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Zusammenfassung

Sei V ein endlich-dimensionaler, komplexer Vektorraum. Eine Teil-
menge X in V hat die Trennungseigenschaft, falls das Folgende gilt:
Fiir je zwei linear unabhéngige lineare Funktionen [, m auf V existiert
ein Punkt = in X mit I(z) = 0 und m(z) # 0. Wir interessieren uns
fiir den Fall V = C|x, y],, d.h. V ist eine irreduzible Darstellung von
SLs. Die Teilmengen, die wir untersuchen, sind Bahnabschliisse von
Elementen aus C[z,y],. Wir beschreiben die Bahnen, die die Tren-
nungseigenschaft erfiillen:

Der Abschluss von Oy hat die Trennungseigenschaft genau dann,
wenn f einen linearen Faktor der Vielfachheit eins enthiilt.

Im zweiten Teil der Dissertation untersuchen wir Tensorprodukte
V) ® V), von irreduziblen Darstellungen von G (dabei ist G eine reduk-
tive, komplexe algebraische Gruppe). Im Allgemeinen ist ein solches
Tensorprodukt nicht mehr irreduzibel. Es ist eine grundlegende Frage,
wie die irreduziblen Komponenten in das Tensorprodukt eingebettet
sind. Eine besondere Komponente ist die so genannte Cartankompo-
nente Vi, die Komponente mit dem grossten Hochstgewicht. Die
Cartankomponente taucht genau einmal auf in der Zerlegung.

Eine weitere interessante Teilmenge von V) ® V,, ist die Menge der
zerlegbaren Tensoren. Insbesondere stellt sich die folgende Frage:

Ist die Menge der zerlegbaren Tensoren in der Cartankomponente
des Tensorprodukts gerade der Abschluss der G—Bahn des Tensors der
Hochstgewichtsvektoren?

Falls dies der Fall ist, so sagen wir, dass die Cartankomponente
des Tensorproduktes klein ist.

Wir zeigen, dass die Cartankomponente im Allgemeinen klein ist.
Wir stellen vor, was bei G = SLy und G = SL3 passiert und diskutie-
ren die Darstellungen der speziellen linearen Gruppe.






Abstract

Let V be a finite dimensional complex vector space. A subset X
in V has the separation property if the following holds: For any pair
[, m of linearly independent linear functions on V there is a point x
in X such that {(z) = 0 and m(x) # 0. We study the the case where
V = Clz,y], is an irreducible representation of SLy. The subsets we
are interested in are the closures of SLo—orbits O of forms in Clz, y],.
We give an explicit description of those orbits that have the separation
property:

The closure of Oy has the separation property if and only if the
form f contains a linear factor of multiplicity one.

In the second part of this thesis we study tensor products V) ®
V,, of irreducible G-representations (where G is a reductive complex
algebraic group). In general, such a tensor product is not irreducible
anymore. It is a fundamental question how the irreducible components
are embedded in the tensor product. A special component of the
tensor product is the so-called Cartan component Vy;, which is the
component with the maximal highest weight. It appears exactly once
in the decomposition.

Another interesting subset of V\ ® V, is the set of decomposable
tensors. The following question arises in this context:

Is the set of decomposable tensors in the Cartan component of
such a tensor product given as the closure of the G—orbit of a highest
weight vector?

If this is the case we say that the Cartan component is small. We
show that in general, Cartan components are small. We present what
happens for G = SLs and G = SL3 and discuss the representations of
the special linear group in detail.
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Part 1

On the Separation Property of
Orbits in Representation
Spaces

1 Introduction

Let X be a subset of a vector space V. We say that X has the separation
property (SP) if for any pair «, 8 of linearly independent linear functions on
V there exists a point € X such that a(z) = 0 and f(x) # 0. Equivalently,
X has the SP if for any hyperplane H in V' the intersection X N H linearly
spans H.

Note that if X has the separation property, then every subset Y contain-
ing X inherits the SP from X. Thus our goal is to find minimal subsets in
V' that have the separation property.

In the first section we discuss the situation where the vector space is a
representation of SLy given as the binary forms of degree n, V,, := C[z, y],.
The subsets we are studying are the closures O; of SLy—orbits where f is a
form in V,,.

For a general discussion of the separation property in representation
spaces see the recent article [ KW02] by KRAFT and WALLACH.

Of special interest is the minimal orbit O~ in V,,. Unfortunately, O, does
not have the separation property for n > 2. Naturally the next candidate to
study is the orbit O n-1,. We show that its closure has the SP. The main
result of section 3 characterises the orbits in V,,:

Theorem. The closure O has the separation property if and only if f con-
tains a linear factor of multiplicity one.
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2 Clebsch—Gordan Decomposition

Let Clxy,xs)n, ® Clzy, x5, be a tensor product of irreducible representa-
tions of SLy. Its decomposition into irreducible components is the so-called
Clebsch—Gordan decomposition:

Embed the tensor product in the vector space C[z1, 22, Y1, Y2](n,m) as fol-
lows. Denote the vector space C[z1, 2, Y1, Y2](n,m) DY Vin,m) and let Clzy, z5],
be the subspace Vi, 0y and C[zy, 23], the subspace V(g of Vinmy. W.lo.g.
we assume that n > m. Consider the following differential operators:

A9cy : Vv(n,m) - ‘/(n—l—l,m—l)

0 0
fh — (Ila—%+$28—y2)(fh)
Q" Viemy — Vieetm-1
0? 0?
fh — )(fh)

(8$18?/2 a 0120y

Then one can prove the following result (see e.g. the lecture notes of KRAFT
and ProcEst, [KP00], §9.1 and 9.2.).

Proposition 2.1. CLEBSCH-GORDAN DECOMPOSITION
For every 0 <1i < m = min(n,m) there is an SLs—equivariant isomorphism

m

C[x17x27y17y2](n,m) — @C[ﬁlaﬁz](nm—%,m
i=0

given by

fhoo— (L ATTQfRY, ).

We usually write 7; for the projection operator 7; := A;’Z_iQi. In particu-
lar, the Cartan component V,, ., of the tensor product V,, ® V,,, corresponds
to the zero set of 7,7, ..., 7 in Vip ).

Example 2.2. Non-zero decomposable tensors of the Cartan component
Clx1, 22]ny1 of the tensor product Clzy, x5], @ Clxy, 25]; are of the form [" ® 1.

Proof. Let [y ---1, ® m be a tensor of the Cartan component, let m = cx; +
dxy. Then by Proposition 2.1 the projection operator €2 : Vi, 1y — Viu—1))
sends [y - - -1, - (cy1 + dys) to zero. There are two possibilities:

(i) The factors [; are all linear dependent, w.l.o.g. let [y - - -1, = 27. Then
Q27 (cyy + dyz)) = dnz’}~*. This is zero if and only if d is zero. Hence the
tensor is of the form cx} ® x; with ¢ € C.
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(ii)) The factors l; span C[zq,xs];. W.lo.g. let Iy ---[, contain x; - z5.
Applying Q to xq - xol3 -+ -1, (cy1 + dys) implies m = 0 hence the tensor is
Zero. ]
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3 Separation Property for Binary Forms

Definition 3.1. Let V be a complex vector space. A subset X C V is
said to have the separation property (SP) if for every pair a, 3 of linearly
independent linear functions on V' there exists € X such that a(z) = 0

and B(x) # 0.

The separation property for X means that for any pair H # H' C V of
hyperplanes the intersection H N X is not included in H’. Or, equivalently,
for any hyperplane H C V the linear span of H N X equals H.

Remark 3.2. Let X C V have the separation property. Let Y C V be a
subset containing X. Then Y also has the separation property: For each pair
«, ( of linearly independent linear functions on Y there exists x € X C Y
which separates a from (.

This observation explains that our goal is to find minimal subsets that
have the separation property: every subset containing such a minimal subset
inherits the (SP) from it.

An interesting example are orbits in a representation space. Let Oy
be the orbit of the highest weight vector of an irreducible representation V.
Assume that O, has the (SP). HANSPETER KRAFT and NOLAN WALLACH
have shown that in this case, every non-zero GG-stable subvariety has the
separation property (see [KW02], §5, Proposition 5).

A first example to look at are irreducible representations of SLy, i.e. the
vector spaces V,, := Clz,y], of binary forms of degree n (where SLs acts by
substitution of the variables). The question is whether for given f € V,, the
closure Oy C V,, has the (SP) or not.

Example 3.3. Let O,,;, be the orbit of the highest weight vector x™ in V,.
Then O, has the separation property if and only if n = 1.

Proof. Let n > 2. For f = Y0 fix"'y" € V, define a(f) := fy and
B(f) := fi. Then « and (3 are linearly independent.

Note that Ounin = Omin U {0} (cf. Proposition 3.4 in part II of this
thesis) hence every non-zero element g of Oy, is of the form [ for some
[ = azx + by € Vi. Write I" = a"z" + na"'bx" 'y + ... . Then a(g) = 0
implies @ = 0 hence B(g) = 0. In other words Op;, does not have the
separation property for n > 2.

For n =1 let a and 3 be two linearly independent linear functions on V;.
W.lo.g. let a(foxr + fiy) = fo and B(foxr + fiy) = f1 (note that o and [

form a basis for V).
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Then for every f; # 0 we have «o(fiy) = 0 and B(f1y) = f1 # 0 (and
similarly, for every fy # 0 we have B(fox) = 0 and a(fox) = fo # 0). In
other words: for every pair of linearly independent linear functions on V; we
can find f € Vj such that o(f) =0 and 3(f) # 0. O

Since for n > 1 the orbit O.;, = O,» does not have the separation
property we cannot apply the result of KRAFT and WALLACH mentioned
above. In particular, we cannot expect that every non-zero orbit in V,, has
the separation property. Nevertheless we are able to characterise the orbits
in V,, having the separation property:

Theorem 3.4. Let f € Clz,y], be a binary form of degree n > 1. Then the
following two properties are equivalent:

(i) The closure Oy has the separation property.

(ii) The form f contains a linear factor of multiplicity one.

Proof. We first assume that the closure O has the (SP) and show that f
contains a linear factor of multiplicity one.

Suppose that every factor of f has multiplicity at least two. Note that
every non-zero element in O_f contains every factor with multiplicity greater
or equal to two.

We show that there exist two linearly independent linear functions «, 3
on V,, such that a(f) = 0 implies B(f) = 0 for every f € O;. We use the
idea of the proof of Example 3.3 above.

For g(z,y) = gox™ + 1™ 'y + -+ - + gn_12y" ' + goy" € Vi, let o and 3
be the linearly independent linear form given as a(g) := go and 5(g) := ¢1.
Now take any element of Oy, i.e. any form g(z,y) = [[_,(a;x + by)" with
r; > 2 for each i and Y r; = n. We write

s
E rj—1 _1
g(x,y):aql...agsxn_'_ a;l._.ajJ _._agsbjxn y+
N—— -
J=1
NS

g0

S

'

g1

Note that since r; > 2 the coefficient ¢g; contains the factor a; - - -as. If a(g)
is zero one of the coefficients a; has to be zero and so (g) is also zero. Hence
a(g) = 0 implies B(g) = 0 for any g € Oy.

It remains to show that if f contains a linear factor of multiplicity one,
then O; has the separation property. We proceed with two steps:

(A) Consider zy"! € V,, := Clz,y],. We prove that for every pair
H, # H, of hyperplanes in V,, the intersection H; NOyyn—1 is not included in
Hy M Oyyn—1. Hence the closure of the orbit O, »-1 has the SP.
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(B) Let f contain a linear factor of multiplicity one. We show that O,yn—1
is a subset of O;. Hence O; has the separation property (see Remark 3.2).
Proof of (A). Suppose that there exist hyperplanes H; # Hs such that the
intersection Hy N Ogyyn-1 is contained in Hy N Oyyn-1. Let H; = V(1;) be the
zero set of the form [; € O(V,,); = V;*. Let V; = Clz, y]; and consider

p:VixVp — V,
(a,b) — ab™ !

Step (1): The morphism ¢ is SLo—equivariant, bihomogeneous of degree
(1 n—1) and its image is the closure of O,,n-1. In particular, the comorphism
©* maps O(V,,); = V,, into the tensor product O(V1)1@0(V1)-1 X V1@V, 1.
Since this map is non-zero, it identifies V, with the component V,, of V1@V, ;.
Let I; := ¢*(I;) € O(V1)1 @ O(V})n_1 be the pull-back of I;. Then I; belongs
to the Component V,of Vi ®V,_1.

Step (2): We proceed by showing that if /; and I, are linearly independent,
then they belong to the component V,,_5 of V; ® V,,_4, contradicting ZZ eV,
from step (1):

Consider

Vi x Vi —£V, D H; = V(1)

.

Oxynfl

Since the image of ¢ is Oyn—1 we have ¢~ '(H;) = ¢ ' (H; N Oyn—1) which
is the zero set Vlevl(l ). By assumption, Hy N Oyyn-1 is contained in Hy N
Oyn—1, hence Vlevl(h) is contained in Vy, xv; (Iy). Thus every factor of [y
appears as a factor of I.

Choose coordinates to identify O(V7); ®(’)(V1)n 1 with Cley, 5,7, 6]a,n-1)-
We decompose ; into prime factors. Both I, and Iy contain a factor of bidegree

(1,7) and linear factors in 7, ¢:

l~1 = qm2M1
Iy = gqmmiM,

where ¢ is of bidegree (1, 7‘) in Clo, 3,7, 0] for some r > 0, and the forms
m,my lie in Cle, 3,7, 6](0,1)- Note that » = 0 would imply ¢ = 0 in equation
(2) below. Furthermore, M € Cla, 3,7, 0] (0,n—r—3) are such that each factor
of M is a factor of My. We know by step (1) that I, and Iy belong to the
component V,, of V1®V,,_1. We apply the Clebsch-Gordan decomposition (see
Proposition 2.1) to l;: The form I; belongs to the component Clo, 8,7, 0] 0,n)
if and only if the differential operator 2 = aaa 5~ aﬁa of I; vanishes.
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Let q=qu =+ Q25 with g € (C[Oé, 5777 5](0,r) and

L = agm?®M, + Bgym*M,
ly = agmm M+ BgammyM,.

The condition QI; = 0 yields

and Ql, = 0 yields

0
%(qmmle) = %(Qﬂn’ﬂth)
Sl mq Mo 5,2 mq Mo
mMy mMy

my Mo

If we replace g;mmy My by S;" his e get
0 m1M2 0 m1M2 N 0 m1M2 0 m1M2
(8551) 5185 mM; (8752) mM; 526')/ mM;

Since —51 ’ySQ by equation (1), the last equation implies

S 8 m1M2 —S 8 m1M2
185 li N 8')/ li

Consider ’;“nl—]\]\ff It is a rational function in v and § of degree zero. Since

my My and mM; are linearly independent, Tnl—]\]\ff is not a constant and so its
derivates with respect to v and to § do not vanish identically.

Recall the Euler Identity: for any homogeneous f € C(v,d) we have
Vayf +90 6f deg f - f. Applying Euler Identity to m1M2 we get y L mudly 4

0y mM;
5885 %]\]\4/[2 0. Thus

imlMg
ﬁ 0y mMy o
o muMy A

52 06 mMy

In other words, S;v + Sod = 0. If we replace S; by ¢;m?M,, we get
@1y + g20 = 0. (2)
This implies ¢ = v- R, 1 = —¢ - R for some R € Cla, 3,7, 6]0,r—1), hence

q = —R(ad— By).
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Therefore the forms [; contain the factor ad — 057,

L = —(ad — By)Rm*M,
l, = —(ad — [y) Rmmy Mo,

where Rm?*M; and Rmm, M, belong to Cla, 3,7, 6] (0,n—2). Hence [; are mul-
tiples of the generating invariant of Cla, 3,7,d]°2. In other words, if A
denotes the generating invariant of O(Vy x V;)52, we have e - OV x
V1) (0,n—2) Which is isomorphic to V,_s.

Thus there exists no pair H; # Hy of hyperplanes in V,, such that the

intersection H; NOyyn—1 is included in Hy N Oyyn-1. Therefore Oyyn-1 has the
separation property.
The proof of step (B) follows by Lemma 3.5 below. O]

Lemma 3.5. Let [ € Clz,y], be a form which contains a linear factor of
multiplicity one. Then the form xy™ ! is a degeneration of f.

Proof. We have to show that Oyyn-1 C Oy.

