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Abstract

Nonparametric Estimation of a k-monotone Density:

A New Asymptotic Distribution Theory
by Fadoua Balabdaoui

Chair of Supervisory Committee:

Professor Jon A. Wellner
Department of Statistics

In this dissertation, we consider the problem of nonparametric estimation of a k-monotone
density on (0,00) for a fixed integer k£ > 1 via the methods of Maximum Likelihood (ML)
and Least Squares (LS).

In the introduction, we present the original question that motivated us to look into this
problem and also put other existing results in our general framework. In Chapter 2, we
study the MLE and LSE of a k-monotone density gy based on n i.i.d. observations. Here,
our study of the estimation problem is local in the sense that we only study the estimator
and its derivatives at a fixed point z¢g > 0. Under some specific working assumptions,

asymptotic minimax lower bounds for estimating g((]j )(:UO), j =0,---,k —1 are derived.

These bounds show that the rates of convergence of any estimator of géj )(aco) can be at
most n~*=3)/2k+1) " Furthermore, under the same working assumptions we prove that this
rate is achieved by the j-th derivative of either the MLE or LSE if a certain conjecture
concerning the error in a particular Hermite interpolation problem holds.

To make the asymptotic distribution theory complete, the limiting distribution needs to
be determined. This distribution depends on a very special stochastic process H; which is

almost surely uniquely defined on R. Chapter 3 is essentially devoted to an effort to prove

the existence of such a process and to establish conditions characterizing it. It turns out






that we can establish the existence and uniqueness of the process H, if the same conjecture
mentioned above with the finite sample problem holds. If Y}, is the (k — 1)-fold integral of
two-sided Brownian motion + (k!/(2k)!) t?*, then Hj, is a random spline of degree 2k — 1
that stays above Y; if k£ is even and below it if k£ is odd. By applying a change of scale, our
results include the special cases of estimation of monotone densities (k = 1), and monotone
and convex densities (k = 2) for which an asymptotic distribution theory is available.
Iterative spline algorithms developed to calculate the estimators and approximate the
process Hj, on finite intervals are described in Chapter 4. These algorithms exploit both
the spline structure of the estimators and the process Hj. as well as their characterizations

and are based on iterative addition and deletion of the knot points.
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Chapter 1

INTRODUCTION

Our interest in nonparametric estimation of a k-monotone density was first motivated
by JEWELL (1982); Jewell considered the nonparametric Maximum Likelihood estimator of

a scale mixture of Exponentials g,

g(x) = /Oootexp(—tx)dF(t), x>0

where F' is some distribution function concentrated on (0,00). Such a scale mixture of
Exponentials is a possible model for lifetime distributions when the population that is at
risk of failure or deterioration is nonhomogenous and when one is not willing to assume the
number of its components to be known. See JEWELL (1982) for a survey of the application
of the model in different fields.

Suppose that X1, ---, X, are n independent observations from a common scale mixture
of Exponentials g. JEWELL (1982) established that the Maximum Likelihood estimator
(MLE), of the mixing distribution F, F, say, exists and is discrete with at most n support
points. This implies that the MLE of the true mixed density g, g, say, is a finite mixture of
Exponentials with at most n components. This result also follows from the work of LiNDsAY
(19834), LINDsAY (1983B), and LINDsAY (1995) on nonparametric maximum likelihood in a
very general mixture model setting. JEWELL (1982) was also able to establish uniqueness and
strong consistency of the MLE and used an EM algorithm to compute it. As in other mixture
models, there are two main estimation problems of interest when considering a scale mixture
of Exponentials: the direct and inverse problems. In the first one, the goal is to estimate
the mixed density g directly from the observed data, whereas in the second one the focus is
on the underlying mixing distribution F. To our knowledge, the exact rate of convergence

of the MLE is still unknown in both problems and thus the asymptotic distribution theory



is yet to be developed. In the inverse problem and under additional assumptions on the
mixing distribution, asymptotic lower bounds on the rate of convergence of a consistent
estimator were derived. For example, MIiLLAR (1989) assumed that the mixing distribution
F belongs to the class G,y of all mixing distributions defined on some subset A C R and
have a density f that is m-differentiable and such that sup,c 4 |9 (z)| < M,j = 0,---,m.

Using characteristic function techniques, MiLLAR (1989) could establish that

(logn)™™ and (logn)~(m+Y

are uniform asymptotic lower bounds on the rate of estimation of the mixing density f and
the distribution function F' at a fixed point zg respectively. See MILLAR (1989) for more
details about the definition of uniformity.

Although we want to consider the class of all mixing distributions, this result can be
used at least heuristically to derive bounds in more general settings. For m = 0, where we
impose the minimal smoothness constraints on the mixing distribution F', the asymptotic
lower bound for estimating F'(z() specializes to 1/logn. The logarithmic order of these
lower bounds show how slow the rate of convergence can be in this kind of nonparametric
setting. The estimation problem is far from being regular and therefore one should expect
the rate of convergence to be slower than y/n. In mixture models with smoother kernels,
this rate of convergence is expected to be slower. The scale mixture of Exponentials is one
example of a “smooth mixture”. Another good example is location mixtures of Gaussians.
This model is very often used to take measurement error into account. Formally, if X is
some random variable with an unknown distribution function F', one gets to observe only
Y = X + Z, where Z ~ N(0,03) and oo > 0 is supposed to be known. The density of
X is given by the convolution of ¢, the normal density and the distribution function F.
Several authors were interested in the inverse problem which is also known as the Gaussian
deconvolution problem. The work of STEFANSKI AND CARROLL (1990), CARROLL AND HALL
(1988) , and FaN (1991) suggest that the rate of convergence of a consistent estimator of
the underlying distribution F', if achieved, would be of the order of 1/+1/logn. Note that this
rate is even slower than the expected logn in the case of scale of mixture of Exponentials.

In the direct problem where the focus is on the mixed density, the sieve MLE was studied



by GHOSAL AND VAN DER VAART (2001). By considering a particular class of mixing distrib-
utions, the authors could show that logn/y/n is an upper bound for its rate of convergence.
This bound is much faster when compared to the one obtained in the inverse problem.
But this is not surprising if we associate the difficulty of estimation to the “size” of the
class to which the distribution function or the density belongs. In this particular case, the
mixed density belongs to a small class of densities that have to be equal to the convolution
of the normal density and some distribution function F. It follows that any element of
this class has to be infinitely differentiable. But on the other hand, this same smoothness
makes the task of “untangling” the underlying distribution F' from the Gaussian noise to
be statistically hard.

As for the scale mixture of Exponentials, the exact asymptotic distribution of the MLE
in the mixture of Gaussians is still to be derived. Although the two models are very differ-
ent, one can see that some mathematical connection can be made through the exponential
form of their kernels. We have not pursued thoroughly this thought as it is beyond the
scope of this thesis, but we believe that getting a better understanding of the asymptotics
of the MLE in scale mixture of Exponentials might be helpful in achieving the same thing

for mixture of Gaussians.

Part of the difficulty of knowing more about the asymptotic behavior of the MLE in these
kind of nonparametric models is primarily due to the implicit nature of the characterizations
of the estimators. For the scale mixture of Exponentials, JEWELL (1982) established that

Jn is the MLE of the mixed density if and only if

R\ -2 <1, A>0
|22 g, @) :
0 gn(2) =1, if X is a support point of F,

where G,, is the empirical distribution function. For the characterization of the MLE in
a location mixture of Gaussians, see GROENEBOOM AND WELLNER (1992), Proposition 2.3,
page 58. However, although there are no standard methods available to make these char-
acterizations easily exploitable to derive the exact asymptotic distribution of the MLE, it

seems that more is known about the class of scale mixture of Exponentials itself. Indeed,



Jewell (1982) noted that g is a scale mixture of Exponentials if and only if the complement
of its distribution function is the Laplace transform of some distribution function F'. JEWELL
(1982) also recalled the fact that the class of scale mixtures of Exponentials can be identified
as the class of completely monotone densities (Bernstein’s theorem) where by definition, a
function f on (0,00) is completely monotone if and only if f is infinitely differentiable on
(0,00) and (—=1)* ) >0, for k € N (see, e.g., WIDDER (1941), FELLER (1971), WILLIAMSON
(1956), GNEITING (1999)).

Now, if we suppose that the density ¢ is only differentiable up to a finite degree but
that its existing derivatives alternate in sign, then g is said to be k-monotone if and only
if (—=1)7¢gY) is nonnegative, nonincreasing and convex for j = 0,---,k — 2 if &k > 2 and
simply nonnegative and nonincreasing if & = 1 (see, e.g., WILLIAMSON (1956), GNEITING
(1999)). One can see that the class of completely monotone densities is the intersection of
all the classes of k-monotone densities, k > 1 (see e.g. GNEITING (1999)) and a completely

monotone density can be viewed then as an “oo-monotone” density.

To prepare the ground for establishing the exact rate of convergence of the MLE for scale
mixtures of Exponentials or equivalently for completely monotone densities, it seems natural
to work on establishing an asymptotic distribution theory for the MLE for k-monotone

densities.

When k = 1, the problem specializes to estimating a nonincreasing density gg and was
first solved by Prakasa Rao (1969) and revisited by GROENEBOOM (1985). GROENEBOOM
(1985) used a geometric interpretation of the MLE (the Grenander estimator) to reprove

that

1

1/3
05 Gule) — o(en) —a ( glanlsbfen) ) C'0)

where o > 0 is a fixed point such that g{(x¢) < 0 and g{, is continuous in a neighborhood
of zg, g, is the Grenander estimator, and C is the greatest convex minorant of two-sided
Brownian motion starting at 0 plus t2, t € R. For k = 2, GROENEBOOM, JONGBLOED, AND

WELLNER (2001B) considered both the MLE and LSE and established that if the true convex



density g satisfies g(j(z¢) > 0 and g( is continuous in a neighborhood of z, then

n/5 (gn(x0) — go(x0)) ., (5792 (20)g (azo))l/5 H"(0)
o(z0)g" (w0)?)* H®)(0)

where g, is the either the MLE or LSE, H is a random cubic spline function such that H” is

n'/% (g (z0) — ¢ (o)) (3159

convex, H stays above the integrated two-sided Brownian motion plus t4,¢ € R and touches
it exactly at those points where H” changes its slope (see GROENEBOOM, JONGBLOED, AND
WELLNER (20014)).

Under the working assumption that the true k-monotone density gq is k-times differen-
tiable at xp such that (—1)kgék) (xg) > 0 and g(()k) is continuous in a neighborhood of x,
asymptotic mimimax lower bounds for the rates of convergence of estimating g(] )( 0) are

derived in Chapter 2 and found to be n=(=9)/(Zk+1) for j =0, ... k—1. This result implies

(])( 2k+1)

that no estimator of g5’ (z¢) can converge at a rate faster than n~k=9)/(

The major result of this research is to prove that the above rates are achievable by both
the MLE and LSE and that the joint asymptotic distribution of their j-th derivatives at x,

g_]ﬁlj)(l"o),j =0,---,k—1is given by

_k
N7 (G (20) — go(x0)) co(go)HP (0)
k—1
n2#51 (g4 (20) — oS (0)) e1(g90)HE (0)
' —d _ (1.1)
1 _ _ _
n 7 (g0 (20) — g8 (20)) cr_1(g0) HZD(0)

where Hy, is a process characterized by:

(i) (—DF(Hg(t) — Yi(t)) >0, teR.

H}ng—Q)

(ii) Hy is 2k-convex; i.e., exists and is convex.

(i) For any t € R, Hi(t) = Yj(t) if and only if ng%—z) changes slope at t;

equivalently,

| - vien an* = ~o,

—0o0



Yy is the (k — 1)-fold integral of two-sided Brownian motion +(k!/(2k))t%* t € R; i.e.,

Jy et [P W () dty - - dty—y + (KL (2k))E*, >0

Yk(t) - 0 r0O 0
Ie Jo o iy =W t)dta - - dtpy + (K (2R)DEF, <0,

and finally the constants c¢;(go),j =0,---,k — 1 are given by

(1R () VT 2
cj(g0) = {(go(xo))k_’ <w> } .

The existence of the process Hy is the other major outcome of this work and is established

in Chapter 3. By applying a change of scale, the greatest convex minorant of two-sided
Brownian motion +t2,¢ € R and the “invelope” H can be viewed as the two first elements
of the sequence (Hp)x>1-

In general, the process Hj is a random spline of degree 2k — 1 that stays above Y}
when k is even and below it when k is odd. Furthermore, this spline is of a very particular
shape since its (2k — 2)-th derivative has to be convex. At the points of strict increase of
the process H li%_l) (note that the existence of this derivative follows from the convexity
assumption), the processes Hy and Y} have to touch each other. To be more accurate, it is

still conjectured that H Ig%_l) is a jump process. Although the numerical results strongly

supports this conjecture, the possibility that H ,g%_l) is a Cantor type function has not
been yet excluded even for the particular case k = 2 (Groeneboom, Jongbloed and Wellner
(2001A)). The proof of existence and almost surely uniqueness of the process Hy, is inspired

from the work of GROENEBOOM, JONGBLOED, AND WELLNER (2001A). In our setting, the

process Hj, is connected with the Gaussian problem
dX(t) =tFdt +dW(t), teR

which can be viewed as an estimation problem with t* being the “true” function . To
“estimate” t*, we define for a fixed ¢ > 0 a Least Squares problem over the class of k-
convex functions g on [—c,c]; i.e., g(k_Q) exists and convex. The process Hj, can be then
obtained by taking the limit (in an appropriate sense) of the k-fold integral of the solution
of the LS problem as ¢ — oc.

We find that there is a nice parallelism between the problems of estimating the true

k-monotone density go and the k-convex function ¢* via the Least Squares method. The



two problems have many aspects in common and this is one important feature that makes
the Least Squares method very appealing. On the computational side, this parallelism
helps in reducing the problems of calculating the LSE and approximating the process H on
finite intervals to one basic algorithm. Described in Chapter 4 in more details, the iterative
(2k — 1)-th spline algorithm is based on iterative addition and deletion of the knot points
of the k-fold integral of the LSE and those of the process Hj, which are both splines of
degree 2k — 1. As for the MLE, although the same principle applies, a different version of

the algorithm is needed to suit the nonlinear form of its characterization.



Chapter 2

ASYMPTOTICS OF THE MAXIMUM LIKELTHOOD AND LEAST
SQUARES ESTIMATORS

2.1 Introduction

Let X1,---,X,, be n independent observations from a common k-monotone density gg.
We consider two estimators corresponding to different estimation procedures: the Maxi-
mum Likelihood (ML) and Least Squares (LS) estimators. Both estimators were considered
by GROENEBOOM, JONGBLOED, AND WELLNER (2001B) in the special case of estimating a
monotone and convey density. We first establish a mixture representation for k-monotone
functions which proves to be very useful in showing existence of both estimators. This
result is to some extent similar to Bernstein’s theorem for completely monotone functions
(see, e.g., WIDDER (1941), FELLER (1971)). Whereas existence of the MLE follows easily
from the work of LINDSAY (19834a), LINDSAY (1983B), and LINDSAY (1995)) on nonparametric
Maximum Likelihood estimators in a very general mixture model setting, establishing exis-
tence of the LSE is a much more difficult task. Beside a compactness argument, the proof
of existence in the particular case & = 2 uses the fact that the LSE is a piecewise linear
function (see GROENEBOOM, JONGBLOED, AND WELLNER (2001B)) but a different reasoning
is needed when k£ > 2. In the general case, the MLE and LSE belong to a special subclass
of k-monotone functions: they are k-monotone splines of degree k — 1. For the MLE, this
particular form follows immediately from Theorem 22 of Linpsay (1995). As for the LSE,
the proof relies, in the special case k = 2, on the simple fact that given any decreasing and
convex function ¢ and a finite number of fixed points on its graph, there exists a piecewise
decreasing and convex function g, passing through the points and staying below g. For more
details on this proof, see GROENEBOOM, JONGBLOED, AND WELLNER (2001B). For k > 2, such

a property is hard to generalize for any number of points (see BALABDAOUI (2004)) and hence



there is a need for a different argument to show that the LSE is a spline.

Characterizations of the MLE and LSE are established in Section 2. These characteriza-
tions appear to be natural extensions of those obtained in the case k = 2 by GROENEBOOM,
JONGBLOED, AND WELLNER (2001B). Beside that they give necessary and sufficient conditions
for a k-monotone function to be the solution of the corresponding optimization problem,
they are very useful in proving strong consistency of the estimators and their derivatives.
In Section 3, we show that for j =0,---,k—1, the j-th derivative of either the MLE or LSE
is strongly consistent and that this consistency is uniform on intervals of the form [c, 00),
c>0for0<j<k-—2.

In a step towards an asymptotic distribution theory, asymptotic minimax lower bounds
for the rate of convergence of estimating g(()j )(:co), j=0,---,k —1 are derived in Section
4. Here, we are interested in local estimation at a fixed point xg > 0. We assume that the

true density gg is k-times differentiable at x(, the derivative g(()k) is continuous in a small

neighborhood of z¢ and (—1)* gék) (x0) > 0. Under this working assumptions, the asymptotic

lower bound for estimating géj)(aco) is found to be n=(=9)/@k+1) 5 — 0 ... k — 1. This
result extends the lower bounds obtained in estimation of a decreasing density and that of
a decreasing and convex density and its first derivative at a fixed point (see GROENEBOOM,
JONGBLOED, AND WELLNER (2001B)). The result implies that no estimator of géj )(gco) can
converge (in the sense of minimax risk) at rate faster than n~(*=7)/(k+1) = Although these
asymptotic bounds cannot be a substitute for the exact rates of convergence, they give a
good idea about what one should expect these rates to be.

Under the same working hypotheses, we prove in Section 6 that n~(k=9)/(2k+1) ig achieved
by the j-th derivative of the MLE and LSE, j = 0,---,k — 1. The assumption that
(—1)kg(()k) (zg) > 0 along with consistency of the (k — 1)-th derivative “force” the num-
ber of knot points of the estimators, that are in a small neighborhood of xq, to diverge to
infinity almost surely as n — oo. This fact is very important for proving the rate achieve-
ment. More precisely, the major argument that goes into the proof is the fact that the
distance between two successive knots (or jump points of the (k — 1)-th derivative of the

2k+1))

estimators) in a small neighborhood of x¢ is O, (n 1/ . The entire Section 5 is devoted

to this problem that we refer to as the “gap problem”.
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In the last section, we derive the joint asymptotic distribution of the derivatives of the
MLE and LSE. The limiting distributions depend on a stochastic process Hj whose existence

and characterization are established in Chapter 3. In addition, these distributions involve

constants that depend on gg(zp) and g(()k) (z9). An asymptotic distribution is also derived for

the associated mixing distribution using an explicit inversion formula established in Section

2.

2.2 The Maximum Likelihood and Least Squares estimators of a k-monotone

density

2.2.1 Mizture representation of a k-monotone density

WILLIAMSON (1956) gave a very useful characterization of a k-monotone function on (0, c0)

by establishing the following theorem:

Theorem 2.2.1 (Williamson, 1956) A function g is k-monotone on (0,00) if and only if

there exists a nondecreasing function v bounded at 0 such that
o
o) :/ (1— o) Ny (t), >0 2.1)
0
where Y1 = y1(0,00)(¥)-

The next theorem gives an inversion formula for the measure ~:

Theorem 2.2.2 (Williamson, 1956) If g is of the form (2.1) with v(0) = 0, then at a

continuity point t > 0, v s given by

k-1 k—1(4) J
-1 g (1/u) (1
s = 3 T (1Y
= J! U
Proof of Theorems 2.2.1 and 2.2.2: See WILLIAMSON (1956). ]

From the characterization given in (2.1), we can easily derive another integral representa-

tion for k-monotone functions that are Lebesgue integrable on (0, 00); i.e., fooo g(z)dr < .
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Lemma 2.2.1 A function g is an integrable k-monotone function if and only if it is of the

form

N
g(x) :/0 %dF(t), x>0 (2.2)

where F' is nondecreasing and bounded on (0,00).

Proof. This follows from Theorem 5 of Lvy (1962) by taking k = n+ 1 and f = 0 on
(—o0,0]. [ |

Lemma 2.2.2 If F in (2.2) satisfies limy_oo F(t) = [ g(x)dx, then at a continuity point
t >0, F is given by

(—pFt (=% 1 &
F(t) = G(t) — tg(t) + - + mtk_lg(k_Q) (8) + g* D), (2.3)

Proof. By the mixture form in (2.2), we have for all ¢t > 0

P Gt O L Rl ey

F(o0) — F(t) = X x¥dg ().
e
But, for j = 1,---,k, t!GU)(t) \, 0 as t — co. This follows from Lemma 1 in WILLIAMSON
(1956) applied to the (k + 1)-monotone function G(co) — G(t). Therefore, for j =1,---, k,
t7gUu=D(t) \, 0 as t — oo.
Now, using integration by parts, we can write

_ 1)k 00 _1\(k=1) poo
F(oo)—F(t) = —( k:l') [a:kg(k_l)(ac)L +7((k1)— ol /t xk_lg(k_l)(w)da:
—1)k _1)k-1
_ _( kll) tk (k—1) (t) . ((kl_) 1)' tk—lg(k—Q) (t)

-1 k—2 00 B B
+ ((k—)2)‘/t 2F2gk 2)(1‘)d$
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Using the fact that F(co) = [ g(x)dz, the result follows immediately. [ |

The characterization in (2.2) is more relevant for us since we are dealing with k-monotone
densities. It is easy to see that if ¢ is a density, and F' is chosen to be right-continuous and
to satisfy the condition of Lemma 2.2.2, then F' is a distribution function. For £ = 1
(k = 2), note that the characterization matches with the well known fact that a density is
nondecreasing (nondecreasing and convex) on (0, co0) if and only if it is a mixture of uniform
densities (triangular densities). More generally, the characterization establishes a one-to-
one correspondance between the class of k-monotone densities and the class of scale mixture
of Beta’s with parameters 1 and k. From the inversion formula in (2.3), one can see that
a natural estimator for the mixing distribution F' is obtained by plugging in an estimator
for the density g and it becomes obvious that the rate of estimating F' is controlled by
that of estimating the highest derivative ¢*~1. When k increases the densities become
much smoother and therefore, the inverse problem of estimating the mixing distribution F
becomes harder.

In the next section, we consider the nonparametric Maximum Likelihood and Least
Squares estimators of a k-monotone density gg. We show that these estimators exist and
give characterizations thereof. In the following, M, is the class of all k-monotone functions
on (0,00), Dy is the sub-class of k-monotone densities on (0,00), X1, -+, X,, are i.i.d. from

go and Gy, is their empirical distribution function.
2.2.2  The Mazximum Likelihood estimator of a k-monotone density
Let

Unlg) = /0 " log g(x) dG () /0 " (),

be the “adjusted” log-likelihood function defined on My N Li(A), where X\ is Lebesgue
measure on R. Using the integral representation established in the previous subsection, .,

can also be rewritten as

[ Ook‘(t—m)i_l Y Ookr(t—:n)i_l
o (F) = /0 log ( /0 i dF(t)) 4G (z) /O /0 = ap(tyd,

where F' is bounded and nondecreasing.
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Lemma 2.2.3 The functional v, admits a mazimizer g, in the class Dy. Moreover, the

density g, is of the form

) k(ay —z)k1 k(am — x)k 1
g(z) = wn - Tt wn mk +
aj ak
where w1, -, Wy and a1, -,y are respectively the weights and the support points of the

mazximizing mizing distribution F,.

Proof. First, we prove that there exists a density g, that maximizes the “usual” log-
likelihood I, = [ log g()dGn, () over the class Dy. For g in Dy, let F be the distribution
function such that
o) = [T HOI
0 Y
The unicomponent likelihood curve I' as defined by Lindsay (1995)) is then

k - X k—1 k - X k—1 k _Xn k—1
FZ{( (y ykl)+ ; (y yk2)+ sy (y yk )—+ >3 yE[0,00)}

It is easy to see that I' is bounded (notice that the i-th component is equal to 0 whenever
y < X;). Also, I is closed. By Theorems 18 and 22 of LiNDSAY (1995), there exists a unique
maximizer of /,, and the maximum is achieved by a discrete distribution function that has
at most n support points.

Now, let g be a k-monotone function in My N Ly(A) and let [ g(x)dz = ¢ so that
g/c € Di. We have

(z)

Q

VYn(9) — ¥n(gn)

log <

)d«;n@) +log(e) — e+ 1 - /0 " log (4 (2))dG (2)

Il
S—

c
< [Tiog (ﬁ)d@nm = [ o8 ) ()
0 ¢ 0
< 0
since log(c) < ¢ — 1. Thus v, is maximized over My N L1(\) by g, € D. [ ]

The following lemma gives a necessary and sufficient condition for a point ¢ to be in the

support of the maximizing distribution function E,.
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Lemma 2.2.4 Let X4, -+, X, be i.i.d. random variables from the true density gg, and let

F, and Jn be the MLE of the mizing and mized distribution respectively. Then, for allt > 0,

k
1/tk<1

- Z <1, (2.4)

with equality if and only if t € supp(ﬁn) ={a1, -, am}.

Proof. Since F,, maximizes the log-likelihood
1 ¢ = k(y — X!
= —Zlog</ —— 2 —dF(y) ),
N3 0 Y

it follows that for all ¢ > 0

lim In((1 —€)F, + €0) — Uy (F) <o.
e\.0 €

This yields

- <0
= gn(Xj)
or
— <1 2.
- Z ) < (2:5)

Now, let M,, be the set defined by

Lo k(= Xt }
M,=<t>0 : — ~ =15.
{0 T

We will prove now that M, = Supp( n)- We write Pp for the probability measure associ-
ated with F),. Integrating the left hand side of (2.5) with respect to F},, we have

l Z": fOOO <k(t - Xj)ﬁ-_l/tk>dﬁ‘n(t) B l Zn: gn(Xy) _,
n gn(X;) on = gn(X;) a

J=1

But, using the definition of M,,, we can write,

w J (k(t - X»i‘l/tk)dﬁn(t)

; =1 gn(Xj)

XYk gk
N Z/nw\Mn < n(;z;—) - >dﬁn(t)
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and so
) Lo (b= xpte)
P, (R*\ M,) = !/‘ — . dFn(t)
Fy, R\ M, n ]zz:l gn(Xj)
< Pp (R \ M,), if Pg (RT\ M,) > 0.
This is a contradiction and we conclude that Pp (RT\ M,)=0. n

Remark 2.2.1 The above characterization can be also given in the following form: The

k-monotone density g, is the MLE if and only if

/oo (t_x)ljr—ld@ @ < %, for allt>0
-~ 7/ N n\T A
0 9n(x) = %, if and only if t is a support point of F,.

This form generalizes the characterization of the MLE of a nonincreasing and convex density

(k = 2) obtained by GROENEBOOM, JONGBLOED, AND WELLNER (2001B).

Remark 2.2.2 The main reason for using the “adjusted” log-likelihood is to obtain a “nice”
characterization for the MLE since the mazximization is performed over the cone of all

integrable k-monotone functions (not necessarily densities).

For kK = 2, GROENEBOOM, JONGBLOED, AND WELLNER (2001B) proved that there exists at
most one change of slope of the MLE between two successive observations and used this fact
to show that the estimator is unique. For k£ > 2, proving uniqueness seems to be harder.
However, we were able to do it for the special case kK = 3. In the following, we give a proof

of this result.

Lemma 2.2.5 Let k =3. The MLFE §,, of a 3-monotone density is unique.

Proof. We start by establishing the fact that the MLE has at most one knot between two
successive observations. For that, we take k > 2 to be arbitrary and define the function H,
by

n k 1

1 E(t
—Z o . t>0.
n thgn(X
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By strict concavity of the log-likelihood, the vector (g, (X)), -, dn(X(y))) is unique. As
the support points aq,---,a,, are the solutions of the equation ]fln(t) = 1, it follows that

they are uniquely determined. On the other hand, from the characterization of the MLE in

A

(2.4), Hy(t) < 1if and only if t € {a1, -, amn},m < n the set of knots or equivalently the

set of jump points of gﬁf‘l). This implies that the derivative

- 1o k(t — X)E2(—t + kX))
H (1) =~ L 2 t>0
( ) n ]Z:; tk+lgn(Xj)
is equal to 0 at a, for r = 1,---,m. The derivative I;T;L can be rewritten as
n k—2
ﬁ/ _ l k(t — X(j))+ (—t + kX(])) _ l 1 Qn(t)
n n = tk—l—lgn(X(j)) n th+2
where
Qn(t) = Z /\j(t — X(j))ﬁ__z(—t + ]{IX(]))
j=1
with
k
A= ——.
T (X))

Note that the first support point a; has to be strictly larger than X(j). Indeed, a; < X(y)
implies that H,(a;) = 0 and this is impossible since H,(a;) = 1.

Now let £ = 3. In the following, we are going to show that a, > X for all r €
{1,---,m}. The assertion is true for r = 1. If m = 1, there is nothing else to be proved.
Now we assume that m > 1 and that the claim is true for all 1 < r < m — 1. Suppose that

it is not true for r 4+ 1. This implies that
Xy <ar <ary1 < Xgpgny-

Since ﬁn takes the value 1 at both points a, and a,41, it follows by the mean value theorem
that the derivative ]fI;L has another zero between a, and a,yi. Therefore, @, has three

different zeros in [X(,y, X(r41)). But note that on this interval, @, is given by

Qu(t) = D Aj(t = X)) (—t + kX))
j=1
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and therefore, @, is a polynomial of degree 2. The latter implies that Q,, = 0 on [X(,y, X(,41)),

which is impossible. We conclude that

ar > X (2.6)
for all r € {1,---,m}.
Now, let p1,---,pm be the masses corresponding to the support points ay, - -, a,,. For
j=1,---,n, we have
R " k(ar — X()%
In(X(5)) = Zprra—g(j)- (2.7)
r=1 r

Suppose that {q1,- -, ¢n} is another set of masses that satisfy the same system in (2.7). If

we denote (3, = p, — ¢, then we have for all j € {1,--- ,n}

m

Zﬁr(ar - X(j))?i- = 0. (2'8)

r=1
To prove that 8, = 0 for 7 = 1,---,m, we need to prove first that a,, > X, (this is true
for all £ > 2). We have

k k
as ay,
- TS Zm
plal1€ pma]rgn
I /a1 k(al o )k—l P am k(am _w)k—l
B e A eI N IRRNED L 2 A e M
&l T o en@ & T amen@

where in the last equality, we used Lemma 2.2.4. But using the chain rule, we can rewrite
the right side of this equality as

p1 “ k(ay — x)k! W ko, — x)F!

Pm
A A NE I
1 n m n
o k(a; —x)F ! k(ay, — x)k_1> 1
— G St 2 I _ dG,,
T e e Frr Lt
a2 k(ag — x)F! k(am, — x)k_1> 1
+ Y 4 G, (x
[ ) @

am _ k-1
4 / p P =7 1y ()
Am—1
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) [T e L )
= ) gm)dG"”*/al Gula) o T +l7,ngn<x>dG"<)

It follows that G(an,) = 1 and hence an, > X(,). But a, # X, because otherwise
gn(X(n)) = 0 and l;, = —oo. Therefore, a,, > X(,). However, a,, is the only support point
that is bigger than X(,). In fact, if there exists another support point aj, j < m such that
X(n) < aj < ap, then the nontrivial polynomial @, of degree 2 would have three different
zeros in [X(,),00) (here, we assume that m > 2). By plugging j = n in (2.8), we obtain

that G,, = 0 and therefore
Bi(ar — X(j))%r + -+ Bmet(am—1 — X(j))%r =0 (2.9)

for all 1 < j < n—1. Now, let jo = max{l < j < n-—1: Xy € am-1 < X(j+1)}.
By the same reasoning as before, a,,_1 is the only support point in [X(jo),X(jOH)). By
plugging j = jo in (2.9), we obtain that 3,,—1 = 0. Using induction,we show that 3, = 0

for 1 <r < m — 2 and uniqueness of the masses follows. |

2.2.8 The Least Squares estimator of a k-monotone density

The least squares criterion is

Qo) =3 | P [ ga)ae,). (2.10)

We want to minimize this over g € Dy N La(A), the subset of square integrable k—monotone
functions. Instead we will actually solve the somewhat easier optimization problem of
minimizing @, (g) over My, N La(A) and show that even though the resulting estimator does
not necessarily have total mass one it consistently estimates g9 € Dy. Using arguments
similar to those in the proof of Theorem 1 in WiLLIAMSON (1956), one can show that g € My,

if and only if
> k-1
ola) = [ (=) aut
for a positive measure p on (0,00). Thus we can rewrite the criterion in terms of the

corresponding measures p: note that

/0°° g (x)de = /OOO /Ooo(t — z)k L du(t) /Ooo(t/ )Nt de
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_ /0 h /O " )t dpt)

where

o0 1754
rk(t,t’) = / (t— fﬂ)]j__l(t' _ l‘)ﬁ__ldzn _ / (t— m)k_l(t’ o l‘)k_ld:n,
0 0

and
/O 9(@)dGy () = /O /0 (t - A du(t)dG ()
-/ %;@—Xi)’rldu(t)z | snsttrdnte.

Hence it follows that, with g = g,

5 [ e tdun) ~ [ sasodut) = 060

Now we want to minimize ® over the set X’ of all non-negative measures y on R*. Since ®
is convex and can be restricted to a subset C of X on which it is lower semicontinuous, a

solution exists and is unique.

Proposition 2.2.1 The problem of minimizing ®(u) over all non-negative measures i has

a unique solution fi.

Proof. Existence follows from ZEDLER (1985), Theorem 38.B, page 152. Here we verify
the hypotheses of that theorem.
We identity X of Zeidler’s theorem with the space X' of nonnegative measures on [0, 00),

and we show that we can take M of Zeidler’s theorem to be
C={peX: ultoo)<Dt~*=1/2

for some constant D < oo.
First, we can, without loss, restrict the minimization to the space of non-negative mea-
sures on [X(j),00) where X(;) > 0 is the first order statistic of the data. To see this, note

that we can decompose any measure y as p = i1 + pi2 where p is concentrated on [0, X))



20

and pg is concentrated on [X (), 00). Since the second term of ® is zero for 1, the contri-
bution of the py component to ®(u) is always non-negative, so we make inf ®(u) no larger
by restricting to measures on [X(y), 00).

We can restrict further to measures p with [j* th=1du(t) < D for some finite D = D,,,.
To show this, we first give a lower bound for r(s,t).

For s,t >ty > 0 we have

1— e v)t
(s, t) > (‘237]{:)05’“—115’“—1 (2.11)

where vy =~ 1.59. To prove (2.11) we will use the inequality
1—v/k)t>e®  0<v<wy, k>2. (2.12)

(This inequality holds by straightforward computation; see HALL AND WELLNER (1979),

especially their Proposition 2.) Thus we compute
(o]
ri(s,t) = / (s — x)]_fl(t — x)]fr_l dx

0 [o.¢]

= sk_ltk_l/ (1—z/s)k (1 —z/t)f  da

0

L w1k /OO( y k-l y k1

= sl 1-2) (-4
P ) sk) 4 ) W

(tAs)
> lsk—ltk—l /UO ° e—y/se—y/tdy
k 0

1 Uo(t/\s)
= _sk_ltk_l/ e~ Ydy, c=1/s+1/t
0

k
A
= ls’l‘t_ltk_ll/v()( S)ce_cyd%
k’ CcJo
1 1
= Esk_ltk_lz (1 —exp(—c(t A s)vg))
1, .41
> RIS (1 - exp(—ug))
since
t +s)/t, s<t
(s nt)= s nt) = (t+s)/ >1
t (t+s)/s, s>t
But we also have
1 1 st

1 1
c (/) + /) s+t-2° =Rk
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for s,t > tp, so we conclude that (2.11) holds.

From the inequality (2.11) we conclude that for measures y concentrated on [X ), 00)

// ri(s, t)du(s)du(t) > (- e_:)X(l) (/000 tk_ld,u(t)>2 .

On the other hand,
/ snk(t)du(t) < / () .
0 0

Combining these two inequalities it follows that for any measure ;1 concentrated on [X 1y, c0)

we have

we have

o) = 5 [ [ et sdutints) = [ snutauts

> 1‘4—13"‘*)( 7 >)2— |t

2
= Amj_, —mp_1.

This lower bound is strictly positive if

4k

mp1>1/A= ————.
! / (1 — G_UO)X(l)

But for such measures 1 we can make ® smaller by taking the zero measure. Thus we may

restrict the minimization problem to the collection of measures p satisfying
mi—1 < 1/A. (2.13)

Now we decompose any measure p on [X(3),00) as p = 1 + pg where pp is concentrated

on [X(), M X(,)] and pg is concentrated on (M X(,),00) for some (large) M > 0. Then it

o) > 5 [[ e s)dueauns) - / £ dp()

1 - 6”0 MX(n)
= 4k
= Bu(MX,),)*—1/A>0

follows that

(MX () (M X, 00)% — 1/A

if
r 4k 4k
AB (1- e‘”O)X(l) (1-— e—vo)(MX(n))Qk—l ’
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and hence we can restrict to measures p with

4k 1
(M X (), 00) < 1/2 v k—1)2 N k—1/2
(1—e) X |y X, M

for every M > 1. But this implies that p satisfies

/ t*=3/44u(t) < D
0

for some 0 < D = D, < 0o, and this implies that t*~! is uniformly integrable over u € C.

Alternatively, for A > 1 we have

/ tFldut) = MNTu(n, 00) 4 (k — 1)/ s¥72 (s, 00)ds
t>A A
K o

k—1 k—2 —(k—1/2

= KXNY24 (k- I)K/ s732ds
A

< KXTY2 4 (k—1)2KAY2

— 0 as A — oo

uniformly in p € C.

This implies that for {u,,} C C satisfying pu,, = o we have

(@) o
timsup [ ()i () < [ sas®duolt).
0 0
and hence ® is lower-semicontinuous on C:

lim inf @ (p,,) > P (o) -

m—00

Since ® is lower semi-compact (i.e. the sets C, = {u € C: ®(u) < r} are compact for
r € R), the existence of a minimum follows from ZEIDLER (1985), Theorem 38.B, page 152.

Uniqueness follows from the strict convexity of ®. |

In the following, we give a characterization of the least squares estimator.

Proposition 2.2.2 Define Y,, and H, respectively by

z  plp—1 to
Yn(ac) = /0 /0 s . Gn(tl)dtldtg te dtk_l, xr > 0,
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and

N x tr to
Hn(w) = /0 /0 /0 gn(tl)dtldtg'”dtk, xr > 0.

Then gy, is the LS estimator over My N Lo(X\) if and only if the following conditions are
satisfied for Gn and H,:

and (2.14)

Remark 2.2.3 Note that Y,, and ﬁn can be written in the more compact form

T (e k—1
(o) = [ e

and

T (g k—1
i) = [

Proof. Let g, € MpNLy(\) satisfy (2.14), and let g be an arbitrary function in MNLa(N).
Then

Quls) = Qulan) = 5 [ @~ 5 [ G~ [ g()dG(0) + [ gu(0)dC, (o).

Now, using integration by parts

/ooo(g(w) = gn(2))dGn ()
_ /O T Gn(@)(d' (@) - §,(2))de

- [ ( [ Gn<y>dy) (¢"(2) - §l(x))d

= (-1 /Ow Yo () (dg* D (2) — dg—V (2)),
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and
/0 (@) - P (@)de
- /f( (2) + 50 (2)(9(z) — ()

f—/ ([ stwars [ aorin) oe) - s

= 0 [ Gl + g ) — )
where Gy is the k-th order integral of g. Hence,
(o)~ Qul@) = 3" [T (Gulo) + @) (g (o) - dgi ) (2)
— (D" /00 Yo (2)(dg* M () — dgf Y (x)
0
= S0 [ (Gule) - Bale)) (g ) - gl ()
0
(0 [ ) = V@) g @) i @)
> (0 [ @) - V@) gD ) — a0,
0
To see that, we notice (using integration by parts) that

k B 0
(~1)* / (Gul) — Ho(2)) (dg® V() — dgl () = / (9(2) — Gun(2))%dr.
0 0

But condition (2.14) implies that

Therefore,

Qu(g) — Quldn) > /0 " (H (@) — Yala)) (~D)Fdg® D () > 0,

since H, > Y, and (=1)F"2dg®*=Y(z) = (=1)kdg* D (x) > 0 because (—1)¥2g=2) is

convex.

Conversely, take g, € My, to be
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We have:
lim @nln T€90) =Qu(gn) _ [Tt (e
El_r% € o /0 (k—l)! gn( ) /0 (k—l)! n( )

Using integration by parts, we obtain

0 < lim Qn(gn + eg:c) - Qn(gn)

e—0 €

= H,(z) — Yn(z).

Finally, since g, maximizes @, it follows that

_ im Qn((1+€)§n)_Qn(§n): OONQx — OO~ " .
0 =1 /0 G (x)d /0 5 ()G ()

e—0 €

= [ @) ~ V@)D gV ),
0
which holds if and only if the equality in (2.14) holds. |

In order to prove that the LSE is a spline of degree k — 1, we need the following result.

Lemma 2.2.6 Let [a,b] C (0,00) and let g be a nonnegative and nonincreasing function on

[a,b]. For any polynomial Px_1 of degree < k —1 on [a,b], if the function
t
At) = / (t — s)*Yg(s)ds — Py_1(s), t€ [a,b]
0

admits infinitely many zeros in [a,b], then there exists toy € [a,b] such that g = 0 on [tg, D]

and g > 0 on [a,tg) if to > a.

Proof. By applying the mean value theorem k times, it follows that (k—1)!g = A®) admits
infinitely many zeros in [a, b]. But since g is assumed to be nonnegative and nonincreasing,
this implies that if ¢¢ is the smallest zero of g in [a, b], then g = 0 on [to,b]. By definition of

to, g > 0 on [a,tg) if tg > a. [ ]

Remark 2.2.4 In the previous lemma, the assumption that A has infinitely many zeros
can be weakened. Indeed, we obtain the same conclusion if we assume that A has k + 1

distinct zeros in [a,b].
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Now, we will use the characterization of the LSE g, together with the previous lemma
to show that it is a finite mixture of Beta(l,k)’s. We know from Proposition 2.14 that g,
is the LSE if and only if

a(t) > Yalt), fort >0, (2.15)
and
/0 b (1)~ Ya(t)) dg=D (1) = 0 (2.16)
where
0 = [ g
and

t(p_ g)k-1
w0 = | (t(k%l)!d@n(t)-

The condition in (2.16) implies that H, and Y, have to be equal at any point of in-
crease of the monotone function (—1)*~1 gﬁf‘l). Therefore, the set of points of increase
of (—1)F1 gﬁf‘l) is included in the set of zeros of the function A,, = H,, — Y,,. Now, note

that Y,, can be given by the explicit expression:

1 1¢ k—1

In other words, Y, is a spline of degree k — 1 with simple knots X(j),---, X(,). Note also
that the function (—1)*! gﬁ,’“‘l) cannot have a positive density with respect to Lebesgue
measure A. Indeed, if we assume otherwise, then we can find 0 < j < n and an interval
I C (X(j), X(j+1)) (with Xy = 0 and X(,,41) = 00) such that I has a nonempty interior,
and H,, =Y, on I. This implies that ﬁ,(f) = Y%k) = 0, since Y,, is a polynomial of degree
k —1 on I, and hence g, = 0 on I. But the latter is impossible since it was assumed that

(_1)k—1~(’f—1)

Jn was strictly increasing on I. Thus the monotone function (—1)F! gﬁf‘l)

can
have only two components: discrete and singular. In the following theorem, we will prove

that it is actually discrete with finitely many points of jump.



27

Proposition 2.2.3 There exists m € N\{0}, a1,--+,am and w1, -, Wy, such that for all
x >0, the LSE g, is given by
k(a; — ZL')]_T__l k(an, — x)ﬁ_l

g'ﬂ(’l") = wq ~k +"'+1Dm ~L —. (2.17)

Proof. We need to consider two cases:

(i) The number of zeros of A,, = H,, — Y,, is finite. This implies by (2.16) that the number
of points of increase of (—1)¥~! f]ﬁlk_l) is also finite. Therefore, (—1)*! f]ﬁlk_l) is discrete with

finitely many jumps and hence g, is of the form given in (2.17).

(ii) Now, suppose that A,, has infinitely many zeros. Let j be the smallest integer in
{0,--+,n — 1} such that [X;), X(j11)] contains infinitely many zeros of A, (with Xy =0
and X(,41) = 00). By Lemma 2.2.6, if ¢; is the smallest zero of g, in [X(;), X(j41)], then
gn = 0 on [t;, X(j4n) and g, > 0 on [X(;),t;) if t; > X(;). Note that from the proof
of Proposition 2.2.1, we know that the minimizing measure [i,, does not put any mass on
(0, X(l)], and hence the integer j has to be strictly greater than 0.

Now, by definition of j, A,, has finitely many zeros to the left of X (j)» which implies that
(—1)k—1 §,(Lk_1) has finitely many points of increase in (0, X(;)). We also know that g, =0 on
[tj,00). Thus we only need to show that the number of points of increase of (—1)*~1 g,(f‘”
in [X(;),t;) is finite, when ¢; > X ;). This can be argued as follows: Consider z; to be the
smallest zero of A,, in [X () X(j+1))- If 27 > t;, then we cannot possibly have any point of
increase of (—1)F~1 g,(f‘” in [X(;), ;) because it would imply that we have a zero of A, that
is strictly smaller than z;. If z; < t;, then for the same reason, (—1)k_1§£k_1) has no point of
increase in [X(;), 2;). Finally, (—1)k=t §,(Lk_1) cannot have infinitely many points of increase
in [2;,t;) because that would imply that A,, has infinitely zeros in (zj,tj), and hence by
Lemma 2.2.6, we can find ¢} € (z;,;) such that g, = 0 on [t,#;]. But this impossible since

gn > 0 on [X(j),tj). n

2.8 Consistency of the estimators

In this section, we will prove that both the MLE and LSE are strongly consistent. Further-

more, we will show that this consistency is uniform on intervals of the form [¢, 00), where
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c> 0.

2.3.1 The Mazimum Likelihood estimator

The following lemma establishes a useful bound for k-monotone densities.

Lemma 2.3.1 If g is a k-monotone density function then

g(x) < % (1 - %)H

for all x > 0.

Proof. We have

sw) = [ h y—i<y _oplar(y) = L / TR Teapy)

T Y Y
1 k Lk
< — sup il <1 - £> =— sup u(l—u)*!
T p<y<oo Y ) T 0<u<l
B ) 1\ k-1
oz k

since, with gx(u) = u(1 —u
Golw) = (1= ) — ulk — 1)(1 — )" = (1 — w)*"2(1 - ku)

which equals zero if v = 1/k and this yields a maximum. (Note that when k = 2, this
bound equals 1/(2z) which agrees with the bound given by JONGBLOED (1995), page 117 in
this case.) [ |

Proposition 2.3.1 Let gg be a k-monotone density on (0,00) and fix ¢ > 0. Then

sup |§n(l‘) - 90(1')| —a.s. 0, as mn — oQ.
r>c
Proof. Let Fj be the mixing distribution function associated with go. Then for all > 0,

we have

[%S) — k—1
go(x) = /0 %d}%(t)
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Now, let Yi,---,Y,, be iid. from Fy. Taking m = n, let F,, be the corresponding

empirical distribution and g,, the mixed density

o k(t — z)k!
gn(x):/ (tifhdl?n(t), x> 0.
0

Let d > 0. Using integration by parts, we have for all x > d

|gn () — go(z)]

00 _xk—l
[ - m)w

DV — V2 b1 (g — )kl
/k(k 1)tk (¢ )t% kth=1(t — x) (Fn—Fo)(t)dt‘

> o (t—x)k? o (t—a)h?
00 (t _ d)k—2 5 /oo (t _ d)k—2
< k——F—dt + k ———F—dt ) ||F,, — Follo
< ([ —ae [T ) iw - m)
00 _ \k—2
< ([T a) IR - Rl

= Cq [[Fn = Folloo-
By the Glivenko-Cantelli theorem, the sequence of k-monotone densities (gy,),, satisfies

sSup |gn(l‘) - 90(1')| —a.s. 0, as mn — oQ.
z€[d,00)

Since the MLE §,, maximizes the criterion function over the class My N Ly (\), we have

1{% % (VY ((1 = €)gn + €gn) — ¥Yn(dn)) <0,

and this is equivalent to

* gn(z)
/0 Il (@) < 1. (2.1)

Let F), denote again the MLE of the mixing distribution. By the Helly-Bray theorem, there
exists a subsequence {Fl} that converges weakly to some distribution function F' and hence
for all x > 0

g(x) — g(x), as | — oo,

where

o) = [ Earo, s
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The previous convergence is uniform on intervals of the form [d,c0), d > 0. This follows
since §; and g are monotone and ¢ is continuous.

Much of the following is along the lines of JoNcBLOED (1995), pages 117-119, and
GROENEBOOM, JONGBLOED, AND WELLNER (2001B), pages 1674-1675. We are going to show
that ¢ and the true density gg have to be the same. For 0 < a < 1 define n, = Ggl(l — ).
Fix € so small that € < 7. By (2.1) there is a number D, > 0 such that §;(1/¢) > D, for
sufficiently large [. To see this, note that (2.1) implies that

= aix) € I
= /o Ql(@dGl(gj) - / Ql(ﬂc)dGl(gj) - 91(ne) / ad

and hence
lim inf gi(77e) = limlinf/ 91(2)dGy(z) = / go(z)dGo(z) >0,
Ne Ne
by the choice of 7 and hence we can certainly take D, = fnio go(x)dGo(z)/2.

