —el)) ds el(u. —u) dz
aJo
€
< ngHp'HuE — ullp, (3.20)
Since 1 < p < 2, we deduce by Hélder’s inequality and Lemma 3.3.2 that
/ |Vu. — Vul?
Q
— [ (Vi - vup)!
Q
(-

§/Q[(0€—0)-(Vua—Vu)]§(|Vua|+|Vu|) e

P

[/Q(JE — o) (Vu. — Vu) dx ] ’ {/Q(|VUE| + |V dz
< (Celltyllue — ull,)?,

2—p
2

IN

for some constant C'. Using first Poincaré’s inequality, we gets that

IVue = Vullp < (Cellllly llue — ull,)*
< (Cellllly | Vue = Vullp) .

[N4S)

Then, we obtains

IVue = Vull, < Ce|[l]ly- (3.21)

This proves that “=—* is weakly convergent in Wy (Q) towards some function
that we denote €.

We now prove that =2 is bounded in L71(Q). For that aim, we use
inequality (3.11), valid for all X and Y in R, and for p < 2:

[ X[P2X — [YP2Y 7T < G |X — Y. (3.22)
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With this inequality, we get

loe = oll_z, < Gl Vue = Vull, < C'ell]- (3.23)

Then We can extract from Z==2 a subsequence converging in Lo () to some
re Lt (©). Now let us prove that

/01 B'((1=s)(u—v)+s(u-—v—el)) ds <u58_u — l) —B'(u—)(E—=1) — 0.

Let us recall that ' is continuous and note that u. — w a.e. when
e — 0. Let us observe that since (3.21) holds, *=* Converges to & strongly
in every L1(€2), ¢ < %. In partlcular denotlng qJ = Np N+p +7v, v>0,
converges to £ in Lq(Q) for 1 ri q— = 1. Using the increasing behavior
of (', one has

Ue —U

|8 (1= $)(u— ) + s(ue = = el))| < O (Jue = | +ell| + Ju—])7
which is hence bounded in LT-#7 (Q).

Using on the other hand (%% —1) — £—1 strongly in L9(Q2), V ¢ < NN—pp
and Lebesgue’s dominated convergence theorem, one finally gets

1 _ 1
[ #a-aumeytstuc—v-en) as (=0 1) — [ pa-uie-,
0 € 0
a.e. in Q. Then, for any ¢ € W,?(Q), passing to the limit:
/ (05 — 0) Vo
// (1= s)(u—) + s(u. — 1 —el)) ds (UE;U—Z)god:c,

(3.24)

finally one gets the desired equation

—divr + %ﬁ'(u —Y)(E—=1)=01in Q.
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3.4 Optimal control

3.4.1 Optimal control for a non positive source term

PROPOSITION 3.4.1. Let f, v and T¢(¢)) be as in (3.3). One has

%/Q’VTf(w)’pS %/Q|V¢|p dx—i_/gf[Tf(?/’) — ] da.

Proof of Proposition 3.4.1. From (3.3) taking v = v and using Hoélder’s in-
equality, we have

/ VTP < PN T @) + [V + / FIT () — 9] d.
Q b b Q

O
Note that since T¢(¢)) > v, it follows that if f < 0, then
/ VT )P de < / Vel dr. (3.25)
Q Q

Let us now introduce the following problem, said “optimal control problem”:
it Jp(9), (3.26)

YEW; P (Q)

where
~ 1 ~ ~
Jo(D) = ]3/ {1750) — = + [P} dr, (3.27)
Q

for some given z € LP(£2). z is said to be the initial profile, 1 is the control
variable and T¢(v) is the state variable. The pair (¢*, Tr(¢*)) where * is a
solution for (3.26) is called an optimal pair and ¥* an optimal control.

In this section, we establish the existence and uniqueness of the optimal
pair in the case where f < 0.

THEOREM 3.4.1. If f € L¥(Q), f < 0 on Q, then there exists a unique
optimal control Y* € WyP(Q) for (3.26). Moreover, the corresponding state
u* coincides with V*, i.e. Tr(¢*) = ¢*.
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Proof of Theorem 3.4.1. In a first time we prove that there exists a pair of
solutions of the form (u*, u*), hence (u* = Ty(u*)). Let (¢%)r be a minimizing
sequence for (3.27), then Ty(yx) is bounded in W'P(Q), therefore T} ()
converges for a subsequence towards some u* € VVO1 P(€Q). Moreover, using
the lower semicontinuity of 7% as in proposition 3.1.5, one gets

and by the definition of T, T¢(u*) > u*. Hence u* = Ty(u*).

We prove that (u*,u*) is an optimal pair. Using proposition 3.1.5, by the
lower semicontinuity in Wy (Q) of T}:

1
:_/{m*_dwuvmw}m
DJa

< liminf /ﬂn¢k—@w+wmy}m

= inf  Js(¢).
YEW; " (Q)

Secondly, we prove that every optimal pair is of the form (u*,u*). Observe
that if (¢*, Tr(¢*)) is a solution then (T (v*),Tt(¢*)) is a solution. Indeed

/Q (IT5(6%) — 2P + [VTH)P} da < / Ty ") — 2 + |V} de.

So
/ VT )P de = / VP de, (3.28)
Q Q

by inequality (3.25), using the Holder’s inequality, one obtains then
0< / F0" = Ty(0")) da
< [ ot V' =Ty da
</ |VTf<¢*>|p-QVTf<w*> v = [ 19Tnp

<(frenn)” (fpener)— [
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which implies
[TV - ve - [ vwp=o.
Q Q

Let us recall that by convexity, one has the following inequality

1 * p— 1 * *\ |p— * *

C [ vep s 2 [ vnwnr - [ IV Ve ve z o

DJa p 0 Q
Then the equality holds and by the strict convexity, one gets V(¢*) =
V(T¢(¢*)) a.e., hence ¢* = T¢(¢)*). Finally, we deduce from the two previ-

ous steps that the pair is unique. Suppose that (uy,u1) and (ug, us) are two
solutions, and consider (“F42, Ty (*£42)). We prove that it is also a solution.

Indeed:
/

p p

+ ‘VTf( dz

P
S/ , +'v(u1+u2)
Q 2

1 .
< o (Jplur) +Jp(uz)) = inf Jp(9),
2 YEW,(Q)

U1 + U2 Uy + U2

2

Uy + U

—Z

)

p

dx

which implies that u; = us. Thus, the uniqueness of the optimal pair for
f <0 holds. O]

3.4.2 Optimal control for a nonnegative source term

We are interested here to the case f > 0 on 2. In what follows we will denote
by Gf the unique function in Wy(Q) which verifies

—A,(Gf)=f, in Q ae.
Gf =0, on 012,

where f € LY (Q) and Gf € W, ().