Let f € V,, = Clz,y], contain a linear factor [ of multiplicity one, say
f=1-1y---1l, where the factors Iy, . . ., [, possibly appear several times. Then
the form f; ;=115 is contained in the closure O, hence Oy, C Oy. Since
[ and I, are linearly independent there exists g € SLy such that g(zy™!) is
a non-zero multiple of [ - [5~'. Therefore O,,n-1 is contained in Oy, . U




Part 11
Decomposable Tensors and
Cartan Components

1 Introduction and Results

The idea to study SLo-orbits of elements z*y"~* of V,, comes from an early
approach to the separation property for binary forms. In doing so we are led
to the second part of my thesis.

Section 2

We introduce the notations and present the tools used in the remaining
sections.

Section 3

In order to understand SLy—orbits Oykyn-x in V;,, we use a translation into
a different setting: Consider the map ¢y : V4 x Vi — V,, given by (a,b) —
a*b" k. For k < 5 the image of ¢y, is the closure of the orbit Ok n—x.
The comorphism ¢; maps regular functions on V,, of degree one to regular
functions on Vj x V; of bidegree (k,n — k),

0r: O(Vi)1 — O(V1) @ O(V1) k.

As in section 3 of the first part we consider hyperplanes in V,,. A hyper-
plane H in V, is given as the zero set of a linear form [ € O(V,,);. Since O(V1),
is isomorphic to V;, we may likewise study the tensor product V; ® V,,_j. of ir-
reducible SLy-representations. The comorphism ¢} embeds V,, in the tensor
product Vi, ® V,,_p.

We generalise the situation: let G be a reductive group and consider the
tensor product V) ® V), of irreducible representations of G. Note that the
tensor product is not irreducible anymore. The following problems arise.

(i) How many irreducible components of the tensor product meet a given
tensor?

(ii) Describe the set of decomposable tensors in the component Vyy, of
the tensor product.

Recall that a tensor is called decomposable if it can be written as v ® w. The
rank of a tensor is the minimum of decomposable tensors needed to write it
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as their sum.
It turns out that it is rather difficult to find answers to these straightfor-
ward questions. We are able to answer question (i) in a special case:

Remark (A). Decomposable tensors lying in one irreducible component of
the tensor product V\ ® V,, belong to the component Vy,.

In the remaining sections of this thesis we present different methods to
solve problem (ii). We recall the decomposition of a tensor product into its
irreducible components.

In the case of SLo-representations the decomposition of a tensor prod-
uct V,, ® V,,, of irreducible representations is known as the Clebsch-Gordan
decomposition:

min(n,m)

(C[:E,y]n®(:[x,y]m = @ C[x7?/]n+m—2i-

1=0

Note that every irreducible component appearing has multiplicity one in
the tensor product. One can describe how the irreducible components lie in
the tensor product by means of certain differential operators (see section 2 in
the first part). While it is a tedious task to apply these differential operators,
the example of SLo-representations is by far the easiest case.

In the general situation let V), ® V), be a tensor product of irreducible
representations of G. It decomposes into irreducible components as follows:

V)\ ® V,u = @NI/VIH

where N, = N, (A, p) denotes the multiplicity of V,, in the decomposition.
The coefficients N, are called Littlewood-Richardson coefficients. They can
be calculated combinatorially by the Littlewood—Richardson rule. A recent
proof of this rule is given by LITTELMANN in [Li90], §2.2 and §4.

A special component is the representation Vyy,, the so-called Cartan
component. It appears exactly once in the decomposition. It is clear that the
orbit G(vy ® v,) of a highest weight vector consists of decomposable tensors
of the Cartan component Vyy,,.

If the closure of G(v) ® v,) describes the set of decomposable tensors of
the Cartan component, we say that the representation V) ® V,, has a small
Cartan component.

Tensor products of irreducible SLy-representations always have small Car-
tan components (compare with section 7).
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The SL3representation S2C3®C3" is the first example of a tensor product
where the Cartan component is not small. It was found by HANSPETER
KRAFT and NOLAN WALLACH ([KW98]). One way to see that the Cartan
component of S2C? ® C** is not small, is to compare the dimensions of the
corresponding algebraic sets.

We follow an idea by BERT KOSTANT ([K098|) and use the Casimir opera-
tor to prove that decomposable tensors of the Cartan component have the
following property.

Theorem (B). In the K-orbit of every decomposable tensor of the Cartan
component Vi, lies a tensor v ® w (with v and w normed) for which the
following holds:

O luall3ne 1Y llwslifg) = (A ] ).

(Where K C G is maximal compact, [|v||x = (v,v), is the norm induced
by a hermitian form on V). Furthermore, v = ) v, and w = ) w; are the
decompositions of the vectors into weight vectors and the form (- | -) is a
non-degenerate VW—invariant symmetric bilinear form on Xg).

We show that there exist decomposable tensors in S?C? @ C3*, for which
property (ii) of Theorem C holds, but which do not belong to the Cartan
component of this tensor product. Hence a tensor satisfying property (ii)
does not necessarily belong to the Cartan component.

Section 4

By the result of Theorem B we are led to study the weight lattice of GG, the
vector space Xg spanned by the root lattice and the action of the Weyl group
W on it. The idea is to understand what happens on Xz and to translate
these results back to the situation of the tensor product V\ ® V.

In this section we discuss the convex hull Con(\) spanned by the weights
of the irreducible representation V) .

We say that the tensor product VA®V,, has only Weyl-conjugated mazimal
pairs, if for each pair (a,b) € Con(\) x Con(u) with (a | b) = (A | ) there is
an element w of the Weyl group such that wa = A and wb = pu.

A first result is the following.

Theorem (C). If V)\ ® V,, has only W-conjugated mazimal pairs, then its
Cartan component Vy,,, is small.

The example of the SLs-representation C* ® C*" shows that the converse
does not hold: For each tensor v ® w of the Cartan component one can give
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explicitly an element A € SL3 such that A(v®w) is a multiple of the highest
weight vector e; ® ej5. But it is obvious that there exist maximal pairs in
Con(\) x Con(p) not lying in the W-orbit of the pair (g1, &1 4 £2) of highest
weights.

The main result of this section gives a description of those tensor products
whose maximal pairs are all YW-conjugated:

Theorem (D). Let VA®V,, be a tensor product of irreducible representations.
Then the following assertions are equivalent:

(1) VA ® V), has only Weyl-conjugated mazimal pairs.

(ii) The weights A and p are perpendicular to the same simple roots.

In particular, this is the case if both A and p are regular. A conse-
quence of Theorems C and D is that generic tensor products of irreducible
G-representations have small Cartan components. The cases not treated in
Theorem D are the tensor products where the dominant weights are perpen-
dicular to different simple roots. We call such a representation critical.

Section 5

We develop a necessary condition for V) ® V), to have a small Cartan compo-
nent. Denote by L;) C G the reductive subgroup generated by 71" together
with the root subgroups U, of the roots perpendicular to A.

We show that the submodule < Lju(vyx ® v,) > of V) ® V,, consists
of decomposable tensors lying in the Cartan component Vy;,. Using this
property we can prove the following necessary condition:

Theorem (E). If the tensor product V\®V,, has a small Cartan component,
then the Ly —orbit of v, is dense in < Lyxwv, > and the Ly)—orbit of vy
is dense in < Lygyvy >.

It is known that there are only few representations of simple groups which
contain a dense orbit (see PARSHIN, SHAFAREVICH [PS94], p. 260). So
Theorem E severely restricts the choice of critical representations that can
have a small Cartan component.

Section 6

In this section we discuss irreducible representations Vi, 1, of SL3 (where
we denote by w; the ith fundamental weight of SL3). We give a classifi-
cation of the tensor products of SLs-representations for which the Cartan
component is small:
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Theorem (F). The tensor product V\ ® V,, has a small Cartan component
if and only if it is isomorphic to one of the following products:
V;llerwa b2y Vclerdwy Vauﬂ b2y Vcw1 ) Vaourwz ® ‘/cwl ) le & VwQ (thh a, b7 ¢, d > 0)

Section 7

We use the method of associated cones to discuss tensor products of irre-
ducible representations of SLs and to prove the following.

Theorem (G). Tensor products of irreducible representations of SLy have
small Cartan components.

Section 8

We investigate irreducible representations of the special linear group in de-
tail. We apply the criterion from Theorem E, section 5, to critical SL,, ;-
representations and show that their weights need to be nearly regular.

We say that a critical representation V\ ® V), is semi-critical, if there
is an index ¢ such that {; = 0 and m; = 1 (or m; = 0 and [; = 1), i.e.
o is perpendicular to A and the corresponding coefficient of p is one. We
call a critical representation fully critical, if there is a pair ¢ # j such that
li=mj;=0and l; =m; = 1.

Theorem (H). Let V) ® V,, be semi-critical (fully critical) with o; L p,
li =1 (and a; L X\, m; =1, i # j) with a small Cartan component. Then
the following holds: If there is a connected string of simple roots perpendicular
to pu containing o (and a connected string of simple roots perpendicular to
A containing o), then o (and o;) has to be a vertex of this string.

The remaining part consists of a case by case study of semi- and fully
critical representations:

The Cartan component of a semi-critical representation V) ® V,, with
regular weight p is small. We prove that a tensor products V,, ® V,, of
fundamental representations has a small Cartan component if and only if
(,7) equals (1,n) or (i,i+ 1).

It remains an open problem what happens in general with semi- and fully
critical representations.
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2 Preliminaries

We first introduce the notations we will be using in the sequel and recall some
facts that can be found e.g. in HUMPHREYS [Hu94], BOURBAKI [Bou75], or
ONISHCHIK, VINBERG [OV90].

2.1 Notation

Unless specified otherwise, let G’ be a connected semi-simple linear reductive
group over C. Choose a Borel-subgroup B, a maximal torus 7" in B and
K C G a maximal compact subgroup such that T := T N K is a maximal
torus in K. We denote by g := LieG, ¢ := Lie K, h := LieT and t := Lie Tk
the corresponding Lie algebras.

For a € h* define g, := {z € g | [h,z] = a(h)z forall h € h} C g.
Every non-zero o € h* for which the subspace g, is not zero is called a root
of g (relative to ). The set of all roots of g (relative to h) is denoted by
® = ®(g,h). The root space decomposition of the Lie algebra g with respect
to b is the decomposition g = b ® P, -

To any Lie algebra g one can associate a symmetric bilinear form defining
R(X,Y) := Tr(ad X - adY’), the so-called Killing form. It is g—invariant
(k([ZX],Y) + k(X,[ZY]) = 0). Since g is semi-simple, the Killing form is
non-degenerate.

Lemma 2.1. For every root o, g, is orthogonal to by relative to the Killing
form.

Proof. The assertion follows from the fact that for all «, 5 € h* such that
a+ 3 # 0, the root space g, is orthogonal to gz with respect to the Killing
form (cf. HUMPHREYS [Hu94|, Proposition 8.1). O

Lemma 2.2. Let g be a semi-simple Lie algebra. Since the Killing form is
non-degenerate, the map v : X — r(X,-) induces an isomorphism g — g*.

Observe that ¢ maps the root subspace g_, to g’. The isomorphism ¢
induces a bilinear form on g* which is also symmetric, non-degenerate and
g-invariant. We will denote it by (- | -). For I,m € g* let X; := +7(I)
and X, := (1 }(m), i.e. | = k(X,-) and m = k(X,,,). Then we define
(I |m):=r(X;, Xon).

Recall that ® spans h*. Denote by A = {a, ..., q;} a basis of h* consist-
ing of roots. The elements of A are called simple roots of g. For G = SL,, 11
we use the Bourbaki numbering of the simple roots (see BOURBAKI [Bou68§],
planche I).
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Let hg be the Q-span of A and let X := by := hg®gR be the real vector
space spanned by the simple roots. The form (- | -) is positive definite on Xg,
i.e. Xg is an Euclidean space. For a € ® denote by o, the reflection on the
hyperplane €, := {8 € Xg | (8| a) =0}. Let (3| a) := % for a, 3 € ®.
Then the action of o, on 8 € Xg can be written as 0,(8) = 6 — (8 | a)a.
One can show that ® is a reduced root system in Xg (BOURBAKI [Bou75],
VIII, §2. 2, Théoreme 2).

The reflections o, o € A\, generate a finite subgroup W of GL(XR), the
so-called Weyl group of ®. Note that reflections are orthogonal transforma-

tions, i.e. they preserve the inner product:
Lemma 2.3. The inner product (- | -) is W—invariant.

Recall the group-theoretic description of the Weyl group: If Ng(7') de-
notes the normaliser of T in G, Ng(T) = {g € G | ghg™* = hforall h €
T}, then there is an isomorphism Ng(T)/T = W (see GOODMAN, WAL-
LACH [GW98], 2.5.1).

Let p : g — gl(V) = End(V) be a representation of g and A € h*. We
always assume that V' is finite-dimensional. If the subspace V(A) := {v €
V| h.v = A(h)v for all h € h} is not zero, A is said to be a weight of V'
(relative to ), V(A) is a weight subspace of V' and its non-zero vectors are
the weight vectors corresponding to A\. The vector space V' decomposes as
V = D,y V(A) (weight space decomposition). The dimension of V()) is
called the multiplicity of X in V.

Now let R : G — GL(V) be a linear representation of G on V' and x an
element of the character group X (T') of T'. If the subspace V(x) := {v €
V| R(h)v = x(h)v for all h € T} is not zero, x is said to be a weight of
the representation (with respect to T'). If p is the differential of the linear
representation R then their sets of weights coincide. It is convenient to speak
of representations of GG or of representations of g depending on the context.

We denote the set of weights of V' by II(V). If V is irreducible with
highest weight A\ we write V' = V) and its set of weights will be denoted by
II(N\). A highest weight vector of V) is a non-zero element of Vy(\). It will
be denoted by v).

Lemma 2.4. Let V be a finite dimensional representation of g. If X\ is a
weight of V' and w an element of the Weyl group W, then w\ has the same
multiplicity in V' as X. The set II(V') is W—stable.

Proof. See BOURBAKI [Bou75], VIII, §7.1 Corollaire 2. O

If X is a weight of some finite dimensional g—module, then (A | ) is an
integer for each o € A. If, furthermore, (A | ) is non-negative for each
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a € A we say that A is dominant (relative to A). The set of dominant
weights is denoted by X, X* :={A € p* | (A | @) € Nforall « € A}
The hyperplanes €2, a € A, partition Xp into finitely many regions. The
connected components of Xg \ Unen§2, are called the open Weyl chambers
and their closures the closed Weyl chambers. An element v of Xg\Uyen €, is
called regular and belongs to exactly one Weyl chamber. The Weyl chamber
that consists of the elements v € Xg such that (v | «) is strictly positive for
every simple root «, is denoted by C(A). It is called the (open) dominant
Weyl chamber (relative to A). We will denote the closure of the dominant
Weyl chamber by Xi. Note that it is equal to X ®7 R.

Let A = {ay,---, o} be the set of simple roots of g. The fundamental
weights {wy, -+ ,w;} of g (relative to A) are defined by (w; | o) = &;;. In
terms of fundamental weights, the set of dominant weights is described by

Lemma 2.5. Let g be a semi-simple Lie algebra. Let I, m € g*, {X;} be a
basis of g and {Y;} its dual relative to the Killing form, i.e. k(X;,Y;) = 6;;
Then one can show that the following holds:

(1| m) = Zz

In Lemma 2.6, Lemma 2.7, Lemma 2.8 and Lemma 2.9 we list the prop-
erties of g, its dual g* and of their sub-algebras that will be used in the
sequel:

Lemma 2.6. The restriction of the Killing form to b is non-degenerate.

Lemma 2.7. The Lie algebrast C g of K andt C b of T'x are real subspaces.
Let ¢ .= {\ e g" | \Mt) CR} and t* := {\ € g* | A(t) C R}. Then t* is a
real subspace of g*. The map X\ — | gives a canonical isomorphism of €*
with the R—dual of €. Furthermore, g* decomposes as g* = €* @ i€*. Similar
assertions hold for t* C g*, hence h* = t* G it*.

Lemma 2.8. For every root « in ®, the subspace g, is orthogonal to h* (with
respect to the Killing form).

Proof. Recall that the isomorphism ¢ : g — g* given by X — x(X,+) maps
g_o to gi. Let p: g* — b* be the projection induced by the restriction
llp: h — C of elements [ € g* to b.

