
HAL Id: tel-00011371
https://theses.hal.science/tel-00011371

Submitted on 13 Jan 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Application du couplage RANS/LES aux écoulements
turbulents à haut nombre de Reynolds de l’industrie

nucléaire
Younes Benarafa

To cite this version:
Younes Benarafa. Application du couplage RANS/LES aux écoulements turbulents à haut nombre
de Reynolds de l’industrie nucléaire. Dynamique des Fluides [physics.flu-dyn]. Université Pierre et
Marie Curie - Paris VI, 2005. Français. �NNT : �. �tel-00011371�

https://theses.hal.science/tel-00011371
https://hal.archives-ouvertes.fr


���������
	������� ������	�	�� ��� ����	���� ����	����

� � !#"$!

%'&)(+*),.-0/)(.,2143�&

57698;:;<>=@?A<>:;B4CDB4EFB

%HG�I4&JG�KL/M,+-4NO&QPR,TS�&M3�U4,TU4,

VTWYX[ZJ\^]`_aVb\�c^de]`fhgjiT\^_lkmgnZJ\�%po`_hgqk
r

km19(.s.NO3�PONt/M(Au9v�(.sw3�-4NOxyI4,

��z`zb{}|}~����m|}�^���`��~��^�lz`{}���^��	������l�H�A�����^�h����~��^�`{}���������m�
�m�h�L�b�l{}�����m�����l���J���`�����`�L���`��	�� �Q�l��{}�l���l��{¢¡£|}�l�`�`�0�>�4|}�

�[�`~�{}���^|n�4�

ZQ¤4¥.*¦,2*¦G�IL/M,+-yI4,7PR,Y§¨U4(.s+,.©AK4&¦,Aª�«�«0¬

U4,+�3�-0/hP®3¨s+G�©¯©@NO*¦*)NRG�-°U d±,¢²L3�©@,.-�u

v´³µ%H³ ¶[G�-0/MG�I>² _l3�1L1pG�&q/M,+I4&
v´³·v´³·¸Y,+&)©¯3�-4G _l3�1L1pG�&q/M,+I4&
v´³·WA³ v¹(+/M3�NO* %^&¦(.*¦NOU4,+-y/
v´³·WA³ %^NR&)G�-L-4,w3�I \�²L3�©@NO-43�/M,+I4&
v´³µº[³ V`I4s.&¦G�* \�²L3�©@NO-43�/M,+I4&
v´³µ%H³ kL3�S03�Im/ V`NO&¦,.s+/),.I4&JU4,T/)¤4¥.*¦,



�



� ��� �����	�
��� ������

�����������������! "���$#&%' )(*�! )�"���$#&�,+-%.�)/0�1�"20�"�1 "�.�"20�"�,+1/3#&���14)/65��!�3+�7!4)/1�� )(*�!/��./�+1�98:��;<(*5�=�%��.�"��>�"�1/?(*���!�A@CBD�!���E;<�"FG��+1�"�H )�"+H�) "5!�"��%JI$K��L+��.�"�!/H83�1�"20�"�1 "�.�"�H+1(*5�+1�)/H%.�)/M�N�"�1/1(*���!�)/O#)FP�) 6QR5��EK);S#&�
��5����R+1�"�?#&TA���'�U5��?#&�R+V )�"+�+1�W+�7!4)/1�A@$XY#&���,+1�"�$#&�R+VQR5!�ZK��M/�5��./[/�\��[���M��;S#)FP(*���'(*5�=�%��.�W�N�"�1/1(*���!�AIAK��
�>�"5U]^20�_���./1QR5!�"�D8O�1�"20�"�1 "�.�"�D )�"��+?#&���!/[�"�3�$#&��+��. "5�%��.�"�`@

aP�'+��.�"�!/b8c�1�"20�"�1 "�.�"�D20�)/1/��.�"5��1/Zd
#&+����. 1e3fg(*�,+1(*5U]h�"+bXi#*/?/���20(0j'�"��26#&�!(0�E;S#)FP(*���V#* ) )�"��+1�"��E;<k"+��1�-%.�)/W�?#&���N(*��+1�"5��1/O���l )�6+��?#)FA#&��%g���6+�7!4)/1�-�"+H�N(*5��W%J; ���R+1�"�1k"+OQR5�; ��%./c(*�,+O26#&���./nmo�)/�+1�0�N(*5��
 )�"%�5��qpr "�J@

aP�s�1�"20�"�1 "�.�b�"T,#&%.�"20�"�R+t20�)/1/��.�"5��1/vu[%���FG�.�"�wdw���1(*���!�`#&56�"+xu[%���FG�.�"�wX9�"+?#&�./w�E;S#`FP(*���t=��.�"�LFP(*5�%�5
mo#&���1�M�$#&��+��.�M���_20(*�OKn5���y-���_+�7!4)/?�A@

Xi�"�1 "�!8MzG(&�{#&�!�Zfs�"��7$#&26#*��(*5! ?7!�D�E;S#`FP(*���t�$#&��+��. "���>�b#&5'Kn5���yH���s+�7!4)/1�Z�"�O+?#&�R+tQ,5!�g20�"2H=��1�
���,FG��+1�A@

a!;<��]U������20�M+1(*5�+1�W26#L�1�) )(*���$#&�./1/|#&�! )�H8O20(*�!/��.�"5��'dw�.�"���1�OzU#&T,#&5�+D�N(*5��D23;S#)FP(*���Dmo#&��+[%J; 7!(*�Up�!�"5��3���:�U������TP�"�h26#�+�7!4)/1�A@ZX9�"�1 "�'�N(*5��h )�)/h )(*���$#&�./1/?#&�! )�)/3/1 "�.�"�R+��q�$Q,5!�)/��"+3 )�i/|#)FP(*���npomJ#&���1�
�$#&��+?#&TP�)/`@�}~(*5�+1�)/M�!(A/_�U�./1 "5!/1/1�.(*�!/_(*�,+W�"+1�0#&5!/1/1�
�"�����. ?7��./1/?#&�R+1�)/WQR5!�O20(*+���F*#&�R+1�)/`@�}C(*5�+1�)/M�!(A/�1�"�! )(*�,+��1�)/[23;<(*�,+[�>�"��2L�./b�E;S#&+�+?#*QR5!�"�D20(*��+��?#)FA#&��%C���'+�7!4)/1�W#`FP�) _5��3�!(*5�FP�`#&5�/1(*5U�6�A@

aP�H�1�"20�"�1 "�.�L#&5!/1/���FR��FP�"20�"�R+_���1�)���"���. O�[5! "�1(A/'�N(*5��V23;S#)FP(*���_�"�! `#*�U�1�O�U5��?#&�,+_ )�"+�+1�c+�7!4)/1�A@X9�"�1 "�
�E;S#)FP(*���'�"+1�O#&5�+?#&�,+_�U�./��N(*����=�%.�M26#&%�TA�1�H5��!�H ?7$#&��TP�H���H+��?#)FA#&��%~��2L�N(*��+?#&�,+1�A@NXi�"�1 "�C�N(*5��
+1(*5!/W )�)/H )(*�!/1�"��%./W�"+W )�)/H�"�! )(*5��?#&TP�"20�"�,+1/c���1(G�U��TA5!�)/M+1(*5�+c#&5�%.(*��T����0 )�)/M+��1(*�./c#&���!�)�)/`@��V(A/
�U�./1 "5!/1/��.(*�!/D/1 "�.�"�,+��q�$QR5!�)/[(*�R+D�"+1�AI��N(*5��Z20(*�JI��$#*/1/��.(*���$#&�R+1�)/[�"+Z+��14)/Zm�(*��26#&+����. )�)/`@

aP�O+��.�"�!/W�"T,#&%.�"20�"�,+c8-�1�"20�"�1 "�.�"�Ou[%���FR�.�"�c�x�.(*���w�N(*5��W#)FP(*���H/�5:20�OTA5��.���"�M�$#&+��.�"2L20�"�,+c�"+
20�"+�7!(R�U�.QR5!�"20�"�,+L�!#&�!/W%.�)/H�"�R+��?#&��%�%.�)/H�U5� )(R���0}Z�[�nuH�b�c@�Xi�"�1 "�s#&5!/1/1�t�>(*5��W+1(*5�+1�)/W�!(A/H�U�./np "5!/1/��.(*�!/D#&59/�5*Kn�"+b�U5�20(R��4"%.�_}Zfg���b@

Xi�"�1 "��8620(*�!/��.�"5��M�x7����./�+���#&���x7$#&5�%���#* c�"+[20(*�!/��.�"5��_fg�"���$#&�1�9�$#`yG�U�.���OQR5��~23;<(*�R+V/15! ) )�)/np
/���FP�"20�"�,+'#* ) "5!�"��%�%��~�!#&�!/Z%.�W/1�"��FR�. )�WzGXi}Z����5��./Z%.�Hz�zG}Z�c@

Xi�"�1 "�{8V20(*�!/��.�"5��s�$#&=��.�"�lfg(*5�%�#&��TP�"�x�"+v20(*�!/��.�"5��v���1�)���"���. [�[5! "�1(A/V���"�! )(*�1�b5��!�gmo(*�./����
QR5��23;<(*�,+V/�5! ) )�)/1/���FP�"20�"�R+V#* ) "5!�"��%�%��C�!#&�!/D%.�'%�#&=>(*�?#&+1(*���1�H���'}CB���5��./Z%.�M��Xi�'�t@
aP�l+��.�"�!/L8h�1�"20�"�1 "�.�"�O%J;<��]� )�"��+��.(*���!�"%�%.�h�)Q,5����N�l}Z�[�nuH�b�����$#&=��.�"��d��"�1�U5���K1#&26#&�./cFR5�5�� )(`yP(*+�+1��#&5!/?/��CK�(`yP�"5U]E@�@�@���ItzR��20(*�!�^�v#&�!�U�1(*5U]���FG��FP�)/c%.�)/O `#&%. "5�%./L���- `#&�$#&5U]���%�#&�!/`@�@�@���Iwfg�"�!(&�.+

Xi#&+�7��.�"5���20�"�1 "�C�N(*5��D+1(*�9#&�.���W�>(*5��D%.�)/D/1 "������+1/[BC�����"+Vu[�N�"�!�Z�M��I!�v#&%.�"���.�WfZ#&��+�7!�"%g��20�"�1 "��>(*5��v%.�)/t=N(*�,=N(*�!/`@�@�@���I,�[%����. 17-fx�.�)���"�V��20�"�1 "�$�N(*5��t%.�)/t��26#&TP�)/x�"+t%.�)/v��]U��%��. `#&+��.(*�!/v/�5��v%.�)/v�D�vdx��I
dw�.�"���1�0���)�!#* 6�"+MXi#&�1 L�w%�20( ��20�"�1 "�x�E;S#*/1/�5��1�"�_%�#l26#&���,+1�"�$#&�! )�-���O}����.(U�b�¡�"�:�1�)/�+?#&�,+c#&5!/1/��
�U�./��N(*����=�%.�V�"+g�N�)�!#&TP(*TA5!�¢��I�dw7���%������N�V�t20(*�!(*+W��FR��FP�[%.�D�'�t�^����IUd�#&+����. ?eh£[5!�"20�"�1�0��20�"�1 "�N�N(*5���!(A/'�U�./1 "5!/1/��.(*�!/V/�5��D%.�H )(*5���%�#&TP�H�[B[�_z�¤&���xz326#&�./'#&5!/1/��C�N(*5��V%�#L2W5!/1�.Q,5!�Wm�(*%�eN@�@�@���I>jM#&5�+�7��.�"�

¥



�����������	�
����������

�$#&5! 17!�"+0��20�"�1 "�
�N(*5��D+?#L�$#&+��.�"�! )�O�"+[+1(*�i#&�.���c/��~���6 `#* )�¢��I>�D(*�$#&� jV5!�"�$#&������20�"�1 "���>(*5��V%.�)/2W5�%�+�����%.�)/[�1�"%.�) "+�5��1�)/[���'20(*��20�"20(*���1�¢��@
Xi�"�1 "�{8_ )�"5U]0QR5��$(*�,+gQ,5���+�+1�b%.�Z%�#&=>(*�?#&+1(*���1�'#)FA#&�,+x20(*�~�Rj'5���%�%�#&5�20�Dfs����%�%�#&�,+_�o8'=��.�"�,+��*+`@�@�@���IBD%.��]!#&�!�U�1� �x7��&+1�"%�#&�����o8 +1(*5�+^���Y/�5���+1�A@�@�@���Ix�t2L26#&�,5!�"%HzG�"��TP�"�,+3�"+^�w2L26#&�R5!�"%M�C#&=>(*5��?#*/?/1�

��Q,5!�O���O�U�./1 "5!/1/1�.(*�!/V/15��V%.�O )(*5���%�#&TP�L�[B[�_z�¤&���xz���IN}~#&eA#*/�7��w}~#&eA#&+?#:��+�7$#&��e�yP(*5imo(*�_/�7$#&������T
/1(O26#&�,y^���R+1�"�1�)/�+�����Tl�U�./1 "5!/?/��.(*�!/[#&=N(*5�+[�s�
�_��@Xi�"�1 "�v�N(*5��W+1(*5�+1�)/c%.�)/DKn(¢yP�"5!/1�)/c#* "+���FG��+1�)/cQ,5!�6�!(*5!/O#`FP(*�!/c�$#&��+?#&TP�l�"+H=>(*�� )(*5��?#&TP�-#&5U]
m�5�+�5��1/g��(G "+1�"5��1/'�RB[���!�[fg(*5�%�����IGXi#&���.(*���x7$#&�!���)/����./¢IR�[�. )(*%�#*/g}~#&5�FP�"�1(*��I��w%��N�C#&5! )(*����I�fg�"�!(*��+�!(*5������.�"�`ID}g7!(*26#*/9�!(*��+�����IDdt�.�"���1� �b5�yP�"�`IZB[�$#&���. "�.( �V�"�����.Q,5!�)/`IDj'5���%�%�#&5�20� �V��+?#&%��JIZBZ�U���.�"�
}C(*5�+?#&�R+`I{B[�,+1(*���!�H�V�"FP�)/|#U@Xi�"�1 "�V8����"5U] /�+?#&TA��#&���1�)/^�"20�"����+1�)/l�N(*5��6%.�"5��-�$#&��+��. "���$#&+��.(*�	#&5 ���"FP�"%.(*���N�"20�"�,+h/1(*��+-�U5
+1�"��20�W���Vmo(*���`#&TP�6��}g7!(*26#*/D}g7!(*5�FP�"�!(*+|��I{/1(*��+D�U5h20(G��4"%.�M}Zfg�����J�s�)�U���. O�x�.(*%q�>��@

Xi�"�1 "�R�"T,#&%.�"20�"�R+t�'#`FR�.�cB[%qmo#&�!(�I&BD%.��]!#&�!�U�1�s�C#&=>�"��TA5!�g�"+tzRyR%�FA#&���H�~#&���`�"+��N(*5���FP(*+��1�v=N(*���!�7,5�20�"5��O���`£[5$#*���!#&26#&TP�A@�@�@)���`��@
Xi�"�1 "�>8W���?#&� �)(*�./1�_jV��TA�!(*5U]9��=>(*���!�D�1�"+��?#&��+1�w���x�"+xXY#&�����!�"+�+1�D�:5��1/�+1�"�l�>(*5��x%.�"5��s#&�.���[���1��p "�.�"5!/1�_�N�"�!�!#&�,+V )�)/Z+��1(*�./D#&���!�)�)/`@
Xi�"�1 "�>�"�U�!�38W20�)/g�$#&�1�"�,+1/Z�"+Z8H+1(*5�+1�[26#MmJ#&2L��%�%.�[�N(*5��g%.�"5��1/g�"�! )(*5��?#&TP�"20�"�,+1/D�U5��?#&�R+b )�)/���"�����.4"�1�)/V#&���!�)�)/¢@

!



� ����� � � � � � � �����������

	�
��
�������
��
������ �
� � ������� ��!"�#�$���%�&
��('"�)�+*�,�-��/.0�$�213!"
 4
5 6 �%�)�/.7,����$�/
789�/����
:
��;-�13!".0�$�2���<�=�"
��>-��?��!",�
��
������>�$!<�)*@!@,�
������>�����A%��,B!"�/
��#8

�?.C�@��
D� !"�/-��E��13!<
 �CF
� @HG �r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I
� @ � �tQ,5$#&+��.(*�!/D���!/�+?#&�,+?#&�!�)�)/�@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I
� @ ¥ u[�>�"�?#&+1�"5��1/[�"+b/1�"�$#&�?#&+��.(*�9�E;<�) ?7!�"%�%.�)/ @_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�J

� @ ¥ @HG Xi(`yP�"���!�H/�+?#&+��./�+��.QR5!� @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�J
� @ ¥ @ � u[�N�"�?#&+1�"5��[���V�!%�+��?#&TP��@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�K
� @ ¥ @ ¥ �[�"���1�)/1�"�,+?#&+��.(*��/��N�) "+��?#&%.�6���l%�#3/?�"�$#&�?#&+��.(*���E;<�) ?7!�"%�%.�)/O�>(*5��H%.�)/H�U� �E��p

�1�"�R+1�)/[#&�����1(G 17!�)/`@6@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�L
� @ ! BD����%��. `#&+��.(*�i�E; 5��3(*�>�"�?#&+1�"5��V/�5��Z%.�)/b�)QR5$#&+��.(*�!/b���!/�+?#&�R+?#&�!�)�)/ @M@_@M@_@M@W@_@M@ � �

� @ !!@HG �vQ,5$#&+��.(*�!/b�!%�+��1�)�)/D(*5320(¢yP�"���!�)�)/L@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ � �

� @ !!@ � dt�1(*=�%.4"20�W���'mo�"��20�"+�5��1� @_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ � �

� @MI �g#*�U�1�_�,5�20�"���.QR5!�W���_%J;<�"+�5!��� @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ � !

� @MJ �s(*�! "%�5!/��.(*�3@_@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ � I
� NPO�Q3�$��13!"
>�@
��R-��?�%!@,�
���
�����S�$!"��*�!",�
�����S'".C�E��-?��.7!<TU.7�"�����+�$O<
��)�/
�� 5WV

¥ @HG �r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ �?X
¥ @ � �s(*5! 17!�M%���2L��+1�M+�5���=�5�%.�"�,+1�M�N(*5��b%�#O�UyG�$#&2L�.Q,5!�W���_%J;<�) )(*5�%.�"20�"�,+L@_@M@_@M@W@_@M@ �?X

¥ @ � @HG �s(*5! ?7!�M%���2L��+1�M�UyG�$#&2L�.QR5!� @M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ �?X
¥ @ � @ � zR+���5! "+�5��1�)/V )(*7!�"�1�"�,+1�)/V�"�h���1(G 17!�_�$#&�1(*� @M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ � K
¥ @ � @ ¥ � �0Y!5!�"�! )�M�U53�!(*2H=��1�W���_�[�"yR�!(*%.��/�@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥#Z

¥ @ ¥ }��?#&�!/nmo�"��+1/b+�7!�"��2L�.QR5!�)/D�"�h���1(G 17!�W�$#&�1(*�@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥ �

¥ @ ¥ @HG �s(*5! ?7!�:%���2L��+1�Y+�7!�"��2L�.QR5!� �"+^���0Y!5!�"�! )� ���)/^�!(*2W=��1�)/9���idt�?#&�!�U+�%W�"+�[�"yR�!(*%.��/ @_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥ �

¥ @ ! �s(*�! "%�5!/��.(*�3@_@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥ I
[ \ ���]!@,�.0�$�2���^� !@��-��)��13!"
_
?���/� �"-,�����.0�$�����U�@
��R-��?�%!@,�
���
�����S�$!"��*�!",�
����� � V

!!@HG �r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥?X
!!@ � X9(G���"%��./?#&+��.(*��/�+?#&+��./1+��.Q,5!� @M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥?X

!!@ � @HG Xi(G��4"%.�)/D#&%�TP�"=����.Q,5!�)/ @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥?X
!!@ � @ � Xi(G��4"%.�)/D8L�)QR5$#&+��.(*�!/b���_+��?#&�!/��N(*��+:@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ¥ L

I



������� ��� � � �����	�
	���� �

!!@ ¥ zR��2W5�%�#&+��.(*�9���)/'jV�?#&�!���)/b�t ?7!�"%�%.�)/ @M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ !7G
!!@ ¥ @HG Xi(G��4"%.�M���WzR26#&TP(*�����!/�eGy @M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ !7G
!!@ ¥ @ � Xi(G��4"%.�_�iBV��� @_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ! �

!!@ ¥ @ ¥ Xi(G��4"%.�'m�(*�! "+��.(*�9���_/�+���5! "+�5��1� @W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ ! ¥
!!@ ¥ @ ! B[5�+��1�)/Z20(G���"%��./?#&+��.(*�!/D/?(*5!/npJ26#&��%�%.�W�"+D#&�����1(G 17!�)/D�!(*�Upo�$ 1eG�.�"���!�)/ @_@M@ ! !

!!@ ! �s(*5���%�#&TP�W�DBV�_z�¤&���xz6px�w+?#&+[���'%J;S#&��+ @W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ !�K
!!@ !!@HG �'�) )(*2L�N(A/���+��.(*� �`(*�$#&%.�W�!#&�!/Z%.�M��(*26#&���!�M/��$#&+���#&%M@W@M@_@M@_@M@_@M@W@_@M@ !�L
!!@ !!@ � �'�) )(*2L�N(A/���+��.(*�9�!#&�!/b%.�_��(*26#&���!�_m��1�)Q,5!�"�R+��.�"% @_@W@M@_@M@_@M@_@M@W@_@M@ I �

!!@ !!@ ¥ Xi(G���"%��./?#&+��.(*�35�����FP�"�1/1�"%�%.� @M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ I ¥
!!@MI X9(G���"%��./?#&+��.(*�����'�$#&�1(*� @_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ I#J

!!@MIU@HG �C(*�./D���'�$#&�1(*��=$#*/1�)�)/[/�5��Z5��!�_%.(*�C#&�$#&%�yG+��.Q,5!�Y@M@_@W@M@_@M@_@M@_@M@W@_@M@ I#J
!!@MIU@ � Xi(G��4"%.�M���'�$#&�1(*�C}Zfg����@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ I#L

!!@MJ �s(*�! "%�5!/��.(*�3@_@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ J0G
F � �2�$
S
��]-?A<���@
��"�?
S�@
�� �"-� .7!<��� �@
S,�. \ �B�D!@,�.0�$���%�D�"
���� ��.7�"�@
���� �EO<
,B,2
�� �".7�"�

!@�U�?������
?T ��
D�"
D��.7�B,B,2.��%
��%���%���$��
�� �%�
IU@HG �r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ J ¥
IU@ � dw�1�)/1�"�,+?#&+��.(*�l�E; 5��!�b/���2W5�%�#&+��.(*�L�R5�20�"���.Q,5!�b���1(*���1�D8[%�#[ )(*�U�!TA5��?#&+��.(*�-�U5L `#&�$#&%

��%�#&�3=��qpJ�>�"���.(G�U�.QR5!�M�"+Z�$#&�?#&204"+��1�)/[���_ `#&%. "5�%�@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ J ¥
IU@ ¥ �g#&�?#* "+1�"���./�+��.Q,5!�)/[���_%�#O/���2H5�%�#&+��.(*�9���)/bTA�?#&�!���)/[�) 17!�"%�%.�)/[�"�326#&��%�%�#&TP�_TA�1(A/1/��.�"� J#I
IU@ ! �r�0Y!5!�"�! )�M���M%J;<�"F*#&%�5$#&+��.(*�����M%�#cFR�./1 )(A/1��+1�'+�5���=�5�%.�"�,+1�c�"�h���1�"2L�.4"�1�M26#&��%�%.� @_@M@ X �

IU@MI �r�0Y!5!�"�! )�M�U5�20(R��4"%.�M/?(*5!/npJ26#&��%�%.� @M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ X#X
IU@MJ �s(*�! "%�5!/��.(*�3@_@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ K Z

� � �����R�"
 '".C�)�%� �@.7�<�R!@�<
 �?�%�����%!"��.0�$���%�U�"
 �?�%!"�)O"
 ,B�B�/�2��
 .0� ��.C�)O"-�
 � �
JU@HG �r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ K0G
JU@ � �D�)/�5�20�_���_%J;S#&��+��. "%.�(GM�"+b )(*2L20�"�,+?#&���1�)/ @_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ K0G
JU@ ¥ BD��+��. "%.�>G��Ed�#*/1/1��FP�6/1 `#&%�#&���g#&%�%v20(G���"%�%�����T9(*��#^7!�`#&+1�)��#&�!�:+�5���=�5�%.�"�,+H��%�#&�!�

 17$#&���!�"%3Y$(��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ K ¥
JU@ ¥ @HG � �,+��1(G�U5! "+��.(*��@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ K !
JU@ ¥ @ � �[5�20�"���. `#&%~/?�"+�5���#&�!�h20(R���"%�%�����T0m��?#&20���s(*��e @M@_@W@M@_@M@_@M@_@M@W@_@M@ K#I
JU@ ¥ @ ¥ �[�)/�5�%�+1/D#&�!�3�U�./? "5!/1/��.(*�@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ K#K
JU@ ¥ @ ! �s(*�! "%�5!�U����Tl�1�"26#&��eG/ @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ L �

JU@ ¥ @MI ����TA5��1�)/ @M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ L �

JU@ ! �s(*�! "%�5!/��.(*�3@_@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G Z G
V � �����R�"
 '".C�)�%� 
�� �?��!<�EO<
 ,��B�:� ��
 �"-��?�%,B,�-�
 ��� �

X @HG �r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G ZA¥
X @ � dw�1�)/1�"�,+?#&+��.(*�3���[%�#M )(*�U�!TA5��?#&+��.(*�3�E;<(*=!/1+?#* "%.�V "5�=��.QR5!�V�!#&�!/x5��!�[26#&+����. )�V���[ "5�=N�CG ZA¥
X @ ¥ �D�)/�5�%�+?#&+1/b�"+b�U�./? "5!/1/��.(*�!/ @M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G Z J

X @ ¥ @HG �[�)/�5�%�+?#&+1/Z�N(*5��b%.�'26#&��%�%�#&TP�WX G Z 8
Reτ = 370

@_@M@M@_@W@_@M@_@M@M@_@M@ G Z J
X @ ¥ @ � �[�)/�5�%�+?#&+1/Z�N(*5��b%.�'26#&��%�%�#&TP�WX G#GM8

Reτ = 1400
@M@M@_@M@_@W@_@M@M@_@M@ G#G�K

X @ ! �s(*�! "%�5!/��.(*�3@_@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G � !

J



������� ��� � � �����	�
	���� �

� �P�%!"'�,2.��%
�	���� \�� � � \ .?A%
���!@�<
 .C'@'"�)� �)O"
(*@.C��-�
 ��!<� !"�/��
��E��
 �@
 � �+���?.��+
 �05+F
KU@HG �r�R+��1(R�U5! "+��.(*�i�"+Z20(*+���F*#&+��.(*�!/ @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G � I
KU@ � �D�)/�5�20������%J;S#&��+��. "%.� � �M�s(*5���%�#&TP� �DBV�'z�¤&�C�xz�#&����%��.Q,5!� 8�%J;<�)QR5$#&+��.(*� ��� )(*�!/1�"��F*#&+��.(*�9���_%�#OQ,5$#&�R+���+1�W���'20(*5�FP�"20�"�R+ @_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G � I
KU@ ¥ BD��+��. "%.� � �
	���������������������! #"%$'&)(*��+,�-$/.10325476�890:�'+<;=�- >2=$!0@?A��BC.D"FEG�' >4�0:"H��$I4�0

J "K& J 	L2=8�$!�� >6�.M$��'EN;�21+)��$O���<4�+D.*2PEN2D. J 2D. @M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G �?X
KU@ ¥ @HG � �,+��1(G�U5! "+��.(*��@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G �?X
KU@ ¥ @ � Xi(G���"%�����TLm��?#&20���s(*��e @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G � L
KU@ ¥ @ ¥ �[5�20�"���. `#&%
zG�"+�5�� @M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G ¥A¥
KU@ ¥ @ ! �[�)/�5�%�+1/D#&�!�3�U�./? "5!/1/��.(*�@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G ¥ I
KU@ ¥ @MI �s(*�! "%�5!/1�.(*�i#&�!�-m�5�+�5��1���x(*��e @_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I Z

KU@ ! �D�)/�5�20�s���s%J;S#&��+��. "%.� ¥ �*�
]U+1�"�!/��.(*�08b%�#[+1�"2L�N�"�?#&+�5��1�Z�"+
���0Y!5!�"�! )�Z���)/��U� �E�"�1�"�,+1/�$#&�?#&204"+��1�)/D�U53+1�"��20�M���_m�(*���`#&TP�M�[B[�_z�¤&���xz�@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I0G
KU@MI BD��+��. "%.� ¥ �Q	L�L��7�/�����R�������! #"%$-&N�'.D"F$'&�4L(1��+5�1"F$'&�032=+=ES4D�7�!+5�<47� J @M@_@M@W@_@M@ G�I �

KU@MIU@HG � �,+��1(G�U5! "+��.(*��@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I �

KU@MIU@ � �[5�20�"���. `#&%~/?�"+�5���#&�!�h20(R���"%�����T0m��?#&20���s(*��e @M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I ¥
KU@MIU@ ¥ �[B[�_z�¤&���xzh )(*5���%�����T620�"+�7!(G� @W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I#I
KU@MIU@ ! �[�)/�5�%�+1/ @M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I#J
KU@MIU@MI �s(*�! "%�5!/1�.(*� @M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�I#L
KU@MIU@MJ ����TA5��1�)/ @M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G�J Z

KU@MJ �s(*�! "%�5!/��.(*���"+b�N�"�1/��N�) "+���FP�)/b/�5��Z%.�_+1�"��20�M���Vmo(*���`#&TP�M�[B[�_z�¤&���xz9@M@_@M@W@_@M@ G�J#I
4 �P�%�"��,B!"�$���%�&
��(' 
��)��' 
��#�$�2A%
�� � � V
� � ��'�,�-���
����.0�$���%� �"
��S���)O"-��/.C�(� !@��-��E��13!<
��S�".7�"�R,�.OT?�%�"
VUXW � � �7V��Bc@HG��r�R+��1(R�U5! "+��.(*��@M@_@M@_@M@W@_@M@_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X GBc@ � �D5�20�"���. `#&%C/?(*%�FR����T020�"+�7!(G�h���h+�7!�M}Zfg��� �!�!�_TA���.� @M@_@W@M@_@M@_@M@_@M@W@_@M@ G X GBH@ � @HG �vQ,5$#&+��.(*�!/D���3+�7!�V�!�!�_20�)/�73@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X GBH@ � @ � �[5�20�"���. `#&%C20�"+�7!(G� @_@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X �BH@ � @ ¥ fg(*5��!�!#&��yh )(*�!�U��+��.(*�!/�@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X*¥BH@ � @ ! �[5�20�"���. `#&%C���1(G )�)�U5��1��@M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X IBc@ ¥ }Zfs�C� 5!/1�"�bTA5��.���M5!/�����T0}Z�D��uH�b�� )(G��� @_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X IBH@ ¥ @HG �[�)Q,5����1�)��}Zfs�C� eP�"y��x(*�1��/�@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X IBH@ ¥ @ � u[��+��.(*�$#&%�}Zfg��� eP�"y��x(*�1��/�@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X JBc@ ! }Zfs�C� ��2L��%.�"20�"�,+?#&+��.(*�Y���3}Z�[�nuH�b�� )(R��� @M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X JBc@MI �s(*�! "%�5!/��.(*�9#&�!�^m�5�+�5��1���x(*��e @M@_@M@M@_@W@_@M@_@M@M@_@M@_@W@M@_@M@_@M@_@M@W@_@M@ G X J

X



������� ��� � � �����	�
	���� �

K



� �������	��
� �

�h������� ��� � ����� � ��� � ��� ����� � � ������� �

�C#O/1��2W5�%�#&+��.(*���R5�20�"���.Q,5!�H�"+Z��%�5!/Z�$#&��+��. "5�%��.4"�1�"20�"�,+'%�#c20�) `#&���.QR5!�M���)/ Y!5��.���)/D�,5�20�"���.QR5!�
�J�s�
�cIU�N(*5���� ��E��!� 0 4�0:"H��$!4� ��  �-"H6�� 8�$ 4�EG":�=. �x/`;<�)/�+g�1�"FP�"%.�)�Mk"+��1�V5��3(*5�+���%E���1�) "�.�"5U] ���"�3 )(*2Op��%.�"20�"�,+h���)/-��]G�N�"����20�"�,+?#&+��.(*�!/|�6�N(*5��^#&20�"%��.(*�1�"�-%�#�/�\��1�"+1���"+l%�#� )(*�! )�"��+��.(*�����)/6�1�`#* "+1�"5��1/
�,5! "%.�`#&���1�)/`@~�_#&�!/_%J; ���!�U5!/�+����.�L�R5! "%.�`#&���1�AIE%.�)/M�) )(*5�%.�"20�"�,+1/c/1(*�R+M�)/1/1�"�,+��.�"%�%.�"20�"�R+W+��?#&�!/���+��.(*���!�"%./(*5h+�5���=�5�%.�"�,+1/c�G%.� Y!5��.���sKn(*5!�'%.�'���*%.�_���_ `#&%.(*�N(*��+1�"5��`@!�_#&�!/Z5��h )(R�"5��b���'�1�`#* "+1�"5��V8O�`#&53/1(*5!/
���1�)/1/��.(*��IG�$#&�g��]U�"2L��%.�AIG%J;<�) )(*5�%.�"20�"�,+b "���1 "5�%.�_8W+��?#)FP�"�1/g%.�)/s�"%.�"20�"�,+1/b )(*2H=�5!/�+���=�%.�)/Z�"+sFP�"7��. "5�%.�
%�#6 ?7$#&%.�"5��gK 5!/?Q,5�;S805��i�) ?7$#&��TP�"5��_+�7!�"��2L�.Q,5!�^�{%.�WTP�"�!�"�?#&+1�"5��M���HF*#&�N�"5��`@>�[(*5!/[�!(*5!/' )(*�! )�"�Up+��1�"�1(*�!/b�. "�C/15��Z%.�)/b�) )(*5�%.�"20�"�,+1/[20(*�!(*��7$#*/��.QR5!�)/`@
���)/b�������! "���$#&%.�)/[ `#&�?#* "+1�"���./�+��.QR5!�)/[���_ )�)/[ )(*�U�!TA5��?#&+��.(*�!/[�E;<�) )(*5�%.�"20�"�R+1/[/1(*�R+b%.�)/b/�5���FA#&�,+1�)/H�

B
&! ���E�"10:+D" 2D.)� ��E��! >2$# 2D.-�U���1�)/?�"�! )�M���_�$#&�1(*�./b�"+D�E;<(*=!/1+?#* "%.�)/

B
6�" %& =+�2=$Q0F. +$ H&�"FEN2D.P0 J 2=+=EG"('*�/2D.-�����_%�#O )(*�,FP�) "+��.(*�i�$#&+�5��1�"%�%.�W8O%�#O )(*�RFP�) "+��.(*��mo(*�1 )�)�

B
(*��+1032D.M"%$/.10 4�0:"H��$�$!4�+=":0) D.O�$�U5^mo#&��=�%.�"20�"�R+V#&53��%.�"���!�"20�"�R+D+�5���=�5�%.�"�,+`I{/1(*5�FP�"�,+[7!(*�1/b�)QR5��qp
%���=��1�

B
5��!�G >4�+H& 2 &74�EGEN2)6 2X$!��EN;=+�2P6'2�	L2=8�$!�� >6�.

BD�!�L�E; ��%�%�5!/�+��1�"�t%.�)/w+��1(*�./w���1�"2L�.�"�1/v�>(*���R+1/w�!(*5!/w�N(*5����1(*�!/t )(*�!/��.���"�1�"�t%�#' )(*�U�!TA5��?#&+��.(*�-���g%�#����T!@�GA@HGxQ,5��G )(*�! )�"���!�x5��!�x/���2W5�%�#&+��.(*�L���)/~TA�?#&�!���)/
�) 17!�"%�%.�)/
�"�W�1�"TA��20�s���x )(*�RFP�) "+��.(*�O�$#&+�5��1�"%�%.�A@
�V(*5!/L�N(*5�FP(*�!/0�"T,#&%.�"20�"�,+-��%�%�5!/�+��1�"�0%.�)/0���"5U]����"�����.4"�1�)/- `#&�?#* "+1�"���./�+��.Q,5!�)/l�"�  )(*�!/��.���"�?#&�R+5��!�0=��?#&�! ?7!�6 17$#&5!���-�E; 5�� �1�`#* "+1�"5��L8h�`#&5�/1(*5!/�pJ���1�)/1/��.(*�����>G ¥#Z#Z X�� �"� �1�"TA��20�6�!(*2L���$#&%J@

�O;S#&���14)/H%.�)/c `#&�?#* "+1�"���./�+��.QR5!�)/O�E; 5���+1�"%g�) )(*5�%.�"20�"�,+L��(*���!�)�)/c�$#&�Lj'%�#*/1/�+1(*�!�6�"+LzG�)/1(*�!/�eP�+*MJ#J-,
�"+Z%.�)/Z���1(*�����.�"+1�)/Z��7RyG/��.QR5!�)/b�U5 Y!5��.���_�!#&�!/Z5��!�'+1�"%�%.�_/1��+�5$#&+��.(*����(*���!�)�)/Z�$#&�b�V�"�1�"�b�"+[j_#&%�%.(*���
* X*¥ ,rIG%.�V�!(*2W=��1�M���'�D�"yG�!(*%.��/Z���V%J;<�) )(*5�%.�"20�"�,+[F*#&���.�'�"�,+��1�

107 �"+ 108  )�'Q,5��E )(*���1�)/��N(*�!�38H5���1�"TA��20�W+�5���=�5�%.�"�R+`@{�'�W��%�5!/`I{jV%�#*/1/1+1(*�!�W�"+VzG�)/1(*�!/1eP��*MJ#J-,~���!�U�.QR5!�"�,+V5��!�_%.(*��TA5!�"5��'���M=��?#&�! ?7!� 17$#&5!���L��� X 204"+��1�)/'�>(*5��V5��:�U��#&204"+��1�L��� XEZ  )�"�R+���204"+��1�)/`@Cu[�`IN�E;S#&���14)/_BD%�#*�UyP�"F.*MI-,rI>��%CmJ#&5�+#&5:20(*���!/'5��!�O�U�./�+?#&�! )�L��� ! Z �U��#&204"+��1�)/W8l5��Y�) )(*5�%.�"20�"�R+W���O )(*�!�U5���+1����QR5!�"%.Q,5!�O/1(*��+'%.�c�1��pTA��20�'�E;<�) )(*5�%.�"20�"�,+|�s�N(*5��Z/`;<�"+?#&=�%����Z )(*2L��%.4"+1�"20�"�,+`@!�V(*+��1�[��]��"2L��%.�'�E;<�) )(*5�%.�"20�"�,+D�"�^=��?#&�! ?7!� 17$#&5!���H�)/�+b��(*�! 'mo(*��+1�"20�"�,+D+�5���=�5�%.�"�R+D+1(*5�+D�"�9�"+?#&�,+b+��?#&�!/���+1(*���1�-��7!(*�1/b�)QR5���%���=��1�¢��@

L



�������9GA@HG����x7$#&2L�����!/�+?#&�R+?#&�!�3���-+1�"2L�>�"�?#&+�5��1�^%.(*�1/L�E; 5��!�h/���2H5�%�#&+��.(*� ���-%�#9 )(*�U�!TA5��?#&+��.(*��[dv}Z� ���>(*5��	�/�7��2=+�
A >2=$Q�'E�!2=.=0 � 47�*"% #"F0:8���@P� %$/`;S#&TA��+v�E; 5��!�[26#*Q,5!�"+�+1�[�U5l/�yU/�+14"20�Z������26#&���1�V8
!0=��?#&�! 17!�)/V�E; 5����1�`#* "+1�"5��'8L�`#&5�/1(*5!/�pJ���1�)/1/��.(*�����RG ¥#Z#Z X�� ��FP(*���b%J;S#&��+��. "%.�H���M�D2L2L����TP�"�V�"+
#&%J@ *HG ! ! ,G�N(*5���5��!�x���)/1 "������+��.(*�0 )(*2L��%.4"+1�g���x%�#V )(*�U�!TA5��?#&+��.(*�0�E;<�) )(*5�%.�"20�"�,+|��@R�s�"+�+1�g/���2H5�%�#&+��.(*����)/sTA�?#&�!���)/Z�) 17!�"%�%.�)/D#H�"+1�[ )(*2L�$#&�1�)�M8W%�#H/1�"���.�[�E;<�)/?/?#&�./g}Z�DBVX � ¥ QR5��N 17!�"�1 17!�M8W�1�"���1(G�U5����1�%�#i��7$#*/1�3���^�1�"�����./1�h���^%�#Y )(*�RFP�) "+��.(*� �$#&+�5��1�"%�%.�h%.(*�1/6�E; 5���+��?#&�!/���+1(*���1��#* ) "�.���"�,+1�"%V�U\ 8i5��!�
�>�"��+1�O���H�1��m�����TP�"�?#&�R+_������26#&���1�A@Nd~(*5��_��%�5!/'�E; ���Umo(*��26#&+��.(*�!/M/�5��' )�"+�+1�H/���2H5�%�#&+��.(*��IE )(*�!/�5�%�+1�"�'%�#�!(*+1�_+1�) 17����.QR5!�W���W�H@�fs�.�)���"�D�"+b�b@>j_#&���1� * �A¥ ,r@

G Z



��� ����� �	������� � � �	�	� ��
 � �	��� � � ����	� � ���������	����
	�

�s�)/'���"5U]9��]��"2L��%.�)/' "��+1�)/V "�qp #`F*#&�R+M )(*�! )�"���!�"�,+_%�#- "%�#*/1/1�H���)/'�) )(*5�%.�"20�"�,+1/_+�5���=�5�%.�"�R+1/_�$# p���.�"+?#&5U]h���,+1�"���!�)/`@
BD�!�9�E; ���RFP�)/�+���TA5!�"�_�,5�20�"���.QR5!�"20�"�,+W )�H+ryG�N�W�E;<�) )(*5�%.�"20�"�,+`I���%���]U�./�+1�M��%�5!/1�.�"5��1/'#&�����1(G 17!�)/

�>(A/?/���=�%.�)/6QR5��D/1(*�R+0��%�5!/6(*5�20(*���!/l#&�����1(*�����.�)�)/-/1�"%.(*� %�#:��5��./?/?#&�! )�3���3 `#&%. "5�%[�1�)Q,5��./1���"+0%�#
 `#&�$#* "��+1�c���1�)�U�. "+���FP�c#&+�+1�"�!�U5!�A@N�C#6/���2W5�%�#&+��.(*�Y�,5�20�"���.QR5!�c�U���1�) "+1�-���'�_z>I!�N(*5�� � "%+�25�*0�M�'EN2��
+D"H��4� �Q"FEG�' >4�0:"H��$��_�N�"��20�"+`I��$#&�c�1�)/?(*%�5�+��.(*� ���)/L�)Q,5$#&+��.(*�!/L���^�'#)FG�.�"�np zR+1(*eP�)/`Iw���^���"+1�"��2L���!�"�
+1(*5!/O%.�)/L���"TA�1�)/L���-%���=>�"��+1�^���-%J;<�) )(*5�%.�"20�"�,+`@x�w%�%.�^�)/�+L��(*�! - `#&�$#&=�%.�h���^���) "�����1�^%�#9��7,yU/��.QR5!����O%J;<�) )(*5�%.�"20�"�,+c���O26#&���.4"�1�L+��14)/_���1�) "�./1�O��5��./1QR5!�O+1(*5�+1�)/_%.�)/_�) ?7!�"%�%.�)/W���O%�#-+�5���=�5�%.�"�! )�0/1(*�R+
��]G��%��. "��+1�"20�"�R+h `#&%. "5�%.�)�)/`@szG�"5�%.�)/6%.�)/6�"���1�"5��1/6�������1�) "�./��.(*� ���)/l/1 17!�"26#*/l�,5�20�"���.QR5!�)/65�+���%��./?�)/
%���2L��+1�"�,+h%�#����)/1 "������+��.(*������%�#���7,yU/��.QR5!�9���9%J;<�) )(*5�%.�"20�"�,+`@Z�~#�26#&���qmo�)/�+?#&+��.(*�����9%J;S#&TA��+?#&+��.(*�+�5���=�5�%.�"�,+1�-�N�"5�+Hk"+��1�lFR5!�0 )(*2L20�l%J; ���,+1�"�?#* "+��.(*� �"�!�"��TP�"+��.QR5!�-�"�,+��1�l5��!�02W5�%�+���+�5!���^���l/�+���5! �p
+�5��1�)/'+1(*5���=���%�%.(*���$#&���1�)/M���H+?#&��%�%.�c�"+'�E;<�) 17!�"%�%.�L���c+1�"2L�!/'�U��FP�"�1/1�)/`@E�s�)/V20�) `#&���./�20�)/_�E;<�) 17$#&��TP��E;<�"�!�"��TA�.�L/1�_mo(*�,+'/�5��V5��!�W%�#&��TP�cT,#&2L20�O�E;<�) 17!�"%�%.�)/M86%�#0m�(*�./V/��$#&+���#&%.�)/'�"+[+1�"2L�N(*�1�"%�%.�)/`@NB[5!/1/��JI
 )�c+ryG�>�O�E;<�) )(*5�%.�"20�"�,+W���1�)/1�"�,+1��pJ+npJ��%w5��YTA�?#&�!�Y�!(*2W=��1�L���O���"TA�1�)/_���H%���=>�"��+1�A@N���)/'+1(*5���=���%�%.(*�!/%.�)/M��%�5!/H�"�!�"��TP�"+��.Q,5!�)/^���) 17!�"%�%.�6���,+1�"TA�?#&%.�

L
��IE�U��+1/M�N(*��+1�"5��1/W�E;<�"�!�"��TA�.�AIC+��?#&�!/nm�4"�1�"�R+W%.�"5��c�"�!�"�np

TA�.�-#&5U]�+1(*5���=���%�%.(*�!/O��%�5!/H�N�"+���+1/`I~�"+O#&���!/��g���-/�5���+1�AI!Kn5!/1QR5�;S8h5��!�-�) 17!�"%�%.�^�U�./1/����$#&+���FP�:���) ?7!�"%�%.�
���6�[(*%�20(*TP(*�1(`F

η
�_(���%�#hFR�./1 )(A/1��+1�L20(*%.�) "5�%�#&���1�6+��?#&�!/�m�(*��20�6%J;<�"�!�"��TA�.�620�) `#&���.QR5!�6�"���"�!�"��TA�.����,+1�"���!�A@Nu[�`I��!#&�!/Z%.�_ `#*/b�E; 5��!�_+�5���=�5�%.�"�! )�_7!(*20(*TP4"�!�W�./1(*+��1(*�N�AIU%.�'�?#&���>(*��+b���)/b���"5U]h�) 17!�"%�%.�)/

���c%.(*��TA5!�"5��1/_���1�) )�)���"�,+1�)/H�)/�+[���1(*�N(*��+��.(*���!�"%x#&5Y�!(*2W=��1�L���O�[�"yR�!(*%.��/_�[�W=$#*/1�O/�5��'%J;<�) ?7!�"%�%.����,+1�"TA�?#&%.�-�
L

η
= O

(
Re3/4

) � GA@HG¢�
�C#��1�)/1(*%�5�+��.(*�	�"� 26#&��%�%�#&TP�Y�1�)Q,5��./1�i�N(*5��l5��!�Y/���2H5�%�#&+��.(*��+����.�U��20�"�!/��.(*���!�"%�%.� �)/�+^��(*�! i���1(&p�>(*��+��.(*���!�"%�%.�h8

Re9/4 ���D�0�"+?#&�R+c%.�6�!(*2W=��1�^���-�D�"yG�!(*%.��/H���6%J;<�) )(*5�%.�"20�"�,+|��@w�V(*+��1�l��]��"2L��%.�
���1�) )�)���"�,+v���s=��?#&�! ?7!�b 17$#&5!���g�!�) )�)/1/1��+1�"�?#&��+w5��!�x�1�)/?(*%�5�+��.(*�0���x26#&��%�%�#&TP�Z���

1016−1020 �!(G�"5!��/���D `#&%. "5�%./`@,�w+?#&�,+g��(*���!�b%.�)/v+��?#)FA#&5U]O��5�=�%��.�)/CKn5!/1Q,5�;S8W#&5*Kn(*5��1�E; 7R5��JI,5��!�b/1��2W5�%�#&+��.(*�-�,5�20�"���.QR5!�
�E; 5��!�H )(*�U�!TA5��?#&+��.(*� #* `#*���"2L�.QR5!�W�1�"�N(A/?#&�R+V/�5��[5���26#&��%�%�#&TP�c���M%J;<(*�1�U�1�c���

109 #&���$#&�?# �.+V��� K18 )(*2L20�s��2L���1�)/1/��.(*���$#&�,+1�M��FP(*����%.�)/
 `#&%. "5�%./��1�`#&%��./1�)/C�N(*5���%.�)/
#&��+��. "%.�)/ * ¥ ,��"+ *MI ¥ ,���@&�C#[�'�'zM�$#&�?# �.+��(*�! _�N(*5��b%J; ���!/�+?#&�,+D7!(*�1/D���'�N(*��+1�)�M���_�!(A/b `#&�$#* "��+1�)/[���M `#&%. "5�%./D#* "+�5!�"%�%.�)/`@
���)/^20�"+�7!(G���)/3/�+?#&+��./1+��.Q,5!�)/���(*5	�[B[�_z>Is�>(*5��V	L2=8�$!�� >6�. ����21+ 4<&'256� 4���"H2=+�� � 0 ����2D. ��IDQR5��(*�,+h�"+1�326#*/?/���FP�"20�"�,+^5�+���%��./1�)�)/-�$#&�6%.�920(*�!���9���!�U5!/�+����.�"%[�N(*5��^�"+�5!�U�.�"�l�R5�20�"���.Q,5!�"20�"�R+3%.�)/

�) )(*5�%.�"20�"�,+1/x+�5���=�5�%.�"�,+1/�K 5!/1QR5�;S8'#&5*Kn(*5��1�E; 7R5��JIP20(G���"%��./1�"�,+v+1(*5�+1�)/w%.�)/w�) 17!�"%�%.�)/x���g%�#V+�5���=�5�%.�"�! )�
�"+b�1�)�U5��./1�"�R+[#&���!/��� )(*�!/��.���"�?#&=�%.�"20�"�R+[%.�_�!(*2H=��1�M���M���"TA�1�)/b���'%���=N�"��+1�W8O `#&%. "5�%.�"�`@N�s�"�>�"�!�!#&�R+`I )�"+�+1�-#&�����1(G 17!�^/1�6�1�)/�+��1�"���,+L8�%�#3���)/1 "������+��.(*�����)/O 17$#&2L�!/c20(`yP�"�!/h�o#&5�/1�"�!/H/1+?#&+��./�+��.Q,5!�¢�M���
%J;<�) )(*5�%.�"20�"�,+' )�MQR5��E�>�"5�+Z�R5����1�H8c%J; ���,FP�)/1+���T,#&+��.(*�i���'%J; ���!/�+?#&+��.(*���$#&����+1�c���'%J;<�) )(*5�%.�"20�"�,+`@

�C#c/���2H5�%�#&+��.(*�����)/gTA�?#&�!���)/b�) ?7!�"%�%.�)/H�����xz>IU�N(*5��L� 4�+H& 2 � 676�8 �Q"FE)�- >4�0:":��$E�v�)/�+Z�"�hQ,5!�"%.QR5!�/1(*��+1�H���,+1�"��20�)�U��#&���1�L�"�,+��1�c%.�)/'���"5U]3���1�) )�)���"�,+1�)/H#&�����1(R ?7!�)/`@{�t%�%.�H�1�"�N(A/1�H/�5��[%�#020(R���"%��./|#&+��.(*�
���)/O�>�"+���+1�)/L�) ?7!�"%�%.�)/0���-%�#9+�5���=�5�%.�"�! )� �$ 5� J 2= F 2D.�.1���'.�� E 4�"% F >2&�H�"+L/�5��O%.�l `#&%. "5�%b��]U��%��. "��+1�h���)/TA�?#&�!���)/h�) 17!�"%�%.�)/`@D�s(*2L20�i5��!�9�$#&��+��.�9m��1�)QR5!�"�,+��.�"%�%.�:�U5� 17$#&2L����7,yU/��.QR5!�Y�)/�+-/1��2W5�%.�)�AIg )�"�np
+?#&���!�)/Om��1�)Q,5!�"�! )�)/3��=$#*/1/?�)/L�"+c20(¢yP�"���!�)/|�O���-%J;<�) )(*5�%.�"20�"�,+l�>�"5�FP�"�R+0k"+��1�^ `#&��+�5��1�)�)/L�$#&�L5��!�+1�"%�%.�h#&�����1(R ?7!�A@v�s�"+�+1�-���"�����.4"�1�h�)/1+c�E;S#&��%�%.�"5��1/L��� K1835�+���%��./?�)�l�N(*5��c+��?#&��+1�"�O���)/L )(*�U�!TA5��?#&+��.(*�!/
���!�U5!/�+����.�"%�%.�)/M )(*2L20�O�!(*5!/_%J;S#`FP(*�!/_��%�%�5!/�+��1�O�!#&�!/'�!(*+��1�O���1�"2L�.�"�M��]��"2L��%.�3���~��T!@�GA@HG¢��@E�C#-���sz
/1�"2W=�%.�AIR�"�6���E�"+`IR#* ) )�)/1/���=�%.�[#&5U]L )(*�U�!TA5��?#&+��.(*�!/x���!�U5!/�+����.�"%�%.�)/s(��0%.�Z�!(*2H=��1�[���b�[�"yR�!(*%.��/t�1�)/�+1�20(R���"�1�W�"+D(��h%.�)/b )(*�,+��?#&���R+1�)/V�$#&���.�"+?#&%.�)/b�!�M/1(*�R+b�$#*/Z+��1(*�3��2L�N(*��+?#&�,+1�)/¢@

G#G



}~(*5�+1��m�(*�./`IZ�!#&�!/^%�#���%�5��$#&��+3���)/h )(*�U�!TA5��?#&+��.(*�!/9�1�"�! )(*�,+��1�)�)/9�!#&�!/^%J; ���!�U5!/�+����.�:�R5! "%.�`#&���1��� )(*2L20�x�!#&�!/C=>�`#&5! )(*5��O�E;S#&5�+��1�)/~���!�U5!/�+����.�)/x� #*�"�1(*�$#&5�+��.Q,5!�AIG@�@�@���I`%.�)/~�) )(*5�%.�"20�"�,+1/w/1(*�R+~���w+ yR�N�
+�5���=�5�%.�"�,+Z�$#&���.�"+?#&%�#)FP�) V5��-�!(*2W=��1�_���V�D�"yG�!(*%.��/x�"%.�"FP�A@!u[�`IG/1�"%.(*�^fg#&TATP�"+�+ *HG � ,rIR%�#M�1�)/?(*%�5�+��.(*����326#&��%�%�#&TP���1�)Q,5��./1���>(*5��l )�3TP�"���1���E;<�) )(*5�%.�"20�"�R+h�)/�+0���1(*�N(*��+��.(*���!�"%'8

Re2τ
�
Reτ

�"+?#&�,+l%.�
�!(*2W=��1�h���-�D�"yG�!(*%.��/H���6m��1(*+�+1�"20�"�,+|��@w�V(*+��1�l��]��"2L��%.�^���6=��?#&�! ?7!�- ?7$#&5!���-�!�) )�)/1/���+1�"�?#&��+0#&5
20(*���!/C5��!�t�1�)/1(*%�5�+��.(*�H���w26#&��%�%�#&TP�s���

1010 8 1012 26#&��%�%.�)/`@ ���t )(*\�+C�R5�20�"���.Q,5!�x���t+1�"%./E26#&��%�%�#&TP�)/�1�)/�+1�"�,+V�U� �6 "��%.�)/V86#&+�+1�"���!�U�1�H#&5*K�(*5��1�E; 7,5��
�"�! )(*�1�AI$�E;S#&5�+?#&�,+[��%�5!/DQR5!�M )�)/D�)/1+���26#&+��.(*�!/b�1�)/�+1�"�R+
=$#*/1�)�)/t/�5��t���)/v/���2W5�%�#&+��.(*�!/x���Z )(*�U�!TA5��?#&+��.(*�!/s#* `#*���"2L�.QR5!�)/x#`FP�) b���)/
TP�)(*20�"+����.�)/t+��14)/t/1��2L��%.�)/`@�s�"��+?#&���!/h#&5�+1�"5��1/6 )(*2L20�:zR�$#&%�#&��+ *HG ¥#Z ,rItQR5$#&%��q�$�"�,+-%�#:���sz ���)/l�) )(*5�%.�"20�"�,+1/-�$#&���.�"+?#&5U] ���£V�'�'z����N(*5����A�/4�.D" ����w�l�"+h�)/�+���20�"�R+3Q,5�;<�"%�%.�i�!�Y/1�"�?#��$#*/h#* ) )�)/1/���=�%.� #)FA#&�,+ �#Z?XEZ �"+?#&�R+��(*���!�W/1(*�3 )(*\�+D�,5�20�"���.QR5!�l��FP(*���D����T!@ GA@ � ��@

1980 2000 2020 2040 2060 2080 2100
Année de "faisabilité"

1e+06

1e+09

1e+12

1e+15

1e+18

R
és

ol
ut

io
n 

du
 m

ai
lla

ge

RANS et URANS (3D)

RANS/LES

LES (écoulements non pariétaux)

LES (écoulements pariétaux)

DNS

��������GA@ � �h�{#&�./?#&=���%���+1�O���W%�#l/���2W5�%�#&+��.(*�:�R5�20�"���.Q,5!�O���)/'�) )(*5�%.�"20�"�,+1/M+�5���=�5�%.�"�,+1/0� ��6 4D� 0) ,6'2
�������
	 ��@

fs�.�"�:Q,5!�H%�#-���xz9���)/_�) )(*5�%.�"20�"�,+1/M�$#&���.�"+?#&5U]��o#&5:/1�"�!/M£V�'�'z��V8l7$#&5�+'�!(*2W=��1�L���O�D�"yRp�!(*%.��/Z/1(*��+g�"�! )(*�1�[7!(*�1/g���[�>(*��+1�)�[�N(*5��x�!(*+��1�V��5��./1/?#&�! )�'���V `#&%. "5�%�#* "+�5!�"%�%.�AIR��%N��]U�./�+1�D��%�5!/1�.�"5��1/
#&�����1(R ?7!�)/M7RyR=����.���)/MQR5��w(*�,+M�N(*5��_(*=UKn�) "+��qmo/_���O�1�)�U5����1�O%.�L )(*\�+_�,5�20�"���.QR5!�0���c%�#^/���2H5�%�#&+��.(*�+1(*5�+x�"�0���1�)/?�"��F*#&�R+t%�#_ `#&��+�5��1�H�o#&5620(*���!/t�$#&��+��.�"%�%.�¢�w���b%J; ���!/�+?#&+��.(*���$#&����+1�[���b%J;<�) )(*5�%.�"20�"�,+`@��s�)/
#&�����1(R ?7!�)/W/1(*�R+_%.�)/'20�"+�7!(R���)/W�DBV�'z����!/�+?#&+��.(*���$#&���1�)/-��(*5Y�V�DBV�_z3�N(*5�� ��$/.10325476�8�	��L �w��I%�#_/���2H5�%�#&+��.(*�-���)/vTA�?#&�!���)/v�) 17!�"%�%.�)/g#)FP�) [���)/t20(G��4"%.�)/v���Z�$#&�1(*�./��x�"+t%.�b )(*5���%�#&TP�[���)/t20�"+�7!(G���)/
�DBV�'z��"+l���)/0+1�) 17����.QR5!�)/-���xz	�� )(*5���%�#&TP�9�DBV�'z�¤&�C�xz���@t�V(*5!/0FP�"���1(*�!/6�!#&�!/6%.�3 17$#&����+��1� !
Q,5!�O%.�O ?7!(*�q]Y���O%�#-���1�"2L�.4"�1�0#&�����1(G 17!�L��;<�)/1+_�$#*/Vm�(*�1 )�"20�"�R+ZK 5!�U�. "�.�"5U]Y%.(*�1/1QR5!�c%�#-���1�)�U�. "+��.(*�#&+�+1�"�!�U5!�D�!�D/1�Z%���2L��+1�b�$#*/s#&5U]L=$#*/1/1�)/
m��1�)Q,5!�"�! )�)/¢@,�_#&�!/v )�"+�+1�Z+�7!4)/?�b�!(*5!/t�!(*5!/x )(*�! )�"�,+��1�"�1(*�!/

������������������������! #"����!�%$� ����&��'(��$�)*������������ ����*"+),�-�� ��/.�0#1� �$�$� ��2���3�� ��/465�7�8�9;:�<�7>=?9A@?B�@!468�CD�������%$� �0�����)*��$�$� �'E ����
F )*"���.
�+),$� ����/0G),$�0���$�.H #I F $���0
���� 
'E ����GJ, #�K0� �$�$� ��ML��!�N������$����& ����%�� ��/OP8�Q�R�9S<�7TQU<VBU@!468�C�L�����'E�N��.�$����& 2$� 20�����)*��$�$� �'E ����
F )*"���.
�+),$U)*W!�X�DY )*$�$�.��, 
"Z$� ��[ 
I����� 
�!0� ��H�� Z"+)*\E�� �'E ����[�� >'V)*��$�$�)*�� > �� F "���0#1� F )6"����;]