THEOREM 3.4.2. Suppose that f € LV (Q) is a nonnegative function. Suppose
that z € LP(Q), satisfying z < Gf a.e on Q. Then the minimizing problem
(3.26) has a unique optimal pair (0, Gf).
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LEMMA 3.4.1. Let T¢(¢)) be a solution to (3.3) and Gf defined as above.
Then Ty(v)) is greater than G f.

Proof of Lemma 3.4.1. We have that —A,(Gf) = f, and Ty(¢)) realizes
—A,(T¢(¢0)) > f. Then, by the Comparison Theorem for —A, we get that
Gf < Ty(0). .

Proof of Theorem 3.4.2. In a first time we prove that (0, Gf) is an optimal
pair. Indeed, for all 1) € W, (Q)

Ii6) = 5 [ {16 ==+ Ty(w) = GsP + VuP)

P Ja

> [ {IGF = 2P +5IGF — P (GS = (T 0) - G)
D Ja
1 p

> [ q6r-=)

= J¢(0).

The equality with (¢*, T¢(¢*)) implies that we have equality in each step,

so we get ||[Vy*||, = 0, then ¢* = 0 a.e. in Q. Thus, (0,Gf) is the unique
optimal control pair. O]
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Chapter 4

The obstacle problem on BV

4.1 Introduction

Let  be a bounded regular domain in R, N > 1. The obstacle problem
for the 1-Laplacian operator, as modeled in the last chapter on the obstacle
problem on W, (), can be stated as follows: let W' (Q) be the Sobolev
space

Wy (Q) = {u € L'(Q), Vu € L' (Q),u = 0 on 9N},

let 1 be in W, (Q), f € L®(Q) and P be defined as

P= inf J(u), (4.1)
ueWy ' (Q)
u>v

where J is the following functional

J(u):/Q|Vu|—/qu.

In order to make the problem “solvable”, we need to impose some smallness
condition on f. For that aim, we must recall the definition of the first
eigenvalue for the 1-Laplacian operator:

inf / |Vul.
ueWy ' (Q) Jo
fJulli=1

This value, denoted as A1, is positive by Poincaré’s inequality.
The main result of this chapter is the following:

o1
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THEOREM 4.1.1. Let Q be a bounded open C' set in RN, N > 1. Suppose
that f € L=(Q) satisfies || fllso < M1, and 1 € Wy (). Then there exists a
solution in BV () to the relazed formulation of (4.1), given by

PBV = inf JBv(u), (42)

u€BV(Q)
()

where Jgy is the following functional defined on BV () by

Jpv(u /|VU|+/ ul — /fu

Moreover, let 6 > 0 be given, and Ps be defined as

Iueglvf(m{/WUH/ \u|+5/ u— 1 —/qu}. (4.3)

Then Ps converges to P, and from every sequence of solutions (us) of Ps, one
can extract a subsequence, which converges tightly in BV () to a solution of
the relaxed problem.

This approximation permits, using the dual problem of Pgy and a pair
(o, 7) of its solution, to give sense to the partial differential equation satisfied
by wu.

In the second part of this chapter, we present explicit solutions in the one
dimensional case. When f > 0, the uniqueness of u is proved. Depending
on the fact that 1) achieves its maximum on one point or several, uniqueness
and non uniqueness is proved for the couple of solutions (o, 7) of the dual
problem.

In the last part, we are interested by an optimal control problem on
BV (Q), for f <O0.

4.2 Existence of solutions for a relaxed for-
mulation of the obstacle problem

4.2.1 Some properties and definitions about BV

Let Q be a bounded open set in RY (N > 1), which is piecewise C!. Let us
recall the definition of the space of functions with bounded variations:

BV(Q) = {ue L'(Q), Vu e M'(Q)},
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where M!(Q) denotes the space of bounded Radon measures on €. The
space BV (Q2) is a Banach space, endowed with the following norm

lull vy = llullei@) + [VullLie),

where ||Vul|11(q) is the total variation of Vu.

In the following, we shall use the absolutely continuous part (Vu)* of
Vu, and (Vu)® its singular part (see [22], [27]).

We recall some properties of BV (2) inherited from W (Q):

1. BV(Q) is continuously embedded in L), for ¢ < ~5, and these
embeddings are compact for ¢ < % it N >2; for g =00, if N =1.

2. There exists a map: BV (Q2) — L'(09Q), which extends the notion of
trace when u belongs to W1(€Q). This map is not continuous for the
weak topology on BV. However, it is continuous for an intermediate

topology, linked to the tight convergence of measures. More precisely,
for u € BV (Q), there exists (u,) in W1(Q), such that

/ |tun, — u| — 0,
“ (4.4)

[ 1wl — [ vul,
Q Q

(which means that u,, converges tightly in BV towards u). Then,

|y, —u| — 0.
o9

3. We shall need also in the following some density results of C*(£2) N
Wh(Q) in BV(Q):

e For each u € BV(Q), there exists (u,) € C®(Q) N WHH(Q), such
that u, = u on 0 and

/ |, —u| — 0,
« (4.5)

/qun| —>/\Vu|
0 0
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Moreover, one can impose, when u is non negative, that u,, be also
non negative, and that

/Q Vit — (V)| —s /Q (Vu)]. (4.6)

e For each u € BV (Q), there exists (u,) € W, (Q) (with null trace
on the boundary), such that

/ [, —u| — 0,
“ (4.7)

/|wn| . / IVl +/ ],
Q Q oN

| e —@we— [1ewt+ [ @)

4.2.2 Introduction of the relaxed problem

and

Let us recall that W1(Q) is not a reflexive space. For that reason, it is
not possible to prove the existence of solutions of (4.1) in W, "'(Q). The
convenient space in which one can look for a minimizer, is the space BV (),
which is the weak closure of W1(£2). Moreover, since the trace map, which
is well defined on BV (€2), is not weakly continuous (cf. (4.4)), one is led to
replace the problem by the relaxed form defined in (4.2). To prove that (4.2)
has the same infimum as (4.1), we will need the following approximation
result:

PROPOSITION 4.2.1. Let Q be a bounded open set in RN, N > 1, which is

piecewise C*. Let ¢ be in W, (Q) and u be in BV (Q), such that u > 1.
Then, there exists a sequence u, € Wy (), u, > 9 such that

/]un—u| — 0,

Q

/|vun\ —>/\Vu|+/ .
Q Q oN
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Proof of Proposition 4.2.1. Suppose that u > ¢, v € BV(Q). Using the
approximation result in (4.8), there exists v, in W' (Q) such that v, > 0
converges to u — ¢ > 0, with