Since klpxp is non-degenerate it follows that p induces an isomorphism
t(h) = b*. This allows us to identify h* with the subspace ¢(h) C g*. Then,
for X; ;= 7(I) € h and X,, := 171 (m) € g_, we have (I | m) = x(X;, X,n)
which is zero by Lemma 2.1. O
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Lemma 2.9. For arbitrary a € Xgr, a(X) is purely imaginary for every
X e t. In other words:
a € it" and hence Xr C it*.

Proof. Every root in X takes purely imaginary values on t (see FULTON,
HARrRris [FH96|, Proposition 26.4) and thus the claim follows since every
element of Xy is a real combination of roots. O

2.2 The Casimir Operator

Let {X;} be a base of g and {Y;} its dual relative to the Killing form
(i.e. w(X;,Y;) = 6;;). The universal Casimir element of g is defined as
Cy := > X;Y;. It is an element of the universal envelopping algebra U(g).
Cy acts as a linear operator on every g-module V, Cy(v) = > X;(Yi(v)).
We recall some properties of the Casimir operator (to be found e.g. in
HuMPHREYS [Hu94], §22.1 and GOODMAN, WALLACH [GW98], 7.3.1):
The Casimir operator is independent of the choice of the basis of g. Fur-
thermore, Cj commutes with the action of g. Hence Cj acts as scalar mul-
tiplication on irreducible representations. Denote by p half the sum of the
positive roots of g. Then the scalar by which the Casimir operator is acting
on irreducible representations is the following (see BOURBAKI [Bou75], VIII,
§6.4 Corollaire).

Proposition 2.10. The Casimir element Cy acts on the irreducible repre-
sentation V,, of highest weight (v as multiplication by (| 1) +2(p | p).

2.3 A Moment Map

Let V be a finite dimensional G-module. On V' we can choose a K-invariant
hermitian scalar product (.,.) (cf. VINBERG [Vi89], 1.2 Theorem 2), which
is C-linear in the second argument. For v € V' let ||v| := y/(v,v). 'V =V,

we write (.,.), for the corresponding scalar product and ||v||) := /(v,v)A

Lemma 2.11. Let V' be finite dimensional, {-,-) a K—invariant hermitian
scalar product on V. Then the following holds:

(i) For arbitrary X € ¢, v e V, (v, Xv) is purely imaginary.

(i1) Let V,, and V3 be weight spaces with o # (3. Then: V, L Vj.

Proof. Part (i): The K-invariance of the scalar product yields (v, Xv) +
(Xv,v) =0 for all X € ¢, v € V. Hence (v, Xv) equals —(v, Xv).
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Part (ii): Take v € V,, w € V3 and X € t arbitrary. Then a(X) = —a(X).
(by Lemma 2.9). We use the K—invariance of the scalar product:
0 = (Xv,w)+ (v, Xw)
(@(X)v, w) + (v, B(X)w)
= (a(X) + B(X)){v,w)
= (=a(X) 4+ B(X)) (v, w)
Since v # 3 there exists X € t such that a(X) # B(X). Thus (v, w) needs

to be zero. 0

Using the K-invariant scalar product we can define the moment map M
from V to g*:
M:V —gy M) (X):=(v,Xv).

Lemma 2.12. Forv € V' the moment map M (v) of v is an element of i€*.

Proof. We have seen in Lemma 2.11 (i) that M (v)(X) is purely imaginary

for every X € ¢. Hence M (v)(€) C iR. O
Remark. The moment map is usually defined as
~ 1
M(@)(X) := — (v, Xv) for X € ¢,
2mi

see e.g. BRION [Br87] 2.2.

Moment maps have several interesting properties which we will not use here.
Essentially, we only use the definition.

Lemma 2.13. (i) The moment map is K —-equivariant.
(ii) For every v € V there exists g € K such that M(gv) € it* C bh*.
(iii) For any weight vector v € V and X € g arbitrary, we have

(v, Xv) = (v, p(X)v)
where p : g — b is the projection onto b.

Proof. (i). The assertion follows from the K—invariance of the scalar product:
M(gu)(X) = M(o)(Ad g~ (X)) = (g M(s))(X), i.e. M(go) = g M(v) for
all g € K.

(ii). Every element of ¢ is semisimple so each of them is conjugated to
some element of t (compact groups cannot contain any unipotent elements).
Similarly, every element of i€* is conjugated to some element of it*.

(iii). Write X = Xy + Xy with Xy € b, Xgo € Dacofa- Then Xov =
p(X)v + Xyrv where the first term is of the same weight as v. The second
term consists of components of weights different from wtwv. By Lemma 2.11
(ii), they are all perpendicular to v, so (v, Xy1v) = 0. O
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Lemma 2.14. Let v = Y v; be the decomposition of v € V into weight
vectors, wtv; = \; € II(V'). Then:

M)y =Y llvil*X
where both sides are considered as elements of 1t*.

Proof. By the definition of the moment map,

M@)(X) = O v, XY v)
= O u Yy NXy)
= ZAJ(XMZU@"W

By Lemma 2.11 (ii), weight spaces are perpendicular, so
SN vy = Y M) (v, v5)
- - ;
= > llolPr(x)
J

J
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3 Decomposable Tensors in the Cartan Com-
ponent

3.1 Motivation and First Examples

In section 3 of the first part of this thesis we were studying orbits in the space
V., = Clz, y], of binary forms of given degree. In order to understand if the
closure of the orbit O,,»-1 has the separation property we used the morphism
0: Vi x Vi =V, given by (a,b) — ab™! (see proof of Theorem 3.4).

In an early approach to the separation property we were studying orbits
of elements 2%y"*in V,,. Let k < 5. Similarly as in section 3 (part I), define
the map ¢i: Vi x Vi — V,, by (a,b) — a"b" %, For k < 2 its image is the
closure of the orbit O x,n-r. The comorphism ¢;: O(V,) — O(V; x Vi) maps
regular functions of degree one to regular functions of bidegree (k,n — k),

We use the correspondence O(Vy); = V,. As we have seen in the proof of
Theorem 3.4 in part I, ¢* embeds V,, in the tensor product Vi ® V,,_; of
irreducible SLo-representations. This explains why we are interested in the
component V,, of V, @ V,, , 2V, @V, 2@ - ® V,_ox (with 2k < n).

This example is a special case of a more general situation: Consider a
tensor product of two irreducible representations of a reductive group G
and its irreducible components. In general, such a tensor product is not
irreducible. It can be decomposed into irreducible components,

VeV, =@ NV,

veht

where the multiplicities N, = N, (A, ) are the Littlewood-Richardson coef-
ficients. They can be calculated combinatorially, see for instance the prove
of the Littlewood-Richardson rule given in the paper [Li90],§2.2 and §4, of
PETER LITTELMANN. However, it is a fundamental question how these com-
ponents are embedded in the tensor product V\ ® V..

We recall the notion of decomposable tensors:

Definition 3.1. Let U and V be vector spaces over C. If an element of
U ®V is of the form u ® v we say that it is a decomposable tensor. The
rank of a tensor ZZ ;iU @ U; in U®YV is defined as the minimal number of
decomposable tensors needed to write it as their sum. If V), ® V), is a tensor
product of irreducible G-modules we denote the set of decomposable tensors

of Vy ® V, by Dec(A, p).
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In this context the following two problems are arising:

(i) How many irreducible components of the tensor product meet a given
tensor?

(ii) Describe the set of decomposable tensors in the component Vyy, of
the tensor product. It turns out that it is rather difficult to find answers to
these straightforward questions.

We recall a result about the weights of the tensor product Vy®V,,. It can
be found in [Kr85], III.1.5.

Proposition 3.2. Let G be a connected linear reductive group. Let U and
V' be G-modules.

(i) The weights of U @ V' are of the form vy + vy, with v; € II(U) and
vy € II(V).

(i) If U = V) and V =V, are irreducible then X\ + p is a highest weight
of VA ® V,, and its multiplicity in the tensor product is one.

An interesting component of the decomposition is the irreducible repre-
sentation Vy,. It is the component with the maximal possible weight. By
Proposition 3.2 (ii) it appears exactly once. The component V4, is called
the Cartan component of the tensor product V) ® V.

We can give an answer to a special aspect of problem (i), concerning the
set of decomposable tensors. It is an interesting and rather surprising fact
that if a decomposable tensor lies in one of the irreducible components this
component must be the Cartan component V.

Theorem 3.3. Let v @ w € V\ ®@ V), be a decomposable tensor. Then there
are two possibilities:

(1) The tensor v @ w is an element of the Cartan component Vi,

(i1) The tensor v @ w belongs to more than one irreducible component of
the tensor product.

In other words, there is no irreducible component besides the Cartan
component that contains decomposable tensors.

Proof. Suppose that v ® w is a non-zero tensor lying in one of the irreducible
components of V\ ® V,,, say in V,. Let u € V, be a highest weight vector,
hence V,, = (Gu).

Step (1): We show that the highest weight vector of V,, is decomposable:
Note that the closure Gu is contained in the closure of every non-zero orbit
in V,,. Since the cone C*(v®w) is not zero, the closure of its G-orbit contains
Gu. In particular, the highest weight vector u lies in GC*(v ® w). Therefore
u is also decomposable, say u = vy ® wy.
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Step (2): Show that V, is the Cartan component of the tensor product:
Suppose that v Z A+ u. Note that v = wtwvg + wt wy and that vy and wy
are weight vectors of V) respectively of V,. W.lo.g. let wtvy 2 A. Recall
that if « is a positive root, then highest weight vectors are killed by the root
space g,, see BOURBAKI [Bou75|, VIII, §6.1 Lemme 1. Since the weight of
vp is smaller than A the vector vy is not a highest weight vector of V). In
particular, there exists a positive root a such that g, does not send vy to
zero. Hence for every X, € go, Xo(vo ® wy) = Xo(v0) @ wo + v9 @ Xo(wp) is
not zero.

On the other hand the tensor vy ® wy is a highest weight vector of V.
Therefore it is killed by every X,. Hence v must be the weight A + O

In the remaining part of this work we present different methods to solve
problem (ii). Note that the orbit G(v)®wv,) consists of decomposable tensors
in the Cartan component Vy,,. However, it is not easy to see whether there
are any other decomposable tensors in V).

Recall that that a subset X of a vector space is said to be a cone if for
every z € X, the line C*x is a subset of X. The following result can be found
in KRAFT [Kr85], I11.3.5.

Theorem 3.4. Let G be a reductive group and M a simple non-trivial G-
module, m € M a highest weight vector. Then, the closure Gm is a cone and

Gm = Gm U {0}.

Hence the closure of G(v) ® v,,) is exactly G(vy ® v,) U {0}.
We modify problem (ii) and ask the following:

Question 3.5. For which dominant weights A and u, the set of decomposable
tensors in the Cartan component of Vy @V, equals the closure of G(vy®wv,)?

Definition 3.6. We say that a tensor product V) ® V), of irreducible rep-
resentations has a small Cartan component if the the set Dec(A, ) N Vi,
of decomposable tensors in the Cartan component equals the closure of the
orbit G(vy ® v,).

Example 3.7. In general, if one of the highest weights is zero, the Cartan
component of the corresponding tensor product is not small

Proof. For A = 0 the representation V) is the trivial representation, hence
VeV, =C®YV, =V, which is irreducible. Its Cartan component is V,
itself and all tensors in C ® V), are decomposable.

Therefore the Cartan component of C ® V), is small if and only if the
closure of Gv, is all of V,,. Note that there are only a few representations
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of the classical groups where the orbit of a highest weight vector is dense
(cf. table 5.2). Hence, in general, the Cartan component of C ® V,, is not
small. [

We start by looking at representations of SLsy on the binary forms V,, :=
Clz, y],, of degree n. We use the so-called Clebsch-Gordan decomposition (see
section 2 in the first part of this thesis) to decompose the tensor product:

min(n,m

)
Vn X Vm - @ Vn+m—2i~
=0

Example 3.8. REPRESENTATIONS OF Sl
Every tensor product of irreducible representations of SLj has a small Cartan
component.

Proof. The assertion follows immediately from the result of Theorem 4.18
below. There is also a different approach which uses the method of associated
cones as we will see in section 7. O

The first non-trivial example where the Cartan component of a tensor
product of irreducible representations is not small is the SLs-module S?C3 ®
(C®)* (cf. KRAFT, WALLACH [KW98]). The tensor € + €3 ® e, e.g., is
an element of the Cartan component (SLz(e? ® €})), but it does not belong
to the closure of the orbit SL3(e? ® €3). Another way to show that the
Cartan component cannot be small, is to compare the dimensions of the
sets (see Proposition 3.9 and Example 3.10). Furthermore, we will give a
necessary criterion for small Cartan components in Corollary 5.9 (“dense

orbits criterion”). For a picture of the weights of the representations S?C?
and (C3)*, see Example 4.15.

Proposition 3.9. Let V\®V,, be a tensor product for with dim Vy+dim V,, —
1—dim V) dim V,+dim V), ,, > dim G—dim B+1. Then its Cartan component
1s not small.

In particular, if G = SL3 and dim V) +dimV, — 1 — dim V) dimV, +
dim V), is at least five then the Cartan component of the tensor product is
not small since dim SLy — dim B = 3.

Proof. We show that in this case the intersection of the decomposable tensors
Dec(A, ) of V) ® V,, with the Cartan component V), cannot be contained
in the closure of the G-orbit of vy ® v,. Let [ := dim V) and m := dim V.
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Step (1). Note that the set of decomposable tensors of V) ® V,, is an
algebraic subset of dimension [ + m — 1. Since the Cartan component has
codimension [ - m — dim V), in the tensor product we get

dim(Dec(X, u) N Vagy) > (I+m—1) — (I-m —dim Vy4,,).

Step (2). The stabiliser Stabg(vy ® v,) contains the unipotent part U
of B and the torus 7" := Ker(A 4+ p) lying in 7. Since 7" has codimension
one in T" we have dim Stab,,,, > dim B — 1. Therefore dim G(vy ® v,) <
dim G — dim B + 1.

Combining steps (1) and (2) yields the assertion. O

Recall that for G = SL3 the fundamental weights are w; = ¢; and wy =
€1 + €2 (see section 8 for more details).

Example 3.10. The Cartan component of the tensor product
Vi @ Vi,
of SL3-representations is not small whenever b > 2.

In particular, the Cartan component of S?(C?) @ (C3)* is not small.

Proof. Use the dimension formula for irreducible representations (cf. BOUR-

BAKI [Bou75|, VIII, §9.2 Théoreme 2) to see that the representation Vi, 1 pw,

(a+D)(+D(@+b+2)  Hance
5 )

has dimension

dim V,, + dim Vj,, + dim V,,, 44w,
—dim V,, -dimVs,, = 34+ 0b+1)(b+3)—(b+1)(b+2)
= b+4
> D for every b > 2

O

We will see in section 4, Example 4.15 that as soon as b > 2 there are
too many weights of V,, on the a;—string through the highest weight bw,
namely there are at least three (i.e. b+ 1) weights of Vj,,.
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3.2 Measuring Decomposable Tensors of Cartan Com-
ponents

Following an idea communicated by BERT KOSTANT [K098|, we will use the
Casimir operator to measure decomposable tensors of the Cartan component:
Let v # 0 € V), II(A) = {\; }ier. To v we associate a point Py(v) € Xg by

112
Py:v— Z HUZ”)‘X
i€l

lollx ™

where v = )., v; is the decomposition of v into weight vectors, wtv; = \;
and [|v||x = v/(v,v), as in section 2.3.

Recall the symmetric bilinear form (- | -) on Xg that was introduced in
Subsection 2.1. We will see that in the K-orbit of every non-zero decom-
posable tensor of the Cartan component Vyy, lies a tensor v ® w such that
(PA(v) | Pu(w)) = (A, ).

Let v ® w be a decomposable tensor lying in the Cartan component Vi,
of V\ ® V,,. Recall the Casimir operator Cy = >  X;Y; where {X;} is a
basis of g and {Y;} is a dual basis with respect to the Killing form. By
Proposition 2.10 the Casimir operator acts on v ® w as multiplication by the
scalar |\ + 1+ plf? — [|pl]? (where [[v]| i= /(v ] 1)), s0

Colv @w) = (IAII* + [lll® + 20X | 1) +2(A | p) +2(u | p))v @ w.
If v®w is a general tensor of Vy\ ® V,,, Cy acts in the following way:

Cilvew) = Y. X;.Yrve@w+v®Yw)
= Y (XYvew+ Yo Xw+ Xve Yw+ve X, Yw)
= Cau@w+veCuw+ ) .(YiveXw+ Xve Yw).

