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A mes parents et grands-parents qui m’ont élevé dans le respect de la Science

Résumé : Cette these décrit les études théoriques de deux catégories de phénomenes physiques :
les transitions de phase et I’hydrodynamique physique. Dans la premiere catégorie se rangent
plusieurs phénomenes ayant lieu dans des solides et dans des fluides. Les solides considérés sont
des cristaux non-steechiométriques supraconducteurs a haute température critique qui présentent
des structures périodiques a période longue. Pour les fluides, on s’intéresse surtout a la cinétique
des transitions de phase : il s’agit de la séparation de phase dans des mélanges binaires liquides,
de I’ébullition et enfin de la condensation naturelle (rosée ou buée). La deuxieme catégorie
inclut la modélisation du mouvement de la ligne triple de contact liquide-gaz-solide le long d'un
substrat hétérogene ainsi que I'analyse de I'instabilité d'une couche liquide placée dans le champ
électrique.

Cette these peut étre téléchargée a 1’adresse suivante :
http://www.pmmh.espci.fr/~vnikol
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1 Mon parcours professionnel

1.1 CV

1980-1985
J’ai débuté ma carriere de chercheur pendant ma troisieme année d’études a 1’'Université de Kiev
(en Ukraine, URSS a ’époque), faculté de Radio-Physique, http://www.rpd.univ.kiev.ua. La
recherche menée dans cette faculté, axée sur la physique appliquée. Elle concerne surtout les as-
pects de la physique des ondes et du signal, leurs émission, transformation et enregistrement.
Je faisais partie du laboratoire d’enregistrement d’images optiques dirigé par les professeurs
M. G. Nakhodkin et M. K. Novoselets. Le laboratoire s’occupait de 'optimisation des parametres
du systeme thermoplastique, un systeme pour I’enregistrement des images holographiques utilisé
a I’époque surtout a bord des stations spatiales soviétiques en raison de sa réversibilité et de
sa grande résistance aux rayonnements. Son principe de fonctionnement (voir le chapitre 2.2
ci-dessous) est purement physique. Sa description théorique implique la résolution de problemes
d’hydrodynamique, d’électrostatique, de physique statistique et, bien str, d’optique. Mon pre-
mier article [34], basé sur ma these de diplome de physicien-ingénieur, était consacré a l’analyse
de l'instabilité électro-capillaire dans une couche de fluide newtonien. J’ai obtenu en 1985 le
diplome de physicien-ingénieur en radio-physique de I’Université d’Etat de Kiev avec la mention
excellent.

1985-1988
J’ai effectué ma these de doctorat “Analyse statistique d’un milieu déformable pour I’enregis-
trement de 'information optique” au sein du méme laboratoire. Ma recherche était concentrée
sur les études du bruit dans le systeme thermoplastique par des méthodes de la physique statis-
tique. Les origines du bruit et son impact sur les parametres informatiques (rapport signal-bruit,
fidélité de reproduction de I'image,...) ont été analysés. Le travail a été publié en russe dans les
revues [31-34], les actes de congres [59-65], et des rapports classés a cause des applications spa-
tiales. L’apercu de ce travail est donné dans le chapitre 2. Pendant mes études doctorales, jai
encadré pendant deux ans des travaux dirigés sur le sujet “Principes des transformations et
de l'enregistrement d’images optiques” pour des étudiants de troisieme année. Ma these s’est
terminée en 1988 et fut soutenue en 1989 a I’Université de Kiev.

1988-1993
Apres avoir terminé mes études doctorales en 1988, j’ai été embauché a l'institut Bogoliubov
de Physique Théorique de I’Académie Nationale des Sciences d’Ukraine, cf. http://wuw.bitp.
kiev.ua. J'ai travaillé dans le département de Physique Non-linéaire de la Matiere Condensée
dirigé par l'académicien A. S. Davydov, puis par ses éleves professeurs Yu. B. Gaididei et
V. M. Loktev. L’objet de ma recherche était les supraconducteurs a haute température cri-
tique qui venaient d’étre découverts. J'ai étudié surtout la structure complexe de ces alliages
céramiques. Mon travail a été publié dans des revues [26-30] et en tant que chapitre d'un livre
[58]. Le compte-rendu de cette recherche est présenté dans le chapitre 3. Pendant deux ans j’ai
donné le cours “L’ordinateur personnel comme outil du physicien-théoricien” pour les étudiants
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et doctorants de la faculté de physique de 1’Université de Kiev.

En 1993, j’ai co-organisé une expédition a Féodisia (Crimée, Ukraine) avec D. Beysens et 1. My-
lymuk. Notre équipe franco-ukrainienne comprenait des physiciens, hydrologues et archéologues.
L’objectif était d’étudier les restes des premiers condenseurs de ’histoire humaine servant a
récupérer ’eau atmosphérique. Les résultats de nos recherches ont été publiés dans “La Re-
cherche” [25] ainsi que dans une revue spécialisée [24] (cf. chapitre 7).

1994-1995
Avec une bourse du gouvernement francais, je suis resté un an et demi en 1994-1995 dans le
Service de Physique de I’Etat Condensé du CEA-Saclay ou j’ai travaillé sur la cinétique de
séparation de phase [22, 23] (voir le chapitre 4) et sur 'optique de la buée. Ces dernieres études
ont donné lieu a des articles [21, 55] et a un brevet [38] (cf. chapitre 7.6). J’ai co-encadré un
étudiant DEA (P. Sibille) sur ce sujet. Un projet [68] dont je suis le co-signataire a été rédigé. 1l a
été sélectionné par la suite par la NASA. Grace a ce projet, un séjour aux USA (voir ci-dessous)
est devenu possible.

En 1996-1997, j’ai travaillé pendant un an au DRFMC, CEA-Grenoble en tant que colla-
borateur temporaire étranger sur la physique de I’ébullition. En interaction avec des ingénieurs
d’EDF-Chatou, j’ai étudié la crise d’ébullition par caléfaction [20, 56] (voir aussi le chapitre 5).
Des études sur la condensation naturelle ont été également poursuivies [52].

En 1997-1999, j’ai effectué un séjour en tant que Visiting Assistant Professor au Département
de Physique de I’Université de la Nouvelle-Orléans en Louisiane, USA. Dans le cadre du projet de
la NASA [68], "évaporation des fluides au voisinage de leur point critique (“ébullition critique”)
a été explorée [19, 53, 54].

1999-—présent
Apres avoir quitté définitivement l'institut Bogoliubov a Kiev, j’ai été embauché fin 1999 au
CEA-Grenoble au laboratoire ESEME (Equipe du Supercritique pour I'Environnement, les
Matériaux et I'Espace), nouvellement créé au sein du Service des Basses Températures (SBT).
Les études de 1’ébullition ont été poursuivies [7, 11,49-51...]. Le banc de lévitation magnétique
de I'hydrogene développé au SBT a permis d’étudier des phénomenes en microgravité [13]
sans nécessairement utiliser des ressources spatiales tres cheres. A Grenoble, j’ai encadré un
étudiant (C. Lenormand de I’Université Joseph Fourier) pendant son stage de maitrise en
2000. L’ESEME, dirigée par Daniel Beysens, est devenu en 2000 équipe mixte CEA-CNRS
et a déménagé dans les locaux de 'Institut de Chimie de la Matiere Condensée de Bordeaux
(ICMCB). Ce déménagement a permis une collaboration tres étroite avec le groupe de Y. Garra-
bos surtout en ce qui concerne d’une part 'interprétation et 'explication [15, 17, 18] des résultats
obtenus a 'aide du dispositif ALICE franco-russe qui fonctionnait a bord de la station spatiale
Mir et d’autre part la préparation du programme des nouvelles expériences dans le dispositif
DECLIC (CNES-NASA-ESA) qui volera & bord de la Station Spatiale Internationale en 2008. Je
coordonne maintenant des projets évalués comme excellents par 'ESA [66] et le CNES [69] sur
I’ébullition critique. Il s’agit de coordonner les activités expérimentales de DECLIC et du banc
de lévitation magnétique au SBT, avec des volets théorique et de simulations en collaboration
avec plusieurs équipes francaises et une équipe ukrainienne. Cette derniere a récemment rejoint
le projet d’ébullition et travaille dans le cadre d’un projet franco-ukrainien [67] en cours.

Les études sur la condensation atmosphérique (cf. chapitre 7) ont été poursuivies en collabo-
ration avec 'université de Corse (UMR CNRS 6134) a Ajaccio [5, 10, 47, 48]. Je co-encadre un
étudiant en these (O. Clus) qui développe ce sujet.

Les observations de la coalescence des gouttes sessiles [6, 16] ont stimulé la recherche de
I'impact des hétérogénéités du substrat sur la dynamique de mouillage [8, 14], voir chapitre 6.



1. Mon parcours professionnel

En 2004, ESEME s’est intégré au laboratoire PMMH (Physique et Mécanique des Milieux
Hétérogenes, UMR 7636) de 'ESPCI (Ecole Supérieure de Physique et de Chimie Industrielles
de la ville de Paris) et j’ai déménagé sur la région parisienne suite & ma mise a disposition de
I’ESPCI. Je travaille a 'TESPCI-PMMH depuis.

1.2 Liste de publications
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Narhe R., Beysens D., Nikolayev V. Dynamics of drop coalescence on a surface : the
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(2005).
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Phys. Rev. E, 72, 031602 (2005).
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drops, Phys. Rev. E, 72, 011606 (2005) ; voir page 266 de cette these.

Nikolayev V. S., Dynamics and depinning of the triple contact line in the presence of
periodic surface defects, J. Phys. Cond. Matt. 17(13), 2111 — 2119 (2005) ; voir page 257
de cette these.

Beysens D., Muselli M., Nikolayev V., Narhe R. and Milimouk I., Measurement and
modelling of dew in island, coastal and alpine areas, Atmospheric Research 73(1-2), 1 —
22 (2005).

Narhe R., Beysens D., Nikolayev V. Contact Line Dynamics in Drop Coalescence and
Spreading, Langmuir 20, 1213 — 1221 (2004) ; voir page 248 de cette these.

Nikolayev V. S., Beysens D., Garrabos Y., Crise d’ébullition : inhibition du détachement
de la bulle de vapeur par la force de recul, Mécanique & Industries 5(5), 553 — 558 (2004) ;
voir page 242 de cette these.

Nikolayev V. S. Beysens D., Equation of motion of the triple contact line along an
inhomogeneous surface, Europhysics Letters 64(6), 763 — 768 (2003); voir page 225 de
cette these.

Nikolayev V. S.) Dejoan A., Garrabos Y. & Beysens D. Fast heat transfer calculations in
supercritical fluids versus hydrodynamic approach, Phys. Rev. E 67,061202-1 — 11 (2003) ;
voir page 231 de cette these.

Beysens D., Milimouk I., Nikolayev V., Muselli M., Marcillat J. Using radiative cooling
to condense atmospheric vapor : a study to improve water yield, Journal of Hydrology 276,
1 — 11 (2003).

Beysens D., Nikolayev V. S., Garrabos Y., Vapor spreading and the boiling crisis, J.
Phys. : Condensed Matter 15, S435 — 5442 (2003).

Beysens D., Garrabos Y., Nikolayev V. S., Lecoutre C., Delville J.-P., and Hegseth J.,
Liquid-vapor phase separation in a thermocapillary force field, Europhysics Letters 59(2),
245 — 251 (2002) ; voir page 183 de cette these.

Chatain D., Nikolayev V. S. Using magnetic levitation to produce cryogenic targets for
inertial fusion energy : experiment and theory, Cryogenics 42, 253 — 261 (2002).
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Nikolayev V. S., Beysens D.A., Relaxation of non-spherical sessile drops towards equi-
librium, Phys. Rev. E, 65, 046135 (2002) ; voir page 217 de cette these.

Hegseth J., Garrabos Y., Nikolayev V. S., Lecoutre-Chabot C., Wunenburger R., Beysens
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Andrieu C., Beysens D., Nikolayev V. S., Pomeau Y. Coalescence of sessile drops, J.
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effect in a supercritical fluid sample cell : a phenomenological approach of the mechanisms,
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Nikolayev V. S., Beysens D.A., Lagier G.-L., Hegseth J. Growth of a dry spot under a
vapor bubble at high heat flux and high pressure, International Journal of Heat and Mass
Transfer 44, 3499 — 3511 (2001) ; voir page 160 de cette these.

Nikolayev V. S., Beysens D.A. Boiling crisis and non-equilibrium drying transition,
FEuroPhysics Letters 47(3), 345 — 351 (1999) ; voir page 153 de cette these.

Nikolayev V. S., Sibille P., Beysens D. Coherent light transmission by a dew pattern,
Optics Communications 150, 263 — 269 (1998) ; voir page 146 de cette these.

Nikolayev V. S., Beysens D.A. Coalescence limited by hydrodynamics, Physics of Fluids
9 (11), 3227 — 3234, (1997) ; voir page 138 de cette these.

Nikolayev V. S., Beysens D., Guenoun P. New hydrodynamic mechanism for droplet
coarsening, Phys. Rev. Lett. T6(17), 3144 — 3147, (1996) ; voir page 134 de cette these.

Nikolayev V. S., Beysens D., Gioda A., Milimouk I., Katiushin E., Morel J.-P. Water
recovery from dew, Journal of Hydrology 182, 19 — 35, (1996); voir page 117 de cette
these.

Beysens D., Gioda A., Katiushin E., Milimouk I., Morel J.-P., Nikolayev V. S. Les Puits
Aériens, La Recherche, Mai(287), 30 — 33 (1996) ; trad. espagnole : Los pozos de rocio, un
sueno reflotado, Mundo Cientifico Julio/Agosto(170), 620 — 623 (1996).

Nikolayev V. S. Twin Spacing and the structural phase transitions in
RBayCu3zO7_s high-T, superconductors, Phys. Rev. B 50(6), 4163 — 4167 (1994) ; voir page
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2 Amplification de fluctuations dans le
systeme thermoplastique

2.1 Motivation

Le systeme thermoplastique qui a été étudié dans ma these [8] a été inventé dans les années
1960 [5, 4] pour pouvoir enregistrer une image holographique quasiment instantanément, sans
traitement onéreux de film. Pendant les trois décennies suivantes, des systemes de ce type ont été
produits par de nombreuses sociétés ( HC-300 de Newport Research Corp., caméra holographique
FH2AR de Fujinon, TPC 200 de Steinbichler Optotechnik Gmbh. .. ). Les études du laboratoire
du Traitement des Images Optiques de I’Université de Kiev ou j’ai fait ma these ont été surtout
motivées par des applications spatiales. Parmi les avantages de ce systeme on peut citer le temps
de traitement tres réduit (1 s par cycle d’enregistrement), une bonne résolution spatiale (2000-
3000 lignes par mm), une bonne sensibilité (1-5 erg/cm?) dans la plage 400-800 nm de longueur
d’onde. Pour les applications spatiales, sa réversibilité (jusqu’a 1500 cycles d’enregistrement sur
le méme support pour les meilleurs systemes) et son insensibilité aux rayonnements extérieurs,
tres génants pour les films photographiques traditionnels, sont ses attraits principaux. Cepen-
dant, ce systeme a ses inconvénients, notamment un haut niveau de bruit. Le but de mes études
doctorales était donc d’étudier les fluctuations et leur amplification, due a plusieurs instabilités
que l'on trouve dans ce systeme et qui sont a l’origine du bruit optique.

2.2 Principe de fonctionnement du systeme thermoplastique

Le systeme thermoplastique est une couche de polymere déposée sur un support métallisé
(Figs. 2.1). La couche posséde en méme temps les propriétés d’un thermoplastique (i.e. devient
liquide sous chauffage) et d’un photoconducteur (i.e. tout en restant isolant dans ’obscurité, elle
devient conductrice une fois illuminée). L’ensemble est transparent.

Pour préparer ce systeme a l'enregistrement, une charge électrostatique est déposée sur sa
surface (Fig. 2.1a) dans 'obscurité. Pendant la durée de la phase d’exposition (Fig. 2.1b) a la
lumiere, une partie de la charge quitte la surface en raison des propriétés photoconductives de la
couche et I'image se trouve donc enregistrée comme une variation spatiale de charge superficielle.
Le développement de I'image (Fig. 2.1c) se produit dans I'obscurité quand le systéme est chauffé
(éventuellement par une impulsion de courant électrique a travers la métallisation). La couche
devient alors liquide et sa surface se déforme sous ’action des forces électrostatiques. La rugosité
superficielle correspondant a l'image enregistrée peut étre lue (Fig. 2.1d) grace a la diffraction
d’une lumiere cohérente. Le reste de la charge s’en va au travers de la couche en méme temps.
Le cycle d’enregistrement peut étre répété apres avoir effacé la rugosité en chauffant le milieu
(par effet de la tension superficielle).

Le bruit dans ce systeme prend sa source dans les fluctuations spatiales de la charge électrique
déposée pendant la phase de préparation. Deux autres sources (les fluctuations hydrodynamiques
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FIGURE 2.1: Le cycle d’enregistrement du systéme thermoplastique : (a) préparation; (b) enre-
gistrement ; (c¢) développement ; (d) lecture

et celles du courant électrique) se rajoutent pendant la phase de développement.
Il est connu qu'une couche de fluide sous champ électrique homogene peut devenir instable.
Une déformation de surface se développe. Cette instabilité a été étudiée d’une part pour un métal

liquide dans un champ externe [13, 3] d’autre part pour un fluide non-visqueux [12]. On appelle
cette instabilité “électrocapillaire” car son critere est défini par le bilan des forces électriques et
capillaires.

Un autre phénomene peut apparaitre dans ce systeme en raison de la composition de la couche
thermoplastique, qui est le plus souvent un mélange de plusieurs types de polymeres. Quand
la température change, une séparation de phase peut se produire. Dans un champ électrique
tres fort, la courbe de co-existence est modifiée et la transition de phase se produit pour une
température différente [11]. A cause du changement rapide de température, la séparation de
phase peut étre du type “décomposition spinodale” [2] dont le critére dépend aussi du champ
6]

D’un coté, ces instabilités peuvent servir a amplifier la rugosité utile de la surface, c.-a-d.
le signal méme. Mais d’un autre coté, elles augmentent aussi la rugosité chaotique, c.-a-d. le
bruit. L’étude détaillée de ces deux instabilités s’avérait donc indispensable. Dans le chapitre
suivant, nous allons discuter de ces deux instabilités dont I’analyse nous semble la partie la plus
intéressante des travaux de ma these [3].

2.3 Instabilités d’une couche liquide dans un champ
électrique

2.3.1 Instabilité électrocapillaire

Dans le travail [9] nous avons obtenu une relation de dispersion pour les ondes de surface d'une
couche d’épaisseur d et de tension superficielle . Le fluide est newtonien incompressible de den-
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sité p et viscosité dynamique . Le fluide est diélectrique, ¢ et €’ étant les constantes diélectriques
respectives du fluide et du gaz au-dessus. Deux modes de création du champ électrostatique ont
été prévus : par une électrode externe éloignée (champ Ej constant quand z3 — oo, cf. Fig.
1 sur la page 714 de 'article [9] pour la géométrie du probleme, p. 103 de cette these) et par
des charges distribuées sur la surface supérieure de la couche avec une densité superficielle o
(de valeur moyenne o0y). La surface inférieure est supposée équipotentielle. Les charges peuvent
migrer le long de I'interface en raison de la conductivité superficielle s.

Les équations ont été linéarisées et ce probleme bidimensionnel a été résolu par les trans-
formations de Fourier sur la coordonnée horizontale x et de Laplace sur le temps ¢, ce qui est
équivalent a la recherche d’une solution sous la forme

h = h(k, s) exp(ikz + st). (2.1)

La relation de dispersion s(k) prend alors la forme encombrante (10) de I'article [9] ou £ = kd et
les coefficients A,, et A, sont définies dans (8) (voir p. 715 de 1" article [9] (p. 103 de cette these).
L’influence du champ y est introduite par des composants @1 = Eyde'/e et @2 = 0od/(c/ep)
du potentiel de la surface non-perturbée de la couche di au champ extérieur et a la charge de
surface respectivement, ¢y étant la constante diélectrique du vide.

En analysant cette relation de dispersion avec la méthode de Vychegradsky-Nyquist, nous
avons montré qu'une perturbation de la surface n’est jamais convectée. En gardant la méme
position, soit elle décroit, soit elle s’amplifie dans le temps.

On trouve que la surface conductrice (¢ # 0) est instable quand

£
(¢1 — 2)? coth & + ?P% > ook, (2.2)

ou @g = /vd/(egp). Pour des métaux liquides (¢ — o0), la condition (2.2) se réduit a la
condition [3]

e'eoEn > vk (2.3)

qui ne dépend pas de I’épaisseur de la couche. On note que pour le cas d’une surface conductrice,
la couche est instable dans un champ électrique, méme tres petit. Le critere d’instabilité pour
la surface non-conductrice (3¢, = 0) est différent :

/ / 2
© [@1 <1 — %) + 2902} +¢£ [@1%02(1 +tanh &) — 903] /

=
(Smg 2 _ 5) > ¢ (1 + %tanhé“) o2, (2.4)

On s’apercoit que la surface n’est instable qu’a partir d'une valeur critique de charge superficielle,
c.-a~-d. pour @9 > @o.-. De plus, contrairement au cas 7, # 0, les ondes de grande longueur (de
petit k) sont stables.

Bien que les criteres (2.2,2.4) ne dépendent pas de la viscosité, son influence de celle-ci est
trés marquante sur l'incrément de l'instabilité s (cf. eq. 2.1), la courbe s(u) passant par un
maximum. Quand @1, 3 > g, I'incrément atteint une saturation. Pour £ = kd > 1 la valeur
saturée s’exprime :

4ee’  uk?®

o, (2.5)

S =
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Conclusion

Le résultat le plus marquant de cette analyse est la détermination des criteres d’instabilité
d’une couche liquide dans un champ électrique qui ne dépendent pas de la viscosité du liquide.
En contrepartie, la dynamique de la croissance instable d’'une déformation de surface dépend
de la viscosité, et la vitesse de croissance maximum est atteinte pour une viscosité bien définie.
Nous avons montré qu’une déformation de surface qui apparait et grossit a cause de 'instabilité,
n’est jamais convectée le long de la surface.

2.3.2 Décomposition spinodale anisotrope

Puisque ce sujet n’a été abordé que tres brievement dans la publication [10] et comme ce
probléeme n’a jamais été traité dans la littérature francophone ni anglophone, nous donnons ici
un aperc¢u plus détaillé.

Rappel de la théorie de Cahn-Hilliard

La théorie standard de la décomposition spinodale [1] consiste a écrire une expression pour
I'énergie libre d’un mélange de deux composants, la concentration ¢ = ¢(7, t) d’'un des composants
étant variable d’un point 7 a I'autre :

K
F:/{ﬂ@+3@@ﬂwz (2.6)
ou le coefficient K > 0 est constant et f(c) est I'énergie du mélange homogene :

df
e

~

1 d?
c+ !

~2

c=c

fle) =1

c=c

Ici la barre signifie une valeur moyennée sur le volume du mélange et le chapeau signifie une
déviation a cette valeur : ¢(7) = ¢(r) —¢. La cinétique de c est définie par I’équation de continuité

% = —divy, (2.8)

ot le flux diffusif j
j=—-MVpu (2.9)

s’exprime a travers du gradient du potentiel chimique p qui a son tour est une dérivée fonction-
nelle de F' :

oF
_ . 2.10
e (2.10)
Quand 'énergie est décrite par la fonctionnelle (2.6), on trouve
d
4 g (2.11)

u_dc
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La substitution des éqgs. (2.10, 2.7) dans les égs. (2.8, 2.9) et la transformée de Fourier sur
résulte en 1’équation

dé b d

— = R(k)c 2.12

©~ Ribye (212)
écrite pour image é(k) de (7). Lincrément R(F) = —Mk*(A + Kk?) est isotrope, c.-a-d. ne
dépend que de k = |k|. Evidemment, quand

&y

- 2
dC c=cC

A <0, (2.13)

R(k) > 0 pour le nombre d’onde

k< V]A|/K, (2.14)

et le mélange est instable par rapport a une perturbation harmonique de ¢ qui alors aug-
mente dans le temps et mene a la séparation de phase. Ce régime de séparation s’appelle la
décomposition spinodale. Le critere de celle-ci est donné par 1'éq. 2.13.

Puisque R ne dépend pas de la direction du vecteur E, la croissance conduira a une struc-
ture quasi-périodique isotrope de la phase minoritaire incrustée dans la matrice de la phase
majoritaire.

Cas du champ électrique externe

Le champ électrique apporte de I’énergie supplémentaire dans le systeme. La variation de cette
énergie correspondant a la variation de la constante diélectrique de s’écrit [7]

2
JF, = —/55805 d7, (2.15)
et donc
(5Fe €0E2
= — ) 2.16
oe 2 ( )

On cherche ensuite € du mélange homogene des deux composants avec les constantes €, et ey
telles que @ = g1 — €5 K €1, €. Une constante diélectrique £* satisfaisant 1’égalité

(D) = e*ey(E), (2.17)
ou les crochets signifient le moyennage sur des configurations spatiales aléatoires et E, D sont
respectivement le champ et I'induction électrique, s’écrit [7]

o2
e =¢ — ?c(l —¢), €& =ce+(1—ces. (2.18)
3

Cependant il nous faut trouver une constante diélectrique moyenne ¢(c) qui est définie par une
équation différente de (2.17),

(F) = 2=()eolEY (2.19)
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Nous avons démontré [3] qu’en fait * de (2.17) et £(c) coincident avec la précision o. Alors il
est facile de déduire de (2.18) que

de 20° .
T a+¥c—|—0(c), (2.20)

olt @ = a + O(a?) est un terme indépendant de ¢. Combinée avec (2.16), 1'éq. (2.20) résulte en
I’équation linéarisée
OF, 1

~ 1 _
= = _EganQ — 3—560Ea2é, (2.21)

ot E est le module du champ moyen.

Incrément R en présence du champ électrostatique
On part des équations de I’électrostatique

div(eE) = 0, (2.22)
E=—Vy, (2.23)

ou ¢ est le potentiel. En linéarisant ces équations et en choisissant 1'axe z parallelement au

champ imposé E, on obtient 1’équation
EAp = —F. (2.24)

En appliquant la transformée de Fourier et en tenant compte de 1'éq. (2.20), on obtient la solution
dans ’approximation linéaire

. ab a(k - E) N
Y= —Zkz%C =l ga & (2.25)
ol k. est la composante 2 du vecteur k. o
Dans I'approximation linéaire E? = 2EFE,. E, peut étre obtenue en utilisant les égs. (2.23,
2.25). A T'aide de I’éq. (2.21), on obtient alors & la place de (2.12) une expression [1()] valable

avec la précision o
} , (2.26)

Puisque I'incrément de l'instabilité (2.26) dépend de la direction du vecteur k, les domaines
croissants de la phase minoritaire seront anisotropes. Notamment, 'incrément dans la direction
perpendiculaire au champ est plus grand que dans la direction parallele. Cela veut dire que les
domaines seront allongés perpendiculairement au champ. On note aussi qu'un champ électrique
rend le mélange plus instable [1 1], donc que la décomposition spinodale est initiée plus facilement
sous champ.

Un autre résultat important concerne le couplage entre la croissance de I'hétérogénéité en
volume et la rugosité superficielle de la couche. Cette corrélation apparait grace au couplage de

—

(k-E)? E?
2 3

2
R(k) = — Mk {A + KK+ O‘;O

Conclusion
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ces deux phénomenes avec la variation spatiale du champ, voir ’éq. (2.25). Hormis ce couplage
qui augmente l'instabilité de la surface du systeme thermoplastique, 'effet de la décomposition
spinodale se voit directement sur I'image optique car les hétérogénéités de volume diffusent la
lumiere, elles aussi.
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3 Structures des domaines a 90° dans des
supraconducteurs a haute température
critique

3.1 Cadre général de I'étude

Les supraconducteurs a haute température critique possedent une structure cristalline tres
complexe. La non-steechiométrie est I’'une de leurs caractéristiques principales. Prenons I’exemple
du composé dont la formule générique est RBayCuzO7_s (dit du type 1-2-3) ou R signifie la
terre rare, yttrium (Y) pour la plupart des applications. La structure cristalline stratiforme du
composé 1-2-3 est présentée sur la fig. 3.1 pour le cas 6 = 0. Nous allons nous intéresser aux plans
cristallins [001] (marqués par des fleches) constitués par les atomes de cuivre et d’oxygene. On
appelle ces plans plans de base ou plans CuO;_s. Quand ils sont completement remplis comme
sur la fig. 3.1, (ce qui correspond a la composition steechiométrique avec § = 0) les atomes
forment des chaines paralleles Cu-O-Cu-O-. .. Cependant la symétrie cristalline nous suggere
qu'il existe deux directions équivalentes pour ces chaines : (010) (comme sur la fig. 3.1) et (100).
Deux types de domaines avec des directions de chaines perpendiculaires sont donc possibles.
Ils s’appellent des jumeaux structurels (“twin domains” en anglais) ou encore domaines a 90°.
Il est bien connu [1, 11] que des jumeaux forment des domaines périodiques dans les cristaux
ferroélastiques ou la direction des domaines est définie non pas par les chaines d’atomes mais
uniquement par la déformation € de la cellule cristalline dont le module élastique est désigné

001

) Oxygen
& Copper
&€} Barium
& vVitrium

FIGURE 3.1: Structure cristalline du composé 1-2-3. Les directions cristallines ainsi que les plans
de base sont indiqués par des fleches.
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par Q. On retrouve cette structure par exemple dans BaTiO3 [2]. On note ici que la cellule
cristalline du composé 1-2-3 avec § = 0 est aussi légerement déformée dans la direction des
chaines et appartient alors a la symétrie orthogonale.

La structure des jumeaux ressemble alors a un tissu de tweed (fig. 3.2).

FIGURE 3.2: Structure périodique des jumeaux dans un monocristal. Les lignes inclinées
montrent les directions (100) ou (010) de la déformation dans chaque domaine.
Les lignes en pointillés indiquent les positions des joints des domaines. Les joints
sont paralleles aux directions (110) ou (110).

Les domaines ferroélastiques sont semblables aux domaines ferromagnétiques. Ils sont tres
bien décrits par la théorie classique [1] suivant laquelle on découpe I’énergie du cristal (voir la
fig. 3.2 pour les mesures) en deux parties,

W = LQé*/2 + ED. (3.1)

Le premier terme est une énergie des contraintes élastiques qui existent pres de la surface du
cristal dans une couche dont l’épaisseur est proportionnelle a la période de la structure L.
Le deuxieme terme est une énergie de volume égale a la somme des énergies des joints des
domaines. F désigne 1’énergie par unité de volume, E = o/L, ot la tension de I'interface o entre
les domaines est multipliée par le nombre de joints par unité de volume 1/L.

En minimisant W par rapport a L on obtient

L~ VD. (3.2)

Lors de la dérivation de cette formule, on suppose que les joints sont tres étroits par rapport a
L et donc que 'on peut négliger leurs interactions.

En pratique, le composé 1-2-3 est toujours non-stoechiométrique, ce qui signifie que des atomes
d’oxygene manquent dans le plan de base, (0 < § < 1). Les atomes restants sont donc moins
ordonnés. La distribution spatiale de ces atomes est corrélée avec la déformation. Notre travail
consistait alors a trouver cette corrélation et étudier l'effet de la non-stoechiométrie sur les
propriétés des cristaux et sur la périodicité. Les propriétés des joints des domaines suscitent aussi
de I'intérét car ils représentent des lignes d’accrochage pour des vortex d’Abrikosov ou encore des
“liens faibles” qui peuvent servir de jonctions de Josephson a l'intérieur d’un supraconducteur.
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_____

1 a

FIGURE 3.3: Structure d’un plan de base d'un composé 1-2-3. Les emplacements des atomes Cu
sont indiqués par des ronds pleins. Les lacunes d’oxygene sont au milieu des cotés
de chaque cellule. Le carré en pointillé montre la maille élémentaire et les ronds
vides précisent les emplacements des lacunes en oxygene a 'intérieur. La direction
de l'axe x (ou 1) coincide avec la direction cristallographique (100). La direction
de l'axe y (ou 2) coincide avec la direction cristallographique (010).

3.2 Modélisation de la structure périodique

Pour expliquer certains résultats expérimentaux, nous avons proposé dans nos travaux de
prendre en compte l'interaction a longue portée entre les frontieres qui apparait en raison de
I'interaction entre 1’élasticité du réseau cristallin et 'arrangement des atomes d’oxygene dans le
plan de base. Deux modeles bidimensionnels (qui ne considérent que le plan de base) ont été
proposés. Le premier a été inspiré par 1’analogie entre des structures non-stoechiométriques et
incommensurables. Pour décrire ces dernieres, le modele de Frenkel-Kontorova [(] est employé
avec succes.

3.2.1 Modéle du type Frenkel-Kontorova

Dans ce modele, discuté dans des références [3, 8, 7], on suppose que les atomes d’oxygene
peuvent se déplacer librement dans le plan de base. Alors, ces déplacements couplés avec la
déformation du réseau cristallin constitueront les variables principales.
Description du modele

On découpe I'énergie E en deux parties :

E=U+W+ E,. (3.3)

U est un potentiel moyen pour les atomes d’oxygene, créé par le reste du réseau cristallin. Il
possede ses minima dans des lacunes d’oxygene au milieu des atomes de cuivre (fig. 3.3) :

o 500 o (2] [ (222 o

ol on somme sur toutes les lacunes d’oxygene de coordonnées R; = (X;,Y;) a l'intérieur d'un
carré L x L, a étant la période du réseau des atomes du cuivre.
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L’interaction U entre les atomes d’oxygene est supposée harmonique :
K = — = —
U:ZE’H—R%’—T]'—FR]'F, (35)
i?j

ou 7; sont les positions des atomes d’oxygene dans le réseau périodique qui existait en I'absence
du potentiel W. La période ap de ce réseau est déterminée par 1’égalité des aires occupées
o)
par ce réseau imaginaire et le réseau des atomes de cuivre : ap = a/v/1 —4d[3]. On ne tient
compte que des interactions entre les atomes d’oxygene les plus proches, avec la constante
d’interaction K. On suppose maintenant que d < 1 et on peut alors remplacer la somme sur les
positions des lacunes par la somme sur les positions des atomes d’oxygene. On définit ensuite
le vecteur u(p) = 7, — p qui est le déplacement d’un atome d’oxygene de I'emplacement p'= an
n
correspondant a une lacune avec le méme numéro n consécutif. Puisque le nombre des atomes
d’oxygene est inférieur au nombre des lacunes, il est évident que u(n) doit étre décrit par une
)
fonction croissante. On obtient alors de 1’éq. 3.5 I’expression

K
U= —
2

n’j

2
i+ A)) — @) — 8,222 (3.6)

a

ou &j est un vecteur qui désigne la position relative d'une des quatre lacunes les plus proches
de la lacune 7.

En supposant que les frontieres sont paralleles a la direction (110), on cherche a minimiser le
Hamiltonien pour trouver u = u, = u, en fonction de la distance

¢ = (ps + 1)/ V2. (3.7)
Apres passage a une description continue, on obtient

U+W:/d¢{2K[<j—;) —aoa_“\/ij—z + V sin? (?)} (3.8)

Le troisieme terme E,; dans le Hamiltonien (3.3) est la contribution de I'énergie élastique. On
introduit comme parametre d’ordre la déformation orthorhombique qui se traduit pour le plan
de base en déformation rhombique (carré—rectangle)

€= (€11 — 622)/\/5 (3.9)

ou €;; et le tenseur des déformations. La contribution E; alors s’écrit

E, = /dqb {QTGQ — becos (27T7u> — Pe} , (3.10)

ou P est la différence des composantes de la pression externe : P = P, — P,. Le deuxieme
terme de l'intégrale couple la déformation et le déplacement des atomes d’oxygene. Puisque la
constante de couplage b est positive, ce terme atteint son minimum lorsque le réseau est étiré le
long des chaines d’oxygene, conformément a 1’expérience.
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Minimisation de I'énergie

Comme les termes U et W sont indépendant du parametre d’ordre €, on peut minimiser
uniquement F,; par rapport a €, ce qui donne

P b 2mu
€ = é—i—aCOS (T) . (311)

En re-injectant (3.11) dans (3.10) on obtient

2
E., = /d¢ [Qb_Q sin? <27;Tu> — %cos (27;7”)} ) (3.12)

On constate qu’en absence de pression extérieure, la contribution de la déformation conduit
seulement a une renormalisation de V' :
b2
V-V =V+—= 3.13
30 (3.13)

En introduisant les parametres adimensionnés

% 2a0 —a ' KTV 2

"TVEK K a ’ 4
4 _ 2b

= — P: P

T QU

on transforme la somme des fonctionnelles (3.8) et (3.12) en

E—/cw Lds)' pds o in8 by (3.14)
= 9 dw dw S 9 COS2 . .

En minimisant cette fonctionnelle, on obtient I'équation “double sin-Gordon” stationnaire
[%, 7] dont on trouve facilement la premiere intégrale. Une solution périodique s()) peut étre
trouvée aussi facilement. En réinjectant cette solution dans (3.14) et en minimisant le résultat
relativement a la période

T ds
L:/o et (3.15)

on trouve que le minimum peut étre atteint sur une trajectoire pour laquelle [3] s > 0. Le
minimum existe si

4
F>FCT:—[\/1+x+xlog(1+\/1+x)—glogx , (3.16)
T

ot z = P/4. Cette condition est équivalente au critére § > d.,(P) ~ k['..(P), ce qui détermine la
conclusion la plus importante de ce modele : la structure de domaines-jumeaux ne peut exister
que quand ¢ excede une valeur critique. Une autre conclusion concerne I'influence de la pression
sur la structure périodique : la période augmente avec la pression. Mais en méme temps, les
jumeaux perdent leur symétrie : I'un des domaines devient plus large que 'autre. Ces résultats
sont conformes a de nombreux résultats expérimentaux.
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3.2.2 Modele statistique

Bien que le modele précédent explique correctement beaucoup de résultats expérimentaux, il
comporte des insuffisances. Ce sont avant tout la limitation § < 1 et I’hypothese de déplacement
des atomes d’oxygene sur des distances comparables a la maille élémentaire. Un autre défaut
essentiel — l'indépendance de la période de la taille du monocristal D, contredit 1’expérience.
Nous avons donc proposé un modele plus réaliste dans les articles [0, 10]. Ce modele s’applique
a une plage de 9 plus large. Nous discutons ce modele ci-dessous.

Description du modele

Il s’agit d’un modele statistique dont les variables principales sont les probabilités d’occupation
des lacunes d’oxygene. On introduit deux variables principales qui sont les probabilités p; et po
(avec 0 < p; < 1) d’occuper les lacunes d’oxygene dans la maille élémentaire (fig. 3.3) le long
des axes 1 et 2 respectivement. En utilisant une approche du type champ moyen, on considere sa
variation en échelle de plusieurs constantes a de la maille cristalline. Un ensemble équivalent de
variables est introduit : ¢ = p; + py (la concentration de 'oxygene dans la maille élémentaire))
et 7 = p1 — pa (le parametre d’ordre différent de signe dans les jumeaux voisins).

L’énergie libre par unité de ’aire du plan de base peut étre découpée en quatre parties :

F=F,+F.+F,-TS. (3.17)
La premiere partie est I’énergie de Coulomb d’interaction des ions d’oxygene
Fy=WVi(¢ = 0?) + (V = V1) +r(Vn)?, (3.18)

ou Vj est une interaction avec les proches voisins et V' — V] est 'interaction avec les autres ions
d’oxygene.

La deuxieme partie de (3.17) est I'énergie élastique du réseau F, = ¢;jx€ij€r/2, OU ;5 signifie
les composantes du tenseur élastique et ¢;; celles du tenseur de déformation. Selon la symétrie,
seules les composantes du tenseur élastique 1111 = €02 €t €119 = 9911 sont différentes de zéro.
Le terme

Fy = —cija(Aypr + Appa)es;, (3.19)

définit I'interaction entre la position de I'atome O dans la maille élémentaire et sa déformation.
Selon la symétrie tétragonale,

by 0 by 0
1_ 1 2 _ 2
a= () =50
b; étant des constantes matérielles.

Le dernier terme introduit la température T' dans le modele, I’entropie étant donné par 1'ex-
pression conventionnelle

S=—[pilnp; + (1 —p;) In(1 — p;)]. (3.20)
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c

FIGURE 3.4: Le diagramme de phase du composé 1-2-3 obtenu a 1’aide de 'approximation du
champ moyen strict (¢ = 0). L’abscisse est la valeur moyenne de ¢ dans le plan de
base (=1 —J). La région O’ + O” existe pour v < 4.

Minimisation de I'énergie élastique

L’énergie est minimisée de la méme fagon que pour le modele précédent. D’abord on cherche
la, déformation €;; minimisant la contribution élastique. On retrouve la proportionnalité de la
déformation rhombique (3.9) et n : € = n(by — by)/v/2. En réinjectant ¢;; dans F on obtient
I’expression

FIV = —yn* + ¢*(dn/d¢)* — 78, (3.21)
outT=T/V, g*=2r/V,
7= (b = 0)’Q/4+W)/V, Q= cun — cnae. (3.22)

Le probléme devient unidimensionnel car ¢ et 1 ne dépendent que de la coordonnée (3.7) mesurée
le long de la direction (110). Notons la renormalisation du coefficient d’interaction (3.22) a cause
de I"élasticité de réseau de la méme fagon que dans le modele précédent (3.13).

Diagramme de phase

Le diagramme de phase correspondant a l'expression (3.21) calculée pour Vi = 0 a été
obtenu dans larticle [5]. Il est présenté sur la fig. 3.4 et met en évidence quatre régions de
stabilité de phases différentes. Dans la région T, la phase tétragonale est stable. Cela veut dire
que p; = po, c.-a-d. que les atomes d’oxygene sont distribués de facon homogene sur le plan de
base, dont la déformation est égale a zéro. Les jumeaux ne peuvent donc pas exister. Dans la
région orthorhombique (O), les chaines des atomes d’oxygene apparaissent et la maille cristalline
est déformée. Les phases tétragonale et orthorhombique co-existent dans le domaine T+O et
deux phases orthorhombiques avec un degré de déformation différent co-existent dans la région
O’ 4+ O”. Notre modele de formation de jumeaux ne concerne que les domaines T+O et O.
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cqg —| c(z)

n(z)
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FIGURE 3.5: Approximations linéaires par morceaux de c¢(z) et n(z) utilisées pour la
modélisation. ¢4 (n4) est la valeur de ¢ (n) a lintérieur d’'un domaine. ¢, est la
valeur de ¢ a l'intérieur d’un joint de grain ou n = 0.

Propriétés de la structure périodique

Nous voulons étudier comment des phases différentes sont distribuées dans ’espace. Pour cela,
nous avons besoin de minimiser la fonctionnelle

L/2
=X Fdz, (3.23)
L
~L)2

ou F' est définie par (3.21) et N est le nombre de mailles élémentaires par unité de volume, sous
la contrainte de conservation du nombre total d’atomes d’oxygene :

1 L2
1-6= —/ c(z)dz. (3.24)
LJ r

On peut démontrer que ce probleme variationnel possede des solutions périodiques. Plutot que
de les chercher rigoureusement, on utilisera une approximation linéaire par morceaux (fig. 3.5).

En injectant ces dépendances dans (3.21) et ensuite dans (3.23), E devient une fonction des
parametres de 'approximation : ¢y, Ng, ¢y, A, w.... On minimise ensuite (3.23) par rapport a
ces parametres en trouvant la valeur optimale E(L) qui ne dépend que de la période L et des
parametres T et 0.

Deux types de joints de grain sont possibles en fonction de la valeur optimale du parametre
w. Pour des joints du type “O-O”, w = 0 et des joints connectent deux domaines de la phase
orthorhombique. Si w > 0, on parle de joints “O-T-O”, ce qui veut dire que la phase tétragonale
se trouve a l'intérieur des joints.

La différence principale avec le modele de type Frenkel-Kontorova, c’est que la fonction E(L)
ne posseéde pas de minimum. Pour L — oo, E ~ 1/L et on retrouve la théorie classique. La prise
en compte de 'énergie de surface du monocristal et la minimisation de I’énergie totale (3.1) sont
alors nécessaires.

La dépendance L(D) qui en résulte est présentée sur la fig. 3.6. On retrouve L ~ D'/? quand
L est grand. Le point de singularité correspond a la transition entre les régimes ot les joints des
domaines sont du types O-O et O-T-O . La température de cette transition correspond grosso
modo a la température définie par la courbe séparant les phases T et O sur la fig. 3.4. Mais
la position exacte de cette transition dépend légerement de D ce qui est est mis en évidence
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FIGURE 3.6: Période de la structure en fonction de la taille du monocristal calculée pour § = 0.1.
Les deux sont exprimées en unités arbitraires. Le parametre des courbes est T/V .
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FIGURE 3.7: Période de la structure en fonction de la température pour 6 = 0.1. Le parametre
des courbes est D. La taille du monocristal et la période sont exprimées dans les
mémes unités.

par la fig. 3.7. La transition se manifeste par le minimum de la fonction L(7T). On voit que
sa position se déplace avec D. Quand D — oo, la position du minimum tend vers la limite
donnée par le diagramme de phase de la fig. 3.4 (= 0,37 pour § = 0,1). De la méme facon,
les valeurs des concentrations d’oxygene a l'intérieur des domaines ¢4 et dans ses joints ¢, ne
correspondent aux valeurs données par le diagramme de phase de la fig. 3.4 que si D — o
(cf. les lignes en pointillés). Indépendamment de la taille du monocristal, la période L s’annule
quand la température approche le point de la transition de phase T-O (&~ 1.98 pour § = 0.1).

Le calcul montre que ¢, est inférieur a ¢y, c.-a-d. que les joints des domaines contiennent
moins d’oxygene que les domaines eux-méme.

Le modele statistique a un champ d’application plus large que le modele considéré dans le
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chapitre 3.2.1. Il reste valide dans l'intervalle § < § < 0.5 ou § > 0 est déterminé par ’apparition
des domaines & 180° (domaines antiphases). La limitation supérieure apparait a cause du fait
qu’on ne considere que 2 atomes d’oxygene par maille élémentaire. On néglige donc la formation
de la structure “ortho-1I" qui devient plus avantageuse que les domaines a 90° pour § > 0.5.

Concernant le domaine O’ + O” du diagramme de phase (fig. 3.4) ou deux phases ortho-
rhombiques avec un parametre d’ordre différent doivent co-exister, on note que la structure des
domaines a 90° peut y étre décrite également avec le modele statistique. Seulement, a la place
du profil & deux coudes pour 7n(z) (fig. 3.5), il faudra utiliser un profil plus compliqué a quatre
coudes.

3.3 Conclusion

Dans ce chapitre, nous avons étudié la structure périodique des domaines a 90° (les domaines-
jumeaux structurels). Les caractéristiques inhabituelles de cette structure apparaissent en rai-
son de la non-steechiométrie d’oxygene de ce composé supraconducteur. On note que les atomes
d’oxygene sont les donneurs d’électrons, ce qui est nécessaire pour les propriétés supracon-
ductrices, d’ou I'importance de ces études. La distribution spatiale des atomes d’oxygene est
corrélée fortement a la déformation élastique du réseau. Notre modélisation explique un grand
nombre de faits expérimentaux liés a la structure périodique. Notamment, on montre que la
phase tétragonale peut co-exister avec la phase orthorhombique car elle se situe dans des joints
de domaine qui peuvent étre assez larges. La concentration d’oxygene est donc moins forte dans
les joints et les atomes y sont distribués de fagon aléatoire. La dépendance de la période L
de différents parametres (température T, taille du monocristal) est analysée. Nous mettons en
évidence le caractere non-monotone de la fonction L(7'), avec un minimum correspondant a une
transition de phase. Nous avons démontré que cette transition variait faiblement avec la taille
du monocristal.

Beaucoup de composés chimiques sont caractérisés par la non-steechiométrie en oxygene et
par une symétrie similaire. La modélisation ci-dessus peut étre donc leur étre aussi appliquée.
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4 Cinétique de séparation de phase dans
les mélanges binaires

4.1 Introduction

La premiere étape de la séparation de phase, notamment la décomposition spinodale, a été
étudiée dans le chapitre 2.3.2. Bien que ce phénomene s’observe facilement dans des mélanges
de polymeres ou la mobilité diffusive est faible, il se produit tres rapidement et est donc plus
difficilement observable dans des mélanges se composant de molécules légeres. Dans ce chapitre
nous nous concentrons sur la cinétique des étapes plus tardives.

Considérons un mélange de composants A et B. Son diagramme de phase est présenté schéma-
tiquement sur la fig. 4.1 ou la concentration ¢ du composant A est choisie comme parametre
d’ordre. Le diagramme comporte une région monophasique (au-dessus de la courbe de coexistence
ou binodale) et une région diphasique au-dessous. Le maximum de la courbe de coexistence est le
point critique de coordonnées (c., T,). Choisissons un mélange de concentration ¢ de température
initiale correspondant a la région monophasique et baissons la température rapidement pour que
le mélange atteigne la région diphasique (fig. 4.1). Apres cette trempe thermique, le mélange
commence & se séparer en deux phases MT et M~. A la fin de la séparation, les concentrations c_
et c; dans chacune des phases sont données par la courbe de coexistence. La fraction volumique
¢ de la phase minoritaire (M™ pour ¢ < ¢.) peut étre obtenue a partir de la conservation de la

A 1: Trempe thermique

Tl Point critique
Phase riche en B % Phase riche en A

f 2: Croissance /

Courbe de coexistence

R°<t1/3 Roct L Roct_1/3
- .
C c C Cy C

FIGURE 4.1: Diagramme de phase schématique d’un mélange binaire. La courbe séparant les
deux régimes de croissance est définie par ’équation ¢ = ¢, = cst.
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quantité du composant A et est définie par I'expression

¢=1/2—lc—cl/(cs —c), (4.1)

ou la symétrie axiale de la courbe de coexistence a été supposée. Cette derniere hypothese est
correcte pres du point critique ot le ralentissement critique permet a la séparation de phase d’étre
observée expérimentalement pendant un temps raisonnablement long par rapport au temps de
la trempe.

Au cours de la séparation de phase, on observe la croissance de domaines de la phase mino-
ritaire au sein de la phase majoritaire. A cause de la différence de densité des deux phases, la
gravité terrestre entraine la sédimentation et donc perturbe la cinétique de la croissance. Les
meilleurs résultats expérimentaux sont donc obtenus la ou la sédimentation est neutralisée.

Nous sommes intéressés par les étapes tardives de la croissance quand les frontieres entre les
phases sont déja bien développées et les concentrations du composant A dans les phases sont
tres proches des valeurs d’équilibre c_ et ¢,. Alors, les domaines croissent par coalescence (parce
que le systeme tend a réduire 'aire de I'interface entre les phases) et ¢ ne dépend plus du temps.

D’apres les résultats expérimentaux [7] obtenus pres du point critique d’un mélange binaire
choisi de telle fagcon que les densités des phases sont tres proches, deux scenarii alternatifs de
croissance sont possibles. Le premier d’entre eux se caractérise par la croissance de domaines
sphériques distincts de rayon moyen R croissant selon la loi R ~ t'/3 (¢ est le temps qui s’est
écoulé apres la trempe). C’est une croissance “lente” qui peut durer des dizaines de minutes, voire
une heure. Dans le deuxieme régime, les domaines grossissent selon une structure inter-connectée
quasi-périodique dont la “période” R est soumise a la loi de croissance R ~ t!'. Cette croissance
“rapide” prend typiquement quelques minutes. Ces régimes dépendent de ¢ : on obtient le régime
t1/3 quand ¢ < 0,3 et le régime ! quand ¢ > 0, 3.

L’analyse [14] des résultats expérimentaux montre que la loi ¢'/3 peut étre expliquée par la
coalescence de domaines qui suivent un mouvement brownien plutot que par le mécanisme de
Lifshitz-Slyozov [8], mécanisme valable seulement pour ¢ — 0 et qui pour cette raison ne sera
plus discuté ici.

Depuis le travail [15], 'origine hydrodynamique de la loi R ~ t! a été établie mais le mécanisme
de la croissance restait incertain. Dans les articles [10, 11] nous avons proposé un modele de
coalescence en chaine qui explique cette loi ainsi que plusieurs autre faits expérimentaux jusque
la incompris. Avant de décrire ce modele, discutons le modele expliquant le régime /3.

4.1.1 La coalescence brownienne et la loi en ¢/3

Ce mécanisme est mentionné souvent comme celui de Binder et Stauffer puisque ce sont eux
[1] qui l'ont appliqué a la séparation de phase. Selon ce mécanisme, le taux de collisions par
volume unitaire dii au mouvement brownien de gouttes sphériques dans le liquide est

Np = 167D Rn’g, (4.2)

ol n est un nombre moyen de gouttes par volume, R est le rayon moyen des gouttes. Le coefficient
de diffusion des gouttes D est définie par I'expression
_ kgT
~ 5muR’
ou l'on suppose que les deux phases ont la méme viscosité dynamique g, ce qui est justifié au
voisinage du point critique. Le facteur g représente la correction qui tient compte de 'interaction

(4.3)
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goutte D

FI1GURE 4.2: Croquis des gouttes subissant la coalescence.

hydrodynamique entre les gouttes. Il dépend du rapport des viscosités du fluide a I'intérieur et
en dehors des gouttes et de la distance moyenne entre les gouttes, donc de ¢. Dans la limite
diluée (¢ — 0), g = 0,56 et change peu avec ¢. Cette valeur de g sera utilisée par la suite.

On peut négliger le temps de fusion des gouttes par rapport au temps entre les collisions. La
coalescence est la seule raison de la diminution du nombre de gouttes,

dn
— = —Np. 4.4

Puisque R et n sont liés par la condition

4
o= §7TR3TL = cst, (4.5)

Np prends la forme

. 9kBT9(¢)¢2
Np = W (4.6)

Sa substitution dans 1'éq. (4.4) résulte en la loi R ~ t'/3.

4.2 Le modele de coalescence en chaine et la loi en ¢!

Contrairement au modele précédent de coalescence brownienne, un modele purement détermi-
niste de coalescence est discuté ici. Notre considération est basée sur I'idée suivante. D’abord
imaginons un ensemble des gouttes suspendues dans le vide plutot qu’a l'intérieur d’un autre
liquide, afin de pouvoir négliger toutes les interactions entre elles. Deux gouttes en fusion sont en
train de former une goutte “composite”. Si la distance moyenne entre les gouttes dj est inférieure
a une valeur seuil (que I'on appelle “la limite de coalescence”), la goutte composée touchera une
goutte voisine, “goutte D” (fig. 4.2). Une deuxieéme coalescence suit qui induit une autre si les
gouttes sont suffisamment pres les unes des autres. Les coalescences peuvent ainsi s’enchainer.
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La limite de coalescence dépend seulement de la forme des gouttes et peut étre calculée [11] a
partir de seuls arguments géométriques, Ly = dy/R ~ 0, 99.

En retournant a la séparation de phase, considérons maintenant le début de la croissance ou
les petites gouttes de la phase M™ viennent d’étre formées. Quand ces gouttes sont incluses dans
un autre liquide (la phase M ™), le scénario change en raison des interactions hydrodynamiques.
La relaxation de la goutte composée induit un écoulement, dont la direction est montrée par les
fleches sur la fig. 4.2. Cet écoulement éloigne la goutte D et géne la deuxieme coalescence. La
limite hydrodynamique Ly de coalescence devrait étre ainsi inférieure a la limite Ly pour les
gouttes suspendues dans le vide.

Les forces de lubrification qui empéchent deux interfaces de s’approcher sont tres fortes. C’est
pourquoi les interfaces de la goutte composée et de la goutte D ne s’approcheraient jamais en
absence des gouttes environnantes. Or, les mémes forces de lubrification agissent entre la goutte
D et les gouttes voisines. Alors la goutte D ne peut pas étre poussée infiniment par ’écoulement
produit par la goutte composée et les interfaces des deux gouttes se rapprochent finalement.
Nous supposons qu’au moment ot les surfaces des deux gouttes se rapprochent a une distance
que nous appelons la “distance de coalescence”, un pont entre elles se forme immédiatement et la
coalescence commence. 1 peut étre définie par la portée des forces attractives de van der Waals
ou bien par I’épaisseur de 'interface.

Nous notons que ce processus est censé étre auto-similaire, ce qui veut dire que toutes les
gouttes participent a des processus similaires. La taille moyenne des gouttes croit dans le temps
de facon continue.

4.2.1 Simulation de la coalescence

Nous voulons examiner numériquement 1’écoulement produit par la coalescence de deux gouttes
et son influence sur la troisieme goutte D voisine. Cependant, il est nécessaire de tenir compte
du retardement du mouvement de la goutte D par les gouttes environnantes. Puisque les forces
hydrodynamiques s’affaiblissent lentement avec la distance, un nombre tres grand de gouttes
doit étre simulé, ce qui est tres difficile, voir impossible. Une maniere alternative de démontrer
I’effet avec un nombre restreint de gouttes est de les entourer par une coque fermée qui imiterait
le champ moyen des vitesses créé par les gouttes environnantes.

La géométrie choisie pour la position initiale des interfaces est présentée sur la fig. 4.3.

La goutte composée est 'agrégat des deux gouttes qui viennent de former un pont. Une autre
goutte de rayon R (goutte D) se trouve a la distance dy de la goutte composée. Ces deux gouttes
sont enveloppées par une coque sphérique ayant la méme tension superficielle o que les gouttes.

L’ensemble de trois gouttes sphériques a un bas degré de symétrie et donc nécessite un temps de
calcul assez long. C’est pourquoi nous avons choisi a sa place I’ensemble possédant une symétrie
cylindrique par rapport a 'axe z (fig. 4.3). Autrement dit, la goutte composée ressemble plutot
a un “tore sans trou” qu’une haltere. On s’attend a ce qu'une telle configuration maintienne les
caractéristiques principales du vrai systeme physique qui est une structure des interfaces reliées
ensemble ol les gouttes ne ressemblent pas du tout a des objets sphériques [7]. La discussion
étendue sur la validité de 'approximation de la coque peut étre trouvée dans larticle [11].

Examinons d’abord le critere géométrique de la deuxieme coalescence, avec la goutte D. Le
diametre de coque D, au moment initial peut étre défini selon la fig. 4.3 en fonction de R, 1
et dy. Le diametre final de la goutte composée D, apres sa relaxation peut étre obtenu a partir
de son volume initial car il est conservé pendant I’évolution. Il est évident (cf. la fig. 4.4) que
si Dy < D.+ 2R + 37, la deuxieme coalescence devra avoir lieu parce que les deux gouttes
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goutte ¢
composee

goutte D

cogue

FI1GURE 4.3: Les positions des gouttes au début de la simulation. ¥ est la distance de coalescence
et dy est la distance initiale entre les gouttes.

---- t=0 =tz
-—t=0.87 —t=13.34r7

FIGURE 4.4: Evolution temporelle des interfaces pour dy/R = 0,65. La deuxiéme coalescence a
lieu a t = t. = 13,347, 7 = uR/o. Les distances entre deux gouttes d; et entre la
goutte D et la coque ds sont indiquées pour t = 7.

se rapprocheront entre elles ou avec la coque a la distance 1) de coalescence. Cette condition
nous donne la limite d5 géométrique de coalescence Lg qui pour la valeur de ¢ = R/10 donne
Lo =d§/R ~0,484.

Le probléeme hydrodynamique est posé dans I’approximation de Stokes car le nombre de Rey-
nolds est tres petit [15]. Nous supposons que juste avant que la coalescence ait lieu, le mouve-
ment du fluide est beaucoup plus faible qu’apres la coalescence. La vitesse zéro est donc choisie
comme condition initiale. L’écoulement dans notre systeme modele est créé par la goutte com-
posée qui relaxe sous 'action de sa tension superficielle. Nous nous intéressons au temps t. avant
la, deuxieme coalescence en fonction de dy. La méthode de l'intégrale de frontiere (“boundary
integral method” en anglais) est utilisé [11] pour résoudre ce probleme hydrodynamique aux
interfaces libres.
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FIGURE 4.5: Temps entre deux coalescences consécutives t. en fonction de dy, 7 = pR/o. Les
lignes verticales montrent les limites géométrique Lg et hydrodynamique Ly de
coalescence et la limite de coalescence dans le vide Ly .

L’évolution temporelle des interfaces est présentée sur la fig. 4.4. On voit que grace au ra-
lentissement du recul de la goutte D, la deuxieme coalescence peut se produire méme quand
do/R > L¢g. Examinons le temps . entre les coalescences

te = auR/o, (4.7)

ou a ne dépend que de dy/R. Cette dépendance est présentée sur la fig. 4.5. La deuxieéme
coalescence a lieu quand dy/R < Ly ou Ly ~ 0,769 est la limite hydrodynamique de coalescence.
Elle est définie comme la distance initiale réduite ou le temps entre deux coalescences (t.) devient
infini.

Notons que la coalescence se produit entre la goutte composée et la goutte D et non pas
entre la goutte D et la coque. Cela signifie que l'interaction de lubrification avec les gouttes
environnantes (avec la coque dans notre modele) crée une attraction effective entre la goutte
relaxante et sa voisine. Une nouvelle goutte composée se forme. Remarquez que la forme de cette
nouvelle goutte devient plus compliquée que celle de la goutte composée d’origine (puisque la
relaxation n’a pas le temps d’aboutir & la forme sphérique entre deux coalescences consécutives).
La forme complexe interconnectée des domaines s’explique donc naturellement.

4.2.2 Généralisation du modele hydrodynamique

Pour exprimer o« en termes de la fraction de la phase minoritaire ¢ qui ne dépend que de
larrangement géométrique des gouttes, relions do/R & ¢ :

¢ =0b[1+dy/(2R)]°. (4.8)

La constante b dépend de ’arrangement spatial des gouttes. L’interaction hydrodynamique entre
les gouttes est toujours répulsive a cause de la force de lubrification. Ainsi les gouttes tentent-
elles d’étre aussi loin I'une de 'autre que possible. D’ailleurs, I’expérience montre une corrélation
en position des gouttes. Une telle corrélation explique pourquoi les gouttes ne se connectent pas
quand la fraction ¢ de volume atteint la limite aléatoire de percolation (¢ =~ 0,15).
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Puisque aucune information quantitative n’est disponible pour déterminer b, nous calculons ses
limites supérieure et inférieure. Pour avoir la limite supérieure, nous supposons que les gouttes
sont arrangées dans un ordre parfait aussi loin les unes des autres que possible. C’est donc un
arrangement de réseau cubique a faces centrées ou b =/ 3v2 ~ 0, 74. Nous pouvons considérer
comme limite inférieure 'empilement dense aléatoire (“random tight packing limit” en anglais)
pour des spheres de rayon R + dy/2. Ceci correspond a l’absence d’un ordre a courte portée
et implique b =~ 0,64. Nous voyons que la valeur de b n’est pas tres sensible & un arrangement
particulier. Par la suite, nous adopterons la valeur médiane b = 0, 69.

Maintenant, nous pouvons généraliser le mécanisme hydrodynamique ci-dessus pour une forme
arbitraire de gouttes. L’auto-similarité de la croissance implique la relation suivante pour les
tailles caractéristiques des gouttes entre deux coalescences consécutives i et (i + 1) : ROFY =
BR® o  est un facteur de forme universel, qui ne dépend que de ¢. Nous pouvons réécrire
également 'éq. (4.7) sous la forme £ = a()uRW /o, ott a(¢) est la fonction universelle.

Apres m coalescences

m—1
R=p"RO, t=") 10
1=0
et

-1 o
o ;t, (4.9)

R=RO 4

ott R est le rayon initial de la goutte. Notant que 5 = 2/ pour les spheres et 3 > 1 pour des
longs tubes, nous pouvons prendre 3 ~ 1,1 pour 'évaluation. D’apres la fig. 4.5 et 'éq. (4.8),
a ~ 10 pour ¢ = 0,5. Nous obtenons alors la loi R ~ 0,01c/pt, qui est conforme a 'expérience
[6], ou le facteur numérique est 0,04.

4.2.3 Compétition entre les deux mécanismes

En utilisant 1’éq. (4.8), nous pouvons obtenir a partir de Ly la valeur de ¢ correspondante :
oy ~ 0,26. 11 est clair que le mécanisme hydrodynamique décrit ci-dessus fonctionne seule-
ment quand ¢ > ¢y tandis que la coalescence brownienne a lieu dans la gamme entiere de ¢.
Considérons 'intervalle ¢ > ¢y afin de localiser la frontiere entre les régimes t'/? et ¢! sur le
diagramme de phase.

Ne tenant compte que de la croissance purement hydrodynamique, écrivons

dn

7 Ny, (4.10)
au lieu de (4.4), o Ny est le taux de coalescences dues a ’hydrodynamique qui peut étre calculé
en employant (4.9) et la relation entre n et R. Or la derniere dépend de la forme de la goutte. En
supposant qu’au début de I’évolution les gouttes sont sphériques, nous employons 1'éq. (4.5) :

dn 99 AR 9kpT9

N ey _— = — =
7 dt — 4rRYdt  Bum?Cal(g)RAE2

(4.11)
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FIGURE 4.6: Fonction G(¢) définie par I’éq. 4.13. Son fit est aussi indiqué.

Nous avons employé ici 'expression o = kg7 /~£? valable au voisinage du point critique; £ est
la longueur de corrélation dans la région diphasique, v ~ 0,39 est une constante universelle.
Le mécanisme brownien domine quand Np > Np. Alors en utilisant les égs. (4.6, 4.11) nous
réduisons la derniere inégalité a

ou G(¢) = Coga(e). (4.13)

Nous rappelons que toutes nos considérations sont valides seulement quand les interfaces des
gouttes se sont déja formées (les étapes tardives de la croissance), ce qui signifie que le rayon
initial d'une goutte ne peut pas étre moins grand que Iépaisseur d’interface, c.-a-d. ~ 4¢ [3].
Alors d’aprés I'inégalité (4.12) le régime R ~ t'/3 se réalisera quand

G(¢) > 16. (4.14)

La fonction G(¢) est représentée dans la fig. 4.6. Il est clair que (4.14) est valide quand

0 < ¢— ¢y < 107% Dans la pratique, ceci signifie que pour tout ¢ > ¢y, le mécanisme hydro-
dynamique seulement déterminera la croissance des le début de la croissance. Alternativement,
pour ¢ < ¢, les gouttes grossissent selon un mécanisme brownien seulement. Ceci explique la
transition brusque dans la cinétique (' — 1/ 3) qui est commandée par la fraction de volume de
la phase de minorité comme observé dans [7, 11]. La courbe qui correspond & une valeur seuil un
peu plus grande (¢ = 0,32) est tracée sur la fig. 4.7. Elle montre un accord raisonnable avec les
données expérimentales issues de plusieurs expériences avec des mélanges binaires ainsi qu’avec
des fluides simples au voisinage de la frontiere entre les deux régimes. Il s’agit d’expériences de
séparation de phases liquide-gaz réalisées en microgravité [11, 13], seul moyen de supprimer 1'ef-
fet de la convection. D’autre part, le mécanisme de coalescence en chaine suggéré pour expliquer
le régime t! a été confirmé par des simulations numériques directes de la transition de phase [1].
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FIGURE 4.7: Données expérimentales obtenues au voisinage de la frontiere t* — ¢'/3 placées sur
une moitié du diagramme de phase dans les coordonnées universelles, ou le pa-
rametre d’ordre M signifie ¢/c. pour le mélange binaire et p/p. pour des fluides
simples. Symboles vides : croissance rapide t'. Symboles pleins : croissance lente
t1/3. Croix : la frontiere t' —¢!/3 d’apres 'expérience [7]. La ligne solide correspond &
la courbe de coexistence. La ligne en pointillés correspond a ¢ = 0, 32. Les données
expérimentales viennent de [141, 13].

4.3 Séparation de phase dans un gradient de température

Dans ce chapitre nous abordons la cinétique de la transition de phase liquide-vapeur dans un
fluide simple soumis & un gradient de température [2].

Une expérience de séparation de phase consiste a tremper un fluide pur (ici COs), de I’état
monophasique initial (p, ;) & un autre état (p, Ty) ol la séparation de phase se produit (p est la
densité moyenne de I’échantillon. T; est la température initiale, et T est la température finale,
cf. la fig. 4.8). L’évolution du systeéme est définie par le rapport entre la température critique 7,
la température de coexistence T¢,, et la profondeur 07" = T, — T de la trempe. Comme cela a
été décrit dans le chapitre précédent, selon la fraction volumique ¢ de la phase minoritaire, la
transition de phase peut procéder soit par la croissance des gouttelettes isolées quand ¢ < 30%
(insert (b) dans la fig. 4.9) ou par la croissance de domaines interconnectés quand ¢ = 30%
(insert (a)).

Les données pour une taille moyenne R de domaines concernant chacun des régimes R ~ t!
et R ~ t'/3 peuvent étre mis sur des courbes maitresses [14] dans les coordonnées réduites
Qm = 278 /R et T = t/tg, ot £ et te = 6mu,(£7)?/kpTy sont, respectivement, la longueur
de corrélation des fluctuations de densité dans le domaine diphasique et 1’échelle de temps de
relaxation associée, p, étant la viscosité dynamique.

L’expérience a été conduite a bord de la station spatiale Mir afin d’éviter la convection gra-
vitationnelle du fluide. Un faisceau laser tres mince (diametre 2w = 300 um) a été utilisé pour
chauffer localement le centre de la cellule cylindrique avec des hublots transparents en saphir
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FIGURE 4.8: Diagramme de phase schématique pour les fluides simples dans les coordonnées
température-densité. L’isobare qui correspond a 1’état final du fluide est montrée
avec ses branches métastables.
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FIGURE 4.9: Courbes maitresses pour la séparation de phase pres du point critique dans les
coordonnées réduites (longueur inverse (),,, temps 7). Les points expérimentaux
illustrent la croissance de la bulle solitaire centrale pour 07 = 85,90, 100 mK et
celle des autres bulles (fenétre (a)) qui suivent la loi conventionnelle brownienne. Le
fit avec I'exposant théorique —4/9 est montré aussi. La zone appauvrie en petites
bulles qui entoure la bulle centrale est visible dans la fenétre (b).

dont le diametre était 11,6 mm. Une trés petite partie v ~ 2 - 107% de la puissance du laser
P =1 mW est absorbée par le saphir qui chauffe donc le fluide. On observe une croissance plus
rapide d’une bulle solitaire au centre de la cellule (fig. 4.9).

