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Chapter 1

Introduction

In this chapter, we give a general introduction of the thesis. First, we provide a
background about the call center industry. Second, we highlight some issues related
to the design and management of call centers. Third, we describe the work of the
thesis and present its main contributions. Finally, we present the structure of the

manuscript.



2 Introduction

1.1 Background

Call centers have emerged as the primary vehicle for firms to interact with consumers, transform-
ing consumer service jobs once characterized by variety and personal relationships into routinized
and high speed operations. Call centers are used to provide services in many areas and industries:
banks, insurance companies, emergency centers, information centers, help-desks, tele-marketing
and more. Technological development has allowed remote service delivery using various channels
of telecommunication. The definition of a call center is continuously changing, but the core
fundamentals of a customer making a call (via a phone, email, web site, fax or Interactive Voice
Response) to a center (collection of resources) will remain constant. Call center, contact cen-
ter or customer interaction center operate on identical principals of meeting customer needs in
real-time or near real-time.

In 1972, Continental Airlines asked the Rockwell Collins division of Rockwell International
(now Rockwell Automation) to develop the first automated call distributor, thus launching the
contact center industry. Initially, little thought was given to the use of contact centers to acquire
and retain business. The change came in the 1990s, with the advent of software-based routing
and Customer Relationship Management (CRM) applications, which increased the marketing
possibilities of contact centers. Today, all Fortune 500 companies have at least one contact
center. They employ an average of 4,500 agents across their sites. More than $300 billion is
spent annually on contact centers around the world, see McKinsey Quarterly [1]. In North
America, 2.9 million agents are employed at 55,000 facilities. The number of agents in the rest
of the world is predicted to increase by 10% a year from its current position of 3 million.

The current success of call centers is due to the technological advances in information and
communications systems, see Pinedo et al. [110]. The most important call centers equipments
are the Interactive Voice Response (IVR), the Automated Call Distribution (ACD), and the
Computer Telephone Integration (CTI).

The IVR is a menu system that a customer accesses when connecting to a call center. The
IVR routes a call to the most appropriate person or desk. The structure of the menu system can
be a simple list of two or three items, or a more elaborate decision tree. This tool enables the
system and the operator to provide the service in minimum time. The technology is relatively
inexpensive when compared to the time wasted in the transfers of customers via live operators.
Large banks spend between $1.75 to $2.00 for an operator handled call center transaction and
between $0.25 to $0.75 for an IVR transaction, see NACCS [2]. The Automated Call Distribution
(ACD) is a service provided by telephone companies that makes physically dispersed operators

appear to a caller as residing at one location. The phone company handles the necessary switching
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in order to make this happen. Finally, the Computer Telephone Integration (CTI) refers to the
combination of computers and telephone systems. Most of modern call centers today are using
some form of CTI technology. The CTI allows for example for the Intelligent Call Routing.
The Intelligent Call Routing is an application that reads the phone number of an incoming call,
retrieves information concerning the caller from a database, and presents it to the operator when
he takes the call.

The large-scale emergence of call centers has been also enabled by the development of con-
sulting services and softwares such as routing devices and databases. Naturally, the growth of the
call center industry has created a fertile source of management issues. From the cost perspective,
the capacity management is the most critical issue. In call centers, human resource costs account
between 60% to 70% of operating expenses. This feature explains the huge body of operations
management papers dealing with capacity management. The financial importance makes the
running of call centers a challenge. The managers have to reduce the labor cost, but not to the
detriment of the customers. We should not forget that call centers were born for a basic need: to
answer customers in an efficient way so as they do not switch to the concurrence. An extra layer
of complexity comes from the human resource management. Agents are indeed human beings.
Hence, they need to feel strongly supported by the company so that undesirable and costly issues
such as turnover are as low as possible. In most call centers, the lack of motivation and the bad
conditions of work makes workforce turnover recurrent.

The goal of the present thesis is to contribute to the operations management research of
call centers. We aim to enhance our understanding of such complex systems, so as we gain
useful guidelines for the practitioners. This thesis is in part the result of a collaboration with
Bouygues Telecom. Bouygues Telecom is a mobile telephony service provider based in France,
operating one of the largest call center operations in France, and answering around 60,000 calls

daily at 6 internal call centers with a total number of 2500 service representatives.

1.2 Context

The continued growth of both importance and complexity of modern call centers has been came
along an extensive and growing literature. Numerous related academic surveys focusing on var-
ious disciplines were published. The main disciplines related to call centers are Mathematics
and Statistics, Operations Research, Industrial Engineering, Information Technology, Human
Resource Management, as well as Psychology and Sociology. This thesis is pertaining to opera-
tional issues and mathematical models. We refer the reader to Pinedo et al. [110] for the basics

of call centers management. Important surveys are the paper of Koole and Mandelbaum [85] and
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its extended version Gans et al. [40] where the authors survey in particular the literature dealing
with queueing models that support the operations management of call centers. In addition, we
recommend the overview of Whitt [138], and that of Mandelbaum [95] where the author provides

a large number of research papers devoted to call centers issues.
Decisions Levels

We distinguish three main issues dealing with the operations management in call centers.
The first issue involves strategic or long-term decisions for the design of the facility. The second
issue is related to medium-term aggregate planning of services. The third issue deals, in turn,

with short-term decisions made on a daily or weekly basis.

The strategic decisions involve the allocation of resources (equipments) as well as the layout
and location of the facilities. Included in this category of decisions are those specificating how
to partition customers into classes and how the different communication channels are to be
used for serving the customers: for example, which types of customers are to be answered
by automates, internal agents, external agents (outsourcing), etc. The medium-term decisions
involve the development of a semi-annual or annual manpower plan. The plan will have as inputs
the anticipated demand for different skill sets over the planning horizon, the costs of training,
and the time to train. Forecasts are usually made monthly and mathematical models are used to
determine the appropriate staffing levels on an aggregate basis. Thereafter, we address the shift
scheduling problem of servers. The short-term decisions deal with refinements and adjustments
that are executed within a short time period and trigged by external factors. One may clearly
see that all decision levels are correlated and should be addressed simultaneously. Unfortunately,

such an analysis is too complex. The research projects have often investigated them separately.
Call Centers Modeling

Due to the uncertainty governing the call center environment (customers and agents behav-
iors), the literature has standardly addressed its issues using stochastic models, and in partic-
ular queueing models. The most existing work deals with simple queueing models. Although,
researchers have started recently investigating important phenomena such as abandonments, re-
trials and non-Markovian processing times, several questions are still open and much remains to
be done. In the natural way, some research projects rely on simulation to analyze complex sto-
chastic models of call centers, see Wallace and Whitt [128]. Other papers resort to heavy-traffic
approximations. By heavy-traffic, we mean that the system approaches saturation, so that the
queues are non-empty most of the time. Thereafter, diffusion approximations can be used to
analyze the system behavior. The asymptotic analysis is motivated by large call centers where

the number of agents and the arrival rate are very large. Guided by the asymptotic behavior,
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several useful insights for practical management could be derived. We refer the reader to the
original work of Halfin and Whitt [52] for a background on the subject. For more recent works
focusing on call centers, interesting papers are those of Garnett et al. [44], Armony and Maglaras

[12| and [13], Borst et al. |28], and references therein.

Call centers can be broadly classified into two contexts: multi-skill call centers and full-
flexible call centers. A multi-skill call center handles several types of calls, and agents may have
different skills. The typical example, see Gans et al. [40], is an international call center where
incoming calls are in different languages. We distinguish some important issues dealing with
multi-skill call centers: are all agents cross-trained with all skills or are the agents only trained
for a subset of skills? In the later case, what are the subsets of skills that will be considered and
how many agents will have each subset of skills? Another central issue is the skill-based-routing
(SBR) algorithms: how to do the routing of calls to agents in an effective manner? Related
studies include those by Garnett and Mandelbaum [43], Aksin and Karaesmen [8|, Aksin et al.
[9], Hopp and van Oyen [57], and references therein. At the same time, addressing such problems
is complex and of great interest for practitioners. In modern call centers, it is indeed common
to have multiple types of calls and multiple types of agents. These topics are out of the scope
of this thesis. The second context is call centers where all agents are able to handle all types of

calls, referred to as full-flexible call centers.

Our concern in this thesis is full-flexible call centers. Therefore assistance to customers can
be provided by any agent. This would be a plausible assumption for many real cases, especially
for unilingual call centers where the complete flexibility is not as difficult as in multilingual
call centers. Furthermore, we assume for the models we consider in this thesis that all agents
are totally identical statistically. In other words, they can answer all questions coming from
customers with the same efficiency, both quantitatively and qualitatively, even in case of different
types of customers. There are two reasons for that. The first reason is related to the nature
of the call centers we are considering here, and which is the case for many other call centers
applications. The difference between customer types is only qualitative, i.e., it is not related to
the statistical behavior of customers but to their importance for the company. Let us give an
illustration of a manager who partitions customers into two different classes: If the company
owns every month from one customer an amount of money crossing a given threshold, then that
customer is “VIP", otherwise he is considered to be less important. In concrete terms, we assume
for our models that the queries asked by customers do not differ from one type of customers to
another. Therefore, it would be credible to assume common requirements for service. The second

reason is due to the complexity of the analysis when assuming different behaviors in the statistical
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sense. Our main objective in this thesis is to investigate simple but at the same time interesting

models that allow us to better understand the system behavior and gain practical guidelines.

Call centers are characterized to handle either inbound calls, or outbound calls, or a mix of
both types. Inbound call centers handle incoming calls that are initiated by customers, as help
desk and reservation services. However, outbound call centers handle outgoing calls that are

initiated by agents. In our models, we deal with inbound call centers.
Motivation

In the following, we highlight some motivations with regard to the models under consid-
eration. Until 2004, the organization of the Bouygues Telecom’s call center was a common
pooled organization where any call could be addressed by any agent. In 2004, the managers of
Bouygues Telecom decided to move to a new organization known as customer portfolio manage-
ment. Since Human Resources (HR) represent a large part of the cost of operating a call center,
managing efficiently the HR is a key issue. In particular, we deal with the issue of partitioning
the HR of a large call center into a set of independently managed teams. The advantage of
this new organization pertains to the better management of the team organization which leads
to a higher motivation of the customer representatives and a reduction in the turnover of the

workforce.

In the most of our models, we incorporate an important feature which is the reneging (aban-
donment) phenomenon. The time before reneging (the patience) is defined as the maximal
amount of time that a customer is willing to wait for service. If service has not begun within
that time, the customer abandons (leaves the system.) Incorporating reneging in theoretical
models is of value. In reality, it is natural that a waiting customer will wait for only a limited
time, and will hang up within that time. Ignoring reneging leads to overstaffing and pessimistic
estimation of queueing delays. Garnett et al. [44] show using numerical examples that models
with and without abandonment tend to give very different performance measures even if the
abandonment rate is small. Models including reneging are therefore more close to reality, and
necessary to obtain more accurate managerial insights. In our models, we assume that times
before reneging are identically distributed, independently from their position in queue. The mo-
tivation of this assumption was reported in Gans et al. [40]. In call centers, the tele-queueing
experience is, indeed, fundamentally different from that of a physical queue, in the sense that
customers do not see others waiting and need not be aware of their “progress" (position in the

queue. )

In this thesis, we also discuss various scheduling policies subject to satisfying some given

service levels. Randolph [113] classifies scheduling policies into those using dynamic scheduling
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rules and those using static schedule rules. A dynamic schedule is a discipline that is continuously
updated as customers arrive and are processed. However, a static schedule is independent of the
state of the system, it is beforehand defined and never altered. Each one of the above classes of
policies can be further classified into two major types: agent scheduling and customer routing.
As defined in Garnett and Mandelbaum [43], agent scheduling is described by a control decision
taken whenever an agent turns idle and there are queued customers: which customer, if any,
should be routed to this agent. Whereas, a scheduling policy based on a customer routing rule,
is defined by a control decision taken whenever a customer arrives: which idle agent, if any,
should serve this customer, if not, to which queue should the customer of interest be routed.
In our analysis, we consider dynamic scheduling policies based on the second type of control
decision, i.e., dynamic assignment rules of new arrivals to queues. In addition, our policies are
based on priority schemes. In general, the provision of differentiated service levels relies on the
use of priority queues. Schrage and Miller [117] have shown that scheduling policies similar to
multiclass priority queues allow to achieve high performances, often nearly as good as those
under optimal policies. Also, the priority schemes are easy to implement, which explain their

prevalence in practice.

Recently, call centers have started experimenting by informing arriving customers about
anticipated delays. The main reason of the experience is to alleviate congestion and reduce cus-
tomer dissatisfaction with waiting. Information about anticipated delays is especially important
in service systems with invisible queues (tele-queue) such as call centers. In such systems, the
uncertainty involved in waiting is higher than that in systems with visible queues. Upon arrival
and during their waiting, customers have no means to estimate queue lengths or progress rate.
So, the feelings of frustration and anxiety increase over their sojourn in queue. In addition, we
point out a particular vicious circle. When a new arrival customer perceives that his anticipated
delay is too long, he may balk upon arrival without joining the system. This feature would con-
siderably reduce customers reneging in queue, which allows to make the system more stable in
the sense that the variability of queueing delays is reduced. The latter would in turn improve the
quality of delays information we give to customers, which reduces even more customers reneging,

and so on.

As mentioned above, stochastic processes and queueing models are helpful for the quantitative
analysis of call centers. Birth-death processes and in general Markov chains are a rich and
important class in modeling numerous phenomena in queueing systems. For instance, they allow
to account for customers balking and reneging in call centers. The analytical studies in the

literature were intended to obtain useful information for the decision making process, basically
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related to the design, the control, and the measurement of effectiveness of the systems. With an
equal interest, we underline the usefulness of monotonicity properties of performance measures.
They are important for understanding and solving optimization problems of queueing systems.
Optimization models are being used increasingly in the design of a variety of systems where
queueing phenomena arise. Examples include flexible manufacturing systems, as well as service
systems and telecommunications networks. For such problems, it is important to know the
convexity properties of the performance measures with respect to the design variables. In call
centers, the design variables on which the service provider could act are essentially the staffing
level, the arrival rate (outsourcing) and the buffer size. In some cases, it could be possible for
him to act on processing times (for example by increasing or decreasing the training quality of

the agents.)

1.3 Description and Main Contributions

The current thesis can be divided into two parts. The first part directly addresses issues of the
operations management in call centers. The second part is rather focusing on stochastic models
while having useful applications for the quantitative analysis of call centers.

The first part

In the first part of the thesis, we focus on two different decision levels: long-term and op-
erational decisions. The long-term issue is addressed in the second chapter. In the third and
fourth chapters, we focus on two different operational decisions given a call center structure and
staffing level.

In the second chapter, we study a call center design problem where a transition occurs
from a completely pooled structure to a dedicated team-based organization. As one would not
expect, we show using simple queueing models that the new organization may be more efficient
by outweighing the economies of scale associated to the original organization. The efficiency
is in terms of both speed and quality of the answer we provide to customers. We incorporate
in our analysis the most attractive feature of call centers, which is the human element. We
show how a better human resource management may lead to various benefits up to contradict a
classical result of queueing theory (in favor of pooled systems). In addition, we slightly modify
the new organization by profiting from a flow of customers that can be addressed by any team
of agents (out-portfolio flow.) We show how this new element makes the organization even more
efficient. In practice, several other call center cases may be characterized by a kind of an out-
portfolio flow. For example in a bank call center, an out-portfolio flow may be seen as that of the

customers who ask general questions about their bank account or to order some simple service
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operations, etc. The application of the team-based organization had very significant effects at
the Bouygues Telecom’s call center. The quality of answers has improved thereby reducing call
backs by 25%. The proportion of disconnected calls (because of a full queue) was divided by
2 (in our work we assumed an infinite queue for simplicity.) Finally, no supplementary agents
were hired in spite of the increase of the total number of customers by 15% (equivalent labor

cost savings of about 5 million euros per year.)

In the third chapter, we consider a two-class call center model. We discuss various scheduling
policies subject to satisfying differentiated service levels. The service levels are related to the
probability of being lost and the variance of the waiting time in queue. The nature of the
constraints we consider are characterized to be of value in practice, however they are not too
much addressed in the literature. We aim even in case of unfavorable situations that may occur,
to reach a fixed balance between customer types service levels, independently of the available
service capacity. Worrying about the fairness with regard to customers, we also focus on achieving
low values of the variance of waiting times. The interesting side of the policies we suggest comes
from their simplicity, they are predictable, easy to implement, and do not require information
about the workload process. Several studies as in Jongbloed and Koole [63] and Avramidis et
al. [18] have shown that the workload process is hard to predict in call centers. Thereby, such
policies would be of great value. Our analysis yields to quantitative insights, as well as useful
principles for the control problem. To support our analysis, we derived various structural results
that investigate the relationship of scheduling policies with the achieved performance measures.

To the best of our knowledge, the results are not given beforehand.

In the fourth chapter, we consider call centers models not too far from those of the third
chapter, whereas we tackle a different issue of operations management. A central outcome of
the fourth chapter deals with the critical issue of the impact of delays information on customers
behavior. This is at the same time interesting and difficult due to the attractive human element
governing the call center environment. Starting from each model (single and multiclass), we
detail and justify the quantitative building of the new model with delays information. In our
models, customers have the opportunity to balk in response to their anticipated delay. We
model that effect for the simple single class call center. We then extend the model of Whitt
[135] by letting already informed customers renege even after having chosen to join the queue.
We propose a method for approximating the new reneging experience by pertaining it to the
quality of the delay information. We describe how balking in the second model may reduce
customers reneging. In practice, this feature would tip the scales in favor of the second model,

because reneging customers are the costliest. For example, a customer who balks has a higher



10 Introduction

probability to call back than that of a customer who reneges. A reneging customer leaves the
system with frustration and loosing trust in the service provider. However, a balking customer
leaves the system based on the information we communicate to him. This information would
avoid to loose business because it is perceived by balking customers as an invitation to call back
when the system will be able to serve them within a reasonable delay. As extension, we turn
to analyze a quite complex multiclass priority system where the anticipated delay for a given
type of a customer may be affected by future arrivals of other types. To our knowledge, the
computation of the state-dependent virtual delays for the low priority customers is new. We use

a two-dimensional Markov chain in order to derive them.
The second part

In the second part of the thesis, we focus on the analysis of stochastic processes and queueing
theory. The analysis does not address in a direct manner a given issue of call center operations.
However, it is an upstream stage which provides useful applications for the quantitative analysis

of call centers.

The topic addressed in the fifth chapter is of interest in the fields of birth-death processes and
Markovian queues. We give closed-form expressions for the moments of the so-called upcrossing
and downcrossing times as well as conditional versions of these. Our approach is different from
that in some classical works in the sense that we are not considering the correspondence between
continuous birth-death processes and continued fractions. Based on the Chapman-Kolmogorov
equations and via Laplace transforms, several new expressions are derived. Also, we discuss
various straightforward applications for the quantitative analysis of Markovian queues. The
results are in particular of value when characterizing state-dependent queueing delays in call

centers.

In the sixth chapter, we derive some monotonicity properties for the probability of being
served in an M/M/s/K + M queue. Such results are helpful for the optimization problem
of queueing systems. We use both sample path as well as analytical approaches to derive our
results. The model we consider allows for reneging, which makes it to be relevant for call centers
applications. As we already mentioned, a major drawback in many call center models is assuming
customers to be infinitely patient. In this chapter, we analyze the simplest abandonment model,
assuming that service times and times before reneging are exponentially distributed. Although
such assumptions may be violated (see Zohar et al. [146]) and an appropriate model should be
the M/GI/s + GI queue, our model is still of interest in practice as mentioned by Whitt [139],
and Pierson and Whitt [109]. The authors have shown, using various simulation experiments,

that the M/M /s + M model provides a good approximation of the M/GI/s + GI model.
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1.4 Structure of the Manuscript

In this section, we present the structure of the manuscript. We briefly describe the different
chapters separately and give their corresponding published or working papers.

In Chapter 2, we investigate the benefits of migrating from a call center where all agents
are pooled and customers are treated indifferently by any agent, towards a call center where
customers are grouped into clusters with dedicated teams of agents. This Chapter is based on
Jouini, Dallery and Nait-Abdallah [69].

In Chapter 3, we consider a priority call center model with two impatient classes of customers,
VIP and less important ones. We focus on developing scheduling policies that assign customers
upon arrival to parallel queues, high and low priority queues. The performance measures of
interest are the probability of being lost (due to reneging) and the variance of the waiting time
for the customers who are served. An extended version of this chapter is the working paper
Jouini, Pot, Dallery and Koole [70].

In Chapter 4, we study the effect of informing customers about their anticipated delays. We
propose a method for modeling the customer reaction with regard to delays information. Then,
we conduct comparison analysis between performance measures of both models with and without
information. This chapter is based on the working paper Jouini, Dallery and Akgin [68].

In Chapter 5, we consider ordinary and conditional first passage times between pairs of
states in general birth-death processes. By adopting classical methodologies, we derive closed-
form expressions for the moment of the defined random variables. This chapter is based on the
paper Jouini and Dallery [65] (submitted for publication).

In Chapter 6, we consider a Markovian multiserver queue with a finite waiting line in which
customers may renege. We focus on a performance measure similar to that considered in Chapter
3, namely the probability for a new customer to enter service. We investigate monotonicity
properties of first and second order of this performance with respect to the buffer size. The
paper version of this chapter is Jouini and Dallery [66].

In Chapter 7, we close the thesis by giving general concluding remarks and highlighting

directions for future research.
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Introduction




Chapter 2

Analysis of the Impact of Team-Based
Organizations in Call Centers

Management

In this chapter, we address a design issue related to long-terms decisions in call cen-
ters. We investigate the benefits of migrating from a call center where all agents are
pooled and customers are treated indifferently by any agent, towards a call center
where customers are grouped into clusters with dedicated teams of agents. Fach clus-
ter is referred to as a portfolio. The purpose of this chapter is to examine how the
benefits of moving to this new organization can outweigh its drawback. The draw-
back comes from the fact that there is less pooling effect in the new organization than
in the original one. The benefit comes from the better human resource management
that results in a higher efficiency of the agents, both in terms of speed and in terms
of the quality of the answer they provide to customers. Also, we extend the analysis
to the case where there is an additional flow of calls called out-portfolio flow. It is

shown that this feature makes the new organization even more efficient.

The paper version of this chapter is Oualid Jouini, Yves Dallery and Rabie Nait-

Abdallah [69]. It was accepted for publication in Management Science.
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2.1 Introduction

The work in this chapter is the result of a collaboration with the French mobile phone company
Bouygues Telecom. Our purpose is to provide some insights into the impact of internal orga-
nization of call centers on their performances. The Bouygues Telecom call center handles an
average of 100,000 phone calls daily. Some of the calls are treated by an automated operator.
Agents, also called customer representatives, deal with about 60% of these contacts. There are
also about one million contacts per year handled by mail, e-mail and fax. Here, we investigate the
adequacy of migrating from a call center where all agents are pooled and customers are treated
indifferently, towards a call center where customers are grouped into clusters with dedicated
agents. In our terminology, each cluster will be called a portfolio. Customers that do not fit into
a precise portfolio generate the so-called out-portfolio flow, and must wait in a lower priority
out-portfolio flow queue. Managers of Bouygues Telecom believe that the challenge is not only
to answer quickly but also to answer customers correctly. In this sector (mobile telephony), it
is not rare to see customers switching from one company to another as a consequence of low
quality responses provided by customer representatives. Agents are the interface between the
company and the customers; hence, customer satisfaction is closely linked to agents performance.
Managers need to motivate their employees so that the assistance they provide to customers is
efficient, both in terms of speed and quality of answers. On the other hand, employees need
to feel strongly supported by the company so that the turnover is as low as possible. In fact,

turnover means training new employees, and it implies more costs.

The aim of Bouygues Telecom through migrating into customer portfolio management is to
better manage their employees and as a consequence to satisfy customers more efficiently. This
management approach makes agents more responsible towards their own customers. Moreover,
partitioning agents into groups creates competition, which increases agents motivation. These
factors result in overall agents efficiency improvement, both quantitatively and qualitatively. By
quantitative efficiency, we mean the speed (processing time) in providing assistance to the cus-
tomers. By qualitative efficiency, we mean the quality provided by the agents when addressing
the customers request. In the present chapter, we argue that these advantages may outweigh the
variability that results from the loss in economy of scale originally associated with the pooled
system. In addition, in the proposed organization, all portfolios and corresponding sets of ded-
icated agents are identical (statistically.) Therefore, issues such as training and forecasting can
be done in a homogeneous manner. Also, having homogeneous teams yields a more efficient
human resource management. In fact, it allows the call center manager to compare the teams

performances, which results in a “global competition".
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Such a managerial approach has been widely and successfully used in industry and is also
likely to be of interest in service activities such as call center operations. It is, indeed, one of
the key success factors of the so-called World Class Manufacturing. For example, Schonberger
[116] refers to it as cellular manufacturing and describes its benefits as follows: “Cells create
responsibility centers where non existed before. The cell leader and the work group may be
charged with making improvements in quality, cost, delays, etc."

The remainder of this chapter is structured as follows. In Section 2.2, we review two kinds of
literature closely related to our work. The first one is on pooling, and the second is on integrating
human factors in queueing systems, and in particular in call centers. In Section 2.3, we give a
comprehensive presentation of the problem we study in this chapter. In Section 2.4, we develop a
simple queueing model that is then used to address the issue of benefits versus costs of migrating
from the pooled organization to the dedicated organization when there is no out-portfolio flow.
We provide some interesting insights on the tradeoff between reduction of the pooling effect and
agents efficiency improvement, both quantitatively and qualitatively. In Section 2.5, we extend
this analysis to the situation where there is an out-portfolio flow. To do that, we first develop
some approximate queueing models of the call center operating with a mix of portfolio and out-
portfolio flows. One additional insight is that the drawback of not having a totally pooled system
is less important in this context. Finally, we conclude and propose some directions for future

research.

2.2 Literature Review

In this section, we review some papers related to the work of this chapter. Our work is pertaining
to two areas of literature, one dealing with pooling and the other with human factors in queueing
systems. The literature dealing with pooling falls mainly into two categories: pool queues or
pool servers, see Mandelbaum and Reiman [97]. Kleinrock [82] is one of the first researchers who
gave a depiction of these alternative structures of pooling. He began by considering a collection
of m identical G/G/1 queues, each of which has a single server with service rate p and faces a job
stream at rate A. Pooling only queues would change this collection into a G/G/m queue, which
has m servers, each server with service rate ¢ and a job stream at rate mA. Pooling only servers
would change the last G/G/m queue into a G/G/1 queue with arrival rate m\ and service rate
my. In this chapter we only deal with queue pooling issues.

As mentioned in the introduction of this thesis, we are not dealing with multi-skill call centers.
Our concern in this chapter, as well as in the following ones, is full-flexible call centers. We only

consider queueing models in which all agents (servers) have all skills, i.e., all agents are flexible
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enough to answer all requirements of service. It is a plausible assumption for Bouygues T'elecom
as for many other call centers. Often, it is the case for unilingual call centers where the complete
flexibility is not as difficult as in multilingual call centers. In this chapter, we deal with the
issue of the level of pooling in full-flexible call centers, i.e., are the agents all gathered into a
single large team or are they partitioned into a set of independent teams? Several papers dis-
cuss the effectiveness of pooling in call centers, see for example Tekin et al. [125] and references
therein. Beyond service systems, pooling effect problems arise in various applications, such as
manufacturing, and computer network systems. Pooled systems are usually preferred. The stan-
dard argument for combining queues is due to the economies of scale, which absorbs stochastic

variability (Borst et al. [28].)

While it is easy to see that pooled systems are more effective than independent ones, this
intuition was for a long time based on experience and numerical data rather than rigorous math-
ematical proof. Smith and Whitt [120] were the first to formally prove this result, when com-
bining systems with identical service time distributions. They applied analytic methods for the
M/M/C/C loss systems (Erlang-B, no waiting room) and the M/M/C delay systems (Erlang-
C, infinite waiting room.) By using sample-path methods, they also showed that efficiency
increases through combining queues in systems with general arrival processes and general service
time distributions. Benjaafar [24] extended theses results by providing performance bounds on
the effectiveness of several pooling scenarios. When we allow service rates in separate systems
to become different, combining queues can be counterproductive (Smith and Whitt [120], Ben-
jaafar [24].) Van Dijk and van der Sluis [127] presented a case-study simulation supporting this
outcome. Using approximations for M/G/C performance measures, Whitt [136] explored the
tradeoff between economies of scale associated with larger systems and the benefit of having

customers with shorter service times separated from customers with longer service times.

All of the above results do, in no way, take into account the human element. This takes us to
the second area of literature close to our work. Human element is the main characteristic of call
centers and contact centers. Both customers and agents are people. Even though it is natural to
focus on understanding human behavior, few papers integrate this aspect to analyze call centers
and, in general, queueing systems. We refer the reader to the survey of Gans et al. [40] where
we find some references examining queueing models of call centers that incorporate customers
behaviors, such as, abandonments and retrials. Some other models include the link between
agents and customers experiences. In 1987, two papers have launched discussions about human
factors in queueing systems. The first is Larson’s [90] paper which goes beyond the classical

interest on delays and points out the psychological experiences of people in queues. He argues
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the importance of perceptions of fairness, and shows for instance how the violation of the first
come, first served order may contribute to customers dissatisfaction. The second is Rothkopf
and Rech’s [115] paper, which deals with the question of combining queues. The authors in
that paper discuss the tradeoff between pooled and separated systems by including customers
reactions and jockeying between separate queues (a customer can change to one queue while he
was waiting in another.) Moreover, they show how separate systems may lead to servers that
are more responsible towards their own customers. It may also allow for a faster service due to
the degree of specialization gained through experience. To our knowledge, they were the first to

emphasize this issue.

Fischer et al. [38] conclude that call center management requires a mix of disciplines that are
not typically found in organizations. The review of Boudreau et al. [30] follows through this new
area. They propose a framework which is a fertile source of research opportunities. They justify
by real examples that operations management itself, without human resource management, can
not well analyze systems such as those we are dealing with, and vice versa. In others words,
there is a mutual impact between the two fields, and taking into account this fact yields to more
realistic and precise insights. In particular, Boudreau et al. [30] consider that more realistic
operations management models need to integrate human factors, such as; turnover, motivation
and team structure. In fact, a team setting allows for better communication, and may allow for
more responsible and motivated agents. In a recent paper, Boudreau [29] underlines once again
the significant opportunities for fruitful research at the boundaries between the traditional topics
of operations management and human resource management. The present chapter addresses this
issue in a call center context. We explore how managing agents by creating separate pools might

lead the agents performing more efficiently.

2.3 Problem Setting

In this section, we present the general problem under consideration in this chapter. Consider a
company operating a fairly large call center. The call center provides assistance to the customers
of the company. Customers call the company whenever they need assistance and their request
is addressed by a set of agents. Recall that in the setting of this work, we assume that the
call center is operated in such a way that all agents have the same skill. Therefore assistance
to the customers can be provided by any agent. In other words, all agents are totally identical
(statistically) in the sense that they can answer all questions coming from the customers with

the same efficiency, both quantitatively and qualitatively.
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2.3.1 Current Organization Mode

Let us describe the behavior of the call center under the current organization mode. The call
center is operated in such a way that at any time, any call can be addressed by any agent. So,
whenever a call arrives, it is addressed by one of the available agents, if any. If not, the call is
placed into a queue and will be addressed as soon as possible. There is a single queue and waiting
calls are answered on a first come, first served (FCFS) basis. For simplicity, we assume that the
queue has no capacity constraint and that customers do not abandon while waiting. Under this
organization, the agents have a given efficiency. The quantitative efficiency is measured by the
distribution of the processing times, which represents the time it takes for an agent to answer
a call. Note that the randomness of the processing times comes in particular from the variety
of questions asked by the customers. The qualitative efficiency is measured by the probability
of successfully answering the question of the customer. We assume that if the call has not been
addressed in an adequate manner, the customer will call back to get assistance from another
agent. This concept of call resolution probability was argued by de Véricourt and Zhou [36] in a
call routing problem. As for the global efficiency of the call center under the current organization,
its positive side comes from the pooling effect. Its negative side is in terms of human resource
(HR) management, given that, it is usually very difficult to have an efficient management of a

large set of agents in a large call center.

2.3.2 New Organization Mode

Let us describe the following new organization mode. The set of agents is split into a set of
independent teams. The teams are homogeneous in the sense that they have the same number
of agents and that all agents have the same skills. In other words, there is no specialization. Let
n be the number of independent teams.

In the new organization, in addition to the partitioning of the total number of agents in a
set of autonomous teams of agents, there is also a partitioning of the customers into a set of
n customer portfolios. Again, this partitioning is done in such a way that the portfolios are
homogeneous. In other words, the overall request coming from the different customer portfolios
are statistically identical. So, whenever a call arrives from a customer of a given portfolio, it is
routed to the corresponding team. The behavior at the team level is then exactly identical to
that described above for the original large call center. This new organization is equivalent to
operating independently n smaller call centers with each call center having its own customers
portfolio. Again, it is important to emphasize that under this new organization, all teams and

customer portfolios have the same behavior (statistically.)



Problem Setting 19

In the research study we performed with Bouygues Telecom, the size of the original call
centers (total number of agents) was in the order of 2000, and they were considering team sizes
ranging from 40 to 100 agents. Because all agents are not always present, this would mean
that the number of agents simultaneously present in the call center would be in the order of
1000 and the corresponding number of agents present in each team would be ranging from 20
to 50. The reason advocated for moving to this new organization was along the line of the
World Class Manufacturing literature. Namely, that the human resource management could be
performed in a much better way at a small team level rather than at the global call center level.
Agents motivation and responsibility would increase. Performance measures, both quantitative
(processing times) and qualitative (rate of calls successfully addressed), could be examined more
appropriately and could be used for internal team management. Due to the team/portfolio
one-to-one link, a customer not satisfied with the answer he got from the agent would call
back and the additional burden would fall on the same team. Also, the fact that all teams are
homogeneous would allow for performance comparisons between the different teams resulting in
a “global competition"”. Incentives could be given to agents based on the global performance of

the team.

2.3.3 Research Objectives

In this research project, our goal is to study the tradeoff between the pros and cons of moving
from the original organization to the team-based organization, also referred to as the portfolio
organization. To do that, we consider a simple stochastic model of the original pooled organi-
zation. This model captures the original behavior of the call center when all agents are pooled.
Under this situation, the call center has a nominal behavior in terms of efficiency (quantitative
and qualitative efficiencies.) It achieves a given quality of service (QoS). We actually consider
two different QoS measures: the average waiting time and the 80/20 rule, which is an industry
standard for telephone service, see Gans et al. [40]. Under the 80/20 rule, at least 80% of
customers must wait no longer than 20 sec.

In this work, we study the increase of efficiency required so that the team-based organization
achieves the same QoS as the pooled system with the same total number of agents, i.e., no
cost increase. We successively consider the case where the improvement comes only from the
increase of the quantitative efficiency (decrease of the average processing time) and then the case
where the improvement comes only from the increase of the qualitative efficiency (increase of
the average rate of successful answer.) To perform the different analyzes described above, we

consider a generic model that captures the important features needed for the comparison between
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the pooled organization and the team-based organization. As it is often the case in call center
modeling, our analysis is based on the use of a stationary queueing model (Gans et al. [40].) We
use standard assumptions on the nature of the underlying processes: Poisson arrival processes,
and exponential service time. These assumptions are plausible for Bouygues Telecom as for
many other cases of call centers, especially for the arrival processes. In addition, we assume
that calls not satisfied successfully occur randomly and therefore the splitting of the output
flow follows a Bernoulli process. Moreover, delays before customers call back are assumed to
be i.i.d. random variables. This allows us to use simple results from standard queueing theory.
The generic model under consideration (for both the pooled organization and the team-based

organization) is illustrated on Figure 2.1. The results of our study are presented in Section 2.4.

Team of agents

Departure process
. Of calls successfully
answered

Arrival process
of new calls

Arrival process
of calls not
successfully
answered

Departure process
of calls not
successfully
answered

Delay before calling back

Figure 2.1: The generic model

2.3.4 Out-Portfolio Flow

There was another important feature in the Bouygues Telecom call center. Not all the calls
received at the call center could be identified as belonging to a given portfolio of customers.
Therefore, the actual situation was that in addition to the flow of calls coming in for each
portfolio, there was an additional flow of independent calls, referred to as out-portfolio calls. In
the original pooled organization, the calls were treated with lower priority. For the team-based
organization, all out-portfolio calls are sent to a single queue. These calls can be served by
any agent of any team, but portfolio calls have (non-preemptive) priority over out-portfolio calls.
This means that when an agent becomes available, he deals with a call from his portfolio first (the
first call in line.) If the queue is empty, this agent provides service to a call from the out-portfolio
queue (the first in line.) Under this more general setting, we also investigate the improvement
in either quantitative or qualitative efficiency that would be required to counterbalance the

unpooling effect. The results of our study are presented in Section 2.5.
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2.4 Analysis of the Efficiency of the Team-Based Organization

In this section, we restrict our attention to the situation where there is no out-portfolio flow. In
Section 2.4.1, we present the relevant queueing models and determine the performance measures
of interest. In Sections 2.4.2 and 2.4.3, we analyze the required increase in terms of quantitative
or qualitative efficiency that must be achieved in order to counterbalance the reduction of the
pooling effect. Finally, in Section 2.4.4, we provide some further insights on the advantages of

the team-based organization.

2.4.1 Modeling and Performance Analysis

Consider first the queueing model of the original call center. The model consists of a single
infinite queue and a set of s identical servers representing the agents. Service times are assumed
to be exponentially distributed with rate p. The arrival process of first-attempt calls (primary
calls) is assumed to be Poisson with an arrival rate of A®. There is a probability « that the
customer is not satisfied with the answer he got and therefore will call again. Thus, (1 — «)
represents the probability that a call is successfully answered. Delays before customers call back
are assumed to be i.i.d. random variables with a general distribution. For tractability purposes,
we assume independence between successive calls, both in terms of service times and probability
of success. Let A be the overall arrival rate to the queue, i.e., the sum of the primary calls and
the feed-back calls. Under stability conditions, A = A*/(1 — «). This simple model falls into
the class of product-form networks analyzed by Baskett et al. [22]. As a result, the stationary
behavior of this queueing model does not depend on the distribution of the call-back delays.
They can thus be ignored. The resulting model is shown on Figure 2.2. It is equivalent to a
simple M/M/C queue with C = s servers, a Poisson arrival rate A = A*/(1 — «) and a service
rate p. This model will be referred to as the Pooled System.

Consider now the modeling of the team-based organization with a partitioning of the original
call center into n autonomous teams, each one being associated with a customer portfolio. It is

assumed that n is such that s is a multiple of n. Recall that all teams and all customer portfolios
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are statistically identical. Under this organization, the call center can be modelled as a set of
n independent and identical queueing models. In the following, we focus our attention on the
generic model of any portfolio/team subsystem. The assumptions are similar to those above.
The model consists of a single infinite queue and a set of s, identical servers. Service times
are assumed to be exponentially distributed with rate p,. The arrival process of first-attempt
calls (primary calls) is Poisson with an arrival rate of A = A%/n. The probability that a call
is not successfully answered is given by «,. The resulting model is shown on Figure 2.3. It
is equivalent to multiple simple M/M/C queues, with C' = s, servers, a Poisson arrival rate
An = A2 /(1 — ) and a service rate py,. This model will be referred to as the Dedicated System.
Note that the Pooled System can be viewed as the particular case of the Dedicated System for
n = 1. In the Bouygues Telecom call center, like in most call centers, the arrival rate of calls
varies over time. Therefore, we use queueing models to estimate stationary system performance
of half-hour intervals. We assume constant number of agents, and constant arrival and service
rates, as well as a system that achieves a steady-state quickly within each half-hour interval of

time, see Gans et al. [40].