The operators Cy ® 1 resp. 1 ® Cy have eigenvalues [|A||* + 2()\ | p) resp.
|l +2(pe | p) on Vi ® V,,. Thus we obtain the following:

Remark 3.11. Let v ® w be a decomposable tensor lying in the Cartan
component Vi, of Vy ® V. Then the following holds:

2(/\|u)v®w:ZY,~v®Xiw+ZXiv®Yiw. (3)

Denote by {\;} the set II(\) of weights of V) and let II(x) = {u;}, take
v € Vy and w € V, arbitrary. We write v = > v; (resp. w = ) w,) for
the decomposition of v (resp. of w) into weight vectors, wtv; = \;, resp.
wtw; = ;.
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Theorem 3.12. Let v ®@ w # 0 be a tensor of the Cartan component Vy,,,.
Then there exists gy € K such that for v := gyv and W := gow the following
holds:

(PA(©) | Pu(@)) = (A p).

Proof. We proceed in several steps:
(1) Show that (A | u) = (M(”) | M(w)).

[olX " 1wl

(2) There exists some gy € K with M(gov) € b*.
(3) If M(v) € b* then

(M(v) | M(w)) = (Y lloill 3 | Y lwslliny).

Part (1): Denote by (-,-) the induced scalar product on Vy ® V,, (if v and ¢’
are vectors in Vy, w and w’" € V,, then (v ®@ w,v' @ w') := (v, V) - (w,w’),).
In equation (3), we take the scalar product with —%%_ from the left and

l[ollX [lwll?
we get:
2(A | )

VR W

_ <W’ D Yiv @ Xpw + Xpv ® Yiw)
A 13 k
VR W VW
= (3 Yav @ Xpw) + (———, X3v ® Yyw)
2Tl 2ol
1

= O Yioha(w, Xpw), + > (v, Xpw)a(w, kamW

k k A "

1

= O M@)(M)M(w)(Xy) + ) M(U)(Xk)M(w)(Yk))W

k k A p

= 2(]\4”(;)’2"‘%’(;0)) (Lemma 2.5).

Part (2): By Lemma 2.12 we know that M (v) is an element of i¢*. So by
Lemma 2.13 (ii) there exists some gy € K with M(gov) € it".

Note that (M(goe) | M{gow)) = (M(v) | goM(w) = (M(v) | M(w))
(follows from the K—equivariance of M, c.f. Lemma 2.13 (i)).

Part (3): Assume that M (v) € h*. By Lemma 2.8 each root subspace g, is
orthogonal to h* with respect to (- | -). Recall the projection from g* to h*
induced by the restriction [|5: h — C of elements [ € g* to h. If [ is an element
of h*, the orthogonality of h* to each g yields (I | M(w)) = (I | M|y(w)).
Since M (v) is an element of it* C h* it follows that

(M(v) | M(w)) = (M(v) | Mg(w)).
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We now use Lemma 2.14 to complete the proof: Let v = )" v; and w = > w;
be the decomposition of v resp. of w into weight vectors (v; = A; and
wtw; = ;).

(M) | Mlg(w)) = Q_ loall*Xi | Mly(w))
O sl 1Y llwslms).
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4 Convex Hulls of Weights and Small Cartan
Components

After the first examples of tensor product appeared for which the Cartan
component is not small it was thought that only very special tensor prod-
ucts could have a small Cartan component, possibly just the cases where the
highest weights are nonzero multiples of each other (cf. Example 4.14).
However, we will show in this section that generic tensor product of irre-
ducible representations have small Cartan components.

4.1 Convex Hulls of Weights

For a dominant weight A let TI(A) = {\;}ic; be the set of weights of the
irreducible representation V).

Definition 4.1. Denote by Con(\) == {>_,.;a:\i | a; > 0,> a; =1} C X
the convex hull of the weights of V). We will call Con(\) the convezr hull of
A.

Note that II(\) is W-stable. It consists of all dominant weights < A and
of their Weyl-orbits, cf. §13.4 and §21.3 in HUMPHREYS [Hu94]. Thus we
have the following;:

Lemma 4.2. The convex hull of X forms a polyeder which is equal to the
convex hull of the Weyl group orbit WX of \: Let WA = {\;}ier,- Then

Con(A) = {Zz‘elo aiX; | a; >0, a; =1}.

To any non-zero vector v =) ., v; € V) where v = ), is the decom-
position of v into weight vectors we have associated a point in the convex
hull of A by the following map (cf. section 3.2):

Definition 4.3. Define P, : V), \ {0} — Con(\) by

12
o Yy
2ol

We call Py(v) € Con(\) the point associated to the vector v of V.
Note that the map P, is not injective: If for instance, v is any non-zero

vector of V), then it is clear that Py(av) = Py\(v) for every a € C*. In other
words, Py *(Py(v)) D C*v for every non-zero v.
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Lemma 4.4. Let a € Con(\) be a point in the convex hull of X\. Let /\ =
{a;}1er be the simple roots. Then there exist nonnegative coefficients r; such

that
a=A\— Z'r’lal.

Proof. Let a =, ; a;\; € Con(A) with a; > 0 for every i € T and ) ., a; =
1. Recall that \; = XA — ZleL ki o, with oy, € A and k;, € N. Thus

a = Zai()\_zkilail)

el leL

= - Z aik:ilozil

il leL
and hence the assertion follows (all coefficients are non-negative). O

Recall the g-invariant scalar product (- | -) on Xy introduced in Subsec-
tion 2.1.

Lemma 4.5. Max{(a | b) | a € Con(\),b € Con(u)} = (A | p).

Proof. Take a € Con(A) and b € Con(u) with (a | b) maximal. Recall that
(a | b) is W-invariant (cf. Lemma 2.3), i.e. (a | b) = (wa | wd) for every
w € W. So w.lo.g., we can assume that a € C(A). We use a generalization
of an argument of JOSEPH in [Jo95], A.1.17.

Write a = A — Y oy and b = o — Y s with coefficients 75, s; € R
(cf. Lemma 4.4) and a; € A. Then the assertion follows easily:

(a]b)

IA
~—~~ N —~

S

=
~— — ~— ~~—~

VAN

where the last inequality is due to (a | u) > 0 for each o € A. O

Corollary 4.6. Let vo®@wg be an element of the Cartan component of VAx®V,,.
Then there exists go € K such that for the tensor v ® w := go(vg ® wy) the
value (Py(v) | P,(w)) is mazimal, i.e. (Py(v) | P,(w)) = max{(P\(v) |
P,(w)) | t@we Vy®V,}.

Proof. Follows from Theorem 3.12 and Lemma 4.5. U
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Generalising the statements above to points in Xg we define the convex
hull of P as the convex hull of the Weyl orbit of P, Con(P) := {> ., a:F; |
a; > 0,> a; = 1} where the Weyl orbit of P is the set WP = { P, }cy,.

Remark 4.7. It is easy to see that the statements of Lemma 4.4 and of
Lemma 4.5 still hold if we take points P and () in the closed dominant Weyl
chamber X3 instead of the dominant weights A and u.

Lemma 4.8. Let P, Q € Xy be elements of the same Weyl chamber. Then
(P|Q) > (P|wQ) for allw e W.

If P is a reqular point, we have:

(P|Q)>(P|wQ) for all w such that w@ # Q.

Proof. The first part follows from Lemma 4.5 applied to P and () instead of
A and p (see Remark 4.7).

For the second part we assume w.l.o.g. that P and @) are elements of X .
Since P lies in the (open) dominant Weyl chamber, (P | «) is strictly positive
for every simple root a. Let w € W such that w@ # Q. By Lemma 4.4 (and
Remark 4.7), we can write w@ = Q — ). s;c; with non-negative coefficients
s; which do not vanish simultaneously. Then, (P | w@) = (P | Q)—>_ s;(P |
@) < (P Q). O

The following result will be useful.

Lemma 4.9. Let \g be a dominant weight, II(Ng) = {N\i}icr. Let a =
Y aiN; = wXg be a vertex of Con(Xg). Then, all but one coefficient of a
are zero, i.e. there exists ig such that a;; =1 and a; = 0 for every i # iy.

Proof. Assume w.lo.g. that ) ., a;\; = A is the highest weight. We con-
sider the scalar product of a with A,

(Mo [ Xo) =D ai(Ai | Ao) = ao(Xo [ Xo) + D ai(Ai | Xo).

iel i#£0

Part (A): We show that the scalar product (A; | Ag) of A\g with any weight
i # Ao is strictly smaller than |[Ag]| := (Ao | Ao)-
Let ¢ # 0, let ¢ be the angle between Ay and \;. Note that

(Ai [ o) = cos el All[| Aol
A1 Aol

<
< [[AolllIXol]-



4.2 Maximal Pairs and Small Cartan Components 31

Case (i). If \; is not a vertex, i.e. not an element of WA, then ||\;|| is strictly
smaller than [|Ag||.

Case (ii). If A; belongs to W, then the angle ¢ is non-zero (in fact, it is not
acute). Hence cos¢p < 1.

In both cases, the value (\; | Ag) is smaller than (g | Ag).

Part (B): We show that the only non-zero coefficient of a is ay.

Suppose that there exists j # 0 such that a; # 0. Then,

(Mol Xa) = ao(ho | Ao) + D ai(Ai| Ao)

i#0
< ap(Mo | Ao) + Zaz‘()\o | Ao) Dby part (A)
i#0
= > aildoll® = 1l
1€l
which is a contradiction. Hence ag = 1. ]

We use Lemma 4.9 above to understand the map Py : V) \ {0} better.
By Lemma 4.9 no vertex can be written as a linear combination of different
weights. Hence the inverse image of each vertex can be described as follows.

Corollary 4.10. Let v be a vertex of II(X). Then Py '(v) = Vi(v) \ {0}.

4.2 Maximal Pairs and Small Cartan Components

Recall that in the K—orbit of every non-zero decomposable tensor of the Car-
tan component of V) ® V, lies a tensor v ® w for which the value (Py(v) |
P,(w)) is the maximal value obtained among decomposable tensors (cf. The-
orem 3.12 and Corollary 4.6). This observation explains why we often use the
following composition of maps as a dictionary between the tensor products

and the product of their convex hulls of weights.
Pyx P, (1)

Dec(h, )\ {0} 5 Con(3) x Con() <2 [0, (A | )]

vow e (RO, BW) = (B@)]|Bw)

In particular, we study the inverse image of the value (A | ). Note that
the composition of the maps is not injective. The inverse image of (A | u)
contains at least C*(v) ® v,,).

On one hand we use this composition of maps to show that a given tensor
product of irreducible representations has a small Cartan component: Sup-
pose that we can show that all tensors v ® w mapping to (A | ) behave well,
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i.e. that they belong to the G-orbit of the highest weight vector vy ® v,.
Then the Cartan component of the tensor product V) ® V,, is small.

On the other hand we use the maps to prove that the Cartan component
of a given tensor product is not small: The idea is to find tensor v ® w among
the tensors mapping to (A | p) such that v ® w lies in the Cartan component
V4 but not in the G-orbit of vy ® v,. Then the Cartan component is not
small. This explains why pairs (a,b) in the product of the convex hulls for
which the value (a | b) is maximal are of particular interest.

Definition 4.11. (i) We say that a pair (a, b) in Con(A) x Con(u) is mazimal
if (| ) = (| p)

(ii) We say that V) ® V), has only W—conjugated mazimal pairs if for each
maximal pair (a,b) in Con(A) x Con(u) there is an element w € W such that
wa =\ and wb = p

Theorem 4.12. If V\, ® V), has only W-conjugated maximal pairs then its
Cartan component is small.

Proof. Let II(A) = {\; }ier and II() = {p;};es be the set of weights of V)
resp. of V,.

Recall the map P, : V), — Con()\) defined by Py (v) := > lvil ), where

i€l ||v||?
v = Zie ; V; 1s the decomposition of v into weight vectors. L!t Vo ® Wy
be a tensor of the Cartan component Vyy,. Then by Theorem 3.12 and
Corollary 4.6 there is a tensor v ® w in the K-orbit of vy ® wy such that
(P\(v), P,(w)) is a maximal pair, i.e.

(B0 | Buw) = (2 (s |Z’|‘| ) = 0 )

By assumption, there exists wy in W such that wyPy(v) = A and wo P, (w) = p.
In particular, Py(v) and P,(w) are vertices of the corresponding convex hulls.

i lIX
TR
other words, Py (v) = \;, and P,(w) = p;, for some indices iy, jo and v = v;,

w = wj, are weight vectors.
Recall that W is isomorphic to Ng(7')/T. Let go € Ng(T) C G be a
representative for wy. Then go(v ® w) is a non-zero multiple of vy ® v,. O

and ”” J|:|2“ vanish. In

Then by Lemma 4.9, all but one of the coefficients

Remark 4.13. The converse does not hold. We will see in Example 4.16
that there exist tensor products whose Cartan component is small and for
which there exist maximal pairs in Con(A) ® Con(u) which do not belong to

WA, ).
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Example 4.14. If the highest weights A, p are non-zero multiples of each
other, then the tensor product V) ® V, has a small Cartan component.

Proof. Let u = r for some r € Q*. Let ||a| := (a | a).

For any pair (a,b) € Con(A) x Con(r\) let ¢ be the angle between a and b.
Note that the value (a | b) = cos ¢l|al|||b|| is smaller than or equal to ||al|||b]|.
Equality holds if and only if cos p = 1, i.e. if and only if ¢ = 0. Furthermore,
since ||al| < ||A|| and |[b]| < ||\, we have ||a||||b]] < r||A]|?, where equality
holds if and only if ||a|| = ||A]| and [|b]| = r||A]|, i-e. if @ is a vertex of Con(\)
and if b is a vertex of Con(r\).

Hence if (a,b) is a maximal pair, the angle ¢ is zero and a and b are
vertices of the corresponding convex hulls. Hence there exists wy € W such
that wga = A. Since b is a positive multiple of a, the vertex wgb is a positive
multiple of wpa = A, and so wyb = rA. Thus the assertion follows with
Theorem 4.12. O

The Cartan component of the SLz—representation S*(C?) @ (C*)* is not
small. In Example 3.10 we showed this by comparing the dimensions of the
corresponding algebraic sets. We will now study the geometry of the weights
involved. Note that the highest weight of the second symmetric power S?(C?)
is 2wy and that the representation (C?)* has highest weight wy (see section 8
for a description of the fundamental weights for the general linear group).

Example 4.15. The SLz-representation S?(C?) @ (C*)* has maximal pairs
which are not Weyl-conjugates of the pair (2w, ws).

Proof. The weights of S%(C?) = Va,, are {2w, wy, 2wy — 2wy, —wy, —2ws, Wy —
wy} and the representation (C3)* = V,, has the weights {ws, —w1,w; — wa}
(see figure 1 below). Note that the a;—string through the highest weight 2w,

a2

VAVA A

AVAN

Figure 1: Weights of S?C? and of (C?)*
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of S?(C?) is perpendicular to the highest weight wy of (C*)*. Since every
a:= q2w; + (1 — ¢)2(w2 — wy) in Con(2w;) with 0 < ¢ < 1 lies on the line
following the «aj—string through 2w, its scalar product (a | we) with wy is
maximal, i.e. (¢ | wa) = (2wy | we). But whenever ¢ ¢ {0,1} there is
no element w € W such that wa = 2w,. In particular, there are maximal
pairs in Con(2w;) x Con(ws) which do not belong to the Weyl group orbit of
(2w1, wo). O

Example 4.16. For the SLz-representation C* @ (C3)* there exist maxi-
mal pairs which are not YW—conjugated to (wi,ws). However, the Cartan
component of C* @ (C3)* is small.

Proof. Part (A): We show that there exist maximal pairs in Con(w;) X
Con(ws) which are not Weyl-conjugated to (w1,ws).

The representation C3 = V,,, has the weights {w;,ws — wy, —wy} and (C3)*
has the weights {wq, —wi, w1 — wa} (see figure 2 below).

Figure 2: Weights of C* and of (C3)*

Note that the a;—string through the highest weight w; is perpendicular to
the highest weight w, and that the as—string through the highest weight wo
is perpendicular to the highest weight w;. Let [ be the line following the
ay—string through wy, i.e. the line through w; and ws — wy. Similarly, let m
be the line following the as—string through ws. Let L := [N Con(w;) and
M :=m N Con(wsy) the intersection of these lines with the convex hulls.

