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ù�;õUVUY;
UY;,£ Ë38�X`�
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£,;,B�U � XZ8�;,�E[3X`BV;q£qUVX`CO8��ML�ù�CÝ8
UVB � XZBV;q@�;q8
U��¤£,;��
?�X��V; N#� �D�V; N CO?�B P � UVCO@�CÝôOB �ÝN Ë�X`;�£,CO8WUVX`8
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P`X`@AXZUV;e����?3;,P`�
?�;q�^[�XZBV;q£qUYXZCO8��Ê[�; N BVCJdD;q£qUVX`CO8oL ó QS:qUV?�[�;à[3;�£q; N BDCOT�PZÌ,@A; � :qUV:à��UYX`@à?�P`:q;�[ � 8��9P`;
[�:,T�?hUà[�;q� � 8�8�:q;,� �O¦ N#� B�?�8�;¡UV;,£ Ë�8�XZ�
?�;�[3;A@AX`£qBVCO�D£,C N X`;¤:qP`;,£õUYBDCO8�X`�
?�; � [ ÿ�7�> ¨ ö ¨ û Í � CGF
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R
 �
] � 83�

Rn
P � £,CÝ8 ? ;�\hXZUV:�;q�DU�UVBVÌ,���DX`@ N P`;R�\[�:��#83X`B6<�?�8 ;,8��D;,@¤T�PZ;

F ⊂ Rn
;,��U¢[�XZU�£qCO8 ? ;,\3;

�DX�UVCO?3U��D;,ôO@A;,8WU dDCOX`ôO8 � 8WU9[3;,?X\ N CÝX`8WUY�9[�;
F

;,��U�£,CÝ8
UV;,8
?H[ � 83�
F
L ��8 N ;,?3U^BV; N BV;q8�[�BV;§Ü�UV;,PZP`;

�
?�;qP`P`;§Ü�£,;õUVUV;�[3:��#8�X©UYXZCO8��V?�B
Zn

<
�\�
�ª�����"� !f� 
�� 
�� 
�� / 10����tu m& E &$(�� 2 65G$NJ/7=0&��X&��.G$NJ/7=0&��X&��#�0+^(@&9V0w &�/7����(�� �7NJ X+��ONJ X� �7NJ��/7�
A,B 1F& E �'&$( �7NJ��/7��(^&�/7���9&�+$(R10 �(@&9V0w &�/7� [AB] (@NJ/7� 1h�0/#( E ���8 N ;q?3U � ?��D�VX.£,CO83�VX`[3:,BV;qBÊP`;,� N�� BDUVX`;,�E[3;

Zn
�
?�Xj�DCO8WU9UVB � £q;,�Ê[�;¢£,CO8 ? ;�\h;,�9[�;

Rn
<

�\�
�ª�����"� !f� 
�� 
��"��� /Y& �#�0+,���9& E 1F& Zn &$(��R10���O& �ONJ�9�0�'&�w &�/7��G$NJ/7=0&��X&�(��R&��e(@&� F�'&�w &�/7�I(�� ���
&�� �'(��O&I F/rG$NJ/7=0&��X& F 1F& Rn �O&���tu m&

E = F ∩ Zn.

Í � PZË�;,?3BV;,?3�V;,@A;,8WU^£,;qUDUY;�8�CÝUVX`CO8�;,��U^��UYBDX`£qUV;,@A;,8WU N P`?3��øsCOB�UY;¢�
?�;�P � ¥"ìw£qCO8 ? ;,\3X©UY:�£,CO@A@A;�PZ;
@ACO8WUYBD;�PRQS;�\h;,@ N P`;�[3;�P � �#ôO?�BD;�  LZ 0L

S

) Ï�ä+*.  L©  � � /Y& �#�0+,�-�9&41F& Z2 � 65G$NJ/7=0&��X&*/YNJ/ � NJ�9�0�'&�w &�/7�nG$NJ/7=0&��X&

Z X
F ⊂ Rn

CO8\[3:,�VXZôO8�; N#� B
conv(F )

� ;q8 ? ;,PZC N�N ;�£qCO8 ? ;,\3;�[�;
E � P`; N PZ?�� N ;qUYX©UE£,CÝ8 ? ;�\h;à[3;

Rn
£,CÝ8
UV;,8 � 8
U

F
L0ù^Q÷;q�DU9PRQS;,8��D;,@¤T3P`;�[�;q�9T � BDÔ�£,;q8
UVBV;q����£,C�;��A£,XZ;,8WUY� N CO�VX©UYX©øs�&[�;

F
L

] � 83� P � [�:��#83XZUYXZCO8�  L©  LZ ÊCO8 N ;,?3U�£,CÝ8��VXZ[�:,BD;,B)[�;,��;,8 ? ;,P`C N�N ;q��£qCO8 ? ;�\h;q��[�;
k N CÝX`8WUY� � ?�P`XZ;,?

[�; N BD;,8�[3BV;¢[�;,���V;qôO@A;,8WUY�6<
�\�
�ª�����"� !f� 
�� 
��"��� / 10���etu m& E &$(�� k 65G$NJ/7=0&��X&�(�� �7NJ F+ �ONJ F� �7NJ��/7� A1,A2 . . . Ak

1F& E �'&$(
�7NJ��/7��(^&�/7���9&�+$(!1F& conv(A1, . . . Ak) (@NJ/7��1h�0/#( E �

  �



 
ü ������� �(� 

�����	� � ��
��
� �(��� � ��� ��� �

ÿ�8�; N#� BDUYXZ;
E

[�;
Z2

;,�DU�UYCÝU � P`;q@�;q8WU�£qCO8 ? ;,\3;��VX�;qUß�D;,?�PZ;,@A;,8WUß�DX
E = conv(E) ∩ Z2

L
��B9P`;�UYË3:,COBDÌ,@A;à[�;¤ù � B � UVË�:,C�[�COB�Ô ��� � ;,B �O¦3Ü� O  L©  L �#L ý�� � � �D�V?�BD;¤�
?�;�UVCO?3U N COXZ8WU^[�;�PRQS;,8 ? ;qP`C N3N ;
£,CO8 ? ;,\h;�[6QS?�8�; N#� BDUYXZ; F ⊂ Rn

;q�DUA;,8³ø � X©U¤?�8ÃT � BDÔ�£,;q8
UVBV;s�L£,C�;��A£qX`;,8WUV� N CO�DXZUYX©øs�à[�;
n + 1N COXZ8WUY�Ê[�;

F
CO8�;,8�[�:q[�?�XZU�?�83;�:q�
?�X ?§� PZ;,8�£q;�;q8WUYBV;¢P � k

ìw£qCO8 ? ;�\hX©UY:¢;qU�P � £qCO8 ? ;,\3X©UY:¢UYCÝU � P`;§<
��	"!��}!f�
�s��� !f� 
�� 
�� � � / &�/#(@&�w "u�'& E ⊂ Zn &$(�� �ONJ� �0�'&�w &�/7��G$NJ/7=0&��X&<(�� &�� (@&� X�'&�w &�/7�	(��U���U&$(��
n + 1 65G$NJ/7=0&��X& �û)8 N�� BDUVX`£,?3P`X`;qB.P`;,��UYCÝU � P`;q@�;q8WU=£qCO8 ? ;�\h;q��[3;

Z2
�VCO8WU}PZ;,� � ìw£qCO8 ? ;�\h;q� � P`;q�=£qCO8 ? ;�\h;q� N�� BÚUVBVX � 8�ôOP`; �ó ;,� N CÝX`8WUY�9;�\�UYBD:,@ � ?X\�[6QS?�8H£,CO8 ? ;�\h;

F
[�;

Rn
�DCO8WU�P`;q� N COX`8WUV�

M
UV;,P`���
?�;

F \ {M}
;,��U

;,8�£qCOBV;\£qCO8 ? ;�\h;BL Z X
E

;q�DU�?�8�; N�� BDUVX`;�[3;
Zn � P`CÝBV�àPZ;,� N COXZ8
UV�¤;�\�UVBV:,@ � ?X\2[�;

conv(E)
�DCO8WU

�ÝN�N ;,P`:q�Ê�VCO@A@�;õUY�E[�;
E
L

ó ;�UYË�:qCOBVÌq@�;¢[�;���BV;qX`8hì Í X`PZP`@ � 8 ��� � ;,B �Ý¦3Üj O  L÷ý#L �J� � � ��BD@�;¢�
?�;¢UYCO?hU9£qCO8 ? ;,\3;�£,CO@ N#� £õU
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A = M0,M1, . . . ,Mn = B �O&�� (Rtu 7& Mi

&�� Mi+1
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{(x,i) : ri ≤ x ≤ si}

�K? ;q£ ri ≤ si
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ri+1 ∈ {si,si + 1}
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Sd = {(x,y) ∈ S : (t,y) ∈ convE ⇒ t ≤ x}
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p = x � q = y

p = x + y,q = x− y
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Z CÝXZU
φ

P�Q÷XZ�VCO@ACOB N Ë�X`�D@�;�[�;
Z2
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?�XªUYB � 8���øsCOBV@A; �� OÜ÷¦ � Ü �~ OÜZ  � ;,8 �� OÜ÷¦ � Ü���¦hÜZ  � � φ(x,y) = (x −
y,y) � L ó QS;,8��D;,@¤T3P`;

E
;q�DU�ü§ìw£qCO8�8�;,\3;é[�CO8�£

φ(E)
;,��U ��ì/£,CO838�;�\h; £ � B�PRQSX`@ � ôO; N#� B φ

[�? ü�ì
? COXZ�VX`8 � ôO;�[6QS?�8 N COX`8WU�;,�DUÊXZ8�£,PZ?��V;9[ � 8��EPZ; ��ì ? COXZ�VXZ8 � ôO;9[�;�PRQSX`@ � ôO;Ê[�? N COX`8WUuL ó QS;,8��D;,@¤T�PZ;

φ(E);,�DU^[�CO8�£ ��ì/£,CO8�83;�\h;à;õU �~ OÜ ¦ � ì�� ¦3Ü©  � X`8��D:,£ � T�P`;��s£ � B
E
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[3;,?X\ N COXZ8
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L ��8\ø � X©UE?�8�;�BD:,£q?�BVBD;,8�£q;��D?�B

d1(A,B) = |xA − xB|+
|yA − yB|

L ��8��V? N3N CO�D;
xA < xB

;qU
yA < yB

L Z COXZU
A1 = (xA + 1,yA)

;qU
A2 = (xA,yA + 1)

L
í � B��� OÜ ì   � ìwXZ8��V:q£ � T3X`P`X©UY:�CO8é� � XZU��
?6QSX`PªÔ � ?�8 N COXZ8
U¢�D?�B�P � [�BVCOX©UY;

(A1A2)
L�í � B��~ OÜ ¦ � Ü��� OÜ©  � ;qU

��¦3Ü©  � ì
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A1 ∈ E

CO?
A2 ∈ E

[6Q÷C�F�PZ;�BD:,�D?�PZU � U N#� B.BV:q£,?�BDBV;q8�£,;BL
Z X

xA = xB

CO?
yA = yB

CO8 � PZ;�BV:q�V?�P©U � U N#� B �~ OÜ÷¦ � CO? ��¦3Ü©  � £qCO8 ? ;�\hX©UY:��VX`@ N PZ;0L
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�s��� !f� � � � � 
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(@&��'NJ/ D (���&��f(@&� X�'&�w &�/7� (�� &����'&x&$(�� � 65G$NJ/7=0&��X&�(@&��'NJ/ D &�� ��/#( c G5�h"u�'&*(@&��'NJ/ D �
P c w NJ/#(��-+.�0���9NJ/ , ⇒ < Z X

E
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E
;,��U

(1,0)
ì

(0,1)
ì [ ìw£qCO8 ? ;,\3;BL ó QSX`�DCO@ACOB N Ë3X`�V@A;

φ : (x,y) 7→ (x− y,y)
[�;

Z2
UVB � 8���øsCOBV@A;

(1,0)
ì
(1,1)

ì
(0,1);,8

(1,0)
ì
(0,1)

ì
(−1,1)

L ��8ß;,8\[�:q[�?�X©U&�
?�;
E

;,��U
(1,0)

ì
(1,1)

ì [ ìw£qCO8 ? ;�\h;BL3]^;^@��q@�;Êø ��� CÝ8ßCO8 �P � (0,1)
ì
(1,1)

ì [ ìw£,CÝ8 ? ;�\hXZUV:0L
⇐

< Z COXZ;,8WU
A

;õU
B

[�;,?F\ N COXZ8WUY��[�;
E

UV;,P.�
?�;àP�Q � 83ôOP`;�;q8
UVBV;��� OÜ÷¦ � ;qU −→
AB

;,�DU^�DUVBVX`£õUY;q@�;q8
U
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|xB − xA| = xB − xA

L Z CÝXZU
A1 = (xA + 1,yA)

;õU
A2 = (xA + 1,yA + 1)

L Z COXZU
M

P`; N COXZ8
U&[�;
E

�DXZUV?�:¢�V?�BÊP � [3BVCOX©UY;
x = xA + 1

L
Z X

yM ≤ yA
� PZCOBV� N#� B (1,0)

ì
(0,1)

ì [ ì/£,CO8 ? ;,\hXZUY:ECÝ8 � A1 ∈ E
L Z X

yM > yA

Ü N#� B
(1,0)

ì
(1,1)

ì
[ ì/£,CO8 ? ;�\hXZUV:�£§Q÷;q�DU

A2

��?3Xj[ � 8��
E
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A1 ∈ E

L ó Q � 83ôOP`;&;q8WUYBV;
(1,0)

;õU −−→
A1B

;,��U)[ � 8��}P�Q÷XZ8
UV;,B ?Ý� P`P`;
]0,45◦]

£ � B
�qQ÷XZPf:õU � X©U N P`?���ôOB � 8�[��
?�;

45◦
Ü � P`COBD�)P`;,� [�BVCÝXZUY;q�

y = yA

;qU
x− y = xB − yB

8�;^�D;^£,CÝ? N ;qB � XZ;,8WU
N#� ��;q8é?38 N COX`8WU¢[�;

Z2
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L Z XZ8�CO8
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A1

;qU
B
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?�X N ;q?3U �õUYBD; N BDCOP`CO83ôO:�;q8³?�8
£ Ë�;q@�XZ8�;,8WUYBD;
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;õU

B
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A2 ∈ E

CO8�@ACO8WUYBD;¢[�;�P � @��q@�;�ø ��� CO8���?�Q÷XZP�;,\hX`�DUV;¢?�8Lý�ì/£ Ë�;,@AX`8�;q8
UVBV;
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;õU
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P c w NJ/#(���+.�0�-�9NJ/ , ó QSX`@ N P`XZ£ � UVX`CO8

⇒
;q�DU�£,P � X`BD;0L

íÚCÝ?�B.PRQ � ?3UYBD;}�V;q8��Ú£qCO8��DX`[�:qBVCO8��.?�8�;,83�V;,@àT�P`;
E [ ìw£qCO8 ? ;�\h; �V;,PZCO8�UYCO?hU.£,CO? N P`;

(p,q)
L
]àQ �§N BVÌq�

P ��N BDC N CO�VX©UYX`CÝ8m  L©  LSü�XZP��D? ��U¤[�;�@�CÝ8
UVBV;qBà�
?�;�UVCO?3U N COXZ8WU
M

XZ8WUY:,BDX`;q?�BR��?�82UVBVX � 8�ôOP`;
ABCCGF

A,B,C ∈ E
;,�DU � ?��D�VX)[ � 83�

E
L Z X

M
;,�DU��V?3B�P�Q÷?38é[�;q�¢£,CÝUV:,��[�? UVBVX � 8�ôOPZ;ÝÜ6£qCO@�@A;

E
;,��U
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M ∈ E
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(p,q)
CGF

p
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;qU

q;q�DU�P � [3X`BV;q£qUVX`CO8�[�;
(BM)

;qU9UY;,P��
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q(A) ≤ q(M)

;qU
p(B) ≤ p(M)

L�í�CO?�B�UYCO?3U
i 6= 2

CÝ8 �
Ri(M)∩ {A,B} 6= ∅

L���8 � øsCOBV£q:,@A;,8WU
p(C) ≥ p(M)

£ � B��DX`8�CO8�P`;�UYBVX � 8�ôOPZ;
ABC

;q�DU&[ � 8��&PZ;
[�;q@�X+ì N P � 8\[�;�øsBVCO8WUYXZÌ,BD;

p = p(M)
;qU9[�CO8�£

M
;,��U��D?�B9?38L[�;,�9£,_ÝUV:,�9[�;

ABC
£,CO8WUVB � [�XZ£qUVX`CO8oL

]^;¡@��,@A;
q(C) ≥ q(M)

Lj]9CO8�£
C ∈ R2(M)

;qU
M ∈ E N#� B [ ìw£qCO8 ? ;�\hX©UY:¡�V;qP`CO8

(p,q)
L � ? COX`B
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P c w NJ/#(���+.�0�-�9NJ/ , Z X [AB]

;,��U&?�8 N X`;q[�CO8
xA = xB

CO?
yA = yB

L ��8 N ;,?3U [�CO83£^�V? N�N CÝ�V;,B �
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;,\3XZ�DUV;

i
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Ri(A) ∩ E = ∅
;õU

Ri(B) ∩ E = ∅
L ��8Â�V? N�N CO�D; N#� Bà;,\h;,@ N P`;

i = 0
;õU

p(A) < p(B)
L Z COXZU

N = (xB,yA)
;õU

N ′ = (xB − 1,yA − 1)
Ü#£qCO@A@�;

A
;õU

B
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A
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[AN ]∪[BN ] ⊂ E
L�]^CO8�£ �VX

|xA−xB | > 1
;qU
|yA−yB| > 1

L � P`COBD�
(xA−2,yB),(xA,yB−2) ∈ E

Ü
[�CÝ8�£ N#� BE£,CÝ8 ? ;�\hXZUV:

(xA − 1,yB − 1) ∈ E
£qCO8WUYB � [�X`£õUYXZCO8 �K? ;,£ R0(N

′) ∩ E = ∅
L
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U&�VX

A
;qU

B
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R0(A)∩E = {A}
;qU

R0(B)∩
R = {B}

;õU
0 ≤ yB−yA ≤ xB−xA
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U
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xA + i,yA +
⌈

(yB−yA)i
xB−xA

⌉) N CO?�B
0 ≤ i ≤ xB − xA
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0 (M)∩E = ∅
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Rpq
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D

Ü
k ∈ {0,1}

;qU�?�8 N CÝX`8WU
M

�
?�X ? :,BDX"�#;

(∀i V qrs
2i+k(M) ∩ E 6= ∅)

��8 ?§� �V? N�N CO�D;,B���?3;
M 6∈ E

[�CO83£ N�� B � �DX`@ N P`; � [ ìw£,CÝ8 ? ;�\hXZUV: CÝ8 � (∀i V qrs
2i+k+1(M)∩E =

∅)
L3ù�CO@�@A;

E
;,�DU�X`8��D:,£ � T�P`;�[ � 83� P � [�XZBV;q£qUYXZCO8

p
Ü
£,;õUVUV;^[�;qBV8�XZÌ,BV;�8�; N ;q?3U N�� � �õUYBD;9[ � 8��
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N
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E
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p = p(M)
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0

Ü�[ � 8��&£q;^£ � �&P ��CO8 � k = 0
;qU�[�CO8�£

M ∈ E N#� B [ ìw£,CÝ8 ? ;�\hXZUV:��V;qP`CO8
(p,s)

G$NJ/7��+.�h10�9G��-�9NJ/ L � ? COX`B �#ôÝ?�BV;�¥XL©  � �
2

s = s(M)

r = r(M)

q = q(M)

M

p = p(M)

N
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��	"! �}!f�
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G$NJ/7=0&��X&Q(@&��'NJ/ D �
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D = {p,q,r}
UY;qPª�
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| det(p,q)| = 1
;qU

E
?�8 [ ìw£qCO8 ? ;�\h;A�V;qP`CO8

D
Ü6CÝ8

�D? N�N CO�V;\£qCO@�@A; N BV:q£,:,[3;,@A@�;q8
U��
?�;\P�Q÷CÝ8 � ?�8 N COX`8WU
M

UY;,P �
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(∀i V pqr

2i+k(M) ∩ E 6= ∅);õU
(∀i V pqr

2i+k+1(M) ∩ E = ∅)
L ��8 �V? N3N CO�D; N CO?�B¡�DX`@ N P`X �#;,B

k = 0
;qU

r = αp + βq �K? ;q£
α > 0,β > 0

L Z COXZU
A ∈ V pqr

0 (M) ∩ E
Ü
B ∈ V pqr

2 (M) ∩ E
Ü
C ∈ V pqr

4 (M) ∩ E
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Z COX©U
N

UV;,P.�
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p(N) = max(p(A),p(C))

;õU
q(M) = q(N)
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£ � B
| det(p,q)| = 1
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p = p(A)

q = q(B)
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p = p(A) = p(B)

q = q(A)

q′ = q′(B)

(A,i,p,q)CONS(B,i,p,q)

(A,i,p,q)CONS(B,j,p,r)
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0

S
qs
2

S
ps
2

S
pq
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] � 83�E£,;�£ Ë �ÝN XZUYBD;�CO8 ?§� :qUV?�[�XZ;,B&PZ;,��øsCO83£qUYXZCO8�� £,CO8 ? ;,\h;,��[�;
Zn

[ � 83�
R
L ó ;q?�BEË�CO@ACOPZCOôO?�;q�

[�?Â£qCO8WUYXZ8�?�Ü=P`;q��øsCO83£qUYXZCO8���£,CO8 ? ;,\h;,�A[�;
Rn

[ � 8��
R
dDCÝ?�;,8WU¡?�8ÂBD_OP`;AUYBDÌ,�¤XZ@ N COBDU � 8WUà;q8Â@ � ìUVË�:,@ � UYXZ�
?�;,�qÜª;,8 N#� B�UYXZ£,?�PZX`;,B�;,8 C N UVX`@AX`� � UYX`CÝ8oLÚù�CO@�@A; N CO?�B¤PZ;,�¡;q8��V;q@¤T�P`;q��CO8 � N P`?��DX`;,?3BV�

N CO�V�DX`T�XZP`X©UY:,� N CO?�BAP � [�:��#8�XZUVX`CO8m[�;�P � £qCO8 ? ;,\3X©UY: $¤[�XZ�V£qBVÌqUV;%( L ��8 ?Ý� £ Ë�COX`�DX`B�£,;qP`PZ;��
?�X�BV;q��ì
�D;,@¤T�PZ;�P`; N PZ?�� � P � £,CO8 ? ;�\hXZUV:�£qCO8WUYX`8
?�;BLfù�;,B�U � XZ8�;,� N BD;,? ? ;,�^[3;�£q;¢£ Ë �ÝN X©UYBV; N ;,? ? ;,8WU N#� B �6B UYBD;£qP � �D�VX`�
?�;q�Ú@ � XZ�j;,8�ø � XZU.;,PZP`;q���DCO8WUª8�:q£,;q�V� � X`BV;q�=�DX ? ;,?3U �K? COXZB�?38�; 83CÝUYXZCO8�XZ8WUYBVXZ8��VÌq�
?�; [3;�øsCO83£qUYXZCO8
£qCO8 ? ;�\h;�[�X`�D£,BVÌõUY;BL

ó ;,��BV:q�V?�P©U � UV�¡[�;�£,;�£ Ë �ÝN XZUYBD;\8�CO?����D;,B ? XZBVCO8WUA[ � 8���PZ; N BVC�£ Ë � XZ8Â£ Ë �ÝN X©UYBV;��D?�B¡P`;q� N COXZ8
UV�
@A:,[�X � 8��ML

� ��� ���	� 
_
�� 
�
R
�� �_�	��� 
����	��� � � 
 � �U
 � � � �
�"� ��� � � b)t�v)g��Êu/ehy
�\�
�ª�����"� !f� � � 
�� 
 � /Y& ,KNJ/YG��-�9NJ/ f 1F& D ⊂ Zn 1h�0/#( R &$(��x F/Y& ,KNJ/YG����9NJ/ G$NJ/7=0&��X&s(���&��
(@&� F�'&�w &�/7�	(�� �7NJ F+e� NJ h( A1, . . . ,An+1 ∈ D &�� �ONJ T( λ1, . . . ,λn

+ c &�� ( �7N@(����-� ,:(I1F&�(@NJwxw & 1 NJ/ �

n+1
∑

i=1

λiAi ∈ D =⇒ f

(

n+1
∑

i=1

λiAi

)

≤
n+1
∑

i=1

λif(Ai).

í � BÊ;�\h;,@ N P`;�P � BV;q�DUYBDX`£õUYX`CÝ8 �
Zn

[6QS?�8�;¢øsCO8�£õUYX`CÝ8\£,CO8 ? ;,\h;à[�;
Rn ? ;,BD� R

;,�DU�£qCO8 ? ;�\h;BL
��	"! �}!f�
���"�s!f� � � 
�� � W � f &$(��� F/Y& ,KNJ/YG��-�9NJ/ G$NJ/7=0&��X&R1 c - /7�9&*(� X+I F/ &�/#(@&�w "u�'& D ⊂ Zn 1h�0/#(
R &�� A1, . . . Ak ∈ D 1F&$( �7NJ��/7��(R1F& Zn �0�'NJ+:(

k
∑

i=1

λiAi ∈ D =⇒ f

(

k
∑

i=1

λiAi

)

≤
k
∑

i=1

λif(Ai).

ù�;õUVUY; N BVC N CO�DXZUYXZCO8^dD?��DUVX"�#;�P � [3:��#8�X©UYXZCO8�[�;q�^øsCO8�£õUYXZCO8��^£qCO8 ? ;,\3;q�uL.í � B�£,CÝ8
UVBV;�£,;qUDUY; N BVC N BDX`:õUY:
86QS;,��U N�� � ? B � X`; N CÝ?�B�PZ;,��øsCO8�£õUYXZCO8�����?3X ? :,BDX"�#;q8
Uà�VXZ@ N PZ;,@A;,8WU

f(λ1x1 + λ2x2) ≤ λ1f(x1) +
λ2f(x2)

< N�� Bj;�\h;,@ N PZ;}�VXOCO8�£qCO8��DX`[�ÌqBV;)P � øsCÝ8�£qUVX`CO8�[�:��#8�XZ;}�V?�B
E = {(−1,−1),(1,0),(0,1),(0,0)}

ü �



ü � ��� ��� �(� 
���� ��� �	� �	� � �	� � � �	� 
��
��� � � � �#� 
�� � � �

N#� B
f(0,0) = 1

;qU
f(x,y) = 0

�DX
(x,y) 6= (0,0)

Lfû}8�£,COBD;�?38�;�øsCOXZ�EP � [�:���8�XZUVX`CO8�[�?�£qCO8WUYXZ8�?�8�;
øsCO8�£qUVX`CO838�; N#� �E[ � 83�9PZ;�[�X`�D£,BV;õU��

P c w NJ/#(��-+.�0���9NJ/ , ó � [�:q@�CÝ8��DUVB � UVX`CO8�[�;^£q;qUVUV; N BDC N CÝ�VXZUVX`CO8A;,��U&T � �V:,;^�V?�B £,;,PZP`;�[�?ßUYË3:,COBDÌ,@A;9[�;
ù � B � UVË�:,C�[�COB�Ô � ? CÝX`B � � ;,B �Ý¦3Ü. O  L©  L �XL ýJ� � ��8 ?§� [�:q@�CÝ8
UVBV;qB^P �¡N BDC N CO�VX©UYX`CÝ8 N#� B�BD:,£q?�BVBD;,8�£q;¤�V?�B
k
L0íÚCÝ?�B

k ≤ n + 1
£§Q÷;q�DU�P � [�:��#83XZUYXZCO8oL Z ? N�N CO�VCÝ8��Ê��?3;�P �¤N BVC N BVXZ:qUY:��DCOXZU ? B � X`;9UYCO?3U

k′ < k
;qU

��?3;
k > n + 1Z CÝXZU

A1,A2, . . . ,Ak ∈ D
[�;q� N CÝX`8WUY�)[�;

D
;qU

λ1, . . . ,λk

[�;,�&BD:,;qP`�)UYCO?���8�CO8�8�?3P`��[�;^�DCO@�@A;
1

;qU
M =

∑

i λixi

ÜfCÝ8 ?§� @ACO8WUYBV;qB9�
?�;
M

;,��U�?�8�T � BDÔ�£q;,8WUYBD;¤[�;
k − 1 N COXZ8WUY� N#� BV@AXjP`;q�

Ai[�;¢[�;,?X\�ø �J� CO8��Ê[�X ��:qBV;q8
UV;,�ML �sP`;q@�@A;^[�?�£,;qBDø ì ? COP � 8WU
Ü ? CÝX`B �#ôO?3BV; � L©  � L

B C

D

A

M

) Ï�ä+* � L©  � S�& �7NJ��/7� M &$(��41h�0/#( conv(A,B,C,D) ) w �0�'(����Q&$(��^�0 h($(��I1h�0/#( conv(A,B,C)
&��*1h�0/#( conv(A,B,D) ) &��Q�ONJ F� &_G$N@NJ+.1FNJ/7/ c & "$�0+,phG$&�/7�-+,��tu 7& 1F& M 1h�0/#( (A,B,C,D) &$(��� F/Y&
G$NJw "u��/2�0�'(@NJ/ �7N@(�������=0&<1F&$(<G$N@NJ+.1FNJ/7/ c &$(�1F& M 1h�0/#( (A,B,C) &���1F&�G$&����'&$(n1F& M 1h�0/#( (A,B,D)

��8 � k ≥ n + 2
[�CO83£�P � ø � @AX`P`PZ;

(Ai)1≤i≤k

[�; N CÝX`8WUY�E[�;
Zn ⊂ Qn

;,�DU � �A8�;q@�;q8WU9[3: N ;,8hì
[ � 8WUY;BL���8\;,8\[�:q[�?�XZU&PRQS;�\hX`��UY;,83£,;�[�;^B � UVX`CO8�83;,P`�

α1, . . . ,αk

UY;qP`� ��?3; ∑
αi = 0

;õU ∑
αiAi = 0

L
Z COXZU

i1
;õU

i2
UY;,PZ�E�
?�;

τ1 = −
λi1

αi1

= min
αi<0

(

−
λi

αi

)

, τ2 = −
λi2

αi2

= max
αi>0

(

−
λi

αi

)

.

��8 � τ2 < 0 < τ1

L0íÚCO?3BÊUVCO?3U
τ

CO8 �

M =

k
∑

i=1

(λi + ταi)Ai

@ � XZ��;,8 N BV;q8 � 8WU
τ ∈ [τ1,τ2]

CO8 � λi + ταi ≥ 0 N CO?3B¢UVCO?3U
i

;qU�[�; N P`?��
λi1 + ταi1 = 0

;qU
λi2 + ταi2 = 0

[�CO8�£¢[6Q �ÝN BDÌ,��PRQSË
Ô N CÝUYË3Ì,�V;¢[�;¢BD:,£,?3BVBV;q8�£,;�CO8 � <

f(M) ≤
∑

i6=i1

(λi + τ1αi)f(Ai)
� � L©  �

f(M) ≤
∑

i6=i2

(λi + τ2αi)f(Ai)
� � L ¥ �



� �;����� ��� � �(� � �	��� � 
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�� � � 
�� � 
 � �	� � � ü �

û}8�ø � X`� � 8WU τ1 ���
	 A�� −τ2 �
�
	 
 �
τ1−τ2

CO8�COT3UVX`;,8WU

f(M) ≤
∑

i6=i1,i2

λif(Ai) +
τ1(λi1 + τ2αi1)

τ1 − τ2

f(Ai1)−
τ2(λi2 + τ1αi2)

τ1 − τ2

f(Ai2)

=
∑

i6=i1,i2

λif(Ai) + λi1f(Ai1) + λi2f(Ai2)

ù�;¢�
?�Xj;,��U�PRQSX`8�:qô � P`X©UY: ? CO?�PZ?�;0L
2

�\�
�ª�����"� !f� � � 
��"� W � f &$(��  X/Y& ,KNJ/YG��-�9NJ/ 1F& D ⊂ Zn �0�'NJ+:(*� � c �2��V0+5���7`7&e1F& f &$(�� ��� �#�0+,���9& E
1F& Zn × R 1 c - /7�9& �#�0+ ,

E = {(M,y) : M ∈ D &�� y ≥ f(M)}.