G �



��� ����� �	������� � � �	�	� ��
 � �	��� � � ����	� � ���������	����
	�

/�5��b%.�)/b���"5U]h���"�����.4"�1�)/[#&�����1(G 17!�)/¢@
�t;<(*=UK��) "+��qmv���_ )�_+��?#)FA#&��%C���'+�7!4)/1�M�)/1+b��(*5�=�%.�0�

B
Xi�"+�+��1�Y�"���'5�FG�1�:���)/^%.(*�./h���i�$#&�1(*�M/�+?#&�!�!#&�1��/h�!#&�!/h )�Y `#*�U�1�:�E;<�) )(*5�%.�"20�"�,+���7$#&5�+
�!(*2H=��1�H���M�[�"yR�!(*%.��/D�"+D+��?#&�!/nmo�"��+b+�7!�"��2L�.QR5!�¢�Z�"+D���'mJ#&���1�_5��!�c#&�$#&%�yG/1�W���_%.�"5��D����mJ#&5�+1/�"+DQR5$#&%���+1�)/D8O�$#&��+����[�E;<�"%.�"20�"�,+1/[+�7!�)(*���.Q,5!�)/[�"+b���_�1�)/�5�%�+?#&+1/b���M/1��2W5�%�#&+��.(*�!/`@

B
dw�1(*�N(A/1�"�M )�"��+?#&���!�)/_���./1+1�)/_�E;S#&20�"%��.(*�?#&+��.(*�!/W�N(*5��'�1�"20�)�U�.�"�H#&5U]Y����mJ#&5�+1/'�1�"+1�"�,5!/H���c%�#
/���2H5�%�#&+��.(*�9���)/ZTA�?#&�!���)/[�) 17!�"%�%.�)/'#)FP�) _%.(*�./D���_�$#&�1(*�C/�+?#&�!�!#&�1��/`@

�s�D20�"20(*���1�[���D+�7!4)/1�[/?�b�U��FR�./?�D�"�^���"5U]0�$#&��+��.�)/`I,%�#M���1�"2L�.4"�1�[ )(*�! )�"���!�[%.�V `#*�U�1�b+�7!�)(*���.QR5!����b%J;<�"+�5!���O�� 17$#&����+��1�)/ � 8 !R�w�"+v%�#M/1�) )(*�!���[��]U�N(A/1�Z%.�)/t�1�)/15�%�+?#&+1/v�R5�20�"���.Q,5!�)/_�� 17$#&����+��1�)/9IM8 KP��@
�V(*5!/0��]U�>(A/1�"�1(*�!/l�E;S#&=>(*�1� %.�^m�(*��26#&%��./120�3TP�"�!�"�?#&%b�!�) )�)/1/|#&���1�98Y%.�"5��02L�./?�3�"� �)QR5$#&+��.(*�!/

�� 17$#&����+��1� � ��@E�w�!/�5���+1�AIN�!(*5!/_���!/��./1+1�"�1(*�!/M/�5��'%�#^���)/1 "������+��.(*�����c%�#-��7,yU/��.QR5!�L���)/_�) )(*5�%.�"20�"�,+1/+�5���=�5�%.�"�,+1/x�$#&���.�"+?#&5U]l# �!�6���g2L�.�"5U]6#&�����1�"7!�"�!���"�v%�#'20(G���"%��./?#&+��.(*�6���D )�gTP�"���1�b�E;<�) )(*5�%.�"20�"�,+1/
�� 17$#&����+��1� ¥ ��@G�w�U�!��I�#&���14)/s5��l�?#&���.���'/�5���FP(*%N�U5- )(*\�+g�R5�20�"���.Q,5!�'���)/g�U� �N�"�1�"�R+1�)/Z/�+��?#&+1�"TA�.�)/g���/���2W5�%�#&+��.(*�����)/_�) )(*5�%.�"20�"�,+1/_+�5���=�5�%.�"�R+1/`IE%.�)/'�������! "���N�)/_���)/'20(R���"%��./?#&+��.(*�!/_���c+ yR�N�O�DBV�'z��"+���'+ryG�>�_�C�xz^/1�"�1(*�R+b�E;S#&=>(*�1�h/1�"�$#&�1�"20�"�R+[��]U�>(A/?�)/`IG��5��./Z )�"��+?#&���!�)/b20�"+�7!(G���)/Z7,yG=����.���)/D/1�"�1(*�R+
���1�)/1�"�,+1�)�)/O�� 17$#&����+��1� !R��@

�w�i )�WQR5��C )(*�! )�"���!�H%.�)/D�1�)/�5�%�+?#&+1/[�,5�20�"���.QR5!�)/`I{�!(*5!/V#`FP(*�!/[ ?7!(*�./��
���_�1�`#&%��./1�"�'���)/D/���2H5�%�# p+��.(*�!/[�"�926#&��%�%�#&TP�MTA�1(A/1/1�.�"�[�!#&�!/V���"5U]^+ yR�N�)/D���H )(*�U�!TA5��?#&+��.(*����5��9 `#&�$#&%~��%�#&��=��qpJ�N�"���.(R�U�.QR5!�
5����qm�(*��20�"20�"�R+x ?7$#&5��N�b�"+
5��0�) )(*5�%.�"20�"�R+v�$#&���.�"+?#&%$�!#&�!/
5��!�g26#&+����. )�b�E;<(*=!/1+?#* "%.�)/t "5�=��.Q,5!�)/¢@A�C#���1�"2L�.4"�1�L )(*�U�!TA5��?#&+��.(*���)/�+V+1(*5�+M80mJ#&��+V�1�"���1�)/1�"�,+?#&+���FP�0���)/'QR5!�)/�+��.(*�!/_/1(*5�%.�"FP�)�)/_�!#&�!/V%�#l��%�5Up�$#&��+M���)/_ )(*�U�!TA5��?#&+��.(*�!/M�R5! "%.�`#&���1�)/MQ,5��
���1�)/1�"�R+1�"�,+M5��!�L )(*5! ?7!�O%���2L��+1�0#&+�+?#* 17!�)�A@��~#^/1�) )(*�!����)/�+b���)/�+����!�)�M8H20�)/�5��1�"�Z%.�)/Z `#&�$#* "��+1�)/D8cTP�"�1�"�b���)/Z���) )(*%�%.�"20�"�R+1/D�"+b���)/g�1�) "���1 "5�%�#&+��.(*�!/[���"�����.4"�1�
���)/v(*=!/�+?#* "%.�)/¢@,���[ 17!(*�q]0�E; 5��l(*=!/�+?#* "%.�[ "5�=��.Q,5!�V#_�"+1�Z20(*+���FP�D�$#&�v%J;S#*��(*��+��.(*�l���D20(R���"%��./|#&+��.(*�!/
���"FP�"%.(*���>�)�)/V�"�h26#&��%�%�#&TP�W/1+���5! "+�5��1�A@

�V(*5!/H )(*2L20�"�! )�"�1(*�!/0�$#&�O�"+?#&=�%����O%.�)/c�������! "���$#&5U]�����mJ#&5�+1/O���-%�#�/���2H5�%�#&+��.(*� ���)/cTA�?#&�!���)/�) 17!�"%�%.�)/6#`FP�) -5��!�l%.(*�Z���l�$#&�1(*�Z/�+?#&�!�!#&�1���!#&�!/O5��� )(*�R+1��]G+1�h���l26#&��%�%�#&TP�^TA�1(A/1/��.�"�L�!#&�!/c5��!�
 )(*�U�!TA5��?#&+��.(*�:���W `#&�$#&%���%�#&��=��qpJ�N�"���.(R�U�.QR5!�W5����qmo(*��20�"20�"�,+_ ?7$#&5��N�^�� 17$#&����+��1� IP��@$���)/V����mJ#&5�+1/
/1(*�,+s���"+1�) "+1�)/x/15��w%.�gm��1(*+�+1�"20�"�R+`I,%.�)/x 17$#&2L�!/x20(`yP�"�!/s�"+t%.�)/v�) `#&��+1/�pJ+ryG�>�b���9Y!5! "+�5$#&+��.(*�!/`@R�$(*��+1/���6%�#����)/1 "������+��.(*�����)/H�U� �E�"�1�"�,+1/O����mJ#&5�+1/`I~�!(*5!/W+1�"�R+1�"�1(*�!/L���0�1�"20�)�U�.�"�083 )�)/c���"�����.�"�1/O/1�"%.(*�
���"5U]Y/1+��?#&+1�"TA�.�)/M�U� �N�"�1�"�R+1�)/`@E�C#-���1�"2L�.4"�1�L/�+��?#&+1�"TA�.�O���1(*�N(A/1�)�0# �!� ���O )(*������TP�"�_%J;<�"�!/1�"2H=�%.�0��� )�)/D����mJ#&5�+1/D#L�"+1�M���W���"FP�"%.(*���>�"�b5���20(R��4"%.�M���M�$#&�1(*�C/1(*��7��./�+��.QR5!�W#&���N�"%.�M}Zfg�������N(*5�� � J "F$
�L���'$!6 4�+D8 � 4�8721+A� '1�/4�0:"H��$/. �
�"�6/¢; ���!/������?#&�,+s���)/t+��?#)FA#&5U]0���bfZ#&%�#&�?#*/v�"+x#&%J@�*HG ¥ ,r@R�s�Z20(G��4"%.�b����$#&�1(*�>�)/1+t=$#*/1�D/15��t%�#'�1�)/1(*%�5�+��.(*�^�E;<�)Q,5$#&+��.(*�!/s���D )(*5! ?7!�D%���2L��+1�[/���2L��%��q�$�)�)/g#)FP�) [5��!�b20(G���"%��./?# p+��.(*�0���s+ryG�>�g�DBV�_zM�!#&�!/
%�# �`(*�!�s���1(G 17!�g�$#&�1(*�J@A�V(*+��1�g#&���N(*��+w�N(*5���%.�s20(G��4"%.�g���g�$#&�1(*�U}Zfg���
�)/�+v+�������%.�c�{��� �w5��!�D20�"+�7!(G���b�R5�20�"���.Q,5!�' `#&�$#&=�%.�V���b���1�"�!�U�1�V�"�- )(*2L��+1�[%�#_�1�)/?(*%�5�+��.(*�-�E;<�)QR5$# p+��.(*�!/'���!/�+?#&+��.(*���$#&���1�0#l�"+1�H�"+?#&=�%��.�L# �!�:���W�1�`#&%��./?�"�V5��!�c/���2H5�%�#&+��.(*� ���W+ yR�N�H�V�DBV�_zh�!#&�!/V%�#
�`(*�!�O���1(R ?7!�O�$#&�1(*�JIt����� �D%J; ���0Y!5!�"�! )�0���c%�#6�����./?�L�"�Y )(*2L��+1�L���)/'+1�"��20�)/_ )(*�RFP�) "+��qm�/H�!#&�!/_ )�"+�+1��1�)/1(*%�5�+��.(*� #0�"+1�H�"+�5!�U�.�)�H�"+L������� �g%J;S#&����%��. `#&+��.(*� ���H )�M20(G��4"%.�H���W�$#&�1(*�
#6�"+1�H�"%�#&��TA�w#&59 ?7$#&2L�
+�7!�"��2L�.Q,5!�A@C���)/M#&20�"%��.(*�?#&+��.(*�!/H#&���N(*��+1�)�)/_�$#&�_%.�c20(R��4"%.�L���O�$#&�1(*�t}Zfg��� (*�,+M�"+1�O���,FP�)/1+���TA5!�
�!#&�!/'5��!�H )(*�U�!TA5��?#&+��.(*� ���c `#&�$#&%
��%�#&�9=��qpJ�N�"���.(G�U�.Q,5!�c5����qmo(*��20�"20�"�,+M 17$#&5��E�h�� 17$#&����+��1�RJP�D�"+�>(*5��c5����) )(*5�%.�"20�"�R+O�$#&���.�"+?#&%g�!#&�!/H5��!�026#&+����. )�-�E;<(*=!/�+?#* "%.�)/O "5�=��.QR5!�)/^�� ?7$#&����+��1� X ��@C�C#9/1��p

G ¥



 )(*�!���^/�+��?#&+1�"TA�.�^/1�l )(*�! )�"�R+��1�h/�5��W%�#i )(*���1�) "+��.(*���U5�m��1(*+�+1�"20�"�R+0�"+c���)/O 17$#&2L�!/O20(¢yP�"�!/O�$#&�%J; ���,+1�"��20�)�U��#&���1�L�E; 5��9+1�"��20�W���_mo(*���`#&TP�AI$�"%�%.�c#0�"+1�W���,FP�)/�+���TA5!�c�!#&�!/D%�#0 )(*�U�!TA5��?#&+��.(*�Y���H `#&�$#&%��%�#&�3=��qpJ�N�"���.(R�U�.QR5!�_5����qmo(*��20�"20�"�,+[ ?7$#&5��N�-�� 17$#&����+��1� KP��@$�s�"+�+1�_+1�) 17����.QR5!�W�)/�+b���)/1+����!�)�W8Ok"+��1�#&����%��.Q,5!�)�c8O���)/Z26#&��%�%�#&TP�)/[��%�5!/ZTA�1(A/1/��.�"�1/bQR5!�'%.�_20(G��4"%.�M���'�$#&�1(*�C}Zfg���b@

G !



� �������	��
� �

� � ��� ��� �w�:� ��� � �w�Y� � � � � � � ����� � � � � �
� � � � � � � � ����� � � � � � � ������ �w� ��� � � � � � ���
� � � ��� � � � � ����� � �

�	��
 �����>�4�Q�`�l~9�m|}�^�

�V(*5!/_��]G�N(A/1�"�1(*�!/M�!#&�!/W )�L 17$#&����+��1�L%.�L/�yU/�+14"20�L�E;<�)QR5$#&+��.(*�!/_�1�"TA�./1/?#&�R+M%.�O20(*5�FP�"20�"�,+c�U5
Y!5��.���AI!%.�)/b(*5�+���%./[/�+?#&+��./�+��.QR5!�)/b�!�) )�)/1/|#&���1�)/D8O%J;<�"+�5!���W���)/D�) )(*5�%.�"20�"�,+1/V+�5���=�5�%.�"�,+1/`I>#&���!/��CQR5!�'%.�
 `#*�U�1�M�R5�20�"���.Q,5!�M���M%J;<�"+�5!���A@

�	��� ���l�'�m|}�^�`� |}�`�0�m�����L�^�l�����
���)/v���1(*�����.�"+1�)/s+�7!�"��20(R�UyG�$#&2L�.Q,5!�)/s�U5RY!5��.���[�"+�5!�U�.�[�!#&�!/x )�b+��?#`F*#&��%
��26#*/1/1�bFP(*%�5�2L�.QR5!�

ρ
I�U� �>5!/1��FR��+1�O+�7!�"��2L�.QR5!�

λ
I>FG�./1 )(A/���+1�c�UyR�$#&2L�.QR5!�

ν
IN `#&�$#* "��+1�L `#&%.(*���q�$Q,5!�

Cp
�b/?(*�,+M )(*�!/��.���"�1�)�)/

 )(*2L20�W )(*�!/�+?#&�R+1�)/`@
�t;<�) )(*5�%.�"20�"�R+W�)/�+V���! )(*2L���1�)/1/���=�%.�AI>mJ#&��=�%.�"20�"�,+W#&���./1(*+�7!�"��20�L�"+'%.�)/[mo(*�1 )�)/_���WTA�?#`FR��+1�L/1(*�R+

 )(*�!/��.���"�1�)�)/0 )(*2L20�-�!�"TA%���TP�`#&=�%.�)/`@w�V�`#&��20(*���!/`I
���)/Hm�(*�1 )�)/cFP(*%�5�2L�.QR5!�)/3�
fu(t)

�"+
fT (t)

�W����p�>�"�!�!#&�R+1�)/h�U5�+1�"2L�!/^/1�"�1(*�R+l�����./?�)/l�"�� )(*2L��+1�Y�!#&�!/6%.�)/-�)Q,5$#&+��.(*�!/^���i )(*�!/1�"��FA#&+��.(*������%�#
Q,5$#&�R+���+1�0���c20(*5�FP�"20�"�,+W�"+_���O%J;<�"�!�"��TA�.� � @N��� Y!5��.���L�)/�+_���c�$#&+�5��1�OFG�./1Q,5!�"5!/?�H�"+'�N(A/1/14)���c5�� )(*2L�>(*��+1�"20�"�R+[�!���Z+1(*���.�"��@

�V53mJ#&��+[���H%J;<�) )(*5�%.�"20�"�,+_���! )(*2L���1�)/?/���=�%.�AI>%�#L���1�)/1/��.(*�i��;S#6�$#*/[���H���1(*�����.�"+1�W+�7!�"��20(G�UyG�$# p2L�.Q,5!�6�"+gKn(*5!�L5��:���*%.�0��5��1�"20�"�,+W20�) `#&���.QR5!�A@C�'�O��%�5!/`IN%.�)/M���1(*=�%.4"20�)/H�UyG�$#&2L�.Q,5!�)/W�"+M+�7!�"�np
2L�.Q,5!�)/L/?(*�,+L )(*2L��%.4"+1�"20�"�,+0���) )(*5���%.�)/`@wBvK�(*5�+1(*�!/cQR5!�l�!(*5!/O�!�"TA%���TP�"�1(*�!/O%.�)/c���E�"+1/O���^�U�./1/��qp�$#&+��.(*� 20�) `#&���.QR5!�9�!#&�!/6%J;<�)Q,5$#&+��.(*� ���3 )(*�!/1�"��FA#&+��.(*�����h%J;<�"�!�"��TA�.�A@sB[���!/��JIt )�"+�+1�3���"�����.4"�1�i/1�
�1�)/�5�20�W8O%J;<�)QR5$#&+��.(*�����_+��?#&�!/1�>(*��+b�E; 5���/? `#&%�#&���1�_�$#*/1/��qm�@

zG(*5!/- )�)/07RyR�N(*+�7!4)/1�)/-%.�)/6�)QR5$#&+��.(*�!/^Q,5��b�1�"TA�./?/1�"�,+-%.�320(*5�FP�"20�"�R+O"%$/.10 4�$Q0 4�$  3�U5 Y!5��.���
�>�"5�FP�"�R+[k"+��1�M��]U�N(A/1�)�)/Z���_%�#HmJ# �)(*��/�5���FA#&�,+1�0�

��KY ������$�����. �� Z$�) 0������&����.
"+)6�����,� �� T�� 
$�$� ���� �*"�0� ����!)*�!�20� ��[.GL��!)*���������H�& #"+)����!�����3W!.� �!)*�!�2$� >0#1!) F ���&"� ��N]
G�I



� ��� � � � ��� ���	�	
	� � � � � � � � � ���	� � � ��� � ��� � � � � �

� 13!".0�$���%� �"
 �?�%���$�B� !@�2��-��
∂uj

∂xj
= 0

� � @HG¢�
� 13!".0�$���%� �"
 �?�%�"��
��$AC.0�$���%� �"
 ,2. 13!".7���$�2��- �@
 �/�%!<A%
��
����0�

∂ui

∂t
+
∂(uiuj)

∂xj
= −

1

ρ

∂P

∂xi
+ ν

∂Sij

∂xj
+ fu

i

#)FP�) 
Sij =

1

2

(
∂ui

∂xj
+
∂uj

∂xi

) � � @ � �
� 13!".0�$���%� �"
D,�� -�<
�� ����
0�1�)�U5���+1�H#&5h+��?#&�!/1�>(*��+D�E; 5��9/1 `#&%�#&���1�_�$#*/1/��qmg�

∂T

∂t
+
∂(Tuj)

∂xj
= α

∂2T

∂xj∂xj
+ fT � � @ ¥ �

ui
�)/�+Z%�#cFG��+1�)/1/1�_���_%J;<�) )(*5�%.�"20�"�R+`I

P
�)/1+b/?#c���1�)/1/��.(*���"+

T
�)/�+Z5���/1 `#&%�#&���1�_�$#*/?/��qmn@

�	��� 	 z7� �4���m���l�L� �����m� z`�'�4���m|q�^���A¡ ��~4�`��{}{}���
B~F*#&�R+3�E;<��]G�N(A/1�"�^%.�)/3�U��FP�"�1/1�)/320�"+�7!(R���)/3���Y20(G���"%��./?#&+��.(*� ���Y%�#�+�5���=�5�%.�"�! )� ���1(*���1�)/�8%�#6/1��2W5�%�#&+��.(*� ���)/VTA�?#&�!���)/'�) 17!�"%�%.�)/_�"+_#&5U]�20�"+�7!(R���)/'/�+?#&+��./1+��.Q,5!�)/`I{��%
 )(*�,FG�.�"�,+_�E;<�"FP(RQR5!�"�'%.�)/

�U� �N�"�1�"�R+1/
(*�>�"�?#&+1�"5��1/�����7!�"�1�"�,+1/w8D 17$#* "5��!�s���v )�)/
#&�����1(R ?7!�)/�#&���!/��GQ,5!�v%�#b/1�"�$#&�?#&+��.(*�O�E;<�) 17!�"%�%.�)/Q,5�; ��%./[�"��TP�"�!�U�1�"�,+`@

������� � 6��9<m:;:�<�=�� B���� =������ 8�<

��(*�1/?Q,5!���U� �E�"�1�"�,+1�)/Y�1�`#&%��./?#&+��.(*�!/���/1(*�R+: )(*�!/��.���"�1�)�)/`I'%.�)/Y�) )(*5�%.�"20�"�,+1/�+�5���=�5�%.�"�,+1/Ymo(*5��np
���./1/1�"�R+-���)/l�1�)/�5�%�+?#&+1/-�U� �N�"�1�"�R+1/`Ix )�iQR5��D )(*�Um�4"�1�95��� `#&�?#* "+14"�1�:#&%.�`#&+1(*���1�Y8  )��+ryG�>�9�E;<�) )(*5Up
%.�"20�"�,+`@w� %g#&���$#&�?# �.+6#&%.(*�1/c�$#&+�5��1�"%Z�E;<���E�) "+�5!�"�L5��!�620(¢yP�"���!�h/�+?#&+��./�+��.QR5!�-/15��H%J;<�"�!/1�"2H=�%.�h���)/�1�`#&%��./?#&+��.(*�!/'�N(A/1/���=�%.�)/`@Nu[�V )(*2L20�O )�"+�+1�H���1(R )�)�U5��1�O���M20(¢yP�"���!�O�1�)/�+1�Wmo#*/�+��.�U�.�"5!/?�-��FP(*���1�H��2Op
�>(A/?/���=�%.�¢��Ig(*� 5�+���%��./?�Y%.���������! "�#�%$'&)(*$+�-,/."&/�� "��0�1 /1�"%.(*��%.�)QR5!�"%'5��!�9���U�!����+1�:���Y�1�`#&%��./|#&+��.(*�!/�U� �N�"�1�"�R+1�)/

φr
�)/�+6�)QR5���F*#&%.�"�R+1��8Y5��!�h20k"20�3�1�`#&%��./?#&+��.(*� �1�"�N�"+1�)�h�>�"�!�!#&�R+65�� +1�"2L�!/6���U�!���J@�C#l20(`yP�"���!�0/1+?#&+��./�+��.Q,5!�H�!(*+1�)�

〈.〉
���"FG�.�"�,+M#&%.(*�1/M#&�$#&%.(*TA5!�0865��!�c20(`yP�"���!�O+1�"2L�N(*�1�"%�%.�AIE/����"+/1�"5�%.�"20�"�,+-/��JI�%J;<�) )(*5�%.�"20�"�,+^�)/�+L/�+?#&+��./�+��.QR5!�"20�"�,+-/�+?#&+��.(*���$#&���1�A@td�(*5��05��!�-m�(*�! "+��.(*� #&%.�`#&+1(*���1�

φ(xi, t)
���"�N�"�!�!#&�,+V���'%J;<�)/��$#* )�M�"+D�U5h+1�"2L�!/`I!%.�_�������! "���>�W�E;<�"��TP(R�U�. "��+1�M/¢;<�) "����+W�

〈φ〉 =

∞∑

r=1

φr(xi, t) ⇐⇒ 〈φ〉 = lim
T→∞

1

T

∫ t+T

t
φ(xi, α) dα

� � @ !R�
zR�C�"+b/1�"5�%.�"20�"�R+[/��t�

lim
T→∞

∫ t+T

t

∫ t
′

+T

t′
Rφφ(xi, α, β) dαdβ = 0

� � @MIP�
BCFP�) 6�

Rφφ(xi, t, t
′

) = 〈(φ(xi, t) − 〈φ(xi, t)〉)(φ(xi, t
′

) − 〈φ(xi, t
′

)〉)〉
� � @MJP�

243N �$����65�1-),�&��)*���!�87 9;:-< J%�!�� "�.G)*$�����)6�������  ���� )*�-),$��,���! >=@?�ACBED�FGFIH-JLKMD�NONPHQBRNSD�BUT�D�AWV*DXKMYQACZQD�KMD�BRNM["\ ACB
KM]�K^DS_�ACJ#[`D>F�YQACFa[`D�FabGYQB�[-JcNOJ#YQB�F>JdBRJcNOJ#HQV*D�FaD�NeHQA;fWV JcK)JdN�D�FhgGi�j�i�NOJcNOJcZQD�FGkeHQAE[lDPmQgnio[`Dpb�DrqIARDXj�D�AsNtmlH-gnHQB�NOJcg
Vn\ Dnf�j�i�g�JcKMD�BRNPHQN�D�ACgsu*]v5� L��!�U�����������!���� �� ���I "�.�),$�����)*���������Z ����T),$��,"����& ��!$� �'E �������wX),�?0��,' F �,"&�� �'E ����H)*$�.�)*�����3"� �� >$ Y .�0
���!$� �'E 
�N�yx )*��I  
"&"� ���"��H�� >'E ��&��"� �� F "Gz���{#]

G�J



��� ����� �	��� � ��� � ��� � � � � ����� ��� � � ��� ����
 ���	��� � � � � � � � ��
 � ������� ���
��
 � � 
 � ������ ��� ��� � � 
 ��� ����� ��� ��� ��
	� ��� � ��
	�

u��
Rφφ(xi, t, t

′

)
�)/�+Z%J;S#&5�+1(&pr )(*���1�"%�#&+��.(*�i+1�"2L�>(*�1�"%�%.�H���'%�#cmo(*�! "+��.(*�

φ
@

�C#9 )(*�!�U��+��.(*� � � @MIP�H���l/1+?#&+��.(*���$#&����+1�h/�+?#&+��./�+��.QR5!�6�N�"5�+Lk"+��1�-#*/1/?(*5���%��.�-�!#&�!/c%.�^ `#*/O�E; 5��!�/���2W5�%�#&+��.(*�:�[B[�_z-���!/�+?#&+��.(*���$#&���1�A@N�w�i���N�"+`I>�"�����?#&+��.QR5!�AI$%�#0�>�"���.(G���
T
���M%J;<��]U���1�)/1/��.(*��� � @ !R���(*��+[k"+��1��4�. .<2��M&�+54�$!6 2H�N(*5��DQR5!�M%.�)/[�) 17!�"%�%.�)/V���M%J;S#&TA��+?#&+��.(*�i+�5���=�5�%.�"�,+1�c/1(*�.�"�,+[20(`yP�"���!�)�)/'�"+

4�. .<2��G�/210:":0323�N(*5��LQ,5!�^%.�)/L�"FP�"�R+�5!�"%./0��7!�"�!(*204"�!�)/6���!/�+?#&+��.(*���$#&���1�)/0=$#*/1/?�)/npom��1�)QR5!�"�! )�)/0/1(*�.�"�R+
�����./H�"�� )(*2L��+1�A@w�s�"+�+1�6�1�"26#&�1QR5!�620(*�R+��1�lQR5!�0�N(*5��W5��� `#&%. "5�%x�[B[�_zY���!/1+?#&+��.(*���$#&���1�AIC��%g�)/�+�!�) )�)/1/?#&���1�HQ,5!�_%.�)/[(A/1 "��%�%�#&+��.(*�!/V���)/b�U� �N�"�1�"�R+1�)/VTA�?#&�!���"5��1/[���_%J;<�) )(*5�%.�"20�"�R+V/?(*�.�"�,+[���) )(*���1�"%.�)�)/���)/Z�) 17!�"%�%.�)/[���[%�#H+�5���=�5�%.�"�! )�A@{u[�h���1�)/?/1�"�,+D#&%.(*�1/ZQR5!�' )�"+�+1�M#&�����1(R ?7!�'�>(*5����?#c�1�"�!�U�1�'5����.QR5!��p20�"�,+O )(*2L��+1�6���)/H�"FP4"�!�"20�"�,+1/c=$#*/1/1�)/npom��1�)QR5!�"�! )�)/W�"+H/?�"�?#h�!#&�!/W%J; ���! `#&�$#* "��+1�-���0 `#&��+�5��1�"�c%.�)/
7$#&5�+1�)/Zm��1�)Q,5!�"�! )�)/�*HG#G�K-,s�� )�'�N(*���,+D/1�"�?#0���"FP�"%.(*���>�M�!#&�!/b%.�_�$#&�?#&TA�?#&��7!�
	�!!@ !R��@

�C#[20(¢yP�"���!�Z/�+?#&+��./�+��.QR5!�s�����!���.�g�!#&�!/b� � @ !R�C�N�"��20�"+t�E;<���N�) "+�5!�"�
5��!�g���) )(*2L�>(A/1��+��.(*�L=����$#&���1��U5� 17$#&2L�
φ(xi, t)

�
φ(xi, t) = 〈φ(xi, t)〉 + φ

′

(xi, t)
� � @ X �

φ
′

(xi, t)
�)/�+M%.�l 17$#&2L�� )(*2L��%.�"20�"�,+L�"�,+��1�l%.�6 ?7$#&2L�����!/�+?#&�R+?#&�!�l�"+c/?#h20(¢yP�"���!�l/1+?#&+��./�+��.Q,5!�A@�_#&�!/[%�#6/�5���+1�AI{�!(*5!/V�"FP(GQR5!�"�1(*�!/[�"T,#&%.�"20�"�R+M )�W 17$#&2L�: )(*2L��%.�"20�"�R+M/1(*5!/D%.�W�!(*2 ����? � �*0:�/4��

0:":��$/.i��/1(*5!/npr�"�R+1�"�!�U5/Y!5! "+�5$#&+��.(*�!/O�U5� 17$#&2L�����!/�+?#&�,+?#&�!�l�$#&�W�?#&���N(*��+L8h/?#h20(¢yP�"���!�l/1+?#&+��./np
+��.Q,5!�¢��@

u[� �N�"5�+_20(*�,+��1�"�OQR5�;S#)FP�) L%�#-mo(*��2W5�%�#&+��.(*��� � @ !R��IE%.�)/W20(`yP�"���!�)/c/�+?#&+��./�+��.QR5!�)/_FP�"���q�$�"�,+c%.�)/
4 #�"H��EN2D.P6 2 	�2=8�$!�� K6�.6�
��� �,FA#&����#&�! )�W�E; 5��!�M )(*�!/1+?#&�,+1�

λ
�

〈λ〉 = λ
� � @MKP�

���E���!�`#&����+1�H�"�,+��1�W%.�)/Z20(`yP�"���!�)/V/�+?#&+��./�+��.QR5!�)/b���_���"5U]^m�(*�! "+��.(*�!/[#&%.�`#&+1(*���1�)/H�
〈λφ+ ψ〉 = λ〈φ〉 + 〈ψ〉

� � @MLP�
��� ���"2L�>(*+1�"�! )�l�

〈〈φ〉ψ〉 = 〈φ〉〈ψ〉
� � @HG Z �

���s(*2L2H5�+?#&+��.(*�Y#`FP�) M%.�)/b(*�N�"�?#&+1�"5��1/D���_���"����FA#&+��.(*�9/��$#&+���#&5U]h�"+b+1�"2L�N(*�1�"%./W�

〈
∂φ

∂x
〉 =

∂〈φ〉

∂x

� � @HG#G¢�

〈
∂φ

∂t
〉 =

∂〈φ〉

∂t

� � @HG � �
�C#M20(`yP�"���!�'/�+?#&+��./�+��.QR5!�D�)/1+s#&5!/1/��N#&���>�"%.�)�G�D�  1+ 4�0321�'+X6 2L	�2=8�$!�� >6�.[�"+s�>(A/?/14)���Z%.�)/x���1(*�����.��p

+1�)/D/�5���FA#&�,+1�)/¢IU�>(*5��b+1(*5!/D 17$#&2L�!/[���!/�+?#&�,+?#&�!�)/
φ
�"+
ψ
�

〈〈φ〉〉 = 〈φ〉
� � @HG ¥ �

〈φ
′

〉 = 0
� � @HG !R�

G X



� ��� � � � ��� ���	�	
	� � � � � � � � � ���	� � � ��� � ��� � � � � �

〈〈φψ〉〉 = 〈φψ〉
� � @HG�IP�

〈〈φ〉ψ
′

〉 = 0
� � @HG�JP�

�s(*2L20�M�!(*5!/D%.�_FP�"���1(*�!/[#&53�$#&�?#&TA�?#&��7!� 	 � @ !!I! )�)/D���1(*�����.�"+1�)/D/���2L��%��q�$�"�1(*�R+[TA�?#&�!���"20�"�R+[%J;<��]Gp���1�)/1/��.(*�����)/D�)Q,5$#&+��.(*�!/D20(`yP�"���!�)�)/`@

����� 
 ����� C B/� <>8;C���<	��
G�wC B�9<

�C#0/���2W5�%�#&+��.(*�Y���)/DTA�?#&�!���)/V�) 17!�"%�%.�)/[���,+��1(G�U5���+V5���(*�>�"�?#&+1�"5��'���'�!%�+��?#&TP�^��(*53��%�5!/V/���2L��%.��p
20�"�,+��  K0:+52&�
QR5��$�)/�+t5��L�!%�+��1�D�$#*/1/1��pJ=$#*/x�"�l�)/��$#* )�A@P�O;<(��l%�#_�����!����+��.(*�l26#&+�7!�"26#&+��.QR5!�D�U56�!%�+��1�
F
���'%�#&��TP�"5��

∆
QR5���/`;<��]U������20�M/1(*5!/Z%�#Hmo(*��20�M�E; 5��3���1(G�U5���+D���_ )(*�,FP(*%�5�+��.(*���

φ(xi, t) = F ∗ φ =

∫ +∞

−∞

∫ +∞

−∞
F(∆(xi, t), xi − ζ, t− α).φ(xi, t)dζ dα

� � @HG X �

∆(xi, t)
�)/1+v#&���>�"%.�)�  >��$'&���2=�-+�6 2������<�!�-+�2_8[%�#*Q,5!�"%�%.�b(*�6#*/?/1(R "�.�g%.�g�!(*2H=��1�b�E;<(*�!���b���Z )(*5���5��1�

kc
�!#&�!/b%J;<�)/��$#* )�M/��N�) "+��?#&%J@!�'4)/Z%.(*�1/`IU5��!�_�!(*5�FP�"%�%.�W���) )(*2L�>(A/���+��.(*�9�>�"5�+bk"+��1�M���,+��1(G�U5���+1�6�

φ = φ+ φ
′′ � � @HG�KP�

φ
′′ �)/�+b%.�_ )(*2L��%.�"20�"�,+'�"�,+��1�M%.�M 17$#&2L�3���!/1+?#&�,+?#&�!�

φ
�"+Z%.�M ?7$#&2L�h�!%�+��1�

φ
@

� %!�)/�+t��2L�N(*��+?#&�,+s���b�1�"26#&�1QR5!�"�xQR5!�AIP )(*�,+��?#&���1�"20�"�R+Z8_%�#'20(`yP�"���!�V/�+?#&+��./�+��.QR5!�AIA%J;<(*�N�"�?#&+1�"5�����H�!%�+��?#&TP�H�!�O )(*2L2H5�+1�0#6�����.(*���
�$#*/_#)FP�) c%.�)/_(*�N�"�?#&+1�"5��1/_���H���"����FA#&+��.(*��@E� %
#l )�"�>�"�!�!#&�R+M�"+1�
20(*�,+��1�h�$#&�lj'7!(A/?#&% *MJ#I-,DQ,5!�-%J;<�"���1�"5��0 )(*2L2L�./1�3%.(*�1/L�E; 5��!�^+1�"%�%.�h )(*2L2W5�+?#&+��.(*����(*5��N(*5��O%�#
���1(*�����.�"+1�����^%����!�`#&����+1�¢�L�1�)/�+1�^�>�"+���+1�^�$#&�6�?#&���>(*��+l#&5U]��"���1�"5��1/0�"��TP�"�!�U�1�)�)/6�$#&�0%.�)/0/1 ?7!�"26#*/�,5�20�"���.QR5!�)/[QR5!�'�!(*5!/b5�+���%��./?�"�1(*�!/D�!#&�!/b )�"+�+1�M�"+�5!���A@

�'�g��%�5!/`IA�N(*5��w5��L�!%�+��1�bQR5!�"%. )(*�!QR5!�AIP%.�)/w���1(*�����.�"+1�)/'� � @HG ¥ ��I$� � @HG !R��I{� � @HG�IP�w�"+[� � @HG�JP���!�b/1(*�R+�"�3TP�"�!�"�?#&%��$#*/DFP�"���q�$�)�)/`@!�w+D�"�h�$#&��+��. "5�%��.�"�`I{(*�9#^�

φ 6= φ
�"+

φ
′′

6= 0
� � @HG�LP�

�w�i���?#&+��.QR5!�AI{�N(*5��V%.�)/V )(*�U�!TA5��?#&+��.(*�!/W�E;<�) )(*5�%.�"20�"�,+1/W���H+ryG�N�W���!�U5!/�+����.�"%JI>%�#l%.(*��TA5!�"5��_���
 )(*5���5��1�

∆
�)/�+b���"+1�"��2L���!�)�W8H�$#&��+����D���'%�#H+?#&��%�%.�_���'26#&��%�%.�M�U5^���1(*=�%.4"20�M�U�./1 "�1�"+`@>u[�^�U��+D#&%.(*�1/Q,5!�M%.�V�!%�+��1�M�)/�+Z��2L��%��. "��+1�A@$�~#cm�(*��2H5�%�#&+��.(*��%�#O��%�5!/D )(*2L2W5��!�"20�"�,+V5�+���%��./1�)�M�)/1+M�

∆ = (∆x∆y∆z)1/3 � � @ �#Z �
(��

∆x
I
∆y

�"+
∆z

/1(*�,+6%.�)/0+?#&��%�%.�)/6���326#&��%�%.���!#&�!/0%.�)/6�U� �N�"�1�"�R+1�)/l�U���1�) "+��.(*�!/-�U5 26#&��%�%�#&TP�A@Xi#&%�TA�1�l )�"+�+1�Omo(*��2W5�%�#&+��.(*�����1�) "�./?�0���L%�#^%.(*��TA5!�"5��c���0 )(*5���5��1�AIE%J;<(*�N�"�?#&+��.(*�����O�!%�+��?#&TP�6�./1/�5!�
���_%�#O���xz3���"�>�"�!�����'�$#&�?#&204"+��1�)/DFA#&���.�)/ *MJ ! ,x�
� %�#L�U�./? "�1�"+��./?#&+��.(*��/��$#&+��.(&pJ+1�"2L�N(*�1�"%�%.�l���$#*/[�E;<�)/��$#* )�M�"+Z�$#*/D���'+1�"2L�!/���@

G�K



��� ����� �	��� � ��� � ��� � � � � ����� ��� � � ��� ����
 ���	��� � � � � � � � ��
 � ������� ���
��
 � � 
 � ������ ��� ��� � � 
 ��� ����� ��� ��� ��
	� ��� � ��
	�

� %J;<(*�1�U�1�V���)/g/1 17!�"26#*/s�,5�20�"���.QR5!�)/_��/1 17!�"26#c���[ )(*�,FP�) "+��.(*��I�/1 ?7!�"26#W���V�U� �>5!/1�.(*��I,/1 ?7!�"26#
�"�3+1�"2L�!/���@

� %.�)/b�"���1�"5��1/[�U5!�)/[8c%�#c20(G���"%��./?#&+��.(*�9���'%�#L+�5���=�5�%.�"�! )�A@

zG(*5�%���TA�!(*�!/Z�"T,#&%.�"20�"�R+DQ,5�; ��%N��]U�./�+1�'�E;S#&5�+��1�)/b#&�����1(R ?7!�)/`IG=$#*/1�)�)/Z/�5��g���)/x20�"+�7!(G���)/Z���V���1(&p
Kn�) "+��.(*��I!�>(*5��[#&����%��.QR5!�"�b5��h�!%�+��1�W�"�3/���2W5�%�#&+��.(*�i���)/ZTA�?#&�!���)/D�) ?7!�"%�%.�)/`@�_#&�!/l%.�9 `#*�U�1�Y���9%�# 20�"+�7!(G���Y���)/l�"%.�"20�"�R+1/^�!���./`Is�D5�TA7!�)/^�"+3zR+1���s#&��+ * X I ,[���1(*�N(A/1�"�R+5��!�0#&�����1(R ?7!�LFA#&����#&+��.(*���!�"%�%.�L2W5�%�+��qpr�) ?7!�"%�%.�)/`@C�_#&�!/_ )�"+�+1�0���"�����.4"�1�AIN%.�)/'TA�?#&�!���)/M�) ?7!�"%�%.�)/W/1(*�R+�U�./1 "�1�"+��./1�)�)/-#)FP�) ����)/0m�(*�! "+��.(*�!/l���^mo(*��20�3/�+?#&�!�!#&�1��/l#&%.(*�1/lQ,5!�����)/Om�(*�! "+��.(*�!/l���^mo(*��20�3���+ryG�>���r=�5�%�%.���3��;=��;<;= 2D. �_/1(*�R+_5�+���%��./1�)�)/'�N(*5��_%.�)/_�) 17!�"%�%.�)/M/1(*5!/�pJ26#&��%�%.�A@~�s�)/_���"�����.4"�1�)/'mo(*�! "+��.(*�!/��;<�"��TP�"�!�U�1�"�,+-�$#*/0���h�!(*5�FP�`#&5U] ���"TA�1�)/0���h%���=N�"��+1�hTA� �* )�38Y%J; 5�+���%��./|#&+��.(*� �E; 5��!�h20�"+�7!(G���3���
/�+?#&=���%��./?#&+��.(*��@

u[�H�>(*5����?#[#&5!/1/��R "��+1�"�~%.�)/C20�"+�7!(G���)/tj_#&%.�"��eG���!��prdxuV��� 
 +5�D�/21+��A+10 J ��&7��$!4� !�P2�����E�� ��.="F0:"H��$��Q,5��N )(*�!/��./�+1�"�R+b8M���1(&K��"+1�"�g%.�)/x�)QR5$#&+��.(*�!/g���V�'#)FG�.�"�np zR+1(*eP�)/Z/�5��x5��!�[=$#*/?�b20(G�!#&%.�V�"+g/1�"5�%.�"20�"�R+
%.�)/c20(R���)/H%.�)/W��%�5!/O�"�!�"��TP�"+��.QR5!�)/O/1(*�,+O )(*�!/��.���"�1�)/`@
�[�./�+1(*���.Q,5!�"20�"�R+`I
 )�"+�+1�l���) )(*2L�N(A/���+��.(*��/1�mo#&�./|#&��+D/�5��b5��!�_=$#*/?�M���_mo(*�! "+��.(*�!/D���M�$(*5����.�"�[�"+[/?�_ )(*�! )�"�,+��?#&��+'/�5���+1(*5�+[/�5��[���)/b�) )(*5�%.�"20�"�,+1/
7!(*20(*TP4"�!�)/`@P�s�"�>�"�!�!#&�R+`IA���v�1�) )�"�R+1/w���"FP�"%.(*���>�"20�"�R+1/b��BD5�=���yH�"+
#&%J@	*ML-,rI d�(G�UFR��� *HG#G ¥ ,rIA�s(*5���%.�"+�"+M#&%J@ * ! ¥ ,���I{(*�R+_�>�"��2L�./_�E; ���RFP�)/�+���TA5!�"�`INTA� �* )�086 )�"+�+1�0#&�����1(G 17!�AIE���)/'�) )(*5�%.�"20�"�R+1/M+�5���=�5�%.�"�,+1/����7!(*20(*TP4"�!�)/`@

�����  � < � C � =.<>: � B����£69:�= � <��v� CDB 
 < �;< 
 B = � � B4CDB�� � 69: �
	 � ����< 
 
 <m= � 698;C 
 <>= �L�£E�

E � C <>: �w<m=¨B � � C 6�����<>= �
�_#&�!/Z )�_�$#&�?#&TA�?#&��7!�AI��!(*5!/b�!(*5!/Z���1(*�>(A/?(*�!/b���M���) "�����1�_+��14)/Z/1 ?7!�"26#&+��.Q,5!�"20�"�R+`I{�!#&�!/b%J;<�)/np

�$#* )�'/��>�) "+��?#&%JIR%�#H/1�"�$#&�?#&+��.(*�h�E;<�) 17!�"%�%.�)/Z���!�U5���+1�V�$#&�g 17$#* "5��!�_���)/Z#&�����1(R ?7!�)/Z "��+1�)�)/s���1�) )�)���"2Op
20�"�,+`@d�(*5��M%.�)/'�!TA5��1�)/H�~��T!@ � @HGl8^�~��T!@ � @ ¥ I�%.�L/��>�) "+��1�L�E;<�"�!�"��TA�.�6+�5���=�5�%.�"�,+1�l�)/�+M���) )(*2L�>(A/?�0�"�5��!�0�$#&��+��.�6�1�)/1(*%�5!�9�o#P�'�"+H5��!�0�$#&��+��.�620(R���"%��./1�)�9��={��@Cd�(*5��H%J;S#&�����1(G 17!�l�DBV�'z�������T!@ � @HG¢��IC%�#+1(*+?#&%���+1�x�U5H/��>�) "+��1�x�)/�+�20(G���"%��./1�)�A@¢d�(*5���%J;S#&�����1(R ?7!�v�DBV�_zV���!/�+?#&+��.(*���$#&���1�'���~��T!@ � @ � ��I`/1�"5�%.�)/~%.�)/=$#*/1/1�)/�m��1�)Q,5!�"�! )�)/b� mJ#&��=�%.�)/��!(*2W=��1�)/t�E;<(*�!���¢��/?(*�,+w�1�)/1(*%�5!�)/w�"+
%.�s�1�)/�+1�s�U50/��>�) "+��1�s�)/�+
20(G���"%��./1�A@£[5$#&�,+08h%�#����xz�������T!@ � @ ¥ ��I~%.�)/WTA�?#&�!���)/c�) 17!�"%�%.�)/L/?(*�,+W�1�)/?(*%�5!�)/DKn5!/1QR5�;S8^5����!(*2W=��1�-�E;<(*�!��� )(*���1�)/��N(*�!�!#&�,+W8l%�#0%.(*��TA5!�"5��M���c )(*5���5��1�

kc
@NB[5i���"%�8l���O )�H���"�����.�"�`IN%.�)/V�N�"+���+1�)/V�) ?7!�"%�%.�)/_���

%�#O+�5���=�5�%.�"�! )�W/?(*�,+b20(G���"%��./1�)�)/Z�$#&�b5���20(R��4"%.�_/1(*5!/�pJ26#&��%�%.�A@

G�L



� ��� � � � ��� ���	�	
	� � � � � � � � � ���	� � � ��� � ��� � � � � �

0
k

E(k)

x );{��/�� 
"����� >����"����!$� ����� �"�.
�&��$��! �]
0

k

E(k)

x���{��K�! 
"��,�� Z����"��!��$� ����� T'E�N��.
$����&.� ,]

� � ��� � @HG �hzR�>�) "+��1�)/D�"�!�"��TP�"+��.Q,5!�)/V )(*���1�)/��N(*�!�!#&�,+V8c5��!�W���) )(*2L�>(A/���+��.(*�9�DBV�'z>@

0
k

E(k)

x );{��/�� 
"����� >����"����!$� ����� �"�.
�&��$��! �]
0

k

E(k)

x���{��K�! 
"��,�� Z����"��!��$� ����� T'E�N��.
$����&.� ,]

������� � @ � �6zR�>�) "+��1�)/x�"�!�"��TP�"+��.Q,5!�)/g )(*���1�)/��N(*�!�!#&�,+Z8'5��!�D���) )(*2L�N(A/���+��.(*�-�DBV�'zc���!/1+?#&+��.(*���$#&���1����[�[B[�_z���@

�#Z



��� ����� �	��� � ��� � ��� � � � � ����� ��� � � ��� ����
 ���	��� � � � � � � � ��
 � ������� ���
��
 � � 
 � ������ ��� ��� � � 
 ��� ����� ��� ��� ��
	� ��� � ��
	�

0
k

E(k)

kc

x );{��/�� 
"����� >����"����!$� ����� �"�.
�&��$��! �]
0

k

E(k)

x���{��K�! 
"��,�� Z����"��!��$� ����� T'E�N��.
$����&.� ,]

������� � @ ¥ �hzR�N�) "+��1�)/b�"�!�"��TP�"+��.QR5!�)/[ )(*���1�)/��N(*�!�!#&�,+'8c5��!�M���) )(*2L�N(A/���+��.(*�����xz>@

� G



� ��� � ��� � � � � ���	� � � ��� 
	� � � ��� ���	�	
	� ��
 � � � � ����
 ���	��� � � �
� � ��� ��� � ����� �

�	��� ��zlzb{}|}~����m|}��� �A¡ �`� �^z7� �4���m���l� �>�l��{}��� � �`���m|}�^�`� |}�`�0�L�^���m���
�l�����


����y��� � � 8�B�� � 6p:;= � 
n� C � <>=A6p8
	´6/�9<>:H: � <m=
�V(*5!/_�!(*+1�"�1(*�!/

(̃.)
5���(*�N�"�?#&+1�"5��MTP�"�!�"���.QR5!�0�N(*5�F*#&�R+Wk"+��1�0/1(*��+_5��!�020(`yP�"���!�6/1+?#&+��./�+��.Q,5!�

/1(*��+'5��i�!%�+��1�L���xzi#)y,#&�R+M%.�)/V���1(*�����.�"+1�)/M���O )(*2L2W5�+?#&+��.(*��#`FP�) c%.�)/_(*�>�"�?#&+1�"5��1/_���O���"����FA#&+��.(*�
∂
∂t

�"+ ∂
∂xi

���) "����+1�)/s#&5L�$#&�?#&TA�?#&��7!� 	 � @ ¥ @PB[����%��.Q,5!(*�!/v26#&���,+1�"�$#&�R+s )�"+v(*�N�"�?#&+1�"5��x#&5U]0�)QR5$#&+��.(*�!/� � @HG¢��I~� � @ � �g�"+W� � @ ¥ �_�

∂ũj
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γ =
1.5(2 − y/R)

1 + 2(1 − y/R)2
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γ =
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[1@PY9I}]s@P��KLO*@POQKNCSR{OQXHYQZHXHINUJRFO=UuEr] XHRbUuEgKNMQO*@PRbWVU
lm
Eb@PRbM9I�@¦EgKLY=UVWJOQKNCSR EgX�WJKNM*@PKLILINUJADUJRFO�ADCl��UJR{EHU
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u′ = lm
∂〈u〉

∂y

·%$bkHG^¹
& R¦d}@PKLO/@PINCSY=M/I}] ���-[\CSOQ�bfVM=U9��XbU(INUcWJKNM*@PKLILINUJADUJRFO

〈u′v′〉
UVMQO>[HY=CS[3CSYQOQKNCSRHRbUJI���I�@±O=UJRbMQKNCSR EHU9vxUJ�Fh

RbCSINEHM>RbCSYQA~@PINU
〈u′2〉

UJO>UJR�Ml]s@P[H[HXH��@PR�OyMQXHY�I}] ���-[3CSOQ�bfVM=UcEHUc§qCSXbM=MQKLRbUVM*� �

〈u′v′〉 = νt
∂〈u〉

∂y
= l2m

(
∂〈u〉

∂y

)2 ·%$bksë�¹
Ç±]_C��¦I}]_Ua£-[HY=UVM*MQKNCSR�EHU�I�@ j KNM=WVC�MQKLO=G�OQXHYQZHXHINUJRFO=U~�

νt = l2m

∣∣∣∣
∂〈u〉

∂y

∣∣∣∣
·%$bks®�¹

¬nUJOQO=U(Ua£g[HY=UVM=MQKNCSR¦UVMQO�[1@PY deCSKNM�XHOQKLILKNM=GVU(M=CSXbM�XHRbU�deCSYQADU5[HILXbM���GJRbGJY*@PINU|�
νt = l2m‖Sij‖

@ j UVW ‖Sij‖ = (2Sij Sij)
1/2 ·%$bk $F¹

?º]_Ua£g[HY=UVM=MQKNCSR|EHU>I�@�INCSRH��XbUJXHY�EHU�ADGJI�@PRH��U
lm
UVMQO j @PYQK�@PZHINU>M=UJINCSRDI�@5WVCSRg¤b��XHY*@POQKNCSRoEr]_GVWVCSXHINUJADUJR�OGJOQXbEgKNGVU�k

«�CSXHY/XHRbUcWVCSRg¤b��XHY*@POQKNCSR EHU(Wl@PR1@PI�[HI�@PR�pbCSRB[3UJXHO/@ j CSKLY(� lm = D
1/2
vd χy

@ j UVW|�

Dvd = 1 − exp

[
−

(
y+

A+

)3
] ·%$bkMI�¹

A+ UVM=O±GJ��@PINU¦��ë#Igkt¬nUJOQO=UudeCSRbWJOQKNCSR¥Er]s@PADCSYQOQKNM=M=UJADUJRFO~UVMQOD@P[H[HILKN��XbGVU @°¤bR{Er] KLA�[3C�M=UJY~� νt
XHR

WVCSA�[\CSYQO=UJADUJRFO/[1@PYQKNGJO*@PIÝWVCSRgd CSYQADU9�7I�@±[H���gMQKN�FXbU5EHU5I�@±WVCSXbW=�bU(ILKLA�KLO=U5OQXHYQZHXHINUJR�O=U�k
z-UJINCSR�¬��1@SM=M @PKLRH�¦¨s®�¯Pª pgI�@±INCSRH��XbUJXHYxEHU5ADGJI�@PRH��Uc[\CSXHY>XHR('QUJO>[HI�@PR¦UVMQO9�

lm = 0.09 δ0.5
@ j UVW δ0.5

GJO*@PR�O>I}]_GJ[1@PKNM=M*UJXHYxEHU5I�@ j KLO=UVM=M=U�ADCSKLOQKNG�k ·%$bks¯�¹
«�CSXHY/XHRbUcWVCSRbEgXHKLO=U(WJKLY=WJXHI�@PKLY=U(EHU5Y*@V��CSR

R
pHCSR @o�

lm
R

= 0.14 − 0.08
(
1 −

y

R

)2
− 0.06

(
1 −

y

R

)4 ·%$bk í�¹
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Zone de dissipation
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Zone inertielle

Cascade d’énergie

Cascade inverse
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∆
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F2(~x,∆, t) =

∫

‖~x′‖=∆
[~u(~x, t) − ~u(~x+, ~x

′

, t)]2d3~x
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√
F2(~x,∆, t)
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2]

·%$bksë�¯�¹
$�®



����� � ��� � ������������� 
 ! ��� ���� 
 ! � ! ��� ! ��� ! �

F2(~r,∆, t) =
1

6

3∑

i=1

F
(i)
2

(
∆

∆xi

)2/3 ·%$bksë�í�¹

?�U�d}@SWJO=UJXHY ( ∆
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F
·¸RbCSO=G

(.)
¹qUVMQOx@SM=M=C-WJKNGc�7I�@7INCSRH��XbUJXHY/Er]_CSRbEHU

kc
·
π/∆
¹-,

B
XHR~EHUJXg£gKNfJADUq¤bILOQY=U

G
·e@P[H[3UJINGq¤bILOQY=UxO=UVMQOºUJOºRbCSO=G

(̂.)
¹ÝUVMQOn@SM=M=C-WJKNG>��XHRbU�INCSRH��XbUJXHYtEr]_CSRbEHU

kc2
Y=UJILKNGVU±��I�@~INCSRH��XbUJXHYyEr]_CSRbEHU

kc
·
kc2 = kc/α

¹ak\?:@~[HILXH[1@PYQOyEHUVM�@PXHO=UJXHY=M�WVCSRbMQKNEHfJY=UJR�O
I�@ j @PINUJXHY α = 2

k
$*$
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0
k

E(k)

������� ���
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	 ��$bksë � ��ILILXbMQOQY*@POQKNCSRTEgX{EHCSXHZHINU~¤bILOQY*@P��U~RbGVWVUVM=M @PKLY=Uu�¦I�@B[HY=C-WVGVEgXHY=UuEg�-R1@PA�KN�FXbUu@P[H[HILKN�FXbG
@PXg£BADCFEHfJINUVM>M*CSXbM h}A~@PKLILINUcMQXHY�XHR�M=[\UVWJOQY=U5Er]_GJRbUJYQ��KNU9WJKLRbGJOQKN��XbU5OQXHYQZHXHINUJRFO=U�k
& R�WVCSRbMQKNEHfJY=U(@PINCSY=MxINUVM>EHUJXg£oO=UJRbM=UJXHY=MxM=CSXbMQh}A~@PKLILINUcCSZHO=UJR�XbMy�±[1@PYQOQKLYxEHUVMq¤bILOQY=UVMx[HY=GVWVGVEHUJR�O=M7�

{
τij = uiuj − uiuj

Tij = ûiûj − ûiuj

·%$bks®�©�¹
��R�Ml]s@P[H[HXH��@PRFO/@PINCSY=MxM=XHYnINU�ADC-EHfJINUcEHU(zFA~@P��CSYQKLRbM �-�oUJO>MQXHY�I}] ���-[\CSOQ�bfVM*UcEHU5§qCSXbM=MQKLRbUVM=�\p-[HXHKNM
UJR�MQXH[H[\C�M @PR�O5��XbU7I�@ j @PINUJXHY5EHUVM5WVCSRbMQO*@PRFO=UVM5EHUVM5EHUJXg£ O=UJRbM=UJXHY=M�M=CSXbMQh}A~@PKLILINU±[HY=GVWVGVEHUJR�O=McM=CSRFOKNEHUJR�OQKN�FXbUVMlp1CSR�[\CSXHYQY*@±GVWJYQKLY=UD�




τij = 2C2∆

2
‖S‖Sij

Tij = 2C2∆̂
2
‖Ŝ‖Ŝij

·%$bks®��^¹

& YlpHINUVM�O=UJRbMQKNCSRbMxY=GVM=CSILXbUVM>M=CSRFOxEHGa¤bRHKNUVM>[1@PYxINU�O=UJRbM=UJXHY
Lij
�

Lij = ûiûj − ûiuj
·%$bks®�ë�¹

¬nUyRbCSX j Ul@PXBO=UJRbM=UJXHY�[\UJXHO  JOQY=UyY=UJILKNG5@PXg£|[HY=GVWVGVEHUJRFO=M�[1@PYqI�@(Y=UJI�@POQKNCSR"·¸KNEHUJRFOQKLO=GcEHU � UJYQA~@PRbC�¹/�
Lij = τ̂ij − Tij

·%$bks®�®�¹
��R M=XH[H[\C�M*@PRFO/@PINCSY=Mx�FXbU�I�@�WVCSRbMQO*@PRFO=U7¬ UVM=O�KLR j @PYQK�@PR�O=U7UJRBd CSRbWJOQKNCSR EHU5I�@±I�@PYQ��UJXHYxEHUVM>¤bILOQY=UVMlpCSR�EHGa¤bRHKLO/@PINCSY=MxI}]_CS[\GJY*@PO=UJXHYxEHU5¤bILOQY*@P��UcM=CSXbM�I�@7deCSYQADU��

Lij = 2C2Mij
·%$bks® $F¹

$ 
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w j UVW~�
Mij = 2(

̂
∆

2
‖S|Sij − ∆̂

2
‖Ŝ|Ŝij)

·%$bks®��¹
�xRbUuADGJOQ�bC-EHUoEr]_UVMQOQKLA~@POQKNCSR [1@PY±A�KLRHKLA�KNM*@POQKNCSR¥EHU~Y=GVM=KNEgX{UVM=O±@PINCSY=M�Ua`rUVWJOQXbGVUB�¦[1@PYQOQKLYDEHU|I�@
Y=UJI�@POQKNCSRT·%$bks® $F¹akb?�@7d CSRbWJOQKNCSR Er]_UJYQY=UJXHYy@�@PINCSY=M�[3CSXHY�deCSYQADUD�

Eij = Lij − 2C2Mij
·%$bks®�¯�¹

?:@|A�KLRHKLA�KNM*@POQKNCSR�EHU7WVUJOQO=U(deCSRbWJOQKNCSR�Er]_UJYQY=UJXHY�[1@PYyI�@~ADGJOQ�bC-EHU7EHUVMyADCSKLRbEgY=UVM5Wl@PYQY=GVM�· ∂EijEij