It is easy to see that each pair in W(L x{ws})UW({w;} x M) is maximal.
But on the other hand, it is obvious that no pair (a,ws) such that a is not
a vertex in Con(w;) (and similarly, no pair (wy,b) where b is not a vertex
in Con(wy)) lies in the Weyl orbit of (wy,ws). Hence the tensor product
C? ® (C?)* has maximal pairs which are not Weyl-conjugated to (wy,ws).
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Part (B): It remains to show the Cartan component of the representation

C3 ® (C?)* is small.

This assertion follows from the fact that for every n the Cartan component

of the SL,,—representation C"® (C™)* is small (cf. section 8, Proposition 8.6).
0

Note that we can see directly what happens with the tensors that are
mapping to the value (w; | we). Choose any tensor v ® w for which (Py(v) |
P,(w)) is a maximal. By Theorem 3.12, in the SUs-orbit of every non-
zero decomposable tensor of the Cartan component lies a tensor with this
property.

Wlo.g. let P\(v) € L, say Py\(v) = qui + (1 — ¢)ws, and P,(w) = ws.
Hence w is a non-zero multiple of e;. Use Corollary 4.10 to see that v is a
non-zero multiple of the vector \/ge; + /1 — ge,.

Let A be the matrix

\/a V1—q *
A= —/1-q /g * | €SLs.
0 0 1

Then A(v®e}) = e; ® €.

4.3 Dominant Weights and Simple Roots

An interesting property of the representations of Example 4.15 and Exam-
ple 4.16 is that the two highest weights are perpendicular to different simple
roots. Thereby, the a;—string through the highest weight 2w; (resp. through
wi ), which is perpendicular to the other highest weight, contains at least two
weights of Vo, (resp. of V,,,). Because of this orthogonality to ws, the value
(a | wo) is maximal for every a in Con(2w;) (resp. in Con(w;)) which lies
on the line L following this root string. Since there are at least two weights
of Vo, (resp. of V,,)) lying on L, there exist, in particular, points a € L
which are not vertices of the corresponding convex hulls. Hence they do not
belong to the Weyl orbit of the highest weights. This observation explains
why we will now be studying the relation between highest weights and simple
roots. The following result will be useful for the proof of the main theorem
of section 4.

Lemma 4.17. Let a € Con(\) and b € Con(u) such that (a | b) = (X | p).
(i) Let a be reqular. Then b belongs to the Weyl orbit of .
(ii) Let a and b be regular. Then there exists some w € W such that
wa =\ and wb = p.
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Note that in both cases, a and b belong to the same Weyl chamber (follows
by part two of Lemma 4.8). So, w.l.o.g. let @ and b lie in X .

Proof. Part (i): Write b = p — ), c; with non-negative coefficients r; (cf.
Lemma 4.4). Suppose that b # pu, i.e. there exists [y such that r,, > 0. So,
(a|b)=(a|p)—=>_r(a| ) < (a]|p) (since a belongs to the open dominant
Weyl chamber, (a | a;) > 0 for every simple root a;), which contradicts the
maximality of (a | b).

The assertion of part (ii) follows by applying part (i) twice. O

Finally we have all the tools to prove the main result of this section.

Theorem 4.18. Let A and p be dominant weights. The following assertions
are equivalent:

(1) Va ® V), has only W—conjugated mazimal pairs

(ii) X and p are perpendicular to the same simple roots.

In particular, the Cartan component of V\®V,, is small when both weights
are regular.

Proof. We show that the first property implies the second.
Suppose that there exists some simple root a perpendicular to p and not
perpendicular to A\. We claim that in this case, there exist maximal pairs
in Con(A) x Con(u) which do not lie in W(A, u): Note that since A is not
perpendicular to «, 0,(A) # A and hence the a—string through A contains
at least two weights of V), namely A and o,(\). Let [ be the line following
the a—string through A and L := 1N Con(A). Then it is clear that for every
a€ L, (a]p) = (N|p). But whenever a is not a vertex of Con(\), i.e.
a ¢ WA, the pair (a, ;) does not belong to the Weyl orbit of (A, p).

It remains to show that property (ii) implies property (i). We proceed in
two steps.
Step (1). Assume first that A and p are regular dominant weights. Let
(a,b) € Con(\) x Con(u) such that (a | b) = (A | p) and where w.l.o.g.
a € Xg. Let A = {ay}ier be the set of simple weights, a = A= ep miay and
b= — Y. sioq with non-negative coefficients r; and s; (cf. Lemma 4.4).
Since a € X&', (a | @) > 0 for every simple root « and since p is regular,
(cv | p) is strictly positive for every simple root. Thus

(@) = (a|lp = sia]a)
< (alp)
= (A lw) =) il | p)
< (A
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which is equal to (a | b) by assumption, so equality holds everywhere. Hence
every coefficient r; has to vanish and thus a = A. By Lemma 4.17, part (i),
the point b belongs to the Weyl orbit of i and by Lemma 4.8 it is an element
of X7 . Therefore b = p.

Step (2). Let A and g be dominant weights which are perpendicular to
the same simple roots, say to {a;}er, & A. Consider the root subsystem
®’ C ® spanned by the basis A" := A\ {a }er,. Note that (A | @) > 0 and
(1| @) > 0 for every o € A\’ where (- | -) is the restriction of the inner form
to the space Xj spanned by A’. Thus A and p are regular dominant weights
for the group G’ associated to ®’ . Hence a = X\ and b = p by step (1). O

Definition 4.19. Let A be a dominant weight. Then we define I(\) C A as
the set of simple roots perpendicular to A.

Note that the set I(A) N I(u) of simple roots perpendicular to A and p is
just the set I(A 4+ p) of simple roots perpendicular to their sum.

Corollary 4.20. Let A\, u be dominant weights such that I(\) = I(u). Then
the Cartan component of Vy ®@ V), is small.

Proof. The assertion follows immediately from Theorems 4.18 and 4.12. [

Definition 4.21. If A\ and g are dominant weights which are not perpen-
dicular to the same simple roots we say that the representation V) ® V), is
critical. If X\ and p are perpendicular to the same roots we sometimes say
that the representation Vy\ ® V,, is not critical.

The SLz-representation C* @ (C?)* is an example of a critical represen-
tation where the Cartan component is small (cf. Example 4.16).

4.4 Critical Representations

In this subsection we discuss some general properties of critical represen-
tations. Let A = {a;}ier be the set of simple roots. Recall that for
A = Y .liw; the support of A, Supp A, is defined as the set of fundamen-
tal weights appearing in »_ lw;, i.e. for which [; > 0. In other words:
Supp A ={w; | i€ I,(N| a;) > 0}.

The next result will give us a useful tool while handling representations
that are “nearly” non-critical, i.e. representations V) ® V,, where I(\) and
I(p) are almost the same subsets of A (cf. Corollary 4.23).

Lemma 4.22. Let A = > lw; and let (P, Q) € Con(\)xCon(u) be a mazimal
pair. Assume that Q lies in the closed dominant Weyl chamber Xi . Then

there exist non-negative coefficients s; such that Q) = p — Zi:wiésupp)\ 8.
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In other words, if (P, Q) is a maximal pair such that @) belongs to the
closed dominant Weyl chamber then Q = p—>_._; s;a; with non-negative s;
and s; = 0 for every i such that (A | a;) # 0.

iel

Proof. We write Q = p—> .., siq;and P = A=}
coefficients s;, r; (cf. Lemma 4.2). We have

ier Tl with non-negative

(P|Q) = (/\—ZTz‘ai|Q)
< (MQ) (since Q € X7)
= (A‘M_Zsiaz)
< (A w.

Since (P, Q) is a maximal pair, equality holds everywhere. Especially, (\ |
s;c;) = 0 for each i. But (A | ;) > 0 for each ¢ for which w; is an element of
the support of A. Hence s; = 0 whenever w; belongs to the support of \. [

Corollary 4.23. Let A\ be regular and i be perpendicular to one simple root.
If (P, Q) is a mazimal pair in Con(\) x Con(u) then @ lies in the Weyl-orbit

of 1.

Proof. Follows from Lemma 4.22 since the support of a regular weight con-
sists of all fundamental weights. O
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5 Dense Orbits and Small Cartan Compo-
nents

The goal of this section is to develop a necessary criterion for tensor products
Vi ® V), to have a small Cartan component.

5.1 A Necessary Condition for Small Cartan Compo-
nents

We will deal with representations of G and of subgroups of G. The notation
V) always describes an irreducible representation of the group GG. To empha-
sise on the group that is acting we will denote the representation generated
by the G-orbit of a highest weight vector v by (Gv).

Recall that there is a 1 — 1-correspondence between closed connected
subgroups of GG and Lie subalgebras of g. In particular, for each o € ®, there
is a unique connected T-stable subgroup U, C G such that LieU, = g,, cf.
BOREL [B097], IV.13.18. Note that U, is a unipotent subgroup of G.

Recall that a subgroup of G is called parabolic if it contains a Borel
subgroup. It is known that every parabolic subgroup P of G can be written

as a semi-direct product of its unipotent radical rady(G) and of a reductive
group L, P = Lrady(G) (see e.g. HUMPHREYS [Hu75], §30.2).

Definition 5.1. Let I = {ay,...,a.} C A be a set of simple roots. Let ®;
be the subsystem of ® generated by I.

(i) Denote by P; the parabolic subgroup of G generated by B together
with the root groups U,, a in ®;.

(ii) Let L; be the Levi factor of Pj(y) that contains the torus 7.

In particular, L; is a reductive subgroup of G.

Remark 5.2. Note that the two extreme cases are [ = () and [ = A. We
haveP@:B, L@ZT&DdPA:LA:G.

Recall that for a dominant weight A the set I(\) C A is defined as the
set of simple roots perpendicular to A. Note that Py = (B, U, | @ € @, () |
a) =0).

Lemma 5.3. Let Py be the parabolic subgroup generated by B and the root
groups U, of the roots perpendicular to a. Then the following holds:
P]()\) = Stab(; CU)\.
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Proof. The line Cvy = V) () is B-stable and for each « perpendicular to A,
VA(A) is fixed by Us, so Pry C Stabg Cuy.

Suppose that Stabg Cvy is not contained in Pry). Then there exists some
positive root 3 with (8 | A) # 0 such that the root group Uz has non-trivial
intersection with Stabg Cvy. Choose any non-trivial s € UgNStabg Cvy. Let
S C UgNStabg Cuy, be the subgroup generated by s. Hence S stabilises V()
and so its Lie algebra s := Lie S stabilises V)(\) (see HUMPHREYS in [Hu75]
§13.2). So, Vi(A) =sVi(A) C ggVa(A) C Va(A+ (). In particular, the weight
space Vy(A + ) contains the weight space V() which contradicts the fact,
that weight spaces are perpendicular. Therefore Ug N Stabg Cvy must be
trivial for each 8 with (5| \) # 0. O

As before, let V) and V, be irreducible with highest weight vectors vy
resp. v,. Consider the submodule (L;(vy ® v,)) of Vi ® V,, generated by
the Ly —orbit of the highest weight vector vy ® v,.

Lemma 5.4. The module (L) (vx ® v,)) consists of decomposable tensors
of the Cartan component Vy,,,.

Proof. 1t is clear that the module (L) (vx ® v,)) lies in the Cartan com-
ponent Viy, = (G(vy ® v,)). We show that (L;)(vax ® v,)) consists of
decomposable tensors of the tensor product:

Since Ly(y) is a subgroup of the stabiliser of Cvy, the orbit L;yvy is a
subset of Cvy. Therefore

(Lroy(ua ®@vu)) = (oA ® Lipyve) = oa @ (Liayvg)-
Hence every tensor of (L) (vy ® v,)) is decomposable. O
The following observation will be useful:
Lemma 5.5. The Ly -module (Ljyv,) is irreducible of highest weight p.

Proof. Recall that Ly is a reductive group. The assertion follows by
KRAFT [Kr85], III.1.5: The vector v, is a non-zero element in (L;yv.),
of weight p. It is invariant under the maximal unipotent subgroup U of G
contained in B and hence invariant under the unipotent part Uy := U N Ly
of Lyy. Therefore (Ljyv,) is irreducible of highest weight /. O

Corollary 5.6. Let A and p be dominant weights, let I(\) the set of roots
perpendicular to X\. Then the following holds:
Lipyvu = Lipyv, U {0}

Proof. The assertion follows by applying Theorem 3.4 to Lemma 5.5. U
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We can now state a necessary condition for representations V) ® V), with
small Cartan component.

Theorem 5.7. If the Cartan component of the G-representation V\ @ V), is
small, then the following two properties hold:

1. The Ly —orbit of v, is dense in (Lixyvp).

2. The Ly —orbit of vy is dense in (L(u)vy).

Proof. We prove the first part since the second part follows by the same
arguments.

It is clear that L;v, is a subset of (L;yv,). It remains to show that every
non-zero element of the module (L 1(,\)1)“) lies in the Lj()—orbit or v,.

Let w # 0 in (L;)v,). Then the tensor vy ® w is a non-zero element
of the module (L) (vx ® v,)). Recall that the module (L (vy ® v,)) is
a subset of the set of decomposable tensors in Vy;, (cf. Lemma 5.4). By
assumption, the Cartan component V), is small, i.e. decomposable tensors
in the Cartan component V), all belong to the closure of the orbit G(v\®v,,).
By Theorem 3.4 this closure is just G(vy ® v,) U {0}. Thus the (non-zero)
tensor vy ® w lies in the G-orbit of vy ® v,. Hence there exists g € G such
that g(v\®wv,) = vy ®w. In particular, g belongs to the stabiliser Stabg Cuy
which is the parabolic subgroup Pry. Since Py = Ly rady(Pry) we
can write ¢ = [ -u with [ € Ly, v € rady(Pj)) which is contained in
the unipotent radical U of the Borel subgroup B. Hence u fixes the tensor
v\ ® v, and so:

W = g(ua®uv,)
[(va @ vy)
= cvy®ly,

for some ¢ € C*. Thus w € Li\v,. O
The following fact will be useful to reformulate Theorem 5.7.

Lemma 5.8. Let V' be an irreducible representation of a semi-simple group
H, let v € V be a highest weight vector. Then the following properties are
equivalent:

1. Hy=V.

2. C-Hv=1V.

3. Hv =V \{0}.

Proof. Since H is reductive, Hv is a cone and Hv = Hv U {0} (cf. Theo-
rem 3.4). Then the assertion follows easily. 0
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Our goal is to reformulate the result of Theorem 5.7 in terms of semi-
simple subgroups. Denote by Siny = (Lo, L)) C G the semi-simple
subgroup of the commutators of L. Hence Ly = Zeng(Lyx))Sr(n) where
Zeng(Lyn) denotes the center of Ly in G. Since (Ly(x)v,) is an irreducible
Lin~module, Schurs Lemma implies that the center of L) acts by scalar
multiplication. Therefore L\ operates as C* x Sy on (Lyxyvp)-

Corollary 5.9. DENSE ORBITS CRITERION
If the Cartan component of the G-representation Vy ® V,, is small then the
following holds:

1. The Sy —orbit of v, is dense in (S;Vu)-

2. The Sy —orbit of vy is dense in (Sy)va).

Proof. The assertion follows by applying Lemma 5.8 to Theorem 5.7. O

Note that the Dense Orbits Criterion (Corollary 5.9) is not a sufficient
condition. We will see in Proposition 8.9 that Cartan components of ten-
sor products V,,, ® V,,; of fundamental SL,,,,-representations are not small
whenever k < j — 1 and (k,j) # (1,n). However, the orbits Sp,)v,, and
S I(wp)Vw; are dense in the representations they generate.

Thus there are representations V\®@V,, where the Sp(y)—orbit of v, is dense
in the representation (Sy(x)v,) and the Sy(,)—orbit of v, is dense in (Sy()va)
but whose Cartan component Vy, is not small.

Example 5.10. Suppose both A and y are regular. Then the Sy\)—orbit of
v, is dense in (Syv,) and the Sy(,)—orbit of vy is dense in (Sy(.)vy).

Proof. Recall that by Proposition 4.18 the Cartan component Vy, is small.
Then the assertion follows from Corollary 5.9 (Dense Orbits Criterion). O

One can also see directly that these orbits are dense in the corresponding
representations: By assumption, the sets I(\) and [(u) are empty, hence
Lioy = Ligy = T (cf. Remark 5.2). Since the torus T operates on highest
weight vectors as multiplication by scalars, the T-orbits of vy resp. of v,
are dense in the corresponding one-dimensional representations (Tw,) resp.
(Tww).