��	"! �}!f�
���"�s!f� � � 
�� � W NJ��� f  X/Y& ,KNJ/YG����9NJ/ 1F& D ⊂ Zn =0&�+:( R �0�'NJ+:(x�'&$(�< �2+:N �7N@(����-�9NJ/#(!(� X��6
=J�0/7�O&$(*(@NJ/7� c tu X��=J�0�'&�/7�O&$(
� � ��� ,KNJ/YG��-�9NJ/ f &$(��  F/Y& ,KNJ/YG����9NJ/ G$NJ/7=0&��X& �� � � � c �2��V0+.���7`7& E &$(��nG$NJ/7=0&��X&RG�� &$(���*�10��+:& E = convRn+1(E) ∩ (D × R) �
< � ���7&�� �'(��O&n F/Y& ,KNJ/YG����9NJ/sG$NJ/7=0&��X& g 1F& conv(D) ⊂ Rn =0&�+:( R � &����'&�tu m& f &$(�� ���e+:&$(��-+,�9G����9NJ/

1F& g * D �
P c w NJ/#(���+.�0�-�9NJ/ ,

� (1)⇒ (2)
L Z COX©U

(M,y) ∈ convRn+1(E)∩ (D×R)
L���8�;,��U&[ � 8��

Rn+1
Ü
[�CO8�£9CO8�� � XZU��
?�;

(M,y)
;q�DU9T � BDÔ�£q;,8WUYBD;à[�;

n + 2 N COXZ8WUY�Ê[�;
E

Ü0X`Pj;,\hX`�DUV;�[3CO8�£�[�;,� N CÝX`8WUY�
Ai ∈ D

;qU9[�;,�
£qCh;��A£,X`;q8WUY� N CÝ�VXZUVXZøs�

λi

[�;¢�VCO@A@A;
1

UY;,PZ�E�
?�;ª<

M =
n+2
∑

i=1

λiAi, y ≥
n+2
∑

i=1

λif(Ai)

@ � XZ�&[6Q �ÝN BVÌq�ÊP �¤N BDC N CÝ�VXZUVX`CO8 N BV:,£q:,[�;q8WUY; �§N�N P`XZ�
?�:,; �K? ;q£ k = n + 2
CO8�� � X©UE�
?�;

f(M) ≤
n+2
∑

i=1

λif(Ai) ≤ y

;õUÊ[�CO8�£
(M,y) ∈ E

L
� (2)⇒ (3)

L���8 N BV;q8�[
g(x) = min{y : (x,y) ∈ convE}

L
� (3)⇒ (1)

ù�P � XZBuL
2

ù�;õUVUY; N BVC N CO�DXZUVX`CO8�@�CÝ8
UVBV;�[�CO8�£���?3;¤PRQS:qUV?�[�;à[�Q÷?�83;àøsCO8�£õUYX`CÝ8��9£qCO8 ? ;,\3;�[�XZ�V£qBVÌqUV;à�D;¤B � @AÌ,83;R�
P�Q÷:õUY?�[�;�[�Q÷?�83;�øsCO83£qUYXZCO8\[�:��#8�X`;¢�D?�B

Rn
@ � X`��£,;¢86QS;,�DU N#� �&øsCÝBV£,:q@�;q8WU9?38�;¢T�CO838�;¢X`[�:q;0L
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� � � � � � b)t�v)g��Êu/ehy�xWehk3u~dfehg
���
�=�Ú���"�s!f� � � 
�� � � /Y& ,KNJ/YG��-�9NJ/ 1F& D ⊂ Zn 1h�0/#( R &$(��  F/Y& ,KNJ/YG��-�9NJ/ ��UYBVXZ£qUV;,@A;,8WU G$NJ/7=0&��X&
(��!&���(@&� F�'&�w &�/7�Q(�� �7NJ F+��ONJ X� A1, . . . ,An+1 ∈ D 1F& Z2 &��e�ONJ h( λ1, . . . ,λn

+ c &�� (%�7N@(������ ,:(_1F&
(@NJwxw & 1 NJ/l�

M =

n+1
∑

i=1

λiAi 6∈ {A1 . . . An+1} =⇒ f(M) <

n+1
∑

i=1

λif(Ai).

Z X
f

;,��U&?�8�;�øsCO8�£õUYX`CÝ8���UYBVXZ£qUV;,@A;,8WU £,CO8 ? ;,\h; � P`COBD�)CO8 N ;,?3U�BV;õø � X`BD;�P ��N BV;,? ? ;�[�;9P �¢N BVC N CO�DXZUVX`CO8
� LZ 0L ¥Ê;,8¤BD;,@ N P ���,� 8WU=PZ;,��X`8�:qô � PZXZUY:q� � � L©  � ;qU � � L ¥ � N#� B�[�;,�ÚX`8�:qô � P`X©UY:q����UYBDX`£qUV;,�ML ��8àCÝT3UYXZ;,8WU=[3CO8�£ª<
��	"!��}!f�
�s��� !f� � � 
�� � W � f &$(��< X/Y& ,KNJ/YG����9NJ/ (���+,�9G�� &�w &�/7�eG$NJ/7=0&��X& 1F& D ⊂ Zn 1h�0/#( R &��n(��
A1, . . . Ak ∈ D (@NJ/7�I1F&$( �7NJ��/7� (_1F& Zn �7NJ/21 c + c ( �#�0+ λ1, . . . ,λn

+ c &�� ( �7N@(����-� ,:(_1F& (@NJwxw & 1
�0�'NJ+$(

M =

k
∑

i=1

λiAi 6∈ {A1 . . . Ak} =⇒ f(M) <

k
∑

i=1

λif(Ai).

��8 N CO?�BDB � X©U � ?��V�DX�;,�D� � ÔO;qBÊ[�;^UYBDCO? ? ;,B&P �!? ;qBV�DX`CO8 $¤�DUVBVXZ£qUY; (�[3;�P ��N BVC N CO�DXZUYXZCO8 � LZ 0L÷ü�Ü�@ � X`��P �øsCO8�£qUVX`CO8
g

[�; ? B � �qUVBV; �¡N BVXZCOBVX�?�8�;¢X`8WUY;qB N COP � UYX`CÝ8ß[�;¢[�;,ôÝBV:�¥¤[�;
f
L
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M� ��
 �v
�
4
 �
Z X

f
;q�DU�?�8�;¡øsCO83£qUYXZCO8H[�:��#8�XZ;¡�V?�B¢?�8 X`8WUV;,B ?§� PZP`;

[a,b]
[�;

Z
�
a

;qU
b N ;,? ? ;,8WU �qUVBV;�X`8 ��8�X`� �

� P`COBD�
D2f

[�:q�VX`ôÝ8�;¢P � øsCO8�£õUYX`CÝ8\[�:��#83X`;¢�V?3B
[a + 1,b− 1] N#� B

D2f(i) = f(i + 1)− 2f(i) + f(i− 1)��	"!��}!f�
�s��� !f� � �"� � 
  So� ,KNJ/YG��-�9NJ/ f : [a,b]→ R &$(��vG$NJ/7=0&��X&	(��Y&��7(@&� F�'&�w &�/7�7(�� D2f(i) ≥
0 �7NJ F+I� NJ F� i ∈ [a + 1,b− 1] � So� ,KNJ/YG��-�9NJ/ f : [a,b]→ R &$(��v(���+��9G��O&�w &�/7�fG$NJ/7=0&��X&�(��	&�� (@&� F�'&�w &�/7�o(�� D2f(i) > 0 �7NJ X+
� NJ F� i ∈ [a + 1,b− 1] �

P c w NJ/#(��-+.�0���9NJ/ , Z X D2f(x) < 0
CO8 � f(x) < f(x−1)+f(x+1)

2

;õU9[3CO8�£
f

86Q÷;q�DU N#� �Ê£,CÝ8 ? ;�\h;0L
Z ? N�N CÝ�VCO8��9�
?�;

D2f(x) ≥ 0 N CO?�BÊUYCO?hU
x
L Z X�CO8

a ≤ i < j ≤ b
CO8 N ;,?3U�ø � X`BD;¢P`;,��£ � P`£,?3P`�

�V?�X ?Ý� 8
UV�6<
f(i + 2)− f(i + 1) = f(i + 1)− f(i) + D2f(i + 1)

f(i′ + 1)− f(i′) = f(i + 1)− f(i) +
i′
∑

k=i+1

D2f(k)

f(j)− f(i) =

j−1
∑

i′=i

(f(i′ + 1)− f(i′))

= (j − i)(f(i + 1)− f(i)) +

j−1
∑

k=i+1

(j − k)D2f(k)

f(j)− f(i)

j − i
= f(i + 1)− f(i) +

j−1
∑

k=i+1

j − k

j − i
D2f(k)
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a ≤ j < i ≤ b

CO8 �

f(i)− f(j)

i− j
= f(i + 1)− f(i)−

i
∑

k=j+1

k − j

i− j
D2f(k)

Z CÝXZU
x ∈ [x1,x2]

Ü#£,CO@A@�;
D2f(i) ≥ 0

;qUÊ[6Q �ÝN BDÌ,��P`;q�&øsCOBV@¤?3P`;,� N BV:,£q:,[�;q8WUY;,�9CO8 � <

f(x2)− f(x)

x2 − x
≥ f(x + 1)− f(x) ≥

f(x)− f(x1)

x− x1[�CÝ8�£
(x− x1)(f(x2)− f(x)) + (x2 − x)(f(x1)− f(x)) ≥ 0[6QSCGF�<

f(x) ≤
x2 − x

x2 − x1
f(x1) +

x− x1

x2 − x1
f(x2)

;õUÊ[�CO8�£
f

;,�DU�£qCO8 ? ;�\h;BL
íÚCÝ?�B�P � ��UYBVXZ£qUV;^£,CÝ8 ? ;�\hXZUV:�X`P#�D? ��UE[�;9BV;,@ N P � £,;qB�PZ;,� X`8�:qô � P`X©UY:q� N BV:q£,:,[3;,8WUY;q� N�� B [3;,�&XZ8�:,ô � ìPZXZUY:q�&�DUVBVXZ£qUY;q�uL

2

� ��� � 
M
_
u� 	 �����s
_� � 
4
 � � 
�
R
 �o�v�U
u� � ��� ��
���� 
R
 �^��� �
ÿ983; øsCO8�£õUYXZCO8���UYBDX`£qUV;,@A;,8WUª£qCO8 ? ;,\3;��V?�B

Rn � UVUV;,XZ8
U��DCO8¤@AX`8�XZ@¤?�@J;q8¤;�\ � £õUY;q@�;q8
U=?�8 N COX`8WU,Ü
CO8 N ;q?3U�;q�V� � ÔÝ;,B�[�;�£ Ë�;,BD£ Ë�;,B�?38�; ? ;,BV�DX`CO8�[�X`�D£,BVÌõUY;¤[3;à£,;õUVUV; N BDC N BVXZ:qUV:0L Z ? N�N CO�DCO8���[�CÝ8�£à�
?�;
f

�VCÝXZUÊ?�8�;�øsCO83£qUYXZCO8\�DUVBVXZ£qUY;q@A;,8WU�£,CO8 ? ;,\h;à[6QS?�8�UYCÝU � P`;q@�;q8
U&£,CO8 ? ;,\h;
D ⊂ Zn ? ;,BV� R

L
] � 83�9PZ;�£ � �

n = 1
Ü3£,CO@A@�;

f(i + 1)− f(i)
;q�DU�?�8�;¢�V?3XZUY;¢��UYBVXZ£qUV;,@A;,8WU�£,BVCÝX`�V� � 8WUY;¢CO8 ? COX©U

�
?�;
f � UVUV;,XZ8
UÊ�DCO8�@�XZ8�X`@¤?3@ ;q8 � ? N P`?��E[�;q?X\ N COX`8WUY�E�
?�Xj�DCO8WU � P`COBD��øsCOBV£q:,@A;,8WU�£,CO83�V:,£q?3UYX©øs�uL

û}8é[3X`@A;,8��DX`CO8
2

£§Q÷;q�DU�T�; � ?�£qCO? N N P`?���£qCO@ N P`XZ��?3:¤£ � B¢?�8 N COX`8WU¢[�;
Z2

8�Q �\N#� � ? B � X`@A;,8WU
[�; N COX`8WUY� $ ? COXZ�VXZ8�� (��
?�X��V;qB � XZ;,8WU^£qCO8��D;,B ? :,� N#� B9PZ;,�ÊUYB � 8��DøsCOBD@ � UYX`CÝ8��EP`XZ8�: � XZBV;q�E[�;

Z2
COBÊPZ;,�

UVB � 8���øsCOBV@ � UVX`CO8��jPZX`8�: � X`BD;,�.£,CÝ8��V;qB ? ;q8WU)P � £qCO8 ? ;,\3X©UY:&[3;,�=øsCO83£qUYXZCO8��ML ��8 N ;q?3Uª8�: � 8�@ACOX`83�ÚTfCOBV83;,B
PZ;�8�CO@¤T�BD;�[�;¢@�XZ8�X`@ � [�Q÷?�83;�øsCO83£qUYXZCO8\[�;

Z2
[ � 8��

R
L

��	"! �}!f�
���"�s!f� � �"� � 
 W � f &$(��� F/Y& ,KNJ/YG����9NJ/ (��-+,�9G��O&�w &�/7�QG$NJ/7=0&��X&^1 c - /7�9&I(� X+4 X/ � NJ�9�0�'&�w &�/7�
G$NJ/7=0&��X& D ⊂ Z2 �0�'NJ+$( f �0�-�O&���/7�n(@NJ/ wx��/7��wx Fw &�/ �0 �2�j T( ! �7NJ��/7� ( � PR& �2�j T(x(�� f �0�-�O&���/7�
(@NJ/ wx��/7��wx Fw &�/ !��7NJ��/7��(4�0�'NJ+:(^G$&$( !��7NJ��/7��( ,KNJ+,w &�/7�  X/��#�0+.�0��� c �'N5V0+.�0wxw & �û}8�ø � XZUE£q;qUVUV; N BVC N CO�VX©UYXZCO8ß;,��U�?�8�;�£,CO8��D:,�
?�;q8�£,;�[�X`BD;,£qUV;¢[�?�PZ;,@A@�;9�V?�X ?§� 8WUj<
� ��1³12� � �"� �"� W NJ��� E  X/Y& �#�0+,���9&41F& Z2 tu X�	= c +�� -�&

∀A,B,C ∈ E conv(A,B,C) ∩ Z2 = {A,B,C}.

�0�'NJ+:( E G$NJ/7�-�9&�/7� �0 �2�j T(�! �7NJ��/7��( � P^& �2�j h(<(�� E � &��T�FG�� &�w &�/7� tu �0��+:& �7NJ��/7��(I�0�'NJ+:( E &$(��  F/
�#�0+.�0��� c �'N5V0+.�0wxw & �û}8 ; ��;õU�PZ;,� N CÝX`8WUY��CGFm?�8�;�øsCO8�£qUVX`CO8 �DUVBVXZ£qUY;q@�;q8WU�£qCO8 ? ;�\h; � UVUY;qX`8WU��VCO8m@�XZ8�X`@¤?3@ ? :,BVX �#;,8WU
£qP � XZBV;,@A;,8WUEPZ;,�E£qCO8�[�X©UYX`CÝ8��E[�?�P`;,@A@A;0L
P c w NJ/#(���+.�0�-�9NJ/ , Z CÝXZU

A,B,C,M
�
? � UVBV; N COX`8WUY�H[3X`�DUVX`8�£õUY�H[�;

E
L Z ? N�N CO�VCÝ8�� [6Q � T�COBD[ ��?3;

| det(
−→
AB,
−→
AC)| 6= 1

L ó � ø � @AX`PZP`;
(
−→
AB,
−→
AC)

86Q÷;q�DUÊ[�CÝ8�£ N#� �E?�83;�T � �V;�[3;
Z2
L3öwP�;�\hXZ�DUY;�[3CO8�£�?�8



�O¥ ��� ��� �(� 
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N COXZ8WU
N 6∈ I = {αA+βB+γC | α,β,γ ∈ Z, α+β+γ = 1}.

��8 ��� P`COBD� −−→
AN = u

−→
AB+v

−→
AC

Ü
�@? ;,£ u

;qU
v

83CO8AUVCO?���P`;q��[3;,?X\A;q8
UVX`;qBV�uL Z CÝXZU
N ′ ∈ Z2

UV;,P0�
?�; −−→
AN ′ = u′−→AB +v′−→AC

ÜWCGF
u′ = u

mod 1
;õU

v′ = v mod 1
L

Z X
u′ + v′ ≤ 1

Ü � P`CÝBV�
N ′ ∈ conv(A,B,C)

L ��8�;q8�[�:q[�?�X©U^�
?�;
N ′ ∈ {A,B,C}

;qU9[�CO83£
N ∈ I£,CO8WUYB � [�XZ£qUYXZCO8oL Z X

u′ + v′ ≥ 1 � PZCOBV��P`;9�DÔ�@A:qUYBDX`�
?�;�[3;
N ′ N#� B B �ÝN3N COB�Un�

(BC)
�
B +
−−→
N ′C � ;,�DU

[ � 8��
conv(A,B,C)

Ü#[�Q÷CGF
N ∈ I

£q;¢��?3Xj;,�DU9;,83£,COBD;�?38�;¢£,CO8WUYB � [�XZ£qUYXZCO8oL
]^CÝ8�£�CO8 � M = αA + βB + γC �K? ;q£ α,β,γ ∈ Z, α + β + γ = 1

L ��8Ã[�:��#8�X©U � P`COBD�
UYBVCÝX`� N COXZ8WUY�

A′ = −A + B + C
Ü
B′ = A− B + C

Ü
C ′ = A + B − C

L�>�CO?�� � P`PZCO8��E@ACO8WUYBV;qB

A

B′

C ′

C C ∈ conv{A,B,M}

A′ ∈ conv{B′,C′,M}

C′ ∈ conv{A′,B′,M}

B ∈ conv{A,C,M}

B′ ∈ conv{A′,C′,M}

A ∈ conv{B,C,M}

A′

B

) Ï�ä+* � L ¥ � � �sw &��-��+:&!�'& �7NJ��/7� M �

��?3;
M ∈ {A′,B′,C ′}

L Z ? N�N CÝ�VCO8���[�CO83£A�
?�;�£q;�86QS;,��U N#� �¢P`;¡£ � �,ÜjCO8 ��� P`CÝBV��P`;q� N CÝ�V�VXZT�X`PZXZUV:,�
�V?�X ?Ý� 8
UV;,�6< � ? COXZB �#ôO?�BD; � L ¥ � L

� Z X
α ≥ 1, β ≤ 0, γ ≤ 0

Ü � P`COBD�
A ∈ conv(B,C,M)

;qU�[�CO83£
A ∈ {B,C,M}

Ü#XZ@ N CO�V�DX`T�PZ;
� Z X

α ≤ 0, β ≥ 1, γ ≤ 0
Ü � P`COBD�

B ∈ conv(A,C,M)
X`@ N CÝ�V�VXZT�P`;

� Z X
α ≤ 0, β ≤ 0, γ ≥ 1

Ü � P`COBD�
C ∈ conv(A,B,M)

X`@ N CO�D�VXZT�P`;BL
� Z X

α ≤ −1, β ≥ 1, γ ≥ 1
Ü � PZCOBV�

A′ ∈ conv(B,C,M)
X`@ N CO�D�VXZT�P`;BL

� Z X
α ≥ 1, β ≤ −1, γ ≥ 1

Ü � PZCOBV�
B ′ ∈ conv(A,C,M)

X`@ N CO�D�VXZT�P`;BL
� Z X

α ≥ 1, β ≥ 1, γ ≤ −1
Ü � PZCOBV�

C ′ ∈ conv(A,B,M)
X`@ N CO�D�VXZT�P`;BL

]^CO8�£
M ∈ {A′,B′,C ′}

Ü � ?hUYBV;q@�;q8WUÊ[�XZU

{A,B,C} ⊂ E ⊂ {A,B,C,A′,B′,C ′}
��8 8�; N ;,?3U N#� � �K? COX`B N P`?��¢[6QS?�8 N CÝX`8WU¢[ � 8��

E ∩ {A′,B′,C ′}
£ � B�P`;¡@AX`PZX`;q?�[�;�[�;q?X\ N COX`8WUY�

N#� BV@AX
{A′,B′,C ′}

;,�DU�[ � 8��
{A,B,C}

£q;\�
?�X&;,��UA;,8�£qCOBV;\XZ@ N CO�V�DX`T�PZ;0LÚ]^CO8�£
E

;q�DU�P�Q÷?�8Â[3;,�
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) Ï�ä+* � L � � S � &�/#(@&�w "u�'& D = {(1,1,1),(2,1,1),(0,1,0),(0,0,1),(0,0,0)} / � &$(�� �#�J( ��/YG��j T( 1h�0/#(
�'&$(e(@NJwxw &���(^1 �  X/ �#�0+.�0��� c � c �2� �7>51F& � 8�NJ X+,�9�0/7���ONJ X��� c ��+5�F>510+:& * (@NJwxw &�� (R1h�0/#( D /Y&�G$NJ/7���9&�/7�
�0 7G� X/��7NJ��/7� 1F& Z3 �

N#� B � PZP`:,PZCOôOB � @�@A;,�
{A,B,C,A′}

Ü
{A,B,C,B′}

Ü
{A,B,C,C ′}

L ��8 � [�CO83£¡T�X`;q8 @ACO8WUYBD:¡�
?�;��VX
|E| ≥ 4 � PZCOBV�

|E| = 4
;õU

E
øsCOBV@A;�?�8 N#� B � P`PZ:,P`CÝôOB � @A@A;0L

2

%ß��12�3	§4�5�� � �"� �"� P4�0/#( �'& 1 c "u X�!1F&���� �2+:&� F=0& ) �7NJ F+s1 c w NJ/7�-+:&�+_tu 7& | det(
−→
AB,
−→
AC)| = 1

NJ/��0 F+5�0��� �2  X�����j�'(@&�+s�'& ��` c NJ+:>�w &E1F& 8 �9G$g � =0NJ��+��#�0+l&��X&�w��2�'&�� %�W�� <�� � tu X�R10���xtu 7& � � �0��+:&
�.G$NJ/7����/7 m& � 1 �  X/��7NJ�jpuVFNJ/Y& P *�(@NJwxw &���(41h�0/#( Z2 &$(�� c Vh�0� * I + B

2
− 1 N�� I &�� B 1 c (���V0/Y&�/7�

�'&I/YNJw "u+:&41F& �7NJ��/7��(^&�/7���9&�+:(I+:&$( �7&$G��-��=0&�w &�/7� * � � ��/7� c +��9&� F+!1F& P &�� (� F+I�'&R"�NJ+.1�1F& P �
%ß��12�3	§4�5�� � �"� � � So� �2+:N �7N@(����-�9NJ/ < � < � �s/Y&4(�� c � &�/21 �#�J( ,M�FG����'&�w &�/7� *s��� 10��w &�/#(��9NJ/ 3 � 8��0+
&��X&�w��2�'&!(�� D = {(1,1,1),(2,1,1),(0,1,0),(0,0,1),(0,0,0)} �0�'NJ+$(^� NJ F�O&+,KNJ/YG��-�9NJ/ G$NJ/#(��9�0/7� &�1 c 6
- /7�9&I(� F+ D &$(�� (���+,�9G�� &�w &�/7��G$NJ/7=0&��X& ) �7NJ F+,� �0/7� D / � &$(�� �#�J(R��/YG��j T(^1h�0/#(4 X/ �#�0+.�0��� c � c �2� �7>51F& �� =0NJ��+ -UV0 F+:&�< � <��
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] � 83�9£q;�£ Ë �§N XZUVBV;�CO8 ?§� :qUV?�[�X`;qBÊP`;,� N COX`8WUV��@A:,[3X � 8��Ê[�;q� N�� BDUVX`;,� �#83X`;,��[�;
Z2
Lfù�CO8WUYB � X`BV; ì

@A;,8WU � ?X\ N COXZ8
UV��� � XZP`P � 8WUY��:õUY?�[�XZ:,� � ? £ Ë �ÝN X©UYBD;�¥ß£q;,� N COXZ8WUY�¢�VCO8WU��VX©UY?�:q� ? ;,BD��P�Q÷XZ8WUY:,BDX`;q?�B�[�;
P�Q÷;q8��V;q@¤T�P`;§Ü3@ � X`� N#� B � [�CK\ � P`;q@�;q8
U&X`P`� 86Q �ÝN�N#� B�UYXZ;,8�8�;q8WU N#� �&UYCÝ?JdDCO?�BD���¤PRQS;,8��D;,@¤T�PZ;�£,CÝ8��VXZ[�:,BD:0L
] � 8�� �S] ó >^í Z �����9P`;q� � ?3UY;q?�BV�ßCÝ8
U�@�CÝ8
UVBV:��
?�;LP`;q� N COP©ÔOCO@AX`8�CÝ� H I ì/£,CO8 ? ;,\h;,��£,CO8WUV;,8 � XZ;,8WU
UVCO?JdDCO?�BD�9PZ;,?�BD� N COXZ8
UV�Ê@�:q[�X � 83���D;,PZCO8�PZ;,��[�X`BD;,£qUVX`CO83��Ë3COBVX"!,CO8WU � P`;,�Ê;õU ? ;,BDUVX`£ � P`;q�uL ó ;�T�?3U9[�;�£,;
£ Ë �§N XZUVBV;�;,��U�[�;�ôÝ:,8�:qB � PZX`�V;qB&£,;¢BD:,�V?3PZU � U��¡[�;q�Ê[�X`BD;,£qUVX`CO83�E��?3;,P`£qCO8��
?�;q�uL

] � 83��?38�; N BV;q@�XZÌ,BD; N#� B�UYX`;^CO8 ?Ý� [�Q � TfCOBD[�:õUY?�[3X`;,BEPZ;,� N BVC N BDX`:õUY:,�E[3;,� N CÝX`8WUY�&@A:,[3X � 8���[�;,�
;q8��V;q@¤T�P`;q�Ê��?3;,P`£qCO8��
?�;q�^;,83�V?�X©UY;¢CO8 ? ;qBVB � P`;�£ � � N#� B�UYX`£q?�P`XZ;,B&[3;,�Ê£,CO8 ? ;�\h;,�ML
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	 � ��� � acy���t9uwehu~b)t
*ªU � 8WUÊ[�CÝ8�8�:,;�?38�; N#� BDUVX`; �#8�X`;

E
[�;

Z2
;õUÊ?�8�;�[�XZ�DU � 8�£,;

d
CO8 N ;,?3U&[�:��#83X`BE?�8�;�ôÝB � 8�[3;,?�B

D(M) N CO?�B&UYCÝ?3U N CÝX`8WU
M

[3;
Z2

ôOBEDÝ£q;!��P � øsCOBV@¤?3P`;

D(M) =
∑

N∈E

d(M,N).

í}P`?3�
D(M)

;q�DU N ;qUVXZUÚ;qU N P`?��
M

;,��U N BVC�£ Ë�; [�;&PRQSX`8WUV:,BVXZ;,?�B.[�;
E

Ü�£,;q£,X � @�Ìq8�;�[�CÝ8�£�P � [�:��#8�XZUVX`CO8
�D?�X ?§� 8WUY;=<
�\�
�ª�����"� !f� � � 
�� 
 � / �7NJ��/7� M 1F& Z2 &$(��	 F/��7NJ��/7�Uw c 10���0/s1 �  X/Y& �#�0+,���9& - /7�9& E 1F& Z2 �7NJ F+
����10�'(��9�0/YG$& d (�� &��f(@&� F�'&�w &�/7� (��

D(M) = min
N∈Z2

D(N).

] � 83��£,;�£ Ë �ÝN X©UYBD;¤P`;q� N COXZ8WUY��@A:,[�X � 8����DCO8WU�UYCO? dDCO?�BV�^P`X`:q�e�ß?�8�;¡[3X`�DU � 8�£q;¡P`X`83: � XZBV;à£§Q÷;q�DU!�
[�XZBV;�?�83;�[3X`�DU � 8�£q;�[3;�P � øsCOBV@A;ª<

d(M,N) = α|p(
−−→
MN)|+ β|q(

−−→
MN)|

���
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CGF
α

;qU
β

�DCO8WU)[�;,?F\�;,8WUYXZ;,BD����UYBDX`£qUV;,@A;,8WU N CO�VX©UYXZøs�Ú;qU
p

;õU
q

�VCO8WU�[�;q�ªøsCOBV@A;,�}PZX`8�: � X`BD;,� � �V�VC�£,XZ:,;q�
��[�;,�¡[3X`BV;q£qUVX`CO8���B � UYX`CÝ8�8�;,PZP`;q�uLÚù�CO@A@�;A[ � 8��àP � �D;,£õUYX`CÝ8Ã¥XL© ßCO8 N ;,?3Uà@�;õUVUVBV;

p
;qU

q
�VCÝ?��¤P �øsCOBV@A;ª<

p = ax + by,q = cx + dy

�@? ;,£ a,b,c,d ∈ Z,pgcd(a,b) = 1,pgcd(c,d) = 1
ÜÊCO8 8�CÝUV; � ?3�V�VX�£,CÝ@�@A;H[ � 8���P � �V;q£qUVX`CO8

¥XLZ 
δ = det(p,q)

�
?�;ßPRQSCO8é�V? N�N CO�D;ß�DUVBVX`£õUY;q@�;q8
U N CÝ�VXZUVXZø�;qU
κ

[�:q�VXZôO8�;�P�Q÷;q8WUYX`;qB�[3CO8�8�: N#� BàP �
N BVC N CO�DXZUYXZCO8�¥XL©  L©  L

	 � � � � zLk3b��
gjdfehu~b)t^x
��8 N ;,?hU ? CÝX`BA��?�Q÷?�8 N COXZ8
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XpE(i) = |{N ∈ E | p(N) = i}|.
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N = {~u | ~u 6= ~0, − δ < p(~u) < δ, − δ < q(~u) < δ} ∪ {~u | (p(~u),q(~u)) ∈ {(±δ,0),(0,± δ)}}

N

0

q = 0

p = 0
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� �;����� ��� � �(� � �	� �	� � 

� � � � 
�� � � 
�� � 
'�:� � � � � � ��� ��� ��� � � � � � �C� � � �

]àQ �ÝN BDÌ,�ÊP �¡N BDC N CO�VX©UYX`CÝ8�¥XL©  LZ ¢CO8�� � XZUÊ�
?�;

N = {〈l,m〉 | − δ < l,m < δ, (l,m) 6= (0,0), m ≡ κl [δ]} ∪ {〈±δ,0〉,〈0,± δ〉},

;õUÊ[�CO8�£ª<

|N | = 4|{(l,m) ∈ ]0,δ[2 | m ≡ κl [δ]}|+ 4

= 4(δ − 1) + 4

= 4δ

í � B&;�\h;q@ N PZ; �K? ;q£ p = 2x + y
;õU

q = x− 2y
ÜhCÝ8 � δ = 5

;õUE[�CO83£
|N | = 20

� ? COX`B	�#ôO?�BD;�ü L©  � Ló � £ � B � £qUV:,BVXZ� � UVX`CO8\PZCh£ � P`;^[�;,�Ê@A:,[�X � 8��E;,��U � P`COBD�&P � �D?�X ?§� 8WUY;=<
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�� � � /��7NJ��/7� M &$(��  F/Ew c 10���0/l1F& E (�� &�� (@&� F�'&�w &�/7� (��

∀~u ∈ N D(M + ~u) ≥ D(M).
�sü LZ  �

P c w NJ/#(���+.�0�-�9NJ/ , ��8 � <

D(M) = α
∑

Q∈E

|p(
−−→
MQ)|+ β

∑

Q∈E

|q(
−−→
MQ)|.
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p

;qU
q

CO8 �

D(M) = DP (p(M)) + DQ(q(M))

CGF

DP (i) = α
∑

i′∈Z

|i− i′|Xp(i
′),

DQ(j) = β
∑

j′∈Z

|j − j ′|Xq(j
′).

��8�[3:��#8�X©U � P`CÝBV�

S0(〈i,j〉) = S0(i) =
∑

i′≤i

Xp(i
′) = |{M ∈ E | p(M) ≤ i}|,

S1(〈i,j〉) = S1(j) =
∑

j′≤j

Xq(j
′) = |{M ∈ E | q(M) ≤ j}|,

S2(〈i,j〉) = S2(i) =
∑

i′≥i

Xp(i
′) = |{M ∈ E | p(M) ≥ i}|,

S3(〈i,j〉) = S3(j) =
∑

j′≥j

Xq(j
′) = |{M ∈ E | q(M) ≥ j}|,

�sü L ¥ �

I COXZB �#ôO?3BV;¢ü L ¥XL
��8 �

S0(i) + S2(i + 1) = S1(j) + S3(j + 1) = |E|
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M
S0(i) = S0(M)

p = i

S2(i) = S2(M)
M

q = j

S1(j) = S1(M)

S3(j) = S3(M)

) Ï�ä+*�ü L ¥ � S &$(!/YNJw "u+$&$( Si
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p NJ q �
;qUj<
DP (i + 1)−DP (i) = α

∑

i′∈Z

(|i + 1− i′| − |i− i′|)Xp(i
′)

= α

(

∑

i′≤i

((i + 1− i′)− (i− i′))Xp(i
′) +

∑

i′≥i+1

((i′ − i− 1)− (i′ − i))Xp(i
′)

)

= α

(

∑

i′≤i

Xp(i
′) +

∑

i′≥i+1

−Xp(i
′)

)

= α(S0(i)− S2(i + 1))
]^CO8�£

DP (i + 1)−DP (i) = α(S0(i)− S2(i + 1)) = α(2S0(i)− |E|)
�sü L � �

]^;�P � @��q@�;�ø �J� CO8�CO8 � <
DQ(j + 1)−DQ(j) = β(S1(j)− S3(j + 1)) = β(2S1(j)− |E|).