Le piégeage d’une grande bulle ainsi que sa croissance plus rapide peuvent étre expliqués par
un effet de Marangoni provoqué par une variation de la température a l'interface de chacune des
petites bulles. En conséquence, une force les pousse vers I’endroit le plus chaud, c.-a-d. vers le
centre de la cellule ot une grande bulle solitaire se forme par leur coalescence. La question se pose
si une telle variation peut exister dans un fluide pur (sa pureté était de I'ordre 2 - 10~%). Quand
I'interface liquide-gaz est au début de 1'évolution vers I’équilibre (vers ’état de saturation), il
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semble évident [5, 9, 12] que 'interface reste isotherme pendant son évolution & moins qu’une
contamination soit présente dans le fluide. Or, dans le travail actuel, le systeme est déja initia-
lement (juste apres la trempe) hors d’équilibre. Puisque la pression du systeme est équilibrée
rapidement, le systéme évolue le long des branches métastables de l'isobare (fig. 4.7) pendant
la majeure partie de 1’évolution. La phase liquide est surchauffée et le gaz est sous-refroidi. Par
conséquent, la température d’interface n’est pas nécessairement égale a la température de satu-
ration 7' qui correspond a la pression du systeme. Elle peut changer ainsi le long de l'interface
de la bulle. On peut estimer la limite supérieure pour cette variation comme la différence 67T
entre les températures maximum et minimum des branches métastables (fig. 4.7).

Pour une petite hétérogénéité de température, la vitesse v de migration thermo-capillaire
d’une bulle suspendue dans une phase liquide est proportionnelle au gradient de température
imposé VT :

2 do a -
210 + 3y AT 2+ N/ X, VT, (4.15)

U=

ol f1, et A, (i et A;) sont la viscosité dynamique et la conductivité thermique a I'extérieur (resp.
a l'intérieur) de la bulle de rayon a. La tension superficielle o diminue avec la température de
sorte que do/dT < 0. Selon (4.15), la bulle devrait migrer le long du gradient de température.
Puisque, dans notre cas, le chauffage est localisé a 'intérieur du rayon laser, les bulles devraient
migrer vers son centre, fusionnant entre elles. La formation d’une bulle unique centrée fournit
une démonstration qualitative de la théorie ci-dessus.

Afin de développer une approche quantitative, nous devons déterminer le gradient VT induit
par le faisceau, avec une distribution radiale gaussienne d’intensité

2P
—6_2T2/WQ

I(r) = (4.16)

Tw?
a l'entrée de la cellule. Ici P est la puissance du faisceau et r est la coordonnée mesurée radia-
lement a partir du centre du faisceau.

En raison du petit rapport épaisseur/rayon de la cellule expérimentale, nous supposons que
la distribution de température est de symétrie cylindrique avec ’axe le long du faisceau. En
d’autres termes, nous faisons I’hypothese simplificatrice que la puissance est absorbée de fagon
homogene le long de la partie du faisceau qui croise le fluide, de sorte que la puissance calorifique
j développée par volume unitaire du fluide soit j(r) = 2vI(r)/L. Le facteur 2 apparait a cause
de deux contacts du fluide avec les hublots (chacun dissipant la puissance v P) le long du chemin
optique dans I'épaisseur de la cellule qui est égale a L = 1,49 mm.

Pour de longs temps d’observation nous pouvons également raisonnablement supposer que la
distribution de la température est donnée par I’équation stationnaire de conduction de la chaleur

ANoV2T + 5 =0, (4.17)

qui possede la solution

= 8T ’yP — 92 /,,2
T = —_-—— — ]_ - " /UJ . 4'1
VT or wrL\, ( ¢ ) (4.18)

La vitesse ¢ correspondante déterminée via (4.15) s’écrit

v=af/r (4.19)
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et est orientée vers le centre du faisceau. La constante (§ est définie par
B 1 do 1 24P
b= 2t + 311 dT| 2\, + N 7L~
Pour la température Ty = T, — 139,6 mK qui correspond a la trempe de 67" = 90 mK,
B =0,173 um/s.
On peut maintenant obtenir la loi de croissance pour la bulle centrale. Désignons par ¢ = ¢(r)
le nombre de (petites) bulles de gaz en volume unitaire. Le flux total des bulles

f(r) = =DV + c7, (4.21)

a deux contributions. La premiere correspond a la diffusion des bulles avec la constante de diffu-
sion D, alors que la seconde est responsable de ’advection thermo-capillaire. Dans 1’hypothese
d’une distribution presque stationnaire de ¢(r), f(r) satisfait I’équation

divf = 0. (4.22)

Puisque 'épaisseur de la cellule est beaucoup plus petite que son diametre, le mouvement des
bulles vers le centre du faisceau est presque 2D. Par conséquent, les égs. (4.21-4.22) devraient étre
résolues en 2D, c.-a~-d. pour une symétrie cylindrique. Cependant, la bulle centrale est sphérique
en raison de la tension superficielle et ne peut pas étre assumée cylindrique. Pour résoudre cette
contradiction, nous imaginons une bulle cylindrique de rayon Rsp qui a le méme volume Vi que
la bulle centrale sphérique,

4
Vi = ?WR?’ = 7R%, L. (4.23)

En supposant que a est indépendant de r (c.-a-d. que le taux de collisions n’est pas influencé
par le gradient faible de c), les éqgs. (4.15,4.21,4.22) peuvent étre résolues avec deux conditions
aux limites ¢(Rop) = 0 (qui correspond a la disparition des petites bulles quand elles touchent
la bulle centrale) et ¢(oc0) = ¢4, la concentration constante a l'infini. Le résultat s’écrit

¢(r) = coo[l = (r/Ryp)~P/P] (4.24)
et montre autour de la bulle centrale une zone appauvrie en petites bulles. Cette zone peut étre
définie par 0 < r < Lp/2 ou ¢(r) < 0.9 ¢y, les conditions qui résultent en

Lp ~ Ryp ~ 23, (4.25)

On peut voir cette zone sur la fenétre (b) de la fig. 4.9. La loi (4.25) est conforme aux données
expérimentales de la fig. 4.10.

La bulle hémisphérique centrale croit aux dépens des petites bulles qui sont absorbées par la
coalescence,

dVR/dt = QWRQDLf(RQD)‘/a, (426)

ou f(Rap) = ¢ooffa/Rap et V, est le volume d’une petite bulle. Le produit ¢V, est égale a la
fraction volumique de vapeur ¢ = (pr — p)/(pr — pv), pr and py sont définies sur la fig. 4.8.
L’éq. (4.26) résulte alors en

(4.20)

RQD ngD/dt = ﬁgzﬁa (427)
Comme a = aot'/3, en utilisant (4.23) on obtient la loi de croissance
R = (9LB¢ag/8)'/? t*/9. (4.28)

Le fit des données expérimentales est présenté sur la fig. 4.9. On constate la bonne correspondance
des exposants avec 'expérience.



4. Cinétique de séparation de phase dans les mélanges binaires

10

+  dT=85mK
O §T=100 mK
0 38T=90 mK

LD(t), mm

10° 10* 10°

Time¢, s

F1GURE 4.10: Croissance du rayon de la zone appauvrie en petites bulles. La ligne solide indique
la pente 2/3.

4.4 Conclusion

Nous avons étudié¢ dans ce chapitre la cinétique de séparation de phase. Un nouveau mécanisme,
celui de coalescences en chaine, a été proposé pour expliquer le régime dit “hydrodynamique”
de la croissance. Il a déja permis d’expliquer 'essentiel des résultats de séparation de phase pres
d’un point critique. Le role des coalescences en chaine se confirme par des études numériques
d’autres auteurs. Ce modele permet de faire progresser les études de la séparation de phase.
Nous pensons notamment 1’analyser en présence de vibrations.

L’analyse de la séparation de phase dans des fluides simples soumis a un gradient thermique
a permis d’aborder une question tres importante pour les applications : la variation de la
température le long de l'interface gaz-liquide. Cette température donne une condition aux li-
mites pour beaucoup de problemes de thermique en présence de transition de phase. Il s’agit
notamment de I’évaporation qui est traitée dans le chapitre suivant.
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5 Crise d’ébullition et recul de la vapeur

5.1 Crise d’ébullition

L’ébullition est en général un moyen tres efficace de transfert de chaleur entre une paroi chauf-
fante métallique et un fluide. C’est pour cette raison qu’elle est souvent utilisée dans I'industrie.
Plusieurs régimes d’ébullition peuvent étre identifiés. Ils sont mis en évidence par la courbe de
Nukiyama schématisée sur la fig. 5.1 qui présente le flux thermique de la paroi en fonction de
sa température pour une expérience d’ébullition stagnante (en absence du flux de fluide imposé
extérieurement). La pente de cette courbe donne le coefficient de transfert de chaleur.

A partir d’un certain seuil de température, des bulles de vapeur commencent a se former
sur des défauts superficiels de la paroi chauffante et I’ébullition nucléée se développe. Elle est
caractérisée par un échange de chaleur tres efficace.

Dans un autre régime d’ébullition, 1’ébullition en film, la paroi se couvre d’un film de vapeur
continu. L’évaporation se passe a l'interface vapeur-liquide. Ce régime est caractérisé par un
transfert de chaleur tres lent car la vapeur est un mauvais conducteur de chaleur, comme le
montre I'expérience classique de caléfaction.

Regardons maintenant ce qui ce passe quand on conduit des expériences d’ébullition sous
un flux thermique imposé constant, de plus en plus grand pour les expériences consécutives.
Quand ce flux dépasse une valeur critique (le flux critique, CHF en anglais), la vapeur forme

Flux critique
(CHF en anglais)

Crise d'ébullition par caléfaction
qcHr

/i

convec- ' * ébullition
tion en film

ébullition nucléée

Température
de la paroi

Flux thermique de chauffage

FIGURE 5.1: Schéma de la courbe d’ébullition dite de Nukiyama.
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brutalement un film sur la paroi chauffante, qui I'isole thermiquement du liquide. En d’autres
termes, la paroi chauffante se desseche brusquement. Le transfert thermique est inhibé et la
température de la paroi croit rapidement (fig. 5.1) ce qui peut conduire a la fusion de la paroi.
Ce phénomene s’appelle la crise d’ébullition par caléfaction (“departure from nucleate boiling”
ou “CHF phenomenon” ou “boiling crisis” en anglais).

Puisque l'efficacité des échangeurs de chaleur augmente avec la température, les industriels
sont intéressés pour connaitre sa valeur de crise afin d’augmenter le flux de travail sans atteindre
la valeur du CHF. Son évaluation correcte exige une compréhension claire du phénomene phy-
sique qui déclenche la crise. De nombreux modeles ont été proposés, cf. [!] pour une revue.
Pourtant, chacun d’eux ne s’applique qu’a des régimes et des configurations d’expériences tres
particuliers. Pour des raisons purement industrielles, les expériences d’ébullition les plus com-
munes sont effectuées sous pesanteur terrestre a des pressions basses par rapport a la pression
critique du fluide donné. La valeur du CHF est alors grande. Pour 'observer, il faut recourir a
de grandes puissances de chauffage, ce qui rend ’ébullition violente et les observations difficiles.
Méme les dispositifs les plus avancés [14, 2] ne peuvent aider & valider I'un ou l'autre modele
avec certitude. Cependant, de nombreuses observations montrent que la crise commence par la
croissance d'une tache seche sous les bulles de vapeur attachées a la paroi.

Tous les modeles physiques de croissance de la tache seche peuvent étre classés en deux
catégories distinctes. La premiere suppose que la tache seche grossit par coalescence des bulles
attachées a la paroi. La deuxieme considere la croissance de la tache seche sous des bulles isolées.
Bien que nous nous rendons compte de 'importance des coalescences pendant le déroulement
de la crise, nous ne pensons pas que les coalescences en soi peuvent initier la crise, et cela
pour plusieurs raisons. D’abord, la consommation de la chaleur latente pendant la croissance de
chaque bulle crée autour de sa base un anneau froid sur la paroi chauffante. Celle-ci empéche ou
ralentit la croissance des bulles dans son voisinage immédiat. Ensuite, la coalescence des bulles
est génée par les forces de lubrification entre les interfaces. Ainsi, une force extérieure apparait
nécessaire pour pousser les bulles les unes contre les autres (cf. le chapitre 4.2 pour la discussion
des forces des lubrification). Le troisieme argument se trouve dans le travail de these [3] qui
démontre par simulation numérique que la température de la tache seche n’augmente que si on
suppose la coalescence simultanée et réguliere d’au moins trois bulles attachées, ce qui est peu
probable.

Récemment, les études de I'ébullition en général et de la crise d’ébullition en particulier
ont re¢u une nouvelle impulsion liée au développement du nouveau moteur Vinci pour 1'étage
supérieur de la fusée Ariane 5 qui doit étre rallumable sous des conditions de microgravité [1].
Un tel redémarrage nécessite le refroidissement de turbopompes avec des pertes minimales du
liquide réfrigérant — en méme temps le combustible. Comme 1’écoulement massif du liquide sur
des pompes chaudes entrainerait immédiatement la crise d’ébullition avec perte d’efficacité du
refroidissement, des études approfondies en microgravité sont nécessaires afin de minimiser les
pertes en liquide.

Dans ce chapitre nous allons développer un modele de crise d’ébullition basé sur I’étalement
de la tache seche sous une bulle sous I'action de la force de recul de la vapeur.

5.2 Notion de force de recul de la vapeur

Considérons une portion d’une interface liquide-vapeur d’aire dA (fig. 5.2). Le liquide est
chauffé par le flux thermique ¢;. Pendant le temps dt, le liquide de masse dm est vaporisé. Cette
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F1GURE 5.2: Calcul de la pression de recul.

masse peut s’exprimer
dm = deVV = pLdVL, (51)

ou dVp, et pr sont le volume et la densité du liquide évaporé; dVi, et py sont le volume et la
densité de la vapeur créée.

Par conséquent, I'interface liquide-vapeur s’est déplacée de dl' = —idV;, /dA, ou i est le vecteur
unitaire normal a 'interface (fig. 5.2).

La conservation du moment pour la portion du fluide représentée sur la fig. 5.2 s’écrit

(7, + ¥;)dm + P.dtdA = 0, (5.2)

ot P. est la force de recul par unité de surface, v; = dl/dt est la vitesse de 'interface et
U, = idVy,/(dAdt) est la vitesse de la vapeur par rapport a linterface. En injectant (5.1) et ces
expressions, I'éq. (5.2) peut étre réécrite sous la forme

B, = —ii*(pv' — pi"), (5.3)

ou le taux d’évaporation par unité de temps et de surface n = dm/(dAdt) est introduit. On note
qu’indépendamment du signe de 1 (condensation ou évaporation), P, est dirigée coté liquide.

L’effet de recul peut paraitre insignifiant dans la plupart des situations physiques. Cependant
les photos de Hickman (cf. article [12]) mettent en évidence la déformation macroscopique de
la surface d’un liquide partiellement couverte d’huile. La partie couverte ne s’évapore pas. Une
différence de niveau du liquide entre les parties couverte et libre est bien visible. Le recul de la
vapeur pousse la surface en évaporation en baissant son niveau par rapport a la surface couverte
par I'huile.

En négligeant la conduction thermique dans la vapeur, n peut étre relié a q; par

qr = Hn, (5.4)

ou H est la chaleur latente de vaporisation.

Considérons maintenant une bulle de vapeur attachée a la surface de la paroi chauffante
(fig. 5.3). Lors de I’ébullition, le liquide est surchauffé dans une couche pariétale d’épaisseur [,.
Cependant, la température de 'interface vapeur-liquide est constante (c’est en fait la température
de saturation pour la pression donnée du systeme). Cela signifie que le flux ¢, reste élevé dans
une “ceinture” sur la surface au pied de la bulle. De fait, la majeure partie de I’évaporation dans
la bulle de vapeur est produite dans cette ceinture, dont I'épaisseur est habituellement beaucoup
plus petite que le rayon de la bulle. Le recul de la vapeur pres de la ligne de contact est alors
beaucoup plus grand que sur 'autre partie de la surface de la bulle. En conséquence, sa surface
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F1GURE 5.3: Etalement d’une bulle de vapeur sous 'action de la force de recul de la vapeur.
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FIGURE 5.4: Bulle de vapeur sur la surface solide entourée par le liquide. Les directions des
forces P,, w et celles des vecteurs unitaires 7, [i, U/ et 77 sont également montrées.

se déforme comme si la ligne triple de contact liquide-vapeur-solide était tirée de coté, comme
montré sur la fig. 5.3. Ceci signifie que, sous 'action du recul de la vapeur, la tache seche sous
la bulle de vapeur s’étale et peut couvrir la surface de la paroi chauffante.

Dans notre description de la forme des bulles, nous nous baserons sur I’approche variationnelle
de croissance de la bulle dans 'hypothese d’une croissance lente. Cette hypothese est justifiée
dans le régime des grandes pressions ou la forme de la bulle reste quasi-sphérique, sa croissance
étant limitée par 'apport de chaleur nécessaire pour la vaporisation (“croissance thermiquement
controlée”).

5.3 Approche variationnelle

Considérons une bulle attachée a la paroi solide et définissons des vecteurs unitaires 7, [, U

montrés sur la fig. 5.4. L’angle de contact liquide est désigné par 6. Pour développer une approche
générale, on peut introduire la force de réaction du support @ (par unité de longueur de la ligne
triple I'). La composante w = - fi de W tangente a la surface est la force d’accrochage par des
défauts de la paroi tandis que sa composante normale w, = w - I/ est la force d’adhésion de la
bulle a la paroi.

L’énergie libre U du systeme se compose de trois parties. La premiere partie, I’énergie de
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surface, est conventionnelle [5]
Ur =0A+ovsAvs + orsArs + AV, (5.5)

ou oyg et org sont les tensions superficielles pour les interfaces vapeur-solide et liquide-solide
respectivement, Ay g et Apg sont les aires correspondantes d’interface, A est 'aire de I'interface
vapeur-liquide (fig. 5.4). Le dernier terme assure la conservation du volume de bulle V| A étant
le multiplicateur de Lagrange qui est aussi la différence de pression entre I'intérieur et I'extérieur
de la bulle.

On peut démontrer [5] que la variation de U; par rapport a un déplacement infinitésimal 7
de linterface A s’écrit

ol = /(—KJ + )i - o dA — 7{[0?—1— (015 — ovs)i] - or dT, (5.6)
(A) ™)

ou K est la courbure locale de la bulle. Les vecteurs unitaires 7 et (i sont perpendiculaires a
', et tangents a A et Apg respectivement (fig. 5.4). L’intégration est effectuée sur 'interface A
dans la premiere intégrale et sur la ligne triple de contact I' dans la deuxieme intégrale.

On s’apercoit que sur I, or = dr,fi et que T - fi = cosf. La deuxieme intégrale de 1'éq. (5.6)
peut alors étre simplifiée :

oUy = /(—KJ + \)dr, dA — a}{(cosﬁ —¢)or, dI, (5.7)
(A) I )

c=(oys—ors)/o (5.8)

Notons que si ¢ < 1, ¢ = cos b, est en conformité avec la formule d”Young.
La deuxieme partie de U est 1’énergie gravitationnelle dont la variation est

Uz = [ (o1~ pr)aydr, 4 (5.9)
(4)
si la gravitation est dirigée vers le bas sur la fig. 5.4 et 'axe y dirigé vers le haut.
La troisieme partie de U tient compte du travail virtuel des forces externes P, = —P,.n et .
Sa variation est
oU; = /PT&’n dA — ]{wér# dr. (5.10)

(4) )

Suivant ’hypothese quasi-statique,
oU = 6U; + 6Uy + 0U5 = 0. (5.11)

Puisque l'interface A peut étre déplacée indépendamment de la ligne triple I', chacune des
intégrales doit étre mise a zéro séparément, ce qui se traduit par deux conditions

Ko =X+ (pr — pv)gy + P:(1), (5.12)
cos =c—wjo. (5.13)
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Une fois la variation de P, le long de l'interface A et w données, ces deux conditions sont
suffisantes pour déterminer la forme de la bulle et de la ligne de contact. Le parametre constant
A est a déterminer a partir du volume connu V' de la bulle. Nous reviendrons a l’analyse du
piégeage de la ligne triple par les défauts de surface solide dans le chapitre suivant. Dans le reste
de ce chapitre, nous le négligerons.

5.3.1 Bilan des forces agissant sur une bulle

Pour trouver le bilan des forces agissant sur la bulle, il faut multiplier I’équation représentant
les pressions (5.12) sur la composante verticale de la normale 77 et puis I'intégrer sur la surface
A de la bulle [7]. La composante verticale est 7i- 7, oul ¥/ est un vecteur unitaire vertical (fig. 5.4).
Utilisons ensuite 1’égalité

/...ﬁ-ﬁdA: / ...dA (5.14)

(4) (Avs)

et le théoreme intégral de Gauss

/ divﬁdA:—j{ﬁ.ﬁdr. (5.15)
(Avs) o)

La partie droite de la derniere intégrale est égale a —|I"|sinf, ou |I'| est la longueur totale de la

ligne triple. En tenant compte de ces formules et de I'expression pour la courbure [5] K = —div 7,
on obtient
/Kaﬁ-ﬁdA:amsinQ. (5.16)
(4)

Les autres termes de 1'éq. (5.12) s’integrent de la fagon évidente et le résultat prend donc la
forme suivante,

oll'|sinf = Ay g+ ApgV + /Pﬁ”dA, (5.17)
(4)

ou PY = P, 7i - U est la composante verticale de la force du recul.

L’ordre des termes dans 1'éq. (5.17) correspond a celui de 1’éq. (5.12). Le membre de gauche
est la force capillaire d’adhésion. Les premier et deuxieme termes de droite sont les forces de
pression et d’Archimede qui tendent a retirer la bulle de la paroi.

Le signe du dernier terme n’est pas connu a priori. Cependant, on a vu dans la section 5.2
que P, est beaucoup plus grand pres de la ligne de contact que sur la partie restante de A. Dans
I'hypothese 6 < 90° (le cas le plus répandu), U'intégrale de PY est négative et donc crée une
adhésion supplémentaire. La force d’adhésion de la bulle qui la retient pres de la paroi lors de
sa croissance lente s’écrit alors

Fy = o] sin6 — /P;fdA. (5.18)
(4)
Nous reviendrons a cette expression plus tard, dans le chapitre 5.5.4. Etudions maintenant
comment 'effet de recul sur la forme de la bulle peut étre quantifié.
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5.4 Recul de vapeur et angle de contact apparent

L’équation (5.12) est difficile a résoudre analytiquement et le calcul numérique [9, 1 1] (onéreux
au niveau du temps de calcul) s'impose, cf. section suivante. Cependant, une approche simplifiée
[8] qui se fonde sur la divergence de P, discutée dans les sections suivantes permet d’estimer et
de mieux comprendre 'effet de la force du recul sur la forme de la bulle. Dans cette section, nous
montrons que I'influence du recul de vapeur peut étre interprétée en terme de changement d’angle
apparent de contact. Nous allons négliger temporairement la force d’Archimede en supposant
que la bulle est petite.

FIGURE 5.5: Angles de contact apparent 6, et réel 0.,. Le rond noir indique la ligne de contact,
c.-a~d. zéro pour la coordonnée curviligne [ qui varie le long du contour de la bulle.

Par angle de contact apparent §,,,, nous sous-entendons celui mesuré a la distance [, (=épaisseur
de la couche limite) de la ligne triple comme l'indiquent les figs. 5.3 et 5.5. Cette définition est
valable quand [, < R, le rayon de la bulle. Dans ce cas-1a, la fonction P,(l) peut étre approximée
par la fonction 6 de Dirac :

P(1) = 20,5(1). (5.19)

La fonction §(1) est définie de telle maniere, que §(1) = 0'si I # 0, 6(0) = co et [ 6(1)dl = 1.
D’apres (5.12), ceci signifie que le recul de la vapeur est localisé a la ligne de contact, et la
tension superficielle donne au reste de la surface de la bulle la forme d’une calotte sphérique. La
supposition (5.19) se justifie par un calcul plus rigoureux [9] qui montre que P, () diverge quand
I — 0, f;° P.(1)dl restant fini.

En injectant (5.19), 'expression (5.10) se remplace par

oUs = /Prérn dA = JT%&”” dr. (5.20)
(4) ™)

On constate que maintenant P, contribue plutot dans I’équation pour I'angle de contact (5.13)
qui devient

cos 0y = ¢ — N, sin Oy, (5.21)

ou 6 est remplacé par l'angle de contact apparent 6,, p. Le “nombre de recul” N, = o,/c
caractérise I'importance de la force de recul relativement a la tension superficielle. On peut le
réécrire sous la forme

N, = %/ Po(1) dL, (5.22)
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qui est plus générale et peut s’appliquer a une fonction P,(I) plus réaliste.

On note que (5.21) peut étre obtenue si on s’apergoit que 'amplitude o, a la dimension d’une
tension superficielle et doit étre incluse dans le bilan de (quasi-) équilibre des tensions agissant
sur la ligne de contact montrées sur la fig. 5.6. La ligne de contact est stationnaire quand la

Oys
paroi solide o,

FIGURE 5.6: Equilibre des forces qui agissent sur la ligne triple de contact, ou o, et 05 sont les
tensions superficielles pour les interfaces respectivement vapeur-solide et liquide-
solide.

composante horizontale de la somme des vecteurs de toutes les forces est égale a zéro, ce qui
conduit de nouveau a 'éq. (5.21).

Par suite du changement (5.20) de I’expression pour 60U, le terme de P, disparait de 1'éq. (5.12)
qui décrit alors, en ’absence de gravité, une bulle sphérique avec ’angle de contact donné par
Iéq. (5.21).

La dépendance de 6,, par rapport a N, calculée a partir de (5.21), est présentée sur la fig. 5.7.
On peut voir que la force de recul augmente I’angle de contact apparent. Lorsque la puissance de
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FIGURE 5.7: Angle apparent de contact par rapport au nombre de recul N, pour différentes
valeurs de 'angle de contact d’équilibre.

la paroi chauffante reste constante, le flux de chaleur ¢; augmente avec le temps en augmentant
N,.. Par conséquent, ’angle de contact apparent croit avec le temps. Comme la bulle reste une
calotte sphérique, 'augmentation de ’angle de contact se traduit par I'étalement de la tache
seche, son rayon Ry, étant lié au rayon de la bulle R (cf. la fig. 5.5) par 'expression

Rdry = Rsin Gap
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qui provient de la géométrie de la calotte sphérique.

La force d’adhésion de la bulle a la paroi F,4 s’avere tres importante pour estimer la valeur
du CHF (voir ci-dessous). Elle peut étre obtenue a partir de 1’éq. 5.18 en tenant compte de
I'expression valable sous I'hypothese (5.19),

/PrydA = —0,|I'| cos b, (5.23)
(A4)

ou la longueur de la ligne triple |I'| = 27 Ry, On obtient donc finalement que
Foq =21 Ro(sin 6, + N, cos b,,) sin 6. (5.24)

Les dépendances de Ry, et Fpq de N, sont montrées dans la fig. 5.8. Le comportement pour
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FIGURE 5.8: Rayon Ry, de la tache seche et la force d’adhésion en fonction du nombre du
recul N, pour 0., = 0. 0,,(N,) est rapporté de la fig. 5.7 pour comparaison. La
décroissance non-physique qui apparait pour 0,, > 90°, est due a la déficience de
I’approche simplifiée.

de petites valeurs de N, est correct : toutes les fonctions sont croissantes. Cependant, une
décroissance de Ry, et de F,q qui apparait quand 6,, dépasse 90° est paradoxale. La composante
verticale PY de P. change alors de signe. Cette incohérence est due au fait que la forme exacte de
la bulle dans la proximité de la ligne triple (cf. 'inséré dans fig. 5.5) n’est pas prise en compte.
En réalité, la surface est fortement courbée et P? reste négative. Cela montre des limites de
I’approche simplifié. Un autre défaut de la théorie simplifiée réside dans I'impossibilité de calculer
le temps de départ correctement (puisque avant le départ, la forme de la bulle dévie fortement
de celle d’une calotte sphérique). C’est pourquoi il est nécessaire d’abandonner la notion d’angle
apparent qui est fondée sur I'expression (5.19) pour la force de recul. Cette derniere doit étre
obtenue plus rigoureusement pour calculer la forme de la bulle, ce qui sous-entend une approche
numérique ou des expériences.

L’approche de l'angle apparent ci-dessus illustre bien l'idée principale de 1’étalement sous
I’action du recul. Elle permet, en principe, de calculer le champ thermique autour de la bulle
en tenant compte de 'effet de recul sans recourir a 1’éq. (5.12) pour déterminer la forme de la
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bulle. On peut en effet effectuer le calcul thermique pour une calotte sphérique et ajuster son
angle de contact en utilisant 'eq. (5.21).

5.4.1 Estimation de l'effet du recul

Le parametre tres important pour la modélisation de la crise d’ébullition est le rayon de la
tache seche Rg,,. Pour I'estimation, on peut supposer que la crise arrive quand Rg,, devient
comparable a R. D’apres la fig. 5.8, cela arrive quand N, ~ 1. Il est intéressant de remonter
jusqu’a la valeur de N, a partir des données expérimentales.

Nous supposons que la chaleur est transférée au fluide seulement par la ceinture de la largeur
[, au pied de la bulle. Le flux thermique arrivant de la paroi chauffante vers le liquide est alors
donné par ’estimation

qs ~ 2w Rl nyqr., (5.25)

oll ny, est un nombre de bulles par m? de paroi. Au moment de la crise, une grande partie
de la paroi est couverte de bulles. Nous supposons la fraction couverte de bulles & 50% pour
I'évaluation : nymR? ~ 0,5. Alors on obtient de (5.25) que gz, ~ ¢s/a ot a = [,/ R. En injectant
les formules (5.3,5.4) dans (5.22), on obtient l'estimation

N, ~ gl /(H?pyo) ~ gsR/(aH’py o) (5.26)

en tenant compte de I'inégalité py < pp. L’évaluation de (5.26) donne N, ~ 1 pour a ~ 0,01
(habituel pour de grandes bulles) et pour les parametres caractéristiques de 'eau aux hautes
pressions : R ~ 1 mm, g5 ~ qougr ~ 1 MW/m? H ~ 1 MJ/kg, p, ~ 10 kg/m?, et 0 ~ 1072 N/m.

On constate la cohérence du modele basé sur le concept du recul qui conduit a la méme valeur
N, ~ 1 pour identifier la crise.

5.5 Calcul rigoureux de la forme de la bulle

Revenons a l'approche rigoureuse qui se base sur I’éq. 5.12 comportant la force de recul P.
définie par (5.3, 5.4). La résolution du probleme thermique est indispensable pour trouver le flux
qr, dont dépend P,.

5.5.1 Probleme thermique

En négligeant ’advection de chaleur par le fluide (ce qui est justifié par la petite échelle que
I'on considere), on peut écrire I’équation décrivant la variation de la température 77, dans le
liquide comme

oty

W = O{LV2TL, (527)

ou «ay est la diffusivité thermique du liquide. Dans notre calcul, qui étudie la cinétique de
croissance d’une bulle, la surchauffe nécessaire pour nucléer une bulle n’a pas d’importance. On
suppose donc que la bulle d’'un petit rayon Ry et de volume correspondant Vj est nucléée au
moment initial, quand la température est homogene et égale a celle de saturation T, pour une
pression donnée du systeme :

TL|t:0 = Lsat- (528)
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Puisqu’il s’agit du raccord des trois milieux sur la ligne triple, le choix des conditions aux
limites est tres important pour trouver la valeur correcte de P,.

Conditions aux limites

D’abord, étudions la condition aux limites sur la surface liquide-vapeur 0€2;. Dans le probleme
considéré il n’y a qu'un seul composant (pas d’impuretés). Cela signifie que la température
interfaciale T; est égale a Ty, et la vitesse d’évaporation est controlée par 'apport de la chaleur
a l'interface. Une diminution locale de T; causerait une augmentation de 1’évaporation ce qui
conduirait au dégagement de chaleur latente qui réchaufferait l'interface en maintenant 1’égalité
T; = Tsqr. La déviation T; de T4 (et donc Ueffet Marangoni) n’est possible que loin de 1’équilibre
dynamique (voir chapitre 4.3) ou dans des mélanges ot les variations de la concentration le long
de l'interface et de T; peuvent étre couplées.

Cependant T; dépend faiblement du rayon de la bulle. En vertu de I’équation de Clausius-
Clapeyron

00 A — -
Tsat = Tsat[l + ﬁ(pvl - le)]

ou T2, est la température de saturation pour linterface plane. Selon (5.12) A = /R, ou R;
est le rayon de bulle au sommet (ou P, est négligeable), il est donc facile d’estimer que la
correction & T2 est moins de 1073%, méme pour les plus petites tailles de bulle considérées.
Nous remarquons que si les forces de van der Waals (qui peuvent étre importantes pres de la
ligne triple dans certains cas) avaient été prises en compte dans (5.12), la conclusion aurait été
identique. Par la suite, nous négligerons cet effet en écrivant T, = T<5,. Alors, la condition aux

sat*
limites s’écrit
TL|BQ,' = Tsat- (529)

La condition aux limites sur la surface de la paroi peut étre choisie parmi les trois options
suivantes : (i) paroi isotherme; (ii) flux gs constant le long de la paroi chauffante; (iii) flux et
température continus a travers 'interface solide-fluide. Cette derniere condition est possible mais
plus difficile a traiter puisque le calcul thermique dans le solide devient nécessaire. Considérons
d’abord les choix (i) et (ii).

Le choix (i) conduirait a des difficultés importantes car pour maintenir I’évaporation, la
température de la paroi doit étre supérieure a T,,,. L’ambiguité de la température sur la ligne
triple qui en résulte entraine une singularité non intégrable de q; ~ 1/l ce qui a son tour en-
traine une vitesse infinie de la croissance de la bulle (cf. I'éq. (5.40) ci-dessous) et nous est donc
inacceptable.

L’option (ii) ne conduit pas a ces difficultés et peut étre utilisée, notamment pour valider
le code de calcul. Cependant, il est clair que gs dans la tache seche 0€2; doit étre beaucoup
plus petit que le flux gs dans la partie mouillée 0€2,,. Nous n’avons donc pas d’autre choix que
d’adopter l'option (iii) pour rester cohérent et formuler la condition aux limites comme

oTy,
oT —kp =L at 09,
as = —ks -~ = Loy , (5.30)
Yy y=0 0 at 0Qd
Tsloq, = Tily=o (5.31)

ou kg et Ts sont la conductivité thermique et la température a l'intérieur du solide. La paroi
chauffante coincide avec le plan y = 0.
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Thermique dans le solide

La chaleur est apportée dans le systeme par un chauffage homogene a l'intérieur du solide
avec une puissance volumique j(t), et ’équation de conduction de la chaleur s’écrit

T
TS 0V + 22j(t), y <. (5.32)
ot ks

Le solide est supposé semi-infini. Cette équation doit étre résolue avec la condition initiale
TS’tZO = Lsat- (533)

La variation temporelle de la puissance volumique j(t) = C/+/t est choisie pour que le flux gg
soit constant et égale a qg loin de la bulle,

q = Cv/masky/(ksv/ar + kry/as)

ce qui nous donne le parametre principal de controle.
Le probléeme thermique (5.27-5.33) ainsi posé, on peut calculer le flux-clé

qr = —kp(7-V) TL|8Q,L- . (5.34)

5.5.2 Equations décrivant le contour de la bulle

En injectant (5.34) dans (5.3), on peut calculer P. pour son utilisation dans 1’éq. 5.12 qui
décrit la forme de la bulle. Une paramétrisation de l'interface est nécessaire pour la résoudre.
Nous choisissons comme parametre la distance [ entre la ligne de contact et un point M mesurée
le long du contour 0€2; comme indiqué sur la fig. 5.4. Il est commode d’utiliser aussi une variable
¢ adimensionnée par la longueur du demi-contour L de la bulle : £ =1 — /L. Les coordonnées
du point M(z,y) deviennent des fonctions de £. Nous considérerons désormais la bulle en 2D.
Utilisons I'expression pour la courbure et introduisons une variable u = u(§) qui est ’angle entre
la tangente a 9€2; au point £ et le vecteur dirigé inversement a 'axe z (fig. 5.4). On arrive & un
systeme d’équations

dz/d¢ = Lcosu, (5.35)
dy/d§¢ = —Lsinu, (5.36)
du/de = LA+ P.(€)/o (5.37)

avec les conditions aux limites issues de la symétrie
z(0) =0, u(0)=0, y(1)=0. (5.38)

La quatrieme condition u(1) = 7 — 6 permet de fixer I’angle de contact § connu et est nécessaire
pour déterminer L. Le cas habituel pour le contact des liquides avec des métaux 6 = 0 est
considéré par la suite.

La connaissance du volume V' de la bulle permet de trouver le parametre A grace a une
équation supplémentaire

L
V= —5/0 (zn, + yn,) d&, (5.39)
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ou le vecteur normal @7 = (n,,n,) (fig. 5.4) est une fonction de £. L’évolution temporelle du
volume est controlée par le bilan de chaleur latente et la chaleur consommée par la bulle lors de
sa croissance :

dVv
HpVE = / qr, A0S, V|t:0 =W. (5.40)
(09)

Le probleme (5.35-5.40) permet de déterminer la forme de la bulle. Il est cependant couplé avec
le probleme thermique (5.27-5.33) en formant un probleme aux frontieres libres. Le probleme
peut étre résolu avec la méthode des éléments de frontiere (Boundary Element Method, BEM
en anglais). Les détails techniques peuvent étre trouvés dans nos travaux [11, 10].

5.5.3 Résultats de la simulation

Puisque la bulle dans notre simulation reste toujours attachée a la paroi, tot ou tard la force
de recul deviendra importante par rapport a la tension superficielle et la bulle commencera
a s’étaler. L’évolution temporelle de la forme de la bulle est montrée sur la fig. 5.9. La bulle
grossit. La tache seche reste petite jusqu’au temps de transition ¢, (cf. fig. 5.10) ou elle s’agrandit

150ms 200ms

tachséche
500ms

450ms

Tsat —> Tsat+300 —> Tsat+600

FIGURE 5.9: Evolutions temporelles de la tache seche au-dessous de la bulle et de la température
calculées pour go = 0.1 MW /m?.

brusquement. L’angle de contact apparent augmente, lui aussi. Nous associons cette transition a
la crise d’ébullition. La croissance de la tache seche juste avant la crise est confirmée par nombre
de travaux expérimentaux, voir par exemple [11]. Etant trés petite jusqu’a l'instant t., la force
de recul caractérisée par le parametre N, devient alors de I'ordre de 'unité (cf. fig. 5.10), ce qui
se compare bien avec l'estimation pour le CHF donnée dans l'article [J].

La difficulté de cette simulation réside dans la divergence du flux ¢; sur la ligne triple qui
correspond au point triple en 2D, cf. fig. 5.11. Pour résoudre cette divergence nous avons été
obligés de choisir un maillage hétérogene, tres fin (107 de la longueur totale du contour de
la bulle) pres du point triple. Pour éviter des probléemes de stabilité numérique apparaissant a
cause de ce choix, un traitement tres raffiné semi-analytique des coefficients de la matrice de
BEM a été effectué [10].

Le flux de la paroi chauffante gs et la température Ts manifestent des singularités, eux aussi.
Tandis que la température reste finie et égale a Ty, cf. (5.29,5.31), les flux ¢, et gg divergent.
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FIGURE 5.10: Evolutions temporelles du rayon R, de la tache seche et du coefficient du recul
N, issues du calcul réalisé d’apres I'article [11] pour gg = 0.1 MW /m?.

Toutefois, les divergences restent intégrables, ce qui permet de garder une vitesse finie de la
croissance du volume V' de la bulle, cf. (5.40). En approchant le point triple le long de la paroi
chauffante du coté liquide (& droite sur la fig. 5.11b) le flux gg devient égal au flux ¢, (fig. 5.11a)
mesuré a la méme distance curviligne du point triple. Cela veut dire que le flux de chaleur
qs arrivant au fluide pres de la ligne triple est consommé par ’évaporation pratiquement sans
chauffer le liquide.

Abordons maintenant la question de la valeur du CHF.

5.5.4 Comment estimer le CHF : inhibition du détachement de la bulle
par la force de recul

Comme les “forces de départ” (force d’Archimede, poussée du flux hydrodynamique,...) qui
tendent & arracher la bulle de la paroi sont absentes de 'eq. (5.12), la bulle reste toujours
accrochée sur la paroi dans la simulation de type [11]. Dans la situation réelle, la bulle quitte la
paroi au moment tgep. Si taep est plus petit que le temps ¢, issu de la simulation [11], la bulle
quitte la paroi avant que la tache seche puisse s’étaler et la crise d’ébullition ne se produit pas.
L’analyse de départ de la bulle s’avere alors cruciale pour trouver la valeur du CHF.

Le temps t. est une fonction décroissante du flux thermique ¢y de paroi [I1]. Cependant,
tdep dépends aussi de go. Pour trouver la fonction ¢4,(qo), on doit calculer la force d’adhésion
F,q d’'une bulle a la paroi (5.18). Son premier terme est tres important surtout au début de
la croissance, lorsque la ligne triple est attachée au défaut de la paroi qui a servi de centre de
nucléation (et qui donne a 6., une valeur importante). Elle devient négligeable par la suite et la
bulle se détache de la paroi sous ’action de la force de départ. Comme on ne peut pas connaitre
la valeur locale de 6.4, ce terme est difficile a estimer. On suppose par la suite que 0., = 0 sur
le reste de la paroi ou la ligne triple se déplace. La deuxieme partie

= / PYdA (5.41)

est due a la force de recul dont la composante verticale PY (dirigée vers la paroi) est intégrée sur
toute la surface A de la bulle. Bien que le calcul [11] soit bidimensionnel, on peut raisonnablement
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FIGURE 5.11: Variations spatiales des flux calculées pour ¢y = 0.1 MW/m? (d’apres article
[11]). (a) Changement du flux ¢, d’évaporation le long du contour de la bulle
pour des temps de croissance différents. La ligne triple correspond au point £ = 1.
(b) Changements du flux chauffant gg (cercles) et de la température T (carrés)
le long de la paroi chauffante.

supposer que la valeur de P, obtenue s’applique aussi pour le cas 3D axi-symétrique (comme si
la bulle avait une symétrie axiale en 3D).

Le calcul montre que F), reste tres petite au début de I’évolution (ce qui correspond au cas
tiaep < t.), par rapport aux forces de départ, notamment la force d’Archimede. A partir de
I'instant ¢ = t., la croissance de F, s’accélere brutalement et c’est elle qui domine. Autrement
dit, quand la tache seche commence a croitre, la bulle reste attachée a la paroi en coalescant avec
les bulles voisines. C’est ainsi que la crise d’ébullition devrait se dérouler. Le crise d’ébullition
apparait ainsi comme la transition entre deux régimes qui ne peuvent pas coexister : le régime
de départ et le régime d’étalement de la bulle. A partir d’un calcul tenant compte des forces de
départ, la valeur du CHF pourra donc étre obtenue comme flux minimum pour lequel la bulle
reste attachée a la paroi en s’étalant.

La comparaison des résultats numériques avec ceux du modele simplifié montre que la force
d’adhésion est surestimée par ce dernier d’a-peu-pres 50%. Ce fait confirme la nécessité de
poursuivre des études numériques qui permettront d’obtenir la valeur du CHF compte tenu des
forces de départ.

5.6 Evidence expérimentale de I’étalement d’une bulle

Les expériences [0] confirment que notre modele d’étalement d’une bulle est valide dans la
région critique, c.-a-d. pour des pression p et température T' proches de la pression p. et de la
température T, critiques pour le fluide donné. Le point critique présente beaucoup de propriétés
singulieres. En particulier, le coefficient de diffusion thermique s’évanouit, ce qui ralentit la
croissance des bulles et permet d’observer les détails de la croissance sans une agitation génante
du liquide provoquée par des mouvements rapides. Par exemple, la croissance dune seule bulle
a pu étre observée [0] pendant environ quinze minutes.
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FIGURE 5.12: Evolutions temporelles de la force d’Archimede et de la force d’adhésion F,, issues
du calcul réalisé d’apres I'article [11] pour un flux ¢o = 0.1 MW /m?. Les forces
sont exprimées dans les unités 2w Ro pour pouvoir effectuer une comparaison avec
les résultats de 'approche simplifiée (fig. 5.8). F), reste négligeable par rapport a
la force d’Archimede pour t < t..

Cependant, la longueur capillaire [0/Apg]'/? (ol g est la gravité terrestre) disparait également
au point critique car

Ap=pr—pv~(T.—T), (5.42)

o~ (T,—T)*, (5.43)

ou les exposants critiques J ~ 0,325 et v ~ 0,63 sont universels. Les bulles sont écrasées contre
les parois et l'interface gaz-liquide devient plate. Les bulles de vapeur de forme habituelle convexe

ne sont donc pas observables en pesanteur terrestre au voisinage du point critique. Pour cette
raison, les expériences doivent étre conduites en microgravité.

5.6.1 Comportement du CHF au voisinage du point critique

Puisque la force de recul P, (5.3) est proportionnelle a Ap, il peut sembler que P, s’annule
quand 7" — T.. Pourtant, cet argument ignore le comportement du taux d’évaporation n qui
diverge fortement en causant la divergence de P,. Pour le démontrer, supposons raisonnablement
que pres du point critique, 1 obéit a une loi d’échelle

n(l) = g()(Te = T)". (5.44)

ou T est la température moyenne de I’échantillon et a est un exposant constant. Trouvons cet
exposant. La masse m de la bulle de vapeur change dans le temps selon ’expression

dm/dt = / ndA ~ (T, —T)". (5.45)
(4)

D’un autre coté,

dm _ i(
dt dt

Vopy), (5.46)
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ou V est le volume de I’échantillon et ¢ est la fraction volumique de la vapeur. Choisissons
¢ = 0.5 pour p = p., cf. (4.1). V est alors indépendant de T et on obtient le résultat a = 5 —1 a
partir des équations py = p. — Ap/2, (5.42) et (5.45). La force de recul diverge au point critique
car a < 0. Mais son effet par rapport a la tension superficielle est encore plus marquant :

P.Jo ~ (T, — T3, (5.47)

ou les égs. (5.42-5.43) ont été utilisées. Selon (5.12), 'expression (5.47) peut étre interprétée
comme la courbure de la bulle pres de la ligne triple. Puisque 'exposant (33 — 2 — 2v ~ —2.3)
est tres important, I'effet du recul devrait se manifester méme loin du point critique, en accord
avec les expériences.

Le coefficient de recul N, (5.22) contient le méme facteur. On rappelle qu’il est proportionnel
aussi a g selon (5.3) et (5.4) et que la crise d’ébullition (qo = qoxr) apparait quand N, ~ 1.
On obtient ainsi

gonr ~ (T, — T) =32 (T, — )M (5.48)

Le méme exposant est également valide pour 1’écart de pression lié a I’écart de température par
la, dérivée dp/dT qui reste finie sur la courbe de co-existence,

qorr ~ (pe —p)™. (5.49)

L’éq. (5.49) explique la tendance observée expérimentalement : gogr — 0 quand p — p..

5.6.2 Expérience en microgravité

Selon (5.48), le CHF est tres petit prés du point critique. On s’attend donc a ce qu'un flux de
chaleur tres faible produise 1’étalement de la bulle. De plus, en raison de la lenteur de croissance
des bulles mentionnée ci-dessus, la bulle n’est pas déformée par les contraints hydrodynamiques
tres faibles. Cela justifie I'approximation quasistatique utilisée dans les sections précédentes lors
des calculs.

Dans les expériences [0], une cellule expérimentale de forme cylindrique, fabriquée en alliage
de cuivre était utilisée. Elle a été remplie par du SFg a densité presque critique. Dans une série
d’expériences conduites dans 'installation ALICE-2 & bord de la station Mir, nous avons observé
[6] "évolution de la bulle & travers les bases transparentes du cylindre (hublots) en saphir. Le
saphir conduit la chaleur moins bien que le cuivre. Le fluide est donc chauffé surtout par la
paroi cylindrique. La conception de cette cellule fit que la bulle de vapeur reste coincée pres
de la paroi, ce qui permet au film de mouillage entre la bulle et la paroi de s’évaporer lors du
chauffage. La fig. 5.13 montre comment la bulle, initialement circulaire (6., = 0) s’étale sur la
paroi chauffante cylindrique. L’angle de contact apparent augmente clairement avec le temps.
Bien que le volume de la bulle reste constant, la masse de vapeur augmente suite a sa densité
qui croit.

5.7 Conclusion

Dans ce chapitre, nous avons proposé une explication physique pour la crise d’ébullition :
I’étalement de la tache seche sous une bulle de vapeur est provoquée par la force de recul de
la vapeur. Une fois ’étalement commencé, la bulle reste attachée a la paroi par le méme effet
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FIGURE 5.13: Evolution d’une bulle de vapeur dans une cellule cylindrique remplie de SFg proche
de son point critique. Les images ont été obtenues pendant un chauffage continu
de la cellule. La derniére image (F) correspond a la température juste en dessous
de la température critique. La vapeur se trouve a droite de I'interface.

de recul et I'étalement (accompagné des coalescences possibles avec des bulles voisines) peut se
prolonger jusqu’a la formation du film continu de vapeur. L’approche théorique est soutenue
par une simulation numérique de croissance de la bulle sous un grand flux de chaleur, ainsi
que par des données expérimentales sur la croissance de la bulle dans des conditions proches
du point critique. Des simulations numériques basées sur cette approche devraient permettre de
déterminer le CHF comme étant le flux thermique de transition entre deux régimes : un régime
de départ (la bulle se détache de la paroi) et un régime d’étalement de la bulle.

De nouvelles perspectives sont liées au programme DECLIC du CNES et de la NASA. L’ap-
pareil DECLIC qui fonctionnera a bord de la Station Spatiale Internationale nous permettra de
quantifier et approfondir les résultats obtenus dans ALICE-2.

Des études préparatoires sont aussi en cours en utilisant le banc de 1évitation magnétique au
SBT/CEA-Grenoble ainsi que des simulations numériques dans le cadre des projets ESA, CNES
et EGIDE.
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6 Modélisation du mouvement de la ligne
triple de contact liquide-solide-gaz le
long d’un solide hétérogene

6.1 Probleme de la dynamique du mouillage

A I’équilibre, les propriétés de mouillage d'un liquide en contact avec un solide sont bien
définies par I’angle statique de contact 6., [¢]. Dans le cas du mouillage complet (6., = 0), quand
un film mince de prémouillage existe en avant de la majeure partie du liquide, sa dynamique
est bien comprise aussi. Pour le mouillage partiel (6., # 0), la difficulté apparait quand la ligne
triple de contact solide-liquide-gaz se déplace. Depuis le travail [16], il est devenu évident que
le mouvement de la ligne de contact ne peut pas étre décrit par 'hydrodynamique visqueuse
classique en utilisant la condition de non-glissement (vitesse liquide nulle au mur solide). Dans ce
cas en effet, la valeur non nulle de la vitesse de la ligne triple de contact conduit a la divergence de
la pression hydrodynamique et de la dissipation visqueuse. La seule exception a cette divergence
pourrait étre le mouvement de roulement [22] qui apparait dans le cas de non-mouillage (6., =
7). Environ une douzaine de modeles ont été proposés pour résoudre cette singularité, cf. [37]
pour une revue. La solution la plus populaire [3] est probablement d’introduire une coupure
géométrique a 1’échelle atomique ou le glissement peut étre important. La condition de non-
glissement peut étre remplacée par la condition de glissement de Navier [15] au voisinage de la
ligne de contact ou encore la rhéofluidification peut étre supposée [11] (la viscosité tendant vers
zéro) sur la ligne triple ou les contraintes hydrodynamiques sont grandes. Parmi les modeles les
plus populaires ot la singularité est résolue en introduisant des effets physiques microscopiques
d’origine non-hydrodynamique, on peut énumérer ceux de Blake et Haynes [5], Shikhmurzaev
[43] et les modeles a l'interface diffuse [12, 33].

En se basant sur 'analogie qu’il y a avec le cas statique, la plupart des chercheurs caractérisent
le comportement dynamique par 'angle dynamique 6 de contact lié a la vitesse de ligne de contact
v, mesurée dans la direction normale a celle-ci

v, = %5’-’(9, Ory), (6.1)

ou o est la tension de l'interface liquide-gaz, y est un coefficient propre a chaque modele, dont la
dimension est celle de la viscosité p de cisaillement, et F est une fonction de I'ordre de I'unité.
Pour la plupart des modeles ou 6 n’est pas limité a de petites valeurs,

Uy = %(cos Beq — cosb). (6.2)

L’angle dynamique de contact semble étre une quantité mal définie [37] en raison de difficultés
dans sa mesure précise. Dans chaque cas réaliste, I'interface de liquide-gaz est fortement courbée
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au voisinage de la ligne de contact. Par conséquent, I’erreur expérimentale de la détermination dy-
namique de 'angle de contact est importante et la grande dispersion de données expérimentales
ne laisse pas confirmer ou réfuter un modele particulier pour la résolution de la singularité. Au
lieu de I’angle de contact, dans notre modélisation, nous choisissons comme variable, la position
de ligne de contact, qui peut étre mesurée avec une meilleure précision.

Une autre source d’erreur expérimentale, dans le cas du mouillage partiel, est due aux imper-
fections de la surface du substrat solide inévitables que nous appellerons des “défauts” par la
suite. Ces “défauts” peuvent “accrocher” la ligne de contact en la déformant. Peu d’informations
sont actuellement disponibles sur 'influence des défauts sur la dynamique de ligne de contact
discutée dans ce chapitre.

6.2 Coalescence des gouttes sessiles
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FIGURE 6.1: (a) Images de la coalescence de deux gouttes obtenues a 1’aide d’une caméra rapide.
(b) Evolution des grand (R,) et petit (R,) rayons de la goutte composée dans une
expérience de la chambre de condensation [20]. Ry et Ry sont les rayons des deux
gouttes avant leur coalescence.

Les expériences [2, 20] sur la relaxation de gouttes sessiles d’eau ont beaucoup motivé nos
études sur la dynamique de mouillage. Il s’agit du retour a la forme d’équilibre d'une goutte
composée de deux gouttes qui viennent de se toucher et sont donc en train de coalescer (fig. 6.1a).
Deux procédés d’initialisation de la coalescence ont été étudiés. D'une part, la coalescence a été
observée lors de la condensation tres lente sur un substrat froid dans une chambre de conden-
sation. Les gouttes se forment et grossissent avant de se toucher, sans intervention extérieure.
D’autre part, la coalescence de deux gouttes situées tout pres I'une de l'autre a été initiée par
le dépot sur une des gouttes d'une petite quantité d’eau a l’aide d’une seringue. Dans les deux
cas, la relaxation lente suit la formation tres rapide d'une goutte composée convexe (fig. 6.1).
La dynamique de la ligne triple a été caractérisée en mesurant 1’évolution de deux demi-axes
R, < R, de la goutte composée (fig. 6.1b). Les courbes R, ,(t) concordent tres bien avec la loi
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exponentielle, ce qui semble naturel car il s’agit de relaxation
R, ,(t) = Ryexp(—t/t.) + R+ At (6.3)

ou R est le rayon d’équilibre de la ligne triple de la goutte. Le dernier terme décrit la croissance
lente de la goutte composée due a la condensation. Le temps de relaxation est proportionnel au
rayon R (fig. 6.2a),
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FIGURE 6.2: (a) Temps de relaxation en fonction de la taille de la goutte pour différentes
expériences de condensation sur le méme film de polyéthylene. Les données de
seringue correspondent & une sursaturation différente en vapeur d’eau (donnée par
la température du substrat T par rapport a celle de rosée T;; = 13°C pour 'air am-
biant). Ronds vides : chambre de condensation ; triangles : seringue, Ty = T+ 5°C;;
carrés vides : seringue Ty = T} ; carrés pleins : seringue Ty = T, — 5°C. (b) U* pour
différents substrats d’apres [26]. Ronds pleins : chambre de condensation ; symboles
vides : seringue

te=R/U* (6.4)

ol le parametre U* caractérise le taux de relaxation de la ligne de contact, que ’on ne confondra
pas avec la vitesse de la ligne de contact qui varie durant la relaxation. Les valeurs de U* obtenues
pour plusieurs substrats peuvent étre comparées avec 1’échelle hydrodynamique de la vitesse de
relaxation visqueuse o/p (fig. 6.2b). On peut s’apercevoir que

- U< o/uet que

— les valeurs de U* obtenues dans les expériences de condensation sont de plusieurs ordres de

grandeur plus petits que celles obtenues a I'aide d'une seringue.

La lenteur de la relaxation apparait évidemment du fait de la dissipation anormale au voisinage
de la ligne triple. Dans ce travail nous ne discutons pas du mécanisme de mouvement de la
ligne triple et donc de l'origine de cette dissipation. A la place, nous introduisons un coefficient
phénoménologique & > p qui décrit cette dissipation anormale. Il sera appelé “le coefficient de
dissipation” par la suite.
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Cependant la dispersion aléatoire des données de quelques ordres de grandeur sur la fig. 6.2b
et la comparaison avec d’autres travaux (cf. [9, 24]) suggerent qu’il peut y avoir d’autres raisons
a la lenteur de la relaxation. Notamment on s’intéressera a l'influence des défauts du substrat sur
la dynamique et on démontrera dans le chapitre 6.8 ci-dessous que les défauts peuvent ralentir
le mouvement de la ligne triple sous certaines conditions.

Discutons maintenant la différence entre deux types d’expériences qui est mise en évidence
par les prises de vue avec une caméra rapide dont les images sont présentées sur la fig. 6.3 pour
le cas de la déposition par une seringue. Celle-ci entraine inévitablement une oscillation tres
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,
L
=}

. 2.25

1 2.2
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259 20ms | |
0.1 = 1.95
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b

(b)

FIGURE 6.3: (a) Coalescence de deux gouttes d’eau dans une expérience de seringue a une échelle
de temps courte [26]. Le trait horizontal blanc indique la surface de substrat. Au-
dessous de cette ligne se trouve la réflexion optique. Hy et Hg représentent les
hauteurs de la goutte composée mesurées dans des endroits indiqués par les fleches.
(b) Evolution de Hj, (cercles), Hg (croix) et de la décroissance exponentielle de la
largeur totale de la goutte 2Ry (triangles). Les lignes en pointillés correspondent
a une oscillation harmonique amortie.

rapide de la goutte composée, la période 7 étant de 'ordre
7~ (pR?/0)'/? ~ 8ms. (6.5)

Cette échelle de temps caractérise des phénomenes de la capillarité inertielle [30].

Ces résultats montrent le role de 1'énergie cinétique du fluide qui doit étre prise en compte
pour décrire les mouvements rapides des gouttes. Le mouvement de la ligne triple se retrouve
couplé avec des oscillations de la goutte composée, ce qui accélere sa relaxation en comparant
au cas de la condensation dans une chambre ou ’approche des gouttes est extrémement lente et
ol aucune oscillation de la goutte composée n’a été détectée.

6.3 Approche théorique générale

Dans cette section nous appliquons une autre approche, suggérée dans [9] pour décrire une
goutte en forme de calotte sphérique. Cette approche ne suppose ni I’éq. (6.1) ni un mécanisme
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particulier de mouvement de ligne. Elle suppose simplement que 1’énergie dissipée dans le voisi-
nage de la ligne triple est beaucoup plus grande que dans le reste du fluide en cas du mouillage
partiel. Cette hypothese se fonde sur la grande valeur du rapport £/u. Alors I'énergie dissipée
lors du mouvement du fluide possédant la ligne de contact est proportionnelle a la longueur de
la ligne et ne dépend pas de la direction du mouvement (avance ou recul). Nous généralisons
cette approche pour une forme arbitraire de la surface du fluide.

Pour un mouvement lent de la ligne de contact, la principale contribution a 1’énergie dissipée
par unité de temps (c.-a-d. la fonction de dissipation) peut étre écrite sous la forme

2
T = / % dr, (6.6)
)

ou l'intégration est effectuée le long de la ligne de contact et £ est le coefficient constant de
dissipation introduit ci-dessus.
Dans une approche Hamiltonienne [21]; un systéme se décrit par 'action

to
o— / Cat (6.7)
t1

ol le lagrangien £ = W — U est une fonction des coordonnées généralisées et de leurs dérivées
temporelles, qui sont surmontées par un point. W est 'énergie cinétique du liquide et U = U(g;)
est son énergie potentielle. Cette derniere a déja été discutée au chapitre 5.3. Dans notre cas,
elle est composée de deux termes U = U; + U;. Le premier terme est 1’énergie de surface

Uy =0A+oysAvs +orsArts, (6.8)

le deuxieme correspond a 1’énergie gravitationnelle. L’équation de Lagrange

d(éﬁ) 5L 6T

) -F--3 (6.9)

o §.../0... signifie la dérivée fonctionnelle s’écrit en termes de la fonction A qui donne la
position de la ligne triple.

Nous pouvons séparer deux cas pour lesquels le mouvement de la ligne triple est lent (le
nombre capillaire Ca = v,u/0 < 1) en fonction du nombre de Reynolds Re. Le premier cas
correspond au changement tres lent de forme de la goutte. Re est alors tres petit et 1'énergie
cinétique W peut donc étre négligée. La forme de la surface du liquide sera calculée comme si
elle était statique a chaque instant de temps pour la position de la ligne triple donnée. C’est
I’approximation quasistatique qui sera considérée dans cette section.

Le deuxieme cas correspond par exemple aux oscillations rapides de la goutte couplées avec

le mouvement lent de la ligne triple. Dans ce cas, Re peut atteindre 10-100 [26] et W ne peut
pas donc étre négligée. Ce cas est décrit dans la section 6.9 ci-dessous.
Dans le premier cas, on obtient £ = —U et I’équation de Lagrange (6.9) se réduit a I’expression
oU oT
- (6.10)
oh Sh
qui fut proposée initialement pour décrire le mouvement de la ligne triple dans [3]. La variation

U = Uy + dU, a été obtenue au chapitre 5.3. Elle est donné par les expressions (5.7, 5.9).
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Puisque la surface est celle de I'équilibre a chaque instant, I'intégrale sur la surface de la goutte
A s’annule (car la condition d’équilibre (5.12) est donnée justement par I’annulation de son
intégrant) et U ne contient que l'intégrale sur la ligne triple I

oU = —0/(0089 —¢)oh dl, (6.11)
)

ou ¢ et le rapport de Young (5.8) qui dans le cas ot ¢ < 1, se réduit a cosf,,. En reportant
(6.11) et (6.6) dans (6.10), on retrouve (6.2) dans le cas général avec xy = ¢ :

(co8 ey — cosb). (6.12)

Up —

M)

Cela signifie que I'hypothese (6.6) est équivalente a I’hypothese (6.12) indépendamment de la
forme de la ligne triple et de la surface du liquide [17]. En d’autre termes, des modeles (par
exemple, [12, 5, 43]) qui aboutissent a I'expression (6.12), sont équivalents a notre hypothese de
la dissipation concentrée sur la ligne triple, la dissipation qui dans ce cas est proportionnelle a la
longueur de la ligne triple. Les nombreuses mesures de ’angle de contact dynamique en fonction
de la vitesse qui ont servi a justifier ’expression (6.12), justifient également notre approche.

6.4 Modélisation de la relaxation des gouttes sessiles de
forme complexe

Puisque la formule (6.12) peut étre appliquée & n’importe quelle forme de surface liquide, le
mouvement des gouttes de forme complexe peut étre étudié. Par exemple, on peut s’interroger
sur la relaxation vers I’équilibre des gouttes initialement allongées. Quelle sera le temps de
relaxation en fonction de 'angle de contact ? Cette question a été traitée analytiquement [28] et
numériquement [17] en se basant sur le modele de la section précédente.

La goutte a été représentée approximativement par un sphéroide dont la ligne triple gardait
la forme d’'une ellipse avec des demi-axes I, et R, pendant toute son évolution. La relaxation
d’une telle goutte peut étre décrite par une exponentielle du deuxieme ordre, c.-a-d. avec deux
temps de relaxation 7, et 7,.

7o = 7o/ [8i0% Oeq (2 + 08 O,,)], (6.13)
T, = 4579 (1 + cos 6.,) /[ (108 4 41 cos b, +
14 c08® Oy + 17 cos® Oeq) (1 — cos b,,)], (6.14)

ou 19 = R¢/o. Le temps 7, correspond a la relaxation de la goutte qui garde la forme d’une
calotte sphérique avec R, = R, = R+ ARexp(—t/7;). Le temps 7, correspond a la goutte
allongée dont les demi-axes sont représentés par les formules R,, = R £ ARexp(—t/7,), R,
correspondant au signe positif. Evidemment, ce modele ne s’applique qu’au cas AR < R. De
plus, ce modele se limite aux petits angles de contact 6., < 90°.

Ces limitations ont été surmontées dans une approche numérique en 3D [17], qui peut étre
utilisée pour modéliser la forme arbitraire initiale de la ligne triple (fig. 6.4).
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FIGURE 6.4: Relaxation des gouttes ovales en 3D [17]. (a) Exemple de forme d’une goutte a

surface minimale et a ligne de contact elliptique avec AR = 0,2R, calculée pour
6., = 120° et le volume V = 5,44R3. (b) Temps de relaxation pour une goutte ovale
en unités 7y en fonction de 'angle de contact d’équilibre 6., pour AR = 0,03R :
les carrés et les losanges vides correspondent aux fits exponentiels des résultats
numériques obtenus respectivement pour R,(t) et R,(t). La ligne solide est 7,
donné par 1'éq. (6.14) pour 6., < 90°.

6.5 Mouvement lent d’un fluide le long d’un mur vertical
hétérogene

Dans cette section nous nous concentrons sur la géométrie de la plaque Wilhelmy, fig. 6.5. La
plaque verticale hétérogene peut étre déplacée avec une vitesse constante u (u > 0 pour faire
avancer la ligne de contact). La force F' exercée a la plaque due a la présence de la ligne mobile
de contact peut étre mesurée avec précision [24]. On suppose que l'interface liquide-gaz peut
étre décrite par la fonction z = f(z,y,t) ou t est le temps. La position de la ligne de contact est
alors donnée par sa hauteur h = h(y,t) tel que h(y) = f(z = 0,y). Dorénavant, nous omettrons
I’argument ¢t. Pour que I’énergie du fluide soit finie, nous supposons que f est périodique le long
de I'axe y et de période 2L, période qui pourra au besoin tendre vers U'infini. Suivant [34, 11], les
défauts extérieurs sont modélisés par la variation spatiale des tensions de surface oy g et org le
long de la plaque, ce qui est équivalent a poser ¢ = ¢(y, z). L’énergie de surface U; par période
est alors décrite par I'expression

o y7
v=2 dx/ VIFIVIE-1)dy— 2 dy/ (y,7)dz, (6.15)

tandis que I’énergie gravitationnnelle est donnée par ’expression

/ dx/ dy/ zdz— da;/ #2dy, (6.16)
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ligne de contact z=h(y)

4%@

surface du liquide z=ffx,y)

FIGURE 6.5: Schéma de I'expérience avec la plaque de Wilhelmy. La plaque que 1’on peut bouger
dans la direction verticale avec la vitesse u se situe dans le plan yOz. Les directions
positives pour u et pour la force F' agissant sur la plaque sont aussi indiquées.

ou p est la densité du liquide et g est 'accélération de pesanteur. Pour réaliser une approche
analytique, on suppose

IVf] < 1. (6.17)

U s’écrit alors
(y:t)

U= dx/ (VP + £2/2) dy - dy/ (v, 7) dz, (6.15)
ou l. = /0 /pg est la longueur capillaire. La minimisation de I’énergie potentielle U du liquide
par rapport a f résulte [29] en I’équation suivante :

*r f _f

R 6.19
ox?  0y* 2 (6.19)
Elle peut étre résolue en séparant les variables, en employant la condition aux limites

f(z — 00) =0 et en utilisant le fait que la fonction f(x,y) est bornée lorsque y — o0, ce qui
implique

f= % nioo exp <—x\/l;2 + 7r2n2/L2> /_L dy'h(y') cos M (6.20)
Sous la condition (6.17), 'angle dynamique de contact 6 vérifie
cosf ~ —0f /0x|,—o, (6.21)
et
~1/2
= (h+u) |1+ (22)2] ~ h+u. (6.22)

En reportant les trois dernieres équations dans (6.12), on obtient I’équation décrivant le mouve-
ment de la ligne triple

h(y) +u = %{C[y, h(y) + ut] —

1 oo L —
5T Z \/l52+7r2n2/L2/Ldy’h(y’) COSW}. (6.23)

n=—oo



6.6 Force nécessaire au déplacement de la ligne triple

75

Une forme plus générale (ne se limitant pas aux défauts périodiques) peut étre obtenue en
prenant sa valeur limite lorsque L — oo :

h(y) +u = Z{C(y, h(y) + ut) —

§
1 o0 oo
;/ dp/ dy'h(y') cos[p(y — y)]V/ 12 +p2}~ (6.24)
0 —00
Une équation sous une forme comparable a été déja été écrite [19]. Cependant, I'ordre d’'intégra-

tion a été inversé, ce qui a eu pour conséquence une expression mathématiquement insoluble.
On peut facilement obtenir une version plus simple de 1’éq. (6.24) en développant h(y') autour
de h(y) suivant une série de Taylor :
. o h 1.0%h
h+u= 3 [c(y,h—i—ut) - ZJFECZ_y?} :
Nous notons que cette autre simplification est entierement conforme a I’hypothese initiale (6.17).
Une version de I'éq. (6.24) dérivée en négligeant la gravité (ce qui correspond au cas ot [, — 00)
a permis de parler d’élasticité effective de la ligne triple et a été discutée a de nombreuses reprises
depuis larticle de la revue [3]. L’équation de mouvement sous la forme (6.25) montre clairement
pourquoi cette simplification entraine une erreur du calcul de la déformation de la ligne triple.
Quand l'influence de la pesanteur tend vers zéro, le terme décrivant la déformation devient
dominant. En d’autres termes, U'influence de la pesanteur sur la déformation de la ligne de
contact est importante méme dans la limite des grandes longueurs capillaires.