5.2 An Application to Critical Representations

Recall that the Cartan component of the tensor product Vy ® V,, is small
if A and p are perpendicular to the same simple roots, i.e. if I(\) = I(u)
(see Proposition 4.18 and Theorem 4.12). If I(\) is different from I(u) the
representation Vy ® V), is said to be critical. The Dense Orbits Criterion
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(Corollary 5.9) is a useful tool to determine whether the Cartan component
of a critical representation can be small:

If the Sy —orbit of v, is not dense in the irreducible representa-
tion (Syyv,) or if the Sy, —orbit of vy is not dense in (Sy(yva)
then the Cartan component of the tensor product V) ® V,, is not
small.

Recall that the only representations of the classical groups which contain a
dense orbit are the following (cf. PARSHIN, SHAFAREVICH [PS94], p. 260):

G Vv dim V'
SL,41 (A,) CcrHl (Ch* [ n+1
Spy,,n>2  (C,) | C 2n

Table 1: Representations with a Dense Orbit

As an example on how to use the Dense Orbits Criterion we recall the rep-
resentation S?C? @ (C3?)*. Note that e? is highest weight vector of S2C? and
that Sy is the group SLy. We check if the SLy—orbit of e% is dense in the
representation (SLye?). Since the orbit SLye? is two-dimensional it cannot
be a dense subset of the three-dimensional representation (SLye?).
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6 Example: Representations of SL;

Recall that the SL3-representation S?(C?) ® (C?)* is the first example where
the Cartan component is not small. We are thus interested in tensor products
of irreducible SLs-representations. To study them we use results from the
previous sections. We need to understand what happens in case the tensor
product is a critical representation. Note that critical representations of
SL3 are representations where one of the dominant weights is perpendicular
to a simple root, say to as and the other dominant weight is regular or
perpendicular to . Corollary 6.3 below helps to understand how the Cartan
component lies in such a tensor product.

We start by reminding the notion of a root-string through a weight of a
representation. For the moment we do not restrict our attention to the group
SL3. Let @ be a reduced root system and let A C ® be a basis.

Let a be a simple root, A a dominant weight and ;1 a weight of V. Recall
that the weights of the form p —ra (r € Z) in II(A) form a connected string
which is called the a—string through p. In particular, the a—string through
the highest weight A consists of the weights A, A\—a, -+ ,0,(A) = A=\ | &)«
where (A | @) is the number 2%.

Let 0 < k < (A | «). Note that the vectors of weight A — ka are spanned
by Xk.vy, X, € g (see HUMPHREYS [Hu94] 20.2).

Lemma 6.1. Let a € A be a simple root and \ a dominant weight. Then
the multiplicity of the weight A — ko in Vy is one for k=0,...,(\ | a).

In other words we have Vy(A — ka) = Cuy_pq for k =0,..., (A | a).

Lemma 6.2. Let A and p be dominant weights for SL,, 11 and o a simple root
such that p is perpendicular to . Then the weight subspaces (Vy @ V,)(A +
w— ka) are one-dimensional for k=0,...,(\| a).

Proof. We show that the a-—string through A + p has multiplicity one in
Vi ® V,. Let L be the a-string through A and M be the set of weights of
Vi ® V), lying on the a-string through A + . Observe that the weights on
M possibly have multiplicities bigger than one.

Recall that the weights on the a—string L have multiplicity one in V) (see
Lemma 6.1). We know that the weights of V) ® V|, are pairwise sums of
weights of V) and of V), (cf. Proposition 3.2 (i)).

We show that for every weight A + u — ka of M there is only one way to
write it as a sum of weights of V) and of V,,. Furthermore, these sums are
of the form vy 4+ p where v; is a weight of muliplicity one in V) and p is the
highest weight of V,:



Example: Representations of SL3 45

Since p is perpendicular to «, the a—strings through A\ and through A+
are parallels with distance p. In particular, there is only one way to write
an element v of M as a sum vy + v, with vy € II(A) and vy € II(1) namely
vy = pand vy = v — p € L. Since the multiplicity of every element of L is
one, the multiplicity of v is one. O

Corollary 6.3. Let A and p be dominant weights for SL, 1 and « a simple
root such that p is perpendicular to a. Then (Vi ®@ V,)(A + p — ka) =
Vi A+ —ka) = V(A —ka) @ v, fork=0,...,(\ | a).

Proof. Note that (A | @) = (A + u | ) since p is perpendicular to a. Recall
that for every simple root a the weight subspaces V)(A — ka) and V), (A +
p—ka), k=0,... k= (\]| a), of the irreducible representations V) resp.
V4, are one-dimensional (see Lemma 6.1).

It is clear that the weight subspace Vi, (A +p—ka) and Vy(A —ka) ®v,
are subspaces of (V,®V,)(A+p—ka). By Lemma 6.2, dim V\®V),(A+p—ka)
= 1 and so equality holds. O

From now on we assume that G = SL3. Let {ej, es,e3} be a basis of C3
such that the weight of e; is ;. The simple roots of SL3 are a; = 1 — &9 and
a9 = €9 — €3, the fundamental weights are w; = €1, ws = €1 + £9. We mainly
use Corollary 6.3 to construct non-zero decomposable tensors of the Cartan
component of a representation V) ® V), such that these tensors do not lie in
the SLs-orbit of the highest weight vector vy ® v,.

Recall the representation S?*(C?) @ (C3)* = Vi, ® V,, and its weight
diagram (see figure 3 below). The crucial point in this example is that
the a;—string through the highest weight 2w; + ws contains more than two
weights.

Example 6.4. The Cartan component of the representation S?(C?) @ (C3)*
is not small.

Proof. We have already proved this with different methods (see Example 3.10
or use the Dense Orbits Criterion 5.9). The proof presented here is an illus-
tration of the interplay between properties of the weight lattice and of the
tensor product. We construct non-zero decomposable tensors of the Cartan
component that do not lie in the SLs—orbit of €? ® €.

Let v := ae? + bejes + V1 —a? —b%e2 # 0 with 0 < a,b,a® + b* < 1.
Note that the point Py(v) lies on the line following the a;—string through the
highest weight 2w;. In particular, the value (Py(v) | we) is maximal.

The tensor v®@e} lies in the vector space (CeidCe;eadCes)®es (where Ce?
is the weight space Vo, (2wy), the line Ce; e, is the weight space Vo, (2w — )
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1

Figure 3: Weight diagram of S?(C3) @ (C3)*

and Ce2 = V4, (2w; — 2a;)). By Corollary 6.3, the tensor v ® e belongs to
the Cartan component Vo, 4o,.

We show that whenever 0 < a < 1 and 4av/1 — a? — b2 # b?, the tensor
v ® ej does not lie in the SLg—orbit of a highest weight vector.
Let 0 < a < 1 and 4av/1 — a? — b2 # b?. Suppose that there exists A € SLj
such that A(v ® e}) is a multiple of the highest weight vector e? ® 5. Hence
A € Stabgy,, Cej;. Recall that

X k%
Stabgr, (Ce3) ={[ * * = |} CSLs.
0 0 Qo
d e x
Wlo.g let aqg =1 and A = f g x € Stabgp, Cej. Then Ae; =
0 01

dei + feg, Aes = ee; + ges and

Av = ef(ad® + bde + V1 — a® — b2e?)
+erea(2adf + b(dg + ef) +2v1 — a? — b2ge)
+es(af® +bfg + V1 —a?—bg%).
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Since Av has to be a multiple of ¢? we get

2adf +b(1+2ef) +2V1—a?—b%ge = 0 (4)
af? +bfg+V1—a2—-0bg¢> = 0 (5)

(using det A = dg — ef = 1). Note that g # 0 (if g was zero, we would have
af? =0 and so det A = 0). Thus we can replace v'1 — a2 — b?g by #
in equation 4 and get

2a
2Ly~ 0
g
Since a is not zero, we can replace f by —;’—g in equation 5 and so
b2
Vi—a?2 -0 = —
4a

which contradicts the assumptions. Note that there always exist such tensors:
choose a,b > 0 such that a® + b* = 1. Then every tensor (ae? + bejey) ® €
is a non-zero decomposable tensor of the Cartan component which does not
lie in the SLz—orbit of €3 @ €. O

The following result tells which tensor products of irreducible represen-
tations have a small Cartan component and which do not. Recall that for a
dominant weight u the set I (1) is defined as the set of simple roots perpendic-
ular to . Note that we exclude the case A = 0 of the trivial representation.

Proposition 6.5. Let A and p be dominant weights.

(A) If the highest weights are reqular then the Cartan component of VA®V),
1s small.

(B) Let u be perpendicular to a simple root, say to ay and p = mws.
Then the Cartan component of Vy ® V), is small if and only if A and p are of
the following form:

(i) The weight A = > lw; is reqular and l; = 1.

(ii) The weight X\ is perpendicular to a.

(11i) The weight A is the fundamental weight wy and m =1 (i.e. = ws).

It is clear that assertion (ii) of (B) also holds if the weights are perpen-
dicular to as.

Proof. For the cases (A) and (B)(ii) there is nothing to show: Since I(\) and
I(p) are identical, the corresponding representation is not critical and the
assertion follows with Theorem 4.18.
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Part (1): Case (B)(i). Let A be regular. We first show that in case [; = 1
the Cartan component is small.

Let A = wy + kws with k£ > 0 be regular. By Theorem 3.12 we know that
in the SUs—orbit of every decomposable tensor of the Cartan component lies
a tensor v @ w for which the value (Py(v) | P,(w)) is maximal. Therefore we
are looking for maximal pairs in Con(A) x Con(u).

It is easy to see that for every point P on the line in Con(\) following
the aj—string through A, the value (P | p) is maximal. Furthermore, these
pairs (and their Weyl-conjugates) are the only pairs with (P | p) = (A | ).
Since the value (A | ay) is one, the a;—string through A consists only of the
vertices A and A — . Hence the point P is a linear combination only of A
and A — a;. Recall that P '(\) = C*vy and Py (A — a;y) = C'oy_q, (see
Corollary 4.10). Hence every vector v mapping to P under the map P, lies
in C*'uy(A\) ® C*'vy_q,.

Note that e; @ (e3)* is a highest weight vector in V) and that e; @ (e5)*
is a vector of weight A — a; in V). Thus v = a(e; @ (e5)*) + b(ea @ (e5)) for
some coefficients (a,b) # (0,0). We show that every such v ® v, lies in the
SLs-orbit of vy ® v,.

For b = 0, any upper triangular matrix of SL3 will do it. Let b > 0 and

0 % *
define A:= | —b a * | € SLs.
0 0 1

Then A(aey + beg) = —abes + €1 + abey = e; and Ae} = €5.

It remains to show that the Cartan component cannot be small if the
coefficient [; is bigger than one. This follows from the Dense Orbits Criterion
(Corollary 5.9).

Part (2): Case (B)(iii). We already know that the representation C* @ (C?)*
has a small Cartan component (see Example 4.16). For m > 1 the Cartan
component cannot be small by the Dense Orbits Criterion. U

Note that for the cases (B) (i) and (B) (iii) we can give non-zero decom-
posable tensors of the Cartan component that do not lie in the SLz—orbit of
a highest weight vector vy ® v, using the construction given in the proof of
Example 6.4.

Let A = dwy + kws and g = mwy with d > 1, Kk > 0 and m > 1. Asin
Example 6.4 let v ® e5 be a non-zero decomposable tensor in the subspace
(Ce? @ Ceyeq @ Cel) @ €3 of the Cartan component that does not lie in the
SLz-orbit of €2 ® e. Then the tensor w := (vef™? ® (e5)F) ® (ef)™ cannot
lie in the SLs—orbit of (e ® (e4)*) ® (e5)™. By construction, w belongs to
(C(e) @ C(edtey) @ C(ed2e2)) @ ef. Hence by Corollary 6.3, w belongs to
the Cartan component of the tensor product Vi,i11kw, @ Vinws-
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7 An Elementary Approach to Representa-
tions of SLo

The goal of this section is to show that tensor products of irreducible repre-
sentations of SLy have small Cartan component. We prove this in the second
subsection. In the first subsection we recall the results and notations we will
use for this proof.

7.1 Associated Cones

Let V' be a finite-dimensional representation of a reductive group G. For
v € V denote the orbit of v by O,. If the closure O, contains zero, O, it is
called unstable and the vector v is said to be unstable or is called a nullform.
If v € V is not unstable we say that v and O, are semi-stable. We use the
following classical result (which can be found e.g. in KRAFT [Kr85], I111.2.3).

Lemma 7.1. HILBERT CRITERION

The form f € V,, is a nullform if and only if there exists a one-parameter sub
group (1-PSG) X\ : C* — SLy of SLy such that A(t)f tends to zero ast — 0.

The nullcone in V is defined as the set of unstable vectors in V: Ny =
{fveV|0,20}. If 7: V — V/G is the algebraic quotient of V relative to
G then the nullcone is given as Ny = 71 (7(0)), cf. KRAFT [Kr85], 11.3.3.

Let X C V be a subset of V and I(X) C O(V) its defining ideal. For
f € O(V) let gr f be the leading term of f. Then the graded ideal of X is
defined as the ideal generated by the leading terms of the elements of 1(X),
grI(X):=(grf| fel(X)). Foranyideal J C O(V) let V(J) C V be the
zero set of J.

Definition 7.2. The cone associated to X is defined as C(X) := V(gr I(X)).

We will use the following property of associated cones (to be found e.g.
in KRAFT [Kr85], 11.4.2).

Proposition 7.3. (i) The cone C(X) associated to X is a closed cone in V.
It has the same dimension as X .

(ii) Let v € V be semi-stable and set X := O,. Then the cone associated
to X has the following geometric description: C(X) = C*X \ C*X.

Note that for arbitrary v € V' \ Ny there exist sequences (¢;);en C C* and
(9:)ien C G such that g;(\;v) tends to a nullform, vy := lim; ., g;(c;iv) € Ny
We call the vector vy of the nullcone Ny a limit point of v.
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Let O, be an orbit in V. We define lim(O,) as union of the limit points
of all vectors in O,, im(0,) := J;{w € Ny | w is a limit point of 0}. It is a
subset of Ny. A consequence of part (ii) of Proposition 7.3 is the following.

Corollary 7.4. If O, is a semi-stable orbit in V then C(O,) = lim(O,).

7.2 Tensor Products of Irreducible SLo—Representations

Let V,, be the vector space C[z, y],,. Our goal is to show that every decompos-
able tensor of the Cartan component V,,,, of V,, ® V,,, is of the form [" ® [™
for a linear form [ € V; = Clz, y|;.

We need the following properties to reach this goal:

Lemma 7.5. (a) Let f @ h € V,, ® V,,, an element of the Cartan component
Viim of Voo @ Vi If (fo, ho) € Ny, gv,, is a limit point of (f,h) € V, &V,
then the tensor fo ® hy belongs to the Cartan component V.

(b) The nullcone of V,, ® V,, has the form

Miav, = {"f1,1°m) €V, @ Vi [ 1€ VA, > g,s > %}

(c) Let I" fy @ I°hy be an element of the Cartan component V.., with
leVi,r>1% and s> . Then

f1 =[""" and hl =[5,

We give an outline of the proof of these properties:

Idea of Proof: ad (a): Let (fo, ho) = im0 gj¢;(f, h) € Ny, av,,. Show that
7;(fo, ho) = lim; .o g;c;7(f, ) and use the Clebsch-Gordan decomposition
(see part I, Proposition 2.1) to prove (a).

ad (b): Apply the Hilbert Criterion (Lemma 7.1) to elements of the nullcone
Nv,ov,-

ad (c): Consider the action of e = (8 (1)) and f = ((1) 8) € sly on Clz, y,

e: y—x x—0

fr x—y y—0.

Note that ef acts on weight vectors of weight k in V,, as multiplication by
*(n(n +2) — k(k — 2)). Use this to show that f; is a multiple of 2"~" and
that hy is a multiple of 2™ ~%. O

Lemma 7.6. Let f @ h be an element of the Cartan component V.., of the
tensor product V,, & V,,,. Assume furthermore that (f,h) is semi-stable. Then
the orbit Oy py in V, © Vi, 1s two-dimensional.
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Idea of Proof: If f ® h is a non-zero tensor of the Cartan component and
(fo, ho) a limit point of (f,h) then step (a) shows that the tensor fo ® hg
belongs to the Cartan component.

By step (b), every such fy ® hg is of the form [ f; ® [°h; for some linear
form [ and r > %, s > 5. We apply step (c) to I" fi ® [°h; and get f; =1""",
hy = 1™7°. Therefore every limit point of (f, k) is of the form (I",I™) and
the tensor [™ ® [ lies in the Cartan component V,,.,,. In particular, every
limit point (fo, ko) of (f,h) lies in the orbit Ogn gmy. Note that O(n zmy is
two-dimensional.