Hence, by continuity of g; and the bound in Lemma 3.4

1 k—1 _ (3
k) o 91(2)

IS

(1-

IN

1 1 k—1 (%
21— = =
Lok

b (2) < =
ai(z) < ’ o

g1/ g1 is uniformly bounded on the interval [e,7¢]. That is, there exist two constants ¢, and

. such that for all = € [e, ]

e < 8@ o
Gi(z)
In fact,
1
g1(x) < Am(e) < € ek,
gi(x) ~ qi(ne) D
while
gz(l‘) > gf(ne) > 90(7716)/2
Gi(x) = aie) ey

using the (uniform) convergence of g; to go. Therefore
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uniformly on [e, n]. For sufficiently large [, we have using (2.1)
Ne Te
go(x) / <gz(96) >
— dG;(z) < - +€)dG)(z) <1+e.
[ e [ (5 )

But since G; converges weakly to G the distribution function of gg and go/g is continuous

and bounded on [e, 7], we conclude that

MNe 90 (.CC)
/ ooy 10l S e

Now, by Lebesgue’s monotone convergence theorem, we conclude that

/oo 90 460 (a) < 1,
0

g(z)

which is equivalent to

> g5 ()
/0 TR (2.2)

Define 7 = [ §(«)dz. Then h =771§ is a k-monotone density. By (2.2), we have that

@), [T,
/0 ft(x)dx_/o (@) =T

g(z)

Now consider the function

 [* g .
Ko = [ o)

defined on the class C4 of all continuous densities g on [0, 00). Minimizing K is equivalent

1 (5 o) o

It is easy to see that the integrand is minimized pointwise by taking g(z) = go(x). Hence

to minimizing

~

infc, K(g) > 1. In particular, K (h) > 1 which implies that 7 = 1. Now, if g # go at a point
x, it follows that g # go on an interval of positive length. Hence, go # g = K(g) > 1. We
conclude that we have necessarily h = § = go.

We have proved that from each subsequence of §,, we can extract a further subsequence
that converges to gg almost surely. The convergence is again uniform on intervals of the

form [c,00), ¢ > 0 by monotonicity of g, and g and continuity of go. |
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Corollary 2.3.1 Letc>0. Forj=1,---,k—2,
sup 19 (w) = g5 (@)] —a.. 0 as n— oo,
z€[e,00)

and for each x > 0 at which go is k — 1-times differentiable,

N k—
BV @) —as g0 (@)
Proof. This follows along the lines of the proof in JoNGBLOED (1995), page 119, and

GROENEBOOM, JONGBLOED, AND WELLNER (2001B), Lemma 3.1, page 1675. |

2.8.2 The Least Squares estimator

We also have strong and uniform consistency of the LSE § on intervals of the form [¢, c0), ¢ >

0.

Proposition 2.3.2 Fiz ¢ > 0 and suppose that the true k-monotone density gg satisfies
I x712dGy(x) < oo. Then

Sl;p |§n(l‘) - g(](l‘)| —as 0, as n — oo.
x

Proof. The main difficulty here is that we don’t know whether the LSE g, is a genuine
density; i.e. g, € Mj but not necessarily g, € Dy. But if only one knew that g, stays
bounded in some sense with high probability, the proof of consistency will be much like the
one used for k = 2; i.e., consistency of the LSE of a convex and decreasing density (see
GROENEBOOM, JONGBLOED, AND WELLNER (2001B)). The proof for k& = 2 is based on the
very important fact that the LSE is a density, which helps in showing that g, at the last
jump point 7, € [0,4] of g/, for a fixed § > 0 is uniformly bounded. The proof would have

been similar if we only knew that

/OO gn(z)dz = Op(1).
0
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Here we will first show that fooo G2d\ = O(1) almost surely. From the last display in the
proof of Proposition 2.2.2

/ " P (@) = / " Gn(2)dGo(2)

1//000 g2 (z)dx = /OOO U (2)dGy (), (2.3)

where @, = gn/||gn||2 satisfies ||, |2 = 1. Take Fj, to be the class of functions

Fi = {g € Mk,/ grd)\ = 1}.
0

In the following, we show that Fj, has an envelope G € L1(Gy).

and hence

Note that for g € F; we have

1 :/ g2d\ 2/ gd\ > zg*(x),
0 0

since ¢ is decreasing. Therefore

9(z) < — = G(z)

5=

for all x > 0 and g € Fy; i.e. G is an envelope for the class Fi. Since G € L1(Gy) (by our

hypothesis) it follows from the strong law that

/OOO Un(2)dGn(z) < /0 " G(#)dG(z) —a /0 T G@)dGo(x), as n— oo

and hence by (2.3) the integral fooo G2d)\ is bounded (almost surely) by some constant Mj.

Now we are ready to complete the proof. Most of the following arguments are similar to
those of proof of consistency of the LSE when k = 2 as given in GROENEBOOM, JONGBLOED,
AND WELLNER (2001B).

Let 0 > 0 and 7,, be the last jump point of gﬁf‘l) if there are jump points in the interval

(0, 6], otherwise we take 7,, to be 0. To show that the sequence (g,(7,)), stays bounded,

n

we consider two cases:
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1. 7, > 0/2. Let n be large enough so that fooo G2d\ < Mj,. We have

IA

Gn(Tn)

5/2
3 (5/2) < (2/6)(5/2)3n (6/2) < (2/9) /0 () de

IN

6/2 ()
(2/0)\/5]2 /0 32 (x)dx < \/2/0 /0 52 (x)da

= /2M/s. (2.4)

N /j@%(w)dw

V6 /000 G2 (z)dx = /6 Mj,.

2. 1, < 6/2. We have

IN

/Tj gn(x)dx

IA

Using the fact that g, is a polynomial of degree k — 1 on the interval [r,,, ] we have

6
VoM > /gn(w)da?

= G )6 )~ O 5y

v
—~~
(o9
|
S5
N—
N
Q

3
—
>,
N~—
+
|
—
|
—_
SN—
Q
=
—~
(o9
SN—
—
>,
S
SN—

vV
N}
3
—~
3
N—

and hence

Gn(Tn) < 2kr/ My /6.

Therefore, combining the obtained bounds, we have for large n

f]n(Tn) < QkJ\/Mk/(S = C}. (2.5)
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Now, since §,(9) < gn(7s), the sequence g, (z) is uniformly bounded almost surely for
all z > §. Using a Cantor diagonalization argument, we can find a subsequence {n;} so

that, for each = > 4, gp, () — g(z), as | — co. By Fatou’s lemma, we have

[e.e]

/(Soo(g(:z:) — go(z))?dz < liminf (Gn, () — go(z))?dz. (2.6)

l—o00 5
On the other hand, the function g,, + €go is a square integrable k-monotone function for all

€ > 0. Therefore, from the characterization of g, it follows that

/0 " (G (@) — 90(@)) (G () — Gy () < 0.

Thus we can write

/6 " (G (@) — go(a))2da

| Gt

0

- /0 (G () — go())d(Giny () — Golx))

= [ @)~ ()G (@) ~ G + [ Gun0) — 90 (@) (0) — Cifa)
0 0

< / (G0 (2) — 90(2))d(Gy (&) — Go(2)) —as. O, (27)
0

8

IN

go(x))?dx

as [ — oo. The last convergence is justified as follows: since fooo ggl dA is bounded almost
surely, we can find a constant C' > 0 such that §,, — go admits G(z) = C/\/z,z > 0, as an
envelope. Since G € L1(Go) by hypothesis and since the class of functions {(g — g0)1ljg<m
g € My N La(N)} is a Glivenko-Cantelli class for every M > 0 (each element is a difference

of two bounded monotone functions) (2.7) holds. From (2.6), we conclude that

/ " (§z) — gola))?dx <0,

and therefore, § = go on (0,00) since § > 0 can be chosen arbitrarily small. We have
proved that there exists Qg with P(Qg) = 1 and such that for each w € €y and any given
subsequence gy, (-,w), we can extract a further subsequence gy, (-,w) that converges to go

n (0,00). It follows that g, converges to gg on (0,00), and this convergence is uniform on

intervals of the form [¢,00), ¢ > 0 by the monotonicity and continuity of gg. |
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Corollary 2.3.2 Let ¢ > 0. Under the assumption of Proposition 2.3.2, we have for j =
1, k—2,

sup ’91(1])(%) - géj)(x)\ —as 0, as n— oo,
z€[e,00)

and for each x > 0 at which go is k — 1-times differentiable,
BV @) —as g0 @)

Proof. See the proof of Corollary 2.3.1. |

2.4 Asymptotic minimax lower bounds

In this section we derive asymptotic minimax lower bounds for the behavior of any estimator
of a k—monotone density g and its first £ — 1 derivatives at a point zy for which the
k—th derivative exists and is non-zero. The proof will rely upon the basic Lemma 4.1 of
GROENEBOOM (1996); see also JONGBLOED (2000). This basic method seems to go back to
DoNoHO AND L1u (1987) and DoNOHO AND Liu (1991)). As before, let Dy denote the class of
k—monotone densities on [0, 00). Here is the notation we will need. Consider estimation of
the j—th derivative of g € Dy, at x for j € {0,1,...,k—1}. If T,, is an arbitrary estimator of
the real-valued functional T of g, then the (L;—)minimax risk based on a sample X1,..., X,

of size n from g which is known to be in a suitable subset Dy ,, of Dy, is defined by

MMR;(n,T,Dy,,,) = inf sup E,|T, —Tg|.
n gEDk,n

Here the infimum ranges over all possible measurable functions ¢, : R — R, and 1, =
tn(X1,...,Xn). When the subclasses Dy, ,, are taken to be shrinking to one fixed gy € Dy,
the minimax risk is called local at gg. The shrinking classes (parametrized by 7 > 0) used

here are Hellinger balls centered at gg:

Dy = {9 € Dy H*(g9,90) = %/OOO(\/ 9(z) — Vgo(z))*dx < T/n},

The behavior, for n — oo of such a local minimax risk MM Ry will depend on n (rate of
convergence to zero) and the density go toward which the subclasses shrink. The following

lemma is the basic tool for proving such a lower bound.
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Lemma 2.4.1 Assume that there exists some subset {g : € > 0} of densities in Dy, such

that, as € | 0,
H?(ge,90) < €(1+0(1)) and |Tge —Tgo| > (ce)" (1 + o(1))
for some ¢ >0 and r > 0. Then

1 r
supliminf n" MM R (n, T, Dy) > 1 (ﬁ)

>0 N 2e

Proof. See JONGBLOED (1995) and JONGBLOED (2000). |

Here is the main result of this section:

Proposition 2.4.1 Let g9 € Dy and xg be a fized point in (0,00) such that gg is k times

differentiable at x¢ (k > 2). An asymptotic lower bound for the local minimaz risk of any

estimator Tw- for estimating the functional T;gy = géj )(aco), s given by:

k—j .
su% lim infn_)oon%ﬁl MMR(n,T;, Dy pr) > {]g(()k) (mo)]2]+1go(aco)k_]
T>

1/(2k+1)
} dy.j,

where dy, ; >0, j €{0,...,k—1}. Here

p 1 <4 k—j _1> 2k1;rj1 /\](51

== e _
k,j 4 2k +1 ()\k 2) Qkkjrjl
where

2 2 2 INDE
Ao = 24(k+1)( k;;j}(ﬁ;' ) ((2(k+ 1)) . when k is cven
(4k + T)!((k — 1)1)2 ((k/§_1)>

and

(20k + D))’
(45 + D2 ((550))

and, with r(z) = (1 — 22)* (1 + ) for =1 <z <1 and Cy; = rY9)(0),

when k is odd

Apo = 2152 9k 4 3)(k + 2)

Ch,;j
TRil o 0<j<k-—1.
Ch.k

)

W)=
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Proof. Let p be a positive number and consider the function g, defined by:

gu(x) = 90(1') + S(/")(x(] +p— x)k+1($ — o+ M)k+21[mo—u,xo+u] (l‘), T € (Oa OO)
where s(1) is a scale to be determined later. We denote the unscaled perturbation function
by g.; i.e.,
Gu(@) = (w0 + p = 2)" @ — o + 1) 1y agr (2).

If u is chosen small enough so that the true density go is k-times differentiable on [xg —

W, xo + p] and gék) is continuous on the latter interval, the perturbed function g, is also

k-times differentiable on [xg — p, 29 + p] with a continuous k-th derivative. Now, let r be

the function defined on (0, c0) by
r(z) = (1—2)" 1+ 2)"21 gy(2) = (1 - 21+ )1 gy (2).

Then, we can write g, as

gu(x) = p 3y <m> :

i
Then for 0 < j <k
g7 (@0) = g (w0) = s(u)”*+57r ) (0).
The scale s(u) should be chosen so that for all 0 < j <k
(—1)3'9,9)@;) >0, for z€xg— p,zo+ p.
But for p small enough, the sign of (—1)jg,(f) will be that of (—1)jgéj)(a;0). For j =k,
90 (20) = g (o) + s ()" 2P (0).

Assume that r#)(0) # 0. Set

Then for 0 <j<k-—1

9P (w) = g5

= g (w0) + o), as p\0
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and so we can choose p small enough so that (—l)jgff)(xo) >0. For j =k
(=1)*gif (o) = 2(=1)"g5” (w0) > 0.

To show that r(j)(O) #0 for 0 < j <k, we define
Tnm = ((1 - x2)n)(m)
=0

Let m > 2 and 2n > m. We have
((1 _ x2)n)(m) _ (((1 . 1_2)”)/) (m—1)
= (—2nac(1 — :cz)"_l)(m_l)
= 2 (m (- xz)n—l)(m—l) +(m—1)((1- xz)n_1)(m—2))

where in the last equality, we used Leibniz’s formula for the derivatives of a product; see

e.g. AposToL (1957), page 99. Evaluating the last expression at = = 0 yields

Tpm = —2n(m — 1)xp_1 m—2.
If m is even, we obtain
m/2—1 m/2—1
Tpm = (_Q)m/Z H (’I’L — Z) X H (m — 21— 1) X Tp—m/2,0

i=0 i=0

m/2—1 m/2—1

= (2™ J] m—i)x J] (m—-2i—1)

i=0 i=0

since Ty, _y, /2,0 = 1. Similarly, when m is odd, we have

(m—1)/2—1 (m—1)/2—1
Tnm = (_2)(m—1)/2 H (’I’L - Z) X H (m — 21— 1) X Tp—(m—1)/2,1
=0 =0

= 0,

since Ty, _(—1)/2,1 = 0. Now, we have for 1 < j <k
. ()
ri(z) = ((1 — )M (1 4 IL‘)) !

= @ (a-a2)”

i <(1 _ $2)k+1)(j_1)
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and hence
€]

=0 +7J ((1 _ $2)k+1)(j—1) |

z=0

o) = (-2

Therefore, when j is even, the second term vanishes and

j/2-1 /21
rO0) = (=2)2 T k+1-di)x J] G-2i-1) #0.

When j is odd, the first term vanishes and

, ! (-1)/2-1
rPo) = (=202 I G+1-i)xjix [ (G-2-2
=0 1=0
 G-p/e (=1)/2
= (2U 2 I G+1-9x J] G—2i)#o0.
=0 =0

We denote
r0) = Cy, for 1<j<k—1

and r(*)(0) = C, which specializes to

. { (RPN + 1 — i) < I3 (k=20 —1),  if ks even
k pr—

(—=2) k=02 [TE D2 11— a) s [T (k — 24), if & is odd.

(2
The previous expressions can be given in a more compact form. After some algebra, we find

that

. { 25 (~DF2(k + 1)(k — 1)1, %), if ks even
k =

(_1)(k—1)/2]€!((k’“_4i)1/2)7 if k is odd.

We have for 0 < 5 <k —1,

1T)(02) — Ty(a0)| = | (w0) — o (w0)| = '—ﬂyé“( 0

uk )= )\](ﬁ ‘g(() )(xo)‘uk J
where we defined )\k 1= |C’k]/C’k| for j € {0, .. — 1}. Furthermore

[t 90(@)*
0 go(z)
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E 2
(98 )(360)) /:vo-l-u (0 + pt — 2) 26D (2 — 39 + p)20k+2)

—_— dx
/L2(k+3)(ok)2 To— go(l‘)
(k) 2
_ <% @w) /“Uﬂ—yaﬂ“”@+ufd
o2k (Cp)2 ), go(zo +y) Y
< (k)(az ))2 1 2\2(k+1) 2
_ 9o o " M4(k+1)+3/ (1-29) (z+1) "
p2kF3) (Cy )2 1 go(mo + p2)
(k) 2
(o) [ 2
(C)? 1 go(zo + pz) :

) y)
(60) e e L,
D (G p e

as p \, 0. This gives control of the Hellinger distance as well in view of JONGBLOED (2000),

Lemma 2, page 282, or JONGBLOED (1995), Corollary 3.2, pages 30 and 31. We set

L f_11(1 . Z2)2(k+1)(z + 1)2dz
2 (Cr)? '

The constants Aj 2 can be given more explicitly using the formula

' (n+ 1! i)
Iy = 1 — 22\ 2Py — 92n+1" n+1
=, e = G ey

for any integers n and p, using the convention

ntp\ _ (2n+p)+1Y
n+1) U 2(n+1) )
when p = 0. We have,

/1 (1-— m2)2(k+1)(1‘ + 1)2dm =S /1

1
(1 o 1’2)2(k+1)$2dl’ _|_/ (1 . $2)2(k+1)dl‘,
1 -1

-1

since

and hence

1
/ (=P 12 = 2z + B
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giirs 20k + D)2k +3)! Gily) 295 ((2(k + 1))

(4k +6)! (fiig) (4k + 5)!

o4k-+5 ((2(k + 1))1? <2(2k +3)
(4% +6)! A +7

+ (4k + 6))

(4k +7)!

odk-+5 ((2(k + 1)1
4k + 7).

_ 24k+5w((4k+6)+(4k+6)(4k+7))
2

(4k + 6)(4k + 8)

4k + 7!
Combining and (2.1) and (2.2), we find that \j 2 is given by

A2 — 94(k+1) (2k + 3)(k + 2) ((2(k+1))|)2 |

, (k+1)2 4k + (k- 1)) ((k/§_1)>2

= 24+ (9% 4 3)(k +2) (2.2)

when k is even,

and
((2(k +1))?
(4k + 7)(k!)2 (c,g’;”/ 2)

when £ is odd.

Aro = 226D 2k 4 3)(k + 2) -

Now, by using the change of variable € = 2**1(b;, 4 o(1)), where

2
g (1‘0)>

b = A <
g "2 9o(z0)
so that u = (e/bk)l/(QkH) (1+0(1)), then for 0 < j < k — 1, the modulus of continuity, m;,

of the functional T} satisfies

€

N (k
m;(€) = A,(i)lg(() (o) (a

(k—=j)/(2k+1)
> (14 o0(1)).

The result is that

mj(€) > (rp ;€)1 (1 + o(1)),

where

N (k (2k+1)/(k—7)
(Aol )
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and hence
k—j
L k—j 1 k—j _;\%H k=g
sup lim inf n25 MM Ry (n, Tj, Dinr) 2 7 | dg—7¢ (reg)?t, o (23)

which can be rewritten as

e
sup lim infnTﬁlMMRl(n,Tj,Dk,n,r)

>0 00

. LN (4) 2j+1 ,

1 k — 2k+1 A ST _

> - (47] 6_1> 7&1;@ { ‘Q(gk) (1‘0)‘ o 90(96‘0)213“*]1}
4\ 2k+1 (ko) 2k HT

for j=0,---,k—1. |
Remark 2.4.1 It might seem that a more natural choice for a perturbation would have been

9u(@) = go(@) + s(u) (o + p— ) (& — 20 + 1) T gy g (2)-

The scale s(p) can be chosen such that the perturbed function is k-monotone and k-times
differentiable with a continuous k-th derivative in the neighborhood [xo— u, xo+pu]. However,
using this perturbation, asymptotic lower bounds can only be derived for estimating the

functionals T;(g) when j is even since gﬁzlﬂ) (zg) = g((]zlﬂ) (xo) forl e N.

2.5 The gap problem

2.5.1 Introduction

Recall that it was assumed that gg is k-times continuously differentiable at z¢ and that

(—1)kg(()k) (xo) > 0. This hypothesis together with strong consistency of the (k — 1)-st
derivative of the MLE and LSE imply that the number of jump points of this derivative,
in a small neighborhood of x(, has to diverge to infinity almost surely as the sample size
n — o0o. This “clustering” phenomenon is one of the most crucial elements in studying the
local asymptotics of the estimators. The jump points form then a sequence that converges
to g almost surely and therefore the distance between two successive jump points, for
example located just before and after x(, converges to 0 as n — oo. But it is not enough to
know that the “gap” between these points converges to 0: we would like to determine an

upper bound for this rate of convergence.
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Using the characterizations of the MLE and LSE and the “mid-point property” (that
we will describe later), GROENEBOOM, JONGBLOED, AND WELLNER (2001B) could prove that
for k = 2, this gap is of the order n /%, For k = 1, the same property can be used to see
that the gap in this case is of the order n=1/3. As a function of k, it is natural to think that

—1/(2k+1) " In the problem of nonparametric

the order of the gap takes the general form n
regression via splines, Mammen and van de Geer conjectured the same form for the knot
points of the regression spline but did not suggest any method to prove the conjecture (see
MAMMEN AND VAN DE GEER (1997), page 400).

In the following subsection, we describe the difficulty of establishing this result for & > 2.
In the general case, the problem exhibits a high level of complexity and the situation becomes
fundamentally different from the one encountered in the case k = 2. In fact, the arguments
used in this special case cannot be applied in our general case but rather, one should think

of a general way of arguing the result and in which the proof for £ = 2 would only be

recognized as a very special case.

2.5.2 Fundamental differences

Let 7,; and 7,7 be the last and first jump points of the (k—1)-sh derivative of either the MLE
or LSE, located before and after x respectively. To obtain a better understanding of the
gap problem, we describe the reasoning used by GROENEBOOM, JONGBLOED, AND WELLNER
(2001B) in order to prove that 7,7 — 7, = Op(n_1/5) for the special case k = 2. Here, we
restrict ourselves only to the LSE since it is a simpler case to deal with than the MLE.

Recall that for k = 2 the characterization of the LSE, g,, is given by

- >Y,(x), x>0
Y,

(), if and only if x is a jump point of g/,

where

() = / (& — )gn(t)dt, and Y, (z) = / (& — )G (1),
0 0

and G, is the empirical distribution function. For ease of notation, we omit writing the

subscript n on the jump points, but their dependence on n should be kept in mind. On
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the interval [r~,77), the function g/, is constant since they are no more jump points in
this interval. This implies that H,, is polynomial of degree 3 on [7~,71). But, from the

characterization in (2.1), it follows that
Hy(r7) =Ya(r™), Hy(r")=Y,(77)
and

Hy(r%) = Yo (rF),  Hy(rh) =Y, ().

These four boundary conditions allow us to fully determine the cubic polynomial H, on
[77,77]. Using the explicit expression for H, and evaluating it at the mid-point 7 =

(77 4+ 71)/2, GROENEBOOM, JONGBLOED, AND WELLNER (2001B) established that

E[n(f) _ Yn(T_) ‘;‘Yn(T"') B (Gn(7+) . Gn(;__)) (7_+ B 7'_).

Groeneboom, Jongbloed and Wellner refer to this as the “mid-point property”. By applying
the first condition (the inequality condition) in (2.1), it follows that

Yo(r7) + Yn(7+) (Gn(7+) —Gu(r7)) (7+ -77) -
5 — 3 > Y, (7).

The inequality in the last display can be rewritten as

W) +Yo(r)  (Go(mh) = Go(r) (" —77) _ &
2 8 -

where Gg and Y are the true counterparts of G, and Y,, respectively, and E,, a random
error. Using techniques from empirical processes, GROENEBOOM, JONGBLOED, AND WELLNER

(2001B) could prove that
[En| = Op(n™*%) +op((rF —77)"),. (2.2)

On the other hand, GROENEBOOM, JONGBLOED, AND WELLNER (2001B) established that there

exists a universal constant C > 0 such that

Yo(r )+ Yo(r")  (Go(rF) —Go(r7)) (vF —77)

2 8
= ~Cgg(o)(r™ = 17) + op((rT = 77)). (2.3)
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Combining the results in (2.2) and (2.3), it follows that
Tt = Op(n_1/5).

The problem has two main features that make the above arguments work. First of all, the
polynomial H, can be fully determined on [77,77] and therefore it can be evaluated at
any point between 7~ and 77. Second of all, it can expressed via the empirical process Y,
and that enables us to “get rid of” terms depending on g, whose rate of convergence is
still unknown at this stage. We should also add that the problem is symmetric around 7, a
property that helps establishing the formula derived in (2.3).

When k > 2, we have established in Proposition 2.2.2 that g, is the LSE if and only if
- >Y,(z), x>0

H(2) . e . (k—1)
=Y,(z), ifand only if z is a jump point of g,

where
~ x (:L' _ t)k)—l _
H, = —— g, (t)dt
@ = [ i
and
T (:C _ t)k—l
Yo(x) = ————dG,(1).
@ = | e
If 7 is an arbitrary jump point of gfﬁ‘l), then the equalities

H,(r) =Y,(7), and ﬁ;(T) =Y, (1)

still hold. However, these equations are not enough to determine the polynomial H,,, now of
degree 2k — 1, on the interval [77,77]. One would need 2k conditions to be able to achieve
that. But we would be in this situation if we had equality of the higher derivatives of H,,

and Y,, at 7~ and 7T, that is

10 =Y (), PG =Y () (24
for j =0,---,k—1. For example, in the case of k = 3, the polynomial H,, of degree 5 would
be identically equal to the polynomial P, given by

~ (6 (6% _ (6%} _
Pat) = 1 =0 + (0t =)' =) e )
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for t € [t7,77], where

ey

o = 5 (TT”ETT__))E, + 4 (T%LS—_))A:

as = 5 (TE{:nETT__))5 +2.41 (TY;‘ETT__)) L+ 3! (ﬁxﬁt—))?’
and

0 = 5!%

o A B

0 = 5!% —2.41 (T‘f%ff_))4 + 3! (TYZET:_))?).

For n = 6 and n = 10, we simulated n i.i.d. random variables from a standard Exponential
and in each case, the LSE was calculated using the iterative (2k — 1)-th spline algorithm
(see Chapter 4). The plots in Figures 2.1, 2.2 show clearly that H, and P, are two different
polynomials. A similar conclusion is reached with n = 50 and k = 4 (see Figure 2.3).

Two jump points are clearly not sufficient to determine the polynomial H,. However,
if we consider p > 2 jump points 79 < --- < 7,1 (all located e.g. after z), H,, is a spline
of degree 2k — 1 that is (2k — 2)-times differentiable at its knot points 79, ---,7,—1. In the
next subsection, we prove that if p = 2k — 2, the spline H,, is completely determined on

[70, Tok—3] by the conditions

H,(r;) =Y(r;), and fl,/@(n) =Y'(7;) (2.5)

for i = 0,---,2k — 3. This result proves to be very useful for determining the stochastic

order of the distance between two successive jump points in a small neighborhood of zy.

2.5.3 A Hermite interpolation problem

In the next lemma, we prove that given 79 < - -+ < Tor_3, 2k — 2 jump points of g,(f‘”, H,
is the unique solution of the Hermite problem given by (2.5). But before that, we need the

following lemma which gives a definition of B-splines.
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0.03
I

0.02
1

0.01
1

Figure 2.1: Plots of H, — Y,, in black and P, — Y, on [r—, 7] in red, where k = 3, n = 6,
77 =0.169 and 7 = 2.319.

Lemma 2.5.1 Let m > 1 be an integer and 1 < -+ < Zyy41 be arbitrary (m + 1) points

in R. There exists a unique vector (ay,---,amy1) € R™TL such that the spline
m+1
B(t)= Y ait—z)7"", teR
i=1
satisfies
B(t)=0, ift<xzy or t>xm4 (2.6)
Bi(t) >0, if t € (z1,2m11) (2.7)
Tm+1
/ B(t)dt = 1. (2.8)
)

B is called the B-spline of degree m — 1 with support [x1,Zy+1]. Furthermore,
B(t) = [z1, T | (=1)™m(t — )7 teR; (2.9)

thus B(t) is the divided difference of order m of the function x — (—1)™m(t—2)7" !, z € R

with respect to the knots x1,...,Tm11-
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0.02 0.04 0.06 0.08 0.10
1 1 1 1 I

0.0

Figure 2.2: Plots of H, — Y, in black and P, — Y, on [r—,77] in red, where k = 3, n = 10,
~ =2.880 and 7t = 6.680.

Proof. See e.g. NURNBERGER (1989), Theorems 2.2 and 2.9, pages 96 and 99. |

Remark 2.5.1 Note that for any a and b in R, we have
(b-a)" =)™ + (1) a0

On the other hand, we can write

m—+1 m—+1 m—1
Satt -z = Y a < ) ol it
1=

i=1 1 =0
m—1 m—+1
< > <Z a; ) "=l =0,  forteR,
1=0

where the last equality follows from the identities in (2.4) of Theorem 2.2 in NURNBERGER

(1989). Therefore, B can also be given by

m—+1
B(t) = (-1)™ Z ai(z; —t)~" teR,
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1.4

0.6 0.8 1.0
1 1

0.4

0.2

0.0
1

Figure 2.3: Plots of H,, —Y,, in black and P, — Y,, on [77,77] in red, where k = 4, n = 50,
77 =1.901 and 7+ = 9.141.

or equivalently
B(t) = [z1, -+, Tmpa]m(- — )77 (2.10)

The latter form will be used in the rest of this chapter.

Lemma 2.5.2 Let k > 2. Given any 2k — 2 successive jump points of ﬁr(?k_l), T0 <
oo < Top—3, the (2k — 1)-th spline H, is uniquely determined on [1o, Tok—3] by the values
of the empirical process Y., and of its derivative Y/, at 79, -+, Tog—3. Furthermore, for any
arbitrary points T_op—1) < -+ < T-1 to the left of 7o and Top_o < -+ < Typ—4 lo the
right of Tox_3, there exist coefficients a_ (g1, , a2r—4 depending on Y, (7;) and Y. (7:),

i=0,---,2k — 3, such that the spline H, can be written as

2k—4

Ho(t)= > oBi(t), (2.11)

i=—(2k—1)
for allt € |19, Top—3] where, fori= —(2k—1),---,2k —4, B; is the B-spline of degree 2k — 1

corresponding to the set of knots {7;,- -+, Tiror }-
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f{,(?k_l)

Proof. We know that for any jump point 7 of , we have

H,(1)=Y,(r) and H(r)=Y (7).

This can viewed as a Hermite interpolation problem if we consider that the interpolated
function is the process Y,, and that the interpolating spline is H, (see e.g. NURNBERGER
(1989), Definition 3.6, pages 108 and 109).

Now, let p = 2k — 2 and consider successive 2k — 2 jump points 79 < --- < Top_3.
We denote 19 = g = a, Top_3 = Top_3 = b and T = x1, -, Top_4 = Top_4. Also,

for i = 1,---,4k — 4, consider the points ¢; such that t; = to = zg, t3 = t4 = z1,...,

tak—5 = tak—4 = Tox—3. Using this notation, we see that the (2k — 1) — th spline H,, satisfies
Hy(ti) = Yn(t;) and  Hy(t;) = Y, () (2.12)
forall  =1,---,4k — 4. Furthermore, we can check that for all ¢ = 1,---,2k — 4, we have
ti <y < tiyok.

Indeed, for a given ¢ = 1,---,2k — 4, we know that x; = to;11 = to;42 and it is easy to see

that
t; <tojy1 = toira < titok.

Therefore, by Theorem 3.7 in NURNBERGER (1989), page 109, the Hermite interpolation
problem defined in (2.12) has a unique solution in Sox_1(x1, -, Zok_4), the space of splines
of degree 2k — 1 that are (2k — 2)-times continuously differentiable at the knots x1, -+, xog_4
(or, see DEVORE AND LORENTZ (1993), Theorem 9.2, page 162). Notice that in Niirnberger’s
notation (see NURNBERGER (1989)), the parameters p — 2 and 2k — 1 play the role of k£ and
m respectively. Also, note that the integer p = 2k — 2 was chosen here so that the number of
equations (2p) and the dimension of the space Sop_1(x1, -, zp) (dim(Sop—1(x1,---,2p)) =

p — 2+ 2k) are equal. It follows that we can find a_(g_1)," - -, agr—4 such that

2k—4

ﬁn(t) = Z aiBi(t)

i=—(2k—1)
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for all t € [a,b] = |10, Tox_3], where o = (@_(2k—1)," " ,agp_4)! is the unique solution of the

linear system

B_(9x—1)(70) e Ba—4(0) Y, (70)
(B_@@k-1))'(10) -+ (Bak-4)'(70) Y7, (70)
Ma = : : : a= : (2.13)
B_op—1)(Tok—3) -+ DBog_a(mor—3) Yo (T2x—3)
(B_(2k—1)) (T2k—3) -+ (Bar—a)"(Tox—3) Y7, (Tor—3)

and B;,i = —(2k—1),---,2k—4, are (4k —4) linearly independent B-splines of degree 2k —1

and knots 7, - -+ < T; 40k |

In the following lemma, we prove a preparatory result that will be used later for deriving

the stochastic order of the distance between the jump points.

Lemma 2.5.3 Let 7 € U2 4(1;,7i41). If ex(t) denotes the error at t of the Hermite inter-

polation of the function y**/(2k)! at the points Tq, - - -, Top_3, then
— g™ (Fex(F) <E, + R
9o (T)er(T) <Ep + Ry

where By, defined in (2.15) is a random error and R,, defined in (2.17) is a remainder that

both depend on the knots Ty, - -+, Torp_3 and the point T.

Proof. In this proof, we use the explicit B-splines representation of H,, that was introduced
in the previous lemma. Let A = (a;j);; and B = (b;;);; be the (4k —4) x (k—1) sub-matrices
obtained by extracting the odd and even columns of the inverse of the matrix M given in

(2.13). We can write,

2k—4 2k—3

)= > | D2 (i Yulmy) + by V() | Bilt)

i=—(2k—1) \ j=0
for all t € [rg,Top—3]. Fixt =7 € U?i#(ﬂﬁiﬂ)- From the inequality condition in the
characterization of the LSE , it follows that

2k—4 2k—3

> > (@i Y (7)) + big Yo, (7)) | Bi(7) > Yo (7)

i=—(2k—1) \ j=0



93

or equivalently

2k—4 2k—3

Y X @Yol + b ¥ | Bi®) - Yo(#) = -E, (2.14)

i=—(2k—1) \ j=0
where Yj is the k-fold integral of the true density go and E,, is given by

2k—4 2k—3

En = Z Z(aij(Y — Yo)(75) +bl](Y YO)(TJ)) Bi(T) + Yo(7) — Y, (7). (2.15)
i=—(2k—1) \ =0

Based on the working assumptions, the function Yy is (2k)-times continuously differentiable
in a small neighborhood of . Using Taylor expansion of Yy(7;) and Y{j(7;) around 7 up to

the orders 2k and 2k — 1 respectively, the inequality in (2.14) can be rewritten as

2k—4 2k—3
Y12 ay ¢ Bilm) — 1] Yo(7)
=—(2k—1) | j=0
2k—4 2k—3
+ aij(1; = 7) + bij ¢ Bi(T) | Yo(7)

-1 2%k—3 9% 2%—1
Ti—T T, —T _ o%k)
+< Z aij( : !) +bi]( (2% _)1) Bi(7) Yo( )(T)
R

—E, (2.16)

where R,, is the remainder of the Taylor expansion and can be given in the integral form
2k 4 2k—3

R, = <2%Jﬂ” 60 - o (ot (2.17)

i=—(2k-1)

T (. — 2k—2
vy [ IS0 - i) (o),

The remainder R,, can be viewed as the error of Hermite interpolation at the point 7 where

T (g 4)2k—1
o / ﬁ(gék) (t) — g5 (x0)) dt

is the function being interpolated. The order of R,, will be determined in a coming subsec-

tion. Now, note that

2k—4 2k—3

=0

——(2k—1)
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2k—4 2k—3

S Y ayln -7 by | Bim) = 0

i=—(2k—1) \ j=0

2k—4 2k—3 2k 1 )Zk 2

Z Z @ij T —7 + bij (T(QQ; i 2)! Bi(t) = 0.

i=—(2k—1) \ =0

Indeed, since the space of splines of degree 2k —1 and with simple knots 7q, - - - , To;_3 includes
all the polynomials of degree < 2k — 1, the solution of the Hermite problem when the
interpolated function is a polynomial of degree < 2k — 1 is the polynomial itself. Therefore,
if we consider Py(t) = 1, Pi(t) =t —7,---, Pop_1(t) = (t — 7)?*71/(2k — 1)!, the previous
terms are identically zero since they are exactly equal to Pj(7) =0, j =0,---,2k — 1.

Now
2k—1

2k—4  2k-3 Qk (7 _F -

i=—(2k—1) j=0

can be recognized as the Hermite interpolation error at the point 7 when (y — 7)2% /(2k)! is
the function being interpolated at the knots 7q, - -+, Top_3. But this error is equal to e (7).

Indeed, using the binomial identity, we can write

2k—4 2k—3 )%

_ =\2k—1
Z Z azj + bi] (T(J2k i)l)' Bz(f)
i=—(2k—1) \ j=0 ’
2k—4 2k—3
()% L, W™\ g
= Z Z a;j + bjj—=—— | Bi(7)
S\ g e T e -

Ea = i 2k (7’-)2]“_7” 2k — 1\ (7 )Zk 1—r ) -
—l-; Z aij(?‘)W_‘_bij( , >m Bi(7) | (=17

i=—(2k—1) \ j=

Using the identity

2k =1\  2k—r (2k
r 2% r
for all r € {0,---, 2k}, it follows that

2k—4 2k—3 2% (Tj)2k—r o2k — 1 ( )2k 1—r B
2 Z“"j<r> 2kt i <7~—1>(2k—1). Bi()

i=—(2k—1) \ j=0
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2k—4 2k—3 (T o2k —r (Tj)2k—1—r

2k j _
= <7’> Z Zaijﬁ+bij(2k—7’)w BZ(T)

i=—(2k—1) \ j=0

2K\ T
B r ) (2k)!
since for all ¢ € [rp, Tor_3] and 1 <r <2k —1

2k—4 2k—3

Z Z aij ()27 4 b (2k — r) ()77 | Bi(t) = 27

i=—(2k—1) \ j=0
Therefore,

2k—4 2k—3
)2k )2k 1
|

Z Z Qjj 7(73(2_];)— + byj L&;i 0 Bi(7)

i=—(2k—1) \ j=0

2k—4 2k—3 ( j)Qk )2k—1

= 2 |2 (;k:)! +b"j((2711—1)! Bi(7)

i=—(2k—1) \ 7=0

: (i(—lr <2k)> (ZZ;

r=1

2k—4 2k—3 _ _
(15)* (7;)%1 72k

T k _
= 2 |\ 2w P | 5O @

i=—(2k—1) \ j=0
= ep(7)

T

since Z?i:‘(l%_l) Z?ig?’ aij) Bi(7) = 1 and Z?io(—l)r(%) = 0 . We conclude that the

inequality in (2.16) can be rewritten as stated in the lemma. ]

2.5.4 The order of the gap

In this subsection, we give the solution of the gap problem. We restrict here ourselves
to the LSE. For the MLE, the proof follows the same steps except that the notation is
much more cumbersome. The error eg(t) defined in the previous lemma can be recog-
nized as a monospline of degree 2k with 2k — 2 simple knots 7q,- -+, Tor_3. For a defini-
tion of monosplines, see e.g. MICHELLI (1972), BOJANOV, HAKOPIAN AND SAHAKIAN (1993),
NURNBERGER (1989), page 194 or DEVORE AND LORENTZ (1993), page 136. As a first step,
we will derive an upper bound for the random error E,,. But before that, we need the

following lemma:
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Lemma 2.5.4 Leta =29 < x1 < -+ < Top_3 = b be 2k — 2 arbitrary points and 1 < r <
2k — 1. Suppose that f that is a function that is r-times differentiable on [a,b] except for a
finite number of points. If Hf denotes the unique interpolating spline of degree 2k — 1 that

solves the Hermite problem:
Hf(xj) = f(z;), and (Hf) (z;) = f'(x)
for j =0,---,2k — 3, then there exists a constant C' > 0 (depending only on k) such that

sup [Hf(t) — f()] < Cw(f75b—a) (b—a)

te(a,b)

where w(f(");-) is the modulus of continuity of f) on [a,b]:

w(h; 5) = Sup{’h(tg) — h(tl)’ 2 t,t0 € [a, b], |t2 — t1’ < (5}

The above lemma, still needs to be proved. In the case of quasi-interpolation, a similar result
is available and was proved by DE BOOR AND FIx (1973); see e.g. NURNBERGER (1989), page
189. However, we believe that such a result should also be true for our Hermite interpolation
problem. Although the literature seems to be more concerned with the approximation error
of other types of interpolating splines, we believe that there is no reason that our spline fails
to satisfy a similar property especially that it tries to “recover” better the original function
f by interpolating its tangent at the knots as well. Also, it should be mentioned that it is
known that, given an interval [a, b], the minimal deviation of a function f from the space of

Splines Sm(l‘l, e 7l'p) satisfies
Aol Sl ) < KOw(70;0)

if f") € Cla,b] for some r € {0,---,m}, where K > 0 is a universal constant that depends
only on 7 and § = maxg<i<p |Tit1 — ;| with 9 = a and xp41 = b (see e.g. NURNBERGER

(1989), Theorem 4.27, page 159).

Lemma 2.5.5 If Lemma 2.5.4 holds, then the random error E,, satisfies

|En| = Op(n_k/(2k+1)) + Op((7'2k—3 - 7'0)%)-
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Proof. Let f be the function given by

A (o (rj —t)"2 _
f(t) = ' Z Z (aij (k — 1)! + bij (k — 2)! )1[7'3-,7"](75) Bi(T)7

=—(2k—1) \ j=0

where [7;,7] = [T, 7;] if 7; > 7. Then, the error E,, can be rewritten as

E, — / £(0) — Gol(t)). (2.19)

Indeed, we found in the previous subsection that E,, is given by

2k—4 2k—3
En= Y (Z(%’(Y = Yo)(73) + bis (Vs Ym))) Bi(7) + Yo(7) = Yo(7).

i=—(2k—-1) \ j=0
Let us denote D,, = Y,, — Y. The error E,, can be rewritten as

2k—4 2k—3

Ev= Y (D (ayDalry) + biyD)(7))Bi(7) — Du(7).

i=—(2k—1) j=0

Now for arbitrary x and y, we can write

k=1
Dus) = Bale) + (g = Do) -+ [ U =md(Gale) — Gote)
and similarly
Yy -tk

D7 (y) = Dy, () + (y — 2)Dp () + -~ + / d(Gn(t) — Go(t))-

(k—2)!
Taking v = 7 and y = 7; for j = 0,---,2k — 3 and using the identities in (2.18) up to the
order (k — 2), it follows that

2k 4 2k—3 () — k-2
E, = (Z/ (@i _75 ' +bij((jk:—t)2)! )d(Gn(t)Go(t))) B;(7)

2——(2k 1)
= 2k4 3 T_t (=)
- i=—(2k—1) < Z / a,] —1)! + bij (k—2)! Nz (H)d(Gn(t) — Go(t))>
BZ(T)

oo 2k—4 2k—3 ket ke
_ /0 [ > (Z(aij( - )1)! T by (jk:—)Q)! )%}(t))

i=—(2k—1)  j=0
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which is the form claimed in (2.19).

Even if the function f is formally integrated on (0, c0), it is clear that we can assume that
f is compactly supported on [rg, Tox_3]. For a fixed t € [1g, Tox_3], there are two possibilities:
t < T ort>7. Suppose without loss of generality that ¢t > 7. Then, f(¢) which can be also

given by

_ b (r; —t)F2 L B
Jo = .__%;—1) =0 )! " Tk -2) 20 Bi(7)
ok—1  (2k6-3

= Z Z a;j gt TJ)+b2J9t(TJ)) B;i(7)

i=—(2k—1) | j=0

M

2k—4 2%k— 3< —t)’f 1

with

(z —t)k1
g9t(x) = Wl[:czt],
is nothing but the error at the point 7 of the Hermite interpolation of g; at the points
To, -+, Tok—3. Note that g¢ is a spline of degree k — 1 that is (kK — 1)-times differentiable

except at its unique knot t. By Lemma 2.5.4, there exists C' > 0, such that

1£(t)] < Cwl(g* ™Y Ton—5 — 70) (a5 — 10)* .
But
(k=1)
w(g; k-3 —70) < 1.
Therefore, it follows that
sup  |f(8)] < Clrap—s —10)" " (2.20)
t€[70,72k—3]
Now, since the function f(¢) depends on the knots 7¢, -+, 79r_3 and the point 7 (which

is a fixed point in U?i64(7j, Tj+1), it can be viewed as an element of the class

For = {f}g,yl,m,y%,2 e <y1 <x T Yok—3 S Y2k—2 S Yor—3 + 7‘21@—2}
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where > 0 and r = (r1,---,795—2) : 7, >0, j=1,---,2k — 2 is a fixed (2k — 2)-vector. To
make the link between the members of the class F,, and the function f(t), the latter can

be written as
f(t) = fTO,Tlv'”i)”'vT2k—3 (t)7 le [7'0772k—3]-

In this case, © = 79, y1 = 71, Y2k—2 = Tok—3 and {y1, -, yok—2} = {71, -, Tok_3} U {T}.
Let @ be an arbitrary measure on (0,00). The collection F, , admits a finite covering
number with respect to L2(Q). In fact, any element fg ..y, o, € Far is (k — 2)-times
differentiable on [x,yar—_2]. Therefore, for every € > 0, the collection F,, admits a finite
bracketing number that is bounded by (K /€)' *=2) for some 0 < K < co. More specifically,
there exists a constant K > 0 depending only on k and R = ry 4+ -+ + roi_o (an upper

bound for the length of the interval [z, yox_o]) such that

log Ny (€, Fog L2(Q)) < K <1> v (2.21)

€

(see e.g. VAN DER VAART AND WELLNER (1996), Corollary 2.7.2, page 157). It follows that

1
/ \/1 + log N[](E,fxi,Lg(Go))dE < 0.
0

On the other hand, using Lemma 2.5.4, we have

’fxvylv"'7y2k72 (t)’ < C<y2k—2 - w)k_ll[x,yzkfz](t)
(compare with the bound in 2.20) and hence the function F, r given by
Fx,R(t) = CRk_ll[:c,:c-I—R] (t)

is an envelope for the class F, . On the other hand, if x belongs to a small neighborhood
[xg — d, 29 + 0] for some small § > 0, then we can find some constant M > 0 depending only

on 4, R and go(zo) such that 0 < sup;e(z,—s,z9+5+r) 90(t) < M. Therefore,

z+R
EF? 4(X,) = C2RAF- / go(x)dz < C2M R,

xT

By Theorem 2.14.2 in VAN DER VAART AND WELLNER (1996), page 240, it follows that

2
K _ _
E <f sup (G — GO)(fw,ylmyzkz)O < FEFﬁ,R(Xl) = O(n~'R*)
Y1,

o2 EFz,r

(2.22)
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for some constant K’ > 0 depending only on g, § and R.

We denote

(]pn - PO)(f:c,yl,---7y2k,2) = (Gn - GO)(f%yl,'“,yzkfz)

where fy 4, ... is an element in F, , and define M, as

Y2k —2

M, = inf {D >0: '(Pn - PO)(f:r:,yl,---,yzkfs,y) <e(y— 37)%

+n 2K/CHD D for all y € [x,z + R]}

and M, = oo if no D > 0 satisfies the required inequality. For 1 < j < [Rn'/¢+D | = j,

we have
P(M,, > m)
< Z PG —D)n V) <y g < jp V@R
1<i<jn
‘(P” o PO)(fmvyly"':?JZkf.’i,y) > e(y - ZL’)% + n—2k/(2k+1)m}
= Z P{(j — 1)n_1/(2k+1) <y—z< jn_l/(2k+1),
1<i<jn
‘(P” o PO)(fmvyly"':?JZkf.’i,y) > e(y - ZL’)% + n—2k/(2k+1)m}
< Z p{(j — D VD < g </ CRED),
1<i<jn
n2k/(2k+1) (Pr, — Po)(fay1,yon_sw) | > €(J — 1)2k I m}
2
E { (supy:ogy—anﬂ/(zmn |(Pr, — PO)(fx,y17...7y2k737y)|> }
< Z nk/(2k+1) i
1<5<gn (e(j — 1)2k +m)
B (s (B, — Po)(f ")
- Z pAk/ (2k+1) P o won—3w€F, jp-1/eriny V0~ S0 2y, ok -5y
- 2
1<) <jn (e(j —1)% +m)
2k—1
< C Z i/ (2k+1),, =1, —(2k—1)/(2k+1) : J .
1< <jin (e(j — 1)%k +m)

2k—1

:CZ

2k
1< <jn +m)
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: k—l

<C§:

]=1

]—12k+m)2 N0 asm o

where C' > 0 is a constant that is independent of z € [x¢— 6, xo+0]. Therefore, M,, = O,(1)

and hence it follows that
|(]P’n - PO)(f%yl,'“,yzkfs,y)‘ < e(y - 1')% + Op(n_2k/(2k+l))

which holds for all fy y, ...yo sy € Fzr and z in some small neighborhood [zg — §, ¢ + 0]

of xg. It follows that

Ep| = 0p((T26-3 — 7'0)%) + Op(n_2k/(2k+1))-

|
To show that mop_3 — 79 = Op(n_l/(2k+1)), we need the following result:
Lemma 2.5.6 The error ey (t) has no other zeros than g, -, Top_3 in [To, Top—3)-
Proof. The result follows from Proposition 1 of MicHELLI (1972) and DE BOOR (2004).
|
Recall that eg(t) is a monospline of degree 2k with 2k — 2 simple knots 7, -, Top_3.

