N

N

Etude mathématique de quelques modeles issus de la
théorie cinétique
Véronique Bagland

» To cite this version:

Véronique Bagland. Etude mathématique de quelques modeles issus de la théorie cinétique. Mathé-
matiques [math]. Université Paul Sabatier - Toulouse III, 2005. Francais. NNT: . tel-00012082

HAL Id: tel-00012082
https://theses.hal.science/tel-00012082
Submitted on 4 Apr 2006

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-00012082
https://hal.archives-ouvertes.fr

THESE

présentée en vue de l'obtention du

DOCTORAT DE L’UNIVERSITE PAUL SABATIER
Spécialité : Mathématiques Appliquées

par

Véronique BAGLAND

ETUDE MATHEMATIQUE DE QUELQUES
MODELES ISSUS DE LA THEORIE CINETIQUE

soutenue le 9 Décembre 2005 devant le jury composé de

Naoufel BEN ABDALLAH FEzaminateur Université Paul Sabatier

Pierre DEGOND Ezraminateur CNRS, Université Paul Sabatier
Jean DOLBEAULT Rapporteur CNRS, Université Paris-Dauphine
Philippe LAURENCOT Directeur de these CNRS, Université Paul Sabatier
Mohammed LEMOU Directeur de these CNRS, Université Paul Sabatier
Bernt WENNBERG Examinateur Chalmers, Goteborg

au vu des rapports de Messieurs Jean Dolbeault (Université Paris-Dauphine)
et Miguel Escobedo (Universidad del Pais Vasco, Bilbao).

Mathématiques pour l’Industrie et la Physique
FEquations aux Dérivées Partielles, Modélisation, Optimisation et Calcul Scientifique
Unité Mizte de Recherches CNRS - Université Paul Sabatier Toulouse 3 - INSA Toulouse - Université Toulouse 1

UMR 5640
UFR MIG, Université Paul Sabatier Toulouse 3,

118 route de Narbonne, 31062 TOULOUSE cédex 4, France






REMERCIEMENTS

Mes remerciements vont tout d’abord a mes directeurs de these, Philippe Laurencot
et Mohammed Lemou pour avoir guidé mes premiers pas en recherche. Je leur suis recon-
naissante de leur soutien, de leur disponibilité et de leur bonne humeur. Nos scéances de
travail et nos discussions ont toujours été tres enrichissantes.

Je suis tres sensible a ’honneur que m’ont fait Jean Dolbeault et Miguel Escobedo en
acceptant d’étre les rapporteurs de cette these. Je remercie Jean Dolbeault de sa présence
dans mon jury et je regrette qu’il n’ait pas été possible a Miguel Escobedo de faire le
déplacement.

Je suis également tres reconnaissante envers Naoufel Ben Abdallah de s’étre intéressé
a mon travail et d’avoir accepté de présider mon jury.

Je remercie Pierre Degond d’avoir accepté d’étre membre de mon jury. Je lui suis
reconnaissante de l'intérét constant qu’il m’a témoigné au cours de ma these. J’ai appris
énormément a ses cotés lors de notre collaboration sur les systemes de moments relati-
vistes.

Bernt Wennberg m’a également fait un grand honneur en acceptant de participer a
mon jury. Je lui suis tres reconnaissante de m’avoir invitée a Chalmers et de m’avoir
ainsi permis de découvrir la culture suédoise. J’espere que la collaboration que nous avons
débutée ne restera pas sans lendemain. Je remercie tous les membres de I'Institut de
Mathématiques de Chalmers et plus particulierement 1’équipe cinétique pour leur accueil
tres chaleureux et leur hospitalité.

J’en profite pour remercier les organisateurs du réseau européen de recherche HYKE,
grace auquel j’ai pu me rendre en Suede et assister a un certain nombre de conférences.
J’ai ainsi pu exposer mes travaux et avoir des discussions mathématiques enrichissantes
avec d’autres mathématiciens.

Je remercie également mes compagnons thésards, passés ou présents, de Toulouse et
de Goteborg, avec qui j’ai partagé des moments inoubliables lors de nos pauses déjeuners,
pauses café, et autres choses. Je n’énumererai pas leurs noms ici, de peur d’oublier quel-
qu’'un. J’espere qu’ils se reconnaitront et ne s’en offusqueront pas. Ils occupent tous une
place particuliere dans mon coeur. Parmi eux, Claudia occupe évidemment une place
spéciale puisque nous avons passé la plus grande partie de ces trois années de these en-
semble dans notre bureau 216. Nous avons su nous supporter et nous soutenir tout au long
de ces années. Toutes nos discussions et nos fous rires ont été extremement bénéfiques.

Enfin, un grand merci a toute ma famille et a tous mes amis, aux nouveaux venus et
a ceux qui nous ont quittés. Qu’ils sachent que je leur suis infiniment reconnaissante.






Table des matieres

1 Introduction
1.1 Rappels sur quelques modeles de base en théorie cinétique . . . . . . . ..
1.1.1 L’équation de Boltzmann . . . . . . . . . ... ... ... ......
1.1.2 L’équation de Landau . . . . .. . . ... ... ... .. ......
1.1.3 Variantes de I’équation de Boltzmann . . . . . . . . . ... ... ..
1.2 Analyse mathématique de quelques modeles issus de la théorie cinétique . .
1.2.1 L’équation de Landau-Fermi-Dirac . . . . . . . . ... ... . ...
1.2.2  Les systemes de moments . . . . . . ... ...
1.2.3 L’équation de Kac avec thermostat . . . . . .. . ... ... . ...
1.2.4 L’équation de coagulation de Oort-Hulst-Safronov . . . . . . . . ..
Bibliographie . . . . . . ..

I Equation de Landau-Fermi-Dirac

2 Well-posedness for the spatially homogeneous Landau-Fermi-Dirac equa-
tion for hard potentials
2.1 Introduction . . . . . . .. ...
2.2 Mainresults . . . . . . L
2.3 A prioriestimates . . . . . . .. ..
2.3.1  Uniform ellipticity . . . . . .. . ... ...
2.3.2 Propagation of moments . . . . . .. .. ...
2.4 Existence . . . ...
2.4.1 The regularized problem . . . . . .. .. ... 0oL
2.4.2 Uniform estimates . . . . . . . ... .. ... ...
2.4.3 Proof of Theorem 2.2.2 . . . . . . . . . ... ... ... ......
2.5 Uniqueness . . . . . . ..
Appendix : Well-posedness of (2.4.3) . . . . . . . ...
Bibliography . . . . . ..

41



2 TABLE DES MATIERES

A Existence pour le probleme approché (2.4.4)-(2.4.5) 79
A.1 Le probleme approché . . . . . . . . .. ... ... .. ... ... 79
A.2 Existence et unicité . . . . . ... 80
A.3 Appartenance al'ensemble C . . . . . . . . . . ... ... ... 82
Bibliographie . . . . . . ... 88

3 Equilibrium states for the Landau-Fermi-Dirac equation 89
3.1 Introduction . . . . . . . . . ... 91
3.2 Mainresults . . . . . .. 92
3.3 Proof of Theorem 3.2.3 . . . . . . . .. .. ... ... 93
Bibliography . . . . . . . 99

II Systemes de moments relativistes 101

4 Moment systems derived from relativistic kinetic equations 103
4.1 Introduction . . . . . . . . ... 105

4.1.1 The relativistic kinetic model . . . . . . . ... ... ... ... .. 106
4.1.2 Setting of the problem . . . . . . .. ... ... 108
4.2  Moment system hierarchy and Lorentz invariance . . . . .. .. ... ... 111
4.3 Classical limit . . . . . . . . . . . . 115
4.3.1 System (1, _) .............................. 116
4.3.2 System (1, g, TR D) - o o o o oo 117
433 System (LLpip@PRD) . o o v o o 119
434 System (LD, pRQPDRPRD) + v v o 119
4.3.5 System associated to My .o 120
43.6 System (LLppRQ@PRIDPRP) .« « v o v i 120
4.3.7 System (P, pRQPRQID,PRIPRIDPRP) « v v v e 121
4.3.8 Conclusion. . . . . . . .. 121
4.4 The ultra-relativistic case . . . . . . . . .. . Lo 121
4.5 Moment closure problem . . . . . . . ... ... 123
4.5.1 The maximum entropy principle . . . . . . . . . ... ... 123
4.5.2 The relativisticcase. . . . . . .. ... . oL 124
4.5.3 The ultra-relativisticcase . . . . . . ... ... ... ... ... 125
4.6 Proof of Theorem 4.2.1 . . . . . . . . . . . . . ... ... 126
Appendix: Representation theory in the classical case . . . . . . .. ... ... 132
Bibliography . . . . . . . . 136

B Théorie de la représentation des groupes de Lie et algebres de Lie 139

B.1 Le groupe propre de Lorentz et son algebre de Lie . . . . . . ... ... .. 139
B.1.1 Le groupe propre de Lorentz . . . . . . . . . ... ... ... .... 139
B.1.2 L’algebre de Lie de SO(1,3)e . . . . . ... oo 139

B.2 Représentations irréductibles de dimension finie de 1'algebre de Lie soc(1,3) 141
B.2.1 Quelques rappels sur les représentations . . . . . .. .. ... ... 141



TABLE DES MATIERES 3

B.2.2 La représentation adjointe de soc(1,3) . . . . . . ... ... .. 143

B.2.3 Les représentations irréductibles de soc(1,3) . . . . . .. . ... .. 143

B.3 Preuve du Théoreme 4.6.1 . . . . . . . . . . ... ... ... ... ... 146

B.4 Représentations du groupe des rotations SO(3) . . . . . . ... ... ... 149

B.4.1 L’algebre de Liede SO(3) . . . ... ... ... .. ... ... 149

B.4.2 Preuve du Théoreme 4.6.5 . . . . . . . . . . ... ... ... ... 150

Bibliographie . . . . . . . .. 153

IIT Equation de Kac avec thermostat 155
5 Stationary states for the non cut-off Kac equation with a Gaussian ther-

mostat 157

5.1 Imtroduction . . . . . . . . . .. 159

5.2 Cut-off case . . . . . . . . .. 161

5.3 Noncut-offcase . . . . . . . . . .. 167

5.3.1 Existence . . . . . .. .. 167

5.3.2 Smoothness . . . . . . . ... 171

5.3.3 Uniqueness . . . . . . . . . 175

5.4 Numerical experiments . . . . . . . . . ... 180

Bibliography . . . . . .. 182

IV Equation de coagulation de Oort-Hulst-Safronov 183
6 Convergence of a discrete version of the Oort-Hulst-Safronov coagula-

tion equation 185

6.1 Introduction . . . . . . . . . . ... 187

6.2 Mainresults . . . . . . .. 189

6.3 Proof of Theorem 6.2.2 . . . . . . . . . . ... ... 192

6.3.1 A prioriestimates. . . . . . . .. .. 192

6.3.2 Convergence . . . . . . . . ... 195

6.4 The dOHS equation . . . . . . . . . . .. . . . 200

6.4.1 Proof of Proposition 6.2.4 . . . . . . . .. ... L. 200

6.4.2 Proof of Proposition 6.2.5 . . . . .. . ... ... ... ... ... 203

6.5 Numerical simulations . . . . . .. ... ... oo 203

Bibliography . . . . . .. 206






CHAPITRE 1

Introduction

Ce chapitre est constitué tout d’abord (Section 1.1) d’une breve
introduction a la théorie cinétique et aux modeles étudiés dans cette
these. Ensuite, la Section 1.2 est consacrée a une présentation des
principaux résultats développés dans les différentes parties de cette
these.
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1.1 Rappels sur quelques modeles de base en théorie
cinétique
1.1.1 L’équation de Boltzmann

L’équation de base de la théorie cinétique est 1’équation de Boltzmann, qui modélise
un systeme composé d’un grand nombre de particules identiques soumis a des collisions
binaires élastiques. Le systeme de particules est décrit a I’aide d’une fonction f(¢,x,v)
appelée fonction de distribution, qui dépend du temps t > 0, de la position x € R3 et
de la vitesse v € R? des particules. Le probléme des conditions aux bords ne sera pas
abordé ici. Pour tout temps ¢, f(¢,x,v) dz dv représente le nombre probable de particules
dans I’élément de volume dz dv centré en (x,v). En absence de champ de force extérieur
agissant sur les particules, f vérifie I’équation de Boltzmann (cf. [16, 17, 56])

avec
Qs(f, /t,x,v) = //R3 . B(v —v*,w)(f'f; — ff*) dw dv,, (1.1.2)

ol B est une fonction positive que l'on précisera par la suite et ou les notations f, f,,
f et fl désignent la méme fonction f prise en différentes variables, i.e., f = f(t, z,v),
fo= f(t,z,v.), ' = f(t,x, V), fi = f(t,x,v)). Les vitesses v et v, représentent les vitesses
des particules avant collision tandis que v et v, désignent les vitesses apres collision.
L’élasticité des collisions se traduit, au niveau microscopique, par la conservation de la
quantité de mouvement et de I’énergie cinétique du systeme constitué des deux particules
qui collisionnent. Plus précisément, on a

vt+v, = v+, (1.1.3)

N e (1.1.4)

Ces équations forment un systeme de quatre équations a six inconnues. Les vitesses post-

collisionnelles peuvent donc étre décrites en fonction des vitesses pré-collisionnelles et d'un
parametre w € S? de la maniére suivante :

vV=v—[(v-u) ww, et vy =0+ [(v—) - w]w. (1.1.5)

La géométrie de la collision est résumée par la Figure 1.1.

L’opérateur (1.1.2) est un opérateur quadratique qui n’agit que sur la dépendance en
vitesse de la fonction f. Il décrit les interactions entre les particules et peut étre interprété
de la maniere suivante. On le sépare formellement en deux parties, un terme de gain et
un terme de perte :

avec

Q5(f, D(t,,v) = // Bl v fde o,
Qé(fa f)(t,x,v) = //]RS o B(U—’U*,w)ff* dw duv,.
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Le terme de gain Q} correspond aux particules qui acquierent la vitesse v lors d’une
collision alors que le terme de perte Q5 correspond aux particules de vitesse v qui perdent
cette vitesse au cours d’une collision.

La section efficace

F1c. 1.1 — Représentation des vitesses dans I’espace des phases

La fonction B(z,w) est une fonction mesurable positive, appelée section efficace de
collision qui ne dépend que de |z| et de |z - w|. Etant données deux particules de vitesses
v et v, qui collisionnent, B(v — v,,w) peut étre interprété comme une mesure de proba-
bilité sur tous les choix possibles du parametre w. On s’intéresse principalement a deux
interactions de natures différentes : le modele des spheres dures et le cas des potentiels
intermoléculaires.

Dans le modele des spheres dures, les particules sont supposées rebondir les unes sur
les autres comme des boules de billard. On peut alors déterminer de maniere explicite la
section efficace (cf. [16, 18]), qui s’écrit

B(z,w) = |z - w|.

Dans le cas des potentiels intermoléculaires, deux particules se repoussent par des
forces proportionnelles a 1/r° avec s > 2, r désignant la distance entre les particules. La
section efficace de collision s’écrit alors (cf. [16, 18])

B(z,w) =|2]7b(0) avec 6 =7 —2Arccos (’Z|ZTU|) et = %, (1.1.6)
ou 6 désigne I'angle de déviation relative de la particule lors de la collision (cf. Figure 1.1).
Il est d’usage de classer les potentiels selon la valeur de I'exposant 7. On distingue alors
les potentiels durs (0 < v < 1), les potentiels mous (—3 < v < 0), le potentiel maxwellien
(v = 0) et le potentiel coulombien (7 = —3). La fonction b est réguliere sauf en § = 0 ou
elle présente une singularité,

sin(6/2) b(6) °<° ¢ 903/, (1.1.7)
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En particulier, dans le cas coulombien, on a

W) = —o

sin®(0/2)

La fonction b étant non intégrable en 0, il faut pouvoir donner un sens a l'intégrale
de (1.1.2). Une hypothese classique permet d’éviter cette difficulté en tronquant B et
en supposant, par exemple, que B est intégrable par rapport a la variable angulaire.
C’est I’hypothese de troncature angulaire de Grad. Dans le cas des fonctions f régulieres,
I'expression f'f’— f f, est d’ordre 2 en @ et I'intégrale sur S? est alors bien définie, sauf pour
le potentiel coulombien. Sans hypothese de régularité sur f, I'utilisation d’une formulation
faible de (1.1.1) permet, de maniere similaire, de donner un sens & l'intégrale sur S? dans
le cas non coulombien.

Les estimations a priori

Rappelons maintenant quelques propriétés formelles bien connues de 1’équation de
Boltzmann. Le changement de variables qui consiste a échanger les vitesses pré-collision-
nelles et post-collisionnelles (v, v,) — (v, v),) est involutif et de jacobien 1. Par conséquent,
pour toute fonction test ¢, on a

. Qs(f, f)(v) e(v)dv
- 1///R B(v—v,w)(f'fi = ) (¢ + e — ¢ = ¢.)dwdv, dv.

4 3xR3%xS2
On déduit alors de la conservation de la quantité de mouvement (1.1.3) et de I’énergie
cinétique (1.1.4) que

[ QoFNW ey dr=0  pour o) = Lo,

Une des principales propriétés de I’équation de Boltzmann est son irréversibilité au
niveau macroscopique. Au niveau microscopique, les collisions sont réversibles. Cependant,
au niveau macroscopique, ’entropie de la fonction f, définie par

S(f) = g f(w)In(f(v)) dv, (1.1.8)

se dissipe. En effet, en multipliant I’équation de Boltzmann (1.1.1) par In(f) et en intégrant
par rapport aux vitesses, on obtient, formellement, I’équation locale de dissipation de
I’entropie
OS(f) +Va- | v f(v)In(f(v))dv = Dg(f),
R3
ol

Do(f) = | Qs(F. ) (f()) do

_ _1 B ot f/ﬁ‘/<
— 4///]1@3XR3XS§(U U*,w)(f I ff*) ln(ff*) dw dv, dv.
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Comme (z — y)In(xz/y) > 0 pour tout x,y > 0, on a Dg(f) < 0, avec égalité si et
seulement si f est une maxwellienne

M(v) = exp(a+b-v— cv]*), (1.1.9)

ot a € R, b € R® et ¢ € R,. Plus précisément, si f est une fonction positive de L'(R?),
on a (cf. [16]) I'équivalence suivante

Qe(f,f)=0 <= Dp(f)=0 <= f(v)=expla+b-v—_co]?).

Alors, —Dp(f) peut étre interprété formellement comme une sorte de distance a ’ensemble
des maxwelliennes. Les coefficients a, b et ¢ de (1.1.9) peuvent étre exprimés en fonction
de grandeurs macroscopiques. Plus précisément, la maxwellienne (1.1.9) peut étre écrite
sous la forme

_ P uP/er)
M(”) - (27TT)3/26 )
ou la densité p, la vitesse macroscopique u et la température 7" sont données par
p= [ M(v)dv, pu:/ v M(v) dv et p]u\2—|—3pT:/ lv|* M (v) dv.
R3 R3 R3

L’irréversibilité de I’équation de Boltzmann se traduit de plus par la convergence (en temps
grands) des solutions du probleme de Cauchy associé a (1.1.1) vers une maxwellienne.

1.1.2 L’équation de Landau

Le modele de Boltzmann est adapté aux cas des particules neutres ou de plasmas
faiblement ionisés ot les interactions charge-neutre sont les plus fréquentes. Dans le cas des
plasmas completement ionisés, en raison de la décroissance relativement lente de la force de
Coulomb avec la distance, les interactions lointaines correspondant aux interactions entre
particules chargées sont dominantes. Elles correspondent a de petits angles de déviation,
c’est a dire que (v — vy) - w est proche de 0 (collisions rasantes). Cela résulte en une forte
singularité de la section efficace. Il est alors nécessaire d’introduire un nouveau modele,
celui de Landau (cf. [18, 56]), qui permet de tenir compte de l'effet de ces collisions
dominantes et s’écrit

Wf+v-Vaof =Qu(f. f), (1.1.10)

ou l'opérateur de collision est donné par

Qrlf, )t x,v) =V, [ Jo—v (v —v)(f(v) V@) = f(0)Vf(v.)) dv,, (1.1.11)

R3
avec .
IL;;(2) = i — |1—|é, 1<i,j<3. (1.1.12)
z
Le cas v = —3 correspond a l'interaction coulombienne, c’est le cas le plus utilisé en

physique, notamment pour la modélisation des systemes de particules chargées (plasmas).
Cette équation se généralise au cas ou —3 < v < 1. Comme pour I’équation de Boltzmann,
on distingue alors le potentiel coulombien v = —3, les potentiels mous —3 < v < 0, le
potentiel maxwellien v = 0 et les potentiels durs 0 < v < 1.
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Les estimations a priori

L’équation de Landau vérifie des propriétés similaires a celles satisfaites par I’équation
de Boltzmann. Pour toute fonction test ¢, on a

[ aur.nwew)
R3
1
== // v — v, H(v —v) (V= fV[,) (Vo = Ve,) dv, dv.
2 R3 xR3
Comme II(2) est la projection orthogonale sur (Rz)*, on déduit que

. QL(f, )W) p)dv =0 pour (v)=1,v,[vf"

Comme pour 'équation de Boltzmann, on définit I’entropie de f par (1.1.8). On déduit
alors ’équation locale de dissipation de ’entropie

9S()+ V- [ v f) () dv=Du(),

DL(f) = - QL(fa f)('U) hl(f(’l)))dv,

1 o en v/ Vf)(V_f_Vf*)
2//RSXR3'“ o ) £ <f i)\ ) e

Comme la matrice II est semi-définie positive, on a Dy (f) < 0.

L’asymptotique des collisions rasantes

L’équation de Landau peut étre vue comme une approximation de I’équation de Boltz-
mann lorsque les collisions rasantes sont prédominantes. D’apres (1.1.6)-(1.1.7), dans le
cas des potentiels intermoléculaires, lorsque la section efficace de collision B est exprimée
en fonction de 6, elle présente une singularité en # = 0, ce qui correspond aux faibles
déviations, c’est a dire aux collisions rasantes. Dans le cas des particules chargées, ces
collisions rasantes sont dominantes. Ainsi, dans le cas coulombien, l'intégrale en 6 diverge
de maniere logarithmique, ce qui a amené Degond et Lucquin-Desreux [23] a considérer
I'opérateur

5 o cos(0/2) , ., .,

qui correspond a une troncature du cas coulombien. En effectuant un développement
asymptotique de f'f. — ff. lorsque # — 0, ils ont montré que, pour une fonction f
suffisamment réguliere, on a

Qz(f. () =7T|1n(5)|vv./R

(v —v.) (f.Vf = [V[.)dv.+O(1),

s |V — vy
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quand ¢ tend vers 0. On retrouve donc 'opérateur de Landau en premiere approximation.

Dans le cas non coulombien, Desvillettes [24] a considéré une asymptotique de 1'opéra-
teur (1.1.2) quand la section efficace de collision B se concentre autour de § = 0. Il a
introduit la famille de sections efficaces

N 1 - 0
B (v —v.|,0) == B — v, — |,
(o= 0.6) = 5 B (o= ul.)

et la famille d’opérateurs de collision associée

Q5 (f. f)(w /R/ /WBE (o—v.l,0)(f'f/ — [1.) dipdb dv,, (11.14)

ot B désigne la fonction définie par B(|v — v,|,0) = sin@B(v — v,,w) et prolongée par 0
sur R, x R. En effectuant un développement asymptotique de f'f. — f f. lorsque 8 — 0,
Desvillettes a alors obtenu, pour une fonction f et une section efficace B suffisamment
régulieres que

Qp(f, f)v) =V, /R Ao = v)o = v Ti(v = 0)(f.Vf = [V [,) dv. + O(e)

quand ¢ tend vers 0, avec

A(|2]) = g/; 02B(|z|,0) do

Dans le cas des forces en 1/r® décrit dans (1.1.6), on retrouve l'opérateur de Landau.

Plus récemment, cette asymptotique développée séparément par Degond et Lucquin-
Desreux d’une part et Desvillettes d’autre part a été rendue plus précise. En effet, il a
été démontré que les solutions des équations de Boltzmann correspondant aux opérateurs
(1.1.13) et (1.1.14) convergent vers une solution de I’équation de Landau, aussi bien dans
le cas spatialement homogene [41, 70] que dans dans le cas inhomogene en espace [4].

La théorie mathématique des équations de Boltzmann et Landau est tres avancée. Elle
comporte notamment des résultats d’existence, d’unicité, de propagation de moments, et
de retour vers 1’équilibre, ... Nous ne détaillerons pas ces résultats ici. Le lecteur intéressé
pourra consulter, par exemple, [16, 17, 71] et les références incluses.

1.1.3 Variantes de 1’équation de Boltzmann
L’équation de Boltzmann quantique

Dans certains cas (gaz constitués de particules légeres, basse température), les effets
quantiques ne sont pas négligeables et doivent étre inclus dans la description (cf. [18]). Tl
ne s’agit pas d’utiliser une description quantique a 'aide d’une fonction d’onde ou dune
transformée de Wigner. Les effets quantiques sont pris en compte au niveau de I'opérateur
de collision. Pour étre plus précis, supposons tout d’abord que le gaz est constitué de
particules de Fermi-Dirac. Ces particules doivent satisfaire au principe d’exclusion de
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Pauli. Par conséquent, une collision entre deux particules ne peut avoir lieu que si elle
fait passer les particules dans des états qui ne sont pas déja occupés. Si, au contraire,
on considere des particules de Bose-Einstein, une collision entre deux particules qui fait
passer ces deux particules dans des états qui sont déja occupés a plus de chance d’avoir
lieu. L’équation de Boltzmann quantique s’écrit

Wf+v-Vof =Qpol(f), (1.1.15)

ou
QRpo(f)(t,z,v) = //R3 SQB(U—U*,w){f’fl(1—5f)(1—5f*)—ff*(1—5f’)(1—5fi)}dwdv*.
(1.1.16)

Comme pour I"équation de Boltzmann, les vitesses v' et v/, sont données par (1.1.5) qui
constitue une paramétrisation des solutions du systeme constitué de (1.1.3) et (1.1.4). On
a conservé ici les notations f, f., f’ et f. introduites dans la Section 1.1.1. La section
efficace B vérifie les mémes propriétés que celle de I’équation de Boltzmann classique (cf.
Section 1.1.1).

Le parametre § vaut 0, 1 ou —1 (apres renormalisation). Le cas § = 0 correspond
au cas classique de I’équation de Boltzmann. Les cas 6 = 1 et 6 = —1 correspondent
respectivement aux cas des particules de Fermi-Dirac et de Bose-Einstein.

Rappelons maintenant quelques propriétés formelles de (1.1.15), certaines étant si-
milaires a celles de I’équation de Boltzmann classique. En multipliant (1.1.16) par une
fonction test ¢ et en effectuant les mémes opérations que pour l'opérateur de Boltzmann
classique, on obtient

R3QBQ(f)< o)l ///R3 R3 xS2 Blo—wv.,w )(SO—FSO* ¥ _SO*)
ff (1=6f)(1—0f) — ff(l—5f)(1—5f))dwdv*dv.

Puisque les vitesses v, v,, v’ et v) satisfont (1.1.3) et (1.1.4), il vient que

g Qpo(f)(W)pw)dv =0 pour ¢(v) =1v,v[*

Dans le cas des particules de Fermi-Dirac (§ = 1), le principe d’exclusion de Pauli
implique qu’une solution de (1.1.15)-(1.1.16) vérifie 0 < f < 1 des que la condition
initiale vérifie cette borne. Dans ce cas, ’entropie est définie par

Sen(f) = = [ (@) + (L= F) (L - ) do (1.1.17)

En raison de la borne sur f, 'entropie est positive (le choix du signe moins a été fait
de maniére a manipuler une quantité positive). De plus, il suffit que la fonction f soit
d’énergie finie pour que I'entropie soit finie. En effet, puisque la fonction s : 7+ r |Inr| +
(1 —7)|In(1 — )| est concave, on a 'inégalité

s(f(©)) < f(v) |of* + e,
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pour tout v € R*. La multiplication de (1.1.16) par In(f) — In(1 — f) et I'intégration par
rapport a la vitesse conduisent a I’équation de dissipation de ’entropie

0:Spp(f) = Voo | v f(v)(In(f(v)) —In(1 = f(v))) dv = Dgrp(f),

R3

Dprp(f) = . Qprp(f)(W)(In(f(v)) —In(1 — f(v))) dv
B i///R 2 BSQ(U =0, w) D L1 = )L = fo), [ (1= [)(L = f1)) dw dv, dv,

avec I'(z,y) = (z — y)In(xz/y). Comme pour I'équation de Boltzmann, on déduit que
Dprp(f) > 0. De plus, on a égalité si et seulement si f est une distribution de Fermi-
Dirac, c’est a dire de la forme

—blv—wvp|?

fw)

ae
14 ae~tlv—wol?’

avec a,b > 0 et vy € R? ou si f est une fonction caractéristique d’une boule de R? (cf. [59]).

L’équation de Boltzmann pour les particules de Fermi-Dirac a fait, pour l'instant,
I'objet de peu de travaux. Dans le cas spatialement inhomogene, des théoremes d’existence
ont été obtenus par Dolbeault [28] sous I'hypothese que B € L'(R? x S?) et Lions [57]
dans le cas ou B(z,6) est intégrable en 6 et localement intégrable en z. Finalement,
Alexandre [2] a montré, dans le cas spatialement inhomogene, 'existence de solutions
pour les potentiels durs et les potentiels mous en tronquant B pour des vitesses relatives
petites. Le cas spatialement homogene a été considéré par Lu [59] pour des sections
efficaces de collision de la forme B(z,w) = b(A)|z|” ot —3 <y <1 et

/ " n(8) b(8) b < oo.

La caractérisation des états d’équilibre et le retour vers 1’équilibre en temps grand ont
également été traités récemment par Lu et Wennberg [59, 61].

Dans le cas des particules de Bose-Einstein (§ = —1), entropie est définie par

See(f) = [ (F@I(() = (14 F@)In(1 + F(0))) v

La multiplication de (1.1.16) par In(f) —In(1+ f) et I'intégration par rapport a la vitesse
conduit a I’équation de dissipation de ’entropie

OSpe(f)+ Ve [ vf(w)(In(f(v)) —In(l+ f(v))) dv = Dppe(f),

R3
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Duwe(f) = | Qune(£)(0) (In(f() = n(1+ £(0))do
— 1 (][, Bo— e TR+ D0+ L) L0+ 10+ 1) dode.do

<0

Formellement, si f est une fonction réguliere et si Dgpr(f) = 0, alors f est une distribu-
tion de Bose-Einstein, c’est a dire de la forme

ae—b|v—vo|2

o) = 2,

1 — geblv—o

avec 0 < a <1,b> 0 et vy € R?. Contrairement au cas classique et au cas des particules
de Fermi-Dirac, la distribution de Bose-Einstein présente une singularité dans le cas ou
a=1.

Comme pour 1’équation de Boltzmann-Fermi-Dirac, I’équation de Boltzmann-Bose-
Einstein présente une forte non-linéarité. En revanche, contrairement a 1’équation de
Boltzmann-Fermi-Dirac, les solutions de 1’équation de Boltzmann-Bose-Einstein ne satis-
font pas de borne L. Elles ne satisfont pas non plus de borne L log L puisque I’entropie
est sous-linéaire. Tout ceci complique ’analyse. Pour l'instant, seul le cas des solutions
isotropes a été étudié [58, 35, 60].

L’équation de Boltzmann relativiste

Dans le cas ou la vitesse des particules n’est pas négligeable par rapport a la vitesse
de la lumiere ¢, la mécanique classique doit étre remplacée par la mécanique relativiste.
L’équation de Boltzmann se généralise au cas de la relativité restreinte [39, 44, 51]. Une
particule relativiste de masse m et d’impulsion p a pour énergie

_ _ 2 _ o ‘pP
elp) =cym?e +pP=yme, avec  y=7(p) =1\/1+ 5,

et pour vitesse
p

my(p)
Considérons une collision élastique de deux particules d’impulsions p et p, et notons p’ et

p, les impulsions de ces deux particules apres collision. On a, comme dans le cas classique,
conservation de 'impulsion

v(p) = Vpe(p) = (1.1.18)

p+p. =0+, (1.1.19)

et de I'énergie
e(p) +lp.) = e(p) +e(pl,). (1.1.20)
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Ces équations forment un systeme de quatre équations a six inconnues. Les impulsions
post-collisionnelles peuvent donc étre décrites en fonction des impulsions pré-collisionnels
et d'un parametre w € S* de la maniére suivante (cf. [35]) :

+p. 1 —1
Po= B Vel + () = Plp - pP - dmid (ijIVV!2 VVTw)’

N 1 -1
e CT R e e Tl (R e G ]

ou

. 1
 (p+p)e ot

e(p) +e(p.)’ Ve

Si I'on considere un gaz composé de particules identiques, la fonction de distribution
(t,z,p) — f(t,z,p) associée a ce gaz vérifie I’équation de Boltzmann relativiste (cf. [39,
44, 51])

avec

Qe D) = [[ a8 = 1) dp.

Ol\l f = f(tamap)a f* = f(tvxap*)a f/ = f(taxvp,)a fl = f(taxap:«)a g désigne la section
efficace, vy la vitesse de Mgller

2 2\ 1/2
_ EEx —C° D Px 5 v xu
vt (P, ps) = [vrel = v —v,]" — — 7
*

ou e = &(p), €. = €(ps), v = v(p) et v, = v(ps) et ou la vitesse relative v, de deux
particules correspond, dans le cas relativiste, a la vitesse d’une particule dans le référentiel
de repos de 'autre particule. Sa norme s’écrit

\/|v — v, ]2 — —|UXCZ*‘2

1 Uk )

et est, en général, différente de |v — v,|. Dans la limite classique ¢ — +o00, la vitesse de
Mpller tend vers la vitesse relative classique |v — v,].

La forme de I'équation (1.1.21) est similaire a celle de 1’équation de Boltzmann clas-
sique. Le caractere relativiste intervient dans la relation (1.1.18) qui lie I'impulsion a la
vitesse et dans la définition de la vitesse de Mgller. Elle intervient également implicitement
dans la définition de la section efficace o, qui est une fonction de

€+ &y 2
SZ%—!MM\Q,

et de l'angle de déviation 6 (dans le référentiel du centre de masse) défini par

(e-e)(& )= p—p) - =p)
(e—2)" = lp—p.P?

cosf =
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L’équation de Boltzmann relativiste vérifie des estimations a prior: similaires a celles
satisfaites par I’équation de Boltzmann classique. Une des différences principales est que
le jacobien de l'application (p,p.) +— (p/,p.) n'est pas égal a 1 dans le cas relativiste.
Cependant, comme

om(p, pe) = vm(p', pl)

on obtient la formulation faible suivante
1
Alf N e o= [[[ oo (1= £+ o~ ¢ - o) dpdp. do.
R3 R3 xR3 xS2

On déduit a l'aide de (1.1.19) et (1.1.20) que la masse, I'impulsion et I’énergie sont des
quantités localement conservées.
En multipliant (1.1.21) par In(f), on obtient la dissipation locale

S(f)+Va- | wlp) f(p)In(f(p)) dv = Dr(f),

R3
de I’entropie
S(f) = g f(p) In(f(p)) dp.

avec

Da(f) = [ Qalf. o) () dp
_ _i///IRSXRSXngM(f’f;—ff*) In (ff]{) dw dv, dv.

Comme pour I’équation de Boltzmann classique, on a Dg(f) < 0. Formellement, Dg(f) =
0 si et seulement si f est une maxwellienne relativiste

f(p) = expla+3-p—ve(p)),

ola€eR, feR et vyeER,.
L’équation de Boltzmann relativiste a pour l'instant été peu étudiée. On peut, par
exemple, consulter [32, 40, 5, 45].

L’équation de Kac

Le modele de Kac est un modele simplifié de I’équation de Boltzmann. C’est un modele
non linéaire posé en dimension un et introduit par Kac [46]. Il considere un ensemble de
N particules ponctuelles de vitesses unidimensionnelles v; € R, i = 1,..., N vérifiant

v? 4 -+ 03 = N.

A des intervalles de temps exponentiellement distribués, deux particules sont sélectionnées.
Elles collisionnent et leurs vitesses v; et v; prennent respectivement les valeurs v; et vz-, ol
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. , . 2 2 . . . , .
v; et v} sont solutions de I'équation v} +v7 = vj"+v". Il y a ainsi conservation de I’énergie
cinétique totale de ’ensemble des N particules. Les vitesses v} et v} sont obtenues a partir
des vitesses v; et v; par une rotation de R% On a

= v;cosf —v;sind, (1.1.22)
= v;sin6f + vj cosb, (1.1.23)

!
U;

/
Yj

ou 0 est choisi & partir d’une distribution uniforme sur (—m, 7).
Notons ¥ la densité correspondant a I’ensemble des N particules ponctuelles évoluant
suivant le modele ci-dessus. Alors, ¥y vérifie

OUN(t, V)= K(Wy)(t, V),
ol V= (vy,...,ux) €SNI (V/N) et K est I'opérateur linéaire donné par
K(WUy)=N(K —I)(Uy), (1.1.24)

opérateur I étant 'opérateur identité et K étant défini par

f((\I!N)(t,V):(];)l > /_ :\pN@,Ri,j(Q)V)de,

1<i<j<N

avec RZ’](Q)V = (Ul, ce ,U;, ce 7'1};, ce ,'UN).
On définit alors

1 —
fN(tvvl) - /§N2( N_v%) \IIN(t7U17U27"‘7UN) do—(v%"'aUN)? (1125)

olt do(vy,...,vy) est 'élément de surface sur S¥=2(y/N — v?). Kac a prouvé que, sous

tai diti la donnée initiale, la fonction f\ 1 N tend
certaines conditions sur la donnée initiale, la fonction fy converge, lorsque end vers
Iinfini, vers une solution f de I’équation de Kac

Oif(t,v) = Qr(f, f)(t,v), teR,veER, (1.1.26)

ou 'opérateur de collision Qi est donné par

Que(f. f)(t,0) = / / PN~ F(6 0 f(10) - d0dv,. (1127)

En multipliant (1.1.27) par une fonction test ¢, on obtient

[axtrnwetwio = [[ [ @-in) oo~ o) dbav.do. (1128)

Il y a conservation de I’énergie au cours de chaque collision donc on déduit que

/R Qxlf. W) o) dv=0  pour (v) =1, v
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On a donc conservation globale de la masse et de 1’énergie

d d
%/Rf(t,v)dv:() et a/ﬂ@f(t,v)\vlzdvzo.

En revanche, il n’y a, en général, pas conservation de la quantité de mouvement (sauf si
elle est nulle initialement).
Le choix ¢ = In f dans (1.1.28) conduit &

D(f) = / Qu(f, F)(v) In(f(v))dv

_ _%/AXR/_Z(f’fi—ff*) In (J}J{) dfdv. dv < 0.

En multipliant (1.1.26) par In f et en intégrant par rapport a la variable vitesse, on obtient
la dissipation d’entropie

d

TSN =D =0, avee S = [ f@)mfw)de

Les états d’équilibre de ’équation de Kac sont les maxwelliennes centrées M (v) = ae~cll,

oua,c € R,.

L’existence de solutions de ’équation de Kac (1.1.26) a été démontrée dans [25] ou
Desvillettes a généralisé l'opérateur de collision de Kac au cas de sections efficaces non
intégrables. Il a introduit 'opérateur

Qwc(f. )t 0) = / / (P FtL) — (o) f(t0.)) b(6) dB do.,
. bO) =67, e (—mm), ac02)

Des résultats d’existence, d'unicité, de régularité, de positivité et de retour vers 1’équilibre
ont été démontré pour cette équation de Kac sans “cut-off” (cf. [25, 38, 36]).

1.2 Analyse mathématique de quelques modeles issus
de la théorie cinétique

1.2.1 L’équation de Landau-Fermi-Dirac

Tout comme I’équation de Boltzmann classique, 1’équation de Boltzmann quantique
(cf. Section 1.1.3) est adaptée aux cas des particules neutres ou de plasmas faiblement
ionisés. En revanche, dans le cas des plasmas completement ionisés, il faut tenir compte
de la prépondérance des collisions rasantes. L’asymptotique des collisions rasantes décrite
dans la Section 1.1.2 conduit alors a ’équation de Landau quantique

Of +v-Vof =Qro(f),
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avec
Qualf)(t,0) = Vo [ o =010 = 0){ .00 = 3£V = F(1 = 8/)V . } du,
R
ou la matrice II est définie par (1.1.12). On rappelle que le cas § = 0 correspond au
cas classique de I’équation de Landau et que les cas 6 = 1 et § = —1 correspondent

respectivement aux cas des particules de Fermi-Dirac et de Bose-Einstein. Dans le cas
0 = 1, cette équation a également été introduite pour modéliser des particules auto-
gravitantes [19, 47].

On ne considere ici que le cas des particules de Fermi-Dirac, c’est a dire le cas § = 1. On
parle alors d’équation de Landau-Fermi-Dirac (LFD). Dans le Chapitre 2, on s’intéresse
au probleme de Cauchy pour I’équation de LFD dans le cas spatialement homogene. Elle
s’écrit alors

of =Qrrp(f), (1.2.1)
ol
Quen(N(E0) = Vo | o= P Tw—v){£.0-£IVf = fQ = )V} dv.. (12:2)
R3
L’équation (1.2.1) est complétée par la condition initiale

£(0) = fin, ot fin € LA(R?), et 0< fin<1 pp., (1.2.3)

ot Li(R3) := LY(R3; (1 + |v|*) dv). Comme pour I’équation de Boltzmann-Fermi-Dirac, le
principe d’exclusion de Pauli implique que les solutions f de ’équation de LFD vérifient
les bornes 0 < f < 1 des que cette condition est satisfaite par la donnée initiale.

On retrouve le méme type d’estimations a priori que pour les équations de Boltzmann
et Landau classiques. En effet, en multipliant (1.2.2) par une fonction test ¢, on obtient

[ QD)o
_ _% //R . v — v I(v —v) (fo(1 = fOVF = F(L= F)VE,) (Ve — V,) dv. dv.

Comme la matrice II vérifie Ker(Il(z)) = Rz, on déduit que

. Qrrp(f)(v) p(v)dv =0 pour (v) = 1,0, |v]?

ce qui permet d’obtenir, formellement, la conservation de la masse, de la quantité de
mouvement et de ’énergie.

Pour I’équation de LEFD, I’entropie est donnée par (1.1.17) et le terme de dissipation
d’entropie s’écrit alors

Drrp(f) = QLFD(f)[lﬂ(l—f)—lﬂf} dv

R3

1
= —// (v — v,)|v — v,
2 R3xR3

(f*(l — fOVf—f(1— f)vf*) ( Vf V7.

fa—f  f0-1f)

) dv, dv.(1.2.4)
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La matrice Il est semi-définie positive, donc Drprpp(f) > 0. On obtient I'équation de
dissipation de l’entropie

d
%SFD(]C) = Drrp(f) = 0.
Les Chapitres 2 et 3 correspondent respectivement aux articles [7] et [10]. Avant de

présenter les résultats de ces chapitres, on introduit quelques notations. On définit, pour
(i,4) € [1,3]7,

ZiZi
as;(2) = |2+ (cx-,j - W) () =Y dhaisl(s) = 204 =
k

ot c(z) = Ofar(z) = —2(v+3) 2]
k,l

Avec les notations
by = b f, c=cxf, Zi,j:(li,j*(f(l—f))7 et Ei:bi*(f(l_f))a

I'équation de Landau-Fermi-Dirac (1.2.1) s’écrit

Of =) A 0% f+(B—=b(1—2f))-Vf—cf(1-f).
i

L’équation de LFD a pour l'instant été peu étudiée. Danielewicz [22] a obtenu de maniere
formelle le modele de LED & partir de celui de Boltzmann-Fermi-Dirac et Lemou [54]
a effectué une analyse spectrale de 1'équation de LFD linéarisée. On s’intéresse ici au
probleme de Cauchy de (1.2.1)-(1.2.3) pour les potentiels durs et maxwellien (0 < < 1)
dans le cas spatialement homogene. A premiere vue, la borne L satisfaite par les solutions
de (1.2.1) simplifie 'analyse en comparaison avec I’équation de Landau classique ou 1'on
a seulement une borne Llog L. En fait, alors que la compacité faible est suffisante pour
I’équation de Landau classique, on a besoin ici de compacité forte pour traiter le terme
f(1 — f). Dans le Chapitre 2, on montre le théoreme d’existence et d’unicité suivant :

Théoréme 1.2.1 Soit v € [0,1]. Supposons que fi, vérifie (1.2.3) et que fi, € Ly, (R?)
pour un certain sy > 1. Alors, il existe une solution faible f de (1.2.1)-(1.2.3) vérifiant,
pour tout t € R,

_ , 2 5 2
ft,v)dv = g fin dv, /]RS ft,v) |v|*dv /R3 fin [0|* dv

RS
et

f(l - f) S Llloc(R-i-; L%soJrfy (R?)))? f S L?OOC(RJr; L%so (R?’)) N LIQOC(R+; H2150 (R?)))