∂C2

¹
[\UJYQADUJO/EHUcWl@PINWJXHINUJY>I�@ j @PINUJXHY>EHU5I�@±WVCSRbMQO*@PRFO=U~�

C =
1

2

LijMij

MklMkl

·%$bks®�í�¹
?:@�WVCSRbMQO*@PRFO=U/@PKLRbMQKHWl@PINWJXHINGVU�R�]_UVMQO�RHKgZ3CSYQRbGVUqRHKHRbGVWVUVM=M*@PKLY=UJADUJRFOt[3C�MQKLOQK j U�pSWVU���XHKH[3UJXHO�WJY=GVUJYtEHUVMKLRbMQO*@PZHKLILKLO=GVMÝR�XHADGJYQKN�FXbUVMlkS«�CSXHY�WVCSYQYQKL��UJY�WVUVM�EHGad}@PXHO=MlplKLI-UVMQO:RbGVWVUVM*M*@PKLY=UtEr]_Ua`rUVWJOQXbUJYÝEHUVM�ADCl��UJRHRbUVM
EHU�I�@oWVCSRbMQO*@PRFO=U~M=UJINCSR�INUVMcEgKLY=UVWJOQKNCSRbM7Er] �bCSADCS��GJRbGJKLO=G~EHU±I}]_GVWVCSXHINUJADUJRFOo· M^] KLIºUJR�[\C�M*M=fVEHU^¹7¨s¯�®°ª p
EHUVM5ADCl��UJRHRbUVM(O=UJA�[\CSY=UJILINUVM(CSX�XHRbU±ILKLA�KLO*@POQKNCSR"EHUVM�Z\CSYQRbUVM(EHU9I�@oWVCSRbM=O*@PR�O=U¦¨����l©Pª k#�/RbUD@PXHOQY=U
[HY=CFWVGVEgXHY=U5EHUyADC^��UJRHRbU�I�@P��Y*@PRH��KNUJRHRbU(@7GJO=G/KLR j UVMQOQKL��XbGVU�[1@PY - UJRbU j Ul@PX�¨sê�°ª kb¬nUJOQO=Uy[HY=C-WVGVEgXHY=UY=UJ[\C�M*UcMQXHY�XHRbU5A�KLRHKLA�KNM*@POQKNCSR¢EHU�I}]_UJYQY=UJXHY>INU5INCSRH�~EHUVM>OQY*@ ' UVWJO=CSKLY=UVM/EHUVM�[1@PYQOQKNWJXHINUVM>ìbXHKNEHUVM^k
� % $&%��(# � %�� � ���+�����!�	�
�(���

?�UVM~ADCFEHfJINUVMuEHU�M=KLA�KLI�@PYQKLO=G Er]_GVW*�bUJILINUVMuCSRFO|GJO=G�KLRbMQ[HKLY=GVM~[1@PYu§�@PY=EgKLR1@¥¨�� Pª kq¬nUVMDADC-EHfJINUVM
M=CSXbM h}A~@PKLILINU9MQXH[H[\C�M*UJR�Ox�FXbU�INU�O=UJRbM=UJXHYxM=CSXbMQh}A~@PKLILINUc[3UJXHO  JOQY=UcG j @PILXbG(EgKLY=UVWJO=UJADUJR�Oy��[1@PYQOQKLYxEgXW=�1@PA�[D����Y*@PRbEHUnGVW=�bUJILINU

ui
k & R7WVCSRbMQKNEHfJY=Uq@PINCSY=MÝ��XbUtINUVM:KLRFO=UJY*@SWJOQKNCSRbM�UJR�OQY=UVM�GVW=�bUJILINUVMÝY=GVM=CSILXbUVMÝUJO

GVW=�bUJILINUVMyM=CSXbM h}A~@PKLILINU9Ml]_Ua`3UVWJOQXbUJRFOx[HYQKLRbWJKL[1@PINUJADUJRFO�UJRFOQY=UcINUVM�[HILXbMx��Y*@PRbEHUVM/GVW*�bUJILINUVM/M*CSXbM h}A~@PKLILINU
(ui)

′′ UJO�INUVM±[HILXbM�[3UJOQKLO=UVM�GVW=�bUJILINUVMDY=GVM*CSILXbUVM
(u

′′

i )
· j CSKLY �ÝKL�bk�$bks®�¹akº?�UuO=UJRbM=UJXHYDM=CSXbM h}A~@PKLILINU�UVMQOADCFEHGJILKNM*G5[1@PY(�

τij = uiuj − uiuj
·%$bks®*)�¹

& RB[\CSXHYQY*@7Y=UJA~@PY=�FXbUJYx�FXbU�WVU�ADCFEHfJINU�R�]_UVMQO�[1@SMqZ1@SM*G5MQXHYqI}] ���-[\CSOQ�bfVM=U(EHU5§nCSXbM*MQKLRbUVM=�~UJO��FX�] KLI
[\UJXHO�Y=UJRbEgY=UxWVCSA�[HO=U>EgX�OQY*@PRbM deUJYQO�KLR j UJY=M=U>Er]_GJRbUJYQ��KNUxEHUVM�[\UJOQKLO=UVMºGVW*�bUJILINUVM�@PXg£±��Y*@PRbEHUVMºGVW=�bUJILINUVM^k¬nUJ[\UJRbEb@PRFOlpgWVU>ADC-EHfJINUxEgKNM=MQKL[3U�OQY=fVMt[\UJX|I}]_GJRbUJYQ��KNU�kF«ÝCSXHY�Y=GVM*CSXbEgY=UxWVU>[HY=CSZHINfJADU�p-CSR~ILXHK\@SE ' CSKLRFO
INU7[HILXbM5M=CSX j UJR�O�XHR�@PXHOQY=U7ADCFEHfJINU7Z1@SM=G±MQXHYyI}] ���-[\CSOQ�bfVM*U7EHU±§qCSXbM=MQKLRbUVM*�<p\CSR�CSZHOQKNUJR�O(@PINCSY=MyXHRADCFEHfJINUcA�Ki£-O=U�k

��

�� �� ��

�� � �� ���� � �� �� � � ��� �  � �� �

� � 	 ��$bks® � � ILILXbMQOQY*@POQKNCSR¢EgXB[HYQKLRbWJKL[\U(EHUcMQKLA�KLI�@PYQKLO=GcEr]_GVW*�bUJILINUVMlk

$�¯
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Ç±]s@PXHOQY=UVM�ADC-EHfJINUVM>M=CSXbM h}A~@PKLILINU5M*CSR�O�Z1@SM=GVMlpgWVCSA�ADU5INUVMqADC-EHfJINUVM>v/w/m5z|EgXB[HY=UJA�KNUJYxCSY=EgY=U�p
MQXHY>I�@±Y=GVM*CSILXHOQKNCSR Er]_GV�FX1@POQKNCSRbMxEHU5OQY*@PRbMQ[3CSYQOxEHUcEgKi`rGJY=UJR�O=MyW=�1@PA�[bM/EHU5I}]_GVWVCSXHINUJADUJR�OyOQXHYQZHXHINUJR�O
@°¤bR¥EHUoEHGJO=UJYQA�KLRbUJYDI�@ j KNM=WVC�M=KLO=G|OQXHYQZHXHINUJRFO=U"· j CSKLY�INUVM7OQY*@ j @PXg£{EHUoÇ�Ul@PY=EHCSY ` ¨ �ë°ª¸¹akt¬nUJYQO*@PKLRbMOQY*@ j @PXg£�Y=UJI�@POQKid Mt��WVUVM�O��F[3UVMºEHUqADC-EHGJILKNM*@POQKNCSRDM=CSXbM h}A~@PKLILINU�d CSXHYQRHKNM=M*UJR�OtUJR���GJRbGJY*@PIbEHUVM�Y=GVM=XHILO*@PO=M[HILXbMo[HY=GVWJKNMo��XbU¢INUVMuADCFEHfJINUVMoWJI�@SM=M=KN��XbUVMuA~@PKNMoRbGVWVUVM=MQKLO=UJRFO¦@PXbM=MQKyXHR Ua`rCSYQOuR�XHADGJYQKN�FXbU�[HILXbM
KLA�[\CSYQO*@PRFOlk � IyUVMQOB��RbCSO=UJYB��XbU�INUVMuOQY=CSKNMu@P[H[HY=C-W=�bUVMBEHU ADCFEHGJILKNM @POQKNCSR M*CSXbM h}A~@PKLILINU Ua£g[3C�M=GVUVM
[HY=GVWVGVEHUJA�ADUJR�O±·¸[HY=CFWVfVEgXHY=U5Eg�-R1@PA�KN��XbU�pgADC-EHGJILKNM*@POQKNCSRBA�Ki£gO=U5UJOqADCFEHGJILKNM*@POQKNCSR��7GV�FX1@POQKNCSRbM�EHU
OQY*@PRbMQ[3CSYQO ¹�M=CSRFO~[1@PY deCSKNM~XHOQKLILKNM=GVUVMuWVCSR 'QCSKLR�O=UJADUJR�Oo[3CSXHY~WVCSRbMQOQYQXHKLY=U¢EHUVMDADC-EHfJINUVM|M*CSXbM h}A~@PKLILINU
@SM=M=U �cM=CS[H�HKNM=OQKN��XbGVM7· j CSKLY>INUVM�OQY*@ j @PXg£¦EHU���Y*@ '�RbC j KNW9UJO>Ç5@ j KNEHM=CSR"¨ )�®Pª¸¹ak

� �����	� %�� # �
%(� " % $�� � %(��%�� �

?�UVMB@P[H[HY=C-W=�bUVMoEHU ADCFEHGJILKNM*@POQKNCSRbMBM*CSXbM h}A~@PKLILINU�[HY=GVWVGVEHUJRFO=UVM¦M=CSRFO|O=CSXHO=UVMoZ1@SM=GVUVMuMQXHYuXHRbU
ADCFEHGJILKNM @POQKNCSR¢Ua£g[HILKNWJKLO=U9EHU(I�@�OQXHYQZHXHINUJRbWVU�k�¬nUJYQO*@PKLRbM�@PXHO=UJXHY=MyCSRFO/WVCSRbWVUJ[HOQX1@PILKNM=G7XHRbU7@P[H[HY=CFW*�bU
C��DINUVMºUa`rUJO=MºEHUVMtGVW*�bUJILINUVMtM=CSXbMQh}A~@PKLILINU>M=CSR�On@SM=MQKLA�KLINGVMt��I�@�EgKNM*MQKL[1@POQKNCSRDR�XHADGJYQKN�FXbU>KLRFOQY=CFEgXHKLO�[1@PY
INUVM�M=W=�bGJA~@SMxEHUyEgKNM*WJY=GJOQKNM*@POQKNCSR�k1¬nUJOQO=U5@P[H[HY=CFW*�bU�p1@P[H[\UJINGVU - ��?:��z¢·¸[\CSXHY	�¢ßSä\ß�%}ßSä\ã�
 ä % ãeåSçQé�% ãQà
����º¹ap<@~GJO=G(KLRFOQY=CFEgXHKLO=U9[1@PYy§qCSYQKNMyUJOy@PI}kÝ¨së $Sª k & R�WVCSRbMQKNEHfJY=U±@PINCSY=M/�FXbUcI�@|EgKNM=MQKL[1@POQKNCSR KLRbEgXHKLO=U
[1@PY(INUVM9M=W=�bGJA~@SM9R�XHADGJYQKN�FXbUVM±UVMQO(EHU�A  JADU~R1@POQXHY=U~�FXbUDWVUJILINUDKLRbEgXHKLO=U|[1@PYcINUVMcADC-EHfJINUVM7M=CSXbM h
A~@PKLILINUBWJI�@SM=MQKN�FXbUVMlk�¬nUJYQO*@PKLRbMD@PXHO=UJXHY=MB¨s¯�í°ªqCSRFODEr]s@PKLILINUJXHY=M�WVCSRbMQOQYQXHKLODEHUVM±M=W=�bGJA~@SM±RFXHADGJYQKN��XbUVM
[\CSXHY�MQKLA9XHINUJY/I}]_Ua`rUJO/EHU(ADCFEHfJINUVM�M=CSXbM h}A~@PKLILINU9Ua£-KNM=O*@PR�O=Mlk\?�UVM�@PXHO=UJXHY=M/XHOQKLILKNM*UJR�O�UJR���GJRbGJY*@PI�EHUVM
M=W=�bGJA~@SMyRFXHADGJYQKN��XbUVM5EHGVWVUJRFOQY=GVM5UJR UVMQ[1@SWVUo· - �5zH¬n?ºp # 	yÇ±p�� � �Q¬ ��kLkLk ¹>�FXHK�UJRH��UJRbEgY=UJRFO5XHRbU
WVUJYQO*@PKLRbU"EgKNM=M=KL[1@POQKNCSR�R�XHADGJYQKN�FXbU�ky¬nUJOQO=U"@P[H[HY=C-W=�bU�UVMQOB[1@PYQOQKNWJXHILKNfJY=UJADUJR�O�@P[H[HY=GVWJKNGVU�Eb@PRbMBINU
Wl@SEgY=U�Er]s@P[H[HILKNWl@POQKNCSRbMqKLRbEgXbMQOQYQKNUJILINUVM�Wl@PYnUJILINUVMnY=UJ[3C�M=UJR�OqMQXHYqEHUVM�M*W=�bGJA~@SMqR�XHADGJYQKN�FXbUVMqY=CSZHXbMQO=UVMy�
M=CSR�XHOQKLILKNM*@POQKNCSR�Y=UVMQO=U�@SM=M*U �7Y*@PY=U±[3CSXHY�INUVMcGVWVCSXHINUJADUJR�O=M([1@PYQKNGJO*@PXg£3k(��I�UVMQOc�|RbCSO=UJYc��X�] KLIºUa£gKNMQO=U
GJ��@PINUJADUJR�OnEHUVMt@P[H[HY=CFW*�bUVMºA�Ki£gO=UVM - ��?��nz��y?���z�@ j UVW�XHRbUqADCFEHGJILKNM @POQKNCSRDKLA�[HILKNWJKLO=U>UJOºUa£g[HILKNWJKLO=U�k
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zFKrI}] �F�F[3CSOQ�bfVM=U(EHUcRbCSA(ZHY=U(EHU(«�Y*@PRbEgOQI:OQXHYQZHXHINUJRFOyWVCSRbMQO*@PRFO7· Ua£g[\C�M*GVUcUJR�·eëgksë�ê�¹Q¹qR�]_UVM=O�[1@SM
XHOQKLILKNM=GVU�p�KLI\EHU j KNUJRFOtRbGVWVUVM=M @PKLY=UxEHU>Wl@PINWJXHINUJYnI�@5EgKi`3XbMQK j KLO=GxM=CSXbM h}A~@PKLILINU�kH¬nUJYQO*@PKLRbMn@PXHO=UJXHY=M�WVCSA�ADU§nYQKLILI�@PR�O9¨së�¯Sª:CSR�OxWl@PINWJXHINGcWVUJOQO=U(EHUJYQRHKNfJY=Uc��X1@PRFOQKLO=Gc��Y��SWVU(�7XHRbU�[HY=C-WVGVEgXHY=U(Eg�-R1@PA�KN�FXbU5WVCSA�ADU
Ua£-[3C�M=GVUqWJKih�@ j @PR�O�[3CSXHY�INUqW=�1@PA�[DEHU j KLO=UVM*M=U�kS§�YQKLILI�@PRFOºWVCSRbWJILXHOºMQXHYÝXHRbU>@SM=M=U ��de@PKLZHINUqEHGJ[3UJRbEb@PRbWVUEHUVM�Y=GVMQXHILO*@PO=M�UJR�WVCSA�[1@PY*@PKNM=CSR~�xEHUVMÝADC-EHfJINUVM�WJI�@SM=MQKN�FXbUVM�Eb@PRbM�XHRbUqWVCSRg¤b��XHY*@POQKNCSRDEHUqWl@PR1@PIg[HI�@PR
@PRHKNM=CSOQ�bUJYQADU9��XHRBRbCSA(ZHY=U(EHU(vxUJ�-RbCSINEHMqADCFEHGJY=G�k
& R[\CSXHYQY*@"WJKLO=UJYo@PXbM=M=K>INUVMu@P[H[HY=C-W=�bUVM�»�³<»�� � + �gÄ�¶F»�»�¶�Å�EHG j UJINCS[H[3GVUVMu[1@PY -¢CSR�OQY=UJXHKLI�UJO@PI}kx¨sê�¯gpnê�í^ª/CSX¡UJRbWVCSY=U¢«�UJRH�TUJO~Ç5@ j KNEHM=CSR ¨��l©�êPª kt?�UVM~[HY=UJA�KNUJY=Mu@PXHO=UJXHY=M ¨sê�íPª p�[1@PY|Ua£HUJA�[HINU�p[HY=CS[\C�M*UJR�OtOQY=CSKNMºO �-[\UVMºEHUqADC-EHfJINUVM�RbCSRghe¤1W��FKNUJRbMnWVCSA�[\CSYQO*@PRFOtXHRbUq[1@PYQOQKNU�Z1@SM*GVU>MQXHY�I}] ���-[3CSOQ�bfVM=U
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〈u(xi, t)〉 = 〈uLES(xi, t)〉
·%$bks®�ê�¹

w j @PRFOxEr]_GJOQXbEgKNUJYxINU(M=UVWVCSRbE�Wl@SMlpgRbCSO=CSRbM/A~@PKLR�O=UJR1@PRFOy�FX�] XHR W*�1@PA�[�KLRbMQO*@POQKNCSRHR1@PKLY=U9[3UJXHOxM=UEHGVWVCSA�[\C�M*UJY/EHU�I�@7d}@��VCSR¦MQXHK j @PR�O=U~· j CSKLY(¨ )�Sª¸¹y�
u(xi, t) = 〈u(xi, t)〉 + w1,2 + w1,0

·%$bk $�©�¹
w j UVW~�

w1,2 = u(xi, t) − 〈u(xi, t)〉
UJO

w1,0 = u(xi, t) − u(xi, t)
·%$bk $ �^¹

$�ê
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w1,2
Y=UJ[HY=GVM=UJRFO=U/INU/W=�1@PA�[oEHUVMºìbXbWJOQX1@POQKNCSRbMnY=GVM=CSILXbUVMq@PXHO=CSXHYqEHU

〈u(xi, t)〉
UJO
w1,0
M=CSRFOtINUVMtìbXbWah

OQX1@POQKNCSRbMqRbCSR|Y=GVM*CSILXbUVMn�FXHK3M=CSR�OnADCFEHGJILKNM*GVUVM�[1@PYnINU/ADCFEHfJINUyM=CSXbM h}A~@PKLILINU�UJRo?���z\k � UVCSYQ��K�@SEgKNMqUJO
@PI}kb¨ �êHp�¯�©Pª p�UJR|GJOQXbEgK�@PR�OtXHRbUxWVCSRg¤b��XHY*@POQKNCSRuEHU>WVCSXbW*�bUxEHU�ADGJI�@PRH��U�p�CSR�Ot[HY=CS[3C�M=G>EHU�WVCSRbM=KNEHGJY=UJY
��XbU

w1,2 = 0
k�w/KLRbMQK}p�I�@(?���z~EHCSKLO�M=U/W=�1@PYQ��UJYqEHU>Y=UVWVCSRbMQOQYQXHKLY=UyO=CSXHO=UVM�INUVMºìbXbWJOQX1@POQKNCSRbMnY=GVM=CSILXbUVM^k

-¢@PIL�bUJXHY=UJXbM*UJADUJR�Olp<INUcW=�1@PA�[
w1,2

@ j @PKLOx[\UJX¦Er] KLRgìbXbUJRbWVU([\CSXHY>I�@±WVCSRg¤b��XHY*@POQKNCSR�GJOQXbEgKNGVU�kwx¤bRTEr]s@PADGJILKNCSY=UJYDWVUJOQO=UB@P[H[HY=C-W=�bU�p �/XbGJADGJY=GBUJO�@PI}kn¨���� $bp ��� Pªq[HY=CS[\C�M*UJR�O�Er] KLR�O=UJYQ[3CSINUJY�INU
W=�1@PA�[

w1,2
@PX j CSKNM=KLR1@P��U¦EHUoI}] KLR�O=UJY d}@SWVU¦[3CSXHYDUJRHYQKNW=�HKLY|INUBW=�1@PA�[¡?��nzTY=GVM=CSILX�kº?�UVM|@PXHO=UJXHY=MUVMQOQKLADUJR�O��FXbU�I�@±ADUJKLILINUJXHY=U(UVMQOQKLA~@POQKNCSR¢UVMQOxEr]_CSY=EgY=U �lGJY=CDUJO>KLINM>XHOQKLILKNM*UJR�OxXHR¦de@SWJO=UJXHYxEr]s@PADCSYQOQKNMQh

M=UJADUJR�O/[\CSXHYx@SM*MQXHY=UJY>I�@±MQO*@PZHKLILKLO=GcEgX Wl@PINWJXHIt�
w+

1,2 = Cqw
−
1,2

·%$bk $�ë�¹
& ��INUVMºUa£g[\C�M*@PRFO=MÝh:UJO � EHGVMQKL��RbUJR�OºINUn[HY=UJA�KNUJYtUJO�INUqM=UVWVCSRbE±RbC-UJXbE�EgXDWl@PINWJXHIb?���zD@PX j CSKNM=KLR1@P��UEHU�I}] KLR�O=UJY d}@SWVU�kÝ?:@BWVCSRbMQO*@PRFO=U

Cq
j @PXHO7©gksê*)o[\CSXHY9EHUVMcY*@PKNM=CSRbM9EHUDMQO*@PZHKLILKLO=G�RFXHADGJYQKN��XbU�k�¬nUJOQO=UO=UVW=�HRHKN�FXbU±EHU(WVCSXH[HI�@P��U±@±deCSXHYQRHKLOyEHUVMxY=GVMQXHILO*@PO=My[HY=CSZ1@PR�O=MyO*@PR�Oy[\CSXHY/XHR Wl@PR1@PIÝ[HI�@PR �FXbUc[3CSXHY

XHRbUcWVCSRg¤b��XHY*@POQKNCSR�EHU5WJXHINCSOlk
?�UVM�ADGJOQ�bC-EHUVM�EHU�WVCSXH[HI�@P��Uq[HY=GVWJKNM=GVUVM ' XbM=�FX�] KNWJKgR�] KLA�[\C�M=UJRFO�[1@SM�XHRbUnINCFWl@PILKNM*@POQKNCSRDM=[\GVWJKi¤1�FXbU

EHU9W*�1@S��XbU �lCSRbU�k\²y@PA9Z1@�¨s¯�êPª�@�O=UJRFO=G9Er] XHOQKLILKNM=UJYlp3Eb@PRbM/XHRbU(WVCSRg¤b��XHY*@POQKNCSR�EHU9Wl@PR1@PI�[HI�@PR�p<XHRbU
�lCSRbU�?��nz{UJR¥[HY=C-W=�bU¦[1@PY=CSKyUJO�XHRbU¦ADGJOQ�bC-EHU¦vxwym5z�[\CSXHYDINU¦Y=UVMQO=U¦EgX¡EHCSA~@PKLRbU¦EHU�Wl@PINWJXHI}k
?º]s@PXHO=UJXHY5@SEgADUJO/�FXbUcWVUJOQO=UcO=UVW*�HRHKN��XbU9R�]_UVMQO>[1@SM/U�*~Wl@SWVU(EgX�[3CSKLR�O/EHU j XbUcEHU5I�@�Y=GVEgXbWJOQKNCSR¢EgXWVC+*HO9RFXHADGJYQKN��XbUoEHU~I�@�MQKLA9XHI�@POQKNCSR�pÝ[HXHKNM=��X�]_UJILINU|R�]_GJ[1@PYQ��RbU|[1@SM9INU~Y*@ *DRbUJADUJR�O±KLA�[3CSYQO*@PR�O�EgX
A~@PKLILI�@P��U(?��nzoUJR¦[HY=C-W=�bU5[1@PY=CSK}k
��R�Ua`rUJOlp�Eb@PRbM5INU±ZHXHO9EHU±Y=GVEgXHKLY=U~@PX�A~@°£-KLA9XHA INU�WVC+*HOcRFXHADGJYQKN��XbU|EHU±I�@oMQKLA(XHI�@POQKNCSR�p:I�@

A~@ ' CSYQKLO=GuEHUVMcOQY*@ j @PXg£"Ua`rUVWJOQXbGVM7MQXHYcINU~WVCSXH[HI�@P��Uuvxwym5zH�P?���z�Z1@SM*GVM(MQXHYcXHRbU|EHGVWVCSA�[\C�M=KLOQKNCSR
�lCSR1@PINU|Eb@PRbM7I}]_UVMQ[1@SWVU~[H���gMQKN�FXbU�p:Y=UJ[3C�M=U~M=XHY(I}]s@P[H[HILKNWl@POQKNCSR Er] XHRbUDADGJOQ�bC-EHU|v/w/m5z�UJR�[HY=CFW*�bU
[1@PY=CSK<UJOt?:��z±Eb@PRbMºINU>Y=UVMQO=U�EgX~EHCSA~@PKLRbUxEHUxWl@PINWJXHI\@°¤bR~Er]_G j KLO=UJYºINUVMºWVCSRFOQY*@PKLR�O=UVMqEHU�Y*@ *DRbUJADUJR�OEHUcI�@~?���z�UJR¦[HY=CFW*�bU([1@PY=CSK}k3¬nCSA�ADU(INU([HY=GVWJKNM=UJR�O�?:@PZ3CSXHY*@SM=M=U9UJOyzg@P��@PXHO7¨ )�íPª pbEb@PRbM/WVU(��UJRHY=U
EHUxADGJOQ�bC-EHUxEHU/WVCSXH[HI�@P��U�p-INU>[3CSKLR�O�EHGJILKNWl@POnY=UVMQO=UxI�@5Y=UVWVCSRbMQOQYQXbWJOQKNCSRBEHU>I�@(��X1@PRFOQKLO=G

w1,2
[HY=CFW*�bU

EHU5I}] KLR�O=UJY d}@SWVU�krzFK:WVUJOQO=U5Y=UVWVCSRbMQOQYQXbWJOQKNCSR�UVMQO>[1@PX j Y=U(@PINCSY=M>INU(W=�1@PA�[ EHU j KLO=UVM=M*U�ADCl��UJRHRbU7UJO>INUVMGVWl@PYQO=M h}O �-[3U¦EHU|ìbXbWJOQX1@POQKNCSRbM~Ua£g�HKLZ\UJRFO~EHUVM�EHGade@PXHO=MDA�KNM�UJR¥G j KNEHUJRbWVUo[1@PY�XHR ��Y*@PRbE{RbCSA9ZHY=UEr]s@PXHO=UJXHY=M5�F§�@P����UJOQO�¨����Jª p-²y@PA9Z1@~¨ íS©Pª p-m/KNWVCSXbE ¨��l© $Sªº·¸RbCSXbMqEgKNM=WJXHO=UJY=CSRbMqWVUx[3CSKLR�O�Eb@PRbMnINUxW*�1@°h
[HKLOQY=U �¹ak
Ç5@ j KNEHM=CSR�UJOc@PI}k�¨ $�¯gp $�êPª�ADUJOQO=UJR�O(WJI�@PKLY=UJADUJRFO(UJR�G j KNEHUJRbWVU�WVU9[H�bGJRbCSADfJRbU~UJR"@P[H[HILKN��X1@PRFOXHRbU9@P[H[HY=C-W=�bU �/v/w/m5zuEHU5O �-[3U���h

ω
UJR [HY=CFW*�bU5[1@PY=CSK�UJO>XHRbU9@P[H[HY=CFW*�bU9?��nz¦@ j UVW(XHR¦ADC-EHfJINUM=CSXbM h}A~@PKLILINUoEHUDO��F[3U��tC�MQ�HK �^@&	q@�¨�� �©Sª k:��R{Ua`3UJOlpÝWVUVM±@PXHO=UJXHY=M7EHGVEgXHKNM*UJR�O�GJ��@PINUJADUJR�ODEHU~INUJXHY=M

OQY*@ j @PXg£¥��XbUuINUVM±[HY=GVEgKNWJOQKNCSRbM~EHGadeUVWJOQXbUJXbM=UVMDEgX¥W*�1@PA�[¡EHU j KLO=UVM*M=UB�¢I}] KLR�O=UJY d}@SWVU¦vxwym�zH�P?:��z\pM=CSR�O±[HYQKLRbWJKL[1@PINUJADUJRFO~EgXbUVM��¦I}] KLRbWl@P[1@SWJKLO=GoEHUVM±Wl@PINWJXHINM±vxwym�z¡· UJO9A  JADU �yvxwym�zH¹(�BdeCSXHYQRHKLY
XHRbU¦WVCSRbEgKLOQKNCSR¡Er] KLRFO=UJY de@SWVU¦d¸Y=GV�FXbUJR�OQKNUJILINUJADUJRFOu@SEHGV�FX1@PO=UB[\CSXHY�I�@�?:��z\k �bCSYQO=M|EHUBWVUBWVCSRbMQO*@POlp
Ç5@ j KNEHM=CSRBUJOnÇ5@PINMQOQY��SA�¨ $*$bp $Fí-p $ )°ª\d CSY=WVUJRFOnI�@9WVCSRbEgKLOQKNCSRBEr] KLR�O=UJY d}@SWVUy[\CSXHYnI�@(?:��zDUJRuXHOQKLILKNM*@PRFOINU(W*�1@PA�[ EHU�ìbXbWJOQX1@POQKNCSRbMyY=GVM=CSILXbUVM/Er] XHR�Wl@PINWJXHI�Ç�m5zu[HY=Gl@PI�@PZHINU�k & R�Y=UJOQY=CSX j U(Eb@PRbMxWVUJOQO=U(ADGahOQ�bCFEHU�p<I}] KNEHGVU(EHU(Y=UVWVCSRbMQOQYQXbWJOQKNCSR�EgX W=�1@PA�[

w1,2
[HY=C-W=�bU7EHUcI}] KLRFO=UJY de@SWVU7Eb@PRbMxINU(EHCSA~@PKLRbU9?��nz

WVCSA�ADU5G j CF�FXbGyWJKih�@ j @PR�Olk1¬nUJOQO=UyO=UVW=�HRHKN�FXbUc@7GJO=GxXHOQKLILKNM=GVU5@ j UVW5MQXbWVWVfVMqEb@PRbMnEHUVM�WVCSRg¤b��XHY*@POQKNCSRbM
j @PYQKNGVUVM�WVCSA�ADU>INU/Wl@PR1@PIb[HI�@PR~ZHKih}[3GJYQKNCFEgKN�FXbU�p�INUxEgKi`\XbM=UJXHYn@SMQ�FADGJOQYQKN�FXbUxUJOtI}]_GVWVCSXHINUJADUJR�O�@PXHO=CSXHYEr] XHR�CSZbMQO*@SWJINU|@°£-KNMQ�-ADGJOQYQKN�FXbU�k�m/Gl@PRHADCSKLRbM^p:CSR�[3UJY �VCSKLO(ZHKNUJR�I}] KLRbWVCSR j GJRHKNUJR�O±A~@ ' UJXHY9EHUDWVUJOQO=U

�©
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@P[H[HY=CFW*�bU~�FXHK�KLA�[\C�M*UDEHU�WVCSRHR1@��NOQY=U é�!<ç ' ßSç 'xINU~W=�1@PA�["EHU±ìbXbWJOQX1@POQKNCSRbM7Ç�m�z¢EHUDI�@oWVCSRg¤b��Xgh
Y*@POQKNCSR�GJOQXbEgKNGVU�k & Ylp3Eb@PRbMyINU7Wl@SM/EHUVMy�1@PXHO=MyRbCSA(ZHY=UVM5EHU7vxUJ�-RbCSINEHMlp\WVUVMyGJINGJADUJRFO=M�RbU9M*CSR�Oy[1@SM
d CSY=WVGJADUJRFOy@SWVWVUVM=M=KLZHINUVMlk
«ÝCSXHY>��GJRbGJY=UJY/EHUVM�ìbXbWJOQX1@POQKNCSRbMxINCSY=M>EgX�[1@SM=M*@P��UcUJRFOQY=U5XHRbU��lCSRbUcv/w/m5zuUJO�XHRbU��lCSRbUc?��nz\p

z-UJYQ��UJR�O�¨��lë�í^ª�[HY=CS[3C�M=U9Er] KLR�OQY=C-EgXHKLY=U9EHUVMyMQOQYQXbWJOQXHY=UVM/O=CSXHYQZHKLILINCSRHR1@PKLY=UVM/��Y��SWVU±�±I�@DADGJOQ�bCFEHU7EHUVM
j CSYQO=Ua£3k
²�@PR 'Q@PILKNWnUJO�@PI}kF¨ í �aª p°[HXHKNM #:UJA�ADUJYQA~@PRDUJO�@PI}kF¨��l®*)Hp �l®�ê°ªgXHOQKLILKNM*@PR�O�INU�A  JADU�O��F[3UnEr]s@P[H[HY=CFW*�bU

�lCSR1@PINU�p�CSR�O�GJOQXbEgKNGuI�@�M=UJRbM=KLZHKLILKLO=GuEHU|I�@�[\C�MQKLOQKNCSR{EHU|I}] KLR�O=UJY d}@SWVUo[1@PY9Y*@P[H[3CSYQO±��I�@�[1@PY=CSK}kÝ?:UVM
@PXHO=UJXHY=MxY=UJA~@PY=�FXbUJR�O��FX�]s@PX�EHUJI��DEHU5I�@ �lCSRbU

y+ = 280
pbINUcWVCSXH[HI�@P��U9[1@PY>I}] KLR�O=UJYQADGVEgK�@PKLY=U±EHU5I�@

WVCSR�OQKLRFXHKLO=GxEHU j KNM*WVC�MQKLO=GnOQXHYQZHXHINUJR�O=U>UVMQO�[3UJX�M=UJRbMQKLZHINU��/I�@x[3C�MQKLOQKNCSR�EHUnI}] KLR�O=UJY d}@SWVU�k�Ç�Un[HILXbMlpSEb@PRbMI�@ �lCSRbU
y+ ≤ 120

p:I�@oADGJOQ�bC-EHU~EHU~WVCSXH[HI�@P��U|EHUVM7@PXHO=UJXHY=M([HY=C-EgXHKLO(XHRbU j KNM=WVC�MQKLO=GDOQXHYQZHXHINUJR�O=UM=CSXbM h G j @PILXbGVU�kg?�UVM�de@PADUJXg£|EHGad}@PXHO=MqCSZbM=UJY j GVMn[1@PY�Ç�@ j KNEHM*CSRuUJO�@PI}k3¨ $�ê°ª3M=CSRFOqKLR�O=UJYQ[HY=GJO=GVMq[1@PYqINUVM@PXHO=UJXHY=Mc[HY=GVWVGVEHUJRFO=M9WVCSA�ADU~XHRbUDWVCSRbM=GV�FXbUJRbWVUDEHU�I�@oEgKNM=WVCSRFOQKLR�XHKLO=GuEHU j KNM*WVC�MQKLO=GVM5OQXHYQZHXHINUJR�O=UVMUJR�OQY=U9vxwym�z|UJOx?��nzB�7I}] KLR�O=UJY d}@SWVU�k
� ��#�" �
%��
% �-" � ����� ����� �
%�� �
?�U9WVCSXH[HI�@P��U(v/w/m5zH�P?���z �lCSR1@PI�[3UJXHOxGJ��@PINUJADUJR�O5M=U5de@PKLY=U([HY=CS��Y=UVM=MQK j UJADUJR�O�UJR¦d XbMQKNCSRHR1@PRFOINUVM/EHUJXg£�EgKi`rGJY=UJR�O=UVM5@P[H[HY=C-W=�bUVMlk\?�UVMx[\CSKLRFO=MyEHGJILKNWl@PO=MyEHU(WVU(��UJRHY=U(EHU9WVCSXH[HI�@P��U9M=CSRFOyEHU9WVCSRbWJKih

ILKNUJY5EHUVMyM*W=�bGJA~@SM5RFXHADGJYQKN��XbUVM5EgKi`rGJY=UJR�O=M�[3CSXHY�INUVMyWl@PINWJXHINM5v/w/m5zBUJO5?��nz\p<[HXHKNM5Er]_Ua`rUVWJOQXbUJY�I�@
OQY*@PRbMQKLOQKNCSR UJRFOQY=U5INUVM>EHUJXg£�@P[H[HY=C-W=�bUVMlk
Ç5@PRbMxWVUJOQO=UcCS[HOQKN�FXbU�pb§�@P����UJOQO(¨����aª:[HY=CS[3C�M=U�XHR¦Y*@SWVWVCSY=EHUJADUJRFOyEHUVM>EHUJXg£oADC-EHfJINUVMxMQXHK j @PR�O=Mc�

B
I�@9[HY=UJA�KNfJY=Uc@7GJO=GyKLRbMQ[HKLY=GVUy[1@PYnINUyADC-EHfJINU5EHUcz-W=��XHA~@PRHR�¨��lë�¯Pª�UJO�Y*@SWVWVCSY=EHU5INUVMnO=UJRbM=UJXHY=M
EHU�deUJYQADUJOQXHY=Ucv/w/m5z|UJOx?���z��

τd
ij = −νsgs[Sij − (1 − f1(y))] − f(y)νrans〈Sij〉

·%$bk $�®�¹
B
INU7EHUJXg£-KNfJADU7ADC-EHfJINU(Y=UJ[3C�M=U7MQXHYyXHR Y*@SWVWVCSY=EHUJADUJRFO(EHUVM j KNM=WVC�M=KLO=GVMxOQXHYQZHXHINUJRFO=UVMcEHUVM5@P[gh[HY=C-W=�bUVM/vxwym�zuUJO>?��nz��

τd
ij = −[(1 − f(y))νsgs + f(y)νrans]Sij

·%$bk $*$F¹
?:@|deCSRbWJOQKNCSR

f(y)
UVMQO�XHRbU7d CSRbWJOQKNCSR�EHU7Y*@SWVWVCSY=EHUJADUJR�O7��XHK�[3UJXHO� JOQY=U±[HY=GVWJKNM=GVU�UJR¢d CSRbWJOQKNCSR�EHU

I�@�EgKNMQO*@PRbWVU(�7I�@�[1@PY=CSK}k
w WVU ' CSXHYlp<I�@�ADGJOQ�bC-EHU9EHU7WVCSXH[HI�@P��U7vxwym�zH�P?��nzBI�@~[HILXbMxXHOQKLILKNM*GVU9UVMQOyM*@PRbMyEHCSXHO=U(I�@|Ç���z

·¸[\CSXHY �7ã %}é # �gã=à �à�à ��� '¸Þ±æFâLé�%('eßSä�¹ak<¬nU9M=XbWVWVfVMx[3UJXHO/Ml]_Ua£g[HILKN�FXbUJYx[1@PYyI�@DMQKLA�[HILKNWJKLO=G7EHU(I�@DADCPh
EHGJILKNM*@POQKNCSR~KLA�[HILKN�FXbGVU>[1@PYnWVUJOQO=U�ADGJOQ�bC-EHUxUJOº[1@PY�INUqde@PKLO���X�]_UJILINU>UVM=OºZ1@SM=GVU>MQXHYtXHRbU�ADCFEHGJILKNM @POQKNCSR
M=CSX j UJR�O7[HY=GVUa£gKNMQO*@PR�O=U|Eb@PRbMcINUVM(WVC-EHUVMcEHUDWl@PINWJXHI}k���R�Ua`rUJOlpr[3CSXHY(CSZHO=UJRHKLY(XHR"ADCFEHfJINU|Çy�nz\prKLIMQX *DO�EHU(Y=UJA�[HI�@SWVUJY�I}]_GVW=�bUJILINU�EHU9INCSRH��XbUJXHY5EHUcI�@~OQXHYQZHXHINUJRbWVU

L
Eb@PRbM/XHR ADCFEHfJINU±v/w/m5z

drans[1@PY(�
ddes = min(drans, Cdes∆)

·%$bk $ �¹
¬nUJOQO=UoADGJOQ�bCFEHUoEHUuWVCSXH[HI�@P��UBWVCSRbMQKNMQO=UoUJRTXHRbUo@P[H[HY=C-W=�bUBv/w/m5z�Eb@PRbM±I�@ �lCSRbUu[HY=CFW*�bUo[1@PY=CSK
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i − ũles

i

τr

·%$bk $�¯�¹

(̃.)
UVMQO�XHRc¤bILOQY=Ut�FXHK�Y=UVM=O=U���EHGa¤bRHKLY�UJO

τr
UVM=O:XHR(O=UJA�[bMÝEHUºY=UJI�@°£b@POQKNCSR�k�¬nUJOQO=Un@P[H[HY=C-W=�bUq@>Er]s@PZ3CSY=E

GJO=G7KLR�OQY=C-EgXHKLO=U�p\Eb@PRbMyINU9A  JADU7O=UJA�[bM/A~@PKNMy[3CSXHYyEHUVMyY*@PKNM=CSRbM�EgKi`rGJY=UJR�O=UVMlp\[1@PYcz-W=�HI],HO=UJYcUJO5@PI}k
¨����lêHp �lë���p �lë�ë°ªxUJO�[1@PY|z-UJYQ��UJR�O ¨��lë�í^ª k�?�UoZHXHODEHUBWVUBEHUJYQRHKNUJYDGJO*@PKLO~Er]_Ua`rUVWJOQXbUJY�XHR¥WVCSXH[HI�@P��U
O*@PRH��UJR�OQKNUJI�INC-Wl@PI:UJR�OQY=U9XHRbU �lCSRbU9?���zBUJOxXHRbU �lCSRbU(v/w/m5z\kb?�UVMx[HY=UJA�KNUJY=M/CSRFO/UJX [\CSXHY>ZHXHOyEHU
Y=UVWJY=GVUJY/EHUVM>WVCSRbEgKLOQKNCSRbMy@PXg£BILKLA�KLO=UVMqìbXbWJOQX1@PR�O=UVM5�7I}]_UJR�OQY=GVU9Er] XHR�EHCSA~@PKLRbUc?��nz\k
Ç5@PRbM�I}]_Ua£g[HY=UVM=MQKNCSR"·%$bk $�¯�¹apHINUVMxEHUJXg£o[3CSKLR�O=MxEHGJILKNWl@PO=M>Y=GVMQKNEHUJRFOxEb@PRbM>INU5W*�bCSKi£BEgXo¤bILOQY=U

(̃.)
UJO

EHU~I}]_GVW*�bUJILINUoEHU~O=UJA�[bM
τr
k�z-W=�HI],HO=UJY�UJO�@PI}kt¨����lêHp �lë���p �lë�®°ª�@P[H[HILKN�FXbUJR�O�WVUJOQO=U|O=UVW=�HRHKN�FXbUo�¦XHR

GVWVCSXHINUJADUJR�O(Eb@PRbMyXHR¢OQXH��@PX¢UJOyKLINMy[HY=GVWVCSRHKNM=UJR�OcEr] XHOQKLILKNM*UJY/INU9O=UJA�[bM5EHU([1@SM*M*@P��U9Eb@PRbMyINU9OQXH��@PX
[\CSXHY�I}]_GVW=�bUJILINU�EHU�O=UJA�[bM

τr
kF��R|CSXHOQY=U�pFINUVM�@PXHO=UJXHY=MnCSR�OnO=UVMQO=Gx[HILXbMQKNUJXHY=Mº¤bILOQY=UVM

(̃.)
@°¤bR|EHU>d CSY=WVUJY

XHRHKN��XbUJADUJRFO�INU(W=�1@PA�[�?��nzoADCl��UJR�UJO/[HY=GVM=UJY j UJY/INUVM>ìbXbWJOQX1@POQKNCSRbM5EHUcI}] KLRgìbXbUJRbWVU7EgX�O=UJYQADU7EHUd CSY �l@P��U�k
myCSXbM�@SEHCS[HO=UJY=CSRbMÝINUºA  JADU�O �-[3UtEr]s@P[H[HY=C-W=�bUqEb@PRbM:INU�W=�1@P[HKLOQY=U )gp j CSKLYÝGJ��@PINUJADUJR�O�INUVM�@PYQOQKNWJINUVM¨së�©Hpbë��Jªtk

ÈºÉNÈºÉ � ÍÏÎ�Ðt×1Ò Ú�ÔPÕ��Ú Î�� Ü �tÚ��:ÓbÙ�ÔPÓ1Ò�Ò}Ó
¬nCSRFOQY*@PKLY=UJADUJR�Oº@PXg£cO=UVW=�HRHKN�FXbUVM�EHUtWVCSXH[HI�@P��Uº[HY=GVWVGVEHUJRFO=UVMlpPINUVM�ADC-EHfJINUVM:XHRHK j UJY=M*UJINM:RbUtRbGVWVUVM hMQKLO=UJR�O�RHK3XHRbU�M=GJ[1@PY*@POQKNCSR¦EgXBEHCSA~@PKLRbU5EHU�Wl@PINWJXHIrUJRu[HILXbM=KNUJXHY=M �lCSRbUVM�MQXHK j @PRFOqI}]s@P[H[HY=CFW*�bU(@SEHCS[ghO=GVU�prRHK�XHRbUDEHGVWVCSA�[3C�MQKLOQKNCSR�d Y=GV��XbUJRFOQKNUJILINU~EHU±I�@BM*CSILXHOQKNCSR�k � INM5CSRFOc[3CSXHYcCSZ�' UVWJOQKid>EHU±ADC-EHGJILKNM=UJY

O=CSXHO=U(I�@~OQXHYQZHXHINUJRbWVU7EHU(I�@~WVCSRg¤b��XHY*@POQKNCSR�UJR¢O=UJRbEb@PR�O5@SMQ�-A�[HO=CSOQKN��XbUJADUJRFO j UJY=MxINUVMxdeUJYQADUJOQXHY=UVM?���z¦CSX¦vxwym�z\k
�®



��� ��� � � ��� ���@� ! ���� ��� � ! ��� ! � ���	
 ! ��� ��� �

� � � �

zF[3U �VK�@PINU�¨��l® $�ª/@�GJO=G¦INUB[HY=UJA�KNUJY|��[HY=CS[3C�M=UJYDINUBADC-EHfJINU 	�?���z ·¸[3CSXHY��bãaç � �:éSç åFã >à�à �
� '¸Þ7æ-âLé�%(' ß�är¹akH«ÝCSXHY/WVU�ADC-EHfJINU5INU�O=UJRbM=UJXHYxEHU5d UJYQADUJOQXHY=U5[HY=UJRbE¦I�@7d CSYQADU5M=XHK j @PRFO=UD�

τij = [1 − exp(−β∆/lη)]
n

︸ ︷︷ ︸
α

τ rans
ij

·%$bk $Fí�¹

lη
UVMQO�I}]_GVW=�bUJILINU�EHU �/CSILADCS��CSY=C j p β UVMQO�XHRbU/WVCSRbMQO*@PRFO=U�UJO n UVM=OºXHRbUx[HXHKNM*M*@PRbWVUy�(EHGJO=UJYQA�KLRbUJYlk ∆UVMQO�INUq[1@SMºEr]_UVMQ[1@SWVUxEgX�A~@PKLILI�@P��U�kFzF[\U �VK�@PINU>[HY=GVWVCSRHKNM=U>Er] XHOQKLILKNM=UJYºWVUqADC-EHfJINU>EHU�WVCSXH[HI�@P��Ux@ j UVW�XHRADCFEHfJINU/vxwym�z9EgX~M*UVWVCSRbEDCSY=EgY=U>�FXHKb[HY=UJRbEDUJR~WVCSA�[HO=UxINUVMºUa`3UJO=MtEr]s@PRHKNM=CSOQY=CS[HKNU/@ j UVW β = 0.001UJO
n = 1

k<?º]_Ua£g[HY=UVM=MQKNCSR¥·%$bk $Fí�¹>O=UJRbE j UJY=MyXHRbU±@P[H[HY=CFW*�bU±Çym5zoINCSY=M*��XbU9INU([1@SMyEHU9A~@PKLILI�@P��U7UVM=OOQY=fVM>[3UJOQKLO>UJOxUJILINU�O=UJRbE j UJY=MxXHRbUc@P[H[HY=CFW*�bU(vxwym5z|INCSY=M=��XbU ∆
UVM=O�OQY=fVM���Y*@PRbErk

¬nUJ[3UJRbEb@PR�O -¢@P��RHKNUJRFO7¨sê�ë°ª�Y=UJA~@PY=��XbU7��XbUcI�@±deCSRbWJOQKNCSRT·%$bk $Fí�¹qRbU(Y=UJOQY=CSX j U([1@SMxINU(WVCSA�[3CSY hO=UJADUJR�O±EHU�I�@BMQKLA9XHI�@POQKNCSRTEHUVM(��Y*@PRbEHUVM9GVW*�bUJILINUVM([3CSXHY(EHUVM(RbCSA(ZHY=UVM7EHUDvxUJ�-RbCSINEHMcOQY=fVM9GJINU j GVMlk
-¢@P��RHKNUJRFOt[HY=CS[3C�M=U>Er]s@PKLILINUJXHY=M�XHRbUx@PXHOQY=UqdeCSRbWJOQKNCSR~Z1@SM=GVU�M=XHYºXHRbUx@PR1@PIL�gM=U>EHUqI�@ �lCSRbU�KLRbUJYQOQKNUJILINU9�

νsgs =

(
∆

lrans

)4/3

νrans
·%$bk $ )�¹

lrans
GJO*@PRFO�XHRbUyGVW*�bUJILINU5EHUyINCSRH��XbUJXHY�KNM=MQXbUyEgXuADC-EHfJINU�vxwym�z\k-«ÝUJILOQKNUJYxUJO>@PI}k\¨��l©�í-p �l©*)gp � �ëPª pg�

[1@PYQOQKLY5EHU7WVCSRbM=KNEHGJY*@POQKNCSRbM5MQKLA�KLI�@PKLY=UVMlp\[HY=CS[\C�M*UJR�O�I�@DA  JADU9deCSRbWJOQKNCSR
α
@ j UVW7XHR�Ua£-[3C�M*@PR�O5ëu@PXILKNUJX�EHU 4

3

k

� � � � � �-�����qÄ�¼�Ä Ã=¶Pµ�� Á�¼�¶F´�Ä +PÂ.)���+°Â�)Ë¶FÅ 	
§�@POQO=UJR�UJO(@PI}kº¨�� )gp �^í-p �l¯Pª�[HY=CS[3C�M=UJR�O(XHRbU�ADGJOQ�bCFEHU±KLRbM=[HKLY=GVUDEHU�WVUJILINUDEHU~zF[3U �VK�@PINU�k�¬nUJOQO=U

@P[H[HY=CFW*�bU�p:Z1@SM*GVU~MQXHYcI}] �F�F[3CSOQ�bfVM=UuEHUD§qCSXbM=MQKLRbUVM=�\p�WVCSRbMQKNM=O=U|�BXHOQKLILKNM*UJY7�oI�@Bd CSKNM(XHRbU j KNM=WVC�MQKLO=GOQXHYQZHXHINUJR�O=U EHUoO �-[\UBv/w/m5z ·
νrans

¹7UJO±XHRbU j KNM*WVC�MQKLO=GoM=CSXbM h}A~@PKLILINU¦EHUoO��F[3Uo?���z · νsgs
¹([3CSXHY

Y=Uad CSYQA9XHINUJYxI�@7deCSRbWJOQKNCSR
α
EHU�I}]_Ua£-[HY=UVM*MQKNCSR�·%$bk $Fí�¹��

α =
min(νsgs, νrans)

νrans

·%$bk $�ê�¹

wxKLRbM=K}pFINUyEHGad}@PXHOqUa£g�HKLZ3Gx[1@PY -�@P��RHKNUJR�O>Eb@PRbMnI�@9[HY=CS[\C�MQKLOQKNCSRBEHUczF[3U �VK�@PINU±·%$bk $Fí�¹�EgKNMQ[1@PY*@PKLO>@ j UVWWVUJOQO=U7d CSYQA9XHI�@POQKNCSR�k�w j UVW±I�@DdeCSRbWJOQKNCSR α EHUB·%$bk $�ê�¹ap3I�@|ADGJOQ�bC-EHU�?�m�z¢EHU j KNUJR�O5OQY=fVM5M=KLA�KLI�@PKLY=UD�I�@(Ç���z~Ua£g[\C�M=GVU/Eb@PRbMnINUxM=CSXbM h}[1@PY*@P��Y*@P[H�bU � $bk $bk���kg��ILINU/[HY=GVM=UJR�O=U�EHCSRbW/R1@POQXHY=UJILINUJADUJR�O�INU/A  JADU
��UJRHY=U/EHU/EHGade@PXHO=M�WVCSA�ADUxINUVM�EHGa¤1WJKNUJRbWVUVMqEHU>I�@��lCSRbU/EHU>OQY*@PRbMQKLOQKNCSRoEHU>I�@cÇy�nzDWVCSA�ADUxI}]_G j CF�FXbU§�@POQO=UJRuUJO�@PI}kFEb@PRbMx¨��l¯Hp �^í°ª k�?�UVMq@PXHO=UJXHY=Mt[HY=CS[3C�M=UJRFO�EHUxWVCSYQYQKL��UJYnWVUVMtEHGad}@PXHO=M�UJR|Y=UVWVCSRbMQOQYQXHKNM*@PRFO
XHRbU % æFç+*aæ-âLãaä #*ã � �Sä % �gè %(' �JæbãB� [1@PYQOQKLY�EHU~I�@ ?���z{@°¤bR{EHUoWVCSYQYQKL��UJY7I�@�[1@PX j Y=UJO=G~d Y=GV�FXbUJRbWJKNUJILINUEgX"ADC-EHfJINU~v/w/m5z\k:¬nUJOQO=UDO=UVW*�HRHKN��XbU�p�RbCSA�ADGVU|?:��z�# ·¸[3CSXHY �:éSç åFã
	 �à�à � � � 'ËÞ±æ-âié�%('eßSä�¹/[1@PYINUVMu@PXHO=UJXHY=M^ptXHOQKLILKNM=U EHUVMu@PYQ��XHADUJRFO=MoEHU�MQKLA�KLI�@PYQKLO=G¢Er]_GVW=�bUJILINUVMlkq��ILINU�[\UJYQADUJOoUJR¥d}@PKLO|EHU WJY=GVUJY
XHR¥W=�1@PA�[¥EHU|ìbXbWJOQX1@POQKNCSRbMDOQXHYQZHXHINUJRFO=UVMDMQ�-R�OQ�bGJOQKN�FXbUVMlk�-�@PIL��Y=GuM*CSRTA~@PRb�FXbUBEHUuA~@POQXHYQKLO=G�p�KLI
de@PXHO7M=CSXHILKL��RbUJY±��XbU|WVUJOQO=U~O=UVW*�HRHKN��XbUuEr]s@PADGJILKNCSY*@POQKNCSR EHU~I�@�?�m�z"@odeCSXHYQRHKLO9EHUVM9Y=GVMQXHILO*@PO=M9OQY=fVM
UJRbWVCSXHY*@P��Ul@PR�O=M�UJR�Wl@PR1@PI�[HI�@PR�¨��l¯Sª k

 $



��� ��� ������! ��� ��� � �"� ����� ��� � �"� ������� ��!	! � �	��
����������������� 
 ! �
� � � ����! � ! �(� � ������(�"� ! �(� �

� �����	�(� �!� � � � "�#�� # � ��� #�"

w/YQXHR1@ 'Q@PO=UVM @PRTUJO±@PI}k�¨s¯gp�í-p")°ªq[HY=CS[\C�M*UJR�O7XHRbU~ADC-EHGJILKNM*@POQKNCSR{MQKLA�KLI�@PKLY=UB�¦WVUJILINUuEgX�ADC-EHfJINU
vxwym�z��Fh

ε
· j CSKLYD·%$bksëgksë�¹Q¹x[\CSXHY/deUJYQADUJYyINUJXHY=M�GV�FX1@POQKNCSRbMlk3?�U9[\CSKLRFO�EHU j XbU9EHUVM5@PXHO=UJXHY=M5EgKi`rfJY=UWVUJ[\UJRbEb@PRFOlpFEgX|[\CSKLRFO�EHU j XbU>EHU ��CSRbUVM�UJOt?�@PXHRbEHUJYlkF��RuUa`3UJOlp�INUVM�@PXHO=UJXHY=M�Y=UJA�[HI�@SWVUJR�OnI}]_GJRbUJYQ��KNUWJKLRbGJOQKN��XbU�OQXHYQZHXHINUJRFO=U

k
[1@PYoXHRbU�GJRbUJYQ��KNU�WJKLRbGJOQKN��XbU�M=CSXbMQh}A~@PKLILINU

ksgs
@PINCSY=Mo��XbU INU¢O*@PXg£EHU

EgKNM=MQKL[1@POQKNCSR
ε
UVM=O�XHRbU j @PYQK�@PZHINUq��INCSZ1@PINU�kF¬nUJOQO=UxEgKNMQOQKLRbWJOQKNCSRDEr]_GVW=�bUJILINU/UJR�OQY*@��NRbU�I�@y[HY=GVM=UJRbWVUxEr] XHRbU

j KNM*WVC�MQKLO=G±M=CSXbM h}A~@PKLILINU νsgs
Eb@PRbM�I}]_GV�FX1@POQKNCSR�EHU7OQY*@PRbMQ[\CSYQO�EHU7I�@|[HY=UJA�KNfJY=U7�FX1@PR�OQKLO=G�p�@PINCSY=M��FXbU

I�@�M=UVWVCSRbEHUcGV�FX1@POQKNCSR�EHU5OQY*@PRbM=[\CSYQO�[HY=GVM=UJRFO=UcXHRbU j KNM=WVC�MQKLO=G5v/w/m5z �

∂〈ksgs〉

∂t
+ 〈uj〉

∂〈ksgs〉

∂xj
= νsgsSij

∂〈ui〉

∂xj
+

∂

∂xj

(
(ν +

νsgs

σk
)
∂〈ksgs〉

∂xj

)
− ε

·%$bk �©�¹
∂ε

∂t
+ 〈uj〉

∂ε

∂xj
= Cε1νrans

ε

k
Sij

∂〈ui〉

∂xj
+

∂

∂xj

(
(ν +

νrans

σε
)
∂ε

∂xj

)
− Cε2

ε2

k

·%$bk ��^¹

?:@|deUJYQADUJOQXHY=U�EHU7WVUVM5GV�FX1@POQKNCSRbM5RbGVWVUVM=M=KLO=U±@PINCSY=M5EHU±MQ[3GVWJKi¤1UJY5INUVM j KNM=WVC�MQKLO=GVM νsgs
UJO
νrans

k\?:UVM
@PXHO=UJXHY=M([HY=CS[3C�M=UJRFO9Er]_G j @PILXbUJY9WVUVM(�FX1@PR�OQKLO=GVM±�o[1@PYQOQKLY7EHUDWVCSRbMQKNEHGJY*@POQKNCSRbM9Z1@SM=GVUVM(MQXHY(I}]_GJRbUJYQ��KNUMQ[3UVWJOQY*@PINUD�

νrans = 0.28

√
E(ke)

ke

·%$bk �ë�¹

νsgs = 0.28

√
E(k∆)

k∆

·%$bk �®�¹
·%$bk  $F¹

ke
UVMQOuINU RbCSA(ZHY=U�Er]_CSRbEHU�WVCSYQY=UVMQ[\CSRbEb@PRFO¦@PXg£¡��Y*@PRbEHUVMoGVW=�bUJILINUVM¦@PINCSY=M

k∆
EHGVM=KL��RbU WVUJILXHK�EHU

I}]_GVW=�bUJILINU9EHUcWVCSXH[HXHY=U�k
E(k)

EHGVM=KL��R1@PR�OxI}]_GJRbUJYQ��KNU(MQ[\UVWJOQY*@PINU�k
¬nUJOQO=UnADGJOQ�bC-EHUnEHUqWVCSXH[HI�@P��UndeCSXHYQRHKLO�EHUVM�Y=GVM=XHILO*@PO=M�KLR�O=GJY=UVM=M*@PRFO=MºEb@PRbM�XHR±Wl@PR1@PIbWVCSA�[\CSYQO*@PRFO

XHRbU>Wl@ j KLO=G�p�RbCSO*@PA�ADUJRFO�[3CSXHY�INUVMº[HY=CSZHINfJADUVMn@SWVCSXbMQOQKN�FXbUVMx¨ )°ª k -�@PIL�bUJXHY=UJXbM=UJADUJR�OlpFI�@/deUJYQADUJOQXHY=UEHUVMtEgKi`rGJY=UJR�O=UVM j KNM*WVC�MQKLO=GVMºOQXHYQZHXHINUJRFO=UVMtRbGVWVUVM=M=KLO=U�XHRbUxWVCSRHR1@PKNM=M @PRbWVU/@�[HYQKNCSYQK1EgX|MQ[\UVWJOQY=UxEr]_GJRbUJY h��KNUcEHU5I�@7OQXHYQZHXHINUJRbWVU�k

����� � � �
%��
% �-" � � � � ��� $ #�"!�

?:@¢[HY=UJA�KNfJY=U¦[HY=CS[\C�MQKLOQKNCSR¥EHU � UJYQA~@PRbC¥¨s¯��Jª>WVCSRbMQKNMQO=UBUJR XHR ADC-EHfJINUBY*@SWVWVCSY=Eb@PR�O~INUVM~@P[gh
[HY=CFW*�bUVMxv/w/m5zuUJO>?���z\k3¬nU�ADCFEHfJINU5Y=UJ[3C�M=U5MQXHY/EHUJXg£u�F�F[3CSOQ�bfVM=UVM(�

B
� � !gß % �gá �Vã��¡�<I�@uADC^��UJRHRbUDMQO*@POQKNMQOQKN�FXbU±Er] XHRbUD�FX1@PR�OQKLO=G7¤bILOQY=GVU�UVMQOcGJ��@PINUD�|I�@uADCl��UJRHRbU
EHUcWVUJOQO=U5�FX1@PR�OQKLO=G(RbCSRB¤bILOQY=GVU~·¸XHRbU5EgKNM=WJXbM*MQKNCSR�MQXHY�I�@7INGJ��KLOQKLA�KLO=G9EHU5WVUJOQO=U5���-[\CSOQ�bfVM*UcUVMQO
d}@PKLO=U5[1@PY>?:@PZ3CSXHY*@SM=M=UcUJO�zg@P��@PXHOxEb@PRbMc¨ )�Hp )�í°ª¸¹

B
� � !gß % �gá �Vã�� ��I�@�ADC^��UJRHRbU EHUoI�@�[HY=C-EgXbWJOQKNCSREHU¦I}]_GJRbUJYQ��KNU�WJKLRbGJOQKN�FXbU¦M=CSXbM h}A~@PKLILINU UVMQO
EgKLY=UVWJO=UJADUJRFO/ILKNGVU(�7I�@7[HY=C-EgXbWJOQKNCSR EHUcI�@7ADCFEHGJILKNM*@POQKNCSR vxwym�z¢�

