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Structures of a Continuously Fed Two-Dimensional Viscous Film
under a Destabilizing Gravitational Force

C. Pirat’ C. Mathis, P. M&sa, and L. Gil

Institut du Non Lifaire de Nice (U.M.R. C.N.R.S 6618), Univetsite Nice Sophia Antipolis,
1361 Route des Lucioles, F-06560 Valbonne, France
(Received 27 June 2003; published 12 March 2004)

We study the gravity induced instability of a liquid PIm formed below a plane grid which is used as a
porous media in an original hydrodynamic experiment. The PIm is continuously supplied with a
controlled Row rate. We give through a phase diagram the full spectrum of the different Row regimes
and we investigate the dynamics of the observed structures. True secondary instabilities of a 2D
periodic pattern are described. The control parameters are the Bow rate and the viscosity.

DOI: 10.1103/PhysRevLett.92.104501 PACS numbers: 47.20.Ma, 47.20.Dr, 47.20.Lz, 47.54.+r

Numerous experimental studies have been concerngghatterns in Rayleigh-Taylor stationary instability of a thin
with the spatiotemporal dynamics of 1D periodic struc-layer [24].
tures appearing in far from equilibrium dissipative media The experimental setup is shown in Figs. 1 and 2. It
such as Couette-Taylor [1], Rayleigh«fBerd [2,3], and consists of a circular and plane steel grid which is used as
Rayleigh-Taylor [4D6] Rows, directional solidibcationa porous media and bxed horizontally at the bottom of a
[7,8], viscous bngering in the OOprinterOs instabilitg§dhdrical tank. This tank is Plled from above. We keep
[9,10], and hydrothermal waves [11]. Spatial perioda constant depression in the tank in order to maintain a
doubling emergence [12], spreading localized structurexed and sufbcient height of Ruid above the grid (about
[4D8,13], oscillating localized structures (anomalouslO cm). In this way any Ruid income, set with a valve and
cells) [9,10,13], and spatiotemporal intermittency re-measured with a Bowmeter, ensures a uniform and lami-
gimes [2,3,9,10,14] appear as generic mechanisms of 1Bar Bow through the whole grid at a constant and well
destabilization. For 2D periodic patterns, most of thecontrolled rate (null when the valve is closed) which feeds
literature is mainly directed toward competition be-the thin layer underneath the grid (see Fig. 1). The geo-
tween rolls, squares, rhombic and hexagons [15], towardhetrical characteristics of the grid (homogeneous over all
stability against phase modulations [16], or towardthe grid surface) are as follows: radius 188 mm; thickness
defect-mediated turbulence [17]. However, these instal mm with circular holes of 1 mm in diameter arranged
bilities involve the same order parameters and thena2 mm regular hexagonal lattice. The liquid is silicone

same amplitude equations as those derived for the deil with a density of and a surface ten-
scription of the emergence of the primary periodicsion of . The capillary length
pattern. As far as we know, only two experimental . Nominal viscosities used were
works have been reported on true secondary instabili- ,and . The whole tank is

ties, that is secondary instabilities which require thetransparent thus facilitating clear viewing. Observations
introduction of new order parameters and new amplifrom above through the grid appear to be the most ap-
tude equations: a nonlinear optical pattern formingpropriate way to investigate the dynamic behavior of the
system in sodium vapor [18] and an electrohydro-
dynamic convection experiment in nematic liquid crystal
[19,20]. These reported observations, however, do not
cover all the possible behaviors predicted by numerical comeardet---——. i v
simulations [21,22] or analytical works [23]. In this Constant depressio e
. . . e —) . 7
Letter, we report on specibc 2D behaviors observed in Cafitre and processing ﬂ‘
the gravity induced destabilization of a low surface ten- B
sion and viscous liquid PIm which is supplied at a con- N

stant rate .\We observe that beyond competition between o\ Seeneet
gravity and surface tension, Row rate plays a signib- ‘ S e,
Film

Flowmeter

cant role giving rise to a wide variety of spatiotemporal
behaviors.

This Letter is closely related to those performed in
ESPCI in Paris by L. Limaet al. [4D 6] who studied the

secondary instabilities of structures in a 1D experiment|G, 1. Schematic representation of the experimental setup,
and also to those of Fermigiet al. on two-dimensional with an enlargement of the grid and the bim underneath.