Si on suppose également que so > 1+ /2, alors t —— S(f)(t) est une fonction
croissante et

Sin = S(fin) < S(f)(t) < Ejp + 72 pour tout t € R,

De plus, pour 2sq > 4y + 11, cette solution est unique.
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Dans I’énoncé de ce théoreme, on a utilisé les notations suivantes : pour s € R, p > 1 et
k € N, on pose

1, = [ 5@P Qe loP)do e i = 3 [ jorfef (i o) de,

0<|e| <k

ol a = (iy,19,13) € N3, |a| = i) + iy + iz et O%f = 0202 f.

La preuve de I'existence d’une solution est adaptée des démonstrations effectuées dans
[6] et [26] pour 'équation de Landau classique. L’équation de Landau-Fermi-Dirac, tout
comme |’équation de Landau classique, présente deux difficultés : ses coefficients sont a la
fois non bornés et non locaux. Il s’agit donc de considérer un probleme approché dont les
coefficients sont bornés mais toujours non locaux. Les solutions de ce probleme approché
sont obtenues par un argument de point fixe a partir d’un probleme aux coefficients bornés
et locaux. On prouve des estimations uniformes et on passe ensuite a la limite a I’aide d'un
argument de compacité forte. Cette compacité est en fait une conséquence de l'ellipticité
uniforme de la matrice A, que nous énoncons maintenant.

Soient Ey > 0 et Sy > 0. Désignons par Y(Ey, Sy) 'ensemble des fonctions f €
LI(R3) N L=(R3) telles que 0 < f < 1 p.p. et

/Rgf(v) lv|*dv < E, S(f) > So.

Proposition 1.2.2 Soit v € [0,1]. Soit f € Y(Ey,So). Alors, il existe une constante
K > 0, ne dépendant que de v, Ey et Sy, telle que

S A &6 > K1+ )PP, veR? ¢eR
1,3

La preuve de cette proposition est basée sur la démonstration de [26] sauf pour la premieére
étape. En effet, pour I’équation de Landau classique, la premiere étape consiste a mino-
rer | B f dv par une quantité strictement positive, ce qui est élémentaire a 'aide de la
conservation de la masse et de ’énergie (Bg désigne la boule de centre 0 et de rayon R
de R?). Pour I'équation de LFD, il faut minorer [ Bx f(1 = f)dv par une quantité stric-
tement positive et 'argument précédent ne suffit plus, le probleme étant les points ou f
est voisin de 1. L’information nécessaire sur I'ensemble {v € R3; f(v) ~ 1} est contenue
dans 'entropie.

En ce qui concerne la preuve de I'unicité, elle suit les mémes étapes que celle de [26)]
mais comme @ (f) n’est pas quadratique, elle nécessite des résultats d’injection dans des
espaces de Sobolev a poids.

Dans le Chapitre 3, on détermine de maniere rigoureuse les états d’équilibre de (1.2.1).
Pour I'équation de Boltzmann-Fermi-Dirac, Lu [59] a montré que les états d’équilibre sont
de deux types : les distributions de Fermi-Dirac et les fonctions caractéristiques de boules
de R3. Comme pour 1’équation de Boltzmann-Fermi-Dirac, il devrait y avoir deux classes
d’états d’équilibre pour ’équation de Landau-Fermi-Dirac, la classe des distributions de
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Fermi-Dirac et une classe d’états d’équilibre dégénérés. Nous allons préciser cette affirma-
tion. Commencons par rappeler la définition d'un état d’équilibre. Les états d’équilibre
sont les fonctions qui annulent le terme de dissipation d’entropie (1.2.4), mais il faut pou-
voir donner un sens a ce terme. Pour toute fonction mesurable f vérifiant 0 < f <1 p.p.,

on pose
g=VFI0I—f) et p(f)= Arctan (V/F/1- ).

Alors p(f) appartient a L>(R?) et Vp(f) appartient a D'(R3 R?). On écrit alors (1.2.4)
sous la forme

/Rg Qe (f) [ln(l - lnf] dv

2]
R3xR3

On peut ainsi définir la notion d’état d’équilibre de la maniére suivante :

2

dv, dv.

(v — v,)|v — v,| @)/ [g*v(p(f)) —gV. (Mf*))}

Définition 1.2.3 On dit qu’'une fonction f € L*(R3) N L®(R3) est un état d’équilibre de
I’équation de LFD si 0 < f <1 p.p. et

(v — v,) [g* V(p(f)) —g V. (p(f*))} =0, dans D'(Q,R?), (1.2.5)
ot
Q= {(v,v.) € (R*)%v # v},
On remarque tout d’abord que toute fonction f € L'(R3) N L>(R?) qui vérifie

0<f<1pmp. et f(=f)=0p.p.

est solution de (1.2.5). Cela signifie que toute fonction caractéristique d’un ensemble me-
surable de mesure finie est solution de (1.2.5). On retrouve ainsi une classe d’équilibres
dégénérés comme pour I’équation de Boltzmann-Fermi-Dirac mais cette classe contient
strictement celle obtenue pour I’équation de Boltzmann-Fermi-Dirac. On se restreint main-
tenant aux fonctions qui satisfont (1.2.5) et

mes ({v € R*; 0 < f(v) < 1}) #0. (1.2.6)
On montre alors le théoreme suivant :

Théoréme 1.2.4 Les états d’équilibre de l’équation de LFD vérifiant (1.2.6) sont les
distributions de Fermi-Dirac, i.e. les fonctions de la forme :

—blv—Vp|?

ae

f) = ==
1 4 ae~tlv=10l

avec Vo € R? et a,b > 0.

La premiere étape de la preuve consiste a montrer que la fonction f est réguliere.
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Perspectives

L’équation de Landau-Fermi-Dirac a fait I'objet de si peu de travaux qu’il existe de
nombreuses voies de recherche a explorer. Un premier point sera de minorer (1— f) par une
constante strictement positive, ce qui permettra d’obtenir, dans le théoreme d’existence du
Chapitre 2, la méme régularité que dans [26]. Le retour vers I’équilibre, I’asymptotique des
collisions rasantes et le cas spatialement inhomogene sont également a étudier. Finalement,
le théoreme d’existence obtenu dans le Chapitre 2 ne concerne que le cas des potentiels
durs. Le cas des potentiels mous et plus particulierement le cas coulombien restent un
probleme ouvert et on peut espérer que I'existence de I'estimation L™ (0 < f < 1) rende
I’analyse plus accessible.

1.2.2 Les systemes de moments
Cas classique

Jusqu’a maintenant, nous avons considéré une description cinétique d’un systeme de
particules. Les particules sont alors décrites par une fonction de distribution qui dépend
du temps t € R, de la position z € R3 et de la vitesse v € R3. Par conséquent, une
simulation numérique d’une équation cinétique nécessite la discrétisation de 7 variables.
Elle est donc souvent tres cotiteuse en terme de temps CPU et de mémoire.

Un second niveau de description couramment utilisé est la description fluide. Les
particules sont alors décrites par la densité p, la vitesse u et la température T. Ces
grandeurs macroscopiques ne dépendent que du temps t et de la position x et satisfont
les équations hydrodynamiques (équations d’Euler ou de Navier-Stokes). Cependant, ces
équations supposent que le systeme étudié est proche de I'équilibre thermodynamique, ce
qui n’est bien str pas toujours réalisé.

Il est donc nécessaire de développer des modeles intermédiaires entre les modeles
cinétiques et les modeles fluides. Principalement deux approches sont utilisées : les déve-
loppements asymptotiques (méthodes de Hilbert et de Chapman-Enskog) et les méthodes
de moments.

Les méthodes de Hilbert et de Chapman-FEnskog sont utilisées lorsque le libre parcours
moyen est petit par rapport a la longueur caractéristique du systeme. Elles supposent que
la fonction de distribution peut étre développée autour d’une maxwellienne. Ces deux
méthodes supposent que le systeme est proche de 1’équilibre.

Les méthodes de moments sont obtenues a partir du choix d’un espace vectoriel M de
dimension finie de fonctions polynomiales de la vitesse v. Le systeme d’équations s’ob-
tient en multipliant 1’équation de Boltzmann par une base de I’espace M et en intégrant
par rapport a la variable de vitesse. Les inconnues sont les intégrales de la fonction de
distribution contre les éléments de la base de M. Par exemple, si Ml = vect(1, v, [v|?), on
obtient les équations locales de conservation de la masse, de la quantité de mouvement et
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de I’énergie :

o | ft,z,v)dv+V,- | f(t,z,v)vdyv = 0,

R3 R3
o | fit,z,v)vdv+V,- | flt,z,v)v@vdy = 0,
R3

R3

315/ f(t,x,v)|v|2dv+vx-/ ft,zv) |vPvdy = 0.
R3 R3

Les flux et les intégrales de I'opérateur de collision font intervenir des termes qui, en
général, ne peuvent pas s’exprimer en fonction des inconnues. Pour fermer le systéeme, un
choix de la fonction de distribution est nécessaire. Grad [42, 43] a proposé de fermer le
systeme par le développement en polynomes de Hermite suivant

f(t,z,0) = M(t,z,v) (Qo(t, ) Ho(v) + Q1 (t,z)H1(v) + Q3(t, z)Hs(v) + ... ),

avec

_ p(t, x) —(v—u(t,z))2/ (2T (t,x))
Mb2,v) = Gor oy © :

et

Qr(t,x) = f(t,z,v) Hi(v) do,

P (ta CL’) R3
ou les H; désignent les polynomes de Hermite en dimension 3 orthogonaux par rapport
au poids M. Cette approche a quelques inconvénients puisque la positivité de la fonction
de distribution n’est pas garantie et les systemes obtenus ne sont pas tous hyperboliques.

Levermore [55] a formalisé une fermeture basée sur la minimisation de I’entropie. Plus
précisément, il s’agit de fermer le systéme par la fonction f qui minimise entropie (1.1.8)
sous la contrainte que les moments

M;(t,z) = [ f(t,z,v) m;(v)dv, i=1,...,N, (1.2.7)
R3
solent fixés, ot (m;);=1,.. n est une base de M. Formellement, le théoreme des extrema liés
implique que
f(t,z,v) = exp(ay(t, z)m;(v)),

ou les «; sont déterminés par la contrainte (1.2.7) et ou les conventions usuelles de som-
mation sont utilisées. Dans ce cas, la fonction de distribution est positive et les systemes
obtenus sont toujours hyperboliques. Cependant, le probleme de la réalisabilité des mo-
ments se pose. En effet, étant donné un vecteur M(¢,xz) € RY, I'existence d'un vecteur
a(t,r) € RY tel que

M(t,z) = /}R3 exp(a(t, x) - m(v)) m(v) dv, avec  m = (m;)i=1...N,

n’est pas garantie.
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Dans cette stratégie, le choix de ’espace M doit répondre a certaines conditions. Tout
d’abord, on souhaite pouvoir retrouver les équations de la dynamique des fluides. On doit

donc avoir
1,v, |v|* € M. (1.2.8)

De plus, l'espace M doit respecter les symétries physiques, c’est a dire 'invariance ga-
liléenne. Etant donnée une fonction f vérifiant I'équation de Boltzmann (1.1.1), on définit,
pour tout vecteur u € R? et toute matrice orthogonale O, les actions du groupe galiléen

A.f et Aof sur f par
Auf(t,z,0) = f(t, o —ut,v—u) et Aof(t,z,v) = f(t,0Tz,0"v),

pour tout (¢,z,v) € R, x R? x R3, ot O désigne la matrice transposée de O. Alors, les
fonctions A, f et Ao f sont solutions de 1'équation de Boltzmann (1.1.1). L’espace M doit
étre compatible avec cette invariance. Cela signifie que si m € M alors les fonctions 7,m
et 7om définies par

T.m(v) = m(v — u) et Tom(v) = m(0™v),
doivent également appartenir a M. Pour la fermeture utilisée par Levermore, 1’espace M
doit satisfaire une derniere condition. On introduit le cone convexe

M, = {m eM: [ exp(m(v))dv < oo} .

RB
L’espace M doit étre admissible, c’est a dire que le cone M, associé doit avoir un intérieur
non vide dans M. L’espace aux 13 moments (1,v,v ® v, [v|*v) considéré par Grad est un
exemple d’espace non admissible. Seuls les polynémes m tels que m(v) — —oo quand
|u| — oo peuvent appartenir a M. Par conséquent, seuls les espaces de degré maximal
pair peuvent étre admissibles. Voici des exemples d’espaces M vérifiant les trois conditions
énoncées ci-dessus

degré maximal 2 vect(1, v, [v]?),

vect(1,v,v ® v),

vect(1,v,0 @ v,v @ v @, [v]!),
vect(1,v,v @ v,v @ v v, [v|*v ®v),

(
(
degré maximal 4 vect(1,v,v ®@ v, v [v]?, [u]*),
(
(
vect(1, 0,0 @0, Qv R v,v @V RV V).

Cas relativiste

Nous nous intéressons ici aux systemes de moments dans le cas relativiste. Le systeme
aux 14 moments vect(1,p,e(p),e(p)p,p ® p) a déja été étudié dans [13, 30, 44, 48, 64].
Dreyer et Weiss [30] se sont également intéressés a la limite classique de ce systeme.
Cependant, la détermination rigoureuse des espaces de moments qui sont compatibles avec
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la transformation de Lorentz n’a pas encore été considérée. C’est le but du Chapitre 4.
Dans le cas relativiste, un espace de moments M est un espace vectoriel de dimension finie
constitué de fonctions polynomiales de la quantité de mouvement p et de ’énergie (p).
Comme dans le cas classique, on souhaite que le systeme obtenu généralise les équations
de '’hydrodynamique relativiste. Par conséquent, I'espace M doit satisfaire

1,p,e(p) € M.

En mécanique classique, les changements de référentiels s’effectuent a 1’aide des transfor-
mations de Galilée. En relativité restreinte, ils s’effectuent grace aux transformations de
Lorentz. Soient R et R’ deux référentiels tels que R se déplace a la vitesse u € R3, |u| < ¢
par rapport a R’. Notons respectivement (¢, x) et (¢, 2’) les coordonnées spatio-temporelles
dans R et R'. Alors, on a (ct',2') = Ly,(ct, z) ou

Vo (00 50) e et Den) g bt (129)

c2 h”?
()

La fonction L, est appelée transformation propre de Lorentz. Etant donnée une solution
f de Péquation de Boltzmann relativiste (1.1.21), on définit, pour tout vecteur u € R?,
|u| < ¢ et toute matrice orthogonale O, les actions du groupe lorentzien B, f et Bof sur

f par

avec

Buf(ta x)])) = f(tla x/ap/) et BOf(t7 1'7]7) = f(t7 OTxa OTp)7
pour tout (¢, z,p) € Ry x R3 x R3, on ¢’ et 2’ sont donnés par (1.2.9) et olt

Alors, les fonctions B, f et Bof sont solutions de I'équation de Boltzmann relativiste
(1.1.21). L’invariance galiléenne est remplacée ici par I'invariance lorentzienne. Cela signi-
fie que si m € M alors les fonctions 7,m et Zom définies par

T.m(e,p) = m(e',p') et Tom(e,p) =m(e,0"p), ou & =v,(e+u-p),

doivent également appartenir a M. Comme dans le cas classique, on introduit alors le cone
convexe

R3

M, = {m eM: | exp(ml=(p),p))dp < oo} |

et la notion d’espaces admissibles. Le Chapitre 4 correspond au travail en cours [9]. On y
détermine les espaces de moments pouvant étre utilisés dans les méthodes aux moments,
c’est a dire les espaces M vérifiant les conditions suivantes :

(I) vect (1, p, €) C M,

(IT) M est invariant par les transformations 7, et 7o,
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(III) le cone M. a un intérieur non vide dans M.

On commence par considérer la condition (II). Comme les transformations propres de Lo-
rentz et les rotations dans I'espace des moments forment un groupe de Lie (cf. Annexe B),
on utilise la théorie de la représentation des groupes et algebres de Lie. On obtient alors
la proposition suivante :

Proposition 1.2.5 Pour toutl € N, notons M l’espace vectoriel engendré par les parties
réelles et imaginaires de

ié )@_4_%$&$Tq+mﬂ<i>

m=max (¢—r,0
(e/c+p*)™(e/e—p*) T (p! +ip?) T (Pt —ip?)T™, (1.2.10)

pour ¢,r € [0,1], ¢+ r < 1. Chaque M, vérifie la condition (II).

De plus, un sous-espace de dimension finie M de R [e, pt, p?, p3| vérifie la condition
(1I) si et seulement si il existe N € N et des Iy, € N, k = 1,..., N tels que M est la
somme directe des Mlk, k=1,...,N.

Ce théoreme décrit de maniere explicite tous les espaces de dimension finie qui satisfont
la condition (II). On obtient les espaces vérifiant les conditions (I) et (II) simplement en
ajoutant les moments 1, p et e(p) aux espaces précédents. Quant a la condition (III),
on vérifie facilement que les espaces obtenus la satisfont. On considere alors les limites
classique et ultra-relativiste des systemes obtenus. Dans la limite classique des espaces
de moments relativistes, on obtient des espaces de moments compatibles avec 'invariance
galiléenne. Certains des espaces obtenus sont admissibles tandis que d’autres ne le sont pas.
Cependant, parmi les espaces admissibles obtenus par cette limite classique, on ne retrouve
pas tous les espaces admissibles cités dans la section précédente. Plus précisément, on
n’obtient pas les espaces (1,v,v ®v), (1,v,v®@v,v |[v|% |v]!) et (1,v,vQ@v,v@vR v, |v]?).
Comme la mécanique classique est considérée comme une approximation de la mécanique
relativiste, un critere possible pour le choix des espaces de moments classiques serait
de sélectionner les espaces admissibles qui peuvent étre obtenus a partir des systemes
relativistes.

Comme le groupe des rotations en dimension 3 forme également un groupe de Lie, la
théorie des représentations s’applique également dans le cas classique. Cependant, une fois
que l'on a déterminé les espaces invariants par les rotations, il faut encore tenir compte
de l'invariance par les translations. Nous construisons tous ces espaces invariants et nous
retrouvons, en particulier, les exemples de systemes admissibles décrits ci-dessus.

Perspectives

Dans le cas des systemes de moments relativistes, le probleme de la réalisabilité des
moments reste ouvert. Seul le cas du systéme (1,p,e(p)) a été considéré (cf. [40, 35]).
Dans le cas classique, le probleme de la réalisabilité des moments a été étudié par Junk
[49]. 11 a supposé que I'un des moments de la base croit plus vite que les autres a U'infini.
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Comme £(p) et p sont équivalents a I'infini, cette hypothese n’est pas pertinente dans le
cas relativiste. Notre but, maintenant, est de surmonter ces difficultés et d’obtenir des
résultats similaires a ceux de Junk dans le cas relativiste. De plus, pour valider notre
approche, une étude numérique de ces systemes est envisagée.

1.2.3 L’équation de Kac avec thermostat
Les thermostats déterministes

Ainsi que nous 'avons signalé dans la Section 1.1.1, dans un systéme composé d’un
grand nombre de particules identiques, les collisions entre les particules conduisent le
systeme de particules vers I’équilibre s’il n’y a pas de champ de force extérieur. La fonction
de distribution converge alors vers une maxwellienne. En revanche, si on impose un champ
de force extérieur, il y a création de chaleur et le systéme est amené hors de I’équilibre.
Pour atteindre un état stationnaire il faut retirer ’exces d’énergie. Les thermostats ont
été introduits dans ce but en dynamique moléculaire et en physique statistique (cf. [62]
et les références citées). Un thermostat est un terme ajouté aux équations du mouvement
d’un systeme soumis a un forgcage, de manieére a maintenir constante une des variables
physiques (I’énergie cinétique, I’énergie interne, le courant, la pression ou 'enthalpie).

On considere un systeme de N particules soumis a des forces extérieures. Désignons
par X = (z1,...,xy) les coordonnées de ces particules. On a alors

@X == ‘/,
oV = F,+F —aV,

ou les masses des particules sont prises égales a 1, les forces internes entre les particules
sont prises en compte dans le terme F; alors que le forgage extérieur est contenu dans le
terme F,. Le terme de frottement « constitue le thermostat et est déterminé de la maniere
suivante. Si on désire maintenir 1’énergie cinétique K = V - V/2 constante, on obtient le
thermostat gaussien isocinétique

(£}

Qe =

F)-V

+
1.2.11
TART, (1.2.11)

Si on veut fixer I"énergie interne H = ¢; + K (F; = —Vy;), on obtient le thermostat
gaussien isoénergétique

RV

V.V

L’adjectif gaussien vient du fait que ces deux thermostats peuvent étre obtenus a partir
du principe des moindres contraintes de Gauss.

(%)

Le thermostat gaussien isocinétique a été utilisé en relation avec le modele de Lorentz
[14, 15, 20, 21] et plus récemment avec I’équation de Kac ainsi que nous allons le voir
dans le paragraphe suivant.
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Application a I’équation de Kac

On considere, comme dans la Section 1.1.3, un systeme de N particules ponctuelles
qui, a des intervalles de temps exponentiellement distribués, subissent des collisions bi-
naires dont le résultat est donné par (1.1.22)-(1.1.23). Entre les collisions, les particules
sont accélérées par un champ de force extérieur constant £ € R. De maniere a garder
I’énergie cinétique constante, on utilise un thermostat de type (1.2.11). Plus précisément,

I'évolution des vitesses V' = (vy,...,vy) est donnée par
av E-V
— =& - —=V,
dt vz’

ot £ =E(1,...,1) e RV,
La densité ¥y correspondant a ce systeme de N particules vérifie alors 1’équation

VNt V)+ V- (FYy)=K(Un)(t, V),
ou K est défini comme dans (1.1.24) et ot F' est donné par

&V
V2

F=¢£ V.

Sous I'hypothese de la propagation du chaos et sous certaines conditions de régularité, il
a été prouvé dans [74] que la fonction fj définit par (1.1.25) converge, lorsque N — oo,
vers une solution f d’une équation de Kac modifiée

atf<t7v> + Eav ((1 o C(t)v>f<t7v>> = QK(f7 f)(t, U)? te R+7U € ]Rv (1212)

ol ((t) = [y v f(t,v)dv et Q est donné, comme précédemment, par

Qr(f, f)t,v) = /R/_ﬁ(f(t,v’)f(t,v;) — f(t,0) f(t,vi)) b(O) db dv,, (1.2.13)

avec
1

L’existence de solutions stationnaires pour (1.2.12)-(1.2.14) a été démontrée dans [72].

Le comportement des solutions varie selon la valeur du champ de force extérieur E. Plus
précisément, ils ont montré le théoreme suivant :

b(0) (1.2.14)

Théoréme 1.2.6 Pour tout E > 0, il existe une solution stationnaire f de (1.2.12)-
(1.2.14). Pour E < /2, f € C(R). Pour E = /2, [ présente une singularité de type
logarithmique en v = \/2. Pour E > /2, f présente une singularité de la forme |v — k|
en v =k, ol

2K
K= —F— et v =

V1+4E?2 -1

K
— — 1L
E
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L’existence de solutions de (1.2.12)-(1.2.14) et leur convergence faible vers un état sta-
tionnaire a été étudié dans [73].

Une généralisation naturelle de (1.2.12)-(1.2.14) consiste a remplacer la distribution
uniforme b donnée par (1.2.14) par la fonction

b(h) = |07, 0 € (—m, ), a € (0,2). (1.2.15)

Dans ce cas, b n’est plus intégrable. Desvillettes [25] a montré qu’alors, 'opérateur de
collision a un effet régularisant. Pour ’équation de Boltzmann, il a été également prouvé
que opérateur de collision sans cut-off a un effet régularisant (cf. [3, 27]). Il est intéressant
de voir si leffet régularisant de 'opérateur de collision de (1.2.12)-(1.2.13) avec (1.2.15)
est suffisant pour empécher les fortes valeurs du champ F d’apporter une singularité aux
solutions stationnaires. Ceci est 'objet du Chapitre 5, qui est issu du travail en cours [11].
On y prouve le théoreme suivant :

Théoréme 1.2.7 Supposons que b vérifie (1.2.15). Pour toutes les valeurs de E > 0, il
existe une unique solution stationnaire f de (1.2.12)-(1.2.13) telle que les moments de

tout ordre de f sont finis et
/ fv)dv=1.
R

De plus, f € C*(R).

La preuve du Théoreme 1.2.7 suit les étapes suivantes. Dans un premier temps, on montre
'existence d’une solution stationnaire de (1.2.12)-(1.2.13) dans le cas ou b est lipschit-
zienne en adaptant a ce cas les techniques de [72]. L’existence d’une solution stationnaire
de (1.2.12)-(1.2.13) dans le cas ou b satisfait (1.2.15) s’obtient alors par troncature de b.
Pour prouver la régularité des solutions stationnaires de (1.2.12)-(1.2.13), on utilise les
techniques de la transformée de Fourier, dans le méme esprit que dans [25]. La preuve
de T'unicité repose sur le développement en série entiere de la transformée de Fourier
d’une solution stationnaire f et sur des estimations sur les moments de f. Les résultats
théoriques sont illustrés par des résultats numériques.

Perspectives

En ce qui concerne 'équation de Kac sans cut-off en présence d’un thermostat gaus-
sien, seule I'existence et la régularité des solutions stationnaires a été démontrée. L’étape
suivante est maintenant d’étudier I'existence de solutions pour I’équation dépendant du
temps et la convergence de ces solutions vers les états stationnaires.

1.2.4 L’équation de coagulation de Oort-Hulst-Safronov

L’équation que l'on considere dans cette section et dans le Chapitre 6 n’est pas une
équation cinétique mais elle s’en rapproche, de par ses propriétés et de par les tech-
niques utilisées. Elle fait partie des équations de coagulation (cf. [1, 53]). Les processus
de coagulation décrivent les phénomenes physiques par lesquels des amas (de particules,
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gouttelettes, ...) fusionnent pour en former de plus grands. Chaque amas est entiérement
déterminé par sa taille ou sa masse. On distingue les modeles discrets ou le parametre
de taille appartient & N\{0} des modeles continus ou le parametre de taille appartient a
R, = (0,400). Le modele de coagulation le plus étudié est le modele de Smoluchowski
qui décrit I’évolution de la densité f(t,z) d’amas de taille x € R, a l'instant ¢t > 0 et
s’écrit [67, 68, 63, 29]

atf(tvx) :QSM(f)<t7x)7 t,x € Ry,

Quu(N(t.a) =5 [ K= p)itto = nrady— fea) [ Ko (e dy

ou K est une fonction symétrique et positive qui décrit le processus physique de coagula-
tion,
0< K(z,y) = K(y,2),  (z,9) €R]. (1.2.16)

Dans ce modele, le premier terme de Qg (f) représente la formation d’amas de masse x
a partir de deux amas de masses respectives y € (0,x) et x — y, et le second terme de
Qs (f) décrit la coalescence d’'un amas de masse = avec un amas de masse y pour former
un amas de masse x + y. Ainsi, au niveau microscopique, il y a conservation de la masse
au cours de chaque réaction de coagulation. Au niveau de f, la masse totale du systeme
a l'instant ¢ est le moment d’ordre 1 de f(t) et on s’attend a ce qu’il reste constant au
cours du temps :

| seoeie= [T f0.00an  i20
0 0

Formellement, cette propriété est évidente sur la formulation faible

%/OOO f(t, ) plw) do = /Ooo /Ox K(z,y)f(t,2)f(t,y) [e(x +y) — ¢(z) — o(y)] dy dz,

avec le choix p(z) = z. Cependant, il se peut qu’en fait, la masse ne reste pas constante
au cours du temps (la fonction test ¢(z) = x n’est alors pas admissible). C’est ce qu’on
appelle le phénomene de gélification. Ainsi, pour des noyaux K tels que

K(z,y) = 2%y" + 2%*,  (z,y) € RZ,

avec 0 < a<f<1letA:=a+p > 1,siondésigne par f une solution faible de I’équation
de Smoluchowski dont la condition initiale f™ vérifie

fin e L%(]RJF) = LI(R+, (1+ z)dz), fin # 0, et >0 pp.,

il a été démontré [33] que l'on a Ty < 400, ol

Tgel:inf{tEO, /Oof(t,x)xd$</Oofm(x)xd$}.
0 0
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Cette perte de masse s’explique par le fait qu'une partie de la masse part a l'infini, ce
qui, d’un point de vue physique, signifie qu’il y a création, en temps fini, de particules de
masse infinie.

Pour décrire le processus d’agrégation d’objets protoplanétaires, Oort, van de Hulst

[65] et Safronov [66] ont proposé le modele suivant

O f(t,z) = Qous(f)(t,x), (t,x) € (0,+00) X Ry, (1.2.17)

avec

Qons(f)(t, 1) = 0, [f(@x) / YKy f(t,y) dy] - / K, y) f(t2)f(ty) dy,

(1.2.18)
ol, comme précédemment, la fonction K vérifie (1.2.16). L’équation (1.2.17) est complétée
par la condition initiale

f™e Li(Ry) = L*(R,, (14 x)dx) et >0 pp. (1.2.19)

En multipliant (1.2.17) par une fonction test ¢, on obtient, avec (1.2.16), la formulation
faible suivante

%/OOO f(t,x) p(a) do = /OOO /Om K(z,y)f(t,2)f(t,y) [y Oup(x) — o(y)] dy dz. (1.2.20)

D’une part, le modele de OHS peut étre formellement relié au modele de Smoluchowski
puisque pour x > y, on a

p(r+y) — @) —oy) ~ ydup(x) — @(y).

Par conséquent, ’équation de OHS peut étre formellement obtenue a partir de ’équation
de Smoluchowski. Le lecteur pourra consulter [50] pour un énoncé plus précis de ce
résultat. D’autre part, 'équation de Oort-Hulst-Safronov (OHS) vérifie le méme type
de propriétés que I'équation de Smoluchowski, sauf la propagation a vitesse finie.

Si 0, est approché par des différences finies et si les intégrales sont approchées par des
sommes de Riemann, on obtient la version discrete suivante de (1.2.17)

de;
d_ct = Q;(c) dans (0, +00), (1.2.21)
pour i > 1, ot ¢ = (¢;)i>1,
i—1 i )
Ql(C) = Cij—1 Z] Ki—l,j C; — G Z] Kz’,j Cj — Z Ki,j C; Cj, (1222)
7=1 J=1 Jj=t

et K;; = Kj,; > 0 est le noyau de coagulation discret. Cette équation sera appelée équation
de OHS discrete (dOHS). Les équations (1.2.21)-(1.2.22) représentent un cas particulier
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d’une famille a deux parametres de modeles de coagulation discrets introduite par Du-
bovski [31] ou Dubovski a mis en évidence un lien entre les équations de OHS et de dOHS.
Dans le Chapitre 6, on précise ce lien. Ce chapitre a été 'objet de la publication [8]. On
y montre que, pour un choix convenable de noyaux discrets pour (1.2.21), les solutions
de ces équations convergent vers une solution de ’équation de OHS. Une relation simi-
laire a déja été établie dans [52] entre les équations classiques continue et discrete de
coagulation-fragmentation de Smoluchowski.

Plus précisément, on suppose que le noyau K vérifie, pour chaque R > 1, les hypotheses
suivantes

K € Wy, ([0, +00)%), (1.2.23)
0.K(x,y) > —a, pour un certain a > 0, (1.2.24)
K
wr(y) = sup w) quand Yy — 4o00. (1.2.25)
z€[0,R] Yy

Sous de telles hypotheses, il a déja été démontré, dans [50], l'existence d’une solution
faible de (1.2.17)-(1.2.19). Soit € € (0,1). On pose

N =[(i- 12 (i+1/2)) et xi=1la

pour ¢ > 1. On définit ensuite les coefficients discrets soit par

1
Ki; = —/ K(z,y)dydz, (1.2.26)
T B Asxas
ou par
K;; = eK(ei,ej), (1.2.27)
pour 7, j > 1. La condition initiale discrete ¢™ = (cﬁ"’s)izl est alors donnée par
. 1 ‘
"t = —/ f™(x) dx, i> 1. (1.2.28)
15 AS

Soit ¢® = (cf)i>1 une solution de I’équation dOHS avec les coefficients K7 ; et la condition
initiale ¢". On introduit, pour (¢,z) € R2,

[e.e]

foltox) =) () % (@), (1.2.29)

i=1
et on montre le théoreme suivant :

Théoréme 1.2.8 Supposons que K vérifie (1.2.16), (1.2.23)-(1.2.25) et que la condition
initiale f™ wvérifie (1.2.19). On note ¢¢ une solution de d’équation dOHS (1.2.21) avec

les coefficient K;; définis par (1.2.26) ou (1.2.27) et la donnée initiale ™ donnée par
(1.2.28) telle que 'on ait

o0 o0

i) <> ig™, >0 (1.2.30)
=1

=1
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Soit f. la fonction définie par (1.2.29). Alors, il existe une solution faible f € C([0,T];w—
LY (Ry)) N L>®(0,T; LI(R,)) de l’équation OHS (1.2.17) de condition initiale f™ et une
sous-suite (f.,) de (f.) telle que

fo, — f dans C([0,T);w — L*(Ry))  pour chaque T € R,

La preuve de ce théoreme repose sur le fait que ’équation dOHS peut étre vue comme
une équation de OHS modifiée. La premiere étape consiste a montrer des estimations
uniformes en ¢ pour les fonctions f., ce qui garantit que les f. appartiennent a un ensemble
faiblement compact de L!. On passe alors a la limite ¢ — 0.

Le Théoreme 1.2.8 utilise des solutions de I’équation dOHS. Par conséquent, pour
avoir une démonstration complete, il nous reste a montrer l'existence de ces solutions.
C’est l'objet de la proposition suivante.

Proposition 1.2.9 Soit (K; ;) une suite de nombres réels positifs tels que

K; -
Ki,j = Kjﬂ' Z 0 et lim —’k = O, 1,] Z 1.

k—4oo k

Si ¢™ = (c™);>1 est une suite de nombres réels positifs telle que

K3
o0
E 1c" < 400,
i=1

alors, il existe au moins une solution ¢ de l’équation dOHS (1.2.21) de condition initiale
™ sur [0, 4+00) telle que ¢; € C([0,+00)) pour tout i > 1 et telle que (1.2.30) soit vérifié.

Pour prouver cette proposition, on procede comme dans [12, 69]. Tout d’abord, on ap-
proche I’équation dOHS par un systeme d’équations différentielles ordinaires. On passe
alors a la limite grace au théoreme d’Arzela-Ascoli.

D’apres [50, Theorem 2.6], si la donnée initiale f™ est & support compact dans [0, +00)
alors, la solution f(¢) de OHS reste a support compact pour ¢t € [0,7T,), ou T, peut étre
fini ou infini selon le noyau de coagulation K. Au contraire, pour I’équation dOHS, on a
le résultat suivant

Proposition 1.2.10 Supposons que K;; > 0 pour i > 1. Soit ¢™ = (¢i");>1 une suite de
nombres réels positifs telle que ¢ > 0 pour un certain k > 1. Soit ¢ = (¢;);>1 une solution
de l’équation dOHS (1.2.21) sur un intervalle [0,T) de condition initiale c™. Alors, pour
touti >k ett € (0,T), ¢;(t) > 0.

L’approximation de I’équation OHS ci-dessus peut étre utilisée pour des simulations
numériques. Dans la Section 6.5, la convergence du Théoreme 1.2.8 est illustrée par une
comparaison numérique entre une solution exacte et la solution discrete associée.
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Perspectives

Une question intéressante est le comportement au voisinage de Ty, des solutions de
I’équation de OHS. Pour I'équation de coagulation de Smoluchowski, les physiciens es-
timent que la fonction de distribution devrait se comporter comme une solution auto-
similaire au voisinage de T} et on s’attend au meéme type de comportement pour I’équation
de OHS. Pour vérifier cette conjecture, un premier point consiste a étudier I'existence de
solutions auto-similaires. Une telle étude a déja été effectuée pour I'équation de Smolu-
chowski [34, 37].
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PARTIE 1

Equation de Landau-Fermi-Dirac

Cette partie concerne le modeéle de Landau-Fermi-Dirac introduit
dans la Section 1.2.1. Elle est composée de deux chapitres et d'une
annexe. Le premier chapitre traite de 'existence de solutions pour
cette équation dans le cas spatialement homogene. Il a fait I'objet
d’un article publié dans le journal Proceedings of the Royal So-
ciety of Edinburgh Section A. Ensuite, dans l'annexe, on donne
une démonstration détaillée d'un théoreme du chapitre précédent.
Dans le second chapitre, nous déterminons les états d’équilibre de
ce modele. Ce second travail a fait I’objet d’une publication dans les
actes du colloque “Nonlocal elliptic and parabolic problems” parus
dans les Banach Center Publications.






CHAPITRE 2

Well-posedness for the spatially
homogeneous Landau-Fermi-Dirac
equation for hard potentials

Article paru dans Proceedings of the Royal Society of Edinburgh Section A, Volume 134,
Pages 415447, Année 2004.

Abstract

We study the Cauchy problem for the spatially homogeneous Landau
equation for Fermi-Dirac particles, in the case of hard and Maxwellian
potentials. We establish existence and uniqueness of a weak solution for
a large class of initial data.
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2.1 Introduction

Kinetic theory aims at modelling a gas or a plasma when one is interested rather in the
statistical properties of the gas than in the state of each gas particle. The evolution of the
gas is then described by a distribution function f = f(¢,z,v) > 0 which represents the
(local) density of particles with velocity v € R? at position € R?® and time t € R, :=
0, +o0].

In the absence of interactions (or collisions) between particles, the evolution of f
is given by the free transport equation. When the effect of collisions is included, f
satisfies the celebrated Boltzmann equation or related models [3, 4, 5, 20]. In particular,
while the Boltzmann equation is valid for neutral particles or weakly ionized plasmas, the
modelling of completely ionized plasmas introduces a new model, the Landau equation,
which is obtained as a limit of the Boltzmann equation when grazing collisions prevail (cf.
5, 8,9, 20]). Also quantum effects such as the Pauli exclusion principle should sometimes
be taken into account and both the Boltzmann and Landau equations have to be modified
accordingly in that case [5, 7, 20]. We also mention that a Landau equation with Fermi
statistics arises in the modelling of self gravitating particles [6, 16].

In this paper, we study a modified Landau equation accounting for the Pauli exclusion
principle which reads:

Ohf+v-Vof =QL(f),

where
Qulf) =V [ Wlo = ) M0~ 0){£.(1= 6L)VS = £ = 51)VE.} do.

with 6 = 1, f = f(t,v), f« = f(t,v.), II(2) denotes the orthogonal projection on (Rz)*,

and VU is a function such as ¥(z) = [z[*", =3 < v < 1. The choice ¥(z) = |z|**7
corresponds to inverse power law potentials, among which we distinguish the Coulomb
potential (y = —3), soft potentials (—3 < v < 0), the Maxwellian potential (7 = 0) and
hard potentials (0 < v < 1). We recall here that the Coulomb potential is however the
only one to have a physical relevance.

Taking § = 0in @ (f) corresponds to the classical Landau equation, while the Landau-
Fermi-Dirac (LFD) equation and the Landau-Bose-Einstein (LBE) equation correspond
to d =1 and § = —1, respectively. Only the case = 1 will be considered herein and our
aim is to investigate the existence and uniqueness of weak solutions to the LFD equation
in a spatially homogeneous setting, that is f = f(¢,v) and satisfies

hf = QL)) (2.1.1)

with 6 = 1. We point out that the Pauli exclusion principle implies that a solution to
(2.1.1) must satisfy 0 < f < 1.
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While the classical Boltzmann and Landau equations have been the subject of several
papers (see [3, 4, 11, 30] for the Boltzmann equation and [2, 10, 15, 29] for the Landau
equation, and the references therein), fewer studies have been devoted to the Boltzmann-
Fermi-Dirac (BFD) equation and to the LFD equation. Concerning the former, the spa-
tially inhomogeneous Cauchy problem has been studied in [1, 12, 22| for cross sections
satisfying Grad’s cut-off assumption. In a spatially homogeneous setting, existence of
solutions to the BFD equation is investigated in [13, 24] for more realistic cross sections,
and their large time behaviour as well [13, 24, 25]. To our knowledge, the problem of ex-
istence and uniqueness of solutions to the LFD equation has not been yet considered, and
the only works on this model concern a formal derivation from the BFD equation in the
grazing collisions limit [7] and a spectral analysis of its linearization near an equilibrium
[18]. Therefore, our purpose is to investigate the well-posedness of the Cauchy problem
for the LFD equation in a spatially homogeneous setting for hard or Maxwellian poten-
tials. As already mentioned, the Pauli exclusion principle implies that solutions to the
LFED equation should satisfy the L>*-bound 0 < f < 1. On the one hand, this L**-bound
simplifies the analysis in comparison to the classical Landau equation where only a bound
in Llog L is available. On the other hand, the term f(1 — Jf) is nonlinear for § = 1 and
requires strong compactness arguments to be handled (weak compactness is sufficient for
the classical Landau equation where § = 0, since the term f(1 —df) = f is linear in that
case).

We now describe the contents of the paper. We set notations and state our main
results in the next section: existence, propagation of moments, uniqueness (Theorem
2.2.2), ellipticity of QL (f) (Proposition 2.2.3). A priori estimates are gathered in Section
2.3 and are used in Section 2.4 to prove the existence of a solution to the LFD equation.
Finally, the uniqueness result stated in Theorem 2.2.2 is proved in Section 2.5.

2.2 Main results
We first introduce some notations and definitions. For s € R, p > 1 and k£ € N, we set
L5 (R%) == LP(R%(1+[v]*)" dv),
£, = [ 1P (4 1oP) do,
19 = 3 [loes@f (e )

0<a|<k

where a = (i1, 19,13) € N3, |a| = i1 + iy + 45 and 0% f = 01" 0RO f.
For s > 0 and f € L} (R?), we denote by Ma,(f) the moment of order 2s of f, that is

Mau() = [ 1] 1o ao
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For (i,7) € [1, 3]*, we define

and, when no confusion can occur, we write A = (A;;), b = (b;), B = (B;) with

b’i = bl * f7 c=c¢
Ay = aig = (f(1 - 1)), By =bi= (f(1—f)).
i Ui Ef, ¢ instead of A, ;, b;, B; and .

With these notations, the LFD equation can then be written alternatively under the
form

Otherwise, we use the notations Al

hf=V-(AVFf=bf(1-1)), (2.2.1)

onf = A 0%f+ (B-b(1-2f))-Vf—ef(1-f).
12
and is supplemented with the initial datum

f(0) = fin, (2.2.2)

where
fin € Ly(RY), 0< fi, <1 ae. and fi, # 0. (2.2.3)

We note that the last assumption is not restrictive since when f;,, =0, f = 0 is a solution
to (2.2.1), (2.2.2).

The usual a priori estimates are here available. Indeed, one can formally verify that
solutions preserve mass and energy, namely, for every ¢t > 0

Mo(f)(t) = /f(t,v)dv:/fmdv — M, (2.2.4)
My(f)(t) = /f(t,v) ]v|2dv:/fm|v|2dv — B, (2.2.5)
Moreover, introducing the entropy S(f) for Fermi-Dirac particles defined by
s¢) == [ [fus+a-nua-plazo

one can see, still formally, that ¢ — S(f)(¢) is a non-decreasing function.
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Definition 2.2.1 Consider f;, satisfying (2.2.3). A weak solution to the LFD equation
(2.2.1), (2.2.2) is a function [ satisfying

() f€L¥Ry; Ly(R%)) NC(R4; D' (R?)), f(1 = f) € Line(Res Ly (RY));
(11) 0<f<1andf(0)= fiu;

V>0, /f(t,v) w2 dv < /fm(m (w2 dv:
Vo € D(RB’),Vs,t > 0;

[ e [ sis.opot) o
:/:dT[Z/Zi,jfagjgpdw/fF wdv+/f(1—f)5-wdv].

Our main result is the following.

(141)
)

(1w

Theorem 2.2.2 Consider fi;, satisfying (2.2.3) and assume further that f;,, € L3, (R3)

2s0

for some sy > 1. Then, there exists a weak solution f to (2.2.1), (2.2.2) satisfying (2.2.4),
(2.2.5) and

FO - )€ D (Bes L (BY): F € LS (Rys L (B) 1 I (R L, ().