〈τ les
ij 〉〈Sij〉 = Cfτ

rans
ij 〈Sij〉

·%$bk ��¹

�



����� ���	��
����������������� 
 ! � ��� ���

& �
Cf
p�WVCSRbM=O*@PR�O=UyWVCSA�[HYQKNM=UxUJRFOQY=U/©5UJO ��p ' CSXbU>INU�Y)(SINUxEHUq¤bILOQY=U�k � Y��SWVU/�cWVUVMtEHUJXg£����-[\CSOQ�bfVM*UVMlp

� UJYQA~@PRbC~GJO*@PZHILKLOxXHRbU5RbCSX j UJILINUcUa£g[HY=UVM=MQKNCSR�EHU�I�@ j KNM=WVC�MQKLO=G5M*CSXbM h}A~@PKLILINUD�

νsgs = −
CfSij

2(1 − Cf )

τ rans
ij 〈Sij〉

〈|S|Sij〉〈Sij〉

·%$bk �¯�¹

Ç±]s@P[HY=fVMxI�@±Y=UJI�@POQKNCSR{·%$bk ��¹apbINU(ADCFEHfJINUcEHU � UJYQA~@PRbC~M^]s@PRHR�XHINUcINCSY=M*��XbU
Cf
O=UJRbE j UJY=M �lGJY=C¢·e@P[gh[HY=CFW*�bU�Ç�m5zH¹apl[HXHKNM:INCSY=M=��XbU

Cf
O=UJRbE j UJY=M�I}] XHRHKLO=G�INUºADC-EHfJINUtUVMQO:EHUtO �-[\Utvxwym�z\k & Y�I}]_Ua£-[HY=UVM*MQKNCSR·%$bk �¯�¹n[HY=GVM=UJRFO=UcXHRbU5MQKLRH��XHI�@PYQKLO=G9Eb@PRbM>WVU5EHUJYQRHKNUJY/Wl@SMlkH�ºR�WVCSRbM=GV�FXbUJRbWVU�pHZHKNUJR��FXbU5WVCSRbWVUJ[HOQXbUJIih

INUJADUJR�O/KLR�O=GJY=UVM=M*@PRFOlp1WVU5ADC-EHfJINUcM=UJA9ZHINUcEHGJILKNWl@PO/�±ADUJOQOQY=U(UJR�CFUJX j Y=U�k
w/INCSY=M/�FXbUcINUVM/RbCSA(ZHY=UJXbM*UVM�O=UVW=�HRHKN�FXbUVM5EHU(WVCSXH[HI�@P��U±G j CF�FXbGVUVM '�XbM*��X�] KNWJKÝM=U(M=CSRFOxdeC-Wl@PILKNM=GVUVMMQXHY�I}] ���-ZHYQKNEb@POQKNCSR~EHUVM�ADC-EHfJINUVM�EHUnd UJYQADUJOQXHY=U�v/w/m5zcUJO�?��nz\p � UJYQA~@PRbC�¨s¯�ëPªgde@PKLOÝI�@y[HY=CS[3C�MQKLOQKNCSR

CSYQKL��KLR1@PINU�EHU>Y*@SWVWVCSY=EHUJYqI�@5ADC^��UJRHRbUyM=O*@POQKNMQOQKN��XbUyUJOtXHRuCS[\GJY*@PO=UJXHYqEHUx¤bILOQY*@P��U/?��nzDUJRoWJY=Gl@PR�OnXHR
CS[\GJY*@PO=UJXHY/���-ZHYQKNEHU�k<¬nUJOQO=UcEHGJA~@PY=W*�bU(Y=UJ[3C�M=U5MQXHY�INUVM>EHUJXg£B�F�F[3CSOQ�bfVM=UVM>MQXHK j @PR�O=UVM9�

B
� � !gß % �gá �Vã � EgX¦ADC-EHfJINU5EHU � UJYQA~@PRbCDUa£g[3C�M=G5WJKih�@ j @PR�Olk

B
� � !gß % �gá �Vã �B�JI�@�deCSRbWJOQKNCSR(EHU�Y*@SWVWVCSY=EHUJADUJRFOÝEHCSKLO:WVCSA�A9XHO=UJYÝ@ j UVW�I}]_CS[\GJY*@PO=UJXHYÝEHU�ADCl��UJRHRbUMQO*@POQKNM=OQKN��XbU�k

?º]s@PXHO=UJXHYlp<��[1@PYQOQKLYxEHU5WVUVM>�F�F[3CSOQ�bfVM=UVMlpHWVCSRbMQOQYQXHKLOxXHRB¤bILOQY=U5���-ZHYQKNEHU
H
�

H = frL + (1 − fr)R
·%$bk �í�¹

L
UVMQOxI}]_CS[3GJY*@PO=UJXHY5EHU5¤bILOQY*@P��U±?���z\p

R
UVMQO/I}]_CS[\GJY*@PO=UJXHY5EHU9ADCl��UJRHRbU±MQO*@POQKNMQOQKN�FXbU9UJO

fr
UVMQO/XHRbU

d CSRbWJOQKNCSR�EHU9Y*@SWVWVCSY=EHUJADUJR�Olkr?�U(¤bILOQY=U9���-ZHYQKNEHU
H
UVMQO5@P[H[HILKN�FXbG7�~I}]_GV��X1@POQKNCSR�EHU7my@ j KNUJY h�zFO=C ��UVM[HXHKNMÝXHR9ADC-EHfJINUqEHUºdeUJYQADUJOQXHY=Ut�F�FZHYQKNEHUqUVMQOÝ[HY=CS[3C�M=G�kS¬nU�ADC-EHfJINUtR�]s@/[1@SMÝUJRbWVCSY=UnGJO=G�KLA�[HINGJADUJR�O=G

CSX¦GJO=G5GJ[HY=CSX j G5INCSY=M>Er] XHRbU5MQKLA9XHI�@POQKNCSR�pbA~@PKNMqKLI3deCSXHYQRHKLO�XHRbU�Z1@SM=U�OQ�bGVCSYQKN�FXbU5KLR�O=GJY=UVM=M @PR�O=U5[3CSXHYRbCSXHYQYQKLYxI�@±EgKNM=WJXbM*MQKNCSR�MQXHY�INUVM�ADGJOQ�bC-EHUVMxEHU5WVCSXH[HI�@P��U9vxwym�zH�P?:��zB@SWJOQXbUJILINUVMlk

&('�� ��2549���*;=�1�q.\;=2>,�47���7��032>;
«ÝCSXHYyUa`rUVWJOQXbUJYyXHRbU(MQKLA9XHI�@POQKNCSR�EHUVM/��Y*@PRbEHUVMyGVW=�bUJILINUVM�UJR G j KLO*@PR�O�EHU(Y*@ *DRbUJYyINUVM>A~@PKLILI�@P��UVMEb@PRbMDI�@ �lCSRbU¦[HY=CFW*�bU¦[1@PY=CSK}p�KLIxUVM=ODEr] XbM*@P��U¦Er]s@P[H[HILKN�FXbUJY~XHR¥ADC-EHfJINU¦EHUB[1@PY=CSK}kº?:UVMDADC-EHfJINUVM

EHUB[1@PY=CSK�[3UJX j UJR�O) JOQY=U¦EgKNM=OQKLRH��XbGVM~M=UJINCSR¥EHUJXg£ Wl@PO=GJ��CSYQKNUVM���M=CSKLOlp�KLINM~M=CSR�O�Z1@SM=GVM~MQXHY�XHRbUoINCSK@PR1@PIL�FOQKN�FXbU¦�FXHK�ADCFEHGJILKNM*U¦EgKLY=UVWJO=UJADUJR�O|INU¦W=�1@PA�[¡WVCSRbM=KNEHGJY=G�ptM=CSKLOlp�EHUVMDGV�FX1@POQKNCSRbM~M=KLA�[HILKi¤1GVUVM
·¸[1@PY�Y*@P[H[3CSYQOn@PXg£~GV�FX1@POQKNCSRbMnEHUxm�@ j KNUJY h�zFO=C ��UVM ¹ºM*CSR�OnY=GVM=CSILXbUVMtEb@PRbM�I�@��lCSRbU/[HY=CFW*�bU>[1@PY=CSK\O=CSXHOUJR¦ADC-EHGJILKNM*@PR�O>INUVM/Ua`3UJO=MxEHU�I}]s@P��KLO*@POQKNCSR�OQXHYQZHXHINUJR�O=U�k
ÈºÉ���É�Ì �xÎ:Ú Ô�ÐºÓ �tÕ3Ù�Î:ÚyØ�Õ3ÔP×bÓ<Ô�ÔSÜºÙ�Ü �tÓ Ò}Î:ÚxÕ��tÕrÒ � �Ú Û�ÜºÓ
Ç5@PRbMcWVU~[1@PY*@P��Y*@P[H�bU�p�RbCSXbM7Ua£-[3C�M=UJY=CSRbMcEr]s@PZ3CSY=E�I�@BM=OQY*@PO=GJ��KNU~EHU�ADC-EHGJILKNM*@POQKNCSR�EHUD[1@PY=CSKNM

[\CSXHYxINU5W=�1@PA�[ Eg�-R1@PA�KN�FXbU�pH[HXHKNM>[3CSXHY�INU5W=�1@PA�[ OQ�bUJYQA�KN��XbU�k
� �����	�(�	� � � � # � �-% � �-��� � � ���!#�$�� �� �"!#�$ %(')�!�

�/R¦ADC-EHfJINU(EHU5[1@PY=CSKq· CSX�INCSK:EHU([1@PY=CSKË¹>@±[3CSXHYxZHXHOyEHU�d CSXHYQRHKLY/INUcWJKNM*@PKLILINUJADUJRFOy[1@PYQKNGJO*@PIÝUJR
ADCFEHGJILKNM @PR�OnI�@5[H���gMQKN�FXbUxEHUxI}]_GVWVCSXHINUJADUJR�OqOQXHYQZHXHINUJR�O�Eb@PRbM�I�@��lCSRbU>[HY=C-W=�bUx[1@PY=CSK}p�[HILXHO)(SOq�FXbU>EHU
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[HY=CFWVGVEHUJY��7I}]_G j @PILX1@POQKNCSR¢EgXB��Y*@SEgKNUJR�O/[1@PYQKNGJO*@PI τw [1@PY>XHRbU9@P[H[HY=CV£gKLA~@POQKNCSR�ILKLRbGl@PKLY=U~�

τwxy = ν
∂ux

∂y
' ν

u1
x − uw

x

y1 − yw

·%$bk *)�¹

u1
x

UVMQO�I�@ j KLO=UVM=M*U�INCSRH��KLOQXbEgKLR1@PINU7@PX¦[HY=UJA�KNUJY/RbCFUJXbE�EHUcWl@PINWJXHI}k uw
x

UVMQO�I�@ j KLO=UVM=M=Uc��I�@±[1@PY=CSK}k y1UJO
yw
M=CSRFO>Y=UVMQ[3UVWJOQK j UJADUJR�O/INUVM>CSY=EHCSRHRbGVUVM/EgXB[HY=UJA�KNUJY/RbCFUJXbEBEHU(Wl@PINWJXHI:UJOxEHU�I�@±[1@PY=CSK}k¬nUJOQO=UuG j @PILX1@POQKNCSR M=UJY*@¢@PINCSY=M±Er]s@PXHO*@PR�O±[HILXbM±M=CSXbM h UVMQOQKLADGVUuMQK�INU~[HY=CP¤bI�EHU j KLO=UVM=M*UD[3C�M=M=fVEHUXHRbU5[3UJR�O=U(@PZHYQXH[HO=U9UJO>MQKrI�@�EgKNMQO*@PRbWVU

‖y1 − yw‖
R�]_UVMQO�[1@SM>KLRg¤bRHKLO=GVMQKLA~@PINU�k

?�UVM¦ADCFEHfJINUVM EHU�[1@PY=CSKcINUVMB[HILXbM�M=KLA�[HINUVMBY=UJ[\C�M*UJR�O�MQXHY EHUVMBINCSKNM�@PR1@PIL�-OQKN��XbUVM WVCSA�ADU�I�@
INCSKqINCS��@PYQKLOQ�HA�KN��XbUBEHGVWJYQKLO=UoEb@PRbM7INUoM=CSXbM h}[1@PY*@P��Y*@P[H�bU � ®gksëgk��oCSXTUJRbWVCSY=UuXHRbUuINCSKqUJRT[HXHKNM*M*@PRbWVU
WVCSA�ADUcWVUJILINU5EHGa¤bRHKNU5[1@PY���UJYQRbUJY�����UJRH��INU�¨�� $�êSª:UJO>UJILINUVM�CSR�O>[3CSXHY>CSZ�' UVWJOQKideM�EHU�ADC-EHGJILKNM=UJY�INU
WJKNM*@PKLILINUJADUJR�O�[1@PYQKNGJO*@PI1@PX7ILKNUJX�EHUtINUqWl@PINWJXHINUJY�EgKLY=UVWJO=UJADUJR�OºWVCSA�ADUqKLIgUVMQO�de@PKLO�Eb@PRbMÝI�@xd CSYQA9XHI�@POQKNCSR
·%$bk *)�¹ak
Ç5@PRbM�WVUJOQO=U±GJOQXbEHU�p3RbCSXbM�@PXHY=CSRbM�Y=UVWVCSXHY=Mc�|XHRbU7INCSK�EHU([1@PY=CSK�KLRbMQ[HKLY=GVU�EHU7WVUJILINU�EHGa¤bRHKNU7[1@PY

� Y��SO �VZ1@SW=� ¨s¯*)°ª kn?:U¢WJKNM @PKLILINUJADUJR�OB[1@PYQKNGJO*@PI
τw
UVMQOoWl@PINWJXHING�EHU�O=UJILINU�M=CSYQO=U��FXbU¢I�@ j KLO=UVM=M=U¢EHU[HY=UJA�KNfJY=UcA~@PKLILINU5Y=UVM=[\UVWJO=U5I}]_Ua£g[HY=UVM=MQKNCSR MQXHK j @PRFO=UD�

U+ = y+ ,%MQK
y+ < 5

·��\CSRbU j KNM=��XbUJXbM*U^¹ ·%$bk �ê�¹

U+ =

∫ y+

0

2 dα

1 +
√

1 + 4 lm2
+(α)

,%MQK
5 < y+ < 30

·��\CSRbU5O*@PA�[3CSR<¹ ·%$bks¯�©�¹

@ j UVW lm+(α) = κα+
(
1 − exp(−

α

26
)
)

U+ =
1

χ
ln(y+) +A

,!M=K
y+ > 30

·}z-CSXbMQh WVCSXbW=�bU9INCS��@PYQKLOQ�HA�KN��XbU^¹ ·%$bks¯��^¹

χ
UVMQO(I�@ WVCSRbMQO*@PR�O=UoEHU�	ºCSR �c@PYQA~@PR{UJO j @PXHO 0.415

UJO±w�UVMQO7XHRbU|WVCSRbMQO*@PRFO=U j @PI�@PRFO 5.3
k�?�U

WJKNM*@PKLILINUJADUJR�O7[1@PYQKNGJO*@PI�UVM=OcEHGJO=UJYQA�KLRbGD[1@PY(I}] KLRFO=UJYQADGVEgK�@PKLY=U|Er] XHRbUD[HY=CFWVGVEgXHY=U|EHU�[\CSKLRFO5¤H£HU~@P[gh
[HILKN��XbGVUo�BXHRbUuEHUVM9INCSKNM7@PR1@PIL�-OQKN��XbUVM7WJKih EHUVM=MQXbM7MQXHK j @PR�O7I�@BINC-Wl@PILKNM*@POQKNCSR{EgX"[HY=UJA�KNUJY±RbCFUJXbE�EHUWl@PINWJXHI�Eb@PRbM�I�@±WVCSXbW*�bUcILKLA�KLO=U5OQXHYQZHXHINUJRFO=U�k
� �����	�(�	� � � � # � �-% � �-��� � � ���!#�$�� � ������$&%(')���

��RuWVUx�FXHK1WVCSRbWVUJYQRbU/INUxW=�1@PA�[uOQ�bUJYQA�KN�FXbU�p�XHR|ADCFEHfJINU/EHU>[1@PY=CSK<M*UJY*@cGJ��@PINUJADUJR�OqXHOQKLILKNM=Gy@°¤bR
EHUoADCFEHGJILKNM*UJY�INU~ìbXg£{EHUBW=�1@PINUJXHY�[1@PYQKNGJO*@PI

φw
k�?:U|ADC-EHfJINUBEHUu[1@PY=CSK�OQ�bUJYQA�KN��XbU¦XHOQKLILKNM=GoEb@PRbM

WVUJOQO=UcGJOQXbEHU(UVM=O�Z1@SM=G5MQXHY�I�@±INCSK�EHU��c@SEHUJY/��XbU�RbCSXbMxY*@P[H[\UJINCSRbMc�

T+ = Pr y+exp(−Γ) +
[
2.12 ln

(
(1 + y+)γ

)
+ β(Pr)

]
exp(−1/Γ)

·%$bks¯�ë�¹
¬nCSA�ADUBWVUoADC-EHfJINUBEHUu[1@PY=CSKx@¢[\CSXHY±ZHXHODEr]_G j @PILXbUJYDINU|ìbXg£{EHUoW=�1@PINUJXHY~[1@PYQKNGJO*@PI}p�KLI�M=UJY*@XHRHKN��XbUJADUJRFO�[\UJYQOQKLRbUJRFO�Eb@PRbM�EHUVMqMQKLOQX1@POQKNCSRbMqC��uI�@cO=UJA�[3GJY*@POQXHY=U5�5I�@([1@PY=CSK\M=UJY*@(KLA�[3C�M=GVUxCSXoUJR

Wl@SM>EHU�WVCSXH[HI�@P��U5OQ�bUJYQA�KN�FXbUyìbXHKNEHUah MQOQYQXbWJOQXHY=U�k1��R¦Ua`rUJOlpgUJR¦Wl@SM�EHU�WVCSRbEgKLOQKNCSR�EHUyìbXg£|KLA�[3C�M=G5�
I�@±[1@PY=CSK:CSX¦EHU5[1@PY=CSKÝ@SEgK�@PZ1@POQKN��XbU�p1INU5Wl@PINWJXHI:EHU�ìbXg£BEHUcW=�1@PINUJXHY/[1@PYQKNGJO*@PI:EHU j KNUJRFOxOQYQK j K�@PI}k
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wx¤bR EHU9WJI�@PYQKi¤1UJYyI}]s@P[H[HY=C-W=�bU�@SEHCS[HO=GVU7Eb@PRbMxINU7WVC-EHU #�v � &�� �7pbRbCSXbMyEHGJO*@PKLILINUJY=CSRbM5WJKih�@P[HY=fVM
I�@5EHGJA~@PY=W=�bU/KLRH�bGJY=UJR�O=U�@PXg£±ADCFEHfJINUVM�EHU�[1@PY=CSKbOQ�bUJYQA�KN�FXbUxEHU>WVU>EHUJYQRHKNUJYlkg¬nCSA�ADU>KLIbUVMQOtKLILILXbMQOQY=G
MQXHY>I�@ �ÝKL�bk�$bk $bpgINU�ìbXg£BEHUcW*�1@PINUJXHYx[1@PYQKNGJO*@PI:UVMQO>G j @PILXbGcEHU�d}@��VCSR¦EgKNM=WJY=fJO=UcWVCSA�ADU(MQXHKLO(�

φw = λ
T1 − Tw

d

·%$bks¯�®�¹
d
GJO*@PR�O�I�@ EgKNMQO*@PRbWVUo��GVCSADGJOQYQKN�FXbUuUJRFOQY=UoINUoWVUJR�OQY=UBEHU|I�@�[HY=UJA�KNfJY=UoA~@PKLILI�@P��UoUJO±I�@ [1@PY=CSK}k & R
WVCSA�[HY=UJRbED@PKNM=GJADUJR�O��FXbU�WVUJOQO=UqGVWJYQKLOQXHY=UqEHU j KNUJR�OÝde@PXbM*M=U�p°M=K�INUnWVCSA�[\CSYQO=UJADUJRFOtEHUtI�@xO=UJA�[3GJY*@POQXHY=UR�]_UVMQO7[HILXbM(ILKLRbGl@PKLY=UuUJR�OQY=UuI�@B[1@PY=CSKqUJO(INU|[HY=UJA�KNUJY7RbCFUJXbETEHU~Wl@PINWJXHI}pÝWVU|�FXHK�UVM=O(XHRbUuMQKLOQX1@POQKNCSR
O �-[HKN��XbU(EHUVM>A~@PKLILI�@P��UVM>��Y=C�M*MQKNUJY=Mlk

d
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� � 	 ��$bk $ �o¬nCSRbEgKLOQKNCSRbM/@PXg£BILKLA�KLO=UVM�[1@PYQKNGJO*@PINUVM/[\CSXHY�I�@±O=UJA�[3GJY*@POQXHY=U�k
wx¤bR�EHUcWVCSRbM=UJY j UJYyI�@±A  JADU9GV��X1@POQKNCSR [\CSXHY>INU(OQY*@PRbMQ[3CSYQO/EHU5I�@±O=UJA�[3GJY*@POQXHY=U9O=CSXHO/UJR�G j @°hILX1@PR�OoEHU¦A~@PRHKNfJY=U¢WVCSYQY=UVWJO=U¦INU¦ìbXg£ EHU W=�1@PINUJXHYu[1@PYQKNGJO*@PI}p�CSRXHOQKLILKNM=U¦INU�WVCSRbWVUJ[HOuEHU EgKNMQO*@PRbWVU

GV��XHK j @PINUJR�O=U deq
k

?�U�ADC-EHfJINU5EHUyINCSK�EHU�[1@PY=CSKrXHOQKLILKNM=G5Eb@PRbM>WVUJOQO=U5GJOQXbEHU�p1@P[H[3UJING�INCSK�EHUy[1@PY=CSK�OQ�bUJYQA�KN�FXbU5MQO*@PRgh
Eb@PY=Erp�KLA�[3C�M=U���XbU¢I�@TO=UJA�[3GJY*@POQXHY=U�EgX ìbXHKNEHU�Eb@PRbMBI�@T[HY=UJA�KNfJY=U�A~@PKLILINU

T1
Y=UVMQ[3UVWJO=U�I�@TINCSK

@PR1@PIL�FOQKN�FXbU�EHU �c@SEHUJYlk & YlpFI�@5O=UJA�[3GJY*@POQXHY=U�@SEgKLADUJRbM=KNCSRHRbGVU�[1@PYtI�@(O=UJA�[\GJY*@POQXHY=U�EHUxd¸Y=CSOQO=UJADUJRFO
Ml]_GVWJYQKLO(�

T+ =
T1 − Tw

Tτ
=
T1 − Tw

φw
ρCpuτ

·%$bks¯ $F¹
& R¥[3UJXHO�@PINCSY=M~Ua£-�HKLZ3UJY�I}]_Ua£-[HY=UVM*MQKNCSR¡EHUoI�@�EgKNMQO*@PRbWVUBGV�FXHK j @PINUJRFO=U deq

Wl@PINWJXHINGVUB[1@PY�I�@¢INCSK>EHU
[1@PY=CSK�OQ�bUJYQA�KN�FXbU(MQO*@PRbEb@PY=E��

deq = T+
1

α

uτ

·%$bks¯��¹
«�@PY*@PILINfJINUJADUJR�O��7I�@(ADC-EHGJILKNM*@POQKNCSR�EgXuìbXg£BEHU�W=�1@PINUJXHYlpHKLI�Ml]s@ j fJY=U�[HILXbM>WVCSA�ADC-EHU5Er]s@SEHCS[HO=UJYXHRbU/@P[H[HY=C-W=�bU�MQKLA�KLI�@PKLY=Ux[\CSXHY�XHRbUxWVCSRbEgKLOQKNCSRB��I�@5ILKLA�KLO=UyEHU>O=UJA�[3GJY*@POQXHY=UxKLA�[3C�M=GVU>UJO�[\CSXHY�XHRbU

WVCSRbEgKLOQKNCSRTEHU|WVCSXH[HI�@P��U~OQ�bUJYQA�KN�FXbU~ìbXHKNEHU^�PM=CSILKNEHU�k�w�WVUJOQO=UD¤bR�p�RbCSXbM9KLR�OQY=C-EgXHKLY=CSRbM9INU~WVCSRbWVUJ[HO
EHU9´l¿FÅPÄ ÅPÃ=Â1»�+P¶¦Ã& r¶�´�¼�Ä�À�Á:¶Fk���RoUa`rUJOlp�I}]s@PR1@PINCS��KNU�GJINUVWJOQYQKN�FXbUx[3UJXHOtRbCSXbM�@PADUJRbUJY��(WVCSRbWVU j CSKLYnINUìbXg£�EHU(W*�1@PINUJXHY�WVCSA�ADU(KLR�O=UJRbMQKLO=G7UJOxI�@~EgKi`3GJY=UJRbWVU7EHUcO=UJA�[3GJY*@POQXHY=U7WVCSA�ADU(XHRbU9EgKi`3GJY=UJRbWVU7EHU

*)



��� ��� ������! ��� ��� � �"� ����� ��� � �"� ������� ��!	! � �	��
����������������� 
 ! �
� � � ����! � ! �(� � ������(�"� ! �(� �

[\CSO=UJRFOQKNUJI}k3zFXHYxI�@ �ÝKL�bk�$bk $bp
Text
UVM=O>I�@±O=UJA�[3GJY*@POQXHY=U9EHU5I�@�A~@PKLILINU(EgX M*CSILKNEHU5I�@±[HILXbM>[HY=C-W=�bU9EHU

I�@5[1@PY=CSK}k�w/KLRbMQKb[3CSXHYºINUVM�WVCSRbEgKLOQKNCSRbMn@PXg£�ILKLA�KLO=UVMtEHU>O �-[\U�O=UJA�[3GJY*@POQXHY=U/KLA�[\C�M=GVU�p�RbCSXbMº[3CSX j CSRbMGVWJYQKLY=UcI}]_GV�FXHKLILKLZHY=UcEHUVMqìbXg£¦�±I�@7[1@PY=CSKt�

φw = λ
T − Tw

deq
= hext(Tw − Text)

·%$bks¯�¯�¹

hext
GJO*@PR�OcI}] KLR j UJY=M=UDEHU±I�@uY=GVMQKNM=O*@PRbWVU�OQ�bUJYQA�KN��XbU~Eb@PRbM5INU�M=CSILKNEHU�kr?�U±ìbXg£�EHU�W=�1@PINUJXHY([1@PYQKNGJO*@PI[\UJXHO/EHCSRbWcMl]_GVWJYQKLY=UcEHU�I�@7d}@��VCSR¦MQXHK j @PR�O=UD�

φw =
T − Text

Req

@ j UVW Req = R + Rs =
deq

λ
+

1

hext

·%$bks¯�í�¹
«ÝCSXHY�OQY*@PKLO=UJY�XHRbUnWVCSRbEgKLOQKNCSR~�/I�@/[1@PY=CSKHEHU�Ã=¶�¼ $r¿�´lÂ<ÃQÁ�´l¶~Ä ¼ $r³1ÅS¿°¶±@ j UVW�WVUJOQO=UtdeCSYQA(XHI�@POQKNCSR�pI�@9Y=GVMQKNMQO*@PRbWVU�EHUyI�@([1@PY=CSKrM=CSILKNEHU�EHCSKLO  JOQY=U�R�XHILINU�UJO�EHCSRbWyINU�WVCFU�*~WJKNUJRFO

hext
EHCSKLO  JOQY=UyKLRg¤bRHKº· UJR

[HY*@POQKN��XbU�p�KLIbUVMQOtGJ��@PINUx�
1011 Eb@PRbMºINUVMºWl@PINWJXHINM�EHU>WVUJOQO=U>GJOQXbEHU^¹ak�w/XHOQY=UJADUJR�OnEgKLOlp�I�@5WVCSRbEgXbWJOQK j KLO=GOQ�bUJYQA�KN��XbU�EgX�M=CSILKNEHUqUVMQO�MQX *~M*@PA�ADUJRFO���Y*@PRbEHUn[\CSXHY��FXbU�INUVMÝO=UJA�[3GJY*@POQXHY=UVM

Text
UJO
Tw
[HXHKNM=M=UJRFO

 JOQY=UcWVCSRbMQKNEHGJY=GVUVM/WVCSA�ADU(WVCSRgdeCSRbEgXbUVMxEgXB[3CSKLR�OxEHU j XbU5EgX¦OQY*@PRbM deUJYQO�OQ�bUJYQA�KN�FXbU�k
ÈºÉ���É¸Ê ÍÏÎ�ÐtÑ1Ò}Ó{ÐºÓ ��Õ\Ù�Î:Ú���� ���

Ç5@PRbM�WVUt[1@PY*@P��Y*@P[H�bU�plRbCSXbM�RbCSXbM�KLR�O=GJY=UVM*M=UJY=CSRbM�M=XHYQO=CSXHO�@PXg£5ADCFEHfJINUVM�EHU�[1@PY=CSKF�FXHK�KLRbEgXHKNM=UJRFO
XHRbU>@P[H[HY=CFW*�bU�vxwym�zcUJR±[HY=CFW*�bUq[1@PY=CSKgUJO�?��nz±@PKLILINUJXHY=M>·¸[\CSXHY�XHRbUnY=U j XbUqWVCSA�[HINfJO=U�EHUVMÝADC-EHfJINUVMEHU�[1@PY=CSK}p j CSKLYBI}]s@PYQOQKNWJINU�EHU�«�KNCSADUJILILK9UJO¦§�@PI�@PY*@SM�¨������Jª¸¹akx¬nUJOQO=U"EHGJA~@PY=W=�bU�@{GJO=G�KLR�OQY=C-EgXHKLO=U[1@PY9§�@PI�@PY*@SM~¨��l®Sª�M=CSXbM5INU�RbCSA EHU�%��tß 	�âié ��ãaç~Þ�ß^à�ãaâ�CSX	��
 ��![\CSXHY � � 'Ëä��xßSæ-ä<à�é�ç � ��é ��ãaç �JæHé�%('eßSä ���té�âËâºÞDßlàFãaâ kÝ?º]s@P[H[HILKNWl@POQKNCSR¥EHUuWVUDADC-EHfJINU|EHU|[1@PY=CSKnKLA�[HILKN��XbU|I}] KLR�OQY=C-EgXbWJOQKNCSR¥Er] XHR
A~@PKLILI�@P��Uc¤bR¢�±XHRbUcEgKLADUJRbMQKNCSR¢UJR�OQY=UcI�@D[1@PY=CSK:UJO>I�@±[HY=UJA�KNfJY=U9A~@PKLILINU(EHU(Wl@PINWJXHI�?���z"· j CSKLY �ÝKL�bk
$bk �¹ak
Ç5@PRbM�INU�A~@PKLILI�@P��U�¤bR�EHUVM�GV�FX1@POQKNCSRbM�EHU�WVCSXbW*�bUqILKLA�KLO=U�MQKLA�[HILKi¤1GVUVM�M=CSR�O�Y=GVM=CSILXbUVM�UJO�XHRbU j KNM=WVC�MQKLO=GOQXHYQZHXHINUJR�O=U7EHU�O �-[\U(vxwym�z|UVMQO�KLRFOQY=CFEgXHKLO=U|�

∂

∂x2

(
a
∂ui

∂x2

)
+ F =

∂ui

∂t

·%$bks¯*)�¹

F = −
∂P

∂xi
−
∂uiuj

∂xj

·%$bks¯�ê�¹

a
UVM=O�I�@ j KNM=WVC�M=KLO=G�O=CSO*@PINU~�

a = ν + νt = ν +D(κyw)2(2SlmSlm)1/2 ·%$bk íS©�¹
Ç GJO*@PR�O>XHRbU5d CSRbWJOQKNCSR�Er]s@PADCSYQOQKNM*M=UJADUJR�O7�

D = 1 − exp

(
−

(
y+

w

25

)3
) ·%$bk í �^¹

Ç5@PRbM>WVUVM>GV�FX1@POQKNCSRbM�I}] KLRbEgKNWVU
i
WVCSRbWVUJYQRbU5INUVM>EgKLY=UVWJOQKNCSRbMxO*@PRH��UJR�OQKNUJILINUVM/@PXB[HI�@PR�[1@PYQKNGJO*@PI�·¸KNWJKrK��

�cCSX�®�¹qUJO�I�@�EgKLY=UVWJOQKNCSR
x2
EHGVMQKL��RbUcEHCSRbWcI�@±EgKLY=UVWJOQKNCSR�RbCSYQA~@PINU9�7I�@7[1@PY=CSK}k
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	 ��$bk  �u¬nCSRg¤b��XHY*@POQKNCSR�EgXoA~@PKLILI�@P��U #�§q?�� [3CSXHYqXHRoA~@PKLILI�@P��UcMQOQYQXbWJOQXHY=G�kH«ÝCSXHY�KLILILXbMQOQY=UJY�INUVM
[\CSO=UJRFOQK�@PILKLO=GVM~EgX{ADC-EHfJINUBEHU|[1@PY=CSK #�§q?��>pºINUVM9[HY=CP¤bINM~EHU j KLO=UVM=M=U|[HY=GVM=UJRFO=GVMDMQXHY�WVUJOQO=Uu¤b��XHY=UM=CSR�O�O=UJINM��FXbU�INU���Y*@SEgKNUJRFOnEHUx[HY=UVM=MQKNCSRuM=UJY*@PKLO�@SE j UJY=M=U�k � I1UVM=O�WJI�@PKLYt�FXbUxWVUJOQO=U/MQKLOQX1@POQKNCSR~R�]_UVMQOt[1@SMY=UJRbWVCSR�OQY=GVU7Eb@PRbM�INUcWl@SM>Er] XHRbU(WVCSXbW=�bUcILKLA�KLO=U9@POQO*@SW=�bGVU�k
��R�WVUD��XHKºWVCSRbWVUJYQRbU~INUVM(WVCSRbEgKLOQKNCSRbM±@PXg£¢ILKLA�KLO=UVM^prI�@ �lCSRbU~v/w/m5z¦d CSXHYQRHKLO9XHR"WJKNM*@PKLILINUJADUJRFO

[1@PYQKNGJO*@PI(��I�@ �lCSRbU�?��nz @PINCSY=MB��XbU�WVUJILINUah WJK�KLA�[\C�M*U¢M @ j KLO=UVM=M=U¢EHU¢[HY=UJA�KNfJY=U�A~@PKLILINU�WVCSA�ADUWVCSRbEgKLOQKNCSR � I�@¢ILKLA�KLO=U¦MQXH[3GJYQKNUJXHY=UBEgX A~@PKLILI�@P��U¦v/w/m5z�UJODM=CSR{��Y*@SEgKNUJR�O|EHUu[HY=UVM=M=KNCSR¥WVCSA�ADU
O=UJYQADU(M=CSXHY=WVU�k<w 'QCSXHO=CSRbMx�FXbU5INU5��Y*@SEgKNUJRFOyEHUc[HY=UVM=MQKNCSR UVM=OxMQXH[H[3C�M=G5WVCSRbMQO*@PR�O�Eb@PRbM>INUcA~@PKLILI�@P��U
¤bR�k:¬nU±EHUJYQRHKNUJY5[\CSKLRFOcG j KLO=U±EHU7Y=GVM=CSXbEgY=U±I}]_GV�FX1@POQKNCSR�EHU7«ÝCSKNM=M=CSR�M=XHYyI�@|[HY=UVM=M=KNCSR�prWVU7�FXHK�Y=UJRbEWVU5ADC-EHfJINUcEHU�[1@PY=CSK�R�XHADGJYQKN�FXbUJADUJR�O�OQY=fVM�[3UJX¦WVC+*HO=UJXg£rk
«�ILXbM=KNUJXHY=Mn@PXHO=UJXHY=MqCSR�OnO=UJR�O=GyEr] XHOQKLILKNM=UJYqEgKi`3GJY=UJRFO=MnADCFEHfJINUVMnEHU j KNM=WVC�MQKLO=GxOQXHYQZHXHINUJR�O=Uy[\CSXHY�I�@

�lCSRbU5¤bRbU�k<§q@PI�@PY*@SMyUJO/@PI}k�¨��l®°ª�CSR�O/XHOQKLILKNM=GcXHR ADCFEHfJINUcEHU(O �-[\UcINCSRH��XbUJXHYyEHU5ADGJI�@PRH��U7WJI�@SM=MQKN�FXbU
WVCSA�ADU�Ua£-[3C�M=G¢UJR ·%$bk íS©�¹aknÇyKLXHYQRbC UJO¦@PI}ky¨  $�ªy[HY=CS[3C�M=UJRFO¦Er] XHOQKLILKNM=UJYBINU�ADC-EHfJINU�EHU�zF[1@PI�@PYQO h
wxILILA~@PY*@SM(¨��l®��aªrUJOqKLINM�CSZHOQKNUJRHRbUJRFOxEHUVMqY=GVMQXHILO*@PO=M�WVCSA�[1@PY*@PZHINUVMx�7WVUJXg£uCSZHO=UJRFXbMx@ j UVW�XHRoADC-EHfJINU@PIL��GJZHYQKN��XbU�k�Ç/KLXHYQRbC�UJOº@PI}kSCSR�O�O=UJRFO=G�Er]s@ ' CSXHO=UJY�EHUVM�WVCSRbEgKLOQKNCSRbMt@PXg£7ILKLA�KLO=UVMº�xI}] KLRFO=UJY de@SWVU�UJRFOQY=UqINU
A~@PKLILI�@P��U�¤bR7v/w/m5z5UJO�INUtA~@PKLILI�@P��Uq?���z\k ��INMÝ@SM=M=XHY=UJR�OÝRbCSO*@PA�ADUJR�O�I�@/WVCSR�OQKLR�XHKLO=G�EgX±WJKNM*@PKLILINUJADUJRFO
�uI}] KLR�O=UJY d}@SWVU�CSX�UJRbWVCSY=U±I�@uWVCSR�OQKLR�XHKLO=G|EHU7I�@ j KNM=WVC�MQKLO=G7OQXHYQZHXHINUJRFO=U�k:?�UVMc@PXHO=UJXHY=MlprUJR�O=UVMQO*@PRFO5INUADCFEHfJINU5EgKLO � #�§q?����5MQXHYqXHRbU�WVCSRg¤b��XHY*@POQKNCSR�EHUyA~@PY=W=�bUcEHUVM*WVUJRbEb@PR�O=U�pHO=GJADCSKL��RbUJRFOxEr] XHRbU�[1@PYQOlp
Er] XHR�Ua`3UJO¦M=O*@PZHKLILKNM*@PR�O¦UJOBEr]s@PXHOQY=U�[1@PYQOlp�Er] XHRbU�@PADGJILKNCSY*@POQKNCSR EHUVMoY=GVM=XHILO*@PO=M¦UJR KLA�[\C�M*@PRFOBI�@
WVCSR�OQKLRFXHKLO=G9EHU5I�@ j KNM=WVC�MQKLO=G�OQXHYQZHXHINUJRFO=U�k¬q@PZ3CSO9UJO±@PI}kt¨së�í-p�ë*)gpÝ®�©°ª p�[HXHKNM �"@PRH� UJO�- CSKLR ¨�� $Fí°ª�[HY=CS[3C�M=UJR�O7GJ��@PINUJADUJR�O�Er]s@SM=MQXHY=UJY9I�@
WVCSRbEgKLOQKNCSR

νt = 〈νsgs〉
�7I}] KLRFO=UJY de@SWVU�p<WVUc�FXHKrKLA�[\C�M=U5Er] XHOQKLILKNM*UJYxXHRB[1@PY*@PADfJOQY=U

κ
Eg�-R1@PA�KN��XbUD�

κ =
〈νsgs〉

ywuτ (1 − e−y+
w /25)2

·%$bk íSë�¹

� Y��SWVU"� WVUJOQO=U�ADCFEgKi¤1Wl@POQKNCSR�EgX�ADCFEHfJINU�INCSRH��XbUJXHY EHU�ADGJI�@PRH��U�pxINUVM¦EgKi`3GJY=UJRFO=M¢@PXHO=UJXHY=M�O=Gah
ADCSKL��RbUJR�O¦Er] XHRbU�@PADGJILKNCSY*@POQKNCSR�EHUVM~Y=GVM=XHILO*@PO=MuEb@PRbMoEHUVMuWVCSRg¤b��XHY*@POQKNCSRbMBWVCSA�ADU¢XHRbU�A~@PY=W*�bU
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EHUVM=WVUJRbEb@PR�O=U�CSXTXHR{Z3CSY=E{EHUDd XHKLO=U�k�m/CSXbM±O=UJRFO=UJY=CSRbMDEHUuADCSR�OQY=UJY�[1@PY±I�@¢MQXHKLO=U�p���XbU|I}] XHR¥EHUVM
@ j @PR�O*@P��UVM�EHUcWVU5ADC-EHfJINU(EHUc[1@PY=CSK�WVCSA�[1@PY=G9�DEr]s@PXHOQY=UVMlp1UVMQO/EHU5A�KNUJXg£B[HY=UJRbEgY=U(UJR WVCSA�[HO=U(INUVMUa`3UJO=M/EHU5EHGVWVCSILINUJADUJR�O=MyUJOxEr] KLRbMQO*@POQKNCSRHR1@PYQKLO=G9EHU5I}]_GVWVCSXHINUJADUJR�Olk
ÇyXHY*@PR�O±WVU|OQY*@ j @PKLIqEHU~OQ�bfVM=U�p�XHRbU j UJY=MQKNCSR{EgXTADCFEHfJINUuEHU~[1@PY=CSK #�§q?�� @¦GJO=GuEHG j UJINCS[H[3GVU[\CSXHY�INU�W*�1@PA�[DOQ�bUJYQA�KN�FXbU�k�?�UVMºGV�FX1@POQKNCSRbMºEb@PRbM�I�@��lCSRbU #�§q?���Ml]_GVWJYQK j UJRFO�@PINCSY=MºM=CSXbM�I�@/deCSYQADU��

∂T

∂t
−

∂

∂x2

(
(α+ αt)

∂T

∂x2

)
= Q−

∂(Tuj)

∂xj

·%$bk íS®�¹
?:@uEgKi`\XbM=K j KLO=G7OQ�bUJYQA�KN�FXbU9OQXHYQZHXHINUJRFO=U αt

UVMQO�Wl@PINWJXHINGVU�UJR�@P[H[HILKN��X1@PRFO5I}] ���-[\CSOQ�bfVM*U7EgX�RbCSA9ZHY=U
EHU¦«�Y*@PRbEgOQI/OQXHYQZHXHINUJR�OoWVCSRbMQO*@PR�OuWVCSA�ADU¦KLI>UVMQO~Ua£g[HILKN�FXbG�@PX¡M=CSXbM h}[1@PY*@P��Y*@P[H�bU � ëgk $bksëgktw/KLRbMQK}p
KLInUa£gKNMQO=U�p:[1@PY9I}] KLRFO=UJYQADGVEgK�@PKLY=UBEHUDI�@ EgKi`\XbMQK j KLO=GDOQ�bUJYQA�KN�FXbUuOQXHYQZHXHINUJR�O=U�· UJO±EHCSRbWu�¦OQY*@ j UJY=M7I�@
j KNM*WVC�MQKLO=G7OQXHYQZHXHINUJR�O=U^¹ap�XHRbU7KLRFO=UJY*@SWJOQKNCSR"UJR�OQY=U±INU�W*�1@PA�[�EHU j KLO=UVM=M=U±UJO�INU±W=�1@PA�[�EHU±O=UJA�[3GJY*@°hOQXHY=U9Eb@PRbM/I�@ �lCSRbU #�§q?��>k�-¢@PKNM/WVUJOQO=U(KLRFO=UJY*@SWJOQKNCSR¢[3UJXHOy@PXbM*MQK�@ j CSKLYyILKNUJX��±OQY*@ j UJY=MyINUVM/O=UJYQADUVMWVCSR j UVWJOQKideMDEHUoI}]_GV�FX1@POQKNCSR ·%$bk íS®�¹ak�«�CSXHYDEHUVM±Y*@PKNM=CSRbM�EHUoWVCSA�ADC-EgKLO=GVM�[3CSXHY7INUoWVCSXH[HI�@P��UBUJRFOQY=UINU±W=�1@PA�[�EHU j KLO=UVM*M=U±UJO/INU±W=�1@PA�[�OQ�bUJYQA�KN�FXbU�p3INUVM�A~@PKLILI�@P��UVM #�§q?���M=CSRFOcWVCSRgd CSRbEgXbM�[3CSXHY�INUVMEHUJXg£¦W=�1@PA�[bMlkbw WVUJOQO=U�¤bR�pgI�@±WVCSRbEgKLOQKNCSR¢�7I�@7ILKLA�KLO=U(MQXH[\GJYQKNUJXHY=U�[3CSXHY�INUcW*�1@PA�[�EHU j KLO=UVM*M=U5UVMQOGJO*@PZHILK�UJR|KLRFO=UJYQ[\CSI�@PRFO/@PXBWVUJR�OQY=U5EHU/��Y*@ j KLO=G5EHUxI}]_GJINGJADUJRFO>I�@ j KLO=UVM=M*U/?��nzuEHUVMtd}@SWVUVMnRbCSYQA~@PINUVM>�I�@±[1@PY=CSK}k
��R�WVU~��XHKºWVCSRbWVUJYQRbU�INUVM9WVCSRbEgKLOQKNCSRbM9@PXg£�ILKLA�KLO=UVM(EHU #�§q?�� OQ�bUJYQA�KN��XbU · j CSKLY �ÝKL�bk $bk �¹aprI�@?���z�d CSXHYQRHKLO�@PX~A~@PKLILI�@P��Ux¤bRuI�@5O=UJA�[3GJY*@POQXHY=U/EHU/[HY=UJA�KNfJY=UxA~@PKLILINUyUJO�G j UJRFOQXbUJILINUJADUJR�O�XHRuO=UJYQADUM=CSXHY=WVU �%��XHK>M=UJY*@�WVCSRbMQO*@PR�OuEb@PRbMDINUBA~@PKLILI�@P��U¦¤bR #�§q?�� OQ�bUJYQA�KN�FXbU�ktw/[HY=fVM�Y=GVM=CSILXHOQKNCSR EgX

W=�1@PA�[BEHU>O=UJA�[3GJY*@POQXHY=UyEb@PRbMtINUxA~@PKLILI�@P��Ux¤bR�p�INU>ADC-EHfJINU/EHUx[1@PY=CSK #�§q?��TOQ�bUJYQA�KN�FXbU/Wl@PINWJXHINU/INU
ìbXg£¢EHU�W*�1@PINUJXHY5[1@PYQKNGJO*@PI

φw
· CSX¢[HILXbM5Ua£b@SWJO=UJADUJR�O(I�@|EgKNM=O*@PRbWVU�GV��XHK j @PINUJR�O=U deq

WVCSA�ADU±RbCSXbM
I}]s@ j CSRbMyEHGVWJYQKLO/@PXB[1@PY*@P��Y*@P[H�bU9[HY=GVWVGVEHUJR�O ¹qRbGVWVUVM*M*@PKLY=U(@PX¦Wl@PINWJXHI�?:��z\k

&('�� �¡2>,78��=67�1;*2>,
myCSXbM~@ j CSRbMuEr]s@PZ3CSY=E [HY=GVM=UJR�O=G EgKi`3GJY=UJRFO=UVM~ADGJOQ�bC-EHUVM~M=O*@POQKNMQOQKN��XbUVM|UJO~EHUVM�O=UVW*�HRHKN��XbUVMuEHUADCFEHGJILKNM @POQKNCSRTM=CSXbMQh}A~@PKLILINU�k:«�XHKNMlp:RbCSXbM7@ j CSRbM9Ua£g[3C�M=GDEHUVMcADGJOQ�bC-EHUVM9���-ZHYQKNEHUVM j @PYQKNGVUVM|�:MQOQY*@°hO=GJ��KNUVMcEHU�WVCSXH[HI�@P��UDv/w/m5zH�P?���z¢UJO5ADC-EHGJILKNM*@POQKNCSR"EHU7[1@PY=CSK}k�wx¤bR�EHU '�XbMQOQKi¤1UJY5I}] XHOQKLILKNM @POQKNCSR"EHU

ADGJOQ�bCFEHUVM����-ZHYQKNEHUVMlp�RbCSXbM¢@PILINCSRbMBKLR j UVMQOQKL��XbUJY INUVMB[HYQKLRbWJKL[1@PXg£�EHGade@PXHO=M EHU�I�@ ?���z Eb@PRbMBXHRWVCSR�O=Ua£gO=U(EHU5A~@PKLILI�@P��Uc��Y=C�M=MQKNUJYlk
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��'*) +-,/.1032547698:.<;=2>,
��O*@PRFOyEHCSRHRbG9I}] KLA�[3CSYQO*@PRbWVU9�FXbUcY=U j  JOyI}] KLRbMQO*@POQKNCSRHR1@PYQKLO=G±Eb@PRbMxI�@D[HILXH[1@PYQOyEHUVM/GVWVCSXHINUJADUJR�O=MOQXHYQZHXHINUJR�O=MlpSWVUJYQO*@PKLRbUVMÝMQKLA(XHI�@POQKNCSRbM�EHUVM:��Y*@PRbEHUVM�GVW*�bUJILINUVMÝM*CSR�O:Y=Gl@PILKNM*GVUVM�Eb@PRbM:INUtWl@SEgY=UºKLRbEgXbM=OQYQKNUJI}k

?:@7WVCSA�[HINUa£-KLO=G�EHUVMnWVCSRg¤b��XHY*@POQKNCSRbM(·¸�1@PXHOnRbCSA(ZHY=U5EHUxv/UJ�FRbCSINEHM^p�[HY=GVM=UJRbWVUyEHU/[1@PY=CSKNMlp3kLkLk ¹ºUJOnINUVM
WVCSR�OQY*@PKLRFO=UVM5EHUcO=UJA�[bM/KLA�[\C�M=GVUVMy@PXg£�GJOQXbEHUVMxKLRbEgXbM=OQYQKNUJILINUVM/KLRbWJKLO=UJRFO���Y=Gl@PILKNM=UJYyEHUVM/MQKLA(XHI�@POQKNCSRbM
EHUVM(��Y*@PRbEHUVM7GVW=�bUJILINUVM�@ j UVWDINCSKNM7EHU�[1@PY=CSKnM=O*@PRbEb@PY=EHM9Eb@PRbM(XHR�WVCSR�O=Ua£gO=UuEHU�A~@PKLILI�@P��U~��Y=C�M*MQKNUJYlkwx[HY=fVMnXHRbUyZHY=f j Uy[HY=GVM=UJR�O*@POQKNCSR¦EHUyI�@9MQKLA(XHI�@POQKNCSRBRFXHADGJYQKN��XbU5Eb@PRbMnXHRbU�WVCSRg¤b��XHY*@POQKNCSR¦EHU�Wl@PR1@PI[HI�@PRBZHKih}[\GJYQKNC-EgKN�FXbU�pgRbCSXbMq[HY=GVM=UJR�O=UJY=CSRbMxINUVMq[HYQKLRbWJKL[1@PINUVM>Wl@PY*@SWJO=GJYQKNMQOQKN�FXbUVM>EHU�O=UJILINUVM�MQKLA(XHI�@POQKNCSRbM
Eb@PRbMqINU�Wl@SM�Er] XHRuA~@PKLILI�@P��U���Y=C�M*MQKNUJYlkg��RbMQXHKLO=U�pgRbCSXbMqO=UJR�O=UJY=CSRbMxEr]s@PADGJILKNCSY=UJY>INUVMnY=GVMQXHILO*@PO=M>EHU�WVUVM
MQKLA(XHI�@POQKNCSRbM7�uKNM=CPh�@P[H[HY=C-W=�bUVMD�º·¸KË¹/UJR�ADC-EgKi¤<@PR�OcI�@ j KNM=WVC�MQKLO=G7OQXHYQZHXHINUJR�O=U|EHU±[HY=UJA�KNfJY=U±A~@PKLILINU�p·¸KLKË¹qUJR�GJOQXbEgK�@PRFOxI}] KLRgìbXbUJRbWVU(EgXBADC-EHfJINUcM=CSXbMQh}A~@PKLILINUcMQXHY�INUVM�Y=GVMQXHILO*@PO=M^k

��'�� !{0\���<��,/.<�q.<;=2x, 4 �}67,9�{�1;��69�*�q.<;=2>, ,�6�����03;=��67� �9032��70\��" �=� 8Ý2>,$# �
	>690\�q.\;=2>, 476 8Ý�>,7�>� �7�=�x, %7;Y�1�u��0\;=2547;=��67���Ý. �±��03� �'&Ý.103��� 47�
8��x�=8�67�

«�ILXbM=KNUJXHY=M5MQKLA(XHI�@POQKNCSRbM5O=UJA�[3CSY=UJILINUVMcCSRFOcGJO=G9Y=Gl@PILKNM*GVUVMcEb@PRbM5WVUJOQO=U±GJOQXbEHU�kr?:@u��GVCSADGJOQYQKNU�EHU
I�@�WVCSRg¤b��XHY*@POQKNCSREHUBWl@PR1@PI�[HI�@PR ZHKih}[3GJYQKNCFEgKN�FXbUBUVMQO�KLILILXbMQOQY=GVUo[1@PY�I�@ �ÝKL�bk gk���k�?�UVM�EgKLY=UVWJOQKNCSRbM
EHU�[3GJYQKNC-EgKNWJKLO=G M=CSRFO|I�@"EgKLY=UVWJOQKNCSRINCSRH��KLOQXbEgKLR1@PINU

x
· EgKLY=UVWJOQKNCSR EHU¦I}]_GVWVCSXHINUJADUJRFO ¹uUJO~I�@�EgKLY=UVWah

OQKNCSR�OQY*@PRbM j UJY=M=U z kr?:@uADC^��UJRHRbUDMQO*@POQKNMQOQKN�FXbU±[HY=GVM=UJRFO=U�EHCSRbW±XHRbU±�bCSADCS��GJRbGJKLO=G~Eb@PRbM5WVUVM5EHUJXg£EgKLY=UVWJOQKNCSRbMlkº?�UVM~EgKLADUJRbMQKNCSRbMDMQ[1@POQK�@PINUVMDEgX¥Wl@PR1@PI�[HI�@PR¥M*CSR�O
(Lx, Ly, Lz) = (2πh, 2h, πh)

k
hUVMQOcI�@�EHUJA�Kih}�1@PXHO=UJXHY7EgXTWl@PR1@PI}k:?�UVM([1@PY=CSKNM9M=CSRFOcADC-EHGJILKNM=GVUVM([1@PY9EHUVM(WVCSRbEgKLOQKNCSRbM�@PXg£�ILKLA�KLO=UVM

Er]s@SEg�bGJY=UJRbWVU9CSXBXHRbUcINCSK:EHU�[1@PY=CSK}k

¯�®
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	 � gk�� � � GVCSADGJOQYQKNU9EHU�I�@�WVCSRg¤b��XHY*@POQKNCSR EHUcWl@PR1@PI:[HI�@PR�k
?:@�[3GJYQKNCFEgKNWJKLO=GoEHU|I�@¦[HY=UVM=M=KNCSR�KLA�[HILKN�FXbU~R1@POQXHY=UJILINUJADUJRFO~�FXbU~INU|��Y*@SEgKNUJR�O�EHU|[HY=UVM=MQKNCSR UVMQO

R�XHIrEb@PRbMnINUxWl@PR1@PI}kg«ÝCSXHYqWVCSA�[3UJRbM=UJYnINUVMn[\UJYQO=UVMnEHU/W*�1@PYQ��U�EgXbUVMq@PX|d Y=CSOQO=UJADUJR�O j KNM*��XbUJXg£rp�KLI3UVMQORbGVWVUVM=M*@PKLY=U�Er]s@ 'QCSXHO=UJY��(I}]_GV�FX1@POQKNCSR"·eëgksë�¹ºXHRuO=UJYQADU�EHU>deCSY �l@P��U�kb¬nU�EHUJYQRHKNUJYn[3UJXHOqM=CSKLOnWVCSRbM*UJY j UJYINU±��Y*@SEgKNUJR�O7EHU±[HY=UVM=MQKNCSR�ADCl��UJR�p�M=CSKLOc@SM=MQXHY=UJY5I�@oWVCSRbM=UJY j @POQKNCSR"EHU±I�@ j KLO=UVM=M=U�EHGJZHKLO*@PRFO=U�k�Ç5@PRbMWVUJOQO=U(GJOQXbEHU(RbCSXbM/@SEHCS[HO=UJY=CSRbM�WVUJOQO=UcEHUJYQRHKNfJY=U7M=CSILXHOQKNCSR�UJR¢@ 'QCSXHO*@PR�O/INU5O=UJYQADU(EHU5d CSY �l@P��U
fn+1�±I}] KLRbMQO*@PRFO

(n+ 1)
UJR�Ml] KLRbMQ[HKLY*@PRFOxEHUVM>OQY*@ j @PXg£¦EHU5vxCSILINUJO h
- KLILINUJO(¨����^í°ªt�

fn+1 = fn +
2(Q0 −Qn) − (Q0 −Qn−1)

∆t S

· gk��^¹
Ç5@PRbMyWVUJOQO=U±Ua£g[HY=UVM=MQKNCSR

Qn UVMQOyINU9EHGJZHKLO j CSILXHA�KN�FXbU��DI}] KLRbMQO*@PRFO n p ∆t UVMQOyINU([1@SM�EHU9O=UJA�[bMyUJO
S
UVMQO�I�@±M=UVWJOQKNCSR EHU5[1@SM=M*@P��U5EgX�Wl@PR1@PI}k
?�UBEHGJZHKLO~KLRHKLOQK�@PI

Q0 UVMQO�KLA�[3C�M=Go[1@PYDI}] KLRFO=UJYQADGVEgK�@PKLY=U EHUoI�@¢Y=UJI�@POQKNCSR EHUBÇyUl@PR ¨ �©°ªxM=UJINCSRI�@S��XbUJILINU~�
Reτ = 0.123Re7/8

c

· gksë�¹
Rec

GJO*@PRFO~INUBRbCSA9ZHY=U�EHU¦v/UJ�FRbCSINEHMDZ1@SM=G¦MQXHYDI�@ j KLO=UVM=M*U¦@PX¡WVUJR�OQY=U Uc
EgX¥[HY=CP¤bI/I�@PA�KLR1@PKLY=U�p

I�@¢EHUJA�Kih}�1@PXHO=UJXHYDEgX{Wl@PR1@PI�UJO7I�@ j KNM=WVC�MQKLO=GuWJKLRbGJA~@POQKN�FXbUBEgX"ìbXHKNEHU�k�?:@ WVCSRbEgKLOQKNCSR KLRHKLOQK�@PINUoUJR
j KLO=UVM*M=UxGJO*@PRFOnXHR|ZHYQXHKLO�ZHI�@PRbWyMQXH[3UJYQ[\C�M*G/�(XHR~[HY=CP¤bI\[1@PY*@PZ\CSILKN�FXbU7·¸[HY=CP¤bIrEHU/«�CSKNM=UJXHKLILINU^¹ap-INU/ILKNUJRUVMQO>KLA�ADGVEgK�@POxUJRFOQY=UcI�@ j KLO=UVM=M=U5EHGJZHKLO*@PRFO=U Ub

UJO�I�@ j KLO=UVM=M*Uc@PX¦WVUJR�OQY=U~� Uc = 3
2Ub
k

myCSXbMtWJI�@SM=M*UJY=CSRbMtINUVM�EgK j UJY=MnWl@PINWJXHINMnUJR|Wl@PR1@PI<[HI�@PR|Y=Gl@PILKNM*GVM�Eb@PRbMnWVUJOQO=UxGJOQXbEHU�p-M=UJINCSR~I�@cO*@PKLILINUEHU�INUJXHY=McA~@PKLILINUVM9UJR�XHRHKLO=GVM(EHUD[1@PY=CSKNM(UJO(M=UJINCSR"INU�RbCSA(ZHY=U|EHUDvxUJ�-RbCSINEHMcEHU±d Y=CSOQO=UJADUJR�O7EHU�I�@
MQKLA(XHI�@POQKNCSRuEb@PRbM�INU #�@PZ�k gk���k

∆x+ UJO ∆z+ M=CSR�O�Y=UVM=[\UVWJOQK j UJADUJRFOtINUVM�[1@SMºEr]_UVMQ[1@SWVU>@SEgKLADUJRbM=KNCSRghRbGVMºEb@PRbM�INUVM�EgKLY=UVWJOQKNCSRbMºINCSRH��KLOQXbEgKLR1@PINUxUJOÝOQY*@PRbM j UJY=M*@PINU�k ∆y+
w

UVM=OÝI�@/O*@PKLILINU�EHUVM�A~@PKLILINUVM�[1@PYQKNGJO*@PINUVM
Eb@PRbMtI�@(EgKLY=UVWJOQKNCSRoRbCSYQA~@PINUy�cI�@5[1@PY=CSK}k

qy
UVMQO�INUxWVC-U�*~WJKNUJR�OqEHU>Y*@ *DRbUJADUJRFOn��GVCSADGJOQYQKN�FXbU5@P[H[HILKih

��XbG/EHU>I�@cA~@PKLILINUx[1@PYQKNGJO*@PINU�'�XbM*��X�]s@PX~WVUJRFOQY=U/EgXuWl@PR1@PI}kg¬nUVMnWl@PINWJXHINMnCSR�OnO=CSXbM�GJO=GxY=Gl@PILKNM=GVM�M=XHYºXHR
A~@PKLILI�@P��U9EHU