Furthermore, by construction, these knots are also double zeros; i.e. ex(7;) = €. (7;) = 0 for
7=0,---,2k — 3. Now, we state two preparatory lemmas that will help determine the sign

of the error ex(t) at any point ¢ € U?ia4(7j, Tj41)-

Lemma 2.5.7 Let k > 2 be an integer. The monospline My of degree 2k with simple
knots & = —k +3/2,§1 = =k +5/2,-++ &op—qg = k + 1/2,&ox_3 = k — 3/2 and such that
My(&) = M{(&) =0 for j =0,---,2k — 3 has a constant sign: +1 (-1) if k is odd (even).

Proof. Let By be the Bernoulli monospline of degree 2k. The function B (t—1/2)— B (0)
is equal to the error of the Hermite interpolation of ¢2¢ /(2k)! at the equispaced knots

&o, -+, &r_3. By uniqueness, it follows that

My (t) = Bag(t — 1/2) — Bax(0)
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for all t € [k 4 3/2,k — 3/2]. The Bernoulli monospline By is the 1-periodic extension of
the Bernoulli polynomial poj, of degree 2k which takes extreme values at 0 when considered
as a function on [0, 1]. It follows that Mj is of one sign on [—-k+3/2, k —3/2]. Furthermore,
por(1/2) < pox(0) if k is even and pox(1/2) > por(0). Therefore, My, is nonpositive if & is

even and nonnegative if k is odd. ]
Lemma 2.5.8 Ift e U?ZB4(T]',T]'+1), then
(—1)*er(t) > 0;

i.e., eg(t) is nonnegative (nonpositive) if k is odd (even).

Proof. Let 7 be a fixed point in U?ig‘l(q, Tj+1). We can assume without loss of generality
that 7 € (19, 71). There exists A € (0,1) such that 7 = Arg 4+ (1 — A\)7y. Consider now the

function

er(T) + lex(7)]
2€k(7_') ’

(7_07 T ,Tgk_g) =
Note that it is possible to divide by ey (7) since eg(7) # 0 as 7 is different from the knots.
It is easy to see that the function is continuous in 7q,- -+, Tor_3. Furthermore, it can only
take two possible values, 0 or 1, and therefore has to be constant. But, when the knots are
equally distant, we know from Lemma 2.5.7 that the constant is 1 (0) if k is odd (even). It
follows that (—1)*~1e.(7) > 0. |

We can finally state the main result of this section:

Lemma 2.5.9 Let k > 2. If gy € Dy satisfies g(()k) (xo) # 0 and Lemma 2.5.4 holds, then

Tok—3 — T = Op(n_l/(2k+1)).

Proof. Let jo € {0,---,2k — 4} be such that [7j,,7j,+1] be the largest knot interval; i.e.,
Tio+1l — Tjo = maXOSjSQk_4(Tj+1 — Tj). Let a =19, b = T9p_3.
By Lemma 2.5.4, there exists a constant C' > 0 depending only on k such that

Rof<C suwp g8 () — 6§ (20)] (b a)*

te[10,m2k—3]
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using the fact that if f is € C?*[a, ], then

W(f*F Db —a) < sup [fEN(@)] (b~ a).
t€la,b]
Therefore, it follows that
k k
Ral<C sup g5 (1) = g5 (o)l (rar—s — 70)** = 0p((rars — 70)*%).
t€[r0,7ok—3]
Using the result of Lemma 2.5.3 and since the bounds on R,, and E,, (see Lemma 2.5.5) are
independent of the choice of 7 in U?i64(7j, Tj+1), it follows that
sup  (—D)F ey (7) < Op(n_2k/(2k+1)) + 0p((Top—3 — 10) ).
TE€(Tjg Tjo+1)
Now, on the interval [7j,,7j,+1], the Hermite interpolation spline is a polynomial of
degree 2k — 1. On the other hand, the best uniform approximation of the function ¢2* on
[Tjo> Tjo+1) from the space of polynomials of degree < 2k — 1 is given by the polynomial

2k
L2k <Tjo+1 - Tjo> 211—1T2k <2t — (7 + Tjo+1)> 7 (2.23)
2 2 Tjo+1 — Tio

where Ty, is the Chebyshev polynomial of degree 2k (defined on [—1, 1]), see, e.g., NURNBERGER
(1989), Theorem 3.23, page 46 or DEVORE AND LORENTZ (1993), Theorem 6.1, page 75. It
follows that

(Tjo-i-l - Tjo)% (2.24)

oo

(1)) > \

Top
2h—1(2k)!

1 2%
m(ﬁ'oﬂ ~ Tjo)

since ||Tok||co = 1. But,

2k—4
T3 =70 = Y (Tj41 = 75) < (2k = 3)(Tjgr1 — Tjo)-
j=0
It follows that
1
(1) en(7) > ).

(2 — 3R a1 (g (23~ T0
Combining the results obtained above, we conclude that

(— )% (o)
(2k — 3)2k24k—1(2k)

which implies that 7953 — 79 = Op(n ™/ (2k+1)), m

'(T2k—3 N 7_0)2k < Op(n—2k/(2k+l)) + Op((72k—3 - T0)2k)
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2.6 Rates of convergence of the estimators

Now, we are going to use the result of the previous section to derive the rates of convergence
ofgﬁlj), j=0,---,k—1 at a fixed point z¢ > 0.
Consider the event J,, = JT(LI) N JT(L2) where JT(LZ'), i =1,2, are defined by
Jr(Ll) = J,gl)(:no, k, M)
= {there exist (k + 1) jump points 7,1, -, Tn k+1
(not necessarily successive) satisfying
o — V@D < Tt < - < Tagpar < T0 + Mn—1/@k+1)

e~ 1/ (2k+1) < Tl — Tt < Mn—1/(2k+1)}7
and

TP = I (G k. ¢) = { inf

tE[Tn,1,Tn, k+1]

a0 - g 1)] < cjn—<k—j>/(2k+1>} _

Proposition 2.6.1 Suppose that (—1)kg((]k) (xg) > 0 and g((]k) is continuous in a neighbor-
hood of xy. Let g, be either the MLE §,, or the LSE g, and let 0 < j < k—1. Suppose also
that the hypothesis of Proposition 2.3.2 holds. Then, if the conjectured Lemma 2.5.4 holds,
for any € > 0, there exists M > 0 and c; > 0 such that P(J,) > 1 — € for all sufficiently

large n.

Proof. Fix ¢ > 0. We will consider first the LSE and we will start with j = 0. Fix

€ > 0. For ease of notation, we will write the jump points of §,(Lk_1) without the subscript n.

(k—1)

Let 71 be the first jump point of gy after zg — n~/(2k+1)

, T2 the first jump point after
T4+ n V@D m ) the first jump point after 7, +n~ /(5D By Lemma 2.5.9, there

exists M > 0 such that
0 < Thp1 — 711 < Mn =1/

with probability > 1 —e. Note that by construction 7541 — 71 > kn~1/2k+1) Fix ¢ > 0 and

consider the event

inf  |gn(t) — go(t)] > en ™R/ (Zk+D), (2.25)

tE[T1,Th1]
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On this set and for any nonnegative function g on |71, 7x11], we have

o

/ ) — 00(1) g(t)dt‘ il O (2.26)

T1

Now, let B be the B-spline of degree k& — 1 and with support [z1,xx1]. Recall from (2.10)
in Section 5 that B can be given by

B(t) = 1, ipalk (- = )57

where [z1,- -+, 2;,]g denotes the divided difference of degree m with respect to the points
T1,,Tm. After some algebra, we find that B can be given by
k-1 k-1
t—r t—r
B(t):(_l)kk; %4_...4_% .
Hj;él(Tj —71) Hj;ék(Tj — Tk)

for all ¢t € |11, Tkt1].

Let || > 0 and consider the perturbation function

pt)= ] (-m) xB(@).

1<i<j<k+1

It is easy to check that for || small enough, the perturbed function

gn,n (t) =0n (t) + np(t)

is k-monotone on (0,00). Indeed, p was chosen so that it satisfies pU) (1) = p¥) (1341) = 0

for 0 < j < k—2, which guarantees that the perturbed function g, ,, belongs to C*k2(0, 00).

For 0 < j < k— 3, the properties of strict convexity and monotonicity of (—1)7 g,(f ) on (0, 00)

are preserved by g,% as long as |n| is small enough. For k — 2, (—1)’“_297(1]6_2) is piecewise
linear and hence not strictly convex on (0,00). Since p is a spline of degree k — 1, the

k—2~(k—2)

function (—1)""“gy, ~ is also piecewise linear and one can check that it is nonincreasing

and convex for very small values of 7. It follows that

i @(G0,) = Qu(3n)

n—0 n

=0.

This implies that
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The previous equality can be rewritten as

[ p0 @ - minde = [ p0d(G.0) - Gov),

T1 1

Taking g = p in (2.26), we obtain

1

/Tkﬂp(t)d(Gn(t)_Go(t))' > cn_k/(2k+1) /Tk+1p(t)dt

— e k/2RE1) H (rj —73) (2.27)
1<i<j<k+1
> ep R/ (n—l/(2k+1))k(k+1)/2 (2.28)

— o (BHRE/(2(2k+1))

where in (2.27), we used the fact that B-splines integrate to 1, whereas in (2.28) we used
the facts that there are k(k + 1)/2 terms in the product [];; <k 1(7; — 7i) and that
=T >n VD L << i <Ek+1

Let 0 <z <y; < - <wyk_1 <y be (k+ 1) points in (0,00) and consider the function

fl‘,yl,---,yk717y deﬁned by

ot T (B et
Y1, Yk—1,Yk e J ? Hj;éo(yj —0) Hj;ék—1(yj — Y1)

where yo = . Let r = (r1,---,7rg), r; >0 for i = 1,--- k, be a fixed k-vector and consider

the collection of functions

Fop = {fx7y1,~~~,yk17yk rr<yr<rHrnL o Yk-1 < Yk S Yg-1 T+ Tk}-

For a fixed x > 0 and r, the collection F, , has a finite covering number with respect to

L2(Q) where @ is an arbitrary probability measure. In fact, denote

H0§l<l’§k(yl’ - Y1)

o = (=1)*
i = U Hj’;éj(yj'_yj)

and consider the collections of functions

Far; = {t — o (y; — t)’i_ll[x,yk](t),:n <yj<z+Rjz<y,<z+ R}
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where Rj =r1+---+7r; for j=1,---,k and R = R;. By Lemmas 2.6.16 and 2.6.18 in vaN
DER VAART AND WELLNER (1996), the collections F; g;,j = 1,---,k — 1 are VC-subgraph

classes. Furthermore, the function
Fx,R(t) = kRk(k_l)/Q(‘T - t)ﬁ—_ll[x,:c-l—R] (t)

is a common envelope for these classes. To see that, notice that for j =0, -- -, k, the product
[1,/2;(yjs — y;) contains k terms and hence «; is a product of k(k +1)/2 — k = k(k —1)/2

that are at most R distant from one another. It follows that
a; < kRk(k_l)/Q, forj=0,---,k.

For an arbitrary probability measure (), we have
z+R
IEullys = RN [T 0 2aQ(e) < KR
x
which is independent of ). By Theorem 2.6.7 in VAN DER VAART AND WELLNER (1996),
there exist a universal constant K > 0, two constants D; > 0 and V; > 0 that depend only
on x, R; and R such that the eHFx,RHaz—covering number of F, g, with respect to L2(Q)
is given by
2 1\
N (el P (@) < KD (1)

€

It follows that the collection F; , admits a finite e-covering number with respect to La(Q).
Furthermore, it is easy to see that the function k x F; g is an envelope for this collection.
Therefore, there exist a universal constant K > 0, D > 0 and V > 0 depending only on z
and R;, j =1, -,k such that

1 1%
N (el Erlb 0 Fops L2(Q)) < KD <->

€

and therfore

1
sgp/ \/1 + log(N (E”Fx7RH2Q72,fx7£,L2(Q)>d€ < 0.
0

On the other hand, if z is in a small neighborhood [zg — §, 29 + §] for some small § > 0,

there exists some constant C' > 0 depending only on §, R and go(xo) such that 0 < gg < C
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on [x,z + R] for all x € [z — §, 29 + d]. It follows that
z+R
EF;R(Xl) < k2Rk(k_l)/ (t— :n)2k_290(x)d:z:

K2C . k2C
< MY pk(k-1) p2k-1 _ k(k+1)-1
- 2k — 1R R 2k — 1R

Therefore, by the Theorem 2.14.1 in VAN DER VAART AND WELLNER (1996), we have

2
E sup
Jzy1, oy, €Fw,r

!
< L BF2 (X)) = O RHED Y, (2.29)

(Gn - GO)(fx,ylwwyk)

for some constant K’ depending only on z¢, § and R.

We denote

(]P)n - PO)(fw7y17"'7yk717y) = (Gn - GO)(fxyylf'Vykfl’y)

where fg .. v € Fz,r and define M,, as

..7yk71
M, = inf {D >0: ‘(]P’n — P)(fomnomn1)| < ely — 2)BEHDR2
+ p~GHRR/QEEI D for all y € [z, x + R]} :

note that M, is possibly equal to infinity if no D > 0 satisfies the required inequality. Let

n> N. For 1 <j < |RnY/®kD| = j  we have

P(M,, >m)
< Z p{3 y: (G — 1)n—1/(2k+1) <y—-z< jn—l/(2k+1)’
1<j<jn

'(Pn P (fogn i) > ey — @) B2 L = @HRR/ (kD) m}

< Z P{Ely: Ogy—xgjn_l/(ZkH),
1<j<jn
n(3+k)k/(2(2k+1)) (Pn o PO)(f:c,yl,---,yk,l,y) > 6(] . 1)(3+k)k/2 + m}
2
b { <SuPy:0<y—x<jn1/<2k+1) (Pn - PO)(fx,yL"',ykfhy) ) }
< Z P (3+R)k/ (2k+1)

. 2
1<j<jn (e(j — DE+HE/2 4-m)
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)]

E { <Supfx’y1""’yk1'y€Fx,jn1/(2k+1) (Pn - PO)(fxvylv“'vykflvy)
(3+k)k/(2k+1)

-

1<j<jn (e(j — 1)BH+RR/2 4 m)2

< C Z nBHR)k/(2k+1) ) =1, —(k(k+1)-1)/(2k+1) jRk+1)-1 2

1<5<jn (e(j — 1)B+RE/2 4 )

Z PG

= C

1<3<3n e(j — 1)BHhk/2 4 m)2

k(k+1)

< Cz D@ )2,\,0 as m — 0o,

where C' > 0 is a constant independent of x € [x¢ — §,z¢ + J]. Therefore, M,, = Op(1) and

hence

(B = P) o ans)| < ey = )40, (nrmsaaien)

uniformly in z,y. It follows that

Tk+1
/ p(t)d(Gp, — Go)(t)‘ =0, <n—(3+k)k/(2(2k+1)))

1

and we can choose ¢y = ¢ to be large enough so that the probability of the event (2.25) is
arbitrarily small. This proves the result for j = 0.
Now let 1 < j < k—1. This time we will need (k414 7) jump points 71 < -+ < T414;-

As for j = 0, 71 is taken to be the first jump point of gﬁf‘” after g —n =Y+ 7, the first

2k+1) and so on. Notice that the existence of at least k + 1 + j

jump point after 7 + n=/(
jump points is guaranteed by the fact that g(()k) (xo) # 0 which implies that with probability
1, the number of jump points tends to infinity with increasing sample size n. Consider the

function

gt)= [ (—m)x B

1<i<j<k+j+1

where Bj is the B-spline of degree k + j — 1 with support [71, Tx4144]; i-e

(r — )i T S
1z (m5 —m1) [T k45 (m5 — Thts)

Bj(t) = (—1)k+j(k+j)<
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It is easy to check that p; = q](-j ) is a valid perturbation function (it is a spline of degree

k — 1) since for |n| small enough, the function

gn,n,j = gn + np;

is k-monotone. It follows that

lim Qn(?]n,n,j) - Qn(gn)
n—0 n

which implies that

Lm0 - eyt = [ pi0d@ao - Gonar

T1 T1
By successive integrations by parts and using the fact that q](-i) (1) = q](-i) (Th4145) = 0 for
i=0,---,k+ 7 — 2, we obtain
Tht14j . _(3) ) Tht14j
[T evamE o - o o= [ piodEa - G
T1 T1
Therefore, if we assume that there exists ¢ > 0 such that

inf
tE[T1,Th4144]

GD(0) - g (1)) > en~ W/ CREY (2:30)

then

[ niaeao - Go(t))dt‘

> o p(k=)/@k+D) / 45 () dt

T1

v

¢ (ki + j) (k=) 2k+D) <n—1/(2k+1))(k+1+j)(k+2+j)/2

= ¢ (k+ j) n~ Q=)+ (ki +1))/(2(2k+1))

= ¢ (k+ j) n~ Gkt (k+)2)/ k1)

Using similar empirical process arguments as in the proof for j = 0 it can be shown that

Tk+1+4j . .
[ 500 — ot = 0, (k)

1

and the result for 1 < j < k — 1 follows. For the MLE, the result can be proved similarly

by using the same perturbation functions and also consistency of the MLE. |
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Proposition 2.6.2 Let g > 0 and gg a k-monotone density such that (—1)kg(()k) (zg) > 0.
Let g, denote either the MLE §,, or the LSE §,. If the conjectured Lemma 2.5.4 holds, then

for each M > 0 we have,

)(l,OJrn 1/(2k+1)t (k 1) ‘_ —1/(2k+1)) (2.31)
|t\<M
and
0)( kg kz_:ln_(i_j)/(%+l)géi)($o) . j‘ 0, (k=251
sup (g, (zo +n~ t) — m— t'7 I = n T
<M ’ (i = j)! P

i=j
(2.32)

forj=0,--- k—2.

Proof. To prove (2.32), we will use induction starting from the highest order of differenti-
ation k — 1. The techniques used here are very much analogous to the ones used in the case
k = 2 in GROENEBOOM, JONGBLOED, AND WELLNER (2001B). But this was possible mainly
because of the result established in the previous lemma.

We begin by establishing (2.31). Let M > 0 and 0 < € < 1. We consider two sequences
of (k+ 1) jump points 711, -+, Tgt1,1 and Ti2,---,Tg41,2 as described in the previous
theorem, where 7 1 is the first jump point of gék_l) after zg + Mn~Yk+1) and 71,2 is the
first jump after 74,1 1 +n~ V@41 - Similarly, we define two other sequences T1—1"" s Thatl,—1

and 7y 9, -+, Tp41,—2 to the left of z¢. By the previous theorem, we can find ¢ > 0 so that,

I g )] < e G
for i« = —2,—1,1,2 with probability greater than 1 —e. Let £ and & be the minimizer of
|g(k 2) g(()k_2)| on 71,1, Tk+1,1) and [71,2, Tr1,2] respectively. Define {_; and {_» similarly
to the left of z. For all t € [xg— Mn~Y k4D g0 4 Mn=1/ kD] we have with probability

greater than 1 — e

(P2 D —) < ()2l

<

- &—&

o DR (6) = (DR 2P (&) + 200 Y@
- §2— &

< (_1)k—2g((]’f—1)(£2) + 9en~ 1/ (2k+1)
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1/(2k+1)

since & — &1 > n” . Similarly, with probability greater than 1 — ¢, we have that

(1RG0 () > (DR (1) 2 (1) gy (6oe) — 2en”OED,

Now, using the fact that &1 = 29 + Op(n_l/(2k+1)) and differentiability of gék_l) at the

point xp, we obtain (2.31).
Using similar arguments in the proof of Lemma 4.4 in GROENEBOOM, JONGBLOED, AND
WELLNER (2001B), we can show (2.32) for j = k — 2 which specializes to

‘?U% ggk—z) (z0 + n—l/(2k+1)t) . g(()k—2) (20) — n—l/(2k+1)tgék—1)(w0) _ Op(n—2/(2k+1))
t|<

for all M > 0. Indeed, since the jump points 7;;,7 = 1,---,k + 1,7 = —2,-1,1,2 are
at distance from xzg that is Op(n_l/ (%H)), we can find with probability exceeding 1 — ¢,
K > M such that & and & are in [xg + Mn~ Y@+ 24 4 Kn~V/@k+D] ¢ 5 and €. in
[xo — Kn~ VD) g0 — Mn~1/Ck+1] But we know that, with probability greater than

1 — ¢, we can find ¢ > 0 such that
G2 (€x1) — 96" (Gan)| < en /A,
Also, with probability greater than 1 — ¢, we can find ¢ > 0 such that

_(k— k-1 _
sup ggk U(t) —gé )(wo) < I~ M/(@htD)
t€[zo—Kn—1/ (2k+1) g4 4 Kn—1/(2k+1)]

Hence, with probability greater than 1 — 3¢, we have for any ¢t € [xg — M =1/ g 4
Mn~1/@k+1)]

(—)* g2 (t)

> (—1)F 2 0(g) + (—1)F 2D &)t - &)

> (—)F2g P () — en™Y D 4 (1P 2D () + TV EED) (¢ - gy)

> (~)F2g8 P (@) + (&1 — 20) (—1)F 268" (o) + (t — £1)(—1)F 26l (o)
—en MR V@R (¢ ) (2.33)

> (=P 200 o) + (= w0) (—1)F 205" (o) — (e + 2K )n 2/ @R,
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where in (2.33), we used convexity of (—1)k_zg((]k_2) “from below”. On the other hand,

using convexity of (—l)k_zg(()k_z) but this time “from above”, we have

(—1)F 252 1)
(12582 () — (~1)k28 D (ey)

< (0PI (e + - (t—&1)
< (_1)k—2§(()k—2)(£_1)+Cn—2/(2k+1)
LEVTIE) - (ORI )+ 2en O

§1—&
< M2 o) + (61 — o) (1P D)+ g6 — w0 (1))

(126D () — ey) + 20n=2/ kD) EZE21)
§1— &

< M2 w0) + (61 — o) (1Pl Do) 4 g6 — w1 0)

—2g4- - - t—¢
n ((_1)k 20051 (30) 4 ¢ 1/(2k+1)) (t—€.1)+2en 2/(2k+1)%

< (=120 (@o) + (¢ — mo)(=1)F 2 (o) + <% +2c+ 2Kc’> p 2/ (k1)

where v € (§-1,20), D1 = SUDPpe[2—5,0+0] ]g(()k) (x)| and [zo— 0, zo+ 0] can be taken to be the
largest neighborhood where g(()k) exists and is continuous. In all the previous calculations,
n is taken sufficiently large so that [xg — Kn~ "Gk 20 4 Kn=1/Ck+D] C (29 — 6,20 + ).
We conclude that (2.32) holds for j =k — 2.

Now, suppose that (2.32) is true for all j/ > j —1; i.e., for all M >0

e

—1 =3/ @) gD ()

Y]
j/ (Z j)

sup E_]?(i]’)(mo + n—l/(2k+1)t) _ ti_j/ _ Op(n_(k_j,)/(Zk'f‘l))'

[t|<M

-
I

We are going to prove (2.32) for j — 1. We assume without loss of generality that k& and
j — 1 are even. In what follows, £11 denotes the same numbers introduced before but this
time there are associated with gr(lj_l); i.e., for any 0 < € < 1, there exist ¢ > 0 and K > M

such that

19979 (€x1) — gV (€21)| < en~ BITD/CR4D)

with probability greater than 1 — e and where &; € [zg + Mn =Y/ @41 g0+ Kn—l/(2k+1)]

and £_1 € [zg — Kn~ Y@+ 20— Mn—l/(2k+1)]'
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Now, using the induction assumption, we know that we can find ¢/ > 0 such that, with

probability greater than 1 — e,

k-1 n—(i—j')/(2k+1)g((]i) (o)

o —(k—5")/(2k+1) —(3") —1/(2k+1)4\ i—j’
dn~\"I < g7 ’(wotn t) Z:ZJ:/ (i —4")! t
S cln—(k—j/)/(2k+l) (234)
for all |t| < M and j' > j — 1.
Using convexity of gﬁ?‘l) “from below”, we have for all [t — z¢| < Mn~Y@+1) with

probability greater than 1 — 2e,

3 V)
> g9+ (€)1~ &) + -+ gt Ve - &)
(=1 k—j k - g(i) (z0) i—j
> gy (&) —en”BTIED/CGRRL L (Y ﬁ(& —x0)"(t = &)
i=j ’

k-1 (3) 9 s
90_(0) i—j-1| (t=&) (he1), ([t = &)k
+ (i;rl(iojol)!(& —x0)"™’ 1) 2!1 4+ 4 g5 1 (xo)flj)!

2
b D/ @R (¢ gy (k=i =1/ ) (t—£&1)

2!
_ t— &)k
(= (23
Using Taylor expansion of g((]j _1)(51) around g((]j _1)(1‘0), we can write
=) G-1) ) g5 wo) -
96 (&) = g5 (wo) + g5 (o) (&1 —wo) + o+ (E/c—ij)'(& — x9)"
k
g (v)

+ (&1 — @)

(k—j+1)!

where v € (x0,&;). Using this expansion and the fact that
|t o €1| < Kn_l/(2k+1),

the right side of (2.35) can be bounded below by

k-1 (i)

Z 907(:50)(5 . )i—j+1+§géi)(x0)(£ ao) it — &)
S =gt Z(i—j !




()

= % 2 Py
g (1'0) i—j—1 (t fl) (k—1) (t _ 51) j
+ i:%:rl(i_oji_l)(&—xo) i= o Tt (:co)W

k—j (k)

KP o v .

_ (CJFC/Z . ) n— (k=i +1)/(2k+1) 4 (k£7_()j(+)1)'(£1 _$0)k j+1
p=1 " '

= géj_l)( )+9(()])( 0)(t — o)
(5+1)

x
+g°27!(°> ((51 — o)+ 26— 3t — &0) + (¢ — &)
_ k —J
T Z k—j— lpv S SV
p=
k—j (k)
KP o (y) i
_ N BT (k—j+1)/@2k+1) o 90 \¥) o Nk—j+l
<c+cp1 p!)n +(/c—j+1)!(§1 x0)
. . (k_l) x .
= o)+ 9 ot — ) oot Lt )
k—j k—j+1
K? ; DK% ,
_ / BN _(k—j+1)/2k+1)  PIBT (e j1)/(2k+1)
<c+czp!)n J (/c—j+1)!n J
since 0 < & — zg < Kn~1/(2k+1),
Now, we use convexity of gﬁlj U “from above”. We first need to establish a useful

inequality. Since gﬁ,’f‘” is convex, we have for all t/ € [zg — Mn =Y kD) o4 Mn—1/(k+1)]

and
_(k—2) _(k—2)
_(k— _(k— gn &1 gn §-1
() < gy + I )y
En1 — &1
By successive integrations of the last inequality between £_1 and t, we obtain that

_ 2
0 ) < a et e+ e e

g 2(&) — g P (e) (t— € )k
&1—& (k=7

It follows that with probability greater than 1 — 2¢, we have

)
G-1) () G e (=€)
< g0 ) F g ()t =€) + gy (5—1)T

) - gék_Q) (€-1) + 2en =2/ O (1 — ¢_y)k—i
&1 — &1 (k —5)!

_|_..._|_go
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< géj_l)(ﬁ—l

)
< 9 (x0) i—j :
+ 0 (6ot — wo) I+ I RED/@RED g )

1 ep~ (k=3 +1)/(2k+1)

— (i —J)!

2!

k—1 (7) )
+ ( > (.goﬂ(s_l — ) Cfn<kj1>/<2k+1>) (t—&)°

.
oot (0 0E) + e/ ORe) =&

(k=)
k—1 () ( )

95 (20) i—j+1 , 9 (v) k—j+1
< _ g \7) _
et (Z—j+1)!(5 1= ) (o)

k=1 (3)
90 (20) _ i—j .
+ (H (i _j)!(f—l 0) ) (t—¢&-1)
k-1 (i) 9
- t— &
4+ ‘go (1"0) (5_1 _xo)z—j—l ( 5 1)
= (i—j— 1) 2!
i=j+1
_ k—j
(k—1) _1/ek+1)) (E—&-1)
+ (95 (o) + en )G
i
n ( (14 KF9) 4 ¢ Z K DlK’H) o~ (h=i+1)/(2k+1)
. p! k!
b=

. . — xa)k—d .
_ g(()]—l)(xo) +géj)(ac0)(t — x0) + - +g(k ])(wo) (t(k l‘o).)‘ + K'p~(k=3+1)/(2k+1)
_] !

with K = c(1+ K*9) + ¢ YFZ{ K2 DUCE 1t follows that (2.32) holds for j — 1. W

2.7 Asymptotic distribution

Recall that the characterization of the LSE §,, involved the processes Y,, and H,, defined by

t_1 2
S _// | Gu(t)dtidty---dty_y, x>0,

and

z  pti t2
:/ / / gn(t1)dtydty ---dty,. x>0,
0 JO 0

Since we are interested in estimating the true density or its [-th derivative (I < k — 1)
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at a point zg > 0, we need to define a local version of these processes. We define the local

Y,, and H,-processes respectively by

) x +tn’1/(2k+1) Vg V!
sty = it [ [
xo xo o
s (u—m0) () k-1
Gn(v1) — Gp(z0) / Z 96 (wo)du oII;Z dvj,
w = I
and
zot+tn 1/ (2k+1) oy v
fILOC(t) = n21§i1/0 /k/2
k— 1 (01 — 2
{gn Ul Z ! 0 ( 0)}d’l)1-”dvk
+ Ag_1ynt™™ +fl(k_2)ntk 2h 4 At + Ao,
where
i (k+1)/(26+1) oy n(k+1)/(2k+1) & G
(k—1)n = < (z o)> = W( n(zo) — n(:co)>
(k+2 2k+1
~ n
Ag—2)n = < ~YFE (@ 0)>
Ay, = n@eD/Ck+1) < 0)>
A(]n = 2k/(2k+1< (ZL'O) Yn(1'0)>7
and G fo

Example 2.7.1 k=3

ro+in w
xo xo

- /: <90(330) + (u — 20)gp (o) + %(u — mo)zgg(ﬂco)>du}dvdw,

(]

—1/7
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and
- xro+tn— ,
iy = oo [ / / {in0) = o) = (= 00
xo
— §(u — :no) 90 (mo)}dudvdw + Aopt? + Aipt + Ao,
where
~ 7/
A2n = T(Gn(wO)_Gn(x0)>7
A = () = o) ),
and

Ay, = n6/7<ﬁn($0)—Yn($0)>.

In the following lemma, we will give the asymptotic distribution of the local process Yifc in
terms of the (k—1)-fold integral of two-sided Brownian motion, go(x¢), and g(()k) (o) assuming
that the true density gq is k-differentiable at xg and continuous in an open neighborhood

around xg.

(k)

Lemma 2.7.1 Let x¢ be a point where go is k-differentiable and gy~ is continuous at xg.

Then

v 90(xo fo Sk—1 | W(sl)dsl ~dsp_1+ 2k,tzkg((] )( 0), t>0
vV 90(zo ft o1 ~~f82 W (s1)dsy -+ dsg_1 + 2k,t%g(()k)( 0), t<0

in D|—K, K] for every K > 0 and where W is standard Brownian motion starting at 0.

Yire(t) =

Proof. Fix K > 0. We will prove the lemma for ¢ > 0 and similar arguments can be used

for t € [-K,0). We have
[ o

_ /m;” <go(a:0) + (u— z0)go(zo) + -+ + = 1)! (u— ﬂﬁo)k_lg((]k_l)(:vo))du}

d’UldUQ s dvk_l

—1/(2k+1)

Yloc(t) _ n2k/(2k+1) /Z/UO-‘rtn

= An“‘Bm
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where

A, = p2k/@k1) / rotn

—1/(2k+1)

/vkl /vz
o o

{Gn(vl) — Gn(l‘o) — (Go(’Ul) — Go(l’o))}dvldvg e dvk_l,

and

1/(2k+1)

B p2k/@kD) /IOH" /

{Go(v1) Go(zo) — / (90(5130)"'(“—%)96(330)

] (u— xo)k_lg((]k_l)(l'o))du}dvldv2 e dug_q.

But, with U, denoting /n(I'y — I), Dp(t) = n™ 137 1jg,<q where &,---,&, are iid.

U(0,1) random variables, we have

1/(2k+1)

I~

xo+tn—
2K/ (2k+1)~1/2 /

[ (a(Goe2) - Ua(Giotan)) )
dvlei ~dvg_q
_ e /+ o [ [ (0atGaten) - 0a(Gitan) ) )

dU1 dvg dvk_l,

and using Taylor expansion of Gy(v1) in the neighborhood of xg,

g [rottnTl/GEED (v1 — 20)** [ (& . k-1
B, = nih / / 1k+°1 (s6960) = 66 ) T

- zo+tn 1/ (2k+1) Ul _ xO k-l—l
4 p2k+1 Gt 1)l 90 (zo H dv;

= Bnl + Bn27

where |v] — xo| < |v1 — xo|. Now,
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1/(2k+1)

o1 (k) Tot+tn™ Ukt k42
an = n2k+1 g, ( ) / ) de2 e dUk—l
(k + 1)' 0 zo o
~1/(2k+1)
2k 1 (k) zo+tn~! k1 k+3
= N2kt 9% (mo)/ — xg dvg - - - dvg_1
(k + 3)! 20 o
—1/(2k+1)
21 () rotin 2%—1
= N ————gqy (1‘0)/ (Vk—1 — x0) dvy_1
(2k —1)! 20
2k
N YR S
= n2Hlg, (:C()) (Qk)! (nl/%“
1

Furthermore, by continuity of g(()k) at xo, we deduce that By1(t) = o(1) uniformly in 0 <

t < K and hence

1
B, — (%)'gg (o)t (2.1)

as n — oo uniformly in 0 <t < K.

Using the identity
U(Go(v)) — U(Go(x0)) £ W (Go(v)) — W (Go(wo)) — (Go(v) — Golzo))W (L),
where W is two-sided Brownian motion process, we have

d 2k—1 To+tn~
An = n2(2k+1)/ / /

<Un(’l)1) — U(’Ul) — (Un(x()) — U(l‘o))d’ul cee d”l)k_l

+ i / ok / e / " (W(Go(v))—W(Go(aco))>

k1 Lo+tn 1/ (2k+1)
_W(l)n2(2k+1)/ / /
zo

(Go(v1) — Go(zg))dvy - - - dvg—q

1/(2k+1)

= Anl + An2 + An3-
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But,
2k—1 zo+tn =V ERHD v2
Anl < 2n2(2k+1)HUn _UHOO/ / / dvl "'dvk—l
Zo zo zo
= 92n20@k+1) H[Un _ [UHOO / / . / ('1)2 — xo)dv2 N dvk—l
te) o o

zo+tn—1/(2k+1)

2k—1 a Vk—1 Y41
= 9n20k+D H[Un — [UHOO/ / .. / —(Ug _ 1‘0)2(1213
o xo xo 2

x0+tn71/(2k+1)
k-2
/ Vg—1 — T0)" “dvg_1

—1
- 2n2(2k+1)”U _U||°° |<n1/(2k+1)>

22@1()(105572) )
lo 2
_ k—1 g(n)
- O(m ) (2:2)

since ||U,, — Uljoo = O (n_1/2 (log(n))2> via KoMLOS, MAJOR AND TUSNADY (1975); see e.g.

2k—1
= 207050 Uy — Voo

= oth-1lp

SHORACK AND WELLNER (1986), page 494.

On the other hand, using the fact that g is nonincreasing, we have

/ / V1 — X dvl dvk 1
U3 1
/ / U1 — ZL'(] dU2

—1/(2k+1)

2k—1 1 zo+tn b1
= [W(1)|go(zo)n2CEk+D (Vk—1 — x0)" " "dvg_1
=11 Jo

k
= [W(Q)|golz )n—z(zzkklln (it
- golLo k! 1/k+T)

1
= [W(1)|go(zo)t*n 5T —, 0, (2.3)

1/(2k+1)

IN

2k—1 ro+tn—
Aws < [W(D)|golwo)n2im /
xQ

_— 1/(2k+1)

xro+tn—
- |W(1)!90(900)”_2(2H1)/
xo

as n — oo uniformly in 0 <¢ < K.

Finally, using the change of variables s; = nl/(%“'l)(vj —xg) for j=1,...,k—1, we
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have

2k—1 :(:()-i—tnT:*L1 Vg —
Ay = n2(2k+1)/ / / < GO Ul) W(Go(wo))>d’01’”dvk_1
xo xo xo
2k—1  _ (k=1) Sk—1 52
= it [ / [ (WGt +20) - WiGteo)

dsk 1

2(2k+1) / / / (GO n2k+1 s1+ mo) Go(x0)>d51 coodsp_q
/ / / <n2k+1 Go(n%ﬂ S1 + wo) Go(%o))) dsy---dsg_1
— / / / W(s1go(zo))ds1 -+~ dsk—1 asn — o0
0 JO 0
4a

\/M/Ot /Ok /0 W (s1)ds1 - - dsgr. (2.4)

Therefore, combining (2.1), (2.2), (2.3) and (2.4) yields

Yloc :> \/90—1‘0/ / / W 51 dSl dsk 1+ WtWCgék)( )

for 0 <t < K. A similar argument for —K < ¢ < 0 yields the conclusion. [ |

[l

We will now rescale this limiting process to obtain a “canonical” version. In the case
of k = 2, Groeneboom, Jongbloed and Wellner (GROENEBOOM, JONGBLOED, AND WELLNER

(2001B)) chose the “canonical process” to be

t
=/ W (y)dy + t*,
0

and one can establish a link between estimating a non-decreasing convex density and the

following Gaussian problem:
X(t) = fo(t)dt + dW (t) (2.5)
where fj is convex. Integrating (2.5) twice and choosing fo(t) = 12t?, we have
/OtX(y)dy = /Ot W (y)dy +t* =Y (t).

Similarly, one can establish a link between the k-monotone density estimation problem

and the Gaussian problem:

X(t) = fo(t)dt + dW (¢)
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where (—1)F fy has a convex (k — 2)-th derivative. If we choose fo(t) = t* and integrate the

previous stochastic differential equation k — 1 times, we get

1
X(t) = W

Xi(t) = /X( )als—mtlﬁ'2 /W ds

Xg(t) = / / X 51 d51d$2 (k—|—3 tk+3 / / W(Sl)dsldSQ
k! t rsp—1 82
Xk_l(t) = —t2k + s W(Sl)dsldSQ ce dsk_l i Yk(t)
(2k)! 0 JO 0

Here we will rescale the limiting process so that we obtain the “canonical process”

k!
/ / / W Sl d81d82 ~dsp_1 + ( )k (2]{7) 2k, t>0.

Let us denote by o and a, the multiplicative term +/go(zo) and (—1)% 90 (1‘0) /k!, the leading

coefficient of the drift term in the limiting process

t pSk—1 52 ~1)*
t) = \/90(—960)/0 /0 /0 W(s)dsy - dsi_y + k:l!) gék)(wo)(_l)k(;—’i)!t%

respectively. In the following, we are going to find constants 71 and 79 such that

d
1 Ya,cr (T‘gt) =Y (t) .

We have
k!
Ya,cr(t) = a( )k 2k+0/ / / W 51 d81 ~dsp_1
| t prsp—1
4 a(—l)kLtQk—i—a_l/za/ / W (aws1)dsy -+ - dsg—1
(2k)! 0 0

[l

k!
a(—l)k%t% + a_1/20'

Ll
a(—l)k(;:) 2 4 =12 /0 t /0 B

k! @
Y % , —1/2
a(—1) (2k)!t + O'/O

I~

Il

S‘

%
%
&

|
)
—
|
—_
S—
)
—~
==
=
~
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=
€
o)
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~
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Therefore,

d e K ok 1/o—k reat  rsp_1 52
Yoo (ret) = a(-1) 1 (ret) ™ + T e oo | W(s1)dsy - dsp_1,
(2k)! o Jo o

and
aryrik =1,
ral/?2 kg =1,

roa = 1.
Solving the previous system of equations yields

oo (ﬁ) 2/(2k+1)

g

and therefore

1 _1)k (k) (2k—1)/(2k+1)
- <( )" 90 (éﬂo)) and (2.6)
go(zo) \ k!\/go(xo)
2/(2k+1)
T
o (Y 20
(=D*gy " (z0)
E!
Thus,
Ya,cr(t) i iYk‘<i>
1 r2

(2k=1)/(2k+1) —2/(2k+1)
_ - k!'\/go(zo) k!\/go(zo)
Vo) ((—1)@6’“) (1‘0)) o <<<—1>'fgé’f’ (wo>> t> |

Note that (2.6) specializes to A.9 in GROENEBOOM, JONGBLOED, AND WELLNER (2001A), page
1651 when k = 2.

Let us now have a closer look at the difference of the two local processes Y!°¢ and Hc,
The asymptotic behavior of this difference, as we will show later, will have a crucial role in
establishing the asymptotic theory of the LSE.

We have,

HYe(t) — Yioo(t)
_ /+_ [ [ (@t~ Gt — @) — o))

0 0 0
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dvy - dvk—l} + A(k—l)ntk_l + o+ At + Aoy

ok To+tn 2k+1
= n2k+L / / / ( (?}1)>d’l)1 oo dug_q

(k+1)/(2k+1) P ot ~ ~
BN T <G (wo) — Gn(ﬂfo))t + Ayt + o+ At + Aon

ok zo+tn 2k+1 -
= n2ktL / / / ( n('Ul) — Gn(v1)>dv1 s dUk_l
_|_ e A A

— Apoyt™ !+ A(k—l)ntk_l

ok zo+tn 2k+1
= mn2k+1 /

+ A(k 2)nl 2y Alnt + AOn

ok :E0+tn 2k+1 B
= n2k+t1 / / / Gn(’Ul) — Gn(v1)>dv1 s dUk_l
0

ok To+tn 2k+1 v3 ro , .
— n2&+I / / dvg -+ - dvg_q1 X / (Gn(vl) — Gn(vl))dvl
xo x0 x 0
—l-le(k 2)nt "2 At + Aoy

ok x0+tn2k+1
= n2k+1 / / / ( (v1)>dv1 s dvk_l

én(’Ul) — Gn(v1)>dv1 e dvk_l

(hi2)/(2hr1) B k-2
- (k:—2).~ I ~(Gn<v1> Gu(or) ) dor + Aot
+ A(k—?})ntk_3 + -+ Alnt + AOn

—1
ok zo+tn2k+T Vg—1 v /
= nI+l / / Gn(v1) — Gp(vy) |doy -+ - dog—q
o o 0

- A(k—2)ntk_2 + A(k—2)ntk_2 4ot Ayt + Aoy,

—1
ok xo+tn2F+1 Vg1 v /
= n 2k+1 / . / (Gn(vl) — Gn(vl)>dvl e dek_l
o o 0

+ Ay t™ 2+ o+ At + Ay

k ~ -1 -1
— pm (Hn(xo +tn2*+1) — Y, (20 + tnm)> >0,

by the first Fenchel condition satisfied by the LSE.

A natural thing to do is to rescale the processes Y/ (t) and H!¢(t) so that the rescaled
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Yloe(t) converges to the process Yj we defined already. Since the scaling of Y¢(¢) will be

exactly the same as the one we used for Y}, we define H., as

H,ll(t) = rlﬁ,lfc(rgt)

where
o 1 ((_1)kg(()k)(x0)>(2k—1)/(2k+1) . <M>—2/(2k+1).
go(Zo go(xo 90(z0) k!
V90(x0) \ v/go(0)E! V90(@o)k!

Now, we can write

()W) = rirg(HP) P (0) = 0" Dy (g0) (Gn(x0) — go(0))

(HYED0) = piph () EHD(0) = nE=D/CRD 6 (g0) (8, (20) — g (20))
(ﬁé)(k”)(o) = T1T§+2(H£LOC)('€+2)(0):n(k_2)/(2k+1)0k—2(90)(§Z($0)—96/(330))
(H)P=D(0) = rr2h = (H9) 1 (0) = n/ @D ey (g0) (G5 (20) — g5 (x0).

Now, let us consider the MLE §,. Recall that the characterization of this estimator

involves the process ]?In given by

R top k=1
Hn(t)Z/O %d@n(t), forall ¢>0

u)
and that
_ <& 1t>0
By (k1)
= 7, when ¢ isa jump point of g

is a necessary and sufficient condition for g, to be the MLE. Note that ﬁn and H,, defined
in Lemma 2.2.5 in Section 2 are different: H, = (t*/k)H,
We define the local processes }A/;ioc and ﬁ loc as

—1/(2k+1)

x n v k 1(” I) (7)
viee(r) = nzk/(2k+1)go(:co)/ " / /190 g (o)
! gn( )

dvdvy - - - dvg_q

2%k /(2k+1 zotn /D vy I |
2R g ) / / / 1 aG, - Go)w)
T o T

0 0 gn(v)
dv1 cee dvk_l




and

1/(2k+1)

1 (v—=z0)? 900) (4 )(
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0)

R xo+tn—
Hloc(t) _ n2k/(2k+l)go(£€0)/

[ [

dvdvy - - - dvg_q1 + A(k_l)ntk Ly 4 Ay,

where for 0 < 7 <k —1

R 1 (2k—5)/(2k-+1)

Ajn = —Wgo(fﬂo) <ﬁr(zj)(w0) - (h — 1.)?33106_j> :

With this particular choice of Ejn, 0<j<k-—1, we have
HYy° (1) = Yoo(t)

xro+itn~ U1 4 —
n2k/(2k+1) (0)/ / / gn(v )dvdvl ~dvg_q

g ay) [ [ (@ = G0

k—l

1/(2k+1)

+ A(k—l)n
= 2@k gy fn_k/(%ﬂ) rotn
= golZo !

+ Ayt T 4+ Ay

"+A0n

1/(2k+1)

=1

But notice that for any ¢ > 0

b R SR T
| 5o e = G

1/(2k+1)

It follows that
dG,,(v)dvy ---dv
[ = R

/xo-i-tn
wotn—1/(2k+D)

— '/ / / H(k D(wy) — HED(z 0)) dvy - - - dvj_y
z0

L yip =i/ (2k+1)

= ( (20 + tn "1/ R+1)) _ Z B Hr(zj)(w())) .

|
=

Therefore,

Hoo(t) — Yloo(t)

/ '/9: gn;(v)d(@n(v) Iﬁdvi

)
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H,(zq + tn=1/(2k+1) tk k=l g =i/ (k+1)
= n%/(zk“)go(xo){ - O(k — ) R I +ZO ! 1(1])(960)}
‘]:

+ A\(k—l) 4+ Aoy

_ 2k/(2k+1)90§j0) { — kH, (o + tn~ Y/ @kH1) 4 gl —k/2k+1)

k— k—1

tin—3/(2k+1) <A . 1 k! . k! .
Z A (o) _%xk—y> T L —]/(2k+1)xk—a}
o (o) = 3 =0 j(k — j)! 0

=0
+ A1) k_1+ -+ Agy
_ n2k/(2k+1)90550) { — kHp (o + tn ™/ CHHD) 4 (g 4 tn =1/ R }

by replacing the coefficients A\ﬁ“ 0 < j <k —1 by their expressions. It follows that

. . 1 .
Hloc(t) — Vioe(t) = pn2k/(2k+1) (7;70(_””2; <E(x0 Fotn V@R F tn_l/(2k+l))> > 0.

As for the LSE, we define }A/;i and I;Tfl by

~

YHt) = rY ¢ (rot)

n

and

ﬁ%(t) = rlﬁffc(rgt).
Lemma 2.7.2 Let K > 0. Then
}/}n = Yk

in D[-K, K].

Proof. We apply the same arguments in the proof of Lemma 2.7.1 in the case of the LSE.
|

Now, let H!, denote either H, or ﬁé Recall that

k=) k) .
Ajn = =7 (Hé”(mo) — Yﬁ?)(mo))
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and

~ 1 (2—3)/(2k+1) o (k=1
A = ===y 9o(@0) < 0 J> :

Hf(zj)(l'(]) - WZE

To show that the derivatives of H! are tight, we need the following lemma.

Lemma 2.7.3 Forallj € {0,...,k—1}, let Ajn denote either fljn or fAljn. If the conjectured
Lemma 2.5.4 holds, then

Aju = 0,(1). (2.8)

Proof. We will show the lemma only for the LSE as the arguments are very similar for the
MLE. Let j € {0,...,k—1} and denote A,,(z) = H,,(z) — Yy () for all z > 0. We will start
by proving (2.8) for j = k — 1 and k — 2 and then use induction for 2 < j < k — 3. Proving
(2.8) for j = k— 1 would have been sufficient but we wanted to show it for j = k — 2 to give

a better idea about how the proof works.