Consider the Dedicated System. Let W,,(t) be the Probability Distribution Function (PDF)
of the waiting time in the queue. Let r, = A\y/pun = A%/(1 — ayn )y be the traffic intensity,
and p, = r,/s, the server utilization (proportion of time each server is busy.) Note that the
condition for existence of a steady-state solution is p, < 1; that is, the mean total arrival rate
must be less than the mean maximal service rate of the system. As in Gross and Harris [47],

Equation (2.1) gives the probability that the waiting time in the queue is less than t.

s 0
" Pn(snpn—An)t
Walt) =1 Pt o . (2.1)

Equation (2.2) gives the expression of the average waiting time in the queue.

ror
W, = n p%‘ 2.2
(Sn! (SH/ML) (1 - pn)2> ( )

Equation (2.3) gives the expression of p, which is the stationary probability of finding no
customers in the system.
0 £ h " o
p”:<; i!+sn!(1—pn)> ' (23)
The above equations give performance measures of the Dedicated System with n teams. The
Pooled System is a special case of the Dedicated System. Performance measures of the Pooled

System are obtained by using n =1, s; = s, u1 = u, and A\{ = A\* in Equations (2.1), (2.2) and
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(2.3).

Due to the variability effect in the arrival and service processes, the comparison between the
Pooled System and the Dedicated System will always show that, for any positive integer n > 2,
the Pooled System outperforms the Dedicated System under the same situation, i.e., s, = s/n,
tn = 1, AL = X?/n, and o, = a. Under these conditions, it is intuitively clear that the Dedicated
System is less efficient because a call may wait for one server (of one team) while another server
(of another team) is idle; such a situation does not occur in the Pooled System.

In this section as in the next one, we perform the study of the quantities of interest as a
function of the number of dedicated pools, n. Alternatively, we could have chosen to perform
this study according to the size of the dedicated pools, s/n. However, because the total staffing
level s is fixed in our study, the two analyzes are totally equivalent and the conclusions drawn

in terms of n can readily be interpreted in terms of s/n.

2.4.2 Evaluation of Service Rate Percentage Increase

We start from a Pooled System with a given QoS (W (t) or W), and our purpose is to evaluate
the required service rate in a Dedicated System with n pools in order to ensure the same QoS
(Wyr(t) = W(t) or W,, = W.) The total staffing level, the total arrival rate of first-attempt calls,
and the call back proportion are all held constant.

In the Pooled System, the arrival rate of first-attempt calls is A* = 177.36 calls per min,
the call back proportion is a = 10%, the service rate is p = 0.2 calls per min, and the number
of agents is s = 1000. In this system, 80% of customers wait no more than 20 sec, and the
corresponding average waiting time is W = 0.18 min. In the Dedicated System, each call center
has a staffing level s, = s/n, an arrival rate of first-attempt calls of A = A*/n, and a call back
proportion of o, = a = 10%. We vary n from 1 to 50. For each number n of separated call
centers, we calculate the service rate u,, so that, the average waiting time is W,, = 0.18 min.
We repeat the same analysis for the QoS in terms of the 80/20 rule. The results are presented
in Table 2.1.

Figure 2.4 shows the curves of the required percentage of service rate increase, calculated as
100 x (pn, — p)/p, according to the number of pools n in order to reach W, = 0.18 min and
Wi (20sec) = 80%, respectively. Figure 2.4 shows that, for both types of QoS, the required
increase of service rate does not grow in a dramatic fashion. We notice that for a Dedicated
System with n = 20 separate teams, the required mean service time is about 4 min and 25
sec in order to reach W, = 0.18 min, and it is about 4 min and 30 sec in order to reach

W, (20sec) = 80%. In a Dedicated System with n = 10 separate call centers, the required mean
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W, =0.18 W, (20sec) = 80%

n Hn, Pn Hn Pn

1 | 0.200 | 98.53% | 0.200 98.53%
2 | 0.202 | 97.49% | 0.202 97.51%
4 | 0.206 | 95.80% | 0.205 95.91%
5 | 0.207 | 95.07% | 0.207 95.24%

8 | 0.212 | 93.13% | 0.211 93.51%
10 | 0.214 | 91.99% | 0.213 | 92.51%
20 | 0.226 | 87.30% | 0.222 | 88.57%
25 | 0.231 | 85.35% | 0.227 | 86.98%
40 | 0.245 | 80.40% | 0.237 | 82.99%
50 | 0.254 | 77.60% | 0.244 | 80.76%

Table 2.1: Required service rates in a Dedicated System in order to achieve W, = 0.18 min and
W, (20sec) = 80%

service time is only about 4 min and 40 sec for both types of QoS. All these values are not
too far from the actual mean service time (5 min.) In conclusion, it is possible to even up the
performances of a Pooled System by slightly increasing the service rate. In practice, an increase
in service rate efficiency in the order of 10% seems very reasonable to achieve because of the

competition created by the team-based organization.
Percentages of Service Rate Increase

30% -

15% - —a—Wn=0.18 min
—=— \Wn(20sec)=80%

Figure 2.4: Percentages of service rate increase according to number of pools n in a Dedicated
System in order to achieve W,, = 0.18 min and W,,(20sec) = 80%

2.4.3 Evaluation of Percentage of Call Back proportion Decrease

Now, we focus on evaluating the required decrease of the call back proportion in a Dedicated
System with n separated call centers, in order to ensure the same QoS (Wy(t) = Wp(t) or
W, = W) as in the corresponding pooled configuration.

We consider again the same example of the Pooled System (with the same parameters s, A%,
a and p) as in the previous subsection. Each one of the n separated call centers of the Dedicated

System has an arrival rate of first-attempt calls of A% = A*/n, a service rate u, = pu = 0.2 calls
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per min, and a staffing level s,, = s/n. For each n, we calculate the required call back proportion
Qn, s0 that, the average waiting time is W,, = 0.18 min. We repeat the same analysis for the
QoS in terms of the 80/20 rule. The corresponding results are presented in Table 2.2. We choose

to vary n only from 1 to 10, so that, a,, stays positive.

W, =0.18 W, (20sec) = 80%
n Qi Pn Oln Pn
1 | 10.00% | 98.53% | 10.00% | 98.53%
2 | 9.02% | 97.47% | 9.04% | 97.49%
4 | 7.38% | 95.74% | 7.50% | 95.87%
5 | 6.64% | 94.98% | 6.83% | 95.18%
8 | 4.61% | 92.96% | 5.06% | 93.40%
10 | 3.36% | 91.76% | 4.00% | 92.38%

Table 2.2: Required call back proportions in a Dedicated System in order to achieve W,, = 0.18
min and W,,(20sec) = 80%

In Figure 2.5, we plot the required percentages of the call back proportion decrease, calculated
as 100 x (o — ay,)/c, versus the number of pools n in order to reach W,, = 0.18 min and
W, (20sec) = 80%, respectively. Once again, we see from Figure 2.5 that the required percentage
decrease of the call back proportion grows with the number of pools n in a not so strong way,
and that the curves for each type of QoS are similar. For example, in a Dedicated System
with 10 pools, we have to decrease the call back proportion «, by about 60% with regard to
a = 10% in order to reach W, (20sec) = 80%. Note that it is possible to achieve this required
decrease in practice, especially when the quality of response within the pooled configuration is
quite poor. The reason of the improvement is that the agents in the team-based organization are
more responsible for their own customers than in the case of the pooled organization. Agents
will try to provide answers that are as good as possible, in order to diminish the call back flow,

and as a consequence, improve the performance of their team.

2.4.4 Synthesis

The results of the previous sections have shown that migrating towards separated call centers may
not be as bad an idea as it seems. In addition to the analysis reported above, we have performed
a more systematic analysis to confirm the robustness of our conclusions. This analysis is reported
in Appendix A.1. It shows that the qualitative results discussed above are valid for a large range
of parameters typical of those that would be encountered in real situations.

In addition, it would be realistic to assume that the better team management enabled by the
new organization implies an improvement of both parameters, i.e., an increase of the service rate

and a decrease of the call back proportion. To see the combined improvement of the two factors,
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Figure 2.5: Percentages of call back proportion decrease according to number of pools n in a
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we perform the same analysis as that of Section 2.4.2 by also incorporating an improvement on
the call back proportion. We consider two cases corresponding to two values of a: a = 8% and
a = 5%, corresponding to a 20% and 50% improvement in the call back proportion with respect
to the initial value of a = 10%, respectively. The results are provided in Tables 2.3 and 2.4 for
the range of values of n of interest, i.e., n from 20 to 50. The results show that by having an

improvement on both efficiencies, the required performance improvement on each one is not as

high as when focusing on each one separately.

W, = 0.18 W, (20sec) = 80%
n o, % of improvement Pn L, % of improvement Pn
20 | 0.221 10.53% 87.20% | 0.218 8.90% 88.52%
25 | 0.226 13.08% 85.24% | 0.222 10.90% 86.92%
40 | 0.240 20.09% 80.26% | 0.232 16.23% 82.93%
50 | 0.249 24.45% 77.45% | 0.239 19.44% 80.70%

Table 2.3: Assuming an improvement of the call back proportion by 20% (o = 8%)

W, = 0.18 W, (205ec) = 80%
n o, % of improvement Pn L, % of improvement Pn
20 | 0.214 7.22% 87.06% | 0.211 5.55% 88.44%
25 | 0.219 9.711% 85.08% | 0.215 7.50% 86.83%
40 | 0.233 16.58% 80.07% | 0.225 12.69% 82.84%
50 | 0.242 20.85% 77.24% | 0.232 15.81% 80.60%

Table 2.4: Assuming an improvement of the call back proportion by 50% (o = 5%)

Let us now focus on the mix of efficiency improvements for a given value of n. Table 2.5
presents the results pertaining to the case n = 10. When we migrate to a Dedicated System with

n = 10 separated call centers, we need either to increase the service rate p, by about 7.11% with
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regard to g = 0.2 call per min, or to decrease the call back proportion «, by about 66% with
regard to the initial @« = 10% in order to achieve W,, = 0.18 min. Another solution is to increase
iy by 3% and decrease «u, by about 37% at the same time. In such a case, it should come as
no surprise that we improve the performances in the dedicated systems rather than deteriorate
them. Team management effects may change both parameters and may go beyond the simple

fact of outweighing the increase of variability.

tn Percentage Increase | o, Percentage Decrease
0.00% 66.43%
1.00% 56.51%
2.00% 46.79%
3.00% 37.26%
4.00% 27.92%
5.00% 18.76%
6.00% 9.78%
7.00% 0.97%
7.11% 0.00%

Table 2.5: Percentages of call back proportion decrease according to percentages of service rate
increase in a Dedicated System with n = 10 in order to achieve W, = 0.18 min

Figure 2.6 shows the variation of the percentage decrease of a,, according to the percentage
increase of p,. The graph suggests that improving o, is linear according to improving .
However it is not the case in general. In fact, let us take the particular case of a Dedicated
System with a collection of n separated M/M/1 queues (s, = 1.) In this case, the average

waiting time is given by

Pn
W, = —*t 2.4
:un(l - pn) ( )

where p,, is the server utilization, p, = A, /pn. Since A, = A% /(1—ay,), we deduce from Equation

(2.4) that
- Man + 1 )\a

2.5

on =1

If W,, and A% are held constant, Equation (2.5) shows that «, is not linear according to fiy.
However, we obtain an almost linear behavior when the number of pools n is not very large and
therefore the number of servers per pool s, is not very small, which is the case in our call center.
It is an interesting result, since, if we can assume linearity between these two parameters, we are
able to approximate them through simple formulas.

Another advantage of the team-based organization is its robustness with respect to errors
in the estimation of the arrival rate of primary calls. For example, consider again the Pooled
System, n = 1, described in Section 2.4.2 and the Dedicated System, n = 10, obtained by

increasing the service rate in order to ensure the same QoS as in the Pooled System. We denote
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Figure 2.6: Percentages of call back proportion decrease according to percentages of service rate
increase in a Dedicated System with n = 10 in order to achieve W,, = 0.18 min

by A7 the real first-attempt arrival rate. Figure 2.7 plots the average waiting time W), versus
Aareal for the Pooled System, n = 1, and for the Dedicated System, n = 10. We observe that
the QoS of the Pooled System is much more affected than the one of the Dedicated System by
an underestimation of the first-attempt calls arrival rate. Let us give an explanation. Under the
original expected first-attempt arrival rate, the server utilization in the Pooled System, 98.53%, is
much closer to 1 than the one in the Dedicated System, 91.99%. If the first-attempt calls arrival
rate is underestimated, the deterioration of the quality of service is increasing faster when the
server utilization is closer to 1, since the queue becomes less and less stable. For example, assume
that we underestimate the total arrival rate of first-attempt calls (which is now \* = 177.36 calls
per min for both systems) by only 1.41%. Then the real server utilization of the Pooled System
becomes 99.92% and the one of the Dedicated System becomes 93.28%. As a consequence, the
average waiting time of the first system goes beyond 5 min and the one of the second system
is only 0.27 min. This shows that the team-based organization is more robust than the original
pooled organization. This is a very attractive feature that gives another strong argument in favor

of the team-based organization.

Average Waiting Time

——n=1

——n =10
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Figure 2.7: Average waiting time of a Pooled System (n = 1) and a Dedicated System (n = 10)
according to the total arrival rate of first-attempt calls
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2.5 Call Center Models with Out-Portfolio Flow

In this section, we address the same issues as in Section 2.4 by considering two new models (a
pooled model and a dedicated model) of call centers. They differ from the above models by tak-
ing an anonymous flow (out-portfolio flow) of calls into account. The latter consists of calls for
which one cannot associate a portfolio when they enter the call center. An anonymous call can be
a call of a customer of Bouygues Telecom who does not communicate his phone number to the
Computer-Telephone Integration (CTI), a person who is not a customer of Bouygues Telecom,
etc. In Section 2.5.1, we present the models and we develop approximations to estimate the
performance measures of interest. In Sections 2.5.2 and 2.5.3, we analyze the required improve-
ment in terms of quantitative or qualitative efficiency that must be achieved in order to outweigh
the loss in economy of scale. Finally, in Section 2.5.4, we further investigate the consequence of

having an out-portfolio flow on the behavior of the Dedicated System.

2.5.1 Modeling and Performance Analysis

Consider first the queueing model of the original large call center with two types of customers:
identified customers (portfolio or PTF customers) and non-identified (anonymous) customers
(out-portfolio or OPTF customers.) PTF customers have priority over OPTF customers in the
sense that agents are providing assistance to PTF customers first. The priority rule is non-
preemptive, which simply means that an agent currently serving an OPTF customer while a
PTF customer joins the waiting queue will complete this service before turning to the PTF
customer. Note that the priority rule in call centers is non-preemptive. It is not common to
interrupt the service of a customer to let another one with higher priority start service. The
model consists of two infinite queues and a set of s identical servers representing the set of
agents. All agents are able to answer all types of customers. Each type of customer has its own
queue. Service times are assumed to be exponentially distributed and independent of each other
with rate p for both types of customers. The arrival process of first-attempt calls (primary calls)
is assumed to be Poisson with a total arrival rate of A*. The proportion of OPTF first-attempt
calls is p. So, the total arrival rate of first-attempt PTF calls is A»T7F = (1 — p)A?, and that
of the OPTF calls is A»OFTF = p\@. There is a probability « that the customer is not satisfied
with the answer he got and therefore will call again. We assume that « is the same for both
types of customers. We make the same detailed assumptions as those presented in Section 2.4.1.
Following similar arguments, the behavior of this call center can be approximated by a simple
M/M/C queue with two classes of customers (PTF and OPTF), C = s servers, a Poisson arrival

rate of PTF customers APTF = (1 — p)A\?/(1 — a), a Poisson arrival rate of OPTF customers
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Figure 2.8: Portfolio Pooled System Figure 2.9: Portfolio Dedicated System

NOPTE — pX\a/(1 — a) and a service rate u. PTF customers have non-preemptive (head-of-line)
priority over OPTF customers. Within each queue, the discipline is FCFS. This model, referred
to as the Portfolio Pooled System, is illustrated on Figure 2.8. Note however that in this more
general situation, this model is only an approximation of the behavior of the Portfolio Pooled
System. This is due to the fact that the model does no longer belong to the class of product-form
networks analyzed by Baskett et al. [22], because of the priority of the PTF customers over the
OPTF ones. Note also that the Portfolio Pooled System reduces to the Pooled System studied

in Section 2.4 when p = 0%.

Consider now the modeling of the team-based organization with a partitioning of the original
call center (with out-portfolio customers) into n autonomous teams, each one being associated
with a customer portfolio. It is assumed that n is such that s is a multiple of n. All teams and
all customer portfolios are statistically identical. Each team has s, identical servers, and has
its own infinite queue for its own PTF customers. There is a single infinite queue for all OPTF
customers. An OPTF customer is served only when at least one of the agents (of any team) is
idle and no PTF customers are waiting in the corresponding portfolio queue. The assumptions
are similar to those above. The arrival process of PTF first-attempt calls to each PTF queue is
ao.PTF _ (

Poisson with an arrival rate of A 1 —p)A?/n. The arrival process of OPTF first-attempt

calls to the OPTF queue is Poisson with an arrival rate A»OFTF = p)e.

The behavior of this call center can be approximated by a set of n identical parallel M/M/C
systems with C' = s, servers. Each M /M /C system has its own arrival process corresponding to
its PTF customers. This arrival process is Poisson with a rate AJ7F = /\Z’PTF/(l —an) = ((1-
p)/n)(A*/(1—ay,)). In addition, there is an additional queue for the OPTF customers. The arrival
process to this queue is Poisson with a rate A\OPTF = \»OPTF /(1 _ ) = p(A\?/(1 — a,)). The
OPTF customers can be served by any server of any of the parallel M/M/C queues. However,

PTF customers have non-preemptive (head-of-line) priority over OPTF customers. The resulting
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model is shown on Figure 2.9. This model will be referred to as the Portfolio Dedicated System.
Note that the Portfolio Dedicated System reduces to the Portfolio Pooled System when n = 1,
and to the Dedicated System when p = 0%.

We now focus on evaluating the stationary performances of the two above models. Exact per-
formance measures of the Portfolio Pooled System (viewed as a non-preemptive priority M /M /C
queue) in terms of the waiting time distribution can be found in Kella and Yechiali [78|. However,
the exact quantitative analysis of the Portfolio Dedicated System is complicated. For that, we
developed a set of models which allow us to approximate its performance measures.

In the following, we present two approximations for the Portfolio Dedicated System. The first
enables us to calculate a pessimistic estimate (upper bound) of the waiting times of the PTF
customers, while the second one enables us to calculate a pessimistic estimate (upper bound) of
the waiting times of the OPTF customers. The reason for choosing pessimistic estimates is such
that the improvements in efficiency that will follow from our analysis can be viewed as a lower
bound on the improvements in efficiency that will actually be required in the exact analysis.
These approximate models are of the same nature as that of the Portfolio Pooled Model. Their
performance measures can then be exactly calculated in the same way. Validations of these

approximations are presented in Appendix A.2.

Pessimistic Model for PTF customers The pessimistic model for PTF customers is ob-
tained from the Portfolio Dedicated model by splitting the flow of OPTF into a set of n inde-
pendent flows. The resulting model consists of a set of n independent and identical M/M/C
systems with C = s, servers and a service rate p,. As in the original model, the arrival process
of PTF customers is a Poisson process with rate AX7F = ((1 — p)/n)(A?/(1 — a,)). The arrival
process of OPTF customers is a Poisson process with rate A\J7F = (p/n)(A?/(1 — ay,)). The
OPTF customers can be served by any of the s, servers from the corresponding team. However,
PTF customers have non-preemptive (head-of-line) priority over OPTF customers. The model
is shown on Figure 2.10.

In this model, there is not a single OPTF queue as opposed to the Portfolio Dedicated System.
The OPTF flow is equally divided and assigned to each one of the separate OPTF queues. Thus,
it may happen that an OPTF customer is delayed to access a server, while a server of another
team is available. This delay may later on delay the access of a PTF customer to a server because
the OPTF customer will now be served and the priority is non-preemptive. Another way to look
at this approximate model is to see it as an unpooling of the OPTF flow, which indirectly causes
additional delays to the PTF customers. Thus this model provides a pessimistic estimate of the

waiting times of the PTF customers.
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Pessimistic Model for OPTF customers The pessimistic model for OPTF customers is
obtained from the Portfolio Dedicated System by merging the flow of PTF into a single flow and
simultaneously merging all the servers into a single pool of ns, servers. This model is similar to
the Portfolio Pooled System. The arrival process to the single PTF queue is Poisson with rate
APTE — (1 —p)(A\*/(1 —ay,)). The arrival process to the single OPTF queue is a Poisson process
with rate APTF = p(A\?/(1 — ay,)). PTF customers have non-preemptive priorities over OPTF
customers. The model is shown on Figure 2.11.

Because of the pooling effect of the PTF customers, the average waiting time of OPTF cus-
tomers will be higher. In the Portfolio Dedicated System, it may happen that an OPTF customer
gets access to a server while a PTF customer is waiting in a queue (not served by this server),
which reduces the waiting time of the OPTF customer. In the pessimistic model, this will never
occur due to the pooling of all PTF queues and all servers. Thus this model provides a pes-

simistic estimate of the waiting time of OPTF customers.

In the following subsections, we evaluate the impact of migrating from a Portfolio Pooled
System towards a Portfolio Dedicated System. We concentrate on the evaluation of efficiency
improvement (both qualitative and quantitative) required to counterbalance the reduction of the
pooling effect of the team-based organization. We define a global quality of service QoS9'°0
for all types of customers as QoS9° = (1 — p) QoSTTF + p QoSOTTF. In what follows, we
only focus on the QoS measured in terms of the average waiting time. Similar results could be

obtained for the 80/20 rule.

2.5.2 Evaluation of Service Rate Percentage Increase

We start from a Portfolio Pooled System with a given quality of service W99 and our purpose
is to evaluate the required service rate p, in a Portfolio Dedicated System with n identical
teams in order to ensure the same global average waiting time Wﬁl‘)bal = W9lebal - The total
staffing level, the total arrival rate of first-attempt calls, and the call back proportion are all held

constant.

In the Portfolio Pooled System, the arrival rate of first-attempt calls is A* = 177.36 calls per
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min, the call back proportion is & = 10%, the service rate is 1 = 0.2 calls per min, and the number
of servers is s = 1000. The server utilization is then p = 98.53%. We choose the same parameters
as in the Pooled System that we studied in Section 2.4. In addition, we vary the proportion of
OPTF customers, p = 0%, p = 5%, p = 10%, or p = 20%. As expected, W9 does not depend
on p. In fact, the Portfolio Pooled System is a workconserving system. It is not the case that one
server is idle while a customer (PTF or OPTF) is waiting for service. If we vary p, the order of
service of a given customer may change, but the overall average waiting time remains unchanged.
We give the mathematical explanation in Appendix A.3. More discussions about this result for
more general models will be addressed in Chapters 3 and 6. Here, W9 —= (.18 min for all
values of p. For each value of p, we now consider the corresponding Portfolio Dedicated System.
We vary n from 1 to 50. For each n, we evaluate the required service rate u, (using pessimistic
models), so that, the global average waiting time is W' = Ww9lebal — .18 min. We present

the results in Table 2.6.

p=0% p=>5% p=10% p = 20%
n | pn Pn fin Pn [in Pn [in Pn

0.2 | 9853% | 0.2 | 98.53% | 0.2 | 98.33% | 0.2 | 98.53%
0.202 | 97.49% | 0.201 | 98.23% | 0.2 | 98.36% | 0.2 | 98.39%
0.206 | 95.80% | 0.202 | 97.38% | 0.201 | 97.95% | 0.201 | 98.23%
0.207 | 95.07% | 0.203 | 96.84% | 0.202 | 97.67% | 0.201 | 98.13%

8 | 0.212 | 93.13% | 0.207 | 95.08% | 0.204 | 96.54% | 0.202 | 97.74%
10 | 0.214 | 91.99% | 0.21 | 93.92% | 0.206 | 95.60% | 0.202 | 97.39%
20 | 0.226 | 87.30% | 0.221 | 89.06% | 0.217 | 90.80% | 0.209 | 94.16%
25 | 0.231 | 85.35% | 0.226 | 87.05% | 0.222 | 88.74% | 0.214 | 92.13%
40 | 0.245 | 80.40% | 0.24 | 81.96% | 0.236 | 83.54% | 0.227 | 86.81%
50 | 0.254 | 77.60% | 0.249 | 79.09% | 0.244 | 80.62% | 0.235 | 83.81%

OU = DN —

Table 2.6: Required service rate increase in a Portfolio Dedicated System in order to achieve
global .
Wi = 0.18 min

Moreover, we calculate by simulation the exact values of gy for p = 5%, 10% and 20%,
in order to get some indications of their deviations regarding the values given by the proposed
models. Recall that for p = 0%, the Portfolio Dedicated System behaves like separate Erlang-C
models. So, the corresponding 9o is obtained by an exact numerical result. For p = 5%, the
required service rate given by simulation is pog = 0.217 instead of 0.221 given by our approxima-
tion models, for p = 10% it is 0.210 instead of 0.217, and for p = 20% it is 0.202 instead of 0.209.
This shows us that the costs of partitioning given by our models are not too far from those given
by simulation, at least for the reasonable parameters of the Portfolio Dedicated System we have
chosen. In Figure 2.12, we plot for each value of p, the curve of the percentage of required service

rate increase, calculated as 100 x (py, — p)/u, in the Portfolio Dedicated System according to
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Figure 2.12: Percentages of required service rate increase according to number of pools n in a
Portfolio Dedicated System in order to achieve W'’ = 0.18 min

the number of pools n, in order to reach a global quality of service of W#loml = 0.18 min. We
notice that for a given p, we have the same qualitative results as in Section 2.4.2. The required
increase of the service rate is not very important and it is feasible to reach in practice. This is
due to the competition element of the team-based organization.

The new interesting insight here is that the necessary increase of the service rate to com-
pensate the loss of pooling effect decreases when the proportion of OPTF customers increases.
Particulary, migrating towards a Portfolio Dedicated System (with any p > 0%) is always less
costly than migrating towards a Dedicated System (p = 0%). For example, consider a Portfolio
Dedicated System with n = 10. If the OPTF proportion is p = 5%, we need to increase the
service rate by 4.91%. However, with a proportion p = 20% we only need to increase the service
rate by 1.17%. We explain this advantage by the fact that the OPTF flow is used to reduce
idle periods of servers while customers are waiting in the Portfolio Dedicated System. Idle times
would not exist in the case of p = 100% (Pooled System.) This will be explained with more

details in Section 2.5.4.

2.5.3 Evaluation of Percentage of Call Back proportion Decrease

Let us again start from the Portfolio Pooled System of Section 2.5.2. We aim to evaluate the
call back proportion a,, for a Portfolio Dedicated System with n identical teams, in order to get
wglobal — pyglobal — (18 min as in the Portfolio Pooled System. We again vary p (p = 0%,
p = 5%, p=10%, or p = 20%.) For each p, we vary n from 1 to 10. We choose to vary n only
from 1 to 10, so that, a,, stays positive. We present the results in Table 2.7.

In Figure 2.13, we plot for each value of p, the curve of the required percentage of call back
proportion decrease, calculated as 100 X (o — a, )/, in the Portfolio Dedicated System according

to n, in order to reach a global quality of service of W'’ = 0.18 min. Again, we get the same
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p=0% p=5% p = 10% p = 20%

n On, Pn Qp Pn Qp Pn Olp Pn

1| 10.00% | 98.53% | 10.00% | 98.53% | 10.00% | 98.53% | 10.00% | 98.53%
21 9.02% | 97.47% | 9.72% | 98.23% | 9.86% | 98.37% | 9.93% | 98.46%
4 | 7.38% | 95.74% | 8.91% | 97.35% | 9.46% | 97.94% | 9.77% | 98.28%
5| 6.64% | 94.98% | 839% | 96.80% | 9.20% | 97.66% | 9.67% | 98.17%
& | 4.61% | 92.96% | 6.61% | 94.95% | 8.09% | 96.48% | 9.29% | 97.76%
10 | 3.36% | 91.76% | 5.39% | 93.73% | 7.12% | 95.47% | 8.94% | 97.39%

Table 2.7: Required call back proportion decrease in a Portfolio Dedicated System in order to
achieve W,?ZObal = 0.18 min

qualitative results as in Section 2.4.3. In addition, we notice that the cost in terms of the required
decrease of call back proportion is decreasing according to p. It is due again to the OPTF flow.
When p increases, the variability in the Portfolio Dedicated System decreases. For instance,
consider a Portfolio Dedicated System with n = 10. If the OPTF proportion is p = 5%, we need
to decrease the call back proportion by 46.07%. However, with a proportion of p = 20% we need

to decrease the call back proportion by only 10.57%.

FO% q Percentage of Call Back Propertion Decrease
60%
B0 4
A40% 4
—p=0%
20% 4 —+—p=5%

—a—p=10%
20% | p=20%

10% o

0%

Figure 2.13: Percentages of call back proportion decrease according to number of pools n in a
Portfolio Dedicated System in order to achieve Wﬁl"bal = 0.18 min

2.5.4 Synthesis

In the previous sections, we showed that the reduction of pooling effect when migrating from a
Pooled System to a Dedicated System could be outweighed by team management benefits. The
discussion and insights presented in Section 2.4.4 are still valid in the more general setting of
a call center with an out-portfolio flow. However, there is a new important insight. It clearly
appears that having an out-portfolio flow may reduce the drawback of migrating from the Pooled
System to the Dedicated System. This is due to the fact that as opposed to the PTF flows, the

OPTF flow is not decomposed into several independent flows, each one being associated with a
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specific team. Thus the OPTF flow maintains the benefits of the pooling effect. The out-portfolio
flow can then be seen as an “idle time killer" in a Portfolio Dedicated System: an out-portfolio
call is distributed only when an agent is idle and no customer of his portfolio is waiting. As out-
portfolio calls have less priority, this allows reducing idle time without significantly penalizing
the QoS of portfolio calls.

The Portfolio Dedicated System can thus be considered as a particular case of partial pooling.
We call this configuration “partial calls pooling" because a proportion p of incoming calls (pooled
calls or out-portfolio calls in the Bouygues Telecom case) can be served by any agent while the
remaining calls (1 — p) are dedicated to specific agents. It clearly appears from the graphs pre-
sented in Sections 2.5.2 and 2.5.3 that this improvement in efficiency required to counterbalance
the reduction of pooling effect decreases as p increases. Now, one additional very attractive fea-
ture is that this decrease is not linear in p. Let us, for instance, consider the case of quantitative
efficiency improvement (service rate increase) discussed in Section 2.5.2 (a similar analysis could
be done for the qualitative efficiency improvement discussed in Section 2.5.3.)

In order to illustrate this behavior, let us again consider the same basic example of the
Portfolio Pooled System (1000 servers, \* = 177.36 calls per minute, p = 0.2 calls per min,
and 10% of call back proportion.) In Figure 2.14, we plot the required percentage of service rate
increase in the Portfolio Dedicated System to reach the same performance as the Portfolio Pooled
System, as a function of the proportion of out-portfolio flow p (p ranges from 0% to 100%.) There
are three graphs corresponding to three Portfolio Dedicated System configurations: n = 10, 20,
and 40. The graphs confirm the non-linear shape of the curve. This means that with a fairly
small percentage of out-portfolio flow, the required efficiency improvement is much smaller than
that of the system without out-portfolio flow (corresponding to the case where p = 0%.) In other
words, a rather small out-portfolio flow significantly reduces the drawback of the unpooling effect
of the PTF customers. Recall also that since we are using pessimistic approximations, the actual
curves would be stiffer.

For this case, we also performed an extensive numerical study to validate that the conclusions
discussed above remain valid for a large set of parameters, thereby confirming the robustness of

our analysis.

2.6 Conclusions and Perspectives

We focused on a fundamental problem in the design and management of stochastic service sys-
tems. We investigated the impact of team-based organizations in call centers management.

Agents of call centers are the interface between the company and the customers. Thus, man-
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Figure 2.14: Percentages of required service rate increase according to OPTF proportion p in a
Portfolio Dedicated System in order to achieve W'’ = 0.18 min

agers have to support and motivate their employees, so that, the assistance they provide to the
customers is efficient. Partitioning agents into groups creates competition and makes agents
more responsible, which motivates them to provide both rapid and improved responses.

In this chapter, we argued how team management benefits, that come from the portfolio/team
one-to-one link, may outweigh the economy of scale associated with the pooled organization.
First, we study partitioning of a large call center into identical and separated call centers, where
agents of a same team are dedicated to one portfolio of customers. Queueing models involved
in this part of the study are simple. They give us important insights and help us understand
the behavior of more complicated systems. We show that the costs of migrating towards a
Dedicated System are not as important as it may appear. In practice, combining the benefits of
the team-based organization in terms of both improved service rate efficiency and reduced call
back proportion can easily outweigh the loss of the economy of scale. We also present further
insights, such as robustness of the Dedicated System regarding errors in the estimation of the
arrival rate.

In the second part of the chapter, we extend our analysis to the more general situation
with an additional out-portfolio flow. We develop a set of models that give us lower bounds of
performance measures. We verify the same qualitative results as in the first part. In addition, we
present an interesting insight, that is, a small proportion of out-portfolio calls may be sufficient
to approximately attain the same performances as in the Pooled System. This property fits into
a general idea in queueing theory. It is like saying that with a small amount of flexibility, an
SBR call center may yield most of the benefits of full-flexibility (Chevalier et al. [34].)

The application of customer portfolio management had very significant effects in the Bouygues
Telecom call center. The quality of answers has been improved reducing callbacks by 25%. The

proportion of disconnected calls (because of a full queue) was divided by 2 (in our work we
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assumed an infinite queue for simplicity.) In addition, no supplementary agents were hired in
spite of the increase of the total number of customers by 15%. This provides an experimental
confirmation of the results and insights presented in this chapter.

In a future study, it would be interesting to extend our models by considering abandonments
and limited waiting lines and more general service time distributions. We will also try to im-
prove the approximation models discussed here to get more accurate analyzes. Finally, a more
ambitious extension would be to investigate the introduction of team-based organization in an

SBR call center where agents have specific skills.



Chapter 3

Real-Time Scheduling Policies for
Multiclass Call Centers

In this chapter, we address an issue related to the real-time management of call cen-
ters. We consider a call center model with two classes of impatient customers, VIP
and less important ones. We focus on developing scheduling policies that assign cus-
tomers upon arrival to parallel queues, high and low priority queues. The policies are
developed subject to satisfying constraints on performances related to the ratio of
the probabilities of being lost, as well as the variance of waiting times in queue. We
propose and compare several real-time scheduling policies in order to reach our ob-

jective. The policies are characterized to be simple and easy to implement in practice.

An extended version of this chapter is the working paper Jouini, Pot, Dallery and

Koole [70].

39
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3.1 Introduction

This chapter deals with a real-time problem of call centers, namely customer routing and server
scheduling. The issue of this chapter is conceptually different of that analyzed in Chapter 2 in
the sense that we are not focusing on a design problem. Given a system structure and staffing
level, our purpose is to develop routing schemes for arriving calls subject to satisfying some given
quality of service constraints.

As in Chapter 2, our concern here is a full-flexible call center. We assume that all agents are
flexible enough (polyvalent) to answer all requirements of service. However, we divide customers
into two different classes according to their importance, VIP and ordinary customers. The re-
sulting model for our call center here has a V-design according to the canonical designs presented
in Garnett and Mandelbaum [43]. In addition, we let customers to be impatient. Incorporating
reneging in theoretical models is of value. In reality, it is natural that a waiting customer will
wait for only a limited time, and will hang up within that time. Ignoring reneging leads to over-
staffing and pessimistic estimation of queueing delays. Garnett et al. [44] show using numerical
examples that models with and without abandonment tend to give very different performance
measures even if the abandonment rate is small. Models including reneging are therefore more
close to reality, and necessary to obtain more accurate managerial insights.

In this chapter, we discuss various real-time (online) scheduling policies subject to satisfying
differentiated service levels related to the probabilities of being lost. The target consists on a
balance between the achieved service levels of customer classes. This objective is motivated by
a situation that often occurs in practice due to the uncertain environment of call centers. It
happens when the workload prediction step is incorrectly done. Several studies as in Jongbloed
and Koole [63] and Avramidis et al. [18] have shown that the arrival process and the workload are
hard to predict in call centers. We show in this chapter that using online scheduling policies is
an effective way to compensate workforce for mismatches between different customer classes, and
meet targets on service levels. The main advantage of our control policies is that they require
no information about the arrival processes in advance. If fluctuations in workload occur, the
policies are adapted such that targets on the service levels are met.

In general, the provision of differentiated service levels relies on the use of priority queues.
Schrage and Miller [117] have shown that scheduling policies similar to multiclass priority queues
allow to achieve high performances, often nearly as good as those under optimal policies. Note,
in addition, that the priority schemes are easy to implement, which explain their prevalence in
practice. However, it is well known that fixed strict priority policies result either in satisfying

target performances for lower priority customers and an over service level for higher priority
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ones, or in satisfying the target for high priority customers while having heavily penalized lower

priority customers.

Our purpose here is to develop simple and useful dynamic routing policies that are based
on priority schemes. On the one hand, optimal routing policies are very complex to obtain
because of the mathematical difficulties. On the other hand, they are usually not interesting
to implement in practice due to their several requirements about real-time system information,
see Koole and Pot [88]. Hence, it might be more beneficial to use simple scheduling policies
instead of attempting to use optimal ones. We derive various schemes for dynamic assignment of
customers to queues in order to meet our target. The policies we propose are characterized to be
workconserving (non-idling.) A policy is defined to be workconserving if there can be no idling
servers when there are waiting customers, which is natural for large service systems such as call
centers. Through the analysis below, we also focus our interest on the achieved variance of the
waiting time in order to differentiate the proposed policies. We do not focus on the achieved first
moment of the waiting time. In fact, our proposed policies allow to achieve not very different
values of mean waiting times. We thereafter prefer a system with low waiting time variance than
a system that is faster on average but highly variable. A further advantage of minimizing the
variance of the waiting time is related to the announcement of anticipated delays to customers.
Computing the full distribution of the state-dependent waiting time is a very complex task. So,
we aim to minimize its variance such that announcing the state-dependent mean waiting time
will not be a bad prediction. Further details on call centers with delays announcement will be

addressed in Chapter 4.

The interesting side of the policies we suggest comes from their simplicity, they do not require
information about the workload process. The analysis yields to quantitative insights, as well as
useful principles and guidelines for the control problem. Note that non-workconserving policies,
such as thresholds or reservations of agents for important customers, are not considered in this
chapter. In our opinion, the restriction does not decrease the usefulness of the analysis because
we conjecture that the larger the call centers, the more effective are workconserving policies, see
Pot [112]. A further reason is that we want to prevent our analysis from being too complicated

and therefore not interesting for practitioners.

