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Ó8Ö�#/#��y×1�FP�ÀYÒ¼½�Ä�ÅEÐ�Ðo¾]Æ~ÀYÉ¼½ �ãÒ¼¾êÁ:¾:½ ¿�¾]Ò*0�ÿ�ÀI¿�»]Æ~¾:½öÁ:ÀYÉ¼¿3Ò�Ë~½�¾]ÉãÃ:
°Ò�É�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�¿�¾:�1Ä�ÅEËÍÉ
Ë~¿�¾]ÉIÃ{Ë �ãÒ¼¾q¿¼ÅEÉ¼½�Æ~¾öÁVÅY½#ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I�ùÿ�ÅEË~½*É¼ÀYÒ¼½�ÿ�ÀYÉIÃ{Ä�ÀYÉ¼½��ãÒ¼¾ ÐoÀYÒ�Ä#ÆèÅ Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾:½N�1Ä�ÅEËÍÉ¼½�½�ÀYÒ¼½
Æ=Ç_¾ Ú¾]Ã�¿�¾�ÆèÅ�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2�¼Æ~¾:½�¿�¾]Ò*0 ÅEÐ�Ð�Ä�ÀÂÁ�¹¼¾:½Ê¿�ÀYÉ�É¼¾]ÉãÃÊ¿�¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�¿3Ë ÚÎ]Ä�¾]ÉãÃ�½��$M¾:½N¿3Ë ÚÎ]Ä�¾]É¼Á:¾:½w½�ÀYÉIÃw¿3Ë~½�Á]Ò�Ã�Î:¾:½w¾]É*Î]Ã{Ò¼¿3ËèÅEÉIÃwÆèÅ�½�Ã�ÅEÕ�ËÍÆÍËÍÃ�Î�¿ÚÇ Ò�É �1Ä�ÅEËÍÉ#½�ÀYÒ¼½¤Æ=Ç_¾ Ú¾]ÃN¿�¾·¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½
Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¼½Ê¿�¾	¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2�
� ��� � ��� ��� �"� �����

ü)ÅEÉ¼½·ÆèÅ*½{Ò�ËÍÃ�¾I�yÉ¼ÀYÒ¼½ºÁVÅEÄ�ÅYÁ]Ã�Î]Ä{Ë~½�ÀYÉ¼½MÆ~¾:½MÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½�Á]Ä{Ë~½{Ã�ÅEÆÍÆ~À&�1Ä�ÅEÐ�¹�Ë �IÒ¼¾:½�¿�¾:½F�1Ä�ÅEËÍÉ¼½�Ò�É�Ë �IÒ¼¾1)
ÿ�¾]ÉIÃ�Ð/ÅEÄ�ÆèÅ�¿3Ë~½{Ã{Ä{ËÍÕ�Ò�Ã{Ë~ÀYÉê¿�¾)Æ~¾]Ò�Ä�½�ÅJ03¾:½ ? �7$M¾]Ã{Ã�¾�¹ �ÂÐoÀYÃ{¹¼»:½�¾�¾:½{Ã<-8Ò¼½{Ã{Ë =/Î:¾)Ð/ÅEÄ�Æ~¾GD<ÅEËÍÃ��IÒ¼¾ � � � Æ~¾�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃùÕ/ÅY½�ÅEÆ�Á:ÀYÉ¼¿3Ò�ËÍÃ>
ÊÒ�É�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�Ð�Ä�ÅEÃ{Ë �IÒ¼¾]ÿ�¾]ÉãÃ·ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾º¿�¾MÄ�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�ÅEÒ�Ã�ÀYÒ�Ä
¿�¾�Æ=ÇCÅJ03¾ ? Ó ?	ÅEÿ*Õ°Ó8Ö�#��3Ög×{×U¾]Ã � ��� � ¾]É Ð�Ä�ÅEÃ{Ë �ãÒ¼¾ÊÆ=Ç_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿�¾:½ºÅJ03¾:½ * ¾:½{ÃUÄ�ÅEÄ�¾]ÿ�¾]ÉIÃºÿ�¾:½{Ò�Ä�Î:¾I��UÇCÅJ03¾ ? ¿ÚÇ Ò�É9�1Ä�ÅEËÍÉ�¾:½�ÃÊÄ�¾]ÐoÎ]Ä�Î�Ð/ÅEÄ)Ä�ÅEÐ�ÐoÀYÄ{Ã)ÅEÒêÄ�¾]Ðo»]Ä�¾#¿�¾*Ä�Î1D<Î]Ä�¾]É¼Á:¾ {R} Ð/ÅEÄ)¿�¾]Ò*0�ÅEÉ8�1Æ~¾:½
¿ÚÇ(�UÒ�Æ~¾]ÄqþNÆèÅ Á:ÀYÆèÅEÃ{ËÍÃ{Ò¼¿�¾

θ
¾]Ã*ÆèÅ�Æ~ÀYÉ8�1ËÍÃ{Ò¼¿�¾

ϕ
�@¿�Î1=¼É�Ë~½�½{Ò�Ä*ÆèÅ�Ñ@ËK�1Ò�Ä�¾��*�ÍÖI�L�¤¾ Ìy¾:Á]Ã�¾]Ò�Ä�Ò�É�ËÍÃ�ÅEËÍÄ�¾

¿3ËÍÄ{ËK�yÎ�½�¾]Æ~ÀYÉ�Æ=ÇCÅJ03¾ ? ¿3ÒQ�1Ä�ÅEËÍÉ ¾:½{Ã�É¼ÀYÃ�Î
c
�$MÀYÿ�ÿ�¾�ËÍÆwÉ¤Ç ��Å�Ð/ÅY½�¿�¾*Ä�ÅEË~½�ÀYÉ�Ð�¹ �3½{Ë �IÒ¼¾#¿�¾�¿�ÀYÉ�É¼¾]Ä)Ò�É¼¾�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�
 Æ=ÇCÅJ0�¾ ? � ÿ�ÅEË~½C�IÒ¼¾

½�¾]Ò�Æ~¾M½GÅÊ¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ ¾:½{Ã�ËÍÿ�Ð6ÀYÄ{Ã�ÅEÉIÃ�¾I�ãÅEÆ~ÀYÄ�½
c
¾]Ã −c

ÓÛ½�ÀYËÍÃ
(θ, ϕ)

¾]Ã
(π−θ, ϕ+π)

×wÄ�¾]Ð�Ä�Î:½�¾]ÉãÃ�¾]ÉIÃ�Ò�É
½�¾]Ò�Æ6¾]ÃMÿ3']ÿ�¾G�1Ä�ÅEËÍÉ2�I¾]ÃMÆ=Ç_¾]É¼½�¾]ÿ�Õ�Æ~¾�¿�¾:½ºÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½�Ð6À1½�½{ËÍÕ�Æ~¾:½·¾:½�ÃM¿�ÀYÉ¼Á�¿�Î1=¼É�ËoÐ/ÅEÄ

θ ∈ [0, π/2]¾]Ã
ϕ ∈ [0, 2π]

��¤¾:½�Ìy¾:Á]Ã�¾]Ò�Ä�½�¿�¾	Õ/ÅY½�¾�¿3Ò�Ä�¾]Ðo»]Ä�¾�ÅEÃ{Ã�ÅYÁ�¹¼Î#ÅEÒQ�1Ä�ÅEËÍÉ {g
R} ½�ÀYÉãÃ�¿�ÀYÉ�É¼Î:½Ê¿¼ÅEÉ¼½ {R} Ð/ÅEÄ�þ

eθ = (cos θ cosϕ, cos θ sinϕ,− sin θ)T

eϕ = (− sinϕ, cosϕ, 0)T

e3 = (sin θ cosϕ, sin θ sinϕ, cos θ)T = c

� Ó��*�ÍÖg×

À���ÆèÅ�É¼ÀYÃ�ÅEÃ{Ë~ÀYÉ
(.)T

¿�Î1=¼É�ËÍÃ�Æ~¾)Ã{Ä�ÅEÉ¼½�Ð6À1½�Î�¿�¾
(.)
��¤¾�Ìy¾:Á]Ã�¾]Ò�Ä�Ò�É�ËÍÃ�ÎÊ¿3ËÍÄ{ËK�yÎ�½�¾]Æ~ÀYÉ�Æ=ÇCÅJ0�¾ ? ¿3Ò3�1Ä�ÅEËÍÉ�¾:½{Ã·¿�ÀYÉ�É¼Î�Ð/ÅEÄ gc = (0, 0, 1)T ¿¼ÅEÉ¼½ {g

R} �y¾]ÃÐ/ÅEÄ
c = (sin θ cosϕ, sin θ sinϕ, cos θ)T ¿¼ÅEÉ¼½wÆ~¾�Ä�¾]Ðo»]Ä�¾M¿�¾�Ä�Î1D<Î]Ä�¾]É¼Á:¾ {R} �I$M¾:½w¿�¾]Ò*0*¾103Ð�Ä�¾:½�½{Ë~ÀYÉ¼½½�ÀYÉãÃ�Ä�¾]ÆÍË~Î:¾:½�Ð/ÅEÄ*þ

c = R.gc
¾]Ã gc = RT .c

� Ó��*� �y×
Ö-,
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θ

ϕ
e1

e2

e3

ge1 = eθ

ge2 = eϕ

ge3 = c

� â�( � %�� � þ �ÊÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉq¿3Ò Ä�¾]Ð6»]Ä�¾ {g
R} �IÅEÃ{Ã�ÅYÁ�¹¼Î�ÅEÒ �1Ä�ÅEËÍÉ2�ãÐ/ÅEÄ·Ä�ÅEÐ�Ð6ÀYÄ{Ã�ÅEÒ�Ä�¾]Ðo»]Ä�¾Ê¿�¾�Ä�Î1DÛÎ]Ä�¾]É¼Á:¾

{R} ¾]Ã�¿�Î1=¼É�ËÍÃ{Ë~ÀYÉ�¿�¾)ÆèÅ�Á:ÀYÆèÅEÃ{ËÍÃ{Ò¼¿�¾
θ
¾]Ã�¿�¾�ÆèÅ#Æ~ÀYÉ8�1ËÍÃ{Ò¼¿�¾

ϕ
¿�¾)Æ=ÇCÅJ0�¾ ? �

À��
R

¾:½{Ã�ÆèÅ�ÿ�ÅEÃ{Ä{Ë~Á:¾�¿�¾�Ð/ÅY½�½�Å��y¾�¿3Ò�Ä�¾]Ðo»]Ä�¾ {g
R} ÅEÒ�Ä�¾]Ðo»]Ä�¾ {R} þ

R =





cos θ cosϕ − sinϕ sin θ cosϕ
cos θ sinϕ cosϕ sin θ sinϕ
− sin θ 0 cos θ




� Ó��*�"!y×

� � � � ��� ���  � � � � 
���� �������
$MÀYÿ�ÿ�¾#	�¾��3½�½�ÀYÉ�É�Ë~¾]Ä�¾]Ã!M�¹�ËÍÆÍËÍÐ,Ó8Ö�#/#��y×�¾]Ã�Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËMÓ8Ö�#/#/#y×1�/É¼ÀYÒ¼½�ÿ�ÀÂ¿�Î]ÆÍË~½�ÀYÉ¼½�Æ~¾	Á]Ä{Ë~½�Ã�ÅEÆ

¿�¾.�1ÆèÅYÁ:¾�Á:ÀYÿ�ÿ�¾�Ò�É°ÿ�ÅEÃ�Î]Ä{ËèÅEÒøÁ:ÀYÉãÃ{ËÍÉIÒ,¾]Ã�¹¼ÀYÿ�À&�y»]É¼¾öÅ:Ìy¾:Á�Ò�É�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ�ÌÂË~½�Á:ÀYÐ�ÆèÅY½{Ã{Ë �IÒ¼¾
ÆÍËÍÉ¼ÎVÅEËÍÄ�¾#ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾�¿�¾*Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ°ÅEÒ�Ã�ÀYÒ�Ä�¿�¾#½�ÀYÉêÅJ0�¾ ? �7��Ç ¹ �ÂÐ6ÀYÃ{¹¼»:½�¾�¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾�¿�¾*Ä�Î]ÌyÀ�)
ÆÍÒ�Ã{Ë~ÀYÉø¾:½�Ã	¾]É�ÅYÁ:Á:ÀYÄ�¿øÅ:Ìy¾:Á�Æ~¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�¿�¾ ?	ÅEÿ�Õ�Ó8Ö�#��3Ög×	½�¾]Æ~ÀYÉ�Æ~¾:½ �IÒ¼¾]Æ~½�Æ~¾�Ð�ÆèÅEÉø¿�¾�Õ/ÅY½�¾�¾:½{Ã
Ë~½�ÀYÃ{Ä�ÀYÐo¾ºÐoÀYÒ�Ä�Ò�É�¾10ÂÐoÀ1½�ÅEÉIÃU¿�¾:½UÁ:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½

n = 1
ÀYÒ
n = 3

� $M¾�ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉIÒ�ÐoÀYÒ�ÄUÆ~¾ �1Ä�ÅEËÍÉ
Ð�Ä�Î:½�¾]ÉIÃ�¾�Æ=ÇCÅ:Ì1ÅEÉãÃ�Å��y¾#¿�¾)Ðo¾]Ä{ÿ�¾]Ã{Ã{Ä�¾	¿�¾:½�ÁVÅEÆ~Á]Ò�Æ~½�ÅEÉ/ÅEÆK�ÂÃ{Ë �IÒ¼¾:½��
��� ����� � � 4 9�4 ) � 8:4�$ '

��Ç_¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ�¿�¾�ÆèÅ�Æ~ÀYË·¿�¾ Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ#ÆÍËÍÉ¼ÎVÅEËÍÄ�¾ö¿3ÒU�1Ä�ÅEËÍÉ,Ò�Ã{ËÍÆÍË~½�Î:¾�Ë~Á]Ë·¾:½{Ã*Ò�É¼¾�D<ÀYÉ¼Á]Ã{Ë~ÀYÉ
Ã�¾]É¼½�ÀYÄ{Ë~¾]ÆÍÆ~¾�ÀYÕ*-{¾:Á]Ã{ËÍÌy¾ �ãÒ�Ë�¿�Î]Ä{ËÍÌy¾�¿�¾êÆ=Ç_¾10ÂÐ�Ä�¾:½�½{Ë~ÀYÉ ÆèÅøÐ�ÆÍÒ¼½ �yÎ]É¼Î]Ä�ÅEÆ~¾�ÐoÀYÒ�ÄqÒ�É ÿ�ËÍÆÍË~¾]Ò ÆÍËÍÉ¼ÎVÅEËÍÄ�¾
ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾	¿�¾�Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ ¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ�VºÀI¾]¹�Æ~¾]Ä�Ó8Ö�#/. ,1×1��N¾�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ�¿3Ò��1Ä�ÅEËÍÉ�¿�Î]Ð6¾]É¼¿�¿�¾)Ã{Ä�ÀYË~½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�Ä{¹¼Î:ÀYÆ~À&�1Ë �IÒ¼¾:½

η
�
β
¾]Ã
γ
þ

� η
¾:½{Ã ÆèÅ�ÌÂË~½�Á:À1½{ËÍÃ�Îê¾]É�Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉãÃêÅEÒ�Ð�ÆèÅEÉ ¿�¾êÕ/ÅY½�¾ê¿3Ò �1Ä�ÅEËÍÉ2�M¿�Î1=¼É�Ë~¾

Á:ÀYÿ�ÿ�¾
gS13 = 2η gD13

¾]Ã gS23 = 2η gD23
� Ó��*� �I×

À�� gS
¾]Ã gD

½�ÀYÉIÃ�Æ~¾:½�Ã�¾]É¼½�¾]Ò�Ä�½Ê¿�¾:½�Á:ÀYÉIÃ{Ä�ÅEËÍÉãÃ�¾:½)¿�Î]ÌIËèÅEÃ�ÀYËÍÄ�¾:½Ê¾]Ã�¿�¾:½�ÌÂËÍÃ�¾:½�½�¾:½�¿�¾	¿�Î1DÛÀYÄ{ÿ�ÅJ)
Ã{Ë~ÀYÉ2�¤Ä�¾:½{Ð6¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉIÃ��¤¾103Ð�Ä{ËÍÿ�Î:½	¿¼ÅEÉ¼½�Æ~¾�Ä�¾]Ðo»]Ä�¾ {g

R} ÓÛÁ1DF=;�1Ò�Ä�¾D�*�ÍÖg×1�SM@ÅEÄ*Á:ÀYÉãÌy¾]É/ÅEÉ¼Á:¾I�
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½�¾]Æ~ÀYÉ�Æ~¾*½�¾]É¼½�¿¼ÅEÉ¼½ÊÆ~¾��ãÒ¼¾]Æ@ÀYÉ�¾103Ð�Ä{ËÍÿ�¾	ÆèÅ�Æ~ÀYËw¿�¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ��6Ð�ÆÍÒ�Ã �YÃ��ãÒ¼¾	ÆèÅ�ÌÂË~½�Á:À1½{ËÍÃ�Î
η
ÀYÉ�Ò�Ã{ËÍÆÍË~½�¾]Ä�Å�Ð/ÅEÄ DÛÀYË~½�½�ÀYÉ�ËÍÉãÌy¾]Ä�½�¾I� ½�ÀYËÍÃ�ÆèÅ 
¼Ò�Ë~¿3ËÍÃ�Î

ψ1
¿�Î1=¼É�Ë~¾�Á:ÀYÿ�ÿ�¾

ψ1 = 1/η
� Ó��*�"$y×

� β
¾:½{ÃºÆ~¾)Ä�ÅEÐ�Ð6ÀYÄ{Ã�¿�¾�ÆèÅ#ÌÂË~½�Á:À1½{ËÍÃ�Î)¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉãÃ�ÅEÒ�Ð�ÆèÅEÉ�¿�¾)Õ/ÅY½�¾I�

η
�8
#ÆèÅ

ÌIË~½�Á:À1½{ËÍÃ�Î�¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�¿¼ÅEÉ¼½�Æ~¾)Ð�ÆèÅEÉ ¿�¾	Õ/ÅY½�¾I��¿�Î1=¼É�Ë¤Ð/ÅEÄ
β gS12 = 2η gD12

� Ó��*� �y×
� γ

¾:½{ÃùÆ~¾ºÄ�ÅEÐ�Ð6ÀYÄ{ÃU¿�¾ºÆèÅ�ÌÂË~½�Á:À1½{ËÍÃ�Îº¾]É�Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ�ÀYÒ�¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ�½{Ò�ËÍÌYÅEÉIÃUÆ=ÇCÅJ0�¾ ? ¿3Ò��1Ä�ÅEËÍÉ2�
É¼ÀYÃ�Î:¾

ηc
� 
�Á:¾]ÆÍÆ~¾�¿¼ÅEÉ¼½·Æ~¾�Ð�ÆèÅEÉq¿�¾�Õ/ÅY½�¾I��ýÂÀYË~¾]ÉãÃºÒ�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�ÓÛÀYÒ Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ ×�Ò�É�ËèÅJ03ËèÅEÆ~¾

½�¾]Æ~ÀYÉ¥ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ�¿�¾qÆ=ÇCÅJ0�¾ ? ¾]Ã�Ò�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉëÓÛÀYÒ¥Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ ×�Ò�É�ËèÅJ03ËèÅEÆ~¾�½�¾]Æ~ÀYÉ¥Ò�É¼¾
¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ ger

Á:ÀYÉãÃ�¾]ÉIÒ¼¾�¿¼ÅEÉ¼½�Æ~¾)Ð�ÆèÅEÉ�¿�¾�Õ/ÅY½�¾I�¼ÅEÆ~ÀYÄ�½
gS33 = 2ηc

gD33
¾]Ã

γ gSrr = 2ηc
gDrr

� Ó��*� ,1×
+wÌy¾:Á�Á:¾:½�É¼ÀYÃ�ÅEÃ{Ë~ÀYÉ¼½�� ÆèÅ�Æ~ÀYË@¿�¾*Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾#¿3Ò%�1Ä�ÅEËÍÉ�¾:½{ÃÊ¿�ÀYÉ�É¼Î:¾*Ð/ÅEÄ�Ó=Ô	Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËA�
Ö�#/#/#y×

D =
ψ1

2

(

βS + 2(β
γ + 2

4γ − 1
− 1) tr(M 3.S)MD

3 + (1 − β)(S.M 3 + M3.S)D

) � Ó��*�".y×
À��

M3 = c ⊗ c
¾:½{Ã�Æ~¾)Ã�¾]É¼½�¾]Ò�Ä�¿�¾	½{Ã{Ä{Ò¼Á]Ã{Ò�Ä�¾*¿�Î:Á]Ä{ËÍÌYÅEÉIÃ�Æ=Ç_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾*¿�¾�Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉêÅEÒ�Ã�ÀYÒ�Ä�¿�¾

Æ=ÇCÅJ0�¾ ? ¿3Ò:�1Ä�ÅEËÍÉ ¾]Ã
(.)D

¿�Î]É¼ÀYÃ�¾	ÆèÅ#Ð/ÅEÄ{Ã{Ë~¾	¿�Î]ÌÂËèÅEÃ�ÀYËÍÄ�¾�¿�¾
(.)
��NÅND<ÀYÄ{ÿ�¾)ËÍÉãÌy¾]Ä�½�¾*¿�¾)Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ�Ó��*�".y×º¾:½{Ã�¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ

S = 2η

(

1

β
D + 2(

γ

β
− 1) tr(M 3.D)MD

3 + (1 −
1

β
)(D.M3 + M3.D)D

) � Ó��*�"#y×
�N¾�¿�Î]Ã�ÅEËÍÆº¿�¾:½�ÁVÅEÆ~Á]Ò�Æ~½*Ð6ÀYÒ�Ä*Æ=Ç ËÍÉãÌy¾]Ä�½{Ë~ÀYÉ¥¿�¾�ÆèÅ�Æ~ÀYË�Ó��*�".y×�¾:½{Ã�¿�ÀYÉ�É¼Îö¾]É�+ÊÉ�É¼¾103¾ +#�¤ü�ÇCÅEÐ�Ä�»:½*Æ~¾:½
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R} �wýÂÀYÒ¼½�Æ=Ç_¾ Ú¾]Ã�¿ÚÇ Ò�É��1Ä�ÅY¿3Ë~¾]ÉãÃ�¿�¾�ÌÂËÍÃ�¾:½�½�¾ L

¾10ÂÐ�Ä{ËÍÿ�Î
¿¼ÅEÉ¼½ {R} Ó gL ¿¼ÅEÉ¼½ {g

R} ×1�¼Æ~¾	Ìy¾:Á]Ã�¾]Ò�Ä v
�¼Ðo¾]É¼¿¼ÅEÉãÃ�Ò�É ËÍÉ¼Á]Ä�Î]ÿ�¾]ÉãÃ�¿�¾�Ã�¾]ÿ�Ð¼½

dt
�/½�¾�Ã{Ä�ÅEÉ¼½/DÛÀYÄ{ÿ�¾

¾]É
v + dv

¿¼ÅEÉ¼½ {R} Ó gv + dgv
¿¼ÅEÉ¼½ {g

R} ×·Ã�¾]Æ��ãÒ¼¾
dv = L.v dt

�
dgv = gL.gv dt

� Ó��*�ÍÖ-,1×
Ð/ÅEÄ�¿�Î1=¼É�ËÍÃ{Ë~ÀYÉê¿3Ò�Ã�¾]É¼½�¾]Ò�Ä��1Ä�ÅY¿3Ë~¾]ÉIÃÊ¿�¾)ÌÂËÍÃ�¾:½�½�¾I��¤¾:½ºÌy¾:Á]Ã�¾]Ò�Ä�½

v
¾]Ã gv

½�ÀYÉãÃºÄ�¾]ÆÍË~Î:½ºÐ/ÅEÄ
v = R.gv

�ÂÀ��
R

¾:½{ÃºÆèÅ�ÿ�ÅEÃ{Ä{Ë~Á:¾�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉøÓ��*�"!y×1� �wÅ
¿3Ë ÚÎ]Ä�¾]ÉãÃ{Ë~¾]ÆÍÆ~¾*¿�¾	Á:¾]Ã{Ã�¾�Ä�¾]ÆèÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ�Ä�ÅEÐ�Ð6ÀYÄ{ÃÊÅEÒ�Ã�¾]ÿ�Ð¼½ÊÁ:ÀYÉ¼¿3Ò�ËÍÃ!


dv = Ṙ.gv dt+ R.gL.gv dt
� Ó��*�ÍÖ�.y×

��Ç_Î��ãÅEÆÍËÍÃ�Î�¿�¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½*Ó��*�ÍÖ-,
1
×M¾]Ã*Ó��*�ÍÖ�.y×�Á:ÀYÉ¼¿3Ò�ËÍÃ!


Ṙ.gv + R.gL.gv = L.v = L.R.gv
� Ó��*�ÍÖ�#y×

�wÅ�Ä�¾]ÆèÅEÃ{Ë~ÀYÉ¥Ó��*�ÍÖ�#y×�Î]Ã�ÅEÉIÃÊÌÂÄ�ÅEË~¾	ÐoÀYÒ�Ä�Ã�ÀYÒ�Ã�Ìy¾:Á]Ã�¾]Ò�Ä gv
��É¼ÀYÒ¼½�ÀYÕ�Ã�¾]É¼ÀYÉ¼½�ÆèÅ.D<ÀYÄ{ÿ�Ò�Æ~¾#¿�¾	Ã{Ä�ÅEÉ¼½ D<ÀYÄ )

ÿ�ÅEÃ{Ë~ÀYÉ Ð6ÀYÒ�Ä�Æ~¾)Ã�¾]É¼½�¾]Ò�Ä��1Ä�ÅY¿3Ë~¾]ÉãÃ�¿�¾�ÌIËÍÃ�¾:½�½�¾�þ
L = Ṙ.RT + R.gL.RT � Ó��*� ���y×

�N¾T�1Ä�ÅY¿3Ë~¾]ÉãÃ�¿�¾*ÌIËÍÃ�¾:½�½�¾
L
½�¾*¿�Î:Á:ÀYÿ�Ð6À1½�¾#¾]É�½GÅ�Ð/ÅEÄ{Ã{Ë~¾#½/�Iÿ�Î]Ã{Ä{Ë �IÒ¼¾I�¼Æ~¾*Ã�¾]É¼½�¾]Ò�Ä�¿�¾:½�ÌÂËÍÃ�¾:½�½�¾:½�¿�¾

¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ
D
�Â¾]Ã�¾]Éö½�Å�Ð/ÅEÄ{Ã{Ë~¾�ÅEÉãÃ{Ë~½/�Âÿ�Î]Ã{Ä{Ë �IÒ¼¾I�IÆ~¾�Ã�¾]É¼½�¾]Ò�Äº¿�¾:½MÃ�ÅEÒ*0 ¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ

W
�IÄ�¾:½{Ðo¾:Á1)

Ã{ËÍÌy¾]ÿ�¾]ÉIÃ��;�¤¾)Ã�¾]É¼½�¾]Ò�ÄºÌÂËÍÃ�¾:½�½�¾:½�¿�¾)¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ Î]Ã�ÅEÉãÃ�Ò�ÉqÃ�¾]É¼½�¾]Ò�Ä�ÀYÕ*-{¾:Á]Ã{Ë D �3ËÍÆÚ½�¾�Ã{Ä�ÅEÉ¼½ D<ÀYÄ{ÿ�¾�¿�¾
{g

R} 
 {R} Á:ÀYÿ�ÿ�¾
D = R.gD.RT � Ó��*� �3Ög×

¾]Ã�¿ÚÇCÅEÐ�Ä�»:½#Ó��*� ���y×MÉ¼ÀYÒ¼½�ÀYÕ�Ã�¾]É¼ÀYÉ¼½Ê¿�ÀYÉ¼Á�ÆèÅ#D<ÀYÄ{ÿ�Ò�Æ~¾�¿�¾)Ã{Ä�ÅEÉ¼½/DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�Ð6ÀYÒ�Ä�Æ~¾�Ã�¾]É¼½�¾]Ò�Ä�ÅEÉãÃ{Ë~½/� )
ÿ�Î]Ã{Ä{Ë �IÒ¼¾

W
Á:ÀYÿ�ÿ�¾

W = Ṙ.RT + R.gW .RT � Ó��*� ���y×
��ÇCÅJ03¾ ? ¿3Ò��1Ä�ÅEËÍÉ�Ä�¾:½{Ã�ÅEÉIÃE=803¾�¿¼ÅEÉ¼½�Æ~¾�Ä�¾]Ðo»]Ä�¾ {g

R} �3ÆèÅ�¿�Î]Ä{ËÍÌYÅEÃ{Ë~ÀYÉ ¿�¾ Ó��*� �
1
×MÁ:ÀYÉ¼¿3Ò�ËÍÃ!


ċ = Ṙ.gc
� Ó��*� �/!y×

�UÉêÒ�Ã{ËÍÆÍË~½GÅEÉãÃ�Ó��*� ���y×Ê¾]Ã�Ó��*� �
2
×1� Æ~¾*Ìy¾:Á]Ã�¾]Ò�Ä�ÌÂËÍÃ�¾:½�½�¾#¿�¾*Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ

ċ
¿�¾#Æ=ÇCÅJ03¾ ? ¿3Ò,�1Ä�ÅEËÍÉ�¾:½{Ã)¿�ÀYÉ¼Á

¿�ÀYÉ�É¼Î	Ð/ÅEÄ
ċ = W .c − R.gW .gc

� Ó��*� � �I×



% % ñ �Nä�ßùâóçVúJï %�� é�ò��@àIæÛâ��Vä3çgâåò ì&�ùî�÷°ò6ìNòÚáãúEâ��:çVä¼æ �wï ( æåä�áyï

e1

e3

ge1

gc

e1

e3 ge1

gc

−R.gW .gc

e1

e3

ge1

gc

W .c

Ó<Åy× ÓåÕ × ÓÛÁg×

� â�( � %�� % þ;�Ê¾]Ð�Ä�Î:½�¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ
2D

¿�¾	ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾	Æ=ÇCÅJ0�¾ ? ¿3Ò Á]Ä{Ë~½{Ã�ÅEÆù¿�¾C�1ÆèÅYÁ:¾#½�ÀYÒ¼½�Æ=Ç_¾ Ú¾]ÃÊ¿ÚÇ Ò�É
Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�½{ËÍÿ�Ð�Æ~¾�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉãÃ)ÅEÒ*0�Ð�ÆèÅEÉ¼½�¿�¾�Õ/ÅY½�¾

L13 = gL13 > 0
�*��É

(a)
Æ~¾�Á]Ä{Ë~½{Ã�ÅEÆÚÉ¤Ç_¾:½{Ã

Ð/ÅY½Ê¿�Î1DÛÀYÄ{ÿ�ÎI�
(b)

ËÍÆÍÆÍÒ¼½{Ã{Ä�¾�ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ
R.gW .gc

¿3Ò¼¾.
�ÆèÅ�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¿3Ò:�1Ä�ÅEËÍÉ�¾]Ã
(c)

ËÍÆÍÆÍÒ¼½{Ã{Ä�¾
ÆèÅ#Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉê½�ÀYÆÍË~¿�¾

W .c
¿�¾�Æ=ÇCÅJ03¾ ? Ð/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{Ã!
 {R} �B+�Ò�Ã�ÀYÃ�ÅEÆ

ċ = 0

$M¾]Ã{Ã�¾MÄ�¾]ÆèÅEÃ{Ë~ÀYÉ�¾103Ð�Ä{ËÍÿ�¾F�IÒ¼¾·ÆèÅ�ÌÂËÍÃ�¾:½�½�¾·¿�¾·Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�Ã�ÀYÃ�ÅEÆ~¾º¿�¾·Æ=ÇCÅJ03¾ ? ¿ÚÇ Ò�É.�1Ä�ÅEËÍÉ#Ð/ÅEÄ@Ä�ÅEÐ�ÐoÀYÄ{Ã
ÅEÒ�Ä�¾]Ðo»]Ä�¾	¿�¾)Ä�Î1D<Î]Ä�¾]É¼Á:¾ {R} Ó � !�%T! �3Æ~¾)Ã�¾]Ä{ÿ�¾

W .c
×M½�¾�¿�Î:Á:ÀYÿ�ÐoÀ1½�¾	¾]É�ÆèÅ�½�ÀYÿ�ÿ�¾�¿ÚÇ Ò�É¼¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ

ÌÂË~½�Á:ÀYÐ�ÆèÅY½{Ã{Ë �IÒ¼¾	Ó
R.gW .gc

×@¿3Ò¼¾�
)ÆèÅ)¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ ¾]Ã>�IÒ�Ë/Á:ÀYÄ{Ä�¾:½{ÐoÀYÉ¼¿
�ÆèÅ�ÌÂËÍÃ�¾:½�½�¾�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾
Æ=ÇCÅJ0�¾ ? Ð/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{ÃÊÅEÒ�Ä�¾]Ðo»]Ä�¾ {g

R} ��¾]Ã�¿�¾)ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ ¿3Ò Ä�¾]Ð6»]Ä�¾	¿3ÒQ�1Ä�ÅEËÍÉ {g
R} Ð/ÅEÄ�Ä�ÅEÐ�Ð6ÀYÄ{ÃÅEÒ�Ä�¾]Ðo»]Ä�¾	¿�¾)Ä�Î1D<Î]Ä�¾]É¼Á:¾ {R} Ó � !�%T! �3Æ~¾	Ã�¾]Ä{ÿ�¾

ċ
×1�¼Á:ÀYÿ�ÿ�¾�ËÍÆÍÆÍÒ¼½{Ã{Ä�Î	Ð/ÅEÄ�ÆèÅ�Ñ@ËK�1Ò�Ä�¾ �*� �*�

�����0��� � �2!-$ '(6 6 4>� ) *0'
9�8 � 4 %&'(6 6 ' *0' $ ��% 8 % 4>��) gW$MÀYÿ�ÿ�¾�	�¾��3½�½�ÀYÉ�É�Ë~¾]ÄU¾]Ã MU¹�ËÍÆÍËÍÐ�Ó8Ö�#/#��y×1�1É¼ÀYÒ¼½@D=ÅEË~½�ÀYÉ¼½�Æ=Ç ¹ �IÐoÀYÃ{¹¼»:½�¾��IÒ¼¾ºÆèÅ)Á:ÀYÿ�ÐoÀ1½�ÅEÉãÃ�¾Ê¿�¾�ÆèÅ
ÌÂËÍÃ�¾:½�½�¾)½�¾]Æ~ÀYÉ�Æ=ÇCÅJ0�¾ ? ¿3ÒQ�1Ä�ÅEËÍÉ�Ó � !(%T! � ge3

×·¾:½{Ã�½�¾]Ò�Æ~¾]ÿ�¾]ÉãÃ�Ò�É¼¾GDÛÀYÉ¼Á]Ã{Ë~ÀYÉ ¿�¾ gx3
��Á:¾G�IÒ�ËÚËÍÿ�Ð�ÆÍË �IÒ¼¾

gW13 = gD13
¾]Ã gW23 = gD23

� Ó��*� �/$y×
ÀYÒ2��¾]É�Ã�¾]Ä{ÿ�¾�¿�¾�Á:ÀYÉãÃ{Ä�ÅEËÍÉãÃ�¾:½W� ¾]É�Ò�Ã{ËÍÆÍË~½GÅEÉãÃ*Ó��*�".y×

gW13 =
ψ1

2
gS13

¾]Ã gW23 =
ψ1

2
gS23

� Ó��*� ���y×
$M¾]Ã{Ã�¾#¹ �IÐoÀYÃ{¹¼»:½�¾#Ä�¾]ÌIË~¾]ÉIÃ 
�½�Ò�Ð�Ð6À1½�¾]ÄC�IÒ¼¾�ÆèÅ Ä�Î:ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉø¿�¾#Æ=ÇCÅJ03¾ ? ¾:½{Ã)Ð�Ä{ËÍÉ¼Á]ËÍÐ/ÅEÆ~¾]ÿ�¾]ÉãÃ

¿3Ò¼¾F
�ÆèÅ�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ��1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ@¿�¾:½w¿3Ë~½{Æ~ÀÂÁVÅEÃ{Ë~ÀYÉ¼½@¿¼ÅEÉ¼½NÆ~¾:½NÐ�ÆèÅEÉ¼½@¿�¾UÕ/ÅY½�¾I�g¾]É�É¼Î��1ÆÍËK�y¾VÅEÉIÃùÆ~¾:½
Á:ÀYÉIÃ{Ä{ËÍÕ�Ò�Ã{Ë~ÀYÉ¼½�¿�¾:½wÐ�ÆèÅEÉ¼½@Ð �IÄ�ÅEÿ�Ë~¿¼ÅEÒ*0�¾]ÃNÐ�Ä{Ë~½{ÿ�ÅEÃ{Ë �IÒ¼¾:½�� $M¾]Ã{Ã�¾�¹ �IÐoÀYÃ{¹¼»:½�¾M¾:½{Ã@Õ�Ë~¾]É�-8Ò¼½{Ã{Ë =/Î:¾M¿¼ÅEÉ¼½
Æ~¾�ÁVÅY½¤¿�¾UÆèÅ �1ÆèÅYÁ:¾�ÐoÀYÆèÅEËÍÄ�¾I�:Ð�Ò�Ë~½ �IÒ¼¾ùÆ~¾UÁ]Ä{Ë~½{Ã�ÅEÆã¿�¾<�1ÆèÅYÁ:¾U½�¾�¿�Î1DÛÀYÄ{ÿ�¾�Ð�Ä{ËÍÉ¼Á]ËÍÐ/ÅEÆ~¾]ÿ�¾]ÉIÃùÐ/ÅEÄ2�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ
Õ/ÅY½�ÅEÆA�w¾]Ã�¾]ÆÍÆ~¾ö¾:½{Ã	Ò�Ã{ËÍÆÍË~½�Î:¾ ¿¼ÅEÉ¼½�ÆèÅ�Ð�ÆÍÒ�Ð/ÅEÄ{Ã#¿�¾:½�ÿ�ÀI¿�»]Æ~¾:½#¾10ÂË~½�Ã�ÅEÉãÃ�½qÓZ�ÚÆÍËÍÕ6ÀYÒ�Ã{Ä/� �MÖ�#/#/!���+ �:Ò�ÿ�Å
¾]Ã�Ô)ÀYÃ�À�) + �:Ò�ÿ�Å*�UÖ�#/#����NýIÌy¾]É¼¿�½�¾]Éø¾]ÃT ÊÒ�Ã{Ã�¾]Ä���Ö�#/#����NÔ �1¿�¾]Ä{Ã�¾]ÃC ÊÒ�Ã{Ã�¾]Ä���Ö�#/#/.��¤¸º¹¼ÀYÄ�½{Ã�¾]ËÍÉ¼½�½�ÀYÉ2�
�����3Ög×1�*P�ÀYÒ¼½M¿3Ë~½�Á]Ò�Ã�¾]Ä�ÀYÉ¼½�Á:¾]Ã{Ã�¾�¹ �ÂÐ6ÀYÃ{¹¼»:½�¾)Ð/ÅEÄ�Á:ÀYÿ�Ð/ÅEÄ�ÅEË~½�ÀYÉ ÅVÌy¾:Á)Æ~¾:½MÄ�Î:½{Ò�ÆÍÃ�ÅEÃ�½�¿�ÀYÉ�É¼Î:½ºÐ/ÅEÄºÒ�É
ÿ�ÀÂ¿�»]Æ~¾�¿�¾C�1Ä�ÅEËÍÉ ¿3Ë~½�Á]Ä�¾]ÃG
#Ð�ÆèÅEÉ¼½�¿�¾��1ÆÍË~½�½�¾]ÿ�¾]ÉIÃÊ¿¼ÅEÉ¼½�ÆèÅ�½�¾:Á]Ã{Ë~ÀYÉ�½{Ò�ËÍÌ1ÅEÉãÃ�¾I�+wÌy¾:Á�Á:¾]Ã{Ã�¾Ê¹ �IÐoÀYÃ{¹¼»:½�¾�Ó��*� �/$y×1�3Æ~¾ÊÐ�Ä�ÀI¿3Ò�ËÍÃ gW .gc

¿¼ÅEÉ¼½	Ó��*� � �I×�¾:½�Ã·Ä�Î:Î:Á]Ä{ËÍÃ�¾]É DÛÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾ gDÁ:ÀYÿ�ÿ�¾
gW .gc = gD.gc − (gc.gD.gc)gc

� Ó��*� � ,1×
��É�Ä�¾]ÿ�Ð�ÆèÅ �VÅEÉIÃ gW .gc

¿¼ÅEÉ¼½	Ó��*� � �I×MÐ/ÅEÄ�Ó��*� � ,1×M¾]Ã�¾]É�Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ�Æ~¾:½FD<ÀYÄ{ÿ�Ò�Æ~¾:½�¿�¾�Á�¹/ÅEÉ8�y¾]ÿ�¾]ÉãÃÊ¿�¾
Ä�¾]Ðo»]Ä�¾�Ó��*� �y×1�ÂÀYÉ ÀYÕ�Ã{Ë~¾]ÉãÃMÆ=Ç_¾103Ð�Ä�¾:½�½{Ë~ÀYÉ ¿3Ò�Ìy¾:Á]Ã�¾]Ò�Ä·ÌÂËÍÃ�¾:½�½�¾�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉö¿�¾�Æ=ÇCÅJ03¾ ? ¿¼ÅEÉ¼½·Æ~¾�Ä�¾]Ðo»]Ä�¾
¿�¾)Ä�Î1D<Î]Ä�¾]É¼Á:¾

ċ = W .c − D.c + (c.D.c)c
� Ó��*� �/.y×
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ü)¾)ÿ�ÅEÉ�Ë~»]Ä�¾*½{ËÍÿ�ËÍÆèÅEËÍÄ�¾I�¼¾]É�Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ#Ó��*� ���y×
gW .gc =

ψ1

2

(
gS.gc − (gcT .gS.gc)gc

) � Ó��*� �/#y×
¾]Ã�Æ~¾	Ìy¾:Á]Ã�¾]Ò�Ä�ÌIËÍÃ�¾:½�½�¾�¿�¾)Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Æ=ÇCÅJ0�¾ ? ¾:½�Ã�¿�ÀYÉ�É¼Î	¾]ÉQD<ÀYÉ¼Á]Ã{Ë~ÀYÉ ¿�¾:½�Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½�Ð/ÅEÄ

ċ = W .c −
ψ1

2

(

S.c − (cT .S.c)c
) � Ó��*�"!��y×

MwÀYÒ�Ä�Ò�É �1Ä�ÅEËÍÉ�ËÍÉ¼Á]ÆÍÒ¼½�¿¼ÅEÉ¼½�Ò�É¥ÐoÀYÆK�ÂÁ]Ä{Ë~½{Ã�ÅEÆA�UÆ~¾:½�¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ¼½�¿�¾
W

�
D

¾]Ã
S

¿�Î]Ðo¾]É¼¿�¾]ÉãÃ
¿3Ò�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�¿3Ò,�1Ä�ÅEËÍÉ°¾]Ã�¿3Ò�ÿ�ÀI¿�»]Æ~¾�¿ÚÇ ¹¼ÀYÿ�À&�yÎ]É¼Î]Ë~½GÅEÃ{Ë~ÀYÉ°Ò�Ã{ËÍÆÍË~½�ÎI�SP�ÀYÒ¼½�¿3Ë~½�Á]Ò�Ã�¾]Ä�ÀYÉ¼½	Á:¾:½
Ä�¾]ÆèÅEÃ{Ë~ÀYÉ¼½Ê¿¼ÅEÉ¼½�Æ~¾#$·¹/ÅEÐ�ËÍÃ{Ä�¾ $*�
�2� �0��� � $54>'()�%&8 % 4>� ) *�� ,-) < $ 8:4�) '() ����);1 % 4>� ) *;, %&'()-67' ,0$=<�$ 8:*;4�'()�% *0' %&$ 8:)-6 �

� ��$5�"8 %&4�� )
PÊÀYÒ¼½�ÿ�ÀYÉãÃ{Ä�ÀYÉ¼½#Ë~Á]ËA��
qÐ/ÅEÄ{Ã{ËÍÄ�¿�¾�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�Ó��*� �/.y×1�L�ãÒ¼¾�Æ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¥¿ÚÇ Ò�É �1Ä�ÅEËÍÉ�¿�Î]Ðo¾]É¼¿

Ò�É�Ë �IÒ¼¾]ÿ�¾]ÉãÃ·¿�¾�½�ÀYÉ�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�ËÍÉ�ËÍÃ{ËèÅEÆ~¾�¾]ÃU¿3Ò#Ã�¾]É¼½�¾]Ò�Ä>�1Ä�ÅY¿3Ë~¾]ÉãÃ�¿�¾ºÃ{Ä�ÅEÉ¼½/DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�IÒ¤Ç ËÍÆ¼Å)½{Ò�Õ�Ë

Fij =
∂xi

∂x0
j

¾]Ã
Ḟ = L.F

� Ó��*�"!3Ög×
À��

xi
¾]Ã
x0

i

½�ÀYÉIÃ�Æ~¾:½�Á:ÀÂÀYÄ�¿�ÀYÉ�É¼Î:¾:½ÊÅEÒ*0qÃ�¾]ÿ�Ð¼½
t
¾]Ã
t0
Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ���UÇ_Î��ãÒ/ÅEÃ{Ë~ÀYÉ�Ó��*� �/.y×MÐo¾]Ò�Ã�½�¾)Ä�Î:Î:Á]Ä{ËÍÄ�¾��

ċ = −LT .c + (cT .LT .c)c
� Ó��*�"!��y×

ýIÒ�ËÍÌ1ÅEÉãÃÊüÊËÍÉ�¹�¾]Ã�+�Ä{ÿ�½�Ã{Ä�ÀYÉ8��Ó8Ö�#/. �I×1�¼ÀYÉ�Ðo¾]Ò�Ã�ÌyÎ]Ä{Ë =/¾]Ä��IÒ¼¾

c =
F−T .c0

(cT
0 .F

−1.F−T .c0)
1/2

� Ó��*�"!/!y×
¾:½�Ãw½�ÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�Ó��*�"!��y×1�EÀ��

c0
¾:½{ÃNÆ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿3Ò#�1Ä�ÅEËÍÉ�ÅEÒ*Ã�¾]ÿ�Ð¼½

t0
�g¾]É#Ä�¾]ÿ�ÅEÄ �ãÒ/ÅEÉIÃ�IÒ¼¾)ÆèÅ�¿�Î]Ä{ËÍÌ1ÅEÃ{Ë~ÀYÉ�¿�¾

F .F−1 = I
��À��

I
¾:½�Ã�Æ~¾)Ã�¾]É¼½�¾]Ò�Ä�Ë~¿�¾]ÉãÃ{ËÍÃ�ÎI� ¾]ÉãÃ{Ä�Å��~É¼¾

Ḟ
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= −F−1.Ḟ .F−1 = −F−1.L
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�wÅÊ¿�Î]Ðo¾]É¼¿¼ÅEÉ¼Á:¾�¿�¾MÆèÅÊÌIËÍÃ�¾:½�½�¾º¿�¾M¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ
γ̇s ¿3Ò�½/�3½{Ã�»]ÿ�¾M¿�¾ �1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ

(s)

 ÆèÅqÁ:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾�¿�¾�Á]Ë~½�½{Ë~ÀYÉ�Ä�Î:½�ÀYÆÍÒ¼¾

τ s Å��1Ë~½�½�ÅEÉIÃ	½{Ò�Ä
(s)

¾:½{Ã�¿�Î:Á]Ä{ËÍÃ�¾�Ð/ÅEÄ�Ò�É¼¾�Æ~ÀYËùÐ�Ò�Ë~½�½�ÅEÉ¼Á:¾
¿�¾)ÆèÅND<ÀYÄ{ÿ�¾

γ̇s = ε̇0

∣
∣
∣
∣

τ s

τ s
c

∣
∣
∣
∣

ns−1 τ s

τ s
c

� Ó��*�"!/$y×
À��

ε̇0
¾:½�Ã�Ò�É¼¾�ÌIËÍÃ�¾:½�½�¾�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ,¿�¾�Ä�Î1DÛÎ]Ä�¾]É¼Á:¾I�¤¾]Ã

τ s
c

¾]Ã
ns ÁVÅEÄ�ÅYÁ]Ã�Î]Ä{Ë~½�¾]ÉIÃ��¤ÆèÅöÄ�Î:½{Ë~½�Ã�ÅEÉ¼Á:¾

¾]É,Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�¾]Ã#Æ=Ç_¾10ÂÐoÀ1½�ÅEÉãÃ�¿�¾�½�¾]É¼½{ËÍÕ�ËÍÆÍËÍÃ�Î 
�ÆèÅ Á:ÀYÉIÃ{Ä�ÅEËÍÉãÃ�¾�¿3Ò,½/�Â½�Ã�»]ÿ�¾�¿�¾ �1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ
(s)
�

Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ���wÅ�Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾�¿�¾	Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃÊ¾:½{Ã�¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ
τ s = rS : S

� Ó��*�"!��y×
À���Æ~¾�Ã�¾]É¼½�¾]Ò�Ä#¿�¾qýÂÁ�¹�ÿ�Ë~¿

rS ¾:½�Ã*¿�Î1=¼É�ËE
�Ð/ÅEÄ{Ã{ËÍÄ�¿�¾:½*Ìy¾:Á]Ã�¾]Ò�Ä�½#Ò�É�ËÍÃ�ÅEËÍÄ�¾:½#É¼ÀYÄ{ÿ�ÅEÆ�ÅEÒ�Ð�ÆèÅEÉ,¿�¾�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ
(nS)

¾]Ã�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾#ÅEÒ�Ìy¾:Á]Ã�¾]Ò�ÄÊ¿�¾CVMÒ�Ä/�y¾]Ä�½
(bS)

Á:ÀYÿ�ÿ�¾�þ

rS =
1

2
(bS ⊗ nS + nS ⊗ bS)

� Ó��*�"! ,1×
ü�ÅEÉ¼½�Æ~¾�ÁVÅY½�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾öÓ � !�%T! �

n = 1
×1�3Æ~¾�Ã�¾]É¼½�¾]Ò�Ä��1Ä�ÅY¿3Ë~¾]ÉIÃÊ¿�¾)ÌÂËÍÃ�¾:½�½�¾�¾:½{Ã�¿�ÀYÉ�É¼Î�Ð/ÅEÄ

L = ε̇0

S∑

i=1

ri : S

τ i
c

bi ⊗ ni � Ó��*�"!/.y×
�¤¾)Ã�¾]É¼½�¾]Ò�Ä�ÌIËÍÃ�¾:½�½�¾�¿�¾	¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2��Ð/ÅEÄ{Ã{Ë~¾�½/�Âÿ�Î]Ã{Ä{Ë �IÒ¼¾�¿�¾

L
�¼¾:½�Ã�ÀYÕ�Ã�¾]ÉãÒ�Á:ÀYÿ�ÿ�¾

D = ε̇0

S∑

i=1

ri : S

τ i
c

ri � Ó��*�"!/#y×
¾]Ã�Æ~¾)Ã�¾]É¼½�¾]Ò�Ä�Ã�ÅEÒ*0�¿�¾)Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ2�/Ð/ÅEÄ{Ã{Ë~¾�ÅEÉãÃ{Ë~½ �Iÿ�Î]Ã{Ä{Ë �IÒ¼¾�¿�¾

L
��Á:ÀYÿ�ÿ�¾

W = ε̇0

S∑

i=1

ri : S

τ i
c

1

2
(bi ⊗ ni − ni ⊗ bi)

� Ó��*� � �y×

$ºÅY½�Ã�¾]ÆÍÉ/ÅEÒ % �Z* < !3Ó8Ö�#/#��EÕ ×¤Ò�Ã{ËÍÆÍË~½�¾]ÉãÃ�Æ~¾:½@¿�ÀYÒ �V¾M½ �Â½{Ã�»]ÿ�¾:½ù¿�¾O�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ@ËÍÆÍÆÍÒ¼½�Ã{Ä�Î:½@½�Ò�ÄwÆèÅÊÑ@ËK�1Ò�Ä�¾
�*�"!qþ

� !�¿¼ÅEÉ¼½�Æ~¾:½�Ð�ÆèÅEÉ¼½�¿�¾)Õ/ÅY½�¾�þ {0001} < 112̄0 >
�

� !�¿¼ÅEÉ¼½�Æ~¾:½�Ð�ÆèÅEÉ¼½�Ð�Ä{Ë~½�ÿ�ÅEÃ{Ë �ãÒ¼¾:½*þ {011̄0} < 21̄1̄0 >
�

� ��¿¼ÅEÉ¼½�Æ~¾:½�Ð�ÆèÅEÉ¼½�Ð �IÄ�ÅEÿ�Ë~¿¼ÅEÒ*0°þ {112̄2} < 112̄3̄ >
��UÇ_¾103Ð�Ä�¾:½�½{Ë~ÀYÉ�¿�¾:½�Ã�¾]É¼½�¾]Ò�Ä�½T�1Ä�ÅY¿3Ë~¾]ÉIÃ*¿�¾�ÌÂËÍÃ�¾:½�½�¾I�oÌÂËÍÃ�¾:½�½�¾�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ,¾]Ã�Ã�ÅEÒ*0�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ

¾:½{ÃM¿�ÀYÉ�É¼Î:¾)¾]É +ÊÉ�É¼¾103¾GV��I¾]É D<ÀYÉ¼Á]Ã{Ë~ÀYÉq¿3ÒöÃ�¾]É¼½�¾]Ò�Ä�¿�¾:½ºÁ:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½�¿¼ÅEÉ¼½MÆ~¾�Ä�¾]Ðo»]Ä�¾ {g
R} ¾]ÃM¿�¾:½Ä�Î:½{Ë~½�Ã�ÅEÉ¼Á:¾:½�ÅEÒ Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃÊ¿�¾�Á�¹/ÅYÁ]Ò�Éê¿�¾:½�Ð�ÆèÅEÉ¼½��

ü�ÅEÉ¼½#Ò�É,Ð�Ä�¾]ÿ�Ë~¾]Ä#Ã�¾]ÿ�Ð¼½W�@Á:ÀYÿ�ÿ�¾ 	ê¾��Â½�½�ÀYÉ�É�Ë~¾]Ä#¾]Ã.M�¹�ËÍÆÍËÍÐ Ó��������y×*¾]Ã�Ô	Å��1ÆÍËèÅEÄ�¿3ËÍÉ�Ë�Ó8Ö�#/#/#y×1�
É¼ÀYÒ¼½ Ä�ÅEÐ�Ð6¾]Æ~ÀYÉ¼½Q�IÒ¼¾ ¿¼ÅEÉ¼½öÆ~¾êÁVÅY½öÆÍËÍÉ¼ÎVÅEËÍÄ�¾�Á:¾�ÿ�ÀI¿�»]Æ~¾�Á:ÀYÉ¼¿3Ò�ËÍÃ�
�Ò�É¼¾�Æ~ÀYË)¿�¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ
Ë~¿�¾]ÉIÃ{Ë �ãÒ¼¾�
�ÆèÅ3D<ÀYÄ{ÿ�Ò�ÆèÅEÃ{Ë~ÀYÉ�Á:ÀYÉãÃ{ËÍÉIÒ¼¾�Ó��*�".y×1�Y�UÉ¼½{Ò�ËÍÃ�¾I�/É¼ÀYÒ¼½�ÿ�ÀYÉIÃ{Ä�ÀYÉ¼½C�ãÒ¼¾�ÆèÅ�Ð�Ä{Ë~½�¾#¾]É�Á:ÀYÿ�Ð�Ã�¾
¿3Ò �1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�½{Ò�Ä�Æ~¾:½�Ð�ÆèÅEÉ¼½�Ð �ÂÄ�ÅEÿ�Ë~¿¼ÅEÒ*0¥Á:ÀYÉ¼¿3Ò�ËÍÃ 
êÒ�É¼¾�¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ�¿3Ò¥Ìy¾:Á]Ã�¾]Ò�Ä�ÌIËÍÃ�¾:½�½�¾q¿�¾
Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ ¿�¾	Æ=ÇCÅJ03¾ ? ¿3Ë oÎ]Ä�¾]ÉIÃ�¾�¿�¾�Á:¾]ÆÍÆ~¾�ÅY¿�ÀYÐ�Ã�Î:¾*¾]Ã�¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ,Ó��*� �/.y×1�
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�8ä � � � � �8á �

a1

a2

c

c

Õ/ÅY½GÅEÆ
{0001} < 112̄0 >

Ð�Ä{Ë~½{ÿ�ÅEÃ{Ë �ãÒ¼¾
{011̄0} < 21̄1̄0 >

Ð �ÂÄ�ÅEÿ�Ë~¿¼ÅEÆ
{112̄2} < 112̄3̄ >

� â�( � %��  þSM�ÆèÅEÉ¼½*¿�¾��1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ#ÅY¿�ÀYÐ�Ã�Î:½*Ð/ÅEÄN$ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ Ó8Ö�#/#��y×�þ
(a)

Ð�ÆèÅEÉø¿�¾�Õ/ÅY½�¾I�
(b)

Ð�ÆèÅEÉ
Ð�Ä{Ë~½�ÿ�ÅEÃ{Ë �ãÒ¼¾	¾]Ã

(c)
Ð�ÆèÅEÉ�Ð �IÄ�ÅEÿ�Ë~¿¼ÅEÆA�

�2������� ��� �"!#��$&%&'(�"'()�%
ü)ÅEÉ¼½·Æ~¾�ÁVÅY½·ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I�IÆèÅ	Æ~ÀYË6¿�¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�Ó��*�"!/#y×UÅVÌy¾:Á�Æ~¾:½UÐ�ÆèÅEÉ¼½º¿�¾��1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�ÅY¿�ÀYÐ�Ã�Î:½

Ð/ÅEÄ $ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ % �&* < !ÊÓ8Ö�#/#��EÕ ×�¾:½{Ã ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾�¿�¾�Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¾]Ã�Ë~¿�¾]ÉãÃ{Ë �IÒ¼¾%
�ÆèÅ%DÛÀYÄ{ÿ*Ò�ÆèÅEÃ{Ë~ÀYÉ
Á:ÀYÉIÃ{ËÍÉãÒ¼¾qÓ��*�".y×1�B�¤¾:½ÊÁ:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½�¿�¾�Ä�Î1DÛÎ]Ä�¾]É¼Á:¾:½

τa
�
τb

¾]Ã
τc

¿�¾:½ED=ÅEÿ�ËÍÆÍÆ~¾:½�Õ/ÅY½�ÅEÆ~¾:½W��Ð�Ä{Ë~½{ÿ�ÅEÃ{Ë �IÒ¼¾:½
¾]ÃùÐ �IÄ�ÅEÿ�Ë~¿¼ÅEÆ~¾:½�ÓåÄ�¾:½{Ð6¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉIÃG×ùÐo¾]Ò�Ìy¾]ÉãÃ ']Ã{Ä�¾ºÄ�¾]ÆÍË~Î:¾:½·ÅEÒ*0*Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾�¿3Ò��1Ä�ÅEËÍÉ
ψ1
�
β
¾]Ã
γ
Á:ÀYÿ�ÿ�¾�ÓZ	ê¾��Â½�½�ÀYÉ�É�Ë~¾]Ä�¾]Ã�M�¹�ËÍÆÍËÍÐ2�C�������y×

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

1

τa
=

ψ1

3

(

2 − χ2

χ1

β

4γ − 1

)

1

τb
= β

ψ1

3

8γ − 3

4γ − 1
1

τc
=

ψ1

6χ1

β

4γ − 1

� Ó��*� �¼Ög×

À���Æ~¾:½�Á:ÀYÉ¼½{Ã�ÅEÉIÃ�¾:½
χ1

¾]Ã
χ2

½�ÀYÉãÃ�¿�Î1=¼É�Ë~¾:½ö¾]É D<ÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾:½ ¿3ËÍÿ�¾]É¼½{Ë~ÀYÉ¼½ ÁVÅEÄ�ÅYÁ]Ã�Î]Ä{Ë~½�Ã{Ë �ãÒ¼¾:½q¿3Ò
Ä�Î:½�¾VÅEÒ Á]Ä{Ë~½{Ã�ÅEÆÍÆ~À&�1Ä�ÅEÐ�¹�Ë �IÒ¼¾�¿�¾)ÆèÅ.�1ÆèÅYÁ:¾�Ð/ÅEÄ

∣
∣
∣
∣
∣
∣
∣
∣
∣

χ1 =

(
ac

a2 + c2

)2

χ2 = χ1

(
a

c
− c

a

)2
� Ó��*� � �y×

ÅVÌy¾:Á
c/a = 1.629

ÐoÀYÒ�Ä�ÆèÅN�1ÆèÅYÁ:¾I�
ü)ÅEÉ¼½MÆ~¾�ÁVÅY½MÉ¼ÀYÉ ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I�¼ÅVÌy¾:ÁÊÒ�Éq¾103Ð6À1½�ÅEÉIÃM¿�¾:½ºÁ:ÀYÉIÃ{Ä�ÅEËÍÉãÃ�¾:½

n = 3
�3Á:¾�ÿ�ÀÂ¿�»]Æ~¾�É¼¾ÊÁ:ÀYÉ¼¿3Ò�ËÍÃ

Ð/ÅY½�
�Ò�É�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�¿3Ò �1Ä�ÅEËÍÉ¥ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾q¿�¾ Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�ÅEÒ�Ã�ÀYÒ�Ä�¿�¾ Æ=ÇCÅJ0�¾ ? ¾]Ã#É¼¾�Ðo¾]Ò�Ã
¿�ÀYÉ¼Á	Ð/ÅY½�½�¾)ÿ�¾]Ã{Ã{Ä�¾	½�ÀYÒ¼½�Ò�É¼¾�DÛÀYÄ{ÿ�¾�Á:ÀYÉIÃ{ËÍÉãÒ¼¾*Ã�¾]ÆÍÆ~¾T�IÒ¼¾�Ó��*�ÍÖT�y×1�
�2������� � �:%&8 % 4�� )�*;'
9 � 8 �2'��

+ Ð/ÅEÄ{Ã{ËÍÄ�¿�¾ÊÆ=Ç_¾103Ð�Ä�¾:½�½{Ë~ÀYÉ°Ó��*� � �y×·¾]Ã�¿�¾:½MÄ�¾]ÆèÅEÃ{Ë~ÀYÉ¼½�Ó��*� �¼Ög×1�ÂÆ~¾ÊÐ�Ä�ÀÂ¿3Ò�ËÍÃ gW .gc
Ðo¾]Ò�Ã�½�¾ÊÄ�Î:Î:Á]Ä{ËÍÄ�¾

¾]É D<ÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾�ÆèÅ°¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ gD
�U¿�¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½ö¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾ ¿3Ò �1Ä�ÅEËÍÉ

β
¾]Ã
γ
¾]Ã�¿�¾:½
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Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½Ê¿3Ò�Ä�Î:½�¾VÅEÒ�Á]Ä{Ë~½{Ã�ÅEÆÍÆ~À&�1Ä�ÅEÐ�¹�Ë �IÒ¼¾*¿�¾)ÆèÅ��1ÆèÅYÁ:¾	Á:ÀYÿ�ÿ�¾�ÓåÌyÀYËÍÄ�+ÊÉ�É¼¾103¾CV�×
gW .gc = λ

(
gD.gc − (gc.gD.gc)gc

) � Ó��*� �	!y×
ÅVÌy¾:Á

λ = 1 −
β

4γ − 1

[( c

a

)2
− 1

] � Ó��*� � �I×
+ Ð/ÅEÄ{Ã{ËÍÄÊ¿�¾:½�Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¼½Ê½{Ò�Ä

β
¾]Ã
γ
Ó��*�ÍÖ�$y×º¾]Ã�¿�¾�ÆèÅ#Ì1ÅEÆ~¾]Ò�Ä�¿3Ò�Ä�ÅEÐ�Ð6ÀYÄ{Ã

c/a = 1.629
� ËÍÆÚÌÂË~¾]ÉãÃ

λ ≤ 1 ∀(β, γ)
� Ó��*� �	$y×

ü�ÇCÅEÐ�Ä�»:½�Ó��*� � �I×1�/ÆèÅ#ÌIËÍÃ�¾:½�½�¾�¿�¾)Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Æ=ÇCÅJ0�¾ ? ¾:½�Ã�¿�ÀYÉ¼Á	¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ

ċ = W .c − λ
[

D.c − (c.D.c)c
] � Ó��*� � �y×

ü�ÅEÉ¼½#ÆèÅ�½{Ò�ËÍÃ�¾I�NÉ¼ÀYÒ¼½�ÅEÐ�Ðo¾]ÆÍÆ~¾]Ä�ÀYÉ¼½ �Dÿ�ÀI¿�»]Æ~¾q¿�¾ �1Ä�ÅEËÍÉ�Á:ÀYÉãÃ{ËÍÉãÒ �&�UÆ~¾�ÿ�ÀÂ¿�»]Æ~¾q¿¼ÅEÉ¼½*Æ~¾��IÒ¼¾]ÆºÆèÅ
Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾#Æ=ÇCÅJ03¾ ? ¾:½{Ã�¿�ÀYÉ�É¼Î:¾#Ð/ÅEÄ�Ó��*� �/.y×�ÀYÒ�Ó��*�"!��y×1�YP�ÀYÒ¼½	ÅEÐ�Ðo¾]ÆÍÆ~¾]Ä�ÀYÉ¼½ �Dÿ�ÀI¿�»]Æ~¾�¿�¾N�1Ä�ÅEËÍÉU

Ð�ÆèÅEÉ¼½*¿�¾��1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ��&�¤Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�¿¼ÅEÉ¼½�Æ~¾��ãÒ¼¾]ÆUÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Æ=ÇCÅJ0�¾ ? ¾:½{Ã	¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄqÓ��*� � �y×1�P�ÀYÒ¼½�Ä�ÅEÐ�Ðo¾]Æ~ÀYÉ¼½Ê¾]É¼Á:ÀYÄ�¾�Ò�É¼¾TDÛÀYË~½��ãÒ¼¾	Á:¾:½Ê¿�¾]Ò*0�ÿ�ÀI¿�»]Æ~¾:½ÊÁ:ÀYÉ¼¿3Ò�Ë~½�¾]ÉãÃ�ÅEÒ�ÿ3']ÿ�¾	Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ
¿3Ò.�1Ä�ÅEËÍÉ2�y¿�Î1=¼É�Ë�Ð/ÅEÄ�Æ~¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½·¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾

η
�
β
¾]Ã
γ
�Y¾]Ã�É¼¾�¿3Ë oÎ]Ä�¾]ÉIÃ �IÒ¼¾ºÐ/ÅEÄ�Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ

Ò�Ã{ËÍÆÍË~½�Î:¾�Ð6ÀYÒ�Ä�ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ ¿ÚÇ Ò�É �1Ä�ÅEËÍÉ2� �Qÿ�Ð�ÆÍË~Á]ËÍÃ�¾]ÿ�¾]ÉãÃ��Â½�ÅEÒ*DÚËÍÉ¼¿3Ë~ÁVÅEÃ{Ë~ÀYÉqÁ:ÀYÉãÃ{Ä�ÅEËÍÄ�¾I�ÂÉ¼ÀYÒ¼½UÒ�Ã{ËÍÆÍË~½�ÀYÉ¼½
Ã�ÀYÒ&-{ÀYÒ�Ä�½�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�¿�¾C�1Ä�ÅEËÍÉ Á:ÀYÉIÃ{ËÍÉãÒ2��ÊÉ�Ð6¾]Ò�Ã�É¼ÀYÃ�¾]Ä#�IÒ¼¾�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�¿�¾�1Ä�ÅEËÍÉ�Á:ÀYÉãÃ{ËÍÉIÒ Ó��*� �/.y×)Ò�Ã{ËÍÆÍË~½�Î ¿¼ÅEÉ¼½�ÆèÅ ½�¾:Á]Ã{Ë~ÀYÉ �*� �;� � ¾:½{Ã
ÀYÕ�Ã�¾]ÉIÒ�ÅVÌy¾:Á

λ = 1
¿¼ÅEÉ¼½�Ó��*� � �y×1� +wÌy¾:ÁÊÆ~¾:½·Ð�ÆèÅEÉ¼½º¿�¾!�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ�ÅY¿�ÀYÐ�Ã�Î:½ºÐ/ÅEÄ�$ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ°Ó8Ö�#/#��y×1�

λ
¿�ÀYÉ�É¼ÎöÐ/ÅEÄqÓ��*� � �I×	Ã�¾]É¼¿�Ìy¾]Ä�½öÖ Æ~ÀYÄ�½ �IÒ¼¾

β
Ã�¾]É¼¿,Ìy¾]Ä�½&�*�@Á:¾ �ãÒ�ËMÁ:ÀYÄ{Ä�¾:½{Ð6ÀYÉ¼¿ 
 Ò�ÉU�1Ä�ÅEËÍÉ �IÒ�Ë

É¼¾*½�¾�¿�Î1D<ÀYÄ{ÿ�¾#�IÒ¼¾*Ð/ÅEÄ��1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ�½{Ò�Ä�Æ~¾:½ÊÐ�ÆèÅEÉ¼½)¿�¾	Õ/ÅY½�¾I�ÚýIË
λ 6= 1

� Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ¥Ó��*� � �y×�¿3Ë o»]Ä�¾
¿�ÀYÉ¼ÁöÅEÒ¼½�½{Ë·¿�¾ Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ Ó��*� �/.y×	Ð/ÅEÄ�Æ~¾D<ÅEËÍÃN�ãÒ¼¾I�w¿¼ÅEÉ¼½�Æ~¾ ÁVÅY½*¿ÚÇ Ò�É¼¾ ÌÂËÍÃ�¾:½�½�¾�¿�¾ ¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ
gD

ËÍÿ�ÐoÀ1½�Î:¾I�yÆèÅ	ÌIËÍÃ�¾:½�½�¾�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Æ=ÇCÅJ03¾ ? ¿�Î]Ðo¾]É¼¿ö¿�¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½º¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾)¿3Ò�1Ä�ÅEËÍÉ
ÅEÆ~ÀYÄ�½��IÒ¤ÇCÅ:Ìy¾:Á	Æ~¾�ÿ�ÀI¿�»]Æ~¾�¿�¾��1Ä�ÅEËÍÉ Á:ÀYÉãÃ{ËÍÉIÒ2� ¾]ÆÍÆ~¾	¾]É�¾:½�Ã�ËÍÉ¼¿�Î]Ð6¾]É¼¿¼ÅEÉIÃ�¾I�P�ÀYÒ¼½*ÿ�ÀYÉãÃ{Ä�ÀYÉ¼½�¿¼ÅEÉ¼½#ÆèÅ ½�¾:Á]Ã{Ë~ÀYÉ,½{Ò�ËÍÌ1ÅEÉãÃ�¾ �IÒ¤Ç_¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ¥¾]Ã�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�wÆ~¾�ÿ�ÀÂ¿�»]Æ~¾ö¿�¾�1Ä�ÅEËÍÉ 
�Ð�ÆèÅEÉ¼½)¿�¾#�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ�Ó��*� � �y×ÊÁ:ÀYÉ¼¿3Ò�ËÍÃT
�Ò�É¼¾#ÌÂËÍÃ�¾:½�½�¾�¿�¾*Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Æ=ÇCÅJ0�¾ ? Ð�ÆÍÒ¼½�D=ÅEËÍÕ�Æ~¾�IÒ¼¾êÆ~¾�ÿ�ÀÂ¿�»]Æ~¾�¿�¾,�1Ä�ÅEËÍÉ Á:ÀYÉãÃ{ËÍÉIÒ Ó��*� �/.y×ö¾]Ã��IÒ¤ÇCÅ:Ìy¾:Á�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾ 
�Ð�ÆèÅEÉ¼½�¿�¾,�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ��ºÒ�É�1Ä�ÅEËÍÉö½{Ò�Õ�Ë~½�½�ÅEÉIÃ·Ò�ÉöÁ]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½{ËÍÿ�Ð�Æ~¾�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉãÃ�
	½�¾:½UÐ�ÆèÅEÉ¼½º¿�¾�Õ/ÅY½�¾�É¤Ç_¾:½{Ã�Ð/ÅY½M¿¼ÅEÉ¼½·Ò�É¼¾
ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾I��ÊÉ�Ðo¾]Ò�Ã�Ä�¾]ÿ�ÅEÄ �IÒ¼¾]Ä��ãÒ¤Ç_¾]É�Á�¹¼ÀYË~½{Ë~½�½�ÅEÉIÃ�¿�¾:½�Ð�ÆèÅEÉ¼½�Ð �IÄ�ÅEÿ�Ë~¿¼ÅEÒ*0�ÀYÄ{Ë~¾]ÉIÃ�Î:½!


45◦
Ð/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{Ã
�Æ=ÇCÅJ03¾ ? ��ÅEÒqÆÍË~¾]Ò�¿�¾:½

58.5◦
ÅY¿�ÀYÐ�Ã�Î:½ºÐ/ÅEÄ�$ºÅY½�Ã�¾]ÆÍÉ/ÅEÒ�Ó8Ö�#/#��y×MÁ:ÀYÿ�ÿ�¾�¿�Î1=¼É�Ë~½�½�Ò�Ä·ÆèÅ#Ñ@ËK�1Ò�Ä�¾ �*�"!YÁI�

ÀYÉ�Ä�¾]Ã{Ä�ÀYÒ�Ìy¾�Æ~¾)ÿ3']ÿ�¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ)¾]Ã�ÆèÅ�ÿ3']ÿ�¾�ÌÂËÍÃ�¾:½�½�¾�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ%�IÒ¼¾)Ð6ÀYÒ�Ä�Æ~¾�ÿ�ÀI¿�»]Æ~¾�¿�¾�1Ä�ÅEËÍÉ#Á:ÀYÉãÃ{ËÍÉãÒ2� �QÆã½{Ò���Ã@½{ËÍÿ�Ð�Æ~¾]ÿ�¾]ÉãÃù¿�¾Uÿ�ÀÂ¿3Ë =/¾]ÄNÆ~¾:½wÎ��ãÒ/ÅEÃ{Ë~ÀYÉ¼½ºÓ��*� �¼Ög×¤¾]ÃºÓ��*� � �I×Ú¾]É*Ä�¾]ÿ�Ð�ÆèÅ �VÅEÉãÃùÆ~¾
Ä�ÅEÐ�ÐoÀYÄ{Ã

c/a
Ð/ÅEÄ�ÖI�IMU¹ �3½{Ë �ãÒ¼¾]ÿ�¾]ÉIÃ��IÁ:¾:½UÐ�ÆèÅEÉ¼½UÐ �ÂÄ�ÅEÿ�Ë~¿¼ÅEÒ*0�ÀYÉãÃ�Ò�É¼¾�¿�¾]É¼½{ËÍÃ�Î�¿ÚÇCÅEÃ�ÀYÿ�¾�Õ6¾VÅEÒ¼Á:ÀYÒ�Ð

Ð�ÆÍÒ¼½�D<ÅEËÍÕ�Æ~¾#�ãÒ¼¾*Á:¾]ÆÍÆ~¾�¿�¾:½ÊÐ�ÆèÅEÉ¼½Ê¿�Î1=¼É�Ë~½�½{Ò�Ä�ÆèÅ�ÑwËK�1Ò�Ä�¾I�*�"!YÁI�/¾]Ã�ÀYÉãÃ)¿�ÀYÉ¼Á	Ðo¾]Ò�¿�¾*Á�¹/ÅEÉ¼Á:¾#¿ÚÇ(']Ã{Ä�¾
ÅYÁ]Ã{ËÍÌyÎ:½��/ÿ�ÅEË~½�ËÍÆ~½ÊÉ¼ÀYÒ¼½ÊÐ6¾]Ä{ÿ�¾]Ã{Ã�¾]ÉIÃ)¿�¾*Á:ÀYÿ�Ð/ÅEÄ�¾]Ä)Æ~¾	ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉIÒøÅEÒ ÿ�ÀÂ¿�»]Æ~¾�¿3Ë~½�Á]Ä�¾]Ã��YP�ÀYÒ¼½
Ð�Ä�Î:½�¾]ÉIÃ�ÀYÉ¼½�Æ~¾:½�Ä�Î:½�Ò�ÆÍÃ�ÅEÃ�½�ÀYÕ�Ã�¾]ÉãÒ¼½�Å:Ìy¾:Á*Á:¾:½�¿�¾]Ò*0öÿ�ÀÂ¿�»]Æ~¾:½ÊÅEÒ%$·¹/ÅEÐ�ËÍÃ{Ä�¾ $*���Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ�Ó��*� � �y×�¾:½{Ã�½{ËÍÿ�ËÍÆèÅEËÍÄ�¾I�/ÅEÒ*0�½{ËK�1É¼¾:½�Ð�Ä�»:½��;
#Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ ¿�¾	Ïã¾ o¾]Ä/��Ó8Ö�#����y×º¿�ÀYÉ�É/ÅEÉãÃ
ÆèÅ�ÌIËÍÃ�¾:½�½�¾·¿�¾MÄ�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ Ò�É�¾]ÆÍÆÍËÍÐ¼½�À��=¿�¾MÄ{ËK�1Ë~¿�¾ºËÍÿ�ÿ�¾]Ä/�yÎº¿¼ÅEÉ¼½ùÒ�É 
¼Ò�Ë~¿�¾FP�¾�6�Ã�ÀYÉ�Ë~¾]É2�I�¤¾ºÁVÅY½

λ = 1Á:ÀYÄ{Ä�¾:½{ÐoÀYÉ¼¿%
�Ò�É¼¾�=¼Õ�Ä�¾	Ã{Ä�»:½�Î]ÆèÅEÉ¼Á:Î:¾ Ó � !(%-! ��Õo¾VÅEÒ¼Á:ÀYÒ�Ð Ð�ÆÍÒ¼½�Æ~ÀYÉ8�1Ò¼¾ �IÒ¼¾	ÆèÅEÄ/�y¾g×1� $M¾]Ã{Ã�¾�Î��IÒ/ÅEÃ{Ë~ÀYÉ
¾:½{ÃÊÃ{Ä�»:½�Ò�Ã{ËÍÆÍË~½�Î:¾�ÐoÀYÒ�Ä�Ð�Ä�Î:¿3ËÍÄ�¾�Æ=Ç_Î]Ã�ÅEÃ�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ°¿�¾:½!=¼Õ�Ä�¾:½)¿¼ÅEÉ¼½ÊÆ~¾:½Êÿ�ÅEÃ�Î]Ä{ËèÅEÒ*0êÁ:ÀYÿ�Ð6À1½{ËÍÃ�¾:½
ÓG%T! S ! �8+�¿3ÌYÅEÉ�Ëw¾]Ã�¸¤Ò¼ÁH4y¾]Ä � � �ÊÓ8Ö�#/. ,1× �7$·¹ãÒ�É8�ö¾]Ã?�6MÀYÉ,Ó��������y×{×1�
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PÊÀYÒ¼½�Ä�ÅEÐ�Ð6¾]Æ~ÀYÉ¼½�Ë~Á]ËO�IÒ¼¾�Æ~¾:½	¾103Ð�Ä�¾:½�½{Ë~ÀYÉ¼½ Ó��*� �/.y×	¾]Ã Ó��*�"!��y×�¿�Î]Ðo¾]É¼¿�¾]ÉãÃ#Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ�¿�¾:½

ÌÂËÍÃ�¾:½�½�¾:½*¿�¾�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ,¾]Ã#Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½�½{Ò�Õ�Ë~¾:½	Ð/ÅEÄ*Ò�ÉU�1Ä�ÅEËÍÉ�¾]Ã#�IÒ¼¾�¿¼ÅEÉ¼½	Æ~¾ ÁVÅY½*¿ÚÇ Ò�É��1Ä�ÅEËÍÉ
ËÍÉ¼Á]ÆÍÒ¼½�¿¼ÅEÉ¼½ùÒ�É�ÐoÀYÆK�ÂÁ]Ä{Ë~½�Ã�ÅEÆA�1Á:¾:½wÌÂËÍÃ�¾:½�½�¾:½�¿�¾º¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¾]Ã�Á:ÀYÉãÃ{Ä�ÅEËÍÉãÃ�¾:½·¿�Î]Ð6¾]É¼¿�¾]ÉIÃ�¿�¾:½ùÌÂËÍÃ�¾:½�½�¾:½
¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ¼½*¾]Ã�Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½*ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �ãÒ¼¾:½#½{Ò�Õ�Ë~¾:½�Ð/ÅEÄ	Æ~¾�Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆA�¤¿�¾�ÿ�ÅEÉ�Ë~»]Ä�¾�Ð�ÆÍÒ¼½
ÀYÒ�ÿ�ÀYËÍÉ¼½ÊÁ:ÀYÿ�Ð�Æ~¾103¾�½�¾]Æ~ÀYÉ�Æ~¾)ÿ�ÀÂ¿�»]Æ~¾	¿ÚÇ ¹¼ÀYÿ�À&�yÎ]É¼Î]Ë~½�ÅEÃ{Ë~ÀYÉêÒ�Ã{ËÍÆÍË~½�ÎI��UÇ_ÀYÕ*-8¾]Ã�¿�¾qÁ:¾]Ã{Ã�¾�½�¾:Á]Ã{Ë~ÀYÉ�¾:½�Ã�¿ÚÇ_Î]Ã{Ò¼¿3Ë~¾]Ä�Æ~¾:½�ÐoÀYËÍÉãÃ�½�½{Ã�ÅEÕ�Æ~¾:½�¿ÚÇ Ò�É �1Ä�ÅEËÍÉ¥Ë~½�ÀYÆ~ÎöÐ6ÀYÒ�Ä��IÒ/ÅEÃ{Ä�¾
ÿ�ÀÂ¿�¾:½�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�½{ËÍÿ�Ð�Æ~¾:½�ÓÛÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�)Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2��Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�Ð�Ò�Ä�¾]Ã�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ
½�ËÍÿ�Ð�Æ~¾g×1�L�N¾:½*ËÍÿ�Ð�ÆÍË~ÁVÅEÃ{Ë~ÀYÉ¼½�¾]É�Ã�¾]Ä{ÿ�¾q¿�¾ö½{Ã�ÅEÕ�ËÍÆÍËÍÃ�Îq¿�¾:½ D=ÅEÕ�Ä{Ë �IÒ¼¾:½#½�¾]Æ~ÀYÉ�Æ~¾:½#ÿ�ÀÂ¿�»]Æ~¾:½

µ
) 	 Ò�Ã{Ë )

ÆÍË~½�Î:½�½�¾]Ä�ÀYÉãÃÊ¿3Ë~½�Á]Ò�Ã�Î:¾:½ÊÅEÒ%$·¹/ÅEÐ�ËÍÃ{Ä�¾ $*�PÊÀYÒ¼½�Ä�ÅEÐ�Ðo¾]Æ~ÀYÉ¼½��IÒ¤Ç Ò�É¼¾)ÐoÀ1½{ËÍÃ{Ë~ÀYÉ
(θ0, ϕ0)

¾:½{Ã�Ò�É¼¾	Ð6À1½{ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��ãÒ�ËÍÆÍËÍÕ�Ä�¾	¿�¾	Æ=ÇCÅJ03¾ ? ½{ËUþ
∣
∣
∣
∣

θ̇(θ0, ϕ0) = 0
ϕ̇(θ0, ϕ0) = 0

� Ó��*� ��,1×
¾]Ã��IÒ¤Ç_¾]ÆÍÆ~¾	¾:½{Ã�½�Ã�ÅEÕ�Æ~¾	½{ËÚÒ�É¼¾	¿�¾:½�Ã{Ä�ÀYË~½�Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¼½Ê½{Ò�ËÍÌ1ÅEÉãÃ�¾:½�¾:½{Ã�ÌyÎ]Ä{Ë =/Î:¾ Ó=Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËA�wÖ�#/#/#y×)þ

∂θ̇

∂θ

∣
∣
∣
∣
0

< 0
ÀYÒ ∂ϕ̇

∂ϕ

∣
∣
∣
∣
0

< 0
�¼¾]Ã

4
∂θ̇

∂θ

∣
∣
∣
∣
0

∂ϕ̇

∂ϕ

∣
∣
∣
∣
0

>

(

∂θ̇

∂ϕ

∣
∣
∣
∣
0

+
∂ϕ̇

∂θ

∣
∣
∣
∣
0

)2 � Ó��*� �	.y×
ÀYÒ

∂ϕ̇

∂ϕ

∣
∣
∣
∣
0

= 0
��¾]Ã ∂θ̇

∂ϕ

∣
∣
∣
∣
0

+
∂ϕ̇

∂θ

∣
∣
∣
∣
0

= 0
��¾]Ã ∂θ̇

∂θ

∣
∣
∣
∣
0

< 0
� Ó��*� �	#y×

ÀYÒ
∂θ̇

∂θ

∣
∣
∣
∣
0

= 0
��¾]Ã ∂θ̇

∂ϕ

∣
∣
∣
∣
0

+
∂ϕ̇

∂θ

∣
∣
∣
∣
0

= 0
�¼¾]Ã ∂ϕ̇

∂ϕ

∣
∣
∣
∣
0

< 0
� Ó��*�"$��y×

��É ¿3Ë ÚÎ]Ä�¾]ÉãÃ{ËèÅEÉIÃ
c
Ó��*�ÍÖ

3
×�¾]Ã·¾]É�Ë~¿�¾]ÉãÃ{Ë = ÅEÉIÃ�Å:Ìy¾:ÁÊÆ~¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½�Ó��*� �/.y×U¾]Ã�Ó��*� � �y×1�yÆ~¾:½·ÌÂËÍÃ�¾:½�½�¾:½

ÅEÉ8�1Ò�ÆèÅEËÍÄ�¾:½
θ̇
¾]Ã
ϕ̇
½�ÀYÉãÃ�¿�ÀYÉ�É¼Î:¾:½�Ð/ÅEÄ

θ̇ = −λ
[
1

2
sin 2θ

(

D11(1 + cos2 ϕ) +D22(1 + sin2 ϕ) +D12 sin 2ϕ
)

−

cos 2θ
(

D13 cosϕ+D23 sinϕ
)]

+W13 cosϕ+W23 sinϕ
�

ϕ̇ sin θ = λ

[
1

2
sin θ

(

(D11 −D22) sin 2ϕ− 2D12 cos 2ϕ
)

+

cos θ
(

D13 sinϕ−D23 cosϕ
)]

−
W12 sin θ − (W13 sinϕ−W23 cosϕ) cos θ

�

Ó��*�"$3Ög×

ÅVÌy¾:Á
λ = 1

Ð6ÀYÒ�ÄUÆ~¾ºÿ�ÀÂ¿�»]Æ~¾�¿�¾E�1Ä�ÅEËÍÉ Á:ÀYÉãÃ{ËÍÉãÒö¾]Ã
λ
¿�ÀYÉ�É¼Î�Ð/ÅEÄUÆ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�Ó��*� � �I×@ÐoÀYÒ�ÄUÆ~¾ºÿ�ÀI¿�»]Æ~¾

¿�¾��1Ä�ÅEËÍÉ9
�Ð�ÆèÅEÉ¼½�¿�¾C�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ��
È�É¼¾)¾103Ð�Ä�¾:½�½{Ë~ÀYÉ�½{ËÍÿ�ËÍÆèÅEËÍÄ�¾�¾:½{Ã�ÀYÕ�Ã�¾]ÉIÒ¼¾	¾]É D<ÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾:½�Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½�¾]É�Ä�¾]ÿ�Ð�ÆèÅ �VÅEÉãÃÊÆ~¾:½

DijÐ/ÅEÄ
ψ1Sij/2

�;�N¾:½�Î]Ã{Ò¼¿�¾:½�¿�¾	½�Ã�ÅEÕ�ËÍÆÍËÍÃ�Î	½{Ò�ËÍÌ1ÅEÉãÃ�¾:½�½�ÀYÉIÃED=ÅEËÍÃ�¾:½�Ð6ÀYÒ�ÄÊ¿�¾:½�ÌIËÍÃ�¾:½�½�¾:½�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ
ËÍÿ�ÐoÀ1½�Î:¾:½��@ÿ�ÅEË~½�¿¼ÅEÉ¼½�Æ~¾qÁVÅY½�¿�¾qÆèÅ�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2��¿�¾qÆèÅêÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�¾]Ã�¿3Ò¥Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�Ð�Ò�Ä��ùÆ~¾:½
Ä�Î:½�Ò�ÆÍÃ�ÅEÃ�½�Ä�¾:½{Ã�¾]ÉãÃÊÌYÅEÆÍË~¿�¾:½�Ð6ÀYÒ�Ä�¿�¾:½�Á:ÀYÉãÃ{Ä�ÅEËÍÉãÃ�¾:½ÊËÍÿ�ÐoÀ1½�Î:¾:½��MwÀYÒ�ÄùËÍÆÍÆÍÒ¼½{Ã{Ä�¾]ÄùÆ~¾MÁ:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃU¿3Ò#ÿ�ÀÂ¿�»]Æ~¾ 
�Ð�ÆèÅEÉ¼½ù¿�¾O�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ��YÉ¼ÀYÒ¼½@Ò�Ã{ËÍÆÍË~½�ÀYÉ¼½

β = 0.04¾]Ã
γ = 1

�¼Á:¾T�IÒ�Ë¤¿�ÀYÉ�É¼¾
λ = 0.978

�BP�ÀYÒ¼½�ÿ�ÀYÉIÃ{Ä�ÀYÉ¼½�ÅEÒ9$·¹/ÅEÐ�ËÍÃ{Ä�¾ � �ãÒ¼¾	Á:¾F-{¾]Ò ¿�¾�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½
Á:ÀYÉ¼¿3Ò�ËÍÃG
�Ò�É�Ä�ÅEÐ�Ð6ÀYÄ{Ã

η̄0/η = 10
ÅVÌy¾:Á�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾	ÅEÒ�Ã�À�)SÁ:ÀY¹¼Î]Ä�¾]ÉãÃ��
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��������� ��� �"!;$ ' 6 6 4�� )��(%&$ 8:1 % 4>��)
M@ÀYÒ�ÄUÒ�É�Î]Ã�ÅEÃ�¿�¾ºÃ{Ä�ÅYÁ]Ã{Ë~ÀYÉ ÀYÒ�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�Ò�É�ËèÅJ03ËèÅEÆ~¾�½{Ò�ËÍÌ1ÅEÉãÃ�ÆèÅ)¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

e1
�1¿�Î1=¼É�Ë Á:ÀYÿ�ÿ�¾

D11 = −2D22 = −2D33
¾]Ã

W = 0
��Æ~¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½*Ó��*�"$3Ög×º½�¾)Ä�Î:¿3Ò�Ë~½�¾]ÉãÃ!


θ̇ = −λ3

4
D11 cos2 ϕ sin 2θ

ϕ̇ = λ
3

4
D11 sin 2ϕ

� Ó��*�"$��y×

�N¾:½�Ð6À1½�ËÍÃ{Ë~ÀYÉ¼½�¿ÚÇ_Î��ãÒ�ËÍÆÍËÍÕ�Ä�¾*½�ÀYÉãÃÊ¿�ÀYÉ�É¼Î:¾:½�Ð/ÅEÄ

ϕ = ±
π

2
∀θ ¾]Ã







ϕ = mπ
�
m = 0, 1

θ = n
π

2

�
n = 0, 1

� Ó��*�"$/!y×

M@ÀYÒ�Ä�Ò�É¼¾�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ�½�¾]Æ~ÀYÉ
e1

Ó � !(%T! �
D11 > 0

×1�/Æ~¾:½ÊÐ6À1½�ËÍÃ{Ë~ÀYÉ¼½Ê½{Ã�ÅEÕ�Æ~¾:½�½�ÀYÉIÃ
(∀θ, ϕ = ±π

2
)
�6¾]Ã

Ã�ÀYÒ�Ã�¾�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�¿¼ÅEÉ¼½�Æ~¾�Ð�ÆèÅEÉ�Ðo¾]Ä{Ð6¾]É¼¿3Ë~Á]Ò�ÆèÅEËÍÄ�¾�
)Æ=ÇCÅJ0�¾�¿�¾�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉö¾:½{ÃU¿�ÀYÉ¼Á�Ò�É¼¾�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�½�Ã�ÅEÕ�Æ~¾I��UÉ�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ ½�¾]Æ~ÀYÉ
e1
�YÆ~¾:½�Ð6À1½�ËÍÃ{Ë~ÀYÉ¼½U½{Ã�ÅEÕ�Æ~¾:½U½�ÀYÉIÃ

(π/2, 0)
¾]Ã

(π/2, π)
¾]ÃUÁ:ÀYÄ{Ä�¾:½{Ð6ÀYÉ¼¿�¾]ÉIÃ

¾]É D=ÅEËÍÃ�
�ÆèÅ#ÿ3']ÿ�¾	ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉê¿�¾��1Ä�ÅEËÍÉ2��Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾N
#ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ�¿�¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�$M¾:½�¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½UÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½�ÅEËÍÉ¼½{Ë;�IÒ¼¾ºÆèÅ�Ã{Ä�ÅJ-8¾:Á]Ã�ÀYËÍÄ�¾Ê¿�¾ºÆ=ÇCÅJ03¾ ? ¿ÚÇ Ò�É��1Ä�ÅEËÍÉ�½{Ò�Ä�ÆèÅ)¿�¾]ÿ�Ë )S½{Ð�¹¼»]Ä�¾
¿�¾:½�ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½*½�ÀYÉIÃ	ËÍÆÍÆÍÒ¼½{Ã{Ä�Î:¾:½	½�Ò�Ä�Æ~¾:½	Ñ@ËK�1Ò�Ä�¾:½ �*� �1Õø¾]Ã �*� �yÁI���ÊÉ°Ä�¾]ÿ�ÅEÄ �IÒ¼¾��ãÒ¼¾I�S�IÒ¼¾]ÆÍÆ~¾3�IÒ¼¾
½�ÀYËÍÃ)ÆèÅöÌ1ÅEÆ~¾]Ò�Ä�¿�¾

λ
�oÆ~¾:½)Ã{Ä�ÅJ-{¾:Á]Ã�ÀYËÍÄ�¾:½�½�ÀYÉãÃ	Ë~¿�¾]ÉIÃ{Ë �ãÒ¼¾:½���M@ÅEÄ�Á:ÀYÉIÃ{Ä�¾I�ÚÐoÀYÒ�Ä

λ < 1
�oÆèÅöÌÂËÍÃ�¾:½�½�¾�¿�¾

Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�Ìy¾]Ä�½�Æ~¾:½�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾	¾:½{Ã�Ð�ÆÍÒ¼½ED=ÅEËÍÕ�Æ~¾C�IÒ¼¾�Ð6ÀYÒ�Ä
λ = 1

�
��������� � 4�6 8:4�9 9>'(�"'()�% !-,0$

M@ÀYÒ�Ä�Ò�É Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ Ð�Ò�Ä
D13

ÓåÃ�ÀYÒ�Ã�¾:½qÆ~¾:½�ÅEÒ�Ã{Ä�¾:½�Á:ÀYÿ�ÐoÀ1½�ÅEÉãÃ�¾:½ ¿�¾
D

Î]Ã�ÅEÉãÃ�ÉãÒ�ÆÍÆ~¾:½ ¾]Ã
W = 0

×1��Æ~¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½�Ó��*�"$3Ög×�¿�ÀYÉ�É¼¾]ÉIÃ
θ̇ = −λD13 cosϕ cos 2θ
ϕ̇ = λD13 sinϕ cos θ

� Ó��*�"$ �I×
�N¾:½2�ãÒ/ÅEÃ{Ä�¾UÐ6À1½{ËÍÃ{Ë~ÀYÉ¼½N¿ÚÇ_Î��ãÒ�ËÍÆÍËÍÕ�Ä�¾

(θ0, ϕ0)
½�ÀYÉãÃ

(π/2, π/2)
�
(π/2,−π/2) � (π/4, 0) ¾]Ã (π/4, π)

��NÅ�½�¾]Ò�Æ~¾�Ð6À1½�ËÍÃ{Ë~ÀYÉ�½{Ã�ÅEÕ�Æ~¾	¾:½{Ã�ÆèÅ�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ
(π/4, π)

½{Ë
D13 > 0

ÀYÒ
(π/4, 0)

½{Ë
D13 < 0

�$M¾:½·¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½MÐ6À1½{ËÍÃ{Ë~ÀYÉ¼½ºÅEËÍÉ¼½{ËB�IÒ¼¾�ÆèÅ	Ã{Ä�ÅJ-8¾:Á]Ã�ÀYËÍÄ�¾�¿�¾�Æ=ÇCÅJ0�¾ ? ¿ÚÇ Ò�É �1Ä�ÅEËÍÉö½�ÀYÉãÃ·ËÍÆÍÆÍÒ¼½{Ã{Ä�Î:¾:½·Ð/ÅEÄ
ÆèÅ)Ñ@ËK�1Ò�Ä�¾ �*� �y¿S� $MÀYÿ�ÿ�¾�Ð6ÀYÒ�Ä�ÆèÅ�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ��EÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�IÆ~¾:½�Ã{Ä�ÅJ-8¾:Á]Ã�ÀYËÍÄ�¾:½·½�ÀYÉãÃ�Ë~¿�¾]ÉãÃ{Ë �IÒ¼¾:½ �IÒ¼¾]ÆÍÆ~¾�IÒ¼¾�½�ÀYËÍÃ�ÆèÅ�Ì1ÅEÆ~¾]Ò�Ä�¿�¾

λ
��¾]Ã

λ < 1
Á:ÀYÉ¼¿3Ò�ËÍÃ�
#Ò�É¼¾�ÌIËÍÃ�¾:½�½�¾�¿�¾)Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ Ð�ÆÍÒ¼½ D=ÅEËÍÕ�Æ~¾I�

��������� � 4�6 8:4�9 9>'(�"'()�% 6 4 �"!-9>'
M@ÀYÒ�ÄMÒ�ÉöÁ]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�½{ËÍÿ�Ð�Æ~¾Ê¿�Î1=¼É�Ë6Ð/ÅEÄ

D13 = W13
ÓåÃ�ÀYÒ�Ã�¾:½MÆ~¾:½ºÅEÒ�Ã{Ä�¾:½ºÁ:ÀYÿ�Ð6À1½�ÅEÉIÃ�¾:½º¿�¾

D¾]Ã
W

Î]Ã�ÅEÉãÃÊÉãÒ�ÆÍÆ~¾:½G×1�/ÅEÆ~ÀYÄ�½�Æ~¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½�Ó��*�"$3Ög×�¿�ÀYÉ�É¼¾]ÉIÃ
θ̇ = (1 − λ cos 2θ)D13 cosϕ
ϕ̇ = (λ− 1)D13 cos θ sinϕ

� Ó��*�"$/$y×
M@ÀYÒ�Ä

λ = 1
�
ϕ̇ = 0 ∀θ ¾]Ã ∀ϕ �*�¤¾:½�Ð6À1½{ËÍÃ{Ë~ÀYÉ¼½�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾�½�ÀYÉIÃ�¿�ÀYÉ¼ÁÊÆ~¾:½ºÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½�À�� θ̇ = 0

�
½�ÀYË~¾]ÉIÃ

(0, ϕ)
¾]Ã

(θ,±π/2) ��ÿ�ÅEË~½�ÅEÒ¼Á]Ò�É¼¾�¿�¾�Á:¾:½�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½�É¤Ç_¾:½{Ã�½�Ã�ÅEÕ�Æ~¾I� $M¾:½�Ð6À1½�ËÍÃ{Ë~ÀYÉ¼½�½�ÀYÉãÃ
Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î:¾:½º½{Ò�Ä·ÆèÅ�Ñ@ËK�1Ò�Ä�¾5�*�"$1Å*�;�ÊÉ�Ä�¾]ÿ�ÅEÄ �IÒ¼¾��ãÒ¼¾�Ã�ÀYÒ¼½MÆ~¾:½ �1Ä�ÅEËÍÉ¼½�Óå¹¼ÀYÄ{ÿ�Ë~½ºÁ:¾]Ò*0�ËÍÉ�ËÍÃ{ËèÅEÆ~¾]ÿ�¾]ÉãÃ
¾]É

ϕ = ±π/2 ×�Ã�ÀYÒ�Ä{É¼¾]ÉIÃ Ìy¾]Ä�½�ÆèÅ�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾
(0, ϕ)

��$MÀYÿ�ÿ�¾êÁ:¾]Ã{Ã�¾�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�É¤Ç_¾:½�Ã



%�� ��� ��çgî��wï �wï)�:çVä �@âÛæÛâóçVà �@ï	� (/úEä¼âåì�� % �

Ð/ÅY½)½{Ã�ÅEÕ�Æ~¾I� ÐoÀYÒ�ÄÊÒ�É¼¾#Ðo¾]Ä{Ã{Ò�Ä{Õ/ÅEÃ{Ë~ÀYÉ
dθ > 0

Æ~¾#�1Ä�ÅEËÍÉêÌ1Å�Ã�ÀYÒ�Ä{É¼¾]Ä�Ìy¾]Ä�½�ÆèÅ ¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ°¿ÚÇ_Î��ãÒ�ËÍÆÍËÍÕ�Ä�¾
ÀYÐ�ÐoÀ1½�Î:¾

(θ + π, ϕ)
�B�IÒ�Ë¤Á:ÀYÄ{Ä�¾:½{Ð6ÀYÉ¼¿%
#ÆèÅ�ÿ3']ÿ�¾	ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉê¿3Ò��1Ä�ÅEËÍÉ2�MwÀYÒ�Ä

λ < 1
� ËÍÆ�� Å�Ò�É¼¾�½�¾]Ò�Æ~¾*ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾*¾]É

(π/2,±π/2) �oÿ�ÅEË~½ÊÆ~¾:½��1Ä�ÅEËÍÉ¼½�É¤Ç_ÀYÉãÃÐ/ÅY½�Ã�¾]É¼¿¼ÅEÉ¼Á:¾G
	½�¾�¿3ËÍÄ{ËK�y¾]ÄMÌy¾]Ä�½�Á:¾]Ã{Ã�¾�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ2�*�ÊÉ�Ä�¾]ÿ�ÅEÄ �IÒ¼¾�½{Ò�ÄUÆèÅ�Ñ@ËK�1Ò�Ä�¾��*�"$EÕ �IÒ¼¾�Æ~¾:½O�1Ä�ÅEËÍÉ¼½
Ã�¾]É¼¿�¾]ÉIÃ)Ìy¾]Ä�½�ÆèÅ�Ð6À1½{ËÍÃ{Ë~ÀYÉ

(0, ϕ)
ÿ�ÅEË~½ÊÉ¼¾	Ðo¾]Ò�Ìy¾]ÉãÃF-{ÅEÿ�ÅEË~½ÊÆ=ÇCÅEÃ{Ã�¾]ËÍÉ¼¿3Ä�¾I�oü)¾	Ð�ÆÍÒ¼½�� Æ~¾:½�ÅJ0�¾:½ ? ¿�¾:½�1Ä�ÅEËÍÉ¼½�ÀYÉãÃ�¿�¾:½�Ã{Ä�ÅJ-{¾:Á]Ã�ÀYËÍÄ�¾:½�ÐoÎ]Ä{Ë~ÀI¿3Ë �IÒ¼¾:½��3Á1Ç_¾:½{Ã ) 
J)S¿3ËÍÄ�¾T�IÒ¤Ç ËÍÆ~½�Ä�¾]Ð/ÅY½�½�¾]ÉãÃ�Ð/ÅEÄ�Æ~¾]Ò�Ä�ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿�¾

¿�Î]Ð/ÅEÄ{Ã��@$�Ç_¾:½{Ã*Ë~Á]Ë�Ò�É¼¾ ÆÍËÍÿ�ËÍÃ�¾ ¿3Ò�ÿ�ÀI¿�»]Æ~¾ 
�Ð�ÆèÅEÉ¼½�¿�¾3�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ#Ð�Ò�Ë~½ �ãÒ¼¾I�w½{Ë�Ò�É��1Ä�ÅEËÍÉ,¾:½�Ã*¾]É
ÐoÀ1½{ËÍÃ{Ë~ÀYÉ

(0, ϕ)
�yÅEÆ~ÀYÄ�½ùËÍÆ3¿�¾]ÌIÄ�ÅEËÍÃ�½�¾M¿�Î1DÛÀYÄ{ÿ�¾]ÄùÒ�É�Ë �IÒ¼¾]ÿ�¾]ÉãÃU¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ·½{ËÍÿ�Ð�Æ~¾�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉIÃ

ÅEÒ�Ð�ÆèÅEÉ�¿�¾�Õ/ÅY½�¾I�>MùÅEÄ�Á:¾:�IÒ¼¾�Á:¾�ÿ�ÀÂ¿�»]Æ~¾�ËÍÿ�ÐoÀ1½�¾�Ò�É¼¾�Á:ÀYÿ�ÐoÀ1½�ÅEÉãÃ�¾�Á:ÀYÉ¼½{Ã�ÅEÉãÃ�¾�¿�¾Q�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ
Ð �IÄ�ÅEÿ�Ë~¿¼ÅEÆ�ÓÛ¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�¿3Ò°Ä�ÅEÐ�Ð6ÀYÄ{Ã

τc/τa
×1�ÚËÍÆ�É¤Ç �øÅqÐ/ÅY½�¿�¾�Ð6À1½{ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��ãÒ�ËÍÆÍËÍÕ�Ä�¾ Ð6À1½�½{ËÍÕ�Æ~¾�¾]É

Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃÊ½�ËÍÿ�Ð�Æ~¾I�
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θ

ϕ

e1

e2

e3

0

π/2

π/4

θ

ϕ

Ó<Åy× ÓåÕ ×

θ

ϕ

θ

θ

ϕ

ÓÛÁg× ÓÛ¿/×

� â�( � %�� � þ
(a)

��½{Ð/ÅYÁ:¾�¿�¾:½qÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½ ¾]É Ð�Ä�À�-{¾:Á]Ã{Ë~ÀYÉ Î��ãÒ�ËèÅEÄ�ÎVÅEÆ~¾�¿�¾°ýÂÁ�¹�ÿ�Ë~¿3Ã�½{Ò�Ä Æ~¾êÐ�ÆèÅEÉ
(e1, e2)

� �¤¾:½�ÅEÉ8�1Æ~¾:½
θ
¾]Ã
ϕ
½�ÀYÉãÃ	¿�Î1=¼É�Ë~½	½{Ò�Ä)ÆèÅöÑ@ËK�1Ò�Ä�¾D�*�ÍÖI�256ÀYÉ¼¾:½	À��

(◦) θ̇ = 0
�
(}) ϕ̇ = 0

�
(•) θ̇ = 0

¾]Ã
ϕ̇ = 0

Ð6ÀYÒ�Ä
(b)

Ò�É¼¾*Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉê½�¾]Æ~ÀYÉ
e1
�
(c)

Ò�É¼¾	Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ�½�¾]Æ~ÀYÉ
e1

¾]Ã
(d)

Ò�É
Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�Ð�Ò�Ä

D13 > 0
�;�N¾:½ 
/»:Á�¹¼¾:½�Ð6ÀYËÍÉIÃ{ËÍÆÍÆ~Î:¾:½�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�¾]ÉãÃ�Æ~¾�½�¾]É¼½�¿�¾)Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ ½�¾]Æ~ÀYÉ

θ
¾]Ã

Æ~¾:½ 
/»:Á�¹¼¾:½�¾]ÉqÃ{ËÍÄ�¾]Ã�½ºÁ:¾]ÆÍÒ�ËÚ½�¾]Æ~ÀYÉ
ϕ
�*�¤¾:½MÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾�½�Ã�ÅEÕ�Æ~¾:½�½�ÀYÉãÃºÄ�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î:¾:½�Ð/ÅEÄ·Ò�É

Ä�ÀYÉ¼¿�É¼ÀYËÍÄ�¿¼ÅEÉ¼½�Ò�ÉêÁVÅEÄ{Ä�ÎI�;�NÅ�Ã{Ä�ÅJ-{¾:Á]Ã�ÀYËÍÄ�¾�¿�¾�Æ=ÇCÅJ03¾ ? ¿ÚÇ Ò�É��1Ä�ÅEËÍÉê¾:½{Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î:¾�Ð/ÅEÄÊ¿�¾:½�Á]Ä�ÀYË 0
É¼ÀYËÍÄ�¾:½�Ð6ÀYÒ�Ä

λ = 1
¾]Ã�¿�¾:½·Á]Ä�ÀYË 0�Ä�ÀYÒ8�y¾:½�Ð6ÀYÒ�Ä

λ = 0.978
� �NÅ�Ð6À1½{ËÍÃ{Ë~ÀYÉ ¿�¾�¿�Î]Ð/ÅEÄ{Ã·¾:½{Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾

Ð/ÅEÄ�Ò�É�ÁVÅEÄ{Ä�ÎI�YÆ=Ç ËÍÉIÃ�¾]Ä{ÌYÅEÆÍÆ~¾�¿�¾ºÃ�¾]ÿ�Ð¼½�¾]ÉãÃ{Ä�¾�¿�¾]Ò*0�Á]Ä�ÀYË 0�¾:½�ÃùÁ:ÀYÉ¼½�Ã�ÅEÉãÃUÿ�ÅEË~½�Ì1ÅEÄ{Ë~¾�¾]ÉãÃ{Ä�¾�Æ~¾:½�ÑwËK�1Ò�Ä�¾:½
(b)
�
(c)

¾]Ã
(d)

�



%�� * � ñ�ò ìwáãæÛî �gâåò6ì  �

θ

ϕ

θ

ϕ

Ó<Åy× ÓåÕ ×

� â�( � %�� � þ 56ÀYÉ¼¾:½)À��
(◦) θ̇ = 0

�
(}) ϕ̇ = 0

�
(•) θ̇ = 0

¾]Ã
ϕ̇ = 0

Ð6ÀYÒ�ÄÊÒ�ÉêÁ]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½{ËÍÿ�Ð�Æ~¾
L13 > 0

Å:Ìy¾:Á
(a) λ = 1

¾]Ã
(b) λ = 0.978

� �wÅ)Ã{Ä�ÅJ-8¾:Á]Ã�ÀYËÍÄ�¾Ê¿�¾�Æ=ÇCÅJ0�¾ ? ¿ÚÇ Ò�É3�1Ä�ÅEËÍÉö¾:½{Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î:¾
Ð/ÅEÄ�¿�¾:½�Á]Ä�ÀYË 0�É¼ÀYËÍÄ�¾:½ÊÐ6ÀYÒ�Ä

λ = 1
¾]ÃÊ¿�¾:½�Á]Ä�ÀYË 0�Ä�ÀYÒ8�y¾:½ÊÐoÀYÒ�Ä

λ = 0.978
�o¾]Ã�Æ~¾*½�¾]É¼½�¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ

¾:½�Ã�¿�ÀYÉ�É¼Î�Ð/ÅEÄ Æ~¾:½ 
/»:Á�¹¼¾:½ Ä�ÀYÒ8�y¾:½��O�NÅ�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ�¿�¾�¿�Î]Ð/ÅEÄ{Ã ¾:½{Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾�Ð/ÅEÄ�Ò�É�ÁVÅEÄ{Ä�Î ¾]Ã
Æ=Ç ËÍÉIÃ�¾]Ä{ÌYÅEÆÍÆ~¾*¿�¾)Ã�¾]ÿ�Ð¼½�¾]ÉIÃ{Ä�¾�¿�¾]Ò*0�Á]Ä�ÀYË 0q¾:½{ÃÊÁ:ÀYÉ¼½{Ã�ÅEÉãÃ��
� ��� � ���� $�����"� ���

ü)ÅEÉ¼½�Á:¾�$·¹/ÅEÐ�ËÍÃ{Ä�¾I�yÉ¼ÀYÒ¼½�Å:ÌyÀYÉ¼½MÅY¿�ÀYÐ�Ã�ÎºÒ�É¼¾ºÆ~ÀYË¼¿�¾�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾�¾]ÃUÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾�¿�¾
Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉêÐoÀYÒ�Ä�Æ~¾	ÿ�ÀYÉ¼ÀÂÁ]Ä{Ë~½{Ã�ÅEÆù¿�¾T�1ÆèÅYÁ:¾I�S$M¾]Ã{Ã�¾�Æ~ÀYË@¿�¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ	¿�Î]Ðo¾]É¼¿ ¿ÚÇ Ò�É¼¾ 
¼Ò�Ë~¿3ËÍÃ�Î
¿3ËÍÿ�¾]É¼½�Ë~ÀYÉ�É¼¾]ÆÍÆ~¾

ψ1
¾]Ã	¿�¾�¿�¾]Ò*0êÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½

β
¾]Ã
γ
ÁVÅEÄ�ÅYÁ]Ã�Î]Ä{Ë~½�ÅEÉIÃ*Æ=ÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾�¿3Ò�ÿ�ÀYÉ¼ÀIÁ]Ä{Ë~½/)

Ã�ÅEÆ�¿�¾��1ÆèÅYÁ:¾I�FPÊÀYÒ¼½öÅ:ÌyÀYÉ¼½öÐ�Ä�Î:½�¾]ÉIÃ�Î Ò�É¼¾�¾10ÂÃ�¾]É¼½{Ë~ÀYÉ�É¼ÀYÉ*)=ÆÍËÍÉ¼ÎVÅEËÍÄ�¾�Ð6À1½�½�ËÍÕ�Æ~¾�ÐoÀYÒ�Ä Á:¾]Ã{Ã�¾�Æ~ÀYËÊ¿�¾
Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�� ¾]É Á:ÀYÉ¼½�¾]Ä{Ì1ÅEÉãÃÊÆ~¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾*Á:ÀYÉ¼½{Ã�ÅEÉãÃ�½W�PÊÀYÒ¼½UÅVÌyÀYÉ¼½U¿�ÀYÉ�É¼ÎºÆ=Ç_¾10ÂÐ�Ä�¾:½�½{Ë~ÀYÉ�¿�¾·ÆèÅ�ÌÂËÍÃ�¾:½�½�¾M¿�¾ºÄ�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾MÆ=ÇCÅJ03¾ ? ¿ÚÇ Ò�É��1Ä�ÅEËÍÉ�¾]ÉND<ÀYÉ¼Á]Ã{Ë~ÀYÉ
¿3Ò �1Ä�ÅY¿3Ë~¾]ÉãÃÊ¿�¾�Ã{Ä�ÅEÉ¼½ D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ��IÒ¤Ç ËÍÆo½�Ò�Õ�ËÍÃ�� P�ÀYÒ¼½�Å:ÌyÀYÉ¼½FD=ÅEËÍÃ·Æ=Ç ¹ �IÐoÀYÃ{¹¼»:½�¾��IÒ¼¾ÊÆèÅ�Ä�Î:ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ
¿�¾�Æ=ÇCÅJ03¾ ? ¿ÚÇ Ò�É�1Ä�ÅEËÍÉö¾:½{Ã�Ð�Ä{ËÍÉ¼Á]ËÍÐ/ÅEÆ~¾]ÿ�¾]ÉãÃ�¿3Ò¼¾!
�Æ=Ç_¾ o¾]Ã�¿3Ò�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ·Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉãÃ�ÅEÒ*0�Ð�ÆèÅEÉ¼½
¿�¾)Õ/ÅY½�¾I�PÊÀYÒ¼½	ÅVÌyÀYÉ¼½�Á:ÀYÿ�Ð/ÅEÄ�Î�Á:¾:½)Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½*Å:Ìy¾:Á�Ò�É�ÿ�ÀÂ¿�»]Æ~¾�¿�¾.�1Ä�ÅEËÍÉU
öÐ�ÆèÅEÉ¼½	¿�¾.�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ���$M¾
ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉ¼¿3Ò�ËÍÃ 
ÊÒ�É¼¾ºÆ~ÀYË�¿�¾�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃUÄ{ËK�yÀYÒ�Ä�¾]Ò¼½�¾]ÿ�¾]ÉãÃ·Ë~¿�¾]ÉãÃ{Ë �IÒ¼¾�
�Á:¾]ÆÍÆ~¾E�ãÒ¼¾MÉ¼ÀYÒ¼½UÅVÌyÀYÉ¼½
ÅY¿�ÀYÐ�Ã�Î:¾�¿¼ÅEÉ¼½�Æ~¾�ÁVÅY½)ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I��MùÅEÄ�Á:ÀYÉãÃ{Ä�¾I�¤Æ=Ç ¹ �ÂÐ6ÀYÃ{¹¼»:½�¾�ãÒ¼¾#É¼ÀYÒ¼½�ÅVÌyÀYÉ¼½CD=ÅEËÍÃ�¾�½{Ò�Ä�ÆèÅöÄ�ÀYÃ�ÅEÃ{Ë~ÀYÉ
¿3Ò,�1Ä�ÅEËÍÉ�É¤Ç_¾:½{Ã)Ð/ÅY½)ÌyÎ]Ä{Ë =/Î:¾�Å:Ìy¾:Á�Á:¾#ÿ�ÀÂ¿�»]Æ~¾I�S�¤¾:½�¿�¾]Ò*0�ÿ�ÀÂ¿�»]Æ~¾:½�½�ÀYÉIÃ�Ë~¿�¾]ÉIÃ{Ë �ãÒ¼¾:½	Ò�É�Ë �ãÒ¼¾]ÿ�¾]ÉIÃ
ÐoÀYÒ�Ä)¿�¾:½ÊÐ�ÆèÅEÉ¼½)Ð �IÄ�ÅEÿ�Ë~¿¼ÅEÒ*0�ÀYÄ{Ë~¾]ÉãÃ�Î:½ 
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Ð/ÅEÄÊÄ�ÅEÐ�ÐoÀYÄ{ÃT
�Æ=ÇCÅJ0�¾ ? �oÁ:¾#�IÒ�Ëù¾:½{ÃÊÐ�¹ �Â½�Ë �ãÒ¼¾]ÿ�¾]ÉIÃ

Ðo¾]Ò�Ä�ÎVÅEÆÍË~½{Ã�¾I�PÊÀYÒ¼½�Å:ÌyÀYÉ¼½�Á:ÀYÿ�Ð/ÅEÄ�Î:½�Æ~¾:½*Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�¿�¾:½#¿�¾]Ò*0°ÿ�ÀÂ¿�»]Æ~¾:½#Ð6ÀYÒ�Ä�¿3Ë ÚÎ]Ä�¾]ÉãÃ�½#Ã�¾:½{Ã�½�¿�¾�Á�¹/ÅEÄ/�y¾1)
ÿ�¾]ÉIÃ�½�� PÊÀYÒ¼½)Å:ÌyÀYÉ¼½)ÿ�ÀYÉIÃ{Ä�Î��ãÒ¼¾#Á:¾:½�¿�¾]Ò*0�ÿ�ÀÂ¿�»]Æ~¾:½�Á:ÀYÉ¼¿3Ò�Ë~½�¾]ÉãÃT
�¿�¾:½�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½)½{Ã�ÅEÕ�Æ~¾:½�Ë~¿�¾]É*)
Ã{Ë �IÒ¼¾:½	¾]É°Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ2�ÚÃ{Ä�ÅYÁ]Ã{Ë~ÀYÉø¾]Ã	Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�Ð�Ò�Ä��Ú¾]ÃT�IÒ¼¾�Æ~¾:½�Ã{Ä�ÅJ-8¾:Á]Ã�ÀYËÍÄ�¾:½�¿�¾:½�ÅJ03¾:½ ? ½{Ò�Ä
ÆèÅö½{Ð�¹¼»]Ä�¾�¿�¾:½�ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½�½�ÀYÉIÃ)Ë~¿�¾]ÉãÃ{Ë �IÒ¼¾:½��2�¤¾�ÿ�ÀÂ¿�»]Æ~¾�
�Ð�ÆèÅEÉ¼½�¿�¾#�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�ËÍÿ�Ð�ÆÍË �IÒ¼¾�Ò�É¼¾
ÌÂËÍÃ�¾:½�½�¾Ê¿�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉqÒ�É�Ðo¾]ÒöÐ�ÆÍÒ¼½>D=ÅEËÍÕ�Æ~¾!�IÒ¼¾�Æ~¾Êÿ�ÀÂ¿�»]Æ~¾ÊÁ:ÀYÉIÃ{ËÍÉãÒ�¾]Ã·ÆèÅ�¿3Ë oÎ]Ä�¾]É¼Á:¾�¿3ËÍÿ�ËÍÉãÒ¼¾C�IÒ/ÅEÉ¼¿
Æ~¾ �1Ä�ÅEËÍÉ�½�¾�¿�Î1D<ÀYÄ{ÿ�¾�Ð�Ä{ËÍÉ¼Á]ËÍÐ/ÅEÆ~¾]ÿ�¾]ÉIÃ	Ð/ÅEÄG�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�Õ/ÅY½�ÅEÆA� � !�%T! �¼Æ~ÀYÄ�½ �IÒ¼¾

β
Ã�¾]É¼¿�Ìy¾]Ä�½ �*�BP�ÀYÒ¼½

ÅVÌyÀYÉ¼½�ÿ�ÀYÉIÃ{Ä�Î!�IÒ¤Ç_¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃM½�ËÍÿ�Ð�Æ~¾�Æ~¾:½�¿�¾]Ò*0�ÿ�ÀÂ¿�»]Æ~¾:½UÉ¤Ç_ÀYÉIÃ·Ð/ÅY½·¿�¾�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ ½{Ã�ÅEÕ�Æ~¾I�ãÿ�ÅEË~½�IÒ¼¾�É¼ÀYÃ{Ä�¾�ÿ�ÀI¿�»]Æ~¾ Á:ÀYÉãÃ{ËÍÉãÒ�ÅqÒ�É¼¾�Ð6À1½�ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��IÒ�ËÍÆÍËÍÕ�Ä�¾�Æ~ÀYÄ�½ �IÒ¼¾�Æ~¾�1Ä�ÅEËÍÉ,Å�½�¾:½�Ð�ÆèÅEÉ¼½*¿�¾�Õ/ÅY½�¾
Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾:½�
�ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉê¿�¾�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ��ÚÅEÆ~ÀYÄ�½G�ãÒ¼¾�Æ~¾�ÿ�ÀI¿�»]Æ~¾N
�Ð�ÆèÅEÉ¼½�¿�¾C�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃÊÉ¤ÇCÅ�Ð/ÅY½
¿�¾�Ð6À1½{ËÍÃ{Ë~ÀYÉ�¿ÚÇ_Î��ãÒ�ËÍÆÍËÍÕ�Ä�¾ ¾]Ã*Á:ÀYÉ¼¿3Ò�ËÍÃN
�¿�¾:½	Ã{Ä�ÅJ-{¾:Á]Ã�ÀYËÍÄ�¾:½�ÐoÎ]Ä{Ë~ÀI¿3Ë �IÒ¼¾:½	¿�¾:½#ÅJ03¾:½ ? ½{Ò�Ä	ÆèÅ�½{Ð�¹¼»]Ä�¾
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�Æ=ÇCÅEÒ�Ã{Ä�¾�ÅJ=¼É�¿�¾	ÐoÀYÒ�ÌyÀYËÍÄ
Á:ÀYÿ�Ð/ÅEÄ�¾]ÄÊÆ~¾:½�ÿ�ÀÂ¿�»]Æ~¾:½�¾]ÉãÃ{Ä�¾*¾]Ò*0 �+NÌy¾:Á�Æ~¾:½	ÿ�ÀI¿�»]Æ~¾:½

µ
) 	 �IÒ¼¾�É¼ÀYÒ¼½�Ò�Ã{ËÍÆÍË~½�ÀYÉ¼½��¤Ò�ÉøÁ:¾]Ä{Ã�ÅEËÍÉøÉ¼ÀYÿ�Õ�Ä�¾ö¿�¾��1Ä�ÅEÉ¼¿�¾]Ò�Ä�½�¿�ÀYÉ�É¼Î:¾:½.