Now consider k successive jump points, 7y, -, Tg, of §£Lk_l) where 7 is the first jump
after zo. By the mean value theorem, there exist 7'1(1) € (11, 72), 7'2(1) € (12,73), ..., T]gl_)l €

(Tk—1, ) such that A;@(Ti(l)) =0for 1 <i<k—1. Also, by the same theorem there exist

7'1(2) € (7'1(1),7'2(1)),...,7',&2_)2 € (T,gl_)z,T]gl_)l) such that A’Ti(T-(z)) =0forl1 <i< k-2 Itis

(2

easy to see that we can carry on this reasoning up to the (k — 1)-st level of differentiation

and so there exists 7(*=1) such that
Aglk—l) (T(k—l)) —0.

Denote 7 = 7*=1_ We can write

But since
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we can write,

Q.
/-\
~
~—
~

[,
< / e (t))‘+

Fix 0 < € < 1. By Lemma 2.5.9 and Proposition 2.6.2, we can find M > 0 and ¢ > 0 such

that with probability greater than 1 — €
2o < 7 < mo 4+ Mn~ /D)

and

(k1)
) = (o) = )t = av) =+ = B2 ¢ — )

< en—k/@k+D)

for xg — Mn =Y+ <t < g+ Mn~/ 1) On the other hand, using Taylor expansion,

we can find d > 0 that

< d(t— )"

9o(t) — go(x) + go(zo)(t — z0) — -+ — 71,!(75 — z)"1

< pR/Ek)

for g — Mn~ Y@+ < < 20+ Mn=Y/ @+ and where ¢ = dM*. Tt follows that

/Ign —go(t)|dt < (c+)n 2k+1/dt

_ (C—|—C) —k/(2k+1) (T—:L'(])

< (4 )Mn~ D/ @k41)
To finish off the proof, we only need to check that

- Go(t)) _ Op(n_(k+l)/(2k+l)).
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But this can be shown using similar arguments to those in the proof of Proposition 2.6.1.

Indeed,

/%mwwawnafﬁmﬂwmwwcm»

0
is an empirical process indexed by the point 7 € [z, zg + Mn~1/(k+1D],

Consider now the empirical process
Ua:) = [ 1y (D(G.(0) — Gult)
for 0 < y < z and the class of functions
Fyr={fyz: fy() =1 (t),y <z <y+ R}
for a fixed y > 0 and R > 0. One can prove that there exist, § > 0 and R > 0 such that
|Un(y: 2)| < e(z —y)*+! + Op(n~ FFD/EHD)

for all |y — zo| <9, 2z € [y,y + R] and for all € > 0. It follows that

/mr d(Gy(t) — Go(t))‘ = op ((7_ _ mo)k+1> + Op(n—(k+1)/(2k+1))

_ Op((n—(k-i-l)/(Qk-‘rl))

and the result follows for j = k — 1. Note that we obtain the same result if we replace xg
by any z in an neighborhood of zq of the form ]|zy — Mn~ V@Y g0 4 Mn_l/(2k+1)], for

some constant K > 0; i.e., we can find K > 0 indenpendent of x such that

‘Aslk—l)($) < Kn~(b+2)/@k+1)

with large probability.
Now, let 7 = k — 2. We have,

A%k—%(;m) = /01‘0 (xo — t)d(én(t) — Gp(t)).

Let 7 be a zero of A2 (we can find such a zero the same way as we did for ASL’H)). We

can write

A D(wo) = Al (z0) — AF(r)
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T ~

- / " (w0 — )G (t) = Gu(t)) — [ =06 - Gatw)
0 0
- - / (20 — )d(Cnlt) — Cu()) — (7 — x0) /0 A(Clt) — Gu(t))

0
T

- / (0 — (G (t) — G(t)) — ( — ) AFD (7).

0
Let M > 0 be such that zo < 7 < zg + Mn~Y/@k+1), By the previous result, there exists

¢ > 0 such that

—2/(2k+1)

(r— $0)A£Lk_1)(7) <en

with large probability.

Now,

/ (= 20)d(Ga(t) — Go(1))].

zo

/T(xo — )d(Gn(t) — Gn(t))‘ < /T(t — 20)[gn(t) — go(t)|dt +

0 0

We can find d > 0 such that

gV (wo)
n(t) — go(20) — go(20)(t — zg) — -+ — 2L (¢ — @)t < dn R/ RFD

(k—1)!
and
g(k_l)(iUO) k k/(2k
90(t) = go(zo) — go(xo)(t — wg) — -+ — (Ek:—il)'(t — x0)F 7| < dn R/ R

for all t € [xg — Mn~ YR+ 2 4 Mn~=Y/k+D] with large probability. It follows that

/ (t — 20)[Gn(t) — go(B)ldt < 2d n—F/@k+D / (t — )t
xo xo

— d n—k/(2k+1)(7_ _ $0)2

< 4dM2 n—(k+2)/(2k+l)‘

with large probability. Finally, using again empirical processes arguments, we can show

that

[ (= 20)(Ga(t) = Got)] = Oy~ 422410

0
and the result follows for j = k — 2. The same result holds if we replace xy by any

z € [xg — Mn V@D n=1/@k+1) 20 4 Mn~1/ kD] for some M > 0; i.e., we can find
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K > 0 indenpendent of z such that

< Kn—(k+2)/(2k+1)

AL ()

with large probability.
Now let 0 < j < k —3 and fix € > 0. Suppose that for all j/ > j and M > 0, there exists

¢ > 0 such that for all z € [z¢ — Mn~V/ @+ 00 4 1\471—1/(21’%1)]7
(k—1— jNAY) ()| < en~@k=)/Ck+1),
with probability greater than 1 —e. We can write,
(k—1—IAY (y)
y . ~
= [0 G0 - Galt)
0
Y k—1—3j 1/ /A
= /0 (y—z)+(x—1)) d(Gp(t) — Gy (1))

= > <k_;_]>(y m)l/oy(iﬂ—t)k_l_j_ld(én()_G"(t))
=0
k—1—j

S <k_;_]>< — ) [ = G (D) - Gale)
=1

+ /Oy(x — t)k_l_jd(én(t) - Gn(t))

k=1-j . .. o o y L
= > (7 ) a0 w + 80w + [ - 046, 0 - o)

=1
Take x to be a zero of A,(i ) (such zero can be constructed using the mean value theorem as
we did for j = k—2 and j = k—1). Thus there exists M > 0 such that x¢— Mn~V/@k+1) <
z < zg+ Mn~YE+D  Now by applying the induction hypothesis, there exists ¢ > 0 such

that we have for all y € [zg — Mn =YD 20 4 Mn~=1/ kD] we have

(R INUTIEED Sl G R TR
=1

Yy . ~
#] [ o= 08194 - 6,00)
But,
k—1—j . k—1—j .
11— , —1— :
> (k z ]>|y Gk ( <k‘ | J>(2 My) - (2k=0)/(2k+1)
=1 =1
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and

/ y(:c — PTG (t) — Gp(t))| = Op(n~ R0/ (kT

by using empirical processes arguments. Therefore, the result holds for j and hence for all

j=0,,k—1. (]

Theorem 2.7.1 For all k > 1, let Y; denote the same stochastic process defined before;

i.e.,

L =5 ST

v = | B @IV @) + et 20
0 (t S) dW ( 1) k't2k t 0
¢ g AW () + gy <0

There exists an almost surely uniquely defined stochastic process Hy characterized by the

three following conditions:

(i) The process Hy, stays everywhere above the process Yy:

(ii) (—1)*Hy is 2k-conve; i.e. (—1)'“H,g%_2) exists and conver.

(iii) The process Hy, satisfies

/w (Hg(t) — Yi(t) dH ™ () = 0.

— o0

(iv) If k is even, Iim‘ﬂ_,oo(H,?j)(t) — Yk(2j)(t)) =0 forj=0,---,(k—2)/2; if k is
odd, 1imy oo (Hy(t) — Yi(£)) = 0 and limpy oo (HZ TV (@6) = Y1) = 0 for j =

Proof. Existence of the processes Hj. follows from Corollary 3.2.1 in Chapter 3. |
Lemma 2.7.4 Let 0 < j <2k —1 and ¢ > 0. Let H!, denote either ﬁfl or H.. Then
(1) =

in D[—c,c] for j =0,---,2k — 1 and where Hy, is the stochastic process defined in Theorem
2.7.1.
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Proof. The arguments are very similar to the ones used in Groeneboom, Jongbloed and
Wellner (GROENEBOOM, JONGBLOED, AND WELLNER (2001B)). We show the lemma for HY, as
the arguments are similar for ﬁfl Let ¢ > 0. On [—c¢, ¢], define the vector-valued stochastic

process
Zn(t) = (L (8), -+, ()2 (), Y (), -+, (0) E72 (1), (F11) 2D (1), (i) * (1))
This stochastic process belongs to the space

Eyl=c,d] = (Cl-¢,d)™ ™ x (D[-¢,d])?

where Cl—c, ] and D[—c, | are respectively the space of continuous and right-continuous
functions on [—c,c]. We endow the space Ei[—c,c] with the product topology induced by
the uniform topology on C[—c¢, ¢] and the Skorohod topology on D[—¢,c|.

By Lemma 2.7.3, we know that (ﬁé)(j) is tight in Cl—c¢,c| for j = 0,---,2k — 2. It
follows from the same lemma together with the monotonicity of (H%)Z*=1 that the latter is
tight in D[—c,c]. On the other hand, since the processes (Y, -, (Y})*=2) and (V)%=
converge weakly, they are tight in (C[—c, d)*™" and D[—c, ¢] respectively. Now, for a fixed
€ > 0, there exists an M > 0 such that with probability greater than 1 — ¢, the process Z,,
belongs to Ej pr[—c,c] where Ey p = (Cupl—c, D72 x (Dy[—c,])? , and Cy[—c, ] and
Dyr[—c, c] are respectively the subset of functions in C[—c, ¢| and the subset of monotone
functions in D[—c, c] that are bounded by M. Since the subspace Ej, pr[—c¢, ] is compact, we
can extract from any arbitrary sequence {Z, s} a further subsequence {Z,} that is weakly

converging to some process
Zo = (H(), o ,H(ng_l),Yo, o 7Y0(k—2)7H32k—1)7Yo(k—l)) (2.9)

in Ex[—c,c] and where Y = Y.
Now, consider the functions ¢1 and ¢9 : Ex[—c, c] — R defined by
d1 (Zl, cee ,ng) = tei[gf ](21 (t) — ng(t)) A0

and

C

Ga(z1, -+, 23k) = / (21(t) — 2ok (t))d2z3p—1(t).

—C
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It is easy to check that the functions ¢1 and ¢9 are both continuous. By the continuous
mapping theorem, it follows that ¢1(Zy) = ¢2(Zp) = 0 since ¢1(Z,) = ¢pa(Zyr) = 0 and

therefore,
Ho(t) > Yi(1),

for all t € [—¢, ] and

C

k—
| oo - vioyang* o = o

—c
It is easy to see check that (—1)’“Hé2k_2) is convex. Since ¢ > 0 is arbitrary, we see that Hy
satisfies conditions (i) and (iii) of Theorem 2.7.1. Furthermore, outside the interval [—c, c|
we can take H!, and Y!, to be identically 0. With this choice, the condition (iv) of Theorem
2.7.1 is satisfied. By uniqueness of the process Hy, it follows that Hy = Hj. Since the

limit is the same for any subsequence {Z,, }, we conclude that the sequence {Z,} converges

weakly to
7, = <Hk7 o 7H]g2k—1)7Yk7 o ,Y,f’f‘z),H,fk‘”,Y,f’“‘”)
and in particular Z,(0) —4 Z;(0) and (H.)0)(0) —4 H,gj)(O) for j=0,---,2k — 1. [

Now we are able to state the main result of this chapter:

Theorem 2.7.2 Let x¢g > 0 and gg be a k-monotone density such that gg is k-times differ-
entiable at xo with (—1)kg(()k) (x0) > 0 and assume that g(()k) is continuous in a neighborhood
of xo. Let g, denote either the LSE, §, or the MLE §, and let F,, be the corresponding

mizing measure. If the conjectured Lemma 2.5.4, then

_k
N (g, (20) — go(0)) co(go)HP (0)
k—1
n 2551 (g5 (20) — g (20)) e1(g0)HE (0)
. _)d .
1 _ _ _
nZ T (G () — g8 (20)) cr_1(g0) H** 1 (0)
and
1 - —1)kgk _
W3 (Fo(a0) ~ F(z0) —a 2 ey (g0 HEP (0
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where

Y

. _1\k (k) z 25+1 #ﬂ
el = { (se0))* (“)Z—”) |

forg=0,---k—1.
Proof. For the direct problems, we apply Lemma 2.7.4 at t = 0 together with the fact that
for j=0,---,k—1,
(H) 9 (0) = ¢j(go)n™ /¥ (g, (x0) — go(x0))
and
(HL)F(0) = ¢j(go)n™ 7/ CHH0 (g, (a9) — go(0)) —p 0 asm — oo

which follow from the respective definitions of ﬁfl and H!, and also strong consistency of

n’

the MLE (for I:TL) For the inverse problem, the claim follows from Lemma 2.7.4 and the

inverse formula in (2.3). [ |
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Chapter 3

LIMITING PROCESSES:
INVELOPES AND ENVELOPES

3.1 Introduction

In the previous chapter, it is claimed that the limiting distribution of the MLE and LSE
and their derivatives involves a particular stochastic process Hy. This chapter is completely
devoted to proving the existence of such a process. If W is two-sided Brownian motion
starting at 0 and k is an integer greater or equal to 1, we define Y}, as the (k—1) fold integral
of W +(k!/(2k)))t?¢. The process Hy, is characterized by: (i) Hj, stays above (below) Yy if
k is even (odd), (ii) Hy is 2k-convex; i.e., HIE%_Q)
if H,gzk_2) changes its slope, (iv) lim‘ﬂ_)oo(H,gzj)(t) - Yk(zj)(t)) =0forj=0,---,(k—2)/2,
if k is even, and lim oo (Hg(t) — Yi(t)) = 0, lim|t‘qoo(H,i2j+l)(t) - Yk(2j+1)(t)) = 0 for

exists and convex and (iii) Hj touches Yy

j=0,--+,(k—3)/2if k is odd. In the particular cases k = 1 and 2, it takes only a change
of scale to see that the processes Hy and Hs are very closely related to the greatest convex
minorant of W+t? (GROENEBOOM (1985), GROENEBOOM (1989)) and to the “invelope” of the
first integral of W +t% (GROENEBOOM, JONGBLOED, AND WELLNER (20014)) respectively. To
have more intuition about the process Hy, one might think first about the drift (k!/(2k)!)t2*
as the k-fold integral of the “canonical” function t¥. We can then define the following

Gaussian problem:
dXy(t) = thdt +dW(t), teR.

It is an estimation problem that goes in parallel with the original one where the k-monotone
density go is replaced by the k-convex function t* and dX(t) plays the role of the observed
data X1,---, X,. Note that the process Y} is nothing but the k-fold integral of dX;. How
could we “estimate” t¥? As in the original problem of estimation of a k-monotone density,

one can define a Least Squares problem whose solution would be the “closest” k-convex
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function in the Lo-norm to the function t* plus Gaussian noise, on a finite interval [—c, d.
By construction, the process Hy, is the limit (in an appropriate sense) of the k-fold integral
of the LS solution, H,.j, say, as ¢ — oo.

As it was mentioned in the introdution, the process Hj, is a random spline of degree
2k — 1 whose knots are exactly the points where it touches Yy. This fact is certainly true for
k =1 (GroeNEBOOM (1989)). However, it is still conjectured for k£ > 2. In the particular
case k = 2, GROENEBOOM, JONGBLOED, AND WELLNER (20014) could only prove that the
points of touch between Hj and Y} form a set a Lebesgue measure 0 and conjectured that
they are isolated.

The proof of existence and uniqueness of the process Hj relies heavily on showing the
following fact: For any point t € (—c,¢), if 7, (7.}) is the last (first) point of touch between
H. ) and Y, before (after) ¢, then 7" — 7.7 = O,(1) as ¢ — oo. This problem is very similar
to the problem of determining the stochastic order of the distance between two knot points
of the MLE or LSE, when these knots are in a small neighborhood of zy. Our results show

that the above “fact” is indeed true if the conjectured Lemma 2.5.4 holds.

3.2 The Main Result

Suppose that £ > 1 and let W be a two-sided Brownian motion starting from 0 at 0. Define
the Gaussian processes {Yx(t) : ¢t € R} by

Yi(t) = fO Rl 2W(S1)d$1 - dsy_ 1—|-( )tzk t>0,
JE S o Ws1)dsy - dsg1 + giyt™, £<0,

and set X (t) = Yk(k 1)(75) =W(t) + (k+ 1)+ for t € R. Thus

AdXy(t) = thdt +dW (t) = fro(t)dt +dW (1)

where fj, o is monotone for k = 1, convex for k = 2, and, for k > 3 the (k — 2)-th derivative
fro (k=2) ( ) = (k!/2)t? is convex. Thus we can consider “estimation” of the function fro in
Gaussian noise dW (t) subject to the constraint of convexity of f (k—2) (or monotonicity of

f in the case k = 1).
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Here is our main result.

Theorem 3.2.1 If the conjectured Lemma 2.5.4 holds, then for all k > 1, there exists
an almost surely uniquely defined stochastic process Hy characterized by the four following

conditions:
(i) (=1)*(Hg(t) —Yi(t)) >0, teR.
(ii) Hy is 2k-convex; i.e. H,g%_z) exists and 1s convex.

(i1i) For anyt € R, H(t) = Yi(t) if and only if HIE%_Q) changes slope at t;
equivalently,
| o - an o -o.
(iv) If k is even, lim‘ﬂ_,oo(H,ng)(t) — Yk(Qj)(t)) =0 forj =0,---,(k—2)/2; if k is
odd, Timy oo (Hy(t) — Y4 (t)) = 0 and limyy oo (HZ T (8) = V7TV (0) = 0, for j =

Note that Hy, is below Y}, for k& odd (and hence is an “envelope”), while Hy lies above Y
for k even (and hence is an “invelope”, a term that was coined by GROENEBOOM, JONGBLOED,
AND WELLNER (2001A) to describe the situation in the case k = 2). One can view H,gk) = fi
as an “estimator” of fj o, and H]gkﬂ) as estimators of f,gg, j=1,...,k—1.

Note that in Chapter 2, Section 7, the drift term in the limiting process is equal to

(=1)* (k!/(2k)!) t** and hence a slightly different version of Theorem 3.2.1 is needed:

Corollary 3.2.1 Let k > 1 and suppose that Lemma 2.5.4 holds. If Zy, is the (k — 1)-fold
integral of two-sided Brownian motion + (—1)F (k!/(2k)!) t**, then there exists an almost

surely uniquely defined stochastic process Gy characterized by the four following conditions:
(i) Gi(t) > Z(t) >0, teR.

(ii) (=1)FGy is 2k-convex.
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(iii) For any t € R, Gi(t) = Zk(t) if and only if G,(fk_z) changes slope at t;
equivalently,

/m«%ﬁ%—&ﬁnﬂﬁ%”szo.

—0o0

(iv) If k is even, lim|t‘_>oo(G§€2j)(t) - Z]izj)(t)) =0 forj =0,---,(k—2)/2; if k is
odd, Timy—.oo (Gi(t) — Zi(8)) = 0 and limpy_oo (G0 (1) = 227V (1)) = 0, for j =
0,---,(k—3)/2.

Proof. Since for all k > 1, (—=1)kW L W, it follows that (E LA Ly, or Z & (—1DFYy.
From Theorem 3.2.1, it follows that the process G =q.s. (—1)kH & is almost surely uniquely

defined by the conditions (i)-(iv) of Corollary 3.2.1. [ |

Our proof of Theorem 3.2.1 proceeds along the general lines of the proof for the case
k = 2 in GROENEBOOM, JONGBLOED, AND WELLNER (2001A). We first establish the existence
and give characterizations of processes H.j on [—c,c|, we then show that these processes
are tight and converge to the limit process Hj as ¢ — oo. But there are a number of new
difficulties and complications. For example, we have not yet found analogues of the “mid-
point relations” given in Lemma 2.4 and Corollary 2.2 of GROENEBOOM, JONGBLOED, AND
WELLNER (20014). Those arguments are replaced by new more general results involving
perturbations by B-splines. Several of our key results for the general case involve the theory
of splines as given in NURNBERGER (1989) and DEVORE AND LORENTZ (1993). Some of
the arguments sketched in GROENEBOOM, JONGBLOED, AND WELLNER (2001A) are given in
more detail (and greater generality) here. Throughout the remainder of this Chapter we
assume that the conjectured Lemma 2.5.4 holds. The tightness claims in this Chapter are
all dependent of the validity of Lemma 2.5.4.

This chapter is organized as follows: In section 3 we establish existence and give charac-
terizations of processes H. j on compact intervals [—c, c] as solutions of certain minimization
problems that can be viewed in terms of “estimation” of the “canonical” k—convex function
tk and its derivatives in Gaussian white noise dWW (t). These problems are slightly different
for k even and k odd due to the different boundary conditions involved, and hence are

treated separately for even and odd k’s. In section 4 we establish tightness of the processes
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H_j, and derivatives HC(JIQ for j € {1,...,2k — 1} as ¢ — oo. These arguments rely on the

crucial fact that two successive changes of slope 7. and 7., of HC(Qkk_z) to the right and left
of a fixed point ¢ satisfy 7.7 — ¢t = O,(1) and ¢t — 7, = O,(1) as ¢ — oo. In section 5 we

combine the results from sections 3 and 4 to complete the proof of Theorem 3.2.1.

3.3 The processes H.j on [—c,c]

To prepare for the proof of Theorem 3.2.1, we first consider the problem of minimizing the

criterion function

1

@(f) = 5

P [ soax (.1)

over the class of k-convex functions on [—c, ¢| and which satisfy two different sets of boundary

conditions depending on the parity of k. We will start by considering the case k even, k > 2.

3.3.1 Ezistence and Characterization of H.y, for k even

Throughout this subsection k is assumed to be an even integer, k > 2 (since the case k = 2
is covered by GROENEBOOM, JONGBLOED, AND WELLNER (20014)). Let ¢ > 0 and m; and
my € R!, where k = 2. Consider the problem of minimizing ®,. over Ck,m,m, the class of

k-convex functions satisfying

(f(k_2)(_c)7 U 7f(2)(_c)7 f(—C)) =m and (f(k_2)(c)7 e 7f(2)(c)7 ) f(C)) = my.

Proposition 3.3.1 The functional ®. admits a unique minimizer in Cg m, m, -

We preface the proof of the proposition by the following lemma:

Lemma 3.3.1 Let g be a convex function defined on [0, 1] such that g(0) = k1 and g(1) = ko
where k1 and ko are arbitrary real constants. If there exists ty € (0,1) such that g(tg) < —M,

then g(t) < —M/2 on the interval [tr,,ty] where

k1+M/2
t, = ———

. :(k2+M/2)to+M/2
Ly Y ko + M '
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Proof. Since g is convex, it is below the chord joining the points (0, k1) and (¢g, —M) and
the chord joining the points (¢g, —M) and (1,k2). We can easily verify that these chords
intercept the horizontal line y = —M/2 at the points (¢, —M/2) and (ty, —M/2) where tf,

and ty are the ones defined in the lemma. [ |

Proof of Proposition 3.3.1 We first prove that we can restrict ourselves to the class of

functions

Ck:mpmg,M = {f [ Ck7m17m27f(k_2) > _M}

for some M > 0. Without loss of generality, we assume that f*=2(—¢) > f¢=2(¢); ie.,

m11 > mio. Now, by integrating f*~2) twice (k > 4), we have

169 = [ = D s + (o) + e (32)

where

ap = fE (=) = my

)

and

o = (7990 - 1900 - [ e s )

—C

= <m2,2 —mi2 — /C (c— S)f(k_Q)(S)d3> /(2c).

—C

Using the change of variable z = (2t — 1)c, t € [0,1], and denoting
d—a(t) = f&2 (2t — 1)c) —may
we can write, for all ¢ € [0, 1]
FE (2t = 1))
t 1
= (20)? < (t — 8)dg—o(s)ds — t/ (1- s)dk_2(s)ds>
0 0
1
+ (2¢)*my 1 </ (t —s)ds — t/ (1-— s)ds> + (mg2 —my2)t + my 2
0
1
= (20)? ( t—1) [ sdi_a(s)ds— t/ (1-— S)dk_g(S)dS>
t

t2—t

+ (2¢)*my; < ) + (ma2 —my2)t + my 2.
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If there exists zg € [—c,c] such that —3M/2 +my; < f# 2 (29) < =M +my; for M > 0
large, then —3M /2 < di_o(tg) < —M where xg = (2tg — 1)c. Let ¢t and ty be the same

numbers defined in Lemma 3.3.1.

Now, since dg_3 < 0 on [0,1] (recall that it was assumed that f*=2(—¢) > f¢=2)(¢)),
we have for all 0 <t <1

22—t
2

f(k_4) ((275 — 1)6) > (20)2m171 ( > + (m2’2 — ml,g)t +mi2

and in particular, if ¢ € [t ty], we have

FEYRE-1)0) > (2071 —1) /t § (=dk—2)(s)ds (3:3)

tr,

2 —t
+ (20)2m171 ( 3 > + (mgyz — mlyg)t +mip

M(50)2 (1-1) /t 5 ds + (2¢)°m1 <t22_ t>

tr

v

+ (m272 — mlyg)t +mi2
M (2¢)?

2 _
— ; (1 —t)(t* —t3) + (2¢)*m14 <t 5 t)

+ (m272 — mlyg)t +mq 2.

Hence, if k = 4, this implies that ﬁLU f2((2t — 1)e) dt is of the order of M?2. In fact, if M is
chosen to be large enough so that the term in (3.3) is positive for all t € [t1,ty], it is easy

to establish that, using the fact that 1 —¢ > 1 — ¢ty and t + t7, > 2t

ty
22t —1)e)dt > aaM? + oy M
tr
where
Qg = 64(1 — tU)2(2tL)2(tU — tL)3/3,
and
1(mi1(2c)* [* 2 4232
a = —| —— (1 —t)(t* —t7)(t" —t)dt
2 2 t

+ (m272 - ng) /tU t(l — t)(t2 — t%)dt +mi,2 /tU(l — t)(t2 _ t%)dt) .

tr tr
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But s does not vanish as M — oo since t;, — to/2, ty — (to +1)/2 and ty — tp, — 1/2.
Therefore, for k = 4, if there exists zo such that (xg) < —M, then we can find real

constants co > 0, ¢; and ¢y such that

() = 5 [ Pwa- [ rmaxe
s o [ - neya— [ Feaxa (3.4)

> 02M2 +61M+ o,

since the second term in (3.4) is of the order of M. Indeed, using integration by parts, we
can write

f)dXa(t) = Xa(e) f(c) = Xa(=) f(—=c) = [ f(t)Xa(t)dt
where for all t € (—¢, c)

r= [ 106+ (maa-ma— [ 07O 6s) o)

—C

Hence,
3M (1 3M (€
IF'@®)] < T ds + <|m272 —my | + 5 / (c— s)ds> /(2¢)
< 6M e M2z =Ml
2c
and

‘ f(t)dX4(t)‘ < (12Mc + |ma 2 — my 1| + |mi 2| + |ma2|) sup | Xa(t)].

[_C’C]
This implies that the functions in C j  m, have to be bounded in order to be possible can-

didates for the minimization problem.

Suppose now that k > 4. In order to reach the same conclusion, we are going to show
that in this case too, there exist constants co > 0, ¢1, and ¢y such that

1

5 FAdt— | ) dX(t) > caM? + 1M + cy.
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For this purpose we use induction. Suppose that for 2 < j < k/2, there exists a polynomial
Py j whose coefficients depend only on ¢ and the first j components of m; and m, such that

we have for all t € [0, 1]

(—1)7fE2D (2t = 1)) = Pry(t),

and suppose that there exists a polynomial (); depending only on ¢, and ¢ such that ¢); > 0
on (tr,ty) and lastly P»; a polynomial whose coefficients depend on tr, ¢ and the first j

components of m; and my such that for all ¢ € [t1, ty], we have

(=17 fE2D (2t = 1)e) = MQy(t) + Pay ().

By integrating f*~2/) twice, we have

FR2i-2) () = /x (z — 8) f*2)(s)ds + arj(z + ¢) + g,

—C

where

ao; = fE U7 (—c) = my ji

and

C

oy = (f(’“‘zj‘Q)(C)—f(’“‘Qj‘Z)(—C)— / (c—s)f(’“‘zj‘Q)(S)dS> /(2¢)

= (mag =g [ e s 20

—C

For 2 < j < k/2, we denote
dhaj(t) = f52) (2= 1)t),  for t€ [0,1].
By the same change of variable we used before, we can write for all ¢ € [0, 1]

(-1 fE2D (2t 1))
= (20 ( / (t =) (1) iy (s)ds —t <1—s><—1>ﬂdk_2j<s>ds)
+ (majr1 — mij41)t +my
t 1
= 02 (- 1) [ 1 dyos —t [ (1= 917 g (5)0s)
(

+ (majt1 — mij+1)t +myjq1.
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Hence, by using the induction hypothesis, we have for all ¢ € [0, 1]
(1P F622) (2t~ 1)) < (20)° ((t ) /Ot $Pyj(s)ds — t/tl(l - S)Pw(s)ds)

+ (ma,j+1 — M1 j+1)t +ma 1

which is equivalent to

(1 FE22) (9 1)) > (20 <(1 ) /0 CaPy(s)ds + ¢ /t - s)Pl,j(s)ds>
— (majr1 — myjr1)t —my 1 = P (),
and if t € [tr,ty]
(=17 fE=272 (2t = 1))
< (200 <(t 1) /0 " Py (s)ds + (E— 1) / S(MQ,(5) + Poy(5))ds

tr,
1
- 1t/ (1- S)Pl,j(s)d8> + (a1 —ma )t +ma g
t

This can be rewritten
. . t tr,
(1)L =22 (2 — 1)¢) > (2c)2<M(1—t) / 5Q;(s)ds + (1— 1) / sPy(s)ds
tr, 0

F—p) /t Pg,j(s)ds+t/1(1—s)Pl,j(s)ds>

tr, t
— (Mma,j41 — maj+1)t —majn

= MQ]+1(t) + P2,j+1(t)7

where Py j 11, P1 j+1 and (Qj41 satisfy the same properties assumed in the induction hypoth-

esis. Therefore, there exist two polynomials P and @ such that for all ¢t € [t ty],
(=12 f((2t = 1)e) = MQ(t) + P(t)
and > 0 on (tr,ty). Thus, for M chosen large enough

o) = M2 [ Qi+ 0,(M)

tr

since it can be shown using induction and similar arguments as for the case k = 4 that

‘ _Ccf(t)ka(t)‘ = 0,(M).
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We conclude that there exists some M > 0 such that we can restrict ourselves to the space
Ck.m, m,,m While searching for the minimizer of ®..

Let us endow the space Cg m, m,,m with the distance

d(g,h) = g% = h* o = sup gD (1) = HED ().
te[—c,c

d is indeed a distance since d(g, h) = 0 if an only if g*~2) and h(*~2) are equal on [—¢, ¢] and
hence g = h using the boundary conditions; i.e., g*=2P) (+¢) = h(*=2P) (L¢), for 2 < p < k/2.

Consider a sequence (fy)n in Ckm, m,,nr- Denote

Gn = T(Lk 2)

Since (gn)n is uniformly bounded and convex on the interval [—c,c|, there exists a sub-
sequence (gi)r of (gn)n and a convex function g such that g(—c) = my1, g(c) = map,
g > —M and (gx)r converges uniformly to g on [—¢,c] (e.g. ROBERTS AND VARBERG
(1973), pages 17 and 20). Define f as the (k — 2)-fold integral of the limit g that sat-
isfies fE(—c) = myg, -+, f(—c) = mig_2 and fED(c) = moo, -+, f(c) = map_o.

Then, f belongs to Cy m, m,,m and

d(fr, f) — 0, ask — oo.

Thus, the space (Ck,ml,mz, M,d) is compact. It remains to show now that ®. is continuous
with respect to d and that the minimizer is unique. Fix a small ¢ > 0 and consider f and g

two elements in Ck ym, m,, M-

Du(g) = Bu(f)] — ‘1 / (0 r@)d- [ (o0~ >>dxk<t>\

o ronals| o ol

Suppose that k = 4. By using the expression obtained in (3.2), we can write

o)~ )= [ (69 (876) - 1) ds + anlt 40, te e
where

ar=— [ (=5 (5¥(5) ~ 1) ds/20)

—C
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since f(+c) = g(%c) and f®)(c) = g (xc). Therefore, for all t € [—c, ], we have

t “ (c—s)ds
o501 < ([ 0-9as) d(f,g)+<f‘c(T)) (t+ (9

c)? c)? c
(e ey,
<@ (2¢)?

5+ ) dtro

= (20%d(f.9).

Also, we obtain using the same expression

£(®)]

IN

t c
</ (t — s)ds + / (c— s)ds> max (|my 1], |[ma1|, M) + |mi 2| + |ma 2|

< 4 max (|maal, [mai|, M) + [maa| + [mag|
for all t € [—¢, ¢] and the same inequality holds for g. By denoting
Ko = 4 max (Imaal, [maal, M) + [myg| + [maal,

it follows that

I RGEREOL

IN

%/ l9(t) + FO] - 9(t) — F@)ldt

IN

Ko / 9(t) — F()ldt

< (20)Ko tes[l—lg,c] lg(t) — f(t)]
< (20)°Ko d(f.g) (3.5)
Now, using integration by parts and again the fact that f(dc) = g(&c), we can write
[ o - sanaxie = - [ (@0 o) Xutoya (3.6)
But,
(00~ 70) ~ (-0 - £1-0) = [ (876) - 1906)) ds 5.7)

for all t € [—¢,c]. On the other hand, we obtain using integration by parts

- [ =5 (57 - £29) s/ (2) =g (~0) - F'(~0) (3.5
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By the triangle inequality, we obtain

' (=¢) = f' (=)l + [ 19P(s) = fP(s)lds

—C

/C (c=9)lg®(s) = fP(s)lds/(2) + [ 19P(s) = £ (s)lds

—C —C

lg'(t) = £'(1)]

IN

IN

IN

3 d(f.9)+ (4 )dlf,9)

—I—2c> d(f,g)
= (3c) d(f.9)

Combining (3.5) and (3.9), it follows that

C

—C

[Dc(g) — Pe(f)] < <(20)3Ko+(36)/ IXk(t)ldt> d(f,g)-

Now, let k > 4 be an even integer. We have
S50 = 1490 = [ (6-9) (o4 6) 150 ds banle+, te e
where
ar=— [ (e=5) (s 2s) — £5-205)) ds (20

—C

we obtain, applying the same techniques used for k£ = 4, that

‘g““—‘*) (1) — f& <t>' < (20 d(f,9), tel-ed.

By induction and using the fact that for j =3, .-, k/2
S5 (0) — 20 = [ (=) (55 5) — D)) ds o+
for t € [—c, ] where
any == [ (e=s) (71s) = FEE ) ) ds (20),
it follows that

s ]Ig(k_zj)(t) — fE=2) (1)) < (200972 d(f, g),
te|—c,c
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and in particular
sup [g(t) — f(t)] < (20)*2 d(f,9).
te[—c,c]
Now, notice that the identities in (3.6), (3.7), (3.8), and the inequality in (3.9) continue
to hold. It follows that there exist constants Kj_o; > 0,5 = 2,---,k/2 such that for all

t€[—c
LFE2D @)1 (1)) < Ky
where for j =3,---,k/2
Ki—9; < 4Ky 9j49 + [maj —maj| + [mi ;]

On the other hand, we have

t

g = '@ < g (=e) = f'(=al+ [ 9P (s) = fP(s)lds

—C

< [l - 1O/ + [ 1906 - 126
< T + (RN dlfg)

< (94 o) atno)

= SedF dfg)

and hence

[Dc(g) — Pe(f)] < <(26)k_1Ko +(3/2)(20)"° C IXk(t)ldt> d(f,g)-

—C
We conclude that the functional ®. admits a minimizer in the class Cp,, m,,nm and hence in

Cm,,m,- This minimizer is unique by the strict convexity of ®.. |

The next proposition gives a characterization of the minimizer.

Proposition 3.3.2 The function fcx € Ckm, m, i the minimizer of ®. if and only if

Hc,k(t) > Yk(t), te [—C, C], (3.10)
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and
[ (st = vien ) <o, (3.11)

where H,, is the k-fold integral of f. satisfying

and

Our proof of Proposition 3.3.2 will use the following lemma.

Lemma 3.3.2 Let tg € [—c,c|. The probability that there exists a polynomial P of degree
k such that

P(to) = Yi(to), P'(to) =Y{(to), ---, P* V(tg) = Yk(k_l)(to) (3.12)

and satisfies P > Yy, or P <Y} in a small neighborhood of to (right (resp. left) neighborhood

if to = —c (resp. to = c)) is equal to 0.

Proof. Without loss of generality, we assume that 0 < ty3 < c¢. As a consequence of
Blumenthal’s 0-1 law and the Markov property of a Brownian motion, the probability that
a straight line intercepting a Brownian motion W at the point (tg, W (t)) is above or below
W in a neighborhood of tg is equal to 0 since W crosses the horizontal line y = W (t)
infinitely many times in such neighborhood with probability 1 (see e.g. DURRETT (1984),
(5), page 14). Suppose that there exist 6 > 0 and a polynomial P satisfying the condition
in (3.12) and P(t) > Yy (t) for all t € [to,to + d] (the case P <Y} can be handled similarly).
Denote A = P —Y}. Using the condition in (3.12) and successive integrations by parts, we
can establish for all £ € R the identity

t (t _ S)k—2

P(t)—Yk(t):/t D

Moreover, we have for all ¢ € [tg, tg + 9]

/t %A(k_l)(s)ds > 0. (3.13)

AED (5)ds.
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This implies that there exists a subinterval [tg + d1,to + d2] C [to, to + J] such that
AFED () = PED @)y —vED () >0, t €[ty + 61,0 + 02 (3.14)

since otherwise, the integral in (3.13) would be strictly negative. But a polynomial P of

degree k satisfying (3.12) can be written as

(t —to) !
1)

(t —to)k
k! ’

(k—1)

P(t) = Yi(to) + Yi(to)(t — to) +--- + Y, (to) + P®(t)

and therefore, it follows from the inequality in (3.14) that
Y5V (t0) + PP (1) (t —to) = V(1) t € [to + 61,10 + 6],
or equivalently

1 1
W (to) + k—_l_ltISH + PB (o) (t — to) > W(t) + k—_l_lt'”l, t € [to + d1,to + 02).

tk:+1

The latter event occurs with probability 0 since the law of the process {W (t)+ 777 : t € [0, ¢])
is equivalent to the law of the Brownian motion process {W(t) : t € [0,c|}, and the result

follows. [ ]

Proof of Proposition 3.3.2. Let f. be a function in C s, m, satisfying (3.10) and (3.11).
To avoid conflicting notations, we replace f. by f. For an arbitrary function g in Cg yn, m,

we have

P —f=g-+2fg-f)=2f(g- ). (3.15)

and therefore

C

Pe(g) = @(f) = [ f(O)(9(t) — f (1)) dt —/_ (g(t) — f(2)) dXi(t).
Using the fact that Hc(le is the (k — j)-fold integral of f for j =1,--- K,
g% (£e) = f®)(xe), for i=0,---,(k—2)/2

and

Hc(,z,g)(ic) :Yk@j)(j:c)7 for 7 =0,---,(k—2)/2,



114

we obtain, using successive integrations by parts,
1060 - o) = [ (00 - Fe)axi)
= [ (#E 0 v 1<>)< (t) - f(t >>}
- /_ (H(’; Uty -y m) (o ) dt
- Lo
- [

g/ dt

[

i — vk 2)( )) (d'(t) — f’(t))] By
[ (HE20 -2 0) (0 - 120) d
- /. <Hc(ﬁf_2 ®) - Yk(k_” (1) (9" (1) — (1)) d

= [ ) - Vet (a0 0 - o)

—c
which yields, using the condition in (3.11),

C

1060 - 1o - [ oo - fo)axo

—C
Cc

N / (Heg(t) = Vi) dg® 1 (@)

—C

Using condition (3.10) and the fact that g*~1) is nondecreasing, we conclude that

De(g) = Pe(f).

Since g was arbitrary, f is the minimizer. In the previous proof, we used implicitly the fact
that f* =1 and ¢(*—1) exist at —c and ¢. Hence, we need to check that such an assumption
can be made. First, notice that with probability 1, there exists j € {1,---,k — 1} such that
Hc(jk) (c) # Yk(j )(c). If such a j does not exist, it will follow that there exists a polynomial P
of degree k such that

PO() =Y (), fori=0,-- k-1

and P(t) > Y(t), for ¢ in a left neighborhood of ¢. Indeed, using Taylor expansion of H

at the point ¢, we have for some small § > 0 and u € [c — §, ¢)

Hc,k(u)
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k1), 70
= Heale) + L)+ gt T
+of(u— o)
, v e, HRE
= V) O D g B
+o((u—c)k)
> Yi(u).

Hence, there exists §g > 0 such that the polynomial P given by

IO HE) () +1

P(u) =Yi(e) +Yi(e)(u—c)+-+ W(u — c)k_1 +

satisfies P > Y} on [c — dp,c). But by Lemma 3.3.2, we know that the probability of the
latter event is equal to 0.

Consider jo the smallest integer in {1,---,k — 1} such that Hc(ﬂg)(c) # Yk(jo)(c). Notice
first that jo has to be odd. Besides, since H.j > Yy, Hc(?‘,g)(c) # Yk(jo)(c) implies Hc(?‘,g)(c) <
Yk(j o) (¢), and by continuity there exists a left neighborhood [¢—4, ¢) of ¢ such that H C(jlg) () <
Yk(jo)(t) for all t € [¢c — &,¢). Hence, if we suppose that g*~D(t) — oo as t | ¢, where

gc Ck,ml,mQ then
L0 (RO - 0) - oo as e
c—0 ’

Now, if jo = k — 1 we have

and hence
lim [ g% DO Her(0) = Vi)t = "D (QHG () = Xi(0))
uic Je—§ ’

—g" (e 8)(HEV (e - 8) — Xile - )
-—/w g@‘”(ﬂf@ﬁﬁ+—/w g2 (1)a X, (1)
c—0 c—0

> —00.
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Therefore, when t T ¢, g®* =1 (#) converges to a finite limit and we can assume that g(*=1)(c)
is finite. Using a similar arguments, we can show that lim; . g(k_l)(t) > —o0. The same
conclusion is reached when jo < k — 1.

Now, suppose that f minimizes ®. over C m, m,- Fix a small € > 0 and let t € (—c,c).

We define the function f; on [—c,c| by

U — t)i‘l (u+ c)k_l

fre(w) = flu)+e <((kﬁ + ak—lw

(u + c)k—3

R T

+'--+a1(u+c)>

= f(u)+ epi(u)
satisfying
PP (ke) =0, for i=0,,(k—2)/2. (3.16)

For this choice of a perturbation function, we have for all u € [—¢, c]

D ) = FE D () + e ((u— )4 + ap(u+ o)) -

Thus, for any € > 0, ft(f:_Q) is the sum of two convex functions and so it is convex. The
condition (3.16) ensures that f;. remains in the class Ck,ml,mz and the parameters «;,

7=1,3,---,k — 1 are uniquely determined:

(c—1)

Qg—1 = —

2c
2¢)3 c—t)3
Qp-3 = _ak—l( 3!) - ( 31 )
B (20)’1‘3_1 (2¢)3  (c— t)k_l
By T BT A TR
Since f is the minimizer of ®., we have
cI)c € - (pc
o 2elFet) = @)

e\.0 €
On the other hand,

lim CI)C(fe,t) — CI)C(f)
e\,0 €
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= K%?W@4#”@&mﬁl—[}%?%@4ﬁ”mﬁmwm
= [ (@ - w) ]+ [ (EE @ - v 0) i wa
— /_Cc <Hc(f€k_2) (u) — Yk(k_z) (u)) piz) (u)du

and therefore the condition in (3.10) is satisfied.

Similarly, consider the function f. defined as

(u + c)F1 (u + c)k2

fo(u) = f(u)+e (f(U) +5k—1m +ﬂk‘2w

+ 4 Bulut o)+ o).
— f(u) + eh(u)

Notice first that,
FED ) = (14 €) fE D (u) + eBp_1(u +¢)

which is convex for |e| > 0 sufficiently small. In order to have f. in the class Cem, m,, We

choose B;_1, Br—2, -+, By such that

h(zz)(j:c) = 07 fOI‘ Z == 07 T (k - 2)/2

It is easy to check that the latter conditions determine By _1, - - -, 8o uniquely. Thus, we have
q>c [ (I)c ¢ ¢
0= lir% Pelfe) = 2clf) = fu)h(u)du — / h(u)d Xy
€ € —c —c

_ / (D @) - vV ) W

—C
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34

_ / " (Hop(w) - Yi(u)) dh®D ()
/ (He(u) = Yi(w)) df =) (u)

and hence condition (3.11) is satisfied. [

3.3.2  Euzistence and Characterization of H.y, for k odd

In the previous section, we proved that the minimization problem for k£ = 2 studied in
GROENEBOOM, JONGBLOED, AND WELLNER (20014) can be generalized naturally for any even
k > 2. For k odd, the problem remains to be formalized. For the particular case k = 1, it is
very well known that the stochastic process involved in the limiting distribution of the MLE
of a monotone density at a fixed point zy (under some regularity conditions) is determined
by the slope at 0 of the greatest convex minorant of the process (W(t) + t%,¢t € R). In
this case, a “switching” relationship was exploited as a fundamental tool to derive the
asymptotic distribution of the MLE. It is based on the observation that if §,, is the MLE
(the Grenander estimator); i.e., the left derivative of the greatest concave majorant of the
empirical distribution G,, based on an i.i.d. sample from the true monotone density, then

for a fixed a > 0

sup {5205 G, (s) —as is maimal | = 13,0 < o

(see GROENEBOOM (1985)). A similar relationship is currently unknown when k£ > 1. The
difficulty is apparent already for £ = 2 and hence there was a need to formalize the problem
differently.

As we did for even integers k > 2, we need to pose an appropriate minimization problem
for odd integers £ > 1. WELLNER (2003) revisited the case £ = 1 and established a neces-
sary and sufficient condition for a function in the class of monotone functions g such that
19llo0,[—c,q < K to be the minimizer of the functional

1 [¢ c
Vo) =5 [ s [ gwiove+e)
(see Theorem 3.1 in WELLNER (2003)). However, the characterization involves two Lagrange

parameters which makes the resulting optimizer hard to study. WELLNER (2003) pointed
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out that when K = K. — oo, the Lagrange parameters will vanish as ¢ — oco. Here we
define the minimization problem differently. Let k > 1 be an odd integer, ¢ > 0, my € R and
my and m, € R! where k = 2/ + 1. Consider the problem of minimizing the same criterion

function ®. introduced in (3.1) over the class Cy g m, m, of k-convex functions satisfying

(P72 (=0), - O (=) =my and (fE72(e), -, fD(e)) = my,

and f(c) = my.
Proposition 3.3.3 @, defined in (5.1) admits a unique minimizer in the class Cy mg m, m,-

Proof. The proof is very similar to the one we used for k even. |

The following proposition gives a characterization for the minimizer. Although the
techniques are similar to those developed for k even, we prefer to give a detailed proof in
order to show clearly the differences between the cases k even and k odd.

Proposition 3.3.4 The function fcr € Ckmom, m, 1S the minimizer of ®. if and only if
Hc,k(t) < Yk(t), t e [—C, C] (317)

and

/ C(Hopt) - Vi) dri V() = o, (3.18)

—C

where H,, is the k-fold integral of f. satisfying

H,p(—c) = Yk(—c)ch(,Qk(—C) — Yk(Z)(_c)? e 7H§,’353)<—0> - Yk(k—?:)(_c)7

k— k—
Hei(c) = Yi(e), HY(¢) = 2 (e), - . HE () = v o),

)

and

H D (=0) = YD ().
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Proof. To avoid conflicting notations, we replace f., by f. Let f be a function in
Ck,mo,m,,m, satisfying (3.17) and (3.18). Using the inequality in (3.15), we have for an

arbitrary function g in Cy g m, m,
nz [ 1o Vit [ (o)~ @) dxuto).
Using the fact that H(E,,j is the (k — j)-fold integral of f for j = 1,- -,k and the fact that
g(c) = f(c), HE D (—0) = vV (=),
g (ke) = fBH(£e),  for i =0,---,(k—3)/2,
and
HE (e) =V, (£¢),  for j=0,--,(k—3)/2,
we obtain by successive integrations by parts
| s Vit [ (o)~ @) dxite)
[(Hé’z U0 -0 60 - )]
- / C (Hgk,;%) - Y,f’“‘%)) (o't~ /(1)) dt

- /_ Cc (Hcvk(w - Yk(t>> (dg™ () — ar ™)) .