Here is how the rest of the chapter is structured. In Section 3.2, we review two kinds of
literature close to our work. The first one deals with queueing models incorporating reneging,
and the second deals with results about optimal scheduling policies. In Section 3.3, we give a
comprehensive presentation of the problem we study in this chapter: Section 3.3.1 is devoted to

formulate the queueing model of the call center, Section 3.3.2 gives some preliminary results, and
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Section 3.3.3 concretely expresses our objective. In Section 3.4, we develop dynamic scheduling
policies that allow to meet our objective. In Section 3.5, we present and discuss simulation
results of the proposed policies. In Section 3.6, we investigate some extensions. In Section 3.6.1,
we focus on extending our analysis to the case of three customer classes. The main analysis in
this chapter focuses on a period of the day, where the system parameters are assumed to be
stationary. From a practical side, it would be interesting to extend the analysis to the whole
day. In Section 3.6.2, we investigate the conservation of the proportionality between the service
levels for a call center working day. In Section 3.7, we give some concluding remarks and future

research directions.

3.2 Literature Review

The literature related to this chapter spans into two main areas. The first deals with queueing
systems with impatient customers. The second area deals with the control of queueing systems,
specifically, the problem of customer routing and server scheduling.

In the following, we highlight some of the literature with regard to the first area. Queueing
models incorporating impatient customers have received a lot of attention in the literature. Gross
and Harris [47] define the impatience through three different forms. The first is balking, that
is, the reluctance of a customer to join a queue upon arrival. The second is reneging, which
means the reluctance to remain in queue after joining and waiting. Finally, the third is jockeying
between separate queues. Jockeying means that one customer has the possibility to change
to one queue while he was waiting in another. In this thesis, we consider the second form of
impatience. The other forms are not allowed. To underline the importance of the abandonment
modeling in the call center field, the authors in Gans et al. [40] and in Mandelbaum and Zeltyn
[98] gave some numerical examples that point out the effect of abandonment on performances.
The literature on queueing models with reneging focus especially on performance evaluation.
We refer the reader to Ancker and Gafarian [10], Garnett et al. [44], and references therein for
simple models assuming exponential reneging times. In Garnett et al. [44], the authors study
the subject of Markovian abandonments. They suggest an asymptotic analysis of their model
under the heavy-traffic regime. Their main result is to characterize the relation between the
number of agents, the offered load and system performances such as the probability of delay and
the probability to abandon. This can be seen as an extension of the results of Halfin and Whitt
[52| by adding abandonments. Zohar et al. |[146] investigate in their work the relation between
customers reneging and the experience of waiting in queue. Other papers have allowed reneging

to follow a general distribution. Related studies include those by Baccelli and Hebuterne [19],
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Brandt and Brandt 31|, Ward and Glynn [130], Pla et al. [111]| and Zeltyn and Mandelbaum
[145]. Moreover, one should mention results about monotonicity and convexity properties. These
results are especially relevant for practical guidelines, as well as for obtaining useful structures

of control policies. Some related literature to this subject is given in Section 6.1 of Chapter 6.

Let us now focus on the second area of literature closed to our work, that is, the control
of queueing systems. Scheduling policies has been studied in great depth within the context
of queueing systems. A scheduling policy, or a discipline of service, prescribes the order in
which customers are served. It is tied to identifiable characteristics of customers. Arrival time
is certainly one of these characteristics, it is the basis for the most familiar disciplines as the
first come, first served (FCFS) discipline and the last come, first served (LCFS) discipline.
Several other characteristics are the bases for queue disciplines. Customers may be processed
according to service times, which may lead to the well known Shortest Remaining Processing
Time discipline (SRPT.) The queue discipline may also be based on the customer type, for
example, VIP customers are scheduled first. Or the queue discipline may be an hybrid strategy
that accounts for more than one characteristic. The focus in control problems is on determining
the form of the optimal policy so as to optimize system performance. Randolph [113] classifies
scheduling policies into those using dynamic schedule rules and those using static schedule rules.
A dynamic schedule is a discipline that is continuously updated as customers arrive and are
processed. However, a static schedule is state of system independent, it is beforehand defined
and never altered. Each one of the above classes of policies can be further classified into two
major types: agent scheduling and customer routing. As defined in Garnett and Mandelbaum
[43], agent scheduling is described by a control decision taken whenever an agent turns idle and
there are queued customers: which customer, if any, should be routed to this agent. However,
a scheduling policy based on a customer routing rule, is defined by a control decision taken
whenever a customer arrives: which idle agent, if any, should serve this customer, if not, to

which queue should the customer of interest be routed.

In this chapter, under some given performance constraints, we develop dynamic scheduling
policies based on the second type of control decision, i.e., the assignment rule of new arrivals to
queues. Our basic call center model has a V-design, with two infinite queues. A high priority
queue and a lower priority one. We focus on policies that assign a priority level to customers upon
arrival. We should note that there are two further possible refinements in priority situations,
namely preemption and non-preemption. In preemptive cases, a customer with high priority is
allowed to enter service immediately even if another one with lower priority is already present in

service at its arrival epoch. However, a priority discipline is said to be non-preemptive if there is
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no interruption. A customer with higher priority just goes to the head of the queue and wait his
turn. The scheduling policies analyzed in this work are characterized to follow a non-preemptive
priority schemes. In addition, we focus on policies that are workconserving, that is, we do not
allow agents to be idle while there are waiting customers.

In the following, we present some known results about optimal scheduling policies. Note that
due to the complexity of such studies, most of the existing research considers simple queueing
models. Moreover, the literature illustrates that optimal results are difficult to obtain. The
structure of optimal policies are model dependent and often difficult to generalize to more com-
plicated cases. Schrage and Miller [117] proves that the SRPT policy, which schedules in a
preemptive manner the customer with the smallest remaining processing time at every point in
time, is optimal with respect to minimizing mean sojourn times in an M/G/1 system. Pekoz
[108] addresses the analysis of a multiserver non-preemptive priority queue with exponentially
distributed interarrival and service times. He finds and evaluates the performance of an asymp-
totically optimal policy that minimizes the expected queueing delay for high priority customers.
Gueérin [48| presents a model without waiting queues. It contains a multi-server station, which
receives low and high priority arrivals. He develops an admission policy for the low priority cus-
tomers such that the fraction of blocked high priority customers is bounded and he analyzes the
system under that policy. Ormeci [105] considers a Markovian call center model with two classes
of customers, one pool of generalists, two pools of specialists, and no waiting rooms. Then,
the author derives the structure of dynamic admission policies that maximizes, in the long-run,
the total expected discounted revenue. Aguir et al. [7] present an optimization problem for an
M/M/1 queue with two classes of customers. They prove and characterize a class of optimal
static scheduling policies subject to satisfying differentiated performances for customer classes.
The proposed policies are based on strict priority rules, and the performances are measured in
terms of the mean waiting time and the 80/20 rule. The authors investigate extensions to the
multiserver queue, and analyze a dual class of static policies based on agent scheduling. We also
refer the readers to Xu et al. [142], Huang 58], Bhulai and Koole [27], and Gans and Zhou [42]
for more results. Other papers, related to scheduling problem for multiserver systems under the
asymptotic heavy-traffic regime, include those by Gans and van Ryzin [41], Bassamboo et al.

[23], Atar et al. [16], Armony [11] and references therein.

3.3 Framework

In this section, we first describe the basic model of our call center. Second, we present notations

related to the performances we consider in this chapter, and develop some preliminary results.
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Finally based on the preliminary study, we concretely specify our motivation and objective with

regard to the scheduling policies we aim to develop.

3.3.1 Model Formulation

We model our call center as a queueing model with two classes of customers; important customers
type A, and less important ones type B. The model consists of two infinite queues type 1 and
2, and a set of s identical servers representing the set of agents. All agents are able to answer
all types of customers. The call center is operated in such a way that at any time, any call can
be addressed by any agent. So upon arrival, a call is addressed by one of the available agents, if
any. If not, the call must join one of the queues. Customers are assigned to queues according to
the selected scheduling policy, as we shall detail later. Customers in queue 1 have priority over
customers in queue 2 in the sense that agents are providing assistance to customers belonging
to queue 1 first. The priority rule is non-preemptive (see the motivation in Section 2.5.1 of
Chapter 2), which simply means that an agent currently serving a customer pulled from queue
2, while a new arrival customer joins queue 1, will complete this service before turning to queue
1 customer. Within each queue, customers are served in order of their arrivals, i.e., under the
FCFS discipline. Interarrival times and service times are assumed to be i.i.d., and follow general
distributions. In certain cases, we shall in particular consider the exponential distribution for
successive service times. Then, a customer is served with rate u, independent of the customer
type.

In addition, we assume that the customers are impatient. After entering the queue, a customer
will wait a random length of time for service to begin. If service has not begun by this time
he will renege (leaves the queue.) Times before reneging, for type A and B customers, are
assumed to be i.i.d. and exponentially distributed with rate v. Assuming identical distribution
of patience within each class, independently from their position in queue, seems to be a plausible
assumption for call centers, see Gans et al. [40]. Indeed, the tele-queueing experience in call
centers is fundamentally different from that of a physical queue, in the sense that customers do
not see others waiting and need not be aware of their “progress" (position in the queue) if the
call center does not provide information about queueing delays. The system is workconserving,
i.e., a server is never forced to be idle with customers waiting. Finally, retrials are ignored, and
reneging is not allowed once one customer starts his service. We do not allow also jockeying
between separate queues. Following similar arguments, the behavior of this call center can
be viewed as a variety of a GI/GI/s + M queueing system. The symbol M after the + is to

indicate the Markovian assumption for times before reneging. Note that owing to abandonments,
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Figure 3.1: The basic model

the system is unconditionally ergodic. The resulting model is shown on Figure 3.1.

In this chapter, the main results concerns the case when service times, as well as times before
reneging, are identically distributed for both customer types. There are two reasons for that.
The first reason is related to the nature of the call center we consider here, and which is the case
in many other call centers applications. In fact, the difference making a type A customer more
important for the company than a type B customer is that the first pays more money than the
second one. In concrete terms, if our call center owns every month from one customer an amount
of money crossing a given threshold, then that customer is of type A, else he is of type B. We
consider that the queries asked by customers, as well as the patience experiences do not differ
from one type of customers to another. Therefore, it would be credible to assume a common
distribution. The second reason is due to the complexity of the analysis when assuming different
service and reneging time distributions. Our objective here is to investigate simple models that
allow us to better understand the system behavior and to gain general useful guidelines and
insights.

Finally, note that assuming exponential distribution for service times and times before reneg-
ing is not that bad approximation. It is true that in real call centers cases, impatience times
need not be exponential, and they can vary significantly with the type of service, the information
provided during waiting, etc. We refer the reader to Zohar et al. [146] and Mandelbaum et al.
[96] who show how such assumptions may be violated. However, our model is still of interest in
practice as mentioned by Whitt [139], and Pierson and Whitt [109]. The authors have shown,
using various simulation experiments, that the M /M /s + M (Erlang-A) model provides a good
approximation of the M/GI/s + GI model.

3.3.2 Preliminaries

In this section, we first present notations and definitions about the performances we are interested
on. The performances are defined in terms of the fraction of customers who abandon, the mean

and the variance of the waiting time in queue. Second, we develop some structural results related
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to these performances.

We denote by m the type of one customer, m € {A, B}. We assume that at time ¢ = 0, the
system starts empty. Under some given scheduling policy 7, let n"(t) be the number of type m
arrivals during the interval of time [0,%], ¢ > 0. Let a2'(¢) be the number of type m customers
who abandon the queue, and b7 (¢) the number of those who get service. We define a first service
level in terms of the fraction of customers who abandon within each type, as well as for all types
of customers. The fraction of type m customers who abandon, say Q7' (t), during [0, ¢] is defined

by

am(t)
m(t) ==L 1
Qpi) = tms (31)
As for the overall service level, it is defined by
az (t) + af (1)
() == LS . 2
@n(t) nA(t) + nB(t) (3:2)

During the stationary regime, the service level for type m customers, say Q7', and the overall

service level for all types, say Qr, are given by
QT = tlim QT (t), and Qr = tlim Qr(t). (3.3)

Recall that due to abandonments, the system is ergodic so that the latter limits exist. Let us
now define the ratio, ¢, of the stationary service level of customers A over that of customers B.

It is given by
Qr
QF

Similarly, we define the mean waiting time in queue for class m and the overall mean waiting

Cpr —

(3.4)

time in queue for all customer types. Note that we only define these quantities for the customers
who enter service. Under a given scheduling policy 7, let wy’.(,t) be the waiting time in queue
of the i*" type m customer who enters service, 0 < i < b?(t). As in the usual way, the mean
waiting time in queue W7, (t) for type m customers during [0, ] is defined by

1

Wi(t) = g O wila(ic1). (3.5)

SN—
_
3

Also, we define the overall mean waiting time in queue, during the interval [0, ] by

. 0! bE (1)

fﬁ@f’Z%Mt+Z%Mﬁ- (3.6)

=1

anr(t) =
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During the stationary regime, the mean waiting time in queue for type m customers, say W7

and the overall mean waiting time in queue for all customers, say W », are given by
Wi = tlirgo W5 (t), and Wy = tlirglo W (t). (3.7)

Now, we are going to underline one important property of performance measures. It is the
variance of the waiting time. Minimizing the number of customers lost, or minimizing the mean
waiting time in queue are only some important properties among many others. It often has been
argued that a system with reasonable and predictable waiting time may be more desirable than
a system with lower mean waiting but highly variable. We refer the reader to Lu and Squillante

[93] for more details.

As above, we define the variance of the waiting time for type m customers and an overall
variance for all types, in both transient and stationary regimes. The variance Var(t) for type

m customers during [0, ¢] is defined by

e m N m 2
SO (wm (i, 1) — W(1))

Varl'(t) = b D)

(3.8)
We define the overall variance of the waiting time in queue for the customers who enter service

during the interval of time [0, ¢] by

m m (e 2
Y meqasy v (Wi (i, t) — Woa(t))

Vars(t) = > mefa,By U (1)

(3.9)

m

. and the overall

During the stationary regime, the variance for type m customers, say Var
variance for all types, say Var,, are given by

Varl* = lim Var'(t), and Var, = tlim Varg(t). (3.10)

t—o00

Finally, we define the standard deviation, in transient and stationary regimes, for each type and
for all types by taking the square root of the variances defined above. We denote these quantities

by o™ (t), o(t), o™ and o, respectively.

In what follows, we present some results about the relation between the performance measures
of interest and the discipline of service. Let us recall a known result for queueing system with
infinitely patient customers, that is, a customer never leaves the queue before beginning service.
It is well known that the expected time in system and expected time in queue are independent of

the queue discipline. We only need to assume that the remaining total service or work required



Framework 49

at any point during an arbitrary busy period is order-of-service independent. In other words, no
service needs are created or destroyed within the system: no renege in the midst of service, no
preemption when service times are not exponentially distributed, no forced idleness of servers,
and so on. The proof can be easily done by comparing the diagrams of the cumulative work for
two different queue disciplines during the busy period, elsewhere both systems behaves identically
owing to the workconserving property.

We should note that one may find counterexamples for the above result if service times are not
assigned when service begins, see Whitt [134]. However, it is common that service times are
associated upon customer arrivals. In such cases, one may still assume that service times are
ii.d. and independent of the arrival process to get the result. We refer the reader to Berger and
Whitt [25] for more discussion.

We investigate below some conservation results in a more general queueing system including
reneging. By means of Theorem (3.1) already derived in Pot [112]|, we motivate our consider-
ation for only workconserving policies. Theorem (3.1) concerns a GI/M/s + M system, which
has an i.i.d. and generally distributed interarrivals, exponential service times, s servers, and

exponentially distributed patience times.

Theorem 3.1 (Pot [112]) Consider a GI/M/s + M system with non-preemptive service dis-
cipline. The average abandonment rate is equal or higher under non-workconserving policies in

comparison to workconserving policies.

In what follows, we emphasize a number of theorems concerning workconserving policies. In
Theorems (3.2) and (3.3), we investigate the conservation of the fraction of abandoning customers
and the average waiting time in queue with respect to the scheduling policies, respectively. Some

consequences are next derived in Corollaries (3.1) and (3.2).

Theorem 3.2 Consider a GI/GI/s+ M queue. Times before reneging are assumed to be i.i.d.
and exponentially distributed. Then, the service level Q is constant for any workconserving non-

preemptive scheduling policy.

Proof. We prove the result by coupling arguments. Consider two identical GI/GI/s + M
models, say Model 1 and Model 2. The discipline of service in Model 1 (Model 2) is defined
by the workconserving non-preemptive policy m; (m2.) We assume that policies w1 and 7o are
different. Our approach is based on a single sample path. In both models, we create identical
successive arrival epochs, as well as identical successive service times. Service times are assigned
to servers and not to arrivals. Since times before reneging are exponentially distributed, then the

decision for one customer to abandon the queue is not affected by his elapsed waiting time. This
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enables us to create randomly, for each customer in queue, a new maximum time of patience at
each selection for service (or equivalently successful departure epoch.) Assume that at time ¢t = 0
both systems are empty, and let work begins. We denote by Dy, the epoch of the k' departure,
k=1,2,... 00.

Both models behave identically until a busy period starts and the following situation occurs: a
server becomes idle (service completion) and more than one customer are waiting in queue. Let
D; be the epoch of that service completion (which occur simultaneously in Model 1 and 2.) For
both models, let n be the number of waiting customers in queue just before D;, n > 2. At D;,
the idle server in Model 1 selects one customer from the queue that can be different from the one
selected by the idle server in Model 2. However, the number of customers in queue goes down
by 1 for both models, it becomes n — 1. Note that the number of customers who abandon the

queue is until now identical for both models.

In Model 1, we create for each customer waiting in queue a new maximum patience time. Without
altering distributions, since times before reneging are identically distributed, we create the same
set of n — 1 maximum patience times, and we assign them arbitrary to the customers waiting in
Model 2. After D;, three events are possible: one customer reneges, or a new customer enters the
system, or a server becomes idle. Recall that by construction, these events occur simultaneously
in both models. Assume that the first event occurs, then the number of customers who abandon
the queue goes up by 1 in both models and as a consequence is still identical for them. It is still
identical also if another customer abandons the queue. It is the case as long as the number of
customers in queue is larger or equal to 1. Assume now that one customer enters the system.
Hence, the number of customers in queue goes up by 1 in both models. Note that if another
arrival occurs or that one customer abandons the queue, then, the number of customers in queue
will increase by 1 or decrease by one, respectively. Thus, the number of customers who abandon
the queue vary identically from one model to another. Assume now that one server becomes
idle. If the number of customers in queue is less or equal to 1, it is obvious to see owing to
the workconserving property, that policies 1 and 7o will select the unique available customer, if
any. Otherwise, the busy period ends in both models, hence, both policies will select identically
new arrivals for service until the beginning of the next busy period. However, if the number of
customers in queue is greater or equal to 2, the selected customer for service may be different in
both models. As above, we create for the remaining waiting customers in both models, the same
set of maximum patience times. Recall that until now, the number of customers who abandon

the queue is still identical for both models.

Continuing with the same arguments, we state that during the steady state, the number of
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customers who abandon the queue in Model 1 coincides with the one in Model 2. Since by
construction of the sample path the number of arrivals are also equal for both models, hence, we
conclude that the fraction of abandoning customers is unchanged, Q1 = Qr2. This completes

the proof of the theorem. O

Note that the result in Theorem (3.2) does not hold if service times are order of service
dependent, or if we allow preemption when service times are not exponentially distributed, or
if times before reneging are not identically and exponentially distributed. The proof of the
conservation of @ for any workconserving policy (with or without preemption) can be easily
obtained from Lemma (2) in Jouini and Dallery [66]. In the latter, the authors prove the result
for a GI/M/s/K + M queue with limited waiting space. Further details about that result will
be given in Chapter 6.

In Theorem (3.3), we focus on the conservation of the waiting time in queue with respect to
workconserving non-preemptive scheduling policies. We consider again a GI/GI/s + M queue,
and we focus on three different definitions of the average waiting time. Let W, be the average
waiting time in queue for served customers. Let W;b be the one for abandoning customers, i.e.,
the average spending time in queue before leaving the system without being served. Finally,
we define W;Ot as the overall waiting time in queue for all customers, i.e., served as well as
abandoning customers. In Theorem (3.3), we prove an intuitive result for the conservation of
W;°. In addition, we show a counterintuitive result for W, and W;b. Although the number of
abandonments as shown in Theorem (3.2) does not vary for any workconserving non-preemptive

scheduling policy, W, and W;b do vary.

Theorem 3.3 Consider a GI/GI /s + M queue. Times before reneging are assumed to be i.i.d.
and exponentially distributed. When considering the class of workconserving non-preemptive

scheduling policies, the following holds
1. W;Ot does not depend on the scheduling policy.
2. Wy and W;b depend on the scheduling policy.
3. The upper (lower) bound of Wy is achieved under the FCFS (LCLS) discipline of service.

4. The upper (lower) bound of W;b is achieved under the LCLS (FCFS) discipline of service.

Proof. We prove the first statement by coupling arguments. Using the same notations as in the
proof of Theorem (3.2), we couple Model 1 and 2 using a single sample path. We showed that

the number of waiting customers in queue is identically distributed for both models. Then, the
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tot
q

be the average rate of arrivals. So, we state from the Little’s Law that X W[ = LI°*. Then,

mean number of customers in queue, say L;**, does not depend on the scheduling policy. Let A
we easily deduce that W;Ot is independent of the scheduling policy, which completes the proof of

the first statement.

We use a simple counterexample to prove the second statement. Let us couple Model 1 and 2.
Model 1 is working under the FCFS discipline, and Model 2 is working under a workconserving
non-preemptive policy different of the FCFS discipline, say w. The policy m works identically
as the FCFS discipline except when 2 customers are waiting in queue and a service completion
occurs. At that moment, 7 selects the younger customer (the second one), whereas the FCFS
discipline chooses of course the one in the head of the queue (the older customer.) Using a single
sample path, both models behave identically until the first time when two customers are waiting
in queue and a service completion occurs. Let us stop our clock temporarily. Let D be the epoch
of that event. We denote by A; and A the first and the second waiting customers in the queue
of Model 1, respectively. The same customers are also waiting in the queue of Model 2. Let wy

and wa be the ages in queue of customers Ay and Asg, respectively. Since A; entered in system

FCFS

before As, then wy; > wo. Also, let wy

and wg be the cumulative waiting times in queue

— oy
—-wq.

for served customers in Model 1 and Model 2, respectively. Up to now, we have wf crs
Let our clock resumes ticking. The idle server in Model 1 selects the customer waiting in the
head of the queue, namely A;. However, the same server in Model 2 selects A3. Updating the
cumulative waiting times for the served customers leads to w(f CFS — wy + (w1 — wz), hence,
wf CFS > wg . From the memoryless property of the distribution of times before reneging, we
generate a new time before reneging and affect it twice: to Az (the unique customer waiting in
Model 1) and to A; (the unique customer waiting in Model 2.) Only three non-zero probability
events are possible: either a service completion occurs, or a customer abandons the queue, or a
new customer joins the queue. Note that these events occur simultaneously for both models. If
a service completion occurs first, then the idle server will select the unique available customer
in queue, which allows wf CFS to coincide again with wy . If A2 abandons in Model 1 and A

abandons in Model 2, then wf; crs

is still greater than wy. Both quantities will never coincide
thereafter. Assume now that a new arrival occurs. From the structure of both policies, we see
that future events lead to: either Ay in Model 2 and As in Model 1 enter service, or A1 and A,
abandon before being served, or A; abandons and Ay gets service. The event A; gets service
and As abandons is not possible. Thereafter, if A; abandons, then wgf CFS and wg will never

coincides again. Otherwise, we see that these quantities coincide again (in the best case) further

to a given combination of events. A central statement is that there is no possible combination,
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in any point of the sample path, which may make w,fCFS

strictly lower than wg. Following the
same explanation until the stationary regime and knowing from Theorem (3.2) that the number
of served customers is the same for both models, we finally state that the stationary average
waiting time WqF CFS will be strictly greater than the stationary average waiting time Wg. This

completes the proof of the second statement.

To prove the third statement, we again couple Model 1 and Model 2. The scheduling policy
for Model 1 is the FCFS policy. The one for Model 2 is different of FCFS and is denoted by
7/. Then, at least for some situations, the oldest customer (waiting in the head of the queue of
Model 2) looses the higher priority for service. Taking a single sample path, let us now compare
the cumulative waiting times for served customers in Model 1, say w{ CFS with that in Model

2, say wg/. Initially and as long as both policies (FCFS and 7’) select identically the waiting

FCFS

/ . . .
customers, wgy equals wy . The first time when 7’ selects a customer in a different manner as

that in the FCFS discipline, waFS is no longer equal to wg/. Since the FCFS discipline selects

FCFS

q becomes strictly larger than w” . Each time FCFS and 7’/

the oldest customer, hence, w q

select customers for service differently, w5

CFS hecomes more and more larger wg/. In a distant
future, knowing that the number of served customers is unchanged under both policies, we state
that the largest expected waiting time of served customers, Wy, is achieved under the FCFS
policy. Applying above arguments by considering the LCLS discipline and a workconserving
non-preemptive policy different of LCLS, we state that the LCLS policy is optimal subject to

minimizing the average waiting time of served customers, which finishes the proof of the third

statement.

The fourth statement is a direct consequence of the third one. It suffices to recall that the

ab
q )

overall cumulative waiting time, defined as w!”* = w, + w

q is unchanged under both policies.

Hence, the policy that maximizes W, will minimize anb, and vice versa. This completes the

proof of the fourth statement and the theorem. O

Note also that although the first moment W;"t does not depend on the discipline of service,
the second moment of the overall waiting time and thus the full distribution does depend on the
discipline of service. As shown in Theorem (3.3), the maximum of the average waiting time for
served customers, Wy, is achieved under FCFS discipline. However, we conjecture, based on a
well known property in queueing literature, that the minimum of its variance is also achieved
under the FCF'S policy. In practice, if the value of W, under the FCFS policy is not too far from
that under another policy, thereafter, a call center manager will usually prefer the FCFS policy

owing to its fairness. We refer the reader to Avi-Itzhak and Levy [17] for more details on the
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fairness property in queueing systerns.
We finally comment that the result in Theorem (3.3) is still valid when considering also

preemptive scheduling policies, however, service times have to be exponentially distributed.

Corollary 3.1 Consider a GI/GI/s+ M queue with two classes of customers A and B. Service
times and times before reneging are identically distributed for both types of customers. Then, the
overall service level QQ and the overall expected waiting time W;Ot are constant for any workcon-

serving non-preemptive scheduling policy.

Proof. This is an immediate consequence of Theorem (3.2) and the first statement of Theorem

(3.3). It suffices to divide arrivals into two streams of customers to get the result. O

Denoting by cr, and cx, the respective achieved stationary service level ratios under policies

w4 and wp, the following result holds.

Corollary 3.2 Consider a GI/GI/s+ M queue with two classes of customers A and B. Service
times and times before reneging are identically distributed for both types of customers. Let ma
() be the policy that gives strict non-preemptive priority to customers A (B.) Then, for any
workconserving non-preemptive policy, m, the achieved service level ratio in the stationary regime,
cr, satisfies the following relation

ey < Cx < Crp. (3.11)

Proof. Consider a workconserving non-preemptive scheduling policy, say m, different from m4.
Then, in some situations under 7, we first select a customer B from the queue whereas there
is at least one waiting customer A. A sample path comparison of the system working under 7
with an identical one working under m4 may easily show that the distribution of the number of
customers A waiting in the queue of the first system is greater than that for the second system.
Subsequently, the number of customers A who abandon the queue is strictly greater in the first

system, and equivalently, Q4 > Q4 - From that, one can state that
. A\ _ A
17}161%11{@#} - QTI'A7 (312)

where II denotes the class of workconserving non-preemptive policies. As shown in Theorem
(3.2), the overall fraction of customers who abandon, in the stationary regime, held constant
under any workconserving non-preemptive policy. Thus, Equation (3.12) leads to

max{Qr'} = Q- (3.13)
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From Equations (3.12) and (3.13), we thereafter deduce that ¢, > cr,, which completes the
proof of the first part of the corollary. For the second part, it suffices to follow the same argu-
ments as above to state that max-cn{Q2} = Q4,, and minyen{QZ} = Q2 . Thus, ¢x < crp,

TR’

which finishes the proof of the corollary. O

Note that values of ¢, ranging out of the interval [cq,, cxy] may be achieved through non-
workconserving policies, such as thresholds or reservations policies. These policies are indeed
useful to discriminate between customer classes. Under such policies, the lower bound for Q4
(QB ) is equal to that achieved under the policy that gives strict preemptive priority to type A
(B) customers. Obviously, the upper bound for @4 or QP is 1. It is reached for a given type by

simply refusing service for all customers of that type.

3.3.3 Objective and Motivation

In this section, we motivate our objective with regard to the scheduling policies we aim to find.
Before that, we highlight some known limits of the fixed strict priority policy. Consider the policy
that assigns customers A to the high priority queue 1 and customers B to the low priority queue 2.
It is well known that this policy makes the system highly unbalanced, and the QoS of customers
B tends to be very low. Such behavior is undesirable for a call center manager. Unfortunately
as mentioned before, it is very often in practice due to the highly uncertain environment of call
centers that the workload is either underestimated, or overestimated. In both cases, the staffing
step is incorrectly done, and as a consequence, service levels will be much more affected. Let us
give an explanation. When the workload is underestimated, the QoS of customers B deteriorates
even more. The system becomes less and less stable for that class, since most of the time, the
service capacity will be assigned to handle type A customers. The unfairness is still valid when
the workload is overestimated. Customers A get a service level that approaches the maximum
while there is really no need for that. In such cases, a policy providing a slightly lower service
level for customers A and a higher level for customers B would be of interest.

Having in mind above arguments, we are now ready to formulate our objective. We assume
that scheduling of agents has already taken place, such that the number of available agents is
known in advance. We aim to develop scheduling policies allowing, even in the case of unfavorable
situations, to reach a fixed balance, during the stationary regime, for both service levels indepen-
dently of the available service capacity. We should note that such policies need no information
about the arrival process. The service level we consider here is the fraction of abandoning calls.

We also keep in mind the advantages of having lower variances of waiting times. In addition,
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we focus on studying simple policies that are easy to implement in practice, namely, priority
scheduling policies. From practical reasons, we apply some simplifications to the general model.
We assume that for each class of customers, interarrivals are i.i.d. and exponentially distributed.
We assume also that service times are i.i.d. and exponentially distributed. We will not focus
on the overall achieved fraction of abandoning customers, because anyway, this quantity is un-
changed for any workconserving policy. In concrete terms, we specify our objective as follows.
We aim to develop simple scheduling policies that minimizes the variance of the waiting time
in queue of VIP customers, subject to satisfying a target ratio, ¢*, of customer classes service

levels.

3.4 Real-Time Scheduling Policies

The call center we consider here allows for flexible scheduling through dynamic alternate routing
and sequencing, hereafter referred to as dynamic scheduling. Actually, this is easily possible for
most call centers due to the technology development of their equipments. However, an interesting
and challenging problem is to design scheduling policies that are simple to implement and their
performances are acceptable for a call center manager. In this section, we restrict ourselves to
develop simple online scheduling policies allowing to achieve an objective ratio, ¢*. We consider
several techniques that do take transient service levels into account and, hence, can be classified
as online updating methods and real-time routing. The principle of our policies is that we adjust
them during the evolution of the process. The adjustments depend on the history of the process.

Without loss of generality, we only consider an objective ratio, such that, ¢* < 1. In fact,
as we shall explain in the proof of Theorem (3.4), the case ¢* = 1 reduces to the case of the
FCFS discipline of service. As for the case ¢* > 1, it is on the one hand not relevant for our
analysis because we must keep in mind that type A customers are VIP. On the other hand, even
if we would like to investigate that case, it suffices to apply the analysis for the case ¢* < 1 by
exchanging customers A by customers B and vice versa.

We propose three scheduling policies, say w1, m2 and m3. The policies are belonging to the
class of queue joining policies, which consists in assigning arriving customers to one of the queues,
i.e., customer routing rules. The policies are dynamic, i.e., state-dependent, in the sense that
upon arrival, a policy determines a rule for the queue assignment. Our policies do not anticipate
on future events. They just react to the realization of the ratio that is determined by the his-
tory of the process. In addition, the proposed policies are easy to understand and implement in
practice. Based on simulation experiments, a comparison analysis with regard to the variance of

the waiting time is thereafter addressed in Section 3.5.
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Scheduling Policy m;

The scheduling policy 7 starts work identically as a strict priority policy giving the higher
priority to customers A. After the epoch when the first type B customer finishes his service, we
apply the following assignment rule for any new arrival, which we denote by the k" arrival. Let
Dy, be the epoch of that arrival. Let Qi (QP) be the achieved service level from ¢ = 0 until Dy,
for customers A (B.) Let ¢ be the achieved ratio from ¢ = 0 until Dy, ¢, = Q?/Qf. If ¢ <,
then we give high priority to customers B, that is, if the new arrival is type A, it is routed to
queue 2, otherwise, it is routed to queue 1. However if ¢, > ¢*, we give high priority to type A
customers, that is, if the new arrival is type A, it is routed to queue 1, and if it is type B, it is

routed to queue 2. The scheduling policy 71 is shown on Figure 3.2.
Scheduling Policy w9

The scheduling policy o starts work identically as m; until the first customer B finishes
service. Following the same notations as in the last paragraph, let a new arrival enter system.
Under 79, a customer A is always routed to queue 1. However, the assignment rule of customers
B is as follows. If ¢ < ¢, then a new type B arrival is routed to queue 1, otherwise if ¢ > ¢,

it is routed to queue 2. The scheduling policy 7o is shown on Figure 3.3.
Scheduling Policy 3

The scheduling policy 73 starts work identically as the policy m and 7o until the first customer
B finishes service. Again, following the same notations, let a new arrival enter system. Under
73, a customer B is always routed to queue 2. However, the assignment rule of customers A is
as follows. If ¢ > ¢, then a new type A arrival is routed to queue 1, otherwise if ¢ < ¢*, it is

routed to queue 2. The scheduling policy 73 is shown on Figure 3.4.

The scheduling policy 71 can be immediately obtained intuitively. It allows the achieved ratio
to be updated upon each arrival such that it converges in the long-run to the objective. The
idea behind policy 7 is that we keep always customers A in the high priority queue, however
when it is necessary, we assign customers B to this queue to improve their service level (which
deteriorates the service level of customers A.) Such a rule allows to increase the transient ratio
and to keep it close to the objective. As a consequence, the ratio would converge in a distant
future to the desired value. The policy 73 can be viewed as another variant. It allows some
times to penalize customers A by assigning them to the low priority queue, which again allows
to increase the transient ratio. Our choice for policies mo and w3 comes from the assumption,

¢t < 1.
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Figure 3.3: Scheduling policy 2 Figure 3.4: Scheduling policy 73

Theorem 3.4 Using the above notations, the following holds.
1. w1 reaches c* if and only if cr, < c* < cpp.
2. my reaches c* if and only if cr, <c* < 1.

3. w3 reaches c* if and only iof cr, <c* <1.

Proof. We start by proving the first statement. Let us take our basic model working under the
scheduling policy 7. First, it is easy to see that there are two bounds for achievable ratios,
namely ¢, and cr,. The reason comes from the fact that we are considering workconserving
non-preemptive policies. The lower (upper) bound, ¢, (cry), is achieved when we give strict
priority to customers A (B.) In addition, assigning dynamically customers to the high or the
low priority queue, as under policy 71, will affect the quantities Q;fl and Qfl in the stationary
regime, and equivalently the ratio ¢, = Q;‘r‘l /QB . Consider a given objective c* ranging between
cr, and cr,. During the transient regime, if it happens that the achieved ratio is strictly lower
than ¢*, then giving the priority to customers B (which is possible under 71) allows necessarily to
go beyond c* after a given duration of time. Continuing in doing this, the ratio converges to cr.
Otherwise during the stationary regime, if it happens that the achieved ratio is strictly greater
than ¢*, then giving the priority to customers A (which is possible under ;) allows necessarily

to go below c* after a given duration of time. Continuing in doing this, the ratio converges to
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cr,- As the number of arrivals grows, these manipulations would make the difference between
the achieved ratios and the objective less and less low. This would allow the stationary ratio to

coincide with c*.

Let us now focus on proving the second statement. Let cpops be the achieved ratio under the
FCFS policy. With the same explanation as above, one easily states that any ratio ranging from
cr, and cpors can be reached by the policy m2. On the one hand, The lower bound for Q4 is
achieved when we give strict priority to A customers. In addition at the same time, the upper
bound for Q¥ is reached. Thus, the minimum possible achievable target ratio corresponds to
the policy ¢ ,. On the other hand, the lower bound for Q7 is achieved by assigning all type B
arrivals to queue 1, which also allows to achieve the upper bound for Q4. This corresponds to
the FCFS policy for all arrival types. Hence, the achieved ratio could not be worse than that
under the cpopg policy. One may easily see that cpopg = 1. In fact, our model working under
the FCFS manner, for each customer type and for both customer types, is simply equivalent to

a single class model working under the FCFS manner.

Finally, we note that the proof of the third statement is similar to that of the second state-

ment. This completes the proof of the theorem. O

One may construct several auxiliary policies similar to the above ones. For example instead
of changing the priority rule at each new arrival epoch, we only change it at the arrival epoch of
the customer who finds all servers busy and both queues empty. Then, we keep that rule until
the end of the current busy period. With regard to reaching the stationary target ratio, the latter
class of policies has the same properties as those for the class of policies 71, m3 and m3. One
drawback could be that they are less reactive to correct the transient ratio. A further possibility
is to construct similar policies by changing the priority rule cyclically; at a given arrival and
based on the transient ratio, we determine the priority rule and we keep it for a given fixed
number of the next following arrivals. Once the cycle finishes, we determine the priority rule at
the epoch of the arrival that follows the cycle. Again, we keep that rule for the same given fixed

number of new arrivals, and so on.

In the following few sentences, we briefly describe an interesting dual class of policies, namely
a class of call-selection policies. Whenever a server becomes idle, the policy has to decide which
customer from the queue, if any, should be selected for service. It consists to select waiting calls
by using so-called waiting time factors. When selecting a call, the idle agent considers the longest
waiting customer in each queue. From this set of customers, he chooses the customer of which

the product of the waiting time and the waiting time factor is the highest. The factor of a queue
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is the same for all agents.

The idea behind these policies was introduced by Lu and Squillante [93], and addressed in
details within our context by Pot [112] and Jouini et al. [70]. An advantage of waiting time
factors is its flexibility with regard to several different routing policies that are possible. Setting
both waiting time factors equal will result in a policy that serves customers from both classes in
a FCFS order. Taking one waiting time factor equal to zero will give one of both types the full
priority over the other. Waiting time factors between 0 and 1 may lead to the target ratio while

giving low variability in the waiting time.

3.5 Simulation Results

Even though the workconserving scheduling policies we present here, lead to the target ratio and
does not affect the overall fraction of abandoning calls, it will affect the waiting time variance.
Because certainty is usually preferred to uncertainty, minimizing the variance is a logical basis
for selecting the appropriate policy. A low variance is very useful when we want to estimate
and inform customers about their queueing delays, see Armony et al. [15]. In fact, deriving
the state-dependent estimation is too complicate, even more for our context here. The best we
can do could be computing the mean value of the state-dependent waiting time. Then, a lower
variance will give more credibility to the anticipated mean waiting times, see Jouini et al. [68].
More details about predicting and announcing queueing delays are given in the next chapter. A
further advantage for a system with a low waiting time variance is related to its inherent fairness
with regard to customers delays. Serving customers within comparable delays represents indeed
an important issue for both the manager and the customer.