323 A~@PKLILINUVM9· M*@PXgd -�©7[\CSXHYxINUV��XbUJI�INU5A~@PKLILI�@P��U(UVMQO(·eë�©gp\¯�gp �©�¹�@ j UVWcY*@ *DRbUJADUJR�OUJR|O*@PRH��UJRFO=Uy���-[\UJYQZ3CSILKN��XbU/[3CSXHY�I�@9EgKLY=UVWJOQKNCSR|RbCSYQA~@PINU5�(I�@5[1@PY=CSKË¹akg��O*@PRFOqEHCSRHRbGy�FXbU>INUVMqGVWVCSXgh
INUJADUJR�O=MxOQXHYQZHXHINUJR�O=M/[1@PYQKNGJO*@PXg£BM*CSR�O�KLR�OQKLADUJADUJRFO/ILKNGVM/�7XHRbU5GVW=�bUJILINUcEHU�INCSRH��XbUJXHY j KNM=�FXbUJXbM=U ν

uτ· j CSKLYqINUyW*�1@P[HKLOQY=Uc®�¹ap-RbCSXbM ' XH��UJY=CSRbM�MQK\XHR|A~@PKLILI�@P��U5UVM=O���Y=C�M=M=KNUJYnINCSY=M*��XbU/INUVMqEgKLADUJRbMQKNCSRbM�EHU�M=UVMA~@PKLILINUVM>UJRBXHRHKLO=GVM>EHU�[1@PY=CSK�M=CSRFO�KLA�[\CSYQO*@PRFO=UVMlkb��R¦WVCSRbM*GV��XbUJRbWVU�pg[HILXbM�INUyRbCSA9ZHY=UcEHU5vxUJ�-RbCSINEHM
UVMQOxGJINU j GcEb@PRbM>INU #�@PZ�k gk���pb[HILXbM�INU�A~@PKLILI�@P��U(UVMQO>UVM=OQKLADG5��Y=C�M=MQKNUJYlk

¯ $
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� ����� gk����uvxGVM*CSILXHOQKNCSR EHUcA~@PKLILI�@P��U7UJR�XHRHKLO=GVMyEHUc[1@PY=CSKÝEHUVM/Wl@PINWJXHINM/Y=Gl@PILKNM=GVMyEb@PRbM>I�@~WVCSRg¤b��Xgh
Y*@POQKNCSR EHU5Wl@PR1@PI�[HI�@PR�ZHKih}[\GJYQKNC-EgKN��XbU�k

-¢@PKLILI�@P��UVM
Reτ Rec ∆x+ ∆z+ ∆y+

w qy-�©
212 4 998 42 13 2 tanh = 0.902-
�
395 10 177 78 39 27

��k
-�ë

590 16 098 116 58 37
��k

-�®
1 000 29 422 196 98 62

��k
- $

1 020 30 095 200 100 64
��k

- 
4 000 143 465 785 393 200

��ks©�ë�ê
-�¯

4 800 176 701 942 471 300
��k

-�í
10 000 408 824 1 963 982 200

��k��l®*)
- )

20 000 902 757 3 927 1 963 200
��ksë��l¯

-�ê
20 000 902 757 3 927 1 963 1250

��k

��R¢WVU(�FXHK�WVCSRbWVUJYQRbU7INU(W*�1@PA�[ OQ�bUJYQA�KN�FXbU�p\INUVM>[1@PY=CSKNM�M=CSRFOxKNM=CSOQ�bUJYQADUVMlk\?:@|WVCSRbEgKLOQKNCSR��DI�@
ILKLA�KLO=U�[1@PYQKNGJO*@PINU�UVMQO�EHCSRbWyEHU/O �-[3U/O=UJA�[3GJY*@POQXHY=U�KLA�[3C�M=GVU�k �xRuO=UJYQADU�M=CSXHY=WVU�EHU/[HY=C-EgXbWJOQKNCSRBEHU
W=�1@PINUJXHYyUVMQOx@ ' CSXHO=G9�±I}]_GV��X1@POQKNCSRT·eëgks®�¹ak
?�UVMnMQO*@POQKNMQOQKN�FXbUVMqMQXHYnINUVM�W*�1@PA�[bM�EHU j KLO=UVM=M=U/UJOnEHU/O=UJA�[\GJY*@POQXHY=U�M=CSRFO�Y=Gl@PILKNM*GVUVM�XHRbUxdeCSKNM��FXbUI�@¢OQXHYQZHXHINUJRbWVU�UVMQO�[HINUJKLRbUJADUJRFO|EHG j UJINCS[H[3GVU�kº«ÝCSXHY|@SM=MQXHY=UJYDWVUBEHUJYQRHKNUJYD[3CSKLR�OlpºINUVMDMQO*@POQKNMQOQKN�FXbUVMM=CSR�O�EHGVWJINUJRbW*�bGVUVMD�¦[1@PYQOQKLY�EgXTADCSADUJR�O�C���INU~ìbXHKNEHUB@¦Ua`rUVWJOQXbGB@PX�ADCSKLRbM �©�[1@SM=M*@P��UVM7Eb@PRbM

INU(Wl@PR1@PI}k<wxI�@SEg��U j ¨ °ª�@DGJO*@PZHILK}pbKLRbEHGJ[3UJRbEb@PA�ADUJR�O5EHUVM>RbCSA9ZHY=UVM/EHU9vxUJ�-RbCSINEHM>UJO/m/XbM=M=UJILOlpH�FXbU[\CSXHY�CSZHO=UJRHKLYyI}]_GJO*@PZHILKNM=M=UJADUJR�O5EHU9I}]_GVWVCSXHINUJADUJR�O5Eb@PRbMyXHR�OQXH��@PX�p<INUcìbXHKNEHU7EHU j @PKLOx[1@PY=WVCSXHYQKLYc@PXA�KLRHKLA(XHA�XHRbU>INCSRH��XbUJXHYqEHU $�©(EgK�@PADfJOQY=UVMlk-?:@5INCSRH��XbUJXHYqEHU>RbCSOQY=UyWl@PR1@PI<GJO*@PRFO�[HILXbM�INCSRH��XbUx�FXbU
M*@±�1@PXHO=UJXHYlp<INU5RbCSA(ZHY=U7EHU �©�[1@SM=M*@P��UVM/@P[H[1@PY*@��NO�WVCSA�ADUcI�@PYQ��UJADUJRFO5MQX *~M*@PR�O/[\CSXHYy@POQO=UJKLRbEgY=U
I}]_GJO*@PZHILKNM=M=UJADUJRFOlk
Ç�U7[HILXbMlpr@°¤bR�Er]s@PZ\CSXHOQKLY(�|XHRbU�WVCSR j UJYQ��UJRbWVU�[HILXbM5Y*@P[HKNEHU�EHUVM5MQO*@POQKNMQOQKN�FXbUVMlp3EHUVM�ADCl��UJRHRbUVMMQ[1@POQK�@PINUVMqEb@PRbMnINUVM�EgKLY=UVWJOQKNCSRbM�Er] �bCSADCS��GJRbGJKLO=GVM

x
UJO
z
p�[HXHKNMqEHUVM�ADCl��UJRHRbUVMqO=UJA�[3CSY=UJILINUVM�CSR�OqGJO=G

Y=Gl@PILKNM=GVUVMqMQXHYtINUVMnW=�1@PA�[bMnKLRbMQO*@PRFO*@PRbGVMlkH¬nUx[HY=C-WVUVM=MQXbM�EHUx[HYQKNM=U/EHU>ADC^��UJRHRbUyUVM=O�Ua`rUVWJOQXbG/EgXHY*@PRFO
XHR¦A�KLRHKLA(XHA�EHU � �©±[1@SM=M @P��UVM>Eb@PRbM�INU5Wl@PR1@PI}k

��'
	 �¡��03�>8�.\��0\;=�b.<;=��67���¥49���=���1;��69�*�q.<;=2>, 49��� 	�03�>,749��� ��8#�7���=�=���¥��,
���>;=�=�*��	>� 	�032>�1�<;=��0

wx¤bRTEr] KNEHUJRFOQKi¤1UJYDINUVM±EgK j UJY=M=UVM�Wl@PY*@SWJO=GJYQKNMQOQKN�FXbUVM�EHUVM±MQKLA(XHI�@POQKNCSRbMDEHUVM7��Y*@PRbEHUVMDGVW*�bUJILINUVM�UJRA~@PKLILI�@P��UVMÝ��Y=C�M=MQKNUJY=MlpVRbCSXbMÝWVCSA�[1@PY=UJY=CSRbMÝINUVM�Y=GVMQXHILO*@PO=MÝCSZHO=UJR�XbM���WVUJXg£(EHUVM�MQKLA(XHI�@POQKNCSRbM�v/w/m5zyUJO
�/I�@>[H�F�-MQKN�FXbU�ZHKNUJR±WVCSRHRFXbUqEHUVMÝGVWVCSXHINUJADUJRFO=M�[1@PYQKNGJO*@PXg£7�FXbU�RbCSXbMº@ j CSRbM�EHGVWJYQKLO=UVMº@PX7W*�1@P[HKLOQY=U>®gk?�CSY=M(EHU±I}] XHOQKLILKNM @POQKNCSR"EHU±ADCFEHfJINUVM(EHU±[1@PY=CSKºUJR�?���z\p�«Ýk�zg@P��@PXHOD¨���� )Pªº[HY=GVWVCSRHKNM=U�Er] XHOQKLILKNM*UJYcXHR

¯�
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A~@PKLILI�@P��UcO=UJI:�FXbU��




40 ≤ ∆y+
w ≤ 400

∆x+ ≤ 500

∆z+ ≤ 100

· gks®�¹

& Ylp1WVUVM>WJYQKLO=fJY=UVM/RbUcM=CSRFO>[1@SM>Y=UVM=[\UVWJO=GVM�[3CSXHY>INUVMxA~@PKLILI�@P��UVM - D� - )±EgX #�@PZ�k gk���kbm/CSXbMx[HY=CPh
[\C�M*CSRbMºEHCSRbW>Er]_GJOQXbEgKNUJYlp�[3CSXHYtWVUVMºEHUJYQRHKNfJY=UVM�Y=GVM=CSILXHOQKNCSRbM�EHUqA~@PKLILI�@P��U�p�INUVMºY=GVM=XHILO*@PO=MºCSZHO=UJR�XbM�[1@PY
MQKLA(XHI�@POQKNCSR¥EHUVM7��Y*@PRbEHUVM�GVW*�bUJILINUVMD@ j UVWoEHUVM7ADCFEHfJINUVM±EHUu[1@PY=CSKnM=O*@PRbEb@PY=EHM¦·¸RbCSO=GVM~z � -�[3CSXHY
��%}éSä<à�éSç à��7éSâ¸â �¢ßlà�ãaâe¹�EHGVWJYQKLO=Mq@PXu[1@PY*@P��Y*@P[H�bU"� $bk gk-?�UxADC-EHfJINUyM=CSXbM h}A~@PKLILINUyXHOQKLILKNM=GyUVMQOtINU/ADCPh
EHfJINU|d CSRbWJOQKNCSR{EHU|M=OQYQXbWJOQXHY=UuM*GJINUVWJOQK j U|EHGVWJYQKLOD@PX{M=CSXbM h}[1@PY*@P��Y*@P[H�bU � $bks®gks®gkº¬nUVM(Y=GVMQXHILO*@PO=M±?��nzM=CSR�O>WVCSA�[1@PY=GVM>�9WVUJXg£uCSZHO=UJRFXbM���Y��SWVU5�7EHUVMnWl@PINWJXHINM�v/w/m5z ·¸ADCFEHfJINU��Fh

ε
�1@PXHO�v/UJ�FRbCSINEHM ¹�@ j UVWI�@±A  JADU5INCSK:EHUc[1@PY=CSKÝz � -TkHÇ�UJXg£¦MQKLA(XHI�@POQKNCSRbMyEgKNMQOQKLRbWJO=UVM>CSRFO/GJO=G5Y=Gl@PILKNM=GVUVM>[\CSXHYxCSZHO=UJRHKLY/INUVM

W=�1@PA�[�EHU j KLO=UVM=M=U(UJOyEHU(O=UJA�[\GJY*@POQXHY=U�k\«�CSXHY�INU([HY=UJA�KNUJYlp1I�@ j KNM=WVC�M=KLO=GcOQXHYQZHXHINUJR�O=U±EHU([HY=UJA�KNfJY=UA~@PKLILINUqUVMQO�EHUtO �-[\U�?���z(UJOÝUJILINU�UVMQOÝWl@PINWJXHINGVUnUa£g[HILKNWJKLO=UJADUJR�Oº@ j UVWnINUVM���Y*@SEgKNUJR�O=M�EHU j KLO=UVM=M=UºINCFWl@PXg£rk«�CSXHY9INUDM=UVWVCSRbErp:I�@ j KNM=WVC�M=KLO=G�OQXHYQZHXHINUJR�O=UuUVMQO5KNM=MQXbU�EgX"ADCFEHfJINUDv/w/m5z INCSRH��XbUJXHY9EHUDADGJI�@PRH��U�km/CSXbMnEgKNM=WJXHO=UJY=CSRbMnI}] KLRgìbXbUJRbWVUyEHUxI�@5d CSYQADU/EHU>I�@ j KNM=WVC�MQKLO=GxOQXHYQZHXHINUJR�O=U�UJR~[HY=UJA�KNfJY=U/A~@PKLILINUyEb@PRbMINUcM=CSXbM h}[1@PY*@P��Y*@P[H�bU9MQXHK j @PR�Olk
��RoCSZbM=UJY j @PR�OnINUVMn[HY=CP¤bINM�ADC^��UJRbM�EHU j KLO=UVM=M=U7· �ÝKL�bk gks®�¹apFKLI3@P[H[1@PY*@PKLO�WJI�@PKLY=UJADUJRFO>��X�]s�([1@PYQOQKLYEgX"M=UVWVCSRbE�RbC-UJXbE�EHU�Wl@PINWJXHI}prINUD[HY=CP¤bIºADCl��UJRTEHU j KLO=UVM=M*U�M=U�EHGJO*@SW=�bU|EHU�I�@uINCSKºINCS��@PYQKLOQ�HA�KN�FXbUO=CSXHO�UJRuY=UVM=O*@PR�Oq[1@PY*@PILINfJINUc�(WVUJILINUah WJK�@PINCSY=Mq�FXbU/INU/ADC-EHfJINUyv/w/m5z¦· �Fh

ε
¹tWVCSYQY=CSZ\CSY=Uy[1@PY d}@PKLO=UJADUJR�O

I�@±INCSKrINCS��@PYQKLOQ�HA�KN�FXbU9�FXbUJIN��XbU5M*CSKLO�I�@±O*@PKLILINUcEHU�A~@PKLILINUcXHOQKLILKNM*GVU�k
?�UVM�[HY=CP¤bINMÝADCl��UJRbM�EHU�O=UJA�[\GJY*@POQXHY=U5· �ÝKL�bk gk $F¹�[HY=GVM=UJR�O=UJRFO�INUºA  JADU�O �-[\UnEHUtWVCSA�[3CSYQO=UJADUJR�O

�7I�@±EgKi`3GJY=UJRbWVUc[HY=fVM���XbU�INU�[HY=CP¤bI�M=U�EHGJO*@SW*�bU(EHUyI�@7INCSK�EHU��c@SEHUJYx�7[1@PYQOQKLYxEgXoOQY=CSKNMQKNfJADU5RbC-UJXbE
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myCSXbM:Y=UJA~@PY=�FXbUJY=CSRbMlpSUJR�CSXHOQY=U�p°�FXbU�INUVM�[HY=CP¤bINMÝADC^��UJRbM�EHUVMÝW*�1@PA�[bM�EHU j KLO=UVM=M=UnUJO�EHUtO=UJA�[3GahY*@POQXHY=U�M^]_GJINCSKL��RbUJR�OÝ[HY=CS��Y=UVM=MQK j UJADUJR�O�EHUVM�INCSKNM�@PR1@PIL�-OQKN��XbUVM���ADUVM=XHY=Ut�FXbUºINUºRbCSA9ZHY=U�EHU�vxUJ�-RbCSINEHM@PXH��ADUJR�O=U7UJO>EHCSRbWc�FX1@PRbEBI�@7O*@PKLILINUcEHUVM>A~@PKLILINUVMxUJR¦XHRHKLO=GVMxEHU�[1@PY=CSK�@PXH��ADUJRFO=U�k
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WVUy[H�bGJRbCSADfJRbU�pHRbCSXbM>@ j CSRbM�G j @PILXbGyI}]_UJYQY=UJXHY Eτ
WVCSA�A�KNM=U�INCSY=M�EHU/I}]_G j @PILX1@POQKNCSR¦EHU/I�@ j KLO=UVM=M=UyEHUd¸Y=CSOQO=UJADUJRFOx[1@PY>INUVMxEgKi`3GJY=UJRFO=UVM/MQKLA9XHI�@POQKNCSRbM>[1@PY>Y*@P[H[3CSYQO/�7I�@�WVCSYQY=GJI�@POQKNCSR¢EHU5Ç�Ul@PR"�

Eτ =
|uDean

τ − usimulation
τ |

uDean
τ

· gk $F¹
?º]_G j CSILXHOQKNCSR EHU Eτ

UVM=O�KLILILXbMQOQY=GVU5[1@PY�I�@ �ÝKL�bk gksëgkH?�UVM>Wl@PINWJXHINM/vxwym�z|M=CSRFO�OQY=fVM�[\UJX¦M*UJRbMQKLZHINUVM>�
I�@cO*@PKLILINUyEHU/A~@PKLILINUVMq@PINCSY=Mq�FXbU�p�WVCSA�ADUyRbCSXbM�I}]s@ j CSRbMqY=UJA~@PY=�FXbG/Eb@PRbMnINUVMq@PYQOQKNWJINUVMy¨së�©bpFë��Jª ' CSKLRFO=M@PX�W=�1@P[HKLOQY=U )gpHWVUJOQO=U5M=CSXbM h UVMQOQKLA~@POQKNCSR¢EgXod¸Y=CSOQO=UJADUJRFOx[1@PY�I�@±?��nzoUVMQO>WJY=CSKNM=M*@PRFO=U(@ j UVWcI�@±O*@PKLILINUEHUVM>A~@PKLILINUVMlk
¬�XHYQKNUJXbM=UJADUJRFOlp�INUVM¦@PXHO=UJXHY=MBWJKLO=GVMo[HY=GVWVGVEHUJA�ADUJR�O¢M=U¢M=CSR�OB[3UJX · CSX [1@SMa¹DKLRFO=GJY=UVM=M=GVM¦@PXg£

GVWl@PYQO=M h}O �-[3U7EHU9ìbXbWJOQX1@POQKNCSRbMcEb@PRbMyXHR�WVCSR�O=Ua£gO=U±EHU7A~@PKLILI�@P��U9��Y=C�M*MQKNUJYlk�zg@PRbMyEHCSXHO=U��uWl@PXbM=U7EHU
I�@¦[1@PX j Y=UJO=GoEHUVM±EHCSRHRbGVUVM7EHU|Y=GadeGJY=UJRbWVUVM7EgKNM=[\CSRHKLZHINUVM7[3CSXHY9INUVM7�1@PXHO=M7RbCSA(ZHY=UVM�EHUuvxUJ�-RbCSINEHMlk¬nCSA�ADUyRbCSXbM�I}]s@ j CSRbM j XB@PXoW=�1@P[HKLOQY=Uc®gpFINUVM�MQKLA9XHI�@POQKNCSRbM�R�XHADGJYQKN�FXbUVM�EgKLY=UVWJO=UVMnRbUy[1@PY j KNUJRHRbUJRFO[1@SMt�5@POQO=UJKLRbEgY=UxEHUVMºRbCSA(ZHY=UVMtEHU�v/UJ�FRbCSINEHMtEHUnd¸Y=CSOQO=UJADUJRFOtOQY=fVMºGJINU j GVMlp�UJO�INUVMºUa£-[3GJYQKLADUJR�O*@POQKNCSRbMY=Gl@PILKNM=GVUVM5��EHUVM/Y=GJ��KLADUVMyEr]_GVWVCSXHINUJADUJRFOc@PXbM=MQK:KLA�[3CSYQO*@PR�O=MyR�]s@SWVWVfVEHUJRFOy[1@SM���EHUVM/ADUVMQXHY=UVMyEb@PRbM
INUVM �lCSRbUVMtOQY=fVMº[HY=C-W=�bUVMnEHU�I�@�[1@PY=CSK}k�myCSXbM�[HY=CS[3C�M=CSRbMºKNWJK\EHU�RbCSXbM�deC-Wl@PILKNM=UJYtMQXHYºWVU/MQX ' UJOºUJR~RbCSXbM
Y=UJ[\C�M @PR�O(MQXHY5I�@u[H�F�-M=KN��XbU�EHUVMcGVWVCSXHINUJADUJRFO=Mc[1@PYQKNGJO*@PXg£�EHGVWJYQKLO=UVM9@PX�W*�1@P[HKLOQY=U~®gkr?�UVM5Y=GVM=XHILO*@PO=M
CSZHO=UJR�XbMc@ j UVW(INUVM/A~@PKLILI�@P��UVM - ~UJO -�í�M=UJY=CSRFO/Y=UVM=[\UVWJOQK j UJADUJRFOcWVCSA�[1@PY=GVM�@PXg£¦Y=GVM=XHILO*@PO=MyEHU(I�@?���z9Y=GVM=CSILXbU��xI�@>[1@PY=CSKHEHU ��Y*@ j W*�bUJR$��CD¨ ) $Sª:· Reτ = 4000

¹ÝUJO�EHU�I}]_Ua£-[3GJYQKNUJRbWVU�EHU�¬nCSA(O=Uah §qUJILINCSO
¨ $�ëPª�·

Reτ = 8160
¹ak

w I}]_Ua£b@PADUJRuEHUVMt¤b��XHY=UVM �ÝKL�bk�gk cUJO ��KL�bk gks¯(�FXHK1Y=UJ[HY=GVM*UJR�O=UJR�OqINUVMnGVWl@PYQO=M h}O �-[3U/EHUxI�@ j KLO=UVM=M=UUJO�EHUtI�@/O=UJA�[3GJY*@POQXHY=U�p�M=U�EgKNM=OQKLRH��XbUJR�OºWJI�@PKLY=UJADUJR�OºEHUVMÝ[HKNWVM�EHUtìbXbWJOQX1@POQKNCSRbMº�FXHKF[HY=GVM=UJRFO=UJR�OºEHUJXg£
Wl@PY*@SWJO=GJYQKNMQOQKN�FXbUVMx[HYQKLRbWJKL[1@PINUVM9�

B
��RbEHGJ[\UJRbEb@PA�ADUJRFOnEHUxI�@�O*@PKLILINUxEHUVM�A~@PKLILINUVMtUJOnEHU�I�@5[H�F�-M=KN��XbU/EHU�I}]_GVWVCSXHINUJADUJR�Olp-INU>[HKNWxEHU
ìbXbWJOQX1@POQKNCSRbM�@P[H[1@PY*@PKLO±MQ�-M=O=GJA~@POQKN��XbUJADUJRFO±@PXTM=UVWVCSRbE�RbC-UJXbE"EHU|Wl@PINWJXHIq@PINCSY=M7��XbUDRbCSXbM
@ j CSRbM j X�@PX�W*�1@P[HKLOQY=U~®o�FXbU±I�@uINCFWl@PILKNM*@POQKNCSR�[H�F�-M=KN��XbU�EgX�[HKNW�EHU7ìbXbWJOQX1@POQKNCSRbM9M=U±MQKLOQXbU@PXHO=CSXHY±EHU

y+ = 15
�FXbUJIN��XbUDM*CSKLO(INUDRbCSA9ZHY=U|EHU|vxUJ�-RbCSINEHMlk�?�U~[HKNW~CSZHO=UJRFX�KNWJKq@ j UVWDI�@?��nz�UJR�A~@PKLILI�@P��U7��Y=C�M=MQKNUJY�MQXHY=UVMQOQKLADU±WJI�@PKLY=UJADUJRFO5INU(RHK j Ul@PX�EHUVM/ìbXbWJOQX1@POQKNCSRbM5UJR¢[HY=CFW*�bU[1@PY=CSK<[1@PYtY*@P[H[3CSYQO�@PXg£�Y=GVMQXHILO*@PO=M�CSZHO=UJRFXbMt[1@PY�I�@5?���z�Y=GVM=CSILXbU/�5I�@�[1@PY=CSK<EHU ��Y*@ j W=�bUJR$��C¨ ) $�ª k

B
?�U�RHK j Ul@PX±EgX9[HKNWnEHUºìbXbWJOQX1@POQKNCSRbMº@PXH��ADUJRFO=UqMQKL��RHKi¤1Wl@POQK j UJADUJR�O�@ j UVWtI�@xO*@PKLILINUnEHUVM�A~@PKLILINUVM@PINCSY=Mq�FX�] KLI\UVMQO�@SEgA�KNMq��XbU/INU/RHK j Ul@PXoEgXu[HKNW�EHU>ìbXbWJOQX1@POQKNCSR¦@PXH��ADUJRFO=U�OQY=fVM�[3UJXo��X1@PRbE|INURbCSA9ZHY=U(EHUcv/UJ�FRbCSINEHMx@PXH��ADUJRFO=U�k

?�U|[HY=UJA�KNUJY±[\CSKLRFO±[\UJXHO±Ml]_Ua£g[HILKN��XbUJY±[1@PY7I}]s@P[H[1@PYQKLOQKNCSR¥EHU|MQOQYQXbWJOQXHY=UVMD@PILINCSRH��GVUVM±[1@PY*@SM=KLO=UVMlp
KNEHUJR�OQKi¤1GVUVM�[1@PY�§�@P����UJOQO7¨����Jª p1INCSY=M=�FXbU(INU(A~@PKLILI�@P��U7EHU(I�@~?:��z¦UVM=OxOQY=CS[¢��Y=C�M=MQKNUJYlk �"@PINUa`3Uu¨�� $�¯°ª
@|ADCSR�OQY=G��FXbU7WVU7��UJRHY=U±EHU±MQOQYQXbWJOQXHY=UVM5WVCS�bGJY=UJR�O=UVM(GJO*@PKNUJR�O5R1@POQXHY=UJILINUJADUJR�O7UJRH��UJRbEgY=GVUVM5[1@PY�INUVM
GV��X1@POQKNCSRbMÝEHUºm�@ j KNUJY h�zFO=C ��UVMÝINCSY=M:EHU�I}] KLA�[3C�MQKLOQKNCSR9Er] XHRbU�WVCSRbEgKLOQKNCSR7Er]s@SEg�bGJY=UJRbWVU�k�¬nUVM:M=OQYQXbWJOQXHY=UVM[1@PY*@SMQKLO=UVM�Y=UVM=M=UJA(ZHINUJRFOq�cEHUVM � % ç=ãQé�� �yA~@PKNMºINUJXHY�O*@PKLILINU>R�]_UVMQOº[1@SM�EHGJO=UJYQA�KLRbGVU>[1@PY�I�@�[H���gMQKN�FXbU>EHU
I}]_GVWVCSXHINUJADUJR�O5A~@PKNMy[HILXHO)(SOy[1@PYxI�@~Y=GVM=CSILXHOQKNCSR¢EgX¢A~@PKLILI�@P��U�k\?:@~EgKi`rGJY=UJRbWVU7UJR�OQY=U±WVUVM/M=OQYQXbWJOQXHY=UVM
[1@PY*@SMQKLO=UVM7UJO(INUVM � % çQã=é�� ��· EHCSRFO(I�@¦O*@PKLILINU~Ua£g[HYQKLADGVU~UJR�XHRHKLO=GVM7EHUD[1@PY=CSKnUVMQOcKLR j @PYQK�@PR�O=Uo@ j UVW~INU
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RbCSA(ZHY=UBEHU|vxUJ�-RbCSINEHM ¹5UVMQO7KLILILXbMQOQY=GVU|[1@PY9INUVM(¤b��XHY=UVM �ÝKL�bk gk í�UJO �ÝKL�bk gk )gk�zFXHY±WVUVM9EHUJYQRHKNfJY=UVM^p
RbCSXbM/CSZbM*UJY j CSRbMxINU9W=�1@PA�[�EHU j CSYQOQKNWJKLO=G9RbCSYQA~@PINU9��I�@D[1@PY=CSK:[3CSXHYxXHRbU9?���zoY=GVM*CSILXbU9��I�@D[1@PY=CSK�
Reτ = 212

@ j UVWyINUxA~@PKLILI�@P��Ux¤bR -�©~· �ÝKL�bk gk í�¹tUJOt[3CSXHYnXHRbU/?��nz~@ j UVW/INCSK3EHU>[1@PY=CSKrMQO*@PRbEb@PY=E�
Reτ = 4000

@ j UVW - ¢· �ÝKL�bk gk )�¹akr?�UVM5M=OQYQXbWJOQXHY=UVM(@P[H[1@PY*@PKNM=M*@PRFO(Eb@PRbMcWVUJOQO=U�EHUJYQRHKNfJY=U±¤b��XHY=U
M=CSR�Olp1UJR�Ua`3UJOlpgZHKNUJR�[HILXbM>I�@PYQ��UVM>�FXbU5INUVM>MQOQYQXbWJOQXHY=UVM/WVCS�bGJY=UJR�O=UVM±· � % ç=ãQé�� �°¹>��XHK�WVCSYQY=UVMQ[3CSRbEHUJR�O��
I�@�[H�F�-MQKN�FXbU(EHUVMyGVWVCSXHINUJADUJR�O=MyOQXHYQZHXHINUJRFO=M�[1@PYQKNGJO*@PXg£���XbU(I}]_CSR�KNEHUJR�OQKi¤1U±Er]s@P[HY=fVM/INUJXHYxO*@PKLILINU7MQXHY
I�@ �ÝKL�bk gk í-k
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[1@PY*@P��Y*@P[H�bU�� gks®gkrmyGl@PRHADCSKLRbMlp3KLI�Y=UVMQO=U±[3C�M=MQKLZHINU±EHU±WVCSA�[1@PY=UJY(UJR�OQY=U�UJILINUVM5RbC�M�OQY=CSKNM j @PYQK�@PRFO=UVMEHU�I�@7INCSKrEHU�[1@PY=CSK�MQO*@PRbEb@PY=ErkH��R¦WVU5�FXHK3WVCSRbWVUJYQRbUJRFOxINUVMq[HY=CP¤bINM�ADC^��UJRbM>EHU j KLO=UVM=M=U�p-I�@ j @PYQK�@PRFO=U
νt
â Þ Þ�ß^à ' �¦M*UJA(ZHINUyA�KNUJXg£~[HY=GVEgKLY=UyI�@ j KLO=UVM=M=Ux[\CSXHYnINUVMqEHUJXg£~[HY=UJA�KNfJY=UVMnA~@PKLILINUVMqA~@PKNMn[\CSXHYnINUVMA~@PKLILINUVMtMQXHK j @PR�O=UVMºINUq[HY=CP¤bIbADCl��UJR~EHUqI�@ j KLO=UVM=M=UqUVMQOt@SM*M=U ��GJINCSKL��RbG>EHUqI�@yINCSKHINCS��@PYQKLOQ�HA�KN��XbU�kg¬nUVWJKWVCSYQY=CSZ\CSY=U~INUDWVCSA�[3CSYQO=UJADUJR�O(KNEHUJRFOQKi¤1Gu@PX�[1@PY*@P��Y*@P[H�bU � gks®BM=UJINCSR�INUV�FXbUJI}prINUVM(ADCFEHfJINUVMcv/w/m5z

Y=UJOQY=CSX j UJR�OyI�@7INCSK�INCS��@PYQKLOQ�HA�KN�FXbU(WVCSR�OQY*@PKLY=UJADUJRFOc�7I�@±?���z\k��RWVUB��XHKxWVCSRbWVUJYQRbU¦INUVM�ìbXbWJOQX1@POQKNCSRbM · �ÝKL�bk�gk����^¹DUJO�INUVMDWVCSR�OQY*@PKLRFO=UVMoEHU¦vxUJ�-RbCSINEHM�· �ÝKL�bk
gk��lë�¹ap:M=UJXHINU±I�@ j @PYQK�@PRFO=U νt

MQ��McEHCSRHRbU�XHR�Z3CSR�RHK j Ul@PX"EHU�ìbXbWJOQX1@POQKNCSRbM(CSX"EHUDWVCSRFOQY*@PKLR�O=UVM7EHUvxUJ�-RbCSINEHMlkH?�U�[HKNW5EHU�ìbXbWJOQX1@POQKNCSRbMxY=UVMQO=U�pHWVCSA�ADU5RbCSXbM�I}]s@ j CSRbM>G j C-��XbG5Eb@PRbM�[1@PY*@P��Y*@P[H�bU � gks®gp�bCSY=MxEHUcM @7INCFWl@PILKNM*@POQKNCSR [H���gMQKN�FXbU�kb?�UVMxEHUJXg£¦@PXHOQY=UVM j @PYQK�@PR�O=UVM±· UJOxMQ[3GVWJK�@PINUJADUJR�O νt
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ADCFEHGJILKNM @POQKNCSR�EHU�I�@7OQXHYQZHXHINUJRbWVU(UVMQO>EHU�O��F[3U5vxwym5z\pFINUVMnìbXbWJOQX1@POQKNCSRbMy@PXHY=CSR�OyEHCSRbW�O=UJRbEb@PRbWVU(�
Ml]s@PADUJR�XHKNM*UJYlk
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EgKNCSRbMxEb@PRbM/WVUcM=CSXbM h}[1@PY*@P��Y*@P[H�bU(I}] KLRgìbXbUJRbWVU(EHUcEgK j UJY=MxADCFEHfJINUVM>M*CSXbM h}A~@PKLILINU(Eb@PRbM�XHR WVCSR�O=Ua£gO=UEHU5A~@PKLILI�@P��Uc��Y=C�M*MQKNUJYlk
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CSR�O�GJO=GyGJOQXbEgKNGVMlp�INUx[HY=UJA�KNUJYqA~@PKLILI�@P��U±· m � - [3CSXHY�cßSä���ä ' �VßSçaÞ ��ã � �FpFA~@PKLILI�@P��U - )9EgX #Ý@PZ�k
gk��^¹�UVMQOcY*@ *DRbG|�oI�@o[1@PY=CSK}prINUDM*UVWVCSRbE�A~@PKLILI�@P��U�· � - [3CSXHY��:ä ' �VßSçaÞ ��ã � �-prA~@PKLILI�@P��U -�êoEgX
#�@PZ�k gk��^¹apH�FX1@PR�Ox�9ILXHK}p-RbU�WVCSA�[\CSYQO=U�[1@SM�EHUyY*@ *DRbUJADUJR�Olk.�xRbUyINCSKrEHUy[1@PY=CSK�MQO*@PRbEb@PY=E�·}z � -�¹
@ j UVW(XHRbU j KNM*WVC�MQKLO=G5OQXHYQZHXHINUJR�O=U7EHU5[HY=UJA�KNfJY=U(A~@PKLILINU~· νt1

¹qEHU5O��F[3U5INCSRH��XbUJXHY/EHUcADGJI�@PRH��U|· ? -�¹
M=UJY*@±XHOQKLILKNM=GVUc[\CSXHY�INUVM>Wl@PINWJXHINM/EHUcWVU5M=CSXbM h}[1@PY*@P��Y*@P[H�bU�k

� ����� gksë ��zFKLA9XHI�@POQKNCSRbMcY=Gl@PILKNM=GVUVMc@°¤bR�EHU±WVCSA�[1@PY=UJY5I}]_Ua`3UJO5EHUVMyADC-EHfJINUVM5M=CSXbM h}A~@PKLILINU�Eb@PRbMyINU
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L>MON�POQSRSTSUWVAXZY\[^]_Q0VATa`'[AbcRa`dM�eaf\VATgVDedRa`dTSUih^`�Nkj�lmVnf�Uiopfkq0`dl�MO[DXrN�QsMFP�tnjZ`dT^uOVAMONvRSfO`dlvVATa`�VAXrQa[
[AbwRa`dM�RSP�TSj�P�Xr`dMFR&VAMONx]&VAXiX\jy[DP�MON�`�N Y\[z]_Q^{�L>M|RSfO`
MFPOedXr`^VAT8UiMON�POQSRSTSl�uDb}[DT(UiMOQSRgVAMOe�`pupP�MOQSRa`^VDN�UiMO`�QgQ
[Ab8QSPOegf~Y\[z]_Q'UrQ�V���`dl�b}`^VARSP�Ta`�b}[DT�Q�V�bc`dR>lkQSRSPON�Ur`�Q^{ZL�M��\VATSRSUredP�XWVAT^uZRSfO`nMO`^VAT�]&VAXiX7P�MOQSRa`^VDN�UiMO`�QgQ
[Ab�RSfO`mY\[^]�UrQxPOQSP\VAXiXil6V�edTSPOedUWVAX
bc`^VARSP�Ta`�bc[DTxe�[DMD��P�oFVARa`kfO`^VARxRSTgVAMOQSbc`dT^{���MOQSRa`^VDN�l$q0`dl�MO[DXrN�Q
��� `dTgVAo�`�N��'V � Ur`dT��*��Ra[D��`�Q~VA����Ta[�VDegf��c��q � �����|UrQve�[Dt|tx[DM�Xil�POQa`�N�UiM�RSfO`�UiMON�POQSRSTSUWVAX']&[DTSXrN
VAMON�UrQ�[DM�Xil�VAj�Xr`�Ra[�RgVA��`�UiMFRa[�VDe�e�[DP�M�RkXr[^]�bcTa`���PO`dMOedl�b}`^VARSP�Ta`�Qk[AbnRSfO`�Y\[^]�{0��VATSo�`��� (N�N�l
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§"VAXiX¨�KTa`�Qa[DX � `�N��� 8��Ta`���P�UiTa`�QkV"RSTa`dtx`dMON�[DPOQ~tx`�QSf�Ta`�©OMO`dtx`dMFR�UiM�RSfO`�MO`^VAT�]sVAXiX�Ta`dopUr[DM

bc[DT�f�Uiopf-q0`dl�MO[DXrN�QvMFP�t¡jy`dTkY\[z]_Q~VAMON�t�V^l�Uit|��Xil�RSfO`�QgVAtx`ªe�[Dt|��P�RgVARSUr[DM\VAX¤e�[pQSR�RSf\VAM¢V
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Re1.8 UiM�RSfO`�UiM�MO`dTvXWV�l�`dT�[Ab�RSfO`
jZ[DP�MONOVATSl$XWV^l�`dT^u8VAMON´VDQ

Re0.4 UiM�RSfO`~[DP�Ra`dT�XWV�l�`dT^{8µ�Ur[Dtx`dXiXiU�VAMON�¶
VAXWVATgVDQ~°i·p·p· ² u�POQaUiM�o�RSfO`
QgVAtx` `�QSRSUit�VARSUr[DMªRa[�[DXrQ^uye�[DMOQSUrN�`dT'RSf\VAR�UiM�V£jy[DP�MONOVATSlkY\[^]¸e^VDQg`pu�U¨b8RSfO`¤q�`dl�MO[DXrN�Q�M�P�t¡jy`dT�UrQ
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V¡b}VDedRa[DT_[Ab ± ` � `dTSl�© � `�l�`^VATaQzu�fO`�`�QaRSUit�VARa`�QsRSf\VAR
RSfO` « ¬'����]
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e�[pQSR�b}[DT¡RSfO`£MO[^]sVDNOV�l�Q|e�[Dt|��P�Ra`dT
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tx`^VAMFR_Ra[|VA����Ta[^Â�Uit�VARa`�RSfO`�]sVAXiX�jZ[DP�MONOVATSlve�[DMON�UiRSUr[DMOQ^uOVAXiXr[^]
UiM�o�RSf�UrQ8]sV�l�u�RSfO`�POQa`'[Ab7e�[�VATaQa`dT
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MO[�N�`p{ � q � ����`���P\VARSUr[DM"UrQ�Qa[DX � `�N"UiM�RSf�UrQ�UiM�MO`dTntx`�QSf�{ � Q¡VAM�P����y`dT�jy[DP�MONOVATSl�e�[DMON�UiRSUr[DM�u
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UiRSf"RSfO` � `dXr[�edUiR>l"VAMON�RSfO`x��Ta`�QgQSP�Ta`xopTgVDN�Ur`dM�R
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[Ab
RSfO` ©OTaQSR¡�� &��MO[�N�`p{�L�M�Ta`dRSP�TSM�u�RSfO`x¿
¶s�� -UiM�MO`dT�tx`�QSf�POQSUiM�o�VvMO[A��QSXiUi�"e�[DMON�UiRSUr[DM6VAR�RSfO`
]&VAXiX8��Ta[ � UrN�`£Vv]sVAXiX5QSfO`^VAT¡QSRSTa`�QgQ�Ra[�RSfO`x�� &�ª[DP�Ra`dT�tx`�QSf�{�¿sfO`x��`dl�[AbsRSf�UrQ�tx`dRSfO[�N"UrQ�RSf\VAR
RSfO`m��Ta`�QaQSP�Ta`mopTgVDN�Ur`dMFR|UrQ|VDQaQSP�tx`�N�Ra[�jy`£e�[DMOQSRgVAM�R UiM�RSfO`£©OMO`mtx`�QSf�]
f�Ureaf´V � [DUrN�Qxµ3[DUrQgQa[DM
`��FP\VARSUr[DM�UiM � `dTaQaUr[DM~b}[DT_UiMOe�[Dt|��Ta`�QaQSUij�Xr`¡Y\[^]_QzuOfO`dMOe�`nVxfFP�o�`¡Ta`�N�POedRSUr[DM�[Ab�RSfO`¡e�[Dt|��P�RgVARSUr[DM\VAX
e�[pQSR^{��5VATSUr[DPOQ � VATSUWVAMFRaQk[Ab¤RSfO`�¿
¶s�� �]&VAXiX�tx[�N�`dX�f\V � `�jy`�`dM�N�` � `dXr[D�y`�N¸�cQa`�`6° ¼�Ã�u
¼ ~ u � »�u
±AÛ u
· Û Ã ² ��u�]&`�]
UiXiX0N�UrQaedPOQgQ|RSfO`dt UiM$RSfO`kQaP�jOQa`�edRSUr[DM	��{ � { ¼�{ � Qa`�e�[DMON´VARSRa`dt|��Rm[Ab�RSfO`~QgVAtx`
��UiMON�UrQvRSfO`ª¬'`dRgVDegfO`�N¢ (N�N�l®��Uit¡P�XWVARSUr[DM,�c¬' 8���vPOQa`�N�VDQ~V¾]&VAXiX�tx[�N�`dX�jFl��0Ui��UiRSUiM�`dR~VAXK{
°i·^»
� ² {�L>M�RSf�UrQxtx`dRSfO[�N�u7RSfO`vUiM�MO`dT|XWV^l�`dTxUrQ Ta`�Qa[DX � `�N$RSf\VAM���Q Ra[�V�q � �'�¾VA����Ta[�VDeaf�VAMON6RSfO`
[DP�Ra`dT¡XWV^l�`dT�UrQnVv�� &��Ta`dopUr[DM�{3��egf�t|UrN�R¤`dR¡VAXK{(°i·^¼ Û�² VAXrQa[�UiM � `�QaRSUioFVARa`�N¾VvR>]8[A�KXWV�l�`dT|VA����Ta[�VDeaf�{
¯&[DMFRSTgVATSlkRa[xRSfO`�R�]&[x��Ta` � Ur[DPOQ_tx`dRSfO[�N�Q^uORSfO`�UiM�MO`dT�tx`�QSfkUrQ
MO[DR0Ta`�Qa[DX � `�Nkj�l�Vxq � �'�£tx[�N�`dX
j�P�R|jFl�RSfO`���¬�¿¥��sÔ ÍdÉ�� Ó Ï�Í Ô�Ú�Ó È Ô ËDÊ Ñ Ö�Î���Ö�ÊrÍ Ô�� Í �¤tx[�N�`dX
UiMFRSTa[�N�POe�`�N$j�l���`dTaQSRa`dUiM®° ~ » ² {�L>M
RSf�UrQmXWVARSRa`dT^u8RSfO`�[DMO`���N�Uitx`dMOQSUr[DM\VAX'©\`dXrN�UrQv[Dj�RgVAUiMO`�N�j�l�R�]&[�tx`�eaf\VAM�UrQStxQ��8RSfO`k©OTaQaRm[DMO`�UrQ
RSfO`~tx[DXr`�edP�XWVAT�N�U¨ÅyPOQSUr[DM�]
f�Ureaf�UrQ£Qg[DX � `�N´UiM�RSfO`�[DMO`���N�Uitx`dMOQSUr[DM\VAX�opTSUrN�VAMON�V¾Qa`���PO`dMOe�`�[Ab
UiMOQSRgVAMFRgVAMO`�[DPOQsRSTgVAMOQSbc[DTSt�VARSUr[DMOQ^u���P\VAXiU¨©\`�NmVDQ À `�N�N�lx` � `dMFRaQ�Águ�]
f�Ureaf�VATa`0N�`dRa`dTSt|UiMO`�NmjFl�V�MO[DM��
XiUiMO`^VAT0��Ta[Dj\VAj�UiXiUrQSRSUre�tx[�N�`dXK{
��M�Xr`�QaQ&RSfO`�UiMOedTa`^VDQa`�[Ab�RSfO`�Qa`�Ta`�e�`dMFR�N�` � `dXr[D��tx`dMFRaQ^u�]sVAXiX�tx[�N�`dXrQ_VATa`�tx[pQSRSXilmN�`�N�Ure^VARa`�NvRa[

RSfO` � `dXr[�edUiR>l|©\`dXrNmVAMON � `dTSl b}`d]�[Ab�RSfO`dt b}[�edPOQ&[DMmRSfO`0Ra`dt|�y`dTgVARSP�Ta`p{ � ]&VAXiXZtx[�N�`dX�VA����XiUr`�NmRa[
RSfO`|Ra`dt|�y`dTgVARSP�Ta` ©\`dXrN�QSfO[DP�XrNªQSP�����Xil�RSfO`x�� &��]
UiRSf"VmMO[DTSt�VAX(fO`^VAR�YOP�Â�{�¿sfFPOQ^u�N�` � `dXr[D��UiM�o
Ra`dt|�Z`dTgVARSP�Ta`&]sVAXiX�tx[�N�`dXrQ�bc[DT�f�Uiopf¤q�`dl�MO[DXrN�Q3MFP�tnjZ`dT�Y\[z]_Q3]
UiRSf¤RSfO`dTSt�VAX�jZ[DP�MONOVATSlne�[DMON�UiRSUr[DM
VDQ
Uit|�y[pQa`�N�Ra`dt|�y`dTgVARSP�Ta`nVAMONke�[DMD��P�oFVARa`�fO`^VAR_RSTgVAMOQ�b}`dT
t�V�lkVA���y`^VAT�VDQ0V¤Ta`dXr` � VAMFR'VA����Ta[�VDeaf�{
¿sf�UrQ�QSRSPON�l�VAUitxQ�VAR0UiM � `�QSRSUioFVARSUiM�ovbcP�TSRSfO`dT�RSfO`¤¿
¶s�� �]&VAXiX7tx[�N�`dX7VAMON�VA����Xil�UiM�omRSf�UrQ�VA���

��Ta[�VDeaf�Ra[ RSfO`'Ra`dt|�Z`dTgVARSP�Ta`�©\`dXrNvRa[xVARSRa`dt|��R_Ra[|` � VAXiP\VARa`nVDe�edP�TgVARa`dXilmRSfO`']sVAXiX�fO`^VAR
YOP�Âv]
UiRSf
Ta`doFVATaNkRa[ RSfO`�P�MOQaRa`^VDN�UiMO`�QaQ0[Ab7RSfO`�Y\[^] VAMONvRSfO`�e�[�VATaQa`dMO`�QaQ�[Ab�RSfO`'opTSUrN�{
L>MnRSfO`8MO`�Â�R7Qg`�edRSUr[DM�u�RSfO`&M�P�tx`dTSUre^VAXOQa`dRSP��xVAMON¡RSfO`&tx[�N�`dXiXiUiM�o'bwTgVAtx`d]&[DTS�¡]
UiXiX�jZ`8��Ta`�Qa`dM�Ra`�N

�cQa`�edRSUr[DM���{ � { ¼���{F¿sfO`dMxRSfO`
Ta`�QSP�XiRaQ8[Dj�RgVAUiMO`�NxUiM�V'fO`^VARa`�N|��XWVAMO`�eaf\VAM�MO`dX\Y\[^]´e�[DM�©OopP�TgVARSUr[DMm]
UiXiX
jZ`�N�UrQaedPOQaQa`�N´�cQg`�edRSUr[DM���{ � { � ��{���UiM\VAXiXil�u�Qg[Dtx`xe�[DMOedXiPOQSUr[DMOQ VAMONªbcP�RSP�Ta`|]8[DTS�ª]
UiXiX(jy`|P�M�b}[DXrN�`�N
�cQa`�edRSUr[DM���{ � { Û ��{
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L>M~RSf�UrQ�QSRSPON�l�RSfO`¡Y\[^]/UrQ0UiMOe�[Dt|��Ta`�QaQaUij�Xr` VAMON�RSP�TSj�P�Xr`dMFR�Qa[�RSf\VAR�RSfO`nt�VDQaQ�e�[DMOQa`dT � VARSUr[DM�u
RSfO`�tx[Dtx`dMFRSP�t ©OXiRa`dTa`�N�`��FP\VARSUr[DMOQ�VAMON�RSfO`~Ra`dt|�y`dTgVARSP�Ta`�RSTgVAMOQS�y[DTSRm`���P\VARSUr[DM�VDedRSUiM�o�VDQvV
�\VDQaQSU � `�Qge^VAXWVAT_e^VAMkjZ`�`�Â���Ta`�QaQa`�N�VDQsbc[DXiXr[z]_QN�

∂uj

∂xj
= 0

�O��{i·z�

∂ui

∂t
+
∂uiuj

∂xj
= −

1

ρ

∂P

∂xi
+ 2

∂

∂xj

(
(ν + νsgs)Sij

) �O��{ ¼��

]
UiRSf
Sij =

1

2

(
∂ui

∂xj
+
∂uj

∂xi

)

∂T

∂t
+
∂ujT

∂xj
=

∂

∂xj

(
(α+ αsgs)

∂T

∂xj

)
+Qf
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fO`dTa`
(.)
UrQ7�� 8��©OXiRa`dT�[D�y`dTgVARa[DT^{

νsgs
UrQ7V�QSP�j�opTSUrN���Qge^VAXr` � UrQae�[pQSUiR>l�{

ν
UrQ�RSfO`&tx[DXr`�edP�XWVAT � UrQge�[pQSUiR�l

VAMON
α
UrQ�RSfO`sRSfO`dTSt�VAX�N�U¨ÅyPOQSU � UiR�l�{

Qf
UrQ5V�fO`^VAR5Qa[DP�Tae�`_Ra`dTSt¸Ra[�edTa`^VARa`
fO`^VAR�YOP�Â|UiM|RSfO`_egf\VAM�MO`dX

Y\[^]�{
� Q7b}[DT(RSfO`
RSP�TSj�P�Xr`dMOe�`�tx[�N�`dXrQ^u�]8`_POQg`�N|RSfO`_Qa`dXr`�edRSU � `�QSRSTSPOedRSP�Ta`
bcP�MOedRSUr[DMxtx[�N�`dX��<b}[DT(tx[DTa`

N�`dRgVAUiXrQ�VAjy[DP�R
RSf�UrQ_QSP�j�opTSUrN���Qae^VAXr`�tx[�N�`dX�Qa`�`|° ~ ¹ ² �5b}[DT_�� 8��e�[Dt|��P�RgVARSUr[DMOQ^{���U � `dMkRSfO`�µ(TgVAMON�RSX
MFP�tnjZ`dT�POQa`�NnUiM¤RSf�UrQ�QaRSPON�l��

Pr = 0.71
��uDRSfO`8RSP�TSj�P�Xr`dMFR(N�U¨ÅyPOQSU � UiR>l

αt
UrQ3N�`dRa`dTSt|UiMO`�NxVDQgQSP�t|UiM�o

RSf\VAR5RSfO`�QSP�j�opTSUrN���Qae^VAXr`0µ(TgVAMON�RSX�M�P�t¡jy`dT��
Prsgs =

νsgs

αsgs

��UrQ5e�[DMOQaRgVAMFR&VAMON£`��FP\VAX\Ra[
0.9
uFQa`�`
RSfO`

]8[DTS��[Ab ��V�]&VAtnP�TgVm`dR0VAXK{�° ÃD¹ ² b}[DT
RSfO`&�*POQSRSU¨©\e^VARSUr[DM�[Ab�RSf�UrQ�VDQaQSP�t|��RSUr[DM�{
¿sfO`�Y\[z] e�[DM�©OopP�TgVARSUr[DM e�[DMOQSUrN�`dTa`�N-UrQk]&`dXiX¨�K��MO[z]
M¦�cQg`�`�bc[DT�`�Â�VAt|��Xr`�° ~ ¼ ² [DT¾° ¼ ² �~VAMON

e�[DMOQSUrQSRaQ0UiM�V j�U¨�K�y`dTSUr[�N�Ureneaf\VAM�MO`dX�Y\[z]-N�` � `dXr[D��UiM�omUiMkRSfO`'Â���N�UiTa`�edRSUr[DM��cQa`�` �3UioO{ ~ {i·z��{O¿�[£N�`^VAX
]
UiRSf���Ta`�QaQSP�Ta`�Xr[pQaQsUiMON�POe�`�Nvj�l�RSfO`�bwTSUredRSUr[DMk`�Å�`�edRaQ_VAMONmRa[ `dMOQSP�Ta`�e�[DMOQSRgVAMFR
t�VDQgQ&Y\[^]�TgVARa`�UiM
RSfO`�eaf\VAM�MO`dXKuZV|Qa[DP�Tae�`'Ra`dTSt�UrQ�VDN�N�`�N�Ra[|RSfO`�tx[Dtx`dM�RSP�t `���P\VARSUr[DM�VAR0`^VDeaf~RSUitx`�QSRa`d�OQ^{
¿sfO`se�[DTSTa`dXWVARSUr[DM�[Aby¬�`^VAMk° ± » ² UrQ7POQg`�NnRa['��Ta`�QgedTSUijZ`
V�bcTSUredRSUr[DM q�`dl�MO[DXrN�Q7M�P�t¡jy`dT

Reτ
Ra[�RSfO`

Y\[^]�{ZL�R0f\VDQ_Ra[|jy`�MO[DRa`�NkRSf\VAR�RSf�UrQ0e�[DTSTa`dXWVARSUr[DM�UrQ_[DM�Xil � VAXiUrNvbc[DT�V¤bwTSUredRSUr[DM�q0`dl�MO[DXrN�Q_M�P�t¡jy`dT
Xil�UiM�o�jZ`dR>]8`�`dM
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	7G���H=)9�	7<��AEH= <
� XiX\RSfO`�e�[Dt|��P�RgVARSUr[DMOQ
[Ab�RSf�UrQsQSRSPON�l|]8`dTa`'VDeaf�Ur` � `�Nv]
UiRSfmRSfO`�¿
q�L ���_��e�[�N�`p{F¿sf�UrQs[Dj��S`�edR

[DTSUr`dMFRa`�N�e�[�N�`�Qg[DX � `�Q&`���P\VARSUr[DMOQ�� ~ { ¼�Ãp�5Ra[m� ~ { ¼p¹��5UiM�V�t|U¨Â�`�N�©OM�UiRa` � [DXiP�tx`��z©OM�UiRa`�`dXr`dtx`dM�R0VA���
��Ta[�VDeafmb}[DT5jy[DRSfmQSRSTSPOedRSP�Ta`�NvVAMON£P�MOQSRSTSPOedRSP�Ta`�NmopTSUrN�Q'�cQg`�`_RSfO`�Ta`�bc`dTa`dMOe�`¤° � · ² b}[DT8N�`dRgVAUiXrQ
VAjy[DP�R
RSfO`�Uit|��Xr`dtx`dM�RgVARSUr[DM�[Ab�RSf�UrQ�e�[�N�`z��{��O[DT0RSfO`���Ta`�Qg`dMFR�QaRSPON�l�u\QSRSTSPOedRSP�Ta`�N~opTSUrN�Q�VATa`�e�[DMOQaUrN�`dTa`�N��
P�M���MO[z]
MOQ
VATa`_Xr[�e^VARa`�NxUiMmV¡QSRgVAopo�`dTa`�N£tx`�QSfmVAMON�RSfO`0N�UrQaedTa`dRa`_bc[DTSt [AbyRSfO`�`���P\VARSUr[DMOQ5UrQ8Qa[DX � `�N
POQSUiM�o�Vkt�VARSTSU¨Â���Ta[A��`�edRSUr[DM�QgeafO`dtx`m]
f�Ureaf$UrQ|V�N�`dTSU � VARSU � `�[Ab0RSfO`��5��� � tx`dRSfO[�N6[DTSUiopUiM\VAXiXil
N�` � `dXr[D�Z`�NkjFlv³0UiTSR_`dR0VAXK{�° Ã Ûp² �wtx[DTa`�N�`dRgVAUiXrQ�VAjZ[DP�R
RSf�UrQ_��Ta[A��`�edRSUr[DMktx`dRSfO[�NkVATa`�N�` � `dXr[D�y`�N�UiM
RSfO`�Ta`�b}`dTa`dMOe�`x° ±p±A² ��{

��P�T�QSRSPON�l�]
UiXiX�b}[�edPOQ�[DM�e^VAXredP�XWVARSUr[DMOQne^VATSTSUr`�N�[DP�R�UiM�QSRSTSPOedRSP�Ta`�N´�}VAMONªQSRgVAopo�`dTa`�N\�'opTSUrN�Q^{
¿sfO`nN�U � `dTSo�`dMOe�`nbcTa`�`ne�[DMOQaRSTgVAUiMFR'UrQ�`dMOQaP�Ta`�N~POQSUiM�o£RSfO`¡��Ta[A�S`�edRSUr[DM�tx`dRSfO[�N�N�`�QaedTSUijy`�N~jy`�bc[DTa` �
RSfO`�µ�[DUrQaQa[DM�� Q0`���P\VARSUr[DMkUrQ_Qg[DX � `�N�POQSUiM�o�VAMkUiRa`dTgVARSU � `ne�[DMD�*P�oFVARa`�opTgVDN�Ur`dM�R0tx`dRSfO[�N�{
¿sUitx`¡VDN � VAMOe�`dtx`dMFR�]&VDQ�`dMOQSP�Ta`�N�j�lkV � TaN~[DTaN�`dT0q0P�M�o�`��.�'P�RSRgV�`�Â���XiUredUiR0QaegfO`dtx`p{-�O[DT�RSfO`

tx[Dtx`dMFRSP�t¸`���P\VARSUr[DMv� ~ { ¼ ~ ��u�]8`5POQa`8V0e�`dMFRSTa`�N|¼AMON¤[DTaN�`dT3QaegfO`dtx`(b}[DT3e�[DM � `�edRSUr[DM�VAMON¡N�U¨ÅyPOQSUr[DM
Ra`dTStxQ^{L�O[DT0RSfO`¡Ra`dt|�Z`dTgVARSP�Ta`¤RSTgVAMOQS�y[DTSR�`���P\VARSUr[DM�� ~ { ¼p¹���uyVxe�`dM�RSTa`�N�¼AMON�[DTaN�`dT�QaegfO`dtx`¤VAMON�V
« ��LS¯ � QaeafO`dtx`pu�VDQ&QaP�opo�`�QSRa`�NvjFl�¯8f��ARa`dXWVAUiM~`dR_VAXK{Z° Û » ² u�f\V � `'jZ`�`dMvTa`�QS�y`�edRSU � `dXil�POQg`�N�b}[DTsRSfO`
N�U¨ÅZPOQaU � `¡VAMON�RSfO`�e�[DM � `�edRSU � `�Ra`dTStxQ^{
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U+ = y+ ��U¨b
y+ < 5

����UrQae�[DPOQ0QaP�j�XWV�l�`dT�� �O��{ Û �

U+ =

∫ y+

0

2 dα

1 +
√

1 + 4 lm2
+(α)

��U¨b
5 < y+ < 30

�O��{ ± �

]
UiRSf
lm+(α) = χα+

(
1 − exp(−

α

26
)
) �c¶&P�Å�`dT_XWV�l�`dT��

U+ =
1

χ
ln(y+) +A

U¨b
y+ > 30

�c��[DoFVATSUiRSf�t|Ure¡XWV�l�`dT�� �O��{ ���

uτ
UrQ8RSfO`0bcTSUredRSUr[DM � `dXr[�edUiR�lmN�`�©OMO`�NkVDQ �

uτ =
√

τw
ρ

]
fO`dTa`
τw
UrQ&RSfO`�]&VAXiX�QSfO`^VATsQSRSTa`�QaQ
VAMON

ρ
UrQ

RSfO`'YOP�UrNkN�`dMOQSUiR>l�{

¿3[�tx[�N�`dX5RSfO`|]&VAXiX8MO[DTSt�VAX5fO`^VAR�YOP�ÂªUiM¾V�e�[�VATaQg`|tx`�QSf�u�RSfO` ��VDN�`dTnXWV�],]&VDQ�POQg`�N�{�¿sfO`
��VDN�`dT0XWV^]¢e^VAMkjy`�`�Â���Ta`�QaQg`�NkVDQsbc[DXiXr[z]_Q �

T − Tw

Tτ
= Pr y+e−Γ + [2.12 ln[(1 + y+)C] + β]e−1/Γ �O��{ Ãp�

§�UiRSf �

Γ =
10−2(Pr y+)4

1 + 5Pr3y+

VAMON
C =

1.5(2 − y/h)