(6.25)

6.6 Force nécessaire au déplacement de la ligne triple

D’une fagon générale, pour faire bouger la ligne triple, on ne peut pas appliquer une force
directement a la ligne méme. La seule exception est probablement le mouvement d’une goutte
sessile sur un solide avec un gradient régulier de mouillabilité. Ce cas spécial ne sera pas considéré
ici. Dans le cas plus courant de la mouillabilité moyenne homogene, la ligne de contact peut étre
déplacée en exercant une force sur I’ensemble du liquide ou en déplagant le solide dans les
expériences de la balance de Wilhelmy, ou la force peut étre mesurée.

La force additionnelle F' (par unité de largeur de la plaque) qui agit sur la plaque de Wilhelmy
(fig. 6.5) apparait grace a la présence de la ligne de contact. Elle se compose de deux parties [19] :
la contribution des tensions d’interface qui agissent dans des directions opposées (cf. fig. 5.6) et
la force de “frottement” due a la dissipation d’énergie sur la ligne triple,

1 [r ,
F=— dy {O‘LS —oyg+¢§ [h(y) + u} } . (6.26)
2L J_;
En y utilisant 1'éq. (6.12), on obtient finalement I’expression

L
o
F=—— cosf(y)d 6.27
37 | costl)ay, (627)
I’expression qui signifie que la force en unités o peut étre obtenue en effectuant la moyenne
le long de la ligne de contact du cosinus de 'angle dynamique. Cette force peut étre mesurée
directement en utilisant les techniques expérimentales spéciales qui permettent de la séparer du
poids de la plaque [24].
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6.7 Un probleme simple : celui du défaut linéaire
Divisons h en deux parties. La premiere

1 L

ho = —
DY

h(y)dy (6.28)

est la hauteur moyenne de I’élévation de la ligne. La deuxieme partie, hy(y) = h(y) — ho sera
appelée par la suite “déformation de la ligne triple”. En intégrant 1'éq. (6.23) sur la variable y
on obtient pour hg une équation de la forme

1 L

== [ cly, hily) + ho) dy, (6.29)
oL |

}.Lo—f-uz—%(ho/lc—CO), Co

ol ¢g est la moyenne de c le long de la ligne triple. L’équation associée a h; s’obtient en sous-
trayant 1'éq. (6.29) de I'éq. (6.24).

g

h1(y) = E{Cl(yv hi(y) + ho) —

% /OOO dp /: dy'ha (y') cos[p(y — y’)]\/m}- (6.30)

L’équation (6.30) a la méme forme que 1'éq. (6.24) ou ¢ est remplacé par ¢; = ¢(y, hy + hg) — co.

La solution de ces équations peut étre illustrée sur ’exemple d'une montée capillaire le long
d’un mur immobile (u = 0) comportant un défaut unique dont la nature ne varie pas en fonction
de la hauteur de la I’élévation de la ligne. La fonction ¢ ne dépend pas dans ce cas de z :

_ Cd, |y‘ < w,
cly) = { o |yl >w, (6.31)

ou cg,¢s < 1 et w sont constants. L’équation (6.30) devient donc linéaire et peut étre résolue
analytiquement notamment par la transformée de Fourier. Nous désignerons les transformées de

hi(y) et ¢1(y) par

hy = hy(k) = / ) hi(y) exp(—tky) dy. (6.32)

[e.e]

et ¢; respectivement. L’équation associée a h; se simplifie dans ’espace de Fourier. En se servant
du théoreme de convolution [20], on obtient

;ll = % (51 — El\/ lC_Q + ]{32> . (633)

Considérons d’abord la solution d’équilibre (t — oco) obtenue initialement dans [31],

RSt =&/ I2 + K2 (6.34)

Il est évident que ¢y = ¢, et

. 2dcsin kw

¢ = ; (6.35)
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ou dc = ¢g — Cs.
En utilisant les tables [1], la transformée de Fourier (6.34) peut étre inversée analytiquement,
h(y) = 0c[Ay +w) — Aly — w)]/m, (6.36)

La fonction A(-) s’écrit

/Ko

ou Ky(-) est la fonction de Bessel modifiée a 'ordre zéro [1]. Ce résultat correspond a la courbe
en pointillés sur la fig. 6.6. Loin du défaut (|y| > w),

-

0.35 |

y/lc

FIGURE 6.6: Evolution de la déformation h4(y) de la ligne de contact. L’aire de défaut (dont la
demi-largeur est w = 0.2[.) est ombrée. Les valeurs respectives des temps dans les
unités 7, sont indiquées au-dessus de chaque courbe.

woc woe |yl
hi(y) ~ —A'(y) = —K 6.37
y) = A () = IR, (6.37)
On reconnait le résultat obtenu en [19]. Il conduit a la divergence logarithmique lorsque y —
0,h{? ~ —log |y|, résultat propre & la théorie de “I’élasticité de la ligne triple” [3], dans laquelle

une coupure pour les petites valeurs de y était nécessaire pour conserver la cohérence physique.
Notre analyse montre que 'expression (6.37) n’est pas valable lorsque y — 0. L’expression
correcte dans ce cas s’obtient a partir de (6.36) :

eq(,y _ OC Y
hy'(y) = —[A(w) + A (w)], (6.38)
ott pour le défaut ponctuel (w < I..), A(w) = —wlog(w/l.) et A”(w) = —w™'. Le comportement
de hi’(y) est alors physiquement correct.
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La solution dynamique peut étre obtenue de la méme maniere en employant la condition
initiale A(t =0) =0 :

hO(t) = Cslc[1 - eXp(_t/Tr)L (639)
hi(y,t) = dc[A(w +y) + A(w —y) — D(w + y,t) — D(w —y,t)] /7, (6.40)

ou 7, =¢l.Jo et

Y y2 t2
D(,%t):/ Ky ZT 2 dy
0 c Ty
L’évolution temporelle de hy(y) est explicitée sur la fig. 6.6. Ces courbes peuvent étre comparées
a celles obtenues expérimentalement dans les articles [25, 23, 32]. Le mouvement de la ligne de
contact y fut étudié en présence d’'un défaut unique. La comparaison montre un bon accord qua-

litatif. Malheureusement, les résultats ne peuvent pas étre comparés quantitativement puisque
dans chacun de ces articles plusieurs parametres intervenant dans ’éq. (6.40) sont manquants.

6.8 Effet collectif de défauts sur la dynamique de la ligne
triple

6.8.1 Approche générale

Le mouvement des frontieres séparant des phases différentes dans un environnement aléatoire
demeure un probleme d’intérét général. Beaucoup d’attention a été prétée a la “transition de
dépiégeage” associée au comportement critique dans des systemes différents : invasion liquide
dans les médias poreux, mouvement des bords de domaines ferromagnétiques, mouvement des
vortex de flux dans les supraconducteurs du type II, dynamique des fissures. .. [3, 13]. La théorie
de la transition de dépiégeage est basée sur 'analyse de I’équation suivante donnant la position
d’interface h :

oh

T F +{(h)+ Glh], (6.41)
ou F' est la force imposée de fagon extérieure, ¢ est le bruit di au caractere aléatoire des médias
et G[-] est un opérateur convenable. Lorsque F' est voisin du seuil de dépiégeage F. (pour lequel
I'interface commence a se déplacer), cette approche a généralement pour conséquence une loi de
puissance pour la vitesse moyenne d’interface u

uwn~ (F—F.)°, (6.42)

ou l'exposant [ est universel. L’origine de cette dépendance se situe dans la dynamique parti-
culiere d’interface pres du seuil de transition, notamment une succession aléatoire des avalanches
d’événements locaux de dépiégeage. Quand F' > F, la loi conventionnelle de mobilité

u~F (6.43)

devient valide.
L’approche générale des phénomenes de dépiégeage d’interface est fréquemment appliquée
au dépiégeage de la ligne triple [12, 10, 39, (]. Cependant le désaccord entre la théorie et les
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données expérimentales sur le mouvement de ligne de contact est notable. Premierement, selon
les études théoriques f < 1 (voir le [12, 0]), alors que > 1 est obtenu expérimentalement
[10, 24]. Deuxiemement, le régime linéaire (6.43) n’était jamais obtenu [24]. En suivant Iarticle
[27], dans ce chapitre nous proposons un cadre approprié pour expliquer les résultats.

La force étudiée dans le chapitre 6.6 est la seule qui puisse servir de force externe I’ intervenant
dans I’éq. (6.41). En comparant les équations (6.25) et (6.41), on peut constater la différence entre
le dépiégeage de l'interface et celui de la ligne de contact. Pour le dépiégeage de l'interface, la
force entre directement dans ’équation de mouvement. La force peut étre controlée ou imposée.
Elle peut prendre une valeur arbitraire. Pour le dépiégeage de la ligne de contact, la force externe
n’entre pas directement dans les équations du mouvement (6.24, 6.25). Elle est alors difficilement
controlable. Cependant, elle peut étre mesurée et calculée en utilisant 1'éq. (6.27), ou la force
(par unité de largeur de la plaque) est limitée par la valeur de tension superficielle. Ce fait
peut expliquer la non-linéarité F'(u) observée dans [24] pour de grandes vitesses. Cependant,
le modele basé sur les égs. (6.24, 6.25) ne peut pas mettre en évidence cette saturation. En
raison des conditions (6.17, 6.21), |F| < ¢ a été implicitement supposé lors de l'utilisation des
éqgs. (6.24, 6.25).

6.8.2 Application aux défauts périodiques

Nous considérons ci-dessous des défauts périodiques dans les directions y et z. Prenons l'ex-
emple des taches rondes de rayon r présentées sur la fig. 6.7a. A Dintérieur des taches, 0., = 04,
pour le reste de la plaque on a 0., = 0;.

En raison de la non-linéarité du terme ¢, I’éq. (6.23) semble étre difficile a résoudre numérique-
ment. Cependant, 1'application de I'algorithme numérique FFT (Fast Fourier Transform) [37]
facilite beaucoup le calcul.

Nous sommes intéressés par les solutions doublement périodiques relativement a y et a t. La
périodicité temporelle est envisagée pour éviter la dépendance de la position initiale de la surface
liquide. Les moyennes temporelles sont notées par des crochets, par exemple la force moyenne a
pour valeur

(F) =+ /0 "R, (6.44)

ou P = 2L/|u| est la période temporelle. Ainsi, (v,) = u est la vitesse moyenne de la ligne de
contact. Le comportement périodique en temps apparait apres que la ligne de contact ait passé
plusieurs premieres rangées de défauts.

Un exemple de solution doublement périodique est montré sur la fig. 6.7a. Les positions de
la ligne de contact sont présentées pour des intervalles égaux de temps, la vitesse locale peut
donc étre évaluée a partir de la densité des courbes obtenues. On voit que lorsque la ligne de
contact rencontre une ligne des défauts, elle ralentit en laissant la surface liquide accumuler de
I’énergie. Durant cette étape, la différence entre les angles dynamique et d’équilibre du contact
augmente (étape de 'accrochage, “stick” en anglais). L'étape de glissement (“slip” en anglais)
arrive ensuite, et la ligne de contact accélere. La différence entre les vitesses moyennes de ces deux
phases peut étre tres grande pres du seuil d’accrochage, voir la courbe solide (fig. 6.7b) associée
au = 0.0l0/¢. La partie la plus abrupte correspond au glissement. Cette suite d’accélérations
et de décélérations de la ligne de contact est un effet collectif associé au mouvement de ligne de
contact en présence des défauts.
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FIGURE 6.7: Solution périodique spatio-temporelle de I'éq. (6.23) calculée pour 2L/l. = 0,4,
r/l. = 0,1, 05 = 70° et 0, = 110°. (a) 20 positions de la ligne de contact avec
les intervalles de temps égaux a 0,2¢l./o sur la maille élémentaire de la structure
périodique des défauts (I’aire d'un défaut est ombré) pour u = 0,10/ ; ce graphe
correspond a la période temporelle P = 4¢l./o. L'image compléte du mouvement
de ligne de contact peut étre obtenue en prolongeant périodiquement cette figure
dans des directions verticale et horizontale. (b) Variations périodiques de la force
agissant sur la plaque de Wilhelmy pendant son mouvement de haut en bas. Le
parametre des courbes a pour valeur u dans des unités de o/¢.

La force donnée par 1'éq. (6.27) peut étre calculée en utilisant 1’éq. (6.21) pour chacune des
courbes h(y) comme celle de la fig. 6.7a. Les courbes F'(t) sont présentées sur la fig. 6.7b ou F
est décomptée a partir du niveau de référence

FCB = £u — O COS 90B7 (645)

olt cos o = €2 cos B+ (1 —&?) cos b est la valeur moyenne de I’angle statique de contact (dit de
Cassie-Baxter), 2 = 7(r/2L)? est la densité de défauts. Fp correspond & une force induite par
un solide homogene ayant la valeur de I'angle de contact d’équilibre égale a 0. La différence
F — Feop caractérise donc 'influence de 'accrochage sur les défauts. La dépendance (F') — Fop
de u (inversée pour la compatibilité avec Fig. 6.8b) est présentée en Fig. 6.8a pour différentes
densités de défauts qui correspondent a différentes valeurs de 2. Les branches de recul (u < 0)
et d’avancée (u > 0) sont présentées. (F) dévie de Fop suivant 'augmentation de la densité
croissante des défauts (distance décroissante entre les défauts) qui peut étre expliquée par un
accrochage de plus en plus important. En rappelant que le cosinus moyen de ’angle de contact
est (F)/o, on constate que 1'écart des angles de contact statiques d’avancée et de recul (qui
correspondent aux valeurs de (F)/o pour u — +0) devient égal a la valeur de Cassie-Baxter
avec accrochage croissant.

Lorsque nous étudions 'accrochage pour des défauts périodiques, les exposants propres au
comportement aléatoire ne peuvent étre trouvés. Il est cependant intéressant d’étudier la dépen-
dance de (F') en fonction de u pour la comparer au comportement décrit par les égs. (6.42, 6.43).
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FIGURE 6.8: (a) Ecart ((#') — Fop) en fonction de u calculé pour différentes distances entre les
centres des défauts 2L (montrés comme parametres de courbes dans les unités I.).
(b) Courbe u((F')) pour 2L/l. = 0.3. La dépendance u(Frp) est présentée par la
ligne en pointillés. Les parties des courbes au voisinage du point de u = 0 sont
agrandis dans des fenétres. Les parametres sont les mémes que pour Fig. 6.7.

Une fonction u((F')) inverse est présentée sur la fig. 6.8b. En absence d’études expérimentales
avec des défauts périodiques, cette courbe peut étre comparée avec le résultat [21] obtenu pour
des défauts aléatoires. Pour |u| petit, le signe de la courbure est le méme que celui obtenu
expérimentalement et il correspond a 3 > 1 dans 1’éq. (6.42). Cette comparaison suggere que
le comportement de g > 1 est di a ’accrochage collectif plutot qu’au caractere aléatoire. La
valeur de F, est définie par 'angle statique de contact (d’avancée ou de recul selon la direction du
mouvement). Cependant, 'augmentation linéaire de (F')(u) pour de grandes valeurs de |u| qui
ressemble au comportement de 1'éq. (6.43) est simplement une conséquence de 'approximation
(6.17) discutée ci-dessus. En réalité, u((F')) est fortement non-linéaire pour de grandes valeurs
de |u| et devrait avoir des graphes & asymptotes verticales a (F') = +o.

La pente décroissante de la courbe u(F') au voisinage de F, (qui est due a linfluence des
défauts) peut expliquer la relaxation extrémement lente observée pendant la coalescence des
gouttes sessiles (cf. chapitre 6.2 ci-dessus). Dans ce cas une force tres petite est imposée par la
tension superficielle. Puisque le coefficient effectif de dissipation a été extrait comme l'inverse
de la pente de la courbe u(F), il semble étre tres grand tandis que la valeur réelle de £ peut étre
beaucoup plus petite.

6.9 Influence de l'inertie sur la dynamique de la ligne triple

Dans ce chapitre nous montrons comment l'influence de I'inertie du liquide sur le mouvement
lent de la ligne triple peut étre prise en compte dans le cadre de notre théorie ou toute dissipa-
tion dans le liquide est supposée étre concentrée sur la ligne triple. Nous construisons ce modele
surtout pour pouvoir décrire le couplage du mouvement rapide du fluide (ex : oscillation de sa
surface, cf. chapitre 6.2 ci-dessus ou Re ~ 100) avec un mouvement plus lent de la ligne triple
(Ca ~ 1073 dans Pexpérience du chapitre 6.2). Les oscillations d’une goutte d’eau couplées au
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mouvement de ligne de contact ont été étudiés expérimentalement récemment [31]. Le rapport
Re/Ca peut étre encore plus grand pour les fluides cryogéniques qui sont industriellement im-
portants [1 1] (oscillations du carburant de fusée) en raison de la plus faible tension superficielle.
Pendant leur étalement, les oscillations des gouttes suivent souvent leur impact avec le solide
35].

En fait, plusieurs tentatives ont été entreprises pour décrire les effets inertiels pendant le
mouvement de la ligne de contact [7, 11, 36, 18]. La plupart des modeles supposent le fluide non-
visqueux et donc I’absence d’anomalie sur la ligne triple. D’autres modeles sont trop compliqués
pour pouvoir décrire la ligne triple déformée initialement ou par des défauts.

La géométrie considérée est celle de la plaque Wilhelmy montrée sur la fig. 6.5. Le repere sera
néanmoins différent : le zéro de z est placé au bas du liquide dont la profondeur d sera 'un des
parametres du probleme. La surface et la ligne triple sont alors décrites respectivement par les
fonctions z = f(z,y) = d+ f(z,y) et z = h(y) = d + h(y).

En suivant I'article [30], nous allons utiliser I'approximation “en eau peu profonde”. Bien qu’il
soit a priori évident que notre modele néglige la dissipation visqueuse dans le volume liquide,
elle peut étre importante dans les couches minces. Notre but est d’expliquer comment une telle
approche peut étre appliquée en utilisant I’avantage d’une telle approximation pour obtenir des
solutions analytiques. L’approche peut étre facilement généralisée en utilisant la formulation
potentielle plus appropriée pour le traitement numérique.

6.9.1 Dérivation des équations de mouvement du liquide

Dans I'approximation en eau peu profonde, ’énergie cinétique du liquide s’écrit

I N e Al
W= — d d 4

ou U = (vg,vy) est le champ de vitesses dans le liquide. En utilisant comme précédemment
I'hypothese (6.17), nous obtenons alors le lagrangien du systeme £ = W — U ou U est défini en
(6.18). La variation de 'action (6.7) est soumise a la liaison de la conservation de la masse

N

of .
5 TV (f1) =0 (6.47)

et est soumise a la condition aux limites
Vg, = 0. (6.48)

Puisque la dissipation volumique visqueuse est absente du modele, la condition aux limites
sur la ligne triple est uniquement modifiée par I'introduction de la fonction de dissipation (6.6).
Le principe de I'action stationnaire qui peut donc étre appliqué dans le volume du fluide permet

d’obtenir [30] 'équation donnant la vitesse du liquide :
I pft . . . . .
(g{“) + Tdiv(pft) + pf (- V)T + pgfV ] — o fV(Af) = 0. (6.49)

De ce fait, la variation du lagrangien prend la forme

o [F (9f
(5£—ﬁ » [%

+ iy, ﬁ)] Shdy, (6.50)

=0
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ou ¢é(y, z) = ¢y, z — d) est la fonction (5.8) définie dans le nouveau repeére. En reportant (6.50)
dans ’équation de Lagrange (6.9) on obtient la condition aux limites pour I’éq. (6.49)

O‘ 8_iL
ox

+ é(y, /%)] =¢ <g—? + u) : (6.51)

6.9.2 Linéarisation partielle

Les conditions sont définies par (6.48, 6.51) et par
flooo = d, (6.52)

ou d est la profondeur du liquide loin de la plaque supposée constante. Les conditions initiales
que nous considérerons sont celles d'un liquide immobile

Tlimo =0,  flimo = d. (6.53)

Les équations du mouvement (6.47, 6.49) peuvent étre linéarisées relativement a la vitesse du
liquide v supposée petite. En revenant aux variables sans chapeau f = f —d et h = h — d, on
obtient

af ov

5 AV T=0. po

T +pgVf—0oVAf=0. (6.54)

La vitesse U s’élimine de ces équations en appliquant la dérivée temporelle a la premiere d’entre
elles, puis en soustrayant la divergence de la seconde. Le résultat s’écrit

2

pa—tf — pgdAf + odA*f = 0. (6.55a)

Les conditions initiales et les conditions aux limites associées a ’éq. (6.55a) s’obtiennent & partir
des éqgs. (6.48, 6.52-6.53) et a 'aide de (6.54)

fle—oo =0, (6.55D)
%)
5y P9f —oAf) T 0, (6.55¢)
fli=o =0, (6.55d)
ofl
E o =0. (6556)

L’équation non-linéaire (6.51) réécrite a I'aide des fonctions f, h devient

g-i-u §

oh o|of
ox

+c(y, h)} 7 (6.55¢)

=0

ce qui clot la formulation du probleme.
On note que (6.55f) coincide exactement avec 'expression (6.12) obtenue dans I’hypothese
quasistatique.
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6.9.3 Solution pour un défaut linéaire

Pour démontrer I'effet de I'inertie sur le mouvement de la ligne triple, considérons le probleme
du chapitre 6.7 : la montée capillaire le long d’'un mur en présence d’'un défaut linéaire dont
la fonction ¢ associée est définie par 1'éq. (6.31). Suivant le méme procédé de la résolution,
découpons chacune des variables f et h en deux parties,

f - fO(xut) + fl(x7y7t)a
h = ho(t) + hi(y,t). (6.56)

ol l'index 0 correspond comme précédemment aux variables moyennées le long de la ligne de
contact. Puisque le probleme est linéaire dans ce cas simple, les problemes associés a hg et hy
sont découplés et peuvent étre résolus séparément.

En appliquant la transformée de Laplace

ho(s) = /000 ho(t) exp(—st) dt, (6.57)

on obtient la solution du probleme (6.55) pour hg

ho(s) = cs% ls <5+Tr1\/s\/2_7'i+ 1)]_1, (6.58)

ou 7, = l.£/0 est une échelle de temps caractéristique pour la relaxation quasistatique et 7, =
le/+/gd est le temps caractéristique inertiel. La transformée de Laplace (6.58) peut étre inversée

ho(t) = cslc{l — erfe ( %) +
M;T{p {i (rwm)} exfe N; (Hm)} -
exp {i (r - m)]erfc { 2i (r - m)] }} (6.59)

Ty Ti

ou erfc(-) est la fonction d’erreur complémentaire [1], et r = 7; /7, est un parametre caractérisant
I'importance relative de 'inertie du liquide ; r est lié au nombre de Weber qui est défini comme
le rapport des termes de la tension superficielle et de l'inertie, tous les deux présents dans
I'éq. (6.55a), We = r%. Pour le cas limite r — 0, (6.59) se réduit au résultat quasistatique (6.39).
La différence entre ces deux dépendances est apparente sur la fig. 6.9a : I'inertie liquide ralentit
légerement le mouvement moyen de la ligne de contact.

La formulation du probleme pour f; est donnée par le systeme (6.55) avec une condition addi-
tionnelle de disparition de sa valeur moyenne relativement a la variable y. Pour un défaut isolé,
cette condition se réduit a fi(y — +oo) = 0, ce qui permet application de la transformée de
Fourier (6.32). La transformée de Laplace (6.57) peut ensuite étre appliquée & fi(x,t). L'expres-
sion pour h; est complexe et difficile & inverser. De ce fait, on cherche uniquement les solutions
pour les petites valeurs du parametre r, c.-a-d. lorsque la contribution des forces inertielles est
faible. Sous cette condition, la solution s’écrit

hi =& [s (W + 17 s+ B(rns)2>] - : (6.60)
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FI1GURE 6.9: Evolution temporelle de la hauteur moyenne hg de I’ascension de la ligne de contact
(a) et de la déformation de la ligne triple h; (b) calculées pour » = 0.5. La loi
quasistatique exponentielle (6.39) (ligne solide) est comparée au comportement
inertiel hydrodynamique (6.59) (ligne en pointillés) sur la fig. (a). Figure (b) : Le
parametre des courbes est le temps ¢ dans les unités de 7,.. L’aire du défaut (dont
la demie largeur est égale a w = 0.2l.) est ombrée. Dans la fenétre, le résultat de
la théorie hydrodynamique (courbe pleine) est comparé au résultat quasistatique
(courbe en pointillés). Les deux courbes sont calculées pour ¢t = 0.17,.

ou le coefficient B > 0 est
B k*+172  k?+ 15072
W T

Cette expression est rationnelle en s et la transformée de Laplace peut alors étre inversée avec
des méthodes conventionnelles :

h(t) = & { 1 N 1 exp(sit) exp(szt)] } 7 (6.62)

(6.61)

k2 +1-2  B(rm)*(s1 — s2) S1 Sa
ou®
14 4/1— 4Bl k22 + 1
S12 = \/ (6.63)

2Bl.r%T,

et ¢; est donné par (6.35). Pour obtenir la déformation de la ligne triple h(y,t), nous avons
besoin d’inverser la transformée de Fourier (6.62), ce qui peut étre réalisé numériquement en
utilisant I'algorithme FFT [35]. Le résultat est présenté sur la fig. 6.9b.

Nous retrouvons le résultat quasistatique (6.40) dans la limite r» — 0.

Comme dans le cas de hg, le ralentissement inertiel se manifeste dans le cas de h;. La fenétre de
la fig. 6.9b montre que le point le plus élevé de la ligne de contact s’éleve plus lentement lorsque

(i). Notons que si s1,2 deviennent complexes pour des petites valeurs de k, hi reste réel.
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le mouvement hydrodynamique est pris en considération. Or les effets hydrodynamiques ne sont
pas limités a un simple ralentissement. Surtout visible au début de la montée, 'effet commun
de l'inertie et de la conservation de masse crée dans le profil de by (fig. 6.9b) deux creux dont
le fluide coule et forme une bosse entre eux. Au cours de la montée, ces cavités deviennent de
moins en moins profondes et et de plus en plus larges avant disparaitre pour la forme d’équilibre
de la ligne de contact.

6.10 Conclusion

Ce chapitre est consacré aux études de la dynamique de mouillage. Une théorie quasistatique
phénoménologique est développée. Elle est basée sur I’hypothese que toute la dissipation dans le
fluide peut étre considérée comme si elle avait lieu uniquement sur la ligne triple. Il est montré
que cette hypothese est équivalente a 1’équation (6.12) qui est aussi le résultat de plusieurs autres
modeles théoriques et études expérimentales. D’autres résultats préliminaires [10] montrent un
bon accord entre I'expérience et notre modele.

Des expériences sur la coalescence des gouttes sessiles levent plusieurs interrogations dont 1'une
concerne la lenteur de la relaxation de la ligne triple vers sa position finale. Nous expliquons
cette lenteur par I'influence des défauts du substrat ; 'influence devient marquante surtout pres
du seuil de piégeage de la ligne triple. Seulement le cas des défauts périodiques est étudié. Cepen-
dant, I’approche est bien adaptée pour considérer les transitions de piégeage ou de dépiégeage
en présence de défauts aléatoires, ce qui pourrait étre réalisé ultérieurement.

Une autre question relevant de l'influence du mouvement rapide de la surface des gouttes
sur la cinétique de la ligne triple découle des expériences. Nous proposons une approche per-
mettant de décrire le couplage des mouvements rapides de la surface d’'une goutte avec les
mouvements lents dissipatifs de sa ligne de contact. Pour obtenir des solutions analytiques
dans la géométrie de la montée capillaire, I'approximation en eau peu profonde a été utilisée.
Néanmoins, la méthodologie proposée s’applique également dans le cas plus général. Une ap-
proche numérique basée sur ’écoulement potentiel du liquide sera appliquée dans le futur pour
décrire les oscillations des gouttes sessiles d’une forme complexe.
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7 Cinétique de la condensation
atmosphérique

7.1 Un peu d’histoire

L’eau contenue dans ’atmosphere sous forme de vapeur est une ressource renouvelable qui
pourrait s’avérer tres intéressante dans les régions arides du monde. Cependant, 1'utilisation
de procédés qui nécessitent un apport extérieur d’énergie pour refroidir la surface condensante
n’est pas économiquement justifiée dans la plupart des cas. En méme temps, I'image de la
rosée matinale abondante fait penser a des condenseurs dits passifs, c.-a-d. fonctionnant sans
apport d’énergie. Pour la premiere fois dans I'histoire, cette idée fut réalisée par F. Zibold qui
a construit un condenseur [13] aux environs de Féodosia en Crimée (Ukraine) en 1912. Zibold
suivit le modele de ce qu’il pensait étre les condenseurs des Grecs Anciens qui avaient colonisé la
Crimée vers le VI siecle AVJC. Les fouilles archéologiques modernes (y compris celles réalisées
dans le cadre de l'expédition de 1994, voir ci-dessous) ont démontré que les tas de pierres que
I’on trouve sur les collines environnant la ville ne sont rien d’autre que des kourganes (tombeaux)
des Grecs et Scythes qui datent de ITVE™e-III*™¢ siecles AVJC, mais le mythe des “condenseurs”
Grecs persiste, méme dans 'esprit de certains chercheurs [11, 5].

Le condenseur de Zibold était une sorte de soucoupe de béton, de 20 m de diametre rempli
de galets marin formant un cone creux tronqué de 6 m de hauteur. D’apres un témoignage
oral de I’époque, ce condenseur fournissait jusqu’a 360 1 d’eau liquide par jour. Peu apres son
érection, la soucoupe se mit a fuir et le condenseur fut abandonné. Suivant des informations
vagues concernant ce condenseur, plusieurs installations massives furent construites dans le sud
de la France dans les années 1930 [10]. En tant que base de la flotte navale Soviétique, Féodosia
ne fut accessible qu’apres 1992 et donc les batisseurs de ces installations n’ont pu avoir acces a
loriginal. Le condenseur érigé en 1932 par A. Knappen a Trans-en-Provence, a probablement
survécu grace a sa beauté architecturale [3]. Cependant, aucune de ces installations, malgré leur
taille imposante, n’ont pu collecter plus que quelques litres d’eau par jour. La raison de ces
échecs fut la méconnaissance de la physique de la formation de la rosée.

Avec D. Beysens, j’ai organisé en 1993 une expédition franco-ukrainienne a Féodosia com-
portant des chercheurs (y compris des archéologues) francais et ukrainiens. Avec une autre
expédition en 1994 (organisée par I. Mylymuk) cette mission a permis d’un coté de reconstituer
I’histoire du condenseur de Zibold jusqu’a la méconnue, et, de 'autre, de réfuter avec certitude le
mythe des “condenseurs” grecs. L’aventure de ces deux expéditions est racontée dans l'ouvrage

[12].
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7.2 Rappel des principes de la condensation naturelle

Pour que le brouillard (gouttes d’eau de 10-30 pum de diametre suspendues dans ’air) se forme,
il faut que la température de I'air baisse au-dessous du point de rosée T, défini par I’expression

Dv = psat(Td) (71)

ou p, est la pression partielle de la vapeur dans 'air et pg,(7") est la pression de saturation a la
température T'. En connaissant I’humidité relative H de I’air et sa température Ty, p, s’exprime
par :

Dv = Hpsat(Ta)' (72)

Selon la théorie de la nucléation, le seuil de nucléation est plus bas pour des surfaces de meilleure
mouillabilité. La condensation sur une surface peut donc démarrer lorsque sa température 7, est
inférieure a T,. Dans notre modele nous tenons compte de I'angle de contact fini en introduisant
un petit décalage T < 0 et en supposant que la condensation se produit quand 7, 4+ Ty < Tj.

Pourquoi donc les feuilles des plantes peuvent-elles étre plus froides que ’air 7 D’apres la loi
de Stefan-Boltzmann, un corps d’aire S, et de température T, exprimée en °C émet le flux de
chaleur radiatif

R, = Sig.o(T, + 273)*, (7.3)

ou o est la constante de Stefan-Boltzmann, S; est la superficie externe du condenseur et . est
un parametre de la surface appelé émissivité qui peut varier entre 0 et 1. Pour une géométrie
arbitraire du condenseur, nous définissons S; comme une surface plane d’irradiation effective
dont l'irradiation est équivalente a celle du condenseur réel. Si le bilan radiatif de ce corps est
négatif, c.-a-d. si le corps recoit moins d’irradiation qu’il n’en émet, sa température peut baisser.
Pour accélérer la condensation, il faut donc éviter I’exposition de la surface condensante aux
autres surfaces plus chaudes.

Un mouvement d’air (la convection naturelle et forcée : le vent) qui amene la vapeur d’eau
vers la surface est nécessaire pour maintenir un bon taux de condensation. D’autre part, son
role peut aussi étre néfaste [13] car lors de la condensation nocturne l'air est généralement plus
chaud que la surface condensante et le vent la réchauffe.

Il est bien connu qu’a partir d’une certaine profondeur (généralement 20 ou 30 cm) la tempé-
rature de la terre ne varie pratiquement pas durant le jour. A cause de l'inertie thermique, sa
température reste alors plus grande que celle de la surface condensante. Pour augmenter le taux
de condensation, le contact thermique avec la terre est donc a éviter.

7.3 Modélisation d’un condenseur

7.3.1 Equations principales

Le modele mathématique est basé sur les travaux [13, 7]. L’équation d’équilibre thermique
pour le condenseur est

dT.
dt

(MCC + ma) = R’L + Rhe + Rconda (74)
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ou 1, est la température du condenseur, M et m sont respectivement les masses du condenseur
et de 'eau condensée, c. et ¢, sont les chaleurs spécifiques du matériel du condenseur et de
I’eau. Ci-apres, des unités SI sont supposées pour toutes les valeurs exceptée la température qui
est exprimée en degrés celsius. Les variables du coté droit représentent les différents processus
physiques impliqués dans 1’énergie thermique venant ou partant de la surface de condenseur :
R; est le bilan d’irradiation, Rj. est ’échange thermique avec I'air environnant, R.,q est le gain
d’énergie du a la chaleur latente de condensation H. Ainsi

dm
cond — H—.
Reona dt

Le taux d’échange de chaleur par convection peut étre exprimé sous la forme habituelle
Rpe = Sca(T, —T), (7.5)

ol a est le coefficient de transfert thermique et S. est la surface de condensation qui peut étre
différente de S; si l'air pénetre a l'intérieur du condenseur (c’est le cas du condenseur de Zibold).
a se relie a la largeur de la couche limite aérodynamique d’air et dépend ainsi de la vitesse du
vent u :

a=kf\/u/D. (7.6)

Dans cette équation, le facteur numérique f = 4 WK~ m~2s'/2 est empirique [15] pour 'écoule-

ment parallele & une feuille plate de taille D = +/S,. Nous avons introduit ici un coefficient
de correction k qui dépend de la position du condenseur par rapport au dispositif mesurant la
vitesse du vent et des conditions particulieres de circulation d’air.

Le terme d’irradiation de I’éq. (7.4) se compose de plusieurs parties :

Ri=R,+ R — R.. (7.7)

R, est I'irradiation solaire que 1'on impose Ry = 0 dans cette section ou uniquement le temps
nocturne est considéré. R, est définie en (7.3) et R; représente l'irradiation infrarouge regue du
ciel par le condenseur [15],

R; = Sie.e50(T, + 273)%, (7.8)

ol g, est I’émissivité du ciel qui varie en fonction de T, et de la fraction N du ciel couvert par
les nuages (appelée “nébulosité” ou “couverture nuageuse”)

8
s=c0t+N([1—e9o— =—— ], 7.9
€5 = €50+ ( €50 Ta+273) (7.9)
ol g40 = 0,72+ 0,0057, [15]. S; est la superficie externe du condenseur.
L’équation pour m représente le taux de condensation :

d _ . .o .

dm _ { Seb(psat(Ta) — pe(Te)), si positif, (7.10)
dt 0, sinon.

Nous tenons compte des propriétés du mouillage du condenseur en mettant p.(7¢.) = psa(Te+To).
Par la suite nous prendrons T, = —0.35°C. L’éq. (7.10) suppose I’absence d’évaporation de



7.3 Modélisation d’'un condenseur

93

I’eau déja condensée comme si elle était enlevée aussitot du condenseur, c.-a-d. versée dans un
récipient.
La valeur du coefficient de transfert de masse b est proportionnelle & a (7.6) :

b =0,656g9a/(pc,), (7.11)

ou p est la pression atmosphérique (supposée constante) et ¢, est la chaleur spécifique de 'air.
Cette expression ainsi que le facteur numérique sont issus du travail [15]. Nous avons ajouté un
coefficient ajustable g pour prendre en compte des conditions particulieres de circulation d’air
autour du condenseur.

Les éqs. (7.4, 7.10) forment un systeme d’équations différentielles ordinaires ot maintenant
tous les termes sont définis.

7.3.2 Simulations de la formation de rosée

Les résultats expérimentaux peuvent étre fités a ’aide du modele proposé dans le chapitre
précedent afin de trouver les parametres empiriques k et g [0, 7]. Le systeme d’équations
(7.4, 7.10) est intégré pour chaque observation séparément. Le début des calculs est choisi
quelque temps apres le coucher du soleil, avant que la condensation ne commence, de sorte
que la condition initiale m = 0 puisse étre imposée. Le moment de fin du calcul doit étre
choisi avant le lever du soleil (avant évaporation). L’acquisition des données est entierement
automatisée et les fichiers de données ont un format uniforme. Un traitement automatique
de l'information peut donc étre effectué. Plusieurs applications interactives pour PC ont été
écrites. Elles sont disponibles sur le site ’OPUR (Organisation Pour Utilisation de la Rosée)
http://www.opur.u-bordeaux.fr/angl/progVadim_ang.htm avec son mode d’emploi détaillé.
Ces applications permettent d’abord de réunir les données expérimentales dans un seul fichier,
puis d’extraire la température expérimentale du condenseur 7 .., correspondant a 'instant de
départ de la simulation. Cette température sert de deuxieme condition initiale pour le systeme
d’équations (7.4, 7.10) : T.(t = 0) = T, csp- Le logiciel principal réalise la simulation en rajustant
les parametres k£ et g pour minimiser 1’écart entre les données théoriques et expérimentales.
Ensuite les données sont visualisées et enregistrées dans un fichier unique. Les parametres du
condenseur sont montrés dans la Tab. 7.1. Trois condenseurs identiques fonctionnaient a Gre-

’ Parameter \Notation\ Value ‘

Emissivity Ee 0.94
Specific heat Ce 1674 J/kgK
Thickness - 5 mm
Density — 1190 kg/m?
Surface S.=S; |0.16 m?

TABLE 7.1: Parametres du condenseur employé pour les expériences. La surface du condenseur
était fait de Plexiglas (PMMA).

noble (Isere), a Ajaccio (Corse) et & Bordeaux (Gironde). Les parametres micro-météorologiques
(la vitesse du vent, 'humidité, les températures de I'air et de la surface du condenseur) étaient
mesurés. L’acquisition des données expérimentales était faite chaque 15 minutes. La nébulosité
était obtenue a partir des données des stations météorologiques des aéroports locaux. Chaque
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FIGURE 7.1: (a) Données expérimentales typiques (correspondant & la nuit des 10-11 janvier
2000) et le fit de T, et m (masse de rosée). Le fit est réalisé avec le modele décrit
ci-dessus. Il en résulte k = 3,59 et g = 0,434. (b) Variation des parameétres k et g
obtenus a partir des fits pour chaque observation.

condenseur était monté sur une balance électronique afin de mesurer la masse d’eau condensée.
Des résultats typiques obtenus pour le site d’Ajaccio [7] sont montrés sur la fig. 7.1a. La disper-
sion des points expérimentaux pour la masse d’eau condensée autour de zéro s’explique par les
forces aérodynamiques qui apparaissent lors de vent fort. D’un autre coté, quelquefois, le vent
chaud ne permet pas a la plaque de se refroidir suffisamment et donc la masse réelle de rosée est
égale a zéro. La simulation permet de remonter jusqu’aux parametres k et g (fig. 7.1b) montrés
également pour le site d’Ajaccio.

Malgré les disparités tres fortes du climat entre ces trois sites, les parametres k£ et g sont
presque les mémes avec la valeurs k = 2,94+ 0,4 et g = 0,21 £ 0, 08.

7.4 Condenseurs “massifs”

L’inertie thermique est la raison principal de 1’échec d’un condenseur massif, c.-a-d. un conden-
seur qui possede une grosse capacité thermique. Comme il garde longtemps la chaleur accumulée
pendant le jour, sa superficie et donc ’émission de chaleur nocturne n’est pas assez grande pour
atteindre la température de rosée. Pour un critere plus rigoureux, analysons le rendement d’un
condenseur ayant S, = 25; comme le condenseur de Zibold [13]. Nous excluons 'influence des
conditions initiales sur cette analyse en simulant un jour de 24h et en imposant des conditions

aux limites périodiques

T.(0h) = T,.(24h),
m(0h) = m(24h),

ce qui demande de tenir compte du chauffage du condenseur par le soleil. Pour en tenir compte
nous écrivons R, de 1'éq. (7.7) comme Ry = Ry + Raiy ot Rg;p est une irradiation diffuse et
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Ry est lirradiation solaire directe. L’irradiation diffuse s’écrit[15] :
d
Rdif = SiRsol§<1 — Aq) sin . (712)

Ici Ryyy = 1350 W/m? est une constante solaire, d = 0,5 est une absorption dans l'infra-rouge
proche (“short-wave absorptivity” en anglais) du condenseur, A = 0,84 est une constante de
transmission atmosphérique, ¢ = 1/sinq, ou « est 'angle d’élévation du soleil au-dessus de
I'horizon. « peut étre estimé par une expression classique [3]

sina = sin ¢ sin d + cos ¢ cos 0 cos[w(t — 12)/12], (7.13)

ou t est 'heure du jour, ¢ est la latitude de I'endroit (pour Féodosia, ¢ = 45°01'45") et § est la
déclinaison solaire. Dans cette étude nous fixons la valeur moyenne €, = 0, 82 a la place de (7.9).
L’irradiation directe (“direct beam irradiation” en anglais) s’écrit

Rdir = SpRsolqu7 (714)

ou S, est I'aire d'une projection géométrique du condenseur sur le plan perpendiculaire au rayons
solaires. Pour un condenseur horizontal,

S, = S;sina. (7.15)

En prenant une variation journaliere typique [13] pour les parameétres micro-météorologiques,
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FIGURE 7.2: (a) Masse d’eau condensée en fonction de la capacité thermique du condenseur. Le
parametre des courbes est la surface effective d’irradiation S; en m?. (b) Diagramme
des condenseurs massifs. Les symboles pleins correspondent aux condenseurs déja
construits. Les lignes séparent les zones qui classent les condenseurs selon sa qualité.

nous avons obtenu [13] la masse m d’eau condensée par jour en fonction de la capacité thermique
Mec, et la surface S; d’irradiation du condenseur (fig. 7.2a). Cette figure permet de construire un
diagramme (fig. 7.2b) dans I'espace des parametres S; — M ¢, permettant de définir les zones ou le
condenseur serait bon, moyen ou mauvais. En utilisant pour M la masse de la couche supérieure
du condenseur ou la température change durant le jour, on peut superposer sur ce diagramme
les points correspondants aux condenseurs connus. Nous constatons bien que ces condenseurs
étaient peu efficaces.
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7.5 Vers le condenseur “idéal”

Maintenant on peut formuler les conditions nécessaires pour maximiser la récolte d’eau conden-
sée :

1. Le condenseur doit avoir une faible inertie thermique pour pouvoir se refroidir par rayon-
nement IR.

2. Il doit se trouver a l’abri des vents forts et sa géométrie doit étre optimale pour atténuer
la vitesse du vent car le vent réchauffe le condenseur.

3. Le condenseur doit étre isolé thermiquement des contacts directs et des irradiations des
corps chauds, notamment, de la terre.

4. La géométrie du condenseur doit permettre la collecte de 'eau, par exemple par gravité.

5. L’émissivité de la surface du condenseur doit étre grande. Elle doit approcher le plus
possible celle du corps noir dans l'infrarouge.

6. La surface doit avoir une bonne mouillabilité par 1’eau.

Les criteres économique et de longévité se rajoutent a cette liste.

Le critere 1 est quantifié dans le chapitre précédent. Les criteres 2—4 concernent la géométrie
et 'architecture du condenseur et sont liés I'un a l'autre. Les criteres 5—6 concernent le matériau
de la surface du condenseur et sont donc liés, eux aussi. Les criteres 2-6 font l'objet de la these
d’Owen Clus que je co-encadre.

En ce qui concerne la géométrie, des études d’aérodynamique et de transfert thermique autour
du condenseur sont nécessaires. Pour I'instant, seulement la géométrie d’'un plan incliné a été
étudiée [6]. Un logiciel commercial de modélisation numérique par la méthode numérique des
volumes finis (Phoenics [2]) est utilisé pour modéliser I'aérodynamique et la thermique autour
de formes plus compliquées. Une de ces simulations concerne les tests conduits en ce moment

“//’%/n///////

(b)

FIGURE 7.3: (a) La toiture condensante installée sur un abri a l'ile de Bisevo avec la station
météo (sur une tige au-dessus) et le systéme des mesures de 1'eau récoltée. (b)
Simulation de l'aérodynamique autour de I’abri (O. Clus).

sur I'lle Croate de Bisevo dans la mer Adriatique (fig. 7.3b). En 'absence de sources d’eau, seule
I’eau de pluie est utilisée. Evidemment, I’eau manque durant la saison seche. D’ou I'intérét de
récupérer 'eau de rosée. Une toiture (fig. 7.3a) de 17 m? a été installée sur un abri par O. Clus
et moi-méme en avril 2005. Cette toiture est isolée par une couche de polystyrene expansé
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par dessous pour bloquer l'irradiation du sol. La toiture est faite d'un matériau organique qui
possede une haute émissivité. De plus, ce matériau est couvert par une couche “anti-goutte”
ce qui le rend tres mouillant. Une station météo permet de mesurer tous les parametres micro-
météorologiques ainsi que la quantité d’eau écoulée dans les gouttieres chaque 15 minutes. La
station météo (visible au-dessus de la toiture sur la fig. 7.3a) est reliée a un ordinateur avec un
modem GSM qui sert a récupérer les données depuis la France.

7.6 Caractérisation optique de la buée sur un support
transparent

Quand le substrat n’est pas totalement mouillé par I’eau, I’eau se condense en gouttes séparées
plutot qu’en film. Les mesures de la quantité de buée sont difficiles. Dans notre article et un brevet
[14, 4] une méthode de caractérisation de la buée a été proposée. J'ai co-encadré un étudiant en
DEA (P. Sibille) qui travailla sur le sujet. La cinétique de la formation de la buée a été observée en
utilisant la lumiere cohérente (fig. 7.4). Nous avons trouvé qu'il était possible d’extraire certaines
informations sur la quantité de ’eau condensée a partir de I'intensité de la lumiere transmise,
c.-a~d. de l'ordre zéro de diffraction ;. Puisque les gouttes sont arrondies, elles réfractent et
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écran pour visualiser substrat transparent -
I anneau de diffraction avec labuée 0.6

longueur focale

0.4

miroir fa| scasereau

————————————————————————————— 02

B rhotodiode t(s)
(a) (b)

FIGURE 7.4: Expérience de caractérisation optique de la buée sur un support transparent. (a)
Schéma expérimental. L’air humide est souflié sur le substrat et la condensation
est permanente. (b) Résultat des mesures de U'intensité de lumiere captée par la
photodiode durant la croissance des gouttes.

diffusent la lumiere et donc en pratique elles peuvent étre considérées presque toujours comme
des taches noires sur le support en ce qui concerne la lumiere transmise. L’amplitude de la lumiere
transmise est donc proportionnelle a la superficie du support non couvert par les gouttes. Le
parametre principal sera donc la couverture relative du substrat par les gouttes

g2 = m{a®) /s, (7.16)

ol s est la superficie du substrat illuminé divisée par le nombre total des gouttes. Nous utilisons
les crochets pour indiquer une moyenne statistique sur la distribution des tailles des gouttes.
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a est le rayon de la projection d'une goutte sur le substrat. L’intensité de la lumiere (carré de
lamplitude) dans des unités relatives s’écrit alors

I =(1-¢2)? (7.17)

Cependant cette expression n’est valable que si la taille des gouttes excede la longueur d’onde

1 T T T T T T T T T 25 T T T T T T

w0k N <a>, Ist min ]
b -— <a>, Ist max 1
N\ - —<a>, 2nd min
~ 5F \ <a>, 2nd max b
N
~= ; N
\V;

FIGURE 7.5: (a) Intensité de la lumiere transmise I en fonction de la taille moyenne des gouttes
d’un angle de contact de 90° pour g = 0,16 et différents taux 2 de couverture
de surface par 'eau. (b) Position des extrémes des courbes Iy({a)) en fonction de
I'angle de contact pour g = 0,16 et €2 = 0, 6.

de la lumiere A, (a) > \. Les comparaisons de (7.17) avec la fig. 7.4b résultent en €2 (=~ 0,6 pour
cette expérience particuliere) qui reste constant avec le temps (& partir d’un certain moment)
malgré la croissance continue du rayon moyen des gouttes. Ce résultat est universel et a été
obtenue précédemment par 1'analyse direct des images de la buée [9].

Quand la taille des gouttes est comparable a A, les rayons diffusés par les gouttes interferent
et l'intensité est différente de celle donnée par la formule (7.17). Comme approximation de la
distribution statistique des tailles des gouttes, nous avons choisi celle de Maxwell

H(a) = 27 (i)m e=(a/a0)” (7.18)

Qo

ou B(m) est la constante de normalisation. La distribution (7.18) comporte deux parametres
ajustables m > —1 et ag > 0 qui peuvent étre liés & la polydispersité g = ({(a?) — (a)?)'/?/{a) et
au rayon moyen de ’ensemble des gouttes

g~ (2m+2)7Y2 (7.19)
(a) ~ ag[(m + 0.5)/2]Y/2. (7.20)

Ces approximations ont une précision meilleure que 1% quand m > 4, ce qui est notre cas.
L’approche scalaire de la diffraction résulte [141] en une dépendance de I'intensité I avec la taille
moyenne des gouttes, présentée sur la fig. 7.5a. Les positions des extrémes des courbes Iy({a))
ne varient que trés légerement avec g et €2 et peuvent donc servir d’indicateur de rayon des
gouttes et d’angle de contact (fig. 7.5b). Ce rayon peut étre donc obtenu si on connait 'angle
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de contact. Puisque d’apres les résultats théoriques et expérimentaux [9], la polydispersité ne
varie pas fortement pendant la croissance de la buée, elle peut étre supposée constante et les
évolutions temporelles de €2 et (a) peuvent étre récupérées a partir des données expérimentales
pour [y(t) (fig. 7.4b).

7.7 Conclusion

Ce chapitre est consacré a ’étude de la cinétique de la condensation atmosphérique. Les appli-
cations pratiques, notamment pour la récupération de I’eau a partir de I’air sont tres importantes
pour les régions arides (cf. le site Web de 1" Association OPUR]1]). L’expérience accumulée pen-
dant ces études nous a permis de participer a de projets industriels (avec AREVA-La Hague)
pour tenter d’élucider le role de la condensation sur les parois de locaux contaminés par des
polluants radioactifs.



100

7. Cinétique de la condensation atmosphérique

7.8
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8 Conclusion générale et projets

Au cours de ces années passées au sein de différents organismes de recherche et d’enseignement
supérieur, j’ai pu acquérir une certaine expérience. J’ai travaillé dans plusieurs domaines de la
physique, tous liés aux transitions de phase et/ou aux interfaces libres. Dans cette these, j’ai
décrit I'essentiel de mes travaux. En commencant par un apercu bref de mes études des insta-
bilités d'une couche fluide dans le champ électrique lors de ma these de doctorat, je passe a un
probleme de transition de phase structurelle dans le solide considéré lors de mon travail a I'insti-
tut de Physique Théorique de Kiev. Les propriétés de la structure périodique ferroélastique dans
des composées céramiques supraconducteurs a haute température critique sont particulierement
intéressantes en raison de leur non-steechiométrie d’oxygene. Au CEA et a I'université de la
Nouvelle-Orléans, j’ai travaillé sur des problemes de cinétique des transitions de phase dans les
fluides. J’ai appris a utiliser les moyens de la physique théorique (hydrodynamique, physique de
la transition de phase, thermique, optique...) ainsi que des méthodes numériques (parmi elles,
celle des éléments finis de frontiere) pour traiter ces problemes.

Parmi ceux-ci, je distingue des problemes qui sont les plus intéressants pour les études futures,
en l'occurrence ceux sur les singularités thermique (chapitre 5) et hydrodynamique (chapitre 6) a
la ligne de contact solide-liquide-gaz. Ce sont eux ainsi que la séparation de phase sous vibrations
qui constitueront probablement les vecteurs de mon futur travail.

En ce qui concerne la singularité thermique, notre approche est basée sur l'effet de recul de
la vapeur, l'effet qui devient important au voisinage de la ligne triple en raison de cette sin-
gularité et conduit a l’étalement de la vapeur sur la paroi chauffante ce qui mene a la crise
d’ébullition. Sa compréhension, qui n’est pas encore acquise completement, est tres importante
pour des applications industrielles, notamment spatiales. Il s’agit de poursuivre le programme de
recherche intégrant des volets expérimentaux (sur un banc de lévitation magnétique au Service
des Basses Températures du CEA Grenoble et dans l'installation DECLIC a bord de la Sta-
tion Spatiale Internationale) et de simulation. En dehors des parties grenobloise (CEA/SBT),
bordelaise (ICMCB) et parisienne (ESPCI) de notre laboratoire (ESEME), plusieurs équipes
de chercheurs sont associées a ces études dans le cadre des projets nationaux et internationaux
que j’ai montés au cours des dernieres années (projet EGIDE en cours avec une équipe ukrai-
nienne de Dnipropetrovsk, projets ESA et CNES avec des chercheurs des universités de Paris,
Nouvelle-Orléans et Limoges).

Les études de la singularité hydrodynamique sont liées au mouvement de la ligne triple le
long d’un substrat solide partiellement mouillé par le liquide. Nous nous concentrons sur le cas
encore mal étudié ou la ligne triple est déformée. Il s’agit soit de la relaxation de sa déformation
initiale, soit des hétérogénéités de substrat qui servent de centres d’accrochage et donc déforment
la ligne triple en mouvement. Une théorie phénoménologique quasistatique a été proposée. Elle
est basée sur ’hypothese que toute la dissipation dans un fluide comportant la ligne triple peut
étre réduite a la dissipation localisée sur la ligne triple. Nous avons démontré que cette hypothese
simple conduit au méme résultat que plusieurs autres modeles de mouvement de la ligne triple
antérieurs bien plus compliqués. Nous collaborons avec des chercheurs de 'ESPCI (M. Fermigier,
G. Delon) afin de valider ce modele. Les premiers résultats sont encourageants. Il sera intéressant
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de comprendre l'effet collectif de défauts microscopiques du substrat sur la dynamique moyenne
de la ligne triple pres du seuil d’accrochage via I'analyse numérique.

Notre approche permet d’étudier un effet de I'inertie du fluide sur le mouvement d’une ligne
triple de forme arbitraire. Une théorie a été proposée en collaboration avec une équipe de Mar-
seille. Nous voulons pouvoir décrire des oscillations de gouttes sessiles d'une faible viscosité et le
mouvement de la ligne triple lors d’une coalescence de deux gouttes sessiles pour expliquer des
résultats expérimentaux existants.

Nous étudions la condensation naturelle sur un substrat (chapitre 7) afin de pouvoir récolter
de 'eau atmosphérique. Bien que la quantité d’eau récoltée par m? de substrat est limitée en
général, elle peut constituer un complément précieux dans des régions arides de la planete. Je
co-encadre un étudiant en these sur le sujet d’optimisation des condenseurs (géométrie, matériau
de surface,. . .).

Durant ma carriere scientifique, j’ai été amené a changer souvent de lieu du travail, ce qui
empeéechait ’encadrement prolongé des étudiants. J’en ai néanmoins encadré plusieurs pendant
leurs stages post-doctoraux, de DEA ou de maitrise.
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JaeKTputecKan HeycroiuueocTs

YIOK 532.594

M. K. Hosoceney, B. C. Huxosaes

ANEKTPHYECKAS HEYCTOMYHUBOCTb KANHJIJISIPHBIX BOJIH
AJi1 HbIOTOHOBCKOH )XUMJAKOCTH KOHEYHOM IJYBUHBI

Beenenne

ONeKTpHUECKAsl HEYCTOHUMBOCTL KANMHJJISAPHBIX BOJMH AJS HAeaJbHOMH
NPOBOAAMIEH JKHAKOCTH OGECKOHEUHOH TayGuMHBEI Oblia npeiackasana B [1].
Ee Mexanusm OueHBb IPOCT: eC/IH JaBJeHHe 3JeKTPHYECKOTO MOJIS HAa BO3-
MYIIEHHOH MOBEPXHOCTH F, NpeBHIIaeT JaNJ4aCOBCKOE Py, TO BO3MYIIEHHE
pasBHBAETCs [0 SKCNOHEHUHAJbHOMY 3aKOHY [2]. BhnocaeacTBHH Tagkas He-
YCTOHUHMBOCTL 6BlNa [AeTaJbHO H3YUeHa B CBA3H C ee HCHOJb30BAHHEM B
XKuLKoMerajaHyeckux smurrepax [3]. ITonoGuBI THI HEyCTOAYHBOCTH Xa-
paKTepeH W AJA MKHAKHX [AH3JIEKTPHKOB; OH XOPOILO H3Y4YEH B CJydae 3a-
PSZKEHHOH [OBEPXHOCTH XHAKOro He [4] H BA3KHX NOJHMEPHHIX CJIOEB,
HCIIOJIB3YIONIHXCsT  [JIsl TEPMONJIACTHUECKOH 3amuch uudopmamun [5—7].

L5 3apsixKeHHoll AH3/1eKTPHYECKOH MOBEPXHOCTH HEYCTOHUHBOCTL ONpe-
JeqsieTcsi He TOJAbKO HOPMAaJbHBIM JAaBiaeHueM F,, HO M TaHTeHIHaJbHBIM
HaTsyKeHueM F; Ha BO3MYIIEHHOH NOBEPXHOCTH; BCJIEJACTBHE 3TOTO JBHIKE-
HHe JKHAKOCTH He IpeKpalllaeTcs He TOJNbKO NPH Fp=pm, HO H HH NpH
KaKHX COOTHOWIEHHAX Fyp, Fr, pn. DTO NPHBOLHUT K pPasJHYHAM YCJIOBHH Cy-
LIECTBOBANHS HEYCTORUYHBOCTH, H3YYEHHBIX B NPHO/IMMKEHHH I[OJ3YUEro Te-
ueHHsl (CIpaBe/JIMBOTO NPH OYeHb GOJBIIHX BS3KOCTAX) B paboTax OIHOTO
H3 aBTopoB [6]. Takum oOpasoMm, s/JeKTpHUECKAas HEYCTOHYMBOCTH JLHIJIEK-
TPHUYECKHX CJIOGB HCCaeloBana JHOO B ciayuae HAealbHOH KHJIKOCTH Gec-
KOHEYHO#l TJIyOHHBI (rZe OTCYTCTBYeT 3aTyxaHHe BoaH) [4], aubo B mpu-
OJIHIKEHHH MOJISYYero TeYeHHs, HCK/IOUAIOLIEr0 BOJHOBLIE peLICHHS.

Ilenn nanHO# paGoThH — aHA/NH3 3JEKTPHUECKOH HEYCTOHUHBOCTH CJIOEB
KOHEUHOH rayGHHEl d W IPOH3BOJILHOMA BA3KOCTH .

1. MocranogKa 3anauu

s onmucaHusl 3JeKTPHYECKOH HEYCTOHYHBOCTH CJIOSI HECHKHMAaeMOM
HbIOTOHOBCKOH JKM/JKOCTH IIPOM3BOJIBHOH | H KOHEUHOH d HCIONL30BANACH
CHCTEMa JHHeapH30BaHHHIX ypaBHenu# Hasbe — CTokca, KoTOpas momoJ-
Hssach ypapHedweMm Jlamiaca J/1s NOTeHIHa/Ja 3/JeKTPHYECKOTO NOJA ¢!

-

pg—;’=ﬁ€p+m{:’, divo=0, Ap=0. (1)

i
3Jeck ¥ — CKOPOCTh, p — JaBJeHHe, O — IVIOTHOCTDb KHIKOCTH.

Cuynrasoch, 4TO JKHIKOCTb MOKOHTCS HAa JKECTKOH NPOBOAAUIEH IO~
JOXKKe, a Ha ee CBOOOJHOH NOBEPXHOCTH paclpeleseH 3apsj NJIOTHOCTbIO
0, KOTOPBIHi Hapsly ¢ BHEIIHHM 3JEKTPHYECKHM MOJIeM HAIpPSIKEHHOCTBIO
Eo, NepneHIHKYJNSIPHBIM NOJJOXKKE, CO3/JaeT 3JeKTPHUeCKHe HATSAMKeHHS.
Cucrema koopauaar 0X X,X; BEIGpana rtak, uro och 0X; mepneHIuKy/IspHA
NoJUI0KKe, coBNajamwilel ¢ naockoeteio x3=~0 (puc. 1, a).

'paununble ycJqOBHS IS THAPOAHHAMHYECKOH M 3JEKTPHUECKOH 3aj1ad
AHAJIOTHYHBEl HCIIOAb3yeMBIM B [6] u oTanualoTcs HaawuueM £y B BhIpaxke-
HHH JJ51 COCTABJAIONIEH alekTpuueckoro moJsa Ej, KOTopasd BXOAHUT B TeH-
30D 3JEKTPHUeCKUX HaTsxKeHuil Miy=geq(EiEr—E%8:,/2):

3:0, ¢=0 mpu x, =0,
5 B @)
- ; o
(Pik+Mih)ni+Mikni+Rihni=0; Q=¢, 3%4‘3 %:a npa
Xy =d -+ h (1, x,).

Ykp. us. oscypn., 1987, r. 82, Ne § 713
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3nec Py, = — pbdy, + 1 (0v;/9x;, + 0v,/0x;) — rHAPOIUHAMIIECK M TEH30p Ha-

TAKEHHH; TeH30D Rip==(9%h/0x2+02h[0xs2) 55085 OmHCHIBACT KalHJISpHOe

AaBJIeHHE, Y — KO3(Q(QHUHENT IIOBEPXHOCTHOIO HATAXKEHHST, h — BO3MYIIe-

HHE CBOGOJHOH IMOBEPXHOCTH, &— IHIJIEKTPHUCCKAS IPOHHIAEMOCTD; BeJH-

UHHBI Ge3 IITPHXOB OTHOCATCH K OG/IACTH BHYTPH AeOPMHDYEMOro cJod,
=

4 CO ITPpHXaMH — K 06JactH xz=d+h(x;, x3); n— BHeluHsS HOpMaJib
COOTBETCTBYIOILe# 061acTH. BosMylleHHe 3/7€KTPHUECKOTO MOJS YOHIBAET
IpH yOAJEeHHH OT MOBEPXHOCTH, T. e. Op/dxi,
Op/dxe—0, 0¢/dxs— —E, npu Xsg—>oco. Benn-
—
YHMHBLL U B /i CBA3aHBI COOTHOLIEHHEM
Oh/0t = vy (x, x,, d). (3)

[Tepepacnpenenenne 3apsiga yuHTHIBa-
JIOCh B NPHOJIHMMKEHHH, COMJIACHO KOTOPOMY OH

@ COCPEOTOYEH B Y3KOM IPHIOBEPXHOCTHOM

Pre. 1. a—reoMeTpHs 3anaud; 6 — JHHMH TOKa B
B KHJKOCTH, pacCunTaHHble npH §=25, g/e’=3, p—roo

¢JI0e H nepepacnpenedsiercad 3a cuer Apeida, oOyCAOBICHHOIO0 OMHYECKOH
A0BEPXHOCTHO! IPOBOAHMOCTBIO KOHBEKTHBHOTO THIIA:

0 — — =
5 T ©-Va) 0 + Vo (1E9) = 0. @

3nech %, — yAeNbHAs II0BEPXHOCTHAS TPOBOJUMOCTh, Er — TAHTEHIHAbHAS COC-
—

TaBJISIONIAsS HANPSKEHHOCTH NOJs, YV, = (0/0x,, 0/0x,).

s mosryyeHHs NHCIEPCHOHHOTO COOTHOINEHHS NPOH3BOAHIACH JIHHEA-
pusanus 1o h. B nuHeliHOM NpPHOJHIKEHHH TpexMepHas 3ajaya 3aMeHseTcs
IBYMEPHOH M KpaeBble yCJOBHSl HAa CBOGOJHON NOBEPXHOCTH y==x3=d MpH-
00peTarT BHI

Ay 9%h 0v, , Oy —
p+2"‘@/_+?W+F" . H(W ?X—)JFFT_O'
(© F dp ,0¢9" «©
¢—Eyh=q¢ —E, h, s—ay—s D (5)

3neco Ej — cpenuee no x amavenne E, (d), x=x,, y = d.

Jlannas sajaya OTJIMYAETCsI OT M3BECTHOH 3a1aUM NIOMCKA JHCIEpCHOH-
HOTO COOTHOWICHHS MJA KANHANADHBIX BOJH Ha CBOGOJAHOH NOBEPXHOCTH
[8] Toabko manmumem Fn, u F; B KpaeBHX YCJOBHAX.

2. JlucnepcvoHHOe ypaBHEHHE

s nomyvyeHHst THCIIEPCHOHHONO YPaBHEHHS! BOCIONB3YeMcsl TpeoGpasoBa-
HusMH Qypbe 1o KooppuHaTe x H Jlamiaca mo BpPeMEHHM f, 4TO SKBHBANEHTHO

TOHMCKY BOJIHOBLIX pelleHu#l Ais h B BuAe & (x, {) = h (k, s)elike+s, rpe kb —
BOJIHOBOE YMCJO, 3HAK ~ COOTBETCTBYeT (Pypbe-/anmiacoBCKOMY 06pa3y COOTBET-
CTBYIOLIEH BeJHYUHEL.

Pemenne xkpaepofi s/1eKTpOCTaTHUECKOH 332Ul ¢ 3apsiAKeHHOMH nedop-
MHDOBAHHOH IOBEPXHOCTbIO NPHBOAHUT K CJEIYIONeMY Pe3yJbTary AJs pac-
npeelieHHs] IOTeHIHANA:

~ (o e’ y8 (k) sh(ky) | e'h [0’ ( e’) J
q’_(s_;,_s—E“) s T @t 71 sang Lo T\~ % /5] +
g

+kssach§} ? ©)

714 Ykp. ¢ua. wypu., 1987, 1. 32, Ne §
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~, G &’ \8() | expE—#Ay)
PR

SENS |

kee,

3peck 0, — ycpenHeHHas IO cB0BGOHOH MOBEPXHOCTH IJIOTHOCTH 3apsja, E=kd.
Pacnpenenenue o (k, 5) ucKmodaercs u3 ypapHenuit (6), TaK Kak OHO CBf-

3dHO C i; ﬂOCpe,’lCTBOM ypaBHeHHH repeHoca 3apana
st ik e (By =0, Ex=— ikQ|yms + ikh (‘% o &) Lo

eg,

T0JIy9EHHOrO JIMHEAapHU3aluei ypaBHeHHs (4).

B pesy/bTare MOACTAHOBKH @ H @' B M,k H TPONEAYPE! JHHEapHSAIHH 110-
Jyuaem BLIPaKeHHe, cBfisbiBaioliee AedopMUPYIOHEe HArPy3KH F — M xy Fo=
= Iﬁyx 4 2ikM§fy)?1 C BO3MYIIEHHEM MOBEPXHOCTH:

F,=RA, (k) h, Fo=ik?4, (k 5)h.