Æ=Ç_Î:Á�¹¼¾]ÆÍÆ~¾�¿3Ò°ÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ�ÓÛÁ:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½��NÌÂËÍÃ�¾:½�½�¾:½�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2�NÐ/ÅEÄ�¾10�¾]ÿ�Ð�Æ~¾g×)½�ÀYÉãÃ*ÁVÅEÆ~Á]Ò�Æ~Î:¾:½
Ð/ÅEÄ�¹¼ÀYÿ�À&�yÎ]É¼Î]Ë~½�ÅEÃ{Ë~ÀYÉ,¿�¾�Á:¾:½�ÿ3']ÿ�¾:½T�1Ä�ÅEÉ¼¿�¾]Ò�Ä�½#¿�Î1=¼É�Ë~¾:½#
qÆ=Ç_Î:Á�¹¼¾]ÆÍÆ~¾�¿�¾�Á�¹/Å&�ãÒ¼¾ Á]Ä{Ë~½{Ã�ÅEÆA�2P�ÀYÒ¼½
¿�ÀYÉ�É¼ÀYÉ¼½Ê¿¼ÅEÉ¼½�Á:¾	Á�¹/ÅEÐ�ËÍÃ{Ä�¾�Æ~¾:½EDÛÀYÄ{ÿ*Ò�Æ~¾:½Ê¿ÚÇ ¹¼ÀYÿ�À&�yÎ]É¼Î]Ë~½�ÅEÃ{Ë~ÀYÉ�ÅY½�½�ÀÂÁ]Ë~Î:¾:½�
�Á�¹/ÅYÁ]Ò�É¼¾*¿�¾:½�¿�¾:½�Á]Ä{ËÍÐ*)
Ã{Ë~ÀYÉ¼½�¿�¾�ÆèÅ#D<ÅEÕ�Ä{Ë �IÒ¼¾�Ð�Ä�Î:½�¾]ÉIÃ�Î:¾:½�Ë~Á]ËA�

� ��� � ���" 
� ���"� ��� ������ 
 �$���
�NÅ��Q¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉê¿3Ë~½�Á]Ä�»]Ã�¾��*¾:½{Ã�ÆèÅ�ÿ�Î]Ã{¹¼ÀI¿�¾*¿�¾�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�ÆèÅ.D<ÅEÕ�Ä{Ë �IÒ¼¾	ÆèÅ�Ð�ÆÍÒ¼½�É/ÅEÃ{Ò*)

Ä�¾]ÆÍÆ~¾)¾]Ã�ÆèÅ*Ð�ÆÍÒ¼½ºÄ�Î]Ð/ÅEÉ¼¿3Ò¼¾�ÐoÀYÒ�ÄºÆèÅ�Ð�ÆÍÒ�Ð/ÅEÄ{Ã�¿�¾:½ºÿ�ÀÂ¿�»]Æ~¾:½
µ
) 	 ÓZ+ �:Ò�ÿ�Å*�ÚÖ�#/# � �*X�ÅEÉ�¿�¾]Ä XU¾:¾]É�¾]Ã

��¹�ËÍÆÍÆèÅEÉ¼½��¼Ö�#/# � �*$ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ"% � * < ! ��Ö�#/#��EÕ �ã¸º¹¼ÀYÄ�½{Ã�¾]ËÍÉ¼½�½�ÀYÉ2���������y×1� �¤¾�ÐoÀYÆK�ÂÁ]Ä{Ë~½{Ã�ÅEÆ6¾:½{Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î
Ð/ÅEÄùÒ�É�É¼ÀYÿ�Õ�Ä�¾F=¼É�Ë

Ng
¿�¾F�1Ä�ÅEËÍÉ¼½��YÁ�¹/Å&�ãÒ¼¾ �1Ä�ÅEËÍÉ�Å��ãÅEÉIÃUÒ�É¼¾ºÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ

(θk, ϕk)
¾]ÃùÒ�É¼¾ODÛÄ�ÅYÁ]Ã{Ë~ÀYÉ

ÌyÀYÆÍÒ�ÿ�Ë �IÒ¼¾
fk (k = 1, · · · , Ng)

�wü�ÅEÉ¼½#Á:¾]Ã{Ã�¾�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿�¾]Ò*0U�1Ä�ÅEËÍÉ¼½#¿3Ë oÎ]Ä�¾]ÉIÃ�½�Ð6¾]Ò�Ìy¾]ÉIÃ
¿�ÀYÉ¼ÁºÅ:ÌyÀYËÍÄùÆèÅÊÿ3']ÿ�¾MÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ

(θk, ϕk)
ÿ�ÅEË~½@Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�¾]Äù¿�¾:½@ÌyÀYÆÍÒ�ÿ�¾:½�¿3Ë ÚÎ]Ä�¾]ÉãÃ�½�� $M¾:½@Ì1ÅEÆ~¾]Ò�Ä�½

¿3Ë~½�Á]Ä�»]Ã�¾:½�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ°¾]Ã�¿�¾ DÛÄ�ÅYÁ]Ã{Ë~ÀYÉêÌyÀYÆÍÒ�ÿ�Ë �IÒ¼¾:½�Ð�Ä�ÀVÌÂË~¾]É�É¼¾]ÉãÃ	¿3ËÍÄ�¾:Á]Ã�¾]ÿ�¾]ÉIÃ	¿�¾:½Êÿ�¾:½�Ò�Ä�¾:½�¾1D )D<¾:Á]Ã{Ò¼Î:¾:½U½{Ò�Ä�Æ~¾:½UÆèÅEÿ�¾:½�ÿ�ËÍÉ¼Á:¾:½UÐ�Ä�Î]Æ~¾]ÌyÎ:¾:½·¿¼ÅEÉ¼½�Æ~¾:½UÁVÅEÄ�ÀYÃ{Ã�¾:½U¿�¾E�1ÆèÅYÁ:¾I� ��É�¾ o¾]Ã�� �ãÅ��1ÆÍËèÅEÄ�¿3ËÍÉ�ËW% � * < !
Ó������ �I×Uÿ�ÀYÉãÃ{Ä�¾]ÉIÃE�ãÒ¼¾�ÆèÅ�DÛÄ�ÅYÁ]Ã{Ë~ÀYÉ�ÌyÀYÆÍÒ�ÿ�Ë �IÒ¼¾�Ðo¾]Ò�ÃO']Ã{Ä�¾)ÅEÐ�Ð�Ä�À�03ËÍÿ�Î:¾�Ð/ÅEÄMÆ=ÇCÅEËÍÄ�¾�¿�¾�ÆèÅ	½�¾:Á]Ã{Ë~ÀYÉq¿3Ò�1Ä�ÅEËÍÉ2���NÅqÄ�¾]Ð�Ä�Î:½�¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿3Ë~½�Á]Ä�»]Ã�¾�¿�¾:½CD<ÅEÕ�Ä{Ë �IÒ¼¾:½	¾]É°Ð�Ä�À�-{¾:Á]Ã{Ë~ÀYÉø¿�¾�ýÂÁ�¹�ÿ�Ë~¿3Ã#Î��ãÒ�ËèÅEÄ�ÎVÅEÆ~¾�Ä�¾:½{Ã�¾
¾]É¼Á:ÀYÄ�¾�Ò�É¼¾�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�Ð�Ä{ËÍÌÂËÍÆ~Î��1Ë~Î:¾	ÐoÀYÒ�Ä�¿�Î:Á]Ä{ËÍÄ�¾	Æ~¾:½�D<ÅEÕ�Ä{Ë �IÒ¼¾:½�ÿ�¾:½{Ò�Ä�Î:¾:½�¿¼ÅEÉ¼½�Æ~¾:½�ÁVÅEÄ�ÀYÃ{Ã�¾:½
ÓZ�¤ËÍÐ6¾]É84yÀgÌ % �R* < ! �NÖ�#/./#��o¸º¹¼ÀYÄ�½{Ã�¾]ËÍÉ¼½�½�ÀYÉ % �R* < ! �NÖ�#/# , � �øÅEÉ8� % �R* < ! � �����/!��7+ �:Ò�ÿ�Å�% �R* < ! �wÖ�#/#/#��
ü�ËÍÐ�Ä{ËÍÉ �:Ë~À % � * < ! �'�����/$y×1��NÅqÿ�À��y¾]É�É¼¾ ÐoÀYÉ¼¿�Î]Ä�Î:¾�¿ÚÇ Ò�É¼¾3�IÒ/ÅEÉãÃ{ËÍÃ�Î kY

ÓÛ½�ÁVÅEÆèÅEËÍÄ�¾I�¤Ìy¾:Á]Ã�ÀYÄ{Ë~¾]ÆÍÆ~¾�ÀYÒøÃ�¾]É¼½�ÀYÄ{Ë~¾]ÆÍÆ~¾g×�½{Ò�Ä�Ã�ÀYÒ¼½

!/!
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Æ~¾:½E�1Ä�ÅEËÍÉ¼½�Á:ÀYÿ�Ð6À1½�ÅEÉIÃ�Æ~¾)ÐoÀYÆK�ÂÁ]Ä{Ë~½�Ã�ÅEÆN¾:½{Ã�ÅEÆ~ÀYÄ�½�¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ

Ȳ =< kY >=

Ng∑

k=1

fk
kY

� Ó !*�ÍÖg×
M@ÀYÒ�Äº¿�Î:Á]Ä{ËÍÄ�¾ÊÁ:ÀYÄ{Ä�¾:Á]Ã�¾]ÿ�¾]ÉIÃMÆèÅCD<ÅEÕ�Ä{Ë �IÒ¼¾I�IÐ�ÆÍÒ¼½{Ë~¾]Ò�Ä�½·Á:¾]ÉIÃ�ÅEËÍÉ¼¾:½��IÌyÀYËÍÄ�¾�ÿ�ËÍÆÍÆÍË~¾]Ä�½º¿�¾��1Ä�ÅEËÍÉ¼½W�ã½�ÀYÉIÃ

¾]É.�yÎ]É¼Î]Ä�ÅEÆ�É¼Î:Á:¾:½�½�ÅEËÍÄ�¾:½W��M@ÀYÒ�ÄUÁVÅEÆ~Á]Ò�Æ~¾]Ä�Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾MÆèÅ�D<ÅEÕ�Ä{Ë �IÒ¼¾I�EÆ~¾:½�Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾:½�¾]ÃùÆ~¾:½ùÌIËÍÃ�¾:½�½�¾:½
¿�¾�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉø¿�ÀYËÍÌy¾]ÉãÃ ']Ã{Ä�¾�¿�Î]Ã�¾]Ä{ÿ�ËÍÉ¼Î:¾:½�½{Ò�Ä	Á�¹/Å&�IÒ¼¾.�1Ä�ÅEËÍÉ2�Ú¾]É,DÛÀYÉ¼Á]Ã{Ë~ÀYÉ°¿�¾:½�Á:ÀYÉIÃ{Ä�ÅEËÍÉãÃ�¾:½#¾]Ã
ÌÂËÍÃ�¾:½�½�¾:½·¿�¾Ê¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �ãÒ¼¾:½��*�¤¾:½Mÿ�ÀÂ¿�»]Æ~¾:½

µ
) 	 Õ/ÅY½�Î:½M½�Ò�Ä·Á:¾�Ã �IÐo¾�¿�¾�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ

½�ÀYÉIÃ�¿�ÀYÉ¼Á�Ã{Ä�»:½�Á:À���Ã�¾]Ò*0�¾]É�Ã�¾]Ä{ÿ�¾:½Ê¿�¾�Ã�¾]ÿ�Ð¼½�¿�¾	ÁVÅEÆ~Á]Ò�ÆN¾]Ã�¿�¾	É¼ÀYÿ�Õ�Ä�¾�¿ÚÇ ËÍÉ¼Á:ÀYÉ�ÉIÒ¼¾:½��$M¾]Ðo¾]É¼¿¼ÅEÉãÃ�Ò�ÉQ�1Ä�À1½�ÅVÌYÅEÉIÃ�Å��y¾	¿�¾�ÆèÅ#¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ�¿3Ë~½�Á]Ä�»]Ã�¾�¾:½{Ã�¿�¾�Ð6¾]Ä{ÿ�¾]Ã{Ã{Ä�¾)Æ=Ç Ò�Ã{ËÍÆÍË~½GÅEÃ{Ë~ÀYÉ�¿�¾
ÿ�ÀÂ¿�»]Æ~¾:½

µ
) 	 Ð�ÆÍÒ¼½�Á:ÀYÿ�Ð�Æ~¾10�¾:½��IÒ¤ÇCÅ:Ìy¾:Á�Æ~¾:½�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ¼½�Á:ÀYÉãÃ{ËÍÉIÒ¼¾:½�Ð�Ä�Î:½�¾]ÉãÃ�Î:¾:½ÊÁ]Ë )S¿�¾:½�½�ÀYÒ¼½��

� � � � ���� �"� ��� ��� ����� �"
�� � � �"� ��� ����� � 
�� ������& �"� �����
��� ����� ����� )-4 % 4>��)

�wÅ D=ÅEÕ�Ä{Ë �IÒ¼¾ Ðo¾]Ò�ÃQ']Ã{Ä�¾�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾�¿�¾êÿ�ÅEÉ�Ë~»]Ä�¾�½{Ã�ÅEÃ{Ë~½{Ã{Ë �IÒ¼¾ Ð/ÅEÄqÒ�É¼¾%D<ÀYÉ¼Á]Ã{Ë~ÀYÉ Á:ÀYÉIÃ{ËÍÉãÒ¼¾
¾]Ã�ÐoÀ1½{ËÍÃ{ËÍÌy¾�¿�¾�¿3Ë~½{Ã{Ä{ËÍÕ�Ò�Ã{Ë~ÀYÉø¿�¾:½�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½ ÓA�ÊÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ,ü�Ë~½{Ã{Ä{ËÍÕ�Ò�Ã{Ë~ÀYÉ�Ñ�Ò�É¼Á]Ã{Ë~ÀYÉøÀYÒ���ü)ÑU×1�
É¼ÀYÃ�Î:¾

f
�M@ÀYÒ�Ä#Ò�ÉU�1Ä�ÅEËÍÉøÄ�¾]ÐoÎ]Ä�Î�Ò�É�Ë �IÒ¼¾]ÿ�¾]ÉãÃ#Ð/ÅEÄ*½�ÀYÉ,ÅJ0�¾ ? �¤Æ=Ç ��ü)Ñ ¾:½�ÃTD<ÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾:½#¿�¾]Ò*0°ÅEÉ8�1Æ~¾:½

¿ÚÇ(��Ò�Æ~¾]Ä
θ
¾]Ã
ϕ
�$MÀYÿ�ÿ�¾*ËÍÆNÉ¤Ç_¾:½�Ã�Ð/ÅY½ÊÐ6À1½�½�ËÍÕ�Æ~¾�¿�¾#¿3Ë~½{Ã{ËÍÉ8�1Ò¼¾]ÄÊÒ�É%�1Ä�ÅEËÍÉê¿�ÀYÉIÃÊÆ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ°¾:½{Ã

c
¿ÚÇ Ò�É%�1Ä�ÅEËÍÉ

¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ −c
�3ÆèÅ.DÛÀYÉ¼Á]Ã{Ë~ÀYÉ

f
¾:½{Ã�Á:¾]ÉIÃ{Ä�À1½/�Iÿ�Î]Ã{Ä{Ë �IÒ¼¾�þ

f(c) = f(−c)
½�ÀYËÍÃ

f(θ, ϕ) = f(π − θ, ϕ+ π)
� Ó !*� �y×

¾]Ã��1Á:ÀYÿ�ÿ�¾�É¼ÀYÃ�Î�¿¼ÅEÉ¼½�Æ~¾�$·¹/ÅEÐ�ËÍÃ{Ä�¾��*�YÆ=Ç_¾]É¼½�¾]ÿ*Õ�Æ~¾�¿�¾:½UÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½�ÐoÀ1½�½{ËÍÕ�Æ~¾:½�¾:½�Ã�ÅEÆ~ÀYÄ�½�ÆèÅ�½{Ò�Ä D=ÅYÁ:¾
¿ÚÇ Ò�É¼¾	¿�¾]ÿ�Ë )S½�Ð�¹¼»]Ä�¾�Ò�É�ËÍÃ�Î�ÓÛÁ1D�ÑwËK�1Ò�Ä�¾��*�ÍÖg×1�+wÌy¾:Á	Á:¾]Ã{Ã�¾*Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ2�o¿�¾]Ò*0Q�1Ä�ÅEËÍÉ¼½�¿�¾	ÿ3']ÿ�¾�ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ

(θ, ϕ)
½�ÀYÉãÃ�ËÍÉ¼¿3Ë~½�Á:¾]Ä{É/ÅEÕ�Æ~¾:½���NÅ	Ð�Ä�ÀYÕ/ÅEÕ�ËÍÆÍËÍÃ�Î

Pk
¿�¾�Ã{Ä�ÀYÒ�Ìy¾]Äº¿�¾:½>�1Ä�ÅEËÍÉ¼½M¿¼ÅEÉ¼½·Æ=Ç ËÍÉãÃ�¾]Ä{Ì1ÅEÆÍÆ~¾

([θk, θk +dθ], [φk, ϕk +dϕ])
�ã¾103Ð�Ä{Ë )

ÿ�ÅEÉIÃ�ÆèÅ#DåÄ�ÅYÁ]Ã{Ë~ÀYÉ�ÌyÀYÆÍÒ�ÿ�Ë �IÒ¼¾�¿�¾:½E�1Ä�ÅEËÍÉ¼½�¿�ÀYÉãÃ�Æ=Ç_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¾:½�Ã
ck



dc

Ð�Ä�»:½���¾:½{Ã�ÅEÆ~ÀYÄ�½�¿�ÀYÉ�É¼Î:¾
Ð/ÅEÄ	þ

Pk =
1

2π
f(θk, ϕk) sin θk dθ dϕ

½�ÀYËÍÃ
Pk =

1

2π
f(ck) dc

� Ó !*�"!y×
MùÅEÄ�¿�Î1=¼É�ËÍÃ{Ë~ÀYÉ�Æ=Ç ��ü�Ñ¥½GÅEÃ{Ë~½ D<ÅEËÍÃ�ÆèÅ�Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉê¿�¾�Á:ÀYÉ¼½�¾]Ä{Ì1ÅEÃ{Ë~ÀYÉ�¿3Ò�ÌyÀYÆÍÒ�ÿ�¾�¿�¾��1Ä�ÅEËÍÉ¼½W�¼½�ÀYËÍÃ

1

2π

∫ 2π

0

∫ π/2

0
f(θ, ϕ) sin θ dθ dϕ =

1

2π

∮

S/2
f(c) dc = 1

� Ó !*� �I×
À��

S/2
Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�¾	ÆèÅ�½{Ò�Ä D=ÅYÁ:¾	¿�¾)ÆèÅ�¿�¾]ÿ�Ë )S½�Ð�¹¼»]Ä�¾	Ò�É�ËÍÃ�ÎI��wÅ�ÿ�ÀW�y¾]É�É¼¾ ÐoÀYÉ¼¿�Î]Ä�Î:¾ö¿ÚÇ Ò�É¼¾ �IÒ/ÅEÉãÃ{ËÍÃ�Î

Y (θ, ϕ)
ÓÛ½�ÁVÅEÆèÅEËÍÄ�¾I�wÌy¾:Á]Ã�ÀYÄ{Ë~¾]ÆÍÆ~¾öÀYÒ,Ã�¾]É¼½�ÀYÄ{Ë~¾]ÆÍÆ~¾g×*½{Ò�Ä

Ã�ÀYÒ�Ã�Æ~¾�ÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ¤¾:½{ÃÊÅEÆ~ÀYÄ�½�¿�ÀYÉ�É¼Î:¾	Ð/ÅEÄ

< Y (θ, ϕ) >=
1

2π

∫ 2π

0

∫ π/2

0
f(θ, ϕ)Y (θ, ϕ) sin θ dθ dϕ =

1

2π

∮

S/2
f(c)Y (c) dc

� Ó !*�"$y×
��ÇCÅ:Ì1ÅEÉãÃ�Å��y¾	¿ÚÇ Ò�É¼¾�Ã�¾]ÆÍÆ~¾�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¾:½{Ã��3¾]É �yÎ]É¼Î]Ä�ÅEÆA��¿�¾�Ä�Î:¿3Ò�ËÍÄ�¾)Æ~¾ÊÉ¼ÀYÿ�Õ�Ä�¾	¿�¾ÊÌYÅEÄ{ËèÅEÕ�Æ~¾:½

É¼Î:Á:¾:½�½GÅEËÍÄ�¾:½�Ð6ÀYÒ�Ä�¿�Î:Á]Ä{ËÍÄ�¾qÆèÅ%D=ÅEÕ�Ä{Ë �ãÒ¼¾q¾]Ã�¿�¾qÐ6¾]Ä{ÿ�¾]Ã{Ã{Ä�¾�¿�¾:½�Ä�Î:½�Ò�ÆÍÃ�ÅEÃ�½�ÅEÉ/ÅEÆK�IÃ{Ë �IÒ¼¾:½��@M�ÆÍÒ¼½{Ë~¾]Ò�Ä�½��ü)Ñ�ÀYÉIÃ)Î]Ã�Î*Ð�Ä�ÀYÐoÀ1½�Î:¾:½�ÐoÀYÒ�Ä)¿�Î:Á]Ä{ËÍÄ�¾*Æ~¾:½�D=ÅEÕ�Ä{Ë �ãÒ¼¾:½)¿¼ÅEÉ¼½�Æ~¾�ÁVÅY½)¿�¾*ÆèÅ3�1ÆèÅYÁ:¾*Ð6ÀYÆèÅEËÍÄ�¾öþ6Á:ÀYÿ�ÿ�¾
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É¼ÀYÒ¼½@Æ~¾·Ìy¾]Ä{Ä�ÀYÉ¼½�ÅEÒ�$·¹/ÅEÐ�ËÍÃ{Ä�¾ �*�JËÍÆÂ¾:½{Ã@ÐoÀ1½�½{ËÍÕ�Æ~¾�¿ÚÇ_ÀYÕ�Ã�¾]É�ËÍÄU¿�¾:½@½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÅEÉ/ÅEÆK�ÂÃ{Ë �ãÒ¼¾:½ùÐoÀYÒ�ÄwÆ=Ç ��ü)Ñ
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)
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∑
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È�É¼¾)Ð�Ä�¾]ÿ�Ë~»]Ä�¾*½�ÀYÆÍÒ�Ã{Ë~ÀYÉ ¿�¾GD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�¾:½{Ã�ÆèÅ#D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾ �IÒ/ÅY¿3Ä�ÅEÃ{Ë �ãÒ¼¾
ã(4) = a(2) ⊗ a(2) � Ó !*�"!/!y×

P�ÀYÃ�ÀYÉ¼½��IÒ¼¾�Á:¾]Ã{Ã�¾TDÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�É¤ÇCÅY½�½{Ò�Ä�¾�Ð/ÅY½�Ã�ÀYÒ�Ã�¾:½ÊÆ~¾:½�½/�Âÿ�Î]Ã{Ä{Ë~¾:½�¿�¾
a(4) �7$M¾]Ã{Ã�¾ DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾*¾:½{Ã¾10¼ÅYÁ]Ã�¾	½�¾]Ò�Æ~¾]ÿ�¾]ÉIÃ�¿¼ÅEÉ¼½�Æ~¾�ÁVÅY½�À���Ã�ÀYÒ¼½�Æ~¾:½E�1Ä�ÅEËÍÉ¼½ÊÀYÉãÃ�ÆèÅ�ÿ3']ÿ�¾�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ2�

È�É¼¾öÅEÒ�Ã{Ä�¾ ÅEÐ�Ð�Ä�ÀÂÁ�¹¼¾öÐ6ÀYÒ�Ä#Á]Ä�Î:¾]Ä�Ò�É¼¾3DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾ö¾:½{Ã*¿ÚÇ Ò�Ã{ËÍÆÍË~½�¾]Ä*Ã�ÀYÒ¼½*Æ~¾:½	Ð�Ä�ÀÂ¿3Ò�ËÍÃ�½*¿�¾
a(2)¾]Ã�¿3Ò¥Ã�¾]É¼½�¾]Ò�Ä�Ë~¿�¾]ÉãÃ{ËÍÃ�Î

I
�@M@ÀYÒ�Ä�Ä�¾:½{Ðo¾:Á]Ã�¾]Ä�Æ~¾:½�½/�Âÿ�Î]Ã{Ä{Ë~¾:½�¿�¾

a(4) Ó !*�ÍÖ�.y×�¾]Ã�ÆèÅ�Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ�¿�¾
É¼ÀYÄ{ÿ�ÅEÆÍË~½GÅEÃ{Ë~ÀYÉ¥Ó !*�ÍÖ�#y×1�o½�¾]Ò�Æ~½�Æ~¾:½ÊÃ�¾]Ä{ÿ�¾:½�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾:½�½�ÀYÉãÃ�Ò�Ã{ËÍÆÍË~½�Î:½)¾]Ã�Á:¾]Ã{Ã�¾#D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�¾:½{Ã�ÅEÐ�Ðo¾]Æ~Î:¾D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾

â(4) þ

â
(4)
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35
(δijδkl + δikδjl + δilδjk)

+
1

7
(a

(2)
ij δkl + a

(2)
ik δjl + a

(2)
il δjk + a

(2)
kl δij + a

(2)
jl δik + a

(2)
jk δil)

� Ó !*�"! �I×

$M¾]Ã{Ã�¾�¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ�¾:½{Ã�¾10�ÅYÁ]Ã�¾�½�¾]Ò�Æ~¾]ÿ�¾]ÉãÃÊÐ6ÀYÒ�Ä�Ò�É¼¾�D=ÅEÕ�Ä{Ë �IÒ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐo¾I�+�¿3ÌYÅEÉ�Ë�¾]Ãö¸¤Ò¼ÁH4y¾]Ä � � ��Ó8Ö�#/. ,1×�ÀYÉIÃ�Ð�Ä�ÀYÐoÀ1½�Î�Ò�É¼¾QD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�¹ �IÕ�Ä{Ë~¿�¾%�ãÒ�Ë�Ò�Ã{ËÍÆÍË~½�¾�Æ~¾:½�¿�¾]Ò*0D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½�Ð�Ä�Î:Á:Î:¿�¾]ÉIÃ�¾:½*þ
a(4) = (1 − αf )â(4) + αf ã(4) � Ó !*�"!/$y×

À��
αf = 3/2(a(2) : a(2))− 1/2

�;$MÀYÿ�ÿ�¾
αf = 1

Ð6ÀYÒ�Ä·Ò�É¼¾!D<ÅEÕ�Ä{Ë �IÒ¼¾!
 Ö�ÿ�ÅJ03ËÍÿ�Ò�ÿ ¾]Ã
αf = 0ÐoÀYÒ�Ä�Ò�É¼¾ D=ÅEÕ�Ä{Ë �ãÒ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐ6¾I�ùÆèÅ%D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�¹ �IÕ�Ä{Ë~¿�¾�¾:½�Ã�¾10�ÅYÁ]Ã�¾�
êÆèÅ%D<ÀYË~½�ÐoÀYÒ�Ä�Ò�É¼¾ D<ÅEÕ�Ä{Ë �IÒ¼¾

Ë~½�ÀYÃ{Ä�ÀYÐ6¾	¾]Ã�Ð6ÀYÒ�ÄÊÒ�É¼¾�D<ÅEÕ�Ä{Ë �IÒ¼¾ 
�Ò�É�ÿ�ÅJ0ÂËÍÿ*Ò�ÿ�� $M¾]Ã{Ã�¾CDÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�Å�Î]Ã�Î�Ò�Ã{ËÍÆÍË~½�Î:¾�Ð6ÀYÒ�Ä�ÆèÅ.�1ÆèÅYÁ:¾
Ð/ÅEÄÊÔ��1¿�¾]Ä{Ã*Ó������/!y×1�
 � � � ��� % � ïIúE÷øïyçgîwúJï���ò/úJç-�Nò/çVúJò ßUï	�

��Î:Á:¾]ÿ�ÿ�¾]ÉãÃ�¿�¾�É¼ÀYÒ�Ìy¾]ÆÍÆ~¾:½:DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½�Ð�ÆÍÒ¼½%�yÎ]É¼Î]Ä�ÅEÆ~¾:½�¾]Ã�Ð�ÆÍÒ¼½�Ð�Ä�Î:Á]Ë~½�¾:½ Ð6ÀYÒ�Ä�Ò�É¼¾�ÆèÅEÄ/�y¾�ãÅEÿ�ÿ�¾�¿ÚÇ_Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉãÃ�½�ÀYÉãÃ�Î]Ã�Î	¿�Î]Ìy¾]Æ~ÀYÐ�ÐoÎ:¾:½��;�UÆÍÆ~¾:½�½�ÀYÉIÃ�Õ/ÅY½�Î:¾:½�½{Ò�Ä�Æ~¾�D=ÅEËÍÃ��IÒ¼¾)Ã�ÀYÒ�Ã�¾�ÅEÐ�Ð�Ä�À�03Ë )
ÿ�ÅEÃ{Ë~ÀYÉ�¿�¾

a(4) ÅöÆ~¾�ÿ3']ÿ�¾�Ä�¾]Ðo»]Ä�¾�Ð�Ä{ËÍÉ¼Á]ËÍÐ/ÅEÆ �IÒ¼¾
a(2) �S�¤¾:½�D=ÅEÕ�Ä{Ë �ãÒ¼¾:½�¿�Î:Á]Ä{ËÍÃ�¾:½	Ð/ÅEÄ�Á:¾:½	¿�¾]Ò*0Ã�¾]É¼½�¾]Ò�Ä�½M¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�½�ÀYÉãÃº¿�ÀYÉ¼Á)ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾:½�ÓA$·ËÍÉIÃ{Ä�Å*¾]Ãº¸¤Ò¼ÁH4y¾]Ä � � �1�¼Ö�#/#/$y×1� �<0ÂÐ�Ä{ËÍÿ�Î)¿¼ÅEÉ¼½MÆ~¾

Ä�¾]Ðo»]Ä�¾�¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾I�N¿3Ò9D=ÅEËÍÃ)¿�¾�Ã�ÀYÒ�Ã�¾:½)Æ~¾:½�½ �Iÿ�Î]Ã{Ä{Ë~¾:½��6Æ~¾�Ã�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾
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½�¾]Ò�Æ~¾]ÿ�¾]ÉãÃ�Ã{Ä�ÀYË~½�Á:ÀI¾ ��Á]Ë~¾]ÉIÃ�½�ËÍÉ¼¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�½ÊÉ¼ÀYÉ�ÉãÒ�Æ~½#ÓÛÁ1D !*�"$*� �*�ÍÖg×1�PÊÀYÒ¼½�¿�Î]Ã�ÅEËÍÆÍÆ~ÀYÉ¼½Ê¿¼ÅEÉ¼½�ÆèÅ�½{Ò�ËÍÃ�¾	Æ~¾:½ DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½�Õ/ÅY½�Î:¾:½�½{Ò�Ä�Á:¾	Ð�Ä{ËÍÉ¼Á]ËÍÐ6¾I�
� � ïãúY÷°ïyçgîwúEï	� � � � �MwÀYÒ�Ä�Á:¾]Ã{Ã�¾ Ð�Ä�¾]ÿ�Ë~»]Ä�¾D=ÅEÿ�ËÍÆÍÆ~¾ö¿�¾�D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½qÓZ�UËK�y¾]ÉãÌ1ÅEÆÍÒ¼¾QVºÅY½�¾:¿ �ÊÐ�Ã{ËÍÿ�ÅEÆ�Ñ@ËÍÃ{Ã{ËÍÉ8�I×1�wÆ~¾:½ !

Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½�ËÍÉ¼¿�Î]Ð6¾]É¼¿¼ÅEÉIÃ�½�¿�¾
a(4) ½�ÀYÉãÃ�¿�¾:½#D<ÀYÉ¼Á]Ã{Ë~ÀYÉ¼½�¿�¾:½�ÌYÅEÆ~¾]Ò�Ä�½�Ð�Ä�ÀYÐ�Ä�¾:½�¿�¾

a(2) þ
a1, a2¾]Ã

a3
�@�NÅ�½{Ò�Ä D=ÅYÁ:¾�¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ

(a1, a2) = ([0, 1], [0, 1])
ÅVÌy¾:Á

a3 = 1 − a1 − a2 > 0
¿�Î:Á]Ä{ËÍÃ

Æ=Ç_¾]É¼½�¾]ÿ�Õ�Æ~¾�¿�¾:½!D<ÅEÕ�Ä{Ë �IÒ¼¾:½�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾:½)Ð/ÅEÄ
a(2) ÓÛÁ1D·Ñ@ËK�1Ò�Ä�¾ !*�"!y×1� $M¾]Ã{Ã�¾�½{Ò�Ä D=ÅYÁ:¾#¾:½{ÃÊ¿�Î:Á:ÀYÒ�ÐoÎ:¾

¾]É�½{Ë 0 �VÀYÉ¼¾:½�À���Æ=Ç_ÀYÄ�¿3Ä�¾�¿�¾:½�Ì1ÅEÆ~¾]Ò�Ä�½)Ð�Ä�ÀYÐ�Ä�¾:½�¾:½{Ã�Á:ÀYÉ¼½�Ã�ÅEÉãÃ��NýIËùÆ~¾:½)ÌYÅEÆ~¾]Ò�Ä�½�Ð�Ä�ÀYÐ�Ä�¾:½�½�ÀYÉIÃ�Ã{Ä{Ë~Î:¾:½
¿¼ÅEÉ¼½*Æ=Ç_ÀYÄ�¿3Ä�¾ö¿�Î:Á]Ä�ÀYË~½�½�ÅEÉãÃ��@ËA�_¾I�

a1 > a2 > a3
�wÅEÆ~ÀYÄ�½#Æ=Ç_¾]É¼½�¾]ÿ�Õ�Æ~¾ö¿�¾:½ D<ÅEÕ�Ä{Ë �IÒ¼¾:½*¾:½�Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î

Ð/ÅEÄ)ÆèÅ �VÀYÉ¼¾�½�ÀYÿ�Õ�Ä�¾�¿�¾#ÆèÅ=;�1Ò�Ä�¾I�Úü�ÅEÉ¼½�ÆèÅ ½�Ò�ËÍÃ�¾I� É¼ÀYÒ¼½)É¼ÀYÒ¼½)Ä�¾:½�Ã{Ä�¾]ËK�1É¼ÀYÉ¼½ 
�Á:¾]Ã{Ã�¾ �VÀYÉ¼¾I�o¸wÀYÒ¼½
Æ~¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�Ðo¾]Ò�Ìy¾]ÉãÃT']Ã{Ä�¾#ÀYÕ�Ã�¾]ÉãÒ¼½	¿¼ÅEÉ¼½�Æ~¾:½)Á]ËÍÉ;� ÅEÒ�Ã{Ä�¾:½ �VÀYÉ¼¾:½)Ð/ÅEÄ�Ð6¾]Ä{ÿ*Ò�Ã�ÅEÃ{Ë~ÀYÉ°¿�¾:½�ËÍÉ¼¿3Ë~Á:¾:½
½�Ò�ËÍÌYÅEÉIÃ�Æ=Ç_ÀYÄ�¿3Ä�¾	¿�¾:½�Ì1ÅEÆ~¾]Ò�Ä�½�Ð�Ä�ÀYÐ�Ä�¾:½��$·ËÍÉãÃ{Ä�Å�¾]Ã�¸NÒ¼Á 4y¾]Ä � � ��Ó8Ö�#/#/$y×�Á�¹¼ÀYË~½{Ë~½�½�¾]ÉãÃ�¿�¾�Ð�Ä�¾]É¼¿3Ä�¾�Á:ÀYÿ�ÿ�¾	Á:ÀI¾ ��Á]Ë~¾]ÉIÃ�½�ËÍÉ¼¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�½�¿�¾
a(4) Æ~¾:½�Ã{Ä�ÀYË~½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½ a(4)
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ÓÛ½�ÅEÉ¼½�½�ÀYÿ�ÿ�ÅEÃ{Ë~ÀYÉ�½{Ò�Ä
i = 1, 2, 3
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a(2) À�� a1

�
a2¾]Ã

a3
½�ÀYÉIÃMÆ~¾:½MÃ{Ä�ÀYË~½MÌ1ÅEÆ~¾]Ò�Ä�½·Ð�Ä�ÀYÐ�Ä�¾:½�¿�¾

a(2) � ��É �1� D=ÅEÕ�Ä{Ë �ãÒ¼¾ÊË~½�ÀYÃ{Ä�ÀYÐo¾)ÀYÒ Ã{Ä{ËèÅJ03ËèÅEÆ~¾�þ a1 = a2 =
a3 = 1/3

ÓÛÁ1D�Ñ@ËK�1Ò�Ä�¾ !*� �YÁg× �/¾]É:	
i (i = 1, 2, 3)

D=ÅEÕ�Ä{Ë �ãÒ¼¾N
�Ò�É�ÿ�ÅJ03ËÍÿ�Ò�ÿ ½{Ò�ËÍÌYÅEÉIÃ�ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ
i
�¼¾]É,$

i (i = 1, 2, 3)
D=ÅEÕ�Ä{Ë �IÒ¼¾	Ð�ÆèÅEÉ¼¾	Ë~½�ÀYÃ{Ä�ÀYÐ6¾	ÀYÒ Õ�ËèÅJ0ÂËèÅEÆ~¾*¿¼ÅEÉ¼½�Æ~¾�Ð�ÆèÅEÉ

(k, j) (k 6= j 6= i)
ÓÛÁ1D

Ñ@ËK�1Ò�Ä�¾ !*� �EÕ ×1�

M@ÀYÒ�Ä	Á:¾]Ä{Ã�ÅEËÍÉ¼½)Ã �ÂÐo¾:½�¿�¾ D=ÅEÕ�Ä{Ë �IÒ¼¾:½��/Æ~¾:½)Ì1ÅEÆ~¾]Ò�Ä�½)¿3Ò�Ã�¾]É¼½�¾]Ò�Ä	¿ÚÇ_ÀYÄ�¿3Ä�¾ �q½�ÀYÉãÃ�Á:ÀYÉ�ÉãÒ¼¾:½���$�Ç_¾:½�Ã
Æ~¾�ÁVÅY½�Ð6ÀYÒ�Ä�Æ~¾:½�Ð6ÀYËÍÉIÃ�½ �1� $

i
¾]Ã 	

i (i = 1, 2, 3)
¿�¾�ÆèÅ�Ñ@ËK�1Ò�Ä�¾)!*�"!*�F$MÀYÿ�ÿ�¾�ËÍÆÍÆÍÒ¼½{Ã{Ä�Î�Ð/ÅEÄ ÆèÅ

Ñ@ËK�1Ò�Ä�¾ !*� �*�¤Á:¾:½�Ð6ÀYËÍÉIÃ�½	Ðo¾]Ò�Ìy¾]ÉãÃ*Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�¾]Ä�Á�¹/ÅYÁ]Ò�É�Ð�ÆÍÒ¼½{Ë~¾]Ò�Ä�½CD=ÅEÕ�Ä{Ë �ãÒ¼¾:½*¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½��L$·¹¼ÀYË~½�ËÍÄ
Ò�É¼¾ D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�Ä�¾]ÌÂË~¾]ÉãÃ 
9=80�¾]Ä�Á:¾:½�ÐoÀYËÍÉãÃ�½�þùÐoÀYÒ�Ä�Æ~¾qÐoÀYËÍÉãÃ ��É¼ÀYÒ¼½�Á�¹¼ÀYË~½{Ë~½�½�ÀYÉ¼½�Ò�É¼¾ D=ÅEÕ�Ä{Ë �IÒ¼¾
Ë~½�ÀYÃ{Ä�ÀYÐo¾�Ó � !�%T! �

a(4) ¿�ÀYÉ�É¼Î�Ð/ÅEÄ�Ó !*�"!3Ög×{×�¾]Ã)Ð6ÀYÒ�Ä)Æ~¾:½)ÐoÀYËÍÉãÃ�½ $
i
¿�¾:½GD<ÅEÕ�Ä{Ë �IÒ¼¾:½)Ð�ÆèÅEÉ¼¾:½)Ë~½�ÀYÃ{Ä�ÀYÐo¾:½

Ó
a(4) ¿�ÀYÉ�É¼Î�Ð/ÅEÄ�Ó !*� �/.y×{×1��wÅ�Ð�Ä�¾]ÿ�Ë~»]Ä�¾ D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾öÐ�Ä�ÀYÐ6À1½�Î:¾ Ð/ÅEÄ3$·ËÍÉãÃ{Ä�Å�¾]Ã�¸¤Ò¼Á 4y¾]Ä � � ��Ó8Ö�#/#/$y×�¾:½�Ã*½{ËÍÿ�Ð�Æ~¾]ÿ�¾]ÉIÃ�Ò�É¼¾
ËÍÉIÃ�¾]Ä{Ð6ÀYÆèÅEÃ{Ë~ÀYÉ�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾	¾]ÉãÃ{Ä�¾�Æ~¾:½�Ã{Ä�ÀYË~½�ÐoÀYËÍÉãÃ�½ �1�8	
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a1 > a2 > a3






a
(4)
1111

a
(4)
2222

a
(4)
3333







=





−0.15 1.15 −0.10
−0.15 0.15 0.90
0.60 −0.60 −0.60











1
a1

a2







Ó !*�"!��y×
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a(4) ½�ÀYÉãÃ	¿�¾:½)ÐoÀYÆK�ÂÉ �Yÿ�¾:½	Á:ÀYÿ�Ð�Æ~¾]Ã�½	¿3Ò°¿�¾]Ò*03Ë~»]ÿ�¾
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½�ÀYÉãÃ�ÅEÆ~ÀYÄ�½ºÅJ-8Ò¼½{Ã�Î:½MÐoÀYÒ�ÄF�IÒ¼¾�Æ~¾:½MÃ�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾��
ÅEËÍÉ¼½{ËoÁVÅEÆ~Á]Ò�Æ~Î:½º½�ÀYË~¾]ÉãÃºÆ~¾ÊÐ�ÆÍÒ¼½MÐ�Ä�ÀIÁ�¹¼¾ÊÐoÀ1½�½{ËÍÕ�Æ~¾�¿�¾:½MÃ�¾]É¼½�¾]Ò�Ä�½º¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ ¿ÚÇ_ÀYÄ�¿3Ä�¾ ��ÁVÅEÆ~Á]Ò�Æ~Î:½º¾]É



 � � � � ï	��çVïIì��VïIîwú � � �Íò/úYâåïIì6çVä3çgâåò ì � �

Ä�Î:½�ÀYÆÍÌYÅEÉIÃ¤Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ#¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ#¿�¾UÆ=Ç ��ü�Ñ°ÓÛ¿�ÀYÉ�É¼Î:¾MÅEÒN$·¹/ÅEÐ�ËÍÃ{Ä�¾ $y×ÚÐ6ÀYÒ�Ä¤Á:¾]Ä{Ã�ÅEËÍÉ¼½@Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉãÃ�½
Ð/ÅEÄ{Ã{Ë~Á]Ò�ÆÍË~¾]Ä�½W�

PÊÀYÒ¼½Úÿ�ÀYÉIÃ{Ä�¾]Ä�ÀYÉ¼½@ÅEÒ#$·¹/ÅEÐ�ËÍÃ{Ä�¾ $ �ãÒ¼¾UÆ=Ç ��ü�ÑöÐ/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾�Ó !*� �y×o¾:½{ÃÚÆèÅ�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ#ÅEÉ/ÅEÆK�IÃ{Ë �IÒ¼¾U¿�¾
Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ ¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉê¿�¾)Æ=Ç ��ü�Ñ,ÐoÀYÒ�Ä�¿�¾:½�Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉIÃ�½�Á:ÀYÉ¼½�¾]Ä{Ì1ÅEÉãÃÊÆ=Ç_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾I�/ü)ÀYÉ¼ÁI��Ð/ÅEÄ
ÅEÉ/ÅEÆ~À&�1Ë~¾ºÅ:Ìy¾:ÁE$·ËÍÉãÃ{Ä�ÅÊ¾]Ãw¸NÒ¼Á 4y¾]Ä � � �@Ó8Ö�#/#/$y×1�gÉ¼ÀYÒ¼½@ÁVÅEÆ~Á]Ò�Æ~ÀYÉ¼½@Æ~¾:½NÁ:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½

Cj
i

Ð/ÅEÄwÁ:ÀYÿ�Ð/ÅEÄ�ÅEË~½�ÀYÉ
ÅVÌy¾:Á	Æ~¾:½�Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾� ÁVÅEÆ~Á]Ò�Æ~Î:½!
�Ð/ÅEÄ{Ã{ËÍÄ�¿�¾�Æ=Ç ��ü)Ñ�Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾ Ó !*� �y×ºÐoÀYÒ�Ä
Ò�ÉøÉ¼ÀYÿ�Õ�Ä�¾ö¿�ÀYÉ�É¼Î ¿�¾�Ì1ÅEÆ~¾]Ò�Ä�½#¿�¾:½	Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½

ki
��MùÅEÄ#ÅEÉ/ÅEÆ~À&�1Ë~¾qÅ:Ìy¾:Á�ÆèÅ�Ñ@ËK�1Ò�Ä�¾�!*�"!*�NÆèÅ �VÀYÉ¼¾

k1 ≤ k2 ≤ k3
Ðo¾]Ä{ÿ�¾]Ã)¿�¾	Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�¾]ÄÊÃ�ÀYÒ�Ã�¾:½�Æ~¾:½ED=ÅEÕ�Ä{Ë �IÒ¼¾:½!�IÒ¼¾	Æ=Ç_ÀYÉêÐ6¾]Ò�Ã�¿�Î:Á]Ä{ËÍÄ�¾#ÅVÌy¾:Á�Æ=Ç ��ü)Ñ

Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾°Ó !*� �y×1� $M¾]Ã{Ã�¾ �VÀYÉ¼¾�¾:½{Ã�¿3Ë~½�Á]Ä�Î]Ã{Ë~½�Î:¾�ÅVÌy¾:ÁqÒ�É¼¾ �1Ä{ËÍÆÍÆ~¾qÄ�Î��1Ò�ÆÍË~»]Ä�¾�¾]Ã�¾]É�Á�¹/Å&�IÒ¼¾qÐ6ÀYËÍÉIÃ
ÀYÉ�ÁVÅEÆ~Á]Ò�Æ~¾I�Ú¾]É�Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ�Ó !*�"$y×�¾]Ã�Ó !*�ÍÖ-,1×1�oÆ~¾:½)Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ,¿ÚÇ_ÀYÄ�¿3Ä�¾D� ¾]Ã��;�

a(n)
ODF

(n = 2, 4)
�UÁ:ÀYÄ{Ä�¾:½{ÐoÀYÉ¼¿¼ÅEÉãÃ 
�Æ=Ç ��ü)ÑëÐ/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾øÓ !*� �y×1�@�¤¾qÃ�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾ �

Á:ÀYÄ{Ä�¾:½�Ð6ÀYÉ¼¿¼ÅEÉIÃ!
#ÆèÅ#DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾N�G��Ñ �
a(4)

ORF
�3¾:½{Ã�ÁVÅEÆ~Á]Ò�Æ~Î*Å:Ìy¾:Á�Ó !*�"! ,1×M¾]É�Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ

a(2)
ODF

��N¾:½#Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½
Cj

i (i = 1, 2, 3; j = 1, 2, · · · , 6) Ð6ÀYÒ�Ä#ÆèÅQD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾��G��Ñ Ó ! �"! ,1×�½�ÀYÉIÃ�ÅEÆ~ÀYÄ�½
ÀYÕ�Ã�¾]ÉIÒ¼½�¾]É�ÿ�ËÍÉ�ËÍÿ�Ë~½GÅEÉãÃ

U(Cj
i ) = ∆

(4) :: ∆(4) � Ó !*�"!/.y×
À��

∆
(4) = a(4)

ODF − a(4)
ORF

�L�NÅ�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÃ{Ë~ÀYÉ¥¾:½{Ã#D<ÅEËÍÃ�¾ Ð/ÅEÄ#Ò�É¼¾�ÿ�Î]Ã{¹¼ÀÂ¿�¾q¿�¾�1Ä�ÅY¿3Ë~¾]ÉIÃ
Á:ÀYÉ&-8Ò8�1Ò¼ÎI�8�¤¾:½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½�ÅEËÍÉ¼½�Ë¤ÀYÕ�Ã�¾]ÉãÒ¼½�½�ÀYÉIÃ�¿�ÀYÉ�É¼Î:½�¾]É�+�É�É¼¾10�¾T$G�*�¤¾:½�Á:ÀI¾ ��Á]Ë~¾]ÉIÃ�½�ÀYÕ�Ã�¾]ÉIÒ¼½
¾]É�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÉãÃ�Ó !*�"!/.y×Ú½�ÀYÉIÃ¤Ð�Ä�ÀÂÁ�¹¼¾:½@¿�¾�Á:¾]Ò*0	¿�ÀYÉ�É¼Î:½¤Ð/ÅEÄ@$·ËÍÉãÃ{Ä�Å�¾]Ã@¸¤Ò¼ÁH4y¾]Ä � � �NÓ8Ö�#/#/$y×1�gÿ�ÅEË~½NÉ¼ÀYÒ¼½
ÿ�ÀYÉIÃ{Ä�¾]Ä�ÀYÉ¼½#ÅEÒ�$·¹/ÅEÐ�ËÍÃ{Ä�¾ $ �ãÒ¤Ç ËÍÆ~½�Á:ÀYÉ¼¿3Ò�Ë~½�¾]ÉãÃ.
q¿�¾:½	½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½	¿3Ë ÚÎ]Ä�¾]ÉãÃ�¾:½#¿�¾�Á:¾]ÆÍÆ~¾:½�ÀYÕ�Ã�¾]ÉIÒ¼¾:½
ÅVÌy¾:Á�Æ~¾:½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½�¿�¾ $·ËÍÉãÃ{Ä�Å�¾]Ã�¸¤Ò¼ÁH4y¾]Ä � � �ÊÓ8Ö�#/#/$y×MÐ6ÀYÒ�ÄÊ¿�¾:½ D<ÅEÕ�Ä{Ë �IÒ¼¾:½�Ã{Ä�»:½�Á:ÀYÉ¼Á:¾]ÉIÃ{Ä�Î:¾:½��

�NÅ	ÿ�ËÍÉ�ËÍÿ�Ë~½GÅEÃ{Ë~ÀYÉö¿�¾�Ó !*�"!/.y×U¾:½�Ã@D<ÅEËÍÃ�¾ÊÒ�É¼¾�½�¾]Ò�Æ~¾�D<ÀYË~½�¾]Ã·Ð6¾]Ò�Ã ']Ã{Ä�¾�Ò�Ã{ËÍÆÍË~½�Î:¾G�IÒ¼¾]ÆÍÆ~¾:½O�IÒ¼¾�½�ÀYË~¾]ÉIÃ
Æ~¾:½�Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¼½�¿ÚÇ_Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉãÃ��

� � ïãúY÷°ïyçgîwúEï	� ��� � �
�¤¾:½TD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½ � V���Ñ¢Ó �QÉãÌ1ÅEÄ{ËèÅEÉãÃ ) V�ÅY½�¾:¿ �ÊÐ�Ã{ËÍÿ�ÅEÆO=¼Ã{Ã{ËÍÉ8�I×�ÓA$·¹IÒ�É8��¾]Ã ?�6MÀYÉ2���������y×	½�ÀYÉIÃ

Õ/ÅY½�Î:¾:½�½{Ò�ÄÊÆ~¾	ÿ3']ÿ�¾	Ð�Ä{ËÍÉ¼Á]ËÍÐo¾*ÿ�ÅEË~½�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉê¿�¾�Õ/ÅY½�¾�¿�¾*Á:¾:½ED<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½�¾:½�Ã�¿�ÀYÉ�É¼Î:¾*¿¼ÅEÉ¼½ÊÆ~¾
Ä�¾]Ðo»]Ä�¾�¿�¾�Ä�Î1DÛÎ]Ä�¾]É¼Á:¾I�<�UÇCÅVÌYÅEÉIÃ�Å��y¾öÐ/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{Ã�ÅEÒ*0 D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½.�>V���Ñ ¾:½{Ã#�IÒ¤Ç_¾]ÆÍÆ~¾:½#½�ÀYÉãÃ#Ð�ÆÍÒ¼½
¾ ��ÁVÅYÁ:¾:½*ÉãÒ�ÿ�Î]Ä{Ë �IÒ¼¾]ÿ�¾]ÉãÃ�Ð�Ò�Ë~½H�ãÒ¤Ç_¾]ÆÍÆ~¾:½*É¼¾�É¼Î:Á:¾:½�½�ËÍÃ�¾]ÉãÃ#Ð/ÅY½*¿�¾�Ð/ÅY½�½�¾]Ä*¿3Ò�Ä�¾]Ð6»]Ä�¾ ¿�¾�Ä�Î1D<Î]Ä�¾]É¼Á:¾
ÅEÒ�Ä�¾]Ðo»]Ä�¾	¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾I�

�¤¾:½�D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½ � V���Ñ�Ð/ÅEÄ{Ã�¾]ÉãÃ�¿�¾�Æ=Ç_¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ ÆèÅ�Ð�ÆÍÒ¼½!�yÎ]É¼Î]Ä�ÅEÆ~¾*¿ÚÇ Ò�É�Ã�¾]É¼½�¾]Ò�Ä)½/�Iÿ�Î]Ã{Ä{Ë �IÒ¼¾
¿3Ò��IÒ/ÅEÃ{Ä{Ë~»]ÿ�¾�ÀYÄ�¿3Ä�¾I�8DÛÀYÉ¼Á]Ã{Ë~ÀYÉ ¿�¾

a(2) ¾]Ã I
þ

a(4) =β1S(I ⊗ I) + β2S(I ⊗ a(2)) + β3S(a(2) ⊗ a(2)) + β4S(I ⊗ a(2).a(2))

β5S(a(2) ⊗ a(2).a(2)) + β6S(a(2).a(2) ⊗ a(2).a(2))
� Ó !*�"!/#y×

À���Æ=Ç_ÀYÐoÎ]Ä�ÅEÃ�¾]Ò�Ä
S
¿�Î:½�ËK�1É¼¾�ÆèÅ#Ð/ÅEÄ{Ã{Ë~¾�½/�Âÿ�Î]Ã{Ä{Ë �IÒ¼¾�¿�¾	½�ÀYÉ ÅEÄ/�1Ò�ÿ�¾]ÉãÃ�� �

S(Tijkl) =
1

24
(Tijkl + Tjikl + Tijlk + Tjilk + Tklij + Tlkij + Tklij + Tlkji

+ Tikjl + Tkijl + Tiklj + Tkilj + Tjlik + Tljik + Tjlki + Tljki

+ Tiljk + Tlijk + Tilkj + Tlikj + Tjkil + Tkjil + Tjkli + Tkjli)
�

Ó !*� � �y×

�UÉ�ËÍÉIÃ{Ä�ÀI¿3Ò�Ë~½�ÅEÉIÃ)Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ¥Ó !*� � �y×�¿¼ÅEÉ¼½ÊÆ=Ç_¾103Ð�Ä�¾:½�½{Ë~ÀYÉ¥Ó !*�"!/#y×1� ÀYÉ�ÀYÕ�Ã{Ë~¾]ÉãÃ�Æ=Ç_¾10ÂÐ�Ä�¾:½�½{Ë~ÀYÉê¿�¾
a(4)

� FÍx BDb1`R;S?�9=58ZJ;
S
58^Û9wHJA�y`R;=587:9NHJ5�FÍx BDb1`Q;S?�9=58Zg;

() �����



� � ñ �Nä�ßùâóçVúJï  � é�ò���Iæåï	� �wï �wï��VáyúYâóßwçgâåò ì�� �wïêæåä �Sä �@úEâåí¤îwï

½{Ò�ËÍÌ1ÅEÉãÃ�¾�þ

a
(4)
ijkl =β1(δijδkl + δikδjl + δilδjk)/3

+ β2(δija
(2)
kl + δkla

(2)
ij + δika

(2)
jl + δila

(2)
jk + δjla

(2)
ik + δjka

(2)
il )/6

+ β3(a
(2)
ij a

(2)
kl + a

(2)
ik a

(2)
jl + a

(2)
il a

(2)
jk )/3

+ β4(δijb
(2)
kl + δklb

(2)
ij + δikb

(2)
jl + δilb

(2)
jk + δjlb

(2)
ik + δjkb

(2)
il )/6

+ β5(a
(2)
ij b

(2)
kl + a

(2)
kl b

(2)
ij + a

(2)
ik b

(2)
jl + a

(2)
il b

(2)
jk + a

(2)
jl b

(2)
ik + a

(2)
jk b

(2)
il )/6

+ β6(b
(2)
ij b

(2)
kl + b

(2)
ik b

(2)
jl + b

(2)
il b

(2)
jk )/3

Ó !*� �¼Ög×

À���Æ~¾�Ã�¾]É¼½�¾]Ò�Ä�¿3Ò ½�¾:Á:ÀYÉ¼¿�ÀYÄ�¿3Ä�¾
b
¾:½{Ã�¿�Î1=¼É�ËwÁ:ÀYÿ�ÿ�¾

b = a(2).a(2) �ýIÒ�ÄºÆ~¾:½º½{Ë 0 Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½
βi
�3½�¾]Ò�Æ~½MÃ{Ä�ÀYË~½�½�ÀYÉIÃºËÍÉ¼¿�Î]Ð6¾]É¼¿¼ÅEÉIÃ�½�� �SÆoÉ¤Ç � Å*Ð/ÅY½��*
*Ð�Ä{Ë~ÀYÄ{ËA�3¿�¾ÊÄ�ÅEË~½�ÀYÉ

¿�¾�Ð�Ä{ËÍÌÂËÍÆ~Î��1Ë~¾]ÄqÁ:¾]Ä{Ã�ÅEËÍÉ¼½ Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½öÐ�ÆÍÒ�Ã �YÃ �ãÒ¼¾�¿ÚÇCÅEÒ�Ã{Ä�¾:½W�OM@ÀYÒ�Ä ¿�¾:½ Ä�ÅEË~½�ÀYÉ¼½ö¿�¾�Á:ÀYÉãÌy¾]Ä/�y¾]É¼Á:¾
Æ~ÀYÄ�½·¿�¾�ÆèÅ�Ð�Ä�ÀÂÁ:Î:¿3Ò�Ä�¾�¿ÚÇ Ë~¿�¾]ÉãÃ{Ë =/ÁVÅEÃ{Ë~ÀYÉ�¿�¾:½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½W�8$·¹IÒ�É8�#¾]Ã ?�6MÀYÉ�Ó��������y×UÄ�¾:Á:ÀYÿ�ÿ�ÅEÉ¼¿�¾]ÉãÃ
¿�¾öÁ�¹¼ÀYË~½{ËÍÄ�Æ~¾:½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½ !*� ��¾]ÃI�*�<��É�Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ�Æ~¾:½�Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¼½�¿�¾ö½ �Iÿ�Î]Ã{Ä{Ë~¾:½�Ó !*�ÍÖ�.y×*¾]Ã�¿�¾
É¼ÀYÄ{ÿ�ÅEÆÍË~½�ÅEÃ{Ë~ÀYÉ�Ó !*�ÍÖ�#y×1��Æ~¾:½�Ã{Ä�ÀYË~½�ÅEÒ�Ã{Ä�¾:½ÊÁ:ÀI¾ ��Á]Ë~¾]ÉIÃ�½Ê½�ÀYÉãÃ�¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ*þ

β1 =
3

5

[

−1

7
+

1

5
β3

(
1

7
+

4

7
II +

8

3
III

)

− β4

(
1

5
− 8

5
II − 14

15
III

)

−β6

(
1

35
− 24

105
III − 4

35
II +

16

15
II III +

8

35
II2

)]

β2 =
6

7

[

1 − 1

5
β3(1 + 4II) +

7

5
β4

(
1

6
− II)

)

− β6

(

−1

5
+

2

3
III +

4

5
II − 8

5
II2

)]

β5 = −4

5
β3 −

7

5
β4 −

6

5
β6

(

1 − 4

3
II

)

�

Ó !*� � �y×
À���Æ~¾:½�¿�¾]Ò*0�ËÍÉIÌYÅEÄ{ËèÅEÉIÃ�½Ê¿�¾

a(2) � II ¾]Ã III ��½�ÀYÉIÃ�¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ

II =
1

2
(1 − a

(2)
ij a

(2)
ji )

¾]Ã
III =

¿�¾]Ã
(a(2))

� Ó !*� �	!y×
�N¾:½)Ã{Ä�ÀYË~½�Á:ÀI¾ ��Á]Ë~¾]ÉIÃ�½	ËÍÉ¼¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�½�½�ÀYÉãÃ�½{Ò�Ð�ÐoÀ1½�Î:½�¿�Î]Ð6¾]É¼¿3Ä�¾�¿�¾:½)ËÍÉIÌYÅEÄ{ËèÅEÉIÃ�½

II
¾]Ã
III

¿�¾
a(2) �B$·¹IÒ�É8� ¾]Ã?�6·ÀYÉ,Ó��������y×�ÅY¿�ÀYÐ�Ã�¾]ÉãÃ�Ò�É Ð6ÀYÆK�ÂÉ �Yÿ�¾	Á:ÀYÿ�Ð�Æ~¾]Ã�¿�¾	¿�¾��1Ä�Î $

βi =C1
i + C2

i II + C3
i II

2 + C4
i III + C5

i III
2 + C6

i II III + C7
i II

2III

+ C8
i II III

2 + C9
i II

3 + C10
i III3 + C11

i II3III + C12
i II2III2

+ C13
i II III3 + C14

i II4 +C15
i III4 + C16

i II4III + C17
i II3III2

+ C18
i II2III3 + C19

i II III4 + C20
i II5 + C21

i III5 (i = 3, 4, 6)
�

Ó !*� � �I×

ü)¾�ÿ�ÅEÉ�Ë~»]Ä�¾�½{ËÍÿ�ËÍÆèÅEËÍÄ�¾T
#ÆèÅ#D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾#�G�ÊÑF�B$·¹IÒ�É8��¾]Ã ?�6MÀYÉ,Ó��������y×ºÁVÅEÆ~Á]Ò�Æ~¾]ÉIÃ�Æ~¾:½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½
Cj

i

¿3Ò ÐoÀYÆK�ÂÉ �Yÿ�¾*¾]É�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÉãÃ�Æ=Ç_Î:ÁVÅEÄ{Ã)ÅVÌy¾:Á�Æ~¾:½�Ã�¾]É¼½�¾]Ò�Ä�½)¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿3Ò%�IÒ/ÅEÃ{Ä{Ë~»]ÿ�¾#ÀYÄ�¿3Ä�¾
ÁVÅEÆ~Á]Ò�Æ~Î:½�¾]É Ä�Î:½�ÀYÆÍÌ1ÅEÉãÃ�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉê¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾	Æ=Ç ��ü)Ñ�ÐoÀYÒ�Ä�Ð�ÆÍÒ¼½�Ë~¾]Ò�Ä�½ÊÎ:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉIÃ�½ÊÐ/ÅEÄ{Ã{Ë~Á]Ò*)
ÆÍË~¾]Ä�½��$MÀYÿ�ÿ�¾°Ð6ÀYÒ�Ä�ÆèÅ�D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾��G��Ñ ÓåÌyÀYËÍÄ�Ð/ÅEÄ�Å��1Ä�ÅEÐ�¹¼¾øÐ�Ä�Î:Á:Î:¿�¾]ÉãÃG×1��É¼ÀYÒ¼½�Ò�Ã{ËÍÆÍË~½�ÀYÉ¼½�Æ=Ç ��ü)Ñ
Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾�Ó !*� �y×ºÐ6ÀYÒ�Ä�ÀYÐ�Ã{ËÍÿ�Ë~½�¾]ÄÊÁ:¾]Ã{Ã�¾�DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾I�B�¤¾:½�Á:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½

Cj
i

½�ÀYÉIÃ�¿�ÀYÉ¼Á�ÀYÕ�Ã�¾]ÉãÒ¼½Ê¾]É
ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÉIÃ

U(Cj
i ) = ∆

(4) :: ∆(4) � Ó !*� �	$y×



 � ��� �Êä ���gä (/ï �wï��VáyúYâóßwçgâåò ì¥áãò ì6çgâÛìÚîNï � �wï��VáyúYâåßNçgâåò ì �@â��Váãú �ãçVï � *

À��2�@Ë~Á]ËA�
∆

(4) = a(4)
ODF − a(4)

IBOF
�
a(4)

ODF
¾:½{Ã�ÁVÅEÆ~Á]Ò�Æ~Î�Å:Ìy¾:Á°Ó !*� �y×*¾]Ã

a(4)
IBOF

¾:½{Ã�Æ~¾
Ã�¾]É¼½�¾]Ò�Ä·¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾ �*ÁVÅEÆ~Á]Ò�Æ~Î)Å:Ìy¾:Á�ÆèÅ�D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾ �?V���Ñ�Ó !*�"!/#y×1�I½{Ò�Ä�Ã�ÀYÒ�Ã·Æ=Ç_¾:½{Ð/ÅYÁ:¾Ê¿�¾:½D=ÅEÕ�Ä{Ë �IÒ¼¾:½�Ð6À1½�½{ËÍÕ�Æ~¾:½��I�¤¾:½UÁ:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½MÅEËÍÉ¼½{Ë/ÁVÅEÆ~Á]Ò�Æ~Î:½·½�ÀYÉãÃU¿�ÀYÉ�É¼Î:½·¾]É+�É�É¼¾10�¾�$G�I�¤¾:½·Á:ÀI¾ ��Á]Ë~¾]ÉIÃ�½
¿�¾:½�Ð6¾]Ã{ËÍÃ�¾:½�Ð�Ò�Ë~½�½�ÅEÉ¼Á:¾:½�¿�¾

II
¾]Ã
III

½�ÀYÉãÃ�Ðo¾]Ò ¿3Ë ÚÎ]Ä�¾]ÉãÃ�½�¿�¾	Á:¾]Ò*0�¿�ÀYÉ�É¼Î:½�Ð/ÅEÄG$·¹IÒ�É8� ¾]Ã?�6·ÀYÉ
Ó��������y×1�$MÀYÿ�ÿ�¾�ÆèÅ,D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾ �?V���Ñ$É¼¾�É¼Î:Á:¾:½�½�ËÍÃ�¾�Ð/ÅY½�¿�¾ Ð/ÅY½�½�¾]Ä�¿3Ò�Ä�¾]Ð6»]Ä�¾ Ð�Ä�ÀYÐ�Ä�¾ ¿�¾

a(2) ÅEÒ
Ä�¾]Ðo»]Ä�¾�¿�¾�Ä�Î1D<Î]Ä�¾]É¼Á:¾I�;$·¹ãÒ�É8��¾]Ã ?�6·ÀYÉ°Ó��������y×·Î]Ì1ÅEÆÍÒ¼¾]ÉãÃºÒ�É �ãÅEËÍÉö¾]ÉöÃ�¾]ÿ�Ð¼½�¿�¾ÊÁVÅEÆ~Á]Ò�Æo¿�¾ !��#
 � �

¡Ð/ÅEÄ�Ä�ÅEÐ�Ð6ÀYÄ{Ã!
#ÆèÅ.DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾#�G�ÊÑ ÓåÐ6ÀYÒ�Ä�¿�¾:½�Ð6ÀYÆK�ÂÉ �Yÿ�¾:½�¿�¾�ÿ3']ÿ�¾	¿�¾��1Ä�Îg×1�$�Ç_¾:½{Ã@Á:¾]Ã{Ã�¾OD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾ �ãÒ¼¾·É¼ÀYÒ¼½@Ò�Ã{ËÍÆÍË~½�¾]Ä�ÀYÉ¼½ùÐ6ÀYÒ�Ä@ÿ�ÀÂ¿�Î]ÆÍË~½�¾]ÄùÆ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾�ÆèÅ�D<ÅEÕ�Ä{Ë �IÒ¼¾º¿¼ÅEÉ¼½
Æ~¾:½ÊÅEÐ�Ð�ÆÍË~ÁVÅEÃ{Ë~ÀYÉ¼½�ÅEÒ*0�ÁVÅEÆ~ÀYÃ{Ã�¾:½�ÐoÀYÆèÅEËÍÄ�¾:½��
� ��� � &�����& ��� ������ 
� � ��� ���  ��� �"� � ����� �����" 
� ���"� ��� �����" 
 �$�"�
�2� ����� ��� )-6 %&$5,-1 % 4>� ) *0' � 8��;$54 � ,;'(6+*-4�6 13$ � %&'(6

�¤¾ºÕ�Ò�ÃU¿�¾�Á:¾]Ã{Ã�¾ºÐ/ÅEÄ{Ã{Ë~¾�¾:½{Ã�¿�¾�¿�ÀYÉ�É¼¾]ÄUÒ�É¼¾ºÿ�Î]Ã{¹¼ÀÂ¿�¾�¿�¾�Á:ÀYÉ¼½{Ã{Ä{Ò¼Á]Ã{Ë~ÀYÉ�¿�¾FD=ÅEÕ�Ä{Ë �ãÒ¼¾:½�¿3Ë~½�Á]Ä�»]Ã�¾:½
Å��ãÅEÉãÃ �]¾10¼ÅYÁ]Ã�¾]ÿ�¾]ÉãÃ���Æ~¾:½)Ã�¾]É¼½�¾]Ò�Ä�½	¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾ �ö¾]Ã �;�

a(n) � ��� � (n = 2, 4)
�¤¿�Î:½{ËÍÄ�Î:½��$M¾:½	Ã�¾]É¼½�¾]Ò�Ä�½	¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�½�ÀYÉIÃ�¿�ÀYÉ�É¼Î:½�½�ÀYËÍÃ	¿3ËÍÄ�¾:Á]Ã�¾]ÿ�¾]ÉIÃ��w½�ËùÀYÉ,ÅY¿�ÀYÐ�Ã�¾�Ò�É¼¾�Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ

Ã�¾]É¼½�ÀYÄ{Ë~¾]ÆÍÆ~¾�¿�¾	ÆèÅ.D<ÅEÕ�Ä{Ë �IÒ¼¾ ÓÛÎ]Ìy¾]ÉIÃ{Ò¼¾]ÆÍÆ~¾]ÿ�¾]ÉãÃ	¾]É�Ð/ÅY½�½GÅEÉãÃ�Ð/ÅEÄÊÒ�É¼¾CD<ÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾�D<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾#½{Ë¤¾]ÆÍÆ~¾
¾:½�Ã�½�¾]Ò�Æ~¾]ÿ�¾]ÉãÃ�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾�Ð/ÅEÄ�Æ~¾qÃ�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ�¿3Ä�¾ �y×1��½�ÀYËÍÃ�ÁVÅEÆ~Á]Ò�Æ~Î:½�Ð/ÅEÄ Ó !*�ÍÖT�y×�¾]É¥Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ
Ó !*�"$y×�½{ËÚÆèÅ#D<ÅEÕ�Ä{Ë �IÒ¼¾	¾:½{Ã�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾	Ð/ÅEÄ�Ò�É¼¾ ��ü�Ñ ��NÅD<ÅEÕ�Ä{Ë �IÒ¼¾*¿3Ë~½�Á]Ä�»]Ã�¾#¾:½�ÃÊÒ�É¼¾#¿3Ë~½{Ã{Ä{ËÍÕ�Ò�Ã{Ë~ÀYÉ°¿3Ë~½�Á]Ä�»]Ã�¾#¿�¾

Ng
�1Ä�ÅEËÍÉ¼½�Ä�¾]Ð6Î]Ä�Î:½�Ð/ÅEÄ)Æ~¾]Ò�Ä)ÅJ0�¾ ? �

{kc} �ã¾]ÃMÅ��ãÅEÉãÃMÃ�ÀYÒ¼½UÒ�É¼¾�ÿ3']ÿ�¾EDÛÄ�ÅYÁ]Ã{Ë~ÀYÉ�ÌyÀYÆÍÒ�ÿ�Ë �IÒ¼¾ fk = 1/Ng
�
k = 1, .., Ng

� �ÊÉ�É¼ÀYÃ�¾
a(n) ��� � �

(n = 2, 4)
Æ~¾:½�Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�ÆèÅ.D<ÅEÕ�Ä{Ë �IÒ¼¾�¿3Ë~½�Á]Ä�»]Ã�¾*ÁVÅEÆ~Á]Ò�Æ~Î:½�Ð/ÅEÄ#Ó !*�ÍÖT�y×�¾]É Ò�Ã{ËÍÆÍË~½GÅEÉãÃ

Ó !*�ÍÖg×1�B�NÅND=ÅEÕ�Ä{Ë �ãÒ¼¾�¿3Ë~½�Á]Ä�»]Ã�¾I� ÅY½�½�ÀÂÁ]Ë~Î:¾	ÅEÒ*0qÃ�¾]É¼½�¾]Ò�Ä�½
a(n) � ��� � (n = 2, 4)

¿�Î:½{ËÍÄ�Î:½W�3ÿ�ËÍÉ�ËÍÿ�Ë~½�¾
U(1c, 2c, · · · ,Ngc) = ∆

(2) : ∆(2) + ∆
(4) :: ∆(4) � Ó !*� � �y×

À��2�3Ë~Á]ËA�
∆

(n) = a(n) �	� � � − a(n) � ��� � ÅVÌy¾:Á n = 2, 4
��NÅ#ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÃ{Ë~ÀYÉ ¿�¾

U
Ð/ÅEÄºÄ�ÅEÐ�ÐoÀYÄ{Ã�
#Ã�ÀYÒ�Ã�¾:½�Æ~¾:½�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½�Ð6À1½�½�ËÍÕ�Æ~¾:½ kc

¾:½{ÃFD=ÅEËÍÃ�¾)Ð/ÅEÄ�ÆèÅ
ÿ�Î]Ã{¹¼ÀÂ¿�¾)¿3Ò �1Ä�ÅY¿3Ë~¾]ÉãÃ�Á:ÀYÉ&-8Ò8�1Ò¼ÎI� M@ÀYÒ�Ä�Ò�ÉqÉ¼ÀYÿ�Õ�Ä�¾�¿�¾G�1Ä�ÅEËÍÉ¼½�¿�ÀYÉ�É¼ÎI�

Ng
�ÂÆèÅ*½�ÀYÆÍÒ�Ã{Ë~ÀYÉqÉ¤Ç_¾:½{ÃºÐ/ÅY½

Ò�É�Ë �IÒ¼¾ÊÐ�Ò�Ë~½ �ãÒ¼¾�¿�¾]Ò*03D=ÅEÕ�Ä{Ë �ãÒ¼¾:½MÐo¾]Ò�Ìy¾]ÉãÃ�ÅVÌyÀYËÍÄMÆ~¾:½·ÿ3']ÿ�¾:½ºÃ�¾]É¼½�¾]Ò�Ä�½º¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾B�*¾]Ã
�#ÿ�ÅEË~½º¿�¾:½�Ã�¾]É¼½�¾]Ò�Ä�½M¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ ¿ÚÇ_ÀYÄ�¿3Ä�¾)½{Ò�ÐoÎ]Ä{Ë~¾]Ò�Ä�½·¿3Ë ÚÎ]Ä�¾]ÉãÃ�½��*	�ÅEË~½º½{Ë/Æ~¾ÊÉ¼ÀYÿ�Õ�Ä�¾�¿�¾!�1Ä�ÅEËÍÉ¼½
¾:½�Ã�½{Ò���½�ÅEÉIÃ��/ÅEÆ~ÀYÄ�½�ÆèÅ�ÿ�Î]Ã{¹¼ÀI¿�¾	Á:ÀYÉIÌy¾]Ä/�y¾�Ìy¾]Ä�½�Ò�É¼¾CD=ÅEÕ�Ä{Ë �ãÒ¼¾ �ãÒ�ËwÅ �]¾10�ÅYÁ]Ã�¾]ÿ�¾]ÉIÃ��	Æ~¾:½�Ã�¾]É¼½�¾]Ò�Ä�½
¿ÚÇ_ÀYÄ�¿3Ä�¾���¾]Ã ��¿�Î:½{ËÍÄ�Î:½���ÿ�ÅEË~½��ãÒ�Ë¤¿�Î]Ðo¾]É¼¿�¿�¾�ÆèÅ#D=ÅEÕ�Ä{Ë �ãÒ¼¾	ËÍÉ�ËÍÃ{ËèÅEÆ~¾I���É�Ã�¾]Ä{ÿ�¾:½�¿�¾öÁ:ÀYÉãÌy¾]Ä/�y¾]É¼Á:¾�¾]Ã#¿�¾�Ã�¾]ÿ�Ð¼½�¿�¾öÁVÅEÆ~Á]Ò�ÆA�NÆ=Ç ËÍÉ�ËÍÃ{ËèÅEÆÍË~½�ÅEÃ{Ë~ÀYÉ¥ÆèÅ Ð�ÆÍÒ¼½#¾ ��ÁVÅYÁ:¾ ÐoÀYÒ�Ä
Á]Ä�Î:¾]Ä·¿�¾:½<D<ÅEÕ�Ä{Ë �IÒ¼¾:½�¿3Ë~½�Á]Ä�»]Ã�¾:½·ÅY½�½�ÀÂÁ]Ë~Î:¾:½>
)Æ=Ç ��ü)Ñ�Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾*Ó !*� �y×�¾:½{Ã�ÀYÕ�Ã�¾]ÉãÒ¼¾Ê¾]É�¿3Ë~½�Á]Ä�Î]Ã{Ë~½�ÅEÉIÃ
ÆèÅø½{Ò�Ä D=ÅYÁ:¾�¿�¾�ÆèÅ°¿�¾]ÿ�Ë )S½{Ð�¹¼»]Ä�¾êÒ�É�ËÍÃ�Îê¾]É

Ng
Î]Æ~Î]ÿ�¾]ÉIÃ�½�¿�¾ ÿ3']ÿ�¾ê½{Ò�Ä D=ÅYÁ:¾I�·¿�Î]ÆÍËÍÿ�ËÍÃ�Î:½öÐ/ÅEÄq¿�¾:½

ÿ�Î]Ä{Ë~¿3Ë~¾]É¼½#¾]Ã�¿�¾:½�Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾:½��N¾]Ã�¾]É,ÅY½�½{ËK�1É/ÅEÉãÃ.
�Á�¹/Å&�IÒ¼¾ kc
�ÚÆ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ

(θ, ϕ)
¿3ÒøÁ:¾]ÉIÃ{Ä�¾ ¿�¾

Æ=Ç_Î]Æ~Î]ÿ�¾]ÉIÃ*Ó=Ô�ËÍÆÍÆ~¾]Ã )?$·¹/ÅEÒ�Æ~¾]ÃA% � * < ! �'�����/$y×1��ÈÊÉ¼¾�Ã�¾]ÆÍÆ~¾GD<ÅEÕ�Ä{Ë �IÒ¼¾�¾:½{ÃºÐ�Ä�ÅEÃ{Ë �IÒ¼¾]ÿ�¾]ÉãÃ�Ë~½�ÀYÃ{Ä�ÀYÐo¾�¾]Ã�¾]ÆÍÆ~¾
¾:½�Ã�Ð/ÅEÄ�Á:ÀYÉ¼½{Ã{Ä{Ò¼Á]Ã{Ë~ÀYÉ ¿�Î?- 
�ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾I�PÊÀYÒ¼½�Å:ÌyÀYÉ¼½�Ò�Ã{ËÍÆÍË~½�ÎöÁ:¾]Ã{Ã�¾qÿ�Î]Ã{¹¼ÀÂ¿�¾öÐ6ÀYÒ�Ä�Á:ÀYÉ¼½{Ã{Ä{Ò�ËÍÄ�¾�¿�¾:½#D=ÅEÕ�Ä{Ë �ãÒ¼¾:½�¿3Ë~½�Á]Ä�»]Ã�¾:½3
 Ð/ÅEÄ{Ã{ËÍÄ�¿�¾
Æ~¾]Ò�Ä�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ�Ð/ÅEÄ)Æ=Ç ��ü)Ñ�Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾�Ó !*� �y×1��$M¾]Ä{Ã�ÅEËÍÉ¼¾:½�¿�¾#Á:¾:½!D<ÅEÕ�Ä{Ë �IÒ¼¾:½��oÁ:ÀYÄ{Ä�¾:½{ÐoÀYÉ¼¿¼ÅEÉãÃ 

¿3Ë ÚÎ]Ä�¾]ÉãÃ�¾:½	ÌYÅEÆ~¾]Ò�Ä�½�¿�¾:½)Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½

k1, k2
¾]Ã
k3

½�ÀYÉãÃ�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾:½	½{Ò�Ä)ÆèÅöÑ@ËK�1Ò�Ä�¾ !*� �°Ó=Ô�ËÍÆÍÆ~¾]Ã )$·¹/ÅEÒ�Æ~¾]Ã % �L* < ! �:�����/$y×1�8$MÀYÉãÃ{Ä�ÅEËÍÄ�¾]ÿ�¾]ÉIÃG
	Ò�É¼¾ÊË~¿�Î:¾�½�ÀYÒ�Ìy¾]ÉIÃº¾103Ð�Ä{ËÍÿ�Î:¾I�ÂËÍÆ;D=ÅEÒ�Ã·Ò�É D=ÅEËÍÕ�Æ~¾�É¼ÀYÿ*Õ�Ä�¾
¿�¾ �1Ä�ÅEËÍÉ¼½�Ð6ÀYÒ�Ä Á:ÀYÉ¼½{Ã{Ä{Ò�ËÍÄ�¾�¿�¾:½.D=ÅEÕ�Ä{Ë �ãÒ¼¾:½�Ð6¾]Ò�Á:ÀYÉ¼Á:¾]ÉIÃ{Ä�Î:¾:½ �UÐ/ÅEÄ Á:ÀYÉãÃ{Ä�¾I�UËÍÆ D=ÅEÒ�Ã�Ò�É¥É¼ÀYÿ*Õ�Ä�¾
ËÍÿ�ÐoÀYÄ{Ã�ÅEÉãÃ�¿�¾��1Ä�ÅEËÍÉ¼½�ÐoÀYÒ�Ä�Á:ÀYÉ¼½{Ã{Ä{Ò�ËÍÄ�¾�¿�¾:½ED<ÅEÕ�Ä{Ë �IÒ¼¾:½�Ã{Ä�»:½�Á:ÀYÉ¼Á:¾]ÉIÃ{Ä�Î:¾:½��



� � ñ �Nä�ßùâóçVúJï  � é�ò���Iæåï	� �wï �wï��VáyúYâóßwçgâåò ì�� �wïêæåä �Sä �@úEâåí¤îwï

�

��

�

� �

� â�( �  � � þgüÊËèÅ��1Ä�ÅEÿ�ÿ�¾:½@¿�¾MýÂÁ�¹�ÿ�Ë~¿3Ã@¿�¾�Á:¾]Ä{Ã�ÅEËÍÉ¼¾:½2D=ÅEÕ�Ä{Ë �ãÒ¼¾:½w¿3Ë~½�Á]Ä�»]Ã�¾:½��V½�Ò�Ä¤Æ~¾:½¤ÕoÀYÄ�¿�½N¿3Ò�¿�ÀYÿ�ÅEËÍÉ¼¾
Ã{Ä{ËèÅEÉ8�1Ò�ÆèÅEËÍÄ�¾�¿�Î1=¼É�Ë Ð/ÅEÄ

10−3 < k1 < k2 < k3
�ãÀYÕ�Ã�¾]ÉIÒ¼¾:½M¾]Éöÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÉIÃMÆ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�Ó !*� � �y×�ÅVÌy¾:Á

Ng
�1Ä�ÅEËÍÉ¼½�þ�Ó ä ×ED<ÅEÕ�Ä{Ë �IÒ¼¾#Ë~½�ÀYÃ{Ä�ÀYÐ6¾qÓ

k1 = k2 = k3 = 1
�
Ng = 196

× ��Ó � ×�¾]Ã�Ó á ×ED<ÅEÕ�Ä{Ë �IÒ¼¾:½C
�Ö
ÿ�ÅJ03ËÍÿ�Ò�ÿ Ó

k2 = k3
×1��Ó

k1 = 5.10−2 � Ng = 900
×�¾]Ã�Ó

k1 = 1.10−3 � Ng = 4900
×1�NÄ�¾:½{Ðo¾:Á]Ã{ËÍÌy¾1)

ÿ�¾]ÉIÃ ��Ó � ×GD<ÅEÕ�Ä{Ë �IÒ¼¾�ËÍÉãÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾�Ó
k1 = 10−3 � k2 = 2.10−1 � k3 = 5.103 � Ng = 4900

× �MÓ ï ×
¾]Ã Ó � ×GD=ÅEÕ�Ä{Ë �ãÒ¼¾:½*ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾:½�¿�¾�Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ,¿�¾�Ã �ÂÐ6¾�Á:ÀYÒ�Ä�ÀYÉ�É¼¾�Ó

k1 = k2 = 10−3 ¾]Ã
5.10−2 �Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ��

Ng = 196
×1�



 � ��� �Êä ���gä (/ï �wï��VáyúYâóßwçgâåò ì¥áãò ì6çgâÛìÚîNï � �wï��VáyúYâåßNçgâåò ì �@â��Váãú �ãçVï � �

$·Ë¼¿�¾:½�½�ÀYÒ¼½��YÉ¼ÀYÒ¼½·¿�ÀYÉ�É¼ÀYÉ¼½UÆ~¾ºÉ¼ÀYÿ�Õ�Ä�¾�ÿ�ËÍÉ�ËÍÿ�Ò�ÿ ¿�¾ �1Ä�ÅEËÍÉ¼½UÉ¼Î:Á:¾:½�½�ÅEËÍÄ�¾:½UÐ6ÀYÒ�Ä�Á:ÀYÉ¼½�Ã{Ä{Ò�ËÍÄ�¾�¿�¾:½D=ÅEÕ�Ä{Ë �IÒ¼¾:½�¿3Ë~½�Á]Ä�»]Ã�¾:½ÊÐ/ÅEÄ D<ÅEËÍÃ�¾]ÿ�¾]ÉIÃ)Ë~½�ÀYÃ{Ä�ÀYÐ6¾*¾]Ã�Ð�ÆèÅEÉ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐ6¾#ÅEÒ�½�¾]É¼½Ê¿�¾:½�Ã�¾]É¼½�¾]Ò�Ä�½Ê¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅJ)
Ã{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾&��¾]Ã �;�BM@ÀYÒ�Ä�Ò�É¼¾CD=ÅEÕ�Ä{Ë �IÒ¼¾ 
�Ò�É ½�¾]Ò�Æ¤ÿ�ÅJ0ÂËÍÿ*Ò�ÿ��/ËÍÆw¾:½{Ã�Î]ÌÂË~¿�¾]ÉãÃ��ãÒ¤Ç Ò�É ½�¾]Ò�Æ2�1Ä�ÅEËÍÉ
¾:½�Ã�½{Ò���½�ÅEÉIÃ��¤ÿ�ÅEË~½	Ò�ÉU�1Ä�ÅEÉ¼¿°É¼ÀYÿ�Õ�Ä�¾ ¿�¾3�1Ä�ÅEËÍÉ¼½*¾:½{Ã	É¼Î:Á:¾:½�½�ÅEËÍÄ�¾�¿�»:½	Æ~ÀYÄ�½ �IÒ¼¾�ÆèÅ D=ÅEÕ�Ä{Ë �IÒ¼¾�É¤ÇCÅ
Ð/ÅY½�¾10�ÅYÁ]Ã�¾]ÿ�¾]ÉIÃ�Æ=Ç_¾]É¼½�¾]ÿ*Õ�Æ~¾�¿�¾:½E�1Ä�ÅEËÍÉ¼½Ê¿¼ÅEÉ¼½�ÆèÅ�ÿ3']ÿ�¾	¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ2�
 � ��� � � � � ä �@úEâåí¤îwï�â��Vò/çVúJò ßUï

MwÀYÒ�Ä�Ò�É¼¾ D=ÅEÕ�Ä{Ë �IÒ¼¾qË~½�ÀYÃ{Ä�ÀYÐ6¾I�UÅJ=¼É�¿�¾�½GÅEÃ{Ë~½ D<ÅEËÍÄ�¾öÆ~¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½ Ó !*� �/#y×#¾]Ã Ó !*�"!��y×1�UÀYÉ¥Ðo¾]Ò�Ã
ÿ�ÀYÉIÃ{Ä�¾]Ä!�IÒ¼¾)Æ~¾)É¼ÀYÿ�Õ�Ä�¾�ÿ�ËÍÉ�ËÍÿ�ÅEÆw¿�¾��1Ä�ÅEËÍÉ¼½�¾:½�Ã�¿�ÀYÒ �V¾I�6ýÂÀYË~¾]ÉãÃ�Æ~¾:½�Ã{Ä�ÀYË~½�ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½

c1 = (a, b, a)
�

c2 = (a, a, b)
¾]Ã

c3 = (b, a, a)
Ó !*� ��,1×

À��
a =

√

(1 −
√

2/5)/3
¾]Ã
b =

√

(1 + 2
√

2/5)/3
��¤¾:½�É¼¾]Ò*DÊÅEÒ�Ã{Ä�¾:½#Ìy¾:Á]Ã�¾]Ò�Ä�½*É¼Î:Á:¾:½�½�ÅEËÍÄ�¾:½#ÐoÀYÒ�Ä*ÀYÕ�Ã�¾]É�ËÍÄ#Ò�É¼¾3D=ÅEÕ�Ä{Ë �ãÒ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐo¾�½�ÀYÉIÃ#ÀYÕ�Ã�¾]ÉIÒ¼½

¾]É¥Ð�Ä�¾]É/ÅEÉIÃ�Æ~¾:½�Ã{Ä�ÀYË~½�Ìy¾:Á]Ã�¾]Ò�Ä�½ ½/�Âÿ�Î]Ã{Ä{Ë �ãÒ¼¾:½�¿�¾:½�Ã{Ä�ÀYË~½�Ð�Ä�¾]ÿ�Ë~¾]Ä�½�Ó !*� ��,1×*Ð/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{Ã�ÅEÒ¥Ð�ÆèÅEÉ
(e1, e3)

��Ð�Ò�Ë~½�¾]É�Ð�Ä�¾]É/ÅEÉãÃÊÆ~¾:½�½/�Âÿ�Î]Ã{Ä{Ë �ãÒ¼¾:½�¿�¾�Á:¾:½Ê½{Ë 0 Ìy¾:Á]Ã�¾]Ò�Ä�½�Ð/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{ÃÊÅEÒ�Ð�ÆèÅEÉ
(e2, e3)

�
¸NÀYÒ�Ã<-{¾]Òq¿�¾�¿�ÀYÒ �V¾)Ìy¾:Á]Ã�¾]Ò�Ä�½�ÀYÕ�Ã�¾]ÉãÒ�Ð/ÅEÄ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Á:¾�Ð�Ä�¾]ÿ�Ë~¾]Ä<-{¾]Ò�¿�¾ÊÌy¾:Á]Ã�¾]Ò�Ä�½�¾:½{Ã�ÅEÒ¼½�½{Ë

Ò�É¼¾GD=ÅEÕ�Ä{Ë �IÒ¼¾)Ë~½�ÀYÃ{Ä�ÀYÐ6¾	ÅEÒ�½�¾]É¼½�¿�¾:½�Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿ÚÇ_ÀYÄ�¿3Ä�¾ �#¾]Ã �;�B�ÊÉ�Ä�¾]ÿ�ÅEÄ �IÒ¼¾�ÅEËÍÉ¼½{Ë�IÒ¼¾êÃ�ÀYÒ�ÃqÄ�¾]Ð6»]Ä�¾�¾:½{ÃqÒ�É Ä�¾]Ð6»]Ä�¾êÐ�Ä�ÀYÐ�Ä�¾�¿�¾
a(2) ¾]Ã

a(4) �Mÿ�ÅEË~½qÃ�ÀYÒ�Ã�Ä�¾]Ð6»]Ä�¾êÉ¼¾�¿�Î1=¼É�ËÍÃ�Ð/ÅY½
ÀYÕ�ÆÍËK�ãÅEÃ�ÀYËÍÄ�¾]ÿ�¾]ÉIÃ�¿�¾:½�Ð�ÆèÅEÉ¼½�¿�¾�½/�Âÿ�Î]Ã{Ä{Ë~¾�ÐoÀYÒ�Ä�ÆèÅND<ÅEÕ�Ä{Ë �IÒ¼¾I�
 � ��� � � % � ä �@úEâåí¤îwï ßùæåä¼ìNïêâ��gò¼çVúEò/ßUï

MwÀYÒ�Ä�Ò�É¼¾CD=ÅEÕ�Ä{Ë �ãÒ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐo¾�¿¼ÅEÉ¼½ÊÆ~¾	Ð�ÆèÅEÉ
(e1, e2)

�6ÅJ=¼Éê¿�¾*½�ÅEÃ{Ë~½ D=ÅEËÍÄ�¾�Æ~¾:½ÊÎ��IÒ/ÅEÃ{Ë~ÀYÉ¼½�Ó !*� � ,1×
¾]Ã�Ó !*� �/.y×1� ÀYÉ�Ð6¾]Ò�Ã�ÿ�ÀYÉãÃ{Ä�¾]Ä!�IÒ¼¾C�IÒ/ÅEÃ{Ä�¾C�1Ä�ÅEËÍÉ¼½�ÅEÒ�ÿ�ËÍÉ�ËÍÿ*Ò�ÿ ½�ÀYÉIÃ�É¼Î:Á:¾:½�½�ÅEËÍÄ�¾:½��BM@ÅEÄ�¾10�¾]ÿ�Ð�Æ~¾

c1 = (1, 0, 0)
�

c2 = (0, 1, 0)

c3 = (
√

2/2,
√

2/2, 0)
�

c4 = (−
√

2/2,
√

2/2, 0)

� Ó !*� �	.y×
¾]Ã�Õ�Ë~¾]É�½ ��Ä�Ã�ÀYÒ�Ã�¾�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾�Á:¾:½!�ãÒ/ÅEÃ{Ä�¾)Ìy¾:Á]Ã�¾]Ò�Ä�½�ÅEÒ�Ã�ÀYÒ�ÄÊ¿�¾

e3
¾:½{Ã�ÅEÒ¼½�½{Ë¤½�ÀYÆÍÒ�Ã{Ë~ÀYÉ2�

�2� ����� ��8:9�1 ,-9*0' 6 !;8 $ 8:� � %&$ '(6 *0' 9 � � � � � �2� ��
��
!;8 $&% 4�$+*�� ,-)0' � 8 �-$54���,;' *;4 6 �13$ � %&'
MwÀYÒ�ÄºÒ�Ã{ËÍÆÍË~½�¾]ÄºÒ�Éqÿ�ÀI¿�»]Æ~¾)Å:Ìy¾:Á)Ò�É¼¾�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ�Á:ÀYÉIÃ{ËÍÉãÒ¼¾�¿�¾ÊÆèÅTD=ÅEÕ�Ä{Ë �IÒ¼¾I� %T! S ! �ÂÆ=Ç ��ü�ÑøÐ/ÅEÄ�ÅJ)