�sü L÷ü �
��8�;,8�[�:q[�?�XZU6<

DP (i + 1)− 2DP (i) + DP (i− 1) = 2αXp(i) ≥ 0,
�sü L#� �

DQ(j + 1)− 2DQ(j) + DQ(j − 1) = 2βXq(j) ≥ 0,
CO8Â;,8Ã[�:q[�?�XZU¤��?3;
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M = 〈i,j〉 ? :,BDX"�#; �sü LZ  � L�öwP�ø � ?3UE@ACO8WUYBD;,B&�
?�;
M
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D
L Z CÝXZU

i′′
;õU

j ′′
P`;,�Ê[�;q?X\�;,8WUVX`;,BD� ? :,BDX"� � 8
U

signe(i′′ − i) = signe(i′ − i) signe(j ′′ − j) = signe(j ′ − j),

i′′ ≡ i′[δ] j ′′ ≡ j ′[δ],

−δ < i′′ − i < δ − δ < j ′′ − j < δ,
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j ′ ≡ κi′ [δ]

[�CO83£9CO8 �¢� ?��D�VX
j ′′ ≡ κi′′ [δ]

i i + δ

j j + δ

DP

DQ

p(M)

q(M)

i′

j′

i − δ i′′

j′′j − δ

) Ï�ä+*fü#L � �sS &$( ,KNJ/YG��-�9NJ/#( DP &�� DQ �
;õU�[3CO8�£

N ′ = 〈i′′,j ′′〉 ∈ Z2 ó ; N COXZ8WU
N ′

;q�DU�£,CO83�DUYBD?�XZU N CO?�B��
?�;
N ′ ∈ M + N

[3CO8�£ACO8 �
DP (i′′) + DQ(j ′′) = D(P ) ≥ D(M) = DP (i) + DQ(j)

L Z ? N�N CÝ�VCO8��Ê�
?�;
i′ ≥ i + δ

Ü3£qCO@A@�;
(+δ,0) ∈ N ′

Ü#CO8 � DP (i) ≤ DP (i + δ)
L

ù�CO@A@�;�P � øsCO8�£õUYX`CÝ8
DP

;,��U\[�:q£,BVCÝX`�V� � 8WUY; N ?�X`��£,BVCÝX`�V� � 8WUY;L;õU
DP (i) ≤ DP (i + δ)

P �øsCO83£qUYXZCO8
DP

;q�DU�£,BDCOX`�D� � 8WUV;��D?�B
[i + δ, +∞[

L#]^CO83£
DP (i) ≤ DP (i + δ) ≤ DP (i′)

L
��8 � i ≤ i′′ ≤ i + δ

[�CÝ8�£
DP (i′′) ≤ max(DP (i),DP (i′)) = DP (i′).

]^;¢@��,@A;��VX
i′ ≤ i− δ

CO8 ��� ?��D�VX
DP (i′′) ≤ DP (i′)

L Z X
i′ ∈]i− δ,i + δ[

CÝ8 � i′′ = i
;õU�[�CO8�£

CO8 � ;,83£,COBD;
DP (i′′) ≤ DP (i′)

L
]^;¢P � @��,@A;^ø ��� CO8�CÝ8 N ;,?hU N BVCO? ? ;,B��
?�;

DQ(j ′) ≥ DQ(j ′′)
;õU9[3CO8�£

D(N) = DP (i′) + DQ(j ′) ≥ DP (i′′) + DQ(j ′′) ≥ DP (i) + DQ(j) = D(M)
;õU

D(M)
;q�DU9T�X`;q8�?�8�@AX`83X`@¤?�@±ôOPZCOT � P�[�;�]RL
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p = x
;qU

q = y
;õU

α = β = 1
Ü�P � [�XZ�DU � 8�£,;

d
;,�DU � PZCOBV�^P �[3X`�DU � 8�£q;�[�;

d1

[�:��#8�XZ; N#� B
d1(M,N) = |xM − xN | + |yM − yN |

LÚ] � 83�¤£,;\£ � �
N =

{(±1,0),(0,± 1)}
;qU�[�CO8�£¢PZ; N COXZ8WU

M = (i,j)
;,��U�@�:q[�X � 8��DXjX`P ? :,BDX"�#;ª<

DP (i) ≤ DP (i−1), DP (i) ≤ DP (i+1), DQ(j) ≤ DQ(j−1), DQ(j) ≤ DQ(j+1)
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S0(i− 1) ≤
|E|

2
≤ S0(i), S1(j − 1) ≤

|E|

2
≤ S1(j).
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[�X � 8�;,�¤[3;,�¤£qChCOBD[�CO8�83:,;,�à[�;,� N COX`8WUV��[�;
E
L �'$¤@�:q[�X � 83; ( � X`£qX �DCO8Â�V;q8��¤��U � UVX`�DUVX`�
?�; � L��8�BD;qUYBDCO? ? ;�PZ;,� N COX`8WUY�E@A:,[3X � 8��E[3:��#8�XZ�Ê[ � 8�� �S] ó >^í Z �����-L

� Z X^CÝ8 N BV;q8�[ P`;q�ß[�XZBV;,£õUYXZCO8�� 10���@VFNJ/2�0�'&$( p = x + y
;qU

q = x − y � P`COBD��P � [�X`��U � 83£,;
d

;q�DUA:,ô � P`; �
2d∞

CGF
d∞(M,N) = max(|xM − xN |,|yM − yN |)

L}] � 8��A£,;�£ � ��CÝ8 �
N = {〈±2,0〉,〈0,± 2〉,〈±1,± 1〉}

;õU^[�CÝ8�£
M = 〈i,j〉

;,�DU^@�:q[�X � 8��DX.P`;,� �AX`8�:q��? � UYXZCO8��
�V?�X ?§� 8WUY;,���VCÝ8
U ? :,BVX �#:,;q�6<

S0(i− 2) + S0(i− 1) ≤ |E| ≤ S0(i) + S0(i + 1)
�sü L � �

S1(j − 2) + S1(j − 1) ≤ |E| ≤ S1(j) + S1(j + 1)

S0(i) + S1(j) ≥ |E| S0(i) + S3(j) ≥ |E|

S2(i) + S1(j) ≥ |E| S2(i) + S3(j) ≥ |E|
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 W � Si(M) + Si+1(M) > |E| �0�'NJ+:( Ri(M) ∩ E &$(��e/YNJ/ =@��1F& � W � Si(M) +
Si+1(M) ≥ |E| &�� (�� Ri(M) ∩ E &$(�� =@��1F&4�0�'NJ+:( E &$(�� ��/YG��j h(41h�0/#( Ri−1(M) ∪Ri+1(M) �
P c w NJ/#(��-+.�0���9NJ/ , Z X Ri(M)∩E = ∅ � P`COBD�

Si(M) +Si+1(M) = |(Ri−1(M)∪Ri+1(M))∩E|
L

� ù^Q÷;q�DU9X`@ N CÝ�V�VXZT�P`;9�VX
Si(M) + Si+1(M) > |E|

L
� ù�;,P � ;q8WUYB �6B 8�;

E = E ∩ (Ri−1(M) ∪ Ri+1(M))
�DX

Si(M) + Si+1(M) = |E|
L
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{M} �0�'NJ+:( E &$(�� ��/YG��j h(41h�0/#( Ri(M) NJ 1h�0/#( Ri+2(M) � S &$(410��+:&$G����9NJ/#(I= c +,� -�&�/7� δ = 1 NJ (δ = 2,α = β) �
�0�'NJ+:( E G$NJ/7�-�9&�/7� �ONJ T(I(@&$( �7NJ��/7��(Iw c 10���0/#(*(@&��'NJ/ p &�� q �
P c w NJ/#(���+.�0�-�9NJ/ , Z COX©U

M
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E
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?�X�8�;��D;,B � XZU N#� ��[ � 8��

E
Ü.£,CO@A@�;

E
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[ ìw£qCO8 ? ;,\3;§Ü0X`P6;,\3XZ�DUV;
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UV;,Pj�
?�;
Ri(M)

8�;¢£,CO8WUVX`;,8WU � ?�£q?�8 N COXZ8WUE[�;
E
L

Z X
δ = 2 � P`COBD�EP`;q� N COXZ8WUY�

〈±1,± 1〉
�VCO8WU�[ � 83��PZ; ? COXZ�VXZ8 � ôO;

N
L���8�;q8�[3:,[�?�X©UÊ�
?�;

DP (p(M)± 1) + DQ(q(N)± 1) ≥ D(M).
�sü L � �

Z X
δ = 1

£qCO@�@A;
DP (p(M)± 1) ≥ DP (p(M))

;õU
DQ(q(M)± 1) ≥ DQ(q(M))

CO8 � ;q8�£,COBD;
P � øsCOBV@¤?3P`;��sü L � � Lû}8�BV:q?�8�XZ�V� � 8
U � ü L � � Ü �sü L÷ü � ;õU � ü#L � � CO8 ? COXZU��
?�;

Sj(M) + Sj+1(M) ≥ |E| N CO?�B�UYCO?3U
j
L&û}8 N#� BDUYXZ£,?�PZX`;qB

Si(M) + Si+1(M) ≥ |E|
CGF

i
;q�DU\UY;qP^�
?�;

Ri(M) ∩ E = ∅
LE]àQ �ÝN BVÌq�

PZ;ßP`;q@�@A;ßü L ¥XL© \CO8Ã� � X©U���?3;
E

;q�DUAX`83£,P`?3�¤[ � 8��
(Ri−1(M) ∪ Ri+1(M)) \ {M}

L)]�Q �ÝN BVÌ,��P �[�;q?X\hX`Ìq@�;�£,CO83[�XZUVX`CO8�CO8�� � X©U^�
?�;
E ⊂ Ri−1(M)

CO?
E ⊂ Ri+1(M)

L Z ? N�N CO�DCO8�� N�� B9;,\h;,@ N P`;
E ⊂ Ri+1(M)

L ��8 ��� P`COBD�
Si(M) = 0

;õU�£,CO@A@�;
Si−1(M) + Si(M) ≥ |E|

CO8 � Si−1(M) =
|E ∩ (Ri−1(M) ∪Ri+2(M))| = |E|

[�CO8�£
E ⊂ Ri−1(M) ∪Ri+2(M)

L���B
E ⊂ Ri+1(M)

[�CO8�£
E

;q�DU¡XZ8�£,PZ?��¤[ � 8��¤P � [�;,@AX©ì/[�BVCOX©UY;
Ri+1(M) ∩ Ri+2(M)

Ü
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P c w NJ/#(���+.�0�-�9NJ/ ,
� ó ��N BV;,@AX`ÌqBV;�£,CO8�[3XZUYXZCO8L[�?LUVË�:,CÝBVÌ,@A; N BD:,£q:,[�;q8
U�;q�DU ? :,BVX �#:,;¡ôÝBEDÝ£q; � ?LUYË3:,COBDÌ,@A;�¥XL �XL � L

ó � [�;,?F\3XZÌ,@A;�£qCO8�[�X©UYXZCO8 ? XZ;,8WU9[�?�ø � XZU��
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E ∩ Ri(M) \ {M}

;qU
E ∩ Ri+2(M) \ {M}83;��VCO8WU N#� �Êü§ì � [Jd � £q;,8WUY�ML ��8 � δ = 1

[3CO8�£¢CO8 N ;q?3U �ÝN�N PZX`�
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E ∩ Ri(M) \ {M}
;õU

E ∩ Ri+2(M) \ {M}
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x + y,x− y
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;qU

q(M)
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E ∩ L 6= ∅ �0�'NJ+:( , W � DP NJ DQ �h10w &��� X/ (@&� F�7wx��/7��wx Xw �0�'NJ+$( E∩L G$NJ/7���9&�/7��� NJ h(n(@&$( �7NJ��/7� (<w c 10���0/#( W ��/YNJ/ DP �0��� &���/7�v(@NJ/ wx��/7��wx Fw (� F+ [p1,p2] &�� DQ (� X+ [q1,q2] �0=0&$G p1 < p2

&�� q1 < q2 �W NJ�9&�/7� A = 〈p1,q1〉,B = 〈p1,q2〉,C = 〈p2,q2〉,D = 〈p2,q1〉 � S &$( w c 10���0/#(�1F& E (� F+��'&
+ c (@&5�0 L (@NJ/7�n�'&$(��7NJ��/7��( 1F& L G$NJ/7� &�/7 h( 1h�0/#(R�'&��#�0+.�0��� c �'N5V0+.�0wxw & ABCD � W � E ∩ L
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&��T�FG��O&�w &�/7� A,C NJ B,D �i /��#�0+,���9G� X�j�9&�+ E ∩ L G$NJ/7�-�9&�/7���0 sw NJ��/#(I X/ 1F&�(@&$( �7NJ��/7� (!w c 10���0/#( �

P c w NJ/#(���+.�0�-�9NJ/ , Z COX©U
M 6∈ E
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L ��8à� � X©U=�
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i
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Ri(M)8�;9£,CO8WUVX`;,8WU � ?�£,?�8 N COXZ8
U [�;
E
L Z ? N�N CO�VCO83� N#� B�;,\h;,@ N P`;

i = 0
L3ù�CO@A@�;

p(M)
@AX`8�XZ@�XZ�V;

DP;õU
q(M)

@AX`83X`@AX`�V;
DQ

CO8 � DP (p(M)± 1) ≥ DP (p(M))
;qU

DQ(q(M)± 1) ≥ DQ(q(M))[6QSCGF�CO8�[�:,[3?�XZUÊ£qCO@�@A; N BD:,£,:q[�;,@A@A;,8WU���?3;
E ⊂ R3(M) ∪ R1(M)

L
� Z X

DP � [�@A;qU^?�8H�V;q?�Pª@AX`8�XZ@¤?�@ � PZCOBV�9CO8 � ;,8Lø � XZU
DP (p(M) ± 1) > DP (p(M))

;qU
[3CO8�£

S0(M) > |E|
2

,S2(M) > |E|
2

CÝB¡£,CO@A@�;
E ⊂ R3(M) ∪ R1(M)

CO8 � S0(M) =
|E ∩ L ∩ R3(M)|

;qU
S2(M) = |E ∩ L ∩ R1(M)|

;qU�[�CO8�£
S0(M) + S2(M) = |E|£qCO8WUYB � [�X`£õUYXZCO8 �K? ;,£ S0(M) > |E|

2
,S2(M) > |E|

2

L
� Z ? N�N CO�VCO83�ª@ � X`8WUY;q8 � 8WUª�
?�;&P�Q÷CÝ8¤;,��U}[ � 8��=P`;�[3;,?X\hX`Ìq@�;�£ � �ML ��8 � [�CO83£

p1 ≤ p(M) ≤ p2;õU
q1 ≤ q(M) ≤ q2

LOù�CO@A@A;
DP,DQ

�VCO8WU=£,CO8���U � 8WUV;,�}�V?3B
[p1,p2]

;õU
[q1,q2]

CO8¤;,8à[�:,[�?3XZU
�
?6Q � ?�£q?�8 N COX`8WU�[3;

E ∩ L
8�; ? :,BVX �#;

p1 < p(N) < p2

;õU
q1 < q(N) < q2

L�]^CO83£¡�V;,?3P`�
PZ;,�E@A:,[�X � 8��

A,B,C,D N ;,? ? ;,8WU �qUYBD;�£qCO8WUY;q8�?3�9[ � 8��
E
L

ù�CÝ@�@A;
DP (p1 − 1) > DP (p1) = DP (p1 + 1)

XZP.Ô � ?38 N CÝX`8WU
G1 ∈ E

�V?�B9P � [3BVCOX©UY;
p = p1

� ? COXZB=øsCOBD@¤?�P`; � ü L � �,� L
ù�CO@A@A;
E ⊂ R3(M)∪R1(M)

CO8 � q(G1) ≥ q2

LW]^;Ê@��,@A;
XZP};�\hX`��UY;

G2,G3,G4

UV;,P���?3;
q(G2) = q2,p(G2) ≤ p1,p(G3) = p2,q(G3) ≤ q1,q(G4) =

q1,p(G4) ≥ p2
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?�;
B

;qU
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£ � BÊ�DX`8�CO8
B ∈ R0(M)

Ü#[3;�@��,@A;
q(M) > q2

£ � B��DX`8�CÝ8
D ∈ R0(M)

LÚ]^CO8�£
C 6∈ R3(M) ∪ R1(M) ⊃ E
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B
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D
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�qDfK¹QEFED0UaSVgJFHD�GJQH_.MfgJImDfQEgJD

β ⊃ E
A4_E_aD�omMfD�
Nl�SX}zQEImoLomD�� L £¤SVQHK%oxOyAvom¬VSVgYILKJ�Eh'D

lfSVFEGJILGYKJDwBHSVFElw��A4QE¬Vh�D�FdKsDfg
α
DfK���BEImh�ImFzQEDfg

β
D�K¹�rDfGJ_aM�gJDfg�}zQPORImoLG²BEDfcXILD�FEFEDfFdK¹oLD8_EomQEG²_HgJSXl��ED�G

_aSVGJGYImUEoLD L
± F l�SVFHGJImBH��gJD�BESVFElrBiAvFEG%l�D�KJKJDrGJD�l�KsILSVF BED�QX�C_iAvgYKsILD�G

α,β
BED

Z2 D�K8o~ORD�FEGYD�hNUHomD E(α,β)
BED�G

_iAvgYKsILD�G
E ∈ Q(p,q)

A|{dAvFzK2_aSVQEg8_EgYS\WYD�l�KsImS4F
(pi)

DfK
(qj)

D�K�KsD�oLG8}zQED

α ⊂ E ⊂ β.

! Z
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@#D�GwSV_aM�gJAvKsILSVFEG8BED�l�S4h'_EoLMfKJImSVFCc4SVFdK�_aD�gYh'D�KJKsgYD�BED
KJgJSVQbcVD�g
α′,β ′ KJD�omG�}zQED
_.S4QEg8KsSVQHK E ∈

E(α,β)
SVF�A

α ⊂ α′ ⊂ E ⊂ β ′ ⊂ β.A4QHKsgYD�h�D�FdKwBEILK
E(α,β) = E(α′,β ′)

L
± F�BEMf�EFEILK8B�OyA4UaSVgYB�oLD�G8SV_aM�gJAvKsILSVFEG%}zQEI�G�ORD&�.D�lfKJQED�FdK�GJM�_EA4gJMfh'DfFzK�GYQEg�l��iA4}zQED�BEgYSVILKJD

p = i
L

n SVQEg¹l�D�omA�SVFCFHS4KsD
αi

oxO ILFdKsD�gYGJDflfKsILSVFCBED
α
A|cVDflropA5BHgJSVI�KsD

p = i
ubDfK

αj
oxO ILFzKJD�gYGJD�l�KsILSVFCBED

α
A|cVDfl

opANBEgYSVILKJD
q = j

u
βi

o~ORImFdKsDfgJGJDflfKJImSVFCBHD
β
A|cVDflropA�BHgJSVI�KsD

p = i
uEDfK

βj
o~ORImFdKsDfgJGJDflfKJImSVFCBHD

β
A|c4D�l�opA

BEgJSVI�KsD
q = j

L
± F�BEMf�EFEILK2A4QEGYGJIV�

g(αi) = min
M∈αi

q(M), d(αi) = max
M∈αi

q(M), g(βi) = min
M∈βi

q(M), d(βi) = max
M∈βi

q(M).

�:SVILl�IEoLD�G�SV_aM�gsA\KsImS4FEG²l�omA4GJGYIm}zQED�G
⊕,⊗ ,	 ,�

BEM�lfgJILKJD�G�BiA4FEG
[
�%]0@6� n ¥  

]
h'A4ImG G�N�G�T�@�iCAC= A4Qb�BEImgYD�lfKJImSVFHG8}XQHD�omlfSVFE}zQEDfG��

δ
BEM�GYIm¬VFED

det(p,q)
���

•
� I

αi 6= ∅
A4omS4gJG

⊕αi = {〈i,j〉 : g(αi) ≤ j ≤ d(αi)}
L

• ⊗αi = {〈i,j〉 : d(βi)− δpi < j < g(βi) + δpi}

•
� I

αi 6= ∅
u
〈i,j ′〉 6∈ βi

A|c4D�l
j ′ ≤ g(αi)

AvomSVgYG
	βi = {〈i,j〉 ∈ βi : j > j ′}

L
� I

αi 6= ∅
u
〈i,j ′〉 6∈ βi

DfGYKwKsDfoP}zQED
j ′ ≥ d(αi)

A4oLSVgJG
	βi = {〈i,j〉 ∈ βi : j < j ′}

L

•
� I

αi 6= ∅
A4omS4gJG

�βi = {〈i,j〉 ∈ βi : d(αi)− δpi < j < g(αi) + δpi}
L

± F'cvA5A4QEGJGYI.BHMf�iFEILg�BHD�Qb�'FESVQbcVD�oLomDfG�SV_aM�gJAvKsILSVFEG
�′ DfK �′′ }zQEIaM�omILh'ILFED�FdK:BEDfG¹_aSVImFdKJG�GYQEg¹oLD�GBEgJSVI�KsDfG

βi

�
•
� I

pi = 0
A4oLSVgJG

�′βi = ∅
L

•
� I
〈i,j ′〉,〈i,j ′′〉 6∈ β

A|cVDfl
0 < j ′′−j ≤ δpi

A4omS4gJG
�′′βi = {〈i,j〉 ∈ βi : j < j ′

SVQ
j > j ′′}

L
�x@�A'BEDfgJFEIL��gYD5SV_aM�gJAvKsILSVF�GJQE_H_EgJILh'D�BESVFHl�omDfG�GJM�}zQEDfFEl�DfGrBED
h'SVILFEG�BED

pi

_aSVILFzKJG�l�SVFEGYM�lfQHKsI�jkG2BED
βi

� ± F>BEM��iFEI�K�BED�h'efh'DroLD�G8SV_aM�gJAvKsILSVFEG8GJQHg
αj
DfK

βj
L

± F�c4A�DfFH�iF�gJA�WYSVQHKJD�gtBEDfQb�°SV_aM�gsA\KsImS4FEG�¬VomS4UiA4omDfG
⊕′ D�K 	′

L�± F°gsA4_E_aD�oLomD }zQED�omDfG�GJQEI�KsD�G
Sk(M)

BEMf�EFEImDfG0_iA4g0oLD�GwjkSVgJhNQHomD�GN��} L �V��FED�BEM�_aD�FHBED�FdK�}zQED�BEDfGr_EgJS\WYDflfKJImSVFEG�DfKr_aD�QHc4D�FdK�BESVFHl
efKsgYD�l|A4oLl�QEoLM�D�GwA|cVDfl5oLD�G8GYQEILKJD

(pi)
D�K

(qj)
L

� S4ILK
M = 〈iM ,jM 〉

KJD�o#}zQED�_.S4QEg8KsSVQHK
k
SVF

Rk(M) ∩ α 6= ∅
SVQ

Sk(M) + Sk+1(M) > A

•
� I

M ∈ Z2 A4oLSVgJG ⊕′α = α ∪ {M}
L

•
� I

M 6∈ Z2 A4oLSVgJG
| � I piM 6= 0

A4omS4gJG
	′βiM = {〈iM ,j〉 ∈ βiM : jM − δpiM < j < jM + δpiM}| � I qjM

6= 0
A4oLSVgJG

	′βjM = {〈i,jM〉 ∈ βjM : iM − δqjM
< i < iM + δqjM

}�kcVS4Img%�i¬VQHgJDO� L �V�

 oPj�A4QbK�hqA4ILFdKsD�FEA4FdK8h'S4FzKJgJDfgw}zQED�lfD�GwSV_.MfgsAvKJImSVFHG%GJSVFdKwcvA4omILBED�GP�

��������������������� UH>LK @BUH>
@ �1 ∈ {⊕,⊗ ,⊕′} _ �2 ∈ {	,� ,�′ ,�′′ ,	′} UHP G E(�1α,�2 β) =
E(α,β) <
� i�\FUHPQ=�@wKbG @�?hUHP
 � SVh'h�D �1α ⊃ α

DfK
�2β ⊂ β

SVF�A�KsSVQ�WYSVQEgJG
E(�1α,�2 β) ⊂ E(α,β)

L
n SVQEg%oLD�G¹S4_.MfgsAvKJImSVFEG�BEI ��MfgJD�FdKJD�G%BED

⊕′ D�K 	′ opA
l�SVFdcVD��bILKsM�GJImh�_EoLD2GYQQ�tK8_.S4QEg¹h�SVFdKsgYD�g¹}zQED
E(α,β) ⊂ E(�1α,�2 β)

L
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pi

pi

�

pi

α

β \ α

Z2 \ β

pi

�′′

3y:'465x� L µ | 7 AC=oUCTVi�K G @�?hUHPQ=ON
AzgCUH\ T�IJi�@�?hUHP =�>
K g
>QG
	^>,A�I ?�< P8A

]�Mfh'SVFdKJgJSVFEGtoLD omD�h�h�Dq_aSVQEg�omDfG�SV_aM�gsA\KsImS4FEG
⊕′ D�K 	′ SVF�GJQE_H_.SVGYD�}XQHD E ∈ E(α,β)

DfK
M = 〈iM ,jM〉

D�G�K�QEF�_.S4ImFdK
BED
Q2 c4M�gJI�� A4FdK Rk(M) ∩ α 6= ∅

SVQ
Sk(M) + Sk+1(M) > A_aSVQEg:KsSVQbK

k
L �rg��4lfD0A4QCoLD�h�h'D

4.2.1
S4FCGsA4I�K¹}zQED�_.SVQHg�KsS4QHK

k
SVF A

Rk(M)∩E 6= ∅
L ]�S4FEl0GJI

M ∈ Z2 uE_iA4g q [ lfSVFdcVD��HI�KsM�BED E
SVF�A

M ∈ E
�EomDroLD�h�h'D�D�GYKwBEMfh'S4FzKJgJMr_aSVQEg8oxO SV_aM�gJAvKsILSVF

⊕′
L

� QE_H_.SVGYSVFEGr}zQED
M 6∈ Z2

L#� SVILK
A,B ∈ Z2 oLD�Gr_aSVImFdKJG�BED�omAqBEgJS4ILKsD p = iM

DfFdKsSVQEgJA4FdK
M
u

lvO DfGYK'�,BHImgJDCKJD�oLG�}XQHD
q(B) − q(A) = δ

D�K
q(A) < jM < q(B)

L:± F�GYQE_E_aSVGJD
piM > 0

L 
 o
D��HILGYKJD
BHSVFEl�QEF�_.S4ImFdK

N ∈ E
KsDfo#}XQHD

p(N) = i
La� I

q(N) ≤ q(M)
A4omSVgYG%D�F�j�A4I�K

q(N) ≤ q(A)BES4FEl
N ∈ R0(A)

D�K
N ∈ R1(A)

L ± F<A
R2(A) ∩ E 6= ∅

l|A4g
R2(M) ⊂ R2(A)

L ]�D'h�e�h�D
R3(A) ∩ E 6= ∅

L ]�SVFEl
KsSVQEG2omDfG
Ri(A)

lfSVFdKsILD�FEFEDfFdK0QEF�_aSVILFzK2BED
E
BES4FEl

A ∈ E
L ]�D5h'efh'D

GYI
q(N) ≥ q(M)

AvomSVgYG
B ∈ E

L �¡cVSVILg%�i¬VQEgYDo� L Zd�
]�SVFHl

{A,B}∩E 6= ∅
BESVFElwKsSVQbK¹_aSVImFdK

N ∈ E
GYQEg¹omA5BEgYSVILKJD

p = i
c4M�gJI��iD

q(B)− δpiM ≤
q(N) ≤ q(A) + δpiM

uiDfKwBES4FEl�SVF�AtUHImD�F
E ⊂ 	′β

L
2

� ��DflfKJQED�g�KsSVQbKsD�G
SV_aM�gJAvKsILSVFEGrBED�l�SVh�_EoLMfKsILSVF�_aD�QHK
GJDtj�A4ILgJD�D�F
O(lplq(lp + lq))

��omDfG
S4_.M�[
gJAvKsILSVFEG
GJQEg5omD�G5omIL¬VFED�G�_aD�QHc4D�FdKtGJD'j�A4ImgYD�DfF

O(lplq)
L¤n SVQEg5omDfG�SV_aM�gJAvKsILSVFEG

⊕′ D�K 	′ u S4F<cVSVI�K}zQED0oxO S4Fq_aD�QHK¹l|A4oLl�QEoLD�g¹oLD�G�U.SXSVomMfD�FEG
Vi(M) = “Ri(M)∩E0 6= ∅

SVQ
Si(M) + Si+1(M) > A′′ILFEl�gYM�h�D�FdK�A4oLD�h�D�FdK5l�SVh�h'D�SVF­oxOyA�j�A4ILK5_aSVQEg�oxO DfFdcVD�oLSV_E_aD q [ lfSVFdcVD��bD L � DCl|Avoml�QHo�_EgYD�FEB*BHSVFEl

O(lplq)
S4_.MfgsAvKJImSVFEG L¹® FED�jkSVILG'l�A4omlfQEomMfD�G'l�D�GCcvA4gYIpA4UHomD�GtoxO SV_aM�gJAvKsILSVF

⊕′ _EgJDfFEB A4QEGYGJI O(lplq)SV_aM�gJAvKsILSVFEG%D�Kwo~ORSV_.MfgsAvKJImSVF
	′ O(lplq(lp + lq))

SV_aM�gJAvKsILSVFEG L
n S4QEg�A|c4SVImg

α,β
ImFdcvA4gYIpA4FdKsG�_iAvgwoLD�GwSV_aM�gsA\KsImS4FEG�ImoPj�A4QHKwgYM�_aMfKsDfg�oLD�G�SV_aM�gsA\KsImS4FEGwA4Q�_EoLQEG

|∆|jkSVILG�l|A4g
�>l��EA4}zQED'jkSVILG�}XQHDqo~ORSVF,D&�.D�l�KsQED'QEFED�SV_.MfgsAvKJImSVF,l��iA4FH¬VD|A4FdK
α
S4Q

β
u�SVF�j�AvILK�UiA4ILGJGYD�g

G�KsgJILlfKJD�h�D�FdK
|β \ α|

L ± F�D�F�BEMfBEQEILK
� ������� � ������
 � UH>LK @�UH>L@ α0,β0 UHP TVA�>L@S@wKMUH>
E A�K A�P O((lplq)2(lp + lq)) UCTVi�KbG @w?hUHPQ= α,β
=�@hG�]^IJAC=jTQG K�IJAC=zUCTVi�KbG @w?hUHPQ=�N
A gCUH\ T�IJi�@w?hUHP A�@y@�A�I�=�	^>,A E(α,β) = E(α0,β0) <
� ����������� ��� ��������� PSTVA�>
@RU ]^@BA�PV?;K α A�@ β ?;PVEHG K�?�G PV@;=RTQG K @BUH>
@BAC=�IJAC=oUCTVi�KbG @�?hUHPQ= =^G > , 	′ A�P
O((lplq)2) <
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S1(M) + S2(M) > AS0(M) + S1(M) > A

S3(M) + S0(M) > A S2(M) + S3(M) > A

S1(M) + S2(M) > AS0(M) + S1(M) > A

S3(M) + S0(M) > A S2(M) + S3(M) > A

δqj

q = j

p = i

δpi

R1(M) ∩ α 6= ∅ � �R0(M) ∩ α 6= ∅ � �

R3(M) ∩ α 6= ∅ � � R2(M) ∩ α 6= ∅ � �

M ∈ Z2

⊕′α = α ∪ {M}

R1(M) ∩ α 6= ∅ � �R0(M) ∩ α 6= ∅ � �

R3(M) ∩ α 6= ∅ � � R2(M) ∩ α 6= ∅ � �

∆0
	′β = β \ (∆0 ∪∆1 ∪∆2 ∪∆3)

∆1

∆2

∆3

M 6∈ Z2

3y:'465x� L � |87 AC=zUCTVi�KbG @w?hUHPQ= ⊕′ A�@ 	′ <

� ����� � � � � ��������� � G PQ=���� A^]��
	��pI�
 G >L@�A�>LKFN
UHPVP8Ap>
P8AS\Fi�@ >VU^N
A TVUH>LK U ]^@�A�PV?;K α A�@ β ?;PVEHG t
K�?�G PV@;=zTQG K IJAC= UCTVi�KbG @�?hUHPQ= ⊕, 	 , ⊗ ,� A�P O(lplq log(lplq)) UCTVi�KbG @w?hUHPQ=^<�� G I >VA�>
KMA�> =4A�\FA�PV@
gCA�@w@�A G I <
UHK�?;@'>
\FA�P8A�=�
 i�@�A�P�N�TQGH=�=�?;\ T�IJA�\FA�PV@9TVUH>
K�I�
 UCTVi�K G @�?hUHP �′′ <

± FT_aSVQEgYgsA4I�K�A4_E_EoLIm}zQEDfg0l�D�oLD�h�h'D�A¯c4D�l
α0 = ∅

DfK
β0 = ∆

L ��A4oL�ED�QHgJD�QHGJD�h�D�FdK
GJIªSVFT_EgJDfFEB
_iA4grD��bDfh'_EoLD

(pi) = (qj) = (1,1,1,1)
uPA4oLSVgJG�A4QElfQEFED�SV_aM�gJAvKsILSVF�BED�lfSVh'_HomMfKJImSVF>FED�h�SbBEI��iD�FHI

α
uiFEI

β
L

± F�D�G�K2BHSVFEl�SVUEoLIm¬VM0BHD
gJA�WYSVQHKJD�g8BEDfG�_.SVILFdKsG8BiA4FHG
α
Li� F�j�AvILK8SVF cvAtGJD�QHomD�h�D�FdK�l��ES4ImGJILg8BED�G

_.SVILFdKsG
}XQHI�D��bKJgJMfh'ILGJD�FdK
p
L ± F­_EgJDfFEB­BES4FEl

α0 = {U1,U2}
A¯c4D�l

p(U1) = pmin
DfK

q(U2) =
qmax

L 
 o¤{>AqAvQ�_EoLQEG
lq2 _.SVGYGJILUEImoLILKsMfG8_.S4QEg2BHD5KsDfomG α0

L�� SVI�K2A4omSVgYG
α,β

BHSVFEFEMfG�_iA4g2omD
omDfh'h�D
� L µ L ��A|cVDfl

α0 = {U1,U2},β0 = ∆
L�� I%SVF�A

α 6⊂ β
AvomSVgYG�SVF�GsA4I�Kt}XQHD

E(α0,β0) = ∅
L�± F

GJQE_E_aSVGYD5BEMfGJSVgYhqAvImG

{U1,U2} = α0 ⊂ α ⊂ β ⊂ β0 = ∆.