Kosunuents A,, A: HMEIOT Ty Ke Pa3MepHOCTb, YTO H ¥:

Fy cthg
A= T thE T 1) EPp { I+ 57, (92— @ (1 + thE)® +
r 7 2
+'§7[%%+%(1—%ﬂ], (8)
=F Y o 5T,
A=~ e + g (0 we (I T

3xech T, = T (&’ + ecthg)/(e’ + €) &, Ta = de, (e -+ €')/%, — Bpema MOBEPXHOCT-
HOTO pacTeKaHHA 3apaja, ¢, = E,de'/e u @, = 0,d/ee; — cocTaB/siOMpe MOTEH-
1lHaJa HeBO3MYIUIEHHOH MOBEPXHOCTH, CO3JaHHLIC 3apAJOM H BHELIHHM IO-
JeM COOTBETCTBEHHO, (o==7yd/ego — KOHCTaHTa, HMeIOIass pasMEpHOCTDH
notennuana. Jlas  onpejeJeHHs BHA4 JAHCIEPCHOHHOrO  ypaBHEHHS
D{s, k)-—O BOCIOJIb3yeMcH, Kak W B [8], aHasnnsom rmpolmﬂamuqecxon
KpaeBoil 3aaud cO CJAEAYIOLIHMH YCIOBHSMH Ha [ABHXKYIIEHCA TpaHuue:

— P+ 2 ‘3‘; . h=0, ("’”xwfw) Ack?h =0.  (9)

B pesyabrare TaKHX iKe, KaK u B [8], npeo6pasoBaHuii MOJYYEHO cJe-
ayioluee JHCIepCHOHHOE yPaBHEHHE:

_phfachEchal4+ (1 + 22 —gshEshaldl + (14 2] —da(l + 2} +
+o(p—A,) (@chasht —EchEsho) —pdc (B — 1) [e(chEcha—1) X
X (34 %) —Eshashg (1 + 312)] =0, (10)
a=1It, [=V1+Y, Y=nps/uk

OHO CyLIECTBEHHO YNPOLLAeTcs IJs KOPOTKHX BOMH (E=>1), 4TO 3KBH-
BAJCHTHO NMPHOIHKCHHIO IIyOOKOH *KHAKOCTH

W

(4 D)1 + 1)2 — 41 s A\ sl (Tt Byesi] (11)
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3. Hccaemoranue HEYCTOHUHBOCTH

[Tpoanamusupyem crawama mauGoiee IpocToe MpPHOMHIKEHHe KOPOTKHX
BOJH A/ HENpoBoAAlled cBoGOAHON noBepxHOCTH. B 5TOM caydae yaaercs
TMOJIYUHTL DALHOHAILHOE OTHOCHTENLHO ¥ ypaBHeHHe, cojepxKaliee Bce KOp-
HH qHenepcuonnoro ypasuenns (11) (Ey=0):

YEA+ 8Y* 4 4V3 (X + 6) + 16Y2[1 -+ X (1 + N/2)] + 4V X (X - 4) +

+ 16X2N (1 — N) == 0, (12)
rie

2 :
X=-2 ey, N=_P__ & . _ % e—e
2p2k2( T o) k+kye—e’ ol eey €+¢

It moncka W amanmsa 30H HeyCTOHYHBOCTH BOCIIOJIb3YEMCSI METOI0M
Brimerpasckoro — Hafiksucra [9, c. 298—307]. BeigeanM Ha KoOpaHHAT-

X
07 T =
- - Puc 2. a — o6nacTH HeycTOHIHBOCTH A5 ypas-
i\ D Y 712  memms (12) c uncaoM Kopueli npn Re Y ™ 0,
ik paBHbM 0, 1, 3, 2 COOTBETCTBEHHO B OGJIACTHX

f, 11, 111, 1V; 6—TpanHubl S0H HEyCTOHuHBOC-

|~
g

0% 4 TH B Koopauuatax V, IJIT pasJUYHBIX KOM-
i+ \ CuHanuii mapameTpos: }E’— vV :EJ Po/Pp Py =0,
fE = 7 5 15 %s=02—=V=0/p, ¢, =0 x=0; 3—
o 1 7 . V= 0,09, ¢,=0, %50, 4—V=q,/p,
1 e L 0,=0 %0 5—V=q/q, ¢,=3p,
7 7 2; W 7 4 & 3 E / %= 0. 30HBI HEYCTOHUHBOCTH HAXOSITCS BHIIE

a 3 COOTBETCTBYIOIMX TpaHHL, £/8’ = 3

HO# mnockoetH NX o6sactu, B KOTOPBIX KOJHUYECTBO KOPHEH, yIOBJIETBOpSI-
olux yenosuio Re Y>>0, nocrosmuo. Tpanunsl stux o6aacreit (pasgenu-
TeNbHBIe KPHBLIE) NPHUBENEHL Ha puc. 2, a. M3 ananusa kopueii Y;, ynosae-
TBOpAIONIIMX ypaBHenuto (11) ans kammoil u3 obuacrell, cieayer, 4To ycJao-
Bre Re Y;>0 Boimoanserca Toabko npu N>>1 1/ €IMHCTBEHHOTO KODHS,
5TO COOTBETCTBYET, KaK H JJis NPOBOJAsLIeH KHAKOCTH [1], aBcoaioTHOM
HEYCTOHYHUBOCTH.

s nposoasmedt mosepxuoctu u3 (11) caexyer panuonanbHOe ypas-
HeHHe IIeCTOH CTereHW, aHajsoruudoe (12), comepxkalilee Bce KOPHH JHC-
MEePCHOHHOTO ypaBHEeHHs.

I'pannnpr ob6ractu HEYCTORYHBOCTH OLpejensiioTcs H3 ypasmenus (10)
npu s—0 u He 3aBucar or p. Hemposousiuas mosepxHocTb (xs;=0) Heyc-
TOHYHBA, eC/U

’ ' 2 =
- l\'qh(l_i)‘}‘%‘%jl +E2|:i}122—g *_E] [P:1p; (1 +th§)—¢§]>

e e

>g(1+%tha)cpg- (13)

B cayuae %, 0

g
(@1 — @)+ — 7 thE> ¢FE thE. (14)
Jlist UAKMX METa/JIOB g—co, M03TOMy BEpaxkeHue (14) moxmHo 3a-
MEHHTL HA COOTHOIICHHE, IOJydenHoe B [1]:

&g Eg = Yk. (15)

Hns npumepa ma puc. 2,6 NPHBEJICHEL 30HBI HEYCTOHUHBOCTH B KOOD-
Aunarax §, V=ug;/@o. IIpn saganHoM @o/@o s IPOBOASIIEH OBEPXHOCTH
HEYCTOHYHBOCTh, KaK M B [l], mabGuaiogaercs s 3HaueHHir Kk, OrpaHHYeH-
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SJIBFCT,DH‘{EC.’CQ.‘I H!eyCTOu"QILBOCTb

HBIX CBepXy (ks), u ofycioBieHa HOPMAJBHBIMH CHJIAMH (puc. 1). 3tu cu-
JIEL CO3M1AIOT NOTOK KUJKOCTH, CTOCOGCTBYIOUIMH PAsBHTHIO BO3MYIIEHHs H,
TAHTCHIMAJILHBIC K€ CHJIBL Ha BO3MYLIEHHON IOBEPXHOCTH, HaNMpOTHB, (hOp-
MHPYIOT [IOTOK, CTVIZKABAIONIHI BO3MYIIEHHs H NPENsTCTBYIOUHI PA3BHTHIO
HeycTOHYHBOCTH. IlO3TOMY B AH3JIEKTPHYECKHX CJI0AX TaHreHIHAJIbHELE
CHJIBI, POJIb KOTODBIX BO3PACTAeT MO Mepe YMEHBLICHHsI R, NPHBOAST K

ly(5vyT,)

S5 sViT,
P ll"‘\\
H 4 1 {4
I e
I N
5k I'J \\\ 10 atl
I ~
& il
{2 z
1 = N
] -0 . 17
'Zl— 2 g

02466 0ZKE
a b
Puc. 3. a— %, =0, wudpsl y kpupeix — anavenna V, cmaomubie KpHBEe—@, =0, V:%/(Po:
wrprxosre — @, = 0, V = @ /Py 6—mn 0, o, =0, Py = 5@y, LUHPPBl Yy KPHBHIX — 3Ha-
uemmst T/} 1T,
Puc. 4. 3apucamoctn s (R) mpr & =35, P2/ =5, ¢; =0, mMPPLl y KPHBBIX — 3HAUCHHS
TanToTl

OTDAHHYCHHIO 0GJACTH HEYCTOHYHBOCTH CHH3Y (RE [kn, ky]), a Takke K 1O-
fBJICHHIO KPHTHUECKOTO NOTEHIHAJa (oxp, HHIKE KOTOPOTO HEYCTOHYHBOCTH
He HabJI0JAeTCsl HH NPH KaKHX R, 4TO BIEPBBE OTMeueHo B [6].

Ec/iu sapsKeHHasi OBePXHOCTb TOMEIIEHA BO BHELIHEE TMOJE, yBeJIMYHBaIo-
ee BK/IAA TaHreHIHaIbHBIX CHII IPH (@@, = 0 U yMeHbIIAIOlIee €ro npH @, @,<<0,
TO, KaK C/IeJyeT M3 aHamusa COOTHOWEHHA (13) mpH mocTosHHOM ¢, B TEPBOM
ciydae ky GyAeT yMEHbIIaThCHl, a BO BTOPOM — DACTH M, HAUHHAS C HEKOTOPOrO
3HAYEHUs @) = (P; (e/e’), HeyCcTOHYHBOCTD HCUE3HET M BOCCTAHOBHTCHA 3aTeM [pu
¢} = @ (e/e’). Suavennus @; u ¢ Haxofarcsa uaciaenHo u3 (13). B cayuae x40
TpU JI0CTATOYHO OOJBIIMX BpeMeHax f/Ty = | NPOMCXOJMT BHIDABHHBAHHE IOTEH-
LHaIa MOBEPXHOCTH: TAHIEHIHAJLHBIE CHJIBL H CBA3AHHOE C HUMH OTPaHHUCHHE
k> ky mcuesaror.

3aBrcuMocTn §(§), BBIUHC/ICHHBIE JIJIs HEYCTOHUHBOH BETBH JLUCTIepCH-
OHHOTO COOTHOIIEHHS, NpPHBELAeHH Ha pHC. 3. HopMHPOBOUHBI MHOXKHTEJNb
Vtot), BBeJleHHBI 1JIsl HHKPEMEHTA S, HE 3aBHCHT OT u; stece To=2pd/y u
Ti=d’p/y — XapaKTepHble BPEMEHA DENAKCAIHH BO3MYIIEHHS [OBEPXHOCTH
H YCTaHOBJIEHHSI NOJI3YYero TeyeHud. Po/ab BI3KOCTH MOMKHO NPOCJEIHThH
10 3aBHCHMOCTH s OT Ge3pasMepHOro napamerpa R=7J1/t;~ |, IpUBCICH-
Hoit Ha puc. 4 aaa kd>1. B npubam:keHuu moaayuero reueHss (R>>1)
TpeHHE MEXIY JABHKYIIHMHCS CJIOSAMH (JHHHE TOKa NOKAa3aHsl Ha pHC. 1)
NPHBOJIHT K YMEHBIIEHHIO S.

Taxoit xe addexr npu yMmenswennn p (R<1) oGbscHAETCS BO3pacra-
HHEM pOJIH HHEPUHOHHBIX 3((HEKTOB, MPENsITCTBYIOUHX YBeJIHUEHHIO CKODO-

o
CTH KHIKOCTH M ONHCBHIBAIONIIMXCS uieHOM p0v/0f B ypaBuenuu (1). Ilpu-
4eM 3TH 3(QQEeKThl NPOSB/IAIOTCS Npexkae BCEro AJs IOTOKOB, CO3LaHHBIX
HOPMAJIBHBIMH CH/IAMH, TAK KaK OHH 3aMBIKAIOTCS Ha OOJbIIeH TayOHHE H
IPHBOAAT B ABHXKEHHE OO/blIMe MAacChl KHAKOCTH, YeM NOTOKH, 0GYCJIOB-

Y&p. us. wcypn., 1987, 1. 82, Mo 5 717



9.1 Electric Instability of Capillary Waves. . . 109

M. K. Hosocexey, B. C. Huxoaaes

JIEHHBIE TAHTEHIHAJLHBIMH HaTs:KeHusaMH. CleJ0BaTeJbHO, C yMEHBIIEHH-
eM | OTHOCHTEJBLHBIH BKJ4aJ TAHTEHUHAJNbHBIX cH1 (a OHH, Kak GHIIO yKa-
3aHO BHIIE, NMPENSITCTBYIOT PA3BHTHIO HEYCTOMYHBOCTH) pAcTeT, 4TO IIPHBO-
JHT K YMEHbLICHHIO §.

Taxum 00pa3oM, CYLICCTBOBAHME ONTHMAJIbHOH BHA3KOCTH opt CBSI3aHO
C HaJHYHEM TAHTEHUHAJBHBIX CHJ, NO3TOMY NPH #s—>00 Wopt—0. HMuepunon-
HBIC 3Q(EKTH IPU Pa3BUTHH HEYCTOHYHBOCTH NPOSB/ISIOTCS TAK¥ke B 3aBH-
CUMOCTH § OT @ M (2. BMecTO HEOrpaHHYEHHOrO0 pOCTa HMEeT MeCTO HAacCH-
mwenue npu (@, @z)—-o0. JlHCIEepCHOHHOE YpPABHEHHE B 3TOM C/yuac MOXKHO
noayuntsb w3 (10) npu A, Ay,

B npubnu:KeHHH T1yOOKOH KHAKOCTH OHO HMEET IIPOCTOE pelleHHe

ee nk?
E—e) p

s (k) = 4

3akawueHne

OcHOBHBEIE 0COGEHHOCTH 3/JEKTPHUECKOH HeYCTOHYHBOCTH KAaNUJJIAPHBIX
BOJH [IJs1 CJOEB HeNpOBOJAALLEH IKHAKOCTH IPOH3BOJBHOH BASKOCTH 0O0Y-
CJAOBJEHBI, KaK I0Ka3aJ aHaJu3, TAHTeHLHMA/JbHBIMH HaTHXKEHHIMH Ha CBO-
60aHOi ToBepXHOCTH. VIMEHHO 3TH HaTsKeHHA OOYCJIOBJIHBAIOT OTpaHHYE-
HHE IIPOCTPAHCTBEHHOTO CIEKTPa HEYCTOHYHBOCTH CHH3Y IJIS CJIOEB KOHed-
HOH TOJIIHHBI, CYIIECTBOBAHHE ONTHMAJbHOH BS3KOCTH, OOecrneunBaliollel
HaHGOJIbIIHE 3HAUCHHS HHKPEMEHTa HeyCTOHUMBOCTH. B cBsAsu ¢ 3TUM GOJb-
1Ioe 3HaueHHEe JOJMKHLI HMETh SBJCHHA Ha [OBEPXHOCTH XHIKOCTH,
CIIOCOGHBIE H3MEHHTh COOTHOIICHHE MeXKIy HOPMaJbHBIMI ¥ TAHTCHIIHaJbHbI-
MH cuaamu. K HHM OTHOCSATCS, B YAaCTHOCTH, IlepepacrnpejesneHne sapdna,
npocTeiimasi Mojelb KOTOPOTO paccMOTpPeHa B HACTOsAINLEH pabore, H
nepepacipejie’eHre IOBEPXHOCTHO-aKTHBHBEIX BEIIECTB, BBI3BIBAIOLIEE NpPO-
CTPAHCTBEHHYIO MOJAYJIANMI0 KO3 (dHlHeHTa MOBEPXHOCTHOTO HATAMCHHA.
Bce 51H ) (peKTH MOMKHO YY€CTb B PaMKax JaHHOH MOJE/IH, H3MEHHB (QyHK-
unu A (k) u Ac(k) B ypaBuennu (10).

ApTopnl Gaaronapusl H. I'. Haxoakuny sa pyKOBOACTBO paGOTOM.

SUMMARY. The appearance of the instability on the surface of the viscous liquid
layer in the electric field is theoretically analyzed. The instability is demonstrated to be
absolute. The conditions under which instability takes place are obtained. The existence
of the optimal viscosity — viscosity of the maximum instability increment —is shown.
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AHHU3O0TPOITHBIN CITHHOJAJIBHBIA PACIAL BUHAPHOU CMECH
[IOJJIMEPOB B 9JIEKTPHYECKOM HOJIE

Hosocenen M. K., Huxoxaes B. C.

ConmofanbEblt pacmaf GumapHOi cMecH HaGNIONAeTCA, ecam mpn GhICTPOM H3MeHe-

“HUH BHEITHAX IapaMeTPOB CMeCh YJaeTCA MepeBecTH B TePMOMAHMHAMUIECKH HEYCTOHIHBOE

<ocTosHue. B 3TOM caydae penakcamis CHCTeMbL CONPOBOAKIAETCA YCINIEHHeM CaydaimbIX

HEeONHOPOAHOCTeH O00BEMHBIX KOHIEHTDAIMil KOMIOHEHT ny» H OPHABOJAT K MOABIEHHIO

_ CIPOCTPAHCTBEHHBIX CTPYKTYP, KOTOpble H3MEHSIOT MeXaHWYeCKHe, JJeKTPHYeCcKue, OUTH-
weckne cBoifctBa BemecTsa [1—3). Xopomo m3yweRs m ommcamst B aurcparype [4, 5]

©0Cco6eHHOCTH pacHafa, BLI3BAHHOrO OEPEXOAOM TeMIepaTypsl Yepe3 TOUKy cuuHOfanm T,

J
2 . o,:l—\ A/ R,

01 1/R,

L 0
0 0,25 /a,s

MupgukaTprcca REKpeMeRTa HeycToiausocTe R mua: @ — I'<T,, Eqo=(8e)~*(34%/e,)"; 6 ~
T>T,. ConomHas KPABA COOTBETCTBYOT E, = ——(3|A4|&/eo)'®, nyuxrap — E,=0; K=

=|4]/(2k?), Ro=1};|A|k=

‘(oHa cooTBeTcTByeT ycaoBmo (8%f/dc?)r,=0, rae f— NAOTHOCTH CBOGOJHOM JHODrUHM CMECH,
e=ny/(ny+ns)).

Kak nmokasaso B [6], HatambEas CTafdA pacnaja, ONMCHIBAOMAACA JNHHEHHBKIM IPH-
OnueHneM, QA DOJAMEPOB B OTIMYHME OT JPYTHX BEMECTB MIMTCA JOCTATOIHO [OJrO.
_YpaBHEHHs, ONUCHIBAIOMUE pacuaf, B 9TOM cIydae uMeior Bux (5] -

a
BLL T . ®
af _
p= ( acz) c—KVic. @

T,8cw=0

3nech 8¢ — OTKIOHeHHe ¢ OT CPefHero 3HaYeHus, j — mapdysmonnsit noTOK, M — mof-
BMKHOCTb MOJEKYN MePBOH KOMIOHEHTHI BO BTOPOM, W — NOKANbHBIA XUMHYECKHE HOTEH-
IEan CMECH, TPAJMeHTHbI WIeH B KOTODPOM ONMCHIBAeT NONONHHTENBHYIO JHEPrHIO HeOfl-
mopogmaocTeir. 1Ipn mepexofe wepes T, Beanmamua A= (9%f/0c*)rsc—=0 CTAHOBATCA OTPHUA-
TeabHOH, 9T0 NPHBONHT K IKCHOHEHNMAIBHOMY HapacTanmio dc. .

1291
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Ilens mammoit paBoTsl — MCCAETOBAHME OCOGEHHOCTEH CUMHONANBHOrO pacmaja 6unap--
HOft MOJIMMEDHOj CMECH, NOMeMEHHOil B DAEKTpHueckoe mone. M3memerme TeMmuepatyper
CHMHOJANA B OTOM CAYYae OBUIO 0OHAPY:KEHO IKCHEPAMEHTAIbHO B [7] W 0OBACHEHO KaK®
clefCTBIE M3MEHEHHA W B OFHODOAHOM mone. ONHAKO Takoe OObACHEHHE HEe ABIAETCA
HoCAeNoBaTeNbHBIM, TAK KaK pas3fie/leHne KOMIOHeHT Hem30e/kHO MPHBOJUT K MPOCTPAHCT--
BEHHOW HEOXHOPOAHOCTH LOMA, KOTOPAA CIYMAT NPUIUHON KA4eCTBEHHO MHOTO XapaKTe-
pa pacmaga. Ero mccaefoBanue akTyalbHO B CBA3M C MPODIeMO 3NEKTPHYECKO# CTOMKO-
CTH MONMMMEPOB W KX OPHMEHMMOCTH B 2/MeKTporpaduu i GoToTepMOUIACTHIECKOR 3auACKH
ungopmanun [8].

Il1s ONMCAHMA PACHaja cMecH ABYX KOMIOHEHT C Mal0 OTJNYAI0MMHCA (H3 8¢) nu-
2NMeKTPEYECKAMA [POHMIIAEMOCTAMU B IJMEKTDPHILCKOM MOJe HanpA:KeRHOCTH E B BBIpaske-
ume (2) Aas p BBemeMm HoGaBKy Ap=—'/2g0E* d¢/dc. Ilpu oTOM H €, N E 3aBHCAT OT T &
ynosaersopsanT ypasaennio div (eE)=0, B KoTOpOM BRIpA)KEHHE AIA AH3IEKTPAYECKOA
POHALAEeMOCTH CMecH &(c) B3ATO H3 [9]. Mocae anneapusanim no Oc BceX NPHBEEHHBIX.
BoIpakeHni w3 (1) mosyyaeMm ypaBHEHUE IBOMIONUK OpocTPaHCTBEHHOTO (ypbe-crekTpa

HEOHOPOJHOCTH KOHIEHTPALMA 8c (k)

03 _ ey (et | (Eok)®_ Eg? '
A k"Mbc{A—{—Kk‘—{—_E—-'-T— -JL” 633

rae k — BonEOBO# BekTOp, € B Eo — cpefiHue 10 0GbeMy 3HaueHns & i E.
U3 (3) cmemyer, 4TO CIMHOZAJBHBIA Pacmaf MOMKeT OPOHMCXONHTH M UPH TeMepa-

Typax T<T, npu HaJOKEHHH HOIA
1 [3BA(T) \*
E0>Euﬂ(T) Ao .
de

2e0

Pacmag fonseE WMeTh APKO BHPKEHHAYH aHH3OTPONMIO, TAK KaK HOTEPA YCTORIHBOCTR®
uMeeT MecTo A K, COCTaBIAIMEX YTOX 9>arccos[?/s(1-E2.;4/Es?) ] ¢ Eo. TipaMep mu-

JEKaTpECCHl HEKpeMeRTa meycroitwmpocTm R(k)=¢"'In (8c(t)/8¢c(0)) mmm artoro caydas.
NpUBeleR Ha DACYHKE 4. AHH30TDONNA pacmafa MOMAHA COXPAHATHCA M OPH T>T,:
pacmaj B 9TOM Ciydae, KaK BHAHO H3 DHCYHKAa 6, NPOHCXONUT OO BCeM HAmpaBIeHIAM,
HO mone M0G0t HANPAMERHOCTH yMeHbmaeT R BJoab N yBemmdmeaer ero monepek Eo.

B pesynbTaTe aHHIOTPODHOIO CIMHOAAMBHOrO pacmaga 00pa3yloTCA HEOQHOPOAHOCTH,
crKaThle B HAUPABJAEHAM BHEIIHEro MOJMA. JTO AONKHO OPHBECTH K AHN3OTPONMH MeXaHH-—
9YeCKHX, ONTHUECKHX X JIeKTPHYECKUX CBOMCTB MOJHMEpOB.
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The properties of the structural twins in RBa;Cu3zO7_5 compounds are investigated in a wide
range of temperatures in the framework of the suggested model. The dependence of the size of the
twins versus temperature is considered. The temperature interval of the sharp increase of twin size

with increase of the temperature is found.

I. INTRODUCTION

The high-T., superconductors of the class
RBa;Cu3z07_s (1:2:3 below for the sake of brevity; R
is a rare earth) are well known to form a developed twin
structure in its orthorhombic phase. According to opti-
cal experiments the twins are similar to the ones in well-
investigated ferroelastic crystals (see, e.g., Ref. 1 and ref-
erences therein). But there exists an essential difference.
In the case of ferroelastic crystals the martensitic phase
transformation which leads to the twins’ formation is of
displacement type; i.e., it is controlled by elastic stresses.
The functionally analogous tetragonal-to-orthorhombic
(T-O) transition in 1:2:3 compounds is the order-disorder
one. In other words, it is controlled by the rearrange-
ment of the nonstoichiometric (chain) oxygen and the or-
thorhombic deformation of the lattice plays a secondary
part. This difference vanishes when the composition is
close to the stoichiometric one (§ = 0), since there are no
chances for oxygen ions to be distributed stochastically.
(As was shown in Refs. 2 and 3, in this case the usual
twin boundaries convert to antiphase ones.) It was shown
in Ref. 4 that this difference manifests itself in deviation
of L(D) (L is the period of the twins; D is the size of the
crystal) dependence from the classical square root law.®
The second consequence is a spatial dependence of the
local oxygen concentration. It turns out to be larger in
the bulk of the twins and lower inside the boundaries.

In fact the authors of Ref. 6 discovered that the twin
boundaries have the short-time memory of their posi-
tions. They were not able to explain their experiment
without using the idea of the accumulation of the oxy-
gen vacancies in the close vicinity of the boundaries. The
second experiment, which can be considered as evidence
(though indirect) of the oxygen depletion of the bound-
aries, is high-resolution electron microscopy (HREM)
testing of 1:2:3 performed in Ref. 2. The intensity of
the oxygen spots decreases near the boundary line and
the spots themselves become diffuse.

The probability approach to twinning in 1:2:3 com-
pounds suggested in Ref. 4 allows one to analyze the twin
structure in the whole temperature range and the whole
oxygen concentration range although the model should
not be adequate outside the interval

50
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a<§S05,

where a is a small quantity. The limitation § > «
is due to the formation of antiphase boundaries men-
tioned above. The second limitation arises since we con-
sider only two oxygen atoms per unit cell (i.e., only one
order parameter) thus eliminating the formation of so-
called “ortho-II” structure which is more advantageous
for 6 2 0.5. Besides the model is mean-field like. And,
certainly, it contains all the faults of the approxima-
tion. For instance it should give wrong results when the
temperature is close to zero. Moreover, this approach
leads to the wrong phase diagram (see below) because
of the elimination of the ortho-II structure. Really, nu-
merical modeling” shows that the phase diagram does
not contain a T + O (see below) part. Meanwhile the
absence of oxygen (i.e., appearance of the T phase in
our terms) in the neighborhood of the twin boundary is
clearly visible in the figures of Ref. 7. Thus while a strict
mean-field limit of the present model gives an incorrect
phase diagram, the method is applicable for materials
with a second phase at the boundary (tetragonal for the
case of 1:2:3). It should be noted here that the depen-
dences of the twins’ size on the different parameters so
far cannot be obtained in the framework of the lattice-
gas models.”!? And it is quite interesting to investigate
the equilibrium twin structure of the monocrystal with a
fixed size when its temperature is falling from the point
of the T-O transition to the low temperatures. Such an
experiment was performed by Smith and Wohlleben.® It
has shown some unusual properties, in particular jumps
of twin period during the thermocycling. The aim of the
present paper is to make an attempt to explain those
experiments and to investigate the twin structure in the
whole temperature range for the practically interesting
values of § in the interval a < § < 0.2.

II. MODEL

Let us consider briefly the main points of the model.*
The basic variables of the model are the probabilities of
filling of the oxygen sites in the basis plane of the 1:2:3
compound (CuO;_s plane). To describe the referred
structure one can introduce two variables, the scale of
variation of which is more than several lattice constants.
They correspond to two inequivalent positions in the two-

4163 ©1994 The American Physical Society
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dimensional unit cell. According to the mean-field char-
acter of the model they are assumed to be averaged in
statistical meaning. The probabilities of occupation of
these sites will be called p;, 0 < p; < 1. The index
denotes the crystallographic direction: 1 corresponds to
[100] and 2 to [010] directions. For convenience I shall op-
erate with an equivalent set of variables ¢ = p; + p, (the
concentration of oxygen in a unit cell) and n = p; — p,
(the order parameter, which differs in sign in the neigh-
boring twins).

The surfacial density of the free energy can be divided
into four parts:

F=Fo+F.+F,—TS. (1)

The first part is the Coulomb energy of the oxygen ion
interaction

Fo =Vi(c® —n?) + (V = V1)c? + r(Vn)?, (2)

where V) is an interaction with the nearest-neighboring
O ions and V' —V] is an interaction with the other O ions.
The second term in (1) is the elastic energy,

F. = cijriuijur /2, (3)

where u;; are the deformation tensor components, and
cijr are the elastic tensor ones.

The next term in Eq. (1) is the energy of the interaction
between the oxygen and elastic subsystems:

F; = —cijri(Aipr + Ajp2)uij, (4)

1_ (b O 2_ (b2 0
A—(Obz’A_ 0 b )’

and b; are the material constants. The last term intro-
duces the temperature T into the model, and

S =—[pilnp; + (1 - p:;) In(1 ~ p;)] (5)

where

is the configurational entropy.
It is easy to show that the condition which defines the
orthorhombic deformation

(Uu - Uzz)/\/E = U(bz - bl)/\/i (6)

is necessary to provide the minimum of the free energy.
Then the expression for F' takes the form

F =c —yn? + g*(dn/dz)* — 78, (7)

after division by V. Here 7 = T/V, g% = 2r/V,
vy =[(b1 — b2)2(01111 —c1122)/4+W1]/V > 1, (8)
c and 7 are the functions of the space variable z = (z; +
z2)/ V2, and the problem appears to be one dimensional.

Thus the free energy of a periodical twin structure per
unit volume could be written as

VADIM S. NIKOLAYEV 50

NV L/2

E
L J_ 12

Fdz, (9)

where IV is the number of unit cells per unit volume.

III. TREATMENT OF THE MODEL

The phase diagram has been suggested for the strict
mean-field limit (i.e., for g — co) of the functional (7)
by Khachaturyan et al.® It is presented in Fig. 1, where
T and O mark the regions of stability of the tetrago-
nal and orthorhombic phases and the decomposition to
tetragonal and orthorhombic domains is energetically ad-
vantageous in the T + O region. In the case of finite g
the phase diagram conserves its shape but the regions O,
T + O, etc., accept another meaning.

The formation of the twin structure is energetically
advantageous in the whole (T-c) plane except for the re-
gion of stability of the tetragonal phase (T'), the phase,
for which the condition p; = p, is fulfilled. Since the
twin boundary is virtually a kink it is important to know
its shape in the different parts of the phase diagram. As
has been shown in Ref. 4, the kink solution which con-
serves the mean level of ¢ [i.e., with ¢(+o0) = ¢; € is a
mean oxygen concentration] exists only in the O region
in Fig. 1. The numerical calculations show that near the
O-(T + O) transition (coexistence) curve the width of
the kink increases and just on the curve tends to infinity.
Such a behavior is usual for the vicinity of a first-order
phase transition.!® There are kinks in the T + O region
which do not conserve the mean level of c. They could
be characterized by the function 7(z) with n(—o0) = 0
and n(oo) = £m4. Antikink solutions exist also. Thus
one needs a more complicated broken line than the one
used in Ref. 4 for the O region to approximate the shape
of the long-periodic solutions with the same accuracy.
These model broken lines are presented in Fig. 2. It is
easy to see that they reduce to the model* when w — 0.

cd(L~—>°°) 1

0 ¢ (L—oo) 0.5
W

c

FIG. 1. Shape of the phase diagram T'(c) for the strict
mean-field limit of the model for v > 1; ¢ = 1 — 4. The
O' + O" region exists for v < 4 only (Ref. 9).
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e us try to understand this result. When the temperature

s o(2) is higher than that for the O-(T + O) transition the walls
—\- ‘/:_- are of O-O type for all values of L. The value of c inside
the twin domain (cq) tends to ¢ when L — oo. The

= limiting values of 74 and c,, are close to ¢ (see Fig. 2 for

notation). Both ¢,, and cq4 are decreasing functions of L.

_ L}z —w /2[_ ‘/ w2 w'/2 » /;+ N L;2 . The O-T-O walls can exist in the T' + O region of the
phase diagram. The period dependences are different for

— —na | this case. The limiting (L — oo) values of ¢4 and c,, differ
strongly and correspond to two points of the coexistence

FIG. 2. The schematical coordinate dependences of the or-
der parameter n and local oxygen concentration ¢. ¢4 and 74
denote the values of ¢ and 7 inside the twin domain. ¢, is the
value of c inside the twin boundary, where n = 0.

Therefore it is possible to use the present model both for
O and T + O regions.

The dependences of equilibrium twins’ period on the
size of the monocrystal are shown in Fig. 3. The points
of break correspond to the transition from the phase with
w = 0 (at lower values of L, with O-O walls) to the phase
with w > 0 (at larger values of L, with O-T-O walls). Let

E = G(ng,cq) +

where G(n,c) = F(n,c)|g=0,

curve for the given value of T = T} (see Fig. 1). In fact,
those limiting values do not depend on ¢. The difference
between ¢4 and c,, can be interpreted as a decomposition
into T and O phases. c¢4(L) is an increasing function for
the case of T-O-T walls.

The procedure of the free energy minimization for the
case of O-T-O walls is completely analogous to the one
used in Ref. 4 for the case of O-O walls. The only differ-
ence is one more parameter of the minimization A (see
Fig. 2). Since the dependence of the free energy on A
turns out to be very simple, the analytical minimization
with respect to A is possible. After such a procedure
the expression for the energy (9) takes the form (it is
assumed here that w > 0)

c(;d _ci [G(0, cw) — G(na; ca)] + %{A - [G(0, cw) + G(na, ca))/2}/,

T c 2—-c
A=— 2(cq — €w) |2 In = — (2 — ¢cyp)?1 s
4[(cd—cw)2—n§]{(d w)["’ 2 ( w)”1n 2
2—ca+ma Cd — Td
+(cd — cw +14) [(2 —cqa+m2)%In ———2‘1 — (ca —1a4)’In ‘—211‘
2—cq— cqg +
+ea 6w =) | (2= o0 = TS — (et il S ok (6 + =)
110
100 - 0.6 045 015 025 03
90
80
70
m N . .

N FIG. 3. Twin spacing vs crystal size, both
50 7 expressed in arbitrary units. The parameter
40 of the curves is T/V. €= 0.9.
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Since c,,, cq4, and 74 tend to constants when L — oo, the
L-dependent part of E is proportional to L~!. It means
[see Eq. (18) of Ref. 4] that the L(D) dependence is very
close to square root one. Figure 3 shows that it is really
so. Hereafter I mean under L the optimal value of the
twins’ period, the result of minimization of energy (9)
with respect to 74, ¢4, Cw, w, A.

Despite the drastic difference in the properties of two
wall types there is no jump from one mechanism to an-
other. Indeed, for the constant temperature when ¢ ap-
proaches the point of the O-(T 4 O) transition (ccc, coex-
istence curve) from inside the miscibility gap, i.e., from
the left, c4(00) = c... When approaching the value of c..
from the right side c4(00) — ¢, also.

IV. L(T) DEPENDENCE

The L(T) dependence is shown in Fig. 4 for different
values of D. The decrease at the large values of T near
the point of the T-O phase transition (7/V = 1.98 for
the case of Fig. 4) is easy to predict even without the
complicated calculations. There are several articles in
which this decrease and subsequent formation of a tweed
structure are investigated both experimentally and theo-
retically (see Refs. 11 and 12, and references therein). At
the same time the sharp decrease of L at the low temper-
atures was observed by Smith and Wohlleben® only. The
observed abruptness of the changes can be the purely ki-
netic effect due to the pinning of the walls by the defects
of the lattice. The finite length of the monocrystal in the
direction perpendicular to the boundary plane can be an-
other reason for the discontinuity because this length can
contain only an integer number of periods.

The point of the local minimum corresponds to the
transition from O-O walls to O-T-O ones, i.e., to the
O-(T + O) transition or decomposition as I shall call
it below. It is easy to see that the temperature of the

VADIM S. NIKOLAYEV 50

FIG. 4. Twin spacing in arbitrary units vs
temperature. The parameter of the curves is
D in arbitrary units. ¢ = 0.9.

transition depends slightly on the size of the crystal and
tends to the strict mean-field limit (= 0.37 for the case of
Fig. 4) when D — oco. So the sharp coexistence curve in
Fig. 1 must be replaced by the transition zone, the width
of which is about A¢ = 0.15 according to Fig. 4. As a
matter of fact the sharpness of the singularities in Fig. 3
and as a consequence in Fig. 4 is connected with the ap-
proximation (see Fig. 2) of the solutions of the variational
equations for the Lagrangian (7).

V. CONCLUSIONS

(1) A model of the decomposition of the 1:2:3 com-
pounds to the mixture of tetragonal and orthorhombic
phases valid for 0 < § < 0.2 is suggested. According to
it a tetragonal phase exists inside the twin boundaries
when the parameters correspond to the miscibility gap;
the regions of the orthorhombic phase turn out to be the
twin domains.

(2) The dependence of the equilibrium twin size on the
temperature is investigated. The interval of the temper-
atures where the period is an increasing function of the
temperature is discovered. This provides the explanation
for the experiment of Smith and Wohlleben® and prob-
ably for the singularities in different physical properties
of the 1:2:3 compounds observed near T' = 200 K.13

(3) The coexistence curve in the T-¢ phase diagram
should be replaced by a transition zone with a finite
width. The exact point of the decomposition depends
on the size of the monocrystal grains.
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Abstract

The recovery of clean water from dew has remained a longstanding challenge in many places
all around the world. It is currently believed that the ancient Greeks succeeded in recovering
atmospheric water vapour on a scale large enough to supply water to the city of Theodosia
(presently Feodosia, Crimea, Ukraine). Several attempts were made in the early 20th century
to build artificial dew-catching constructions which were subsequently abandoned because of
their low yield. The idea of dew collection is revised in the light of recent investigations of the
basic physical phenomena involved in the formation of dew. A model for calculating condensa-
tion rates on real dew condensers is proposed. Some suggestions for the ‘ideal’ condenser are
formulated.

1. Introduction

Atmospheric humidity can in principle be an alternative source of potable water in
the arid and semi-arid zones. Condensation of the atmospheric vapour into water
occurs in nature near the ground surface in two different forms: fog and dew. Fog is
a cloud of already condensed water droplets. A high relative humidity (in practice
100%) is necessary for the formation of fog. Water collection from fog is a resource
in the arid zones where dense fog is frequent. Fog water collection by trees (Gioda

! Present address: Bogolyubov Institute for Theoretical Physics, National Ukrainian Academy of
Sciences, 252143 Kiev, Ukraine.
* Corresponding author at: DRFMC, CENG, 17 rue des Martyrs, 38054 Grenoble Cedex, France.
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Fig. 1. Present state of a tumulus which was thought to be an Early Greek condenser. It is situated on the
hills of Tepe-Oba near the old Jewish Cemetery.

et al., 1992) or by synthetic nets is very useful in the low mountain regions close to
the ocean. Nowadays, it represents a non-negligible resource especially in Chile and
Peru (Schemenauer and Cereceda, 1991; Bouloc, 1993; Gioda et al., 1993a,b).

The formation of dew requires a cold surface, but 100% humidity is not necessary.
Thus, dew is common even in the dryer zones of the world. In contrast, fog is rare,
except in very particular locations like mountainous and coastal areas. This is why
the idea of the recovery of dew water by collecting the water condensing on walls of
special devices is so attractive.

2. Historical sketch

The history of the devices mentioned began in Feodosia, city of the Crimean
peninsula in Ukraine. There is an old myth in science that the Early Greeks who
founded Theodosia (Greek name for the present Feodosia) about 6th century BC
used dew condensers to fulfil their water needs (Hitier, 1925; Jumikis, 1965; Gioda
and Acosta Baladon, 1991). This belief comes from the Russian forester F.I. Zibold
who was in charge of some countryside around Feodosia. To prove his theory he built
an experimental condenser following what he considered to be an Early Greek con-
denser (Zibold, 1905, 1907; Hitier, 1925). Because of the importance of this pioneer’s
research we have investigated carefully the original manuscripts and other related
documents as well as the remains of Zibold’s construction.
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Working layer

Water channel
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Beach pebbles Ground

Concrete bow! @ Natural limestone base

Fig. 2. Section of the condenser of F.I. Zibold (initial state). The slope of the bowl is enlarged for illustrative
purposes. All the dimensions are given in m. We have shown the working layer of the condenser by the
dotted line.

Zibold (1905) mentioned that “the climate in Feodosia is quite dry, the rains are
rare and the droughts during several months are usual”. From the Feodosia weather
station data, the average annual rainfall is 366 mm and the average number of days
with fog during a year is 25. At the same time the conditions suitable for dew forma-
tion exist there as masses of humid air, which move from the sea in the evening, rise
over the surrounding hills, the so-called Mount Tepe-Oba (c. 300 m a.s.1.) (Totchilov,
1938). While uprising, this humid air cools down and condensation can occur. Zibold
mentioned a large quantity of dew but was unable to find any natural water sources
in Feodosian forest. The existence of the ancient water supply which is functioning
even now (Beysens, 1994; Beysens et al., 1996) whose source remains unknown
(Anonymous, 1935) led him to query the purpose of the numerous mounds on
Tepe-Oba (Fig. 1). Zibold (1907) excavated around some of them and reported
the remains of the ancient pipes and water channels. Finally, he concluded that the
mounds were condensers of dew made by Early Greeks. However, at least several of
the piles are actually tumuli without any signs of hydraulic purpose including a water
supply system (Anonymous, 1935).

Based on the results of the archaeological excavations (Katiushin, 1979), one of us
(E.K.) suggested that the chain of mounds described by Zibold is a part of the
necropolis of antic Theodosia. Since the 1850s more than 80 mounds in the surround-
ings of Feodosia have been excavated (Beysens, 1994; Beysens et al., 1996); they
turned out to be the tombs either of ancient Greeks or Scythes and then dated to
4th—3rd century BC. These excavations revealed neither tubes nor water channels
under the mounds.
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Fig. 3. The present state of the remnants of the Zibold condenser.

While the mounds belong to 4th-3rd century BC, most of the water supply tubes
which were found on Tepe-Oba and in Feodosia were laid out during the Middle-
Ages when Feodosia became a Genoa city called Caffa. Hence, it is unlikely that
the mounds and these tubes could function in the same water supply system. Mean-
while, it is possible that Italian inhabitants from Genoa replaced the tubes of the
Early Greeks.

To prove that dew can be a source of water, Zibold built a model condenser, a huge
truncated cone of sea-beach pebbles with a funnel on the top. It was mounted on
a concrete bowl (Fig. 2) with a channel to let condensed water out. The structure
was ready by the beginning of 1912 and was said by one Jacob Mironovitch Nikitas,
a meteorologist of Zibold’s forestry to yield up to 300-360 1 of water day’1 (Zhukov,
1931; Anonymous, 1935). Unexpectedly, the condenser stopped functioning. A
leakage of the bowl was suspected (Anonymous, 1915) and then the cone of pebbles
was demolished. However, the bowl is still visible (Fig. 3). Topological measure-
ments (Beysens, 1993) show that the slope between the perimeter and the centre
of the bowl is now half that reported in the 1912 documents. Thus, settling of the
condenser base has occurred. It is hard to say if the leakage was the principal reason
of low yield. Unfortunately, no documents concerning the functioning of the con-
denser are available.

Zibold’s attempt inspired the experiments performed in the South of France from
1928 to 1957 by French hydrologists L. Chaptal and M. Goddard and the Belgian
engineer A. Knapen (Chaptal, 1932; Jumikis, 1965 and references therein). Their
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installations, which they called “aerial wells’’, were very massive. The best of them
yielded several litres of condensed water a day. After 1957, there was no reported
attempts to recover water from vapour despite the attractiveness of this idea.

The main reason for the failures of these constructions may be found in the idea
on which their creation was based. F.I. Zibold’s ideas on the hydrological cycle were
close to Aristotle’s conception which was far from the conception of Perrauit, Mariotte,
and Halley (17th—18th century), i.e. the modern theory (L’Hoéte, 1987). He believed
that water forms continuously in the soil, as atmospheric air penetrates the pores
and fissures in the ground; cooling condenses water which then accumulates and finally
rises to the surface in the form of springs and rivers (Galbrecht, 1987). Hence, the
tumuli which are located at the top of the hills may have been mistaken for springs.

3. Model for condensation in Zibold-type condensers

Since the 1950s the formation of dew has been investigated both by physicists and
by hydrologists. The objects of the physical investigation are ‘breath figures’, i.e. the
condensation of water on a surface, e.g. on a piece of glass (Beysens et al., 1991).
Agrometeorologists are interested in dew formation in nature (Monteith, 1957; Pedro
and Gillespie, 1982a, b); in particular, Lhomme and Jimenez (1992) were interested in
dew on banana plantations because there is a close link between dew and cryptogamic
development on the leaves. Environmental scientists study the dew as a source of acid
pollution (Pierson et al., 1986; Janssen et al., 1991).

Dew formation on a surface requires cooling of the latter, generally by
thermal irradiation during the night. Alternatively, cooling can occur due to the
thermal contact with the ground if the ground is cooler. But at depth the temperature
of the soil corresponds to the average daily temperature and remains constant. Thus,
this ground level functions like a furnace which heats the ground surface during the
night due to the thermal conductivity. An object which is thermally isolated from
the ground lacks such a source of heating and thus its temperature can be lower.
Hence, engineers of condensers should avoid good thermal contact with the ground.
This statement is the first (though not the main) reason for the failure of the con-
densers in Southern France which had the concrete shells with massive foundations
(Jumikis, 1965). Zibold’s installation consisted of rather large (15-40 cm in diameter)
pebbles of rounded form. The pebbles thus had weak physical and thermal contact
with each other and with the bowl. Thus we can neglect this kind of thermal loss in
our rough approximation. Moreover, due to the small thermal conductivity we can
assume that temperature varies with time only on a small part of the condenser.
Indeed, only two or three surface-layers of pebbies can perform the irradiation
heat exchange with an environment. Also, the fresh humid air cannot penetrate
deep into the pile of stones. Therefore we shall consider the working layer to be of
the depth 0.3 m (see Fig. 2). This depth corresponds to three layers of 0.15 m
diameter pebbles out of which the outer layers of Zibold’s condenser were made.
All this working part as well as the condensed water will be supposed to have a
uniform temperature 7,. We assume also that the pebbles themselves take only
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a half of the volume of this layer when estimating its mass. The heat balance equation
for the condenser is

d7;
dt

where the left-hand side represents the rate at which the amount of heat of the
condenser changes, M and m are the masses of the working part of the condenser
and condensed water respectively, c. and ¢,, are the specific heats of the material of
the condenser and water; ¢ is time. Hereafter, SI units are supposed for all the values
except temperature which is expressed in Celsius degrees. The variables in the right-
hand side represent the different physical processes due to which the heat energy
comes to or leaves the condenser surface: R; (W) is the irradiation, Ry, (W) is the
heat exchange with the surrounding air, R.,,q (W) is the energy gain due to the latent
heat of the condensation (L per unit mass). Thus

dm

(MCC + mcw) =R+ Rpe + Reonds (1)

Reond = LE- (2)
The heat exchange term can be expressed in the usual form as
Rhe :Sca(Ta_ Tc)v (3)

where a is a heat transfer coefficient, 7, is the air temperature. S, is the surface area
which takes part in heat exchange with the air. Due to the porous structure of the
condenser the fresh air penetrates into it and goes out constantly. That is why
the value of S, is larger than the external surface of the condenser S; and depends
on the wind speed u: the increase of u causes deeper penetration and thus a larger
value of S.. a relates to the width of the aerodynamical boundary air layer and thus
depends on u too (see Beysens et al., 1991). The formula (Pedro and Gillespie, 1982a)

a:f\/u/Da (4)

2

in which the numerical factor f =4 (W K~! m~* s]/z) 1s empirical for the flow
parallel to a plane sheet of size D. As a rough estimate D =~ /S;/2.
The total irradiation term from Eq. (1) can be divided into several parts:

R =R,+R +R, - R.. (5)

R, is the direct beam irradiation, R) and R, are the long-wave and short-wave parts of
the diffuse incoming irradiation and R, is the outgoing irradiation of the condenser
which is so important. It can be represented by

R. = Sie.o(T, +273)*, (6)

where o is the Stephan—Boltzmann constant and ¢, is the emissivity of the condenser.
The long-wave and short-wave radiation terms are given by Pedro and Gillespie
(1982a) (below, it is assumed that clouds are absent):

R, = Siese.oT, +273)°, (7)

R, = SiRSOREU — A%)sina, (8)
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where € is the emissivity of the sky, Ry, is the solar constant (1350 W m ), d is the
short-wave absorptivity of the condenser, A4 is the atmospheric transmission constant,
g = 1/sina, where a is defined as the angle of elevation of the Sun over the horizon.
The coefficient ¢ in (7) depends on the vapour pressure, but the dependence is very
weak. For average conditions, ¢, ~ 0.82.

It is supposed that night comes when a becomes equal to zero (though it is not

exactly so; due to the atmospheric refraction, night comes when a = —36'36"). o can
be estimated by the classical expression (Campbell, 1977)
sina = sin ¢ sin  + cos ¢ cos d cos[w(t — 12)/12], 9)

where ¢ is the time of day in h, ¢ is the latitude of the place (for Feodosia
¢ = 45°01'45") and 6 is a solar declination.

The estimation of the direct beam irradiation is a slightly more difficult problem. It
can be represented by the expression

Ry, = S,RidA, (10)
where S, is a surface of a geometrical projection of the condenser on the plane

perpendicular to the direction of the beams. Since this direction is defined by «, S,
is a function of «. For example for the horizontal plane

S, = Ssina, (11)
for the vertical plane

S, = Scosa, (12)
where S is the surface of the plane. For the plane which has an angle

Omax =T/2— ¢+ 6 (13)
with the horizon S, = 0, since such a plane will be parallel to the solar beams all
day long. In all the cases, the planes are supposed to be parallel to the direction
East—West. For the truncated cone (see Appendix)

Sy = (R? — r¥)sin o(tan® Bcot’ o — 1)/? — arccos (tan a cot 3)]

+7R*sina, ifo<a<p

S, = TR*sinaq, if B<a<m/2 (14)

where R and r are the radii of the base and the top of the cone, tan 3 = /(R —r) and

A is the height of the cone.
The equation for m represents the condensation rate:

dm _ {Scb(Pv ’pc(]::))v if Dy >pc(Tc)

n (15)

0, otherwise.

Here p, is the partial pressure of the water vapour in the atmosphere which is con-
sidered constant during the night. p.(7;) is the vapour pressure over the condenser at
which condensation on its surface begins. 4 is proportional to a in Eq. (4):

b =0.656a/(pc,), (16)

where p is the atmospheric pressure and c, is the specific heat of air. This expression
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Table 1
Values of physical parameters which are used for the calculations

Parameter Notation Value

Sky emissivity € 0.8

Emissivity of condenser € 0.9

Short-wave absorptivity of the condenser d 0.5%

Atmospheric transmission constant A 0.84

Specific heat of water Cuw 4.18-10° J kg™' K)
Specific heat of stones e 1.09-10° (J kg™' K)
Specific heat of air Ca 1.01-10° J kg™! K)
Density of stones - 25.10° (kg m™3)
Latent heat of condensation L 226-10° 0 kg™h)

? For white beach pebbles.

as well as the numerical factor comes from the calculations of the vapour transfer
coefficient (Pedro and Gillespie, 1982a).

Generally speaking, p.(T) does not coincide with the saturation pressure of the
water vapour py(T') and depends on the degree of wetting of the surface by the water
which can be characterized by the contact angle (Zhao and Beysens, 1995). For the
surface which is incompletely wetted by water (such as for ordinary surfaces which
are inevitably coated by some oil or grease) (Beysens et al., 1991), p.(T) < ps(T). We
consider for the sake of simplicity the case

pe(T) = py(T), (17)

although in reality p.(T) < ps(T).

Evaporation is neglected (cf. the second option in Eq. (15)) and it is assumed that
all condensed water flows immediately into a container inside the condenser. The
water is removed from the container as soon as condensation stops.

The day of 8 April 1992 has been chosen for the calculation as it is typical of the
spring and fall seasons during which the condensation is the largest (Totchilov, 1938).
For this day § = 7° (Campbell, 1977); the maximum and minimum air temperatures
for that sunny day were 15.2°C and 9.5°C, respectively, the atmospheric pressure
was 750 mm Hg and the maximal relative humidity for the Tepe-Oba mountain
at night was 97%. This corresponds to the dew point temperature Ty = 9°C. We
suggest also that the variation of T, is assumed sinusoidal with the period of 24 h
and the maximum at 13 h 30 min. This delay with respect to the maximum of sun
irradiation (12 h) is usual. The other physical constants for the simulation are given
in Table 1.

4. Numerical simulation of Zibold’s condenser

Now that all the parameters of the set of Egs. (1)-(15) have been defined, the set
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Fig. 4. Day evolution of the temperatures of the Zibold condenser (7) and the surrounding air (T,) as well
as the mass of condensed water inside the condenser. The evolution of the solar irradiation intensity and
dew point temperature (7y) is shown also. ¥ = 10 m s~ .

can be solved numerically. The conditions
T(0 h) = T;(24 h),
m(0 h) = m(24 h)

have to be specified to provide a periodical (with the period of 24 h) change of all
the physical values.

The simulation shows that during the day of 09/04/1992 Zibold’s condenser
would yield 221 1 of water. This result is in good agreement with the reported data
— 300-360 1. The evolution of all the important parameters is shown in Fig. 4.
Condensation stops at about 09:00. The dash—dotted line represents the intensity
of the direct beam irradiation of the horizontal plane during the day. The conden-
sation starts 4 h after the sunset when 7, approaches Ty. Unfortunately there are no
other available data concerning the functioning of the condenser and so a more
detailed comparison is impossible.

The ratio S;/S; has been assumed to be equal to 2 due to the penetration of the
fresh air into the condenser for a rather strong wind (u = 10 m s™!). When the wind is
weaker, the fresh humid air penetrates to a smaller depth into the pebble pile and
this ratio is smaller. The results for different velocities are presented in Table 2. For
the case of Zibold’s condenser the water yield is an increasing function of the
wind velocity.



126 9. Quelques articles représentatifs

28 V.S. Nikolayev et al. | Journal of Hydrology 182 (1996) 19-35

Table 2
Water yield of Zibold’s condenser depending on the wind speed

Wind speed (m s™") S./S: Water yield (/)
10 2 21
5 1.5 155

1 1.1 61

5. Simulation of Zibold-type condensers

One can distinguish two limiting types of condensers. The first are massive, with
S. > S, ‘Zibold-type condensers’. For these it is assumed that S./S; =2 in the
following. The representative of the second type is a ‘grass-like’ condenser which is
simply a sheet of some light material with both sides working as a condenser. Hence,
for these S, = S;. The water yield of the first type depends strongly on direct solar
irradiation which is determined by the value S, < §;, Eq. (10). S;, in turn, depends
on the shape of the condenser. To generalize the model the shape factor has been
excluded from the consideration by defining an effective surface of irradiation Sy,
S, < Sefr < Sj. Seqr is the area of a horizontal plane whose total irradiation balance
during the day is very close to that of the real condenser. Hence S should be

4
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> . . . . 2
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Fig. 5. Mass of water condensed during the day versus heat capacity of the working layer of the Zibold-type
condenser. u =10 m s™'.
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Fig. 6. Diagram of the Zibold-type condensers. For explanations see the text.

substituted for S; in Eqgs. (6)—(8). Then in (10) we mean under S;, the value from (11)
where we should substitute S, for S also.

For the sake of comparison the same meteorological data and the same values of
material constants (Table 1) will be applied as for the case of Zibold’s condenser.

The dependence of water yield on the heat capacity Mc, of the working layer is
shown in Fig. 5. The condenser will work (m > 0) if Mc_ is less than some limiting
value which depends on S (this dependence is presented in Fig. 6 as a solid line); the
large thermal inertia of the massive working layer may not permit cooling below
the dew point temperature during the night (see Fig. 4). The water yield grows very
quickly as M¢, decreases and soon reaches saturation. The dependence of this value
of Mc, where saturation is reached (the point where m is less by 5% than the satura-
tion value) on S, is depicted in Fig. 6 as a dashed line. The lower the working mass
of the condenser, the higher the water yield.

Saturation takes place due to the interplay of two effects: thermal inertia and
irradiation. When Mc, is small the temperature evolution will not depend on its
value. Then the kinetics is defined by other terms in Eq. (1), mostly by the irradia-
tion term. In this case the heat capacity of the condenser can be neglected as
occurred in the studies of dew on leaves (Pedro and Gillespie, 1982a, b; Lhomme
and Jimenez, 1992).

Two lines in Fig. 6 divide the S.s—Mc. plane into three regions of good, medium
and poor condensers. This diagram is not universal; its exact shape will depend
slightly on the meteorological conditions and the constants of the materials of real
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Table 3

Estimated physical parameters of the different devices

Inventor M, 10° kg S;, m? Sogp, m°

Zibold 152 854 1075

Chaptal 12.8 22 27.7

Knappen 759 601 757

structures. Nevertheless, it suffices to compare the quality of the condensers since
the parameters Sey and Mc, are the most important. We compare here the quality
of Zibold’s condenser to the quality of two experimental devices, detailed data on
which are available from the literature — Chaptal’s first captor in Montpellier and
Knappen’s aerial well in Trans-en-Provence. The estimated parameters of them are
summarized in Table 3.

The corresponding points are depicted in Fig. 6. The positions of the points are
in good agreement with the experimental results of the inventors. In fact, both
devices were not good condensers giving only several litres of water on the best
days. But Chaptal’s structure was the more efficient taking into account its
smaller size.

It appears that the main fault of the condensers was their large mass.

6. Simulation of ‘grass-like’ condensers

The leaves of plants represent nearly ideal dew condensers although their surface
is hydrophobic. A good wetting by water is essential to facilitate the condensation
with the lower partial vapour pressure p, (Zhao and Beysens, 1995). In addition, the
separate drops do not flow quickly from the surface of the leaves so that evaporation
of those drops may occur when the sun shines in the morning. A sheet of some
polymer material is more suitable for these studies. For a polyethylene sheet with a
thickness 0.5 mm, density 0.95 - 10> kg m~> and specific heat ¢, = 1.9-10° J kg ' K,
the water yield m versus the surface area S of one side of the sheet is presented in
Fig. 7. The inertial term in Eq. (1) is small for this case and the temperature follows
mainly the change in irradiation.

Three angles of the sheets with the horizon were simulated: o, defined by (13),
0° and 90°. In all the cases the sheets are supposed to be parallel to the direction
East—West. Due to the small thermal inertia, the difference in yield of water depends
only slightly on the angle. But the difference is drastic in the maximal temperature of
the sheets: for the horizontal or vertical sheets it is about 60°C, for the inclined one is
about 15°C. The dependence on the wind speed u for this case seems to be unusual —
the water yield decreases with the increase of u. This is because an increase in air
velocity has two consequences: it increases the condensation rate (b, Eq. (16)) and
it increases the heat exchange with outer air (a, Eq. (4)). Because during most of
the day 7, < T, (see Eq. (3)), the second effect leads to a heating of the sheet while
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Fig. 7. Mass of water condensed during the day versus surface of one side of the polyethylene sheet with the
thickness 0.5 mm.

the first leads to a cooling. For a thin sheet (in contrast to the Zibold-type condenser)
the heating appears to be stronger with an increase in u.

The small curvature of m(S) lines in Fig. 7 is due to the velocity dependence of
the heat transfer coefficient.

7. Conclusions

This paper investigated the history and functioning of dew condensers. It is
difficult to strictly refute Zibold’s hypothesis concerning the Early Greek condensers.
This would need extensive excavation work. The Tepe-Oba mountain is fissured by
the remains of a sophisticated system of ancient water supply and tubes can be found
within hundreds of metres of every mound. But excavations of more than 80
mounds did not reveal any signs of a hydraulic system. On the contrary, tombs
were found in each of them. Where water still comes out of the broken water
supply, it contains dissolved minerals and thus does not come out of condensers,
because condensed water is almost distilled. Moreover, the dry remains of the ancient
water tubes are covered (inside) by a thick layer of mineral deposits. Hence, it
is thought that there were no ancient dew condensers in the surroundings of Feodosia.

We describe the main physical principles of the functioning of dew condensers
and suggest a model to simulate them. It turns out that Zibold’s condenser might
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have been the most successful experimental device among those that ever existed; its
yield was of the order of 100-200 1 of water day .

We suggest a simple diagram (Fig. 6), which can be used to estimate the quality
of the massive (‘Zibold-type’) condenser and compare it with the other constructions.

The huge mass of the devices was their main fault. It caused the large thermal
inertia which did not allow them to cool during the night and thus the condi-
tions for the dew formation were poor. The creators of the massive condensers
were not aware that the cooling is, in fact, due to irradiation, and they tried to
increase the condensation surface, not the irradiation surface. It is their second
fault. Their third fault was a too high thermal contact with the ground. The
temperature of a good condenser is lower than ground temperature during most
of the day. Thus, the ground heats the condenser. The decrease of its quality is
a consequence.

Hence the ‘ideal’ condenser should be ‘grass-like’, i.e. a light sheet thermally
isolated from the massive parts and the ground. It is very important that its
surfaces should be open to let them irradiate the energy into space. It means that
nothing that can reflect the infrared irradiation of the condenser should be placed
near its surface and vice-versa, the condenser itself should be placed far enough from
such surfaces, e.g. the ground to avoid the ‘greenhouse’ effect. In practice, a sheet of
some (polymer) film would be suitable. The material of the sheet should be well
(ideally completely) wetted by the water to decrease the nucleation barrier. The
place of the condenser should be chosen on an open area but where the winds are
not strong and dew is frequent (i.e. where humidity is high enough).

A sheet of polyethylene, assuming that there is no evaporation and that all the
condensed water flows into a vessel, should yield approximately 11 m ™ under the
meteorological conditions defined above.

Hence, practical utilization of dew water contained in the air seems possible. Using
the present study, engineers of future dew condensers will be able to obtain a volume
of very clean water.
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Appendix

To obtain Eq. (14), i.e. to find S, for the truncated cone, first find it for a full cone
with base radius R and height H such that

H/R=h/(R —r) = tan B. (A1)

Then the truncated cone is a part of the full cone. Assume that o < 7/2 — if not, one
should substitute = — « for « in the final expression.

To calculate S, for the cone, substitute for the cone the regular pyramid with the
same top and with all the base vertices lying on the circle — the base of the cone.
Obviously, all the characteristics of the pyramid will tend to those of a cone as the
number of vertices tends to infinity. Choose the reference point O of the Cartesian
coordinates at the centre of the base, the axis OZ as the vertical one and axis OX
so that the Sun will be in the XOZ plane. Then the plane defined by the equation

z+xcota=0 (A2)

is perpendicular to the direction of solar beams — it is the projection plane. The sides
of the pyramid differ by the polar angle v (in the plane XOY with respect to the point
O and axis OX) of one of the bottom summits. The other one has the angle v+ dy
where dvy tends to zero as the number of summits tends to infinity. Then the equation
of the geometrical plane, which contains the side as its part, is

xcos('y-l-%) +ysin('y+d7’y) + (z~H)§cos(%z> =0. (A3)

The surface of this sideis dS = VH? + R2Rdy/2. Now S, is defined as a sum which is
transformed into the integral when dvy — 0:

Sp = JcosﬁdS

= \/H2+R2§Jcos§d'y. (Ad)

¢ is an angle between two inscribed planes, which can be found out of Eqs (A2) and
(A3) by the straightforward application of the known formula of analytical geometry
and is given by

cos &£ = sin Fcos acosy + cos Fsin a. (AS)

It follows from Eq. (A5) that when o > 3, i.e. when all the surface of the cone is
exposed to the solar irradiation, £ is always less then /2. Thus the integration in
(A4) should be performed from 0 to 27 yielding

S, = 7R’ sina. (A6)

When o < 3, the sides which have £ > #/2 are not exposed to the solar irradiation.
Takingintoaccountthat{ < 7/2ify; <y < 2w — 7, wherey; = arccos(— tan a cot 3),
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as it follows from Eq. (A5), S, should be computed as a sum of two integrals (A4): the
first from 0 to ; and the second from 27 — 7, to 27. Hence,

S, = R*sin a[(tan® Bcot? a — 1)'/% + 1 — arccos(tan a cot 3)] (A7)

is valid when a < 3 for the full cone.

Now the cone can be truncated ‘cutting’ its topmost part. Evidently, Eq. (A6) is
valid for this case when « > 3, since the square of the projection will not depend on
inner details (this is also the reason why S, does not depend on the presence of
the funnel). To obtain the first part of Eq. (14) (for a < 3), the value of S, for the
cone with the base radius r and the same angle 3 (topmost part) has to be subtracted
and the square of the projection of the upper base mr*sin a added.
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New Hydrodynamic Mechanism for Drop Coarsening

Vadim S. Nikolayev,* Daniel Beysens, and Patrick Guenoun

Service de Physique de I'Etat Condensé, CE Saclay, F-91191 Gif-sur-Yvette Cedex, France
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We discuss a new mechanism of drop coarsening due to coalescence only, which describes the late
stages of phase separation in fluids. Depending on the volume fraction of the minority phase, we
identify two different regimes of growth, where the drops are interconnected and their characteristic
size grows linearly with time, and where the spherical drops are disconnected and the growth follows
(time)Y2. The transition between the two regimes is sharp and occurs at a well defined volume fraction
of order 30%. [S0031-9007(96)00006-3]

PACS numbers: 64.60.—i, 47.55.Dz, 83.70.Hq

In this Letter we concentrate on the kinetics of the late D = kgT/57qR. 2

stages of the phase separation. This subject has receivefle factor f represents the correction which takes into
considerable attention recently [1-4]. Most of the experi-account the hydrodynamic interaction between the drops.
ments on growth kinetics have been performed near thg gepends on the ratio of the viscosities of the liquid
critical point of binary liquid mixtures (or simple fluids) jnside and outside the drops and the average distance
because there the critical slowing down allows the phepetween the drops and, therefore, on the volume fraction
nomenon to be observed during a reasonable time. Aftef,  This correction has been calculated in the dilute limit
a thermal quench from the one-phase region to the tWOt$ — 0) by Zhang and Davis [10]. In the proximity of

phase region of the phase diagram (Fig. 1), the domainge critical point we can assume the viscosities of the
of the new phases nucleate and grow. It turns out th%hases are equal and

two alternative regimes of coarsening are possible. The £(0) = 056 3)
first can be observed when the volume fractiprof the _ " . :
minority phase is lower than some threshold [5]’ andACCOfdlng to the mOdeI, the drOpS coalesce |mmed|ate|y
the domains of the characteristic SiRegrOW according after the collision. Coalescence is the Only reason for the
to the lawR o !/3 (¢ is the time elapsed after the quench)decrease of the total number of the drops with the rate

as spherical drops. The second regime manifests itself dn/dt = —Npg. 4)
when the quench is performed at high volume fraction,

the coarsening law i® « ¢!, and the domains grow as a L e e
complicated interconnected structure. Recent experiments
[2] show that wherd.1 < ¢ < 0.3 thet!/? growth can be or
explained by a mechanism of Brownian drop motion and
coalescence rather than the Lifshitz-Slyozov mechanism - -
[6] which holds for¢ — 0 and which we will not discuss X
here. We are interested in the late stages of growth when '7°-0-02
phase boundaries are already well developed and the con¥
centrations of the phases are very close to the equilibrium -

Coexistence
Scurve

values at given temperatuf® as defined by the coexis- i | 3 Discon-
. . nected | connected | i nected
tence curve (Fig. 1). Then the drops grow just because  -0.04f wl & Ja \ ' .
the system tends to minimize the total surface separating s| s 8 , \
the phases (i.e., due to coalescence) énao longer de- il . L
pends on tlme 0.66 Cc 0.7 0.72 Cc 0.76
Brownian coalescence-The Brownian mechanism Concentration

was considered first by Smoluchowski [7] for coagulationFIG. 1. Coexistence curve for a model two-phase system
of colloids and was then applied to phase separation b{density-matched cyclohexane-methanol) from Ref. [1]. The
Binder and Stauffer [8] and Siggia [9]. According to this dotted curve is the calculated boundary (see text) between

: i ; he /3 and ¢! growth regions which corresponds 0 =
mechanism, the rate of collisions per unit volume due t(i).%. The triangles are the experimental data from Ref. [1].

the Brownian motion of spherical drops in the liquid of The curves corresponding té = 0.15 (random percolation
shear viscosityy is limit) and ¢ = 0.35 (the value which gives the best fit
Np = 167rDRn2f(¢>), (1) to the experimental data from Ref. [1]) are also presented

. for comparison. The volume fraction of the minority phase
yvheren is an average number of drops per yoluri?e, at the point (c.T) can be calculated agh = 1/2 — |c —
is the average radius of the drops, ahds the diffusion ¢ |/(c~ — ¢*), wherec, (= 0.707 for this case) is the critical

coefficient of the drops of the same viscosity concentration.
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With the relation deterministic hydrodynamic problem within the creeping
43 flow approximation (which is well justified near the criti-
¢ =3 mR*n = const ) cal point [9]) was solved. The free boundary conditions
Eq. (4) yields aR o« '/ law. The further improvements were applied on all drop interfaces whose motion is driven
(see [11] and references therein) of this model influencéy surface tension. At each time step the velocity of each
mainly the numerical factor in (1) which is not important mesh point on the interface contours was computed using
for the present considerations. a boundary integral approach [19]. When the new posi-
Hydrodynamic approaches-The origin of theR « ¢! tions of the interfaces were calculated, the procedure was
growth law, observed at high volume fraction where do-continued iteratively. The details of the solution will be
mains are interconnected, is much less clear. By means gfesented elsewhere [20]. We begin the simulation when
a dimensional analysis, Siggia [9] has shown that hydroeoalescence starts between two drops of gizg-ig. 2),
dynamics is needed to explain the kinetics. It assumed thiee., when the drops of the minority phase approach to
growth to be ruled by the Taylor instability of the long tube within a distance of coalescengewhich corresponds to
of fluid, which breaks into separate drops, and associateithe interface thickness of the drop [9]. We choose for the
the growth rate with the rate of the evolution of the un-simulationR = 10¢. We then place another drop at the
stable fluctuations. This idea has been developed by Salistanced, from the composite drop (defined as the ag-
Miguel, Grant, and Gunton in [12]. However, it was not gregate of two coalescing drops) and envelope these two
clear how this process was related to the growth. drops by a spherical shell to mimic the surrounding pat-
Another approach has been considered by Kawasakern of tightly packed drops. Thus the distance between
and Ohta [3] who used a model of coupled equations othe drops and the shell has been chosen él#so. The
hydrodynamics and diffusion. It was assumed that thesurface tensiorr is supposed to be the same for all the
growth is controlled by diffusion, and the hydrodynamic interfaces. Unfortunately, due to the prohibitively long
correction to this process was calculated. However, theomputing times, we could not simulate the process of co-
translational movement of the drops due to the pressuralescence of twaephericaldrops. Instead, we had to use
gradient was not taken into account. The motion of thea configuration with cylindrical symmetry with respect to
liguid was supposed to be induced by the concentratiothe axisX’ — X (see Fig. 2) which is expected to retain
gradient only. At the same time, it is well known that the the main features associated with the spherical shape. In
concentration variation does not enter the equations of hythe beginning of the simulation the composite drop looks
drodynamics of the liquid mixture in a first approximation more like a torus. The spherical shell approximation can
[13]. Moreover, it is evident that at high volume fraction be justified by the fact that the main effect of the assembly
the coalescence process induced by the translational mof surrounding drops (as well as of the spherical shell) is

tion of the drops becomes very important. to confine the motion of the neighboring drops—see [20]
Recently, several groups [14—18] performed large scale
direct numerical simulations by using different approaches X

to solve coupled equations of diffusion and hydrodynam- |
ics. Some recovered the linear growth law [15,17], while
others were not able to reach the late stages of separation
and measured the transient values of the growth exponent
(between 1/3 and 1). In spite of these efforts, the physi-
cal mechanism for the linear growth has not been clari- -
fied. To our knowledge, the simulations never showed d & ™ d
two asymptotical laws depending on the volume fraction: S N
The exponent is either larger than 1/3 when accounting gi k13
for hydrodynamics or 1/3 for pure diffusion. Thus the /Y WL N
precise threshold iy separating the! ands'/? regimes | B RO !
is not predicted either by any theory or by simulation. E v !
Simulation of coalescence-We show here that a! g :
growth can originate from a coalescence mechanism whose - R\;,.'
limiting process between two coalescences is not Brownian R\ A
diffusion but rather flows induced by previous coalescence.
We use the concept of “coalescence-induced coalescence” o .
as introduced by Tanaka [4] who, however, thought that in- | Coalescence
duction by the hydrodynamic flow was not relevant, having position

stated that Coalgscence takes place after the decay of tEFG 2. The positions of the drop surfaces at the beginning
flow. We consider here a coalescence process betwegfiiied line) and at the end (solid line) of the simulatiog. is

FWO_ drops and study nl_JmerianIy th_e generated flow anghe coalescence distancs, is the initial distance between the
its influence on the third neighboring drop. The fully drops, and’ — X is the axis of cylindrical symmetry.
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for an advanced discussion. A setup with only three drops 60 ' ' - i - L.
without either a shell or surrounding drops would not per- A

mit coalescence to occur even for the smallest interdrop sl ol |

distances. Though we cannot control quantitatively this
approximation, it is the simplest one which captures the
main features of the process. 40} .
A first important result from the simulation is that the
flow generated by the first coalescence is able to generate
a second coalescentetween the composite drop and the ©
neighboring drop (Fig. 2). This means that the lubrication
interaction with the surrounding drops (with the shell in o
our model) make the composite and the neighboring drops
attract (note that the second coalescedoes nottake I o
place between this neighboring drop and the shell). This 10} g o °®
leads to the formation of a new elongated droplet. When l Ly
the drops are close enough to each other the composite \ ~_
drop will have no time to relax to a spherical shape T o0z o3 oz o5 o5 o7 os
since a new coalescence takes place before relaxation. i /R
An interconnected pattern naturally follows. In contrast, 0
when the drops are far from each otfiels/R > 1), the  FiG. 3. The simulation data on the dependence of the reduced
second coalescence will never take place. The dropletsalescence timexr on dy/R. The vertical lines show the
take a spherical shape and the liquid motion stops. It igeometric and hydrodynamic coalescence limits.
also clear that 'TdQ/R < lg, which we call “geometric 5 the value o is not very sensitive to the particular
coalescgnce limit, goalescence necessarily occurs due Q) o arrangement. In the following, we adopt the me-
geometrical constraint. We fing ~ 0.484 [20,21]. dian valueb = 0.69.
The second important result is that the coalescence
also takes place foig < do/R < lg, where I is a
value which we call “hydrodynamic coalescence limit.”