If we also suppose that so > 1+ /2, t — S(f)(t) is a non-decreasing function and
Sin = S(fin) < S(f)t) < By + /2 for every t € R,.

Moreover, for 2sg > 4v + 11, such a solution is unique.

The existence proof is adapted from that of [2, 10] and is performed in three steps:
analysis of a regularized equation, uniform estimates and passage to the limit by a com-
pactness argument. At this stage, we recall that, owing to the cubic nature of Q(f),
a weak compactness argument is not sufficient. Strong compactness is actually a con-
sequence of the uniform ellipticity of the matrix A which we state now.

We fix Fy > 0 and Sy > 0 and denote by YV(Fjy, Sp) the set of functions f € LI(R?*) N
L>=(R?) such that 0 < f <1 a.e. and

M;(f) < Ey, S(f) = So.

Proposition 2.2.3 Let f € Y(Ey, So). Then there ezists a constant K > 0, depending
only on v, Ey and Sy, such that

S A &g > K1+ ) e, veR? ¢eR
1,5

As for the uniqueness proof, it follows the lines from that of [10], but the non-quadratic
nature of Q(f) requires the use of an embedding lemma for weighted Sobolev spaces.
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2.3 A priori estimates

2.3.1 Uniform ellipticity

We first prove Proposition 2.2.3, and proceed as in [10, Proposition 4] for the Landau
equation with some modifications. Indeed, for the classical Landau equation, the first
step is a positive bound from below of || f||z1(5,) which is straightforward by (2.2.4) and
(2.2.5) (Bpg denotes the ball with centre 0 and radius R). For the LFD equation, we need
a positive bound from below of || f(1— f)||.1(s,) and we realize that the arguments of [10,
Proposition 4] provide no information for velocities where f is close to 1. However, for
such velocities, the needed information are to be found in the entropy.

Lemma 2.3.1 There exist constants n, > 0 and R, > 1, depending only on Ey and Sy,
such that

fd—=f)dv>n.>0 for every f € Y(Eq, So).

BR*

Proof. Let f € Y(Ey, Sy). For every R > 1, we have

SoS/B (f\lan(l—f)lln(l—f)!)dv+/| (f [l f]+(1=f) [In(1—f)]) dv. (2.3.1)

v|>R

Step 1. We first consider the integral over Bg. Let ¢, € (0,1). Since

|Inr| < (1—r)/e if rel(el), (2.3.2)
IIn(1 —r)| <r/e if re(0,1—2¢),

we deduce that

flwflas < [ flwflaos [ fnfla
Bgr Brn{f>e} Brn{f<e}

i BRf(l—f)dv—i—ao‘/ 7% In f| dv,

Bgr

IN

and, similarly,

[ a=pma-pla<s [ a-paere [ e e ine - pla.

R
As 7 — 77| Inr| is bounded on [0, 1], we obtain, choosing ¢ = R~/

[ G a-nima-pa < 2w [ go-paor S @ay
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Step 2. It remains now to consider the second integral of (2.3.1). On the one hand, thanks
to the Holder inequality and the boundedness of r — r® |Inr| on [0, 1], we obtain

_ 1 20-a) S0 I0f]
S fldv /I Fre ol )mdv

0| >R >R

e «
< Cya) ( / £ o2 dv) ( / jp|20-a)/a dv) |
[v|>R [v|>R

We fix a = 1/5 and conclude that

1-

E
| |>Rf |In f|dv < C 3% (2.3.5)

On the other hand, using (2.3.3) with e = 1/2 leads to

1
[ a-pma-pla < 2/ fa-pdo+: [ f o
[v|>R {lv|>R}n{f<1/2} {lvI>R}N{f>1/2}

< g [ fhPdot o [ fide

Hence, for R > 1,

[ amnima-pla < < T 2.36)
From (2.3.5) and (2.3.6), we deduce
/||>R (f I fl+ @ = f)In(@ = f)]) dv < C‘”’EQEO) . (2.3.7)

Step 3. Substituting the inequalities (2.3.4) and (2.3.7) into (2.3.1) gives

C1(1/5) + Cs(Ep)

So — < 2R*® f(1—=f)dv
R Br
The choice
R. -2 Cy(1/5) + C’3(E0)7
So
then completes the proof of Lemma 2.3.1. O

Proof of Proposition 2.2.3. Owing to Lemma 2.3.1, the remainder of the proof of
Proposition 2.2.3 is similar to that of [10, Proposition 4], to which we refer. O
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2.3.2 Propagation of moments

We now show (formally) the propagation of moments for solutions to the LFD equation
(2.2.1), (2.2.2), which, in turn, implies an H'-estimate (still formally). All the computa-
tions we perform here will be justified in Section 2.4.2 by means of smooth approximating
solutions.

Let f be a smooth solution to (2.2.1), (2.2.2). Multiplying (2.2.1) by 1 and |v|* and
integrating with respect to v lead, after some integrations by parts, to the conservation
of mass (2.2.4) and energy (2.2.5). Also, after multiplying (2.2.1) by In f —In(1 — f) and
integrating over R3, the non-negativity of the matrix a ensures that the entropy S(f)
is a non-decreasing function of time. From now on, C;, © > 1 denote positive constants
depending only on v, M;,, F;, and S;,. The dependence of the C;’s upon additional
parameters will be indicated explicitly.

Lemma 2.3.2 Assume that f;, € L3 (R3) for some s > 1. Then, for every T > 0, there
exists a constant U'(s, T, finllzy ) depending only on s, T' and || fin||Ls  such that

sup || (¢ |u1+1/ /'vw—wwhm%ffcr—fMMdde<1wsTnﬂAul>

te[0,T]
In particular, f(1— f) € L,.(Ry; Ly, (R?)).

Proof. Let ¢ be a smooth function on R® and multiply (2.2.1) by . After integrating
over R? and some integrations by parts, we obtain:

%/f(tﬂf dU—Z/ R = f) aij(v—v,) 80 dv d,
+/ ff2—f—f]blv—uv) -Vodvdo,. (2.3.8)
We take p(v) = ®(|v|?) in (2.3.8), where ® is a convex function. As
Z aii(v—v.) = 2[v—v["
EZwJ Dy = o= ul (P = (- 0.)),
D b —v)uy = 2=l (joff — (v-v),
J

formula (2 becomes

3.8)

d ®

g7 f(t,v)@(jv]*) dv=4 ff(l = fo) v —v.]" A% (v, v,) dv dv,,
where

A (0,0.) = (Jon? = (0 0)) (® (o) = &' (j0.?)) + (0P ol ~ (0 0.)2)8" (ju]?).
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Since ® is convex, ®” is non-negative and, consequently,
A (0,0 < ([unf? = (0-0)) (@ (j0]2) = @' (j0.]2)) + o ]o.28" (o]).

Let ®(r) = r* s > 1. Since (v - v.) < |v||vi|, we deduce (with the notation A® = A?®)
that
N (0,0.) < s 022 o2 = o o+ ol (Jo 72 + [u.7%)] (23.9)

As s > 1, we have 2s — 1 > 1 and Young’s inequality ensures that

2s/(25—1) 25 =2 90,4 1 2s

2s-2,2 _ 252, (25—2)/(2s—1)
. Soe1t Yt v

Z Y Y )

Substituting this inequality for = |v|, y = |v.| into (2.3.9) yields

s—1 95
i

A*(0,0.) < 5|5+ Do o] + ol = =

Since f > 0 and |v — v.|” < |v|7 + |v.|? (v > 0), we finally obtain

d 2s s—1 0% 2s o
o [ o epedoras S =5 [[lo— oo g0 2)dvae.

< s / / £ (ol o) [Gs 1) ol o] + [ol o~ do dos.

Now,
(ol + [oal7) (5 4 D) ol o+ follon 7] < (s D[P o] 4 o~ o]
[l o oo 21
and Young’s inequality ensures that

max{\v[, \UPH} <1+ |v]* and max{]v|23*1, ]v|23+”’1} <1+ ).

Therefore,
d s—1 v 12s
T Mas(f) +ds o [ [ o = v o[ (1 = f) dvdv. < Ci(s) + Cals) Mos(f).
(2.3.10)
Thanks to the Gronwall lemma, we first conclude that, for every T' > 0,
Mo (f)(t) < (Mas(fin) + 1) Cs(s, T), t € 0,7]. (2.3.11)

We next integrate (2.3.10) over (0,7") and deduce from (2.3.11) that

T
/0 // v — o [0 A1 = £2) dvdu, dr < (May(fin) + 1) Ca(s, T).
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Since |v — v, > |u. |7 — |v|7, we infer that

T
[ finl 1 / /f*(l — [l dv < (Mas(fin) +1) Ca(s, T) + T || finlly [1f | 0,7:24,)
0

(2.3.12)
which completes the proof. 0J

Remark 2.3.3 Unlike the classical Landau equation for which Mas(f) becomes instanta-
neously finite for positive times and s > 1, we obtain here the propagation of these mo-
ments but not their appearance. This is due to the term f.(1 — f.) in (2.3.12). Con-
sequently, we do not recover the same smoothness as in [10, Theorems 3 and 5].

Lemma 2.3.4 For every T > 0, there exists a constant C(s,T) such that

T
K/ /|ny2 (1+ ) dvdr
0

<O, T) [L+ 1701 = Pl vy

24+)

} I f ooy ) + HmeL; (2.3.13)

254+)

Proof. Let s > 0 and f;, € L1 (R3). Since 0 < f <1, (2.2.4), (2.2.5) and Lemma 2.3.2
imply that f € L>(0,T; L},(R?)). It follows from (2.2.1) that

th/f 1+ of?) :—/(va—gf(l—f))V(f(1+|v|2)s> v
_ _/AVfo(1+ |v\2)sdv— ZS/Zfov(l—i- |U|2)87 dv
+/f(1—f)5«Vf(1+|v|2)sdv+ 25/5~vf2(1—f)(1+\v|2)s_ldv. (2.3.14)

On the one hand, since S(f) is a non-decreasing function and f satisfies (2.2.5), Propos-
ition 2.2.3 implies that

/Zwvm + |vf?) dv > K/ IVF2 (1 + [v?)*" dv.
On the other hand, it is easy to see that there exists a constant C' such that

v (A (L4 o))
[V @+ < Cllfly L+ 0207,

1B < Ol (1 + o),

IN

ClF= Plly,, @+ )T (2315)

so that
/E.Uf2(1 — D+ P) e < Ol /f2(1+ [wf2)" " do,
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and

/f(l—f)E-Vf(1+|v|2)sdv = - ( f? ; ) 1—|—|v|)>

< Clily [ £+ 10R)
—2/Zfov(1+|u|2)5‘1dv = /f v- Av(1—|—|v *)* }dv
< OIS Dl [ PO+ 0

Substituting the previous estimates into (2.3.14) and using (2.2.4) and (2.2.5) yield
(2.3.13) after integrating with respect to time. O

2.4 Existence

This section is devoted to the proof of the existence part of Theorem 2.2.2. First we
investigate a regularized problem and show the existence and smoothness of a solution.
Indeed, a first difficulty common to both the Landau and LFD equations lies in the fact
that the coefficients of the elliptic operator Q1 (f) are unbounded. We thus approximate
them by bounded ones. However, the coefficients remain non-local, which is the second
difficulty to be faced. The existence of approximated solutions follows from a fixed point
method but, unlike the classical Landau equation, this method has to be applied to a
nonlinear equation. Finally, we obtain solutions to the LFD equation as cluster points of
sequences of approximated solutions. At this stage, owing to the cubic nature of the LFD
equation, weak convergence is not sufficient.

2.4.1 The regularized problem

Let (V.)e~0 be a family of smooth bounded functions on R, which coincide with ¥(r) =
r*2 for 0 < e < r < e ! and enjoy the following properties.

(i) The functions ¥, ¥’ ¥® and ¥W are bounded;
(ii) For 0<r<et, W(r)>r1?/2;

Forr >¢e™t, W.(r)>e 02/2>0;
(4ii) For every r >0, W (r)<7*(1+77) and |V (r)| < (y+2)7r(1+7);
(iv) For 0 <r <e, U (r)=r’v.(r), with v. € C*([0,¢]), v.(0) = 1, ¥//(0) = 0 and
v (0) = 0.

£
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For (i,7) € [1, 3], we set

ZiZj

0 (z) = (aij(z))m with  aj ;(2) = Uc(]2]) (5i,j - |Z|2> ;

221'
bi(2) =) Ohaiylz) = - e We(lz]),
k

¢(2) = Y hai () = ﬁ RZEERERAEN

and consider the regularized problem

of — V-(Eme—E#fﬂf;ﬁ)+eAf, (2.4.1)
f0,.) = fin (2.4.2)
We first note that, thanks to the properties of V., we have the following result.

Lemma 2.4.1 The functions ai; and b belong to CHR3). The function ¢¢ belongs to
C2(R?).

We set
Ko = max [a; ;|| cs + max [|bF[|cs + [z
7 3
We next investigate the well-posedness of (2.4.1), (2.4.2).

Theorem 2.4.2 Consider f; € C*(R*) N H'(R?) N W**>°(R?) such that

g €20

0<age PP < fin(v) <

S T Fas o e <1 for every v € R?, (2.4.3)
2

for positive constants oy, g, B1 and By. Let € > 0 and T > 0. Then, there exists a
solution f¢ to the reqularized problem (2.4.1), (2.4.2) with initial condition f;, such that,
for every s > 0, f¢ belongs to L>=(0,T; L3 (R*)) N L2(0,T; H;,(R?)).

Let 51 > (1, D, E, F and Cp, be five positive constants, the values of which we will
specify later. We denote by C the set of functions f € C([0,T]; L'(R?)) such that, for all
s,t €10,T] and o € CZ(R?),

0< f <

1,
/f(t,v)dv = /fm(v) dv,
' [ (ft0) = 1Gs.0)) olo) o
[ (G- = £0- Do) o) e

< Cpleliez It = sl,

< CLllellez [t = s,

Et ,—f2 |v|2/(1+Ft)
B} Jvf? ,~Dt 2€ ©
aié ! & S f(t,?)) S 1 + o eEt 6_ﬁ2 [v|2/(1+Ft) "
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For g € C, we consider the following quasi-linear problem

of = V- [(ZQ’E+513)Vf—Bg’€f(1—f) , (2.4.4)

where I3 denotes the identity matrix of R3,

The existence of solutions to (2.4.1), (2.4.2) will follow from the existence of solutions
to (2.4.4), (2.4.5) by means of a fixed point method. We thus first study the latter and
prove the following result.

Theorem 2.4.3 Let 6 € (0,1) and € > 0. For each g € C, there exists a unique clas-
sical solution f* € H**CT/2([0,T) x R®) to (2.4.4), (2.4.5) and there is a constant A
depending only on fi,, 0, T, € and Cy, such that

| £l 2rs. 24012 < A

Moreover, there exist constants 3|, D, E, F' and Cy, depending only on fi,, T and e
such that f€ belongs to C.

For T > 0,1> 0,1 ¢ Nand Q a domain of R*, we consider Holder spaces H""/2([0, T x
), whose norm are

[fllgee = sup > 1070 f(tv)|
0SI<T,veR? | o

Z |8Zao¢f(t7v) — afaaf(ﬂwﬂ

v — w|-1

+ sup
<t<
0<t<T, v#w o +2r=[1]

|afaaf(ta U) — a{aaf(S, U)|
i — 5|01 ’

+ sup

3
s#t, veR o +2r=[1]

where [I] denotes the integer part of [ and a € N3.

Thanks to Lemma 2.4.1 and to the properties of C, the coefficients of the parabolic
operator in (2.4.4) have the following regularity properties.

Lemma 2.4.4 Lete >0, 6 € (0,1) and g € C. For every (i, j,k) € [1,3]3, the functions
A7D b7, Op Al and T belong to the Holder space H*%/*([0, T] x R?), with

i Vi o

a7l + mae 5| + [z < Kellfinllr (2.4.6)

Moreover, for every bounded domain Q2 of R®, the functions Zi’;, l_)f’e, aﬂfj and (9;?1_)‘;]’6
belong to the Holder space H* ™ 1/2([0,T] x Q).
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Proof of Theorem 2.4.3. Owing to the uniform ellipticity

€ <) (AT (v) +e6i5) &5 < (BEL funllr +€) €7, veR?, (eR® (247)

and classical arguments, the maximum principle and [17, Theorem 5.8.1] imply the ex-
istence and uniqueness of a solution f¢ € H*%(+9/2([0, T] x R?) to (2.4.4), (2.4.5). This
solution satisfies

0< f5(t,v) <1, (2.4.8)

and there exists a constant A depending only on f;,, §, T, € and C, such that
/¥ [l32+s.2482 < A,

(see the Appendix for a sketch of proof).
We next show that we can choose constants 8], D, E, F and C}, such that f¢ € C.
First, we verify that, for every (t,v) € [0,T] x R?,

o Bt o—P2 [v]|2/(1+Ft)

_Bv|2 —Dt
ape Pl e =Pt < f5 (1 9) < 15 ag 0FF o B PTG FD (2.4.9)

Indeed, introducing
/|2
Pinf (t, U) = @_ﬂ1|”‘ €_Dt7

and the parabolic operator £ defined by
Lu=0u =37 (AL +edy) Ou= 3[BT =070 =29+ (1= f)u
0, i

we see that Egpmf < 0 as soon as

1
bz and D2 128 K| finll7r + 681 (K| finll o + €) + K finll 21,

whence
/0|2
are Al o= < g2t w), V(t,v) €[0,T] x R?,

by the comparison principle [17, Theorem 1.2.1].
We next set ,
(g Bt ¢ B2 o2/ (1+F)

1+ Qs eEt o—P2 [v]2/(14+Ft)’

stup(ta U) -

and let M be the semilinear operator defined by

Mu = O — Z <ZZ’; +e¢ 6,~7j> 8§ju — Z [Ef’a — 077 (1 = 2u) [ Du 4+ (1 — u) u.

2,7 2

For

E > 12K3 ||meL1 + Ke ||fm”%1 and F > 1252KstinHL1 +4ﬁ25 +ﬁ27
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we have Mg, > 0 = M f°. Owing to the regularity of the coefficients of the parabolic
operator, we are in a position to apply the comparison principle [19, Theorem 9.1] to

obtain that
s eEt e—ﬂg |v|2/(1+Ft)

(>
<
fe(tv) < 1+ org et o—B2 2/(+FD)

It readily follows from (2.4.9) and the continuity of f¢ that f¢ € C([0,T]; L*(R?)). In
addition, classical truncation arguments, (2.4.6) and (2.4.9) allow us to check that

/ Fo(tv) dv = / fu(v)dv,  te[0,T) (2.4.10)

It remains now to verify the two Lipschitz properties and this will be the aim of the
three following lemmas. We only give formal calculations but they can be rigorously
justified by standard truncation arguments.

Lemma 2.4.5 For every r > 0, f¢ belongs to L*(0,T; H,,.(R3)). Moreover, there exists
a constant C' depending only on f;,, v, € and T such that,

”fEHLQ(O,T;HQlT) <C.

Proof. Let r > 0. We multiply (2.4.1) by fE(l + |v|2)r and we integrate with respect to
v to obtain

! d " A9E € 5 r

E%/'f“'?(tv”) (1+[of) dv = —/(A +el) VIV (14 |02) dv
_QT/(ZQ»5+613)Vf5UfE (1 + |U|2)T—1 dv
+/f6(1—f5)59’5-Vf5 (14 [v[?)" dv
vor [ = P 0 (L ) e

After integrating over (0,t), we infer from (2.4.6), (2.4.7) and Young’s inequality that

%/!f‘ff(t,v) (1+\v|2)rdv—|—5/0t/|Vf€|2 (1+|v]) dvdr

< g/ot/\VfE\Q (1+\UIQ)TdvdeLCE[3KE|\meL1+5]2/0t/fa (1+ o) " dvdr
+§/ot/w‘m? (14 [v]*)" dvdr + CEC||finll 7 /Ot/f‘f (1 +[v]*)" dvdr
T OR funllze /O/f (1 o) dudr o+ 5 [ 1l (14 o) do
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Therefore,

! 12 2\T
6/0/|Vf| (1+[v]*) dvdr
gC(a,Mm)/O /ff (1+|v|2)’“dudr+g/yfm|2(1+|v|2)’"dv

and (2.4.9) implies that the right-hand side of the above inequality is bounded. 0

Lemma 2.4.6 The function f¢ belongs to L™ (O,T;H1 (R3)). Moreover, there exists a
constant G depending only on f;,, € and T such that,

£l Lo 0.1y < G
Proof. We first observe that
f2 e HEOERIZ([0,T] x R®) n R GH/2([0, T x Q)

for each bounded domain Q C R? by [17, Theorem 5.8.1]. We may thus differentiate
(2.4.4) with respect to vy and obtain

0O f* =V - [(ZQ"“ +ely) VO f* + ANV =" (1= 2f) 0, f* — 0" f7(1 - ff)].

Hence,
1 d —q,c -—3q,c
5 (Opf)dv = / (A7 4 eI3) VO f£ VO f dv — / AN fE VL[ dv

+ (=2 B Voo do s [ 0= 08 Vo e

and (2.4.6), (2.4.7) and Young’s inequality lead to

t t
/|6kf5|2 dv—|—25/ /|V6kf5|2 dvdr < %/ /|V8kf5|2 dv dr
0 0

+ C K2 | finll 1 IV £l 0, 22y + CT K2 | finllin + | finll 2
Lemma 2.4.6 then readily follows from the above inequality by Lemma 2.4.5. 0

Lemma 2.4.7 There exists a constant Cp, depending only on fi,, € and T such that, for
all ¢ € C}(R3) and o,t € [0, 7],

< Culiel It = ol

[ 0 - o) ) o
‘/(f%l £ E0) — £ (1= )(0,0)) () dv

< Culiels It —ol.
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Proof. Let p € C}(R?). Classical truncation arguments ensure that

[ rFeewa - [ Fevew e
/dT{Z/ Jgodv—l—/fs " Vedv

/fE Vgodv—l—e/fEAgodv} (2.4.11)
The first inequality of Lemma 2.4.7 then readily follows from (2.4.10), (2.4.11) and Lemma

2.4.4 with
Cp = Cr = C (K| finllzr + &) [| fin]l -

Similarly, we infer from (2.4.4) that, for ¢ € C?(R?), we have

[ ru=meoew - [ Fa-rie e e
—/th{ /(29’84—5[3)st (1-2/) V-2V | dv
—2/f€ f9) @b’ stdv+/f€ Q-2 Vgpdv} (2.4.12)

With the notation M : My = Zij My; j My, ; for any two matrices M; and Ms, we have

/(Zg’€+5]3)Vf5 (1—2f€)wdu_—/f€ 1—f)V- ((Zg’€+513)w> dv
/f‘E — f7) B" chalv—/f8 1) (A% +eh) : Vv,

and the identity (2.4.12) becomes

/fﬂﬁﬂ@@w@mh/fﬂﬁﬁwwW@Mwi/M{/FU:WFWVWM
+/f5(1—f5) (Zg’e—i—a[g):Vngdv+2/(Zg’5+613)Vf5Vf5g0dv
—2/f‘5(1—f5) v’ Vf‘fdv+/f£ ) (=20 wdv}

The second inequality of Lemma 2.4.7 then follows with the help of (2.4.10) and Lem-
mas 2.4.4 and 2.4.6 with
Cp > Cy = C (K| funllir +€) (I finll o + G7).

Choosing Cf, = max(Cy, Cs) completes the proof of Lemma 2.4.7. O
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We have thus found 3}, D, E, F' and C}, depending only on f;,, 7" and ¢ such that, if
g € C, f¢ € C and the proof of Theorem 2.4.3 is complete. 0J

Proof of Theorem 2.4.2. We fix 8], D, E, F and C}, as in Theorem 2.4.3. For g € C,
we denote by ®(g) the unique solution f& € H2+%E+9/2([0, T] x R?) to (2.4.4), (2.4.5).
Then ®(g) € C by Theorem 2.4.3 and we now check that ® : C — C is continuous and
compact for the topology of C([0,77]; L'(R?)).

Continuity of ®. Consider g; € C, g2 € C and put ff = ®(g;) for i = 1,2. Then,
u = f; — f5 satisfies

O — > (A +e03) 02,0 = 30 [ B =07 (1= f; = f5)] oyu
2,7 i

e g = ) = B @O o f)|u =T
J
where

(s (5o
—Z(“— )= 255)0,85 = (0 =) (1 - £,

Since u belongs to H2+>(2+9)/2([0, T| x R?) and is bounded (|u| < 1), we infer from
the maximum principle [17, Theorem 1.2.5] that

sup S < |sup|ff — f51(0)+T max T)
s 177 = £ < (sup | = 5100) + 7 o 0
with

w = K| finllr (1 + 6A),
where the constant A is given by Theorem 2.4.3. Since f{(0,.) = fi, = f5(0,.) and

|T| S Ke’gl - 92|C([O,T};L1)(Zsup |812,]f§| + 42811}) |ajf§| + 1)?
,J J

we deduce that

sup ‘fl fﬂ §C’T6”T‘g1—
[0,T]xR

Now, for R > 0, we have

i = Bl < sup /| = gl e do+ sup /| s+ sl e

te[0,T7] t€[0,T

92 ‘C([O,T];Ll) :

< CRTe" |91 = g2loomp T 202 6ET/|| e~ R IP/AHET) gy,
v|[>R
c(T
L oM

< C(T)Rg|91—92‘c([07T];L1) TR
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whence
1/2

‘fls - fg‘C([O,T];Ll) = O(T)|gl = 92le(o,r)Lry

with the choice
~1/6

R= |g 92|co0,11;01)"

Compactness of ®. For m > 4, we have Li(R*) N Wh*(R?) c L'(R?) C (H™(R?))" with
a compact embedding Li(R3) N WH>(R3) C L'(R3). Since,

®(C) is bounded in L>(0, T; Ly(R*) N WH>(R?))
and 0,®(C) is bounded in L"(0,T; (H™(R?))"), with r > 1,

by Theorem 2.4.3, we deduce from [27, Corollary 4], that ®(C) is relatively compact in
C([0,T]; L' (R?)).

We are now in a position to complete the proof of Theorem 2.4.2. Indeed, C is a
non-empty, convex, closed and bounded subset from the Banach space C ([0, T); Lt (R3)).
Since ® is a compact and continuous map from C into C, the Schauder fixed point theorem
ensures the existence of a fixed point of ®, that is, of a solution to (2.4.1), (2.4.2). In
addition, (2.4.9) and Lemma 2.4.5 warrant that f© has the desired properties. OJ

2.4.2 Uniform estimates

In order to pass to the limit as ¢ — 0 in (2.4.4), (2.4.5) and obtain a solution to (2.2.1),
(2.2.2), we first need to establish uniform estimates on f¢ which do not depend on e.
These estimates are actually similar to those listed in Section 2.3. In the following, we
denote by C any constant depending only on v, M,,, E;, and S;,.

Lemma 2.4.8 For all o,t € [0,T], 0 <t, the function f* satisfies

/fe(t,v)dv = M, (2.4.13)
/fa(t,v)IUIde = FEy, +6sM;,t < Ej, +6cM;,T, (2.4.14)

and
Sin < S(fF)(0) < S(f)(@), (2.4.15)

where Mzn = MO(fzn); Ezn = MQ(fzn) and Sln - S(fzn)

Proof. Since f¢ € C, the first equality holds true. It next follows from (2.4.6), (2.4.9)
and (2.4.11) with p(v) = |v|? that

/fetv |v|2dv—/fm ) v v—65/ /fETU )dvdr,

whence (2.4.14) by (2.4.13).
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Finally, since f¢ is differentiable with respect to time and satisfies 0 < f(¢,v) < 1 for
every (t,v) € [0,T] x R?, by (2.4.9), we have

O fF 4+ (1= Y = )] = [ fF = In(1 = /)] A s,
Therefore, thanks to (2.4.1),

)
SUN) = S+ [ ar [[TVF =570 s

+5/ dT/fJYf_s’;E

—S(fa) + /dT// (v—v)(f201 = VS~ f(1 - )V

v/ v VS
(e~ ) d”*d”“/dT/fs D

Since the matrix a° is non-negative, we conclude that the function S(f€) is non-decreasing
and (2.4.15) follows. O

We next consider the ellipticity of the diffusion matrix, the propagation of moments
and the smoothness of f¢. Proceeding as in the proof of Proposition 2.2.3 with the help
of the properties of U, we first have the following results.

Proposition 2.4.9 Denote by R, the constant given by Lemma 2.3.1. For every 0 < ¢ <
(3R,)™t, we have

(i) Let f € Y(Ein, Sin). Then there ezists a constant K > 0 depending only on vy, Ey,
and S;,, such that, for every v € R3,

Z (ij(v) —1—5(51-7]-) &> K (1 + |v|2)’y/2 [min ((5|v|)_1, 1/2)}7Jr2 \§|2, £ eR3.

i,J

(i) If f(1 — f) € L7+2(R3), then there exists a constant C > 0 depending only on
M,o(f) and My(f) such that, for every v € R,

0< Z v)+ebiy) && < (C(L+ o)) +¢) €7, ¢ eR

In fact, the proof of the first point also gives a uniform (with respect to ¢) ellipticity
estimate.

Corollary 2.4.10 For 0 < ¢ < (3R,)™!, there exists a constant k depending only on 7,
Ein and S;y,, such that, for every f € Y(Ein, Sin),

€7
1+ |v]?’

Z (Zj,j(v) +edij) L& >k £eR® wveR?

i%j
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We next proceed as in the proof of Lemma 2.3.2 to show the following result.

Lemma 2.4.11 For all T > 0, s > 1, there exists a constant I depending only on s, T
and | finll 1y such that

o 17500, + [ [ EL o e - gt < Tl
t€[0,T]
(2.4.16)
Remark 2.4.12 The constant I" increases with || fin || -
Finally, a proof similar to that of Lemma 2.3.4 leads to the following H!-estimate.

Lemma 2.4.13 For allT >0, € (0,1), s > 0, there exists a constant C > 0 depending
only on s and T' such that

K/O /|Vf€|2 (1+|U|2)s+7/2[min ((5|v\)_1,1/2)r+2dvd7
< C/ //fgf€ 1—f9) |<|U |2|) |v,]? (1+ |U|2)S_1dvdv*d7'

+ C 1+€ ||fe||L°O OTL1 + ||fm||L1 . (2417)

28+W

In particular, for s € [0, 1], we have, for every 6 > 0,

T
K/O /ny8|2(1+|v\2)5”/2[mm((g|v\)1,1/2)}”+2dvd7
< CU(Ifinlley, )+ C QA+ ) [f reomey,, ) + [ fimllzy,- (2.4.18)

Using Corollary 2.4.10 instead of Proposition 2.4.9 in the proof of Lemma 2.4.13 yields

28+“/

Corollary 2.4.14 For all T > 0, € € (0,1), s > 0, there exists a constant C > 0
depending only on s and T such that

T
fi/ /WVfﬂ2m-%wPf‘%wdT
0
<C{/ //fﬁfl—jf-Tﬁ——ﬁguhq2@.+wﬁf‘%wdmd7

+ ||fm||L1 .

Proof of Lemma 2.4.13. A slight change to the proof of Lemma 2.3.4 is required
here since we do not have an estimate on f*(1 — f°) in L'(0,T; L3, (R*)) because W, is
bounded. Thus, (2.3.15) has to be replaced by

’/f‘f (Ao ()T

< C/ fsfs 1_f5) |(|U |2|)

+C A+ f Nz~

2s+“/

[0, (1+ [0?)" dvdv. + C'[| ]|y 11 £y

254+’
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which gives (2.4.17).
Let s < 1 and § > 0. We deduce from Lemma 2.4.11 with s = 1 4+ 6/2, Young’s
inequality, (2.4.13) and (2.4.14) that

|- 2t (e o) oo, ar
0 v — v,
! \Ijs - Ux

< CTNf Nwomny + Tl finlly,,)-

Formula (2.4.18) then follows directly from (2.4.17). O

+0

2.4.3 Proof of Theorem 2.2.2

Consider f;, satisfying (2.2.3) and such that f;, € L}, (R*), for some so > 1. There exists
a sequence of functions ( fink)k>1 in C(R*) N H(R?) N W3 (R?) such that fi,x — fin
in L}, (R?) and
7112 C eiék |U|2
) 5P < 2
Oke k S fm,k S 1+ Ck 6_6’“ [v]2?
for some positive constants Cy, Cy, 0, and 9.

For every k > 1, we set

| —

€ = and fe = f°F,

— =

where f denotes the solution to
orem 2.4.2.

2.4.1), (2.4.2) with initial datum f;, ; given by The-

Lemma 2.4.15 There are a non-negative function f € Cy, ([0, T]; L*(R*)) N L>((0,T) x
]R3) and a subsequence of (fi)k>1 (not relabeled) which converges to f in L* (O, T;L! (]Rg)),
in Cy([0,T); L*(R?)) and a.e. on (0,T) x R3.

In addition, 0 < f <1 a.e. on (0,T) x R?.

Here C,, ([0, T]; L*(R?)) denotes the space of weakly continuous functions in L?(R?).
Since 0 < f < 1, it follows from Lemma 2.4.15 and Holder’s inequality that (fx)r>1
converges to f in LP((0,T") x R?) for any p € [1, 00].

Proof. For m > 4 and r > 0, we have

1
H250—2—'y

(B%) N Ly (R®) € L'(R®) C (H3,(R))',

the embedding of Hj, , .(R*) N L;(R?) in L'(R?) being compact. Since the sequence
i

(finj)k=1 converges to fi, in Ly, (R?), there exists o such that ||fm7k||L%50 < kg, and

Pl finkllzy, ) < T(ko), for k>1, (2.4.19)
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by Remark 2.4.12. We then deduce from Lemma 2.4.11 and Corollary 2.4.14 that

k ] 2 2 . A
(fi)rs1 is bounded in L (0 T H, o (R®)N LI(R3)> (2.4.20)

2s50—2—7

Next, for ¢ € H3%, (R?), we have

[osip o - X [ @ -vofisi - f)@pavan v a [ fopd
+Z // b* (0 — ) fefen(1 = fr) (D — Oy0,) dvdv,.  (2.4.21)

Hence,

‘ / DS du

Since m > 4, we infer from Lemma 2.4.11 and the continuous embedding of H™ (R3) into
W2 (R3) that

< OHsonm// w0 =) g p (1= fo)dvdo,

3/2
17l + ex lellwaes [l finlos.

+Clellwze IIkaILl +C ||90||H

242~

(O fx)r>1 is bounded in L' (O,T (HﬁQV(R?’))) : (2.4.22)

By [27, Corollary 4], we conclude from (2.4.20) and (2.4.22) that (fy)g>1 is rel-
atively compact in the space L*(0,7T;L'(R?®)). Therefore, there are a function f €
L%(0,T; L'(R3)) and a subsequence of (fi)r>1 (not relabeled) such that (fi)r>1 converges
towards f in L*(0,7; L' (R?)) and a.e. on (0,7") x R.

Moreover, we deduce from (2.4.21) that, for ¢ € C2(R?) with compact support included
in Bg for some R > 0, we have

‘ [ ttrea~ [ orpde

<cHsonzoo///|<R allv = |)| A2 Fefen(l = fi)dv do, dr

3/2
+ Cllelwe= [t —of |:||fk||L°° oty + IRl @ ppyy + [ finllor | (2.4.23)

From Lemma 2.4.11, we deduce that, for R’ > 0,
(|U —Ul) |20 _ .
|’U*’ fkfk*(l flw) dv dU* dr < 1—‘<Hfm,kHL§g ) < F(KO)'
[v| <R/, |vs| <R’ 0

We may then pass to the limit as & — +oo thanks to the a.e. convergence of (fx)r>1 and
(¥, )k>1 and then as R’ — +oo by the Fatou lemma to obtain

/T // v — vl [0 F£.(1 = £.) dvdu, dr < T(so). (2.4.24)
0
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Next, it is easy to check, by means of the a.e. convergence and (2.4.24), that

(//U<R |U_U*|2 — 5 Jefe. (1= fr) |va]” dv do, .

converges towards

I o—wreprno- s,
lv|<R

in L'(0,7T). Therefore, the Vitali theorem implies that

lim sup/ // Jifee (L= fry) LQD |v,|? dv dv, dT = 0.
[t—o|—0 g>1 lv|<R v — v

We then deduce from (2.4.23) that the sequence ([ frp dv)g>1 is equicontinuous and
bounded in C([0,77]). The Arzela-Ascoli theorem ensures that it is relatively compact
in C([0,T]). From the convergence of (fy)s>1 towards f in L*((0,T) x R?), we deduce
that [ f¢dv is the unique cluster point of ([ fypdv)g>1. Therefore, ([ fre dv)g>1 con-
verges to [ feodv in C([0,T]). Since the sequence (fx)g>1 and its limit f are bounded in
L>(0,T; L*(R?)), it follows that (fi)x>1 converges towards f in C,([0,T]; L*(R?)). O

Lemma 2.4.16 The limit f of the sequence (fy)r>1 is a solution to the Landau-Fermi-
Dirac equation (2.2.1), (2.2.2) which satisfies (2.2.4) and (2.2.5).

Proof. Step 1: Conservation of mass and energy.
Let t € [0,7]. By Lemma 2.4.11 and (2.4.19), we have

/ ﬁmwMMMs/nwmw%msmwx
[v|<R

for each £ > 1. Thanks to Lemma 2.4.15 and the Fatou lemma, we may let £ — 400 and
then R — +o00 and obtain

ft,v)|v[**dv < T'(ko). (2.4.25)

Combining Lemma 2.4.11, Lemma 2.4.15 and (2.4.25), we see that (Mo, (fi))r>1 con-
verges strongly towards My, (f) in C([0,T7]) for r € [0, sp). Since (finx)k>1 converges to

fin in Ly, (R*) and so > 1, we deduce that
kkrfm/fk(t,v) dv = kl—l>r—i-noo/fin’k(v) dv = /fm(v) dv
Jdim [P ftoydo =l (Malfne) + 65 Molfina)t) = Malfin).

We thus conclude that f conserves mass and energy.

Step 2: Passage to the limit in the weak formulation (2.4.11).
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For all k > 1, p € CZ(R?) and t € [0,T], the functions fj satisfy,

[ty io = [ fasw)ewyde

_Z/ d"// V) fio fios (1 —fk*)@?,jSdedv*+6k/0tda/kagpdv

+ Z/O do // b5 (0 — 0, fifrn (2= fro — frn) Osp dv du,. (2.4.26)

Our aim is here to pass to the limit as kK — +o0 in formula (2.4.26). By Lemma 2.4.15,
it is obvious for the left-hand side and the second integral in the right-hand side. We thus
have to consider the two remaining integrals. As (U, )x>1 converges pointwise towards ¥,
the functions a;* % and b:* defined at the beginning of Section 2.4.1 converge towards a;
and b; respectlvely Con81der ¢ € C*(R3) with compact support included in Bg for some
R > 0. Let R" > 0. We first turn our attention to the integral involving the matrix a®*.

da a0 = v) fifer (1= fi) = a0 = v) £ (1= f.)| 02,0 dv v,
da oo [0 =0 i (L= fr) a0 = 0. (1= £ oo
+Clglwa [ o /{ o Yl DS (= f) v
+C [l /O do / /{ o [ o, (2.4.27)

The a.e. convergence of a® and f;, the bound on f, the properties of V., and the
Lebesgue dominated convergence theorem imply that the first term of the right-hand side
of (2.4.27) converges to zero. For the two others, it follows from (2.4.16) and (2.4.24) that

t
/ da// v — w2 (1= ) do do,
0 {lvI<R, [v«|>R'}

t
< 2 [RRR%0 4 R?2%] / do / / v — w020 £ (1 — £.) dv do,
0
S 2F(/€0) [RQR/7280 4 R/27280i|’

t
/ do // \Ijsk(‘v - U*’)fkfk* (1 - fk*) dv d'l}>|< S 21—‘(50) [RZR/7280 + R/27230}.
0 {|v|<R, [vs| >R}

We then substitute these estimates in (2.4.27) and let first £ — +oo and then R’ — +o0
to obtain that the left-hand side converges to zero as k — +o0.
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We proceed analogously for the integral of (2.4.26) which involves the function b%.

‘Z/Ot do // [bfk(v — ) fifrw Q= fro— fren) — bi(v —v,) ffe (2— f—f*)] O;0 dv dv,

t
do (054 fifics 2= i fee) = b 1. (2= = 1.)] Dup v
BrXBps
' 5k<v v,)
+ C HQOHWQ,oo/ do // —fkfk* dv d’U*
0 (o< fo>Rry [V =0
t
+Clla [ o [ 0 — 04 £ £, dv do. (2.4.28)
0 {[v|<R, [va| >R’}

For the first term of the right-hand side, we use again the a.e. convergence of a* and f,
the bound on fj, the properties of ¥., and the Lebesgue dominated convergence theorem,
whereas for the two others, we have

t
/ da// v — v, [T f f. do do,
0 {[v|<R, [v:| >R}

< C/ do// 1+| | )1+v)/2( + o] )(Hwhff*dvdv*
{lv|<R, [v<|>R'}
< OT 1 —I'_ R/2 (1“1"7 250 /2 ||f||L1 ||fl||L1 7

t
\115 — Ux -
/da// Yo lo—v) oo dvdv, < CT(1+ R2)O292 112,
0 [l <R Jus| >R/ N

CRaliN

S CT(l+R,2)(1+7_280)/2F(Ii0)2,

by Lemma 2.4.11. Inserting the estimates in (2.4.28) and letting first & — 400 and then
R’ — 400, we obtain that the left-hand side converges to zero as k — +oo.

Therefore, f is a weak solution to the Landau-Fermi-Dirac equation (2.2.1), (2.2.2)
which preserves mass and energy. 0

Moreover, we deduce from (2.4.24) and (2.4.25) that f satisfies
f(l - f) € Lloc<R+7 Léso-i-'y (R3)) and f € LZOC(R+; L%so (R3)) (2429)

Distinguishing the cases s < 147/2 and sy > 1++/2, we infer from (2.4.17) and (2.4.18)
the existence of a constant C'(7T', ko) such that, for all R > 0, k > R/2,

1\*t T .
(5) [ [ WAR By dedr < 2T
2 0 [v|<R
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Letting first £ — 400 thanks to a weak compactness argument and then R — +oo by
the Fatou lemma, we conclude that

VfeLL.(Ry L, (RY)). (2.4.30)

Therefore, the proof of the first statement of Theorem 2.2.2 is now complete.

We now verify that the entropy of f is a non-decreasing function when f;, € L} +7(R3),
which corresponds to the second statement of Theorem 2.2.2. For that purpose, we first
need a smoothness result.

Lemma 2.4.17 Let f;,, € L}, (R?) satisfying (2.2.3). The weak solution f to (2.2.1),
(2.2.2) given by Lemma 2.4.16 belongs to C([0, T]; L?(R?)).

Proof. Let us first show that

ouf € 12(0,T; (Hy,., (RY))'). (2.4.31)
Indeed, the function f satisfies, in the sense of distributions,

Bf =V - [ZVf—Bfu —f)].
Moreover, since the initial datum belongs to L3, (R?), we have

e 120,15 Ly, (B) 0 220,75 ). (),

by (2.4.29) and (2.4.30). Consequently,
1l s

2+~ 2+

ClIFIZ,.

|V - [va]H(H;ﬂ)/ < Cfllw
IV 55— )l

whence (2.4.31). Since

IN

Hl

2+7(R3) C L2

24, (R?) C (Hyy, (R%))
with continuous and dense embeddings, and
feL*0,T;Hy, (R%) and 8,f € L*(0,T; (Hy,,(R%)),

we have f € C([0,T]; L3, (R?)) by [21, Proposition 1.2.1 and Theorem 1.3.1] (see also

[14, Theorem 5.9.3]). Lemma 2.4.17 then follows since L3, (R?) C L*(R?). O

Lemma 2.4.18 Let fi, € L, (R®) satisfying (2.2.3). Let f denote the weak solution
to (2.2.1), (2.2.2) given by Lemma 2.4.16. The entropy S(f) is a continuous and non-

decreasing function such that, for t > 0,

S(fim) < S(f)(t) < B + / e 1P d. (2.4.32)
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Proof. We first show the continuity of S(f). Let ¢ > 0 and (¢,),>1 be a sequence

converging to t. Lemma 2.4.17 implies that (f(¢,))n>1 converges towards f(¢) in L?(R?).