ÿ�Î]Ã{Ä�Î:¾�Ó !*� �y×1�6ËÍÆLD<ÅEÒ�Ã�ÐoÀYÒ�ÌyÀYËÍÄ�Ð/ÅY½�½�¾]Ä�¿�¾�ÆèÅö¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ�¿3Ë~½�Á]Ä�»]Ã�¾�¿�¾#ÆèÅD<ÅEÕ�Ä{Ë �IÒ¼¾I�/Ð/ÅEÄ�¾10�¾]ÿ�Ð�Æ~¾
ÀYÕ�Ã�¾]ÉIÒ¼¾ 
�Ð/ÅEÄ{Ã{ËÍÄ�¿ÚÇ Ò�É¼¾�ÿ�¾:½{Ò�Ä�¾�½{Ò�ÄqÒ�É¼¾�ÆèÅEÿ�¾�ÿ�ËÍÉ¼Á:¾I�E
�ÆèÅ,¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ Á:ÀYÉãÃ{ËÍÉIÒ¼¾I� � !(%-! �·Æ~¾:½
Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½Ê¿�¾�Æ=Ç ��ü)Ñ�Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾I��¤¾:½#Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½�¿ÚÇ_ÀYÄ�¿3Ä�¾ � ¾]Ã � ÐoÀYÒ�Ä#ÆèÅQD=ÅEÕ�Ä{Ë �ãÒ¼¾ö¿3Ë~½�Á]Ä�»]Ã�¾ö½�ÀYÉãÃ�ÁVÅEÆ~Á]Ò�Æ~Î:½�Ð/ÅEÄ
Ó !*�ÍÖT�y×�¾]É�Ò�Ã{ËÍÆÍË~½�ÅEÉIÃ�Ó !*�ÍÖg×1� $MÀYÿ�ÿ�¾	Æ=Ç ��ü)Ñ¥Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾#¾:½{Ã�Ä�¾:½{Ã{Ä{Ë~Á]Ã{ËÍÌy¾I�6ÅEÒ�½�¾]É¼½�À��ê¾]ÆÍÆ~¾�É¼¾	Ðo¾]Ä )
ÿ�¾]Ã�¿�¾ÊÄ�¾]Ð�Ä�Î:½�¾]ÉãÃ�¾]Ä!�ãÒ¤Ç Ò�É¼¾)Á]ÆèÅY½�½�¾ÊÐ/ÅEÄ{Ã{Ë~Á]Ò�ÆÍË~»]Ä�¾�¿�¾!D<ÅEÕ�Ä{Ë �IÒ¼¾:½�ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾:½���ÅEÆ~ÀYÄ�½ºËÍÆ É¤Ç_¾103Ë~½{Ã�¾�Ð/ÅY½
¾]É%�yÎ]É¼Î]Ä�ÅEÆ@¿�¾�Á:ÀYÒ�Ð�Æ~¾*¿�¾�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½

(k1, k2)
�IÒ�ËwÁ:ÀYÉ¼¿3Ò�Ë~½�¾�¾10¼ÅYÁ]Ã�¾]ÿ�¾]ÉãÃ	ÅEÒ*0�ÿ3']ÿ�¾:½ÊÃ�¾]É¼½�¾]Ò�Ä�½

¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½�Á:ÀYÉãÃ{ËÍÉãÒ¼½W�@ýÂ¾]Ò�ÆUÆ~¾�Ã�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿3Òø½�¾:Á:ÀYÉ¼¿°ÀYÄ�¿3Ä�¾�¾:½{Ã�Ò�Ã{ËÍÆÍË~½�Î�ÐoÀYÒ�Ä	Ä�¾1)
Á:ÀYÉ¼½�Ã{Ä{Ò�ËÍÄ�¾�Æ~¾:½ÊÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿�¾	Æ=Ç ��ü)Ñ�Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾I�2$MÀYÿ�ÿ�¾*É¼ÀYÒ¼½�ÅVÌyÀYÉ¼½�ÌIÒ9�ãÒ¼¾�Æ~¾�Ã�¾]É¼½�¾]Ò�Ä)¿3Ò
½�¾:Á:ÀYÉ¼¿öÀYÄ�¿3Ä�¾)¿�ÀYÉ�É¼¾�ÆèÅ�ÿ�¾]ËÍÆÍÆ~¾]Ò�Ä�¾	ÅEÐ�Ð�Ä�À�03ËÍÿ�ÅEÃ{Ë~ÀYÉ ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾)¿�¾�Æ=Ç ��ü)Ñ�ÅEÆ~ÀYÄ�½�Á1Ç_¾:½{ÃMÆ~¾�ÿ�¾]ËÍÆÍÆ~¾]Ò�Ä
ÁVÅEÉ¼¿3Ë~¿¼ÅEÃÊ¾]Ã�½�ÀYÉ�Ä�¾]Ðo»]Ä�¾)Ð�Ä�ÀYÐ�Ä�¾	½�¾]Ä�Å#Ë~¿�¾]ÉãÃ{Ë =/Î*Á:ÀYÿ�ÿ�¾�Æ~¾�Ä�¾]Ðo»]Ä�¾�¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾ {o

R} �8�¤¾:½�¿�¾]Ò*0Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½
k1

¾]Ã
k2

½�ÀYÉãÃö¾]É¼½{Ò�ËÍÃ�¾�ÁVÅEÆ~Á]Ò�Æ~Î:½ 
�Ð/ÅEÄ{Ã{ËÍÄq¿3Ò�½/�3½{Ã�»]ÿ�¾ ¿ÚÇ_Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½ É¼ÀYÉ*)=ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I�
ÀYÕ�Ã�¾]ÉIÒ9
#Ð/ÅEÄ{Ã{ËÍÄ�¿�¾ Ó !*� ���y×)þ

{
J30(k1, k2) − a �	� � �1 − a ��� � �2 = 0
J32(k1, k2) − a �	� � �2 = 0

� Ó !*� �	#y×
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À�� Ð/ÅEÄMÁ:ÀYÿ�ÿ�ÀÂ¿3ËÍÃ�Î�Ð6ÀYÒ�ÄMÆ~¾�ÁVÅEÆ~Á]Ò�ÆoÉãÒ�ÿ�Î]Ä{Ë �IÒ¼¾I�
a �	� � �1

¾]Ã
a �	� � �2

½�ÀYÉãÃºÁ�¹¼ÀYË~½{Ë~½ºÁ:ÀYÿ�ÿ�¾�Æ~¾:½·¿�¾]Ò*0 Ð�ÆÍÒ¼½�1Ä�ÅEÉ¼¿�¾:½ùÌ1ÅEÆ~¾]Ò�Ä�½�Ð�Ä�ÀYÐ�Ä�¾:½ùËÍÉ¼¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�¾:½�¿3Ò�Ã�¾]É¼½�¾]Ò�ÄU¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¿3Ò�½�¾:Á:ÀYÉ¼¿�ÀYÄ�¿3Ä�¾�¾]Ã�Æ~¾:½�¿�¾]Ò*0
ÿ�ÀYÿ�¾]ÉIÃ�½·¿�¾�Æ=Ç ��ü)Ñ

J30
¾]Ã
J32

½�ÀYÉIÃ�¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ�Ó !*� ���y×1� �¤¾�½ �Â½{Ã�»]ÿ�¾�¾:½{ÃUÄ�Î:½�ÀYÆÍÒ�Ð/ÅEÄ·ÆèÅ)ÿ�Î]Ã{¹¼ÀÂ¿�¾
¿�¾ P�¾�6�Ã�ÀYÉ2�LM@ÀYÒ�Ä�¿�¾:½ND=ÅEÕ�Ä{Ë �ãÒ¼¾:½�ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾:½�¿�¾öÄ�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ2�ùÆ~¾:½�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�½�ÀYÉãÃ�ÅEÉ/ÅEÆK�ÂÃ{Ë �ãÒ¼¾:½
Ó=Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�Ëw¾]Ã�	�¾��3½�½�ÀYÉ�É�Ë~¾]Ä��ÚÖ�#/#/#y×1��wÅ�ÁVÅEÐ/ÅYÁ]ËÍÃ�Î	¿�¾�Æ=Ç ��ü)Ñ 
�¿�Î:Á]Ä{ËÍÄ�¾�ÆèÅ#D=ÅEÕ�Ä{Ë �ãÒ¼¾	ÿ�¾:½{Ò�Ä�Î:¾�Ðo¾]Ò�Ã�']Ã{Ä�¾	Î]ÌYÅEÆÍÒ¼Î:¾	Ð/ÅEÄ�þ

||∆(4)||
||A(4)||

=

(

∆
(4) :: ∆(4)

A(4) �	� � � :: A(4) �	� � �

)1/2 � Ó !*�"$��y×
À��

∆
(4) = a(4) � ��� � − a(4) �	� � � �U¾]Ã a(4) �	� � � ¾:½{Ã�Æ~¾�Ã�¾]É¼½�¾]Ò�Ä ¿3Ò �IÒ/ÅEÃ{Ä{Ë~»]ÿ�¾ ÀYÄ�¿3Ä�¾�ÁVÅEÆ~Á]Ò�Æ~Î�ÐoÀYÒ�Ä

ÆèÅD=ÅEÕ�Ä{Ë �ãÒ¼¾�ÿ�¾:½{Ò�Ä�Î:¾�Ó !*�ÍÖT�y×�¾]ÉêÒ�Ã{ËÍÆÍË~½GÅEÉãÃ Ó !*�ÍÖg×�¾]Ã
a(4) � ��� � ¾:½{Ã)Æ~¾#Ã�¾]É¼½�¾]Ò�Ä�¿3Ò �ãÒ/ÅEÃ{Ä{Ë~»]ÿ�¾�ÀYÄ�¿3Ä�¾ÁVÅEÆ~Á]Ò�Æ~Î�ÅVÌy¾:Á�Ó !*�ÍÖT�y×º¾]Ã*Ó !*�"$y×�
#Ð/ÅEÄ{Ã{ËÍÄ�¿�¾:½�Ì1ÅEÆ~¾]Ò�Ä�½�¿�¾
k1

¾]Ã
k2
��½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½Ê¿�¾�Ó !*� �	#y×1�$M¾]Ã{Ã�¾�¾]Ä{Ä�¾]Ò�Ä�Ó !*�"$��y×�Ð6¾]Ò�Ã�ÅEÒ¼½�½{Ë<']Ã{Ä�¾#Ò�Ã{ËÍÆÍË~½�Î:¾#Ð6ÀYÒ�Ä��IÒ/ÅEÉãÃ{Ë =/¾]Ä�ÆèÅ ÁVÅEÐ/ÅYÁ]ËÍÃ�Î�¿�¾�ÆèÅD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾

¿�¾
a(4) 
#Ä�¾]Ð�Ä�ÀÂ¿3Ò�ËÍÄ�¾	ÆèÅ#D=ÅEÕ�Ä{Ë �IÒ¼¾	¿3Ë~½�Á]Ä�»]Ã�¾I�

� � � � ���� � ���"� ���
ü�ÅEÉ¼½�Á:¾9$·¹/ÅEÐ�ËÍÃ{Ä�¾I�UÉ¼ÀYÒ¼½�ÅVÌyÀYÉ¼½�Ð�Ä�Î:½�¾]ÉIÃ�Î�Æ~¾:½�¿3Ë ÚÎ]Ä�¾]ÉãÃ�¾:½ Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½ ¿�¾�ÆèÅ%D=ÅEÕ�Ä{Ë �IÒ¼¾

¹/ÅEÕ�ËÍÃ{Ò¼¾]ÆÍÆ~¾]ÿ�¾]ÉIÃÊÒ�Ã{ËÍÆÍË~½�Î:¾:½�¿¼ÅEÉ¼½�Æ~¾:½�ÿ�ÀÂ¿�»]Æ~¾:½�ÿ�Ë~Á]Ä�À�)=ÿ�ÅYÁ]Ä�À
� ÆèÅ�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ ¿3Ë~½�Á]Ä�»]Ã�¾�Ð/ÅEÄ�Ò�É�É¼ÀYÿ�Õ�Ä�¾T=¼É�Ë¤¿�¾C�1Ä�ÅEËÍÉ¼½
� ÆèÅ�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ Á:ÀYÉãÃ{ËÍÉIÒ¼¾�Ð/ÅEÄ�Ò�É¼¾ ��ü�Ñ
� ¾]Ã�ÆèÅ�¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ�Á:ÀYÉIÃ{ËÍÉãÒ¼¾	Ð/ÅEÄ�Æ~¾:½�Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ¼½���N¾:½wÃ�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ ½�ÀYÉãÃùÆ~¾:½ùÁ:ÀI¾ ��Á]Ë~¾]ÉIÃ�½U¿�¾MÆ=Ç ��ü�Ñê¿�Î:Á:ÀYÿ�ÐoÀ1½�Î:¾�¾]É�½�Î]Ä{Ë~¾·¿�¾ºÑ¼ÀYÒ�Ä{Ë~¾]Ä��P�ÀYÒ¼½�Å:ÌyÀYÉ¼½Ê¿�ÀYÉ�É¼Î	Æ~¾:½Ê¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ¼½�ÅEÉ/ÅEÆK�IÃ{Ë �IÒ¼¾:½�¿�¾�Á:¾:½�Ã�¾]É¼½�¾]Ò�Ä�½Ê¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉêÐ6ÀYÒ�Ä�Á:¾]Ä{Ã�ÅEËÍÉ¼¾:½

Á]ÆèÅY½�½�¾:½�¿�¾�D<ÅEÕ�Ä{Ë �IÒ¼¾:½�Ð/ÅEÄ{Ã{Ë~Á]Ò�ÆÍË~»]Ä�¾:½��+�=¼É�¿�¾�Ä�Î:¿3Ò�ËÍÄ�¾êÆ~¾ É¼ÀYÿ*Õ�Ä�¾�¿�¾ Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½qÉ¼Î:Á:¾:½�½GÅEËÍÄ�¾:½�ÐoÀYÒ�Äö¿�Î:Á]Ä{ËÍÄ�¾êÆèÅ D<ÅEÕ�Ä{Ë �IÒ¼¾I�·É¼ÀYÒ¼½
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Ö�#/. ,1×)þ

S̄ = η̄0

3∑

r=1

[
η̄r tr(M̄r.D̄)M̄

D
r + η̄r+3(D̄.M̄r + M̄r.D̄)D

] � Ó �;� �/!y×
À��

η̄0
¾:½�ÃÊÒ�É¼¾#ÌÂË~½�Á:À1½{ËÍÃ�Î#¿�¾�Ä�Î1D<Î]Ä�¾]É¼Á:¾�¾]Ã�Æ~¾:½)½{Ë 0�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿�¾*Æ~ÀYË

η̄i (i = 1, · · · , 6) ½�ÀYÉIÃ)¿�¾:½ÌÂË~½�Á:À1½{ËÍÃ�Î:½�ÅY¿3ËÍÿ�¾]É¼½{Ë~ÀYÉ�É¼Î:¾:½W�;�ãÒ�ËÚ¿�Î]Ðo¾]É¼¿�¾]ÉãÃ�¿�¾)ÆèÅ#D=ÅEÕ�Ä{Ë �IÒ¼¾�¾]Ã�¿3Òöÿ�ÀÂ¿�»]Æ~¾�ÿ�Ë~Á]Ä�À�)=ÿ�ÅYÁ]Ä�À�Ò�Ã{ËÍÆÍË~½�ÎI��NÅ:D<ÀYÄ{ÿ�¾qÿ�ÅEÃ{Ä{Ë~Á]Ë~¾]ÆÍÆ~¾�¿�¾öÆ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉëÓ �;� �/!y×1��¿¼ÅEÉ¼½�Æ~¾qÄ�¾]Ð6»]Ä�¾�¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾I�U¾:½�Ã�¿�ÀYÉ�É¼Î:¾ ¿¼ÅEÉ¼½
Ô�ËÍÆÍÆ~¾]Ã )?$·¹/ÅEÒ�Æ~¾]ÃA% �/* < !wÓ������/$y×1�



���  � � ò â �@ï áyò6÷°ßUò úgçVïÂ÷°ïIì6ç�ß�ò îwú�æåï ßUò6æ �¤áãúEâ��:çVä¼æ �Gõ � � � � � *

MwÀYÒ�ÄÊÒ�É�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃÊË~½�ÀYÃ{Ä�ÀYÐo¾I��Á:¾]Ã{Ã�¾�Æ~ÀYËN¿�¾�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃÊÁ:ÀYÉ¼¿3Ò�ËÍÃG

S̄ = 2η̄0D̄

� Ó �;� � �I×
�wÅ�ÌÂË~½�Á:À1½{ËÍÃ�Î�¿�¾�Ä�Î1DÛÎ]Ä�¾]É¼Á:¾#¾:½{Ã�¿�ÀYÉ¼Á�Á�¹¼ÀYË~½�Ë~¾*Á:ÀYÿ�ÿ�¾

η̄0 = 1/B1
�/À��

B1
¾:½{Ã�ÆèÅ 
¼Ò�Ë~¿3ËÍÃ�ÎöÓÛ¿�Î]Ðo¾]É*)

¿¼ÅEÉIÃ�¾	¿�¾�ÆèÅ#Ã�¾]ÿ�ÐoÎ]Ä�ÅEÃ{Ò�Ä�¾ Ó8ÖI� �y×{×º¿�¾	ÆèÅ#Æ~ÀYËN¿�¾�Ô�Æ~¾]É�Ó8ÖI�ÍÖg×º¿¼ÅEÉ¼½�Æ~¾	ÁVÅY½�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I�MwÀYÒ�Ä�Æ~¾:½�ÿ�ÀI¿�»]Æ~¾:½ ¿�¾�¸wÅ��ÂÆ~ÀYÄ ¾]Ã ýIÃ�ÅEÃ{Ë �IÒ¼¾I��Æ~¾:½�ÌÂË~½�Á:À1½{ËÍÃ�Î:½ ÅY¿3ËÍÿ�¾]É¼½{Ë~ÀYÉ�É¼Î:¾:½ ½�ÀYÉãÃ�ÀYÕ�Ã�¾]ÉIÒ¼¾:½
ÅEÉ/ÅEÆK�ÂÃ{Ë �IÒ¼¾]ÿ�¾]ÉãÃ*¾]É,D<ÀYÉ¼Á]Ã{Ë~ÀYÉ°¿�¾:½�Ã�¾]É¼½�¾]Ò�Ä�½�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�¾]Ã	¿�¾:½	Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½	Ä{¹¼Î:ÀYÆ~À&�1Ë �IÒ¼¾:½�¿3Ò�1Ä�ÅEËÍÉ2�BMwÀYÒ�Ä)¿�¾:½�ÿ�ÀÂ¿�»]Æ~¾:½�Ð�ÆÍÒ¼½�Á:ÀYÿ�Ð�Æ~¾10�¾:½��/ÿ�ÅEË~½ÊÅEÒ¼½�½{ËÚÐ�ÆÍÒ¼½�Ä�ÎVÅEÆÍË~½{Ã�¾:½��¼Á:ÀYÿ�ÿ�¾�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�ÅEÒ�Ã�À�)
Á:ÀY¹¼Î]Ä�¾]ÉIÃ��YËÍÆIÉ¤Ç_¾:½�ÃwÐ/ÅY½wÐ6À1½�½{ËÍÕ�Æ~¾·¾]ÉN�yÎ]É¼Î]Ä�ÅEÆ�¿�¾�Æ~¾:½ùÀYÕ�Ã�¾]É�ËÍÄUÅEÉ/ÅEÆK�ÂÃ{Ë �ãÒ¼¾]ÿ�¾]ÉIÃ�� $MÀYÿ�ÿ�¾MÁ:¾:½@ÿ�ÀÂ¿�»]Æ~¾:½
½�ÀYÉãÃN¾]ÉT�yÎ]É¼Î]Ä�ÅEÆÂÁ:À���Ã�¾]Ò*0�ÉãÒ�ÿ�Î]Ä{Ë �IÒ¼¾]ÿ�¾]ÉãÃ��EÉ¼ÀYÒ¼½¤ÿ�¾]Ã{Ã�ÀYÉ¼½@¾]É	Ð�ÆèÅYÁ:¾�Ò�É¼¾�Ð�Ä�ÀÂÁ:Î:¿3Ò�Ä�¾�¿�¾UÃ�ÅEÕ�Ò�ÆèÅEÃ{Ë~ÀYÉ
¿�¾UÆèÅ�Æ~ÀYËI¿�¾·Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃºÓ �;� �/!y×1�I$M¾]Ã{Ã�¾UÐ�Ä�ÀÂÁ:Î:¿3Ò�Ä�¾·Ð6¾]Ò�Ã��W
�Ð�Ä{Ë~ÀYÄ{ËA�W']Ã{Ä�¾�Ò�Ã{ËÍÆÍË~½�Î:¾·ÅVÌy¾:Á�É¤Ç ËÍÿ�ÐoÀYÄ{Ã�¾�IÒ¼¾]ÆÚÿ�ÀÂ¿�»]Æ~¾�ÿ�Ë~Á]Ä�À�)=ÿ�ÅYÁ]Ä�À�¿�¾�ÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆA�
�;������� ��8:9�1 ,-9 *;'(6 � 4�6 13� 6 4>% � 6 8 *-4��"'()-6 4�� ););'(9�9�'(6

+¢Ð/ÅEÄ{Ã{ËÍÄ#¿ÚÇ Ò�É°ÿ�ÀI¿�»]Æ~¾�¿�¾�Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ�¿�ÀYÉ�É¼ÎI���ãÒ�ËUÄ�¾:½�Ã�¾�Ð6ÀYÒ�Ä�Æ~¾�ÿ�ÀYÿ�¾]ÉãÃ�ÌyÀYÆ~ÀYÉIÃ�ÅEËÍÄ�¾]ÿ�¾]ÉãÃ
É¼ÀYÉ�Ð�Ä�Î:Á]Ë~½�ÎI�YÆ~¾:½ùÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿�¾ºÆèÅÊÆ~ÀYË¼¿�¾�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ

η̄i
¿�ÀYËÍÌy¾]ÉãÃ ']Ã{Ä�¾�ÁVÅEÆ~Á]Ò�Æ~Î:½MÅJ=¼É3�ãÒ¼¾MÆèÅ�Æ~ÀYË

Ó �;� �/!y×ºÄ�¾]Ð�Ä�ÀI¿3Ò�Ë~½�¾	ÅEÒ ÿ�Ë~¾]Ò*0öÆ~¾:½�Ä�Î:½�Ò�ÆÍÃ�ÅEÃ�½�¿3Ò�ÿ�ÀÂ¿�»]Æ~¾�¿�¾�Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ2�IÒ¼¾]Æ �ãÒ¼¾�½�ÀYËÍÃ�ÆèÅND<ÅEÕ�Ä{Ë �IÒ¼¾I�MwÀYÒ�Ä�ÁVÅEÆ~Á]Ò�Æ~¾]ÄÊÁ:¾:½�ÌIË~½�Á:À1½{ËÍÃ�Î:½��3É¼ÀYÒ¼½�Ò�Ã{ËÍÆÍË~½�ÀYÉ¼½�Æ~¾)Ð6ÀYÃ�¾]ÉIÃ{Ë~¾]ÆN¿�¾�¿3Ë~½�½{ËÍÐ/ÅEÃ{Ë~ÀYÉ2�
φ̄(1) ��ÅY½�½�ÀÂÁ]Ë~ÎT
#ÆèÅÆ~ÀYËUÓ �;� �/!y×1�*�IÒ�Ë Ð/ÅEÄ�¿�Î1=¼É�ËÍÃ{Ë~ÀYÉ�ÀYÕoÎ]ËÍÃE


S̄ = ∂φ̄(1)/∂D̄
�*M@ÀYÒ�Ä�Ò�É�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾�¿�ÀYÉ�É¼Î

Ð/ÅEÄ�Ó �;� �/!y×1�/Æ~¾)Ð6ÀYÃ�¾]ÉIÃ{Ë~¾]Æw¿�¾�¿3Ë~½�½�ËÍÐ/ÅEÃ{Ë~ÀYÉ ½VÇ_Î:Á]Ä{ËÍÃ�Á:ÀYÿ�ÿ�¾

φ̄(1) =
1

2
S̄ : D̄ = φ̄(1)(η̄0, η̄i, D̄)

� Ó �;� �/$y×
MwÀYÒ�Ä�Ò�É¼¾!D=ÅEÕ�Ä{Ë �ãÒ¼¾)¿�ÀYÉ�É¼Î:¾I�3Ò�Éqÿ�ÀI¿�»]Æ~¾

µ
) 	 ¿�¾)Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆo¿�ÀYÉ�É¼¾)ÆèÅ�Ä�Î]ÐoÀYÉ¼½�¾

S̄
ÐoÀYÒ�ÄMÒ�É¼¾

ÌÂËÍÃ�¾:½�½�¾q¿�¾�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�Ð�Ä�¾:½�Á]Ä{ËÍÃ�¾
D̄
�@�¤¾qÿ�ÀÂ¿�»]Æ~¾�¿�¾qÐoÀYÆK�ÂÁ]Ä{Ë~½�Ã�ÅEÆ�¾:½{Ã�Ò�Ã{ËÍÆÍË~½�Î

N
DÛÀYË~½�Ð6ÀYÒ�Ä

N¿3Ë ÚÎ]Ä�¾]ÉãÃ�¾:½ÊÌ1ÅEÆ~¾]Ò�Ä�½�¿�¾�ÌÂËÍÃ�¾:½�½�¾:½�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ kD̄ (k = 1, 2, · · · , N)
¾]É��ãÅEÄ�¿¼ÅEÉãÃ�ÆèÅND=ÅEÕ�Ä{Ë �ãÒ¼¾=80�¾I� P�ÀYÒ¼½MÀYÕ�Ã�¾]É¼ÀYÉ¼½ºÅEËÍÉ¼½�Ë

N
ÌYÅEÆ~¾]Ò�Ä�½M¿3Ò�ÐoÀYÃ�¾]ÉãÃ{Ë~¾]ÆÚ¿�¾Ê¿3Ë~½�½{ËÍÐ/ÅEÃ{Ë~ÀYÉ kφ̄(1) (k = 1, 2, · · · , N)

� �¤¾:½
Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½ÊÀYÐ�Ã{ËÍÿ�ÅEÒ*0 ¿�¾)ÆèÅ�Æ~ÀYË¤¿�¾	Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ

η̄i
½�ÀYÉãÃÊÅEÆ~ÀYÄ�½�ÀYÕ�Ã�¾]ÉIÒ¼½Ê¾]É�ÿ�ËÍÉ�ËÍÿ�Ë~½GÅEÉãÃ

U(η̄i) =
N∑

k=1

(
kφ̄(1) − φ̄(1)(η̄0, η̄i,

kD̄)
)2 �

(i = 1, ..., 6)
� Ó �;� ���y×

�wÅ�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÃ{Ë~ÀYÉ ¾:½{Ã�D<ÅEËÍÃ�¾)Ð/ÅEÄ�Ò�É¼¾	ÿ�Î]Ã{¹¼ÀI¿�¾	¿�¾)ÿ�ÀYËÍÉ¼¿3Ä�¾:½ÊÁVÅEÄ{Ä�Î:½��$M¾]Ã{Ã�¾�ÿ�Î]Ã{¹¼ÀÂ¿�¾êÅøÎ]Ã�Î�ÅEÐ�Ð�ÆÍË �IÒ¼Î:¾�Å:Ìy¾:Á�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�ÅEÒ�Ã�À�)SÁ:ÀY¹¼Î]Ä�¾]ÉIÃ��E��ÆÍÆ~¾�ÐoÀYÒ�Ä{Ä�ÅEËÍÃ 
°Ð�Ä{Ë~ÀYÄ{Ë']Ã{Ä�¾�Ò�Ã{ËÍÆÍË~½�Î:¾�ÅVÌy¾:ÁÊÃ�ÀYÒ�Ãºÿ�ÀÂ¿�»]Æ~¾)¿�¾ÊÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆUÓÛÎ]Æ~Î]ÿ�¾]ÉãÃ�½ =¼É�Ë~½�ÓZ	�ÅEÉ¼½{Ò8�Y� �����3Ög×1��ÅEÒ�Ã�À�)SÁ:ÀY¹¼Î]Ä�¾]ÉãÃ
ÑùÑù¸ ÓZ	êÀYÉãÃ�Å��1É/ÅEÃ:�Ê¾]ÉãÃ{Ë~¾]Ä�� �����3Ög×{×1��P�ÀYÃ�ÀYÉ¼½qÃ�ÀYÒ�Ã�¿�¾�ÿ3']ÿ�¾ �IÒ¤Ç ËÍÆ�Ð6¾]Ò�Ã ) ']Ã{Ä�¾�ËÍÉIÃ�Î]Ä�¾:½�½�ÅEÉIÃ�¿�¾
ÌyÎ]Ä{Ë =/¾]Ä�ÆèÅ#DÛÀYÄ{ÿ�¾�¿�¾:½�½{Ò�Ä D=ÅYÁ:¾:½�Î��IÒ�ËÍÐ�Ò�Ë~½�½�ÅEÉ¼Á:¾:½�ÀYÕ�Ã�¾]ÉIÒ¼¾:½ÊÅVÌy¾:Á�Æ~¾)ÿ�ÀI¿�»]Æ~¾�¿�¾�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃÊ¿3Ò
ÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆùÒ�Ã{ËÍÆÍË~½�Î�ÅJ=¼É°¿�¾�ÌyÎ]Ä{Ë =/¾]Ä�ÆèÅöÐ6¾]Ä{Ã{ËÍÉ¼¾]É¼Á:¾�¿�¾�Æ=Ç Ë~¿�¾]ÉIÃ{Ë =/ÁVÅEÃ{Ë~ÀYÉ�¿�¾:½)ÌÂË~½�Á:À1½{ËÍÃ�Î:½�� +ÊËÍÉ¼½{ËA�ÚÀYÉ
Ðo¾]Ò�Ã#D<ÅYÁ]ËÍÆ~¾]ÿ�¾]ÉIÃ#ÿ�ÀYÉIÃ{Ä�¾]Ä��ãÒ¼¾ Æ~¾:½�ÿ�ÀÂ¿�»]Æ~¾:½�ýIÃ�ÅEÃ{Ë �ãÒ¼¾q¾]Ã�¿�¾ ¸@Å��ÂÆ~ÀYÄ�½�ÅEÃ{Ë~½ D<ÀYÉãÃ#ÆèÅ Á:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¥¿�¾
É¼ÀYÉ*)SÁ:ÀYÄ{Ä�Î]ÆèÅEÃ{Ë~ÀYÉ

S̄ : D̄ =< S >:< D >=< S : D >
� Ó �;� � ,1×

ÅEÆ~ÀYÄ�½W�NÁ:ÀYÿ�ÿ�¾ Æ~¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�¿3Ò��1Ä�ÅEËÍÉ,¿�Î]Ä{ËÍÌy¾ ¿ÚÇ Ò�É,ÐoÀYÃ�¾]ÉãÃ{Ë~¾]Æ �ãÒ�ËM¾:½{Ã�Ð�Ä�ÀYÐoÀYÄ{Ã{Ë~ÀYÉ�É¼¾]Æ�
�ÆèÅ
Ð�Ò�Ë~½�½�ÅEÉ¼Á:¾�¿3Ë~½�½{ËÍÐoÎ:¾

2φ(1) = W = S : D
Ó��*�ÍÖT�y×1�IÁ:¾:½�¿�¾]Ò*0�ÿ�ÀI¿�»]Æ~¾:½·Á:ÀYÉ¼¿3Ò�Ë~½�¾]ÉãÃE
)Ò�ÉöÁ:ÀYÿ�Ð6ÀYÄ{Ã�¾1)

ÿ�¾]ÉIÃ�ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾T�ãÒ�ËÚ¿�Î]Ä{ËÍÌy¾�¿ÚÇ Ò�ÉqÐoÀYÃ�¾]ÉãÃ{Ë~¾]Æ¤Ð�Ä�ÀYÐoÀYÄ{Ã{Ë~ÀYÉ�É¼¾]Æ�
*ÆèÅ*Ð�Ò�Ë~½�½�ÅEÉ¼Á:¾)ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾
2φ̄(1) = W̄ = S̄ : D̄

���É �yÎ]É¼Î]Ä�ÅEÆA�ºÐoÀYÒ�ÄöÆ~¾:½�ÿ�ÀÂ¿�»]Æ~¾:½öËÍÉãÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾:½���Á:¾]Ã{Ã�¾êÁ:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ É¤Ç_¾:½{ÃöÐ/ÅY½öÌyÎ]Ä{Ë =/Î:¾ê¾]ÃöÆ~¾
Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �ãÒ¼¾öÉ¼¾q¿�Î]Ä{ËÍÌy¾qÐ/ÅY½#DÛÀYÄ�Á:Î]ÿ�¾]ÉIÃ�¿ÚÇ Ò�É�Ð6ÀYÃ�¾]ÉIÃ{Ë~¾]Æ�Ð�Ä�ÀYÐ6ÀYÄ{Ã{Ë~ÀYÉ�É¼¾]Æ�
�ÆèÅ



� � ñ �Nä�ßùâóçVúJï ��� é�ò��@àIæÛâ��Vä3çgâåò ì&�ùî�ßUò6æ �¤áãúEâ��:çVä¼æ �wï ( æåä�áyï

Ð�Ò�Ë~½�½GÅEÉ¼Á:¾�¿3Ë~½�½{ËÍÐoÎ:¾ºÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾I� $ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ�Ó8Ö�#/#��y×UÅ)ÿ�ÀYÉIÃ{Ä�Î��IÒ¼¾�Æ~¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃMÿ�ÅYÁ]Ä�À�)
½�Á:ÀYÐ�Ë �IÒ¼¾#É¼ÀYÉ�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾#¿3Ò�ÿ�ÀÂ¿�»]Æ~¾.XGMMý8$ É¼¾�½�ÅEÃ{Ë~½/D<ÅEËÍÃ�Ð/ÅY½)ÆèÅ Ä�»��1Æ~¾#¿�¾#É¼ÀYÄ{ÿ�ÅEÆÍËÍÃ�Î�Ð/ÅEÄ)Ä�ÅEÐ�ÐoÀYÄ{Ã
ÅEÒ*0¥½{Ò�Ä D=ÅYÁ:¾:½�Î��IÒ�ËÍÐ�Ò�Ë~½�½�ÅEÉ¼Á:¾:½��OMwÀYÒ�Ä Ò�É �1Ä�ÅEËÍÉ�ÆÍËÍÉ¼ÎVÅEËÍÄ�¾I��É¼ÀYÒ¼½�É¤ÇCÅ:ÌyÀYÉ¼½ Ð/ÅY½�Ä�¾]É¼Á:ÀYÉIÃ{Ä�Î�¿�¾�Ã�¾]Æ~½
Ð�Ä�ÀYÕ�Æ~»]ÿ�¾:½)Å:Ìy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾ XGMMý8$G��ÿ�ÅEË~½�É¼ÀYÒ¼½)Å:ÌyÀYÉ¼½�ÿ�ÀYÉãÃ{Ä�ÎN�ãÒ¼¾�Æ~¾	ÿ�ÀI¿�»]Æ~¾*¾10ÂÃ{Ä�Î]ÿ�ÅEÆw¹¼Î]Ã�Î]Ä�À�)�y»]É¼¾�Ó=Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËL% � * < ! �:�������*�:�����3Ög×UÐoÀYÒ�ÌYÅEËÍÃMÁ:ÀYÉ¼¿3Ò�ËÍÄ�¾�
*¿�¾:½MÎ��ãÒ�ËÍÐ�Ò�Ë~½�½GÅEÉ¼Á:¾:½MÁ:ÀYÉ¼ÁVÅVÌy¾:½ºÁ:¾!�IÒ�Ë
Á:ÀYÿ�Ð�Ä�ÀYÿ�¾]Ã�½�ÀYÉ�Ò�Ã{ËÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�ÐoÀYÒ�Ä�Ã�ÅEÕ�Ò�Æ~¾]Ä�ÆèÅ�Æ~ÀYËwÔ �G�¤Ñ Ó=Ô�ËÍÆÍÆ~¾]Ã )?$·¹/ÅEÒ�Æ~¾]Ã��C�����/!y×1�
�0� ����� � 8�� ,;9>8 % 4>��)�*;' 9�8 9>��4

�wÅ�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÃ{Ë~ÀYÉ�¿�¾�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�Ó �;� ���y×�É¼ÀYÒ¼½M¿�ÀYÉ�É¼¾�Æ~¾:½M½{Ë 0�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½
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�¤Æ~¾:½�ÌYÅEÆ~¾]Ò�Ä�½#¿�¾:½�½�Ë 0�ÌÂË~½�Á:À1½{ËÍÃ�Î:½*½�ÀYÉãÃ#ÁVÅEÆ~Á]Ò�Æ~Î:¾:½�Ð/ÅEÄ*ËÍÉãÃ�¾]Ä{ÐoÀYÆèÅEÃ{Ë~ÀYÉ �IÒ/ÅY¿3Ä�ÅEÃ{Ë �IÒ¼¾ 
qÐ/ÅEÄ )
Ã{ËÍÄ	¿�¾:½)Ì1ÅEÆ~¾]Ò�Ä�½	ÁVÅEÆ~Á]Ò�Æ~Î:¾:½*ÅEÒ*0�ÐoÀYËÍÉãÃ�½	¿�¾.�1Ä{ËÍÆÍÆ~¾I�¤ÈÊÉ¼¾ND<ÀYË~½)Æ~¾�ÁVÅEÆ~Á]Ò�Æ@D<ÅEËÍÃ�½{Ò�Ä�ÆèÅ �1Ä{ËÍÆÍÆ~¾I�¤Æ~¾�ÁVÅEÆ~Á]Ò�Æ
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Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�D<ÅYÁ]ËÍÆ~¾]ÿ�¾]ÉIÃ�ËÍÿ�Ð�ÆèÅEÉãÃ�ÅEÕ�Æ~¾#¿¼ÅEÉ¼½�Ò�É�ÿ�ÀÂ¿�»]Æ~¾	¿ÚÇ_Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉIÃ�¿�¾��1ÆèÅYÁ:¾�ÐoÀYÆèÅEËÍÄ�¾I�
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ÓG%-! S ! �J$ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ % �$* < !ÂÓ8Ö�#/#��EÕ × �YÔ �1¿�¾]Ä{ÃN¾]Ã� ÊÒ�Ã{Ã�¾]Ä·Ó8Ö�#/#/.y× �JÔ�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËÂ¾]Ã�	ê¾��Â½�½�ÀYÉ�É�Ë~¾]Ä·Ó��������y×{×1�+wÌy¾:Á�Á:¾]Ã{Ã�¾ ¹ �ÂÐ6ÀYÃ{¹¼»:½�¾ ½{Ò�Ð�Ð�Æ~Î]ÿ�¾]ÉãÃ�ÅEËÍÄ�¾�¾]Ã�¿ÚÇCÅEÐ�Ä�»:½êÓ��*�"!��y×1��¿¼ÅEÉ¼½�Æ~¾ ÁVÅY½�¿3Ò�ÿ�ÀÂ¿�»]Æ~¾�ýIÃ�ÅEÃ{Ë �IÒ¼¾
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Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ ¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿3Ò:�1Ä�ÅEËÍÉ ¾:½{Ã�¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ

ċ = W̄ .c − λ
ψ1

2

[

S̄.c − (cT .S̄.c)c
] � Ó $*�"!y×

��� ����� � �2* �(9�' � ) %&' $ � � *;4>8:4�$ '
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Ã{Ë �IÒ¼¾�¾]ÉãÃ{Ä�¾�Æ~¾��1Ä�ÅY¿3Ë~¾]ÉãÃÊ¿�¾	ÌIËÍÃ�¾:½�½�¾)ÿ�Ë~Á]Ä�À1½�Á:ÀYÐ�Ë �ãÒ¼¾
L
¾]Ã�Æ~¾T�1Ä�ÅY¿3Ë~¾]ÉãÃÊ¿�¾)ÌÂËÍÃ�¾:½�½�¾)ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �ãÒ¼¾

L̄
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#Ò�É�¿�Î]Ìy¾]Æ~ÀYÐ�Ðo¾]ÿ�¾]ÉãÃ

¿�¾ºÆèÅ!D=ÅEÕ�Ä{Ë �ãÒ¼¾ºËÍÉIÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾Ê¾]ÉIÃ{Ä�¾�Æ~¾:½�ÿ�ÀÂ¿�»]Æ~¾:½U¿�¾�¸wÅ��IÆ~ÀYÄ·¾]ÃMýIÃ�ÅEÃ{Ë �ãÒ¼¾I� $MÀYÿ�ÿ�¾ÊÔ �Â¿�¾]Ä{Ã�Ó������/!y×
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C̄
¹¼ÀYÿ�À&�y»]É¼¾ 
�Ò�É¼¾

ÌÂËÍÃ�¾:½�½�¾)¿�¾	¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ Ã�¾]Æ2�IÒ¼¾
ċ = W̄ .c − λ

[

C̄.c − (cT .C̄.c)c
] � Ó $*� �I×

¾]Ã�¿�Î1=¼É�ËNÁ:ÀYÿ�ÿ�¾
C̄ = (1 − α)D̄ + αS̄ψ/2

� Ó $*�"$y×
À��

α
¾:½{Ã�Ò�É ½�ÁVÅEÆèÅEËÍÄ�¾9�IÒ¼¾ É¼ÀYÒ¼½�ÅEÐ�Ðo¾]ÆÍÆ~¾]Ä�ÀYÉ¼½ 
 *	� *��DUY��� % ��� ���3� % �1*>?Y�����	� ¾]Ã �IÒ�ËÊÌ1ÅEÄ{Ë~¾�¾]ÉIÃ{Ä�¾��

Óå¹ �IÐoÀYÃ{¹¼»:½�¾	¿�¾)Ã �IÐo¾	¸wÅ��IÆ~ÀYÄG×�¾]Ã�Ö�Óå¹ �ÂÐ6ÀYÃ{¹¼»:½�¾	¿�¾�Ã �ÂÐo¾�ýIÃ�ÅEÃ{Ë �ãÒ¼¾g×1�
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ÐoÀYÒ�Ä�Ð�Ä�¾]É¼¿3Ä�¾#¾]É�Á:ÀYÿ�Ð�Ã�¾*Æ~¾:½Ê¾ Ú¾]Ã�½�¿�¾	Ð�Ä�ÀÂÁ:¾:½�½{Ò¼½�Ã�¾]Æ~½G�IÒ¼¾	ÆèÅ�Ä�¾:Á]Ä{Ë~½�Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¾]Ã
ÆèÅ#ÿ�ÀYÉIÃ�Î:¾�¿�¾:½�¿3Ë~½{Æ~ÀÂÁVÅEÃ{Ë~ÀYÉ¼½��P�ÀYÃ�ÀYÉ¼½��IÒ¼¾�Á:ÀYÉãÃ{Ä�ÅEËÍÄ�¾]ÿ�¾]ÉIÃ�
�Ô �1¿�¾]Ä{Ã#Ó������/!y×1�¼É¼ÀYÒ¼½�½{Ò�Ð�ÐoÀ1½�ÀYÉ¼½�½�¾]Ò�Æ~¾]ÿ�¾]ÉIÃ!�IÒ¼¾)Æ~¾:½�Ã�ÅEÒ*0�¿�¾
Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ gW13

¾]Ã gW23
½�ÀYÉãÃùËÍÉIÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾:½U¾]ÉãÃ{Ä�¾ºÁ:¾]Ò*0*¿�ÀYÉ�É¼Î:½@Ð/ÅEÄùÆ~¾�ÿ�ÀÂ¿�»]Æ~¾M¿�¾·¸@Å��ÂÆ~ÀYÄU¾]Ã@Á:¾]Ò*0

¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ�Æ~¾)ÿ�ÀI¿�»]Æ~¾*ýIÃ�ÅEÃ{Ë �IÒ¼¾ � �Q+ÊËÍÉ¼½{ËA�¼ÅEÒ¼Á]Ò�É¼¾	¹ �IÐoÀYÃ{¹¼»:½�¾)É¤Ç_¾:½{ÃED=ÅEËÍÃ�¾�½{Ò�Ä�Æ~¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ
ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾I� � !(%T! � ÆèÅ�Ä�¾]ÆèÅEÃ{Ë~ÀYÉ°¾]ÉIÃ{Ä�¾

D̄
¾]Ã

S̄
� P�ÀYÒ¼½)½{Ò�Ð�Ð6À1½�¾]Ä�ÀYÉ¼½�¿�ÀYÉ¼Á��ãÒ¼¾#Á:¾]Ã{Ã�¾�Î��ãÒ/ÅEÃ{Ë~ÀYÉ

¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉöÐ6¾]Ò�Ã ) ']Ã{Ä�¾�Ò�Ã{ËÍÆÍË~½�Î:¾ÊÅVÌy¾:Á�ÆèÅ�Æ~ÀYË ¿�¾�Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ�ÔT�G�¤Ñ�Ó �;� �/!y×U¾]Ã�Á:¾I� �ãÒ¼¾]Æ7�ãÒ¼¾Ê½�ÀYËÍÃ
Æ~¾)ÿ�ÀÂ¿�»]Æ~¾�ÿ�Ë~Á]Ä�À�)=ÿ�ÅYÁ]Ä�À Ò�Ã{ËÍÆÍË~½�Î�ÐoÀYÒ�Ä�Ã�ÅEÕ�Ò�Æ~¾]Ä�ÆèÅ�Æ~ÀYËA�;P�ÀYÒ¼½�ÿ�ÀYÉIÃ{Ä�¾]Ä�ÀYÉ¼½)ÅEËÍÉ¼½�Ë2�ãÒ¤Ç Ò�É�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾
¿ÚÇ ËÍÉIÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ
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Á:ÀYÉ¼½{Ã�ÅEÉIÃwÐo¾]Ä{ÿ�¾]Ãw¿�¾�Õ�Ë~¾]É�Ä�¾]Ð�Ä�ÀÂ¿3Ò�ËÍÄ�¾�Æ~¾:½NÄ�Î:½{Ò�ÆÍÃ�ÅEÃ�½w¿�ÀYÉ�É¼Î:½wÐ/ÅEÄNÆ~¾Uÿ�ÀI¿�»]Æ~¾ XGM·ý8$

¿3Ë~½�Á]Ä�¾]Ã��
� � � � � ��� � �"� ��� ��� ��& �	&���
���� ���

P�ÀYÒ¼½�¿�ÀYÉ�É¼ÀYÉ¼½�Ë~Á]Ë�Æ~¾:½�Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½U¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾ºÆ=Ç ��ü)Ñê¾]ÃU¿�¾:½ùÃ�¾]É¼½�¾]Ò�Ä�½U¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ2� MwÀYÒ�Ä
Ò�É¼¾LD=ÅEÕ�Ä{Ë �ãÒ¼¾�¿3Ë~½�Á]Ä�»]Ã�¾I�:ÆèÅMÄ�ÀYÃ�ÅEÃ{Ë~ÀYÉ*¿�¾�Á�¹/Å&�IÒ¼¾@�1Ä�ÅEËÍÉ�¾:½{Ã¤½{ËÍÿ�Ð�Æ~¾]ÿ�¾]ÉIÃwÀYÕ�Ã�¾]ÉIÒ¼¾�¾]É	Ä�Î:½�ÀYÆÍÌ1ÅEÉãÃMÓ��*� � �y×
Á:ÀYÉ�É/ÅEË~½�½GÅEÉãÃ

L
�

��� ����� � � � 9�,0%&4�� ) *;'
9 � � ���
��Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉø¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾�Æ=Ç ��ü)Ñ ¿�Î]Ä{ËÍÌy¾�¿�¾�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉø¿�¾�Á:ÀYÉIÃ{ËÍÉãÒ�ËÍÃ�Î�Ó !*� �I×�þoÆ~¾ 
¼Ò*0°¿�¾:½�1Ä�ÅEËÍÉ¼½>�IÒ�Ë/¾]ÉIÃ{Ä�¾]ÉãÃºÀYÒ�½�ÀYÄ{Ã�¾]ÉãÃM¿�¾�Æ=Ç ËÍÉãÃ�¾]Ä{Ì1ÅEÆÍÆ~¾

(c; c+dc)
Ðo¾]É¼¿¼ÅEÉãÃ·Ò�É¼¾�Ò�É�ËÍÃ�Î�¿�¾�Ã�¾]ÿ�Ð¼½��ã¾:½{ÃUÎ��ãÅEÆ
#ÆèÅ�Ì1ÅEÄ{ËèÅEÃ{Ë~ÀYÉ ¿3Ò�É¼ÀYÿ*Õ�Ä�¾�¿�¾��1Ä�ÅEËÍÉ¼½Ê¿¼ÅEÉ¼½�Á:¾]Ã�ËÍÉãÃ�¾]Ä{Ì1ÅEÆÍÆ~¾I�B�UÉ ½{Ò�Ð�ÐoÀ1½�ÅEÉãÃ��IÒ¼¾�Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉê¿�¾�ÆèÅ

����� HJ5R;<9�} vGuDu s]�·^<ZJbEb1BG^<5)X:ZE5�FC5�9=5R7E^<58Zg;º\VA_9=58^<^<5)Hg5�Hg`�� B�;=l�?�9=ACBD7�^<Z�	JAobY?�;ºFC5 �G;S?GAC7�58^Û9�HgBD7E7J`�bY?�;
D =

(1 − α′)D̄ + α′D̃
B	�

D̃
58^Û9@FÍx 5Q|Jbg;=58^<^<ACBD7�HJ5

D
Hãx ?�bJ;=i8^·} v � t]�N?�\D58O

S = S̄
� �I?�bJ;=B:O8`{HgZJ;=5�Hãx PJBDl�B �G`87E`RAK^=?�9=ACBD7

D̄ =< D >
ORBD7YHgZEA_9@HJBD7JO �

D̄ =< D̃ >
5R9@FC5·O8BGl�b1BG;<9=58l�5R7V9¤l�?�OR;=BD^<ORBDbEAKX:ZE5�58^Û9@AK7EHJ`8b15R7YHE?�7:9@Hg5

α′
5Q9ù58^Û9

AKHJ587:9=AKX:ZE5��·O858FCZEAIHJBG7E7E`�bE?�;¤FC5�l�BVHJiRFK5�T:9S?�9=AKX:ZE5 �
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D=ÅEÕ�Ä{Ë �IÒ¼¾	¾:½{Ã�½�¾]Ò�Æ~¾]ÿ�¾]ÉIÃ!�yÀYÒ�Ìy¾]Ä{É¼Î:¾*Ð/ÅEÄ�ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾:½!�1Ä�ÅEËÍÉ¼½�½�ÀYÒ¼½�Æ=Ç_¾ o¾]Ã�¿�¾�ÆèÅ�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2�
ÅEÆ~ÀYÄ�½�Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉê¿�¾�Á:ÀYÉ¼½�¾]Ä{ÌYÅEÃ{Ë~ÀYÉ�¿�¾�Æ=Ç ��ü)Ñ¥½VÇ_Î:Á]Ä{ËÍÃ�ÓZ	�¾��3½�½�ÀYÉ�É�Ë~¾]ÄÊ¾]Ã�M�¹�ËÍÆÍËÍÐ2�NÖ�#/#��y×

Df

Dt
= ḟ = −

∂.(f ċ)

∂c
= eθ.

∂(f ċ)

∂θ
+

1

sin θ
eϕ.

∂(f ċ)

∂ϕ

� Ó $*� �y×
À��

Df/Dt
Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�¾�ÆèÅ#¿�Î]Ä{ËÍÌyÎ:¾)ÿ�ÅEÃ�Î]Ä{Ë~¾]ÆÍÆ~¾	¿�¾

f
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¾:½�Ã
¿�Î1=¼É�Ëw¿¼ÅEÉ¼½�Æ=Ç(+�É�É¼¾10�¾	Ñ �ÍÖI���É�Ä�¾]ÿ�Ð�ÆèÅ �VÅEÉIÃ

f
Ð/ÅEÄwÆ=Ç ��ü�ÑqÐ/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾)Ó !*� �y×Ú¿¼ÅEÉ¼½wÆ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉöÓ $*� �y×1�EÔ	Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËÂ¾]ÃL	�¾��3½ )

½�ÀYÉ�É�Ë~¾]ÄMÓ��������y×NÀYÕ�Ã{Ë~¾]É�É¼¾]ÉãÃ��EÐ6ÀYÒ�Ä@¿�¾:½wÁ:ÀYÉ¼¿3ËÍÃ{Ë~ÀYÉ¼½ù¿ÚÇ_Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉIÃ��Yü.�gÒ�É*½/�3½{Ã�»]ÿ�¾�Ò�É�Ë �IÒ¼¾·¿�¾�Ã{Ä�ÀYË~½
Î��IÒ/ÅEÃ{Ë~ÀYÉ¼½ÊÐ6ÀYÒ�Ä�Æ~¾:½�¿�¾]Ò*0�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�ËÍÉ¼¿�Î]Ð6¾]É¼¿¼ÅEÉIÃ�½

ki
¾]Ã�Æ=ÇCÅEÉ8�1Æ~¾

ϕ0
�ãÒ�Ëw¿�Î1=¼É�ËÍÃ�Æ=Ç_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ

¿3Ò�Ä�¾]Ðo»]Ä�¾�¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾�Ð/ÅEÄ�Ä�ÅEÐ�Ð6ÀYÄ{Ã�ÅEÒ�Ä�¾]Ðo»]Ä�¾�¿�¾ºÄ�Î1D<Î]Ä�¾]É¼Á:¾�¿¼ÅEÉ¼½�Æ~¾ºÐ�ÆèÅEÉ�¿�¾ºÆ=Ç_Î:Á:ÀYÒ�Æ~¾]ÿ�¾]ÉãÃ��8$M¾
½ �Â½{Ã�»]ÿ�¾·¾:½{ÃùÀYÕ�Ã�¾]ÉãÒ�¾]É�Á�¹¼ÀYË~½{Ë~½�½GÅEÉãÃùÃ{Ä�ÀYË~½ù¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ¼½U¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ{Ã{Ë~Á]Ò�ÆÍË~»]Ä�¾:½U¿¼ÅEÉ¼½@Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ
Ó $*� �y×1�BMwÀYÒ�Ä�¿�¾:½�ÁVÅY½ !Yü.��Á:¾]Ã{Ã�¾�ÿ�Î]Ã{¹¼ÀÂ¿�¾�½�¾]ÿ*Õ�Æ~¾�Ð�ÆÍÒ¼½�¿3Ë ��Á]ËÍÆ~¾#
#ÿ�¾]Ã{Ã{Ä�¾�¾]É�Ð�ÆèÅYÁ:¾I�
�SÆ�¾:½{Ã)ÐoÀ1½�½{ËÍÕ�Æ~¾�¿�¾#Ã{Ä�ÀYÒ�Ìy¾]Ä	¿�¾:½�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÅEÉ/ÅEÆK�ÂÃ{Ë �ãÒ¼¾:½�¿�¾�Æ=ÇoÎ��IÒ/ÅEÃ{Ë~ÀYÉ�Ó $*� �y×�¿¼ÅEÉ¼½C�ãÒ¼¾]Æ �IÒ¼¾:½

ÁVÅY½�Ð/ÅEÄ{Ã{Ë~Á]Ò�ÆÍË~¾]Ä�½�ÓåÌyÀYËÍÄ)Ð/ÅEÄ�¾103¾]ÿ�Ð�Æ~¾�ü�ËÍÉ�¹�¾]Ã�+ÊÄ{ÿ�½{Ã{Ä�ÀYÉ8��Ó8Ö�#/. �I×1�NýIÌy¾]É¼¿�½�¾]É�¾]ÃG ÊÒ�Ã{Ã�¾]Ä�Ó8Ö�#/#��y×1�
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¿3Ë~¾]ÉIÃ�¿�¾�Ã{Ä�ÅEÉ¼½ D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2�¤ÐoÀYÒ�Ä�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�¿�¾�¸wÅ��IÆ~ÀYÄ#¾]Ã�Ä�ÅEÐ�Ð6¾]Æ~ÀYÉ¼½�Æ~¾:½	½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½#ÅEÉ/ÅEÆK�IÃ{Ë �IÒ¼¾:½
ÐoÀYÒ�Ä�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾*ýIÃ�ÅEÃ{Ë �IÒ¼¾	ÀYÕ�Ã�¾]ÉãÒ¼¾:½Ê¿¼ÅEÉ¼½��IÒ¼¾]Æ �ãÒ¼¾:½�ÁVÅY½�Ð/ÅEÄ{Ã{Ë~Á]Ò�ÆÍË~¾]Ä�½��
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PÊÀYÒ¼½�Å:ÌyÀYÉ¼½�ÿ�ÀYÉIÃ{Ä�Î�ÅEÒ $·¹/ÅEÐ�ËÍÃ{Ä�¾D�êÓZ�>�IÒ/ÅEÃ{Ë~ÀYÉ¥Ó��*�"!/!y×{×!�IÒ¼¾�Æ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ°¿ÚÇ Ò�É,�1Ä�ÅEËÍÉ�ÅVÌy¾:Á
Æ~¾öÿ�ÀÂ¿�»]Æ~¾�¿�¾ �1Ä�ÅEËÍÉ�Á:ÀYÉãÃ{ËÍÉãÒëÓ

λ = 1
¿¼ÅEÉ¼½�Ó $*�ÍÖg×{×#¾:½{Ã�Ò�É�Ë �IÒ¼¾]ÿ�¾]ÉãÃ�D<ÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾öÆ=Ç_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ

ËÍÉ�ËÍÃ{ËèÅEÆ~¾�¿3Ò��1Ä�ÅEËÍÉ ¾]Ã�¿3Ò�Ã�¾]É¼½�¾]Ò�Ä��1Ä�ÅY¿3Ë~¾]ÉãÃÊ¿�¾)Ã{Ä�ÅEÉ¼½/DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ9�ãÒ¤Ç ËÍÆNÅ�½�Ò�Õ�ËA�M@ÅEÄº¿�Î1=¼É�ËÍÃ{Ë~ÀYÉ2�ÂÅVÌy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾�¿�¾�¸@Å��ÂÆ~ÀYÄ��IÁ�¹/Å&�ãÒ¼¾!�1Ä�ÅEËÍÉq½{Ò�Õ�ËÍÃ�Æ~¾�ÿ3']ÿ�¾��1Ä�ÅY¿3Ë~¾]ÉIÃM¿�¾ÊÃ{Ä�ÅEÉ¼½ )D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ:�IÒ�Ë¤¾:½{Ã�Æ~¾C�1Ä�ÅY¿3Ë~¾]ÉIÃÊ¿�¾)Ã{Ä�ÅEÉ¼½ D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾
F̄

¿�Î1=¼É�ËÍÃ�Ð/ÅEÄ
˙̄Fij =

∂x̄i

∂x̄0
j

¾]Ã ˙̄F = L̄.F̄
� Ó $*� ,1×

À��
x̄i

¾]Ã
x̄0

i

½�ÀYÉIÃ�Æ~¾:½�Á:ÀÂÀYÄ�¿�ÀYÉ�É¼Î:¾:½ÊÅEÒ*0qÃ�¾]ÿ�Ð¼½
t
¾]Ã
t0
Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ��

ü#ÇCÅEÐ�Ä�»:½�ü�ËÍÉ�¹�¾]ÃE+ÊÄ{ÿ�½{Ã{Ä�ÀYÉ8� Ó8Ö�#/. �I×1��½{Ë6ÆèÅTD=ÅEÕ�Ä{Ë �IÒ¼¾�¾:½{ÃºË~½�ÀYÃ{Ä�ÀYÐ6¾C

t0
� � !(%-! �

f ≡ 1
�3ÅEÆ~ÀYÄ�½�ÀYÉ

Ðo¾]Ò�Ã�ÌyÎ]Ä{Ë =/¾]Ä!�IÒ¼¾
f(c) =

1

(cT .F̄ .F̄
T
.c)3/2

� Ó $*�".y×
¾:½�ÃÊ½�ÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾*Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ�Ó $*� �y×�Ð6ÀYÒ�Ä�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾#¿�¾*¸@Å��ÂÆ~ÀYÄ�ÅVÌy¾:Á#Æ~¾�ÿ�ÀÂ¿�»]Æ~¾*¿�¾#�1Ä�ÅEËÍÉ�Á:ÀYÉãÃ{ËÍÉIÒ
ÓåÌyÀYËÍÄ!+�É�É¼¾10�¾�Ñ � ��Ð6ÀYÒ�Ä�ÆèÅ�¿�Î]ÿ�ÀYÉ¼½�Ã{Ä�ÅEÃ{Ë~ÀYÉ ×1��UÇ ��ü)Ñ ¾:½{Ãù¿�ÀYÉ¼Á·½�¾]Ò�Æ~¾]ÿ�¾]ÉãÃ<D<ÀYÉ¼Á]Ã{Ë~ÀYÉ#¿3ÒN�1Ä�ÅY¿3Ë~¾]ÉãÃU¿�¾·Ã{Ä�ÅEÉ¼½ D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ

F̄
�gÆÍÒ�ËÂÿ3']ÿ�¾·½�ÀYÆÍÒ�Ã{Ë~ÀYÉ

¿�¾)Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ ÆÍËÍÉ¼ÎVÅEËÍÄ�¾öÓ $*� ,1×1�¼¾]Ã�ÐoÀYÒ�Ä�Æ~¾��ãÒ¼¾]ÆNËÍÆ¤¾10ÂË~½{Ã�¾�¿�¾:½�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½ÊÅEÉ/ÅEÆK�ÂÃ{Ë �IÒ¼¾:½�ÐoÀYÒ�Ä�Á:¾]Ä{Ã�ÅEËÍÉ¼½
Ã �IÐo¾:½�¿�¾�Á�¹/ÅEÄ/�y¾]ÿ�¾]ÉãÃ�½��

� ñ�ò6÷°ß@úJï����gâåò ì��IçVúEä�á1çgâåò ìMwÀYÒ�ÄÊÒ�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�ÓÛÀYÒ�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ ×�Ò�É�ËèÅJ0ÂËèÅEÆ~¾�½{Ò�ËÍÌYÅEÉIÃ�ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ
3
��¿�Î1=¼É�Ë~¾�Ð/ÅEÄ

D̄11 =
D̄22 = −D̄33/2

��Æ~¾)Ã�¾]É¼½�¾]Ò�Ä��1Ä�ÅY¿3Ë~¾]ÉIÃÊ¿�¾�Ã{Ä�ÅEÉ¼½ D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉêÅ#ÐoÀYÒ�Ä�¾103Ð�Ä�¾:½�½{Ë~ÀYÉ

F̄ =





e−A3 0 0
0 e−A3 0
0 0 e2A3




� À��

A3 =

∫ t

0
D̄33 dt

� Ó $*�"#y×



� � ñ �wä�ß@âóçVúEï � � � �6ò æÛîNçgâóò6ì�áyò6îNßùæåàãï �wïêæóä �Qä �wúYâåí¤îNï ïyç �ùî�áyò6÷°ßUò úgçVïÂ÷°ïÂì6ç � � �

¾]Ã�¿ÚÇCÅEÐ�Ä�»:½#Ó $*�".y×MÆ=Ç ��ü)Ñ�Å#Ð6ÀYÒ�Ä�¾103Ð�Ä�¾:½�½{Ë~ÀYÉ
f =

e−3A3

(cos2 θ + e−3A3 sin2 θ)3/2

� Ó $*�ÍÖT�y×
� ñ*â��Vä¼âÛæÛæåïI÷°ïÂì6ç�ß@îwúM@ÀYÒ�Ä@Ò�É#Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃùÐ�Ò�Äw¿¼ÅEÉ¼½@Æ~¾:½w¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ¼½@Ð�Ä{ËÍÉ¼Á]ËÍÐ/ÅEÆ~¾:½

ē1
¾]Ã

ē2
�g¿�Î1=¼É�ËÂÐ/ÅEÄ

D̄22 = −D̄11
�

Æ~¾)Ã�¾]É¼½�¾]Ò�Ä��1Ä�ÅY¿3Ë~¾]ÉãÃÊ¿�¾	Ã{Ä�ÅEÉ¼½ DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉêÅ�Ð6ÀYÒ�Ä�¾103Ð�Ä�¾:½�½{Ë~ÀYÉ

F̄ =





eA1 0 0
0 e−A1 0
0 0 1




� À��

A1 =

∫ t

0
D̄11 dt

� Ó $*�ÍÖ1Ög×
¾]Ã�¿ÚÇCÅEÐ�Ä�»:½#Ó $*�".y×MÆ=Ç ��ü)Ñ�Å#Ð6ÀYÒ�Ä�¾103Ð�Ä�¾:½�½{Ë~ÀYÉ

f =
1

(cos2 θ + sin2 θ(cos2 ϕe2A1 + sin2 ϕe−2A1))3/2

� Ó $*�ÍÖT�y×
� ñ*â��Vä¼âÛæÛæåïI÷°ïÂì6ç �gâÛ÷°ßùæåïM@ÀYÒ�Ä)Ò�É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ	½{ËÍÿ�Ð�Æ~¾�¿�Î1=¼É�ËùÐ/ÅEÄ

L̄12 6= 0
�6Æ~¾�Ã�¾]É¼½�¾]Ò�ÄG�1Ä�ÅY¿3Ë~¾]ÉIÃ	¿�¾�Ã{Ä�ÅEÉ¼½/DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ

Å#ÐoÀYÒ�Ä�¾10ÂÐ�Ä�¾:½�½{Ë~ÀYÉ
F̄ =





1 κ 0
0 1 0
0 0 1




� À��

κ =

∫ t

0
L̄12 dt

� Ó $*�ÍÖ�!y×
¾]Ã�¿ÚÇCÅEÐ�Ä�»:½#Ó $*�".y×MÆ=Ç ��ü)Ñ�Å#Ð6ÀYÒ�Ä�¾103Ð�Ä�¾:½�½{Ë~ÀYÉ

f =
1

(cos2 θ + sin2 θ(cos2 ϕ+ (sinϕ+ κ cosϕ)2))3/2

� Ó $*�ÍÖ �I×
�ÊÉ�Ðo¾]Ò�Ã�Ä�¾]ÿ�ÅEÄ �IÒ¼¾]ÄUË~Á]Ë;�ãÒ¼¾ºÆ=Ç ��ü)Ñ�ÅEÉ/ÅEÆK�ÂÃ{Ë �ãÒ¼¾I�y¾]É�Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ·½�ËÍÿ�Ð�Æ~¾I�YÉ¼¾ºÐ�Ä�Î:½�¾]ÉãÃ�¾�Ð/ÅY½�¿�¾

½/�Âÿ�Î]Ã{Ä{Ë~¾)¿ÚÇ_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾I�Y$M¾]Ðo¾]É¼¿¼ÅEÉãÃ���ÆèÅ D<ÀYÄ{ÿ�¾�¿�¾:½FD<ÅEÕ�Ä{Ë �IÒ¼¾:½�ÀYÕ�Ã�¾]ÉãÒ¼¾:½Ê¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½�ËÍÿ�Ð�Æ~¾
ÅVÌy¾:Á�Æ~¾:½wÿ�ÀI¿�»]Æ~¾:½ù¿�¾·¸wÅ��ÂÆ~ÀYÄ���XGMMý8$°¾]Ã�ýIÃ�ÅEÃ{Ë �ãÒ¼¾:½@Ä�¾:½{Ã�¾M¾]É�Ð�Ä�ÅEÃ{Ë �IÒ¼¾�Ã{Ä�»:½@Ð�Ä�ÀÂÁ�¹¼¾M¿�¾�Æ=Ç_ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ�Ë~¾
ÓA$ºÅY½{Ã�¾]ÆÍÉ/ÅEÒ % � * < ! �ÚÖ�#/#��EÕ � Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�ËA�wÖ�#/#/#y×1�
� �  � � � % Þoò6æÛî¤çgâåò ì���ä¼ìNä¼æ��Úçgâåí¤îwï	��ß�ò îwú�æåï	��ä¼îNçVúJïê÷°ò���Iæåï	�
�QÆ¤É¤Ç_¾103Ë~½{Ã�¾�Ð/ÅY½��Y
�Ð�Ä{Ë~ÀYÄ{ËA� ¿�¾�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ�ÅEÉ/ÅEÆK�IÃ{Ë �IÒ¼¾*ÅEÒ¼½�½�Ë2�yÎ]É¼Î]Ä�ÅEÆ~¾#�IÒ¼¾ Ó $*�".y×�Å:Ìy¾:Á�Æ~¾	ÿ�ÀÂ¿�»]Æ~¾

¿�¾ �1Ä�ÅEËÍÉ9
�Ð�ÆèÅEÉ¼½)¿�¾ �1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�Ó � !(%T! �2�
λ 6= 1

×1�6ÀYÒ Æ~ÀYÄ�½ �IÒ¼¾	ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉê¿�¾�Æ=ÇCÅJ03¾ ? ¾:½{ÃÊ¿�ÀYÉ�É¼Î:¾
Ð/ÅEÄ�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾*ýIÃ�ÅEÃ{Ë �IÒ¼¾�Ó $*�"!y×1�¼ÀYÒ�Ð/ÅEÄ�Æ~¾)ÿ�ÀI¿�»]Æ~¾�ËÍÉIÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾öÓ $*� �I×1�B	êÅEË~½�ÐoÀYÒ�Ä�Ã�ÀYÒ�Ã�Á:¾:½�ÁVÅY½
Æ 
*�yÀYÉ�Ð6¾]Ò�ÃM½�¾ºÄ�ÅEÿ�¾]É¼¾]Ä 
�Ò�É¼¾�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ�ÐoÀYÒ�Ä�Æ=Ç ��ü)Ñ�¿3Ò�Ã �IÐo¾*Ó $*�".y×U½{Ë

W̄ = 0
¾]Ã�¾]É�Ä�¾]ÿ�Ð�ÆèÅ �VÅEÉIÃ

¿¼ÅEÉ¼½
F̄

Æ~¾:½	ÌÂËÍÃ�¾:½�½�¾:½�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ
D̄ij

Ð/ÅEÄ
λD̄ij

�
λψS̄ij/2

�NÀYÒ
λ[(1 − α)D̄ij + αψS̄ij/2]

�
Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ�� +�ËÍÉ¼½{Ë¼¾]É�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�ÓÛÀYÒ�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ ×@Ò�É�ËèÅJ03ËèÅEÆ~¾�ÀYÒ�¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�Ð�Ò�Ä��YÆ=Ç ��ü)Ñ
ÀYÕ�Ã�¾]ÉIÒ¼¾*Å:Ìy¾:Á�Á:¾:½�ÿ�ÀI¿�»]Æ~¾:½�Å#ÆèÅ#ÿ3']ÿ�¾CD<ÀYÄ{ÿ�¾C�ãÒ¼¾�Ó $*�ÍÖT�y×�¾]Ã�Ó $*�ÍÖT�y×1��Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ����Ç ��ü�Ñ¡Ð/ÅEÄ�ÅEÿ�Î]Ã{Ä�Î:¾�Ó !*� �y×�Ð�Ä�ÀYÐ6À1½�Î:¾ Ð/ÅEÄ Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�Ë�Ó8Ö�#/#/#y× ¾:½{ÃöË~½�½{Ò¼¾ê¿�¾�Á:¾:½q½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½
ÅEÉ/ÅEÆK�ÂÃ{Ë �ãÒ¼¾:½*Ó=Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�Ëw¾]Ã�	ê¾��3½�½�ÀYÉ�É�Ë~¾]Ä��ÚÖ�#/#/#y×1�
��� ����� � � � 9�,0%&4�� ) *-, %&'();6 '(,;$ * � ��$54�'()�%&8 % 4�� )�*-,.6 '(13� );* � $5*0$ '

��Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉ ¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ ¿�¾
a(2) ¾:½{ÃqÀYÕ�Ã�¾]ÉãÒ¼¾ø¾]É ¿3Ë ÚÎ]Ä�¾]ÉãÃ{ËèÅEÉIÃ,Ó !*�ÍÖT�y×�ÓÛ¿¼ÅEÉ¼½qÆèÅ&�IÒ¼¾]ÆÍÆ~¾�ÆèÅ

ÿ�ÀW�y¾]É�É¼¾�¾:½{Ã�¿�Î1=¼É�Ë~¾�Ð/ÅEÄ#Ó !*�"$y×{×MÐ/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{Ã!
#Æ=Ç_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ
c

ȧ(2) =

∮

S/2
f ċ ⊗ cdc +

∮

S/2
fc ⊗ ċdc

� Ó $*�ÍÖ�$y×



� � ��� 
�ß@ß@æÛâåáyä3çgâåò ì�� � �

ÀYÒ�Ð/ÅEÄ�Ä�ÅEÐ�Ð6ÀYÄ{Ã!
#Æ=Ç ��ü)Ñ
ȧ(2) =

∮

S/2
ḟc ⊗ cdc

� Ó $*�ÍÖT�y×
�ÊÉ�ÌyÎ]Ä{Ë =/¾*¿¼ÅEÉ¼½�Æ=Ç(+ÊÉ�É¼¾103¾	Ñ �"!.�IÒ¼¾�Á:¾:½�¿�¾]Ò*0�¾10ÂÐ�Ä�¾:½�½{Ë~ÀYÉ¼½�½�ÀYÉIÃ�Õ�Ë~¾]É Î��IÒ�ËÍÌYÅEÆ~¾]ÉIÃ�¾:½����É�Ä�¾]ÿ�Ð�ÆèÅ �VÅEÉIÃ

ċ
Ð/ÅEÄ)½�ÀYÉ�¾103Ð�Ä�¾:½�½{Ë~ÀYÉ¥Ó $*� �I×�¿¼ÅEÉ¼½ÊÆ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ¥Ó $*�ÍÖ�$y×�ÀYÉ�ÀYÕ�Ã{Ë~¾]ÉãÃ)Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ

¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉê¿�¾
a(2) Á:ÀYÿ�ÿ�¾

ȧ(2) = W̄ .a(2) − a(2).W̄ − λ
[

(C̄.a(2) + a(2).C̄) − 2a(4) : C̄
] � Ó $*�ÍÖ-,1×

$M¾]Ã{Ã�¾ÊÎ��IÒ/ÅEÃ{Ë~ÀYÉ�¿�Î]Ð6¾]É¼¿ö¿3Ò�Ã�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿3Ò �IÒ/ÅEÃ{Ä{Ë~»]ÿ�¾�ÀYÄ�¿3Ä�¾
a(4) ¾]ÃM¿�¾Êÿ�ÅEÉ�Ë~»]Ä�¾�yÎ]É¼Î]Ä�ÅEÆ~¾�Æ=Ç_Î��ãÒ/ÅEÃ{Ë~ÀYÉö¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ ¿�¾�Ã�ÀYÒ�Ã·Ã�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ�¿3Ä�¾�Ð/ÅEËÍÄ·¿�Î]Ðo¾]É¼¿�¿3Ò�Ã�¾]É¼½�¾]Ò�Ä�¿ÚÇ_ÀYÄ�¿3Ä�¾�Ð/ÅEËÍÄ

½�Ò�Ð6Î]Ä{Ë~¾]Ò�Ä��IM@ÀYÒ�Ä@D<¾]Ä{ÿ�¾]ÄUÁ:¾�½/�Â½�Ã�»]ÿ�¾ºÉ¼ÀYÒ¼½UÅ:ÌyÀYÉ¼½�¿�ÀYÉ¼ÁºÕo¾:½�ÀYËÍÉ�¿ÚÇ Ò�É¼¾�¿�¾:½<D<ÀYÉ¼Á]Ã{Ë~ÀYÉ¼½U¿�¾FD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾
Ð�Ä�Î:½�¾]ÉãÃ�Î:¾:½ÊÅEÒ,$·¹/ÅEÐ�ËÍÃ{Ä�¾ !*��NÅÊÆ~ÀYË¼¿�¾MÁ:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃO�ãÒ�Ë3Ä�¾]ÆÍË~¾

D̄



S̄
¾]Ã@�IÒ�ËÂËÍÉIÃ�¾]Ä{ÌIË~¾]ÉIÃUËÍÿ�Ð�ÆÍË~Á]ËÍÃ�¾]ÿ�¾]ÉãÃM¿¼ÅEÉ¼½

C̄
Ó $*�"$y×@¾:½{Ã

¿�ÀYÉ�É¼Î:¾�Ð/ÅEÄ�ÆèÅöÆ~ÀYË·ÔT�G�¤Ñ$Ó �;� �/!y×1�¤¿�ÀYÉãÃ�Æ~¾:½�ÌIË~½�Á:À1½{ËÍÃ�Î:½	ÅY¿3ËÍÿ�¾]É¼½{Ë~ÀYÉ�É¼¾]ÆÍÆ~¾:½�Î]ÌyÀYÆÍÒ¼¾]ÉIÃ*¾]É,D<ÀYÉ¼Á]Ã{Ë~ÀYÉ
¿3Ò�Ã�¾]É¼½�¾]Ò�Ä

a(2) �
� � � � � �����  & ��� �����

ü)ÅEÉ¼½�Á:¾]Ã{Ã�¾�½�¾:Á]Ã{Ë~ÀYÉ°É¼ÀYÒ¼½�Á:ÀYÿ�ÿ�¾]É��:ÀYÉ¼½�Ð/ÅEÄ�Á:ÀYÿ�Ð/ÅEÄ�¾]Ä*Æ~¾:½�¿3Ë ÚÎ]Ä�¾]ÉãÃ�¾:½TDÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾:½#¿�¾
a(4)Ð�Ä�ÀYÐoÀ1½�Î:¾:½)ÅEÒ $·¹/ÅEÐ�ËÍÃ{Ä�¾ !*�YPÊÀYÒ¼½�Á:ÀYÿ�Ð/ÅEÄ�ÀYÉ¼½)¾]É¼½{Ò�ËÍÃ�¾#Æ~¾:½�Ä�Î:½�Ò�ÆÍÃ�ÅEÃ�½�¿3Òêÿ�ÀÂ¿�»]Æ~¾*Á:ÀYÉIÃ{ËÍÉãÒ 
�Á:¾]Ò*0
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a3
Ã�¾]É¼¿,Ìy¾]Ä�½�Öö¾]Ã�Æ~¾:½�¿�¾]Ò*0�ÅEÒ�Ã{Ä�¾:½

Ìy¾]Ä�½ �ö¾]Ã)Æ~¾*Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ*¿3ÒêÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆùÃ�¾]É¼¿�Ìy¾]Ä�½)Á:¾]ÆÍÒ�ËU¿3Ò�ÿ�ÀYÉ¼ÀÂÁ]Ä{Ë~½{Ã�ÅEÆA� � !�%T! �
γ̄ = γ = 1

�
β̄ = β

¾]Ã
η̄ = η3

��M�ÆÍÒ¼½#ÆèÅQD=ÅEÕ�Ä{Ë �IÒ¼¾�½�¾ Á:ÀYÉ¼Á:¾]ÉãÃ{Ä�¾�¾]Ã�Ð�ÆÍÒ¼½#ÆèÅ��1ÆèÅYÁ:¾ö¿�¾]ÌÂË~¾]ÉãÃ#D=ÅYÁ]ËÍÆ~¾ 
 Á]Ë~½�ÅEËÍÆÍÆ~¾]Ä
Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉIÃ�ÅEÒ�Ð�ÆèÅEÉ

(ē1, ē2)
� � !(%T! �

β̄
¿�Î:Á]Ä�À �~ÃºÁ:ÀYÉãÃ{ËÍÉ ��ÿ�¾]ÉIÃ��;�NÅ	ÌIË~½�Á:À1½�ËÍÃ�Î�¾]É Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ

η̄e3Á:ÀYÿ�ÿ�¾]É¼Á:¾�Ð/ÅEÄ	¿3ËÍÿ�ËÍÉãÒ¼¾]Ä#Ð�Ò�Ë~½�ÅEÒ8�1ÿ�¾]ÉãÃ�¾T-RÒ¼½H�ãÒ¤Ç 
öÆèÅöÌ1ÅEÆ~¾]Ò�Ä
η3
�SM�ÆÍÒ¼½�Æ~¾.�1Ä�ÅEËÍÉø¾:½{Ã�ÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐo¾

¾]Ã�Ð�ÆÍÒ¼½�ÆèÅN�1ÆèÅYÁ:¾�Ë~½�ÀYÃ{Ä�ÀYÐo¾�¾:½{ÃED=ÅYÁ]ËÍÆ~¾T
�¿�Î1DÛÀYÄ{ÿ�¾]Ä�Á:ÀYÿ�Ð/ÅEÄ�ÅEÃ{ËÍÌy¾]ÿ�¾]ÉãÃC
#Ò�É¼¾	Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�½{Ò�ËÍÌYÅEÉIÃ
Æ=ÇCÅJ0�¾ ? ¿ÚÇ Ò�É �1Ä�ÅEËÍÉ2�>�¤¾qÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾

γ̄
Á:ÀYÿ�ÿ�¾]É¼Á:¾�Ð/ÅEÄ�¿3ËÍÿ�ËÍÉãÒ¼¾]Ä��U¿�ÀYÉ¼Á�ÆèÅ:�1ÆèÅYÁ:¾�¿�¾]ÌÂË~¾]ÉãÃ�Ð�ÆÍÒ¼½D=ÅYÁ]ËÍÆ~¾E
�Á:ÀYÿ�Ð�Ä{ËÍÿ�¾]ÄU½{Ò�ËÍÌYÅEÉIÃ�Æ=ÇCÅJ03¾

ē3
�ãÒ¼¾º½{Ò�ËÍÌ1ÅEÉãÃùÒ�É¼¾�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ�Á:ÀYÉIÃ�¾]ÉãÒ¼¾�¿¼ÅEÉ¼½ùÆ~¾MÐ�ÆèÅEÉ

(ē1, ē2)
��UÉ¼½{Ò�ËÍÃ�¾I�

γ̄
ÅEÒ8�1ÿ�¾]ÉIÃ�¾�-8Ò¼½ �IÒ¤Ç 
#ÆèÅ#ÌYÅEÆ~¾]Ò�Ä

γ
�MwÀYÒ�Ä�Ò�É¼¾ Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2�wÆ~¾:½*Ì1ÅEÆ~¾]Ò�Ä�½*Ð�Ä�ÀYÐ�Ä�¾:½
a1

¾]Ã
a2

Ã�¾]É¼¿�¾]ÉãÃ�Ìy¾]Ä�½#ÆèÅ�Ì1ÅEÆ~¾]Ò�Ä
0.5

¾]Ã
a3

Ã�¾]É¼¿
Ìy¾]Ä�½ �*�ÂÁ:¾��ãÒ�ËoÁ:ÀYÄ{Ä�¾:½{ÐoÀYÉ¼¿ 
*Ò�É¼¾�D<ÅEÕ�Ä{Ë �IÒ¼¾�Ð�ÆèÅEÉ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐo¾)¿¼ÅEÉ¼½MÆ~¾�Ð�ÆèÅEÉ

(ē1, ē2)
�*�¤¾�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾

γ̄
Á]Ä�ÀYËÍÃ)Á:ÀYÉãÃ{ËÍÉ ��ÿ�¾]ÉãÃ*¾]Ã)¾:½{Ã)½{Ò�ÐoÎ]Ä{Ë~¾]Ò�ÄC
�ÖI�6¿�ÀYÉ¼Á*Æ~¾*ÐoÀYÆK�ÂÁ]Ä{Ë~½{Ã�ÅEÆù¿�¾]ÌÂË~¾]ÉãÃ)Ð�ÆÍÒ¼½!D<ÅYÁ]ËÍÆ~¾�
 Á:ÀYÿ�Ð�Ä{Ë )

ÿ�¾]Ä#½{Ò�ËÍÌ1ÅEÉãÃ�Ò�É¼¾ ¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ,Á:ÀYÉIÃ�¾]ÉãÒ¼¾ö¿¼ÅEÉ¼½�Æ~¾�Ð�ÆèÅEÉ
(ē1, ē2)

�IÒ¼¾�½{Ò�ËÍÌ1ÅEÉãÃ*ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ
ē3
�Nü)¾

ÿ3']ÿ�¾I�UÆèÅêÌIË~½�Á:À1½�ËÍÃ�Î
η̄
Á]Ä�ÀYËÍÃ�Á:ÀYÉIÃ{ËÍÉ ��ÿ�¾]ÉãÃ�¿�ÀYÉ¼Á�ÆèÅ9�1ÆèÅYÁ:¾ ¿�¾]ÌIË~¾]ÉIÃ�¿�¾�Ð�ÆÍÒ¼½�¾]É¥Ð�ÆÍÒ¼½ ¿3Ë ��Á]ËÍÆ~¾:


Á:ÀYÿ�Ð�Ä{ËÍÿ�¾]Ä�½{Ò�ËÍÌ1ÅEÉãÃ�Æ=ÇCÅJ0�¾
ē3
�YM@ÅEÄ)Á:ÀYÉãÃ{Ä�¾I�

β̄
Á:ÀYÿ�ÿ�¾]É¼Á:¾#Ð/ÅEÄ�ÅEÒ8�1ÿ�¾]ÉãÃ�¾]Ä�Ð�Ò�Ë~½�¿3ËÍÿ�ËÍÉãÒ¼¾#ÿ�ÅEË~½�ËÍÆ

¾:½�Ã�Ã�ÀYÒ&-{ÀYÒ�Ä�½M½�Ò�Ð6Î]Ä{Ë~¾]Ò�ÄE
�ÖI�I¿�ÀYÉ¼Á�Æ~¾�ÐoÀYÆK�ÂÁ]Ä{Ë~½{Ã�ÅEÆo¾:½{ÃMÐ�ÆÍÒ¼½>D=ÅYÁ]ËÍÆ~¾�
�Á]Ë~½�ÅEËÍÆÍÆ~¾]Äº¿¼ÅEÉ¼½MÆ~¾�Ð�ÆèÅEÉ
(ē1, ē2)�IÒ¼¾)Ð/ÅEÄ�ÅEÆÍÆ~»]Æ~¾]ÿ�¾]ÉãÃC
�Á:¾�Ð�ÆèÅEÉ2�M�ÆÍÒ¼½UÆ~¾ �1Ä�ÅEËÍÉ�¾:½�Ã�ÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ6¾I� � !�%T! �YÐ�ÆÍÒ¼½

β
¾:½{Ã�Ðo¾]Ã{ËÍÃ��1¾]ÃUÐ�ÆÍÒ¼½�ÆèÅ�Á:ÀYÉ¼Á:¾]ÉIÃ{Ä�ÅEÃ{Ë~ÀYÉö¿�¾ºÆèÅ�D<ÅEÕ�Ä{Ë �IÒ¼¾

¾:½�Ã�Ä�ÅEÐ�Ë~¿�¾ 
#ÆèÅND<ÀYË~½�¾]É�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ ¾]ÃÊ¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2��¤¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�ÀYÕ�Ã�¾]ÉIÒ¼½ÊÅVÌy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾	¿3Ë~½�Á]Ä�¾]Ã�½�ÀYÉãÃ�Ã{Ä�»:½�Õ�Ë~¾]É�Ä�¾]Ð�Ä�ÀÂ¿3Ò�ËÍÃ�½!
*ÆèÅ#D<ÀYË~½�¾]É�Á:ÀYÿ.)
Ð�Ä�¾:½�½{Ë~ÀYÉ�¾]Ã�¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ Å:Ìy¾:Á�Æ~¾)ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉIÒ�Ð6ÀYÒ�Ä�Ò�É¼¾)Ì1ÅEÆ~¾]Ò�Ä�¿3ÒqÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾	¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ
α
Á:ÀYÉ¼½{Ã�ÅEÉãÃ�¾]Ã�Î��ãÅEÆ�


α = 6.15 10−2 Ð6ÀYÒ�Ä
β = 0.04

¾]Ã
α = 0.1202

ÐoÀYÒ�Ä
β = 0.1

�
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� � ��� %�� % � ì ��îNïÂìNáãï �wïêæ � � �¤ß�ò¼ç-���	�Vï �JîNúöæóä�úEò¼çVä3çgâåò6ì �ùî�( úJä¼âÛì
ýIÒ�Ä ÆèÅ°Ñ@ËK�1Ò�Ä�¾ $*� ��É¼ÀYÒ¼½ Á:ÀYÿ�Ð/ÅEÄ�ÀYÉ¼½ Æ~¾:½ Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½ ÀYÕ�Ã�¾]ÉIÒ¼½�Å:Ìy¾:Á�Æ~¾ ÿ�ÀI¿�»]Æ~¾:XGMMý8$ ÐoÀYÒ�Ä

β = 0.1
¾]Ã
γ = 1

�/¾]É�Ò�Ã{ËÍÆÍË~½�ÅEÉãÃ�½�ÀYËÍÃ�Æ=Ç ¹ �IÐoÀYÃ{¹¼»:½�¾�¿�¾ �1Ä�ÅEËÍÉ�Á:ÀYÉIÃ{ËÍÉãÒ¥Ó��*� �/$y×1� ½�ÀYËÍÃ�Æ=Ç ¹ �ÂÐ6ÀYÃ{¹¼»:½�¾*¿�¾�1Ä�ÅEËÍÉ%
#Ð�ÆèÅEÉ¼½�¿�¾C�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃ*Ó��*� �	!y×1�¼ÐoÀYÒ�Ä�¿�Î:Á]Ä{ËÍÄ�¾	ÆèÅ#Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉê¿3ÒQ�1Ä�ÅEËÍÉ2�$MÀYÿ�ÿ�¾�É¼ÀYÒ¼½�Æ=ÇCÅVÌyÀYÉ¼½�ÌÂÒ ÅEÒQ$·¹/ÅEÐ�ËÍÃ{Ä�¾��*�yÆ~¾ED<ÅEËÍÃM¿�¾�Ð�Ä�¾]É¼¿3Ä�¾Ê¾]É Á:ÀYÿ�Ð�Ã�¾�ÆèÅ�Á:ÀYÉIÃ{Ä{ËÍÕ�Ò�Ã{Ë~ÀYÉ�¿�¾:½
Ð�ÆèÅEÉ¼½MÐ �ÂÄ�ÅEÿ�Ë~¿¼ÅEÒ*0qÐ6ÀYÒ�ÄºÆèÅ*Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾:½ �1Ä�ÅEËÍÉ¼½�Á:ÀYÉ¼¿3Ò�ËÍÃ�
�Ä�ÅEÆ~¾]ÉIÃ{ËÍÄ�ÆèÅ*Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿�¾:½ �1Ä�ÅEËÍÉ¼½ºÌy¾]Ä�½
Æ~¾:½�ÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½U½�Ã�ÅEÕ�Æ~¾:½U¿�¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ ¾]Ã�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2� �¤ÀYÄ�½ �IÒ¤Ç_ÀYÉ�Ð�Ä�¾]É¼¿�¾]É�Á:ÀYÿ�Ð�Ã�¾ÊÁ:¾]Ã{Ã�¾�Á:ÀYÉãÃ{Ä{ËÍÕ�Ò*)
Ã{Ë~ÀYÉ2�YÆèÅ�Á:ÀYÉ¼Á:¾]ÉãÃ{Ä�ÅEÃ{Ë~ÀYÉö¿�¾:½<D=ÅEÕ�Ä{Ë �ãÒ¼¾:½�¾:½{ÃU¿�ÀYÉ¼Áºÿ�ÀYËÍÉ¼½ùÄ�ÅEÐ�Ë~¿�¾I� M�ÆÍÒ¼½�Æ~¾F�1Ä�ÅEËÍÉ�¾:½{ÃUÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐo¾I� � !�%T! �
Ð�ÆÍÒ¼½MËÍÆo½�¾Ê¿�Î1D<ÀYÄ{ÿ�¾�Ð/ÅEÄO�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�Õ/ÅY½�ÅEÆA�IÐ�ÆÍÒ¼½MÆèÅ#¿3Ë oÎ]Ä�¾]É¼Á:¾)¾:½{ÃOD<ÅEËÍÕ�Æ~¾I�3ÅEËÍÉ¼½{ËoÐoÀYÒ�Ä

β = 0.04
Æ~¾:½

Á:ÀYÒ�Ä{Õo¾:½�½�¾]Ä�ÅEË~¾]ÉIÃ!�IÒ/ÅY½{ËÍÿ�¾]ÉãÃ�½{Ò�Ð6¾]Ä{ÐoÀ1½�Î:¾:½��8M@ÀYÒ�Ä�Æ~¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½Ê¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾�¿3Ò�ÐoÀYÆK�ÂÁ]Ä{Ë~½�Ã�ÅEÆA�
Æ~¾:½�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ¼½Ê½�ÀYÉãÃÊ½�¾]ÿ�Õ�ÆèÅEÕ�Æ~¾:½�� ½�¾]Ò�Æ~¾)ÆèÅ�ÌÂËÍÃ�¾:½�½�¾)Á�¹/ÅEÉ8�y¾I��N¾�ÿ�ÀI¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉãÒêÐo¾]Ä{ÿ�¾]Ã�¿�¾�Ã{Ä�»:½�Õ�Ë~¾]É Ä�¾]Ð�Ä�ÀI¿3Ò�ËÍÄ�¾�Æ~¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½Ê¿3Ò�ÿ�ÀI¿�»]Æ~¾�¿3Ë~½�Á]Ä�¾]Ã�ÅVÌy¾:Á
Ò�ÉêÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾�¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ°Á:ÀYÉ¼½{Ã�ÅEÉIÃ��S�NÅ�ÌYÅEÆ~¾]Ò�Ä�¿3ÒêÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾�¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ�Ì1ÅEÄ{Ë~¾*Ã{Ä�»:½�Ðo¾]Ò
¾]É�Ð/ÅY½�½GÅEÉãÃ�¿ÚÇ Ò�É¼¾�¹ �IÐoÀYÃ{¹¼»:½�¾ 
#Æ=ÇCÅEÒ�Ã{Ä�¾I�
� � ��� %��  ñ�ò ÷øßwä�úEä¼â��Vò ì �@ï	� ÷°ò���Iæåï	�

µ �
é

ýIÒ�Ä)ÆèÅöÑ@ËK�1Ò�Ä�¾ $*�"$*� É¼ÀYÒ¼½�Á:ÀYÿ�Ð/ÅEÄ�ÀYÉ¼½	Æ~¾:½)ÿ�ÀI¿�»]Æ~¾:½�Á:ÀYÉIÃ{ËÍÉãÒ¼½*ýIÃ�ÅEÃ{Ë �IÒ¼¾I� XGMMý8$ ¾]Ã�¿�¾�¸wÅ��IÆ~ÀYÄ
ÐoÀYÒ�Ä

β = 0.04
¾]Ã
γ = 1

�M@ÀYÒ�ÄºÒ�É¼¾�ÿ3']ÿ�¾�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉqÎ��IÒ�ËÍÌ1ÅEÆ~¾]ÉãÃ�¾I�3¾]ÉöÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉö¾]Ãº¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2�ÂÆèÅTD<ÅEÕ�Ä{Ë �IÒ¼¾�¾:½{Ã
Ð�ÆÍÒ¼½�Á:ÀYÉ¼Á:¾]ÉIÃ{Ä�Î:¾*ÅVÌy¾:Á	Æ~¾)ÿ�ÀÂ¿�»]Æ~¾*ýIÃ�ÅEÃ{Ë �ãÒ¼¾�¾]Ã�ÿ�ÀYËÍÉ¼½�Á:ÀYÉ¼Á:¾]ÉãÃ{Ä�Î:¾�Å:Ìy¾:Á	Æ~¾�ÿ�ÀI¿�»]Æ~¾�¿�¾�¸wÅ��ÂÆ~ÀYÄ��B�wÅD=ÅEÕ�Ä{Ë �ãÒ¼¾�¿�ÀYÉ�É¼Î:¾	Ð/ÅEÄ�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�XGM·ý8$ ¾:½{Ã�ËÍÉãÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾#¾]ÉãÃ{Ä�¾�Æ~¾:½�¿�¾]Ò*0 ��UÉ�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�ùÆ~¾:½�Ã{Ä�ÀYË~½�ÿ�ÀÂ¿�»]Æ~¾:½�Á:ÀYÉ¼¿3Ò�Ë~½�¾]ÉIÃ 
�Ò�É¥Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ�
�Ò�É¥ÿ�ÅJ03ËÍÿ�Ò�ÿ �IÒ�Ë�Å
Æ~¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½Ê¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾�¿3Ò�ÿ�ÀYÉ¼ÀÂÁ]Ä{Ë~½{Ã�ÅEÆA�;�N¾�ÿ�ÀI¿�»]Æ~¾TXGM·ý8$�Á:ÀYÉ¼¿3Ò�ËÍÃ�
#Ò�É�Ä�ÅEÐ�Ð6ÀYÄ{ÃÊ¿�¾�ÆèÅ
ÌÂË~½�Á:À1½{ËÍÃ�Î)¿3Ò�ÐoÀYÆK�ÂÁ]Ä{Ë~½{Ã�ÅEÆoË~½�ÀYÃ{Ä�ÀYÐo¾�½{Ò�ÄºÆèÅ#ÌÂË~½�Á:À1½{ËÍÃ�Î

η3
ËÍÉãÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾�¾]ÉIÃ{Ä�¾	Á:¾]Ò*0ö¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ�Æ~¾:½

ÿ�ÀÂ¿�»]Æ~¾:½�ýIÃ�ÅEÃ{Ë �ãÒ¼¾�¾]ÃU¿�¾�¸wÅ��ÂÆ~ÀYÄ�� +wÌy¾:ÁºÆ~¾ºÿ�ÀI¿�»]Æ~¾�ýIÃ�ÅEÃ{Ë �IÒ¼¾�ÆèÅ�ÌÂË~½�Á:À1½{ËÍÃ�Î
η̄
É¼¾�¿3ËÍÿ�ËÍÉIÒ¼¾��IÒ/ÅY½{ËÍÿ�¾]ÉãÃ

Ð/ÅY½�ÅEÒ°¿�Î]Õ�Ò�Ã*¿�¾�ÆèÅq¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2��M@ÅEÄ�Á:ÀYÉIÃ{Ä�¾�ÆèÅq¿3ËÍÿ�ËÍÉIÒ�Ã{Ë~ÀYÉ�¿�¾
γ̄
¾]É°¿�Î]Õ�Ò�Ã*¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ

¾:½{Ã#Ð�ÆÍÒ¼½�ËÍÿ�ÐoÀYÄ{Ã�ÅEÉãÃ�¾ ÅVÌy¾:ÁqÆ~¾ ÿ�ÀÂ¿�»]Æ~¾�ýIÃ�ÅEÃ{Ë �ãÒ¼¾I��ü)¾öÿ3']ÿ�¾I�ù¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2��Æ~¾öÿ�ÀI¿�»]Æ~¾�ýIÃ�ÅEÃ{Ë �IÒ¼¾
Á:ÀYÉ¼¿3Ò�ËÍÃ!
#ÆèÅ�ÌYÅEÆ~¾]Ò�Ä�¿�¾

γ̄
ÆèÅ�Ð�ÆÍÒ¼½�Î]Æ~¾]ÌyÎ:¾I�
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a(2)¾]Ãù¿�¾:½@Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾

β̄
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γ̄
¾]Ã
η̄e3
/ηc

¿3Ò#Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ3ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾º¿�¾·Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�Ð6ÀYÒ�Äºþ
Ó<Åy×�¾]Ã�ÓåÕ ×UÒ�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉqÒ�É�ËèÅJ03ËèÅEÆ~¾)½�¾]Æ~ÀYÉqÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē3
�oÓÛÁg×�¾]Ã�ÓÛ¿/×UÒ�É¼¾ÊÃ{Ä�ÅYÁ]Ã{Ë~ÀYÉqÒ�É�ËèÅJ03ËèÅEÆ~¾

½�¾]Æ~ÀYÉøÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ
ē3
���N¾:½*½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½#ÀYÕ�Ã�¾]ÉãÒ¼¾:½�ÅVÌy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾öÁ:ÀYÉãÃ{ËÍÉIÒ,ÐoÀYÒ�Ä

β = 0.1
ÓåÃ{Ä�ÅEËÍÃ

Á:ÀYÉIÃ{ËÍÉãÒ ×�¾]Ã
β = 0.04

ÓåÐ6ÀYËÍÉIÃ{ËÍÆÍÆ~Î:¾:½G×�½�ÀYÉIÃ*Á:ÀYÿ�Ð/ÅEÄ�Î:¾:½�ÅEÒ*0ø½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÀYÕ�Ã�¾]ÉIÒ¼¾:½�Å:Ìy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾X�M·ý8$¢¿3Ë~½�Á]Ä�¾]Ã�Ó�� ¾]Ã
�
�NÄ�¾:½�Ð6¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉIÃG×1�LM@ÀYÒ�Ä�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾qÁ:ÀYÉãÃ{ËÍÉIÒ2�

α
¾:½�Ã#Á:ÀYÉ¼½{Ã�ÅEÉIÃ�¾]Ã*Ì1ÅEÒ�Ã

α = 0.1202
ÐoÀYÒ�Ä

β = 0.1
¾]Ã

6.15 10−2 Ð6ÀYÒ�Ä
β = 0.04

�
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∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt
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a1 = a2
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� â�( � � � � þ8��ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¾]É D<ÀYÉ¼Á]Ã{Ë~ÀYÉ ¿�¾�ÆèÅ�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�Î��IÒ�ËÍÌYÅEÆ~¾]ÉIÃ�¾	¿�¾:½�Ì1ÅEÆ~¾]Ò�Ä�½�Ð�Ä�ÀYÐ�Ä�¾:½Ê¿�¾
a(2)¾]Ã�¿�¾:½qÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾

β̄
�
γ̄
¾]Ã
η̄e3
/ηc

¿3Ò Ð6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆ	ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾�¿�¾�Ä�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ
ÐoÀYÒ�Ä

β = 0.1
þ·Ó<Åy×)¾]Ã�ÓåÕ ×�Ò�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ°Ò�É�ËèÅJ0ÂËèÅEÆ~¾ ½�¾]Æ~ÀYÉ�ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē3
�UÓÛÁg×)¾]Ã�ÓÛ¿/×)Ò�É¼¾

Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ Ò�É�ËèÅJ0ÂËèÅEÆ~¾Ê½�¾]Æ~ÀYÉ�ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ
ē3
� �¤¾:½M½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÀYÕ�Ã�¾]ÉIÒ¼¾:½�Å:Ìy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾ÊÁ:ÀYÉãÃ{ËÍÉãÒqÐoÀYÒ�Ä

Æ~¾#ÿ�ÀÂ¿�»]Æ~¾#¿�¾N�1Ä�ÅEËÍÉ°Á:ÀYÉIÃ{ËÍÉãÒ�Ó��*� �/$y×�ÓåÃ{Ä�ÅEËÍÃ�½�Á:ÀYÉIÃ{ËÍÉãÒ¼½G×)¾]Ã�ÐoÀYÒ�Ä)Æ~¾#ÿ�ÀI¿�»]Æ~¾�¿�¾.�1Ä�ÅEËÍÉ 
 Ð�ÆèÅEÉ¼½�¿�¾�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�Ó��*� �	!y×*ÓåÃ{ËÍÄ�¾]Ã�½D×�½�ÀYÉIÃ�Á:ÀYÿ�Ð/ÅEÄ�Î:¾:½	Å:Ìy¾:Á*Æ~¾:½ÊÄ�Î:½�Ò�ÆÍÃ�ÅEÃ�½�ÀYÕ�Ã�¾]ÉIÒ¼½	Å:Ìy¾:Á#Æ~¾*ÿ�ÀI¿�»]Æ~¾#XGMMý8$
¿3Ë~½�Á]Ä�¾]Ã·Î��ãÒ�ËÍÌ1ÅEÆ~¾]ÉãÃ)Ó�� ¾]Ã

4
�1Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃG×1� MwÀYÒ�Ä·Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉIÒ2�

α
¾:½{Ã·Á:ÀYÉ¼½{Ã�ÅEÉãÃM¾]Ã�Ì1ÅEÒ�Ã

α = 0.1202
ÅVÌy¾:Á)Æ~¾�ÿ�ÀI¿�»]Æ~¾)¿�¾G�1Ä�ÅEËÍÉ�Á:ÀYÉãÃ{ËÍÉIÒ�Ó��*� �/$y×·¾]Ã

α = 0.1204
Å:Ìy¾:Á)Æ~¾�ÿ�ÀI¿�»]Æ~¾)¿�¾G�1Ä�ÅEËÍÉ:


Ð�ÆèÅEÉ¼½�¿�¾T�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ#Ó��*� �	!y×1�
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∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt

∫ t
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∫ t
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a(2)¾]Ã�¿�¾:½qÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾

β̄
�
γ̄
¾]Ã
η̄e3
/ηc

¿3Ò ÐoÀYÆK�ÂÁ]Ä{Ë~½{Ã�ÅEÆ�ÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐo¾�¿�¾êÄ�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ
ÀYÕ�Ã�¾]ÉIÒ¼½	Å:Ìy¾:Á�Æ~¾#ÿ�ÀÂ¿�»]Æ~¾#Á:ÀYÉIÃ{ËÍÉãÒ�ÐoÀYÒ�Ä

β = 0.04
þùÓ<Åy×Ê¾]Ã�ÓåÕ ×ÊÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�Ò�É�ËèÅJ03ËèÅEÆ~¾#½�¾]Æ~ÀYÉêÆèÅ

¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ
ē3
�oÓÛÁg×U¾]Ã�ÓÛ¿/×�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉqÒ�É�ËèÅJ0ÂËèÅEÆ~¾)½�¾]Æ~ÀYÉöÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē3
� �¤¾:½º½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÀYÕ�Ã�¾]ÉãÒ¼¾:½�ÅVÌy¾:Á

Æ~¾�ÿ�ÀI¿�»]Æ~¾ ýIÃ�ÅEÃ{Ë �IÒ¼¾�½�ÀYÉãÃ	Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î:¾:½�Ð/ÅEÄ*Æ~¾:½�ÐoÀYËÍÉãÃ{ËÍÆÍÆ~Î:½��wÁ:¾]ÆÍÆ~¾:½�ÀYÕ�Ã�¾]ÉãÒ¼¾:½�Å:Ìy¾:Á�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�¿�¾
¸@Å��ÂÆ~ÀYÄM½�ÀYÉãÃº¿�ÀYÉ�É¼Î:¾:½·Ð/ÅEÄ·Æ~¾:½�Ã{ËÍÄ�¾]Ã�½M¾]Ã·Á:¾]ÆÍÆ~¾:½MÀYÕ�Ã�¾]ÉãÒ¼¾:½�ÅVÌy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾!X�M·ý8$¥¾]Ã

α = 6.15 10−2½�ÀYÉãÃÊ¾]É Ã{Ä�ÅEËÍÃ�½�Á:ÀYÉãÃ{ËÍÉIÒ¼½�� �¤¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½
γ̄
½�ÀYÉãÃÊ¿�ÀYÉ�É¼Î:½ÊÐ/ÅEÄ�Æ~¾:½ÊÁ:ÀYÒ�Ä{Õ6¾:½�¾]Ã�½/�Âÿ�ÕoÀYÆ~¾:½*Ó

.
×1�¼Æ~¾:½

Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½
β̄
½�ÀYÉãÃÊ¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ�Æ~¾:½�Á:ÀYÒ�Ä{Õo¾:½�¾]Ã�½/�Âÿ�ÕoÀYÆ~¾:½�Ó ◦ ×º¾]Ã�Æ~¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½ η̄e3

/ηc
Ð/ÅEÄ�Æ~¾:½

Á:ÀYÒ�Ä{Õo¾:½�¾]ÃU½ �Iÿ*Õ6ÀYÆ~¾:½�Ó
+
×1� +NÌy¾:ÁºÆ~¾�ÿ�ÀI¿�»]Æ~¾ÊýIÃ�ÅEÃ{Ë �IÒ¼¾

γ̄ = 10
Ð6ÀYÒ�Ä�Ò�É¼¾ D<ÅEÕ�Ä{Ë �IÒ¼¾�Ð�ÆèÅEÉ¼¾�Ë~½�ÀYÃ{Ä�ÀYÐ6¾I�
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�����0��� � 6 6 8:4�6 *;'
1 4�6 8:4�9�9�'(�"'()�% 6 4��"! 9>'
P�ÀYÒ¼½�¿�ÀYÉ�É¼ÀYÉ¼½�Ë~Á]ËºÆ~¾:½�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�¿�¾:½#D<ÅEÕ�Ä{Ë �IÒ¼¾:½�Ð6ÀYÒ�Ä�Ò�É¥Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�½{ËÍÿ�Ð�Æ~¾q¿�Î1=¼É�ËºÐ/ÅEÄ

L̄12 > 0
�<PÊÀYÒ¼½�¿�ÀYÉ�É¼ÀYÉ¼½�Æ~¾:½�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÀYÕ�Ã�¾]ÉIÒ¼¾:½�Å:Ìy¾:ÁqÆ~¾:½#ÿ�ÀÂ¿�»]Æ~¾:½�¿�¾q¸wÅ��ÂÆ~ÀYÄ���ýIÃ�ÅEÃ{Ë �IÒ¼¾�¾]ÃX�M·ý8$�½{Ò�ÄºÆ~¾:½�Ñ@ËK�1Ò�Ä�¾:½ $*� �*� $*� ,#¾]Ã $*�".*�3Ä�¾:½{Ðo¾:Á]Ã{ËÍÌy¾]ÿ�¾]ÉãÃ��7PÊÀYÒ¼½�¿�ÀYÉ�É¼ÀYÉ¼½�Æ~¾:½�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÀYÕ�Ã�¾]ÉãÒ¼¾:½

ÅVÌy¾:Á
γ = 1

¾]Ã�ÐoÀYÒ�Ä#¿�¾]Ò*0°Ì1ÅEÆ~¾]Ò�Ä�½�¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½#¿�¾
β
Ó
β = 0.1

¾]Ã
β = 0.04

×1�<PÊÀYÒ¼½#Î]Ã{Ò¼¿3Ë~ÀYÉ¼½
Æ=Ç ËÍÉ�
¼Ò¼¾]É¼Á:¾�¿�¾�Æ=Ç ¹ �IÐoÀYÃ{¹¼»:½�¾�½{Ò�Ä�ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉq¿�¾:½ �1Ä�ÅEËÍÉ¼½�Óåÿ�ÀÂ¿�»]Æ~¾Ê¿�¾!�1Ä�ÅEËÍÉöÁ:ÀYÉIÃ{ËÍÉãÒ�ÀYÒöÿ�ÀI¿�»]Æ~¾Ê¿�¾�1Ä�ÅEËÍÉ%
#Ð�ÆèÅEÉ¼½�¿�¾C�1ÆÍË~½�½�¾]ÿ�¾]ÉIÃG×1�
� � ���  � � é�ò���Iæåï �wï ��ä �Næóò ú

+wÌy¾:Á	Æ~¾*ÿ�ÀÂ¿�»]Æ~¾*¿�¾ �1Ä�ÅEËÍÉêÁ:ÀYÉIÃ{ËÍÉãÒ�Ó��*� �/$y×1�6Á:ÀYÿ�ÿ�¾�É¼ÀYÒ¼½�Æ=ÇCÅ:ÌyÀYÉ¼½)¿�Î?- 
�ÌÂÒ2�¼Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾*ÆèÅD=ÅEÕ�Ä{Ë �ãÒ¼¾·É¼¾º¿�Î]Ð6¾]É¼¿#Ð/ÅY½ù¿3Ò�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ�¿3Ò#ÿ�ÀYÉ¼ÀIÁ]Ä{Ë~½{Ã�ÅEÆ�É�Ë3¿�¾ºÁ:¾]ÆÍÒ�Ë�¿3Ò#ÐoÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆA� $MÀYÿ�ÿ�¾
É¼ÀYÃ�Î Ð/ÅEÄ�$ºÅY½�Ã�¾]ÆÍÉ/ÅEÒ Ó8Ö�#/#��y×*¾]Ã�Ô�Å��1ÆÍËèÅEÄ�¿3ËÍÉ�Ë	Ó8Ö�#/#/#y×1�w¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½�ËÍÿ�Ð�Æ~¾I�NÆ~¾:½#�1Ä�ÅEËÍÉ¼½�Á:ÀYÿ.)
ÿ�¾]É¼Á:¾]ÉIÃ·Ð/ÅEÄM½�¾�Ä�ÅY½�½�¾]ÿ*Õ�Æ~¾]ÄºÅEÒ�Ã�ÀYÒ�ÄM¿ÚÇ Ò�É�Ð�ÆèÅEÉ

Π
Ðo¾]Ä{Ðo¾]É¼¿3Ë~Á]Ò�ÆèÅEËÍÄ�¾�ÅEÒ Ð�ÆèÅEÉ

(ē1, ē2)
¿¼ÅEÉ¼½�Æ~¾��ãÒ¼¾]Æ

ËÍÆ~½	½�¾�Á:ÀYÉ¼Á:¾]ÉãÃ{Ä�¾]ÉãÃ�¾]Ã	Æ~¾�Ð�ÆèÅEÉ�Ã�ÀYÒ�Ä{É¼¾�Ìy¾]Ä�½	ÆèÅ�Ð6À1½{ËÍÃ{Ë~ÀYÉ
Φ̄ = 0

ÅVÌy¾:Á�Ò�É¼¾�ÌÂËÍÃ�¾:½�½�¾�¿�Î:Á]Ä�ÀYË~½�½GÅEÉãÃ�¾I�
ÐoÀYÒ�Ä�Ã�¾]É¼¿3Ä�¾�Ìy¾]Ä�½�Ò�É¼¾ D=ÅEÕ�Ä{Ë �IÒ¼¾�
�Ò�É�ÿ�ÅJ0ÂËÍÿ*Ò�ÿ¡½�¾]Æ~ÀYÉ�ÆèÅ)¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē2
� �¤¾:½�Ä�Î:½�Ò�ÆÍÃ�ÅEÃ�½�¿3Ò�ÿ�ÀÂ¿�»]Æ~¾

¿3Ë~½�Á]Ä�¾]Ã�½�ÀYÉãÃ�Ã{Ä�»:½�Õ�Ë~¾]É�Ä�¾]Ð�Ä�ÀI¿3Ò�ËÍÃ�½�Ð/ÅEÄ�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉãÒ2�+wÌy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾�¿�¾��1Ä�ÅEËÍÉQ
�Ð�ÆèÅEÉ¼½º¿�¾��1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�Ó��*� �	!y×1�IÆ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉq¿�¾�ÆèÅCD=ÅEÕ�Ä{Ë �IÒ¼¾�ÀYÕ�Ã�¾]ÉãÒ¼¾
¾:½{ÃU¿3Ë ÚÎ]Ä�¾]ÉãÃ�¾I�Iü�ÇCÅEÐ�Ä�»:½�Æ~¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�ÌIÒ¼½�ÅEÒ $·¹/ÅEÐ�ËÍÃ{Ä�¾5�*�YÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē2
É¤Ç_¾:½{Ã�Ð/ÅY½�Ò�É¼¾ºÐ6À1½�ËÍÃ{Ë~ÀYÉ

½{Ã�ÅEÕ�Æ~¾	Ð6ÀYÒ�Ä�Ò�É Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ
L̄12

¾]Ã�Æ~¾:½E�1Ä�ÅEËÍÉ¼½ÊÀYÉãÃ�¿�¾:½�Ã{Ä�ÅJ-8¾:Á]Ã�ÀYËÍÄ�¾:½ÊÐoÎ]Ä{Ë~ÀI¿3Ë �IÒ¼¾:½�½{Ò�Ä�ÆèÅ�½�Ð�¹¼»]Ä�¾
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P�ÀYÒ¼½�ÅVÌyÀYÉ¼½�ÌÂÒ ¿¼ÅEÉ¼½�Æ~¾:½�ÅEÐ�Ð�ÆÍË~ÁVÅEÃ{Ë~ÀYÉ¼½�Ð�Ä�Î:Á:Î:¿�¾]ÉãÃ�¾:½��ãÒ¼¾I�¼Ð6ÀYÒ�Ä�Ò�É�Á:ÀYÿ�Ð6ÀYÄ{Ã�¾]ÿ�¾]ÉIÃ)¿�¾T�1Ä�ÅEËÍÉ

¿�ÀYÉ�É¼ÎI�YÒ�É�½�¾]Ò�Æ¼¾]Ã�ÿ3']ÿ�¾ºÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾�¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ
α
Ðo¾]Ä{ÿ�¾]ÃU¿�¾ºÕ�Ë~¾]É�Ä�¾]Ð�Ä�ÀÂ¿3Ò�ËÍÄ�¾�Æ~¾:½UÎ]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ¼½

¿�¾GD=ÅEÕ�Ä{Ë �ãÒ¼¾�¿�ÀYÉ�É¼Î:¾:½�Ð/ÅEÄ�Æ~¾�ÿ�ÀÂ¿�»]Æ~¾CX�M·ý8$ ¾]É�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�¼Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ�¾]Ã�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�½{ËÍÿ�Ð�Æ~¾I�P�ÀYÒ¼½	ÐoÀYÒ�ÌyÀYÉ¼½#¿�ÀYÉ¼Á�¿�Î1=¼É�ËÍÄ#Ò�ÉøÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾ö¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ�ÀYÐ�Ã{ËÍÿ�ÅEÆ
α ����� �NÁ:ÀYÿ�ÿ�¾�Æ~¾�Ð/ÅEÄ�ÅJ)ÿ�»]Ã{Ä�¾*¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ �IÒ�ËNÐo¾]Ä{ÿ�¾]ÃÊ¿�¾*Ä�¾]Ð�Ä�ÀI¿3Ò�ËÍÄ�¾�ÅEÒ ÿ�Ë~¾]Ò*0�Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾	ÆèÅ�D<ÅEÕ�Ä{Ë �IÒ¼¾�ÁVÅEÆ~Á]Ò�Æ~Î:¾

ÅVÌy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾�XGM·ý8$�¿3Ë~½�Á]Ä�¾]Ã��Âü�Ç Ò�É�ÐoÀYËÍÉãÃº¿�¾�ÌÂÒ¼¾�Ð�Ä�ÅEÃ{Ë �IÒ¼¾I�
α ����� ¾:½�Ã·¿�Î]Ã�¾]Ä{ÿ�ËÍÉ¼Î�
�Ð/ÅEÄ{Ã{ËÍÄº¿ÚÇ Ò�É¾:½�½GÅEË¤¿�¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�Ò�É�ËèÅJ03ËèÅEÆ~¾I�/¾]É�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÉIÃ

χ2(α) =

N∑

k=1

(a(2)tk
� ��� � − a(2)tk���	��
 ) : (a(2)tk

� ��� � − a(2)tk���	�
 )
Ó $*�ÍÖ�.y×

À��
a(2)tk� ��� �

¾:½{Ã�Æ~¾*Ã�¾]É¼½�¾]Ò�Ä)¿3Ò�½�¾:Á:ÀYÉ¼¿�ÀYÄ�¿3Ä�¾�ÁVÅEÆ~Á]Ò�Æ~Î�

N

Ã�¾]ÿ�Ð¼½�¿3Ë oÎ]Ä�¾]ÉIÃ�½
tk

Å:Ìy¾:Á#Æ~¾#ÿ�ÀÂ¿�»]Æ~¾
Á:ÀYÉIÃ{ËÍÉãÒ�¾]Ã

a(2)tk���	�

¾:½{ÃNÆ~¾·Ã�¾]É¼½�¾]Ò�Äù¿3Ò*½�¾:Á:ÀYÉ¼¿#ÀYÄ�¿3Ä�¾MÁVÅEÆ~Á]Ò�Æ~ÎMÅVÌy¾:Á·Æ~¾�ÿ�ÀI¿�»]Æ~¾OX�M·ý8$°¿3Ë~½�Á]Ä�¾]Ã��EÅEÒ*0

ÿ3']ÿ�¾:½ÊÃ�¾]ÿ�Ð¼½
tk
� ÅEÒ�Á:ÀYÒ�Ä�½�¿�¾	Æ=Ç_¾:½�½�ÅEËNÉIÒ�ÿ�Î]Ä{Ë �ãÒ¼¾�¿�¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�Ò�É�ËèÅJ03ËèÅEÆA�Y�NÅ�ÿ�ËÍÉ�ËÍÿ�Ë~½�ÅEÃ{Ë~ÀYÉ

Ð/ÅEÄ�Ä�ÅEÐ�ÐoÀYÄ{Ã!