Generalization of the hydrodynamic modelNow we
can generalize the above hydrodynamic mechanism for an
arbitrary shape of the drops. The self-similarity of the
Growth implies the following relation for the characteristic
sizes of the drops betweéth and(i + 1)th coalescences:
RU*D = BRW whereg is a universal shape factor, which
depends on¢ only. We can also rewrite Eq. (6) for

te = ank/o, (6) the time between the coalescences in the fatth=
wherea is a reduced coalescence time which depends oa(¢)nR" /o, wherea(s) is also the universal function.
do/R only (Fig. 3). The last expression conforms to the scaling assumption

The quantitydo/R is related to the volume fraction of \hich implies the independencef on the second length

the drops (minority phase): . scaley. Then, aftem coalescences,
. _ n—1
¢ = b[1 + dy/2R]". @) R = g"RO . Z 0

The constanb depends on the space arrangement of the ’ Far S
drops. The hydrodynamic interaction between them i
always repulsive due to the lubrication force. Thus they ©
tend to be as far from each other as possible. Moreover, R=R" +[(B — /al(o/n)t, (8)
experiment shows a liquidlike order for the drop positionswhere R is the initial size of the drop. Noting that
Such a correlation explains why the drops do not percolat@ = 2!/3 for the spheres an@ = 1 for the long tubes,
[1] when the volume fractiong reaches therandom we can takeB8 ~ 1.1 for the estimate. Sinca ~ 10 for
percolation limit(¢ = 0.15). ¢ = 0.5, as it follows from Fig. 3 and Eq. (7), we obtain

Since no quantitative information is available to deter-R ~ 0.010 /%, which compares well with the experiment
mine b, we calculate its upper and lower bounds. Ideally,[23], which gives 0.03 for the numerical factor.
we can assume that the drops are arranged into a regu-Competition between two mechanismd\Now using
lar lattice, with the vertices as far from each other asEq. (7) we can relatéy to a volume fractionpy. It is
possible. This is the face centered cubic lattice, wherelear that the described hydrodynamic mechanism works
b = /32 = 0.74 and which corresponds to the fully only when¢ > ¢y, while the Brownian coalescence takes
ordered structure. We can also consider as a lower bourlace in the whole range ¢f. Below we shall consider the
the random close packing arrangement for spheres of raegime for which¢ > ¢y in order to obtain the position
dius R + do/2. This corresponds to the absence of aof the boundary betweerl/?> and:' regions on the phase
short-range order [22] and implids = 0.64. We note diagram.
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between two coalescencés) becomes infinite. Since
there is only one length scal®) in the problemy. can
be written in the scaled form
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We consider an assembly of liquid drops imbedded in another immiscible liquid of similar viscosity.

It is shown that a coalescence between two drops induces another coalescence when the average
distance between the drops is less than a threshold value, resulting in a “chain reaction” of
coalescences. The threshold value is calculated using a “shell” model that is based on the boundary
integral approach. Another “many-drop” model is developed to test the shell approximation. We
show that, although the shell model is adequate, its results can be improved by lowering the shell
surface tension. €1997 American Institute of Physids$$1070-663(97)03511-3

I. GROWTH BY COALESCENCE Subsequent coalescences follow each other and the av-
erage radius of the drop pattern grows. This chain of coales-

A system formed of small droplets imbedded in a liquid ;ences never stops if the drop pattern is self-similar; the
is not stable. It tends to lower its total surface energy by dro%rowth law is linear

coalescence, which occurs while the drops collide during

their stochastic Brownian motion. The average radius of the  Ret. 2
drops grow. This model corresponds to a “diffusion- ) .
limited” growth because the time between two coalescencé! IS much faster than thdf) for the Brownian mechanism.
events is limited by diffusion of the drops. This model wasWe call this model “growth limited by hydrodynamics,”
first evoked in the pioneering article of Smoluchowseh ~ Pecause the rate of coalescence is determined by hydrody-
coagulation of colloidg(see also Ref. 2 and refs. thergin namics. The purpose of this work is to demonstrate that a

The average characteristic drop sRebeys the asymptotic coalescence, induced by another coalescence, is indeed pos-
sible and to analyze the process in detail.

growth law
The lubrication forces which prevent two interfaces from
3 approaching are very strong. This is why the interfaces of the
Rect™, oy composite drop and the drop D would never approach with-
out the effect of surrounding drops. In the presence of the
wheret is time. surrounding drops, the same lubrication forces act between

In contrast to this model, a purely deterministic coales-the drop D and the surrounding drops. Then the drop D can-
cence model is discussed here. Our consideration is based oat be displaced strongly by the flow generated by the relax-
the following idea. Let us first imagine all the drops to be ining composite drop and the interfaces of the two drops’ ap-
vacuum rather than inside another liquid, so as to be able tproach with time. We assume that when the surfaces of two
neglect any interactions between them. All the drops are quidrops approach each other to a distagicevhich we call the
escent except two coalescing drops which form a “compos-‘distance of coalescence,” a bridge between them forms
ite drop.” If the average distance between the drogss  immediately, i.e., coalescence begfns.
less than a threshold valuécoalescence limit"), the com- This retardation of the motion of the drops is due to the
posite drop will touch a neighboring drafidrop D”, Fig. lubrication force which is proportional to the relative veloc-
1). A second coalescence follows. The threshold value deity of the drops. The relative velocity of the drops distant
pends only on the shape of the drops and can be calculatdtbm the composite drop is proportional in turn to the veloc-
from mere geometrical arguments. ity gradient of the fluid. The considered effect should thus be

When the drops are imbedded in another liquid, the scestronger inside a finite container than in an infinite system
nario changes because of hydrodynamic interactions. The réecause the velocity reaches a zero vdh@undary condi-
laxing composite drop induces a flow, the direction of whichtion on the wall$ at a finite distance from the composite drop
is shown by the arrows in Fig. 1. This flow pushes the dropand the velocity gradient is larger. Hence, if we show that a
D away and hinders the second coalescence. The hydrodgoalescence induces another coalescence in the absence of
namic coalescence limit should thus be less than the vacuumalls, it will be all the more true for the case of a finite
coalescence limit. system. The case of an infinite number of liquid drops in

another liquid of infinite extent is thus considered below.
30n leave from Bogolyubov Institute for Theoretical Physics, National The volume fractions of the droplets(¢=volume of drops/

Academy of Sciences of Ukraine, 252143, Kiev, Ukraine. Electronic mail: total \_/Oll_Jme is, _ho_wever, ﬁnit_e an_d_ can be related dg.
vnikol@drfmc.ceng.cea.fr The liquids of similar large viscosities are supposed to be
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9.6 Coalescence limited by hydrodynamics 139

O whereA denotes a difference across the su[fémﬁer minus

O . innen, n is an outward normal t@M, and f is the force
composite drop

density that the fluid exerts on the interface. The force direc-
tion is opposite to Laplace’s force,
f=oR(V-A). (7)
The position of the interface as defined by the vegtaan
be derived by the kinematic condition
dy
a =0U
The motion of the fluid is assumed to be due only to the

surface tension of the interfagaM. It is then quiescent far
FIG. 1. Sketch of the drop pattern undergoing coalescence. from the interface:

(¥), yedM. 8

v—0 as |X|—e. 9
immiscible, and diffusion is neglected. A good example Ofsolvzzeexh);ﬁi:rigg};r}ﬁmz i%t[ce)blr:lrr(fi)r:é?) and (9) can be
this situation can be found in the late stages of phase sepa- P 9
ration of complex fluids and that of simple liquidsee Ref. - o

5 and refs. therein Another example is the coagulation pro- v(X)=— ﬁ? ((N)J(x—y)-f(y) ds, (10)
cess of colloids.
A mathematical formulation for the problem is given in where
Sec. Il. A “shell” model for coalescences is developed in - T XX
Secs. Il and IV to calculate the hydrodynamic coalescence J(X)= WJF Bk (11)

limit. The model is solved numerically and its results are o
discussed in Sec. V. We show how one coalescence inducéssthe Oseen tensor. In the case of the cylindrical symmetry
another coalescence. In Sec. VI another simple “many.Of the interfacedM one can perform an angular integration
drop” model is developed. It cannot describe the secondn (10):

coalescence, nevertheless the validity of the shell model can 1

be teste_d by com_paring the results from the two models. vr(r,z)zﬁ JL dly [By(r,z,ry,z)f(ry,zy)
Conclusions are given in Sec. VII. L)

+B,(r,z,ry,z,)f(ry,2,)], (12

1
Il. HYDRODYNAMIC FORMULATION vl D)= g f(L)dly [B,(r.zry,2)f(ry.2)

We C_c>n§ider drop§ of a quL_Jid phadé* sepgrated from +B, 121y, 2) 41y, 2,)].
another liquid phas# ~ by the interfacegM, with surface
tensiono. Both fluids are supposed to be incompressible andiereL is the curve whose rotation around thexis gener-
Newtonian and to have the same large shear viscagity ates the drop interfacegM. The expressions for the nondi-
These assumptions are well justified in the vicinity of a criti- Mensional quantitie8;; , i,j=r,z, are presentéd"*in Ap-
cal point of a liquid mixture. Then the problem can be Pendix A. Each point ofL can be specified in the-z
treated in the creeping flow approximation. The hydrody-coordinate systemr&0), whose axes are shown in Fig. 2.
namic equations can be written for every poininsideM*  The quantitied, andf, are the projections of the vectbl(7)

orM™ as on the axes. As one can see, the surface integrélGnis
- now replaced by a line integral.
V-T=0, ) The set of equation&) and(12) allows the time evolu-

4) tion of the interface positions to be calculated for the given
. initial conditions for liquid velocity and interface positions.
wherev is a fluid velocity andT is a hydrodynamic stress They are defined in the next section.

tensor:

V.0=0,

g - - IIl. SHELL MODEL
T=—pl+29[Vv]?

] o - We aim to analyze the retardation of the motion of the
where the superscrifg denotes symmetrization ands the drop D by the surrounding drops. As was explained in Sec. I,

unit tensor. The free boundary conditions should be specifieg,o retardation is effective when one can find a dttay

for xe oM: from the composite dropwith zerovelocity at any moment
Av=0, 5 of time. Since the hydrodynamic forces decay very slowly
. . [cf. Eqg. (11)] and the interdrop distance should be small to
A(T-n)=f, (6) observe the effect, we need to simulate a very large number
3228 Phys. Fluids, Vol. 9, No. 11, November 1997 V. S. Nikolayev and D. A. Beysens
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. r the hole” than a dumbbell of two spheres. Such a configu-

Composite 'T* ration is expected to retain the main features of the real

drgp physical system since the real pattern is a complicated figure
of interconnected interfaces where the drops do not resemble
spherical objects at all At the very least our model system
should serve to demonstrate the physical ideas presented
here.

Hence, we can us€l2) with the integration contoukt

which consists of three unconnected parts that correspond to
the half contours of the drops in Fig. 2.

IV. NUMERICAL SCHEME

Even the simplified axisymmetric version of the problem
Shell remains nonlinear due to the free boundaries. Hence, a nu-

FIG. 2. Positions of the drop surfaces at the beginning of the simulation!”m:“ncaI method of solution is needed. The algonmmlth

Herey is the coalescence distance ahgs the initial distance between the the following_r_ni_nor changes is used. It is possible to avoid
drops. the rather artificial correction of the normal component of the

interface velocity’ by increasing the number of divisions of
o . o the integration contour. We checked that 400 mesh points on
of drops, which is impossible because of prohibitively 1o0ngihe contour of the composite dr@poo0 for all three parts of
computer times. An alternativg way to demonstrate the effece contouy are enough to ensure that the increase of the
with a small number of drops is to surround them Iyt@sed  rop volumes during the whole evolution does not exceed a
shell which is a mean-field-like imitation of the influence of ¢, percent. The parametric integration with the trapezoidal

all other drops. _ _ rule is used in(12). When |dr/dz is smaller than 5, the
The chosen initial arrangement of the interfaces is showRy5riaplez is chosen as an integration parameter, it isth-

in Fig. 2. The composite drop is an aggregate of drops thalise. The algorithm is not very stable, and it is necessary
have just approached within the distange We consider 1 maintain the distances between the mesh points approxi-
another drop of radiuR (drop D) at the distancel, fromthe 5161y equal during the evolution. For this purpose a new
composite drop. These two drops are enveloped by thgoint js added between two pointlsy using the three-point
spherical shell with the same surface tensioas the drops  jnterpolation rulg if the distance between two points exceeds
(the validity of this approximation is discussed in Sec. VI B yyice the average distance. Similarly, if the distance between

We suppose that just before coalescence takes place, the Mgz, points becomes less than half the average distance, one
tion of the fluid is much weaker than after the coalescencey,int is eliminated.

(the justification of this assumption is givenposterioriin
Sec. ). Thus the initial flu!d velocity can then bg taken to be V. SIMULATION RESULTS
zero everywhere. A flow in our model system is created by
the composite drop which relaxes due to its surface tension A priori, there are two different asymptotic regimes de-
and we are interested in obtaining the timebetween two pending on the choice af,. The first corresponds to large
coalescences as a function @y. values ofd, when the drops relax to their spherical equilib-
We have arbitrarily chosegy=R/10 in the simulation. rium shape without further coalescence. This regime takes
We think that the precise definition of this distance is notplace when reduced initial interdrop distartz? R exceeds a
relevant to the present hydrodynamic problem provided thahydrodynamic coalescence limit,. As discussed in Sec. |,
IR remains small. The value fa¥ can influence the timg, L, is smaller than the coalescence limit in vacultn. For
between two coalescences in two ways. On one hand, the chosen geometry of the two droee Appendix BLy,
smaller value fory increases the curvature of the composite=0.99.
drop, which then relaxes faster, thus decreasingOn the The second regime appears whag/R is less than a
other hand, the surfaces will spend more time approaching tégeometric coalescence limit'Lg. Whend, is very small,
within a smaller distance, which increases.. One sees, at further coalescence becomes mandatory simply because the
least qualitatively, that, can be independent af. In addi- initial shell radiusR, (which depends od,, see Fig. 2is so
tion, if one considers the particular case of phase separatissmall that there is not enough room to contain two drops of
near a critical point, scaling implies that there is only onespherical shape. It is shown in Appendix B by purely geo-
lengthscale R) on which all the variables depend, including metrical argument that in our catg=0.48.
t.. Hence, the latter must be independenft i. A question arises whether the actual value Lgf is
The setup of three spherical droplets which are arrangetirger thanLg. It is also interesting to know whether the
as shown in Fig. 2 has a lowmirror) symmetry and this new coalescence takes place between two neighboring drops
arrangement requires a fairly long simulation time. This isor between a drop and the shell. The simulation gives an-
why we chose instead, for the actual simulation, the setup cdwers to these questions.
Fig. 2, but with a cylindrical symmetry with respect to the We present the time evolution of the system of drops in
axis. Then the composite drop is more like “a torus withoutFig. 3. Independently o, the new coalescence takes place
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d FIG. 5. Dependence of the time lag between two subsequent coalestences
s

on dy/R, 7=7yR/o. The vertical lines show the geometric and hydrody-

namic coalescence limits and the coalescence limit in vacuum.
FIG. 3. Time evolution of the positions of the drop surfaces dgrR

=0.65. The second coalescence takes place=at=13.34r, 7= 7yR/o.
The distances between two dragysand between the drop D and the skl
are shown for the cade= 7.

interaction with the shellsurrounding dropsslows down

. . . the drop D sufficiently to produce the second coalescence
between the composite drop and the neighboring dramD . and the geometrical constraint b§ (which is an artifact of

not between drop D and the shell. This is shown clearly Ny e shell modélis irrelevant
Fig. 4 where the distance between the composite and D drops The time evolution of tr.1e slope of the curves in Fig. 4

(dq) and the distance between drop D and the sl&j are reflects the time evolution of the fluid velocity in the whole

depicted versus time. space. Being initially zerdsee Sec. l)), it rapidly achieves

The result of several coalescences will therefore producet .
i : ) . its maximum value and then slowly decreases to the value
a large drop of a complicated shape. This explains the “tube-

i . . X) at the moment of the new coalescenc . Sin
like” interconnected morphology of the growing phasesUC() e moment of the new coalescencé=at, . Since

L . . a chain of subsequent coalescences is considergd)
which is currently observed in the experimefitghe most should be adopted as the initial condition for the fluid veloc-

important result of the simulation is the dependence of the

time lag between two subsequent coalescencaf dg /R ity at the beginning of the next coalescence. We consider it
(Fig. 5. t, goes to infinity for a valuedy/R=L 4—0.769 to be zero. This assumption is justified whiyTR is close to

> : L Ly, which is the most interesting case. Indeed, from the
which is larger thanLg. This means that the lubrication definition of Ly, vo(X)—0 whendo/R— L, (Fig. 4.

It should be noted that the symmetric position of drop D
0.8 —— in the chosen geometry can be unstable, and any fluctuation
may lead to its sidewise shift. However, Fig. 3 shows that the
change indy will depend only slightly on this shift. Thus the
specific geometry of our simulation should not influenge
strongly.

Experiment$ have shown that, under the conditions of
an interconnected droplet pattern, coalescence proceeds
through the formation of a rim, or dimple. However, in the
simulation, no dimple can be observed. Only a flatteriseg
Fig. 3 can be seen. This discrepancy can be understood if
one considers the theoretical resdftsThey show that a
dimple does not form during the coalescence of two drops
when the Reynolds number is less than 1, as it is in our case.

d/R

VI. VALIDITY OF THE SHELL APPROXIMATION

FIG. 4. Time evolution of the distancelg andd, for the different values of

do/R. The distance at which the second coalescence occurs is shown as a It is important to know whether the influence a large

horizontal dashed line. Coalescence titpés shown ford,/R=0.75. Here  number of surrounding drops can be modeled by the shell
dq grows in the beginning slightly because it is defined amiaimumdis- approximation as introduced in Sec. Ill. In this section we

tance between the drop surfaces. There is no growth in the dependence 0 . .

the distance between the closest points of the two drops on the axis ditroduce another model and compare its results with that of

revolution. the shell model.
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bedded in the gradient flow. For the relaxing oblate spheroid
the maximum gradient is induced in the direction of its rota-
tion axis (z axis,r=0) and one can substitute inf®1) a
value forg derived from the expressioiC1)

v, o G(&)R?

=" =-Z (14
IZ| _, n 2p

(shell) (shell) whereG is given in(C2) as function of the eccentricity of

FIG. 6. Initial (equidistank positions of the drops in the many-drop model. the drop(see Appendlx C Sinceg<0, the drops approach
The distance, is shown forn=1. each Othe_r' o L )
The simplification(4) above can be justified if

|Ag/g|<1, (15)
A. Many-drop model

where|Ag| is a variation ofg on the lengthscal& R and

Since it is impossible to solve explicitly the problem of Ag=R do/do. Thus(15) vields th ditiory>3R which
the relaxation of a composite drop surrounded by infinite 9 gdp. Thus(15) yields the conditiorp whie

L : is compatible with the conditiofiL3) for the validity of the
number of drops, several simplifications are made which W8 ow calculations in Appendix C. The surrounding drops
think retain the essence of the problem:

move due to the flow gradierg, which tends to zero as
(1) The composite drop remains an oblate spheroid during—. Hence, we can find a drofmumberedN) whose ab-
most of the relaxation time. Its eccentricity is allowed to solute velocityv™) is zero. Then

change.
(N=1)—\/(N-1) (N=2) —\/(N=2) 4 \/(N-1)
(2) The environment does not influence the relaxation of the Y v U v +V o
composite drop, i.e., the latter moves as if it were alone. N-1
(3) All the drops, except the composite drop and drop D, 2= E v, (16)
n=2

remain spherical during the evolution. Figure 3 shows
that even drop D deforms just slightly during the evolu-

; ) . whereV(™ is the relative velocity of the drop with respect
tion, which suggests that more distant drops should n y P P

% the drop 0+1) [cf. Egs.(D1) and(14)]:

deform.
(4) The spherical drops move because of the flow imposed T G(g)R?
by the relaxing composite drop. The distance between Vv = 208 (M) FLR/(n)]. 17
n

two neighboring drops changes because of the spatial
gradient of this flow. We suppose that each pair ofHere the functionF is given by the expression®2) and
spherical drops moves as if it were alone in a flow with (D3), p, is a coordinate of thath pair of the drops

a constant velocity gradient. The value of this gradient at

n-1

the point where the pair is situated is calculated from the 1 .

; - X == +
solution for the creeping flow created by the composite Pn=3 (n) 20 (), (18)
drop. At the same time we keep in mind that in reality, ) ]
the velocity gradient vanishes at infinity. andl(n) is .the' distance betwee'n téh and i+ 1)'th drops.

(5) Since the gradient is strongest along the axis of revoluAt the beginning of the relaxatior(n) =1, (see Fig. 6.

tion of the composite drop, we considamly those drops Although the functiori(n) is not knowna priori, some

whose centers are on this axis. At the beginning of tha'seful information can be obtained, which turns out to be
relaxation the distanch, between their centers is sup- Sufficient to calculate the upper and lower boundsut?.
posed to be equal to the average interdrop distancéhe distributionl(n) changes with time. Since the flow is

which is related to the drop volume fractiah stronger near the composite drogs an increasing function

of n during the relaxation:
The drops are numbered consecutively, the drorl

—1 because of symmetrycorresponds to the drop ee l(D)=<I(n)=I()=limI(i). (19

Fig. 6). The position of the right edge of the shell in Figs. 2 =

and 3 corresponds to the position of the left edge of drop 2 igecause the flow gradient is always zero at infinitee)

Fig. 6. The aim of this subsection is to find the veloaiy)  goes not change with time:

of drop 2, in order to compare it with the velocity of the right

edge of the shell. [(o)=lp. (20
The velocity field created by the relaxation of the com-

. 2 . . .
posite drop is calculated in Appendix C for the case Since R/1)“F(R/1) is a decreasing function dffor the most

important intervall >2.2R (cf. Appendix D, (19) and (20)
p>R, (13)  imply the inequality

where p is the distance from the center of the composite (<, @ %)
: . 1=v(H)<vy”, (21
drop. The result$ are usedsee Appendix Dto determine
the relative velocity of the spherical drops in each pair im-where
Phys. Fluids, Vol. 9, No. 11, November 1997 V. S. Nikolayev and D. A. Beysens 3231
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2 o G(e)R*> (R 0.02 . . . T .

v{?=0.0591— ——5— F| —|, (22) | . ]

7 g I i | ]

! ]

@0 5017 SR F{ R (23 0.01 I 3

v,~/=0. ——— F|—|. 01 | .

! 7 121 " [1(1) | ]

These expressions can be obtafffedy using (16) with o f v® 'n ]
N—oo, (17) and(18), and the standard formula 0 |

[ " | ]

| J

> (2n+1)"3=1.05180. i " 1

n=0 l\. n :

It appears thab(? andv(? are functions of time because -0.01 | T : :

andl(1) also depend on time. £>37 1 f<3T ]

0.2 0.3 0.4 0.5 0.6 0.7

B. Comparison between the shell and the many-drop
models

. . . FIG. 7. Comparison of the dependenciessgfandv® on composite drop
The shell model gives a number of very interesting re_eccentricitys for do=0.7R which implies rs~37. A region in which the

sults. However, a justification of the shell approximation iSshell model gives the correct values for the drop velocities is shaded. In the
needed. We cannot compare directly the valuek,pfn the  shell model simulation, the composite drop reaches=ar the value of
shell model with that in the many-drop model because th@ccer]t_ricity Which corr_esponds to the boundary between two regions. The
latter cannot give a dynamic picture of coalescence, fronye/ociies are in the units/,
which Ly is obtained. However, it is possible to make an
indirect check of the shell model correctness by comparing
the velocity of drop 2 and that of the right edge of the shelichanges to negative, i.e., the shell begins to move back-
(cf. Figs. 2 and & These velocities should correspond to wards. This is unphysical from the point of view of a many-
each other in the two models. We shall demonstrate here thgfop system. This artifact is due to the nature of the shell: in
the shell approximation yields a reasonable result and howhe beginning of the evolution the shell first undergoes a
the shell model can be improved. prolate deformation and then relaxes because of its finite

First, one needs to associate the variables of both modsurface tensiorisee Fig. 3. The negative value af s corre-
els. Itis easy to establish the relatioisee Figs. 2, 3, and)6  sponds to the relaxation.

This artifact can be suppressed by imposing to the shell

1(1)=ds+2R andlp=do+2R. @4 5 larger relaxation time, e.g., by lowering its surface tension
The upper(23) and lower(22) bounds calculated with the os. Since the relaxation time of the shell is given by the
substitution(24) from the simulation results appear to be formula 7s= 7Rs/og, whereRs is the shell radius, the in-
very close to each othgwithin several perceitand thus equality
their average can be used hereafterd&?(t). t<

: ) . . Ts (25

We aim to compare ?) with the velocity of the right
edge of the shell in Figs. 2 and 3. Because of the symmetr§h0u|d yield the time interval where the shell behaves cor-
of the setup in Fig. 6, the velocity of the composite droprectly. Figure 7 shows that it is really so. The inequall$)
center is equal to zero in contrast to the shell model. Hencetan be rewritten to give the value of; which insures the
v® should be compared to thelative velocity v of the  correct behavior of the shell:
right edge of the shell with respect to the composite drop oo R
center. —<<=—,

The simulation shows that the composite drop becomes o Rt
convex shortly after the beginning of its evolutiGeee Fig. wherer= yR/o is the characteristic time of the drop relax-
3). Then the drop has a degree of asymmetry two orderation. The minimum value oR; [defined by(B1)] and the
smaller than its oblate deformation, as can be calculated easraximum evolution timet under consideration should be
ily from the simulation data. This justifies the simplification substituted intq26). For the given geometry one can choose
(1) above in the many-drop model and allows the center ofrs= /10 in future simulations. This increases only slightly
the composite drop and its eccentricityto be determined the coalescence timg,; the correction is small, as in the
from the shell model simulation. present simulation the shell deforms only slightbee Fig.

The dependence of® anduvg on ¢ is shown in Fig. 7. 3). As a matter of fact, the new value for, will make L,
Smaller values ot correspond to the later stages of evolu- somewhat smaller. In other words, the corresponding value
tion. The start of the relaxation of the composite drop, wherof drop volume fractiong. will be larger than that obtained
it is not convex and cannot be approximated by a spheroid, ifom the present simulatidri=0.26). It will thus be closer to
not shown in Fig. 7. the experimental valdg~0.3).

The comparison of ) andv evolutions shows that the It should be noted that the drawing together of the com-
two independent models give similar valuesat0.6. How-  posite drop and drop D is not an artifact due to the backward
ever, at smalle (late stages of evolutignthe sign ofv, ~ motion of the shell. The comparison between the Figs. 4 and

(26)
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7 shows that the drops approach each other even before the B, = —2kr‘1’2r)1,/2{F+(z—zy)Z]E/riy},

beginning of the backward motion of the shell. U 2 212 2
The considerations of Sec. VI A can be repeated for ether‘z3 k=2(rr¥) 1(r+1y)?+(z-2)% and ri,=(r
—ry)°+(z—z)*. HereF andE are the complete elliptical

ery direction of space: only the value gf will vary. For | i - ,

instance, it is easy to check that the drop closest to the coni0tégrals of the first and second kind with modulus
posite drop in the direction (see Fig. 2 will approach it

slightly, akin to the shell during the first stage of the shell

deformation(while v¢>0) (see Fig. 3. The motion of the APPENDIX B: GEOMETRIC COALESCENCE LIMIT

other nearest neighbors will also conform to the motion ofAND COALESCENCE LIMIT IN VACUUM

the corresponding parts of the shell. For the case of the shell model, there is a geometrical
We note here that the shell VelOCity does not inﬂuenCQ:riterion for the second Coa]escenc%:/R< LG! WhereLG

directly the value ofLy . Thus the poor agreement of the js calculated below. For the real case of the many-drop sys-

SpeCIfIC values of the velocities in Flg 7 at smaltannot tem there is no geometrica] constraint loé because the

changel; by any significant amount. closed shell is absent.
The shell radiusz; is defined by
VIl. CONCLUSIONS Ry=R+do+2(R+do/2)%/[4(R+ dy/2)?
Two approaches to the hydrodynamically controlled coa- — (R+ ¢l2)2]Y2 (B1)

lescence have been developed. The fitke shell modgl

allows a detailed hydrodynamic description of a coalescencaccording to Fig. 2. If there is enough room inside the shell,
induced by a previous coalescence. This induction is possiblé€ composite drop eventually becomes spherical with the
when the average distance between the drops exceeds a crl@diusR.. HereR; can be determined from the value of the
cal value. This value has been calculated for a chosen georfatal volume of the composite drog. which is conserved
etry. A physical analysfsshows that the model can explain during the evolution:

some unusual experimental facts, e.g., a linear growth law of  p — (3v /4713 (B2)

the average size of drof8) and an interconnected morphol- . o

ogy of the drop pattern. At the same time, the model requireén turn, V. can be calculated with sufficient accuracy as the
making serious simplifications: the influence of the surroundSum of the volume of the torus and the small cylinder at its
ing drops is accounted for by the introduction of a sphericafenter of diameter.

surface(shel) which encloses the coalescing drops. The sec- v =272R3(R+ y/2) + 7 y)°/2. (B3)

ond model, the many-drop model, is developed to examine

the validity of this approximation. Although it does not give
information on the motion of the coalescing drops them
selves, it describes the motion of the surrounding drops. The R{=R.+R+3y/2, (B4)
detailed comparison of the two models shows that the shell

approximation is appropriate for the description of the pro—the drops cannot avoid a point contact either between them-

cess of chain coalescences, both models giving similar res_elves or with the shell in their evolution to the equilibrium
1 B r .
sults in the beginning of the evolution. A shell interface ten-SPherical shape. The value BE/R can be determined ex-

sion smaller than that for the drops can be chosen to improvalicitly from Egs. (B2)—(B4) for given ¢/R. Then one can

the shell model description at the later stages of the evolufind the corresponding value afp/R (i.e., the geometric

coalescence limit g itself) by solving (B1). For R/¢=10

The geometric coalescence limit can be determined from
_the following condition. IfRg is smaller than

tion. ;
one findsLs~0.48.
The coalescence limit in vacuuin, defined in Sec. |
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For the chosen value af it givesL,,~0.99.

APPENDIX C: VELOCITY FIELD FAR FROM THE

APPENDIX A: THE EXPLICIT FORM OF THE SPHEROIDAL DROP

COMPONENTS OF B

) o First, it is necessary to reduce the expressionsBigr
The arguments oB;; are omitted for simplicity: (see Appendix Afor the casm>py=(r§+z§)l’2,

B =kr 32 VA —[r2+r2+2(z-2)|F +[2(z—2)* =t 2o 5(222—12),

B, =kr ¥4z~ 2){F+[r?— 17— (z2—2,)?]E/r},

B
20024 2 2_ .22 2
+3(2=z)(ro+r)) +(ro=ry)JE/r b B,ZZ27Tr|’yp_5[—Zp2—Zy(222—I’Z)],
B,,=wzrip 3222 —r?),
B

By=kr o Mz 2 (P~ [r2 =1y (2= 2)) "B/}, 2= 2w yp [ p*(2+ p?) ~ 22,227~ 17)],
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wherep=(r?+z%)¥?is the distance from the reference point wherel is the distance between the drop centers Brid a
(center of the spherojdOne needs to calcula®;; within  function of =R/I. For equal fluid viscosities inside and
the aCCUI‘aC)O[(py/p)Z], because the first approximation outside the drops, the asymptotic form ferin the limit of
gives zero for velocities when the integration patiif) is  large distance is

symmetric(f, and thus the integrands are odd with respect to

: 7 8 49
z,). In this case Fla)=1-3 a®+ = a®— " a®+0(a’). (D2)
Pr (22%-r?) Pz (22°—r?) (C)  Forl th totic limit i
U= Z°—r9), v,= z°—r”), or largea the asymptotic limit is
"= 87p° 2= 8pp° g ymp
where ! =0.69 Wz 512 2 In §+0.559 +0(1), (D3
W_ . 1_6 § n o+0. +0o(1), (D3
sz dly (r§f,—2ryzyfz). where §=1/a—2. These expressions well describe the func-
(L ) tion F, (D2) being applied forl/R>2.2 and(D3) applied
For the spheroid?/a®+ z?/b?=1 andf from Eq.(7) the  otherwise.
integration yields A positive value ofV, in (D1) corresponds to separating
B b20[3+82 | 1—s . 3 g2 g:ggz whereas a negative value corresponds to approaching
T €| 2 N1vs) " 1=62) .

wheree=(a?>—b?)Y¥a is the eccentricity of the spheroid. 1. von Smoluchonski. “Versuch e ematichen Theorie dar k
; ; i ; ; . von Smoluchowski, “Versuch einer matematishen Theorie dar koagu-
The oblate spheroid can be identified with the composite lationskinetik kollider Lsungen,” Z. Phys. Chem(Munich) 92, 129

drop from Fig. 2 by equalizing their volumésf. Eq. (B3)]: (1917).

2H. Hayakawa, “Fluctuation effects in coagulation processes,” Physica A

4 a2 2m?RE 175 383 (1991,
3 ! 3V. S. Nikolayev, D. Beysens, and P. Guenoun, “New hydrodynamic
mechanism for drop coarsening,” Phys. Rev. L&8&, 3144(1996.
After elimination ofb, P takes the form 4y can be defined as an effective range for attractive fofeas, van der

Waal9 which overcome the lubrication forces and, hence, make coales-
cence possible.

P=R20G(e),
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13w 2 3+e 1-¢ 3—¢ weak concentration gradient,” Phys. Rev. L&8, 3088(1992.
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Because Ref. 14 is written in Russian, we present hereboth articles. The correct formulas are presented in Ref. 11.
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relative velocity of the drops is directed along the same axisl,eThere is a small error in the estimation @) stemming from the differ-
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V,=glF, (D1) present consideration.
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Abstract

We study both theoretically and experimentally the transmission of coherent light by a drop pattern (dew). The theory is
based on the Kirchhoff scalar approach to diffraction. The polarization of the diffracted wave in the zero diffraction order is
analyzed separately. The intensity in the zero diffraction order in the far zone is an oscillatory function of the drop size.
These oscillations are observed with a pattern of water drops growing on glass. The model allows for the evolution of the
important parameters of the drop pattern (average radius and surface coverage) to be obtained from the light intensity in the
zero diffraction order. © 1998 Elsevier Science B.V. All rights reserved.

1. Introduction

Depending on the wettability of the surface on which
vapor condenses, dew forms a transparent film or a diffuse
assembly of droplets. The knowledge of the properties of
dew, ‘‘breath figures’ or, generally speaking, dropwise
condensation, opens a vast field of applications ranging
from high-technology processes of film growth [1] to soil
desinfection in agronomy [2], sterilization in pharmacology
[3] and water recovery in dew condensers [4]. The optical
properties of dew have received considerable attention
from the scientists who studied the natural physical effects
(see, e.g. Refs. [5,6]) and from those who are interested in
industrial applications [7,8].

The morphology and kinetics of dew formation were
investigated extensively both theoretically and experimen-
tally (see eg. Refs. [9,10] and references therein). Its
growth can be characterized by several physical values, the
most important of which are the mean radius {a) of the
drops and the surface coverage «2, which is the fraction of

! Present address: Department of Physics, University of New
Orleans, New Orleans, LA 70148, USA. E-mail: vnikol @uno.edu

surface area covered by the projections of the drops on the
surface.

Two regimes of growth can be identified. At the begin-
ning of the condensation process the drops grow indepen-
dently, (a) follows a power law {a) ~ t*°, where t is the
elapsed time, and the surface coverage increases. When the
temperature of the substrate is kept constant, o= 3.
When the drop radius becomes large enough, coalescences
between drops occur and the exponent changes to another
value u = 3u,. The growth is then self-similar and the
surface coverage reaches a saturation value &2 as well as
all the statistical characteristics of the drop pattern, except
{a). When the surface is ideally smooth and clean &2 =
0.55 independently of the wetting properties (characterized
by the contact angle ¢, see Fig. 1). For a nonideal surface,
the pinning of the contact lines by the surface hetero-
geneities leads to a hysteresis of the contact angle, i.e. to a
significant difference between the advancing and receding
contact angles. The shape of the drop is no more a
spherical cap. In this case £? becomes dependent on the
hysteresis, and since the hysteresis effects are stronger for
small contact angles [11], £2 becomes higher as ¢ is
smaller. This dependence will be used in Section 3 to
determine the contact angle. In the analysis below, the
drops are considered to be spherical caps and the influence
of gravity, which is important only when the drop reaches

0030-4018,/98,/$19.00 © 1998 Elsevier Science B.V. All rights reserved.

PIl S0030-4018(98)00051-0
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o k ok, [12]. While the component of the field which lies in the
ey efeediod pay plane of incidence is transformed according to

}l

transparent
substrate

e e

direction of
~incident ray

Fig. 1. Geometry of adrop. See text for explanation.

a size of =2 mm (the water capillary length), is ne-
glected.

2. Theoretical description

Despite its importance, the optical properties of a dew
pattern have up to now been investigated to our knowledge
by geometrical optics only [2,6]. Indeed, the light scatter-
ing by a random set of nearly hemispherical drops with
different size is quite difficult to describe. Here we give a
solution in a particular, but important, case: we calculate
the intensity of the zero order of the far zone diffraction,
i.e. the transmission of a coherent light through the dew
pattern.

2.1. Optical properties of a single drop

Let a monochromatic linearly polarized plane wave
with amplitude E*® travel through a transparent substrate
and then fall normally on the interface between the trans-
parent substrate and a water drop (see Fig. 1). The wave is
partially reflected, and the amplitude of the wave just after
the plane substrate—water interface is [12] 2n,E®/(n,, +
ny), where n, and n,, are the refractive indices of the
substrate and water respectively. Passing through water,
the wave gains a phase shift. Thus the complex amplitude
of the wave just before the water—air interface is

Ei=an/(nw+ns)ESeXp(ik0nwl)v D
where k, = 27/, A being the wavelength in vacuum, and

| = VR?—r2 — Rcosé, 3]

is the geometrical path of the ray inside the water drop.
Here r is the distance of the ray from the center of the
drop (Fig. 1), R is the radius of curvature of the drop and
¢ is the contact angle. Then the ray is refracted and its
polarization changes according to the Fresnel formulae

2sinBcosa 3
sin(a+ B)cos(a—B) "’ ®

the component which lies in the perpendicular plane is

Ej=Ejt, with ;=

2sinBcosa
sn(a+ B) '
where « and B are the angles of incidence and refraction

respectively (see Fig. 1). These angles are related through
the Descartes-Snellius law

EL=E t,, witht, =

(4

n,Sina=n,sing, (5)

where n, is the refractive index of air and « is defined
directly by r:

sna=r/R. (8)

We consider a polar coordinate system in a plane
parallel to the substrate, see Fig. 2. It is chosen in such a
way that its reference point coincides with the drop center
O and the reference direction (called the &axis below) is
the direction of polarization of the incident wave. Then for
an arbitrary point with coordinates (r, )

Ej=E'cosyy, E' =E'siny. @)

Using the £On Cartesian coordinate system (Fig. 2), it is
easy to check with the help of Egs. (3), (4) and (7) that

Ef=E'(t,cos? +1t, sin¥), (8)
Ey=E'(t, —t,)singcosy. 9

Waves of different polarization do not interfere and can
be anayzed separately. The m-components of the
waves, emitted by two mirror symmetrical points (r,)
and (r,— ) of the drop surface satisfy the following
relation

E(r.y)+E(r,—y)=0. (10)

Because the drop is a spherical cap and the incidence is
normal, the angles « and B as defined by Egs. (5) and (6)
are independent of the y-coordinate of the incident ray
(Fig. 2). Thus t; and t, as defined in (3) and (4) are

transparent
substrate n

Fig. 2. Top view of the drop in Fig. 1 with £On Cartesian and
rO¢ polar coordinate systems.
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independent of ¢ too. Then (10) follows from (9). There-
fore, as far as only the zero order of diffraction is con-
cerned, the m-polarized components of the waves which
come from two these points annihilate each other. Since
this argument is applicable to every two symmetrical
points, the n-polarized components of the waves yield no
contribution. Therefore, the wave in the zero order of
diffraction (unlike any other point in the image plane) is
polarized in the &-direction, i.e. in the direction of polar-
ization of the incident wave. This alows the index ¢ to be
omitted hereafter and the scalar wave theory for the &
component to be applied. The key parameter of this theory
[12] is the complex transparency of the drop which we
introduce now.

The visible radius of the drop a can be related to its
curvature radius R through the contact angle ¢ (see Fig.
1:

_a ([sing, ifp<m/2,
=R {1, otherwise. (1

We neglect the contribution of the rays which are
multiply reflected or refracted before leaving the drop.
Each reflection or refraction decreases strongly the ampli-
tude of the corresponding fields according to the Fresnel
formulae, the angles of reflection or refraction being there
large. An additional attenuation is due to the light absorp-
tion by water. Another reason for amplitude decrease is the
angle factor K, which is small for the large angles of
refraction (see below).

When the angle of incidence at the surface of the drop
a (see Fig. 1) is larger than ay,, which is defined by the
relation

Sinacr = yE na/nW’

full internal reflection occurs. Therefore, two regions can
be defined in a drop: an inner transparent region of radius
a <a and an outer annular ‘‘black’’ region. The ratio
x=4d/R is easy to determine by using Fig. 1 after
straightforward geometrical arguments:

v, if o <p<7m— ay,

X= {sind>, otherwise. (12)

The contribution of the rays which have to cross an air
layer before entering the drop when ¢ > /2 is neglected
in accordance with our ‘‘single-refraction’”” assumption.

The complex transparency of the drop with visible
radius a can be written as

Mc(lp)eiko(nwfna)lfm ifo<r<d,
Ta(l') = na( Ny + ns)
, if d <r<a,
1, ifr>a,
(13)

where u is the coefficient of light absorption. It is negligi-
ble for visible light and we put w =0 in the following.
The function C(¢) is given by

C(y) =t,cosy+t, sinFy. (14)

Eq. (13) follows from (8) after substitution of (1) and
division by the amplitude of the wave unperturbed by the
presence of the drop.

2.2. Diffraction by a single drop.

Kirchhoff’s formula [12], reduced for the diffraction in
the far zone, gives the following expression for the ampli-
tude depending on the direction to the point of observation
k:

E(K) = [ [r(r)Kexp[ —inyr - (ko +k)]dr,  (15)

where 7, is the complex transparency of the object and K
is the angle factor given by

1
K=—(ky+k)-n. 16
2 (Kot ) (16)

The integration in (15) is performed over the reference
plane paralléel to the substrate, n is a unit norma to it (Fig.
1), k, is anormal vector to the wave front which falls on
the reference plane, |kl = k| = k,. Expression (15) holds
just for the small scattering angles, i.e. for k close to kyn
(in the case considered here k = k,n exactly). Thus (16)
reads

Kk
K=%(k—o-n+1
0

For the diffraction by the drop (see Fig. 1) this expression
reduces to

K= Z[cos( B— a) +1]. %))

In the familiar case of the Fraunhofer diffraction by a
hole or by a quasi-flat phase object, k, does not depend on
r, ko=kon, and E(k) is just the Fourier-transform of
7(r). In the case of a drop, the direction of k, is a
function of r, and E(k) is the Fourier transform of the
function

To(1) = (1) Kexp(—ingr - ko). (18)
Note that 7,(r) = 7,(r) = 1 outside the drop.

2.3. Zero-order diffraction by a dew pattern

The theory of diffraction by an assembly of objects is
presented in Ref. [13] under the assumption of applicability
of the conditions of Fraunhofer diffraction when the ampli-
tude in the image plane is the Fourier transform of the
object transparency. It is shown in Ref. [13] that the
intensity in the zero diffraction order is defined by the
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so-caled ‘* Debye volume scattering term’” which can be
written within a constant as

lo=IE(k=0)>=Kr)?, (19)
where

1
(r) = g<f(51)ra(r)dr>. (20)

Here s, is the total illuminated area of the substrate
divided by the total number of the drops and the angle
brackets mean an average over the size distribution. Al-
though the theory was developed for a real transparency
7,(r) (caled ‘‘density’’ in Ref. [13]), it can be easily
generalized for the complex case. The invariance with
respect to the spatia distribution of the drops is an interest-
ing feature of expression (19).

As aready discussed, the function 7,(r) should be used
in (20) instead of 7,(r). It is easy to check that this
function is radially symmetric which is a necessary condi-
tion of the applicability of the results [13]. Thus

ma? 1 n,+ng n,

7=1——4+ —
S S Ny+Ng Ny

a’ .
><f0 JKr exp{iko[ (N, — Ny)!

+n,rsin( B—a)]}dr, (21)
where

J=[j”¢(¢)d¢= m(t+t.).

In order to find an average of (21), one needs to
introduce the distribution H(a), which defines the proba-
bility to find a drop with the visible radius a. Since the
two important physical values are the average size {a) and
the polydispersity g = ((a2) — (a)*)/2/(a), a distribu-
tion with only two free parameters can be considered. We
choose for this purpose the Maxwellian distribution as
described in Ref. [13]:

B(m)[a\™ »

H(a) = —— | — | e-@/a07 (22)
8% \ &

where B(m) is a normalization constant. The free parame-

ters m> —1 and a, can be related to g and <(a) [13]

through

g=(2m+2) "2 (23)

(a) = ag[(m+05),/2]">. (24)

These approximations become accurate within less than
1% when m> 4.

The mean surface coverage &2 is related to s, by
%= m(a%)/s,. Note that it is defined here by the pro-
jected area covered by the drops, not by the actual areain
contact with water. The set of Egs. (21)—(24) allows one to

caculate {7) as a function of the parameters (a), g (or
ag, M and &2
2

n,+n

(ry=1-e?+ —— ———B(m+2)
{320, +ng

1 X2(1+‘y+UX—X2)2

X d
Vi-x? X (v+x)(vx+1-x?)

w 2
Xfo dyym+2exp{ianZ—;o[(l— v)( X — cos¢)

—(1=-x®)(x—0)] —yZ}, (25)

where v = x? + y2— 1. Theintensity of the zero diffrac-
tion order |, can now be calculated by using (19).

Let us analyze now the function 1,({a)) with g and &2
as parameters. This choice reflects the growth kinetics of
the self-similar regime (see Section 1) when the only
growing parameter is {a). Oscillations of the function
I,({a)) can occur due to the exponential dependence of
iay, the latter being related to (a) by (24).

The asymptotic values of the function 1,({a)) can be
calculated explicitly:

% n,+ng

|0(<a>—>0)= 1—¢e2+4

2 2
X*(1+ v+ vx—x?)

1
Xf,/l—xz (v+x)(vx+1-x?) dxi
(26)

lo({@) = ) = (1— £2)". (27)

The interesting feature of these expressions is that they
do not depend on the polydispersity and, therefore, on the
form of the function H(a). While (26) is not particularly
useful for practical purposes (since £2=0 always when
(a) =0, giving lo=1), Eq. (27) is more interesting be-
cause it relates 1,(t > ) to &2. It is easy to see that the
vaue (27) gives the geometrical optics limit and corre-
sponds to the transparency of an assembly of black spots.
In this case {7)=1— &2 and |, depends either on the
shape or on the size of the spots through 2 only. One can
therefore conclude that the presence of the oscillations is
connected to the phase shift of the transmitted wave by the
drops.

The results of the calculations of the function 1,({a))
for different constant values of the other parameters are
presented in Figs. 3 and 4. We recall here that in a rea
condensation experiment g and 2 are not constant in the
beginning of the growth (see Section 1). Thus the curves
presented in Figs. 3 and 4 cannot be observed experimen-
tally. For example, it is generaly impossible to obtain
£2=0.6 for small values of {a), while the curve which
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<a>/A

Fig. 3. The function 1,((a)) for ¢2=06, ¢=90° and for
different values of g.

corresponds to this surface coverage is plotted for all
values of {a) in Fig. 4.

Figs. 3 and 4 show that the amplitude of the oscillations
of the function I,({a)) is controlled mainly by the poly-
dispersity, while the ‘‘mean’’ level, around which the
intensity oscillates, depends strongly on £2. A large poly-
dispersity suppresses the oscillations. The positions of the
extrema of 1,({a)) are practically independent of £2 and
g over a wide range of the parameters. However, the
dependence of the positions of the extrema on the contact
angle ¢ is stronger. It is presented in Fig. 5. These
features allow the values of the parameters (a) and £2 to
be determined experimentally as will be demonstrated
below.

3. Experimental: determination of the characteristics of
a dew pattern

The sketch of the experimental setup is shown in Fig.
6. It is derived from the setup in Ref. [14]. It permits
simultaneous observation of the scattered light and mea-
surement of the intensity on the optical axis. No direct
visualization of the droplets was sought. Dew is produced

1 T T T T T T T T T T T

<a>/A
Fig. 4. The function 14({a)) for g=0.16, ¢ =90 and for
different values of &2.

25 T T T T T T T T

ol ——<a>, Ist min ]
-— <a>, Ist max ]
N - —<a>, 2nd min
e <a>, 2nd max
s5EON 1
5 « N\ ™
N AN N

30 50 70 90 110
o)
Fig. 5. The positions of the four first extrema of the function
I,({a)) versus the contact angle ¢ for g =0.16 and &2 = 0.6.

by blowing air saturated with water vapor on a cooled
glass dlide coated with a hydrophobic layer of silane,
which plays the role of the substrate from the optical point
of view. The process of glass coating is described in Ref.
[10]. The coherent light beam generated by a 5 mW He-Ne
laser (A = 0.6328 p.m) passes through the glass plate and
the dew pattern. The diffracted light is collected by a large
lens (10cm diameter) placed at its focal length. The
diffraction pattern is visualized through a translucid screen.
The pictures are recorded by a CCD video camera and
digitized for further analysis. A mirror placed at the center
of the lens deviates the transmitted light perpendicularly
towards a photodiode. The distance between the photodi-
ode and the mirror is chosen so as to provide the condi-
tions of Fraunhofer diffraction [12] in the photodiode
plane. The size of the mirror and the pin-hole in front of
the photodiode correspond to the width of the laser beam.
This allows al the light to be collected in the absence of
scattering by dew. When condensation starts, the photodi-
ode measures the intensity of the zero diffraction order.
The temperature of the glass dide is stabilized by an
attached large copper block connected to the Peltier ele-

screen to visualize transparent substrate
the diffraction ring with droplets

focal length

laser
light

mirror

=

pinhole
—
photodiode

Fig. 6. Schematic diagram of the experimental setup.
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1.2 T T T T T T T T T

t(s)

Fig. 7. Experimental time evolution of |,. The data are normal-
ized by the value |, a t=0.

ment and a power supply. The temperature is controlled
during the experiment. The video image and the photodi-
ode signal are simultaneously recorded when vapor is
blown onto the glass dide.

A typical |y recording is shown in Fig. 7. The time
evolution of I, can be understood on the basis of the
model considered in the previous section. The sharp de-
crease of the “* mean’” value with respect to the oscillations
reflects the evolution of the surface coverage ¢2. The latter
increases until it reaches the value £2. Severa oscillations
appear, in agreement with the above theoretical prediction.
Moreover, the model gives an opportunity to determine the
parameters of the dew pattern by using the time depen-
dence of |, (Fig. 7). The agorithm for the determination
of £2 and {a) as functions of time t can be described as
follows.

1. The value of |, at large time corresponds to the
saturation value (27). Here we obtain |, = 0.16, thus 2=
0.6.

2. The data [11] where &2 is plotted versus contact
angle shows that this value corresponds to an average
contact angle ¢ = 90°. We thus use the data calculated for
this particular value of ¢.

3. Because the positions of the extrema of the function
I,({a)) are nearly independent of £2 and g, we can
determine with high accuracy the values of (a) at the
times which correspond to the extrema of the function
Io(t). They are plotted versus t in Fig. 8.

Fig. 3 shows that the value of | is independent of the
polydispersity g in the inflection points 2 of the function
I,({a)). By making use of this property, we can obtain the
vaues of £2 by the following steps.

2 The only exception is the first inflection point, not used in the
following.

10 T 1

" <a> slope=1 ]
. R
m n

0.6

<a> (um), km'l (arbitrary units)

t(s)

Fig. 8. Time evolution of the wave vector modulus k., the drop
surface coverage 2 and the mean radius of the droplets < a).

4. The time values at the inflection points and the
corresponding values of the intensity are extracted from
Fig. 7.

5. The vaues of {(a) a these vaues of time are
determined by the interpolation of the dependence {a)(t)
obtained in step 3.

6. Eq. (25) can be rewritten in the form
(1y=1-&2+¢2(A+iD), (28)
where the quantities A and D are independent of 2.
Then (19) with the substitution of (28) can be easily solved
for £2:

£2= {1—A— {102+ (@ -Ay] - Dz}l/z}

/2/[D?+ (1-AY7. (29)
Since A and D can be calculated for an arbitrary value of
g (we took g=0.16) and values of {a), obtained in the
step 5, the corresponding values of &2 can be determined
from (29) by using the vaues of I, from step 4. These
data for £2(t) are plotted in Fig. 8 with the saturation
value from the step 1.

One can see that the curve £2(t) is Smilar to the curve
obtained by numerical simulation [10]. The time evolution
of {a) can be compared with that of k,%. The value of k,,
is defined as the wavevector corresponding to the maxi-
mum intensity in the diffraction pattern (ring). It is ob-
tained by the image analysis of the diffraction picture as
recorded by the video camera. One can see that for large
times the growth laws of k;,* and (a) are the same. They
correspond to the growth exponent p = 1.

4. Conclusions

The theoretical model developed here deals with the
intensity of the coherent light transmitted by a time depen-
dent dew pattern. The theory explains the oscillations of
the intensity observed in the zero diffraction order in the
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far zone. In addition, the model allows the evolution of the
two most important parameters of the drop pattern to be
assessed: the average drop radius and the drop surface
coverage.
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Abstract. — Boiling crisis is the rapid formation of the quasi-continuous vapor film between
the heater and the liquid when the heat supply exceeds a critical value. We propose a mechanism
for the boiling crisis that is based on the spreading of the dry spot under a vapor bubble. The
spreading is initiated by the vapor recoil force, a force coming from the liquid evaporation
into the bubble. Since the evaporation intensity increases sharply near the triple contact line,
the influence of the vapor recoil can be described as a change of the apparent contact angle.
Therefore, for the most usual case of complete wetting of the heating surface by the liquid, the
boiling crisis can be understood as a drying transition from complete to partial wetting.

The state of nucleate boiling, which is boiling in its usual sense, is characterized by a very
large rate of heat transfer from the heating surface to the bulk because the superheated liquid
is carried away from the heating surface by the departing vapor bubbles. If the heating power
is increased, the temperature of the heating surface increases with the heat flux. When the
heat flux from the heater reaches a threshold value gepr (the critical heat flux, CHF), the
vapor bubbles suddenly form a film which covers the heating surface and insulates the latter
from the bulk of the liquid. The temperature of the heating surface grows so rapidly that the
heater can fuse unless its power is controlled. This phenomenon is known under the names of
“boiling crisis”, “burnout”, or “Departure from Nucleate Boiling” (DNB) [1]. The final state
of this transition is called film boiling.

This problem has become very important since the 1940s, with the beginning of the indus-
trial exploitation of heat exchangers with large heat fluxes (as with nuclear power stations).
Since then a huge amount of research has been done for the various conditions of pool boiling
(boiling without imposed external flow) and flow boiling (boiling of the flowing water) [2].
Numerous empirical correlations have been proposed, each describing the dependence of the
CHF on the physical parameters of the liquid and of the heater more or less correctly for
a particular geometry and particular conditions of boiling [2]. A strong dependence of the
threshold on the details of the experimental setup coupled with difficulties in separating the
consequences of DNB from its causes is at the origin of a large number of frequently controver-
sial hypotheses [2]. The violence of boiling makes observations quite difficult. Good-quality

© EDP Sciences
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photographic experiments are presented in only a few articles (see, e.g., [3-6]). Despite an
increasing interest in the physical aspect of the problem during recent years [7,8] and numerous
empirical approaches, the underlying physics still remains obscure. In this letter, we propose
a model based on a non-equilibrium drying transition.

DNB is a really universal phenomenon which occurs inevitably for pool as well as for flow
boiling and for different flow structures, flow velocities, liquid temperatures and pressures. Ap-
parently, the occurrence of the crisis does not induce any change in the flow. The phenomenon
is local [9]: it depends strongly only on the local values of the parameters in a very thin layer
of liquid adjacent to the heating surface. This layer is nearly quiescent because of the no-slip
boundary condition for the fluid velocity at the heating surface. It is thus unreasonable to
assume different physical causes for DNB according to the different conditions of pool or flow
boiling, and we think that the crisis should be induced by the same physical phenomenon.
The occurrence of DNB is influenced by the local values of only a few parameters, the most
important being the distribution of the local temperature. As a consequence of the local origin
of DNB, the threshold depends strongly on the wetting properties of the heating surface. A
priori, it is quite difficult to extract the dependence of the CHF on the parameters of the
heating surface because even a minor modification of its chemical composition can cause a
large change in its thermal resistance which controls the temperature distribution and, hence,
DNB itself. However, numerous experiments [2,10] show the general tendency: a poor wetting
of the heating surface by the liquid favors the DNB and vice versa.

The experiments [4,6] in visualization of dry spots under the vapor bubbles on the heating
surface show that at the CHF a single dry spot suddenly begins to spread. However, its size at
the CHF remains finite. These experiments show that the bubble coalescence on the heating
surface is not the leading process. In [7,11,12] the vapor recoil instability [13] is proposed as
a reason for DNB. Although it is not clear how an instability can induce the spreading of the
dry spots, the authors show that the vapor recoil force can be important at large evaporation
rates. The force originates in the uncompensated momentum of vapor which is generated on
the liquid-vapor interface during the evaporation. In the reference frame of the bulk liquid,
the momentum conservation implies

P, +n(oy + @) = 0, (1)

where P, is the vapor recoil force per unit interface area, n is the evaporated mass per unit
time and unit interface area, v; is the interface velocity, and ¥y is the vapor velocity with
respect to the interface. It is easy to establish that ¢ = —n/py, 7i, where 7 is a unit vector
normal to the interface directed inside the vapor bubble (fig. 1). The mass conservation on
the interface yields oy = —pr,/pv ¥, where pr, and py are the mass densities of the liquid and
the vapor. Therefore, (1) implies [13]
Py = =1 (py* — )it (2)
The surface deformation caused by this force is important whenever the evaporation is strong,
e.g., during high-power welding [14] or for evaporation at low pressures [13].

The rate of evaporation 7 can be related to the local heat flux across the interface g, by
the equality

qu = Hn, (3)

where H is the latent-heat of evaporation. Hereafter, we neglect heat conduction in the vapor
with respect to the latent heat effect.

Below, we treat only the case of a system at high pressure, comparable to the critical pressure
for the sake of simplicity. Then the growth of the bubble is slow enough to let the surface
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contact
line

heater r

Fig. 1. — Vapor bubble on the heating surface surrounded by liquid. The directions of the vectors P,
and 77 are shown as well as the axes for the cylindrical coordinate system.

tension equilibrate its shape, and the forces of hydrodynamic origin can be neglected [1]. This
allows the problem to be considered in the quasi-static approximation. However, the vapor
recoil remains the leading effect for any pressure.

The spreading of the dry spot looks similar to the spreading of a liquid that wets a solid.
But in the case of DNB, it is vapor which seems to “wet” the solid. This never happens for a
non-metal liquid under equilibrium conditions (zero heat flux) on a perfectly clean and smooth
metal surface [15], the finite contact angle being possible due to the surface defects only. We
show below that a kind of drying transition occurs due to the vapor recoil force at some heat
flux that we associate with the CHF.

Using the quasi-static approximation, the variational approach [16] can be applied to analyze
the shape of a vapor bubble just before the boiling crisis. The free energy of the system consists
of two parts. The first part is conventional [16],

Ui =0A+oysAvys + orsArs — AV, (4)

where o, ovg, and org are the surface tensions for vapor-liquid, vapor-solid and liquid-solid
interfaces, respectively; Aygs and Apg are the corresponding interface areas; and A is the area
of the vapor-liquid interface (fig. 1). The last term in (4) reflects the fact that the shape of the
bubble should be found for its given volume V', A being the Lagrange multiplier. The equation
60U, = 0, where 6U; is the energy change due to an infinitesimal displacement 67 of A [16]
yields the classical conditions of the bubble equilibrium in the absence of the external forces.

The second part Us of the free energy accounts for the virtual work of the external forces:

5%:—/ P. . 67 dA. (5)
(4)

The minimization 6U; + §U; = 0 of the total energy leads [16] to two equations. The first is
the condition for local equilibrium of the interface

Ko =A+P, (6)

where K is the local curvature of the bubble and P, = |I3r| The second equation is cosf = c,
where ¢ = (oys —oLg)/o and 6 is the contact angle (fig. 1). For the case ¢ > 1 (as for the case
of water on metal surface) the second equation should be substituted by the condition 6 = 0.

Let us denote by y the distance along the bubble contour measured from the triple line to a
given point M as shown in fig. 1. To find the bubble shape by solving eq. (6) we need to know
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the vapor recoil as a function of y. In the following, we introduce a rough approximation to
solve the very complicated problem of the heat exchange around the growing bubble. The case
of saturated boiling is assumed. Thus the vapor-liquid interface is maintained at temperature
T, the saturation temperature at the system pressure. We also assume for simplicity that the
thermal effect of convection can be taken into account by renormalizing the liquid thermal
conductivity. To estimate how P, varies near the contact line (i.e. when y — 0) we suppose
the bubble to be two-dimensional with the contact angle § = 7/2. Since we describe the heat
exchange in a thin layer adjacent to the heating surface, we can imagine the bubble contour
A to be a line Oy perpendicular to the Oz heater line. Then ¢, can be obtained from the
solution of a simple two-dimensional problem of unsteady heat conduction in a quarter plane
x,y > 0, the point O(z = 0,y = 0) corresponding to the contact line. The boundary and the
initial conditions for this problem can be written in the form

o1,

T1|p=0 = T, —ky e

= dgs, TL|t:0 = T57
y=0
where T1,(z,y,t) is the liquid temperature, ki, is the liquid thermal conductivity, and ¢g is the
heat flux from the heating surface which is assumed to be uniform for the case of the thin
heating wall. The solution for this problem of heat conduction reads

t
qgs [ar [ di x y?
1, = Ts A — f| ——— — , 7
L * k;L s / \/Z o (2\/()4Lt> P |: 4()4Lt:| ( )
0

where «f, is the liquid thermal diffusivity. This solution implies the following expression for

qar(y):
e _q?SEl (4Zit> ' (8)

The exponential integral F4(y) [17] decreases as exp|—y]/y as y — oo. Therefore P, (related
to gL via (2) and (3)) is a rapidly decreasing function of y. Note that Ej(y) diverges
logarithmically at the point y = 0. The divergence demonstrates that the evaporation is
strongest in the vicinity of the contact line. Since this singularity is integrable, the heat flux
through any finite part of the interface is finite.

In the following we will use for illustration the dependence P,(y) in the form that retains
the main physical features:

qu = —ky, o

P, = —Clog(y/L) exp[—(y/y:)?], (9)

where L is the length of the half-contour of the 3D axially symmetrical bubble. The coordinate
y is measured along the contour from the triple line as shown in fig. 1. The characteristic length
of the vapor recoil decay ¥, changes in time and is proportional to v/art (cf. (8)). Meanwhile,
the bubble grows and its radius is proportional to the same factor [1] during the late stages of
its growth. Therefore, ¥, is proportional to the bubble size; this fact is taken care of by the
expression y, = al, where a is the non-dimensional fraction of the bubble surface on which
the vapor recoil is important. From the physical point of view, y, characterizes the width of
the superheated layer of liquid, which is always less than the bubble size [1], thus a <« 1. This
allows the upper limit of integration to be put to infinity in the following expression for the
non-dimensional strength of the vapor recoil:

1 oo
N =1 / P, dy. (10)
g Jo
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The integration can be performed analytically yielding the relation between C and N,: N, =
CaL/(40)\/7ly + log(4/a?)], where v = 0.577 ... is Euler’s number [17].

To estimate N, at CHF when the radius of the dry spot is of the order of the radius of
the drop R, we assume that heat is transferred to the fluid only through the belt of the
width g, at the foot of bubbles. Then gg ~ 27 Ry, n,qr,, where ny, is a number of the bubbles
per unit interface area of the heater. At CHF a large part of the heater is covered by the
bubbles, we assume it to be 50% for the estimation: nymR? ~ 0.5. Then we obtain qr, ~ gs/a
using y; ~ aR. Since N, ~ ¢ty,/(H?*pyo) ~ ¢¢R/(aH?py0), the estimate gives N, ~ 1 for
a ~ 0.01 (usual for large bubbles, see [18]) and for the parameters characteristic for water at
high pressures: R ~ 1 mm, ¢s = qcur ~ 1 MW/m?, H ~ 1 MJ/kg, py ~ 10 kg/m?, and
o~ 1072 N/m.

Using the cylindrical r-z system of coordinates (see fig. 1), (6) can be written in parametric
form as a system of three ordinary differential equations

dr/dy = cosu, (11)
dz/dy = sinu, (12)
du/dy = —(sinu)/r + XA+ P:(y) (13)
with the boundary conditions
z=0, u=6 at y=0; r=0, u=w at y=L. (14)

The 4th condition is necessary to determine the unknown L. The mathematical problem is
completed by the equation, which allows the Lagrange multiplier A to be determined:

L
V= 7T/ r? sinu dy, (15)
0

where V is the given bubble volume. In the following, the case of the water on metal heater
is considered, 6 = 0.