104501-1 0031-900704 92(10) 104501(4)$22.50 2004 The American Physical Society 104501-1
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regimes are noted with increasing RBow rate: drops, col-

umns of liquid and liquid curtains, as well as mixed

intermediate ones. We focus our attention on a

viscosity oil ( ). Increasing inertia effects, we can

identify the following scenario:

For a very low dw ( , ),

we observe a Rayleigh-Taylor type instability [area I,
FIG. 2. Regular hexagonal lattice of liquid columns seen:Fig- 4(@)]. The destabilization of the bIm below the grid
(a) sideways, (b) from above through the grid holes (too small€ads to a centered hexagonal lattice of Pxed dripping

to be distinguished), columns appear as white objects (viscosites [Fig. 4(b)] with a wavelength equal
ity ). to which is in good agreement with two-dimensional
theoretical predictions at [24] and, as expected,

bIm. Peripheral lighting (a circular Buorescent tube)with the one-dimensional experimental work [4]. The

located slightly under the level of the grid plane at thedrip frequency is almost the same for each site (about

Bow source, displays through intensity of refracted light ) but there is a relative phase between them, associ-

the local variation of the bPIm curvature. Patterns areated with complex dynamics involving regular temporal

recorded from above with a digital camcorder (resolutionpatterns observable for about periods. This frequency

of pixels) connected to a computer for video is an increasing function of the Bow rate. A similar

capture and processing. The grid pitch and size of théexagonal pattern has been observed in [24] at

holes are much smaller than the Rayleigh-Taylor instait is worth noticing that, in our experiment, the low, but

bility wavelength which is here about nonzero RBow rate, gives greater stability to the dripping
. Regular observed structures are not resonanttice.

with the grid pitch and, in any case, an alignment with An increasing RBow rate induces a continuowsvin

the grid lattice is not favored. We used some other gridsome sites, giving rise t@i@uid columngd@his mixed

with slightly different geometrical characteristics andregime (drops and columns) exists for a range ofv€

always obtained the same patterns. , ,

The Row rate per surface unit, ( being the areas I/ll, Fig. 4(c)] with a column ratio growing with
surface of the grid), is the mean Buid velocity. Viscosity increasing . Drops are easily identiped through the
and are the control parameters used in this experimenperiodic variation of their size and brightness so that in
An alternative choice is the set of dimensionless numberkig. 4(d) (arithmetic average of the video frames) col-

and with , umns appear brighter than dripping sites. The hexagonal
therefore . Figure 3 shows our observations organization (with wavelength ) is still present but
based on a viscosity (respectively) vs mean velocity
(respectively ) plane. Gravitational time is compared to
inertial one through the Froude number and viscous
one through . We distinguish several regimes corre-
sponding to various Bows and associated patterns (see
Figs. 4D6). For a given viscosity, typically three main

+05

2

Viscosity (mm7/s)

w02 ¥

o1
| drops

0r Il columns

Il curtains
54
} } i

L A
01 02 05 1 2 5 10
Flow rate per surface unit (mm/s)

+005

FIG. 3. Phase diagram in a viscosity/3ow rate per surface unit

and planes. The bIm does not occupy the whole grid ared!G. 4. Some typical low Bow rate regimes for a ¢S

in the hatched zone. Temperature effects have been taken in#isCosity oil : instantaneous views and time averages over 20 s,
account. respectively, for drops [(a),(b)] and dropscolumns [(c),(d)].

104501-2 104501-2
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FIG. 5. Disordered regimes (arehs and!! |, Fig.3):in-  FIG. 6. Area Il/lll and Area Il of the diagram (curtains,
stantaneous views and time average over 20 s, respectively, féig. 3). Successively with increasing Bow rate we get (a) col-
a viscosity of [(@),(b)] and [(c),(d)]. umns curtains, (b) traveling waves, (c) spirals (viscosity

), and (d) cells (viscosity ).