One can extract a subsequence f(fy(n))n>1 Which converges a.e. in R* towards f(¢).
From the inequality

s(r) < rlo? + e P for 0 <r <1, (2.4.33)

where s(r) = r|Inr| + (1 —r)|In(1 — r)|, we deduce that
‘S (m) = S(f)(t)‘
‘A]KR ) ~ S<f)<t)) dv

SLAKRS”“%W)‘“”“»d”

hence the convergence of (S(f)(ton)))n>1 towards S(f)(t). Since (S(f)(tn))n>1 is bounded
by (2.2.5) and (2.4.33) and has a unique cluster point S(f)(t), we conclude that (S(f)(tn))n>1
converges to S(f)(t).

Let us now prove the monotonicity of S(f). Consider h > 0 and 0 < o < t. We
deduce from (2.4.15) that

+ 2R (ko) + 2/ e 1P d,

[v|=R

o+h t+h
hﬂMMS/ smmwhs[ S(fi)(r) dr. (2.4.34)

As previously, (2.4.33) imply that

/OvT‘S(fk) - S(f)‘ dt < /OT /BR(s(fk) _ s(f)) du

and thus that (S(fx))k>1 converges to S(f) in L'(0,T). Similarly, (S(finx))k>1 converges
to S(fin). We may then pass to the limit as k — +o0o in (2.4.34) to obtain

st <y [ s@arst [ s

Letting h — 0 thanks to the continuity of S(f) completes the proof of the monotonicity of
S(f) and the first inequality in (2.4.32). Finally, the second inequality in (2.4.32) follows
from (2.4.33). O

dt +2TR™7 T (ko) 4 2T / e 1P dv,

[v|>R

2.5 Uniqueness

In this section, we are concerned with the uniqueness issue. As previously mentioned, we
first need an embedding lemma for weighted Sobolev spaces because of the non-quadratic
nature of the LFD collision operator.
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Lemma 2.5.1 For all v > 0, € > 0, there exists a constant C' > 0 such that, for every
function h € Hj (R®), we have

Rl < O hll 15, + C|[ VA3,

The proof of Lemma 2.5.1 is an easy extension of [26, Lemma 3.6.7] where the above
inequality is established for r = 0.

Theorem 2.5.2 Let f;, € L3 (R3) with 2s > 4~y + 11, satisfying (2.2.3). Then there is a
unique weak solution f to (2.2.1), (2.2.2) (in the sense of Definition 2.2.1) such that

f € Lise(Ry; L3, (R%)) N Lige(Ry; Hy (R?)).

loc

Remark 2.5.3 Since 0 < f;, <1, fi, belongs to L3, (R3) as soon as it belongs to L} (R?).
Thus we do not need any extra assumption in a weighted L?-space as in [10].

Proof. We only give formal computations in order to highlight the difference with the
proof for the classical Landau equation performed in [10, Theorem 7]. Let f; and fs be
two solutions to (2.2.1), (2.2.2) satisfying the requirements of Theorem 2.5.2. We set
u= f1 — fo and w = f; + f5. The function u satisfies, in the sense of distributions,

Opu = %v. {z““*“’) Vw+ (A" + A7) Vu—0" [ = )+ (1= f2)] = 0" u (1 — w)}.
Then, for every g > 0,
%/Wu L)y = — /Z““‘“’)Vw V [u(l + [o?)7] dv (25.1)
_/ [+ 2| Tu v u(1 + o)) dv (2.5.2)
+ [P £+ 0= 2] V[ud+ pP)do 253
+ /B“’u (1 —w) V[u(l+ |[v[*)]dv. (2.5.4)
We first consider (2.5.2) and (2.5.4),
(2.5.2) + (2.5.4) = —q/ [Zfl +Zf2]v(u2)(1+ 0[2) v do
_/ (A" 4 A" Vuvu (14 o) dv + /Bw V() (1 + [of2)" do

- /uw[_)“’ -V (1+ |vf*)?dv + 2Q/U2 (1=w)8" v (1+[of?)" dv.
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With the ellipticity of the diffusion matrix and an integration by parts in the integrals
involving the term V (u?), we find

(2.5.2) + (2.5.4)
< 2K 1 (141" do b g [ [B" 4B 0 (0 ) e

+q/u2 [Zfl —l—Af2 ' [(1—|—|v|2)q ' }dv——/uQEw(1+|v|2)qdv
q/u2 v (1+ [v]?) /uw - Vu (1 + [v]*)? dv

+2q/u2bw (14 )™ dv— 2 /uwb v (14 [v2)"™" do.

Hence,
(2.5.2) +(2.5.4) < —2K/|Vu|2 1+|v|2)q+”/2dv+/u2Edu

‘/uwb -V (1 + |v]*)dv

+2q‘/u wbh” v (14 )" vl
where

S e - L1
E = q[Bf1 + B2 40 } v (1+v]?)* 1+q[Afl—|—Af2] V(1 +][v]?)* 1v} —§EW(1+|U|2)Q.

Now,

E = C]/[fl*(l—fl*)+f2*(1—fQ*)NU—U*W(le\U’z)q2
x{ 2P - va) + 2|0l — 2(g — (v - 0.)? — 20 - v, + 2 |v*|2} dv,
+ [wdo =P (U 1o) {0+ 3 - 201 + 20 (0 0) + 7+ 3 dow

and choosing 2¢ > v + 3, we deduce that £ < C(1+ [v]?)? since f; € L2 (Ry; L, (R%)
for ¢+ = 1,2. Consequently,

(2.5.2) +(2.5.4) < —2K/|vu\2 (1+ \UP)‘”W dv + C/u2 (L+v*)" dv

+ ‘/uwl_)w - Vu (1 + [v]?)?dv

+ 2¢ ‘/qul_aw v (1+ ]v|2)q_1dv .
(2.5.5)

From Holder’s inequality and Lemma 2.5.1, we deduce that for every € > 0,

1/2
< Clulyy,,  IVullg

iy
2q+y L2q

‘/uw5w~Vu(1 + [v]?)? dv

< ca||w||‘zm||u||@q+e||w||igw, (2.5.6)
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and
—w -1
' [urwd o @) ) < Clullg,,,
< Cllwllly , Iy +ellVul?y, . @257)

Finally, substituting (2.5.6) and (2.5.7) in (2.5.5), we find
) . (25.8)

It remains now to consider (2.5.1) and (2.5.3). In the sequel, we use the notation II
for II(v — v,). We have

(25.2) +(25.4) < —2(K = &) ||Vull?;  + Cellull?; (1 +wllts

2q+2v+4

(2.5.1) + (2.5.3) = — //H|v 0 Pl — w) VY (1 + [v]?)? du do, (2.5.9)
—2q // v — v, " u, (1 — w,)Vwuv (1 + [v*)? do do, (2.5.10)
—2//(1} —v.) - Vulv — v u [ fi(1 = fi) + fo(1 = fo)| (1 + |v|*)?dvdv.  (2.5.11)
—4q//(v —v) v — o u [ fi(1 = fi) + fo(1 = fo)]u(1+ |[v]*)? " dv dv,.(2.5.12)

Using successively the Cauchy-Schwarz inequality, |v —v,]|*" < C(1+ [v]?)" (1 + |v.[?)"
and the Fubini theorem, we find

1/2
(259) < C {//w—vm” e [Vul? (14 [o]?) dvdv*}

1/2
X {/ v — 0,7 |u] [Vl (1 + |v\2)q+1 dv dv*}

< Cllullp, Vullzz , [Vl

2
2q+v 2q+~y+4’

1/2
(2.5.10) < c{/ v — 0,772 0] |u| |[Vw]? (1+|v|2)"””/2dvdv*}

1/2
X {// v — 0,77 | [ul® (1 + |U|2)q—1—7/2 dv dv*}

< Clullya,, lullss, [V

HL%q+2v+2’
1/2
(2.5.11) < C {/ v — v "2 || |w]? (1 + [o]*)? dv dv*}

1/2
X {// v — 0|7 |u] [Vul® (1 + |v[2)qdvdv*}

< Cllullp, [IVullgg,, lwll

2
Y42 2q+7 2q+y+2’
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1/2
(25.12) < C {/ |v—v*|7+2|u*||w|2(1+|v|2)q”7/2dudv*}

1/2
[ o= o b af? (1 o) 0}

< Cllullps,, lullgg, llwllzz, ,, -

Since v < 1, we thus obtain

25.1)+(253) < CBE) July, IVl +CBE Jul, el
+CAullp,, IVullz , +CAllulln, llullz ,

29+

< c(a+B®) luln,, (IVell,, +luls,),

where A = supyeoy lw ()l z3,.,. ., and B(t) = [Vu(t)]|2

2g+2y+4 2q+y+a”

Now, for 6 > 0, we have HuHL%+2 < C(;HuHngué, and thus, for 2¢ > 2y + 7,
(2.5.1) + (2.5.3) < e[|Vl 75 L TC(1+ A%+ B2(t))||u||igq. (2.5.13)

From (2.5.8) and (2.5.13), we infer that
t
lull2, (1) < o/ (14 A2+ A% + BX(7)) ||ul% (v) dr.
q 0 2q

Since A is finite and B belongs to L7 .(R,), we may use the Gronwall lemma and

conclude that u =0 = f; — fs. O

Appendix: Well-posedness of (2.4.3)

We give here further details for the proof of the well-posedness statement of Theorem 2.4.3.
In order to apply [17, Theorem 5.8.1], we introduce the quasi-linear problem

af = V- ((Zg’a +513)Vf) — (=20 Vf—EEfO(f)  (2.5.14)

where the function 6 is defined on R by

1 if f<o0
0(f)=< 1—f if 0<f<1
0o if f>1

Let 6 € (0,1). Then, f; € H**(R?). Owing to Lemma 2.4.4 and the uniform
ellipticity (2.4.7), the functions a; and « defined by

ait,0,8) =Y (A7) +e6:;)&  and  a(tv, f,6) = (1—=2f) > W &+ f0(f)
k

J
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satisfy the assumptions of [17, Theorem 5.8.1], which implies the existence of a solution
f€ to (2.5.14), (2.5.15) belonging to the Holder space H2+%2+9)/2([0, T] x R?). Moreover,
there exists a constant A depending only on f;,, , T', ¢ and Cf, such that

|| ¥l ro.erer e < AL

It remains to prove that 0 < f*(¢,v) < 1. To this aim, we consider the linear operator
L1 defined by

Liu = O — Z <Z‘Z’; + 6(5m-> aiju - Z [E?va —B7°(1 = 2f°) | Ou + ° 0(f°) u.
ij i
Let R > 0. As soon as
C > 6K, | finllzr +6e +12(1 + A)2K2| finll7:  and A > 1+ K| finllzt,

we deduce from the comparison principle [17, Theorem 1.2.1] that
A A
fe(t,v) > — 2 (Jo]> + Ct)eM,  (t,v) € [0,T] x Bp.

We let R — +o0o and obtain f¢(t,v) > 0 for every (¢,v) € [0,T] x R>.

Next, we introduce the quasi-linear operator Lo defined by

Lou=0gu =Y (AL} +28i5) 00— [BYT =57 (1 = 2%)| o + 20 0 (w),

Z?]

Let R > 0. For
C > 6K, || finllzr + 66 + 12 (1 4+ A)2KZ|| finl|71,

it follows from the comparison principle for quasi-linear equations [19, Theorem 9.1] that
A A
fe(t,v) <1+ I (Jv]* + Ct)e, (t,v) € [0,T] x Bg.

Letting R go to infinity, we obtain that f*(¢,v) < 1 for every (t,v) € [0,T] x R3.

Consequently, there exists a solution to (2.4.4), (2.4.5) in H>+%@+9)/2(]0, T] x R?). The
uniqueness of such a solution follows easily from the comparison principle [17, Theorem
1.2.5).
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ANNEXE A

Existence pour le probleme approché
(2.4.4)-(2.4.5)

A.1 Le probleme approché

Commencgons par rappeler la définition du probleme approché considéré dans le Cha-
pitre 2. Soit (V.).~o une famille de fonctions bornées, de classe C*° sur R, qui coincident
avec U(r) =72 pour 0 < e < r < &' et vérifient

() . e WS(R,)

(1) Pour 0 <r <el, W (r)>r"*2/2: Pourr>e™t, W (r)>e02/250;

(iii) Pour tout r >0, W.(r) <r*(1+77) et |V.(r)|<(y+2)r(1+77);

(iv) Pour 0 <7 <e, U.(r) =7r?v.(r), avec v, € C([0,¢]), v.(0) =1, V.(0) = 0 et
v (0) = 0.

On note alors pour (7,7) € [1, 3],
c ZiZ5 c c 222'
() = W (|2)) (% - W) ) = S duiele) = - 2 (e
k
(S I3 2
ot ()= Ohak(z) = - o | WellaD) + 2 WD |
k,l

On définit également

Vo besf, de=cxf, AT =@ (f1—f) et BT =0 (f(1-f).

On considere alors le probleme suivant

of = V.[(Xg’eJrslg)Vf—Eg’Ef(l—f)], (A1)

79
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ol fi, € C*(R?*) N HY(R3) N W3*(R3) est telle que, pour des constantes strictement
positives o, as, (81 et (32, on ait, pour tout v de R3,

vy e~ P21

et ou la fonction g appartient a I'ensemble C défini par
( 0<g<1, Vstel0,T], YoeC(RY), )
/@wmzfmmm

‘/ 9(5,0)) (v) dv
C=qge€C((0,T];L'(R)) ‘/ (1—g)(t,v) g(l—g)(sv))w(w‘h”

< Crllollezmsy It — s
B |v]?

< O l#llezrey [t — s

Et —
Qg e~te 1tFt
e 51|U| —Dt < g(t,v) < EREE
_B2
0 1+ agefte” 1471 J

Les valeurs des constantes 3] > 1, D, E, F et C, seront précisées ultérieurement.

Dans la Section A.2, on montre qu’il existe une unique solution de (A.1.1)-(A.1.2).
Ensuite, dans la Section A.3, on prouve que, pour un choix convenable des constantes ],
D, E, F et C, ne dépendant que de f;,, T et e, cette solution appartient a I’ensemble C.

A.2 Existence et unicité

Dans cette section, on montre la proposition suivante :

Proposition A.2.1 Soient 6 € (0,1) et € > 0. Pour tout élément g de C, il existe une

unique solution classique f¢ du probléeme (A.1.1)-(A.1.2) appartenant a ’espace de Holder
HACH0/2(10,T] x R?) et on a

1/l rs2e02 <A (A.2.1)
ot la constante A ne dépend que de f;,, 6, T, ¢ et Cy.

Preuve. On considere le probleme quasi-linéaire
of = V- (A 4eL)VE) - (2B VF w0 (A22)
f0,.) = fin. (A.2.3)

ou la fonction 6 est définie sur R par

1 s f<0
0(f)=<2 1—f st 0<f<1
0 si f>1
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Soit § € (0,1). On note qu’avec les hypotheses faites sur la condition initiale f;,, on a
fin € HZHO (Rg) De plus, les fonctions «; et o définies par

ailt,0,6) = Y (A} +ediy) & et altv, f,.6)=(1=20) Y B &G+ 1o())
J k
sont contlnues Les fonctions «; sont différentiables par rapport a v et £&. Comme les
fonctions A i b akAg~ et ¢9° appartiennent a H>%/2([0, 7] x R?), il découle que, pour
If| < M et €] < M, les fonctions «;, a, g‘gl et 83‘? sont holdériennes en t, v, f et &,
J
d’ordre §/2, §, § et § respectivement. On a également la relation

VEER®,  el¢]t< Z AlL + i) &8 < (BKL| finll +¢) 1€, (A.2.4)

car ||a§7j||c§ < K.. On applique le Théoreme 5.8.1 de [1] pour obtenir l'existence d'une
solution f¢ de (A.2.2)-(A.2.3) appartenant & l'espace de Holder H2% +9/2([0, T] x R?).

De plus, il existe une constante A ne dépendant que de fi,, J, € et Cp, telle que (A.2.1)
soit, vérifié.
Montrons maintenant que
0< fo(t,v) < 1. (A.2.5)
Soit £ 'opérateur linéaire défini par
Lou=0u—3" (ij n gam) Pu—>" [Ef’f (1 - 2f‘5)] Do+ 2% 0( ) u
i i

Soit R > 0. Comme £1<(\v\2 + Ct)e)‘t) > 0, des que

C 2 6K finllr + 6 +12(1+ A K2 finllze et A > 14+ Kol funllpr,

on a

£ - % (1ol + C)e) = - %zl((w +C1)N) 0= La(F)
A At e -
— oz (WP + O™ < —A < f(tv), i o] =
On déduit du principe de comparaison [1, Theorem 1.2.1]) que
fe(t,v) > — % (Jo]> + Ct)eM,  V(t,v) € [0,T] x Bg.
On fait tendre R vers l'infini et on obtient

fe(t,v) >0,  V(t,v) €[0,T] x R®.
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Soit Ly 'opérateur quasi-linéaire défini par
Lou= 0= (AL +ediy) 08— 3 |BIT = B°(1 = 2f%)] O+ 21 0(w).
0, i

Soit R > 0. Comme

A
L, (1 + — ([v]* + Ct)e > > 0= Lo(f%),
pour
C > 6K || finllzr + 62 + 12 (1 + A KZ|| fin 21,

et comme

1+ A|U|2 > 1> fin(v);

1+—(\v[2+0t)e > A > f(t,v), si|v|=R,

on déduit du principe de comparaison pour les équations quasi-linéaires (cf. [2, Theorem
9.1]) que

fetv) <1+ A S (v +Ct)e',  V(t,v) € 0,T] X Bg.

On fait tendre R vers l'infini et on obtient, pour tout (¢,v) de [0, T] x R3, fe(t

=
On déduit de (A.2.5) que la fonction f¢ est solution du probleme (A.1.1)-(A.1.

)

Montrons maintenant 'unicité. Soient hy et hy deux solutions du probleme (A.1.1)-
(A.1.2) appartenant & H2+%2+9/2([0, T x R®). Alors, u = hy — hy vérifie

O — > (AL +28,5)0u =Y B =57 (1= — ha) 0
2 J
+[695(1—h1 Zbg€8h1+8h2)]u_0 (A.2.6)

J

On déduit du Théoreme 1.2.5 de [1] que h; = ha. O

A.3 Appartenance a I’ensemble C

On montre ici que, pour un choix convenable de 3] > 3, D, E, F et O, les solutions
de (A.1.1)-(A.1.2) appartiennent a l’ensemble C. Voici tout d’abord une conséquence du
Théoreme 9.1 de [2] qui servira pour montrer que la solution f¢ vérifie la majoration par
une distribution de Fermi-Dirac.
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Lemme A.3.1 Soit P lopérateur quasi-linéaire défini par

Pu=0u—Y ay(t,v)o%u—Y [ﬁi(t, V) = xilt, v)(1 — 2u)| By + p(t, v) (1 — ) w,
i,J

%

ou les coefficients « j, B, Xi et p sont des fonctions continues sur [0,T] x R3. Soient g
et h deuz fonctions de CV2([0,T] x R*) N L>((0,T) x R3) telles que,

Pg < Ph dans (0,T] x R?, g < h sur {0} x R
et telles qu’il existe une fonction ® € C(R3) vérifiant

lim ®(v) =0 et V(t,v)€[0,T]xR? (g—h)(tv)<®(v).

[v[—+o0

On suppose de plus que les coefficients c; j vérifient

VEER®, V(tv)e[0,T] xR, ) ai(t,v)& & >0,
2%
et que l'on a, soit

sup 2 Z Xi(t,v) 0;ig(t,v) + p(t,v) (g +h —1)(t,v) | < oo, (A.3.1)

(tw)€[0,T]xR3 ;

sot

sup 2 Z Xi(t,v) O;h(t,v) + pu(t,v) (g +h —1)(t,v) | < oo. (A.3.2)

(t,0)€[0,T] x R3
Alors, on a g < h dans [0,T] x R3.

Preuve. On adapte ici la démonstration de [2]. Supposons, par exemple, que I’hypotheése
(A.3.1) est vérifiée. Posons w = (g — h) e, ol le réel \ vérifie

A< — sup 2 Z Xz(tv U) alg(tv U) + M(ta U) (g +h— 1)(t7v) :
(t,v)€[0,T]xR3 i

On a w < 0 sur {0} x R3. Supposons qu’il existe un point (ty,ve) de (0,7] x R? tel
que w(tg,vp) > 0. Pour tout (¢,v) de [0,7] x R3, on a w(t,v) < ®(v) . 1l existe donc
R > 0 tel que, pour |v| > R, on ait w(t,v) < w(ty, vy)/2. La fonction w atteint alors son
maximum sur (0,7 x Bg. Il existe un point (¢1,v1) de (0,7 x Bg tel que

w(tl,vl) > 0,

Vg(tl,vl) = Vh(tl,'l)l),

V(g = h)(t1,v1) <0,

9(g — h)(t1,v1) = =A(g — h)(t1, 1),
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ot V?(g — h) désigne la matrice hessienne de g — h. On déduit alors que

0 < Ph(ty,v1) — Pg(tr,v1) = —0i(g — h)(t1,v1) + Z a; j(t1,v1) 92 (g — h)(t1, 1)

.3

222wt v)digt, o) + it v + b= (e[ (9 = ) ().

%

D’ou, la contradiction

0 S Ph(tl,vl) — Pg(tl,vl)

<A+ s 23 (h0dglt )+l o)+ b= ()] (9 - B)t)

(t,w)€[0,T]xR3

< 0.

Ce qui implique donc que g < h dans [0, 7] x R3. On aurait eu la méme conclusion si on
avait supposé que (A.3.2) était vérifiée car Vg(t1,v1) = Vh(t1,v1). O

Lemme A.3.2 Pour un choiz convenable de 3 > (1, D, E et F, les solutions f¢ de
(A.1.1)-(A.1.2) vérifient, pour tout (t,v) de [0,T] x R3,

_ B2 v
Qo @Et e 1+Ft

are PPt < ot ) < Z
1+ asefte” T

Preuve. Posons

_Balvl?
Q9 eEt e 1+Ft

Cing(t,v) = g e~ Pilvl?* o= Di et Osup(t,v) =

Ba[v|2
1+ agefte” 1+F¢

On a

Loging = { — 42 (AL by v+ 28, S [Eﬁ”g -2 fﬁ)} v
1,7

—~D+2p, (ZZ;‘{’; + 35) +79°(1 — fs)}gpmf.

B/"||

Or, comme || BY|| g et [|b)°|| . sont bornées par K.||fin||11, on obtient

22[ 209w

< yv12+Z‘ng —op)

< ol + 12 K2 finllZa,
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ce qui, avec lellipticité (A.2.4), implique que
L1ing < { — [4515 - 1} 3 |v]?

+ 128 K2 | finllpo + 6681 (Kell finll ot + ) + Kell finll e = D}‘Pinf'
Par conséquent, pour

bz et D2 128 K| finll7r + 681 (K| finll o + €) + K finll 21,

on a Lipins < 0. Soit n > 0. Posons
U)(t, U) - Solnf<t7v> - TZGM - fe(t7v)7

avec A > K. || finl/z1- On a alors £yw < 0. Comme w(0,v) < 0 par (A.1.3) et comme il
existe une constante R, tel que

U)(t,'U) <0 sur [OaT] X (RB\BRW)7

on déduit du principe de comparaison (cf. [1, Theorem 1.2.1]) que, pour tout (¢,v) de
[0, 7] x R3, w(t,v) <0, et donc

sznf(ta U) - 77€At S fe(ta U)'
En faisant tendre n vers 0, on conclut que
are PP Pt < e ) Y(tv) € 0,T] x R,

Avant de montrer la majoration de f¢ par ¢g,,, nous allons montrer qu’il existe des
constantes @) > 0 et S > 0 telles que

—By v
fet,v) <aze TS @ — Osup(t,0),

ce qui nous permettra d’appliquer le Lemme A.3.1. On a

€ 2ﬁ2 —q,e
_ 2 E it oz E 9
Elgsup — {(1 T St) [S|U| 4ﬁ A +€5z] Uzvji| + 1+ St ( i Az,z +35>

+Q+12f25t§[§?’5— ‘-2 c“(l—ff)}

On déduit alors, comme précédemment,

v 2
Ci0u 2 { 2[5 8a3 Kl ) =] + Q= K2l = Kol ol |y
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Par conséquent, pour
Q = 12K2|| finllZs + Kell il et S =483 K| finllpr +¢) + Bo,

on a L0, > 0. Soit R > 0. Posons

w(t,0) = F*(t,0) = 2 (o + O — By, 0).
Pour A > 1+ K| finllz1 et C > 6K.| finllr1 + 6 + 12K2| fin]|71, on obtient
Li( (o] +Ct)eM) > 0.
Ainsi, on a

£1w

w

0 sur [0,7] x Bgr
0 sur 90([0,7] x Bg).

IAIA

Du principe de comparaison (cf. [1, Theorem 1.2.1}), on déduit alors que, pour tout (¢,v)
de [0, 7] x Bp,

- 1
FE(t,v) < Oup(t,v) + ﬁ(w + Ct)eM
On fait tendre R vers l'infini et on déduit

Balv|?
fet,v) <aze Tist Q@ — Oup(t,0).

Soit M T'opérateur quasi-linéaire défini par

Mu = O — Z (Zlg; + 852',]') 02 ju — Z [Ef’s -0 (1 - 2u)] Oiu+¢0°(1 —u)u

1,5 7

On a
52|U‘2 Qs eEte_ﬁl%r‘F‘t —1 Z( )'U’Uj
M@su =N 77 T o |:F + 4ﬁ2 A + 5z . :|
: (1+ Ft)? 1+ ay eBt 67[%\;\3 i ’ |v[?

1+ Ft

25 e Psup
<2A”+3> +Ft+E+c By o2

1+ ayebfte i1t

LS B =51 = 2p)| v




ANNEXE A. EXISTENCE POUR LE PROBLEME APPROCHE 87

Or,

—9.e 23

A% 43 >0

(ZZ: 272 + 6) 1 _'_ Ft a
B |v|?

Bt — 5o
4 By g et e THF Z(A —1—6(5”) U]>O

Ba |v|? 2
1+ agefte” THFE [v]

45
2 Bo |v|? Z(A +e 6U)| |2

1+ agefte T+FE 4

<43 (3K HmeLl +€>

202 ) [E‘? B - 200 )} vi| <12 K2 | funl2s + 221
1+ Fte—L"" = b - ‘ (14 Ft)?
Donc, on déduit
M S Bo 0> (F = 1260 K. || finllz — 4 Bae — B2)
Poup = 1+ Ft)?
2 2 stup

+ B = 12K || finllpr — Ke || finll 20 PR
14+ agePlte™ 14FE

Par conséquent, pour
E > 12K | fiullpr + Ke | finll70 et F > 123K, finllr + 4 B2 + Bo,

on obtient My, > 0. Or, pour tout v de R?, on a

iy e~ 2

1+ qge=P2lvl* =

SOSUP(()?U) fm( )

On applique alors le lemme A.3.1 car on a la majoration par 6,, et on obtient, pour tout
(t,v) de [0,T] x R3,

_ Balv v|?
Qo elt o™ FFe

f(tv) <

Ba |v|2 *
1+ agefte” Tt

O

Pour montrer que f¢ appartient a C, il nous reste a montrer les deux conditions de
Lipschitz ainsi que les conditions

feec(lo,Ty; L1 (R3)), (A.3.3)

Jos fE(t0) dv = [os fin(v t €0,T). (A.3.4)

En ce qui concerne (A.3.3), c’est une conséquence immédiate du Lemme A.3.2 et de la
continuité de f°. Quant a I’égalité (A.3.4), elle découle du Lemme A.3.2 et d’arguments

de troncature. Finalement, une preuve détaillée des conditions de Lipschitz a déja été
donnée dans le Chapitre 2 (cf. Lemme 2.4.7).
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Abstract

A kinetic collision operator of Landau type for Fermi-Dirac particles is
considered. Equilibrium states are rigorously determined under minimal
assumptions on the distribution function of the particles. The particular
structure of the considered operator (strong non-linearity and degener-
acy) requires a special investigation compared to the classical Boltzmann
or Landau operator.
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3.1 Introduction

The Landau or Landau-Fokker-Planck equation is a kinetic collision model used to de-
scribe the evolution of charged particles in a plasma [2, 3, 4, 11]. When quantum effects
such as the Pauli exclusion principle come into play, this collision operator has to be mod-
ified and leads to the so-called Landau-Fermi-Dirac (LFD) operator [4, 6, 11]. Besides, a
Landau equation with Fermi statistics also arises in the modelling of stellar systems [5, 9].
In this paper, we consider the LFD equation in the spatially homogeneous case. It reads:

O f(t,v) =Qr(f)(t,v), teR,,veR?, (3.1.1)

where
QN0 =V [ Vo= o) -e){£0- L)V = 0= VL }do, (312

with f = f(t,v), f. = f(t,v.), II(2) denotes the orthogonal projection on (Rz)*,
ZiZj

e

and W is a function such as ¥(z) = [2|*™, —3 < v < 1. Here as in the rest of this
paper, V denotes the gradient with respect to the v variable. The choice ¥(z) = |z|*T7
corresponds to inverse power law potentials. According to the value of v, we distinguish
the Coulomb potential (y = —3), soft potentials (—3 < v < 0), the Maxwellian potential
(v = 0) and hard potentials (0 < v < 1). We recall here that the Coulomb potential is
nevertheless the only one to have a physical relevance.

Equilibrium states and trend to equilibrium for the classical Boltzmann and Landau
equations have been considered in several papers, see [3, 7, 14, 15] for the Boltzmann
equation and [8, 16, 17| for the Landau equation, and the references therein. For the
Boltzmann-Fermi-Dirac (BFD) equation, Lu [12] has shown the existence of two classes
of equilibria, which are the class of Fermi-Dirac distributions and the class of character-
istic functions of the Euclidean balls. Large time behaviour for the BFD equation has
been studied in [13]. To our knowledge, there are few works on the Landau-Fermi-Dirac
equation ([6, 10, 1]). In particular, the determination of its equilibrium states has not
been yet considered at a rigorous level. We point out that the Pauli exclusion principle
implies that a solution to both LFD and BFD equations must satisfy 0 < f < 1 as soon
as this is satisfied by the initial data. Similarly to the BFD equation, there should be two
classes of equilibria for the LFD equation, namely the class of Fermi-Dirac distributions
and a class of degenerate equilibria. Our purpose in this present work is to clarify this
claim. In particular, we rigorously determine the expressions of the equilibrium states
(i.e. the solutions to @ (f) = 0) under minimal and 'natural’ assumption on the distri-
bution function f. The strong non-linearity in (3.1.2) (term f(1— f)) and its degeneracy
for f ~ 1 give rise to additional difficulties compared to the classical case and a special
treatment is required.

IL j(2) = &, 1<, <3,

We now describe the contents of the paper. We set notations and state our main result
in the next section. The proof is given in Section 3.3.
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3.2 Main results

The usual a priori estimates are available for (3.1.1)-(3.1.2). Indeed, one can formally
check that solutions preserve mass and energy, namely

vt >0, /f(t,v)dv:/fmdv and /f(t,v) |v|2dv:/fm|v\2dv.

Moreover, considering the entropy for Fermi-Dirac particles defined by

st == [[fmf+a-nua-plazo

one can see, still formally, that ¢t — S(f)(¢) is a non-decreasing function. More generally,
the dissipation term reads

/QL(f)[ln(l —f) —lnf} dv = %//H(v—v*)]v—um“

(£ 10vs =50 =092 (50 tg -~ sy ) oo

The conservation of mass and energy and the fact that the entropy is a non-decreasing
function have been rigorously proved in [1] for solutions to (3.1.1)-(3.1.2) with 0 < v < 1.

Equilibrium states are usually defined thanks to the cancellation of the dissipation
term. The problem here is to give a sense to this expression. Noting that

2V | Arctan

f]: v/
S V=)

and that II is a projector and thus satisfies II = I12, we infer that

[eun[ma- -l
= 2// ‘H(v —v,)|v — v*|(2+w)/2 [Q*V(p(f)) - gV, (p(f*))} ‘2 dv, dv,

where g = \/f(1 — f), p(f) = Arctan (1/f/(1 — f)) and V. denotes the gradient with
respect to the v, variable.

If f is a measurable function satisfying 0 < f < 1 a.e. then p(f) belongs to L>(R?).
Consequently, Vp(f) € D'(R?,R?). We may now define what we mean by equilibrium
states. We consider

Q= {(v,v*) € (R3)2 ;v #v*}.
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Definition 3.2.1 A function f € L*(R?*) N L>®(R?) is said to be an equilibrium state for
the LFD equation if it satisfies 0 < f <1 a.e. and

(v — v,) v — v,|@/2 [g* V(p(f)) —g V. (p(f*))] =0, in D'(Q,R*). (3.2.1)

Formally, if f is a smooth function that satisfies 0 < f < 1 a.e. and (3.2.1), then

ae—b|’v—Vo‘2

fw)

1+ ae b0l

with a,b > 0 and V5 € R®. Our aim is to give a rigorous proof for this statement, under
‘minimal’ assumptions for f.

Remark 3.2.2 Any function f € L'(R3*) N L*(R3) such that 0 < f < 1 a.e. and
f(1 = f) =0 ae. satisfies (3.2.1), that is any characteristic function of a measurable
set with a finite measure is a solution to (3.2.1). We thus recover a class of degenerate
equilibria as for the BFD equation (see [12]). However, this new class strictly includes
the one concerning the BFD equation.

Owing to the previous remark, we restrict ourselves to the functions that satisfy (3.2.1)

and
meas ({v € R*; 0 < f(v) < 1}) #0. (3.2.2)

Our main result is the following.

Theorem 3.2.3 The equilibrium states of the LFD equation satisfying (3.2.2) are the
Fermi-Dirac distributions, that is the functions of the following form:

Qe—b|v—Vo\2

fw)

1+ ae b=Vl

with Vo € R3 and a,b > 0.

3.3 Proof of Theorem 3.2.3
Let f € L'(R?) N L®(R?) satisfying (3.2.1), (3.2.2) and 0 < f < 1 a.e. on R3. We set
T =g.V(p(f) — g Vilp(f)
Then, (3.2.1) implies that
H(v—v,)T =0 in D'(Q,R%). (3.3.1)

Lemma 3.3.1 If (3.3.1) holds, there exists a real-valued distribution A, ,, € D'(Q2,R)
such that
T =(v—2,) Ay, in D'(Q,R?). (3.3.2)
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Proof. The proof of this lemma is similar to that of the classical case [17]. Let ¢ €
D(Q,R3). Since I1(2) is the orthogonal projection on (Rz)*,

p(v,0.) = A0, 0.) (v = va) + (0, 0),

with
C(v,0.) = H(v—wv.)C(v,v.) = (v —vs) p(v,04),
ooy = £ 020

Then,

(T, p(v,0.)) = ((v—2) T, Av,v.) )+ (T, H(v —v,) ((v,v.) )
= (v HEEER L (10— )T 0

v —o.?

where (, ) denotes the dual product. Owing to (3.3.1), equation (3.3.2) holds for

(v—wv.)-T
v —w.f?

AU,U* = ]

Lemma 3.3.2 Let P be a measurable set with a positive measure. Then, there exist
distinct points u; € R, i = 1,2, 3 such that, for i =1,2,3, we have

vr >0, meas(B(u;,r)NP) >0, (3.3.3)

where B(u;,r) denotes the ball with centre u; and radius r of R3.
Moreover, there exist r; > 0, i = 1,2,3 such that

where B; := B(u;,r;), 1 =1,2,3.
Proof.
Step 1. We first prove that there exists u; € R? that satisfies (3.3.3). Suppose, contrary to

our claim, that for every w € R? there exists (w) > 0 such that meas(B(w, r(w))NP) = 0.
Then, for n € N,

Since B(0,n) is relatively compact in R?, there exist some w;, i = 1,..., N, such that

N

B(0,n) C | B(w;, r(w;)).

i=1
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Hence,

meas(B(0,n) NP) Zmeas (wi, r(w;)) NP) =

and meas (P) = lim,, meas(B(O, n)N 73) = 0, which contradicts our assumption on P.
Consequently, there exists u; € R? that satisfies (3.3.3).

Step 2. The function 7 defined by 7(r) = meas(B(u,r) N P) is continuous and satisfies
7(0) = 0 and lim,_ 4o 7(r) = meas(P). Therefore, there exists r; > 0 such that
meas (P)

meaS(B(ul,er)ﬂP) < 1

(3.3.5)

We set Py := P\B(uy,2r1). From (3.3.5) follows that meas(P;) > 3meas(P)/4 > 0.
Similarly to the first step, we infer that there exists uy € R3*\ B(uy,2r;) such that

Vr >0, meas(B(ug,r) N 771) >0

Since Py C P, uy also satisfies (3.3.3). As previously, there exists 7, > 0 such that

P
meas(B(u2,2T2) F‘IP) < %().
We choose 19 = min(Tq, d(us, B(uy1,71))), where d(ug, B(ui,r1)) denotes the distance

between us and B(uy,ry).

We now set Py := P\ (B(u1,2r1) U B(ug,2r3)). Then, meas(P;) > meas(P)/2 > 0.
Similarly to the first step, it implies that there exists uz € R3\(B(uy,2r1) U B(ug, 213))
such that

Vr >0, meas(B(us,7) NPs) >0

Since Py C P, ug satisfies (3.3.3). We set r3 := min(d(us, B(u, 1)), d(ug, B(ug,r9))). O

Proposition 3.3.3 Let f € LY(R3) N L>®(R?) satisfying 0 < f < 1 a.e., (5.2.2) and
(3.3.1). Then f € C*(R3 R) and p(f) € C*(R3 R).

Proof. We consider
U = {(v1,v2,v3) € (R®)*; 01 # vy, v1 # v3, U3 # v3},

and for (vi,vs,v3) € U, we set fi = f(v;), g = / fi(1 = fi) and Asj = Ay, 0, 4,5 = 1,2,3.
We deduce from Lemma 3.3.1 that

g2 g3 Vp(fl) — 9193 Vp(f2) = (111 - Uz) g3 A1,2,
9391 Vp(f2) — 9291 Vp(fs3) (v —v3) g1 Ao s,
g1 92 Vp(f:s) — 9392 Vp(fl) = (Us - U1) g2 A3,17
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in D'(U,R?). Summing these three equations leads to
0= (v1 —v2) g3 M2+ (v2 —v3) g1 Aog + (vs — v1) g2 As 1, in D'(U, RS)-
Since v3 — v; = v3 — Vg + vy — V1, We get

('Ul — ’UQ) |:g3A172 — A3,1 g2 + (UQ — Ug) [91A2,3 — 92A3,1] = O, in D/<U, R3) (336)

For (Ul,UQ,’Ug) S (R3)3, we set V = (U1 - ’U2)|UQ - U3|2 - [(Ul - Ug) . (’UQ - 1)3)] (UQ — ’U3)
and

d(?}l — V2,Uy — 'U3) = V. (Ul — Ug)
2
= |1)1 — 1)2|2|112 — 1)3|2 — [(’Ul — UQ) . (112 — ’Ug)} .
Easy calculations lead to the following properties of d:
Lemma 3.3.4 For every (vi,ve,v3) € (R*)?, the function d satisfies

o d(vy — vp,v3 — v3) = d(v1 — v, v1 — v3) = d(v) — V3, V] — Va),
o d(v; — vy, v9 —v3) >0,
o d(vy — vy, 9 —v3) =0 <= v — vy and vy — vz colinear,
<= 1,0y and vs are aligned points in R3.

In particular, if vi # ve, meas {Ug €R?; d(vy — va,v3 — v3) = O} = 0.

Taking test functions of the form V ¢ with ¢ € D(U,R) in (3.3.6), we deduce from
V- (vy —v3) = 0 that

d(vy — v2,vg — v3) [ A1 gs — Asa 92] =0, in D'(U, R). (3.3.7)
We set P := {v € R* / f(v)(1— f(v)) > 0}. By (3.2.2) and Lemma 3.3.2, there exist
u; € R* and r; > 0, i = 1,2,3 such that (3.3.3) and (3.3.4) hold. We first show that
f € C>®(R*\B3,R) and p(f) € C*(R3*\Bs,R). For i = 1,2, 3, there exists a non-negative
function 1; € D(R3 R) such that
B (ui, %) C supp (¢;) C B;. (3.3.8)
By (3.3.3) and the definition of P, we have [ g3 ¢3(vs) dvs > 0. Owing to Lemma 3.3.4,
/d(?)l — Vg, Vg — U3) g3 ¢3(U3) dvs > 0, V(Ul, UQ) € Q.

Moreover, the function

(Ul, U2) — /d(vl — U2, V2 — Us) g3 2/13(?}3) dvs
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belongs to C*(€2,R). Taking test functions of the form (v; — vy) - p(v1,v9) ¥3(v3) with
0 € D(Q\(Bs x R®UR3? x B3),R3) in (3.3.7) leads to

a1Vp(f2) —g2Vp(fi) = (v1—v2) Gy (v2) 9o in D'(Q\(Bs xR*UR? x B3),R?), (3.3.9)
where
_ <d<U1 — Ug,v2 — v3) Az 1, 1/13(U3)>v3
fd(v1 — U, V2 — v3) g3 ¥3(v3) dus '

We denote here by < , >U3 the dual product with respect to the v variable. By (3.3.3),

(3.3.8) and the definition of P, we have [ g ¢1(v1)dv; > 0. Thus, taking test functions
of the form 6(vy)v;(v1) with 6 € D(R3\(B; U B3),R?) in (3.3.9), we get

GU1 (U2) =

Vp(f2) =&(v2) g2 in D'(R*\(ByUB;),R?), (3.3.10)
where the function ¢ is defined on R?\(B; U Bs) by

1
§(v) = m < Vp(f1), ¥1(v1) >v1 + < (01 = v2) Guy (v2), Y1 (v1) >v1 :

Since ¢ € C®°(R?\(B; U Bs),R) and g € L=(R?), we deduce that p(f) € WL(R?\ (B, U

B3),R). From Sobolev embeddings follows that p(f) € C(R*\(B; U B3),R). We now

consider h = /f/(1 — f). Since p(f) = Arctan(h), we deduce that h € C(R*\(B; U
Bs),R). Moreover, (3.3.10) reads

h

V (Arctan(h)) = ¢ T

in DI(R3\(31 U Bg),RB).

Consequently, Arctan(h) € C'(R*\(B; U Bs),R) and h € C'(R*\(B; U Bs),R). By boot-
strap, it follows that h € C*°(R3\(B; U Bs),R). Thus,

[ € C*(R*\(B, U Bs),R) and p(f) € C*(R*\(B, U Bs), R).

The same calculations with 1, instead of ¢; lead to f € C®(R3\(By U Bs),R) and
p(f) € C®(R*\(By U B3),R). From (3.3.4) follows that f € C®(R*\Bs,R) and p(f) €
C>*(R3*\Bs,R). The same proof with B, instead of Bz implies that f € C*(R*\By, R)
and p(f) € C®(R3\ By, R). By (3.3.4), the proof of Proposition 3.3.3 is now complete. [J

Proof of Theorem 3.2.3. Owing to Proposition 3.3.3, T' € C*((R?)? R3). We define
the real function A by

x@,v*):{ (v—v.) - T/lo—v.* ifv#u

0 else.
Then, it follows from Lemma 3.3.1 that

T = (v—uv,) Av,v,), in D'(Q, R?).
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Since T' and A belong respectively to C*((R*)2,R?) and C>=(£2, R), this equality holds in
fact a.e. on (R?)2. Therefore,

9592 V(f1) — 9391 Vp(fa) = (v1 — v2) A(v1,v2) g5,
9193Vp(f2) — 9192 Vp(fs) = (v2 —vs) Ava, v3) g1, a.e. on (R?)?.
g2 g1 Vp(fs) — 0293 Vp(fl) = (Us - Ul) K(UE‘,, Ul) 92,

As previously, we deduce that,
(v — v2) A(v1,v2) g5 + (v2 — v3) A(v2, v3) g1 + (v3 — v1) Avs, v1) g2 = 0,
a.e. on (R3)3. Consequently, multiplying by v, x vz leads to
det(vy, va, v3) [K(Ul,vg) g3 — A(vs, vy) 92] =0 a.e. on (R%)?.
Since meas{(v1,va,v3) € (R?)?; det(vy,v2,v3) = 0} =0, we get
A(vy,v9) g3 — A(vs,v1) go = 0 a.e. on (R*)?.

Let 6 be a non-negative function from D(R? R) such that [y, g2 0(v2) dva > 0. Then,
A(vs,v1) = iy g3. By symmetry, we deduce that

K(Ug,vl) = )\gl gs a.e. on (R?’)Q,

with A € R. From (3.2.2) and Proposition 3.3.3 follows the existence of uy € R* and r > 0
such that f(1 — f) > 0 on B(ug,r). Therefore,

S =fIVf = fL= V= AL = )L = fo) (0 =), a.e. on (B(ug,7))*.