Both analytic and numeric methods are too complex for a direct analysis of the policies
comparison. Thus, we resort to simulation experiments to prove their efficiency and gain useful
guidelines. We consider six systems, denoted by System 1, ..., System 6. Systems parameters
are chosen so as we get realistic scenarios. The number of servers is s = 50. The common service
rate is p = 0.2, i.e., the mean service time for one customer is 5 min. The common reneging rate
is v = 0.33. From one system to another, we vary the total arrival rate so as we get different
“service utilizations", %. We choose, Aq = Ap = 4.5, 4.75, 4.9, 4.95, 5, and 6, respectively.
The “service utilization" is increasing (starting from 90% in system 1 until 120% in system 6.)
We choose balanced cases for both arrival processes so that we facilitate the comment of the
simulation results. Recall that abandonments make our systems unconditionally stable. The
simulations are done for the target ratios ¢* = 0.5, 0.7 and 0.9. We determined for each system

the interval [cr,, ¢ry], and we checked that the values ¢* = 0.5, 0.7 and 0.9 are ranging in all of
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these intervals. For each system, we give the performance measures under policies 71, m2 and 73,
as well as those under policy w4 (high priority for type A customers.) The simulations results
are presented in Table 3.1 below for ¢* = 0.7, and in Tables B.1 and B.2 of Appendix B for
c¢* = 0.5 and 0.9, respectively. The rows corresponding to the quantity c¢ are to indicate the

achieved stationary ratio under each scheduling policy.

The end of section is devoted to a discussion of the simulation results. As expected, the total
fraction of abandoning calls, @, is independent of the scheduling policy. The negligible deviations
in the values presented in Tables 3.1, B.1 and B.2 are due to the simulation duration. These
quantities will necessarily coincide when running the simulations for a very long duration. We
check from the experiments that the target ratio is always met by policies w1, w9 and 73, which
agrees with Theorem (3.4). For each system, the value of the ratio under policy w4 represents a
lower bound for the achievable ratio under any workconserving non-preemptive scheduling policy.

We can not do better when considering that class of policies.

In what follows, we address a comparison analysis with regard to the standard deviation of
the waiting time in queue. We do not conduct a rigorous analysis in the sense that we do not
prove our statements. Such a work is of great value. We leave it for a future research. However,

we give here some general ideas and intuitive explanations to support the claims we derive.

For type A customers, starting from the lower value, most experiments show that the standard
deviation values are structured in turn for policies w4, w2, m3 and 7. Let us give an intuitive
explanation. The reason is basically related to the well known property in queueing theory which
claims that the FCFS discipline minimizes waiting time variance (time in queue and in system)
when the queue discipline is service time independent. We refer the reader to Randolph [113] for
more discussion. The best we can do for customers A under a workconserving non-preemptive
policy is to not give at any time the higher priority to customers B. Such situation allows
customers A waiting times to be as low as possible. This is the case for policy m4. Next, since
the discipline of service within queue 1 is FCFS, then 74 should lead to the lower variance. With
regard to the order of service of customers A, policy m deviates more than mo and 73 from the
FCFS discipline. This tells us that m; has the higher variance. When comparing policies 7w and
3, one may see that on the contrary of 73, policy ma respects the FCFS order for customers A,

which allows it to ensure a lower variance than that under 3.

For type B customers, starting from the lower value, we conclude from the majority of the
experiments that the standard deviation values are structured in turn for policies 73, w2, m1 and
m4. When comparing policies 71, mo and w3, the explanation is identical to that conducted for

the first comment. As for policy 74, the only explanation we have is related to the waiting



62

Real-Time Scheduling Policies for Multiclass Call Centers

TA 1 ) T3
c 0.302 0.700 0.700 0.700
QA | 1.336% | 2.057% | 2.056% | 2.203%
QF | 4.430% | 2.938% | 2.937% | 3.146%
System 1: Q 2.883% | 2.497% | 2.496% | 2.675%
Aa=Ag =45 | WA | 0.039 0.055 0.057 0.061
WE | 0.114 0.077 0.078 0.085
w 0.076 0.066 0.068 0.073
o4 0.104 0.194 0.164 0.174
oB 0.332 0.255 0.244 0.244
o 0.247 0.227 0.207 0.212
c 0.282 0.700 0.700 0.700
Q4 | 1.840% | 3.446% | 3.445% | 3.449%
QF | 6.518% | 4.922% | 4.922% | 4.927%
System 2: Q 4.180% | 4.184% | 4.184% | 4.188%
Aa=Ap =475 | WA | 0.053 0.092 0.097 0.096
WE | 0.170 0.128 0.131 0.134
w 0.110 0.110 0.114 0.115
o4 0.119 0.260 0.215 0.220
oB 0.407 0.339 0.318 0.308
o 0.303 0.303 0.272 0.268
c 0.267 0.700 0.700 0.700
QA | 2.290% | 4.465% | 4.469% | 4.464%
QP | 8.564% | 6.378% | 6.385% | 6.377%
System 3: Q 5.427% | 5.421% | 5.427% | 5.420%
Aa=Ag=49 | WA | 0.067 0.119 0.126 0.125
WE | 0.225 0.167 0.170 0.174
w 0.143 0.143 0.148 0.150
o4 0.131 0.302 0.246 0.252
oB 0.472 0.392 0.365 0.351
o 0.351 0.350 0.311 0.306
c 0.258 0.700 0.700 0.700
QA | 2.731% | 4.845% | 4.874% | 4.837%
QB | 10.597% | 6.921% | 6.963% | 6.910%
System 4: Q 6.664% | 5.883% | 5.918% | 5.874%
Aa=Ap =495 | W4 | 0.080 0.129 0.138 0.136
WE | 0.280 0.182 0.186 0.190
w 0.176 0.155 0.162 0.163
o4 0.143 0.317 0.257 0.263
oB 0.533 0.411 0.383 0.366
o 0.396 0.367 0.326 0.319
c 0.254 0.700 0.700 0.700
Q4 | 2.611% | 5.216% | 5.225% | 5.222%
QF | 10.076% | 7.452% | 7.464% | 7.460%
System 5: Q 6.343% | 6.334% | 6.344% | 6.341%
A=A =5 WA | 0.076 0.139 0.148 0.147
WE | 0.266 0.196 0.199 0.205
w 0.167 0.167 0.174 0.176
o4 0.139 0.331 0.266 0.274
oB 0.516 0.428 0.397 0.380
o 0.383 0.383 0.338 0.332
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TA S 2 3

c 0.189 0.700 0.700 0.700
Q4 | 5.598% | 14.597% | 14.516% | 14.516%
QF | 29.649% | 20.853% | 20.737% | 20.737%
System 6: Q 17.623% | 17.724% | 17.626% | 17.626%
A=A =6 | WA | 0.167 0.389 0.438 0.432
WE | 0.889 0.574 0.577 0.624
w 0.475 0.478 0.505 0.524
o4 0.187 0.634 0.428 0.463
oB 0.928 0.793 0.679 0.622
o 0.718 0.721 0.567 0.554

Table 3.1: Simulation experiments for ¢* = 0.7

time values. The larger waiting times of type B customers are achieved under 74, because of
their lower priority. However due to uncertainty in arrivals, reneging and service times, there is
a non-zero probability that some customers B enter service without waiting or within a short
delay. This allows their waiting times variance to be as a consequence the higher.

Recall that a further investigation is required. We only gave some directions to compare the
achieved values of variances. For instance, the comparison should lie in the values of A4 and Ap,
also in the objective c*. An objective close to 1 would make our policies work in a similar manner
than that of the FCFS discipline, whereas an objective far from 1 (being under or beyond) would
make the policies similar to the strict priority policy. Based on the analysis here, we can not
distinguish a best policy. However, one may recommend policy mo. First, it reaches the objective
ratio. Second, it gives (in most cases) the lower variance of VIP customers waiting times. Third,

it allows to have a “good" variance for customers B, as well as for all customer types.

3.6 Extensions

In this section, we discuss some extensions of the analysis of this work. In Section 3.6.1, we
investigate the extension of our online policies to the case of three customer classes. In Section
3.6.2, we focus on a call center working day. We assume that the objective ratio is achieved for

every period of the day, and we investigate whether a balance is also reached for the whole day.

3.6.1 Extension to Three Customer Classes

In this section, we tackle the extension of the proposed scheduling policies to the case of three
customer classes. We consider a generalization of our call center queueing model with three
customer types A, B and C'. In addition, the queueing model has three infinite queues denoted

by queue 1, 2 and 3. Our basic goal here is to discuss the usefulness of our online policies
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subject to reaching a proportionality on the service levels. We denote the stationary fractions
of abandoning calls of type A4, B and C by Q4, QF and Q€ respectively. In the case of three
classes, we have to define two objective ratios. Without loss of generality, the first objective
ratio, say ¢}, is defined for types A and B by ¢} = Q4/QP. The second, say ¢, is defined for
types B and C by ¢ = QB/Q°. As a consequence, the ratio Q4/QY will be equal to ¢} x ¢,
which we denote by c3.

For workconserving non-preemptive policies, let S be the set of all feasible couples of ratios
(8—2, 8—?) Thus the following policy, say 7}, allows to reach any objective (cf,c5), such that
(c},c5) € S.

Scheduling Policy 7}

The scheduling policy 7} is an extension of the policy 7. For its initialization, it starts work
identically as a strict non-preemptive policy giving the higher priority to customers A, then B,
and customers C have the lower priority. After the epoch when at least one type B customer and
one type C customer have finished their service, we apply the following assignment rule for any
new arrival, denoted by the k** arrival. Let D be the epoch of that arrival. Let Qf, QkB and
Qg be the achieved service levels from ¢t = 0 until Dy, for customers A, B and C, respectively.

Let ci, cor and c3j be the achieved ratios from ¢t = 0 until Dy, i.e., Q?/Qf, QkB/QkC and

Q1 /QY, respectively.

o If ci 1 > cf, then we give the priority to type A over type B. Otherwise, we give the
priority to type B over type A.

o If o > c3, then we give the priority to type B over type C. Otherwise, we give the

priority to type C over type B.

o If c3;, > c3, then we give the priority to type A over type C. Otherwise, we give the priority
to type C over type A.

From the previous tests, we therefore determine a strict priority level for each customer type.
So, customers with the highest priority are assigned to queue 1. Those with the second higher
priority are assigned to queue 2. Finally, those with the lower priority are assigned to queue 3.
Thereafter based on its type, the new arrival is treated under this queue joining rule. The queue
joining rule is updated for every new arrival. The scheduling policy 7] is shown on Figure 3.5.

For example, let a new arrival occurs. Based on the history of the process, assume that we have
c1k < ¢, ek > ¢ and ¢z < c3. Thus, starting from the highest priority, the priority levels are
structured in turn for type B, C and A. Hence for the next arrival, types B, C' and A have to

be assigned to queues 1, 2 and 3, respectively.
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A A
B B
C C
Figure 3.7: Scheduling policy 74 Figure 3.8: Scheduling policy 7}

Let us remember that type A customers are more valuable for the company than type B
ones, who are however more valuable than type C' customers. Then, both objective ratios ¢} and
5 should be in practice strictly lower than 1. In such a case, the scheduling policy 75, shown
on Figure 3.6, should perform better with regard to the variance of the waiting time in queue.
However, it could not achieve any objective in S (¢j > 1 or ¢5 > 1.) One may also propose
additional alternative policies, namely 75 (Figure 3.7) and ) (Figure 3.8.) The latter policies
are different of 7/ in the sense that they allow to achieve values beyond 1 for ¢§. Note that it
would be interesting to investigate similar policies for models with only two queues instead of
three. Tt would be also interesting to compare the proposed policies in this section with regard
to the variance of the waiting time and the region of feasible objectives. We leave this work for

a future research.

3.6.2 Objective Ratio for the Whole Day

The origin of our optimization problem, i.e., satisfying a giving objective ratio, is as follows. In
practice, a call center manager aims initially to reach some giving differentiated service levels,
for example Q4* and QB* for types A and B, respectively. As mentioned before, the staffing
level or the service capacity are not a decision variables for our problem. As a consequence, the
objective service levels may not be reached exactly. For that reason, the purpose of our call

center manager becomes reaching a ratio of the achieved service levels which equals that of the
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objective ones, Q4*/QP* = Q4/QP. The value of the objective ratio ¢* defined in the beginning
of this chapter is, indeed, the ratio Q4*/QP*.

Let us now consider the general case of a call center with m customer types. For 1 <1i < m,
Q™ denotes the objective service level for type i customers, and under a giving scheduling policy,
Q' denotes the achieved one. Based on the previous remark, the constraint analyzed in this
chapter, with regard to the ratio of the service levels is equivalent to

Qi
Qi*

=, fori=1..m, (3.14)

where 0 is the new objective ratio. The quantity § translates an objective of proportionality
between achieved and target service levels.

After this brief development, we are now ready to tackle the major question of this section.
It is well known that in most call centers, the arrival rate is time varying (according to the period
of day, day of the week, holidays, etc.) The number of agents is also fluctuating over the day. In
practice, the change in these parameters are small enough, and are slow relative to the speed at
which the call center reaches the steady state. It is a plausible assumption to consider constant
parameters within each half-hour interval of time. We refer the reader to Gans et al. [40] and
Garnett et al. [44] for more details. Note that the analysis in the core of this chapter focuses on a
giving period of the day where the parameters of the system are assumed to be constant. In this
context, it would be interesting to wonder whether there is a conservation of the proportionality

during the whole day, knowing that we have reached that proportionality for each period of the

day.
In mathematical terms, let us divide the day to n distinct periods. Let us assume that
g;* = 6 for i = 1..m and t = 1..n, where Q¢ and Q¥* denote, respectively, achieved and objective

service levels for type i customers during the period ¢. For simplicity, we assume that Qi* is held

constant for all periods, Q¥ = Q%. Thereafter, what is the condition under which we have for

Q‘i
Q K3

all customer types = §, where § is a given constant? We give Proposition (3.1) to answer

this question.

Proposition 3.1 Assume that % =0 for all i,t € [1.m] x [1..n]. Let A} be the mean arrival
rate during the period t for type ¢ customers, and A\ that for all types. If i—f = (', where £ is a
given constant for i = 1..m. Then,

Qi
Qi*

=9, foralli=1..m, (3.15)

where § is a given constant.
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Proof. Let i,t € [1.m] x [L.n]. Let N/°** be the total number of type i arrivals during the

period t. Let IV, % he the number of type ¢ abandoning customers during t. Then, one may

ab,i

write Q! = ]]\\;tot -, and for the whole day, one has
b,i
e VT
Q' = S Nw” (3.16)
t=11V¢
Thereafter,
QZ' B N{lb’i—i-Nab’i—i- +Nab,z'
Qi* Zt 1 totz
Ht 1Nt0t,z ( Nabz . Nabz . + Nab,i )
t ¢ N t t)i i t i t ¢
Ztl ot Q™ - Ty V° Q™ - TI=1 N, ot Tl N ot

Ht ) Ntot,z 51 52 5n
tot 7 tot Ntot ) to Tt n Ntom' . (317)
Zt 1 Ht 1, t;ﬁl Ht 1, t#2 Ht:l,t;ﬁn t

i . tot,i .
Assume that i—i = [, or equivalently, %T = ', where N/°¢ denotes the total number of arrivals
t

for all types during ¢. Hence, we get for i, € [1..m]

i

tot,i
N =5

L N (3.18)

For 7,5 € [1..m], applying Equation (3.18) in Equation (3.17) leads to

. g Ntoti
Q Ht 1 g7 N 5 5 . 5
i t tg G tot, i tot,j | G tot,
Q' Ztl o Htlt;ﬁl 'NtO] Htlt;éQB'NtO] Ht 1,t#n 87 'NO]
Ht | N 51 02 On 3.19
tot,] ' tot] Ntot,j +ot = Ntotd | (3.19)
Zt 1 N Ht 1 t;él Ht 1, t£2 Ht:l,t;ﬁn t

Using Equation (3.17), Equation (3.19) implies the following relation

Q¢ _ @
Qi* Qj*’

for any i,j € [1..m]. (3.20)

Finally, we conclude that the proportionality of the achieved and the objective service levels is

conserved for the whole day. This completes the proof of the proposition. O

In a real call center case, arrivals are divided into two types. The first type is first-attempt
calls, also referred to as fresh calls. The second type represents retrial calls. In most cases, the

required condition in Proposition (3.1) holds roughly for fresh calls and not necessarily for both
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types, i.e., observed calls.

3.7 Conclusions and Further Research

We focused on a fundamental short-term problem for the management of call centers. We
considered a two-class call center and developed real-time scheduling policies that determine the
rule of assignment of customers, upon arrival, to waiting lines. We focused on service levels
criteria related to the fraction of abandoning customers and the variance of the queueing delay.
These policies are characterized to be relevant in practice. They are easy to understand for
managers, predictable and easy to implement. Addressing exact analyzes for such problems is
often too complex, and a challenging issue is to design dynamic scheduling policies that are
simple, predictable and whose performance is good in an appropriate sense.

First, we gave some structural results in order to better understand the impact of scheduling
policies on the performance measures of interest. Second, we proposed several dynamic scheduling
policies allowing to meet a target ratio between the fractions of abandoning calls. Thereafter,
we conducted a simulation study to compare the proposed policies with regard to the achieved
variances of waiting times. Finally, we presented two possible extensions. In the first extension,
we focused on a call center model with three customer types. In the second extension, we
addressed one issue dealing with our objective for the whole call center day, and not only one
period of the day.

An interesting subject for future research would be to investigate static scheduling policies
analogous to those proposed in the core of this chapter. Let us give further details. The idea
behind static policies comes from Aguir et al. [7]. In their work, the authors consider an
identical model to that described in Section 3.3.1, whereas they do not allow customers to
renege while waiting in queue. They characterize a class of optimal static policies subject to
satisfying differentiated performances for customer classes. The proposed policies are based on
two parameters p4 and pp. The quantity p4 (pp) represents the static probability to assign new
type A (B) arrivals to the queue with the highest priority, i.e., queue 1. Hence a new type A
arrival is routed to queue 2 with probability 1 —p4, and a new type B arrival is routed to queue
2 with probability 1 —pp. Unfortunately, such analysis is untractable when considering reneging.
Closed-form expressions for the quantities @4 and QF are not indeed not available. Even an
exact numerical computation is no possible. Here we only give an alternative idea to tackle the
problem and leave a rigorous analysis for future research.

Given an objective ¢*, a possible method to get the probabilities p4 and pp would be as

follows. We simulate our system under a dynamic policy that achieves the objective ratio, as



Conclusions and Further Research 69

those proposed in Section 3.4. At the end of the simulation run, we take the proportions of types
A and B customers assigned to queue 1. These quantities are thereafter assigned to pa and pp,
respectively. It is easy to see for example that for policy w2, pa = 1, and for policy w3, pg = 0.
One would expect that the static policies yield to higher variances of the waiting times than
those achieved under their corresponding online policies. This may be due to a known property
in queueing theory. The general idea is that dynamic policies achieve the lower variance of
the waiting time, then cyclic policies, and finally static policies (based on random assignment)
achieve the higher values. However, we should note that static policies are easier to implement

in practice.
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Chapter 4

Modeling Call Centers with Delays

Information

In this chapter, we study the effect of informing customers about their anticipated
delays in a call center with impatient customers. First, we consider a single class call
center model. We propose a method for modeling the customer reaction with regard
to delays information. Thereafter, we conduct a numerical comparison between per-
formance measures of both models with and without information. The experiments
show how the expected customer satisfaction in the model with information would
tip the scales in favor of that model. Second, we extend the analysis to the case of a
two-class call center with strict priority. Finally, some practical issues are discussed.
In particular, we propose a method of delays announcement referred to as announce-
ment by increments. We shown how this method would improve the system behavior

through reducing errors approximations.

An extended version of this chapter is the working paper Jouini, Dallery and Aksin

[68].
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4.1 Introduction

As in Chapter 3, this chapter deals with a real-time issue related to operations management
in call centers. We focus on analyzing call centers where the service provider communicates
anticipated delays to customers upon their arrival. The main reason of informing customers
about their queueing delays is to alleviate congestion and reduce customer dissatisfaction with
waiting.

Information about anticipated delays is specially important in service systems with invisible
queues (tele-queue) such as call centers. In such systems, the uncertainty involved in waiting is
higher than that in systems with visible queues. Upon arrival and during their waiting, customers
have no means to estimate queue lengths or progress rate. So, the feelings of frustration and
anxiety increase over their sojourn in queue. We expect that delays information would avoid
such situations, and make the waiting experience more acceptable. Zakay [144]| stipulates that
waiting information may distract customers attention from the passage of time. Hence, they
may perceive the length of the wait as shorter. Furthermore, we point out a vicious circle in
call centers. When a new arrival customer perceives that his anticipated delay is too long, he
could balk upon arrival without joining the system. This feature would considerably reduce
customers reneging in queue, which allows to make the system more stable in the sense that the
variability of queueing delays is reduced. The latter would in turn improve the quality of delays
information we give to customers, which even more reduces customers reneging, and so on. A
further argument for predicting delays may be to help managers in reorganizing their facility.
For instance in case of large predicted delays, the manager recognizes the need of increasing the

staffing level.

Predicting delays for arrival customers is state of the system dependent. This is different from
estimating stationary performances and usually makes the analysis untractable. In the context
of prediction and announcement of delays, an extra layer of complexity should be noted. The
analysis becomes more difficult since we have to take into account the description of the system
in addition to the announcements given to each waiting customer in queue. Existing research
projects often look for approximations, as announcing the stationary mean waiting time, or
announcing the actual delay of the last customer (motivated by large systems in an overload
regime, see Armony et al. [15].) In this work, we basically use exact methods. Paralleling
to the relevant Whitt’s [135] paper, we first consider a single call center model with impatient
customers and working under the FCFS discipline. We derive our main insights from analyzing
this simple model. Next, we turn to extend the results to a quite complex multiclass priority

system where the anticipated delay for a given type of a new customer may be affected by
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future arrivals of other types. The performance evaluation of this work is basically related to the
transient analysis of birth-death processes. The analysis is somewhat straightforward, whereas
we use some results derived from Chapter 5 when addressing the multiclass call center case. Note
that the Markovian assumptions required for the use of birth-death processes are not necessarily
valid for all call centers cases, especially for service times and times before reneging. However
as already mentioned in Chapter 3, they provide a good approximation of the general model

performances. These assumptions are in addition helpful to gain practical insights.

A central outcome of this work deals with the critical issue of the impact of delays information
on customers behavior. This is at the same time interesting and difficult due to the attractive
human element governing the call center environment. Starting from each model (single and
multiclass), we detail and justify the quantitative building of the new model with delays infor-
mation. In our models, customers has the opportunity to balk in response to their anticipated
delay. Further to the balking reaction, it has been shown in a real experience that the reneging
experience may also change in response to delays information, see Feigin [37]. We model that
effect for the simple single class call center. We then extend the model of Whitt [135] by letting
already informed customers renege even after having chosen to join the queue. We propose a
method for approximating the new reneging experience by pertaining it to the quality of the
delay information. To show the benefits of moving to a call center with delays information,
we conduct a quantitative comparison between both models with and without announcement.
We describe how balking in the second model may reduce customers reneging. In practice, this
feature makes the second model preferable because reneging customers are the costliest. For
example, a customers who balks has a higher probability to call back that that of a customer
who reneges. A reneging customer leaves the system with frustration and loosing trust in the
service provider. However, a balking customer leaves the system based on an information. This
information would avoid to loose business because it is perceived by balking customers as an

invitation to call back when the system will be able to serve them within a reasonable delay.

In this chapter, we try to be as near as possible to reality in order to get useful guidelines
for practitioners. Once we get in hand the predicted waiting time distribution of a new arrival,
we investigate how the service manager should profit from that information to make the an-
nouncement. For instance, he may decide to provide the mean or any other percentile of the
distribution. However, we should be careful: From the one side, informing a short waiting time,
which is likely to underestimate the actual waiting, might reduce the reliability of the service
provider in the eyes of the customers. On the other side, informing large waiting times increases

the number of balking customers while having a system that might allow to serve customers
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within shorter and reasonable delays.

The remainder of this chapter is structured as follows. In Section 4.2, we give a literature
review related to the present work. In Section 4.3, we develop the main analysis for a single
class call center. In Sections 4.3.1 and 4.3.2, we describe the basic model and compute the
performance measures of interest, respectively. In Section 4.3.3, we build the new call center
model by incorporating delays announcement. The performance measures of the new model are
thereafter derived in Section 4.3.4. Next, we conduct in Section 4.3.5 a numerical comparison
of both models with and without delays information. In Section 4.4, we tackle the extension of
the analysis to a two-class priority call center. We specify both models with and without delays
announcement in Sections 4.4.1 and 4.4.2, respectively. To characterize the two-class model with
announcement, we explicitly derive in Section 4.4.3 the first two moments of virtual delays for
each customer type. In Section 4.5, we move to investigate some practical issues. In Section
4.5.1, we give a helpful approximation for virtual delays which may reduce numerical difficulties
in practice. In Section 4.5.2, we propose a method for announcing delays, namely announcing

delays by increments. In Section 4.6, we give some concluding remarks and discuss extensions.

4.2 Literature Review

The literature close to the work in this chapter spans two main areas. The first one deals with
the prediction and announcement of delays seen under a queueing problem perspective. The
second area is related to the psychology of waiting and the qualitative impact of announcing
delays on the customer behavior.

As for the first area, we refer the reader to the relevant work of Whitt [137]. The author
focuses on estimating state-dependent delays. He presents both accurate methods and approxi-
mations of waiting times in different situations. Models under consideration are queueing systems
with different customer classes, exponential and non-exponential service times. Nakibly [103] re-
views several classical results, and extends the analysis to some other complex models with
priorities. As already mentioned, addressing such problems is known to be difficult. It is often
related to the transient analysis of birth-death processes, and in general to Markov chains. The
literature dealing with birth-death processes is extensive and growing. We refer the reader to
Section 5.1 of Chapter 5 for further details. The problem of predicting and announcing delays
have recently received a lot of attention in the field of call centers. Letting customers renege is
a central feature that makes the study of value in practice. The reader is referred to Section
3.2 of Chapter 3 for a review of papers about queueing models, and in particular call centers

models, with impatient customers. Let us now give some literature on call centers with delays
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information. Whitt [135] models and quantifies the effect upon performance, in a Markovian call
center model, of giving state information to customers. Taking general distributions for service
times and times before reneging, the authors in Armony et al. [15] develop methods to study
that effect. The methods are based on fluid approximations. Guo and Zipkin [51] consider a
simple queueing model where three levels of information can be provided to customers, namely
no information, partial information and full information (the exact waiting time). Under differ-
ent assumptions of parameters distributions, the authors thereafter investigate how information
about delays can enhance system performances. Armony and Maglaras [13| consider a slightly
different model. Based on his anticipated delay information, one customer may balk, elect to
wait, or leave a message. When a message is left, the service provider calls back the customer
within a guaranteed time. The authors estimate the guaranteed time under heavy-traffic regimes.
Further references on the subject include those by Ward and Whitt [129], Salah [5], Armony and
Maglaras [13] and references therein. We should note that although the modeling approach
in the literature differs from one work to another, the findings usually confirm the benefits of
communicating delays to customers.

The second area of literature close to this chapter is related to psychology of waiting. The
literature on customers influenced by delay information begins with Naor [104]. An overview of
customer psychology in waiting situations, including the impact of uncertainty, can be found in
Maister [94]. Taylor [124] considers the relationship between delays and evaluation of service. He
shows how the delay may lead to lower evaluation of service by creating both feelings of anger
and uncertainty. Providing information about anticipated delays affects both customer satisfac-
tion and customer behavior. A survey on the relationship between information and customer
satisfaction can be found in Hui and Tse [59]. In Katz et al. [73], the authors describes an
empirical study conducted in a bank. They show that informing about anticipated delays results
in shorter perceived waiting times. A similar result was also found in the work of Carmon and
Kahenman [32|. Hui and Zhou [60] show in their experience that informed customers appear to
maintain a sense of control during the wait, which in turn affects the quality of service evaluation

through the perceived waiting duration.

4.3 Single Class Call Center

In this section, we address the analysis of a call center with a single group of agents, serving a
single class of customers. In Section 4.3.1, we describe the basic model of the call center without
delay information. In Section 4.3.2, we derive its performance measures expressions. Note that

some performance measures of that basic model were already derived by Whitt [135]. In Section
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4.3.3, we propose a new model to incorporate the change of customers behavior with respect to
announcing delays. In particular, we let customers balk upon arrival based on the information we
provide to them. In addition, we let them renege even they already elect to wait, and we propose
a method to model that feature. The performance measures of the new model are thereafter
derived in Section 4.3.4. Finally, we conduct in Section 4.3.5 a numerical comparison between

both models with and without delays information.

4.3.1 Basic Model

Consider the queueing model of the call center with a single class of customers. The model
consists of one infinite queue, and a set of s parallel, identical servers representing the set of
agents. All agents are able to answer all customers. The call center is operated in such a way
that at any time, any call can be addressed by any agent. So upon arrival, a call is addressed
by one of the available agents, if any. If not, the call must join the queue. Customers waiting
in queue are served in order of their arrival, i.e., under the FCFS discipline. Interarrival times
as well as successive service times are assumed to be i.i.d. and exponentially distributed. The
arrival rate is A, and the service rate is p. In the same manner as in Chapter 3, we let customers
be impatient. Recall that abandonments make the system unconditionally ergodic. Times before
reneging are assumed to be i.i.d. and exponentially distributed with rate v. We refer the reader
to Section 3.3.1 of Chapter 3 to explain our motivation of assuming identical distribution of
patience for all waiting customers independently of their position in queue. Finally, retrials are
ignored, and reneging is not allowed once one customer starts his service. Following similar
arguments, the call center can be viewed as an M/M/s + M queueing system. The model is

referred to as Model 1.

4.3.2 Performance Measures without Announcement

In this section, we tackle the analysis of the original call center model presented in Section 4.3.1.
Most of the quantitative analysis are inspired from Whitt [135]. Our approach is based on system
states probabilities seen by a randomly chosen new arrival. From the PASTA property (Poisson
Arrivals See Time Averages), these probabilities coincide with those seen by an outside random
observer, that is simply the probabilities that the system is in a given state at a random instant.
The PASTA property is based on the memoryless property of the Poisson process, which allows
to generate a sequence of arrivals that take a random look at the system. We refer the reader to
Kleinrock [81] for further explanation, and Wolff [141] for a rigorous proof.

We denote the system state by a random variable taking non-negative integer values rep-
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resenting the number of customers in system at a given instant. Let p1(i) be the steady state
probability that ¢ customers are present in Model 1 at a random instant, ¢« > 0. To compute the
steady state probabilities, we define a birth-death model as shown on Figure 4.1. The birth rate
is constant, it represents the arrival intensity A. When the number of customers present in sys-
tem is less than or equal to s, all departures are only service completions. Otherwise, departures
may be service completions or abandonments. Thereby, the death rate is ip for 0 < i < s, and

sp+ (i — s)y for i > s.
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Figure 4.1: Birth-death process for Model 1

In a distant future, one has a set of infinite recursive relations relating the steady state
probabilities. By adding the ergodicity condition which holds for any v > 0, we go on to solve
by iteration and get the following solutions

Y N

p1(i) = = - p1(0) for 0 <i <'s, and py(i) = — — p1(0) for i > s, (4.1)
il slps [ (s +37)

where p;(0) is the stationary probability to have no customers in system. It is given by

S i 0 i -1
- (B S )

i=0 vl | I CR R

which enables us to compute all system states stationary probabilities. Thus, the probability of
immediate service, say Pjs1, the mean number of customers in queue, say L4 1, and the mean

number of customers in Model 1, say L 1, can be calculated as

s—1 0o oo
Pis1 = Zpl(n), L1 = Zn ‘p1(s+n), and Lg; = Zn -p1(n). (4.3)

n=0 n=1 n=1
Let us proceed to compute the probability for a new arrival to enter service, the first and
second moments of its conditional waiting time in queue given that service is completed. We
denote by P;(.S) the probability of being served. When a new customer finds less than s customers
in system, he gets service immediately. This is equivalent to find at least one server idle, and it

occurs with the probability P, 1 given in Equation 4.3. Let us now consider the complementary
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event, i.e., assume that a new customer finds all servers busy and n waiting customers in queue,
n > 0. To analyze such situation, we define a pure-death process with a state-dependent death
rates, see Figure 4.2. The process is derived from that in Figure 4.1, whereas we only consider
states ranging from s to s +n + 1 (the n + s already existing customers plus the new arrival.)
We do not consider birth rates because all future arrivals have no priority over the customer of

interest (the discipline of service is FCFS.)

sut (n+l) y su+ny u+2y Su+y

v

» S+1

Figure 4.2: The customer s +n 41

The process starts from state s +n + 1, i.e., all servers are busy and n 4+ 1 customers are
waiting in queue (including the new arrival of interest.) The process moves from state s + i
to state s+¢—1, 1 < ¢ < n+ 1, further to either a service completion with rate s, or an
abandonment with a rate equals to the number of waiting customers times the reneging rate,
1y. Consider the nth customer waiting in queue, and let 1), 1 be the probability that the process

state moves down due to the reneging of that customer. One may see that

v

d)n,l = m

(4.4)

Let ¥, 1 be the probability that the customer n in queue enters service. This event means that
the customer does not renege in all positions in queue, starting from position n, until being

served. Hence, the following holds

n

U1 = H (1—i1). (4.5)

i=1

Conditioning on a state seen by a new arrival and averaging thereafter over all possibilities, the

probability of being served is given by

s—1 00
P(S) = Zm(n) + ZPI(S +n) Vot (4.6)
n=0 n=0

As for computing the probability of reneging, say P;(R), it suffices to take the complementary
probability, P1(R) =1 — P1(S).
Let us now compute the first and second moments of the conditional waiting time given

that service is completed. To do so, a direct method is quite complicated. We make a small
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roundabout as in Whitt [135]. We define the random variable, say X1, of the stationary waiting
time in queue. We let X7 be 0 if the customer reneges. The quantities we are looking for are
thereafter E(X; | S) and E(X? | S). To compute the moments of X;, we define a further
random variable X, 1 measuring the state-dependent duration to empty the queue of n waiting
customers. Denoting by E(X, 1) and E(XTQLJ) the respective first two moments of X,, 1, the
mean of X; say E(X1), and its second moment say F(X?), are thereby given by E(X;) =
S oo P1(s+n) X Uppiq X B(Xpi1), and B(X?) = 307 0pi(s +n) x Wpprn X B(Xp,q 4)-
Consider a new arrival finding himself in the nth place in queue. The distribution of X, ; is
the convolution of n independent exponential distributions with parameters sp+ v, sy + 27, ...,

and sp 4 ny, which is an hypoexponential distribution. Hence, the first and second moments of

Xy are 30—+ and 31, W, respectively. We then deduce that

spt1y
oo n+1
1
E(X1) = Zm(s +n) Wy (Z . ) ; (4.7)
n=0 i=1 ity
o) n+1 9
E(X12) = Zpl(S +n) - Wnirn- <Z 2) . (4.8)
n=0 i=1 (S/.L + 27)

Now, we are ready to get the first and second moments of the conditional waiting time given
that service is completed. Let E(X; | R) and E(X? | R) be the first and second moments of
the conditional waiting time in queue given that service is not completed (customers renege),
respectively. Since by construction of X7 we have F(X; | R) = E(X? | R) = 0, we thereafter

deduce that
E(X1)
Pi(S)’

E(X})
Pi(S)

E(X1|S)= and E(X?|S) = (4.9)

As for its variance and standard deviation, they are given by Var(X; | S) = BE(X? | S) - E(X |
S$)? and o(X; | ) = /Var(Xy | S), respectively.
The performance measures we derive in this section are used in Section 4.3.5 when addressing

the comparison study between both models with and without announcement.

4.3.3 Impact of Announcing Delays

There is a modeling complexity when we give delay information to customers. The complexity
comes from the change of customers behavior that may occur. In this section, we investigate
the impact of announcing delays on the customer abandonment experience. When we inform
one customer about his anticipated delay, he will decide from the beginning, either to hang up
immediately because he estimates that his delay is too long, or to start waiting in queue. In the

latter case, there are two further possibilities. The first is that all customers do never abandon
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thereafter. The second possibility is that the customer patience will change, i.e., customers
may abandon even if they had chosen to start waiting. It is natural to consider that customers
would abandon under a different fashion of that in the original system (without announcement),
depending on the information we provide to them. We refer the reader to Armony et al. [15]

and Guo and Zipkin [51] for further details on the subject.

In concrete terms, we basically distinguish two new models that capture the change of cus-
tomers behavior with respect to delays information. In the first model, a customer balks imme-
diately upon arrival with probability ppr(n) depending on his anticipated delay or equivalently
on the number n of customers ahead of him in queue. Once he decides to join the queue (with
probability 1 — ppr(n)), he does never abandon thereafter. The second model is identical to the

first one, however, we allow customers to renege even after having chosen to join the waiting line.

It is rather complicated to specify the appropriate model, because the information delay may
have several different forms. So, we have to discern the human response for each possible kind of
information. Whitt [135] considers the first model (no allowance for reneging in queue.) Assume
a new arrival finding n customers in queue. He computes the quantity pyx(n) as the probability
that the customer would abandon before a server becomes free for him (his virtual waiting time
assuming he decides to join the queue.) Let T' be the random variable measuring the random
patience threshold of customers. If we denote by S, the random variable of the virtual waiting
time of the customer of interest, Whitt [135] stipulates that pyr(n) = P(T' < Sy).

Recall that times before reneging are exponentially distributed with mean 1/v. Next, assum-
ing that balking decisions of successive customers are independent, and denoting by g¢,(t) the

probability density function (pdf) of S, we get

pi(n) = /0 T galt) - (1— e d. (4.10)

Since in the Whitt’s Model there is no longer reneging in queue, then S, has an n + 1-Erlang
distribution with parameter sp. Using the Laplace transform of that distribution with respect

to the variable v, Equation (4.9) becomes

por(n) =1 — <S:i 7>n+1 . (4.11)

Although the Whitt’s model seems in the conceptual sense to be unfailing, it is at odds with
reality. It is indeed not common to give one customer the distribution function of his anticipated
delay so that he may decide to balk or not! For that reason, Salah et al. [6] and Whitt [135]

propose (keeping no allowance for reneging) to communicate the expected delay E(S,), hence,
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we would use the approximation py(n) ~ 1 — e~ 7E(n) From the Law of Large Numbers, this
approximation should work well for large values of n. A further alternative is to communicate
any other percentile, say 0, of the distribution of S,,. Again, this is only exact when we stipulate
that the customer acts as if the delay information was the actual delay, which is not the case. We
should be careful when choosing the value of 3. On the one hand, if § is too low, then arrivals
tend to join the queue and it so happens that many of them must wait more than they were
willing to do initially. On the other hand, if 3 is close to 100%, many customers balk while their
delays do not exceed their patience threshold. As we shall see later in the numerical experiments,
a value of 3 in the order of 90% or 95% should be a conceivable choice to preserve the reliability
of the service provider.