α
¾:½{Ã D<ÅEËÍÃ�¾	Ð/ÅEÄ�ÆèÅ�ÿ�Î]Ã{¹¼ÀI¿�¾�¿3Ò��1Ä�ÅY¿3Ë~¾]ÉãÃ�Á:ÀYÉ&-RÒ8�1Ò¼ÎI��N¾:½*Ë~½�ÀVÌ1ÅEÆ~¾]Ò�Ä�½�¿3Ò�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾

α
ÁVÅEÆ~Á]Ò�Æ~Î:¾:½�Å:Ìy¾:ÁqÆ~¾öÿ�ÀÂ¿�»]Æ~¾ö¿�¾ �1Ä�ÅEËÍÉ¥Á:ÀYÉãÃ{ËÍÉIÒ�Ó��*� �/$y×*½�ÀYÉãÃ

Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�Î:¾:½�½{Ò�Ä�ÆèÅ�ÑwËK�1Ò�Ä�¾�$*�ÍÖT�*�2�NÅöÿ3']ÿ�¾�Ð�Ä�ÀÂÁ:Î:¿3Ò�Ä�¾ ÅEÐ�Ð�ÆÍË �IÒ¼Î:¾�Å:Ìy¾:Á�Æ~¾�ÿ�ÀI¿�»]Æ~¾�¿�¾3�1Ä�ÅEËÍÉ�

Ð�ÆèÅEÉ¼½�¿�¾T�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ#Ó��*� �	!y×ºÁ:ÀYÉ¼¿3Ò�ËÍÃG
�¿�¾:½�Ì1ÅEÆ~¾]Ò�Ä�½

α
¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½Ê¿�¾)ÿ�ÀYËÍÉ¼½Ê¿�¾
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�
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PSfrag replacements

β

γ

� â�( � � � ��� þ �Q½�ÀVÌ1ÅEÆ~¾]Ò�Ä�½M¿3ÒöÐ/ÅEÄ�ÅEÿ�»]Ã{Ä�¾)¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ�ÀYÐ�Ã{ËÍÿ�ÅEÆÚ¾]É DÛÀYÉ¼Á]Ã{Ë~ÀYÉ�¿�¾:½·Ð/ÅEÄ�ÅEÿ�»]Ä�¾:½�¿ÚÇCÅEÉ�Ë )
½�ÀYÃ{Ä�ÀYÐ�Ë~¾*¿3Ò:�1Ä�ÅEËÍÉ

β
¾]Ã
γ
�B�wÅ�Á]Ä�ÀYË 0�ËÍÉ¼¿3Ë �IÒ¼¾	ÆèÅ�ÌYÅEÆ~¾]Ò�Ä

α = 6.15 10−2 ÀYÕ�Ã�¾]ÉãÒ¼¾*Ð6ÀYÒ�Ä
β = 0.04¾]Ã

γ = 1
�

� ��� � ��
��%����� ��
����� ���  � � ���"� ��� ��&�
�� 
��� �"&������ ��& �"� ���
P�ÀYÒ¼½�Ð�Ä�Î:½�¾]ÉIÃ�ÀYÉ¼½�Ë~Á]Ë��IÒ¼¾]Æ �ãÒ¼¾:½�ÐoÀ1½�½{ËÍÕ�ËÍÆÍËÍÃ�Î:½�ÐoÀYÒ�Ä�Ð�Ä�¾]É¼¿3Ä�¾�¾]É�Á:ÀYÿ�Ð�Ã�¾qÆèÅêÄ�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ

¿¼ÅEÉ¼½�É¼ÀYÃ{Ä�¾�ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉIÃ{ËÍÉãÒ�¾]Ã�É¼ÀYÒ¼½�¿3Ë~½�Á]Ò�Ã�ÀYÉ¼½�Æ=Ç ËÍÉ�
¼Ò¼¾]É¼Á:¾#¿�¾	ÆèÅ�Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�½{Ò�Ä�Æ~¾*¿�Î]Ìy¾1)
Æ~ÀYÐ�Ðo¾]ÿ�¾]ÉãÃ�¿�¾:½�D<ÅEÕ�Ä{Ë �IÒ¼¾:½�¾]É�Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ2�¼Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ ¾]Ã�Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃÊ½�ËÍÿ�Ð�Æ~¾I�P�ÀYÒ¼½�¿3Ë~½�Á]Ò�Ã�ÀYÉ¼½�¿ÚÇCÅEÕoÀYÄ�¿ ÆèÅ,Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ Ð�Ò�Ë~½qÆèÅ,Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ Ð/ÅEÄ
ÿ�ËK�1Ä�ÅEÃ{Ë~ÀYÉ2�
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�2������� � '(13$54�67% �:9�9 4�6 � %&4�� ) ! � $ $ �:% � % 4>� )
�NÅ�Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�Ä�Î:½{Ò�ÆÍÃ�¾ ¿�¾qÆèÅ9DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¿�¾�½�ÀYÒ¼½ )K-{ÀYËÍÉãÃ�½�¿�¾��1Ä�ÅEËÍÉ¼½�Ð/ÅEÄ

ÐoÀYÆK� �yÀYÉ�Ë~½�ÅEÃ{Ë~ÀYÉ2� M@ÀYÒ�ÄºÔ �1¿�¾]Ä{Ã�Ó������/!y×1�ãÁ:¾]Ã{Ã�¾ DÛÄ�Å��1ÿ�¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ�Å o¾:Á]Ã�¾�ÿ�ÅJ-8ÀYÄ{ËÍÃ�ÅEËÍÄ�¾]ÿ�¾]ÉIÃ·Æ~¾:½ �1Ä�ÅEËÍÉ¼½�IÒ�Ë�É¼¾ö½�ÀYÉIÃ*Ð/ÅY½#Õ�Ë~¾]É�ÀYÄ{Ë~¾]ÉãÃ�Î:½�ÐoÀYÒ�Ä�Æ~¾ �1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ�¿�¾:½#¿3Ë~½{Æ~ÀÂÁVÅEÃ{Ë~ÀYÉ¼½���ÅEÐ�Ð6¾]Æ~Î:½ �1�1Ä�ÅEËÍÉ¼½�¿3Ò�Ä�½��&��N¾:½�½�ÀYÒ¼½ )A�1Ä�ÅEËÍÉ¼½	ÅEËÍÉ¼½{Ë<D<ÀYÄ{ÿ�Î:½)Ã�¾]É¼¿�¾]ÉãÃ 
 ']Ã{Ä�¾�Ð�ÆÍÒ¼½ �Dÿ�ÀYÒ¼½��&�S�NÅöÄ�¾:Á]Ä{Ë~½�Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ
Ðo¾]Ò�Ã�ÅEÆ~ÀYÄ�½�']Ã{Ä�¾öÿ�ÀI¿�Î]ÆÍË~½�Î:¾qÐ/ÅEÄ�Ò�É 
¼Ò*0�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½��U¿�¾:½�Á:ÀYÉ*=;�1Ò�Ä�ÅEÃ{Ë~ÀYÉ¼½ �]¿3Ò�Ä�¾:½��öÌy¾]Ä�½�Æ~¾:½
Á:ÀYÉ*=;�1Ò�Ä�ÅEÃ{Ë~ÀYÉ¼½ �Dÿ�ÀYÆÍÆ~¾:½��&�¼½�ÀYËÍÃ

q = −κ
∂H

∂c

� Ó $*�ÍÖ�#y×
À���ÆèÅ�D<ÀYÉ¼Á]Ã{Ë~ÀYÉ�½�ÁVÅEÆèÅEËÍÄ�¾

H
Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�¾ºÆèÅ�¿3Ò�Ä�¾]Ã�Î�¾]Ã

κ
¾:½{Ã@Ò�É�Á:ÀI¾ ��Á]Ë~¾]ÉIÃ·ÅY¿3ËÍÿ�¾]É¼½{Ë~ÀYÉ�É¼¾]ÆA��D<ÀYÉ¼Á]Ã{Ë~ÀYÉ

Ò�É�Ë �IÒ¼¾]ÿ�¾]ÉãÃ�¿�¾#�1Ä�ÅEÉ¼¿�¾]Ò�Ä�½)ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾:½�� �NÅ�¿3Ò�Ä�¾]Ã�Î#¾:½{Ã�ÅEÆ~ÀYÄ�½Ê½�Ò�Ð�Ð6À1½�Î:¾N']Ã{Ä�¾*Ò�É¼¾TD<ÀYÉ¼Á]Ã{Ë~ÀYÉ
¿�¾)Æ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ

c
¾]Ã�¿3Ò Á�¹/ÅEÄ/�y¾]ÿ�¾]ÉIÃ�Ó

D̄
¾]Ã

S̄
×1��UÇ_Î��ãÒ/ÅEÃ{Ë~ÀYÉê¿�¾�Á:ÀYÉ¼½�¾]Ä{Ì1ÅEÃ{Ë~ÀYÉ ¿�¾�Æ=Ç ��ü)Ñ Ó $*� �y×º¿�¾]ÌÂË~¾]ÉãÃÊÅEÆ~ÀYÄ�½

ḟ = −
∂·

∂c
(f ċ + q)

� Ó $*� ���y×
= % �D*	� XY� %  þ

� ÀYÉ�Ðo¾]Ò�ÃÊÅEÒ¼½�½{Ë¤ËÍÉIÃ�¾]Ä{Ð�Ä�Î]Ã�¾]Ä
ċdiff = q/f

Á:ÀYÿ�ÿ�¾	Ò�É¼¾�Ð/ÅEÄ{Ã{Ë~¾�¿3Ë oÒ¼½{ËÍÌy¾�Ä�ÅJ-{ÀYÒ�Ã�Î:¾*ÅEÒ�Ã�¾]Ä{ÿ�¾
¿�¾ ¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¿�¾ ÆèÅ ÌÂËÍÃ�¾:½�½�¾ ¿�¾öÄ�ÀYÃ�ÅEÃ{Ë~ÀYÉ Ó $*� �I×1�<P�ÀYÒ¼½�¿�Î:Á:ÀYÿ�Ð6À1½�ÀYÉ¼½�¿�ÀYÉ¼ÁöÆ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ
¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾)Æ=Ç ��ü)Ñ�Ó $*� ���y×M¾]ÉqÒ�É¼¾)Ð/ÅEÄ{Ã{Ë~¾�¿3Ò¼¾T
*ÆèÅ#¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¾]Ã�¾]ÉqÒ�É¼¾)Ð/ÅEÄ{Ã{Ë~¾)¿3Ò¼¾
#ÆèÅ�¿3Ë 6Ò¼½�Ë~ÀYÉ2�;PÊÀYÒ¼½�¿�ÀYÉ�É¼ÀYÉ¼½Ê¿¼ÅEÉ¼½�ÆèÅ�½{Ò�ËÍÃ�¾I�3Æ~¾:½�Ã�¾]Ä{ÿ�¾:½�¿3Ë oÒ¼½{Ë DÛ½�
�ÅJ-{ÀYÒ�Ã�¾]Ä!
#Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ
¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ*¿�¾

a(2) ÓZ�>�7� $*�ÍÖ-,1×6Ð6ÀYÒ�ÄNÐ�Ä�¾]É¼¿3Ä�¾�¾]É�Á:ÀYÿ�Ð�Ã�¾�ÆèÅ�Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�Ð/ÅEÄwÄ�ÀYÃ�ÅEÃ{Ë~ÀYÉ2�
� Ô �1¿�¾]Ä{ÃMÓ������/!y×ÚÐ�Ä�ÀYÐ6À1½�¾�¿�¾Uÿ�ÀÂ¿�Î]ÆÍË~½�¾]ÄwÆ~¾@�1Ä�À1½�½{Ë~½�½�¾]ÿ�¾]ÉãÃ@É¼ÀYÄ{ÿ�ÅEÆI¿�¾UÆèÅ�ÿ3']ÿ�¾Uÿ�ÅEÉ�Ë~»]Ä�¾·ÿ�ÅEË~½
Å:Ìy¾:Á�Ò�É 
¼Ò*0�Å��1Ë~½�½�ÅEÉãÃ�¿¼ÅEÉ¼½�ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ�ÀYÐ�ÐoÀ1½�Î:¾�ÓÛ¿ÚÇCÅEÐ�Ä�»:½!	�ÀYÉIÃ�Å��1É/ÅEÃ�¾]Ã�ü�Ò�Ì1ÅEÆ·Ó��������y×
ÆèÅ�Ð6ÀYÆK� �yÀYÉ�Ë~½�ÅEÃ{Ë~ÀYÉ�¾]Ã�ÆèÅ�ÿ�ËK�1Ä�ÅEÃ{Ë~ÀYÉ�¿�¾:½S-8ÀYËÍÉIÃ�½U¿�¾ �1Ä�ÅEËÍÉ¼½U½�ÀYÉIÃ�¿�¾:½�Ð�Ä�ÀÂÁ:¾:½�½{Ò¼½�Á:ÀYÉ¼Á]Ò�Ä{Ä�¾]ÉãÃ�½D×1�

Ô �1¿�¾]Ä{Ã#Ó������/!y×�Î]Ã{Ò¼¿3Ë~¾*¿�¾]Ò*0�Ð�Ä�ÀYÐoÀ1½{ËÍÃ{Ë~ÀYÉ¼½�¿�¾�¿3Ë oÒ¼½{Ë~ÀYÉ%�IÒ¼¾	É¼ÀYÒ¼½�¿�Î]Ã�ÅEËÍÆÍÆ~ÀYÉ¼½)¿¼ÅEÉ¼½�ÆèÅ�½{Ò�ËÍÃ�¾I�M@ÀYÒ�Ä�Ô��1¿�¾]Ä{ÃöÓ������/!y×1�¤ÆèÅ�Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉøÐ/ÅEÄ*Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉøÐo¾]Ò�Ã*ÅEÒ¼½�½{ËO']Ã{Ä�¾�Ð�Ä{Ë~½�¾�¾]ÉøÁ:ÀYÿ�Ð�Ã�¾ Ð/ÅEÄ
Æ=Ç ËÍÉIÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾*¿3Ò Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾	¿ÚÇ ËÍÉãÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ

α
�

� � � � � � � 	�îwúJïãçVà ä ���gâÛ÷�âåæåàIï �°æ � � 	 �
MwÀYÒ�Ä�Ò�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ Ò�É�ËèÅJ0ÂËèÅEÆ~¾I��Æ~¾:½ �1Ä�ÅEËÍÉ¼½�½gÇ_ÀYÄ{Ë~¾]ÉãÃ�¾]ÉãÃê½{Ò�ËÍÌ1ÅEÉãÃ�ÆèÅ,¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ ¿�¾�Á:ÀYÿ.)

Ð�Ä�¾:½�½{Ë~ÀYÉ2���IÒ�Ë·Á:ÀYÄ{Ä�¾:½{ÐoÀYÉ¼¿�ÅEÒ¼½�½{ËF
qÆèÅ ¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ,¿�¾ �]¿3Ò�Ä�¾]Ã�Î � ÿ�ÅJ0ÂËÍÿ�ÅEÆ~¾I�L�NÅ�¿3Ò�Ä�¾]Ã�Î Ðo¾]Ò�Ã ']Ã{Ä�¾
ÅY½�½{ËÍÿ�ËÍÆ~Î:¾T
�Æ=Ç ��ü)Ñ �

H ≈ f
�3½�ÀYËÍÃ

q = −κ
∂f

∂c

� Ó $*� �3Ög×
�wÅ�Ð/ÅEÄ{Ã{Ë~¾	¿3Ë oÒ¼½{ËÍÌy¾�¿�¾�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ ¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾

a(2) ¿�¾]ÌIË~¾]ÉIÃ��¼¿ÚÇCÅEÐ�Ä�»:½*Ó $*�ÍÖ�$y×1�
ȧ2

ij = −κ
[
∮

S/2

∂f

∂ci
cj dc +

∮

S/2

∂f

∂cj
ci dc

] � Ó $*� ���y×
�UÉ�Ò�Ã{ËÍÆÍË~½�ÅEÉãÃ�Æ~¾:½�Î��ãÒ/ÅEÃ{Ë~ÀYÉ¼½#ÓÛÑ �"$y×º¾]Ã�ÓÛÑ � �1Õ ×1��ËÍÆ¤ÌÂË~¾]ÉãÃ

∮

S/2

∂f

∂ci
cj dc =

∮

S/2

∂(fcj)

∂ci
dc −

∮

S/2
f
∂(cj)

∂ci
dc

= d

∮

S/2
fcicj dc −

∮

S/2
f(δij − cicj) dc

= (d+ 1)

∮

S/2
fcicj dc −

∮

S/2
fδij dc

Ó $*� �/!y×
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�ÊÉ�ÀYÕ�Ã{Ë~¾]ÉIÃ�ÅEÆ~ÀYÄ�½

ȧ(2) = 2κ(I − 3a(2))
Ð6ÀYÒ�Ä�¿�¾:½�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½ !Yü �

ȧ(2) = 2κ(I − 2a(2))
Ð6ÀYÒ�Ä�¿�¾:½�ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ¼½ÊÐ�ÆèÅEÉ¼¾:½�� Ó $*� � �I×

P�ÀYÃ�ÀYÉ¼½ �IÒ¼¾�Á:¾]Ã{Ã�¾Ê¾10ÂÐ�Ä�¾:½�½�Ë~ÀYÉ ¾:½{Ã·Ò�Ã{ËÍÆÍË~½�Î:¾�ÐoÀYÒ�Ä�Æ~¾:½�ÿ�ËÍÆÍË~¾]Ò*0 
�=¼Õ�Ä�¾:½ºÅJ=¼É ¿�¾�Ð�Ä�¾]É¼¿3Ä�¾Ê¾]ÉöÁ:ÀYÿ�Ð�Ã�¾
Æ~¾:½�ËÍÉIÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ¼½Ê¾]ÉIÃ{Ä�¾�Æ~¾:½ =¼Õ�Ä�¾:½#ÓZ+�¿3ÌYÅEÉ�ËN¾]ÃÊ¸¤Ò¼Á 4y¾]Ä � � �1� Ö�#/. ,1×1�
�QÆ�½�¾]ÿ*Õ�Æ~¾ Ä�ÅEË~½�ÀYÉ�É/ÅEÕ�Æ~¾�¿�¾:D<ÅEËÍÄ�¾�¿�Î]Ð6¾]É¼¿3Ä�¾�Æ=Ç ËÍÉãÃ�¾]É¼½�ËÍÃ�Î

κ
¿3Ò 
¼Ò*0�¿�¾�ÆèÅ�ÌÂËÍÃ�¾:½�½�¾�¿�¾�¿�Î1DÛÀYÄ )

ÿ�ÅEÃ{Ë~ÀYÉ�þ¤Ð�ÆÍÒ¼½	ÆèÅqÌÂËÍÃ�¾:½�½�¾�¿�¾�¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�¾:½�Ã�Î]Æ~¾]ÌyÎ:¾�Ð�ÆÍÒ¼½�ÆèÅöÄ�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ,ÌYÅ ']Ã{Ä�¾�Ä�ÅEÐ�Ë~¿�¾I�P�ÀYÒ¼½�Î]Ã{Ò¼¿3Ë~ÀYÉ¼½�Æ=Ç ËÍÉ�
¼Ò¼¾]É¼Á:¾�¿�¾�Á:¾�Ã�¾]Ä{ÿ�¾�¿�¾�¿3Ë oÒ¼½{Ë~ÀYÉ°½{Ò�Ä)Æ~¾�¿�Î]Ìy¾]Æ~ÀYÐ�Ðo¾]ÿ�¾]ÉãÃ*¿�¾:½GD=ÅEÕ�Ä{Ë �IÒ¼¾:½�¾]É
Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ2��Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ ¾]Ã�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃÊ½{ËÍÿ�Ð�Æ~¾�¾]É�Ä�ÅJ-8ÀYÒ�Ã�ÅEÉIÃG
�Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�Ó $*�ÍÖ-,1×MÆ~¾�Ã�¾]Ä{ÿ�¾

ȧ(2) = κaD̄eq(I − 3a(2))
� Ó $*� �/$y×

À��
D̄eq =

√

2D̄ : D̄/3
¾:½{Ã�ÆèÅ�ÌIËÍÃ�¾:½�½�¾�¿�¾�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉêÎ��ãÒ�ËÍÌ1ÅEÆ~¾]ÉãÃ�¾I�

ýIÒ�Ä�Æ~¾:½�Ñ@ËK�1Ò�Ä�¾:½ $*�ÍÖ1Ö�¾]Ã $*�ÍÖT�*�ùÉ¼ÀYÒ¼½�Ã{Ä�Å �:ÀYÉ¼½�Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾qÆèÅ�D=ÅEÕ�Ä{Ë �IÒ¼¾�ÀYÕ�Ã�¾]ÉãÒ¼¾ ÅVÌy¾:Á�Æ~¾
ÿ�ÀÂ¿�»]Æ~¾�Á:ÀYÉãÃ{ËÍÉIÒUX�M·ý8$ëÐoÀYÒ�Ä

β = 0.04
¾]Ã
γ = 1

�2PÊÀYÒ¼½�Á:ÀYÿ�Ð/ÅEÄ�ÀYÉ¼½	Æ~¾:½�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ¼½*ÀYÕ�Ã�¾]ÉãÒ¼¾:½
ÐoÀYÒ�Ä�¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½�Ì1ÅEÆ~¾]Ò�Ä�½�¿�¾

κa
��UÉøÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉø¾]Ã*¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ2�NÁ:¾�Ã�¾]Ä{ÿ�¾�¿�¾�¿3Ë 6Ò¼½{Ë~ÀYÉøÄ�ÅJ-8ÀYÒ�Ã�Î
öÆ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ�¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ

¿�¾
a(2) Å�ÐoÀYÒ�Ä�¾ Ú¾]Ã�¿�¾*Ä�ÅEÆ~¾]ÉãÃ{ËÍÄ�ÆèÅ Á:ÀYÉ¼Á:¾]ÉãÃ{Ä�ÅEÃ{Ë~ÀYÉ°¿�¾#ÆèÅ3D<ÅEÕ�Ä{Ë �IÒ¼¾#¾]Ã�Á:ÀYÉ¼¿3Ò�ËÍÃT
 ¿�¾:½�D=ÅEÕ�Ä{Ë �IÒ¼¾:½

½{Ã�ÅEÕ�Æ~¾:½*¾]ÉøÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ�¾]Ã�¾]É�Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉøÿ�ÀYËÍÉ¼½#Á:ÀYÉ¼Á:¾]ÉãÃ{Ä�Î:¾:½.�ãÒ¼¾ Á:¾]ÆÍÆ~¾:½�ÀYÕ�Ã�¾]ÉIÒ¼¾:½*Ò�É�Ë �IÒ¼¾]ÿ�¾]ÉãÃ
ÅVÌy¾:Á	ÆèÅ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¿3Ò¼¾ 
�ÆèÅ�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ2�7�¤¾:½�D=ÅEÕ�Ä{Ë �IÒ¼¾:½ÊÅEËÍÉ¼½{ËNÀYÕ�Ã�¾]ÉIÒ¼¾:½)Á:ÀYÄ{Ä�¾:½{Ð6ÀYÉ¼¿�¾]ÉIÃÊÕ�Ë~¾]ÉêÅEÒ
Ð�Ä�ÀÂÁ:¾:½�½{Ò¼½Úÿ�¾]ÉIÃ{Ë~ÀYÉ�É¼ÎUÐ/ÅEÄL$ºÅY½�Ã�¾]ÆÍÉ/ÅEÒ % �$* < !ãÓ8Ö�#/#��1Åy×ÚÐ6ÀYÒ�Äw¾10ÂÐ�ÆÍË �IÒ¼¾]Ä¤Æ=Ç_¾ Ú¾]ÃN¿�¾ùÆèÅºÄ�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ
Ð/ÅEÄ�Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ,
�Ô�� �?M���UÉöÁ]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃ�½{ËÍÿ�Ð�Æ~¾I�ÂÆ~¾�Ã�¾]Ä{ÿ�¾)¿�¾Ê¿3Ë oÒ¼½{Ë~ÀYÉ�Å�ÐoÀYÒ�ÄM¾ Ú¾]Ã��*
	ÆèÅTDÛÀYË~½M¿�¾ÊÆÍËÍÿ�ËÍÃ�¾]Ä·Æ~¾:½MÌ1ÅEÆ~¾]Ò�Ä�½
Ð�Ä�ÀYÐ�Ä�¾:½�¿�¾

a(2) �6ÿ�ÅEË~½	ÅEÒ¼½�½{Ë�¿�¾#Õ�Æ~À �ãÒ¼¾]Ä�ÆèÅ Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ°¿3Ò�Ð�ÆèÅEÉ
Π

 Ò�É¼¾�ÌYÅEÆ~¾]Ò�Ä

Φ̄
¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�¾

¿�¾
κa
� �QÆMÉ¤Ç_¾10ÂË~½{Ã�¾öÐ/ÅY½�¿ÚÇ_Î]Ã{Ò¼¿�¾�Á:ÀYÉãÌ1ÅEËÍÉ¼ÁVÅEÉãÃ�¾ ½{Ò�Ä*Æ=Ç_¾ Ú¾]Ã�¿�¾öÆèÅ�Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½GÅEÃ{Ë~ÀYÉ�Ð/ÅEÄ*Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ

¾]É�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉIÃö½�ËÍÿ�Ð�Æ~¾I�>MwÀYÒ�Ä M@ÅEÃ�¾]Ä�½�ÀYÉëÓ8Ö�#/#3Ög×1�U¾]É�Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ ½�ËÍÿ�Ð�Æ~¾I��ÆèÅ�Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ
¿�¾]ÌÂÄ�ÅEËÍÃTD=Å:ÌyÀYÄ{Ë~½�¾]Ä*Æ~¾3�1ÆÍË~½�½�¾]ÿ�¾]ÉãÃ#Õ/ÅY½�ÅEÆ·¾]Ã#¿�ÀYÉ¼Á�Á:ÀYÉ¼¿3Ò�ËÍÄ�¾ 
�¿�¾:½TD=ÅEÕ�Ä{Ë �IÒ¼¾:½#ÅVÌy¾:Á�Ò�Éøÿ�ÅJ03ËÍÿ�Ò�ÿ
ÅEÒ�Ã�ÀYÒ�Ä�¿�¾)ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ �#ÐoÀYÒ�Ä�Ò�É Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½{ËÍÿ�Ð�Æ~¾

L̄12
�
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∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt

∫ t
0 |D̄33|dt

a
i

a
i

a3

a3

a1 = a2

a1 = a2

γ̄

γ̄

β̄

β̄

η̄e3
/ηc

η̄e3
/ηc

�
� �
�

� �
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� �
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�
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� �
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� �
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�

��
� �

� �
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�
�� �

�8ä � � � �

�8á � � � �

� â�( � � � � � þ �UÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¾]É DÛÀYÉ¼Á]Ã{Ë~ÀYÉ ¿�¾�ÆèÅø¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ Î��IÒ�ËÍÌYÅEÆ~¾]ÉIÃ�¾�¿�¾:½ Ì1ÅEÆ~¾]Ò�Ä�½�Ð�Ä�ÀYÐ�Ä�¾:½q¿�¾
a(2) ¾]Ãº¿�¾:½·Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾ β̄ � γ̄ ¾]Ã

η̄e3
/ηc

¿3ÒöÐ6ÀYÆK�3Á]Ä{Ë~½{Ã�ÅEÆoÀYÄ{Ã{¹¼ÀYÃ{Ä�ÀYÐ6¾)¿�¾ÊÄ�Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ
ÀYÕ�Ã�¾]ÉIÒ¼½�Å:Ìy¾:Á	Æ~¾�ÿ�ÀI¿�»]Æ~¾*Á:ÀYÉãÃ{ËÍÉIÒêÐoÀYÒ�Ä

β = 0.04
¾]Ã
γ = 1

þNÓ<Åy×�¾]Ã�ÓåÕ ×ºÐoÀYÒ�Ä�Ò�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ
Ò�É�ËèÅJ03ËèÅEÆ~¾�½�¾]Æ~ÀYÉ�ÆèÅ#¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē3
�¤ÓÛÁg×·¾]Ã�ÓÛ¿/×·Ð6ÀYÒ�ÄºÒ�É¼¾)Ã{Ä�ÅYÁ]Ã{Ë~ÀYÉ�Ò�É�ËèÅJ03ËèÅEÆ~¾	½�¾]Æ~ÀYÉqÆèÅ#¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē3
��N¾:½�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½�ÀYÕ�Ã�¾]ÉãÒ¼¾:½�Å:Ìy¾:Á

κa = 0.05
½�ÀYÉIÃ�¾]ÉöÃ{Ä�ÅEËÍÃ�½�Á:ÀYÉãÃ{ËÍÉãÒ¼½W�/Á:¾]ÆÍÆ~¾:½ºÐoÀYÒ�Ä

κa = 0.1
½�ÀYÉIÃ�¾]É

ÐoÀYËÍÉãÃ{ËÍÆÍÆ~Î:½Ê¾]Ã�Á:¾]ÆÍÆ~¾:½�ÐoÀYÒ�Ä
κa = 0.5

½�ÀYÉãÃ�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾:½ÊÐ/ÅEÄ�Æ~¾:½�Ã{ËÍÄ�¾]Ã�½��
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∫ t
0 |L̄12|dt

∫ t
0 |L̄12|dt

∫ t
0 |L̄12|dt

∫ t
0 |L̄12|dt

a
i

a1

a2

a3

ϕ̄

	
���

� �
� �
�

�

� �
�
�

����
�
��

2η̄
0
D̄

1
2
/S̄

1
2S̄11/S̄12(0)

S̄22/S̄12(0)

S̄33/S̄12(0)

�8ä � � � �

�8á � � � �

� â�( � � � � % þ��UÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¾]É,Á]Ë~½GÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½{ËÍÿ�Ð�Æ~¾q¾]É DÛÀYÉ¼Á]Ã{Ë~ÀYÉ¥¿�¾öÆèÅ�¿�Î1DÛÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�Î��IÒ�ËÍÌYÅEÆ~¾]ÉIÃ�¾�þ
Ó<Åy×�¿�¾:½MÌYÅEÆ~¾]Ò�Ä�½ºÐ�Ä�ÀYÐ�Ä�¾:½�¿�¾

a(2) �oÓåÕ ×�¿3Òq¿�Î]Ð�¹/ÅY½�Å��y¾�¿3ÒöÄ�¾]Ð6»]Ä�¾�Ð�Ä�ÀYÐ�Ä�¾)¿�¾
a(2) Ð/ÅEÄ·Ä�ÅEÐ�ÐoÀYÄ{Ã�ÅEÒÄ�¾]Ðo»]Ä�¾�¿�¾*Ä�Î1DÛÎ]Ä�¾]É¼Á:¾ {R} �@ÓÛÁg×�¿3Ò�Ä�ÅEÐ�Ð6ÀYÄ{Ã)¿�¾:½�Á:ÀYÉãÃ{Ä�ÅEËÍÉãÃ�¾:½�¿�Î]ÌIËèÅEÃ�ÀYËÍÄ�¾:½)ÅJ0ÂËèÅEÆ~¾:½C
�ÆèÅ�Á:ÀYÉãÃ{Ä�ÅEËÍÉIÃ�¾

¿�¾#Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ 

t = 0

�
S̄ii/S̄12(0)

¾]Ã�ÓÛ¿/×Ê¿�¾*ÆèÅ 
¼Ò�Ë~¿3ËÍÃ�Î#Ä�¾]ÆèÅEÃ{ËÍÌy¾
2η̄0D̄12/S̄12

�7�¤¾:½)½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½
ÀYÕ�Ã�¾]ÉIÒ¼¾:½)ÅVÌy¾:Á

κa = 0.05
½�ÀYÉãÃ)¾]É Ã{Ä�ÅEËÍÃ�½)Á:ÀYÉIÃ{ËÍÉãÒ¼½��oÁ:¾]ÆÍÆ~¾:½ÊÐ6ÀYÒ�Ä

κa = 0.1
½�ÀYÉãÃ)¾]É ÐoÀYËÍÉãÃ{ËÍÆÍÆ~Î:½�¾]Ã

Á:¾]ÆÍÆ~¾:½�ÐoÀYÒ�Ä
κa = 0.5

½�ÀYÉIÃ�Ä�¾]Ð�Ä�Î:½�¾]ÉãÃ�Î:¾:½ÊÐ/ÅEÄ�Æ~¾:½�Ã{ËÍÄ�¾]Ã�½W�
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� � � � � � % 	�îwúJïãçVà úEïIæÛâåàãï �°æåä �ùâåúJïIá1çgâåò ì��ùî�á��wä�ú ( ïI÷°ïÂì6ç
ü#ÇCÅEÐ�Ä�»:½ Ô��1¿�¾]Ä{Ã�Ó������/!y×1�ºÆèÅ �]¿3Ò�Ä�¾]Ã�Î ��¿3Ò Á]Ä{Ë~½{Ã�ÅEÆ�¿�¾9�1ÆèÅYÁ:¾�¾:½{ÃöÄ�¾]ÆÍË~Î:¾ 
°Æ=Ç_ÀYÄ{Ë~¾]ÉIÃ�ÅEÃ{Ë~ÀYÉ�¿3Ò

Ð�ÆèÅEÉ¥¿�¾ Õ/ÅY½�¾ Ð/ÅEÄ#Ä�ÅEÐ�ÐoÀYÄ{Ã�ÅEÒ,Á�¹/ÅEÄ/�y¾]ÿ�¾]ÉãÃ��ºÔ �1¿�¾]Ä{Ã�Ó������/!y×CD=ÅEËÍÃ�¿�Î]Ð6¾]É¼¿3Ä�¾
H

¿�¾:½#ËÍÉãÌ1ÅEÄ{ËèÅEÉãÃ�½
I
NX̄

i = N : X̄
i ÅVÌy¾:Á

N = c ⊗ c
¾]Ã

X̄
i Ä�¾]Ð�Ä�Î:½�¾]ÉIÃ�¾�Ò�É°Á�¹/ÅEÄ/�y¾]ÿ�¾]ÉãÃ�ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �ãÒ¼¾�Ó

D̄
ÀYÒ

S̄
×G
�ÆèÅ Ð�Ò�Ë~½�½GÅEÉ¼Á:¾

i
Ó � !�%T! �

i
½�ËÍÿ�Ð�Æ~¾:½�Á:ÀYÉãÃ{Ä�ÅYÁ]Ã{Ë~ÀYÉ¼½�¿�¾

X̄
Å:Ìy¾:Á�ÆÍÒ�Ë )=ÿ3']ÿ�¾g×1�@ýIËUÀYÉ�½�Ò�Ð�Ð6À1½�¾.�IÒ¼¾

H
¾:½{Ã�Ò�É¼¾�D<ÀYÉ¼Á]Ã{Ë~ÀYÉ ¿�¾�¿�¾��1Ä�Î ��¾]É

X̄
ÅEÆ~ÀYÄ�½

H =
2∑

n=1

hnI
3−n
NX̄

n

� Ó $*� ���y×
À���Æ~¾:½

hn
½�ÀYÉãÃ�¿�¾:½ÊÁ:ÀÂ¾ ��Á]Ë~¾]ÉãÃ�½)¿�Î]Ðo¾]É¼¿¼ÅEÉãÃ�½)¿3Ò�Á�¹/ÅEÄ/�y¾]ÿ�¾]ÉãÃ�ÿ�ÅYÁ]Ä�À1½�Á:ÀYÐ�Ë �IÒ¼¾I� ü)¾�Ð�ÆÍÒ¼½)Ô �Â¿�¾]Ä{Ã

Ó������/!y×�½{Ò�Ð�Ð6À1½�¾C�ãÒ¼¾)Æ=Ç ËÍÉIÃ�¾]É¼½{ËÍÃ�Î�¿3Ò 
¼Ò*0�¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ2� � !(%T! �
κ
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β = 0.04
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γ = 1

þwÓ<Åy×�¾]Ã#ÓåÕ ×�Ð6ÀYÒ�ÄÊÒ�É¼¾�Á:ÀYÿ�Ð�Ä�¾:½�½�Ë~ÀYÉ
Ò�É�ËèÅJ03ËèÅEÆ~¾�½�¾]Æ~ÀYÉ¥ÆèÅ�¿3ËÍÄ�¾:Á]Ã{Ë~ÀYÉ

ē3
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ē3
�S�¤¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½

β̄
½�ÀYÉãÃ	¿�ÀYÉ�É¼Î:½�Ð/ÅEÄ�Æ~¾:½�Á:ÀYÒ�Ä{Õ6¾:½�¾]Ã	½/�Iÿ*Õ6ÀYÆ~¾:½ Ó ◦ ×1�oÆ~¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½ η̄e3

/ηcÐ/ÅEÄ)Æ~¾:½�Á:ÀYÒ�Ä{Õo¾:½	¾]Ã�½/�Iÿ*Õ6ÀYÆ~¾:½ Ó
+
×�¾]Ã)Æ~¾:½)Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½

γ̄
Ð/ÅEÄ�Æ~¾:½�Á:ÀYÒ�Ä{Õ6¾:½	½�¾]Ò�Æ~¾:½�� �¤¾:½�½�ÀYÆÍÒ�Ã{Ë~ÀYÉ¼½

½�ÅEÉ¼½�Ä�¾:Á]Ä{Ë~½�Ã�ÅEÆÍÆÍË~½�ÅEÃ{Ë~ÀYÉ�½�ÀYÉIÃ�¿�ÀYÉ�É¼Î:¾:½�Ð/ÅEÄ�Æ~¾:½�Á:ÀYÒ�Ä{Õ6¾:½�¾]É¥Ã{Ä�ÅEËÍÃ�½�Á:ÀYÉãÃ{ËÍÉãÒ¼½W��Ð6ÀYÒ�Ä�Æ~¾:½�ÐoÀYËÍÉãÃ{ËÍÆÍÆ~Î:½
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ε̄ceq = 5

�3ÐoÀYÒ�Ä�Æ~¾:½�Ã{ËÍÄ�¾]Ã�½
ε̄ceq = 15

¾]Ã�ÐoÀYÒ�Ä�Æ~¾:½�Ã{ËÍÄ�¾]Ã�½�¾]Ã�Ð6ÀYËÍÉIÃ{ËÍÆÍÆ~Î:½
ε̄ceq = 25

�
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ü�ÅEÉ¼½öÁ:¾�Á�¹/ÅEÐ�ËÍÃ{Ä�¾I�MÉ¼ÀYÒ¼½qÅVÌyÀYÉ¼½q¿�ÀYÉ�É¼Î Æ=Ç_Î��IÒ/ÅEÃ{Ë~ÀYÉ ¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ ¿3Ò�Ã�¾]É¼½�¾]Ò�Äq¿ÚÇ_ÀYÄ{Ë~¾]ÉãÃ�ÅEÃ{Ë~ÀYÉ

¿ÚÇ_ÀYÄ�¿3Ä�¾ �*�3Ò�Ã{ËÍÆÍË~½�Î:¾�Ð6ÀYÒ�ÄÊÁVÅEÆ~Á]Ò�Æ~¾]Ä�Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾�ÆèÅ#D=ÅEÕ�Ä{Ë �IÒ¼¾I�P�ÀYÒ¼½qÅ:ÌyÀYÉ¼½�Á:ÀYÿ�Ð/ÅEÄ�ÎêÆ~¾:½q¿3Ë oÎ]Ä�¾]ÉIÃ�¾:½ DÛÀYÉ¼Á]Ã{Ë~ÀYÉ¼½q¿�¾%DÛ¾]Ä{ÿ�¾]Ã{Ò�Ä�¾êÐoÀYÒ�Ä
a(4) �F�NÅUD<¾]Ä{ÿ�¾]Ã{Ò�Ä�¾�?V���Ñ Ó !*�"!/#y×�Ð6¾]Ä{ÿ�¾]Ã�¿�¾*Õ�Ë~¾]É�Ä�¾]Ð�Ä�ÀÂ¿3Ò�ËÍÄ�¾#Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ°¿�¾�ÆèÅ3D<ÅEÕ�Ä{Ë �IÒ¼¾#¿�ÀYÉ�É¼Î:¾*Ð/ÅEÄ)Æ~¾:½Êÿ�ÀI¿�»]Æ~¾:½

Ò�Ã{ËÍÆÍË~½�ÅEÉIÃùÒ�É¼¾M¿�¾:½�Á]Ä{ËÍÐ�Ã{Ë~ÀYÉ�¿3Ë~½�Á]Ä�»]Ã�¾º¿�¾�ÆèÅ�D=ÅEÕ�Ä{Ë �ãÒ¼¾I�&P�ÀYÒ¼½ùÅVÌyÀYÉ¼½�Î]Ã{Ò¼¿3Ë~ÎMÆ=Ç ËÍÉ�
¼Ò¼¾]É¼Á:¾�¿3Ò#Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾
¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾*¿3Ò�ÿ�ÀYÉ¼ÀIÁ]Ä{Ë~½�Ã�ÅEÆ

β
¾]Ã�¿3Ò�Ã �IÐo¾�¿�¾�ÿ�ÀÂ¿�»]Æ~¾	¿�¾	Á:ÀYÿ�ÐoÀYÄ{Ã�¾]ÿ�¾]ÉãÃ��6½{Ò�Ä�Æ=Ç_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾

ÆèÅ:D=ÅEÕ�Ä{Ë �ãÒ¼¾öÐoÀYÒ�Ä�¿�¾:½�Ã�¾:½�Ã�½�¿�¾öÁ:ÀYÿ�Ð�Ä�¾:½�½{Ë~ÀYÉ2�ùÃ{Ä�ÅYÁ]Ã{Ë~ÀYÉ�¾]Ã�Á]Ë~½�ÅEËÍÆÍÆ~¾]ÿ�¾]ÉãÃ�½�ËÍÿ�Ð�Æ~¾I�@M�ÆÍÒ¼½�Æ~¾ �1Ä�ÅEËÍÉ
¾:½{Ã�ÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐo¾q¾]Ã�Ð�ÆÍÒ¼½�ÆèÅ:D<ÅEÕ�Ä{Ë �IÒ¼¾q½�¾qÁ:ÀYÉ¼Á:¾]ÉãÃ{Ä�¾�ÌÂËÍÃ�¾I�@�¤¾öÿ�ÀI¿�»]Æ~¾�ÅEÒ�Ã�À�)SÁ:ÀY¹¼Î]Ä�¾]ÉIÃ��UÐoÀYÒ�Ä�Ò�É¼¾
¿�Î1D<ÀYÄ{ÿ�ÅEÃ{Ë~ÀYÉ�Î��ãÒ�ËÍÌ1ÅEÆ~¾]ÉãÃ�¾�Î��ãÅEÆ~¾I��Á:ÀYÉ¼¿3Ò�ËÍÃ 
 Ò�É¼¾qÁ:ÀYÉ¼Á:¾]ÉIÃ{Ä�ÅEÃ{Ë~ÀYÉ�¿�¾öÆèÅ%D<ÅEÕ�Ä{Ë �IÒ¼¾öËÍÉãÃ�¾]Ä{ÿ�Î:¿3ËèÅEËÍÄ�¾
¾]ÉIÃ{Ä�¾�Á:¾]ÆÍÆ~¾:½�ÁVÅEÆ~Á]Ò�Æ~Î:¾:½�Ð/ÅEÄUÆ~¾ºÿ�ÀI¿�»]Æ~¾�¿�¾�¸wÅ��ÂÆ~ÀYÄ·¾]Ã�Ð/ÅEÄ�Æ~¾�ÿ�ÀI¿�»]Æ~¾�ýIÃ�ÅEÃ{Ë �ãÒ¼¾I� P�ÀYÒ¼½�ÅVÌyÀYÉ¼½Uÿ�ÀYÉãÃ{Ä�Î�IÒ¼¾I� �1Ä �YÁ:¾
öÒ�É°Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾�¿ÚÇ ËÍÉIÃ�¾]Ä�ÅYÁ]Ã{Ë~ÀYÉ �IÒ�Ë�É¼¾�¿�Î]Ðo¾]É¼¿ �ãÒ¼¾�¿�¾:½�Ð/ÅEÄ�ÅEÿ�»]Ã{Ä�¾:½�¿ÚÇCÅEÉ�Ë~½�ÀYÃ{Ä�ÀYÐ�Ë~¾
¿3Òöÿ�ÀYÉ¼ÀIÁ]Ä{Ë~½�Ã�ÅEÆA�IÉ¼ÀYÃ{Ä�¾)Î��IÒ/ÅEÃ{Ë~ÀYÉ�¿ÚÇ_Î]ÌyÀYÆÍÒ�Ã{Ë~ÀYÉ�¿�¾

a(2) Ðo¾]Ä{ÿ�¾]Ã�¿�¾�Õ�Ë~¾]ÉqÄ�¾]Ð�Ä�ÀÂ¿3Ò�ËÍÄ�¾ÊÆ~¾:½MÄ�Î:½{Ò�ÆÍÃ�ÅEÃ�½
¿3Ò�ÿ�ÀÂ¿�»]Æ~¾�ÅEÒ�Ã�À�)SÁ:ÀY¹¼Î]Ä�¾]ÉãÃ���UÉ*=¼É2�¼É¼ÀYÒ¼½ÊÅVÌyÀYÉ¼½�Ð�Ä�ÀYÐoÀ1½�ÎT�IÒ¼¾]Æ �IÒ¼¾:½�Ð�Ë~½{Ã�¾:½�Ð6ÀYÒ�Ä�Ð�Ä�¾]É¼¿3Ä�¾#¾]É Á:ÀYÿ�Ð�Ã�¾�Æ~¾:½�Ð�¹¼Î]É¼ÀYÿ�»]É¼¾:½�¿�¾
Ä�¾:Á]Ä{Ë~½{Ã�ÅEÆÍÆÍË~½GÅEÃ{Ë~ÀYÉ¥Ð/ÅEÄ#Ä�ÀYÃ�ÅEÃ{Ë~ÀYÉ�¾]Ã#Ð/ÅEÄ�ÿ�ËK�1Ä�ÅEÃ{Ë~ÀYÉ2�>P�ÀYÒ¼½�ÀYÕ�Ã�¾]É¼ÀYÉ¼½�¿�¾:½�Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½�Ð�Ä�ÀYÿ�¾]Ã{Ã�¾]Ò�Ä�½
ÿ�ÅEË~½�ËÍÆ~½ ¿�¾]ÌÂÄ�ÀYÉãÃ ']Ã{Ä�¾ Ì1ÅEÆÍË~¿�Î:½ 
°Ð/ÅEÄ{Ã{ËÍÄ ¿�¾:½ Ä�Î:½{Ò�ÆÍÃ�ÅEÃ�½ ¿�¾ ÿ�ÀI¿�»]Æ~¾:½ ÿ�Ë~Á]Ä�À�)=ÿ�ÅYÁ]Ä�À�ËÍÉ¼Á]ÆÍÒ/ÅEÉãÃqÆèÅ
ÿ�ÀÂ¿�Î]ÆÍË~½�ÅEÃ{Ë~ÀYÉ ¿�¾�Á:¾:½�Ð�¹¼Î]É¼ÀYÿ�»]É¼¾:½!
�Æ=Ç_Î:Á�¹¼¾]ÆÍÆ~¾�¿3ÒQ�1Ä�ÅEËÍÉ2�
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/	021 3547698;:=<?>?@A6CB2:D4
EGFIHKJ	LNMPOQORMTS9FIUQOQVWMXHKY[ZKJ\LNY[]X]TMPHK^NY[HKJ	S9FIU�S_UR`NJ2MPHaORMPU�bWMNJ\`NcaZ9FIOQVWY[HKJ	]dF[LPURYeJRLNY[S_VWcaZKMNJ	fgY[Z5h

i MPUQH9FIHjOkbmln`NLNY[Z_bWMP]TMPHaOpo_MpfebqF[LNM(FIH_VWJRY[OQURY[SrMsMPOtbWMNJu]T`POQvKYjo_MNJuHaZ_]T`PUQVWcjZKMNJkZ_OQVwbwVWJR`NMNJtS;Y[Z_UubWMNJUR`NJ2Y[ZKo5URMexy7Y[ZKJzS_UR`NJRMPHjORY[HKJ{MPHKJQZ_VwORM	o_MNJDFIS_S_bwVWL|FIOQVWY[HKJDOQvK`NY[UQVWcjZKMNJ{o}ln`NLNY[Z_bWMP]TMPHaO7S;Y[Z_UDo_MNJDfg`NY[]T`POQUQVWMNJJRVw]XS_bwV�~9`NMNJ|�CF�~KH�o}ln`POQZKo5VWMPU7bml VwH5�KZKMPHKLNM?o5ZsLNY[]XSrY[UQORMP]TMPHaO�FIH_VWJRY[OQURY[SrM	o_M=bqFTfebqF[LNM	JQZ_U7bmln`NLNY[Z_bWM�h]TMPHjO{o}l Z_HKM�L|FIbWY[OQORMex
/	0�� ���G>?�z6CBR:{4\�
EGFIHKJ�bqF�JQZ_VwORMe��bqF(LNY[]XSrYeJ2FIHaORM�o}l Z_H i MNLPORMPZ_UToKFIHKJ�bqF�o5VwURMNLPOQVWY[H i MPUQOQVWL|FIbWM�MNJRO?HKY[OR`NMpF i MNLbml VwHKo5VWLNM

3
MPO�bWMNJ�LNY[]XS;YeJ�FIHaORMNJ�vKY[UQVw�|Y[HaO2FIbWMNJDF i MNL{bWMNJ�VwHKo5VWLNMNJ 1 MPO 2 Y[Zdo_MD]dFIH_VW�PURM7fg`PHK`PU2FIbWM7S9FIU

⊥ x_��M=ORMP]XSKJDMNJQODo_Y[H_HK`	S9FIU�bqF i FIUQVqFI�_bWM t x
��������� �X��� �; e¡�¢�£�¤¦¥¨§ª©« e¢A¬A§C¤
«Y[Z_U�bmln`NLNY[Z_bWMP]TMPHaOTo_MtbqF¦febqF[LNMuJ2Y[ZKJ\bmlnM�®}MPO�o_MdbqF¦feU2F i VwOR`e��bWMNJ\M�®}MPORJ?VwHKMPUQOQVWMPbWJXJRY[HaO?HK`PfebwV�hfgM|FI�_bWMNJ7o_M i FIHjODbWMNJDM�®}MPORJ i VWJRcaZKMPZ5¯�MPO�HKY[ZKJDUR`NJ2Y[b i Y[HKJ�bWMNJ{`NcjZ9FIOQVWY[HKJDo_M\°jORY[±gMNJ\²
³ bqF�LNY[HKJRMPU i FIOQVWY[H¦o_M=bqF?]dF[JRJRMGSrY[Z_UDbqF?febqF[LNM�JRZ_S_S;YeJR`NM�VwHKLNY[]XS_URMNJRJQVw�_bWMe�KJ|ln`NLPUQVwO

ūi,i = 0
� ´¶µ5xw·¹¸

³ MPO�bmln`NcaZ9FIOQVWY[Hso}ln`NcaZ_VwbwVw�_URM\caZ9F[JQV�h�JRO2FIOQVWcaZKM�MNJRODo_Y[H_HK`NM=S9FIU
σ̄ij,j + ρgi = 0

� ´¶µ5x»ºg¸
Y[¼

ū
MNJQO½bWM i MNLPORMPZ_U i VwORMNJRJRMe� g MNJQO½bWM i MNLPORMPZ_U{F[LNLN`PbW`PU2FIOQVWY[Hpo_M7bqF\feU2F i VwOR`e� ρ MNJRO�bqF?o_MPHKJQVwOR`¾o_M¾bqFfebqF[LNM	MPO

σ̄
bWM=ORMPHKJRMPZ_UDo_MNJ{LNY[HjOQU2FIVwHaORMNJ|xC��F�S_URMNJRJRVWY[HpVWJRY[OQURY[SrM

p
MNJQODo_`�~KH_VWM�S9FIU

σ̄ = S̄ + pI
x ´¶µ5x»¿g¸

��F�URMPbqFIOQVWY[H¦LNY[HKJQOQVwOQZ_OQV i M	S;Y[Z_U�bqFXfebqF[LNM�MNJQODo_Y[H_HK`NM=S9FIUDbqF?bWY[V�À�Á¾�AÂ,´ÄÃKx»ºe¿g¸�x
·|ÅeÆ
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���Ä����� ��8«¢�9��¨ e¡�¢�£.¥�§:9<;>=?;A@CBa¡ ���¨§
��ln`NcaZ9FIOQVWY[HTo}ln` i Y[bwZ_OQVWY[HTo_M½bqFED¶FI�_UQVWcjZKMzMNJQO«bmln`NcjZ9FIOQVWY[HTo}ln` i Y[bwZ_OQVWY[HTo5Z�ORMPHKJRMPZ_U�o}lnY[UQVWMPHaO2FIOQVWY[Ho5Z JRMNLNY[HKo(Y[URo5URM

a(2) ´GF5xw·$He¸¾oKFIHKJGbqF[caZKMPbwbWMXY[H(SrYeJRM λ = 1
´Ä]TY�o_�PbWMXo_M?feU2FIVwH LNY[HaOQVwHaZC¸���F i MNLbqF�D¶MPUQ]TMPOQZ_URMJILK�Á¾Â%´¶¿5x»¿eÆg¸�S;Y[Z_U

a(4) x
M¨HpVwHaOQURY�o5Z_VWJ2FIHaO7bqF�o_`PUQV i `NMNM�Z_bWMPUQVWMPH_HKM\Y[HsFk²

ȧ(2) =
∂a(2)

∂t
+ ūT .∇a(2) = W̄ .a(2) −a(2).W̄ − (C̄.a(2) + a(2).C̄) + 2a(4) : C̄

x	´¶µ5x Ãj¸
���Ä����O ©��7BP=L;�Q5§:9�¡R@CBg§
��ln`NcaZ9FIOQVWY[H o}ln` i Y[bwZ_OQVWY[H o_MXbqF�JRZ_U?D¶F[LNM�bwVw�_URMuo_MXbqFkL|FIbWY[OQORMe��o_`NLPUQVwORMdS9FIU x3 = E(x1, x2, t)

�MNJQODo_Y[H_HK`NM�S9FIU
DE

Dt
=
∂E

∂t
+ ū1E,1 + ū2E,2 − ū3 = a

� ´¶µ5xSFg¸
Y[¼

a
MNJQO�Z_H��KZ5¯ i MPUQOQVWL|FIb½´¶F[LNLPZ_]	Z_bqFIOQVWY[H(JQV}SrYeJQVwOQV*D�Y[Z¦FI�_bqFIOQVWY[HsJQV}HK`PfaFIOQV*D�¸�x

���Ä���UT �����C;C g¡�¢�£�¥¨§V9<;WQ�X7;�9m§9�CB
��ln`NcaZ9FIOQVWY[H¦o_M�bqF�LRv9FIbWMPZ_U|�KSrY[Z_UDbqF?febqF[LNM=VwHKLNY[]XS_URMNJ2JQVw�_bWMe�9J|ln`NLPUQVwO

ρc
(∂T

∂t
+ ūT .∇T

)

−∇.(k∇T ) = S̄ : D̄
� ´¶µ5x»µg¸

Y[¼
T
MNJQO�bqF¾ORMP]XSr`PU2FIOQZ_URMe�

c
bqFGL|FIS9F[LPVwOR`{OQvKMPUQ]XVWcaZKMDMPO

k
bqFGLNY[HKo5ZKLPOQV i VwOR`DOQvKMPUQ]XVWcjZKMDo_M�bqF¾febqF[LNMex�AM�ORMPUQ]TM

S̄ : D̄
LNY[UQURMNJQS;Y[HKo1Y{bqF{S_URYjo5ZKLPOQVWY[HTo_M½LRv9FIbWMPZ_U¨o5ZKMZY7bqF{o_`[D¶Y[UQ]dFIOQVWY[HAxe�AMNJ�LNY�M[\dLPVWMPHaORJ

c
MPO
k
o_`PS;MPHKo_MPHjO�o_M�bqF¾ORMP]XSr`PU2FIOQZ_URMe�aLNM�cjZ_V_URMPHKoTLNMPOQORMD`NcjZ9FIOQVWY[HTHKY[HTbwVwHK`|FIVwURMex�Á7HTS;Y[Z_UQU2F i Y[VwU]{VwOQ�_^a`Zbdcfe«´ ·|ÆeÆ,He¸��KS9FIU¾M�¯5MP]XS_bWMe�9S;Y[Z_U{OQURY[Z i MPU{bWMNJ i FIbWMPZ_URJDZKJRZKMPbwbWMNJ|xKE=FIHKJ{LNM=]dFIHjZKJRLPUQVwO¾HKY[ZKJZ_OQVwbwVWJRMPURY[HKJ?bWMNJ i FIbWMPZ_URJ?LNY[HKJQO2FIHjORMNJ c = 2009 g x ±jf −1 xih −1 MPO k = 2.1 j x ] −1 xih −1 F[o_Y[S_OR`NMNJSrY[Z_U�bWMNJ�ORMNJQORJXo}l VwHaORMPURLNY[]XS9FIU2FIVWJRY[H o_Mt]TYjo_�PbWMNJkM7I °�l�I�ynm ´ M�Z_URY[SrM|FIHWI�LNM�°jvKMNMPO1l�Y�o_MPbwbwVwH_f

I�y{VUmzVqFIOQV i Mpo i Y[VwUDÂ9FI�_URMu´ ·|ÆeÆ,He¸½S9FIU7M�¯5MP]XS_bWM¹¸�x
���Ä����q rtsA§
��ln`NcaZ9FIOQVWY[H¦o}ln` i Y[bwZ_OQVWY[H(o_MGbmlSuIfgM Ag o}l Z_HKM=S9FIUQOQVWLPZ_bWM\o_MGfebqF[LNMe�KMNJQO{o_Y[H_HK`NM=S9FIU

DAg

Dt
=
∂Ag

∂t
+ ū1Ag,1 + ū2Ag,2 + ū3Ag,3 = 1

x ´¶µ5xvHe¸
w MPOQORM�`NcjZ9FIOQVWY[H¦MNJQO�bwVwHK`|FIVwURMex
���Ä����� xtB,;}¥�¡m§9£« s¥�§  yB,;}£�¤�= ¢zB�{&;; g¡m¢«£
��ln`NcaZ9FIOQVWY[H¦o}ln` i Y[bwZ_OQVWY[H(o5Z�ORMPHKJRMPZ_UDfeU2F[o5VWMPHjO7o_M=OQU2FIHKJ|D Y[UQ]dFIOQVWY[H¦MNJRODo_Y[H_HK`NM�S9FIU

DF̄

Dt
=
∂F̄

∂t
+ ūT .∇F̄ = L̄.F̄

x ´¶µ5xS}g¸
w MPOQORM7`NcaZ9FIOQVWY[HkMNJQO�bwVwHK`|FIVwURMex#M�bwbWM7SrMPZ_O�~POQURM7Z_OQVwbWMDSrY[Z_U½L|FIbWLPZ_bWMPU½bml»FI]XVwHKLPVWJRJRMP]TMPHjOzo}l Z_HKM¾LNY[ZKLRvKM
th
o_Y[H_HK`=S9FIU

th =
1

ēT
3 .F̄

−T
.ē3

x ´¶µ5x»Æg¸
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��l»FI]XVwHKLPVWJRJRMP]TMPHaO�MNJQO�bWMDU2FIS_SrY[UQO½o_M{bmln`PS9FIVWJRJRMPZ_Uzo}l Z_HKM7LNY[ZKL2vKM=FIH_HaZKMPbwbWM Y�Z_HKM{S_URY D Y[HKo_MPZ_Uzo_Y[H5hHK`NM YXbmln`PS9FIVWJ2JRMPZ_U¾o_M?LNMPOQORM?LNY[ZKLRvKMXFIH_HaZKMPbwbWM?bWY[URJRcjZAlnMPbwbWM�`PO2FIVwO¾MPH�JQZ_U?D¶F[LNMex0I b i FIZ_O?·\MPH�JQZ_U?DmF[LNMMPO�ORMPHKo i MPURJ{Å�S_UR�NJDo5Z¦J2YjLPbWMe�_Y[¼�bWMNJ7LNY[ZKLRvKMNJ7FIH_HjZKMPbwbWMNJ7o_M i VWMPH_HKMPHaO7VwH5~KH_Vw]TMPHaO7]XVwHKLNMNJ|x
/	0	� 
\:�8�� >�R��6CBR:D4?�����D8;BR��6CBR:D4?4�����������6�����6��?:=<����%4¾>�����8rBR�G>����

w MNJ«`NcjZ9FIOQVWY[HKJ«J2Y[HaO�UR`NJ2Y[bwZKMNJ�S9FIU«bqF�]T`POQvKY�o_M�o_MNJ�`PbW`P]TMPHaORJ«~KH_VWJ«F i MNL�bWM�LNYjo_M�M�bw]TMPU½´ w MPHjORMPU
D¶Y[U7°�LPVWMPHaOQV�~9L w Y[]XS_Z_OQVwH_f�´ w ° w ¸��CÂ«VwH_bqFIHKo_Me���n]7� ²���`G` �"! #$#�%�%�%�e'&)()&$e *�#�^[c,+k^.-g¸�x
����O���� �X���C;; e¡�¢�£�¤¦¥¨§ª©« e¢A¬A§C¤
��FND Y[UQ]\Z_bqFIOQVWY[H i FIUQVqFIOQVWY[H_HKMPbwbWM=o5VWJRLPUR�PORMGo_MNJz`NcaZ9FIOQVWY[HKJ�´¶µ5xw·¹¸�MPO�´¶µ5x»ºg¸�MNJQO�Y[�_ORMPHjZKMGS9FIU½VwHjOR`�hfeU2FIOQVWY[H¦S9FIUDS9FIUQOQVWMe�KMPHpZ_OQVwbwVWJ2FIHjODbWMNJ D¶Y[HKLPOQVWY[HKJDORMNJQO

Φ
´ J2L|FIbqFIVwURM¹¸�MPO

Φi
´ i MNLPORMPZ_U�¸=²

∫

V
ūi,iΦdV = 0,

∫

V
(S̄ij + pδij)Φi,j dV = −

∮

∂V
(S̄ij + pδij)njΦi dA+ ρ

∫

V
giΦi dV

� ´¶µ5xw·|Åg¸

Y[¼
V
MNJQO�bWM=o_Y[]dFIVwHKM\YjLNLPZ_Sr`GS9FIUDbqF?febqF[LNM�MPO

∂V
bqF�DÄURY[HjOQVW�PURM	o_M=LNM�o_Y[]dFIVwHKMex�AMNJ i FIUQVqFI�_bWMNJDVwHKLNY[H_HaZKMNJ ū

MPO
p
J2Y[HaO{o5VWJRLPUR`POQVWJ2`NMNJDS9FIU�bWMNJZD¶Y[HKLPOQVWY[HKJDo}l VwHjORMPUQS;Y[bqFIOQVWY[H

Ψi
²

ū = Ψiū
i FIHKo p = Ψip

i � ´¶µ5xw·e·¹¸
Y[¼

ūi MPO pi JRY[HaO�bWMNJ i FIbWMPZ_URJ�HKY�oKFIbWMNJ�o_MzbqF i VwORMNJRJ2M�MPO¨o_M�bqFGS_URMNJRJQVWY[HA�[URMNJRS;MNLPOQV i MP]TMPHjO|��FIZTHKY�MPZKo
i
o5Z¦]dFIVwbwbqFIfgM�`PbW`P]TMPHaORJ{~KH_VWJ|x�AMNJdVwHKLNY[H_HjZKMNJ

ū
J2Y[HaOkLNY[HaORMPHaZKMNJpVw]XS_bwVWLPVwORMP]TMPHaOpoKFIHKJ(´¶µ5xw·|Åg¸XS9FIUtbml VwHaORMPUQ]T`No5VqFIVwURM o_MsbqFURMPbqFIOQVWY[HsLNY[HKJQOQVwOQZ_OQV i M?À�Á¾��Â,´ÄÃKx»ºe¿g¸�x«Y[Z_U½Z_HdLRv9FI]XSko_M DmFI�_UQVWcaZKM7o_Y[H_HK`e�gbqF=J2Y[bwZ_OQVWY[Huo_M\´¶µ5xw·|Åg¸¨MNJQO�Y[�_ORMPHjZKM{S9FIU�bqFG]T`POQvKYjo_M7o_MNJ�_Z_bwbWMNJ¨UR`NJQVWo5ZKMPbwbWMNJ{´ K�FIVWYjLNL2v_V�^a`�bdcUeW�_·|ÆeÆe¿g¸�xe��F=]T`POQvKYjo_M�o_MNJ��_Z_bwbWMNJ¨UR`NJQVWo5ZKMPbwbWMNJ¨MNJQO�Z_HKMz]T`POQvKY�o_Mo_M7JQO2FI�_VwbwVWJ2FIOQVWY[HtoKFIHKJ�bqF[cjZKMPbwbWM{Y[HkF0/ Y[Z_ORM7o_MNJ�HKY�MPZKo_J�MPO½o_MNJ7D¶Y[HKLPOQVWY[HKJ�o}l VwHjORMPUQS;Y[bqFIOQVWY[H i VwUQOQZKMPbWJSrY[Z_U	bWMNJ i FIUQVqFI�_bWMNJ\o_M i VwORMNJRJ2Me�«F�~KH o_MdURMNJQSrMNLPORMPU\bqFpUR�PfebWMTfg`PHK`PU2FIbWMtcaZ_V i MPZ_O?cjZKMTbqFpS_URMNJRJQVWY[HJ2Y[VwO�VwHaORMPUQSrY[bW`NM\F i MNL	o_MNJDSrY[b21jH43[]TMNJDo_MG]TY[VwHKo5URM\o_MPfeUR`�cjZKM=LNMPZ5¯kZ_OQVwbwVWJ2`NJ�S;Y[Z_U{bqF i VwORMNJRJ2Mex�AMNJTLNY[HKo5VwOQVWY[HKJkFIZ5¯ bwVw]XVwORMNJuJQZ_UXbWMNJX�rY[URo_JTo5Z o_Y[]dFIVwHKM�SrMPZ i MPHaO ~POQURM�o_M�O	1�S;M�E¾VwUQVWL2v_bWMPO´ LNY[HKo5VwOQVWY[HKJ=FIZ5¯�bwVw]XVwORMNJ¾MPH i VwORMNJRJRMNJ{Y[ZsS_URMNJRJQVWY[HsVWJRY[OQURY[S;M¹¸DY[Zso_M=O51jSrM	y¾MPZ_]dFIH_H ´ LNY[HKo5VwOQVWY[HKJFIZ5¯kbwVw]XVwORMNJ{MPHpLNY[HjOQU2FIVwHaORMNJ�¸�x

����O���� � 8�¢�9��¨ g¡m¢�£ ¥¨§:9<;>=?;A@CBj¡����¨§
M�H�VwHaOQURY�o5Z_VWJ2FIHaOXbqF¦HKY[O2FIOQVWY[H i MNLPORY[UQVWMPbwbWM A = (a

(2)
11 , a

(2)
22 , a

(2)
12 , a

(2)
23 , a

(2)
31 )
SrY[Z_U�bWMdORMPHKJ2MPZ_Uo}lnY[UQVWMPHjO2FIOQVWY[H�o5ZpJ2MNLNY[HKopY[URo5URMe�_bmln`NcjZ9FIOQVWY[Hso}ln` i Y[bwZ_OQVWY[Hso_M a(2) ´¶µ5x Ãj¸zJRMGUR`N`NLPUQVwO{LNY[]X]TM

∂Ai

∂t
+ ūT .

feU2F[o
Ai + κiAi = fi (i = 1, ..., 5)

x ´¶µ5xw·|ºg¸
��lnM�¯�S_URMNJRJRVWY[H¦o_MNJ�ORMPUQ]TMNJ

κi
MPO
fi
MNJQODo_Y[H_HK`NM	MPH76{H_HKM�¯_M	À�x

w MNJX`NcaZ9FIOQVWY[HKJ|��o_MkO51jSrMkv$1�SrMPUQ�;Y[bwVWcjZKM�o5Z S_URMP]XVWMPUTY[URo5URMe�¨JRY[HjOXHKY[H5hmbwVwHK`|FIVwURMNJTS_Z_VWJRcjZKM
fo_`PSrMPHKoko5Z�ORMPHKJRMPZ_U�o}lnY[UQVWMPHaO2FIOQVWY[H�o5ZkcjZ9FIOQUQVW�P]TM=Y[URo5URM

a(4) caZ_V}MNJQOzZ_HKMnD¶Y[HKLPOQVWY[H�HKY[H5hmbwVwHK`|FIVwURMo_M
a(2) ´¶¿5x»¿eÆg¸�x��AMNJ½LPVwHKcT`NcjZ9FIOQVWY[HKJ�JRY[HjOzFIZKJ2JQVCLNY[Z_S_bW`NMNJ½S_Z_VWJRcjZKM{L2v9F[caZKMG`NcjZ9FIOQVWY[HtLNY[HjOQVWMPHaOzbWMNJLPVwHKcuVwHKLNY[H_HaZKMNJ

a
(2)
ij

x
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�«FpUR`NJRY[bwZ_OQVWY[H o_MtLNMPOQORMk`NcaZ9FIOQVWY[H�o_MtOQU2FIHKJQS;Y[UQO|��oKFIHKJ?bqF[caZKMPbwbWMtVwb½HAl 1*FpS9F[J�o_Mto5V�®;ZKJRVWY[HA�HK`NLNMNJRJRVwORMkZ_HKMpFIS_S_URYjL2vKMpo5V�®r`PURMPHjORMpo_MkbqFs]T`POQvKYjo_M¦o_M¦À=FIUQbWMPUQ±jVwH v9FI�_VwOQZKMPbwbWMex�y7Y[ZKJ�Z_OQVwbwVWJRY[HKJZ_HKM7]T`POQvKYjo_MGo_M�À=FIbWMPUQ±�VwH�o5VWJRLNY[HaOQVwHjZKMd´ K½URMP�N�NV7^ `CbdcUeW�5ºeÅeÅIÃj¸�x5�AMNJzHKY[H5hmbwVwHK`|FIUQVwOR`NJDJRY[HjO�UR`NJRY[bwZKMNJS9FIU¨o_MNJ�VwOR`PU2FIOQVWY[HKJ�o_M�O	1�S;M�¨VWL|FIURop²yY¾bml VwOR`PU2FIOQVWY[H
n+1
SrY[Z_U�bqF¾UR`NJRY[bwZ_OQVWY[Hdo_Mzbmln`NcjZ9FIOQVWY[Hs´¶µ5xw·|ºg¸��bWMNJDLNY[]XSrYeJ2FIHjORMNJ{o_M

a(4) JRY[HjO{L|FIbWLPZ_bW`NMNJnYXS9FIUQOQVwU{o_M
a(2) Y?bml VwOR`PU2FIOQVWY[H

n
x�Y[Z_U�LNMPOQORMd`NcjZ9FIOQVWY[H o_MdOQU2FIHKJQS;Y[UQO|�«Vwb�MNJRO�HK`NLNMNJRJ2FIVwURMto}l Vw]XS;YeJ2MPU	Z_HKMdLNY[HKo5VwOQVWY[H�bwVw]XVwORMuo_MO51jSrM=E¾VwUQVWLRv_bWMPO¾FIZ5¯ D URY[HaOQVW�PURMNJ{Y[¼¦bqF i VwORMNJRJ2M=MNJQODMPHaOQU2FIHjORM\oKFIHKJ�bWM	o_Y[]dFIVwHKMex

���"O���O ©��7BP=L;�Q5§:9�¡R@CBg§
��ln`PbW` i FIOQVWY[H¦o_M�bqF�JQZ_U?D¶F[LNM�bwVw�_URM E MNJQODo5VWJRLPUR`POQVWJ2`NM�LNY[]X]TM

E(x, y, t) = Ψi(x, y)E
i(t)
� ´¶µ5xw·|¿g¸

Y[¼
Ei MNJQO�bqF i FIbWMPZ_UDo_M E FIZ�HKYjMPZKo i o_MGbqF\JRZ_U?D¶F[LNM=o_MGbqF?L|FIbWY[OQORMe�KMPO�bWMNJ Ψi

JRY[HjO�bWMNJ D Y[HKLPOQVWY[HKJo}l VwHjORMPUQS;Y[bqFIOQVWY[HAx�«F D¶Y[UQ]	Z_bqFIOQVWY[H i FIUQVqFIOQVWY[H_HKMPbwbWMto5VWJRLPUR�PORMto_MTbmln`NcjZ9FIOQVWY[H ´¶µ5xSFg¸�MNJQO\Y[�_ORMPHjZKMdS9FIU\VwHaOR`PfeU2FIOQVWY[HJQZ_U�bqF�JRZ_U?D¶F[LNM�o_MGbqFTL|FIbWY[OQORMe�KMPHpZ_OQVwbwVWJ2FIHjODbqF D¶Y[HKLPOQVWY[HpORMNJQO
Φ
²

∂Ei

∂t

∫

E
ΨiΦdE +Ei

∫

E
ū⊥.∇⊥ΨiΦdE =

∫

E
(ū3 + a)ΦdE

� ´¶µ5xw·PÃj¸
Y[¼ ∇⊥ = (∂./∂x1, ∂./∂x2, 0)

MNJQOGbmlnY[Sr`PU2FIORMPZ_U�feU2F[o5VWMPHaO	vKY[UQVw�|Y[HaO2FIb�MPO
ū⊥ = (ū1, ū2, 0)

MPO
ū3JRY[HjO�bWMNJ i VwORMNJRJRMNJ�JRY[bwZ_OQVWY[HKJ7o5Z�S_URY[�_bW�P]TM	o_M\°jORY[±gMNJ¹x

6�L|FIZKJRM�o_M¨bqFzH9FIOQZ_URM�v$1�S;MPUQ�rY[bwVWcaZKM�o_M¨bmln`NcjZ9FIOQVWY[Ht´¶µ5xw·PÃj¸��¹bqF�]T`POQvKY�o_M�JQO2FIHKoKFIURo\o_M�À=FIbWMPUQ±�VwHHKMuJ|l»FIS_S_bwVWcaZKMtS9F[J|x«��FsJQO2FI�_VwbwVWJ2FIOQVWY[H MNJQO�Y[�_ORMPHaZKMkJRY[VwO\MPH FIS_S_bwVWcjZ9FIHaOXbqF�]T`POQvKY�o_Mko_MNJ	�_Z_bwbWMNJUR`NJQVWo5ZKMPbwbWMNJs´ KzFIVWY�LNLRv_V ^a`�bdcUeq��·|ÆeÆe¿g¸���JRY[VwOXS9FIUTZ_HKMk]T`POQvKY�o_Mpo_M�JQO2FI�_VwbwVWJ2FIOQVWY[H ´ ÂKU2FIHKL|FW^a`�bycfeq�·|ÆeÆeº#oKÂKU2FIHKL|FXMPO{Â_URM)1r�}·|ÆeÆeºg¸�x
w M¦S_URY[�_bW�P]TMsMNJRO¦·NE oKFIHKJubWM¦L|F[Jdo}l Z_H `NLNY[Z_bWMP]TMPHaOk�_VWo5Vw]TMPHKJQVWY[H_HKMPbGMPOtº[E oKFIHKJdbWMsL|F[Jo}l Z_H¦`NLNY[Z_bWMP]TMPHjO{OQUQVWo5Vw]TMPHKJQVWY[H_HKMPbmx;y¾Y[ZKJ�Vw]XS;YeJ2Y[HKJDLNY[]X]TM�LNY[HKo5VwOQVWY[H�YXbqF?bwVw]XVwORMe�_bqF D¶Y[HKLPOQVWY[Ho}l»F[LNLPZ_]\Z_bqFIOQVWY[H�JQZ_U�bqF�JRZ_U?D¶F[LNM=bwVw�_URMex
6 LRv9F[cjZKMXS9F[J�o_MTORMP]XSKJ|�}SrY[Z_U�` i VwORMPU�Z_HKMdo5VWJQORY[URJQVWY[H*o5Z ]dFIVwbwbqFIfgMe��ORY[ZKJ�bWMNJ=HKY�MPZKo_J�JRY[HjOURMNo5VWJQOQUQVw�_ZK`NJ�MPHdUR`NJRY[b i FIHaO�Z_HTS_URY[�_bW�P]TM{~9LPOQV*D}o}ln`PbqF[JROQVWLPVwOR`	²ebWMDo_Y[]dFIVwHKMe�5FIZKcjZKMPb9Y[HtFIOQOQUQVw�_ZKM7o_MNJS_URY[S_UQVW`POR`NJ�`PbqF[JQOQVWcaZKMe�aMNJQO¨o_`[D Y[UQ]T`{MPHXS_URMNJRLPUQV i FIHjO Y¾bqFGJQZ_U?DmF[LNM�Z_HTo_`PS_bqF[LNMP]TMPHjO½cjZ_VKLNY[UQURMNJQSrY[HKoFIZ�]TY[Z i MP]TMPHjO¾o_MGbqFXJRZ_U?D¶F[LNMGbwVw�_URMex

���"O��UT �����C;C g¡�¢�£�¥¨§V9<;WQ�X7;�9m§9�CB
�«F�ORMP]XS;`PU2FIOQZ_URM

T
MNJQODo5VWJRLPUR`POQVWJR`NM�LNY[]X]TM

T (x, y, z, t) = Ψj(x, y, z)T
j(t)
� ´¶µ5xw·�Fg¸

Y[¼
T i MNJRO\bqF i FIbWMPZ_U�o_M T FIZ�HKYjMPZKo i o5Z�]dFIVwbwbqFIfgM�`PbW`P]TMPHaORJ�~KH_VWJXMPO Ψi

JRY[HaO�bWMNJ�D Y[HKLPOQVWY[HKJo}l VwHjORMPUQS;Y[bqFIOQVWY[HAx�«F1D¶Y[UQ]	Z_bqFIOQVWY[H i FIUQVqFIOQVWY[H_HKMPbwbWMdo5VWJRLPUR�PORMXo_M?bmln`NcaZ9FIOQVWY[Hª´¶µ5x»µg¸¾MNJROGY[�_ORMPHjZKMXS9FIUGVwHaOR`PfeU2FIOQVWY[HA�MPH�Z_OQVwbwVWJ2FIHjO{bqF�D¶Y[HKLPOQVWY[H¦o}l VwHaORMPUQSrY[bqFIOQVWY[H
Φ
�_LNY[]X]TM

ρc
∂T j

∂t

∫

V
ΨjΦdV + T j

∫

V

(

ρcūiΨj,iΦ + kΨj,iΦ,i

)

dV =T j

∫

∂V
kΨj,iΦni dA

+

∫

V
D̄ : S̄ΦdV

x ´¶µ5xw·|µg¸
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w MPOQORM7`NcjZ9FIOQVWY[HdHAlnMNJQO�S9F[J�JRO2FI�_bWM{MPHdfg`PHK`PU2FIbrJQVKbqF	LNY[H i MNLPOQVWY[H�MNJQO½o_Y[]XVwH9FIHaORMe�5MPO�bqF	JRY[bwZ_OQVWY[HMNJRODY[�_ORMPHaZKM?MPHsFIS_S_bwVWcaZ9FIHjO{bqF�]T`POQvKY�o_M	o_MNJ{�_Z_bwbWMNJDUR`NJQVWo5ZKMPbwbWMNJ?´ K�FIVWYjLNL2v_V ^a` bdcUeW�A·|ÆeÆe¿g¸�Y[ZpZ_HKM]T`POQvKY�o_M�o_M=JQO2FI�_VwbwVWJ�FIOQVWY[H ´ Â_U2FIHKL|F3^ ` bdcUeq�}·|ÆeÆeº#oKÂ_U2FIHKL|FTMPODÂKURM)1;�A·|ÆeÆeºg¸�x�AMNJ\LNY[HKo5VwOQVWY[HKJ\bwVw]XVwORMNJ?JRY[HaO?o_MTO	1�SrMdE¾VwUQVWLRv_bWMPO�´ÄORMP]XS;`PU2FIOQZ_URMuVw]XSrYeJR`NMdMPH*JRZ_U?D¶F[LNM¹¸�MPO\o_MO51jSrM=y¾MPZ_]dFIH_H ´��KZ5¯po_M=LRv9FIbWMPZ_U¾FIZ¦H_V i M|FIZ¦o5Z¦JRY�LPbWM¹¸�x
����O���q rtsA§ §_ 3szB,;}¥�¡m§9£« s¥�§  yB,;}£�¤�= ¢zB�{&;; g¡m¢«£

w Y[]X]TM�S;Y[Z_U¾bmln`NcaZ9FIOQVWY[H�o}ln` i Y[bwZ_OQVWY[H o_M\bqF1DmFI�_UQVWcaZKMe�rLNMNJ=o_MPZ5¯�`NcjZ9FIOQVWY[HKJ=JRY[HjOGo_MNJ=`NcjZ9F�hOQVWY[HKJGo_M�LNY[H i MNLPOQVWY[H*S_Z_URM?MPOGJRY[HjO¾UR`NJ2Y[bwZKMNJGS9FIU¾bqFu]T`POQvKY�o_M�o_M�À=FIbWMPUQ±�VwH o5VWJRLNY[HaOQVwHjZKM¦´ K½URMP�N�NV^ `nbdcUeW�AºeÅeÅIÃj¸�x��AMNJ	LNY[HKo5VwOQVWY[HKJ	bwVw]XVwORMNJ	JRY[HjO	o_M�O	1�S;MXE¾VwUQVWL2v_bWMPO\JQZ_U=bWMNJ D URY[HaOQVW�PURMNJ?Y[¼ bqF i VwORMNJRJRMMNJRODMPHaOQU2FIHaORM\oKFIHKJDbWM=o_Y[]dFIVwHKMex
����O���� �u¢�����9<;AsA§ ¥�§9¤��9���C;C g¡�¢�£�¤

w v9F[LPZ_HKMso_MNJu`NcaZ9FIOQVWY[HKJtcaZ_V{fgY[Z i MPUQHKM¦bmln`NLNY[Z_bWMP]TMPHjO(´m°jORY[±gMNJ|�CDmFI�_UQVWcaZKMe�¨JRZ_U?D¶F[LNM¦bwVw�_URM¦MPOMNcjZ9FIOQVWY[H�o_MTbqFsLRv9FIbWMPZ_U�¸\o_`PS;MPHKo o_MNJ?JRY[bwZ_OQVWY[HKJ\o_MNJXFIZ_OQURMNJ?`NcaZ9FIOQVWY[HKJ¹x'm«Y[Z_ORMNJ?LNMNJ?`NcjZ9FIOQVWY[HKJo_Y[V i MPHjOto_Y[HKL�~POQURMpUR`NJ2Y[bwZKMNJto_M¦]dFIH_VW�PURMsLNY[Z_S_bW`NMex w MNLPVGMNJQO1DmFIVwOTS9FIUko_MNJdVwOR`PU2FIOQVWY[HKJko_MpO51jSrM¨VWL|FIURo3Y�bml VwHaOR`PUQVWMPZ_U¾o}l Z_HpS9F[JDo_M=ORMP]XSKJ¹x_�¨l»FIbwfgY[UQVwOQv_]TM\MNJRO�bWM�JQZ_V i FIHaO	²´ ·¹¸�FIZ(ORMP]XSKJ
t
�;bmln`PbW` i FIOQVWY[H�o_M?bqFtJQZ_U?DmF[LNM?bwVw�_URMXMPO¾bWMNJGL2v9FI]XSKJ�o_M i VwORMNJ2JRMe�9S_URMNJ2JQVWY[HA�;ORMP]�hS;`PU2FIOQZ_URM	MPO D¶FI�_UQVWcjZKM�JRY[HjO{LNY[H_HaZKJzo´¶ºg¸kY[HuL|FIbWLPZ_bWM7Z_HKM7MNJROQVw]dFIOQVWY[Hto_M{bqF�JRY[bwZ_OQVWY[HtS;Y[Z_U

ū
MPO
p
FIZuORMP]XSKJ

t+∆t
�eMPHtJQZ_S_SrYeJ2FIHaO

T
�
E
MPO

a(2) ~_¯5MNJzo´¶¿g¸kY[H�L|FIbWLPZ_bWMGZ_HKM=MNJQOQVw]dFIOQVWY[Hpo_M¾bqF�JRY[bwZ_OQVWY[HkS;Y[Z_U
E
FIZkORMP]XSKJ

t+ ∆t
��MPH�JQZ_S_SrYeJ2FIHaO�bWMNJFIZ_OQURMNJ i FIUQVqFI�_bWMNJ�~_¯_MNJzo´ÄÃj¸kY[HsL|FIbWLPZ_bWM	Z_HKM	MNJQOQVw]dFIOQVWY[H�o_M�bqFXJRY[bwZ_OQVWY[H�SrY[Z_U

a(2) FIZsORMP]XSKJ t+ ∆t
�KMPH¦JQZ_S_SrYeJ2FIHaObWMNJTFIZ_OQURMNJ i FIUQVqFI�_bWMNJ�~_¯_MNJ|x w MPOQORMpJRY[bwZ_OQVWY[H HK`NLNMNJ2JQVwORM�Z_HKMkS_URY�LN`No5Z_URM�VwOR`PU2FIOQV i MpS_Z_VWJRcjZKMbmln`NcaZ9FIOQVWY[H ´¶µ5xw·|ºg¸zMNJQO�HKY[H5hmbwVwHK`|FIVwURMpo´GFg¸kY[H L|FIbWLPZ_bWMkZ_HKMkMNJQOQVw]dFIOQVWY[H o_MtbqFsJRY[bwZ_OQVWY[H�S;Y[Z_U

T
FIZ ORMP]XSKJ

t + ∆t
�«MPH�JQZ_S_SrYeJ2FIHaObWMNJ?FIZ_OQURMNJ i FIUQVqFI�_bWMNJ\~_¯5MNJ�´ LNMPOQORMtJRY[bwZ_OQVWY[H�HK`NLNMNJRJQVwORMuZ_HKMdS_URY�LN`No5Z_URMtVwOR`PU2FIOQV i MtJRV k MPO co_`PS;MPHKo_MPHjO{o_M

T
�_LNM�cjZ_V}HAlnMNJQO�S9F[JDJRZ_S_S;YeJR`GVWLPV�¸0o´¶µg¸kY[H�UR`PS;�PORM�bWMNJ�S9F[J	´ ·¹¸ZY�´GFg¸ / ZKJRcjZAlSY?bqF�LNY[H i MPUQfgMPHKLNM\S;Y[Z_U ū � a(2) � T MPO E o´<He¸kY[H�VwHKLPUR`P]TMPHaORM\bWMGORMP]XSKJ

t
Y
t = t+ ∆t

x�AMXLPUQVwOR�PURMXo_M�LNY[H i MPUQfgMPHKLNMuF[o_Y[S_OR`�SrY[Z_UGZ_H i MNLPORMPZ_U�JRY[bwZ_OQVWY[H q̄
Yubml VwOR`PU2FIOQVWY[H

n
�;MNJQO=o_M�bqF

D¶Y[UQ]TM
‖ q(n) − q(n−1)‖ < ε‖ q(n)‖

x ´¶µ5xw·$He¸
w M\LPUQVwOR�PURM\MNJRODZ_OQVwbwVWJR`�SrY[Z_U{bWMNJ7VwOR`PU2FIOQVWY[HKJ7HKY[HsbwVwHK`|FIVwURMNJ YXbml VwHjOR`PUQVWMPZ_UGo}l Z_H�JRY[b i MPZ_U7MPO7S;Y[Z_U7bWMNJVwOR`PU2FIOQVWY[HKJ7LNY[Z_S_bW`NMNJnY�bml VwHjOR`PUQVWMPZ_U7o5Z�S9F[J7o_MGORMP]XSKJ|x ‖ q‖ MNJRO�bqF?HKY[UQ]TM `2 o_`�~KH_VWM�LNY[]X]TM

‖ q‖ = (
N∑

1

(qi)2)1/2 � ´¶µ5xw·�}g¸
Y[¼

qi MNJQO{bqF i FIbWMPZ_U¾o_M q
FIZ¦HKY�MPZKo

i
MPO
N
MNJQO7bWM�HKY[]\�_URM\ORY[O2FIb�o_M	HKY�MPZKo_J¾o5Z¦]dFIVwbwbqFIfgMex

ε
MNJROo_M\bmlnY[URo5URM�o_M

10−8 SrY[Z_U¾bWMNJ¾VwOR`PU2FIOQVWY[HKJGHKY[H�bwVwHK`|FIVwURMNJJYTbml VwHjOR`PUQVWMPZ_U�o}l Z_H JRY[b i MPZ_U¾MPO=o_M\bmlnY[URo5URMo_M
10−6 S;Y[Z_U�bWMNJ�VwOR`PU2FIOQVWY[HKJ¾LNY[Z_S_bW`NMNJnY?bml VwHjOR`PUQVWMPZ_U7o5ZpS9F[J{o_M=ORMP]XSKJ|x

/	0
	 �����RB2@«�z6;BR:D4?�,6�����:�8rBR�G>����
y7Y[ZKJ�S_URY[S;YeJRY[HKJ�VWLPV9cjZKMPbWcaZKMNJ½JQVw]\Z_bqFIOQVWY[HKJ�OQvK`NY[UQVWcjZKMNJ�o}l Z_Hk`NLNY[Z_bWMP]TMPHaO½�_VWo5Vw]TMPHKJQVWY[H_HKMPb}o_MfebqF[LNM{S_UR`NJRMPHaO2FIHjOzZ_HKM¾FIH_VWJRY[OQURY[S_VWM7VwHKo5Z_VwORM¾` i Y[bwZ_OQV i M¾F�~KHto}ln`POQZKo5VWMPU½bml VwH5�KZKMPHKLNM¾o_MDbml»FIH_VWJ2Y[OQURY[S_VWM
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JQZ_U=bmln`NLNY[Z_bWMP]TMPHjO|x«�Y[Z_U	ORY[Z_ORMNJ	bWMNJ�JQVw]\Z_bqFIOQVWY[HKJ	S_UR`NJRMPHjOR`NMNJ	VWLPVm�AbWM�S9FIU2FI]T�POQURMdo}l VwHaORMPU2F[LPOQVWY[H
αcjZ_VrVwHaORMPU i VWMPHaO{oKFIHKJzbmln`NcjZ9FIOQVWY[Hpo}ln` i Y[bwZ_OQVWY[H¦o_M a(2) ´GF5xw·$He¸zo}l»FIS_UR�NJzbqF?URMPbqFIOQVWY[H*´GF5xSFg¸½MNJQO�LRvKY[VWJRV`PfaFIbAFIZkS9FIU2FI]T�POQURM�o}l VwHaORMPU2F[LPOQVWY[H�Y[S_OQVw]dFIb

α = α �����
x��Y[Z_U�bWMNJ�JQVw]\Z_bqFIOQVWY[HKJ{F i MNL=Z_Hk]TY�o_�PbWMGo_MLNY[]XSrY[UQORMP]TMPHaOGFIH_VWJRY[OQURY[S;Me�KHKY[ZKJ{L|FIbWLPZ_bWY[HKJDORY[Z /QY[Z_URJ�bWM�L2v9FI]XSso_M DmFI�_UQVWcaZKMex�Y[Z_U�LNY[]XS9FIU2FIVWJRY[HA�jY[HTSrY[Z_UQU2F¾OQURY[Z i MPU�o_MNJ¨JQVw]\Z_bqFIOQVWY[HKJ¨�_VWo5Vw]TMPHKJQVWY[H_HKMPbwbWMNJzFIH9FIbWY[feZKMNJ½oKFIHKJo5V�®}`PURMPHaORJ{OQU2F i FIZ5¯ ²³ oKFIHKJ l(FIH_fgMPHKM)1>^ ` bdcUe½´ ·|ÆeÆeµg¸=MPONl(FIH_fgMPHKM)1�MPO w FIbwV*DmFIHKY ´ ·|ÆeÆy}g¸���bml»FIH_VWJRY[OQURY[S_VWMdMNJQO	S9F�hU2FI]T`POQUR`NM MPH D¶Y[HKLPOQVWY[H%o_MsbqF v9FIZ_ORMPZ_U�UR`No5Z_VwORMe��MPOtHAln` i Y[bwZKM(S9F[JpF i MNL�bqF o_`[D Y[UQ]dFIOQVWY[HAx��MTLNY[]XS;Y[UQORMP]TMPHjO\bwVwHK`|FIVwURMdMNJQO��9F[JR`XJQZ_U=bWMT]TYjo_�PbWMTo_MX�AbwVw�;Y[Z_OQU 1 ´ ·|ÆeÆe¿g¸�FIS_S_bwVWcjZK`dFIZ5¯

DmFI�_UQVWcjZKMNJto_M À ]nI �x w MNJ�FIZ_ORMPZ_URJtS_URY[SrYeJRMPHaO�o_MNJkJQVw]	Z_bqFIOQVWY[HKJ�o_M�bmln`NLNY[Z_bWMP]TMPHjOpo}l Z_HKML|FIbWY[OQORMuVWJRY[OQvKMPUQ]TMtJQZ_U	o_MNJ?JRY�LPbWMNJ�S_bqFIORJ?MPO\JQVwHjZKJRY��moKFIZ5¯r��F i MNL�´ l�FIH_fgMPHKM)1 MPO w FIbwV*DmFIHKY_�·|ÆeÆy}g¸�MPODJ2FIHKJ�` i Y[bwZ_OQVWY[H¦o_MGbqF�JQZ_U?DmF[LNM¾bwVw�_URMex5I�bWJz]TY[HjOQURMPHaO¾caZKM¾bml»FIH_VWJRY[OQURY[S_VWM?F	ORMPHKoKFIHKLNM
YdF[LNLN`PbW`PURMPUDbmln`NLNY[Z_bWMP]TMPHaOGMPOnY?bWMGURMPHKo5URM�]TY[VwHKJ{JRMPHKJQVw�_bWM	FIZ5¯kS;MPUQOQZ_UQ�9FIOQVWY[HKJ¾o5ZpJRY�LPbWMex
³ �MPOQOQVwO{´¶ºeÅeÅe¿g¸�o_` i MPbWY[S_S;M½Z_H	]TY�o_�PbWM½OQvKMPUQ]TY[]T`NL|FIH_VWcaZKMzSrY[Z_U«`POQZKo5VWMPU�bmln`NLNY[Z_bWMP]TMPHjO¨o}l Z_HKML|FIbWY[OQORM�FIH_VWJRY[OQURY[SrM	J|ln`NLNY[Z_bqFIHjO¾JRZ_UDZ_HsJRY�LPbWM=S_bqFIO|xC�AM	LNY[]XSrY[UQORMP]TMPHaO�FIH_VWJRY[OQURY[SrM	MNJQO{S9F�hU2FI]T`POQUR`GMPH_D Y[HKLPOQVWY[Hko_M7bqF�v9FIZ_ORMPZ_U½UR`No5Z_VwORMex#I�b;MNJQO��9F[JR`¾JQZ_U�bWM{]TY�o_�PbWM7o_M mzvKY[URJQORMPVwHKJRJ2Y[H´¶ºeÅeÅ5·¹¸7`PORMPHKo5Z YXZ_H(LNY[]XS;Y[UQORMP]TMPHjO	F i MNL\Z_HKM\J2MPHKJQVw�_VwbwVwOR` YTbqFdLNY[HjOQU2FIVwHaORM

n = 3
�;MPO¾FIS5hS_bwVWcjZK`�FIZ5¯ D¶FI�_UQVWcjZKMNJ7o_MX°jVwS_bWM	EGY[]TMex0M�bwbWM\]TY[HaOQURM�caZKM	bml»FIH_VWJRY[OQURY[S_VWM�MPO{bmlnM�¯5S;YeJ�FIHaOGo_MNJLNY[HjOQU2FIVwHaORMNJ

n
VwH5�KZKMPHaOGJQZ_UDbWMNJ{S_URYI~KbWJ7o_M i VwORMNJRJ2M i MPUQOQVWL|FIbWM\FIZ�o 3[]TM	MPO{JQZ_U{bWMNJ��CFIHKLNJ{o_MbqFTL|FIbWY[OQORMex

³ À�FIfebwVqFIURo5VwH_V7´ ·|ÆeÆeÆg¸¾o_` i MPbWY[S_S;M�Z_H ]TY�o_�PbWMXF i MNL�Z_HKMTFIH_VWJRY[OQURY[S_VWMX` i Y[bwZ_OQV i Mex�I�b¨FIS_S_bwVWcjZKMJ2Y[HT]TYjo_�PbWM7FIZdL|F[J¨OQvK`NY[UQVWcjZKMDo}l Z_HKM{L|FIbWY[OQORM7J|ln`NLNY[Z_bqFIHaO½JQZ_U¨Z_HTJRY�LPbWM�S_bqFIO|xg��ln`PbW` i FIOQVWY[Hto_MbqF\JQZ_U?DmF[LNM{MNJQO�~_¯_MexPI bCLNY[]XS9FIURMGo_MNJ�`NLNY[Z_bWMP]TMPHjORJ�VWJRY[OQvKMPUQ]TMNJ�F i MNL¾o_MNJz`NLNY[Z_bWMP]TMPHaORJ�Y[¼tbWMS_URYI~Kb�o_M�ORMP]XS;`PU2FIOQZ_URMuMNJQOGS9FIU2FI]T`POQUR`ex��AMNJ DmFI�_UQVWcjZKMNJ�caZ_V¨J2M?o_` i MPbWY[S_SrMPHaOND¶F i Y[UQVWJRMPHaO\bqFo_`[D¶Y[UQ]dFIOQVWY[HsMPHsLPVWJ2FIVwbwbWMP]TMPHaO¾MPO{F[LNLN`PbW�PURMPHaO¾bmln`NLNY[Z_bWMP]TMPHaO|x�AMNJ�JRVw]	Z_bqFIOQVWY[HKJ�S_UR`NJRMPHjOR`NMNJ�VWLPV=JRY[HaO�bWMNJkS_URMP]XVW�PURMNJ¦caZ_V¾VwHaOR�PfeURMPHjO�Y bqF/D Y[VWJtbWM L|FIbWLPZ_b=o_M(bqF
DmFI�_UQVWcaZKMe�5bmln` i Y[bwZ_OQVWY[H�o_M=bqF�JQZ_U?DmF[LNM=bwVw�_URM�MPO�bWM=L|FIbWLPZ_b�o_MGbqF�ORMP]XS;`PU2FIOQZ_URMexy¾Y[ZKJDLNY[]X]TMPHK^NY[HKJ7S9FIUDS_UR`NJRMPHjORMPU{bWMNJDLNY[HKo5VwOQVWY[HKJGFIZ5¯tbwVw]XVwORMNJ7MPODVwH_VwOQVqFIbWMNJ7FIS_S_bwVWcjZK`NMNJGFIVwHKJQVcjZKM?bWM�]dFIVwbwbqFIfgMXZ_OQVwbwVWJR`�SrY[Z_U=HKYeJ�JQVw]	Z_bqFIOQVWY[HKJ¹xAy7Y[ZKJ	`POQZKo5VWY[HKJ�MPHKJQZ_VwORMXbml VwH5�KZKMPHKLNMTo_M�bml»FIH_VWJ2YIhOQURY[S_VWM=SrY[Z_UDo_MNJDL|FIbWY[OQORMNJ{OQvK`NY[UQVWcaZKMNJ7J|ln`NLNY[Z_bqFIHaO¾JQZ_UDo_MNJ{JRY�LPbWMNJzS_bqFIORJ{MPODJRVwHaZKJRY��moKFIZ5¯}xE=FIHKJ\ORY[Z_ORMNJ?bWMNJ\JQVw]\Z_bqFIOQVWY[HKJ?S_UR`NJRMPHaOR`NMNJ�VWLPVm�«bWMNJ��KZ_VWo5VwOR`NJ�o_MdUR`[D `PURMPHKLNM YpbqFpORMP]XS;`PU2FIOQZ_URM
T = −10◦

w JRY[HjODS_UQVWJRMNJ7`PfaFIbWMNJnY
B1(−10◦

w
) = 0.1

l��F −1 F −1 MPO B3(−10◦
w
) = 20

l��F −3F −1 SrY[Z_U n = 1
MPO
n = 3

�_URMNJQSrMNLPOQV i MP]TMPHaO|x;�AMNJ7JRVw]	Z_bqFIOQVWY[HKJ7VWJRY[OQvKMPUQ]TMNJ7J2Y[HaO7M�®}MNLPOQZK`NMNJ7S;Y[Z_UZ_HKMGORMP]XSr`PU2FIOQZ_URM
T = −10◦

w x
��� T¨��� �u¢�£�¥�¡¶ g¡m¢«£�¤ ;}�	� 9�¡R{ ¡m [§C¤
�Y[Z_U�LNMNJ�ORMNJQORJ��_VWo5Vw]TMPHKJQVWY[H_HKMPbWJ|�[HKY[ZKJ�HKY[ORY[HKJ

x
MPO
y
bWMNJ�o5VwURMNLPOQVWY[HKJ�vKY[UQVw�|Y[HjO2FIbWM�MPO i MPUQOQVWL|FIbWMe�URMNJQSrMNLPOQV i MP]TMPHaO|xj�AMNJ¨LNY[]XSrYeJ2FIHaORMNJ½o5Z i MNLPORMPZ_U i VwORMNJRJRM�J2Y[HaO�HKY[OR`NMNJ u MPO v JQZ_V i FIHaO�bml vKY[UQVw�|Y[HaO2FIbWMMPO�bqF i MPUQOQVWL|FIbWMe�9URMNJQS;MNLPOQV i MP]TMPHjO|x

�z� ��� �6� � 
�-'���R�
+,�3� ������
��MNJDLNY[HaOQU2FIVwHjORMNJ Y?bqFTJQZ_U?D¶F[LNM=J2Y[HaODORMPbwbWMNJDcjZKM

σ̄.n = σ0n
� ´¶µ5xw·|Æg¸

Y[¼
σ0 MNJQO\bqF�S_URMNJRJQVWY[H FIOQ]TYeJQS_vK`PUQVWcjZKMuMPO n

MNJQO\bqFpHKY[UQ]dFIbWMtM�¯�OR`PUQVWMPZ_URMtZ_H_VwO2FIVwURM Y�bqFsJQZ_U?DmF[LNMbwVw�_URMex��l»F[LNLPZ_]	Z_bqFIOQVWY[H
a(x)
MNJRO�S_URMNJRLPUQVwORM�JQZ_UDORY[Z_ORM�bqF�JQZ_U?D¶F[LNMGbwVw�_URMex
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«Y[Z_UXbWMNJX`NcjZ9FIOQVWY[HKJXo_MtOQU2FIHKJQS;Y[UQO|��HKY[ZKJ�o_M i Y[HKJTo_`�~KH_VwUTo_MNJ�LNY[HKo5VwOQVWY[HKJdFIZ5¯ bwVw]XVwORMNJ�Z_H_V�hcjZKMP]TMPHaODFIZ5¯1D URY[HaOQVW�PURMNJ�Y[¼tbWMNJ½OQU2F0/ MNLPORY[VwURMNJ�J2Y[HaO�MPHaOQU2FIHjORMNJDFIZko_Y[]dFIVwHKMe�5o_Y[HKL¾Z_H_VWcjZKMP]TMPHaO{FIZH_V i M|FIZso_M=bqF�JQZ_U?DmF[LNMGbwVw�_URM=S;Y[Z_U{bWMNJDJQVw]	Z_bqFIOQVWY[HKJ{S_UR`NJRMPHaOR`NMNJ7VWLPV¨²³ bqF�D¶FI�_UQVWcjZKM�MNJQODJRZ_S_S;YeJR`NMGVWJ2Y[OQURY[S;M
a(2)(x,E(x)) =

1

3
I
� ´¶µ5x»ºeÅg¸

³ bmlSuIfgM�MPHpJQZ_U?DmF[LNM=MNJQODHjZ_b
Ag(x,E(x)) = 0

� ´¶µ5x»º5·¹¸
³ bqF?febqF[LNM=HAlnMNJQODS9F[J{o_`[D Y[UQ]T`NM�MPHpJRZ_U?D¶F[LNM

F̄ (x,E(x)) = I
x ´¶µ5x»ºeºg¸

³ bqF?ORMP]XS;`PU2FIOQZ_URM T (x,E(x))
MNJQO�S_URMNJRLPUQVwORMex

�z���z� �6� � 
���+P�"�
«Y[Z_UzbWM¾JRYjLPbWMe��o_`�~KH_VwOzS9FIU

y = B(x)
�aHKY[ZKJ½S_URMNJRLPUQV i Y[HKJ�o_MNJzLNY[HKo5VwOQVWY[HKJDFIZ5¯TbwVw]XVwORMNJzSrY[Z_U�bWML|FIbWLPZ_b«o_MNJDLRv9FI]XSKJ¾o_M i VwORMNJ2JRM=MPODo_M=ORMP]XSr`PU2FIOQZ_URMexy7Y[ZKJ�JQZ_S_S;YeJ2MPURY[HKJ�oKFIHKJ�HKYeJ�ORMNJRORJ�cjZAl Vwb9HAl 1dFGS9F[J½o_MDfebwVWJ2JRMP]TMPHaO|���<e�^�eq�

u(x,B(x)) = 0
x��FIULNY[]X]TY�o5VwOR`e��HKY[ZKJXS_URMNJ2LPUQV i Y[HKJXZ_HKM i VwORMNJRJRM i MPUQOQVWL|FIbWM v(x,B(x))

HKY[H HjZ_bwbWM�]dFIVWJXOQUR�NJXSrMPOQVwORMSrY[Z_U�HKM=S9F[JDY[�_ORMPH_VwU{Z_H4uIfgM=VwH5~KH_V�MPO�Z_HsFI]XVwHKLPVWJ2JRMP]TMPHaO7HaZ_b«FIZ¦J2YjLPbWMex«Y[Z_U�bWM½L|FIbWLPZ_b5o_M�bqF{ORMP]XS;`PU2FIOQZ_URMe�[HKY[ZKJ�S_URMNJRLPUQV i Y[HKJ�bWM��KZ5¯\o_MzLRv9FIbWMPZ_UD´��KZ5¯	fg`NY[OQvKMPUQ]XVWcjZKM¹¸FIZ�H_V i M|FIZ�o5ZpJRY�LPbWM Gf = −k∂T/∂nB
�_Y[¼

nB
MNJQO�bqF�HKY[UQ]dFIbWM�M�¯5OR`PUQVWMPZ_U{Z_H_VwO2FIVwURM	FIZsJRYjLPbWMex

�z���z� �6��� � �6� �'! ��-W����./�5� %�� ��% ���

w Y[]X]TMkS_bwZKJQVWMPZ_URJTFIZ_ORMPZ_URJ¦´ l(FIH_fgMPHKM)1�^a`Nbycfeq��·|ÆeÆeµ#o�À�FIfebwVqFIURo5VwH_VDMPO l�M)15JRJRY[H_H_VWMPU|��ºeÅeÅeº#o�MPOQOQVwOGMPO j F[o_o5VwfeORY[HA�;ºeÅeÅe¿g¸��9HKY[ZKJ{URMNJROQURMPVwfeHKY[HKJ{HKYeJ7o_Y[]dFIVwHKMNJ7o}ln`POQZKo_M�FIZ5¯�S9FIUQOQVWMNJ7LNMPHjOQU2FIbWMNJo_MNJ{L|FIbWY[OQORMNJ|xK�AMNJ7LNY[HKo5VwOQVWY[HKJDbwVw]XVwORMNJ{JRZ_U�bWMNJ��;Y[URo_JDbqFIOR`PU2FIZ5¯�o5Zso_Y[]dFIVwHKM�JRY[HaO\²
³ S;Y[Z_U�bml»F�¯_M=o_M�J 1�]T`POQUQVWM�MPH x = xD

�_URMPS_UR`NJRMPHjO2FIHaO7Z_H¦o 3[]TMe�_bqFXLNY[HKo5VwOQVWY[H¦o_M i VwORMNJRJ2M=MNJQO
u(xD, y) = 0

� ´¶µ5x»ºe¿g¸
MPO�bqFXLNY[HKo5VwOQVWY[H¦JQZ_U�bWM=�KZ5¯ko_M=ORMP]XSr`PU2FIOQZ_URM�MNJQO

GD = 0
x ´¶µ5x»ºIÃj¸

³ S;Y[Z_U�bWMG�rY[URo�bqFIOR`PU2FIb�MPH x = xL
�_cjZ_VAMNJQO�Z_HKM D URY[HaOQVW�PURM=~9LPOQV i M	o_MGbqFXL|FIbWY[OQORM�MPO{cjZ_V}HAlnMNJQOS9F[JDZ_H(F�¯5M�o_M	J 1j]T`POQUQVWMe�9HKY[ZKJ{S_URMNJ2LPUQV i Y[HKJ{bWM	S_URYI~Kb«o_M i VwORMNJRJRM=HKY[UQ]dFIbWM�FIZ¦�rY[URo}xKy¾Y[ZKJHKY[ZKJ�URMNJQOQURMPVwfeHKY[HKJ Y�o_MNJ	�;Y[URo_J	bqFIOR`PU2FIZ5¯ i MPUQOQVWL|FIZ5¯r�«o_Y[HKLTHKY[ZKJ�Vw]XSrYeJRY[HKJ	Z_H_VWcaZKMP]TMPHjObWM�S_URYI~Kb�o_M i VwORMNJRJ2M�vKY[UQVw�|Y[HaO2FIbWMex w Y[]X]TM�o5VWJRLPZ_OR`\S9FIU¾bWMNJGFIZ_ORMPZ_URJ¾S_UR`NLN`No_MP]X]TMPHjO	LPVwOR`NJ|�bmln`NLNY[Z_bWMP]TMPHaO=o_M�bqFTfebqF[LNM\MNJRODVwHKJRMPHKJQVw�_bWM�FIZso_`PO2FIVwb�o_M\LNM	S_URYI~Kb«o_M i VwORMNJRJRM\oKFIHKJ{bWMNJ{�|Y[HKM`PbWY[VwfeHK`NMNJ�o_MzS_bwZKJ�o_M=·|Å=`PS9FIVWJRJRMPZ_URJ¨o_MzfebqF[LNM{o_M�bqF¾bwVw]XVwORMDbqFIOR`PU2FIbWMexgE=FIHKJ7l(FIH_fgMPHKM)13^a`�bdcfe´ ·|ÆeÆeµg¸¨MPO½«MPOQOQVwO�MPO j F[o_o5VwfeORY[H ´¶ºeÅeÅe¿g¸��jbWMDS_URYI~Kbro_M i VwORMNJRJ2MDLNY[UQURMNJQSrY[HKotFIZuS_URYI~Kb;Y[�_ORMPHjZS;Y[Z_U	Z_H `NLNY[Z_bWMP]TMPHaO�bqFI]XVwH9FIVwURM�F i MNLdZ_HKMTfebqF[LNMuVWJRY[OQURY[SrMdMPO	VWJ2Y[OQvKMPUQ]TMex�À=FIfebwVqFIURo5VwH_VzMPOlsM)15JRJRY[H_H_VWMPU�´¶ºeÅeÅeºg¸\S_URMNJRLPUQV i MPHjOdo_MNJ�LNY[HKo5VwOQVWY[HKJXbwVw]XVwORMNJTMPH i VwORMNJ2JRMuY[�_ORMPHjZKMNJkYsS9FIUQOQVwUo_MNJzJRY[bwZ_OQVWY[HKJ�L|FIbWLPZ_bW`NMNJ�oKFIHKJzbWMGL|F[o5URM¾o_M¾bml»FIS_S_URY|¯�Vw]dFIOQVWY[H¦o_M7bqF?LNY[ZKLRvKMG]XVwHKLNM Y\bmlnY[URo5URM�|`PURYGS;Y[Z_U�Z_HKMzfebqF[LNM�Y[UQOQvKY[OQURY[SrMex,M�HT`NLPUQV i FIHaO�bqF¾bWY[VKo_M�LNY[]XS;Y[UQORMP]TMPHjO¾´ÄÃKx»ºe¿g¸�JRY[ZKJ�D¶Y[UQ]TMLNY[HKo_MPHKJR`NM

S̄ = M̄ .D̄
� ´¶µ5x»ºyFg¸
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bqF¦o_`PUQV i `NMuo_MdbqF i VwORMNJRJRMXvKY[UQVw�|Y[HjO2FIbWMkMNJQO\FIbWY[URJ?Y[�_ORMPHaZKMkLNY[]X]TMs´mÀ=FIfebwVqFIURo5VwH_V�MPONl�M)15J hJ2Y[H_H_VWMPU|�9ºeÅeÅeºg¸
∂u

∂y
=

ρg

M̄xyxy

dE

dx
(y −B(xL)).