Let ¢ be a non-negative function from D(B(ug, ), R). Then, [pq fo(1—f.) ¥ (vs) dv, >
0. We set, if A #£ 0,

1
Jes fo (1= fo) (v,) dus [

AV = — (VL ) AL = f)v., v(0,)) | €RC.

Then,
Vi=XAf(1=f)(v—"Vp), a.e. on B(ug, ).

Since f(1 — f) > 0 on B(ug,r), we have

\% % e’\vr)] =0, on B(ug,r).
Hence,
oAl
fv) = e on B(ug,T), (3.3.11)
_l’_

where A < 0 because f € L'(R?®). Owing to Proposition 3.3.3, we deduce that (3.3.11)
holds on R3. Similar calculations for A = 0 lead to a nonintegrable function. O
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PARTIE 11

Systemes de moments relativistes

Cette deuxieme partie, composée du Chapitre 4 et de 'annexe
B, est consacrée aux systemes de moments relativistes. Dans le
Chapitre 4, nous déterminons les espaces de moments relativistes
qui sont compatibles avec I'invariance lorentzienne. Ce chapitre re-
pose sur des résultats de la théorie de la représentation des groupes
et des algebres de Lie dont nous donnons une démonstration
détaillée dans I'annexe B.






CHAPITRE 4

Moment systems derived from
relativistic kinetic equations

Travail en cours en collaboration avec Pierre Degond et Mohammed Lemou.

Abstract

In this paper, we are interested in the derivation of macroscopic equa-
tions from kinetic ones using a moment method in a relativistic frame-
work. More precisely, we establish the general form of moments that are
compatible with the Lorentz invariance and derive a hierarchy of relativ-
istic moment systems from a Boltzmann kinetic equation. The proof is
based on the representation theory of Lie algebras. We then extend this
derivation to the classical case and general families of moments that
obey the Galilean invariance are also constructed. It is remarkable that
the set of formal classical limits of the so-obtained relativistic moment
systems is not identical to the set of classical moments quoted in [C. D.
Levermore, Moment closure hierarchies for kinetic theories. J. Statist.
Phys., 83: 1021-1065, 1996] and one could use a new physically relevant
criterion to derive suitable moment systems in the classical case. Finally,
the ultra-relativistic limit is considered.
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4.1 Introduction

Particle systems may be modelled at many different levels (microscopic, mesoscopic or
macroscopic) depending on the scale of the studied physical phenomena and on the desired
degree of accuracy for its description. In many situations, the precise knowledge of some
physical quantities (density, momentum, energy, viscosity, heat flux, etc) is crucial and
one cannot use the standard Euler or Navier-Stokes equations to describe such quantities.
On the other hand the use of more refined models as kinetic equations is too expensive in
general and makes extremely slow any realistic and accurate numerical simulation. This
is due to the complexity of the kinetic equation (coupling Vlasov equation with Poisson
or Maxwell equations) and to the number of involved variables (one time variable plus six
space-velocity coordinates). Therefore, it is necessary in general to derive more reduced
models from kinetic equations which are able to describe the desired physical quantities
with a sufficient degree of accuracy. This has been a challenging subject of a large number
of works in the past and still stimulates many current researches.

There are mainly two approaches to derive macroscopic equations from kinetic ones.
The first one consists in deriving Euler or Navier-Stokes-like equations with various ex-
pressions for the viscosity and the heat flux. This strategy supposes that the particle
distribution function is close to the so-called thermodynamical equilibrium and can be
expanded into successive approximations about this equilibrium according to the well
known Chapman-Enskog or Hilbert procedures. The second strategy consists in directly
deriving systems of equations involving the desired macroscopic quantities (mass, mo-
mentum, energy, etc), which are moments of the distribution function with respect to
the velocity variable. To close the obtained systems, this strategy also needs an assump-
tion on the distribution function which is not necessarily close to the equilibrium. For
instance, Grad [8] uses an expansion in terms of Hermite polynomials whereas in [17, 18],
the closure is based on the entropy minimization principle. In this last strategy, a first
and important step is to derive suitable sets of moments in the velocity space, that is
sets which are compatible with the Galilean invariance in the classical case and with the
Lorentz invariance in the relativistic case. To our knowledge, this first step has not been
solved yet.

Our work goes in the spirit of this second strategy. In this paper, we indeed establish
a general form of suitable moment spaces in both the relativistic and the classical cases,
that is finite dimensional spaces of polynomial functions of the energy and momentum
which obey the Lorentz and Galilean invariances, respectively. The proof is based on the
representation theory of Lie algebras [6, 10]. Hierarchies of moment systems have already
been derived in several works in both the relativistic and the classical cases, and we refer
the reader to [2, 4, 9, 13, 18] and the references therein for detailed descriptions. In these
works, various closure strategies are used and the question of classical and ultra-relativistic
limits is also sometimes investigated. However, the problem of deriving a general form
of Lorentz or Galilean invariant sets of moments has not been addressed at a rigorous
level. Our purpose here is to give a rigorous basis and a systematic way to select the
families of moments that are compatible with the Lorentz invariance principle. Classical
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and ultra-relativistic limits of the so obtained systems are also discussed.

Before going to the presentation of our main results and for the sake of self consistency,
we first recall some basic notions in relativistic mechanics. For much more detailed and
complete presentations, we refer to [9, 14].

4.1.1 The relativistic kinetic model

Unlike classical mechanics where time is absolute, that is independent of the frame, a time
is attached to each frame in relativistic mechanics. Therefore, the position of a particle
is defined by its temporal and spatial coordinates. Let R and R’ be two inertial frames
such that R’ moves with the velocity u with respect to R. Denote by (t,z) and (¢, 2')
the time-space coordinates respectively in R and R’. Then, the change of frame is given
by

u

.ol
=" (t' + ucf ) and r=2"+ (V-1 (u-2) —+rut,  (411)

Jul?

where ¢ denotes the speed of light and

The vector Z = (ct, x) is called the radius four-vector. Let Z’ = (ct’, ') denote the radius
four-vector in R’. Then, (4.1.1) reads ¥ = L, ', with

u-a u u
L,d= u(o —) =1 (u-a) = v, Lad) 412
a (fy a’ + . a+ (v ) (u a)’u‘2+’y - a ( )

where @ = (a?)o<j<s = (a° a) with a = (a/)1<j<3. The function L, is called the proper
Lorentz transformation associated to the velocity u. By analogy, any vector ¥ = (y/)o<;<3
whose components transform like those of ¥ under a change of inertial frame is called a
four-vector. An important four-vector is the energy-momentum four-vector p'= (¢/¢, p),
where

1
2\ 72
£ = ymc? and p = ymu, with v = (1 — %) , (4.1.3)

denote respectively the energy and the momentum of a relativistic particle with mass m
and velocity v. It also reads

e = cy/m?c + |p|? and v = % (4.1.4)
ma/ 1+ %

Similarly, any tensor of rank n whose components transform like those of the tensor
product of n four-vectors under a change of inertial frame is called a four-tensor.
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Let us now recall that kinetic theory generalizes to the relativistic case (see [9, 14]).
During an elastic collision between two relativistic particles with momenta p and p,, the
conservation of momentum and energy holds, that is

p+p.=p+p and e(p) + e(p.) = (") + (p), (4.1.5)

where p' and p® denote the post-collisional momenta. As in the classical case, we may
then derive the relativistic Boltzmann equation, which reads (see [7, 9, 14])

atf+v’vxf:QR<faf>7 (416)

with
Qe ) = [[[ oot pi) vaope) (5 = 11 dp.do (4.7

where f = f(t,l',p), f* = f(t,._'[',p*), fh = f(tvrapu)a fE = f(t7x7pi>a o denotes the
cross-section, vy the Mgller velocity,

g — C2p -y s v x v 1/2
on(p,p.) = |tra] = = (yv — T) , (4.1.8)

and dw is an element of solid angle in the centre of mass system. The structure of
the relativistic Boltzmann equation (4.1.6) is similar to the classical one. Its relativistic
nature appears in the relationship (4.1.4) between momentum and velocity and in the
definition of the Mgller velocity (4.1.8). This relativistic aspect also appears implicitly
in the definition of o, which is a non-negative function of the energy s and the deviation
angle 0 (in the centre of mass system), both given by

(e +e.)?

s= Sl

and

(e-e)(E ) = p—p)- (P —pl)

cosf = 5
(e—e)” —p—ps?

In the case of charged particles (also called the Coulomb case), the cross-section o
reads, in the centre of mass system, (see [1, Section 81, Problem 6)),

(e \ 1
dmeg ) 8ch(E +7.)2[p|tsint(6/2)
x (Ez+ APP°)? + Ez. + A[p|* cos 0)* — 2(m* + m2)P[p|*sin®(0/2)), (4.1.9)

where (/c,p) and (g, /¢, P,) denote respectively the energy-momentum four-vectors p'and

P, in the centre of mass system (in this system, we have p = —p, and then [p| = |p,]|).
Let us point out that, as for the classical Boltzmann equation, the mass, momentum

and energy are locally conserved quantities for (4.1.6)-(4.1.7) and that the relativistic
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Boltzmann equation possesses an entropy. In the relativistic case, the jacobian of the ap-
a(p"p)

plication (p, p.) +— (p”,pi) is not equal to 1. However, since vy (p, ps) = UM(phapi) Apops)

we still have the following weak formulation,
1

| @ntt podr=
R3

///SZXR3><]R3 o var (FAfE = f1)(p + @ — & — ) dpdp. duw.

We then infer from (4.1.5) that

1
/ p | £t 2,p) dp,
R3 €

are locally conserved quantities. Moreover, choosing ¢ = In f, we obtain the local dissip-
ation law of the entropy S(f) = [ps(fIn f — f)dp, that is

OS(F)+ Ve | v(finf—f)dp= /R Qr(f, f)In fdp <0, (4.1.10)

v
R3
Equilibrium states of (4.1.6) are defined to be the functions that cancel the right hand
side of (4.1.10) or, equivalently, the functions f > 0 such that Qg(f, f) = 0. They are
the local relativistic Maxwellians

M(p) =Aexp(—B(p)+B-p) with AcR, R, BeR (4.1.11)

4.1.2 Setting of the problem

Formally, multiplying (4.1.6) by 1, p and ¢, integrating with respect to p and closing this
system with the Maxwellian (4.1.11) that minimizes the entropy at fixed mass, momentum
and energy, we recover the relativistic hydrodynamic equations. We are looking here for
moment spaces M that generalize the fluid dynamic approximation and thus that contain
1, p and €.

Moreover, the space M ought to respect physical symmetries. A specificity of the
relativistic case is that the Galilean invariance is replaced by the Lorentzian invariance.
More precisely, let L be either a proper Lorentz transformation or a rotation of the axis
of the spatial coordinate system, that is L is either defined by (4.1.2) for some u € R3 or

given by
10
L= ( 00 ) , (4.1.12)

where O is a 3-dimensional orthogonal matrix. Then, L corresponds either to a change of
frame or to a change of axis in the momentum space. Let us denote respectively by Z’ and

p’ the radius and the energy-momentum four-vectors in the new system of coordinates.
We have # = L%, p= L~'p",

dp Ay
() A)

o(p, s ° 15) = o (0,9 0" 1'2), (4.1.13)




CHAPITRE 4. RELATIVISTIC MOMENT SYSTEMS 109

and
dp,
* d * - re x 2 “Px) T~
v(p) var(p, ps) dp [Vrel| (884 — E p - pi) B )
‘vrel‘ (5/8/ o C2p/ _p/) dpik — ’y(p/) UM(p/,p/)dp/, (4‘1'14)
"  m2cty(pl) S
where
p[?
1p) =1+ 55

Therefore, if f denotes a solution to (4.1.6)-(4.1.7) then the function f’ defined in the
new system of coordinates by f'(t',2’,p’) = f(t,x,p) is a solution to

O [ +v(@) - Var f' = Qr(f' ')

This corresponds to the Lorentzian invariance. The translations and the rotations that we
consider in the classical case are replaced, in the relativistic case, by the proper Lorentz
transformations and the rotations of the form (4.1.12). We want the space M to be
compatible with this invariance. More precisely, let (¢1(p), . .., ¢n(P)) be a moment basis
for M. Using the radius four-vector Z = (27)o<;<3 and the energy-momentum four-vector
7= (p’)o<j<s, the Boltzmann equation (4.1.6) also reads

=) @l ) (4.1.15)

Here as in the rest of this paper, we make use of the Einstein summation convention.
Multiplying (4.1.15) by ¢r(p)/~(p) for some k € [1, N] and integrating with respect to
p, we obtain

5 [P E s =m [ Q@A ke LN (4110

We set @, = oo L', Then, we deduce from (4.1.13) and (4.1.14) that, in the new system
of coordinates, (4.1.16) reads

/
= [ P @ S = m [ a@nlr @, ke 1AL
T Jr3 () R3
Consequently, a moment space M is said to be compatible with the Lorentzian invariance
if there exist some constants A;; such that ¢, = Zjvzl Ajgpj for k =1,...,N. We are
looking here for spaces that are invariant under any proper Lorentz transformation and
any rotation in the momentum space.
Moreover, as in [17], we introduce the convex cone

M, := {r €M: [ exp(r(e(p),p))dp < OO} ,

]R3
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for every space M constituted of functions of p and e. In [17], Levermore introduced
admissible moment spaces. A moment space M is said to be admissible if the associated
cone M, has a non-empty interior in M. We are only interested in admissible spaces.

Summarizing, we are looking for finite dimensional spaces M of polynomial functions
of the energy and momentum that satisfy

(I) span (1, P, 6) C M,

(IT) M is invariant under any proper Lorentz transformation and any rotation in the
momentum space,

(III) the cone M. has a non-empty interior in M.

Here as in the rest of the paper, the span notation is applied to a collection of scalars,
vectors and tensors and means all linear combinations of their components.

In order to construct spaces satisfying conditions (I), (IT) and (III), a first idea is to
consider tensor products of the four-vector p. Thus, for every n € N,, we set

7,(p) = @"P, (4.1.17)

and denote by P, the space generated by the components of 7,,. We point out that each
IP,, satisfies condition (II). Since span(1, p, ¢) is itself invariant under any proper Lorentz
transformation and any rotation in the momentum space, we set, for every n € N,,

M, = span(1,p,e,7,). (4.1.18)

It only remains to check that condition (III) holds. Given r € M,

r=— Y an TN By e,

(1,...,in)€[0,3]™

it suffices to suppose that the coefficient ag_ o in front of Z.%%(p) = (¢/c)" is large
enough so that r belongs to M,,.. Consequently, the space M,, is an admissible moment
space and fulfils each of our requirements. Moreover, we point out that any vector sum
of the spaces M, also satisfies conditions (I), (II) and (III).

We notice that, contrary to the classical case where tensor products of the velocity
vector are independent (up to symmetries), tensor products of the energy-momentum
four-vector are not independent. Indeed, any component of 7, o, may be written as a
linear combination of components of 7, for every k € [0, [n/2]], where [z] denotes the
integer part of x. Indeed, we have

] . 1 . . .

11yeeyn—2 LT tn =250,

7;1—2 T om2e? Z Yi.j 7;1 ! ’
(4,.5)€[0,3]?

where (i1, ..., in-2) € [0,3]"7% goo =1, g11 = g22 = g33 = —1 and g;; = 0 for i # j.
Thus, any component of 7,,_q, for k € [0, [n/2]], belongs to M.
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A second idea to construct moment spaces is to consider contractions of 7,,. We denote
by @, the contraction of 7, on any pair of indices, that is the tensor whose components
satisfy

Qil,...,in_g — ) 'Til,.‘.,in_g,i,j
n gm n :

(4,7)€[0,3]2

Since (g/c)* — |p|* = m?c?, we deduce that @, = m?c*7,,_,. Consequently, contrary to
the classical case, we do not obtain any additional moment spaces with the contraction.

The point is now to check whether these spaces M, and their vector sum are the only
one to fulfil conditions (I), (II) and (III). When we only consider polynomial functions of
p and € with degree less or equal to 3, the spaces My, My, M3 and M, + M3 are indeed the
only one to fulfil conditions (I), (IT) and (III), as shown in the next section. However, we
exhibit, in the next section, a moment space with polynomial functions with degree less
or equal to 4, that fulfils conditions (I), (II) and (III) and is strictly included in My. The
construction of such spaces rests on Theorem 4.2.1, which determines all the spaces that
satisfy (IT). Theorem 4.2.1 is a consequence of the representation theory of Lie groups and
Lie algebras. Theorem 4.2.3 then states that the spaces exhibited in Theorem 4.2.1 are
generated by the components of some tensors. In Section 4.3, we consider the classical
limit of these relativistic moment spaces and suggest a new criterion for choosing moment
spaces in the classical case. In Section 4.4, we are interested in the ultra-relativistic case.
We then present the moment closure problem in Section 4.5. For the sake of completeness,
the proof of Theorem 4.2.1 is given in Section 4.6. Finally, the representation theory of Lie
groups and Lie algebras may also be used, in the classical case, to determine the spaces
that are invariant under any rotation and this is stated in the appendix.

4.2 Moment system hierarchy and Lorentz invari-
ance

We are looking for the finite dimensional subspaces of R [e, p', p?, p?| that satisfy conditions
(T), (IT) and (IIT). We consider the Minkowski space R* endowed with the non-degenerate
symmetric bilinear form ¢ defined by

g(a,b) =a’° —a'b' — a?b* — a® b, a, be R

The set of real matrices L = (L; ;)o<ij<3 € M(4,R) that leave ¢ invariant (i.e. such that
g(Lx, Ly) = g(z,y) for all z,y € R*) forms the generalized orthogonal group O(1,3). The
set of matrices L from O(1,3) such that det(L) = 1 and Lgyp > 1 (i.e. there is no time
inversion) is called the proper Lorentz group and denoted by SO(1,3).. This group is
generated by two different kinds of transformations, the proper Lorentz transformations
and the rotations in the momentum space. Therefore, we consider the following action of
SO(1,3). on the subspace P,, composed of the polynomials of R [y, y1, y2, y3] with total
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degree less or equal to n,

¢:50(1,3), — GL(P,)
L +— {R(y07ylay27y3)HR<L_1(yD7ylay27y3))}' (421)

Finding the finite dimensional subspaces of R [e, p',p? p®] that satisfy condition (II)
amounts to finding the irreducible subrepresentations of (¢, P,). This is the aim of
the following theorem, which rests on the representation theory of Lie groups and Lie
algebras. Its proof is postponed to Section 4.6.

Theorem 4.2.1 A space W is an irreducible subrepresentation of (v, Py) if and only if
there exist j € [0,[n/2]] and some real numbers (Ap)o<k<; such that W is generated by
the real parts and the imaginary parts of

ik q (n—2j—r)r! q
ZAk 6~ YL~ Y5~ Y3) > (n—2j —r —m)l(r — g +m)! (m>

m=max (¢g—r,0)
(Yo + y3)™ (Yo — y3)" " (y1 4 y2)"F T (yr — i) (4.2.2)

forq,r €0,n—24], g+r <n-—2j.

Here as in the rest of this paper, [z] denotes the integer part of z € R and (731) stands for the
binomial coefficient. This theorem describes all the irreducible representations of (¢, P,,).
We deduce then all the spaces that satisfy condition (II) by replacing (yo, y1, Y2, y3) with
(e/c,p', p?, p*). We notice that, since (¢/c)? — |p|> = m2c?, the factor (y2 —y? —y2 —y32)/~*
n (4.2.2) is replaced with the constant (m2c?)’~*. Therefore, we have the following
proposition.

Proposition 4.2.2 For everyl € N, [et M, denote the vector space generated by the real
parts and the imaginary parts of

> (1)

m=max (¢—r,0)
(e/c+p*)"(e/c—p*) ™" (p! +ip?) (P! —ip?)TT", (4.2.3)

for q,r € [0,1], g +r < 1. Each M, satisfies condition (II).

Moreover, a finite dimensional subspace M of R [e, p!, p?, p3| satisfies condition (II) if
and only if there exist N € N and some |, € N, k =1,..., N such that M is the vector
sum of the Mzk, k=1,...,N.

Let us now check that, for each [ € N, the spaces M, are generated by the components
of some tensors.
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Theorem 4.2.3 Let | € N. For any tensor T of order |, we denote by T the symmetric
part of T, that is the tensor whose components are

""" ll Z Tja(l)""’](’(l) (jla cee 7jl) € [[0’ 3]]17

oeY)]

where Y, denotes the symmetric group of order .
Then, the vector space M given by Proposition 4.2.2 is generated by the components
of the tensor S;(p) defined by

1/2) B
Si(p) = Ti(p) +Z )2/(@[)! k{g) 9® ... ® 9T (D), (4.2.4)

k times

where T; is given by (4.1.17).
Proof. Let us denote by M the vector space generated by the components of S;(57). Since

gld Sl(p’)i,j,k’l,...,kl_Q — O,

for any (k1, ..., ki—2) € [0,3]""%, Si(p) has at most (/+1)* independent components. Thus,
we deduce that dim M < dlm(Ml) But, by [3, Lemma 17.2.1], S; is a four-tensor and
therefore, M| satisfies condition (IT). Moreover, the components of S;(p) are polynomials
with degree [ from P;. By Theorem 4.2.1, we conclude that M; = M. 0

We now write down the moment spaces that arise in (4.2.3) for i =1,1=2,] =3 and
[ = 4. Moreover we also consider here conditions (I) and (III).

Case [ =1 M, = span (¢, p', p2, p?).

This is the space generated by the four-vector p. In order to satisfy condition (I), we add
the mass and obtain the moment space M; = span (1, p). Whereas M is a 4-dimensional
space, M is a 5-dimensional space. As stated in Section 4.1, M satisfies condition (III).
The corresponding equations read

0 / fdp+V, / fvdp = 0, (4.2.5)
ot R3
— fpdp~|—Vx-/ fvepdp = 0, (4.2.6)
R3
e fgdp+02V / fpdp = 0. (4.2.7)

Case [ =2

M, = span (ep, (p'p’)izj, m*c® + [p[> + ()% m2® + [p|* + (1), m* + |p|* + (p°)?).
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The space M, is a 9-dimensional space. Adding 1, p and €, we obtain the 14-dimensional
space My = span (1, p, p® p) which satisfies conditions (I), (II) and (III). The space My
leads to the following 14-moment system

0
—/ fdp—i—Vx'/ fedp =0, (4.2.8)
315 R3 R3
0
—/ fpdp+Vx-/ fo@pdp = 0, (4.2.9)
ot Jgs
5% fedp—|—02V /fpdp = 0, (4.2.10)

0
E/Rg fepdp + 2V, - /R3 fp®pdp = /]R3 Qr(f, f)epdp, (4.2.11)

0

a9t fp®Pdp+V foRppdp = Qr(f, p@pdp.  (4.2.12)
R3 R3

Case [ =3

M = span (s (pipj )z;ey, PPy,
e(m?*c 4 |p|* +3(p')?), e(m*c® + |p|2+3( )2, e(m*+ [pl* + 3(p*)?)
p1(3m*c 4 3[pl* + (p')?), pi(m®c + [pI* + (0°)?), pr(m*E+ [p* + (°)?),
pa(m?c + [p* + (p')?), p2(3 202+ 3pI* + (0°)?), p2(m*+ |p” + (9°)?)
ps(m*c+ [pl> + (p')?), ps(m®+ [p* + (p°)?), ps(3m°c+ 3[pl* + (p°)?)).

2

2

)

The dimension of Mg is thus 16. If we also consider the mass, momentum and energy,
we obtain the space Mz = span (1, 7, p ® p® p), whose dimension is 21. The space M3
satisfies conditions (I), (IT) and (III) and leads to the moment system

gt/ fdp+Va- | fodp =0, (4.2.13)

ai |, P+ Ve /fv@pdp - 0, (4.2.14)

ot J,, fedp Ve /fpdp = 0, (4.2.15)

gt/ f€p®pdp+62v /fp@p@pdp = RsQR(f’f)gp@)pdp’ (4.2.16)

5 fp®p®pdp+V fv®p®p®pdp = Qr(f, f)p @ p @ pdp. (4.2.17)
R3
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Case | =14
The space My is a 25-dimensional space. In order to satisfy condition (I), we add the
mass, momentum and energy to My and obtain

span(1, p, e, ep'p’p’, (m?c + |p[*)* + 6(m*c + [p*) (p°)* + (p
( 4

(m?c® + |p*)? + 6(m*c® + |p*) (p ) 6(p'p*)* — ()", 1) 6(p'p*) + (p°)",
(P 4+ 6(m* + [p[*)(p")? — 6(m*c + |p*)(p*)* — ()",

(p'p ) (m?c + |p[*)(p°)? + (m*¢ + [pP*) (»*)* — (P°p")?,

(m? + ) (") + ('p*)? - ( ¢+ [p[*)(p ZQ (*p°)?,

‘+pl + (p1)), ept(me +Ipl2+3( )),

p( ), €p (mc + p* + 3(p*)?),
ep’(m?c® + |pI* +3(p")?), ep?(m* + p* + (*)?), ep*(
( 2

2

p’)°)
) ,ep*(m?c® + [pf* + 3(p°)?),
61?3 2+ [pl* +3(p")?). ep (m202 + [pI* + 3(p*)%), ep’(m? 2+ pI” + (#*)%),
P p (3(m*c*+p|*)+(p")?), p'p*(3(m*c*+[p*) +(p )2), p'p*(m*e+ [+ (p°)?),
PP’ (3(m*e*+|p*)+(p')* ) (m202+|p|2 +(0*)*). p p °(3 (m202+|p| )+ (%)),
PP’ (m*c®+[pl*+(p'")?). p’p (3( 2+ [pl*)+(0%)?), PP’ (B(m*e +Ip*)+(p%)?)),
that is an admissible space with degree 30 whereas the system (1, p) P® pP® p® p) consists
of 39 independent moments.

Conclusion
The spaces M are strictly included in the spaces M defined by (4.1.18). However, when
we also consider condition (I), we recover, for I = 1, 2,3, the whole space Mj;,. From [ =4
however, we obtain moment spaces that satisfy conditions (I) and (II) but that are still
strictly included in M;. On the contrary, condition (III) has had no consequence since the
spaces we considered were already admissible.

The finite dimensional subspaces of R [e, p', p?, p?| that satisfy condition (I), (IT) and
(ITT) are the vector sum of the spaces obtained as above for [ = 1,2,3,4,... Hence, the
admissible space with maximal degree 1, 2, 3 or 4 are

maximal degree =1 M = span(1,p),

maximal degree = 2 = span(1,p,p'® p),
maximal degree = 3 = span(l,p,p® p® p),
= span(1,p, PR P, PR PR p),

maximal degree =4 M =M, @ span(1, p),
M = span(1,p, /R PR p® p),
M = span(1,p,p®p®p,p®pe pep),
which have respectively dimension 5, 14, 21, 30, 30, 39 and 55.

4.3 Classical limit

The classical limit consists in considering velocities v that are much smaller than the
speed of light ¢. This amounts to let ¢/v — +oo. The equations should be rescaled but,
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for the sake of clarity, we keep our notations and let ¢ — 4o00. From (4.1.3), we deduce
that

5 mp]* | 3mlv]* 1 B mulv|? 1
e=mc+——+—3 +0 c_4 and p=mvt+— 3 +0 g . (4.3.1)

It implies that

f(t,z,p) = % fe(t,z,v) + O (c%) and dp=m?dv+ O (012) ) (4.3.2)

We denote here by f. the distribution function in the classical case.

4.3.1 System (1,p)

We consider the classical limit of (4.2.5)-(4.2.7). With (4.3.1) and (4.3.2), equations
(4.2.5) and (4.2.6) become

gn fcdv—l—V fcvdv—i-O(l) = 0,

e fcvdv+V /fw@vdv—i—O( ) = 0.

We thus obtain
fcdv + V. fevdv = 0, (4.3.3)
ot R3

gn fcvdv + V. fov®@uvdv = 0. (4.3.4)
R3

Moreover, equation (4.2.7) reads

mc? <§t fedv+V, / fcvdv)

1
5 | a2 c 2d m/ c 2 d -5 | =
2(at43f|v| v+V R3f|v|vv +0 > 0,
which, with (4.3.3), leads to

0 9 9 1y
5 /R3 felv)?dv + V, /]RB fe|v]Pvdv + O (02) =0,

2/ fC’U|2dU+V:ﬂ'/ felv)?vdv = 0.
It oo g

that is,
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We finally obtain the following system

En fcdv—l—V fcvdv = 0,

815 fcvdv + V., fcv ®uvdv = 0,

9. fclv|2dv+vx'/ fc|’U|2’Ud?J = 0,
t R3 R3

that is the equations associated to the moment space span(1,v, [v|?). This space is invari-
ant under any rotation and translation, and it is an admissible moment space.

4.3.2 System (1,p,p® p)

We consider the classical limit of (4.2.8)-(4.2.12). We pass to the limit ¢ — +o0 in
(4.2.8)-(4.2.10) as we did for (4.2.5)-(4.2.7). With (4.3.1) and (4.3.2), equation (4.2.12)

becomes

0

5 fcv®vdv+v fcv®v®vdv+0( ) /QRffp®pdp

We still need to pass to the limit in the collision kernel Qg(f, f). We deduce from (4.3.1)
that (4.1.8) and (4.1.9) read

1 1
UM:|U—U*|+O<—2) and O'—O'C—}-O( >,
c

2
where
2
4+ 1 ‘L MM
O = : wi = .
(8,u|v - v*|27rso) sin(0/2) T —

Moreover, (4.3.2) implies that

1
m3m3

PO = £ 9) = 5 (R0 - A0 0) +0 ().

where the velocities v and v are solutions to the conservation laws of momentum and
energy

mu + myv, = mo* 4+ m,° and m|v|* + m,|v.]* = m|v*|? + m.|v?)?.

We thus obtain that . .
QR(fa f) = % QC(fca fc) + O (;) s (435)

where (¢ denotes the classical collision kernel

Qellecfta0) = [[ ol =l (R (6E) = Fu0)(0) dos do
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From (4.3.5), we deduce that (4.2.12) reads

(gt fov®@vdv+V, - fcv®v®vdv+0< > /chc,fc)v®vdv+0< >
R3

We finally get

5% fcv ® vdv + V, fr®v®vdy = Qc(fe, fo)v ® vdv.
RS RS

Similarly to (4.2.7), equation (4.2.11) becomes

m2c? (gt fevdv+V, - fw@vdv)

+7<8t/ folv]Pvdv+V, - /fc\v]20®vdv)+0< ) /QRffepdp

But,
2
[ Qutr et =" [ QetfoloPots 40 (5),

whence, with (4.3.4),

o | adouto+ v, [ fc|v|20®vdv+0< ) [ @ fc,fc)\UIQUvarO( )

Finally, system (4.2.8)-(4.2.12) becomes, letting ¢ — +o0,

0

En fcdv + V., fcvdv = 0,
— fevdv + V- fev®@vdv = 0,
at R3 R3
0
5 / felv)?vdv + V, - / fvPv@vdv = Qo fe, fo)|v|vdv,
R3 R3 R3
0
5 fcv ® vdv + V, frRu®uvdy = Qc(fe, fo)v @ vdo.
R3 R3

We thus obtain the moment space span(1,v,v ® v,v|v|?), that is the Grad 13-moment
system. The Grad 13-moment system is therefore compatible with the relativistic system.
This space is stable under any rotation and translation. However, it is not an admissible
space (in the sense of Levermore). Here the limit system has dimension 13 whereas the
system (4.2.8)-(4.2.12) has dimension 14 because the equation involving |v|* is obtained
twice.
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4.3.3 System (1,p,p QPR p)

We have already passed to the limit in (4.2.13)-(4.2.15). With (4.3.1), (4.3.2) and (4.3.5),
equations (4.2.16) and (4.2.17) lead to

B fcv®vdv+v fcv®v®'udv+0( ) /chc,fc)v@)vdv—i—O( )
R3

and

1
fcv®v®vdv+v frRuvuveudy+ 0 | —
at R3 C2

— /3Qc(fc, f)v®@v@vdv + O <c_12> )

Thus, letting ¢ — +o00, we obtain the following equations

En fcdv + V., fcvdv = 0,
— fevdv 4+ 'V, - fev®uvdv = 0,
825 R3 R3
0
fcv ® vdv + V, fo@uveudy = Qc(fe, fo)v @ vdv,
at R3 R3
0
5 fcv®v®vdv+v fcv®v®v®vdv = / Qc(fer fo)v @ v @ vdo,
R3

that is the moment system corresponding to (1,v,v ® v,v ® v ® v). This system is
invariant under any rotation and translation but is not an admissible system (in the sense
of Levermore). This space has dimension 20.

4.3.4 System (1,p,pQp,p QPR p)

We deduce from the above calculations that passing to the limit in the moment system
associated to (1,9, p® p, p® p® p) leads to

fch+V fcvdv = 0,

ot
g fcvdv +V, fcv ®uvdv = 0,
B! fcv ® vdv + V, fcv ®vRudy = Qc(fe, fo)v ® vdv,
R3
— foo@v@udy+V, - frRuveuvudy = Qc(fe, fo)v @ v @ vdv,
ot R3 R3 R3

0
—/ fc|v|2v®vdv+vx-/ frfr@v@vdy = /Qc(fc,fc)lv|27j®vdv,
825 R3 R3 R3
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that is the moment system corresponding to (1,v,v®v, v@v®wv, [v|*v®wv). This system is
invariant under any rotation and translation. Moreover, it is an admissible system whose
dimension is 26.

4.3.5 System associated to M,

The system associated to M, consists of 30 independent moments. Consequently, we do
not write down all the equations and we do not give all the details of the passage to the
limit. The different steps are described below.

e As previously, the relativistic moment system (1, p, ) leads to the classical moment
system (1, v, |v]?).

e From the set of moments of the form pip? (3(m?c* + |p| )+ (p')?) and p'p! (m?c® +
[p|* + (p*)?), we obtain the moments v;v;, v;v; (v} — v7) and v;v;(v; — 3vy) for @ # j,

k #iand k # 7.

e Passing to the limit in the set of moments of the form ep’(m?c? + [p|*> + (p)?) and
ep'(m?c® + |p|* + 3(p¥)?), we get the moments |v[*v; and v;(v? — 3v?) for i # k.

e The moment ep'p?p? leads to the moment v;vyv3.

e The six remaining moments lead to the moments v; — v and v} 4 3vjvy — 3vv

3vZvi for i # j, i # k, and j # k.
Summarizing, the limit system is the following 29-dimensional space

span (1,0,0 @ v,v ® v ® v, VVa(V] — v3), V1Va(V] — 303) viva(vf — v3),

vw;;(vf — 303), vous(vs — v3), vgvg(vg — 3v?), vi + 3vivi — 3vivs — 3vivs,

vy + 3003 — 3vsvi — 3vivl, vs + 3vivs — 3vivs — 3uivs),
which also reads
span(1, 0,1 @V, VRV v,V VRV v — 6v|*/Tl; ® v ® v + 3[v]* /351 @ I3),

where T denotes the symmetric part of the tensor 7. The obtained space is invariant
under any rotation and any translation but it is non admissible.

4.3.6 System (1,p,pRpQ pR D)

Passing to the limit ¢ — +o00 as in the previous sections, we get the moment space
span (1, 0,0 @ 01,0 @V v,V RV RV R V),

whose dimension is 35. This space is stable under any rotation and translation and it is
admissible.
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4.3.7 System (1,7, QPR p, PR QDR p)
Letting ¢ — +00, we get the moment space
span (1,0, @0, v Qv Q1,1 v Qv v, [v|*v @ v ®v).

This space is non admissible and has dimension 45. It is invariant under any rotation and
any translation.

4.3.8 Conclusion

Passing to the limit ¢ — 400 on admissible relativistic systems, we have obtained ad-
missible classical spaces as (1,v,|v]?) and (1,v,v ® v,v ® v ® v, |[v[*>v @ v), but also non
admissible spaces as (1,v,v ® v,v[v|?) and (1,v,v ® v,v ® v @ v). Let us summarize the
obtained limit systems:

Relativistic system Limit system

(1,7 (1,0, [of?)

(1,7, P ®p) (1,v,v @ v, [v]*v)

(L,p, PR pRp) (Lv,v®@v,v®vQ0)
(Lp,PRp,PRPRP) (1,v,v @ v,v@v v, |v[*v®v)
I\\7ﬂ4@span(1,ﬁ) (Lv,v@u,v®vQ v,

VRUVRVV—6v|?/TLE®v v+ 3v|* /351 @ I3)
(L pRpPRpep) (L, RV, VRV V, VRV VR V)
(LE,PRPRP,PRPR PR P) (1,1, R0,V RVRV, VRV VRV, |v|*v® v V)
By letting ¢ — 400 in the relativistic moment spaces, we do not recover all the classical
moment spaces, for instance, we did not get (1,v,v ® v). Since classical mechanics is
considered as an approximation of relativistic mechanics as ¢ — +00, it could be sensible

to choose as moment spaces in the classical case only the admissible moment spaces that
can be obtained as a limit of relativistic ones.

4.4 The ultra-relativistic case

The ultra-relativistic limit corresponds to the case when the total energy e of a particle
is much larger than its rest energy mc?. As for the classical limit, the equations should
be rescaled but we do not want to get the reader confused with non necessary details.
Consequently, we keep our notations and let m tend to 0. Formulas (4.1.4) read

e = c|p| + O(m?) and v = C|]% + O(m?). (4.4.1)

We deduce then that (4.1.8) and (4.1.9) read

UM = Upfyr + O (mZ) and 0=0u + 0O (m2) ,
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where
2 4
P D q- 1 + cos™(0/2)
= |Upe 1-— d ur — . :
Oatur = forel ( |p||p*|> amd o <4mo> B[P sin’(6/2)
We thus obtain that
QR(f7 f) = Qur(fura fur) + @ (m2) ; (442)

where f,, denotes the ultra-relativistic distribution function and @), the ultra-relativistic
collision kernel

QUT’(fUT’?fUT)(t7x7 /U) = /‘/S‘2 RB UM’U,TUUT' (fur(ph>fur(p5<) - fu’l"(p)fu’f’(p*))dp* dw'

System (1, p)
With (4.4.1), equations (4.2.5)-(4.2.7) lead to

(9
furpdp 4 ¢V, fw ®@pdp = 0, (4.4.4)
at ]R?’ | ’
R3 R3

that is the 5-moment system associated to (1, p, |p|).

System (1,9, ® p)
By (4.4.1) and (4.4.2), equations (4.2.8)-(4.2.12) read

0

p
furdp+cv fur_dp = 07

ot ]
furpdp+cv fur ®pdp - 0>

ot p|

a/ fur’p‘dp + Cvx : / furpdp = O:
R3 R3

0

at R3 R3 R3

furp®pdp+cvcc furﬂ
R3

RpRpdp = Qur(furs fur)p ® pdp.
|p| R3

Ot Jps
We thus obtain the 14-dimensional system (1, p, |p|, p|p|,p ® p).
System (1,7,p® p'® p)
In the ultra-relativistic case, equations (4.2.13)-(4.2.17) become

0 p

furdp+cv fur dp - 07
ot |
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&
furplp + V.- pr|p|p = 0,

a/ fur‘p’dp+cvx/ furpdp = 07
R3 R3

ot

0
a/ fur’p‘p@)pdp"i_cvx/ furp®p®pdp = / Qur(fur:fur)‘p‘p(gpdpa
R3 R3 R3

PRPRIPRD
Pl
We thus obtain the system (1, p, |p|, |p|p ® p,p ® p ® p), whose dimension is 21.

R3 R3

It Jgs

System (1,p,p® p,p® p'® p)
Letting m — 0, we obtain the moment space

span (1, p, |p|, [plp, p@ D, |Plp @ p, PR PR D),
whose dimension is 30.

System associated to M,
In the ultra-relativistic case, the system obtained from My by adding the mass, momentum
and energy reads

span(1, p, [pl, [plp'p°p’, |pl* + 6[pI*(»*)* + ()", Ipl" + 6lpf*(0")* + 6(p'p*)* — ()",
(') = IpI* () + IpI* () = °p")% Il (0")? + (07 = IpI* () — (0°p°)?
(P =6(p'p")*+ (), () + 6lpl*(p")? = 6[p[* (") — ()", Ipl(@")?, [plp' (9*)?,
plp' (%)%, plp* ()%, Ipl(0°)?, Iplp® (%)%, [plp® ("), Iplp® (p? )2 !p|( )%, (')’
p ()%, (%)% ()%, ' (0°)7P%, ' (%)%, (0")7P%P7, (7). P (%))

Y

System (1,9, 7® p® ' ® p)
Passing to the limit m — 0, we get the moment space

span (1, p, |p|, [plp, p®@p, PP @ PR p, pRPR PR p),
whose dimension is 39.

System (1,7, p'® p'® §, 7' ® & P ® p)
In the ultra-relativistic case, the moment space (1,7, P @ pR p,p® PR PR p) leads to

span (1, p, |pl, [plp, p@p, PIP @D, PR PR, PPRPRP, PRPR PR D).

This space has dimension 55.

4.5 Moment closure problem

4.5.1 The maximum entropy principle

Up to now, we have determine the moment spaces M that could be used to derive moment
system in both the relativistic and the ultra-relativistic cases. The moment system is
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then obtained by multiplying the Boltzmann equation by a basis m = (m;)i1<;<y of M
and integrating with respect to the momentum variable. However, the obtained moment
system is not closed unless a distribution function is specified. A usual strategy consists
in closing this system using the function that solves the entropy minimization problem.
Given M € RY, we close the system using the distribution f that realizes the following
minimum

win{s) = [ wr-pas. [ jomeena -} @s

It is of course not warranted that this problem has a solution. Indeed, the vector M € RY
needs to satisfy some constraints in order that there exists a distribution f such that

; f(p)m(p,e(p)) dp = M. (4.5.2)

Formally, the method of the Lagrange multipliers imply that the solution f (if it exists)
to the entropy minimization problem (4.5.1) satisfies

f(t,z,p) = exp (a(t, z) - m(p,e(p))),

where the coefficient a(t, z) € RY is uniquely determined by the constraint (4.5.2). Con-
sequently, one important point is to know whether there exist exponential densities that
satisfy (4.5.2). This problem has been studied in the classical case by Junk [11], who
assumed that there exists one moment of the basis (m;)i1<;<n that grows faster than the
others at infinity. This assumption is fulfilled neither by the relativistic moment spaces
nor by the ultra-relativistic moment spaces. It would be interesting to see if the results
of Junk could however be extended to these cases. Of course, the ultra-relativistic case
should be easier to handle because the corresponding energy € = ¢|p| is much simpler than
the relativistic one. Consequently, some calculations might be explicit. This problem is
not considered herein, and is the subject of a future work.

In the relativistic and ultra-relativistic cases, the moment realizability problem has
already been solved for the moments (1, p,e(p)) and (1,p,2(p)). Consequently, for these
moment systems, the closure by the entropy minimization principle can be carried out.
We summarize the main ideas below.

4.5.2 The relativistic case

We proceed here below to the closure of the 5 moment system (4.2.5)-(4.2.7). By [7,
Theorem 3.15.3] and [5, Theorem 2.1], there exists a solution to the problem of minimizing
the entropy at fixed mass n, momentum P and energy W if and only if n, P and W satisfy
m2c®n? + |P|? < W?/c? and this solution is uniquely determined. This solution is the
relativistic Maxwellian of the form (4.1.11) that satisfies

n= [ Mi(p)dp, P= [ M(p)pdp and W= [ Mi(p)e(p)dp.
Rf’)

R3 R3
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The closure of the system (4.2.5)-(4.2.7) by this Maxwellian enables us to compute the
fluxes fR3 fvdp and fR3 fv® pdp in terms of n, P and W. We then obtain the relativistic
hydrodynamic equations (see [13, 15])

a n nu
5 P | +V,- | Pou+Py;t1ld | =0,
W Wu+Pytu

where P, W and P are related to T, u and n by
Jul® u
P=nkT, W =1, neo(T)+C—2 and szug(neo(T)—i-P).

Here, we denote respectively by u, P, T and ey the velocity, the stress, the temperature
and the proper internal energy of the fluid. The constant k is Boltzmann’s constant.

4.5.3 The ultra-relativistic case

We close here the system (4.4.3)-(4.4.5) thanks to the Maxwellian that minimizes the
entropy at fixed mass 7, momentum P and energy W. The proof of [5, Theorem 2.1] can
be extended to the ultra-relativistic case and there exists a solution to this problem if
and only if P and W satisfy |P| < W /¢, this solution being uniquely determined. This
solution is the ultra-relativistic Maxwellian of the form

/\;l(p):Aexp(—ﬁO|p|+ﬁ-p) with AeR,, B eR,, feR?

that satisfies

= [ Mp)dp, P=| Mp)pdp and W=c[ M(p)|p|dp.