[19e === [ 19—+ [ = [ 10w+ [

Then the sequence u,, = v, + 1 satisfies u,, — u weakly in BV (Q2) with

[ 190 = uet — [+ [

This implies that

limsup/|Vun| §/|(Vu)ac|+/|(Vu)s|—|—/ lul :/|Vu|—|—/ .
n—oo Q 9] Q o0 Q o0

On the other hand, we always have

/yvu|+/ ] gnminf/ V),
Q o0 n—ee Jo

this ends the proof. O

We are now in position to prove that P and Ppy coincide. First, since the
infimum defining Ppy is taken on BV (Q2), one has Pgy < P. Now, suppose
that € > 0 is given and let u be in BV(Q), u > 1, such that

/ywy+/ ]u\—/fu§P3V+a.
Q 00 Q

Using proposition 4.2.1, there exists v € W' (), v > 1, such that

/Q\Vv|—/Q\Vu\—/m\u]—/gf(v_u)ga

P§/|VU|—/fU§7)Bv+2€.
Q Q

This proves that Pgy = P.

Then

We have now the following existence result:
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THEOREM 4.2.1. There exists w € BV (Q), u > 1 such that u realizes the
infimum in (4.2).

Proof of Theorem 4.2.1. Let u, be a minimizing sequence for (4.2) in W, (2),
as it is allowed be in Proposition 4.2.1, and let @, be the extension of u, by

0 outside €2

~ ) Uy, in €,

70, mERV\Q.
Using the fact that ||f|loc < A1, one can observe that w, is bounded in
WHHRYN). Then extracting from it a subsequence, still denoted ,,, there
exists v in BV (RY), such that u, — v weakly in BV (RY). Moreover, v = 0
outside €2, and by lower semicontinuity of the total variation of measure with
respect to the vague convergence, we get

/ |Vv|:/|Vv|+/ [v] Sliminf/ |V,
RN Q N n—eo JrN

Using u,, > 1; and the almost everywhere convergence of wu, to v, one gets
that v >+ and then v >+ in €. Finally, u = v|q is admissible for Ppy and,

PBVS/ Vol —/fvgliminf/ ]Vun\—/fun:PBV_
QuUan Q n—oo  [q 0

Hence, u = v|q realizes the infimum of Ppy . O

In the following section, we approximate P by the analogous obstacle
problem on Wy (), for £ small.

4.2.3 Approximation problem

We propose here to approximate P by an analogous problem defined on
Wy'(Q). Let & > 0 be given, and let f be in L>(Q) such that || f|lsc < M.
Let us define the following approximation problem:

P. = inf  J.(u), (4.9)

ueWy ' (Q)
u>7y

where J. is the following functional

() = — /Q Ve — /Q fu. (4.10)

1+e
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We prove here that P. tends to P, and that if u. is the unique solution of
(4.9), u. converges, up to a subsequence, towards a solution u, which realizes

P, in the following sense:
/ |ue —u| — 0,
Q

/]Vu5\1+5—>/]Vu]+/ ul.
Q Q o0

PROPOSITION 4.2.2. Let u. be the solution of (4.9). Then u. converges weakly
in BV (Q) towards some u, which is a solution to the obstacle problem defined
by P. In the same time, one gets lirr(1]73E =P.

and

Proof of Proposition 4.2.2. Let J.(¢) be as (4.10) and § > 0 be given and
¢ € D(Q) such that:

1
1+e¢

/|Vg@|1+a—/f90§73+5, Ve >0 small enough (4.11)
0 0

so lim._o J-(p) = J(p) and P. < J.(¢). Hence

limsupP. <P + 9, (4.12)

e—0
0 being arbitrary, we get lim supP. < P.

e—0
To prove the reverse inequality, let u. be the infimum of P.. We prove

first that u. is bounded in VVO1 1(Q) Indeed, using Holder’s inequality, we
obtain

1+e 1+e
[ 19t ( / mr) - > (Al / |usr) Q- (413)
Q Q Q

and then as e — 0

1 1 1+¢
v€1+€_/ € )\/ € Q™ - oo || Ye
o v [z o (0 fied) o =

v
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Since the left hand side equals P., which is bounded, one sees that / lue| is
Q

bounded, and using once more (4.12), one sees that / |Vu,| is also bounded

Q
uniformly and then wu. is bounded in BV (). Let @. be the extension of wu,
by 0 outside of {2:

- {ug, in €,
U =

0, in RV \ Q.

One can observe that @, is bounded in BV (R¥Y). Then extracting from it a
subsequence, still denoted by 1., there exists v in BV (RY) such that u, — v
weakly in BV (RY), with v = 0 outside of . Using @ > ¢ and the almost
everywhere convergence of u. to v, one gets that v > ibv Hence, we get for
u = U|Q,

'P:'PBVg/|VU|+/ |u|—/fu
Q o0 Q

§liminf/ ]Vug\—/fus
e=0 Jo 0

1 15 e
< 1 : 1+e T+ _
_llrarnglf1+6/(2|Vue\ +—1+6|Q|1+ /qus
< lim infP..
e—0
This ends the proof of Proposition 4.2.2. O

In order to characterize u, as solution of a P.D.E., as it is done in the case
of the obstacle problem on I/VO1 P(Q)), p > 1, we can use the dual problem,
computed in the next section.

4.3 Dual computation and first equality
We propose here to use the theory of convex analysis [41], [28], to compute

the dual problem of (4.1). Let us denote by P* the dual problem of P (cf.
[28]). To compute P*, we introduce the following function,

Flu) = — /Q fu, (4.14)
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and the linear operator A:

A WH(Q) — LYQ,RY) x LY(Q)
— (Vu,u).

We also define the function G(o,7) = G1(0) + Go(7), where

= / lo| in LY(Q,RY), (4.15)
Q
Ga(7) 0, if 7 >4 in LY(Q), (4.16)
T) = :
? 400, elsewhere.

With these notations, we can write the minimization problem defined in (4.1),
as

P= inf {G(Au)+ F(u)}. (4.17)

ueWy ' (Q)

The dual problem is then defined as

P = sup {=G"(0,-7)) = F* (A" (=0, 7))}
(0T)E(L=(QRN), L=(%)
= sup {=Gi(o) = Ga(=7) = F*(A"(=0,7))} .