´¶µ5x»ºeµg¸
��MuS_URYI~Kbzo_MubqF i VwORMNJRJRMdvKY[UQVw�|Y[HaO2FIbWMe��MPH D Y[HKLPOQVWY[H o_M

y
��MNJRO?Y[�_ORMPHjZ S9FIU?VwHaOR`PfeU2FIOQVWY[H o_M´¶µ5x»ºeµg¸

u(xl, y) = ρg
dE

dx

∫ y

B(xL)

ξ −B(xL)

M̄xyxy
dξ
x ´¶µ5x»º,He¸

w MPOQORM7`NcaZ9FIOQVWY[H�´¶µ5x»º,He¸�SrMPZ_OC~POQURM{FIS_S_bwVWcjZK`NM{o5VwURMNLPORMP]TMPHaO½SrY[Z_U¨Z_HKMDJQVw]\Z_bqFIOQVWY[HtY[¼TbqF�JQZ_U h
DmF[LNM¾bwVw�_URMGHAln` i Y[bwZKMGS9F[J|x_�Y[Z_U�Z_HKM=JQVw]	Z_bqFIOQVWY[HpY[¼�bqF?JQZ_U?DmF[LNM¾bwVw�_URM=` i Y[bwZKMe�KF�~KHko}lnY[�_ORMPH_VwUZ_Hs`PO2FIO7JQO2FIOQVWY[H_H9FIVwURMe�9HKY[ZKJDVw]XSrYeJRY[HKJ�Z_HpS_URYI~Kb�o_M i VwORMNJ2JRM=caZ_VAJ�FIOQVWJ?D¶FIVwO{bqFXLNY[HKJRMPU i FIOQVWY[Ho_M�bqF?]dF[JRJRMexK�AMGS_URYI~Kb«o_M i VwORMNJ2JRMGvKY[UQVw�|Y[HaO2FIbz´¶µ5x»º,He¸zMNJQO7FIbWY[URJDo_Y[H_HK`�S9FIU

u(xl, y) = C

∫ y

B(xL)

ξ −B(xL)

M̄xyxy
dξ
x ´¶µ5x»ºy}g¸

�«F(URMPbqFIOQVWY[H MPHaOQURMpbWMkS9FIU2FI]T�POQURM
C
o}l Z_HKMkS9FIUQO|�¨MPOXbml»F[LNLPZ_]\Z_bqFIOQVWY[H

a
MPH JQZ_U?DmF[LNMtMPOdbqF

D ZKJQVWY[H*FIZ*J2YjLPbWMXo}l»FIZ_OQURMXS9FIUQO|��MNJQO�Y[�_ORMPHaZKMuMPH*M�¯�S_UQVw]dFIHjO�bqF�LNY[HKJRMPU i FIOQVWY[H*o_M�bqFk]dF[J2JRMORY[O2FIbWMuoKFIHKJ�bml v 1jSrY[OQvK�NJRMTo}l Z_HKMuL|FIbWY[OQORMTJQO2FIOQVWY[H_H9FIVwURM¦²AbWM��KZ5¯(o_MT]dF[JRJRMTMPHjOQU2FIHaO	S9FIU\bqFJRZ_U?D¶F[LNMdbwVw�_URMuJRY[ZKJND¶Y[UQ]TMdo}l»F[LNLPZ_]	Z_bqFIOQVWY[H MPHjOQURM
x = 0

MPO
x = xL

o_Y[VwO�~POQURMt`PfaFIb Y¦bqFJ2Y[]X]TM�o5Zk�KZ5¯ko_MG]dF[J2JRM=JRY[UQO2FIHaO{S9FIU�bWMG�;Y[URokbqFIOR`PU2FIb�MPODo5Zp�KZ5¯kJRY[UQO2FIHjO{o��3Y?bqF�D ZKJQVWY[H�9F[J�FIbWMT²
∫ xl

0

(

a(ζ, E(ζ)) + v(ζ,B(ζ))

)

dζ =

∫ E(xL

B(xL)
u(xL, ξ) dξ

x ´¶µ5x»ºeÆg¸
E�l»FIS_UR�NJ{bWMNJD`NcaZ9FIOQVWY[HKJ?´¶µ5x»ºy}g¸zMPO\´¶µ5x»ºeÆg¸��_HKY[ZKJ{Y[�_ORMPHKY[HKJ

C =

(∫ xl

0
a(ζ, E(ζ)) + v(ζ,B(ζ)) dζ

)[∫ E(xL

B(xL)

[ ∫ χ

B(xL)

ξ −B(xL)

M̄xyxy
dξ

]

dχ

]−1 x
´¶µ5x»¿eÅg¸

��� T¨��� �u¢�£�¥�¡¶ g¡m¢«£�¤�¡�£�¡¶ g¡<;�9�§9¤
��ln`PO2FIOuVwH_VwOQVqFIb¾o_MpbqF�L|FIbWY[OQORM�MNJQOdY[�_ORMPHjZ MPH F[o_Y[S_O2FIHaOkZ_HKMpfg`NY[]T`POQUQVWM�JQVw]XS_bwV�~9`NMsS;Y[Z_UubqFJQZ_U?DmF[LNM=MPO�Z_HKM=S_URMP]XVW�PURM\MNJQOQVw]dFIOQVWY[HpSrY[Z_UDbWM=LRv9FI]XS�o_M D¶FI�_UQVWcjZKMex�Y[Z_UDbqFXJRZ_U?D¶F[LNM=o_M=bqF�L|FIbWY[OQORMe�9HKY[ZKJ{F[o_Y[S_ORY[HKJDZ_H¦S_URYI~Kb�o_M��7VqFIbWY i�� ´��7VqFIbWY i �A·|ÆyFy}g¸

E(x) = E0

(

1 −
(x

L

)2
)1/4 � ´¶µ5x»¿5·¹¸

Y[¼
L
MNJQO7bqFXbWY[H_feZKMPZ_U=o_M�bqFdL|FIbWY[OQORM�MPO

E0 = E(0)
xr«Y[Z_U¾bWMNJ7JRVw]	Z_bqFIOQVWY[HKJGS_UR`NJRMPHjOR`NMNJ7VWLPVm�CHKY[ZKJS_URMPHKY[HKJ

L = 100E0
MPO
E0 = 3000

]px5y7Y[ORY[HKJ½caZKMe�aLNY[]XS_ORM{ORMPHjZto5ZtS_URYI~KbCo_M i VwORMNJRJ2M{cjZKMDHKY[ZKJF[o_Y[S_ORY[HKJ¾SrY[Z_U{bWM\�;Y[URo¦bqFIOR`PU2FIbz´¶µ5x»¿eÅg¸��;S9FIU7LNY[HKJROQUQZKLPOQVWY[H�bWM i Y[bwZ_]TM?o_M	febqF[LNM?MNJQO7LNY[HKJRO2FIHaO|�rMPObWMNJ�UR`NJRZ_bwO2FIORJDo_`PS;MPHKo_MPHjO7o_Y[HKL�o_M	LNMPOQORM=VwH_VwOQVqFIbwVWJ2FIOQVWY[HAx
�	��
������������
����������� 
"!$#%��&�#�
('*)+��',���.-*#��0/1)�
(23
('1#4
('+)�#�������!���'1#5�76 ���,�����98:��2;��#����<'=��
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A23��'�>(
A�B��)��
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"��23
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y7Y[ZKJkVwH_VwOQVqFIbwVWJRY[HKJpbWM LRv9FI]XS.o_M�DmFI�_UQVWcaZKMe��J2Y[VwOpMPH S_URMPH9FIHjO¦Z_HKM�DmFI�_UQVWcaZKM(VWJ2Y[OQURY[S;Me� �<e�^�eq�
a(2) = 1/3I

��JRY[VwO�MPH S_URMPH9FIHaO\Z_HKMdFIS_S_URYN¯5Vw]dFIOQVWY[H SrY[b21�HKY[]XVqFIbWMTo_MNJ DmFI�_UQVWcaZKMNJ�o5Z D Y[U2FIfgMTo_MÀ ] I�
a2 =

1

3
+ 2.143ξ − 5.607ξ2 + 7.669ξ3 − 3.602ξ4

a1 = a3 =
1 − a2

2

� ´¶µ5x»¿eºg¸

Y[¼
ξ = (E(x) − y)/H(x)

MNJQO¾bqFTv9FIZ_ORMPZ_UGUR`No5Z_VwORMe�AF i MNL H(x) = E(x) − B(x)
bmln`PS9FIVWJRJRMPZ_U=o_MfebqF[LNMex;��FdfebqF[LNMe�CY[UQOQvKY[OQURY[SrM?o_M	UR` i Y[bwZ_OQVWY[H�FIZ_ORY[Z_UGo_M�bqF i MPUQOQVWL|FIbWMe�CMNJQO7VWJRY[OQURY[SrM\MPH�JQZ_U?D¶F[LNM?MPOS_UR`NJ2MPHaORM7Z_HKMZDmFI�_UQVWcaZKM7o_MDS_bwZKJ½MPHdS_bwZKJ½LNY[HKLNMPHaOQUR`NM=FIZ_ORY[Z_U½o_M{bqF i MPUQOQVWL|FIbWM¾MPHdS_URY D¶Y[HKo_MPZ_U|��F i MNL

a2 = 0.936
FIZ(H_V i M|FIZ*o5Z�JRY�LPbWM?MPH ξ = 1

x w Y[]X]TMXHKY[ZKJ=bWM i MPUQURY[HKJ?FIZ w v9FIS_VwOQURMdJQZ_V i FIHjO	MPHLNY[]XS9FIU2FIHjO=bWMNJEDmFI�_UQVWcjZKMNJ¾o_MXÀ ]nI  YTLNMPbwbWMNJ=o_MNJ D¶Y[U2FIfgMNJ¾o_M?E 3[]TM w MPOGE 3[]TM\Âz�CbWM	S_URYI~Kb�o_M
DmFI�_UQVWcjZKM=o_M\À ] I� MNJQO�O51jS_VWcjZKM�o_MNJ DmFI�_UQVWcjZKMNJDcaZ_VAJ2M=o_` i MPbWY[S_S;MPHjO7JRY[ZKJ�Z_Hso 3[]TMex
���UT¨��O � ;}¡R9)9<;AsA§
y7Y[ZKJ7Z_OQVwbwVWJRY[HKJGo_MNJ7`PbW`P]TMPHjORJ=caZ9F[o5UQVwbqFIOR�PURMNJ YucaZ9FIOQURM\HKY�MPZKo_J¾F i MNL\Z_HKM\VwHaORMPUQSrY[bqFIOQVWY[H(�_VwbwV�hHK`|FIVwURMexry¾Y[ZKJ{Z_OQVwbwVWJ2Y[HKJ¾o_MNJ¾]dFIVwbwbqFIfgMNJ¾UR`PfeZ_bwVWMPURJ=o_M\O	1�S;M\�9FIHKo_MNJ=F i MNL Nx

`PbW`P]TMPHaORJ=JQZ_V i FIHaOGbqFo5VwURMNLPOQVWY[H�vKY[UQVw�|Y[HaO2FIbWM�MPO
Ny
`PbW`P]TMPHaORJGJQZ_V i FIHaO¾bqFTo5VwURMNLPOQVWY[H�vKY[UQVw�|Y[HaO2FIbWMexr�AM	]dFIVwbwbqFIfgM\MNJQO7S_bwZKJU2F�\THK`7S_UR�NJ½o5Zto 3[]TM¾MPO�S_UR�NJ½o5ZtJ2YjLPbWM7Y[¼dbWMNJ�feU2F[o5VWMPHaORJ�JRY[HjO�S_bwZKJ�Vw]XS;Y[UQO2FIHjORJ|x �{HtM�¯5MP]XS_bWM¾o_M]dFIVwbwbqFIfgM	MNJQODo_Y[H_HK`�S9FIU�bqFXÂ�VwfeZ_URM	µ5xw·ex
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x

y

�Z�"2z� ��� � ²�M�¯_MP]XS_bWM�o_Ms]dFIVwbwbqFIfgM(F i MNL µeÅ*`PbW`P]TMPHjORJkJQZ_V i FIHjOkbqF�o5VwURMNLPOQVWY[H vKY[UQVw�|Y[HaO2FIbWM MPOkºyF`PbW`P]TMPHjORJ\JQZ_V i FIHaO\bqFpo5VwURMNLPOQVWY[H i MPUQOQVWL|FIbWMex«�¨ln`NL2vKMPbwbWM i MPUQOQVWL|FIbWMdMNJQO?o5VwbqFIOR`NMdo}l Z_H DmF[LPORMPZ_U?¿eÅ�S9FIUU2FIS_SrY[UQOnY?bmln`NLRvKMPbwbWM	vKY[UQVw�|Y[HaO2FIbWMex
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���UT¨�UT � Q5¢��C9�§6{ §9£« ¦¤I�CB���£ ¤I¢�Q
9�§ � 9<;; 
y7Y[ZKJ¾`POQZKo5VWY[HKJGVWLPV�bmln`NLNY[Z_bWMP]TMPHjO=�_VWo5Vw]TMPHKJQVWY[H_HKMPb¨MPH�o_`[D¶Y[UQ]dFIOQVWY[H(S_bqFIHKM\o}l Z_HKM?L|FIbWY[OQORM�JQZ_UZ_H JRY�LPbWMkS_bqFIO|x�y¾Y[ZKJXLNY[]X]TMPHK^NY[HKJTS9FIU i FIbwVWo_MPUXbWMNJ�]T`POQvKY�o_MNJXHjZ_]T`PUQVWcaZKMNJd]XVWJRMNJXMPH YjMPZ i URMexy¾Y[ZKJ?LNY[]XS9FIURY[HKJXMPHKJQZ_VwORMdbWMNJ?UR`NJQZ_bwO2FIORJ�Y[�_ORMPHjZKJ�F i MNLko5V�®r`PURMPHjORJ�]TYjo_�PbWMNJ�o_MtLNY[]XS;Y[UQORMP]TMPHjO|�SrY[Z_U�Z_HKM�L|FIbWY[OQORM=VWJ2Y[OQvKMPUQ]TMex9y¾Y[ZKJDo5VWJRLPZ_ORY[HKJDMPH5~KHpbmlnM�®}MPO{o_M=bqF?ORMP]XSr`PU2FIOQZ_URMex

�z���z���z� � � �5� �����#$�"��% ���P!1. �P$�������P!_%�-'./�P�d� �z-'�P!
y7Y[ZKJ�`POQZKo5VWY[HKJ{VWLPV}bml VwH5�KZKMPHKLNM	o5Z�]dFIVwbwbqFIfgM�MPO i FIbwVWo_Y[HKJ�bWMNJ�]T`POQvKY�o_MNJ�HaZ_]T`PUQVWcjZKMNJ7Z_OQVwbwVWJR`NMNJSrY[Z_UDUR`NJRY[ZKo5URM�bmln` i Y[bwZ_OQVWY[Hso_M=bqF DmFI�_UQVWcjZKMexKy7Y[ZKJ{LNY[]XS9FIURY[HKJ{bWMNJDJ2Y[bwZ_OQVWY[HKJ{JQO2FIOQVWY[H_H9FIVwURMNJ¾Y[�_ORM�hHjZKMNJ�SrY[Z_U�Z_HKMdL|FIbWY[OQORMdVWJRY[OQvKMPUQ]TMdMPH `NcaZ_VwbwVw�_URMtF i MNLTZ_H*O2FIZ5¯ o}l»F[LNLPZ_]\Z_bqFIOQVWY[H MPH JQZ_U?DmF[LNMTo_M

a = 20
LP]px»F −1 x��F¦o_`�~KH_VwOQVWY[H o_MNJ�JQVw]\Z_bqFIOQVWY[HKJ\S_UR`NJ2MPHaOR`NMNJ�VWLPVzMNJQO\o_Y[H_HK`NMtS9FIU?bWMdO2FI�_bWM|FIZ µ5xw·ex�m�Y[Z_ORMNJ?bWMNJJRVw]	Z_bqFIOQVWY[HKJ	J2Y[HaO DmFIVwORMNJ�F i MNLXbWM?]TY�o_�PbWM �¾�° w SrY[Z_U�o_MNJGS9FIU2FI]T�POQURMNJ	o}l»FIH_VWJ2Y[OQURY[S_VWMTo5Z feU2FIVwH

β = 0.04
MPO
γ = 1

x
HKY[]&o_M=bqF�JQVw]	Z_bqFIOQVWY[H ]dFIVwbwbqFIfgM

Nx/Ny
DmFI�_UQVWcjZKMGVwH_VwOQVqFIbWM

�G�° w
�
À ] I�

�
]p· µeÅ��[ºyF À ] I�,´¶µ5x»¿eºg¸

�G�° w
�
À ] I�

�
]dº µeÅ��[¿yF À ] I�,´¶µ5x»¿eºg¸

�¾�° w
�
VWJ2Y[OQURY[S;M

�
]dº µeÅ��[¿yF VWJ2Y[OQURY[S;M

�G�° w
�
À ] I�

�
]dº µeÅ��[¿yF À ] I�,´¶µ5x»¿eºg¸

���
	
�rµ5xw·e²_EG`�~KH_VwOQVWY[H�o_MNJDJQVw]	Z_bqFIOQVWY[HKJ7SrY[Z_U�bqF i FIbwVWoKFIOQVWY[Hso_MNJ�]T`POQvKYjo_MNJ{HaZ_]T`PUQVWcjZKMNJ
°jZ_UAbqF��VwfeZ_URM�µ5x»º5�NHKY[ZKJ�LNY[]XS9FIURY[HKJ�bWMNJAJRY[bwZ_OQVWY[HKJ«MPH�JQZ_U?D¶F[LNM�Y[�_ORMPHaZKMNJ�F i MNL�bWM�]TY�o_�PbWME�G�° wSrY[Z_U?Z_H ]dFIVwbwbqFIfgMtS_UR`NJRMPHjO2FIHaO

Ny = 25
`PbW`P]TMPHjORJXJQZ_V i FIHaO?bqF i MPUQOQVWL|FIbWMe��MPO?Z_H ]dFIVwbwbqFIfgM�F i MNL

Ny = 35
`PbW`P]TMPHjORJ|x9��FTo5VWJRLPUR`POQVWJ2FIOQVWY[HpvKY[UQVw�|Y[HjO2FIbWM\F i MNL Nx = 60

`PbW`P]TMPHaORJ{MNJRO�VWo_MPHaOQVWcjZKM�SrY[Z_UbWMNJ{o_MPZ5¯t]dFIVwbwbqFIfgMNJ|xCy7Y[ZKJ{LNY[]XS9FIURY[HKJ7FIZKJRJQV}bWMNJ{JRY[bwZ_OQVWY[HKJ{L|FIbWLPZ_bW`NMNJ7MPH�VwH_VwOQVqFIbwVWJ2FIHaO7bqF D¶FI�_UQVWcjZKMF i MNL¨bWM�S_URYI~Kb�S9FIU2FI]T`POQUR`7´¶µ5x»¿eºg¸AMPO�F i MNL¨Z_HKMpDmFI�_UQVWcjZKM�VWJRY[OQURY[SrMexI°jZ_U�bqF��«VwfeZ_URM½µ5x»¿5�|HKY[ZKJ«o_Y[H_HKY[HKJbWMNJ�S_URYI~KbWJ�o_M i VwORMNJ2JRMzMPO¨o_M D¶FI�_UQVWcjZKM�Y[�_ORMPHaZKJ�oKFIHKJ�Z_H D Y[U2FIfgM{JQVwOQZK`�MPH
x = 30

±�]pxg�AMNJ¨JRY[bwZ_OQVWY[HKJMPH JQZ_U?DmF[LNMXJRY[HjO=OQUR�NJ=JQVw]XVwbqFIVwURMNJ|xA�AMNJGS_URYI~KbWJ	o_M�bqF i VwORMNJRJRM i MPUQOQVWL|FIbWMTMPO�o5Z o_`PS_v9F[J2FIfgM ϕ̄ MPHjOQURM
a(2) MPO{bWM\URMPSr�PURM\o_M	UR`[D `PURMPHKLNM?S_UR`NJRMPHjORMPHaOGZ_HKM	SrMPOQVwORM?JRMPHKJQVw�_VwbwVwOR` YXbqFuo5VWJRLPUR`POQVWJ2FIOQVWY[H i MPUQOQVWL|FIbWMo5Z ]dFIVwbwbqFIfgMex«�AMNJ=UR`NJQZ_bwO2FIORJ	URMNJQORMPHaO	ORY[Z_O�o_MX]1~P]TMXOQUR�NJ=S_URY�LRvKMNJ|x��AMNJ=UR`NJQZ_bwO2FIORJ\Y[�_ORMPHaZKJ\F i MNLbWMNJ�o_MPZ5¯kVwH_VwOQVqFIbwVWJ2FIOQVWY[HKJ7o5V�®r`PURMPHjORMNJDo5ZpLRv9FI]XS¦o_M DmFI�_UQVWcjZKM=JRY[HaO�S_URMNJRcjZKMGVWo_MPHaOQVWcjZKMNJ|xK��MNJzORMNJQORJM�®}MNLPOQZK`NJzHKY[ZKJ½]TY[HaOQURMPHjO{caZKM¾bqF?JRY[bwZ_OQVWY[H�MNJQOzOQUR�NJ½S;MPZ�JRMPHKJRVw�_bWM Y\bqF?o5VWJRLPUR`POQVWJ2FIOQVWY[H�vKY[UQVw�|Y[HjO2FIbWMo5Z�]dFIVwbwbqFIfgMe�9bWMNJ�feU2F[o5VWMPHaORJ¾JQZ_V i FIHaO{LNMPOQORM	o5VwURMNLPOQVWY[HpURMNJQO2FIHaO7OQUR�NJ DmFIVw�_bWMNJ|x
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�Z�"2����z�2� ² w Y[]XS9FIU2FIVWJRY[H o_MNJ%S_URYI~KbWJ.Y[�_ORMPHjZKJ oKFIHKJ.Z_H D Y[U2FIfgM�JQVwOQZK` MPH
x = 30
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a(2) MPO=´ o9¸�o_`PS_v9F[J2FIfgM ϕ̄ MPHaOQURM¾bWM7URMPS;�PURM7S_URY[S_URM¾o_M a(2) MPO½bWM{URMPSr�PURM¾o_M{UR`[D¶`PURMPHKLNMex
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°jZ_U{bqF ��VwfeZ_URM\µ5x ÃK�_HKY[ZKJ7OQU2F[^NY[HKJDbqFTbwVwfeHKM	o_M�LNY[Z_U2FIHjO¾cjZ_VAS9FIUQO¾o_M=bqFXJQZ_U?DmF[LNM	MPH
x = 5km

xy¾Y[ZKJ¨o_Y[H_HKY[HKJ¨bWMNJ�LNY[]XS;YeJ2FIHjORMNJ�o5ZTORMPHKJ2MPZ_U i VwORMNJ2JRMNJ¨o_M�o_`[D¶Y[UQ]dFIOQVWY[HuMPO i VwORMNJRJRMNJ�o_M�URY[O2FIOQVWY[HubWMbWY[H_f	o_M{LNMPOQORMDbwVwfeHKMDo_M7LNY[Z_U2FIHaO|x$6{~KHdo_M i FIbwVWo_MPU�bqF=]T`POQvKYjo_M{HaZ_]T`PUQVWcjZKMDZ_OQVwbwVWJR`NM{S;Y[Z_U¨UR`NJ2Y[ZKo5URMbmln` i Y[bwZ_OQVWY[Hko_M{bqF D¶FI�_UQVWcjZKM7S9FIU�bqF	]T`POQvKYjo_M¾o_MNJ�`PbW`P]TMPHjORJ�~KH_VWJ|�aHKY[ZKJ½LNY[]XS9FIURY[HKJzbmln` i Y[bwZ_OQVWY[Hko_MbqF_DmFI�_UQVWcaZKM�bWM�bWY[H_fpo_MdLNMPOQORM�bwVwfeHKMTo_MXLNY[Z_U2FIHaO	L|FIbWLPZ_bW`NMdS9FIU=bWM�]TYjo_�PbWMX`PbW`P]TMPHjORJ�~KH_VWJu´ L|FIbWLPZ_bLNY[Z_S_bW`¹¸½FIZ5¯u` i Y[bwZ_OQVWY[HKJ�L|FIbWLPZ_bW`NMNJ�o5VwURMNLPORMP]TMPHjO�S9FIU�bWM7]TYjo_�PbWM?�G�° w o5VWJRLPURMPOzMPO�S9FIUzbmln`NcjZ9FIOQVWY[Ho}ln` i Y[bwZ_OQVWY[H o_MpbqF4D¶FI�_UQVWcjZKM*´GF5xw·$He¸�MPH Z_OQVwbwVWJ2FIHjOTbml v_VWJQORY[VwURMpo_M i VwORMNJRJ2MNJXo_Mpo_`[D Y[UQ]dFIOQVWY[HªMPOTo_MURY[O2FIOQVWY[HA��JRY[bwZ_OQVWY[HKJ?o5Z*S_URY[�_bW�P]TMt`PbW`P]TMPHaORJ\~KH_VWJt´ i Y[VwU ��VwfeZ_URMuµ5xSFg¸�x��AMNJ?` i Y[bwZ_OQVWY[HKJ?L|FIbWLPZ_bW`NMNJFIVwHKJQV;JRY[HaOzVWo_MPHjOQVWcaZKMNJ / ZKJRcjZAlSY=Z_H uIfgM7o}lnMPH i VwURY[HpºeÅI±eF5x w lnMNJQOZY	S9FIUQOQVwU½o_M¾LNMPOEuIfgM7cjZKMDbqF i VwORMNJ2JRMo_Mto_`[D Y[UQ]dFIOQVWY[H MPH�LPVWJ2FIVwbwbWMP]TMPHjO
D̄12
o_M i VWMPHaO�S_UR`No_Y[]XVwH9FIHjORM�S9FIU�U2FIS_S;Y[UQOXFIZ5¯ LNY[]XSrYeJ2FIHaORMNJo5VqFIfgY[H9FIbWMNJ|xr�Y[Z_U=o_MNJ uIfgMNJGJQZ_Sr`PUQVWMPZ_URJ|�;Y[H�Y[�KJRMPU i M�o_MNJ¾o5V�®r`PURMPHKLNMNJ=JRZ_U7bWM\o_`PS_v9F[J2FIfgM ϕ̄ x�6 i MNLbWM(]TY�o_�PbWM o5VWJRLPURMPO

ϕ̄
JRM(JQO2FI�_VwbwVWJRM i MPURJp¿5xSF o_MPfeUR`NJ|x{Á7H,HKY[ORM cjZKMPbWcaZKMNJpYeJ2LPVwbwbqFIOQVWY[HKJ�S;Y[Z_U¦bqFJRY[bwZ_OQVWY[HªL|FIbWLPZ_bW`NMsF i MNLpbWM�]TYjo_�PbWM¦`PbW`P]TMPHaORJd~KH_VWJTMPOTbWMpo_`PS_v9F[J2FIfgM ϕ̄ J2M�JQO2FI�_VwbwVWJRM¦FIZ_ORY[Z_Udo_M·exvHdF?o_MPfeUR`NJ{FIbWY[URJ�cjZAlnMPHkUR`NJRY[b i FIHjODo5VwURMNLPORMP]TMPHaODbmln`NcjZ9FIOQVWY[Hpo}ln` i Y[bwZ_OQVWY[H¦o_M a(2) ´GF5xw·$He¸�� ϕ̄ ORMPHKoi MPURJDÅ5x5y¾Y[ZKJzU2FIS_S;MPbWY[HKJDcjZKM¾S;Y[Z_UzbWM¾]TY�o_�PbWM=`PbW`P]TMPHaORJ�~KH_VWJ�MPOzbWMG]TY�o_�PbWM?�¾�° w LNY[HjOQVwHaZsHKY[ZKJZ_OQVwbwVWJRY[HKJ�M�¯KF[LPORMP]TMPHaO{bWMNJ�]1~P]TMNJD`NcjZ9FIOQVWY[HKJ|�KFIVwHKJQVrbWMNJ�o5V�®r`PURMPHKLNMNJDS_URY i VWMPH_HKMPHaO{Z_H_VWcjZKMP]TMPHaO7o_MbqFs]T`POQvKY�o_M�HaZ_]T`PUQVWcjZKM�Z_OQVwbwVWJR`NM�SrY[Z_UXbWMNJ�UR`NJRY[ZKo5URMex¨��MNJTo5V�®r`PURMPHKLNMNJdMPHaOQURM�bWMk]TY�o_�PbWM �¾½° wLNY[HjOQVwHaZsMPO{bWM=]TYjo_�PbWM �¾½° w o5VWJRLPURMPODS_URY i VWMPH_HKMPHjOGMPH¦feU2FIHKo_M=S9FIUQOQVWM	o_MNJ{v$1�S;Y[OQvK�NJRMNJ7caZKM�HKY[ZKJF i Y[HKJ DmFIVwORMNJDSrY[Z_UGo_`NLPUQVwURM	bmln` i Y[bwZ_OQVWY[H o_M�bqF D¶FI�_UQVWcjZKM�F i MNL\bWM�]TY�o_�PbWM\LNY[HjOQVwHaZ ´ Y[UQOQvKY[OQURY[S_VWMXMPOD¶Y[HKLPOQVWY[H o_M D¶MPUQ]TMPOQZ_URM I)KDÁ � ´¶¿5x»¿eÆg¸Q¸�xCl(FIbwfeUR`pLNMNJXSrMPOQVwORMNJTo5V�®}`PURMPHKLNMNJ|��bWMNJXUR`NJRZ_bwO2FIORJTURMNJQORMPHjOOQUR�NJdS_URYjL2vKMNJtLNMscaZ_V i FIbwVWo_M¦HKY[OQURMs`NcjZ9FIOQVWY[Hªo}ln` i Y[bwZ_OQVWY[H%LNY[HjOQVwHaZKM ´GF5xw·$He¸XSrY[Z_Ud]TY�o_`PbwVWJRMPUtbWMo_` i MPbWY[S_SrMP]TMPHaO¾o_M=bqF�D¶FI�_UQVWcjZKM�MPODJ2F?UR`NJ2Y[bwZ_OQVWY[H¦S9FIU�bqF�]T`POQvKY�o_M�o_MNJD`PbW`P]TMPHjORJD~KH_VWJ|x��l»FI]XVwHKLPVWJRJRMP]TMPHaO�S;MPZ_O7~POQURM{Y[�_ORMPHaZuo_M�o_MPZ5¯�]dFIH_VW�PURMNJ�o5V�®}`PURMPHaORMNJ¹�aJRY[VwOCY¾S9FIUQOQVwU�o5ZXORMPHKJ2MPZ_UfeU2F[o5VWMPHjO7o_MGOQU2FIHKJ?D¶Y[UQ]dFIOQVWY[HA�9o}l»FIS_UR�NJ?´¶µ5x»Æg¸��KLNY[]X]TM

th = 1/F̄11
� ´¶µ5x»¿e¿g¸

JRY[VwO Y?S9FIUQOQVwU7o_M=bmlSuIfgM�LNY[]X]TM
th = (∂y/∂

6{f
)/a
� ´¶µ5x»¿IÃj¸

Y[¼sbWM	ORMPUQ]TM
(∂y/∂

67f
)
o_Y[H_HKM	bmln`PS9FIVWJRJ2MPZ_U¾o}l Z_HKM�LNY[ZKLRvKMXFIH_HjZKMPbwbWM Ydbml»FIbwOQVwOQZKo_M

y
MPO7bml»F[LNLPZ_]\Z5hbqFIOQVWY[H

a
´ LNY[HKJQO2FIHaORMuoKFIHKJ=bWM�ORMP]XSKJ�MPO=bmlnMNJQS9F[LNM¹¸GMNJRO¾bmln`PS9FIVWJ2JRMPZ_U	o_MXLNMPOQORMXLNY[ZKLRvKMtFIH_HaZKMPbwbWMTMPHJQZ_U?DmF[LNMex�°jZ_U½bqF �«VwfeZ_URMGµ5x»µ5�gHKY[ZKJzo_Y[H_HKY[HKJ½bWMNJ�S_URYI~KbWJ½o}l»FI]XVwHKLPVWJ2JRMP]TMPHaODMPO½o_MEDmFI�_UQVWcaZKM¾Y[�_ORMPHaZKJ

YGbml»F�¯_MDo_MDJ�1j]T`POQUQVWMDMPH
x = 0

xa�AMNJ½FI]XVwHKLPVWJRJRMP]TMPHjORJ�L|FIbWLPZ_bW`NJ�S9FIU7´¶µ5x»¿e¿g¸�MPO�S9FIU¾´¶µ5x»¿IÃj¸�J2Y[HaO¨�_VWMPHVWo_MPHjOQVWcaZKMNJzoCHKY[ZKJ7U2FIS_S;MPbWY[HKJ¾ORY[Z_OGo_M�]1~P]TM?caZKM	bWM\L|FIbWLPZ_b�o_M�bmlSuIfgM?MPO7o5Z�ORMPHKJRMPZ_U¾feU2F[o5VWMPHaOGo_MOQU2FIHKJ?D¶Y[UQ]dFIOQVWY[H�JRY[HjO=UR`NJRY[bwZKJGS9FIUGbqFd]1~P]TM�]T`POQvKY�o_M�HaZ_]T`PUQVWcjZKMex}�AY[URJRcjZKM�bWM�LPVWJ2FIVwbwbWMP]TMPHaO\MNJQOHjZ_bm�gLNY[]X]TMnY¾bml»F�¯_MDo_MDJ 1�]T`POQUQVWMe�aFIbWY[URJ|�gS;Y[Z_U�Z_HT]TY�o_�PbWMDo_MDLNY[]XSrY[UQORMP]TMPHaOzo_Y[H_HK`e�gbqFnDmFI�_UQVWcjZKMHKM=o_`PSrMPHKopcjZKM=o_M=bqF�o_`[D Y[UQ]dFIOQVWY[H�LPZ_]	Z_bW`NM
ε̄c = e

R t

0
D̄yy dt − 1

� ´¶µ5x»¿yFg¸
cjZ_VAMNJQO�URMPbwVW`NMNY?bml»FI]XVwHKLPVWJRJ2MP]TMPHaO

th
S9FIU

ε̄c = th− 1
x ´¶µ5x»¿eµg¸

y¾Y[ZKJdLNY[]XS9FIURY[HKJtJQZ_UTbqF �«VwfeZ_URM�µ5x»µeF5�¨bWMNJu` i Y[bwZ_OQVWY[HKJ|��MPH>D Y[HKLPOQVWY[H o_M�bml»FI]XVwHKLPVWJRJRMP]TMPHjO|�zo_MNJ
DmFI�_UQVWcaZKMNJtY[�_ORMPHaZKMNJpFIZ o 3[]TM�S9FIUdbqF*]TYjo_`PbwVWJ2FIOQVWY[H `PbW`P]TMPHaORJt~KH_VWJko}l Z_HKMsS9FIUQO|��MPOkMPH UR`NJ2Y[b�h
i FIHaOzbmln`NcjZ9FIOQVWY[H¦o}ln` i Y[bwZ_OQVWY[H¦o_M a(2) ´GF5xw·$He¸�S;Y[Z_UzZ_HKM=LNY[]XS_URMNJRJRVWY[H��_VqF�¯�VqFIbWM=o}l»FIZ_OQURM=S9FIUQO|x_��MNJUR`NJQZ_bwO2FIORJ{Y[�_ORMPHaZKJ¾JRY[HaODVWo_MPHjOQVWcaZKMNJ¹x
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x = 5
±�] ´ÄOQVwURMPORJTMPO

+
o�o_MPZ5¯

+
JRZKLNLNMNJRJQV*D¶JXJRY[HaOJ2`PS9FIUR`NJ�o_M�ºeÅeÅeÅ?FIHKJ�¸��A´Ä�C¸�` i Y[bwZ_OQVWY[Hso_MNJ i VwORMNJRJ2MNJ�o_M¾o_`[D¶Y[UQ]dFIOQVWY[H D̄ii

JRZ_U½bqF?bwVwfeHKM=o_MGLNY[Z_U2FIHjOMPH D¶Y[HKLPOQVWY[H¦o_MGbmlSuIfgM�MPO	´ L¹¸½` i Y[bwZ_OQVWY[Hso_M=bqF i VwORMNJ2JRMGo_M=o_`[D Y[UQ]dFIOQVWY[H D̄12
´ÄOQU2FIVwODLNY[HaOQVwHaZC¸{MPODo_MbqF i VwORMNJRJRM=o_M�URY[O2FIOQVWY[H W̄12

´
+
¸½JQZ_U�bqF�bwVwfeHKM	o_M=LNY[Z_U2FIHaO7MPH D Y[HKLPOQVWY[H¦o_MGbmlSuIfgMex
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]p·e��bWMNJAOQVwURMPORJJRY[HjO¾Y[�_ORMPHjZKJGMPHsUR`NJRY[b i FIHaO¾bmln`NcjZ9FIOQVWY[H(o}ln` i Y[bwZ_OQVWY[H o_M a(2) ´¶µ5xw·|ºg¸7F i MNL?bml v_VWJQORY[VwURM?o_MNJ i VwORMNJ2JRMNJo_M?o_`[D Y[UQ]dFIOQVWY[H MPOGo_M	URY[O2FIOQVWY[H Y[�_ORMPHjZKM�bWM	bWY[H_fko_M	bqFdbwVwfeHKM�o_M\LNY[Z_U2FIHjO�MPO7bWMNJ7SrY[VwHaOQVwbwbW`NJ=JRY[HjOY[�_ORMPHjZKJ	F i MNLXbWM�]TY�o_�PbWMXo5VWJRLPURMPO=SrY[Z_U=Z_HKM D¶FI�_UQVWcjZKMXo_M
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´¶Fg¸ ´Ä�C¸

�Z�"2��#�z�f� ²�M i Y[bwZ_OQVWY[HA�IMPH D¶Y[HKLPOQVWY[H\o_M�bml»FI]XVwHKLPVWJRJ2MP]TMPHaO|�IoKFIHKJ�Z_H D¶Y[U2FIfgM�JRVwOQZK`CYzbml»F�¯_M¨o_M�J 1�]T`POQUQVWMMPH
x = 0

±�] ²C´¶Fg¸¨o_MNJ i FIbWMPZ_URJ¨S_URY[S_URMNJ½o_M a(2) JRY[bwZ_OQVWY[HKJ½o_M�bqF�JRVw]	Z_bqFIOQVWY[H �¾�° w � À ] I�
�
]p·´ÄOQU2FIVwORJ½LNY[HaOQVwHjZKJ�¸�MPO½MPHuUR`NJRY[b i FIHaO½bmln`NcaZ9FIOQVWY[Hko}ln` i Y[bwZ_OQVWY[H�o_M a(2) ´GF5xw·$He¸{´ + ¸��jMPO¾´Ä�C¸�LNY[]XS9FIU2FIV�hJ2Y[Hso_M\bml»FI]XVwHKLPVWJRJRMP]TMPHaO�L|FIbWLPZ_bW`�oKFIHKJ¾bWMND Y[U2FIfgM?LNY[]X]TM

th = 1/F̄11
´¶µ5x»¿e¿g¸	´ÄOQU2FIVwO=LNY[HjOQVwHaZC¸¾MPO

th = (∂y/∂Ag)/a
´¶µ5x»¿IÃj¸=´ ◦ ¸�x
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�
y¾Y[ZKJ	LNY[]XS9FIURY[HKJ?VWLPVzo5V�®r`PURMPHjORJ?]TYjo_�PbWMNJ?o_MdLNY[]XSrY[UQORMP]TMPHaOXo_MTbqF¦febqF[LNMdMPO?`POQZKo5VWY[HKJ?bWMPZ_UVwH5�KZKMPHKLNMpJRZ_U?bmln`NLNY[Z_bWMP]TMPHjOuo}l Z_HKM�L|FIbWY[OQORM�VWJ2Y[OQvKMPUQ]TMpJQZ_U�Z_H JRY�LPbWMuS_bqFIO|x��¨l»F[LNLPZ_]	Z_bqFIOQVWY[H MPHJQZ_U?DmF[LNM¾MNJQO�bqF\]1~P]TMGcjZKM7SrY[Z_U½bWMNJ�ORMNJRORJ�S_UR`NLN`No_MPHjORJ|xK��F?o_`�~KH_VwOQVWY[Hpo_MNJzJQVw]\Z_bqFIOQVWY[HKJ�S_UR`NJRMPHaOR`NMNJVWLPVAMNJQODo_Y[H_HK`NM\oKFIHKJ�bWMGO2FI�_bWM|FIZ�µ5x»º5x

HKY[] o_M=bqF�JRVw]	Z_bqFIOQVWY[H LNY[]XSrY[UQORMP]TMPHaO
�G�° w · �G�° w o

β = 0.04
�
γ = 1�G�° w º �G�° w o

β = 0.1
�
γ = 1°jO2FIO °jO2FIOQVWcjZKMpo

β = 0.04
�
γ = 1VWJRY[OQURY[SrM VWJ2Y[OQURY[S;M

n = 1VWJRY[OQURY[SrMPH_b VWJ2Y[OQURY[S;M
n = 3

���
	 �;µ5x»º5²KEG`�~KH_VwOQVWY[Hso_MNJDJQVw]\Z_bqFIOQVWY[HKJDSrY[Z_UDbqF�LNY[]XS9FIU2FIVWJRY[H�o_M=]TYjo_�PbWMNJ
µ
hRl x

°jZ_U«bqF���VwfeZ_URM�µ5xvH��¹HKY[ZKJ«LNY[]XS9FIURY[HKJ�bWMNJ«UR`NJQZ_bwO2FIORJ�Y[�_ORMPHaZKJ�MPH\JQZ_U?DmF[LNMex¹��MNJ�JQZ_U?DmF[LNMNJ«L|FIbWLPZ_bW`NMNJF i MNL	bWMNJ{]TYjo_�PbWMNJGo_M	LNY[]XSrY[UQORMP]TMPHaO�FIH_VWJRY[OQURY[SrMNJ¾JRY[HaO¾S_bwZKJ{S_bqFIORMNJ¾cjZKM	LNMPbwbWM?Y[�_ORMPHaZKM�F i MNL\Z_HLNY[]XSrY[UQORMP]TMPHaO�VWJRY[OQURY[SrMex|E�l Z_HKM¨]dFIH_VW�PURM¨fg`PHK`PU2FIbWMe�¹bWMNJ�DmFI�_UQVWcaZKMNJ�caZ_VaJ2M¨o_` i MPbWY[S_S;MPHjO«S_UR`NJ2MPHaORMPHaOZ_H D¶Y[UQO¨]dF�¯5Vw]	Z_]�JRZ_V i FIHjO�Z_HKMDo5VwURMNLPOQVWY[HuS_URYjL2vKMDo_M�bqF i MPUQOQVWL|FIbWMe�jLNY[]X]TMDVwbwbwZKJQOQUR`�S9FIU�bqF ��VwfeZ_URMµ5xS}5�¹URMPHKoKFIHaO�FIVwHKJQVgbqF�febqF[LNM�S_bwZKJA�KZ_VWo_M�MPH\LPVWJ2FIVwbwbWMP]TMPHjO|x���M¨]TY�o_�PbWM �G�° w LNY[HKo5Z_VwOpY�Z_HKM¨�KZ_VWo5VwOR`MPH(LPVWJ2FIVwbwbWMP]TMPHaO=SrY[Z_U¾Z_HKMJDmFI�_UQVWcaZKM YdZ_Hs]dF�¯5Vw]	Z_] S_bwZKJ¾Vw]XSrY[UQO2FIHaORMXcjZKM	LNMPbwbWM�Y[�_ORMPHaZKMTF i MNLbWM�]TY�o_�PbWM�°jO2FIOQVWcjZKMex���MNJ i VwORMNJRJRMNJXvKY[UQVw�|Y[HjO2FIbWMNJ�JRY[HaOtJRMPHKJQVw�_bWMP]TMPHjOuVWo_MPHjOQVWcaZKMNJ|�½FIbWY[URJucjZAl Vwb 1FtZ_HKMdF[J2JRMP�THKMPOQORMTo5V�®}`PURMPHKLNMdJQZ_U	bWMNJ i VwORMNJ2JRMNJ i MPUQOQVWL|FIbWMNJ|x«�bwZKJ�bqFkSrMPHaORMdo_MTJQZ_U?DmF[LNMTMNJQO D¶Y[UQORMe�S_bwZKJ	bqF i FIbWMPZ_U�FI�KJRY[bwZKMdo_MTbqF i VwORMNJ2JRM i MPUQOQVWL|FIbWMtMPH*JQZ_U?DmF[LNMdFIZ_fe]TMPHaORMkF i MNLubml»FI�KJRLPVWJRJRMex��AM DmFIVwOcjZKM�bqF�JQZ_U?DmF[LNMTY[�_ORMPHaZKMtF i MNLdZ_H*LNY[]XS;Y[UQORMP]TMPHjO\VWJ2Y[OQURY[S;MXHKY[H bwVwHK`|FIVwURMTJRY[VwO�]TY[VwHKJ	S_bqFIORMdcjZKMLNMPbwbWM¾Y[�_ORMPHaZKM�F i MNL7Z_H�LNY[]XSrY[UQORMP]TMPHaO�bwVwHK`|FIVwURM i VWMPHaO�o_MNJ i FIbWMPZ_URJ�L2vKY[VWJQVWMNJ½S;Y[Z_UzbWMNJ��KZ_VWo5VwOR`NJzo_MUR`[D¶`PURMPHKLNMNJ|x°jZ_U�bqF ��VwfeZ_URM7µ5x»Æ5�aHKY[ZKJ�LNY[]XS9FIURY[HKJ½bWMNJ¨S_URYI~KbWJ½o_M i VwORMNJRJRM i MPUQOQVWL|FIbWM¾MPO�o_M i VwORMNJRJRMNJ�o_MDo_`[D¶Y[U h]dFIOQVWY[H1Y7bml»F�¯5M½o_MzJ 1�]T`POQUQVWMexI¨bwZKJ�bWM�]TY�o_�PbWMzLNY[HKo5Z_VwOCYDZ_HKM��KZ_VWo5VwOR`zVw]XSrY[UQO2FIHaORM�MPHXLPVWJ2FIVwbwbWMP]TMPHaOSrY[Z_U�bWMNJZDmFI�_UQVWcaZKMNJ Y?Z_Hp]dF�¯5Vw]	Z_]p�CS_bwZKJDbWMNJ�S_URYI~KbWJ7o_M i VwORMNJ2JRM i MPUQOQVWL|FIbWM\J2MGU2FIS_S_URYjL2vKMPHaOGo}l Z_HS_URYI~Kb�bwVwHK`|FIVwURMexAÁ7H�Y[�_OQVWMPHjO=FIVwHKJRV�o_MNJ i VwORMNJRJRMNJ¾o_M	o_`[D¶Y[UQ]dFIOQVWY[H ]TY[VwHKJ7Vw]XSrY[UQO2FIHaORMNJ=MPH(JQZ_U?DmF[LNMF i MNLubWMu]TY�o_�PbWM �G�° w MPO?MPbwbWMNJ?URMNJQORMPHjO�LNY[HKJRO2FIHaORMNJXJQZ_U?Z_HKMu`PS9FIVWJ2JRMPZ_U�S_bwZKJ\Vw]XSrY[UQO2FIHaORMex���MNJS_URYI~KbWJ�o_M i VwORMNJRJRMNJ=o_MXo_`[D¶Y[UQ]dFIOQVWY[H*L|FIbWLPZ_bW`NJ\oKFIHKJ=bWMXL|F[J=bwVwHK`|FIVwURMTJRY[HjO	F[JRJRMP�TJRMP]\�_bqFI�_bWMNJ	cjZKMPbcjZKM�JRY[VwO7bWM�]TY�o_�PbWM	o_M	LNY[]XSrY[UQORMP]TMPHaO|�;S9FIU¾LNY[HaOQURM\VwbWJ7o5V�®}`PURMPHaOGJRMPHKJQVw�_bWMP]TMPHjO¾o_M\LNMPbwZ_V«Y[�_ORMPHaZF i MNLXbWMXLNY[]XS;Y[UQORMP]TMPHjO	VWJRY[OQURY[SrM�HKY[H bwVwHK`|FIVwURMex 6 L|FIZKJRMXo_M�bqFtHKY[H�bwVwHK`|FIUQVwOR`e�}bqFtfebqF[LNMdo_M i VWMPHjOo_M�S_bwZKJ�MPH S_bwZKJ i VWJRcjZKMPZKJRMXJRY[ZKJGbWMdo 3[]TMXMPO�bWM�S_URYI~Kb�o_M i VwORMNJRJRM i MPUQOQVWL|FIbWMdMNJQO D¶Y[UQORMP]TMPHaO	HKY[HbwVwHK`|FIVwURMex°jZ_UzbqF ��VwfeZ_URM�µ5xw·|Å5�jHKY[ZKJ�LNY[]XS9FIURY[HKJzbWMNJzS_URYI~KbWJ�o_M i VwORMNJRJRMNJzMPO�o_M i VwORMNJRJRMNJ½o_MGo_`[D Y[UQ]dFIOQVWY[HY[�_ORMPHjZKJ�oKFIHKJzZ_HkD¶Y[U2FIfgMGJQVwOQZK`GMPH
x = 30

±�]px_�Y[Z_U½bWMNJzS_URYI~KbWJzo_M i VwORMNJRJRM i MPUQOQVWL|FIbWMe�_oKFIHKJ�bWMGL|F[JbwVwHK`|FIVwURMe�9HKY[ZKJDSrY[Z i Y[HKJZDmFIVwURM=bWMNJD]1~P]TMNJ7Y[�KJRMPU i FIOQVWY[HKJ¾cjZKMGS;Y[Z_UDbWMNJ{S_URYI~KbWJ7Y[�_ORMPHjZKJ¾FIZso 3[]TMex�FIUDLNY[HaOQURM�oKFIHKJzbWM=L|F[JzHKY[H�bwVwHK`|FIVwURMe�KbqF	febqF[LNM=o_M i VWMPHaO{�;M|FIZKLNY[Z_S�S_bwZKJ½�KZ_VWo_M i MPURJzbWM D¶Y[HKokMPO�bWMS_URYI~Kb5o_M i VwORMNJRJRM i MPUQOQVWL|FIb_JRM�U2FIS_S_URY�LRvKMzo}l Z_H?S_URYI~Kb5bwVwHK`|FIVwURMex w M½LRv9FIH_fgMP]TMPHjO�o_M�S_URYI~Kb�o_M i VwORMNJ2JRMi MPUQOQVWL|FIbWMTMPHjOQURMXbWMXo 3[]TMXMPO�bWMNJ¾�CFIHKLNJ�o_MTbqFkL|FIbWY[OQORMe�AoKFIHKJ=bWMXL|F[JGHKY[H�bwVwHK`|FIVwURMe�AMNJRONYdbmlnY[UQVwfeVwHKMo_MNJDFIURL2vKMNJ{o_M ]7F 1j]TY[HKo�´ ]¾F 1�]TY[HKo}�A·|Æy}e¿g¸½cjZKMGbmlnY[HpY[�KJRMPU i M�JQZ_UzbWMNJDLNY[Z_UQ�rMNJ�VWJRY�LRv_URY[HKMNJDJ2Y[ZKJbWM?o 3[]TMe�rLNY[]X]TM�VwbwbwZKJQOQUR`�JQZ_U7bqF ��VwfeZ_URMXµ5xw·e·exr«MPOQOQVwO�MPO j F[o_o5VwfeORY[H ´¶ºeÅeÅe¿g¸¾`POQZKo5VWMPHaO�LNMPO=M�®}MPOF i MNL	Z_HKM	bWY[V�o_M\LNY[]XS;Y[UQORMP]TMPHjO¾VWJ2Y[OQURY[S;M\S;Y[b21�HKY[]XVqFIbWM�F i MNL n = 1
MPO
n = 3

�9oKFIHKJGo5V�®r`PURMPHjORMNJLNY[H5~KfeZ_U2FIOQVWY[HKJ|x 6 i MNLDbWMNJ�]TYjo_�PbWMNJzF 1aFIHjOzZ_HKMDUQvK`NY[bWY[feVWM¾bwVwHK`|FIVwURMe�abWMNJ�S_URYI~KbWJ½o_M i VwORMNJRJRM i MPUQOQVWL|FIbWMHKMTL2v9FIH_fgMPHaO?S9F[J�MPHaOQURMdbWMTo 3[]TMTMPO�bWMNJ��CFIHKLNJ|�nMPO�bWMNJ\LNY[ZKLRvKMNJ\VWJRYjL2v_URY[HKMNJ	JRY[HjO�S_bqFIORMNJ|�«LNY[]X]TM
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VwbwbwZKJROQUR`	F i MNL=bqFTJQVw]	Z_bqFIOQVWY[H �G�° w ·\JQZ_U�bqF ��VwfeZ_URM	µ5xw·e·ex�AMNJ=S_URYI~KbWJ�o_MNJ=ORMPUQ]TMNJ	o5VqFIfgY[H9FIZ5¯ o_M
D̄
L|FIbWLPZ_bW`NJ\F i MNLTbWMNJ=o5V�®r`PURMPHjORJ�]TY�o_�PbWMNJ�JRY[HaO	F[J2JRMP�J2MP]	�_bqFI�_bWMNJ|�eFIbWY[URJ�cjZKM�bWMNJ�S_URYI~KbWJ�o_M i VwORMNJRJRM½o_Mzo_`[D Y[UQ]dFIOQVWY[HXMPH�LPVWJ2FIVwbwbWMP]TMPHaO D̄12

JRY[HjO�F[J2JRMP�½o5V*DÄh
D¶`PURMPHaORJ¹xg�bwZKJ�bqFGfebqF[LNMDMNJQO��KZ_VWo_M7MPHdLPVWJ2FIVwbwbWMP]TMPHjOzFIZ D¶Y[HKo}�go5Z DmFIVwO�o_M{bml»FIH_VWJRY[OQURY[S_VWM{Y[Zdo_MDbqFGHKY[HbwVwHK`|FIUQVwOR`e�5S_bwZKJDbqF i VwORMNJRJRMGo_MGo_`[D¶Y[UQ]dFIOQVWY[H¦MPH�LPVWJ2FIVwbwbWMP]TMPHaO{MNJRO½Vw]XSrY[UQO2FIHaORM\FIZ D Y[HKokMPOzS_bwZKJ�MPbwbWMMNJROpD¶FIVw�_bWM i MPURJ¨bWM{v9FIZ_O|xay¾Y[ORY[HKJ�cjZKMDHKY[ZKJ�J2Y[]X]TMNJ�VWLPV9oKFIHKJ½o_MNJ�LNY[HKo5VwOQVWY[HKJzY[¼Tbml»FIS_S_URY|¯�Vw]dFIOQVWY[Ho_M\bqFTLNY[ZKL2vKM?]XVwHKLNM\URMNJRORM i FIbwVWo_Mex w MPOQORM�FIS_S_URYN¯5Vw]dFIOQVWY[H S_UR` i Y[VwOGcaZKM\bqFdLNY[HjOQU2FIVwHaORMXo_` i VqFIORY[VwURMo_MkLPVWJ2FIVwbwbWMP]TMPHjO

S̄12
FIZ_fe]TMPHaORMpbwVwHK`|FIVwURMP]TMPHaOtF i MNL�bqFsS_URY D Y[HKo_MPZ_U|�¨S_URY[S;Y[UQOQVWY[H_HKMPbwbWMP]TMPHjO Y�bqFSrMPHaORMGMPHpJQZ_U?DmF[LNMex5E=FIHKJ�bWMGL|F[JzVWJRY[OQvKMPUQ]TM=MPOzVWJRY[OQURY[SrM¾bwVwHK`|FIVwURMe�5bqF i VwORMNJ2JRM7o_MGo_`[D¶Y[UQ]dFIOQVWY[H¦FIZ_f[h]TMPHjORMTFIVwHKJQV�bwVwHK`|FIVwURMP]TMPHaO?F i MNL?bqFdS_URY D¶Y[HKo_MPZ_U=S_URY[SrY[UQOQVWY[H_HKMPbwbWMP]TMPHaO YdbqFuS;MPHjORM�o_M?JRZ_U?D¶F[LNM�MPO

Y?bqF��KZ_VWo5VwOR`�o_M=bqF?febqF[LNMex�AMNJ=S_URYI~KbWJ�o_M DmFI�_UQVWcaZKMXMPO�o}l»FI]XVwHKLPVWJ2JRMP]TMPHaO?Y[�_ORMPHaZKJ\F i MNL�bWMNJ=]TY�o_�PbWMNJ	FIH_VWJRY[OQURY[SrMNJ�oKFIHKJZ_H D¶Y[U2FIfgM�JQVwOQZK`kMPH
x = 30

±j] J2Y[HaOTo_Y[H_HK`NJ�S9FIUXbqF ��VwfeZ_URMpµ5xw·|º5x���F4D¶FI�_UQVWcjZKMkJRMko_` i MPbWY[S_S;M�rM|FIZKLNY[Z_S(S_bwZKJ i VwORM�F i MNL?bWM\]TYjo_�PbWMX°jO2FIOQVWcaZKMex w Y[HjOQU2FIVwURMP]TMPHaO YuLNM?caZ_V�S;Y[Z_UQU2FIVwO ~POQURM?VwHaOQZ_VwOQV*DFIZ5¯ i ZKMNJ¨o_MNJ¨` i Y[bwZ_OQVWY[HKJ�o_MzbqFnDmFI�_UQVWcjZKMe�gMPHTLNY[]XS_URMNJRJQVWY[HdMPO�MPHTLPVWJ2FIVwbwbWMP]TMPHaO½JQVw]XS_bWMe�eS_UR`NJRMPHjOR`NMNJFIZ w v9FIS_VwOQURM1F5�;bqF DmFI�_UQVWcjZKM?J2M\LNY[HKLNMPHjOQURM�S_bwZKJ i VwORMXF i MNL?bWM?]TYjo_�PbWM=�G�° w S;Y[Z_U β = 0.1
caZKMSrY[Z_U

β = 0.04
x w MtUR`NJQZ_bwO2FIO i VWMPHaOTo5Z DmFIVwO?cjZKMtbml»FI]XVwHKLPVWJRJRMP]TMPHaOuo5Vw]XVwHaZKMkS_bwZKJ i VwORMtoKFIHKJ�bWMD¶Y[U2FIfgM{MPO½caZKM{bWM{LPVWJ2FIVwbwbWMP]TMPHjO½MNJRO�S_bwZKJ�Vw]XS;Y[UQO2FIHjO½oKFIHKJ�bqF=S9FIUQOQVWM¾JQZ_Sr`PUQVWMPZ_URM{o_MDbqF	L|FIbWY[OQORM{SrY[Z_U

β = 0.1
x w M{UR`NJRZ_bwO2FIO�]TY[HaOQURM¾bml Vw]XSrY[UQO2FIHKLNM7o_M{UR`|FIbwVWJRMPU½Z_HuL|FIbWLPZ_brLNY[Z_S_bW`7o_M{bmln`NLNY[Z_bWMP]TMPHaODMPO�o_Mbmln` i Y[bwZ_OQVWY[H�o_MGbqF DmFI�_UQVWcaZKMGSrY[Z_U i FIbwVWo_MPUDbWMNJ�]TY�o_�PbWMNJ

µ
hRl MPO{VwHaORMPUQS_UR`PORMPU{bWMNJED Y[U2FIfgMNJ¹x

6 i MNL	bWMNJ{OQURY[VWJ¾]TY�o_�PbWMNJ|�9o5Z4D¶FIVwO¾o_M	bqFTS_UR`NJRMPHKLNM?o_M\LPVWJ2FIVwbwbWMP]TMPHjO�FIS_S9FIU2FIVWJRJ2FIHaOGU2FIS_VWo_MP]TMPHjOJ2Y[ZKJzbqF�JQZ_U?D¶F[LNMGoKFIHKJ�bWM=L|F[JzVWJ2Y[OQvKMPUQ]TMe�_bWMGo_`PS_v9F[J2FIfgM
ϕ̄
LNY[]X]TMPHKLNM=S9FIU{FIZ_fe]TMPHaORMPU7S_Z_VWJ�o5Vw]XV�hHjZKMex
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! �"!��6$����� ./�5� w Y[]XS9FIU2FIVWJ2Y[HA��MPH�JQZ_U?DmF[LNMe��o_MNJ�UR`NJRZ_bwO2FIORJ½o_MNJzJQVw]\Z_bqFIOQVWY[HKJ�¾½° w ·´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸�� �G�° w º�´ÄOQVwURMPORJDMPOzSrY[VwHaOQVwbwbW`NJ�¸��;°jO2FIO	´ÄOQU2FIVwORJ�LNY[HaOQVwHaZKJ7MPO
�
¸���VWJRY[OQURY[S;MX´ÄOQVwURMPORJ�¸MPODVWJ2Y[OQURY[S;MPH_b�´ÄS;Y[VwHjOQVwbwbW`NJ�¸	²�´¶Fg¸�`PbW` i FIOQVWY[H�o_M	bqFTJQZ_U?DmF[LNM=bwVw�_URMe��´Ä�C¸ i VwORMNJRJRM=vKY[UQVw�|Y[HjO2FIbWM u MPO\´ L¹¸i VwORMNJRJRM i MPUQOQVWL|FIbWM v x
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!:��!$�5$�'�P�d. �5� I�JRY i FIbWMPZ_URJto_MpbqF�S_bwZKJTfeU2FIHKo_M i FIbWMPZ_UuS_URY[S_URMso_M a(2) SrY[Z_UdbqFJRVw]	Z_bqFIOQVWY[H �¾½° w ·ex���ln`NLRvKMPbwbWM i MPUQOQVWL|FIbWMkMNJQO\o5VwbqFIOR`NMko}l Z_H DmF[LPORMPZ_U�¿eÅ¦S9FIU\U2FIS_SrY[UQO Ypbmln`NL2vKMPbwbWMvKY[UQVw�|Y[HjO2FIbWMex
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!&��!$�5$�'�P�d. �5� w Y[]XS9FIU2FIVWJRY[HA�DoKFIHKJkZ_H&D Y[U2FIfgM(JQVwOQZK` Y bml»F�¯_M�o_M(J 1�]T`POQUQVWM�MPH
x = 0

±�]p�jo_MNJzS_URYI~KbWJzL|FIbWLPZ_bW`NJDF i MNLGbWMNJzJQVw]\Z_bqFIOQVWY[HKJ�¾½° w ·�´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸����G�° w ºk´ÄOQVwURMPORJMPO\S;Y[VwHjOQVwbwbW`NJ�¸���°jO2FIO�´ÄOQU2FIVwORJ�LNY[HaOQVwHjZKJ?MPO
�
¸��AVWJ2Y[OQURY[S;M�´ÄOQVwURMPORJ�¸�MPO\VWJRY[OQURY[SrMPH_bG´ÄSrY[VwHaOQVwbwbW`NJ�¸d²�´¶Fg¸

i VwORMNJRJRM i MPUQOQVWL|FIbWM v MPO\´Ä�C¸ i VwORMNJRJRMNJ�o_M�o_`[D¶Y[UQ]dFIOQVWY[H D̄ii
x
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´
10−4 F −1 ¸

D̄12
´
10−4 F −1 ¸

D̄12
´
10−4 F −1 ¸

D̄11D̄22

´¶Fg¸ ´Ä�C¸

´ L¹¸ ´ o9¸
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!k�"!��6$����� ./�5� w Y[]XS9FIU2FIVWJRY[HA�CoKFIHKJ�Z_H D¶Y[U2FIfgM=JQVwOQZK`�MPH
x = 30

±�]p�_o_MNJ�S_URYI~KbWJo_MNJzJQVw]\Z_bqFIOQVWY[HKJ3�G�° w ·g´ÄOQU2FIVwORJDLNY[HaOQVwHjZKJ�¸�� �G�° w ºk´ÄOQVwURMPORJ�MPOzS;Y[VwHjOQVwbwbW`NJ�¸��9°jO2FIO�´ÄOQU2FIVwORJ�LNY[HaOQVwHaZKJMPO
�
¸���VWJRY[OQURY[S;M ´ÄOQVwURMPORJ�¸uMPOtVWJRY[OQURY[SrMPH_bX´ÄSrY[VwHaOQVwbwbW`NJ�¸�²¾´¶Fg¸ i VwORMNJRJRMsvKY[UQVw�|Y[HaO2FIbWM u �=´Ä�C¸ i VwORMNJ2JRMi MPUQOQVWL|FIbWM v ��´ L¹¸ i VwORMNJRJRMNJ�o_M�o_`[D¶Y[UQ]dFIOQVWY[H D̄ii

MPO	´ o9¸ i VwORMNJRJRM=o_M=o_`[D¶Y[UQ]dFIOQVWY[H D̄12
x
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!J�"!��5$�'�P�d. �6� I�JRY i FIbWMPZ_URJ¨o_MzbmlSuIfgM{Y[�_ORMPHaZKMNJzF i MNL�bWMz]TY�o_�PbWM3�G�° w ·	´GY¾faFIZKLRvKM¹¸MPO�F i MNLTbWM\]TY�o_�PbWM�VWJRY[OQURY[SrMPH_b{´GYko5URY[VwORM¹¸�xA�¨ln`NL2vKMPbwbWM i MPUQOQVWL|FIbWMTMNJQO=o5VwbqFIOR`NMTo}l Z_HtDmF[LPORMPZ_U	¿eÅuS9FIUU2FIS_SrY[UQOnY?bmln`NLRvKMPbwbWM	vKY[UQVw�|Y[HaO2FIbWMex
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ai ϕ̄
´ o_MPfeUR`NJ�¸

th

´¶Fg¸ ´Ä�C¸

´ L¹¸

�Z�"2����z�"� � ² �N�
!k�"!��6$����� ./�5� w Y[]XS9FIU2FIVWJRY[HA�CoKFIHKJ�Z_H D¶Y[U2FIfgM=JQVwOQZK`�MPH
x = 30

±�]p�_o_MNJ�S_URYI~KbWJo_MnDmFI�_UQVWcaZKMNJ�L|FIbWLPZ_bW`NJDF i MNLGbWMNJ�JQVw]	Z_bqFIOQVWY[HKJ;�¾�° w ·T´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸�� �¾�° w º�´ÄOQVwURMPORJ{MPO½SrY[VwH5hOQVwbwbW`NJ�¸{MPO	°jO2FIOT´ÄOQU2FIVwORJ=LNY[HaOQVwHjZKJ	MPO
�
¸\²�´¶Fg¸ i FIbWMPZ_URJ¾S_URY[S_URMNJ�o_M a(2) ��´Ä�C¸{o_`PS_v9F[J�FIfgM ϕ̄ MPOT´ L¹¸FI]XVwHKLPVWJ2JRMP]TMPHaO|x
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�z� �����z��� � %��p-���%�+P� �'���"�t���. 	C�P� �#$-�� �
y¾Y[ZKJTLNY[]XS9FIURY[HKJ|��S;Y[Z_UdZ_HKMpL|FIbWY[OQORMpHKY[H VWJ2Y[OQvKMPUQ]TMe��bWMNJTUR`NJQZ_bwO2FIORJuY[�_ORMPHaZKJkF i MNL�bWMp]TYIho_�PbWM �G�° w S;Y[Z_U

β = 0.04
MPO
γ = 1

Y�LNMPZ5¯�Y[�_ORMPHaZKJ�F i MNLTZ_H LNY[]XS;Y[UQORMP]TMPHjO\VWJ2Y[OQURY[S;Me�«LNMNJo_MPZ5¯*L|FIbWLPZ_bWJ�`PO2FIHaOXLNY[Z_S_bW`NJ YpLNMPbwZ_Vzo5Z�LRv9FI]XS o_MTORMP]XSr`PU2FIOQZ_URMex��¨l»F[LNLPZ_]	Z_bqFIOQVWY[H MPH�JQZ_U?DmF[LNMMNJQOuLNY[HKJQO2FIHaORM(MPO i FIZ_O_}[LP]-F −1 x���F*ORMP]XS;`PU2FIOQZ_URM�MPHªJRZ_U?D¶F[LNMsMNJQOd`PfaFIbWMtY(hmÃaÅ ◦ w MPOubWM��KZ5¯fg`NY[OQvKMPUQ]XVWcjZKM�Y?bqF?�9F[JRM i FIZ_O�ÃaÅI] j ] −2 x°jZ_U7bqF ��VwfeZ_URM�µ5xw·|¿5�9HKY[ZKJ¾o_Y[H_HKY[HKJ¾bWMNJDUR`NJQZ_bwO2FIORJGY[�_ORMPHaZKJGMPH�JQZ_U?D¶F[LNMex w Y[]X]TM�oKFIHKJ{bWM\L|F[JVWJRY[OQvKMPUQ]TMe�9bqFTL|FIbWY[OQORM?MNJQODS_bwZKJ7S_bqFIORM	oKFIHKJ7bWM�L|F[JGFIH_VWJRY[OQURY[S;M\caZKM\oKFIHKJDbWM\L|F[J{VWJRY[OQURY[SrMex;°jZ_U7bqF
��VwfeZ_URM{µ5xw·PÃK�eHKY[ZKJ�o_Y[H_HKY[HKJ�bWMNJ�S_URYI~KbWJ�o_M i VwORMNJRJRMNJ�MPO�o_M i VwORMNJRJRMNJ�o_M{o_`[D Y[UQ]dFIOQVWY[HtY[�_ORMPHaZKJ½oKFIHKJZ_H D¶Y[U2FIfgM=MPH

x = 30
±j]px_E¾Z DmFIVwOzo_M¾bqF\ORMP]XSr`PU2FIZ_URMe�_bqF\febqF[LNM=o_M i VWMPHjODS_bwZKJ½�KZ_VWo_M i MPURJzbWMnD Y[HKo}�FIVwHKJQV�bWMXLPVWJ�FIVwbwbWMP]TMPHaO\MNJRO=HK`PfebwVwfgM|FI�_bWMdoKFIHKJ=bqFtS9FIUQOQVWMTJRZ_S;`PUQVWMPZ_URMTo5ZtD¶Y[U2FIfgM�]dFIVWJ	o_M i VWMPHaO	OQUR�NJVw]XSrY[UQO2FIHaOGFIZ�H_V i M|FIZso5Z¦JRY�LPbWMex_EGMNJ�VWJRY i FIbWMPZ_URJ7o_M=bqF�S_bwZKJ�feU2FIHKo_M i FIbWMPZ_UDS_URY[S_URM	o_M a(2) JRY[HjOOQU2F[LN`NMNJ�JQZ_U�bqF ��VwfeZ_URM�µ5xw·�F5x w Y[]X]TM=bWMGLPVWJ2FIVwbwbWMP]TMPHjO7MNJQO�LNY[HKLNMPHaOQUR` i MPURJ�bqFND Y[HKo}�_LNMNJzVWJRY i FIbWMPZ_URJJRY[HjO=�;M|FIZKLNY[Z_S S_bwZKJ=S_bqFIORMNJ	MPO=S_bwZKJ	S_URY D Y[HKo_MNJ	caZKMToKFIHKJ�bWMTL|F[J=VWJRY[OQvKMPUQ]TM¦´ i Y[VwU �«VwfeZ_URMuµ5xS}g¸�x�AMNJ½S_URYI~KbWJ�o_M¾ORMP]XSr`PU2FIOQZ_URMe�_o}l»FI]XVwHKLPVWJRJRMP]TMPHaO7MPO½o_MnDmFI�_UQVWcaZKMGJRY[HjOzo_Y[H_HK`NJ�JRZ_U�bqF ��VwfeZ_URM=µ5xw·|µ5x�¨l»FI]XVwHKLPVWJ2JRMP]TMPHaO�MNJQO=S_bwZKJ�U2FIS_VWo_MuoKFIHKJ=bWMTL|F[J	VWJRY[OQURY[S;MdcaZKMXoKFIHKJ	bWMTL|F[J	FIH_VWJRY[OQURY[SrMex�E¾Z DmFIVwOo}l Z_HKM=F[o i MNLPOQVWY[HpS_bwZKJzU2FIS_VWo_M=o_M¾febqF[LNM D URY[VWo_M i MPH9FIHaODo_M¾bqF�JQZ_U?DmF[LNMe�jbqF\ORMP]XSr`PU2FIOQZ_URM	FIZ_fe]TMPHaORM]TY[VwHKJ i VwORMuF i MNLtbqF¦S_URY D Y[HKo_MPZ_UXoKFIHKJ?bWMtL|F[J?FIH_VWJRY[OQURY[SrMex�l�FIVWJ?LNMPO�M�®rMPO�MNJQO?VwHKJQZ#\dJ2FIHaO�SrY[Z_UURMPHKo5URM�bqF�febqF[LNMpVWJRY[OQURY[S;MpS_bwZKJ��KZ_VWo_MpMPH LPVWJ2FIVwbwbWMP]TMPHjOucjZKMkbqF(febqF[LNM¦FIH_VWJRY[OQURY[SrMex¨��F4DmFI�_UQVWcjZKMFIZ_fe]TMPHjORMT]TY[VwHKJ i VwORMToKFIHKJ	bWM D Y[U2FIfgMTS9FIU�U2FIS_S;Y[UQO?FIZ*L|F[J�VWJRY[OQvKMPUQ]TMe��MPO�bWMTo_`PS_v9F[J2FIfgM

ϕ̄
MNJROcjZ9F[JQVw]TMPHaO�HjZ_b}S_UR�NJ�o_M¾bqF\JRZ_U?D¶F[LNM¾S_Z_VWJRcjZAl Vwb}HAl 1tF\S9F[J�o_MGLPVWJ2FIVwbwbWMP]TMPHaO|�K]dFIVWJzVwb�FIZ_fe]TMPHaORM	F i MNLbqF?S_URY D¶Y[HKo_MPZ_U|x
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�G�° w ´ÄOQU2FIVwORJkLNY[HaOQVwHaZKJ�¸tMPOuVWJRY[OQURY[SrM�´ÄOQVwURMPORJ�¸tF i MNL�L|FIbWLPZ_bGo5Z LRv9FI]XS%o_MsORMP]XS;`PU2FIOQZ_URM ²G´¶Fg¸`PbW` i FIOQVWY[H¦o_M=bqF�JRZ_U?D¶F[LNMGbwVw�_URMe��´Ä�C¸ i VwORMNJRJ2MGvKY[UQVw�|Y[HaO2FIbWM u MPO	´ L¹¸ i VwORMNJRJRM i MPUQOQVWL|FIbWM v x



� �6� �����
	��������������������� �"!��#$�"��%&�'���)(*��+,��-��"��./��%01���32��"�
+,�4�5%'�"!��6�����	7�5� � �

0.0 0.2 0.4 0.6 0.8
0.0

0.2

0.4

0.6

0.8

1.0

-0.08 -0.06 -0.04 -0.02 0.00

-0.2 0.0 0.2
0.0

0.2

0.4

0.6

0.8

1.0

0 5 10

ỹ
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D̄ii
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10−4 F −1 ¸ D̄12

´
10−4 F −1 ¸
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´¶Fg¸ ´Ä�C¸

´ L¹¸ ´ o9¸
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!3%'��% �"!��6$����� ./�5� w Y[]XS9FIU2FIVWJRY[HA�AoKFIHKJ=Z_H�D¶Y[U2FIfgMXJQVwOQZK`XMPH
x = 30

±j]p�}o_MNJS_URYI~KbWJzL|FIbWLPZ_bW`NJDF i MNL¾bWMNJzJQVw]\Z_bqFIOQVWY[HKJ3�¾½° w ´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸½MPO½VWJRY[OQURY[SrMX´ÄOQVwURMPORJ�¸D²}´¶Fg¸ i VwORMNJ2JRMvKY[UQVw�|Y[HjO2FIbWM
u
�¾´Ä�C¸ i VwORMNJRJRM i MPUQOQVWL|FIbWM v �=´ L¹¸ i VwORMNJRJRMNJko_M�o_`[D Y[UQ]dFIOQVWY[H D̄ii

MPO(´ o9¸ i VwORMNJRJRMso_Mo_`[D¶Y[UQ]dFIOQVWY[H
D̄12
x
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!k%��0%&�"!��6$����� ./�5� I�JRY i FIbWMPZ_URJ{o_M�bqF�S_bwZKJDfeU2FIHKo_M i FIbWMPZ_UDS_URY[S_URM\o_M a(2) SrY[Z_UbWM	]TYjo_�PbWM �¾½° w F i MNL\L|FIbWLPZ_b�o5ZsL2v9FI]XS�o_M	ORMP]XS;`PU2FIOQZ_URMexn�¨ln`NL2vKMPbwbWM i MPUQOQVWL|FIbWM�MNJQO{o5VwbqFIOR`NM?o}l Z_HDmF[LPORMPZ_U7¿eÅ?S9FIUDU2FIS_SrY[UQOnY?bmln`NL2vKMPbwbWM�vKY[UQVw�|Y[HaO2FIbWMex
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ai ϕ̄
´ o_MPfeUR`NJ�¸

´¶Fg¸ ´Ä�C¸

´ L¹¸ ´ o9¸

�Z�"2z�1�z�"�#� ² �N�
! %��0% �"!��6$����� ./�5� w Y[]XS9FIU2FIVWJRY[HA�DoKFIHKJkZ_H�D¶Y[U2FIfgM JQVwOQZK` MPH
x = 30

±j]p�o_MNJ?S_URYI~KbWJXL|FIbWLPZ_bW`NJTF i MNLkbWMNJ�JQVw]\Z_bqFIOQVWY[HKJ �G�° w ´ÄOQU2FIVwORJXLNY[HaOQVwHaZKJ�¸?MPO?VWJ2Y[OQURY[S;M ´ÄOQVwURMPORJ�¸u²z´¶Fg¸ORMP]XSr`PU2FIOQZ_URMe��´Ä�C¸�FI]XVwHKLPVWJRJ2MP]TMPHaO|�«´ L¹¸ i FIbWMPZ_URJ�S_URY[S_URMNJ7o_M a(2) MPO	´ o9¸zo_`PS_v9F[J�FIfgM ϕ̄ x
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y7Y[ZKJA`POQZKo5VWY[HKJ�bmln`NLNY[Z_bWMP]TMPHaO��_VWo5Vw]TMPHKJQVWY[H_HKMPbjo_M¨bqF½febqF[LNM¨JQZ_UAZ_H�JRY�LPbWM�JQVwHjZKJRY��moKFIbjo}ln`NcjZ9FIOQVWY[H

B(x) =







A(1 + cos
2πTx

70
)
S;Y[Z_U

0
±�] ≤ x ≤ 70

±�]
0

S;Y[Z_U
70
±�]

< x ≤ xL

� ´¶µ5x»¿,He¸
Y[¼

A
MNJRO½bml»FI]XS_bwVwOQZKo_M=MPO

T
bWM¾HKY[]	�_URM	o_M7Sr`PUQVWY�o_MNJ|x5y7Y[ZKJ½S_UR`NJRMPHjORY[HKJ�VWLPV}bWMNJ½UR`NJQZ_bwO2FIORJDY[�_ORMPHaZKJF i MNL=OQURY[VWJDJRY�LPbWMNJDo5V�®}`PURMPHaORJ|x9�AMNJ7FI]XS_bwVwOQZKo_MNJ7MPODbWMNJ i FIbWMPZ_URJDo_M T Z_OQVwbwVWJR`NMNJ|�KJ2Y[HaO{o_Y[H_HK`NMNJ7oKFIHKJbWMGO2FI�_bWM|FIZ(µ5x»¿5x
HKY[] o_M=bqF�JQVw]\Z_bqFIOQVWY[H

A
´Ä]u¸

TJ2YjLPbWMe· ÃaÅeÅ º5xSFJ2YjLPbWM|º ÃaÅeÅ ¿5xSFJ2YjLPbWM|¿ ¿eÅeÅ ¿5xSF
���
	 �rµ5x»¿5²9EG`�~KH_VwOQVWY[H(o_MNJ{JQVw]\Z_bqFIOQVWY[HKJ7SrY[Z_U{bqFTLNY[]XS9FIU2FIVWJRY[H�o_M	bml VwH5�KZKMPHKLNM\o_M	bqFXORY[SrY[feU2FIS_v_VWMo5ZpJ2YjLPbWM
y7Y[ZKJ¾FIS_S;MPbWY[HKJ7JQVw]	Z_bqFIOQVWY[H �¾½° w bWMNJDUR`NJQZ_bwO2FIORJ7L|FIbWLPZ_bW`NJ¾F i MNL�bWM=]TY�o_�PbWM �G�° w S;Y[Z_U β =

0.04
MPO
γ = 1

MPO7Z_HKM�FIH_VWJRY[OQURY[S_VWM�` i Y[bwZ_OQV i Me�rJQVw]	Z_bqFIOQVWY[H �G�° w � À ]nI  bWMNJ7UR`NJQZ_bwO2FIORJGL|FIbWLPZ_bW`NJF i MNL{bWM{]TYjo_�PbWMH�G�° w SrY[Z_U β = 0.04
MPO
γ = 1

MPO�Z_HKMGFIH_VWJRY[OQURY[S_VWM{~_¯5M7MPO�o_Y[H_HK`NM¾S9FIU�bWM{S_URYI~Kbo_M DmFI�_UQVWcjZKM¦´¶µ5x»¿eºg¸�xAy¾Y[ZKJ�LNY[]XS9FIURY[HKJ\LNMNJ�UR`NJQZ_bwO2FIORJNY�LNMPZ5¯ Y[�_ORMPHaZKJ\S;Y[Z_U=Z_H LNY[]XS;Y[UQORMP]TMPHjOVWJ2Y[OQURY[S;Mex
�z���z� �A� � �N�5�"�5 ��t�"!��5$�'�P�d. �
EGFIHKJ{bWM	L|F[J¾o}l Z_HKM	L|FIbWY[OQORM\VWJRY[OQvKMPUQ]TMe�KHKY[ZKJ¾o_Y[H_HKY[HKJ7bWMNJ{UR`NJQZ_bwO2FIORJ¾MPH¦JQZ_U?DmF[LNM�SrY[Z_U{bWMNJ7JQV�h]\Z_bqFIOQVWY[HKJzJRYjLPbWMe·e�aJRYjLPbWM|º�MPO�JRY�LPbWM|¿5�aJQZ_U¨bWMNJ���VwfeZ_URMNJ½µ5xw·$HGMPOzµ5xw·�}5x w Y[]X]TM{S;Y[Z_U�bWMNJ�JQVw]\Z_bqFIOQVWY[HKJJRZ_U�JRY�LPbWM�S_bqFIO|�gbWMNJ¨JRZ_U?D¶F[LNMNJ�o5ZuL|F[J�FIH_VWJ2Y[OQURY[S;M7JRY[HaO¨S_bwZKJ�S_bqFIORMNJ�cjZKMDLNMPbwbWMNJ½o5ZdL|F[J¨VWJ2Y[OQURY[S;Mexj�AMNJY[HKo5Z_bqFIOQVWY[HKJ�o5ZtJRY�LPbWM7JRY[HjO�OQU2FIHKJR]XVWJRMNJ�MPHkJQZ_U?DmF[LNM¾F i MNL{Z_Hko_`PS_v9F[J2FIfgMex5�¨l»FI]XS_bwVwOQZKo_M=o_MNJ½Y[HKo5Z5hbqFIOQVWY[HKJ�MNJQO¨S_bwZKJ�Vw]XS;Y[UQO2FIHjORM7oKFIHKJ�bWMDL|F[J�VWJRY[OQURY[SrM{cjZKM�oKFIHKJ¨bWMDL|F[J�o5ZT]TY�o_�PbWM;�G�° w x 6 i MNL�Z_HKMFIH_VWJ2Y[OQURY[S_VWM{~_¯_Me��bWMNJzY[HKo5Z_bqFIOQVWY[HKJ�JRY[HaOz]TY[VwHKJ½Vw]XS;Y[UQO2FIHjORMNJDcjZAl»F i MNL¾Z_HKM=FIH_VWJRY[OQURY[S_VWMG` i Y[bwZ_OQV i Mexy¾Y[ZKJ¨Y[�_ORMPHKY[HKJ�o_MNJ¨Y[HKo5Z_bqFIOQVWY[HKJ�JRZ_U�bWMNJ i VwORMNJ2JRMNJ�vKY[UQVw�|Y[HaO2FIbWMNJ½MPO i MPUQOQVWL|FIbWMNJ�MPHdJQZ_U?DmF[LNM�caZ_VKJRY[HjOMPH S_v9F[J2MTF i MNLXbWMNJ=Y[HKo5Z_bqFIOQVWY[HKJ?o_M�bqFtS;MPHjORMXo_MXJQZ_U?DmF[LNMex}�¨l»FI]XS_bwVwOQZKo_Mdo_MNJ�Y[HKo5Z_bqFIOQVWY[HKJ\JQZ_U=bqFi VwORMNJRJRMGvKY[UQVw�|Y[HjO2FIbWM	MNJQO{S_bwZKJ�Vw]XS;Y[UQO2FIHjORM\F i MNL�bWMG]TY�o_�PbWM �¾½° w MPO�]TY[VwHKJDVw]XSrY[UQO2FIHaORM\oKFIHKJDbWML|F[J7VWJRY[OQURY[SrMe�9MPO¾LelnMNJQO{bml VwH i MPURJRM	SrY[Z_U{bqF i VwORMNJ2JRM i MPUQOQVWL|FIbWMex;�AMNJ¾Y[HKo5Z_bqFIOQVWY[HKJ¾JRZ_U{bWMNJ i VwORMNJRJ2MNJ{MPHJRZ_U?D¶F[LNMtJRY[HaO�]TY[VwHKJ�Vw]XSrY[UQO2FIHaORMNJdF i MNLkZ_HKM�FIH_VWJRY[OQURY[S_VWMu~_¯5MkcjZAl»F i MNLtZ_HKM�FIH_VWJRY[OQURY[S_VWM�` i Y[bwZ5hOQV i Mexjy7Y[ORY[HKJ½cjZKMDbWMNJ�o_`PS_v9F[J�FIfgMNJ½MPHjOQURMDbWMNJ½Y[HKo5Z_bqFIOQVWY[HKJzo5ZuJRY�LPbWMDMPO�bWMNJ½Y[HKo5Z_bqFIOQVWY[HKJzMPHuJQZ_U?DmF[LNMJ2Y[HaO\o5V�®}`PURMPHaORJ�oKFIHKJ\bWMNJ\L|F[J�FIH_VWJRY[OQURY[SrMdMPO\VWJRY[OQURY[S;Mex��Y[Z_U\bWMNJ?JQVw]	Z_bqFIOQVWY[HKJXF i MNLdbWMNJ?JRY�LPbWMNJ\ºMPO{¿5�_cjZ_V}Y[HaODbWMG]1~P]TMGHKY[]\�_URM�o_MGSr`PUQVWYjo_MNJ�]dFIVWJ{o_MNJDFI]XS_bwVwOQZKo_MNJ{o5V�®}`PURMPHaORMNJ|�_bWMNJ{Y[HKo5Z_bqFIOQVWY[HKJMPH JQZ_U?DmF[LNM¦JRY[HjOtMPHªS_v9F[JRMsMPOtJRMPZ_bWMpbWMNJkFI]XS_bwVwOQZKo_MNJkLRv9FIH_fgMPHjO|x�y7Y[ORY[HKJtcaZKM¦bqF OQU2FIHKJQ]XVWJ2JQVWY[Ho_MNJ�LNY[HKo5VwOQVWY[HKJ��9F[J2FIbWMNJk´ Y[HKo5Z_bqFIOQVWY[HKJTo5Z�JRY�LPbWMuMPO?febwVWJRJRMP]TMPHjO�¸�Y¦bqFsJQZ_U?D¶F[LNMkF D¶FIVwO\bmlnY[� / MPOXo_MS_bwZKJRVWMPZ_URJ{URMNL2vKMPURLRvKMNJT´ i Y[VwU¾S9FIU7M�¯_MP]XS_bWM�À¾ZKo5]\Z_HKo_JRJRY[H ´¶ºeÅeÅe¿g¸DMPO7bqFX�_Vw�_bwVWY[feU2FIS_v_VWMXF[JRJRY�LPVW`NM¹¸��]dFIVWJGORY[ZKJ=LNMNJGOQU2F i FIZ5¯ LNY[HKJQVWo_�PURMPHjO�Z_HKM?febqF[LNM�VWJRY[OQURY[S;Mex}y¾Y[ZKJ¾]TY[HaOQURY[HKJ	VWLPV�cjZKM?bqFtUQvK`NY[bWY[feVWMo_M	bqFXfebqF[LNM�F�®rMNLPORM?LNMPOQORM\OQU2FIHKJQ]XVWJRJQVWY[HA�rFIVwHKJQV�Z_HKM\�rY[H_HKM	LNY[H_H9FIVWJRJ2FIHKLNM?o_M?LNMPOQORM	UQvK`NY[bWY[feVWM?MNJQOHK`NLNMNJ2J2FIVwURM YGbml VwHjORMPUQS_UR`PO2FIOQVWY[Hko_MNJ�o_Y[H_HK`NMNJ�o_MDJRZ_U?D¶F[LNMzSrY[Z_U¨URMNLNY[HKJQOQUQZ_VwURM{bWMNJ�LNY[HKo5VwOQVWY[HKJ��9F[J2FIbWMNJJ2Y[Z i MPHaODVwHKLNY[H_HjZKMNJ|x°jZ_U\bqF ��VwfeZ_URMkµ5xw·|Æ5��HKY[ZKJ?OQU2F[^NY[HKJ�o_MNJ?bwVwfeHKMNJXo_MuLNY[Z_U2FIHjO�Y[�_ORMPHjZKMNJdF i MNLtbWMNJ�JQVw]\Z_bqFIOQVWY[HKJJ2YjLPbWMe·tMPO?J2YjLPbWM|ºpS;Y[Z_U?bWMd]TY�o_�PbWM �¾½° w ��bWMu]TYjo_�PbWM �G�° w

�
À ]nI �MPO?bWMuL|F[J?VWJRY[OQURY[SrMex 6 i MNL
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Z_HKMdFIH_VWJ2Y[OQURY[S_VWM�~_¯5Me��LNY[]X]TMTSrY[Z_UJl�FIH_fgMPHKM)1 ´ ·|ÆeÆeµg¸��AbWMNJ�bwVwfeHKMNJ	o_MTLNY[Z_U2FIHjO	S_UR`NJRMPHjORMPHaO�o_MNJFI]XS_bwVwOQZKo_MNJ7]TY[VwHKJDVw]XSrY[UQO2FIHaORMNJGoKFIHKJDbWM	L|F[J7FIH_VWJRY[OQURY[SrM	cjZKM=oKFIHKJ{bWM	L|F[JDVWJRY[OQURY[SrMexK�FIU7LNY[HaOQURMLNMNJ�FI]XS_bwVwOQZKo_MNJ\JRY[HaO��rM|FIZKLNY[Z_S�S_bwZKJ=Vw]XSrY[UQO2FIHaORMNJ¹�}HKY[O2FI]X]TMPHaO�FIZ H_V i M|FIZ*o5Z S_URMP]XVWMPU	LPURMPZ5¯bWY[URJRcjZKM�HKY[ZKJ½L|FIbWLPZ_bWY[HKJ�bWMNJCDmFI�_UQVWcaZKMNJ|xa�AMNJ7DmFI�_UQVWcjZKMNJ�cjZ_VCJRMDo_` i MPbWY[S_SrMPHaO�DmF[LPVwbwVwORMPHaO½bqF�o_`[D¶Y[UQ]dF�hOQVWY[H¦MPO{bqF�febqF[LNM	o_MNJRLNMPHKopS_bwZKJDS_URY D¶Y[HKo_`P]TMPHaOGoKFIHKJDbWMNJ{LPURMPZ5¯pMPODURMP]TY[HjORM	S_bwZKJ{v9FIZ_O7FIZ¦o_MNJRJRZKJo_MNJ��rYeJRJRMNJ¹x�EGMNJ{VWJRY i FIbWMPZ_URJ{o_MGbqF�S_bwZKJ{feU2FIHKo_M i FIbWMPZ_UDS_URY[S_URM�o_M a(2) J2Y[HaODURMPS_UR`NJRMPHjOR`NMNJ7JRZ_UDbqF
��VwfeZ_URM	µ5x»ºeÅ5xK�«F�D¶FI�_UQVWcjZKM=S_UR`NJRMPHjORM=Z_HKM D¶Y[UQORM i FIUQVqFI�_VwbwVwOR`ex
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! �"!��5$�'�P�d. �6� ]7`NJQZ_bwO2FIORJ=MPH�JQZ_U?DmF[LNM?o_M�bqFtJQVw]\Z_bqFIOQVWY[H*JRY�LPbWMe·?S;Y[Z_U=bWM?]TY�o_�PbWM
�G�° w ´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸��IbWM�]TYjo_�PbWM%�¾½° w

�
À ] I� ´ÄSrY[VwHaOQVwbwbW`NJ�¸�MPO�oKFIHKJ�bWM�L|F[J«VWJRY[OQURY[S;MG´ÄOQVwURMPORJ�¸�²´¶Fg¸«`PbW` i FIOQVWY[HTo_MzbqF7JRZ_U?D¶F[LNMzbwVw�_URMe�K´Ä�C¸�SrMPHaORMDo_M½bqFGJQZ_U?DmF[LNMe�_´ L¹¸ i VwORMNJRJ2M�vKY[UQVw�|Y[HjO2FIbWM{MPO{´ o9¸ i VwORMNJ2JRMi MPUQOQVWL|FIbWMex