R3 R3 R3

We obtain the ultra-relativistic hydrodynamic equations (see [12])

g [ 7 i
5 P |+V, | Poa+Py'Id | =0,
|44 Wi+ Pyt

where P, W and P are related to T, @ and by

~ ~ ~ ~2 ~ ~ ~
P=nkT, W:%<3+|u—>73 and P=4~; = P.

c2

le =

Here, we denote respectively by @, P and T the velocity, the stress and the temperature
of the fluid. The constant k is Boltzmann’s constant.
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4.6 Proof of Theorem 4.2.1

This section is based on the representation theory of Lie groups and Lie algebras. There-
fore, we refer to [6, 10] for further information. The group SO(1, 3), is a matrix Lie group.
We point out that Lie algebras are essential for the study of matrix Lie groups because
they have the advantage of being vector spaces and thus allow the use of linear algebra
tools. The Lie algebra associated to SO(1,3), reads

sor(1,3) = {X € M(4,R); gX" + Xg =0},
where X7 denotes the matrix transpose of X. Let soc(1,3) be the complexification of
sor(1,3) (see [10, Definition 2.43]),

soc(1,3) = {X € M(4,C);gX" + Xg=0}.

We denote by C,,[yo, 1, Y2, y3] the set of complex homogeneous polynomials with degree
n and consider the following representation of SO(1,3),:

@ : 50(173)6 — GL(Cn[y(J)ylayQayfi])
L {R<y07y17y27y3) — R<L71(3/07y17y273/3>)}

By [10, Proposition 4.4], the representation (@, C,[vo,y1,¥y2,ys]) of SO(1,3). induces a
unique representation (®, C,[yo, y1, y2,ys]) of sor(1,3), which is defined by

d .
a@(e
By [10, Proposition 4.6], this finite dimensional complex representation of sog(1,3) may

be uniquely extended to a complex representation (®, C,,[yo, y1, y2, ys]) of soc(1,3), given
by

O(Z) = 1) o ZE sogr(1,3).

O(Z) =0(2) +i®(Zy), Z=2+iZy € s0c(1,3), Zi, 7€ sor(1,3).

The representation theory of Lie algebras implies, thanks to the highest weight theory,
that the following theorem holds:

Theorem 4.6.1 The representation (®,Cy[yo, 1,1y, ys]) of soc(1,3) is not irreducible.
More precisely, we have the following decomposition.:

[n/2]
Cn[y07ylay2>y3 @Fn 25,00 (461)
where I‘,(ﬁ)%o is a subspace of C,lyo, Y1, Y2, ys] generated by

min(l,n—2j5—k) .
2 .2 2 9\j (n _2J_k)' k! l

m=max(l—k,0)
(Y1 — i)™ 27 (o + y3) ™ (Yo — 3)* " (1 + iy2)l_m> - (4.6.2)
0<k,I<n—2j

FEach representation (&)lrgﬂ—)%}o’ Ffln_)%o) is irreducible.
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It then follows easily that

Theorem 4.6.2 The representation (@, Cylyo, Y1, y2,ys]) of SO(1,3). is not irreducible.
More precisely, (4.6.1) holds and each @IF(") ,ngn_)Qj o) s an irreducible representation.
n-24,0 )

Proof. We have to show that each ng)m is stable under SO(1,3).. Since SO(1,3), is
generated by the matrices

10 0 0 1 0 0 0
01 0 0 0 cost O sint
BO=1 00 cost smt |* 2O=|0o o 1 0o |
0 0 —sint cost 0 —sint 0 cost
1 0 0O O cosht sinht 0 0
0 cost sint O sinht cosht 0 0
Rs(t) = 0 —sint cost 0 |’ Li(t) = 0 0 1 0 |
0 0 0 1 0 0 0 1
cosht 0 sinht O cosht 0 O sinht
0 1 0 0 0 1 0 0
L =1 gt 0 cosht 0 |> O={ o o1 o |
0 0 0 0 sinht 0 0 cosht

for ¢t € R, it suffices to show that the vector space FSL_)QJ-’O is stable under any @(Ry(t))

and @(Lyg(t)), for every t € R. The space soc(1,3) is generated by

00 0 0 0 0 00 0 0 00
00 0 0 0 0 0 1 0 0 10

Br=1fgq9 o0 1" ™={0o 0 00l =0 100 , (4.6.3)
00 -1 0 0 -1 00 0 0 00
0100 0010 000 1
1000 0000 0000

Li=l o000 | La=11 000 | Ls=1109 000 | 464
0000 0000 1000

Consequently, each T'"" o is stable under ®(Ry) and ®(Lg), 1 < k < 3. But, we have

n_2]7
Ry(t) = exp(tRy) and Ly (t) = exp(tLy), teR,
and, by [10, Proposition 4.4],

¢ (%) = e®X), X € sogr(1,3).

We thus deduce that ng)m,o is stable under any @(R(t)) and @(Lg(t)), for every t € R.
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Since SO(1, 3), is a connected matrix Lie group, the representation (gZ?lF(n) ,FS?QJ- o)
n—235,0 ’

of SO(1,3). is irreducible by [10, Proposition 4.5] and [10, Proposition 4.6]. O

It remains now to consider the case of real polynomials. We denote by R,,[yo, y1, Y2, y3)

the set of real homogeneous polynomials with degree n and consider the representation
(PR 0,1 w2, R [0, Y1, Y2, y3]) of SO(1,3), where ¢ is defined by (4.2.1).

Theorem 4.6.3 The representation (Qr,[yoy:,ye.ys]> Rnl[Yo, Y1, Y2, y3]) of SO(1,3). is not
irreducible. We have the following decomposition:

[n/2]

Rn[y07y1ay27y3 @Fn 27,00 (465)

r(n)

where the space T, 5. s generated by the real parts and the imaginary parts of

q -
2 2 2 2\j (n— 2] _7")!7"! q
(yo_yl_y2_y3)j Z (n—2j—r—m)!(r—q+M)! m

m=max (¢—r,0)

(Yo +y3)™ (Yo — y3)" T (y1 + i) (yy — i)™, (4.6.6)

for q,r € [0,n —2j], ¢ +r < n —2j. The subrepresentations (goﬂ%o,rﬁj?w,o) are

rreducible.

Proof. Let (q,r) € N? such that ¢ +r < n — 2j. Choosing (k,l) = (r,q) and (k,l) =
(n—2j —q,n— 2j —r), we deduce that the complex basis (4.6.2) can be replaced by
=(n)

the real parts and imaginary parts of (4.6.6). We denote by I, ”,; ; the real vector space
generated by the real parts and the imaginary parts of (4.6.6). It follows from (4.6.1) that
(4.6.5) holds.

We still have to check that each f,(f)%o is stable under SO(l, 3)e. By Theorem 4.6.2,

we already know that the complexification F,(l )230 of I‘n 950 18 stable under SO(1, 3)..
Since the proper Lorentz group SO(1,3). is composed of real matrices, we deduce that

o 18 stable under SO(1, 3)..
Each representation (g0|r(n) Fn 25.0) of SO(1,3). is irreducible. Indeed, if there is a
n—23,0

the real vector space FgL 2,

subspace V' of Fn 5;0 Stable under SO(1,3)., then the complexification V 4 iV of V is

a subspace of Fn—Qj,O stable under SO(1,3).. Since F( )2] o is irreducible, we deduce that
either V = {0}, or V =T, . O

We now consider the representation (4.2.1) of SO(1,3). and we prove Theorem 4.2.1.
It follows from (4.6.5) that we have the following decomposition of (p, P,) as a direct sum

of irreducible representations
n [k/2]

P, = @@Fk 20 (4.6.7)

k=0 5=0
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where f,(f_)Q ;o is the real vector space given by Theorem 4.6.3. The Schur Lemma (see

[10, Theorem 4.26]) implies that this decomposition as a direct sum is unique up to an
isomorphism. Its proof follows the same lines as [16, Proposition 1.2] for modules. We
now need the following lemma:

Lemma 4.6.4 Let P, = ®7r_oCrlyo, Y1, Y2, ys]. We consider the following representation:

~

$:50(1,3), — GL(P,)
L +— {R(y07y17y27y3) — R(L71<y07y17y27y3))}

Denote by (@,75”) the associated representation of soc(1,3). A non-zero polynomial
Q € Pp is said to be a highest weight vector associated to the weight (n — 25,0) of the
representation (®,P,,) of soc(1,3) if

A A

O(D)Q=(n-2)Q,  S(DYQ=0, C)Q=0, B(C)Q=0, (4638)

with D1 = ’iR3, D2 = L3, Cl = Rl + L2 + Z(RQ + Ll) and Cg = Rl - L2 + Z(RQ - Ll),
where the matrices R; and L; are defined by (4.6.3) and (4.6.4).
A polynomial Q € P,, satisfies (4.6.8) if and only if

J
QWo, y1,y2,ys) = (1 — i)"Y Mg — w7 — w3 — )" (4.6.9)
k=0

with \p € C for k=0,...,7.

Proof. Let us assume that Q € P, satisfies (4.6.8). As previously, by [10, Proposition
4.4] and [10, Proposition 4.6], we have

o d d
d(7) = E@(etzl) 7t z'%gb(etZ?) Ly Z=hitiz,  ZuZE sog(1,3).
The change of variables Y = PX where
10 0 1 Yo Zo
0 ¢+ —1 0 ’ Yo ’ ) ’
10 0 -1 Ys T3

diagonalizes both D; and D, and implies that the coefficients of

~ _ ko, .k1 k2 k3
Q(xovxlax2>x3) - § : Qo k1 ,k2,k3 Lo L1 Lo T3"
ko+k1+ko+k3<n

where Q(X) = Q(PX), satisfy
(4.6.10)
(4.6.11)
ko> 1,k > 1, (4.6.12)
ke > 1, ks > 1. (4.6.13)

(n - 2] - kl + k2>ako,k1,k2,k‘3 =
(k3 - ko)ako,khk’z,ks -
<k2 + 1>ak0—1,k‘1,k2+1,k‘3 + (k3 + 1)ak0,k1—17k2,k3+1 -

(ko 4 1)@ros1,k1~1 ko ks + (K2 + 1) kg ey kpt 1,051

o o o o
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for every (ko, k1, ko, k3) € N*, ko + k1 + ko + k3 < n. We thus deduce that

~ m n—j—m—l _j—m—l _m
Q(ZL‘Q,ZEl,I‘Q,l'g § E Ay n— —j—m—l,j—m— I,m Ly Tq Ty X3 .

=0 m=0

Let Iy € [0, 7] and mg € [0,5 — {] be such that g n—j—mo—io,j—mo—io,mo 7 0. Equations
(4.6.12) and (4.6.13) imply that

; . . —_1)i—mo—lo
_ 1 j—m—1(J [ amo,n*J*mO*lo,J*moflo,mo( 1)
am,nfjfmfl,jfmfl,m — <_ ) m - 3

()

for each [ € [0, 5] and m € [0, j — []. Consequently,

A n—2j —1
Q(ﬂfo,iUhIz,xs =T E )\l l’oxs - $1I2) s

with A, e Cfor [ =0,...,7. O

Proof of Theorem 4.2.1. Let W be an irreducible subrepresentation of (¢, P,).

Let us recall that, by [10, Proposition 4.33], for every finite dimensional representation
(I, V) of a Lie group that decomposes as a direct sum of irreducible representations, every
stable subspace of V' also decomposes as a direct sum of irreducible representations and,
given a stable subspace U of V, there is a stable subspace U such that V =U @ U.

CASE 1: There exists k € [0,n] such that W C Rglyo, y1, Y2, ys)-

It follows from (4.6.5) and [10, Proposition 4.33] that there exists a stable subspace
W' C Ri[yo, y1, Yo, y3] such that Ri[vo, y1,ye, y3] = W @ W’. Then, [10, Proposition 4.33]
implies that W' = @,I',, and, thus,

Rilyo, y1, Y2, ys] = W @ Dal'a

By uniqueness of (4.6.5), there exists j € [0, [k/2]] such that W ~ f,(glf_)2j70. Considering
the complexification W = W 4 iW of W and extending the action of SO(1,3), on W¢ to
an action of soc(1,3), we deduce from [10, Proposition 7.15] that W contains a unique
highest weight vector QQ;_s; associated to the weight (k —27,0). Lemma 4.6.4 implies the
existence of A € C such that
Qk—2; (Y0, Y1, Y2, y3) = Mun — i) (45 — vi — 45 — v3)’.

By [10, Proposition 7.18], since W is a complex irreducible representation, W¢ is gener-
ated by the iterated action of ®(C5) and ®(Cy) on Qr_2j, with Cy = Ry + Ly +i(R1 + L2)

and Cy = Ry — Ly + i(Ry — Ls). Consequently, W = F,(Ck)Q oand W= F,g 25.0°
CASE 2: There is no k such that W is included in Rg[yo, y1, y2, y3)-

By (4.6.7) and uniqueness of this decomposition, we deduce, as previously, that there
exists j € [0,[n/2]] such that W =~ T',,_5;,. Considering the complexification W =
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W +iW of W and extending the action of SO(1,3). on W¢ to an action of soc(1,3), we
deduce that W contains a highest weight vector @),,_»; associated to the weight (n—27,0).
Lemma 4.6.4 implies the existence of constants A\, € C for £k =0, ..., 7 such that

J
Qn—25 (Yo, Y1, Y2, Ys) = (41 — )"~ Z MNe(yg — v —vs —u3) "
k=0

As previously, W¢ is generated by the iterated action of (13(02) and <i>(C’4) on Qn_sj.
Consequently, W¢ is the complex vector space generated by

min(l,n—2j—m)

j .
i —2j —m)! m! l
A2 — 02 — 02 — 2V F (n <>
(% Ko ) 2 (n—=2j—m—r)l(m—1+r)\r

r=max(l—m,0)

(y1 — iy2)" """ (yo + y3) (yo — y3)™ " (1 + iya)”) . (4.6.14)

0<l,m<n—2j

For | = 0 and m = n — 25, we deduce that

J
P TR R ) G (T
k=0

belongs to We. The coefficients A, may not be all equal to 0. Without loss of generality,
we may assume that there exists k& € N such that R()\;) is non-zero. (If not, it suffices to
replace Ay with i\;). We obtain that

S RO e — vt — v — 13 (yo — ys)" Y (4.6.15)

J
k=0

is non-zero. By definition of W, the polynomial (4.6.15) belongs to W¢. Applying @(C’l)
n — 2j times to (4.6.15) leads to

J
S RO W — i — s — vy — i) (4.6.16)

k=0

But W is stable under @(Cl), thus the polynomial (4.6.16) belongs to W¢. By Lemma 4.6.4,
the polynomial (4.6.16) is a highest weight vector associated to the weight (n — 2j,0).
By [10, Proposition 7.15], W contains, up to a constant, a unique highest weight vector
associated to the weight (n — 2j,0). Consequently, the coefficients Ay of (4.6.14) are real.
Finally, we deduce that W is the real vector space generated by the real parts and the
imaginary parts of (4.2.2) with A, € R for £ =0,..., . O
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Appendix: Representation theory in the classical case

Thanks to the representation theory of Lie groups and Lie algebras, we can determine
the finite dimensional subspaces of R [v1, vy, v3] that are stable under any rotation of
SO(3). We consider the following action of SO(3) on the subspace P,, composed of the
polynomials of R [y1, y2, y3] with total degree less or equal to n.

¢:503) — GL(P,)
L — {R(yl,y2a?/3) — R(L_l(yl, Y2, y3))} (4.6.17)

We first consider the restriction of ¢ to R, [y, ya,ys], the set of real homogeneous
polynomials with degree n. The representation theory of Lie groups and Lie algebras
then implies that

Theorem 4.6.5 The representation (Qr,,y, ys.ysls Rn Y1, Y2, y3]) of SO(3) is not irredu-
cible. We have the following decomposition:

[n/2]
Ry[y1, Y2, ys] @ gn 455 (4.6.18)

where the space féz)%j 1s generated by the real parts and the imaginary parts of

min (I,n—27) .
, —1)mF (n — 25! 1!
2 2 2\ ( J
(y1 +v3 +u3) —[(§l+1:)/2} (n— 25 — m)I(l — m)!(2m — 1)l 2n=25+1=2m

Y (Yo — iys)" ™ (g +iys)", (4.6.19)

for 1 € [0,2n — 4j]. The subrepresentations (¢Iféﬁ)_4j’ F;Z)_M) are irreducible.

The proof of Theorem 4.6.5 follows the same lines as the proof of Theorem 4.6.3. As
we deduced Theorem 4.2.1 from Theorem 4.6.3, we deduce the following theorem from
Theorem 4.6.5.

Theorem 4.6.6 A space W is an irreducible subrepresentation of (v, Py) if and only if

there exist j € [0,[n/2]] and some real numbers (\y)o<k<; Such that W is generated by
the real parts and the imaginary parts of

y min(Ln—24) - .
s o o (=)™ (n—27)! 1!
ZAk(yl + 15+ ) Z (n—25 —m)!(l —m)!(2m — [)! 2n—2j+i=2m

ln
k=0 m=(+1)/2)
Y2 (yy — iys) T (g + iys) ™, (4.6.20)

for 1 € [0,2n — 4j].
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This theorem describes all the irreducible representations of (¢, P,). We then obtain
all the finite dimensional subspaces of R[vy, v5, v3] that are stable under any rotation. We
have the following proposition.

Proposition 4.6.7 For every r € N, j € [0,[r/2]], let T,; denote the vector space
generated by the real parts and the imaginary parts of

J \ | |2k min(l,r—25) ( 1)m+l (r 2j)! .
E E|V E - '

— 25 —m)l(l —m)! — )1 9r—2j+l—-2m
k=0 m=[(11)/2] (r—27 —m)!l(l —m)!(2m — 1)1 2r=2%

V2 l('Ug — i) T (g 4 ivg)l_m,
for 1 € [0,2r — 44]. Fach T, ; is stable under any rotation.
Moreover, a finite dimensional subspace T of R [vy, va, v3] is stable under any rotation
if and only if there exist N € N and some 1, € N and j, € [0,[rg/2]], k =1,..., N such
that T s the vector sum of the T k=1,...,N.

TkyJk?

Let us now show that, for each r € N, the spaces T, o are generated by the components
of some tensors.

Theorem 4.6.8 Let | € N. For any tensor T of order |, we denote by T the symmetric
part of T, that is the tensor whose components are

7777 l‘ Z T]U(l)““’]a(l) (jlu e 7jl) S [[17 3]]17

oeY;

where ¥, denotes the symmetric group of order [.

Then, the vector space T, given by Proposition 4.6.7 is generated by the components
of the tensor S,(v) defined by

2 ! (r— 1)1 (2r — 2k)!
Sl +Z: r—zkmw —l 2 = 1)

W L ® . @ LT, %(v),
—_—
k times
(4.6.21)
where T, (v) = v and I3 is the identity matriz of order 3.

We now write down the moment spaces that arise in (4.6.18) for n = 2,3,4. Since we
look here for moment spaces that are compatible with the Galilean invariance, we also
consider the stability under the translations. Moreover, we are only interested in moment
spaces that generalize the fluid dynamic approximation and thus contain the mass 1, the
velocity v and the energy |v|?.
Case n =2
By Theorem 4.6.5, we have

=(2 =(2
Rg[vl,vg,vg] = Fi ) @ F(() ),
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with f((f) = span (|Jv|?) and

=(2)
I'y” = span ((v;v;)ix4, vf — vg, vg — 112).

)

We add the mass and the velocity to féz and obtain the moment space span (1, v, |v]?).

The space ff) is a 5-dimensional space. Adding 1, v and |v|?, we obtain the 10-
dimensional space span (1, v, v®v) which is stable under any rotation and any translation.

Case n =3
We infer from (4.6.18) that

—(3) _ —=(3
R3[v1, v9, v3] = Fé ) S F; )7

where fé?)) = span (v|v|?) and
=3)
[y’ = span (vivaus, v1 (v — 303), v1(v3 — v3), va(v] — v3),

va(v3 = Bug), vs(vf — v3), v3(3v3 — v5)).

The space f;g) is a 3-dimensional space. Adding 1, v and |v|?, we obtain the 8-
dimensional space span (1, v, |v|?, v|v|?) which is stable under any rotation but not under
the translations. In order to make it stable under any translation, we add v®v and obtain
the Grad 13-moment system

span (1, v, v ® v, v|v]?).

The space féB) is a 7-dimensional space. Adding 1, v and |v|?, we obtain the 12-
dimensional space

span (1, v, [v|?, vivgus, vi (v} — 3v3), vi(v3 — v3),

va (V] — v3), va(v3 — 303), vs(v] — v3), v3(3v3 — v3)).

This space is not stable under the translations. Consequently, we add v ® v and get

span (1, v, v ® v, v1vv3, V1 (V] — 3v3), v1(v; — v3),

va(vf = v5), v2(v3 — 3v5), vs(vf — v3), vs(3v3 — v3)),

which is stable under any rotation and under any translations. This space has dimension
17. We can also add v ® v ® v and obtain the system

span (1, v, v @ v, v ® Vv ® V),

which has dimension 20.
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Case n =14
By (4.6.18), we have

Ry[v1, 9, v3] = fgl) D Ff) D fé4),

where ff{‘) = span (|Jv[*),

F()

| 2

|v]? span ((v;v;)izj, V] — V5, V5 — v3),

[y’ = span (vy — 6v3v3 + v, 8vi — 24vi(v3 + v3) + 3(v3 + v3)?, vous(vd — v3),
V10 (v — 303), v1v3(3v3 — v3), vivg(4v] — 37}% 3v3),

v103(407 — 303 — 3v3), vaus(6VF — v3 — v3), v3 — 6VIVS + 6VTVS — V).

The space F((]4) is a 1-dimensional space. Adding 1, v and |v|?, we obtain the 6-
dimensional space span (1, v, |v|?, |v|?) which is stable under any rotation but not under
the translations. In order to make it stable under any translation, we add v ® v and v|v|?.
We then get

span (1, v, v @ v, v|v|?, [v|*),
2

which is a 14-dimensional space. We can also add v ® v ® v instead of v|v|* and obtain

span (1, v, v®@ v, v®@v v, [v]|?),

which is a 21-dimensional space.

The space i(f)

dimensional space

is a 5-dimensional space. Adding 1, v and |v]|?, we obtain the 10-

span (1, v, [v]*, Ju[*(vivy)izg, [o]*(vf — v3), [0]*(v3 — v3)).

This space is not stable under the translations. Consequently, we add v ® v and v ® v ® v.
We get

span (1, v, v @ v, v @ v @ v, [0 (vivy)izg, 0] (07 — v3), Ju[* (v — v3)).

which is stable under any rotation and any translation. This space has dimension 25. We
could also add either |v[*v ® v or v ® v @ v ® v to the previous space. We would then get

span (1, v, v @ v, v ®v v, [v]*v @),
and
span (1, v, V@V, VRV RV, VRV R VR ).
We add 1, v and |v|* to the space F(4) and obtain the space
span (1,0, of?, v — 60302 + vl Svf — 2403(u3 + o2) + 302 + 12,
Vo3 (V3 — v3), V1va(v3 — 303), vivs(3vs — vg) v1v2(4vf — 31}% 31}%),

2 2 2 2 2 2 4
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But this space is not stable under the translations and we need to add v® v and v® v ®v.
We get the following 29-dimensional space

span (1,v,v ® v,v @ v ® v, vy — 6vavs + v, 8vf — 240} (V3 + v3) + 3(vs + v3)?,
voU3(vs — v3), ViU (V3 — 3v3), v1v3(3V; — v3), vive(4v] — 3vs — 3v3),

2 2 2 2 2 92y 4 2 2 22 4
v1v3(4v] — 3v; — 3v3), Vaus(6v] — vy — v3), vy — 6ViV; + 6vTVS — vy).

Conclusion
The classical moment spaces with maximal degree 2, 3 or 4 are

degree = 2 span(1, v, |v]?), (admissible)
span(1,v,v ® v), (admissible)
degree = 3 span(1,v,v ® v, v|v|?), (non admissible)
span(1,v,v @ v,v @ v ® v — 3/5|v|*I; ® v), (non admissible)
span(l,v,v ® v,v @ v ® v), (non admissible)
degree = 4  span(1,v,v ® v, v|v|?, [v]*), (admissible)
span(1,v,v @ v,v ® v @ v, |v[*), (admissible)
span(1,v,v @ v, v @ v @ v, [v|*(v @ v — |v|?/313)), (non admissible)
span(1l,v,v @ v,v ® v @ v, |[v]*v @ v), (admissible)
span(1,v,v @V, VRV R v,V VR VRV
—6[v*/TI; @ v @ v+ 3v| /351 ® I3), (non admissible)
span(l, v, v @V, VR VR Vv,V RV R VR V), (admissible)

which have respectively dimension 5, 10, 13, 17, 20, 14, 21, 25, 26, 29 and 35.
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ANNEXE B

Théorie de la représentation des
groupes de Lie et algebres de Lie

B.1 Le groupe propre de Lorentz et son algebre de
Lie
B.1.1 Le groupe propre de Lorentz

On considere ici 'espace R* de Minkowski. I est muni d'une forme bilinéaire symétri-
que non-dégénérée g définie par

9(z,y) =Toyo — T1 Y1 — Toya — T3Y3, T,y € RY

que l'on appelle produit scalaire ou tenseur métrique.

L’ensemble des matrices réelles L € M(4,R) qui laissent ¢ invariant (i.e. telles que
g(Lx, Ly) = g(x,y) pour tous x,y € R?) constitue le groupe orthogonal généralisé O(1, 3).
C’est un sous-groupe de GL(4,R) et un groupe de Lie matriciel. Rappelons la définition
d’un groupe de Lie matriciel :

Définition B.1.1 On appelle groupe de Lie matriciel tout sous-groupe G de GL(n,C) tel
que G est fermé dans GL(n,C), c’est a dire tel que, si (Ay,) est une suite de matrices
dans G qui converge vers une matrice A, alors, soit A € G, soit A n’est pas inversible.

Toute transformation L de O(1,3) vérifie det(L) = £1. De plus, on a soit Loy > 1,
soit Lyp < —1. On appelle groupe propre de Lorentz I’ensemble des matrices L de O(1,3)
telles que det(L) = 1 et Loy > 1 (i.e. il n’y a pas d’inversion du temps). Il correspond a
la composante connexe de Iidentité dans O(1,3). On le note SO(1,3).. C’est encore un
groupe de Lie matriciel.

B.1.2 L’algebre de Lie de SO(1,3).

Notons que les algebres de Lie sont indispensables pour 1’étude des groupes de Lie
matriciels car elles présentent 'avantage d’étre des espaces vectoriels. On dispose alors

139
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des outils de 'algebre linéaire. Rappelons tout d’abord la définition des algebres de Lie
associées aux groupes de Lie matriciels.

Définition B.1.2 Soit G un groupe de Lie matriciel. L’algebre de Lie de G, notée g, est
I’ensemble des matrices X telles que e appartient a G pour tout réel t.

Par conséquent, 'algebre de Lie associée a O(1,3) est constituée de 'ensemble des
matrices X € M(4,R) tel que gXT + Xg = 0. Or, on a le lemme suivant.

Lemme B.1.1 Soient G un groupe de Lie matriciel et X un élément de son algebre de
Lie. Alors, eX appartient a la composante conneze de lidentité de G.

Pour une preuve de ce lemme, voir [2, Proposition 2.16]. On déduit alors que l'algebre de
Lie associée a SO(1,3), coincide avec celle associée a O(1,3). On la note sog(1,3).

sor(1,3) = {X € M(4,R); gX" + Xg=0}.
Notons alors soc(1,3) le complexifié de sor(1,3),

soc(1,3) = {X € M(4,C);gX" + Xg=0}.

Posons
00 0 0 0 0 00 0 0 00
00 0 0 0 0 01 0 0 10
R1—0001’ R2_0000’ R3_0—100’
00 —1 0 0 -1 0 0 0 0 0 0
et
0100 0010 0001
1000 0000 0000
L1_0000’ L2_1000’ L3_oooo
0000 0000 1000

Les matrices (R, Rq, R3, L1, L, L3) forment une base du C-espace vectoriel soc(1,3). On
considere Dy = iR3 et Dy = L3. Les matrices Dy et D, sont diagonalisables et commutent.
Par conséquent, elles sont simultanément diagonalisables. Posons
Cl R1+L2+Z(R2+L1) Cg :R2+L1+i(R1+L2>,
CgZRl—L2+Z(R2—L1), C4ZR2—L1+i(R1—L2).

Les matrices D; et C; vérifient alors

(D1, Dy] = [Dy, Ch] = C, [Dy, C1] = —Ch,

(D1, Cy) = —02, [Dy, Cs] = Cs, (D1, Cy] = —C4,

Dy, Cs] = —C'g, [Dy, C3] = Cs, [Dy, Cy] = Cy, (B.1.1)
[C1,Cy] = (Cy, C3) =0, (Cy, Cy] = 4i(Dy — Dy),

[Cy, O3] = (D1 + D), [Cy, Cy] =0, [C3,C4] =0,
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ou [A, B] = AB — BA, pour toutes matrices A, B.

Le sous-espace de soc(1,3) engendré par D; et Dy est une sous-algebre de Cartan de
soc(1,3), notée h. Rappelons la définition des sous-algebres de Cartan.

Définition B.1.3 Soit g une algebre de Lie. On appelle sous-algebre de Cartan de g un
sous-espace vectoriel b de g tel que

1. Pour tous Hy, Hy € by, [Hy, Hy] = 0.
2. Pour tout X € g, si [H, X]| =0 pour tout H € b, alors X € b.

3. Pour tout H € b, Uapplication ady : g — ¢ définie par ady(X) = [H, X] est
diagonalisable.

Un couple a = (ay,az) € C*\{(0,0)} est appelé RACINE de soc(1,3) si il existe un
élément non-nul Z € soc(1, 3) tel que

[Dl, Z] = alZ et [DQ, Z] = CLQZ.
D’apres (B.1.1), les racines de soc(1,3) sont

a; = (1,-1), ar = (—1,-1), az = (1,1) et ay=(—1,1). (B.1.2)

On a
soc(1,3) =& B g,
je{1,...,4}
ot1, pour chaque j € {1,...,4}, go, désigne I'espace vectoriel engendré par C;.

B.2 Représentations irréductibles de dimension finie
de l’algebre de Lie soc(1,3)

B.2.1 Quelques rappels sur les représentations
Définitions

Définition B.2.1 On appelle représentation d’un groupe de Lie G sur un espace vectoriel
V' un homomorphisme de groupes de Lie

II:G— GL(V),
c’est a dire, une application continue Il : G — GL(V) telle que
II(gh) = Il(g)IL(h),  g.h€G.

On appelle représentation d’une algebre de Lie g sur un espace vectoriel V' un homo-
morphisme d’algebres de Lie

mig— gl(V) = L(V),
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c’est a dire, une application linéaire w: g — L(V) telle que
m([X,Y]) = [(X),=(Y)], XY ey,

ou L(V') est l’ensemble des endomorphismes de V' et constitue l’algébre de Lie de GL(V).

Définition B.2.2 Soit (I, V') une représentation d’un groupe G. Un sous-espace W de
V' est dit stable sous Uaction de G si Il(g)w € W pour tout w € W et tout g € G.

La représentation (11, V') est dite irréductible s’il n’y a pas de sous-espace stable non
trivial, c’est a dire différent du {0} ou de V.

On définit de la méme maniére les notions de sous-espaces stables et de représentations
wrréductibles pour une algebre de Lie.

Exemples de représentations

La représentation triviale Considérons un espace vectoriel V' de dimension finie. Etant
donné un groupe de Lie matriciel G, on définit la représentation triviale de G,
II:G — GL(V) par la formule

I(g) = Id, geG.

Si g est une algebre de Lie, on définit la représentation triviale de g, 7 : g — L(V)
par

7(X) =0, X eg.

La représentation standard Un groupe de Lie matriciel G est, par définition, un sous-
ensemble de GL(n,C). L'inclusion de G dans GL(n,C) (i.e. II(A) = A) est une
représentation de G appelée représentation standard de GG. Par exemple, la représen-
tation standard de SO(3) est I'action usuelle de SO(3) sur R3.

Si G est un sous-groupe de GL(n, C) alors son algebre de Lie g est une sous-algebre
de gl(n,C) = M(n,C). L’inclusion de g dans gl(n,C) est une représentation de g,
appelée représentation standard.

La représentation adjointe Soit G un groupe de Lie matriciel d’algebre de Lie g. La

représentation adjointe de G, Ad : G — GL(g) est donnée par

Ady(X) = AXAT! AeG X eg.

Si g est une algebre de Lie, la représentation adjointe de g, ad : g — gl(g) est
définie par

adc(Y)=[X.Y], X,Ycaq.
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B.2.2 La représentation adjointe de soc(1,3)

Considérons la représentation adjointe de soc(1,3), c’est a dire action de soc(1, 3)
sur lui-méme par

ad : soc(1,3) — gl(soc(1,3))
X +— adx(Y)=[X,Y]

La sous-algebre de Cartan b agit sur chaque C) par multiplication par un scalaire, i.e.
adp,(Cy) = [Dj, Ci] = ax(D;)Cy. En ce qui concerne I'action de Cy sur Cj, on a

[D;, [Ck, Gl = [Cy, [Dy, CGil] + [[D;, Cil, 1]
= (au(D;) + ar(D;))[Cr, C1l,

et donc,
adc, (9oy) C Joytay-

B.2.3 Les représentations irréductibles de soc(1,3)

Soit (m, V') une représentation de dimension finie de soc(1,3). On appelle POIDS de
cette représentation tout couple u = (my,my) € C? tel qu’il existe un vecteur non-nul
v € V vérifiant

m(D1)v = mqv et 7(Dg)v = mav. (B.2.1)

On appelle VECTEUR POIDS tout vecteur v non-nul vérifiant (B.2.1). De plus, si p =
(mq, mgy) est un poids, I'espace vectoriel engendré par tous les vecteurs v vérifiant (B.2.1)
est appelé espace de poids associé au poids p. On le note V,,. On a alors le résultat suivant :

Proposition B.2.3 Soient g une algébre de Lie complexe et by une algébre de Cartan de
g. Toute représentation irréductible complexe de dimension finie (w, V') de g est la somme
directe de ses espaces de poids, c’est a dire que ’ensemble des opérateurs de la forme
w(H), H € b, sont simultanément diagonalisables dans toute représentation irréductible
complexe de dimension finie.

Pour une preuve de cette proposition, on réfere a [2, Theorem 7.12]. Etant donnée une
représentation irréductible complexe de dimension finie (7, V'), on a, par conséquent, V' =
&V, décomposition de V' en somme d’espaces propres sous 'action de {D;, D }.

Chaque espace g, agit en envoyant un espace V, sur un autre. En effet, si X € g, et
veV,ona

(D)) (m(X)v) = m(X)(x(D;)v) + [x(D;), 7(X)Jv
7(X)(m(Dj)v) +w([D;, X])v
= (u(Dj) + a(Dy))m(X)v,

c'est a dire que m(X)v est un vecteur poids associé au poids « + p. On déduit que
7(X)(Vi) © Ve
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Appelons racines positives les racines ay et az de (B.1.2). Soient uy et o deux poids
de la représentation (7, V). On dit que p; est plus grand que puo si

1 — po = aaq + bag avec a>0 e b>0.

On le note py > po. On appelle alors PLUS HAUT POIDS de la représentation (m, V') un
poids p de (m, V) tel que, pour tout poids u de (7, V'), po > p.

Théoréme B.2.4 (Théoréme du plus haut poids) Soit g une algébre de Lie com-
plexe. Alors,

1. Toute représentation irréductible complexe de dimension finie de g a un unique plus
haut poids.

2. Deux représentations irréductibles complexes de dimension finie de g sont équivalen-
tes si et seulement si elles ont le méme plus haut poids.

Pour une preuve de ce théoreme, voir [2, Proposition 7.15]. Soit (7, V') une représenta-
tion irréductible complexe de dimension finie de soc(1, 3). Soient po son plus haut poids et
v un vecteur poids associé a . Le vecteur v est appelé VECTEUR DE PLUS HAUT POIDS
et on a w(Ch)v =0, 7(C3)v = 0. L’espace V est, en fait, engendré par les images de v par
Cy et Cy. De plus, on a dim(V,,,) = 1 (le vecteur v est unique, a un scalaire pres). Pour
une preuve de ces résultats, voir [2, Propositions 7.17 et 7.18].

Proposition B.2.5 Si (7,V) est une représentation compleze de dimension finie de

soc(1,3) et v € V un vecteur de plus haut poids, alors la sous-représentation W de

V' engendrée par les images de v par applications successives de Cy et Cy est irréductible.
De plus, toute représentation irréductible de soc(1,3) est de ce type la.

Cette proposition est en fait valable pour toutes les algebre de Lie complexes semi-
simples. Pour une démonstration, voir [1, Proposition 14.13 et Observation 14.16] ou [2,
Propositions 7.18 et 7.19].

Théoreme B.2.6 Si (7,V) est une représentation irréductible complexe de dimension
finie de soc(1,3), alors son plus haut poids py = (my, ms) vérifie

(my,m2) E NXZ et |ma| < my. (B.2.2)

Réciproqguement, pour tout couple (my,my) € N X Z tel que |ms| < my, il existe une
unique, a une équivalence pres, représentation irréductible de soc(1,3) de plus haut poids
(m1,m2). On la note Iy, iy -

Preuve. La démonstration est similaire a celle concernant 1'algebre de Lie sic(3) du
groupe SL(3,C) (cf. [2, Theorem 5.9] ou [1, Lectures 12 and 13]).

Soit (m, V') une représentation irréductible de soc(1,3). Notons pu = (mq,ms) son plus
haut poids. Par définition, il existe un vecteur v non-nul tel que

m(Dy)v = myv, 7(Dy)v = mav, 7(Cy)v =10 et m(C3)v = 0.
On sait que (cf. [2, Theorem 4.12])
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Lemme B.2.1 Une base de l'algébre de Lie slc(2) du groupe SL(2,C) est donnée par
1 0 0 1 0 0
r=(05) (o) = (00)

[H,X]=2X, [HY]=-2Y, [X,Y]=H.

et on a

Pour toute représentation complexe (w, V') de dimension finie de slc(2), siv est un vecteur

non-nul de V tel que
m(X)v=0 et m(H)v = v,

alors A € N.
Comme {D; — Ds, ¢™/*Cy /2, €™/4C,/2} engendre une sous-algebre de soc(1,3) iso-
morphe a lalgebre de Lie sl¢(2), comme m(Dy — Do)v = (my — mg)v et 7(Cy)v = 0, on

déduit du Lemme B.2.1 que m; — my € N.

De méme, {D; + Dy, ¢™/*C3/2, e™/*Cy/2} engendre une sous-algebre de soc(1,3)
isomorphe a sl(2,C), 7(Dy + D9)v = (my + me)v et 7(C3)v = 0. Par conséquent, on
déduit du Lemme B.2.1 que m; + my € N. Ainsi, (my, my) vérifie (B.2.2).

Réciproquement, soit (my,mq) € N x Z tel que |my| < my. Si (my,ms) = (0,0), la
représentation triviale convient. Si (mq, my) = (1,0), la représentation standard convient.

Considérons le cas ou (my,ms) = (1,1) ou (my, my) = (1,—1). On pose V = C* et on
note m Paction standard de soc(1,3) sur V. Soit A2V la puissance extérieure de I'espace
vectoriel V' (cf. [1, Appendix B.2]). On définit

7 :s0c(1,3) — gl(A?V)
X — 7(X):xi Azg— 1(X)xy Axg + 21 A (X))o, (B.2.3)

Soit (eq, €9, €3, €4) une base de V telle que, dans la représentation standard, ej, ey, e3 et
e4 sont respectivement des vecteurs de poids (1,0), (0,1), (—1,0) et (0,—1). On vérifie
alors facilement que e; A ey et e; A eq sont des vecteurs de plus haut poids de (7, A?V)
associés respectivement a (1,1) et (1, —1).

Traitons maintenant le cas général. Soit (my,ms2) € N x Z tel que |my| < my. Soit
(71, V1) la représentation standard et v; un vecteur de Vj de plus haut poids (1,0). On
désigne par (ma, V3) la représentation définie par (B.2.3). Soient vy et v} des vecteurs de
V4 de plus haut poids (1,1) et (1, —1) respectivement. Si mq > 0, on pose

W=Ve. . ohelhe.. V.

-~

g
mi1—ms fOIS me fO1S

Alors, le vecteur
Wmy —ma,ma :1}1®®UL®3)2®®’U%

-~

P
mi1—ms 1018 me TO1S

est un vecteur de plus haut poids (mq, my). Par conséquent, le plus petit sous-espace de W
contenant Wy, —m,m, €t invariant par soc(1,3) est la représentation irréductible I, 1, .



146 ANNEXE B. REPRESENTATION DES GROUPES ET ALGEBRES DE LIE

Si au contraire, my < 0, on considere I'espace
) )

W=We. . ahelhe.. el

-

TV
mi+me OIS Imy| fois

et le vecteur
! !
Winy +ma,ma| =y1®...®vL®£}2®...®vg.
wV

. Vv
mi+ms fois Ima| fois

Comme Wiy, 4m,,mo| €St un vecteur de plus haut poids (mq,ms), on conclut comme pré-
cédemment. O

B.3 Preuve du Théoréeme 4.6.1

Rappelons tout d’abord les notations de la Section 4.6 et I’énoncé du théoreme. Notons
Cnlyo, Y1, Y2, y3] ensemble des polynomes complexes homogenes de degré n. On consideére
la représentation suivante de SO(1, 3), :

QZ) : SO(]., 3>e — GL<Cn[y0ayl7y27y3])
L — {R(yo,y1,y2,y3) — R(L™" (Yo, 1, Y2, y3))}

D’apres [2, Proposition 4.4], la représentation (@, C,[yo, y1, 2, y3]) de SO(1, 3), induit une
unique représentation (®,C,[yo, y1, y2,ys]) de sor(1,3). Elle est définie par

d ~( tZ
dtso(e )t:o’

Selon [2, Proposition 4.6], cette représentation complexe de dimension finie de sor(1,3)
1,3

s’étend de maniére unique en une représentation complexe (Cf, Chlyo, ¥1, Y2, y3]) de soc(1, 3).
On a

d(7) = Z € sor(1,3).

O(Z)=D(2) +i®(Zy), Z=2+iZy € s0c(1,3), Zi, 7 € sor(1,3).