This yields, using the condition in (3.18),
/_ (o) N~ [ (ot - @) dxi(0)
—~ /C <Hc k(t) — Yk(t)>dg(k_1)(t) :
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Now, using condition (3.17) and the fact that ¢%*~1 is nondecreasing, we conclude that

Pc(g) > Dc(f)

and that f is the minimizer of ®..
Conversely, suppose that f minimizes ®. over the class Cy g m, m,- Fix a small € >0

and let t € (—c,c). We define the function f;. on [—c,c] by

(u—t)! (ut o) ! (ut )3
o) = “w+‘<7?fﬁr+““*75fﬁf+“““<k—m!
(u+c)? >
+ o tar—or tag
= f(u) +epi(u)
satisfying
PP (ko) =0, for i=0,-,(k—3)/2 (3.19)
and
pe(c) = 0. (3.20)

For this choice of a perturbation function, we have for all u € [—c, (]

®=2 () = P2 () 4 e((u — 1) 4 + g1 (u+ ).

Thus, fie is convex for any € > 0 as a sum of two convex functions. The conditions

(3.19) and (3.20) ensures that f;. remains in the class C mgm,m, and the parameters

Q_1,0_3, -+ ,0q are uniquely determined:
B (c—1)
Ut = 2¢
B 1 (2¢)  (c—1t)3
U=3 = oo (Oék—l 3] + 30
B (2¢)k—2 (2¢)3  (2c)k2
2T Ty (ak_l(k—Q)' Tt )
B (2c)k—1 (2¢)2  (c—t)F !
= <O"“‘1(k: TR TR (P
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Since f is the minimizer of ®., we have

(I)c(fs) B q)c(f) > 0.

lim
e\.0 €
But
lim (IDC( e) - (I'c(f)
e\,0

= [ swntde- [ pax

) KH(kk R () ) B Y G R e R RIT

—C

_ (H<k 2 () — v+ 2><u>>p;<u>]c_c+ / ) (Hﬁf:%)—Yé’f‘”(u))d”(u)du

—C

; <Hck )>dp(k Y (w)

and therefore the condition in (3.17) is satisfied. Similarly, consider the function f. defined

as

(u + c)k~

(u + c)k=2
(k=1

+ﬂk 2 = 2)1

fulw) = f<u>+e<f< )+ Bos
= f(u) + eh(u).

+ --+61(u+c)+ﬁo>

Notice first that,

FE2Dw) = 1+ €) f* D (u) + efp_1(u+ c)

which is convex for || small enough. In order to have f. in the class Cyngm, m,, We choose

the coefficients By_1, Bx—2, -, Bo such that
Rt (£e) =0, for i=0,---,(k—3)/2,

and h(c) = 0. It is easy to check that the previous equations admit a unique solution. Thus,

we have

e—0 €

0 = lim Pelfe) = Pelf) = _C f(uw)h(u)du — /C h(u)d Xy (u)

—C
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and hence condition (3.18) is satisfied. [ |

3.4 The tightness problem

3.4.1 FExistence of points of touch

Although the characterizations given in Propositions 3.3.2 and 3.3.4, indicate that f 6(12_2) is

2) changes its slope,

)

they do not provide us with any information about the number of the jump points of fc(lz_l .

piecewise linear and the k-fold integral of f.j touches Y3 whenever fc(lz_

It is possible, at least in principle, that fc(lz_l) does not have any jump point, in which case

f 0(12_2) is a straight line. However, if we take

Ko,k o,
my =myo = <§C 7ZC 0, C

when k is even, and

Ko, K, k! c’H)

m():cka m1:m2:<_ca_c7'”

when £ is odd, then with an increasing probability, H.j; and Yj have to touch each other

in (—¢,¢) as ¢ — oo. The next proposition establishes this basic fact.

Proposition 3.4.1 Let € > 0 and consider m,, my, and mq as specified above according to
whether k is even or odd. Then, there exists co > 0 such that the probability that H,., and

Y have at least one point of touch is greater than 1 — € for ¢ > cg; i.e.,

P(Yy(T) = Ho (1) for some T € [—c,c]) =1, as ¢— 0.
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Proof. We start with & even. If H,j and Y}, do not touch each other at any point in (—c, c),
it follows that H. is a polynomial of degree 2k — 1 in which case H.y, is fully determined

by

ng)(j:c) = Yk(Qi)(j:c), for i=0,---,(k—2)/2

i k! wy ‘
H{E?k)(:i:c) = mc% 27 for z:k/Q,---,(Qk:—2)/2,

If we write the polynomial H.j, as

Q2k—1  2k—1 Q2k—2  2k—2
H.p(t) = —=2— ¢ S L S t ,
=Gt tarogt T tettao

then agp_1 = 0 since Hc(2kk_2)(—c) = Hc(zkk_2) (c). Because of the same symmetry, agg_3 =

op_5 = -+ = agyr1 = 0. Furthermore, it is easy to establish after some algebra that the
coefficients o _9, Qor_4,- -+, g are given by
k!
22 = 50 )

and for j =2,--- k/2.

k' o Q2k—2 99 Q2k—2j+2 o
oL 9; = c J _ - I J— + -4 N C
HTH T (2)! <<2j —2)! 2!
For a1, -+, ap, we have different expressions:

2¢ ’

Q-1 =

k— k—2
AR O (a%_gck o %8)
2 k! 2l

A2 =

which can be viewed as the starting values for a;_o;_1 and a_o;_2 given by

v (E=2i-2) 0y _ yk=2-2)_, B ‘ .
Qpnj_1 = & (c) =Y, (=o) <( Qg—1 '02]+---+ k 2;+1C2>,

2 2j 4+ 1) 3!
and
k—2j—2 k—2j—2
N o Yk( J )(c) +Yk( J )(—c) B Qok—2 KU Ly Qf—2; 2
ko 2 (k + 2j)! 2
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forj=1,---,(k—2)/2.

Let Vj, denote the (k — 1)-fold integral of two-sided Brownian motion; i.e.,

k!
)ﬂw:m@+ﬁaﬁhtek

We also introduce agy—o;, for j = 1,---, k defined by

Qgk—2j = Qop_o5, for j=1,--- k/2 (3.1)
and
V(2k—2j)(_c) n V(2k—2j)(c) .
Aok—9j = Qog—_9j — —& 5 k ; for j=(k+2)/2,---,k. (3.2)
The coefficients asy_oj, for j = 2,---, k are given by the following recursive formula
kL o A2k—2  9i_o A2k —2j+2
v 2 [ _P2k=2 2 ce. g ARTAyTE 2
42h=2] = ¢ ((2]’ o Tttt )
with
k!
agp_—_9 = 502.

Now, using the expressions in (3.1) and (3.2), we can write the value of H, at the point 0,

H. 1(0), as a function of the derivatives of V} at the boundary points —c and ¢ and the a;’s:

Hc,k (0) (%))

Yi(c) + Yi(—c) k=2 o2 a2 5
2 Qk—2¢ Ttge

agk—2 ax
- <(21<:—2)! +"'+H>

2 2
_<V,§><c>+v,§><—c>+ ars )CH
_|_

2 (k —2)!
o (vli’“‘z)(c) + Vi (=) _) 2
2 !

:xﬂq+me@_<¢%@+n@p@)é
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k! o A2k—2 ok—2 A2k—4  2k—4 %2

_ V@ +Vi(-o) <V,§2><c> - v,f)(—c)) &

2 2 2!

o (v,j’f—”(c) +v,§’f—2>(—c)> o2
2 (k —2)!

+ ag.

By going back to the definition of as;_o; for j =0, .-, k, we can see that ag,_o; is propor-
tional to ¢%. Hence, there exists A; such that ag = A\c?*. One can verify numerically that
A is negative. The plot in Figure 3.1 shows the curve of log(—Ag) versus k = 4,---,170.
The reason for taking the logarithmic transformation is that |Ag| becomes very large for

increasing values of k, e.g. for k = 100, \;, = —7.094 x 1018,

Table 3.1: Table of A\; and log(—A\x) for some values of even integers k.

k Ak log(—Ax)
4 -0.82440 -0.19309
20  —4.42832 x 1019 24.51387
30 —5.77268 x 102 47.80483
48  —2.35131 x 10*?  97.56354
100 —7.09477 x 10 273.66439

Now, denote

However, we have



200 300 400 500
1 1 1 I

100
1

Figure 3.1: The plot of log(—\y) versus k for kK =4,8,---,170.

Indeed, for 0 < j < k — 2,

By using the change of variable u = ¢t and W (cu) 4 VeW (u), we have

. ‘ 1 (] _ g )k—1-J
V9 (c) & k=it /0 HdW(cu)

o 1 (] _ )13
4 k-j-1/2 /0 7((k_1>_j)! AW (w).
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Therefore, Vk(j)(c) =0, (ck_j_1/2) as ¢ — 00. Similarly, Vk(j)(_c) = 0p (ck_j_l/Q) and

therefore Sk(c) = O, (c"~1/2). But since Ay < 0, it follows that

P(H1(0) > Yi(0)) = P(Sk(c) + \pc™ > 0)

= P(Si(c) > —\pe®) -0 as ¢— oo,

that is, with probability converging to 1, H.j and Y}, have at least one point of touch as

Cc — OQ.
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Now, suppose that k£ is odd. The proof is similar but involves a different “starting
polynomial”. Let us assume again that H.; and Y}, do not have any point of touch in
(—c,c). Then, H.j, would be a polynomial of degree 2k — 1 which can be fully determined

by the boundary conditions

(2i) K 2%h—2i (o7 _ ...
H.) (£e) = @2 2Z,)!c , fori=(2k—-2)/2,---,(k+1)/2, (3.3)
HC(IZ)(C) = cF, (3.4)
k-1 k-1
H(k /(~¢) Y5 (o), (3.5)
and
(24) (20) o -
H.) (£e) =Y 7 (xc),  for i=(k—3)/2,---,0. (3.6)
There exist coefficients awop_1, aop_a, -+, @1, g such that
Q2%k—1  ,2k—1 Q2%k—2  ,2k—2
H,p(t) = —2=1 ¢ 2y t . te]-cd.
k(1) 2k — 1)1 + 2k — 2] +--+at+ap € [—c¢,
The boundary conditions in (3.3) imply that agr_1 = agg_3 = -+ = a1 = 0. Also, using

the same conditions we obtain that

k!
* 2
Qo2 = 5

and for 2 < j < (k—1)/2

kU o Qo2 Q2k—2j42
G2 [ _CAkme 0y TERTTe 2
A2h=2] = o )1° <(2j )T B TR

The “one-sided” conditions (3.4) and (3.5) imply that for j =1,---,(k —1)/2

_ ok 92%—2 p-2, .  %%+3 3
o =c¢ <<k_2)!c + + (k+3)!c —|—ak+1c>

and

— k=1 .4 R+l 2
ap_1 =Y, (—c)—<(k_1)!c 4+ 4 T akc>
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respectively. Finally, using the boundary conditions in (3.6) we obtain that

(k—2j—1) (k—2j—1)
Y, -, - . o
k (c) ~ Y (=¢) _ <( i ‘C2J+_,_+Oék 2]+263>

Q25 =

2¢ 2j+1) 3!
and
k—2j—1 k—2j—1
i — Yk( ) +Yk( 7e) _ Qoh=2 _ j+2j-1 o k=241 2
k=21 2 (k+2j —1)! 2!

forj=1,---,(k—1)/2.
Let V} continue to denote the (k — 1)-fold integral of two-sided Brownian motion and

consider agy_2, @ok—4," ", A1, Ak, g1, *, Ao given by

Qgk—2j = Qop_2j, for j=1,--- (k—1)/2

_ k[ G2k—2 1 %43 3
ap = ¢ <(k—2)!+ + 3] c +ak+1c>

k! aok— _ Qg
ak—1=7( e <(k2— 12)|ck Ly ooy 2J'rlc2—akc> ,

and

k! ka2 a2 ; ag—2j+1
G 1 k2l O2k-2 k21 Ok=241 2
FEEL T (k254 1) (k+2j—1)! L TR

for j=1,---,(k—1)/2. It follows that

HCJf(O) = O
Yi(—c) + Yi(c) Q- _ Qo B o
R _<(2k2k—;)!62k e 4*"'+2—sz>
_ V(=) + Vi) <Vk(—c) +Vk(c)> &
2 2 2!
Vi(—c) + Vi(c) ck—2
_"'_< : 2 : >(k_2)!+a0
= Sk(c) +ao
where

_ kU o A2k—2  2K—2 az 9
= @R ‘<m e )



130

It is easy to see that the coefficients asp_9, agg_4, - - -, ag are proportional to ¢2,c*, -, 2k

2k

respectively. Therefore, there exists Ax such that ag = Apc®®. We can verify numerically

that A > 0 (see Figure 3.2 and Table 3.2). But since
Sk(c) =0, (ck_1/2> ,
it follows that

P(H,;(0) < Y3(0)) = P(Sk(c) + Mc? <0)

= P(Sk(c) < =)

= P(=Sk(c) > Mc®) =0 as ¢ — oo,

which completes the proof. |

Table 3.2: Table of A\ and log(\x) for some values of odd integers k.

k )\k log()\k)
3 1.50833 0.41100
19  1.63896 x 1010  23.51991
20  1.42435 x 1020 46.40541
57 6.79374 x 10°4  126.25559
99 5.25169 x 107 271.06100

Corollary 3.4.1 Fize >0 and lett € (—c,c). There exists co > 0 such that the probability
that the process H.y, touches Yy, at two points of touch 7= and 7+ before and after the point

t is larger than 1 — € for ¢ > cy.

Proof. We focus on k even as the arguments are very similar for £ odd. Consider first
t = 0. We know by Proposition 3.4.1 that, with very large probability, there exists at least
one point of touch (before or after 0) as ¢ — oco. By symmetry of two-sided Brownian

motion originating at 0 and hence by that of the process Y, there exist two points of touch
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Figure 3.2: Plot of log(\y) versus k for k = 3,5,---,169.

before and after 0 with very large probability as ¢ — oco. Now, fix ¢y # 0 and consider the
problem of minimizing

ct+to ct+to
bl = 5[ P [ rax

—c+to —c+to

c+to ct+to
— / F2(t)dt — / fF)(EFdt + dw (L))

2 —c+to —c+to
over the class of k-convex functions satisfying

|

fE2 e+ to) = ;(—c+ to)?, f* " (—c + 1) = %(—c+to)4, o fmetto) = (—c+to)"

and

| |

et t0)% FED (et 1) = Be 1)ty e to) = (e + to)F.

o1
Since adding any constant to —c and c is irrelevant to the original minimization problem,

all the above results hold and in particular that of existence of two points of touch 7~ and

7+ before and after 0 with increasing probability as ¢ — oo.
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But using the change of variable u =t — tg, ®.4, can be rewritten as

1 c c+to
bolf) = 5 [ Plwa— [ ot v )
- % _c 2 (u+to)du — _c F(u+t0)(u+ to)¥dt + dW (u +tg))
4 % /_CC g2(u)du — /_CC g(u)((u + to)kdt + dW (u)) (3.7)

where in (3.7), we used stationarity of the increments of W and g(u) = f(u+tq) is k-convex
satisfying the above boundary conditions at —c and c. From the latter form of ®.;,, we can
see that the “true” k-convex is now (t + to)* defined on [—c,c]. However, the “estimation”
problem is basically the same expect and hence there exist two points of touch before and

after tg with increasing probability as ¢ — oo. |

3.4.2 Tightness

One very important element in proving the existence of the process Hy, is tightness of the
process H,j, and its (2k — 1) derivatives when ¢ — co. The process Hy, can be defined as the
limit of H,j, as ¢ — oo the same way GROENEBOOM, JONGBLOED, AND WELLNER (20014) did
for the special case k = 2. In the latter case, tightness of the process H. 2 and its derivatives
H é,k, Hc(2k), and Hc(gk) was implied by tightness of the distance between the points of touch
of H,. o with respect to Y5. The authors could prove using martingale arguments, that for a
fixed € > 0, there exists M > 0 independent of ¢ such that for any fixed t € (—¢, c),

limsup P ([t — 7~ > M]N[rT —t> M]) <e (3.8)

C— 00

where 7~ and 77 are respectively the last point of touch before ¢ and the first point of touch

after ¢.

Before giving any further details about the difficulties of proving such a property when
k > 2, we explain the difference between the result proven in (3.8) and the one stated in
Lemma 3.4.4 and Corollary 3.4.2. By the first result, we only know that not both points of

touch 7~ and 71 are “out of control” whereas our result implies that they both stay within
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a bounded distance from the point ¢ with very large probability as ¢ — oo. Therefore,
we are claiming a stronger result than the one proved by GROENEBOOM, JONGBLOED, AND
WELLNER (20014). Intuitively, tightness has to be a common property of both the points
of touch and this can be seen by using symmetry of the process Yj. Indeed, since the latter
has the same law whether the Brownian motion W “runs” from —c to ¢ or vice versa, it is
not hard to be convinced that tightness of one point of touch implies tightness of the other.
It should be mentioned here that for proving the existence of two points of touch before and
after any fixed point ¢, the authors claimed that this follows from arguments that are similar
to the ones used to show existence of at least one point of touch. We tried to reproduce
such arguments but we found the situation somehow different. In fact, we found that the
arguments used in the proof of Lemma 2.1 in GROENEBOOM, JONGBLOED, AND WELLNER
(2001A) cannot be used similarly to prove the existence of two points of touch unless one
of these points of touch is “under control”. More formally, we need to make sure that the
existing point of touch is tight; i.e., there exists some M > 0 independent of ¢ such that
the distance between ¢ and this point of touch is bounded by M with a large probability
as ¢ — 0o. We find that it is simpler to use a symmetry argument as in Corollary 3.4.1 to
make the conclusion.

As mentioned before, proving tightness was the most crucial point that led in the end to
showing the existence of the process Ho. GROENEBOOM, JONGBLOED, AND WELLNER (2001A)
were able to prove it by using martingale arguments but more importantly the fact that
the process H, 2, which is a cubic spline, can be explicitly determined on the “excursion”
interval [77,77]. Indeed, in the special case of k = 2, the four conditions H.o(77) = Ya(77),
Heo(mh) = Ya(rF) and H/ o(77) = Y5(77), H.o(7") = Ya(r™), implied by the fact that
Hy . > Y5, yield a unique solution. The same conditions hold true for £ > 2 but are
obviously not enough to determine the (2k — 1)-th spline H,j. To do so, it seems inevitable
to consider the whole set of points of touch along with the boundary conditions at —c¢ and
¢, which is rather infeasible since, in principle, the locations of the other points of touch are
unknown. However, we shall see that we only need 2k — 2 points to be able to determine the
spline H,j, completely. For k > 2, it seems that the Gaussian problem becomes less local

as we need more than one excursion interval in order to study the properties of H; and
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its derivatives at a fixed point. Although the special case k = 2 gives a lot of insight into

the general problem, the arguments by GROENEBOOM, JONGBLOED, AND WELLNER (20014A)

cannot be readapted directly for the general case of k£ > 2. In the proof of Lemma 3.4.4, we

skip many technical details as the tightness problem is very similar to the gap problem for

the LSE and MLE studied in great detail in Chapter 2. We will also restrict ourselves to &

even as the case k odd can be handled similarly.

In order to make use of the techniques developed in Chapter 2 for solving the gap

problem, it is very beneficial to first change the minimization problem from its current

version to the slightly different one where we minimize,

1 1

3/ﬂflf@wv—/ﬂflmm%ﬁ+dwun

2 ) et —c2RFT

over the class of k-convex functions on [—cl/(2k+1),cl/(2k+l)] satisfying

| _ |
g(czklﬂ) = Czkljd , g”(czk1+1) = ﬁcﬁ—ﬁ, .. 7g(k—2) (c2k1+1) = %0%2“ .
Now using the change of variable ¢ = ¢'/k*Dq, we can write
1 1
1 e c2kF1
3 [ o da- [ gwaxo
7 P
¢ 11 [t 9, 1 1 1 kLl 1
= 2= g (2 1u)du — g(cZFu) (e u du + dW (c2F1u))
2/ -1
d L1, L 4 JESI 1
= (T 5 / g (¢ T u)du — / g(c?FTy) (c2k+1u du + ¢2@k+D) dW(u))
-1 1
p L1 ! L 1
= c%“i/ g% (e u)du —/ g(cTiu) <c2k+1u du + 7T Ve ——2
-1 1
1 1
i 62k1+1 1 / 92(C#~Hu)du — / g 62k+1 u < AL dW(“’))
2/ 1 Ve
a1 (1 [t 1 /1 Y dW (u)
= 2k+1 | — 2k+1 ) du — 2k+1 d .
c <2 g (T u)du g(c2RFT )R +T U+ 7

-1 1

If we set
g(cm u) = C2k+1 h(u)

then the problem is equivalent to minimizing

(% /_ 11 75T B2 () du — /_ 11 7 () <ukdu + d‘f//f_:“)»

dW (u)
e
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or simply minimizing

L/ 11 Wi [ 11 b (o ) (3.10)

over the class of k-convex function on [—1, 1] satisfying

|
o, hWED(41) = ; (3.11)

h(£1) =1, h"(£1) = I

With this new criterion function, the situation is very similar to the “finite sample” one.
Indeed, as the Gaussian noise vanishes away at a rate of 1/4/c as ¢ — o0, one can view
thdt+dW (t)//c as a “continuous” analogue to dG,(t) (G, being the empirical distribution)
where the true k-monotone density is replaced by the k-convex function t*. Existence and
characterization of the minimizer of the criterion function in (3.10) follow from arguments
that are very similar to the ones used in the original problem. Furthermore, if he denotes the
minimizer, we claim that the number of jump points of B&’“‘l) that are in the neighborhood
of a fixed point ¢ increases to infinity, and the distance between two successive jump points

1/(2k+1)

is of the order ¢~ as ¢ — 00. To establish this result, we need the following definition

and lemma:

Definition 3.4.1 Let f be a sufficiently differentiable function on a finite interval [a,b], and
t1 < -+ <ty be m points in [a,b]. The Lagrange interpolating polynomial is the unique
polynomial P of degree m—1 which passes through (t1, f(t1)), -+, (tm, f(tm)). Furthermore,

P is given by its Newton form

Pty =3 £) [1 %
S

or Lagrange form

P(t) = f(t1) + (¢t —t)[tr, o] f + -+ (E—t1) - (E = tw)[t1, -, bl f

where [x1,- -, xplg denotes the divided difference of g of order p (see, e.g., de Boor (1978),
Niirnberger (1989), DeVore and Lorentz (1993)).
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(m=2) eqists

Lemma 3.4.1 Let g be an m-convez function on a finite interval [a,b]; i.e., g
and is convex on (a,b), and let l,,(g,z,z1, -, 2y) be the Lagrange polynomial of degree

m — 1 interpolating g at the points x;, 1 <i < m, where a <11 < x9 < -+ <z, < b. Then

(_1)m+2 (g(ﬂf) - lm(g,x,xl,- o 7:6771)) 2 07 HARS [(Eiawi-ﬁ-l]a 1= 17‘ e, — 1.

Proof. See, e.g., UBHAYA (1989), (a), page 235 or KOPOTUN AND SHADRIN (2003), Lemma

8.3, page 918. |

The following lemma states consistency of the LS solution. It is very crucial for proving

tightness of the distance between successive points of touch of H.j and Y.

Lemma 3.4.2 For j € {0,---,k — 1}, we have

o ! .
R () — L‘tk—]

- — 0, almost surely as ¢ — oc.
‘ (k=)

Proof. We will prove the result for ¢ = 0 as the arguments are similar in the general case.

Let us denote

Ye(h) = E / 1 R%(t)dt — / 1 h(t)dH,(t)

2/ -1

where

dH,(t) = tFdt + dm\;g).

Since h, is the minimizer of ., then

lim Y(he + €he) — P(he)

e—0 €

=0
implying that

1 1
/ h2(t)dt = / he(t)dHL(t). (3.12)
-1 -1
Also, for any k-convex function g defined on (—1,1) that satisfies the boundary conditions
in (3.11), we have

i 910 = e+ cg) ()
e\.0 €

>0
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and therefore

1 1
/ (9(t) = Rele)helt)t - / (90 = Relt) () > 0, (3.13)

Let us denote ho(t) = t*, dHy(t) = ho(t)dt, and dH.(t) = h(t)dt. If we take g = hg in
(3.13), it follows that
1
[ (helt) = hole)d(Ae) - Eafe) <0 (3.14)
-1

Now the equality in (3.12) can be rewritten as

,/ h2 )dt = /uc t)dH,(

where @, = he/||he||2 is a k-convex function on [—1,1] such that

; k!
liella = 1, and @@ (£1) = —————— forj=0,---,(k —2)/2.
(k= 27)!lhell2
We want to show that the function lime . he(t) = ho(t) for all t € (—1,1). Let us take
¢ = ¢(n) = n. We start by showing that the sequence (hy, )y, is uniformly bounded on (-1, 1);

i.e., there exists a constant M > 0 independent of n such that ||k, |lsc < M for all n € N.

(k— 2))

Suppose it is not. This implies that (h n 18 not bounded because if it was, we can find

M > 0 such that for all n > 0,

B2 ()] < M,

- (k-2)

for t € (—1,1). By integrating hy, twice and using the boundary conditions at —1 and

1, it follows that
- ¢ 1 /1 - k!
W0 = [ (6= 92 s)ds - (5 [ 1= 9h 2 s)as > (t+1) +

-1 -1
and therefore
~ | |
By induction, it follows that (hy,), has to be bounded. We conclude that A2 s not
7 (k=2)

bounded. Now, using convexity of hy, and the same arguments of Proposition 3.3.1, this

implies that we can find a subsequence (A, )y such that lim,_ o ||y |2 = co. Therefore,

lim u(z,j)(—l) = lim u(z,j)(l) =0.

n/—oo n/—oo
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for j € {0,---, (k —2)/2}.
In the limit, the derivatives of 4,  are “pinned down” at +1 and this implies that for
large n’, ﬂf,j)(:l:),j =0,---,(k —1)/2 stay close to 0. On the other hand, we know that

||in||loo = 1. Therefore, the convex function ¥~ has to be uniformly bounded by the same

arguments of Proposition 3.3.1. It follows that there exists M > 0 such that [|G,/||c < M.

By Arzela-Ascoli’s theorem, we can find a subsequence (@), and a function @ such that
lm @, (t) = u(t)
n//_>oo

for all t € (—1,1). But since f_ll |a|dHy(t) < 2M/(k + 1) < oo, it follows that
Jim_ 11 fiper ()AL (£) = / 11 () dHo (t) < oo. (3.15)
But recall that
/ 11 G ()L (8) = o3 — o0

as n” — oo. Since this contradicts the result in (3.15), it follows that there exists M > 0
such that [|An]lee < M.

Now, we can find a subsequence (Enz)m and a function h such that

for t € (—1,1). By Fatou’s lemma, we have

1 1
/ (A(t) — ho(t))%dt < limin / (g () — ho (1)),

1 n—eo Jg
On the other hand, it follows from (3.14) that
1 ~ ~
[ () = hofe)at (1) — Eiy 1) < 0

Thus we can write

[N
—
2.
Py
=
s
-
N—
>
()
2
o~
=
=~
=
s
-
N—
|
&
=
!
)
»
L
2
)]
S
!
3
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since hy, — ho is bounded and f_ll ho(t)dt < oo (which implies that h,, — ho has an envelope
€ L1(Hp)). We conclude that

/1 (h(t) — ho(t))2dt <0

-1
and therefore h = hg on (—1,1). Since the choice ¢(n) = n is irrelevant for the arguments
above, we make the same conclusion with any other increasing sequence c,, such that ¢, —
oo. It follows that lim._ ﬁc(t) = ho(t) . What should also be retained from the above
arguments is the uniform boundedness of the derivatives of izgl),l =1,---,k — 2. This

27 .
$lj=

is not guaranteed in general but k-convexity plays together with the fact that h
1,--+,(k — 2)/2 have fixed values at —1 and 1 play a crucial role. A proof of this fact
follows from using induction and arguments that are similar to the ones used in the proof
of Proposition 3.3.1.

Now, fix t = 0. We will show that we have also consistency of the derivatives of k.. For

that, consider xqg,z1, - -, zr_1 < 1 to be k points such that 0 =z < z1 < -+ < x,_1. By

taking m = k and ¢ = 2 in Lemma 3.4.1, we have for all ¢ € [z1, 9]
he(t) > he(xo) + (t — x0)helzo, 1]
4+ (E—mo)(t — 1) - (t — Tp_9)he|To, L1, - -, Tp_1]. (3.16)
If we take z¢g = x1, then the inequality in (3.16) can be rewritten as

ilc(t) Z }NLC(Z‘()) + (t — :L‘o)illc(l'(]) + (t — $0)2}~Lc[l‘0, Zo, 1‘2]
+ -+ (t — xo)z(t — .'L'Q) cee (t — :Ck_g)ilc[xo, To, Lo - ,:Ck_l]

or equivalently

(o) < M — (t — o) <i~lc[3€0,$0,$2]
0

+ -+ (t — xg) cee (t — xk_g)ilc[xo,xo,xg <. ,xk_1]> .

since t > xg. Furthermore, since |i~z’c(x0)\ is bounded, we can find a sequence (hy,), such that
the divided differences h,, [z0, To, x|, - B, [0, 20, X2, -, Tk_1] converge to finite limits as

n — oo. For instance, we have

oo s] — <hn<x2> “hal@) g (%)) |

Tro — X0 To — X0
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If we denote () = lim,,_, o h,(x0), then

lim fln[:co,xo,xg] = L (ho(xz) — ho(z1) — l(xo)) .

n—:oo To — X0 o — X0
The same reasoning can be applied for the remaining divided differences. By letting n — oo
and then ¢\, xg, it follows that

lim sup 7., (z0) < hiy(zo); i.e.,

n—~0o0

lim sup &, (0) < h{(0).

n—oo

Now, we need to exploit the inequality from above and for that consider z_1 < xg < 1 <
-+ < xp_9 to be k points, where xg = 0 and xz1,---,x_o can be taken to be the same as

before. For all t € [z1, z2], we have

ilc(t) < hc(:c_l) + (t — .CC_l) }N‘Lc[x_l,xo]

+ -+ (t — x_l)(t — 1’0) cee (t — :Ck_3) }N‘Lc[x_l,xo cee 71'k—2]-

In this case, we have i = 3 (see Lemma 3.4.1). If we take z_1 = x9 = 1, then for all

t € [zg, x2] we have

W) > M—@—m((t—xo)

t—l‘o

he (20)

+ -+ (t — :1:0)2 e (t — .CCk_3) }N‘Lc[xo,xo,xo s ,:z:k_2]> .
Using the fact that |h)(x¢)| is bounded and the same reasoning as before, we obtain that

lim inf 7, (z¢) > h{(zo); ie.,

n—oo

lim inf A, (0) > h{(0).

n—oo

Combining both inequalities, we can write

hgy(0) < liminf A/,(0) < limsup A, (0) < h{(0)

n—oo n—0o0
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and hence lim, ., hL(0) = h{(0). An induction argument can be used to show that con-
sistency holds true for h£ )(0), j=2,---,k—2. As for the last derivative, we apply the
well-known chord inequality satisfied by convex functions: For all A > 0, we have

hE20) — P (—h) -
¢ ¢ h( Do—) < pk=1) <
(0=) < hg 7 (0+) < W

—h ¢

We obtain the result by letting ¢ — oo and then A N\ 0. ]

Before we state the main lemma of this section, we give first a characterization for the

minimizer h.:

Lemma 3.4.3 Let Y! be the process defined on [—1,1] by

L fy G dW (s) + b, ifte [0,1]

Vi) L
L0 “ S’“ “d (s)+(2k—k!)!t2k, ift € [-1,0)

[

and H} be the k-fold integral of he that satisfies the boundary conditions

& H) 22y
dt2] ’t +c = W’t +c»

for j=0,---,(k—2)/2. The minimizer he is characterized by the conditions:
HYt) > Y ), forallte[-1,1]

and

[ ko i) aig =

-1
Proof. The arguments are very similar to those used in the proof of Lemma 3.3.2. |
Lemma 3.4.4 Let t be a fixred point in (—1,1) and suppose that the conjectured Lemma

2.5.4 holds. If 77 and T are the last (first) point of touch between of H! and Y.! before
(after) t, then

s — Op(c_l/(2k+1)).
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Proof. As the minimization problem was changed so that the setting is very similar to that
of the LS problem for estimating a k-monotone density (see Chapter 2), we can apply the
result obtained in Lemma 2.5.9. In fact, consistency of BE’“‘” at the point ¢ and the fact that
ho(t) = t* is k-times differentiable with h((]k) (t) = k! > 0 force the number of points of change

of slope of Eé’“‘” to increase to infinity almost surely as ¢ — oo. If 7.9 < --- < 7,953 are

2k — 2 jump points of B&’H that are in a small neighborhood of ¢, then H! is a polynomial

spline of degree 2k — 1 and simple knots 7.9, -, 7. 2r—3. Furthermore, H, is the unique

solution of the following Hermite problem:

H, () =Y. (1), and (H)'(r) = (Y.')'(3)
for j =0,---,2k — 3. By Lemma 2.5.9, it follows that
0, (¢~ 1/ D)y

Te,2k—3 — Te,0 =

As we are free to choose 7, 9,3 and 7.0 to be located to the left and right of ¢ (as long as

they are in a small neighborhood of t), it follows that

-7 = Op(c_l/(2k+l)).

Corollary 3.4.2 Let t be a fived point in (—c,c). If T and 7.7 now denote the last (first)
point of touch between of H. and Y. before (after) t, then

and hence for any € > 0 there exists M = M(e) > 0 such that

limsup P(r.,) —t>M or t—7~ > M) <e

CcC—00

Proof. Recall that

g(c/ @Dy — K/CRHD ) for all ¢ € [—1,1]
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where g and h belong to the k-convex class defined in the original and new minimization
problems respectively. Therefore, if t; and tI are two successive jump points of Eé’“‘l) in the
neighborhood of some fixed point ¢ € (—1,1), then 7,7 = /D¢~ and 7F = !/Ck+l¢t

are successive jump points of gék‘l). Therefore,

[

rh =1 = MR 1) = 0,(1).

Remark 3.4.1 Despite the complexity of the tightness problem for k > 2, we can view it
in a simple heuristic way. Recall that in the original Gaussian problem defined in (2.5), we
want to “estimate” the k-convex function t — t*. The Least Squares estimate on a finite
interval [—c, c| is a spline of degree k — 1 whose knots are exactly the points of touch of the
process H ;. with respect to Yi,. As ¢ — oo, we expect that the Least Squares estimator to
be close to the estimated function. Since the latter is infinitely differentiable, the knots of

the estimator need to stay tight in order to “compensate” the difference of smoothness.

Lemma 3.4.5 Letc > 0 and H.}, be the k-fold integral of f.j the minimizer of ®. over the
class Crm,m, (165D Chmo.m,m,) With my = my = ((k!/21)c2,- -+, (k!/(k — 2)1)c*2) (resp.
mo = ¢, my =my = ((k1/2)c2, -, (k!/(k = 1)!)cF=1) ) if k is even (resp. odd) . Then, for
a fized t € R, the collections {fc(]k) (t) — (gj)(t)}c7k2|t|,j =0, ---,k—1 are tight; here fc(fz_l)
can either be the right or left (k — 1)-st derivative of f..

Proof. We will prove the lemma for k£ is even and t = 0 (the cases k£ odd or ¢t # 0
can be handled similarly). We start with j = 0. Fix ¢ > 0 and denote A = H, — Y.
By Corollary 3.4.2 and for ¢ large enough, there exist M > 0 and a point of touch of
71 € [M,3M] with probability greater than 1 — e. Applying the same reasoning, there
exists M > 0 (maybe at the cost of increasing M) such that we can find points of touch
Ty € [AM,6M], 73 € [TM,9M], -+, 71 € [(3-2F"1 —2) M,3 - 2*71M/] with probability

greater than 1 — e. Since at any point of touch 7, A’(7) = 0, then by the mean value
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theorem, there exist 7'1(2)

€ (7_177_2)7 7_2(

2)

€ (73,74), =+ 7‘2(3),2 € (T9k—1_1,Tok—1) such that

A®) (T]@)) =0,j=1,---,2¥2. By applying the mean value theorem successively k — 3 more

. k—1
times, we can find 71( )

and 7'2(k_l) - Tl(k_l)

< Ty

fc(,lz) (1) HF (&)

(=)

(k—=1)

k—
() -

€ [M,3 - 26=1M] such that A®=D (7" Dy =05 = 1,2

> M. Finally, there exists 7F) = & ¢ (Tl(k_l),@(k_l)) such that

H(k—l)( (k—l))

_ c,k c,k m
7_2(k—1) _ Tl(k—l)
k—1 k—1 k—1 k—1
_ ) v Ve
7_2(k—1) _ Tl(k—l)

W (s Dy —w ()

1 (72(k_1)>k+1 ~ (Tl(k_l))k—i-l

and therefore

7_2(k—1) B Tl(k—l) k1 Tz(k—l) ~ Tl(k—l)
< W) =) Y
< i +(327m)
k
< Z g (3 : 2k—1M>

for some constant C' = C' (M) > 0 by tightness of W and stationarity of its increments, and

using the fact that y**! —2*+1 = (y —2) (¥ + 2%~ 1y +-- - +y¥). In general, we can find k—2

points & < -+ < &g_o to the right of 0 such that & € [M,3M], the distance between any &;

and &j,4 # j is at least M and f. (&) is tight for i = 1,---,k—2. Similarly and this time to

the left of 0, we can find two points of touch £ o < £_; such that £&_1 € [-3-2K=1 M, —M],

€1 —&2>M and f.(€-1) and f.(_2) are tight. In total, we have k points that are at

least M-distant from each other and we are ready to apply Lemma 3.4.1. Hence, if we take

g=fer-m=Fk, i=2 and 1 =& o, v0 = &1, v3 = &1, -

te (-1,&)

fc,k(t)

-, T = &p_o, we have for all

> fer(§o2) +(t—&-2) [E—o,&1]fer + (t —E2)(t —&-1) [E—2,&-1, &1 fer

+ ot (=)t — 1) (E—&3) [E2,61 - Sl fe
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In particular, when t = 0 we have

Jer(0) > fer(€—2) — &2 [§—2,§-1)fer +E-26-1 [E—2. 61, &) fek
o (CDFTRE ey s [Ea €t Eral fe

which is tight by construction of §;, 7 = —2,—1,1,---,k—2. Now, by adding a point &,_1 to
the right and &;_9 such that £,_1 — &x_9 > M and considering the points £_1,&1, -, &1,

we apply Lemma 3.4.1 (with ¢ = 1) to bound f.x(0) by above:

Jer(0) < fer(€or) —&-1 (-1, &l fer +E1&ilé-1, 61, &) fer
e R O ) Ly ST SRR NN | TN STRRR S Y | Ay

which is again tight.

Now if j = 1,---,k — 3, the argument is entirely similar where k — j is the number of
points of touch needed to prove tightness. For j = k — 2, we can bound fc(fz_m(O) from
above by considering two points of touch {1 < —M and M < £ and using convexity of
fex (k=2) (which follows also from Lemma 3.4.1 in the particular case where g is convex). To
bound f c(fz_z)(O) from below, we use a similar argument as in the proof of Proposition 3.3.1.

Finally, for j = k — 1, consider again £_1 and &;. By convexity of f 6(12_2), we have

872 - 14720

(k—2) (k—2)
fek '(0) - fer ~(€-1) < f(lz_l)(()—) < f(f]?fl)(oﬂ :
, 1

§-1 e

hence,

87200 - £8P )
=

)

87 - £ 2><0>‘}

\<k1<>\Snmx{ -

which is bounded with large probability by tightness of fC(Z_Q) (t),t € (—c,c) and construc-
tion of &1 and &;. |

3.5 Proof of Theorem 3.2.1

We use similar arguments as in the proof of Theorem 2.1 in GROENEBOOM, JONGBLOED,

AND WELLNER (2001A) and for convenience, we adopt their notation. We assume here that
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k is even since the arguments are very similar for k£ odd. For m > 0 fixed, consider the
semi-norm

1Hllm = sup {[HO|+[H' )]+ + [HE*D (@)}

te[—m,m)|

on the space of (2k — 2)—continuously differentiable functions defined on R. By Lemma
3.4.5, we know if we take ¢(n) = n that the collection {fé’f,;z)(t) - fék_z)(t)}n>M is tight
for any fixed t € [-M, M], in particular for ¢t = 0. Furthermore, by the same lemma, we
know that the collections {fgf,;l)(t—)} and {ffﬁ;l)(t—i—)} are also tight for t € [—M, M].
By monotonicity of fr(Lk,; 1), it follows that the sequence < fysk,; 2)> has uniformly bounded
derivatives on [—M, M]. Therefore, by Arzela-Ascoli, the sequence ( fflk]; 2)][—M M ]> has a
subsequence ( fxgz)H—M , M ]> = (H 7(37]2_2)|[—M M ]) converging in the supremum metric
on C[—M, M] to a bounded convex function on [—M, M]. By the same theorem, we can find
a further subsequence (H fikk_ 3 |[-M, M ]> converging in the same metric to a bounded func-
tion on [—M, M]. Applying Arzela-Ascoli (2k — 3) times, we can find a further subsequence
(Hn, k|[—M, M]) that converges in the supremum metric on C[—M, M].

Now, fix m in N and let n > m. For any sequence (H, ), we can find a subsequence
(Hp, k) so that (H,, r|[-m,m]) converges in the metric ||H|;, to a limit ngm) that is
(2k)—convex on [—m,m]; i.e., its (2k —2)-th derivative, f]gm), is convex on [—m, m|. Finally,
by a diagonal argument, we can extract from any sequence (H, ) a subsequence (H,; x)
converging to a limit Hy, in the topology induced by the semi-norms || H ||,,, m € N. The limit
Hy, is clearly 2k-convex. Besides, it preserves by construction the properties (3.10) and (3.11)
in the characterization of Hy, x = H,(,) - On the other hand, since Hff;(:l:c) = Yk(j(:lzc) for
j=0,2,-k, it follows that lim_. HP (1) = Y9 (t) = 0 for j = 0,2,---, k. Thus Hy
satisfies the conditions (i)-(iv) of Theorem 3.2.1. It remains only to show that this process

is unique. |

To prove uniqueness of Hy, we need the following lemma:
Lemma 3.5.1 Let G} be a 2k-convex function on R that satisfies

lim (G2 = v 2@y =0

|t|—o0
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if k is even, and

lim (G2 () - vE ) =0

[t| =00

if k is odd. Let g, = G,(f) and fix € > 0. Then,

(i) For any fized My > M; > 0, and a and b such that |a| < |b| are large enough and
My > |b| — |a| > My, we can find a positive constant K = K (e, M1, M) such that

PIGY =Y s > K) <

forj=0,---k—1.

(i) For any fized My > My > 0, and a and b such that |a| < |b| are large enough and
My > |b| — |a| > My, we can find a positive constant K = K (e, M1, M) such that

P(lgs” — fan > K) < e

forj =0,---k—1, where fo(t) =t~

Proof. We develop the arguments only in the case of k even (k odd can be handled
similarly). We start by proving (ii) and for that we fix 6 > 0. Without loss of generality, we
can take M; = My = M. Since limtﬁoo(Gl(f_Q) (t)— Y]fk_Q) (t)) = 0, then there exists A > 0
such that

k—2 k—2
[ ORS A OIRR,
forall t > A. Let tg > A and t; = ty + M, and ty = tg + 2M, where M is some positive

constant. By the mean value theorem, there exists £ € (tg,¢1) such that

(G (1) — Y (40)) — (GF 2 (t0) — VP (k)

GO =% = —

(3.17)

and hence

_ - 20
G e -y el < 3
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From now on, we take § = 1. For all ¢t € [t1, 2], we can write

a2

and hence

where C' = C(M,¢) such that

) - YD)

G](gk_Q) (tl) . Yk(k—Q)

G(k=2)

+H(t— )G 1)(5)
) y -
po(t) = k tl /tl/ gr(u) — for(

//dW )ds + (t — 1) (GFV(€) - vV (e))

inf

te [to ,tz}

lgr(t) — for(t)| <

w+ [ (@ () — Y () ds

Y

(©))

F=2 1) — v (1) + //da(kl
t1

8(6 + M C/2)

M2

P((W(t)| < C, t€[0,2M]) > 1 —e.

Indeed, from (3.18), we have for all ¢t € [(t1 + t2)/2, t2]

[ [

\G;f V(0 - Y 0]+ 6l ) - v )

2
< 24(t—h) C+2M o

t

— fo.i(

[W(s) -

t1

= 6+MC/2

u))duds

W (€)|dsdu + (t —t

with probability greater than 1 — e. Now, since

inf
y€Elto,t2]

9k (y) —

Jor ()l

<

IN

IACE
[, f e
/tl/ ol

1)

fOk

— fo.i(

fOk

))duds|/

u))duds

u))duds

G D(e) - Yé’f‘”(&)\

/ / duds
t1

/(t —t1)?

u))duds

, using stationarity of the increments of W

(3.18)

(3.19)

(3.20)

// duds, since & <ty
t1 Jt1
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/ / gr(uw) — for(uw))duds|, sincet—1t; > M/2,
t1
(3.21)

the inequality in (3.19) follows by combining (3.20) and (3.21).
Now, consider two other points to the left of to, t3 = tg + 3M and t4 = tg + 4M. By
using similar arguments, we can find &y € [to, t2] and & € (t2,t3) such that

inf
ue [to ,tz]

90(&0) — for(60)| = go(u) — for(u)

and

(G ) =" (1) = (G (1) = V) (12)

G/ik_l)(ﬁl) - Yk(k_l)(ﬁl) = P

For t € [(ts + t4)/2, 4], we can write

G5 Dy —vED0) = ¢ D (t) — v (1) / / /5 Gh(v) = £ 4 () dyduds
tz J&1 J&o

s

(&) — Fonl6o)) / [ duds + / [ (s

+(t = t)(G V(&) - V@),
As argued above, we can find a constant D > 0 depending on M and e such that

<D

inf
uec [t() ,t4}

9k () — for(w)

with probability greater than 1 — e. By induction, we can show that there exist an integer

pr > 0 and a constant Dy > 0 depending on M and € such that

inf

< Dy
uE[to,tpk]

g ) — £8P W)

with probability greater than 1 — € and where t,, = to + ppM.
By repeating the arguments above, we can find {1 € [to,tp,] and and &0 € [t,, +
M, typ, + M] (maybe at the cost of increasing t() such that

inf
u€lto ’tpk]

o (En) - féfk_z)(gkvl) = gz(gk_z)(U)—féfgk_z)(U)
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and

o 2)(5k,2)—f(§,kk_2)(5k,2) = inf g ) - f(k 2w

ue[t?’k+M7t2Pk+M]
On the other hand, we can assume (at the cost of increasing ty) that to — M > A. By

assumption, G, is 2k-convex and hence g,(gk_m is convex. It follows that, for ¢t € [to — M, o],

we have

g](gk—l)(t) < g;g 2 (€k2) — g;gk_Q) (k1)

§k2 — &kt
_ f(k 2 (k,2) — féfk_z)(ﬁk,l) + 2Dy,
- §k2 — Skt
2Dk

< f(k 1(§k2) ST

where g,gk_l) is either the left or left (k — 1)-st derivative. Therefore,

B0 SO0 < 1 ) - 150+ 2
= Kl(Ee 1)+
= (£k2—t0+t0_t)+%

2D
< Kl(pp+1) M+ Wk

Similarly, at the cost of increasing ¢y or Dy (or both), we can find t_,, , and &, 2 < & —1

to the left of tg — M such that

(&) — f(k (&) = E[tinf . g5 (u) —fé,kk_Q)(u) < Dy
u€lt—_p,,
and
- - .
o)~ S )| = e P - £ )| < Dy
D, ot

It follows that,

g](gk—l)(t) > g}f 2)(§k,—1)—91§k_2)(§k,—2)

- Ek,—1 — &k, —2
S féfﬁk_m(fk,—ﬂ - féfﬁk_m(fh_ﬁ — 2Dy
B Ek,—1 — &k, —2

92D,

> féJC (&, 2)_W
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and therefore,

B0 - 10 2 R ) — 10 -
= klk,—2—1t) — %
L R(—Gp o+ (to — M) = (to— M) +1) — %
> —k'(pk+1)M—%

It follows that

2Dy,

k— k—
- f(g,k U”[tg—M,tO} < Kl(pr+1) M + 7

g

with probability greater than 1 — e.
By applying the same arguments above (maybe at the cost of increasing either py or tg),

we can find a constant C > 0 depending only on M and € such that

k—1) k—1
gt ™" — £85 Vley —at9 01 < Ci.

But, we can write

t
a5 = gl P G — £8P ) + / (g (s) — £V (s)ds

for all t € [t_,, — M,t,, + M]. It follows that

IN

Dy + (t — &k,—1)Ch

Dy, + 2M(1 +pk)Ck

gt - f(“()'

A

fort € [t_,, — M,t,, + M], or

| ) (k ? H[t oo =Mty +M] < Di +2M (1 + pi)Cre

with probability greater than 1 — e. By induction, we can prove that there exists K > 0

depending only on M and € such that

19 — £ ey vty 201 < K

for j=0,---,k—3.
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Now to prove (i) for j = k — 1, we consider again [to,¢1] and £ € (to,t1) given by (3.17).