To build an appropriate practical model, we should consider the second model in which we let
customers abandon even they had elected to wait upon their arrival. In the following, we model
that effect. In practice, the probability to renege should vary as a function of the announced
delay. For a customer who joins the queue, the probability that he reneges is very low as long as
his spending time in queue does not exceed the announced delay. However once the announced
delay is no longer satisfied, customers become frustrated and loose their patience, which lead to a
higher probability of reneging. For simplicity, we assume that times before reneging for customers
who do not balk are i.i.d. and exponentially distributed with a new rate . The system behaves
as follows. Upon arrival, if less than s customers are in system, we do not do anything because
the new customer gets service immediately. Otherwise, i.e., if all servers are busy and n waiting
customers are ahead of the new customer, we derive the distribution of his virtual delay S,
and we communicate him the delay which corresponds to a given coverage probability 3. The
distribution of S, is no longer Erlang because of the reneging phenomenon. The time until a
new arrival is scheduled to start service is the time it takes for the n customer ahead to leave the
queue (either abandon or enter service) plus the time required for a service completion (when
all servers are busy.) So, the virtual delay S, can be characterized by a pure-death process as

shown on Figure 4.3.
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Figure 4.3: The random variable Sy,

The random variable S, represents the downcrossing time from state n + s until absorption

in state s — 1. Thus, the distribution of S, is the convolution of n + 1 independent exponen-
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tial distributions with parameters su, su ++/, ..., and su + ny, which is an hypoexponential

distribution. Hence, the probability density function (pdf), g,(t), of S, is given by

n .y
S+ 9y . _ i
gn(t) = Z H m . (S/L + Z’)/) e~ (ontiy )t, t>0, (4.12)
i=0 \Jj=0, j#i

and its Probability Distribution Function (PDF), G, (t), is as follows

T skt iy (sptin
G =31 TI e ~<1—e Wﬂ)t), t>0. (4.13)
i=0 \j=0, j#i

Let D,, be the delay we communicate to the customer, D,, = G, 1(3). As mentioned before,
a reasonable value for # would be 95%. It means that the queueing delay of the new customer
does not exceed D,, with 95% of chance. Whenever a new customer finds all servers busy and
n waiting customers in queue, we stipulate that he decides to balk with the probability that his

random patience threshold, T', would not exceed his anticipated delay D,,
pok(n) = P(T < D) =1—¢e P, (4.14)

In practice, we should note that Relation (4.14) is an approximation of the customer behavior.
It may happen that a new customer does not respect his patience threshold. For example, if
he is willing to wait 1 min and we announce to him 1 min 2 sec, then he may join the queue
because he estimates that 2 sec is a negligible duration. On the other hand, it may occur that if
we announce to him 59 sec, he may be not logical so as he changes his mind and balks. Modeling
the customer reaction is a difficult problem. We try here to be as near as possible to reality while
still having tractable analysis so as we gain some useful guidelines.

Once the customer of interest elects to wait with probability 1 —ppr(n), he may renege within
a random delay. As already assumed in Section 4.3.1, this random threshold is exponentially

distributed with rate 7/. The resulting model referred to as Model 2 is shown on Figure 4.4

Py (M) .
4
P U
» 000
—
n

Figure 4.4: The new model incorporating delays announcement, Model 2
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The remaining question now is how to compute the new reneging rate 7. To answer this
question, it is natural to relate the customer patience to the announced delay. To do so, we
introduce the probability r, for the customer in question. The quantity 7, is defined as the
conditional probability that the queueing delay, Sy, exceeds the random patience, T', given that
the customer joins the queue, i.e., given that the random patience exceeds the announced delay,
D,,. For a given § < 1, r, is seen as the non-zero probability that the customer of interest
reneges.

rn=P(T < Sy | T > Dy). (4.15)

We present necessary details for calculating r, in Section 4.3.4. Whenever we announce D,
based on a given coverage probability 3, we shall make at worst a mistake with a chance of 1 —(.
Let us give an explanation. Consider a new arrival finding n customers in queue. Assume that
the customer is willing to wait 7T, for service to begin. The duration T}, is a random realization
of the random variable T'. If 1T;, > D,,, then the customer joins the waiting line. After joining
the queue, the probability that the time it takes for a server to become free (for the customer
of interest) exceeds D), is 1 — 3. Since the customer is initially willing to wait up to 7}, hence
knowing that T,, > D,, the probability that the duration T}, passes before a server becomes free

for our customer is less than 1 — .

Assume we reach the stationary regime, and let A% be the mean rate of abandoning customers.

From the one hand, we have
o0
=Y A-pa(s+n)- (1= pp(n)) - ra, (4.16)

where po(i) is the stationary probability to have i customers present in Model 2 (in queue and in
service), for ¢ > 0. From the other hand, if we denote by L2 the expected number of customers
in queue, we can write

A =L,0-9. (4.17)

We shall give the expression of Ly in Section 4.3.4. Next, combining Equations (4.16) and
(4.17) would imply

A
— L— Zpg s+n)-(1—pp(n))-r. (4.18)

The quantities Lg2, p2(s +n) and ry, are functions of 7/. So, denoting the right hand side in
Equation (4.17) by a continuous function f in v/, we may write 7/ = f(7’). As a consequence,
we state that +/ is a point mapped to itself by the function f. In mathematical terms, v’ is said

to be a fixed point of f.
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There are numerous fixed point theorems in different parts of mathematics that describe the
circumstances under which functions must have one or more fixed points. In this work, we do
not discuss the existence of such solutions for f. We conjecture as it is often the case for similar
problems of queueing theory that f has the necessary nice properties that guarantee the existence
of a fixed point. This conjecture is experienced thereafter by several numerical experiments in
Section 4.3.5. To compute numerically ', we propose the following fixed point algorithm.
FIXED POINT ALGORITHM()

Initialization: ~' @ «—~, i 0, ¢

Do

t—i+1
X X 5 532 o +m)(0D) x (1 = pia(n)) x 7 (767D
Ly =700 X 32 npals +m)(/Y)
/@) \ab (@) / L((;)2
While | ~4/() —~/(—1) |> ¢
v — '@

END ALGORITHM.

4.3.4 Performance Measures with Announcement

In this section, we focus on deriving the performance measures for Model 2. To do so, we define
a birth-death process as shown on Figure 4.5. Birth and death rates are both state-dependent.
The new element here is that we have to take into account balking decisions when the process

moves from state ¢ to state ¢ + 1, for ¢ > s, i.e., all servers are busy.
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Figure 4.5: Birth-death process for Model 2

During the stationary regime, we get the following steady state probabilities

X . (S a-mG-1)| N .
= ~ . 0) for 0 <i<s, d = - . . 0) f > s,
pa(i) = 5+ p2(0) for 0 < < s, and pa(i) j”1 P (O fori > s

(4.19)
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where p2(0) is the stationary probability to have no customers in system. It is given by

-1

N1 & [(HO-pwG-1)))
0) = AN _ . -\ . 4.20
() ;Z!”Z S!MSi:Zs;rl 31;[1 sptjy ( )

Hence, the probability of immediate service, Pjs 2, the mean number of customers in queue, L,
and the mean number of customers in system, L2, can be calculated as provided by Equation

(4.21).

s—1 oo oo
Piso = Zpg(n), Lyo= Zn ‘pa(s+mn), and Lgo= Zn - pa(n). (4.21)
n=0 n=1 n=1

Having the expression of L2, it only remains for us to compute the quantity 7, so as we can
apply the fixed point algorithm to get 7. In what follows, we give a closed-form expression of

. By definition, Equation (4.15) may be rewritten as

P(D, <T<S,)
P(T > D,,)

Ty = (4.22)

Since T is exponentially distributed with rate 7, the denominator in the right hand side of
Equation (4.22) is simply
P(T > D,) = e Pn, (4.23)

As for the numerator, it is provided by

P(D, <T < S,) gn P(D, <T <t)dt (4.24)

Calculating further, we get

P(D,<T<S,) = (/OO gn(t) dt> e 7Pn _ /OO gn(t) et dt (4.25)

n

=ufamm»w”“—/w%wfth

Next, observing that

n n

> vt SM+J’Y .y o —(sptytin )t
/ gn(t)-evdtzz H — -(s,u—H’y)-/ e YTt gt (4.26)
D i=0 \j= ,J# 2)7 "
n n .
Z H st + m CSREN (spttin) Dy
(5 —1) sp 4y + iy ’

1= Jj=0, j#i
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and coming back to Equation (4.22), we deduce that

n

n ., .

Z Sp o+ 77 s+ iy (sptin)D
r,=1—0G D)_ || , N . . . e~ sty ) Dn 4.97
' n( ! i=0 \j=0, j#i <~7 - 2)7/ sp 4y 4y ( )

Finally, using Equation (4.13) and simplifying further Equation (4.27) lead to

n

n .y
A S B | i .(1_7.6(8u+i7’)Dn>_ (4.28)

=0 \j=0, j#i (G =2 sp+y+iy

Similarly to Section 4.3.2, the probability of being served, P»(S5), is given by

s—1 00
Py(S) = pa(n)+ Y _pa(s+n) - (1= p(n)) - Upy1, (4.29)
n=0 n=0
where
- ( il > 4.30)
U, o= 1——). .
2 }_[1 P (

As for the probability of reneging, it is
Py(R) = pa(s+mn)- (1 —pw(n)) - (1= Tpyp o). (4.31)
n=0
Thereby, the probability of balking is simply

Py(balking) = 1 — Py(S) — P3(R). (4.32)

Now, we move on to compute the performance measures of interest. Following again a similar
analysis as that in Section 4.3.2, we denote by X3 the random variable of the stationary waiting
time in queue. We let X2 be 0 if the customer reneges. The first moment E(X2) and the second

moment E(X3) of Xy are given by

o0 n+1 1
E(X,) = gpz(s +n) - (L= ppr(n)  Yni12- (; su+w’) : (4.33)
N 0 n+1 9
B(X3) = 7;)1?2(3 +n) - (1= po(n)  Yny12- (; (S/J‘H’Y')Q) . (4.34)

Thus, the first moment, second moment, variance and standard deviation of the conditional
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waiting time given that service is completed are

E(X>)
P(S)

E(X2|S5) = E(X|S)=
Var(Xy | S) = BE(X2|8) — E(X2 | 5)?, and o(Xa|S)=+Var(Xy|S), respectively.
(4.35)
Note that the analysis reported in Sections 4.3.2, 4.3.3 and 4.3.4 can be easily extended to the
case of a call center with a finite waiting line. A further easy extension is also a model in which a
new customer may balk upon arrival whenever he has to wait (because all servers are busy.) For
practical reasons, the first extension is not useful because queues capacities in call centers are
usually large so as assuming infinite queues is a reasonable approximation. However, modeling
the initial balking is of value in practice. It is recurrent in several call centers applications, and
ignoring it may deviate the performance measures. In our work, we ignore that phenomenon
because our purpose is specifically the investigation of advantages of delays information. So,

including it would not affect our results in the qualitative sense.

4.3.5 Numerical Comparison

In this section, we conduct a comparison study for both models, with and without information
about delays. We perform numerical experiments for various examples of call centers. The
parameters of Model 1 are \, s, u and 7. Those of Model 2 are A, s, i, § and v (computed from
)

It should be clear that a call center with delays information would improve customers sat-
isfaction, and lead to concrete consequences. Hence, it would be incoherent to compare both
models performances by ignoring the change on customers behavior (balking and reneging.) For
instance, a high value of 5 (close to 1) may lead to a very good (low) waiting time in queue for
Model 2 comparing to Model 1. The reason behind is not that Model 2 performs better, but it
is due to the over-announcing in Model 2. The latter implies less accepted customers but more
happy served customers. Thus, a comparison with regard to the throughput would on the con-
trary prefer Model 1 instead of Model 2. Alternatively, decreasing 3 should lead to less balking
but more reneging. In the limit case (3 close to 0), Model 2 would be the worst. Firstly, we will
come back to the original drawback of Model 1, i.e., reneging due to frustration. Secondly, we
will reduce the reliability of the company with regard to the correctness of the information it
provides to customers.

To make a coherent comparison, we introduce penalty costs for lost customers. We define

two different penalty costs C] and C5. For each balking customer, the service provider pays Cf,
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whereas a reneging customer does cost Co. It is intuitively clear that C; < Ca. A customer
who balks should have a higher probability to call back than that of a customer who reneges. A
reneging customer leaves the system with frustration and loosing trust in the service provider.
However, a balking customer leaves the system based on an information. This information would
avoid to loose business because it is perceived by balking customers as an invitation to call back
when the system will be able to serve them within a reasonable delay. Thereafter, introducing
different costs for lost customers may be a way to translate this important issue. This method
of comparison is a simplification of the reality so as we may illustrate the benefits of having a
system with delays announcement. In practice, we may have for example a different cost for
a customer who reneges in Model 1 from that in Model 2. We should note in addition that
quantifying the costs parameters is a hard task.

We performed 20 numerical comparisons. We considered several sets of parameters to make
sure of the robustness of the conclusions. For all cases, u, v, C1 and Cy are held constant. We
let £ = 0.2 and v = 1. The abandoning cost is chosen to be twice greater than the balking cost,
C1 =1 and Cy = 2. To vary the staffing level, we consider models with s = 5, 10, 20, 50 and
100. The corresponding arrival rates are chosen so as the “service utilization", A\/su, is 100%.
Furthermore for each couple (), s), we vary the coverage probability 5. We let 5 = 50%, 70%,
90%, and 95%. Finally, the reneging rate for Model 2 is computed each time as we reported in
Section 4.3.3 (as a function of 3.) Numerical experiments for (X, s) =(1,5), (2,10), (4,20), (10,50),
and (20,100) are displayed in Tables 4.1, 4.2, 4.3 and 4.4, respectively. The line “Balking" is to
indicate the stationary cost per unit of time (u.t) due to balking customers. It only concerns
Model 2 (no balking in Model 1), and is calculated as C x A X Py(balking). The line “Reneging"
is to indicate the cost per u.t for reneging customers. For Model 1 (Model 2), it is calculated as

CQ Xy X qul (CQ X ’yl X Lq’g).

Model 2

Model 1 | 8 =50% B ="170% B8 =90% B8 =95%

v =0271 | 4 =0.128 | v/ =0.033 | v/ =0.015
P 0.594 0.666 0.681 0.697 0.702
Lq 0.236 0.076 0.050 0.026 0.018
L, 4.054 3.750 3.694 3.638 3.620
P(S) 0.764 0.735 0.729 0.722 0.720
P(R) 0.236 0.021 0.006 0.001 0.000
P(balking) — 0.245 0.265 0.277 0.279
E(X|S) 0.124 0.048 0.033 0.018 0.013
o(X|95) 0.301 0.210 0.178 0.131 0.112
Balking — 0.245 0.265 0.277 0.279
Reneging 0.473 0.041 0.013 0.002 0.001
Total cost 0.473 0.286 0.278 0.278 0.280

Table 4.1: Numerical comparison for s =5 and A =1
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Model 2

Model 1 | B =50% 8 ="70% 8 =90% 8 =95%

A =0.275 | ¥ =0.135 | ¥/ =0.036 | v/ = 0.016
P 0.625 0.689 0.708 0.731 0.740
Lq 0.342 0.159 0.121 0.079 0.064
Ly 8.634 8.276 8.187 8.081 8.041
P(S) 0.829 0.812 0.807 0.800 0.798
P(R) 0.171 0.022 0.008 0.001 0.001
P(balking) — 0.166 0.185 0.198 0.202
E(X | S) 0.105 0.057 0.045 0.031 0.025
o(X|S) 0.214 0.177 0.161 0.136 0.125
Balking — 0.333 0.370 0.397 0.404
Reneging 0.683 0.088 0.033 0.006 0.002
Total cost 0.683 0.421 0.403 0.402 0.406

Table 4.2: Numerical comparison for s = 10 and A = 2

Model 2

Model 1 | B =50% 8 ="70% 8 =90% 8 =95%

A =0.256 | 7' =0.127 | 4/ =0.034 | v/ =0.015
P 0.646 0.700 0.718 0.744 0.755
Lq 0.488 0.283 0.230 0.164 0.140
L, 18.047 17.639 17.516 17.352 17.287
P(S) 0.878 0.868 0.864 0.859 0.857
P(R) 0.122 0.018 0.007 0.001 0.001
P(balking) — 0.114 0.128 0.139 0.142
E(X|S) 0.085 0.054 0.045 0.034 0.029
o(X | 9) 0.140 0.125 0.118 0.105 0.099
Balking — 0.456 0.514 0.557 0.568
Reneging 0.976 0.145 0.058 0.011 0.004
Total cost 0.976 0.601 0.572 0.568 0.573

Table 4.3: Numerical comparison for s = 20 and A =4

The end of this section is devoted to discuss the numerical results. We see that for each set
of parameters, the probability of immediate service and that of reneging are better for Model 2.
The reason is that Model 2, as it were, “refuses” entry for customers who potentially may renege.
On the contrary, Model 1 does not care about them.

Some of the customers, who balk in Model 2, might wait in Model 1 until service begins
without reneging. This implies that the probability of being served for a new arrival is better
in Model 1, which agrees with the experiments. Less accepted customers in Model 2 makes
the excepted numbers of customers in queue and in system larger for Model 1 than those for
Model 2. In addition since we let reneging in Model 2, less customers enter service in the latter.
As a consequence, the conditional mean waiting time given service is lower in Model 2. From
experiments, we deduce that the conditional standard deviation of the waiting time given service
is also lower in Model 2. One possible explanation may be related to the fact that realizations

of waiting time values are the lower for Model 2. Note that the probability of being served also
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Model 2

Model 1 | 8 =50% 8 ="170% 8 =90% B8 =95%

A =0.220 | 4/ =0.109 | ¥/ =0.029 | v/ = 0.013
P 0.663 0.704 0.721 0.746 0.758
Lq 0.777 0.535 0.458 0.354 0.313
Ly 46.893 46.416 46.239 45.986 45.879
P(S) 0.922 0.918 0.916 0.913 0.911
P(R) 0.078 0.012 0.005 0.001 0.000
P(balking) — 0.071 0.079 0.086 0.088
E(X|8) 0.060 0.044 0.038 0.030 0.027
o(X | S) 0.072 0.069 0.067 0.063 0.060
Balking — 0.706 0.794 0.863 0.883
Reneging 1.553 0.235 0.100 0.020 0.008
Total cost 1.553 0.941 0.894 0.884 0.891

Table 4.4: Numerical comparison for s = 50 and A = 10
Model 2

Model 1 | 8 =50% B8 ="170% B8 =90% B8 =95%

N =0.191 | v/ =0.094 | 7/ =0.025 | ' = 0.011
P 0.672 0.704 0.719 0.743 0.754
L, 1.101 0.828 0.729 0.587 0.527
Ly 95.598 95.062 94.837 94.501 94.353
P(S) 0.945 0.942 0.941 0.939 0.938
P(R) 0.055 0.008 0.003 0.001 0.000
P(balking) — 0.050 0.055 0.060 0.061
E(X|S) 0.046 0.035 0.032 0.026 0.023
o(X|9) 0.039 0.040 0.040 0.039 0.038
Balking — 0.995 1.110 1.203 1.229
Reneging 2.201 0.316 0.137 0.029 0.012
Total cost 2.201 1.311 1.247 1.232 1.241

Table 4.5: Numerical comparison for s = 100 and A = 20

indicates the throughput of both systems. Although more customers are lost in Model 2 than in
Model 1, the difference is not significant, but only a bit worse for Model 2. From the experiments,
the relative differences of the throughput are ranging from less than 1% up to 5%. Calculating
thereafter the costs due to lost customers based on the parameters C1 and Ca, makes Model 2
better than Model 1.

Consider now Model 2 by varying the coverage probability 5. As we would expect, increasing
B leads to more balking. Such change would better satisfy customers who elect to wait. The
numerical results confirm that intuition; P;s, P(R), E(X | S) and o(X | S) improve, and P(S5)
deteriorates as [ increases. Increasing 3 leads to more lost customers because customers who
balk in Model 2 may not renege when joining the queue (which happens for low values of f3).
The flow of lost customers does not differ much by varying 3. Based on the parameters C and

C5 we chosen, better costs are reached for 8 = 90%.

Let us now focus on the comparison of both models as A and s grow (keeping the load
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constant.) We see that the conclusions are pretty much of the same quality. In addition, per-
formances of both models improve. It is expected due to the idea of resource sharing discussed
by Smith and Whitt [120]. We also notice from experiments that the relative decrease of cost,

when moving from Model 1 to Model 2, increases in the system size.

4.4 Two-Class Call Center with Priority

In this section, we investigate the extension of the analysis to the case of a call center with two
customer classes. We consider a call center model with two impatient customer classes, high and
low priority classes. The priority rule is strict and non-preemptive. We believe that qualitative
results should not differ from those derived in Section 4.3. Thereafter, we do not repeat the
comparison analysis between models with and without announcement. However, we focus on
building quantitatively the call center model when incorporating delays announcement. This
step is particularly complex in the multiclass case because of the priority rule.

In Section 4.4.1, we present the original call center model without announcement. In Section
4.4.2, we specify the new model by including delays information. In a similar fashion to that
in Section 4.3, we announce to each new arrival his virtual delay based on a given coverage
probability 5. The distribution of the waiting time for low customers is not straightforward. For
simplicity issues, we assume no reneging once customers elect to wait. This simplification would
work well when choosing high values of 3 (in the order of 90%.) In Section 4.4.3, we compute the
first two moments of the virtual delays distributions for new arrivals. By doing so, we complete

specificating the new model with announcement.

4.4.1 Two-Class Model without Announcement

Consider the queueing model of a call center with two classes of customers; important customers
type A, and less important ones type B. The model consists of two infinite priority queues type
A and B, and a set of s parallel, identical servers representing the set of agents. All agents are
able to answer all types of customers. The call center is operated in such a way that at any
time, any call can be addressed by any agent. So upon arrival, a call is addressed by one of
the available agents, if any. If not, the call must join one of the queues. The scheduling policy
of service assigns customers A (B) to queue A (B). Customers in queue A have priority over
customers in queue B in the sense that agents are providing assistance to customers belonging to
queue A first. The priority rule is non-preemptive, which simply means that an agent currently
serving a customer pulled from queue B, while a new arrival joins queue A, will complete this

service before turning to queue A customer. Within each queue, customers are served in FCFS
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manner.

Arrival processes of type A and B customers follow a Poisson process with rates A4 and
AB, respectively. Let Ar be the total arrival rate, A\r = Aa + Ap. Successive service times are
assumed to be i.i.d., and follow a common exponential distribution with rate u for both types of
customers. The motivation for considering a common service time distribution is similar to that
reported for the models of Chapter 3. We let customers be impatient. Times before reneging for
both types are assumed to be i.i.d., and exponentially distributed with a common rate v for both
customers types. Again, we note that abandonments make our system unconditionally stable.

The resulting model, referred to as Model 3, is shown on Figure 4.6.

Xy
M o
—_— eoe Y7
—
HA
Ag
———» oeooo
noqy

Figure 4.6: The original two-class model, Model 3

4.4.2 Two-Class Model with Announcement

Assume moving from the call center described in Section 4.4.1 to a call center with delays
announcement. For each new arrival (type A or B), the service provider gives a percentile 3 of
the distribution of the state-dependent virtual delay. The state-dependent virtual delay is the
time it takes for a server to become free for the customer of interest. In other words, it is the
time until all higher priority customers ahead of the arrival leave the queue plus the duration
of a service completion. Paralleling to Section 4.3.3, we stipulate that a new customer elects to
join the queue with the probability that a server becomes free for him before he would renege.
For simplicity sake, we do not let customers renege once they join the waiting line. This is
reasonable for high values of § provided that the estimation of the anticipated delay should be
fairly accurate in that case, so that ignoring reneging would be valid. Assume that a new arrival
finds n4 waiting type A customers in queue A, and np waiting type B customers in queue B.
Note that implicitly we are focusing on new arrivals finding all servers busy. If the number seen
by an arrival is less than s, then the new arrival does never balk and enters service immediately.
Let us come back to a new arrival finding all servers busy. It should be clear that the probability

of balking for a type A new arrival does depend only on n4 (due to the priority rule), p;ﬁf(n A)-
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However, the probability of balking for a new type B arrival does depend on the couple (n4,np),
pfk(n A,np). Furthermore, we should not fall in the confusion of only considering it as a function
of np = nyg + np. Having different values of n4 and np, so as np = n4 + np is held constant,
would affect the virtual delay distribution of the customer of interest. The reason is that, under
the model with announcement, the arrival rate of type A customers seen by our new type B
customer, is state of queue A dependent. As a consequence, not considering the couple (n4,np)

to compute the balking probability of that customer would lead to a wrong result.

Let Y,f: be the random variable measuring the state-dependent virtual delay for a new type A

arrival finding n 4 waiting customers ahead of him. Let Y2 be that for a new type B arrival

(nAvnB)

finding n 4 and np waiting customers ahead of him in queues A and B, respectively. Furthermore,

let G;;‘A (t) and GBA nB)(t) for t > 0 be the PDF of Y,;i and Y2 respectively. Then, the

(TL ("/LAJ/LB)7
call center provides upon arrival the values DSA = (G;‘L‘A)_l(ﬁ) and ng ng) = (G@A nB))_l(ﬁ)

to type A and B customers, respectively. We calculate the balking probabilities as explained
in Section 4.3.3. Hence, denoting again by T the random threshold patience for both types
(exponentially distributed with rate ), we have pjy(na) = P(T < D ) and pf.((na,ng)) =
P(T < DB ). Next, the following holds

(nA7nB)

_~.DB
ph(na) =1—e"Pia, and pB((na,np)) =1—e " Poanp). (4.36)

The resulting model is shown on Figure 4.7, and is referred to as Model 4.
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Figure 4.7: The new two-class model incorporating announcing, Model 4

What remains to be done in order to characterize Model 4 is to compute state-dependent
arrival rates for each customer type, which in turn reduces to characterize the distribution func-

tions of Ynﬁ and Y2

. In the next section, we give closed-form expressions for their first two
(namB) ’

moments. Based on these results, we thereafter propose in Section 4.5.1, a helpful approximation

of their whole distributions.
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4.4.3 Estimating Virtual Delays

In Sections 4.3.2 and 4.3.4, we assume that the equipment technology of our call center enables
us to know when queues are empty, whether there is one available agent or not for an upcoming
customer.

If less than s customers are present in system, the customer of interest gets service immedi-
ately. If not, he has to wait in his corresponding queue for service to begin. Knowing that all

servers are busy, we focus on the random variables Y,{; and Y(B

namp) AsnB = 0. We separate

the analysis depending on whether the arrival call is of type A or B. Type A customers observe
a regular queue without priority. So, estimating their waiting time is easy to obtain. However
that of type B customers is more complicated to compute because it is affected by future type
A arrivals (with higher priority.)

Let us recall that we are calculating virtual delays which will be used within a second step
in order to compute balking probabilities. In other words, we are calculating the time it takes

until a server becomes free for the customer of interest in case he elects to wait (does not balk.)

Virtual Delays for Type A Customers

Consider a new type A arrival who finds all servers busy, n4 waiting customers in queue A and
np waiting customers in queue B. Owing to his higher priority, the virtual delay of a new type
A arrival does not depend on the number of type B customers already present in system, see
Figure 4.8. The customer has to wait until the n4 waiting customers leave the queue plus the
time it takes for a service completion (when all servers are busy.) By a customer who leaves the
queue, we only mean a customer who enters service. In Model 4, there is no longer possibility
for customers to renege once they join the queue.
New type Aarrival ——

X eoo M
NnA

nB

Figure 4.8: Virtual delay for a new type A arrival

Hence, the pdf of Y{}q is simply the convolution of the pdfs of n4+1i.i.d. exponential random

variables each with parameter sy. So, Y,fi‘ has an n4 + 1-Erlang distribution with parameter su.
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The mean and variance of Ynﬁ are, respectively, given by

1 1
nat , and Var(Yni) _nat

Ay
E(YnA)_ o 82/1,2 :

(4.37)

Having in hand the PDF of Yn‘i, it only remains to come back to Equation (4.36) in order

to compute the balking probability pi}.(n4). Define now the standard deviation of Ynﬁ by

U(Y,fi‘) = /Var(Y,2), and the coefficient of variation by the ratio of the standard deviation
over the mean, cv(Y;) = o(¥;A)/E(Y;{}). As shown on Equation (4.38), the ratio cv(Y,) is

characterized to have simple form independent of p and s.

AN 1
cw(Y,2) = NoES (4.38)

From Equation (4.38), we deduce that for large values of ny4, the virtual delay of Y,fi1 is very
concentrated about its mean. This implies that for large values of n4, the mean value of Yn‘t

should provide a good approximation of the virtual delay.

Virtual Delays for Type B Customers

Knowing that all servers are busy, let ny and np be the number of type A and B waiting
customers seen by a new type B arrival, in queues A and B, respectively.

The random variable Y2

(nams) is the time until the ny = ny + np waiting customers start

service, plus the time it takes for all future type A arrivals (during the waiting of the customer of
interest) to enter service, plus the duration for a service completion (when all servers are busy),

see Figure 4.9.
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Figure 4.9: Virtual delay for a new type B arrival

To characterize Y/ B we ignore all future type B arrivals because the discipline of service

(na,nB)’

within queue B is FCFS. However, all future type A arrivals have to be considered because of
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their higher priority against the customer of interest. Recall that reneging is no longer possible.
We only consider events of type A arrivals and service completions. Thereby, changes of queues
states seen by our customer are as follows. As long as type A customers are waiting in queue,
the number of type B waiting customers does not change, however that of type A customers
increases by 1 further to a type A arrival or decreases by 1 further to a service completion. The
number of type B waiting customer can not increase. It only decreases by 1 further to a service
completion when no type A customers are waiting in queue. We should be careful to not forget

that type A arrivals are state-dependent due to balking decisions of customers upon arrival.

Based on the above explanation, we move on to employ the following two-dimensional Markov
chain. Let the system state at a given random instant be (m4, mp) where my (mp) is the number
of type A (B) customers in queue A (B), ma, mp > 0. In addition, the Markov chain has an
absorbing state denoted by (—1). The system moves to (—1) further to a service completion
when both queues are empty. Being in the latter state means that a server is available for the
customer of interest. When m 4 customers are waiting in queue A, we denote the state-dependent
arrival rate of type A arrivals by Aa(ma) = (1 — p;ﬁg(mA)) X Aa. The non-zero transition rates
are G(mamp)(matimp) = AA(ma), for ma,mp >0, qun, mp)ma—1,mp) = Si, for ma,mp >0,
4(0,;mp)(0,mp—1) = St for mp > 0, and 4(0,0)(~1) = Sk As shown on Figure 4.10, measuring

YB

(nanp) DAY be formulated as to calculate the downcrossing time until absorption in state (—1),

starting from state (n4,np).

Aa(Nat+1)

B

(Naing)

Figure 4.10: The random variable Y(B

nAvnB)
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The Markov chain we consider has a special structure allowing analytical solutions. Let us

give an explanation. From Figure 4.10, the random variable Y(B

m rewritten
nang) MY be rewritten as

Y g = Uma) + Vg1 4+ Vo, (4.39)

(na,np

where U(n4) is the random variable measuring the downcrossing time until first passage at state
(0,np — 1) starting from state (na,np), V; is the random variable measuring the downcrossing
time until first passage time at state (0,7 — 1) starting from state (0,7) for 1 <i <np—1, and Vj
is the random variable measuring the downcrossing time until absorption in state (—1) starting

from state (0,0).

The Markovian assumptions allow us to state that the random variables U(nga), Vo, ...
and Vj,;—1 are independent. From Figure 4.10, we see that Vg, ..., and V,,,_1 are identically

distributed. Let E(Y/?

(nA,nB)) and Var(Y(fA,nB)) be the mean and variance of the random variable

B

(namp)’ respectively. Then, using the linearity property of expectations, we get

E(YR , npy) = E(U(na)) +np x E(V), (4.40)

namB

and from the independence, the following holds

Var(YdemB)) =Var(U(na))+np x Var(Vy). (4.41)
Let us now focus on computing means and variances of U(na), Vo, ..., and V;,,—1. To do so, we

define an intermediate birth-death process with discrete state space taking non-negative integer

values {0,1,2,3,...}. The transition rates of the process are denoted by

901 = A, Gmm+1 = Aa(m —1) and g m—1 = sp for m > 1, and ¢, = 0 otherwise. (4.42)

The birth-death process is derived from the previous Markov chain and is shown on Figure 4.11.
One may see that U(na), Vo, ..., and V,,,_1 may be defined on the intermediate birth-death
process. The random variable U(n,4) is the downcrossing time until first passage at state 0,
starting from state nag + 1. As for the random variable V;, 0 < ¢ < np — 1, it is only the first
passage time at state 0, starting from state 1. Note that since we are calculating first passage
times at state 0, the analysis is independent of the birth rate when the system is in that state,
ie., qo1 = Aa.

By considering a general birth-death process, the authors in Jouini and Dallery [65] give

closed-form expressions for any moment of order £ > 1 of several random variables related to
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4x(0) An(ma -2)  Ja(na -1)

s &2

Figure 4.11: Intermediate birth-death process

first passage times. Further details about this analysis is given in Chapter 5. We use their results
in our context here. To simplify the presentation, we introduce the quantities 6,, for m > 0. For
m = 0 we let 09 = A4, and for m > 1 we let §,, = Aa(m — 1). Let us now define the potential
coeflicients of the intermediate birth-death process, say ¢.,, as follows.

175" %

¢0 = ]., and ¢m = W, for m > 1. (443)

Thereafter, the mean E(U(n4)) and variance Var(U(na)) of U(na) are given by

na+1
Z 5m ld)m 1 Z¢]7 (444)
na+1 o) na+1 2
Var(U Z:(Sm 1¢m1.z P 1@1 Z¢l +252 Zﬁbj

I=j
(4.45)

It goes without saying that do (that is A4) could be eliminated from Equations (4.44) and (4.45),

which agrees with our above claim. We only keep them here for presentation issues.

Concerning the mean E(Vp) and variance Var(Vp) of the random variable Vp, they are given
by
1 e}
- s 4.46
5 mZ:l ¢ (4.46)

mld’ml

Var(Vy) = Z e > ¢ +518 (Z ¢m> . (4.47)
m=2 i m=1

Substituting Equations (4.44), (4.45), (4.46) and (4.47) back into Equations (4.40) and (4.41)

leads to the expressions of the mean and variance of the random variable Y(ff )"

Finally, using
the results of Section 4.4.3 to compute the balking probabilities for type A arrivals, the mean

and variance of Y8

(nanp) Ar€ thereafter fully characterized.

Note that one may derive all higher order moments of the virtual delay for both customer

types, which allows us to derive their full distributions. However, the analysis would be cum-
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bersome and numerically time consumer. We thereafter content ourself with only the first two
moments. By way of compensation, we propose a useful approximation of distributions as we

shall explain later in Section 4.5.1.

4.5 Some Practical Issues

In this section, we investigate some practical issues for an eventual implementation of delays
information. We distinguish two points that may help practitioners. The first is discussed in
Section 4.5.1, and concerns an approximation for computing the anticipated delay we communi-
cate to each new arrival. The second is discussed in Section 4.5.2, and is related to the way of

communicating that virtual delay.

4.5.1 Normal Approximation of Virtual Delays

Given the system state upon each arrival and given a coverage probability 3, the service provider
has to compute the value of the anticipated delay. This numerical computation operation is
characterized to be too heavy. In fact in the case of a single class call center, the virtual
delay distribution (hypoexponential) has an alternate summation of terms with different signs.
As for the low priority type in the two-class case, exact moments expressions for the virtual
delay distribution involve infinite summations. This would imply several numerical difficulties
especially that we are asked to conduct such real-time operations for each arrival!

From a practical point of view, a normal distribution provides a satisfactory approximation
of virtual delays. Since the random variables of virtual delays we consider here deal with summa-
tions of independent random variables, the Normal approximation should works well, see Whitt
[137] and Ward and Whitt [129]. This claim is supported by theoretical results based on the Law
of Large Numbers and the Central Limit Theorem. The normal approximation should work well
especially for new arrivals who find large number of waiting customers in queue.

We only need the mean and standard deviation of the state-dependent virtual delay in order
to get its full distribution (approximately.) Thus, we propose to use the normal distribution by
only picking up the means and variances we derived in Sections 4.3 and 4.4. We should however
point out that for small values of 3, such distributions may lead to negative values of anticipated
delays. To be judicious, we may adapt a given normal distribution by truncated it so as it
becomes no longer defined for negative values. For instance, let h(t) and H(t), —oco < t < 400,
be the pdf and PDF of the original normal distribution, respectively. Also, let hy,-(t) and Hy,(t),

0 < t < 400, be those for the truncated normal distribution. The pdf of hs.(¢) is calculated as

hir(t) = 111220). By doing so, we even out the area of the negative region (¢ < 0) over that of the
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positive region, so that we build a correct distribution. Note that this transformation should not
really affect the original normal distribution. The reason is that the quantity 1 — H(0) is low for

very small numbers of waiting customers in queue, and may be reasonably neglected otherwise.

4.5.2 Announcing About Anticipated Delays by Increments

Once the anticipated delay is computed, the next natural question is how we should profit from

that information? In what follows, we briefly discuss some elements addressing this issue.

There is not a single best method for all circumstances. In practice, we do not think that
it is interesting for the customer to get a high accuracy of his anticipated delay. Regarding to
the customer reaction, we believe that there is no real difference for him between being informed
about for example a delay of 1.64 min or 1.79 min. Furthermore, in most call centers cases, there
is no need to tell customers large delays. If the anticipated delay is for example greater than 5
min, we should just inform the customer that he will wait more than 5 min for service to begin.
A delay beyond 5 min seems to be excessive in most call centers cases. So, any value in this

range will be perceived by customers in the same fashion.

The idea we propose here is to inform about delays by increments. For instance, we define
the following increments: < 30 sec (we tell the customer that his delay will be less than 30 sec),
< 1 min, < 2 min, < 3 min, < 4 min, < 5 min, and a final increment > 5 min. Hence for each
new arrival we look, among the predefined intervals, for the increment in which the computed
value of the virtual delay is belonging. The obtained increment is thereafter communicated to

the customer so as he makes the decision to balk or not.

A major advantage of this method should be noted. In cases when the estimated delay and
the real one are in the same interval of time, the error do not exist. This often happens since
the coverage probability 3 is high. For example, if the first is 1.21 min and the second is 1.85
min, then we will announce that the delay is less than 2 min. So, the approximated delay and
the real one coincide regarding to the increment we communicate to the customer. We expect

that this effect would considerably reduce customers reneging.

An other idea would be to announce a lower bound and an upper bound of the estimated
delay, instead of only an upper bound. The idea is of value when the PDF of the conditional
waiting time is too close to zero for small times values. This case often happens for a new arrival

call who finds a large number of customers in queues.
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4.6 Conclusions and Further Extensions

We focused on a fundamental problem in the operations management of call centers, namely
the issue of informing customers about their queueing delays. Predicting delays is especially
important when customers do not have direct access to information about the state of the system.
In such a case, it has been indeed recognized that customers become dissatisfied with the service
provider when they are forced to wait for an unknown delay. Announcing delays would reduce the
undesirable phenomenon of customers reneging in queue, which allows to decrease the variability
of waiting times. As a consequence, we improve the quality of delays information we give to
customers, which in turn reduces even more customers reneging, and so on.

A central feature of this work is the way we model a call center with impatient customers
and incorporating delays information. We proposed an extension of the model in Whitt [135]. In
the latter, the author assumes no reneging once a new arrival elects to join the queue. This may
not be the case since the communicated delay based on which the customer makes his balking
decision is estimated with a percentage error. We gave a method to estimate the new reneging
behavior even if customers decide not to balk upon arrival.

In the first part of the chapter, we investigated the effect of giving anticipated delays to
customers in a single class call center. We computed several performance measures for both
models, with and without information about queueing delays. A numerical comparison is there-
after conducted in order to prove how customers satisfaction would make the model with delays
information preferable. In the second part of the chapter, we tackled the extension of the analysis
to an interesting case in practice, namely a two-class call center with priority. We focused for that
case on building the new model incorporating delays information. We specifically characterized
the distributions of new arrivals virtual delays. Finally, we discussed some practical issues that
would help practitioners for the implementation step. We proposed a useful approximation for
virtual delays. Next, we discussed a practical way for communicating anticipated delays. The
method of announcement is referred to as announcement by increments. It has also been shown
that this method would improve the system behavior through reducing errors approximations.