(o,m)E(L>(QRN), L>(Q))

Let us compute F*(A*(—o,7)). By the definition of the conjugate F™*, we
have

Fr(A(=o,7)) = sup {(A*(=0,7),u) — F(u)}

ueW, ' ()
= sup {{(—0,7),Au) — F(u)}
ueWy ' (Q)
= swp  {{(=0,7),(Vu,u)) = F(u)}
uGW L)

= sup {/ —0 - Vu+/u7‘+/fu}
ueWy ' (Q)

> sup {/(div0+7'+f)go}.
peD(Q) Q

This implies that if the left-hand side is finite, the right one is finite too. In
that case, the distribution dive + 7+ f is zero. Then Green’s formula implies
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that for every u € Wy (Q),

/—U-Vu—i-/Tu—l—/fU—O.
Q Q Q

We finally get

0 if di =0in D'(Q
Fr (A (=0, 7)) = 4 if dive +7+ f in D'(92), (4.18)
—+00, elsewhere.
On the other hand, we have
Gi(o) = sup {(o,7) — Gi(7)}
rell
= sup {/07’—/ |7'|}
TeL!
= sup { [ jolirl - [ 171}
Tell
zsup{/|7'| lo| — 1) }
Tell
Then,
0 if o] <1
Gilo) =1 o] <1, (4.19)
400, elsewhere.

Finally, we compute G5:

Gy(=m) = sup  {(u,—7) — Gs(u)}

ueLl, u>p

- [ [}
- %ff,”lzo {_ /Q w} - /QT@D-

Gi(—r) = —/QT?/), it 7> 0, (4.20)

—+00, elsewhere.

Hence,
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Thus, we obtain that

P = sup {/ T@ZJ}. (4.21)
(0,7)EL®(Q,RN)x L>(Q) Q

720,]0|<1
divoe+7+f=0

We are now interested in the equality between P and P*.

The case where 1) < 0 gives some trivial solution, as it is proved in the
following proposition:

PROPOSITION 4.3.1. Suppose that » < 0, then P* = P = 0 and 0 is the
unique solution of the problem P.

Proof of Proposition 4.3.1. The dual problem is

P = sup / TY.
(0,7)EL®(QRN)XL>(Q) JQ

7>0,|0]<1
divo+7+f=0

The primal-dual relations imply that
P > P (4.22)

The left hand side is non positive since ¢ < 0 implies that v = 0 > ¥ is
admissible for P.
We now observe that P* > 0. Indeed, one has the following result:

LEMMA 4.3.1.

; i?f {/ |Vu|} =sup{A:3 o€ L®(LRY), [0l <1,—dive = Af}.
o fu=1 Q
(4.23)

Proof of Lemma 4.3.1. Let us introduce the following functions,

Pl =" ! /qu - (4.24)

~+00, if not.

Gi(0) :/Q]c7| in L'(Q,RY), (4.25)
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and the linear operator A,

A WH(Q) — LYQ,RY)

u+— Vu.
Let us compute F*(A*(—0)). Fix U is such that /fU = 1. Then
Q

F*(A(=0)) = sup  {{A(—0),u) -0}

ueWyH(Q)
Jo fu=1
= <A*(_U)7 U> + sup <A*(_U)7 u> :
ueWy ' (Q)
Jq fu=0

The last supremum is the supremum of a linear functional on the kernel of the
linear functional u — fQ fu. Then, if the supremum is finite, the functional
u +— (A*(—0),u) must be proportional to u — [, fu. As a consequence,

there exists A € R such that (A*(—0),u) = —\ [, fu for all u € W', In

particular this implies that —dive = Af in the distribution sense, and then
: ; 1,1

using the Green’s formula on W;"", one gets

F*(A*(=0)) = (A"(—0),U) +0 = —>\/ fU = -\
Q
We conclude that

=\, if —dive = \f,

~+00, elsewhere.

F* (A (=0)) = {
On the other hand, as we already did before, we have

. 0, if o] <1,
G1<a>:{ i

+00, elsewhere.

Then, using the theorem of Ekeland-Temam [28], we get the inf-sup equality
(4.23). O

As a consequence the supremum P* is non negative. Indeed, let us note
that 7 = 0 is admissible for the dual problem P*, since we have the equality
in (4.23).

The proposition 4.3.1 is now proved. O]
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We come back to the general case where 1 is positive somewhere. We
want to prove also that

P =P
For that aim let us note first that one cannot apply directly the theorem of
Ekeland and Temam since the functional G5 defined above is not continuous
in LY(Q).
To overcome this difficulty and prove the inf-sup equality , we shall use
some perturbation problem, analogous to the one employed in section 3,
which regularizes in some sense the constraint “u > 1”.

4.4 Some penalization problems, dual com-
putations and consequences for the pri-
mal problem

Let 6 be some positive number. The data v being as in the last section, we

define
: 1 _
)= ot e [emv=[n} )

where f is supposed to be in L>®(Q), || fllcec < A1(€).

We shall prove in this section that Ps converges towards P in a sense to
be specified. We shall compute in a first time the dual of Ps, that we denote
by P;5.

In a second time we check the equality Ps = P;. Finally, we let § go to
zero and prove the convergence of Ps; and P; towards, respectively, P and

P

First Step: computation of the dual of Pj.
We introduce the following functions

Flu) = — / fu, (4.27)

Gl(a):/9|a| in LY(Q,RY), (4.28)

Ga(7) = %/Q(T —Y). (4.29)
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Using the same definition as before, we obtain that

£ di _
FY(A* (=0, 7)) = 0, if dive + 7+ f =0, (4.30)
~+00, elsewhere.
and
0 if l|o| <1
G7 = ’ - 4.31
1) {+oo, elsewhere. ( )
And finally, we have
G5(—7) = sup {—/Tu — Gg(u)}
ueL! Q
1
—swp d= [rtu-w)- [ro-g [w-vr}
ueL! Q Q Q
1
=Sup{—/w——/ so‘}—/w
pell Q 0 Jo Q
> sup {—/T@}—/T@/J.
QELY, >0 Q Q
We remark that G5(—7) = +o0, if 7= # 0. For 7 > 0 we have
Gy(=7) = Sup {(u, =7) = G2(u)}
uell
1 _
=sup{—/w—5/ @ }—/w
pell Q Q Q
1
> sup {—/w——/ w‘}—/W
pell, ¢<0 Q 0 Q
1
= sup {/w - = so‘}—/ﬂb
peLl, p<0 Q 5 Q
= sup { } /Tlp.
peLl, >0 Q Q
Then we obtain
. — | T, if 0<7<4,
Gy(—=7) = /Q b (4.32)

—+00, elsewhere.
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Hence, the dual problem Pj of Ps can be written as:

Ps = sup {/ T¢} (4.33)
(0,7)EL®(Q,RN )X L>(Q) Q

0<r<5,lol<1
divo+7+ f=0.

Moreover, we have, using the theorem of Ekeland-Temam (cf. [28])

Pr =P,

Second Step: We now let § go to zero.