We write
t
Gﬁ”@—%“%ﬂ=:Gﬁ”@—ﬁ“Wo+édw$”@—ﬁ“Wm
t

=Gﬁ”@—ﬁ“%@ﬁé@@wmﬂmw+W@—W@7

for t € [to,t1]. It follows that

k-1 k—1 2
1GE 00 =Y Dl £ 7+ K- +C
20
< =
i + KM+ C,

with probability greater than 1 — €, where K is the constant given in (i) and C' > 0 satisfies
P([W(u)| > C, ue[0,M]) <e.
For 0 < j < k — 2, the result follows using induction. |

When G = Hp, then we can prove a result that is stronger than that of Lemma 3.5.1:

Lemma 3.5.2 Let Hy be the stochastic process constructed in the proof of Theorem 8.2.1.
Let fo 1 be again the function defined on R by

Four(t) =1t*,
and a < b in R. Then for any fired 0 < e < 1):
(i) There exists an M = M, independent of t such that
Pt—1" >M71m—t>M)<e

where 7~ and T are respectively the last point of touch of Hy, and Y}, before t and the

first point of touch aftert.

(ii) There exists an M depending only on b — a and € such that for j =0,---,k—1

PHD =Y, |0y > M) < e, (3.22)
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(i) There exists an M depending only on b — a and € such that for j =k,---,2k — 1

P(IHY — [0y > M) < e, (3.23)

where H]i%_l) denotes either the left or the right (2k — 1)-th derivative of Hy. When j =k,
(8.23) specializes to

Pl fr = forllay > M) <e,

where f, = H,gk).

To prove the above lemma, we need the following result:

Lemma 3.5.3 Let ¢ >0 and z € R. We can find M > 0, K > 0, D > 0 independent of
and (k + 1+ j) points of touch of Hj, with respect to Yy, x < 71 < -++ < Tpy145 < v+ K
such that Ty — ;> M, 1 <i<i <k+1+ 7, and the event

inf @)~ flm1 < D

tE[Tl,Tk+1+j

occurs with probability greater than 1—e for allj =0,--- k—1 (forj =k—1, f,gk_l) should
be read either as the left or right (k — 1)-st derivative).

Proof. We restrict ourselves to the case of k even. We start by proving the same result for
fe,k, the solution of the LS problem.

Let j = 0. For ease of notation, we omit the subscripts k in f.; and fo;. Fix 2 > 0
(the case x < 0 can be handled similarly) and let ¢ > 0 be large enough so that we can find
(k + 1) points of touch after the point x, 71 ¢, -+, k41, that are separated by at least M
from each other. Consider the event

te[n,ifrfkﬂ,c] [fe(t) = fo(®)] = D (3.24)
and let B be the B-spline of order k — 1 with support [71 ., Tg41,.); i-e., B is given by

(t— 7" (t—7e)t
j;ﬂ(%c - TLc) Hj;ék(Tj,C - Tk,c)

_ (_1\k
B(t) = ( 1)k<H
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(see Lemma 2.5.1 in Chapter 2). Let || > 0 and consider the perturbation function p = B.
Recall that p = 0 on (—00,71c) U (Tkt1,6, 00). It is easy to check that for || small enough,

the perturbed function

fc,n(t) = fc(t) + 7710(75)

is in the class Cyy, m,, With

|
k k! o
my =my = <C 7"'7§C>.

Indeed, p was chosen so that it satisfies p(j)(lec) = p(j)(TkH,C) =0 for 0 < j < k—2, which
guarantees that the perturbed function f., belongs to C*=2(—¢,c). Also, the boundary
conditions at —c and ¢ are satisfied since p is equal to 0 outside the interval [T ¢, Tj41,c)-

)

Finally, since p is a spline a degree k — 1, the function fc(ﬁ7_2 is also piecewise linear and one

can check that it is nonincreasing and convex for very small values of |n|. It follows that

lim (I)C(fcm) - (I)C(fC)
n—0 n

=0

which yields
Tk+1,c Tk+1,c
[ sonmd- [ po@we + s = o.
Tl,c T1,c
or equivalently
Tk+1,c Tk+1,c
[ o - neyde= [ pmaw .
T1,c T1,c

For any w in the event (3.24), we have

/ T waw ()

T1,c

Tk+1,c
> D/ p(t)dt = D (3.25)
T1,c

where in (3.25), we used the fact that B integrates to 1. But we can find D > 0 large
enough such that the probability of the previous event is very small. Indeed, let G, a7, be

the class of functions g such that

. k—1 o k—1
{% 44 %}1[leyk+l](t)’

9(t) = Hj;él(yj - Y1) Hj;ék(yj — Yk
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where zg <y1 < - <ypp1 <o+ Kandy; —y; > Mfor1<i<j<k+1and M and K

are two positive constants independent of zg. Define

W, = / gAW (), for g€ Gugrr i

The process {Wy : g € Gzo. M,k } is @ mean zero Gaussian process, and for any g and h in
the class Gy, a,K, we have
o
Var (W, —Wy) = E(W,—W,)? :/ (g(t) — h(t))* dt.
— 0o
and therefore, if we equip the class G, v,k with the standard deviation semi-metric d given

by

(9. h) = / (g(t) — h(t))? dt,

the process (Wy, g € Guym,k) is sub-Gaussian with respect to d; i.e., for any g and h in

Guorric and x>0
P(|Wy = Wp| > ) < 2e— 32 /d*(9:h)

In the following, we will get an upper bound of the covering number N (€, G, a1k, d) for the
class Gy, v,k When € > 0. For this purpose, we first note that for any g and h in Gy, ar,x
o+ K

d*(g,h) < /

zo

o+ K
(9(t) = h(t))* dt = K/ (9(t) — h(1))* dQ(t)

where @ is the probability measure corresponding to the uniform distribution on [z, o+ K];

i.e.,

1
dQ(t) = E 1[%0,%0+K} (t)dt’

and therefore, it suffices to find an upper bound for the covering number of the class G, v,k
with respect to Lo(Q).

Any function in class G, a7,k is a sum of functions of the form

k-1
(t— yj)+

g9;(t) = {Hj’;éj (W — ;) }1[ylvyk+1](t)’
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over j € {1,---,k}. Denote by G, kK, ; the class of functions g;. Taking ¥(t) = t’j_, we
have by Lemma 2.6.16 in VAN DER VAART AND WELLNER (1996) that the class of functions
{t — ¥(t —y;),y; € R} is VC-subgraph with VC-index equal to 2 and therefore the class
of functions {t — ¥(t — y;), t,y; € [xo,z0 + K]}, g;mM’KJ say, is also VC-subgraph with
VC-index equal 2 and admits K*~1 as an envelope. Therefore, by Theorem 2.6.7 of VAN
DER VAART AND WELLNER (1996), there exists C; > 0 and K7 > 0 (here K; = 2) such that

for any 0 < e < 1 and for all j € {1,---,k}

1\ %1
N(evg;O,M,K,j,Lm))scl( ) .

€
where C7 and K are independent of z9. On the other hand, since y; —y; > M, the functions

t—

1
mlwl,ym(t)
7

indexed by the y;’s are all bounded by the constant 1/M k and form a VC-subgraph class
with a VC-index that is smaller than 5 and more importantly that is independent of xg.
Denote this class by ggO, MK j- BY the same theorem of VAN DER VAART AND WELLNER

(1996), there exist Co > 0 and K5 (here K5 < 8) also independent of x( such that

2 1) 2
N{(e, ng,M7K,ja L2(Q)) < Co <E>
for 0 < € < 1. By Lemma 16 of NoLAN AND PoLLARD (1987), it follows there exists C3 > 0
and K3 > 0 independent of x( such that

1\ %3
N (e, Grp a1.16. L2(Q)) < C (_>

€

for all 0 < € < 1 and therefore

1\ %3
N(67gl‘o,M,K7d) < CgKK3/2 <_> .
€

Using the fact that the packing number D(€, Gy vk, d) < N(€/2, Gz, M Kk, d) and Corollary
2.2.8 of vAN DER VAART AND WELLNER (1996), it follows that there exists a constant C' > 0,

D > 0, and a (the diameter of the class) independent of x( such that for

@ 1
E sup |Wy §E|Wg0|+C/ 1+ Dlog <—>de
9€Gaqg, M, K 0 €
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where the integral on the right side converges and go is any element in the class G, am,Kx
and we can take, e.g.,

1 _ _ _
=7 <(t —x0)i T (E—mo = MY 4 (o — (B — MY 1> Lno otk (1)

go(t)
where y1 = zo,y2 = 20+ M, -+, yr11 = xo + kM. By a change of variable, we have
1 M k—1 k—1
E|Wg0|:WE‘/O <t+_ +---+(t—(k:—1)M)+_>dW(t)'

which is clearly independent of zg. Now, we can write

P([W,| > X)) < P( sup [W,] >N

9EGzg, M, K
< E sup |[Wy|/X, by Markov’s inequality
9€Gay, M, K
@ 1
< E|Wg0|+0/ 1+Dlog<—>de /A —0 as A — oo.
0 €
Now, let ¢(n) =n and f,, and 7y, -, Th+1,n are the LS solution on [—n,n] and (k+ 1)

points of touch to the left of . Also, let &, € [1 , Tk+1,,] the point where the infimum of the
function f, — fo is attained. By tightness of the points of touch, we can find subsequences
(Tt > Thtim,) and (&) that converge to (71, - -, 7x41) and £ respectively. By the same
arguments used in the construction of Hj, there exists a further subsequence (fy,) which
converges to fr in the supremum norm on the space of continuous functions on [—K, K].
On the other hand, it is easy to see that 71, ---, 7441 are points of touch of Hy with respect
to Yy that are to the right of x and to the left of x + K. Furthermore, 7, — 7 > M, for

1 <i <4 <k+ 1. For ease of notation, we replace n, by n. We have

1fe(€) = o) < [fn(&n) = fo(&n)] + [fo(&n) — fo(£)]
+ [fn(&n) = fe(&n)l + |k (&n) — fi()].

By the arguments used above, we know that there exists D > 0 independent of x that
bounds the first term from above with large probability as n — oo. To control the second
and fourth terms, we use the fact that £, — £ and continuity of fy and fr. Therefore, we

can find an integer N1 > 0 that might depend on x such that for all n > Nj, we have
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Finally, using the fact that &, € [~ K, K] and that f,, converges uniformly to fx on [—K, K],

we can find an integer No > 0 that might depend on x such that for all n > Na, we have

It follows that with large probability, there exists £ € [11, Tg+1] such that

|fe(§) — fo(§)| <3 D,

or equivalently

inf [ fi(t) — fo(t)| <3D.

te[T1,Th+1)

For j > 1, we take the perturbation function p; to be
;=4

where ¢; = Bj, the B-spline of degree & — 1 + j with k£ + 1 + j knots taken to be points of

touch that are at least M distant from each other; i.e.,

qj(t) = B;(t)

(t - Tlvn)lj.ﬂ_l (t— Tk+j,n)lj_+j_1
[Lia(Tjm — 710) Ikt (Tin = Thtjn)

The function p; is a valid perturbation function and therefore we have

/Tk+1+j," i) (fa(t) — folt))dt = /THHNL p;(£)dW (t).

T1,n T1,n
By successive integrations by parts and using the fact that qj(.i) (T1n) = q](.i) (Tkt14jm) = 0

fori =0,---,7 — 1 (note that is also verified for i = j,---,k + j — 2), we obtain

Tk+1+j,n . () ) Tk+144,n
[ s o - s = [ pnawe)
Ti,n Ti,n
The proof follows from arguments which are similar to those used for j = 0. |

Proof of Lemma 3.5.2 Fix ¢ > 0 small. (i) follows from tightness of the points of
touch of H,j and Y and the construction of Hj. Indeed, there exists M > 0 independent

of ¢ and two points of touch 7,7 and 7,7 between the processes H,, ) and Y} such that
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€[t—3M,t — M] and 7,7 € [t + M,t + 3M] with probability greater than 1 — e. Then,
we can find a subsequence n; such that 7, — 77, 75 — 77, [|Hp, & — Hill[i—3ar,14300) — 0.

Therefore, we have

Hy, o(7,) = Hi(77), and Hy, () — Hi(77)

nj
as n; — 00. But by continuity of Y, we have

Yi(r,.) — Yi(77) and Yk(T;}) — Yi(rT).

nj

It follows that Hy(77) = Yi(77) and Hy(71) = Yi(77); i.e., 7~ and 7 are points of touch
of Hy and Y} occurring before and after ¢ respectively. Furthermore, we have t — 3M <
77 <t—M<t+M<7T <t+3M. These points of touch might not be successive but it
is clear that (i) will hold for successive points of touch.
Let [a,b] C R be a finite interval. We prove (ii) and (iii) only when k is even as the
arguments are very similar for k£ odd. We start with proving (iii) and for that we fix
€ [a,b]. Using the same type of arguments used in proof of Lemma 3.5.3, we can find

D > 0 independent of ¢ and a point £&; > b such that

FE &) - 1852 < D

with large probability. Using again the same kind of arguments, we can find another point

&9 such that & — & > M and

1E2 &) - 1P @) <D

maybe at the cost of increasing D and where M > 0 is a constant that is independent
of t. By tightness of the points of touch, we know that there exists K > 0 such that
0<& —b<& —b< K with large probability. By convexity of f,gk_z), we have

gy < K@ =A@

- &
< fék_Q)(&) — ék_z) (§1) +2D
- & —&
< 2D

By e + 5
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where f,gk_l) is either the left or right (k — 1)st derivative. Therefore,

k-1 k—1 2D
@) -+ =
2D

= Kkl(&—1t)+ -+

M
2D
= K(&-b+b-t)+ 57
2D
| —
EV(K+b—a)+ T

0@ - 1w

IN

IN

Similarly, we can find two points £_s and £_; this time to the left of a such that the events
€1 — &0 > M, max{|f{* P (e2) — [P 1AV €) - £ E)) < D and
a— K <& 9 <& 1 << aoccur with very large probability maybe at the cost of increasing
one of the constants M, K or D. Then it follows that

vy s fED A6

§-1— &2
o ST - fTP (6 -2
- §-1—&2
> e -2,
and hence
- - - _ 2D
B0 -5700 2 157 -1 57
= K1) 2
= —M@—a+a—§4)—%§
> k(b—atK)— %.

It follows that with large probability we have for all ¢ € [a, b]

I OEN 1()|<k'(K+b—a)+ﬁD

and it is clear that the bound in the inequality depends only on b — a. Thus by applying a
similar argument on [a,b + K|, we can find a constant C' > 0 depending only on b — a and

K such that

fe fo—
||f;£ b_ fé 1)||[a,b+K] <C.
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Now, by writing

FE 20y — (572w — (15D (e) — (D) = / (£5700) = £ Vids)) ds.

It follows that

k—2 k—2 k—2 k—2 k—1 k—1
AP0 = £ < 1876 - 1@+ @ =01 = 56 s
< D+ (K+b—a)C.
Using induction and Lemma 3.5.3, we can show (iii) for j =0,---,k — 3.

Now to show (ii), we start with j = k — 1; i.e., for ¢ € [a,b] and € > 0,we want to show

that we can find M = M (e) > 0 such that
k—1 k—1
PV 0) =Y Ol > M) < e

But, we know that we can find M; > 0 and K > 0 independent of any ¢ € [a,b] and two
points &1 < & to the right of b such that &, — & > M1, b <& <& <b+ K and

m @) =y ) @) =y 6),

The existence of such points follows from applying the mean value theorem repeatedly to a
number of points of touch and also using tightness. Using again the mean value theorem,

we can find £ € (£1,&2) such that
H]gk_l) (5) _ Yk(k—l) (5)
Now, we can write for any ¢ € [a, b]
= (V0 - o) - (@ - )
t
k— k—
= [ a0 )

= /g t(fk(s)—fo(s))ds— /5 tdW(s>

_ /f (fu(s) — fo(s))ds — (W (t) — W(€)).
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By stationarity of the increments of W and since 0 < £ — ¢t < b — a + K, the second term
can be bounded with large probability by a constant dependent of on K and b — a. As for
the first term, we know by (iii) that there exists My depending only on b — a such that
I f& — follja,p+ K] < M2 with large probability. Therefore,

| /;<fk<s>—fo<s>>ds < Mae—t) < Malb—a+K).

It follows that, with large probability, we can find a constant C' > 0, depending only on
b — a and K such that

k—1 k—1
1 =Y aping < C.
Now, by writing

HED@) v 2wy = a0 - v 20 — 1) - v ()

_ / Y () = Y (s))ds,

1

it follows that
IS v E Dy < (00— a+ K)C.

For 0 < j < k — 3, we use induction together with tightness of the distance between points

of touch and the mean value theorem. [ |

Now we use Lemma 3.5.1 to complete the proof of Theorem 3.2.1 by showing that Hy,
determined by (i) - (iv) of Theorem 3.2.1 is unique. Suppose that there exists another
process Gy that satisfies the properties (i) - (iv) of Theorem 3.2.1. As the proof follows
along similar arguments for k odd, we only focus here on the case where k is even. Fix
n > 0 and let a_, 2 < a_,,1 be two points of touch between Hj and Y}, to the left of —n,
such that a_, 1 — a_,2 > M. Also, consider b, 1 < b, 2 to be two points of touch between
Hj, and Y}, to the right of n such that b, 2 — b,1 > M. There exists K > 0 independent
of n such that —n — K < a_p2 < a_p1 < —nand n < b,1 < b2 < n+ K with large

probability. For a k-convex function f and real arbitrary points a < b , we define ¢, (f) by

b b
b $) =3 [ £t~ [ F0ax(0).
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For ease of notation, we omit the subscript k in Hj and Gj. Let h = H®), ¢ = G®) and

a < b be two points of touch between H and Y. Then we have

Gab(9) — Pap(h)

b b i
= %/ (g(t) _h(t))2dt+/ (9(t) _h(t))h(t>dt_/ (g(t) — h(t))d Xy (t)
b b
= %/a (g(t) — h(t))th—i—/a (g(t) — h(t))d(H*D _Yk(k_l))-

This yields, using successive integrations by parts,

Gap(9) — Pap(h)
s [ - nayPar
+ (EED ) =1 0)(9(0) — k(b))
— (H* (@) - D (@) (g(a) - h(a)))
~ (E20) - v 0) - 1 )
— (H*D (@) = " (0))(g'(0) - W' (a)))

\

+ (') = Y0 (6" (0) — hEw)

— (H'(a) = V(@) (9" 2 (@) — b2 (a))) (3.26)
— (H®) = %®) ("D =) = hED (b))
~ (H(a) = Yi(@)(g* "V (a+) = h*D(a+)) ) (3.27)

b
+ [ O = o) 0 - hD (o)
where the terms in (3.26) and (3.27) are equal to 0 and last term can be rewritten as
b b
[ #®) - Yiwnatg®™ Vo) - 8w = [ (w0 - Yi)dg* Vo) 20

using the characterization of H. Now, if we take ¢ and d to be arbitrary points (not

necessarily points of touch of H and Y}), we get

qbc,d(h) - qsc,d (g)



164

G*D(d Y@1wmm&—mwwwd“W@—ﬁ“W@wmrwwm
(GH2 (@) = D (@) (1 (d) - (@) ~ (G5 (0) =D (@) (0) — ¢/ (0)))

+(«%w—yu@xm“”w»—¢“”w»—wG@y—m@»m%*ha—g%*M@D

d
+/me—n@mwﬂw»

Now, let a = a_p1, b = bp1, ¢ = a_p2 and b = by o and let J,, = [a_y1,a_p2] and

K, = [bn1,bpn2]. Then, we have

(Zsafn,lybn,l (g) - (Zsafn,lybn,l (h) + ¢a7n,27bn,2 (h) - ¢a7n,27bn,2 (g) (328)
1 bn,1 ) 1 bn,2 )
> 5 [ 0 - h@rdes g [ (o) - he)2ar
A—n,1 a—n,2
k—1 bn,l

+ 3| (500 - 700) (07210 -152) |

a—n,1

> .
]
—_ N

3 [ (@0 - v0w) (520 -g02w) |

[\

.

On the other hand,

Pa 1501 (9) = Pa_rnbna (B) + b 002 (h) = Pa_,y28,2(9) (3.29)
= % /J e (g*(t) — (1)) dt — /J . (g(t) — h(t)) dXp(t)
= 5/ 0= h0) 60~ o) a
+ % /J . (g(t) = h(t)) (M(t) = fo(t))dt — /J . (g(t) — h(t)) dW (t)

where fo(t) = t*.
As in GROENEBOOM, JONGBLOED, AND WELLNER (20014), we first suppose that
n

lim (g(t) — h(t))*dt < oc. (3.30)

—
n—oo [_.

This implies that

lim (g(t) — h(t)) = 0.

|t|—o0
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Since g and h are at least (k — 2) times differentiable, g — h is a function of uniformly
bounded variation on J, and K,. Therefore, using the fact that the respective lengths of
Jy, and K, are O,(1) which follows from Lemma 3.5.2 (i), and the same arguments in page

1640 of GROENEBOOM, JONGBLOED, AND WELLNER (20014), we get that

lim inf/ (g(t) = h(t))dW(t) =0
e JIUKR
almost surely. The hypothesis in (3.30) implies that

a—n,2

lim (g(t) — h(t))*dt — 0, asn — .
a—n,1

On the other hand, we can write using integration by parts,

/““ww—wwfﬁ

a—n,1

=[@m—mm@wwwwﬂM—/a“@w—mmw%ww%»a

—n,1l

and therefore

/“”@@—M@fﬁ

< 2”9 - h’H[afn,Lafnyz} X ||g/ - h/H[afnJ,afn,z]
+(a—n,2 - a—n,l)Hg - h”[afn,l,a,n’z] X ||g” - h‘””[afn,lvafn,ﬂ
which converges to 0 as n — oo with arbitrarily high probability since the length of J,, =

[a—n,ly a—n,2]7

Iy~ 1 and " — "

lfacn1.azn.2) o 1.a-n.2]

are Op(1) uniformly in n by Lemma 3.5.1 (ii).

Consider now the sequence of functions (¢y,), defined on [0, 1] as
Tpn(t) = g/((a—n,2 - a—n,l)t + a—n,l) - h/((a—n,2 - a—n,l)t + a—n,l)a 0<t<1.

Using the same arguments above, it is easy to see that |[{,][[0,1) and ||y, [l0,1) are Op(1) and

therefore, by Arzela-Ascoli’s theorem, we can find a subsequence (n’) and v such that

[n —¥llo,) — 0, as n— oo.
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But ) = 0 on [0, 1]. Indeed, first note that

/ Y2 (t) ! /an,z (9'(t) — h’(t))2 dt -0, as n— oo.

a—n 2~ G_n1

n,1

Therefore, since

/ Y2 (t)dt < lim inf w2( t)dt
0

n—oo

it follows that

/1¢2(t)dt =0
0

and 1 = 0, by continuity. We conclude that from every subsequence (1,,/),/, we can extract
a further subsequence (1), that converges to 0 on [0,1]. Thus, limy, o [[¢n[|j01) = 0. Tt
follows that

lg' — h/H[CL—n,l,UI?nQ] —0, asn— o

with large probability. If £ > 5, we can show by induction that for all j =4,---,k — 1 we

have
lim ||g¥=2 — h(j_z)”[a—n,l#lfn,ﬂ =0

with large probability, and the same thing holds when (a_, 1, a—, 2) is replaced by (by, 2, by 1)-
On the other hand, by Lemma 3.5.1 (i), we know that there exists D > 0 such that

ma‘X{HH(j) H[a n,1,a— n2] ||G(] ||U« n,1,a 7L2}} S D

with arbitrarily high probability, for j = 0,---,k — 1. To see that, consider the first term
(the second term is handled similarly) and fix € > 0. There exist K > 0 (maybe different

from the one considered above) independent of n such that have
P(la-n1,0-n2) € [-n— K, —n]) > 1 - ¢/2
and D > 0 depending only on K (and therefore independent of n) such that

P(IHY =Y Ly < D) > 1 — /2.
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It follows that

PIHD =Yl 10 0 > D)

= PUIHY ~ Y 10 na) > Dilacni,ang] C [-n— K, —n])
+PIHD =Y o> Dylacni,acns] € [0 — K, —n])

< P(IHY ~ Y| _y_g - > D) + Pla—n1,a-n2] € [~ — K, —n])

< €/2+¢€/2

S

Using similar arguments, we can show

e { 5O = Y 0, 1G9 =Y, 10,00} = Ol

uniformly in n. Therefore, we conclude that with large probability, we have

%—1 (4) () (j—2) (j—2) b1
and
k-1 by o
5 [ (o0 -120) (10 - 1) | o

asn — oo. Finally, by the same arguments used in GROENEBOOM, JONGBLOED, AND WELLNER

(20014), we have

n—oo

hmm/ (9(t) — () (g(t) — fo(t)) dt =0,
Jn UKy

and

lim inf (g(t) — h(t)) (h(t) — fo(t))dt = 0.

"= J UK,
almost surely. From (3.28) and (3.29), we have

bn,1 bn,2
%/‘ @w—hwfﬁ+%L (g(t) = h(t))*dt — 0, asn — oo,

a—n,1 —n,2

which implies that

bn,1 bn,2
3] wo-noraes [ @0 -neaz [ o0 -ne)?a—o

—n,1l
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as n — 0o. But the latter is impossible if g # h.

Now, suppose that

We can write

/ (g(t) — h(t)) dW (t)
JnUKn
= /J UK ((g(t) - fO(t)) — (h(t) _ fO(t)))dW(t)

and by Lemma 3.5.1 (ii), we have

n—oo

Jim inf / (g(t) — h(t)) AW (t) < 0o
J UK

almost surely. By the same result and using the same techniques as in GROENEBOOM,

JONGBLOED, AND WELLNER (20014), we have

2
lim inf { / o) = K (o) = o) dt} <o

n—0o0

and

2
liminf{ /J RCORONCOR fo(t))dt} < 0.

n—oo

Finally, we have

|

J=0

bn,l

VR

190 -2 0) (49720 - 1520 |

a—n,1

o
—_

- [(H“)(t)—y,f”(t)) ((9520 - 17 w) = (h9200) - éj‘”(t)))]

bn,l

a—n,1

<.
Il
o

is tight and the same thing holds if we replace H by G and (a—p,1,bn,1) by (a—n2,bn2).
This implies that

n

Jim [ (g(t) = h(t))” dt < oo

which is in contradiction with the assumption made above.
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We conclude that for arbitrarily large n, g = h on [—n,n] and hence g = h on R. Using
condition (iv) satisfied by both processes H and G, the latter implies that H = G on R.
Indeed, since H*¥) = G*) | there exist a and § such that

H* =2 @) — G2 (¢) = a + B, for t € R.

But by condition (iv), lim|t‘_>oo(H(k_2) (t) — G*=2)(t)) = 0 which implies that o = 3 = 0

and hence H*~2 = G(* =2 The result follows by induction.
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Chapter 4

COMPUTATION: ITERATIVE SPLINE ALGORITHMS

4.1 Introduction

The iterative (2k — 1)-st spline algorithm is an extension of the iterative cubic spline algo-
rithm, a term that was coined by GROENEBOOM, JONGBLOED, AND WELLNER (2001A). The
latter was used to compute the “invelope” H of two-sided Brownian motion + t* that is
involved in the limiting distribution of the LSE and MLE of a non-increasing and convex
density on (0,00) (see GROENEBOOM, JONGBLOED, AND WELLNER (20014)). The algorithm is
described briefly in pages 1643 and 1644 of their article. However, more details about how
this algorithm works can be found in GROENEBOOM, JONGBLOED, AND WELLNER (2003). Here,
we try to give a full description about how the iterative spline algorithms are implemented
to compute the LSE and MLE of a k-monotone density on (0,00) for an arbitrary integer
k > 2, and also to approximate the envelopes (“invelopes”) of the (k — 1)-fold integral of
two-sided Brownian motion + (k!/(2k)!) t?* when k is odd (even) on a finite interval [—c, c].
These algorithms belong to the family of vertex direction algorithms (see GROENEBOOM,
JONGBLOED, AND WELLNER (2003)). They were around for many decades and their develop-
ment was motivated by problems in D-optimal design (see FEDOROV (1972), WYNN (1970),
BOHNING (1986)), estimation of random coefficients in regression models (see e.g. MAL-
LET (1986)), and nonparametric estimation in mixture models (see SIMAR (1976), BOHNING
(1982), LESPERANCE AND KALBFLEISCH (1992), GROENEBOOM, JONGBLOED, AND WELLNER
(2003)), which will be the focus here. In mixture models, nonparametric estimation of the
mixing distribution or the mixed density yields a constrained, infinite dimensional opti-
mization (e.g. minimization) problem. Thus, an efficient computational method is needed.
GROENEBOOM, JONGBLOED, AND WELLNER (2003) extended the algorithm that was imple-

mented by SIMAR (1976) to compute the MLE of a compound (mixed) Poisson distribution.
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GROENEBOOM, JONGBLOED, AND WELLNER (2003) referred to this extension as the support
reduction algorithm. The same authors developed and used the iterative cubic spline algo-
rithm to compute the LSE of a non-increasing and convex density on (0,00) and also to
approximate the process H. However, the authors seem to reserve the term only for the
second estimation problem.

In the support reduction algorithms, the support reduction step is very crucial and it
is the only step where it is ensured that one “stays” in the class of functions considered
in the optimization problem. In this chapter, we explain in detail why in our estimation
problems, such a step is always possible and we hope that this will shed more light on how
the iterative cubic spline algorithm works. In the following, we present the general set-up.

Let ¢ be a convex functional to be minimized over the class of functions

C= {g = / fodp(0), p is a positive measure} .
©
The directional derivative of ¢ at the point g in the direction of fy is denoted by Dy(fy, g)
and defined by

Suppose that ¢ admits a unique minimizer, argminQGCQS(g). Under the assumptions Al,
A2’ and A3, GROENEBOOM, JONGBLOED, AND WELLNER (2003) showed that the support
reduction algorithm converges to argmingecqﬁ(g). In the current estimation problems, these
assumptions are satisfied. The chapter will be organized as follows: In the first two sections,
we describe the iterative (2k —1)-st spline algorithm and explain how it works for calculating
the LSE of a k-monotone density and for approximating the stochastic process Hi. The
last section is reserved for calculating the MLE of a k-monotone density. In this case, the
algorithm is different as it involves a linearization step that is not required in the first two
estimation problems. However, the algorithm shares with the iterative (2k — 1)-st spline
algorithm the same basic structure.

Based on two samples of size n = 100 and n = 1000, the MLE and LSE of the Exponential
density, viewed respectively as a k-monotone density with £k = 3 and k = 6, are computed.
For the same values of k, approximations of the process Hj, and some of its derivatives, on

the interval [—4, 4], are calculated.
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4.2 Computing the LSE of a k-monotone density

Let X1,---,X, be n iid. random variables from a k-monotone density go on (0,00) and
let G,, denote their empirical distribution function. We know from Chapter 2 that the

functional

olo) =3 | st~ [ gas.o

defined on the space of square integrable k-monotone functions on (0,00) admits a unique

minimizer g,. From Proposition 2.2.3, Chapter 2, we know that g, is a finite scale mixture

of Beta(1l,k)’s ; i.e., there exist an integer m, 61,0, and w1, -, Wy, such that for all
t>0
) k(6 — )kt k(O — )t
Oy o
where the weights w1, - - -, W, do not necessarily sum up to one for £ > 2 (see BALABDAOUI

(2004)). The directional derivative of the functional ¢ at a point g in the class

% k(g — )k
C= {g 1g(t) = / (H%d,u(@), p is a positive measure}
0

. ) . k(6—t)kt ..
in the direction of fp(t) = ——r—,0 € © = (0,00) is given by
% k(g — ¢)k—T © k(g — )kt
Dy(fo,9) = / %g(t)dt = / %d@n@)
0 0 0 0
k

= o (H(0,9) ~ Ya(0))

where H (-, g) and Y, are respectively the k-fold integral of g and (k —1)-fold integral of the
empirical distribution function G,,. When g = g, then H(-, g) is nothing but H,, defined in
Chapter 2. It follows from the characterization of g, that Dy(fg, gn) > 0 for all 6 € (0, 00)
and equal to zero if and only if  belongs to the support of the mixing measure [i,, associated

with the LSE g,,. The support reduction algorithm consists of the following steps:

1. Given the current iterate g € C with support S = {61,---,6,}, we find the minimizer
of 8 — Dy(fg,g) over (0,00). If Dy(fg,g9) > 0 for all # € (0,00), then we conclude
that g is the LSE g,. Otherwise, we denote the minimizer by 6,,1. Since the rank
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of 6y41 in the set {6;,---,6,} is not important for the description of the algorithm,
we can assume, without loss of generality, that 6,,1 > max(S). Thus, the new set of

support points is Spew = {01, ,0p, Op+1}-

2. We find the minimizer of ¢ over the class

p+1 k—1
k(#; —t ,
g:g(t):Zaj%, o;e€R, j=0,---,p+ 1L
j=1

k
Hj
This means that some of the weights o1,---,0p,41 can be negative. Let g, denote

this minimizer.

3. If all the weights o; are nonnegative, then we move to the first step. Otherwise, we
need to “go back” to the original class of k-monotone functions and this is ensured by

finding a coefficient A € (0,1) such that the function (1 — \)g + Agmin is k-monotone.

We will show that there exists always A such that (1 — A)g + Agmin is k-monotone. This
operation is actually equivalent to deleting one point from the new support Sjeq,. We find
the minimizer of ¢ over the class of k-monotone functions with the new reduced support.
This reduction is carried on until the obtained minimizer is a k-monotone function; that is,

the weights corresponding to its support points are all nonnegative.

Let S = {6;,---,0,,} be the current set of support points. The following lemma gives

the characterization of the minimizer of ¢ in the class of functions g given by

k(0; — )kt k(0,, — t)F1
%4_..._'_0-7”(7)"‘

where 0 < 61 < --- < 0,, and o1, --,0,, € R. This is also the class of polynomial splines
s of degree k — 1 that are (k — 2)-times continuously differentiable at the knots 61, -, 6.,
and satisfy the boundary conditions s (6,,) = 0 for j = 0,---,k — 2 (for a definition of
polynomial splines, see e.g. NURNBERGER (1989), Definition 1.15, page 94). We denote this
class by C'(01,--+,0p).
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Lemma 4.2.1 A function g is the minimizer of ¢ over the class C'(61,--+,0n) if and only
if g is the k-th derivative of the polynomial spline P of degree 2k — 1 and knots 01, -+, 0,

that satisfies

P(HZ) = Yn(az) fO’/’i = 1, e,y (4.1)
POOY=0 forj=0,---,k—1, (4.2)

and
PO@G,)=0 forl=k, - 2k—2. (4.3)

Proof. Let ¢ € R and suppose that g is the minimizer of ¢ over the class C’'(61,- -, 0m).

We have for all j =1,---,m
d(g + €fo,)) — d(9)

€

=0.

Dy(fo;:9) = lim

Conversely, suppose that g € C'(01, -, 0, satisfies Dy (fp;,9) =0 forall j =1,---,m. Let

h be any arbitrary function in C(01,---,6,,). By convexity of ¢, we have

¢(h) —é(g) > Dy(h—g,9)

m

= Dy Z(Uj,h—ffj,g)fajvg

i=1

I
NE

(0. — 05,9)D(fo;, 9)
1

Il
=

which implies that g is the minimizer.

Now, notice that D¢(f9j,g) =0, 7=1,---,m, is equivalent to

where
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By noticing that H (-, g) is a spline of degree 2k — 1 and knots 61, - - -, 6,, and satisfying the
boundary conditions in (4.1, 4.2 and 4.3), the results follows. |

The following lemma ensures that the reduction step is always possible.

Lemma 4.2.2 Let {01, ---,0,,—1} be the set of support points of the current iterate g. Let
O = argminee(oyoo)D(fg,g) and suppose without loss of generality that 6,, > 6,_1. Let
min be the minimizer of ¢ over the class C' (61, ,0m). If gmin s not k-monotone, then

there exists A € (0,1) such that the function
(1 - )‘)g + Agmin

is k-monotone.

Proof. Since g,,;, minimizes ¢ over a bigger class , it follows that

¢(gmm) < ¢(g)

The last inequality is strict because g, # g. Using convexity of ¢, we can write for any

€ >0,
¢ (1 = €)g + €gmin) — d(9) < (1= €)d(g) + €d(gmin) — ¢(9)

= E(¢(gmm) - ¢(g))

< 0.
Now, there exist 01,4, -+ ,0m—1,gsuchthato;, > 0forj =1,---,m—landoig,..: " Tm,gmin €
R such that g and g,;;; can be written as

g(t) = Ulygk( ! k)+ + + Om—1 gk( 1k )+
91 em 1
and
(6 — )5 (O — )5
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By passing € to the limit, we obtain

¢ ((1 - 6)9 + fgmin) - (25(9)

lim - Dy(gmin — 9,9)
m—1
= UmvgminD¢(f077L ) g) + Z (O-.]vgmzn - 0']79)D¢(f91 ) g)
j=1

= UmvgminD¢(f9m7 g)

where in the last equality we used the fact that D(fgj,g) =0forj=1,---,m—1. Since by

definition of 0,,, Dy(fs,.,9) < 0 it follows that oy, > 0. Let A be in [0, 1] and consider

yImin

g the weighted sum of g and gmin:
gr = (1= AN)g + Agmin-

We want to find the largest A such that gy is k-monotone. The parameter A has to be chosen

such that
(1 - )\)Um—Lg + )\O-m_lygmin 2 0
(1 - )\)Umvg + )\O-mygmin 2 0

Note that the last inequality is automatically satisfied since oy, 4,.,, > 0 and hence we only
need to worry about the first m — 1 inequalities (it is implicitly assumed that m > 2). Let
J be the set of integers j € {1,---,m — 1} such that

03j,9min <O0.
For j € J, define \; by

A' _ 0-.779
it
2,9 J:9min

Clearly, \; € (0,1). Now, if we consider jy to be the index of the smallest \;; i.e.,

Jo = argmin;¢ s A,
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then it is easy to verify that for all j € J

(1= Xjo)ajg + X0 >0

yImin

with equality if and only if j = jo (we assume here that jy is unique). To see that, notice

that if A € (0, 1) satisfies
(1=X)ojg+ Aojg,m >0, forall jeJ (4.4)
then
A< A, forall jeJ

It follows that A < minjcyA; = jj, and that the maximal value of X € (0, 1) satisfying the

inequality in (4.4) is equal to \j;.

Since (1 — Xjy)Tjo.9 + XjoTijo, = 0, the knot 0, is deleted from the set of knots

Imin
S = {61, --,0,,}. The next step is to compute the (2k — 1)-th spline with the new set
of knots S\{#;,}. Notice that by moving from the previous step to the new one, the
monotonicity of the algorithm is maintained. Indeed, using again the convexity of ¢, we

have

(b(g)\jo) = (b((l - /\jo)g + )‘jogmin)
< (1 - Ajo)(ﬁ(g) + )‘J'O(Zs(gmin)
< (1 - Ajo)(ﬁ(gmin) + )‘jo(zs(gmin)

= ¢(gmm)

Therefore, if gj, is the minimizer of ¢ over the class of functions C(S\{6;,}), we should have

¢(gjo) < D(9x;,)

which implies that ¢(g;,) < &(gmin)- [
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Figure 4.1: The exponential density (in black) and the Least Squares estimator of the
(mixed) k-monotone density based on n = 100 and k = 3 (in red).

To start the algorithm, we fix some initial value #(©) > X (n) and minimize the functional

¢ over the cone

k(6©) — t)k—1
0) _ . —

For this purpose, we need to find the value C'(©) that minimizes the quadratic function

k2 9 1 " (0(0) —X(j))k_l
C— 7)0 - ;k @ C

2(2k — 1)90 ©)k

which yields

o) _ (2=1) 15~ (00 — X))
S\ K EZ; OOYk—2
]:

As in GROENEBOOM, JONGBLOED, AND WELLNER (2003), we used an “alternative”directional
derivative. Using their notation, the “usual” directional derivative at a point g in the

direction of fy, denoted before by Dy (fs,g), is equal to ¢ (), where

62
Blg -+ efo) = Blg) + ecr(6) + Sea(0)
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Figure 4.2: The cumulative distribution function of a Gamma(4,1) (in black) and the Least
squares estimator of the mixing distribution based on n = 100 and k£ = 3 (in red).

with

[e'e) 2
c2(0) = /0 fi(t)dt = (%kﬁ)e

The “alternative” directional derivative is given by

(f@vg) _ H(eag) _Yn(e)

i Dy
Dy(fo,9) = o0 gh—1/2

Remark 4.2.1 It should be mentioned here that the “gridless” step that was implemented
by GROENEBOOM, JONGBLOED, AND WELLNER (2003) was not considered here. In practice,
we only consider a finite grid over which we minimize the directional derivative. The ob-
tained LSE is the minimizer of ¢ over the class of k-monotone functions whose support
points belong to the finite grid. The purpose of the “gridless” implementation is to obtain
a numerical solution that is closest to the theoretical one by perturbing the support points of
the solution. By performing this fine tuning, one can run the algorithm once again consid-

ering the new grid and obtain a new minimizer. This step is repeated until the gradient of
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Figure 4.3: The exponential density (the true mixed density), in black and its Least Squares
estimator based on n = 1000 and k = 3, in red.

the functional ¢ is sufficiently small.

Now we describe the preliminary simulations that we have performed. From a standard
Exponential, we simulated two samples of respective sizes n = 100 and n = 1000. The
Exponential density is completely monotone and therefore is k-monotone for all integers
k > 1. This is actually the motivation behind considering nonparametric estimation of k-
monotone densities (see Chapter 1 for more details). The code of the algorithm was written
in S and can be found in Appendix C. To illustrate the asymptotic distribution theory
developed in Chapter 2 for any integer k£ > 2, we computed the LSE based on n = 100 and
n = 1000 in two different cases: k =3 and k = 6.

Note that if ¢ is a support point of the minimizing measure, then § > X ). This follows
from the simple fact that for all & € (0, X(y)), (6 — X(j))]_fl =0 for j =1,---,n. Therefore,
adding 0 € (O,X(l)) to the set of support points does not effect the value of the sum
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Figure 4.4: The cumulative distribution function of a Gamma(4,1) (the true mixing dis-
tribution), in black and the Least Squares estimator of the mixing distribution based on
n = 1000 and k = 3, in red.

n~! >7—19(X;) whereas it increases the value of the integral Jo° g3(t)dt. The minimization
was performed on a finite grid such that, for given n and k, the maximal distance between
its points is taken to be 1072. In practice, we found that it is enough to take 2kX (n) &S an
upper bound for the largest support point as we obtained similar results with larger bounds.

The obtained estimates can be found in Table 4.1.

For k = 3, the plots in Figure 4.1 and Figure 4.3 show the LSE of the Exponential density
based on n = 100 and n = 1000 respectively. The “alternative” directional derivative
l~?¢( fo,Gn), for n = 1000, is plotted in Figure 4.5. In the inverse problem, plots of the
LSE of the true mixing distribution are shown in Figure 4.2 and Figure 4.4. In general,
the true mixing distribution that corresponds to a standard Exponential when viewed as a

k-monotone density is a Gamma(k + 1,1). Indeed, note that

1 kel —(t-a) g
/x F(k‘)(t x) e dt =1
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Figure 4.5: The directional derivative for the Least Squares estimator of the Exponential
density based on n = 1000 and k& = 3.

for all x > 0. It follows that,

[%S) —IL‘k_l
exp(—z) = / ue_tdt

k1)
= /0 (k—lj;! e tdt
0o (4 k=1
= / k(t ;;)Jr %tke_tdt
0 .
0o (4 k=1
_ /0 M ;‘;)+ Fe(t)dt (4.5)

where f, is the Gamma(k + 1,1) density.

For k = 6, similar plots were produced for n = 100 and n = 1000: for the direct problem,
see Figure 4.6 and Figure 4.8, and for the inverse one, see Figure 4.7 and Figure 4.9.

The figures show consistency of the LSE and it is clear that convergence for estimating
the Exponential density is much faster than for estimating the Gamma distribution. This

k/(2k+1)

is expected since in the direct problem, the rate of convergence is n~ whereas it is
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Figure 4.6: The exponential density (the true mixed density), in black and its Least Squares
estimator based on n = 100 and k£ = 6, in red.

1/(2k+1)

equal to n~Y/(Zk+1) in the inverse problem. Note also the rate n~ is slower for larger

k and therefore, one should expect to see fewer support points as & — oo. This fact is
confirmed in the numerical examples above (for n = 1000, there are 8 support points for

k =3 and 4 for k = 6, see Table 4.1) and in many other simulations that we performed.

4.3 Approximation of the process Hy on [—c, (]

We will focus here on the case when k is even. When k is odd, the steps are very similar.

The goal of the algorithm is to find the minimizer of the functional

$(g) = % / g*(t)dt — / g(t)dX(t)

—C —C

where

dXp(t) = dW (t) + tFdt
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Figure 4.7: The cumulative distribution function of a Gamma(7,1) (the true mixing distri-
bution), in black and its Least squares estimator based on n = 100 and k = 6, in red.

and W is two-sided Brownian motion starting at 0, over C the class of functions g that are

(k=2) exists and is convex, and satisfies the boundary conditions

(6% ).+ g (). g(0)) = (g: T ﬁ!2)!(316_2’&) | o

Recall that if H_j, is the k-fold integral of g.; determined by

k-convex; i.e. g

Hegle) = Yil), HR (©) = (@), B TP (0) = v o), (4.7)
then g is the minimizer if and only if

Hc,k(t) > Yk(t), t e [—C, C]

and
/ (Hor() — Yi(®)) dg V() =0,
where
k! 12k
vt b “““ et 20
ft ) e dW (s) + gayt™, t <0
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Table 4.1: Table of the obtained LS estimates for £ = 3,6 and n = 100,1000 and the
corresponding numbers of iterations Nj. A support point is denoted by @ and its mass by

w.

k,n N (a,w)
k=3n=100 13 (0.569,0.0459), (1.829, 0.168), (1.909, 0.0347),
(2.839,0.497), (7.939,0.027), (7.989, 0.227)
k=3n=1000 14 (0.814,0.042), (1.674,0.027), (2.124,0.300), (3.254, 0.100),
(4.924, 0.450), (5.334,0.001), (8.874, 0.037), (9.934, 0.039)
k=6,n=100 4 (2.109, 0.067), (4.999, 0.750), (17.449, 0.190)
k=6,,n=1000 6 (2.625,0.017),(3.615,0.478), (6.575,0.478), (11.375, 0.262)

The above characterization gives a necessary and sufficient condition for a function ¢ in the
considered class to be the solution for the minimization problem. But it also implies that
this solution cannot have a strictly increasing (k — 1)-st derivative on a set with nontrivial

interior. Indeed, if we assume that there exists an open interval I C (—c, ¢) of positive length

(k=1)
¢,k

on which g is strictly increasing, then this would imply that Y3 = H.j; on I and that

the (k — 1)-fold integral of Brownian motion is in C?*=2(I). Therefore, the function ggkk_l)

has to increase on a set of Lebesgue measure zero. We conjecture that this set is finite and

(k=1)
k

consists of the discontinuity points of the monotone function g . For the particular case

C

of k = 2, there is still no proof available for this conjecture (see GROENEBOOM, JONGBLOED,

AND WELLNER (20014), Section 4). The main difficulty of this problem lies in the fact that
(k—1)
K

. could be a Cantor-type function in which case,

in principle, the monotone function g
the set on which it increases is Lebesgue measure zero and is uncountable (see e.g. GELBAUM

AND OLMSTED (1964), example 15, page 96). Based on this conjecture, H,. is a spline of

(k=1)
¢,k

degree 2k — 1 that stays above Y3 and touches it at the discontinuity points of g

those points where Hc(2kk_2) = gékk_z) changes its slope. Therefore, in order to obtain the

1)

; l.e.,
solution gex and its derivatives gé,k’ T 79£kk_ , we first find H. and then differentiate it
(k + j)-times for j =0,---, k — 1.

The steps of the support reduction algorithm are very similar to those described in the
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Figure 4.8: The exponential density (the true mixed density), in black and its Least Squares
estimator based on n = 1000 and k = 6, in red.

previous section on calculating the LSE of a k-monotone density. In view of the conjecture,

we can restrict ourselves to the class of functions

o

_1 .
tJ _ _
C=<g:90t)= Ajﬁ +opa(t— 0K b (t— 0,) p e N\{0}

<.
Il
o

where A\; € R, p; > 0 for 1 < j < p such that g satisfies the constraints in (4.6). Note that
any element g € C is a spline of degree k — 1 and simple knots 61, ---,6,. This means that g
is (k — 2)-times continuously differentiable at these knots. From each iterate g € C, we can

move in the direction of the function

_ p\k-1 o)1 c)E—3
fo(t) = % + ak_l(H)% + ag—3(0) + % + - +a(d)(u+c)
where
ori(0) = — (c 2—00)
3 03
ak-3(0) = —ar-1(0) 29” _(e—f)

3! 3!
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Figure 4.9: The cumulative distribution function of a Gamma(7,1) (the true mixing dis-
tribution), in black and its Least squares estimator based on n = 1000 and k = 6, in
red.

3 _ k-1
‘—~~—a3(9)(26) ~(c—90)

a1(f) = —ap_1(9) 3! (k—1)!