1 + 2(1 − y/h)2

L�M�RSf�UrQ'Qa`�e�[DMON�bc[DTStnP�XWV�uyRSfO`¡Ra`dt|�y`dTgVARSP�Ta` UrQ'N�U � UrN�`�N�jFl�RSfO`�bcTSUredRSUr[DM�Ra`dt|�Z`dTgVARSP�Ta`
Tτ
]
f�Uregf
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��[DPOQ&V � [DMOQ��dRSPON�U���e�`dTSRgVAUiMOQ
V � VAM�RgVAo�`�Q_VA���Z[DTSR���Q&�\VAT&XWV�Xr[DUZN�`0�\VATa[DU�¿
¶s�� 6`dR8MO[DPOQ
V � [DMOQ
�dRa`dMON�P�Qa[DM�P�RSUiXiUrQgVARSUr[DM�VAP£egf\VAt|�vRSfO`dTSt|Ur�FPO`p{�¶&Ur`dMm��P�� UiX\MO`�Qa[DUiR5�\VDQ&e^VA�\VAj�Xr`'N�`0e�[DTSTSUio�`dT&Ra[DPOQ
Xr`�Q|N���b}VAP�RaQxUrN�`dMFRSU¨©���Q�VAP�egf\VA��UiRSTa` ± e�[Dt|tx`vXWV�e^VDQgQSP�Ta`�`dMFRSTa`vXr`�Q ��Ta[A©OXrQ|q � ���¾`dR �� 8��`dR
XWVmedT��^VARSUr[DM�N�� P�M���Ure N�`¡YOPOedRSP\VARSUr[DMOQ�N���e�`dMFRST���Q��\VAT�TgVA���y[DTSR���XWV£��fFl�QSUr��PO`nN�`¤X ����e�[DP�Xr`dtx`dMFR^u
Xr`~tx[�N��dXr`�¿
¶s�� ¦Qa`dt¡j�Xr`ªVA��Ra`���Ta`d��Ta[�N�P�UiTa`�P�M�e�[Dt|�Z[DTSRa`dtx`dM�RkQSUit|UiXWVAUiTa`��ªXWV�¬'�'��NOVAMOQ
XWVkh^[DMO`�RST���Q¡��Ta[�eafO`£�\VATa[DUK{�L�X5`�QaR¡MO[DRgVAt|tx`dMFR UiM�R��dTa`�QaQgVAMFR|N�`£e�[DMOQSRgVARa`dT¤��PO`xXWVkXr[DU8N�`£�\VATa[DU
¿
¶s�� "RSfO`dTSt|Ur��PO`�V � `�e_Ra`dTStx`�Q8e�[DM � `�edRSU¨b}Q8`�QSR8`dMxtx`�QSP�Ta`_N���� � VAXiPO`dT8e�[DTSTa`�edRa`dtx`dM�R8XWV'�y`dMFRa`�N�`�Q
��e^VATSRaQ��KR�l��y`�N�`0YOPOedRSP\VARSUr[DM�N�`�Ra`dt|���dTgVARSP�Ta`�NOVAMOQsXWVnh^[DMO`���Ta[�egfO`'�\VATa[DU�`dR
e�`�edUZt �dtx`'�y[DP�TsXr`
t�VAUiXiXWVAo�`0Xr`s��XiPOQ5opTa[pQaQSUr`dT5 �'�y[DP�T

Reτ = 4800
{�¯&`_N�`dTSM�Ur`dT8T���QSP�XiRgVAR5Qa`dtnj�Xr`_�\VATSRSUredP�XiU��dTa`dtx`dM�R

`dMOe�[DP�TgVAo�`^VAMFR�`dM � PO`�N�`�X � P�RSUiXiUrQgVARSUr[DM�N�`�XWV¤Xr[DU�N�`��\VATa[DU�¿
¶s�� �RSfO`dTSt|Ur��PO`¡NOVAMOQ
Xr`�e^VDN�Ta`nN�`�Q
�dRSPON�`�Q�N�`�b}VARSUiopPO`¡RSfO`dTSt|Ur�FPO`��|f\VAP�R�MO[Dt¡j�Ta`¤N�`¡q0`dl�MO[DXrN�Q_��P�UrQg�FPO`�e�`�Q�N�`dTSM�U��dTa`�Q�Ta`��FP�U��dTa`dM�R
N�`~e�[DM�M\V"!rRSTa`�X � UiMOQSRgVARSUr[DM�M\VATSUiR���N�P�YOP�Â�N�`~egf\VAXr`dP�T£�\VATSU��dRgVAXK{
¯&`dRSRa`�Ta`dt�VATa�FPO`�`�QSR£N�� VAP�RgVAM�R
��XiPOQ0UiM�R��dTa`�QaQgVAM�Ra`pu�QSU�X � [DM�e�[DMOQSUrN��dTa`n�FPO`�Xr`¡e�[$#�R0MFP�t �dTSUr��PO`¤QSP�����X��dtx`dMFRgVAUiTa`¤UiMFRSTa[�N�P�UiR��\VAT_Xr`
tx[�N��dXr`¡N�`��\VATa[DU�¿
¶s�� ��\VAT0TgVA���Z[DTSR%�¤XWV|Xr[DU�N�`��\VATa[DU�QSRgVAMONOVATaNk`�QaR
UiM�b&�dTSUr`dP�T%�£Ãpºm{
��[DPOQ|VAXiXr[DMOQ �~��T���Qg`dMFRxMO[DPOQ UiM�R��dTa`�QaQa`dT�VAP�Â�VA���y[DTSRaQxN�� P�MO`mXr[DU_N�`m�\VATa[DUse�[Dt|tx`�¿
¶s�� 

NOVAMOQ_P�MO`�e�[DM�©OopP�TgVARSUr[DM�N�`�e�[DPOeafO`�XiUit|UiRa`¡N���e�[DXiX���`p{
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*3 ���	�
� ��T���Q5V � [DUiT&e�[DMOQSUrN��dT��_Xr`�Q&V � VAMFRgVAo�`�Q&N�`�Q5QSUitnP�XWVARSUr[DMOQ8N�`�Q5opTgVAMON�`�Q ��egfO`dXiXr`�Q&V � `�e_Xr`
tx[�N��dXr`

N�`��\VATa[DU�¿
¶s�� �NOVAMOQ_P�MO`�e�[DM�©OopP�TgVARSUr[DM�N�`�e^VAM\VAX���XWVAM�u\MO[DPOQ
Ra`�QSRa[DMOQ%�¤��T���Qg`dMFR^u\e�`�o�`dM�Ta`�N�`
QSUit¡P�XWVARSUr[DMvNOVAMOQ(P�MO`�e�[DM�©OopP�TgVARSUr[DMmN�����e�[DP�Xr`dtx`dM�R&e�[Dt|��Ta`dM\VAM�R
N�`�Q5[DjOQSRgVDedXr`�Q8edP�j�Ur�FPO`�Q^{�¯&`dRSRa`
QSUit¡P�XWVARSUr[DMv`�QSR �doFVAXr`dtx`dM�R8e�[Dt|�\VAT���`_P�MO`0�� 8�xV � `�e
Xr`
tx[�N��dXr`_N�`
�\VATa[DU\QaRgVAMONOVATaN�VAUiMOQSU\��P�� P�MO`
QSUit¡P�XWVARSUr[DM�q � �'�vV � `�e�e�`�N�`dTSM�Ur`dT_tx[�N��dXr`�N�`'�\VATa[DUK{

/ �:9 ;�5=< �?> �43?@A3 ��� �B7C> �D@ 
� ��EF	�C5=@A3 ���	�B7HG��JI �K3=@	
�1> 
 ��I �DL �C> 7M@	���
� �M>ON�@A365���
P>Q7M> 
�CIR>

��V�e�[DM�©OopP�TgVARSUr[DM �dRSPON�U���`0UredU\`�QSR5QSUit|UiXWVAUiTa` �'P�MO`
t�VARSTSUre�`�N�� [DjOQSRgVDedXr`�Q8edP�j�Ur��PO`�Q5`dM�RSTa`0N�`dP�Â
�\VATa[DUrQ0����UioO{�Ã�{i·z��{ � ©OM|N����dRSPON�Ur`dT(e�`dRSRa`se�[DM�©OopP�TgVARSUr[DM�upMO[DPOQ7MO[DPOQ7XiUit|UiRa`dTa[DMOQ^upe�[Dt|tx`sP�M opTgVAMON
MO[Dt¡j�Ta`
N�� VAP�Ra`dP�TaQ_° � Ã�u�·^» � u�·^¼ ±A² u$�0X ���dRSPON�`sN�� P�M|Qa`dP�X �dX��dtx`dMFR(N�`&XWV0t�VARSTSUre�`����3UioO{�Ã�{ ¼���{D� � UiM�R����
T��dR
t�V���`dP�T_N�`�e�`dRSRa`�e�[DM�©OopP�TgVARSUr[DM�N�����e�[DP�Xr`dtx`dMFR�`�QSR
�FP�� `dXiXr`'��T���Qa`dM�Ra`�P�M ��e�[DP�Xr`dtx`dMFR�N���e�[DXiX��
V � `�enN�`�Q
Ta`�edUiTaedP�XWVARSUr[DMOQ^{

� � [DjOQaRgVDedXr`kedP�j�Ur�FPO`kV��y[DP�TxeTSDR���XWV�Xr[DM�opPO`dP�T
a
{���`�Q ��egfO`dXiXr`�Q�N�`vXr[DM�opPO`dP�T�Qa[DM�R|�\VAT�bc[DUrQ

VDN�Uitx`dMOQSUr[DM�M ��`�Q��\VAT0e�`dRSRa`�Xr[DM�opPO`dP�T�N�`'T���b&�dTa`dMOe�`p{���`�Q0N�Uitx`dMOQSUr[DMOQ�N�P~N�[Dt�VAUiMO`�N�`�e^VAXredP�X�Qa`��
Ta[DMFR

(Lx, Ly, Lz) = (4 a, 3.4 a, 4 a)
{���[DPOQ5V � [DMOQ&VA����XiUr��P �0N�`�Q8e�[DMON�UiRSUr[DMOQ8N�`_� �dTSUr[�N�UredUiR��_NOVAMOQ

Xr`�Q�N�UiTa`�edRSUr[DMOQ0Âk`dR0h¡e�[Dt|tx`¤QSP�opo �dT��¡�\VAT'¯8fO`dM�o£`dR'VAXK{�° � Ã ² VAP~XiUr`dP~N�� P�RSUiXiUrQa`dT'N�`�Q0e�[DMON�UiRSUr[DMOQ
N�`¡QSl�t �dRSTSUr`p{\¬'`�Q�e�[DMON�UiRSUr[DMOQ�N�� VDN�f �dTa`dMOe�` [DP~N�`¡R�l��Z`¡Xr[DU3N�`��\VATa[DU7Qa`dTa[DM�R�VA����XiUr��P ��`�Q�QSP�T�Xr`�Q
�\VATa[DUrQ^{7��V�e�[DMON�UiRSUr[DM$UiM�UiRSUWVAXr`m`�QaRnUrN�`dM�RSUr�FPO` ��e�`dXiXr`mN�`£XWV�e�[DM�©OopP�TgVARSUr[DM�N�`me^VAM\VAX&��XWVAM �dRSP��
N�U���`�VAP��\VATgVAopTgVA��fO`VU ± { ¼��yP�M���Ta[A©OX5N�`xµ�[DUrQa`dP�UiXiXr`�j�TSP�UiR��x`�QSR�Uit|�y[pQ���VAP�eaf\VAt|��N�` � UiRa`�QaQa`p{
µ3[DP�Tne�[DMOQa`dT � `dT�Xr` N��dj�UiR�NOVAMOQ'Xr`¤e^VAM\VAXKuyMO[DPOQ�VA����XiUr��PO[DMOQ'P�MªRa`dTStx`|N�`nbc[DTDW^VAo�` `�Â���TSUit � �\VAT
XWV¤b}[DTSt¡P�XWVARSUr[DM�� ± {i·z��{

·^» �



�z�������(���8���()|	��0	���#&)1%������¦
#&)��7��+ 23���0	��d#&)/%�� #&4_��	��¡����¸�2�4&���¤2���%_��)'�
23)��´!��0	��0�����%'�/�2�4s�

�T�U� �yÃ�{i·���¯&[DM�©OopP�TgVARSUr[DM�N�� P�MO`�t�VARSTSUre�`¡N�`�edP�jy`�Q_`dMFRSTa`nN�`dP�Âm��XWVD��PO`�Q_��XWVAMO`�Qz{

$U_b$

x

y

S1 S2 S3 S5S4

a

4a

3.4a

o

cube

�T�U� �7Ã�{ ¼ � ��PO`|XWVAR��dTgVAXr`£N�� P�M �dX��dtx`dMFR¤N�`|XWVmt�VARSTSUre�`�N�`|edP�jy`�Q^{���`�Q���Ta[A©OXrQnVAM\VAXil�Q���Q¡Qa`dTa[DM�R
MO[DTSt�VAP�Â�VAP�Âm�\VATa[DUrQ�NOVAMOQ
XWV N�UiTa`�edRSUr[DM

y
{

��[DPOQ(V � [DMOQ �dRSPON�U��_e�`dRSRa`
e�[DM�©OopP�TgVARSUr[DM��y[DP�T�Xr`st�VAUiXiXWVAo�`0N���edTSUiR(NOVAMOQ�Xr`n�c¿3VAj�{�Ã�{i·z��`dR(N�[DM�R
XWV�T���Qa[DXiP�RSUr[DMxNOVAMOQ7Xr`�Q7��XWVAMOQ_�<Âyu lO�3`dR_�<Âyu h��3`�QSR�UiXiXiPOQSRST���` ��UioO{�Ã�{ � `dR ��UioO{FÃ�{ Û {D��[DPOQ�UiM�RSTa[�N�P�UrQa[DMOQ
P�M MO[DP � `^VAP¤MO[Dtnj�Ta`
N�`sq0`dl�MO[DXrN�Q

Rea
j\VDQ��8QaP�T�XWV � UiRa`�QaQa`&N��dj�UiRgVAMFRa`

Ub
`dR7XWV_Xr[DM�opPO`dP�T�N�`seTSDR��

N�P�edP�jy`
a
{Z��`¡t�VAUiXiXWVAo�`¤P�RSUiXiUrQ��¤`�QSR�T���Qa[DXiP�tx`dMFR'opTa[pQaQaUr`dT �wUiX7e�[DMFRSUr`dM�R�`dM � UiTa[DM
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t�VAUiXiXr`�Q��
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�Z[DP�T5�*POQaRSU¨©\`dT0N�`�X � P�RSUiXiUrQgVARSUr[DM�N�`�Xr[DUrQ0N�`��\VATa[DUK{\¿�[DP�Ra`�b}[DUrQ^u\Xr`�t�VAUiXiXWVAo�`¡`�QSR0X��do �dTa`dtx`dMFR�TgV �xM �
NOVAMOQ_Xr`�QSUiXiXWVAo�`¡N�P~edP�jZ`p{
��[DPOQ8e�[Dt|�\VATa`dTa[DMOQsXr`�Q8T���QSP�XiRgVARaQsN�`�e^VAXredP�XrQ&�� 8�~�wtx[�N��dXr`'Qa[DPOQ��Kt�VAUiXiXr`�§ � �� 6N���edTSUiRsNOVAMOQ

Xr`x�\VATgVAopTgVA��fO` U Û { � { ¼��¡V � `�e�Xr`�Q¡tx[�N��dXr`�Q¤N�`x�\VATa[DUrQ|��§� `dR¤¿
¶s�� -`dR¤N�`�Q¡e^VAXredP�XrQ ��q � �'�
�wtx[�N��dXr` N�`nR�l��Z`n���

ε
�0V � `�e¤XWVxXr[DU7N�`¡�\VATa[DU5��§�¾{���`dP�Xr`nXWV � `dTaQSUr[DMªQgVAMOQ�Ra`dTStx` e�[DM � `�edRSU¨bsN�P

tx[�N��dXr`|¿
¶s�� �`�QaR�P�RSUiXiUrQ���`¤NOVAMOQ�e�`dRSRa` �dRSPON�`p{y¬'`dP�Â�T���Qg[DXiP�RSUr[DMOQ�N�`nt�VAUiXiXWVAo�`|Qg[DMFR'��Ta[D�Z[pQ���`�Q
NOVAMOQ�Xr`|¿�VAj�{3Ã�{i·|�y[DP�T�X ���dRSPON�`xN�`xe�`dRSRa`xe�[DM�©OopP�TgVARSUr[DM�{3��`�Q�RgVAUiXiXr`�Q�t|UiM�Uit�VAXr`�Qn`dR�t�V�Â�Uit�VAXr`�Q
N�`�Q_t�VAUiXiXr`�Q_Qg[DMFR_��T���edUrQ���`�Q�`dMkP�M�UiR���Q_N�`��\VATa[DUK{
��`�Q_T���QSP�XiRgVARaQ0[Dj�Ra`dM�POQ%�¤X � VAUrN�`¡N�P�t�VAUiXiXWVAo�`n¾·^» Qg[DMFR0e�[Dt|�\VAT���Q �¤X � `�Â����dTSUr`dMOe�`¡N�`��`dUiM��

N�`dTaQ'° ¹ Ûp² {�L>X\M�� `�Â�UrQSRa`�t�VAXifO`dP�Ta`dPOQa`dtx`dM�R
�\VDQ&NOVAMOQ&�y[DP�T&e�`dRSRa`'e�[DM�©OopP�TgVARSUr[DMkN�`�N�[DM�M ��`�Q
`�Â������
TSUr`dtx`dMFRgVAXr`�Q&�y[DP�T(Xr`
MO[Dt¡j�Ta`�N�`_q0`dl�MO[DXrN�Q5VDQaQg[�edU��_VAPxt�VAUiXiXWVAo�`�¾·p·pu�t�VAUrQ(MO[DPOQ5e�[Dt|�\VATa`dTa[DMOQzu
�Z[DP�T�e�`dRSRa`�T���Qa[DXiP�RSUr[DM�u�Xr`�Q_N�U¨Å �dTa`dMFRa`�Q�tx[�N��dXiUrQgVARSUr[DMOQ0`dM�RSTa`�`dXiXr`�Q^{
¯8UiMO�ªQa[DMON�`�Q �Z· ��� ± �w��Ta[A©OXrQ NOVAMOQ¡XWV~N�UiTa`�edRSUr[DM

y
MO[DTSt�VAXr` ��XWV��\VATa[DU<�¡[DMFR �dR��x��XWVDe ��`�Q

Qa`dXr[DMk��XiPOQSUr`dP�TaQ0�Z[pQaUiRSUr[DMOQ
Xr[DM�opUiRSPON�UiM\VAXr`�Q
x/a = 1.2, 1.8, 2.8, 3.2, 3.8

� � [DUiT(��UioO{�Ã�{ ¼���{
��`�Q�tx[^l�`dM�MO`�Q N�` � UiRa`�QaQa`|`dR�Xr`�Q�Ra`dMOQaUr[DMOQ¡N�`xq�`dl�MO[DXrN�Qn[DMFR �dR���e^VAXredP�X���`�Q �v�\VATSRSUiT¤N�`

15Qa`�e�[DMON�`�Q¡N�` Ra`dt|�OQ���fFl�QSUr�FPO`��w��XiPOQ�N�`�· ~ »m�\VDQaQgVAo�`�Q�NOVAMOQ�Xr`|N�[Dt�VAUiMO`�N�`|e^VAXredP�X<�'`dR�N�P�TgVAM�R
��XiPOQ0N�`

50
Qa`�e�[DMON�`�Q�N�`�Ra`dt|�OQ
��f�l�QSUr��PO`��w��XiPOQ_N�` �p¼ ± �\VDQaQgVAo�`�Q_NOVAMOQ_Xr`�N�[Dt�VAUiMO`�N�`�e^VAXredP�X<��{

�������3Ã�{i· �kq ��Qg[DXiP�RSUr[DM�N�`¤t�VAUiXiXWVAo�`��c`dM�P�M�UiR���Q�N�`¡�\VATa[DU<��N�`�Q�e^VAXredP�XrQ�T��^VAXiUrQ���Q�NOVAMOQ�XWVme�[DM�©��
opP�TgVARSUr[DM�N�`�e^VAM\VAX���XWVAMkj�U¨�K� �dTSUr[�N�Ur��PO`p{

�VAUiXiXWVAo�`�Q
Reτ Rec Rea ∆x+

min ∆x+
max ∆y+

min ∆y+
max ∆z+

min ∆z+
max�·^» � ÃD»

9 500 3 850
· ± �p» ¼ Û Ã Û · ~ ÛpÛ

�·p· · Û »p»
43 000 25 400

~AÛ ¼�·^» ¹p» Û »p» ~AÛ ¼�·^»

�3� VAM�R|N�`�N�UrQaedP�Ra`dTxN�`�Q T���QSP�XiRgVARaQ|e�[DMOe�`dTSM\VAMFR£Xr`�Q ��Ta[A©OXrQ|tx[^l�`dMOQ�N�` � UiRa`�QaQa`pu�UiX_e�[DM � Ur`dM�R
N�`'N���edTSUiTa`�Xr`�Qse^VATgVDedR��dTSUrQSRSUr��PO`�Q
��TSUiMOedUi�\VAXr`�Q
N�`�X ����e�[DP�Xr`dtx`dMFR¤� � [DUiT���UioO{�Ã�{ ± ��{��0MmRa[DP�TSj�UiXiXr[DMk`dM
bc`dT�� ����egfO` � VAX�Qa`sN�� � `dXr[D���Z` ���\VATSRSUiT5N�`&XWV�bKVDe�`
V � VAMFR5N�`sX � [DjOQSRgVDedXr`
`dR(Q�� `dM�Ta[DP�Xr`_VAP�Ra[DP�T(N�`sX � [DjOQ��
RgVDedXr`p{ � P�Â~`dM � UiTa[DMOQ'N�P�e�`dMFRSTa` N�`¡XWVxbKVDe�`nV � VAMFR�N�P�edP�jZ`pu�UiX3`�Â�UrQSRa`nP�M~�y[DUiMFR�N�� VATST��dR|�wT��dopUr[DM
N�� Uit|�\VDedR���{�¬'`dTSTSU��dTa`|X � [DjOQSRgVDedXr`pu�Qa`|edT���`dMFR¤N�`dP�Â�Ra[DP�TSj�UiXiXr[DMOQne�[DMFRSTgV��KTa[DRgVARSU¨b}QnQSl�t �dRSTSUr��PO`�Q��\VAT
TgVA���Z[DTSR�VAP~��XWVAM6�<Âyu lO�
N�`¡QSl�t �dRSTSUr`nN�P�edP�jy`¡��P�U3`dM�o�`dMON�Ta`dM�R�P�MO`¡h^[DMO`¡N�`¡Ta`�edUiTaedP�XWVARSUr[DM�{Z��`�Q
N�`dP�ÂkRa[DP�TSj�UiXiXr[DMOQ'e�[DMFRSTgV��KTa[DRgVARSU¨b}Q�`dR0XWV ��T���Qa`dMOe�`¤N�`�X � [DjOQaRgVDedXr`¡N�[DM�MO`dMFR'M\VAUrQaQ�VAMOe�` �|P�M�tx[DP��
� `dtx`dMFR � `dTSRSUre^VAX�VDQae�`dMONOVAM�R0N�P£YOP�UrN�`'Xr`�Xr[DM�o|N�`�XWV�b}VDe�`�VATSTSU��dTa`�N�PvedP�jZ`p{���`�YOP�UrN�`�VDQae�`dMONOVAM�R
`�QSR&©OM\VAXr`dtx`dMFR_`dM�RSTgV"!rM ���\VATsX ����e�[DP�Xr`dtx`dMFR�VDe�e �dX��dT����\VDQaQgVAM�R_VAPvN�`�QgQSPOQsN�PvedP�jy`�bc[DTSt�VAM�R_VAUiMOQSU
P�MO`�QSRSTSPOedRSP�Ta`�Ra[DP�TSj�UiXiXr[DM�M\VAUiTa`¤`dM�b}[DTStx`�N�� VATaeafO`¤VAP���N�`�QaQSPOQ_N�`�XWV¤h^[DMO`¡N�`�Ta`�edUiTaedP�XWVARSUr[DM�{

·^» ±
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�T�U� �_Ã�{ � �6�VAUiXiXWVAo�`�N�`�XWV�e�[DM�©OopP�TgVARSUr[DM®V � `�e�[DjOQSRgVDedXr`�edP�j�Ur�FPO`�NOVAMOQ£Xr`~��XWVAM �<Âyu lO� �y[DP�T
z/a = 2

{

�T�U� �_Ã�{ Û �$�VAUiXiXWVAo�`�N�`~XWV¾e�[DM�©OopP�TgVARSUr[DM¢V � `�e�[DjOQSRgVDedXr`�edP�j�Ur�FPO`�NOVAMOQmXr`~��XWVAM1�<Â�u h��|�y[DP�T
y/a = 0

{

/ ��� � < � � � 3?@A3 �->P3-7�����
 ���������	� �
� :<;7:>= ���-'DH %}B
#ZB
' *
E3H(C�% "  	#yJ %.%.#L/�"��¥=	��


Reτ = 370

� =)9 � �KM �C9 ��<>?HM!�A<�:�@KI�<2M�MJ< ��9�?HB�@KIJE"�A@�?HG���<
��`�Q¤��Ta[A©OXrQ tx[zl�`dMOQ|N�` � UiRa`�QaQa`£�Z[DP�T Xr`�Q Qa[DMON�`�Qx�Z· ��� ± Qa[DM�R¤tx[DM�RST���Q|NOVAMOQ Xr`�Qn©OopP�Ta`�Q

��UioO{yÃ�{ Ã � ��UioO{�Ã�{i·p·p{��3V � UiRa`�QaQa`¡tx[^l�`dM�MO`|`�QSR�MO[DR���`
Umean

`dR�VDN�Uitx`dMOQSUr[DM�M ��`¤�\VAT�XWV � UiRa`�QaQa`

·^»
�
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�T�U� ��Ã�{ ± �"��eaf �dt�VARSUrQgVARSUr[DM$N�`�Q¤QSRSTSPOedRSP�Ta`�Q¤Ra[DP�TSj�UiXiXr[DM�M\VAUiTa`�Q¤��T���Qa`dMFRa`�Q NOVAMOQnP�M ��e�[DP�Xr`dtx`dMFR
VAP�Ra[DP�T�N�� P�M~[DjOQaRgVDedXr`�edP�j�Ur�FPO`¡N�� VA��T���Q0�VATSRSUiMFP�h�h�U3`dR_¿�Ta[D�Z`^Vk° ¹ �A² {

N��dj�UiRgVAMFRa`
Ub
{���V e�[�[DTaN�[DM�M ��`�l£`�QSR0VDN�Uitx`dMOQaUr[DM�M ��`��\VAT
XWV¤Xr[DM�opPO`dP�T0N�`'T���b �dTa`dMOe�`�N�PkedP�jZ`

a
{

��`�Q���Ta[A©OXrQ�tx[^l�`dMOQne�[DTSTa[DjZ[DTa`dM�R¡j�Ur`dM�X � `�Â�� �dTSUr`dMOe�`�N�`|�`dUiMON�`dTaQ�RgVAM�Rn��PO`
y/a

`�QSR�QSP������
TSUr`dP�T ��X � P�M�UiR��p{p �M|N�`�QaQa[DPOQ7N�`se�`dRSRa`
[DTaN�[DM�M ��`puDX ����e�[DP�Xr`dtx`dMFR5`�QSR7UiM�YOPO`dMOe �s�\VAT7Xr`&�Z[DUiM�R�N�� VATST��dR
Uit|�Z[pQ��'�\VAT&X � [DjOQaRgVDedXr`�edP�j�Ur�FPO`'�y[DP�TsXWVnQg[DMON�`¡�Z· ����UioO{\Ã�{ Ãp�8`dRs�\VAT
Xr`���f �dMO[Dt �dMO`�N�`�Ta`�edUiTaedP��
XWVARSUr[DM��Z[DP�T�Xr`�Q�Qg[DMON�`�Q�� � ����UioO{yÃ�{ ¹�� �m� ± ����UioO{�Ã�{i·p·z��{ �'Xr[Dj\VAXr`dtx`dMFR^uyXr`�Q'�� 8��V � `�e¤tx[�N��dXr`�Q
N�`'�\VATa[DUy��Ta[�N�P�UrQa`dM�R_N�`�tx`dUiXiXr`dP�TaQ
T���QSP�XiRgVARaQ
��PO`�Xr`�tx[�N��dXr`�q � �'�x���

ε
V � `�e'Xr[DU�N�`'�\VATa[DUyQaRgVAM��

NOVATaN�{O¬�VAMOQsP�MO`�e�[DM�©OopP�TgVARSUr[DM~N�����e�[DP�Xr`dtx`dMFR�QSUit|UiXWVAUiTa`puOq�[�N�U7°i·p·�� ² u���VA��`df\VAX�`dR_q�[�N�U�°�� ² ��P�UrQ
��P�jyea��`�`dR&VAXK{y° ¹p» ² [DMFRsTa`dt�VATa��P ����PO`0Xr`�tx[�N��dXr`0���

ε
QSRgVAMONOVATaN£e�[DMON�P�UrQ�VAUiRsNOVAMOQ&XWV¡T��dopUr[DM�N�� P�M

�Z[DUiM�R�N�� VATST��dR �wR>l���Ur��PO`dtx`dMFR�XWV£Qa[DMON�`|�Z·nNOVAMOQ�MO[DRSTa` e^VDQ��	��P�MO`nQaP�Ta`�QSRSUit�VARSUr[DMªN�P�Ra`dTStx`¤N�`
��Ta[�N�POedRSUr[DM6N�`xX ���dMO`dTSopUr`£edUiM �dRSUr�FPO`£RSP�TSj�P�Xr`dMFRa`me�`���P�U8VAXiR��dTa`�Xr`�Qne^VA�\VDedUiR���Qn��T���N�UredRSU � `�Q N�`xe�`
tx[�N��dXr`p{
��`�Q�Qa[DMON�`�Q�� � ����UioO{�Ã�{ ¹��	�£� ± ����UioO{ZÃ�{i·p·z�_tx[DMFRSTa`dM�R��doFVAXr`dtx`dMFR��FPO`¡Xr`�tx[�N��dXr`¡���

ε
QaRgVAM��

NOVATaN�QSP�Ta`�QSRSUitx`¤XWV£RgVAUiXiXr`¤N�`nXWV£h^[DMO` N�`¡Ta`�edUiTaedP�XWVARSUr[DM�u�e�`¤��P�U�`dM�RSTgV"!rMO` XWV£Qg[DPOQ���`�QSRSUit�VARSUr[DMªN�`
XWV � UiRa`�QaQg`�Xr[DM�opUiRSPON�UiM\VAXr`�tx[zl�`dM�MO`�NOVAMOQ XWVkh^[DMO`v[��

y/a
`�QSRnUiM�b �dTSUr`dP�T ��X � P�M�UiR��p{5¯&`���f �dMO[A�

t �dMO`�V �doFVAXr`dtx`dMFR��dR��|N���e�`dX�� �\VAT¤¯8fO`dM�ok`dR¡VAXK{�° � Ã ² ��P�U�[DMFR �dRSPON�U��|XWVmt �dtx`|e�[DM�©OopP�TgVARSUr[DM
N�����e�[DP�Xr`dtx`dMFR^{
��`�Q¡T���QSP�XiRgVARaQ¡�� 8��V � `�e�tx[�N��dXr`�Q¡N�`|�\VATa[DUKu3�FP\VAM�R���`dP�Â�Qa`dtnj�Xr`dMFR¤t|Ur`dP�Â"Qa`|e�[Dt|�y[DTSRa`dT

NOVAMOQ�XWV�h^[DMO`
VAtx[DMFR5N�`&X � [DjOQSRgVDedXr`
`dR�NOVAMOQ7XWV�h^[DMO`
N�`&Ta`�edUiTaedP�XWVARSUr[DM�uFVAP|Qa`dMOQ�[�� UiXrQ�e�[DTSTa[DjZ[DTa`dM�R
t|Ur`dP�ÂªXr`�Q�N�[DM�M ��`�Q�`�Â����dTSUitx`dMFRgVAXr`�Q¤N�`|�`dUiMON�`dTaQ^{�¯&`d�Z`dMONOVAM�R^u�N��d�\VATSRgVAo�`dT¡Xr`�Q�VA����Ta[�eafO`�Q¡Xr[DU
N�`��\VATa[DU'QaRgVAMONOVATaN�`dRmtx[�N��dXr`�¿
¶s�� �Qa`dt¡j�Xr`ªVDQaQa`dh�N�U ��edUiXr`pu&��P�UrQa��PO`�e�`�QvN�`dP�Â�VA����Ta[�eafO`�Q
VA���Z[DTSRa`dM�R�N�`�Q
T���QaP�XiRgVARaQ_RST���Q_QSUit|UiXWVAUiTa`�Q��FPO`dXr��PO`�Qa[DUiR
XWV Qg[DMON�`�e�[DMOQSUrN��dT���`p{

�!<;?�M @K9L?�M �H<�� < ��?�9 � �AM
��`�Qn��Ta[A©OXrQ¤N�`�Q¡Ra`dMOQSUr[DMOQ¤N�`�q�`dl�MO[DXrN�QnMO[DTSt�VAXr`�Q¤Qa[DMFR¤tx[DMFRST���Q N�` ��UioO{7Ã�{i·^¼ � �3UioO{7Ã�{i·��

NOVAMOQ�XWVmN�UiTa`�edRSUr[DM�Xr[DM�opUiRSPON�UiM\VAXr`x`dR�N�` ��UioO{�Ã�{i·zÃ � �3UioO{�Ã�{ ¼�·|NOVAMOQ'XWVvN�UiTa`�edRSUr[DMªRSTgVAMOQ � `dTaQ�VAXr`p{

·^»�Ã
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 �M~e�`���P�U�e�[DMOe�`dTSMO`�Xr`�Q_Ra`dMOQSUr[DMOQ0N�`�q�`dl�MO[DXrN�Q
Xr[DM�opUiRSPON�UiM\VAXr`�Qzu�`dXiXr`�Q
��T���Qg`dMFRa`dMFR��y[DP�T
XWV �\VATa[DU
QSP����dTSUr`dP�Ta`¡�

y/a = 3.4
��P�M�N���bKVAP�R(N��*� �'UrN�`dM�RSU¨©��0VAP�egf\VA��UiRSTa` ± �DXWV���T���Qa`dMOe�`_N�� P�M���Ure
�\VATgVDQSUiRa`

VAPkM�U � `^VAP~N�P~Qg`�e�[DMON�MO[�`dPON�N�`¡e^VAXredP�X�N�P�bKVAUiR_N�`'XWV RgVAUiXiXr`�N�`'t�VAUiXiXr`�Uit|�y[DTSRgVAMFRa`p{
¯&[DMOe�`dM�RSTa[DMOQ��KMO[DPOQ�t�VAUiMFRa`dM\VAMFR'QSP�T_XWV|�\VATa[DU�UiM�b&�dTSUr`dP�Ta`m�

y/a = 0
��{Oµ�[DP�T0Xr`�Q0Ra`dMOQSUr[DMOQ_Xr[DM��

opUiRSPON�UiM\VAXr`�Qk����UioO{�Ã�{i·^¼ ����UioO{7Ã�{i·�����u�N�� VA��T���QnX � `�Â����dTSUr`dMOe�`£N�`m�`dUiMON�`dTaQ^u�UiX&`�Â�UrQSRa`�P�M¾��UremVAP
M�U � `^VAPkN�`

y/a = 1
e�[DTSTa`�QS�y[DMONOVAMFR �nP�Mmb}[DTSR&edUrQgVAUiXiXr`dtx`dM�R0`dMFRSTa`�Xr`�YOP�UrN�` �dtx`dTSo�`dMFR�VAP�Ra[DP�T
N�`

X � [DjOQSRgVDedXr`�`dR�Xr`¤YOP�UrN�`£VDe�e �dX��dT��|�\VDQaQgVAM�RnVAP�N�`�QaQSPOQ�N�` X � [DjOQaRgVDedXr`xedP�j�Ur�FPO`p{�µ3[DP�TnXWVvQa[DMON�`��Z·
����UioO{�Ã�{i·^¼��5`dM�VAtx[DMFR_N�PvedP�jZ`pu�NOVAMOQ&XWV�T��dopUr[DM�N�� Uit|�\VDedR
N�P�YOP�UrN�`'QSP�T&XWV�b}VDe�`'V � VAMFR
N�`�X � [DjOQ��
RgVDedXr`pu�X � `�Â����dTSUr`dMOe�`�tx[DMFRSTa`�P�M£t|UiM�UitnP�t¦Xr[�e^VAX � `dTaQ

y/a = 0.4
N�`�Q&Ra`dMOQSUr[DMOQ&Xr[DM�opUiRSPON�UiM\VAXr`�Q
e�`

�FP�U3`�QSR_N #~VAPkRa[DP�TSj�UiXiXr[DM�`dMvb}`dT �|egfO` � VAX���P�U���Ta`dMON�M\VAUrQaQ�VAMOe�`�NOVAMOQ_e�`dRSRa`�T��dopUr[DM�{

��`�Q5�� 8�xV � `�e
tx[�N��dXr`�Q5N�`s�\VATa[DU�QaP�Ta`�QSRSUitx`dMFR5edXWVAUiTa`dtx`dM�R8Xr`_��Ure
N�`
Ra`dMOQSUr[DMOQ(Xr[DM�opUiRSPON�UiM\VAXr`�Q
VAP´M�U � `^VAP�N�`"�

y/a = 1
� �y[DP�TxRa[DP�Ra`�Q£Xr`�QxQa[DMON�`�Q^{8L�X_`�QaR �ªMO[DRa`dT���PO`ke�`dRSRa`�QSP�Ta`�QSRSUit�VARSUr[DM

UiMFRa`dT � Ur`dMFR �doFVAXr`dtx`dM�R��Z[DP�T'Xr`�Q'QSUitnP�XWVARSUr[DMOQ�N�`n��Ure�`dMO[v`dR�VAXK{3°i·^» �A² ��P�U3P�RSUiXiUrQg`dMFR'P�M�t�VAUiXiXWVAo�`
e�[Dt|��Ta`dM\VAMFRm·^»xb}[DUrQ���XiPOQ�N�`¤MO[�`dPON�Q�N�` e^VAXredP�XK{�µ�[DP�T�XWV£Qg[DMON�`��Z·v����UioO{�Ã�{i·^¼���uyXr`�Q'�� 8��V � `�e
tx[�N��dXr`�Q
N�`��\VATa[DUy��T���N�UrQa`dMFR_VDQaQg`dh�t�VAXZXr`0t|UiM�UitnP�t¦Xr[�e^VAXyN�`�Ra`dMOQSUr[DMOQsXr[DM�opUiRSPON�UiM\VAXr`�Q^{���`�tx[A�
N��dXr`s¿
¶&�� ªQa`dt¡j�Xr`8b}[DP�TSM�UiT�P�MO` � VAXr`dP�T7N�`8Ra`dMOQSUr[DMOQ�Xr[DM�opUiRSPON�UiM\VAXr`�Q���XiPOQ���Ta[�eafO`sN�`&X � `�Â����dTSUr`dMOe�`
�FPO`�Xr`�tx[�N��dXr`�N�`��\VATa[DU�QSRgVAMONOVATaN��K��§�ª�(t�VAUrQsXWVnT���Qa[DXiP�RSUr[DMkN�`�t�VAUiXiXWVAo�`'P�RSUiXiUrQ���`'MO`��y`dTStx`dR
�\VDQ¡N�`xe^VA��RSP�Ta`dTnRa[DP�Ra`xXWVm��f�l�QSUr��PO`xN�`|X ����e�[DP�Xr`dtx`dM�R|NOVAMOQ�XWVmT��dopUr[DM¾N�� Uit|�\VDedR¤`dM¾VAtx[DMFR¤N�`
X � [DjOQSRgVDedXr`p{\¬�VAMOQ
XWV¤h^[DMO`¡N�`'Ta`�edUiTaedP�XWVARSUr[DM�`dR_`dMk�\VATSRSUredP�XiUr`dT_�y[DP�T�� ± ����UioO{\Ã�{i·�����u�Xr`�Q
Ra`dMOQaUr[DMOQ
Xr[DM�opUiRSPON�UiM\VAXr`�Q
Qa[DMFR&Qa[DPOQ���`�QSRSUit ��`�Q8t �dtx`�QSU\`dXiXr`�Q&Qa`dt¡j�Xr`dM�R
VAPOQgQSUOXWVATSo�`dtx`dMFR
QSP�Ta`�QaRSUit ��`�Q5�y[DP�T
Xr` ��Ta`dt|Ur`dT��y[DUiMFR¡N�` t�VAUiXiXWVAo�`x`dMª��Ta[�eafO`x�\VATa[DUK{3¯&`dRSRa`xN�`dTSM�U��dTa`|Ta`dt�VATa��PO`xe�[DTSTa[Djy[DTa` Xr`�Q�[Dj��
Qa`dT � VARSUr[DMOQ�N�`|��eaf�t|UrN�R�`dR'¿sf�Ur`dXr`£°i·^¼ ±D² ��P�U3[DM�R�T��^VAXiUrQ��¤QSP�T�P�MO`ne�[DM�©OopP�TgVARSUr[DMªQa`dtnj�XWVAj�Xr`|N�`�Q
QSUit¡P�XWVARSUr[DMOQ��� 8��`dR_¬� &�Z{O��`�Q�VAP�Ra`dP�TaQ
©OM�UrQaQa`dMFR0�\VAT0e�[DMOedXiP�Ta`���PO`'t �dtx`¡V � `�e�P�MO`nVA����Ta[�egfO`
¬' 8�/�c�FP�U'`�QSR�VDQaQa`dh�QSUit|UiXWVAUiTa`���X � VA����Ta[�eafO`��� 8����¿
¶s�� &��u
UiX�`�QaR£M ��e�`�QaQ�VAUiTa`�N�`�TgV �xMO`dTvXr`
t�VAUiXiXWVAo�`¡e�[Dt|tx`�Q�� UiX�Q � VAopUrQaQgVAUiR_N�� P�MO`��� &�mT���Qa[DXiPO` �¤XWV¤�\VATa[DU��y[DP�T_e^VA��RSP�Ta`dT_Xr`�Q
��f �dMO[Dt �dMO`�Q
��fFl�QSUr��PO`�Q0NOVAMOQ
XWV T��dopUr[DM�N�� Uit|�\VDedR�`dR_N�POQ � XWV¤Ta`�edUiTaedP�XWVARSUr[DM�N�`dTSTSU��dTa`�X � [DjOQSRgVDedXr`p{

 �M�e�`¡��P�U�e�[DMOe�`dTSMO`¡Xr`�Q0Ra`dMOQSUr[DMOQ0N�`nq0`dl�MO[DXrN�Q_RSTgVAMOQ � `dTaQ�VAXr`�Q^uOXWV �\VATa[DU�QSP����dTSUr`dP�Ta`£�
y/a =

3.4
�0��T���Qa`dM�Ra`¤P�MO`nQa[DPOQS��`�QSRSUit�VARSUr[DM�N�`�Q�YOPOedRSP\VARSUr[DMOQ�NOVAMOQ�XWV�N�UiTa`�edRSUr[DM�RSTgVAMOQ � `dTaQ�VAXr`¡�y[DP�T�Xr`�Q

��Ta`dt|Ur`dTaQ¡MO[�`dPON�Q�N�`xe^VAXredP�X8NOVAMOQ�Xr`�Q�Qa[DMON�`�Q �Z· �k� ± �cN�` ��UioO{3Ã�{i·zÃ � �3UioO{�Ã�{ ¼�·z��{�¬�VAMOQN��UioO{
Ã�{i·zÃ�u\MO[pQ�e^VAXredP�XrQ�tx[DMFRSTa`dM�R�P�MO`¤QSP�Ta`�QSRSUit�VARSUr[DM�N�`�Q�Ra`dMOQSUr[DMOQ'N�`¡q0`dl�MO[DXrN�Q�RSTgVAMOQ � `dTaQgVAXr`�Q � `dTaQ
�
y/a = 1

�7e�`
��P�UO`�QSR(Q #�Ta`dtx`dMFR&N # ��XWV�RgVAUiXiXr`_`�Â�e�`�QaQSU � `
N�`�Q�t�VAUiXiXr`�Q8NOVAMOQ(e�`dRSRa`
T��dopUr[DM�{�¬�VAMOQ�XWV
h^[DMO`0N�`0Ta`�edUiTaedP�XWVARSUr[DM��cN�` ��UioO{�Ã�{i·^¹�� ��UioO{�Ã�{ ¼�·z��uFXr`�Q(Ra`dMOQSUr[DMOQ8N�`_q0`dl�MO[DXrN�Q(RSTgVAMOQ � `dTaQ�VAXr`�Q8Qa[DM�R
XWVATSo�`dtx`dMFR�Qa[DPOQS��`�QSRSUit ��`�Q^{�¯&`¡��f �dMO[Dt �dMO`|V �doFVAXr`dtx`dMFR��dR��¡�y`dTDWdP��\VAT�Xr`�Q�RSTgV � VAP�Â�N�` ¯8fO`dM�o
`dR0VAXK{�° � Ã ² `dR_e�`dP�Â�N�`��0Ure�`dMO[|`dR0VAXK{�°i·^» �A² ��P�UyP�RSUiXiUrQa`dMFR�N�`�QsT���Qa[DXiP�RSUr[DMOQ0N�`'t�VAUiXiXWVAo�`�j�Ur`dM���XiPOQ
©OMO`�Q0��PO`�XWV M SDRSTa`¤V � `�e¡N�`�Q0e^VAXredP�XrQ��� &�vT���Qa[DXiPOQ �|XWV �\VATa[DUK{\ 7Â�e�`d��R����y[DP�T_XWV|Qg[DMON�`n� Û ����UioO{
Ã�{ ¼p»���u�Xr`�Q¡T���QSP�XiRgVARaQ N�`���Ta`dt|U��dTa`£t�VAUiXiXr`£��Ta[�eafO`mN�`�XWV~�\VATa[DU&Qg`dt¡j�Xr`dMFR X��do �dTa`dtx`dM�R|tx`dUiXiXr`dP�TaQ
Xr[DTaQ(N�`&X � P�RSUiXiUrQgVARSUr[DMxN�P|tx[�N��dXr`&¿
¶s�� 0{�¯&`d�Z`dMONOVAM�R^u�e�`�Q(VAt �dXiUr[DTgVARSUr[DMOQ(Qa[DM�R��Z`dP|QSUiopM�U¨©\e^VARSU � `�Qz{

��`�Q0`dTSTa`dP�TaQ0N�`'��T���N�UredRSUr[DM�N�`�Q_�� &��V � `�e�tx[�N��dXr`�Q_N�`'�\VATa[DU�`dR
Xr`��Z`dP�N�`�N�U¨Å �dTa`dMOe�`�Q_`dMFRSTa`¡Xr`�Q
T���QSP�XiRgVARaQ0N�P~tx[�N��dXr`�¿
¶s�� �`dR_N�Pktx[�N��dXr`n��§� �y`dP � `dMFR�V � [DUiT���P\VARSTa`�e^VAPOQa`�QN�

B
��`¤t�VAUiXiXWVAo�`xNOVAMOQ'XWV£h^[DMO`

y/a = 1
`dR�VAP�Ra[DP�T�N�PªedP�jy`¤M�� `�QSR��\VDQ�VDQaQa`dhn©OMª�Z[DP�T'j�Ur`dM

e^VA��RSP�Ta`dTmXr`k��f �dMO[Dt �dMO`�N�`kTa`�edUiTaedP�XWVARSUr[DM�{
¯8fO`dM�o6`dRmVAXK{0° � Ã ² QSP�opo �dTa`dMFR�N�� P�RSUiXiUrQa`dT£P�M

·^» ~
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QSU�Xr`�t�VAUiXiXWVAo�`�N�[DUiR �dRSTa`�Xr[�e^VAXr`dtx`dMFR�TgV �xM �¡VAP�Ra[DP�T0N�`�X � [DjOQSRgVDedXr`p{

B
��`¡t�VAUiXiXWVAo�` e�[Dt|�Z[DTSRa`¤N�`�Q ÀpÏxË��wÊ<ÊrÍ Ú Ë��AÍdÖ��DÊrÍ ÚdÁ¤NOVAMOQ�Xr`�Q�e�[DUiMOQ�N�`¡X � [DjOQSRgVDedXr`¤[���Xr`¡tx[A�
N��dXr`�N�`v�\VATa[DU_`�QSR UiM\VDedRSU¨b�e^VAT�VAPOedP�MO`mb}VDe�`vN�`�Q|t�VAUiXiXr`�Q|`dM���PO`�QSRSUr[DM$M�� `�QSR|`dM�e�[DM�RgVDedR
V � `�e�XWVk�\VATa[DU'� � [DUiT �3UioO{�Ã�{ ����{�¯&`dRSRa`mQSUiRSP\VARSUr[DM�MFP�UiR¤�\VATSRSUredP�XiU��dTa`dtx`dMFR �kXWVkQSUitnP�XWVARSUr[DM
Xr[DTaQa��PO`�Xr`0t�VAUiXiXWVAo�`�`�QaR8opTa[pQaQaUr`dTse^VATs`dXiXr`��Z`dP�RsUiM�f�Uijy`dTsXWV¡edT��^VARSUr[DMkN�`��Z`dRSUiRa`�Q
QaRSTSPOedRSP�Ta`�Q
Ra[DP�TSj�UiXiXr[DM�M\VAUiTa`�Q�VAP�Ra[DP�T0N�`�Q0VAT��dRa`�Q�N�PkedP�jZ`p{

B
� P � [DUrQSUiM\VAo�`|N�`¤X � [DjOQSRgVDedXr`puyXr`�Q'opTgVDN�Ur`dMFRaQnN�`n��Ta`�QgQSUr[DM�Qa`dXr[DM�Â�`dR'h �Z[DP�TSTgVAUr`dM�R � VATSUr`dT
`dM�lmNOVAMOQ
XWV¤h^[DMO`'��Ta[�egfO`��\VATa[DUK{\¯&`�Q � VATSUWVARSUr[DMOQ_N�`'��Ta`�QaQSUr[DMkN�[DU � `dM�R�V � [DUiT0P�MO`'opTgVAMON�`
Uit|�y[DTSRgVAMOe�`�NOVAMOQ5XWV'h^[DMO`_N�� Uit|�\VDedRs`dM£VAtx[DMFRsN�P�edP�jy`_`dR5NOVAMOQ5XWV'h^[DMO`0N�`
Ta`�edUiTaedP�XWVARSUr[DM
`dMvV � VAX�N�P£edP�jy`p{F¬'`�e�`sb}VAUiR^uFX ����e�[DMO[Dt|Ur`�`dMme�[$#�R5M�P�t �dTSUr�FPO`�[AÅy`dTSRa`��\VAT8¿
¶s�� 0u�Xr[DTaQa��PO`
Xr`nopTgVDN�Ur`dMFR�N�`���Ta`�QgQSUr[DM�`�QaR�e�[DMOQSUrN��dT��¤e�[Dt|tx`ne�[DMOQaRgVAMFR�NOVAMOQ0Xr`¡t�VAUiXiXWVAo�`n©OM�u\�y[DP�TSTgVAUiR
Q � V � �dTa`dT0���dM\VAXiUrQgVAMFRa`¡NOVAMOQ0e�`'o�`dM�Ta`�N�`�e�[DM�©OopP�TgVARSUr[DMOQ�N�����e�[DP�Xr`dtx`dMFR^{

B
��V � UrQae�[pQSUiR��vRSP�TSj�P�Xr`dM�Ra`~NOVAMOQ|XWV�h^[DMO`~¿
¶&�� �N��d�y`dMONOVAMFR£N�� P�MO`�bc[DMOedRSUr[DM�N�� VAtx[DTSRSUrQ��
Qa`dtx`dM�R6� � [DUiT�X � `�Â���Ta`�QgQSUr[DM,� � { Û �S��N�[DMFR�XWV6b}[DTStx`�`�QSR�N�UredR���`��\VAT~XWV$��fFl�QSUr�FPO`¾N�� P�MO`
e�[DPOegfO`�XiUit|UiRa`kVARSRgVDeaf ��`p{( (M�`�Åy`dR^u7NOVAMOQ P�MO`�e�[DPOeafO`vXiUit|UiRa`kVARSRgVDegf ��`pu(N�`�Q|N�� � `dXr[D���y`��
tx`dM�RaQ8VDQSl�t|��Ra[DRSUr�FPO`�Q�� � [DUiT0° � � ² �3tx[DM�RSTa`dMFRs�FPO`sXWV � UrQae�[pQSUiR��sRSP�j�P�Xr`dM�Ra` � VATSUr`
`dM

y3 NOVAMOQ
XWV'T��dopUr[DM£��Ta[�egfO`_�\VATa[DUK{$��T^u�UiXOM�� `�QSR5�\VDQ � � UrN�`dMFR8��P�� P�MO`_Ra`dXiXr`
bc[DMOedRSUr[DMmN�� VAtx[DTSRSUrQaQa`dtx`dMFR
Qa[DUiR���PON�UredUr`dPOQa`dtx`dMFR
P�RSUiXiUrQ���NOVAMOQsXWV¡h^[DMO`'N�� Uit|�\VDedR_`dR
NOVAMOQ8XWVnh^[DMO`'N�`�Ta`�edUiTaedP�XWVARSUr[DMkN�P
edP�jy`p{
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`dM~e�[DMFRgVDedR'V � `�e�P�MO`��\VATa[DUK{
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Reτ = 1400

� ©OM�N�` � �dTSU¨©\`dT|��PO`�Xr`�Q¤bKVAUij�Xr`�Q N�U¨Å��dTa`dMOe�`�Q|`dM�RSTa`£Xr`�Q tx[�N��dXr`�Qx��§� `dR ¿
¶s��  MO`vQa[DM�R
�\VDQ�N�`�Q��mP�M�t�VAUiXiXWVAo�`|RSTa[D��©OM�[���Xr` t�VAUiXiXWVAo�`x¿
¶s�� ¢VAP�TgVAUiR�P�MO` UiM�YOPO`dMOe�` M �dopXiUio�`^VAj�Xr`£QSP�T
XWV�e�[DPOegfO`¤XiUit|UiRa`¡RSP�TSj�P�Xr`dM�Ra`k�cQa[DPOQ���e�[DPOeafO` � UrQa��PO`dPOQa`puOh^[DMO`nRgVAt|�Z[DM���u�MO[DPOQ�V � [DMOQ �doFVAXr`dtx`dMFR
T��^VAXiUrQ���N�`�Qne^VAXredP�XrQ¡�y[DP�T¡Xr`xt�VAUiXiXWVAo�`£�·p· �

Reτ = 1400
�Z[DP�TnXr`��FPO`dX(Xr`���Ta`dt|Ur`dT¡MO[�`dPON"N�`

e^VAXredP�X�`�QaR�edXWVAUiTa`dtx`dM�R'NOVAMOQ�P�MO`nh^[DMO`n[���Xr`�Q�`�Å�`dRaQ�N�`¡X � VAopUiRgVARSUr[DM�RSP�TSj�P�Xr`dMFRa`|Qa[DM�R0��T��d�y[DMON����
TgVAMFRaQ
�\VAT
TgVA���y[DTSR_VAP�Âm`�Å�`dRaQ � UrQg�FPO`dP�Â�{� �M�e�[Dt|�\VATgVAUrQa[DM~N�`�QsT���QSP�XiRgVARaQ_VAM\VAXil�Q���Q_VAP��\VATgV � VAMFR^u
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¬�VAMOQ5e�`�eaf\VA��UiRSTa`pu�MO[DPOQsV � [DMOQ&`�Åy`�edRSP ��N�`�Q8e^VAXredP�XrQ&q � ���|V � `�e�P�MO`_Xr[DUZN�`_�\VATa[DUyQSRgVAMONOVATaN
`dRm�� 8�´V � `�e�Qg[DUiR£e�`~N�`dTSM�Ur`dTmtx[�N��dXr`�N�`~�\VATa[DU�Qa[DUiR£Xr`ktx[�N��dXr`�N�`~�\VATa[DU�¿
¶s�� 0u8NOVAMOQ£P�MO`
e�[DM�©OopP�TgVARSUr[DM®N�����e�[DP�Xr`dtx`dMFRv�\VATSU��dRgVAX�NOVAMOQ�P�MO`�t�VARSTSUre�`�N�� [DjOQSRgVDedXr`�QvedP�j�Ur�FPO`�Q^{&��`~��Ta`dt|Ur`dT
e�[DMOQSRgVAR�`�QSRx��P�� UiX0`�QSR|��T���b �dTgVAj�Xr`pu��y[DP�Txe�`�o�`dM�Ta`kN�`�e�[DM�©OopP�TgVARSUr[DM�N���e�[DXiX���`~`dR �dRgVAMFRmN�[DM�M �
XWVªT���Qa[DXiP�RSUr[DM�N�`kt�VAUiXiXWVAo�`�P�RSUiXiUrQ���`pu5N�`kT��^VAXiUrQa`dT�P�M�e^VAXredP�X��� 8��V � `�e�N�`�Qxtx[�N��dXr`�Q£N�`~�\VATa[DU
��XiP�RDSDR&��PO`0N�� P�RSUiXiUrQg`dT5P�MO`_t �dRSfO[�N�`�q � �'� N�`_R�l��Z`0�F�

ε
QSRgVAMONOVATaN�{� (M£`�Å�`dR^uFe�`0N�`dTSM�Ur`dT&tx[�N��dXr`

N�[DM�MO`dMFR�N�`�t�VAP � VAUrQa`�Q���T���N�UredRSUr[DMOQ'VAP~M�U � `^VAP�N�Pk�y[DUiMFR'N�� Uit|�\VDedR'`dM�VAtx[DMFR'N�`�X � [DjOQSRgVDedXr`n`dR
NOVAMOQ_XWV¤h^[DMO`�N�`�Ta`�edUiTaedP�XWVARSUr[DM�`dM�V � VAXK{
��`�Q8Ra`dMOQSUr[DMOQ&N�`0q�`dl�MO[DXrN�Q&[DMFR��dR���VDQaQg`dh0t�VAX � � VAXiP ��`�Q&NOVAMOQ5Xr`�e^VDQ5N�`�XWV��� &��V � `�e0tx[�N��dXr`

N�`¡�\VATa[DUK{�¯&`nT���QSP�XiRgVAR�`�QaR�e�[Dt|�\VATgVAj�Xr`|VAP�ÂkT���QSP�XiRgVARaQ'N�`¤��egf�t|UrN�R�`dR�¿sf�Ur`dXr`m°i·^¼ ±A² ��P�U3[DM�R'`�bw�
bc`�edRSP �nN�`�Q�e^VAXredP�XrQ�¬' 8��QaP�T0e�`�o�`dM�Ta`nN�`¡e�[DM�©OopP�TgVARSUr[DM�uZ`dR���P�U3VATSTSU � `dMFR�� XWV�e�[DMOedXiPOQSUr[DM���P�� UiX
`�QSR'M ��e�`�QaQgVAUiTa` N�`¤TgV �xMO`dT'Xr`nt�VAUiXiXWVAo�`|NOVAMOQ'XWV£h^[DMO`

y/a < 1
V�©OMªN�`¤e^VA��RSP�Ta`dT�e�[DTSTa`�edRa`dtx`dM�R

Xr`¤Ra[DP�TSj�UiXiXr[DM�`dM~b}`dT�� ����eafO` � VAX(`dM�VAtx[DM�R�N�P�edP�jy` `dR�XWV£QSRSTSPOedRSP�Ta` `dM�VATaeafO`¤��Ta[�eafO`|N�`nXWV|bKVDe�`
VATSTSU��dTa`¡N�P~edP�jy`p{\¶&Ur`dM~��PO`'Xr`�tx[�N��dXr`¡¿
¶s�� �Qa`dt¡j�Xr` �dRSTa`�X��do �dTa`dtx`dMFR���XiPOQ0Qg`dMOQSUij�Xr`¡VAP�ÂvYOPOe��
RSP\VARSUr[DMOQ5�y[DP�T�XWV't�VAUiXiXr`
XWV���XiPOQ���Ta[�egfO`_N�`
XWV'�\VATa[DUKu�UiX�Ta`�QSRa`_N��dXiUre^VAR5N�`_N��d�\VATSRgVAo�`dT8Xr`�Q�tx[�N��dXr`�Q
N�`��\VATa[DU(��§� `dR�¿
¶&�� _{ « P\VARSTa`¤e^VAPOQa`�Q_�y`dP � `dMFR��\VAT � `dM�UiT��xQSR��dTSUiXiUrQa`dT�X � VA���Z[DTSR�N�`¡¿
¶s��  �
XWV£RgVAUiXiXr`|N�`¡t�VAUiXiXr`|`�Â�e�`�QaQSU � `¤NOVAMOQ'XWV£h^[DMO`

y/a < 1
u�XWV���T���Qa`dMOe�`|N�` À t�VAUiXiXr`�Q¡V � `dP�opXr`�QSÁ¤NOVAMOQ

Xr`�Q
e�[DUiMOQ_`dRsXr`�Q_VATST��dRa`�Q_N�P�edP�jZ`���P�UyMO`���Ta[A©ORa`dMFR_�\VDQ_N�`�XWVntx[�N��dXiUrQgVARSUr[DM~N�`��\VATa[DUKu���P�UrQ^u�QSUyXr`
opTgVDN�Ur`dMFR&N�`s��Ta`�QaQSUr[DMxNOVAMOQ�Xr`�Q(N�UiTa`�edRSUr[DMOQ5Xr[DM�opUiRSPON�UiM\VAXr`0`dR�RSTgVAMOQ � `dTaQ�VAXr` � VATSUr`
Qg`dXr[DM|XWV�MO[DTSt�VAXr`
�|XWV �\VATa[DUKu�¿
¶s�� ´M�� `�QaR_�\VDQ0`dMktx`�QaP�Ta`¡N�`�Ta`d��Ta[�N�P�UiTa`¡e�`¡��f �dMO[Dt �dMO`pu\`dR�`dM�©OM~XWV b}[DTStx`�MO[DM
VDNOVA��R��¡N�`'XWV � UrQae�[pQSUiR��'RSP�TSj�P�Xr`dM�Ra`¡NOVAMOQ0XWV¤h^[DMO`�¿
¶s�� _{