�z���z���k	�	�� �"+,�#$�"��%'! $�'�P�6�d���z-���! � ���

2900

2950

3000

3050

3100

-7
-6
-5
-4
-3
-2
-1
0

0

5

10

0 15 30 45 60 75
-0.38

-0.36

-0.34

-0.32

-0.30

E

�
��

��
�� �
�
�

� �

��

x
´Ä±j]u¸

u

�
�

�
��

v

�
�

�
��

´¶Fg¸

´Ä�C¸

´ L¹¸

´ o9¸

�Z�"2������ ��� ² �N�
! �"!��6$����� ./�5� ]7`NJQZ_bwO2FIORJGMPH�JRZ_U?D¶F[LNM?o_MNJGJQVw]	Z_bqFIOQVWY[HKJ�J2YjLPbWM|ºs´ÄOQU2FIVwORJ=LNY[HaOQVwHaZKJ�¸MPOzJRY�LPbWM|¿u´ÄOQVwURMPORJ�¸¨SrY[Z_UzbWM{]TY�o_�PbWM?�¾½° w ´ LNY[Z_UQ�rMNJzJRMPZ_bWMNJ�¸�MPO�oKFIHKJ�bWMGL|F[J½VWJRY[OQURY[SrM?´ LNY[Z_UQ�rMNJ�MPOJ�1j]\�;Y[bWMNJ�¸{²}´¶Fg¸�`PbW` i FIOQVWY[H�o_M¾bqF?JQZ_U?D¶F[LNM¾bwVw�_URMe�}´Ä�C¸�S;MPHjORMGo_M7bqF?JQZ_U?DmF[LNMe�}´ L¹¸ i VwORMNJRJ2M{vKY[UQVw�|Y[HjO2FIbWMMPO	´ o9¸ i VwORMNJRJ2M i MPUQOQVWL|FIbWMex
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! �"!��5$�'�P�d. �6� �}VwfeHKMNJ�o_MdLNY[Z_U2FIHjOXMPO?JQZ_U?DmF[LNMTbwVw�_URMtY[�_ORMPHaZKMNJTF i MNLtbWMT]TY�o_�PbWM
�G�° w ´ÄOQU2FIVwOGLNY[HaOQVwHjZC¸��rbWM�]TY�o_�PbWM �G�° w

�
À ]nI �´ÄSrY[VwHaOQVwbwbW`NJ�¸7MPO7oKFIHKJ7bWM?L|F[J{VWJRY[OQURY[SrMu´ÄOQVwURMPORJ�¸SrY[Z_Ut²z´¶Fg¸	bqF�JQVw]	Z_bqFIOQVWY[H JRY�LPbWMe·e��MPO�´Ä�C¸�bqF�JQVw]	Z_bqFIOQVWY[H J2YjLPbWM|º5x���FsORY[S;Y[feU2FIS_v_VWM�o5Z JRY�LPbWMtMNJQOURMPS_UR`NJRMPHjOR`NM	MPH�OQU2FIVwORJ7LNY[HaOQVwHaZKJ¾`PS9FIVWJ|x
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! ��!$�5$�'�P�d. �5� E¾Y[Z_�|M\VWJRY i FIbWMPZ_URJGo_M�bqFTS_bwZKJ¾feU2FIHKo_M i FIbWMPZ_U{S_URY[S_URM�o_M a(2) o5Z]TY�o_�PbWM��G�° w SrY[Z_U�bqF�JQVw]	Z_bqFIOQVWY[H¦J2YjLPbWMe·e�_MPHjOQURMT· �[¿XMPO�·=o5Z�S_bwZKJ D¶Y[HKLN`�FIZ�S_bwZKJDLPbqFIVwUDURMNJQSrMNL�hOQV i MP]TMPHjO|xK�¨ln`NL2vKMPbwbWM i MPUQOQVWL|FIbWM=MNJQO�o5VwbqFIOR`NM�o}l Z_H D¶F[LPORMPZ_U{¿eÅ\S9FIU�U2FIS_SrY[UQO Y\bmln`NLRvKMPbwbWM=vKY[UQVw�|Y[HjO2FIbWMex
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�z� ��� �A� � �����,�!1���4�"�t���./	7�P� �#$-'���
w Y[]X]TM�SrY[Z_U=bWMNJ=JQVw]\Z_bqFIOQVWY[HKJ	JQZ_U=JRY�LPbWM?S_bqFIO|�rHKY[ZKJ�`POQZKo5VWY[HKJ=VWLPV�bml VwH5�KZKMPHKLNMTo_M�bqFuORMP]XSr`�hU2FIOQZ_URM\JQZ_U�bmln`NLNY[Z_bWMP]TMPHaO=MPO{LNY[]XS9FIURY[HKJ7bWMNJDUR`NJQZ_bwO2FIORJ¾Y[�_ORMPHaZKJGF i MNL	bWM=]TY�o_�PbWM �G�° w MPO{bWM	L|F[JVWJRY[OQURY[SrMex��¨l»F[LNLPZ_]\Z_bqFIOQVWY[H MPH JQZ_U?DmF[LNM�MNJQOTLNY[HKJQO2FIHjORMpMNJQO i FIZ_Ok}[LP] F −1 o�bqF�ORMP]XS;`PU2FIOQZ_URM¦MPHJQZ_U?DmF[LNM=MNJQOD`PfaFIbWMNY\hmÃaÅ ◦ w MPO�bWMG�KZ5¯tfg`NY[OQvKMPUQ]XVWcjZKM�Y?bqFX�9F[JRM i FIZ_O{ÃaÅI] j ] −2 x��MNJ�UR`NJQZ_bwO2FIORJ{Y[�_ORMPHjZKJ7MPHsJQZ_U?D¶F[LNM�S;Y[Z_U�bqFXJRVw]	Z_bqFIOQVWY[H(JRYjLPbWMe·=J2Y[HaODS_UR`NJRMPHjOR`NJ7JRZ_U�bqF ��VwfeZ_URMµ5x»º5·ex w Y[]X]TM½S;Y[Z_U�bWMzL|F[J�VWJRY[OQvKMPUQ]TMe�IbqF7JRZ_U?D¶F[LNM½MNJQO�S_bwZKJ«S_bqFIORMzoKFIHKJ�bWM½L|F[J�FIH_VWJRY[OQURY[S;MzcjZKMzoKFIHKJbWM½L|F[J�VWJRY[OQURY[SrMexI��MNJ¨FI]XS_bwVwOQZKo_MNJ¨o_MNJ�Y[HKo5Z_bqFIOQVWY[HKJ¨o_M½bqF7S;MPHjORM½o_MzJQZ_U?DmF[LNMzJRY[HaO�S_bwZKJ�Vw]XSrY[UQO2FIHaORMNJcjZKM�oKFIHKJ�bWMzL|F[J�VWJRY[OQvKMPUQ]TMex w Y[HjOQU2FIVwURMP]TMPHaO½FIZXL|F[J�VWJRY[OQvKMPUQ]TMe�[bml»FI]XS_bwVwOQZKo_M�o_MNJ�Y[HKo5Z_bqFIOQVWY[HKJ�JQZ_UbqF i VwORMNJRJRMGvKY[UQVw�|Y[HjO2FIbWM	MNJQODS_bwZKJDVw]XS;Y[UQO2FIHjORM	oKFIHKJ�bWM�L|F[J7FIH_VWJRY[OQURY[S;M	caZKM=oKFIHKJ{bWM=L|F[J�VWJRY[OQURY[SrMex°jZ_U�bqF ��VwfeZ_URM�µ5x»ºeº5�NHKY[ZKJ«o_Y[H_HKY[HKJ«o_MPZ5¯=bwVwfeHKMNJ�o_M�LNY[Z_U2FIHaORJ�Y[�_ORMPHaZKMNJ�oKFIHKJAbWM¨L|F[J�FIH_VWJRY[OQURY[SrMMPO=oKFIHKJGbWM�L|F[JGVWJRY[OQURY[SrMex w Y[HaOQU2FIVwURMP]TMPHaOXFIZ L|F[JGVWJRY[OQvKMPUQ]TMe�rbml»FI]XS_bwVwOQZKo_MTo_MNJ=Y[HKo5Z_bqFIOQVWY[HKJ\o_MNJbwVwfeHKMNJDo_M	LNY[Z_U2FIHaO7MNJRO�S_bwZKJ�Vw]XS;Y[UQO2FIHjORM	oKFIHKJ{bWM=L|F[J�VWJRY[OQURY[SrMex°jZ_UGbqF ��VwfeZ_URMTµ5x»ºe¿5�;HKY[ZKJ�LNY[]XS9FIURY[HKJ=bWMNJ¾VWJRY i FIbWMPZ_URJ�o_M?bqFuORMP]XS;`PU2FIOQZ_URMdL|FIbWLPZ_bW`NMNJ=oKFIHKJ=bWML|F[J½VWJRY[OQURY[SrMGMPOzoKFIHKJzbWMGL|F[J�FIH_VWJRY[OQURY[SrMex_��F\ORMP]XS;`PU2FIOQZ_URM=MNJRO½S_bwZKJ�`PbWM i `NM=FIZ D¶Y[HKoto_MNJ�LPURMPZ5¯kMPOS_bwZKJ��9F[J2JRM�FIZ¦o_MNJRJQZKJ�o_MNJD�;YeJRJ2MNJDoKFIHKJ�bWM�L|F[J{FIH_VWJ2Y[OQURY[S;M�LNY[]XS9FIUR`\FIZ¦L|F[J�VWJRY[OQURY[SrMexEGMNJ\VWJRY i FIbWMPZ_URJXo_MubqF¦S_bwZKJ?feU2FIHKo_M i FIbWMPZ_U\S_URY[S_URMko_M a(2) J2Y[HaO�S_UR`NJRMPHaOR`NMNJXJRZ_U\bqF ��VwfeZ_URMµ5x»ºIÃKxK�«F D¶FI�_UQVWcjZKM=S_UR`NJRMPHjORM�Z_HKM i FIUQVqFI�_VwbwVwOR`	]TY[VwHKJDVw]XSrY[UQO2FIHaORM	cjZKM�oKFIHKJ{bWM�L|F[JDVWJRY[OQvKMPUQ]TM	L|FIUF i MNL{bqF	ORMP]XS;`PU2FIOQZ_URMe��bqF\o_`[D Y[UQ]dFIOQVWY[H�o_M¾LPVWJ2FIVwbwbWMP]TMPHaODMNJRO�S_bwZKJzLNY[HKLNMPHaOQUR`NM i MPURJ�bWMED¶Y[HKoto5ZkDmFIVwOo_MGbmln`PbW` i FIOQVWY[Hso_MGbqF�ORMP]XSr`PU2FIOQZ_URMex
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!3%'��% �"!��5$�'�P�d. �6� ]7`NJQZ_bwO2FIORJ�Y[�_ORMPHjZKJ	MPH�JQZ_U?DmF[LNMTF i MNLXbqFkJRVw]	Z_bqFIOQVWY[H*JRY�LPbWMe·SrY[Z_U�bWMz]TYjo_�PbWMA�G�° w ´ÄOQU2FIVwORJ¨LNY[HjOQVwHaZKJ�¸�MPO�bWM�L|F[J�VWJRY[OQURY[SrM=´ÄOQVwURMPORJ�¸½²_´¶Fg¸�`PbW` i FIOQVWY[HTo_M½bqFGJQZ_U?DmF[LNMbwVw�_URMe�«´Ä�C¸½S;MPHjORM�o_MGbqFXJQZ_U?DmF[LNMe�A´ L¹¸ i VwORMNJRJRMGvKY[UQVw�|Y[HjO2FIbWM	MPO\´ o9¸ i VwORMNJRJRM i MPUQOQVWL|FIbWMex
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!�%'��% �"!��5$�'�P�d. �6� �}VwfeHKMNJ¦o_M LNY[Z_U2FIHjOsMPOpJQZ_U?DmF[LNM bwVw�_URM�Y[�_ORMPHjZKMNJsF i MNL*bWM]TY�o_�PbWM �G�° w ´ÄOQU2FIVwO=LNY[HaOQVwHaZC¸¾MPO¾bWM?L|F[J{VWJRY[OQURY[SrMk´ÄS;Y[VwHjOQVwbwbW`NJ�¸{S;Y[Z_U¾bqFdJRVw]	Z_bqFIOQVWY[H�JRY�LPbWMe·exC��MNJOQVwURMPORJ�URMPS_UR`NJ2MPHaORMPHaO¾bWM=JRY�LPbWMex
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i MPUQOQVWL|FIbWM	MNJQO{o5VwbqFIOR`NM�o}l Z_H DmF[LPORMPZ_U7¿eÅ?S9FIUDU2FIS_SrY[UQOnY?bmln`NL2vKMPbwbWM�vKY[UQVw�|Y[HaO2FIbWMex



� � � �����
	��������������������� �"!��#$�"��%&�'���)(*��+,��-��"��./��%01���32��"�
+,�4�5%'�"!��6�����	7�5� � �

x

y

�Z�"2z����� � � ² �N�
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EGFIHKJ�LNMGL2v9FIS_VwOQURMe�5HKY[ZKJDF i Y[HKJ�S_UR`NJRMPHjOR`GbWMNJz`NcaZ9FIOQVWY[HKJ�cjZ_VrfgY[Z i MPUQHKMPHaODbmln`NLNY[Z_bWMP]TMPHjO{o}l Z_HKMfebqF[LNM\FIH_VWJRY[OQURY[S;M	MPODo_Y[H_HK`=bWMNJ�]T`POQvKY�o_MNJDHaZ_]T`PUQVWcjZKMNJ7Z_OQVwbwVWJR`NMNJ�SrY[Z_UDbWMNJ�UR`NJRY[ZKo5URMex�FIU�caZKMPbWcjZKMNJ}ORMNJQORJ}OQvK`NY[UQVWcjZKMNJ|�NHKY[ZKJ�F i Y[HKJ�]TY[HaOQUR`¨bml VwH5�KZKMPHKLNM�o_M�bml»FIH_VWJRY[OQURY[S_VWM�JRZ_UAbmln`NLNY[Z_bWM�h]TMPHjO¨o}l Z_HKM�L|FIbWY[OQORMexe�AMNJ�DmFI�_UQVWcaZKMNJ�cjZ_V�J2M½o_` i MPbWY[S_SrMPHaO�Y[HaO�ORMPHKoKFIHKLNMEY D¶F[LPVwbwVwORMPU�bqF¾o_`[D¶Y[UQ]dFIOQVWY[HMPH(LPVWJ2FIVwbwbWMP]TMPHjO|x 6{VwHKJRVm�9bqFd�KZ_VWo5VwOR`�o_M?bqFdfebqF[LNM�MPH(LPVWJ2FIVwbwbWMP]TMPHaO\o_M i VWMPHjO¾S_bwZKJGVw]XSrY[UQO2FIHaORMTF i MNLbqF?S_URY D¶Y[HKo_MPZ_Uzo_bWMNJDL|FIbWY[OQORMNJ{Y[�_ORMPHaZKMNJ¾oKFIHKJ�bWM=L|F[J{FIH_VWJRY[OQURY[SrM=JRY[HaO¾FIbWY[URJ�S_bwZKJ�S_bqFIORMNJDcjZKM=oKFIHKJbWM=L|F[J{VWJRY[OQURY[SrMexK�AM�LPVWJ2FIVwbwbWMP]TMPHjO7JRM=LNY[HKLNMPHjOQURM	S_bwZKJDS_UR�NJ{o5Z¦JRY�LPbWM=MPO{MNJQO�S_bwZKJED¶FIVw�_bWMGS_UR�NJ7o_M=bqFJRZ_U?D¶F[LNMex°jZ_UDZ_HsJRY�LPbWMGS_bqFIO|�KbqFXfebqF[LNM	MNJQO�S_bwZKJEDÄURY[VWo_M?FIZ D Y[HKo¦oKFIHKJDbWM�L|F[J¾FIH_VWJRY[OQURY[S;M�]dFIVWJ7LNMPO{M�®}MPOMNJRO�OQURY[S D¶FIVw�_bWMGSrY[Z_U{LNY[]XSrMPHKJRMPUDbqF�o5V�®}`PURMPHKLNM	o_M¾�KZ_VWo5VwOR`=VwHKo5Z_VwORM	S9FIUDbml»FIH_VWJRY[OQURY[S_VWMex«Y[Z_U�Z_H�JRYjLPbWMuJQVwHaZKJ2Y��moKFIbm��HKY[ZKJ�Y[�_ORMPHKY[HKJ�o_MNJ?UR`NJQZ_bwO2FIORJ�o5V�®r`PURMPHjORJ?MPHjOQURMtZ_H `NLNY[Z_bWMP]TMPHjOVWJ2Y[OQvKMPUQ]TM{MPO�Z_Ht`NLNY[Z_bWMP]TMPHaODF i MNL7bWM{L|FIbWLPZ_b;LNY[Z_S_bW`7o_M{bqF=ORMP]XSr`PU2FIOQZ_URMexjE=FIHKJ�bWM{L|F[J�VWJRY[OQvKMPUQ]TMe�bWMNJ¾bwVwfeHKMNJ=o_M�LNY[Z_U2FIHaO�o5Z(L|F[J�FIH_VWJRY[OQURY[SrM�o_MNJRLNMPHKo_MPHaO=S_bwZKJGS_URY D¶Y[HKo_`P]TMPHaO�oKFIHKJGbWMNJGLPURMPZ5¯�cjZKMLNMPbwbWMNJGo5Z(L|F[J¾VWJRY[OQURY[S;M�FIbWY[URJGcaZKM?LelnMNJQO¾bml VwH i MPURJRMXcjZ9FIHKo�Y[HsS_URMPHKo(MPH(LNY[]XS_ORM\bqFdORMP]XSr`PU2FIOQZ_URMexw MNLPVzFpSrY[Z_U\LNY[HKJ2`NcaZKMPHKLNMtcaZAl Z_HKMdfebqF[LNMtFIH_VWJ2Y[OQURY[S;MtMNJQO	S_bwZKJ?LRv9FIZKo_MtoKFIHKJ\bWMNJ\LPURMPZ5¯ MPO\S_bwZKJ

D URY[VWo_M	FIZpo_MNJRJRZKJDo_MNJD�rYeJRJRMNJ�cjZKM�LNMPbwbWM�o5Z¦L|F[JDVWJRY[OQURY[S;Mex9y7Y[ZKJ{F i Y[HKJD]XVWJ7MPH¦` i VWo_MPHKLNMe�9oKFIHKJDbWML|F[J¨VWJRY[OQvKMPUQ]TMe�ebml Vw]XSrY[UQO2FIHKLNMDo5ZdL|FIbWLPZ_b9o_MzbqFnDmFI�_UQVWcaZKMexe�«F D¶FI�_UQVWcjZKM�L|FIbWLPZ_bW`NMDS_UR`NJ2MPHaORMDo_M D¶Y[UQORMNJ
i FIUQVqFIOQVWY[HKJ?MPO�bWMNJ	UR`NJRZ_bwO2FIORJ\Y[�_ORMPHjZKJ?F i MNLdZ_HKMtFIH_VWJRY[OQURY[S_VWMT~_¯_MTMPO\Z_HKMuFIH_VWJRY[OQURY[S_VWMu` i Y[bwZ_OQV i Me�S9FIUGLNY[]XS9FIU2FIVWJRY[H F i MNL?bWM	L|F[J¾VWJRY[OQURY[SrMe�9J2Y[HaOGo5V�®r`PURMPHjORJ|xry7Y[ZKJGF i Y[HKJ¾]TY[HaOQUR`�cjZKM�bqFdUQvK`NY[bWY[feVWMVwH5�KZKMPHKLNM D Y[UQORMP]TMPHjO{bqF�OQU2FIHKJQ]XVWJ2JQVWY[H¦o_MNJDLNY[HKo5VwOQVWY[HKJ{�9F[J2FIbWMNJnY?bqF�JQZ_U?DmF[LNMex

w MNJ�ORMNJRORJ�OQvK`NY[UQVWcjZKMNJz]TY[HaOQURMPHjO{cjZKM{bml»FIH_VWJRY[OQURY[S_VWMGVwH5�KZKMGJQZ_U½bmln`NLNY[Z_bWMP]TMPHaO7o_M7bqF\L|FIbWY[OQORMe�_MPOZ_HKMdS_UQVWJRMTMPH LNY[]XS_ORMuLNY[UQURMNLPO?o_MdLNMNJ	M�®}MPORJ	MNJRO\o_Y[HKLTHK`NLNMNJ2J2FIVwURMTSrY[Z_U\FI]T`PbwVWY[URMPU?bWMNJ	]TY�o_�PbWMNJo}ln`NLNY[Z_bWMP]TMPHjO�MPOAbml VwHaORMPUQS_UR`PO2FIOQVWY[HTo_MNJzD Y[U2FIfgMNJ|x¹y7Y[ORY[HKJ«ORY[Z_O«o_M�]1~P]TM�caZKMe��o_�NJ�cjZKM�HKY[ZKJ�JRY[UQORY[HKJo_MNJ=LNY[HKo5VwOQVWY[HKJ\Y[¼ bml»FIS_S_URYN¯5Vw]dFIOQVWY[H o_M�bqFkLNY[ZKL2vKMX]XVwHKLNMTMNJQO i FIbwVWo_Me��FIbWY[URJ=bmln`NLNY[Z_bWMP]TMPHaO\HAlnMNJQOS_bwZKJ	Z_H_VWcaZKMP]TMPHjO�fgY[Z i MPUQHK`dS9FIU\bqF�fg`NY[]T`POQUQVWMubWYjL|FIbWMuo5Z JRY�LPbWMTMPO\o_MdbqFpJQZ_U?DmF[LNMex 67VwHKJQVm�}Vwb½MNJQOVw]XSrYeJRJQVw�_bWM¦o_MpS_UR`No5VwURM¦o_Mp]dFIH_VW�PURM¦fg`PHK`PU2FIbWMscaZKMPbWJuJRMPURY[HaOubWMNJdM�®}MPORJdo_M�bml»FIH_VWJRY[OQURY[S_VWMex I b{MNJQOFIbWY[URJ�HK`NLNMNJRJ2FIVwURMe�5FIZkL|F[J�S9FIUzL|F[J|��o_MD]TY�o_`PbwVWJRMPU�bmln`NLNY[Z_bWMP]TMPHjODo_M{bqF�febqF[LNM7o_M7bqF	]dFIH_VW�PURM{bqF	S_bwZKJS_UR`NLPVWJ2M=S;YeJ2JQVw�_bWM�FIZ5¯ i Y[VWJRVwH9FIfgMNJ{o_MNJDJQVwORMNJ{o_M D Y[U2FIfgM�cjZKMGbmlnY[H¦JRY[Z_v9FIVwORM	`POQZKo5VWMPU|x
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EGFIHKJ�LNM w v9FIS_VwOQURMe�gHKY[ZKJ�HKY[ZKJ�VwHaOR`PURMNJRJ2Y[HKJCY7bmln`NLNY[Z_bWMP]TMPHaO½FIZ i Y[VWJRVwH9FIfgM�o5Z D Y[U2FIfgM�o_MzE 3[]TM

w MPOpY7bml VwHaORMPUQS_UR`PO2FIOQVWY[Huo_MNJ�]TMNJQZ_URMNJ�o_M½ORM�¯5OQZ_URMzoKFIHKJ�bqF7L|FIURY[OQORMex[E=FIHKJ�Z_H�S_URMP]XVWMPU�ORMP]XSKJ|�IHKY[ZKJS_UR`NJ2MPHaORY[HKJ�bWMNJ�o_Y[H_HK`NMNJ�ORY[S;Y[feU2FIS_v_VWcjZKMNJTFIZ_ORY[Z_UTo5Z D Y[U2FIfgMkMPO?bWMNJ\]TMNJRZ_URMNJXM�®rMNLPOQZK`NMNJXJQZ_U?bqFL|FIURY[OQORMex�y¾Y[ZKJ�`POQZKo5VWY[HKJzMPHKJQZ_VwORMDbqF�UQvK`NY[bWY[feVWM7o_MNJ�febqF[LNMNJ½o5Z1D¶Y[U2FIfgM{MPO�bmln` i Y[bwZ_OQVWY[Hko_MNJCD¶FI�_UQVWcjZKMNJbWM?bWY[H_fpo_M�bqFkL|FIURY[OQORMex}y¾Y[ZKJ=`POQZKo5VWY[HKJ�bmlnM�®}MPO=JQZ_U=bmln`NLNY[Z_bWMP]TMPHaO?o}l Z_HKMX` i MPHaOQZKMPbwbWM i FIUQVqFIOQVWY[H*o_MbqFu�KZ_VWo5VwOR`�VwH_VwOQVqFIbWMdo_M�bqFdfebqF[LNMuFIZ ]TY[]TMPHaO	o5Z�o_`PS�3[O|x�M�H5~KH HKY[ZKJ	FI�rY[URo_Y[HKJ=bqFt]TY�o_`PbwVWJ2FIOQVWY[HOQUQVWo5Vw]TMPHKJRVWY[H_HKMPbwbWM	o_M=bmln`NLNY[Z_bWMP]TMPHjOGFIZ i Y[VWJQVwH9FIfgM\o5ZpJQVwORM=o_M D¶Y[U2FIfgMex
" 0�� # :{4\4������%<\B2� �u:{4\B%$�����
& ������� '¾¢ ��¢zszB,; � X�¡m§
�AMsJRVwORM¦o_M3D Y[U2FIfgM�o_MsE 3[]TM w J2M¦JQVwOQZKM�MPH 67HaO2FIURLPOQVWcjZKM(o_M¦bmliM¨JRO(´

75◦06′
°;�

123◦21′
M�¸�x��ln`PS9FIVWJRJRMPZ_U�o_M�febqF[LNMzMNJQO�MNJQOQVw]T`NMZY7¿e¿eÅeÆI]px[��F{ORMP]XSr`PU2FIOQZ_URMz]TY 1gMPH_HKM�FIH_HaZKMPbwbWM�MNJQO�o_M −54.5◦
wMPO�bml»F[LNLPZ_]\Z_bqFIOQVWY[H FIH_HaZKMPbwbWM¦MNJQOXo}lnMPH i VwURY[H º5x»¿[LP] F −1 ´ `NcjZ_V i FIbWMPHaOXfebqF[LNM¹¸�FIZ H_V i M|FIZ o5Z JQVwORMo_M1D Y[U2FIfgM(´ M¨7I w 6 w Y[]X]	Z_H_VwO51 ]TMP]\�;MPURJ¹��ºeÅeÅIÃj¸�x���F i VwORMNJRJ2MTo_Muo_`[D¶Y[UQ]dFIOQVWY[H O	1�S_VWcaZKMtoKFIHKJbWM D¶Y[U2FIfgMe�¨MNJQOQVw]T`NMpS9FIUXbWM�U2FIS_S;Y[UQOTo_Mpbml»F[LNLPZ_]	Z_bqFIOQVWY[H Y�bmln`PS9FIVWJRJRMPZ_Udo_MkfebqF[LNMe�¨MNJROTo}lnMPH i VwURY[H

10−5 F −1 x9�AM�JQVwORM�o_M D Y[U2FIfgM\MNJQO{JQVwOQZK`NYTMPH i VwURY[H ·ex Ãe±�] Y�bml Á7ZKMNJQO7o5Zso 3[]TM=ORY[SrY[feU2FIS_v_VWcaZKM?o_ME 3[]TM w ´��7VwOQOQZ9FIUQV�^a`zbdcUeW��ºeÅeÅIÃj¸�x���F�ORY[S;Y[feU2FIS_v_VWM½o_M¨bqF�JRZ_U?D¶F[LNM�oKFIHKJAbqF�UR`PfeVWY[H?o_M�E 3[]TM w �|VWJRJQZKMo_M½bqFGLNY[]XS_VwbqFIOQVWY[Hdo_MNJ�o_Y[H_HK`NMNJCK½MNo5]dFIS�´ÄvaOQOQSp² � �)(*(*(�x»FIHaO2FIURLPOQVWL|F5x»F[Lex Z_± �[F[MNo_L ���rMNo5]dFIS �g¸��_MNJQOURMPS_UR`NJ2MPHaOR`NM	JRZ_UDbqF ��VwfeZ_URM�H�xw·ex9��M�o 3[]TM�MNJQODbWY�L|FIbwVWJR`�JRZ_UDZ_HKM�LPU ~PORM�o_`P]dFIUQU2FIHjO¾oKFIHKJ{bqF�UR`PfeVWY[Ho_M��¨YeJRORY[±�FIZs°jZKo�h�Á7ZKMNJRO|x
�{HKMtURM i ZKMtLNY[]XS_bW�PORM�o_MNJ�]TMNJRZ_URMNJXo}l»FIbwOQVwOQZKo_M�o_MubqF�JQZ_U?DmF[LNMkMPOXo5Z�J2YjLPbWMkMNJQOXo_Y[H_HK`NMkS9FIU]7`P] 1*MPO m«FI�9F[LNLNY ´¶ºeÅeÅeÅg¸�x¨°jZ_U?bqF ��VwfeZ_URM H�x»º5��HKY[ZKJ?OQU2F[^NY[HKJ�bWMNJ�FIbwOQVwOQZKo_MNJXo5Z J2YjLPbWMtMPO?o_MubqFJRZ_U?D¶F[LNM7VWJRJQZKMNJ½o_MNJzLNMNJ�o_Y[H_HK`NMNJDFIZ i Y[VWJQVwH9FIfgMGo5ZkD¶Y[U2FIfgM7URMPS_UR`NJRMPHaOR`¾S9FIUzZ_HuOQU2FIVwO i MPUQOQVWL|FIbrURY[Z_fgMJRZ_U¨bqF¾~KfeZ_URMexa��M{JRY�LPbWMzS_UR`NJRMPHaORM¾o_M D¶Y[UQORMNJ i FIUQVqFIOQVWY[HKJ�o}l»FIbwOQVwOQZKo_M¾FIZ i Y[VWJQVwH9FIfgM7o_MDE 3[]TM w �aF i MNLHKY[O2FI]X]TMPHjO�bqF�S_UR`NJRMPHKLNMto}l Z_HKMdS_URY D¶Y[HKo_M i FIbwbW`NMtJQVwOQZK`NM_YpZ_HKMucjZ9FIU2FIHaO2FIVwHKMko_Md±jVwbWY[]T�POQURMNJXFIZy¾Y[URo�hRM¨JQO7o5Zpo 3[]TMex
M�HpS_URY /QMNLPOQVWY[HpvKY[UQVw�|Y[HaO2FIbWMe�9bWM=o 3[]TM=S_UR`NJRMPHaORM	Z_HKM D Y[UQ]TM	MPbwbwVwS_OQVWcaZKM�o_Y[HjODbWMGfeU2FIHKo¦F�¯_M=MNJQOY[UQVWMPHjOR`\JRZ_V i FIHjODbqFTo5VwURMNLPOQVWY[H ° j h�y MDx9E�l»FIS_UR�NJ7bqF�OQvK`NY[UQVWM	o_M\y 1gMu´ ·|ÆeÆ5·¹¸�JQZ_UDbqFTORY[S;Y[bWY[feVWM\o_MNJo 3[]TMNJ¹�}bqF_D Y[UQ]TMdo5Z*o 3[]TMTJQZ_fefg�PURMTcjZKM�bWMNJ i VwORMNJRJRMNJ�o_Mdo_`[D Y[UQ]dFIOQVWY[H�vKY[UQVw�|Y[HjO2FIbWMNJ�JQZ_V i FIHjO�bWM

·�F5·
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SrMPOQVwO¨F�¯5M�o5ZTo 3[]TM�JRY[HjO�º5xSF Y=¿ D Y[VWJ�JQZ_Sr`PUQVWMPZ_URMNJ�FIZ5¯ i VwORMNJ2JRMNJ�o_M�o_`[D Y[UQ]dFIOQVWY[HdJRZ_V i FIHjO�bWMzfeU2FIHKoF�¯_MT´ ]{`P]�1tMPO m�FI�9F[LNLNY_�CºeÅeÅeÅg¸�xEGMNJd]TMNJQZ_URMNJuo_M i VwORMNJRJRMpMPH JQZ_U?D¶F[LNMsY[HaOk`POR`¦M�®}MNLPOQZK`NMNJtS9FIU �¾VwOQOQZ9FIUQV ^a` bdcUe¾´¶ºeÅeÅIÃj¸�x½��MNJ
i VwORMNJRJRMNJ¾vKY[UQVw�|Y[HaO2FIbWMNJ?MPH JQZ_U?DmF[LNMXJRY[HaO=febWY[�9FIbWMP]TMPHjO�S;MPUQSrMPHKo5VWLPZ_bqFIVwURMNJ\FIZ5¯(LNY[Z_UQ�;MNJ	o_M�H_V i M|FIZMPODJRY[HjODVwH#D¶`PUQVWMPZ_URMNJnY�cjZKMPbWcaZKMNJ�]XVwbwbwVw]T�POQURMNJ7S9FIU7FIH¦FIZpH_V i M|FIZso5Z¦o 3[]TM=ORY[SrY[feU2FIS_v_VWcaZKMexEGMNJ�URMPbWM i `NJ�U2F[oKFIURJ�o_MNJ«LNY[ZKL2vKMNJ�VwHjORMPUQHKMNJ�o_M¨bqFDL|FIbWY[OQORM½FIZ i Y[VWJQVwH9FIfgM�o5Z\o 3[]TM½JRY[HaO«S_UR`NJRMPHaOR`NJS9FIU��¾Yjo5fe±�VwHKJ1^a` bdcUe�´¶ºeÅeÅeÅg¸¾MPO	°jVWMPfgMPUQO_^a`EbdcUe¨´¶ºeÅeÅ5·¹¸�x w MNJ=FIZ_ORMPZ_URJ�LNY[HKLPbwZKMPHjO�o_M?LNMNJ=o_Y[H_HK`NMNJcjZKM	bqFufebqF[LNM�MPH o_MNJRJRY[ZKJ=o_Mk·|ÅeÅeÅI] o_M?S_URY D Y[HKo_MPZ_U�MNJQO=JRY[Z_]XVWJ2M Yuo5Z LPVWJ2FIVwbwbWMP]TMPHaO\MPOGcjZKMe�;MPHo_MNJRJ2Y[ZKJ�o_M�·|ÅeÅeÅ Y\ºeÅeÅeÅI] o_M7S_URY D Y[HKo_MPZ_U|�5bmln`NLNY[Z_bWMP]TMPHjO{MNJQOzMPHufeU2FIHKo_M¾S9FIUQOQVWM¾fgY[Z i MPUQHK`GS9FIUzbqFORY[SrY[feU2FIS_v_VWM=�9F[J2FIbWM�MPO�SrMPZ_O hR~POQURM�S9FIUDo_MNJ7LNY[HKo5VwOQVWY[HKJ7FIHKLPVWMPH_HKMNJ7o}ln`NLNY[Z_bWMP]TMPHaO|xy¾Y[ZKJ�LNY[]XS9FIURMPURY[HKJ�bWMNJk]TMNJQZ_URMNJ¦o_M3DmFI�_UQVWcjZKM o_M�E 3[]TM w Y LNMPbwbWMNJpo_M�À ] I� MPO�E 3[]TM
�_Z / Vm�gS_Z_VWJ2caZKM¾LNMNJ�OQURY[VWJ�D¶Y[U2FIfgMNJzJRY[HaOzJQVwOQZK`NJ Y=S_URYN¯5Vw]XVwOR`Go_M7o 3[]TMNJ½fg`NY[feU2FIS_v_VWcjZKMNJ|x5y7Y[ZKJzF i Y[HKJS_UR`NJRMPHjOR`¾bWMED¶Y[U2FIfgM7o_M=À ]nI �FIZtL2v9FIS_VwOQURM¾ÃKxj�AMnD¶Y[U2FIfgM7o_M¾E 3[]TM �KZ /�V�´¶FIS_S;MPbW`GE 3[]TM �*oKFIHKJ½bqFJQZ_VwORM¹¸;MNJRO}bwZ_VjFIZKJRJQVgJQVwOQZK`�MPH 6{HjO2FIURLPOQVWcaZKM�o_M�bmliM¨JQO�´

77◦19′
°;�

39◦42′
M�¸��¹MPO�LNY[H_H9F��WO�o_MNJ�LNY[HKo5VwOQVWY[HKJo_M?ORMP]XSr`PU2FIOQZ_URMXMPOGo_M i VwORMNJRJRMNJGo_M�o_`[D Y[UQ]dFIOQVWY[H JQVw]XVwbqFIVwURMNJJYtLNMPbwbWMNJ=o5Z4D¶Y[U2FIfgM�o_MXE 3[]TM w x�6E 3[]TM��z�gbqF=ORMP]XS;`PU2FIOQZ_URM7]TY 1gMPH_HKMGFIH_HaZKMPbwbWM¾MNJQO�o_M −58◦

w �aF i MNL7Z_HKM{F[LNLPZ_]\Z_bqFIOQVWY[Hko}lnMPH i VwURY[H¿[LP] F −1 ´ EGY[]TM�h � EGMNMPS w Y[UQVwH_ftÀ¾URY[Z_SA��·|ÆeÆy}g¸�x
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�Z�"2�� ��� � ²Zm«Y[S;Y[feU2FIS_v_VWM o_M(bqF JQZ_U?DmF[LNM�FIZ i Y[VWJQVwH9FIfgM�o_M E 3[]TM w ��o}l»FIS_UR�NJpbWMNJ¦o_Y[H_HK`NMNJ¦o_M
KzMNo5]dFISAxK��MNJ{LNY[Z_UQ�rMNJDo_M=H_V i M|FIZ¦JRY[HjODORY[ZKJ�bWMNJ�·|ÅI]px9�¨ln`PORY[VwbWM�VwHKo5VWcjZKM=bqF?SrYeJQVwOQVWY[H¦o5Z D¶Y[U2FIfgMex
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�Z�"2z� �0� � ²Pm«Y[S;Y[feU2FIS_v_VWMGo5ZkJRYjLPbWM{MPO½o_M{bqF�JQZ_U?DmF[LNM¾FIZ i Y[VWJQVwH9FIfgM¾o5Z1D¶Y[U2FIfgM7o_M7E 3[]TM w �ao}l»FIS_UR�NJbWMNJ=o_Y[H_HK`NMNJ�o_M ]7`P] 1sMPOJm�FI�9F[LNLNY*´¶ºeÅeÅeÅg¸�x}�AMNJ�LNY[Z_UQ�rMNJ=o_M?H_V i M|FIZ*JRY[HjO�MNJQS9F[LN`NMNJ=o_MTº5xSFI] MPOo_MtºeÅI] SrY[Z_U\bqF¦JQZ_U?DmF[LNMuMPO\bWMuJRY�LPbWMe�AURMNJRS;MNLPOQV i MP]TMPHjO|x��AM1D¶Y[U2FIfgMdMNJRO\URMPS_UR`NJRMPHjOR`tS9FIU	bqF¦bwVwfeHKM
i MPUQOQVWL|FIbWM=URY[Z_fgMex
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�AMNJ¨]TMNJQZ_URMNJ�o_M DmFI�_UQVWcaZKMNJ�S_UR`NJRMPHaOR`NMNJ�VWLPV9JRY[HjO�Z_HKMDLNY[]XS_VwbqFIOQVWY[Hko_MNJ¨]TMNJQZ_URMNJ�M�®rMNLPOQZK`NMNJ�S9FIU

j FIH_f ^a`�bycfe9´¶ºeÅeÅe¿g¸�S;Y[Z_U�bWMNJ�S_URMP]XVWMPURJ{·�FeÅeÅI]�MPO�S9FIU�ÀXxeE7Z_U2FIHKo�� &�� +�+������ & by` �	�
���
^.- (��
���A^[c�cU^�SrY[Z_UtbqF*S9FIUQOQVWM�VwH#D¶`PUQVWMPZ_URM ´ ·�FeÅeÅI] Y ¿eÅeÅeÅI]u¸tF i MNLsZ_HKM�UR`NJRY[bwZ_OQVWY[H,o_M ·e·P]p��LNY[]XS_bW`POR`NM(S9FIUcjZKMPbWcjZKMNJ¨HKY[Z i M|FIZ5¯TSrY[VwHaORJ½o_MD]TMNJQZ_URMNJ�S;Y[Z_U�bqFGS9FIUQOQVWM{JQZ_Sr`PUQVWMPZ_URM\´ i Y[VwU½E¾Z_U2FIHKot^a`pbdcUe;´¶ºeÅeÅeµI�C¸SrY[Z_U�bWMNJ�ORMNL2v_H_VWcaZKMNJ¾o_MG]TMNJQZ_URM�o_MNJ�]XVWLPURYeJROQUQZKLPOQZ_URMNJ�¸�x�AMNJ i FIUQVqFIOQVWY[HKJ�o_M{LNY[]XS;YeJQVwOQVWY[HuVWJRY[ORY[S_VWcjZKM{o_M�bqFGfebqF[LNM δD �gLPbqF[JRJQVWcjZKMP]TMPHaO½Z_OQVwbwVWJR`NMNJ�LNY[]X]TMVwHKo5VWL|FIORMPZ_U�o_MNJ i FIUQVqFIOQVWY[HKJ�o_M{ORMP]XSr`PU2FIOQZ_URMNJzS9F[JRJR`NMNJzJRY[HjO�URMPS_UR`NJRMPHjOR`NMNJ�JQZ_U½bqF ��VwfeZ_URMJH�x»¿I�Ax5�AMNJ
i FIbWMPZ_URJ�`PbWM i `NMNJ	VwHKo5VWcaZKMPHjO	o_MNJ=Sr`PUQVWYjo_MNJ=VwHjORMPUQfebqF[LPVqFIVwURMNJ�´ MPHaOQURMdÅkMPO�ÃaÅeÅI]p��MPOT·�FeÅeÅ�MPOT·$HdFeÅI]S9FIU¾M�¯5MP]XS_bWM¹¸7FIbWY[URJ¾caZKM	bWMNJ i FIbWMPZ_URJ{�9F[J2JRMNJ{JRY[HjO¾o_MNJ7VwHKo5VWL|FIORMPZ_URJGo_MNJ{Sr`PUQVWY�o_MNJDfebqF[LPVqFIVwURMNJX´ÄS9FIUM�¯_MP]XS_bWM=bWM=o_MPUQH_VWMPU7]dF�¯�Vw]\Z_] febqF[LPVqFIVwURMu´ �«À l(¸zJ2MGOQURY[Z i M i MPURJ FeÅeÅI]u¸�x�AMNJ i FIbWMPZ_URJ�S_URY[S_URMNJ�o_M a(2) ]TMNJQZ_UR`NMNJ�JRY[HaO�URMPS_UR`NJRMPHjOR`NMNJ¨JQZ_U�bqF ��VwfeZ_URMEH�x»¿eF5x[y7Y[ZKJ�SrY[Z i Y[HKJHKY[ORMPU?caZKM�SrY[Z_U	bqF�S_URMP]XVW�PURM D¶Y[VWJ�bWMNJ i FIbWMPZ_URJ�S_URY[S_URMNJ?JRY[HaO?o_Y[H_HK`NMNJ\F i MNLTZ_HKMT�9FIUQURMuo}lnMPUQURMPZ_U´ÄORY[Z_ORMNJ{HKM�JRY[HjODS9F[JDURMPS_UR`NJRMPHjOR`NMNJ7JRZ_U�bqF?~KfeZ_URM¹¸�x9�AMNJ{S9FIU2FI]T�POQURMNJ7o_M�bml Á¾E ��S9FIU2FI]T`POQUR`NMt´¶¿5x»µg¸L|FIbWLPZ_bW`NJ_Y¦S9FIUQOQVwUTo_MkLNMNJ i FIbWMPZ_URJXS_URY[S_URMNJXJRY[HjOTo_Y[H_HK`NJTJQZ_U�bqF �«VwfeZ_URM3H�x»¿[Mex w Y[]X]TMkSrY[Z_UXbWM
D¶Y[U2FIfgMXo_MuÀ ]nI ��rbWMNJ i FIUQVqFIOQVWY[HKJ�febWY[�9FIbWMNJ\o_MNJ i FIbWMPZ_URJ�S_URY[S_URMNJ	JRY[HjO	LNMPbwbWMNJ\FIOQORMPHKo5ZKMNJ\JRY[ZKJ=Z_Ho 3[]TMe�AbWMNJ	o_MPZ5¯ S_bwZKJ�SrMPOQVwORMNJ i FIbWMPZ_URJ�S_URY[S_URMNJ?JRY[HaO	cjZ9F[JQVw]TMPHjO	VWo_MPHaOQVWcjZKMNJ?MPO�ORMPHKo_MPHaO i MPURJ\Å5�FIbWY[URJ�caZKMDbqFGS_bwZKJ�feU2FIHKo_M i FIbWMPZ_U�S_URY[S_URMDORMPHKo i MPURJ7·exg�AMNJ�S;`PUQVWY�o_MNJ¨L2v9FIZKo_MNJG´ i FIbWMPZ_URJ�`PbWM i `NMNJ½o_M
δD
¸{JRMP]\�_bWMPHaO ~POQURMNJGL|FIU2F[LPOR`PUQVWJR`NMNJGS9FIU¾o_MNJ¾o_`NLPURY[VWJRJ2FIHKLNMNJGo_M\bqFTS_bwZKJ¾feU2FIHKo_M i FIbWMPZ_U¾S_URY[S_URM�´GY·$HdFeÅI]p�5º5·|ÅeÅI]�MPO½ºe¿eÅeÅI]u¸�x5��F	OQU2FIHKJQVwOQVWY[H Yd·$HdFeÅI] MNJRO�o5VWJRLPZ_OR`NM7S_bwZKJ�MPHko_`PO2FIVwbroKFIHKJ�bqF	JRMNLPOQVWY[HJRZ_V i FIHjORMex��AMNJ�Sr`PUQVWYjo_MNJ�febqF[LPVqFIVwURMNJD´�DmFIVw�_bWMNJ i FIbWMPZ_URJ�o_M δD ¸«JRY[HjO|��cjZ9FIHaO7Y7MPbwbWMNJ|�IL|FIU2F[LPOR`PUQVWJR`NMNJ�S9FIUo_MNJ{o5Vw]XVwHaZ_OQVWY[HKJGo_M=bqF�O2FIVwbwbWM\o_MNJ�feU2FIVwHKJ|�KS_UQVwHKLPVwS9FIbWMP]TMPHjO¾o5ZKMNJ Y�bmlnM�®}MPO{o}ln`PS_VwH_febqFIfgM\o_MNJ / Y[VwHjORJo_M¾feU2FIVwHKJzS9FIU�o_MNJ½S9FIUQOQVWLPZ_bWMNJ	´ E¾Z_U2FIHKo/^a`CbdcUeq�5ºeÅeÅeµeFg¸�x#M�HpM�®}MPO|�#Y\L|FIZKJ2M¾o_M¾bml»FIZ_fe]TMPHjO2FIOQVWY[Hso_Mbml»FIUQVWo5VwOR`e�IbqF{febqF[LNMzo_MNJ«Sr`PUQVWY�o_MNJ�D URY[VWo_MNJ�MPH�67HaO2FIURLPOQVWcjZKM½S_UR`NJRMPHaORM½Z_HKM�D¶Y[UQORM�ORMPHKMPZ_U�MPH?Vw]XS_Z_URMPOR`NJVwHKJ2Y[bwZ_�_bWMNJ{MPODMPHpSrY[ZKJRJQVW�PURMNJ	´ M�7I w 6 w Y[]X]	Z_H_VwO51p]TMP]	�rMPURJ|�9ºeÅeÅIÃj¸�x�AMNJz�_UQZKJRcjZKMNJ i FIUQVqFIOQVWY[HKJ�o_M¾bqFND¶FI�_UQVWcjZKMGMPHko_MNJ2JRY[ZKJzo_MGºy}eÅeÅI] J2Y[HaOzOQUR�NJ�JQVw]XVwbqFIVwURMNJEY?LNMPbwbWMNJY[�KJ2MPU i `NMNJ{oKFIHKJDbWM D Y[U2FIfgM�o_M?À ] I�«x6l�FIVWJ7LNY[HaOQU2FIVwURMP]TMPHaOJYdÀ ] I�«�5bWMNJ7JQVwfeHKMNJ{o_M=bqFXURMNLPUQVWJQO2FIbwbwV�hJ�FIOQVWY[Hso 1�H9FI]XVWcaZKM	HKM�JRY[HaO7S9F[J{S_UR`NJ2MPHaORJ YXE 3[]TM w ²KbWMNJDfeU2FIVwHKJ7HKM�J|l VwHaORMPUQSr`PHK�POQURMPHaOGS9F[J|x�´mÀ�xE¾Z_U2FIHKo}� &�� +�+������ & by` �	�
� �
^.- (��
���0^[c"cf^I¸GMPO�bqFtO2FIVwbwbWMuo_MNJ=feU2FIVwHKJ	o_Y[H_HK`NMXS9FIU	bqF ��VwfeZ_URM_H�x»¿[LXHKM]TY[HjOQURM�S9F[JDo_MG�_UQZKJ2caZKM	FIZ_fe]TMPHjO2FIOQVWY[HAx�¨l»FIH_febWM

θ0
o5Z i MNLPORMPZ_U{S_URY[S_URM?¿Xo_M a(2) S9FIUDU2FIS_S;Y[UQO Y�bqF i MPUQOQVWL|FIbWM	VwH5h�JQVwOQZ¦MNJQO{o_Y[H_HK`\JQZ_UbqF ��VwfeZ_URM H�x»¿[o}x w MPOXFIH_febWMkMNJQO?LNY[]XS_UQVWJ�MPHjOQURMpÅ¦MPO F¦o_MPfeUR`NJ�oKFIHKJ?bqF¦S_bwZKJ\feU2FIHKo_MtS9FIUQOQVWMko5Z

D¶Y[U2FIfgM=MPODS_UR`NJRMPHjORM�Z_HKM�FIZ_fe]TMPHjO2FIOQVWY[H(F[JRJ2MP�=Vw]XS;Y[UQO2FIHjORM�Y�S9FIUQOQVwU{o_M�ºy}eÅeÅI]px�¨l�MPUQURMPZ_UkMPHaOQURM�bWMsORMPHKJRMPZ_Uko}lnY[UQVWMPHaO2FIOQVWY[H,o}lnY[URo5URM�Ã o5VWJ2LPURMPOtMPOubWM¦ORMPHKJRMPZ_Uko}lnY[UQVWMPHaO2FIOQVWY[Ho}lnY[URo5URMTÃpL|FIbWLPZ_bW`TS9FIU=bqF D¶MPUQ]TMPOQZ_URM1ILK�Á �z�}MPO	LNMPbwbWMdMPHaOQURMXbWMXORMPHKJ2MPZ_U	o}lnY[UQVWMPHaO2FIOQVWY[H�o}lnY[URo5URMXÃo5VWJ2LPURMPO	MPO=bWMXORMPHKJRMPZ_U	o}lnY[UQVWMPHjO2FIOQVWY[H o}lnY[URo5URMTÃ¦L|FIbWLPZ_bW`dF i MNLTbml Á¾E � S9FIU2FI]T`POQUR`NMuJRY[HaO\o_Y[H_HK`NMNJS9FIU	bqF ��VwfeZ_URM H�x»¿�DQx w MNJ	o_MPZ5¯�MPUQURMPZ_URJ?JRY[HaO	cjZ9F[JQVw]TMPHjO\VWo_MPHjOQVWcaZKMNJ?MPO	LNY[]XS_UQVWJRMNJ\MPHaOQURM
5%
MPO

10%
SrY[Z_U�ORY[Z_ORMzbqF{S9FIUQOQVWM�JRZ_S;`PUQVWMPZ_URM�o5Z D¶Y[U2FIfgMe�gF i MNLzZ_HKMDFIZ_fe]TMPHaO2FIOQVWY[H /�ZKJRcjZAlSY

25%
S;Y[Z_U�bWMNJ

DmFI�_UQVWcjZKMNJ7o5Z4D Y[HKo}x w Y[]X]TM?HKY[ZKJ{bml»F i Y[HKJ¾o_` / Yuo5VWJRLPZ_OR`?FIZ w v9FIS_VwOQURM?ÃK�9LNMPOQORM?MPUQURMPZ_U¾URM��9�PORM\bWM
DmFIVwO�caZKMzbqFnD¶MPUQ]TMPOQZ_URMZILK�Á � ´¶¿5x»¿eÆg¸«SrY[Z_U

a(4) HKMzS;MPUQ]TMPO�S9F[J�o_Mz�_VWMPHXURMPS_UR`NJRMPHaORMPU�bWMNJ�D¶FI�_UQVWcjZKMNJbWY[URJ2caZKMGbqF�URMNLPUQVWJRO2FIbwbwVWJ2FIOQVWY[HpS9FIUDURY[O2FIOQVWY[H�MNJQO{F[LPOQV i Mex
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θ0
´ o_MPfeUR`NJ�¸

ai δD
´
0/00
¸

< R >
´Ä]X]u¸

� ��� � ��

� +�� � ���

� ��� � ���

ki ||∆(4)||/||a(4)|| (%)

�Z�"2z� �0�2� ²,M i Y[bwZ_OQVWY[HkMPH1D¶Y[HKLPOQVWY[Huo_M{bqF=S_URY D¶Y[HKo_MPZ_U½oKFIHKJ�bWMZD¶Y[U2FIfgM{o_M{E 3[]TM w o_M	²;´¶Fg¸ i FIbWMPZ_URJS_URY[S_URMNJ¾o_M
a(2) oKFIHKJ7bmlnY[URo5URM\LPURY[VWJRJ�FIHaOT´ j FIH_f ^ ` bycfe�´¶ºeÅeÅe¿g¸{SrY[Z_U{bWMNJ7S_URMP]XVWMPURJ?·�FeÅeÅI]�MPO�À�xE¾Z_U2FIHKo � &�� +�+�� ��� & by` �	�
� �
^.- (��
���A^[c�cU^��S;Y[Z_U�bWMNJ�HKY[Z i MPbwbWMNJd]TMNJQZ_URMNJXo_MkbqF�S9FIUQOQVWM�JQZ_Sr`PUQVWMPZ_URM

(+)
MPOzLNMPbwbWMNJzo_M¾bqF	S9FIUQOQVWM7VwH#D¶`PUQVWMPZ_URM¹¸0oA´Ä�C¸�EGMPZ_ORMPUQVwZ_]�M�¯_LNMNJRJ=´ M¨7I w 6 w Y[]X]\Z_H_VwO	1k]TMP]	�rMPURJ|�ºeÅeÅIÃj¸0o{´ L¹¸�U2F 1gY[H ]TY 1gMPHªo_MNJXfeU2FIVwHKJ�´mÀ�x�E¾Z_U2FIHKo}� &�� +�+������ & by` � � � �
^)-�( �
���0^[c"cU^�¸0o{´ o9¸TFIH_febWM

θ0
MPHaOQURMsbqF o5VwURMNLPOQVWY[H S_URY[S_URM(¿�o_M

a(2) MPOdbqF i MPUQOQVWL|FIbWM¦VwH5h�JQVwOQZJoG´ M¹¸TS9FIU2FI]T�POQURMNJ�o_Mpbml Á¾E �S9FIU2FI]T`POQUR`NM=oKFIHKJ½bmlnY[URo5URMGo_`NLPURY[VWJRJ2FIHjOzo_MPOG´�D�¸�MPUQURMPZ_UzURMPbqFIOQV i M=JQZ_U a(4) MPHaOQURM a(4) o_Y[H_HK`¾S9FIUzbqFD¶MPUQ]TMPOQZ_URMNILKDÁ � MPO{bWM
a(4) o5VWJRLPURMPO?´ LNY[Z_UQ�rM¹¸��9MPO¾MPHaOQURM a(4) o_Y[H_HK`	S9FIU{bml Á¾E � S9FIU2FI]T`POQUR`NM�MPO

a(4) o5VWJRLPURMPO?´ J 1j]\�;Y[bWMNJ�¸�x
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�AMNJ D Y[U2FIfgMNJXo_MkE 3[]TM w �¨À ] I��MPOTE 3[]TM ��JRY[HjO?ORY[ZKJ�bWMNJ�OQURY[VWJXJRVwOQZK`NJXJRY[ZKJXo_MNJXo 3[]TMNJfg`NY[feU2FIS_v_VWcjZKMNJ|x9°�Y[ZKJ½Z_H�o 3[]TMe��bqF	febqF[LNMGMNJQO½fg`PHK`PU2FIbWMP]TMPHaO7JQZ_S_S;YeJ2`NM¾J2M7o_`[D¶Y[UQ]TMPUzZ_H_VWcaZKMP]TMPHjOS9FIU½LNY[]XS_URMNJRJQVWY[HtJQZ_V i FIHjO�bml»F�¯_M i MPUQOQVWL|FIbmx��AMNJCD¶FI�_UQVWcjZKMNJ¨]TMNJQZ_UR`NMNJ½oKFIHKJ�bWMNJ�OQURY[VWJ7D Y[U2FIfgMNJG´ j FIH_f^ ` bycfeq��ºeÅeÅe¿#o mzvKY[URJQORMPVwHKJRJRY[H ^a` bdcUeq�{·|ÆeÆ,H�o 6{�NZ_]dF�^a` bdcUeW�¾·|ÆeÆeÆg¸���SrY[Z_UtbWMNJRcaZKMPbwbWMNJubWMNJtfeU2FIVwHKJJ2MTLNY[HKLNMPHaOQURMPHjO?S_URY[feURMNJ2JQV i MP]TMPHaOTFIZ_ORY[Z_U�o}l Z_HKMdo5VwURMNLPOQVWY[H S_URYjL2vKMuo_MXbqF i MPUQOQVWL|FIbWMuo_Md]dFIH_VW�PURMS_URMNJ2caZKM�F�¯5VWJ 1�]T`POQUQVWcaZKMe�KJ2Y[HaO{LNY[]XS9FIOQVw�_bWMNJ¾F i MNL	LNMG]TY�o_M�o_M=o_`[D¶Y[UQ]dFIOQVWY[HAx«Y[Z_UtZ_H L2v9FIUQfgMP]TMPHaO�Y[¼ JRMPZ_bWMNJdbWMNJuLNY[]XS;YeJ�FIHaORMNJko5VqFIfgY[H9FIbWMNJ�o_M
D̄
JRY[HjOdHKY[H HaZ_bwbWMNJkMPOLNY��¶HKLPVWo_MPHjOzF i MNLDbWMNJ½F�¯5MNJ�o}lnY[UQOQvKY[OQURY[S_VWM7o_M{bqF D¶FI�_UQVWcjZKMe�gJQV9bWM�U2FIS_S;Y[UQO½MPHaOQURM7bWMNJ�LNY[]XSrYeJ2FIHaORMNJ½o_M

D̄
MNJQO¾LNY[HKJQO2FIHaO�FIZ(LNY[Z_URJ7o5Z�ORMP]XSKJ|�CbqF DmFI�_UQVWcaZKM?L|FIbWLPZ_bW`NM�F i MNL?HKY[OQURM	]TY�o_�PbWM\HKM	o_`PSrMPHKoscjZKMo_MNJ7S9FIU2FI]T�POQURMNJGo}l»FIH_VWJRY[OQURY[S_VWM�o5Z¦]TY[HKY�LPUQVWJQO2FIbm�ro5Z¦]TY�o_�PbWM	Z_OQVwbwVWJ2`�SrY[Z_U{O2FI�_Z_bWMPUGbqFXbWY[V�À�Á¾� �MPODo_M�bqF�o_`[D Y[UQ]dFIOQVWY[H�LPZ_]	Z_bW`NM

ε̄c = e
R t

0
D̄33 dt − 1

x ´<H�xw·¹¸
M¨bwbWMuHKMko_`PSrMPHKo H_V½o_MtbqFsORMP]XS;`PU2FIOQZ_URMe��H_Vzo_Mtbml v_VWJQORY[VwURMko_MNJ i VwORMNJ2JRMNJ\o_Mko_`[D¶Y[UQ]dFIOQVWY[HAx w MPOQORMo_`[D¶Y[UQ]dFIOQVWY[H�LPZ_]	Z_bW`NMGMNJQO½URMPbwVW`NM Y=bml»FI]XVwHKLPVWJRJRMP]TMPHjO

a/a0
o}l Z_HKM7LNY[ZKL2vKM¾o}ln`PS9FIVWJ2JRMPZ_U

a
URMPbqFIOQV i M�h]TMPHjOnYXJRY[Hp`PS9FIVWJ2JRMPZ_U

a0
bWY[URJ2caZAlnMPbwbWM�`PO2FIVwO7MPH¦JQZ_U?DmF[LNMGS9FIU

ε̄c = a/a0 − 1
x ´<H�x»ºg¸

6{~KH o_M i FIbwVWo_MPU=bml v 1jSrY[OQvK�NJRMXo}l Z_H�`NLNY[Z_bWMP]TMPHaO	Z_H_VqF�¯�VqFIb¨MPO=o_MXcjZ9FIHaOQV�~9MPU=bml VwH5�KZKMPHKLNMTo_M?bqFtURM�hLPUQVWJRO2FIbwbwVWJ2FIOQVWY[HuJQZ_U�bWMDo_` i MPbWY[S_SrMP]TMPHaO�o_MNJ7DmFI�_UQVWcjZKMNJ|�eHKY[ZKJ�S;Y[Z i Y[HKJ�o_Y[HKL{LNY[]XS9FIURMPU½bmln` i Y[bwZ_OQVWY[Ho_MNJ'DmFI�_UQVWcaZKMNJ�oKFIHKJ�bWMNJ'D¶Y[U2FIfgMNJ�o_M�E 3[]TM w �eÀ ] I�(MPO�E 3[]TM��MPH D Y[HKLPOQVWY[HXo_M½bml»FI]XVwHKLPVWJRJRMP]TMPHjO|x«Y[Z_UdÀ ]nI ���LNY[]X]TM w F[JRORMPbwH9FIZ ^ `JbdcfeD´ ·|ÆeÆeµeFg¸	MPOTÀ=FIfebwVqFIURo5VwH_V	´ ·|ÆeÆeÆg¸���HKY[ZKJ?Z_OQVwbwVWJRY[HKJ�bqF
D¶Y[HKLPOQVWY[Huo}l»FI]XVwHKLPVWJ2JRMP]TMPHaO�o_Y[H_HK`NM7S9FIU�E=FIv_b�h g MPHKJRMPH/^a`pbdcUer´ ·|ÆeÆe¿g¸�xj��MD]TY�o_�PbWM{o_M{E=FIv_b�h g MPHKJ2MPH^ ` bdcUe�´ ·|ÆeÆe¿g¸¾MNJQO¾�9F[JR`�JQZ_UGZ_H�]TY�o_�PbWM�o_M�EGFIHKJRfaFeFIURo�MPO g Y[v_HKJ2MPH ´ ·|ÆeµeÆg¸?²9bWMNJGv 1jSrY[OQvK�NJRMNJ=o_MLNMt]TY�o_�PbWMkJRY[HaOXcjZKMubqF i VwORMNJRJRMto_Mto_`[D¶Y[UQ]dFIOQVWY[H D̄33

MNJQO�LNY[HKJQO2FIHaORM�/ ZKJRcjZAlSY¦Z_HKMtS_URY D¶Y[HKo_MPZ_U
h
�rS_Z_VWJ	o_`NLPURY �WO�bwVwHK`|FIVwURMP]TMPHjO	SrY[Z_U	J|l»FIH_HaZ_bWMPU?FIZ D Y[HKo MPO�cjZKMXbWMNJ	FIbwOQVwOQZKo_MNJ\o5Z�JRY�LPbWMXMPO�o_MXbqFJRZ_U?D¶F[LNM�J2Y[HaO7LNY[HKJRO2FIHaORMNJGFIZ¦LNY[Z_URJ7o5Z¦ORMP]XSKJ|x9��F i FIbWMPZ_U7o_M�bqF i VwORMNJRJRM�o_M	o_`[D Y[UQ]dFIOQVWY[H D̄33

MPHJRZ_U?D¶F[LNM7MPO�bqF	S_URY D Y[HKo_MPZ_U
h
JRY[HaOzL|FIbWLPZ_bW`NMNJ�F�~KHuo_M7URMPS_URYjo5Z_VwURMGFIZu]XVWMPZ5¯TbWMNJzoKFIO2FIOQVWY[HKJzLNY[H_HaZKMNJ´ÄS9FIU�LNY[]XS_O2FIfgM7o_MNJ�LNY[ZKLRvKMNJzFIH_HaZKMPbwbWMNJ|�jMPO�MPHTbWY�L|FIbwVWJ2FIHaO�bWMNJ�JQVwfeH9FIZ5¯To_MNJ�`PUQZ_S_OQVWY[HKJ i Y[bWL|FIH_VWcjZKMNJLNY[H_HjZKMNJ�MPO�oKFIOR`NMNJ�¸�xz��F LNY[Z_UQ�;M�o_M�bml»FI]XVwHKLPVWJRJRMP]TMPHaOpoKFIHKJkbWM3D¶Y[U2FIfgM�o_M À ]nI �o_Y[H_HK`NM(S9FIUE=FIv_b�h g MPHKJ2MPH ^a` bdcfe«´ ·|ÆeÆe¿g¸zMNJQO{OQU2F[LN`NM�JQZ_U�bqF ��VwfeZ_URM�H�x ÃaF5x�AMNJ�LNY[Z_UQ�;MNJ�o}l»FI]XVwHKLPVWJRJ2MP]TMPHaO¨SrY[Z_U«bWMNJ�D¶Y[U2FIfgMNJ�o_MzE 3[]TM w MPO�E 3[]TM�sJRY[HaO�o_Y[H_HK`NMNJ�JQZ_U�bqF

��VwfeZ_URM H�x ÃaFs´ �zxC�FIUQURMPH_VwHA� &�� +�+������ & by` �	�
� �
^.- (�� ���0^[c"cf^I¸�x w MNJ7LNY[Z_UQ�rMNJGo}l»FI]XVwHKLPVWJRJRMP]TMPHaO=JRY[HjOFIZKJ2JQV5�9F[JR`NMNJ�JQZ_U�Z_H�]TYjo_�PbWM�o}ln`NLNY[Z_bWMP]TMPHjO�Z_H_VqF�¯5VqFIb«´ M¨7I w 6 w Y[]X]	Z_H_VwO	1X]TMP]\�;MPURJ¹�gºeÅeÅIÃj¸�xe��F
D¶Y[UQ]TM�o5ZpS_URYI~Kb�o_M i VwORMNJRJRM i MPUQOQVWL|FIbWM	MPH D Y[HKLPOQVWY[H�o_M=bqF�v9FIZ_ORMPZ_U{UR`No5Z_VwORM\MNJQODS_URMNJRLPUQVwORM�S9FIUDZ_HKM`NcjZ9FIOQVWY[HkS9FIU2FI]T`POQUR`NMe�KMPOzMNJQO�JQZ_S_S;YeJ2`NMD~_¯_M=FIZkLNY[Z_URJ½ORMP]XSKJ|x_��MNJ½L2v9FIH_fgMP]TMPHaORJ7o}ln`PS9FIVWJRJRMPZ_UDo_MfebqF[LNM7FIZdLNY[Z_URJ�o5ZTORMP]XSKJ�JRY[HaO�Vw]XS;YeJR`NJ�YGS9FIUQOQVwU�o_MNJ�UR`NJRZ_bwO2FIORJ�Y[�_ORMPHaZKJzF i MNL{Z_HT]TY�o_�PbWM�feU2FIHKo_M`NL2vKMPbwbWM�o}ln`NLNY[Z_bWMP]TMPHaOdo_MtbqF�L|FIbWY[OQORM�FIHaO2FIURLPOQVWcjZKM*´ ]DVwOQ�g�½·|ÆeÆeºg¸�x��AMNJ�S9FIU2FI]T�POQURMNJXo5Z�S_URYI~KbDo_M
i VwORMNJRJRMGMPODbqF�D ZKJQVWY[H��9F[J2FIbWM	JRY[HaODo_`No5Z_VwORJ7MPH�]XVwH_Vw]XVWJ2FIHaO7bmln`NL|FIUQO{MPHaOQURM	bWMNJ�UR`NJQZ_bwO2FIORJDo5Z�]TY�o_�PbWMo_M=oKFIO2FIOQVWY[H�M¨7I w 6�MPODbWMNJ uIfgMNJDo_M�LNMPUQO2FIVwHKJ7` i `PHKMP]TMPHaORJ¾oKFIOR`NJ|xKy¾Y[ZKJ�U2FIS_SrMPbWY[HKJDVWLPV�cjZKMGbmlSuIfgMo_MubqF¦febqF[LNMto_`PSrMPHKoVYpbqF D Y[VWJ?o_Mubml»FI]XVwHKLPVWJRJRMP]TMPHaOTMPO�o_Mubml»F[LNLPZ_]	Z_bqFIOQVWY[HªFIZ ]TY[]TMPHaOTo_MtJRY[Ho_`PS�3[O|��MPbwbWMtFIZKJRJQV½L|FIbWLPZ_bW`NMTS9FIU?bWMX]TYjo_�PbWMto_MdoKFIO2FIOQVWY[HJo�FIVwHKJQV�Z_H uIfgMdLNY[UQURMNLPO Y�Z_HKMuLNMPUQO2FIVwHKMS_URY D¶Y[HKo_MPZ_UzHKM¾faFIU2FIHaOQVwO�S9F[JDF i MNLGLNMPUQOQVwOQZKo_MGZ_HpFI]XVwHKLPVWJRJRMP]TMPHjODLNY[UQURMNLPO|x_�AMNJzo5V�®r`PURMPHjORMNJ��rYeJRJRMNJJRZ_U¨bWMNJ�LNY[Z_UQ�rMNJ�o}l»FI]XVwHKLPVWJ2JRMP]TMPHaO|��S9FIU�M�¯_MP]XS_bWM7FIZto_MNJRJQZKJ¨o_M\·$HdFeÅI]�SrY[Z_U�E 3[]TM w �jJRY[HaO½o5ZKMNJFIZ5¯TL2v9FIH_fgMP]TMPHaORJzo}l»FIbwOQVwOQZKo_M7o_MDbqF�L|FIbWY[OQORM7FIZuLNY[Z_URJ�o_MNJ¨Sr`PUQVWY�o_MNJ¨VwHaORMPUQfebqF[LPVqFIVwURMNJ¹x���YjL|FIbWMP]TMPHjO|�bqF D Y[HKLPOQVWY[H o}l»FI]XVwHKLPVWJRJRMP]TMPHaO�MNJQO�]1~P]TMuLPURY[VWJRJ2FIHjORMtF i MNLTbqFkS_URY D¶Y[HKo_MPZ_U?LNMdcaZ_V¨Vw]XS_bwVWcjZKMdcjZKMLNMPUQO2FIVwHKMNJ7LNY[ZKLRvKMNJ7JRY[HaOD]TY[VwHKJ¾FI]XVwHKLPVWMNJ{cjZKM=o_MNJDLNY[ZKLRvKMNJ7]TY[VwHKJDS_URY D¶Y[HKo_MNJ|x�¨ln` i Y[bwZ_OQVWY[Hpo_MNJ�D¶FI�_UQVWcjZKMNJzoKFIHKJzbWMNJCD¶Y[U2FIfgMNJzo_M�À ] I�«��E 3[]TM w MPOzE 3[]TM � MPH D Y[HKLPOQVWY[H�o_Mbml»FI]XVwHKLPVWJ2JRMP]TMPHaO�MNJQO�o_Y[H_HK`NM¾JQZ_U�bqF ��VwfeZ_URM H�x Ãe�Axj�AMNJ�` i Y[bwZ_OQVWY[HKJ½fg`PHK`PU2FIbWMNJzo_MNJ i FIbWMPZ_URJ�S_URY[S_URMNJ
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o_M
a(2) �}oKFIHKJ=bWMNJGOQURY[VWJ D Y[U2FIfgMNJ�MPHtD¶Y[HKLPOQVWY[H�o_M�bml»FI]XVwHKLPVWJRJRMP]TMPHjO\JRY[HjO=OQUR�NJ�JQVw]XVwbqFIVwURMNJ / ZKJRcjZAlSYZ_H FI]XVwHKLPVWJRJRMP]TMPHjO�o}lnMPH i VwURY[H*¿eÅ��t�;LNM�cjZ_V�LNY[UQURMNJRS;Y[HKo YdZ_HKM\S_URY D¶Y[HKo_MPZ_U�o}lnMPH i VwURY[H ·|µeÅeÅI] YÀ ]nI ��}·$H[ÅeÅI] YTE 3[]TM � MPO	·�}eÅeÅI] YXE 3[]TM w x6M�H¦o_MNJRJRY[ZKJ¹�_bqFXLNY[HKLNMPHaOQU2FIOQVWY[H(o_M=bqF DmFI�_UQVWcjZKMMNJQO�S_bwZKJ½U2FIS_VWo_M Y\E 3[]TM w FIbWY[URJzcaZAlnMPbwbWM¾MNJQO½OQUR�NJzJQVw]XVwbqFIVwURM{SrY[Z_U½bWMNJCD¶Y[U2FIfgMNJzo_MGÀ ] I� MPOzE 3[]TM

�zx�Á7HuS;MPZ_O½HKY[ORMPUzcaZKM{bqF=OQU2FIHKJQVwOQVWY[H�LPbwVw]dFIOQVWcjZKM �¾Y[bWYjLN�PHKM�h j VWJRLNY[HKJQVwH ´ÄORMPUQ]XVwH9FIVWJRY[H IQ¸7Y\À ] I�´ ·e·exSF
ka

K½ � ¸½JRMGJQVwOQZKMJYk·|µeºe¿?] ´ g Y[v_HKJRMPHV^a`�bdcUeq�}·|ÆeÆeºg¸��_MPO�bqF?ORMPUQ]XVwH9FIVWJRY[H3I I7´ ·|¿yF
ka

Kz�¸½J2MJQVwOQZKMJY?bqFXS_URY D Y[HKo_MPZ_U	·$HdFeÅI] Y�E 3[]TM w MPOnY?bqF?S_URY D¶Y[HKo_MPZ_U\·�}eÅeÅI] YXE 3[]TM �zx��l»FIUQU ~PO\o_MTbqFpLPURY[VWJRJ2FIHKLNMdo_MdbqFkO2FIVwbwbWMdo_MNJ\feU2FIVwHKJ	MPH o_MNJRJRY[ZKJ\o_MuµyFeÅI] YsÀ ] I�.MNJQO?FIOQOQUQV�h�_ZK`NM Y\bml»FIS_S9FIUQVwOQVWY[Hpo5ZuUR`PfeVw]TMGo_M¾URMNLPUQVWJQO2FIbwbwVWJ2FIOQVWY[H�S9FIU½URY[O2FIOQVWY[H*´ mzvKY[URJQORMPVwHKJRJRY[H/^a`�bdcfeq�;·|ÆeÆ,He¸�x
w F[JQORMPbwH9FIZ ^a`pbdcUe9´ ·|ÆeÆeµeFg¸�MNJQOQVw]TMPHaO½caZKMDS;Y[Z_U�LNY[HjOQURMP�9FIbqFIHKLNMPUzbqF=LPURY[VWJRJ2FIHKLNM{HKY[UQ]dFIbWM{o_MNJ¨feU2FIVwHKJMPOdJRORY[S_S;MPUXbml»FIZ_fe]TMPHjO2FIOQVWY[H o_MpbWMPZ_UTO2FIVwbwbWMp]TY 1gMPH_HKMe��VwbZDmFIZ_OTcjZKMpLRv9F[cjZKMpfeU2FIVwH J2Mpo5V i VWJ2M�MPHo_MPZ5¯tORY[Z_O�bWMNJDºeÅeÅeÅXFIHKJ|x#I�bWJ�LNY[HKLPbwZKMPHjO{caZKMGbqF?LNY[HKLNMPHjOQU2FIOQVWY[H¦OQURY[S�U2FIS_VWo_M=o_MGbqFND¶FI�_UQVWcjZKM=cjZAl VwbWJY[�_OQVWMPH_HKMPHjO?F i MNLdbWM�]TYjo_�PbWM �¾�° w HKY[H�bwVwHK`|FIVwURMdMPH*o_MNJ2JRY[ZKJ�o_MXLNMPOQORMTS_URY D¶Y[HKo_MPZ_U	MNJQO\o5ZKMTFIZU2FIbWMPHjOQVWJRJRMP]TMPHaOzo_M�bqF=LNY[HKLNMPHjOQU2FIOQVWY[H�o_M�bqF DmFI�_UQVWcaZKM{S9FIU�LNM�UR`PfeVw]TM{o_M{URMNLPUQVWJQO2FIbwbwVWJ2FIOQVWY[HAxjE?l»FIS_UR�NJE¾Z_U2FIHKo&^a` bdcUe�´¶ºeÅeÅeµeFg¸���bWMXUR`PfeVw]TMTo_MXURMNLPUQVWJRO2FIbwbwVWJ2FIOQVWY[H*S9FIU�URY[O2FIOQVWY[H LNY[]X]TMPHKLNM_YpFIS_S9FIU2F��WOQURMoKFIHKJTLNMPUQO2FIVwHKMNJdLNY[ZKLRvKMNJ Y(E 3[]TM w Y�S9FIUQOQVwUuo_Mpµ5·|ÅI] MPOTMNJQOXfg`PHK`PU2FIbwVWJR`3Y�S9FIUQOQVwUuo_M3H[ÅeÅI]p�S9FIU�LNY[HaOQURMGVwb;HAlnMNJQOzS9F[J�F[JRJRMP��F[LPOQV*D�SrY[Z_U�LNY[HaOQURMP�9FIbqFIHKLNMPU{bqF\LPURY[VWJRJ2FIHKLNMGHKY[UQ]dFIbWMex5E¾Z_U2FIHKo/^a`Cbycfe´¶ºeÅeÅeµeFg¸{MNJQOQVw]TMPHaOGcjZAl VwbzDmFIZ_O7MPHaOQURMt·|ºdÅeÅeÅuMPO¾ºeÅuÅeÅeÅdFIHKJ7S;Y[Z_U¾caZKM\LRv9F[cjZKM	feU2FIVwH(JRM\o5V i VWJRM	MPHº5xj��F�S9FIU?DmFIVwORM¾JQZ_S;MPUQSrYeJQVwOQVWY[Hko_MNJz` i Y[bwZ_OQVWY[HKJ½o_MNJ i FIbWMPZ_URJ�S_URY[S_URMNJzo_M a(2) SrY[Z_Uzo_MNJ½FI]XVwHKLPVWJRJ2M�h]TMPHjORJ�JQZ_Sr`PUQVWMPZ_URJ Y	¿eÅ�h ¿yF�� oKFIHKJ¨bWMNJ�OQURY[VWJpD¶Y[U2FIfgMNJ|�aFIbWY[URJ�caZKM�bWMNJ�ORMP]XS;`PU2FIOQZ_URMNJ¹�gbWMNJ i VwORMNJRJRMNJ�o_Mo_`[D¶Y[UQ]dFIOQVWY[HuMPO�bWMNJ�`NLRvKMPbwbWMNJ�o_MDORMP]XSKJ�JRY[HjO�LNY[]XS_bW`PORMP]TMPHaOzo5V�®r`PURMPHjORMNJ�MPHjOQURMDbWMNJ¨JRVwORMNJ¨o_M D¶Y[U2FIfgMe�VwHKo5VWcjZKMXo_Y[HKLXcaZKM�bmln` i Y[bwZ_OQVWY[H o_M�bqF_D¶FI�_UQVWcjZKMe�}oKFIHKJ�LNMPOQORM�S9FIUQOQVWMe�}URMNJRORM�Z_H_VWcaZKMP]TMPHjOJD¶Y[HKLPOQVWY[Ho_MGbqFXo_`[D¶Y[UQ]dFIOQVWY[H¦LPZ_]\Z_bW`NM�]1~P]TM�JQV}bWM�UR`PfeVw]TM�o_M=URMNLPUQVWJQO2FIbwbwVWJ2FIOQVWY[H¦S9FIUDURY[O2FIOQVWY[HsMNJQO{F[LPOQV*DQx¨bwZKJQVWMPZ_URJ�v$1�S;Y[OQvK�NJ2MNJ�S;MPZ i MPHjO ~POQURMkMPH i VWJ2FIfg`NMNJ�SrY[Z_UXM�¯�S_bwVWcjZKMPU�bWMNJ�o5V�®r`PURMPHKLNMNJ�SrY[Z_UXo_MNJFI]XVwHKLPVWJRJ2MP]TMPHaORJDVwH#D¶`PUQVWMPZ_URJnYX¿eÅ�� ²
³ �«F(URMNLPUQVWJQO2FIbwbwVWJ2FIOQVWY[HªS9FIUXURY[O2FIOQVWY[HªMNJQOXS_bwZKJdF[LPOQV i M4Y*À ] I� MPOTE 3[]TM �z��LNMpcjZ_V�U2FIbWMPH5hOQVwO\bmln` i Y[bwZ_OQVWY[H o_MdbqF DmFI�_UQVWcaZKMucaZ_V¨HAlnMNJRO	S_bwZKJ\Z_H_VWcaZKMP]TMPHjOND¶Y[HKLPOQVWY[H o_MdbqF�o_`[D Y[UQ]dFIOQVWY[HLPZ_]\Z_bW`NMex
³ ��l»FI]XVwHKLPVWJRJRMP]TMPHaO Y�E 3[]TM w MNJROzJ2Y[ZKJ h�MNJQOQVw]T`=MPOzbmln` i Y[bwZ_OQVWY[H¦o_MGbqF�DmFI�_UQVWcaZKMGo_M i U2FIVwO�ORY[Z5h

/QY[Z_URJ ~POQURMJD Y[HKLPOQVWY[HsZ_H_VWcaZKMP]TMPHjO¾o_M	bqFXo_`[D¶Y[UQ]dFIOQVWY[H�LPZ_]\Z_bW`NM\MPO{o_M i U2FIVwOn~POQURM\JRMP]	�_bqFI�_bWMFIZ5¯k` i Y[bwZ_OQVWY[HKJDoKFIHKJ½bWMNJ D Y[U2FIfgMNJzo_M�À ]nI �MPO�E 3[]TM �zx w MPOQORMGv$1�S;Y[OQvK�NJ2M7SrMPZ_OZ~POQURMGJQZ_S5hSrY[UQOR`NM=S9FIUDbWM DmFIVwO{cjZKMGbWMNJD` i Y[bwZ_OQVWY[HKJ{o_MNJED¶FI�_UQVWcjZKMNJDoKFIHKJ�bWMNJDOQURY[VWJZD¶Y[U2FIfgMNJDLNY[]X]TMPHKLNMPHaO
Y�o5V i MPUQfgMPU¾FIZtH_V i M|FIZso}l Z_HKMGOQU2FIHKJQVwOQVWY[H¦LPbwVw]dFIOQVWcjZKM=oKFIHKJDLRv9F[LPZ_H¦o_MNJZD Y[U2FIfgMNJ|x5EGMNJ�LRv9FIH5hfgMP]TMPHjORJ�o}ln`NLNY[Z_bWMP]TMPHjOG´¶FIbwOQVwOQZKo_M7o_M�bqF=JQZ_U?DmF[LNM Y	À ] I�«� i FIUQVqFIOQVWY[HKJ�o_M�bqF D Y[UQ]TMDo5ZdS_URYI~Kbo_M i VwORMNJ2JRM�YdE 3[]TM w MPO¾E 3[]TM �z�KS9FIU¾M�¯5MP]XS_bWM¹¸��CHKY[H¦S_UQVWJ¾MPHsLNY[]XS_ORM\S9FIU7bWMNJ{]TYjo_�PbWMNJo}l»FI]XVwHKLPVWJ2JRMP]TMPHaO|�5SrY[Z_UQU2FIVWMPHaODFIbWY[URJ ~POQURM Y�bmlnY[UQVwfeVwHKM7o}lnMPUQURMPZ_URJzJQZ_U�bqF D¶Y[HKLPOQVWY[Hto}l»FI]XVwHKLPVWJQhJ2MP]TMPHaO|x
³ ¨bwZKJ½Y[HkJ|l»FIS_S_URY�LRvKM¾o5ZtJ2YjLPbWM7MPO�S_bwZKJ�bmln`PO2FIO½o_M¾LNY[HaOQU2FIVwHjORM=MPO�o_M i VwORMNJ2JRMNJ�o_M7o_`[D Y[UQ]dFIOQVWY[HJ¹ln`PbWY[VwfeHKM=o}l Z_Hp`PO2FIOzo_MGLNY[]XS_URMNJRJRVWY[HAx_��F�D¶FI�_UQVWcjZKM¾HAlnMNJQODFIbWY[URJzS_bwZKJzZ_H_VWcaZKMP]TMPHjOZD¶Y[HKLPOQVWY[Ho_M¦bqF o_`[D¶Y[UQ]dFIOQVWY[HªLPZ_]	Z_bW`NMe��]dFIVWJu�_VWMPH o_M�bml v_VWJQORY[VwURMso_MNJ i VwORMNJRJRMNJdo_M¦o_`[D Y[UQ]dFIOQVWY[H MPOo_MNJdLNY[HaOQU2FIVwHaORMNJ¹x�M�HªM�®rMPO|�¨LNY[]XS_ORMpORMPHaZ o_M�bqF�ORY[SrY[feU2FIS_v_VWM¦o_MkbqF�L|FIbWY[OQORM*´ JQZ_U?DmF[LNMpMPOJ2YjLPbWM¹¸��CZ_H�o 3[]TM?fg`NY[feU2FIS_v_VWcjZKM?HAlnMNJQO /RFI]dFIVWJGM�¯_F[LPORMP]TMPHjOGZ_H(F�¯_M\o_M?J 1�]T`POQUQVWMex�67VwHKJQV�bWMLNMPHjOQURM\o_M�bmln`NLNY[Z_bWMP]TMPHaO|�;o_`�~KH_V«LNY[]X]TM�bWM�bwVWMPZ¦Y[¼pbqF i VwORMNJRJRM=vKY[UQVw�|Y[HjO2FIbWM\MNJRO�HaZ_bwbWMe�CHAlnMNJQOS9F[J�Y[�_bwVwfaFIORY[VwURMP]TMPHjOTbWYjL|FIbwVWJ2`tFIZ�o 3[]TMtfg`NY[feU2FIS_v_VWcaZKMkMPO�J2F�SrYeJQVwOQVWY[H�S;MPZ_O i FIUQVWMPUTF i MNLbqFpS_URY D Y[HKo_MPZ_U�´ i FIH o_MPU �¨MNMPH�MPO j v_VwbwbqFIHKJ|��·|ÆeÆeºg¸0o�bWMuLPVWJ2FIVwbwbWMP]TMPHaO�SrMPZ_O?FIbWY[URJ?o_M i MPH_VwUS_UR`PSrY[HKo_`PU2FIHaO�oKFIHKJubqF S9FIUQOQVWMsVwH#D `PUQVWMPZ_URM�o5Z>D¶Y[U2FIfgMex w Y[]X]TM w F[JQORMPbwH9FIZ ´ ·|ÆeÆeµg¸���HKY[ZKJF i Y[HKJ7FIZKJRJRV;]TY[HjOQUR`�oKFIHKJzbWM w v9FIS_VwOQURMGÃTcjZKM7bml»FIH_VWJ2Y[OQURY[S_VWM=S;Y[Z i FIVwO�URMPHKo5URMGbWM=LNY[]XSrY[UQORM�h
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]TMPHaO�o5ZdS;Y[b215LPUQVWJQO2FIbKVwHKJQO2FI�_bWM{JRY[ZKJ�Z_HTo 3[]TM{MPH D¶Y[HKLPOQVWY[Huo_MzbmlnY[UQVWMPHjO2FIOQVWY[Hto_MDbqF D¶FI�_UQVWcjZKMex
M i MPHaOQZKMPbwbWMP]TMPHjO|��LNMNJuo5V�®}`PURMPHKLNMNJuS;Y[Z_UQU2FIVWMPHjO�FIZKJ2JQV ~POQURMsbWM¦JQVwfeHKMso_M¦LRv9FIH_fgMP]TMPHjORJ�o_MNJLNY[HKo5VwOQVWY[HKJ	o}ln`NLNY[Z_bWMP]TMPHjOk´Ä]XVwfeU2FIOQVWY[H*o5Z E 3[]TMXMPO\LRv9FIH_fgMP]TMPHaO�o_M�bqF_D¶Y[UQ]TMTo5Z�o 3[]TMe�S9FIUDM�¯5MP]XS_bWM¹¸zbWY[URJ{o_MNJ�OQU2FIHKJQVwOQVWY[HKJ7LPbwVw]dFIOQVWcaZKMNJ7oKFIHKJDLRv9F[LPZ_H�o_MNJZD¶Y[U2FIfgMNJ|x
³ �AM½UR`PfeVw]TMzo_M�URMNLPUQVWJRO2FIbwbwVWJ2FIOQVWY[HXS9FIU�]XVwfeU2FIOQVWY[HA�ecaZ_V_JRMP]\�_bWMZ~POQURM�URMNJRS;Y[HKJ2FI�_bWMzo_MNJ��_UQZKJRcjZKMNJ
i FIUQVqFIOQVWY[HKJ\o_M DmFI�_UQVWcaZKMdMPH o_MNJRJRY[ZKJ\o_Mdºy}eÅeÅ�] oKFIHKJ	bWM D¶Y[U2FIfgMTo_MkÀ ] I�«��MNJQO�OQURY[S*SrMPZF[LPOQV*D�FIZso_MNJRJQZKJ�o_M�LNMPOQORM=S_URY D¶Y[HKo_MPZ_UDSrY[Z_UDU2FIVWJRY[H_H9FI�_bWMP]TMPHjO ~POQURM=VwH i YjcjZK`exEGFIHKJubWMpo_`PO2FIVwbm��bWMNJdOQURY[VWJkD¶Y[U2FIfgMNJT]TY[HaOQURMPHjO¦FIZKJRJQV{o_MNJt` i Y[bwZ_OQVWY[HKJko5V�®r`PURMPHjORMNJs² Y À ]nI ��

mzvKY[URJRORMPVwHKJRJRY[H ^a` bdcfez´ ·|ÆeÆ,He¸�HKMTHKY[ORMPHjO�S9F[J\o_MtLRv9FIH_fgMP]TMPHjOTo_MTbqFsLNY[Z_UQ�;Muo}ln` i Y[bwZ_OQVWY[H�o_MubqFDmFI�_UQVWcjZKM\FIZ¦H_V i M|FIZ(o_M�bqFTORMPUQ]XVwH9FIVWJRY[HtI��6YdE 3[]TM w bWMNJZDmFI�_UQVWcaZKMNJ¾JRY[HaO7S_bwZKJ7LNY[HKLNMPHjOQUR`NJ=oKFIHKJbqF febqF[LNM o_MNJkSr`PUQVWYjo_MNJ D URY[VWo_MNJpMPOk]TY[VwHKJpLNY[HKLNMPHjOQUR`NMNJ¦oKFIHKJkbqF febqF[LNM o_MNJ�Sr`PUQVWYjo_MNJ�L2v9FIZKo_MNJ|�FIbWY[URJzcjZKM7LelnMNJRO�bml VwH i MPURJRMJY	E 3[]TM �ª´ 67�NZ_]dF ^a`7bdcUeW�;·|ÆeÆeÆg¸�x5«Y[Z_UDM�¯5S_bwVWcjZKMPU½bqF\o_`NLNY[HKLNMPHaOQU2FIOQVWY[Ho_MNJ DmFI�_UQVWcjZKMNJXo_MNJ�febqF[LNMNJXo_MNJ�S;`PUQVWY�o_MNJ DÄURY[VWo_MNJ1Y�E 3[]TM �z� 6{�NZ_]dF:^a`Nbycfe{´ ·|ÆeÆeÆg¸\S_URY[S;YeJRMPHjOo_MPZ5¯ v$1�S;Y[OQvK�NJ2MNJ�²�� ���pJRY[ZKJ�o_M_D¶FIVw�_bWMNJ�ORMP]XSr`PU2FIOQZ_URMNJTMPO�o_M_D¶FIVw�_bWMNJ�H_V i M|FIZ5¯ o_MkLNY[HaOQU2FIVwHaORMNJ¹�bWMs�KZ9FIfgM(S9FIU�o5V�®rZKJQVWY[H%caZ_VGHKM(LNY[HaOQUQVw�_ZKM S9F[J Y bqF URY[O2FIOQVWY[H,o_MNJkfeU2FIVwHKJ�o_M i VWMPHaOpo5Z ]1~P]TMY[URo5URMko_MufeU2FIHKo_MPZ_UTcaZKMubWMu�KZ9FIfgMtS9FIU?]TY[Z i MP]TMPHjOTo_MNJ�o5VWJQbWYjL|FIOQVWY[HKJ¹��� � ���kbqFpURMNLPUQVWJQO2FIbwbwVWJ�FIOQVWY[HS9FIUzURY[O2FIOQVWY[HpMNJQO½S_bwZKJDF[LPOQV i MGoKFIHKJzbWMNJ½febqF[LNMNJ�o_MNJzS;`PUQVWY�o_MNJ�DÄURY[VWo_MNJ�MPO½U2FIbWMPHaOQVwO�bqF?LNY[HKLNMPHaOQU2FIOQVWY[Ho_M¾bqF�DmFI�_UQVWcaZKMex w MNJzv 1jSrY[OQvK�NJRMNJDJRY[HjO�o_Y[HKLGURMP]XVWJRMNJDMPH�caZKMNJROQVWY[HtSrY[Z_UDM�¯5S_bwVWcaZKMPUzbWMNJ i FIUQVqFIOQVWY[HKJY[�KJ2MPU i `NMNJnY�E 3[]TM w x
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�Z�"2z� ����� ²�´¶Fg¸nM i Y[bwZ_OQVWY[H*o_M?bml»FI]XVwHKLPVWJRJ2MP]TMPHaO	MPH�D¶Y[HKLPOQVWY[H�o_M\bqFtS_URY D¶Y[HKo_MPZ_U�oKFIHKJGbWMNJ D¶Y[U2FIfgMNJo_MGE 3[]TM w ´ÄOQU2FIVwODLNY[HaOQVwHaZC¸��CE 3[]TM � ´ÄSrY[VwHaOQVwbwbW`NJ�¸ ��� e��Zb -.-|^ � � ��� &�� +�+������ & by` �	�
� �5^.-�( �
���0^ac�cU^�MPO½À ] I� ´ÄOQVwURMPORJ�¸D´ E=FIv_b�h g MPHKJ2MPHt^a`pbdcUeW�9·|ÆeÆe¿g¸0oC´Ä�C¸�M i Y[bwZ_OQVWY[Hko_MNJ¨OQURY[VWJ i FIbWMPZ_URJ�S_URY[S_URMNJ�o_M a(2)OQUQVW`NMNJ?oKFIHKJ?bmlnY[URo5URMtLPURY[VWJ2J2FIHaO�MPH/D¶Y[HKLPOQVWY[H�o_Mdbml»FI]XVwHKLPVWJRJ2MP]TMPHaOToKFIHKJ?bWMNJJD¶Y[U2FIfgMNJ�o_MdE 3[]TM w´ÄOQU2FIVwO{LNY[HjOQVwHaZC¸��CE 3[]TM � ´ÄSrY[VwHaOQVwbwbW`NJ�¸�MPO7À ]nI .´ÄOQVwURMPORJ�¸�x
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w Y[]X]TMsHKY[ZKJtbml»F i Y[HKJ D¶FIVwO�FIZ w v9FIS_VwOQURM�Ã S;Y[Z_UtbWMNJ_D Y[U2FIfgMNJko_M À ] I��MPO �¨YeJRORY[±;��HKY[ZKJFIS_S_bwVWcjZKY[HKJ�bqF?bWY[VAo_M�LNY[]XSrY[UQORMP]TMPHaO=À�Á¾� �%´ÄÃKx»ºe¿g¸�FIZpL|FIbWLPZ_b�o_MNJzS_URY[S_UQVW`POR`NJ{UQvK`NY[bWY[feVWcaZKMNJ7o_MNJfebqF[LNMNJ{M�¯�OQU2FIVwORMNJ7o5Z D Y[U2FIfgM=o_M	E 3[]TM w xEGFIHKJ½Z_HtS_URMP]XVWMPUzORMP]XSKJ�HKY[ZKJ½S_UR`NJRMPHjORY[HKJzbmln` i Y[bwZ_OQVWY[H�fg`PHK`PU2FIbWM¾bWM{bWY[H_f�o_M{ORY[Z_ORM¾bqF\L|FIURY[OQORMo_M¾E 3[]TM w S_Z_VWJ|��HKY[ZKJ½HKY[ZKJ½VwHaOR`PURMNJRJ2Y[HKJEY�bqF\OQU2FIHKJQVwOQVWY[H�LPbwVw]dFIOQVWcjZKM¾MPHjOQURMGbWMNJzJQO2F[o_MNJ l4IQ°kF\MPO
l�IQ°kµ�´ l�FIUQVwHKMJI�JRY[ORY[SrM	°jO2FIfgM¹¸ i MPURJ�·$HdFeÅI] ´ÄORMPUQ]XVwH9FIVWJRY[H3I I ¸�x
& ��O���� � 8�¢�9��¨ g¡m¢�£ s �9£ �6B,;�9m§
�AMNJ��KZ_VWo5VwOR`NJ�MPHTLPVWJ2FIVwbwbWMP]TMPHaO¨MPO�LNY[]XS_URMNJRJRVWY[HTY[�_ORMPHaZKMNJ�F i MNLzbqF{bWY[V9À�Á¾� �sMPO�F i MNL�bWM½]TY�o_�PbWM

�G�° w o5VWJRLPURMPOGJRY[HaO¾URMPS_UR`NJRMPHaOR`NMNJ=JRZ_U{bWMNJ �«VwfeZ_URMNJJH�xSFeF5�C�sMPOGL	MPO¾bWMNJ7MPUQURMPZ_URJGLNY[UQURMNJQSrY[HKoKFIHaORMNJJ2Y[HaO�o_Y[H_HK`NMNJ�JQZ_U«bWMNJ ��VwfeZ_URMNJCH�xSF[o}�[M�MPO'DQx��AMNJ i FIUQVqFIOQVWY[HKJ�JRY[HaO�JQVw]XVwbqFIVwURMNJ7Y7LNMPbwbWMNJ�Y[�_ORMPHaZKMNJ�SrY[Z_UbWMZD Y[U2FIfgM7o_M¾À ]nI �xg��F�febqF[LNM{MNJQO�o_M{S_bwZKJ�MPHuS_bwZKJpDmF[LPVwbWMnY=LPVWJ2FIVwbwbWMPU�F i MNL{bqF=S_URY D¶Y[HKo_MPZ_U¾´ M�¯_LNMPS_OR`SrY[Z_U	bWM1D Y[HKo9¸\F i MNLto_MNJ	�KZ_VWo5VwOR`NJ\URMPbqFIOQV i MNJ�FIZ_ORY[Z_U�o_M }5x«��FpfebqF[LNMuMNJQO?FIZKJ2JQV�o_MdS_bwZKJ?MPH S_bwZKJo5V*\dLPVwbWMJY?LNY[]XS_UQVw]TMPU|xK��MNJ�` i Y[bwZ_OQVWY[HKJ{Y[�_ORMPHaZKMNJ7F i MNLGbWM¾]TYjo_�PbWM=o5VWJ2LPURMPODJRY[HaOz�_VWMPH�URMPS_URY�o5Z_VwORMNJS9FIU�bqF=bWY[V}À�Á¾� �zx w Y[]X]TM7S;Y[Z_U�À ] I���ebqF=bWY[V}À�Á¾� ��JQZ_URMNJROQVw]TMDbWMNJ��KZ_VWo5VwOR`NJ�MPHtLPVWJ2FIVwbwbWMP]TMPHaO�MPOJ2Y[ZKJ h�MNJQOQVw]TM?LNMPbwbWMNJ7MPH(LNY[]XS_URMNJRJQVWY[HAxr�AMNJ¾MPUQURMPZ_URJGJRY[HaO=FIZKJRJQV�JQVw]XVwbqFIVwURMNJ YTLNMPbwbWMNJGY[�_ORMPHaZKMNJGSrY[Z_UÀ ] I� ²5FIZ_ORY[Z_U½o_MGºeÅ�� o}lnMPUQURMPZ_UzJQZ_U�bWMNJ��KZ_VWo5VwOR`NJzMPHtLPVWJ2FIVwbwbWMP]TMPHaO�MPO�FIZ_ORY[Z_U½o_M?·�F�Y\ºeÅ�� SrY[Z_ULNMPbwbWM{MPHuLNY[]XS_URMNJRJQVWY[HAx w Y[]X]TMDSrY[Z_U½À ]nI ��gLNMNJ�MPUQURMPZ_URJ�JRY[HaO½o5ZKMNJ�YGbml v 1jSrY[OQvK�NJRM7o}lnY[UQOQvKY[OQURY[S_VWMMPO YXbqF�D MPUQ]TMPOQZ_URMJILKDÁ �%´¶¿5x»¿eÆg¸zSrY[Z_U
a(4) x
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y7Y[ZKJ½HKY[ZKJzVwHaOR`PURMNJ2JRY[HKJ�VWLPVrS_bwZKJ�MPH�o_`PO2FIVwb�Y\bqF\OQU2FIHKJQVwOQVWY[HpLPbwVw]dFIOQVWcjZKM l4IQ°#F�hRl�I °5µ�FIZ i Y[VWJQV�hH9FIfgM	o_MGbqF�S_URY D Y[HKo_MPZ_U\·$HdFeÅI]px
�{Hk�|Y�Y[]�JRZ_U½bWMNJ i FIUQVqFIOQVWY[HKJ�o_M¾bqF�LNY[]XS;YeJRVwOQVWY[HtVWJ2Y[ORY[S_VWcaZKM=o_M¾bqF\febqF[LNM δD �5bqF\S_bwZKJzfeU2FIHKo_Mi FIbWMPZ_U�S_URY[S_URM�o_M a(2) MPO�bWMtU2F 1gY[H ]TY 1gMPH o_MNJ�feU2FIVwHKJXMNJQO�URMPS_UR`NJRMPHaOR`�JRZ_U?bqF ��VwfeZ_URM H�x»µ5x���FfebqF[LNMkFIZ o_MNJRJQZKJ?o_Ms·$HdFeÅI] MNJQO?Z_HKMufebqF[LNMto}l VwHjORMPUQfebqF[LPVqFIVwURM¦FIbWY[URJ�caZKMubqF¦febqF[LNMuS_bwZKJ?S_URY D¶Y[HKo_MMNJRO{Z_HKM\febqF[LNM\o_M\S;`PUQVWY�o_M\febqF[LPVqFIVwURMex;y¾Y[ZKJ¾Y[�KJRMPU i Y[HKJ¾Z_HKM\o_`NLPURY[VWJRJ�FIHKLNM?JRVwfeH_V�~9L|FIOQV i M?o_M a3

FIZH_V i M|FIZ�o5Z ]dF�¯5Vw]	Z_] o_M δD MPO=Z_HKMTFIZ_fe]TMPHjO2FIOQVWY[H*�_UQZKJRcjZKMTFIZ(H_V i M|FIZ*o5Z(]XVwH_Vw]	Z_] o_M δDLNY[UQURMNJRS;Y[HKoKFIHjO7FIZk]dF�¯�Vw]\Z_] febqF[LPVqFIVwURMex5M�H�S_v9F[JRM�F i MNLGbqF�LNY[Z_UQ�;MGo_M=LNY[]XSrYeJQVwOQVWY[H�VWJRY[ORY[S_VWcjZKMe�HKY[ZKJ�Y[�KJRMPU i Y[HKJ¨FIZKJ2JQVjZ_HKM�D¶Y[UQORM�o_`NLPURY[VWJ2J2FIHKLNMzo5Z?U2F 1gY[HX]TY 1gMPHXo_MNJ�feU2FIVwHKJ|�IS9F[JRJ2FIHjO�o_M�¿5x Ãe]X] Y·$H[ºyFI] Y?º5xvH�]X] i MPURJ¾·�}eÅeÅI]p�5o5ZKM Y�bmlnM�®rMPOzo}ln`PS_VwH_febqFIfgMGo_MNJ /QY[VwHaORJ½o_M7feU2FIVwHKJ�S9FIU½bWMNJ�S9FIUQOQVWLPZ_bWMNJVwHKJ2Y[bwZ_�_bWMNJ|xy7Y[ORY[HKJ7caZKM	bWM D¶FIVwO¾o}l»F i Y[VwUGo_MNJZDmFI�_UQVWcaZKMNJ7S_bwZKJ{LNY[HKLNMPHjOQUR`NMNJGoKFIHKJ{bWMNJ{S;`PUQVWY�o_MNJDfebqF[LPVqFIVwURMNJ Yo_` / YG`POR`DY[�KJRMPU i `{oKFIHKJ�o}l»FIZ_OQURMNJ�JRVwORMNJ¨o_M D¶Y[U2FIfgMNJ{² w FI]XS w MPHjOQZ_U 1p´ �7MPUQURY[HtMPO¨��FIH_f (½F 1;�;·|Æy}eºg¸��
K 1�URo�´mÀGY ( MPO j VwbwbwVqFI]TJRY[HA�_·|Æ,H[µg¸��eE 1gM|¿X´ ��FIH_f (½F 13^a`'bdcUeq��·|Æy}y}g¸���À I °��º?´mÀ=Y (�^a`�bdcUeW�5·|ÆeÆ,He¸�MPO�«F (.EGY[]TMd´ j FIH_f ^a` bycfeq�KºeÅeÅeºg¸�x w MPOQORM�L|FIU2F[LPOR`PUQVWJQOQVWcjZKM	MNJRO|�_MPHpfg`PHK`PU2FIbm�CFIOQOQUQVw�_ZK`NM Y?Z_HKM=S_bwZKJfeU2FIHKo_MT�KZ_VWo5VwOR`uo_MdbqF�febqF[LNMuo_MTSr`PUQVWYjo_MdfebqF[LPVqFIVwURMuMPO?o_Y[HKL_Y�Z_H LPVWJ2FIVwbwbWMP]TMPHaO�S_bwZKJ	Vw]XS;Y[UQO2FIHjOoKFIHKJ7LNMNJDLNY[ZKLRvKMNJ¾LNY[HKo5Z_VWJ2FIHjO Y�Z_HKM D¶FI�_UQVWcjZKM=S_bwZKJ{LNY[HKLNMPHjOQUR`NMexC�«F i FIUQVqFIOQVWY[H�o_MG�KZ_VWo5VwOR`	MPHjOQURMfebqF[LPVqFIVwURMGMPO½VwHaORMPUQfebqF[LPVqFIVwURMe�5vKY[UQ]XVWJ½bWMNJzM�®rMPORJ½o_M D¶FI�_UQVWcjZKMe�jMNJROzFIOQOQUQVw�_ZK`NM¾S9FIUz�FIORMPURJRY[H�´ ·|ÆeÆ5·¹¸ YbqF i FIUQVqFIOQVWY[H¦o_M=bqF?ORMPHKMPZ_U7MPH�Vw]XS_Z_URMPOR`NJ7MPO�SrY[ZKJRJQVW�PURMNJ|x w Z5®}M)1 ^a` bycfe«´¶ºeÅeÅeÅg¸�FIOQOQUQVw�_ZKMPHaO7S_bwZ_O�3[OLNMNJ i FIUQVqFIOQVWY[HKJ Y?Z_H¦LNY[HaOQU�3[bWM?o_M=bqF?�KZ_VWo5VwOR`�S9FIUDbqF�O2FIVwbwbWM	o_MNJDfeU2FIVwHKJ?´ÄbqF�O2FIVwbwbWM	o_MNJDfeU2FIVwHKJ{`PO2FIHjOMPbwbWMT]1~P]TMTLNY[HaOQU�3[bW`NMdS9FIU�bWMNJ=ORMPHKMPZ_URJ	MPH*Vw]XS_Z_URMPOR`NJ	MPO�SrY[ZKJRJQVW�PURMNJ�¸�x}y¾Y[ZKJ=U2FIS_SrMPbWY[HKJ	cjZKMXo_MNJ
i FIUQVqFIOQVWY[HKJTY[S_SrYeJR`NMNJ|� �<e�^�eq�'D¶FI�_UQVWcjZKMNJ�]TY[VwHKJTLNY[HKLNMPHjOQUR`NMNJdMPH�S_v9F[JRMpF i MNL�o_MNJ�SrMPOQVwORJTLPUQVWJQO2FIZ5¯}�J2Y[HaODY[�KJRMPU i `NMNJ Y�E 3[]TM � ´ 67�NZ_]dF3^a` bdcUeW�}·|ÆeÆeÆg¸��9FIbWY[URJ7caZKMGbWMNJ{LNY[HKo5VwOQVWY[HKJ{o_MGORMP]XSr`PU2FIOQZ_URM	MPOo}ln`NLNY[Z_bWMP]TMPHjO¾J2MP]	�_bWMPHaO7OQUR�NJDJQVw]XVwbqFIVwURMNJ Y�LNMPbwbWMNJ{o_M=E 3[]TM w x
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y¾Y[ZKJ½MNJRJ2F 1gY[HKJzo_M7caZ9FIHjOQV�~9MPU�VWLPV9bWMNJzo5V�®r`PURMPHKLNMNJzo_M{�KZ_VWo5VwOR`7o5ZKMNJZY�bqF DmFI�_UQVWcaZKM¾MPOZY=bqF	O2FIVwbwbWMo_MNJ�feU2FIVwHKJ
³ ^��n^a`�(��P^Ncfb�� b��.- ��� �
^ !°jZ_U{bWMNJ���VwfeZ_URMNJnH�x»µeFXMPO H�x»µI��HKY[ZKJ7o_Y[H_HKY[HKJDbWMNJz�KZ_VWo5VwOR`NJ{F[o5Vw]TMPHKJRVWY[H_HKMPbwbWMNJ7MPH¦LNY[]XS_URMNJQhJRVWY[HsMPOGMPHsLPVWJ2FIVwbwbWMP]TMPHjOX´ M�cjJ|x�´ÄÃKx»¿eºg¸DMPOX´ÄÃKx»¿eÅg¸Q¸{Y[�_ORMPHaZKMNJ=F i MNL\bqFTbWY[V�LNY[HaOQVwHjZKMex w Y[]X]TMFIOQORMPHKo5ZA�KbqF?febqF[LNM=o_Y[HaO�bWMNJ DmFI�_UQVWcaZKMNJ�J2Y[HaO�S_bwZKJ�LNY[HKLNMPHaOQUR`NMNJ¾MNJQOzS_bwZKJ DmF[LPVwbWMJY\LPVWJ�FIVwbwbWMPU{MPOS_bwZKJ?o5V*\dLPVwbWM_YpLNY[]XS_UQVw]TMPU|x«��F¦o5VWJRLNY[HaOQVwHjZ_VwOR`kJQZ_U�bWMNJ DmFI�_UQVWcjZKMNJ�Y ·$HdFeÅI] MPHaOQU2F��WHKMuZ_HKMo5VWJ2LNY[HaOQVwHaZ_VwOR`\JQZ_UzbWMNJ½�KZ_VWo5VwOR`NJ|�_MPOzbqF\febqF[LNM=o_M7Sr`PUQVWY�o_M7febqF[LPVqFIVwURM	MNJQO Y?SrMPZkS_UR�NJ
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1.8D¶Y[VWJ¨S_bwZKJ7D¶F[LPVwbWMnY=LPVWJ2FIVwbwbWMPU�cjZKM�bqFGfebqF[LNM7o}l VwHaORMPUQfebqF[LPVqFIVwURM /�ZKJRORM{FIZdo_MNJRJQZKJ¹xyM�HuLNY[]XS_URMNJRJRVWY[HbqFXfebqF[LNM�o}l VwHaORMPUQfebqF[LPVqFIVwURM?MNJQO Y�SrMPZ�S_UR�NJ
1.2