Indeed, for all 8 € [—c,c|, the function fy is a spline of degree k — 1 with € as its unique

simple knot. Moreover, fy satisfies the boundary conditions
@) (4e) =0, for j=0,--,(k—2
) =0, =0, (k=2)/2. (4.8)

For an arbitrary € > 0, the function g + efy belongs to the class C and the directional

derivative of ¢ at ¢ in the direction of fy is given by
Dy (g, fo) = H(0,9) — Yi(0) (4.9)
where H(-, g) is the k-fold integral of g determined by the boundary conditions

H(Zj)(ic, g) = Yk@j)(j:c), for 7=0,---,(k—2)/2. (4.10)
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To see the equality in (4.9), note first that D(fy,g) is given by
D(fp,9) = fo()g(t)dt — | fo(t)dXk(?)
= | fod(H*D(t,9) - ¥V ()

Thus, using successive integration by parts and the boundary conditions in (4.8) and (4.10),

we can write

D¢(g7 f@)

_ [(H(k_l)(t,g) _ Yk(k—l)(t)> fg(t)] C_c — /_C
= - [ (8% 00 - v 0) o

= = [0 - Y P 0) 0]+ [ (B9 - YD 0) sy

= [ (1209 - 0) sy

—C

Cc

(HED(9) =0 W) sty

- / " (H(tg) — Yi(t) 15 (#)de

= H(0,9) — Yi(0).
Note that Yj plays here a role that is similar to that of the process Y,,. Let S = {61,---,0,,}
be the set of knots of the current iterate g. The function H (-, g) is a spline of degree 2k — 1
with simple knots —¢, 01, - - -, 6, c. If H(-,g) > Y}, then g = H®) (-, g) is the solution of the
minimization problem. Otherwise, we add 0,41 = argminge_ q(H (-, 9)(¢) — Yk(0)) to the
support S. Without loss of generality, we can assume that 67 < --- < 6, < 0;+1. Now,
let C'(61,---,0m+1) be the class of polynomial splines of degree k — 1, with simple knots

01, -, 0,11 satisfying the boundary conditions in (4.6); i.e.,

Ed

/ _ . _ R k—1 k—1
C'(01, - O0mt1) =4 g:9(t) = /\Jﬁ“‘al(t_el)-q- +"'+0m+1(t_0m+1)+

<.
Il
o

where o; € R and the \;’s are different from the ones used in the definition of the class C.

Consider H,,;, to be the spline of degree 2k — 1 and simple knots 61, - -, 0,11 satisfying

Hmm(ﬂj) = Yk(ej), for ] = 1, s, M+ 1.
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H? (1) =V (%), for j=0,---,(k—2)/2

man

and
H® (o) = — M k2 for g 2k —2))2
mn (2k _ 2])! ) b bl .
The following lemma gives the solution of minimizing ¢ over the class C’'(61,- -, 0m+1)-

Lemma 4.3.1 Let H,,;, be the spline defined above. The function gmin = H(k) s the

min

minimizer of the functional ¢ over the class C'(01,- -, 0m+i1).

Proof. The arguments are very similar to those used in the proof of Lemma 4.2.2. |

There exist Ag, -+, Aok_1, and o1, -+, 0m+1 such that the spline H,,;, can written as

2k—1 ;
J

Hmin = H(tvgmin) — Z /\]F + Ul(t - 01)3_19—1 + -+ O'm_g.l(t — 0m+1)3_k_1.
=0 7

To find the parameters Aog_1, -+, A1, Ao and o1, -+, 0m11, We solve a linear system of di-

mension (2k+m+1) x (2k+m+1) using the 2k+m+1 boundary conditions satisfied by H .

The reduction step is given by the following lemma:

Lemma 4.3.2 Let g be the current iterate in C with knots 01,---,0, and gmin = Hgfi)n be
new minimizer of ¢ over the class C' (01, -, 0m+1)- If gmin 8 not in the class C', then there

exists A € (0,1) such that (1 — X)g + Agmin € C'.

Proof. The arguments are very similar to those used in the proof of Lemma 4.2.2. |

The steps of the algorithm can be summarized as follows:

1. Given the current iterate g with set of simple knots S = {01, --,60,,}, we calculate
argminge(—c.Do(fo,9) = argminge;_.q(H(0,9) — Yi(0)). If Do(fo,9) > 0 for all

0 € [—c,c|, then g is the minimizer of ¢ over the class of splines C and its k-fold
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integral H (-, g) is an approximation of the process Hj. Otherwise, we denote 6,11 =
argminge(—c,q(H(0,g) — Yi(0)). If we assume without loss of generality that 0,41 >

Om, then Spew, = {01, -+, 0, 0m+1} is the new set of knots.
2. We find g, the minimizer of ¢ over the class C'(61,- -, 0m+1)-

3. If gmin € C, we move the Step 1. Otherwise, we find the maximal value of A € (0, 1)
such that (1—X)g+ Agmin € C. By finding such a A, a point #; for some j € {1,---,m}
will be deleted from the current support. We find the minimizer over C’(Spew\{0;})-

This will be repeated until the minimizer is in the class C.

The algorithm has to start somewhere and the most natural starting spline is the poly-

nomial Hc(ok) that was used in Chapter 3 to prove that H.j and Y} have at least a point of

)

touch with probability converging to 1 as ¢ — oco. Recall that H C(Ok is the unique polynomial

P of degree 2k — 2 that satisfies (4.6) and (4.7). To be conform with the notation used in

Chapter 2, we write the polynomial H C(Ok) (t) as

HOpy — _¥2k=2 k-2 k=4 k-2 Qkk Xh—1 k-1
e = Groatt Tmozt Tt Rt T oo
Qk—2 -2
t
(k —2)! + a0,
where agg_o, -,y are given by
k!
22 = 502,

k! 24 A2k—2 95 9 Q2k—2542
2 J e 2R HE 2
221 = g)1° <(2j )T B TR

for j =2,---,k/2, whereas aj_1,a)_2,- -+, are given by

Yk(k—2) (C) . Yk(k—2) (—C)
2¢c ’

Qp_1 =

k—2 k=2
YD (o) + v () 3 <a2k—2ck N %8)
2 )

-2 = ! 21



Yk(k—2j—2)(c) _ Yk(k—2j—2)(_c) B < .
(

2j 4 ...
2 rc Tt

Ap_2j-1 = 31

and

o Yk(k—2j—2)(c)_|_Yk(k—2j—2)(_c) )
k—2j—2 5 i+ 2j)!

forj=1,---,(k—2)/2.

Example 4.3.1 For k =2, HC(OZ) s given by
0 o
Hc(z)(t) = 5152 + ait +ap, te€[—cC]

with

Example 4.3.2 For k =4, Hc(g;) s given by

(0% a (0% a
HO\(t) = 2840 4 Shyt T334 22

= il 3 51 2 +ait +ag, te[—cd

with

4! 4! Y/'(c) =Y/ (-
a6:—C2, a4:<1——>c4, a3 = 1 (o) 1 ( C)7

2l 212 2
Y/(=c)+ Y[/ (—¢c) [as 4 o4,
@z = 2 - (Zc torc >
Vi)Y _(,_ 4
2 @

~ Yy(e) = Yi(—c) a3,
o= 2c —gc

Ya(e) = Ya(=¢) 1 <KI’(C)—Y4’(—C)>

2c 30 2c

Ok—2j+1 9

Q22 ' Q-2
Ck+2] 4+ 4 —JC2

2!
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and
_ Y4(—C)+Y4(C)_<% 6, Qa4 02 2)
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_ Ya(=o)+Ya(e) 1 (Y[(=c)+Y/(c) 2 A n (- A
2 9l 2 2161 " 4l (21)2

“a(am))

The algorithm was run to obtain an approximation to the process H; and some of the
derivatives H ,gj ) for k = 3 and k = 6 on the interval [—4,4]. Furthermore, for k = 3 we
obtained similar approximations but on the bigger intervals [—6, 6] and [—8, 8]. The purpose
of these additional computations was to look at the effect of letting ¢ — oo on the locations
of the jump points and also on the heights of the jumps. A C program, implementing an
approximation to the processes Yy, Y/, - - ,Yk(k_l) on any interval [—n,n] for n € N\{0}
was developed and can be found in Appendix C. The approximation to Brownian motion
and its successive primitives on [0, 1] was based on the Haar function construction (see e.g.
ROGERs AND WILLIAMS (1994), Section 1.6). To obtain an approximation of these processes
on [—n, n], independent copies were generated on the intervals [j, j+1] for j = —n, -+ ,n—1
and pasted “smoothly” at the boundaries. A detailed description of the method and related
formulas can be found in Appendix B. For both k¥ = 3 and k£ = 6, we took a finite grid
with a mesh of size 27''. The iterative 2k — 1-th spline algorithm was written in S and
the corresponding code can be found in Appendix C. The C program was used offline and

)

the obtained approximations to Yy, - - - ,Yk(k_1 were stored in a matrix that was thereafter
imported and used as an input for the iterative algorithm. For a given interval [—n,n],
the output is itself an approximation to the process H, j, the k-fold integral of the LS
solution of the Gaussian problem dXj(t) = t*dt + dW (t) on [~n,n]. An approximation to
the derivatives H;L o H 1(5],;_1) can be also obtained on the same chosen grid.

For both £ = 3 and k£ = 6, the upper left plot in Figure 4.10 and Figure 4.11 shows the
difference —(H,, j — Yi) and Hy , — Y), on [—4,4] respectively. The sign of H, j — Y}, is as
expected: nonpositive (nonnegative) when k is odd (even). The curves touch the abscissa

axis at the points where the derivative H 52:—2) changes its slope. In the upper right plots



193

o |
o <
— 4 ]
o
o.
o Q |
ol @
-4 -2 0 2 4 -4 -2 0 2 4
3 =3
o.
o |
— o
3
-4 -2 0 2 4 -4 -2 0 2 4

Figure 4.10: Plots of —(Hy3 — Y3), ga3 = Higg the LS solution (dashed red line) and t3

(solid black line), g} 3 = Hfg (solid red line) and 3t* (solid black line), and g/ 5 = Hig
(solid red line) and 6t (solid black line).
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Figure 4.11: Plots of (Hag — Ys), 916 = Hfg the LS solution (dashed red line) and t® (solid

black line), gfg = Hilé)) (solid red line) and ((6!)/2!) ¢2 (solid black line), and gfg = Hilﬁl)
(solid red line) and 6! ¢ (solid black line).
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are the graphs of g, = HT(Lk,Z (in red) and go(t) = t* (in black). The difference between
the graphs is not very visible but the motivation behind plotting the functions instead their
difference was to show that the LS solution g, ; has the same “form” as the estimated

function gg. The lower right plots in Figure 4.10 and Figure 4.11 show the convex functions

Table 4.2: Table of set of touch points S between the processes H,j and Y} for k =
3,n =4,6,8 and k = 6,n = 4, the value of the LS solution at the origin g, x(0) and the
corresponding number of iterations N;;.

k,[—n,n] N; S Gn.k(0)
=3,[-4,4 19 {-3.9501,—2.0004,—2.0000, —1.0000, -0.6016
—0.1250, 1.7500, 3.9511}
k=3,[-6,6 36 {59501, 3.9238, ~3.9213,1.9995, -0.5990
-1.0000, -0.1250, 1.7500,4.0097,
4.0107,4.0112}
k=3[-8,8 42 {-6.9985,—5.9995, —4.7495, —4.2500, -0.6004
-3.9892, -3.9873, -1.9995.-1.7500,
-1.0000, -0.1250, 1.7500, 4.0356,
4.0390, 6.3291, 6.6250}
k=6,[-4,4 37 {-3.9941,2.0478, —2.0385, —0.3886, -0.8203
1.3056, 1.3208,2.7983, 2.8149,
2.8271}

k

H fg and H ilé] ) (in red) on [—4,4] for ¥ = 3 and k = 6 respectively. These derivatives

estimate the “true” convex functions 3t and (6!/2!)t? (in black) respectively. The jump

processes H fg) and H A(j(;l ) (in red) are shown in the lower left part. They both estimate

a linear function and are monotone since the slopes of H f?? and H, ilb} ) are increasing by

convexity.
The set of points of touch between H,, ;, and Y}, for kK = 3,n = 4,6,8 and k = 6,n = 4

are provided in Table 4.2. For k = 3, we generated first the process Y3 and its derivatives
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Yy and Y3 on the interval [—8,8]. Then, we obtained the envelopes Hg 3, Hg 3 and Hy s
using the appropriate boundary conditions at the points —8,8, —6,6 and —4,4 (see Section
2 of Chapter 3 for more details on the construction of the invelope Hj when k is odd). It
is clear that the obtained points of touch are different and this fact was already noticed
by Groeneboom, Jongbloed and Wellner (2001A) in the problem of estimating a convex
function (k = 2). The authors also compared the value of the LS solution at the origin and
found that it does not change very much as n increases. We notice the same fact for £ = 3
(compare the values of g, 3(0) in Table 4.2). This stability is expected and follows from the
fact that lim, oo g x(0) = 3(,3)(0).

4.4 Computing the MLE of a k-monotone density on (0,c0)

Let Xy, -+, X, be niid random variables from a k-monotone density gy and G,, be their

empirical distribution function. Consider the functional

olg) = - /0 " log g(t)dG (1) + /0 " gty

where g belongs to C, the class of integrable k-monotone functions on (0, 00). In Section 2
of Chapter 2, it was established that ¢ admits a minimizer g,, of the form

k—1 k—1
Gn(t) :wl% +...+wm%
where m <n and wy + - - - 4+ Ww,, = 1, since this minimizer is nothing but
the Maximum Likelihood estimator (g, maximizes —¢). Note that in addition to the
log-likelihood term, the functional ¢ is also composed of the “penalty” term fooo g(t)dt.
Without this term, the minimization problem will not be proper since for any nontrivial
function g € C, we would have lim,_ . ¢(cg) = —lim,_. log(c) = —oo. In the particular
case of k = 2, GROENEBOOM, JONGBLOED, AND WELLNER (2001B) proved that the MLE is
unique. For k > 2, we were able to prove the MLE is unique when k = 3 (see Lemma 2.2.5
in Chapter 2) and we conjecture that this holds true for k > 3. GROENEBOOM, JONGBLOED,
AND WELLNER (2003) noticed that the support reduction algorithm is more efficient when it

is based on a Newton-type procedure instead of applying it directly to the objective function

¢. This entails an additional linearization step based on the well-known approximation
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Figure 4.12: The exponential density (the true mixed density), in black and its Maximum
Likelihood estimator based on n = 100 and k = 3, in red.

LL’2

log(l—i—aﬁ):x—?

in the neighborhood of 0. Let g be the current iterate and g € C such that

9—9

QI

is very small. Then, we can write

If we delete the terms that do not depend on f, we can define the following local objective
function (see GROENEBOOM, JONGBLOED, AND WELLNER (2003))

bq(9) = _2/000 @d@n(t)+/oo% <@>2d<@n(t)+/omg(t)dt.

g(t) 0 g(t)
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Figure 4.13: The cumulative distribution function of a Gamma(4,1) (the true mixing dis-
tribution), in black and the its Maximum Likelihood estimator based on n = 100 and k = 3
(in red).

Let € > 0 and fy(t) = k(t — 0)'_1_1/0’“,9 > 0. We have

bulg +cf) = %@wf([faggﬂ%@+4m%%%Qﬂ%w+4mn@ﬁ>

5 G

= 0y(g) +ecr(0.9) + Fea(6,9).

The “alternative”directional derivative of ¢, at the point g in the direction of fg is given by

01(079)

\/02(0,9)'

The algorithm consists of an outer and inner loops. Given a fixed finite grid © ¢ (note

D¢q(f979) =

that the subsript f is for “finite” and that ©; corresponds to ©s used in GROENEBOOM,
JONGBLOED, AND WELLNER (2003)) and the current iterate g, the inner loop is set up to find

Gq = argmin{gy(g) : g € cone(fg,§ € ©)}. The next iterate is taken to be (1 — A\)g + Agq,
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Figure 4.14: The exponential density (the true mixed density), in black and its Maximum
Likelihood estimator based on n = 1000 and k£ = 3, in red.

where A € (0, 1] is appropriately chosen to ensure monotonicity of the algorithm. A reduction
step is needed to construct a starting value ¢(®) which will depend of course on the current
iterate g. To enter the outer loup, the minimal value mingeg, D¢q( fo,g) needs to be bigger
than some fixed tolerance —1, otherwise we stop. Let S = {f,--- ,ép} denote the set of

support points of the current iterate g. We proceed as follows:

1. We calculate mingee, l~?¢q( fo,9). If it is smaller than —n, we stop. Otherwise, we

move to the second step.
2. We minimize the local objective function ¢, (which depends on g) over the cone
C(Of) = {g cg(t) = / fo(t)du(0), where p is a positive measure on @f} .
969f

For that, we need to find a starting function ¢(®). The current iterate g is not nec-

essarily a good choice and therefore we need to construct one. This can be done as
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Figure 4.15: The cumulative distribution function of a Gamma(4,1) (the true mixing distri-
bution), in black and the its Maximum Likelihood estimator based on n = 1000 and k& = 3
(in red).

follows: We first minimize the quadratic function
p
Yo, - ap) = ¢q(z ajféj)
j=1

where aq,---,a, € R. Finding this minimum is achieved by finding the solution of

the linear system
(DY)'DYa =2Y'd —n, (4.1)

where Y = (fj, (X3))i; is a n x p-matrix, D is the n x n diagonal matrix given by
Dy =1/3(X;), d' = (1/g(X1),---,1/3(X,)), np and « are the p x 1 vectors given by
%t = (n,---,n) and o' = (a1, -, ) respectively.

Let gmin = Z;):l aj,mmfgj be this minimum. Next, if gmin IS k-monotone; i.e.,

Qjmin > 0 for all j =1,---,p, then we take ¢ = gnin. Otherwise, we find A € (0,1)
such that (1 — X)g + Agmin is k-monotone. Such a A € (0,1) will always exist and this
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Figure 4.16: The exponential density (the true mixed density), in black and its Maximum
Likelihood estimator based on n = 100 and k = 6, in red.

follows from the same arguments of Lemma 4.2.2. We repeat the reduction and min-
imization steps till we find a minimizer that is k-monotone. We take this minimizer
to be the starting function ¢(®). The support of ¢(?) is in general smaller than S as a

consequence of successive deletions of support points in the reduction steps.

In the inner loop, we proceed as we did for computing the LSE and the process H,, j
(see the Section 1 and Section 2). Let m be an integer strictly smaller than p and let
us denote the current iterate and its support by Ginner and Sipner. We assume without
loss of generality that S = {01,---,0,,}. Let 0,41 = argmingeefD¢q(fg,gmner). If

Dy, ( fgm+ 1» Ginmer) < —1, we stop. Otherwise, we assume without loss of generality

that 6,41 > 0,, and find the minimizer of ¢q over the class

m—+1

C,(él,'--,ém+1): g:g= Zajfgj, ajER, j:1,~~,m+1
7=1
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Figure 4.17: The cumulative distribution function of a Gamma(7,1) (the true mixing dis-
tribution), in black and the its Maximum Likelihood estimator based on n = 100 and k = 6
(in red).

by solving the linear system given in (4.1). If the minimizer, ¢, is k-monotone,
then we take it as the next iterate. Otherwise, we find A € (0,1) such that (1 —
A)Ginner + AGmin 18 k-monotone and take the first minimizer that is k-monotone as the

next iterate.

3. Let gmin = argmin{¢q(g) : g € C(Oy)} obtained in the previous step. Since there
is no guarantee that ¢(gmin) < ¢(g), we apply the Armijo rule; that is, we find the
smallest A € (0,1] such that

We take (1 — A\)g + Agmin to be the new iterate for the outer loop.

For k = 3 and k = 6, we calculated the MLE of a standard Exponential based on the same

samples of size n = 100 and n = 1000 used in the Least Squares estimation (see Section 2).
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Figure 4.18: The exponential density (the true mixed density), in black and its Maximum
Likelihood estimator based on n = 1000 and k£ = 6, in red.

The algorithm was coded in S and can be found in Appendix C. To start the algorithm, we

calculate #(©) the minimizer of the nonlinear function
1 " k‘(@ - X j)k_l
0 Do (B

for > X(,)+a, where a is some fixed positive number. This minimization can be performed
using the S function nlminb. Different values of a yield different starting values but the
numerical results remained unchanged for many different values which supports our conjec-
ture about uniqueness of the MLE in the general case k > 3. As for we did for the LSE, we
took a finite grid C [X (1) 2/<:X(n)] with a maximal mesh equal to 0.01. The ML estimation
in the direct is illustrated by the plots in Figure 4.12 and Figure 4.14 for k = 3, and in
Figure 4.16 and Figure 4.18 for k = 6. The “alternative” directional derivative D¢( fosan),
for n = 1000 and k = 6, is plotted in Figure 4.20. For the inverse problem, see Figure 4.13
and Figure 4.15 for k£ = 3, and Figure 4.17 and Figure 4.19 for £ = 6. Consistency of the

MLE is proved in Chapter 2 and it can be clearly seen in these figures. As for the LSE,
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Figure 4.19: The cumulative distribution function of a Gamma(7,1) (the true mixing distri-
bution), in black and the its Maximum Likelihood estimator based on n = 1000 and k = 6
(in red).

convergence in the inverse problem is much slower than in the direct one and the difference
becomes more pronounced when k is large. Finally, it should be mentioned here that even
if the MLE and LSE of the Exponential density show very small visible differences in the
direct problem, it can be easily checked by comparing the locations of jump points or the

heights of the jumps that these estimators are different (compare Table 4.1 and Table 4.3).

4.5 Future work and open questions

4.5.1 The MLE of a mizture of Fxponentials

As it was already mentioned in the introduction, this work was motivated in part by going
beyond consistency of the nonparametric Maximum Likelihood estimator of a scale mixture
of Exponentials (see JEWELL (1982)). As the class of scale mixtures of Exponentials is the

intersection of the classes of k-montone densities for £ > 1, a scale mixture of Exponentials
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Figure 4.20: The directional derivative for the Maximum Likelihood estimator of the Ex-

ponential density based on n = 1000 and k& = 6.

can be viewed as a limit of a sequence of k-monotone densities when k& — oco. More formally,

let g be a mixture of Exponentials. There exists a distribution function F' such that

g(x) = / texp(—xt)dF(t), for all z > 0.
0

Let gi be the k-monotone density given by
© k(y —2)i !
gr(z) = / 7dF
() ; e ()

where F}, is a distribution function to be defined. The density g; can be rewritten

g(z) = /()m§<1—§)i_ldmy>

o0 1 x \ k-1 .
= / (1 - _z)+ dFy(kz) by the change of variable y = kz

- /0 ~ exp(—/2)dE" (2

if Fy,(k-) —4 F*. By the change of variable ¢ = 1/z, we have for all z > 0

— /ootexp —at)dF*(1/t) = /ootexp(—a?t)d(l — F*(1/t)).
0 0
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Table 4.3: Table of the obtained ML estimates for k = 3,6 and n = 100,1000. A support
point is denoted by @ and its mass by w.

k,n (a,w)
k=3n=100 (0.549,0.040), (1.259,0.051), (1.819,0.072),
(2.579,0.027), (2.589,0.492), (6.839, 0.314)
k=3,n=1000 (0.684,0.025),(1.664,0.120),(2.114,0.184),
(3.164,0.141)
(4.794,0.236), (4.824,0.184), (8.304, 0.107)
k=6,n=100 (3.839,0.428),(3.849,0.165), (10.479, 0.405)
k=6,n=1000 (3.042,0.186), (6.452,0.300), (6.482,0.267),
(11.072,0.018), (11.102, 0.226)

If the distribution functions F}, k € N, are chosen such that, for all continuity points ¢ > 0

of F, Fy(kt) —» 1 — F(1/t) as k — oo, then g is the pointwise limit of the sequence (g ).

Based on n i.i.d. random variables from the density g, let the completely monotone
density g, be the MLE of g. Recall that the MLE of the mixing distribution F, is discrete
with at most n jump points and hence the density §,, is a finite mixture of Exponentials
with at most n components (see JEWELL (1982), LINDSAY (1983A), LINDSAY (1983B), LINDSAY
(1995)). Now, for a fixed integer k > 1, we can also consider gy,  to be the MLE of g in the
class of k-monotone densities. At any fixed point xg > 0, the mixed density g satisfies the
working assumptions of the asymptotic distribution theory developed in this thesis. Thus,

as n — 00, we have

T (3 4(20) — 9(0)) co(g) Hy™ (0)
n#1 (5 (20) — g (o)) c1(9) B (0)

n,

1 (k= _ -
71 (5% (o) — g* ) (o)) cr1 () H 1 (0)
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and
14 —1)Fak
W3 (B () — Flan) —a D D ()P0
where Fnk is the MLE of the mixing distribution corresponding to g viewed as a k-monotone
density, Hy is the envelope (“invelope” ) of the (k — 1)-fold integral of two-sided Brownian
motion + ((k!)/(2k)!) t2* when k is odd (even) and the constants c;(g),7 = 0,---,k — 1 are
given in Theorem 2.7.2.
Under this perspective, the problem of deriving an asymptotic distribution theory for
the MLE g,, depends not only on the sample size n in the limit, but also on the smoothness
parameter k. Here, we list some of the natural questions that we would like to answer in

the future:

e For fixed i.i.d. random variables X1,---,X,, from g, what is the limit of g, when

k — oo? Do we have
lim g, x(x) = gn(x), forz>0
k—oo”

for n maybe sufficiently large ?

e If the above does not necessarily hold, but g is completely monotone, can we change

the order of the limits on n and k7 That is, do we have

g(x) = lim lim g, x(z) = lim lim g, x(x),

k;—>OO n—oo n—oo k‘—)OO

for almost surely all x > 07 The first limit follows from the strong consistency of g,,
for any fixed £ > 1. Indeed, for £ > 1, the density ¢ is k-monotone and hence by
Theorem 2.3.1

lim g, =g, uniformly on [c,00),
n—oo
for ¢ > 0. Therefore,

lim lim g, =g, uniformly on [c,o0).
k— o0 n—00 )
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e What is the rate of convergence of gﬁf ) (z0) for a fixed integer j > 0 and that of F},(z0)?

Can these rates be obtained from the rates n~( =7/ proved for gfj}c(:co),j =
0,--+,k —1 in the direct problems and n~1/(2k+1) for Fn,k(xo) in the inverse problem
with k fixed?

e Suppose that the limiting distributions of gﬁf )(aco), 7 >0, and F, depend on a process
H,. How is this process defined? Can it be obtained as the limit (in an appropriate

sense) of some scaled version of the sequence (Hy)i? Is it related, as in the k-monotone

case, to some Gaussian problem?

4.5.2  Further related problems

But independently of the completely monotone problem, there are still many other problems
left in connection with k-monotone densities, for a fixed k. We present in the following some
of them that can be investigated in the future:

1. Another mixture form. The integral representation of k-monotone densities,
that has been used here, is only one of two possible mixture forms: We can also write a
k-monotone density g as

g(w) = !

- /O Tt — 2R, x>0 (4.2)

where we assume that I’ is a distribution function with

= / tRdF (t) < oco.
0

Then F' can be given by the following inversion formula:

_g¥ V(=)

F(z)=1 S(0)"

(4.3)

The integral representation in (4.2) and the inversion formula in (4.3) can be established
using similar arguments as in the proof of Theorems 1 and 3 in WirLLiamsoN (1956). To
estimate F' of a fixed point g, we need to estimate ¢* =1 at both the points 0 and . For
the special case of monotone densities (k = 1), WOODROOFE AND SUN (1993) showed that the

MLE g, is not a consistent estimator at the point 0 and constructed a penalized MLE to
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obtain consistency. KuLikov (2002) proposed another approach based on g(ay,,0) = g,(n™%)
as an estimator of ¢(0), and proved that §(n~'/3,0) has a smaller mean squared error than

that of the estimator proposed by WOODROOFE AND SUN (1993).

We conjecture that the inconsistency problem becomes even more severe for k > 2. We
would like to investigate this fact in the future and generalize the method developed by

WOODROOFE AND SUN (1993) or KuLIKoV (2002).

2. Estimating a smooth functional. In this thesis, we focused only on estimating
a k-monotone density go and its derivatives at a fixed point zo > 0. If v; is the func-
tional defined on Dy by v;(g) = ¢)(20), g € Dy, then under our working assumptions, the
nonparametric MLE of v;, ;,, converges at the rate n~k=0)/@k+1) 5 — 0 . k-1 (see
Theorem 2.7.2).

Can we obtain the rate n=/2 for some other functionals? If yes, can we find a simple
characterization for these functionals? If we consider only the k-monotone densities with
finite second moment, then the answer for the first question is yes. Indeed, take for example
v = p to be the mean of the mixing distribution F. If X ~ go € Dy, then there exist two
independent random variables Y and Z such that X = YZ, Y ~ Beta(l,k) and Z ~ F.
Therefore, E(Y) (k+1)"!' = E(X); i.e., u = (k+ 1) E(X). Since go was assumed to have

—-1/2

a finite second moment, the estimator (k + 1)X converges at the rate n by the central

limit theorem.

3. Testing problems. Consider the testing problem:
Ho : go(xo) = Oy versus Hy : go(zo) # bo, (4.4)

where gg is a monotone density. BANERJEE AND WELLNER (20014) considered the asymptotic
distribution of the log-likelihood ratio statistics in a related monotone function problem
under the null hypothesis and also under a fixed alternative. BANERJEE AND WELLNER
(2001a) found that, under the null this asymptotic distribution is universal and can be
characterized as a functional of standard two-sided Brownian motion with parabolic drift.
They conjecture that this similar asymptotic behavior carries over to the testing problem

in (4.4).
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If go is a k-monotone density, we can consider the more general testing problems
Ho,; :g((f)(:vo) =y ; versus Hy; :g((f)(:vo) #6005, j=0,---k—1
If we still consider the log-likelihood ratio as the test statistic, then what is its asymptotic
distribution under the null? Under a fixed alternative? Under local aternatives?
4.5.8  Some starting points for the transition to completely monotone

In the previous section, it was stated that if Fj,k > 0, and F' are distribution functions on

(0,00) such that limg_,o F(kt) =1 — F(1/t) for any continuity point ¢t > 0 of F, then
© k‘(t — IL‘)k_l %
/0 T+dFk(t) — /0 texp(—tx)dF(t), ask — oo

for all x > 0. But in Section 2, we established that the exponential density is the Gamma(k+

1,1) scale mixture of Beta(1,k)’s and hence we can write

exp(—z) = /OO % (1 - %)i_l dFy(t)dt
OOO 1 x\ k-1
- /O (1= 2) ana (4.5)

with Fy is Gamma(k + 1,1) distribution function. But note that Fy(kt) — 1 o)(t),t #
1. Indeed, it is known that if Y7, ---,Y;y1 are i.i.d. random variables from a standard
Exponential, then Sy41 = Y1+ - -+Yj41 ~ Gamma(k+1,1). On the other hand, S41/k —
1 by the weak law of large numbers. As Fy(kt) is the cumulative distribution of Sy /k, it
follows that Fy(kt) — 1j; o)(t) for all ¢ # 1. This fact is not surprising as

1 T\ k-1 1
li —(1——) — —exp(—z/t
Jim . > exp(—x/1)

for all t > 0 and hence the limit of the sequence (F%)i is expected to degenerate at 1 in
view of (4.5).

Thus it would be interesting to have a family of distributions to study in which the
mixing distribution is nontrivial and has a positive density. For example what happens if

we take

g(z) = az*!exp(—a?),
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the Weibull density with shape parameter o < 1; or

Example 4.5.1 [t is known that the Weibull(1/2,1) distribution function G can be written

as

1-G(z) = exp(—$1/2) = /0°° exp(—yzx) f(y)dy

where

f(y)

= (5)
= exp(—=—),
24/ my? 4y

and hence the corresponding density can be written as
1 3 o)
ola) = 5o exp(=') = [ yesp(—ye) fu)a

This example is interesting because fooo g*(z)dz = oo, and we might expect the Least
Squares estimator to break down or perform badly. (The Weibull densities with o < 1/2

should be even worse!) Now by the change of variable t = 1/y, 1 — G can be rewritten as

1 — G(z) = exp(—z'/?) = /000 exp(—x/t)m(t)dt
where

m(t) = ——t~1/2 exp(—t/4).

NG
What is the corresponding sequence (fx)) that goes with the kernel (1 —z/t)%? That is, fi

would solve

exp(—o') = [ (1-3) Ao

and we should have

fk(x) _ (_1)k$kG(k+1)(x) _ (_1)k
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We can calculate

1 1 1
Wy a2y 1 ~1/2 _1/2
filz) = —zgV(z)=2x <4$3/2 + 433) exp(—z/°) = 4(1 +a” /%) exp(—x),

2 2
_ T @y =T (3 3 1 g2
falw) = 597 5o T 52 T ) P,

and so forth. Furthermore, it is the case that

kfi(kx) — V2 exp(—x/4) = foo(z) as k — oo.

1
W

Example 4.5.2 When

we have for all x > 0

and hence

1

1-G(z) = Tz :/Ooo exp(—yz) exp(—y)dy

= /OOO exp(—z/t)t ™2 exp(—1/t)dt.

Thus foo(z) = 272 exp(—1/2),2 > 0. Correspondingly for finite k, we have

(-n* (=D* p(k+DI(=D* z*

Fulz) = - 2k g® () = e 0+ 2)F72 :(k+1)mv
and hence
(k)
Bfelka) = (k4 1) o e

k(k+1)  (kz)k+?
(kx)? (14 kax)k+2
k+1 _, 1
FU L+ 1/ (ka2
— z2exp(—1/z) = foolz) ask — oco.

This example is interesting because ¢ is bounded but heavy-tailed. The f’s converge to 0

at the origin, but are also heavy-tailed.
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Appendix A

GAUSSIAN SCALING RELATIONS

Let W be a two-sided Brownian motion process starting from 0, and define the family

of processes {Yk,aﬁ : a>0, 0> 0} for k a nonnegative integer

t S92
Ykﬂ,o(t) = 0'/ s / W(s1)dsy - --dsk—1 + at?*
0 0

when ¢ > 0 and analogously when t < 0. Let Hj,, be the envelope/invelope process
corresponding to Yy 4. In this paper we have taken Yy r1/x)1 = Yi to be the standard
or “canonical” version of the family of processes {Y;q0s : @ > 0,0 > 0}, and we have
defined the envelope or invelope processes Hj, in terms of this choice of Y). Since the usual
choice in the previous literature has been to take Y} 11 as the canonical process (see e.g.
GROENEBOOM, JONGBLOED, AND WELLNER (2001A) for the case £ = 2 and GROENEBOOM
(1989) for the case k = 1), it is useful to relate the distributions of these different choices

of “canonical” via Brownian scaling arguments.

Proposition A.1 (Scaling of the processes Y} ., and the invelope or envelope processes

H .
ko) J o 2L aN
Yk,a,o(t) 4 5 (5> 2k+1 Yk,l,l <<;) 2k+1 t)

as processes for ¢t € R, and hence also

J o 2k—1 a 2
Hk,a,cr(t) =0 (_> e Hk‘,l,l <(;> e t)

as processes for t € R.

Corollary A.1 For the derivatives of the invelope/envelope processes Hy, 4 o it follows that
(HE) (1), 5=0,...,2k 1)

4 o 212 ) an 52
2k+1 2k+1 .
4 (a (5) ka17l<<;) t>, ij,...,Qk—l) .




In particular,

()@, HE V()

2 2
2k 1 2 2k—1
4 | gmrigzmn gk )z, 0T g kg1 H(% DLV )
k11 (5 ) k1,1 p

Corollary A.2 For the particular choice a = k!/(2k)! and o = 1,

t), ij,...,Qk—l) .

Va0 227 PH (4/2) = 27 HV (1/2)

(Hlijl)f'/(%)l 1), 5=0,...,2k — 1>

(Zk)' 2k—1-2j 5l 2
d | 2k+1 4) | 2k+1
()T (o)

Corollary A.3 (i) When k=1 and j =1,

where Hl = H1’171.

(ii) When k =2, j = 2,3,

(HP @, B (1) = (HY)10, 0, HE 1, 0))
(27 B8 ((12)70), (12) ) ((12)7250)
(2720 (12)72/%), (127 5 (12) 1))

BN

where H2 = H2,171.
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Appendix B
APPROXIMATING PRIMITIVES OF BROWNIAN MOTION ON
[_N7 N]
B.1 Approximating Brownian motion on [0, 1]

Let n be an integer. Consider the functions hy;,j = 0,---,2" — 1 defined by

t if 0<t<1/2
hoo(t) =4 1—t 1/2<t<1
0 otherwise

and
hoi(t) =272 (2" — j), for j=0,---,2" — 1.

The functions h,; are called the Schauder functions. Let Z,;,j = 0,---,2" — 1 inde-
pendent identically distributed standard Gaussians defined on the same probability space
([0,1], B([0,1],A). Now define the processes

2" —1

Va(t,w) = D hnj(t) Znj(w)
=0

and

m

Un(t,w) = V(t,w).

n=0
It can be shown that U,,(t,w) converges uniformly as m — oo with probability one to the

process
Ut,w) = Valt,w).
n=0

which is a Brownian Bridge. To construct a standard Brownian motion, let Z be an ad-

ditional standard Gaussian independent of all the Z,;,j = 0,---,2" —1 and n € N. The
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process W defined by
W(t,w) =U(t,w) +tZ(w), te]0,1].
is a Brownian motion. For m large enough, the process

Wn(t,w) = ZV (t,w) +tZ(w)
n=0

n=0

27L

-1
D () Znj(w) + tZ(w)
=0

is a good approximation to standard Brownian motion on [0, 1].

B.2 Approximating the (k — 1)-fold integral of Brownian motion on [0,n]

Let k£ > 2 be an integer. Suppose that we want to approximate [_1W(t), the (k — 1)-fold

integral of Brownian motion given by

tp_ gkl
T A W(t) = /0 %dW(s), te0,1].

Using integration by parts, Ix_1 can be rewritten

t(_ g)k—2
Ik_1W(t):/0 %W(s)ds.

The Schauder functions can be used again to approximate I;_1W. For m large enough,
I;_1 can be approximated by
k

AL (- s)k2 t
T A Wi ( Z Z/ S tmi(8)ds Znj + 52 (B.1)

where Z,;,7 =0,---,2" —1 and Z are independent identically distributed N (0, 1) defined
on the same probability space ([0, 1], B(]0,1[),\). Thus, Ix_; can be given in a closed form

once the integrals in the left side of the expression in (B.1) are evaluated analytically.

Lemma B.1 Let t € [0,1], n an integer and j = 0,---,2" — 1. If p is an integer larger or

equal to 2, then the (p — 1)-fold integral of the Schauder function h,; is given by

Ip—1hnj(t)
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= 0, if ¢ e 0,27"]
23 1
e 2 if te [2_"j,2_"(j~|—§)]
22 g, 1 : N NN
= 2o oG ) e [ 326 )
2=+ 1
9N/, ~“\\p—1
F oot =2 G+ )
T 11)'2_(3““"“)(”‘1”, if te[2(+1),1].
P — .

Proof. The function h,; can be rewritten as

)
0, if te[0,27"]

ot — j, if te|27m5,27"(j + %)]
B (t) = 277/2
1— (2"t —j), ifte 2—"(j+%),2‘”(j+1)]

0, if te27(j+1),1].

If t € [0,27"7], it is clear that Iy_1h,j(t) =0. If 2775 <t < 27"(j 4+ 1/2), we have
t
/0 (t — 8)P"2hy;(s)ds

t

- / (t = )72y (5)ds
.y
t

= / (t — s)P~2 (2_”/2(2"3 - j)) ds
*7Lj

t
= 2_"/2+"/ (t —s)P~2(s —27"j)ds

t t
= /2 <—/ (t —s)P~lds + (¢ / s)P~ 2ds>
—nj 2—nj
1

and hence for all 2775 <t <27"(j +1/2)

Ip— 1 hnj (t) =
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2n/2

In particular,
on/2 )
Ip—1hn; (27" (5 +1/2)) = 72_(n+ .

Now, for 27"(j + 3) <t < 27"(j + 1), we have

t
. 1 _
Ipahnj(t) = Ip-1hn;(27"(j +1/2)) +/ oy (t = 90 I (5)ds
2-n(j41/2) (p—2)!
_ 2, / t L = P2 (s)ds (B.2)
p! 2-n(j+1/2) (P —2)! ! ’

where

/t (t— s)p_thj(s)ds
2

—(j+1/2)

9~ n/2 /2 (t —s)P72(1 — (2" — 7))ds

“n(j+1/2)
t t
= 27"/2 / (t — s)P~2ds — / (t — s)P~2(2"s — j)ds
271 (j+1/2) 277 (j+1/2)
t
_ g2 (Ll (t—2_"(j+1/2))p_1—2"/ (t—s)p_2(s—j2_")ds)
p—= 2-n(j+1/2)
2—n/2 o _
N p—1(t_2 (G +1/2))""
t t
_gn2 [ / (t— 5)P~Yds + (t — 27")) / (t — 5)P~2ds
271 (j+1/2) 27" (j+1/2)
2—n/2 s _ 2n/2 o
_ p_l(t—2 G+1/2)" " + (t—27"(j +1/2))"
2n/2 . s _
- (=2 (=27 1/2) '
2—TL/2 —-n . p—l TL/2 —n . p
= p_l(t—2 (G+1/2)7 + (t—27"( +1/2))
2n/2 —ny . —ny - p—1
_p_l(t—Q (G+1/2) (t—27"(j +1/2))
on/2 _
- 22 (-2 + 1/2)) !
2—n/2 1 2n/2
= t—27"(+1/2)" — t—27"(5 +1/2))"
p—1 ( (J / )) (p—l)p( (j / ))
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o (n/2+1) o -
_ﬁ(t—2 (j+1/2))
9—(n/2+1) _1 on/2
= —(t—-2""(G+1/2)" - t—27"(j +1/2))". B.3
(-2 12) - e (-2 12) (B.3)
By combining (B.2) and (B.3), we obtain that
on/2 9—(n/2+1) 1

Ip—1hnj(t) = (2—("+1)p —(t-2""(G + 1/2))7’> + (t—27"(j +1/2))""

[

forall t € 27"(j +1/2),27"(j + 1)]. Finally, let t € [27™(j + 1), 1]. We have,

p!

(t — )P~ 2h,i(s)ds

t
1
Ly ihni(t) = I,_1hn;i(27"( +1 +/
p ]( ) p ]( ( )) 9-n(j+1) (p_2)|

= Lp1hn;(27"(7 + 1))

since hy;(t) =0 for t > 27"(j + 1). Hence,

2n/2 —(n+1)p —n; —n(; P
Ipahag(t) = == (270 - 2G4 1) =27 +1/2)))
g-(n/24+1) s -1

_ 2O e
(p—1)!

b e
(p—1)!

for all t € 27" (5 + 1), 1]. |

B.3 Approximating the (k — 1)-fold integral of Brownian motion on [—n,n]

Let n > 1 be an integer. A Brownian motion defined on [0, n] can be obtained by generating
n independent copies of standard Brownian motion on the intervals [i,i+1],7 = 0,1, -+, n—1
and “pasting ” them together at the junction points. More explicitly, for i = 1,---,n, let
W; be independent copies of standard Brownian motion on [0, 1], and let B; be the resulting

Brownian motion on the interval [0,7]. We have,

By(t) = Wq(t), te]0,1]
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and

B;_1(t), te0,i—1]
Bi—1(i— 1)+ W;(t — (i — 1)), teli—1,i

fori=2,---,n.

Now, suppose we want to approximate successive primitives of Brownian motion on
[0,n]. For example, take n = 2 and suppose we want to find an approximation to the first

primitive of By on [0,2]. For ¢ € [0, 2], we have

¢ LW, (s)ds, ifo<t<l1
[Batas= BT =t
0 Jy Wi(s)ds + (¢ — )W (1) + [ ds, if1<t<2

Similarly, for any integer k > 2, we can establish that the (k —1)-fold integral of By on [0, 2]

is given by
¢ o1 Jo t(ksil dWi(s), fo<t<l1
(t—s)"~ B (g1 '
/OW‘MS)— W Gl aw (s), i 1<t <2

Sk
+ftltl)1dw2()

The last expression also shows that the (k — 1)-fold integral of By involves the (k — 1)-fold
integral of both the independent processes W1 and Wy, and the j-fold integral of Wy at the
point t = 1 (boundary point), for j = 0,---,k — 1. This example can be generalized easily
to any n > 1:
t (t _ S)k—l
~ 2 4B,
/0 Gy Bal®)

b g g)k—1
- /O%dwl(s), Fo<i<1

k-1 t—lj 1 1_Sk_1_j t—1 t_l_sk—l )
_ Z( j!) /O ((k_l)_j)!dlﬁil(s)Jr/o t-1-9" (k—l))! AWs(s), f 1<t<2

: k—1 , i1 ,
(t—(G—1)) [T —1—s)k 1
- Yy [ )

EOED (= (i — 1) — s)F! L ,
+/0 1 dW;(s), if i—1<t<i
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E k—1 — ’
_ w n—1 (n—1-— S)k_1_3 .
R 3=0 7! /0 (k—1—j)! dBy—1(s)
== (f— (n—1) — s)k1 |
+ /0 (k—1)! AW (s), Fn_l<t<n

The method described above can be used to get an approximation to the (k—1)-fold integral
of two independent copies of Brownian motion on [0,n]. An approximation on [—n,n]| is

then obtained by “pasting” these copies at the point 0.
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Appendix C

PROGRAMS

C.1 C code for generating the processes Yy, - - - ,Yk(k_l)

#include <stdio.h>
#include <stdlib.h>
#include <math.h>
#include <time.h>

#define M_SQRT2 (1.414213562373095)

double SchauderFunc(double);

double IntSchauderFunc(int 1, int p, int i, double x);
void IntBrownFunc(double* IntBrown, int K, int m);
void IntBrownOC(double* Output, int K, double C,int m);

double inverse_normal_func(double p);
FILExifp;

double normals[256] [8];

int half,col=0;

int main(void){

int i,j;

int fact;
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double a,b;

int K=4,m=12;

double C=4.0;

int Lg = (int)pow(2.0, (double) (m))*C+1;

double* Output = calloc((Lg+1)*(K+1),sizeof (double));

IntBrownOCdrift (Output, K, C,m);

return O;

void IntBrownOC(double* Output, int K, double C,int m) {
int k,y,1i,j;
double val;
double twoMinp = pow(2.0, (double) (-m));
int Lg = (int)pow(2.0, (double) (m))+1;
doublex grid = calloc((Lg+1),sizeof (double));
int* vecBound=calloc(C,sizeof(int));
doublex Wi = calloc((Lg+1)*(K+1),sizeof (double));
double* Matgrid = calloc((Lg+1)*(K+1),sizeof (double));
//double* Bi = calloc((Lg+1)*(K+1),sizeof (double));
double* Bi=Output;
double* BiMinusl = calloc((K+1),sizeof (double));

int stride = (int)pow(2.0, (double) (m))*C+1+1;

i=1; /7777777

val=0.0;

while(val<=1) {
grid[i]=val;

val += twoMinp; // equivalent to val = val+twoMinp;
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it // i=itly

if(C>1)
for(i=1;i<=C-1;++1i)

vecBound[i]=Lg;

for(i=1;i<=C;++i) {
if (half==0) col=C-i;
else col=C+i-1;

IntBrownFunc (Wi,K,m);

/////// for debugging /////////
/*
printf ("\nIntBrown i= %d \n\n",i);
for (k=1;k<=K;++k) {
for(y=1;y<=Lg;++y)
printf("%e ",*(Wi + k*x(Lg+l) + y));
printf ("\n");
}
*/
11717177771717777171777171771777
for(k=1;k<=K;++k) {
for(j=1;j<=k;++j) {
for (y=1;y<=Lg;++y) {
Matgrid[j*(Lg+1)+yl=pow(grid[y], (double) (k-j))/factorial (k-j);

}
matMulAdd (Bi,Wi,BiMinus1,Matgrid,k,Lg,stride);
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for(k=1;k<=K;++k) {

BiMinus1 [k]=Bi [k* (stride)+Lg] ;

Bi+=Lg-1;

/*
printf ("\nIntBrownOC = \n\n");
for (k=1;k<=K;++k) {
for(y=1;y<=stride-1;++y)
printf ("%e ",*(Output + k*(stride) + y));

printf ("\n");

*/

void IntBrownFunc(double* IntBrown, int K, int m) {

int i,y,k,n,j;

double val;

int twon;

double twoMinp = pow(2.0, (double) (-m));

int twomPlusiMinl = (int) pow(2.0, (double) (m+1))-1;
int Lg = (int)pow(2.0, (double) (m))+1;

double* grid = calloc(Lg+l,sizeof (double));

double* Zv = calloc(twomPlusiMinl+1,sizeof (double));
double* IntUm = calloc((Lg+1)*(K+1),sizeof (double));

double Z;



233

i=1; /7111777
val=0;
while(val<=1) {
grid[i]=val;
val += twoMinp; // equivalent to val = val+twoMinp;

it+; // i=itly

//Z=inverse_normal_func(drand48());
Z=inverse_normal_func((double)rand () /RAND_MAX) ;

//Z=normals[255] [col];

for (i = 0; i < twomPlusiMinl+1; i++ ) ///
//Zv[i] = inverse_normal_func(drand48());
Zv[i] = inverse_normal_func((double)rand() /RAND_MAX) ;

//Zv[i] = normals[i] [col];

// for debugging

//for (i = 0; i < twomPlusiMini+1; i++ )
// printf("%f ", Zv[il);
//printf("\n");

11177171711171777

for(y=2;y<=Lg;++y)
for (k=1;k<=K;++k)
for(n=0;n<=m;++n) {

twon=(int)pow (2.0, (double)n) ;
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for(j=0; j<=twon-1;++j)
*(IntUm + kx(Lg+l) + y) += Zv[twon + j] * IntSchauderFunc(k,n,j,grid[yl);
}

for (k=1;k<=K;++k)
for(y=1;y<=Lg;++y)
*(IntBrown + k*(Lg+l) + y)= *(IntUm + kx(Lg+l) + y)
+ Zxpow(grid[y], (double)k)/factorial (k) ;

// IntBrown

double IntSchauderFunc(int 1, int p, int i, double x) {
double IntSchauder=0.0;
double twop = pow((double)?2, (double)p);
double twopMinl = twop -1;
double twoMinp = pow((double)2,-(double)p);
double twoHalfp = pow((double)2, (double)p/2.0);
double twoMinHalfp = pow((double)2,-(double)p/2.0);
double twoMinpPlusil = pow((double)2,-(double) (p+1)*1);
double twoMinpPlus11lMinl = pow((double)2,-(double) (p+1)*(1-1));
//double twoMinpIPlusl = twoMinp*(i+1);
double twoMinHalfpPlusl = twoMinHalfp/2.0;
double factlMinl = factorial(l-1);

double factl = factlMinlx*1;

if(i < 0 || 1 > twopMinl) {
fprintf(stderr,"i (%d) has to be between 0 and 27p-1

(%a)\n",i, (int)twopMinl);
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exit(-1);
}
if (1==1) {
IntSchauder = twoMinHalfp*SchauderFunc((double) twop*x-i);
}
else {
if (x >= twoMinp * i) {
// Case 1
if( x <= twoMinp*(i + 1/2.0))
IntSchauder = twoHalfp /factl * pow((double) (x- twoMinp#*i), (double)l);
// Case 2
else {
// Subcasel
//if( x <= twoMinpIPlusl )
if( x <= twoMinp*(i + 1))
IntSchauder = twoHalfp/factl*(twoMinpPlusll - pow((double) x
- twoMinp*(i+1/2.0), (double) 1)) +
(twoMinHalfpPlus1/fact1lMinl)*pow((double) x-twoMinp*(i+1/2.0), (double) 1-1);
// Subcase2
else

IntSchauder = twoMinHalfpPlusl*twoMinpPlus11lMinl/factlMinl;
} //else
} //if(x >= twoMinp * i)

}//else

return IntSchauder;

double SchauderFunc(double x) {
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double Schauder= 0.0;

if(x >= 0 && x <= 0.5)
Schauder = x;

else if(x > 0.5 & x <= 1)
Schauder = 1-x;

return Schauder ;

int factorial(int n) {
int fact=1;

int i;

for(i=2; i <= n; ++i)

fact *= i;

return fact;

double inverse_error_func(double p) {
/*
Source: This routine was derived (using f2c) from the
FORTRAN subroutine MERFI found in

ACM Algorithm 602 obtained from netlib.