In a future study, it would be interesting to describe empirically customers reaction in re-
sponse to delays announcement, in order to validate our stipulation here for modeling that
reaction. It would also be of value to assess in a real call center case our claim regarding to
the advantages of announcing delays by increments. An ambitious extension is to consider non-
stationary arrivals which would be helpful in practice. A further direction is analyzing more
complex systems: more than two customer classes, general distributions for service times and

times before reneging, etc.
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To make a coherent comparison between both models performances, we introduced different
costs for different kinds of lost customers (due to balking or reneging.) Another way of value for
comparison is to model the changes that may occur on system parameters. It should be clear that
incorporating delays information would increase business. Thereafter, one may let lost customers
call back. However, it is natural to consider different behaviors of retrials for different kinds of
lost customers. Concretely, we may assume that balking customers have a higher probability to

call back than that of reneging customers. We leave this work for a future research.



Chapter 5

Moments of First Passage Times in

General Birth-Death Processes

The topic addressed in this chapter is related to the field of birth-death processes. We
consider ordinary and conditional first passage times in a general birth-death process.
Under existence conditions, we derive closed-form expressions for the kth order mo-
ment of the defined random variables, £ > 1. We also give an explicit condition for
a birth-death process to be ergodic degree 3. To the best of our knowledge, several
results of this chapter are not given beforehand. Based on the obtained results, we
next analyze some interesting applications for markovian queueing systems such as

call centers models.

The paper version of this chapter, Jouini and Dallery [65], was submitted for publi-

cation.

103



104 Moments of First Passage Times in General Birth-Death Processes

5.1 Introduction

This chapter deals with the analysis of birth-death processes. It does not directly address some
call centers issues as in the previous chapters. However, it provides useful applications for the
performance analysis of call center queueing models. Some of these applications was already
used for example in Chapter 4 in order to compute state-dependent queueing delays.

Birth-death processes, and in general Markov chains, are broadly used in the field of queueing
theory. They are a rich and important class in modeling numerous phenomena in queueing
systems. For instance, birth-death processes allow to account for customers balking and reneging.
The analytical studies were intended to obtain useful information for the decision making process,
basically related to the design, the control, and the measurement of effectiveness of the systems.
Whitt [133] and Kelly [79] have used birth-death processes to study complex networks of service
facilities. In the present chapter, we are dealing with the transient (time-dependent) analysis
of birth-death processes. The characteristics of interest are the ordinary and conditional first
passage times. These characteristics are known to be of value for the performance evaluation of
several queueing systems. Analyzing either transient or stationary queueing delays and response
times, for example, may be addressed by means of ordinary and conditional first passage times.

For the time-dependent solutions, advanced mathematical techniques are necessary. The well
studied systems are the simple ones, namely, M/M/1/K, M/M/1, and M/M /oo, see Kleinrock
[81], and Gross and Harris [46]. Such solutions are due first to Bailey [20]’s work where the author
has solved the partial differential equations governing the underlying birth-death process via
generating functions. Another interesting approach, based on advanced combinatorial methods,
was done by Champernowne [33]. In general, most of the popular procedures derive the transient
expressions using a combination of generating probability functions and Laplace transforms, see
Abate and Whitt [3], Parthasarathy [107]|, and Abate and Whitt [4] for an overview. In these
papers, the numerical solutions are complex due to the use of the Bessel functions. Some other
approaches were proposed as a method based on the Taylor series in Krinik and Sourouri [89],
and a new method based on the uniformization technique and on generating functions proposed
by Leguesdron et al. [92]. The last method is of interest in the sense that it leads to quite
simple expressions for the transient probabilities. For the the M/M/1/K, Tarabia [123] gave an
alternative simple approach to the procedure of Takacs [122]. He showed that the measures of
effectiveness such as the first and the second order moments of the queue length can be easily
obtained in a new and elegant closed-form. The result was also derived for the M /M /1 case by
taking the limit as K — oo.

The literature specifically related to birth-death processes is extensive and growing, see Karlin
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and McGregor [71| and |72, Keilson [76] and [77], Sumita [121], Mao [99], Guillemin [49], and
Coolen-Schrijner and van Doorn [35]. We refer the reader to Keilson [74] and [75], and Kijima [80]
for an overview on the subject. In Guillemin and Pinchon [50], the authors revisited the resolution
of the forward Chapman-Kolmogorov equations associated with a birth-death process through
the spectral theory. Their work was based on the connection between probability theory and
continued fractions addressed first by Karlin and McGregor [72]. They investigated, specifically,
how the Laplace Transforms of different transient characteristics related to excursions in a general
birth-death process can be expressed by means of the basic orthogonal polynomials system and
the spectral measure. Flajolet and Guillemin [39] have developed a formal calculus of basic
events described by lattice paths associated with birth-death processes. They expressed several
basic events in terms of continued fractions and their associated orthogonal polynomials. An
extension of the latter paper was developed in Ball and Stefanov [21]|, where the authors have

used an approach based on viewing birth-death processes as exponential families.

In this chapter, we consider the transient behavior of general birth-death processes. We mean
by “general" that transition rates are arbitrary and need not have some special structure. Using
the associated Chapman-Kolmogorov equations, and via Laplace transforms we derive closed-
form expressions for the moments of downcrossing and upcrossing times between pairs of states.
Further interesting characteristics are sojourn times in states. This topic is out of the scope of
this chapter. By addressing some applications, we show the equivalence between the analysis of
various characteristics in queueing systems and that of hitting and return time random variables.
Also, we recover in a simple way classical results such as the busy period and busy cycle durations

in some basic Markovian systems.

The rest of the chapter is organized as follows. In Section 5.2, we specify the general birth-
death process we consider. In Sections 5.2.1 and 5.2.2, we define two families of random variables;
the ordinary first passage times and the conditional first passage times, respectively. In Section
5.3, we derive the moments for the defined ordinary random variables. In Section 5.4, we apply
the same analysis for the conditional random variables. In Section 5.5, we investigate various
applications of the analysis of the ordinary first passage times. In Section 5.6, we close the

chapter by some concluding remarks and possible future research directions.

5.2 Model Description and Notations

We consider a continuous-time birth-death process {E(t), t > 0} with discrete state space taking

non-negative integer values {0, 1,2, 3, ...} defined on a probability space. The transition rates of
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the process {E(t), t > 0} are denoted by
Imm+1 = Am > 0, @mm—1 = tms Gmm = —(Am~+pm) for m >0, and ¢ = 0 otherwise. (5.1)

The rate po is equal to 0, and gy, > 0 for m > 0. For m > 0, we define the quantities m,, by

A0 Am—
7o =1, and mp = 2L for m > 1. (5.2)
H1---Um

The quantities 7, are called the potential coefficients of the birth-death process {E(t),t > 0}.
Starting from a given initial state, let the transient probabilities be {p,,(¢), t > 0}, m > 0. The
quantity p,,(t) represents the probability that at an arbitrary time ¢, the system is in state m,
m > 0. Under the ergodicity assumption, the stationary distribution of the process {E(t), t > 0}
defined for m > 0 by the quantities p,, = lim; oo P (t) can be easily solved through recursion.

They are given by

1
>0, and pp, T

P = = —— 2007>0, fOI'le. (53)
Zmzo Tm Zm:(] Tm

5.2.1 First Passage Times

In this section, we define the random variables associated with first passage times in birth-death
processes. Let us consider the random variable 6, representing the duration of an excursion by
the process {E(t), t > 0} above the level m — 1, m > 1. In other words, 6,, represents the first

passage time from state m to state m — 1. We define 6, by

O, =Inf{t>0: E(t)=m—1 | E(0)=m}. (5.4)
Also, let 7, be the first passage time from state m — 1 to state m, defined by

Tm =Inf{t >0: E(t)=m | E(0) =m — 1}. (5.5)

In general concerning the first passage time from a given state to another, we define the random
variables Dy, ;,—; and U, m+i representing the downcrossing time from state m to state m — 1,
1 <4 <'m, and the upcrossing time from state m to state m + i, ¢ > 1 and m > 0, respectively.

These random variables are given by

D = Inf{t >0: E(t) =m —i | E(0)=m}, (5.6)
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and, Upmti = Inf{t >0: E(t)=m+1i | E(0) =m}. (5.7)
One can easily see that
Dmm-i= Y Oy, for1<i<m, (5.8)
n=m—i+1
m—+1
and, Upmii = 7o, fori > 1, (5.9)
n=m-+1

where = denotes equality in terms of distributions. In particular, let us introduce the random
variables D, and U, representing the downcrossing time from state m to the empty state 0 and
the upcrossing time from state 0 to state m, respectively. Hence, Dy, = Do = > " 6, and
Un = Upm = Z;n:l Tn- Finally, let C, be the random variable denoting the time between two
visits by the process F(t) at state 0, giving that the process E(t) hits the state m. Then, we
state that Cp, = Uy, + Dy =D 0| 0 + Ty

The analysis of the random variables defined above is useful for various problems in Markovian
queueing systems. For instance, it would be helpful for the busy period analysis of queueing
systems with state-dependent arrival and service rates. Also, for computing the characteristics
of the state-dependent waiting time distribution in complex service systems. We shall give further

details of these applications in Section 5.5.

5.2.2 Conditional First Passage Times

The random variables of first passage times, we defined above, have great importance in Markov-
ian queueing systems applications. An equally great interest is in the conditional first passage
times. In what follows, we define their associated random variables.

Let "0,, be the first passage time of the process {E(t), t > 0} from state m to state m — 1 given

that the process does not visit state r in between, 1 < m < r, defined by

"0 =Inf{t >0: E(t)=m—1 | E(0) =m and no visit to r}. (5.10)

Similarly, let "7, be the first passage time from state m — 1 to state m given no visit to r,

0 <r <m — 1, defined by

"Tm=Inf{t >0: E(t) =m | E(0) =m — 1 and no visit to r}. (5.11)

As above, we also consider the conditional first passage times from a given state to another. We
define the random variables "D, p,—; and "Uyy, m+4 to represent the duration of the downcrossing

time from state m to state m — ¢ given no visit to state r, 1 < m < r, and the upcrossing time
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from state m to state m + ¢ given no visit to r, 0 < r < m — 1, respectively. One has

m
"D = Z ", for 1 <i<m<r, (5.12)

n=m—i+1

m—+1i
and, "Upym+i = Z ", for 0 <r<m,i>1. (5.13)

n=m+1

An interesting application of the conditional first passage times would be as follows. Consider
a birth-death process that models a Markovian queueing system with a limited system capacity,
say K. In practice, It is useful to determine the time from a system with one customer until the
system saturation given no idleness, namely the random variable OUL K+1- A dual interesting
random variable is the duration from a full system until idleness given no lost customers, namely
the random variable 1Dy . We state from Sumita [121] that both of these random variables

are identically distributed.

5.3 Moments of First Passage Times

In this section, we focus on calculating the kth order moment, k > 1, for the ordinary first passage
times defined in Section 5.2.1. Before moving on to the moments computation, we should first
discuss their conditions of existence. For the upcrossing times, 7., Um m+i, and U, it is clear
that no specific conditions are required. However, it is not the case for the downcrossing times,
Om, Dmm—i, Dm, as well as for Cy,. To guaranty the moments existence of these return times,

we shall use the following set of conditions.
Condition C* (k > 1): the birth-death process {E(t), t > 0} has ergodic degree k.

Roughly speaking, the ergodic degree gives the number of finite moments possessed by the time
of the first passage at a given state ¢ starting from any state j # i. We refer the reader to
Mao [99] for more details. In particular, Condition (C') simply reflects the classical ergodicity
assumption. It is the necessary and sufficient condition for the mean of the first passage time
from any state ¢ to any state j # i (D;; and U; ;) to be finite. From Karlin and McGregor [71],
Condition (C1) holds if and only if

[e.e] o0 1
Z Tm < 00 and Z W 00, (5.14)
m=0 m=0

see also Keilson [75]. As for the special case of Condition (C?), it means that the birth-death

process has ergodic degree 2. From Theorem (6.1) in Coolen-Schrijner and van Doorn [35], this
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condition holds if and only if

oS -1 [eS) 1 oS 2
i i < 00. 5.15
j= m=0 j=m+1

An equivalent expression was also found in Theorem (4) of Karlin and McGregor [71]. To the
best of our knowledge, no explicit expressions, for k > 3, exist in the literature. We give further
details on Conditions (C*) with higher orders at the end of this section. In addition, we derive

a new result by giving Condition (C?) in an explicit form.

In Theorem (5.1), we give the kth order moment expression of the random variable 6p,.
Thereafter, we deduce the mean and the variance of 6, in Corollaries (5.1) and (5.2), respectively.
In Theorem (5.2), Corollaries (5.3) and (5.4), a similar analysis is given for the random variable
Tm-. Note that the latter results are new except for the expressions of the expected values of 6,,
and 7,.

For the rest of the chapter, an empty sum is being interpreted as zero, and an empty product

is being interpreted as one.

Theorem 5.1 Under Condition (C*), the kth order moment E(0%), k > 1, of the random

variable 0,,, m > 1, is given by

E(6%, M—1Tn-1 Viks 5.16
0y, = N Z —1Tn—1 Vo k ( )
where b1
k k— 1 )‘n J y k—j
Vnk_M—EG ZCkEH E@73), forn>1, k>1,
n j:l
and
cl i fork>j>1
= 7~y JOT 7]7 .
(k=)

Proof. From the Strong Markov Property, we can write, for m > 1

Hm
>\'77L +l’l"77L

Am

Om = Exptiim , with probability (5.17)

Om = Expmtpm T Omy1 + 0., , with probability

where €\, 1, i a random variable exponentially distributed with parameter A, + pm. The
random variables 0, 0,41 and ém are independent. In addition, the random variables 8, and

0., are identically distributed.
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Let 0,,(s) be the Laplace transform of the random variable 6,,. Then, Equation (5.17) yields
(A + fian 4+ 8) O (8) = i + A Oy 1(8) O (s), for m > 1. (5.18)

Let H(k)( ) be the kth derivative in s of 6,,,(s). Taking the kth derivative in s of both sides in

Equation (5.18) using the Leibnitz’s differentiation formula, we get for m > 1, k > 1

k
(Am + i+ 8) 09 (5) + k 8%V (5) = Ay S CLOID (5) 007 (s), (5.19)
j=0
or equivalently
(A + i+ 8) 09 () + & 0F D (5) = A O (5) B0y 1 (5) + Am Z CLOD(s) 05 (s)  (5.20)

+ A 08 () B 41 (5).

Form > 1and j =0, 65 (0) = 1. Form > 1 and j > 1, 65(0) = (~1)? E(6%,). Hence, Equation
(5.20) becomes for s =0

(A + ) (1) B(0,) + k (=1)" 7 E@051) = A (=1)* B(0541) + A (-1)" E(0),)
k—1

+Am Y CL(=1)" E(0],) B0, 7). (5.21)
j=1

Simplifying by (—1)* and dividing by (Am =+ ) leads to
k—

k
B(0p1) + - E0) Z E05,7)- (5.22)

Am

m

E(9,) =

Let us introduce the sequence V,,, i, for m > 1 and k > 1, defined by

k—
k Am
Vi = — B(05 1) + = Z E@F7). (5.23)
Hm M =
Thus, we get the following recurrence relation
k Am
E(6}) = = E(Oy1) + Ving, m>1, k> 1. (5.24)

With straightforward manipulations in Equation (5.24), we state that for m > 1, ¢ > 1, and
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k>1
A T At oy

E(0F) =Vimg+ =" Vg + o+ | [T 552 | Vingin + | [T 52 | B(0F,140)- (5.25)
Hm j=0 Hm+j 3=0 Hm+j

For a given k > 1 and under the Condition (C*), we deduce that E(6%,) is bounded for m > 1.
Moreover, the birth-death process has, in particular, ergodic degree 1. Then lim; .., m; = 0, also,
lim; o0 H] 0 umij =0, for m > 1. Hence, it follows that lim; (H;':() um:) E(6% ,.1) =0,
form>1,k>1.

Continuing forward manipulations in Equation (5.25) until ¢ goes to oo implies

00 i—1
Ao
EOE) =Y T] =™ | Vi m>1, k> 1. (5.26)
—0 -0 Hm+j
i j
Finally, observing that H] —m 2j = /\m_lrﬁ, for n > m > 1, and through a change in the
subscripts we get
1 oo
EOR) = 3——— > Aot Vg m2 1 k21, (5.27)
m—1Tm—1 ==
which completes the proof. O

Corollary 5.1 Under Condition (C') given in Expression (5.14), the mean value 0., of the

random variable Oy, is given by

Op = ——— T, form > 1. 5.28

" Am—1Tm—1 nzr:n " f ( )

Proof. For n > 1 and k = 1, we have V,,, = =—. Then, applying Theorem (5.1) leads easily to
the desired result. O

The result in Corollary (5.1) can be found in Keilson [75], Kijima [80], and in Lemma (1)
of Guillemin and Pinchon [50]. Note however that in the latter, the authors have proved their
result through a totally different approach based on counting processes and the Strong Law of

Large Numbers.

Corollary 5.2 Under Condition (C?) given in expression (5.15), the variance Var(0y,) of the

random variable 0y, is given, for m > 1, by

2
oo =5 s (Bn) s (S0) - e
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Proof. The result here concerns the special case, k = 2, of Theorem (5.1). For n > 1 and
k=2 Vor=2 (5n)2. Next, using Corollary (5.1), we get the second order moment E(62,) of

the random variable 6,, as follows

0o 2
E(6? o ¢ > 1. :
( m) Am—1Tm—1 Z )\n 1Tn—1 (Zz;lﬂ- > » OT T = (5 30)

Finally, knowing that Var(,,) = E(62)—(0,,)?, the result holds immediately. O

Up to now, we computed the moments of the random variable 6,,,. In what follows, we go on
to find explicit expressions for the moments of the random variable 7,,,. Recall that 7, represents

the upcrossing time from state m — 1 to state m.

Theorem 5.2 The kth order moment E(7F), k > 1, of the random variable T,,, m > 1, is given

by
1
E Yy ——— An n— n,ks 31
(Tm) N 17Tmlz 171 Wik (5.31)
where
/\k, forn=1k>1,
Wn,k— 4
T B + et SO B(r) ) E(n ), forn > 2, k> 1,
and

k!

= iy

, fork >35> 1.

Proof. From the Strong Markov Property, we can write, for m > 2

Tm = 6)\m—1+,u‘m,—1 Wlth prObablhty #ﬂl—l (5 32)
Tm = Exm—1+Hm—1 + -1+ Tm ) with prObabﬂity %

where €),,_,4u,,_, is a random variable exponentially distributed with parameter Ay, —1 + flm—1.
The random variables 7,,,, Tm—1 and 7,, are independent. In addition, the random variables 7,
and 7,, are identically distributed.

Let 7 (s) be the Laplace transform of the random variable 7,,,. Then, Equation (5.32) yields
(A A+ fom + 8) Tmt1(8) = A + o T (8) Trnr1(8), for m > 1. (5.33)

Let T(k)( ) be the kth derivative in s of 7,,(s). Taking the kth derivative in s of both sides in
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Equation (5.33) using the Leibnitz’s differentiation formula, we get for m > 1, k > 1

k
k k—1 i~ (k—7j
A + i +8) Ty (8) + k70 (5) = pm Y O 79 (8) 787 (5). (5.34)
j=0

Let us introduce the sequence Wy, p, m > 1and k > 1. Form =1and k > 1, Wy, = )]fk, and

for m > 2, k > 1, it is defined by

k [im_1 k-1 4 A

Wi = 5——B(r ) + =) CLE(m, 1) E(my, 7). (5.35)

For m > 1 and j =0, (])( 0)=1. Form>1andj>1, ~(])(0) = (—1)/E(7,). Next, with some

algebra, Equation (5.34) becomes for s =0

Bl(rh1) = 5™ B(h) + Wonsipey m=1, k> 1 (5.36)
m
Since the random variable 71 is exponentially distributed with rate Ao, so E(1f) = /’\“—,L Then,
0

E(7f) = Wi, and backward manipulations in Relation (5.36) imply

E(r Z H“J Wik, form>1, k> 1. (5.37)
=1 =
Observing again that A%n H’]”:_nl % = W, for m > n > 1, we state finally that
1
This completes the proof. O

Corollary 5.3 The mean value T,, of the random variable 1, is given by

Tm = ——— Tn, form > 1. 5.39

" Am—1Tm—1 nz m J ( )

Proof. For n > 1 and k = 1, we have W), j, = . Then, applying Theorem (5.2) completes the
proof. O

The result of Corollary (5.3) can be found in Keilson [75], Keilson [76], Sumita [121], and

also in Lemma 1 of Guillemin and Pinchon [50].
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Corollary 5.4 The variance Var(ty,) of the random variable T, is given by

2
Var(Tm): m 1Tm—1 Z )\n 1TTnp—1 <.Z7Tl> <Zﬂ-l> ,forle. (540)

Proof. For n > 1 and k = 2, we have W), ,, = 2 (7,,)%. Using Corollary (5.3) for the expression of

Tn, n > 1, and then applying Theorem (5.2), we get the the second order moment F(72) of 7,

as follows
2 m
E(t2) = s for m > 1. 5.41
( m) Am—1Tm—1 ; An—1Tn—1 (Z l) o ( )
Again, knowing that Var(r,,) = E(72) — (Tmm)?, we complete the proof. O

In what follows, we use the results obtained above to get the moments for the remaining
transient characteristics defined in Section 5.2.1. Using the independence between the random
variables 6; and 60; for i,j > 1, and the Newton’s binomial formula, we can get the closed-
form expressions of the moments of Dy, ,,—;. With the same approach, we can compute all the
moments of U, ;s too. For presentation issues, we only explicitly derive the expectations and
the variances of the random variables D,,, and U,,. The expectation expressions can be found in

Kijima [80], whereas the variance expressions we give below are to our knowledge new.

Under Condition (C'), let D,,, (U,,) be the mean of the random variable D,, (U,,), and under
Condition (C?), let Var(D,,) (Var(Uy)) be its variance. From Corollaries (5.1) and (5.3), we

have respectively for m > 1,

. m 1 oo

D=5 —S"n,, 5.42
; Al—1T—1 nzz:l (5.42)
m 1 -1

Um = _ T 543
; AN—1T—1 7;) (5:43)

Now, using the independence, for any ¢, 7 > 1, between the random variables 6; and 6; on the one
hand, and 7; and 7; on the other hand, we deduce respectively that Var(Dy,) = > =, Var(,),
and Var(Up) = >, Var(n). So, from Corollaries (5.2) and (5.4), we state respectively that,

form > 1,

Varth Z Ai1m-1 Z An—1Tp—1 <ZZ:7TZ> YR <Z7r’> ;o (544)

=1 =Il+1 1=l

m n—1 2 2
Vartt Z )‘l 1T—1 Z)\n 1Tn—1 (izgm) )\lQ 17Tl 1 (ZW’> : (5.45)

=1 n=1 =0
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Finally with some algebra, the mean C,, under Condition (C*) and the variance Var(C,,) under

Condition (C?) of the random variable C,,, for m > 1, are given by

oo (S) < (S50 oo

Var(C (Z SV 1) g:Al <§wi>2+ (iw)2 (5.47)

Let us come back to investigate the condition under which a birth-death has ergodic degree
k, k > 1. The quantities D,,, m > 1, play a key role to derive explicitly the Conditions (C*) for
higher order moments, k > 3, which to the best of our knowledge do not exist in the literature.
Let the random variable D, ; be the first passage time from the ergodic distribution to state j,
7 > 0. In accordance with the notations in Section 5.2.1, the random variable D, denotes the
first passage time from the ergodic distribution to state 0. It is clear that the kth order moment

of De, for k > 1, is given by

=S BDY). (5.48)
s=0

Recall that the quantities {ps, s > 0} are the stationary probabilities already given in Expression
(5.3). Collecting thereafter some developments in Coolen-Schrijner and van Doorn [35], we state

the following theorem.

Theorem 5.3 Condition (C*), k > 1, holds if and only if
Zps BE(DF ') < 0, (5.49)

Proof. From Theorem (3.1) in Coolen-Schrijner and van Doorn [35], we state on the one hand
that the kth order moment of the first passage time from any state ¢ to any state j is finite, if
and only if, the (k — 1)th order moment of the first passage time from the ergodic distribution
to any state j is finite. On the other hand, the latter condition is sufficient and necessary for
the (k — 1)th order moment of the first passage time from the ergodic distribution to some state
Jj to be finite. Applying this statement to the particular case, j = 0, and using Equation (5.48)
complete the proof.

As application, we give in Corollary (5.5) an explicit expression for Condition (C?3).
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Corollary 5.5 Condition (C3) holds if and only if

o 2
27rs
ZZ)\Z 17— Z)\n 1 TTh—1 (Zﬂ-r> (550)

r=n

o0 S 27‘(‘8 o0
N (zwn> ) <o

s=0 i, j=1, j>i

Proof. From the independence between the random variables 6; and 6, for 4,7 > 1 and @ # j,

we have

ZE (67) +2Z Z : (5.51)

=1 5=1, 5>
Using the above relation in Equation (5.48), and applying next Corollary (5.1) and Equation
(5.30) lead to the desired result. O

We close the analysis for ordinary first passage times and turn to that of conditional first

passage times in Section 5.4.

5.4 Moments of Conditional First Passage Times

In this section, we focus on calculating the kth order moment, k& > 1, of the conditional first
passage times defined in Section 5.2.2 , "0, "7y, "Dym—i and "Up, m+i. The results we derive
here has not been done before in the literature, except as we shall mention later, for a special case
for "7,,. Note that no existence conditions are required for the computation of their moments.
Before giving the results for the conditional random variables, we need to introduce some
notations. These preliminaries are specifically related to the notion of ruin probabilities. Consider
again the birth-death defined in Section 5.2. Let "1, be the ruin probability that the particle,
starting at m, reaches m — 1 first before r, 1 < m < r. It is clear that the ruin probability

"ny_1 to reach r — 2 starting at r — 1, without visiting r, is given by #L

. For a given m,
1 <m < r—1, we define the event "A,, that the particle reaches first m — 1 starting from m,
without visiting . Let us calculate now the probability that "A,, occurs, namely "n,,. In state
m, two events can occur: either the process goes down to m — 1, say event " B,,, or the process

goes up to m + 1 which is the complementary event of "B, say "B;,,. Hence, we can write
Pr("Ap) = Pr("An | "Bm) X Pr("By,) + Pr("An, | "By,) x Pr("Bg,). (5.52)

The event "A,, | "By, is to reach m — 1 starting from m — 1 without visiting r, which obviously
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occurs with probability 1 since the process is already in state m — 1. The event "A,, | "B, is
to reach m — 1 first before r, starting at m + 1, which is equivalent to the following: starting
at m + 1, the process reaches m without visiting r, then starting from m, it reaches m — 1

without visiting r. So, Pr("Am | "BS,) = "Mm+1 "Nm. Furthermore, the event "By, occurs with

probability AWfTMm’ and the event "By, with probability /\m/\_:lum. These arguments lead to the

following recursive relation

r Hm )\m r r
= + yfor1<m<r—1, 5.53
or equivalently
"Nm, Hm yfor1<m<r—1, (5.54)

- Hm + )‘m(l - 7”nm-i-l)

. PRI — _ Hr—1
starting with "n,_1 = pET—

For 1 <m < r — 1, we define the quantities é,, by

5m = Um + /\m(1 - Tnm+1)7 (555)

and for 0 < m < r — 1, we introduce the quantities x,, as follows

(Ao "m1) (M1 "m2)--(Am—1 ")
01 02...0m,

Xo =1, and x,m, = ,for1<m<r—1. (5.56)

Theorem 5.4 The kth order moment E("0F)), k > 1, of the random variable "0,,, 1 < m < r—1,

s given by
E("0;_,) = (Alful)’f (5.57)
and -
E(oF) = pw— nlm o n;nAn_l "N Xne1 Vg, for 1<m <r—1, (5.58)
where

k—1
r k rak— )\nrnn 1 j rnj rok—j
Vnk:(s—E(ﬁﬁ 1)+57+§:C{€E( 07) E("0,.%), forl<m <r—1,
n j=1

)
n

and

. k!
Cl=——"—— fork>j>1.
gk =) f /

Proof. One can easily see that the random variable "6,_; is exponentially distributed with rate

Ar—1 + pir—1. Then, its kth order moment is given by E(Wffl) = m, k > 1. For
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1 <m <r—1, we can write using the Strong Markov Property

"Om = € +im , with probability 1 —" wy, (5.59)

O = Expntpm + Omi1 + "0, with probability "wp,.

where €y, 4, 15 a random variable exponentially distributed with parameter A\, + . The
random variables "0, "0p,41 and Tém are independent. In addition, the random variables "6,
and "6, are identically distributed. The quantity "wy, is the probability that the process goes
up to state m + 1 and subsequently comes back to m without visiting r, "w,, = )\m)‘ﬁ " Dmt1-
Let "0, (s) be the Laplace transform of the random variable "6,,. Then, Equation (5.59) yields

(A =+ i =+ 8) "0 (8) = Gm + A "Dt "Omg1(8) "O0m(s), for 1 <m <r—1. (5.60)

As in the proof of Theorem (5.1), using the Leibnitz’s differentiation formula, we get the following

recursive relation, for L<m <r—-1,k>1

)\ T
B(6)) = 2L BOG ) 4 Vi (5.61)
m
Finally, with straightforward manipulations we complete the proof. d

Corollary 5.6 The mean value "0, of the random variable "0, is given by

"0p 1= ———— and, "0, = - Xn, for L<m <r—1. (5.62)

Proof. The first part of the corollary is immediately obtained from the special case, k = 1, of
Theorem (5.4). As for the second part, one has "V, 1 = i for 1 <n < r—1, next observing that

An—1"MnXn—1 = 6nXn and again applying Theorem (5.4), for k = 1, complete the proof. a

Corollary 5.7 The variance Var("0y,) of the random variable "0, is given by

1

Va"“(rerfl) = 4()\7,_1 T MT—I)Q?

and, for 1 <m <r—1, (5.63)

r—1 2
1
Var("0,,) = Xi Xi| -
( ) Am 1 nme 1 Z An 1 nan 1 (Z ) 1r7772nX72n—1 (Z )

 (5.64)

Proof. The first part of the corollary is a direct consequence (special case, k = 2) of Theorem

(5.4). For the second part, it suffices to see that "V, 2 = 2 (@n)z, 1 <m < r—1. Next, by
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simply applying Corollary (5.6) and again Theorem (5.4), for £k = 2, we get the second order

moment E("02) of "0,, as follows.

r—1 2
E("0%) = il L forl<m<r—1. 5.65
( ) )\mlnme 17;1)\7117]71)(711 (;X) ( )
Finally, the result holds using the definition, Var("0,,) = E("6%,)—("0,)>. O

In what follows, we focus on the moments computation of the random variable "7,,. As above,
we first introduce some notations. Let "v,, be the ruin probability that the process, starting at

m — 1, reaches m first before r, m > r 4+ 2. It is clear that "vy42 = ﬁ With a similar

explanation as for the ruin probability "n,,, we give the following recursive relation, for m > r+2,
)\m—l

Uy = . 5.66
Am—1+ ,Um—l(l - TVm—l) ( )

T

For m > r 4+ 1, we define the quantities 3, by

Bre1 = Ary1 + fry1, and, By = A + Nm(l - T’/m)a form >r+1, (567)

and for m > r 4+ 1, we introduce the quantities ¢,, as

ﬁr+1 ﬁr+2--~ﬁm71

(42 "Vrt2) (43 "Vr43) . (fbm "Vim)

¢ry1 =1, and ¢, = , form >r+ 1. (5.68)

Theorem 5.5 The kth order moment E("7r), k > 1, of the random variable "1,,, m > r + 2,

is given by
B('7E.) & (5.69
Trig) = ———— )
2T g1 + )
and
BE(ry) = ——— Z Brn-10n-1"Wny, form>r+2 (5.70)
ﬂm 1¢m ln —+2
where
k ,un 1" Vn— 1 ki
Wk = E C] E("r7), forn>r+2 k>1,
and
c? m for k 1
=7y fork=zj2=>1
gtk =)

Proof. 1t is easy to see that the kth order moment of the random variable "7,42 is given by
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| .
E(" rk+1) m, k > 1. For m > r + 2, we can write from the Strong Markov Property
"Tm = Expp_1+pm—1 , with probability 1 —" a1 (5.71)

"Tm = €xm_14pm T Tm—1+ "Tm , with probability "am,—1.

where €),,_,44,,_, is @ random variable exponentially distributed with parameter Ay, —1 + ptlm—1.
The random variables "7,,,, "Tin—1 and "7, are independent. In addition, the random variables
"Tm and "7, are identically distributed. The quantity "a, is the probability that the process

goes down from state m to state m — 1 and subsequently comes back to m without visiting r,

r — Hm r

Vm,.

As above, we use the Laplace transform and the Leibnitz’s differentiation formula to get

T
Vm
() = B BOTR) & W m > 742, k21 (5.72)
m
Using the latter recursive relation, the result of the theorem follows. O

Note that the general recursive relation, given in Equation (5.72), can be found in Sumita

[121] in the special cases, k = 1 and k = 2.

Corollary 5.8 The mean value "Tp, of the random variable "7, is given by

Z Gn, form > 1+ 2. (5.73)

T
m =
Brm— 1¢m 1= 1

Proof. Observing that "Wy, 1 = ﬁ , for n > r+ 2, the result holds from the special case, k = 1,
of Theorem (5.5). O

Corollary 5.9 The variance Var("ty,) of the random variable "1, is given, for m >r+ 2, by

. 9 m—1 2
Var( Tm): ﬁmfld)mfl Z ﬁn 1¢n 1 (Z ¢1> + 2_ _ <Z le) . (574)

n=r+2 i=r+1 i=r+1

Proof. Forn >+ 2 and k = 2, we have "W, = 2("7,)%. Next, using Corollary (5.8) and
applying Theorem (5.5) for the special case, k = 2, give us the second order moment E("72,) of

"1 as follows.

n—1 2
E(TT%) /Bm 1¢m 1, Z ﬁn 1¢n 1 <Z ¢l> 7f0rm27‘+2, (575)

=r42 i=r41
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which leads to the desired result. d

From the above analysis of this section, we can obtain characteristics of several random
variable of conditional first passage times. For instance, let Tﬁmm,i and Var(" Dy, m—i) be the
mean and variance of the random variable "Dy, »,,—i, respectively. From Corollaries (5.6) and

(5.7), we have respectively, for 1 <i <m < r,

m

"Dnm—i = Y Z Xj» (5.76)

n=m—i+1 An—1 "1 Xn—
“ r—1 2
vartDmmn-i) = Xi (5.77)
m,m—i n:mZiJrl /\n 1 "M Xn—1 .;1 )\] 1 an] 1 ;

Similarly, we denote by TUm7m+i and Var("Up,m+i) the mean and variance of "Uy, 4, respec-

tively. From Corollaries (5.8) and (5.9), we have respectively, for 0 <r <m, i > 1,

m-+1
71Um,m-&-i = Z Z ¢], (5.78)
n=m-+1 ﬁn 1¢n 1 j=r+1
mi -1\ ? ) n-1 \2
Var( Upmed) = P R () it
n=;+1 Pn- lﬁbn 1 Z ﬁj 1¢] 1 <l=;—l 72L 1¢$L 1 l:;i—l

(5.79)

5.5 Applications

In this section, we give indications about some applications of the obtained theoretical results
of this chapter. First, we revisit the important concepts of busy period and busy cycle in
queueing systems. Second, we address another important application, which is the prediction
of state-dependent queueing delays in non-standard queueing systems; systems with impatient
customers (linear growth death rates), or state-dependent arrival rates, or in general, systems

with state-dependent transition rates.
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5.5.1 Busy Period Analysis for the M/M/1 and M/M/s Queues

In this section, we apply some special cases of the results of Section 5.3 to retrieve known results
for the simple M/M /1 and M/M/s queues.

First, let us consider an M/M/1 queue. Customers arrive according to a Poisson process
with rate A\. The time it takes to serve every customer is exponential with rate p. Service times
are assumed to be mutually independent and further independent from the interarrival times.
When a customer enters an empty system his service starts at once. If the unique server is busy,
a new customer joins the queue which has infinite capacity. When a service completion occurs,
a customer from the queue (we do not need here to specify which one of the customers), if any,
enters the service facility at once to start service. Let p be the server utilization, p = A/u. Under
stability conditions, p < 1. This is equivalent to Condition (C') defined in Section 5.3.

Let E(t) be the number of customers in system at a random instant ¢t. The process {E(t), t >
0} is a particular case of the birth-death process we present in Section 5.2. The transition rates
are constants. The birth rate is A\, = A for m > 0, and the death rate is yu,, = p for m > 1.
The busy period for the M /M /1 system is defined to begin with the arrival of a customer to an
idle server and to end when the server next becomes idle. Hence, the busy period length of an
M/M/1 queue is represented by the random variable measuring the first passage time from state
1 (one customer in system) to state 0 (no customers in system), namely the random variable 6,
defined in Section 5.2.1. Let us now check the results obtained in Section 5.3 in the particular
case we present here.

On the one hand, we use the expressions found in Section 5.3 to compute the first five order
moments of the random variable ;. For our model, transition rates above one state do not
depend on the state itself. Then, one should simplify the algebra using the fact that the random
variables 6; and 60, are identically distributed, for 4,5 > 1. Next, by simply observing that

S22 (2) = A (for % < 1), we deduce from Theorem (5.1) that the first five order moments

w) T op=X
2 6u( N+ 24p (A4 (A1) 1200 (A1) (BAp+(A+p)? .
are H%A’ (#_’;\)3, (7‘(_/\)‘;,), M((z—(kﬁ W) and 12040 P(LL(_)\’)*Q Q1)) | pegpectively.

On the other hand, it is known from classical results, as in Gross and Harris [46], that

the Laplace transform in ¢, 9}(3), of the probability density function (pdf) of the busy period

i M/M/1 is gi (s) = 2 > 0. i
duration of the M/M/1 queue is given by 61(s) WO /s e cavyve for s > 0. Then, using
the relation E(0Y) = (—1)’“0?{) (0), for £ > 1, one can again find the expressions derived from
our results.

The busy period results are of value when addressing the busy cycle analysis for the M/M/1

queue. A busy cycle is defined as the sum of a busy period and an adjacent idle period, or equiv-

alently, the time between two successive departures leaving an empty system, or two successive
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arrivals to an empty system. Since the arrivals here are assumed to follow a Poisson process,

the probability density function (pdf) of the idle period is exponential with parameter \; hence

the pdf of the busy cycle for the M/M/1 queue is the convolution of this negative exponential

with the pdf of the busy period itself. Following the notations in Section 5.2.1, the busy cycle

duration is clearly 71 + 601, namely Cp. In particular, we deduce from Equation (5.46) that the
0

busy cycle expectation is C7 = SYPENE which agrees with a classical result in queueing literature,

see for example Gross and Harris [46].

Let us now address the previous analysis for an M /M /s queue. We consider an M /M /s queue
with s identical and independent servers. We consider the same assumptions for the arrival and
service processes as those for the M/M/1 queue. Again, we do not need to specify the service
discipline, except to be non-idling. Finally, let p be the server utilization, p = A/su. Under
stability condition, (C), we have p < 1.