PROPOSITION 4.4.1. For § > 0, we have the following convergence for Ps
and P defined in (4.26) and (4.1):

lim Py = P. (4.34)

6—0

Proof of Proposition 4.4.1. Let us remark first that

Ps =Ps <P. (4.35)
Hence
lim supPs < P. (4.36)
6—0

We now prove that Py — P. Let us be in W' (Q), such that

/Q|VU5|+%/Q(U5—¢)_ —/qu(s < Ps+9. (4.37)

Using Poincaré’s inequality, we get

/Q|VU5|—/QfU52 (%)/&uﬂ (4.38)

(%) /Q g + % /Q(ué — )" < Ps+ 6. (4.39)

This implies
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Hence, (us)s is bounded in L'(2) as well as (us —v)~. On the other hand,

we have )
[ 1vusl < Pss s 1l [ sl + 5 [ =)
Q Q Q

which implies that (us)s is bounded in W' (Q). We define

~ Us, in Q,
Us =
0, outside.
then s is bounded in W1 (RY). One can extract from it a subsequence, still
denoted g , such that
s — v weakly in BV(RY). (4.40)

Obviously v = 0 outside of Q and v > 9. Since |(us — ¥)7||n < C4, by
(4.36) then by Fatou’s lemma we have,

o= <timint [ w5

Finally, by lower semicontinuity, we obtain:

PS/RN!VU\—fv:/]VvH—/ yvy—/fv
<11m1nf/|VU5|+ / /fu(;

< hgn 1511“(775 +0)

(4.41)

< limsup(Ps +0) < P.
0—0

Hence, u = v| realizes the infimum, and

li%n iglng =P. (4.42)

Let us note that Py < P*. We have obtained
P*<P<L lirén_iiglf Ps = lirgiiglf P <P
Which implies in particular that
P =P
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REMARK 4.4.1. Let us note that if (o4, 75) is a pair of solutions for the dual
problem P;. We have:

Jm= [ —tvos— [ 1= [ o7~ [ r<ioo- [ r

Since 75 > 0, the sequence 75 is then bounded in M!(Q). Thus 75 converges,
up to a subsequence, to some 7 > 0, weakly in M'(2). On the other hand,
since |os| < 1, it converges, up to a subsequence, to some o, such that |o] < 1,
and (o, T) satisfy

—dive = f 4 7 in Q. (4.43)

On the other hand, since ¢ € W, (Q), we have

/Q ot = — /Q (divs)p — /Q fo
z/Qa(s-Vzb—/wa—>/ch-Vw—/ﬂf¢=/ﬂw

As a consequence, (0, 7) is a solution of P*.

REMARK 4.4.2. One could also prove that P = P* by choosing differently
the functions F' and G. Indeed, let us define

/fu if u>1p,

if not.
/ o]

Now, G is continuous, so one can apply the theorem of Ekeland-Temam.
Moreover, the previous method is interesting in itself, since it gives some
kind of regularization of the problem.

4.5 Examples in the one dimensional case

We now present some explicit examples in the one dimensional case. We
suppose here that Q =10, 1[ and ¢ is in WH(Q2). We can prove however that
the inf-sup equality holds, by exhibiting solutions u of the primal problem
and (o, 7) of the dual problem.
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4.5.1 First example

PROPOSITION 4.5.1. Suppose that 1 achieves its mazximum only at one point
v, such that max > 0. Then

1
sup / TY = max i,
>0,7reM JO

i
is achieved at 7 if and only if T is the Dirac mass centered at ~: i.e.

7 =10,

Proof of Proposition 4.5.1. Let 6 > 0 be arbitrarily small and let 7 which
realizes the supremum above. We prove that 7 = 0 on |0,y — §[U]y + 9, 1].
Indeed since the maximum is strict on 7y for v, there exists €5 such that
1 < max1) — g5 therein. Then

1 =5 1 y+8
maxw:/ﬁﬁg(/ 7"—1—/ ?)(maxzﬂ—q)%—/ T
0 0 Y+0 y—48
1 ) 1
g/fmaxw—sg(/ 7_'+/ 7">,
0 0 e axd
y—9 1
and then this implies that (/ T +/ T> = 0. We can let § go to zero
0 v+6

1

and obtain that the measure 7 has support on «. Since / 7=1then Tis a
0

Dirac mass at v and one gets the result. O

THEOREM 4.5.1. Suppose that f is continuous and positive on Q = 10, 1],
such that || f|le < 2 = M (), and let v € WHH(Q), which possesses a maz-
imum strictly positive on only one point v € ]0,1]. Then there ezists a
unique solution for inf P given by u = xjo,1ymax ). Moreover inf P has value

1
(2 — / f)max and sup P* has a unique pair (o,7) of solutions given by:
0

)
a(x):1—/0xf—/ox7.

and
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Proof of Theorem 4.5.1. Using the computation performed in the last section
one has

1
inf {/ || —/ fu} > sup / 7.
uewy (10,10 LJjo 10,1] (0,7)€L>=(10,1[)x L>>(10,1]) J0

u>p 7>0, |o|<1
—o'=1+f

Let us note that since ¢ is not necessarily zero on the boundary, one cannot
use the result in section 3 to say that inf P = supP*. The equality will be
proved later, and will appear when the solution will be determined.

Let us remark first that the supremum on the right is greater than (2 —

fol f)max. Indeed, taking o(z) =1— [ f— [ 7 and 7 = (2 — fo b,
which is an admissible pair for the dual problem, one has

1
inf {/ || —/ fu} > sup / TY
UEB‘;%O’ID 10,1] 10,1[ (o,7)eL>(]0,1[)x L>(]0,1]) J0

2/1
gL
o )
o )

o+ f=-7

On the other hand, using

and integrating, we obtain

/010’+/01f:—/017

This implies, using |o| < 1,



70 The obstacle problem on BV

Then, we deduce

/Olwg (/OlT)maX@DS (2—/01f>maxw.

Therefore the supremum P* is smaller than (2 — fol f)max1, one gets

Pt = (2—/01f) max .

Moreover, the supremum is achieved when 7 is a Dirac mass, with 7 =
(2 — fol f)é,. In addition, we obtain that for a couple (o, 7) which realizes
the supremum, ¢(0) — o(1) = 2. Since o is decreasing and |o| < 1, this can
be obtained only if 0(0) = 1, and (1) = —1. Using

o+ f=-r

and integrating, one gets that

1—/f, itz <7,

a(x) = Oz
1—/f—maxw, if x> 7.