D Y[VWJDS_bwZKJ��KZ_VWo_M�cjZKM=LNMPbwbWM�o_MGfebqF[LPVqFIVwURMex
³ ^��n^a`�(��P^Ncfbk`<b �"c"cf^	�P^ (�
 -|b ��� (�!E�l»FIS_UR�NJ w Z5®}M)14^a`CbdcUe}´¶ºeÅeÅeÅg¸���bWM7U2FIS_S;Y[UQOzo_M{bqF��KZ_VWo5VwOR`

E1
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D1
YpbqF��KZ_VWo5VwOR`

E2
o}l Z_HKMuLNY[ZKL2vKM�F i MNLtZ_HKMdO2FIVwbwbWMto_MufeU2FIVwH D2

MNJQO\LNY[]XS_UQVWJMPHjOQURM�bWMNJDo_MPZ5¯ i FIbWMPZ_URJDbwVw]XVwORMNJ
E1

E2
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[
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]0.6 MPO E1

E2
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1 + 0.2D−1.8
1

1 + 0.2D−1.8
2
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M¨H?S_URMPH9FIHjO�bWMNJ i FIbWMPZ_URJ D1 = 2.7

]X] Y\·�}eÅeÅI] MPO
D2 = 3.4

]X] Y?·$H[ºyFI]p�IHKY[ZKJ�Y[�_ORMPHKY[HKJcjZKM=bqF?febqF[LNM=febqF[LPVqFIVwURM	MPH¦o_MNJRJRY[ZKJDo_MX·$HdFeÅI]&MNJQO Y�SrMPZ�S_UR�NJ
1.01

Y
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D Y[VWJDS_bwZKJz�KZ_VWo_McjZKM?bqFtfebqF[LNMXo}l VwHaORMPUQfebqF[LPVqFIVwURMdS9FIU¾bmlnM�®}MPO�o_M?bqFuO2FIVwbwbWMXo_MNJ=LPUQVWJQO2FIZ5¯rx}y¾Y[ORY[HKJ=cjZKMe�CU2FIVWJ2Y[H5hH9FI�_bWMP]TMPHjO|�ALNMPO=M�®rMPO=o_M?O2FIVwbwbWMXo_M\feU2FIVwHKJ=S;MPZ_O hR~POQURM�LNY[HKJQVWo_`PUR`XLNY[]X]TM�VWJ2Y[OQURY[S;M?S_Z_VWJRcjZKMbqFtLPURY[VWJRJ�FIHKLNM\HKY[UQ]dFIbWMXo_MNJGfeU2FIVwHKJ=MP]XSA~NLRvKM�fg`PHK`PU2FIbWMP]TMPHjO	o}l»F i Y[VwU�o_MNJGfeU2FIVwHKJ=o_MND¶Y[UQ]TMOQUR�NJ¾FIbwbWY[H_fg`NMex
M¨HsLNY[HKLPbwZKJQVWY[HA�rLNY[]X]TM\bWMNJ7M�®}MPORJ{o_M\bqF DmFI�_UQVWcaZKM\MPO¾o_M	O2FIVwbwbWM\o_M	feU2FIVwH�JRZ_U{bqF��KZ_VWo5VwOR`?JRY[HjOLPZ_]\Z_bqFIOQV*D J|�5Y[HtS;MPZ_O½MNJQOQVw]TMPU�caZKM{bqF�febqF[LNMGo_M7bqF=Sr`PUQVWYjo_M7febqF[LPVqFIVwURMGMNJQOZY�SrMPZdS_UR�NJ
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2.1
D¶Y[VWJS_bwZKJ�DmF[LPVwbWM Y=LPVWJ�FIVwbwbWMPU�MPO

1
Y

1.2
D¶Y[VWJ�S_bwZKJ�o5V*\dLPVwbWM YGLNY[]XS_UQVw]TMPU�cjZKM�bqFGfebqF[LNMDo_M�bml VwHjORMPUQfebqF[LPVqFIVwURMexy¾Y[ORY[HKJ�caZKM LNMNJ i FIbWMPZ_URJkHKM(OQVWMPH_HKMPHaOsS9F[J�LNY[]XS_ORM�o_M�bmlnM�®rMPOpo_MNJpORMPHKMPZ_URJpMPH S;Y[ZKJRJRVW�PURMNJpMPOVw]XS_Z_URMPOR`NJ¾o_Y[HaO¾bWM=U�3[bWM?MNJQO{MPHKLNY[URM�]dFIb�LNY[H_HaZAx0l�FIVWJ7Vwb�MNJQO¾J2FIHKJ{o_Y[Z_ORM	U2FIVWJRY[H_H9FI�_bWM?o_M�SrMPHKJRMPUcjZKMpbqF S_bwZKJ_D Y[UQORM�LNY[HKLNMPHaOQU2FIOQVWY[H,MPH Vw]XS_Z_URMPOR`NJkSrMPHKoKFIHaOkbWMsfebqF[LPVqFIVwURM(FIZ_fe]TMPHjORM(bqF �KZ_VWo5VwOR`e�FIZ_fe]TMPHjO2FIHaOGo_Y[HKL�MPHKLNY[URM=bWMGU2FIS_SrY[UQO{o_MG�KZ_VWo5VwOR`�MPHjOQURM�febqF[LPVqFIVwURM�MPODVwHjORMPUQfebqF[LPVqFIVwURMex�FIU�LNY[]XS9FIU2FIVWJRY[HA�5HKY[ZKJ�MNJQOQVw]TY[HKJDFIZKJRJRVCbWMNJzLRv9FIH_fgMP]TMPHjORJ{o_M7�KZ_VWo5VwOR`=o5ZKJZY�bqF i FIUQVqFIOQVWY[H�o_MORMP]XSr`PU2FIOQZ_URMex���MNJ«]TMNJRZ_URMNJ�S_UR`PbwVw]XVwH9FIVwURMNJ�o_M�ORMP]XS;`PU2FIOQZ_URMzoKFIHKJ«bWMpD¶Y[U2FIfgM�o_M�E 3[]TM w VwHKo5VWcjZKMPHaOcjZKM�bqFTORMP]XS;`PU2FIOQZ_URM�MNJQO i Y[VWJQVwHKM	o_M −35◦

w Yp·$H[ÅeÅI]�MPO −33◦
w Y¦·�}eÅeÅI]px w M\LRv9FIH_fgMP]TMPHjO�o_MORMP]XSr`PU2FIOQZ_URM7o}l»FIS_UR�NJG´ ·ex»ºg¸��jVw]XS_bwVWcaZKM7Z_HKM i FIUQVqFIOQVWY[Hto_MD�KZ_VWo5VwOR`7o}lnMPH i VwURY[H 1.4

x 6%LNMPOQORM7`NLRvKMPbwbWMe�bmlnM�®}MPO=o_M i FIUQVqFIOQVWY[H�o_M?bqF DmFI�_UQVWcaZKM�MNJQO=o_Y[HKL?S_bwZKJGVw]XSrY[UQO2FIHaO=SrY[Z_U¾bqFT�KZ_VWo5VwOR`XMPH LPVWJ2FIVwbwbWMP]TMPHaOcjZKM¨bqF i FIUQVqFIOQVWY[H�o_M�ORMP]XS;`PU2FIOQZ_URMzMPO�bWMNJ«o_MPZ5¯\M�®}MPORJ�JRY[HaO�FIZKJRJQV�LPZ_]	Z_bqFIOQV*D¶J�VWLPVm�IFI]XS_bwV�~CFIHjO¨MPHKLNY[URMbqF�o5V�®}`PURMPHKLNM�o_MG�KZ_VWo5VwOR`�o_MNJDfebqF[LNMNJ{MPHaOQURM	bWMNJ�Sr`PUQVWYjo_MNJDLPbwVw]dFIOQVWcjZKMNJ|x��MNJpM�®rMPORJpS;YeJRJRVw�_bWMNJ�o}l Z_H,LRv9FIH_fgMP]TMPHaO(o_M(bqF �KZ_VWo5VwOR`�o_M(bqF febqF[LNM*MPHaOQURM bWMNJpo5V�®}`PURMPHaORMNJSr`PUQVWYjo_MNJ{LPbwVw]dFIOQVWcaZKMNJ7JQZ_U�bmln`NLNY[Z_bWMP]TMPHaOGJRY[HaO{VwbwbwZKJQOQUR`NJDoKFIHKJDbqF�J2MNLPOQVWY[H�H�xSF
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´ÄÃKx»¿eÅg¸´ÄOQU2FIVwO�LNY[HjOQVwHaZC¸=MPO
E �

���
31

´ÄÃKx»¿eÅg¸�´ÄOQVwURMPORJ�¸0o�´ L¹¸{o5Z U2F 1gY[H�]TY 1gMPH o_MNJGfeU2FIVwHKJ
< R >

MPOd´ o9¸¾o_M�bqFS_bwZKJ�feU2FIHKo_M i FIbWMPZ_U�S_URY[S_URM a3
o_M

a(2) ´ LNY[Z_UQ�;M7LNY[HaOQVwHaZKMe�5`NL2vKMPbwbWM¾o_M{faFIZKLRvKM¹¸�MPO�o5ZtE¾MPZ_ORMPUQVwZ_]M�¯_LNMNJRJ
δD
´ÄOQVwURMPORJ|�9`NLRvKMPbwbWM	o_M=o5URY[VwORM¹¸�x
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EGFIHKJ¾LNMPOQORM	J2MNLPOQVWY[HA�9HKY[ZKJ¾LNY[]XS9FIURY[HKJ¾bmln` i Y[bwZ_OQVWY[H�o_M	bqF DmFI�_UQVWcaZKM\oKFIHKJ{bWMJD Y[U2FIfgM\o_M	E 3[]TM
w FIZ5¯¦UR`NJQZ_bwO2FIORJGo_M\HKY[OQURM	]TY�o_�PbWM\MPH(JQZ_S_SrYeJ2FIHaO¾Z_H(`NLNY[Z_bWMP]TMPHaO=Z_H_VWo5Vw]TMPHKJQVWY[H_HKMPbm�}LNY[]X]TM?bWM
D¶Y[HaO w F[JQORMPbwH9FIZ ^a` bdcUe�´ ·|ÆeÆeµeFg¸zMPOGÀ=FIfebwVqFIURo5VwH_V�´ ·|ÆeÆeÆg¸zSrY[Z_U�bWM D¶Y[U2FIfgM�o_M\À ]nI �x°jZ_U�bWMNJ��VwfeZ_URMNJEH�xvH��#H�xS}\MPOZH�x»Æ5�jHKY[ZKJzLNY[]XS9FIURY[HKJ|�5MPHkD¶Y[HKLPOQVWY[Hko_M{bqF\o_`[D Y[UQ]dFIOQVWY[H�LPZ_]\Z_bW`NMe�bWMNJ�DmFI�_UQVWcaZKMNJ�]TMNJRZ_UR`NMNJ1YsLNMPbwbWMNJ�VWJ2JQZKMNJ�o5Z ]TY�o_�PbWMtS;Y[Z_U�Z_HKM�LNY[]XS_URMNJRJRVWY[H Z_H_VqF�¯5VqFIbWM

D̄33 =
−2D̄11 = −2D̄22

x«Y[Z_U�bWMNJ�UR`NJQZ_bwO2FIORJ�o_M½bqF ��VwfeZ_URMEH�xvH���bWMNJ�DmFI�_UQVWcjZKMNJ�VwH_VwOQVqFIbWMNJ�JRY[HaO�VWJRY[OQURY[SrMNJ|�IMPO�HKY[ZKJ�o_Y[H_HKY[HKJbWMNJ«` i Y[bwZ_OQVWY[HKJ«o_M¨bqF D¶FI�_UQVWcjZKM�L|FIbWLPZ_bW`NMNJ�F i MNL�bWMNJ}]TY�o_�PbWMNJ«LNY[HjOQVwHaZKJ�o_MCm«F 1jbWY[U|�[°jO2FIOQVWcaZKM�MPOI�G�° wSrY[Z_U
β = 0.04

MPO
γ = 1

x���MNJ	LNY[Z_UQ�rMNJd·e�«µpMPO HkJRY[HjO	bWMNJ�UR`NJRZ_bwO2FIORJ\Y[�_ORMPHjZKJ?F i MNLTbWMX]TY�o_�PbWM
�G�° w LNY[HaOQVwHaZXSrY[Z_U«o5V�®}`PURMPHaORMNJ i FIbWMPZ_URJ«o5Z?S9FIU2FI]T�POQURM½o}l VwHaORMPU2F[LPOQVWY[H α oKFIHKJ�´GF5xSFg¸�x��AMNJ�LNY[Z_UQ�rMNJÃkMPO FdJRY[HjO¾Y[�_ORMPHjZKMNJ	F i MNL?bWM\]TYjo_�PbWM+�G�° w LNY[HaOQVwHaZ SrY[Z_U γ = 1

F i MNL β = 0.1
MPO
β = 0.01

�URMNJRS;MNLPOQV i MP]TMPHjO|x«Y[Z_U7bWM�]TY�o_�PbWM �¾½° w Y[H i Y[VwO¾caZKM=bqF i FIbWMPZ_U¾o_M β F�Z_HKMJD¶FIVw�_bWM=VwH5�KZKMPHKLNM\JQZ_UDbWM\o_` i MPbWY[S5hSrMP]TMPHaO�o_MubqF DmFI�_UQVWcaZKMex��bwZKJ
β
MNJRO\SrMPOQVwO?MPO\S_bwZKJ?bqF DmFI�_UQVWcaZKMuJRMtLNY[HKLNMPHaOQURM i VwORMex��AY[URJRcjZKM βi FIUQVWMe�5bWMGLNY[]XS;Y[UQORMP]TMPHjO{]dF[LPURYeJRLNY[S_VWcjZKM i FIUQVWM�FIZKJRJQVm�5LNM=cjZ_V}Vw]XS_bwVWcaZKMPU2FIVwO{o_MNJzUR`PS9FIUQOQVwOQVWY[HKJ7o_MNJLNY[HjOQU2FIVwHaORMNJ½oKFIHKJ¨bWM D¶Y[U2FIfgMe�gY[�_ORMPHaZKMNJ½F i MNL7LNMNJ�OQURY[VWJ i FIbWMPZ_URJ¨o_M β �gF[JRJRMP��HKMPOQORMP]TMPHjO½o5V�®}`PURMPHaORMNJ¹x�FIU	LNY[HjOQURMXbqF i FIbWMPZ_U�o5Z S9FIU2FI]T�POQURM α SrMPUQ]TMPO�o}lnY[�_ORMPH_VwU	o_MNJ i VwORMNJRJRMNJ=o_MXo_` i MPbWY[S_SrMP]TMPHaOo_MTbqF D¶FI�_UQVWcjZKMTOQUR�NJ\o5V�®r`PURMPHjORMNJu²«o_MXbqFkbwVw]XVwORMdVwH#D `PUQVWMPZ_URMuo_Y[H_HK`NMdS9FIU�bWMd]TYjo_�PbWMdo_Mkm«F 1jbWY[U?JQV

α = 0
Y�o_MNJ\LNY[HKLNMPHaOQU2FIOQVWY[HKJ�o_MTbqF DmFI�_UQVWcjZKMXS_bwZKJ�U2FIS_VWo_MNJ?caZKMdLNMPbwbWMTY[�_ORMPHaZKMkF i MNLdbWMX]TYjo_�PbWM°jO2FIOQVWcjZKM?JQV

α
MNJQO¾JQZ#\dJ2FI]X]TMPHjO¾feU2FIHKo}x;�¨ln` i Y[bwZ_OQVWY[H�o_M	bqF DmFI�_UQVWcaZKM\MPH�o_MNJ2JRY[ZKJ7o_Mt·|ÅeÅeÅI]�MNJQOF[J2JRMP�T�_VWMPH�URMPS_URY�o5Z_VwORMuF i MNLdbWMX]TY�o_�PbWM �G�° w SrY[Z_U�Z_HKM i FIbWMPZ_U	o_M α Z_H*S;MPZ VwH#D `PUQVWMPZ_URM YkbqF

i FIbWMPZ_U α ��� � xe«Y[Z_U�bWMNJ�S_URMP]XVWMPURJ�µeÅeÅI]p�ebmln` i Y[bwZ_OQVWY[Hdo_MzbqFnDmFI�_UQVWcjZKM�MNJQO�F[JRJRMP�z�_VWMPHTURMPS_URY�o5Z_VwORM�S9FIUbWM\]TY�o_�PbWM�°jO2FIOQVWcjZKM�MPO7S9FIU¾bWM	]TY�o_�PbWM=�¾½° w F i MNL\Z_HKM?feU2FIHKo_M i FIbWMPZ_U=o_M α �C]dFIVWJGMPH�o_MNJRJ2Y[ZKJbWMNJpD¶FI�_UQVWcjZKMNJ¨Y[�_ORMPHaZKMNJ�JRY[HaO�OQURY[STLNY[HKLNMPHaOQUR`NMNJ|xjE¾MD]dFIH_VW�PURMDJQVw]XVwbqFIVwURMe� w F[JQORMPbwH9FIZt^a`�bycfeC´ ·|ÆeÆeµeFg¸F i MNLdbWMu]TY�o_�PbWM �G�° w HKY[H5hmbwVwHK`|FIVwURMe��Y[�_OQVWMPH_HKMPHjO�Z_HKMuLNY[HKLNMPHjOQU2FIOQVWY[H o_MTbqF D¶FI�_UQVWcjZKM_Y(À ] I�OQURY[S U2FIS_VWo_MuMPH�o_MNJRJRY[ZKJ\o_MtµyFeÅI] MPO?M�¯5S_bwVWcjZKMPHaO�LNMNJ\o5V�®}`PURMPHKLNMNJ	S9FIU?bWMTU2FIbWMPHjOQVWJRJRMP]TMPHjO�o_MubqFLNY[HKLNMPHjOQU2FIOQVWY[H�o_MGbqF D¶FI�_UQVWcjZKM�F i MNL	bml»FIS_S9FIUQVwOQVWY[Hso5Z�UR`PfeVw]TM	o_MGURMNLPUQVWJRO2FIbwbwVWJ2FIOQVWY[H¦S9FIUDURY[O2FIOQVWY[HAx°jZ_U7bqF ��VwfeZ_URM H�xS}5�CHKY[ZKJGo_Y[H_HKY[HKJGbWMNJ7` i Y[bwZ_OQVWY[HKJ=o_M\bqF DmFI�_UQVWcjZKM\Y[�_ORMPHjZKMNJ�F i MNL?bWM�]TY�o_�PbWM
�G�° w S;Y[Z_U

β = 0.04
�
γ = 1

MPO
α = α ����� = 6.15 10−2 ]dFIVWJkMPH S9FIUQO2FIHaO�o_M3D¶FI�_UQVWcjZKMNJVwH_VwOQVqFIbWMNJXo5V�®}`PURMPHaORMNJ¹x�M¨H�M�®}MPO|�«bWMNJ\S_URMP]XVW�PURMNJ DmFI�_UQVWcjZKMNJ\]TMNJRZ_UR`NMNJ1Y¦E 3[]TM w � i MPURJk·|ÅeÅI] o_MS_URY D¶Y[HKo_MPZ_U|�5JRY[HaO�o_` / Y�Z_HtSrMPZtLNY[HKLNMPHjOQUR`NMNJ|�KF i MNL¾bqF	S_bwZKJ�feU2FIHKo_M i FIbWMPZ_UzS_URY[S_URMGFIZ_ORY[Z_U�o_M 0.4

xÁ7HkHKY[ORMPU2FXFIZKJRJRVrcjZKM¾bWMNJ D¶FI�_UQVWcjZKMNJz]TMNJQZ_UR`NMNJ�oKFIHKJ�bWMnD¶Y[U2FIfgMGo_M	°jVwS_bWM¾EGY[]TMT´ 67HaO2FIURLPOQVWcjZKM¹¸½HKMJ2Y[HaO¨S9F[J�VWJRY[OQURY[SrMNJ�MPO�JRY[HjO�o_` / Y�F[JRJRMP�7LNY[HKLNMPHaOQUR`NMNJ½S_UR�NJ�o_M�bqF�JQZ_U?D¶F[LNM?´ E¾VwS_UQVwH_�NVWY ^a`pbdcUeW�jºeÅeÅyFg¸�²bqFXS_URMP]XVW�PURMJDmFI�_UQVWcaZKM�]TMNJQZ_UR`NM YdºeºI]&oKFIHKJDbWM	HK` i `\FXo_` / Y�Z_HKM	S_bwZKJDfeU2FIHKo_M i FIbWMPZ_UDS_URY[S_URM?o_M
a(2) MPHaOQURM=Å5x ÃXMPO�Å5xSF5xjy¾YeJ½UR`NJQZ_bwO2FIORJ�FIVwHKJQV;Y[�_ORMPHjZKJ�JRY[HaOzOQUR�NJzJRMPHKJQVw�_bWMNJ Y	bqFJDmFI�_UQVWcjZKM{VwH_VwOQVqFIbWMGMPObWM{o_` i MPbWY[S_S;MP]TMPHjO½o_M�bqF D¶FI�_UQVWcjZKM Y=E 3[]TM w SrMPZ_OC~POQURM��_VWMPHdURMPS_URYjo5Z_VwO�S9FIU¨bWM�]TY�o_�PbWM3�¾½° w MPO
α = α �����

/ ZKJRcjZAlSYGZ_HKM�S_URY D¶Y[HKo_MPZ_U½o}lnMPH i VwURY[H(·|ÅeÅeÅI]p��Y�LNY[HKo5VwOQVWY[Hto_MDL2vKY[VWJQVwU½bqFG�;Y[H_HKMED¶FI�_UQVWcjZKMVwH_VwOQVqFIbWMexjy7Y[ORY[HKJ½cjZKMDLNMPOQORMDv 1jSrY[OQvK�NJRM{MNJRO�MPHKLNY[URM7JRS;`NLPZ_bqFIOQV i M7MPO�bWMNJ¨S_vK`PHKY[]T�PHKMNJZYGbmlnY[UQVwfeVwHKM¾o_MbqFTLNY[HKLNMPHaOQU2FIOQVWY[H o_M=bqF DmFI�_UQVWcjZKM�MPHsJQZ_U?DmF[LNM�o_M=bqFdL|FIbWY[OQORM	o_M i URY[HaO ~POQURM	`POQZKo5VW`NJ¾oKFIHKJDbWM D Z_OQZ_U|x
67VwHKJQVm��SrY[Z_U�bWMNJ�S_URMP]XVW�PURMNJ{LNMPHjO2FIVwHKMNJ{o_MG]T�POQURMNJDY[¼�VwbAMNJQODLNY[HKJRO2FIOR`=caZKMGbqF?URMNLPUQVWJQO2FIbwbwVWJ�FIOQVWY[H¦S9FIUURY[O2FIOQVWY[H MNJQO�S_UR`NJRMPHjORM�´GYpS9FIUQOQVwUTo_M H[ÅeÅI] Y�E 3[]TM w ´ E¾Z_U2FIHKo ^a`JbdcUeW��ºeÅeÅeµeFg¸Q¸���bmlnM�®rMPOXo_MtbqFURMNLPUQVWJRO2FIbwbwVWJ2FIOQVWY[H(S9FIU¾URY[O2FIOQVWY[H JQZ_U¾bWM?o_` i MPbWY[S_S;MP]TMPHjO�o_M\bqF1DmFI�_UQVWcaZKM\HKM	SrMPZ_O¾S9F[J ~POQURM?]XVWJGMPH` i VWo_MPHKLNMXS9FIU�HKY[OQURMT]TYjo_�PbWMXO2FIHjO\cjZKM�bqF DmFI�_UQVWcaZKMTMNJRO=S;MPZ�LNY[HKLNMPHjOQUR`NMex 6�S9FIUQOQVwU	o5Z�]TY[]TMPHjOY[¼tbqFJD¶FI�_UQVWcjZKMGo_M i VWMPHjO½S_bwZKJzLNY[HKLNMPHjOQUR`NMe�5bWM{U2FIbWMPHjOQVWJRJRMP]TMPHaO7o_M{bqF\LNY[HKLNMPHaOQU2FIOQVWY[H¦o_M7bqFND¶FI�_UQVWcjZKMS9FIU\bqFkURMNLPUQVWJQO2FIbwbwVWJ2FIOQVWY[H S9FIU	URY[O2FIOQVWY[H SrY[Z_UQU2FIVwO /QY[ZKMPU	Z_H*U�3[bWMuMPO	o_Y[VwO\M�¯5S_bwVWcjZKMPU\MPH*S9FIUQOQVWMdbWMNJo5V�®}`PURMPHKLNMNJ{Y[�_ORMPHjZKMNJ{MPHjOQURM�bWMG]TY�o_�PbWM�MPODbWMNJ�]TMNJQZ_URMNJ¹x
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°jZ_U�bqF ��VwfeZ_URM H�x»Æ5�IHKY[ZKJ�SrY[UQORY[HKJ�bmlI` i Y[bwZ_OQVWY[Huo_M�bqF DmFI�_UQVWcaZKM�Y[�_ORMPHjZKM{F i MNLzbWM½]TY�o_�PbWM�¾½° wSrY[Z_U{Z_HKM i FIbWMPZ_U¾o_M α = 1 10−2 VwH#D¶`PUQVWMPZ_URM Y
α ����� = 6.15 10−2 �CMPO7LNMPbwbWM\S;Y[Z_U α = 2 10−2 MPOMPH�F[o_Y[S_O2FIHaO	bWM�]TYjo_�PbWMp´GF5x»ºyFg¸7SrY[Z_U=]TYjo_`PbwVWJ2MPU=bqFdURMNLPUQVWJRO2FIbwbwVWJ2FIOQVWY[H�S9FIU=URY[O2FIOQVWY[HAxA�¨ln` i Y[bwZ_OQVWY[Ho_M�bqF D¶FI�_UQVWcjZKMDoKFIHKJ¨bWMZD Y[U2FIfgM7o_MDE 3[]TM w MNJQO¨OQUR�NJ��_VWMPHdURMPS_URY�o5Z_VwORM7F i MNLDHKYeJ¨]TY�o_�PbWMNJ / ZKJRcjZAl»FIZ]TY[]TMPHjO\Y[¼*bqF D¶FI�_UQVWcjZKMTJRMTo_`NLNY[HKLNMPHjOQURMd�_UQZKJ2caZKMP]TMPHjO Ypºy}eÅeÅI]p��Y�LNY[HKo5VwOQVWY[H o_MdS9FIUQOQVwU?F i MNLZ_HKM DmFI�_UQVWcaZKM	o_` /|Y?Z_HpSrMPZpLNY[HKLNMPHaOQUR`NM?MPHpJQZ_U?DmF[LNMex

M¨H�LNY[HKLPbwZKJQVWY[HA�}bWM?S9FIU2FI]T�POQURMTo}l VwHaORMPU2F[LPOQVWY[H
α
cjZ_V�VwHaORMPU i VWMPHaO	oKFIHKJ�bqF i VwORMNJRJ2M?o_M?URY[O2FIOQVWY[Ho_MNJ�feU2FIVwHKJzS;MPUQ]TMPOzo}lnY[�_ORMPH_VwU�Z_HKM7bqFIUQfgM7faFI]X]TMGo_M i VwORMNJ2JRMNJ�o_MGo_` i MPbWY[S_SrMP]TMPHaODo_M7bqF DmFI�_UQVWcjZKMe�MPOuHKY[ZKJuSrMPUQ]TMPO�FIVwHKJQV¾o_MsS_URMPHKo5URM(MPHªLNY[]XS_ORM(o_Ms]dFIH_VW�PURMsS_vK`PHKY[]T`PHKY[bWY[feVWcjZKM(bmlnM�®}MPOto_MsbqFURMNLPUQVWJQO2FIbwbwVWJ�FIOQVWY[HpS9FIUDURY[O2FIOQVWY[HsJRZ_U�bWM=o_` i MPbWY[S_S;MP]TMPHjO¾o_M=bqF�DmFI�_UQVWcjZKMex

6{~KH	o}l VwbwbwZKJQOQURMPU�bml VwH5�KZKMPHKLNM½o_M�bqF D¶Y[UQ]TM¨o5Z\o 3[]TM�JQZ_UAbWM�o_` i MPbWY[S_S;MP]TMPHjO�o_M¨bqF DmFI�_UQVWcaZKMe�¹HKY[ZKJL|FIbWLPZ_bWY[HKJ7bmln` i Y[bwZ_OQVWY[H o_M�bqF1D¶FI�_UQVWcjZKM	Y[�_ORMPHjZKM?F i MNL\bWM	]TYjo_�PbWM\LNY[HaOQVwHjZ �G�° w S;Y[Z_U β = 0.04
�

γ = 1
MPO
α = 0.01

SrY[Z_U	²
³ Z_HKM(LNY[]XS_URMNJRJRVWY[HªZ_H_VqF�¯5VqFIbWM(o_`�~KH_VWMsS9FIU D̄11 < 0

F i MNL D̄33 = D̄22 = −0.5D̄11
��Y[¼bWMNJ7VwHKo5VWLNMNJGLNY[UQURMNJQSrY[HKo_MPHaO�FIZ5¯pVwHKo5VWLNMNJGo_MNJ i FIbWMPZ_URJ{S_URY[S_URMNJGo_M a(2) OQUQVW`NMNJ¾oKFIHKJ¾bmlnY[URo5URMo_`NLPURY[VWJ2J2FIHaO|x

³ Z_HKM?LNY[]XS_URMNJRJQVWY[H o_`�~KH_VWM?S9FIU D̄11 < 0
F i MNL D̄33 = −0.72D̄11

MPO
D̄22 = −0.28D̄11

x9��MU2FIS_SrY[UQO
D̄33/D̄22 ≈ 2.57

MNJQO\MPH F[LNLNY[URo F i MNLdbqF D Y[UQ]TMto5Z o 3[]TM(´ ]{`P]�1*MPO�m�FI�9F[LNLNY_�ºeÅeÅeÅg¸0o
³ Z_HKM�LNY[]XS_URMNJRJRVWY[H�o_`�~KH_VWM\S9FIU D̄11 < 0

F i MNL D̄33 = −0.85D̄11
MPO
D̄22 = −0.15D̄11

�rLNMcjZ_V�o_Y[H_HKM=Z_H�U2FIS_SrY[UQO
D̄33/D̄22 ≈ 5.67

x�AM(OQUQVwS_bWMPO¦VwH_VwOQVqFIb�o_MNJ i FIbWMPZ_URJpS_URY[S_URMNJpo_M a(2) OQUQVW`NMNJpoKFIHKJ�bmlnY[URo5URM*o_`NLPURY[VWJRJ2FIHaOsMNJQO�`PfaFIb�Y
(0.45, 0.30, 0.25)

x���MNJGUR`NJQZ_bwO2FIORJ=Y[�_ORMPHaZKJ�J2Y[HaO=OQU2F[LN`NJ=JQZ_UGbqF ��VwfeZ_URMkH�xw·|ÅkMPOGLNY[]XS9FIUR`NJ�YuLNMPZ5¯Y[�_ORMPHjZKJ\SrY[Z_U	Z_HKMuLNY[]XS_URMNJRJQVWY[H Z_H_VqF�¯�VqFIbWMex��¨ln` i Y[bwZ_OQVWY[H o_MTbqFpS_bwZKJ	feU2FIHKo_M i FIbWMPZ_U\S_URY[S_URMuo_M
a(2) MNJQO�S;MPZXJRMPHKJRVw�_bWMzFIZ�U2FIS_SrY[UQO D̄33/D̄22

x[�¨ln` i Y[bwZ_OQVWY[Hdo_MNJ�o_MPZ5¯\S_bwZKJ�SrMPOQVwORMNJ i FIbWMPZ_URJ�S_URY[S_URMNJo_M
a(2) MNJQOXbqF(]XVWMPZ5¯ URMPS_URYjo5Z_VwORM¦S;Y[Z_UXbWMpU2FIS_S;Y[UQO D̄33/D̄22 ≈ 2.57

��]dFIVWJTbmln`NL|FIUQOuF i MNLpbWMNJUR`NJQZ_bwO2FIORJ=Y[�_ORMPHjZKJGS;Y[Z_UGbWM?U2FIS_SrY[UQO
D̄33/D̄22 ≈ 5.67

MNJQO7SrMPZ(Vw]XS;Y[UQO2FIHjO|x�I�b�MNJQOGo_Y[HKLXo5V*\dLPVwbWMo_MGLNY[HKLPbwZ_URMNY\bqF�JQO2FI�_VwbwVwOR`=o_M¾bqF?ORY[SrY[feU2FIS_v_VWM�o5Z�o 3[]TM�F i MNL�LNMNJzORMNJQORJ¹x w MPSrMPHKoKFIHaO|�KZ_HKMGS9FIUQOQVWMo_MNJ i FIUQVqFIOQVWY[HKJXo_MubqF D¶FI�_UQVWcjZKMtF i MNLtbqFpS_URY D¶Y[HKo_MPZ_U�S;MPZ_O�J2FIHKJ�o_Y[Z_ORM_~POQURMkM�¯5S_bwVWcaZK`NMuS9FIU?Z_HKM
i FIUQVqFIOQVWY[Hto_M¾LNM7U2FIS_S;Y[UQOzMPH1D¶Y[HKLPOQVWY[H�o_M{bqF�S_URY D Y[HKo_MPZ_Uz]dFIVWJ�FIZKJRJQVrFIZtLNY[Z_URJzo5ZdORMP]XSKJ¹� �<e�^$eW�jo��
Y?Z_HpL2v9FIH_fgMP]TMPHaO=o_M D Y[UQ]TM	o5Zpo 3[]TMex
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�Z�"2�� ��� � ² � ��� ����� � �t� M i Y[bwZ_OQVWY[H%o_MNJuOQURY[VWJ i FIbWMPZ_URJuS_URY[S_URMNJto_M a(2) OQUQVW`NMNJkoKFIHKJubmlnY[URo5URMLPURY[VWJ2J2FIHaO	MPHtD¶Y[HKLPOQVWY[H*o_M�bqFko_`[D¶Y[UQ]dFIOQVWY[H*LPZ_]	Z_bW`NM
ε̄c
MPO	o_M�bqFtS_URY D¶Y[HKo_MPZ_U	oKFIHKJ=bWM D¶Y[U2FIfgMTo_ME 3[]TM w ²;]TMNJQZ_UR`NMNJ�oKFIHKJGbWM D¶Y[U2FIfgM�o_MXE 3[]TM w ´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸���L|FIbWLPZ_bW`NMNJ\F i MNL�bWM?]TY�o_�PbWMLNY[HjOQVwHaZko_M m�F 1�bWY[U¾´ ·¹¸��aL|FIbWLPZ_bW`NMNJzF i MNL7bWM�]TY�o_�PbWM{LNY[HjOQVwHaZ �¾�° w S;Y[Z_U β = 0.04

MPO
α = α ��� � =

6.15 10−2 ´¶ºg¸��;L|FIbWLPZ_bW`NMNJ=F i MNL\bWM	]TY�o_�PbWM\LNY[HjOQVwHaZ*°jO2FIOQVWcjZKM	SrY[Z_U β = 0.04
´¶¿g¸��;L|FIbWLPZ_bW`NMNJ=F i MNLbWM	]TYjo_�PbWM\LNY[HaOQVwHjZ �G�° w S;Y[Z_U

β = 0.1
MPO
α = α ����� = 0.1202

´ÄÃj¸��9L|FIbWLPZ_bW`NMNJ=F i MNL\bWM�]TY�o_�PbWMLNY[HjOQVwHaZ �¾½° w S;Y[Z_U
β = 0.01

MPO
α = α ����� = 1.8 10−2 ´GFg¸��KL|FIbWLPZ_bW`NMNJGF i MNL	bWMG]TYjo_�PbWM\LNY[HaOQVwHjZ

�G�° w SrY[Z_U
β = 0.04

MPO
α = 0.02

´¶µg¸�MPOdL|FIbWLPZ_bW`NMNJtF i MNL¦bWM�]TYjo_�PbWM¦LNY[HaOQVwHaZ �G�° w SrY[Z_U
β = 0.04

MPO
α = 0.2

´<He¸�x
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�Z�"2z� ��� � ² ���������"� � �t� M i Y[bwZ_OQVWY[H%o_MNJdOQURY[VWJ i FIbWMPZ_URJdS_URY[S_URMNJko_M a(2) OQUQVW`NMNJtoKFIHKJtbmlnY[URo5URMLPURY[VWJRJ�FIHaO�MPH D Y[HKLPOQVWY[H,o_M�bqF o_`[D Y[UQ]dFIOQVWY[H LPZ_]	Z_bW`NM
ε̄c
MPO�o_M�bqF S_URY D Y[HKo_MPZ_UpoKFIHKJkbWM4D¶Y[U2FIfgMo_MpE 3[]TM w ²�]TMNJQZ_UR`NMNJdoKFIHKJdbWM D¶Y[U2FIfgMpo_MpE 3[]TM w ´ÄOQU2FIVwORJuLNY[HaOQVwHaZKJ�¸TMPOdL|FIbWLPZ_bW`NMNJkF i MNL¦bWM]TY�o_�PbWM\LNY[HjOQVwHaZ �G�° w S;Y[Z_U

β = 0.04
MPO
α = α ����� = 6.15 10−2 �rF i MNL?ÃtLNY[HKo5VwOQVWY[HKJGVwH_VwOQVqFIbWMNJo5V�®}`PURMPHaORMNJ¾SrY[Z_U{bqF1D¶FI�_UQVWcjZKMex9��FuJRY[bwZ_OQVWY[H(MPH¦SrY[VwHaOQVwbwbW`NJGLNY[UQURMNJQSrY[HKo�YdLNMPbwbWM\Y[�_ORMPHjZKMXF i MNL\Z_HKMDmFI�_UQVWcaZKMGVwH_VwOQVqFIbWM	VWJRY[OQURY[SrMex
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�Z�"2�� ��� � ² � ��� ����� � �t� M i Y[bwZ_OQVWY[H%o_MNJuOQURY[VWJ i FIbWMPZ_URJuS_URY[S_URMNJto_M a(2) OQUQVW`NMNJkoKFIHKJubmlnY[URo5URMLPURY[VWJ2J2FIHaO	MPHtD¶Y[HKLPOQVWY[H*o_M�bqFko_`[D¶Y[UQ]dFIOQVWY[H*LPZ_]	Z_bW`NM
ε̄c
MPO	o_M�bqFtS_URY D¶Y[HKo_MPZ_U	oKFIHKJ=bWM D¶Y[U2FIfgMTo_ME 3[]TM w ²;]TMNJQZ_UR`NMNJ�oKFIHKJGbWM D¶Y[U2FIfgM�o_MXE 3[]TM w ´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸���L|FIbWLPZ_bW`NMNJ\F i MNL�bWM?]TY�o_�PbWMLNY[HjOQVwHaZ �G�° w S;Y[Z_U

β = 0.04
MPO
α = 0.01

´ÄSrY[VwHaOQVwbwbW`NJ�¸¾MPOGL|FIbWLPZ_bW`NMNJ	F i MNL?bWM?]TY�o_�PbWM?LNY[HjOQVwHaZ
�G�° w SrY[Z_U

β = 0.04
MPO
α = 0.02

MPO
κa = 0.02

´ÄOQVwURMPORJ�¸�x
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�Z�"2z� ��� ��� ² � �������"� � �t� M i Y[bwZ_OQVWY[H o_MNJ�OQURY[VWJ i FIbWMPZ_URJ?S_URY[S_URMNJXo_M a(2) OQUQVW`NMNJ�oKFIHKJ�bmlnY[URo5URMLPURY[VWJRJ�FIHaO�MPH D¶Y[HKLPOQVWY[H�o_MXbqFko_`[D¶Y[UQ]dFIOQVWY[H*LPZ_]	Z_bW`NM
ε̄c
MPO�o_MXbqFtS_URY D¶Y[HKo_MPZ_U	oKFIHKJ=bWM D¶Y[U2FIfgMXo_ME 3[]TM w ²;]TMNJQZ_UR`NMNJ�oKFIHKJGbWM D¶Y[U2FIfgM?o_MXE 3[]TM w ´ÄOQU2FIVwORJ�LNY[HjOQVwHaZKJ�¸��AL|FIbWLPZ_bW`NMNJ\F i MNLXbWM?]TY�o_�PbWMLNY[HjOQVwHaZ �G�° w SrY[Z_U

β = 0.04
MPO
α = 0.01

S;Y[Z_U�Z_HKM*LNY[]XS_URMNJRJQVWY[H,Z_H_VqF�¯5VqFIbWM ´ÄOQVwURMPORJ¦MPOSrY[VwHaOQVwbwbW`NJ�¸��Io_MNJ�LNY[]XS_URMNJRJQVWY[HKJ�o_`�~KH_VWMNJ«S9FIU
D̄11 < 0

F i MNL D̄33 = −0.72D̄11
MPO
D̄22 = −0.28D̄11´ÄOQVwURMPORJ�¸½MPO¾F i MNL D̄33 = −0.85D̄11

MPO
D̄22 = −0.15D̄11

´ÄS;Y[VwHjOQVwbwbW`NJ�¸�x
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EGFIHKJ=LNMPOQORM�S9FIUQOQVWM�HKY[ZKJ=`POQZKo5VWY[HKJGbWMNJ=M�®}MPORJ=o}l Z_HKM i FIUQVqFIOQVWY[H�o_M\bqFd�KZ_VWo5VwOR`Xo_M�bqFufebqF[LNMTFIZ]TY[]TMPHjO�o_M\J2Y[H�o_`PS�3[O|xry7Y[ZKJ¾URMNJQOQURMPVwfeHKY[HKJGHKY[OQURM�`POQZKo_M YTZ_H `NLNY[Z_bWMP]TMPHjO��_VWo5Vw]TMPHKJQVWY[H_HKMPb¨MPHo_`[D¶Y[UQ]dFIOQVWY[H S_bqFIHKMko}l Z_HKMkL|FIbWY[OQORMkVWJRY[OQvKMPUQ]TM�JQZ_U?Z_H�J2YjLPbWMuS_bqFIO|x��¨l VwHKo5VWLNM ·kLNY[UQURMNJQS;Y[HKo:YsbqFo5VwURMNLPOQVWY[H¦vKY[UQVw�|Y[HaO2FIbWM?MPODbml VwHKo5VWLNM	º Y�bqF�o5VwURMNLPOQVWY[H i MPUQOQVWL|FIbWMex�AMNJXY[� / MNLPOQV*D¶JTo_MkLNMkORMNJQOXJRY[HjOTo_Mk]TMPOQOQURMpMPH ` i VWo_MPHKLNMkbWMNJTM�®}MPORJXJQZ_U�bmln`NLNY[Z_bWMP]TMPHaOto}l Z_HKMi FIUQVqFIOQVWY[H o_MT�KZ_VWo5VwOR`do_MdbqFkfebqF[LNMdMPH/D Y[HKLPOQVWY[H o_MTbqFkSr`PUQVWYjo_MuLPbwVw]dFIOQVWcaZKMto5Z_U2FIHaO\bqF[caZKMPbwbWMuMPbwbWMJ¹lnMNJQODo_`PS;YeJ2`NM=MPODbWMNJDLNY[HKJR`NcjZKMPHKLNMNJ{JQZ_U�bmln` i Y[bwZ_OQVWY[H�o_MGbqF DmFI�_UQVWcaZKMex
& ��q���� �u¢�£�¥�¡¶ g¡�¢�£�¤�¥��� [§C¤¹ 
�AMpo_Y[]dFIVwHKMp`POQZKo5VW`pJ¹ln`PORMPHKo o_Mkbml»F�¯5M�o_M¦J 1j]T`POQUQVWM�MPH

x1 = 0
/ ZKJRcjZAl»FIZ �;Y[URo bqFIOR`PU2FIb{MPH

x1 = 120
±�]px[�AM½]dFIVwbwbqFIfgMzUR`PfeZ_bwVWMPU¨MNJQO�LNY[]XS;YeJR`zo_MEHdFeÅeÅ¾`PbW`P]TMPHaORJ�bwVwHK`|FIVwURMNJ�F i MNL=·|ÅeÅ¾`PbW`P]TMPHaORJJRZ_V i FIHjO�bqF�o5VwURMNLPOQVWY[H*vKY[UQVw�|Y[HjO2FIbWMuMPO HdF�`PbW`P]TMPHaORJ?JQZ_V i FIHaO�bqF�o5VwURMNLPOQVWY[H i MPUQOQVWL|FIbWMex��AMd]dFIVwbwbqFIfgMMNJRO�S_bwZKJ�U2F�\THK` i MPURJ�bWM=o 3[]TM	MPO i MPURJ�bWM�JRY�LPbWMex��FTbWY[V�o_M	LNY[]XSrY[UQORMP]TMPHaO�MNJRO{O2FI�_Z_bW`NMXF i MNL?bWM�]TY�o_�PbWM+�¾�° w SrY[Z_U¾o_MNJ7S9FIU2FI]T�POQURMNJ=o}l»FIH_V�hJ2Y[OQURY[S_VWM?o5Z�feU2FIVwH

β = 0.04
MPO
γ = 1

xC��M\S9FIU2FI]T�POQURMXo}l VwHjORMPU2F[LPOQVWY[H
α
MNJQOG`PfaFIb¨FIZsS9FIU2FI]T�POQURMo}l VwHjORMPU2F[LPOQVWY[H�Y[S_OQVw]dFIb

α = αopt = 6.15 × 10−2 x��F DmFI�_UQVWcjZKM7MPHtJQZ_U?D¶F[LNM¾MNJQO�VWJRY[OQURY[S;Mex��¨l»F[LNLPZ_]\Z_bqFIOQVWY[H¦JQZ_U�bqF\JQZ_U?DmF[LNMDbwVw�_URM¾MNJQOzLNY[HKJQO2FIHaORMGMPO`PfaFIbWM1Y
8
LP] �[F5xA�«F i VwORMNJ2JRM i MPUQOQVWL|FIbWMdFIZ H_V i M|FIZ*o5Z�JRY�LPbWM�MNJQO�`PfaFIbWM1Yuh Å5xw·P]X]px 67Z H_V i M|FIZ*o_Mbml»F�¯_M�o_M�J�1j]T`POQUQVWM	bqF i VwORMNJ2JRM=vKY[UQVw�|Y[HaO2FIbWM?MNJQODHjZ_bwbWMexr°jZ_U{bWM=�;Y[URo¦bqFIOR`PU2FIb«MPH x1 = 120

±j] HKY[ZKJS_URMNJ2LPUQV i Y[HKJ	bWMdS_URYI~Kb½o_M i VwORMNJRJ2MTvKY[UQVw�|Y[HaO2FIbWMkcjZ_V�J2FIOQVWJ|D¶FIVwO�bqF¦LNY[HKJRMPU i FIOQVWY[H o_MdbqF�]dF[JRJRM�´ i Y[VwUw v9FIS_VwOQURM\µg¸�x��FdJRZ_U?D¶F[LNM\bwVw�_URM	VwH_VwOQVqFIbWM�MNJQO7Z_HKM\JRZ_U?D¶F[LNM?o_M �¾VqFIbWY i ´¶µ5x»¿5·¹¸��rY[¼�bqFTv9FIZ_ORMPZ_U=FIZ(o 3[]TM E(0)MNJROD`PfaFIbWMNYX¿eÅeÅeÅI]&MPO�bqF?bWY[H_feZKMPZ_U
L
MNJQOD`PfaFIbWMNY

100E(0)
xy7Y[ZKJ¨L|FIbWLPZ_bWY[HKJ¨bmln`PO2FIO�JQO2FIOQVWY[H_H9FIVwURMDSrY[Z_U�bWMNJ¨L2v9FI]XSKJ�o_M i VwORMNJRJRMzMPO�o_M DmFI�_UQVWcaZKM�MPO�SrY[Z_U�bml»FIb�hOQVwOQZKo_M¾o_M7bqF	JQZ_U?DmF[LNMe��caZ_VrLNY[UQURMNJQSrY[HKo Y	LNMNJzLNY[HKo5VwOQVWY[HKJDF i MNL¾Z_HKMD�KZ_VWo5VwOR`Go_M7bqF�febqF[LNM¾LNY[HKJQO2FIHjORMMPOD`PfaFIbWM�Y

B1 = 0.0245
ls�F5x»F −1 x

6 S9FIUQOQVwU�o_M�LNMPO�`PO2FIO«JRO2FIOQVWY[H_H9FIVwURMe��HKY[ZKJ�M�®}MNLPOQZKY[HKJ�Z_HKM½JQVw]	Z_bqFIOQVWY[H?OQU2FIHKJQVwORY[VwURM½Y[¼\bqF��KZ_VWo5VwOR`o_MdbqF�febqF[LNMto_`PS;MPHKo o5Z*ORMP]XSKJXFIZ cjZKMPb�bqFpfebqF[LNMu`PO2FIVwO?MPH JQZ_U?DmF[LNMex���F�febqF[LNMto_`PS;YeJ2`NMdMPHaOQURMkÅMPOtºeÅI±[F F(Z_HKM��KZ_VWo5VwOR`�`PfaFIbWM4Y
B1 = 0.0428

l��F5x»F −1 �¨bqF(febqF[LNMso_`PS;YeJR`NMsMPHaOQURM(ºeÅ MPOt¿eÅI±eFF�Z_HKMt�KZ_VWo5VwOR`¦`PfaFIbWM Y
B1 = 0.0140

l��F5x»F −1 ��MPOdFIVwHKJQVDo_M�JQZ_VwORMkORY[Z_OTbWMNJTºeÅI±eF(MPOp·|ÅI±eF5x��AMU2FIS_SrY[UQOdo_MNJ i VWJRLNYeJQVwOR`NJXMPHjOQURM¦o_MPZ5¯ LNY[ZKLRvKMNJuJQZKLNLNMNJRJQV i MNJTMNJROTo_Y[HKLpo_Mp¿5x»Åeµ5x w MPOQORMpo5V�®}`PURMPHKLNMo_MX�KZ_VWo5VwOR`XORMPHKo YtURMPS_UR`NJRMPHjORMPU\bWMNJ	M�®rMPORJ\o_M�bqFkO2FIVwbwbWMdo_MXfeU2FIVwHKJ\MPO�o_MXbqFkORMPHKMPZ_U?MPH�Vw]XS_Z_URMPOR`JRZ_UdbqF(�KZ_VWo5VwOR`(o_M¦bqF�febqF[LNM�MPHaOQURMsbqF febqF[LNM�o_M¦Sr`PUQVWY�o_MpfebqF[LPVqFIVwURM(JQZ_S_SrYeJR`NMpS_bwZKJd�KZ_VWo_MsMPOtbqFfebqF[LNM¾o_M7S;`PUQVWY�o_M{VwHjORMPUQfebqF[LPVqFIVwURM�JQZ_S_SrYeJR`NMD]TY[VwHKJ��KZ_VWo_Mex5y¾Y[ORY[HKJ½cjZKM¾LNM{U2FIS_SrY[UQO½o_M{�KZ_VWo5VwOR`GMNJQOLNY[HKJRO2FIHaO|�«FIbWY[URJ\caZKMdoKFIHKJ	bqFkUR`|FIbwVwOR`uJQV¨bqFt�KZ_VWo5VwOR`uo_MXbqFkfebqF[LNMuMNJQO	MPH�S9FIUQOQVWMuLNY[HaOQU�3[bW`NMuS9FIU	bqFO2FIVwbwbWM\o_MNJ{feU2FIVwHKJ¹�KVwb«o_M i U2FIVwOG` i Y[bwZKMPU|x w MPOQORM i FIbWMPZ_U¾MNJQO i Y[bWY[HjO2FIVwURMP]TMPHaO�JQZ_URMNJQOQVw]T`NM YTL|FIZKJ2M	o_MbqFTo5V�®;ZKJQVWY[H�HjZ_]T`PUQVWcaZKM?cjZ_V}S;MPZ_O{J2MGS_URYjo5Z_VwURM?FIZ�]TY[]TMPHaOGo_MGbml VwHaORMPUQSrY[bqFIOQVWY[H�o_M=bqF��KZ_VWo5VwOR`	o_MbqFpfebqF[LNMtFIZ5¯�SrY[VwHaORJ?o}l VwHaOR`PfeU2FIOQVWY[HA��S_Z_VWJ2caZKMdbqF��KZ_VWo5VwOR`tMNJQO\o_`�~KH_VWMkFIZ5¯�HKY�MPZKo_J\o5Z ]dFIVwbwbqFIfgMexEGMG]1~P]TMe�_bWMNJ{o5Z_UR`NMNJD]XVWJRMNJDMPH�/QMPZ�VWLPVAHKM=LNY[UQURMNJQSrY[HKo_MPHaO7S9F[J{FIZ5¯po5Z_UR`NMNJ�UR`NMPbwbWMNJ{o_MNJDS;`PUQVWY�o_MNJLPbwVw]dFIOQVWcjZKMNJuF�~KHªo}l»F i Y[VwUuo_MNJdORMP]XSKJdo_M�L|FIbWLPZ_b7U2FIVWJRY[H_H9FI�_bWMNJ|x¨y¾Y[ZKJTS_UR`NJRMPHjORY[HKJTbWMNJdUR`NJQZ_bwO2FIORJY[�_ORMPHjZKJnY
t = 72.2

±[F5x
& ��q���� � �9¤[�C9¶ y;; g¤
y7Y[ZKJ�S_UR`NJRMPHjORY[HKJ�bWMNJ�UR`NJQZ_bwO2FIORJ¨Y[�_ORMPHjZKJ¨oKFIHKJ�Z_H D¶Y[U2FIfgM½JRVwOQZK`EY¾¿eÅI±�] o5ZTo 3[]TM�JRY[VwO�MPH i VwURY[H·|ÅT`PS9FIVWJRJRMPZ_URJ{o_M	febqF[LNMe�CF�~KH�o}l»F i Y[VwU{Z_H�LPVWJ2FIVwbwbWMP]TMPHaO¾vKY[UQVw�|Y[HaO2FIb�HKY[H¦HK`PfebwVwfgM|FI�_bWM\S9FIUDU2FIS_SrY[UQOFIZ5¯ i VwORMNJRJRMNJDo_M=o_`[D¶Y[UQ]dFIOQVWY[H¦bWY[H_feVwOQZKo5VwH9FIbWMNJ|x
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°jZ_UubqF ��VwfeZ_URM�H�xw·e·e��HKY[ZKJdOQU2F[^NY[HKJubWMNJ i VwORMNJRJ2MNJ|� i VwORMNJRJRMNJdo_Mso_`[D Y[UQ]dFIOQVWY[H MPOdLNY[HjOQU2FIVwHaORMNJo_` i VqFIORY[VwURMNJ7LNY[UQURMNJRS;Y[HKoKFIHjO YTbqFTJQVw]\Z_bqFIOQVWY[H JQO2FIOQVWY[H_H9FIVwURM�MPO YXbqFdJQVw]	Z_bqFIOQVWY[H(OQU2FIHKJQVwORY[VwURM Y
t =

72.2
±[F5x�«F�o5VWJRLNY[HjOQVwHaZ_VwOR`Go_M�bqFG�KZ_VWo5VwOR`7MPHaOQURM¾o_MPZ5¯TLNY[ZKLRvKMNJzJQZKLNLNMNJRJQV i MNJ�MPHaOQU2F��WHKM7Z_HKM{o5VWJRLNY[HjOQVwHaZ_VwOR`FIZ H_V i M|FIZ o_MdbqF i VwORMNJ2JRMdo_Mko_`[D¶Y[UQ]dFIOQVWY[H�MPH�LPVWJ2FIVwbwbWMP]TMPHjO D̄12

²«bWMNJ\LNY[ZKL2vKMNJ�bWMNJ?S_bwZKJ	�KZ_VWo_MNJJQZ_�_VWJ2JRMPHaO�o_MNJ i VwORMNJ2JRMNJko_M�o_`[D¶Y[UQ]dFIOQVWY[H,MPH%LPVWJ2FIVwbwbWMP]TMPHaO¦S_bwZKJuVw]XSrY[UQO2FIHaORMNJ¦caZKM�bWMNJ�LNY[ZKLRvKMNJ]TY[VwHKJ	�KZ_VWo_MNJ|x��Y[Z_U�bqF i VwORMNJRJRMTo_Mto_`[D¶Y[UQ]dFIOQVWY[H D̄22
Vwb�HAl 1*F�S9F[J\o_Muo5VWJ2LNY[HaOQVwHaZ_VwOR`e� �<e�^$eW��S9F[Jo}lnM�¯5OQUQZKJQVWY[HA�IS9FIU�LNY[HaOQURMzVwb 1\F7Z_HKM½o5VWJ2LNY[HaOQVwHaZ_VwOR`{JQZ_U«bqF7SrMPHaORMzo_M

D̄22
²IbqF7SrMPHaORMzMNJQO�S_bwZKJ�feU2FIHKo_MoKFIHKJ?bWMNJ�LNY[ZKLRvKMNJXbWMNJ?S_bwZKJ?�KZ_VWo_MNJ|x�y¾Y[ORY[HKJ�caZKMtbWMNJ i VwORMNJ2JRMNJ�o_Muo_`[D¶Y[UQ]dFIOQVWY[H JQZ_�_VWMNJ?S9FIU�Z_HKMLNY[ZKL2vKM�VwH5�KZKMPHKLNM�bmlnMPHKJ2MP]	�_bWM	o_M�bqFXL|FIbWY[OQORMe�CFIVwHKJQV}bWM	LRv9FI]XSso_MNJ i VwORMNJ2JRMNJDo_M=o_`[D¶Y[UQ]dFIOQVWY[H i FIUQVWMMPH D¶Y[HKLPOQVWY[HTo_MzbqF{SrYeJQVwOQVWY[HTMPO�o_MNJ�S_URY[S_UQVW`POR`NJ�UQvK`NY[bWY[feVWcjZKMNJ¨o_M�L2v9F[caZKM�LNY[ZKL2vKMex w MNJ¨M�®}MPORJ�JQZ_U�bWMNJ

i VwORMNJRJRMNJ«o_M�o_`[D¶Y[UQ]dFIOQVWY[H?J2M¨OQU2F[o5Z_VWJRMPHjO�JRZ_U�bWMNJ«S_URYI~KbWJ�o_M i VwORMNJRJRMNJ�cjZ_VjMPZ5¯�FIZKJRJQV i FIUQVWMPHaO�FIZ\LNY[Z_URJo5ZTORMP]XSKJ¹xjy¾Y[ZKJ¨U2FIS_SrMPbWY[HKJ�VWLPV;caZKM{bWMD]TY�o_�PbWMDZ_OQVwbwVWJR`{S;Y[Z_U½oKFIORMPU�bWMED Y[U2FIfgM7o_M{o 3[]TM w JQZ_S_SrYeJRMcjZKMDbqFJD Y[UQ]TM¾o5ZtS_URYI~Kb;o_M i VwORMNJ2JRM i MPUQOQVWL|FIbWM¾URMNJQORMD~_¯5MGFIZtLNY[Z_URJzo5ZuORMP]XSKJ|x5y7Y[ZKJzF i Y[HKJ½]TY[HaOQUR`cjZKMTLNMPOQORMuv$1�S;Y[OQvK�NJRMdHAlnMNJQO	S9F[J\URMNJQSrMNLPOR`NMdJQV�bWMNJ	S_URY[S_UQVW`POR`NJ?UQvK`NY[bWY[feVWcjZKMNJ\o_MdbqF�febqF[LNM i FIUQVWMPHjOFIZ�LNY[Z_URJXo5Z�ORMP]XSKJ|x�y7Y[ORY[HKJTFIZKJRJRV½cjZKMe��FIZ�o 3[]TMe��bWMuS_URYI~KbDo_M i VwORMNJ2JRMuo_Mko_`[D¶Y[UQ]dFIOQVWY[H D̄22´ÄHKY[HsOQU2F[LN`	VWLPV�¸DS_UR`NJRMPHaORM\bWMNJ7]1~P]TMNJ i FIUQVqFIOQVWY[HKJGcaZAlSYu¿eÅI±j]px;�Y[Z_U7bWMNJ¾LNY[HaOQU2FIVwHjORMNJ�o_` i VqFIORY[VwURMNJ¹�bqFXo5VWJ2LNY[HaOQVwHaZ_VwOR`?JQZ_UDbqF��KZ_VWo5VwOR`	MPHaOQU2F��WHKM\Z_HKM�o5VWJRLNY[HjOQVwHaZ_VwOR`?JQZ_UDbWMNJ7LNY[HaOQU2FIVwHaORMNJ¾bWY[H_feVwOQZKo5VwH9FIbWMNJ
S̄ii
xj�Y[Z_UzbqF�LNY[HaOQU2FIVwHjORM=o_M{LPVWJ2FIVwbwbWMP]TMPHjO

S̄12
�gbWMNJ½�_UQZKJRcjZKMNJ i FIUQVqFIOQVWY[HKJzY[�KJRMPU i `NMNJ½JQZ_U�bWMNJ�HKY�MPZKo_JFIZ�H_V i M|FIZ o_MNJ7OQU2FIHKJRVwOQVWY[HKJ=MPHaOQURM�bWMNJGLNY[ZKLRvKMNJ=JRY[HjO=o_MNJGFIUQORM[DmF[LPORJGHaZ_]T`PUQVWcjZKMNJ=MPOGbqFdLNY[HjOQU2FIVwHaORMo_M�LPVWJ2FIVwbwbWMP]TMPHjO\` i Y[bwZKM�bwVwHK`|FIVwURMP]TMPHaO?o_M�bqFkJQZ_U?DmF[LNMTFIZ(J2YjLPbWM�S_URY[SrY[UQOQVWY[H_HKMPbwbWMP]TMPHaO YubqFtS;MPHjORMo_MGbqFXJRZ_U?D¶F[LNMe�_LNY[]X]TM=S_UR`No5VwO7S9FIU�bml»FIS_S_URYN¯5Vw]dFIOQVWY[H�o_M�bqF�LNY[ZKLRvKM�]XVwHKLNMex��MNJGS_URYI~KbWJ=o_MNDmFI�_UQVWcjZKMe�;MPH�D¶Y[HKLPOQVWY[H�o_M?bml»FI]XVwHKLPVWJRJRMP]TMPHaO\L|FIbWLPZ_bW`e�}JRY[HaO=o_Y[H_HK`NJ�JQZ_UGbqF ��V�hfeZ_URM_H�xw·|º5x�M�H*SrY[VwHaOQVwbwbW`NJ\HKY[ZKJ	o_Y[H_HKY[HKJ	bqF�JRY[bwZ_OQVWY[H Y[�_ORMPHjZKMdMPH*JRZ_S_S;YeJ2FIHjO	Z_H_VWcjZKMP]TMPHaO\Z_HKMLNY[]XS_URMNJRJRVWY[H �_VqF�¯�VqFIbWMex w MPOQORMpJ2Y[bwZ_OQVWY[H LNY[UQURMNJQS;Y[HKo>Y(LNMPbwbWM�Y[�_ORMPHjZKM¦FIZ o 3[]TMex��AMNJ DmFI�_UQVWcjZKMNJoKFIHKJ�bWMNJzLNY[ZKLRvKMNJ½bWMNJ½S_bwZKJ¨�KZ_VWo_MNJzJRY[HjO�ORY[Z /QY[Z_URJ½S_bwZKJ½LNY[HKLNMPHjOQUR`NMNJzS_Z_VWJRcjZKM{bqF�febqF[LNM¾F\JQZ_�_VWM¾o_MNJ

i VwORMNJRJRMNJ7o_M	o_`[D¶Y[UQ]dFIOQVWY[HsS_bwZKJ7Vw]XS;Y[UQO2FIHjORMNJ|xrE=FIHKJ{bWMNJ7LNY[ZKLRvKMNJGbWMNJD]TY[VwHKJ7�KZ_VWo_MNJ7bWMNJEDmFI�_UQVWcjZKMNJJRY[HjOX]TY[VwHKJTLNY[HKLNMPHaOQUR`NMNJ¹x��AMNJXS_URYI~KbWJTURMNJQORMPHaOTORY[Z_OTo_Mk]1~P]TMpOQUR�NJTJQVw]XVwbqFIVwURMNJ|��LelnMNJQOXSrY[Z_URcjZKY[VVwb�MNJRO	o5V*\dLPVwbWMuo_Muo5VwURMTJQV¨bqFpfebqF[LNMuF¦JQZ_�_VWMTo5Z LPVWJ�FIVwbwbWMP]TMPHaO�MPH JRMX�9F[J�FIHaO	Z_H_VWcjZKMP]TMPHaOXJQZ_U	bWMNJ]TMNJQZ_URMNJGo_M�DmFI�_UQVWcaZKMNJGoKFIHKJ¾Z_H�D Y[U2FIfgMexry¾Y[ZKJ¾Y[�KJ2MPU i Y[HKJ�FIZKJRJQV�Z_HKM\o5V�®}`PURMPHKLNMTF[JRJRMP�?HKMPOQORM�JQZ_UbmlnY[UQVWMPHjO2FIOQVWY[H�o5Z�URMPSr�PURM?S_URY[S_URM�o_M
a(2) xrE=FIHKJ¾bWMNJGLNY[ZKLRvKMNJGbWMNJGS_bwZKJ7�KZ_VWo_MNJ|�;bWM\o_`PS_v9F[J�FIfgMXMNJQOORY[Z /QY[Z_URJ�S_bwZKJ�Vw]XSrY[UQO2FIHaO|x��MNJ�UR`NJQZ_bwO2FIORJzY[�_ORMPHjZKJzFIZko 3[]TM7HKM{JRY[HjO�S9F[J�URMPS_UR`NJRMPHaOR`NJzVWLPVC]dFIVWJ½HKY[ZKJ�SrY[Z i Y[HKJ½HKY[ORMPU½cjZKMbWMGS_URYI~Kb�o_M D¶FI�_UQVWcjZKMe�_OQU2F[LN`�MPH D¶Y[HKLPOQVWY[Hso_MGbml»FI]XVwHKLPVWJ2JRMP]TMPHaO|�;MNJQO�ORY[Z /QY[Z_URJDVWo_MPHaOQVWcjZKM	cjZKMPb�cjZKMJRY[VwO�bWM¨ORMP]XSKJ«S_Z_VWJRcaZAl VwbjHAl 1	F�S9F[J�o5Z	ORY[Z_O�o_M�LPVWJ2FIVwbwbWMP]TMPHjO|xI�FIU�LNY[HaOQURM�bWM¨S_URYI~Kb5o}l»FI]XVwHKLPVWJRJRMP]TMPHaO

i FIUQVWM�FIZ¦LNY[Z_URJDo5ZpORMP]XSKJ¹xM¨H LNY[HKLPbwZKJQVWY[HA��bWMTS_URYI~Kb�o_MNJ i FIbWMPZ_URJ	S_URY[S_URMNJ\o_M a(2) L|FIbWLPZ_bW`uMNJQO\F[JRJRMP�uJQVw]XVwbqFIVwURM YpLNMPbwZ_V]TMNJQZ_UR`XoKFIHKJ	bWM D Y[U2FIfgMdo_MTo 3[]TM w ²rbWMNJ	LNY[ZKL2vKMNJ�bWMNJ=]TY[VwHKJ��KZ_VWo_MNJ	Y[HjO	o_MNJ DmFI�_UQVWcaZKMNJ=]TY[VwHKJLNY[HKLNMPHjOQUR`NMNJXMPO\bWMNJ?LNY[ZKLRvKMNJ�bWMNJ\S_bwZKJ\�KZ_VWo_MNJ?o_MNJ�DmFI�_UQVWcaZKMNJ\S_bwZKJ�LNY[HKLNMPHaOQUR`NMNJ|x�y¾Y[ORY[HKJ�caZKMtLNMUR`NJQZ_bwO2FIOzMPHaOQU2F��WHKMGZ_HKM7UR`POQURYgF[LPOQVWY[H�SrYeJQVwOQV i M7LNY[]X]TMGJQZ_fefg`PUR`¾S9FIUz�FIORMPURJ2Y[H*´ ·|ÆeÆ5·¹¸D²jbqF DmFI�_UQVWcjZKMJRM¾LNY[HKLNMPHaOQURM	S_bwZKJ i VwORMGoKFIHKJ�bWMNJ�LNY[ZKL2vKMNJ�S_bwZKJ½�KZ_VWo_MNJDcjZ_V}o_M i VWMPH_HKMPHjO7FIVwHKJQV}MPHKLNY[URMGS_bwZKJ DmF[LPVwbWMNJY¦o_`[D Y[UQ]TMPU�MPH LPVWJ�FIVwbwbWMP]TMPHaOTMPO?FIVwHKJRV½o_MtJQZ_VwORMex w MuUR`NJQZ_bwO2FIO�JRMP]	�_bWMko_Y[HKLuVwHKo5VWcaZKMPU�cjZKMdbWMuLPV�hJ2FIVwbwbWMP]TMPHjODoKFIHKJzbqF\S9FIUQOQVWMG�9F[JRJRM¾o5Z_D¶Y[U2FIfgM=o_MGE 3[]TM w HAlnMNJQOzS9F[JzHK`PfebwVwfgM|FI�_bWMe�KLNMGcjZ_V;M�¯5S_bwVWcjZKMSrY[Z_URcaZKY[V½bqF3D¶FI�_UQVWcjZKMe��OQU2F[LN`NMkMPH D¶Y[HKLPOQVWY[H o_Mtbml»FI]XVwHKLPVWJRJRMP]TMPHaO|��MNJQO\S_bwZKJ�LNY[HKLNMPHjOQUR`NMpoKFIHKJ�bWM
D¶Y[HKoso_M�E 3[]TM w cjZKM�oKFIHKJ¾bWMNJ¾o_MPZ5¯ FIZ_OQURMNJ D Y[U2FIfgMNJ¹xCy¾Y[ORY[HKJ=caZKM?LNMPOQORM�LNY[HKLPbwZKJQVWY[H�LNY[HaOQURMNo5VwOLNMPUQO2FIVwHKMNJ7o_MNJ�v$1�S;Y[OQvK�NJ2MNJ�Z_OQVwbwVWJR`NMNJDSrY[Z_U�bqFXoKFIO2FIOQVWY[H�o5Z D Y[U2FIfgMex
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�Z�"2�� ��� �6� ² �����,���� ���7���"!�+,�6!�� �� � %'��$�"�5�"�5� E7VWJROQUQVw�_Z_OQVWY[HtoKFIHKJ�Z_HkD¶Y[U2FIfgM{JRVwOQZK`7MPH
x = 30

±j]o_M�²�´¶Fg¸=bqF i VwORMNJRJRMuvKY[UQVw�|Y[HaO2FIbWM u ��´Ä�C¸�bqF i VwORMNJRJ2M i MPUQOQVWL|FIbWM v ��´ L¹¸	bqF i VwORMNJRJ2Muo_Mto_`[D Y[UQ]dFIOQVWY[HbWY[H_feVwOQZKo5VwH9FIbWM
D̄22
�;´ o9¸�bqF i VwORMNJRJ2MDo_M7o_`[D¶Y[UQ]dFIOQVWY[HkMPHtLPVWJ2FIVwbwbWMP]TMPHjO D̄12

�C´ M¹¸�bWMNJ½LNY[HaOQU2FIVwHjORMNJDo_`�h
i VqFIORY[VwURMNJ½bWY[H_feVwOQZKo5VwH9FIbWMNJ S̄ii

MPO=´�D�¸�bqF\LNY[HaOQU2FIVwHaORM=o_` i VqFIORY[VwURMGMPHtLPVWJ�FIVwbwbWMP]TMPHaO S̄12
x��AMNJzJRY[bwZ_OQVWY[HKJSrY[Z_UGbqFtJQVw]	Z_bqFIOQVWY[H�JQO2FIOQVWY[H_H9FIVwURMXJ2Y[HaO=URMPS_UR`NJRMPHjOR`NMNJ=S9FIUGbWMNJ=LNY[Z_UQ�;MNJ=MPH(OQU2FIVwORJ=LNY[HaOQVwHjZKJ�MPOGbWMNJJ2Y[bwZ_OQVWY[HKJGS;Y[Z_UGbqFtJQVw]	Z_bqFIOQVWY[H OQU2FIHKJRVwORY[VwURM1Y

t = 72.2
±eFkJRY[HaO=URMPS_UR`NJRMPHjOR`NMNJ=S9FIUGbWMNJ=LNY[Z_UQ�;MNJ=MPHOQVwURMPORJ¹xC�AMNJGSrYeJQVwOQVWY[HKJGo_MNJGLNY[ZKLRvKMNJJY

t = 72.2
±eFtFIHKJGJRY[HjO=o_Y[H_HK`NMNJGS9FIU¾bWMNJ¾SrY[VwHaOQVwbwbW`NJGvKY[UQVw�|Y[H5hO2FIZ5¯}x
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�Z�"2z� ��� ��� ² � �C�,t�'�>�"� ����!$+,�6!$����>� %�� $�"�5�"�5� E¾VWJQOQUQVw�_Z_OQVWY[H MPH/D Y[HKLPOQVWY[H�o_Mubml»FI]XVwHKLPVWJRJRMP]TMPHaOoKFIHKJ=Z_HtD¶Y[U2FIfgMXJQVwOQZK`XMPH
x = 30

±j] ²¨´¶Fg¸¾o_MNJ i FIbWMPZ_URJ=S_URY[S_URMNJ	o_M a(2) MPOd´Ä�C¸¾o5Z*o_`PS_v9F[J�FIfgM
ϕ̄
x5�AMNJ�JRY[bwZ_OQVWY[HKJ�SrY[Z_UzbqF\JRVw]	Z_bqFIOQVWY[H¦JQO2FIOQVWY[H_H9FIVwURM=J2Y[HaO�URMPS_UR`NJRMPHjOR`NMNJDS9FIUzbWMNJ�LNY[Z_UQ�;MNJ�MPHkOQU2FIVwORJLNY[HjOQVwHaZKJ=MPO{bWMNJ¾JRY[bwZ_OQVWY[HKJ¾SrY[Z_U7bqFdJQVw]	Z_bqFIOQVWY[H(OQU2FIHKJQVwORY[VwURMXFIS_UR�NJJH[ºdºeÅeÅtFIHKJ7J2Y[HaO¾URMPS_UR`NJRMPHaOR`NMNJS9FIU�bWMNJ«LNY[Z_UQ�rMNJ�MPH\OQVwURMPORJ¹xI��MNJ�SrY[VwHaOQVwbwbW`NJ�JRY[HjO�bWMNJ«JRY[bwZ_OQVWY[HKJ�Y[�_ORMPHjZKMNJ�MPH?JQZ_S_SrYeJ2FIHjO�Z_H_VWcjZKMP]TMPHaOZ_HKMXLNY[]XS_URMNJRJRVWY[H��_VqF�¯�VqFIbWMe�}MPO\LNY[UQURMNJQS;Y[HKo_MPHjO	o_Y[HKLdFIZ5¯ JRY[bwZ_OQVWY[HKJ	FIZ�o 3[]TMe�AcjZKMPb¨cjZKMXJRY[VwO=bWMORMP]XSKJ|x_��MNJDSrYeJQVwOQVWY[HKJDo_MNJDLNY[ZKL2vKMNJ¾FIZpORMP]XSKJ

t = 72.2
±eFXJRY[HaO7o_Y[H_HK`NMNJDS9FIUDbWMNJ�OQU2FIVwORJ7LNY[HaOQVwHjZKJvKY[UQVw�|Y[HjO2FIZ5¯rx
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�

EGFIHKJzLNMPOQORM¾S9FIUQOQVWM¾HKY[ZKJ½]TYjo_`PbwVWJRY[HKJ½bmln`NLNY[Z_bWMP]TMPHjODOQUQVWo5Vw]TMPHKJQVWY[H_HKMPb�FIZ i Y[VWJQVwH9FIfgMGo5Z_D¶Y[U2FIfgMo_M¦o 3[]TM w x¨y¾Y[ORY[HKJdcjZKMpSrY[Z_Udo_MNJdJRVw]	Z_bqFIOQVWY[HKJk¿[E?�¨bWMpHKY[]	�_URMso_MpHKY�MPZKo_Jdo5Z ]dFIVwbwbqFIfgM�MPObWMNJdORMP]XSKJdo_MpL|FIbWLPZ_b¾o_M i VWMPH_HKMPHjOuU2FIS_VWo_MP]TMPHjOtLNY[HKJRVWo_`PU2FI�_bWMNJ|��LelnMNJQOdS;Y[Z_URcjZKY[V{HKY[ZKJuL|FIbWLPZ_bWY[HKJZ_H_VWcjZKMP]TMPHaO	bWM?L2v9FI]XS*o_M i VwORMNJRJRM�LNY[UQURMNJQSrY[HKoKFIHaO�YubqFtORY[SrY[feU2FIS_v_VWMTF[LPOQZKMPbwbWMdFIZ i Y[VWJQVwH9FIfgMTo5ZD¶Y[U2FIfgM=MPODSrY[Z_U�Z_HKM=UQvK`NY[bWY[feVWM	o_MGbqFXfebqF[LNMG~_¯5`NMexy7Y[ZKJ=HKY[ORY[HKJ
x
MPO
y
bWMNJ�o5VwURMNLPOQVWY[HKJ�vKY[UQVw�|Y[HjO2FIbWMNJ\MPO

z
bqFko5VwURMNLPOQVWY[H i MPUQOQVWL|FIbWMexA�AMNJ i VwORMNJRJ2MNJvKY[UQVw�|Y[HjO2FIbWMNJ7J2Y[HaO�HKY[OR`NMNJ

u
�
v
�KY[Z�S_bwZKJ�fg`PHK`PU2FIbWMP]TMPHjO

u⊥
�_MPO�bqF i VwORMNJRJRM i MPUQOQVWL|FIbWM	MNJQO�HKY[OR`NM w x«Y[Z_U?LPUR`NMPU	bWMX]dFIVwbwbqFIfgMe�«HKY[ZKJ�Z_OQVwbwVWJRY[HKJ\bWMNJ�o_Y[H_HK`NMNJ\ORY[S;Y[feU2FIS_v_VWcjZKMNJ?o5Z JRY�LPbWM

B(x, y)
MPOo_M¦bqF*JRZ_U?D¶F[LNM

E(x, y)
D¶Y[Z_UQH_VWMNJtS9FIU KzMNo5]dFISAx½y7Y[ZKJtZ_OQVwbwVWJRY[HKJto_MNJk`PbW`P]TMPHaORJ�cjZ9F[o5UQVwbqFIOR`PU2FIZ5¯F i MNL¾Z_HKM7VwHjORMPUQS;Y[bqFIOQVWY[H¦bwVwHK`|FIVwURMex_�AM¾]dFIVwbwbqFIfgM¾MNJRO½UR`PfeZ_bwVWMPUDF i MNL=o_MNJ½`PbW`P]TMPHjORJDo_M�·|ÅI±j] o_M¾L 3[OR`JRZ_V i FIHjOTbWMNJTo5VwURMNLPOQVWY[HKJuvKY[UQVw�|Y[HaO2FIbWMNJkMPOXHKY[ZKJTZ_OQVwbwVWJRY[HKJtºeÅ `PbW`P]TMPHaORJuSrY[Z_UXbqF i MPUQOQVWL|FIbWMex�y¾Y[ZKJLNY[]XS9FIURY[HKJ\bWMNJ�UR`NJRZ_bwO2FIORJ\Y[�_ORMPHjZKJ?JRZ_U�Z_H o_Y[]dFIVwHKMuo_M

320 × 320
±�] YpLNMPZ5¯*Y[�_ORMPHaZKJ?JQZ_U	Z_Ho_Y[]dFIVwHKM	o_M

640 × 640
±�]px�AMzS_URYI~KbKo_MzORMP]XS;`PU2FIOQZ_URMe�aMPH D Y[HKLPOQVWY[Hdo_M½bqF¾v9FIZ_ORMPZ_U¨UR`No5Z_VwORM{MNJQO�~_¯5M�MPO�LNY[UQURMNJQSrY[HKokY¾LNMPbwZ_V]TMNJRZ_UR`7oKFIHKJzbWM D Y[U2FIfgM¾o_MGE 3[]TM w x 67ZdH_V i M|FIZ�o5Z�JRYjLPbWM7HKY[ZKJzJQZ_S_SrYeJRY[HKJ�cjZAl VwbrHAl 1uF	H_V6D ZKJQVWY[HH_V}febwVWJ2JRMP]TMPHaO|xy7Y[ZKJ�Z_OQVwbwVWJ2Y[HKJDo_MPZ5¯�O	1�S;MNJDo_M	LNY[HKo5VwOQVWY[HKJ7FIZ5¯kbwVw]XVwORMNJDSrY[Z_U�bWMNJD�rY[URo_J�bqFIOR`PU2FIZ5¯�²

³ o_MNJuLNY[HKo5VwOQVWY[HKJ�FIZ5¯ bwVw]XVwORMNJtMPH i VwORMNJRJRMNJuY[�_ORMPHaZKMNJ Y*S9FIUQOQVwUuo_Msbml»FIS_S_URYN¯5Vw]dFIOQVWY[H o_MsbqFLNY[ZKLRvKM=]XVwHKLNM�Y�bmlnY[URo5URM	Å
∂ūn

∂xn
=

ρg

M̄nznz

dE

dxn
(z −B)

� ´<H�x Ãj¸
Y[¼

ūn
MNJRO�bqF i VwORMNJRJ2MDvKY[UQVw�|Y[HaO2FIbWMGHKY[UQ]dFIbWMGFIZt�;Y[URoubqFIOR`PU2FIb;LNY[HKJRVWo_`PUR`e� xn

MNJQO�bqF\o5VwURMNLPOQVWY[HvKY[UQVw�|Y[HaO2FIbWMXHKY[UQ]dFIbWMTFIZ �rY[URo�bqFIOR`PU2FIb¨LNY[HKJQVWo_`PUR`XMPO
M̄nznz

MNJQOGbqFuLNY[]XSrYeJ2FIHjORM
nznz

o_MbqF?bWY[V�o_M=LNY[]XSrY[UQORMP]TMPHaOG`NLPUQVwORM�JRY[ZKJ D¶Y[UQ]TM=LNY[HKo_MPHKJR`NMu´¶µ5x»ºyFg¸�x
³ o_MNJDLNY[HKo5VwOQVWY[HKJ7FIZ5¯kbwVw]XVwORMNJDMPH¦LNY[HjOQU2FIVwHaORMNJ|�CLNY[UQURMNJQSrY[HKoKFIHaO Y?bqF?S_URMNJ2JQVWY[Hpv$15o5URYeJQO2FIOQVWcjZKM

σ̄.nL = ρg(E − z)
� ´<H�xSFg¸

Y[¼
nL
MNJQO�bWM i MNLPORMPZ_UDZ_H_VwO2FIVwURM�HKY[UQ]dFIb«FIZ¦�;Y[URokbqFIOR`PU2FIb�LNY[HKJRVWo_`PUR`ex

6D~KH o_M�LNY[]XS9FIURMPUTbWMNJTUR`NJQZ_bwO2FIORJTMPHaOQURMsMPZ5¯r��HKY[ZKJtF0/�ZKJQORY[HKJ�bqF i FIbWMPZ_Udo_MkUR`[D¶`PURMPHKLNMpo_MkbqF�KZ_VWo5VwOR`
Bn(−10◦

w
)
S;Y[Z_U¾Y[�_ORMPH_VwU7Z_HKM i VwORMNJRJ2M i MPUQOQVWL|FIbWM\o_M�h º5x»¿[LP]�F −1 MPHsJQZ_U?DmF[LNM\FIZsH_V i M|FIZo5Z�D¶Y[U2FIfgM�o_M�E 3[]TM w �IcaZ_V5LNY[UQURMNJQSrY[HKo YDbml»F[LNLPZ_]	Z_bqFIOQVWY[HT]TMNJQZ_UR`NM�VwH5h�JQVwOQZAxI«Y[Z_U�bWMNJ�JQVw]\Z_bqFIOQVWY[HKJF i MNL½bWM�]TY�o_�PbWM%�¾�° w �IbqF7bWY[V5o_M½LNY[]XSrY[UQORMP]TMPHaO�MNJQO«O2FI�_Z_bW`NM�F i MNL�o_MNJ«S9FIU2FI]T�POQURMNJ�o}l»FIH_VWJ2Y[OQURY[S_VWMo5ZtfeU2FIVwH�o_Y[H_HK`NJzS9FIU
β = 0.04

MPO
γ = 1

MPO½bWM7S_URYI~Kb}o_M D¶FI�_UQVWcjZKM¾MPH_D¶Y[HKLPOQVWY[H�o_M{bqF\S_URY D¶Y[HKo_MPZ_UUR`No5Z_VwORM=MNJRO�~_¯_MGMPOzMNJROzo_Y[H_HK`GS9FIU�´¶µ5x»¿eºg¸�x_��F?o_`�~KH_VwOQVWY[H¦o_MNJ�JRVw]	Z_bqFIOQVWY[HKJDM�®}MNLPOQZK`NMNJ�MNJQO�o_Y[H_HK`NMoKFIHKJDbWM=O2FI�_bWM|FIZ�H�xw·ex
& ������� �*¡¶ e§9¤[¤I§9¤ X�¢zBa¡��_¢«£� y;�9m§C¤k§9£�¤I�CB,=?;�Q5§
°jZ_UAbqF���VwfeZ_URM H�xw·|¿�HKY[ZKJ�LNY[]XS9FIURY[HKJ�bWMNJ i VwORMNJRJRMNJ}vKY[UQVw�|Y[HjO2FIbWMNJ�Y[�_ORMPHaZKMNJ�F i MNL�bWMNJ�JQVw]\Z_bqFIOQVWY[HKJVWJ2Y
�
�;LPZ

�
¿eºeÅ MPO�VWJRY

�
�rLPS_bwVw]

�
¿eºeÅ*F�~KH o_MkORMNJRORMPUXbml VwH5�KZKMPHKLNMpo_MkbqF(LNY[HKo5VwOQVWY[HªFIZ �rY[URo}x��AMNJ

i VwORMNJRJRMNJ½Y[�_ORMPHaZKMNJ�JRZ_U�bmlnMPHKJRMP]\�_bWM¾o5Zko_Y[]dFIVwHKMGJRY[HaODF[JRJ2MP�{S_URY�LRvKMNJzMPHaOQURM¾bWMNJzo_MPZ5¯dJQVw]	Z_bqFIOQVWY[HKJ¹x��MNJTo5V�®r`PURMPHKLNMNJdbWMNJTS_bwZKJXVw]XSrY[UQO2FIHaORMNJtJRM�JQVwOQZKMPHjOdS_UR�NJTo_MNJTbwVw]XVwORMNJdY[¼ bWMNJXSrMPHaORMNJuJRY[HaOtF[JRJRMP�
DmFIVw�_bWMNJ|x
I b 1kF?Z_H¦OQUR�NJ��;Y[H¦F[LNLNY[URo¦MPHaOQURM�bWMNJ{o_MPZ5¯kJQVw]\Z_bqFIOQVWY[HKJ7oKFIHKJDbWM=LNY[VwHpfaFIZKLRvKM\MPH��9F[J|�_b YY[¼�bWMNJzSrMPHaORMNJ7JRY[HaO�bWMNJDS_bwZKJ�Vw]XS;Y[UQO2FIHjORMNJ|�KMPODY[¼�bml»FIS_S_URY|¯�Vw]dFIOQVWY[H(o_MGbqF�LNY[ZKLRvKM=]XVwHKLNM	MNJQO�J2FIHKJ
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HKY[] o_M=bqF�JRVw]	Z_bqFIOQVWY[H LNY[]XSrY[UQORMP]TMPHaO
Bn(−10◦

w
)

l��F −n F −1 w x_�¨x ]dFIVwbwbqFIfgMu´Ä±j] 2 ¸VWJRY
�
�rLPZ

�
¿eºeÅ VWJ2Y[OQURY[S;M

n = 1 B1 = 0.0204
´<H�x Ãj¸ ¿eºeÅ × ¿eºeÅVWJRY

�
�rLPS_bwVw]

�
¿eºeÅ VWJ2Y[OQURY[S;M

n = 1 B1 = 0.0217
´<H�xSFg¸ ¿eºeÅ × ¿eºeÅVWJRY

�
�rLPS_bwVw]

�
µIÃaÅ VWJ2Y[OQURY[S;M

n = 1 B1 = 0.0209
´<H�xSFg¸ µIÃaÅ × µIÃaÅ�G�° w

�
�rLPS_bwVw]

�
¿eºeÅ �¾�° w

B1 = 0.01067
´<H�xSFg¸ ¿eºeÅ × ¿eºeÅ�G�° w

�
�rLPS_bwVw]

�
µIÃaÅ �¾�° w

B1 = 0.00817
´<H�xSFg¸ µIÃaÅ × µIÃaÅVWJRY[H_b

�
�;LPS_bwVw]

�
µIÃaÅ VWJ2Y[OQURY[S;M

n = 3 B3 = 52.916
´<H�xSFg¸ µIÃaÅ × µIÃaÅ

���
	 ��H�xw·e²�E¾`�~KH_VwOQVWY[H o_MNJ	JQVw]\Z_bqFIOQVWY[HKJ\¿[E�x
Bn
MNJQO=bqFk�KZ_VWo5VwOR`To_MXUR`[D¶`PURMPHKLNM¦´ ·ex»ºg¸���MPO w xA��x}bWMO51jSrM=o_M=LNY[HKo5VwOQVWY[H�Y�bqF?bwVw]XVwORMex

o_Y[Z_ORM{bqF=S_bwZKJ i FIbwVWo_Mex5À¾bWY[�9FIbWMP]TMPHaOzbWMNJ i VwORMNJRJ2MNJ�JRY[HjO�SrMPUQS;MPHKo5VWLPZ_bqFIVwURMNJ�FIZ5¯dLNY[Z_UQ�rMNJ�o_M{H_V i M|FIZA�LNY[]X]TM¾]TMNJQZ_UR`¾VwH5h�JQVwOQZ*´��¾VwOQOQZ9FIUQVC^a`CbdcUeW�_ºeÅeÅIÃj¸�x 67ZtH_V i M|FIZpo5Z�o 3[]TMe��bqF?o5VwURMNLPOQVWY[Hpo_MNJ i VwORMNJ2JRMNJL2v9FIH_fgM�MPHjOQURM�bWMNJ�o_MPZ5¯	JQVw]\Z_bqFIOQVWY[HKJ�]dFIVWJ�bqF{HKY[UQ]TM�MNJRO�OQUR�NJ�JQVw]XVwbqFIVwURMex�EGM�S_bwZKJ|�¹Y[H?URMP]dFIURcjZKM�cjZKMbWMNJ¨�KZ_VWo5VwOR`NJ�o_M�UR`[D¶`PURMPHKLNM¾o_MNJ�o_MPZ5¯TJQVw]	Z_bqFIOQVWY[HKJzJRY[HjO�OQUR�NJ�S_URYjL2vKMNJ|�g]dFIVWJ�HKMPOQORMP]TMPHaO½VwH#D `PUQVWMPZ_URMNJ
Y?bqF i FIbWMPZ_U{o_M B1 = 0.16 ± 0.07

l��F −1 F −1 o_Y[H_HK`NM=S9FIU7�}VwS;MPH_±gY i ^a` bycfe«´ ·|ÆeÆ,He¸�x°jZ_U}bqF��«VwfeZ_URM H�xw·PÃDHKY[ZKJALNY[]XS9FIURY[HKJAbWMNJ i VwORMNJRJ2MNJAY[�_ORMPHaZKMNJ�F i MNL�bWMNJ�JQVw]	Z_bqFIOQVWY[HKJ«VWJRY � �rLPS_bwVw] � ¿eºeÅMPO=VWJRY
�
�rLPS_bwVw]

�
µIÃaÅ¦F�~KH o}ln`POQZKo5VWMPU�bml VwH5�KZKMPHKLNMto_M�bqFkS;YeJRVwOQVWY[H*o_MNJ=�rY[URo_J	o5Z�o_Y[]dFIVwHKMex�I b 1 FZ_H OQUR�NJX�rY[HªF[LNLNY[URo MPHjOQURM�bWMNJTo_MPZ5¯ UR`NJQZ_bwO2FIORJ|�¨]1~P]TM¦FIZ H_V i M|FIZªo_MNJXbwVw]XVwORMNJTbqFIOR`PU2FIbWMNJdSrY[Z_UbqFXJRVw]	Z_bqFIOQVWY[H�VWJRY
�
�;LPS_bwVw]

�
¿eºeÅ5x;y¾Y[ORY[HKJ{cjZKM=bml VwHaOR`PUQVWMPZ_U=o5Z¦o_Y[]dFIVwHKM?MNJQODOQUR�NJ{S;MPZsF�®}MNLPOR`ex9�«Fo5VwURMNLPOQVWY[H o_MNJ i VwORMNJ2JRMNJ i FIUQVWM\bW`Pfg�PURMP]TMPHaO\FIZ�H_V i M|FIZ o5Z o 3[]TM?Y[¼�bqFuS;MPHjORM�o_M\JQZ_U?DmF[LNM�MNJQO¾OQUR�NJDmFIVw�_bWMex

M¨HªLNY[HKLPbwZKJQVWY[HA�½bWMNJuUR`NJQZ_bwO2FIORJkY[�_ORMPHaZKJ�FIZ i Y[VWJQVwH9FIfgM�o5Z&D Y[U2FIfgM(F i MNLsZ_HKM¦febqF[LNM¦VWJRY[OQURY[SrMbwVwHK`|FIVwURMtJRY[HaO\S;MPZ JRMPHKJQVw�_bWMNJ�FIZ*O51jSrMuo_MuLNY[HKo5VwOQVWY[HKJXFIZ5¯�bwVw]XVwORMNJ?MPO Y�bqFpS;YeJQVwOQVWY[H o_MNJ	bwVw]XVwORMNJbqFIOR`PU2FIbWMNJ{S9FIU�U2FIS_S;Y[UQO7FIZsJQVwORM=o_M D¶Y[U2FIfgMex°jZ_U?bqF �«VwfeZ_URM H�xw·�F¦HKY[ZKJ�LNY[]XS9FIURY[HKJ�bWMNJ\UR`NJRZ_bwO2FIORJ?o_MNJ�JQVw]\Z_bqFIOQVWY[HKJ �¾½° w
�
�;LPS_bwVw]

�
¿eºeÅMPOA�¾½° w

�
�;LPS_bwVw]

�
µIÃaÅ5xK��MNJ i VwORMNJRJRMNJzY[�_ORMPHjZKMNJ�MPHkJRZ_U?D¶F[LNM¾JRY[HaO�o5V�®}`PURMPHaORMNJ�o_MGLNMPbwbWMNJzY[�_ORMPHaZKMNJoKFIHKJdbWMpL|F[JTVWJRY[OQURY[SrMe��MPOdHKM¦JRMP]\�_bWMPHaOtS9F[Jk~POQURMpfeZ_VWo_`NMNJuS9FIUTbqF�S;MPHjORM¦o_MpJQZ_U?DmF[LNMex½Á7H HKY[ORMFIZKJRJRV;Z_HKM�OQUR�NJ�feU2FIHKo_M�JRMPHKJQVw�_VwbwVwOR`=o5Z�UR`NJRZ_bwO2FIO7FIZ5¯kLNY[HKo5VwOQVWY[HKJ¾FIZ5¯tbwVw]XVwORMNJ�/�ZKJRcjZAl»FIZpLNMPHaOQURM	o5Zo_Y[]dFIVwHKMex°jZ_UtbqF*~KfeZ_URM H�xw·|µ*HKY[ZKJkLNY[]XS9FIURY[HKJ�bWMNJtUR`NJQZ_bwO2FIORJ�o_MNJkJQVw]\Z_bqFIOQVWY[HKJ�VWJRY

�
�rLPS_bwVw]

�
µIÃaÅ�MPOVWJRY[H_b

�
�rLPS_bwVw]

�
µIÃaÅ5xgy¾Y[ZKJ i `PUQV�~9Y[HKJ¨cjZKMe�ILNY[]X]TMzSrY[Z_U�bWMzL|F[J�VWJRY[OQURY[S;MzbwVwHK`|FIVwURMe�[bWMNJ�J2Y[bwZ_OQVWY[HKJ¨FIZLNMPHjOQURM�o5Z�o_Y[]dFIVwHKM{oKFIHKJ�bWM½L|F[J�HKY[HXbwVwHK`|FIVwURM�J2Y[HaO�SrMPZ�J2MPHKJQVw�_bWMNJ7Y7bmln`PbWY[VwfeHKMP]TMPHaO�o_MNJ�LNY[HKo5VwOQVWY[HKJFIZ5¯XbwVw]XVwORMNJ|xj�AMNJ i VwORMNJRJRMNJ�vKY[UQVw�|Y[HaO2FIbWMNJzY[�_ORMPHaZKMNJzF i MNL7bWMDLNY[]XSrY[UQORMP]TMPHaOzHKY[HTbwVwHK`|FIVwURM¾JRY[HaO�S_bwZKJVw]XSrY[UQO2FIHaORMNJ=cjZKM�LNMPbwbWMNJ¾Y[�_ORMPHjZKMNJ�oKFIHKJ¾bWM�L|F[J7bwVwHK`|FIVwURMe�r]dFIVWJ¾bWMNJGo5VwURMNLPOQVWY[HKJ�JRY[HjO=JQVw]XVwbqFIVwURMNJ=MPOJRY[HjO�]dF0/ Y[UQVwO2FIVwURMP]TMPHjO7SrMPUQSrMPHKo5VWLPZ_bqFIVwURMNJ¾FIZ5¯�LNY[Z_UQ�;MNJ7o_MGH_V i M|FIZAxM¨HuLNY[HKLPbwZKJQVWY[HA��SrY[Z_U�Z_HKM7febqF[LNM{VWJRY[OQURY[SrMDbwVwHK`|FIVwURMGY[ZuHKY[HubwVwHK`|FIVwURMe�jbWMNJ�UR`NJRZ_bwO2FIORJ½J2Y[HaO�]TY[VwHKJJRMPHKJRVw�_bWMNJ	FIZ5¯(LNY[HKo5VwOQVWY[HKJ�FIZ5¯(bwVw]XVwORMNJ	cjZKMXS;Y[Z_U=Z_HKMTfebqF[LNMdFIH_VWJRY[OQURY[SrMex w MXUR`NJQZ_bwO2FIO i VWMPHaO\o5ZDmFIVwO�cjZKM¾F i MNL¾bWM{O51jSrM7o}l»FIH_VWJ2Y[OQURY[S_VWM¾cjZKM7HKY[ZKJ½F i Y[HKJDF[o_Y[S_OR`e�jbqF\o_`[D¶Y[UQ]dFIOQVWY[HkMNJRO�S_bwZKJ�bWYjL|FIbwVWJ2`NMi MPURJ�bWMED¶Y[HKotMPO�bqF	S9FIUQOQVWMGJQZ_S;`PUQVWMPZ_URM¾o_M7bqF	L|FIbWY[OQORMGJRM7o_`[D Y[UQ]TM¾OQUR�NJ½S;MPZkMPO�J2M7LNY[]XSrY[UQORM¾Z_HuSrMPZLNY[]X]TMzZ_HKM�S_bqF[cjZKMzUQVwfeVWo_Me�gLNM�cjZ_V5S;MPUQ]TMPO�FIZ5¯XLNY[HKo5VwOQVWY[HKJ�FIZ5¯?bwVw]XVwORMNJ�o_M�JRM½S_URY[S9FIfgMPU¨S_bwZKJ¨bWY[VwH
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�0� �����N��%'+P� -�!$�"�0% ��� �

" 0 " � :D4?@ R>\�CBR:D4
EGFIHKJ½LNM w v9FIS_VwOQURMe�jHKY[ZKJ�F i Y[HKJ�]TY[HaOQUR`GcjZKMDbWMNJ�o5V�®}`PURMPHKLNMNJzo_MZDmFI�_UQVWcaZKMNJ½MPHaOQURM7bWMNJ�S;`PUQVWY�o_MNJfebqF[LPVqFIVwURMNJ�MPO?VwHaORMPUQfebqF[LPVqFIVwURMNJXSrY[Z i FIVWMPHaO ~POQURMuM�¯5S_bwVWcjZK`NMNJ\S9FIU?Z_HKMto5V�®r`PURMPHKLNMko_Md�KZ_VWo5VwOR`to_MubqFfebqF[LNM¾MPHaOQURMGLNMNJ�S;`PUQVWY�o_MNJ½LPbwVw]dFIOQVWcaZKMNJ�MPO�S9FIU�Z_HkLPVWJ2FIVwbwbWMP]TMPHaOzHKY[HtHK`PfebwVwfgM|FI�_bWMGbWMDbWY[H_f�o_M{bqF\L|F�hURY[OQORMexjy7Y[ZKJ½F i Y[HKJ i ZdcaZKM{LNMNJ�o5V�®}`PURMPHKLNMNJ½o_MZD¶FI�_UQVWcjZKMNJ�MPHjOQU2F��WHKMPHaO�o_MNJ�o5V�®}`PURMPHKLNMNJ½o_M i VWJRLNYeJQVwOR`o_M7bqF	febqF[LNMGF[J2JRMP�7Vw]XSrY[UQO2FIHaORMNJ�LNMGcjZ_VCURMPHKoubmln`PO2FIO�o_MGLNY[HaOQU2FIVwHaORM=MPO�o_M i VwORMNJ2JRMNJ�o_M¾o_`[D¶Y[UQ]dFIOQVWY[HVwH5h�JRVwOQZpURMPbqFIOQV i MP]TMPHaO¾LNY[]XS_bwVWcaZK`exy7Y[ZKJdF i Y[HKJuLNY[]XS9FIUR`pbWMNJT]TMNJQZ_URMNJuo_M D¶FI�_UQVWcjZKM¦FIZ5¯ UR`NJQZ_bwO2FIORJdo_MpHKY[OQURM�]TYjo_�PbWM¦oKFIHKJTbWML|F[J\Z_H_VWo5Vw]TMPHKJQVWY[H_HKMPbmx�y¾Y[ZKJXF i Y[HKJ?]TY[HaOQUR`kcjZKMdbqF D¶FI�_UQVWcjZKMTVwH_VwOQVqFIbWMkMPH�JQZ_U?DmF[LNM /QY[ZKMdZ_H U�3[bWMVw]XSrY[UQO2FIHaO?JQZ_U�bWMXUR`NJRZ_bwO2FIO|x��AMXS9FIU2FI]T�POQURMto}l VwHaORMPU2F[LPOQVWY[H