The solution of the problem (9)-(15) is presented in fig. 2. Note that, although the actual
contact angle is zero for all of the curves (see the insert), the apparent contact angle grows with
N, o< ¢3. At small values of gs the dry spot under the bubble corresponds to the size of the
vapor bubble nucleation spot (assumed to be zero for the calculations of fig. 2). The bubble
grows with its contact line pinned at the defects on the surface of the heater until bubble
departure under action of gravity or external hydrodynamic forces. The departure size of the
bubble is small because the adhesion (which is proportional to the contact line length [19])
is small. At some value of ¢s the contact line can depin under the action of the vapor recoil
before the bubble detaches from the heating surface. Figure 2 shows that the dry spot reaches
the size equal to the bubble diameter at N, ~ 1, the value that compares well with our
estimation. The adhesion force increases with the increase of the dry spot thus hindering the
bubble departure. The departure time (the time interval during which the bubble is attached
to the heating surface) grows sharply. We think that this feedback is at the origin of the DNB,
with this value of ¢gg to be associated with qcpr.

There are two additional mechanisms of the dry spot growth. Each of them starts to act
when the size of the dry spot attains some critical value. First, when the dry spot becomes
larger than the characteristic heat diffusion length of the solid, the temperature of the dry spot
increases faster than the temperature of the wetted surface. Second, as the apparent contact
angle reaches 90°, the coalescence of bubbles on the heating surface increases rapidly, which
causes further spreading of the dry spot. As soon as the critical size of the dry spot is reached
due to vapor recoil, these two effects increase the temperature in the vicinity of the bubble
thus enhancing vapor recoil and providing a feedback.
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Fig. 2. — Shape of the 3D axisymmetrical vapor bubble on the heating surface under action of the
vapor recoil force calculated for a = 0.01 (see text). The volume V is the same for all bubbles. The

actual contact angle is zero as demonstrated in the insert. The coordinates are scaled by (3V/4r)/3.

For poor wetting conditions a smaller value of the vapor recoil (and gcpr) is needed to
create a large dry spot. This explains the decrease of gocyp with the increase of the contact
angle and surface roughness [10].

In this letter we have proposed a mechanism for the boiling crisis based on a transition from
complete to partial wetting of the heating surface as due to a vapor recoil force. Unfortunately,
it is quite difficult to obtain the analytical form of the DNB criterion only from the above
considerations. They can be helpful, however, for future numerical simulations that take into
account more realistic temperature distributions, the balance between adhesion and lift-off
forces, and the changing bubble shape. This model makes the departure time be the crucial
parameter that should increase rapidly near the crisis. Unfortunately, such experimental
studies are not available.

It is clear now why vapor recoil can be the triggering phenomenon for the boiling crisis
under various conditions of boiling. Providing that the vapor recoil force operates in a very
thin belt at the base of the bubble, the change in the bubble shape can be accounted for by a
change in an apparent contact angle controlled by the vapor recoil force. Another interesting
result is the possibility to change the size of the dry spot under the bubble while the actual
contact angle remains zero.
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Abstract

We report a 2D modeling of the thermal diffusion-controlled growth of a vapor bubble attached to a heating surface
during saturated boiling. The heat conduction problem is solved in a liquid that surrounds a bubble with a free
boundary and in a semi-infinite solid heater by the boundary element method. At high system pressure the bubble is
assumed to grow slowly, its shape being defined by the surface tension and the vapor recoil force, a force coming from
the liquid evaporating into the bubble. It is shown that at some typical time the dry spot under the bubble begins to
grow rapidly under the action of the vapor recoil. Such a bubble can eventually spread into a vapor film that can
separate the liquid from the heater thus triggering the boiling crisis (critical heat flux). © 2001 Elsevier Science Ltd. All

rights reserved.

Keywords: Boiling; Bubble growth; CHF; Contact angle; Vapor recoil

1. Introduction

In nucleate boiling, a very large rate of heat transfer
from the heating surface to the bulk is due to both the
phase change (latent heat of vaporization) and the fact
that the superheated liquid is carried away from the
heating surface by the departing vapor bubbles.
Therefore, the knowledge of the nucleation and growth
of the bubbles on the heating surface is very important
for calculations of the heat transfer rate. Many works
were focused on the bubble growth kinetics, see e.g. [1-
6]. However, as it was recently recognized [7], the be-
havior of the fluid in contact with the solid heater re-
mains poorly studied. We think that this situation is
due to the success of the microlayer model [2] that
proved to be self-sufficient for the description of the
bubble growth kinetics and the heat transfer rate. The

* Corresponding author. Address: CEA-ESEME Institut de
Chimie de la Matiere Condensée de Bordeaux, 87, Avenue du
Dr. Schweitzer, 33608 Pessac Cedex, France. Tel.: +33-5-56-84-
26-88; fax: +33-5-56-84-27-61.

microlayer model postulates the existence of a thin
liquid film between the heater and the foot of the vapor
bubble. This model is based on observations of the
bubbles at low system pressures with respect to the
critical pressure for the given fluid. At low pressures,
the fast bubble growth creates a hydrodynamic resis-
tance that makes the bubble almost hemispherical [8].
As proved by direct observations [9-12] through the
transparent heating surface, the dry spot (i.e. the spot of
the direct contact between the liquid and the vapor)
does exist around the nucleation site while the bubble
stays near the heating surface. The origin of the dry
spot can be explained as follows. First, it is necessary
that the vapor-solid adhesion exists to avert the im-
mediate removal of the bubble from the heater by the
lift-off forces. This adhesion only appears when the
vapor contacts the solid directly. Second, the strong
generation of vapor at the triple contact line around the
nucleation site prevents covering of the nucleation site
by the liquid. As a consequence, the existence of the dry
spot under the bubble is necessary during most of the
time of the bubble growth, until the bubble departure
from the heater.

0017-9310/01/$ - see front matter © 2001 Elsevier Science Ltd. All rights reserved.
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Nomenclature X abscissa
y ordinate
a arbitrary vector
b exponent for boundary meshing Greek symbols o - 2
. o thermal diffusivity, m*/s
C arbitrary constant B exponent
cp specific heat, J/(kg K) At tinI:e step. s
dnin  smallest element length, m ¢ reduced l;eat flux
€:,€, unit vectors directed along the axes . )
. . . n rate of evaporation, kg/(s m*)
F,f non-dimensional time .
. 0 liquid contact angle
Fo Fourier number A vapor/liquid pressure difference, N/m?
G Green function, BEM coefficient £ nolr)l din?ensioial curvilinear cog)rdinate
H latent heat, J/kg, BEM coefficient . 3
Hi Hickman number p mass density, kg/m
o surface tension, N/m
Ja Jakob number . dummy
J volume heat supply, W/m? v reduced temperature
K curvature, m~! 0 >D-domain
k thermal conductivity, W/(m K) 00 contour of the 2D-domain
L half-length of the bubble contour, m
M molar weight of water, kg/mol Subscripts
N total boundary elements number d dry spot
7] internal unit normal vector e external to the bubble
P, vapor recoil pressure, N/m? F.f value at time F or f
q he_a't flux, W/m? ) i vapor-liquid interface
gcur  critical heat flux, MW/m i,j  value at the node i or j
90 control value of heat flux, MW/m? inf at x — oo (also as a superscript)
R bubble radius, m L liquid
Ry initial bubble radius, m max  maximum
R, molar gas constant, J/(mol K) S solid (heater)
7 radius-vector sat saturation
T temperature, K vV vapor
4 time, s w wetted part of the heater
t. transition time, s
tdep bubble residence time, s Superscripts
u auxiliary angle x x-component of the vector
V 2D-bubble volume, m? y y-component of the vector
v interface velocity, m/s - reference value

Owing to the hemispheric bubble shape, the appar-
ent bubble foot is much larger than the dry spot. That is
why the microlayer model works so well at low
pressures. For high system pressure, comparable to the
critical pressure (see [13,14] for the discussion of the
threshold between these two regimes), the picture is
different. The bubble growth is much slower so that the
hydrodynamic forces are small with respect to the sur-
face tension. Consequently, the bubble resembles a
sphere much more than a hemisphere [§8]. It is very hard
to identify the microlayer as a thin film in this case. In
this article, we will limit ourselves to this particular
case.

One of the most important phenomena in boiling at
the large heat fluxes used in industrial heat exchangers is
the boiling crisis called alternately ‘burnout’, ‘departure

from nucleate boiling’, or ‘critical heat flux’ (CHF) [1,8].
When the heat flux from the heater exceeds a critical
value (the CHF), the vapor bubbles abruptly form a film
that thermally insulates the heater surface from the lig-
uid. Consequently, the temperature of the heater rapidly
grows. The dry spot is recognized as playing a key role in
the boiling crisis [15]. A new physical approach [16] was
recently suggested by some of us to describe this
phenomenon. It is based on the experimental results
[9-12] that show that the boiling crisis can begin with the
fast growth of a dry spot under a single bubble, although
several simultaneously spreading bubbles can coalesce
later on. The model associates the onset of the boiling
crisis with the beginning of the spreading of the dry spot
below a vapor bubble attached to the heater surface. The
purpose of the present article is to rigorously calculate in
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2D the temporal evolution of the dry spot under a single
bubble.

Two main difficulties arise while solving this prob-
lem. The first of them is the necessity to solve the full
free-boundary problem for the bubble. Unfortunately,
we cannot assume a simple shape for the bubble foot as
has been done in all previous simulations of the vapor
bubble growth that we are aware of, see e.g., [3,4,6]. The
reason is that these models do not rigorously determine
the size of the dry spot. Instead, they use an empirical
correlation for the microlayer parameters chosen to
satisfy the experimentally observed growth rate of the
bubble. In the present formulation, the dry spot size is
determined in a self-consistent manner from the position
of the triple contact line. Such a free-boundary problem
is difficult because of its non-linearity and can be solved
by only a few numerical methods, e.g., boundary ele-
ment method (BEM) [17] or front tracking method. The
latter was recently used [18] to simulate the film boiling
in 2D.

The second difficulty of the dry spot problem is as-
sociated with the calculation of the heat transfer in the
most important region — the vicinity of the triple contact
line (i.e., the microlayer). It is analyzed analytically in
the subsection 3.1 for two fixed values of the contact
angle. Although these results are not used in the nu-
merical simulation, we need them to check the accuracy
of the heat transfer calculation in this important region.

Our calculations are valid in the simplified situation
where the hydrodynamic effects in liquid are neglected.
This simplification is justified by the slow growth
assumption valid for high system pressures. This ap-
proximation is common [5] for the thermal diffusion-
controlled bubble growth. The only dynamic condition
that cannot be neglected [16] is the dynamic balance of
mechanical momentum at the bubble interface that re-
sults in the vapor recoil pressure. This approach allows
us to apply the quasi-static approximation for the bub-
ble shape determination in Section 2 and neglect the
convection terms in the heat transfer problem that is
discussed in Section 3. The numerical algorithm is de-
scribed in Section 4. The results of the simulation and
the conclusions are presented in Sections 5 and 6.

2. Bubble shape determination

When the heat flux ¢gs from the heater is small, the
vapor bubble grows with its triple vapor-liquid—solid
contact line pinned by the surface defect on which the
vapor nucleation has started. The size of the dry spot is
thus very small with respect to the bubble size. Ac-
cording to the model [16] (that should be valid for any
system pressure), at some value of ¢s the contact line
de-pins and moves under the influence of the vapor re-
coil pressure P,,

Po=n(p, = p."), (1)

where 7 is the mass of the evaporated liquid per unit
time per unit area of the vapor-liquid interface. P, may
vary along the interface and is directed normally to this
interface towards the liquid [20]. By neglecting heat
conduction in the vapor with respect to the latent heat
effect, n can be related to the local heat flux across the
interface ¢ by the equation

qL = an (2)

where H is the latent heat of vaporization. Because of
the strong temperature gradient in the vicinity of the
heating surface, ¢; increases sharply near the contact
line, and consequently # and P, also increase. In other
words, the recoil pressure increases near the contact line
and causes it to recede. Therefore, the dry spot under the
bubble should grow with time.

The bubble shape is determined using a quasi-static
approximation. We neglect all but two forces that define
the bubble shape: the surface tension and the vapor re-
coil pressure P, defined by Eq. (1). The bubble shape is
then defined by the pressure balance (see [16])

Ko =/.+PF, (3)

where K is the local curvature of the bubble, ¢ is the
vapor-liquid interface tension and A is a constant dif-
ference of pressures between the vapor and the liquid. 4
should be determined using the known volume V of the
2D bubble. At any time, the volume ¥ of the 2D bubble
(see Appendix A) can be written as:

1
V== / (xn + yn)) d0Q, 4)
2 Jioa)

where 0%, is the vapor-liquid interface, and the external
unit normal vector 7, = (n,n)) to the bubble is defined
in a Cartesian (x, y) coordinate system. An axisymmetric
bubble shape is assumed as follows, see Fig. 1.

liquid (£2;)

boundary
element

contact
point

Fig. 1. Vapor bubble on the heating surface surrounded by
liquid. The chosen direction of the unit normal vector 7 is
shown for each of the subcontours 0Q,, 024 and 09;,. The
discretization is illustrated for the right half of the subcontours.
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It is convenient to describe the bubble shape in
parametric form while choosing a non-dimensional
length ¢ measured along the bubble contour as an in-
dependent variable. Then the coordinates (x,y) for a
given point on the bubble interface are functions of ¢
that varies along the bubble half-contour (its right half
in Fig. 1) from 0 to 1, ¢ = 0 and ¢ = 1 corresponding to
the topmost point of the bubble and to the contact
point, respectively. Eq. (3) for the 2D case is equivalent
to the following parametric system of ordinary differ-
ential equations:

dx/d¢é = Lcosu, (%)
dy/d¢ = —Lsinu, (6)
du/dé = L(A+ F(9))/0, (7

were u = u(¢) is the angle between the tangent to 0€; at
the point ¢ and the vector directed opposite to the x-
axis; L is the half-length of 0Q;.

The boundary conditions for Egs. (5)—(7) are then
given by

x(0) =0, u(0)=0, y(1)=0. (8)

A 4th condition u(1) = n — 0 that fixes the liquid contact
angle 0 is necessary to determine the unknown L using
(7):

-1

L=(n- 9)0{/01 P(&)dé + ;} . )

In the following, we consider the usual case of complete
wetting of the heating surface by the liquid, 6 = 0. The
solution of the problem (Egs. (1)—(9)) allows the bubble
shape to be determined provided the heat flux through
the vapor-liquid interface is known.

3. Heat transfer problem

The calculation of the heat transfer around a growing
vapor bubble is a free-boundary problem. To our
knowledge, only two other groups have solved the full
free-boundary boiling problem [18,19]. In both works
the singular effects, which appear in the region adjacent
to the triple contact line (microlayer), are not discussed.
However, we know that almost all the heat flux supplied
to the vapor bubble goes through this particular region,
a region on which we concentrate in this work. As a first
step, we neglect the heat transfer due to the liquid mo-
tion. Thermal conduction and the latent heat effects are
taken into account to describe the time evolution of the
2D vapor bubble. The vapor is assumed to be non-
conducting. The case of saturated boiling is considered.
This means that the temperature in the liquid far from
the heater is equal to Ty, the saturation temperature for

the given system pressure. Thus only evaporation is al-
lowed on the bubble interface. Since we consider a slow
process with no liquid motion, the pressures are assumed
to be uniform both in the vapor and in the liquid.
However, they are different according to Eq. (3) where 4
is the difference between the pressures inside and outside
the vapor bubble. The saturation temperature T, for
the vapor inside the bubble depends on the vapor pres-
sure according to the Clausius—Clapeyron equation (see,

e.g., [4])
Tl = T |1+ 2 (03" = i)
sat sat H A% L .

Since g/ is the bubble radius at the top of the bubble
(where P, is negligible), it is easy to estimate that the
correction to Ty is less than 1073% even for the smallest
bubble size considered. Therefore, in the following, the
bubble surface is supposed to be at constant temperature
Tas.-

3.1. Model for the vicinity of the contact line

First of all, we need to understand how ¢; behaves in
the vicinity of the contact line where the contour of the
bubble 0Q; can be approximated by a straight line that
forms an angle 6 with the Ox heater line, see Fig. 2.
Then g; can be obtained from the solution of a simple
two-dimensional problem of unsteady heat conduction
in this wedge of liquid, the point O(x =0,y = 0) cor-
responding to the contact line. In our previous article
[16], the model problem was solved to show that when
0 =m/2 and a constant heat flux from the heater is
imposed, the heat flux through the liquid—vapor inter-
face g diverges weakly (logarithmically) near the con-
tact line. In the present work, we treat two cases
0 =mn/4 and 0 =mn/8 which also allow an analytical
treatment.

Fig. 2. Geometry for the analytical calculation of the heat
conduction in the wedge. The BEM discretization of the wedge
is also illustrated.
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The heat conduction equation for the temperature
T.(x,y,¢t) in the liquid

o7,

FZ GCvaTL, (10)

has the initial and boundary conditions

Tilico = T, (11)

TL‘@Q’. = Tsah (12)
oTy,

_kLE‘y:() = 4o, (13)

where k. and op are the thermal conductivity and the
thermal diffusivity of the liquid, and the heat flux gs
from the heating surface is assumed to be constant
(= qo) for the case of the thin heating wall. The solution
of this 2D problem for the angles 0 = /2", where m is
an integer, can be obtained using the method of images
[21] for the Green function. For 0 = n/4 it reads

TL = Tsal + T}nf(yy t) - Tinf(x7 t)a (14)

where the function T, (v, ?) is a solution for this problem
at x — oo

oo At (P y
T'"f(y”)‘ki 2on (- i) yerfc(zw—u)]’

(15)

erfc(z) being the complementary error function [22].
Then the heat flux gp

qL = —kL(ii - V)Ti|og, (16)

can be calculated as a function of x using the expression
for the unit normal vector 7# = (—sin 0, cos 0):

gL = qoV2 erfc<2%/a_d). (17)

It is easy to see that, unlike the problem [16] for 6 = /2,
the heat flux remains finite at the contact line (x = 0).
This is also true for the case 0 = n/8, for which

X+
TL = Tsat+]-{nf(y7t)+ﬂnf(xat) 7Enf<ﬁy7t)

—r(%z) (18)

and
qL = qo\/ V2 + 2[erfc<(\f%)

-(V2-1) erfc(z\/a_u>}.

Although these solutions present important benchmarks
for the numerical calculations of the heat transfer near
the contact line, they cannot be used in the simulation
itself for two reasons. The first is the impossibility to
employ the uniform heat flux boundary condition
Eq. (13) because in reality the heat flux varies strongly
between the dry and wetted parts of the solid surface. In
particular, the heat flux through the dry spot under a
bubble is very small (we assume it to be zero in the
following). The second reason is the impossibility to
approximate the bubble contour by a straight line for
the case 0 = 0, most important for industrial applica-
tions.

3.2. Mathematical formulation

We consider the growth of a vapor bubble on the
semi-infinite (y < 0) solid heater Qg in the semi-infinite
(v > 0) liquid @y, see Fig. 1. We assume that no super-
heat is needed for the bubble nucleation so that the
circular bubble of radius Ry and volume ¥} has already
nucleated at the heater surface at r = 0. The validity of
this assumption is discussed in Section 5. The known
heat supply j(¢) is generated homogeneously inside the
heater with the heat conductivity ks and the heat diffu-
sivity as so that heat conduction equation for the do-
main Qg
s _ 0T + 5 j(1), v <0 (20)
ot ks
should be solved with the boundary and initial con-
ditions

OT: —k ¥ at 8Q,
qs = — S_Sly:() = L ; (21)
dy 0 at 3Qq
TS|GQ“ = TL|y:0a (22)
TS|1:0 = Tsal: (23)

where 0Qq is the vapor-solid interface (i.e., the dry spot)
and 0Q,, is the liquid-solid interface (wetted surface), see
Fig. 1. The problem for the domain @ is completed by
Egs. (10)—(12).

The bubble volume V increases due to evaporation

[1]:

14
Pv—7 = qL )
Hpy 4 doQ 24
L )

where ¢ is calculated using Eq. (16) in which 7 is the
inner normal vector to 09Q;, i1 = —i®.

The formulated mathematical problem can be solved
by the BEM generalized for moving boundary problems
[23]. Before its direct application, we consider the inte-

gration contours for the domains Q; and Qg. Obviously,
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they should contain 0Q;, 0Q4 and 0Q,, and a circle that
closes the contours at infinity. The non-zero values of
the temperature and flux at infinity complicate the so-
lution. Therefore, we calculate these values 7i" and ;"
at x — oo and then subtract them from 75 and 7. The
resulting modified variables are zero at infinity. This
transformation allows the integration contour to be re-
duced to 0€Q; U 0Q4 U 0Q,,.

3.3. Solution at infinity

The solution at infinity satisfies the same problem as
Ts and Ty but with the eliminated dependence on x and
0Qy = 0. The separate solutions for y = 0 and y <0 can
be easily found using the known Green function for the
semi-infinite space [21]:

. t t— ‘L') y2
Tlnf _ Ea \/K / QO( _ d
L et vz 7\/% exp dogt T,

y=0 (25)
. og ! . Vo d qo(t — ‘L')
Tmf:Tsa +7/ ‘[d‘cf / - 7
s " ks Jo i ksv/T Jo VT
y2
X eXp(—HSZ‘)dT, y<0 (26)

The unknown heat flux from the heater, g¢(z), can be
found for arbitrary j(¢) out of the integral equation that
results from equality of Egs. (25) and (26) at y = 0. It is
worth mentioning that if j o< £~'/2, a constant g, satisfies
this integral equation. This means that in the bubble
growth problem with this choice of j(¢) the heat flux
from the heater would remain constant at least far from
the growing bubble. This choice will allow us to avoid
the influence of the varying heat flux on the bubble
growth and thus will be used in the following. The
solution in analytical form is

J(t) = C/Vi,
g0 = Cv/masky [ (ksy/oL + kLy/as),

. 205 qo | [Aost ¥
Tmf:TSa Dovi—L S _
s et ks \/_ ks s P 40{5t

y
fc — <0, 27
+yerc( 2\/01_51)} y (27)
T = T + T (0, 1), =0, (28)

where C and g, are constant and the function Tj,¢(y,¢) is
defined in Eq. (15). It is easy to see that besides the
advantage of the zero values at infinity for the modified
variables 7i s — T{"%, the equation for both of them has
the form Eq. (10) with no source term.

3.4. Non-dimensional formulation

By introducing the characteristic scales for time (A¢,
the time step), length (R, the initial bubble radius), heat
flux (), and thermal conductivity (k), all other variables
can be made non-dimensional. In particular, the char-
acteristic temperature scale in the system is gRo/k. The
following four non-dimensional groups define com-
pletely the behavior of the system

_ 2 :
Fos = ar sAt/R;; — Fourier numbers,

Jazwq_@

— Jakob number [1],
oot (1]

Ryq*
oH?

Hi= (py' — pr') — Hickman number,

provided that non-dimensionalized values of ¢o and ki
are fixed. The following is the complete non-dimensional
heat transfer problem formulated in terms of Yy, ¢ =

(Tus — Ti"%)/(qRo /k):

al/;‘s = FoL sV g (29)
Yisl—o =0, (30)
Yiloo, = =T, 1), (31)
(Llog, = Gsloay> CLs = kL,s%7 (32)
{Llog, = =40, (33)
dv

dr

: y
= gon’ erf
Cint = qon” er 6(2 FOLI)

where »” is the ordinate of the vector 7 and all quantities
are non-dimensionalized. The whole problem is com-
pleted using the non-dimensionalized set of equations
for the bubble shape (Egs. (5)—(9)) where the non-di-
mensional expression for the vapor recoil pressure is
used

P = Hi(lop — (1) (35)

— Fop - Ja / (Lo — () dOQ,
(09) (34)

3.5. Boundary element techniques applied to bubble
growth

As it is shown in [23], the heat conduction problem
(Egs. (29) and (30)) is equivalent to the set of two inte-
gral equations, written for each of the domains Q; and
QS:
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%)

krs

F
f ol
0 (0QLs)

+ Yy (F O (7, t))

GLVS (Fla tF; ?7 t) <FOL,S

0,GVS(7 ,tp; 7, 1)

1 =/
617 dragzzl//(r 7tF)7

- FOL.S lp(?? t)

(36)

where 7’ is the evaluation point and ¢ is the evaluation
time. The integration is performed over the closed con-
tours 0Q; and 0Qs that surround the domains Q; and
Qg, vector 7 being external to them. v” is the projection
of the local velocity of the possibly moving integration
contour on the vector 7. Since the points 7/ and 7 belong
to these contours, the BEM formulation does not re-
quire the values of y and ( to be calculated in the in-
ternal points of the domains, which is a great advantage
of this method. The functions G- are the Green func-
tions for the equations [17], adjoint to Eq. (29):

1

GYS(F tp 7 t) = ———— ¢
(r 7 ) 4TEF0L?S(Z‘F — t) xp

e
4F0L_s(t}:*t) '
(37)

The indices L and S will be dropped for the sake of
clarity until the end of this section.

The constant element BEM [17] was used, i.e., { and
Y were assumed to be constant during any time step and
on any element, their values on the element being as-
sociated with the values on the node at the center of the
element. The time steps are equal, i.e., £, = f. Therefore,
the values of { and ¥ on the element j at time f can be
denoted by {;; and Y. Each of the integral equations
Eq. (36) reduces to the system of linear equations

F_2N;
DO €tk Ay Fo)GY — i | = /2,
f=1 j=1
(38)

where N, is the number of elements on one half of the
integration contour at time step f, F,y 1S the maximum
number of time steps for the problem; i = 1...2N; and
F =1...Fux. It is important that the algorithm for the
calculation of the coefficients H;; and Gj; [17] be fast. We
used the analytical expressions calculated [24] for the
case i = j. For all other cases the coefficient H;; can be
expressed analytically [24] through G;;. G, was calcu-
lated numerically. The system (38) can be simplified due
to axial symmetry of the problem (Y ,; = lpf(z,\,f _j)» €te.):

F Ny
f

2

f=1 j=1

[(cﬁ/k o JF) G — 1| = g2,

(39)

where i=1...Np, F=1...Fux G =G + Gy,
and A = H! + 1-4‘(’»;]\,7/.). This equation can be rewritten

in the form that reveals explicitly the unknown variables
on each time step F:

3 [(:H/k gt Fo) G — (T 1/2)}
Jj=1
F—1 Ny

-y

(e A
f=1j=1

Unfortunately, no effective time marching scheme
[17] can be applied because of the free boundaries. Since
the terms in the sum over f decrease with the decrease of
/. this sum can be truncated as suggested in [25]. How-
ever, in our case, the magnitude of these terms can be
controlled directly because the coefficients H and G must
be recalculated for each f. It should be noted that, be-
cause of moving boundaries, the positions of the ith
point at times f and F can be different. Therefore, it is
very important that Ggf be calculated using the coordi-
nates of the ith point at time moment F and those of jth
point at time moment f.

3.6. Validation of the algorithm for BEM

The BEM algorithm was tested for the wedge prob-
lem solved analytically in Section 3.1. The adaptive
discretization of the integration contour is organized as
follows. Since ( decreases to zero far from the bubble,
the two ending points (most distant from the contact
point (0,0)) can be found for the given ¢ from the con-
dition that ((x,y,f) be sufficiently small. In practice,
Xmax ~ 10v/Fot. The element lengths grow exponentially
(dmin, dmine®, dmine®, . . .) from the contact point into each
of the sides of the wedge (see Fig. 2), where b is fixed at
0.2. Being an input parameter, dn;, is adjusted slightly
on each time step to provide the exponential growth law
for the elements on the interval with the fixed bound-
aries (0, Xmax). Since xmax increases, the total number of
the elements also increases during the evolution of the
bubble. Remeshing on each time step was performed to
comply with the free-boundary nature of the main
problem where the remeshing is mandatory.

The results for 6 = n/4 and n/2 are shown in Fig. 3
to be compared with the solid curves calculated using
(17) and its analog for 0 = /2 (Eq. (8) from [16]). It is
easy to see that the method produces excellent results
even for coarse discretization, except for the element
closest to the contact point. The algorithm overesti-
mates the value of ¢ at this element. The error is larger
for the n/2 wedge, for which g — oo at the contact
point. Fig. 3 demonstrates that the increase of the nu-
merical error with the increase of time and space steps is
very weak.
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¢ At=0.001;d  =0.01
- At=0.001;d =0.001
o At=0.0001;d““ =0.001

n

Exact solution

0.1
0.0001 0.001 0.01 0.1

Fig. 3. The g1 (y) curves calculated for the n/2 and /4 wedges
and for the values of the parameters gy = 1,0, =1 and
t = 0.01. The results of the numerical solution by BEM (to be
compared with the exact analytical solution) are presented for
the different time and space discretization parameters.

4. Numerical implementation

Since we chose y and ( to be zero at infinity, (36) is
satisfied trivially on the semicircles of the infinite radius
that close the contours 0Q; and 0Qg. Thus these circles
can be excluded. Then 0Q; =0Q,U0Q, and
0Qs = 002, U0Q,,. The direction of the unit normal
vector 7 is chosen to be external to Qp in the following,
see Fig. 1. Then it is internal to Qg, which requires the
sign of the integral over 0Qs to be changed. Making use
of the boundary conditions (31)-(33), the system of
Eq. (36) reduces to

U L
/ dr / G- <F0LC—L - Tmfv") +F0LTmfa£_, doQ
0 (02) ke on
{s oG-
F L2 yo— )doQ
o /@Qw) (G W Vs om
_ 1 l//S7 FF S aQw7 (41)
72 _T;nﬁ ;:F eth
" { oGS
F dr — BB 4yl )doQ
Os/o [/(a.ow) ( ks s )
' 9o aGS)
+ / (GS— + g —= |doQ
(0Q4) ks l//S o
1
= Elps, }7]:‘ (S an U aQw, (42)

where the arguments of all functions are supposed to be
exactly as in Eq. (36). These equations should be solved
using the BEM described in the previous section for

unknown functions (i (7,¢) for 7€ 0Q;, yg(7,t) for

7 €004 U0Q,, and (s(7,¢) for 7 € 0Q,,.

The discretization of the integration subcontours
0Q,,, 0Q4 and 0Q; follows the same exponential scheme
(see Fig. 1) that was used for the discretization of the
wedge sides in the test example above. The only differ-
ence is the axial symmetry of the mesh that corresponds
to the symmetry of the bubble. Since the free boundary
introduces a non-linearity into the problem, the fol-
lowing iteration algorithm is needed to determine the
bubble shape on each time step [23]:

1. Shape of the bubble is guessed to be the same as in
the previous time step;

2. The variations of v" and P, along the bubble interface
are guessed to be the same as in the previous time
step;

3. Discretization of the contours 0Q,, 0Q4 and 0€; is
performed;

4. Temperatures and fluxes on the contours 0Q,, 0Qq4
and 0Q; are found using the above-described BEM
techniques;

5. Volume V and vapor recoil P, are calculated using
(34) and (395);

6. Bubble shape is determined (see Section 2) for the cal-
culated values of V" and P,;

7. 1If the calculated shape differs too much from that of
the previous iteration, the velocity of interface v" is
calculated, and steps 3-7 are repeated until the re-
quired accuracy is attained.

As a rule, three iterations give the 0.1% accuracy which

is sufficient for our purposes.

The normal velocity of interface v}, at the time F and
at node i is calculated using the expression

Vi = (¥p — X(r-n)Mp_1); + Or = V-0 (43)

where xp; is the coordinate of the node 7 at time F, and j
is the number of the node (at time F — 1) geometrically
closest to (xz, vi)-

The system of Egs. (5)—(7) is solved by direct inte-
gration. The integration of the right-hand side of (7) is
performed using the simple mid-point rule, because the
values of P, are calculated at the mid-points (nodes)
only. The subsequent integration of the right-hand sides
of Egs. (5) and (6) is performed using the Simpson rule
(to gain accuracy) for the non-equal intervals. The
trapezoidal rule turns out to be accurate enough for the
calculation of volume in (4). For the simulation we used
the parameters for water at 10 MPa pressure on the
heater made of stainless steel (Table 1).

The above-described algorithm should give good re-
sults when fol P.(&)d¢ exists (cf. Eq. (9)). In our case
P.(¢) can be approximated by the power function
(1—¢&) " when & — 1. The exponent f, which comes
from the approximation for ¢ (&), turns out to be larger
than one half (see discussion in the next section). Thus if
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Table 1

Values of parameters used in the simulation
Description Notation Value Units
Saturation Teat 311 °C
temperature
Thermal ky 0.55 W/(m K)
conductivity of
liquid
Specific heat of CoL 6.12 J/(g K)
liquid
Mass density of oL 688.63 kg/m?
liquid
Mass density of oy 55.48 kg/m?
vapor
Latent heat of H 1.3 MlJ/kg
vaporization
Surface tension o 12.04 mN/m
Thermal ks 15 W/(m K)
conductivity of
steel
Specific heat of - 0.5 J/(g K)
steel
Mass density of - 8000 kg/m?
steel
Initial bubble Ro 0.05 mm
radius
Reference heat q 1 MW/m?
flux
Reference k 1 W/(m K)
thermal
conductivity
Minimal Ainin 0.001 Ry
discretization
step
Time step At 1 ms

the data were extrapolated to the contact point & =1,
this integral would diverge. It is well known, however,
that the evaporation heat flux is intrinsically limited [§]

10°
10" £
§ — t=10ms
[ O t=50 ms
S 107 E
. E —=—t=100 ms
= i —4— =200 ms
10°
10° i - e
0.01 0.1 1
(@) 1-&

by a flux ¢m.. As calculated in the kinetic theory of
gases

Gmax = 0.74p, H /R, Tout /M) = 10* MW /m>.  (44)

In our model the above divergence appears because of
the assumption that the temperature remains constant
along the vapor-liquid interface. In reality, this as-
sumption is violated in the very close vicinity of the
contact point where the heat flux g is comparable to
gmax- Thus we accept the following approximation for
the function g (&), & < 1. It is extrapolated using the
power law g1 (¢) o (1 — &)7” until it reaches the value of
gmax and remains constant while ¢ increases to unity.
This extrapolation is used to calculate the integrals in
Egs. (34) and (35). There is no need to modify the
constant-temperature boundary condition for the heat
transfer calculations because the calculated heat flux gp.
always remains less than gpay.

The calculations show that the function gy (&) (see
Fig. 4) can be described well by the above power law
where f# ~ 1 grows slightly with time. We note that for
the growing bubble the divergence is stronger than for
the 90° wedge analyzed in [16]. The difference between
these two cases is the behavior of the heat flux ¢s in the
vicinity of the contact point. While it was supposed to be
uniform for the 90° wedge, the function gs(x) increases
strongly near the contact point for the growing bubble
case, see the discussion associated with Fig. 9.

Sometimes, an occasional ‘bump’ on the g (&) curve
appears during the iteration of the steps 3-7 of the al-
gorithm because of inaccurate calculation of the bubble
shape when the automatically chosen number of
boundary elements in the vicinity of the contact line is
too small. This bump disappears during at most three
time steps. This disappearance indicates a good numer-

4

10" g

10° k
S o[
s 10 =10 ms
;_ L t=30 ms
Sy —&— t=50 ms

102 —&— t=80 ms

10*

10° e

0.01 0.1 1

(b) 1

Fig. 4. Variation of the heat flux ¢, (defined in (16)) along the bubble contour for different moments of time. The curvilinear coor-
dinate ¢ varies along the bubble contour; ¢ = 1 at the contact point: (a) go = 0.05 MW/m?, (b) ¢ = 0.5 MW/m?.
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ical stability of the algorithm. When the bubble evolu-
tion is exceedingly slow, it may be necessary to increase
the time step several times. While not influencing accu-
racy strongly (this is an intrinsic property of the BEM
[24]), such a change decreases the temporal resolution.

5. Results and discussion

There are a number of new results that we have ob-
tained from this simulation. The most important is the
time evolution of the dry spot under the vapor bubble.
At low heat flux, the shape of the bubble stays nearly
spherical Fig. 5(a) until it leaves the heating surface
under the action of gravity or hydrodynamic drag for-
ces. Fig. 5(b) shows that at large heat flux the radius of
the dry spot can approach the bubble radius during its
evolution, thus confirming previous theoretical predic-
tions [16] where the apparent contact angle grows with
time. It should be emphasized that the actual contact
angle remains zero during the evolution, see Section 2.
The large apparent contact angle is due to the strong
change in slope of the bubble contour near the contact
line where the vapor recoil force is very large (see [16] for
the advanced discussion). The temporal evolution of the
radius Ry of the dry spot is illustrated in Fig. 6, where
the time evolution of Ry/R is shown. R is the visible
bubble radius defined as the maximum abscissa for the
points of the bubble contour as shown in Fig. 1. Note
that Ry/R < 1 by definition. At low heat fluxes g, < 100
kW/m? Ry stays very small during a long time interval
(see Fig. 5(a)). In this regime the bubble should leave the
heater quickly because of the small adhesion that is
proportional to the contact line length. After a tran-
sition time ¢, which depends on ¢y, the growth of the dry
spot accelerates steeply (see Fig. 6). This time 7, corre-
sponds to the moment where the growing vapor recoil
force becomes comparable to the surface tension. This
force balance was analyzed in detail in [16], where nu-
merical estimates were given. The dependence #.(qo) is
presented in Fig. 7. Clearly, . is a decreasing function of

15:""I""I""I""I""I""_
: 230 ms ]
10 =
S
5 3
OE....I....I| AT
45 10 5 0 5 10 15

(a) VR,

(b)

qo- This means that, at a sufficiently large ¢o, the dry
spot becomes very large in a short time and the depar-
ture of the bubble is prevented because of the large ad-
hesion to the heater. During further growth this bubble
can either create alone a nucleus for the film boiling or
coalesce with another similarly spreading neighboring
bubble. Therefore, we can associate this value of gy with
the gcur. Without a careful analysis of the time of de-
parture, it is not possible to determine a precise value for
qcur- This will be the subject of future studies.

We neglected the initial superheating for the sake of
simplicity. The initial superheating would accelerate the
bubble growth slightly in the initial stages that are not
important for the dry spot spreading that becomes sig-
nificant later on.

Slight oscillations in the dry spot growth are clearly
visible in Fig. 6, especially in the fast growth regime. We
varied the numerical discretization parameters in order
to check whether these oscillations appear due to a nu-
merical instability. Neither the amplitude nor frequency
of the oscillations depends on numerical discretization
parameters. We conclude that the oscillations reflect a
physical effect (see below) rather than a numerical arti-
fact.

The kinetics of the bubble growth is illustrated in
Fig. 8, where the temporal evolution of the bubble ra-
dius R is presented. At ¢ < 7, we recover a general ten-
dency of the bubble growth curves (see, e.g., [2,3]),
where R oc t'/2. At t > t. the growth exponent is larger.
The curve R(¢) exhibits oscillations with their amplitude
increasing with time. We suspect that this effect appears
when the temperature distribution in the heater responds
too slowly to maintain the fast growth rate in the
bubble.

Our simulation enables the heat transfer under the
bubble to be rigorously calculated. The variation of the
heat flux ¢gs along the heating surface is shown in
Fig. 9(a) and (b) for the different values of the heat flux
qo- The value of g5 on the liquid side in the vicinity of the
contact line turns out to be very close to ¢;, the heat flux
that produces evaporation on the vapor-liquid interface

15 e

—
W

Fig. 5. The bubble shape shown for the different growth times. (a) go = 0.05 MW/m?; (b) g¢o = 0.5 MW/m?.
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Fig. 6. The temporal evolution of the quotient of the dry spot
radius R, and the bubble radius R for different values of g
expressed in MW/m?. R is measured as shown in Fig. 1. The
transition time ¢ is shown for gy = 0.05 MW/m?.
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Fig. 7. The transition time #. as a function of the heat flux g,.

and that diverges on the contact line (see Fig. 4). This
correspondence was expected, because all the heat flux
supplied by the heater to the foot of the bubble is con-
summated to evaporate the liquid, in agreement with the
‘liquid microlayer’ models. Since ¢gs is zero (cf. (21)) if
the contact line is approached from the dry spot side, the
function gs(x) is discontinuous in the vicinity of the
contact point. Far from the bubble g5 = ¢ as it should
be.

0 50 100 150 200 250 300 350
t(ms)

Fig. 8. Temporal evolution of the bubble radius R for different
values of ¢y expressed in MW/m?. R is measured as shown in
Fig. 1.

The variation of the temperature along the heating
surface 7Ty(x) is also shown in Fig. 9. Far from the
bubble, 75 has to increase with time independently of x
and follows a square root law according to (27). It de-
creases to Ty, near the contact point because the tem-
perature should be equal to T, on the whole vapor—
liquid interface, according to the imposed boundary
condition. Fig. 9 demonstrate that there is a zone of
lowered temperature around the bubble, in agreement
with the experimental observations [2]. Inside the dry
spot, Ts increases with time sharply because the heat
transfer through the dry spot is blocked. Fig. 9(b) shows
that at high heat flux and ¢ > ¢. the temperature inside
the dry spot becomes larger than the temperature far
from the bubble. This temperature increase leads to an
eventual burnout of the heater observed during the
boiling crisis. The presence of singularities in the func-
tions 7s(x) and gg(x) is the reason for our choice of the
boundary conditions on the heating surface in the form
(21) and (22). As a matter of fact, an application of the
conditions of the uniform heat flux or uniform tem-
perature would lead to the physically inconsistent results
such as non-integrable divergency of ¢; at the contact
line. We note that an error in the calculation of ¢,
should strongly influence the results for the dry spot
dynamics.

6. Conclusions

The 2D free-boundary simulation allows us to cal-
culate the actual bubble shape and the variation of the
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Fig. 9. Variation of the heat flux ¢s and the temperature Ty along the surface of the heater for (a) go = 0.05 MW/m?, ¢ = 200 ms; (b)
go = 0.5 MW/m?, t = 80 ms. The point x = 0 corresponds to the center of the bubble. Ts — Ty, = 0 at the contact point, g5 = 0 to the

left of it, i.e., inside the dry spot.

temperatures and fluxes along the vapor-liquid, vapor—
solid, and liquid-solid interfaces. The description of the
heat transfer in the vicinity of the triple contact line
presents the most difficult part of the problem. Our
variation of the boundary element method is capable of
adequately describing it.

Our main result is the evidence for the growth of the
dry spot under the vapor bubble. While this increase is
very slow in the beginning of the bubble growth, it ac-
celerates steeply after a growth time 7. that depends on
the external heat supply. At low heat supply, #. is very
large so that the bubble can grow large enough to satisfy
the conditions for departure from the heating surface
before the dry spot becomes significant. In contrast, at
high heat supply, . is small so that the dry spot grows
very rapidly which means that the bubble spreads over
the heating surface. Although our analysis is limited to
the case of high system pressures, we note that at low
pressures this effect can also be important because the
forces of dynamical origin ‘press’ the bubble against the
heater, thus favoring its spreading. The results of this
simulation thus confirm the validity of the ‘drying
transition’ model suggested in [16] to describe the boiling
crisis.

Unfortunately, observations of the bubble shape and
the dry spot growth during boiling at high pressures and
high heat fluxes are unknown to us, preventing a direct
comparison of our results with the experimental data.
We note, however, that the growth of the dry spot im-
mediately before the boiling crisis was observed in [9-
12], where observations have been carried out through a
transparent heating surface. The authors of [10-12] state
that “‘When the heat flux is sufficiently large, suddenly at
some point on the heating surface a dry area is not

wetted and starts growing, leading to burnout’. This
observation confirms directly the validity of our model.
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Appendix A. Volume determination

The volume V' of an object Q can be calculated as

1
v=[ do=x
(Q) (Q)

div(x2, +2,)dQ, (A1)

using the obvious equality
div(xg, + yé,) = 2,

where &, = (1,0) and &, = (0,1) are the unit vectors
directed along the axes. The Gauss integral theorem is
valid for any d and Q:

/ divadQ = / i i, doQ, (A2)
()] (0Q)
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where 0Q denotes the surface of Q, and 7, is the external
unit normal vector to this surface. In our case
0Q = 0Q,; U 0Q,, where 0Q, is the surface of the vapor—
solid contact, i.e., the dry spot. The application of the
equality (A.2) to the last integral in (A.1) yields the ex-
pression

1
V== / (xn + yn)) doQ. (A.3)
2 Jaua,)

Since y = n} = 0 on 0Q, (see Fig. 1), the integral over it
is equal to zero. Thus (A.3) reduces to (4).
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This study deals with a simple pure fluid whose temperature is slightly below its critical temperature and
whose density is nearly critical, so that the gas and liquid phases coexist. Under equilibrium conditions, such
a liquid completely wets the container wall and the gas phase is always separated from the solid by a wetting
film. We report a striking change in the shape of the gas-liquid interface influenced by heating under weight-
lessness where the gas phase spreads over a hot solid surface showing an apparent conlacfearigéan
90°. We show that the two-phase fluid is very sensitive to the differential vapor recoil force and give an
explanation that uses this nonequilibrium effect. We also show how these experiments help to understand the
boiling crisis, an important technological problem in high-power boiling heat exchange.
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I. INTRODUCTION IIl. EXPERIMENTAL SETUP
Singular properties of a simple flu[d,,2] appear when it We report results that were obtained and repeated using

is near its critical temperaturg, and its critical density.. . several samples of §RT.=318.717 K,p.=742 kg/n?).
When the fluid’s temperatur€ is slightly lower thanT, and  These samples were heated at various rates in cylindrical
the average fluid density is close top, the fluid exhibits cells of various aspect ratios on several French-Russian and
perfect wetting(i.e., zero contact anglef almost any solid French-American missions on the Mir space station using the
by the liquid phase in equilibrium. In this article we study a Alice-1l instrument[8]. This instrument is specially designed
system that is slightly out of equilibrium. Our experiments,to obtain high-precision temperature contr@tability of
performed in weightlessne$3—7] show that when the sys- ~15uK over 50 h, repeatability of=50uK over 7 days.
tem’s temperaturd is being increased td . the apparent To place the samples near the critical point, constant mass
contact angldésee Fig. 7 below for definitiorbecomes very cells are prepared with a high-precision density, to 0.02%,
large (up to 110°), and thejas appears to spread over the by observing the volume fraction change of the cells as a
solid surface. In Sec. Il we describe our experimental setufunction of temperature on the grouf@.
that allows the spreading gas to be observed. The gas-liquid A fluid layer was sandwiched between two parallel sap-
interface shape at equilibrium, which is considered in Secphire windows and surrounded by a copper alloy housing in
lll, plays a crucial role as an initial condition for the gas the cylindrical optical cell, the axial section of which is
spreading phenomenon. Sections IV and V deal with the obshown in Fig. 1.
servations of the spreading gas. A theoretical model that al- We consider here three cells of the same diamé&er
lows this unusual phenomenon to be explained is proposed s 12 mm, the other parameters of which are shown in Table
Sec. VI. In Sec. VII, we discuss the boiling crisis, a phenom-. The liquid-gas interface was visualized through light trans-
enon that plays an important role in industrial applicationsmission normal to the windows. Since the windows are glued
and how it is relevant to the spreading gas. to the copper alloy wall, some of the glue is squeezed inside
the cell as shown in Fig. 1. This glue forms a ring that blocks
the light transmission in a thin layer of the fluid adjacent to
*Email address: vnikolayev@cea.fr the copper wall, making it inaccessible for observations. Be-
"Mailing address: CEA-ESEME, Institut de Chimie de la Megie cause of this glue layer, the windows may also be slightly
Condense de Bordeaux, 87 Avenue du Dr. Schweitzer, 33608 Pestilted with respect to each other as discussed in Sec. Ill.
sac Cedex, France. A 10 mm diam ring was engraved on one of the win-

1063-651X/2001/645)/05160210)/$20.00 64 051602-1 ©2001 The American Physical Society
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incident light
) o FIG. 2. The experimental image of cell 10 at room temperature
FIG. 1. Sketch of a cross section of the cylindrical sample cell(g) and the equilibrium bubble shape simulated for the tilt angle of
(with parallel windows. The fluid volume is contained between two  46° (b). When superposed, the images and (b) give almost a
sapphire windows that are glued to a Cu-Be-Co alloy ring. Theperfect match. The outer white circle a) [black in (b)] shows the
dimensionsH (see Table)landD(=12 mm) of the cell are indi-  4ctyal location of the cell wall. The inner black circles@ and(b)
cated. Some glue is squeezed into the cell. The thickness of the glygrespond to the engraved ring that allows the superposition to be
layer is exaggerated for illustration purposes. In weightlessness, theage. The dark space between these two circles in the itahie
gas bubble should be located in the middle of such an “ideal” cell; j,5de by the ring of glue as shown in Fig. 1. The imdigeis a

see Sec. lll for discussion. frontal projection of the bubble shown in Fig. 4 below.

dows of each cell in order to calibrate the size of the visibleye cell's center. Because the bubble is flattened and occu-
area of the cell images as can be seen in each image. Afles one-half of the available volume, the distance of such a
out-of-focus wire grid, designed to visualigg0] fluid inho-  entered bubble to the copper wall is largfég. 1). The
mogeneities and/or a fluid flow through light refraction, wasjateral centering forces are then much weaker than the cen-
also used. The grid was occasionally moved out of the lightering forces in the direction of the cell axis. Any small ex-
path, so that it is not always present in all images. ternal influences in the real cell can displace the bubble lat-

The sample cell was placed inside a copper sample cell |y from the cell's center. This displacement is illustrated
unit (SCU) that, in turn, was placed inside a thermostat. Heaj, Fig. 2, which shows cell 10 at room temperature.
was pumped into and out of the SCU using Peltier elements \ye pote that there are two kinds of external influence that
and heaters. The temperature was sampled every second agié easily identified: residual accelerations in the spacecraft
is resolved to 1 uK. _ and cell asymmetry.

Similar ground based experiments were done before these g pple images for cells 8 and 10 were recorded in four
experiments using a copy of the same instrument. The grair missions between 1996 and 2000. Several images are
ity forces push the denser liquid phase to the bottom of th‘?eported in[3] (Cassiopeia mission, 199@nd in Fig. 6 be-

cell and completely different behavior is seen; b#|. low (GMSF2 mission, 1999for cell 10. It is extremely
likely that the space station changed its position with respect
lll. BUBBLE POSITION AT EQUILIBRIUM to the residual gravity vector between these runs. The bubble
UNDER WEIGHTLESSNESS position with respect to the cell, however, always remained

the same. The bubble location also varies from cell to cell

the total cell volumeis defined byp and the densities of gas without any dependence on th_e station’s orientation. _There-
fore, we have no reason to attribute the off-center position of

and liquid for the given temperature. In our experimeuts, : ;
~ . . the bubble to the residual gravity.
~0.5 and the gas bubble is flattened between the windows Although the cells were manufactured with high preci-

(Flﬁétl)ugL:‘ﬁsttoct:r?silggeagsigggl ractBIJ{rT dr(i)éeilhte:etl:leg.s 0DDOSE dsion, the cell windows could not be exactly parallel because
ycy PP of the glue layer as shown in Fig. 3. In the rest of this section

\t/f/)atIIthrgavlvgﬁgHAg e(#::m:ir 'L:JTj thhea;vgnd;(\a/\(/:sal?:g ttﬂg \C/g?]psgwe will discuss the influence of the windows’ tilt on the
y d P : osition and shape of the bubble.

Waals forces from the walls act to make the wetting film a When the bubble’s surface is curved, there is a constant

thick as possible, the weightless bubble should be located 0, cess pressutkp inside the bubble defined by the Laplace
formula

The gas volume fractiog (volume of the gas divided by

TABLE |. Physical parameters of the experimental cells. Cell 11
has a movable piston to change the cell volume. However, the vol-

ume was kept constant during these experiments. Ap=oK, (1)

whereo is a surface tension arid is the surface curvature.

i — 0,
Cell number _ Cell thicknessl (mm)  (p—pc)/pc (%) This excess pressure acts on all parts of the bubble interface.

8 3.016 0.85 In particular, it acts on the pa#s, (where the indes stands
10 1.664 0.25 for “sapphire” andg for “gas”) of the flat window surface
11 4.340 0.87 that contacts the gas directlgr, more accurately, through a

wetting film that we assume to be of homogeneous thick-
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gas bubble glue

tilt angle

FIG. 3. Sketch of a cross section of the sample cell with tilted
windows at equilibrium in weightlessness. The wetting film is not
shown. The window tilt is possible due to the existence of a space
between the window's edge and the copper wall, which is filled by
glue. This space and the tilt are exaggerated for illustration pur-
poses. Based on the manufacturing process a maximum tilt angle o
~1° is possible. The glue squeezed into the cell is not shown. The £ 4. The result of a 3D finite element calculation of the
reaction forces that act on the gas bubble are shown with arrowgqyjliprium gas-liquid interface for cell 10 with a window tilt angle
The contact areas of the gas bubble with the solid are indicated. of g 46°. The vertices of the polygonal lines indicate the location of

the cylindrical copper wall and they are shown to guide the eye.

ness$. This pressure creates reactions foréé@ andF®@ at The shape of a circular cylinder was input to the simulation. The
0 S . . .
each window that act on the bubble. Each of these forces igontact angle is zero. The part of the image marked by the square is

perpendicular to the corresponding window. The absolutgnlz’”ge‘j to show t_he contact arég, of the gas with the Copper
wall (the small white rectangle crossed by two symmetry lines

=(1 =(2 ;
values ofF{" andF{"’ are equ"{l A Ap. When the win-  the contact areay, with the windows have an oval shape. The
dows are exactly paraIIeEgl)—F Fg2)=0 and the bubble re- projection of this bubble shape onto the cell window is shown in
mains at the cell's center. When the windows are tilted withFig. 2(b).

= =(2
respect to each other, the nonzero fol‘_flﬁé_)ﬂL F& pushes \ nich increases neaf.. The wetting film remains thin,
the bubble in the direction of the increasing cell thlcknesshowever in comparison with the cell thickness. Both of

This motion continues until the bubble touch@krough a these effects are very weak.
wetting film) the copper wall of the cell, thus forming a The forceF. which is directed horizontally in Fig. 3
[oR] . il

contact spot of the ared.y, where the index stands for . ! o . ;
“copper.” This direct contact with the solid results in an- C2USes a distortion of the bubble. This distortion results in an
oval image in Fig. 2 instead of a circle. The degree of dis-

other reaction forcé . with the absolute valué.Ap, SUch  yotion increases with increasing tilt angle because so does

that F.. This distortion can thus be used to estimate the tilt angle.
For these constant volume gas bubbles, the degree of dis-
FOLE@LE —0o 2) tortion should decrease with increasing cell thicknistor
s S ¢ the same window tilt. A larger value df results in a less
compressedmore spherelikebubble shape with less area in
in equilibrium (see Fig. 3. contact with the wall. This smaller bubble curvature results
There are two equivalent ways to find the bubble shape @n a smaller value foAp according to Eq(1). Consequently,
equilibrium. One can solve Ed1), which reduces tK  the forceF,, the areaA., of the contact with the copper
= const, where the constant is obtained from the condition ofvall, and the bubble distortion are smaller. This window tilt
the given bubble volume. The bubble volume is defined byhypothesis is consistent with observations: we were not able
the known gas volume fraction and the cell volume. One canmo detect any distortion of the gas bubble in cellsge Fig.
also minimize the gas-liquid interface area with a bubble10(a) below, which corresponds to the nearly equilibrium
volume constraint. In both cases boundary conditions musthapé which is approximately twice as thigRable )) as cell
be satisfiedzero contact angle in our cgséThe resulting 10 shown in Fig. 2. There is, however, some tilt in cell 8
bubble shape obviously depends on the cell geometry. It ibecause the bubble touches the wall. We expect that the tilt
also nearly independent of temperature as can be seen froamgles in all of the cells are of the same order of magnitude
Eq. (2), because all three terms of this equation are proporbecause they were all manufactured using the same method.
tional to the surface tensiomr, so that this force balance  To verify the window tilt hypothesis, we performed a
remains valid even nedr., whereo disappears. There are, three-dimensiona{3D) numerical simulation of the bubble
however, several sources of weak temperature dependencesafrface by using theURFACE EVOLVERfinite element soft-
the bubble shape. First, there is weak dependence of the gagre[12]. The result of this calculation is shown in Fig. 4
volume fractiong on temperature at constant average denfor cell 10.
sity p. This small deviation is smallest at the critical density ~ The experimentally observed bubble deformation matches
pc and slightly greater in these experiments due to the veryhe calculation performed for a tilt angle of 0.465ee Fig.
small deviation(see Table )l of p from p.. Second, the 2). The simulation resulted in the interface curvatike
curvatureK depends on the thickness of the wetting film =1.389 mm * and in Ac=0.150 mn3 calculated for the
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001 prr—rrrr I L ] IV. CONTINUOUS HEATING EXPERIMENTS

In the continuous heating experiments, the cells 8, 10, and
11 were heated nearly linearly in tinbeThe evolution of the
nondimensional temperatutefor each of these experiments
is shown in Fig. 5.

The parameterr is defined as T—Tce)/ T, Where
Tcoex IS the temperature of the coexistence curve that corre-
sponds to the fluid's average density shown in Table I. Note
that T.oex differs from T, only by 1-50uK because the
density is very close tp. for all cells. A 40 min temperature
equilibration atr~ —0.033 preceded the heating. The mean
value ofdT/dt at T, was~7.2 mK/s.
0002k Figure 6 shows the time sequence of the images of cell
: 1:22:00 1:24:00 1:26:00 10. The interface appears dark because the liquid-gas menis-

005 B o o . cus refracts the normally incident light away from the cell
1:00:00 1:10:00 1:20:00 1:30:00 axis. After the temperature ramp was started but still far from
¢ (h:mm:ss) the critical temperature, the bubble shape changed. The con-

FIG. 5. Reduced temperature evolution for the image sequenc {act areaAc, of the gas with the copper wall appears to
shown in Fig. 6(solid line), Fig. 8 (dotted ling, and Fig. Y(dashed fhcrease. In Ot.her systems the wetting film under a growing

vapor bubble is observed to evaporiid]. In near-critical

line). The temperature values that correspond to each of the images " h he h f
(a—(h) shown in these figures are indicated by arrows and the cor- uids, however, the heat transfer processes are more com-

responding letters. The definition efis discussed in the text. The Plex [15]. In this system we believe that there may be a
temperature is measured in the body of the SCU. The vicinity of theéSimilar drying process, i.e., at some time the thin wetting
critical point is enlarged in the inset. film that separates the gas from the copper wall evaporates.
In fact, we have observed low-contrast lines that appear
bubble volumeV¢=26.675 mm. From these data, it is within the Ag4 area when the heating begins. An example of
easy to calculate the effective acceleratimyn; that would  such a line is indicated in Fig. 6a by the white arrows. The
create the equivalent buoyancy foree=(p,. —py)Vé ges;  out-of-focus grid shows that these lines correspond to a sharp
=Ko Ag. It turns out thatgers=1.55X 10°3g for T  change in the wetting film thickness. These lines are most
=290 K, whereg is the gravity acceleration on Earth. This likely triple contact lines and we have actually seen them
Jets acceleration is much larger than the residual steady aginned by an imperfection on the windows as they advance
celerations in the Mir space station~(0 °g) and this and retreat in other experiments. Since the heat conductivity
shows that the observed bubble deformation is not caused yf copper is larger than that of sapphire, the heat is supplied
residual accelerations. We conclude that the window tilt hyto the cell mainly through the hotter copper wall. Therefore
pothesis about the origin of the bubble deformation and itghe film should evaporate on the copper wall even earlier

0.01 |

0.03 | [
E of

-0.001

0.04 |

off-center position is correct. than on the sapphire. A more refined analysis of the contact
A similar off-center bubble position was observed underline motion will be discussed elsewhere.
weightlessness in a cell similar to ours by lkierral. [13] The increase of the aré&.4 is accompanied by an evident

and was attributed to a residual acceleration. However, theincrease in the apparent contact anfgee Figs. @&l)—6(f)
report only one run in a single cell, making the actual causend the corresponding magnified images in Fig.Near the
of the bubble off-centered position impossible to verify. critical temperature the apparent contact angle becomes

-
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FIG. 6. Time sequence of images of cell 10 during the continuous heating through the critical point. The temperature values that
correspond to each of the images—(h) shown here are indicated in Fig. 5 by arrows and the corresponding letters. This run is a repeat of
the run shown in Fig. 2 off3]. The gradual increase of the apparent contact angle as the gas spreads with increasing temperature is clearly
seen. The time corresponding to each image is shown to the left of the cell in the middle. The magnified upper regions close to the contac
line from the imagege)—(g) are shown in Fig. 7.
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glue
boundary
liquid-gas
meniscus

FIG. 7. The magnified upper regions close to the contact line
from the images Figs.(6)—6(g) and from the images Figs(&8—
8(h). The apparent contact angle can be “measured” as the angle FIG. 9. Time sequence of images of cell 11 during continuous
between the tangents to the black glue boundary and the liquid-gd®eating through the critical point. No bubble spreading is seen. The
meniscus. The latter corresponds to the boundary between the widribble does not touch the copper wall. The images(d), and(f)
dark and narrow bright stripes on the images. The liquid domain isvere taken for exactly the same values of temperatsinewn in
to the left of the meniscus. One can see that this apparent contakig. 5 as corresponding images in Fig. 6 and Fig. 8. Cell 11 con-
angle exceeds 90° in the imageg)Band &f). tains three thermistors shown in imagé¢ by arrows. This image

was taken after temperature equilibration abdye

larger than 90°. We will analyze these effects theoretically

in Sec. VI. be moved during the same time. The diffusion time is larger
While crossing the critical point, the vapor bubble is rap-for cell 8 because the size of the inhomogenéits., inter-
idly evolving. At T=T,, the surface tension vanishes, the facg is larger.
bubble’s relaxation from surface tension is negligible, so that  Figure 9 shows the time sequence of the images from cell
the interface shape is defined by the variation of the locall 1, which is thicker than both cells 8 and 10. The ima@ss
evaporation rate along the _interface. The evaporation i@d)' and (f) were taken for the same values of nondimen-
stronger at the parts of the interface closest to the coppejional temperature as corresponding images in Figs. 6 and 8.
heating wall. This effect leads to the waved interface shapghis cell contained three wetted thermistoFsg. 9(i)] that
shown in Fig. 6g). Diffusion causes the disappearance of theconstrain the bubble surfa¢€ig. Xa)]. The bubble is only
interface aff>T. as shown in Fig. @). . slightly squeezed by the windows so that the reaction forces
Figure 8 shows the time sequence of the images of cell &nat act on the bubble at equilibrium are weak. As a result,
which is approximately twice as thick as cell 10. The imageshe bubble does not touch the copper heating wall at all.
ir! Fig. 8 were taken for exactly the same values of the NoNAlthough this is not clear in the imag@), because of the
dimensional temperature (shown in Fig. § as the corre-  glue near the copper wall, it is clear in imagewhere small
sponding images in Fig. 6. The forée pushes the bubble newly formed bubbles separate the initial bubble from the
against the cell wall as in the case of cell 10. As discussewvall. These bubbles form from the local overheating of the
above, this force is weaker than for cell 10 because thdéluid between the large bubble and the copper wall. There is
bubble appears almost circular at equilibrifisee Fig. 6a) enough fluid between the large bubble and the wall so that a
and Fig. 8)]. By comparing images¢e) of both sequences, small bubble may grow in it. These small bubbles push the
we can also see that the vapor spreads more slowly in cell 8arge bubble away from the wall before any coalescence can
The increase of the apparent contact angle is also slowetake place.
The wave shaped interface appears earlier in Fif, 8e., The comparison of these three experiments clearly shows
farther fromT,, than for cell 10. The interface is still quite that, in order to obtain bubble spreading, the bubble needs to
sharp in Fig. &), while it has already diffused in the case of have direct contact with the heating wall, i.e., to be pushed to
the thinner cel[Fig. 6h)]. This difference can be explained the heating wall by some force. Note that none of the images
by the difference in the liquid-gas interface area, which isshow any evidence of steady fluid motion which would be
roughly proportional to the cell thickness. The surface tennecessary to maintain the distorted bubble shapes in Figs. 6
sion force that tends to maintain the convex shape is not aand 8. We conclude that this distortion of the bubble equi-
strong for the thicker cell where a larger fluid volume has tolibrium shape cannot be caused by fluid motion.

ao47 | 42.988

42.020 — B
00 000 R
0000 ¢

FIG. 8. Time sequence of the images from
cell 8 during continuous heating through the criti-
cal point. Imagega)—(h) were taken for exactly
= - the same values of temperatyslown in Fig. 3
oo .\ £ | 505 48 5 ; h as corresponding images in Fig. 6. The magnified
o I8 : o i \ upper regions close to the contact line from the
2\ Ak , i images(e)—(h) are shown in Fig. 7.
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FIG. 10. Time sequence of images of cell 8
during two 100 mK quenches. The gas spreads
during each quench, which lasts about 12 s. The
equilibrium position of the vapor bubble with re-
spect to the cell is shown by the white circle in
each image for comparison.

Similar continuous heating experiments are reported byerved during the heating of GCells in other experiments
Ikier et al. in [13]. However, a smaller heating ratd.7 (Pegasus BV4705, Post-Perseus )Ftdrried out by our
mK/s) and erratic accelerations of the cell did not allow gasgroup in the Mir station. However, these experiments were
spreading to be observed. not designed to study the spreading gas and we do not dis-

cuss them here.

V. QUENCHING EXPERIMENTS

Figure 10 shows the time sequence of the images of cell 8V|' INTERFACE EVOLUTION DURING THE HEATING

when it was heated by 100 mK quenches as shown in Fig. The above experimental data showed that the spreading
11. gas and the associated interface deformation are caused by
While the heating rate is quite large during each quenchan out-of-equilibrium phenomenon. This is especially dem-
the time average of the heating rate 1.4 mK/s is smaller thaBnstrated by the analysis of the interface shape at equilibrium
that during the continuous heating due to the waiting time ofSec. Ill) and by the return to the equilibrium shape after
~60 s after each quench. During this waiting time a partialeach quench in Sec. V. In this section we analyze possible
equilibration takes place. The imagés—(c) show a slight  causes of the spreading gas. Two causes are considered: Ma-
bubble spreading that appears during a quench that is farthesingoni convection due to the temperature chafifiealong

from the critical point than the quench shown inimag#)s-  the gas-liquid interface, and the differential vapor recoil.
(h). After each quench as soon as the heating stops, the

bubble interface begins to return to its initial forffigs.
10(c,d)]. This shows that the spreading vapor is caused by a
nonequilibrium effect. The second quench that precedes the If a temperature chang8T; exists, it will create a surface
crossing of the critical poinfFigs. 10d—h] shows very tension changeSo=(do/dT)ST; that will drive a thermo-
rapid interface motion accompanied by fluid flows. capillary (Marangon) flow in the bulk of both fluidg16—

While the interface returns to its initial state during the 18]. The images obtained in our experiment are capable of
waiting time of the first quencfFig. 10(c)], it does not re-  visualizing convective flows from the shadow-graph effect.
turn in the second quendlFig. 10(h)]. This occurs because We have not seen any evidence of the steady convection that
the characteristic equilibration time grows dramaticallyis required to create and maintain the observed bubble shape
nearT,. continuously during the heating. We conclude that Ma-

The same phenomenon of spreading gas was also olangoni convection is absent.

This conclusion is an apparent contradiction with many
works that study the Marangoni effect caused by evaporation

A. Marangoni convection

0 —
- (see, e.g.[19]). The main difference between these works
-0.0005 L and ours is in the conditions of evaporation. These works
L consider evaporation into aopen space where the vapor
0.001 E k pressure is very small. The interface temperature thus fol-
ks lows the temperature in the bulk of the liquid and a very
i large evaporation rate is possible, limited only by the aver-
5 g age velocity of the fluid molecules. In our case, the gas phase
i : is almost at saturation pressure. This means that the total
-0.002 |- y evaporatior{over the whole gas liquid interfages small and
i ] limited by the amount of the supplied heat consumed by the
-0.0025 [~ S S S SR N latent heat. Therefore, any variationi; is rapidly dampened
2:30:00 2:35:00 2:40:00 2:45:00

by the corresponding change in the evaporation rate, stabi-
lizing the interface against Marangoni convection, €&

FIG. 11. Temperature evolution during the series of quenchedor an extended discussion. This conclusion is confirmed by
The points that correspond to each of the images in Figg)0 experiment§20] in which Marangoni convection was care-
10(h) are indicated by arrows and corresponding letters. The temfully studied in aclosedcell with very clean water in contact
perature is measured in the body of the SCU. with its vapor. No surface-tension-driven convection was

¢t (h:mm:ss)
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registered in spite of a large Marangoni number which was In order to find the distributiom(X) at the interface it is
much greater than its critical value obtained in the classicahecessary to solve the entire heat transfer problem. This
Marangoni-Benard experiments with nonvolatile liquids problem is complicated by several important factors. First,
[16]. It was argued i16] that the convection was absent we deal with a problem that contains a free boundaas-
due to a hypothetical interface contamination present in spitéquid interface the position of which should be determined.
of many careful preventive measures. According to our reaSecond, this interface contains lines of singularitigas-
soning, a variatiorST; would have been strongly dampened liquid-solid contact lineswhere various divergences are pos-
in [16] because of the saturation conditions in the sealed celkible. Third, the adiabatic heat transfé5,21,23 (“the pis-
We also note that, even in evaporative driven Marangonton effect”) should be taken into account for near-critical
convection far from saturation, the convection cells may alsdluids. The first two complications were addressed 28—
tend to stabilize the interface resulting in intermittent cellular25] for plane geometry, i.e., for a gas bubble growing on a
formation as was observed [d7]. It was also observed in plane. We showed thait(X) can exhibit a divergence at the
[17] that the velocity of convection and frequency of inter- contact line and that it decreases exponentially far away from
mittent cell formation decrease as the external gas becomds Because the bulk temperature varies sharply in the bound-
more saturated. ary layer adjacent to the walls of the cEl1] and the inter-
face temperature is constant, the largest portion of mass
B. Differential vapor recoil transfer across the interface takes place near the triple con-
tact line. Thus(X) is large in the vicinity of the contact line.