It remains to show that the orbit O ) has also dimension two: Since
(f, h) is semi-stable we can use Corollary 7.4: Limit points of (f, h) lie in the
cone associated to m Since the set im(Oyy) lies in the orbit O zm)
we have dimC% = dimlim(Osp)) < dimOgn zmy = 2. By part (i) of
Proposition 7.3 the dimension of O ) is the same as the dimension of its
associated cone CO(y p).

Furthermore, the stabiliser of (f,h) in SLy is at most one-dimensional.
Hence the dimension of Oy ) is two. O

Proposition 7.7. Let f ® h be a non-zero tensor of the Cartan component
Clz, ylntm of Clz, y],,@Clz, y|m. Then there exists g € SLy such that g(f@h)
s a non-zero multiple of x™ @ ™.

Idea of Proof: Assume that (f,h) is unstable, i.e. (f,h) lies in the nullcone
M, ev,,. By part (b) of Lemma 7.5, (f, h) is of the form (I" f;,(5hy) for some
[ € V4. Since the tensor " f; ® [°h; belongs to the Cartan component, part
(c) of Lemma 7.5 yields that f®h is of the form [" ® ™. Therefore a multiple
of 2" @ 2™ lies in the orbit Ogp = Opmgm.

Let (f,h) be semi-stable. By Lemma 7.6 the dimension of Oy is two.
Every two-dimensional orbit in V,, & V,,, contains (2", 2™) or (z"y", °y®) (to
see this study one-dimensional stabilisers in SLy).

Since the tensor x"y" ® x*y® does not belong to the Cartan component, the
orbit O(y,,) cannot contain (z"y",z°y*). Hence Oy contains (z",z™) and
the tensor " @ ™ lies in the SLy—orbit of f ® h. U
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8 Further Results and Problems for the Spe-
cial Linear Group

In this section we present different methods and approaches to representa-
tions of the special linear group. As before we denote by I(\) the set of
simple roots perpendicular to the dominant weight A. Recall that a tensor
product Vy®V,, is called critical if I(\) # I(x). We have seen that every non-
critical tensor product has a small Cartan component (see Corollary 4.20).
The main goal is to determine which critical representations have a small
Cartan component and which have not. This turns out to be a rather diffi-
cult task. There still remain critical representations of SL,,,; where it is not
clear whether the Cartan component is small.

We recall the construction of the fundamental representations of SL,,,1:
Let {ex }1<k<ni1 be a basis of C"*! with wt e;, = ;. The fundamental weights
are wy, = €1 + -+ e, 1 < k < n. The roots are of the form ¢, — ¢;
(1 #j <n+1) and the simple roots are o = € — €41 for k=1,... ,n.

Proposition 8.1. Let A¥(C") be the k—th exterior power of the natural
representation of SL,y1 on C**1 1 < k < n. Then A¥(C"Y) is irreducible

of highest weight wy and e; N\ ey N\ --- A er 1s a highest weight vector for
Ak((anrl).

Proof. See Theorem 5.1.6 in [GW98] (GOODMAN and WALLACH). O

Definition 8.2. The representations A¥(C"*1), k = 1,...,n, are called the
fundamental representations of Sl 1.

We usually denote the highest weight vectors e; Aes A --- A e, by v, and
we often abbreviate the vector space C"™ by V. The fundamental repre-
sentations can be used to describe the irreducible representation of a given
dominant weight:

Let \ = Ei:l,...,n lw; be a dominant weight. Then the tensor v!! ® v2 ®
-+~ ®@ul" is a highest weight vector for the irreducible representation Vy and
Vi C ShV@S2(A2(V))®---@S"(A™(V)). Note that it is not clear how the
irreducible representation V) is embedded in this tensor product in general.
There are very special cases where V) can be described as the kernel of a
projection operator. For instance if the dominant weight is a sum of two
different fundamental weights w;, + w; with £ < 7 we can give a projection
operator from A*(V) ® A (V) to A" 1(V) @ A7 (V) whose kernel is V,,, 1.,

(see Subsection 8.3 below).
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8.1 Necessary Condition for the Special Linear Group

Suppose that the Cartan component of a given tensor product V\ ® V,, of
irreducible representations is small. We are able to deduce a necessary con-
dition on the highest weights A and p, see Proposition 8.3 below. Its result
shows the following: if V), ® V,, is a critical representation with small Cartan
component then the weights A\ and p meet almost the same walls €, of the
dominant Weyl chamber.

Recall that Pryy C SLy, 4, is the parabolic subgroup spanned by the Borel
subgroup B together with the root groups U,, a € ® such that (a | A) = 0.
The group Ly is the Levi subgroup of P containing the torus T'. By
Theorem 5.7 the orbit L;yv, of a highest weight vector v, € V), is dense
in the irreducible representation (L)v,) and similarly, the orbit L;,yvy is
dense in (Lj(,)vy). Using these facts we can prove the following result:

Proposition 8.3. Let A = > lLiw; and p = > miw; be dominant weights
such that the Cartan component of the representation Vy @V, is small. Then
the following holds:

(1) There is at most one index k such that I = 0 and my, > 0. In this
case my = 1.

(2) There is at most one index j such that m; = 0 and l; > 0. In this
case l; = 1.

Observe that the coefficient [; of A is zero if and only if «; belongs to I(A),
i.e. if and only if «; is perpendicular to A.

Proof. We give the proof of the first assertion. The second follows by the
same arguments.

(A) Suppose that there exist two simple roots {ay, o;} C I(p) which are not
perpendicular to A\. Let v, := v{" ® v3” ® --- @ v" be a highest weight
vector of V.

(i) Suppose that the simple roots oy and «; are neighbours, w.lo.g. let
j = k+ 1. The root system ® C & generated by I(u) contains the roots
+ag, Tagi1, £(ag + agr1). Observe that the subsystem ®” that is generated
by {Fag, Lok, (g + agr1)} C Y’ corresponds to the root system of SLs.
Hence Ly, contains a factor SL3 on the diagonal and is acting non-trivially
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as C* x SL3 on the vectors v, and vg 1.
/D 0

Ly = SLs C SLpyq

]

By the Dense Orbits Criterion (see Corollary 5.9), the orbit SLs(vi* ® v,i’“jf)

is dense in (SLg (vt ®vffj11)) By Table 1 in section 5, the only such represen-
tations are the natural or the dual (or the trivial) whence (Ix, k1) = (1,0)
for the natural representation or (Ix, lx4+1) = (0, 1) for the dual representation
(or both I, = 0 and [l ; = 0). This contradicts the assumption: whenever [
(or lx4+1) equals zero, ay, € I(A) (resp. agyq € 1(N)).

(ii) In case |k — j| > 1, Ly, contains a factor SLy x SLy on the diagonal,
and Ly, is acting non-trivially as GLs x GL; on v, and on v;. By Corol-

lary 5.9 the SLy x SLo—orbit of vfj ® v;j has to be dense in the representation
((SLy x SLy) (vl @ v;’)> This is not possible for strictly positive lx,[;: Let
I, = I; = 1. Consider the action of SLy X SLy on C* ® C? =: M. It has an
invariant function, namely the determinant det : My — C. Hence the orbit
of the highest weight vector e; ® e; is not dense.

(B) Suppose that there is one simple root «; in I(x) such that «; is not
perpendicular to A. Then, Ly, contains a factor SL, on the diagonal and is
acting non-trivially on v; as GL,. We have seen in part one of the proof that
since the orbit SLQ(Uéj ) has to be dense in the representation it generates (see
Corollary 5.9), the coefficient {; equals one. O

Let V) ® V,, be a critical representation. Our aim is to decide whether
the Cartan component of Vy ® V, is small. Proposition 8.3 severely restricts
the choice of A and p: We can only expect V) ® V), to have a small Cartan
component if the highest weights do not differ too much.

Definition 8.4. Let V\ ® V,, be a critical representation of SLj,;.

(1) Assume that there exists exactly one simple root «; in I(x) such that
a; is not perpendicular to A and I(p) = I(\) U ay;. Assume further that the
coefficient [; of A equals one. Then we call V\ ® V,, semi-critical.

(2) Assume that there exists exactly one simple root oy, in I(A) such that
ay, is not perpendicular to 1 and exactly one simple root o in I(p) such that
a; is not perpendicular to A\. Assume further that the coefficients /; and my,
of A resp. of p equal one. Then we call V) @ V,, fully critical.
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By Proposition 8.3, every critical representation with small Cartan com-
ponent is either semi- or fully critical.

8.2 Semi-Critical Representations

We consider very special critical representations. As announced in the title
we assume that V,\®V), is semi-critical, i.e. I(x) contains a simple root which
is not perpendicular to A. Furthermore, we assume that A is regular. Hence
I(p) = {a} for some simple root . The next result shows that the Cartan
components of almost all of the SL,,,-representations of this type are not
small.

Lemma 8.5. Let A =) ., liw; be a reqular dominant weight and . be per-
pendicular to only one simple root, say to o;. Then Vy ® V), has a small
Cartan component if and only if [; = 1.

Proof. (1) If the Cartan component is small then ; is one by Proposition 8.3.

(2) By Theorem 3.12 we know that every non-zero decomposable tensor
of the Cartan component lies in the SL,, ,;—orbit of a tensor v ® w such that
(P | P,) is maximal. We proceed by taking an arbitrary maximal pair and
show that the tensors corresponding to such a pair lie in the SL,, ;;—orbit of
a highest weight vector.

Let (P, Q) € Con(A) x Con(p) be a maximal pair. By Corollary 4.23, @
is an element of the orbit Wu. W.lo.g. let Q = p. Write P = X\ — > rq;
with non-negative coefficients r;.

Then

(Plp) = (Ap = rilai|p)
< (A ).

Since (P, ) is a maximal pair we have equality. Now, («; | 1) > 0 for each
© # 7 and thus r; has to vanish for each ¢ # 7. Hence

P:)\—Tj()éj.

Note that the only weights of the form X — sa; in II(\) are the two vertices A
and o;(A) = A — ;. Therefore P must be a linear combination of only A and
A—a;. The inverse image of A resp. of A—a; under Py is P/\_l()\) = C*v, resp.
P (A — ;) = C*uy_q, (see Corollary 4.10). Hence every vector mapping to
P under Py lies in the vector space W := Vy(A) @ V(A — ;). Since @) equals
the vertex p the inverse image P, 1(Q) is C*v, and so every non-zero vector
of V,, mapping to () under P, is a highest weight vector.
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We proceed by showing that all vectors of W ® v, lie in the SL,,;-orbit
of vy®uv,. Let A € SL,,1; Since we want Av,, to be a non-zero multiple of v,
the matrix A is an element of the stabiliser Stabg,,,, Cv,. Let A be of the

n+1

*

following form: A = CCL Z where the jth diagonal element is a

0 .
and the j + 1th element is d and such that the other diagonal elements are
ones (hence ad — bc = det A = 1). Let w be a non-zero vector in W, write
W = W1V + Walx_qo; With (w1, ws) # (0,0).

1
(i) If wy # 0 consider [z Z] = [ U “ﬂ :

—Wo W1
.. . a b 10
(ii) If we = 0 consider [c d} = [0 1}.
In both cases, Aw = vy and Av, = v,. O

Remark. One can use Corollary 6.3 to see that the vector space W @ v,
defined in the proof of Lemma 8.5 is in fact a subset of the Cartan component.

8.3 Fundamental Representations

Fundamental representations of SL,,; play an essential role as they serve as
models for more complicated irreducible representations. It is clear that ten-
sor products of fundamental representations are fully critical representations.
Among these they are very special: The set of simple weights perpendicular
to both of the highest weights is as big as possible, namely I(\+ p) contains
n—2 simple roots. The other extreme is the case where the set of simple roots
perpendicular to A and p is empty. We discuss the latter in subsection 8.4
below.

The first case to look at are the tensor products of the natural or the dual
representation with another fundamental representation.

Proposition 8.6. 1. The tensor product C* '@ A*(C"*1) has a small Cartan
component if and only if k € {2,n}.

2. The tensor product A"~*(C"*1) @ (C"™)* has a small Cartan compo-
nent if and only if k € {1,n —1}.

Proof. We show the first assertion. The second is essentially the same since
the representation A"~F(C"*1) @ (C"*1)* is the dual of the representation
CnJrl ® Ak+1(@n+1).
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The tensor product C*"™! @ A¥(C™™!) decomposes as a direct sum of two
irreducible representations V,,, 1., ®AFT1(C"*1). Consider the map ¢ : C"*'®
AF(C™Y) — ARFL(CHY) given by

w & E Ciy.i€iy N Ney +— E Ciy iy W N €y N---e .

1 <o <if 11 <o <if

Note that the kernel of ¢ is the Cartan component V,, 1., . Let w ® v be a
nonzero element of the Cartan component. W.l.o.g. let w = e; (using the
action of SL,11). We write v = ) ¢;, €, A+ Ae;,. We use the fact that
e; ® v is a non-zero element of the kernel of ¢: Since p(e; ® v) = 0 every
term of v contains e; and so

v=-e1 N\ E Clig...i1, Cio VANRERIVAY €y, = €1 A\ Vo.
1<ig <<y,

It remains to show that for every such non-zero e; ® e; A vy there exists
an element g € SL,.; sending the tensor to a highest weight vector. In
particular, since g maps e; to a multiple of itself, g belongs to the stabiliser
Stabsgt,,,, (Ceq) which is the parabolic subgroup

ko ok *
0 =

0 =x* *

Let V' := Cey ® --- @ Ce,yq. The group P acts on V' as GL, and the
vector vy is an element of the GL,-representation A*~1(V/). Note that every
non-zero e; ® e; A vy lies in the SL,;—orbit of the highest weight vector
e1 ®ep A+ Aey if and only if for each vy € A*1(V’) there exists g € P
such that gvy is a non-zero multiple of es A --- A ex. This in turn is the
case if and only if the orbit P(es A -+ A ) is dense in A*~1(V’). Hence
either k —1 = 1 (and AY(V') = V' is the natural representation of GL,,)
or k—1=dimV'—1=n-—1 (and A" (V') is the dual representation of
GL,,) using Table 5. In other words C"*! ® A*(C"*1) has a small Cartan
component if and only if £k =2 or k = n. O

Proposition 8.7. The tensor products A¥(C"*1) @ AFH1(C™Y) have small
Cartan components for each k=1,...,n — 1.

We have already shown this for £ = 1 and £ = n — 1 in Proposition 8.6.
For arbitrary k, a proof was recently found by Christian Ohn [Oh02].
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Remark 8.8. Originally, the idea of a proof for 2 < £ < n — 2 was along
the following lines:

Consider the vector spaces Uy = V,, (wg) @& V,, (wr — o) and Uy =
Viyr (Wit1) © Vo (Wh1 — i)

We claim that the elements of SL, (U ® v,,,,) and of SL, 11 (v, ® Us)
are the only decomposable tensors for which (P, (u1) | P,,,, (u2)) is maximal.

Then every decomposable tensor of the Cartan component V,,, 4., ., of the
representation AF(C"*!) @ AMFH(C™) lies in the SL,4q—orbit of Uy @ v,,,,
or of v, ® Us.

It remains to prove that the two-dimensional vector spaces U; ®uw,,,, and
Uy, ® Uy are subsets of the SL,, 11—orbit of vy @ vp41: Let uy ®@uy € Uy @ U, be
a non-zero tensor. One can show that there exist A € SL,,,; such that Auy
is a non-zero multiple of vy = e; A --- A ex. Furthermore, there always exist
A € SL,, ;1 satisfying this requirement and sending us to the highest weight
vector Vg = €1 A A epyr.

Proposition 8.9. The Cartan component of A¥(C"*1) @ AN(C"Y) is not
small whenever 2 <[l <k —1, k <n.

Proof. We write V' := C"*!. Recall the projection operator used in the proof
of Proposition 8.6: Let ¢ : A*(V) @ AY(V) — AML(V) @ A"1(V) be defined
by

UL N ANupg QW A -+ ANwy
%
Y (D g A A Ay @ wy A AT A A
=1

Its kernel is the Cartan component of the tensor product, ker p =V, 14, -

Let v, = e; A --- A e, and define V' := Ce; @ Cey @ --- @ Cei. Then
o(vpy @ w) = 0 for every w € AY(V’), hence v, ® A(V’) lies in the Cartan
component of AF(V) @ AL(V).