��[DPOQ¤VAXiXr[DMOQ t�VAUiM�Ra`dM\VAMFR^u�MO[DPOQ¤UiM�R��dTa`�QaQa`dT �kP�MO`mt �dRSfO[�N�`vN�`£e�[DP���XWVAo�`�q � ��� �A�� 8�"`dM
Ra`dMFRgVAM�RxN�`£��T���Qg`dT � `dTnXr`�bwTa[DRSRa`dtx`dM�Rx`dRnXr`£��Ta[A©OXstx[^l�`dM$NOVAMOQ¤P�M�e�[DM�Ra`�Â�Ra`vN�`£t�VAUiXiXWVAo�`mRST���Q
opTa[pQaQSUr`dT^{
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Ù½á )}öVÜ�çéá5ã�ò�íEçîÙ½ïúÛkï¤ÜGÞEÿ+Ûkï)Ú�çîÞ]ãæÙ½á X�öVÜ�çéá5ã�ò�íEçîÙ½ï�ñSû��3ÙFÜPãÈÛkëjÚ�çéíEõGÿPá5ã�Þ5ÞEêPá5ãÆëîÙ[Þ]Þ¹çéï¤Ü�ê¤ò�ã�Ü�ørÝ íEõ¤ã
ó�áEçîò�íEçîÙ½ïGã��Kã�ò�í5Þ¹Ûkï¤Ü�í5ÙNã�ï¤ÞEêPá5ã�èDÛ½Þ]Þ ô ÙÈÚ á]Ûkí5ã�çéï íEõ¤ã�ò5õ+ÛkïPï¤ã�ë×ß�Û�Þ5Ù½êPá5ò�ã�í5ã�áEè çîÞ¹Û½ÜPÜPã�Ü�í5Ù
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íEõ¤ã�è¹Ù½è¹ã�ï)íEêPèmã��)ê+ÛkíEçîÙ½ï¤Þ
Ûkí<ãÈÛ½ò5õÆíEçéè¹ã4Þ5í5ã�ÿ¤ÞÈû�OVï�íEõPçîÞ<Þ5íEê¤Ü�Ý^ß�íEõ¤ãóÂÙ½á5ò�çéïPâ�í5ã�áEè;ê¤Þ5ã�Ü�í5Ù%þ^ã�ã�ÿ
ò�Ù½ï¤ÞEí]Ûkï)í
íEõ¤ã�èDÛ½Þ5Þ ô ÙhÚBá]Ûkí5ã�Ú.Û½Þ�ðÂÞ5ã�ã �����<Z��9ó Ù½á�è¹Ù½á5ã4ÜPã�í]ÛkçéëîÞ?ñ>i

fn+1 = fn +
2(Q0 −Qn) − (Q0 −Qn−1)

∆t S

ð���û Mrñ

fn çîÞ�íEõ¤ã�ó Ù½á5ò�çéïPâ¹í5ã�áEèzý[Ûkëéê¤ã4Ûkí�çéï¤ÞEí]Ûkïrí n ß Qn çîÞ�íEõ¤ã�èDÛ½Þ5Þ ô ÙhÚdá]Ûkí5ã4Ûkí<çéï¤ÞEí]Ûkïrí n ß ∆t çîÞ�íEõ¤ãò�êPáEá5ã�ï)í�íEçéè¹ã¹ÞEí5ã�ÿ Ûkï¤Ü
S
çîÞ�íEõ¤ã�ÞEíEá5ãÈÛkè�Ú�çîÞ5ã�ÿPëìÛkï¤ã¹ò]õ+ÛkïPï¤ã�ë�Þ5ã�ò�íEçîÙ½ï'û��
ï íEõ¤ã%ÚCÛkëéëîÞ�ÛÀï¤ÙköVÞ5ëéçéÿ

ò�Ù½ï¤Ü�çéíEçîÙ½ïæÚ.Û½Þ
ÛkÿPÿPëéçîã�Ü9û
ü�Þ�óÂÙ½á%çéïPçéíEçìÛkë�ò�Ù½ï¤Ü�çéíEçîÙ½ï¤ÞÈß@Û£ÿ+Ûká]ÛkøKÙ½ëéçîòFg!Ù½çîÞ5ã�êPçéëéëîã ô ÙhÚ Ú�çéíEõXÛ£øPëìÛkïPþ ï¤Ù½çîÞ5ã�Ù½ï�Ûkëéë�íEõPá5ã�ã

ý^ã�ëîÙrò�çéíÍÝNò�Ù½è�ÿIÙ½ï¤ã�ïrí5Þ4çîÞ�çéè�ÿKÙ[Þ5ã�Ü9û
�.õ¤ã%øPëìÛkïPþ�ï¤Ù½çîÞ5ã%çîÞ4ÛkÿPÿPëéçîã�Ü Ù½ïPëéÝ í5Ù�õ+Û�ý^ãDÛÀíEá]Ûkï¤Þ5çéíEçîÙ½ï í5Ù
íEêPáEøPêPëîã�ï¤ò�ã[û

�!Ùæçéè�ÿKÙ[Þ5ã�Ûæò�ã�áEí]ÛkçéïnóÂáEçîò�íEçîÙ½ïnù
ã�Ýrï¤Ù½ëîÜPÞ�ï)êPè�øIã�á
Reτ
í5ÙæíEõ¤ã ô ÙÈÚ4ßJÚCãoê¤Þ]ã�Ü íEõ¤ã $ãÈÛkï�U Þ

ò�Ù½áEá5ã�ëìÛkíEçîÙ½ï ����I=�'Ú�õPçîò]õæçéè�ÿPëéçîã�ÞjíEõ¤ã�óÂÙ½ëéëîÙhÚ�çéïPâDá5ã�ëìÛkíEçîÙ½ïBi

Reτ = 0.123Re7/8
c

ð���û��^ñ

Rec
çîÞ2íEõ¤ã.ùjã�Ý}ï¤Ù½ëîÜPÞ±ï)êPè�øIã�á@ø+Û½Þ5ã�Ü�Ù½ï�íEõ¤ã�ò�ã�ï)í5ã�áEëéçéï¤ã�ý^ã�ëîÙ}ò�çéíVÝ^ß^íEõ¤ã.õ+Ûkë÷ó�ö×õ¤ã�çéâ[õrí@Ùkó�íEõ¤ã�ò]õ+ÛkïPï¤ã�ë

Ûkï¤Ü¹íEõ¤ã ô êPçîÜDþ}çéï¤ã�èDÛkíEçîò<ý}çîÞ5ò�Ù[ÞEçéíÍÝ^ûTR Ù½á5ã�ÙÈý^ã�áÈßrçéí@õ+Û½Þ�í5Ù�øIãjï¤Ù½í5ã�Ü¹íEõ+Ûkí�íEõPçîÞ�ò�Ù½áEá5ã�ëìÛkíEçîÙ½ïÀçîÞ@Ù½ïPëéÝ
ý½ÛkëéçîÜ�óÂÙ½ájÛ�óÂáEçîò�íEçîÙ½ïæùjã�Ý}ï¤Ù½ëîÜPÞ�ïrêPè�øKã�ájëéÝ}çéïPâ¹øIã�íÍÚ�ã�ã�ï

350
Ûkï¤Ü

2.104 ðÂÞ5ã�ã ����I���ñSû
� B+P;P��>1)MC4�PGI

�	��
�	��
������
������������
OÍï�íEõPçîÞ±ÞEíEê¤Ü�Ý^ßkÚ�ãCê¤Þ5ã�Ü%Û ��áQW½í$X�ø+Û½ò5õ�ö×ëéçéþ^ã.Ú.Ûkëéë}è¹Ù}ÜPã�ë�íEõ+Ûkí!ÚCã.òÈÛkëéë}íEõ¤ãCÞEí]Ûkï¤Ü¤Ûká5Ü�ÚCÛkëéë�è¹Ù}ÜPã�ë

ð×å [(RNñSû.�.õ¤ã�ó�áEçîò�íEçîÙ½ïFý^ã�ëîÙrò�çéíÍÝ
uτ
ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ïFçîÞ�ã�ï¤ÞEêPá5ã�ÜNørÝ ÛÀó�á5ÙNXÈã�ïFò�ÙrãLeDò�çîã�ïrí�è¹ã�íEõ¤Ù}Ü

ÛkÿPÿPëéçîã�ÜÆí5Ù%ÚCã�ëéë÷ö×þrï¤ÙhÚ�ï£ëìÛÈÚ<ÞjÙkó±íEõ¤ãÚCÛkëéë!Þ5ê¤ò5õ£Û½Þ i

U+ = y+ � ç÷ó y+ < 5
ð���çîÞ5ò�Ù½ê¤Þ<ÞEêPøPëìÛÈÝ^ã�á?ñ ð���ûZY^ñ

U+ =

∫ y+

0

2 dα

1 +
√

1 + 4 lm2
+(α)

� ç÷ó 5 < y+ < 30
ð ��ê��9ã�á<ëìÛÈÝ^ã�á?ñ ð���ûAZ[ñ

Ú�çéíEõ
lm+(α) = κα+

(
1 − exp(−

α

26
)
)

U+ =
1

χ
ln(y+) +A � ç÷ó y+ > 30

ðÂà'Ù½â)ÛkáEçéíEõPè�çîò�ëìÛ�Ý^ã�á?ñ ð���û �^ñ

U+ ÞEí]Ûkï¤ÜPÞ±ó Ù½á2íEõ¤ã�ý^ã�ëîÙ}ò�çéíVÝ�ÛkíxíEõ¤ã �¤á5ÞEí2ï¤Ù}ÜPã.á5ã�Ü�ê¤ò�ã�Ü¹ørÝ uτ
Ûkï¤Ü

y+ çîÞ2íEõ¤ã.ï¤Ù½áEèDÛkë+ò�Ù}Ù½á5Ü�çéï+Ûkí5ãã�)}ÿPá5ã�Þ]Þ5ã�Ü�çéï�ÚCÛkëéë�êPïPçéí5ÞÈûCOVï�íEõ¤ãxëîÙ½â)ÛkáEçéíEõPè�çîòCëìÛ�Ý^ã�áÈß
χ
çîÞ3íEõ¤ã �xÙ½ïUV4ÛkáEèDÛkï�ò�Ù½ï¤ÞEí]Ûkïrí<ð

χ = 0.415
ñ

Ûkï¤ÜoüúçîÞ.Ûkï¤Ù½íEõ¤ã�á.ò�Ù½ï¤ÞEí]Ûkï)í�ã��rê+Ûkë+í5Ù
5.32
çéïoÙ½êPá.ÞEíEê¤Ü�Ý^û��.õ¤ãjøPê��9ã�á�ëìÛÈÝ^ã�á�çîÞ�çéï¤ò�ëéê¤ÜPã�ÜÀøIã�íÍÚ�ã�ã�ï

íEõ¤ãÀýrçîÞ5ò�Ù½ê¤Þ%ÞEêPøPëìÛÈÝ^ã�á¹Ûkï¤ÜFíEõ¤ãoëîÙ½â)ÛkáEçéíEõPè�çîò�ëìÛ�Ý^ã�áDÛkï¤Ü�ÛæëéçéïPþrçéïPâ óÂêPï¤ò�íEçîÙ½ïnçîÞ�ÛkÿPÿPëéçîã�ÜnçéïníEõPçîÞ
á5ã�â[çîÙ½ï'û!�
ï¤ò�ã@íEõ¤ã@ó�áEçîò�íEçîÙ½ï�ý^ã�ëîÙ}ò�çéíVÝ4çîÞJò�Ù½è�ÿPêPí5ã�Ü9ßhÚ.ÛkëéëPÞEõ¤ãÈÛká!ÞEíEá5ã�Þ]Þ3çîÞJÜPã�Ü�ê¤ò�ã�Ü�ó�á5Ù½è�íEõ¤ãxóÂáEçîò�íEçîÙ½ï
ý^ã�ëîÙrò�çéíÍÝÆÛkï¤Ü�çéí<çîÞ�â[çéý^ã�ïÆíEõ¤ã�Þ?Ûkè¹ã4Ù½áEçîã�ï)í]ÛkíEçîÙ½ï�Û½Þ�íEõ¤ã �¤á5ÞEí�ï¤Ù}ÜPã�ý^ã�ëîÙ}ò�çéíVÝ^û

" #%$'&)( 
������������

��çéý^ã�ï�íEõ+Ûkí�íEõ¤ã3JVíÍÚ�Ùkö×ëìÛ�Ý^ã�álK4è¹Ù}ÜPã�ë'Ù½á.íEõ¤ã:� �.à'ä�ð �.õPçéï �.Ù½êPï¤Ü¤ÛkáEÝ�à3Û�Ý^ã�ájä �)ê+ÛkíEçîÙ½ï�ñ�Ú.Ûkëéë
è¹ÙrÜPã�ë!çîÞ<è¹Ù½á5ã�Þ5Ù½ÿPõPçîÞEíEçîòÈÛkí5ã�Ü9ß¤çéí
ò�Ù½êPëîÜÆÿKÙ[Þ5ÞEçéøPëéÝ�ÿPá5ÙÈý}çîÜPã�Û%øKã�íEí5ã�ájÚ.Ûkëéë!ÞEõ¤ãÈÛká�ÞEíEá5ã�Þ5Þ�íEõ+Ûkï£íEõ¤ã
ÞEí]Ûkï¤Ü¤Ûká5ÜÆÚ.Ûkëéë'è¹Ù}ÜPã�ë'çéïÆò�Ù^Ûká5Þ5ã�è¹ã�ÞEõÆòÈÛ½Þ]ã�ÞÈû
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� 6 :�8CQ-:��LPG4�� OVï íEõ¤ã � �.à'ä ÚCÛkëéë÷ö×è¹Ù}ÜPã�ë×ßxíEõ¤ãÆÚCÛkëéë
Þ5õ¤ãÈÛká¹ÞEíEá5ã�Þ5Þ�çîÞ¹ã�ý[Ûkëéê+Ûkí5ã�Ü�ørÝ ã�è�ÿPëîÙÈÝ}çéïPâ
øIÙ½êPï¤Ü¤ÛkáEÝDëìÛ�Ý^ã�á.ã��)ê+ÛkíEçîÙ½ï¤Þ�ÛkÿPÿPëéçîã�ÜoçéïÀÛ�Ù½ï¤ãSöVÜ�çéè¹ã�ï¤ÞEçîÙ½ï+Ûkë��¤ï¤ã�ð�ÿKÙ[Þ5ÞEçéøPëéÝ�ï¤Ù½ï�ö×êPïPç÷ó Ù½áEèoñxâ[áEçîÜDçéï
íEõ¤ã�ï¤ãÈÛká ö×ÚCÛkëéë!á5ã�â[çîÙ½ï'û

X\Y�ZR[ ��û�� ] �
ï¤ãSöVÜ�çéè¹ã�ï¤ÞEçîÙ½ï+ÛkëQ� �.à'ä�è¹ã�Þ5õ
ä��rê+ÛkíEçîÙ½ï¤Þjí5Ù�Þ5Ù½ëéý^ã�óÂÙ½á

i = 1, 3
çéï�íEõ¤ã:�¤ï¤ã � �.à'ä�â[áEçîÜ7i

∂
∂x2

(
a ∂ui

∂x2

)
+ Fi = 0

ð���ûZ_^ñ

F = −1
ρ

∂P
∂xi

− ∂ui
∂t −

∂uiuj

∂xj

ð���û��SI^ñ
a = ν + νt = ν +Dvd(κyw)2‖S‖

ð���û����hñ
[`çéíEõ

‖S‖ = (2SklSkl)
1/2 Ûkï¤Ü Skl = 1

2

(
∂uk
∂xl

+ ∂ul
∂xk

) ð���û����^ñ

Dvd = 1 − exp

(
−
(

y+
w

25

)3
) ð��@Ûkï $
áEçîã�Þ5í<Ü¤Ûkè�ÿPçéïPâ¹óÂêPï¤ò�íEçîÙ½ï�ñ ð���û���^ñ

�.õ¤ãCÿPá5ã�ýrçîÙ½ê¤ÞJêPïPþ}ï¤ÙÈÚ�ï¤ÞxÛká5ãCï¤Ù½áJù
ü
Ø�å4ÛÈý^ã�á]Ûkâ^ã�Ü%ï¤ã�çéíEõ¤ã�á2�¤ëéí5ã�á5ã�Ü�â[çéý^ã�ï%íEõ+Ûkí±íEõ¤ã � �Cà3ä�è¹ã�ÞEõ
çîÞ4Ù½ï¤ãSöVÜ�çéè¹ã�ï¤ÞEçîÙ½ï+Ûkë×û2�.õ¤ã%ÿPá5ã�Þ5ÞEêPá5ã�â[á]Û½Ü�çîã�ïrí ∂P

∂xi

çîÞ�Û½Þ5ÞEêPè¹ã�ÜNò�Ù½ï¤ÞEí]Ûkïrí�çéïNíEõ¤ã �¤ï¤ã¹è¹ã�ÞEõ Ûkï¤Ü
çéíçîÞ�ã��)ê+Ûkë±í5ÙÀÙ½ï¤ã�Ùkó@íEõ¤ã%Ù½êPí5ã�á�è¹ã�ÞEõ#�¤á5Þ5í�ï¤Ù}ÜPã[û

a
çîÞ�íEõ¤ã�í5Ù½í]Ûkë2ýrçîÞ5ò�Ù[Þ5çéíVÝ£Ûkï¤Ü íEõ¤ã�íEêPáEøPêPëîã�ï)í

ýrçîÞ]ò�Ù[ÞEçéíVÝ
νt
çîÞ�ã�ÞEíEçéèDÛkí5ã�Ü�íEõ+ÛkïPþ}Þ�í5Ù�Û¹è�ç )�çéïPâ�ëîã�ïPâ[íEõ�è¹ÙrÜPã�ëJÚ�çéíEõ ÛDÜ¤Ûkè�ÿPçéïPâÀóÂêPï¤ò�íEçîÙ½ï

Dvd
û

yw
çîÞ�íEõ¤ã�Ü�çîÞ5í]Ûkï¤ò�ã�í5Ù�íEõ¤ã�Ú.Ûkëéë×û
�.õ¤ã �¤á5ÞEí�ï¤ÙrÜPã�à'ä�åæý^ã�ëîÙ}ò�çéíVÝ Ûkï¤Ü�ÛDï¤ÙköVÞEëéçéÿ ò�Ù½ï¤Ü�çéíEçîÙ½ï Ûkí�íEõ¤ã�ÚCÛkëéë2ò�Ù½ï¤ÞEíEçéíEêPí5ã�íEõ¤ã(� �.à'ä

�¤ï¤ã è¹ã�ÞEõXøKÙ½êPï¤Ü¤ÛkáEÝXò�Ù½ï¤Ü�çéíEçîÙ½ï¤ÞÈû��.õ¤ã£ý^ã�ëîÙrò�çéíÍÝ �+ã�ëîÜPÞ
u1
Ûkï¤Ü

u3
çéïXíEõ¤ã � �.à'ä �¤ï¤ã£è¹ã�ÞEõ

Ûká5ã�ò�Ù½è�ÿPêPí5ã�Ü Þ5ÙÆíEõ+Ûkí%íEõ¤ãÀÚCÛkëéë�ÞEõ¤ãÈÛká%ÞEíEá5ã�Þ5Þ%ò�Ù½è�ÿKÙ½ï¤ã�ï)í5Þ
τw1
Ûkï¤Ü

τw3
Ûká5ãoíEõ¤ã�ï ò�Ù½ïrý^ã�Ý^ã�Ü

í5Ù�íEõ¤ãDà3ä�å è¹ã�ÞEõ'û �.õ¤ã �¤ï¤ã�è¹ã�ÞEõ ï¤Ù½áEèDÛkë�ý^ã�ëîÙrò�çéíÍÝ�çîÞ�ÙkóÂí5ã�ï ò�Ù½è�ÿPêPí5ã�Ü íEõ+ÛkïPþ�Þ4í5Ù�íEõ¤ã¹èDÛ½Þ5Þ
ò�Ù½ï¤Þ5ã�áEý[ÛkíEçîÙ½ïBi

u2 = −

∫ yn

0

(
∂u1

∂x1
(x1, α, x3) +

∂u1

∂x3
(x3, α, x3)

)
dα

ð���û��^Mrñ
�.õ¤ã%þ^ã�Ý£Ùkó@íEõ¤ã%ëîÙhÚ ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï+Ûkë@ò�Ù[ÞEí�Ùkó@íEõ¤ã � �.à'ä á5ã�Þ]Ù½ëéêPíEçîÙ½ïNá5ã�ëéçîã�Þ�Ù½ï íEõ¤ã¹Û½Þ]ÞEêPè�ÿPíEçîÙ½ï
íEõ+ÛkííEõ¤ã�ÿPá5ã�Þ]ÞEêPá5ã�â[á]Û½Ü�çîã�ï)í�çîÞ�êPïPç÷óÂÙ½áEèHçéï íEõ¤ã(�¤ï¤ã�è¹ã�ÞEõ'ûF�.õ)ê¤ÞÈßIíEõ¤ã�á5ã�çîÞ�ï¤Ùoï¤ã�ã�Ü í5Ù�Þ5Ù½ëéý^ã%Û
g!Ù½çîÞ]Þ5Ù½ï£ã��rê+ÛkíEçîÙ½ïÆí5Ù�Ù½øPí]ÛkçéïÆíEõ¤ã�ÿPá5ã�Þ]ÞEêPá5ã �+ã�ëîÜ�çéï�íEõ¤ã � �.à'äXè¹ã�ÞEõ'û
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� :GD 4-69BEDF@C6 4 I @=6 354-N � �.ÛkëìÛká]Û½Þoã�íÀÛkë×û ����O�jÚ�ã�á5ãæíEõ¤ã �¤á5ÞEí¹í5Ù ÞEêPâ[â^ã�ÞEí¹íEõ¤ã ÛkøIÙhý^ãæÜPã�Þ5ò�áEçéøKã�Ü
� �.à'ä ÛkÿPÿPá5Ù^Û½ò5õ'û��.õ¤ã�ÛkêPíEõ¤Ù½á5Þ2çéïrý^ã�ÞEíEçéâ)Ûkí5ã�Ü%íEõ¤ã.ã��Kã�ò�í±Ùkó�íEõPçîÞJÚ.ÛkëéëPè¹ÙrÜPã�ëróÂÙ½á2Þ5ã�ý^ã�á]Ûkë¤ÛkíEí]Û½ò]õ¤ã�Ü
ô ÙÈÚ�ò�Ù½ï��¤â[êPá]ÛkíEçîÙ½ï¤Þ2ÞEê¤ò5õ%Û½Þ'ÿPëìÛkï¤ãCò5õ+ÛkïPï¤ã�ë×ßkÞ �rê+Ûká5ã@Ü�ê¤ò�íJÛkï¤Ü�á5Ù½í]ÛkíEçéïPâò5õ+ÛkïPï¤ã�ë×û=�.õ¤ã�Ý4Ù½øPí]Ûkçéï¤ã�Ü
�)êPçéí5ã4â^ÙrÙ}Ü�á5ã�ÞEêPëéí5Þ.ó Ù½á.ó�áEçîò�íEçîÙ½ï£ùjã�Ý}ï¤Ù½ëîÜPÞ�ï)êPè�øIã�á
á]ÛkïPâ[çéïPâ¹óÂá5Ù½è ��I�I%í5Ù ��I�I�I�û

�.õ¤ãN� �Cà3ä�ÚCÛkëéëIè¹ÙrÜPã�ëIÚCÛ½Þ�ÛkëîÞ5Ù�í5ã�ÞEí5ã�Ü¹ó Ù½á�Þ]ã�ÿ+Ûká]Ûkí5ã�Ü ô ÙhÚ<Þ.ÞEê¤ò5õ�Û½Þ@íEõ¤ã
ø+Û½ò5þ}ÚCÛká5Üoó×Û½ò�çéïPâ
ÞEí5ã�ÿ ��� �PßE�I�ß �CMO��Ûkï¤ÜGÛkï`Û½ÞEÝrè�è¹ã�íEáEçîòÆíEá]ÛkçéëéçéïPâFã�Ü�â^ã ���^M�Z=�Vû��.õ¤ã�ÿPá5ã�ý}çîÙ½ê¤ÞoÛkêPíEõ¤Ù½á5ÞoíEáEçîã�Ü í5Ù
ò�Ù½ïPï¤ã�ò�í¹íEõ¤ã�Ù½êPí5ã�á¹è¹ã�ÞEõBðÂà'äCåPñ�Ûkï¤Ü�íEõ¤ã�çéïPï¤ã�á�è¹ã�ÞEõdð � �.à'ä�ñ%ï¤Ù½í¹Ù½ïPëéÝ Ú�çéíEõ�íEõ¤ã�ý^ã�ëîÙ}ò�çéíVÝ
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ëìÛkáEâ^ãSöVã�ÜPÜ�ÝGÞEçéè�êPëìÛkíEçîÙ½ïGÿPá5ÙhýrçîÜPã£íEêPáEøPêPëîã�ï)í ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞÈû)OÍïXíEõ¤ãÆóÂÙ½ëéëîÙhÚ�çéïPâ¤ß�íEõ¤ã£ùjü�Øå/.kà3ä�å
ò�Ù½êPÿPëéçéïPâ¹ó Ù½á5ò�çéïPâ¹í5ã�áEèzÚ�çéëéë'øKã�òÈÛkëéëîã�ÜÆù3`2��û
É±Ê�Ë±Ê�Ë �nÔ (%�¤ÑrÖVÕE&)! �L�PÐ^Ô�!
024�8=476 B+PRK�B/Q#")<56 1H@C8CM
ü
ëéë±íEõ¤ã�ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï¤Þ�Ùkó�íEõPçîÞ�Þ5íEê¤Ü�ÝæÚ�ã�á5ãoÛ½ò5õPçîã�ý^ã�ÜNÚ�çéíEõNíEõ¤ã ��ù3O �%$c ò�ÙrÜPã%ÜPã�ý^ã�ëîÙ½ÿKã�Ü

Ûkí 	Cä@ü ð `Pá5ã�ï¤ò5õ�ü.í5Ù½è�çîò 	Cã�ï)í5ã�á?ñ���á5ã�ï¤Ù½øPëîã[û �.õPçîÞ�Ù½ø:hEã�ò�í.Ù½áEçîã�ï)í5ã�Ü�Þ5ÙkóÂíVÚCÛká5ã[ßrá5ã�ëéÝ}çéïPâ�Ù½ï �¤ïPçéí5ã
ý^Ù½ëéêPè¹ãæè¹ã�íEõ¤Ù}ÜPÞoÛkÿPÿPëéçîã�ÜXï¤Ù½íoÙ½ïPëéÝ�í5Ù ÞEíEáEê¤ò�íEêPá5ã�ÜXøPêPíÀÛkëîÞ5Ù êPï¤ÞEíEáEê¤ò�íEêPá5ã�ÜXâ[áEçîÜPÞhß2çîÞ¹èDÛkçéïPëéÝ
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è¹ãÈÛkï)í2í5Ù�õ+Ûkï¤Ü�ëîã.à'ä�å4ó Ù½á!íEõ¤ã�áEèDÛkë÷ö×õrÝ}Ü�á]ÛkêPëéçîò�Þ@ÿPá5Ù½øPëîã�è¹Þ2ã�ï¤ò�Ù½êPï)í5ã�á5ã�Ü�çéï%íEõ¤ãCØjê¤ò�ëîãÈÛká±çéï¤Ü�ê¤ÞEíEáEÝ
ð�è¹Ù½á5ã�ÜPã�í]ÛkçéëîÞ4ÛkøIÙ½êPííEõ¤ã�çéè�ÿPëîã�è¹ã�ï)í]ÛkíEçîÙ½ïnÙkó@íEõPçîÞò�ÙrÜPã%òÈÛkï�øKã�ó Ù½êPï¤Ü£çéï á5ãSó ã�á5ã�ï¤ò�ã �������ñ�Ûkï¤Ü
ÛkëîÞ5Ù�ó Ù½áJè¹Ù½á5ãCóÂêPï¤Ü¤Ûkè¹ã�ï)í]Ûkë�ÞEíEê¤Ü�çîã�Þ � MTI=�VûNOVí±çîÞxÛkøPëîãCí5Ù�ÜPãÈÛkë�Ú�çéíEõ�çéï¤ò�Ù½è�ÿPá5ã�Þ5ÞEçéøPëîãjÛkï¤Ü%ëîÙhÚ R Û½ò]õ
ï)êPè�øIã�áÛkÿPÿPá5Ù�)�çéèDÛkíEçîÙ½ï¤ÞÈû

�
êPá�ÞEíEê¤Ü�ÝNÚ�çéëéëxó Ùrò�ê¤Þ�Ù½ïFòÈÛkëîò�êPëìÛkíEçîÙ½ï¤Þ%òÈÛkáEáEçîã�ÜnÙ½êPí�çéïnÞEíEáEê¤ò�íEêPá5ã�Ü`ð Ûkï¤ÜFÞEí]Ûkâ[â^ã�á5ã�Ü+ñ4â[áEçîÜPÞ
Ú�õ¤ã�á5ãÆíEõ¤ã�êPïPþ}ï¤ÙÈÚ�ï¤Þ�Ûká5ã�íEõ¤ã�ý^ã�ëîÙ}ò�çéíVÝ�Ûkï¤Ü íEõ¤ã�ÿPá5ã�Þ5ÞEêPá5ã �+ã�ëîÜPÞÈû��.õ¤ãÆÜ�çîÞ5ò�á5ã�í5ã�óÂÙ½áEè#ÙkóíEõ¤ã
çéï¤ò�Ù½è�ÿPá5ã�Þ5ÞEçéøPëîãÆØÛ�ý}çîã�á ö�årí5Ù½þ^ã�ÞDã��rê+ÛkíEçîÙ½ï çîÞ�Þ5Ù½ëéý^ã�Ü�ê¤ÞEçéïPâ Û£ÿPá5ÙChEã�ò�íEçîÙ½ï�è¹ã�íEõ¤Ù}Ü9û ��çéý^ã�ï íEõ+Ûkí
íEõ¤ã4â[áEçîÜ£ÞEç XÈã�Þjò�Ù½ï¤ÞEçîÜPã�á5ã�Ü£çéïÆíEõPçîÞ
ÞEíEê¤Ü�Ý�Ú�ã�á5ã�ëîÙÈÚ4ß¤ÚCã�ò]õ¤Ù[Þ5ã4í5ÙDÞ5Ù½ëéý^ã4íEõ¤ã9g!Ù½çîÞ5Þ]Ù½ï�U Þ
ã��rê+ÛkíEçîÙ½ï
ø)ÝÆê¤Þ5çéïPâ�Û 	�õ¤Ù½ëîã�ÞEþ}ÝÆÜ�çéá5ã�ò�í�è¹ã�íEõ¤Ù}Ü£Ú�õPçîò5õ Ûkëéëîã�ýrçìÛkí5ã�Þ�íEõ¤ã�ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï+Ûkëxò�Ù[ÞEíjøPêPí�í5ã�ï¤ÜPÞ�í5Ù
çéï¤ò�á5ãÈÛ½Þ5ã�íEõ¤ã�ï¤ã�ã�ÜæÙkóJè¹ã�è¹Ù½áEÝ�ç÷ó±íEõ¤ã�è¹ã�ÞEõ�çîÞ�í5Ù}Ù%ëìÛkáEâ^ã[û

�.Ù½íEõ�íEçéè¹ã.çéï)í5ã�â[á]ÛkíEçîÙ½ï�Ûkï¤Ü�ÞEÿ+ÛkíEçìÛkë¤Ü�çîÞ5ò�á5ã�íEç XhÛkíEçîÙ½ïÀÞ5ò5õ¤ã�è¹ã�Þ@Ú�ã�á5ã<ò�Ù½è�è¹Ù½ïDí5Ù4Ûkëéë¤ò�Ù½è�ÿPêPí]Û0ö
íEçîÙ½ï¤ÞÈû�`Jçéá5ÞEíÈßPíEçéè¹ã�Û½Ü�ý½Ûkï¤ò�ã�è¹ã�ïrí
Ú.Û½Þjã�ï¤ÞEêPá5ã�Üæø)ÝÆÛ ká5ÜÆÙ½á5ÜPã�á
ùjêPïPâ^ãSö VêPíEí]Û¹ã�)�ÿPëéçîò�çéíjÞ5ò]õ¤ã�è¹ã[û
�.õ¤ã�ï'ß@ÚCãæê¤Þ]ã�ÜGÛNò�ã�ïrí5ã�á5ã�Ü �kï¤ÜGÙ½á5ÜPã�áÀÞ]ò5õ¤ã�è¹ãæóÂÙ½áDò�Ù½ïrý^ã�ò�íEçîÙ½ïBÛkï¤ÜXÜ�ç �Kê¤ÞEçîÙ½ïXí5ã�áEè¹Þ�Ùkó�íEõ¤ã
è¹Ù½è¹ã�ï)íEêPè=ã��)ê+ÛkíEçîÙ½ï¤Þhû

��� � � � @ � 4769:�Q'B+P'� 4-D��=1)M�I
��çéý^ã�ï�íEõ+Ûkí�ÚCãó Ùrò�ê¤Þ�Ù½ïæÛkíEí]Û½ò]õ¤ã�Ü ô ÙÈÚ<Þjçéï�íEõPçîÞ�Ú�Ù½áEþKß�Ú�ã4ò]õ¤Ù[Þ5ã4Û%ÞEçéè�ÿPëîã�á � �.à'äXý½ÛkáEçìÛkïrí

íEõ+ÛkïGíEõ¤ã£Ù½ï¤ã£Þ]ã�íoÙ½êPíDøKãSó Ù½á5ã[û �.õ¤ã `3ö×í5ã�áEè Ùkó�ã��)ê+ÛkíEçîÙ½ïAðÂü�û��hñ%çîÞDÙ½ïPëéÝGò�Ù½ï¤ÞEíEçéíEêPí5ã�ÜXørÝ íEõ¤ã
ÿPá5ã�Þ5ÞEêPá5ãâ[á]Û½Ü�çîã�ïrí
Ûkï¤ÜÀíEõ¤ã�Ù½íEõ¤ã�á.ÜPã�áEçéý[ÛkíEçéý^ã�ÞjÛká5ãï¤ã�â[ëîã�ò�í5ã�Ü9ûPü�ÞEçéè�çéëìÛkájÛkÿPÿPá5Ù^Û½ò5õÆÚ.Û½Þ.ê¤Þ5ã�ÜÀçéï
���^M�Z��Vû�`Jçéá5ÞEíÈßPÚCã4Þ5Ù½ëéý^ã�ã��rê+ÛkíEçîÙ½ïFðÂü�û��hñ.Ú�çéíEõ£Û�ó�êPëéëéÝÀçéè�ÿPëéçîò�çéí<è¹ã�íEõ¤Ù}Ü9û¤Ø�ÙÈÚ4ß¤ã��rê+ÛkíEçîÙ½ïFðÂü�û��hñCçîÞ
ï¤Ù½ï�ö×ëéçéï¤ãÈÛkáÈß[íEõ¤ã�á5ãSó Ù½á5ã.çéí5Þ±á5ã�Þ5Ù½ëéêPíEçîÙ½ï%çîÞ±çéí5ã�á]Ûkí5ã�Ü%êPï)íEçéëPÚ�ã�Ù½øPí]Ûkçéï�Ú.Ûkëéë¤ÞEõ¤ãÈÛká2ÞEíEá5ã�Þ5Þ±ò�Ù½ï)ý^ã�áEâ^ã�ï¤ò�ã[û
cjï�ó Ù½áEíEêPï+Ûkí5ã�ëéÝ^ß^ÚCã<Ü�çîÞ5ò�Ùhý^ã�á5ã�ÜDÞ5Ù½è¹ã<Ù[Þ]ò�çéëéëìÛkíEçîÙ½ï¤Þ@ÙkóKíEõ¤ã<Þ5Ù½ëéêPíEçîÙ½ïDÜ�êPáEçéïPâ�íEõ¤ã.á5ã�Þ5Ù½ëéêPíEçîÙ½ï'ß^Ú�õPçîò]õ
Ú�ã�á5ãCÜPã�ëìÛ�Ý}çéïPâíEõ¤ã@ò�Ù½ï)ý^ã�áEâ^ã�ï¤ò�ã[ßkÚ�õ¤ã�ï�íEõ¤ã!`!ö×í5ã�áEèAÛkï¤Ü4íEõ¤ã�ý^ã�ëîÙrò�çéíÍÝ�Ûkí3íEõ¤ãxçéïrí5ã�á ó Û½ò�ã�Ûká5ã�ÞEçéâ[ï¤ã�Ü
Ü�ç �Kã�á5ã�ïríEëéÝ^ûJ�!ÙÆÜ¤Ûkè�ÿ íEõPçîÞ�ÿPõ¤ã�ï¤Ù½è¹ã�ï¤Ù½ï Ú�ãDíEáEçîã�ÜNí5ÙæÛÈý^ã�á]Ûkâ^ã¹çéï íEçéè¹ã�íEõ¤ã¹í5Ù½í]ÛkëxýrçîÞ]ò�Ù[ÞEçéíVÝ ð Û
Û�ý^ã�á]Ûkâ[çéïPârñ
Ù½ájíEõ¤ã4ý^ã�ëîÙrò�çéíÍÝ �+ã�ëîÜPÞ
Ùkó2íEõ¤ã4çéïPï¤ã�á
è¹ã�ÞEõnð�ýÆÛÈý^ã�á]Ûkâ[çéïPârñ<Ù½ájó�áEçîò�íEçîÙ½ï£ý^ã�ëîÙrò�çéíÍÝ �+ã�ëîÜPÞ
ð�ó�ý�Û�ý^ã�á]Ûkâ[çéïPârñSû��.õ¤ãíEçéè¹ã�ÛÈý^ã�á]Ûkâ^ã4ÚCÛ½ÞjÿIã�á ó Ù½áEè¹ã�ÜæÛ½Þ.ó Ù½ëéëîÙÈÚ<Þ9i

φn′

=
1

2
(φn + φn−1)

ð���û���I^ñ

φ
çîÞÞ5Ù½è¹ã�ý½ÛkáEçìÛkøPëîã�Ûkï¤Ü

n
çîÞ
íEõ¤ã�ò�êPáEá5ã�ï)í�íEçéè¹ã%ÞEí5ã�ÿ'ûa[ ã(�¤á5ÞEí�Û�ý^ã�á]Ûkâ^ã�ÜNÞ5ã�ÿ+Ûká]Ûkí5ã�ëéÝ£íEõ¤ã�í5Ù½í]Ûkë

ýrçîÞ]ò�Ù[ÞEçéíVÝ ð
a
Û�ý^ã�á]Ûkâ[çéïPârñ
Ûkï¤ÜÆíEõ¤ã�ý^ã�ëîÙ}ò�çéíVÝ ð

v
Û�ý^ã�á]Ûkâ[çéïPârñSûF�.õ¤ã�ï'ßPÚCã�Û�ý^ã�á]Ûkâ^ã�Ü ÞEçéè�êPëéí]Ûkï¤ã�Ù½ê¤ÞEëéÝ

íEõ¤ã�í5Ù½í]Ûkë!ýrçîÞ]ò�Ù[ÞEçéíVÝæÛkï¤ÜæíEõ¤ã�óÂáEçîò�íEçîÙ½ïæý^ã�ëîÙ}ò�çéíVÝFð
a+ fv

Û�ý^ã�á]Ûkâ[çéïPârñSßKÙ½ájíEõ¤ã�í5Ù½í]Ûkë3ý}çîÞ5ò�Ù[ÞEçéíVÝæÛkï¤Ü
íEõ¤ã�ý^ã�ëîÙ}ò�çéíVÝ ð

a + v
Û�ý^ã�á]Ûkâ[çéïPârñSû�`¤Ù½áDÛkëéë�íEõ¤ã�Þ5ãÆÛÈý^ã�á]Ûkâ^ã�ÞÈßxíEõ¤ãÀóÂáEçîò�íEçîÙ½ï ý^ã�ëîÙ}ò�çéíVÝ ã�áEá5Ù½á

E(uτ )ÚCÛ½ÞjÿPëîÙ½íEí5ã�Ü ðM�¤â[êPá5ã ��û�^ñCÜ�êPáEçéïPâ¹íEõ¤ã�ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ïæÙkó2Û%ÞEçéïPâ[ëîã�ò�ã�ëéë9Ú�õ¤ã�á5ã�ÛkïÆÛkáEøPçéíEá]ÛkáEÝ�ÞEíEá5Ù½ïPâ
ï¤ã�â)ÛkíEçéý^ã�ÿPá5ã�Þ5ÞEêPá5ã
â[á]Û½Ü�çîã�ï)í4ð

F = −100
ñCÛkï¤ÜÀÛ4ÿIÙ[ÞEçéíEçéý^ã
ý^ã�ëîÙ}ò�çéíVÝoÛkí�íEõ¤ãjçéïrí5ã�á ó Û½ò�ã�ð

UN = 10
ñSû

�.õ¤ãóÂáEçîò�íEçîÙ½ïÆý^ã�ëîÙrò�çéíÍÝ�ã�áEá5Ù½á
E(uτ )

çîÞ�ò�Ù½è�ÿPêPí5ã�Ü Û½Þ.ó Ù½ëéëîÙÈÚ<Þ i

E(uτ ) =
|up+1

τ − up
τ |

|up
τ |

ð���û����hñ

Ú�õ¤ã�á5ã
up+1

τ
çîÞ<íEõ¤ã�ó�áEçîò�íEçîÙ½ï�ý^ã�ëîÙ}ò�çéíVÝ�ò�Ù½è�ÿPêPí5ã�Ü£Ûkí�íEõ¤ãÿPá5ã�Þ]ã�ï)í<çéí5ã�á]ÛkíEçîÙ½ï£Ûkï¤Ü

up
τ
çîÞ.íEõ¤ã4Ù½ï¤ã4Ûkí

íEõ¤ã�ÿPá5ã�ý}çîÙ½ê¤Þ<çéí5ã�á]ÛkíEçîÙ½ï'û
OVï �¤â[êPá5ã ��û��ß¤ÚCã4ÿKã�á óÂÙ½áEè¹ã�ÜæÞ5ã�ý^ã�á]Ûkë!ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï¤Þ
ó Ù½á�íEõ¤ã4ý[ÛkáEçîÙ½ê¤Þ
Û�ý^ã�á]Ûkâ[çéïPâ�Þ5ã�íjÙ½êPí
øIãSó Ù½á5ã
ÜPã�ò�çîÜ�çéïPâ íEõ+Ûkí�íEõ¤ã�ò�Ù½ïrý^ã�áEâ^ã�ï¤ò�ãæçîÞ%á5ãÈÛ½ò]õ¤ã�Ü�Ú�õ¤ã�ï

E(uτ ) < 10−5 û.[ ã�òÈÛkïXï¤Ù½íEçîò�ã�íEõ+Ûkí�íEõ¤ãý½ÛkáEçîÙ½ê¤Þ.Û�ý^ã�á]Ûkâ[çéïPâ%ÿPá5Ù}ò�ã�Ü�êPá5ã�Þ�Ûká5ãP�rêPçéí5ã
ãLeDò�çîã�ïrí�çéïÀÜ¤Ûkè�ÿPçéïPâ�íEõ¤ã
Ù[Þ5ò�çéëéëìÛkíEçîÙ½ï�ã��Kã�ò�í5ÞÈû OVïÀÙ½á5ÜPã�á
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E
(u

τ)
a averaging
v averaging
a + fv averaging
a + v averaging
Dual time step method

X\YGZ\[���û��] 	CÙ½ïrý^ã�áEâ^ã�ï¤ò�ã<Ùkó � �.à'ä�ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï¹Ù½ï%ÛjÞEçéïPâ[ëîã�ò�ã�ëéë}Ú�çéíEõ
F = −100

Ûkï¤Ü
UN = 10

í5Ù ÛÈý^Ù½çîÜ�ã�)�ò�ã�Þ5Þ5çéý^ãoÜ¤Ûkè�ÿPçéïPâ¤ßJçéï Û½ÜPÜ�çéíEçîÙ½ïní5Ù�Û�ý^ã�á]Ûkâ[çéïPâNí5ã�ò]õPïPç �)ê¤ã�Þhß!ÚCã�ÛkëîÞ5Ùæçéïrý^ã�ÞEíEçéâ)Ûkí5ã�Ü Û
í5ã�ò5õPïPç �rê¤ã<ÜPã�ï¤Ù½í5ã�Ü�íEõ¤ã�Ü�ê+ÛkëPíEçéè¹ã�ÞEí5ã�ÿPÿPçéïPâ¤û)ü�ò�íEê+ÛkëéëéÝ^ß)Û�Ü�ê+Ûkë¤íEçéè¹ã�ÞEí5ã�ÿ%è¹ã�íEõ¤ÙrÜ¹çîÞ±çéï)íEá5Ù}Ü�ê¤ò�ã�Ü
çéïæã��rê+ÛkíEçîÙ½ïFðÂü�û��hñ�Þ5Ù%íEõ+Ûkí�íEõ¤ã�ï¤ã�Údã��rê+ÛkíEçîÙ½ïÆçîÞ i

∂

∂x2

(
ap∂u

p+1
i

∂x2

)
+ Fi =

up+1
i − un

i

∆tLES

ð���û����^ñ

Ú�õ¤ã�á5ã
un

i

çîÞ�íEõ¤ã�ý^ã�ëîÙrò�çéíÍÝ �+ã�ëîÜ çéï�íEõ¤ã(� �.à'äBè¹ã�ÞEõ Ûkí
íEõ¤ã�ÿPá5ã�ý}çîÙ½ê¤Þ�à'ä�åæíEçéè¹ã%ÞEí5ã�ÿ�Ú�õ¤ã�á5ãÈÛ½Þ
up+1

i

çîÞíEõ¤ã%Þ]Ûkè¹ã�ý^ã�ëîÙrò�çéíÍÝ �+ã�ëîÜ ÛkííEõ¤ã�ÿPá5ã�Þ5ã�ï)í�çéí5ã�á]ÛkíEçîÙ½ïNçéï�íEõ¤ã�ò�Ù½ïrý^ã�áEâ^ã�ï¤ò�ã�ÿPá5Ùrò�ã�Þ]Þ�ÙkóCíEõ¤ã
� �.à'äXÚ.Ûkëéë'è¹Ù}ÜPã�ë×û

`Jçéâ[êPá5ã ��û��Þ5õ¤ÙÈÚ<Þ �rêPçéí5ã.Ú�ã�ëéë�íEõ+ÛkíxíEõ¤ã<ò�Ù½ïrý^ã�áEâ^ã�ï¤ò�ã
Ùkó9ã��)ê+ÛkíEçîÙ½ï�ð���û����^ñJçîÞ±ó×Ûká2è¹Ù½á5ãjãLeDò�çîã�ïrí
íEõ+Ûkï¹ã��)ê+ÛkíEçîÙ½ïæðÂü�û��hñSûO�
ÙhÚ�ã�ý^ã�áÈß[çéí±è�ê¤ÞEí2øIãCÞEÿKã�ò�ç �+ã�Ü%íEõ+Ûkí2ã��)ê+ÛkíEçîÙ½ï¤Þjð���û����^ñ±Ûkï¤Ü�ðÂü�û��hñ3ÿPá5ÙÈý}çîÜPã
ÛÀÜ�ç �Kã�á5ã�ïríÞ]Ù½ëéêPíEçîÙ½ï â[çéý^ã�ï�íEõ+ÛkííEõ¤ã�íEçéè¹ã�ÜPã�áEçéý[ÛkíEçéý^ã%çéï ð���û����^ñjÜPÙ}ã�Þ�ï¤Ù½í
í5ã�ï¤Ü í5Ù XÈã�á5ÙÀÜ�êPáEçéïPâ
íEõ¤ã�ò�Ù½ï)ý^ã�áEâ^ã�ï¤ò�ã[û^ü�ò�íEê+ÛkëéëéÝ^ß½íEõPçîÞ±ëìÛkíEí5ã�á±çîÞ2Ù½øPí]Ûkçéï¤ã�Ü�Ù½ïPëéÝ�óÂÙ½áJíEõ¤ã.Ü�ê+ÛkëPíEçéè¹ãCÞ5í5ã�ÿ�Ûkï¤Ü�ï¤Ù½í±ø)Ý�íEõ¤ã
á5ãÈÛkë9íEçéè¹ã4ÞEí5ã�ÿ'û��.õ¤ã�Ü�ê+Ûkë'íEçéè¹ã�ÞEí5ã�ÿ�è¹ã�íEõ¤Ù}Ü�òÈÛkï�øIã�h ê¤ÞEíEç �+ã�Ü�ørÝDíEõ¤ã�ó×Û½ò�í�íEõ+Ûkí�íEõ¤ãøIÙ½êPï¤Ü¤ÛkáEÝ
ò�Ù½ï¤Ü�çéíEçîÙ½ïXÛkí�íEõ¤ãoçéï)í5ã�á ó×Û½ò�ã�ò5õ+ÛkïPâ^ã�Þ�óÂá5Ù½è à'ä�å íEçéè¹ãDçéïrí5ã�â[á]ÛkíEçîÙ½ï�í5Ù�Ûkï¤Ù½íEõ¤ã�á�Ú�çéíEõníEõ¤ãÀíEçéè¹ã
ÞEí5ã�ÿ

∆tLES
û `Jçéï+ÛkëéëéÝ^ß}çéïÀÙ½á5ÜPã�á�í5Ù�ò�Ù½è�ÿPêPí5ãíEõ¤ãN� �.à'ä�â[áEçîÜ£ß}â[çéý^ã�ï�çéí5Þ.ò�Ù½ï)ý^ã�áEâ^ã�ï¤ò�ã�ãLeDò�çîã�ï¤ò�Ý

Ûkï¤Ü�íEõ¤ã�ó Û½ò�ííEõ+Ûkíçéíí]Ûkþ^ã�Þ�Û½ò�ò�Ù½êPï)íó Ù½áíEõ¤ã�êPï¤Þ5í5ãÈÛ½Ü�çéï¤ã�Þ5Þ4Ùkó@íEõ¤ã�êPÿPÿKã�á�øIÙ½êPï¤Ü¤ÛkáEÝ ò�Ù½ï¤Ü�çéíEçîÙ½ï
ÙkóQ� �.à'äjß¤íEõ¤ã4Ü�ê+Ûkë'íEçéè¹ã�Þ5í5ã�ÿÆè¹ã�íEõ¤ÙrÜÆÚCÛ½Þ�ÿPá5ãSó ã�áEá5ã�ÜÆí5Ù%íEõ¤ã4Ù½íEõ¤ã�ájè¹ã�íEõ¤ÙrÜPÞÈû

É±Ê�Ë±Ê�� � ���½Ô�! Ð�� &9Ï@Ó Ó�Ö��½ÕPÔ����½Ö×Ò3Ï
üjó�í5ã�á<Û�øPáEçîãSóJÜPã�Þ]ò�áEçéÿPíEçîÙ½ïæÙkó!íEõ¤ãý[ÛkáEçîÙ½ê¤Þ.í5ã�ÞEí�òÈÛ½Þ5ã�Þ�Ùkó!íEõPçîÞ�Þ5íEê¤Ü�Ý^ß�íEõ¤ãèDÛkçéïÆÜ�á]Û�Ú�ø+Û½ò5þ�ÞjÙkó

à'ä�å
	�å [ R ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï¤Þ<Ûká5ã
õPçéâ[õPëéçéâ[õ)í5ã�Ü9û��.õ¤ã�ï'ß}Ú�ãÛkï+ÛkëéÝ XÈã
íEõ¤ã
á5ã�ÞEêPëéí5ÞCÙkó'íEõ¤ãjíÍÚ�Ù%ò5õ¤Ù[Þ]ã�ï
Þ5Ù½ëéêPíEçîÙ½ï¤Þ�ð � �.à'äGÚCÛkëéë3è¹ÙrÜPã�ë!Ûkï¤Ü�ù3`Q�jñ�óÂÙ½á�è¹Ù}ÜPã�á]Ûkí5ã�Ûkï¤Ü�õPçéâ[õ£ùjã�Ý}ï¤Ù½ëîÜPÞ�ï)êPè�øIã�á5ÞÈû
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OÍïNíEõPçîÞ�ÿ+Ûká]Ûkâ[á]ÛkÿPõ'ß3í5ã�ÞEí�òÈÛ½Þ]ã�Þ�ÿIã�á ó Ù½áEè¹ã�ÜNó Ù½á4íEõPçîÞ�ÞEíEê¤Ü�Ý�Ú�çéëéë@øKã¹ÜPã�Þ5ò�áEçéøKã�Ü9û'üjëéë�ò�Ù½è�ÿPê�ö
í]ÛkíEçîÙ½ï¤ÞÀðÂÞ]ã�ã¹í]ÛkøPëîã ��û��hñ�õ+Û�ý^ãDíEõ¤ãDÞ]Ûkè¹ãDï)êPè�øKã�á%Ùkó.â[áEçîÜFò�ã�ëéëîÞ

(32 × 32 × 32)
Ûkï¤ÜNíEõ¤ãDÞ?Ûkè¹ã

è¹ã�ÞEõ¹ÞEç XÈã
(Lx, Ly, Lz) = (2π, 2, π)

û)ä2ý^ã�ï�ç÷óIíEõ¤ã.ùjü�Øå�ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï¤ÞxèDÛÈÝ�èDÛkþ^ã.ê¤Þ5ã.ÙkóKò�Ù^Ûká ö
Þ5ã�á�â[áEçîÜPÞ�ðÂã�ÞEÿKã�ò�çìÛkëéëéÝÀçéïÀíEõ¤ã�Þ5íEá5ãÈÛkè�Ú�çîÞ5ã�Ûkï¤Ü�Þ5ÿ+Ûkï)Ú�çîÞ5ã�õ¤Ù½è¹Ù½â^ã�ï¤ã�Ù½ê¤Þ
Ü�çéá5ã�ò�íEçîÙ½ï¤Þ?ñSßPíEõ¤ã�ó Ù½á5ò�çéïPâ
í5ã�áEè ð���û�CMrñ@çîÞÈßróÂÙ½áCíEõ¤ãè¹Ù½è¹ã�ï)íÈß�çéè�ÿPëîã�è¹ã�ïrí5ã�ÜÆÞ5Ù�íEõ+Ûkí�à'ä�å�Ûkï¤Ü�ùjü�Øå¹è�ê¤Þ5íCõ+ÛÈý^ãíEõ¤ãÞ]Ûkè¹ã
ò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï+Ûkë2è¹ã�ÞEõ'û+ü
ïÆçéïrí5ã�áEÿIÙ½ëìÛkíEçîÙ½ï�í5ã�ò5õPïPç �rê¤ã�çîÞjï¤ÙhÚ�êPï¤ÜPã�á�ÜPã�ý^ã�ëîÙ½ÿPè¹ã�ï)íí5ÙoÛkÿPÿPëéÝ�ó Ù½á ö
è�êPëìÛkíEçîÙ½ïFð���û�CMrñ�í5Ù�Ü�ç �9ã�á5ã�ï)í�â[áEçîÜPÞÈû 	CÙ½ï¤ò�ã�áEïPçéïPâ¹íEõ¤ã � �.à'ä çéïPï¤ã�á.è¹ã�ÞEõ'ß}çéí�ò�Ù½ï)í]Ûkçéï¤Þ �S_�ï¤Ù}ÜPã�Þ
çéï �:�SöVòÈÛ½Þ5ãoÛkï¤Ü ����ï¤Ù}ÜPã�Þ4çéï íEõ¤ãDÙ½íEõ¤ã�á(�CöVòÈÛ½Þ5ã�ÞÈû.�3ÙæÙ½øPí]Ûkçéï�Û �¤á5ÞEí4ï¤Ù}ÜPãDÛkí

y+ < 1
óÂÙ½á�íEõ¤ã

çéïPï¤ã�á
è¹ã�Þ5õ'ß¤íEõ¤ã4çéïPï¤ã�áÞEíEá5ã�í5ò]õPçéïPâoá]ÛkíEçîÙ
qi
çîÞjã��rê+Ûkë3í5Ù �4çéïæíEõ¤ã �¤á5ÞEí
òÈÛ½Þ]ã�Ûkï¤Ü£ã��rê+Ûkë3í5Ù �[û����

çéï£íEõ¤ã�Ù½íEõ¤ã�á'�CöVòÈÛ½Þ]ã�ÞÈû�üjóÂí5ã�á
Þ5ã�ý^ã�á]Ûkë!í5ã�ÞEí5ÞÈß¤íEõ¤ã�ùjü�Ø�å/.kà'ä�å�á5ã�ëìÛ�)¤ÛkíEçîÙ½ï�ÿ+Ûká]Ûkè¹ã�í5ã�á
α
Ú.Û½ÞÞ5ã�í

í5Ù ��ó Ù½ájÛkëéë3ù�öVòÈÛ½Þ5ã�Þhû
�.õ¤ã�òÈÛkëîò�êPëìÛkíEçîÙ½ï¤Þ!õ+ÛÈý^ã@øKã�ã�ï�òÈÛkáEáEçîã�Ü�Ù½êPí!óÂÙ½á3ó�áEçîò�íEçîÙ½ï�ùjã�Ý}ï¤Ù½ëîÜPÞ3ïrêPè�øKã�á5Þ3óÂá5Ù½è

590
í5Ù

20000çéïÆÙ½á5ÜPã�á�í5Ù�ã�ý½Ûkëéê+Ûkí5ãçéè�ÿPá5Ùhý^ã�è¹ã�ï)í5ÞòÈÛkê¤Þ5ã�ÜÀø)ÝÀíEõ¤ãíVÚCÙDÛkëéí5ã�áEï+ÛkíEçéý^ã�Þ<ÿPá5Ù½ÿKÙ[Þ5ã�Ü�çéï�íEõPçîÞ�ÿ+ÛkÿKã�áÈß
Þ]Û�Ý^ß¤íEõ¤ã � �.à'ä�Ú.Ûkëéë3è¹Ù}ÜPã�ë3Ûkï¤ÜÆùjü�Øå/.kà3ä�å�ò�Ù½êPÿPëéçéïPâ¹íEõPá5Ù½êPâ[õ�Û�óÂÙ½á5ò�çéïPâ¹í5ã�áEèqðÂù�`Q�jñSû

�!Ù�øIã
Û�ÚCÛká5ã�Ùkó9íEõ¤ã<ò�Ù^Ûká5Þ5ã�ï¤ã�Þ5Þ�Ùkó9íEõ¤ã�â[áEçîÜPÞÈß^í]ÛkøPëîã ��û��4òÈÛkï¹øKã<ò�Ù½ï¤ÞEçîÜPã�á5ã�Ü9û
∆y+

fc

çîÞxíEõ¤ãjÞEç XÈã
ð�çéï�ÚCÛkëéëKêPïPçéí5Þ?ñ�Ùkó'íEõ¤ãN�¤á5ÞEíCò�ã�ëéëKçéïÀíEõ¤ãjï¤Ù½áEèDÛkë'Ü�çéá5ã�ò�íEçîÙ½ï'û

qy
çîÞCíEõ¤ã�ÞEíEá5ã�í5ò5õPçéïPâ�á]ÛkíEçîÙ�ÛkÿPÿPëéçîã�ÜÀí5Ù

íEõ¤ã4ò�ã�ëéëîÞ<çéï�íEõ¤ã4ï¤Ù½áEèDÛkë3Ü�çéá5ã�ò�íEçîÙ½ï'û
�.õ¤ã ô ÙÈÚgõ+Û½Þ�øIã�ã�ï�ÞEçéè�êPëìÛkí5ã�Ü�Ü�êPáEçéïPâ�����Ioò5õ+ÛkïPï¤ã�ë±ÿ+Û½Þ5ÞEçéïPâÀíEõPá5Ù½êPâ[õ'ûF�3Ù�Ù½øPí]Ûkçéï Þ5í]ÛkíEçîÞEíEçîò

Û�ý^ã�á]Ûkâ[çéïPâ�Ùkó9íEõ¤ã�ý^ã�ëîÙ}ò�çéíVÝ^ß�Û�ÞEÿ+ÛkíEçìÛkëIÛkï¤ÜDí5ã�è�ÿIÙ½á]ÛkëKÛ�ý^ã�á]Ûkâ[çéïPâ�çîÞxÿKã�á óÂÙ½áEè¹ã�ÜoÜ�êPáEçéïPâ�íEõ¤ã
Þ5ã�ò�Ù½ï¤Ü
õ+Ûkë÷ó±Ùkó±íEõ¤ã�ÞEçéè�êPëìÛkíEçîÙ½ïÆÚ�õ¤ã�ïÆíEõ¤ãíEêPáEøPêPëîã�ï)í ô ÙÈÚ çîÞ.óÂêPëéëéÝoÜPã�ý^ã�ëîÙ½ÿKã�Ü9û �.õPçîÞ�ÿPá5ÙhýrçîÜPã�ÞjíEõ¤ãè¹ãÈÛkï
ÿPá5Ù=�¤ëîã�ÞjÞEõ¤ÙhÚ�ïæçéï�íEõ¤ãó Ù½ëéëîÙÈÚ�çéïPâoÞEêPø¤Þ5ã�ò�íEçîÙ½ï¤ÞÈû