We now analyze another possible source of bubble deI'n this work, we present first the scaling arguments and then

forming stress that does not require a temperature gradle% approximate calculation of the bubble shape to illustrate

along the interface. The bubble may be deformed by th : . . N i
normal stress exerted on the interface by the recoil fro tjr;explanatlon of the spreading gas in the cylindrical geom

de_pa_rtmg vapo[_19_]. Let n(X) be the evapciratlng Mass Per \ye assume that(X) has the following form:
unit time per unit interface area at the poxibn the inter-
face. The evaporating gas moves normally to the interface, N (G a

) g n(x)= T.—T 6
and exerts a force per unit aréa “thrust”) on the liquid of (=9 (Te=T) ©

P, (%) =n%X)(Ups—1lp,) 3) asT—T,, i.e., it has the same local behavior with respect to
' ’ temperature as the critical temperature is approached. The

where p denotes mass density and the subscripand G integral rate of change of mab&of the gas bubble is defined
refer to liquid and gas, respectively. as

The interface shape can be obtained from a quasistatic
argument when the experimentally_ observed interfa_ce veloc- dM/dtzf n(X)dx~(T,—T)2, @)
ity v; is smaller than the characteristic hydrodynamic veloc-
ity o/ , wheren is the shear viscosity. A numerical estimate ) o o
shows that the quasistatic approximation holds for the imWhere the integration is performed over the total gas-liquid
ages(a—(f) in Fig. 6 in which the spreading is observed. Theinterface area. On the other hand,
guasistatic approximation does not appear to hold for the
quench experiment§Fig. 10, where the interface moves dM/dt=d/dt(V¢pg), )
rapidly. _ .

According to the quasistatic argumd:m], the interface whereV is the cell volume, and5=0.5 is assumed. Near the

shape can be determined from the modified Laplace equatid#fitical point, the coexistence curve has the fopg=p.
—Apl2, whereAp~(T.—T)# with the universal exponent

oK=Ap+P,(X). (4)  B=0.325, so thadM/dt~(T,—T)#~*dT/dt asT—T, ac-
cording to Eq.(8). Thus Eq.(7) results ina= 38— 1 and the
The 3D curvature is equal to the sum of the 2D curvature curvature change due to the vapor recoil scales as
cin the image plane and the 2D curvature in the perpendicu-
lar plane shown in Fig. 1. For the small cell thicknékshis P lo~(T,—T)*¥ 272, 9
last curvature can be accurately approximated by the con-
stant value 2. This is possible because the relatively smallwhere Eq.(3) and the scaling relationship~ (T,—T)?”
heat flow through the less conductive sapphire windows im{»=0.63) were employed. Because this critical exponent
plies a smallP, near the contact line on the windows, as (38—2—2v~—2.3) is very large, it should manifest itself
compared to the large value dfp at this smallH. The even far from the critical point in agreement with the experi-
interface shape can thus be obtained from the 2D equationments. In summary, as—T., the vapor mass growth fol-
lows the growth of its densitythe vapor volume remains
oc=Ap'+P.(l), (5) constan), so that the diverging vapor production near the
critical point drives a diverging recoil force.
where Ap’ is a constant to be determined from the known  This curvature change has a striking effect on the bubble
bubble volume and is a coordinate that varies along the shape because it is not homogeneously distributed along the
bubble contour in the image plane. bubble interface. Since the evaporation is strongest near the
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copper heating wall where the strongest temperature gradi =0.01 =0.5
ents form, bothP, andc increase strongly near this wall, i.e.,
near the triple contact line. Note thais proportional to the
second derivative of the bubble shape function, i.e., to the
first derivative of the bubble slope. tf is large, then the
slope of the bubble contour changes sharply when moving
along the bubble contour toward the contact line; see
[5,23,24 for more details. Because the interface slope
changes so abruptly near the contact line, the apparent cor
tact angle should be much larger than its actual value.
Becausec is proportional to the second derivative of the
bubble shape function, E¢) is a differential equation with
the boundary condition given by the actual contact angle

[23]. This actual contact angle defines the first derivatitie
slope of the bubble shape function at the solid wall. It is also
specified by the interfacial tension balance and must be zert
near the critical point. This condition of the zero contact
angle gives a boundary condition for Ep). In order to
illustrate a possible solution of E¢(p), we solved it using the
same expression fd?, () as in[23]:

P.(I)ec—NIn(I/L) exp{—[1/(0.1L)]?}, (10

FIG. 12. Calculated bubble shape for different values of the
wherel [0,L], L being the length of the bubble half con- nondimensional strength of vapor rechilwhich goes to infinity at
tour with =0 at the solid wall. We use a nondimensional the critical point. Note that the actual contact angle is zero for all
parameterN to measure the influence of the vapor recoil the curves.
force relative to the surface tension. It is defined as

N=1.0 N=1.5

VII. SPREADING GAS AND THE BOILING CRISIS

N= EJLP (hdl (11) A very similar bubble spreading was observed far from
' ' during boiling at large heat flup26,27. When the heating to
a surface is increased past a critical heat floKF) there is
a sudden transition to “film” boiling, where the heater be-
"tomes covered with gas and may burn fi]. This “boil-
ing crisis” is an important practical problem in many indus-
tries where large heat fluxes are frequently used. We
interpret[23,25 the boiling crisis to be similar to the gas
fpreading shown here. The main difference is that the large
recoil pressure is not rigorous, it contains the main physical;; 6 ofN is caused by large vapor production that can be
featureg of the solution of the h_eat conducthn problem: %chieved during strong overheating rather than by the critical
weak divergence at the contact line and a rapid decay awgygacts.
from it. It is shown in[25] that the rigorous numerical solu- It is well documented from experimerfts4] that the CHF
tions obtained far from the critical point follow this behavior. decreases rapidly when the fluid pressprapproaches the
The .resullt of this calculation is shown in Fig. 12. Sincecritical pressurep,, i.e., whenT—T, in our constant vol-
Eq. (9) implies ume system. Previously, this tendency has not been well un-
derstood. The divergence of the factdy discussed above,
N~(T—T) %= (12 helps to understand it. We first note that the evaporation rate
n scales as the applied heat flpgandN~ g2, where Eqs(3)
and (11) are used. By assuming that the boiling crists (
=(qcne) begins whenN attains its critical valueNcpe~1
?see[23]), one finds that

where the integration is performed over the drop contour i
the image plane. The numerical coefficiésee[23]) in Eq.
(10) can be determined from E@L1), where the upper inte-
gration limit can be replaced by infinity without any loss of

asT—T,., theN increase mimics the approach to the critical
point and qualitatively explains the observed shape of th
vapor bubble(see Fig. 6. The increase of the apparent con-
tact angle and of the gas-solid contact afgg can be seen
in Fig. 12. Note that such a calculation is not able to predict
wavy interface shapes like those in Figgpor Figs. &f)—

(h), because these images correspond eithéFtar, [im- from Eq.(12). The same exponent is also valid for the pres-
ages(g) and(h) of both figure$ or to the close vicinity off, ~ sure scaling,

whereo<wv; 7 (see the discussion of the validity of the qua-

sistatic approximation earlier in this sectjon Achr~ (Pe—p) L (14)

Aonp~ (Te—T)rFv3F2— (T —T)11 (13

051602-8
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Equation(14) explains the observed tendenqyy-—0 as  far from the critical point during boiling at high heat fluxes
P—Pe. where it is known as the “boiling crisis.” While the gas
Although the strict requirements on temperature stabilityspreads very quickly during the boiling crisis far from the
and the necessity of weightlessness lead to experimental diéritical point, the near-critical region allows a very slow
ficulties in studying the boiling crisis in the near-critical re- spreading gas to be observed in great detail.
gion, they also present some important advantages. Only a We explain this phenomenon as induced by the vapor
very small heating ratéheat fluy is needed to reach the recoil force that changes the shape of the vapor-liquid inter-
boiling crisis becausgcyr is very small. At such low heat face near the triple contact line. Our preliminary calculations
fluxes, the bubble growth is extremely slow due to the criti-of the gas-liquid interface shape are qualitatively consistent
cal slowing down. In our experiments we were able to ob-with the experimental images. The scaling analysis gives the
serve the spreading géise., the drying out that leads to the critical exponent for the critical heat flux decrease near the
boiling crisis, see Fig. bduring 45 min. Such experiments critical point and explains the increase of the vapor recoil
not only permit an excellent time resolution, but also alloweffect near the critical point. We believe that there is much to
the complicating effects of rapid fluid motion to be avoided.be learned about the boiling crisis in the near-critical region
and hope that these experiments inspire more investigations.

VIIl. CONCLUSIONS
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PACS. 68.35.Rh — Phase transitions and critical phenomena.
PACS. 44.35.+c — Heat flow in multiphase systems.
PACS. 68.03.Cd — Surface tension and related phenomena.

Abstract. — We study the growth of gas bubbles surrounded by liquid during the phase
separation of a pure CO2 sample quenched from one-phase to two-phase region of the phase
diagram by rapid cooling in microgravity. The vicinity of the critical point ensures slowing-
down of the growth process. The bubble growth by coalescence is modified by local laser
heating. It induces a thermocapillary (Marangoni) effect that attracts the bubbles towards
the center of the beam. At the beginning of the phase separation, a bubble is trapped there
and “captures” the surrounding bubbles. The growth exponent for the central bubble radius
is close to 0.5, while that for the other bubbles is 1/3. We present a theoretical model that
explains the experimental data and justifies that the temperature can vary along the gas-liquid
interface in a pure fluid during its phase separation.

Introduction. — On earth, phase separation processes in liquids are strongly affected by
gravity. The density difference between the evolving phases leads to sedimentation and forma-
tion of layered structure. Under microgravity, Marangoni convection resulting from induced
temperature gradients at the surface of the emerging drops can become predominant. These
temperature gradients result in interfacial tension gradients that are known to cause linear
motion of droplets (thermocapillary migration) [1]. The resulting flow generally increases the
rate of collisions between the drops and thus the rate of coalescences. Such a phenomenon
has already been observed in microgravity during sounding rocket flights [2]. However, due to

(*) E-mail: dbeysens@cea.fr
(**) Mailing address: CEA-ESEME, Institut de Chimie de la Matiére Condensée de Bordeaux - 87 Avenue
du Dr. Schweitzer, 33608 Pessac Cedex, France.
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Fig. 1 — Schematic phase diagram for simple fluids in the temperature-density coordinates. The isobar
that corresponds to the final fluid state T} is shown with its metastable branches.

Fig. 2 — Growth laws of phase-separating fluid close to the critical point in the reduced coordinates
(inverse length Q.,, time 7). The experimental points illustrate the growth of the central single
bubble for 67" = 85, 90, 100 mK with the exponent close to —0.5 while the Qm (1) ~ 7-1/3 behavior
is recovered far from the illuminated area. The fit using the theoretical —4/9 ~ —0.44 exponent is
also shown.

the short duration of the experiments, the expected thermocapillary-driven coarsening regime
lasts roughly 15 s, which is not long enough. By performing experiments on board the Mir
space station, we are able to observe the droplet coarsening during 13 hours which corresponds
to almost two decades in reduced time. To avoid coupling with the temperature changes as-
sociated with the quenching procedure, Marangoni flows are here created in the sample with
a He-Ne laser passing through the small central part of the sample.

A phase separation experiment consists of quenching a pure fluid (here CO3) from the
initial single-phase state (p,T}) to another state (p,T¢) where homogeneous stability is lost
and phase separation occurs (p is the mean density of the fluid sample cell, 7} is the initial
temperature, and Tt is the final temperature). As illustrated in fig. 1, the evolution of the
system is defined by the relationship between the critical temperature T, the coexistence
temperature Ty, and the quench depth 7 = Tcx — T;. Depending on the final (equilibrium)
volume fraction ¢ of the minority phase, the phase transition may proceed either by the
growth of isolated droplets when ¢ < 30% (insert (b) in fig. 2) or by growth of interconnected
domains when ¢ > 30% (insert (a) in fig. 2).

The characteristic size of the evolving pattern L,, as a function of time ¢ can be charac-
terized [3] in terms of the reduced coordinates Q,, = 27§~ /Ly, and 7 = t/t¢, where £~ and
te = 6716 (& ~)3/kgT; are, respectively, the correlation length of the density fluctuations inside
the coexistence curve and the associated relaxation time scale, 1, being the fluid viscosity.
In off-critical systems (isolated domains, fig. 2), a behavior Q,,(7) = 0.957~'/% has been
measured over more than seven decades in time [3] independently of the quench depth.

Ezxperimental. — The COs fluid (supplied by Air Liquide, with purity better than 99.998%)
is enclosed between two transparent sapphire windows and a copper alloy cylindrical cell
(11.6 mm internal diameter, thickness L = 1.49 mm). The cell is set in a high-precision
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Fig. 3 — Growth of a single CO2 gas bubble trapped by the beam for the quench depth 67" = 90 mK.
(a) Time evolution of the pattern: (i) ¢ = 7207 s, (ii) ¢ = 11580 s, and (iii) ¢ = 17640 s. Note also the
growth of the depletion zone centered around the growing bubble. (b) Experimental growth laws of
the gas bubble trapped by the laser beam and (c) of the depletion zone for §7" = 85, 90, and 100 mK.
The growth curves calculated using (17) are also plotted in (b). The theoretically predicted slope 2/3
is shown in (c) for comparison.

thermostat (+£50 pK accuracy) which is located inside the ALICE instrument [4] onboard the
Mir station. The experimental cell is filled at the density p = 1.094 p., where p. is the critical
density. Initially, the fluid temperature is above the critical temperature, and the fluid is
homogeneous. The sample is then thermally quenched below the coexistence curve, the total
quench duration being about 10 s. The cell is illuminated by white light parallel to the cylin-
drical cell walls. A CCD video camera captures images of the entire volume, the depth of field
being larger than the sample thickness. A He-Ne laser beam (power P = 1 mW, wavelength
632.8 nm in vacuum, beam diameter 2w = 300 pm) propagates along the axis of the cell.
Sapphire and CO, are transparent at this wavelength. However, a weak part v ~ 21076 [5]
of the beam power is absorbed per window. As a consequence, the light beam induces a weak
temperature gradient in the fluid.

Our phase separation experiments were carried out for the quench depths §7 = 85, 90, and
100 mK. As illustrated in fig. 3a, a single drop emerges and grows rapidly in the beam center,
while small bubbles grow everywhere in the sample. Growth continues when the central
bubble becomes larger than the beam-illuminated area. The growth of the central bubble
clearly generates in its vicinity a strong density depletion of small bubbles. In addition, this
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central bubble grows faster than the small bubbles. From the three experiments shown in
fig. 3b, we deduce that the evolution of the radius R of the single beam-trapped bubble is
given by the power law R(7) ~ t*, where x = 0.47 £ 0.01 for 6T = 85 mK, x = 0.56 £ 0.11 for
0T =90 mK, and « = 0.67+0.04 for 67 = 100 mK. When calculating these exponents, we do
not consider the very late times data when the bubble diameter reaches the cell thickness and
the bubble begins a lateral motion out of the beam center. This motion is due to a driving
force that appears when the bubble is squeezed between the cell windows that are not strictly
parallel. In microgravity, even a very small angle is sufficient to move a squeezed bubble, see
the discussion in [6]. There is a crossover to a much faster growth when the opposite windows
of the cell become joined by this gas “bridge”, see fig. 3b. We will discuss this point later on.

The @, (7) curve which corresponds to the central bubble growth (with 2R used for L,,)
lies in between the two master curves in fig. 2. The average value for the exponent x ~ —0.5
does not coincide with the exponent observed [2] in a phase-separating binary mixture located
in a thermal gradient induced by a Peltier element (Q,,(7) ~ 7~2 during 15 s). The comparison
between both experiments is difficult as the heat flow configuration is different. We however
stress that our experiment lasts almost two decades in the scaled time, which makes the
determination of a power law exponent quite reliable.

For the same three experiments, we have also analyzed the growth of the diameter Lp of
the depletion zone (fig. 3c). Results are, respectively, Lp(t) ~ tO-72F018 " [ (¢) ~ ¢0-76+0.06
and LD (t) ~ t0'68i0'10.

Theoretical model. — The observed beam trapping as well as the enhancement of the
coarsening process can be explained by a Marangoni effect caused by a temperature variation
at the bubble interface. A question arises whether such a variation can exist in a true single-
component system. There is strong evidence [6] that when the liquid-gas interface is initially
at saturation conditions, the interface is isothermal unless a contamination is present in the
fluid [7]. However, in the present work, the system is already out of equilibrium at the initial
moment of time (i.e. during the quench). A strong density variation forms at the beginning
of the evolution. We consider the “late” stages during which the bubble interfaces are already
well formed and the density variation in the bulk of the phases is smaller, but still exists.
Since the pressure of the system is equilibrated quickly after the quench due to the piston
effect [8], the system evolves along the metastable branches of the isobar shown in fig. 1
during most of the evolution time. The liquid phase is overheated and the gas is overcooled.
Therefore, the interface temperature is not necessarily equal to the saturation temperature
(i.e. Tt) that corresponds to the system pressure. It can thus vary along the bubble interface.
One can estimate the upper limit for this variation as a difference AT between the maximum
overheating and minimum undercooling temperatures, see fig. 1. Despite the presence of this
(small) spatial density variation, the associated Lifshitz-Slyozov mechanism of bubble growth
is not relevant. The kinetics turns out to be dominated by the droplet diffusion and coalescence
(Binder-Stauffer mechanism), see [3].

For a small temperature inhomogeneity, the velocity v of thermocapillary migration of a
bubble suspended in a fluid phase is proportional [9] to the externally imposed temperature
gradient VT:

2 do a -

- — T 1
216 + 31 dT2+)\i//\ov ’ (1)

where 7, and A, (respectively, 7; and A;) are the viscosity and the thermal conductivity
outside (respectively, inside) the bubble of radius a. Here the surface tension o decreases
with temperature so that do/dT < 0. According to (1), the bubble should migrate along
the temperature gradient. Since in our case heating is localized inside the laser beam, the

'17':
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bubbles should migrate towards its center, coalescing between each other. The formation of
the centered single bubble provides a qualitative demonstration of the above theory.

In order to develop a quantitative approach, we need to determine the gradient VT induced
by the beam with the Gaussian radial intensity distribution

I(r) = (2)

at the entrance of the cell. Here P is the beam power and r is the coordinate measured
radially from the beam center.

The beam path in the cell consists of i) a thin absorbing layer on the sapphire-fluid bound-
ary that absorbs the power vP, ii) a non-absorbing layer of CO3, and iii) an absorbing layer
equivalent to ii). There is only one trapped bubble on the entrance window because, during
the quench, the bubbles that are forming in the bulk fluid scatter so much light that the laser
beam is strongly attenuated before reaching the second window.

Due to the small thickness/radius ratio of the experimental cell, we will assume that the
temperature distribution is of cylindrical symmetry with the axis along the beam as in [10]. In
other words, we make the simplifying assumption that the power is dissipated homogeneously
along the part of the beam that crosses the fluid, so that the heat power j generated per unit
volume of the fluid is j(r) = 2vyI(r)/L.

For a long observation time we can also reasonably assume that the Piston effect is negli-
gible and the temperature distribution is given by the stationary heat conduction equation

2P 6_2r2/w2
Tw?

AoV2T 4 j = 0. (3)

Note that this bubble trapping can be influenced by a dipolar (“optical trapping”) ef-
fect [11] that appears because the refractive index of a gas bubble is smaller than that of the
liquid phase. Then the dipolar forces act against the thermocapillary trapping by expulsing
bubbles from the illuminated region. This effect is, however, negligibly small for the beam pa-
rameters used here. In addition, it is proportional to |dI/dr| and thus follows the exponential
decline of the beam intensity (2) at large r.

The solution of (3) results in the radial temperature gradient

=3 o 8T - ’)/P —27‘2/w2
VT = Or  wrL), (1 — ¢ ) ' (4)

The velocity ¢ as given by (1) behaves as
v =afr (5)

outside the illuminated area and is directed towards the center of the beam (i.e. opposite to
the r axis). The constant § is defined by

1 do 1 2vP
f=—"—|— S (6)
2770 + 37]1 dT 2A0 + )‘i L
For the temperature Ty = T, — 139.6 mK that corresponds to the 67" = 90 mK quench,

B =0.173 pm/s.

One can now obtain the growth law for the central bubble based on the expression (5).
Let us denote by ¢ = ¢(r) the number of (small) gas bubbles in the unit volume. The total
flux f = f (r) of the bubbles (i.e. the average number of the bubbles that cross the unit area
per unit time),

f(r) = =DVe¢+ ¢, (7)
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has two contributions. The first term corresponds to the diffusion of the bubbles with the
diffusion constant D, while the second is responsible for the drift with the average velocity ¥ in
the external force field. In our case, the latter corresponds to the thermocapillary migration of
the bubbles. Under the assumption of a nearly stationary distribution for ¢(r) , f (r) satisfies
the equation

divf =0. (8)

Since the thickness L of the cell is much smaller than its diameter, the motion of the
bubbles towards the beam center is almost 2D. Indeed, fig. 3c shows that the scale Lp of the
¢(r) variation can be 3 times larger than L. Therefore, egs. (7)-(8) should be solved in 2D,
i.e. for a function ¢(r) with a cylindrical symmetry. However, the central bubble is spherical
because of the surface tension and cannot be assumed cylindrical. To solve this contradiction,
we introduce a cylindrical bubble of radius Rop which has the same volume Vi as the actual
central bubble with the radius R,

4
Vi = §R3 — 7R3, L. (9)
In the cylindrical coordinates, (8) reduces to the 2nd-order ordinary differential equation
d de cap
- _p—_ == =0. 1
dr [T< dr r )] 0 (10)

Assuming that a is independent of r (i.e. that the rate of collisions is not influenced by the
weak gradient of bubble concentration ¢), eq. (10) can be solved with two boundary conditions
¢(Rap) = 0 (which corresponds to the disappearance of the small bubbles when they touch the
central bubble) and ¢(0c0) = ¢, the constant bubble concentration at infinity. The solution
of (10) reads

() = e[l = (r/Ran) /7] (11)

and shows a depletion zone, that can be defined as the zone of 0 < r < Lp/2, where ¢(r) <
0.9 ¢so. According to (11), this condition results in

Lp ~ Rop ~ t%/3, (12)

which fits the experimental data, see fig. 3c.
The central hemispherical bubble grows at the expense of the small bubbles that are
absorbed by coalescence, so that

dVg/dt = 27 Rap Lf (Rop )V, (13)

where f(Rap) = csofa/Rop and V, is the volume of a small bubble. The product ¢V, is the
constant vapor volume fraction ¢ = (pr, — p)/(pr — pv), pr and py being defined in fig. 1.
Equation (13) then reduces to

RQD dRQD/dt = ﬂ¢a (14)

The growth law for the small bubbles is
a=agt’? (15)

with ao that follows from the equation Q,,(7) = 0.9577'/3 and the relationship [12] ¢ =
0.69 (L, /2a)73,

kT 1/3
L ) . (16)

a01.91¢( .
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For the 7 = 90 mK quench, ag = 1.38 - 10~% ms~'/3. Equations (9), (14), (15) result in the

growth laws
Rop = \/36¢ao/2 /3, R = (9LBdao/8)"/> t4/°. (17)

The R(t) curve can now be plotted in fig. 3b. The theoretical curve fits the experimental
data within a constant factor ~ 2. In addition, its experimentally observed week dependence
on 0T is reproduced well by the model. Such a good agreement obtained in spite of several
assumptions confirms the Marangoni origin of the fast growth of the cental bubble.

The crossover to the faster kinetics visible in fig. 3b can now be understood. It is observed
when the central bubble joins the opposite cell windows. One can assume that this crossover
has a geometrical origin. Indeed, if the bubble became exactly cylindrical, its growth exponent
would be that of Rop, i.e. the growth would accelerate. However, the actual growth law after
crossover is difficult to obtain since the actual shape of this bubble squeezed between the
windows is complicated, see [6].

Concluding remark. — This work shows that even a weak temperature gradient can
strongly modify the kinetics of phase transitions and affect material processing. In addition,
this work presents a clear evidence of the temperature gradient along the gas-liquid interface
in a truly one-component fluid systems. While the Marangoni convection caused by such
gradients is commonly observed in the presence of a second fluid, clear evidence of such an
effect in a pure fluid is unknown to us.
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2D BEM modeling of a singular thermal
diffusion free boundary problem with phase
change

V. S. Nikolayev & D. A. Beysens
ESEME, Service des Basses Températures, DSM/DRFMC, CEA-Grenaoble,
France*

Abstract

We report a 2D BEM modeling of the thermal diffusion-controlled growth of a
vapor bubble attached to a heating surface during saturated pool boiling. The tran-
sient heat conduction problem is solved in a liquid that surrounds a bubble with
a free boundary and in a semi-infinite solid heater. The heat generated homoge-
neously in the heater causes evaporation, i. e. the bubble growth. A singularity
exists at the point of the triple (liquid-vapor-solid) contact. At high system pres-
sure the bubble is assumed to grow slowly, its shape being defined by the surface
tension and the vapor recoil force, aforce coming from the liquid evaporating into
the bubble. It is shown that at some typical time the dry spot under the bubble
begins to grow rapidly under the action of the vapor recoil. Such a bubble can
eventually spread into a vapor film that can separate the liquid from the heater,
thus triggering the boiling crisis (Critical Heat Flux phenomenon).

1 Introduction

Boiling is widely used to transfer heat from a solid heater to a liquid. The bub-
ble growth in boiling attracted much of attention from many scientists and engi-
neers. |n spite of these efforts, some important aspects of growth of avapor bubble
attached to asolid heater remai n misunderstood even on a phenomenological level.
The most important aspect is the boiling crisis, a transition from nucleate boiling
(where vapor bubbles nucleate on the heater) to film boiling (where the heater is

*Mailing address: CEA-ESEME, Institut de Chimie de la Matiere Condensée de Bordeaux, 87,
Avenue du Dr. Schweitzer, 33608 Pessac Cedex, France
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covered by a continuous vapor film). The boiling crisis is observed when the heat
flux ¢s from the solid heater exceeds a threshold value which is called the " Criti-
cal Heat Flux” (CHF). The rapid formation of the vapor film on the heater surface
decreases steeply the heat transfer efficiency and leads to alocal heater overheat-
ing. In the industrial heat exchangers, the bailing crisis can lead to melting of the
heater thus provoking a dangerous accident. Therefore, the knowledge of the CHF
is extremely important. However, the CHF depends on many parameters. At this
time, there are several semi-empirical correlations that predict the CHF more or
lessreliably for several particular regimes of boiling and heater configurations, see
[1] for a recent review. However, a clear understanding of the triggering mecha-
nism of the boiling crisisis still lacking.

The knowledge about what happens at the foot of the bubble which grows
attached to the heater iscrucial for the correct modeling of the boiling crisis. Unfor-
tunately, the experimental observations at large heat fluxes close to the CHF are
complicated by the violence of boiling and optical distortions caused by the strong
temperature gradients. We proposed recently [2] to carry out boiling experiments
in the proximity of the critical point where the CHF is very small and the bub-
ble evolutionis very slow. However, microgravity conditions are necessary in this
case to obtain a convex bubble shape in order to observe a behavior similar to the
terrestrial boiling.

The bubble foot contains the contact line of the bubble with the heater. This
triple solid-liquid-gas contact lineis aline of singularity points both for the hydro-
dynamic (see [3] and refs. therein) and for the heat conduction problems. In the
present article we consider only the heat conduction part by assuming the slow
growth and the quasi-static bubble shape which is common for the high pres-
sure boiling. The results of such a calculation have already been described in [5].
The present article deal s with the problem framework and some calculation details
related to BEM.

2 Boundary conditionsfor the contact line problem

The choice of the boundary conditions adopted in the contact line is very impor-
tant. Since the contact line is triple, boundary conditions should be specified at
three surfacesthat intersect there (Fig. 1). For the gas-liquid interface, we adopt the
constant-temperature boundary condition with the temperature that correspondsto
the saturation temperature T',,; for the given (constant) system pressure. The gas
phase is assumed to be non-conductive, the heat flux through the solid-gas inter-
face being zero. The boundary condition on the solid-liquid interface remains to
be defined. It is the subject of the rest of this section.

There are three kinds of boundary conditions. L et us consider them on an exam-
ple of the 2D wedge geometry as illustrated in Fig. 1 for which some important
solutions can be obtained in analytical form.

Since the heater is a far better heat conductor than the liquid, the constant tem-
perature boundary condition (I" = T's =const aong the solid-liquid interface)
seems natural. In order to maintain boiling, T's > T, should be satisfied. The
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solid heater

Figure 1: Geometry for the calculation of the heat conduction in the wedge geom-
etry. The BEM discretization of the wedgeis also illustrated.

resulting problem is ill posed because the temperature is discontinuous along the
boundary of the liquid domain at the contact point O in Fig. 1. This discontinuity
leads to a singular behavior of the heat flux ¢, through the gas-liquid boundary,
qr(y) o< y~! [4] andisnot integrable. Notethat theintegral [ g dy is very impor-
tant because it defines the amount of liquid evaporated into the bubble and thus the
bubble growth rate, see Eq. (11) below. Since the result is infinite, the first kind
boundary condition cannot be used.

Another choice is the constant heat flux ¢s along the solid-liquid interface,
which can be reasonable for a thin heater. The resulting transient problem can
be solved analytically in the liquid domain by the reflections method [4]. Its solu-
tion can be obtained in the closed form for several contact anglesd, see Fig. 1. The
solutions obtained in [5] for # = 7 /4 and § = 7/8 result in a constant value for
q:(y — 0). Although the solution for 8 = 7 /2 diverges g, (y) o log(—y) [6], it
isintegrable. In spite of these advantages, the constant heat flux boundary condi-
tion is not suitable for the bubble growth problem because it cannot be used in the
dry spot (i. e. solid-gas contact) areawhere the heat flux should be zero. However,
these analytical solutions can be used to test the BEM solver code (see Fig. 2).

A remaining option is the boundary conditions of athird kind, i.e. the coupling
of the temperatures and the fluxes at the solid surface. The heat conduction prob-
lem is required to be solved in the solid domain in addition to the liquid domain.
Unfortunately, we cannot solve the problem analytically in this case. Qualitatively,
one can expect an integrable divergence of ¢ 1, () which should appear because of
the influence of the solid-gas contact area adjacent to the contact line. Since the
heat flux that comes from the bulk of the solid heater is not able to pass through
this area, it should be necessarily deviated towards the neighboring solid-liquid
contact area thus increasing ¢s at small x. Since qs =~ ¢ near the contact line,
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Figure 2: The ¢ (y) curves calculated for the 7/2, = /4 and /8 wedges for the
values of the parametersqo = 1, ay, = 1,t = 0.01 and d,,,;,, = 0.001
and two values of the time step At. The results of the numerical solu-
tion by BEM (data points) should be compared with the exact analytical
solutions (lines).

qr. (y) should vary steeper near the contact line than in the constant ¢ s case and is
likely to diverge.

One can argue that the necessity of the calculation of the temperature field in
the heater is a heavy complication that justifies the approximation of the simulta-
neous application of the boundary conditions of constant heat flux outside the dry
spot and zero heat flux inside. However, the above considerations show that the
behavior of g, (y) can deviate fromitsreal behavior even qualitatively. Since such
alargeerror cannot be admitted in the calculation of ¢ 1, that strongly influencesthe
bubble dynamics, we need to calculate rigorously the conjugate heat conduction
problem.

3 Mathematical problem statement

The 2D heat conduction problem in the domain Q2 1, U Qg (see Fig. 3) reads
oTL

W = OévaTL, ’I?E QL (1)
oT
PS5 0V + 2551), 7e Qs ©)
ot ks

where o and k is the thermal diffusivity and conductivity respectively, the indices
L and Sidentify the liquid and the solid heater, and ¥ = (z, y) denotesapoint. The
heat is assumed to be generated homogeneously in the heater with the power j(t)
per unit volume. We choose j(t) = C/+/t, where C' is constant. This condition
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Figure 3: Vapor bubble on the heater (domain Q) surrounded by the liquid
(domain 21,). The chosen direction of the unit normal vector 7 is shown
for each of the subcontours 9€2,,, 90, and 0€;. The discretization is
illustrated for the right half of the subcontours. (From [5] with permis-
sion from Elsevier Science)

resultsinaconstant intimevalue of g s far fromthebubble, see (14) below. Initialy
(t = 0) the temperature is homogeneous 7', = Ts = Ts,;. The vapor bubble is
assumed to be aready nucleated. Since we assume the zero contact angle 6 = 0,
the bubble shape is spherical with the radius R,. The boundary conditions are
formulated on the moving gas-liquid interface 02 ; (TL|BQi = Tsat), Onthe solid-
liquid interface 924 (0T, /9y|,q, = 0) and on the solid-liquid interface 9.,

8T5 k 0 TL

qs = —ks —— =—kp —|
a y=0 (3)

TS|aQw = TL|y:0'

Because of the axial symmetry, this problem needs to be solved only for 2 > 0.
The shape of the gas bubbleis calculated from the quasi-static equation [6]

K(ri)o = A+ Pu(m), (4)

where K is the curvature of the bubble at the point on the surface 7; = (z;,v:),
o isthe vapor-liquid interface tension and ) is a constant difference of pressures
between the vapor and the liquid. The vapor recoil pressure

Py(73) = [qn (@) /HP* (0" — 0z ), ©)

where g, = —kr(7i- V) T 5, appears due to the uncompensated momentum of
vapor moleculesthat leave the interface. The latent heat of vaporization is denoted
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by H, py and p, being thevapor and liquid densities. Eq. (4) is convenient to solve
when the bubble contour is described in parametric form 7; = 7;(£) where ¢ isthe
distance from the topmost point of the bubble to the point #*; measured aong the
bubble contour. When ¢ is non-dimensionalized by the half-length of the bubble
contour L, £ = 1 corresponds to the contact point and (4) becomes equivalent to
the following set of ODES|[5]:

dz;/d¢ = Lcosu, (6)
dy;/d¢ = —Lsinu, (7
du/d¢ = LA+ Pr(§))/o ®

wereu = u(§) isan auxiliary function. The boundary conditions for this set read
z;(0) = 0,u(0) = 0, y;(1) = 0. By fixing the contact angleu(1) = = — 6 onecan
determine the unknown L from (8),

L=(r—00 [/Pr(f)d£+)\] , )

6 = 0 is assumed in the rest of this article. The constant A should be determined
using the known volume V' of the 2D bubble,

V= ~3 / (®ing + yiny) d0Q, (20)

(692)

wheren, and n, arethe componentsof i7, Fig. 3. The bubble volumeincreasesin
time due to evaporation at 912 ;

dv o
Hpy S = / ar (%) 409, (12)

(6€2;)

This equation is used widely to describe the thermally controlled bubble growth.
Theinitial conditionisV (¢t = 0) = 4/3 R},

The problem (1-11) is now complete. It can be solved by BEM. However, it is
not convenient to solve by BEM because the temperature and its gradient are both
non-zero at infinity (more precisely, at x — oo), where the closing subcontoursfor
the domains 2, and (s are located. We solve this problem easily by subtracting
the solutions at 2 — oo. These solutions for the both domains read [5]

2
/4076TLt exp (—%ﬁ) — yerfC (2 ya—Lt>] s (12)

i 2a
T;‘nf = Tsat + k—:C\/E -

Tli/nf = Toat + ];I_O
L
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Qo | [dast y? y
— —_— — fc| — 13
ks [ ™ exp( 4045t> +yerc< 2\/04575)] ’ (13)

where erfc(+) is the complementary error function [7]. As one can easily find, the
flux from the heater ¢, far from the bubble

go = qs(x — £oo) = Cv/maskr/(ks/ar + krv/as), (19

is constant in time. We use its value as a control parameter instead of C.

By introducing the characteristic scales for time (At, the time step), length (R,
theinitial bubble radius), heat flux (), and thermal conductivity (&), all other vari-
ables can be made non-dimensional. In particular, the characteristic temperature
scaein the system is 7Ry /k. The following four non-dimensional groups define
completely the behavior of the system

Foy s = ar, sAt/Rj — Fourier numbers,

krLgR
Ja = Lq1vo

= ———— — Jakob number,
vakOéL

(py' — pr') — Hickman number,

together with the non-dimensionalizedvalues of ¢ and k1, 5. The non-dimensional
heat transfer problem can now be formulated in terms of temperatures ), s =

(Tr,s — T1"8)/(qRo/k) and fluxes 1, s = kis Oy, 5/ 0.
4 Numerical implementation
4.1 BEM formulation

Sinceyr, s = (1,5 = 0 at infinity, the heat conduction problem is equivalent to a
set of two BEM equations[8] for the open integration contours 92 1, = 9€2; U0,
and 00s = 09y U 0N,. Using ¢t = 0 as the initial time moment and taking
into account that ¢, s(t = 0) = 0 so that the volume integral disappears, these
equations read

tr

/dt / lGL’S(ﬁ,tF;F, t) (FOLSCL’Iji(r’t) +’(/)L75(’I?, t)’l}n(’l?, t)) —
0 (895.5) £os

8,GLS (vl tp;7,t)

1 -
_ - 7
anr dTBQ - 2¢L75(T 7tF)7 (15)

For, s Y1 s(F,t)

where the point ' belongs to ¢ L,s respectively, v™ is the normal component of
the contour velocity (nonzero only on 992 ;) and

1 |7 —

GL.S " tr: 7 1) = _ -
(T AL ) 47TFOL75(tF — t) oxp [ 4FOL75(tF — t)

] . @16
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In the following, the indices L and S for al variables in the equations will be
dropped for the sake of clarity.

The constant element BEM [9] was used, i. e. both ¢ and ) were assumed to
be constant during any time step and on any element 952 ;, their values on the ele-
ment being associated with the values at the node B ; in the middle of the element
approximated by a straight segment that joins its ends A/ ;_, and A/;. The time
steps areequal, i.e. ty = f. Thevalues of ¢ and ¢ on the element j at time f are
denoted by (; and ¢ ¢;. Each of the integral equations (15) reduces to the system
of linear equations

F 2Nf
>N Uik + v [Fo)GL =y HET = ppif2, (17)
f=1j=1

where N is the number of elements on one half of the integration contour at
time step f, Fi,q. IS the maximum calculation time; i = 1...2Np and F' =
1... Fiaa; Hij and G4; are the BEM coefficients:

f
GFl = Fo / at / G(7, F; 7, )d, 00,
S N (18)
H{jf:Fo/dt / Mdraﬂ-
on,
f=1  (8%;)

Since the calculation of these coefficients takes the most of computation time, it
should be made fast.

4.2 Algorithm for the BEM coefficients

The value of each particular BEM coefficient for the element 0Q ; = (M;_1, M;)
of thelength [ is calculated using the coordinate transformation [11] to the Carte-
sian system where B; is the reference point and the 2 axis is directed toward
M;_,. The direction of the normal vector 7 coincides with the y axis. The time
integration [9] resultsin

1/2
1 (z +u) +y° (z +u)” +y°
Ff _ L Z+u)y+y ) @+u) +y”
Qj_'44ﬂ}%<MMF—f+D = 4Fo(F — f) du,(19)
1/2 r _ (e4wP4y® _ (a+u)’+y?
HFf _ / i exp ( 4FO(F7f+1)) B exp ( 4Fo(F—f) )-I du (20)
i o (z+u)? + 92 (x +u)? +y? J ’
—1/2 L

where (z, y) denote the coordinates of the point *; in the new reference system and
E, (-) isthe exponential integral [7]. The situationi = j (i.e. wherexz = y = 0) is
particular, which is a quite general feature of BEM.
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4.2.1 G coefficient

Notethat the case f = F for (19) is not singular, the second term of the integrand
in (19) being zero. Therefore, we will deal only with this case. The integration of
the second term that existswhen f < F'issimilar to thefirst.

The divergence of E,(z) a z — 0 islogarithmic and thus integrable. Usually
this means that the integration can be performed by the Gauss method. However,
since our problem is singular due to the contact line effects, many Gauss points
are needed to attain the required accuracy in the contact line region and a more
sophisticated algorithm is necessary to get both accuracy and speed. The analytical
integration [10] is used when y = 0 i.e. when the singularity occurs. Although
there is no singularity when y # 0, the integrand varies sharply near the point
u = —z wheny < [. For the case || < [/2, the integration interval can be split
by the point v = —x and changes of variables can be done in both integrals to
produce

[(w+1/2)*+y?] /4Fo

(;fiF ::__Ezz ____legfl____ dz+
” 4 \/z — y2JAF
y2/4Fo S / ¢

[(w+1/2)*+y?] /4Fo
121(2)

—dz
vz —y?/4Fo

(21)

y2/4Fo

At first glance, no advantage is obtained because of the divergence. However, the
approximation [7] of E;(z) for z < 1 alows the analytical integration to be per-
formed term by term and resultsin

/b 5% dz = —4Vbarctan \/? +2va — b[1.422784 — log(a) +

0.333331 (a + 2b) — 0.0166607 (3a” + 4ab + 8b*) +
1.577134 - 1072 (5a® + 64D + 8ab® + 16b%) —
3.09843 - 107°(35a* + 40a®b + 48a2b* + 64ab® + 128b*) +
1.55638 - 107%(63a® + 70a*b + 80ab* + 96ab* + 128ab* + 2566°)]22)

whereb < a < 1 are assumed. For the remaining part of the integration interval,
the 8-point Gauss integration is performed and gives a sufficient accuracy.

The case |z| > 1/2 should be solved similarly when the argument of £, in (19)
can be less than unity somewherein the integration interval.
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4.2.2 H coefficient
The value of the coefficient (19) at y = 0 iszero. While no singularity exists when
f < F (this case can beintegrated by Gauss method), the function

2 erl/zexp (—i)
gFF Y _Yy / o\ ) g 23
K o P\ T1Fo u? +y? “ (23)
z—1/2

isdiscontinuousat y = 0. Theintegration interval in (23) containsthe point v = 0
when |z| < 1/2. Since the integrand is an even function of «, this integral can be

presented as
z+1/2 z+1/2 l/2—z
= [ [
z—1/2 0 0

and the interval (0,¢), where 0 < ¢ < 1/2, can be separated out of the both
integrals. The contribution of thisinterval to (23) turns out to be

1 y?+e2/4 €
HEF = Z -z - tan — + . ..
i - exp < 1T arctan ” +

The discontinuity is evident now: whiley — +0 limitis1/2,thevalueaty = 0is
zeroandy — —0 limitis—1/2.

After the integration over the interval (—¢,¢) anaytically, the Gauss method
can be employed to integrate over the remaining parts of the interval in (23).

4.3 Calculation scheme

The system (17) can be simplified due to axial symmetry of the problem ¢, ¢; =
Chs2ng—j)

F Ny
> S 1(Cri b+ by} [FO)GE — g HET ] = ¢pi/2, (24)

f=1j=1

wherei = 1...Np, F = 1...Fpao, Gif = G1/ +Gi§Nf_j) and /! =

HY +H fg N, ) Unfortunately, no effective time marching scheme [9] can be
applied because of the free boundaries. The position of each node dependsontime.
Therefore, it is very important that Gf;f be cal culated using the coordinates of the
i-th point at time moment £ and those of j-th point at time moment f.

Our 2D BEM algorithm was tested for the fixed boundary wedge problem (for
the 2, domain only) with the constant heat flux boundary condition described
in section 2. Since ¢ decreases to zero far from the contact point, integration
contour can be closed at the distance z,,,.. ~ 10v/Fot from the contact point
0(0,0) where ((z,y, t) is sufficiently small. The element lengths grow exponen-
tially (dmin, dmin€’, dmine?’, . . .) from the contact point into each of the sides of
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the wedge (see Fig. 1), where b is fixed at 0.2. Since x,,,,,, increases with time,
the total number of the elements also increases during the evolution of the bubble.
Being an input parameter, d,,;,, is adjusted slightly on each time step to provide
the exponential growth law for the elements on the interval with the fixed bound-
aries (0, z,,4. ). Remeshing on each time step was performed to comply with the
free boundary nature of the main problem where the remeshing is mandatory.

Theresultsfor § = 7/8, n/4 and 7 /2 are shown in Fig. 2 to be compared with
the analytical solutions [5, 6]. It is easy to see that the method produces excellent
results except for the element closest to the contact point. The algorithm overes-
timates the value of ¢, at this element. The error is larger for the 7 /2 wedge, for
which g, — oo at the contact point. We verified that the influence of the increase
of the time and space steps on the numerical error is very weak.

The discretization of the integration subcontours of the bubble growth problem
00, 0Qq and 912; follows the same exponential scheme (see Fig. 3) that was
used for the discretization of the wedge sides in the test example above. Since the
free boundary introduces a nonlinearity into the problem, the following iteration
algorithm is needed to determine the bubble shape on each time step [8]:

1. Shape of the bubbleis guessed to be the same as on the previous time step;

2. Thevariationsof v™ and P, along the bubble interface are guessed to be the
same as on the previoustime step;

3. Discretization of the contours 912 ,,,, 924 and 9%2; is performed,;

4. Temperatures and fluxes on the contours 012 ,,, 924 and 0%2; are found by
solving (24) for ¢, (1 s at the time moment F;

5. Volume V' and vapor recoil P, are calculated using (11) and (5);

6. Bubble shapeis determined for the calculated valuesof V and P,.;

7. If the calculated shape differs too much from that on the previousiteration,
the velocity of interface v™ is calculated, and steps 3 — 7 are repeated until
the required accuracy is attained.

As arule, three iterations give the 0.1% accuracy which is sufficient for our pur-
poses.

The normal velocity of interface v}, at the time F' and at node 4 is calculated
using the expression

Vi = (@ri = 2(r-1);)0{r-1); + Yri = Yr-0)n{p_1); (25)

where z p; is the coordinate of the node i at time F', and j is the number of the
node (at time F' — 1) geometrically closest to (z gy, yri)-

The system of Egs. 6 — 8 is solved by direct integration. The integration of
the right-hand side of (8) is performed using the simple mid-point rule, because
the values of P, are calculated at the mid-points (nodes) only. The subsequent
integration of the right-hand sides of Egs. 6 — 7 is performed using the Simpson
rule (to gain accuracy) for the non-equal intervals. The trapezoidal rule turns out
to be accurate enough for the calculation of volumein (10). For the simulation we
used the parameters for water at 10 MPa pressure on the heater made of stainless
steel listed in [5].



9.12 2D BEM modeling. . . 201

The above described al gorithm should give good results when fol P, (§)d€ exists
(cf. Eq.9). Inour case P,.(¢) can be approximated by the power function (1—¢) =27
when ¢ — 1. The exponent 3, which comes from the approximation for ¢ 1, (£),
turns out to be larger than one half (see discussion in the next section). Thusif the
data were extrapolated to the contact point ¢ = 1, thisintegral would diverge. We
note, however, that the evaporation heat flux is limited [12] by aflux ¢ 4, Which
isabout 10* MW/m? for the chosen parameters.

Theq, divergenceis originated from the assumption that the temperatureremains
constant along the vapor-liquid interface. In reality, this assumption is violated in
the very close vicinity of the contact point where the heat flux ¢ 7, is comparableto
¢maz- Thus we accept the following approximation for the function ¢ 1, (£), € < 1.
It is extrapolated using the power law gz (&) oc (1 — &)~7 until it reaches the
value of ¢,,4, and remains constant while ¢ increases to unity. This extrapolation
is used to calculate the integralsin (11) and (9). There is no need to modify the
constant-temperature boundary condition for the heat transfer cal cul ations because
the calculated heat flux ¢, remains always less than ¢,,,4 -

5 Results of the numerical calculation

The calculations show that the function ¢ 1, () (see Fig. 4) can be described well by

10° T L
10" 3
§ t=10 ms
1 [ ©— t=50 ms
§<10 t=100 ms
s i —&— t=200 ms
10° &
10° [ . e
0.01 0.1 1

1

Figure 4: Variation of the heat flux ¢, calculated for ¢o = 0.05 MW/m? along the
bubble contour for different moments of time. The curvilinear coordinate
¢ varies along the bubble contour; £ = 1 at the contact point. (Reprinted
from [5] with permission from Elsevier Science)

the above power law where 8 ~ 1 grows dlightly with time. As expected, for this
conjugate heat conduction problem the divergence is stronger than for the wedge
model, Fig. 2. The difference between these two cases is caused by the behavior
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Figure 5: Variation of the heat flux ¢ s and the temperature T's along the surface of
the heater for g = 0.05 MW/m?, t = 200 ms. The point z = 0 corre-
sponds to the center of the bubble. (Reprinted from [5] with permission
from Elsevier Science)

of the heat flux ¢ in the vicinity of the contact point. While it was imposed to
be uniform for the wedge, the function ¢ s(z) increases strongly near the contact
point for the conjugate heat conduction, see Fig. 5. As expected, the value of ¢ ¢
on the liquid side in the vicinity of the contact line is very close to ¢ r,, the heat
flux that produces evaporation on the vapor-liquid interface and that diverges on
the contact line (see Fig. 4). At some distance from the bubble center ¢ s reaches
the value of ¢q, the flux at infinity. Note that the Fig. 5 corresponds to the quasi-
spherical bubble shape (see Fig. 6a) and the visible bubble radius (see Fig. 3 for
the definition) R ~ 7R, so that the heat flux ¢ is virtually homogeneous outside
the bubble.

The variation of the temperature along the heating surface T's () is also shown
inFig. 5. Far fromthebubble, T's = Té”f has to increase with time independently
of x according to (13). It decreases to T's,; near the contact point because the
temperature should be equal to 7's,; on the whole vapor-liquidinterface, according
to the imposed boundary condition. Inside the dry spot, 7's increases with time
because the heat transfer through the dry spot is blocked. It is smaller than T' g”f
while the dry spot under the bubble remains much smaller than R. Since ¢ , grows
with time, at some time moment the vapor recoil pressure P, q% overcomes
the surface tension (cf. Eg. 4) and the dry spot begins to grow, see Fig. 6b. This
bubble spreading was observed experimentally in several works, e. g. [2]. The
spreading bubble serves as a nucleus for the formation of a continuous vapor film
that separates the solid from the liquid, i. e. triggers the boiling crisis. The heat
transfer becomes blocked at a larger portion of the solid surface (i.e. dry spot)
and its temperature grows faster than Tg"f . Thistemperature increase leads to the
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Figure 6: The bubble shape shown for the different growth times.
a) o = 0.05 MW/m?; b) g = 0.5 MW/m?,
(Reprinted from [5] with permission from Elsevier Science)

burnout of the heater observed during the boiling crisis.

6 Conclusions

Several conclusions can be made. Our analysis of the bubble growth dynamics
shows the strong coupling of the heat conduction in the liquid and in the solid
heater. Therefore, only a conjugate heat transfer calculation of the bubble growth
can properly simulate the boiling crisis. We show that BEM suits well for such a
simulation. We carried out a 2D BEM calculation. It shows that the vapor recoil
can be at the origin of the boiling crisis. We demonstrated how a vapor bubble
spreads over the heating surface thus initiating the bailing crisis.
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We present an experimental and theoretical description of the kinetics of coalescence
of two water drops on a plane solid surface. The case of partial wetting is considered.
The drops are in an atmosphere of nitrogen saturated with water where they grow by
condensation and eventually touch each other and coalesce. A new convex composite
drop is rapidly formed that then exponentially and slowly relaxes to an equilibrium
hemispherical cap. The characteristic relaxation time is proportional to the drop
radius R* at final equilibrium. This relaxation time appears to be nearly 107 times
larger than the bulk capillary relaxation time t, = R*n/0, where ¢ is the gas—liquid
surface tension and # is the liquid shear viscosity.

In order to explain this extremely large relaxation time, we consider a model that
involves an Arrhenius kinetic factor resulting from a liquid—vapour phase change in
the vicinity of the contact line. The model results in a large relaxation time of order
tyexp(L/AT) where L is the molar latent heat of vaporization, Z is the gas constant
and T is the temperature. We model the late time relaxation for a near spherical cap
and find an exponential relaxation whose typical time scale agrees reasonably well
with the experiment.

1. Introduction

Fusion or coalescence between drops is a key process in a wide range of phenomena:
phase transition in fluids and liquid mixtures or polymers, stability of foams and
emulsions, and sintering in metallurgy (Eggers 1998), which is why the problem of
coalescence has already received considerable attention. Most of the studies of this
process so far have been devoted to the coalescence of two spherical drops floating
in a medium. The kinetics of the process before and after the drops have touched
each other is governed by the hydrodynamics inside and outside the drops and by the
van der Waals forces when the drops are within mesoscopic distance from each other
(Yiantsios & Davis 1991). The composite drop that results from the coalescence of two
drops relaxes to a spherical shape within a time which is dominated by the relaxation
of the flow inside and outside (Nikolayev, Beysens & Guenoun 1996; Nikolayev &
Beysens 1997). There are no studies, to our knowledge, of the coalescence of two sessile
drops after they touch each other. In this paper, we report a preliminary study of the
dynamics and morphology of this process, in the case of hemispherical water droplets
which grow slowly on a plane surface at the expense of the surrounding atmosphere,
forming what is called ‘dew’ or ‘breath figures’ (Beysens et al. 1991; Beysens 1995).
The drops eventually touch each other and coalesce to form an elongated composite
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drop, which then relaxes to a spherical cap or to a less elongated drop. We study
the composite drop relaxation, which depends on the droplet size and morphology
(contact angle ). When the contact angle is large (70° < 0 < 90°), the composite drop
relaxes very rapidly (within a time frame of a video camera) to a hemispherical cap
(Zhao & Beysens 1995). The relaxation process also appears fast if the contact angle
is small (6 < 20°). However, in this case the drop never relaxes to a hemispherical
cap: its shape remains complicated. We study here the intermediate range of contact
angles where the composite drop relaxes to a near-hemispherical drop, and report
on two experiments where the contact angles are 30° and 53°. We find that the
relaxation process can be described by an exponential function, with a typical time
scale proportional to the radius of the drop.

Such a relaxation process cannot be accounted for by the bulk dissipation of the
flow inside the drops. Available information in the literature shows that there are no
widely accepted theories because of the complicated interplay between macroscopic
and molecular scale phenomena (Blake & Haynes 1969; de Gennes 1985; Dussan
V. & Davis 1986; Hocking 1994). We propose a simple approach here based on an
Arrhenius factor arising from the gas-liquid transition that occurs in the vicinity of
the contact line and that limits the contact line mobility.

2. Experimental

When water vapour condenses on a cold substrate under partial-wetting conditions,
one observes an assembly of droplets (dew) that continuously grow and merge. We
use this process to study the coalescence of sessile drops. The surface properties of the
substrate play a crucial role in this process through the contact angle. The experiments
consist in observing with a microscope drops that grow at a low rate in a condensation
chamber. The images before and after drop coalescence are studied by means of an
image analysis system. The condensation chamber is a Plexiglas box filled with N,
gas saturated with water at room temperature (22 °C). To avoid dust and to saturate
the gas, N, is bubbled in pure water. The gas flow is controlled with a flow meter and
all the experiments presented here are performed at the flow rate of 13.5cm?®s™!. The
substrate on which condensation takes place involves a Peltier-element thermostat to
lower the substrate temperature and is set on a 5 mm thick block made of electrolytic
copper. This block ensures a homogeneous temperature diffusion from the Peltier
element to the substrate. The thermal contact is ensured by a silicon free heat sink
compound (Tech Spray). The temperature is monitored with a thermocouple of type
K placed on the copper block near the substrate. The experimental procedure consists
in rapidly cooling the substrate from room temperature down to 15°C. The growth
of dew is observed with an optical microscope and recorded with a CCD camera.
The video data are analysed by a digital processing system.

The surface for condensation is made of 0.7mm thick glass wafers with 37 mm
diameter. The surfaces are first cleaned with diluted fluorhydric acid, then with optical
soap and finally rinsed with pure water and ethanol. The cleaned substrates are baked
at 120°C, dipped in a fluorochlorosilane (FCISi) solution and then put back in the
oven at 120°C for an hour. At this temperature the FCISi molecules are chemically
grafted on the glass surface and do not react with water. Several wafers were used
for the experiments reported here.

The treated surface is hydrophobic. Water condenses on it as droplets with a finite
contact angle . To measure 0, a small drop of water (2 mm diameter) is deposited with
a syringe on the substrate and observed with a CCD camera through a macrolens. We
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(©) X

FIGURE 1. Photos of the coalescence process. The side of each photo corresponds to 276 pm.
(a) t =5.59s; (b) t = 5.63s, the coalescence time; (¢): 5.65s; (d): 6.65s; (e): 42.76s.

report two sets of experiments, for § = 30° and 53°. (The contact angle was modified
by changing the experimental conditions.) The hysteresis of the contact angle was of
order 15° in both cases.

The morphology of the coalescence-induced composite drop is analysed as follows.
After calibration, we measure the contact area, the major and minor axes (the latter is
taken perpendicularly to the former) for several composite drops as a function of time.
In figure 1 we report a typical evolution of two hemispherical drops (‘parents’) that
coalesce to form an elongated, composite drop (‘child’), which eventually returns to a
spherical cap shape (within 3—4%). The return to a spherical cap indicates that the
surface roughness is small enough that the contact line is not pinned in a metastable
state. Note figure 1(b) where, within a time-frame (40 ms), one can observe the two
parents and the child at the same time. This is because the video image is made of
two interlaced frames with 20 ms scanning time.

3. Observation and preliminary analysis

From the data obtained, we can analyse the behaviour of several quantities of
interest.

3.1. Position of the centre of mass

We report in figure 2 the details of a typical coalescence event, similar to the one
shown in figure 1. Here the parent drops are labelled 1 and 2. Drop 3 is the child
drop. The coordinates (x;, y;) of the centre of mass of the drops i = 1,2 and 3 are
calculated from their contact area on the substrate. Drops 1 and 2 and at late times
drop 3, are nearly hemispherical and this approximation is fully justified. A difficulty
comes when dealing with the early times of drop 3 where only one symmetry axis
is seen and whose three-dimensional shape cannot be determined from the pictures.
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FIGURE 2. Evolution of the coordinates of the centres of mass of the parent drops (1,2) and of the
composite drop 3 after coalescence: (a) abscissas (b) ordinates.

However, its asymmetry with respect to the axis perpendicular to the symmetry axis is
small. Therefore, we assume that the position of the centre of mass can be calculated
from the two-dimensional formulas as if the drop were of homogeneous thickness.
The centre of mass of the system drop 1 4+ drop 2 can be calculated according to the
well-known formulas (here the contact angle does not enter in the equation, because
it is assumed to be the same for both drops)

X1R13 + XQRS

= M Tt 3.1

BT TRIYR (3.1)
iR} + RS

= M8 Tl 32

BTUR+R (3-2)

where x;, y;, R; are the coordinates and radius of drop i, with i = 1,2, 3.

Before coalescence, during growth, the coordinates of the centre of mass of the
parents are reported in figure 2 with respect to the axes shown in figure 1. Also
shown is the evolution of the centre of mass of the ensemble drop 1 + drop 2,
calculated from (3.1) and (3.2). A small variation is observed, which we attribute
to the interference of the neighbouring drops, which distorts the gradient of vapour
concentration around them. (Note that the mass transfer is maximum at the triple
line, where the temperature gradient is maximum (Steyer, Guenoun & Beysens 1992).)

As already noted, the centre of mass of drop 3 does not move during its relaxation
towards a spherical cap. However, there is a small systematic difference between the
coordinates of the drop 3 centre of mass and the centre calculated from the ensemble
drop 1 + drop 2. This can be related to external forces, such as those that pin the
contact line. The centre of mass after coalescence moves towards to the largest drop
(drop 2), that is, the drop with the longest contact line.

3.2. Relaxation of the composite drop

Figure 3 shows a schematic view of the coalescence process. In a simplified manner,
the contact line of the child, or composite, drop can be assumed to be an ellipse of
width R, (resp. R,) along the small (resp. long) axes. The most obvious dynamical
quantity to analyse is the evolution of R, and R,. A typical curve is shown in
figure 4(a), showing as well that the parent drops are circular within +3% accuracy.
The coalescence process is characterized by three time regions:
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FIGURE 4. Evolution of (a) the large and small axes, (b) perimeter, and (c) area of the drops 1 and
2 (‘parents’, see figure 1), and drop 3 (composite drop). The curves are fits to (3.3). The relaxation
times for these three fits are equal within the experimental error. The (dotted) asymptotic lines
correspond to the condensation-induced slow growth. In (d) the data from (c) are shown in a
log-log plot.

(i) Nucleation of a liquid bridge between the two parent drops and subsequent
formation of a convex composite drop occurs in a time period smaller than half the
video scanning time, i.e. 20ms (figure 1b). In the theoretical explanation sketched
below, the corresponding dynamics is fast because, during the growth of this bridge,
the contact line moves locally by vapour condensation, a process not slowed down
by an a priori Arrhenius factor.
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(i) Decrease of the large axis R, with time, small increase of the small axis R,
such that the ratio R, /R, eventually reaches a value about unity.

(iii) Slow growth of the drop due to condensation.

Regime (ii) takes up most of the time in the coalescence process. Once the slow growth
observed in (iii) is subtracted from the evolution of R, and R,, the evolution of the
small axis R, is usually negligible and the evolution of the drop can be characterized
by R, only.

Parameters other than R, such as the liquid—solid contact area A;s (figure 4c)
or its perimeter P (figure 4b), can give useful information. Their behaviour is quite
similar to that of R,. In the following, we will discuss only the evolution of the
contact area Arg, the quantity which can be measured with the best accuracy. As
shown in figure 4(c), the evolution of A;g(t) cannot be described by a power law. It
can, however, be successfully fitted to the following function:

Aps(t) = Agexp[—(t — to)/t:] + Ai(t — to) + As. (3.3)

The first term corresponds to the relaxation of the composite drop, which dominates
in regime (ii) and the second and third terms to the growth by condensation detected
during period (iii) (figure 4d). Since the stage (i) is very rapid, the time ¢y, can be
considered as the time of the beginning of the coalescence. The free parameters in the
fit are t., Aoy, A1, and A4,. The area A, is related to the drop radius R" at equilibrium
(when the drop becomes a spherical cap) by 4, = nR*".

There are three time scales that correspond to regimes (i), (i1) and (iii). The first
regime is controlled by a time scale <20ms. The second regime corresponds to
t. ~ 5s. Before the beginning of the third stage, the relaxation to the final shape is
almost complete. In this third stage, the total liquid mass grows due to condensation,
which is necessary to make the drops grow and coalesce. This third time scale is of the
order of 150s and can be characterized by the coefficient 4. Since these three time
scales differ substantially, the corresponding regimes can be considered independently
from each other. In the following, we discuss only the time t. that fully characterizes
the relaxation of the convex drop. Its value should be independent of the externally
imposed small condensation rate.

In figure 5, we report how t. varies with R* for two contact angles (6 = 53° and
30°). The data show that t. varies linearly with R* and can be fitted to

1
te=-R", (34)
u

where u is a characteristic velocity. This fit gives u = (6.5+0.4) 10" *ms~! for = 53°
and u = (124+1)10%ms~! for = 30°. The statistical error corresponds to the values
of the linear correlation coefficient 0.93 (8 = 53°) and 0.87 (6 = 30°).

Note that t. should depend on the difference between the sizes of the two parent
drops. However, this dependence is weak when the difference is small because the
composite drop is nearly symmetrical, see figure 1.

The relaxation time appears to be larger for § = 53° than for 0 = 30°. This
seems paradoxical since the relaxation driving force (see (4.5) below) should be larger
for larger angles thus causing a smaller relaxation time. (In fact, for large angles
0 > 70° the relaxation becomes too fast to be measured within a video scanning time,
which fits well with this argument.) The small relaxation time at small angles can be
explained by the pinning of the contact line on surface defects, leading to a metastable
equilibrium in a shorter time, so that the total relaxation time becomes smaller. The
pinning is likely to occur for a smaller contact angle where the relaxation driving
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FIGURE 5. Variation of the relaxation time t. with the composite drop radius R* measured at the

end of relaxation, see figure 3. Data corresponding to 6 = 30° (triangles) and 6 = 53° (squares) are
shown. The lines are the best fits.

force is smaller. For 6 < 20° the shape of the drops becomes quite complex and thus
unsuitable for analysis because of the contact line pinning (Zhao & Beysens 1995).

The detailed study of the contact angle dependence of t. is beyond the scope of
this paper, which is focused on the unexpectedly long relaxation time found in these
experiments.

4. Theoretical analysis

Let us consider first the relaxation of the drop to the spherical cap equilibrium
shape as described by bulk hydrodynamics. The rate of relaxation of the slightly
deformed drop is defined by three characteristic times. The first is the inviscid inertial
time t, = (p R*30)"/2, where p is the liquid density. It accounts for the slowing down
of the relaxation by the inertia of the liquid. The second is the viscous inertial time
ti = R*?/v, where v is the kinematic viscosity, which accounts for dissipation at high
Reynolds number in the boundary layer. The third characteristic time is ¢,, the viscous
relaxation driven by the surface tension o. It is given by the expression t, = R*1/a,
where # is the shear viscosity.

Using data for water at 20°C (y = 103 Pas, v = 10°m?s™!, ¢ = 73mNm™!),
it is easy to check that all of these times are many orders of magnitude less than
the relaxation time reported in figure 5 (nearly seven orders for the viscous flow
approximation). This section deals with the explanation of this large difference.

The relationship between the contact line motion and phase change has been
studied previously in a number of works. The reaction of the liquid meniscus to the
externally imposed contact angle change was analysed by Wayner (1993). He assumed
implicitly that the vapour condenses homogeneously over the whole meniscus thus
causing the contact line to advance along the prewetted solid surface. Subsequent
studies (Anderson & Davis 1994; Nikolayev & Beysens 1999; Nikolayev et al. 2001)
showed that the phase change rate varies along the meniscus, being much larger in
the contact line vicinity than on the rest of the meniscus. This effect was taken into
account by Anderson & Davis (1995) who studied the influence of the evaporation
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on the value of the dynamic contact angle. The contact line was assumed to move
due to the non-zero liquid—solid slip coefficient.

Previous studies of volatile liquids relied on the mechanisms of the contact line
motion (de Gennes 1985) proposed for non-volatile liquids. These mechanisms cannot
explain the very small factor 10~7 observed in our experiments.

The contact angle hysteresis that appears due to the surface defects is small and
results in a small deviation of the final drop shape from a spherical cap, which would
form in the absence of the hysteresis. This deviation can be estimated from figure 4(a)
as (R, — R,)/(R, + R) = 3%, R, and R, being taken for t > t.. The analysis of
Nikolayev & Beysens (2001) shows that the weak defects are not likely to cause such
a strong change in the relaxation rate. This large difference calls for a radical change
in theory.

It is well known that such very small non-dimensional factors appear very often in
the presence of an activation process that gives very small Arrhenius non-dimensional
factors. For contact line motion, it has been proposed recently that such a factor could
be present (Pomeau 2000) because of the following: the contact line, sticking on the
solid, cannot move by hydrodynamic motion, since the fluid velocity is zero on the
solid (no-slip condition). This condition can be satisfied during the contact line motion
when evaporation (when the liquid is receding) or condensation (when the liquid is
advancing) occurs in the vicinity of the contact line (Seppecher 1996). Although the
rate of this phase change can be large (it is proportional to the contact line speed), it
does not result in a large mass change of the drop because of the small part of the
area where the phase change occurs. The rate of this process is therefore independent
of the small global condensation rate present in our experiments.

Hereafter, we shall consider the receding process only, that is, evaporation. This
evaporation is a thermally activated process because molecules in the liquid are in the
bottom of a potential well, due to the attraction of the other molecules, an attraction
necessary to maintain the cohesion of the liquid against spontaneous self-evaporation.
Therefore, the rate of evaporation should be proportional to a very small Arrhenius
factor

K = exp (_kBWT> , (1)

where W is the difference of potential energy between the liquid and vapour side,
taken as positive (in practice, this potential energy is zero in the dilute vapour, and
—W in the liquid). Supposing that the potential energy grows monotonically from a
well in the liquid to its zero value in the vapour, one would obtain for W the latent
heat per molecule. Using the molar latent heat L ~ 44 kI mol™" (which is its value for
20°C) one obtains K = exp(—L/#T) ~ 1078, where Z is the ideal gas constant.
This physical phenomenon bears some similarity with the molecular kinetics theory
(Blake & Haynes 1969), that also involves the Arrhenius factor. Note that, in contrast
to the molecular kinetics theory, the Arrhenius factor K defined above is independent
of the difference between the actual contact angle and its equilibrium value (and so
is intrinsically very small and independent of the actual contact angle, as observed).
Now, it becomes simple to formulate the equations of motion for the relaxation of
shape of the droplet: the pure hydrodynamic phenomena (inertial or viscous) are so
fast that they can be taken as having reached equilibrium for a given droplet contour
on the solid. In other terms, all the dynamics is enslaved to the slowest process, the
receding motion of the contact line driven by evaporation. Therefore the dynamics
is as follows: given a contour I' for the droplet on the solid (a closed curve, ie. a
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triple contact line), and the volume of the droplet (its change of volume either by
evaporation near the contact line or by condensation from the supersaturated vapour
is a relatively small effect on the time scale of the shape relaxation), one computes
the shape of the droplet by solving (numerically in general) Laplace’s equation for

the surface of the droplet z = z(x, y):

&1_’_6722 1_1_%2_2622672%_ 1+6i2+6i2

ox? oy 0x 0xdy 0x 0y =P 0x Oy ’
4.2)

where p is the Lagrange multiplier. It allows the volume of the droplet consistent
with the Dirichlet boundary condition z = 0 on I' to be imposed. This method of
solution corresponds to the assumption that the process of the relaxation of the drop
surface controlled by the very small hydrodynamic time scale t, is much faster that
the contact line motion controlled by the (large) time scale t,/K. The solution of this
(well posed) mathematical problem for z(x, y) does not satisfy in general the Young—
Dupre condition 0 = 0,, for this contact angle. It gives a priori a non-constant value,
0(s), along I', a function of the curvilinear abscissa such that

0z \* 0z\* o
14+ <6x> + <@y> ] . (4.3)

z=0

32

0%z

T

cosO(s) =

The next step consists in using a mobility relation for the slow dynamics of the
contact line, that in general takes the form

v, =K % F(0,0,,), (4.4)

where a/n is the molecular velocity scale, of the order of the velocity obtained from
the viscosity/capillarity balance, and K is the (small) Arrhenius factor introduced
before. F is a non-dimensional function of the contact angle, of order 1 and equal to
zero at equilibrium, when 0 = 0,,. In this framework, the driving force for the contact
line motion is the difference between the actual value of the contact angle and its
equilibrium value. The velocity v, is the local speed of the contour, perpendicular to
it along the solid plane, driven by evaporation, not by fluid motion. This kind of
relationship is not new of course, and expressions like

F oc (cos O,y — cos ) (4.5)

have been written before.