another one (with a smaller wavelength) appears where
columns (the brightest sites) have appeared. For larger rates, we observe a parallel self-organization
Beyond a given threshold, only columns exist (area II).0f rolls which align to form traveling waves [TW,
A homogeneous (columns with uniform sections) and &ig. 6(b)] whose phase plane is concave with a wavelength
stationary centered hexagonal pattern emerges [Fig. 2(b)]. ~ about . They can also be wound around
In this regime, the wavelength ,which is a OtoréO@nd lead to rotating spirals [Fig. 6(c)]. Their
about shorter than . This is in agreement with number of arms and their velocity are a function oand
previous one-dimensional experimental results [4,5]. Théhe boundary conditions. As expected, the direction of
pbIm width is about and isRow rate dependent.  propagation of TW as well as the initial position of the
As Row rate increases, the size of every column growsore and direction of rotation of spirals is randomly
until they lose their equilibrium positions. Two dynamic chosen by the system.
processes are then observed, according to the local in- An additional increase in 3ow rate induces a larger roll
stantaneous density of the columns: either two of thenglensity so that the sheets locally become closed surfaces.
approach, meet, combine, and become a single column
identical to the two preceding ones QéestructiorO¢he
system loses a column), or a new column, identical to
others, appears where the density is temporarily too weak
(aObeationDéhe system gains a column). Both processes
operate continuously such that the number of columns
(which is a function of the imposed RBow) is kept dynami-
cally constant over a long observation period. This is the
regime we label disordered mode [
, , area Il and
Figs. 5(a) and 5(b)].
The next step is aédlumn to sheef8Qransition
[Fig. 6(a)] which takes place with highods (
). Under these conditions the thickness of the
liquid PIm is raised and, locally, two or several neighbor-
ing columns Nwhose diameter has also increased with
N connect and form a sheet (a curtain) of liquid. Seengig 7. (a) Two localized penta-hepta defects are in the
from above, this appears asGtlormOOr a O@I.Odhe  white circular zone. A zoom shows (b) in the heart of a
relative number oD@lIsOficreases with until no more  heptagon a column is oscillating between two extreme positions
columns exist ( ,arealll). and (c) a bxed defect (viscosity ).
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on the observation of defects and line oscillations. The ex-

peri

mental study of some generic destabilization modes

of a hexagonal column lattice, characterization of oscil-
lations, and comparison with theory [23] will be deferred
to a forthcoming publication. The dynamics of defects
possibly present in the lattice will be described as well.

FIG. 8. Typical oscillation of column lines (a)
(viscosity ).

(b)

This produces a lattice of cells [Fig. 6(d)], thev@ taking
place at the periphery of each cell (membrane). T he lattice [1]
is hexagonal, with a wavelength quite equalto .

Several points can be made from this scenario: (i) For a 2]
given , when the Bow rate becomes too low, the 3]
surface extension of the Bow under the grid is reduced
and coupled to in such a way that average velocity 4]
remains constant: the experimental setup is inappropriate
to reach this region of control parameters (the hatched [5]
zone in Fig. 3). (ii) For between and , theblm
thickness and the diameter of the columns are small. No [6]
drop regime is observed and there is no disordered domain
between the columnar hexagonal lattice area and thel7]
mixed column-sheet one. (iii) On the other hand, another
disordered regime of columns is observed at a relatively [
low RBow rate for these viscosities [area Il  and [9]
Fig. 5(c)]. Because of the weak the columns cannot
cover all the surface of the grid with a centered hexagonatlo]
lattice at the characteristic wavelength of the system. In
some parts, the surface distribution of columns is very[11]
irregular and they move permanently from higher den-
sity places toward lower ones. However, in this regime,[12]
the hexagonal lattice Plls a larger surface [Fig. 5(d)].[13]
(iv) Moreover, for a viscosity , the columnar hex-  [14]
agonal lattice development is no more observed.

In addition, it is possible to obtain an imperfect hex- (15]
agonal lattice through a quick jump in the RBow rate.
Sometimes topological defects (penta-hepta) ar
trapped [Fig. 7(a)]. Generically oscillating just after their [17]
birth [Fig. 7(b)], they can evolve in various ways

disappearance, freezing [Fig. 7(c)], diffusion, etc.

We observe that starting with a stationary hexagonal
lattice of columns and lowering the Row rate just below
threshold give rise to oscillating column lines. Each line [19]
behaves as a solid object and oscillates in counterphase
with neighboring lines. The frequency is about 1 Hz [20]
(Fig. 8). The oscillations appear along the three directions
of the hexagonal lattice. This kind of behavior has been 21
theoretically predicted [23] and observed here, as far aé
we know, for the prst time. [22]

We have qualitatively described the behavior of the o
system according to the Bow rate and the viscosity of
theRuid. The move from one regime to another occurs as g24]
series of transitions. In addition, we have touched briel3y

(18]
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Abstract

We predict the wave vectors (norme and orientation) which have to be observed near the threshold of a generic bifurcation
of a 2D stationary hexagonal pattern.
© 2003 Elsevier Science B.V. All rights reserved.

PACS: 47.20Ky; 05.45.—a; 47.10.4+-g

Keywords: Secondary instability; Wave vector selection; Hexagonal pattern

1. Introduction

The emergence of a highly organized pattern from an initially structureless state in a system far from equilibrium
is a general behavior in nature [1]. In two space dimensions (2D), the most frequent ordered stationary structures
are hexagons, although rolls, squares and even quasiperiodic patterns are also observed. Typical examples of 2D
hexagonal patterns include Rayleigh—Bénard convection with non-Oberbeck—Boussinesq effects [2], Marangoni
convection [3], nonlinear optics [4] or reaction diffusion systems [5] and their applications to biological objects [6].