�JÛkáEâ^ã�í5ã�Ü
Reτ

��_�I M I�I�I �SI&I�I�I ��I&I�I�I
k − ε+ SWM × K2 K3 K4

LES + SWM × S2 S3 S4

LES + TBLE T1 T2 T3 T4

RANS/LES + SWM R1 R2 R3 R4

�����C[���û���]��@ÛkáEçîÙ½ê¤Þ2òÈÛkëîò�êPëìÛkíEçîÙ½ï¹òÈÛ½Þ5ã�ÞJò�ëìÛ½Þ5ÞEç �+ã�Ü�ø)Ý�íEõ¤ã�è¹Ù}ÜPã�ëéçéïPâ�ó�á]Ûkè¹ã�ÚCÙ½áEþ�Ûkï¤Ü�íEõ¤ã�í]ÛkáEâ^ã�í5ã�Ü
ó�áEçîò�íEçîÙ½ï£ùjã�Ý}ï¤Ù½ëîÜPÞ�ï)êPè�øIã�áÈû

∆x+ ∆y+
fc ∆z+ qy

T1, R1
���SY [Z ��� �

K2, S2, T2, R2
Z ��� �SI�I �_� �[ûZI���_

K3, S3, T3, R3
�S_�Y� �SI�I _���� �[û�����

K4, S4, T4, R4
�_���Y �SI�I �S_�Y� �[û����SY

�����C[ ��û��\],R£ã�Þ5õ�ÛkáEá]ÛkïPâ^ã�è¹ã�ï)í5Þhð�íEõ¤ãCè¹ã�ÞEõ�ÞEç XÈã2õ+Û½Þ3øIã�ã�ï�ã�)�ÿPá5ã�Þ5Þ5ã�Ü4çéï�ÚCÛkëéërêPïPçéí5Þ'Ú�çéíEõ�í]ÛkáEâ^ã�í5ã�Ü
ó�áEçîò�íEçîÙ½ï£ùjã�Ý}ï¤Ù½ëîÜPÞ�ï)êPè�øIã�áÈû

���Y
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OÍïXíEõPçîÞÀÞEêPø¤Þ5ã�ò�íEçîÙ½ï'ßCÚ�ã£Ú�çéëéë
óÂÙ}ò�ê¤ÞoÙ½ï`íEõ¤ã Ü�á]Û�Ú�ø+Û½ò5þ�Þ�Ùkó4íEõ¤ã à'ä�åXÚ�çéíEõ`Þ5í]Ûkï¤Ü¤Ûká5ÜXÚ.Ûkëéë
è¹ÙrÜPã�ëJðÂà'ä�å
	�å [ R�ñSû `Jçéá5ÞEíÈß½íEõ¤ã�è¹ãÈÛkïDÿPá5Ù=�¤ëîã�ÞCÛkï¤Ü�íEõ¤ã<ÞEíEá5ãÈÛkè�Ú�çîÞ5ã<ý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ�Ú�çéëéë
øIã.ò�Ù½ï¤ÞEçîÜPã�á5ã�ÜoÛkï¤Ü�íEõ¤ã�ï�íEõ¤ã�óÂáEçîò�íEçîÙ½ï�ý^ã�ëîÙrò�çéíÍÝ�Ü�çîÞ]ò�á5ã�ÿ+Ûkï¤ò�çîã�Þ2øIã�íÍÚ�ã�ã�ï¹íEõ¤ã.à'äCå
	�å [(R=Ûkï¤Ü%íEõ¤ã
k
ö
ε
Ú�çéíEõ�ÞEí]Ûkï¤Ü¤Ûká5Ü%ÚCÛkëéëPè¹Ù}ÜPã�ë'ð

k
ö
ε
	�å [(RNñ3Ú�çéëéë�øIãCã�)}ÿKÙ[Þ5ã�Ü9ûO�3Ùò�Ù½è�ÿ+Ûká5ãCó×ÛkçéáEëéÝ4íEõ¤ã�Þ5ãCá5ã�ÞEêPëéí5ÞÈß

Ú�ã�ÿPêPí�íEõ¤ã �¤á5ÞEí�ý^ã�ëîÙ}ò�çéíVÝ�ï¤ÙrÜPã�ÛkíjÛ�Ü�çîÞEí]Ûkï¤ò�ã4Ùkó
y+ = 100

í5Ù�íEõ¤ãÚ.Ûkëéë'ó Ù½á<ãÈÛ½ò5õÆí5ã�Þ5í öVòÈÛ½Þ5ã[û

100 10000

y
+
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U
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k-ε (Reτ=4 000)

k-ε (Reτ=10 000)

k-ε (Reτ=20 000)

LES (Reτ=4 000)

LES (Reτ=10 000)

LES (Reτ=20 000)

Log law

X\YGZ\[ ��û M�]�ùjã�Ü�ê¤ò�ã�Ü�è¹ãÈÛkï%ý^ã�ëîÙrò�çéíÍÝ�ÿPá5Ù=�¤ëîã�ÞJó Ù½á!ý[ÛkáEçîÙ½ê¤Þ!ó�áEçîò�íEçîÙ½ï�ùjã�Ý}ï¤Ù½ëîÜPÞJï)êPè�øIã�á5ÞÈû��!ÙÜ�çîÞEíEçéï�ö
â[êPçîÞEõÀíEõ¤ãjÿPëîÙ½í5ÞÈßríEõ¤ã
á5ã�ÞEêPëéí5Þxó Ù½á

Reτ = 104 Ûkï¤Ü Reτ = 2.104 õ+Û�ý^ã
øKã�ã�ïoý^ã�áEíEçîòÈÛkëéëéÝ¹íEá]Ûkï¤Þ5ëìÛkí5ã�ÜÙkóJí5ã�ïæêPïPçéí5Þ�óÂá5Ù½è íEõ¤ã�çéánh�ê¤Þ5í�øIã�ëîÙhÚ ó�áEçîò�íEçîÙ½ï£ùjã�Ý}ï¤Ù½ëîÜPÞ�ï)êPè�øIã�áÈû
OVï �¤â[êPá5ã ��û M¤ß)Ú�ã�òÈÛkïDï¤Ù½íEçîò�ã�Þ5Ù½è¹ã<Ü�çîÞ5ò�á5ã�ÿ+Ûkï¤ò�çîã�ÞCøKã�íVÚ�ã�ã�ï�à'äCå
	�å [(R Ûkï¤Ü

k
ö
ε
	�å [ RHòÈÛkëîò�ê�ö

ëìÛkíEçîÙ½ï¤ÞjÚ�õ¤ã�ïæíEõ¤ã4ùjã�Ý}ï¤Ù½ëîÜPÞ�ï)êPè�øIã�á�çîÞ�çéï¤ò�á5ãÈÛ½ÞEçéïPâ¤û
k
ö
ε
	�å [ R è¹ãÈÛkïæý^ã�ëîÙrò�çéíÍÝ�ÿPá5Ù=�¤ëîã�Þ<èDÛkí5ò5õ

Ú�ã�ëéëCíEõ¤ã¹ëîÙ½â[ëìÛÈÚ ÿPá5Ù=�¤ëîãDóÂÙ½á�Ûkï)Ý�óÂáEçîò�íEçîÙ½ïFùjã�Ý}ï¤Ù½ëîÜPÞ4ïrêPè�øKã�áÈû±à'ä�å�ÿPá5Ù=�¤ëîã�Þ�ÿPá5ã�Þ5ã�ïrí�íEõ¤ãoÞ]Ûkè¹ã
ÞEëîÙ½ÿKãDÛ½Þ�íEõ¤ã�ëîÙ½âÆëìÛÈÚ óÂá5Ù½è íEõ¤ã¹Þ5ã�ò�Ù½ï¤Ü ï¤ÙrÜPã[ß:h ê¤ÞEí�Û½Þ�ç÷óCçéí4Ú.Û½Þ4çéïFÛkâ[á5ã�ã�è¹ã�ïrí�Ú�çéíEõ�Ûkï Ù½íEõ¤ã�á
ëîÙ½â[ëìÛ�Ú�Ú�çéíEõDÛÜ�ç �9ã�á5ã�ï)íxüjöVò�Ù½ï¤ÞEí]ÛkïríxÿPá5ã�Þ5ã�ï)í@çéï�ó Ù½áEè�êPëìÛDð���û���hñSû��.õPçîÞ@Û½ÜPÜ�çéíEçéý^ã�ò�Ù½ï¤ÞEí]Ûkï)í�ÞEõ¤Ù½êPëîÜ
øIãoõPçéâ[õ¤ã�á�íEõ+ÛkïníEõ¤ãoëîÙ½â[ëìÛ�Ú Ù½ï¤ã[û2��Ûkâ[â^ã�íEí �����L�Cõ+Û�ý^ã�ÞEõ¤ÙhÚ�ïníEõ+Ûkí�íEõPçîÞ%Û½ÜPÜ�çéíEçéý^ãÀò�Ù½ï¤Þ5í]Ûkï)í%çéï�ö
ò�á5ãÈÛ½Þ5ã�Þ.ëéçéï¤ãÈÛkáEëéÝDÚ�çéíEõ�íEõ¤ãjó�áEçîò�íEçîÙ½ï�ù
ã�Ýrï¤Ù½ëîÜPÞCï)êPè�øIã�á�Ú�õ¤ã�ï�íEõ¤ã�è¹ã�ÞEõÀçîÞCí5ÙrÙ�ò�Ù^Ûká5Þ5ã[û��.õPçîÞ�ÛkëîÞ5Ù
çéï¤Ü�çîòÈÛkí5ã�ÞíEõ+Ûkí
íEõ¤ã�Þ]ã�Ü�çîÞ5ò�á5ã�ÿ+Ûkï¤ò�çîã�Þ4Ûká5ã�Ü�ê¤ã�í5ÙoêPï¤ÞEí5ãÈÛ½Ü�ÝÆÿPõ¤ã�ï¤Ù½è¹ã�ï+ÛoíEõ+Ûkí4Ûká5ã�ï¤Ù½í�ò�Ù½áEá5ã�ò�íEëéÝ
ÞEçéè�êPëìÛkí5ã�ÜæçéïÆíEõ¤ã�à'ä�å
	�å [ R òÈÛ½Þ5ã[û

[`çéíEõ�á5ã�â)Ûká5Ü�í5ÙoíEõ¤ã%ÞEíEá5ãÈÛkè�Ú�çîÞ5ã�ù�RNåæý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï ÿPá5Ù=�¤ëîã�ÞoðM�¤â[êPá5ã ��û��^ñSß�ÚCã�òÈÛkï
Ü�çîÞEíEçéïPâ[êPçîÞEõNíÍÚ�ÙÆÜ�ç �9ã�á5ã�ï)í�ÿKÙ½çéï)í5ÞÈû+`Jçéá5ÞEíÈßIíEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ï èDÛ�)�çéè�êPè çîÞëîÙ}òÈÛkí5ã�ÜNÛkí�ÛÀÜ�çîÞEí]Ûkï¤ò�ã
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è¹ÙrÜPã�á]Ûkí5ã�íEõ¤ã�ï£Ûkí�õPçéâ[õæù
ã�Ýrï¤Ù½ëîÜPÞ�ïrêPè�øKã�áÈû
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ü�Þ�Û4ÿPá5ã�ëéçéè�çéï+ÛkáEÝDÞEíEê¤Ü�Ý^ßrÚ�ãjò]õ¤ÙrÙ[Þ]ãjí5Ù�í5ã�ÞEí@íEõ¤ã'� �.à'änÚCÛkëéëIè¹ÙrÜPã�ëKÛkï¤Üoù3`2�GÛkí@á5ã�ëìÛkíEçéý^ã�ëéÝ
ëîÙÈÚXù
ã�Ýrï¤Ù½ëîÜPÞxï)êPè�øKã�á
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ñ2Ûkï¤Ü%í5Ù�ò�Ù½è�ÿ+Ûká5ã<íEõ¤ã.á5ã�ÞEêPëéí5Þ2Ú�çéíEõ R Ù[Þ5ã�á�$Øå�Ù½ï¤ã�Þ ���SI�I��Vû
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Ù½êPí5ã�ájÙ½ï¤ãDðÂã�)Pò�ã�ÿPí�ó Ù½á�íEõ¤ã�ï¤Ù½áEèDÛkë3ò�Ù½è�ÿKÙ½ï¤ã�ï)í
Þ5çéï¤ò�ã�çéí�çîÞ�ï¤Ù½íjò�Ù½è�ÿPêPí5ã�Üæçéï�íEõ¤ã�çéïPï¤ã�á<è¹ã�ÞEõ�ñSû
ù
ã�â)Ûká5Ü�çéïPâÆíEõ¤ã � �.à'ä�á5ã�ÞEêPëéí5Þ4íEõ¤ã�è¹ãÈÛkï ý^ã�ëîÙrò�çéíÍÝNÿPá5Ù=�¤ëîã�ÞoðM�¤â[êPá5ã ��ûZY^ñ4Ûká5ã�çéï ý^ã�áEÝ�â^ÙrÙ}Ü

Ûkâ[á5ã�ã�è¹ã�ï)íð�óÂÙ½á2øKÙ½íEõ%çéïPï¤ã�á@Ûkï¤Ü�Ù½êPí5ã�áxè¹ã�ÞEõ�ñ3Ú�çéíEõ¹íEõ¤ã�$ØåIû�OÍï�ó Û½ò�íÈß[ã�ý^ã�ï�ç÷óIíEõ¤ã.çéïPï¤ã�á2è¹ã�ÞEõ�çîÞ
ò�Ù^Ûká5Þ5ã�á4ð Y4ï¤Ù}ÜPã�Þ.Ûkï¤Ü

qi = 1.33
ñSß�íEõ¤ãjè¹ãÈÛkïÀá5ã�ÞEêPëéí5ÞCá5ã�èDÛkçéï�ò�Ù½è�ÿPëîã�í5ã�ëéÝoÞ]ÛkíEçîÞ óÂÝ}çéïPâ¤ûTR Ù½á5ã�ÙÈý^ã�áÈß

Ú�ã�òÈÛkïÆï¤Ù½íEçîò�ã�íEõ+ÛkíjíEõ¤ã�ò�Ù½ï)íEçéï)êPçéíÍÝæÙkó±íEõ¤ã�è¹ãÈÛkïÆý^ã�ëîÙ}ò�çéíVÝæÛkí�íEõ¤ã�çéïrí5ã�á ó Û½ò�ã�øIã�íÍÚ�ã�ã�ï íEõ¤ã�çéïPï¤ã�á
Ûkï¤Ü¹íEõ¤ã<Ù½êPí5ã�á@è¹ã�ÞEõ¹çîÞ@ã�ï¤Þ5êPá5ã�Ü9û[�
ÙhÚ�ã�ý^ã�áÈßríEõ¤ã<ò�Ù½ï)íEçéïrêPçéíVÝÀÙkóIíEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞðM�¤â[êPá5ã�Þ ��ûAZ�Ûkï¤Ü
��ûZ_^ñ�çîÞ�ï¤Ù½í�Ù½øPí]Ûkçéï¤ã�Ü9ûQ��çéý^ã�ï íEõ+Ûkí�Û�ù
ü
Ø�å£ã�ÜPÜ�Ý�ýrçîÞ5ò�Ù[Þ5çéíVÝ çîÞ�çéè�ÿPëîã�è¹ã�ï)í5ã�ÜFí5Ù�ÞEçéè�êPëìÛkí5ãDíEõ¤ã
ô ÙÈÚAçéï�íEõ¤ã�çéïPï¤ã�á�è¹ã�ÞEõ'ßIçéí�ò�Ù½êPëîÜ Þ]ã�ã�è=Þ5êPáEÿPáEçîÞEçéïPâ�í5ÙoëîÙ}Ù½þ�ó Ù½á ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ�çéï�íEõ¤ã�ï¤ãÈÛkáÚ.Ûkëéë
á5ã�â[çîÙ½ï'û'Ø�Ù½ï¤ã�íEõ¤ã�ëîã�Þ5ÞÈßKíEõ¤ã%êPÿPÿKã�á�øIÙ½êPï¤Ü¤ÛkáEÝ�ò�Ù½ï¤Ü�çéíEçîÙ½ï çîÞ�ã�ý^Ù½ëéý}çéïPâÆëéçéþ^ã%íEõ¤ã�à'ä�å Ùkó.íEõ¤ã�Ù½êPí5ã�á
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ò�Ù½êPÿPëéçéïPâDíEõPá5Ù½êPâ[õ�Û�óÂÙ½á5ò�çéïPâ¹í5ã�áEèmÛká5ãÿPá5ã�Þ5ã�ï)í5ã�Ü Ûkï¤ÜÆÜ�çîÞ5ò�ê¤Þ5Þ5ã�Ü9û
OÍï �¤â[êPá5ã ��û��SI�ß)ÚCã
òÈÛkï�Ù½ø¤Þ5ã�áEý^ã
íEõ¤ã
ã�ý^Ù½ëéêPíEçîÙ½ï�Ùkó'íEõ¤ã�ã�áEá5Ù½áCÙkó!íEõ¤ã<óÂáEçîò�íEçîÙ½ïoý^ã�ëîÙ}ò�çéíVÝoã�ÞEíEçéèDÛ0ö
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çîÞ<ò�Ù½ï¤ÞEí]ÛkïríÈû
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øIã�íEí5ã�á�ã�ý[Ûkëéê+ÛkíEçîÙ½ï�ÙkójíEõ¤ãÀÚCÛkëéë�ÞEõ¤ãÈÛká�ÞEíEá5ã�Þ5Þ�ÿKã�á óÂÙ½áEè¹ã�Ünø)ÝFíEõ¤ã � �Cà3äeÚCÛkëéë�è¹Ù}ÜPã�ë�øPêPí%çéí%çîÞ
ÞEíEçéëéë@çéï¤Þ5ê:eDò�çîã�ï)í�í5Ùæò�Ù½áEá5ã�ò�í�íEõ¤ãoÞEÿPêPáEçîÙ½ê¤Þ�øIã�õ+ÛÈýrçîÙ½á�ÜPã�Þ5ò�áEçéøIã�Ü çéïFÞ5ã�ò�íEçîÙ½ï ��û��û M¤ûJ�.ã�ÞEçîÜPã�Þhß9íEõ¤ã
ó Û½ò�í�íEõ+ÛkíN� �Cà3ä�ÚCÛkëéë3è¹ÙrÜPã�ë9çîÞ.êPï+ÛkøPëîã�í5Ù%ÿPá5ã�Ü�çîò�í�Û%ò�Ù½áEá5ã�ò�í<è¹ãÈÛkï�ý^ã�ëîÙrò�çéíÍÝ�ÿPá5Ù=�¤ëîã�çéïæÛ�ÿPëìÛkï¤ã
ò5õ+ÛkïPï¤ã�ë ô ÙÈÚXòÈÛkëîò�êPëìÛkíEçîÙ½ï�Ûkí2õPçéâ[õ¹ùjã�Ý}ï¤Ù½ëîÜPÞ2ï)êPè�øIã�áxõ+Û½ÞxøIã�ã�ï�ÿKÙ½çéï)í5ã�Ü¹Ù½êPí2ørÝ�Ø
çîò�Ù½ê¤ÜDÛkëéá5ãÈÛ½Ü�Ý
���SICM��Vû

`PêPáEíEõ¤ã�áEè¹Ù½á5ã[ß<Ú�ãNòÈÛkï Ù½ø¤Þ5ã�áEý^ã�íEõ¤ã�ãLeDò�çîã�ï¤ò�Ý`Ùkó�íEõ¤ã óÂÙ½á5ò�çéïPâ�í5ã�áEèÆßCó Ù½á�ãÈÛ½ò]õBùjã�Ý}ï¤Ù½ëîÜPÞ
ï)êPè�øIã�áÈßrÞEçéï¤ò�ã�è¹ãÈÛkï¹ý^ã�ëîÙ}ò�çéíVÝ%ÿPá5Ù=�¤ëîã�èDÛkí5ò]õ¤ã�Þ@ÞEíEáEçîò�íEëéÝ%íEõ¤ã�ÞEí]ÛkíEçîÞEíEçîò
Û�ý^ã�á]Ûkâ^ã�Ü¹ÿPá5Ù=�¤ëîã<ÿPá5ÙÈý}çîÜPã�Ü
ø)Ý�íEõ¤ã

k
ö
ε
è¹Ù}ÜPã�ë^Ú�õPçîò5õ%Þ]ÛkíEçîÞW�+ã�Þ3íEõ¤ãxëîÙ½â)ÛkáEçéíEõPè�çîò�ëìÛ�Ú4û=	CÙ½ï¤Þ]ã��)ê¤ã�ïríEëéÝ^ßhíEõ¤ãxóÂÙ½á5ò�ã�Ü4à3ä�å�ÿPá5ÙhýrçîÜPã�Þ

øIÙ½íEõæÛ�â^Ù}ÙrÜÀÚ.Ûkëéë'ÞEõ¤ãÈÛká<ÞEíEá5ã�Þ5Þ.ã�ÞEíEçéèDÛkíEçîÙ½ïæÛkï¤ÜÆÛ�ò�Ù½áEá5ã�ò�í�è¹ãÈÛkï�ý^ã�ëîÙ}ò�çéíVÝÀÿPá5Ù=�¤ëîã[û�R£Ù½á5ã�Ùhý^ã�áÈß�çéí
è�ê¤ÞEí�øIã�êPï¤ÜPã�áEëéçéï¤ã�ÜNíEõ+Ûkí4ù3`2�gÚ.Û½Þ�ê¤Þ5ã�Ü Ú�çéíEõFå [(RnûKü
Þ4Û�ò�Ù½ï¤Þ]ã��)ê¤ã�ï¤ò�ã[ßKÚCã�òÈÛkï ò�Ù½ï¤ò�ëéê¤ÜPã

�^M �
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X\Y�Z\[ ��û��SI ]oäxáEá5Ù½ájÙ½ïÆíEõ¤ãóÂáEçîò�íEçîÙ½ïæã�ý[Ûkëéê+ÛkíEçîÙ½ïÆá5ã�ëìÛkíEçéý^ã�ëéÝ�í5Ù�íEõ¤ã�è¹ã�ÞEõÆÞEç XÈã[û

íEõ+Ûkí
ç÷óxíEõ¤ã �¤á5ÞEí
ï¤ÙrÜPã�ý^ã�ëîÙrò�çéíÍÝÆçîÞ
Ú�ã�ëéë±ã�ý½Ûkëéê+Ûkí5ã�Ü9ßKã�ý^ã�ï íEõ¤ã�ÞEí]Ûkï¤Ü¤Ûká5Ü ÚCÛkëéëJè¹Ù}ÜPã�ëJòÈÛkï Ù½øPí]Ûkçéï
Û�Þ]ÛkíEçîÞ óÂÝ}çéïPâ�ÚCÛkëéë3ÞEõ¤ãÈÛká<Þ5íEá5ã�Þ5ÞÈû
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k-ε model
LES+SWM
LES+TBLE
Forced LES+SWM

XRY�Z\[ ��û���� ]oùjã�Ü�ê¤ò�ã�Ü�è¹ãÈÛkïÆý^ã�ëîÙ}ò�çéíVÝ�ÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 4.103 ñSû

�^MS�
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k-ε model
LES+SWM
LES+TBLE
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XRY�Z\[ ��û�����]oùjã�Ü�ê¤ò�ã�Ü�è¹ãÈÛkïÆý^ã�ëîÙ}ò�çéíVÝ�ÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 1.104 ñSû
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LES+SWM
LES+TBLE (outer mesh)
Forced LES+SWM
k-ε model

XRY�Z\[ ��û����]oùjã�Ü�ê¤ò�ã�Ü�è¹ãÈÛkïÆý^ã�ëîÙ}ò�çéíVÝ�ÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 2.104 ñSû
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� ��� � �� ����� ��������
 �� � � �	������� � �
�.õ¤ã�ý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï�ÿPá5Ù=�¤ëîã�ÞÛká5ã�ÿPëîÙ½íEí5ã�Ü£çéï#�¤â[êPá5ã�Þ ��û��^Moí5Ù���û�����û [ ã�ò�Ù½è�ÿ+Ûká5ã�Ü íEõ¤ã

ÞEíEá5ãÈÛkè�Ú�çîÞ]ã ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ
í5Ù Vá]Û�ý^ò5õ¤ã�ïPþ^ÙDóÂêPëéëéÝ)ö×á5ã�Þ5Ù½ëéý^ã�Üæà'ä�åÀó Ù½á
Reτ = 4000

� �CM��Vû
`Jçéá5ÞEíÈß�ãÈÛ½ò5õ£ÞEíEá5ãÈÛkè�Ú�çîÞ5ã ô ê¤ò�íEê+ÛkíEçîÙ½ï£ÞEõ¤ÙÈÚ<ÞjÛ�èDÛ�)�çéè�êPè Ú�õPçîò]õ£ÛkÿPÿKãÈÛká5ÞjÛkí.íEõ¤ã�Þ5ã�ò�Ù½ï¤Ü�ý^ãSö

ëîÙrò�çéíÍÝnò�Ù½è�ÿPêPí]ÛkíEçîÙ½ï+Ûkëjï¤ÙrÜPã[û±ü�Þ�çéí%Ú.Û½Þ¹Ù½ø¤Þ5ã�áEý^ã�Ü�çéï Þ5ã�ò�íEçîÙ½ï ��û��û M¤ß±íEõPçîÞ%èDÛ�)}çéè�êPè õ+Û½Þ%íVÚCÙ
ò5õ+Ûká]Û½ò�í5ã�áEçîÞEíEçîò�Þ1i9çéí5Þ�ëîÙròÈÛkíEçîÙ½ï çîÞ�Ü�áEçéý^ã�ï Ù½ïPëéÝ�ø)Ý�íEõ¤ãDè¹ã�ÞEõ ÞEç XÈãDÛkï¤Ü çéí5Þ4ý[Ûkëéê¤ã�çîÞ�ÛkøPï¤Ù½áEèDÛkëéëéÝ
õPçéâ[õæò�Ù½è�ÿ+ÛkáEçéïPâDÚ�çéíEõæíEõ¤ã�Ù½á5ã�íEçîòÈÛkë ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞjèDÛ�)�çéèDÛ�û¤à'äCå
	�å [(R Ûkï¤ÜÆà'äCå
	'� �Cà3äXõ+ÛÈý^ã
Ûkëéè¹Ù[ÞEí±íEõ¤ã�Þ?Ûkè¹ã�ý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï�ÿPá5Ù=�¤ëîã�ÞxÛkï¤Ü�ÿPá5ã�Þ5ã�ïrí±íEõ¤ãCÞ?Ûkè¹ã@þ}çéï¤Ü�ÙkóIÞEÿPêPáEçîÙ½ê¤Þ ô ê¤ò�íEê+Û0ö
íEçîÙ½ï¤ÞCèDÛ�)}çéèDÛ�û}ü
Þ@ó Ù½á@íEõ¤ã�ù�`Q�GÛkÿPÿPá5Ù^Û½ò]õ'ßríEõ¤ã
èDÛ�)�çéè�êPè Ùkó'íEõ¤ã
Þ5íEá5ãÈÛkè�Ú�çîÞ5ã ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ4ðM�Pö
â[êPá5ã�Þ ��û��^M¤ß���û��<Z4Ûkï¤Ü ��û���I^ñ2çîÞxá5ã�Ü�ê¤ò�ã�ÜDí5Ù�Ûè¹Ù½á5ãjÿPõ)Ý�ÞEçîòÈÛkë+ý[Ûkëéê¤ãjò�Ù½è�ÿ+ÛkáEçéïPâ�Ú�çéíEõoà'ä�å
	�å [ R
Ûkï¤ÜÆà'ä�å
	'� �.à'äjû

�.õ¤ã�ï'ß2íEõ¤ãÆï¤Ù½áEèDÛkëjý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ïXÿPá5Ù=�¤ëîã�Þ ðM�¤â[êPá5ã�Þ
��û�����ß���û�� � Ûkï¤Ü���û����hñ�ÿPá5ã�Þ5ã�ïríÈß
óÂÙ½á�à'äCå
	�å [(R Ûkï¤Ü�à'ä�å
	'� �.à'ä<ß+Û�èDÛ�)�çéè�êPè Ú�õPçîò]õ�çîÞ.ÛkøKÙ½êPíI�û ��ß}Ú�õ¤ã�á5ãÈÛ½Þ�íEõ¤ã�íEõ¤ã�Ù½á5ã�íEçîòÈÛkë
èDÛ�)}çéè�êPè çîÞ�ÛÆëéçéíEíEëîãDè¹Ù½á5ãDíEõ+Ûkï�ÛÆêPïPçéíÈûQ��ëîÙ½ø+ÛkëéëéÝ^ß!ï¤Ù½áEèDÛkëCý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï�ÿPá5Ù=�¤ëîã�Þ�ó Ù½á
à'ä�å
	�å [ R Ûkï¤Ü�à'ä�å
	'� �.à'ä Þ]ã�ã�è í5ÙNøIãÆêPï¤ÜPã�á5ã�ÞEíEçéèDÛkí5ã�Ü�Ú�õPçîò]õXçîÞoÛ íÍÝrÿPçîòÈÛkë
á5ã�ÞEêPëéí5Þ�ó Ù½á
ò�Ù^Ûká5Þ5ã�à'ä�åGâ[áEçîÜPÞÈû���ÙÈÚCã�ý^ã�áÈß.íEõ¤ã ù3`Q�lá5ã�Þ5êPëéí5ÞÀÞ]ã�ã�è í5ÙnÿPá5ã�Þ5ã�ïrí�è¹Ù½á5ã�á5ãÈÛ½Þ5Ù½ï+ÛkøPëîã ï¤Ù½áEèDÛkë
ô ê¤ò�íEê+ÛkíEçîÙ½ïæëîã�ý^ã�ë×û

`Jçéï+ÛkëéëéÝ^ß2ò�Ù½ï¤ò�ã�áEïPçéïPâ íEõ¤ãÆÞ5ÿ+Ûkï)Ú�çîÞ5ã�ý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ïXÿPá5Ù=�¤ëîã�ÞæðM�¤â[êPá5ã�Þ ��û��SY�ß���û��S_NÛkï¤Ü
��û����^ñSß@çéíoçîÞ �rêPçéí5ãæÜ�ç eDò�êPëéíÀí5ÙNèDÛkþ^ã ò�ëîãÈÛkáoò�Ù½ï¤ò�ëéê¤ÞEçîÙ½ï¤Þ�ã�)Pò�ã�ÿPíDí5ÙNêPï¤ÜPã�áEëéçéï¤ã íEõ+ÛkíDíEõ¤ã£ù�`Q�
ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þjëîã�ý^ã�ë3çîÞ�â[ëîÙ½ø+ÛkëéëéÝ�õPçéâ[õ¤ã�á<íEõ+Ûkïæà'ä�å
	�å [ R#Ûkï¤Ü�à'ä�å
	'� �.à'äjû
üjó�í5ã�á2íEõ¤ã
Ûkï+ÛkëéÝ}ÞEçîÞ@ÙkóIíEõ¤ã�ï¤Ù½ïDá5ã�Ü�ê¤ò�ã�Ü ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞÈß)çéí�ÛkÿPÿIãÈÛká5Þ�ðÂã�ÞEÿKã�ò�çìÛkëéëéÝ�çéï �¤â[êPá5ã ��û���I^ñ

íEõ+Ûkí�ù�`Q� ÞEíEçéëéë�çéè�ÿPá5ÙÈý^ã�Þ%íEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ%ëîã�ý^ã�ë×û.OVïnÙ½íEõ¤ã�á�ÚCÙ½á5ÜPÞÈßJíEõ¤ãDøKã�íEí5ã�á�ã�Þ5íEçéèDÛkíEçîÙ½ï�Ùkó
íEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ�çîÞ4ï¤Ù½í�Ù½ïPëéÝNÜ�ê¤ãDí5ÙæÛ�øKã�íEí5ã�á�ÚCÛkëéëCÞEõ¤ãÈÛká�ÞEíEá5ã�Þ]Þ4ã�ý½Ûkëéê+ÛkíEçîÙ½ïFøPêPí�ÛkëîÞ5ÙæÜ�ê¤ã�í5Ù
Û£øIã�íEí5ã�á%è¹ãÈÛkï ÿPá5Ù=�¤ëîãoóÂÙ½á%íEõ¤ãoó Ù½á5ò�ã�Ünà3ä�åIû 	CÙ½ï¤Þ5ã��rê¤ã�ï)íEëéÝ^ß@ÛkëéíEõ¤Ù½êPâ[õ�ù3`2� ÞEçéè�êPëìÛkíEçîÙ½ï¤ÞDÛká5ã
ï¤Ù½í�ÛkøPëîãDí5ÙÆò�Ù½è�ÿPêPí5ãÀÛ�ÿPõ)Ý�ÞEçîòÈÛkë@ÿKãÈÛkþNÙkó ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þhß'íEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ïnÿPá5Ù=�¤ëîã�Þ�Þ5ã�ã�è í5ÙÆøKã
â[ëîÙ½ø+ÛkëéëéÝ�çéè�ÿPá5ÙÈý^ã�Ü9ßIã�ÞEÿIã�ò�çìÛkëéëéÝ�Ûkí<ý^ã�áEÝÀõPçéâ[õæùjã�Ý}ï¤Ù½ëîÜPÞ�ïrêPè�øKã�áÈû

�^M�M
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Kravchenko 96

X\YGZ\[���û��^MU]�åríEá5ãÈÛkè�Ú�çîÞ5ã�ù�RNåoý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞjÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 4.103 ñSû
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X\YGZ\[���û���� ]ÀØ�Ù½áEèDÛkë3ù�RNåDý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ
ÿPá5Ù=�¤ëîã�Þhð
Reτ = 4.103 ñû
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X\Y�ZR[ ��û��SY	]�årÿ+ÛkïrÚ�çîÞ5ã4ù3R�åoý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ
ÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 4.103 ñSû
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X\YGZ\[���û��<Z	]�åríEá5ãÈÛkè�Ú�çîÞ5ã�ù�RNåoý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞjÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 1.104 ñSû

�^MTY
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X\YGZ\[���û�� � ]ÀØ�Ù½áEèDÛkë3ù�RNåDý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ
ÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 1.104 ñSû
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X\Y�ZR[ ��û��S_	]�årÿ+ÛkïrÚ�çîÞ5ã4ù3R�åoý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤Þ
ÿPá5Ù=�¤ëîã�Þ�ð
Reτ = 1.104 ñSû
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X\YGZ\[���û���I ]�åríEá5ãÈÛkè�Ú�çîÞ5ã�ù�RNåoý^ã�ëîÙrò�çéíÍÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞjÿPá5Ù=�¤ëîã�Þ�ð
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à'ä�å
	�å [ R á5ã�ÞEêPëéí5ÞoÚ�çéíEõ`ý^ã�áEÝ�ò�Ù^Ûká5Þ5ãÆá5ã�Þ5Ù½ëéêPíEçîÙ½ï`â[áEçîÜPÞÈû��
ïXíEõ¤ã Ù½ï¤ãÆõ+Ûkï¤Ü9ßCÞEíEá5Ù½ïPâ�Ü�çîÞ5ò�á5ãSö
ÿ+Ûkï¤ò�çîã�ÞCÛkÿPÿKãÈÛkáxøKã�íVÚCã�ã�ïoíEõ¤ã�è¹ãÈÛkïoý^ã�ëîÙrò�çéíÍÝ�ÿPá5Ù=�¤ëîãjÛkï¤Ü¹íEõ¤ã<ëîÙ½â4ëìÛ�ÚúÛkï¤Ü¹íEõ¤ã�Ú.Ûkëéë�ÞEõ¤ãÈÛká@Þ5íEá5ã�Þ5Þ
ÚCÛ½Þ�ø+Û½Ü�ëéÝ�ã�ÞEíEçéèDÛkí5ã�Ü9û��
ïNíEõ¤ã%Ù½íEõ¤ã�á4õ+Ûkï¤Ü9ßKíEõ¤ã%ÞEíEá5ãÈÛkè�Ú�çîÞ5ã�ý^ã�ëîÙ}ò�çéíVÝ ô ê¤ò�íEê+ÛkíEçîÙ½ï ò�á5ãÈÛkí5ã�Ü Ûkï
ÛkøPï¤Ù½áEèDÛkëéëéÝ�ëìÛkáEâ^ã.øPê��9ã�á±ëìÛ�Ý^ã�á2çéè�ÿPëéÝ}çéïPâíEõ+Ûkí2íEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ï�èDÛ�)�çéè�êPè çîÞ!í5Ù}Ù�çéè�ÿIÙ½áEí]Ûkïrí@Ûkï¤Ü
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çéïÆÿPá5ã�ý}çîÙ½ê¤Þ<Ú�Ù½áEþ�Þ �����^ß
�SICM�ß �I��Vû
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óÂÙ½á�íEõ¤ã�çéïPï¤ã�á�è¹ã�Þ5õXÛkí�è¹ÙrÜPã�á]Ûkí5ã�ù
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Þ5ã�ã�è¹Þ
í5Ù¹ó Ù½á5ò�ã�ò�Ù½áEá5ã�ò�íEëéÝ£íEõ¤ã�ÛÈý^ãSö
á]Ûkâ^ã�Ü�à'ä�å¹ý^ã�ëîÙrò�çéíÍÝ¹í5Ù�á5ãÈÛ½ò]õ�íEõ¤ã
ò�Ù½áEá5ã�ò�í.ÞEí5ãÈÛ½Ü�ÝDù
ü
Ø�å�ý^ã�ëîÙ}ò�çéíVÝ �+ã�ëîÜÀã�ý^ã�ï�Ûkí�õPçéâ[õ�ùjã�Ý}ï¤Ù½ëîÜPÞ
ï)êPè�øIã�áÈû��.ã�ÞEçîÜPã�Þhß!çéí¹ÛkÿPÿKãÈÛká5Þ%íEõ+Ûkí�çéï�íEõPçîÞ¹ÛkÿPÿPá5Ù^Û½ò5õ'ß2íEõ¤ã ô ê¤ò�íEê+ÛkíEçîÙ½ï¤ÞDÛká5ã�â[ëîÙ½ø+ÛkëéëéÝFçéè�ÿPá5Ùkö
ý^ã�ÜNò�Ù½è�ÿ+ÛkáEçéïPâÆÚ�çéíEõ à'ä�å
	�å [ R Ûkï¤ÜNà'ä�å
	'� �.à'äBá5ã�Þ5êPëéí5ÞÈß9ÜPã�ÞEÿPçéí5ã�íEõ¤ã%ê¤Þ5ã%Ùkó�ý^ã�áEÝ ò�Ù^Ûká5Þ5ã
è¹ã�ÞEõ¤ã�ÞÈû

OÍè�ÿPá5ÙÈý^ã�è¹ã�ïrí5Þ�íEõ+ÛkíÀòÈÛkïúøKãÆøPá5Ù½êPâ[õrí�í5Ù íEõ¤ã ù�`Q�lè¹ã�íEõ¤ÙrÜúÛká5ã ï)êPè¹ã�á5Ù½ê¤ÞÈû.Ø�Ù½í]ÛkøPëéÝ^ß�ç÷ó
íEõ¤ãDí]ÛkáEâ^ã�í%ý^ã�ëîÙ}ò�çéíVÝ��+ã�ëîÜFøKã�ò�Ù½è¹ã�Þ�êPï¤Þ5í5ãÈÛ½Ü�Ý^ß!íEõ¤ã6c<öVù
ü
Ø�åNÞ5çéè�êPëìÛkíEçîÙ½ï¤Þ¹Ûkï¤ÜFíEõ¤ãoà'äCåNõ+ÛÈý^ã
í5ÙÀøIã�ÿKã�á óÂÙ½áEè¹ã�Ü�ÞEçéè�êPëéí]Ûkï¤ã�Ù½ê¤ÞEëéÝ Þ]ÙDíEõ+Ûkí�íEõ¤ã�í]ÛkáEâ^ã�í'�+ã�ëîÜ�çîÞÜPã�í5ã�áEè�çéï¤ã�Ü ÛkíãÈÛ½ò]õNíEçéè¹ã%ÞEí5ã�ÿ'û
R£Ù½á5ã�Ùhý^ã�áÈß¤íEõ¤ã�ÛÈý^ã�á]Ûkâ^ã�Ùkó2íEõ¤ã �¤ëéí5ã�á5ã�Ü �+ã�ëîÜæò�Ù½ï¤ÞEçîÜPã�á5ã�ÜÆçéïÆíEõ¤ã�ó Ù½á5ò�çéïPâDí5ã�áEèlÞEõ¤Ù½êPëîÜæÛkëîÞ5Ù%øKã4Û
íEá]ÛkçéëéçéïPâ½ö×íEçéè¹ã�ÛÈý^ã�á]Ûkâ^ã4í5Ù%í]Ûkþ^ã�çéïrí5ÙDÛ½ò�ò�Ù½êPï)í
íEõ¤ã�êPï¤ÞEí5ãÈÛ½Ü�çéï¤ã�Þ5Þ
ÙkóJíEõ¤ã c<öVù
ü
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	Cã�ÜPã�ê�)}çQP�è¹ã�ÛkáEíEçîò�ëîã�ò�Ù½ï¤ò�ã�áEï+Ûkïrí�ëîã�í5ã�áEè¹ã�ÜPã4óÂÙ½á�RÈÛkâ^ã�ùjü�Øå/.kà3ä�å�çéïrý^ã�ÞEíEçéâ[ê¤ã�ëVU çéï ô ê¤ã�ï¤ò�ã
ÜPã�ëVU Ù½ÿ5S�á]Ûkí5ã�êPá@ÜPã��¤ëéíEá]Ûkâ^ã

(̃.)
ã�í2ëVU ÛkÿPÿPëéçîòÈÛkíEçîÙ½ïoÜ�êDí5ã�áEè¹ã<ÜPãCóÂÙ½á�RÈÛkâ^ãjÜ¤Ûkï¤Þ2êPï¤ã<ò�Ù½ï��¤â[êPá]ÛkíEçîÙ½ïoÜPã
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�'á5Ù½çîÞ�íÍÝrÿKã�Þ�ÜPã �¤ëéíEá5ã�Þ�Ù½ï)íUS�í�S�í5ã�ÞEí�S�Þ�ÿKÙ½êPá�ëVU Ù½ÿ2S�á]Ûkí5ã�êPá
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çéï¤ÞEí]ÛkíEçîÙ½ïPï+Ûkçéá5ã
φ(xi, t)
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 �� 
 ��� i

φ̃(t, xi) =

∫ ∫

x,z
φ(t, xi) dxdz

ð���û��CMrñ
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c
ï¤ã ��� �� �	� � ��� ��� � ��������� i

φ̃(t, xi) =

∫ t

tinit

φ(α, xi) dα
ð���û����^ñ
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c
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 �� �YX � � � ���	�� ��� � ����	� � ð ÛkÿPÿPá5Ù�)�çéèDÛkíEçîÙ½ïXÜPãÀëìÛÆè¹ÙhÝ^ã�ïPï¤ã�í5ã�è�ÿKÙ½á5ã�ëéëîãoâ[ëéçîÞEö
Þ]Ûkïrí5ãhñ�i

φ̃(t, xi) =
∆t

τ
φ(t, xi) +

(
1 −

∆t

τ

)
φ̃(t− ∆t, xi)

ð���û���Y^ñ
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Þ5ã�Ü]S�á5Ù½êPëîã�ò�Ù½áEá5ã�ò�í5ã�è¹ã�ïríÈû
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ÿ+Û½Þ�ÜdceT�ëìÛÆè¹ÙÈÝ^ã�ïPï¤ãÀÞEí]ÛkíEçîÞEíEç �rê¤ãDÜ�ê í5ã�áEè¹ãoÜPã�ó Ù½á�RÈÛkâ^ã �rêPç�ã�ÞEí(�)ê+Û½ÞEç÷ö×ïrêPëéëîãDêPï¤ãDó Ù½çîÞ �rê¤ã�ëìÛ
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T − Tw

Tτ
= Pr y+e−Γ + [2.12 ln[(1 + y+)C] + β]e−1/Γ ·���ª���e¹

[¼�B�O Bi
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1 + 5Pr3y+
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1.5(2 − y/h)
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φ̃(t, xi) =
1

LxLz

∫ ∫

x,z
φ(t, xi) dxdz
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�F�³�;�K���F�Z��.5�����?�F�O���¬���®���5±V���Z���^�O�B�,*®�O���O¡������;�¨�Z���F���F��,*����K���K�X�����¯���B�B�����G� K� � ��´2µ7ª

´0�¯���;� �V�43;�����-*;�O K�V���!���F�K�O���O�Z���;�³���°���F��������G��¥ � ��¶*)�´2µ�¶ �/���,���O�7¡+�F�,*��O���7���m�Z�;�O���
���b�=�F�,?S���G�^ª|µ6�����¨�����F���<* �/�K�b��F���5�����*����F�����;���;�/�Z�¯�O�B�4������S¢|���F�4���d�����D�S���+��� �¤������K�S¢)���
´2µ�¶ ��±G���¯���F���!����+���Z�F���=�F���O���B�S¢,�K���K�¬���¤���F�/�Z�����Z�¯�����¯���B�B�����G�¯�O�,3��¬�^�Z�^�Z�Z���;�S¢0�����¬�,*��Z���B�����Z�
�-*������¨�;�Z�����;�½���F�4+���������Z�F�_�����®�S�����;�����®¥ � ��¶�¢+�K�F�K����±G�F�K���5*;±G�;���F�I*5���°�Z�;�O���D�����?�F�,?S���G�
�S��+��¡������1- �B�4��^���;�X��� �d�Z +���4K�X���e§G�;�K�¬·L±¨�B�Z���Z�����;���Z�;�4I*;�����O���Z�e¹�´0µ�¶d���������?�K�;�����;�7�S±G���®�����
�Z +���4K�Á�O�����O���O�O� �¨�K���©¥ � ��¶b� K�m���¬���F�O�O�B�G�;�©�����©�5*f�]�����Z�7���®���4´0µ�¶��;�x�¯���B�B�����G���^�Z�^���O���;�Sª

�«�;�O�Z�«�-*;�O K�V���X���«���F��������G�X¥ � ��¶*)�´2µ�¶��.- ���Z�,�,*;±=*;�4*����O�,3��6�0/¯�S�F���X� K�����«��,*����B�Z�����F�O�Z���f£
�Z�;���;�/���������L�Z�F�O�Z�;���;�¨�Z���;���K� �¦�����Z +�����;����+���O�4*;����� �³���B�K�O� �¨�K�®�����X��Z� K���X���S§G�;�K�Á���®±V�B�Z���Z�Z�
�;�Á���!�Z�;�4B*;�����O���Z�D�K���K�Á���K�!���F��K�^�������O���F�½���D�S���+���0�������.4�O�,3��� +�������K�F��¡��Z�����D¥7�;§V�K�F�����
��F���Á���³�¯���B�B�����G���O�,3����^�Z�^�Z�O���;�Á������O� �/�K�;���;�¨�®���!�²§V����¯���B�B�����G�D¥ � �®¶�ªKµM�°��� �/���)���F�K���;�O�K�
�����X�Z +���4K���K�K�;�O�+���¨�Z�S¢����Á���B±G�S���m���O�O� +�;���;�2��������������K�K�;�O�+���O���F�³�F¡��Z�;�/�x�����]���B�X�����¯���B�B�����G�
�^�Z�^�Z�O���;�S¢6���O�5�,*������B�Sª05¾�����5���d���B±G�S��� �����5�K�K�;�O�+���O���F�K���������°´2µ�¶¤�=�F�Z�@*��¦��� ���;� .¾���¦���d����
�Z�;�!¡����x�4*;�=3;�Z�;���;�/�¯�O���Z���Z�O�B�-*¦�����?���B�4�����4�;�O�Z�;���Z�4�¨���-*;�O� �/�K�����;���G�;�K���,*����¯+���4���d�¯���B�B�����G�
�^�Z�^�Z�O���;�Sª

´2������;�Z�Z����;�O�B±G���«���7���7�O����±^���B���Z�F�¨�������B�O�B������«�;����;��±G�;�¨�«���©�5*��;�B�B�K�;�«���;���F�¯�O�Z�F�����F�O����;�Z�	�
�7- ���-*;�B���F�����O���F�x�������Z���� ���� �/�K���X�������V�5*;�B�������O���F�d�5*;±G�;���F�I*����X�K���K�«���;�O�Z�7�O <3��Z�^¢¨���;��� *;±G�F�B���O���F�
�/���-*;�O� �¨�K�!�;�©���;���7���O�B�B�������O���F�³�K���K�©���x���F�¨�Z���V�Z���1- �����B���S���O���F�K�7�B�K���K�Z�O�O���;�B�����Sª
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(Á�_o�F�B�/�D���4±¨�K�¯���4�7- ���-*;�B���F�����O���F�¤�����!�Z���Z ���� �¨�K���S¢,�7- �B�/�O�Z�V���K�;�O���F�¤�1- ���K�¯±¨���Z���^�Z�B�,*4�O���`£
¡������;�/�Z�¬��§V�+���4� �¨�K�Á�K���K�����16S�F�K� � ��´2µ ���F�4���®���Á�O���^�=3;�Z�;�/��+ �������;� 5°�F�B� � 	 9 � �²¢Vo�F���O�����B�
�=�F���O���B�������Á�,*��O���B�����Z�Á���;�B�B���;���Z���K���K�Á���������F��K�^�������O���F�K����±G���5�5*����F�B���;���;�/�Z�Sª �«�;�O�Z�����V��� +�S�v£
�O���F�D��� � ��´2µ$*;±G���¨�<*��«�K���K�0���«�Z�F�K�`£]+�������^����� K��� 9Kª�#�ª��Á�.- ���O�0�,*;±=*;�4*���¡I*;�<*���/�K�«�K���K�0��B�K�Z���;���Z�
���F��K�^�������O���F�K�!���D���D�G�;���Z� �I*����F�����;���;�¨�!�O���Á���K���¯���Z�� K�4�����Z���;�K�K���/�Z� ��#:9��²¢ *����F�����;���;�¨�����
±G�F���O�B�+���G�«�1- ����¡o�F�Z�!�������6�=���B�Z�	� 	 9 � ���F���;�K���F�Z� *����F�����;���;�/�M�����Z�F���)�1- ���D�F¡K�O���F�;���«�;§¨�B�B�K���O� �¨�K�
����� �²ª �«���;�&�/�K�7�������,*��O���B�����Z�«�Z�F���;�¨�«�;�K���F�������G�S���¨�Z�X��F�������©���V�53;���7����+���Z�F� � ��´2µ¤�O K�;�O�4� �¨�K�
�5*;±G�;���F�B*³�K���K�¯�����O����±^���B�7�K���K�4���K�¦���F��K�^�������O���F�¿��� ���°�Z�;�4I*;�����O���Z�9*;�����B���B�4o�^�,*��9.°���
+���Z�F�]¢I���¬���¨�53;���!�Z���O�Z��.5�Z���O�Z�;�Á�K���K�©���K���O�B�O�+���O���F�m�������F��������G�¬�O K�;�O�4� �¨�K���K�������6)��Z�F�B�����D���
���5�Z�;�4I*;�����O���Z�!���®+���Z�F�0���O�X�B�K�Z�����O���F���+���B�Z�^ª

� �+���¨�¯�������F��������G�³¥ � �®¶*)�´2µ«¶_+���5�Z�;�O���¦���b�?�F�,?S���G�^¢|�7- �B�/±G���O�O�B�/���O���F�º�1- �����O�Z��� K�B�O�Z���
��F�������©�Z +���4d´2µ�¶5o�F���O�����B�Mo�;�O���;�O�O�Z� .����;���F���O�B�+�1- �;�O�Z�7�0/¯�S�F���Xo�F��������� *����F�����;���;�/�Z���B�K�`£
�����O���F���+���B�Z���,�=�F�Z�@*��$+���,���K�6¡+�F�Z�Z�6�L�,*��¨�K�;�K���7·=���F��K�^�������O���F�5���M�S���+���/������¬������2*6+���0�����;�4����e¹fª
µ6�¯� �$�;�S¢F�����Z +���4¯¥ � ��¶/*;±G�F�B�+���/�«�S±G�������K��¡+�F�Z�Z�«�=�,*��/�K�;�K���^¢F��� K�B�O�����G�©�Z�;�4��F�Z�;�K������ +���4
´2µ�¶!o�F���)�����Z�;�O�������M�?�F�,?S���G�«���F�B� �;�O�Z�«�S��+��¡����X������Z�;�K���Z�«�;�5���F�4��Z�����;�O�Z�«¡+�F�Z�Z���L�,*��¨�K�;�K���^ª
´�- ���5*S���,���;�����B�7�1- ���O�B�B���Z�;�7���K�¬���S§G�;���K�¬�Z�;�4o�F�Z�;�B�����S±G���¬���K�®�?�;� �;�O�Z���^�B���Z�\���/�Z�¬���"�¨���2o�;�O���;�`£
�O�����B�����X���e§G�;���K�;���7- �B�K�Z�����O���F���+���O�B�,*����K� .��7- ���^�B�����O���F�b�O���O¡������;�¨�Z�7�Z�F�����;�b��,*��Z�;�O±^���/������¡+�F�Z�Z�
�L�,*��¨�K�;�K���b��Z�F��Z�A.x�7-J*����F�����;���;�/�5���S§G�;�2ª �«�;��;�K�K���¨�S¢|�����²§Vo�¯�������e§G�;���K�d�Z���O�Z���O�,3��D���10�£
�Z�;�K�Z�X���5��F�B�¨�M���«±¨�K�X���4�O�Z�V� �^���G�������6���F���<*����6������ �¨�5- �B���Z���/�����;�O�M�����O�Z�V� �G�;���F�Z��� 6������� +���4
´2µ�¶³� K�³�1- �F¡��Z�;���B�7���K�����e§G�;���K�!�O�����O���Z�O� �/�K�^ª<E��K�¬�Z�F�B���O���F� .5������Z�F¡��43;���¬o�F���O�����B�©�Z�;o�^�Z�;�
�O���D�7- ���O�B�B�������O���F�¤��� K�B�O�Z���D+�F�Z�Z�f£]¡+�F�D���F�4���¯����� K�B�O�Z���D��� �«���O�Z�;�O�«�F�O�O  ���� �/�����K�������Z�O�B�Z�;�¨�
����������±G�;�/���Z�����1- ���³�K�F��¡��Z�����¬�� +���4K�7�B�B�4�B�,*^ª%(®����B�K�S¢I� K�m�1- ���-*;�B���F�Z�;������� *��S���O�Z�`£]�²§V������
�K�K�;�O�+���O���F�K�¯���b���°´2µ�¶ �?�F�Z�@*��^¢,�B�X�Z�;�����B�5o�^�Z�O�B¡����d�������F�K�O���5*;�Z�;�4�����¯���B�B�����G����B�K� K��o�F���
���;�B���f£²�;� �/�K�do�F���5���d�S�����;���©¥ � ��¶�ª ;²���O�4/������B�¯�����F�Z�4�1- ���O�B�B���Z�;�4�����5�B�/�Z�;�Oo�F�����O���F�K�¯�;�¨�O�Z�������
���;� �x�Z +���4K��� K�m�1- �����;�Z���;�©�����=�F�,?S���G�^ª

´�-J*;±G�F�B���O���F�b�/���-*;�O� �¨�K�7�����M�����C*;�Z�;�/�Z�������¨�5*;�B���\���O���F�K�M��Z�Fo�^�,*����M�K���K�������O���S±F���B�I���F�K���;�O�K�
��O�B�K�;�B+�����;���;�/�����;���!�����B���S���O���F� .¯���K�5�����Z�;�,*;�O���\���O���F�½�K�F�_�O�O�O�K�;�O���,*��4�;�¾�,*;�O���13����Z���Sª$´2�5�5*f£
±G�;���F���;���;�¨�Á���³���¨�53;���¬���¬+���Z�F� � ��´2µ¼���Z�X�B�4�-*��������7������ �¨�K�����5�,*��Z�F�B���O���F�m����� *��¨�+���O���F�K�
�K���K�¯��� 6S�F�K� � ��´2µ
���O���B�K�5*;o�;�K�K���/�Z�¾���³���_�����Z�;�,*;�O�������O���F� �Z K�F���Z���^ª 8|�������B�B���;���Z�S¢«���¦��§¨o�
�1- ���-*;�+���G�;���;�/�D���°���V�53;���4���D+���Z�F��� ��´2µ ��;���®o�;�O���;�O�O�Z�4�Z�F�_�����B���S���O���F�#.d�����Á�=*��F�-*f£
�O�O�����7���F�4����������Sª

(Á�¬o�F�B�/�|���M±V�K�M�����|�����B���S���O���F�K�,�B�K���K�Z�O�O���;�B�����S¢v�Z�G�K�F�K�,���F�K�Z���5*;�Z�F�K��.X�K�F��±G�S�������7���F��K�^��£
�����O���F�³�1-J*����F�����;���;�/���B�K���K�O�O�O���;�B��� *;±G� �/�<*��®�K���K�X�7- �B�¨�O�Z�¨���K�;�O���F��· %)�B�Kª 	 ª 	 ¹«�;�©�Z���K�F�K�©±G�F���B���F�K�
���®�O�����B�Z�;���K���K�����K�©�O�B�O�+���O���F�¯���7���F�/±G���;�O���F�b�=�F�Z�@*����e¢^�B�K���;�����B�������Z�F��O�4*7���X�O�����B�Z�;���������¨�+���O�Z���
¡������K�Z K���¦���¿�;�B�Z�;���B�b��O�B�¯���B�Z�¾��±G���m���K�x�-*;�O K�V���m���m���F��������G�m¥ � ��¶*)�´2µ�¶¸+���b�Z�;�O���m���
�=�F�,?S���G�^ª �«�;���5��;�O���;�O�O�����B�����Á�=�F���O���B�©���K�����F�K���B�O���F�$.D���D�B�B�4�B�Z���B�K�O�����O���F���+���B�Z�!���m�S�����;���0�����
6S�F�K���X���
	O�F�K�;�O���F�¦�;�/�O�Z�®�����«¡������K�Z K���7�;�������;��±G� �/������F���O�������;�¨� �;�O�Z�®�O�B�!���4*����©�S±G���®���K�7�Z���� �£
��� �/�K�®���d�²§V��®´2µ«¶ � � �«´0µ©ªI¶¨���7- �F�����©�Z�;o�F�O�Z�®��� �)��¡2ª�#�ª 	 �����Z +����B�O�Z�"#�¢¨�����«�,*��Z�F�B���O���F�K�X���
�¯���B�B�����G���;�¯�����B�,*������X+���Z�F���/���I�Z�;�!¡����;�¨�«���F�¨±G�;���B�®· *;�����¨�����F���<*©�������,*��O���B�����Z�«���¯�Z +����B�O�Z��4G¹
.5´2µ�¶ � � ��´2µ¼���O�X���d��§¨o� 5 9¦·

∆x+ = 200
¢
∆z+ = 100

¢
∆y+

w = 64
¹������F�Z� �¨�K�����®���F��������G�

¥ � �®¶*)�´0µ�¶�+�����Z�;�O���³�����=�F�,?S���G�³���O����B�����F�b���º�²§V�� 5 2 ·
∆x+ = 3927

¢
∆z+ = 1963

¢
������������������������ �!�"�$#�%&��'�(&�)���*���!%&�+�-,.��#$�����0/1�"23���"�*���!%��+4�� /5(*������4)� /�6 #87�� �!�!� /9��6 /1%&�!���;:<�"�>=��*��%&�?� /@��7�%*��/A4)�

=B%*�1��6 �
4��$�"�<=����!/1/�����# �
4��$#-�*�!# ���?��#������ �!�!�;#�%&2C2C�0��%&��/��ED �-,.%&��/56 ,.%GFH��6��!%*��/A4)�$�ED �!�H�1��%G4���#����!%&��I
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∆y+
w = 200

¹fª 8M�Z�;�K�F�K�5�¯���B�/�Z�;�+���/�b���F�4���b�,*f� *;�Z�;�K���^¢)��F���D�,*S���B���Z�;�5���K�d´2µ�¶ �,*��Z�F�B�K� .x���
+���Z�F�]¢2���4�¯���B�B�����G� 5 <½·

∆x+ = 42
¢
∆z+ = 13

¢
∆y+

w = 2
¹fª0´2�4�/���B� �;�_�K�F��¡��Z�¯���4�¯���B�B�����

�Z���/�����������;�¨�O�Z�©�����M�,*����F�B���O���F�K��5 9��;��5 <����O���,*������B�«�1- ���¯�?�F�;�Z�;���
103 ¢^��������1- ���¯�?�F�;�Z�;��� 2.106�;�/�O�Z� 5 2©�;�25 <�ª�´2���|���;� �����V�5*;�B�������O���F�K�)��,*��@*����;�/�Z����·=´2µ�¶ � � ��´2µ �;�|���F��������G��¥ � �®¶*)�´0µ�¶

+�����Z�;�O���Á���X�?�F�,?S���G�e¹M�K�©o�;�O���;�O�O�������;�/�X+�F�«���X�?�F���O���B�«��������,*������;�O���F�K�«� /§��O� �/�K�������K�Z�O�I��,*f£
�;���Z��� �/�5- �S±G���®���K�®´2µ�¶¯�,*��Z�F�B�K� .¬����+���Z�F�2��±G���Á���K�Á�,*��Z�F�B���O���F�¦���Á�²§V�� 5 <�ª �«�;o�;�K�K���/�S¢K�S±G���
���®�Z�;�B�������,*����K�;�O���F�K�©�������10��X�/���-*;�O� �¨�K�^¢��B�2���;±V���;�K�������B�X��^�Z�Z�B¡����Á�1- �B�¨±G���O�O�B�^�K�;�©+���©�����X�O�B����£
�����O���F�K�Á�B�K�O�����O���F���+���B�Z���®���K�����F��K�^�������O���F�½�B�K���K�Z�O�O���;�B�������F�4���5���;�B�����B�B�B�K�O�O�,*��!+���Á��� %)�B�Kª 	 ª 	
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