The process {E(t), t > 0} counting the number of customers in system is a birth-death
process, and it is a particular case of the one we present in Section 5.2. The birth rate is A\, = A
for m > 0, and the death rate is p,, = mu for 1 < m < s, and p, = su for m > s. The busy
period of the M/M/s system is defined as the time from an arrival of a customer to a system
with only one idle server until the first time one of the servers becomes idle. Thus, it represents
the duration of an excursion by the process {E(t), t > 0} above the level s — 1, namely 0.
With a little thought it should be clear that the busy period pdf of the M/M/s queue can be
obtained by taking its expression in the case of an M /M /1 queue and substituting p (capacity of
service in the M /M /1 queue) with su (capacity of service in the M /M /s queue.) One can easily
validate this intuitive result by considering the state-transition-rate diagrams for both processes.
In fact, transition rates, above any state m > s — 1, of the birth-death process associated with
the M/M/s queue are constant. In addition, they reduce to the ones for the M/M/1 case if
we substitute sp by p. In this configuration, both of the processes behaves equivalently when
calculating an excursion duration from state m to state m —1, such that m > s, and in particular
when calculating the busy period duration. Next, one may again check with some algebra that
the expressions of the moments obtained from the results of Section 5.3 coincide with those

already known from the literature.

5.5.2 Busy Period Analysis for the M/M/1+ M and M/M/s+ M Queues

In this section, we address the analysis of the busy period for some special cases of queueing
systems with reneging. Incorporating reneging in queueing models is well known to be of interest.

It has an important effect on the performance measures as we have shown in Chapters 3 and
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4. For instance, reneging is of special interest in manufacturing systems dealing with perishable
products, also in call centers where customers may hang up once they feel that their waiting

time before getting service is too long, etc.

To the best of our knowledge, the results below are not given beforehand. First, let us
consider an M/M/1 + M queue. The model is identical to the M/M/1 queue described in
Section 5.5.1. However, the customers here are impatient (symbol M after the +.) Times before
reneging are assumed to be mutually independent of each other and identically distributed with
an exponential rate o > 0. We consider a different notation for the reneging rate (o instead of 7
as Chapters 3 and 4) in order to avoid any confusion with the Incomplete Gamma Function we
are using below. Again, we do not need for our analysis to specify the service discipline, except
to be non-idling. Finally, recall that abandonments make the system unconditionally stable. In

concrete terms, Condition (C') holds for any set of parameters such that o > 0.

For our M /M /14+M model, the corresponding infinitesimal transition rates in the generalized
birth-death process are given by A\, = A for m > 0, and p, = p+ (m—1)o for m > 1. The busy
period duration is given by the random variable 6. To get any moment of order k, for k > 1,
it suffices to use the obtained relations from Theorem (5.1). In what follows, we only give the

mean 6 and variance Var(f). From Corollary (5.1), one state that

o0 An

=Y

Sy (n+ o) (5.80)

Consider the Gamma Function I'(z) defined for > 0, I(z) = [;* " te~!dt. It is known

that H;:Ol w+jo = %, see Ancker and Gafarian [10]. So, from the relation v (z,a) =
ety 2, %x" where v(z,a) = [ t*'e~*dt is the Incomplete Gamma Function defined

for a,z > 0, we deduce with some algebra that

o 1 )\ 1—& A )\ %
B= ()t ed 2L, (581)
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Note that Equation (5.81) can be useful for numerical computation since the Incomplete Gamma
Function is extensively tabulated. Concerning the variance Var(6;), we have not found a simpler

expression. It is given by

Var(0;) = (01)% +

00 n—2 . 00 i
2 szO (,LL—I—]O’) Z H A (5.82)
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To get some numerical illustrations, we consider 3 cases by varying the system parameters. The

parameters of the first M/M/1 + M system are A = 0.2, p = 0.3 and o = 0.2. Those for the
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second system are A = 0.3, p = 0.5 and o = 0.2. Finally, we have for the third system A = 0.8,

u = 0.5 and o = 0.4. The results are shown in Table 5.1.

System 1 System 2 System 3
k| Numer Simu Numer | Simu | Numer Simu
1 5.15 5.15 3.24 3.24 5.66 5.66
2 65.03 65.04 27.63 | 27.63 88.05 88.04
31 1,319.64 | 1,319.51 | 392.12 | 392.14 | 2,157.46 | 2,157.20

Table 5.1: kth order moments of the busy period duration for the M/M/1 + M queue, k = 1..3

As one would expect, the busy period duration for the special case without abandonments
(o0 = 0) gives an upper bound of that we consider here. The reason is that reneging leads to fewer
customers in the last system. In Table 5.2, we give numerical examples for the first three order
moments associated with the first two systems we consider above but without abandonments,
o = 0. We omit the computation for the third system because it becomes unstable when assuming

no abandonments.

B(07)
k | System 1 | System 2
1 10 3.33
2 600 37.03
3| 90,000 864.19

Table 5.2: kth order moments of the busy period duration for the M/M/1 queue without aban-
donments, kK =1..3

We notice that the analysis above can be easily extended to the case when the reneging rate
depend on the position of the customer in the queue. Also, as we have explained for the M /M /s
queue, the busy period moments for the M /M /s + M queue can be obtained simply by taking
those of the M /M /1 + M queue and substituting the service capacity, i, in the first model by

that, su, in the second model.

5.5.3 Estimating State-Dependent Waiting Times

In this section, we continue on showing the usefulness of the results of this chapter. We present
an application related to the distribution of state-dependent queueing delays in a multiclass
Markovian queueing system. The motivation of such application deals with the usefulness of the
prediction of queueing delays, as we have discussed in Chapter 4. Many prediction methods have
been done, see for example Whitt [137], Jouini and Dallery [64] and [67], Nakibly [103], Rosenlund

[114], and Koole [84] where the author has developed one simple algorithm for calculating tail
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probabilities of Cox distributions.

In Section 4.4 of the previous chapter, we considered a two-class Markovian queueing system
with reneging. We focused on estimating virtual delays for a new arrival given that the call
center provides to him information about anticipated delays. In particular for a new type B
customer, we derived the analysis using the results of Section 5.3 of the present chapter. In what
follows, we consider a slightly different model in the sense that we let customers renege, whereas
we do not give delays information to them. We again show how the obtained results may help

us to predict state-dependent delays for new arrivals.

We use the same notations as in Chapter 4, except for the common reneging rate (o instead
of v) in order to be coherent with the notations of the present chapter. We consider a new
arrival who finds all the servers busy, na type A waiting customers in queue A and np type B
customers in queue B. We separate the study depending on whether the call of interest is of
type A or B. Type A customers observe a regular queue without priority. Then, the conditional
waiting time distribution of a new customer A is easy to derive. Tt follows an hypoexponential
distribution, which is the convolution of (n4 + 1) exponential distributions with parameters sy,

s+ o, su+ 20, ..., and su+nao.

As for the conditional waiting time for a new type B arrival, the analysis is more complicated
because it is affected by future type A arrivals. In the following, we revisit Section 5.3 to address
that issue. Consider a new type B arrival, and let ny be the total number of customers in queues,
nr =n4 +np. We denote by XfT the random variable representing his state-dependent virtual
delay in queue. The latter is the time it takes for a server to become free for the customer of
interest. In other words, it is the time until the n4 +np waiting customers leave the queue (either
start service or abandon the queue), plus the time for future type A arrivals to either start service
or abandon the queue, plus the duration for a service completion (when all servers are busy).
On the contrary to the case with delays information, XfT is no longer dependent on the couple
(na,np) but only on np. The reason is that the rate of future type A arrivals is constant (A4)
and does not depend on the number of type A waiting customers in queue. Furthermore, the
discipline of service is workconserving, and type A and B are statistically identical with respect
to the memoryless service times and times before reneging. Hence, varying the quantities n4 and
np so as ng + np is held constant, do not affect the waiting time distribution of the customer

of interest.

To characterize X2

np» One may formulate the problem as to calculate the downcrossing time

until the first passage at state 0, starting from state np, in a birth-death process with a constant

birth rate, A, = A4 for m > 0, which represents future type A arrivals during the waiting of the
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customer of interest, and with a death rate p,, = su+ (m — 1)o for m > 1. We do not consider
future type B arrivals because the discipline of service within queue B is FCFS. Thereafter using
Equations (5.42) and (5.44), we give the expressions of the mean, E(X})), and the variance,
Var(XF), of XP as follows

1 np+1 1 0
EXp) = | 22— > m | (5.83)
A i—1 -1 —
Jj=t
nr+1 [e's) 2 nr+1 1 00 2
SRR B oD il 0ot I S 0 o) ) RCEY
i1, 57 T\ =1 i1\ =
where the quantities m; are defined as
Ny ,
mo =1, and m; = , for 7 > 1. (5.85)

[T=6(su + jo)’

Also, the analysis can be extended to the case of more than 2 customer classes (types) with
non-preemptive strict priority. Consider the previous model but with k customer classes, k > 3.
Without loss of generality, we denote each class by the rank ¢, 1 <7 < k, according to its priority
level (the lower rank for the higher priority.) To get the conditional waiting time characteristics
for a new type k arrival (k > 3), we aggregate all the classes ¢ having the priority over the one
of interest (all ¢ such that 1 <1 < k) into one class, next we pick up the same analysis as that
for type B. The classes aggregation is justified by the fact that the waiting time distribution of
the customer of interest is not affected by the order of service of the customers having higher

priority.

5.6 Conclusions and Perspectives

We focused on the transient behavior analysis of a general birth-death process. We gave closed-
form expressions for the moments of important state-dependent characteristics. The character-
istics deal with the random variables of ordinary and conditional first passage times. We derived
several new expressions of the moments of the defined hitting and return times. Furthermore,
we retrieved some known results as special cases. We also discussed the condition under which a
birth-death process is said to be ergodic degree k. In particular, we gave a new explicit expres-
sion for the condition of ergodicity degree 3. In the second part of the chapter, we investigated
possible applications of the results for Markovian queueing models.

Several further applications could be also possible. For instance, deriving the stationary wait-



128 Moments of First Passage Times in General Birth-Death Processes

ing time moments for some Markovian model where the arrival rate depend on the system state.
Concretely, for example in a system where a new customer has a state-dependent probability
to join the queue, which is the case for many systems in practice. To do so, we may compute
the state-dependent waiting times as shown in this work. Then, we compute the stationary
probabilities of the system state using the associated birth-death process. Thereafter, we de-
rive the desired stationary kth order moment of queueing delays, by summing the products of
each stationary probability and its corresponding state-dependent kth order moment. Further
investigations of these issues should be of value. It would be also interesting to investigate ap-
proximations or numerical methods for computing the different quantities. This would be helpful
to avoid computation difficulties given that the closed-form expressions of interest are somewhat

cumbersome.



Chapter 6

Monotonicity Properties for
Multiserver Queues with Finite Waiting

Lines

We focus on deriving monotonicity properties for queueing systems. The latter are
known to be useful for the modeling and analysis of manufacturing and service sys-
tems such as call centers. We consider a markovian multiserver queue with a finite
waiting line in which a customer may decide to leave and give up service if its waiting
time in queue exceeds its random deadline. We focus on the performance measure in
terms of the probability of being served under both transient and stationary regimes.
We investigate monotonicity properties of first and second order of this performance
with respect to the buffer size, say k. Under the stationary regime, we prove that
our service level is strictly increasing and concave in k, whereas we prove under the
transient regime that it is only increasing in k. Such results are helpful for optimal

design issues.

The paper version of this chapter, Jouini and Dallery [66], is to appear in Probability

in the Engineering and Informational Sciences.

129
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6.1 Introduction

In this chapter, we derive some monotonicity properties in a queueing system with reneging. We
do not address in a direct manner an issue related operations management of call centers. The
issue here is different from that in Chapter 5, however in the same sense, we are investigating
useful results in an upstream stage above the quantitative analysis of call centers.

Monotonicity properties of performance measures are useful for understanding and solving
optimization problems of queueing systems. Optimization models are being used increasingly in
the design of a variety of systems where queueing phenomena arise. Examples include flexible
manufacturing systems, as well as service systems and telecommunications networks. For such
problems, it is important to know the convexity properties of the performance measures with
respect to the design variables. For call centers issues, the design variables on which the service
provider could act are essentially the staffing level, the arrival rate and the buffer size. In some
cases, it could be possible for him to act on processing times (for example by increasing or
decreasing the training quality of the agents).

Monotonicity properties may enable us to reduce the performance optimization problem to
a convex programming problem which is easier to solve. Using a convexity result, Yao and
Shanthikumar [143] accelerate their computation procedure to design a loss queueing system
subject to constraints on the loss probability. Koole and Pot [87] consider an optimization
problem for an M/M/s/K + M queue. The objective function is a profit function of the number
of servers and the buffer size. They derive some monotonicity properties about the defined
performance measure. Based on these properties, they develop a fast algorithm which avoids the
research of all possible solutions to get the global optimum.

Several convexity properties about various performance measures have been investigated in
the queueing literature. The major performance measures for delay systems are the average
waiting time, the average queue length and the probability of delay. Those for pure loss systems
include basically the probability for a new arrival to be lost. In general, the loss probability is
related to systems involving finite buffers or systems with reneging. In this chapter, we consider
a queueing system with impatient customers and finite waiting line. The performance measure
of interest is the probability for a new arrival customer to enter service. Or equivalently, the
probability to not be lost. We investigate first and second order monotonicity properties of our
performance measure as a function of the queue size. Note that the design of the buffer size is an
important issue in practice. Koole et al. [86] address this problem by investigating the maximum
queue length during a busy period for an infinite buffer size.

Another central feature in many practical queueing systems is the reneging phenomenon, i.e.,
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one customer may decide to leave the queue (abandons) before starting service. For instance,
call abandonment is not negligible in call centers operations. A major drawback in many call
center models is assuming customers to be infinitely patient. Garnett et al. [44] show using
numerical examples that models with and without abandonment tend to give very different
performance measures even if the abandonment rate is small. In this work, we analyze the
simplest abandonment model, assuming that the customers patience is exponentially distributed.
However, the model is still of interest in practice (especially for call centers) as we have explained
in Chapters 3 and 4.

Here is how the rest of the chapter is organized. In Section 6.2, we review the literature close
to our work. In Section 6.3, we present the framework of the work: Section 6.3.1 is devoted to
formulate the queueing model, and Section 6.3.2 gives definitions and some preliminary results.
In Section 6.4, we focus on the first order monotonicity results. In Section 6.4.1, we start by
proving two helpful lemmae before proceeding to the main result. Next, we establish using
coupling arguments that the transient and stationary probabilities of being served are increasing
in the buffer size. In Section 6.4.2, we prove the result for the stationary performance measure
using an analytical approach. In Section 6.5, we prove that the stationary probability of being
served is strictly concave in the buffer size. Some numerical illustrations of the results are also

presented. In Section 6.6, we conclude and propose some directions for future research.

6.2 Literature Review

In this section, we review the literature related to this chapter. We start by presenting some
papers investigating monotonicity results for models without reneging. Second, we focus on those
for models incorporating reneging.

We classify the results for models with infinitely patient customers into three classes: pure
loss, limited buffer and infinite buffer models. For pure loss systems, Harel [53] proves that the
throughput of an M/G/s/s is concave in the arrival and service rates. He also characterizes the
traffic intensity below which the Erlang loss formula is convex in the arrival rate, and above which
it is concave. Furthermore, he shows that the Erlang loss formula is convex in the service rate.
For the same model, Messerli [101] proves that the loss probability is a convex function of the
number of servers. Additional properties of the loss probability are also discussed by Jagerman
[61].

As for systems with limited buffer, Nagarajan and Towsley |102| investigate the convexity of
the loss probability in the M/M/1/K queue with respect to the traffic intensity and the service

rate. They show that the loss probability is convex in the service rate. However, they prove that
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there is a value of the traffic intensity which exactly delineates the convex and concave regions
of the loss probability as a function of the traffic intensity. Pacheco [106] considers for his part
a more general model with many servers, namely the M/M/s/K queue. He proves that the
loss probability is convex in the queue capacity. Meister and Shanthikumar [100] prove many
convexity results for tandem queueing systems. Several interesting stochastic comparisons of
various variants of multiserver queues with limited buffer are also derived by Berger and Whitt

[25].

In what follows, we review some monotonicity results for models with infinite queue capacity.
Tu and Kumin [126] prove that the expected number of customers in a G/G/1 queue is convex in
the service rate. They also show that the result does not hold for a GI/GI/2 queue. Surprisingly,
Harel [54] show that the expected number of customers in an M/D/s queue is convex in both
arrival and service rates. For the M /M /s queue, Lee and Cohen [91] show that the average queue
length and the probability of delay, are both convex in the arrival rate. For the same model,
Harel and Zipkin [56] establish that the average sojourn time, as well as its standard deviation
are convex in arrival and service rates. Again about the M /M/s queue, Jagers and van Doorn
[62] focus on the performance measure in terms of the probability for a customer to wait no
longer than a given threshold. Note that this service level is widely used in call centers. The
authors show that the probability of interest is concave as a function of the number of servers,
if the latter is strictly greater than the offered load. We refer the reader for further convexity
properties to Weber [131] and [132], Grassmann [45], Shanthikumar [119], Harel and Zipkin [55],
Shaked and Shanthikumar [118] and Koole [83].

Let us now turn to the second area of literature related to this chapter. Queues with impatient
customers have received a lot of attention in the queueing literature. The results focus especially
on performance evaluation. We refer the reader to Chapter 3 for a review of the literature
related to that subject. Concerning monotonicity properties, few results were derived. This
is due to the mathematical complexities of such problems. Bhattacharya and Ephremides [26]
consider multiserver queues with impatient customers. They show that the transient number
of lost customers is a monotone function with respect to the arrival rate, the service rate, as
well as the reneging rate. Armony et al. [14] consider a holding cost in an M /M /s queue with
impatient customers. They prove that this function is decreasing and convex in the service rate
and the number of customers. Some sensitivity results for the Erlang-A model can also be found

in Whitt [140].

In the present work, we consider an M/M/s/K + M queue. The performance measures

of interest are the transient and stationary probabilities of being served. We investigate the
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monotonicity properties of first and second order of these service levels with respect to the buffer
size. Under the stationary regime, we prove using an analytical approach that the service level is
strictly increasing and concave in the buffer size, whereas under the transient regime, we prove
that it is only an increasing function. Furthermore, we prove the latter intuitive result using

coupling arguments for a more general model, namely the GI/M/s/K + M queue.

6.3 Framework

This section is devoted to formulate the general framework of the research project. First, we
describe the queueing system and detail the processes assumptions. Second, we define the per-
formance measures of interest, namely, the fraction of customers who get service under both

transient and stationary regimes. We next develop some preliminary results.

6.3.1 Model Formulation

Consider a multiserver queueing system with a single class of customers. The model consists
of a set of s parallel, identical servers and a finite queue (waiting line.) There is a maximum
number of customers that may be simultaneously present, we assume that the system can hold
at most a total of K customers including those in service. Clearly K > s, and we denote the
queue capacity by k = K — s, k > 0. The system is operated in such a way that at any time,
any customer can be addressed by any server. So upon arrival, a customer is addressed by one
of the available servers, if any. If not, the customer joins the queue if less than K customers are
present in system. If not, the customer is refused entry and departs immediately without service.
He is blocked and considered lost. In addition, we assume that customers are impatient. After
entering the queue, a customer will wait a random length of time for service to begin. If service
has not begun by this time, he will renege (abandon), and again considered to be lost. Finally,
retrials are ignored, and reneging is not allowed once a customer starts his service.

The arrival of customers is assumed to follow a Poisson process. Interarrival times are i.i.d.
and exponentially distributed with rate A. Successive service times are assumed to be i.i.d.,
independent from the arrival process, and follow an exponential distribution with rate p. Times
before reneging are assumed to be i.i.d., and exponentially distributed with rate . Following
similar arguments, the system can be modeled as an M/M/s/K + M queue. Note that owing
to reneging, the system is always ergodic even if the queue has infinite capacity. Also, ergodicity
would always be assured for our system because of its limited capacity, even if the customers were
assumed to be infinitely patient. In conclusion, the system we consider here is unconditionally

ergodic.
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6.3.2 Preliminaries

In this section, we focus on characterizing the performance measure of interest. It is defined in
terms of the fraction of customers who get service, i.e., the fraction of customers who are not

blocked and who do not renege.

Let us consider an interval of time [0,¢], ¢ > 0. We initially assume that the system starts
empty. Given that ¢ units of time have elapsed, let n(t), and s(t) be the total number of arrivals
(including blocked customers), and the number of those who enter service, respectively. We
define the transient fraction of customers who enter service, Q(t), during [0,t] as Q(t) = %
The reader should not confuse the notation ) here with that of the probability of being lost
analyzed in Chapter 3. Taking the limit as ¢ — oo of Q(t) leads to the stationary fraction @ of
successful departures, @ = lim;_,o Q(t). Let b(t) and r(t) be the number of blocked customers,
and that of those who renege, respectively. Since the quantities s(¢) and n(t) —b(t) —r(t) coincide

in the long-run, then ) can be rewritten as

= n(t)

Q (6.1)

In what follows, we derive a closed-form expression for (). We denote the system state by a
random variable taking non-negative integer values representing the total number of customers
in system (including those in service.) The quantity ) represents the probability in the infinite
horizon for a new arrival customer to enter service, which involves system states stationary
probabilities seen by that arrival. From the PASTA property which holds for our system, it
is equivalent to consider the system states stationary probabilities seen by an outside random

observer (at a random instant.)

Let us now come back to Equation (6.1) by dividing both the numerator and the denominator
in the right hand side over t. Computing @ may be reduced thereafter to computing separately
the ratios n(t)/t, b(t)/t and r(t)/t as t goes to co. Recall that the mean number of customers per
unit of time is A\. Hence in the long-run (as t — o), the ratio n(t)/t converges by construction
to A. As for the limit of b(t) /t as t — oo, we may recognize it as the probability for a new arrival
to be blocked times the mean arrival rate A. So, it is the probability that a new arrival finds a
full system times A, namely the quantity Ap(K). Let us now focus on the limit of (t)/t as ¢t goes
to infinity. One may recognize this quantity as the mean number of reneging per unit of time
seen by a random outside observer. Since it takes in average 1/+ units of time for one customer
waiting in queue to renege. Thus as t — oo, 7(t)/t converges to the mean number of customers

in queue (in the distant future) times . Based on the previous analysis, () can be rewritten as
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follows.

K
Q=1-p(K) =1 > (i—s)pli). (6.2)

To get explicitly the expression of ), we move on to compute the stationary probabilities p(i),
for 0 <4 < K. In the usual way, we model our system as a finite continuous-time birth-death
process with discrete state space taking non-negative integer values ranging from 0 to K and
defined on a probability space. The birth rates are constant and equal to A\. The death rates are
state-dependent; when moving from state 7 to state ¢ — 1, the death rate is ¢ for 1 <7 < s, and
it is s+ (i — s)y for s < i < K. Under the stationary regime, we easily get a set of K recursive
equations relating p(i) and p(i + 1) for 0 < i < K — 1. Proceeding to solve by iteration leads to

A\ A\

p(t) = =—p(0) for 0 <7 < s, and p(z) = — — p(0) for s < i < K, 6.3
(i) = ;7 2(0) 0= TS er O (6.3

where p(0) is the steady state probability to have no customers in system, and obviously, p(i) = 0

for ¢ > K. Then, we couple the last set of equations with the probability conservation relation,

Le., Y i2op(i) =1, to get

s ; K ; -1
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which determines all stationary probabilities. We still have to substitute them into Equations

(6.2) to obtain Q.

6.4 Proof of First Order Monotonicity Property

One may intuitively state that the performance measures Q(¢) and @ increase with respect to
the queue capacity k, keeping the parameters A, u, v and s constant. The idea is that, although
adding more places in the waiting line may increase abandonments, it is clear that it could not
deteriorate the performances we consider here. On the contrary, it allows for more customers to
enter service. If not, it will at worst achieve an equal fraction of successful departures comparing
to a system with less queue capacity. In this section, we rigorously prove these results using
two different approaches. In Section 6.4.1, we prove using coupling arguments that Q(¢) and Q
increase in k for a more general case, namely for a GI/M/s/K + M queue. In Section 6.4.2, we
consider our original system (the M /M /s/K + M queue) and prove using an analytical approach

that @ increases in k.
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6.4.1 Sample Path Approach

We start with a tangential development that will be of a great help to prove our main result.
Let us relax some assumptions in our original system by considering a GI/GI/s/K + M queue.
We assume that interarrivals and service times are i.i.d., but we allow them to follow a general
distribution. In Lemma (6.1), we present an interesting result about the relation between the
performance measures of interest and the scheduling policy under which the system is working.
For the rest of the chapter, we denote by II the set of workconserving non-preemptive scheduling
policies.

The following result in Lemma (6.1) can be seen as an extension of that in Theorem (3.2)
of Chapter 3. In the latter, we proved a conservation result for the probability of being lost.
Here, we prove the conservation result for the probability of being served by adding blocking

(whenever the system is full).

Lemma 6.1 Consider a GI/GI/s/K + M queue. Times before reneging are assumed to be
i.i.d. and exponentially distributed. Then, the probability of being served Q) is constant for any

workconserving non-preemptive scheduling policy.

Proof. The result is trivial for a queue with no capacity or with capacity 1. In such cases,
it is clear that the system hehaves identically for any policy w € II, and as a consequence, )
remains constant. Otherwise, for k > 2, we prove the result by coupling arguments. Consider
two GI/GI/s/K + M models, say Model 1 and Model 2. We assume that Model 1 and Model 2
have identical parameters except for the scheduling policies. Model 1 and Model 2 are working
under the policies 7 and 7, respectively, such that m; € I, mo € I, and 7 # my. Our approach
is based on a single sample path. In both models, we create identical successive arrival epochs, as
well as identical successive service times. However, since times before reneging are exponentially
distributed, the decision for one customer to abandon the queue is not affected by his elapsed
waiting time. This is stochastically equivalent to create randomly, for our sample path, a new
maximum time of patience for each customer in queue after each selection for service epoch (or
equivalently after each successful departure epoch.) Assume that at time ¢ = 0 both systems are
empty, and let work begins.

Both models behave identically until a busy period starts and the following situation occurs:
a server becomes idle (after a service completion) and more than one customer are waiting in
queue. Let D; be the epoch of that service completion (which occurs simultaneously in Model 1
and 2.) For both models, let n be the number of customers in queue just before D;, 2 <n < k.

At D;, the idle server in Model 1 selects one customer from the queue who can be different from
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that selected by the same idle server in Model 2. However, the number of customers in queue
goes down by 1 for both models, it becomes n — 1. Recall that up to now, the number of blocked

customers, as well as that of those who abandoned the queue, are identical for both models.

At the epoch D;, we create for each customer, waiting in the queue of Model 1, a new patience
time. Without altering distributions, since times before reneging are identically distributed, we
create the same set of n—1 maximum patience times as in Model 1, and we assign them arbitrary
to the customers waiting in Model 2. After D;, three events are possible: one customer reneges,
or a new arrival occurs, or a server becomes idle (service completion.) Recall that by construction
of our single sample path, these events occur simultaneously in both models. Assume now that
the first event occurs, then the number of customers who abandon the queue goes up by 1 in
both models and as a consequence remains identical for them. It is still also identical if another
customer abandons the queue. In general, it is the case as long as there are customers waiting
in queue. If not, both models will behave identically, anyway. Assume now that a new arrival
occurs. Note that the number of customers in queue is the same in both models. If the queues
are currently full, i.e., k are waiting for service, then the new arrival will be blocked, and systems
states remain unchanged. However, if at least there is one available space, hence, the number
of customers in queue goes up by 1 in both models. Note that if another arrival occurs or that
one customer abandons the queue, then, the number of customers in queue will increase by 1 (or
remains unchanged if the system is full) or will decrease by 1, respectively. The main conclusion
is that the number of blocked customers, as well as that of those who abandon the queue will

vary identically in both models.

Assume now that one server becomes idle. If the number of customers in queue is currently
less or equal to 1, it is obvious to see that policies m; and w2 will select at the same time the
unique available customer, if any. Otherwise, the busy period ends in both models, so both
policies will again select identically new arrivals for service until the beginning of the next busy
period. However, if the number of customers in queue is greater or equal to 2, the selected
customer for service may be different from one model to another. As above, we create for the
remaining set of waiting customers, the same set of patience time. Again, we can state that the
number of blocked customers, as well as that of those who abandon the queue remains the same

for both models.

Carrying on using the same arguments, we state that in a distant future, the number of
blocked customers and that of those who renege in Model 1 coincide with those in Model 2. Since
the number of arrivals are also equal for both models, the service level in terms of the fraction of

successful departures is unchanged, Q1 = Qr2. This completes the proof. O
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Although the probability of being served is independent of the scheduling policy, the mean
waiting time in queue for the served customers does depend on the scheduling policy. We have
proved the latter result in Theorem (3.3) of Chapter 3 by considering the particular case of a
GI/GI/s + M queue. We have also characterized the policies under which upper and lower
bounds of the mean waiting time are achieved.

We should note however that the result in Lemma (6.1) does not hold if times before reneging
are not i.i.d. and exponentially distributed, or if service times at any point during an arbitrary
busy period are order of service dependent, we need to assume that no service needs are created
or destroyed within the system: no renege in the midst of service, no forced idleness of servers,
and so on.

In Lemma (6.2), we show that @ is still unchanged for any workconserving scheduling policy
(with preemption or not) if we further assume that service times are i.i.d. and exponentially

distributed.

Lemma 6.2 Consider a GI/M/s/K + M queue. Times before reneging are assumed to be
i.i.d. and exponentially distributed. Then, the probability of being served @ is constant for any

workconserving scheduling policy.

Proof. We again show the result using coupling arguments. Based on a single sample path, we
compare the quantity @ for two identical GI/M/s/K + M models, say Model 1 and Model 2,
working under two different scheduling policies m; and o, respectively. We assume that 7 and
mo are workconserving, and do not restrict them to be non-preemptive. We use a similar approach
to that for Lemma (6.1). The only difference is only when an interruption of service occurs in
one of the models. Note that just before the epoch of that event, both models are identical:
all servers are busy, same number n of customers in queue, same remaining service times, and
same set of remaining times before reneging for waiting customers in queue. Without loss of
generality, assume that in Model 1, a new arrival interrupts the service of a customer currently
in service. Since service times are assumed to be exponentially distributed, then the remaining
time for a service completion is not affected by the elapsed time in service. This allows us to
create randomly, for our sample path, a new set of remaining service times for the customers
currently in service (s customers in both models), and also a new set of patience time for waiting
customers in queue (n customers in both models.) Continuing the sample path comparison in
the long run will subsequently show that ) coincides for both models. This completes the proof

of the lemma. O
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In Theorem (6.1), we show the main result of first order monotonicity for a GI/M/s/K + M

queue. The analysis resorts in part to the previous preliminary results of this section.

Theorem 6.1 Consider a GI/M/s/K + M queue. Times before reneging are assumed to be
i.4.d. and exponentially distributed. Then, probability of being served Q) is strictly increasing in

the buffer size k.

Proof. To prove the result of the theorem, it suffices to compare the achieved @ for the two
following systems. The first, say Model 1, is a GI/M/s/K + M queue with k waiting spaces.
From Lemma (6.1), it does not restrict generality to assume that Model 1 works under the FCFS
discipline of service. The second model is identical to the first in all parameters except that it
has k + 1 waiting spaces. From Lemma (6.2), the latter is equivalent, in terms of the achieved
Q, to a GI/M/s/K + M queue, say Model 2, with k + 1 waiting spaces and working under
any preemptive workconserving policy. In summary, it is left to establish that the stationary
probability of being served in Model 2, say (9, is strictly greater than that in Model 1, say Q.

The proof follows the sample path approach. Before proceeding to the details, let us charac-
terize a specific preemptive workconserving policy, say m, under which Model 2 is operated. We
divide the queue in Model 2 (with capacity k + 1) into two virtual queues. The first, say queue
1, has capacity k. The second, say queue 2, has the remaining capacity, i.e., 1. Upon arrival, a
customer is addressed by one of the available servers, if any. If not, the customer must join one
of the queues. We will specify the queue joining policy later. Customers in queue 1 have priority
over customers in queue 2 in the sense that servers are handling customers belonging to queue
1 first. The priority rule is preemptive, which simply means that a server currently serving a
customer pulled from queue 2, while a new arrival customer joins queue 1, will interrupt this
service and turn to queue 1 customer. Within each queue, customers are served in order of their
arrival, that is, under the FCFS discipline.

Let us now couple Model 1 and 2 and let work begins. Both models behaves identically until
the situation where in Model 1 all servers are busy, k customers are waiting in queue and a
new arrival occurs. Let us stop our clock temporarily. We denote that customer by the “low
customer". Clearly, the “low customer" is blocked in Model 1 because the system is currently
full, however, he joins the waiting line in Model 2. We assign him to queue 2 (with lower
priority.) Recall that up to now the number of customers served is identical in both models. Let
our clock resumes ticking: arrivals, blocking, abandonments, as well as service completions will
occur at the same epochs in both models until the busy period in system 1 ends (which occurs
with probability 1 due to the ergodicity condition.) We distingue two possible cases for the “low

customer": either he has meanwhile abandoned, or he is still waiting in queue 2. In the first case,
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both systems states become again identical. In the second case, i.e., if the “low customer" is still
waiting, then we assign him to the server currently idle in Model 2. As long as the current idle
period in Model 1 does not finish, we let the “low customer" stay in service. If the “low customer"
finishes his service before that a new arrival occurs (at the same epoch in both models), therefore
Model 2 will have one more service completion comparing to Model 1, and all events in both
models become again identical. If not, that is if the idle period in Model 1 ends and the “low
customer” has not successfully leaved Model 2, then we interrupt his service and we put him
back in queue 2. The idea here from choosing the policy 7 is to ensure an identical behavior, in
both models, with regard to all customers except for the “low customers". Such customers are

blocked (lost) in Model 1, however, they join queue 2 in Model 2.

From the previous arguments, one may easily deduce that ;1 < (2. Let us now proceed to
establish that @1 < Q2. It is clear that one “low customer" at most may be present in Model 2 at
a given observation moment. Let us further define a particular cycle duration referred to as the
“low cycle". The “low cycle" starts when a “low customer" enters Model 2, and terminates upon
the arrival of the next “low customer". The latter allows the following “low cycle" to start, and
so on. The duration of a “low cycle" is given by the time it takes so that the “low customer" who
starts the cycle either reneges or successfully finishes his service plus the time it takes starting
from that epoch until the next “low customer" arrival epoch. Since the systems we consider here
are stable, hence, any busy period in Model 1 ends with probability 1, i.e., its duration is finite
(< 00). In addition, knowing that times before reneging are finite, we state that the “low cycle"
duration is also finite. Furthermore, since interarrival times, times before reneging, as well as
service times are i.i.d. and further independent of each others, it then follows that “low cycles"
durations are also independent and identically distributed. Next, assuming the stationary regime
and observing that there is a non-zero probability that a “low customer" finishes successfully his
service within its corresponding “low cycle", it yields from the Law of Large Numbers that there
is a non-zero proportion of “low customers" that will finish successfully their service. So, we state
that the number of customers being served in Model 2 is strictly greater than that in Model 1.
Finally, it is implied that the stationary probability of being served @ is strictly increasing in the

buffer size k. This completes the proof. O

In a parallel to the proof of Theorem (6.1), we also state that the probability of being served
under the transient regime, Q(t), is an increasing function of k. Note that it is not necessarily

strictly increasing in k as it is the case for the quantity Q.
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6.4.2 Analytical Approach

In this section, we again consider our original M /M /s/K + M queue described in Section 6.3.1.
As shown in Section 6.3.2, a closed-form expression of the quantity ¢ may be derived. This
allows us to again prove the result of Theorem (6.1) using an analytical approach. The analysis
we address in this section is in particular useful for the proof of the convexity result in Section
6.5. Before giving the details of the proof of the monotonicity property, we begin with some
preliminary results by means of Properties 6.1 and 6.2. For the rest of the chapter, an empty
sum is being interpreted as zero, and an empty product is being interpreted as one.

Our objective is to show that @ is strictly increasing in k for an M /M /s/K + M queue. To do
so, we consider two models. The first is an M/M/s/K+ M queue with parameters A, v, p, s, and
k waiting spaces, k > 0. The second model is identical to the first however it has a larger buffer
with k + 1 waiting spaces. Recall that for our analysis, we do not need to specify the scheduling
policy except that it is workconserving. Next, it suffices to show that the stationary probability
of being served in the first model, say Q, is strictly lower than that in the second model, say
Qr+1- Or equivalently, if we introduce the sequence {U, k > 0} defined as Uy, = Qg+1 — Qp, it
remains for us to establish that Uy > 0 for all £ > 0. From Equation (6.2), Uy can be rewritten

as

k+s k+s+1
Up = pr(k+ ) —pry1(k+s+1) + % (Z (i — )pp (i) — 'Z (i — s)pk+1(i)> . (6.5)
i=s+1 i=s+1
The stationary probabilities are given by Equations (6.3) and (6.4). The subscripts are to
indicate to which system the stationary probabilities are corresponding, either for the one with
queue capacity k, or for that with queue capacity k + 1. In Property (6.1), we state a useful

relation between Uy and Uy for any non-negative integer k.

Property 6.1 For all kK > 0, the following holds

D SR Sy A
Uk+1 - S k+s+2 ’ k 9 : Uk‘a (66)
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where ‘ |
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‘z’i:ﬁa Jori>0, and, pj= ————, fori>s+1. (6.7)
v [T;=5(spe+37)

Proof. The proof is provided in Appendix C.1.
Note that proving Property (6.1) represents the “hard" part of the proof of the monotonicity
result as well as that of the convexity result. One may verify that Equation (6.6) holds for

different special cases. For instance, let us consider an infinite-server queue M/M/s/K + M
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(s — 00). Taking the limit in Relation (6.6) as s goes to oo implies that Uy = 0 for all non-
negative integer £ > 1 (in addition from Equation (C.4) for example, we have Uy = 0), which
obviously agrees with the classical queueing results. The result also holds for an M /M /s/K + M
queue with infinitely impatient customers (y = 00). In that case, the M/M/s/K + M queue is
equivalent to a loss system (without waiting space.) Thus, it is easy to see that the quantity Qx
does not depend on the buffer size k. So, U, = 0 for any k£ > 0, which agrees with Equation
(6.6).

Although we present in Property (6.2) an inequality that directly seems to be of independent

interest, it is useful for forthcoming proofs of our results.

Property 6.2 Let A and p be strictly positive reals and let {Ng, s > 1} be a sequence defined as

s i s—1 i
A A
Ng = — — A —. .

Then, Ng > 0 for all s > 1.

Proof. The inequality holds by induction. We have N3 = p > 0, then Property (6.2) holds for
s = 1. Assume now that Ng; > 0 for a given s > 1, and let us show that Ngy; > 0. From

Equation (6.8), Ng;+1 can be written as
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Using the induction assumption, it thus follows that Nsy1 > 0. Finally, we conclude that Ng > 0

for all s > 1. This completes the proof. O

In Theorem 6.2, we state the main result of this section. Having Properties (6.1) and (6.2),
we are now ready to establish the first order monotonicity property of the probability of being

served, (), with respect to the buffer size k.
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Theorem 6.2 Consider an M/M/s/K + M queue. Times before reneging are assumed to be

i.4.d. and exponentially distributed. Then, Q s strictly increasing in the buffer size k.