Théoréme B.3.1 La représentation (®, Cplyo, y1, y2, y3]) de soc(1,3) nest pas irréducti-
ble. Elle se décompose en somme de représentations irréductibles de la maniére suivante :

[n/2]
Cn [y07 Y1, Y2, y3] = @ FgLn_)Qj,(]v
j=0
ot F;@Qj,o est une représentation irréductible de poids (n—2j,0) isomorphe a la représen-

tation I'y,_gj 0 donnée par le Théoreme B.2.6. Une base de FEI"_)QJ-D est donnée par

min(l,n—2j5—k)

) ) ) 2\ (n—2j—/{)! k! l
((?/0_%—92—93) Z (n_zj_k—m)!(k—l+m)!(m)

m=max(l—k,0)

(yr — i)™ (yo + y3) ™ (yo — y3)* " (11 + iyz)l_m> . (B3.1)
0<k, I<n—2j



ANNEXE B. REPRESENTATION DES GROUPES ET ALGEBRES DE LIE 147

Preuve. Effectuons le changement de variables Y = PX ouY = (y;)o<j<3, X = (¥;)o<j<3

et
10 0 1
01 1 O
P = 0 i —i 0 (B.3.2)
10 0 -1
La matrice de passage P permet de diagonaliser D; et Dy. On a
0 0 0O 100 O
S |0 =100 = 1000 0
Dy,=P "D,P= o0 10 | Dy =P "DyP = 000 0 ,
0O 0 00 0 0 0 —1
0O 0 0 O0 00 0O
. B 0 0 0O 5~ o 12000
Cl =P ClP 2% 0 0 0 5 CQ =P C2P - 0000 )
0 2¢ 0 O 00 20
0 —2¢ 0 O 00 -2 0
5 o1 10 0 0 0 5 o 100 0 =2
CG=P GP=1 0 g o o [+ G=PGP=1¢4 ¢
0O 0 0 O 00 0 O
Par conséquent, les images de xg, 71, o2 et x3 sous action de Q:D(Dl), &)(Dg), (:D(C’l),

(), ®(Cs) et B(Cy) sur C[xg, 21, T2, 23] sont les suivantes :

O(Dy) (D) (Cy) O(Ch) D(C5) P(Cy)
) 0 —Xp 0 0 221’1 2.732
T T 0 0 —2ZEO 0 2I3
) —XT9 0 —22[1)0 0 2%1‘3 0
T3 0 T3 —2tx;  —2x9 0 0

On déduit alors que
O(Dy)(a}) =nay,  (Dy)(a]) =0,  BC)(=})=0 et  (Cs)(af) =0

Le vecteur 7 est un vecteur de plus haut poids associé au poids (n,0). Par conséquent,
(®,C,[wo, 21, T2, x3]) admet une représentation irréductible isomorphe & I', 0 comme sous-
représentation. On la note Fgf()). Une base de cette représentation est obtenue en appliquant
d(Cy) et ®(Cy) au vecteur de plus haut poids associé au poids (n,0), c’est & dire z7. En
appliquant % fois ®(Cy) & x7, on obtient, & une constante prés, 2k F pour 0 < k < n.
De plus, on a

min(l,n—k)
N (n—k)! k! IN wobei i ket oo
(7) O(Cy)' (27 Fay) = Z (n—k— )N (k—1+7) <j)x1 gy g

j=max(l—k,0)
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Par conséquent,

min(l,n—k)

(n —k)! k! U\ nbj g k—t4j
Z e F = DT\ oy ) T b (B.3.3)
j=max(I—k,0) ' ' 0<k,1<n
forme une base de I' ng
Montrons maintenant que
Cn[fﬁ(), T, T2, ZL‘3] >~ ng& S5 Cn_g[l'g, T, T2, 1'3}. (B34)

Pour cela, on considere l'application 6 : C,[zg, x1, x2, x3] — C,_s[z0, 21, X2, 23] définie
par
ko k1 ko ks ko—1_k1 ko ks—1 ki—1 _ ko—1 _k
0 (x50 xy w5205 ) = koksag’ ™ ay w52 el — kykgafoght gk tyhs

L’application 6 est surjective. Il suffit donc de montrer que ker § = FanO. Comme
1
dim Cy[zg, 1, 2, 23] = 6(k+1)(k:+2)(k:+3), k €N,

on déduit que dim(kerf) = (n + 1)?. Comme (B.3.3) est une base de la représentation

irréductible F;g, on déduit facilement que ng& est inclus dans ker §. Par égalité des di-

mensions, on obtient ker§ = Fgl ()), ce qui termine la preuve de (B.3.4).
Par récurrence immédiate, on obtient
[n/2]

Cn[.’ll'o,xl,.ﬁg,l'g @Fn 24,0°

Cherchons une base de chaque représentation irréductible Fn 250 de (®, Cylwo, 21, 2, 73)),
pour 0 < j < [n/2]. On vérifie facilement que, pour chaque 0 < j < [n/2], 2 (zgmg —
T179)7 est un vecteur de plus haut poids associé & (n — 24,0). De plus, on a

O(Cy) (27 (2310 — 2122)7) = (w379 —’351932) O(Cy)(a}~ Qj) i
—l—jx?_% (l’g[ﬁo — Il.I‘Q) @(04)(1’3%0 — Ill'g).

Or, ®(Cy)(w329 — 122) = 0. Donc,
(Cu) (1 (w0 — w12)") = (wazo — w12’ D(Co) (o} ),

et, par récurrence immédiate,

é(é4)k(377f_2j(933$0 - xlﬂfz)j) = (v3m9 — 9313?2)j ‘5(64) (zy~ 2]),
pour 0 < k < n — 2j. De méme, on déduit de é(ég)([ﬁgl’o — 1129) = 0 que

(i)<é2)l ci)<C~14)k(1'37117%(1'31'0 — :Ij'lfljg)j) = (;CS;I;-O — xle)j &)(02)l ®<é4)k($?_2j),
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pour 0 < k, I <n — 2j. Ainsi,
min(l,n—2j—k)

) (n—2j —k)! ! !
((ZL’gl’o_mle) Z (n_Qj_kj—m)!(k—l+m)!(m>

m=max(l—k,0)

n—2j—k—m_om_k—Il+m _Il-m
Ty Ly T3 ) >
0<k,l<n—2j

forme une base de la représentation irréductible F;n_)%o de (®,C, [z, z1, T2, 23]) pour

0<j<In/2

Il reste maintenant a revenir aux variables (yx)o<k<s. On a

2x0 = Yo + Y3, 2x1 = y1 — 1Yo, 29 = Y1 + 12 et 223 = Yo — Y3-

n)

Ainsi, (B.3.1) forme une base de la représentation irréductible I',”, . , de (®, Cy[yo, 1, Y2, s])
pour 0 < j < [n/2]. O

B.4 Représentations du groupe des rotations SO(3)

B.4.1 L’algebre de Lie de SO(3)

L’algebre de Lie associée a O(3) est constituée de I'ensemble des matrices X € M(3,R)
tel que X7 + X = 0. On déduit alors du Lemme B.1.1 que l'algébre de Lie associée a
SO(3) coincide avec celle associée a O(3). On la note sog(3).

sor(3) = {X € M3,R); X" + X =0}.
Notons soc(3) le complexifié de sor(3),
soc(3) ={X e M(3,C); X"+ X =0}.

Le C-espace vectoriel soc(3) est engendré par les matrices

0
Ri=10
0

0 0 0
0 1|, R=[ o0
0

0 1 ~
0 0 et Rg = —1
0 0

o O =
o O O

-1 -1
On considere alors D = 2@'}~%1, E = @'RQ — Rg et ' = iRQ + Rg. On a
D, E] =2F, [D,F]=—-2F et [E,F]=D.

Par conséquent, 'algebre soc(3) est isomorphe a slc(2).
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B.4.2 Preuve du Théoréeme 4.6.5

De l'isomorphisme entre soc(3) et sic(2), on déduit le théoreme suivant

Théoreme B.4.1 Si (7,V) est une représentation irréductible complexe de dimension
finie de soc(3), alors son plus haut poids m vérifie m € N.

Réciproquement, pour tout m € N, il existe une unique, a une équivalence pres,
représentation irréductible de soc(3) de plus haut poids m. On la note T',,.

Notons C,[y1, y2,y3] P'ensemble des polynomes complexes homogenes de degré n. On
considere la représentation suivante de SO(3) :

¢:80(3) — GL(Cyy1, 2, y3])
R +— {P(y1,v2,y3) — P(R " (y1,52,93))}

D’apres [2, Proposition 4.4], la représentation (@, C,[y1, y2, y3]) de SO(3) induit une unique
représentation (®, C, [y, y2,ys]) de sor(3) qui est définie par

o(7) o) Z € sogr(3).

T dt =0

Selon [2, Proposition 4.6], cette représentation complexe de dimension finie de sogr(3)

s’étend de maniére unique en une représentation complexe (®,C,[y1,y2,ys]) de soc(3).
On a

D(Z) = ®(Z)) +i®(Zy), Z=2y+iZs € s0c(3), Z1,Zs € sop(3).

Théoreme B.4.2 La représentation (®,C,[y1, o, 13]) de soc(3) n'est pas irréductible.
Elle se décompose en somme de représentations irréductibles de la maniere suivante :

[n/2]
(Cn [yh Y2, y3] = @ Fg:z)—zljﬁ
=0
ot F(ZZ)—M est une représentation irréductible de poids 2n — 45. Une base de Fg;)—@' est

donnée par
min(l,n—25) mal .
(=)™ (n —24)!1!

2,2 . 2\]
((91 + 43 +y3) m[(lZ;)/Q} on=2j+=2m(n, — 25 — m)I(l — m)!(2m — )]

yi™ Hyo + dys)' " (g — iy3)n_2j_m> . (B.4.1)
0<1<2n—4j

Preuve. Effectuons le changement de variables Y = PX ouY = (y;)1<j<s, X = (%)1<j<3
et

0

P = 1

SO =
S0 = O

—1
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La matrice de passage P permet de diagonaliser D. Posons

D =P 'DP, E=P'EP e F=P'FP

On a
3 0 0 O 3 0 -2 0 ) 0 0 2
D=0 -2 0|, E=10 0 0 et F=1 -100
0 0 2 1 0 O 0O 0O

Par conséquent, les images de z1, o et 3 sous laction de ®(D), ®(E) et ®(F), sur
Cy|x1, 29, 3] sont les suivantes :

| (D) B(E) d(F)

T 0 21‘2 —2]}3
T9 2(132 0 T
T3 —21E3 —T1 0

On déduit alors que

®(D)(xy) = 2nxy et O(F)(zy) = 0.

Dans C,,([x1, 72, 73]), le vecteur 23 est un vecteur de plus haut poids associé au poids 2n.

.....

associée au poids 2n. On la note I‘g,?. C’est un espace vectoriel de dimension 2n + 1. Par
récurrence, on montre que, pour 0 <[ < 2n,

min(l,n)

R S T ke
m=[(I+1)/2] '
ou
A1 = (2m — 1) aumy + Q1 pour [(1+2)/2] <m <min(l,n), (B.4.2)
avec
amy = 0, pour m<|[({+1)/2] ou m >min(l,n),
o = 1, pour [ <n.
Montrons maintenant que
C,lx1, 22, 23] =~ ngf & C,_s|z1, Ta, 73). (B.4.3)

Pour cela, on considere application 0 : C,[z1, xo, 23] — C,,_o[21, 2, x3] définie par

k1,.k2, k3 __ k1—2, ko k3 k1 _ko—1 ks—1
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L’application  est surjective. Il faut maintenant montrer que kerf = Fgfl). Comme

1
dim Ck[xl,xg,x3] :§(k3+1)(k’+2), k’GN,

n)

on déduit que dim(kerf) =2n+ 1 = dim(Fg:L)). Montrons que an est inclus dans ker 6.
Par égalité des dimensions, on aura alors kerf = FS}), ce qui terminera la preuve de
(B.4.3). Montrons que

O(D(F) (7)) = 0, (B.4.4)

pour 0 < [ < 2n. Supposons que pour un certain [ € [0,2n — 1], (B.4.4) soit vérifié. Alors,
on obtient

Cm—=0Cm—1=Dap,=2(l—m+1)am_1y, (B.4.5)
pour [(I4+3)/2] < m < min(l,n). On déduit alors de (B.4.2) et de (B.4.5) que §(®(F)H1(23)) =
0 et donc que kerf = Fé:?.

Déterminons maintenant ’expression des coefficients ayy, ;. Pour [ < n, on a o;; = 1.
On déduit alors de (B.4.5) que

[!
- 2lm(l —m)!(2m — 1)

oy pour [(I+1)/2] <m <.

Pour [ > n, on utilise (B.4.2) pour déduire, par récurrence, que I’expression ci-dessus est
encore valable. Ainsi, les

in(l,
Tk (_1)m+ln|l| 2m—Il_n—m _l—m

2. (n—m)l(l —m)lzm — 1t T2 s ’

m=[(1+1)/2]

0<i<2n

forment une base de l'espace vectoriel Fg;).

Par récurrence immédiate, (B.4.3) implique que

[n/2]
Cylz1, 22, 73] = EBFSZL;]--

J=0

Cherchons une base de chaque représentation irréductible Fg,?_M. On vérifie facilement

que, pour chaque 0 < j < [n/2], 25~ % (22 + 4xox3)7 est un vecteur de plus haut poids
associé au poids 2n — 4j. De plus, on a ®(F)(x? + 4zox3) = 0 et donc, par récurrence
immédiate,

O(F)* (ay ™ (a + dwawy)!) = (af + dwa)! ®(F)" (237,

pour 0 < k < 2n —4j. Ainsi, les

min(l,n—25)

(22 + daoxs)’ Z

m=[(1+1)/2]

(_1)m+l(n — 2])' l! p2m—ln=2j=m l-m
(n=2j—ml=mlEm—DL T
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pour 0 <1 < 2n — 45 forment une base de la représentation irréductible F(QZ)_ ne

Il reste maintenant a revenir aux variables (yx)1<k<3. On a
T =Y, 2x9 = Yo — Y3 et 2x5 = Yo + iy3.
Ce qui permet de déduire que (B.4.1) forme une base de la représentation irréductible
L) de (@, Calyr, g2, yal) pour 0 < j < [n/2] O

On déduit alors le Théoréme 4.6.5 du Théoreme B.4.2 en suivant la méme démarche
que dans la Section 4.6.
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PARTIE 111

Equation de Kac avec thermostat

Dans cette troisieme partie, nous étudions les états stationnaires
d’une équation de Kac avec thermostat dans le cas ou la section
efficace est non-intégrable. Ce travail est issu d’une collaboration
avec Bernt Wennberg et Yosief Wondmagegne initiée lors de mon
séjour en Suede au laboratoire de Mathématiques de Chalmers a
Goteborg.






CHAPITRE 5

Stationary states for the non cut-off
Kac equation with a Gaussian
thermostat

Travail en cours en collaboration avec Bernt Wennberg et Yosief Wondmagegne.

Abstract

We study the stationary states of a Kac equation with a Gaussian ther-
mostat in the case of a non cut-off cross section. We investigate the
existence, smoothness and uniqueness of the stationary states. The the-
oretical results are illustrated by some numerical simulations.
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5.1 Introduction

We consider the non cut-off Kac equation with a thermostated force field

Ohf + E0u((1—C(t)v)f) = QS /), (5.1.1)
where ((t) = [ vf(t,v)dv and

QLN = [ [ G = £t 060 46 d o, (5.1.2)
with
v =wvcosf — v, sinb, vl = vsinf + v, cos b,
and
b(O) = 0|71, 0 e (—mm), a € (0,2). (5.1.3)

The right-hand side is the collision term in Mark Kac’s one-dimensional caricature of the
Boltzmann equation, and the left-hand side comes from a thermostated force field, which
we describe next.

Kac’s original equation is derived from the evolution of a stochastic N-particle system,
in which the velocity of an individual particle is one-dimensional, and the positions are
neglected (see [5]). The system is energy conserving, and therefore the phase space is
SN¥=1. In the original model collisions are modelled by random rotations of randomly
chosen pairs of velocities: (v;,vi) — (vj cos — v siné, v, sinf + vi cos ), and originally
6 was chosen uniformly in [—m, 7] (corresponding to b(f) = 1/(2w) in (5.1.2)), and the
intervals between collisions were taken to be exponentially distributed, with a parameter
proportional to N.

If the particles are also accelerated by a force field, dv;/dt = E, the system is no longer
conservative, but energy conservation can be recovered by projecting the complete force
field onto the tangent space of S¥~1. This construction is known as a Gaussian isokinetic
thermostat, and has been applied in many fields of statistical physics and molecular
dynamics, as a model for non equilibrium steady states (see [2, 6, 7, 8] and the references
therein).

With the thermostated field and the collisions, a phase space denS.lty will evolve ac-

cording to the following master equation, in which it is assumed that Zz LV = N:

N
On(L.V) + Zai (1= o) (5, V)

— (‘2[)_1 > 3 / (¥ (t, Ry (O)V) — ¢n(t, V) db, (5.1.4)

1<1,<j<N

where V = (v1,...,on), NJ => v; and R;;(0)V = (vq,...,0},...,0,, ..., oN).

» T

Equation (5.1.1), with b(f) = 1/(27) is obtained by computing the one particle mar-
ginals of the solution ¥y to (5.1.4), and then letting N go to infinity. In that setting,
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(5.1.1) was considered first in [9], and the principal result is that the equation possesses
a stationary solution, and that depending on the field strength E, the stationary solution
may be either continuous, or have a power-like singularity. The reason is that there is a
competition between the force field, which tries to concentrate the distribution function
on a Dirac mass at v = 1, and the collision term which drives the distribution function to-
wards a centered Maxwellian. Details of the derivation of (5.1.1) and some generalizations
may be found in [10], which also deals with the time dependent problem.

A natural generalization of this is to replace the distribution of rotation angles by
a density b(f), and Desvillettes [3] introduced a model corresponding to the Boltzmann
equation for non-cutoff molecules, in which b(f) ~ [0]~'~* with 0 < a < 2. In this case
b(0) is not integrable, and the collision frequency is infinite. However, for any 0 < 6; < 65,
fel <(6]<0> b(0) df is finite, and corresponds to the expected frequency of jumps with 6 in
the given interval. In this way, the collisions still form a Poisson process. Desvillettes,
who was the first to consider this (with no force field), proved that the collision operator is
smoothing in this case, and that the solutions to the time dependent problem immediately
become smooth, much like in the heat equation. Also for the Boltzmann equation, the
non-cutoff collision operator has a smoothing effect (see [1, 4]).

In this paper we consider the stationary case of (5.1.1):

B (1= )f@) = QU ), veR (5.1.5)

We are interested in the question as to whether the regularizing effect of the non-cutoft
collision operator is enough to prevent also a very strong force field to yield a singularity
of the stationary solution. We show that this is the case, and in fact, it is not a surprising
result. While with the cutoff collision operator, there are two distinct time scales that
can be directly compared with each other: the mean time between collisions, and a time
scale related to the acceleration of particles, only the time scale related to the acceleration
remains in the non-cutoff case.

We now give a relevant definition of solutions in the non-cutoff situation, and state
the main result of the paper.

Definition 5.1.1 Assume that b satisfies (5.1.8). A function f € LY(R) is said to be a
weak solution to (5.1.5)-(5.1.2) if it satisfies

/R@v—l)f( ) (v) dv = —/R/ ¥(v))b(0)do f(v) f(v,) dvdv,, (5.1.6)

for every ¢ € C*(R) N W3>(R)
Our main result is the following.

Theorem 5.1.2 Assume that b satisfies (5.1.3). For all field strengths E > 0, there
exists a unique weak solution f to (5.1.5)-(5.1.2) such that moments of any order of f

are finite and
/f(v) dv = 1. (5.1.7)
R

Moreover, f € C*(R).
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The paper is organized as follows. First, in Section 5.2, we show that a solution to
equation (5.1.5)-(5.1.2) exists if the cross-section b is supposed to be Lipschitz continuous
on [—m,7|. The proof is to a large extent an adaptation to the present case of the
techniques used in [9]. As with the Boltzmann equation for Maxwellian molecules, much
is simplified by the possibility to compute moments exactly.

We then deduce in Section 5.3.1 the existence of a solution to (5.1.5)-(5.1.2) for a
cross-section b satisfying (5.1.3). The smoothness of such a solution is investigated in
Section 5.3.2 by the use of Fourier transform techniques, much like in [3]. Section 5.3.3 is
then devoted to the proof of the uniqueness part of Theorem 5.1.2.

We also illustrate, in Section 5.4, the theoretical results by some numerical simulations,
obtained by solving the equation satisfied by the Fourier transform.

5.2 Cut-off case

We consider here the stationary equation (5.1.5)-(5.1.2) when b : [-7m,7] — R is an
even and Lipschitz continuous function. Without loss of generality, one can assume that
fR v)dv = 1. Then, the collision operator reads

QUf ) = Q" (f, ) = bl f(v),  veER,

where

/ ) 100 000 do dos, (5.2.1)

/Q*ff udu_g/ cos 0 b(6

we obtain, by multiplying (5.1.5) by v and integrating, that ¢ satisfies (*+(K/E) (-1 = 0,
where K := [" (1 — cos ) b(0) df. We then deduce that

VE?+4E? - K
2F

Since

(=

is the only root that allows [ v?f(v)dv < 1. We set k = 1/¢ and

bl

BC — 1.

Dividing (5.1.5) by (v — k)|v — k|7, we obtain, for v # &,

%(_i_¢@02_7+1 —lN 1)

o — &[] bl (v = m)lv = &[7

Then, any solution to (5.1.5)-(5.1.2) with [, f(v)dv =1 and [, v* f(v) dv = 1 satisfies

f) =A(f)(v),  veR\{x}, (5.2.2)
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where
! 1
1 / lw — kp+ QY (f. Nw)dw  (v<k)
¥+ —oc0
.A(f)(’U) = ||b||L1 | - ’PY - .
/ WQ+(f,f)(w)dw (v > k)
Theorem 5.2.1 Let b: [—m, 7] — R be an even and Lipschitz continuous function. For

all field strengths E > 0, there exists a solution f to (5.2.2) such that f € C(R\{k}),
moments of any order of f are finite,

/Rf(v)dvzl, /f Yvdv = and /szf(v)dv:

Moreover, for v >0, f € C(R) and QT (f, f) € C(R).

The proof of Theorem 5.2.1 is similar to that of [9, Theorem 1]. A solution to (5.2.2)
is obtained by passing to the limit in the sequence generated by the iteration

far1 = A(fn)- (5.2.3)

Therefore, some estimates on A are needed. We first define

M) = s [ Rl e, e,
and
K)o = [ A gl ds () €2

For ¢ € D(R), we have
/Rw(v)fl(f)(v _ 7+1/ / v=k[" O* (. f)(w) b () dwdv

16]] 1 0 \w - /*fl”+1
Lo+l +1 v =k
||b||L1 / / ’U} Hh_‘_l (fa f)(w) w('U> dw dv.
Thus, changing the order of integration, we obtain
dw
v)dv= [ A + —_
[ o= [ M) Q1)) i
By (5.2.1), we deduce that
[ oA = [ Kw)wv) o) ) dvdo.

Since, for any bounded measure p1, v — [, A(1)(v,v:) p(dv,) is a bounded and continuous
function, the mapping f +— A(f) extends to a mapping p — A(u) on the space of bounded
measures. A first step in the proof of Theorem 5.2.1 consists in a computation of the
moments of A(pu).
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Lemma 5.2.2 Let m € N,. Then, for any measure p satisfying fR p(dv) = 1, we have

[ At = 1.

[vtia = [onta+ ( ||Z||;3)<<‘/R”“(d“>)’

[taga) = [+ 25 (1= ) (e foua)
*%K“/ i) ) =2 (1= ) (¢ [ ontan)) ]

/Rva(u)(dv) = (1 — #’Hl) /_F(cosmﬁ—i-sm 6) |ﬁ7(H921 d@Avmu(dv)
+Mp—1, (5.2.4)

where M,,_1 only depends on moments of order < m — 1.

Proof. The proof of this lemma is similar to that of [9, Lemma 2]. Let m € N,. For
P(v) = o™, we have

m m Y m—
M) = "= e [ = s d
= mo_ L — k)™ —m ° _ el
- ”Y—l—m—i-l(v ) +|v—/<;|7+1/fi |w = K[" P (w) dw
where P,,_o(w) = (w — k)™ ! —w™ ! is a polynomial of degree m — 2. For m = 1 and

m = 2, we obtain, respectively,

A@)(v) = (1— ! )v+ il

v+2

2 —2K 4K 22 22
A = ([1-—=] - :
@)) ( v+3)v+(7+2+7+3)v+(7+2 'y+3)

Then, Lemma 5.2.2 follows easily. 0

Remarque 5.2.3 Lemma 5.2.2 ensures that the iteration (5.2.3) gives a tight set of unit
measures. By weak compactness, there exists a measure p such that, up to an extraction,

Jn = 1.

We now investigate the singularity of A(u) at v = k. In the rest of this paper, C'
denotes a positive constant that may vary from one step to the other.

Lemma 5.2.4 Let us assume that [ € L'(R) satisfies [, v? f(v)dv < oo and f(v) <
C'lv — k|7Y, for some constant C' > 0. Then there is a constant C' > 0 such that

QY (f. /)(v) < C(1+ (log |v — k[)?),

in a neighbourhood of v = k. The constant C' depends only on k and |||~
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Proof. Since b € L>°(—m, ), we have

Q (/. £)(v) < [bllz / " 5wy ) v,

The remainder of the proof is then similar to that of [9, Lemma 3]. l

Lemma 5.2.5 Let f € L'(R) such that [, v*f(v)dv < oo and f(v) < C(14(log|v—k|)?)
for some constant C' > 0. Then, QT (f, f) is bounded in a neighbourhood of v = k.

Moreover, if f € LY(R) N L>®(R) then Q*(f, f) is Holder-continuous with exponent
1/2 on each ball B(0, R) with centre 0 and radius R. The constant of Hélder-continuity
depends only on R, || f|lL=, ||bl|~ and the Lipschitz constant of b.

Proof. The L*-bound of the cross-section b enables us to proceed as in [9, Lemma 4] to
prove the boundedness of Q*(f, f) in a neighbourhood of v = k. However, the proof of
the Holder-continuity of QT (f, f) has to be slightly modified.

For w € R, we set Q := {(u,u,) € R? : v? + u? > w?}. By a change of variables, the
collision operator Q" can be rewritten as

1 N _
QT (f, [w) = oy, u) w) f(uy) 0(u, uy, w) du du,
u? 4+ u? — w?
where

_ /22 2 _ .2

b(u,u*,w):b<Arccos (uw+u* 2u —|—2u* v ))
us + ug

_ /2 2 _ .2
+ b [ Arccos YW T Uy U U W )
u? + u?

Thus, for |v| < |w| < M/2,

|b(w, Uy, w) — b, uy, v)|

Q(f. F)(w) — Q*(f. f)(v)] < /R 0 1) Vg PR,

! 1
R

Wt u2—w?  JuRtu?—o?

du du,.
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The second integral in the right hand side can be handled as in [9, Lemma 4]. Therefore,
we only consider the first one. Since b is Lipschitz continuous, we have

_ 2 2 _ .2 —u, 2 2 _ .2
b(Arccos(uw U/ U + UL w))—b(Arccos<uv Uprn/ U + UL v))‘

u? + u? u? + u?

w2 + 2 u? + u?

<C /w uy/u? + u2 — % + ux dx
N v |un/u? 4 u? — 2?4+ ux| Ju? +u?— 22

2 2 2 2 2 _ 2
UW — Uxr/U” + UZ — W UV — U/ U” +UE —V
<(C Arccos( = ) —Arccos( *

<c / dx .
v A u?+uZ— 22
Similarly,
UW + Upr/Uu? + u2 — w? UL 4 Ugr/u? + uZ — v?
b | Arccos — b | Arccos
u? + u? u? + u?
<c / dx ‘
v u? +u?2 — x?

We set G = {(u,us) € Q: |ul <M, |u,] <M} and B =Q\G. Then,

|b(u, Uy, w) — b, Uy, V)|

Vu? 4+ u? — w?

du du,

f(u) .f(u*) 1u2+u§>w2
R2

1 v d
<2C [ f(u) f(us) < / ‘ du du,
R2 Vu?+u2—w? | J, u? 4+ u2 — 22
]—B w dz
+2C u) f(us / du du,.
sz()f( ) | ) JiEra i
But, for (u,u,) € B, we have u* + u? — w? > 3 M?/4. Thus,
1 v d
f(u) fuy) b / ° du du,
R2 Vu+uz—w? |y u? +u? — x?
15 4 ,
< sz(u)f(u*) m jw —v|dudu, < 32 [Allze w — vl

Moreover, since

/w dz
v u? +u?2 — x?

1/2
1

(u2 + u2 — w?)1/4

T

(u? + u2 — w?)1/4

|w—v|1/2

/w dz
. u? +u?2 — x?

IN
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we deduce that
1q
\/Wz—w2
<Valo =o' [ 1) fw.)
RQ

du du,

[ s f(w)

/“’ dz
v u? +u? — x?

1q
(u? + u2 — w?)3/4

< /7 |lw — |2 ( f(w)? f(ue)? du du*)l/p (/ lo du du*)l/q.
B R2 R2

(u? + u2 — w?)3e/4

du du,

For ¢ =5/4 and p = 5, we obtain

1c

Vu? 4+ u2 — w?

du du,

[ s

/w dz
. u? + u? — x?

< V7 (16m)Y5 (2M2)Y2 || FI[32 |w — v|V/2.
]

Lemma 5.2.6 Let g € L'([0,00)) be a non-negative function satisfying g(v) < C(1 +
(logv)?) for some constant C > 0. For v > 0, we set

<1
F(v) = qﬂ/ i g(w) dw.

Then, fory >0, F(v) < C(1+(logv)?) and, if we also assume that g is Holder-continuous
inv € [0,00) then F belongs to C([0, 00)).

Proof of Theorem 5.2.1. Let fy € L'(R) be a non-negative function that has finite
moments of any order and that satisfies

/fo(v)dvzl, /ufo(v)dv:g and /v2f0(v)dv:1.

We consider the associated sequence (f,,)nen generated by the iteration (5.2.3). As stated
in Remark 5.2.3, up to an extraction, this sequence converges to a measure . We deduce
from Lemma 5.2.2 that p satisfies

p(dv) =1, vp(dv) = ¢ and v? p(dv) = 1.
J J J

This measure has a non-negative density f € L'(R). By induction, we infer from (5.2.4)
that each moment of f,, is bounded, independently of n and then that each moment of
f is bounded. We now pass to the limit in (5.2.3). Since v — [ A(¥)(v,v,) p(dv,) is a
bounded and continuous function, we have

R2

R0 ) fuo) do — [ K)o, (o) ),
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as n — oo. Then, since [, fu(v)v?dv = [, v*p(dv) = 1 and (v,v.) — A(W)(v,v,) is a
continuous function, we deduce that

| 8@ @0 fulo) fu(w) oo = [ Rw)(w.0) utdv.) £,(0) do] — 0.

RQ

as n — 0o. It then follows readily that

AW) (v, 0.) fulve) fu(v) dvedo — | A(@)(v, v.) p(dvs) p(dv),

R2 R2

as n — oo. Since Q4 (f, f) € L'(R), A(f) is continuous on R\{x}. The proof of the first
statement of Theorem 5.2.1 is now complete. Let us consider the case v > 0. Let k € N.
By definition of A and Q*, we have

fe(v) < Clv — K|, v eR,
where C' denotes some constant that only depends on E and b. Lemma 5.2.4 implies that

QF (fi fu)(v) < C(1+ (log Jv — &)%),

in a neighbourhood of v = k, where C' only depends on E and b. We now deduce from
Lemma 5.2.6 that fi.1(v) < C(1 + (log|v — &|)?). By Lemma 5.2.5, Q% (frs1, for1) 18
thus bounded in a neighbourhood of v = k. It follows from Lemma 5.2.6 that f o is
bounded. We infer from Lemma 5.2.5 that QT (frio, frr2) is locally Holder-continuous.
Finally, Lemma 5.2.6 implies that fj 3 is a continuous function. Since these estimates do
not depend on k, they also hold for the limit f. U

5.3 Non cut-off case

We now consider (5.1.5)-(5.1.2) when the cross section b satisfies (5.1.3) and prove The-
orem 5.1.2.

5.3.1 Existence

We first investigate the existence of a weak solution to (5.1.5)-(5.1.2) and prove the
following theorem.

Theorem 5.3.1 Assume that b satisfies (5.1.83). For all field strengths E > 0, there
exists a weak solution f to (5.1.5)-(5.1.2), in the sense of Definition 5.1.1, that satisfies
(5.1.7) and such that moments of any order of f are finite.

Proof. For n € N, we set b, = bAn, where, for every c,d € R, cAd denotes the minimum
value of ¢ and d. We deal with the associated stationary equation

d

E (1= Gv) fa(v)) = Qulfu, fa) (), vER, (5.3.1)
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where (, = fR vfn(v)dv and

Qulfos fo) (0 / [ ) Falel) = @) ul0)) ba(0) dB dos.

As previously, we obtain that

. _VEITIP -,
n 2E Y

with K, := [7 (1 — cos ) b,(#) d§. We set x,, = 1/¢, and

||bn||L1
Y EC,
Then, any solution to (5.3.1) with fR fn(v)dv =1 and va fu(v) dv = 1 satisfies
fn = Anlfn), (5.3.2)
where
v 1
1 / [ — gt Q) (fo fu)(w)dw (v < Ky)
’yn + —0o0 mn
AU ) = g b0 = el = 1
/ [w = rpn Q) (fus fa)(w)dw (v > Ky)
with

Q+ fnafn / B fn fn ) ( )d@dv*

The existence of a solution f,, to (5.3.2) satisfying [, fu(v)dv =1 and [p v f(v)dv =1
follows from Theorem 5.2.1. Moreover, since 7, goes to 1nﬁn1ty, there exists ngy such that,
for each n > ng, 7, is positive. Then, for each n > nyg, the functions f,, and Q. (fn, fn)
are continuous. Thus, for each n > ny, f, € CY(R\{k,}) and, for v # k,, we have

d Kn
%((U - /{n)fn(v)) = _E Qn(fna fn)(v)
For ¢ € D(R), we deduce that

/R(v—ffn)fn( )¢ /R /_ ) b (0) d6 £, (v) fo(v.) dvdu,. (5.3.3)

Since f,, has finite moments of any order, classical truncation argument ensures that, for
every integer m > 3,

(m + % (1 —cos™6 —sin™ 0) b, (0) dQ) / " f(v) dv = m kK, / V™ (v) dv
-7 R R
[(m—1)/2]

+% ’; (;'Z) / ﬁ(cos&)m_%(sinﬁ)% b, (6) db /R 0% fo(v) dv /]R v fu(v) dv,



CHAPITRE 5. THE KAC EQUATION WITH A GAUSSIAN THERMOSTAT 169

where [a] denotes the integer part of @ € R. It then follows by induction that, for each
m € N, there exists a constant C),, independent of n such that

/ o fo(0) dv < O, (5.3.4)

Consequently, (f,)nen is a tight set of unit measures and, by weak compactness, there
exists a measure y such that, up to an extraction, f, — p. Then, we have

/R u(dv) = 1, /R Pu(dv) =1  and /R V™ u(dv) < Gy

Moreover, the measure x4 has a non-negative density f € L'(R).
Let us now pass to the limit in (5.3.3). We set, for (v,v,) € R?

=) = ") — 0(v)) ba(8) O

—T

™ 1
= % vf/ / (1 —|r])¥" (vcos @ + rv, sin ) dr sin® 6 b,,(6) db
—mJ—1

s 1
—v/ / ' (v+r1v(cosf —1))dr (1 —cosb)b,(6)db,
—m JO
and

S(v,0) = /”w(v')—w(v))bw)de

—T

L o

T 1
- . U*/ / (1 |r]) (v cos 6 + rv, sin 6) dr sin? 0 b(9) d6
-7 J—1

—v/_7r /Olw’(v+rv(c088— 1)) dr (1 — cos ) b(0) db.

Then, we deduce that

n—1/(1+a)
1Z,(0,0.) — S(v,0.)| < 202 y|¢"||Loo/ sin? 0.b(0) do
0
n—1/(1+a)
+2yvu|¢'y|m/ (1— cos8)b(0)do,  (5.3.5)
0
and
|20 (0,0.) | < ClYllwoee (V24 [0]), 120, 0.) ] < C[[Wllwree (03 + |v]).  (5.3.6)
We have
[ 2000 o) fulo) dvdv. ~ [ (w0 () )
R2 R2
<| [ Ealore) = Z0.0) £u(0) o) o (5:37)
+ / =(0,0,) fu(0) fulvs) dv dv. — / (v, v.) pu(dv) p(dv.)| . (5.3.8)
R2 R2
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The estimates (5.3.4) and (5.3.5) ensure that the integral (5.3.7) tends to 0 as n — +o0.
It thus remains to consider (5.3.8). Let n € C*(R) such that n(v) = 1 if |v| < 1 and
n(v) = 0 if |u| > 2. Denote by ng the function defined by ng(v) = n(v/R), for every
v € R. Then,

/R 20,0 fal0) fulv) dvdv, / = (v, 0.) pldv) ()

RQ

<

+ [ = () | 20000 £u0) fulo) oo+ [ (1= m(w)) 20,00 () )
+ [ 0= 00(0)) 12000 (o) fuen) o+ [ (1= mn(0)) 2o, 02) ) ),

We now infer from (5.3.4) and (5.3.6) that

/ Z(v, i) fu (V) fr(vs) dv dv, — /}R2 E(v, vy) p(dv) p(duy)

< ( 20 (0 malo) o) o - Az<v,v*>nR<v>nR<v*>u(dv*)fnw)dv (5.3.9)
| [ 200 o) (o) 1) o) do = | 20, 0.) o) p(dv) nalo) )| (53,10
F20 [l 22

Since (v,v,) — nr(v) nr(vs) (v, v4) is a compactly supported continuous function,

/R = (v, 0) (V) () Falvs) do. — / = (v, v2) 1 (®) nr(0.) p(dvs),

uniformly in v as n — +o00. Consequently, (5.3.9) tends to 0 as n — +o0o0. Moreover, the
function v — [ (v, v.) nr(v.) p(dv.) nr(v) belongs to Cy(R) and thus (5.3.10) also tends
to 0 as n — 4o00. Finally, we obtain, for every ¢ € D(R),

_ ))b(0) do pu(d dv,),
Je=nw@ntn =5 [ [ @) - o) o) d o a(av.
where
1 2K . T 1-a
K== e with K::/_ﬂ(1—6050)|9|1 . (5.3.11)

Therefore, the density f of p satisfies (5.1.6) for every ¢» € D(R) and, by density, for
every ¥ € C*(R) N WW2>=(R). O
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5.3.2 Smoothness

We now show the following theorem.

Theorem 5.3.2 Assume that b satisfies (5.1.3). For all field strengths E > 0, if f is a
weak solution to (5.1.5)-(5.1.2), in the sense of Definition 5.1.1, then f € C*(R).

We consider here the Fourier transform f of f defined by
for = [, cer
R
By (5.1.6), f satisfies

P& +inf6) = / (€ cos) f(esind) — f(0) (&) b(6) do. (5.3.12)

where k = 1/¢. We set, for every £ € R,

w© = —55 [ (Fesinn) + i—gsing) —27(0) (o) o,

w(©) = 5 [ fesio) (Feeost) - f(©)) b) o

Then, (5.3.12) reads

(&) +x (2 + qf)) fe) = CDS), ¢ eR. (5.3.13)

Lemma 5.3.3 There exists M > 1 such that, for |{| > M,
0(©) > DyIel with Dy =15 [ f)loldv [ s/l 0y > 0, (5314

E
(5.3.15)

12(6)] < G €% with Gf——/f ]v|a/2dv/ ‘e%f —1‘|y|_1_o‘dy+20—.

Proof. The function ¢; may be written under the form

2 T i
_ E/f(v)/ sin’ (“5;”19) 6] df dv.
R -
Thus, ¢;(§) is real and

w/2 :
(= %/f(v)/ sin? (Uﬁ ;1116) 10|71 db dv.
R 0
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The successive changes of variables x = sin and y = |v&| = lead to

a(§) = %/f(v) /lsinz (“57‘”) 122|717 dz dv
R 0

21—a «a o' el i 2 —1l-«
> Sl [l [ st bl dy e

Since we have

|v§| [e'e)
«@ . 2 —1—ad d ad 2 flfad
/R ) o / sin(y/2) [y~ dy dv — / F(0) o] do / sin(y/2) [y~ dy,

as |£| — oo, we deduce that there exists M > 0 such that (5.3.14) holds for || > M.
Since

/R f@)lledy > R / PRGCIEEE

> ot ( [ o /| RE |v|2dv) ,

the constant Dy is positive. As for g2, we have
32(§)] < %/ f(v)| etwe(cosf=1) _ 1167 df dv
RJ—m

2 7r/2 . 22
RJO

The successive changes of variables v = sin(f/2) and y = \/|v {| v imply that

w/2
J

e gin2 1/v2 ; 2
621v§sm 0/2) 1’ |9|—1—a d6 < 21/2—(1/ €21|v§|u -1 |u’—1—a du
0

VIvEl/2
< 91/2—a |§|o¢/2 |U|o¢/2/ ‘6227;2 . 1‘ |y|—1—a dy
0

21/2 |£|a/2 |U‘a/2 /Oo
0

IA

Q2 _ 1’ ly| 12 dy.
U

Lemma 5.3.4 Denote by M the constant given by Lemma 5.3.3. There exists some
constant C' > 0 such that, for || > M,

Cleg?, a<l,

fOl<clE™?  ad |f(E)] < (5.3.16)
C\f]a/%l, a>1.
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Proof. We deduce from (5.3.13) that, for & > M,

A

§ u
f(é‘) — f(M) e—iﬂ(f—M) e—ff/[nqle)du + e—inﬁ/ eimy e—fn's nqlT()du 92(77) dn
M n

Lemma 5.3.3 then implies that

. . e
(o) < C}e_DfME/a_%(;fe—LU“K|/au/m (DI o pal2-1 g (5.3.17)
M
Similarly, we obtain the same estimate for ¢ < —M. We now check that |£]*/2 f (&)| is
bounded for || > M. By (5.3.17), it suffices to show that Fi(&)/F5(€) is bounded, where
&l
Fl(f) — / eDfm|77\a/oc |77|a/2—1 d77 and Fg(g) _ |€|_a/2 eDfHIE‘a/a,
M

Since F{(&)/F5(€) tends to a constant as |{| — oo, we infer from I’'Hospital’s rule that
Fi(&)/F5(§) tends to a constant as |£] — oo and thus is bounded for [{] > M. This
completes the proof of the first inequality of (5.3.16).

Proceeding as in the proof of (5.3.14), we have, for some C' > 0,

@I <ClE”,  KEl=>1, (5.3.18)

which together with equations (5.3.13), (5.3.15) and the first inequality of (5.3.16) implies
that R
FOI <Ol +1g ), g =M,

and, consequently, the second estimate of (5.3.16). O

Lemma 5.3.5 Denote by M the constant given by Lemma 5.3.3. We assume that there
exists § > 0 and C > 0 such that, for every || > M,

fOI<clEl™  and  |f(OI<CIET, (5.3.19)
if a € (0,1] and
fOI<ClE™  and  |f(OI < ClETT (5.3.20)

if € (1,2). Then, for every e < min (o/2,1 — «/2), there exists a constant C(g) > 0
such that, for |£| > M,

FEI<Cle) e and  |F(O] < Cle) |72, (5.3.21)
if a € (0,1] and
F@I < Cle) g0 and  [f'(€)] < Cle) [¢] o029+t (5.3.22)

if a € (1,2).
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Proof. We first consider the case a € (0,1]. Let € > 0 be such that 1 — /2 —¢ > 0 and
e < /2. Then,

/4 R —aj2—e| 1. a/2+e
e < Gl [ |fecosn) = f@] ] [ e ugteost — 1)
x (1 — cos 0)/2+ ||~ df + = f(€sing) 0|71 do
|[0t7/4|<m/2
+7 (€ cosh) — f(g)‘ 107172 do. (5.3.23)
3m/4<|0|<7

Since f satisfies (5.3.19), we thus deduce that
Q)] < T4 Ol < g jg = M.

Similarly to the proof of the first inequality of (5.3.16), we obtain

€l
(jeﬁDfKP/@_%(jeﬁDfKa/au/‘ KD o 8o/ 2e=1 g
M

[7(6)]

IN

< C |£|757o¢/2+s7
for |£| > M. Consequently, we infer from (5.3.13), (5.3.18) and the above estimates that
FOl<clg e g =,

which completes the proof of (5.3.21).
We now turn our attention to the case o € (1,2). Let € > 0 be such that 1—a/2—¢ > 0.
Equations (5.3.23) and (5.3.20) lead to

142(6)] < C |¢|0-oli—a/2=)+a

and (5.3.22) follows as previously. O

Proof of Theorem 5.3.2. Let f be a weak solution to (5.1.5)-(5.1.2). It is sufficient to
prove that the Fourier transform f of f satisfies, for every s > 0,

f(€) <

£EeR, (5.3.24)

where C(s) denotes some positive constant. By induction, it follows from Lemmas 5.3.4
and 5.3.5 that, for every s > 0, there exists a constant C’(s) > 0 such that

N

FE <Cs) el gl = M.

Since f € L'(R), f is bounded and (5.3.24) holds. O
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5.3.3 Uniqueness

We now show the following theorem.

Theorem 5.3.6 Assume that b satisfies (5.1.3). For all field strengths E > 0, there is
at most one weak solution to (5.1.5)-(5.1.2) whose moments of any order are finite and

such that [, f(v)dv = 1.

Let f be a weak solution to (5.1.5)-(5.1.2) such that any moments of f are finite and
fR f(v)dv = 1. Then, classical truncation argument ensures that, for every integer m > 2,

(mCE—i—/W(l—COSmH—sinm9)|0|_1_ad9) /Rvmf(v)dv:mE/Rvm_lf(v)dv

[(m—1)/2] T
23 () [ ooy oo [y [ oo
(5.3.25)

where ( = (VK? +4E? — K)/(2E). We set wy, := [, f(v)v™dv/m!, m € N. Then, we
have

wo =1, wy = ( and w2 = 3 (5.3.26)

and the sequence (w,,)men satisfies

[(m—1)/2]
Wy, = Ay Wipp—1 + Z Bk Wa Wiy —ok, m > 3, (5.3.27)
k=1
where
I

A, = (5.3.28)

mCE+ [T (1 —cos™6 —sin™0) 0]~~~ df’

J7 (cos §)™=%(sin )% |0| 1> df
Bux = o : : (5.3.29)
’ m¢E 4 [T (1 —cos™f —sin™ 0) |0]71—~ df

Lemma 5.3.7 The coefficients B,, ., defined by (5.53.29) satisfy

2
B < T 1<k<[m/2]—1, m>3. (5.3.30)
m —
Proof. If m = 2p, p > 2, we have
1 — (cos0)?® — (sinf)*® = (cos® +sin®0)? — (cos)* — (sinf)*
p—1

= (Z) (cos 6)%~ 2 (sin §)**.