]0AvFEG�omA'GJQHILKsD5SVF>cvA'KJgsA4I�KsDfgwoLD5l�A4G
q(U1) ≤ q(U2)

L �x]�D�KJSVQHKJD5j�A��fSVF�SVF�_.DfQHK0GYD�gsAvh'DfFED�g
��lfD
l�A4G�D�F�gJDfh'_EomA��|AvFzK

q
_iA4g
−q

L �
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S1(M) + S2(M) > AS0(M) + S1(M) > A

q = jM

p = iM

S3(M) + S0(M) > A S2(M) + S3(M) > A

q = jM

p = iM

� A4G
q(N) ≤ q(M)

�
A ∈ E

� A4G
q(N) ≥ q(M)

�
B ∈ E

R1(M) ∩ α 6= ∅ � �R0(M) ∩ α 6= ∅ � �

R3(M) ∩ α 6= ∅ � � R2(M) ∩ α 6= ∅ � �

N ∈ E

N ∈ E

M 6∈ Z
2 M 6∈ Z

2

A ∈ Z
2

B ∈ Z
2 B ∈ Z

2

A ∈ Z
2

3y:'465�� L Z | � UH>
K 	^>VUH? E gCUHPV@�?hA�PV@�t�@wt�?;I A UH> B �

���s§ ���c% �	�'���c% # �c% #C�ª�
�����c%
± F­cvA�h'SVFdKJgJD�g5}zQED

α
DfK

β
_EgYD�FEFHD�FdKtBED�GNjkS4gJh�D�G�KJgJ��G�_iA4gYKJImlfQEomIL��gJDfG�GYQEgNl��iA4}zQED�BEgYSVILKJD

p = i
SVQ

q = j
L

@�A�BEgJSVI�KsD
p = i

GYD�gsAtBEI�KsDrBEDrK {X_.Dª�
| t0

uEGJI
βi = ∅

| t1
uEGJI

αi 6= ∅
uiSVF�A�AvomSVgYGP�

αi = {〈i,j〉 : g(αi) ≤ j ≤ d(αi)}

βi = {〈i,j〉 : g(αi)− δ(pi − |αi|) ≤ j ≤ d(αi) + δ(pi − |αi|)}

| t2
uEGJI

αi = ∅
DfK

βi

D�G�Kwl�SVFEG�KsI�KsQEM�BED
2pi

_aSVImFdKJG8l�SVFEGYM�lfQHKsI�jkG La± F�AtA4oLSVgJG��

βi = {〈i,j〉 : g(βi) ≤ j < g(βi) + 2δpi}

| t3
u�GYI

αi = ∅
DfK

βi

D�G�K�l�SVFHGYKsI�KsQEM�BHD�BED�Qb��GJQEI�KsD�GrBHImGYKJImFEl�KsDfGrBED
pi

_aSVImFdKsG�l�SVFEGYM�lfQHKsI�jkG L
± F�A%�

βi = {〈i,j〉 : g(βi) ≤ j < g(βi)+δpi

SVQ
d(βi)−δpi < j ≤ d(βi)}

A|c4D�l
d(βi)−g(βi) ≥ 2pi

p =0i

p =2i

p =2i

p =2it3 

t1 

t0 

t2 
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t3
SVQ

t0
GJQHg�omA4}zQED�oLomD�D�G�K%omD�_aSVImFdK
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(F ,D) TVA�>L@ ��@�KCA�KMiC=4UHI > A�P O(n7) UCTVi�K G @�?hUHPQ=^<� cVDfl
D = {x,y}

u¯l�D�FPO DfGYK _iA4G¤opA�h'DfImoLomD�QHgJD�lfSVh'_HomD��bI�KsM²l�S4FEFzQED��\D�F�D���D�KªBEA4FEGªlfD�l�A4G¤op�8BPO A4_EgJ�fG
oLD¹Ks�EMfSVgJ�fh'D2� L � L ZromD�G q [ l�SVFdcVD��bD�Gy�\[ lfSVFEFED��HDfG�GYSVFdK�D��HA4lfKJD�h�D�FdK�omD�GY��[ l�S4FEFED��bDfG�·c�2[ l�SVFdcVD��bD�G�u
SVg8BEA4FEG
¢��¹]0@�]0� + ¥4¥ ¦ omDfG�A4QHKJD�QEgYG2BES4FEFED�FdKwQEF>A4om¬4SVgJI�Ks�Eh�D�DfF O(n5)

L
n S4QEg�omAn}v[ l�SVFEFHD��bILKJM5lvO DfGYKrQEF�_.DfQ�_EomQHG2lfSVh'_HomIm}zQEM L.� QE_E_aSVGJS4FEG2KJSVQ\WYSVQEgYG�}zQED

D
l�SVFdKJImD�FdK

{x,y}
L @#D5oLD�h�h'D�� L � L µ5h�SVFdKsgYD�}XQHD

α
D�G�K0ImFHGJM�l�A4UEoLD
GYD�oLSVF�omAtBHImgJDflfKJImSVF

p = x
L ]0A4FHG�opA�GYQEILKJD

SVF�cvA A|cVSVILgrU.DfGJSVILFTBED�o~ORImFEGYM�l�A4UEImoLILKJM5BED
α
GYD�oLSVFTo~O A4QHKsgYDNBEILgJD�l�KsILSVF

q = y
L�n SVQEg�lfD�opACILoªGYQQ�tK

BED �H�bDfg�oLD�G�BEDfQb�°_EILD�BEG�GYD�omS4F°omA�BEImgYD�lfKJImSVF
q
DfK�BPORD&�.D�lfKJQED�g�omDfG�SV_aM�gsA\KsImS4FEGNBED�l�S4h'_EoLMfKJImSVF L

� _EgYImSVgYIªlfD�opAqcvACj�A4ILgJDNh�SVFdKsDfgropACl�S4h'_EoLD��bILKJM�A4oL¬VSVgJI�Ks�Eh�Im}zQED
BPORQEF�j�A4lfKJD�QEg
lq2

L ��A4ILGrSVFTGsA4I�K
}zQPO A|c4AvFzK�BED8�H�bDfg�lfD�G:_EImDfBEG:omDfG�BHgJSVI�KsD�G

q = qmin
DfK

q = qmax
GJSVFdK�BED8K {X_.D

ti
udS4F'_aD�QHK�BES4FEl

GYD�QEoLD�h�D�FdK�l�SVFHGJQEo�KsD�g¹BED�Qb� l��ESVI��qBEDr_EILD�BEG8_aSVQEg¹l��iA4l�QHF>BEDfG8BED�QX��l��ESVI � L @�DfG8BED�QX� _EILD�BEG8}zQED
oxO SVF�A��H�bM�hNQEo�KsIm_HomImDfFdK%BESVFHl
omANl�SVh�_EoLD��bILKJM�Ks�EMfSVgJIL}zQED�_iA4g

4
}zQEI#D�G�K2lfSVFEG�K�A4FdK L
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� _EgJ�fGqA|cVS4Img�D&�.D�l�KsQEM>l�DfG'SV_aM�gJAvKsILSVFEG
α
D�G�K q [ l�SVFdcVD��bD�GJDfomSVF

{x,y}
D�K'ILFEGJMfl|A4UHomD4u²ILo%D�G�K

BESVFEln�\[ lfSVFEFED��bD L � SVFEGJILBEM�gYSVFEG
BESVFEltGYD�G�lfSVh�_.SVGJA4FdKsDfGO}v[ l�SVFHFED��bD�G
α = A1 ∪ . . . ∪ An

L¤� S4ILK
xi = maxM∈Ai

xM

DfK
yi = maxM∈Ai

L q QEILKYKsD2�5gYM�SVgYBESVFEFEDfg¹oLD�G
Ai

S4FC_.DfQHK�GJQE_E_aSVGYD�g%}zQED
(xi)D�GYK�l�gYSVImGYGsA4FdKJD L � SVh�h'D

α
D�G�K q [ lfSVFdcVD��HD2SVF�D�FqBHM�BEQEI�K�}XQHD

yi

DfGYK�l�gJS4ImGJGJA4FdKsDwSVQ�BEM�lfgJSVILGJGsAvFzKJD L
� QE_E_aSVGJS4FEG2_EA4g8D��bD�h�_EoLD
}zQED

yi

DfGYKwl�gYSVImGYGsA4FdKJD L � SVh�h'D
Ai

D�GYK �\[ l�SVFHFED��bD�SVF>A%�

xi = max
M∈Ai

xM =

(

min
M∈Ai+1

xM

)

+ 1 yi = max
M∈Ai

yM =

(

min
M∈Ai+1

yM

)

+ 1

± F�_aD�QHK2A4oLSVgJG%D��b_EgJILh'Dfg8opAz}v[ lfSVFEFED��bILKsMrBHD�GwGJSVoLQHKsILSVFEG%_iAvgwoLD�G%jkSVgYhNQEoLD�GP�

Vxi,yi
∨ Vxi+1,yi+1.

�kcVS4Img%�i¬VQHgJDO� L µ¯�d�

?

?

?

?

?

?

A0

A1

A2

A3

x = x0 x = x1 x = x2

y = y0

y = y1

y = y2

3y:'465.� L µ¯� | r a&T�KCAC=C=�?hUHP N
AOI G��Vt gCUHPVP8Aba!?;@�i TQG KOI G���t ,fUHKW\z>LIJA (Vx0,y0 ∨ Vx0+1,y0+1) ∧ (Vx1,y1 ∨
Vx1+1,y1+1)∧ (Vx2 ,y2 ∨Vx2+1,y2+1) < � A�>LI�= IJAC=`TVUH?;PV@ =�N
A β \α ?;PV@�A�K�E A�P�G PV@uN�G PQ= I G��Vt gCUHPVP8Aba!?;@�i
=4UHPV@yKMA�T�KMiC=4A�PV@BiC=^<

± F�SVUHKJImD�FdKwBESVFHl��
��� � � � � �&� � � ��� ����
�� ? D gCUHPV@�?hA�PV@ {x,y} A�@ =�? F AC=�@�I G g�I GH=C=4A N
AC= *jt gCUHPVE AbaLAC= }v[ lfSVFEFED��bD�G
G IJUHKC= )�*,+.-0/21
365x7(+936:;-m/

(F ,D) TVA�>
@ ��@�KMA�KCiC=4UHI > A�P O(n7) UCTVi�KbG @w?hUHPQ=^<
� ����� � � � � ��� ����� 7 
 G >L@�KMA�=4UHI >L@�?hUHP ,&G ?;@�AON�G PQ= � � 7�� � ���jTVUH>
K�IJAC=��
	.t gCUHPVE AbaLAC=��Vt gCUHPVP8AbaLAC=
gCUHPQ=�?J=�@BARD \FA�@�@wKMARN
AC=`?;P8i�<�G I ?;@�iC=YI G K�<
AC=RN�G PQ=YIJAC= gCUHP�N ?;@�?hUHPQ=yN
A`I�
 UCTVi�KbG @w?hUHP ⊕′ < r PFA 
�A�@8N 
 G�T�K 
C=
IJA�IJA�\z\FA���<��
<�
nIJUHKM= 	^>,A Sk(M) + Sk+1(M) ≥ A A�@ Rk(M) ∩ E = ∅ G IJUHKM= E ⊂ Rk−1(M) ∪
Rk+1(M) gCA 	^>
?dAC=�@R?;\ TVU4=C=�?�]^IJA�IJUHKC= 	^>VA E AC=�@
�Vt gCUHPVP8AbaLA^<�� E ACgngCA�@�@BAnUCTVi�KbG @w?hUHP IJAoP8U ;!G > α
AC=�@jN ?;KMACg�@�A�\FA�PV@��Vt gCUHPVP8AbaLAC_u@BUH>
@BAC=�IJAC= =4UHI >L@�?hUHPQ= E ∈ E(α,β) =4A�KMUHPV@��Vt gCUHPVP8AbaLAC=^<
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� 	 �x� ���4� � � !
����� � ���¹�5� %P�#�ª�������f�5� 
������ � ���%
 � �^%�
r���f�5� 
 � � �f��� �
]0A4FHGqomD�_EgYSVUEom�fh'D�BED>opATgJDfl�SVFEG�KsgYQElfKJImSVF A,_EgJILSVgJI8S4F³Imh�_.S4GJD�A4Qb��GJS4omQHKJImSVFEGtBED�cVMfgJIL�ED�g

α0 ⊂ E ⊂ β0

L n gYM�l�ILGJMfh'DfFzKP�
)�*,+.-0/(1��0-0+

(F ,D) <]2SVFEFEMfD'�
|D| =�>
?;@BAC= ((rp

i )i∈Z,p ∈ D) D EHG IJA�>
KC=SN�G PQ= N A�@ D =�>
T�TVUHKW@.XYPV?J_dN
A�>�aSTQG KW@w?hAC=
XYPV?hAC= α0,β0 N
A Z2� SVgYKJImD�� Z P A�PQ=4A�\S]^IJA E ∈ F _`=�?`?;IuAba!?J=�@�AC_cN
UHPV@jIJAC=cT�KMUBefACg�@�?hUHPQ= E i�KW? XjA�PV@ ∀p ∈ D∀i ∈
Z Xp(i) = rp

i A�@y@�A�I 	^>VA α0 ⊂ E ⊂ β0@²OyAvom¬VSVgYILKJ�Eh'D�_EgYM�GYD�FdKsM�_EgYM�l�MfBED�h�h�D�FdK8gJMfGJSVQHB>AvQEGJGYI�l�Dr_HgJSVUEoL��h�D L 
 o�GYQQ�tK8BED0_EgYD�FEBHgJD�A4Q
BEMf_iA4g�K

α = α0

DfK
β = ∆ ∩ β0

L
	 � � � � ��� 	�� � ! ����
���� 7 A`T�KMU ]^I 
�\FA )�*,+.-0/21��0-0+

(Q(D),D) TVA�>L@ ��@wKMA KCiC=4UHI > A�P O(n7) UCTVi�KbG t
@�?hUHPQ=^<

����
 �.� � � ©�� ���t�¤
r�������
@²OyAvom¬VSVgYILKJ�Eh'D<µ<BEMfl�gJI�K�BiA4FEG>l�D,l��iA4_EI�KsgJD�A�MfKsM�Imh�_EomMfh'DfFdKsM�GJQHg>h'A4l��EILFED Lw® FHD�oLM�¬V�fgJD

SV_bKsImh�ImGJAvKsILSVFrA�MfKJM�j�A4I�KsD²GYQEgªoLD²l��ESVI��
BHD�Gª_HImD�BHGP�\A4Q5oLImDfQ
BHD��H�bDfgªomDfG�BED�Qb�5_EILD�BEG¤GJILhNQEo�K�A4FEMfh'DfFdK
SVFqD&�.D�lfKJQEDrBEDfG%SV_aM�gsA\KsImS4FEG�BHD0l�SVh�_EoLMfKsILSVFqDfFdKsgJD�omD�G�BED�QX� l��ESVI �'BED0GJS4gYKsD�}XQHD0_iA4g�jkSVImG�QEF GJDfQEo
_EILD�B�GJQL��Kw_aSVQEg�_aSVQHcVS4Img%gYM�BEQEILgJD�omDr_HgJSVUEoL��h�D�����[ ��� £ L
@#D,KsA4UEoLD|A4Q BESVFHFEM<��o~O A4FEFHD��bD � L µ,h'S4FzKJgJDT}zQPORD�F j�AvILK KsgY��G�GJSVQbcVD�FdK�A4QEl�QHF _EILD�B FPO DfGYK

���b�HDfg�u�DfKCoLD�GCS4_.MfgsAvKJImSVFEG�BED�lfSVh�_EomM�KsImS4F�GYQQ��GJD�FdK��<gYDfKJgJSVQHc4D�g omA�GJS4omQHKJImSVF ��}zQEI2D�GYK A4omSVgYG
QEFHIm}zQED¯� L � Dfl�I�BESVFEFED'BESVFElqQEFEDqlfSVh�_EomD��HI�KsM�h'S¯{4D�FEFEDqD��b_.MfgJILh'DfFzKsA4omD�ImFbjkM�gJILD�QEgYDq�

O(n3)
DfK

lfD�l�I#ILFEBEMf_.DfFEBiA4h�h'DfFdK�BEQ>FHSVhNUEgYD
BHD
BHImgJDflfKJImSVFEG L
£¤SVQHKsD�jkSVImG'l�DfG gJM�GYQEoLKsAvKsG'D��b_aM�gJILh'DfFdK�A4Qb��BESVI�cVDfFzKCefKsgYD�l�S4FEGJILBEM�gYM�G�A|cVDfl�_EgJQEBHD�FElfD�l|A4gCoLD

¬VMfFEM�gJAvKsDfQEgrA4oLM|AvKJSVImgYD5QbKsImoLImGYM5_aSVQEg�j�AvUEgJIL}XQHD�g0BEDfG q [ l�S4Fzc4D��bD�G�DfGYK�GsAvFEG0BESVQbKsD�UaD|A4QElfSVQE_�KJgJSV_
gYQEBEImh�D�FdKsA4ImgYD L
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± F A­cbQ BiAvFEG omD>l��iA4_EI�KsgJD�_HgJM�lfM�BEDfFdK>}zQEDToxO SVF�_.SVQbc4AvILKCgYD�lfSVFEGYKJgJQEILgJD�QEFHD�GJSVoLQHKsILSVF q [
lfSVFdcVD��bD��0_iAvgYKsILg BHD¹GJDfG²_EgJS�WYD�lfKJImSVFHG�D�FNQHFNKsD�h�_EG�_aSVo�{bFHSVh'ImA4o L ��A4ILGªSVFtA�GYD�QEoLD�h�D�FdK�lfSVFEG�KsgJQHILK
QEFHD
GYSVomQbKsImS4FPuHILoPGJD�_aD�QHKw}zQPORImo�{ DfF�AvILK�UaD|A4QElfSVQE_�BPO A4QHKsgYD�G L
� I
F
DfGYK�QEFED�l�opAvGJGJDrBHD0_iA4g�KsImDfG¹BED

Z2 D�K8GJI D D�GYK%QEF�D�FEGYD�hNUEoLD��iFEI.BED0BEILgJDflfKsILSVFEG¹A4omSVgYG¹SVFBEILgsAN}zQED
o~ORSVF�A	��/2:;+.: 3�

(F ,D)

GYI#_.S4QEg8KsSVQEG
E1,E2 ∈ F

SVF�A%�
(∀p ∈ D XpE1 = XpE2) =⇒ E1 = E2

� I
F = P(Z2)

�kopA
l�opAvGJGJD�BED2KJSVQHKsDfG%omDfG¹_iAvgYKsILD�G�BED
Z2 ��D�K%GYI D DfGYK¹�EFEIPA4oLSVgJG�SVFCF�OyA�WJAvhqA4ILG��/(:;+.: 3�


(P(Z2),D)
�¡cVSVILg5¢��%]0@6� n ¦ � L.� I

C
BEM�GYIm¬VFHD5omAtlfopA4GYGJD
BED�GwKsS4KsA4omDfh'DfFdK2lfSVFdcVD��HDfGrA4oLSVgJG

� L ��A4gJBHFED�g8D�K nUL �rgJI�K ~ h'A4FEFqSVFdK�h'SVFdKJgJM4ubD�FdKsgYD
A4QHKsgYD4uE}zQED�GYI |D| ≥ 7
SVF�A���/2:;+.: 3�


(C,D)
L

± F*c4A�DfGJGsA|{4D�gqBHD�KJgJSVQbcVD�gtQEF*KJ�EM�SVgY��h�D�A4FiA4oLSV¬VQEDC_aSVQEg�oLD�G q [ lfSVFdcVD��HDfG L � SVh�h'DClvO DfGYK
A�_EgYImSVgYI%QEF�GYQ\WYDfK�BEI ��l�ImoLD4u�omA�_EgJDfh'IL��gJD M�K�A4_aD�GJD�gJA,BHD�j�A4ILgJD QEFHD�M�KsQEBHD>D��H_aM�gYImh�D�FdK�AvomD L:� F
_iAvgYKsILl�QEoLImDfg%SVF�c4AtBESVFHFED�gwQEFED
h'M�Ks�ESXBED
_.DfgJh�DfKYK�A4FdKwBPORM�FzQEh�M�gJDfgwKJSVQEGwomDfGwlfSVFdKsgYD�[ D��bD�h�_EomDfG��
oxO QEFHIml�I�KsM0BHD�KsA4ImoLomDwGJQQ��GJA4h'h�D�FdKw_aDfKsI�KsD L

� ��� ���c%�
 %�� ���¤�²� ��� 	 �i�¹�5� ���5�������2%��
���$
(�$
 � ��� ' " )�"��-'�� � ) !��#� �&"�� � � ! � ��!��#" � )����
@#SVgJGY}zQED�o~ORSVF�A�BED�Qb�*D�FEGYD�hNUEoLD�G

F+ D�K F− A|{dAvFzK'omDfG�h'efh'DfGN_EgYS\WYD�l�KsImS4FEGtGJD�oLSVF D u�oLD�G_aSVImFdKJGwILFdKsM�gYD�GYGsA4FdKsGwGJS4FzK2l�DfQb�>}zQEI�FED5GYSVFdK�_EA4G�BiA4FEGwo~ORImFdKsDfgJGYD�lfKJImSVF�BED
F+ D�K F−

L.± F>M�KsQEBHImD
BES4FEl8GJDfQEomDfh'DfFzK�oLD�G²D�FHGJD�h�UEomDfG

E− = F− \F+ DfK E+ = F+ \F− BPORSV´topA0BEM��iFEI�KsImS4F�GYQEILcvA4FdKJD��
��
  ,! � 	�� � ! 
 ������� 7 ASgCUH>4T�IJAzN 
 A�PQ=4A�\S]^IJAC= (E+,E−) AC=�@j>
P 
�G���I�Ksl��EILFE¬v[ l�SVh�_.S4FED�FdK � TVUH>
K
I Gvg�I GH=C=4A F A�@yI�
 A�PQ=4A�\S]^IJAC=�N
AoN ?;KMACg�@�?hUHPQ= D =�?RUHP GFIJAC=oN
A�> a gCUHP�N ?;@�?hUHPQ=�=�>
?;EHG PV@BAC=  
� 7 AC= A�PQ=4A�\S]^IJAC= E− A�@ E+ =4UHPV@jN ?J= efUH?;PV@;= A�@ UHPV@y\ ��\FAjT�KMUBefACg�@�?hUHPQ= =4A�IJUHP D <
� � I(Aba!?J=�@�A E0 N ?J= efUH?;PV@yG E ACg E− ∪ E+ @�A�I�=�	^>VA E+ ∪ E0 A�@ E− ∪ E0 =4UHPV@jN�G PQ= F <]�S4FEl���/2:;+.: 3�


(F ,D)
DfGYKrMf}XQHILcvA4omDfFdKr�'oxO ILFED��bILGYKsDfFElfDNBED 
�G���I�Ksl��EILFE¬v[ l�SVh�_.S4FED�FdKsG ��_.SVQHg

FD�K
D
L

�V¥
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± F�GYQE_E_aSVGJD�BEM�GYSVgJh'A4ImGw}zQED
F
DfGYK0G�K�A4UHomD
_iA4g�ILFdKsD�gYGJDflfKsILSVF L.± F�_aD�QHK�A4omS4gJGw_EgJDfFEBEgJD5BiA4FEG

opA�BEMf�EFEILKJImSVF  L µ L µ�o~ORD�FEGYD�hNUEoLD
E0
GJQEI�cvA4FdK#�

E0 =
⋂

{E ⊂ Z2 : E ∪ E+ ∈ F
DfK

E ∪ E− ∈ F}

� F�D&�.DfKwlfSVh'h�D
F
DfGYKwGYKsA4UEoLDr_iA4g8ImFdKJD�gJGYD�l�KsImS4F�S4F>A

E+ ∪ E0 ∈ F
DfK

E− ∪ E0 ∈ F
D�KwGJI

E0FPO DfGYK:_iAvG�BEImG¡WYSVImFdKªA|cVD�l
E−∪E+ A4oLSVgJG A4QElfQEF�D�FHGJD�h�UEomD E

KsD�oX}zQED
E+∪E ∈ F

D�K
E−∪E ∈ FFPO DfGYK2BEImG¡WYSVImFdK�A|c4D�l

E− ∪ E+
L

� F�j�A4I�K�GYI
ENVP(E) =

⋂

{F ∈ F : F ⊃ E}
A4omSVgYG

E0

_aD�QbK0GJD�l|A4oLl�QEoLD�gwBEDNopA�hqAvFEIm�fgJD
GJQEI�c4AvFzKJD��

E0 = limn→+∞ Fn

SV´

F0 = ∅,

Fi+1 = (ENVP(Fi ∪ E+) \ E+) ∪ ENVP(Fi ∪ E−) \ E−)

]�SVFEl�SVFT_aD�QHK�KsD�G�KsDfgrGJI�QEFTlfSVQE_EoLD
(E−,E+)

DfGYK�QEF 
NG���I�Ksl��EILFE¬v[ lfSVh�_.SVFHD�FdK ��¬Vg��vl�D��CoxOyA4o [
¬VSVgJI�Ks�Eh�D��¹�
������� ���
	�� ��� 
v��M�gYIL�iD�GJI

(E+,E−)
DfGYKwQEF 
tG ��ILKJl��EImFE¬\[ l�S4h'_aSVFEDfFzK �.uiD�Kwl|A4oLl�QEoLD

E0� � � �#	 � �$	
p ∈ D % �&� � ����

XpE
+ 6= XpE

− � �
� ���
gJD�KsSVQHgJFED�� ��®
	

 ,! ���
 "! � � � �
���

E+ ∩ E− 6= ∅
� ��� ���

gJDfKJSVQEgYFED�� ��®�	
 "! ���
F ← ∅
��
�����	 �

F ← (ENVP(F ∪ E+) \ E+) ∪ ENVP(F ∪ E−) \ E−)���
F ∩ (E− ∪ E+) 6= ∅

� �
� ���
gJD�KsSVQHgJFED�� ��®
	

 ,! ���
� ��� � ������� � ��� �

F
F�O DfGYKw_EomQHG8h'SXBEIL�EM L

E0 ← FgJD�KsSVQHgJFED��r� � 


���$
-� � 
 ' ��� � � % )�"$�-' ��� ����" )�� ��"�' � ��� �(� ! �-'���'()#�
��AvImFdKsDfFiA4FdK�SVF0cvA8G�ORImFEGY_EImgYD�gPlfD�lfDfK¤A4oL¬VSVgYILKs�Hh'D¤_.S4QEgPl|Avoml�QHomD�g.KsSVQEG#oLD�G#G ��ILKsl��HImFE¬v[ l�SVh�_aSVFED�FdKJG

ImFElfomQEG BiA4FEG²QEF�D�FEGYD�hNUEoLD�A4gJUHILKsgJA4ImgYD:l�SVh�h'D�QEF�gJDflfKsA4FE¬VoLD
∆
BED¹K�AvImomoLD

l×h
Ld± F�QHKJImomILGJDvu\QHF�_.DfQ



� ��� ��� � ��
 �^�4���
� ��	 � � � ���M� � � ¥Hµ
lfSVh'h�DwBiA4FEG%oLD�l��iAv_EILKJgJD0_EgYM�lfM�BEDfFzK�uiQEF�A4oL¬VSVgJI�Ks�Eh�D�¬VomS4QHKsSVF�uXS4FCl��ED�gYl��ED�BESVFEl�omD�G¹G���ILKJl��EImFH¬v[
lfSVh'_aSVFEDfFdKsG

(E+,E−)
KsDfomG�}zQED

α+ ⊂ E+ ⊂ β+, α− ⊂ E− ⊂ β−.

± F�_.DfQHK2A4omS4gJG�A4QE¬4h'DfFzKJD�g
α+,α−

DfKwBEILh'ILFXQHD�g
β+,β−

¬Vg��4lfD���o~O A4om¬VS4gJILKJ�Eh�D�Z L
± F¶_aD�QHKTAvomSVgYG>j�A4ILgJD,QEFED­_EgYSblfM�BEQHgJD­gYM�l�QHgJGJI�cVD ��A4om¬VS4gJILKJ�Eh�D }d��_aSVQEg�AH�'l��HD�g�KsS4QEG�oLD�G


NG���I�Ksl��EILFE¬v[ l�SVh�_.S4FED�FdKsG � ImFHl�omQHG%BiA4FEGwomDrgYD�l�K�A4FE¬4omD
∆
L

� F�A4FEFHD��bD � GYSVFdK0_EgYM�GYD�FdKsMfD�G�BEI��.M�gYD�FdKsDfG�oLImGYKJD�GwBED 
�G���I�Ksl��EILFE¬v[ l�SVh�_.S4FED�FdKsG ��SVUHKsDfFzQED�G
¬Vg �4l�D��tl�D�K2A4om¬VS4gJILKJ�Eh�D L
® F'D��bD�h�_EoLD�Imh�_aSVgYKsA4FdK:D�GYK¹omD�l|AvG

F = Q(x,y)
u
D = {x,y,2x+ y,−x+2y}

L ]0AvFEG¹lfD�l|AvG
SVFCKJgJSVQbcVD
A4QElfQEF 
NG ��ILKsl��HImFE¬v[ l�SVh�_aSVFED�FdK �CImFHl�omQHG%BiA4FEG8QHF�l�A4gJgYM

13× 13
L �x@#Drl|A4oLl�QEo._EgJDfFEB

¥4��GYQEg�QEF � DfomDfgJSVF }dZVZ L � � Dfl�I�ImFdcXILKJD��tMfFESVFElfD�gwopANlfSVF\WYD�l�KsQEgYD5GYQEILcvA4FdKJD��
� � ! � � � 	 � � � 
�������
�� P G ��/2:;+.: 3�


(Q(x,y),{x,y,2x + y,− x + 2y}) <��Avom�EDfQEgJDfQEGJDfh'DfFzKCSVF�FED>gJMfQEGJGYImgsA�_iA4GC��BEM�h�SVFdKsgYD�gqlfD�gYM�GJQHoLK�A\K L�n A4g'l�SVFdKsgYD�BiAvFEGqomA�_EgYSv[
l��iAvImFED�GJDflfKJImSVF>SVF�cvA�h'SVFdKJgJD�g�QEF�Ks�EMfSVgJ�fh'D�BES4FzK2o~ORQEFED
BEDfG2lfSVFEGJMf}zQED�FElfD�GrGYD�gsA�opA�_EgYD�QHc4DNBED
��/(:;+.: 3�


(Q(x,y,2x + y,− x + 2y),{x,y,2x + y,− x + 2y})
L

� �s§ ��� �¤� ©8�
�('�� �$# � ��� �f�¹����©
�����	�$
 
 %-� ����� )�� )#%-��� �&��' ) � �(' 	-� �����
��
  ,! � 	�� � ! 
 ��
���� 7 GzN KCUH?;@�AYT�KMUBefACg�@w?;E AcKMiCA�I;IJA�AC=�@(I�
 A�PQ=4A�\S]^IJA P1(R) = R∪{∞} < 7 
 A�PQ=4A�\S]^IJA
N
AC=pN ?;KCACg�@�?hUHPQ=zN
A R2 AC=�@ A�P ]^? efACg�@�?hUHP G E ACg P1(R) < K��
gCApD I�
 G�T�T�I ?hg G @�?hUHP _aD�FdKsD : ax + by 7→
− b

a
< � P gCUHP ,fUHP�N KbG N
UHP8gn=4UH>LE A�PV@�>
P8A N ?;KMACg�@�?hUHP d G E ACgS=^G _aD�FdKsD (d) < Z P8A @wKbG PQ= ,fUHKW\SG @�?hUHP

T�KMUBefACg�@�?;E AzAC=�@R>
P8A ,fUHP8g�@�?hUHP N
A P1(R) N�G PQ=�I >
?;t�\ ��\FAoN
AOI G ,fUHKW\FA y 7→ a+by

c+dy
<�� 
 AC=�@yI G @�K G
gCA

=�>
K�IJAC=ON ?;KMACg�@w?hUHPQ=ON
A�I�
 G�T�T�I ?hg G @�?hUHP�I ?;P8i G ?;KMAON
A�I G ,fUHK�\FA (x,y) 7→ (ax + by,cx + dy) <
��
  ,! � 	�� � ! 
 ��
���
 7 An]^?;KbG�T�TVUHK�@ N
A 	^>QG @wKMASP8UH\S]^KMAC=nN
ApI G N KMUH?;@�A�T�KMUBefACg�@w?;E AzKCiCA�I;IJA P1(R) =
R ∪ {∞} AC=�@RN
i XYPV?xTQG K� 

[

x1 x2
x3 x4

]

=
x3 − x1

x3 − x2

:
x4 − x1

x4 − x2

=
(x3 − x1)(x4 − x2)

(x3 − x2)(x4 − x1)

G E ACg�IJAC= gCUHPVE A�PV@w?hUHPQ=Oi�E4?�N
A�PV@BAC=�IJUHKM= 	^>,A ∞ AC=�@ A�POefA�> < 7 Ao]^?;KbG�T�TVUHKW@`N
A 	^>QG @wKMAoN ?;KMACg�@�?hUHPQ=oAC=�@
IJAO]^?;KbG�T�TVUHKW@RN
A�IJA�>LKM= TVA�PV@�AC=�KMAC=�TVACg�@w?;E AC=^<
@#D8UEImgJA4_E_aSVgYK�BEDc}
BHImgJDflfKJImSVFEG²BHImGYKJImFEl�KsDfG²l�SVFEGYM�lfQHKsI�cVD�G�D�G�K:KsSVQ\WYS4QEgJG²GYQE_.MfgJILD�QEg��

1
Ld� F�D&�.DfK

lfSVh'h�D [
a b
c d

]