α
HKY[ZKJ�SrMPUQ]TMPO\o}lnY[�_ORMPH_VwU	Z_HKMTbqFIUQfgMfaFI]X]TMko_MuUR`NJQZ_bwO2FIORJ|��MPO?o_MtURMPS_URY�o5Z_VwURMtS_URMNJRcaZKMuS9FIU?DmFIVwORMP]TMPHaOXbWMNJ?]TMNJQZ_URMNJ|x�y7Y[ZKJ\U2FIS_SrMPbWY[HKJORY[Z_O�o_M�]1~P]TM(caZKM�LNMPOQORM(]TY�o_`PbwVWJ2FIOQVWY[H Z_H_VWo5Vw]TMPHKJQVWY[HKMPbwbWM�MNJQOtbwVw]XVwOR`NM MPOkHAl»FIS_S;Y[UQORM�S9F[J�o_MLNY[H5~KUQ]dFIOQVWY[H�cjZ9FIHKo_Y�bqF i FIbwVWo5VwOR`7o5Zu]TYjo_�PbWM¾MPO½FIZ5¯TS_URY[S_UQVW`POR`NJ½UQvK`NY[bWY[feVWcjZKMNJ½o_M{bqF=febqF[LNMex_°�MPZ_bZ_HpL|FIbWLPZ_b«o}ln`NLNY[Z_bWMP]TMPHaOGLNY[Z_S_bW`�SrMPUQ]TMPOQOQU2FXo_M i FIbwVWo_MPU�bWMNJDo5V�®r`PURMPHjORMNJ{v 1jSrY[OQvK�NJRMNJ|xy7Y[ZKJkF i Y[HKJto_Y[H_HK`¦bWMNJuUR`NJQZ_bwO2FIORJuS_UR`PbwVw]XVwH9FIVwURMNJ�o_Mp]TY�o_`PbwVWJ2FIOQVWY[HKJtOQUQVWo5Vw]TMPHKJQVWY[H_HKMPbwbWMNJ�o_Mbmln`NLNY[Z_bWMP]TMPHjOtFIZ i Y[VWJQVwH9FIfgM�o5Z JQVwORMko_M D¶Y[U2FIfgMex��AMNJXUR`NJQZ_bwO2FIORJTJ2Y[HaO�OQUR�NJTJRMPHKJQVw�_bWMNJTFIZ5¯�LNY[HKo5V�hOQVWY[HKJ¾FIZ5¯pbwVw]XVwORMNJ7JRZ_UQORY[Z_O7JQV�Y[Hp~_¯5M	bWM�LRv9FI]XS(o_M DmFI�_UQVWcaZKMexCy7Y[ORY[HKJ7caZAl Z_H�o_MNJ{Y[� /QMNLPOQV*D J7o}l Z_H]TY�o_�PbWM=bWY�L|FIb�o}ln`NLNY[Z_bWMP]TMPHaOGMNJQODo_M=SrY[Z i Y[VwUn~POQURM	LNY[Z_S_bW`	F i MNL	Z_Hp]TYjo_�PbWM�feU2FIHKo_M	`NLRvKMPbwbWMe�9�9F[JR`JRZ_U�bml»FIS_S_URYN¯5Vw]dFIOQVWY[H o_MTbqFpLNY[ZKLRvKMd]XVwHKLNMe��MPO\F i MNLTZ_HKMdUR`NJRY[bwZ_OQVWY[H*S_bwZKJJD¶FIVw�_bWMex w MPOQORMdfeU2FIHKo_MJ2MPHKJQVw�_VwbwVwOR`TFIZ5¯�LNY[HKo5VwOQVWY[HKJ?FIZ5¯sbwVw]XVwORMNJ�MNJQO�o_Y[HKL�Z_H v9FIHKo5VWL|FIS*S;Y[Z_UGZ_H ORMPb¨Y[� /QMNLPOQV*D �rS_Z_VWJRcjZKMbWMNJ	]TYjo_�PbWMNJ Y�feU2FIHKo_Mu`NLRvKMPbwbWMtY[HaO\o5Z ]dFIb�Y�URMPS_URY�o5Z_VwURMTbqFpORY[S;Y[feU2FIS_v_VWMuY[�KJRMPU i `NMuFIZ_ORY[Z_U�o_ME 3[]TM w �9MPO{HKY[O2FI]X]TMPHaO¾bqF�bWY�L|FIbwVWJ2FIOQVWY[Hso5Zso 3[]TM�� w x5]{VwOQ�g� &�� +�+�� � � & b,` � �
� �
^)-�( �
���0^[c"cU^���xC��FcjZKMNJQOQVWY[H¦o5ZsO	1�S;M	o_M�LNY[HKo5VwOQVWY[HKJ=FIZ5¯kbwVw]XVwORMNJ Y�Vw]XSrYeJRMPU¾FIZp]TY�o_�PbWM�bWY�L|FIbASrY[Z_UDUR`|FIbwVWJRMPU7Z_H¦ORMPbLNY[Z_S_bqFIfgM�URMNJQORM�o_Y[HKL=SrYeJR`NMexEGFIHKJ�bWMDL|F[J�VWJRY[OQURY[SrMDbWMNJ i VwORMNJRJRMNJ�vKY[UQVw�|Y[HaO2FIbWMNJ�MPHtJQZ_U?D¶F[LNM7JRY[HaO�]dF0/ Y[UQVwO2FIVwURMP]TMPHjOzS;MPUQSrMPHKo5V�hLPZ_bqFIVwURMNJzFIZ5¯TLNY[Z_UQ�;MNJ½o_M�H_V i M|FIZAx 6{ZKLPZ_HKM7o_MNJ�JQVw]\Z_bqFIOQVWY[HKJ½S_UR`NJRMPHaOR`NMNJ�HKMDURMPS_URY�o5Z_VwO�bWM{S_URYI~KbCo_Mi VwORMNJRJRM¾Z_OQVwbwVWJR`¾SrY[Z_UDoKFIORMPU�bWMnD Y[U2FIfgMex 6{~KHpo}l»FI]T`PbwVWY[URMPU{LNMNJ�JQVw]\Z_bqFIOQVWY[HKJ{oKFIHKJzbWMnDÄZ_OQZ_U�Vwb0DmFIZKo5U2FS_URMPHKo5URM�MPH LNY[]XS_ORM?bWMNJGLNY[HKo5VwOQVWY[HKJ=o_M\febwVWJ2JRMP]TMPHaO=MPO=o_MJD ZKJQVWY[H��9F[J2FIbWMe�rLNMNLPV�o_M i U2FdS9F[JRJRMPUGS9FIUbWM=L|FIbWLPZ_b«o5Z¦LRv9FI]XS�o_MGORMP]XS;`PU2FIOQZ_URM\oKFIHKJ�bWM�o_Y[]dFIVwHKM�`POQZKo5VW`ex
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EGFIHKJ	LNM�]dFIHaZKJRLPUQVwO|�}HKY[ZKJ\F i Y[HKJ=]XVWJ�MPH S_bqF[LNMTORY[Z_ORMNJ=bWMNJ=`PO2FIS;MNJ�HK`NLNMNJRJ2FIVwURMNJNYtbmln`PbqFI�rY[U2F�hOQVWY[Hªo}l Z_H ]TYjo_�PbWMso}ln`NLNY[Z_bWMP]TMPHaOko}l Z_HKM¦L|FIbWY[OQORM�SrY[bqFIVwURMpS_UR`NJ2MPHaO2FIHaOtZ_HKM¦FIH_VWJRY[OQURY[S_VWM¦VwHKo5Z_VwORM` i Y[bwZ_OQV i Mex
6{Z w v9FIS_VwOQURMdº5�rHKY[ZKJ\F i Y[HKJ\F[o_Y[S_OR`TbWM�]TYjo_�PbWMTo_M�feU2FIVwH LNY[HaOQVwHaZ bwVwHK`|FIVwURMe�AY[UQOQvKY[OQURY[SrMdo_MUR` i Y[bwZ_OQVWY[H FIZ_ORY[Z_Uto_M¦JRY[HªF�¯_M &N��o_M3lsM)15JRJRY[H_H_VWMPUdMPOu�v_VwbwVwS�´ ·|ÆeÆeµg¸�x½�AMpLNY[]XSrY[UQORMP]TMPHaO�o5Z]TY[HKY�LPUQVWJQO2FIbro_`PS;MPHKoto_M{o_MPZ5¯uS9FIU2FI]T�POQURMNJ½cjZ_Vro_`NLPUQV i MPHaO�JRY[HtFIH_VWJ2Y[OQURY[S_VWMex�y¾Y[ZKJzF i Y[HKJ�D Y[UQ]\Z_bW`bmln`NcjZ9FIOQVWY[H(caZ_V�fgY[Z i MPUQHKM?bqFTURY[O2FIOQVWY[H o_M\bml»F�¯5M &�o5ZsfeU2FIVwH(MPH3D¶Y[HKLPOQVWY[H(o5ZsfeU2F[o5VWMPHjO�o_M i VwORMNJRJRMcjZAl Vwb�JRZ_�_VwO|x�y¾Y[ZKJ\F i Y[HKJ?JQZ_S_SrYeJR`dcjZKMTLNMPOQORMuURY[O2FIOQVWY[H MNJRO�S_UQVwHKLPVwS9FIbWMP]TMPHaOTo5ZKMtFIZ*febwVWJRJRMP]TMPHjOo_MNJ¾S_bqFIHKJ=o_M?�9F[JRMexry¾Y[ZKJ�F i Y[HKJ=LNY[]XS9FIUR`�bWM?]TYjo_�PbWMXo_M?feU2FIVwH LNY[HaOQVwHjZ FIZ(]TYjo_�PbWM�o_M?feU2FIVwH/YS_bqFIHKJ�o_M�febwVWJRJRMP]TMPHjO�o_M w F[JQORMPbwH9FIZ(´ ·|ÆeÆeµg¸�x w MNJ¨o_MPZ5¯X]TY�o_�PbWMNJ�LNY[HKo5Z_VWJRMPHjO YGZ_HuLNY[]XS;Y[UQORMP]TMPHjOS9FIU?DmFIVwORMP]TMPHaO�VWo_MPHjOQVWcaZKMz]dFIVWJ«HKY[ZKJ�F i Y[HKJ�]TY[HaOQUR`zcjZAl VwbWJ�Vw]XS_bwVWcjZKMPHaO¨o_MNJ i VwORMNJRJRMNJ�o_M�URY[O2FIOQVWY[HXo_Mbml»F�¯_M�&¾o5V�®}`PURMPHaORMNJ|x 6 i MNLDbWM7]TYjo_�PbWM Y�S_bqFIHKJ½o_MDfebwVWJRJ2MP]TMPHaO|��Z_HdfeU2FIVwHkcaZ_V;JQZ_�_VwO½Z_HuLPVWJ2FIVwbwbWMP]TMPHjOJRVw]XS_bWM=S9FIU2FIbwbW�PbWMP]TMPHaO Y�JRMNJzS_bqFIHKJ{o_M��9F[JRMGHAlnMNJQO�S9F[J{oKFIHKJDZ_HKM=S;YeJRVwOQVWY[Hpo}ln`NcaZ_VwbwVw�_URMex
6{Z w v9FIS_VwOQURM?¿5�KHKY[ZKJ¾F i Y[HKJ7S_UR`NJRMPHaOR`e�;MPH¦o_`PO2FIVwbm�9o5V�®}`PURMPHaORMNJGo_MNJRLPUQVwS_OQVWY[HKJ¾o_M=bqF D¶FI�_UQVWcjZKMT²bqF¦o_MNJRLPUQVwS_OQVWY[H�o5VWJRLPUR�PORMdS9FIU\Z_H*HKY[]\�_URMd~KH_V½o_MTfeU2FIVwH�MPO	bWMNJ\o_MNJRLPUQVwS_OQVWY[HKJ�LNY[HaOQVwHaZKMNJ�S9FIU\Z_HKMÁ¾E � Y[ZuS9FIU¨bWMNJ¨ORMPHKJRMPZ_URJ½o}lnY[UQVWMPHaO2FIOQVWY[HAx5y¾Y[ZKJ�F i Y[HKJ�L2vKY[VWJQVCo_MDo_`NLPUQVwURM7bqF DmFI�_UQVWcaZKM¾F i MNL{bWM�ORMPH5hJ2MPZ_U{o}lnY[UQVWMPHaO2FIOQVWY[H(o5ZsJRMNLNY[HKo¦Y[URo5URM	MPHsF[o_Y[S_O2FIHjO7Z_HKM D¶Y[HKLPOQVWY[Hso_M D MPUQ]TMPOQZ_URM	S;Y[Z_UDbWM�ORMPHKJRMPZ_Uo}lnY[UQVWMPHjO2FIOQVWY[Huo5ZTcjZ9FIOQUQVW�P]TM�Y[URo5URMexgy¾Y[ZKJ¨F i Y[HKJ�S_URY[SrYeJR`�o_MNJ�]T`POQvKY�o_MNJ�S;Y[Z_U�S9F[J2JRMPU¨o}l Z_HKM�o_MNJ hLPUQVwS_OQVWY[Hko5VWJRLPUR�PORM Y=Z_HKM{o_MNJ2LPUQVwS_OQVWY[HtLNY[HjOQVwHaZKMe�_F�~KHto_M{S;Y[Z i Y[VwU½LNY[]XS9FIURMPU�bWMNJ�]TY�o_�PbWMNJ�Z_OQVwbwVWJ2FIHjObml Z_HKM	Y[Z�bml»FIZ_OQURM	o_MNJDo_MNJRLPUQVwS_OQVWY[HKJ¹x
6{Z w v9FIS_VwOQURM ÃK�½HKY[ZKJpF i Y[HKJpS_UR`NJRMPHaOR` S_bwZKJRVWMPZ_URJk]TYjo_�PbWMNJpo}l vKY[]TY[fg`PHK`PVWJ�FIOQVWY[H MPO�o_Y[H_HK`bWMNJ�JRY[bwZ_OQVWY[HKJuFIH9FIb21jOQVWcjZKMNJ�S;Y[Z_U�bWMkLNY[]XSrY[UQORMP]TMPHaOdo5Z�SrY[b21�LPUQVWJQO2FIb�Y[�_ORMPHjZKMNJuF i MNLkbWMNJ?]TY�o_�PbWMo_M m�F 1�bWY[UdMPOd°jO2FIOQVWcaZKMex 6 S9FIUQOQVwUTo_M�LNMNJXJRY[bwZ_OQVWY[HKJdFIH9FIb21�OQVWcaZKMNJ|��HKY[ZKJdF i Y[HKJdF[o_Y[S_OR`kZ_HKMkbWY[Vo_M?LNY[]XSrY[UQORMP]TMPHaO�bwVwHK`|FIVwURM�Y[UQOQvKY[OQURY[SrMex w MPOQORM?bWY[V�o_`PSrMPHKoso_M�JQV�¯pS9FIU2FI]T�POQURMNJ�F[o5Vw]TMPHKJQVWY[H_HKMPbWJSrY[Z_U	o_`NLPUQVwURMdbml»FIH_VWJRY[OQURY[S_VWMdo5Z S;Y[b215LPUQVWJQO2FIbmx w MNJ	S9FIU2FI]T�POQURMNJ\o_`PSrMPHKo_MPHaO�o_MXbqF DmFI�_UQVWcaZKMdMPO\o5Z]TY�o_�PbWM=o}l vKY[]TY[fg`PHK`PVWJ2FIOQVWY[H�Z_OQVwbwVWJR`ex w MPOQORM=bWY[V}SrMPZ_O ~POQURMGO2FI�_Z_bW`NM	F i MNL=ORY[Z_OD]TY�o_�PbWM=o}l vKY[]TY[fg`�hHK`PVWJ�FIOQVWY[Huo5VWJQSrY[H_Vw�_bWMexa�AMNJ�JQV�¯�S9FIU2FI]T�POQURMNJzF[o5Vw]TMPHKJRVWY[H_HKMPbWJ�JRY[HjO�L|FIbWLPZ_bW`NJ�S;Y[Z_U�Z_H /QMPZTS_UR`No_`�~KH_Vo_MNDmFI�_UQVWcaZKMNJ|�;MPHKJQZ_VwORMe�rFIZ�LNY[Z_URJ=o5Z(L|FIbWLPZ_b�o}ln`NLNY[Z_bWMP]TMPHaO|�}SrY[Z_U7Z_HKMNDmFI�_UQVWcaZKM?caZKMPbWLNY[HKcjZKMe�;bWMNJJRV�¯�S9FIU2FI]T�POQURMNJXJRY[HaOX` i FIbwZK`NJ\S9FIU?VwHaORMPUQSrY[bqFIOQVWY[HAx���FsbWY[V�F¦`POR`uO2FI�_Z_bW`NMpF i MNLtbWMu]TYjo_�PbWMkFIZ_ORYIhLNY[vK`PURMPHjO|x�y7Y[ZKJXF i Y[HKJ i FIbwVWo_`uLNMPOQORMubWY[Vzo_MuLNY[]XSrY[UQORMP]TMPHaOTMPO\bqFpS_URY�LN`No5Z_URMko_MdO2FI�_Z_bqFIOQVWY[H MPOo}l VwHjORMPUQS;Y[bqFIOQVWY[HA�AS9FIU¾bmln`POQZKo_M�o_M?bqFuUQvK`NY[bWY[feVWM�o_MNJGfebqF[LNMNJ=o_M�À ]nI  MPO��¨YeJQORY[±rxC�«F1D¶Y[HKLPOQVWY[H�o_M

D¶MPUQ]TMPOQZ_URM	F[o_Y[S_OR`NM	HKM=S;MPUQ]TMPO{S9F[J{o_M�o_`NLPUQVwURM=S_UR`NLPVWJ2`P]TMPHaO¾bWMNJ D¶FI�_UQVWcjZKMNJ{o_M	LNMNJ D Y[U2FIfgMNJ¹�KMPODbqFbWY[VzÀ�Á¾� �%JQZ_URMNJQOQVw]TMTbWMNJG�KZ_VWo5VwOR`NJ\MPH LPVWJ2FIVwbwbWMP]TMPHaO?MPO	JRY[ZKJ h�MNJQOQVw]TMdLNMPbwbWMNJ	MPH*LNY[]XS_URMNJRJRVWY[H*S9FIUU2FIS_SrY[UQO{FIZ5¯k]TYjo_�PbWMNJ{Z_OQVwbwVWJ2FIHaODZ_HKM=o_MNJ2LPUQVwS_OQVWY[Hso5VWJRLPUR�PORM=o_M=bqF�DmFI�_UQVWcjZKMex_y7Y[ZKJ{F i Y[HKJDS_URY[SrYeJR`S_bwZKJRVWMPZ_URJ�M�¯�ORMPHKJQVWY[HKJzSrYeJRJQVw�_bWMNJ½SrY[Z_UzS_URMPHKo5URM=MPHkLNY[]XS_ORMGZ_H�LNY[]XSrY[UQORMP]TMPHaO7HKY[HtbwVwHK`|FIVwURM�F i MNLZ_HpM�¯5SrYeJ2FIHaO{o_MNJ{LNY[HaOQU2FIVwHaORMNJ
n = 3

oKFIHKJDbml 67H_HKM�¯_M MDx
6{Z w v9FIS_VwOQURM F5�CHKY[ZKJ¾F i Y[HKJnD Y[UQ]\Z_bW`	bmln`NcjZ9FIOQVWY[H o}ln` i Y[bwZ_OQVWY[H(o5ZsORMPHKJRMPZ_UGo}lnY[UQVWMPHaO2FIOQVWY[H�o5ZJ2MNLNY[HKouY[URo5URMex�y7Y[ZKJzF i Y[HKJzLNY[]XS9FIUR`7bWMNJ�o5V�®}`PURMPHaORMNJ D¶Y[HKLPOQVWY[HKJzo_MZD¶MPUQ]TMPOQZ_URM7o_`PO2FIVwbwbW`NMNJDFIZ w v9F�hS_VwOQURM�¿5x¹��F D¶MPUQ]TMPOQZ_URMCILKDÁ ��o_Y[H_HKM�o_M�OQUR�NJ��;Y[HKJ�UR`NJQZ_bwO2FIORJAS9FIU�LNY[]XS9FIU2FIVWJRY[H?F i MNL¨bqF{o_MNJRLPUQVwS_OQVWY[H
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o5VWJRLPUR�PORMXo_M?bqF_DmFI�_UQVWcaZKMex}y¾Y[ZKJ�F i Y[HKJ�]TY[HaOQUR`TcjZAl Z_H(Z_H_VWcaZKM�S9FIU2FI]T�POQURMTo}l VwHjORMPU2F[LPOQVWY[HA��cjZ_V�HKMo_`PSrMPHKoucjZKM¾o_M{bml»FIH_VWJRY[OQURY[S_VWMGo5Zt]TY[HKYjLPUQVWJRO2FIbm�jSrMPUQ]TMPO�o_M{OQUR�NJ½�_VWMPHtURMPS_URYjo5Z_VwURM=F i MNL7bWM7]TY�o_�PbWMLNY[HjOQVwHaZ bWMNJ�UR`NJQZ_bwO2FIORJ\o5Z�]TYjo_�PbWMtFIZ_ORYIh�LNY[vK`PURMPHaOXo5VWJRLPURMPO|xAy¾Y[ZKJ	Y[�_ORMPHKY[HKJ?o_MNJ�UR`NJRZ_bwO2FIORJ	o5V�®}`�hURMPHjORJDF i MNLGbWM7]TYjo_�PbWMGo_M¾feU2FIVwHpLNY[HaOQVwHjZpMPO½bWM¾]TY�o_�PbWMGo_M7feU2FIVwH�o5VWJRLPURMPO�MPH�LPVWJ2FIVwbwbWMP]TMPHjO{JQVw]XS_bWM�²bWMk]TY�o_�PbWM�o_M�feU2FIVwH LNY[HaOQVwHjZªLNY[HKo5Z_VwO Y(o_MNJ D¶FI�_UQVWcjZKMNJ1Y(Z_H ]dF�¯5Vw]	Z_] JRO2FI�_bWMNJdFIbWY[URJdcjZKMkbWM]TY�o_�PbWM�o_M=feU2FIVwH4YXS_bqFIHKJDo_M=febwVWJRJRMP]TMPHjO7LNY[HKo5Z_VwO YXo_MNJ DmFI�_UQVWcaZKMNJ7caZ_VAJRM=o_`NLNY[HKLNMPHjOQURMPHaOGSr`PUQVWYIho5VWcjZKMP]TMPHaO|xCy7Y[ZKJ¾F i Y[HKJ7S_URY[S;YeJR`	o_MNJDS_VWJQORMNJ{S;Y[Z_UDS_URMPHKo5URM\MPH¦LNY[]XS_ORM\bqF�URMNLPUQVWJQO2FIbwbwVWJ2FIOQVWY[HsS9FIUURY[O2FIOQVWY[H�MPO½S9FIU½]XVwfeU2FIOQVWY[HA��]dFIVWJzVwb�D¶FIZKo5U2F?LNY[]XS9FIURMPUzbWMNJ½UR`NJQZ_bwO2FIORJzY[�_ORMPHaZKJ Y\LNMPZ5¯uo_M7]TYjo_�PbWMNJ
µ
hRl S_bwZKJ�S_v$15JQVWcjZKMNJ{F�~KH¦o_M=bWMNJ i FIbwVWo_MPU|x

67Z w v9FIS_VwOQURM7µ5�gHKY[ZKJ�F i Y[HKJ�]XVWJ�MPHXS_bqF[LNM{bWMNJ¨`NcaZ9FIOQVWY[HKJ�caZ_V9fgY[Z i MPUQHKMPHaO½bmln`NLNY[Z_bWMP]TMPHaOzo_M�bqFL|FIbWY[OQORM?MPO7bWMNJ7]T`POQvKY�o_MNJ7HjZ_]T`PUQVWcaZKMNJ¾Z_OQVwbwVWJR`NMNJ¾SrY[Z_U7bWMNJ7UR`NJRY[ZKo5URMex;�FIU=o_MNJ7ORMNJQORJ¾J 1jHjOQvK`POQVWcaZKMNJHKY[ZKJ�F i Y[HKJG]XVWJ=MPH(M i VWo_MPHKLNMXLNMPUQO2FIVwHKJ=M�®}MPORJ=o_M\bml»FIH_VWJ2Y[OQURY[S_VWMXJQZ_UGbmln`NLNY[Z_bWMP]TMPHaO|x�°jZ_UGZ_H JRY�LPbWMS_bqFIO|�rbWMNJ DmFI�_UQVWcaZKMNJ	caZ_V¨JRM�o_` i MPbWY[S_SrMPHaO?Y[HaO�ORMPHKoKFIHKLNMkYkDmF i Y[UQVWJRMPU	bqFko_`[D Y[UQ]dFIOQVWY[H*MPH�LPVWJ�FIVwbwbWM�h]TMPHjO|��MPOdbWMNJuL|FIbWY[OQORMNJkY[�_ORMPHaZKMNJkJRY[HaOuS_bwZKJTS_bqFIORMNJtcaZKMsoKFIHKJTbWMsL|F[JdVWJRY[OQURY[SrMex 6 i MNL�bWMsL|FIbWLPZ_bLNY[Z_S_bW`?o_M�bqFdORMP]XS;`PU2FIOQZ_URMe�;bqFTfebqF[LNM\MNJQO7S_bwZKJED URY[VWo_M\S_UR�NJ7o5Z(JRY�LPbWM	LNY[]XS9FIUR`NMXFIZsL|F[J7VWJRY[OQURY[SrMe�]dFIVWJ7bqFTo5V�®}`PURMPHKLNM\o_M	ORMP]XS;`PU2FIOQZ_URM?MNJQO7VwHKJQZ#\dJ2FIHaORM?SrY[Z_U7LNY[]XSrMPHKJRMPU{bqFdo5V�®r`PURMPHKLNM?o_M	�KZ_VWo5VwOR`MPH LPVWJ2FIVwbwbWMP]TMPHjOTS_URY i Y�cjZK`NM�S9FIUXbml»FIH_VWJRY[OQURY[S_VWMex½°jZ_UXZ_H J2YjLPbWM�JQVwHjZKJRY��moKFIbm��HKY[ZKJdF i Y[HKJX]TY[HaOQUR`cjZKMe�}oKFIHKJ=bWMXL|F[J=VWJRY[OQvKMPUQ]TMe�AbqFkfebqF[LNM�S_UR`NJRMPHaO2FIHjO\Z_HKMTFIH_VWJ2Y[OQURY[S_VWMXVwHKo5Z_VwORMd` i Y[bwZ_OQV i MTo_MNJ2LNMPHKoS_bwZKJ�S_URY D¶Y[HKo oKFIHKJ�bWMNJXLPURMPZ5¯ MPO�URMP]TY[HaORMpS_bwZKJ�v9FIZ_OdFIZ�o_MNJ2JQZKJXo_MNJ��;YeJ2JRMNJ�LNY[]XS9FIUR`pFIZ L|F[JVWJRY[OQURY[SrMex¨y¾Y[ZKJuF i Y[HKJT]TY[HaOQUR`�cjZKMpLelnMNJQOTbml VwH i MPURJRM¦JQV7Y[H Z_OQVwbwVWJRMpZ_HªLRv9FI]XSªo_M D¶FI�_UQVWcjZKM�~_¯_MLNY[]X]TM l(FIH_fgMPHKM)1tMPO w FIbwV*DmFIHKYp´ ·|ÆeÆy}g¸�xKEGM¾]1~P]TMe�5HKY[ZKJDY[�_ORMPHKY[HKJDo_MNJzUR`NJQZ_bwO2FIORJ�VwH i MPURJR`NJ{F i MNLbWM7L|FIbWLPZ_bCLNY[Z_S_bW`¾o_MDbqF	ORMP]XS;`PU2FIOQZ_URMex�E=FIHKJ�bWM7L|F[J½FIH_VWJRY[OQURY[SrMe�gbqF	febqF[LNM{MNJRO�S_bwZKJ½LRv9FIZKo_MGFIZkD¶Y[HKoo_MNJDLPURMPZ5¯}x
67Z w v9FIS_VwOQURM H��¨HKY[ZKJkF i Y[HKJt`POQZKo5VW`pbWMNJu]TMNJQZ_URMNJto_MNJ DmFI�_UQVWcaZKMNJto5Z>D¶Y[U2FIfgMpo_M¦E 3[]TM w xy¾Y[ZKJ½F i Y[HKJ�Y[�KJRMPU i `¾caZKM7bWMNJ i FIbWMPZ_URJ½S_URY[S_URMNJzo_M a(2) S_UR`NJRMPHjORMPHaODo_MNJ½o5VWJRLNY[HaOQVwHjZ_VwOR`NJDMPO½cjZKM7bWMNJfebqF[LNMNJGo_MNJGSr`PUQVWYjo_MNJ¾febqF[LPVqFIVwURMNJGS_UR`NJRMPHjORMPHaO�o_MNJ DmFI�_UQVWcaZKMNJ¾S_bwZKJGLNY[HKLNMPHaOQUR`NMNJ\caZKM\bWMNJ¾febqF[LNMNJ=o_MNJSr`PUQVWYjo_MNJ¨VwHaORMPUQfebqF[LPVqFIVwURMNJ|��HKY[O2FI]X]TMPHaO�FIZdH_V i M|FIZto_M�bqF=ORMPUQ]XVwH9FIVWJ2Y[H_I I�xey¾Y[ZKJ�F i Y[HKJ�]TY[HjOQUR`7cjZKMLNMNJDo5V�®}`PURMPHKLNMNJ¾o_M D¶FI�_UQVWcjZKM�MPHjOQU2F��WHKMPHaOGo_MNJ{o5V�®}`PURMPHKLNMNJ{o_MG�KZ_VWo5VwOR`\MPHaOQURM�bWMNJ{LNY[ZKLRvKMNJ|xC�FIU7Z_HKM]TY�o_`PbwVWJ2FIOQVWY[Hp·NE o_Mzbmln` i Y[bwZ_OQVWY[Huo_MzbqFnDmFI�_UQVWcaZKM�oKFIHKJ¨bWM D Y[U2FIfgM�o_M�E 3[]TM w �[HKY[ZKJ�F i Y[HKJ�]TY[HaOQUR`cjZKMzbWMNJ¨UR`NJQZ_bwO2FIORJ�JRY[HaO�OQUR�NJ�JRMPHKJRVw�_bWMNJ�Y¾bqF DmFI�_UQVWcjZKM�VwH_VwOQVqFIbWM{MPHdJRZ_U?D¶F[LNMexgy¾Y[ZKJ�F i Y[HKJ¨]TY[HjOQUR`7cjZKMbWM\]TYjo_�PbWM?LNY[HaOQVwHjZ�SrMPUQ]TMPO¾o_M\�_VWMPH(URMPS_URYjo5Z_VwURM?bmln` i Y[bwZ_OQVWY[H�o_MNJ¾OQURY[VWJ i FIbWMPZ_URJ¾S_URY[S_URMNJ=o_M a(2)MPH�S_URMPH9FIHjO�Z_HKM i FIbWMPZ_U\o5Z*S9FIU2FI]T�POQURMto}l VwHaORMPU2F[LPOQVWY[H�S_bwZKJND¶FIVw�_bWMucaZKMTbqF i FIbWMPZ_U\Y[S_OQVw]dFIbWMex w MUR`NJQZ_bwO2FIO�MNJQODFIOQOQUQVw�_ZK`JY?bmlnM�®}MPO�o_M7bqF\URMNLPUQVWJQO2FIbwbwVWJ�FIOQVWY[HpS9FIUzURY[O2FIOQVWY[H¦JQZ_UzbWMGo_` i MPbWY[S_S;MP]TMPHjO{o_MGbqFDmFI�_UQVWcaZKMexey¾Y[ZKJ�F i Y[HKJ�]TY[HjOQUR`{cjZAl Z_HKM�o5V�®r`PURMPHKLNM7o_M½�KZ_VWo5VwOR`DVwH_VwOQVqFIbWMDo_M�bqF=febqF[LNM{FIZX]TY[]TMPHaO½o5Zo_`PSrY[O|�CMPH�D¶Y[HKLPOQVWY[H o_M\bqFdO2FIVwbwbWM�o_MNJGfeU2FIVwHKJGY[Z(o_M?bqFdORMPHKMPZ_U�MPHsVw]XS_Z_URMPOR`NJ¹�rS;Y[Z i FIVwO¾M�¯5S_bwVWcjZKMPUbWMNJ i FIUQVqFIOQVWY[HKJXo_MkDmFI�_UQVWcaZKMtY[�KJRMPU i `NMNJ1YsE 3[]TM w ��oKFIHKJ?bml v$1�S;Y[OQvK�NJRMko}l Z_H�LPVWJ2FIVwbwbWMP]TMPHaOdF[J2JRMP�Vw]XSrY[UQO2FIHaO|xzM¨H5~KH�HKY[ZKJ�F i Y[HKJ\o_Y[H_HK`�bWMNJ=UR`NJQZ_bwO2FIORJ�o_M�JQVw]\Z_bqFIOQVWY[HKJ�S_UR`PbwVw]XVwH9FIVwURMNJ?o_M\bmln`NLNY[Z_bWM�h]TMPHjOz¿[E.FIZ i Y[VWJQVwH9FIfgM¾o5ZtJRVwORM{o_M D Y[U2FIfgMex 6 i MNL7Z_HKM{febqF[LNM7VWJRY[OQURY[SrMe�gbWMNJ i VwORMNJ2JRMDvKY[UQVw�|Y[HjO2FIbWMNJ�MPHJQZ_U?DmF[LNM?JRY[HaOGS_UQVwHKLPVwS9FIbWMP]TMPHaO\S;MPUQSrMPHKo5VWLPZ_bqFIVwURMNJ	FIZ5¯sLNY[Z_UQ�rMNJ=o_M?H_V i M|FIZ MPOGJ2Y[HaOGS;MPZ JRMPHKJRVw�_bWMNJFIZ5¯*LNY[HKo5VwOQVWY[HKJTFIZ5¯*bwVw]XVwORMNJ¹x«�FIUXLNY[HaOQURM�F i MNLtZ_H�LRv9FI]XS o_M1DmFI�_UQVWcjZKMT~_¯_Me��bWMNJ?UR`NJQZ_bwO2FIORJ i F�hUQVWMPHjO D¶Y[UQORMP]TMPHaOGMPH3D¶Y[HKLPOQVWY[H(o_MNJ7LNY[HKo5VwOQVWY[HKJ=FIZ5¯pbwVw]XVwORMNJGMPO7JRY[HjO¾o5V*\dLPVwbWMP]TMPHjOGVwHaORMPUQS_UR`PO2FI�_bWMNJ|xy¾Y[ZKJ½F i Y[HKJz]TY[HaOQUR`=cjZAl»FIZKLPZ_HKMGo_M{HKYeJzJQVw]\Z_bqFIOQVWY[HKJ�HKM{SrY[Z i FIVwO�URMPS_URY�o5Z_VwURMGbWM{S_URYI~Kb}o_M i VwORMNJ2JRMi MPUQOQVWL|FIbWM=Z_OQVwbwVWJ2`NY�LNM /QY[Z_U�S;Y[Z_U{oKFIORMPU{bWM D Y[U2FIfgMex
M¨H�LNY[HKLPbwZKJQVWY[H�o_MXLNM?OQU2F i FIVwb¨HKY[ZKJGS;Y[Z i Y[HKJ�S_URY[S;YeJRMPU=S_bwZKJRVWMPZ_URJGS_VWJQORMNJ=SrY[Z_UGo_MNJ=o_` i MPbWY[S5hSrMP]TMPHaORJ{Z_bwOR`PUQVWMPZ_URJ	²
³ FIZXH_V i M|FIZTo5ZX]TY�o_�PbWM�o_M�LNY[]XSrY[UQORMP]TMPHaO|�gVwb�DmFIZKo5U2F i FIbwVWo_MPU�bWMNJ�`NcjZ9FIOQVWY[HKJ�S_URY[SrYeJR`NMNJ�SrY[Z_US_URMPHKo5URMuMPH*LNY[]XS_ORMTZ_H LNY[]XS;Y[UQORMP]TMPHjO\HKY[H bwVwHK`|FIVwURMTMPO�bWMNJ�Vw]XS_bqFIHjORMPU?oKFIHKJ	bWMTLNY�o_MXo_ML|FIbWLPZ_b«`PbW`P]TMPHaORJ{~KH_VWJ|x
³ FIZ H_V i M|FIZ�o5Z(]TY�o_�PbWMXo}ln` i Y[bwZ_OQVWY[H*o_M?bqFkD¶FI�_UQVWcjZKMe�}o_MPZ5¯�o_` i MPbWY[S_SrMP]TMPHaORJ\o_M i URY[HjOJ~POQURM
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MPH i VWJ2FIfg`NJ{JRVw]	Z_bwO2FIHK`P]TMPHaOX²;FI]T`PbwVWY[URMPU{bqF D¶Y[HKLPOQVWY[Hso_M D MPUQ]TMPOQZ_URM�F�~KH¦cjZAlnMPbwbWM�URMPS_URY�o5Z_VWJRM]XVWMPZ5¯ bWMNJ D¶FI�_UQVWcjZKMNJk]TMNJQZ_UR`NMNJ¦MPO i FIbwVWo_MPU�bWMNJ�]T`POQvKY�o_MNJpS_URY[SrYeJR`NMNJ�SrY[Z_U�S_URMPHKo5URM�MPHLNY[]XS_ORMXbqFkURMNLPUQVWJQO2FIbwbwVWJ�FIOQVWY[HAx���F D¶MPUQ]TMPOQZ_URMXSrY[Z_UQU2F ~POQURMdFI]T`PbwVWY[UR`NM YkbqF_D Y[VWJ	MPH�bqFkLNY[]�hS9FIU2FIHaO�FIZ5¯ D¶FI�_UQVWcjZKMNJ�]TMNJQZ_UR`NMNJ?oKFIHKJ?o5V�®r`PURMPHjORJJD¶Y[U2FIfgMNJ\MPO\MPH*S_URMPH9FIHaO�MPH LNY[]XS_ORMdbWMNJUR`NJQZ_bwO2FIORJDo_M=]TY�o_�PbWMNJ�]XVWLPURYIhm]dF[LPURYuVwHaOR`PfeU2FIHjO{bqF�URMNLPUQVWJQO2FIbwbwVWJ�FIOQVWY[HAx
³ FIZ�H_V i M|FIZpo5Z�]TYjo_�PbWM	o}ln`NLNY[Z_bWMP]TMPHaO|�KbqF?UR`NJ2Y[bwZ_OQVWY[H¦o_MGORY[Z_ORMNJ�bWMNJD`NcjZ9FIOQVWY[HKJDMPH¦¿[E�URMNJQORMMPHKLNY[URM�OQURY[SdbWY[Z_URo_M{HaZ_]T`PUQVWcjZKMP]TMPHaO|��]dFIVWJ�o_MDS;MPOQVwORJ�ORMNJQORJ¨J 1�HaOQvK`POQVWcjZKMNJ�o_Y[V i MPHjO�SrY[Z i Y[VwU~POQURM=]TMPHK`NJ|x5M¨H5~KHso_MNJ�ORMNJQORJ7o_M i URY[HjOn~POQURM=]TMPHK`NJ7MPH i Zpo}l Z_HsLNY[Z_S_bqFIfgM\F i MNL=Z_Hp]TY�o_�PbWMfeU2FIHKo_M�`NLRvKMPbwbWMe�9S;Y[Z_UDJ2MPU i VwUDo_M�LNY[HKo5VwOQVWY[HKJ¾FIZ5¯�bwVw]XVwORMNJ{FIZp]TY�o_�PbWM=bWYjL|FIbmx
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��FXURMPbqFIOQVWY[H(fg`PHK`PU2FIbWM\S;Y[Z_U7Z_H¦]dFIOR`PUQVqFIZ Y[UQOQvKY[OQURY[S;M?o_M�UR` i Y[bwZ_OQVWY[HA�ro_Y[H_HK`NM\S9FIU?´¶º5xS}g¸��;MNJQOUR`N`NLPUQVwORM	LNY[]X]TM
D = α1S + α2 tr(M 3.S)MD

3 + α3(S.M3 + M3.S)D
� ´ 6?xw·¹¸

Y[¼
α1 = β/2η, α2 =

2

2η
(β

γ + 2

4γ − 1
− 1),

MPO
α3 =

1

2η
(1 − β)

x ´ 6\x»ºg¸
M�HpZ_OQVwbwVWJ2FIHjODbWMNJ�URMPbqFIOQVWY[HKJ7fg`PHK`PU2FIbWMNJ

tr(M 3) = 1, MD
3 = M3 −

1

3
I, M3.M3 = M3

�

M 3.M
D
3 = MD

3 .M3 =
2

3
M 3
�

tr(M 3.S) = tr(S.M 3), M 3.S.M 3 = tr(M 3.S)M 3
�

(S.M3 + M3.S)D = S.M3 + M3.S −
2

3
tr(S.M 3)I

�

´ 6?x»¿g¸

MPO�bmln`NcjZ9FIOQVWY[H ´ 6?xw·¹¸��_Y[HpSrMPZ_ODM�¯�S_UQVw]TMPU
M 3.D

LNY[]X]TM
M3.D = α1M3.S +

2

3
α2 tr(M3.S)M3 + α3

(

tr(M3.S)M3 + M3.S −
2

3
α2 tr(M 3.S)M 3

)

= (α1 + α3)M3.S +
1

3
(2α2 + α3) tr(M3.S)M 3

�
´ 6?x Ãj¸

MPO|�_o_M�]dFIH_VW�PURM�JQVw]XVwbqFIVwURM
D.M3 = α1S.M3 +

2

3
α2 tr(M3.S)M3 + α3

(

S.M3 + tr(M3.S)M3 −
2

3
α2 tr(M3.S)M 3

)

= (α1 + α3)S.M3 +
1

3
(2α2 + α3) tr(M3.S)M 3

x
´ 6?xSFg¸

·|ÆyF
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Á7H�SrMPZ_O{o_Y[HKL�`NLPUQVwURM
tr(M3.D)

MPH D¶Y[HKLPOQVWY[H¦o_M
M3
MPO

S
LNY[]X]TMT²

tr(M3.D) = tr(D.M 3) = (α1 +
2

3
α2 +

4

3
α3) tr(M 3.S)

� ´ 6\x»µg¸
MPODLNY[]X]TM

(D.M3 + M3.D)D = D.M3 + M3.D −
2

3
tr(D.M 3)I

� ´ 6\xvHe¸
FIbWY[URJDMPH¦Z_OQVwbwVWJ2FIHaO\´ 6?xSFg¸���´ 6?x Ãj¸½MPO\´ 6?x»µg¸��_HKY[ZKJDY[�_ORMPHKY[HKJ

(D.M3 + M3.D)D = (α1 + α3)(S.M3 + M3.S)D +
2

3
(2α2 + α3) tr(M3.S)MD

3

x�´ 6?xS}g¸
E�l»FIS_UR�NJ	´ 6?xS}g¸

(S.M 3 + M3.S)D =
1

α1 + α3
(D.M 3 + M 3.D)D −

2

3

2α2 + α3

α1 + α3
tr(M 3.S)MD

3

� ´ 6?x»Æg¸
MPODo}l»FIS_UR�NJ?´ 6\x»µg¸

tr(M 3.S) = tr(S.M 3) =
3

3α1 + 2α2 + 4α3
tr(M 3.D)

x ´ 6\xw·|Åg¸
M¨HpURMP]XS_bqF[^|FIHaO

tr(M3.S)
o_Y[H_HK`	S9FIU?´ 6?xw·|Åg¸zMPO

(S.M 3 + M3.S)D
o_Y[H_HK`�S9FIU�´ 6\x»Æg¸�´ MPO´ 6?xw·|Åg¸Q¸½oKFIHKJDbmln`NcjZ9FIOQVWY[H ´ 6?xw·¹¸��_HKY[ZKJDY[�_ORMPHKY[HKJ

α1S = D +
2α3(2α2 + α3) − 3α2(α1 + α3)

(α1 + α3)(3α1 + 2α2 + 4α3)
tr(M 3.D)MD

3 −
α3

α1 + α3

(D.M3 +M3.D)D
x

´ 6?xw·e·¹¸
M¨HpZ_OQVwbwVWJ2FIHaO?´ 6\x»ºg¸

2α3(2α2 + α3) − 3α2(α1 + α3) =
( 1

4η2

)18β(γ − β)

4γ − 1

�

(α1 + α3)(3α1 + 2α2 + 4α3) =
( 1

4η2

) 9β

4γ − 1

�
α3

α1 + α3
= 1 − β

�
´ 6?xw·|ºg¸

FIVwHKJQV}bmln`NcjZ9FIOQVWY[H ´ 6?xw·e·¹¸zJ|ln`NLPUQVwO

S = 2η

(

1

β
D + 2(

γ

β
− 1) tr(M 3.D)MD

3 + (1 −
1

β
)(D.M3 + M3.D)D

) � ´ 6?xw·|¿g¸
cjZ_VAMNJQO�bmln`NcjZ9FIOQVWY[H ´¶º5x»Æg¸½VwH i MPURJ2M	o_MT´¶º5xS}g¸zMPO\´ 6?xw·¹¸�x
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M�H%o_` i MPbWY[S_S9FIHaO�bWMNJk`NcaZ9FIOQVWY[HKJ�´¶º5x»¿y}g¸��=´¶º5x»¿eÆg¸uMPO ´¶º5x ÃaÅg¸toKFIHKJ {g
R} �½HKY[ZKJkY[�_ORMPHKY[HKJkbWMNJORMPHKJ2MPZ_URJ�feU2F[o5VWMPHaO¾o_M i VwORMNJRJ2Me� i VwORMNJRJ2M=o_M=o_`[D Y[UQ]dFIOQVWY[H¦MPO{O2FIZ5¯ko_MGURY[O2FIOQVWY[HsS;Y[Z_U�bWMG]TY�o_�PbWM�o_MfeU2FIVwH Y=S_bqFIHKJ�o_MDfebwVWJRJRMP]TMPHjO½MPO�bWMNJ�S_bqFIHKJ�o_MDfebwVWJRJRMP]TMPHjOzF[o_Y[S_OR`NJ�S9FIU w F[JRORMPbwH9FIZt^a`pbdcUer´ ·|ÆeÆeµI�C¸�x��MNJ�LNY[HaOQU2FIVwHaORMNJ7o_M¾UR`[D `PURMPHKLNMNJDo_MNJ DmFI]XVwbwbWMNJz�9F[J2FIbWMNJ|��S_UQVWJQ]dFIOQVWcjZKMNJ�MPO�S$1�U2FI]XVWoKFIbWMNJDJRY[HjOzHKY[OR`NMNJ

τa
�
τb
MPO
τc
�5URMNJQS;MNLPOQV i MP]TMPHjO|x«Y[Z_U7bWMGORMPHKJRMPZ_UDfeU2F[o5VWMPHaO¾o_M i VwORMNJRJRMX´¶º5x»¿y}g¸zHKY[ZKJDY[�_ORMPHKY[HKJ
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8τb
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gS11 + 5gS22)

4τc
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4τb
+
χ1

2τc
)gS12 (

1

2τa
+
χ3

τc
)gS13

(
1

4τb
+
χ1

2τc
)gS12

(−gS11 + gS22)

8τb
+
χ1(5

gS11 + 7gS22)

4τc
(

1

2τa
+
χ3

τc
)gS23

χ4

τc
gS13

χ4

τc
gS23

3χ1

τc
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�

´ KGxw·¹¸Y[¼
χ1 = (

ac

a2 + c2
)2

χ2 = χ1(
a

c
− c

a
)2 = χ3 + χ4

χ3 =
a4 − a2c2

(a2 + c2)2

χ4 =
c4 − a2c2

(a2 + c2)2

x ´ KGx»ºg¸
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gS11 − gS22

8τb
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χ1(7

gS11 + 5gS22)

4τc
(

1

4τb
+
χ1

2τc
)gS12 (

1

4τa
+
χ2

2τc
)gS13

(
1

4τb
+
χ1

2τc
)gS12

(−gS11 + gS22)

8τb
+
χ1(5

gS11 + 7gS22)

4τc
(

1

4τa
+
χ2

2τc
)gS23

(
1

4τa
+
χ2

2τc
)gS13 (

1

4τa
+
χ2

2τc
)gS23

3χ1

τc
gS33












�

´ KGx»¿g¸MPO\S9FIU	VWo_MPHjOQV�~9L|FIOQVWY[H F i MNLdbqF�bWY[V�o_MdLNY[]XSrY[UQORMP]TMPHaOXLNY[HjOQVwHaZKMe��HKY[ZKJ	URMPOQURY[Z i Y[HKJ?bWMNJ	URMPbqFIOQVWY[HKJ´¶º5x ÃK·¹¸�MPHaOQURM
(τa, τb, τc)

MPO
(ψ, β, γ)

x
·|Æ,H
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�Y[Z_UDbWM=ORMPHKJ2MPZ_U{o_MNJ�O2FIZ5¯�o_M=URY[O2FIOQVWY[HA�KHKY[ZKJDY[�_ORMPHKY[HKJ

gW =
3

2












0 0 (
1

2τa
+

1

τc

a2 − c2

a2 + c2
)gS13

0 0 (
1

2τa
+

1

τc

a2 − c2

a2 + c2
)gS23

−(
1

2τa
+

1

τc

a2 − c2

a2 + c2
)gS13 −(

1

2τa
+

1

τc

a2 − c2

a2 + c2
)gS13 0












x

´ KGx Ãj¸
w Y[]XS_ORM=ORMPHjZ¦o_MNJDURMPbqFIOQVWY[HKJ?´¶º5x ÃK·¹¸��_HKY[ZKJ{Y[�_ORMPHKY[HKJ

gWi3 =

[

1 −
β

4γ − 1

(( c

a

)2
− 1

)]
ψ

2
gSi3
�
i = 1, 2

� ´ KGxSFg¸
MPODMPHpZ_OQVwbwVWJ�FIHaO

ψ

2
gS13 = gD13

� ´ KGx»µg¸
FIbWY[URJ�bWMGS_URY�o5Z_VwO gW .gc

SrMPZ_O{JRMGUR`N`NLPUQVwURMd´ M�caZ9FIOQVWY[H�´¶º5x Ãa¿g¸Q¸
gW .gc = λ

(
gD.gc − (gc.gD.gc)gc

) x ´ KGxvHe¸
F i MNL

λ = 1 −
β

4γ − 1

[( c

a

)2
− 1

] x ´ KGxS}g¸
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w YjM[\dLPVWMPHjORJ�Y[�_ORMPHaZKJ�S;Y[Z_U�bqFnD MPUQ]TMPOQZ_URM7Á ] �z�[S9FIU�VWo_MPHaOQV�~9L|FIOQVWY[H�F i MNL�bWMNJ�ORMPHKJ2MPZ_URJ¨o}lnY[URo5URMÃTo_Y[H_HK`NJ{S9FIUDbml Á¾E � S9FIU2FI]T`POQUR`NMu´¶¿5x»µg¸��9MPH�]XVwH_Vw]XVWJ�FIHaO?´¶¿5x»¿y}g¸�x
/

Cj
1 Cj

2 Cj
3· µ5xSFeÆIÃaºy}e¿e¿yFeÅyFy}eÆe¿eµkM�h Åeº Å5xw·|ºIÃaÅyFeÆ5·|Å,HyHdFeÆ5·PÃeÃ ·ex»ºyFe¿,HdFeºe¿IÃaµeºeºe¿,H�Ãº Å5x»¿IÃaº5·�}e¿IÃ�H[Æy},H�·�}yFeµ h Å5x ÃaÅ,HdF5·|µ5·|¿yFIÃPFeÅeÆeµ5· h º5xw·|µ,H�·|ºeµyFe¿5·�Fy}eÅyF5·¿ Å5xSFeÆ5·|ÆeÅeÅy}eÆe¿eµeÅyF5·�Fe¿ Å5x»ºy}e¿IÃPF,HdFeºeÆeÆeµ,H�Ãaµe¿ Å5x»Æ5·|¿e¿,HdFeÆ5·�}yFeµIÃ�H[Æe¿Ã h Å5x»¿y},H[ÅeÆyF5·�Fe¿eµ,H�Ãa¿yFIÃ Æ5x»¿eµeµy}y}eÆIÃaµe¿eµ5·|¿IÃa¿ M�h Åeº h º5x»ºeÆeµeÅeÆeºyF,H[º,H[ÆeµeÅeº

F Å5x»¿eº5·|Åeºeµe¿5·�}eÅyF5·e·�}e¿ Å5xvHd}e¿eµ5·�Fe¿IÃK·�}e¿eºeµeÆe¿ ·ex»ÅIÃa¿e¿5·�FeÅeµeÅeµIÃP}eÆyFµ Å5x ÃK·|ºy}eÆIÃa¿eÅy},HdFeÆe¿yFy} Å5xSFeµIÃPFeÅeÆIÃa¿IÃaº5·|ÅyFeµeÅ ·ex»ÆyFIÃeÃPFeÆ5·e·$HdFeµIÃaÆyF

� 0 � 
 ��8 ����6C>\8�� 3��� 


w YjM[\dLPVWMPHjORJ�Y[�_ORMPHaZKJ�S;Y[Z_U«bqFZD¶MPUQ]TMPOQZ_URM I)KDÁ �z�|S9FIU�VWo_MPHaOQV�~9L|FIOQVWY[HdF i MNL�bWMNJ«ORMPHKJRMPZ_URJ�o}lnY[URo5URMÃTo_Y[H_HK`NJ{S9FIUDbml Á¾E � S9FIU2FI]T`POQUR`NMu´¶¿5x»µg¸��9MPH�]XVwH_Vw]XVWJ�FIHaO?´¶¿5x ÃPFg¸�x
·|ÆeÆ



�6�6� � %'%'���z�/�1���N����� +�����%0�!1���P! �)�P�d. �,$-'� �P!���� � �, � ��� �

/
Cj

1 Cj
2 Cj

3· Å5x»º5·$HyHyH�ÃPFeÅeÆy}eÅeÆ,Hd}y}_M �GÅeº h2xSF5·PÃP}yFeÅyFeÆy},H�·$H[ºeºeº M �GÅeÅ Å5x»ºeÅe¿y}5·PÃaÅyF5·$H�·|ÆeÆeÆIÃ M �GÅeºº h2x»ºeÆ,HdF,H[Åy}yFIÃK·$H�·e·|ºy}kM �GÅe¿ Å5x»º5·|¿e¿5·|µe¿eµeºyF,H[ÅeµeµeÆ_M �GÅeº h2x»ºy}e¿eÆyFy}eÅeÆe¿,H[¿eÆyFIÃP} M �GÅe¿¿ Å5xw·�}y}eµy}eµeÅ,HyH[¿eÅ,Hd}y}yF_M �GÅIÃ h2x»¿eÅeºy}eµyFyFeµIÃaÆ5·|µyFeµy} M �GÅe¿ Å5xw·$H[¿eÆeÅy}eºIÃK·|ºe¿yF5·|Æy}_M �GÅIÃÃ h2x»º,H[ºeÆIÃK·$H[ºIÃPF,Hd}yF5·|¿kM �GÅe¿ h2xw·|Æy}yFeµeÆIÃK·|µeµeÅ,H[ÅeºeÆ M �GÅeº h2xw·|ÆyFyFeµeµ5·|Æ,H�·e·|ÅIÃaµ5· M �GÅe¿
F Å5x ÃK·$H�·PÃP}IÃaÆe¿eµIÃaº5·|ÆyF_M �GÅe¿ h2x ÃaµeÅe¿eÅeµ,HdFeÅeÆ5·e·|µIÃaÅ M �GÅeº h2xw·|¿y}eÅ5·|ºeÆIÃa¿e¿e¿eÆeµ5·e· M �GÅe¿µ Å5xw·�FeºeÅe¿y}5·�}eºeºIÃK·e·|Æeµ_M �GÅIÃ Å5x»º,H[Åy}eºyF,H�·|Åe¿eº5·|ºy}5· M �GÅ5· Å5xSFeºe¿eµeºeÆy}eÆeº,H�·�FeÅyFeÅ_M �GÅe¿
H h2xw·|¿,H[µIÃa¿y}yFeºeÆeÆeº,H[Åy}kM �GÅIÃ Å5xw·�}IÃPF5·|ÅeµeÆyFeµeÅ5·PÃaÅIÃ M �GÅe¿ Å5xS}yFeÆeºeµeµIÃPF5·$H[¿eµe¿,H[Æ_M �GÅe¿
} h2x»µeºy}y}eÆyFy}yF,HdFyFeµe¿eÆyFkM �GÅe¿ Å5xw·�FeµyFe¿,H�ÃaºIÃaµeºeÅeÅeµ5· M �GÅe¿ h2xS}eÅyFeµeÅeµIÃ�H�·|Æ,H[Æ,H[¿eÅ M �GÅeºÆ h2xSFeºeµeÅy}5·|ÅeÅ,HyH�·e·|ÆeÆeµkM �GÅIÃ Å5xw·|ÆeÅeµ5·|¿5·|¿5·e·|µy}eÆy}eÅ_M �GÅIÃ h2x Ãaµy},H�·e·e·�}eÅyFeµeÅyFeÆeÆ M �GÅIÃ·|Å h2x»ºeµeµeÅeÆeµeºe¿IÃaÆy}IÃaÅ5·$H1M �GÅe¿ Å5x»º,HyH[ÅeÅeµyFyFeÅIÃaµeÅy}yFeÅ_M �GÅe¿ Å5xS}y}eÆyFy}eÅ,H[µeÅy}eºeÆeÅeµeµ_M �GÅ5··e· h2xw·|Æeµeº,Hd}eÅeÆy}eº5·|µeÆyFe¿kM �GÅIÃ h2xSFeµy}5·e·$H[ÅyFyF5·|Æy}eµeÅy} M �GÅeº h2xvHd}eºeÆeÆIÃK·�Fy}eÅyFIÃP}y}5· M �GÅeº·|º h2xSFeÅyFeºeµeµeÆeµe¿IÃeÃaÆy}5·|ÆkM �GÅe¿ Å5x Ãaºy}eÆeº5·�FIÃaµ,Hd}e¿IÃaµ,HkM �GÅe¿ h2x Ãa¿,H[º5·PÃPFy}eÅeÅy}eÆ5·e·$H_M �GÅeº·|¿ h2xw·e·|ÅIÃP}e¿eÅIÃK·|Æeºy}yFIÃ�H1M �GÅe¿ Å5xw·PÃaºIÃaÆIÃaÆIÃPFIÃaÅIÃa¿IÃK· M �GÅe¿ Å5xw·e·|ºeÆeÆeµe¿y}eµeÅIÃ�H[µeºe¿_M �GÅ5··PÃ Å5x Ãa¿eÅIÃP}y}5·|Æe¿,HdFy},Hd}eµ_M �GÅIÃ h2xSFIÃK·|ÆIÃPFeºeºy}IÃP}eÆy}y}5· M �GÅIÃ Å5x ÃaÅ5·$H�ÃaµIÃK·|µeºeµeºeÆe¿eµ_M �GÅIÃ·�F h2xw·|¿eÆ5·|Æ,H[Æ,H[ÅIÃeÃaºIÃ�H[ÅkM �GÅeº Å5x»ºe¿e¿e¿yF5·�}eÆy}eÆ5·|º,H[µy}_M �GÅeº Å5xw·|ÅIÃaÆeº,HyHd}eÆeÆ5·�}e¿eºeÅ_M �GÅ5··|µ h2xw·PÃeÃa¿yF5·$Hd}5·|ÆeºeºeÅ5·|¿kM �GÅIÃ Å5xw·|ÅIÃK·�}e¿eº5·�}eµyFIÃaµ,H�· M �GÅIÃ h2xw·|¿eÆe¿IÃaÅ5·�FIÃaºy}y},H�·e· M �GÅe¿·$H h2x»ºeµyF,H[Å5·|¿eÅ5·$HyH[¿eºIÃaÆkM �GÅe¿ Å5x»¿e¿5·PÃP}eÆIÃK·|ºy}IÃeÃaµeµ,HkM �GÅe¿ h2xw·$H[ÅeÆeÆyFeÆIÃP}eÅ5·�FeÆyF5· M �GÅeº·�} h2x Ãaºy}y}eº5·|µeÆeÆ5·|¿eÆeº5·|ÅkM �GÅeº Å5x»µeµeÅeÅeÅeº5·�FIÃaºeÅeÆeÆeÆ5· M �GÅeº Å5xSFIÃPF,Hd}IÃ�H�·|µ,Hd}e¿eÆeÅeº_M �GÅeÅ·|Æ h2x ÃeÃa¿eºe¿eµeµyFeµeµeÆe¿eÆeÆ5·�M �GÅ5· Å5x»ÆeÆ,HdFeÅeÅ,HyH[ÅyFeº5·�},HyHkM �GÅ5· Å5x»Æ,H�·e·|ºeµ,H[µ,HdFy}5·�F5·$HkM �GÅeÅºeÅ Å5x»¿eÅeÆ,H�Ãaºe¿IÃaÅeºeÅe¿eºeÅeÅ_M �GÅIÃ Å5xSFeµeÅyFeÅy}eµeºy}IÃ�H[ºIÃP}eµ_M �GÅIÃ Å5xw·PÃK·|ÆeÅeÆyF5·|ºeÆeµ,Hd}y}eº_M �GÅIÃº5· Å5x»¿y}eµIÃ�H[¿eÆ5·|ºeºeÆyF5·e·|¿_M �GÅeÅ Å5x»ºeÅeÆeÆeÅeÆeºeºyFeÆeÆeÅ,HdFeµ_M �GÅ5· Å5x»ÆeÆIÃK·PÃaºy}eÆeºeµeºy}IÃK·|Å_M �GÅeÅ
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EGFIHKJXLNMPOQORMsFIH_HKM�¯5Me��HKY[ZKJ�]TY[HjOQURY[HKJdcjZKMkbWMNJ�bWY[VWJTo_M�LNY[]XS;Y[UQORMP]TMPHjOTSrY[Z_UXbWMkS;Y[b215LPUQVWJQO2FIbY[�_ORMPHjZKMNJ�F i MNL7bWMNJ¨]TY�o_�PbWMNJ�o_Mnm«F 1�bWY[UzMPOz°jO2FIOQVWcjZKM\´ M¨c�J|xC´ÄÃKx Ãj¸�MPO7´ÄÃKxw·|¿g¸Q¸�MPO�`NLPUQVwORMNJ½MPH1D¶Y[HKLPOQVWY[Ho_MNJ�ORMPHKJRMPZ_URJ	o}lnY[UQVWMPHjO2FIOQVWY[H
a(2) MPO a(4) �}SrMPZ i MPHaO\J¹ln`NLPUQVwURMTJRY[ZKJ=Z_HKM D¶Y[UQ]TMXfg`PHK`PU2FIbWM Ykbml»FIVWo_Mo_MNJ�ORMPHKJ2MPZ_URJXo_MtJROQUQZKLPOQZ_URM
M̄ i (i = 1, 2, 3)

´ KzY�MPv_bWMPU|�z·|Æy},He¸?oKFIHKJ�bWMtL|F[JXY[UQOQvKY[OQURY[SrM�´ M¨c�J|x´ÄÃKx»µg¸�MPO	´ÄÃKxw·�Fg¸Q¸
M�¯�S_UQVw]T`NJ?oKFIHKJ\bWMXURMPS;�PURMuo}lnY[UQOQvKY[OQURY[S_VWM {o

R} �AbWMNJ	ORMPHKJRMPZ_URJ\o}lnY[UQVWMPHjO2FIOQVWY[H o}lnY[URo5URMtº�MPO\ÃHAlnY[HjO=caZKM?ºIÃtLNY[]XSrYeJ2FIHaORMNJGHKY[H5hmHjZ_bwbWMNJT´ L[D7´¶¿5x»ºeÅg¸7MPO�´¶¿5x»º5·¹¸Q¸{o_Y[HaO=JRMPZ_bWMP]TMPHjO FuJRY[HjO7VwHKo_`PSrMPH5hoKFIHjORMNJ|�_S9FIU{M�¯_MP]XS_bWM
oa11,

oa22,
oa1122,

oa1133
MPO oa2233

´ E�xw·¹¸
��F ]dFIOQUQVWLNM�o_MsS9F[JRJ2FIfgM

R
o5Z URMPSr�PURM(o}lnY[UQOQvKY[OQURY[S_VWM {o

R} FIZªURMPSr�PURM(o_M¦UR`[D¶`PURMPHKLNM {R}J¹ln`NLPUQVwO|�KoKFIHKJ�bWMGURMPSr�PURM�o_M=UR`[D¶`PURMPHKLNM
R =

3∑

r=1

oer ⊗ er
� ´ E�x»ºg¸

Y[¼ oer
JRY[HaO{bWMNJ i MNLPORMPZ_URJ{o_MG�9F[JRM	o_M {o

R} MPO er
bWMNJ i MNLPORMPZ_URJ7o_M=�9F[JRM=o_M {R} � �Ge"^�eq�

e1 =(1, 0, 0)T �
e2 =(0, 1, 0)T �
e3 =(0, 0, 1)T x

´ E�x»¿g¸
y7Y[ZKJ�U2FIS_SrMPbWY[HKJDVWLPV}bqFXbWY[VAo_M�LNY[]XS;Y[UQORMP]TMPHjO7Y[�_ORMPHjZKM\F i MNL	bWMG]TYjo_�PbWM	o_MJm«F 1jbWY[U

S̄ =
2η

β

(

D̄ + µ1a
(4):D̄ + µ2(D̄.a(2) + a(2).D̄ ) + µ3(a

(2): D̄)I
) � ´ E�x Ãj¸

Y[¼
µ1 = 2(γ − β)

�
µ2 = β − 1

�
µ3 = −

1

3
(µ1 + 2µ2)

x ´ E�xSFg¸
��M=ORMPUQ]TM

D̄
oKFIHKJ\´ E?x Ãj¸�MNJQO�URMP]XS_bqF[LN`�S9FIUDbqF?URMPbqFIOQVWY[Hsfg`PHK`PU2FIbWM

2D̄ =

3∑

r=1

(D̄.M̄r + M̄r.D̄)D
x ´ E�x»µg¸

ºeÅ5·
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�AMkORMPHKJ2MPZ_Udo}lnY[UQVWMPHaO2FIOQVWY[H o}lnY[URo5URMsº(oKFIHKJXbWMpURMPS;�PURM�fg`PHK`PU2FIb7MNJQOTM�¯�S_UQVw]T`¦MPH:D Y[HKLPOQVWY[Hªo_M�bqF]dFIOQUQVWLNM�o_M¦S9F[J2J2FIfgM
R
MPOko_M¦o5Z ORMPHKJRMPZ_Uko}lnY[UQVWMPHaO2FIOQVWY[H,o}lnY[URo5URM º�M�¯5S_UQVw]T`�oKFIHKJubWM¦URMPS;�PURMo}lnY[UQOQvKY[OQURY[S_VWM oa(2) �_LNY[]X]TM

a(2) = R. oa(2).RT x ´ E�xvHe¸
M�HkZ_OQVwbwVWJ2FIHjO	´ E�x»ºg¸�MPOzLNY[]XS_ORMGORMPHaZpo_MNJ i FIbWMPZ_URJzS_URY[S_URMNJzHKY[H5hmHaZ_bwbWMNJDo_M a(2) ´¶¿5x»ºeÅg¸��5bmln`NcjZ9FIOQVWY[H´ E�xvHe¸½JRMGUR`N`NLPUQVwO

a(2) =

3∑

r=1

oarrM r
� ´ E�xS}g¸

MPODo_Y[HKL�oKFIHKJ\´ E?x Ãj¸
µ2

(

D̄.a(2) + a(2).D̄ −
2

3
(a(2): D̄)I

)

= (D̄.a(2) + a(2).D̄)D
�

=
3∑

r=1

µ2
oarr(D̄.M r + D̄.M r)

D x
´ E�x»Æg¸

�AMGORMPUQ]TM
µ1(a

(2): D̄)I/3
J|lnM�¯5S_UQVw]TM�LNY[]X]TM

1

3
µ1(a

(2): D̄)I =
1

3
µ1

3∑

r=1

oarr(M r: D̄)I
x ´ E�xw·|Åg¸

�AMGS_URY�o5Z_VwO
a(4):D̄

MNJQO�UR`N`NLPUQVwO7MPH D Y[HKLPOQVWY[Hso_M
R
MPO oa(4) LNY[]X]TM

aijklDlk = RimRjnRkoRlp
oamnopDlk

x ´ E�xw·e·¹¸
w Y[]XS_ORMGORMPHjZpo_MNJ i FIbWMPZ_URJ�S_URY[S_URMNJzHKY[H5hmHjZ_bwbWMNJ{o_M a(4) MPODo_MNJzURMPbqFIOQVWY[HKJDMPHjOQURM=MPbwbWMNJDMPO�LNMPbwbWMNJ�o_M
a(2) ´¶¿5x»º5·¹¸��CMPODMPHpZ_OQVwbwVWJ2FIHaO{bWMNJ�URMPbqFIOQVWY[HKJ

3∑

r=1

M r = I
� 3∑

r=1

tr(M rD̄) = tr(D̄) = 0
� ´ E�xw·|ºg¸

MPODMPHpURMP]dFIURcjZ9FIHaO¾caZKM
MpD̄M q + M qD̄Mp = − D̄ + (M pD̄ + D̄Mp) + (M qD̄ + D̄M q)−

tr(M pD̄)(M p + M r) − tr(M qD̄)(M q + M r)
� ´ E�xw·|¿g¸

Y[¼
(p, q, r) = (1, 2, 3), (3, 1, 2), (2, 3, 1)

��F i MNL D̄
o_Y[H_HK`XS9FIUt´ E?x»µg¸��«FIbWY[URJ	Y[H SrMPZ_O�]TY[HaOQURMPUcjZKM

(a(4):D̄ −
1

3
(a(2): D̄)I) =

3∑

r=1

( oa(2)
rr − 4 oa

(4)
{rrkk} − 4 oa

(4)
{rrll} + 3 oa

(4)
{kkll})(D̄.M̄r + M̄r.D̄)D+

( oa
(4)
{rrkk} + oa

(4)
{rrll} −

oa
(4)
{kkll}) tr(M̄r.D̄)M̄

D
r

�
´ E�xw·PÃj¸

MPO�bmln`NcjZ9FIOQVWY[H ´ E�x Ãj¸½SrMPZ_O{o_Y[HKL�JRMG]TMPOQOQURM�J2Y[ZKJ�bqF�D Y[UQ]TMu´ÄÃKx»µg¸
S̄ =

2η

β

3∑

r=1

[
η̄r tr(M̄r.D̄)M̄

D
r + η̄r+3(D̄.M̄r + M̄r.D̄)D

] � ´ E�xw·�Fg¸
Y[¼�bWMNJ

η̄i
JRY[HjO{o_Y[H_HK`NJ�S9FIU\´ÄÃKxvHe¸�x�«FX]1~P]TM?o_`P]dFIURLRvKM?S;MPZ_O hR~POQURM\Z_OQVwbwVWJR`NM	S;Y[Z_U7S9F[JRJRMPU7o_M	bmln`NcaZ9FIOQVWY[H ´ÄÃKxw·|¿g¸{Y[�_ORMPHaZKMXF i MNL\bWM]TY�o_�PbWM	°jO2FIOQVWcaZKMJY?bmln`NcjZ9FIOQVWY[H*´ÄÃKxw·�Fg¸��KMPHkURMP]XS_bqF[^|FIHaO7bWMNJ

D̄
S9FIU

S̄
MPO�bWMNJ

µi
S9FIU�bWMNJ

λi
´ÄÃKxw·PÃj¸�x
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EGFIHKJ�LNMPOQORM�FIH_HKM�¯5Me�|HKY[ZKJAMPH i VWJ2FIfgMNY[HKJ«Z_HKM�bWY[VgHKY[H5hmbwVwHK`|FIVwURM�F i MNL�Z_H	M�¯5S;YeJ2FIHjOAo_MNJ�LNY[HjOQU2FIVwHaORMNJ
n = 3

SrY[Z_U(bWM SrY[b215LPUQVWJQO2FIbmxG��F JRY[bwZ_OQVWY[H�bqFªS_bwZKJ JQVw]XS_bWM�MNJQO o}l»F0/ Y[Z_ORMPU(Z_H�VwH i FIUQVqFIHaO*o_MNJLNY[HjOQU2FIVwHaORMNJ Y�bqF�bWY[V¾o_MsLNY[]XSrY[UQORMP]TMPHaO�´ÄÃKx»ºe¿g¸dY[Z FIZ S;Y[ORMPHjOQVWMPb¾o_M�o5VWJRJQVwS9FIOQVWY[H o_Y[HaOko_`PUQV i MLNMPOQORM�bWY[Vmx9Á7HpS;MPZ_O{]TY[HaOQURMPU?´mÀ�FIfebwVqFIURo5VwH_Vm��·|ÆeÆeÆg¸zcjZKMGbqF?bWY[VAVwH i MPURJ2M�o_M\À�Á¾� �,´ÄÃKx»ºe¿g¸�J|ln`NLPUQVwO

D̄ = B1

3∑

r=1

[
ᾱr tr(M̄r.S̄)M̄

D
r + ᾱr+3(S̄.M̄r + M̄r.S̄)D

] � ´ MDxw·¹¸
Y[¼

B1 = 1/η̄0
MPO�bWMNJ½JQV�¯TS9FIU2FI]T�POQURMNJ

ᾱi
JRY[HaO�o_MNJ��KZ_VWo5VwOR`NJDF[o5Vw]TMPHKJQVWY[H_HKMPbwbWMNJ|��D¶Y[HKLPOQVWY[HKJzo_MNJ½JRV�¯

i VWJRLNYeJQVwOR`NJ η̄i
x9�AM�SrY[ORMPHaOQVWMPb�o_M�o5VWJRJQVwS9FIOQVWY[HA�;M�¯5S_UQVw]T`	MPH D¶Y[HKLPOQVWY[Hso_MNJ¾LNY[HaOQU2FIVwHjORMNJ|�;F[J2JRYjLPVW`�YXbqFbWY[V�´ M{xw·¹¸�J|ln`NLPUQVwO{FIbWY[URJ

φ
(1)
S =

B1

2

3∑

r=1

[

ᾱr

[
tr(M̄r.S̄)

]2
+ 2ᾱr+3 tr(M̄r.S̄

2
)

] x ´ MDx»ºg¸
y¾Y[ZKJ¨MPH i VWJ2FIfgMNY[HKJ�oKFIHKJ�bqFGJQZ_VwORM�o_MPZ5¯TM�¯5ORMPHKJQVWY[HKJ�HKY[H5hmbwVwHK`|FIVwURMNJ�S;Y[Z_U�bqF¾bWY[V;À	Á¾� �(MPHuF0/ Y[Z_O2FIHjOo_MPZ5¯ VwH i FIUQVqFIHaORJXo5V�®}`PURMPHaORJ|x�y¾Y[ZKJ?LNY[]XS9FIURY[HKJ�bWMNJ\UR`NJQZ_bwO2FIORJXFIVwHKJQVzY[�_ORMPHaZKJ1YsLNMPZ5¯ o_`PUQV i `NJXo_Mbml vKY[]TY[fg`PHK`PVWJ�FIOQVWY[H(F i MNL�bWM=]TY�o_�PbWM?°jO2FIOQVWcjZKMNY�S9FIUQOQVwU¾o5ZpS;Y[ORMPHjOQVWMPb�HKY[H5hmbwVwHK`|FIVwURM\S;Y[Z_U{bWM=feU2FIVwH´¶º5xw·|µg¸�x
�ª021 ���¾6���4\�CBR:D4 4?:D4 �$RBR4����DBQ8�� 1
«MPOQOQVwOD´¶ºeÅeÅe¿g¸AS_URY[S;YeJRM�Z_H�LNY[]XS;Y[UQORMP]TMPHjO�HKY[H5hmbwVwHK`|FIVwURMDFIH_VWJ2Y[OQURY[S;M½JQVw]XS_bWMP]TMPHaO�MPHXF0/ Y[Z_O2FIHjObWM	JRMNLNY[HKo�VwH i FIUQVqFIHaOGo_MNJ{LNY[HjOQU2FIVwHaORMNJ tr(S̄

2
)/2
MPH DmF[LPORMPZ_U{o_M=bmlnM�¯5S_URMNJRJQVWY[H�FIH9FIb21�OQVWcjZKM�Y[�_ORMPHaZKMF i MNL=bWM=]TY�o_�PbWM=o_MJmzvKY[URJQORMPVwHKJRJ2Y[H ´¶ºeÅeÅ5·¹¸ � oKFIHKJ�bWM�L|F[JDbwVwHK`|FIVwURMexE¾M½]dFIH_VW�PURMDJRVw]XVwbqFIVwURMe�eHKY[ZKJ�S_URY[S;YeJ2Y[HKJ�Z_HKM�M�¯�ORMPHKJRVWY[HXHKY[HXbwVwHK`|FIVwURMDo_M½bqF¾bWY[VCÀ�Á¾� �(LNY[]X]TM

D̄ =
B3

2
tr(S̄

2
)

3∑

r=1

[
ᾱr tr(M̄r.S̄)M̄

D
r + ᾱr+3(S̄.M̄r + M̄r.S̄)D

] x ´ MDx»¿g¸
��FkURMPbqFIOQVWY[Hª´ MDx»¿g¸=MNJQO�Y[�_ORMPHaZKMtFIH9FIb21jOQVWcjZKMP]TMPHaO�F i MNLTbWM�]TY�o_�PbWMu°jO2FIOQVWcjZKMTMPH�LNY[HKJQVWo_`PU2FIHjOZ_HKM=M�¯5ORMPHKJQVWY[HpHKY[H¦bwVwHK`|FIVwURM�o_M=bqF?bWY[V�o_M=LNY[]XSrY[UQORMP]TMPHaOGo5Z�]TY[HKYjLPUQVWJRO2FIb�Y[�_ORMPHaZKM\MPHsF0/ Y[Z_O2FIHjO
��� 
E23�*���"��
E
"!$#I&���!DFE!D):�G��
E23�*���(��

	*#	��#��0/1)�


ºeÅe¿
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bml VwH i FIUQVqFIHjO tr(S2)/2
MPH D¶F[LPORMPZ_UDoKFIHKJ?´¶º5xS}g¸G²

D =
ψ3

4
tr(S2)

(

βS + 2(β
γ + 2

4γ − 1
− 1) tr(M 3.S)MD

3 + (1 − β)(S.M 3 + M3.S)D

) x
´ M{x Ãj¸�¨l vKY[]TY[fg`PHK`PVWJ�FIOQVWY[H(F i MNL=bWMG]TYjo_�PbWM?°jO2FIOQVWcaZKM�LNY[HKo5Z_VwO¾o_Y[HKLNY

D̄ =< D >

=
ψ3

4
tr(S̄

2
)

(

βS̄ + 2(β
γ + 2

4γ − 1
− 1)a(4): S̄ + (1 − β)(S̄.a(2) + a(2).S̄ ) + 2β

γ − 1

4γ − 1
(a(2): S̄)I

) x
´ M{xSFg¸

E=FIHKJ\bWMuL|F[J?Y[UQOQvKY[OQURY[S;Me��bmln`NcjZ9FIOQVWY[H ´ M{xSFg¸�SrMPZ_O\J2Md]TMPOQOQURMtJRY[ZKJ\bqF D¶Y[UQ]TMs´ MDx»¿g¸�x��AMuU2FIS_SrY[UQOo_MubqF��KZ_VWo5VwOR`kMPH�LPVWJ2FIVwbwbWMP]TMPHaOXS9FIU2FIbwbW�PbWMP]TMPHjOdFIZ5¯*S_bqFIHKJ�o_Md�9F[J2Muo5Z�feU2FIVwH HKY[H bwVwHK`|FIVwURM Y¦bqF�KZ_VWo5VwOR`po_MkbqF�febqF[LNMpVWJRY[OQURY[S;Me�
ψ3/B3

�¨FIVwHKJQVDY[�_ORMPHaZ MNJQOT`PfaFIb Y
B1/ψ1

x w MPOQORM�M�¯�ORMPHKJQVWY[HªMNJQOJQVw]XS_bWM?MPO¾FdbWM\]T`PUQVwORM\o_M?LNY[HKJRMPU i MPUGbWMNJ{U2FIS_SrY[UQORJGo}l»FIH_VWJRY[OQURY[S_VWM�o5Zs]TY[HKY�LPUQVWJQO2FIb�MPO{bWM\U2FIS_SrY[UQO
Bn/ψn

cjZ9FIHKosY[H�S9F[JRJRM\o_M
n = 1

Y
n = 3

xC�FIU¾LNY[HjOQURM?bml vKY[]TY[fg`PHK`PVWJ2FIOQVWY[H�LNY[HKo5Z_VwORM YdS9FIUQOQVwUo_MNJG]TY�o_�PbWMNJ	o_M m�F 1�bWY[U\MPO �G�° w F i MNLdbWMXLNY[]XS;Y[UQORMP]TMPHjO\o5Z feU2FIVwHª´ MDx Ãj¸GHAl»FI�;Y[Z_OQVwU2FIVwO\S9F[JNYZ_HKMGbWY[VA]dF[LPURYeJ2LNY[S_VWcaZKM\o_MGbqF D Y[UQ]TMT´ M{x»¿g¸�x
� 0 � � �G6���4?�9B2:D4 4?:D4 � 2BR4����{BQ8��&�

w Y[]X]TM?SrY[Z_U7bWM?SrY[ORMPHaOQVWMPb¨o5Z�]TY[HKYjLPUQVWJRO2FIb�´¶º5xw·|µg¸��}Y[H�SrMPZ_OGMPH i VWJ�FIfgMPU¾Z_HKM?M�¯5ORMPHKJQVWY[H(HKY[HbwVwHK`|FIVwURMNY?S9FIUQOQVwU7o5ZpS;Y[ORMPHjOQVWMPb�bwVwHK`|FIVwURM�o5Z¦S;Y[b215LPUQVWJQO2FIb�´ MDx»ºg¸��Co_MGbqF D Y[UQ]TMT´ÄSrY[Z_U
n = 3

¸¾²

φ̄
(3)
S =

B3

4

3∑

r=1

[

ᾱr

[
tr(M̄r.S̄)

]2
+ 2ᾱr+3 tr(M̄r.S̄

2
)

]2 x ´ M{x»µg¸
y¾Y[ZKJ�o_` i MPbWY[S_SrY[HKJ{LPV�h�o_MNJRJRY[ZKJzbmlnM�¯5ORMPHKJQVWY[HpHKY[H�bwVwHK`|FIVwURMT´ M{x»µg¸zY[�_ORMPHaZKM�oKFIHKJDbWM=L|F[J�o5Z�]TYIho_�PbWM�°jO2FIOQVWcaZKMex�6 i MNL�bWM\]TYjo_�PbWMX°jO2FIOQVWcaZKMe�CbWM�SrY[ORMPHaOQVWMPb�o_M\bqFXbWY[V�]dF[LPURYeJRLNY[S_VWcjZKM?Y[�_ORMPHjZKM�oKFIHKJbWM=L|F[J�bwVwHK`|FIVwURMt´ÄÃKxw·|¿g¸G�nJ|ln`NLPUQVwO

φ̄
(1)
S =

ψ1

2

[

λ1S̄ijS̄ji + λ2a
(4)
ijklS̄ijS̄kl + λ3a

(2)
ij SjkSki

] � ´ M{xvHe¸
Y[¼

λ1 =
β

2

�
λ2 = β

γ + 2

4γ − 1
− 1

MPO
λ3 = 1 − β

x ´ MDxS}g¸
��lnM�¯�ORMPHKJQVWY[H¦HKY[H5hmbwVwHK`|FIVwURM	o_Y[H_HKM

φ̄
(3)
S =

ψ3

4

[

λ1S̄ijS̄ji + λ2a
(4)
ijklS̄ijS̄kl + λ3a

(2)
ij SjkSki

]2

φ̄
(3)
S =

ψ3

4

[

λ2
1S̄ijS̄jiS̄mnS̄nm + λ2

2a
(4)
ijkla

(4)
mnopS̄ijS̄klS̄mnS̄op + λ2

3a
(2)
ij a

(2)
mnS̄jkS̄kiS̄noS̄om

+2λ1λ2a
(4)
ijklS̄ijS̄klS̄mnS̄nm + 2λ1λ3a

(2)
ij S̄jkS̄kiS̄mnS̄nm + 2λ2λ3a

(4)
ijkla

(2)
mnS̄ijS̄klS̄noS̄om

]

´ M{x»Æg¸
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I LPV
ψ3
HAl»FdS_bwZKJ7bqFdJQVwfeH_V�~9L|FIOQVWY[H�o}l Z_HKM	�KZ_VWo5VwOR`?JRZ_U7bWM	S_bqFIH(o_M\�9F[JRM?o}l Z_Hs]TY[HKY�LPUQVWJQO2FIb�HKY[HbwVwHK`|FIVwURM¾S_Z_VWJRcjZKM¾bmln`NcaZ9FIOQVWY[H�´ MDx»Æg¸�HAl»F	S9F[J�`POR`¾Y[�_ORMPHaZKMGS9FIUzvKY[]TY[fg`PHK`PVWJ2FIOQVWY[HAx5I bCHAlnM�¯5VWJQORM¾o_Y[HKLJ�FIHKJ�o_Y[Z_ORM7S9F[J�o_M¾LNY[]XSrY[UQORMP]TMPHaODo_MD]TY[HKY�LPUQVWJQO2FIb}cjZ_VCLNY[HKo5Z_VwU2FIVwOEY	LNM7LNY[]XS;Y[UQORMP]TMPHjO�]dF[LPURYIhJ2LNY[S_VWcaZKM\S9FIUGvKY[]TY[fg`PHK`PVWJ2FIOQVWY[HAx�l�FIVWJ¾Vwb�FuORY[Z / Y[Z_URJ¾bqFuJQVwfeH_V�~9L|FIOQVWY[H�o_M	bqFd�KZ_VWo5VwOR`�MPH(LPVWJ2FIVwbwbWM�h]TMPHjODS9FIU2FIbwbW�PbWMP]TMPHaO=FIZ5¯�S_bqFIHKJDo_M=�9F[JRM=o}l Z_H¦S;Y[b215LPUQVWJQO2FIb�Y�Z_H�]dF�¯5Vw]	Z_]pxEGFIHKJ{LNM�L|F[J|�5bWMGU2FIOQVWY

B3/ψ3
MNJQO�bWM�L|FIUQUR`�o5Z�U2FIOQVWY

B1/ψ1
´ÄÃKx»ºeÅg¸

B3

ψ3
= (

B1

ψ1
)2 = 4(λ1 +

2

15
λ2 +

1

3
λ3)

2 ´ MDxw·|Åg¸

�ª0	� � : � �u:�8C6�� ����476 4?:D4 RBR4����DBQ8�� �\: ��: � ��4���B2��� � � ��@ �� ��:=< � ��
� 6C�z6;BR�G>��

w Y[]X]TMTbWMX]TY�o_�PbWMu°jO2FIOQVWcjZKMTJ2FIOQVWJ?DmFIVwO�bqFkLNY[HKo5VwOQVWY[H�o_MXHKY[H5h�LNY[UQUR`PbqFIOQVWY[H ´ÄÃKx»º,He¸��Abml vKY[]TY[fg`�hHK`PVWJ�FIOQVWY[HpS;MPZ_ODJ2M D¶FIVwURM�o5VwURMNLPORMP]TMPHjO¾JRZ_U�bWMGS;Y[ORMPHjOQVWMPb«o_M=o5VWJRJQVwS9FIOQVWY[HAx
6 S9FIUQOQVwU�o5Z\o_` i MPbWY[S_SrMP]TMPHaO�o5Z\S;Y[ORMPHjOQVWMPbjSrY[Z_UAZ_H	feU2FIVwH?HKY[H5hmbwVwHK`|FIVwURM½Y[�_ORMPHaZ?S9FIU«M�¯5ORMPHKJQVWY[Ho5ZpL|F[J{bwVwHK`|FIVwURMd´¶º5xw·|µg¸��KM�¯5S_UQVw]T`�LNY[]X]TM

φ
(3)
S =

ψ3

4
[λ1SijSji + λ2cicjSijckclSkl + λ3cicjSjkSki]

2 ´ MDxw·e·¹¸
bWMG]TY�o_�PbWM\°jO2FIOQVWcjZKM�LNY[HKo5Z_VwO|�KSrY[Z_U

n = 3
�6Y

φ̄
(3)
S =< φ

(3)
S >

φ̄
(3)
S =

ψ3

4

[

λ2
1S̄

(3)
ij S̄jiS̄mnS̄nm + λ2

2a
(8)
ijklmnopS̄ijS̄klS̄mnS̄op + λ2

3a
(4)
ijmnS̄jkS̄kiS̄noS̄om

+ 2λ1λ2a
(4)
ijklS̄ijS̄klS̄mnS̄nm + 2λ1λ3a

(2)
ij S̄jkS̄kiS̄mnS̄nm

+ 2λ2λ3a
(6)
ijklmnS̄ijS̄klS̄noS̄om

]

´ MDxw·|ºg¸
E?l»FIS_UR�NJ¦À�FIfebwVqFIURo5VwH_Vu´ ·|ÆeÆeÆg¸��zbWM(LNY[]XS;Y[UQORMP]TMPHjO�FIVwHKJQVGvKY[]TY[fg`PHK`PVWJR`�F i MNL(Z_H%S;Y[b215LPUQVWJQO2FIbY[UQOQvKY[OQURY[SrM�o_`PSrMPHKo�o_M=caZ_VwH_�|M=LNY�M[\dLPVWMPHaORJ{VwHKo_`PS;MPHKoKFIHjORJ|xK�Y[Z_U7F i Y[VwU{bqF?]1~P]TM=o_`P]dFIURLRvKM	cjZKMoKFIHKJ?bWMtL|F[J?bwVwHK`|FIVwURMe��VwbCDmFIZKo5U2FIVwO�VWo_MPHaOQV�~9MPUTLNMNJ�caZ_VwH_�|MkLNY�M[\dLPVWMPHaORJXMPO�]TY[HaOQURMPUTcjZKMubqFpbWY[V�o_MLNY[]XSrY[UQORMP]TMPHaOGSrMPZ_O{JRM	]TMPOQOQURM	JRY[ZKJ{bqFX]1~P]TM D¶Y[UQ]TM	oKFIHKJ7bWM	L|F[J7o5Z¦]TY�o_�PbWM	o_M�m«F 1�bWY[UGMPO7o5Z]TY�o_�PbWM	FIZ_ORYIh�LNY[vK`PURMPHjO|xEGFIHKJ¾bWM?L|F[J¾VWJRY[OQURY[S;Me�AYdS9FIUQOQVwUGo_MNJGM�¯5S_URMNJRJQVWY[HKJGo_MNJ¾ORMPHKJRMPZ_URJGo}lnY[UQVWMPHaO2FIOQVWY[HKJd´¶¿5x»¿eºg¸��rMPO=MPHURMP]dFIURcjZ9FIHaOGo}l»FIS_UR�NJDbWM	OQvK`NY[UR�P]TM	o_M w F 1jbWM)1jh �GFI]XVwbwORY[H�cjZKM

tr(S̄
4
) = tr(S̄

2
)2/2
��´ MDxw·|ºg¸zSrMPZ_O

~POQURM	`NLPUQVwO{LNY[]X]TM

φ̄
(3)
S =

ψ3

4

[

λ2
1 +

4

105
λ2

2 +
2

15
λ2

3 +
4

15
λ1λ2 +

2

3
λ1λ3 +

12

105
λ2λ3

]

tr(S̄
2
)2
� ´ MDxw·|¿g¸

MPO�bWM�U2FIS_S;Y[UQO
B3/ψ3

MNJQO{FIbWY[URJ{Y[�_ORMPHjZsLNY[]X]TM
B3

ψ3
=

(168γ2 − 16γ + 23)β2 + (168γ2 − 16γ − 4)β + 8(4γ − 1)2

35(4γ − 1)2
´ MDxw·PÃj¸
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Á7H URMP]dFIURcjZKMscjZKM¦bWMNJuSrY[ORMPHaOQVWMPbWJ�´ MDxw·|ºg¸uMPO�´ M{x»Æg¸dY[HjOubqF*]1~P]TM4D Y[UQ]TMtY S9FIUQOtZ_H
a(8)cjZ_V�JRMtOQU2FIHKJ?D Y[UQ]TM�MPH

a(4) ⊗ a(4) � a(4) cjZ_V�JRMkOQU2FIHKJ?D¶Y[UQ]TM�MPH a(2) ⊗ a(2) MPOXZ_H a(6) cjZ_VJRM�OQU2FIHKJ?D Y[UQ]TM?MPH
a(4) ⊗ a(2) xrÁ7HsSrMPZ_O{HKY[ORMPU¾caZKM\LNMNJ�� D¶MPUQ]TMPOQZ_URMNJ��\JRY[HaO¾M�¯_F[LPORMNJ¾JRMPZ_bWMP]TMPHaOSrY[Z_U�Z_HkSrY[b21�LPUQVWJRO2FIb�Y\Z_H�JRMPZ_b;]dF�¯�Vw]\Z_]p� �<e�^�eq�jZ_HtfeU2FIVwHA�5MPO�Y[HkURMPOQURY[Z i MGbWM7LNY[]XSrY[UQORMP]TMPHaO7o5Z]TY[HKY�LPUQVWJQO2FIbAHKY[H�bwVwHK`|FIVwURMex°jZ_U{bqF ��VwfeZ_URMNMDxw·e�9HKY[ZKJ7LNY[]XS9FIURY[HKJ7bqF i FIbWMPZ_U7o_MNJ{U2FIS_S;Y[UQORJ ψ3/B3

´ M¨caZ9FIOQVWY[HKJ�´ MDxw·PÃj¸{MPO´ MDxw·|Åg¸Q¸�x���F�o_`PSrMPHKoKFIHKLNMdo_MXLNMXU2FIS_SrY[UQO\FIZ5¯(S9FIU2FI]T�POQURMNJ
β
MPO
γ
MNJQO�JQVw]XVwbqFIVwURMToKFIHKJ�bWMNJ	o_MPZ5¯L|F[J|x;�FIU�LNY[HaOQURMe��F i MNL�bmlnM�¯�ORMPHKJQVWY[H(HKY[H5hmbwVwHK`|FIVwURMTo5Z LNY[]XSrY[UQORMP]TMPHaO|�ALNM?U2FIS_SrY[UQO�MNJQO¾S_bwZKJ=`PbWM i `cjZKMkLNMPbwZ_VDY[�_ORMPHaZ MPHVDmFIVWJ2FIHaOXbml vKY[]TY[fg`PHK`PVWJ�FIOQVWY[H&Y�S9FIUQOQVwUTo5Z S;Y[ORMPHjOQVWMPbDHKY[H5hmbwVwHK`|FIVwURM�SrY[Z_UXbWMfeU2FIVwHAx5�bwZKJ�bWM¾feU2FIVwH�MNJQODFIH_VWJRY[OQURY[SrM=MPOzS_bwZKJ�LNMPOQORM=o5V�®r`PURMPHKLNM=MNJQO½Vw]XSrY[UQO2FIHaORMex w M¾U2FIS_SrY[UQO�ORMPHKo

i MPURJ 35/8 = 4.375
cjZ9FIHKo

β
ORMPHKo i MPURJGÅdF i MNL\bWM	LNY[]XSrY[UQORMP]TMPHaOGvKY[]TY[fg`PHK`PVWJR`?MPO{Vwb«ORMPHKo i MPURJ

25/4 = 6.25
F i MNL	bmlnM�¯�ORMPHKJRVWY[HpHKY[H5hmbwVwHK`|FIVwURMu´ MDx»Æg¸�oKFIHKJDbml v$1�SrY[OQvK�NJRM�o5Z�]TY�o_�PbWM\°jO2FIOQVWcaZKMex
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γ

�Z�"2z� �N� � ²0I�JRY i FIbWMPZ_URJGo5ZsU2FIOQVWY ψ3/B3
F i MNL\bWM\]TYjo_�PbWMT°jO2FIOQVWcjZKMex0M¨HsOQU2FIVwORJGLNY[HaOQVwHjZKJ=bWM?L|FIbWLPZ_bvKY[]TY[fg`PHK`PVWJR`u´ MDxw·PÃj¸��9MPH�OQVwURMPORJ7M�¯�ORMPHKJQVWY[H¦HKY[HpbwVwHK`|FIVwURMNY?S9FIUQOQVwU7o_MGbqFXbWY[V}bwVwHK`|FIVwURMu´ MDxw·|Åg¸�x
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EGFIHKJ=LNMPOQORMTFIH_HKM�¯_Me�rHKY[ZKJ�o_Y[H_HKY[HKJ�cjZKMPbWcjZKMNJ=o_`�~KH_VwOQVWY[HKJ�]dFIOQvK`P]dFIOQVWcjZKMNJ|xAy¾Y[ZKJ i `PUQV�~9Y[HKJMPHKJRZ_VwORM=caZKMGbml Á¾E �%´GF5xS}g¸zMNJQOz�_VWMPH¦JRY[bwZ_OQVWY[Hpo_MGbmln`NcjZ9FIOQVWY[H¦o_MGbmln` i Y[bwZ_OQVWY[H�o_MGbml Á¾E �%´GF5x»µg¸½SrY[Z_UbWMk]TY�o_�PbWMpo_M m�F 1�bWY[UuMPOTMPH5~KH HKY[ZKJ i `PUQV�~9Y[HKJucaZKMpbWMNJX`NcaZ9FIOQVWY[HKJ�´GF5xw·�Fg¸�MPOs´GF5xw·|µg¸�JRY[HjOX�_VWMPHVWo_MPHjOQVWcaZKMNJ


�021 # ���?4?B 6CB2:D4\�����z6���� ���z6CBR�G>����
Á7H¦o_`�~KH_VwODbWM=J 1�]	�rY[bWM

∂◦/∂c
JQZ_U�bqFTJQZ_U?D¶F[LNM=o_M�bqF�JQS_vK�PURM=Z_H_VwOR`�LNY[]X]TM

∂◦v

∂c
= eθ ◦

∂v

∂θ
+

1

sin θ
eϕ ◦

∂v

∂ϕ

� ´ �zxw·¹¸
Y[¼

v
MNJQO	Z_H i MNLPORMPZ_U\cjZKMPbWLNY[HKcaZKMe� eθ

MPO
eϕ
JRY[HaO�bWMNJ	o_MPZ5¯ i MNLPORMPZ_URJ\o_MX�9F[JRMXo5Z�URMPSr�PURM {g

R}´¶º5xw·¹¸�MPO ◦ MNJQO�Z_H¦Y[Sr`PU2FIORMPZ_U	²5S_URYjo5Z_VwO7JRL|FIbqFIVwURM . Y[ZpS_URY�o5Z_VwODORMPHKJRY[UQVWMPb ⊗ x�AM i MNLPORMPZ_UtZ_H_VwOR` c
o5VwUQVwfg`sJ2MPbWY[H bml»F�¯_M�h &so5ZªfeU2FIVwH MNJROdbWM i MNLPORMPZ_Uko_Mp�9F[J2M e3

o_M {g
R} xE�l»FIS_UR�NJ	´¶º5xw·¹¸

∂c

∂θ
= eθ

MPO 1

sin θ

∂c

∂ϕ
= eϕ

� ´ �zx»ºg¸
LNM=cjZ_V}SrMPUQ]TMPO{o}ln`NLPUQVwURM

∂◦c

∂c
= eθ ◦ eθ + eϕ ◦ eϕ

� ´ �zx»¿g¸
o}lnY[¼

∂.c

∂c
= 2

MPO ∂⊗c

∂c
= I − c ⊗ c

x ´ �zx Ãj¸
�AM�OQvK`NY[UR�P]TM¦o_M¦ÀGURMNMPH5h�Á¾JQOQURY[feU2F[o_JQ± 1:Y bqF(JQZ_U?D¶F[LNM¦o_MkbqF JQS_vK�PURM�Z_H_VwOR`po_Y[H_HKM ´mÀ
	eo_MPUQO|�ºeÅeÅe¿g¸

∮

S/2

∂◦Φ

∂c
dc = d

∮

S/2
c ◦ Φdc

´ �zxSFg¸
Y[¼

d i FIZ_OXºsJQV�bqF D¶FI�_UQVWcjZKMtMNJQO�¿[E��½·uJRV�bWMNJ�F�¯5MNJ &tJRY[HjO�LNY[S_bqFIH9FIVwURMNJXMPO
Φ
MNJQO\Z_HKM i FIUQVqFI�_bWMJ2L|FIbqFIVwURM�Y[Z�ORMPHKJRY[UQVWMPbwbWMex

ºeÅ,H
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�0�� ��# 
 �D4\� ��¾6CBR�G>�� �t:D>\8��� ��:=< � ���<����k��� R:�8
y¾Y[ZKJ i `PUQV�~9Y[HKJ{VWLPVAcaZKM=bml Á¾E � FIH9FIb21�OQVWcaZKM=SrY[Z_UDbWMG]TY�o_�PbWM�o_M m«F 1jbWY[U�´GF5xS}g¸

f(c) =
1

(cT .F̄ .F̄
T
.c)3/2

� ´ �zx»µg¸
MNJQO��_VWMPHsJRY[bwZ_OQVWY[H¦o_MGbmln`NcjZ9FIOQVWY[Hso}ln` i Y[bwZ_OQVWY[Hso_MGbml Á¾E �,´GF5x»µg¸�x

6 S9FIUQOQVwU{o_MT´ �zx»µg¸zY[Hp]TY[HjOQURM�cjZKM
∂f

∂t
= −

3

2

(

cT .F̄ .F̄
T
.c
)−5/2(

cT .
∂F̄

∂t
.F̄

T
.c + cT .F̄ .

∂F̄
T

∂t
.c
)

= −
3

2

(

cT .F̄ .F̄
T
.c
)−5/2(

cT .L̄.F̄ .F̄
T
.c + cT .F̄ .F̄

T
.L̄

T
.c
)

= − 3
(

cT .F̄ .F̄
T
.c
)−5/2(

cT .F̄ .F̄
T
.L̄

T
.c
)

x ´ �zxvHe¸

E�l»FIZ_OQURM=S9FIUQO{bmln`NcaZ9FIOQVWY[H¦o}ln` i Y[bwZ_OQVWY[H�o_M=bml Á¾E ��J|ln`NLPUQVwO
∂f

∂t
= −

∂.(f ċ)

∂c
= −ċ.

∂f

∂c
− f

∂.ċ

∂c

� ´ �zxS}g¸
M¨HpZ_OQVwbwVWJ2FIHaO{bWM D¶FIVwODcjZKM

I = c ⊗ c + eθ ⊗ eθ + eϕ ⊗ eϕ
� ´ �zx»Æg¸

FIbWY[URJ�bqF?URY[O2FIOQVWY[H�o_MNJ�feU2FIVwHKJDSrY[Z_U�bWM=]TY�o_�PbWM�o_M m«F 1jbWY[UGF i MNL λ = 1
´GF5xw·¹¸½SrMPZ_O{JRMGUR`N`NLPUQVwURM

ċ = I.ċ = I .(−L̄
T
.c + (cT .L̄

T
.c)c)

= −(eT
θ .L̄

T
.c)eθ − (eT

ϕ .L̄
T
.c)eϕ

x x ´ �zxw·|Åg¸
E�l»FIS_UR�NJ	´ �zxw·¹¸zMPO?´ �½xw·|Åg¸DFIbWY[URJ

ċ.
∂f

∂c
=

[

− (eT
θ .L̄

T
.c)eθ − (eT

ϕ .L̄
T
.c)eϕ

]

.

(
∂f

∂θ
eθ +

1

sin θ

∂f

∂ϕ
eϕ

)

= − (eT
θ .L̄

T
.c)
∂f

∂θ
− (eT

ϕ .L̄
T
.c)

1

sin θ

∂f

∂ϕ

x ´ �zxw·e·¹¸

M¨HpZ_OQVwbwVWJ2FIHaO{bWMNJ�URMPbqFIOQVWY[HKJDfg`PHK`PU2FIbWMNJ
∂c

∂θ
= eθ

� ∂eθ

∂θ
= −c

� ∂eϕ

∂θ
= 0
�

∂c

∂ϕ
= eϕ sin θ

� ∂eθ

∂ϕ
= eϕ cos θ

� ∂eϕ

∂ϕ
= −c sin θ − eθ cos θ

� ´ �zxw·|ºg¸

Y[H�OQURY[Z i M	MPHpZ_OQVwbwVWJ2FIHaO�´ �zx»µg¸
∂f

∂θ
= −

3

2

(

cT .F̄ .F̄
T
.c
)−5/2(∂cT

∂θ
.F̄ .F̄

T
.c + c.F̄ .F̄

T
.
∂c

∂θ

)

= −3
(

cT .F̄ .F̄
T
.c
)−5/2(

cT .F̄ .F̄
T
.eθ

)

� ´ �zxw·|¿g¸
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MPO
1

sin θ

∂f

∂θ
= −

1

sin θ

3

2

(

cT .F̄ .F̄
T
.c
)−5/2(∂cT

∂ϕ
.F̄ .F̄

T
.c + c.F̄ .F̄

T
.
∂c

∂ϕ

)

= −3
(

cT .F̄ .F̄
T
.c
)−5/2(

cT .F̄ .F̄
T
.eϕ

)

x ´ �zxw·PÃj¸

«Y[Z_U7bWMGORMPUQ]TM
∂.ċ

∂c
= eθ.

∂ċ

∂θ
+

1

sin θ
eϕ.

∂ċ

∂ϕ

� ´ �zxw·�Fg¸
Y[H�OQURY[Z i M

eθ.
∂ċ

∂θ
= −eT

θ .L̄
T
.eθ + cT .L̄

T
.c
� ´ �zxw·|µg¸

MPO
1

sin θ
eϕ.

∂ċ

∂θ
= −eT

ϕ .L̄
T
.eϕ + cT .L̄

T
.c
x ´ �zxw·$He¸

M¨HpUR`PZ_OQVwbwVWJ2FIHaO�´ �zx»Æg¸½MPO{MPH�URMP]dFIURcaZ9FIHjO7cjZKM
I : L̄ = tr(L̄) = 0

�9FIbWY[URJ
∂ċ

∂c
= 3cT .L̄

T
.c
� ´ �zxw·�}g¸

�«VwH9FIbWMP]TMPHjO
−
∂.(f ċ)

∂c
= −3

(

cT .F̄ .F̄
T
.c
)−5/2

[

(cT .F̄ .F̄
T
.c)(cT .L̄

T
.c) + (cT .F̄ .F̄

T
.eθ)(e

T
θ .L̄

T
.c)

+ (cT .F̄ .F̄
T
.eϕ)(eT

ϕ .L̄
T
.c)

]

= −3
(

cT .F̄ .F̄
T
.c
)−5/2(

cT .F̄ .F̄
T
.L̄

T
.c
)

�

´ �zxw·|Æg¸
MPO7S9FIU{bmln`PfaFIbwVwOR`\o_Mu´ �zxvHe¸�MPO�´ �½xw·|Æg¸��9HKY[ZKJ i `PUQV�~9Y[HKJ¾cjZKM�bml Á¾E � FIH9FIb21�OQVWcaZKM	S;Y[Z_U7bWM�]TY�o_�PbWM	o_Mm�F 1�bWY[U?´GF5xS}g¸zMNJRO��_VWMPH¦JRY[bwZ_OQVWY[H¦o_MGbmln`NcjZ9FIOQVWY[H¦o}ln` i Y[bwZ_OQVWY[H(o_MGbml Á¾E �,´GF5x»µg¸�x

�0	� � ��8rB ��@«��6CBR:D4�<�� ��	���G>\B �½� ���4?@ � <���� �G0�1 ��� ��6�� �G021�/��

M�HpURMP]XS_bqF[^|FIHaO
ḟ
S9FIUDJRY[H¦M�¯5S_URMNJRJQVWY[H*´GF5x»µg¸zoKFIHKJ?´GF5xw·|µg¸��KY[HpY[�_OQVWMPHaO

ȧ
(2)
ij =

∮

S/2
−
∂(f ċk)

∂ck
cicj dc

= −
∮

S/2

∂(f ċkcicj)

∂ck
dc +

∮

S/2
f ċk(ci

∂cj

∂ck
+
∂ci

∂ck
cj) dc

x ´ �zx»ºeÅg¸

E�l»FIS_UR�NJd´ �zxSFg¸��AMPO�MPH URMP]dFIURcjZ9FIHaO\caZKM�S9FIU�LNY[HKJQOQUQZKLPOQVWY[H
ċkck = 0

�}bqFtS_URMP]XVW�PURMXVwHaOR`PfeU2FIbWMuo5Z]TMP]\�_URM	o_M=o5URY[VwORM�MNJRODHaZ_bwbWM
∮

S/2

∂(f ċkcicj)

∂ck
dc = d

∮

S/2
f ċkcicjck dc = 0

x ´ �½x»º5·¹¸
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E�l»FIS_UR�NJ	´ �zx Ãe�C¸��_bqFXo_MPZ5¯5VW�P]TM=VwHjOR`PfeU2FIbWM	o5Z¦JRMNLNY[HKop]TMP]	�_URM	o_Y[H_HKM
∮

S/2
f ċk(ci

∂cj

∂ck
+
∂ci

∂ck
cj) dc =

∮

S/2
f ċk (ci(δjk − cjck) + (δik − cick)cj) dc

=

∮

S/2
fciċj dc +

∮

S/2
f ċicj dc

x ´ �zx»ºeºg¸

�AMNJ{`NcaZ9FIOQVWY[HKJ?´GF5xw·�Fg¸zMPO	´GF5xw·|µg¸�JRY[HjODo_Y[HKL�`NcjZ_V i FIbWMPHjORMNJ|x



� ��� ����� �

� � + )���� � � ' � !���� � ' �
� ��� ������� + ' ��)
���	� � �-#���� ' � ! �	� � ' ��� ��� ' � !�� a(2) ��� 
�� � �

�AMkORMPHKJRMPZ_U
a(4) MNJQOXL|FIbWLPZ_bW`pMPHVD¶Y[HKLPOQVWY[H o_M

a(2) YsS9FIUQOQVwUdo_MtbqF4D Y[HKLPOQVWY[H o_M D¶MPUQ]TMPOQZ_URM
ILKDÁ �zx9°�MPZ_bWMP]TMPHaO¾HKMPZ#D�LNY[]XSrYeJ2FIHjORMNJ7o_M

a(4) JRY[HaODVwHKo_`PSrMPHKoKFIHaORMNJ¹xr°jV�Y[HsLRvKY[VWJQVwO a1111, a2222
�

a1122, a1123, a2231, a1131, a1112, a2223
MPO
a2212
��FIbWY[URJzbWMNJ�FIZ_OQURMNJ�LNY[]XSrYeJ2FIHaORMNJ�J2Y[HaO�o_Y[H_HK`NMNJ�S9FIU

aijkk = aij − aijll − aijmm (i, j, k, l,m = 1, 2, 3
o
k 6= l 6= m)

x ´mÀXxw·¹¸
��MNJ�ORMPUQ]TMNJ

κi
oKFIHKJDbmln`NcaZ9FIOQVWY[H�´¶µ5xw·|ºg¸zJRY[HaO7o_Y[H_HK`NJ�S9FIU

κ1 = 2(C̄11 − C̄33)
�
κ2 = 2(C̄22 − C̄33)

�
κ3 = −3C̄33

�
κ4 = C̄22 − C̄33

�
κ5 = C̄11 − C̄33

� ´mÀ�x»ºg¸
Y[¼�bWMNJ

C̄ij
JRY[HaO7o_Y[H_HK`NJDS9FIU	´GF5xSFg¸��9MPO�bWMNJ{LNY[]XS;YeJ2FIHjORMNJ{o_M

f
JRY[HaO{o_Y[H_HK`NMNJ{S9FIU

f1 =2(W̄12a12 − W̄31a31)+

2(C̄12(2a1112 − a12) + C̄31(2a1113 − a31)+

a1111C̄11 + a1122C̄22 − (a1111 + a1122)C̄33 + 2a1123C̄23)
�

f2 =2(−W̄12a12 − W̄23a23)+

2(C̄12(2a2212 − a12) + C̄23(2a2223 − a23)+

a2211C̄11 + a2222C̄22 − (a2211 + a2222)C̄33 + 2a2231C̄31)
�

f3 =W̄12(a22 − a11) − W̄31a23 + W̄23a31+

C̄12(4a1122 − (a11 + a22)) + C̄13(4a1213 − a23) + C̄23(4a1223 − a13)+

2(a1211C̄11 + a1222C̄22 − (a1211 + a1222)C̄33)
�

f4 =W̄23(a33 − a22) + W̄31a12 − W̄12a31+

C̄12(4a1223 − a31) + C̄23(3a22 − a33 − 4(a2222 + a1122)) + C̄31(3a12 − 4(a1211 + a1222))+

2(a2311C̄11 + a2322C̄22 − (a2311 + a2322)C̄33)
�

f5 =W̄31(a11 − a33) + W̄12a23 − W̄23a12+

C̄12(4a1312 − a23) + C̄31(3a11 − a33 − 4(a1111 + a1122)) + C̄23(4a1323 + a12)+

2(a1311C̄11 + a1322C̄22 − (a1311 + a1322)C̄33)
x ´mÀ�x»¿g¸

º5·e·
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