0

From this, one gets that the problem defining P* has a unique pair of solu-
. 1 _
tions 7 = (2 — [, f)max®, and 0 = 7.
We prove then P = P* and u = xjo,;ymax ) is a solution for P. Indeed,
u = Xjo,1y max ¢ is admissible for the problem defining P and then

pg/ollu'r—/olfuszmaxw /Olfmaxw

(o )
—P.

This implies that P = P* and u = xjp,;ymax ) is a solution.
We now show the uniqueness of the solution: for this purpose, we will need
some more specified results about the convergence of P, towards Ppgy in the

one dimensional case. In particular, we precise the behavior of o, = |ul|*~!ul.
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Let us recall the approximation problem on the space Wy'*%(]0,1[), al-
ready presented in (4.9), adapted to the one dimensional case:

1 1 1
inf / /|1 e — / fu. (4.44)
uewol’”;(]o,l[) IL+e /o 0
u>

We use in the following the approximation of u by u., to derive some prop-

erties of (o,7) defined before: the relations between u and (o,7) can be

obtained by passing to the limit in the relations linking u. to (o.,7:), the

solution of the dual of (4.44). This is the reason why we compute this dual.
We introduce the following function,

1
F(u) = — / fu, (4.45)
0
the linear, continuous operator A:

A W0, 1[) — L'*(J0, 1[, R) x L'*=(]0, 1])

u— (u',u)

and G defined as G(o,7) = G1(0) + Ga(T), where

1 ! ,

Gilo) = 3= [ 1o in L7011 R (4.46)
Gol) 0, if 7 >4 in L'*5(]0, 1]), (4.47)
T)= :

? 400, elsewhere.

One easily obtains that the dual problem of inf P, is

1 1
* E 14¢
P = sup {—1+€/ lo| = / Tz/z}. (4.48)
(10,10)) 0 0

14

(o,)E(L = (J0,1[R)xL =
0<r, |o|<1
o'+7+f=0

Here, the theorem of Ekeland-Temam [28] can be applied and provide P, =
Pr. Moreover if (o, 7.) is a solution for the problem defining P, and u,. is
the solution of the problem defining P., one has

- L 1 1 Lo 1
_ e “ B 4.49
1+5/0]a] /07—¢ 1+5/0]u£] /ofu (4.49)
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Using the equation o + 7. + f = 0 we obtain

£ /l‘ ‘1+e+ 1 /1’l’1+€ /1 ! /l (w ) (450)
O:| ¢ P a— U, — oU,. = Te — U ). .

Since the right hand side is non positive and the left hand side is nonnegative
by the convexity of the map = —— ]13|x|p for p > 1, we obtain that the two

sides are equals to zero. Then we get that fol 7.(¢¥ — u.) = 0, which implies
that 7. is supported in the set {z,u. — 1 = 0}. Moreover, writing that the

left hand side is zero, one gets that o. = |u/.[" /..

PROPOSITION 4.5.2. Let u. be the solution of (4.44). Then u. converges
weakly in BV (]0,1]) towards some w, which is a solution of the problem
defining P, and lim._oP. = P. Moreover, o. converges in BV (]0,1]) to o,
which is such that ||o||s < 1, and there exists a non negative measure T,
such that
—o' =f+T

REMARK 4.5.1. By Proposition 4.5.2, (o, 7) is a solution for the dual problem.
Proof of Proposition 4.5.2. The first part has already been proved in the V-
dimensional case. Observing that o.u’. = |[v/.|*T!, one sees that o, is bounded

in L5, Let us prove that o, is then bounded in every L?, ¢ < oo. Indeed,
q being given, let € be such that ¢ < 3=, Then

€

1 _€e_
([ror) < (=) 055
Q

Therefore, there exists o, such that for every ¢ < oo, there exists a subse-
quence, still denoted by 0., such that 0. = |[u.|*"'u’ converges towards some
o in L% Let us observe that ||o]|o < 1. Indeed, let  be in D(2,R). Then

/077 /0577 gliminf/ [ul)®|n|
Q 0 =0 Jo
< liminf </ |u;|1+6) (/ |n|1+5)
EHO Q Q
1
e 1+e
< liminf C'T+ </ |77\1+€>
e—0 Q
s/!nl-
Q

< lim inf
e—0
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From this, one gets that [|o]l < 1. We now prove that —¢’ = f + 7, for
some nonnegative, bounded measure 7. For that aim, we use the fact that
by passing to the limit in

_0-; = f + 7,
—o’ — f is a non negative distribution. Hence it is also a non negative
measure. Since 7 > 0, to prove that this measure is bounded, it is enough to
prove that for all ¢ and b in |0, 1], a < b, we have

1
/ TSZ—I—/ f
la,b[ 0

This is a mere consequence of the following lemma:

LEMMA 4.5.1. Suppose that o is monotone on 0,1 , o € L>(2). Then

o € BV()0,1]) with
/ o/] < 2]l
10,1]

)

Proof of Lemma 4.5.1. One can assume without loss of generality that o is
non decreasing, and that ||o||. = 1.
It is sufficient to prove that for all a,b in ]0,1[, a < b

/ o < 2.
Ja,b]

In order to show it, let us fix § > 0, and let ¢, be defined for % <
by

inf(a,1—b)
2
n(x—a++)onla—1,
¢n =4 1 on [a,b],
1 —n(z—>b)on [bb+ 1]

al,

b
which satisfies / |¢l| = 2. Let ¢5 = 05 * ¢, be a regularization of ¢, for

some § > 0, § < %, such that /|g(;>x<¢;l| <2+494.

Since o’ > 0, we have,

b b b b
/ o < / o5 — / o =< |0} / 1651 < (24 6)|o .

This ends the proof of Lemma 4.5.1, since § is arbitrary. ]
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Applying this Lemma with —¢ |, this ends the proof of Proposition 4.5.2.
O

We now prove the uniqueness of u, by observing that u € BV (Q), v’ =
ae. [0,1], and [, v/ = (2 — fol f) max . This can be obtained using
lemma 4.5.2 below.

LEMMA 4.5.2. Suppose that u. € WH(]0,1]), Ve > 0 and u. — u in
BV (]0,1]) weakly. Let o. = |ul|*~ ul with fol Jul|' e — fol /|, —ol = f+ 1.
where 7. 1s, for each € > 0, a bounded positive measure. Finally, assume that
7. converges weakly to some measure T > 0. We assume that |o| < a <1 on
some subset [a,b] C |0,1[. Then for e small enough |o.| < (4*) and |u'| =0
on that subset.