=
[

d c
b a

] uvS4F�_aD�QHK GJQE_H_.SVGYD�g�}zQED�omDfG _aD�FdKsDfG
x1,x2,x3,x4

BEDfG0}�BHImgJDflfKJImSVFEG#c4M�gJI��iD�FdK
x1 < x2 < x3 < x4

La± F>A'A4oLSVgJG [ x1 x2
x3 x4

]

= f(x3)
f(x4)

SV´
f(x) = x−x1

x−x2

La± gwGYI
x1 < x2 < x3 < x4 fDfGYKwBEM�lfgJSVILGJGJA4FdKsD
GJQEg

]x2,∞]
D�KwBESVFEl

f(x3) < f(x4)
L

n Avg�D��bD�h�_EomD�GJI�SVF�_EgYD�FEB�omDfG�}zQiA\KsgJD�BEILgJDflfKsILSVFEG
x,y,2x + y, − x + 2y

omDfG�_aD�FdKJD�GqGYSVFdK
gYD�GJ_aD�l�KsI�cVD�h�D�FdK

∞,0,−2,1
2

udSVFtcVSVI�K:}XQHD2oLD8UEImgJA4_E_aSVgYK²BHD�G�}XQEAvKsgYDwBHImgJDflfKJImSVFEG²gYM�SVgYBESVFEFHM�D�G�D�G�K#�

[−2 0
1
2

∞

]

=
(1

2
− (−2))(∞− 0)

(1
2
− 0)(∞− (−2))

=
1
2
− (−2)
1
2
− 0

= 5
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(α+,α−,β+,β−)

A¯c4D�l
β− ∩ α+ = ∅,β+ ∩ α− = ∅,α+ ⊂

β+,α− ⊂ β−� � � �#	 � �$	
p ∈ D

DfK
i ∈ {minM∈∆ p(M) . . . maxM∈∆ p(M)} % �&� � �

� ]�O A4U.S4gJB�opAN_EgYD�h�Im��gYDrl�SVFHBEILKJImSVF BED�G ��ILKsl��HImFE¬
	
���

Xpβ+(i) < Xpα−(i)
S4Q

Xpβ−(i) < Xpα+(i)
� ��� ���

gJD�KsSVQHgJFED���AvQEl�QEF�G���I�Ksl��EILFE¬ � ,! ���
���

Xpβ+(i) = Xpα−(i)
� ��� ���

α+ ← α+ ∪ {M ∈ β+ : p(M) = i}

β− ← β− \ {M 6∈ α− : p(M) = i}
� ± F A
KsSVQ\WYS4QEgJG

α+ ∩ β− = ∅
l�A4g

β+ ⊂ Z2 \α−

	
 ,! ���
���

Xpβ−(i) = Xpα+(i)
� ��� ���

α− ← α− ∪ {M ∈ β− : p(M) = i}

β+ ← β+ \ {M 6∈ α+ : p(M) = i} ,! ���
���

Xp((β+ ∪ β−) \ (α+ ∪ α−))(i) = 1
D�K

Xpα+(i) = Xpα−(i)
� �
� ���

M ←
oLDrGJD�QHo#_.SVILFdK

M ∈ (β+ ∪ β−) \ (α+ ∪ α−)
KsDfo#}zQED

p(M) = i

β+ ← β+ \ {M}

β− ← β− \ {M} ,! ���
 "! � � � �
� ]�DfQb�bIm�fh'D�l�S4FEBEILKJImSVF BHD
G ��ILKJl��EImFE¬�	
F ← ∅
��
�����	 �

F ← (ENVP(F ∪ α+) \ β+) ∪ ENVP(F ∪ α−) \ β−)���
F ∩ (α− ∪ α+) 6= ∅

� ��� ���
gJD�KsSVQHgJFED���AvQEl�QEF�G���I�Ksl��EILFE¬ � ,! ���

� ��� � ������� � ��� �
F
F�O DfGYKw_EomQHG8h'SXBEIL�EM L

β− ← β− \ (F ∪ ENVP(α+))

β+ ← β+ \ (F ∪ ENVP(α−))
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��� ��� 	�� ��� ���j/(7 ���,56*

(α+,α−,β+,β−)
��
 ���'	 �
� - ��� � 
,36:;-m/

(α+,α−,β+,β−)� ��� � ��� � � � � � �
α+,α−,β+,β−

GYSVFdK2ILFdc4AvgJIpAvFzKJG
���

α+ = β+

D�K
α− = β−

� �
� ���
A���l��ED

(α+,α−)��� ! � !
l��ES4ImGJILg

M ∈ (β+ ∪ β−) \ (α+ ∪ α−)���
M ∈ β+

� �
� ���
�j/(7 ���,52*��

α+ ∪ {M},α−,β+,β− \ {M}) "! ���
���

M ∈ β−

� �
� ���
�j/(7 ���,52*��

α+,α− ∪ {M},β+ \ {M},β−) "! ���
�j/27 ���,56*��

α+,α−,β+ \ {M},β− \ {M}) ,! � �

n S4QEg�_EomQEG8BHD
BHMfK�AvImomG8GYQEg�omDrUEILgsA4_H_.SVg�K8SVF�_.S4QEgJgJANgJD�¬VA4gJBEDfg
¢��¹Dfgs¥V�bu  L µ ¦ L
��
  ,! � 	�� � ! 
 ��
���� � 7 
 A�PQ=4A�\S]^IJA E = {A1,A2, . . . ,An} ⊂ R2 AC=�@d>
P TVUHI ;�<
UHP8AFgCUHPVE AbaLA

=�? ∀A ∈ E UHP G A 6∈ conv(E \ {A}) <
� 7 AjTVUHI ;�<
UHP8A E ⊂ R2 AC=�@Y>LP D tJTVUHI ;�<
UHP8A =�?0@BUH>
@�AoN KCUH?;@�A d N
AON ?;KMACg�@�?hUHP N�G PQ= D E i�KW? XjA
|d ∩ E| ∈ {0,2} <

� 7 AYTVUHI ;�<
UHP8A E ⊂ R2 AC=�@uN ?;@YG�� P8A�\FA�PV@mKMi�< >LI ?hA�K =�?2?;I6Aba!?J=�@�A >LP8A @wKbG PQ= ,fUHKW\SG @�?hUHP�G�� P8A
]^? efACg�@�?;E A φ A�@ n ∈ N @�A�I 	^>,A φ(E) = {(cos 2kπ

n
, sin 2kπ

n
) : k ∈ {0, . . . ,n− 1}}

� ��
 � ��� � � 
���
 ��� � UH?;@ D >
P A�PQ=4A�\S]^IJA�N
AON ?;KMACg�@w?hUHPQ= gsAvKJImSVFHFED�oLomD�G  7 AC=��dT�KMUCTVU4=�?;@�?hUHPQ= =�>
?;t
EHG PV@�AC=�=4UHPV@ i 	^>L?;EHG IJA�PV@�AC=  

�< � I6Aba!?J=�@�A�>
P 
 =	�u?;@�g
>
?;P�< t gCUH\ TVUHP8A�PV@ � TVUH>
K�I G g�I GH=C=4A�N
AC=�@�UH@ G IJA�\FA�PV@`gCUHPVE AbaLAC=OA�@uI�
 A�PVt

=4A�\S]^IJA�N
AoN ?;KMACg�@w?hUHP D <��BG >L@�KMA�\FA�PV@jN ?;@ UHP P 
 G�TQGH= ��/(:;+.: 3�

(C,D) < 	

�
< � I(Aba!?J=�@�A�>LP D tJTVUHI ;�<
UHP8A gCUHPVE AbaLA�?;P8g�I > =oN�G PQ= Z2 <
9 < � I(Aba!?J=�@�A�>LP D tJTVUHI ;�<
UHP8A gCUHPVE AbaLA�?;P8g�I > =oN�G PQ= Q2 <
��< � I(Aba!?J=�@�A�>LP D tJTVUHI ;�<
UHP8A gCUHPVE AbaLA�?;P8g�I > =oN�G PQ= R2 <� < � I(Aba!?J=�@�A�>LP D tJTVUHI ;�<
UHP8AOG�� P8A�\FA�PV@uKMi�< >
I ?hA�K^<
� < 7 AC=O]^?;KbG�T�TVUHKW@;=ON
A � N ?;KMACg�@w?hUHPQ=OgCUHPQ=4iCg�>L@�?;E AC=ON
A D =4UHPV@RN�G PQ= {4

3
,3
2
,2,3,4} <

�
< � I8Aba!?J=�@BAd>
P8A @wKbG PQ= ,fUHKW\SG @�?hUHP I ?;P8i G ?;KCAdKbG @�?hUHPVP8A�I;IJA φ N
A R2 @BA�I;IJA 	^>VA IJAC=uTVA�PV@BAC=�N
A φ(D)
=4UH?hA�PV@Y@�UH>L@�AC=oN�G PQ= {−2,− 1,− 1

2
,0,1,∞} <

� i�\FUHPQ=�@�KbG @w?hUHP
 
| (1)⇔ (2)

l4ORD�GYK2omD0KJ�EM�S4gJ��h�D�
 L 
�BHD'¢����
¥ !|¦ L
| (2)⇔ (3)⇒ (4)

l�omA4Img L
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| (4)⇒ (5)
c4SVImg2¢��O���4� ¦ SVQ�¢��
Avgs¥ 
zub_iZ�}v[^Z  \¦ L ��@�D2omDfh'h�D  L � L ���
GYD�gsA5QEFED�¬4M�FEMfgsA4oLImGsA\KsImS4F

BED�l�D�KJKsD
Imh�_EoLIml|A\KsImS4F L �
| (5)⇒ (6)

l4ORD�G�K�oLD0Ks�EMfSVgJ�fh'D�} L 
NBED'¢����
¥ !¯¦ L
| (6) ⇒ (7)

� SVI�K
d1,d2,d3

KsgJS4ImG�BEILgJD�l�KsILSVFEGtl�SVFHGJM�lfQHKsI�cVDfGCBED
D
}zQED>o~ORSVF�lfSVFHjkSVFHB�A|cVDfl

omDfQEgJG8_aD�FdKsDfG L 
 oPD��HILGYKJD
QHFEDrKsgsAvFEGYjkSVgYhqA\KsImS4FC_EgJS�WYD�lfKJILc4D
φ1

BED
P1(R)

KsDfomomD�}XQHD
φ1(λ1) =

0,φ1(λ2) = 1,φ1(λ3) = ∞
L � SVh'h�D

λ1,λ2,λ3 ∈ Q
lfDfKYKsD KsgJA4FEGYjkS4gJh'AvKsILSVF<DfGYK���l�SXDfjp[

�il�ILD�FdKsG�gJAvKsILSVFEFEDfomG L � S4h'h�D
d1,d2,d3

GYSVFdK�l�SVFHGJM�lfQHKsI�cVDfG�S4F*D�F*BEMfBEQEILK�}zQED omDfGN_.DfFdKsD�G
BED
D′ = φ1(D) \ {0,1,∞}

GYSVFdKrFEMf¬dAvKsI�cVDfG L�� SVILK
x
o~ORQEFED
BEDNlfD�G0_aD�FdKsDfG LP± F�A [

x 0
1 ∞

]

∈
{4

3
,3
2
,2,3,4}

L ± F�D�F�BHM�BEQEI�Kw}XQHD
x ∈ D0 = {−3,− 2,− 1,− 1

2
,− 1

3
}
L ]�SVFHl

{0,1,∞} ⊂
φ1(D) ⊂ {−3,− 2,− 1,− 1

2
,− 1

3
,0,1,∞}

L � SVh'h�DrSVF�A%�
| [−3 −2

0 1

]

= 9
8

BES4FEl
{−3,− 2} 6⊂ φ1(D)

L
| [−3 − 1

2
0 1

]

= 9
4

BES4FEl
{−3,− 1

2
} 6⊂ φ1(D)

L

| [−2 − 1
3

0 1

]

= 8
3

BES4FEl
{−2,− 1

3
} 6⊂ φ1(D)

L

| [− 1
2

− 1
3

1 ∞

]

= 9
8

BES4FEl
{−1

2
,− 1

3
} 6⊂ φ1(D)

L

| [−3 − 1
3

0 ∞

]

= 9
8

BES4FEl
{−3,− 1

3
} 6⊂ φ1(D)

L
± F>DfF>BEMfBEQEI�K�BESVFEl�}zQED

φ1(D)
D�G�K2ILFEl�oLQEG8BiA4FHGwoxO QHF�BHD�G�KsgJS4ImG%DfFEGJDfhNUEomDfG2GYQEILcvA4FdKJGP�

| F1 = {0,1,∞,− 2,− 1,− 1
2
}
L

| F2 = {0,1,∞,− 3,− 1}
L

| F3 = {0,1,∞,− 1,− 1
3
}
L

| � I φ1(D) ⊂ F1

SVF�_EgJDfFEB
φ
opANKsgJA4FEGYjkS4gJh'AvKsILSVFComILFEM|AvImgJD�A4GJGYSblfImMfD5�

φ1

| � I φ1(D) ⊂ F2

uXl�SVh�h'D
φ2(F2) = {0,1,− 2,− 1,− 1

2
} ⊂ F1

A|c4D�l
φ2(y) = 2y

3−y

ubSVF
_.DfQHKw_EgJDfFEBEgYD

φ = φ2 ◦ φ1

L
| � I φ1(D) ⊂ F3
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1 (M) ∩ E+ = ∅
_aSVQEg8KsS4QHK

M ∈ QCONVpr(A,B,Mr)
L

� SVI�K
M1,M2 ∈ Rpr

1 (N ′)
KsD�oLG�}XQHD

p(M1) ≤ p(M2)
Lw� I

r(M1) ≥ r(M2)
SVF A

M2 ∈ Rpr
1 (M1)

DfK²BHSVFEl
M1 ∼e M2

Ld� QH_E_.S4GJSVFEG²_EA4g�D��bDfh'_EoLD%}zQED
r(M1) ≤ r(M2)

L
� SVI�K

N ′′ = 〈p(M1),r(M2)〉pr

L ± F>_aD�QHK2A4oLSVgJG�j�A4ImgYDropANgJMfl�QEgYgJDfFEl�D
GJQEI�cvA4FdKsD'�
Hn

���
� I

M1,M2 ∈ Rpr
1 (N ′) ∩ E− KsDfomG8}zQED r(N ′′)− r(A′) + p(B′)− p(N ′′) ≤ n

D�K
p(M1) ≤ p(M2)

A4oLSVgJG
M1 ∼M2.

�
Hn

�

| H0

D�G�KwcXgJA4ImDrl�A4g�SVF�A
Rpr

1 (N ′′) ⊂ ASP (A′) ∪ ASP (B′)
| � QE_E_aSVGJSVFHG Hn−1

L2� SVILD�FdK
M1,M2

BiA4FEG
Rpr

1 (N ′) ∩ E− cVMfgJIL�iA4FdK p(M1) ≤
p(M2)

Ld� SVI�K
M ∈ Rpr

1 (N ′′)\{N ′′}∩E+ � � O ILoHFPORD��bImG�KsD8_iAvG²BED%KsDfomG�_aSVImFdKJG²A4omS4gJG
M1 ∼e M2

� L�± FTA
p(Mr) ≥ p(M)

l|AvgrGJImFHSVF
Mr ∈ QCONVpr(M,A,B)

SVQ



� ��� ��� � ��
 �^�4���
� ��	 � � � ���M� � � ¥V¥

Mr ∈ QCONVqr(M,A,B)
L ± F A

r(Mp) ≤ r(M)
l|Avg GYImFESVF

M ∈ QCONVpr(M1,Mp,Mr)
Li� K2BHSVFEl��

p(M1) ≤ p(Mp) = p(M) ≤ p(Mr) ≤ p(M2)

r(M1) ≤ r(Mp) ≤ r(M) = r(Mr) ≤ r(M2)]�O A4_EgY��G�oxO �d{X_aS4Ks�E�fGJD5BED�gYM�l�QHgJgJDfFEl�D
Mp ∼ M1

u
Mp ∼ Mr

D�K
Mr ∼ M2

BHSVFEl
M1 ∼M2

L
± F>A�BESVFEl�UEILD�F

A′ ∼ B′
L

| i′ = 1
u
j ′ = 2

L ]0A4FEG�l�D�l�A4G�SVF�A�DfFEl�SVgYD
Rpr

1 (A′) ⊂ ASP (A′)
L

| � I p(B′) ≤ p(A′)
A4oLSVgJG¤SVF�A

p(A′
pr) ≥ p(A′

p)
l|A4g GJImFHSVF

A′
pr ∈ QCONVpr(A,B,A′

p)SVQ
A′

pr ∈ QCONVqr(A,B,A′
p)
LP� KrBHSVFEl

A′
p ∈ QCONVpr(A

′,B′,A′
pr)
l�D�}zQEIªDfGYK

?;\ TVU4=C=�?�]^IJA L
| � I p(B′) ≥ p(A′)

uXBED0opA�h�e�h�D2j�A��fSVFCSVF A
B′

p ∈ QCONVpr(A
′,B′,B′

pr)
lfD0}zQEI.DfGYK

A4QEGJGYI ?;\ TVU4=C=�?�]^IJA L
| i′ = 1

u
j ′ = 3

La± F�A
Rpr

1 (A′) ⊂ ASP (A′)
D�K

Rqr
2 (B′) ⊂ ASP (B′)

La± F>BEM��iFEI�K�AvomSVgYG8opA
GYQEILKJD

(Mi)
_iA4gP�

M0 = A′
p

I�j
p(A′) ≥ p(B′)

M0 = B′
p

ILj
p(A′) ≤ p(B′)

Mi+1 = (Mi)rp�¡cVSVILg%�i¬VQEgYD  L  �

p = cste

q = cste

A

B

A′

B′

M0
M1

M2

M3

r = cste

3y:'465  L  | �YGH= i′ = 1 _ j ′ = 3 A�@ p(B′) ≥ p(A′) <

± F A
p(Mi+1) = p((Mi)r) > p(Mi)

l�A4g�GYImFESVF
(Mi)r ∈ QCONVpr(Mi,A,B)

SVQ
(Mi)r ∈ QCONVqr(Mi,A,B)

L8� K�BESVFHl�SVF A­QEFED�GYQEILKJD�ImFH�EFEImD�BHD�_.SVILFdKsGCBEILGYKJImFEl�KsG
ILFEl�oLQEG%BiAvFEG2QHF�DfFEGJDfhNUEoLD��EFEI#l�D
}zQEI#D�G�K ?;\ TVU4=C=�?�]^IJA L
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� ��	 � �'	 ���&�^�
���f�w�^�
�
�����
�

| i′ = 2
u
j ′ = 1

L ± F�A
Rpr

1 (B′) ⊂ ASP (B′)
L

| � I p(B′) ≥ p(A′)
A4oLSVgJG

B′ ∈ Rpq
2 (A′)

| � I p(B′) ≤ p(A′)
A4oLSVgJG

A′ ∈ Rpr
1 (B′)

| i′ = 2
u
j ′ = 2

L
| � I p(A′) ≤ p(B′)

u�l�SVh�h'D
r(A′) ≤ r(B′)

S4F A
q(A′) ≤ q(B′)

D�KCBES4FEl
B′ ∈

Rpq
2 (A′)

L
| � I p(A′) ≥ p(B′)

D�K
q(A′) ≥ q(B′)

A4omSVgYG
A′ ∈ Rpq

2 (B′).
| 
 o#gJDfGYKsD�oLDrl|A4G

p(A′) ≥ p(B′)
D�K

q(A′) ≤ q(B′)
La� SVI�K

N ′ = 〈p(B′),q(A′)〉pq

L
� I

M1,M2 ∈ Rpq
2 (N ′)

DfK
p(M1) ≥ p(M2)

SVF�FES4KsD
N ′′ = 〈p(M2),q(M1)〉pq

La± F c4A
j�A4ImgYD0QEFED
gJMfl�QEgYgJDfFEl�D
l�SVh�h�D0BiA4FEGwomDrl�A4G

i′ = 1,j ′ = 1
L

� I
M1,M2 ∈ Rpq

2 (N ′) ∩ E− KsDfomG8}zQED p(M1) ≥ p(M2),R
pq
2 (M1) ∩ E+ = ∅,

Rpq
2 (M2) ∩ E+ = ∅,

DfK
p(A′)− p(N ′′) + q(B′)− q(N ′′) ≤ n

A4omSVgYG
M1 ∼M2.�

H ′
n

�
� SVILD�FdK

M1,M2

cVMfgJIL�iA4FdKtomD�G�l�SVFEBHILKsILSVFEGNBHD,�
H ′

n

� L:� S4ILK
M ∈ Rpq

2 (N ′′) \ {N ′′} ∩
E+ @#D�_aSVILFzK Mr

c4M�gJI��iD
p(Mr) ≥ p(M)

L8± F A­A4QHGJGJI
p(Mq) ≥ p(M)

l|A4gqGJI�[
FESVF

M ∈ QCONVqr(Mr,Mq,M1)
L ]�D�h'efh'D

q(Mp) ≥ p(M)
l|A4gtGYImFESVF

M ∈
QCONVpr(Mr,Mp,M2)

L ]�SVFEl�SVF>A%�

p(M1) ≥ p(Mq) ≥ p(M) = p(Mp) ≥ p(M2)

q(M1) ≤ q(Mq) = q(M) ≤ q(Mp) ≤ q(M2)

]�SVFEl�BPO A4_EgY��Gwo~OR�d{b_aS4KJ�E��GYD
BHD
gYM�lfQEgJgYD�FElfD�SVF�A
M1 ∼Mq ∼Mp ∼M2

L
| i′ = 2

u
j ′ = 3

L @�A�BHM�h�SVFEGYKJgsAvKJImSVF DfGYKwopANh�e�h�Dr}zQED
BiA4FEG�omDrl�A4G
i′ = 1,j ′ = 2

L
| i′ = 3

u
j ′ = 1

L ± F�A
Rqr

2 (A′) ⊂ ASP (A′)
DfK

Rpr
1 (B′) ⊂ ASP (B′)

L
| � I p(A′) ≤ p(B′)

A4oLSVgJG
B′ ∈ Rqr

2 (A′)
| � I p(A′) ≥ p(B′)

A4oLSVgJG
A′ ∈ Rpr

1 (B′)
| i′ = 3

u
j ′ = 2

L � ILh'ILopA4ILgJD2A4Q�l|A4G
i′ = 2,j ′ = 1

L
| i′ = 3

u
j ′ = 3

L � ILh'ILopA4ILgJD2A4Q�l|A4G
i′ = 1,j ′ = 1

L
2

@�A�gYD�opA\KsImS4F
∼
D�G�K�QEFEDCgYD�omAvKsILSVF<BPORM�}zQEI�cvA4omDfFEl�DCGYQEg

E = E+ ∪ E−
L²� S4ILK

D1, . . . ,Dn

oLD�G
l�opAvGJGJDfGtBPO Mf}zQEILcvA4oLD�FElfD>AvGJGJSXl�ILM�DfG�DfK

Gi

o~ORImGJS4UiA4gY{XlfD�FdKsgYD BED
Di

D�K
P
oxO DfFEGJDfhNUEomD

{Gi : i ∈
{1 . . . n}

L
@#DNoLD�h�h'D5_EgJMfl�M�BHD�FdK
h'SVFdKJgJDN}zQED�_aSVQEg�KJSVQHK

i ∈ {0 . . . 3},p ∈ D
Imo D��bImG�KsDNQEF

j
KsDfomG0}zQED

_.SVQHg�KJSVQHK
M ∈ Di

omD�G�_aSVImFdKJG
Mp

GYSVFdKwGJQEg
Dj

L � K�BES4FEl�SVF�A
p(Gi) = p(Gj)

L
]�S4FEl�SVF�A
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P
lfSVFdKsImDfFdK�AvQ�h�SVILFEG¹KsgYSVImG¹_.SVILFdKsG��kl|A4g8ILo�{ AtA4Q�h�SVImFEG¹BED�Qb� BEImgYD�lfKJImSVFHG%BiA4FEG

D
� L



� ��� ��� � ��
 �^�4���
� ��	 � � � ���M� � � µ¯�Hµ
� ������� 
 ��
���� 
�� UH?hA�PV@ M1,M2 ∈ Z2 A�@ p,q ∈ D < � PSN
i XYPV?;@,IJAC=9TVUH?;PV@;= N1 = 〈p(M1),q(M2)〉pq _
N2 = 〈p(M2),q(M1)〉pq _ N
A T�I >�=zUHP�=�>4T�TVU4=4A N1 ∈ Rpq

i (N2) U�� Rpq
i AC=�@y>
P � � � <�� IJUHKM= TVUH>
K

@�UH> = r,s ∈ D IJAdTQG KbG I;IJi�IJU=< KbG \z\FA {M : r(M) ∈ [r(M1),r(M2)] A�@ s(M) ∈ [s(M1),s(M2)]}
gCUHPV@�?hA�PV@YIJA TQG K G I;IJi�IJU=< KbG \z\FA {M : p(M) ∈ [p(M1),p(M2)] A�@ q(M) ∈ [q(M1),q(M2)]} <
� i�\FUHPQ=�@�KbG @w?hUHP
 � SVILD�FdK M1,M2,N1,N2,p,q,r,s,i

lfSVh�h'D�BiA4FEG�omDqoLD�h�h'D L¤± F­_.DfQHK�GYQE_E_aSVGJDfg
i = 2

� ?hA p(M1) ≥ p(M2)
D�K

q(M1) ≤ q(M2)
��D�K

r = αp + βq,s = α′r + β ′q
A¯c4D�l

α ≤ 0,α′ ≤ 0,β ≥ 0,β ′ ≥ 0
L%� SVI�K

N ′
1 = 〈q(M2),r(M1)〉q,r

DfK
N ′

2 = 〈q(M1),r(M2)〉q,r

u
N ′′

1 = 〈r(M1),s(M2)〉r,s
DfK

N ′′
2 = 〈r(M2),s(M1)〉r,s

L �kc4SVImg%�E¬VQEgJD  L ! �
� SVh�h'D

q(N ′
1) = q(M2)

S4F*A
q(N ′

1) ≥ q(M1)
L ]�DCh�e�h�D

q(N ′
2) ≤ q(M2)

BES4FEl
N1

DfK
N2

GJS4FzK5BiA4FHG�omDt_iAvgsA4oLomM�oLSV¬VgJA4h'h�D
M1N

′
1M2N

′
2

u#BESVFHlqomDt_iAvgsA4oLomM�oLSV¬VgJA4h'h�D
M1N1M2N2

DfGYK
ILFEl�oLQEG8BiA4FEG

M1N
′
1M2N

′
2

L
]�D�h�e�h�DrSVF>_aD�QbK�h'SVFdKJgJD�g�}zQED

M1N
′
1M2N

′
2

D�G�K�ILFEl�oLQEG%BiAvFEG
M1N

′′
1 M2N

′′
2

L
2

M1

M2

N2

N1

N′
2

N′′
2

N′′
1

N′
1

p = p(M2) p = p(M1)

q = q(M1)

q = q(M2)

r = r(M2) r = r(M1)

s = s(M2)

s = s(M1)

3y:'465  L ! |87 
 ?;P8g�I > =�?hUHP N
AC= TQG KbG I;IJi�IJU=< KbG \z\FAC=

� ������� 
 ��
���� � 7 
 A�PQ=4A�\S]^IJA P AC=�@`>
PFTVUHI ;�<
UHP8A *jt gCUHPVE AbaLA ,fUHKW@Y=4A�IJUHP D <
� i�\FUHPQ=�@�KbG @w?hUHP
 � S4ILK G

QHF�_aSVILFzK�BHD
P
DfK

D
opANl�omA4GJGYD�BESVFdK

G
D�GYKwoLDrUiA4gY{XlfD�FdKsgYD L

± F�GJQE_E_aSVGYD
_EA4g8D��bD�h�_EoLDr}XQHD
D ⊂ E+ D�K�}zQEDrKsSVQHK M ∈ D

c4M�gJI��iD
ASP (M) = Rpq

0 (M)A|cVDfl
p,q ∈ D

La� SVILD�FdK
pmin,pmax,qmin,qmax

oLD�G8D��XKJgJD�h'AtBED
p
D�K

q
GJQEg

D
L � SVImDfFzK

B1 = {M |pmin ≤ p(M) ≤ pmax}

B2 = {M |qmin ≤ q(M) ≤ qmax}D�K
D1

omA�l�omA4GJGYD
{Mp|M ∈ D}

L²± F­cvA�h'S4FzKJgJDfg�}zQED
D = B1 ∩ E+ ��GYSVILK M

QHF*_.SVILFdK�BED
E+ ∩ B1

L ]5OyA4_HgJ��G�oLD�G0BEM��iFEI�KsImS4FEG�BED
pmin

D�K
pmax

ImoªD��bImGYKJD
A0,B0 ∈ D

KsDfomG0}zQED
pmin =

p(A0) ≤ p(M) ≤ p(B0) = pmax
LP± F>A

A0 ∼ B0

u SVF�DfF�BEMfBEQEI�K�BES4FEl5}zQPORImo�D��HILGYKJD
A,B ∈ DKJD�omG8}zQED

A ∼e B
D�K

p(A) ≤ p(M) ≤ p(B)
| � I q(M) ≤ max(q(A),q(B))

SVF�GsA4I�K�BEM^WJ��}zQED
M ∈ D

L
| � I q(M) ≥ max(q(A),q(B))

A4omSVgYG
q(Mp) > q(M)

l�A4g�GJILFESVF
Mp ∈ QCONVpq(M,A,B)D�K�BHSVFEl

Rpq
0 (M) ⊂ ASP (M)

SVQ
Rpq

1 (M) ⊂ ASP (M)
L � K�BESVFEl

A
SVQ

B
GYSVFdKNBiAvFEG

ASP (M)
D�K2BHSVFEl

M ∼e A
L
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 	��8�h�w� � � ��� � ���M� � ��	�	���� ��� �8�W����� �
� ��	 � �'	 ���&�^�
���f�w�^�
�
�����
�

± F�DfF�BEMfBEQEILK0A4QEGYGJI²A|cVDflNomD5omDfh'h�D  L � L µ¯�'}XQHD
D1 = B1 ∩ E−

L ]�D�h'efh'D
D = B2 ∩ E+ DfK

D2 = B2 ∩ E− S4´ D2 = {Mq|M ∈ D}
La± F�BEMf�EFEILK2A4oLSVgJG%oLD�G�ZtgJMf¬VImSVFHG8GJQEI�c4AvFzKJD�G

V1 = {M |p(M) < pmin
DfK

q(M) > qmax}

V2 = {M |p(M) > pmax
DfK

q(M) < qmin}

V3 = {M |p(M) > pmax
DfK

q(M) > qmax}�kcVS4Img%�i¬VQHgJD  L �d�

G

B1 V3

B2

V1

V2

p = pmin p = pmax

q = qmax

q = qmin

3y:'465  L � |87 AC=oN ? 
�i�KMA�PV@BAC=�KCi�< ?hUHPQ=
� QH_E_.S4GJSVFEG�}zQPORImoP{�AvILK8QEF�_aSVImFdK

G′ ∈ P
KsDfo#}zQED

G′ ∈ Rpq
0 (G)

L @#D
_aSVILFzK
G′ D�G�K�oxO ILGJSVUiAvgY{d[l�D�FdKJgJDNBPORQEFED�l�opAvGJGJD

D′
L.± F�A

D′ ⊂ V1 ∪ V2 ∪ V3

L ]�O A4_EgJ�fG0o~ORD�h�_EomA4l�Dfh'DfFzKwBED
G′ o~ORD�FHGJD�h�UEomD

D′ FED�_.DfQHKw_iA4G�efKJgJD�BEImG¡WYSVImFdK8FHI�A¯c4D�l V1

FEI�A|cVDfl
V2

L ]2D�Qb��l�A4G2_aD�QbcVD�FdK2GJD�_EgYSbBEQHImgJDª�
| 
 o8D��bImG�KsD

A ∈ V1

u
B ∈ V2

KJD�oLG�}XQHD
A ∼e B

L:� SVI�K
Rrs

i (N)
opA�gJMf¬VImS4F*BESVFEFEMfD�_iA4g�opA

BEMf�EFEILKJImSVF  L � L � L ± F�A
Rrs

i (N) ∩D = ∅
l|A4g8GYI

A,B ∈ E− A4omS4gJG Rrs
i (N) ∩ E+ = ∅

DfK
GJI

A,B ∈ E+ A4oLSVgJG%KJSVQHK�_aSVImFdK�BED E+ ∩Rrs
i (N)

DfGYKwM�}zQEI�c4AvomD�FdKw�
A
DfK2�

B
L

± F>BEMfBEQEI�K2BHQ>oLD�h�h'D  L � L µ��N}zQED
B1 ∩B2 ⊂ Rrs

i (N)
lfD
}zQEI�DfGYKwD�F�l�SVFdKJgsA4BEILlfKJImSVF�A|cVDfl

Rrs
i (N) ∩D = ∅

L
| 
 o#D��bImG�KsD

A ∈ V1

u
B ∈ V2

u
C,C ′ ∈ V3

KsD�oLG�}XQHD
A ∼e C ∼ C ′ ∼e B.