Studies on the generic secondary instabilities of an ordered pattern represent then a natural step on the road to
understand complex spatio-temporal behaviors. The literature on the subject is mainly directed toward competition
between rolls, squares, rhombic and hexagons [7-10], toward stability against phase modulations as the Eckhaus or
zigzag instabilities [ 1 1-14], or toward defect-mediated turbulence. Although such kind of instabilities are sometimes
qualified as secondary instabilities, we are here not concerned with them. Indeed, these instabilities can be described
with the same order parameters and the same amplitude equations as those derived for the description of the first bifur-
cation. At the opposite, we are focusing on instabilities of hexagons which required for their description the introduc-
tion of a new order parameter and a new amplitude equation (i.e. with a new short range wavelength). Example can be
found in Faraday experiments [ 15—17], in parametrically excited spin waves [ 18], in nonlinear optical pattern forming
system [19,20], or in the numerical investigations of the 2D damped Kuramoto—Sivashinski (DKS) equation [21].

* Corresponding author. Tel.: +33-4-92-96-73-29; fax: +33-4-93-65-25-17.
E-mail address: lionel.gil@inln.cnrs.fr (L. Gil).
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Apart from the phase instabilities which are not associated with a short range wavelength, all the theoretical
investigations that we know on the subject have in common to get full advantage of the experimental and a posteriori
knowledge of the wave vectors involved in the secondary instabilities. Roughly speaking, the theoretical approach
is always the same [7,9,22]. First, because of non-compactness of the Euclidean symmetry group, mathematicians
restrict the space of solutions to the space of biperiodic functions. Then a complex order parameter is introduced for
each wave vector which is experimentally observed either in the first or second bifurcation, and a system of amplitude
equations invariant with respect to the symmetries of the problem is derived. Finally equivariant bifurcation theory
is used to predict the various possible bifurcations.

Our approach is radically different. The aim of this paper is not to compute the various critical eigenspace
associated with the secondary bifurcation, but to address the problem of the prediction of the wave vectors which
may be a priori involved in the destabilization of a 2D periodic pattern. Of course, symmetries are strongly involved
in the selection mechanism and therefore, the usual symmetry language is employed for their description, but we
will never use the group theory results dealing with irreducible representation because we will never try to compute
the symmetries and dimensions of the critical eigenspace associated with the secondary bifurcations. For the sake
of simplicity, we will restrict ourselves to the particular case of a hexagonal stationary pattern, but the approach can
be easily generalized to squares or rhombic stationary patterns. Because of the breakdown of the time translational
symmetry, prediction of the wave vectors selection in Faraday’s type of experiment is a more complex investigation,
and is left to a forthcoming paper.

2. The one-dimensional situation

In order to be more explicit, and to clearly exhibit the difference between the mechanism of wave vector selection
due to symmetric and critical eigenspace selection due to the same symmetries (equivariant bifurcation theory), we
will first consider the problem of the secondary instabilities of a one-dimensional cellular pattern. This problem has
been the subject of a lot of experimental, numerical and theoretical investigations, and we already know the result,
i.e. the most commonly observed secondary instability is associated with a spatial period doubling pattern. Let us
show how this period doubling is forced by the parity symmetry. Consider the system of partial differential equations

au
E = /J(U’ ox), (D

where U = U(x, 1) is a collection of real functions, and i a set of control parameters. Eq. (1) is assumed to be
invariant with respect to space and time translations, and also with respect to parity transformation (P). We also
assume the existence of a stationary periodic solution U, (x) = U, (x + A), invariant with respect to parity (PU, =
U,). Following the analysis of Coullet and Iooss [23] and Gil [24], the solution U is found to be expressed as

Ux, f) = Uy(x) + Real(A '@~ H(x) + B+ (PH)(x) + H.O.T.), )

where H(x) is A periodic, A and B are complex numbers which are assumed to be small compared to U, close to
the threshold of the secondary bifurcation, and where H.O.T. stands for higher order terms in A and B. Normal
form equations for A and B are then looked for as Taylor expansion in A, A, B and B. The time translational invari-
ance (t, A,B—> 1+t A elf20t  p eis2ot ) and the parity transformation (x, A, B — —x, B, A) force the amplitudes
equations to be expressed as

A _ _

S =aA+aB+ (z3AI> + 24l B A + (z5|AP* + 26| BI)B + 27A*B + s B*A + - - -,
0B _ 2 2 2 2 27 27
m =21B 4+ 22A + (23| B|” + 24| A7) B + (25| B|” + 26| A|")A + 27B°A + g A"B + - - - | 3)


















































