Proof. As explained in the beginning of this section, proving the theorem is equivalent to proving
that Uy is strictly positive for k > 0. Keeping the parameters A, u, s and ~ constant, the result
holds by induction on k.

Let us establish our claim for the first rank, £ = 0. The quantity Uy is given by Uy = Q1 — Qo,
where QQp and @)1 are the probabilities of being served for the M/M/s/s+ M (no waiting space)
and M/M/s/s+1 + M (single waiting space) systems, respectively. Using Equation (6.2), the
probability Qo is given by Qo = 1 — po(s), where py(s) is the stationary probability to have s
customers in the M/M/s/s + M system. As for Q1, it is given by Q1 = 1 — ¥p1(5+ 1), where
p1(s+1) is the stationary probability to have s+ 1 customers in the M/M/s/s+1 + M system.

From Equations (6.3) and (6.4), we get
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To prove that Uy > 0, we consider Uy as a real function of ~, for v > 0, and we study the sign
of Up(y). It is clear that Uy has the property to be continuous and derivable in . Taking the

derivative, Uy, of Up in 7 leads to
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Using the notation in Equation (6.8), Uj(7) can be rewritten as

sl

U[/]('V) = S i - N
(sli*(sp +7) Soizg e + AH1)?

(6.14)

Applying now Property (6.2) for s strictly positive integer, and, for A and p strictly positive
reals, we easily see that Uj(y) < 0. Then, Up is a strictly decreasing function in v, for v > 0.

Hence, it follows that

Up(y) > lim Up(y), for v > 0. (6.15)
y=+o0
Observing that
) 28 )\erl 4+ )8
lim Up(y) = - it i - =0, (6.16)
roteo st Yicosm S (sp+7) Yo im AT

we deduce that Up(y) > 0 for v > 0. Thereafter, our claim is true for the first rank k£ = 0.

Let us consider £ > 0 and assume that our claim is true for the rank k, i.e., Uy > 0. Let us
now prove that our claim is true for the rank £+ 1. This is a direct consequence of Property 6.1.
For s > 1, A\, u > 0 and v > 0, we state using Property 6.1 that Uiy is the product of Uy and a
strictly positive real. So, Ugyq1 > 0. Finally, we conclude that U > 0 for £ > 0, which completes

the proof of the theorem. O

6.5 Proof of Second Order Monotonicity Property

In this section, we investigate the second order property of monotonicity (of the probability of
being served) in the queue capacity. First, we prove using a simple counterexample that the
transient probability of being served, Q(t), is not concave in k. Second, we state our main result
in Theorem (6.3) about the concavity property. Finally, we present some numerical illustrations
of that result.

To prove the non-concavity of Q(t) as a function of k, we consider three M/M/1/K + M
queues denoted by Model 1, Model 2 and Model 3. Assume the discipline of service to be FCFS.
The models are identical in all parameters except for the buffer size. Specifically, Models 1, 2
and 3 contain 1, 2 and 3 waiting spaces, respectively. During an interval of time [0, ¢], we denote
the transient probability of being served for Model 1 by Q1(¢t). We denote those for Model 2
and 3 by Q2(t) and Q3(t), respectively. In what follows, we construct one possible sample path
which shows that the transient probability of being served is not concave in k. In mathematical
terms, it consists to find an instant ¢ such that Q3(t) — Q2(t) > Q2(t) — Q1(t).

Initially, the models are empty. Now, let work begins. All models behave identically until
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the situation where in each model the unique available server is busy and there is one waiting
customer in queue, say A;. Thereafter, assume that one arrival, say Ao, occurs before a service
completion or an abandonment. Note that this event occurs with a non-zero probability. The
customer As is blocked in Model 1, whereas he joins the queue in Models 2 and 3. Assume also
that the next event is an arrival denoted by As. The customer As is blocked in Models 1 and
2, however he joins the queue in Model 3. Next, assume that A, abandons the queue, which
occurs simultaneously in Models 2 and 3. Then, assume that A; in all models and A3 in Model
3 finish their service and successfully leave the systems. Let t4, be the epoch of the departure
of Az. So, we state that during [0,?4,], the number of served customers in Model 1 is equal to
that in Model 2. However, there is one served customer in more in Model 3 compared to the
other models. In other words, Q3(t) > Q2(t) and Q1(t) = Q2(t), which leads to the inequality
Q3(t) — Q2(t) > Q2(t) — Q1(t) and closes the discussion.

Turning now to the concavity of the stationary quantity @ as a function of k, we present the

following theorem.

Theorem 6.3 Consider an M/M/s/K + M queue. Times before reneging are assumed to be

i.4.d. and exponentially distributed. Then, Q is a strictly concave function in the buffer size k.

Proof. Let us again consider three M/M/s/K + M queues denoted by Model 1, 2 and 3. All
models are identical in all parameters except in the buffer size. In Model 1, there are k waiting
spaces. However, Model 2 and Model 3 have k+ 1 and k + 2 waiting spaces, respectively. We do
not need here to specify the scheduling policy except that it is workconserving. For Model 1, 2
and 3, we denote by Q, Qr+1 and Q12 the stationary probabilities of being served, respectively.
Following this introduction, one may easily see that proving our theorem is equivalent to proving
that U = Qr+1 — Qk is strictly greater than Uxi1 = Qgio — Qka1, for all k& > 0. In other
terms, it remains to prove that the sequence {Uy, k > 0} is strictly decreasing. Knowing from
Theorem (6.2) that Uy > 0, for k& > 0, it suffices thereafter to show that U[’“]—:l <1, for k > 0.
From Equation (6.6), we have
Upin s o di+ e pi A

_ : for k>0, 6.17
U s sy bt Sy st (ke 2 (617)

which may be rewritten, for k > 0, as
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From the one hand, Property (6.2) leads to
AZ@ (sp+ (k+1)7)) i (6.19)
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From the other hand, we have for all 4, such that i < k+ s + 1,
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the summation of both Inequalities (6.23) and (6.24) leads to
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Finally, it remains to apply Relations (6.20) and (6.25) back into Relation (6.18), to state that

U’““ < 1. This completes the proof of the theorem. O

In simple words, one rule of thumb of the current chapter would be as follows. Consider a
system that could be modeled as an M/M/s/K + M. Assume that the manager has to design
the queue capacity subject to maximizing the throughput of the system. Then, there is no need
to choose a very large queue capacity. Most of the benefits are, indeed, achieved with a small

queue size.

To get some numerical illustrations of our results, we consider various M /M /s/K+ M models
by taking a broad range of parameters values. The service rate is unchanged for all chosen

examples, = 1. The values of the reneging rate are 0.5, 1 and 2. The number of servers are 1,
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2,3, 5,10, 15, 50, 70 and 100. To vary the “servers utilization" calculated as A\/su, we consider
A=18for s =1,2and 3; A =8 for s = 5, 10 and 15; A = 60 for s = 50, 70 and 100. For
each set of the previous values, the buffer size is ranging from 0 to 30. The detailed results are
presented in Tables C.1, C.2 and C.3 of Appendix C.2.

From the numerical results, we underline the following comments. As expected from Theo-
rems (6.2) and (6.3), @ is increasing and concave in k keeping all remaining parameters constant.
One may see that there is no need to go beyond a buffer size around 10 to approximately reach
the maximum of the probability of being served (reached within an infinite buffer size.) Starting
from a system with no waiting space, most of the improvements are achieved by adding two
places in the buffer. Obviously, we also see that @ is decreasing with respect to the abandon-
ment rate v. The reason is simply that the probability to abandon the queue is increasing in
the abandonment rate. Furthermore, for a fixed server utilization, large systems allow to achieve
higher service levels. This does not seem at odds with known results, it is due to the pooling

effect. We refer the reader to Chapter 2 for further details on the subject.

6.6 Conclusions and Further Research

In this chapter, we considered a queueing system with reneging and finite buffer size. The model
is of interest for the modeling in practice of several systems with impatient customers, such as
call centers. We investigated monotonicity results of the probability of being served with respect
to the buffer size. These results are helpful when addressing optimizations issues. We considered
both transient and stationary quantities of the performance of interest. Under the transient
regime, we proved that it is an increasing and non-concave function of the buffer size. Under the
stationary regime, we proved that it is strictly increasing and concave in the buffer size.

As a topic for future research, it would be interesting to investigate in a similar fashion as
here, the convexity properties of the performance measure as a function of other parameters
such as the arrival rate, service rate, reneging rate, and number of servers. The interest on some
design variables instead of others should depend on the application. For instance, a call center
manager would be more interested by the analysis with respect to the arrival rate and the number
of servers. In most practical cases, he could be able to increase or decrease the staffing level,
and also to act on the arrival rate (overflows of customers). In a manufacturing application, the
manager could be however able to act on the processing time of servers (facilities), which is kind

of difficult for a call center manager.
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Chapter 7

Conclusion and Perspectives

In this chapter, we give general concluding remarks and present directions for future
research. For further details, we refer the reader to the concluding sections of the

previous chapters.
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7.1 Conclusions

A call center, or in general a contact center, is defined as a service system in which agents serve
customers, over telephone, fax, email, etc. The call center industry has been steadily growing
and it had been observed worldwide. In the past few years, call centers have been introduced
with great success by many service-oriented companies such as banks and insurance companies.
They become the main point of contact with the customer, and an integral part of the majority of
corporations. The large-scale emergence of call centers has created a fertile source of management
issues. In this thesis, we focused on various operations management issues of call centers. Our
analyzes leaded to both qualitative and quantitative results for practical management. We used
approaches that are based on stochastic models and in particular queueing models.

We investigated the impact of team-based organizations in call centers management. Agents
of call centers are the interface between the company and the customers. Thus, managers have
to support and motivate their employees, so that, the assistance they provide to customers is
efficient. Partitioning agents into groups creates competition and makes agents more responsible,
which motivates them to provide both rapid and improved responses. We developed queueing
models that show that the benefits of the team based organization in providing more efficient
answers to customers very often outweigh its drawback coming from the loss of pooling effects.

In addition, we focused on real-time issues of call centers. In the third chapter, We considered
a two-class call center and developed real-time scheduling policies that determine the rule of
assignment of new arrivals to the waiting lines. We focused on service levels criteria related to
the fraction of abandoning customers and the variance of queueing delays. In the fourth chapter,
we proposed a call center model in which we provide information about delays to customers, and
we quantified its effect upon performance.

Next, we tackled the transient analysis of general birth-death processes. We computed several
closed-form expressions of the moments of first passage times, and pointed out their applications
for the quantitative analysis of some queueing systems, such as call centers. Finally, we derived

monotonicity results for Markovian queueing systems with impatient customers.

7.2 Future Research

Worrying about accurate and practical results, much is left to be done. As detailed in the
concluding sections of the previous chapters, several interesting areas of future research arise. In
what follows, we point out some of these research directions.

One may continue our work by incorporating customers reneging in the team-based organiza-
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tion analysis. A more ambitious extension would be to investigate the introduction of team-based
organization in an SBR call center where agents have specific skills.

An interesting direction, for the real-time policies we developed, lies in investigating accurate
analyzes in order to better understand the behavior of the variance of queueing delays with
respect to these policies. In practice, it should be also of value to extend the research in case of
different statistical behaviors for different customer types. In other words, service times as well
as times before reneging are not equal for both customer types.

One important extension from a practical point of view is to describe empirically customers
reaction in response to delays announcement. This would validate in a real call center case our
claim regarding to the advantages of announcing delays. A further study to quantify the relation
between costs of reneging and balking would be of great value.

We want to develop simple approximations or numerical methods for computing the moments
of first passage times in birth-death processes. This would be helpful to avoid computation
difficulties given that the closed-form expressions of interest are somewhat cumbersome. Further
useful applications should be also pointed out.

As a topic for future research, one would investigate more convexity results by considering
more complex systems with general distributions for service times and times before reneging. In
our opinion, further results with regard to other design variables would be important for the call

center industry.
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Appendix of Chapter 2

This appendix deals with the analysis of Chapter 2. In Appendix A.1, we performed a more
systematic analysis than that reported in Section 2.4 in order to confirm the robustness of our
conclusions. Using simulation experiments, we validate in Appendix A.2 the approximations for
the Portfolio Dedicated System already developed in Section 2.5.1. Finally, Appendix A.3 is

devoted to the proof of a result used in Section 2.5.2.

A.1 Extension of the Quantitative Analysis

The numerical study in Section 2.4 was based on a set of basic data for the initial Pooled System:
uw=0.2 a=10%, W(20sec) = 80%, and s = 1000. These basic data are representative of typical
parameters encountered in the Bouygues Telecom call center. However, to make sure that the
conclusions drawn from this set of data are robust, we have performed a large set of experiments,
some of which are reported in this appendix. The study is divided into four steps. In each step,
we first vary one parameter (u, o, W(20sec) or s), then we deduce A* and A to get different
initial pooled systems which cover many realistic call center cases. Next, we consider each case
and we compute the required increase in the service rate or decrease in the call back proportion,
in order to reach the same performance as in the fully pooled system, for different numbers of

separated teams in the corresponding dedicated systems.

Varying the Service Rate p

We consider four pooled systems: s = 1000, o = 10%, W (20sec) = 80%, and p = 0.1, 0.2, 0.5,
and 1, respectively. Then, A® = 88.14, 177.35, 446.52, and 896.12, and A = 97.93, 197.06, 496.13,
and 995.69, respectively. In Figure A.1, we plot the curves of the required service rate increase

versus the number of pools in the dedicated systems. In Figure A.2, we plot the curves of the
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required call back proportion decrease versus the number of pools. We vary n only from 1 to 10,

so that, a,, stays positive.
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Figure A.1: Percentages of service rate in- Figure A.2: Percentages of call back propor-
crease according to number of pools n in tion decrease according to number of pools
a Dedicated System in order to achieve n in a Dedicated System in order to achieve
Wi (20sec) = 80%, for a different initial ser- Whp(20sec) = 80%, for a different initial ser-
vice rates vice rates

For every value of pu, the results are pretty much of the same quality as in Section 2.4.
Furthermore, an additional ingsight is that the costs of migrating to the team-based organization
((r, — p) /1 or (@ — o) /x) are decreasing as the initial service rate is increasing. One intuitive
explanation is as follows. Consider two pooled systems. The parameters of the first are s,
AV 4 and W(t). The parameters of the second are s, A& ) and W(t). We assume
that u < u®@, then A must be less than A®) in order to match the same performance
W (t) in the two systems. Besides, since the servers are slower in the first system, the server
utilization of the last is less than the one in the second system, else W (t) will be higher in
the second system. Hence, the second system has more pooling effect than the first one. Now,
let us divide each system to m identical unpooled systems, so that, s is a multiple of n. The
parameters of one of the first unpooled models are s/n, )\(1)/ n, and the service rate is MEE) such
that W,(t) = W(t). The parameters of one of the second unpooled models are s/n, A2 /n,
and ,ug) such that W, (t) = W(t). Thanks to the pooling effect that is more present in the
second pooled system than in the first one, the second unpooled system will need an increase
in the service rate regarding p? being less than the one regarding p") in the first unpooled
system, (,ug) —u®)/p? < (ug) — M)/ An additional insight is that it appears that when
i decreases, the set of curves (for different values of ) converges towards an asymptotic curve.

Indeed, we have checked that the curves for . = 0.001 almost coincide with those for u = 0.01
in Figures A.1 and A.2.
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Varying the Call Back Proportion «

Here, we vary the call back proportion with regard to the Pooled System of Section 2.4. We
consider four pooled systems: s = 1000, u = 0.2, W (20sec) = 80%, and o = 5%, 10%, 15%,
and 20%, respectively. Then, \* = 187.21, 177.36, 167.5, and 157.65, respectively, and A\ =
197.06, for the four systems. Figures A.3 and A.4 show, respectively, the required quantitative
(service times) and qualitative (rate of calls successfully addressed) improvements according to

the number of pools.

Again, we have the same qualitative results as in Section 2.4. In Figure A.3, the curves are
identical. The explanation is as follows. Let us consider two pooled systems with the same
parameters except for the dissatisfaction probability a. The required total arrival rates, to meet
a given QoS, are identical in the two systems because they do not depend on «. Therefore,
the two systems are equivalent to the same Erlang-C' model. The required service rate u, and
increase in the service rate (u, — u)/u, for the corresponding dedicated systems, do not change

for a fixed number of pools n.

Figure A .4 shows that the required improvement in the dissatisfaction probability (o — )/«
is decreasing with the initial call back proportion ce. The proof of this result is as follows. Consider
two pooled systems with the same parameters s, A, u, and W (t). The arrival rate of first-attempt
calls and the call back proportion for the first system are A%! and o), respectively. The ones
for the second system are A2 and «?), respectively. We assume that o)) < o). Now, let us
divide each pooled system to n identical unpooled systems, while leaving unchanged the total
number of servers s, the service rate u, and the quality of service W,,(t) = W (t). So, the total

arrival rate, the number of servers, and the service rate for each type of unpooled system are
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A/n, s/n, and p, respectively. The arrival rate of first-attempt calls and the call back proportion

for the first unpooled systems are )\%’1 = X’“’l/ n and ozg), respectively. The ones for the second

unpooled systems are AL = ya2 /n and a%z), respectively. Clearly, we have 047(11) < oM and

a£L2) < a® because of the loss of the pooling effect. From the pooled systems, we deduce

that A = A% /(1 — aM) = A*2/(1 — o(?), and from the unpooled systems, we deduce that
An =211 - oY) = 2%%/(1 — al?). The two last relations give Equation (A.1) below.

1-— aq(zl) 1-— ag)

o = T (A1)

Since a(V) < a®, then A»! > A\%2, and equivalently A%" > A%? so o) < o

. Moreover, a%l) <
o) we deduce then from Equation (A.1) that 047(11)/04(1) < 04%2)/04(2). Hence, 1 — (ag)/a(l)) >

1-— (ag)/a@)), and finally (a(t) — oz,(ll))/a(l) > (a® — ag))/a@).

Varying the Quality of Service W (20sec)

Now, we vary the quality of service W (20sec) with regard to the Pooled System of Section
2.4. We consider five pooled systems: s = 1000, u = 0.2, « = 10%, and W (20sec) = 60%,
80%, 90%, 95%, and 99%, respectively. Then, A\® = 178.47, 177.36, 176.27, 175.22, and 172.90,
and A = 198.30, 197.06, 195.86, 194.69, and 192.11, respectively. Figures A.5 and A.6 show,
respectively, the required quantitative and qualitative improvements according to the number of

pools.
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Figure A.5: Percentages of service rate in- Figure A.6: Percentages of call back propor-
crease according to number of pools n in tion decrease according to number of pools
a Dedicated System in order to achieve the n in a Dedicated System in order to achieve
same W,,(20sec) as in the Pooled System, for the same W, (20sec) as in the Pooled Sys-
a different values of W, (20sec) tem, for a different values of W, (20sec)

Once again, we underline the qualitative similarity of the results as in Section 2.4. The
additional insight here is that the costs of partitioning the big call center ((pn — p)/p or (o —

ay,) /) are increasing as the chosen quality of service is increasing. For instance, let us partition
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two pooled systems into n identical unpooled systems. The two pooled systems have the same
number of servers and the same service rate. However, the first pooled system has a quality of
service lower than the one in the second. Both of the unpooled systems will need an increase
in the service rate, because of the loss of the pooling effect. Moreover, since we have to reach a
higher QoS in the second unpooled systems, then we will need for them a higher increase in the
service rate. We notice again from the curves that the costs of migrating do not roughly increase

with the chosen quality of service.

Varying the Number of Servers s

Up to now, all our analyzes were performed as a function of n, the number of dedicated pools.
As stated in Chapter 2, as long as the total number of servers s is fixed, the results obtained can
alternatively be reinterpreted in terms of s/n. Indeed, specifying n is equivalent to specifying
s/n. In this section however, we want to perform our analyzes for different values of s. In that
case, it seems more consistent to compare configurations having the same number of servers in
each pool. Therefore, the analyzes will be performed as a function of the number of dedicated
servers in each pool, s/n, for different values of the total number of servers, s.

Consider now five pooled systems: u = 0.2, o = 10%, W (20sec) = 80%, and s = 100,
200, 500, 1000, and 5000, respectively. Then, A\* = 16.63, 34.26, 87.74, 177.36, and 896.60, and
A = 18.48, 38.07, 97.49, 197.06, and 996.22, respectively. In Figure A.7, we plot the curves of the
required service rate improvement, when we partition the pooled systems chosen here, according
to the size of the generated teams s/n. We notice from Figure A.7 that the costs, for a fixed size
of pools, are increasing with the initial number of servers. One explanation may be as follows.
Consider once again two pooled systems. The parameters of the first are sV, XDy and W(¢).
Those of the second are s, X2 1, and W (t). We assume that s < 5@, Let us now migrate
to the corresponding unpooled systems such that the size of each type of unpooled system is @),
s = nls(p) and s(? = ngs(p). It goes without saying that ny < ng. The parameters of the first

unpooled systems are s, X /n; | and ,u7(11) such that the quality of service is W, (t) = W (t).

The ones of the second unpooled systems are s, \(2) /mna, and ,ug) such that the quality of
service is W), (t) = W (t) too. Due to the pooling effect that is more present in the second pooled
system than in the first, /\(2)/712 is larger than A(l)/nl. Else, the first pooled system will match a
quality of service that is lower than the second. To do a summary for the unpooled systems, we
have the same number of servers s, the same quality of service W (t), and a larger arrival rate
for the second unpooled systems. Thus, we easily deduce that the servers in the latter cases must

be faster so as to match the same performance in both types of dedicated systems, ug) < /M(f).
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Finally, (1) — 1) /1 < (1 — ) /1.
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Figure A.7: Percentages of service rate increase according to size of pools s/n in a Dedicated
System in order to achieve W,,(20sec) = 80%, for a different initial number of servers

In addition, we see from Figure A.7 that the gap between the curves is decreasing when s
increases. Then, we can deduce that the unpooling of two pooled systems with different large
number of servers, namely greater than 500, will need quite the same increase in the service
rates. This is due to the fact that a “large" Pooled System does not gain too much in pooling

effect by adding more servers.

A.2 Validation of the Approximation Models

The analysis of the Portfolio Dedicated System is to be used to design our call center; calculating
staffing level, required total arrival rate (or required call back proportion), or required service
rate in order to achieve a given QQ0S. To examine the accuracy of the approximation models, we

propose two different formulations:

e (QoS, s = A: formulation 1 consists of calculating the required total arrival rate A given a

fixed QoS and a fixed staffing level s.

e QoS, A = s: formulation 2 consists of calculating the required staffing level s given a fixed

QoS and a fixed total arrival rate A.

We compare performances given from pessimistic models with those from simulation. We
simulated 30 cases: the number of pools is n = 10, the OPTF customers proportion is p = 5%
or 10%, and for each p, n s, = 250, 350 or 500, and for each p and s we chose 5 values of A* (in
order to vary the server utilization). The mean service time, and the call back proportion are

kept constant (1/py, = 5 min, and a;, = 10%).
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Deviations between performance measures given by pessimistic models and those given by

simulation are presented in Table A.1. For each pessimistic model (PTF or OPTF), deviations

per formance(model)—per formance(simulation)
per formance(simulation) :

for one parameter are calculated as

Total Arrival Rate, | Total Staffing Level,
A1 — o) n Sn
W, (20sec) W, W, (20sec) W,

PTF Pessimistic Model -2.84% -2.92% 4.00% 4.00%
OPTF Pessimistic Model -5.65% -5.61% 4.43% 4.43%

Table A.1: Deviations between pessimistic models and simulation

A.3 Proof of the Result: W9 does not depend on p

First, consider an M/M/s queue with a single class of customers. The arrival rate is A, the
number of servers s, and the service rate is u. Hence, the stationary mean waiting time in queue
is given by

Pp

W=—"— A2
DY (A.2)

where Pp is the probability of delay, that is, the probability that an incoming customer waits for
service. Second, consider a non-preemptive priority M /M /s queue with two types of customers,
say A and B. Type A customers have priority over type B ones. The total arrival rate is A, the
number of servers is s, and the service rate to handle any type of customers is p, as in the first
M/M/s model. The arrival rate of type A customers is A4, and that of type B customers is
ABAA 4 AB = X, Let p be the proportion of type B customers. Then, A = (1 — p)X. As in
Kella and Yechiali [78], the average waiting times in queue of customers A (W4) and customers

B (W5) are respectively given as follows

P P
D and WB = D

sp— A (sp— M) (1 - 2)

WA =
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where the probability of delay Pp is identical to that in the first model. For any proportion p

€ [0, 1], we have

ngobal:(lip) WA +pWB (A4)
Pp Pp
=(1- +
U R - )
_ Pp s (L—p)A
spp— (1 =p)A spL— A
Cosp— A\
=W,

which completes the proof. O
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Appendix of Chapter 3

In this appendix, we present supporting simulation experiments for the analysis of Section 3.5
of Chapter 3. We consider the systems already chosen in Section 3.5, and we simulate them
working under scheduling policies w4, 71, m2 and w3 . In Tables B.1 and B.2, we show the results

for the target ratios ¢* = 0.5 and ¢* = 0.9, respectively.

TA 1 T2 T3

c 0.305 0.500 0.500 0.500
QA | 1.211% | 2.291% | 1.727% | 2.559%
QF | 3.966% | 4.582% | 3.453% | 5.118%
System 1: Q 2.589% | 3.436% | 2.590% | 3.838%
A =Ag=45 | WA | 0.035 0.062 0.049 0.072
WE | 0.102 0.119 0.090 0.135
w 0.068 0.090 0.069 0.103
o 0.098 0.192 0.141 0.184
o8B 0.311 0.334 0.280 0.343
o 0.232 0.273 0.222 0.276

c 0.282 0.500 0.500 0.500
Q4 | 1.838% | 2.917% | 2.786% | 2.919%
QF | 6.526% | 5.834% | 5.573% | 5.839%
System 2: Q 4.182% | 4.376% | 4.179% | 4.379%
A =Ag =475 | WA | 0.053 0.079 0.079 0.082
WEB | 0.170 0.152 0.145 0.155
1% 0.110 0.115 0.111 0.118
o 0.119 0.221 0.182 0.194
o8B 0.407 0.379 0.363 0.361
o 0.303 0.311 0.288 0.291
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TA 1 T2 T3
c 0.258 0.500 0.500 0.500
QA | 2.737% | 4.036% | 4.794% | 3.757%
QP | 10.605% | 8.073% | 9.587% | 7.514%
System 3: Q 6.671% | 6.054% | 7.190% | 5.636%
A=A =49 | W4 | 0.080 0.109 0.137 0.106
wB 0.279 0.212 0.250 0.202
w 0.175 0.159 0.192 0.153
oA 0.144 0.268 0.245 0.223
oB 0.537 0.454 0.494 0.411
o 0.399 0.375 0.391 0.332
c 0.258 0.500 0.500 0.500
QA | 2.692% | 4.303% | 5.542% | 4.819%
QF | 10.427% | 8.606% | 11.083% | 9.639%
System 4: Q 6.556% | 6.455% | 8.313% | 7.229%
Aa=Ap =495 | W4 | 0.078 0.117 0.158 0.136
whB 0.275 0.226 0.288 0.261
w 0.173 0.170 0.221 0.197
oA 0.142 0.279 0.267 0.257
oB 0.528 0.471 0.540 0.472
o 0.392 0.389 0.427 0.383
c 0.253 0.500 0.500 0.500
QA | 2.889% | 4.349% | 5.010% | 4.270%
QF | 11.414% | 8.699% | 10.020% | 8.541%
System 5: Q 7.152% | 6.524% | 7.515% | 6.406%
A=A =5 WA | 0.084 0.118 0.143 0.121
wh 0.303 0.229 0.263 0.231
w 0.188 0.172 0.201 0.174
oA 0.147 0.280 0.248 0.238
oB 0.556 0.472 0.504 0.439
o 0.413 0.390 0.398 0.355
c 0.180 0.500 0.500 0.500
Q4 | 6.655% | 12.281% | 11.750% | 11.973%
QF | 36.871% | 24.562% | 23.501% | 23.946%
System 6: Q 21.763% | 18.421% | 17.626% | 17.960%
A=A =6 w4 | 0.199 0.327 0.350 0.348
WE | 1.149 0.693 0.639 0.716
w 0.582 0.496 0.484 0.518
o4 0.210 0.557 0.376 0.431
oB 1.085 0.872 0.816 0.739
o 0.848 0.742 0.637 0.621

Table B.1: Simulation experiments for ¢* = 0.5
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TA 1 ) T3
c 0.296 0.900 0.900 0.900
QA | 1.553% | 2.876% | 2.895% | 2.555%
QF | 5.247% | 3.195% | 3.217% | 2.839%
System 1: Q 3.400% | 3.036% | 3.056% | 2.697%
Aa=Ag=45 | WA | 0.045 0.076 0.081 0.071
WE | 0.136 0.084 0.088 0.078
w 0.089 0.080 0.084 0.075
o4 0.112 0.246 0.205 0.192
oB 0.365 0.266 0.232 0.214
o 0.271 0.256 0.219 0.203
c 0.270 0.900 0.900 0.900
QA | 2.331% | 4.643% | 4.521% | 4.889%
QP | 8.643% | 5.159% | 5.023% | 5.433%
System 2: Q 5.487% | 4.901% | 4.772% | 5.161%
Aa=Ap =475 | WA | 0.068 0.122 0.127 0.137
WB | 0.225 0.135 0.138 0.151
w 0.144 0.129 0.133 0.144
o4 0.135 0.319 0.256 0.270
oB 0.482 0.345 0.301 0.300
o 0.358 0.332 0.278 0.286
c 0.253 0.900 0.900 0.900
QA | 2.997% | 5.931% | 5.141% | 7.381%
QP | 11.846% | 6.590% | 5.713% | 8.201%
System 3: Q 7.422% | 6.261% | 5.427% | 7.791%
Aa=Ag=49 | WA | 0.087 0.156 0.145 0.210
WB | 0.312 0.173 0.158 0.232
w 0.194 0.165 0.151 0.221
o4 0.152 0.368 0.272 0.333
oB 0.575 0.397 0.311 0.369
o 0.427 0.383 0.292 0.352
c 0.261 0.900 0.900 0.900
QA | 2.551% | 6.008% | 7.779% | 7.189%
QF | 9.774% | 6.675% | 8.644% | 7.987%
System 4: Q 6.163% | 6.312% | 8.211% | 7.588%
A=A =495 | WA | 0.074 0.159 0.222 0.204
WEB | 0.258 0.175 0.241 0.225
w 0.162 0.167 0.232 0.215
o4 0.138 0.370 0.338 0.330
oB 0.508 0.399 0.388 0.365
o 0.378 0.385 0.364 0.348
c 0.257 0.900 0.900 0.900
Q4 | 2.702% | 7.363% | 7.291% | 7.533%
QF | 10.529% | 8.181% | 8.101% | 8.370%
System 5: Q 6.616% | 7.772% | 7.696% | 7.952%
A=A =5 w4 | 0.079 0.194 0.208 0.215
WEB | 0.279 0.216 0.226 0.237
w 0.175 0.205 0.217 0.226
oA 0.141 0.417 0.325 0.337
oB 0.529 0.450 0.374 0.374
o 0.393 0.434 0.350 0.356
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TA 1 2 3
c 0.188 0.900 0.900 0.900
Q4 | 5.686% | 16.697% | 18.299% | 19.256%
QF | 30.241% | 18.552% | 20.332% | 21.396%
System 6: Q 17.964% | 17.624% | 19.315% | 20.326%
Aa=Adg=6| W4 0.170 0.448 0.566 0.597
WE | 0.910 0.503 0.609 0.665
%% 0.484 0.475 0.587 0.630
o4 0.189 0.694 0.480 0.512
o8B 0.941 0.741 0.563 0.563
o 0.729 0.718 0.523 0.539

Table B.2: Simulation experiments for ¢* = 0.9
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Appendix of Chapter 6

This appendix deals with the analysis of Chapter 6. In Appendix C.1, we give the proof of the
result in Property 6.1. In Appendix C.2, we present some numerical experiments in order to

illustrate the concavity results already derived in Chapter 6.

C.1 Proof of Property 6.1

Using the notations in Equation (6.7), the stationary probabilities for an M/M/s/s +k + M

queue (k extra waiting lines) given in Equations (6.3) and (6.4) may be rewritten as

pr(i) = ¢ x p(0), for 0 <i<s, (C.1)
pr(i) = pi x p(0), fors<i<s+k, (C.2)
and
st
pr(0) (C.3)

p— k .
s Yoo Gi+ Yty Pi

Substituting them into Equation (6.5) yields, for £ > 0, to

Uy, = ( Pk+s . _ Pk+s+1 > (C.4)
CITS DAY IED SANE IR ITED S TR Db
i i < Zfi;-i-l(l — 5)pi B Zfissif(l — 8)pi ) .
A\ slps dico ®i + Zfiirl pi St bi+ Zf:ssjll Pi
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Or equivalently with some algebra

k+s+1

Pk+s+1
U (s!p® Z ¢i + Z = prots(1+ e )~ Pltstl (C.5)
i=s+1 slps Zz o¢z +Zz +§+1 Pi
5 k+s p k+s+1
. k+s+1 .
T T R <zs>pi)

A (i_erl SIS D i @i+ Do s+1Pi i=s+1
= Pt Pk+s  Pk+s+1 — Phperi
- S s k+s S

S' Zz 0 ¢1 + Zz s+1 ’L
Y Plk+s+1 .
+ < | —(F+ Dpryss1 + e Z (i— S)/h)
A( S' GZZ 0¢1+Zz s+1ptz s+1
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- PRTs oS k+s s k+s '
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Calculating further gives
s k+s+1 k+s s k+s
U (s!p® Z ¢i + Z )(slu Z ¢i + Z pi) = Prts(slp’ Z ¢i + Z pi) (C.6)

1=0 i=s+1 1=s+1 =0 1=s+1

k+s
k + 1)y
+ Pk+s+1 (pk+s Z ¢z Z pz (
1=s+1
k+s
(k + 1)y
- kars 3' Z¢z Z pz + Pk+s+1 (kars - (1 +
i=s5+41

Observing that pgis41 = m Pk+s)

s k+s+1 k+s
Uk(S!MSZ¢i+ Z )(s!p® Zqﬁl Z p;)
i=0 i=s+1 imst1  Phts
s - = A+ (k+ 1)y s
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S'M Z¢z Z S' Z(bZ Z z
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Simplifying Equation (C.7) implies the following relation

s k+s+1 k+s
oy o S S 8
i=0 i=s+1 i=0 imst1  Phts
A— su k+s

shy® Z¢z > i)

i=s+1

= Pk+s+1 — W

k+s k+s
sl Zéf’z Z +X 2(15)01>
1=s+1 1=s+1

for k > 0, we may write

k+s k-+s
s! QZ@ Z +X Z(i_s)/h
i=s+1 i=s+1
(C.7)
k+s ~y k+s
pi)+ ——F o (i — s)pi
k+s

m Z (i = 8)pi-

1=s+1

(C.8)
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For the rank k + 1, Relation (C.8) becomes

s k+s+2 k+s+1

1
ZRTTD SRS DD SERS o 9
i=0 i=s+1 i=s+1 pk+3+1
CA—su k+s+1 N kts+1
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Multiplying both sides in Equation (C.10) by % implies
s k+s+2 k+s+1
1 sp+ (k+2)y
Unea (s Y i+ Y pi)(sly Z@ > o : (C.11)
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From Equations (C.8) and (C.11), we next deduce that
s k+s+2 k+s+1
1 sp+ (k+2)y
Uk+1(s!,usz¢i + Z pi)(slu® qul Z . (C.12)
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Finally, simplifying Equation (C.12) and again observing that ’;L:l = e e get for all
k>0,
slus S8 A
Upet = H Zz_o ¢i + Zz s+1 Pi U, (C.13)

slus S5 o+ St g st (B +2)y

which completes the proof of the property. O
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C.2 Numerical illustrations

In this appendix, we present numerical examples to illustrate the convexity results. We compute

the probability of being served as a function of the queue capacity for several systems chosen so

as to cover a broad range of parameters values. Systems parameters are presented in Section 6.5.
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Table C.1: Values of Q (in %) for v = 0.5
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Table C.2: Values of @, (in %) for vy =1
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Table C.3: Values of Qj, (in %) for v = 2
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Résumé Depuis quelques années, les centres d'appels enregistrent une forte croissance dans le monde.
Les entreprises s'orientent de plus en plus vers ce choix qui leur offre une relation privilégiée avec
leurs clients. Ainsi, ils disposent d'un moyen convivial et peu cofiteux pour fidéliser leurs clients tout
en essayant d'en acquérir de nouveaux. Le sujet de cette these porte sur le développement et ’analyse
de modeles stochastiques pour l'aide a la décision dans les centres d’appels.

Dans la premiere partie, nous considérons un centre d’appels ou tous les agents sont groupés
dans un méme pool et les clients sont traités indifféremment par un des agents. Nous étudions les
bénéfices de la migration depuis cette configuration vers un centre d’appels ot les clients sont divisés
en classes (appelées portefeuilles de clients). Chaque portefeuille de clients est servi par un pool de
conseillers qui lui est exclusivement dédié. Ensuite, nous considérons un centre d’appels avec deux
classes de clients impatients. Nous développons des politiques dynamiques pour l'affectation des
clients (selon leurs types) aux différentes files d'attente. L'objectif étant lié aux qualités de service
différentiées exprimées en terme du pourcentage des clients perdus, ainsi qu'en terme de la variance
du temps d'attente. Enfin, nous étudions un centre d’appels qui annonce le délai d’attente a chaque
nouveau client. Nous montrons les avantages de I’annonce sur les performances du centre d’appels.

Dans la deuxieme partie, nous considérons un processus de naissance et de mort de forme
générale. Nous calculons ensuite les moments de plusieurs variables aléatoires liées aux temps de
premiers passages (ordinaires et conditionnels). Ensuite, nous montrons un résultat de concavité dans
une file d’attente avec capacité limitée et avec une seule classe de clients impatients. Nous démontrons
que la probabilité d’entrer en service est strictement croissante et concave en fonction de la taille de la
file d’attente.

Mots-clefs centres d’appels, modeles stochastiques, files d’attente, chaines de Markov, simulation,
politique de routage, qualité de service, analyse transitoire, abandons, priorité non-préemptive

Abstract In the past few years, call centers have been introduced with great success by many service-
oriented companies such as banks and insurance companies. They become the main point of contact
with the customer, and an integral part of the majority of corporations. The large-scale emergence of
call centers has created a fertile source of management issues. In this thesis, we focus on various
operations management issues of call centers. The objective of our work is to derive, both qualitative
and quantitative, results for practical management.

In the first part of the thesis, we investigate the impact of team-based organizations in call
centers management. We develop queueing models that show that the benefits of the team based
organization in providing more efficient answers to customers very often outweigh its drawback
coming from the loss of pooling. Next, we consider a two-class call center and develop real-time
scheduling policies that determine the rule of assignment of new arrivals to the waiting lines. We
focus on service levels criteria related to the fraction of abandoning customers and the variance of
queueing delays. Finally, we propose a call center model in which we provide information about
delays to customers, and we quantify its effect upon performance.

In the second part of the thesis, we tackled the quantitative analysis of stochastic processes
and queueing models. First, we derive several closed-form expressions of the moments of first passage
times in general birth-death processes, and we point out their applications. Second, we investigate
some monotonicity results for the probability of being served in markovian queueing systems with
impatient customers.

Keywords call centers, stochastic models, queueing theory, Markov chains, simulation, scheduling
policies, quality of service, transient analysis, reneging, non-preemptive priority.