D ⊂ Rpq
1 (A)

u
D ⊂ Rpq

0 (C)
u
D ⊂ Rpq

3 (B)
BESVFEl�_aSVQEgNKsS4QHK

M ∈ {A,B,C,C ′}
SVF°A

ASP (M) = Rpq
2 (M)

La� SVI�K
M
QEF�_aSVImFdK�BED

D
L

| � QE_E_aSVGYSVFEGr}zQED A,B,C,C ′ ∈ E+
L�± FTA

q(Mp) ≤ min(q(A),q(C))
l�A4g

Rpq
2 (N) ∩

E− ⊂ {N}
SV´

N = 〈p(A), min(q(A),q(C))〉pq

L¯� K�BES4FEl
Mp ∈ QCONVpq(M,A,C)l�D�}zQEI#D�G�K ?;\ TVU4=C=�?�]^IJA L

| � QE_E_aSVGYSVFEG A,B,C,C ′ ∈ E−
LX± FqA

q(Mp) ≤ min(q(A),q(C))
l|Avg�GYImFES4F

Mp ∼e A
L

± F*A
A ∈ Rpq

3 (Mp)
D�K

A 6∼e Mp

BESVFEl
Rpq

3 (Mp) 6⊂ ASP (Mp)
L ]�DCh�e�h�D

C ∈
Rpq

2 (Mp)
D�K

C 6∼e Mp

BESVFHl
Rpq

2 (Mp) 6⊂ ASP (Mp)
L¤± F�A

q(M) < q(Mp)
BESVFEl

Rpq
0 (Mp) ∩ E+ 6= ∅

DfK
Rpq

1 (Mp) ∩ E+ 6= ∅
L�� KCBES4FEl>KJSVQEGqoLD�G�}zQiA4BEgJA4FdKsGqBHD

BEImgYD�l�KsImS4F
p,q
A4QHKJSVQEg�BED

M
lfSVFdKsILD�FEFEDfFdK2BHD�Gw_.SVILFdKsG8BED

E+ l�D�}zQEI#DfGYK ?;\ TVU4=C=�?�]^IJA L
2@²ORD�FEGYD�hNUEoLD

P
D�G�K BESVFEl�QEF

D
[ _.SVo�{X¬VSVFED q [ l�S4Fzc4D��bD�jkSVg�KCGJDfomSVF
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UHPV@uIJAC=RT�KMUBefACg�@w?hUHPQ= E i�KW? XjA�PV@ ∀i,j ∈ Z pi ≤
Xp(i) ≤ p′i, qj ≤ Xq(j) ≤ q′j± F>_HgJD�FHB>oLD�G8FES4KsAvKsILSVFEG8GYQEILcvA4FdKsDfGP�

pmin = min{i : pi > 0}, pmax = max{i : pi > 0}

qmin = min{j : qj > 0}, qmax = max{j : qj > 0}

pmin′ = min{i : p′i > 0}, pmax′ = max{i : p′i > 0}

qmin′ = min{j : q′j > 0}, qmax′ = max{j : q′j > 0}

lp = pmax′ − pmin′ + 1, lq = qmax′ − qmin′ + 1

∆ = {N ∈ Z2 | pmin′ ≤ p(N) ≤ pmax′ D�K qmin′ ≤ q(N) ≤ qmax′}.

µVµ¯Z
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[pmin,pmax] 6⊂ [pmin′,pmax′]
SVQ

[qmin,qmax] 6⊂ [qmin′,qmax′]
A4oLSVgJG oLD�_EgJSVUHom��h�D

FPOyA�_iA4G5BED'GYSVomQbKsImS4F L¤± F�cvA>M�KsQEBEILD�g
D�F�BEMfKsA4Imo:omDtl�A4G�SV´
[pmin,pmax] = [pmin′,pmax′]

DfK
[qmin,qmax] = [qmin′,qmax′]

D�F�gJDfGYKJgJD�IL¬VFiA4FdKwomDr_HgJSVUEoL��h�Do)�*,+�� ���,5x-q�
)�*,+�� � �,58-��

(F ,p,q) ���dACgCUHPQ=�@�KW>,g�@�?hUHP G�T�T�KMU4g
>ViCA�G E ACg�\ ��\FAC=�]�UHK�P8AC= 	 <]�SVFEFEMfD'� *j>QG @wKMAR=�>
?;@�AC= (pi)i∈Z,(p′i)i∈Z,(qj)j∈Z,(q′j)j∈Z D�EHG IJA�>
KM=cN�G PQ= N A�@2D�=�>
T�TVUHKW@ XYPV?
@�A�I;IJAC= 	^>,A pmin = pmin′,pmax = pmax′,qmin = qmin′,qmax = qmax′ <� SVgYKJImD�� Z P A�PQ=4A�\S]^IJA E ∈ F _2=�?m?;I6Aba!?J=�@BAC_YN
UHPV@uIJAC=yT�KMUBefACg�@�?hUHPQ=�E i�KW? XjA�PV@ ∀i,j ∈ Z pi ≤
Xp(i) ≤ p′i, qj ≤ Xq(j) ≤ q′j]�S4FEl
KJSVQHKJD�GwomD�G�GYSVomQHKJImSVFHG8BEDp)�*,+�� � �,58-��¶SVFdKwQEF�_aSVImFdK�BiAvFEG2l��EA4}zQED�lfS4KsM
BEQ�_iA4gsAvomomM�[

omSV¬VgJA4h�h'D
∆
L

� I²S4F<A�QEF�A4om¬VS4gJILKJ�Eh�D�_aSVQEg�omDt_EgYSVUEom�fh'DF)�*,+�� � �,58-��ru#_.SVQHg
gYM�GYSVQEBEgYDv)�*,+�� � �,58- ILo
GJQQ�tK
BPO A4_E_EoLIm}zQED�grlfDfK
A4oL¬VSVgYILKs�Hh'D�A¯c4D�ltomDfGr_EgJS�WYD�lfKJImSVFHG

((ppi),(pp
′
i),(qqj),(qq

′
j))
SV´

pp
D�K

qqGJSVFdK2BEMf�iFHImD�G�_iAvgP�

ppi = max(1,pi)
GJI

i = ppmin
SVQ

i = ppmax

ppi = pi

GJImFHSVF
pp′i = 0

GYI
i < ppmin

SVQ
i > ppmax

pp′i = p′i
GJImFHSVF

qqj = max(1,qj)
GYI

j = qqmin
SVQ

j = qqmax

qqj = qj

GJImFHSVF
qq′j = 0

GJI
j < qqmin

SVQ
j > qqmax

qq′j = q′j
GJImFHSVF

DfKwl�Dfl�I�_.S4QEg%KsSVQbK
ppmin,ppmax,qqmin,qqmax

cVMfgJIL�iA4FdK

pmin′ ≤ ppmin ≤ pmin, pmax ≤ ppmax ≤ pmax′,

qmin′ ≤ qqmin ≤ qmin, qmax ≤ qqmax ≤ pmax′.

 oP{�A�BESVFEl

(lp2lq2)
_.S4GJGJILUEImoLILKJM�G¹_aSVQEg

ppmin,ppmax,qqmin,qqmax
L

± F D�F�BEMfBEQEI�K8}zQEDrGJIPS4F�ANQEF�A4om¬VS4gJILKJ�Eh�DwBHDrl�SVh�_EomD��bILKsM
C
_aSVQEg%gYM�GYSVQEBEgYDo)�*,+�� � �,58-��

A4omSVgYG²SVF'A�QHFqA4oL¬VSVgYILKs�Hh'D�BED�l�SVh�_EomD��bILKsM
(lplq)2C

_.S4QEg:gJM�GYSVQEBEgYD�)�*,+�� � �,58-�udDfF'_EA4gYKJIml�QHomImDfg
)�*,+�� � �,58-*DfK�)�*,+�� � �,58-�� GJSVFdKw_aSVoL{XFESVh�IpAvomD�h�D�FdK¹M�}zQEILcvA4oLD�FdKsG L
@#D�UHQHK­BED�l�D³l��EA4_EILKJgJD�D�GYK­BED�_EgYM�GYD�FdKsDfg*QEF A4oL¬VSVgJI�Ks�Eh�D*_aSVoL{XFESVh�IpAvoN_.S4QEg<gYM�GJS4QEBEgJD

)�*,+�� � �,58-��
(Q(p,q),p,q)

Lrn SVQEg�lfD�opA³S4F¶c4A³DfGJGJA¯{4D�g,BPORD��b_EgJILh'Dfg�BEILgJD�l�KsDfh'DfFzK�o~ORD��bImG�KsD�FHl�D
BPO QHFED5GYSVomQbKsImS4F q [ l�SVFdcVD��bD�_iA4g8QHFEDN�¯[ jkSVgYhNQEomD Li± F�GJD��H�bD5BES4FEl�_.SVQHg�KJSVQHKJD
lfDfKYKsD
GJD�l�KsILSVF>oLD�G
}XQEAvKsgYD�_HgJS\WYDflfKsILSVFEG

(pi),(p
′
i),(qj),(q

′
j)
}zQEI4c4M�gYIL�iDfFzK¤oLD�G#�d{X_.S4KJ�E��GYD�G¤BED²BESVFHFEM�D²BEDj)�*,+�� � �,58-�� L

� �$
-��
 � ��� 	 %�� "�%�� ������� �	�-������'�' ���
� l��iA4}zQED'_.S4ImFdK

M
BED

∆
SVF,c4A�A4GYGJSXl�ImDfg�}�cvA4gYIpA4UEoLD�GrUaSbS4omM�DfFEFEDfG

(Vk(M))k∈K

SV´
K =

{0,1,2,3}
L @�A�cvA4gYIpA4UEoLD

Vk(M)
D��b_EgYImh�DwoLD8j�A4ILK:}zQEDwopArGJS4omQHKJImSVF

E
c4ArcVMfgJI��iD�g

Rk(M)∩E = ∅
L

@:ORImBHM�DTBPORQHKsILomImGYD�gCBHDTKJD�oLomD�GCcvA4gYIpA4UHomD�G DfGYK�BEQED�� � �EgJS4UiA
	³D�K�]��EgJg<�Y¢ � ]0¥V¥ ¦ �J��u8hqAvImGCILomGCFED
o~O A¯cvA4ILD�FdK8j�A4I�K8}zQED�_.SVQHgwBHD�G�BEImgYD�l�KsImS4FEG8�ESVgYI ~ S4FzKsA4omDfG8DfK8c4D�gYKJIml�A4omDfG L
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��� µVµ 

n omQEG�_EgYM�lfImGJMfh'DfFdK���QEFED�_iA4g�KsILD�BED

Z2 E
SVF�c4A�A4GYGJSXl�ImDfg�o~ORImFEG�K�A4FElfIpAvKJImSVF

V = Ψ(E)
BEDfG

cvA4gYIpA4UEoLD�G%UaSXSVomMfD�FEFEDfG
Vk(M)

BHMf�iFEILD�_iA4gP�
V = Ψ(E)

GYGJI
Vk(M) =

�
Rk(M) ∩ E = ∅ � , A|cVD�l k ∈ K, M ∈ ∆.

��M�l�IL_EgJSX}zQED�h�D�FdK��2QEFED�ImFEG�K�A4FHl�IpA\KsImS4F
V
BED�G c4AvgJIpAvUEomDfG¤UaSXSVomMfD�FEFEDfGªSVF
cvA�A4GYGJSXl�ImDfgªomAw_iAvgYKsILD

BED
Z2 E = Φ(V )

GJQEI�c4AvFzKJD
E = Φ(V )

GJGJI
E = {M ∈ ∆ | ¬Vk(M), ∀k ∈ K}.

@�A'jkSVgYhNQEoLD5D��H_HgJImh'A4FdK0oxO D��bImGYKJD�FElfD�BPORQEFEDNGYSVomQHKJImSVF q [ l�S4Fzc4D��bD�cvAqefKJgJDNlfSVFEGYKJILKJQEM�DNBHD�ZCGJSVQHG�[
jkSVgYhNQEoLD�G�D��b_EgJILhqA4FdKrgYD�GY_.DflfKsI�cVDfh'DfFzK
omA q [ l�S4Fzc4D��bILKJM4uPomACU.S4gJFEDNILFHjkM�gYImDfQEgJDvu�DfK�DfFH�iFTopA'U.SVgYFED
GYQE_.MfgJILD�QEgYD L

� �$
(��� � �	!��#����� "��-' ��� �$%�� ��� �-'
	-� ��" )��
± F�_EgJDfFEB�oLD�G8FES4KsAvKsILSVFEG

κ,δ
BED�opA�GJDflfKJImSVF>� L µ L @�A q [ l�SVFdc4D��bILKJM
_aD�QbK�AvomSVgYG%efKJgJD�D��b_EgYImh�M�D

��o~O A4ILBED0BEDfGwjkSVgYhNQEoLD�G%GYQEILcvA4FdKsDfGP�
R0 =

∧

〈i,j〉∈∆
〈i−δ,j〉∈∆

((V0(〈i,j〉)⇒ V0(i− δ,j〉)) ∧
∧

〈i,j〉∈∆
〈i,j−δ〉∈∆

(V0(〈i,j〉)⇒ V0(〈i,j + δ〉))

∧
∧

〈i,j〉∈∆

∧

0<u<δ
0<v<δ
v≡κu[δ]

〈i−u,j−v〉∈∆

(V0(〈i,j〉)⇒ V0(〈i− u,j − v〉))

R1 =
∧

〈i,j〉∈∆
〈i+δ,j〉∈∆

((V0(〈i,j〉)⇒ V0(i + δ,j〉)) ∧
∧

〈i,j〉∈∆
〈i,j−δ〉∈∆

(V0(〈i,j〉)⇒ V0(〈i,j − δ〉))

∧
∧

〈i,j〉∈∆

∧

0<u<δ
0<v<δ

v≡−κu[δ]
〈i+u,j−v〉∈∆

(V0(〈i,j〉)⇒ V0(〈i + u,j − v〉))

R2 =
∧

〈i,j〉∈∆
〈i+δ,j〉∈∆

((V0(〈i,j〉)⇒ V0(i + δ,j〉)) ∧
∧

〈i,j〉∈∆
〈i,j+δ〉∈∆

(V0(〈i,j〉)⇒ V0(〈i,j + δ〉))

∧
∧

〈i,j〉∈∆

∧

0<u<δ
0<v<δ
v≡κu[δ]

〈i+u,j+v〉∈∆

(V0(〈i,j〉)⇒ V0(〈i + u,j + v〉))

R3 =
∧

〈i,j〉∈∆
〈i−δ,j〉∈∆

((V0(〈i,j〉)⇒ V0(i− δ,j〉)) ∧
∧

〈i,j〉∈∆
〈i,j+δ〉∈∆

(V0(〈i,j〉)⇒ V0(〈i,j + δ〉))

∧
∧

〈i,j〉∈∆

∧

0<u<δ
0<v<δ

v≡−κu[δ]
〈i−u,j+v〉∈∆

(V0(〈i,j〉)⇒ V0(〈i− u,j + v〉))
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± F*BEMfGJIm¬4FEDC_iA4g q
� ± �c��opA>jkS4gJhNQEoLD

R0 ∧ R1 ∧ R2 ∧ R3

L @�A�jkSVgYhNQEomD q�� ± �d� _aD�QHK
GJD�h�UEomDfg�lfSVh�_EomIL}XQHM�D h'A4ImGNlvO DfGYK�GJDfQEomDfh'DfFdK'omA�l�SVF\WYS4FElfKJImSVF�BEDfGtjkS4gJhNQEoLD�G

Vk(M) ⇒ Vk(N)A¯c4D�l
N ∈ Rk(M)

DfK
M
DfK

N
A4GJGYD ~ _EgJSXl��EDfG L

��������� 
 ������� � ? V AC=�@ >
P8Az?;PQ=�@hG P8g�?�G @w?hUHP N
AC=oEHG KW?�G�]^IJAC=p]�U4UHIJiCA�PVP8AC=OE i�KW? XyG PV@ Rk G IJUHKM= V
E i�K�? XjA TVUH>
K�@�UH> = M,N ∈ ∆ @BA�I 	^>VA N ∈ Rk(M) I G�,fUHK�\z>
IJA  

Vk(M)⇒ Vk(N).

� i�\FUHPQ=�@wKbG @�?hUHP
 ± F�GYQE_E_aSVGJD
_iA4g8D��HDfh'_HomD k = 0
D�K

M = 〈iM ,jM〉
L ��g �4l�DromA�jkSVgJh�QEomD

R0

SVF
GsA4I�K%}zQEDr_aSVQEg�KJSVQHK

i,j
ubSVF A

V0(〈i,j〉)⇒ V0(〈i− δ,j〉)
D�K

V0(〈i,j〉)⇒ V0(〈i,j − δ〉)
L ]�SVFEl�SVF

_.DfQHKwh'SVFdKJgJD�g8_EA4g�gJM�lfQEgJgYD�FElfD��
V0(M)⇒ V0(〈iM − kδ,jM − lδ〉)

ui_aSVQEg%KJSVQHK
k,l ∈ N

L
� S4ILK

N
QEF�_aSVImFdK�BED

R0(M)
La� S4ILK

N ′ KsDfoP}zQED

p(M)− p(N ′)

δ
=

⌊

p(M)− p(N)

δ

⌋

,
q(M)− q(N ′)

δ
=

⌊

q(M)− q(N)

δ

⌋

± F�cXILD�FdK�WYQEG�KsD�BEDNh�SVFdKsgYD�g0}zQED�o~ORSVF�A
V0(M) ⇒ V0(N

′)
D�Krl�S4h'h�D�omA�jkSVgYhNQEomD

V0(N
′) =⇒

V0(N)
D�G�KwBiA4FEG

R0
SVF�A�UEILD�F

V0(M)⇒ V0(N)
L

2

@#D�omDfh'h�D�GYQEILcvA4FdKwh'S4FzKJgJDr}zQED q�� ± �c� D��b_EgYImh�D
UHImD�F�omA q [ l�SVFdc4D��bILKJM��
��������� 
 ������
 � � UH>
Ko@�UH>L@ A�PQ=4A�\S]^IJA E ⊂ ∆ I�
 ?;PQ=�@ G P8g�?�G @�?hUHP V = Ψ(E) =^G @�?J= ,&G ?;@R@�UH>Lt

efUH>LKM=�IJAC=�,fUHKW\z>
IJAC=�* � � � 	2<
� � ? I�
 ?;PQ=�@hG P8g�?�G @�?hUHP V =^G @�?J= ,&G ?;@�I G ,fUHK�\z>
IJA * � � � 	8_�G IJUHKM= E = Φ(V ) AC=�@+*jt gCUHPVE AbaLA
=4A�IJUHP p A�@ q <

� i�\FUHPQ=�@wKbG @�?hUHP
 
| � SVILD�FdK M,N ∈ ∆

KsDfo�}zQED
N ∈ Rk(M)

Lª± F­A�A4omS4gJG
Rk(N) ⊂ Rk(M)

BHSVFElqlfSVh�h'D
V = Ψ(E)

SVF>A
Vk(M)⇒ Vk(N)

DfK�BES4FEl�D�F�_EA4gYKJIml�QHomImDfg¹oLD�G%jkSVgYhNQEomDfG
Rk

L
| � I M 6∈ E

uHImo�D��bImGYKJD
k
KsD�o�}XQHD

Vk(M)
DfK�BES4FEl�BPOyAv_EgJ�fG8omDromDfh'h�D ! L µ L µVuES4F

Vk(N)
_aSVQEg

KsSVQbK
N ∈ Rk(M)

L � KwBESVFEl
Rk(M) ∩ E = ∅

L
2

� ����� � � � � 
 ��������� IVTVA�>
@y=4A�\S]^IJA�Kz]^?��4G KWKMA 	^>VAoI G T�KMA�\z? 
�KMA TQG KW@�?hApN > IJA�\z\FAOP8ASgCUHPV@w?hA�PVP8A
TQGH=SN 
 >�;CTVUH@ > 
C=4AzN
A *jt gCUHPVE Aba!?;@�i�=�>LK E _ \SG ?J=ngCACg�?cAC=�@ P8UHKW\SG Iug G KnUHPvTVA�>
@c\FUHPV@wKMA�KpA�P�,&G ?;@
	^>,A TVUH>
K�@BUH>
@ E ⊂ ∆ I�
 A�PQ=4A�\S]^IJA Φ ◦Ψ(E) AC=�@ i�<�G I6DFI�
 A�PVE A�IJUCT�TVA+*jt gCUHPVE AbaLA�N
A E <

� �$
-� 
 � % � ��� ' � "�'�� � �#"$����� �
��AvImFdKsDfFiA4FdK0SVF>c4A'D��b_EgJILh'Dfg2}zQED�omD�G2_EgJS�WYD�lfKJImSVFHG0BED�G�GJSVoLQHKsILSVFEGwGJSVFdK0GYQE_aM�gJILD�QEgYD�GrAvQb�

pi

L
± F�cvA,lfSVFEGYImBEMfgJD�g�QEFED�GYD�QEoLD�BHgJSVI�KsD

p = i
L�� SVILK

qmini = min{j|〈i,j〉 ∈ ∆}
DfK

qmaxi =
max{j|〈i,j〉 ∈ ∆}

L 
 oaj�A4QHK8gYD�h'A4gJ}zQEDfg8}XQHDrGJI
δ 6= 1

l�DfGwFHSVhNUEgYD�G%FEDrGYSVFdK�_iA4G%KJSVQ\WYSVQEgYG%M�¬VA4Qb�
�

qmin
D�K

qmax
L
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@�ANjkSVgJhNQHomD

LB(p,i,l)
cvAtD��b_EgYImh�D�g8}zQED

Xp(i) ≥ l
�

LB(p,i,l) = V RAI
���

l = 0

LB(p,i,l) =









∧

qmin≤j≤qmax−δl
j≡κi[δ]

(L1(j) ∧ L2(j) ∧ L3(j) ∧ L4(j))









∧ (L′
1 ∧ L′

2 ∧ L′
3 ∧ L′

4)
� � ! � !

SV´

L1(j) = V0(〈i,j〉)⇒ ¬V2(〈i,j + δl〉)

L2(j) = V0(〈i,j〉)⇒ ¬V3(〈i,j + δl〉)

L3(j) = V1(〈i,j〉)⇒ ¬V2(〈i,j + δl〉)

L4(j) = V1(〈i,j〉)⇒ ¬V3(〈i,j + δl〉)

L′
1 = ¬V2(〈i,qmini + δ(l − 1)〉)

L′
2 = ¬V3(〈i,qmini + δ(l − 1)〉)

L′
3 = ¬V0(〈i,qmaxi − δ(l − 1)〉)

L′
4 = ¬V1(〈i,qmaxi − δ(l − 1)〉)

� ������� 
 ������� � � ?R>
P A�PQ=4A�\S]^IJA E AC=�@ *jt gCUHPVE AbaLA�=4A�IJUHP p A�@ q A�@ E i�KW? XjA XpE(i) ≥ l
G IJUHKM= V = Ψ(E) =^G @�?J= ,&G ?;@ LB(p,i,l) <

� � ? V =^G @�?J= ,&G ?;@ QCONV ∧ LB(p,i,l) _ G IJUHKM= E = Φ(V ) =^G @�?J= ,&G ?;@ XpE(i) ≥ l <
� i�\FUHPQ=�@�KbG @w?hUHP
 

| @#Drl�A4G l = 0
D�G�K�KsgJI�cXIpA4oxubBES4FEl�SVF>_aD�QbK2GYQE_E_aSVGJDfg

l ≥ 1
L

� SVILK
j
KsD�o#}zQED

qmin ≤ j ≤ qmax− δ
La� SVILK

A = 〈i,j〉,B = 〈i,j + δl〉
La± F>A

A,B ∈ ∆
L

� I�SVF�A
V0(A)∨ V1(A)

A4oLSVgJG�Imo.FPOR{qAN_iA4G8BHD0_.S4ImFdK8GJQHg%opA�oLIm¬VFHD
p = i

�N¬VA4QEl��EDrBED
A
L 
 o

{CANGJDfQEomDfh'DfFzK
l− 1

_aSVImFdKJG%D�FdKsILD�gYG8GJQEg�omD�GJD�¬4h'DfFzK
]AB[

uiD�K
E
A

l
_aSVILFzKJG8GJQEg8omANBEgJS4ILKsD

p = i
BESVFHlCImo²{�A�QEF­_aSVILFzK

M = 〈i,jM 〉 ∈ E
c4M�gYIL� A4FdK

q(M) ≥ j + δl
L ]�SVFElCS4F­A

¬V2(B) ∧ ¬V3(B)
L ± F>A�BES4FEl�_EgJSVQbcVM

(V0(A) ∨ V1(A))⇒ (¬V2(B) ∧ ¬V3(B))
l�Dr}zQEI

DfGYKwM�}zQEI�cvA4omDfFzKw��omA�jkS4gJhNQEoLD
L1(j) ∧ L2(j) ∧ L3(j) ∧ L4(j)

L
��D�G�KsDfFzK2��_EgYSVQHcVDfg2oLD�G8ILh'_EoLIml�AvKsILSVFEG�_.SVQHg8omD�G�UaSVgJBHG L ± g�SVF�ANjkSVgJlfM�h�D�FdK

L′
1 ∧ L′

2

l|A4g8ILo
{'A�GYD�QEoLD�h�D�FdK

l− 1
_.SVILFdKsG

M
c4M�gYIL� A4FdK

p(M) = i
DfK

q(M) ≤ qmini + δ
L ]�Drh�e�h�D2SVF

A
L′

3 ∧ L′
4

L
| � SVILK A = 〈i,qmini〉

DfK
B = 〈i,qmini + l〉

L ]�O A4_EgJ�fG'oLD omDfh'h�D ! L µ L µ�DfK
L′

1,L
′
2

u�SVF°A
¬V2(M) ∧ ¬V3(M)

u _aSVQEg%KJSVQHK
M ∈ [A,B[� QE_E_aSVGJSVFHG2}zQED

¬V0(A)
D�K
¬V1(A)

uil�S4h'h�D
V
GJAvKsILGYj�A4I�K q�� ± �d� DfK2BPO A4_EgJ�fG�omD�omDfh'h�D

! L µ L µVu#SVF�GsA4I�K
}XQHD
¬V0(M) ∧ ¬V1(M)

_aSVQEg�KsSVQbK
M ∈ [AB) ∩ ∆

L ]�S4FEl
E = Φ(V )lfSVFdKsILD�FdK5KJSVQEG5omD�G
_aSVImFdKsG
D�FdKJImD�gYG5BHD

[A,B[
u ILo�{<A

l
_.S4ImFdKsG
GJQEg

[AB[
u S4F­A>BHSVFEl�UEImDfF

XpE(i) ≥ l
L


 o�gJD�G�KsD5�NcVSVILg8omDrl|AvG
V0(A)

SVQ
V1(A)

L � SVI�K

j ′ = max{j : V0(〈i,j〉)
SVQ

V1(〈i,j〉)}
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� SVI�K

C = 〈i,j ′〉
DfK

D = 〈i,j ′ + δl〉
L ]5OyA4_HgJ��G�omDfG�jkS4gJhNQEoLD�G

L′
3

SVQ
L′

4

SVF GsA4I�K>}zQED
j ′ ≤ qmaxi − δl

DfK'BESVFHl
D ∈ ∆

L ]�O A4_EgY��G'opAThqA\�bILhqA4oLILKJMCBED
j ′
SVF�GJA4ILK'}zQED�_aSVQEg

KsSVQbK
M ∈]CD) ∩ ∆

SVF*A
¬V0(M) ∧ ¬V1(M)

L � SVh�h'D
V0(C) ∨ V1(C)

oLD�G5jkS4gJhNQEoLD�G
L1(j

′) ∧ L2(j
′) ∧ L3(j

′) ∧ L4(j
′)
h'S4FzKJgJDfFzKw}zQED

¬V2(D) ∧ ¬V3(D)
L ± F>DfF>BHM�BEQEI�Kw}XQHD

_.S4QEgqKsS4QHK
M ∈]CD]

S4F A
¬Vk(M)

_.S4QEgqKsS4QHK
k
DfK�BHSVFEl

E
lfSVFdKsILD�FdK

]CD]
}XQHIrA

D��HA4l�KsD�h�D�FdK
l
_aSVImFdKsG8DfFdKsImDfgJG L

2

± F�_.DfQHKwBEMf�EFEImg�BED�opANh�e�h�D0j�A��fSVF
LB(q,j,l)

L

� �$
-��� � % � ��� ' � � � ! � � "���� �#�
��AvImFdKsDfFiA4FdKwSVF cVD�QbK�D��H_HgJImh�D�g8}zQED

Xq(E)(j) ≤ l
L

� SVh�h�D _.SVQHg�o~O A4om¬VS4gJILKJ�Eh�DqBEQ°l��iA4_EI�KsgYD 
Xu²SVF°cvA�efKJgJD�SVUEoLIm¬VMCBHD��H�bDfg�BHD�Qb��_EILD�BEG L�± F
l�SVFEGYImBE�fgJD
BESVFEl�BEDfQb��_aSVImFdKJG

A,B ∈ ∆
KsDfomG�}zQED

p(A) = pmin,p(B) = pmax
L

± F�l�SVFHGJImBH��gJD
A4oLSVgJG8QHFED�BEgJSVI�KsD
q = j

L @¤ANjkSVgYhNQEoLD
UB(q,j,l,A,B)

cvA�efKJgJD�BEM��iFEImD�_iAvgP�

UB(q,j,l,A,B) = IN(A) ∧ IN(B) ∧
∧

pmin≤i≤pmax−δl
j≡κi[δ]

U(i)

SV´r�
IN(M) = ¬V0(M) ∧ ¬V1(M) ∧ ¬V2(M) ∧ ¬V3(M)

��� � I
j ≤ min{q(A),q(B)}, U(i) = ¬V0(i,j)⇒ V1(i + δl,j)

� � � I
q(A) ≤ j ≤ q(B) U(i) = ¬V3(i,j)⇒ V1(i + δl,j)��� � I
q(B) ≤ j ≤ q(A) U(i) = ¬V0(i,j)⇒ V2(i + δl,j)

� � � I
j ≥ max{q(A),q(B)} U(i) = ¬V3(i,j)⇒ V2(i + δl,j)

��������� 
 ����� � � � ?j>
P A�PQ=4A�\S]^IJA E gCUHPV@�A�P�G PV@ A,B AC=�@ *jt gCUHPVE AbaLAO=4A�IJUHP p A�@ q _�A�@j=�?
XqE(j) ≤ l _RG IJUHKC=�I�
 ?;PQ=�@ G P8g�?�G @�?hUHP V = Ψ(E) =^G @w?J= ,&G ?;@ QCONV ∧ UB(q,j,l,A,B) <

� � ? V =^G @�?J= ,&G ?;@ QCONV ∧ UB(q,j,l,A,B) _ G IJUHKM= E = Φ(V ) gCUHPV@�?hA�PV@jIJAC= TVUH?;PV@ = A,B _
A�@yE i�KW? XjA XqE(j) ≤ l <

� i�\FUHPQ=�@wKbG @�?hUHP
 
| � SVI�K C = 〈i,j〉 ∈ ∆

KsDfo#}XQHD
pmin ≤ j ≤ pmax− δ

Li± F�lfSVFEGJILBE��gYD
D = 〈i + δl,j〉 ∈ ∆� QE_E_aSVGYSVFEG�}zQED�o~ORSVFTD�G�K�BEA4FEG
omDtl|A4Gq�xAV���

j ≤ min{q(A),q(B)}
L £¤SVQHK5_.SVILFdK

M
BED�opA

BEgJS4ILKsD
q = j

c4M�gJI��iD
A4omS4gJG
¬V2(M) ∧ ¬V3(M)

L
� I SVF'A¯cvA4I�K

¬V0(C)∧¬V1(D)
A4oLSVgJG

E
l�SVFdKJImD�FHBEgsA4I�K:KsSVQEG:oLD�G�_.SVILFdKsG²BED

[CD]
}zQEIaA

l+1_.S4ImFdKsG8DfFzKJImDfgJG L ]�S4FEl�SVF�UEImDfF>omA�jkSVgJhNQHomD
U(i)

L
± F>_EgYSblf��BED�BED�omAth�e�h�D�j�A��fSVF�_.SVQHg8omD�G8l�A4G5��U ��u¤��l|�8D�K���B � L

| � SVh�h'D V
GsA\KsImG�j�A4ILK

IN(A) ∧ IN(B)
uioLD�G8_EILD�BEG

A
DfK

B
GJSVFdKwBiA4FHG

E
L

� SVFEGYImBEMfgJSVFEGTDfFEl�SVgYD�omD*l|AvG°�xAd�.�
j ≤ min{q(A),q(B)}

L @#D�G�cvA4gYIpA4UEoLD�G
V
GJAvKsILGYjkSVFdK

q�� ± �c�Nu�BESVFHl�BPO A4_EgY��G�omDTomDfh'h�D ! L µ L µ,KJSVQHK�_aSVImFdK
M
BED,opA*BEgYSVILKJD

q = j
cVMfgJI��iD

¬V2(M)
DfK
¬V3(M)

L
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��� µVµ¯¥
� I

V0(M)
_.SVQHg�KsSVQbK

M
KsD�oª}XQHD

p(M) = i
AvomSVgYG

Xq(E)(i) = 0
DfKrBES4FEl�omDNoLD�h�h'D
D�G�K

UHImD�F c4M�gJI��iM L
� ImFESVF�SVF­lfSVFEGJILBE��gYD

i′ = min{i : ¬V0(〈i,j〉)}
Lª� SVILK

C = 〈i′,j〉
DfK

D = 〈i′ + δl,j〉
L

]5OyA4_HgJ��G
U(i)

S4F GsA4I�K%}zQEDro~ORSVF A
V1(D)

LH± F D�F BEMfBEQEILK%}XQHD0KsSVQEG¹omD�G�_.S4ImFdKsG%BHD
E
GJQHg%opA

BHgJSVI�KsD
p = i

GYSVFdK8BiA4FHG¹omDwGJDf¬Vh�D�FdK
[CD[

}XQHIPA5D��HA4lfKJD�h�D�FdK
l
_.S4ImFdKsG�DfK¹BESVFEl

Xq(i) ≤ l
L

± F�_EgYSblf��BED�BED�opA�h�e�h�D0j�A���S4F�_aSVQEg8oLD�G�l|AvG��kU ��u#��l¯�%D�KN�kB � L
2