It remains to show that the closure of the orbit SL,.;(vx ® v;) cannot
contain all of v, ® AY(V’): Suppose that every non-zero v; ® w in vy @ AY(V”)
belongs to SL,, 11 (vy®wv;). This is the case if and only if the GL(V")—orbit of v
is dense in A'(V’). The GL(V')-orbit of v; can only be dense in A!(V’) if this
representation is the natural (and so, [ = 1) or the dual (hence [ = k — 1).
This contradicts the assumptions. Therefore there exist non-zero vectors
vp ® w in the Cartan component V, 1., that do not lie in the SL,,;-orbit of
the highest weight vector v ® v;. O
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8.4 Fully Critical Representations

Let A and i be dominant weights. Recall that a fully critical representation is
a representation V) ® V,, for which there exist only two simple roots a; # ay
such that I, = m; = 0 and [; = my; = 1 (hence X is perpendicular to ay
but not to a; and p is perpendicular to «; but not to ay). In contrast to
Subsection 8.3 above we do not make any assumptions on the set I(\ + )
of simple roots perpendicular to A and pu.

We claim that the Cartan components of most of the fully critical repre-
sentations are not small. Namely the only fully critical representations with
small Cartan components should be those where the two simple roots oy and
a; are neighbours (i.e. joined in the Dynkin diagram by an edge) or when
k=1and j =n.

Lemma 8.10. Let A = > ljw; and p = Y myw; be dominant weights such
that Vx @V, is a fully critical representation. Let (cy, | A) = (o | ) = 0 and
lj = my = 1.

(1) Assume furthermore that (o | ;) = 0. Then:
VieuA+p=baj —cay) = (VA® V) (A+ p — by — cag) = C(Ur—ba; @ Vp—cay,)
for every (b,c) € {0,1}>.

(2) If j = k+ 1 then:
V)\Jr“()\ +u— bak) = (V)\ &® VH)<)\ +u— bak) = (C(U)\ (059 U,ufbak) and
Vaeu(A + 1 = bager) = (Vi @ V)X + 10— boggyr) = Cr—payy, ® vy) for
b=0,1.

Proof. We prove the first part since the second assertion follows similarly.
(A) It is clear that Vi, (A+p) = (Va@V,)(A+p) = V(A @V, (1) = Cuy®v,.
Observe that the weights A\ + u — bay — ca; with (b, ¢) € {0,1}? belong to
the Weyl orbit of \ + u:

se(A+p) = Atp—ay
siA+n) = Atp—q
sesj(A+p) = sjse(A+p)

= Apu—o, —a.

Hence they all have multiplicity one in Vyy, and in V) ® V,,. Therefore
the weight subspaces Vyy,(v) and (V) ® V,,)(v) coincide for every such v =
A+ 1 —ba; — coy,.

(B) Recall that the weight subspaces Vy_o, = Cvy_o; and Vo, = Cv,_q,
are one-dimensional (see Lemma 6.1). Hence the second equality holds. O
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Lemma 8.11. Let V\®V,, be a fully critical representation such that I(\) =
{aw} and I(p) = {ay}. Let (P,Q) be a maximal pair in Con(\) x Con(pu).
W.l.o.g. let P be an element of the dominant Weyl chamber Xy .

(1) Then there exists w € W and coefficients 0 < r,s < 1 such that
wQ lies in the dominant Weyl chamber Xi and such that P = X — say,1,
wQ = 1 —rag.

(2) 1If, furthermore, the two simple roots are neighbours, say j = k + 1,
then rs = 0.

Proof. (1) Use Lemma 4.22 to see that P = A\ — spag,1 and w@ = p — rooy
for some non-negative coefficients sg, ro. Note that ox1(A) = A — agy1 and
or(p) = p — ag. Hence the only points in the convex hull Con()) of the
form A — say 1 are linear combinations of the vertices A and A — a1 and so
so < 1. We assumed that P lies in the dominant Weyl chamber, so sy < %
Essentially the same arguments show that rq < %

(2) Since P and w@ lie in the same chamber, (P | w@) > (P | w'w@) for
every w' € W (see Lemma 4.8). In particular, (P | w@) > (P | Q) (choosing
w™! for w’). By assumption this value is maximal and so

Alp) = (PlwQ)
= (A—rag | p—sag)
= Olp)+rs
Hence rs equals zero. O

Corollary 8.12. Let V\, ® V,, be a fully critical representation such that
I(N) = {auw} and I(pn) = {ay;}. Then the subspace (VA(A) @ Vi(A — ;) ®
(Vi) @ V(e — ax)) of Va @ V), belongs to the Cartan component.

Proof. Follows immediately from part (1) of Lemma 8.10. O

Proposition 8.13. Let VA®V,, be a fully critical representation with I(\) =
{ouw} and I(p) = {ag41}. Then the Cartan component of V\ @V, is small.

Proof. Recall that in the SU,,,;—orbit of every non-zero decomposable tensor
of the Cartan component exists a tensor v ® w such that the value (Py(v) |
P,(w)) is maximal, i.e. equals (A | ).

(1) By Lemma 8.11 for every maximal pair (P, Q) in Con(A) x Con(u) there
exists w € W and 0 < r,s < % such that P is A and w@ = p — ray or
P =X—-sap and w@ = p.

(2) The vector spaces Wy 1= vy @ (V, (1) ® V(1 — o)) and Wy := (V)(A) @
VA(A — ag41)) @ v, consist of decomposable tensors of the Cartan component
(use part two of Lemma 8.10).
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(3) Show that the maximal pairs (wA, u — rag) and (wW(A — sayyq), p) corre-
spond to tensors in the vector spaces W; and Wh:

(i) Let P = X and w@ = p — rag. Note that the pair (P, Q) lies in
the Weyl-orbit of (A, 1 — ray): If 0 < r < 2 we use Lemma 4.8 to see that
w@ = Q. Let r = % Consider the element (o3P, 0x(Q) in the Weyl-orbit of
(P,Q): We have 0P = X and 0j,(wQ) = p1 — Fou.

(ii) The same arguments show that for P = A — sagyq, 0 < s < % and
w@ = p the pair (P, Q) lies in the Weyl-orbit of (A — sag41, ).

Therefore every maximal pair comes from a tensor in Wy or in W5s.

(4) Prove that W; and Wy are subsets of the closure of the SL,,—orbit of
vy ®@v,: Consider a non-zero tensor w ® v, where w = w v\ + WaVx_q, . We
have seen in the proof of Lemma 8.5 that there exists A € SL,, 1 such that
Aw ® v, equals vy ® v,,. O

8.5 Ciritical Representations

In this subsection we give a description of semi-critical and fully critical
representations that can have a small Cartan component. The result gives
another useful tool to restrict the search for critical representations with
small Cartan component.

Proposition 8.14. (1) If VA®V,, is a semi-critical representation (i.e. there
exists i with a; L p and l; = 1) with a small Cartan component, then I(u)
cannot contain both a;_1 and ;.

(2) If Vi ® V,, is a fully critical representation (i.e. there exists i # j
with o; L p, oy L X and l; = mj = 1) with a small Cartan component, then
I(X\+ p) can neither contain both c;_1 and oy nor both aj_y and ajig.

In other words: (1) If o; belongs to a connected string of simple roots
perpendicular to p, then «; has to be a vertex of this string. (2) The roots
a; resp. o have to be vertices of any connected string of simple roots per-
pendicular to p resp. to A.

Proof. Part (1): We use the Dense Orbits Criterion (Corollary 5.9). Assume
that {a;_1, a;, a1} lie in I (). Then Ly, contains a SLy-block (correspond-
ing to the simple roots o;_1, a;, a;+1). Note that the coefficients [;_; and [; 1,
of X\ are zero since by assumption, the ;1 and «;,1 are perpendicular to A.
Consider the action of Ly, on vy = vlll R R v,l{L (with v, = e1 A .. .eg):
The SLy-block described above is acting on (v;-1)° ® v; ® v;41 in the same
way as SL, is acting on es.



62 Further Results and Problems for the Special Linear Group

Now since the Cartan component is small, Corollary 5.9 implies that
(Li¢u)vy) is the closure of Ly, )ux. This would imply that the representa-
tion generated by SL, e is the closure of this orbit which is impossible (cf.
table 5.2).

Part (2) follows from applying part (1) twice. O

Note that Proposition 8.9 is an application of this result (with A and p
fundamental).

8.6 Conclusion

To install an order among irreducible representations of SL,,; we can first
divide them into non-critical, semi-critical and fully critical representations.
Note that there are restrictions on the coefficients in the latter two cases:
Recall that if o is only perpendicular to A then the coefficient m; of u equals
one and if ¢; is only perpendicular to  then [; equals one (see Subsection 8.1).
Recall that by Proposition 8.14, these roots «; (and «;) cannot lie in the
interior of a connected string of simple roots in I(A + p). The next step is
to count the simple roots which are perpendicular to both of the dominant
weights.

Definition 8.15. Let A and i be dominant weights such that V), ® V), is non-
critical, semi-critical or fully critical. Let p be the number of simple roots
perpendicular to A and pu. We define the type of the representation V) @ V,

as the index (#I1(\) — p, #1(n) — p,p).

It is clear that the first two numbers can only be zero or one if the Cartan
component of the corresponding representation is small: The type is (0,0, p)
with 0 < p < n corresponds to the family of non-critical representations.
The type (1,0,p) (resp. (0,1,p)), 0 < p < n — 1, corresponds to the family
of semi-critical representations. Finally, the type (1,1,p), 0 < p < n — 2,
corresponds to fully critical representations.

Conjecture 8.16. Let V), ® V), be a tensor product of irreducible represen-
tations. Then the following holds:

(1) Let Vy @ V,, have type (0,0,p), p < n. Then the representation has a
small Cartan component.

(2) Let Vy ® V,, have type (0,1,p) (or (1,0,p)), p < n— 1. Then the
representation has a small Cartan component if and only if I(pn) 3 a; ¢ I(N\)
is a vertex of the connected string of simple roots in I(A 4+ p) it belongs to.

(3) Let Vy ® V), have type (1,1,p), p < n — 2, let o; and «; be the two
simple roots that are perpendicular to different highest weights. Then the
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representation has a small Cartan component if and only if a; and o are
vertices of the connected strings of simple roots in I(A + p) they belong to.

Idea of Proof: (1) The representation is not critical, the assertion follows
from Corollary 4.20.

(2) The “only if”-part follows from Proposition 8.14 above. The “if”-part
for p > 0 remains to be proved.

For p = 0, the assertion follows from Lemma 8.5.

(3) Again, the “only if”-part follows from Proposition 8.14.

For the “if”-part there are three different situations:

(i) Let p = n—2. Hence we are dealing with the fundamental representation
Vir ® Vi;. In this case the assertion follows from Propositions 8.6 and 8.7:
The Cartan component is small if and only if (¢, 7) is (i,7+ 1) or (1,n).

(ii) Let p = 0. If j = k + 1 the assertion follows from Proposition 8.13. In
case t = 1 and j = n we claim that the Cartan component is small.

(iii) For 0 < p < n — 2 everything remains to be proved. O

8.7 Process of Reduction

In this subsection we prove a result that can be used to generate a fam-
ily of critical representations for which the Cartan component is not small.
Suppose V) ® V,, is a critical representation of SL,; such that the Cartan
component V), is not small. We can extend the weights A and p by zeroes,
Le. if A=Y"Tlw; let X = Z?er liw; where the coefficients 11, ..., l,4, are
all zero and define i/ similarly. Then we can use the result of Proposition 8.17
below to show that the Cartan component Vi, of the SL,, 4 is not small.

The reduction process proceeds in the other direction. The idea is to
start with a representation of SL,; such that the highest weights are both
perpendicular to the simple root «,. We can consider the weights as dom-
inant weights for SL, and study the tensor product as a representation of
SL,. The idea is to minimise the set I(A + p) of simple roots perpendicular
to A and pu.

Unfortunately we cannot eliminate all simple roots in I(A+pu): Let VA®V,
be a fully critical representation with (A | a;) = (¢ | ;) = 0 and such that
the coefficients {; = my, are one. Suppose that there exists a simple root o
in /(A + ) lying between oy, and «a; (i.e. k < i < j). Then Proposition 8.17
cannot be used to eliminate «;.

Proposition 8.17 (Reduction). Let V) ® V,, be a representation of SL, 41
which has a small Cartan component and such that (o, | A) = (o, | 1) = 0.
Then V\ ® V,, considered as a representation of SL, has a small Cartan
component.
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To avoid confusion about the group acting on the modules we denote by
Vi(n) resp. V,(n) the irreducible SL,,~modules with highest weight A resp.
p and maximal vectors vy, resp. v,n,. Let B(n) := SL,(vx, ®v,,) be
the closure of the SL,-orbit of the maximal tensor, (Vi;,)(n) the Cartan
component and Dec(n) the set of decomposable tensors in the SL,— module
(Vs @V, )(n).

On the other hand set B := SL,;(vyx ® v,) and let V);, and Dec be

the Cartan component resp. the set of decomposable tensors in the SL,, -
representation V\ ®@ V,.
Idea of Proof: (1) We first show that Decn (V) ® V,)(n) equals Dec(n):
Let Vo C V and Wy C W be arbitrary vector spaces. Write V = V@ V|
W = W,& W’ and denote by Dec the set of decomposable tensors in V @ W
and by Decq the set of decomposable tensors in Vo ® Wy. Then,

VeaW=VieW)o (VheW)e (V' eW) e (V' oW

It is clear that Decy is a subspace of DecN(Vy ® Wy). Let v ® w be a non-zero
tensor in Dec NV ® Wy, Write v = vg + v’ and w = wy + w’. In particular,
VR W =1y Qwy+ vy QW + v @ wy+ v @w lies in Vo ® Wy. Thus only the
first term is nonzero and so v = w’ = 0. Hence v ® w lies in Decy and

DecNVy ® Wy = Decy .

(2) We show that Vyy, N (Va ® V,)(n) equals Vyy,(n): The Cartan compo-
nent Vy;,(n) occurs once in this intersection. Suppose that there exists a
weight v # A + u such that the irreducible component V,,(n) also lies in this
intersection.

The weight v comes from a weight v/ := v + kw,, of V\ ® V,, (with k >
0). Observe that V,(n) has multiplicity one in the SL,,;,-representation V,,
(branching law). Since the Cartan component V), has trivial intersection
with V,,, the component V,(n) must be trivial.
(3) It remains to show that B(n) = B N Vy;,(n): The injection Vy;,(n) —
V4, induces a surjection of the coordinate rings O(Vyy,) - O(Viiu(n)) =
O(Vatp)/J where J denotes the ideal of V)4, (n) in V;,. Write the coordi-

nate rings as

OViwu) = Co Virtw @ SQV(HM)* ©---
O(Varu(n)) = C@ Vg (n) © S?Vingy-(n) @ - -

and SVie = Vi @ K resp. SVaipn-(n) = Vo (n) @ K(n)
where K resp. K(n) is the orthogonal complement. Thus the surjection
OVagp) = O(Vagu(n)) induces a surjection K — K(n) = K/J.
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By a result of KOSTANT (see BRION [Br85|, §4, page 382), the ideal of
B(n) (resp. of B) is generated by K(n) (resp. by K):

I(B(n) = O(Vaiu(n)- K(n),
I(B) = O(Vis,)-K.

Hence

which shows that

Combining (1) and (2) yields
Dec(n) N (Vasy)(n) = DecVaiy N (Va® V) (n).
By assumption, this equals
BN (1h®V,)(n)

which is B(n) by (3). O

Note that this process can be iterated. For instance let A and p be highest
weights which are perpendicular to the simple roots aq, ..., a, and ay, . . ., ay,.
Suppose that the corresponding representation has a small Cartan compo-
nent. Then we can use Proposition 8.17 successively for «,, a1, ..., a, and
then for ay, ..., a,.

As announced in the beginning of this subsection the idea is to use Propo-
sition 8.17 in the opposite direction: Let V) ® V), be a fully critical represen-
tation of SL,.; (where p < n) such that its Cartan component is not small.
Extend A = > 7 l,w; and p to a weight for SL,, 1 be zeroes (i.e. set {; = m; =0
for every i = p+1,...,n). Then the corresponding representation of SL,,
does not have a small Cartan component.

Note that using this process we can prove Proposition 8.9 by applying
Proposition 8.17 to Proposition 8.6. If we start with a fully critical represen-
tation such that its Cartan component is not small we can produce a whole
family of such fully critical representations.

Remark. If Conjecture 8.16 is correct there is no need to use the result from
Proposition 8.17.
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