=1

bl
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We notice that <Z) >pfor 1l <k <p-—1and we thus deduce that

1 — (cos0)* — (sin#)? > p(cos )P~ (sin §)*, 1<k<p-—1,

whence By, < 1/p and (5.3.30) holds when m is even.
For m = 2p +1, B,, ), reads
B J7 (cos 0)* 172k (sin §)2F || 1~ df
WEE T p+ 1) CE+ [T (1= (cos6)2+1) ] 1=e df”

We have
1 — (cos)*™ > 1 — (cos0)* > 1 — (cos0)* — (sin ).

Consequently, for 1 < k < p —1, we have

J7 (cos 0)*~2(sin 6)%F ||~ df 1
Bopiik < = 5 P - = Bopr < —,
2pCE 4 [ (1 — (cos)? — (sin@)?)|0]~1= db P
which completes the proof of (5.3.30). O
Lemma 5.3.8 The coefficients A,, defined by (5.3.28) satisfy
1
Proof. It suffices to show that A; < 1/2. We claim that
/ (1 —cos*f —sin*0) |0]~1 "> do > 1%/ (1 —cos®) 0]~ db. (5.3.32)

Then, we obtain
E/K
A4 S / ’
4CE/K +3/10

where K is given by (5.3.11). Setting x = E//K, it is easily checked that

$€R+,

T 1
< )
2y1+ 422 — 17/10 ~ 2

and thus that A4 < 1/2.
It now remains to prove (5.3.32). We point out that

1
1 —cos*f —sin’ 0 = 5 sin?(26), 0 € [—m,7].

Consequently,

m T 27
/ (1 —cos*@ —sin*0) 10|71 dh = / 01" sin?(20) df = 2@/ 61" sin? 6 df.
0

0

—T
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Moreover, we have

T T /2
/ (1 —cosf) 0|71 "*do = 4/ 01 sin*(0/2) df = 22_0‘/ 61~ sin? 0 df.
0

0

—T

We then deduce that

I (1= cos*§ — sin* §) ||~ do o (4 J2, 67170 sin® 0 d6
T (1—cosb) 0] =ds T2 g-1-a sin?gdf )

But,
27 27 I
/ 61" sin?0df > (27?)_1_0‘/ sin® @ df > (QW)_I_O‘Z,

/2 w/2

and, since a < 2,

w/2 w/2 2« 1
/ 01 sin2 0 do < / 910 4o < (f) .
0 0 2 2 -«

Thus,
[0 sin® 0df 0wy b
Jr2 1= sin6do 22

and

- costo st ool sz (7 2 o) ) [ - cost) o
- )]
Since a — 47! + 3 (2 — ) /(87?) is a non-decreasing function, we obtain
[ a—costo—swtoyloitdo = (515 ) [ - cos0) e i
-7 - 4 47T2 —r
Therefore, (5.3.32) holds. O

Lemma 5.3.9 The coefficients A, and B, i defined by (5.3.28) and (5.3.29) satisfy

1 1
A2p+1 + wq BQ}H—L;D S 5 + 2—p, P 2 1. (5333)

Proof. We first consider the case p = 1. Since ( satisfies (* + (K/FE)¢( — 1 = 0, we have

2K —2F

A By = .
st wr By =0+ 3CE+ [T (1—cos30) |6]-1==df

Making use of the inequalities

1
1—C08392§(1—COS(9), 1 —cos®0 <3(1—cosh), 6 € [0,n],
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we obtain

2¢ 2E/K
3CE/K+1/2 3(E/K+3
Let us show that the right hand side of this inequality is less than 1. Setting z = E/K,
this amounts to showing that

\/1+4x2—1+2(\/1+4x2—1) dx

- Sla $€R+,

2z 3ev1+422 — 22 3(V1+422+1)

As+w; Bsy < (+

that is,
2z (3v/1 + 422 4 10) <1 cR

) x .

33VI+4r? —2)(VI+4a2+1) ~ "

Consequently, we want to show that

3(1 —22)V1 + 422 + 362* — 20z + 3 > 0, r €R,.

This holds for x € [0,1/2] since 362> — 20z +3 > 0. For z € (1/2,00), we use the
inequality v/1 4+ 422 < 1+ 2z. It then suffices to check that

122% — 10z + 3 > 0, r € (1/2,00),

which completes the proof of (5.3.33) for p = 1.
We now consider the general case p > 2. We have

1
cos 0 (sin )" < 1 — cos ), 1 — (cos )t > 5 (1 — cosb), 0e(0,m), p=>2.

Consequently,
E/K +¢
2p+1)CE/K +1/2
Proving that the right hand side of this inequality is bounded from above by 1/2+1/(2p)
is equivalent to showing that

A2p+1 + wy BQp—f—l,p S

VIFaaZ -1 1
T+ +2Z gp;; (2p+D)VI+42% —2p), xR,

where z stands for £//K. This amounts to proving that

VIit4a2 -1 3 1
—J“; +2x+(p+1)—(p+§+2—p>\/1+4x2§0. r € Ry
Since Vi
1+422 -1
VAT o zeR.,

x
it suffices to check that ¢,(x) <0 for z € Ry, p > 2, where

3 1
@p(x):4£13—|-(p—|-1)—<p+§+2—p)\/1—|—4x2, reR., p>2.
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For x > 0, we have

1 3 1\°?
%(M%<¢<p+3/2+1/<2p>>2—4>:p“_\/(“i*%) -

Let us check that

3 1Y
p+1—\/(p+§+2—p> —-4<0, p=>2 (5.3.34)

For p = 2, it holds. For p > 3, we have p + 1 < /(p+ 3/2)? — 4, which implies (5.3.34).
[

Lemma 5.3.10 The sequence (Wy,)men defined by (5.53.26)-(5.3.27) is non-negative. More-
over, (W )m>2 s bounded from above by 1/2.

Proof. Let us first check that the coefficients B,, j are non-negative. This is straightfor-
ward when m is even. If m is odd, an integration by parts leads to

/ (cos 0)™2*(sin 0)2F |9] 717 df = M/ (cos )™ 2 (sin )21 ||~~~ db
%k +1 J

—Tr

— 2k -1 ™
+ kaT/ (cos 9)m72(k+1)(81n 9)2(k+1) ‘0|*17a d. (5.3.35)

—T

For k = (m — 1)/2, we deduce that, for m > 3,

/ cos (sin ) [o|1== dp — 22 1) / sin™ @ 16] >~ df,
m 0

—T

is non-negative. Since the first integral in the right hand side of (5.3.35) is non-negative,
it then follows by induction according to the decreasing values of k that (5.3.35) is non-
negative for 1 < k < [(m — 1)/2], m > 3. It then implies that the coefficients B, are
non-negative and, then that w,, is non-negative for every m € N.

We infer from Lemmas 5.3.7, 5.3.8 and 5.3.9 that the sequence (w,)m>2 is bounded
by 1/2. O

Proof of Theorem 5.3.6. Let us assume that there exist two weak solutions f and g
to (5.1.5)-(5.1.2) whose moments of any order are finite and such that

/Rf(v)dv—/Rg(v)dvzl.

Then the moments of f and g both satisfy (5.3.25). We then deduce by induction that

U, ::/Rf(v)vmdU:/Rg(U)vmdv, m € N,
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Since f has finite moments of any order, f € C®(R) and |f™(€)| < @y, where @y, =
Jo f(v)|v|™dv, m € N. Let r € (0,1) and ¢t € R. The Taylor Lagrange formula reads

= (k+1)!

By Lemma 5.3.10, we know that 0 < u,,/m! < 1/2 for m > 2. Thus, ag/(2k)! < 1/2,
k > 1. Since |v]**7! <1+ |v|*, we deduce that

2 - Fom(t) Up41
f(t+h)—ZThm < R heR, keN.
m=0 :

Ugk—1 1 n Uk 1
k-1~ 2k-1)!  (2k-1)! = (2k-1)!
Consequently, we have, for every k € N,
Ug g1 < k + 4,
(k+1)! = 2

+k k> 1

and, for |h| <7, B
. Uk+1 k+1
lim ———— =0
koo (k+ 1)!
holds. Therefore, for |h| < r,

. > f(m) (t)
flt+h)= h.
rnz:() m!

The same argument gives

[o¢] /\(m)

. ") o m

g(t—l—h):E m‘()h : |h| <.
m=0 ’

Since f(m)(O)A = (—i)™u,, = §™(0), we deduce that f=gon (=7, 7). By bootstrap, we
obtain that f = g on R. The proof of Theorem 5.3.2 implies that f and § both belong to
L'(R) and the Fourier inversion theorem gives f = g. O

5.4 Numerical experiments

In this section we show the results from some numerical experiments, that were carried out
to illustrate the theoretical results. We solved equation (5.3.13) as an initial value problem
starting at &€ = 0 with f = 1. The equations were solved iteratively by computing first
q1 and ¢o by standard quadrature routines, and then integrating the ordinary differential
equation by a Runge-Kutta method. Then finally the distribution f(v) was obtained by
Fast Fourier Transform. All was done using standard routines in Matlab in a relatively
straight forward way.

Figure 5.1 shows the Fourier transform f for « = 1.0 and E = 3.0; obviously, because
f is real, Rf is even and Sf is odd. Then Figure 5.2 shows the result of computing the
inverse transform for obtaining the function f. Also here E = 3.0, but the results for
three different values of o are shown.
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Figure 5.1: The Fourier transform of f(v) for £ = 3.0 and b(6) = |0]717* with o = 1.0.

~ 03r

flv

Figure 5.2: The solution f(v) for £ = 3.0 and b(f) = |0|~'~* with a = 0.1,1.0 and 1.5.
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PARTIE IV

Equation de coagulation de
Oort-Hulst-Safronov

Cette quatrieme partie, composée d'un chapitre, est consacrée a
I’étude de I'équation de coagulation de Oort-Hulst-Safronov, in-
troduite dans la Section 1.2.4. Cette équation est approchée par
une suite d’équations discretes. Ce travail a fait 'objet d’un art-
icle publié dans le journal Mathematical Methods in the Applied
Sciences.






CHAPITRE 6

Convergence of a discrete version of
the Oort-Hulst-Safronov coagulation
equation

Article paru dans Mathematical Methods in the Applied Sciences, Volume 28, Pages 1613—
1632, Année 2005.

Abstract

A discrete version of the Oort-Hulst-Safronov (OHS) coagulation equa-
tion is studied. Besides the existence of a solution to the Cauchy prob-
lem, it is shown that solutions to a suitable sequence of those discrete
equations converge towards a solution to the OHS equation.
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6.1 Introduction

We study here a discrete approximation to the Oort-Hulst-Safronov (OHS) coagulation
equation which describes the growth by accretion of stellar objects. More generally,
coagulation models aim at describing the process by which particles encounter and merge
into a single one, each particle being fully identified by a size variable (volume, mass,
length, ...). The evolution of these particles is then described by a size distribution
function f(t,z) > 0 which represents the density of particles of size x € (0, +00) at time
t > 0. Besides the classical Smoluchowski coagulation equation originally introduced in
colloidal chemistry (see [1, 10] and the references therein), a different coagulation equation
has been derived independently in an astrophysical context by Oort and van de Hulst [12]
and reads [13]

atf = Q(f)v (t,fﬂ) S (07 +OO) X Ry,
f(O,x) = fm<x>7 € Ry,

where
Qf) = 0, [f(m) / "y K (o) f(ty) dy] - / T Koy fa)f Ly dy.  (6.13)

Here, 0; and 0, denote the partial derivatives with respect to time ¢ and size x, respectively,
and the coagulation kernel K is a non-negative and symmetric function accounting for
the physics of the coalescence process. Approximating 0, by an upwind finite difference
scheme and the integrals by Riemann sums, one obtains a discrete version of (6.1.1) which
reads

dCi .
il Qi(c) in  (0,4+00), (6.1.4)
ci(0) = n, (6.1.5)

for i > 1, where ¢ = (¢;)i>1,

i—1 )

QZ(C) = Cij—1 Z] Ki—l,j Cj — G Zj Ki,j Cj — Z Ki,j C; Cy, (616)
j=t

j=1 7j=1

and K, ; = Kj,; > 0 is the discrete coagulation kernel. Equations (6.1.4)-(6.1.6) are also
a particular case of a two-parameter family of discrete coagulation models introduced by
Dubovski [5], where a link with the OHS equation is highlighted. In the sequel, equations
(6.1.4)-(6.1.6) will be referred to as the discrete OHS (dOHS) equation.

Our aim is here to justify the connection between the OHS and dOHS equations.
A similar relationship has been established in [9] between the classical continuous and
discrete coagulation-fragmentation equations. We adapt herein the approach developed
there. Roughly speaking, the main idea is to realize that the dOHS equation may be seen
as a modified OHS equation. More precisely, let ¢ = (¢;);>1 be a solution to (6.1.4)-(6.1.6)
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and (p;)i>1 a sequence of (sufficiently rapidly decaying) real numbers. Then, thanks to
the symmetry property K;; = K ;, a weak formulation for (6.1.4)-(6.1.6) reads

dt ch i = Z Z Kijcici[J (i1 — wi) — ;). (6.1.7)
i=1 j=1

We show that (6.1.7) may be interpreted as a weak formulation of a modified OHS
equation. To this end, we fix £ € (0,1) and set

A =[0G —1/2)e,(i+1/2)e) and Xi = lae, (6.1.8)

for ¢ > 1. We next introduce, for (¢, z,y) € R?,

[e.9]

=Y ) xi(z)  and  K(zy) =Y % Xi () X5 (y)-

i=1 ij=1

For ¢ € D(R,), we define the approximated e-step function of ¢ by

€

- . o1
= gixi(x)  with o = —/ o(y) dy, (6.1.9)
=1 g

for every x € R,. Finally, for any function g from R, to R of the form

= Zgi X; (@), gi €R,
i=1

we define the discrete size derivative D.(g) of g by

1 o0
:gzgl+l ), $€R+

As we shall see in Lemma 6.3.6 below, for ¢ € D(R,), (¢., D:(¢:)) converges a.e. towards
(p, Ox), the function . being defined by (6.1.9).

With the previous notations, (6.1.7) reads

a([rvear) = [ [ Kt 200 100 De)@) - 20 dy<?{.1o>

o= ([E+d] 1) 61

denoting by [u] the integer part of the real number w.

for ¢ € D(R,), where
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Thus, if we suppose that (f.) converges towards some function f and if (K.) converges
towards some K, then we may pass formally to the limit in (6.1.10). Thereby, we obtain
that f satisfies, for every ¢ € D(R,),

/fsodx—/ /ny (t.2)f(t,y) [y Owp(x) — p(y)] dy dz,

which turns out to be the weak formulation of the OHS equation (6.1.1) (see (6.2.6)
below). Observe that the convergence of K. to a finite limit requires that K;; depends
on €.

We now describe the contents of the paper. We first introduce a sequence of approx-
imated discrete equations of the OHS equation and state our main results in the next
section. We then show, in Section 6.3, the convergence of a sequence of solutions to these
discrete models towards a solution to the OHS model. For the sake of completeness, the
Cauchy problem for the dOHS equation is investigated in Section 6.4. We finally illustrate
the convergence theorem by a numerical comparison between an explicit solution and the
associated discrete solution.

6.2 Main results

We make here the same assumptions as in [6]: we require that the classical symmetry
condition is fulfilled, namely

0< K(z,y) =K(y,z), (z,y) €R%, (6.2.1)
and that

K € W2([0,400)?),

loc

0. K(x,y) > —a, for some a > 0.

We also suppose that K is strictly subquadratic, that is, for each R > 1,

K(x,y
wr(y) = sup (z.9)
z€[0,R] Yy

—0 as y— +oo. (6.2.4)

Concerning the initial condition, we assume that
f™ e LI(Ry) = L*(Ry, (1 4 x)dz) and f">0 ae. (6.2.5)

The notion of weak solutions to the OHS equation we consider here is the same as in
(6] and is as follows:

Definition 6.2.1 Assume that K satisfies (6.2.1)-(6.2.4) and that f satisfies (6.2.5).
A function f = f(t,x) is said to be a weak solution to the OHS equation (6.1.1)-(6.1.3)
with initial condition f™ if

0 < fec(0,T;w— L*R,)) N L=(0,T; L;(R,)) for every T € Ry,
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and, for all p € D(R;) and t > 0,

/000 f(t,z)o(z)dr — /OOO f(z) o(x) de
:/0 /OOO /Om K(x,y) f(s,2) f(s,y) [y Ouip(x) — (y)] dy dz ds. (6.2.6)

Here C([0, T);w — L*(R,)) denotes the space of weakly continuous functions in L'(R,),
that is the space of continuous functions from [0,7] in L'(R,) endowed with its weak
topology. Recall that it follows from [6, Theorem 2.2] that there exists at least a weak
solution to the OHS equation (6.1.1)-(6.1.3) in the sense of Definition 6.2.1 when K and
S fulfil (6.2.1)-(6.2.4) and (6.2.5), respectively.

We now introduce the discrete approximations to the OHS equation. We fix ¢ € (0, 1)
and define discrete coefficients K7, either by

. 1
K;; = E/ K(z,y)dydz, (6.2.7)
ASxAS
or by

K, = eK(ei, gj), (6.2.8)

for ¢,5 > 1. In both case, (6.2.1) and (6.2.4) imply that the following properties hold:
0 < K = K, i,j>1 (6.2.9)
lim —/ = 0  foreachi > 1. (6.2.10)

j—oo ]

We next define the discrete initial condition ¢ = ()1 by

. 1 .
dre == [ fna)de, 0> 1. (6.2.11)
8 AE

It is straightforward to check that
e g < / fin(x) d, (6.2.12)
i=1 0

and

5221’02"’5 < 2/ x f"(x) dx. (6.2.13)
i=1 0

Let ¢¢ = (¢§);>1 be a solution to the dOHS equation (in the sense of Definition 6.2.3
below) with the coefficients K¢ ; and the initial condition ¢™¢ such that

o0

i) <> id™,  t>0, (6.2.14)
=1

i=1 -
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(see Section 6.4 for the existence of such a solution).
Similarly to what was done in Section 6.1, we introduce continuous formulations for
the discrete quantities and set

fita) = W@, (6:215)

Ke(wy) = ) —xi(@)x;w), (6.2.16)
iji=1

for (t,z,y) € R%. With these notations, K. converges a.e. towards K and satisfies (6.2.1).
Our main results are the following.

Theorem 6.2.2 Assume that K satisfies (6.2.1)-(6.2.4) and that f satisfies (6.2.5).
We denote by ¢ a solution to the dOHS equation (6.1.4)-(6.1.6) with the coefficient K ;
defined by (6.2.7) or (6.2.8) and with the initial data ¢™* defined by (6.2.11) such that
(6.2.14) holds. Let f. be the function defined by (6.2.15). Then there exist a weak solution
f to the OHS equation (6.1.1)-(6.1.3) with initial data f™ and a subsequence (f.,) of (f-)
such that

fo, — f  inC([0,T];w— L'Y(Ry)) for each T € R,.

As a by-product of Theorem 6.2.2, we obtain the existence of a weak solution to the
OHS equation, thus providing, under the same set of assumptions, an alternative proof of
[6, Theorem 2.2]. The existence proof in [6] also relies on weak compactness but with a
different approximation scheme. Let us also point out that the approximation to the OHS
equation developed in this paper might be used for numerical simulations, as illustrated
in Section 6.5.

We also show the existence of solutions to the dOHS equation, arguing as in [3, 14].
Let us first give the definition of a weak solution to the dOHS equation.

Definition 6.2.3 Let T € (0,+00) and assume that ¢™ = (ci");>1 s a sequence of non-

negative real numbers. A solution ¢ = (¢;)i>1 to the dOHS equation (6.1.4)-(6.1.6) on
[0,T) is a sequence of non-negative continuous functions such that, for each i > 1 and
te(0,7),

(i) e eC(0,7), Y Kijcic;eL'(0,t),
j=i
t i—1 i 00
(ZZ) Cz(t) = C;” + / |:Ci—1 Zj Ki—l,j C; — G Z] Ki,j Cj — Z Ki,j C; Cji| ds.
0 j=1 j=1 j=i

The existence result for the dOHS equation then reads:
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Proposition 6.2.4 Let (K; ;) be a sequence of non-negative real numbers such that

K; .
Ki;=K;; >0  and im —* =0, ij>1 (6.2.17)

k—+oc0 k’

If ™ = (c!™) is a sequence of non-negative real numbers such that

D id" < +oo, (6.2.18)
=1

then there exists at least a solution c¢ to the dOHS equation (6.1.4)-(6.1.6) on [0,400)
such that (6.2.14) holds.

We also note that, unlike the OHS equation, the dOHS equation propagates perturb-

ations with an infinite speed. More precisely, it follows from [6, Theorem 2.6] that, if f™
is compactly supported in [0, 4+00), then f(¢) is also compactly supported for ¢ € [0, T5),
where T, might be finite or infinite according to the growth of the coagulation kernel K.
On the opposite, the following proposition holds for the dOHS equation.
Proposition 6.2.5 Assume that K;; > 0 for i > 1. Let ¢™ = (¢");>1 be a sequence of
non-negative real numbers such that c};” > 0 for some k> 1 and ¢ = (¢;)i>1 be a solution
to the dOHS equation (6.1.4)-(6.1.6) on some interval [0,T) with initial condition ¢™.
Then, for alli >k and t € (0,T), ¢;(t) > 0.

6.3 Proof of Theorem 6.2.2

We consider here the dOHS equation (6.1.4)-(6.1.6) with the coefficient K7, defined by
(6.2.7) or (6.2.8) and with the initial data ¢ defined by (6.2.11). The proof is performed
in two steps: the main idea relies on L' weak compactness. We thus need uniform
estimates with respect to e for the function f. defined by (6.2.15), which corresponds to
the first step. These estimates ensure that (f.) lies in a weakly compact set of L. In a
second step, we pass to the limit as € — 0.

6.3.1 A priori estimates
We set -
M:/ Fin(z) (1 + ) da, (6.3.1)
0

and notice that, by (6.2.15),

oo

fe(t,z) do = 5§: () and /OO f(tx)vdr =) ic(t), (6.3.2)
0

i=1 =1

[e.9]

0

for every t > 0.
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Lemma 6.3.1 For allt >0 and ¢ € (0,1), there holds
/ fe(t,x) xde < 2M. (6.3.3)
0

Proof. Using successively (6.3.2), (6.2.14) and (6.2.13), we obtain that

/ fe(t,x) xde = 5222'0‘?(25) < 8222'0;”’5 < 2/ f™(z) z dx,
0 Py 0

i=1

whence (6.3.3). O

Lemma 6.3.2 For allt >0 and ¢ € (0,1), we have
/ f(t, ) de < M. (6.3.4)
0

Proof. Let m > 1. Taking ¢; =i for i < m and ¢; = 0 for i > m in (6.1.7), we deduce
from the non-negativity of K7 ; and ¢ that 3", ¢f is a non-increasing function of time.
Thus, for every t > 0,

whence, by (6.2.12),

ety < [ M) da (6.3.5)
i=1 0
We now let m — +o00 and deduce (6.3.4) thanks to (6.3.2). O

Lemma 6.3.3 Let ¢ € C*([0,+00)) be a non-negative convex function such that ¢(0) = 0,
¢'(0) =1 and ¢’ is concave. If

Ly = /OOO o(f™)(z) dx < +o0, (6.3.6)

then, for every T € R, there exists a constant C(T') such that, for all t € [0,T] and
e €(0,1), we have

/0 " o(f(t 7)) dz < O(T) Ly, (6.3.7)

Proof. The concavity of ¢, the non-negativity of ¢'(0) and ¢(0) = 0 ensure that, for
every v € Ry,

v (v) < 26(v), (6.3.8)
(see [7, Lemma A.1] for a proof).
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Let T > 0, R > 0 and m € N such that R € A5. We infer from (6.1.7) and the

non-negativity of K ;, ¢ and ¢ that
d m m—1 1
i Z P(c;) < ¢ ¢ K [0(cihn) Z] & K d (). (6.3.9)
i=1 i=1 j=1

Introducing
P(e) =2 '(a) - dla), xRy,
it easily follows from (6.3.8), the non-negativity and the convexity of ¢ that 1) satisfies
the following properties:

0 <(z) <xd(x) and () < é(x), reR,. (6.3.10)
Due to the convexity of ¢, ¢(x) — ¢(y) > (x — y)¢'(y) for all z,y € R, and thus,

(@' (y) = ' (@) <oy) —v(z),  zyeRy. (6.3.11)
Using (6.3.10) and (6.3.11), we deduce from (6.3.9) that

dm m—1 1

ZY0(E) < DD K[l ZJC )

i=1 i=1 j=1

< YD KL - K lu().
We infer from the definition of K7 ; by (6.2.7) or (6.2.8) and from (6.2.3) that

KE

i1y — K < ag? forall? > 2 and 57 > 1.

Consequently, we obtain that

%Zeqﬁ(cf) <a (Zewc‘z)) (Z s%'c?) :

By (6.3.10), (6.2.14) and (6.2.13), we have

d m m
7> £0(e) <20M Y ()
i=1 i=1

Then, the successive use of the Gronwall Lemma and the Jensen inequality yields

iegzﬁ(cf(t Zw ey < O(T Z z))dz < C(T)Ly,
=1

for every ¢t € [0,7]. Finally, since (m + 1/2)e > R, we deduce that

/ ¢f5tl’ dI<€Z¢ )L¢, tE[O,T].

Letting now R — 400 completes the proof of Lemma 6.3.3. O
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Lemma 6.3.4 For all T € Ry and ¢ € C([0, +0)),
t— / f-(t,x)(x)dx  is bounded in ~ WH(0,T). (6.3.12)
0

Proof. Let ¢ € C}(]0,+00)) such that supp(v) C [0, R] and set

e_ 1 :
%—8/?1/1(%’)61% i>1.

Denoting by m the integer such that R € A% | we infer from (6.1.7) that

d [ d &
%/0 fet,z)Y(x)de| = ¢ dtz s

m

= € ZZ]CECEKE z+1 wf)_zz¢5 ZEJ ) ]

i=1 j=1 i=1 j=i

Since

¢E
<

it follows from (6.2.13), (6.2.14) and (6.3.5) that

/fetx z) dx

By (6.2.4) and (6.2.16), there exists, for each R > 1, a bounded non-increasing function
wr: Ry — R, such that

} .

< M? l:%HKHLoo (0.R+1)2) T 2

7>2m+1:<m

KE ) .

sup sup (z,9) <wg(M), for M >0 and lim @Wr(M)=0. (6.3.13)
y>M z€(0,R) Y M—+o0

Thus,

M2 31K o + 45T ()| 9
y=

d oo
E/o fe(t,z)Y(z)de| <

which, together with Lemma 6.3.2, yields (6.3.12). O

6.3.2 Convergence

Lemma 6.3.5 There exist a non-negative function f and a subsequence of (f.) (not re-
labelled) such that, for every T € (0, +00),

f e L>0,T; Li(R,)) and fo—f in C(0,T);w—L'(R,)). (6.3.14)
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Proof. Let T > 0. Due to [15, Theorem 1.3.2], it suffices to check that

the family (f.) : [0,7] — L'(R,) is weakly equicontinuous, (6.3.15)
the set {f.(t),e € (0,1)} is weakly relatively compact in L'(R,), (6.3.16)

for every t € [0, T, to conclude that (f.) is relatively sequentially compact in C([0, T]; w —
Li(R.)).

We first prove (6.3.16). Since f™ € L'(R,), a refined version of the de la Vallée
Poussin theorem [4, 11] ensures the existence of a function ¢ fulfilling the assumptions of
Lemma 6.3.3 and such that

lim o) =0 and /OO o(f™)(x) dv < 4o0.
0

r—+oo 1

We then infer from Lemmas 6.3.1, 6.3.2 and 6.3.3 that

sup sup {/ fe(t,z) (14 ) d$+/ o(f(t x))dm} < +00, (6.3.17)

e€(0,1) te[0,T]

whence (6.3.16) by the Dunford-Pettis theorem.

We now turn our attention to (6.3.15). Let ¢ € L*®(R, ). There exists a sequence of
functions (¢) in C}(Ry) such that

Yr — @ ae inRy, (6.3.18)
leullee < el (6.3.19)

We fix n € (0,1). From (6.3.17), we deduce the existence of some real §(n) > 0 such that,
for any measurable subset E of R,

sup sup /fE (t,x)dx <n, (6.3.20)

c€(0,1) t€[0,T]

as soon as meas(F) < d(n). Moreover, the Egorov theorem and (6.3.18) imply the exist-
ence of a measurable subset E, of [0,1/n] such that

meas (E,) < d(n) and lim  sup |pr—¢| =0.
Fteo [o,1/n\ By

Consequently, for all t € (0,T), h € (—t,T —t) and R € [0,1/n], we have

< / ot + hoz) — Lot 7)) pula) de

/0 T+ hw) — f(t,2)] o) da

o [0 - £ )0 - o)

- T4 hw) — (b )] () da.

R
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Thus, by the definition of d(n), £, and ¢y, we deduce from Lemmas 6.3.1 and 6.3.2 that

/tt+h d (/ £-(s,2) iz )dm) ds

+2M sup ok — @ +4¢llzen
[0,RI\Ey,

4|l M
TR

/0 Tt + ha) — fo(t,2) o) da

+

Then, Lemma 6.3.4 ensures that

sup sup
€€(0,1) te(0,T))

/0 Tt he) — £t )] ple) da

< |h[Clor) +2M sup |or — ¢
[0,R]\E,

4 (%2 LooM
gl + 21l M
We let h — 0 and obtain, thanks to Lemma 6.3.4, that
limsup sup sup / [fe(t+h,z) — f(t,2)] p(x) dx
h—0  <€(0,1)te(0,T) |Jo
4|l M

<2M sup |op — @[ +4|ollren+ R
(0,R\Ey

We now pass to the successive limits £ — 400, n — 0 and R — 400 and deduce that
(6.3.15) holds. Therefore, the proof of Lemma 6.3.5 is complete. O

We now check that the function f constructed in Lemma 6.3.5 is a weak solution to
the OHS equation. We consider ¢ € D(R, ) and define ¢. by (6.1.9). It is easily checked
that f. satisfies, for every ¢ € (0, c0),

/000 fo(t,x) o (x) dv — /OO £.0,2) o () da

/ / / (2,) f-(5,2) fo(5, 9) [y De(-(x)) — 0-(y)] dy drds. (6.3.21)

It remains now to pass to the limit as ¢ — 0 in (6.3.21). For that purpose, we need some
convergence results for . and K..

Lemma 6.3.6 The sequences p. and K. defined by (6.1.9) and (6.2.16) satisfy, for every
R > 0, the following properties:

[ellzee < [leolloe and p. — ¢ strongly in L=(Ry),  (6.3.22)
| D:(02) ||l L= < ll@|lwres and D:(p:) — O strongly in L>(Ry), (6.3.23)
||K HLoo( OR < HKHLoo ((0, R+1) ) cmd KE E— K a.e. on Ri (6324)
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Proof. Let x € supp(p). For ¢ sufficiently small depending only on supp(yp), there is
i > 1 such that x € Aj. Then,

D)) et = | L | A )]

3

€ Ja
1 z+e
— 5[ [ o) - dpta) dua:

< 2ellellwae,

whence (6.3.23). Similar calculations lead to (6.3.22). As for (6.3.24), it readily follows
from the definition (6.2.16) of K.. O

We next recall the classical following lemma (see, e.g. [8, Lemma A.2] for a proof).

Lemma 6.3.7 Let U be an open set of R™, m > 1, and consider two sequences (v,) in
LYU) and (w,) in L>=(U). We suppose that there exist v in L*(U), w in L>®°(U) and
C > 0 such that

v, — v in L (U),

|lwplle < C and w, —w a.e. inU.

Then

lirf |vn (wy, — w)||pr =0 and vow, —~vw in  LYU).

We are now in a position to pass to the limit in (6.3.21). Let ¢ € D(R;) with
supp(p) C [0, L — 2], for some L > 2, and define ¢, by (6.1.9). Let 7" > 0 and R > L. On
the one hand, it follows from Lemma 6.3.5 by classical arguments that

fe(t,x) fo(t,y) — f(t,2) f(t,y)  in C([0,T;w — L'((0, R)?)).

On the other hand, the definition (6.1.11) of r. ensures that 1y, 2] — 1jo4 for a.e.
x € R, which together with Lemma 6.3.6, implies that

KE(xa y) [yDE((ps>(x) - Sps(y)] 1[0,rs($)]<y)
—  K(z,9) [yOep(x) — ()] 1 (y)  a.e.in (0,R).

Owing to the bounds on ¢., D.(¢.) and K. in Lemma 6.3.6, we may apply Lemma 6.3.7
to obtain that

/O /0 A Ks(m’ Z/) fs(t’ I) ff(t> y) [y De(@z—:)(x) - Qpe(yﬂ 1[0,7*5(:5)](24) dy dx dt

j/o /o /0 K(xz,y) f(t, ) f(t,y) ly Oup(x) — ()] Ljo.u(y) dy da dt.
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Also, since supp(y) C [0, R — 2],

/ / K.(2,9) f(t,2) J.(t,9) y D-(0.)(2) Low. oy (4) dydz = O,
R2\[0,R]2
/ / K(w.y) F(t.2) £(t,9) y 0p(@) Lo (y) dyde = 0.
R2\[0,RJ2

Finally, it follows from (6.2.4) and (6.3.13) that

‘ / / Ko (2, ) £(t,2) f-(6.9) 02(9) Lo () dy da
R%\[0,R]?

<

/ROO dz /OL K.(z,y) f-(t,x) f-(t,y) ©-(y) dy‘

< C M? |||z~ sup i, (z),
>R

and

‘//W o @D I (1Y) 9) Loa(y) dy do

<

/: o /OL K(z,y) f(t, =) f(t,y) ¢ (y) dy‘

< C M?||¢||p~ sup w(z).
>R

Therefore, they both tend to 0 as R — 400, uniformly with respect to e.
It remains now to let € — 0 in the first two terms of (6.3.21). It readily follows from
Lemmas 6.3.2, 6.3.5 and 6.3.6 that

| rtaews — [ s o) e
0 0
for every t > 0. Moreover,
f-(0) — f™ in  L'(R,), (6.3.25)

whence, by Lemma 6.3.6,

/0 T (0,2) oo () di — /0 " () o) da. (6.3.26)

We thereby obtain that f satisfies (6.2.6) and is, consequently, a weak solution to the
OHS equation.
To justify (6.3.25), we first observe that, for f™ € WH(R,), we have

1£:00,) = f ™Iz < e [Lf ™ lwea,
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whence (6.3.25), for f™ € WHH(R,). The general case for f € L'(R,) then follows by
a density argument, since

1£:00,) = g0, )l < 1F™ = g™ |11,

for every fi g € LY(R,).

6.4 The dOHS equation

6.4.1 Proof of Proposition 6.2.4

We are here concerned with the Cauchy problem (6.1.4)-(6.1.6) where the discrete coeffi-
cients K; ; satisfy (6.2.17) and the initial data ¢™ = (ci");>; satisfies (6.2.18). We proceed

as in [3, 14]: we first approximate the dOHS equation by a system of ordinary differential
equations.

Let N > 3 be a positive integer. We consider the following system of N ordinary
differential equations:

N
dc; N

o = Q) in (0, +00), (6.4.1)
¢'(0) = ", (6.4.2)
for i € {1,..., N}, where ¢V = (cVV),<;<y and
i-1 i N
QzN(CN) = C£1 Z] Ki-1; Cév - Cf-v Z] K ij - Z K;; Cf-v Cj-v. (6.4.3)
Jj=1 j=1 j=t

We first prove the well-posedness of (6.4.1), (6.4.2).

N = (N

Lemma 6.4.1 For each N > 3, there exists a unique non-negative solution c ¢V )1<i<N

in C1([0, +00); RY) to the system (6.4.1)-(6.4.3). Moreover, we have

N N
d i) <) idr, te(0,400). (6.4.4)
=1 =1

Proof. Consider ¢™V = (cz"N) € RY. Since QV is a locally Lipschitz continuous

function, the Cauchy-Lipschitz theorem ensures the existence of a unique maximal solution
N = (cM)1<ien € CH[0, tT(c¢™N)); RY) to (6.4.1)-(6.4.3), where either ¢T(c™") = +o0,
or t*(c¢™V) < 400 and

N
lim N (1) = +oc.
Sk

t—tt (N £
K3
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Now, let ¢™ € [0, +00)". Then ™V +t QN (™) € [0, +00)Y if ¢ satisfies

N
t ((N +1) x ( sup Ki7j> X ZC;nN) <1.
j=1

1<ij<N

Consequently, dist(c¢™" +t QN (™), [0, 4+00)") = 0 for ¢ small enough and thus,
liminf ¢! dist (¢™ +t QY (™), [0, +00)") = 0,

t—0t

which corresponds to the subtangent condition. Therefore, [2, Theorem 16.5] ensures
that, for each ™" € [0,+00)", the corresponding maximal solution ¢ = (cI¥);<;<n to
(6.4.1)-(6.4.3) is non-negative on [0, (c™)).

Besides, we note that, for every ¢ € RY,

N

N
S TiQN(e) = —(N +1)ew Y Ky jey.

i=1 j=1

Consequently, we have, for each t € [0, (c™V)),

N N N
0< >IN Bl =D e() < o
=1 i=1 i1

where ¢™" € [0, +00)" and ¢V denotes the corresponding maximal solution to (6.4.1)-
(6.4.3). This implies that t7(¢"™") = 400 for each ¢™ € [0, +00)" and completes the
proof of Lemma 6.4.1. 0

zmz

It remains now to pass to the limit in (6.4.1)-(6.4.3). To this end, we need some
compactness property. By (6.4.4), we already know that (cI¥)y>; is bounded for each
i > 1. We next prove the time equicontinuity of (¢M)ys;.

Lemma 6.4.2 Leti > 1. There exists a constant 7;, depending only on Y o kci* and i
such that, for each N > 1,

deN
dt

Proof. Due to (6.2.17), we set, for each i > 1,

< Vi, t € [0, +o0). (6.4.5)

Kij
K; == sup —= < +00.
J

Then equations (6.4.1), (6.4.3) and (6.4.4) imply that
deN N N N
— mi_l(@'—1)c§i12jc§V+mc§V2jc§V+mc§V2jc§V
j j=1 j=1
< (Kio1 + 2k) (Z jcm) ) O

IN
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Gathering Lemmas 6.4.1 and 6.4.2, we deduce from the Arzela-Ascoli theorem that
there exist a function ¢ = (¢;);>; and a subsequence of (¢V)ys;, not relabelled, such that

N —c in C(0,7)), (6.4.6)

for all > 1 and T' > 0. Then, for each i > 1, ¢; is a non-negative function on [0, c0) and

oo o
Z ici(t) < Z ic,

=1 =1

for every ¢t > 0. Consequently, we have

iKi’jcj(t)g (sup—) Z]Cm<l{12j : t € (0,00),
=i

j>t

whence

Z ¢ € LY0,t)  for every t € (0,00).

Let ¢ > 1. We now infer from (6.4.6) that, for every t > 0,

t i—1
/cﬁl(s)ZjKi_lJc;y(s)ds Notpo /Czl ZjKl 15 ¢(s
0 o=
N—+o00 .
[ imwn = [owd

It remains only to pass to the limit in the last sum of (6.4.3). To this end, we fix M > i.
For N > M, we have

= /0 2 Kij[e]'(s) ¢ (s) — cils) e(s)) ds (6.4.7)
+ /0 ZKi,J CzN( ) ; Z Km‘ Ci(S) Cj(S) ds , (648)

for every ¢t > 0. By (6.4.6), expression (6.4.7) tends to 0 as N — +o0. As for (6.4.8), we
need the growth assumption of (6.2.17):

t N o) 2
, K;
K;;c ) ()ds<sup— E cN(s) -(s)dsgt E jém | sup —L,
/ 7 i>M ] Jo = st / i>M ]
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and, similarly,

i>M ]

t oo ) 2
. K,
/ Z Kijci(s)ci(s)ds <t <Z] c;") sup —2,
0 j—pm j=1

for every t > 0. Letting first N — 400 and then M — 400, we thus obtain that ¢ satisfies
(6.1.4)-(6.1.6). The function ¢ is thus a solution to the dOHS equation in the sense of
Definition 6.2.3.

6.4.2 Proof of Proposition 6.2.5

We finally show that the dOHS equation propagates perturbations with an infinite speed.
By (6.1.4), the solution c¢ satisfies, for all ¢ > 1 and t € (0,7,

ei(t) = e exp (_ /0 () ds) + /0 Cexp (— / Ei(o) da) cia(s) Fi(s)ds,  (6.4.9)

where
7 00 i—1
Ei(s) =) iKijei(s)+ Y Kijci(s)  and  Fi(s) =) jKi1;¢s),
j=1 J=i J=1

for every s € (0,7).
Let us assume that, contrary to our claim, ¢.(7) = 0, for some r > k and some
7€ (0,7). By (6.4.9), ¢,(7) is the sum of two non-negative terms and thus

=0 and 1 F, =0 on|0,71]

If r = 1, then & = 1 and we have ¢ = 0, which contradicts the assumption of Proposition
6.2.5. If r > 1, we have in particular that (r—1)K,_1,_1¢?_; = 0on [0, 7], whence ¢,_1 =0
on [0, 7]. Consequently, the assumption ¢,.(7) = 0 implies that

=0 and ¢r—1(7) = 0.

By induction, we deduce that ¢® = 0 for every ¢ < r. In particular, this leads to a
contradiction for ¢ = k.

6.5 Numerical simulations

In this section, we perform numerical experiments in order to illustrate the convergence
in Theorem 6.2.2. We consider the particular case where K = 1 on R3 and the initial
data is given by

2

Fi = 77 Lo on R,, (6.5.1)
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for some M > 0. In that case, there is an explicit solution to the OHS equation, which
reads

2 x

The computational domain is chosen to be [0, 10] and we set M = 3. For any ¢ € (0, 1),
we define the initial data ¢ = (¢");>; for the dOHS equation by (6.2.11), where A¢ is

given by (6.1.8). We next consider the system of ordinary differential equations

i—1 % m
dc .
L= . (qnl dgdr—dry gdr=y c;ﬁ> in (0, +00), (6.5.2)
7j=1 7j=1 Jj=t

ar0) = (6.5.3)

7 (.

for i € {1,...,m}, where m = m(e) = [10/e — 1/2] corresponds to the number of cells A3
included in the interval [0,10]. We next use a Matlab ODE solver to obtain a solution
to (6.5.2), (6.5.3) on some time interval [0,¢,,q.]. The approximated solution f. is then
given by

felt,x) =D ) x5 (@),  (t,x) € [0, tmaz] x [0,10].
i=1
The plot of the exact solution F3 and the approximated solutions f., for e = 0.05, € = 0.01
and ¢ = 0.005 is reported in Figure 6.1 at two different times (for ¢,,,, = 3), while the
time evolution of the L' relative error

1£5 — fell:

t—
| F5| s

(1),

is plotted in Figure 6.2. Both figures illustrate the L' convergence of f. to Fj as ¢ — 0.
We point out that the error is concentrated in the neighbourhood of the discontinuity of F3
(see Figure 6.1 (a)), which was expected since the upwind difference scheme is diffusive and
diffusion smears out the discontinuities. A further comment in that direction is that, in
Figure 6.2, the L! relative error decreases for t € [7/3,5/2], which can be explained by the
fact that the discontinuity of Fj leaves the computational domain at ¢t = 7/3. Afterwards,
we have F3(t) = 2/(3(1 + ¢)?) on [0,10] and the remaining error is mainly due to the
truncation of the computational domain. Another source of error comes from Proposition
6.2.5, which states that, contrary to F3, f. is not compactly supported. Consequently, our
approximation induces some errors outside the support of the exact solution. Finally, from
t = 7/3, the support of the exact solution Fj is no more included in the computational
domain [0, 10] and the approximation will be less and less reliable as ¢ increases.
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Figure 6.1: Convergence of solutions to the dOHS equations towards the solution to the

OHS equation with initial data (6.5.1) at times ¢t =1 (a) and t = 2.5 (b) for M =3
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Figure 6.2: Evolution of the relative error in L' norm for M = 3
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