± F�_.DfQHKwBEMf�EFEImg8BED
opANh�e�h�D0j�A��fSVF
UB(p,i,l,A,B)

L

� �$
(� � � � %-� �-��� " )�� �&� ��� �#� � �-'�� ) � � ��)�"��('
� SVI�K

(P,P ′,Q,Q′) = ((pi),(p
′
i),(qj),(q

′
j))
QHFED�ImFEG�K�A4FElfD�BED )�*,+�� � �,58-�� L

± F��H�bDqA4omSVgYG�}XQEAvKsgYDq_aSVImFdKsG
A,B,C,D

KsDfomG
}XQHD
p(A) = pmin

u
p(B) = pmax

u
q(C) =

qmin
u
q(D) = qmax

_EQEILG�SVF�l�SVFEG�KsgYQEILKwopA�jkS4gJhNQEoLD0UaSbSVoLM�DfFEFED

RAPP(P,P ′,Q,Q′,A,B,C,D) = QCONV ∧

(

∧

pmin≤i≤pmax

LB(p,i,pi) ∧ UB(p,i,p′i,C,D)

)

∧

(

∧

qmin≤j≤qmax

LB(q,j,qj) ∧ UB(q,j,q′j,A,B)

)

� F�gJM�QHFEImGYGsA4FdKwomDfG8omD�h�h�D�G ! L µ L �bu ! L µ L }�D�K ! L µ L 
buHSVF�SVUHKsILD�FdK#�
� ��
 � ��� � � 
 ��� ��
 7 G ,fUHKW\z>
IJA RAPP(P,P ′,Q,Q′,A,B,C,D) AC=�@ =^G @w?J= ,&G ?J=^G�]^IJA =�?nA�@ =4A�>
IJA�t
\FA�PV@$=�?s?;I Aba!?J=�@BA >
P *jt gCUHPVE AbaLA gCUHPV@BA�P�G PV@ A,B,C,D =^G @w?J= ,&G ?J=^G PV@ IJA T�KCU ]^I 
�\FA)�*,+�� � �,58-��

(Q(p,q),p,q) G E ACg gCUH\z\FA N
UHPVP8iCA (P,P ′,Q,Q′) < � A T�I >�= =�? V =^G @�?J= ,&G ?;@
RAPP(P,P ′,Q,Q′,A,B,C,D) G IJUHKM= E = Φ(V ) AC=�@`>LP8A =4UHI >L@�?hUHP N
A )�*,+�� � �,58-�� <� D�lfIªBES4FEFEDNILh'h�M�BEImAvKsDfh'DfFdK�QEF�A4oL¬VSVgJI�Ks�Eh�Dr_aSVQEg�gYM�GYSVQEBEgYDn)�*,+�� ���,5x-����.SVF>�H�bDNomDfG }
_aSVImFdKJG

A,B,C,D
uXSVF l�A4omlfQEomD2opA
jkS4gJhNQEoLD

RAPP
ub_EQEImG�SVF l��EDfgJl��EDroLD�G%UaSbS4omM�DfFEG

V
GsAvKJImGYj�AvImGsAvFzK

RAPP
LEn SVQEg�GJD�j�A4ILgJDwSVFCQHKJImoLImGJDwQEF Avom¬VSVgYILKJ�Eh'D�oLImFEM�A4ImgYDwgYM�GYSVoLcvA4FdK�� ��� £ �Y¢ �0n £ ! ¥ ¦ � LH� IaImo {qA

QEFHD5GYSVomQHKJImSVF�SVF>gJD�KsSVQEgYFED
E = Φ(V )

GJImFHSVF>S4F�l��ESVILGJI�K2QHFED�AvQHKsgYD5_aSVGJI�KsILSVF�BED5_HImD�BHG L.� I�SVF>A
M�KsQEBEILM0KsSVQbKsD�G�oLD�G�_.S4GJILKJImSVFHG%BED�_EImDfBEGwA4omS4gJG%ILoPFPO {�A�_iA4G�BED�GJSVoLQHKsILSVF L


 o¹{<A�A4Q�_EomQHG
lp2lq2 _aSVGJGYImUEILomI�KsM�G
BED _EILD�BEG L ]�O A4QHKJgJD _iA4g�K�opA�jkSVgJhNQHomD RAPP

_.DfQHKtefKJgJD
l�A4omlfQEomMfDrDfK�gJMfGJSVoLQED�D�F

O(lplq)
L ± F>DfF>BHM�BEQEI�K#�

� � � � ��� �&��� � 
 ������
 � I Aba!?J=�@BA >LP G I <
UHKW?;@'>
\FAvKMiC=4UHI EHG PV@ )�*,+�� ���,5x-�� A�@�>L@�?;I ?J=^G PV@ O(lp3lq3)
UCTVi�KbG @�?hUHPQ=^<
� ����������� � 
 ������� � 7 
 G�T�T�I ?hg G @w?hUHP Ψ ◦ Φ \ ��\FA KCAC=�@�KMA�?;PV@BA�G >�a EHG KW?�G�]^IJAC= V E i�KW? XyG PV@

RAPP P 
 AC=�@ TQGH= i�<�G IJA D I�
 ?�N
A�PV@�?;@Bi^< � P TVA�>L@ T�KMA�P�N KCAoTQG K AbaLA�\ T�IJA  p = x _ q = y _
(pi) = (p′i) = (1,0,1),(qi) = (q′i) = (1,0,1) <�� E UH?;K0X < >
KCA �
<�
 	

� � G KogCUHPV@�KMA�N�G PQ=�IJA g GH=�?;PQ=4iCg G�]^IJA ∀i pi > 0,qi > 0 I�
 G�T�T�I ?hg G @�?hUHP Ψ ◦Φ AC=�@y]^?hA�P i�<�G IJA�D
I�
 ?�N
A�PV@�?;@�iy=�>
KjIJAC= EHG KW?�G�]^IJAC=yE i�KW? XyG PV@ RAPP < r P A 
�A�@mgCUH\z\FA Φ(V ) AC=�@-*jt gCUHPVE AbaLAcUHPFG
Φ◦Ψ◦Φ(V ) = Φ(V ) � KMA�\SG K 	^>,A �
<�
�<-9 	 < � KdgCUH\z\FA Φ(V ) AC=�@9?;PQ=4iCg G�]^IJAC_�TVUH>
KR@�UH>
@QTVUH?;PV@
M ∈ ∆\Φ(V ) ?;IxAba!?J=�@�Ac>LP QEFEIL}zQED 	^>QG�N KbG PV@ Ri(M) @BA�I 	^>,A Ri(M)∩Φ(V ) = ∅ < � UHP8g
Φ(V ) = Φ(V ′)⇒ V = V ′ N 
 U�� A�PnT�KMA�P�G PV@ V ′ = Ψ ◦ Φ(V ) UHP G ]^?hA�P V = Ψ ◦Φ(V ) <
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V0 V1 V2 V3

V0 V1 V2 V3

Φ

Ψ

3`:'465 ! L µ | r aLA�\ T�IJA�\FUHPV@wKbG PV@ 	^>,A Ψ ◦ Φ 6= Id <

� �$
-� � 
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� Fq_HgJD�FEA4FdK

P = P ′ DfK Q = Q′ u )�*�+�� � ��5x-,gYD�BED�cbILD�FdK%oLD�_EgJSVUHom��h�D�)�*,+.-0/214365872+936:;-0/ L
]�SVFEl
o~O A4om¬4SVgJI�Ks�Eh�D2_HgJM�lfM�BEDfFdK�_aD�gYh'D�KwA4QEGJGYI�BED�gJM�GYSVQEBEgYDp)�*,+.-0/21
365x7(+936:;-m/

(Q(p,q),p,q)
L

� F�j�A4ILK8BEA4FEG�l�D�l|AvG8SVF>_aD�QbKwA4h'MfomILSVgJDfg¹o~O A4oL¬VSVgJI�Ks�Eh�Dwl|A4g8lfSVh'h�DrBiA4FHGwoLD0l��iA4_HILKsgYD�
�S4F>A
U.DfGJSVILF>BEDr�H�bDfgwGYD�QEoLD�h�D�FdK��N_EImDfBEG L
� F�D&�.DfK�l�SVh�h'D8S4F'BES4ILK�A|cVSVILg:BED8KsSVQHKJD8j�A���SVF ∑n

i=1 pi =
∑n

j=1 qj

udSVFqA�GJDfQEomDfh'DfFdK�UaD�GYSVImF
BPO D��b_EgJILh'Dfg omA�UaSVgYFED:ImFHjkMfgJImDfQEgJD:GYQEg QHFED�BHImgJDflfKJImSVF�DfK opA8UaSVgJFHD�GYQE_.MfgJILD�QEgYD�GYQEg oxOyAvQHKsgYD L�n omQEG�_EgYM�[
l�ImGYM�h�D�FdK�GJI

A,B
GYSVFdK#KsDfomGP}zQED

p(A) = pmin
D�K

p(B) = pmax
A4omSVgYG2)�*,+.-0/(14365x7(+936:;-0/

(Q(p,q),p,q)c4A�A|cVSVILg8QEFED�GJS4omQHKJImSVF lfSVFdKsD�FEA4FdK
A
D�K

B
GYI#DfKwGJDfQEomDfh'DfFzKwomA�jkSVgJhNQHomD

REXACT(P,Q,A,B) = QCONV ∧
∧

pmin≤i≤pmax

LB(p,i,pi) ∧
∧

qmin≤j≤qmax

UB(q,j,qj,A,B).

D�GYK
GJAvKsILGYj�A4ILGsA4UEoLD L � D�lfI²_.DfgJh�DfK�BED�KsgYSVQHc4D�grQEF�A4om¬4SVgJI�Ks�Eh�D5DfF
O(lplq min{lp2,lq2})

_aSVQEg�gJM�[
GJSVQEBHgJD )�*,+.-0/214365872+936:;-0/

(Q(p,q),p,q)
L � ORD�G�K'KJ�EM�S4gJIm}zQEDfh'DfFdK'h�ImDfQb�<}XQHD>oxOyA4oL¬VSVgYILKs�Hh'D�BEQ

l��iA4_EI�KsgJD�
Nh'A4ImG%S4F�c4D�gJgJA�}zQED
BiA4FHGwomAN_EgsA\KsIm}zQEDrlfD5F�O DfGYKw_iA4G8cXgsA4ILh'DfFdK�omDrl|AvG L

� �$
-� � 
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� I
F
D�GYK
omACl�opAvGJGJDtBEDfG�·c�2[ l�SVFdcVD��bD�G ��[ l�S4FEFED��bDfG�A4oLSVgJGrB�OyA4_HgJ��G�oLDNKs�EMfSVgJ�fh'D'� L 
 L Z

F
D�G�K

opA'lfopA4GYGJD5BED�G q [ l�SVFdcVD��bD�GrImFHGJM�l�A4UEoLD�GwGJD�oLSVF
{x,y}

Lan SVQEg2gJMfGJSVQEBHgJDn)�*,+�� � �,58-��
(F ,{x,y})

ILo
GJQQ�tK2BED�gJD�h�_EomA4l�Dfg

(pi)
_iA4g

(max(pi,1))
D�K

(qj)
_iA4g

(max(qj,1))
Li± F�D�F�BEMfBEQEILKP�
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 ������� 7 A.T�KMU ]^I 
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(F ,{x,y}) U�� F AC=�@xI G�g�I GH=C=4AyN
AC= � 	6t gCUHPVE AbaLAC=

	!t gCUHPVP8AbaLAC=RTVA�>
@ ��@�KCA�KMiC=4UHI > A�P O(lx3ly3) UCTVi�KbG @w?hUHPQ=^<
� KsQHBEImSVFHG�h'A4ImFdKsDfFiA4FdKNomA }v[ l�SVFHFED��bILKJM L @�A�_EgJS4_.SVGYILKJImSVF<� L 
 L  BESVFEFED'QEFEDCl�A4gsAvlfKsMfgJILGsAvKJImSVF

BED�G²·c�2[ l�SVFdcVD��bD�Gu}v[ l�SVFEFHD��bD�G²A|c4D�l%oLD�Gª}zQiAvBEgsA4FdKJG LVn oLQEG _HgJM�lfImGYM�h�D�FdK²GJI
E
D�GYK q [ l�SVFdc4D��bD%GJDfomSVF
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{x,y}
A4omSVgYG

E
D�GYKd}v[ l�SVFHFED��bD�GJI#D�K2GYD�QEoLD�h�D�FdKwGJIV�

E ∩ (R0(x,y) ∪ R2(x + 1,y + 1)) = ∅ =⇒ ((x,y) 6∈ ∆
SVQ

(x + 1,y + 1) 6∈ ∆)

E ∩ (R1(x + 1,y) ∪ R2(x,y + 1)) = ∅ =⇒ ((x + 1,y) 6∈ ∆
SVQ

(x,y + 1) 6∈ ∆)

± F�_.DfQHKwBESVFEl�D��H_HgJImh�D�g8omA }v[ lfSVFEFED��bILKsM�_iAvg8opANjkSVgJh�QEomD��

4CONN =
∧

(x,y)∈∆
(x+1,y+1)∈∆

(¬V0(x,y)∨¬V2(x+1,y+1))∧
∧

(x+1,y)∈∆
(x,y+1)∈∆

(¬V1(x+1,y)∨¬V2(x,y+1))
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± F�cvA�MfKJD�FEBHgJD
omDr_EgYSVUEom�fh'D�)�*,+�� � �,58-�� �tQEF�FESVhNUEgYDr}zQED�oLl�SVFE}zQED
BED�BEILgJD�l�KsILSVFEG

)�*,+�� � �,58-��
(F ,D) <]2SVFEFEMfD'�

2 =�>
?;@BAC= (rp
i )i∈Z,p∈D,(r′pi )i∈Z,p∈D DFEHG IJA�>
KC=oN�G PQ= N A�@jDS=�>
T�TVUHKW@,XYPV?0@BA�I;IJAC=�	^>VA

rminp = rmin′p,rmaxp = rmax′p TVUH>
K�@�UH>
@ p ∈ D <� SVgYKJImD�� Z P A�PQ=4A�\S]^IJA E ∈ F _(=�?6?;I.Aba!?J=�@BAC_0N
UHPV@0IJAC=YT�KMUBefACg�@�?hUHPQ= E i�KW? XjA�PV@ ∀p ∈ D∀i,j ∈
Z rp

i ≤ Xp(i) ≤ r′pi± F�FED²_.DfQHK�_iA4G#¬4M�FEMfgsA4oLImGJDfgPo~O A4oL¬VSVgJI�Ks�Eh�D�BED²opA%GYD�l�KsImS4Fr_EgJMfl�M�BHD�FdKsD�_.SVQHgPgJMfGJSVQEBHgJDj)�*,+�� ���,5x-��
(Q(D),D)_aSVQEg2BED�GrDfFEGJDfhNUEomDfG

D
�q_EoLQEG0BED�BEDfQb��BHImgJDflfKJImSVFEG L�� F�j�A4I�K�GYSVF�D��XKsDfFEGJILSVFTFiAvKJQEgJDfomomD
cvAC_.Dfg�[

h�DfKYKsgJDrBHD
gYD�lfSVFEGYKJgJQEILgJD�BEDfG q [ l�SVFdcVD��bD�G ,fUHKW@;= L@#D²UEQHK�BED²lfDfKYKsD:_iA4g�KsImDªD�GYK�BHSVFEl²BED²l��EDfgJl��EDfg QHF5Avom¬VSVgYILKJ�Eh'D¤_aSVQEgPgYM�GJS4QEBEgJDj)�*,+�� � �,58-��
(QF(D),D)SV´

QF(D)
BEMfGJIL¬VFED�opANlfopA4GYGJD�BEDfG q [ lfSVFdcVD��HDfG2jkSVg�KsG8GYD�omS4F

D
L

± F>GYDr�H�bD
BHSVFEl�QEFED
GJQEI�KsDrBED�_EgYS\WYD�l�KsILSVFEG
(rp

i )
La� SVILK

∆
omDr_aSVoL{X¬VSVFHDrBESVFdKwo~ORM�}zQiAvKJImSVF DfGYK#�

∆ = {M ∈ Z2 | ∀p ∈ D; rminp ≤ p(M) ≤ rmaxp}

� F*j�A4ILK�SVF­cvATQbKsImoLImGYD�g
D��HA4lfKJD�h�D�FdK�omDfGNh'efh'DfG�KsDfl��EFEIL}XQHD�G�}XQHD _EgJMfl�M�BHD�h�h'DfFzK�h'A4ImG5D�F
gYD�h�_EopA���A4FdK�omDfGw}zQiAvBEgsA4FdKJG2_iAvgwBHD�G �r�Hn�La± F�BEMfGJIm¬4FED5_EA4g

A = A(D)
o~ORD�FHGJD�h�UEomD�BEDfGwILFEBEILl�D�G

BEDfG �r�Hn�L
]�SVFHl
_aSVQEg8KJSVQHK

M ∈ ∆
SVF>A4GYGJSXl�ImDroLD�G8cvA4gJImA4UEoLD�G%UaSbS4omM�DfFEFEDfG

(V pq
k (M))(k,p,q)∈A

L
± F>gYD�BEM��iFEI�K�omD�G8jkSVFHlfKsILSVFEG

Φ
DfK

Ψ
lfSVh�h'D0GYQEILKP�

E = Φ(V )
GJGYI

F = {M ∈ ∆ / ∀(k,p,q) ∈ A ¬V pq
k (M)};

V = Ψ(F )
GJGYI

V pq
k (M) =

�
Rpq

k (M) ∩ F = ∅ � .± F�BEMf�EFEILKwopA�jkS4gJhNQEoLD � q�� ± �d� _iA4g

SQCONV =
∧

(i,p,q)∈A

Rpq
i
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Rpq

i

DfGYK2BESVFEFHM
_EA4g8omDfGwh�e�h�D�G%jkS4gJhNQEoLD�G
Rk

}zQED
_EgYM�l�MfBED�h�h�D�FdK L
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 � 
���� � � UH>
KS@�UH>
@ E ⊂ ∆ IJAC=F]�U4UHIJiCA�PQ= V = Ψ(F ) E i�KW? XjA�PV@cI G ,fUHK�\z>
IJA � *jt
� � � 	

� � ? V E i�KW? XjA � * � � � 	 G IJUHKM= E = Φ(V ) AC=�@ *jt gCUHPVE AbaLA ,fUHKW@ <
± F'cvA�BEM�lfSVQE_aD�g�l��iA4}zQED0BEgYSVILKJD�BED2BHImgJDflfKJImSVF�BiA4FEG

D
DfFqBEDfQb�qBED�h�I�[ BEgJSVI�KsDfGP�V_aSVQEg�l�D�omA
S4F

�H�bD�QEF�cVDflfKsDfQEg0BEILgJDflfKsDfQEg
~p
_aSVQEg�l��iAv}XQHD�BEILgJD�l�KsILSVF

p ∈ D
L @#D�G2BED�QX��BED�h�I�[ BEgJSVI�KsDfG8BPO S4gJIm¬4ImFED

M
DfKwBED�BEILgJDflfKsILSVF

p
GJS4FzK�A4oLSVgJGP�

sp
+(M) = {N : p(N) = p(M)

D�K
~p ·
−−→
ON ≥ ~p ·

−−→
OM}

sp
−(M) = {N : p(N) = p(M)

D�K
~p ·
−−→
ON ≤ ~p ·

−−→
OM}

SV´
·
BHM�GJIL¬VFED�omDr_HgJSXBEQEILK%GJl|AvopA4ILgJDrDfK

O
D�GYKwQEFHD5SVgYIm¬VILFED0AvgJUEI�KsgsAvImgJD L

� Dfl�IPcvA�FHSVQEG�_.DfgJh�DfKYKsgJDrBHD
_EA4gYKsA4¬VD�g
A
_.S4QEg8l��iA4}zQED
BEImgYD�l�KsImS4F

p
BHD
D
L

Ap
+ = {(q,r,k) |sp

+(M) ⊂ Rqr
k (M)}

Ap
− = {(q,r,k) |sp

−(M) ⊂ Rqr
k (M)}

± F>A
A = Ap

+ ∪ A
p
−

L

M

s
p
+(M)s

p
−(M)

R
qr
k

(M)
�������

(q,r,k) ∈ Ap
+R

q′r′

k′ (M)
�������

(q′,r′,k′) ∈ Ap
−
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 A�PQ=4A�\S]^IJAON
AC=�N ?;KCACg�@�?hUHPQ=ON 
 � � � <
� cVDfl5lfD�GwFES4K�A\KsImS4FEG%SVF�cvAt_aSVQHc4SVImg8BHSVFEFEDfgwomA�jkSVgJh�QEomDrD��H_HgJImh'A4FdK�}zQED

Xp(v) ≥ l
�

LB(p,v,l) =













∧

M∈∆
M+l~p∈∆
p(M)=v

∧

(p,q,k)∈Ap
−

(p′,q′,k′)∈Ap
+

(V qr
k (M)⇒ ¬V qr

k (M + l~p))













∧





∧

(p,q,k)∈Ap
+

¬V pq
k (Mmin + (l − 1)~p)



 ∧





∧

(p,q,k)∈Ap
−

¬V pq
k (Mmax − (l − 1)~p)




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SV´

Mmin

��gYD�GY_
Mmax

�2DfGYKroLD�_aSVImFdK2BED
∆
KsDfoª}zQED

p(M) = v
}zQEI h'ILFEImh�ImGYD���gJDfGJ_�h'A\�bImh�ImGYD¯�

−−→
OM · ~p

L
� SVh�h'D�A|c4D�l
BED�Qb� BEImgYD�lfKJImSVFHG8SVF>_aD�QbK�h'SVFdKJgJD�g�oLDromD�h�h�D�GJQHILcvA4FdK#�

� ������� 
 ��
���
 � � ? E AC=�@ *jt gCUHPVE AbaLA	,fUHKW@ =4A�IJUHP D A�@ E i�KW? XjA XpE(v) ≥ l G IJUHKM= V =
Ψ(E) E i�KW? XjA LB(p,v,l) <

� � ? V E i�KW? XjA SQCONV ∧ LB(p,v,l) G IJUHKM= E = Φ(V ) E i�KW? XjA XpE(v) ≥ l <

 o#gJDfGYKJD
omANU.S4gJFED�GJQH_.MfgJImDfQEgJD La± F�c4D�QHKwBESVFHl
D��b_EgJILh'Dfg

XpE(v) ≤ l
L n SVQEg�l�DfopA�SVF cvA�e�KsgJD

SVUHomIm¬4MrBED
�b�HDfg
n− 1

_iA4ImgYD�GwBED
_EImDfBEG
(Aq,Bq)q∈D\{p}

_.SVQHg�A|cVS4Img�omDfG2_aSVImFdKJGw}zQEI¤D��XKJgJM�h�ImGYD�FdK
KJSVQHKsDfG�omD�G8BHImgJDflfKJImSVFEG8BHD

D
GJA4QHj

p
L

@�A�GJD�QHomD�l��ESVGYD���_EgYSVQHcVDfg2DfGYKwomDroLD�h�h'D�GJQEI�c4AvFzKP�
� ������� 
 ��
���� � UH>LK @BUH>
@ M ∈ ∆ ?;I Aba!?J=�@�A�G > T�I >�= >LP (q,r,k) ∈ Ap

+ @�A�I 	^>,AzTVUH>
Kv@BUH>
@
(q′,r′,k′) ∈ Ap

+ N ? 
�i�KMA�PV@ N
A (q,r,k) I�
 � � � Rp′q′

k′ gCUHPV@�?hA�PV@j>
P N
AC=dTVUH?;PV@;= (Aq,Bq)q∈D\{p} < � P
P8UH@�A W p

+(M) = V qr
k <

� i�\FUHPQ=�@�KbG @w?hUHP
 � S4ILK Mmax

omDr_aSVILFzK%BED
Q2 }XQHI#hqA\�bILh'ILGJD −−→OM · ~p

BiA4FEG
conv(∆)

L
� SVh�h'D�_aSVQEgtKsSVQbK

(q,r,k) ∈ A+ SVF�A Rqr
k (M) ⊃ Rqr

k (Mmax)
ILo8GJQQ�tKqBED>_HgJSVQHc4D�g'opA

_EgYSV_EgYImMfKJMr_.S4QEg
M = Mmax

L
��A4ILG

Mmax

DfGYK8GYQEg%QEF lfS4KsM
c
BEQ _aSVo�{b¬4SVFED

∆
BED�BEImgYD�lfKJImSVF

q1 6= p
LE± F A�BESVFHl0QEF _EILD�B

AGYQEg�l�D
l�S4KJM L � SVFEGYImBEMfgJSVFEGwomD�lfS4KsM
c′
lfSVFEGJMfl�QHKJILj²BHD

c
BiAvFEG

∆
}XQHI¤F�O DfGYK2_iA4GwBEQ�lfS4KsM�BED

A
_iA4g

gJA4_E_aSVgYKw�
Mmax

uilfD�l�S4KJM
DfGYKwBED�BEILgJD�l�KsILSVF
q2 ∈ D

L
| � QE_E_aSVGJSVFHGrBPOyAvU.SVgYB q2 6= p

L#� SVILK0A4omSVgYG
B
omD5_EImDfB��H�bM�GJQEgrlfD�l�SvKsM L 
 o�D��bILGYKsD

k
KJD�o }XQHD

(q1,q2,k)
D�G�KNBiAvFEG

Ap
+

��l|Avg
c
DfK

c′
GJS4FzK�l�SVFHGJM�lfQHKsI�jkG�� L�± F�cvA�h'SVFdKJgJD�g�}zQEDC_aSVQEgrKJSVQHK

(q3,q4,k
′) ∈ Ap

+

BHI��.M�gJDfFdK2BHD
(q1,q2,k)

oxO �0�Hn
Rq3q4

k (Mmax)
lfSVFdKsILD�FdK

A
SVQ

B
L

� S4FEGJILBEM�gYSVFEG�BESVFEl
(q3,q4,k

′) ∈ Ap
+

KsDfoP}zQED
Π = Rq3q4

k (Mmax)
FED�lfSVFdKsImDfFdK2FHI

A
FEI

B
L

± F�BEM��iFEILKwAvomSVgYG8}XQEAvKsgYD
BHD�h�I�[ BHgJSVI�KsD�G��
| D1

D�G�KqomA�BED�h�I�[ BEgJSVI�KsD'BED>BHImgJDflfKJImSVF
p
u²BPO S4gJIm¬4ImFED

Mmax

}zQEI8FPORD�GYK'_iA4GtlfSVFdKsD�FzQED
BiA4FEG

∆
u

| D2
D�G�KwopA�BED�h�I�[ BEgJS4ILKsD2BED�BEImgYD�l�KsImS4F

q1
uiBPORSVgJIL¬VImFHD

Mmax

}zQEI#FED�l�SVFdKJImD�FdKw_iA4G
A
u

| D3

D�GYK2opAtBEDfh'I [ BEgYSVILKJDrBED5BHImgJDflfKJImSVF
q2

u BPORSVgJIL¬VImFHD
Mmax

}zQEI¤FPORD�GYK�_iA4GwBEQ�lfS4KsM5BED
A
�k_iA4g8gJA4_E_aSVgYKw��opA�BEgYSVILKJD

D1
u

| D4

D�G�Kwo~O A4QHKsgYDrBED�h�I�[ BEgJS4ILKsD2BED�BEImgYD�l�KsImS4F
q2

uiBPORSVgJIL¬VImFHD
Mmax

L
�¡cVSVILg%�i¬VQEgYD ! L Zd�
n A4g�BHMf�iFEI�KsILSVF

Π
lfSVFdKsILD�FdK

D1

L @²O �r�Hn
Π
lfSVFdKsImDfFdK

D2

l|A4g�Imo¤FEDNl�S4FzKJImDfFzK�_iA4G
A
DfK0DfGYK

QHF �0�HnUL
@#D'}XQEA4BEgsAvFzK

Π
D�G�K�QEF �r�bn BES4FElqILo�lfSVFdKsImDfFdK

D3

SVQ
D4

L²� I
Π
lfSVFdKsILD�FdK

D3

u�AvomSVgYG5ILo
lfSVFdKsILD�FdK¹omA
gYM�¬VILSVF�D�FdKsgYD

D3

D�K
D2

D�K%BES4FEl2ILoil�SVFdKJImD�FdK
B
uzImh�_.S4GJGJILUEomD L ]�SVFHl

Π
l�SVFdKJImD�FdK

D1,D2,D4

DfK�BES4FEl
Π = Rq1q2

k (Mmax)
L

| � I q2 = p
QEF �0�Hn BED BHImgJDflfKJImSVF*BiAvFEG

Ap
+

}zQEI%FHD�lfSVFdKsILD�FdKt_iA4GtomDq_.SVILFdK
A
l�SVFdKsILD�FdK

jkS4gJl�Mfh'DfFdK
D1

D�K
D2

D�K¹DfGYK¹BESVFElwomD�}zQiA4BEgJA4FdK%BED�jkgJS4FzKJIm�fgJD
D1∪D2

}zQEIaD�G�K¹QHF �r�Hn l�A4g
q1

D�K
p
GJSVFdK2A4omS4gJG8l�S4FEGJMfl�QHKJILcVDfG L

2

± F�BEMf�EFEILKwBED�opANh�e�h�D0j�A��fSVF
W p

−(M)
L
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B
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D2

D3

D4

∆c

p = cste

q1 = cste

q2 = cste

Mmax
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UB(p,v,l,(Aq,Bq)q 6=p) =
∧

q∈D\{p}

(IN(Aq) ∧ IN(Bq)) ∧
∧

M∈∆
M+l~p∈∆
u(M)=v

¬W p
−(M) ⇒ W p

+(M + l~p)

SV´
IN(M) =

∧

(p,q,k)∈A ¬V
pq
k (M)

L @#D�omD�h�h�D
7.1.5

GJD�¬VM�FHM�gsAvomImGYDrBESVFEl�BED�omA�j�A���SVF�GYQEILcvA4FdKsDª�
��������� 
 � 
���� � � ? E AC=�@ *jt gCUHPVE AbaLA�,fUHK�@�=4A�IJUHP D A�@zgCUHPV@�?hA�PV@ (Aq,Bq)q 6=p A�@�E i�K�? XjA

XpE(v) ≤ l G IJUHKM= V = Ψ(F ) E i�KW? XjA UB(p,v,l,(Aq,Bq)) <
� � ? V E i�KW? XjA UB(p,v,l,(Aq,Bq)) G IJUHKM= XpE(v) ≤ l U�� E = Φ(V ) <��AvImFdKsDfFiA4FdK�S4F�GYQE_E_aSVGJD'}XQHDqo~ORSVF,A��b�HM�BEDfG�_EILD�BEG

(Aq,Bq)
GJDfomSVF,KsSVQbKsD�G
omDfG5BHImgJDflfKJImSVFEG L

± F�BEM��iFEILKwAvomSVgYG

RAPP((r),(r′),(Aq,Bq)) = SQCONV ∧
∧

p∈D
rminp≤v≤rmaxp

(

LB(p,v,rp
v) ∧ UB(p,v,r′

p
v,(Aq,Bq)q 6=p)

)

@�DfG2oLD�h�h'DfG%_EgYM�l�MfBED�FdKJG�h�SVFdKsgJDfFdK#�
� �$
 � ������� 
 ��
�� � � � ? V =^G @w?J= ,&G ?;@ RAPP((r),(r′),(Aq,Bq)) G IJUHKM= Φ(V ) AC=�@ >LP8Ap=4UHI >
t

@w?hUHP N
A )�*,+�� � �,58-��
(QF(D),D) gCUHPV@�A�P�G PV@ (Aq,Bq) <

� �ciCg�?�T�KCU 	^>VA�\FA�PV@;_9=�? E AC=�@2>LP8A =4UHI >
@�?hUHP N
A )�*,+�� ���,5x-��
(QF(D),D) G IJUHKM= V = Ψ(E)

E i�KW? XjA RAPP((r),(r′),(Aq,Bq))� SVh'h�D
RAPP

DfGYK�QEFHDq�¯[ jkSVgYhNQEomD5SVFTD�FTBEMfBEQEILK�QHF�Avom¬VSVgYILKJ�Eh'D
_aSVoL{XFESVh�IpAvo¤_aSVQEgrgYM�GYSVQEBEgYD
)�*,+�� � �,58-��<�
��� � � � � �&� � � 
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 7 A T�KMU ]^I 
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(QF(D),D) TVA�>
@ ��@�KMA KMiC=4UHI > A�P O(n2d+2)
UCTVi�K G @�?hUHPQ= U�� d = |D| A�@ n = maxp∈D(lp) <
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 � � �-'�� )��#� � )#"��-' � �	% � )��
��DfcVDfFESVFEG8h'A4ILFzKJD�FiAvFzK%��opA
gJDfl�SVFEG�KsgYQElfKJImSVFCD��HA4lfKJD L � SVh�h�D�A|cVDflrBED�QX�CBEILgJDflfKsILSVFEG�Imo GJQQ�tK