MDNRIS code contains the 1978 Copyright
by IMSL, INC. . Since MERFI has been
submitted to netlib, it may be used with
the restriction that it may only be

used for noncommercial purposes and that



*/

IMSL be acknowledged as the copyright-holder

of the code.

/* Initialized data */

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

static double

al
a2
a3
b0
bl
b2
b3
cO
cl
c2
c3
do
d1
d2
e0
el
e2
e3
f0
f1
£2
g0
gl

-.5751703;
-1.896513;
-.05496261;
-.113773;
-3.293474;
-2.374996;
-1.187515;
-.1146666;
-.1314774;
-.2368201;
.05073975;
-44.27977;
21.98546;
-7.586103;
-.05668422;
.3937021;
-.3166501;
.06208963;
-6.266786;
4.666263;
-2.962883;
1.851159e-4;
-.002028152;

237
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static double g2 = -.1498384;
static double g3 = .01078639;
static double hO = .09952975;
static double hl = .5211733;

static double h2 = -.06888301;

/* Local variables */

static double a, b, f, w, x, y, z, sigma, z2, sd, wi, sn;

/* determine sign of x */

if (x > 0)
sigma = 1.0;
else

sigma = -1.0;

/* Note: -1.0 < x < 1.0 */

z = fabs(x);

/* z between 0.0 and 0.85, approx. f by a

rational function in z */

if (z <= 0.85) {

z2 =z *x z;

f=2z+2zx (bO+ al *x z2 / (bl + 22 + a2
/ (2 + 22 + a3 / (b3 + 22))));

/* z greater than 0.85 */
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} else {
a=1.0- z;
b = z;

/* reduced argument is in (0.85,1.0),

obtain the transformed variable */

w = sqrt(-(double)log(a + a * b));

/* w greater than 4.0, approx. f by a

rational function in 1.0 / w */

if (w >= 4.0) {

wi=1.0/ w;

sn = ((g3 *x wi + g2) * wi + gl) * wi;
sd = ((wi + h2) * wi + hl) * wi + hO;

f=w+wx (g0+ sn/ sd);

/* w between 2.5 and 4.0, approx.

f by a rational function in w */

} else if (w < 4.0 & w > 2.5) {

sn ((e3 * w + e2) *w + el) *x w;

sd

((w+ £f2) * w+ f1) * w + £0;

f=w+wx*x (e0 + sn / sd);

/* w between 1.13222 and 2.5, approx. f by
a rational function in w */
} else if (w <= 2.5 && w > 1.13222) {

sn = ((c3 * w+ c2) *w+ cl) *x w;



240

sd = ((w+d2) * w+ dl) *x w + dO;

f=w+wx (cO+ sn/ sd);

}
}
= sigma * f;
return(y);
}

double inverse_normal_func(double p) {
/*
Source: This routine was derived (using f2c) from the
FORTRAN subroutine MDNRIS found in

ACM Algorithm 602 obtained from netlib.

MDNRIS code contains the 1978 Copyright

by IMSL, INC. . Since MDNRIS has been
submitted to netlib it may be used with

the restriction that it may only be

used for noncommercial purposes and that
IMSL be acknowledged as the copyright-holder
of the code.

*/

/* Initialized data */

static double eps = 1le-10;

static double g0 = 1.851159e-4;
static double gl = -.002028152;
static double g2 = -.1498384;
static double g3 = .01078639;



static double hO = .09952975;
static double hl = .5211733;
static double h2 = -.06888301;

static double sqrt2 = M_SQRT2; /* 1.414213562373095; */

/* Local variables */
static double a, w, Xx;

static double sd, wi, sn, y;

double inverse_error_func(double p);

/* Note: 0.0 < p < 1.0 */
/* assert ( 0.0 < p & p < 1.0 ); */

/* p too small, compute y directly */
if (p <= eps) {

a=p+p;

w = sqrt(-(double)log(a + (a - a * a)));
/* use a rational function in 1.0 / w */
wi=1.0/ w;

sn = ((g3 *x wi + g2) * wi + gl) * wi;

sd = ((wi + h2) * wi + hl) * wi + hO;

w+wx* (g0 + sn / sd);

y
y = -y * sqrt2;
b

else {
x=1.0-(p+ p);
y = inverse_error_func(x);

-sqrt2 * y;

241
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return(y);

}

C.2 S codes for generating the processes Yy, - -

SchauderFunc <- function(x){
Schauder <- NULL

if(x <0 | x>1)

Schauder <- 0

else{

if(x >= 0 & x <= 1/2)
Schauder <- x

if(x > 1/2 & x <= 1)

Schauder <- 1- x

¥

Schauder

}

IntSchauderFunc <- function(l, p, i, x){
if(i<o0o | (A >2%p -1))

print("i has to be between O and 2°p -1")
if(1 < 1)

print ("1l has to be greater or equal to 1")

IntSchauder <- NULL
if (1 == 1){

IntSchauder <- 27°{-p/2}*SchauderFunc(2"p *x - i)
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}
else{
if(x < (2°{- p}* 1))
IntSchauder <- 0
else {
if((x >= 27°{-p} * 1) & (x <= 2°{- p} * (4 + 1/2)))
IntSchauder <- (2°{p/2}/factorial(l)) * (x - 2°{- p}*i)~ {1}
if((x >= 27°{-p} * (i + 1/2)) & (x <= 27{- p} * (i + 1)))
IntSchauder <- (2°{p/2}/factorial(1l)) * (2~{-(p + 1) * 1}-
(x - 2°4- p} * (i + 1/2))"{1}) + (2~{- (p/2 + 1)}/factorial(1-1))
* (x - 2°{- p} *x (i + 1/2))"{1-1}
if(x > 27{-p} * (i + 1))
IntSchauder <- 2°{ - (p/2 + 1 + (1-1) * (p + 1))}/factorial(l-1)
}
}
IntSchauder

}

IntBrownFunc <- function(K,m){

grid <- seq(0, 1, 2°{- m})
L.g <- length(grid)
Zv <- rnorm(2°{m + 1} - 1, 0, 1)

Z <- rnorm(1, 0, 1)

IntUm <- matrix(0, nrow=K,ncol=L.g)

IntBrowm <- matrix(0, nrow=K,ncol=L.g)

for(y in 2:L.g) {
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for(k in 1:K){
for(n in O:m) {
for(j in 0:(2°n - 1)) {
IntUm([k,y] <- IntUm([k,y]
+ Zv[2°n + j] * IntSchauderFunc(k, n, j, grid[yl)
}

for(k in 1:K){
IntBrowm[k,] <- IntUm[k,] + Zx( (grid)"{k})/factorial (k)
}

IntBrowm

¥

IntBrownOC <- function(X,C,m){

grid <- seq(0,1,2°{-m})

L.g <- length(grid)

vec.bound <- NULL

if(c > 1{

vec.bound <- (1:(C-1))*L.g

}

B.iminusl <- matrix(0,nrow=K,ncol=L.g)
B.i <- matrix(0,nrow=K,ncol=L.g)

Output <- matrix(0,nrow=K,ncol=L.g)
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for(i in 1:C0){
print (i)
W.i <- IntBrownFunc(X,m)
for(k in 1:K){
Matgrid <- rep(0,L.g)
for(j in 1:k){
Matgrid <- rbind(Matgrid,grid~{(k-j)}/factorial(k-j))
}
Matgrid <- Matgrid[-1,]
B.i[k,] <- W.i[k,] + matrix(B.iminusi[1:k,L.g],nrow=1,ncol=k)%*}Matgrid
}

B.iminusl <- B.i

Output <- cbind(Output,B.i)

Output <- Output[,-(1:L.g)]

Output <- Outputl[,-vec.bound]

Output

IntBrownCCdrift <- function(C,m,K){
# This function calculates the successive integral
# of a two sided Brownian Motion on [-C,C] + the drift

# on the specified grid.
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grid <- seq(-C,C,27{-m})

# We generate two independent copies to the right and left of O.
Outputl <- IntBrownOC(C,m,K)
Output2 <- IntBrownOC(C,m,K)

L.g <- length(grid)

for(k in 1:K){
Output2[k,] <- rev(Output2[k,-1])

}

Output <- cbind(Output2,Outputl)

# We add the drift.

for(k in 1:K){
Output [k,] <- Ouput[k,] + (-1)"K *x(factorial (2#K)/factorial (K+k))*(grid) ~{K+k}
}

Output

C.3 S codes for generating the processes H_y, - -- ,Hc(Zkk_l) when k is even
# This code calcules an approximation to the process H_K,

# the invelope of Y_K the (k-1)-fold integral of

# two sided Brownian Motion + t"{2K} when K is even (K >=2).

# m is the precision of the Brownian motion approximation using

# the Haar function construction.

IterativeSHk <- function(K=6,C=4,m=11,eps=10"{-7},p=20,p1=10,p2=16365)1{
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grid <- seq(-C,C,2°{-m})

IntBr <- intbrownk6c4mll

IntBr <- t(IntBr)

MatO <- matrix(0,nrow=2*K + p, ncol=2%K+p)

L.g <- length(grid)

# 1 is the location of the successive derivative of Y
# at -C, L.g is that of ...of at C.

Yd <- rbind(IntBr[,1],IntBr[,L.g]l)

# Select only the even derivatives of Y at -C and C.

Yd <- Yd[,seq(2,K,2)]

# this vector stores in the first row:
# Y {(kx-1}(Cc), Y {(k-2)}(-c),...,Y(-c)
# and Y {(k-1)}(c),Y " {(kx-2)}(c),...,Y(c).

SO0 <- c(-C,0)

AlphaO <- StartingSplineHk(X,C,Yd)
Coef0O <- AlphaO[1]

H <- EvaluateGrid(K,Alpha0,S0,grid)

Diff <- H - IntBr[K,]

# For later, we need to have the initial conditions
#in the "right form" (as it is required in ComputeSplineHk)
# hence, we need to reverse the components of Yd so that

#we start from Y(-/+ c) and finish with Y "{(k-2)}(-/+ ¢c).

Yd.rev <- Yd

Yd.rev[1,] <- rev(Yd[1,1)
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Yd.rev([2,] <- rev(Yd[2,])

# Check whether H >= Y.

min.Diff <- min(Diff[p1l:p2])

print (min.Diff)

Count <- 0

while(min.Diff < -eps){

Count <- Count + 1

cat("Main Loup numb = ", Count, "\n")
Diff.sort <- rank(Diff[pl:p2])

min.rank <- min(Diff.sort)

min.pos <- match(min.rank,Diff.sort)
thetamin <- grid[pl:p2] [min.pos] # locate t*.

valmin <- Diff [pl:p2] [min.pos]

print(c(thetamin,valmin))

# Compute the new spline for the new set of knots.

S <- ¢(S0,thetamin)

S <- sort(S)

print(S)

#locate the knots in the grid.

positions <- match(S,grid)

Y <- InitialCondHk(K,C,Yd.rev,IntBr,positions)

p <- length(S)-2
Alpha <- ComputeSplineHk(K=K,Y=Y,S=S,Mat0)
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Alpha <- as.numeric(Alpha)

Coef <- c(Alphal[1],Alphal(2*K+1):(2*xK+p)])
Coef <- cumsum(Coef)

min.C <- min(diff (Coef))

count <- O

while(min.C < 0){
count <- count+1l
cat("Sub loup numb = ",count," of the main loop numb=", Count, "\n")

index <- IndexFuncHk(S0=S0,S=S,Coef0=Coef0,Coef=Coef)
S <- S[-index]
p <- length(S)-2
positions <- match(S,grid)
Y <- InitialCondHk(K,C,Yd.rev,IntBr,positions)
Alpha <- ComputeSplineHk(K=K,Y=Y,S=S,Mat0)
Alpha <- as.numeric(Alpha)
Coef <- c(Alpha[1],Alphal(2*K+1):(2xK+p)])

Coef <- cumsum(Coef)
min.C <- min(diff (Coef))

Htwhile min.C < O

H <- EvaluateGrid(K,Alpha,S,grid)
Diff <- H - IntBrl[K,]

min.Diff <- min(Diff [pl:p2])

SO0 <- 8
Coef0 <- Coef

}while min.Diff < -eps

print (Alpha)
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print(positions)

Mat.H <- H

for(d in 1:(2%K-2)){

Mat.H <- rbind(Mat.H,EvaluateGridDer (K,Alpha,S,grid,d))
}

Mat.H

Htend of the function

#This code calculates the coefficients of the "starting" spline
#which is of degree 2k-2.

# Yd is a matrix of dimension 2x(K/2) containing

#the derivatives of the (K-1)-integral of a two sided
#Brownian motion (Y) + t~{2K} at the boundary points -C and C.
#It starts with the (K-2)th

#derivative of Y at -C and C, (K-4)th,...,O0.

StartingSpline <- function(K,C,Yd){
C <-2

K <-4

Yd <- rbind(-1,2)

if ((K-2xfloor(K/2))!=0){

print ("Enter please an even K !")

¥

#This part gives the coefficients when K=2.

Coef <- c(6%C~2,(Yd[2,1]-Yd[1,1])/(2%C), (Yd[2,1]+Yd[1,1])/2 - 6%C"4)



#This part of the code calculates the coefficients when K > 2 (and even).

if (K > 2){
d <- 2xK-2
a.d <- (factorial (2*K)/factorial(2))*C"2
Coef <- a.d
for(i in (d-1):0){
p <- 2xK-i
if (p <= K){
if ((p-2%floor(p/2)) 1=0){
Coef <- c(Coef,0)
b
else{
Coef <- c(Coef,(factorial(2*K)/factorial (2xi))*C~{2*i}-
sum (Coef [Coef !=0]*(1/factorial (2*((i-1):1)))*C~{2x((i-1):1)}))
b

if(p > K){
if ((p-2*floor(p/2))'=0){
Coef <- c(Coef, (Yd[2, (p-K+1)/2]1-Yd[1, (p-K+1)/2]1)/(2*C))
}
else{
i <= p/2
Coef <- c(Coef, (Yd[2, (p-K)/2]+Yd[1, (p-K)/2])/2

- sum(Coef [2%((i-1):1)]1*(1/factorial (2% ((i-1):1)))*C~{2*x((i-1):1)}))

¥
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Coef <- Coef/factorial ((2*K-2):0)

Coef

EvaluateGrid <- function(K,Alpha,S,grid){

if (length(S)==2){

#grid <- seq(-C,C,2°{-m})

#H <- rep(0,length(grid))

H <- grid

for(i in 1:length(H)){

H[i] <- sum(Alpha*(grid[i]) ~{(2xK-2):0})
}

if (length(S) > 2){

p <- length(S)-2

Alpha.1 <- Alphal[1:(2*K)]

Alpha.2 <- Alphal[(2%K+1): (2%K+p)]

nr <- length(S) -1
C <- S[length(S)]

pos <- match(S,grid)
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#Seq.1 <- seq(S[1],S[2],2"{-m})

Seq.1 <- grid[pos[1]:pos[2]]

1.1 <- length(Seq.1)

#H.1 <- rep(0,1.1)

H.1 <- Seq.1

for(j in 1:1.1){

H.1[j] <- sum((Alpha.1/factorial((2+K-1):0))*(Seq.1[j]1) {(2%K-1):03})
}

H <- H.1[-1.1]
for(i in 2:nr){
#Seq.i <- seq(S[il,S[i+1],2°{-m})
Seq.i <- grid[pos[i]:pos[(i+1)]]
1.i <- length(Seq.i)
#H.i <- rep(0,1.1)
H.i <- Seq.i

for(j in 1:1.i){

H.i[j] <- sum((Alpha.1*(Seq.il[j]) {(2%K-1):0})/factorial((2%K-1):0))
+ sum(Alpha.2[1:(i-1)]1*(Seq.i[j1-S[2:i]) "{2+K-1}/factorial (2¥K-1))

}
H <- c(H,H.i[-1.i])

Lastval <- sum(Alpha.1xC~{(2*K-1):0}/factorial ((2*K-1):0) )
+ sum((Alpha.2*(C-S[2:nr])~"{2%K-1}) /factorial (2*K-1))

H <- c(H,Lastval)

}
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EvaluateGridDer <- function(K,Alpha,S,grid,d){

if(d > 2*K -2)
print("enter d less than or equal to 2*K-2")

else{

if (length(8)==2){

grid <- seq(-C,C,2"{-m})

#H.d <- rep(0,length(grid))

H.d <- grid

for(i in 1:length(H.d)){

H.d[i] <- sum(Alpha[1l:(2+%K-1-d)]1*(grid[i]) ~{(2*K-2-d):0})
}

if (length(S) > 2){

p <- length(S)-2

Alpha.1 <- Alphal[1:(2*K-d)]
Alpha.2 <- Alphal[(2%K+1): (2%K+p)]

nr <- length(S) -1

C <- S[length(8)]

pos <- match(S,grid)

#3eq.1 <- seq(S8[1]1,s[2],2"{-m})
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Seq.1 <- grid[pos[1]:pos[2]]

1.1 <- length(Seq.1)

#H.1 <- rep(0,1.1)

H.1 <- Seq.1

for(j in 1:1.1){

H.1[j] <- sum((Alpha.1/factorial ((2xK-1-d):0))*(Seq.1[j]1) ~{(2¥K-1-d):0})
}

H.d <- H.1[-1.1]
for(i in 2:nr){
Seq.i <- grid[pos[i]:pos[(i+1)]1]
1.1 <- length(Seq.i)
H.i <- Seq.i

for(j in 1:1.i){

H.i[j] <- sum((Alpha.1x(Seq.i[j]) ~{(2#K-1-d):0})/factorial ((2*K-1-d):0))
+ sum(Alpha.2[1: (i-1)1*(Seq.i[j1-S[2:1i]) "{2*K-1-d}/factorial (2+K-1-d))

}
H.d <- c(H.4,H.i[-1.i])

Lastval <- sum(Alpha.1xC~{(2*K-1-d):0}/factorial ((2*K-1-d):0) )
+ sum((Alpha.2x(C-S[2:nr]) "{2%K-1-d})/factorial (2xK-1-d))

H.d <- c(H.d,Lastval)

}
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InitialCondHk <- function(K,C,Yd.rev,IntBr,positions){

p <- length(positions)

Y.pos <- rep(0,p-2)

for(j in 2:(p-1)){

Y.pos[(j-1)] <- IntBr[K,positions[j]]
}

seq.K <- seq(K,2*K-2,2)
Y1 <- (factorial(K)/factorial(2*#K-seq.K))*(-C) "{2+K - seq.K}

Y2 <- (factorial(K)/factorial(2+K-seq.K))*(C) {2*K - seq.K}

Y <- c(Yd.rev[1,],Y1, Y.pos, Yd.rev[2,], Y2)

Y

ComputeSplineHk <- function(K,Y,S,Mat0){
p <- length(S)-2

#Mat <- matrix(0,nrow=2*K + p, ncol=2*K+p)
Mat <- MatO[1:(2*K+p),1:(2xK+p)]

for(i in 1:K){



Mat [i,1:(2%K-2%(i-1))] <- (S[1]1)~{(2*xK-1-2%(i-1)):0}
/factorial ((2¥K-1-2%(i-1)):0)
}
for(i in 2:(p+1)){
Mat [K+i-1,1: (2%K+ i-1)] <- c((S[i])~{(2*K-1):0}
/factorial ((2%K-1):0),
(S[il-s[2:i]) ~{2*K-1}/factorial (2xK-1))
}
for(i in 1:K){
Mat [i+K+p,1: (2*%K-2%(i-1))] <- (S[p+2]) "{(2*K-1-2%(i-1)):0}
/factorial ((2¥K-1-2%(i-1)):0)
Mat [i+K+p, (2xK+1) : (2xK+p)] <- (S[p+2]-S[2: (p+1)]1) "{2*xK-1-2x(i-1)}
/factorial (2¥K-1-2%(i-1))
}

rcond.Mat <- rcond.svd.Matrix(svd.Matrix(Mat))
Alpha <- solve.svd.Matrix(svd.Matrix(Mat),Y,tol=rcond.Mat*0.5)

Alpha

IndexFuncHk <- function(S0,S,Coef0,Coef){

CO <- diff(Coef0)
C <- diff(Coef)

LO <- length(S0)
L <- length(S)

SO <- 80[-c(1,L0)]
S <= 8[-c(1,1)]
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S.merge <- c(80,9)
S.merge <- unique(sort(S.merge))
CO.rep <- rep(0,length(S.merge))
C.rep <- rep(0,length(S.merge))

for(i in 1:length(S.merge)){
match.S0 <- match(S.mergel[i],S0)
if (!is.na(match.S0))
CO.repl[i] <- CO[match.S0]
else
CO.repl[i] <- 0
}

for(i in 1:length(S.merge)){
match.S <- match(S.mergel[il,S)
if (!is.na(match.S))
C.rep[i] <- C[match.S]
else

C.repl[i] <= 0

Lambda <- NULL
for(i in 1:length(C.rep)){
if(C.rep[i] < 0)
Lambda <- c(Lambda,CO.rep[i]/(CO.rep[i]l-C.rep[il))
if(C.rep[i] == 0)
Lambda <- Lambda

if(C.rep[i] > 0)
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Lambda <- c(Lambda,1)

lambda <- min(Lambda)
index <- match(lambda,Lambda)
index <- index +1

index

C.4 S codes for generating the processes H.p, - -- ,Hc(zkk_l) when k is odd

Since many of the programs developed for k even can be used with some minor modifications,

we include only the S functions that were specifically written for k& odd.

StartingSplineHk0dd <- function(K,C,Yd){

if ((K-2*floor(X/2))==0)

print("enter K odd")

else{

if (K==3){

Coefb <- 0

Coef4 <- (factorial(3)/factorial(2))*C~2

Coef3 <- C"3-Coef4*C

Coef2 <- Yd[1,1] - ((Coefd/factorial(2))*C~2-Coef3*C)

Coefl <- (Yd[2,2]-Yd[2,1])/(2*C) - (Coef3/factorial(3))*C"2
Coef0 <- (Yd[2,2]+Yd[2,1]1)/2 - ((Coef4d/factorial(4))*C"4

+ (Coef2/factorial(2))*C~2)
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Coef.res <- c(Coef5,Coef4d,Coef3,Coef2,Coefl,Coef0)

if (X > 3){

Seq <- seq(K+1,2%K-4,2)

Seq <- rev(Seq)

Coef <- (factorial(K)/factorial(2))*C"2

for(i in 1:length(Seq)){

Seq.new <- seq(2,2*K-Seq[i],2)

Seq.new <- rev(Seq.new)

len <- length(Seq.new)

Coef <- c(Coef, (factorial(K)/factorial(Seq.new[1]))*C"{Seq.new[1]}
-sum((Coef*C~{Seq.new[2:1en]})/factorial(Seq.new[2:1en])))
}

Seql.k <- seq(1,K-2,2)

Seql.k <- rev(Seql.k)

Coefk <- C°K -sum((Coef*C~{Seql.k})/factorial(Seql.k))
Seq2.k <- seq(2,K-1,2)

Seq2.k <- rev(Seqg2.k)

Coefkml <- Yd[1,1]-sum((Coef*C~{Seq2.k})/factorial(Seq2.k))+Coefk*C
Coef <- c(Coef,Coefkml)

Seq2 <- seq(K+3,2*K,2)

for(j in 1:length(Seq2)){

Seq.new <- seq(2,Seq2[j]-2,2)

Seq.new <- rev(Seq.new)

Coef <- c(Coef,(Yd[1,j+1] + Yd[2,j+11)/2
-sum((Coef*C~{Seq.new})/factorial(Seq.new)))

}
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Coef0 <- Coef

Seq3 <- seq(3,K,2)

Coefl <- Coefk

for(j in 1:length(Seq3)){

Seq.new <- seq(3,Seq3[jl,2)

Seq.new <- rev(Seq.new)

Coefl <- c(Coefl,(Yd[2,j+1] - Yd[1,j+1])/(2%C)
- sum((Coef1*C~{Seq.new-1})/factorial(Seq.new)))
}

Coef.res <- rep(0,2*K)
Coef.res[seq(2,2%K,2)] <~ CoefO

Coef .res[seq(X,2%¥K-1,2)] <- Coefl

Coef .res/factorial ((2*K-1):0)

ComputeSplineHk0dd <- function(K,Y,S,Mat0){

p <- length(S)-2

Mat <- MatO[1:(2*K+p),1:(2xK+p)]

for(i in 1:K){

Mat [i,1:(2%K-2%(i-1))] <- (S[1]1)~{(2*xK-1-2%(i-1)):0}
/factorial ((2xK-1-2*(i-1)):0)

}
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for(i in 2: (p+1)){
Mat [K+i-1,1:(2xK+ i-1)] <- c((S[i])~{(2%K-1):0}
/factorial ((2*K-1):0),
(8[i]-S[2:1])"{2*K-1}/factorial (2*#K-1))
}
for(i in 1:K){
if(i == 1+(X-1)/2){
Mat [i+K+p,1:K] <- (S[p+2])~"{(K-1):0}/factorial ((K-1):0)
Mat [i+K+p, (2*%K+1) : (2xK+p)] <- (S[p+2]-S[2:(p+1)])~{K-1}/factorial (K-1)
}
else{
Mat [i+K+p,1: (2%xK-2x(i-1))] <- (S[p+2]) "{(2*xK-1-2%(i-1)):0%}
/factorial ((2¥K-1-2%(i-1)):0)
Mat [1i+K+p, (2%K+1) : (2xK+p)] <- (S[p+2]-S[2: (p+1)]) "{2xK-1-2%(i-1)}
/factorial (2¥K-1-2%(i-1))
}
}

rcond.Mat <- rcond.svd.Matrix(svd.Matrix(Mat))

Alpha <- solve.svd.Matrix(svd.Matrix(Mat),Y,tol=rcond.Mat*0.5)

Alpha

InitialCondHk0dd <- function(K,C,Yd.rev,IntBr,positions){

p <- length(positions)



263

Y.pos <- rep(0,p-2)

for(j in 2: (p-1)){

Y.pos[(j-1)] <- IntBr[K,positions[j]]
}

Seq.K <- seq(2,K-1,2)

Seq.K <- rev(Seq.K)

1.K <- length(seq(1,K,2))

Y1 <- (factorial(K)/factorial(Seq.K))*(-C)~{Seq.K}
Y2 <- (factorial(K)/factorial(Seq.K))*(C) {Seq.K}

Y <- c(Yd.rev[1,],Y1, Y.pos, Yd.rev[2,-1.K],C K, Y2)
Y

C.5 S codes for calculating the MILE of a k-montone density

SuppReducAlgoMLE <- function(K,X,prec,eps,pl,p2){

n <- length(X)

#grid <- round(seq(min(X),theta0,by = prec),digits=6)

theta0 <- nlminb(start=max(X)+0.1,objective=minusloglik,
K=K, X=X, lower=max (X)+0.0001) $parameters

grid <- round(seq(pl*min(X),p2*K*max(X),by = prec),digits=6)
Mat0O <- matrix(0,nrow=n,ncol=20)

VecO <- rep(n,20)

print (theta0)

Cbar <- 1

Sbar <- thetal
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Matfbar <- EvaluateMatf (Sbar,K=K,X=X,MatO0)
valfbar <- matrix(0,nrow=length(Sbar) ,ncol=n)
if (length(Sbar)==1){
valfbar <- Matfbar
}
elseq{
valfbar <- apply(Matfbar*%diag(Cbar),1,sum)
}
valfbar <- as.vector(valfbar)
ResminOuter <- FindMinimMLE(valfbar,valfbar,K,X,prec,pl,p2,grid)
valminOuter <- ResminOuter[2]
#rm(ResminOuter)
CountQOuter <- 0
while(valminQuter < - eps){
CountOuter <- CountOuter +1

cat("Main Outerloup numb = ",CountQuter,"\n")

#Problems can occur since fbar is not necessarily to the solution
# of the LS problem.

#Therefore, we need to apply again the support reduction step.

print (rbind(Sbar,Cbar))

C <- CalculateOptMLE(valfbar,S=Sbar,K=K,X=X,VecO,Mat0)
C <- as.vector(C)

S <- Sbar

min.C <- min(C)

if (length(Sbar)==1 & min.C < 0)

print("Sbar is of length 1 and min(C) < 0 !")

1.8bar <- length(Sbar)

1.Cbar <- length(Cbar)
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while(min.C < 0){

index <- IndexFuncMLE(SO=Sbar,S,C0=Cbar,C)

S <- S[-index]

C <- CalculateOptMLE(valfbar,S=S,K=K,X=X,VecO,Mat0)
C <- as.vector(C)

min.C <- min(C)

M while(min.C < 0)

Matg <- EvaluateMatf (S,K=K,X=X,Mat0)
valg <- matrix(0,nrow=length(S),ncol=n)
if (length(S)==1){
valg <- Matg

}

else{

valg <- apply(Matgl*%diag(C),1,sum)

}

valg <- as.vector(valg)

ResminInner <- FindMinimMLE(valfbar,valg,K,X,prec,pl,p2,grid)
thetaminInner <- ResminInner[1]
print(thetaminInner)

valminInner <- ResminInner [2]

1.S <- length(S)

1.C <= length(C)

print(valminInner)

CountInner <- 0O

while(valminInner < - eps*10){

countInner <- CountInner + 1

cat("MainInnerLoup numb = ",CountInner,"of MainOuterLoup numb=",
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CountOuter, "\n")
thetaminInner <- ResminInner[1]
print (c(thetaminInner,valminInner))
S0 <-'8
CoO <- C
S <- c(S,thetaminInner)
S <- sort(8)
C <- CalculateOptMLE(valfbar,S=S,K=K,X=X,Vec0,Mat0)
C <- as.vector(C)
min.C <- min(C)
countInner <- 0
while(min.C < 0){
countInner <- countInner +1
cat ("SubInnerLoup numb = ",countInner,"of the MainInnerLoup numb = ",
CountInner, "\n")
index <- IndexFuncMLE(S0=S0,S,C0=C0,C)
S <- S[-index]
C <- CalculateOptMLE(valfbar,S=S,K=K,X=X,Vec0,Mat0)
C <- as.vector(C)
min.C <- min(C)
}# while(min.C < 0)
Matg <- EvaluateMatf (S,K=K,X=X,Mat0)
valg <- matrix(0,nrow=length(S),ncol=n)
if (length(S)==1){
valg <- Matg
}
else{
valg <- apply(Matgl*’diag(C),1,sum)
}

valg <- as.vector(valg)



ResminInner <- FindMinimMLE(valfbar,valg,K,X,prec,pl,p2,grid)

valminInner <- ResminInner[2]

valminInner

} #while(valminInner < -eps*10)

#Here we need to ensure monotonicity of the algorithm
1.8 <- length(S)

1.C <- length(C)

ind <- 0

max.S <- 1

max.C <- 1

ind <- 0

if((1.C==1.Cbar) & (1.8==1.Sbar)){

max.S <- max(abs(S-Sbar))

max.C <- max(abs(C-Cbar))

cat("max.S = ", max.S,"max.C=",max.C,"\n")
if(max.S ==0 & max.C == 0)

ind <- 1

}

if(ind ==1)

break

else{

likbar <- LoglikFunc(valfbar,Cbar)

print (likbar)
Sq <- 8
Cq <- C

Merge.out <- MergeFunc(S0=Sbar,C0=Cbar,S=Sq,C=Cq)
S.m <- Merge.out[1,]

Cbar.m <- Merge.out[2,]

Cq.m <- Merge.out[3,]

Cbar <- as.vector(Cbar.m)
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Cq.m <- as.vector(Cq.m)

Mat.m <- EvaluateMatf (S.m,K=K,X=X,Mat0)
valfq.m <- apply(Mat.mJ*%diag(Cq.m),1,sum)
valfq.m <- as.vector(valfq.m)

valfbar.m <- apply(Mat.m¥*%diag(Cbar.m),1,sum)
valfbar.m <- as.vector(valfbar.m)

cat("diff in loglik =",likbar - LoglikFunc(valfq.m,Cq.m),"\n")
likfq <- LoglikFunc(valfq.m,Cq.m)

if (abs(likbar-1ikfq) <= eps*0.1)
break
else{
res.arj <- Armijo(Cq.m,Cbar.m,valfbar.m,valfq.m,likbar,K=K,X=X)
if (res.arj[2] >= 3000)

lam.arj <- 0
else

lam.arj <- res.arj[1]
cat("lambda=",lam.arj,"counts=",res.arj[2],"\n")
#Here, we obtain the new iterate fbar
Sbar <- S.m
Cbar <- (1-lam.arj)*Cbar.m + lam.arj*Cq.m
Cbar <- as.vector(Cbar)
#print (rbind (Sbar,Cbar))
f.bar <- cbind(Cbar,Sbar)
f.bar <- as.data.frame(f.bar)
names (f.bar) <- c("w","s")
Cbar <- f.bar$w[f.bar$w !=0]
Sbar <- f.bar$s[f.bar$w !=0]
print (rbind(Sbar,Cbar))
Matfbar <- EvaluateMatf (Sbar,K=K,X=X,MatO0)

valfbar <- apply(Matfbar’*)diag(Cbar),1,sum)
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valfbar <- as.vector(valfbar)
ResminOuter <- FindMinimMLE(valfbar,valfbar,K,X,prec,pl,p2,grid)
valminOuter <- ResminOuter[2]

cat ("valminOuter", valminOuter, "\n")

}

}# while(valminQuter < -eps)

Output <- cbind(Sbar,Cbar)

Output

##This function calculates f_{theta_i}(Xj) where Xj
##is a data point and theta_i is a support point of the iterate f.

##and hence it retruns a matrix of dimension n = length(X) x m = length(S).

EvaluateMatf <- function(S,K,X, Mat0){

S <- sort(8)

m <- length(S)

n <- length(X)

#Xs <- sort(X)

#matrix (0,nrow=n,ncol=m)

if (m==1){

Matf <- matrix(0,nrow=n,ncol=1)
}

else{
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Matf <- MatO[1:n,1:m]
}
for(i in 1:n){

Matf[i,] <- (K/S"{K})*ifelse(S >= X[i], (S-X[i])~{K-1},0)

Matf

#This function finds the minimum of the directional

#derivative for the ML estimation inside the quadratic

# approximation

# of - loglikelihood if we "move" away from the current iterate

#c_1*f_thetal +...+ c_m*xf_thetam.

FindMinimMLE <- function(valfbar,valg,K,X,prec,pl,p2,grid){
#grid <- round(seq(pl*min(X),p2*K*max(X),by = prec),digits=6)
#grid <- round(seq(min(X),thetal,by = prec),digits=6)

l.g <- length(grid)

DirecDer.vec <- grid

for(i in 1:1.g){

#print (i)

DirecDer.vec[i] <- DirecDerMLE(grid[i],valfbar,valg,K=K,X=X)
}

minval <- min(DirecDer.vec)

min.rank <- min(rank(DirecDer.vec))

index <- match(min.rank,rank(DirecDer.vec))

#print (cbind (DirecDer.vec,rank(DirecDer.vec)))

#cat ("index",index,"\n")
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thetamin <- grid[index]

c(thetamin,minval)

# This function calculates the directional derivative

#of the quadratic approximation of -loglikelihood

#at some point theta.

#Sbar and Cbar are respectively the set of support points

# and the weights of the current iterate fbar (outside the quadratic
#approximation of -loglikelihood).

# valfbar, valg are respectively the vectors storing

#[fbar(X_(1)),...fhar(X_(n))] and [gX_(1)),...gX_(m))]

DirecDerMLE <- function(theta,valfbar,valg,K,X){
C1 <- NULL

C2 <- NULL

#Xs <- sort(X)

n <- length(X)

Vec.theta <- (K/(theta) K)*ifelse(theta >= X, (theta-X) {K-13},0)

Cl <- 1- 2#mean(Vec.theta/valfbar) + mean(valg*Vec.theta/valfbar~2)
C2 <- mean((Vec.theta/valfbar)"2)
DirecDer <- C1/sqrt(C2)

DirecDer

b
#This function solves a linear system

#in order to find the minimizer of -loglikelood
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##over a cone generated by a few active vertices.

CalculateOptMLE <- function(valfbar,S,K,X,Vec0,Mat0){

m <- length(S)

n <- length(X)

nm <- VecO[1:m]

#rep(n,m)

valfbar <- as.vector(valfbar)

valfbar.inv <- 1/valfbar

Dfbar <- diag(valfbar.inv)

MatY <- EvaluateMatf (S=S,K=K,X=X,Mat0)

MatV <- t(Dfbari*%MatY)%*) (Dfbar%*%MatY)

B <- 2*(t(MatY)%*%valfbar.inv)-nm

#Alpha <- solve.Matrix(MatV,B,tol=rcond.V*0.1)
#Alpha <- solve.Hermitian(MatV,B,tol=0)
rcond.V <- rcond.svd.Matrix(svd.Matrix(MatV))
cat("rcond=", rcond.V, "\n")

Alpha <- solve.svd.Matrix(svd.Matrix(MatV),B,rcond.Vx0.1)

Alpha

#This function calculates -loglikelihood at a current iterate
# with set of support points=S and set of weights = C
#valf is a vector storing the values [f(X_(1)),...,f(X_(n))].

LoglikFunc <- function(valf,C){
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Loglik <- -mean(log(valf)) + sum(C)
Loglik
}

MergeFunc <- function(S0=Sbar,C0=Cbar,S=Sq,C=Cq){

S.merge <- c¢(S0,8)

S.merge <- unique(sort(S.merge))
CO.rep <- rep(0,length(S.merge))
C.rep <- rep(0,length(S.merge))

for(i in 1:length(S.merge)){
match.S0 <- match(S.merge[i],SO)
if (!is.na(match.S0))

CO.rep[i] <- CO[match.S0]

else

CO.repl[i] <- 0

}

for(i in 1:length(S.merge)){
match.S <- match(S.mergel[i],S)
if (!is.na(match.S))

C.repl[i] <- C[match.S]

else

C.repl[i] <- 0

}
rbind(S.merge,CO.rep,C.rep)
}
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# This function looks for a lambda between 0 and 1 such

# that fbar + lambda*(fq-fbar) has a larger likelihood than that
#of fbar in order to ensure the monotonicity of the algorithm.
#Cbar is the vector weights of fbar

#(outside the quadratic approximation) .

# Cq is the vector weights of fq the minimizer of the

quadratic approximation of -loglikelihood.

#likbar is -loglikelihood of fbar.

# we need to make some arrangements in order to be able use

# the function "LoglikFunc" as it is coded.

Armijo <- function(Cq,Cbar,valfbar,valfq,likbar,K=K,X=X){
lambda <- 1

sumfq <- sum(Cq)

sumfbar <- sum(Cbar)

likq <- LoglikFunc(valfq,Cq)

likfnew <- 1likq

#if (l1ikfnew == likbar)

#lambda <- 1

count <- 0

while( likfnew >= likbar & count <= 2000){
count <- count +1

lambda <- lambda/2

valfnew <- valfbar + lambda *(valfq - valfbar)
Cfnew <- Cbar + lambda *(Cq - Cbar)

likfnew <- LoglikFunc(valfnew,Cfnew)

¥

lambda
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C.6 S codes for calculating the LSE of a k-monotone density

LSESupReducAlgo <- function(K=3,X=X1000,prec=0.01,eps= 10°{-8},pl1=1,p2=1){

#thetalO <- (2*K-1)x*max(X)
grid <- round(seq(min(X)*pl,p2*K+*max(X) ,prec),digits=6)
M.alpha <- matrix(0,nrow=K-1,ncol=K-1)
MO <- matrix(0,nrow=30,30)
BO <- rep(0,30)
#grid <- round(seq(min(X) ,2*K+*max(X) ,prec),digits=6)
Rank <- rank(c(max(X),grid)) [1]
thetalO <- grid[Rank]
#thetaO <- grid[length(grid)]
print (thetal)
CO <= ((2%K-1)/(K*theta0~{K-1}))*mean((theta0-X) "{K-1})
#print (CO)
SO0 <- thetal
Resmin <- FindMinFunc (X=X, S=80,C=C0,K=K,prec=prec,grid)
valmin <- Resmin[2]
print(valmin)
Count <- 0O
while(valmin < -eps){
Count <- Count + 1

cat("Main loup numb = ",Count,"\n")
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thetamin <- Resmin[1]
print (c(thetamin,valmin))

S <- c(S0,thetamin)
S <- sort(8)
B <- LSEInitialCond(S=S,K=K,X=X,B0)
C <- LSEComputeSpline(S=S,K=K,B=B,M.alpha,MO0)
C <= ((-1)°K * S"K * factorial((2%K-1))/factorial(K))*C
print(S)
print(C)
min.C <- min(C)
count <- 0

while(min.C < 0){
count <- count+1
cat("Sub loup numb = ",count," of the main loop numb=", Count, "\n")

index <- IndexFunc(S0=S0,S=S,C0=C0,C=C)
S <- S[-index]
if (length(S)==1)
C <- ((2%K-1)/(K*S"{K-1}))*mean ((S-X[X <= S])"{K-1})
else{
B <- LSEInitialCond(S=S,K=K,X=X,B0)
C <- LSEComputeSpline(S=S,K=K,B=B,M.alpha,M0)
C <= ((-1)°K * S"K * factorial((2%K-1))/factorial (K))*C

}

min.C <- min(C)

} while(min.C < 0)
SO <- S
CO <- C

Resmin <- FindMinFunc (X=X, S=S0,C=C0,K=K,prec=prec,grid)
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valmin <- Resmin[2]

}# while(valmin < -eps)

Output <- cbind(S0,C0)

Output

#This function finds the minimum of
#the directional derivative if we "move" away

# from the current iterarte c_1*f_thetal +...+ c_m*f_thetam.

FindMinFunc <- function(X,S,C,K,prec,grid){
l.g <- length(grid)

DirecDer.vec <- grid

for(i in 1:1.g){

#print (i)

DirecDer.vec[i] <- DirecDer(grid[i],X,S,C,K)
}

minval <- min(DirecDer.vec)

index <- match(1l,rank(DirecDer.vec))
thetamin <- grid[index]

#free(DirecDer.vec)

c(thetamin,minval)

#This function calculates the directional

# derivative for the LS criterion.
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# X is an i.i.d. sample of size n generated
from a K-monotone density.

# Theta is the set of knots theta_1,...,theta_m.
# C is the vector of the weights C_1,...,C_m
#corresponding to f_{thetall},...f_{theta2}

#DirecDer <- function(theta,X,S,C,K){

Out <- NULL

J <=0

for(i in 1:length(8)){

J <= J + C[i]l*J.Func(theta,S[i],K)
}

Out <- (1/theta”{K-1/2})*(J-Integr.Fn(theta=theta,K=K,X=X))

Out

#This function calculates the (K-1)-fold integral of the function

#f_thetaj(x) = (K/(thetaj) "K)*(thetaj-x)_{+}"{K-1}.

J.Func <- function(theta,thetaj,K){

Out <- NULL
if (theta <= thetaj){
Out <- (factorial(K-1)/factorial(2*K-1))=*(-1) {K-1}

* sum(choose(2*K-1,0: (K-1))*(-1) ~{0: (K-1) }xthetaj {2*K-1-(0: (K-1))}
*theta~{0: (K-1)})

+ (-1)"{K}*(factorial (K-1)/factorial (2*K-1))*(thetaj-theta) ~{2*xK-1}
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¥

else

Out <- (factorial(K-1)/factorial(2%K-1))*(-1)"{K-1}

* sum(choose(2*¥K-1,0: (K-1))*(-1) “{0: (K-1) }xtheta”{2*K-1-(0: (K-1)) }
*thetaj~{0: (K-1)1})
+(-1)"{K}*(factorial(K-1) /factorial (2#K-1))*(theta - thetaj) ~{2*K-1}

Out <- (K/thetaj~{K})*0ut

Out

#This function calculates the (K-1)fold integral
#of the empirical distribution.

Integr.Fn <- function(theta,K,X){

X.s <= sort(X)

n <- length(X)

rank <- rank(c(theta,X.s))

if (rank[1] ==1)

Output <- 0

else

Output <- (1/factorial(X-1))*(1/n)
*sum((theta-X.s[1: (rank[1]-1)]1)"{K-1})

Output

LSEInitialCond <- function(K,S,X,B0){
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m <- length(S)

S0 <- ¢(0,9)

#B <- rep(0,m)

B <- BO[1:m]

for(i in 1:m){

B[i] <- Integr.Fn(S0[i],K,X)-Integr.Fn(SO[m+1],K,X)
}

LSEComputeSpline <- function(S,K,B,M.alpha,M0){

m <- length(S)

S0 <- ¢(0,9)

#M.alpha <- matrix(0,nrow=K-1,ncol=K-1)

for(i in 1:(K-1)){

M.alphali,i:(K-1)] <- choose(i:(K-1),i)*(S[m])~{0: (K-i-1)}
}

M.alpha <- matrix(M.alpha,K-1,K-1)

#M.2 <- matrix(0,nrow=K-1,ncol=m)

M.2 <- MO[1:(K-1),1:m]

M.2 <- matrix(M.2,K-1,m)

for(i in 1:(K-1)){

M.2[i,] <- choose(2*K-1,i)*S~{2xK-1-i}
}

#M.1 <- matrix(0,nrow=m,ncol=K-1)

M.1 <= MO[1:m,1:(K-1)]

M.1 <- matrix(M.1,m,K-1)



for(j in 1:(K-1)){

M.1[,j] <= (S[m]-SO[1:m])"{j}
3

#M.3 <- matrix(0,nrow=m,ncol=m)
M.3 <= MO[1:m,1:m]

M.3 <- matrix(M.3,m,m)

for(i in 1:m){

M.3[i,i:m] <= (SO[(i+1):(m+1)]-S0[i]) "{2*K-1}
}

M.alpha.inv <- solve.UpperTriangular (M.alpha)
Mat <- -M.1%*%M.alpha.inv)*%M.2 + M.3
rcond.Mat <- rcond.svd.Matrix(svd.Matrix(Mat))

#print (rcond.Mat)

Res <- solve.svd.Matrix(svd.Matrix(Mat),B,tol=rcond.Mat*0.5)

Res <- as.numeric(Res)
Res

}
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