Proof of Lemma 4.5.2. One already has the strong convergence of o. towards

o in L'(]0,1[), since it converges in BV (]0,1[) weakly. In particular, up to

a subsequence, 0. converges almost everywhere towards o. Let us note that

since o is strictly decreasing and ||o||oc < 1 on ]0,1], ||o]|ec = sup|o| < 1.
la,b

Let = be a point in [a,b] such that o.(z) — o(z), when ¢ — 0. One has

by the upper semicontinuity for the vague topology on compact sets, for all

y>z, y € lab:

a(m)—a(y):/[ o) i

> lim sup/ —ol(t) dt
[z,9]

e—0

= limsup (o.(z") —o.(y7))

e—0

=o(z) — limsup o.(y "),
e—0

which implies that, for ¢ small enough,

—o.(y7) <a+o(1).
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In the same manner, taking now = > y such that o.(z) — o(x), one gets

oly") —o(z) = /[ | —o'(t) dt

> lim sup/ —ol(t) dt
[v,z]

e—0

= limsup(o.(y*) — 0.(x))

e—0

= limsup o.(y") — o(),
e—0

Moreover, since o, is decreasing
o.(y") < o(y) <a+to(l).

The first announced result is done. We now prove that v’ = 0 on the set
Ja,b[. Let [a/,b'] which are no mass points for the measure «'. Then

/ W= [
]a/’b/[ ]a/’b/[

and

/ lu'| < liminf/ |ul |1t
Ja b'[ =0 S

< lim inf/ [ul || u]
Ja',b']

e—0

1
< (Q+ )hminf/ |l
2 e—0 ]a’,b’[
1
g(“+ )/ ]
2 Jar /[

This implies that «" = 0 on |a/,d'[, hence u = C on ]0,1[, C > max1.
Coming back to the fact that it must realizes the infimum of the problem,
one gets that u = max on |a, b[. This prove the uniqueness of w. O

This ends the proof of Theorem 4.5.1. ]
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4.5.2 Second example

We now present an example for the dual problem.

THEOREM 4.5.2. Suppose that f is continuous and positive on |0, 1[. Suppose
that v achieves its mazimum on |o, B[C|0,1[, o < B. Then there exists a
solution for the problem defining P given by u = Xjo,;ymax. Moreover P

takes the (2 — fol f)maxt. Let o be given by:

-1 [ [

where o - u' = |u'| on |0, 1.

To prove the non uniqueness result, let us note that if T is a positive
measure with support in |o, 3], such that fol T=2— fol f,and =o' = f + 1,
then (o,7) is a solution of P*.

Proof of Theorem 4.5.2. One always has P* > (2 — fol f)max1), by taking
as admissible couple (7,0), 7 = d, where v €], 3] is some point on which
achieves its maximum. o is necessarily strictly decreasing since f is positive
and 7 > 0. Using Lemma 4.5.2, one gets that «' = 0 inside |0,1]. Then

=012 = Jy )- O

4.6 Some properties of the solution of the ob-
stacle problem on BV

4.6.1 Technical results and analogy of the optimal con-
trol

We begin with some properties of the set of solutions for the obstacle problem.
Let:

E¢(¢) = {u € BV(Q), u realizes P(¢)}.

PROPOSITION 4.6.1. Suppose that 1" > ¢? in Wy (). Then there exists u'
and u?, which satisfy

u' € Ey(¥), i €{1,2}, and u' > u’.
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Proof of Proposition 4.6.1. Let ' > 12, we show that there exist u!, u? such
that u' € E¢(¢"), and u' > w?. For that, let T.(¢) be the unique solution, of
the corresponding obstacle problem for the (1 + ¢)-Laplacian, as it is proved
in Proposition 3.1.3 and let u! = T.(¢)"), ¢ = 1,2. Acting as in the previous
section, the extension of sequences (ul), i = 1,2 by zero in RN \ Q, are
bounded in BV (RY). Then one can extract from it subsequences, denoted
u', such that

u. —u' weakly in BV(RY),i=1,2

£

and u’ € E¢(¢"),i =1,2. Since u!l > u? one gets that u' > . O
PROPOSITION 4.6.2. Let ¢y, — ¢ weakly in BV (), then,

P(y) < liminf P(y).
Moreover, if ¥y < 1), the previous convergence holds with

P(v) = lim P(¢y),

k—oo

and there exist w, € Ef(1y) which is tightly convergent in BV () to u €
E(1)).

Proof of Proposition 4.6.2. Let (1) be a sequence which converges weakly in
BV (Q) to ¢, and uy, € E¢(1y) for all k. By the coerciveness of the functional
defined by P(¢), and using the fact that P(¢y) < [ V| — [, fx, one
gets that uy is bounded in BV (§2). Then, the extension of uy by zero outside
of Q) is bounded in BV (RY). One can extract from it a subsequence, denoted
Uy, such that

up — u  weakly in BV (R™Y).

Obviously u = 0 outside of Q.
On the other hand, using the fact that v, converges weakly to v, one
gets the following assertion:

Up > Y = u > .

Using the lower semicontinuity, one has:

/ |Vu]—/fu§liminf/ \Vuk]—/fuk.
auQ Q k=00 Jaun Q
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Since u > 1), one gets

P(¢) < liminf P(yy,). (4.51)

We now assume that ¢, < 1 and prove that if u, € Ef(¢y), for a subse-
quence, u converges to v which belongs to E¢(1). In the same time, we get

that limg_.. P(¢r) = P(¥).
Let us note that if ¢, <1, one has

P(hr) < P(1h). (4.52)

Then, for u, € Ef(¢y), one proves as before that uy, the extension of uy
by zero outside €2, being bounded in BV (R”), one can extract from it a
subsequence converging to v which satisfies,

/ |Vu|—/fu§liminf/ |Vuk|—/fu/1€
QUAN 0 k=0 Jouan 0

< li;riinfp(wk)
= P(¢) < liminf P(s).

Then u € E¢(1), and we obtain in the same time that

/ |V —/fu;C —>/ |Vu| —/fu, when k — oo,
QUAQ Q auQ Q

which implies that u; converges tightly to v in BV (). O

4.6.2 Optimal control on BV for non positive source
term

Let us recall first that the optimal control problem for an elliptic obstacle

variational inequality with a source term was considered in the case p = 2
by Adams, D. R., Lenhart, S. M., and Yong, J. in ([5], [6]). The authors
produced an optimal control pair for the following problem

. 2 2
Lt S [ gt = s [ vup a). (453

for some z € L?(Q) is referred to as the initial profile, 1 as the control variable
and Ty(v)) as the state variable. The pair (*,Tf(¢*)) where ¢* is a solution
to the problem (4.53) is called an optimal pair and ¢* an optimal control.
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In the case p > 1, treated in the previous chapter, these results were
generalized, and an optimal control pair is defined by the form (u,u) if f <0
and by (0,Gf) for f > 0.