BPORImh�_aSVGJDfg²opArU.S4gJFED�GJQH_.MfgJImDfQEgJD�_aSVQEg:GJDfQEomDfh'DfFdK¹QEFHDwBHImgJDflfKJImSVFtDfK�omA�UaSVgYFED�ImFHjkMfgJImDfQEgJD�_aSVQEg²oLD�G
A4QbKsgJDrBHImgJDflfKJImSVFEG L
n S4QEg:D��b_EgJILh'Dfg²opArUaSVgJFED8GYQE_aM�gJILD�QEgYD�BiA4FEG�opA0BEILgJDflfKsILSVF

p
SVFtD�G�K¹SVUHomIm¬4M%BED8�H�bD�g:omDfG

2(d−1)_EILD�BEG8}zQEI�GYSVFdK2GYQEg�omDfG8BEgJSVI�KsDfGwD��XKsgJMfhqAvomD�G8BHD
BHImgJDflfKJImSVF BEI ��MfgJDfFzKJD�BED
p
L

��A4ILG¹SVF _aD�QbK%j�A4ImgYD2oLD�G%S4_.MfgsAvKJImSVFEG�BED0lfSVh�_EomM�KsImS4FqBEMfl�gJI�KsDfG%BiA4FEG¹omD�l��EA4_EILKJgJD 
Xub_EoLQEG%D��EAvl�[
KJD�h�D�FdK�SVF�GJA4ILKt}zQPO A4_EgY��G'A|cVSVILgN�H�bM>BEDfQb�°_EILD�BEGtBiA4FHG'QEFHD�BHImgJDflfKJImSVF

q 6= p
D�K'D���DflfKJQEM>oLD�G

SV_aM�gJAvKsILSVFEG�BEDrl�SVh�_EoLMfKsILSVFqBHM�l�gYILKJDrBiA4FEG8oxOyA4oL¬VSVgYILKs�Hh'D  uHA4omSVgYG�KJSVQHKsDfG8omDfG%BEgJS4ILKsDfG%BEDrBEILgJDflfKsILSVF
BiAvFEG

D
c4SVFdKwefKsgYD�BEDrK {b_aD

ti
L �kc4SVImg8gYD�h'A4gJ}zQED�
 L � L }z� L

���
��� ��� 	�� ��� 
 ± _aM�gJAvKsILSVFEG�BEDqlfSVh�_EomM�KsImS4F�FEM�lfD�GJGJA4ImgYD�GN_aSVQEgrj�A4ILgJDtBEILh'ILFXQHD�g�omDtFESVh�UEgJD�BED
_EILD�BEG8BEA4FEGwopANgJDfl�SVFHGYKsgYQElfKJImSVF�BEDfG q [ l�SVFdcVD��bD�G2jkS4gYKsG L
� A4ImgYD0SV_aM�gsA\KsImS4FEG

⊕′,	′
L

��
 ���'	 �
� � � ��KsSVQbKsDrBEgYSVILKJD

D
BHD
BHImgJDflfKJImSVF�BiA4FHG

D % � ��� �� A4ImgYD0SV_aM�gsA\KsImS4FEG
⊕,	 ,⊗ ,� ,�′ ,�′′ GJQEg�opANBHgJSVI�KsD D "! � � � �

� ��� � ��� � � � � � ��@#D�G�SV_aM�gJAvKsILSVFEG%FPORSVFdKwgJILD�F�l��iA4FE¬4M

� F�_iA4g�KsILl�QEoLImD�g8oLD�GwBEgJS4ILKsDfG2D��XKsgJMfhqAvomD�Gw_aSVQEgwQEFED�BHImgJDflfKJImSVF
p ∈ D

GJSVFdK�BED5K {X_aD5K|µ4u K���SVQ
KsZ L�± FTl�SVFEFEA�{mK�BES4FEltGJQEg�l��iA4lfQEFED�BEDtl�DfG5BEgYSVILKJD�GrBEDfQb�T_aSVImFdKJG

A
D�K

B
BESVFdK5A4QTh'SVILFEGro~ORQEF

BPORD�FdKJgJDqDfQb�,D�G�KNBiAvFEG
KJSVQHKJD�G
omD�G
GJS4omQHKJImSVFEGrl��HD�gJl��HM�D�G L �kc4SVImgr�i¬4QEgJD ! L }z� ± F�_.DfQHK5BESVFEltj�A4ImgYD

β−α
α

β

t3 

t1 

t2 

A

BA

A B

3y:'465 ! L } | � UH>LKnIJAC= @�KMUH?J= @�;WTVAC= N
A N KMUH?;@BAC=C_�UHP TVA�>L@�@�KMUH>LE A�K N
A�> aFTVUH?;PV@;= A A�@ B N
UHPV@�G >
\FUH?;PQ=�I�
 >
P N 
 A�PV@�KMAzA�> a AC=�@RN�G PQ=�@�UH>L@�AC=OIJAC=�=4UHI >
@w?hUHPQ=^<
GYD�QEoLD�h�D�FdK��'l��HSVI���_aSVQEg2l�D�G�_EImDfBEG L�± F�AqBESVFHlNA4Q�KJS4K�Avo

2d−2 l��ESVI��>_aSVQEg2omD�G2_EImDfBEG�GYD�oLSVF�oLD�G
d− 2

BEILgJD�l�KsILSVFEG L
� A4oLl�QEoLSVFEG8h'A4ImFdKsDfFiA4FdK�opANlfSVh�_EomD��HI�KsM0BHD
oxOyAvom¬VSVgYILKJ�Eh'D��

n
BEMfGJIL¬VFEDrKsSVQ�WYSVQEgJG

maxp(lp)
���

| 
 o.{�A'AvQ�_HomQEG
n2 _aSVGJGYImUEILomILKJM�G�_.SVQHg8omD�G�_EILD�BEG8oLImMfG��tQHFED�_EgJDfh'IL��gJDrBHImgJDflfKJImSVF L

| � _EgJ�fGNA|cVS4Img
D&�.D�lfKJQEMqoLD�G
SV_aM�gsA\KsImS4FEG5BHD'lfSVh'_HomMfKJImSVFTBEMfl�gYILKsDfG�BiAvFEG�oxOyA4oL¬VSVgYILKs�Hh'D  }zQEI
_HgJD�FHFED�FdK

O(n4)
SV_aM�gJAvKsILSVFEG
Imo²gYD�GYKJD A4Q�_EomQEG5QEF<FHSVhNUEgYDql�S4FEGYKsA4FdKNBED'l��ESVI���BED'_EImDfBEG

�
22d−2 �%_.S4QEg8omDfG d− 2

A4QbKsgJDfG�BEImgYD�lfKJImSVFHG8BESVFdKwomD�G8_HImD�BHGwBHSVILc4D�FdKwefKsgYDr�H�bM�G L
| n SVQEg8l��iAv}XQHD�l��ESVI � BED�_EILD�B�opA�gYM�BEQEl�KsILSVF��'�¯[ ��� £ _.DfQHK�efKJgJD�D&�.D�l�KsQEMfD5DfF O(|∆|)

SV_aM�[
gJAvKsILSVFEG%GYSVILK

O(n2)
SV_aM�gsA\KsImS4FEG L

� Dfl�IªBHSVFEFEDN�iFEA4omDfh'DfFzK�QEFTA4oL¬VSVgJI�Ks�Eh�DrBED�gYD�l�S4FEGYKJgJQEl�KsImS4F�BEDNl�S4h'_EoLD��bILKJM
O(n2(n4 + n2)) =

O(n6)
L
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(QF(D),D) TVA�>
@ ��@�KMAoKMiC=4UHI > A�P O(n6)
UCTVi�K G @�?hUHPQ=^<± F�A�BHSVFElrKsgYSVQHcVM�QEF�h�D�ImoLomDfQEg%A4oL¬VSVgYILKs�Hh'Dw_.S4QEg�omD�G%KJS4K�AvomD�h�D�FdK8lfSVFdcVD��HDfGP�
��� � � � � �&� � � 
 ��
������ ? D P8A�=^G @�?J= ,&G ?;@2TQGH= G > a�gCUHP�N ?;@�?hUHPQ=zi 	^>L?;EHG IJA�PV@�AC= N >�@'>ViCUHK�
�\FA � <��
< � A�@
=�? C AC=�@uI G g�I GH=C=4A�N
AC=�@BUH@hG IJA�\FA�PV@ygCUHPVE AbaLAC=�G IJUHKC= )�*�+.-m/(14365872+936:;-0/

(C,D) TVA�>L@m=4A KMiC=4UH> N KMA
A�P O(n6) UCTVi�KbG @�?hUHPQ=^<
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BED�Qb��_EA4gYKJImD�G
α0

DfK
β0
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	 � � � � ���
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(QF(D),D) TVA�>
@ ��@�KMA`KCiC=4UHI > A�P O(n2d+2)
UCTVi�K G @�?hUHPQ=C_YIJA T�KMU ]^I 
�\FA )�*,+.-0/21��0-0+

(QF(D),D) TVA�>
@ ��@�KMA�KCiC=4UHI > A�P O(n6) UCTVi�KbG @�?hUHPQ=^<� F�D���D�KtImo�GJQQ�tKtBEDCgJA�WYSVQHKJD�gNBEA4FEG�opA�jkSVgJhNQHomDqUaSXSVomMfD�FEFED��iFiA4oLDComDfG�jkSVgYhNQEomDfG
IN(M)

_.SVQHg
KsSVQHK

M ∈ α0

D�K2oLD�G%jkSVgYhNQEoLD�G
W p

−(M) ∨W p
+(M)

_.S4QEg%KsSVQbK
M ∈ ∆ \ β0

L
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@²O A4om¬VS4gJILKJ�Eh�D�A|cVDfl�_EgJS\WYDflfKJImSVFEG G�T�T�KMU4g
>ViCAC= KsD�o�}XQ�O ILoPD�G�K2BHM�l�gYILK8BEA4FEG�l�Drl��iAv_EILKJgJDrD�G�K�BiA4FEGopA>_HgsAvKJIm}zQEDtKsgJ�fG�oLD�FdK L � F­D&�.DfK�l�SVFdKsgJA4ImgYD�h�D�FdK��>o~O A4oL¬VSVgJI�Ks�Eh�DNBEQ<l��iA4_EI�KsgJD 
bu�SVF<DfGYK�S4UEomIL¬VM

BED>j�A4ILgJDCKJSVQEG�omD�G�l��ESVI ��BEDfGq_EILD�BEG L �>A4ImGtl�S4h'h�D�omD�G q [ lfSVFdcVD��HDfGqjkSVg�KsG�GJSVFdK'D�F�_EA4gYKJIml�QHomImDfg
q [ l�SVFdc4D��bD�GfuESVFq_aD�QbK¹QHKJImoLImGJDfg²omDfG�SV_aM�gJAvKsILSVFEG:BED2l�SVh�_EomM�KsILSVFtBEQql��iAv_EILKJgJD 
 LXn A4g�l�SVFdKJgJD�ILoEj�A4QHK
omD�GwA4BEA4_HKsDfg�A4Qb��l�A4G�BED
_EgJS\WYDflfKJImSVFEG�Av_E_EgJSXl��EMfD�G L
n omQHG²_EgJMfl�ImGYM�h�D�FdK�omDfG²SV_.MfgsAvKJImSVFHG

⊕,	 ,�′ FPORQHKsILomImGYD�FdK²_iAvG²omD�G:_EgYS\WYD�l�KsILSVFEG²DfK:_aD�QbcVD�FdK�BESVFElA4QEGJGYI efKsgYD�QHKsILomImGYM�DfG�u4KJD�omoLD�G²}zQEDfomomDfG�udBiAvFEG:omD�l|A4G�A4_H_EgJSXl��EM Lb± Ft_.DfQHK�A4QEGYGJI D&�.D�l�KsQEDfg�oxO SV_aM�gJAvKsILSVF
⊗
A|cVDfl�omDfG�_EgYS\WYD�l�KsImS4FEG�h�ImFEILhqAvomD�G8D�KromDfG�SV_aM�gJAvKsILSVFEG

�,�′′ A¯c4D�l�oLD�G�_HgJS\WYDflfKsILSVFEG2hqA\�bILhqA4oLD�G Ln SVQEg�QbKsImoLImGYD�g�oLD�GNS4_.MfgsAvKJImSVFEG
⊕′ D�K 	′ BEA4FEG�omDql|A4G�Av_E_EgJSXl��EM SVF�_aD�QHK�KsSVQ\WYS4QEgJG�QHKJImoLImGJDfg5oLD�Gl�SVFEBHILKsILSVFEG

Sk(M)+Sk+1(M) > A
h'A4ImG#ILo4j�A4QHK¤l|Avoml�QHomD�g�oLD�G

Sk

A|cVDfl¹oLD�G�_EgJS�WYD�lfKJImSVFHG¤h�ImFHImh'A4omDfG
K�A4FEBHImG�}zQED

A
DfGYKwl|Avoml�QHomM�A|cVDfl5oLD�G8_EgYS\WYD�l�KsImS4FEG�hqA\�bILhqA4oLD�G0�

A = minp∈D

∑

p′i
� L

@#D�GwKsDfh'_EG2BED�l�A4omlfQEomG�BED5l�D�KJKsD5cVD�gYGJILSVF�BED5o~O A4om¬4SVgJI�Ks�Eh�D0GJS4FzK�BESVFEFHM�G0DfF�A4FEFED��bD � L � L�± F
cVSVI�K }zQED�opA,l�SVh�_EomD��bILKsM>D��b_aM�gJILh'DfFdK�A4oLD�D�G�K _EoLQHK �4KqD�F

O(n4)
GJI0S4F³_EgJDfFEB BED�G _HgJS\WYDflfKsILSVFEG

ImFHjkMfgJImDfQEgJDfG�DfK�GJQH_.MfgJImDfQEgJDfG�AvGJGJD ~ _HgJSXl��ED�G L
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Z2 D�K Z3 DfKNBED�GN_aSVILFzKJGA4GYGJSXl�ILM�GwA4Qb��lfSVFdcVD��HDfG�lfSVh'h�DromDfG8_.S4ImFdKsG8GJA4ImoLopA4FdKsG¹SVQ�h'MfBEIpA4FHG L
® FHD0BED�G8BHI���l�QEo�KsMfG%MfKsA4ILK%A4omSVgYG�oLD�FES4hNUEgJD�BED�G8BEM��iFEI�KsImS4FEG¹_aSVGJGYImUEoLD�G%_aSVQEg�opA�lfSVFdcVD��HI�KsM��HopA

lfSVFdcVD��bI�KsM�KJS4K�A4oLD4uiomA'·c�2[ lfSVFdcVD��HI�KsMvu�opAtl�S4Fzc4D��bILKJMNGJILh'_HomDrGJDfomSVF>_EomQHGJImDfQEgJG2BEImgYD�l�KsImS4FEG L ]�O A4QHKJgJD
_iAvgYK|u#ILo�MfKsA4ILK
GYSVQHcVDfFdKNFEMfl�D�GYGsA4ILgJD�BED�gsA�WYSVQbKsD�g
BEDfG5�d{X_.SvKs�E�fGJD�G�BEDtl�SVFEFHD��bILKJM'_aSVQEg
A|cVSVILg�BED�G
_EgYSV_EgYImMfKJM�G0ILFdKsM�gYD�GYGsA4FdKsDfG L�n A4grD��bD�h�_EoLD4u�oLD�Gr_aSVoL{4SVh�ImFESVG2·d�w[ lfSVFdcVD��bDfG5lfSVFdKsImDfFEFEDfFzKrKJSVQ\WYSVQHgJG
oLD�QEgYG8_.SVILFdKsG8h�M�BEImA4FEG�uEA4omSVgYG8}zQED�l�D�FPORD�GYK2_iA4G�oLDrl|A4G�_aSVQEg8omDfGw·d�2[ l�SVFdc4D��bD�G L
± g'oLD�G�_.S4oL{VS4h'ILFESVGt·d�w[ lfSVFdcVD��bDfG SVFdKqQEFHD�_EgYSV_EgJILMfKJM�DfGJGYD�FdKsILD�omoLD���GJI2A4QHKsS4QEgtBPO QHF³_.S4ImFdK

l��iAvl�QEF�BED�G�}zQiA4BEgJA4FdKsG:l�S4FzKJImDfFzK�QEF�_aSVImFdK²BEQ�_aSVoL{4SVh'ILFESrA4oLSVgJG²oLD%_aSVoL{4SVh'ILFES0lfSVFdKsImDfFdK�oLD8_.S4ImFdK
lfD�FdKsgJA4o���GYD�FEG�BHImgJDflfK�BHQ­Ks�EMfSVgJ�fh'D�� L 
 L ZHu BEM^WJ��_EgYM�GYD�FdKtBiA4FEG�¢��%]0@6� n ¥ � ¦ � L � DfKYKsDC_HgJSV_EgYImM�KsM
BEDfGr_.S4oL{VS4h'ILFESVG2·d�2[ l�SVFdc4D��bD�G5Aq_aD�gJh�ImG2BPORImFdKsgYSbBEQHImgJD5QEFED�FES4QHcVDfomomD�FES4KsILSVF�BED�l�SVFdcVD��bILKsMª�#opA
q [ lfSVFdcVD��HI�KsM'��lfSVFdcVD��HI�KsM
_iA4g8}zQiA4BHgsA4FdKsGs� L
� DfKYKsD%FHSVQHcVDfomoLD�FESvKsImS4FNA2BHD¹UaSVFEFEDfG�_EgJS4_EgJILMfKsMfGªh'AvKs�HM�h'AvKsIL}XQHD�GP��o~ORImFdKJD�gJGYD�l�KsImS4F�BED�BED�Qb� q [

lfSVFdcVD��bDfG0D�G�K q [ lfSVFdcVD��bD5DfK2QEF q [ lfSVFdcVD��HD
�iFEI�D�G�K0lfSVh'_Hom�fKJD�h�D�FdK�l|AvgsA4l�KsM�gYImGYM5_iAvg2GYD�G�_aSVILFzKJG
GJA4ImoLopA4FdKsG L ]�D�_EoLQEGqDfomoLD>_aD�gYh'D�KCBED>¬VM�FEMfgsA4oLImGYD�g��kQEF³_aD�Q �tomD�Ks�EMfSVgJ�fh'D>BPOyAv_E_iA4g�KsD�FEA4FEl�D�BED�G
h�M�BEImA4FEG L

��A4ILGto~ORImFdKsMfgJefKtBHD�lfDfKYKsD�BEMf�iFHILKsILSVF�A4_E_EA4gsA�{LKtl�omA4ImgYD�h�D�FdK�BiA4FHG'oLD _EgJSVUHom��h�D BED�opA�KJSVh'S\[
¬VgJA4_E�EILD L8� F D&�.DfK>o~O A4om¬VS4gJILKJ�Eh�D>BED,gJDfl�SVFHGYKsgYQElfKJImSVF BED�G q [ lfSVFdcVD��bDfG*��l��EA4_EILKJgJD 
V� A4_E_iAvgsA�{LK
�iFEA4omDfh'DfFzK�lfSVh�h'D�QEFED�UaSVFEFED
¬VMfFEM�gJA4omILGsAvKJImSVF��tBED�GwBEILgJD�l�KsILSVFEG8}zQED�oLl�SVFH}XQHD�G�BHD5oxOyA4oL¬VSVgYILKs�Hh'D
BEM WJ��l�SVFEFzQ>_.SVQHg8omD�G8_aSVo�{VSVh�ImFES4G8·d�w[ l�S4Fzc4D��bD�G L
�4QEGY}XQ�O ILl�IdSVF
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A4oLSVgJG
FiAvKJQEgJDfo¹BEDq_.DfFEGJDfgN}zQED4u�oLSVgJGY}zQEDqoxO SVF­A�A4GJGYD ~ BEDqBEImgYD�lfKJImSVFHG�u¤opA q [ l�SVFdcVD��bILKsMCA4QEgsA>BED�G
_EgYSV_EgYImMfKJM�G�GJILh'ILopA4ILgJD�Gt�,opATl�SVFdc4D��bILKJM�KsS4KsA4omDª��lvO DfGYK lfD�}zQEI2GJD�_HgJSXBEQEILK'D�F�KsSVh�SV¬VgJA4_E�EILD4u�oLD�G
gYM�GJQHoLK�A\KsG¹B�O QEFHIml�I�KsMfG�BED��
A4gYBEFEDfg�D�Kc�rgJILK ~ h'A4FEF�G�ORMfKJD�FEBEDfFdKwA4Qb� q [ l�S4Fzc4D��bD�G L @�A5l�S4FEGJMf}XQHD�FElfD
ILh'_aSVgYKsA4FdKsD:BED�l�DfKYKsD%_HgJSV_EgYImM�KsM4uvA4GYGJD ~ BEI���l�ILomD���BEMfh'S4FzKJgJDfg8�kc4SVImg  L � L �V��u\D�G�K�opAwgJMfGJSVoLQHKsILSVF�BPORQEF_EgYSVUEoL��h�DN_.S4GJM�_iA4g��rgJI�K ~ hqA4FHFr�.SVFTGJA4ILKrgYD�lfSVFEGYKJgJQEILgJDtD�F�KJD�h�_EGr_.S4oL{XFESVh�IpA4o¤omDfG�KsSvK�A4oLD�h�D�FdKlfSVFdcVD��bDfG�omS4gJGJ}zQED�oxO SVF�A�_EoLQEG8BED�GJDf_HK�BHImgJDflfKJImSVFEG
�kSVQ�}zQiAvKsgYD�BEImgYD�lfKJImSVFHG8UEImDfF�l��HSVImGYImD�Gs� L
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|D| =�>
?;@BAC= ((rp
i )i∈Z,p ∈ D) DFEHG IJA�>LKM=ON�G PQ= N A�@RDS=�>
T�TVUHKW@,XYPV?�<� SVgYKJImD�� Z P[A�PQ=4A�\S]^IJA E ∈ F _Y=�?`?;IYAba!?J=�@�AC_cN
UHPV@RIJAC=dT�KMUBefACg�@�?hUHPQ=OE i�K�? XjA�PV@ ∀p ∈ D∀i ∈

Z Xp(i) = rp
i@#D�FESVhNUHgJD

n
gJDf_EgJMfGJD�FdKJD

maxp lp
SV´

lp = max{i : ri
p > 0} −min{i : ri

p > 0}
L

X
X

X
X

X
X

X
X

X
X

X
X

� opA4GYGJDfG
]�ImgYD�l�KsImS4FEG

{x,y} |D| = 2 {x,y,x− y} |D| ≥ 3
|D| ≥ 4
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6∈ { 4
3

, 3
2

,2,3,4}

}XQHD�omlfSVFE}zQED O(n2)¢ �8{XG 
0/Hui�8{XG21VZ ¦
� n [ l�S4h'_EoLDfK
¢���� n ¥4¥ ¦

� n [ lfSVh'_HomDfK
¢��O� n ¥V¥ ¦

_.S4oL{VS4h'ILFES � n [ l�SVh�_EoLDfK
¢43<SXD|¥!1 ¦ ¸ ¸ ¸ ¸

�dcd[ lfSVFdcVD��bD � n [ l�SVh�_EoLDfK
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� n [ l�S4h'_EoLDfK
¢ 5�Qi¥01 ¦ u
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¸ ¸

_.S4oL{VS4h'ILFES
�dcd[ lfSVFdcVD��bD

O(n4)¢��%]�@2� n ¥01 ¦ u
¢��%]�@2� n ¥!� ¦ u
¢ � ]0¥V¥ ¦

¸ ¸ ¸ ¸

1\[ lfSVFEFED��HD
l�S4Fzc4D��bD�GYD�oLSVF

h,v,x + y

¸ ¸ O(n5)¢��j�%]�@2�2�V� ¦ ¸ ¸

q [ lfSVFdcVD��bDfG
GJDfomSVF

D O(n4)lfSVg6/ L � L / O(n4)l�SVg2/ L � L / O(n6)lfSVg6/ L � L /
7 _EgYSz� L / L 1

O(n7)Ks�Hh98 L } L µ
q [ lfSVFdcVD��bDfG
jkSVgYKJG O(n6)l�SVg2/ L � L /

KJS4K�AvomD�h�D�FdK
lfSVFdcVD��HDfG ¸ ¸ ¸ ¸ O(n6)l�SVg2/ L � L �
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(F ,D) � QEFEILl�ILKJM�_.S4QEgropA l�omA4GJGYD F DfK�oxO DfFEGJDfhNUEomDtBEDBEILgJDflfKsILSVFEG

D
�8GYI#_.S4QEg%KsSVQHG

E1,E2 ∈ F
SVF�A%�

(∀p ∈ D XpE1 = XpE2) =⇒ E1 = E2.

X
X

X
X

X
X

X
X

X
X

X
X

� omA4GJGYD�G
]�ILgJDflfKsILSVFEG |D| ≤ 3

SVQ
KJSVQEG�omDfGwUHImgsAv_E_.S4gYKsG¹BiA4FEG

{4
3
,3
2
,2,3,4}

|D| ≥ 4
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2

,2,3,4}

}zQED�oLl�SVFH}XQHD�G � ± �
¢��¹]0@6� n ¦

_aSVoL{4SVh�ImFES
·�[ lfSVFdcVD��HD

� ± �
¢��¹]0@6� n ¦

·d�w[ lfSVFdcVD��bD � ± �
¢��¹]0@6� n ¦

q [ l�S4Fzc4D��bD�G
GJDfomSVF

D′ ⊂ DA|cVDfl
|D′| = 2

� ± �
¢��%]�@2� n ¦ u Ks�Eh 1 L � L }

¸�¸�¸
� lfSVF\WYDflfKsQHgJDO� L � L �V�

q [ l�SVFdcVD��bD�G�GYD�oLSVF
D

±�® 

Ks�Eh 1 L � L 1

KsSvK�A4oLD�h�D�FdK�l�SVFdc4D��bD�G ±r® 
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� opA4GYGJDfG
]�ImgYD�l�KsImS4FEG

{x,y} |D| = 2 |D| ≥ 3
|D| ≥ 4
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}XQHD�omlfSVFE}zQEDfG O(n2)¢R��{XG21�� ¦
� n [ l�S4h'_EoLDfK
¢���� n ¥4¥ ¦

·c�2[ l�SVFdcVD��bD�G
}\[ l�S4FEFED��bDfG O(n5)
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q [ lfSVFdcVD��bDfG O(n5)_EgYSV_ / L � L µ
7 _HgJSV_ 1 L � L µ

O(n8)_HgJSV_ 8 L 1 L µ 7_EgJS4_ 1 L � L µ
µ

Ks�Eh 1 L � L 1

q [ l�SVFdc4D��bD�GwjkSVgYKJG O(n5)_EgYSV_ / L � L µ
7 _HgJSV_ 1 L � L µ

O(n7)_EgJS4_ / L � L µ
7 _EgYSV_ 1 L � L µ

µ
Ks�Eh 1 L � L 1

KJS4K�AvomD�h�D�FdK8lfSVFdcVD��HDfG ¸ ¸ ¸ µ
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 ozG�O A4¬VI�K BHD¹opA�gJDfl�SVFHGYKsgYQElfKJImSVF5BED�G _.S4oL{VS4h'ILFESVG¤·d�w[ l�S4Fzc4D��bD�G��2_iA4g�KsILg¤BHD�Gª_HgJS\WYDflfKsILSVFEG¤GJDfomSVF
{x + y,x− y}

L
@#D�G�l�D�FdKJgJD�G¹GJSVFdK%GJA4FEG�BESVQHKJD�G¹oLD�G�U.S4FEG%A4FEA4omSV¬4QED�G:BEDfG¹_aSVImFdKsG�h�M�BEImA4FEG�_.SVQHg�lfD�_EgYSVUEom�fh'Dª�

��
  ,! � 	�� � ! � ��
���� � P N ?;@ 	^>VA C ∈ Z2 AC=�@R>
P gCA�PV@�KCAoN
A E =4A�IJUHP >
P8AoN ?J=�@ G P8gCA d =�?u?;I.\z?;PV?;t
\z?J=4A�I G 	^> G PV@�?;@Bi

D′(C) = max
N∈E

d(C,N).

� I�SVF°_EgYD�FEB
d(M,N) = d1(M,N) = |xM − xN | + |yM − yN |

A4omS4gJGtomDfG�lfD�FdKsgYD�GCBHD
E
FED

BEMf_.DfFEBEDfFzK�}zQED�BEDfG�_HgJS\WYDflfKsILSVFEG�GYD�omS4F
{x + y,x − y}

Lª� oLomDfGNFED BEMf_.DfFEBED�FdK'D�F*j�A4I�K�}zQED�BEQ
gYD�lfKsA4FE¬VoLDrBESVFdKwomDfG8l�S4KJM�G�GJSVFdK2_iA4gJA4omoL��omDfG%A4QX��BEIpAv¬VSVFiA4oLD�G%D�Kw}XQHI#l�SVFdKsILD�FdK

E
L
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± FCGsAvILK�hqA4ILFdKsD�FEA4FdK¹gYD�l�S4FEGYKJgJQEILgJD�DfFCKsDfh'_EG�_.S4oL{XFESVh�IpA4oHomD�G�KsS4KsA4omDfh'DfFdK�lfSVFdcVD��HDfGw��o~O A4ImBHD

BEDfG5_HgJS\WYDflfKsILSVFEG�GJDfomSVF,l�DfgYKsA4ImFEG�DfFEGJDfhNUEomDfG�BEDp}�BEImgYD�l�KsImS4FEG�l�SVh�h'D
{x,y,x + 2y, − 2x + y}

L
��AvImG%_iAvg8D��bD�h�_EomD�_aSVQEg8oLD�G8BEILgJD�l�KsILSVFEG

{x,y,x + y,x− y}
uElfDfKJKJD�h'M�Ks�ESXBED0FEDrjkSVFHlfKsILSVFEFEDr_EA4G

l�A4g8ImoPF�OR{�A�_iA4G�QEFHIml�I�KsMr_aSVQEg�omDfG q [ l�S4Fzc4D��bD�G L �>A4ImG�GJI#_aSVQHcvA4I�K8h�SVFdKsgJDfg�_iA4g8D��bDfh'_EoLD�}XQ�O ILoP{
A�QEFEImlfILKJM5QEFHD�jkSVImGw}zQEDNoxO SVF�A'�H�bMNoLD�Gw_EImDfBEG�u.SVF�A4QHgsA4I�K�QEF�A4om¬VS4gJILKJ�Eh�Dr_.SVQHg�gJDfl�SVFHGYKsgYQEImgYD�oLD�G
KJS4K�A4oLD�h�D�FdK8lfSVFdcVD��bDfG L
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@²OyAvom¬VSVgYILKJ�Eh'D _HgJM�GYD�FdKsM�BEA4FEGqlfD�h�M�h�SVImgYD�_aSVQEg�gJMfGJSVQHBEgJD�oLD>_HgJSVUEoL��h�D�Av_E_EgJSXl��EM�A,QEFED

lfSVh'_HomD��bI�KsM�MfomD�cVM�D � O(n2d+2)
� LPn D�QHK�SVF�KJgJSVQbcVD�grQHF�Avom¬VSVgYILKJ�Eh'D�_aSVoL{XFES4h'ImA4o#D�F�jkSVFEl�KsILSVF�BEQ

FES4hNUEgJD
d
BED�BEILgJD�l�KsILSVFEG4¸

® FCA4QHKsgYD2_HgJSVUEoL��h�D2lfSVFElfD�gJFEA4FdK8opA�gJDfl�SVFEG�KsgYQElfKJImSVF Av_E_EgJSXl��EMfD�D�G�K8opA�gJDfl��ED�gYl��EDrBED2opA�GJSVoLQb[
KJImSVF SV_bKsImh'A4oLD Lbn oLQEG�D��HA4l�KsD�h�D�FdK2Imo.G�O A4¬VILK�BHD
gYD�lfSVFEGYKJgJQEILgJD�QEF�D�FEGYD�hNUHomD

E ⊂ Z2 h�ImFEILh'ILGsA4FdK
∑

p∈D

∑

i∈Z

|XpE(i)− pi|

]0AvFEG�¢��¹]�� ¦ oLD�G�A4QbKsD�QHgJG8BESVFHFED�FdK�QEF�A4oL¬VSVgJI�Ks�Eh�Dw}XQHI�jkSVQEgYFEILK¹QEFEDrGJS4omQHKJImSVFCS4_HKsILhqA4oLD2_aSVQEg¹opA
lfopA4GYGJDqBHDq_aSVoL{4SVh'ILFESVG�·c�2[ lfSVFdcVD��HDfG�DfK

D = {x,y}
u¤h'A4ILG
lfDfKNA4om¬VS4gJILKJ�Eh�D�FPO DfGYK�_iA4G�_HgJSVQHc4M

lfSVh'h�D0_aSVoL{XFES4h'ImA4o.l�A4g�Imo.QHKsILomImGYD0QEF�GJSVo�cVDfQEg�BED �\[ ��� £ L
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q [ l�SVFdc4D��bD�G�DfGYKNGJA4FEGNBHSVQHKsD�l�DfomoLD'BEDfG�lfSVFdcVD��bDfG�GYImh�_EomDfG�l�SVFEFHD��bD�G L²� F<D&�.DfK�omDfG q [ lfSVFdcVD��bDfG
jkSVgYKJGwBHImGJlfgJD�KsG�GJSVFdKwomDfG8KsgsAvl�D�G�GYQEg
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® FED�¬VM�FEMfgsA4oLImGJAvKsILSVFCBEQ�Ks�EMfSVgJ�fh'D 1 L � L 1�_.SVQHgJgsAvILK8e�KsgJDª�
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(Q(D′),D) <� DfKJKJD2lfSVF\WYDflfKsQHgJDwD�GYK�cXgsA4ILD8_.S4QEg
D′ = {x,y}

u
D = {x,y,2x+y,−x+2y}

_.S4QEg²omDfG�DfFEGJDfhNUEoLD�G
ImFElfomQEG8BiAvFEG�QEF>l�A4gJgYM

13× 13 � cVSVILg8l�SVF�WYD�lfKJQEgJD�1 L µ L �V� L� F�_EgJDfFiA4FdK
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