In an analogous manner, and adapted to our context, let us consider the
following minimization problem

inf Jr (), (4.54)
(up)e(Wy! ()2
UEEf (’l/})

{/ |u—z|+/|w| dx}

for some given z € BV (Q) and f € L>*(Q

We want to prove that under some condltlons, there exists a solution to
this problem. We shall assume in what follows that f < 0, f # 0, and
we establish existence of the optimal pair. For that aim, we introduce the
following relaxed formulation of the problem (4.54)

inf {/ lu — z| +/ V| +/ Y] dm}, (4.55)
(u,9)e(BV (2))? Q Q o0

’U»GEf(Qﬂ)

where

We prove first an existence’s result, when we are in the coercive case (this
will be specified later). Secondly we make an analysis in the resonance case.
To be more precise, let us observe that the following functional

[1wa=x [ u wewi@.
Q Q

is coercive if |A| < Af, where

A= it /|Vu|. (4.56)
uew,y ' (Q) Ja

Jq fu=1

We prove in a first time that the optimal control problem in BV(Q) has a
pair of solutions of the form (u*, u*), when A < A; (called the coercive case),
and we consider next the case A = A; (called the resonance case).

We define first the set:

Exs(¥) = {u € BV(Q),u realizes Py(¢)},
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PAw) = _inf {/Q|Vu| —/\/qu}.

u>p

where

The case \ < Ay

A key ingredient in the main result of this section is the following remark

REMARK. If f <0,VA > 0, and u € E)f(¢), we have

/ |Vu| dx < / V| de. (4.57)
20U 20UO

Indeed, let us note that for f, ¢ defined as before, and for all u € Ey;(v),

we get
/ |Vu|—A/fus/ |W|d:c—A/fwdx,
oQUN Q oQUN [9]

which is equivalent to

/WUQ’VM S/MQW@M dSCJr)\/Qf(u—w) dxg/amvay.

THEOREM 4.6.1. If f € L>(Q), f < 0 on Q, then there exists an opti-
mal control Y* € BV (Q) for (4.55). Moreover, the corresponding state u*
coincides with ¢*, i.e. u* = y*.

Proof of Theorem 4.6.1. In a first time we prove that there exists a pair of
solutions of the form (u*,u*) hence (u* € E¢(¢*)): Let (¢x)r be a minimiz-
ing sequence for (4.55), 1 is bounded in BV (€2), then 1, converges, for a
subsequence, towards some ¢* € BV (). Let i/;k be the extension of v by
zero in RY Q). Then ¢ is bounded in BV (RY), and we can extract from

it a subsequence, still denoted ., such that
U — ¢*  weakly in BV (RV)

obviously ¢* = 0 outside of Q. In addition, we get that wy, is bounded in
BV (Q) Then, the extension uy, by zero outside of € converges weakly towards
u* in BV (RY), such that

U, — u* weakly in BV (RY),
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u* = 0 outside of Q and u* > 1)*.
We prove now that (u*,u*) is an optimal pair. Using the lower semicon-
tinuity as in proposition 4.6.2, and (4.57), one gets

/ |Vu*|+/ |u*_z| Sliminf{/ |Vuk|+/ |Uk—Z|}
AQUN Q k—o0 anuQ Q
gliminf{/ |V¢k\+/ ]uk—z|}
k—o0 a0UQ Q
= inf {/ ]V¢|+/|u—z\}
(uw)e(BV())? Jaqua 0

uEEf (d})

Hence, (u*,u*) realizes (4.55).
We prove now that every v* € Ef(u*) is then a solution to the minimiza-
tion problem (4.55). Indeed one has

/ |VU*|+/|U*—Z|§/ |vu*|+/\u*—z|
0UQ Q H0UQ Q
= inf {/ |Vz/1\+/]u—z|}.
(u,¥)€(BV(Q))? 20U Q

UEEf(’L[J)

This prove that (u*,v*) is a pair of solution. ]

The case A = Ay

We shall denote as G'f any ”eigenfunction” relative to the problem defined
in (4.56), with [, fGf = 1. Let us note that G f satisfies

—div(e(Gf)) = Arf, in Q,
o-VG; = |VGy|, in QU OQ,
0|~ <1,

Gf =0, on 09,

Let us see that Gf < 0. Indeed, multiplying the equation by G f*, one gets

og/Qa(Gf)-V(Gfﬂ:Af/QfGﬁgo.
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This implies that VG f* = 0 and then Gf* = 0.
Let us consider now the following minimization problem

Py, = inf {/ ]Vu|—)\f/fu}, (4.58)
ueWy ' (Q) Q Q

u>

THEOREM 4.6.2. Suppose that 1 is positive somewhere, then the infimum
in (4.58) above is finite and different from zero. Moreover, there exists a
solution in BV (Q) to the following relaxed formulation

inf Vu—i—/ u—)\/ u}, 4.59
%B!m){/gr RN (4.59

(]

Proof of Theorem 4.6.2. We assume that 1 is positive somewhere, and we

prove that the infimum is zero. Let w, be a minimizing sequence, then w,, is
bounded in BV ({2), since one has that for f <0

[l < [1wo=2 [ fw—v) < [ 90

Let us denote by 1, the extension of u,, by zero outside of €2, %, is bounded
in BV (R”Y). One can extract from it a subsequence, still denoted in the same
manner, such that

U, — u weakly in BV (RY),

obviously © = 0 outside of Q. Using classical arguments, we prove that u
realizes the infimum (4.59). If the infimum (4.58) is zero, one would get

Ll =x [ pu

and then ﬁ realizes the following
Q
Ap= inf / |Vol.
vewy () Jao
fQ fo=1

But since f < 0, and fQ fu > 0, one gets that a solution u to this problem
is nonnegative. If 1 is nonnegative, this is impossible. Since v is positive
somewhere, then the infimum is strictly positive. O
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THEOREM 4.6.3. We denote by G f a solution of Ay, the infimum Py, = 0 if
and only if there exists some p > 0, with ¢ < uGf.

Proof of Theorem 4.6.3. The infimum A, is positive. If there exits p > 0
such that ¥ < puGf, then uG f satisfies

[ 1wuGs1=xs [ gucs=o, (4.60)
Q Q

and then
P)xf (1@ =0.

Conversely, if the infimum Py, = 0, then using the process below to prove
that the infimum is achieved, one gets that there exists u > v such that

/ |Vu| = )\f/ fu.
QUA Q

This implies that T “fu is a solution for the f-eigenvalue problem defined by
Q
1

As. Then, since fQ fu > 0, by the previous equation (4.60), u = T Fa is
Q

convenient.
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