It is a major endeavour, far beyond the scope of the present work, to study in
detail the specific problem of droplet merging in this theoretical (and well defined)
framework. In particular, a complication arises because the droplet contour is receding
in some places and advancing elsewhere. The advancing motion involves condensation
at the drop foot instead of evaporation during receding. Since there is no potential
barrier for the condensing molecules (unless there is a film barrier on the surface
of the liquid), one expects advancing to happen at molecular speed, with K ~ 1.
However, if there are receding parts on I', the slowest receding process still dominates
the whole relaxation. Indeed, one expects that when two droplets merge, the major
effect will be a receding motion of the contour, that is much larger at the beginning
than at the end, when equilibrium is reached.

In what follows, we shall sketch the analysis of the simplest situation, and assume
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that the droplet is circular and recedes from a large spherical cap to its equilibrium
shape with a smaller contact circle. Indeed, there is no change of shape of the droplet
in this very simple case, contrary to what happens in the experiments. (This question
of the shape change is discussed in detail by Nikolayev & Beysens 2001.) For circular
droplets, the solution of Laplace’s equation is simple, and yields the following value
(constant along I', a circle now) for 0:

0 = arcsin (%) , (4.6)

where we consider contact angles smaller than 1t/2, as in the experiments. The radius
r is the radius of the contour I', and R is the radius of curvature of the droplet
surface (a spherical cap in the present case). The radii r and R are related by the
condition for the drop volume:

V=§(R—\/W) [r+R2—R\/ﬁ] 4.7)

Equation (4.4) yields an ‘explicit’ equation of motion for r(t):

dr o

— = K—F(0(r),0,,). 4.3
g = K FO0).0) (48)
This equation is explicit because 0(r) can in principle be obtained from the volume
condition. We shall make another simplifying assumption, namely that the contact
angle is small, so that R is much larger than r, an assumption that results in

rt

V ~ —. 49
4R (4.9)
The contact angle becomes 0 ~ /R ~ 4V /(nr?). The equation of motion for r then
reads
dr o 4V
— =K—-F|0(r)= —,0, | . 4.10
G =KkoF (00 = 10, (@.10)
Assuming now that the function F is linear in 6 — 0,, when this difference is small,
one obtains
dr o [(4V
— =K— | — —0,|. 4.11
dt n (nr3 9q> (4.10)

Note that there is a positive sign in front of the right-hand side in the equation
above: when the contact line is receding, 0 is less than its equilibrium value, making
[4V /(mr?)—0,,] negative, so that r decreases. This equation can be integrated explicitly,
yielding a cumbersome expression. To simplify the calculation, let us introduce the
non-dimensional quantity @ = r/R", which becomes equal to 1 when the contact
angle reaches its equilibrium value. The equilibrium drop radius is R* = (4V /n0,,)"/.
The time dependence of @ follows from the implicit relation

dow?’ w
/ =t (4.12)

where w = Ko /1 is the typical speed of the contact line that includes the Arrhenius
factor K. The integration over w can be performed. We shall detail only the asymptotic
approach to equilibrium, corresponding to @ becoming close to 1 from above:

3wt
w~ 14 Cexp <—n;§*>, (4.13)
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where C is a constant that depends on the initial condition. It is interesting to
note that this simplified calculation allows the exponential decay observed in the
experiments to be recovered. With K ~ 1073, the relaxation time

is almost of the same order as in the experiments.

5. Concluding remarks

The surprising finding that the relaxation of coalescing drops on a substrate can
occur with a typical time scale that is many order of magnitude larger than the
bulk hydrodynamics is a spectacular demonstration of the strong dissipation that
occurs in the motion of the triple (solid-liquid—gas) contact line. We have good
reason to believe that this dissipation is due to a gas-liquid phase transition at the
portion of the vapour—liquid interface adjacent to the triple line. This dissipation
introduces a very small K ~ 10~% Arrhenius factor in the relation between the driving
force and the contact line velocity. We believe that the dissipation appears when
the contact line recedes so that local evaporation takes place. Further theoretical
and experimental work seems necessary to fully describe the evolution of such a
coalescence phenomenon.

We thank the CEA/DAM in Limeil for their help with the surface coating.

REFERENCES

ANDERSON, D. M. & Davis, S. H. 1994 Local heat flow near contact lines. J. Fluid. Mech. 268,
231-265.

ANDERSON, D. M. & Davis, S. H. 1995 The spreading of volatile liquid droplets on heated surfaces.
Phys. Fluids 7, 248-264.

BEYSENS, D. 1995 The formation of dew. Atmos. Res. 39, 215-237.

BEYSENS, D., STEYER, A., GUENOUN, P., FRITTER, D. & KNOBLER, C. M. 1991 How does dew form.
Phase Transitions 31, 219-246.

BLAKE, T. D. & HaYNES, J. M. 1969 Kinetics of liquid/liquid Displacement. J. Colloid Interface Sci.
30, 421-423.

Dussan V., E. B. & Davrs, S. H. 1986 Stability in systems with moving contact lines. J. Fluid Mech.
173, 115-130.

EGGERs, J. 1998 Coalescence of spheres by surface diffusion. Phys. Rev. Lett. 80, 2634-2637.

DE GENNES, P.-G. 1985 Wetting: statics and dynamics. Rev. Mod. Phys. 57, 827-863.

HockiNg, L. M. 1994 The spreading of drops with intermolecular forces. Phys. Fluids 6, 3224-3228.

NIKOLAYEV, V. S. & BEYSENS, D. 1997 Hydrodynamically limited coalescence. Phys. Fluids 9, 3227
3234.

NIKOLAYEV, V. S. & BEYSENS, D. A. 1999 Boiling crisis and non-equilibrium drying transition.
Europhys. Lett. 47, 345-351.

NIKOLAYEV, V. S. & BEYSENS, D. A. 2001 Relaxation of nonspherical sessile drops towards equilib-
rium. Phys. Rev. E in press.

NIKOLAYEV, V. S., BEYSENS, D. & GuUENOUN, P. 1996 New hydrodynamic mechanism for drop
coarsening. Phys. Rev. Lett. 76, 3144-3148.

NIKOLAYEV, V. S., BEYSENS, D. A., LAGIER, G.-L. & HEGSETH, J. 2001 Growth of a dry spot under a
vapour bubble at high heat flux and high pressure. Intl J. Heat Mass Transfer 44, 3499-3511.

PomEAU, Y. 2000 Representation of the moving contact line in the equations of fluid mechanics.
C. R. Acad. Sci. 11b 238, 411-416.

SEPPECHER, P. 1996 Moving contact lines in the Cahn-Hilliard theory. Intl J. Engng Sci. 34, 977-992.



216

9. Quelques articles représentatifs

438 C. Andrieu, D. A. Beysens, V. S. Nikolayev and Y. Pomeau

STEYER, A., GUENOUN, P. & BEYSENS, D. 1992 Spontaneous jump of droplets. Phys. Rev. Lett. 68,
64-66.

WAYNER, P. C. 1993 Spreading of a liquid film with a finite contact angle by the evaporation/
condensation process. Langmuir 9, 294-299.

YIANTSIOS, S. G. & Davis, R. H. 1991 Close Approach and Deformation of Two Viscous Drops due
to Gravity and van der Waals Forces. J. Colloid Interface Sci. 144, 412-433.

Zuao, H. & BEYsens, D. 1995 From droplet growth to film growth on a heterogeneous surface:
condensation associated with a wettability gradient. Langmuir 11, 627-634.



9.14 Relaxation of non-spherical sessile drops. . . 217

PHYSICAL REVIEW E, VOLUME 65, 046135
Relaxation of nonspherical sessile drops towards equilibrium
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We present a theoretical study related to a recent experiment on the coalescence of sessile drops. The study
deals with the kinetics of relaxation towards equilibrium, under the action of surface tension, of a spheroidal
drop on a flat surface. For such a nonspherical drop under partial wetting conditions, the dynamic contact angle
varies along the contact line. We propose a new nonlocal approach to the wetting dynamics, where the contact
line velocity depends on the geometry of the whole drop. We compare our results to those of the conventional
approach in which the contact line velocity depends only on the local value of the dynamic contact angle. The
influence on drop dynamics of the pinning of the contact line by surface defects is also discussed.

DOI: 10.1103/PhysReVE.65.046135 PACS nuni)er05.90+m, 68.08.Bc, 68.03.Cd

I. INTRODUCTION upon. This situation is partly due to the scarceness of the
information that can be extracted from the experiments. Most
At first glance, the motion of the gas-liquid interface of them deal with either drops with cylindrical symmetry
along the solid surface is a purely hydrodynamic problem(circular contact lingsor the climbing of the contact line
However, it attracted significant attention from the physicistsover a solid immersed into a liquigtraight contact ling In
since the worK 1], which showed an unphysical divergence these experiments, the contact line veloaitymeasured in
that appears in the hydrodynamic treatment if a motion of 4he normal direction does not vary along the contact line on
wedge-shaped liquid slides along the solid surface. The re@& macroscopic scale larger than the size of the surface de-
son for this divergence lies in the no-slip conditigr., zero  fects. The experiments with nonspherical drops where such a
liquid velocity) at the solid surface. Being so common in variation exists can give additional information. This infor-
hydrodynamics, this boundary condition is questionable inmation can be used to test microscopic models of the contact
the vicinity of the contact line along which the gas-liquid line motion. To our knowledge, there are only two kinds of
interface joins the solid. In the absence of mass transfer béavestigated situations that feature the nonspherical drops.
tween the gas and the liquid, the no-slip condition requiredhe first one is the sliding of the drop along an inclined
zero velocity for the contact line that is supposed to besurface[13]. The second concerns the relaxation of the
formed of the liquid molecules in the contact with the solid. sessile drops of complicated shape towards the equilibrium
It means that, for example, an oil drop cannot move alonghape of spherical cap. This latter case was studied experi-
the glass because of the no-slip condition. Of course, thignentally in[6] for water drops on silanized silicon wafers at
contradicts the observations. room temperature. The present paper deals with this second
The experimeni2] demonstrated that the velocity on the case.
liquid-gas interface is directed towards the contact line dur- The principal results df6] can be summarized as follows.
ing the contact line advance. The authors interpreted this (i) The relaxation of the drop from the elongated shape
result by the rolling(caterpilla) motion of the drop[3].  towards the spherical shape is exponential. The characteristic
However, later theoretical studi¢] shows that such a motion relaxation timer is proportional to the drop size. The drop
is compatible with the no-slip condition on the nondeform-size can be characterized by the contact line radtisat
able solid surface only for the contact angles close to 180°equilibrium when the drop eventually relaxes towards a
The justification of the no-slip condition is well known spherical cap.
[5]: it is the excess of the attractive force between the solid (ii) The dependence af on the equilibrium contact angle
and the liquid molecules over the force between two liquidé is not monotonousr(30°)< 7(53°) and7(53°)>7(70°).
molecules. This attraction has a tendency to prevent the mo- (iii) The relaxation is extremely slow. The capillary num-
tion of the liquid molecules adjacent to the solid. Obviously,ber Ca= R* »/(7a) is of the order of 107, whereo is the
the same forces resist when these molecules are forced swrface tension ang is the shear viscosity.

move. In other words, some relatively largeith respect to Since the motion is not externally forced, a small Ca
viscous dissipationenergy should be spent for this forcing. shows that the energy dissipated in the vicinity of the contact
Numerous microscopic theorigsee, e.g.J5-12]) pro- line is much larger than in the bulk of the drop.

pose different phenomena as to be responsible for the contact The contact line motion is characterized by the normal
line motion. However, no general theory has been agreedomponent , of its velocity. Many existing theories result in
the following relationship between, and the dynamic con-

tact angleé:
*Email address: vnikolayev@cea.fr
"Mailing address: CEA-ESEME, Institut de Chimie de la Megie vha=v:F(8,6,), (D)
Condense de Bordeaux, 87, Avenue du Dr. Schweitzer, 33608 Pes-
sac Cedex, France. where 6, is the static contact angle is a constant charac-
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teristic velocity andF is a function of two arguments, the earlier discussed experimental resyBs, the dissipation in
form of which depends on the model used. For all existingthe bulk is assumed to be much smaller than that in the

models, the following relation is satisfied: vicinity of the contact line.
Since we assume that most dissipation takes place in the
F(6,05)=—F(6s,0), (2 region of the drop adjacent to the contact line, our discussion

is limited to the case where the prewetting filthat is ob-

which implies the trivial condition(6s,60s)=0. It means served for zero or very low contact anglés absent. This

simply that the line is immobile whefi= 6. situation corresponds to the conditions of the experirh@&ht

The theories of Voinoy11] and Cox[10] correspond to  where the dropwiséas opposed to filmwigecondensation
shows the absence of the prewetting liquid film. The above

F=6°— 0?. (3 assumption also limits the description to the partial wetting
case. This assumption is also justified by the experimental
There are many theoridsee, e.g.[5,7]) which result in conditions under which it is extremely difficult to obtain
macroscopic convex drops for the contact angles less than
F =cosf;—cosé. (4)  30° because of the contact line pinnir@&]. The main reason

is that the potential energy of the drop from Eq(A6) in
In a recent model by Pomeau and co-workg8s9), it is  Appendix A goes to zero as the contact angle goes to zero. At
proposed that small contact angleb is not large enough to overcome the
pinning forces that originate from the surface defects, see
F=6— 6 (5 Sec. lll. Therefore, the macroscopic convex drops under con-
sideration cannot be observed at small contact angles.
with the coefficientv that depends on the direction of mo-  Generally speaking, the behavior of the drop obeys the

tion (advancing or recedindput not on the amplitude af,, . Lagrange equatiofil5]
Since the drop evolution is extremely slow, the drop shape
can be calculated using the quasistatic argument according to d/or aL oT
which at each moment the drop surface can be calculated at T T (7)
q; aj aq;

from the constant curvature condition and the known posi-

tion of the contact line. The major problem is how to find h he L A=K —U is the . fth

this position. Independently of the particular contact line mo-Where the Lagrangia =K - 'S_t e unct|pn 0 the gen-
and of their time derivatives, which

tion mechanism, at least two approaches are possible. Tf?éal'éed cogrgmatij - e v
first of them is the “local” approachi6], which consists in &€ denoted by a dot. The current time is denoted, byis

the determination of the position of a given point of the the kinetic energy, andJ=U(q;) is the potential energy.
contact line from Eq(1) whered is assumed to be tHecal Since there is no externally forced_llqwd motion in this prob-
value of the dynamic contact angle at this point. Anotherl€m and the drop shape change is slow, we can neglect the

nonlocal approach is suggested in Sec. II. Both of these agdnetic energy by putting®=—U. Then Eq.(7) reduces to
proaches should give the same result whgrdoes not vary

along the contact line. However, we show that the result is M JT ®
different in the opposite case. a4 aq;

The influence of surface defects on the contact line dy- .
namics is considered in Sec. llI. the expression applied first to the contact line motiofSh

The potential energy of a sessile drod 1<}
Il. NONLOCAL APPROACH TO THE CONTACT LINE
DYNAMICS U=0(AyL~As|COSlcq), )

_ In this section we generalize anothgr approach, suggestethere s is the liquid surface tensior,, andA_s are the
in [14], for an arbitrary drop shape. This approach postulategeas of the vapor-liquid and liquid-solid interfaces, respec-
neither Eq.(1) nor a particular line motion mechanism. It tjyely and feq is the equilibrium value of the contact angle.
simply assumes that the energy dissipated during the contage neglect the contribution due to the van der Waals forces
line motion is proportional to its length and does not depend,ocause we consider macroscopic drops and large contact
on the direction of motiortadvancing or recedingThen, at  gngjes=30°. For such drops the van der Waals forces influ-
low contact line velocity, the leading contribution to the en-gnce the interface shape only in the very close vicinity of the
ergy d|53|pated_ per unit tim@.e., the dissipation function  .gntact line and this influence can be neglected.
can be written in the form In general the static contact angle is not equal tofe,
5 because of the presence of the defects, a problem that will be
T= fﬁ %dl 6) treated in the Sec. lll. Meanwhile, we assume tlgat
2 7 = feq- The gravitational contribution is neglected in E8)
because the drops under consideration are supposed to be
where the integration is performed over the contact line anégmall, with the radius much smaller than the capillary length.
& is the constant dissipation coefficient. According to theThe volume of a sessile drop is fixed. Its calculation provides

046135-2
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zZ there are only two free parameters left. The time-dependent
A parameters andb can be taken as generalized coordinates.

However, it is more convenient to use another set of param-
eters,R, andR,, which are the half axes of the ellipse that
form the base of the drofsee Fig. 1, R,>R,. They are

(b-d) related toa andb by the equations
Ri+d?=b? and R,=Ra, (13
8\ M that follow from Eq.(11). At the end of the relaxation
> Y .
6 0 4 R,=R,=Rsing=R*, (14)
N whereR is the final radius of curvature of the drop. There-
R fore, during the late stage
X X
Ry=R*(1—ry)
FIG. 1. Reference system to describe the 3D spheroidal cap. (15)
Only one quarter of it is shown. The surface is described by Eq. Ry=R*(1+ry)

(11). The local contact angles at the poiMsandN are shown too.

] . ] . with |r,,[<1. Some points of the contact line advance,
us with another equation, which closes the problem providedome points recede. The dynamic contact angle changes its
is determined from the condition of the quasiequilibrium thatn(r 0,0) in Fig. 1 advance anii (O,R,,0) recede. These
results in the constant curvature of the drop surface. points are extreme and their velocities have the maximum

Usually, the wetting dynamics are observed either for theypsolute values, positive fot and negative foM. The dy-
spreading of droplets with the shape of the spherical cap, Giamic contact anglesd,: dynamic advancing contact angle
for the motion of the liquid meniscus in a cylindrical capil- i, N and 04 : dynamic receding contact angle M) also

lary, or for the extraction of a solid plate from the liquil.  haye the extreme values there. They can be found from the
In all these cases, the contact line veloaifydoes not vary  gquations

along the contact line and the dissipation function in the

form of Eq. (6) results in the expressidi4] cosfy,=d/b,
o 5 (16)
Un=E(00393— cosé), (10) tanfg,=R}/(dRy),
o _ . _ . that reduce for,,ry<1 to
which is equivalent to Eq1), with the functionF taking the
usual form as in Eq(4). One might think that this equiva- C0Sfy,=COSH+ sir1203(2+cos:93)(2ry—rx)/3,
lence confirms the universal nature of this expression. In the (17)

following section we show that it is not exactly so because _ :
. . : COSHOya=COSHs— SIMF A4 (2+ 4coshs)r — (4— coshs)r, /3.
the nonlocal approach results in a different expression when 42 S sl S Syl

vy varies along the contact line. Equation (8), written for the generalized coordinateg

Let us now apply the algorithm described above 10 theyngy together with the expression for the dissipation func-
problem of drop relaxation. A shape for a nonspherical drog;gp, (see Appendix A implies the set of equations
surface of constant curvature can be found only numerically.

In order to treat the problem analytically, we approximate the 3r,— =1 (Br,—Ary)
drop shape by a spheroidal cap that is described in Cartesian x Ty o oo

: X 18)
(x,y,2z) coordinate system by the equation . _ (
3ry—r,= 15 (Bry—Ar,),
x2  y?+(z+d)? - .
St = 1, (11 wherery=ocR*/£ and the coefficienté andB are given by
a b Eq. (A7) in Appendix A. The solutions of Eq$18) read

at z>0, the planeX-Y corresponding to the solid surface.  (t)=[(r()—rOyexp —t/7y)+ (r+rD)yexp —t/7,)]/2,
The symmetry of the problem allows only a quarter of the < Y

drop (see Fig. 1 to be considered. Since one of the param- (19)
eters @,b,d) is fixed by the condition of the conservation of  (t)=[(r)—rDyexp( —t/79)+ (rO+rD)yexp —t/7,)]/2,
the drop volume that can be calculated as Y o X Y 20

T a (i) 0) L e
V== 2 (203~ 3b2d+d?), (12) Whererz( andry’ are the |n|t|§1I € _0) values for, andr,,
b respectively, and the relaxation times
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1000000 g——————————T7 1 T 3 (cosfs—cosh) =sirff4(5 coshs—2)r,/3  at the pointN,
F ] (26)
100000 f 3
] the local approacki10) implies that
10000 § -
E ol | .
Un=— — = Siff4(2+cosé,)r, atthe pointM,
< 1000 £3
A (27
a
100
ol | .
=3 SirfAy(5 cosfs—2)r,  atthe pointN. (28)
10
| The comparison of Eqg22)—(24) with Egs.(27) and (28)
show that the results of the local and the nonlocal approaches
are different. However, one can verify that the results are the
0.1 same in the limit of very smalps. For finite contact angles,
the nonlocal approach is not equivalent to the local approach.
The main difference can be summarized as follows. #he
FIG. 2. The relaxation times , versus the static contact angle Value that is obtained with our nonlocal approach can be
0. presented in the forngl) common for the local approach.
However, while the characteristic velocity from Eq. (1) is
o= 7o /[ SIFPO(2+coshy)], 1) constant in the local approach, itasfunction of the position

on the contact linein the nonlocal approach. Indeed, the
comparison of Eqs(23)—(26) with Egs. (1) and (4) shows
Tn=4570(1+C0s6,)/[ (108+ 41 cosbs+ 14 cos that

+17 cos6s)(1—coshs)]. (22)

vc=3g E/ [sirf64(2+cosb,)] atthe pointM,
The variables, andr, are defined in Eq(15) in such a way &
that wherr )= —r (! the drop surface remains spherical dur- (29
ing its relaxation. One can see from E@$9) and (20) that o7
the evolution is defined entirely by the characteristic tirge ve=3— —0/ [sirf64(5 coshs—2)] at the pointN.
(spherical in this case. Whem&')=r§'), only 7, (nonspheri- £
cal) defines the drop evolution. In the real experimental situ- (30

ation where ({’—r{))<(r{’+r(), the relaxation timer, We do not expect our model to be a good description for
alone defines the relaxation of the drop as it follows fromine contact angles close to 90°. The reason is the limitation
Egs.(19) and(20). Therefore,r, should be associated with of the spheroid model for the drop shape. The spheroidal
the experim_entally observed relaxa?ion_time. _ shape necessarily fixe&;, =90° when 4,=90° indepen-
The functionsr (65) are plotted in Fig. 2 assuming that gently of the contact line velocity, which is incorrect. In ad-
¢ is independent offs. Clearly, boths and 7, increase gition, the spheroid model does not work at all fr>90°.
monotonically with6s in agreement with the observed ten- one needs to find the real shape of the dwhich is defined
dency for large contact angles. It is interesting to checlyy constant curvature conditipto overcome these difficul-
whether or not by applying the local approach of Ef) we e,
recover the nonlocal result fer, . This is easy to do for the In order to estimate the limiting value fax, for which the
caser{)=r{, i.e., whenr,=r,. In this case, the nonlocal gpheroid model works well we mention that the dynamic
model(18) impliesr,= —r,/7,, and the contact line veloci- advancing and receding contact angles defined by(EQ.
ties at the pointd andN are must satisfy the inequalityy,< 6s=<604,. By putting r{’
=r( in Egs.(19) and(20) one finds that this inequality is
o T i satisfied wherd;<66°. The last inequality provides us with
vn= =g 7 fx atthepointM, (23 the limit of the validity for the spheroidal model.
To conclude this section we note that our nonlocal ap-
proach to the dynamics of wetting is not equivalent to the

=2 % atthe pointN. (24)  traditional local approach. Both approaches allow the relax-
& ation time to be calculated for a given contact angle provided
that the contact angle dependence of the dissipation coeffi-
Since Eq.(17) results in cient £ is known. Additional experiments are needed to re-

veal which approach is the most suitable. Under the assump-
(cosfs— cosh) = —sirf b2+ coshy)r,/3 atthe pointM, tion that the¢( ;) dependencéf any) is weak, we find that
(25 the relaxation time decreases with the contact angle.
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This result explains the decrease of the relaxation time at
large contact angles observed[8]. We think that the oppo- b
site tendency observed for the small contact angles is related % """""" A
i
1
1
]
]
@

Y

to the influence of the surface defects addressed in the fol-
lowing section.

IIl. INFLUENCE OF THE SURFACE DEFECTS
ON THE RELAXATION TIME

The motion of the contact line in the presence of defects
has been frequently studi€dee[5] for a review. However, y
little is understood at the moment because the problem is
very sophisticated. Most of its studies deal with the influence % %
of the defects on the static contact liteee, e.g.[16]) when | &&= _ _ __ ________ % \ 2
they are responsible for the contact angle hysteresis. The
latter was studied if17] and[18] for the wedge geometry X
that assumes the external forcing of the contact Ii_ne. When FIG. 3. Unit cell of the model defect pattern on the solid sur-
the contact line moves under the action of a fofcé en-  ¢ace The reference system and the values of the contact angle in-
counters pinning on the random potential created by surfacgge the round spotsf) and outside themd,) are also shown.
defects. Thus, the motion shows the “stick-slip” behavior. It
is characteristic for a wide range of physical systems wherge syperscript (0) means that the corresponding quantity is

pinning takes place and is the basis of the theory of dynamigg)cylated forsR,=0 and for the constant value of the con-
cal critical phenomena, in which the average contact Iine[ — X .
act angled, defined by the expression

velocity is

1 IR
vn=v(flf,—1)B, (3D Oeq= arcco%WJ(A(o))cosﬁeq(r)dr]. (39
LS LS

where the exponeng is universal andf, is the pinning Then
threshold. This expression is often applieske[19], and
references therejrio the contact line motion in the systems,
where the geometry of the meniscus does not depend on the

dragglng force. Howe\_/er, the value_s_ pivary widely de- It can be shown that the first-order correction to this value,
pending on the experimental conditions and do not corre;,

) . . which appears due to the defects is

spond to the theoretical predictions. The motion of the con- PP

tact line during the coalescence of drops is even more ~ .

complicated because the geometry of the meniscus is con- AU= —O'L (0))[cosaeq(r)—cosaeq]dr. (36)
ALs

stantly changing. Therefore, application of the expression

31) is even more questionable in this situation. ) -
@D g We accept the following model for defects because it is, on

In this section we employ the formalism developed in the )
preceding section in order to understand the influence of th@n€ hand, s_,lm_ple and, on the other hand, prdsh to be a
ood description for the advancing and the receding contact

surface defects on the relaxation time of the drop where thd les in th imati idered. The defect
contact line isnot forced externallyThe surface defects are ang edstln b N app{OX'ma '?n con.? e]rce 'd' € de ec; are sup-
modeled by the spatial variation of the local density of theP?S€C 10 De similar circular Spots of radiugrranged in a
surface energy, which can be related to the local value of thEf9ular spatially periodic pattern, being the spatial period,

ilibri | A by the Y ¢ | the same in both directions, see Fig. 3. The spots and the
equilibrium contact ang et)eq(r) y the Young formula as 1041 surface have the values of the equilibrium contact
was suggested ifiLl7] to describe the static contact angles.

) : . ) I do,< 0y, tively. For thi ttern, E@4
The expressioif9) can be rewritten for this case in the form 32?;861 and 0= 0y, respectively. For this pattern, EG4)

UO@=gA{) - rA%cosbe,. (35)

.. _ 2 2
U:UAVL_UJ C0800 F)dF. 32) feq= arccofe?cosd; + (1—&?)cosbs], (37)
(AL9)

- the parametes? being the fraction of the surface covered by

The contribution of the defects and, thus, the deformatior}[rr:;a qrer]:Zﬁtits?sot)sb\x\(l)igofrnosrfgiéheg Cﬁlﬁ\m in the follow-

SR, of the contact line due to the defects is assumed to be
small. Then, in the first approximation that corresponds to £2=27(r/\)? (38)
the “horizontal averaging” approximation froffil7] '

In the following, we will for simplicity treat a two-
U=U©@+AuU. (33)  dimensional(2D) sessile drop, i.e., a liquid stripe of infinite
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with the equilibrium value of the contact angle equal to the

value of 6 is also shown for comparison. The half width of
the drop on the ideal substrate relaxes to its equilibrium
value R* that is related to the volume of the drop through
Eq. (39) written for #= 6., and R,=R*. We choseR*/\
=100 for Fig. 5.

The stick-slip motion is illustrated in the inset in Fig. 5.
Note that the contact line in its final position for the nonideal
case is pinned in a metastable state so that the final 2D radius
of the drop is larger tha®*. The final contact angléthe

FIG. 4. Reference system to describe the 2D drop. The contagtquilibrium receding contact anglethus, differs from that

angled is shown too.

for an ideal surface. Because the contact line is being stuck
on the defects, its motion is slowed down. However, the

length, the cross section of which is the segment of a circlgresence of defects does not change strongly the relaxation

as shown in Fig. 4. The volumé of the stripe per its length
| does not change with time,

2
X

vi= 2 sirfo

(6—sin 6 cosb), (39

where R, is the half width of the stripe, see Fig. 4. The
dynamic contact angl@ can be calculated from Ed39),
provided thatR, is known. It can be shown by the direct
calculation ofU(®, Eq. (35) and the dissipation functiom,
Eq. (6) that Eq.(8) with the substitutiorg;— R, reduces to
the equation

. o — 1 dAU
Ry=—(C0S8q— COSH) —

The first-order correction to the drop eneryyJ can be cal-
culated from Eq(36) by following the guidelines of17]. Its

explicit expression for the chosen geometry is given in Ap-
pendix B. The kinetics of the relaxation is shown in Fig. 5.

time. It remains of the order ofy=R* (/o because this de-
celeration is compensated by the acceleration during the slip
motion. Figure 5 shows the impact of the defects on the
relaxation. The relaxation time appears todmallerin the
presence of defects than in the ideal cése defects be-
cause the contact line is pinned by defects whereas it would
have continued to move on ideal surface.

It should be noted that this model is just a first step to-
wards the description of contact line kinetics on a nonideal
substrate. In reality, the different portions of the contact line
slip at different moments in timécascades of slips are ob-
served, e.g., il19]). This means that the liquid flows in the
direction parallel to the contact line to the distances much
larger than the defect size, i.e., the first-order approximation
is not adequate. The direction of this flow reverses fre-
quently. This effect can lead to the expression as(&th).and
to a large relaxation time.

IV. CONCLUSIONS

The relaxation kinetics for the drop on the ideal substrate This paper deals with two important issues concerning

with defects
----- no defects

i TS ST TP R

FIG. 5. Temporal evolution of the half widfR, of the drop with
and with no defects with the same initiat0) value of R,
=2R* and for R*=100n and #=~55°. The latter value corre-
sponds to the defect radius=0.2\, 6,=70°, andf,=50°.

contact line dynamics. First, it discusses the local versus
nonlocal approaches to contact line motion. While the local
approach consists in postulating a direct relationship between
the normal contact line velocity and the dynamic contact
angleat a given point of the contact linghe nonlocal ap-
proach starts from a more general hypothesis about the form
of the dissipation function of the droplet. These approaches
give the same results for very small contact angles or for the
normal contact line velocity that does not vary along the
contact line, which is the case of a drop that has the shape of
a spherical cap. In other caséarge contact angle, non-
spherical dropsthe results of these two approaches differ.
We carried out calculations assuming that the drop surface is
a spheroid. In reality, its surface is not a spheroid and has a
constant curvature. More work is needed to overcome this
approximation.

The second issue treated in this article is the influence of
surface defects on contact line dynamics. In the approxima-
tion of a 2D drop, it is assumed that the contact line remains
straight during its motion. In this approximation, the stick-
slip microscopic motion does not influence the average dy-
namics strongly. The defects manifest themselves by chang-
ing the final position of the contact line by pinning it in a
metastable state. Therefore, the relaxation is more rapid than

046135-6
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that on an ideally clean surface simply because it is termiwheree=1— Rﬁ/Rf~(rx—ry)<1. The subsequent develop-
nated earlier. ment of the integrand into the series oveand its integra-
tion term-by-term results in
APPENDIX A: DERIVATION OF THE DYNAMIC

EQUATIONS FOR r, AND r, €
™ _ Ay =am| 2(b—d)——(2b%-3b*d+d°)
We used thevATHEMATICA ~ system for the analytical 6b

computations. We find first the dissipation functidnThe 5

) ; : 6
contact line can be described by the equation _ 4(8b5—15b4d+10b2d3—3d5) . (A5)
2 2 160b
F(x,y)=0 ith F(x,y)=—+=-1, Al . . . . .
(x.y) w (x.y) RZ R? (AD) This expression can be developed into a series with respect

i Y to ry,ry by using Eqs(12) (13)—(15). Its substitution into

where R, and R, are time dependent. By using the well- Eq. (9) leads to the explicit expression fat,
known formula of differential geometry,,= —F/|VF|, the

integral (6) can be written in an explicit form. In order to _ 2l 5 Sin? 0
obtain the first-order approximation far, one can use the U=omR?| 23 cosfs+ cos'tst 8
expansion(15). We need to keep only the second-order
Fenfns. Since the integrand |§ a.quadratlc for.m with resp.ect to ><[A(r§+r§)—28rxry]], (AB)
rv,fy, one can put,,r,=0 in it. The resulting expression
can be integrated to obtain the explicit expression for the
dissipation function where
mR3si0s ., .. .. A=[(288+491 cos+ 374 codh,+ 107 codd
=§T5(3r)2(+3r§—2rxry). (A2) L ° ® s
X (1—cosfy)]/[45(1+ cosbs)],
It is easy to find out thaT=0 always holds as it should be.
It is more difficult to obtain the drop interface area B=[(72+409 cosfs+ 346 cod6s+ 73 cos b;)
922 a7\ 2 X (1—cosby)]/[45(1+ cosby)]. (A7)
AsL X ay It is easy to show that the expression in the square brackets

in Eq. (A6) is positive for an arbitrarys. It means that the
function U(r,,ry) has its minimum at the pointr{=0y,
=0), i.e., for the drop that has the shape of the spherical cap.

R b 2 2 2 This result was expected. _ _
AVL:4bf Xarctar(—\/l——— _) \/1__de, The substitution of Eq9A6) and(A2) into Eq. (8) writ-
0 d b? a? a? ten forg;=(ry,ry) results in the set of Eq$18) and, thus,
(A4) concludes their derivation.

where the functiorz=z(x,y) is defined by Eq(11). After
the integration ovey, Eq. (A3) reduces to

APPENDIX B: EXPRESSION FOR THE FIRST-ORDER CORRECTION TO THE DROP ENERGY CAUSED BY DEFECTS

The accepted assumptions facilitate calculation ofAkK R,). The resulting function is periodical with the periad?, so
that forr<A/4 it can be presented in the form

g?p—[rlarcsiiplr)+p(r?—pHY?|IN, O=<p<r

A
AU e?(p—Nb), r<p<=-r

— 2

20pAc (BD)
. A A

g2(p—N12)+{r?arcsii (N2— p)/r ]+ (N2— p)[r2—(N12— p)2 ]3I\, 5r=p<z,

wherep is the fractional part of R, /\, multiplied by \/2, andAc=cos6f,—cos6,. SinceR,>\, the presence of defects
generates many local minima of the functiofR,) near its global minimum. These minima represent the metastable states.
According to this model, the contact line is pinned in the minimum closest to its initial position.
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Equation of motion of the triple contact line
along an inhomogeneous surface

V. S. NIKOLAYEV(*) and D. A. BEYSENS
ESEME, Service des Basses Températures, DSM/DRFMC, CEA - Grenoble, France(**)

(received 23 May 2003; accepted in final form 9 October 2003)

PACS. 68.08.Bc — Wetting.
PACS. 05.40.-a — Fluctuation phenomena, random processes, noise, and Brownian motion.

Abstract. — The wetting flows are controlled by the contact line motion. We derive an
equation that describes the slow time evolution of the triple solid-liquid-fluid contact line for
an arbitrary distribution of defects on a solid surface. The capillary rise along a partially wetted
infinite vertical wall is considered. The contact line is assumed to be only slightly deformed by
the defects. The derived equation is solved exactly for a simple example of a single defect.

Introduction. — The wetting flows (where the triple solid-liquid-fluid contact line is
present) are important for many practical applications ranging from the metal coating to
the medical treatment of the lung airways. The contact line statics and dynamics attracted a
lot of attention from the scientific community during the last decades. It became clear that
the hydrodynamics in the region of the liquid wedge close to the contact line (which we will
call CLR, Contact Line Region) differs from the hydrodynamics in the bulk of the liquid.
Because of the contact line singularity [1], the fluid motion in the presence of the contact
line appears to be much slower than without it. This difference can be accounted for by the
introduction of the anomalously large energy dissipation inside the CLR [1].

For practical purposes, one needs to know the dynamics of the liquid surface influenced by
this dissipation. This influence is especially strong in the very common case of i) low-viscosity
fluids that ii) wet partially the solid with iii) no precursor film on it. In this case, the bulk
dissipation is particularly small with respect to the large CLR dissipation [2]. The contact
line motion is very slow and the liquid surface can be described in the quasi-static approxi-
mation [3]. The dissipation in the liquid (energy per unit time) can then be approximated by
the dissipation in the CLR as [4]

2
/ %dl, (1)

where v, is the normal component of the contact line velocity and the integration is performed
along the contact line. The generalized dissipation coeflicient £ is a constant that is assumed to

(*) E-mail: vnikolayev@cea.fr
(**) Mailing address: CEA-ESEME, Institut de Chimie de la Matiére Condensée de Bordeaux - 87 Avenue
du Dr. Schweitzer, 33608 Pessac Cedex, France.
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contact line z=h(y)

liquid surface z=f(x,y)

Fig. 1 — Reference system to describe the shape of the liquid surface.

be much larger than the liquid shear viscosity. Expression (1) assumes that the contribution
of a piece of the CLR to the dissipation is proportional to the contact line length. Then
the v2 term is leading for small v,,. The dissipation coefficient ¢ can be obtained, e.g., from
measurements of the kinetics of relaxation of an oval sessile drop toward its equilibrium shape
(see [2], where it was found 107 times larger than the shear viscosity). It can also be obtained
from the measurements of v, and the dynamic contact angle 6 by using the expression

Up = % (cos Oeq — COS 9), (2)

where 0.4 is the equilibrium value of the contact angle and o is the surface tension. Equa-
tion (2) is common for many contact line motion models. It can be shown [4] that eq. (2)
follows from expression (1) for the cases where v, does not vary along the contact line (i.e.
for the contact line of constant curvature).

Usually, one is interested to know the displacement of the contact line (or its statistical
properties in the case of the irregular solid) because its position serves as a boundary condition
for the determination of the shape of the liquid surface. The recent articles on this subject
show that no general approach to this problem is accepted. It is recognized generally [5—7]
that the static contact line equation should be non-local because the contact line displacement
at one point influences its position at other points through the surface tension. In dynamics,
the local relations similar to eq. (2) were considered universal for a long time. In our previous
work [8] we developed a non-local dynamic approach. We showed that if non-locality is taken
into account, eq. (2) is not valid in the general case where v, varies along the contact line.
This variation can be due either to the initially inhomogeneous contact line curvature (like
in [8]) or to a inhomogeneous substrate. In this letter we analyze this latter case. We use this
non-local approach to derive an equation of motion for the very common case of the capillary
rise of the liquid along a vertical solid wall with the account of the surface defects.

Derivation of the equation. — A Cartesian reference system zyz is chosen in such a way
that the liquid surface far from the wall (defined by the yz plane) coincides with the zy plane,
see fig. 1. The liquid surface described by the equation z = f(x,y) is assumed to be weakly
deformed so that

0f )0z, [0f/0y| < 1. (3)
The contact line can be described by the equation z = h(y) = f(0,y). A piece of the liquid

surface of length 2L in the y-direction (see fig. 1) is considered so that the final form for the
equation of motion is found in the limit L — oc.
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First, following the approach [5], we find the energy U of the liquid (per contact line
length) as a functional of h. It is convenient to break U into two terms, U = U; + Us. In
approximation (3), the first term reads

L 0o 2 2
o of of f
S d de | (2L
Lo e (3) () F
where I. = [0/(pg)]'/? is the capillary length, p is the liquid density and g is the gravity
acceleration. The defects are accounted for in the second term [5, 9]

o L h(y)
Uy = _E/—L dy/o c(y, z)dz (5)

by the fluctuations of the function ¢(y, z) which is the difference of the surface energies (in
o units) of the gas-solid and liquid-solid interfaces at the point (y,z) of the solid surface.
According to the Young expression, c(y, z) = cos[feq(y, 2)], where feq is the local value of the
equilibrium contact angle. When the surface defects exist, f.q is an arbitrary function of y, 2.

In the quasi-equilibrium approximation, the surface shape f is found by minimization of
the functional U resulting in the equation

(02 f/02%) + (9 f/0y?) = f/12, (6)

which can be solved by separating the variables by using the boundary condition f(z — c0) =
0 and assuming that the function f(z,y) is bounded at y — 4o00. The solution reads

f = hoexp[—z/l] Z ay, cos(mny/L) 4 by, sin(rny/L)] exp [ \/m} . (7

where the coefficients hg, a,, b, are the coefficients for the Fourier series

(4)

h(y) = f(x =0) = ho + Z[an cos(mny/L) + by, sin(mny/L)].

n=1

They can thus be related to h(y) by the expressions

1 [t 1t Ty Lot
ay = E/—L h(y) cos —dy7 by, = Z[L h(y) sin Tdy’ ho = iﬁL h(y)dy. (8)

One can notice that hg is simply the horizontally averaged displacement of the contact line.
The back substitution of eq. (7) with hg, an, b, replaced by their values (8) into eq. (4) results
in the functional

2

KA I 17m(y—y’) 1 m2n2
U, = 4L2/ dy/ dy'h(y [(%) +;CO§—L zg+ = O

Equation (5) together with eq. (9) define the functional U[h(y)].
Now, one needs to calculate the dissipation function 7" (per unit length). In approxima-
tion (3), v2 dl ~ h?dy in eq. (1) and

beh?

T= 24
2L L 2 Y

(10)
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where the dot means a time derivative. The equation of motion can be written in the quasi-
static approximation as .
SUlh] 5T[h]
Sh— §h
where %= means variational derivative. By substituting egs. (5), (9), (10) into eq. (11) and

5.
taking the variational derivatives, one obtains the dynamic equation of the contact line motion:

i _ ¢ = L ’ ’ m™m(y —y') o mn?
h(y) = “ [hO/lc —c(y,h) + z;/_Ldy h(y') e le”+ 72

(11)

;o (12)

where h and hg are assumed to be time dependent. The final form for the integral equation
for the contact line motion can be obtained by taking the limit L — oo:

h(y) = % {C(y, h(y)) — %/OOO dp/_i dy'h(y') cos [p(y — /)] \/1c* + p? } . (13)

To treat the contact line equation, it is convenient to introduce the spatial fluctuation
hi1 = h — hg and solve the equations for h; and hg separately. First, we derive the dynamic
equation for hg by integrating eq. (12) over y from —L to L, changing the integration order and
dividing by 2L. The integrals of all terms in the sum are zero and one obtains the following
equation for hg:

o 1 L
—=(ho/l. — , N
5( 0/ Co) Co oL |,

where ¢ is the (time-dependent) horizontal average of ¢. By subtracting eq. (14) from eq. (13)
one obtains the equation for h; which has the same form as eq. (13), where ¢ should be replaced
by its fluctuation ¢; = ¢(y, h1 + ho) — ¢o. Equation for hy simplifies in the Fourier space. By
making use of the convolution theorem [10], one obtains

];1:%(51—]~11\/l;2+k2), (15)

where the tilde over a variable denotes its Fourier transform with the parameter &, e.g.,

ho = c(y, h1 + ho)dy, (14)

(o)
=t = [ o t) expliky)dy. (16)
—00
This concludes the derivation of the equation of contact line motion. The stationary version
of eq. (15) was derived first by Pomeau and Vannimenus [5].

The static contact line position is defined by the minimum of the energy U[h(y)]. However,
it can exhibit multiple minima that correspond to the metastable states. In this case one needs
to choose between them [9] to determine correctly the contact line position and corresponding
local contact angle (which are both different in advancing and receding cases). In dynamics,
eq. (13) provides us with a unique solution because the system “knows” the direction of the
contact line motion and its history.

Simple example. — To show the relevance of this approach, we solve rigorously the contact
line dynamics for a simple case of a single stripe-shaped defect at the wall,

{Cd7 |y‘ < A7

17
e Iyl > A, a7

(y,2) =



9.15 Equation of motion of the triple contact line. .. 229

V. S. NIKOLAYEV et al.: TRIPLE CONTACT LINE MOTION 767
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Fig. 2 — Time evolution of the deviation hi(y) of the contact line from its horizontally averaged value.
The defect area (half-width of which is A = 0.2l.) is shadowed. The time values in the units £l./o
are shown above the corresponding curve.

where cq,cs < 1 and A are constants. Consider first the contact line displacement at equilib-
rium described by the equations

hl=cole, B =é1/VIc? + k2 (18)

Notice that ¢y should be small enough so that f defined by eq. (7) satisfies conditions (3).
Obviously, eq. (14) results in ¢y = ¢, and

?l?q _ 20csin kA (19)

EVIZZ+ k2

where dc = ¢4 — cs.
To show how this result relates to earlier approaches to the single-defect problem, we
analyze first the limit A — 0. The inverse transform can easily be taken using the tables [11]

and results in
~ 20cA

™

h‘iq(y) KO(y/lc)v (20)
where Ky(-) is the modified Bessel function of zeroth order. One recognizes the result [12].
It leads to an unphysical divergence when y — 0: h{" ~ —log(y) and a cut-off at small y is
needed [1].

Using the present approach, one can understand the origin of this divergence. The limit
A — 0 in the rigorous result (19) is equivalent to the limit & — 0 since their product enters
eq. (19). The asymptotics at k¥ — 0 in the Fourier transform corresponds [10] to the limit
y — oo in the original function, which means that eq. (20) is correct only at y — co. However,
it is not guaranteed that its asymptotics at y — 0 is correct.

Let us return now to the rigorous expression (19). The Fourier transform (19) can be
inverted analytically,

hi%(y) = 6c[F(A +y) + F(A —y)] /7, (21)
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where F(y) = [/ Ko(y/lc)dy. It is clear now that h{%(y — 0) remains finite, see the dotted
curve in fig. 2.

The dynamic solution can be obtained the same way by using the initial condition h(t =
0)=0:

ho(t) = cslc{1l — exp[—to/(Ele)]},
hi(y,t) = 0c[F(A+y)+ F(A—y)—GA+yt)—GA-yt)]/, (22)

where

G(y,t) = /0?! KO(\/Z‘;?(gf + t2a2§—2))dy.

The time evolution of hj(y) is shown in fig. 2. These curves can be compared to those
obtained experimentally in [13-15], where the motion of the contact line over a single defect
was studied. The comparison shows a good qualitative agreement. The results cannot be
compared quantitatively since in each of these articles some parameters that enter eq. (22)
(dc in particular) are missing.

Conclusion. — Equation (13) describes the spontaneous contact line motion for arbitrary
distribution of surface energy given by the function ¢(y, z) (provided |¢| is small enough so that
the conditions (3) are satisfied). This function can be considered random and the equation be-
comes stochastic. It can be used to establish any statistical parameter of the contact line in dy-
namics. In particular, the collective effect of defects on the contact line motion can be studied.

In this work we solve a simple example where the defect properties do not vary along the
average contact line velocity vector. In the general case, where the local value of the equilib-
rium contact angle (or of the function ¢) varies along this direction, the equation of the contact
line motion becomes non-linear. More sophisticated methods are then needed to solve it.

X % X%
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This study investigates the heat transfer in a simple pure fluid whose temperature is slightly above its critical
temperature. We propose an efficient numerical method to predict the heat transfer in such fluids when the
gravity can be neglected. The method, based on a simplified thermodynamic approach, is compared with direct
numerical simulations of the Navier-Stokes and energy equations performed foai@DSFE. A realistic
equation of state is used to describe both fluids. The proposed method agrees with the full hydrodynamic
solution and provides a huge gain in computation time. The connection between the purely thermodynamic and
hydrodynamic descriptions is also discussed.
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[. INTRODUCTION the highly nonlinear equations of stateOS used to de-
scribe real near-critical fluids. Two computational ap-

In fluids near their liquid-gas critical point, the character-proaches have been suggested for confined fluids in absence
istic size of the density fluctuations becomes larger than thef convection. In one of them, which we will refer as the
characteristic size of the molecular structure. Consequentlythermodynamic approachf5], the Piston effect is taken
the fluid behavior is ruled by fluctuations and not by itsInto account by a supplementary tegnintroduced in the
particular molecular structure. This implies that most fluidsheat conduction equation as follows:
behave similarly near the critical poiriike the 3D Ising
mode). This universality makes the study of near critical T _ iV-(kVTH (T) (1)

pC, al),

fluids very appealing. Due to their very low thermal diffusiv- at
ity and to their very large thermal expansion and compress- .

ibility, the study of heat transfer in such fluids is particularly With
challenging. When such a fluid is confined in a heated cavity, c,\(dT\ ap
a very thin hot boundary layer develops and induces a fast g(T):(l— —”) (—) —, (2)
expansion that compresses the rest of the fluid. The resulting Cp/\ P/, at

pressure waves spread at the sound velogigy very rap- , . .
idly) and adiabatically compress the bulk of the fluid, whichWhere T is the local fluid temperatures, (c,) the specific
eat at constant volum@ressurg per unit massp the local

is therefore homogeneously heated. After several sounlg@ ! g ,
wave periods the pressure is already equilibrated and can KNSity, andk the thermal conductivity of the fluid. One can

assumed to be nearly homogeneous along the cavity. Durir@Ote that the terng(T) is only relevant near the critical point
the initial stage of heating, this process of energy transfe®VNerec,>c,.
called “Piston effect’[1,2], is much more efficient than the ~ 1h€ fluid motions are neglected and the presgyras-

usual diffusion scenario. Indeed, if the Piston effect wereSUmed to be homogeneous, is only a function of timehe
absent, the bulk of the fluid would remain at the initial tem-Pressurep is determined from the fluid mass conservation

perature. and computed via the nonlinear expresdibh
In the industrial domain, the Piston effect can be used to
transfer heat much faster than by conduction. This feature f(ap/aT)paT/atdv
can be readily applied to the development of heat exchangers a_p __ v 3)
under microgravity condition§3,4] where heat transfer by ot '
natural convection is obviously not possible. fUPXT dv

While the physical origin of the Piston effect is well un-
derstood, the calculations required to represent realistic eXyhere y1=p (dp/dp)+ is the isothermal compressibility
perimental conditions are difficult because the inherent nongndy the volume of the fluid sample. The resolution of Eq.
linear dynamical behavior of such fluids is complicated by(3) requires an iterative procedure for each time step. This
consists in calculating the temperatimehe whole fluid vol-
umeusing Eqs(1) and(2) for some trial value op (and thus

*Email address: vnikolayev@cea.fr dpl/at) and determining the other thermodynamic parameters
"Present address: Aeronautics Department, Imperial Collegg,p, 1, ...) by an EOS

Prince Consort Road, South Kensington, London, England, SW7

2BY, United Kingdom. A(p,p,T)=0. (4)
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Subsequent computation of thelumeintegrals in Eq.(3) Several simplifications have to be introduced before pre-

gives a value ofgp/dt from which the pressurg is cor-  senting the formulation of the energy and pressure equations
rected. The correction step is repeated until convergenceised in the present method. As stated in the Introduction, we
This approach has been extensively used by several groupse mainly interested in the description of the early stages of
[6,7] in one-dimensional(1D) calculation in conjunction heating, i.e., on times of the order of the Piston effect time
with the restricted cubic EO$3] and the finite difference scale[12]. In this regime, the thermodynamic quantities
numerical method. However, its extension to higher dimen<,,c, ,k, ... are constant in the bulk of the fluid and only
sions induces a large computational effort. First, it requires &ary in the very thin hot and cold boundary layers. Thus, the
sophisticated programming and, second, the computer rdellowing assumptions can be made.

sources rise steeply because the thermodynamic variables (1) The spatially varying parametersy, c,, k, etc)in
have to be evaluated at each grid point of the computationdtg. (1) can be replaced by the spatially homogeneous time-
domain by means of the iterative procedure to solve(Bg. dependent values, which will be denoted hereafter by an

Teams with expertise in theoretical hydrodynamics haveyerbar(e.g.,c,). These values are calculated with the EOS
developed a rigorous hydrodynamic approgthin which using density(p) (where the brackets indicate the spatial

the Navier-Stokes and energy equations are coupled with t — (). Wi te that Vo) i
EOS. This set of equations has been solved analytically Pri/ﬁggﬁta;dtﬁ;e:;g{fm iz(c)léseg note that densitfp) is

1D by asymptotic matching techniquid and also by direct This assumption is equivalent to the statement that all

numerical simulation(DNS) [10] via the finite volume o .
method[11] both in 1D and 2D. For the sake of simplicity, these_qua_ntmes should be calculated using the temperature
alueT=T(t) obtained from the EOS for the pressyrand

the van der Waals EOS has been used in all these work ) " .
Although this simple EOS provides satisfactory qualitativet® densitp). The quantities calculated in such a way cor-

results, accuracy can only be ensured by using a realistteSPond to the overbar variables mentioned above. In gen-
EOS. However, as shown in the present study, inserting &ral, for a thermodynamic quantity, X+ (X).

realistic EOS into the hydrodynamic equations leads to a (2) During the system evolution, the thermodynamic
much more difficult computational task, which involves pro- quantities are supposed not to vary sharply in time.
hibitively large calculation times. For instance, to reach the (3) The initial temperaturd, is uniform.

final steady state in one of the 1D runs carried out for the Assumption(3) is made for simplicity and can be relaxed
cubic EOS in the present study, one requires about twdf necessary. However, the assumpti¢hsand(2) are essen-
months on a 800 MHz PC. tial for this approach.

The purpose of this paper is twofold. We first formulate  In the following section we formulate the energy and
an approximate method, which is both simple and r&pid.,  pressure equations that govern the kinetics of the superecriti-
the same calculation cited above required only 20 ahd  cal fluid in a reduced gravity environment.
then compare it with the DNS formalism. Second, since this
work is the first one to use a realistic EOS for the DNS, we A. Energy equation
describe in detail the hydrodynamic approach for the near-
critical fluids with a general EOS. We expect that this com- .
plete and unified description may be useful for the scientific
community, as the hydrodynamic method is dispersed over T T AT
many (some of them not easily accessibjmiblications. dp=(ap/oT),dT ©

The paper is organized as follows. In Sec. Il we describesg that term(2) reduces to
fast calculation method. Section Il presents the hydrody-

Using assumptioril) and the constancy dfp), one can

namic approach. Sec. IV deals with the comparison between o EU dT
both approaches. The conclusions are given in Sec. V. g(T)= l_E_ ar (6)
P
Il. EAST CALCULATION METHOD and Eq.(1) can be reduced to the equation
The method is based on the thermodynamic approach, i.e., o1/ —
, . —=DV?y. (7)
on the energy equatiofil). However, a different pressure Jt

equation will be used instead of E¢3). While the latter

equation integrates over the flwdlume we are looking for  The thermal diffusion Coeﬁicieﬁzw<p>gp depends off,
a pressure equation that integrates only overtthendaries e on timet only, and

of the fluid domain. Such an equation would accelerate the

iterative procedure. However, its advantage would not be (X, =T(X,t)—To—E(T) (8)
decisive without an appropriate numerical method for @y.

that should only require computation of the thermodynamicith x the position vector and

variables at the boundaries. Such a numerical method is

called Boundary Element MethoBEM) and is broadly o T o\
used in heat transfer problems. The BEM is expounded in E(T):J ( - —”)dT_ (9)
Appendix A. To Cp
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The initial condition is#|,—o=0 because according to as- XT_[ 9P
sumption(3), —T 5T pos
_ p= . (15)
Tli=0=To. (10 XT
c PC
P

Finally, a known dependence Bf=D4f(T), whereDgyis & |5 order to use the second law of thermodynamics
dimensional constant arfds a nondimensional function, al-

lows timet to be replaced by an independent variable 5Q
defined by the equation (pSsy= = (16)
1%
d_T:f(?) (11) where 5Q is the total change of the amount of heat of the
dt ' fluid, one needs to separate out the averages of the form

(YZ) in Eq. (15). Under the assumption that(or Z) does
not vary sharply over the fluid volume, the following ap-

whose initial condition can be imposed ds_,=0. SinceT proximation holds(see Appendix &

is a function oft only, this initial-value problem is fully

defined. The substitution of Eq11) into Eq. (7) results in (YD) ~(YNZ). (17)
the linear diffusion problem with the constant diffusion co-
efficient D Among the quantities that appear in Ej5), only x andc,
vary sharply near the critical point and could thus vary
Y , strongly across the fluid volume. However, only their ratio,
=7~ DaVy, (12 which remains constant near the critical point, enters Eq.

(15). Hence, the average of this ratio as well as the remainder
averages of slowly varying quantities can be separated. By

Yl ;-0=0. using the expression for the total heat change rate
It can be solved with the BEM as shown in Appendix A. 6Q aT
Usually, the “temperature step” boundary condition has oSt AkEdA (18)

been applied for 1D problems. This heating process corre-

S%Qnﬁs_ to "E ﬂ,‘#ddcfn’ initig!ly at a uniforrrfn ttemperza{cure, v¥here the right-hand side is simply the integrated heat flux
which is submitted to a sudden increase of temperature af . . . ~ s )
one of its boundaries, while the other is kept at the initialSupplled to the fluid through its boundafy(with n the ex

temperature(Dirichlet boundary conditions This heating ternal normal vector toj one gets to the final expression

condition is physically unrealistic because the initial value e

P ; dT 1 aT
for the heat flux at the heated boundary is infinite. Instead, in — = _j —dA. (19)
this work we use Neumann-Dirichlet boundary conditions: a dt  (p)vc,Ja on

heat fluxq;, is imposed at one of the boundaries, while the )
initial temperatureT,, is maintained at the other boundary. N the fast calculation method, EQL9) plays the role of the
pressure equatiofB). Equation(19) is both substituted di-

rectly into Eq.(6) and solved to get tempe@tufe using

) » ] ) ] ) _initial condition (10). The obtained value foll is used to
Let us begin by writing the linearized relationship, valid gq}ye Eq.(11) and to calculate all the fluid properties. Note

under assumptiot@): that T should not be confused witfi from Egs.(18) and
ap) 5 ((91)) 5 (19). The spatially varying fluid temperaturé has to be
S p,

B. Boundary form of the pressure equation

(13 calculated with Eqs(8) and (12).

SubstitutingT by (T), Eq. (19 coincides with the result
of Onuki and Ferrell2], which was derived by a different
Whgrgs is the fluid entropy per'unit mass a6¢tands fo'r the' way. Equation(19), written in terms of(T), was employed
variation of the thermodynamic quantity during the time in- recently[13,14 to simulate the gravitational convection in
terval ot. From the mass conservation it follows thalp) 2D py the finite difference method. However, the finite dif-

=0, and, from the pressure homogeneity thép) = 5p. ference numerical method is not the most efficient for the
By averaging Eq(13) one obtains computation of heat transfer problems.
J J
<(a_z) 5S> +< &_p >5p:0. " IIl. HYDRODYNAMIC APPROACH
p Pls Analytical analysis as well as direct simulations were car-

ried out in previous works. Bailly and Zappdll5] have
The use of appropriate thermodynamic relationships leads tdeveloped a complete hydrodynamic theory of density relax-

061202-3
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ation after a temperature step at the boundary of a cell filled

with a nearly supercritical fluid in microgravity conditions.
In Ref. [15] they describe the different stages of the fluid
relaxation towards its complete thermodynamic equilibrium,

PHYSICAL REVIEW E 67, 061202 (2003

{5

dT

dt’

de 1

dt 2

dp

ap
e a'ﬁ‘cv

aT (24)

covering the acoustic, Piston effect, and heat diffusion timel €N, by substituting Eq20) and (22) into Eq. (24) one

scale. The analytical approach leans on the matche

asymptotic expansions to solve the 1D Navier-Stokes equa-

tions for a viscous, low-heat-diffusing, near-critical van der
Waals fluid(see Refs[9] and[15]). The DNS of the Navier-

gbtains

p

a7 . . ..
pcva:V-(kVT)—T(aT)quJrCD. (25)

Stokes equations were performed in 1D and 2D geometries.
Some of them take into account gravity effects, as for exNote that Eq.(25) involvesc, and notc, as in thermody-
ample, the interaction of a near-critical thermal plume with anamic equatior{l). The “c, formulation” is preferred to the

thermostated boundaf{6]. Numerical results are also avail-
able on thermovibrational mechanisfis].

“ ¢, formulation” because the much weaker near-critical di-
vergence ot, (in comparison witrc,,) allowsc, assumed to

To date the hydrodynamic approach has been solved fdse constant.
the classical, van der Waals, EOS. This EOS allows a con- The boundary conditions for the Navier-Stokes equations
siderable reduction in computational time when compared tgre ;=0 at the walls. The initial conditions are given by

the restricted cubic EOS. However, it does not provide
correct description of the real fluids. In particular, it fails to
predict the critical exponents for the divergence laws of th
thermodynamic properties. In the present work we use

el](t=0)=0. For energy equatio(®5) the boundary and ini-

tial conditions are identical to those applied in energy equa-

&ion (1) (cf. Sec. ). The values of the physical parameters

more realistic cubic EOS to describe the fluid behavior in the%S(ad in the simulations are discussed in Appendix B.

near-critical region. Hereafter, we describe the methodology

suitable for a general EOS.

A. Problem statement

The hydrodynamic description leads to the following set
of equations:

do ., %.i-0 20

gt FPV-u=0, (20
du . -
el R A (21

de . N R

—— V. (KVT)—pV .G+, 22

Pdt

wheree is internal energy per unit mas§,=(ul,u2,u3) is
the fluid velocity at the poink= (X1 ,X5,X3),

D=p

1]

07Ui ﬂUJ
— —+
(9Xj X

&ui &Ui 2 8ui &uj

ax; % 3 X X

is the dissipation function due to the shear viscogitythe
bulk viscosity is neglected The operatod/dt is defined as

d—a+*V
a—ﬁ u-v.

.

(23
The set of Eqs(20)—(22) is closed by adding EOSH).

B. ¢, formulation

In the DNS, energy equatiof22) is rewritten in terms of
temperatureTl. This is achieved by expressing the internal

C. Acoustic filtering

Heat transfer in supercritical fluid involves three charac-
teristic time scalefl2,18: the acoustic time scale defined by
ta=L/cy (wherecg is the sound velocity and is the cell
size), the diffusion time scalép=L2%/D (D being the ther-
mal diffusivity) and the Piston effect time scale defined by
tpe=L2/[D(c,/c,—1)%], with t,<tpe<tp. The present
study is mainly concerned with time of the same order as the
Piston effect time scale so that a fine description of the
acoustic phenomena is not needed. This suggests that one
can filter out the acoustic motions of the set of Ed$, (20),

(21), and(25) and retain only their integrated effects without
altering the physics of our problem. The removal of the
acoustic motions is achieved by applying the acoustic filter-
ing method 19|, which is broadly used in the computation of
the low Mach number compressible Navier-Stokes equations
because it avoids numerical instabilities when time steps,
At>t,, are used in the simulations. The following presents
the main points of the acoustic filtering method.

The equation of momentum is first rewritten by choosing
the sound velocityc, as the reference velocity scale and
L/ug as the reference time scdleereu, is the characteristic
velocity of large scale fluid motions, in our casg
=L/tpg). Using this time and velocity scale the Mach num-
ber Ma=ugy/c, appears in the nondimensional momentum
equation as follows:

-

au Ma- (5 )0
s a “(u-Vyu

-1
. pcﬁ
CoPc

— + 1v2-’
P - p R_e u,

(26)

where Re=p.ugL/u is the Reynolds number, and the den-
sity and pressure are nondimensionalized by critical density
pc and critical pressurp, taken as the reference values. For

energy as a function of density and temperature so that oremall Mach numbers, one can express the fluid variables as

can make use of the well-known relation

series of Ma,

061202-4
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u=Ma[u@+Ma2u®+o(Mad)], (27

p=p?+Ma?p®+o(Ma?). (29

While U in the left-hand sidélhs) of Eq. (27) is nondimen-

PHYSICAL REVIEW E57, 061202 (2003

Ay(ri,6;,Tj)=0,

(34)
AZ(ri 16i ,p):O

instead of one Eq(4) for each volume elementand time

sionalized withc,, the term in the square brackets definesSt€p-

the velocity nondimensionalized withy. This explains the

The whole numerical procedure consists in solving by the

factor Ma in Eq.(27). The density and temperature are ex- Newton-Raphson method, at each time step, a set of equa-

panded likep in Eq.(28). By substituting serie€7) and(28)
into EqQ. (26) and neglecting the terms of ordé(Ma), one
obtainsVp(®=0, which means thap® depends on time
only. By retainingO(Ma) terms in Eqs(20), (25), and(26)
and O(1) terms in EOS(4), one obtains the finaldimen-
siona) form for the governing equations

dp©® .
— _ ,0)y. (0
at pV-ut, (29
du© R R
p(© i =—VpW+ 125, (30)
dT® ap
a0 70O 2| v.00 L. kvTO)
p Ve~ T (6T>pv WO+ V. (kVTO),
(31
A(p@,p@ 7O =0, (32

where @./c3p.)pt) is replaced byp® for the sake of com-

pactness. The pressure teptt) has to be interpreted as the
dynamic pressure that makes the velocity field satisfy th
continuity equation(29). This term reflects the contribution
of the acoustic waves averaged over several wave periods

the total pressure field. One notes that the velocity staie
not present any more in EqR9)—(32), which was the main
purpose of the acoustic filtering.

The assessment qi(®) requires one more equation to
close the set of Eq$29)—(32). This additional equation ex-

presses the mass conservation:
1 (0)
- f p@dv=(p), (33
UJv

where(p) is a known constant.

In the following, the superscript (0) is dropped to con-

form to the notation of Sec. Il.

D. Numerical procedure

tions that includes Eqd934), written for each volume ele-
ment and Eq(33). This makes a system of\2+ 1 equations
to resolve N being the total number of the volume elements.
The local temperatur@; is given by the resolution of Egs.
(29)—(31) at each iteration of theiMPLER algorithm for each
time step, as described in Appendix D. For each vluthe
2N+1 (r;,6;,p) variables are computed via syst&B#).

IV. RESULTS AND DISCUSSION

A brief analysis comparing the, andc, formulations(1)
and (31) of the energy equation allows us to gain more in-
sight into the relation between the two approaches. Formally,
Egs.(1) and(31) become equivalent if the advection term

(u-v)T (35)

is added to |Ihs of Eq(l). However, the equivalence of the
two forms under which the pressure work appdaee sec-
ond term of the lhs of Eq91) and(31)] is not trivial and
deserves to be detailed. At the early stage of the heating (
<tpg) the velocity at the front of the cold boundary layer
being very small, the velocity can be assumed to decrease

?inearly in the bulk cell a9u/ 9x=— U ax/L, Whereuy,,, is

g)lre maximum velocity located at the front of the hot bound-
y layer andx the distance from the hot wall to the cold
wall. The rate of temperature increase due to the pressure
contribution in Eq.(31) can thus be written as follows:

T [dp| o - T [JP) Upax
‘pcv(a?)pv'“—a(ﬁ)p c
By using the expressiori2]
1/dT\ 8Q
umax:?<%) st (37)
p

and Eqs(18) and(19) one concludes that terni86) and(6)

are equivalent near the critical point, whexg>c, . One can
note that in the hydrodynamic approach, the pressure work is
directly related to the mass transfer from the hot boundary

For the time integration, the first-order Euler scheme idayer to the bulk fluid via the gradient velocity. It is then very
used. Equations(29—(31) are solved by the iterative important to asses properly the effect of the velocity field in
SsIMPLER algorithm and by applying the finite volume method order to compare the fast calculation and hydrodynamic

(FVM, see Appendix D on each grid cell of the 1D cell.

methods. The above analysis has shown that the expressions

Near the walls the mesh is refined to properly resolve thef the pressure work is equivalent for both methods. Hence,

very thin thermal boundary layers.

the remaining potential interaction between the velocity and

In the present work the thermodynamic variables are deenergy fields can manifest itself only through the advection

termined using the parametric EQ&. This uses two param-

etersr and ¢, both depend on temperatufeand densityp.
Therefore, one needs to solve two equations

term (35). This term is only relevant when, at the same spot
of the fluid, both the fluid velocity and the temperature gra-
dient are large. At the small timebstpg,

061202-5
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the temperature gradients are confined very near the wal 14
where the velocity remains small8]. Later on, the velocity
maximum shifts to the center of the cell where the tempera- 12
ture gradient is small. At very large timesrtp, the Piston
effect is not efficient and the velocity tends to zero. We thus __ 10
do not expect a strong influence of the advection effects o !
the temperature field. This will be confirmed by the results =_ 8 B
presented below. Note that the advection term cannot be nety
glected when the flux distribution over the heater surface is™~ ¢
highly inhomogeneous. Hot jef26] can be generated in this AN
case. 4 (AN
The calculations have been performed for two fluids,CO
and Sk, confined in a cell of length. =5 mm. The initial

temperature 1 K and 5 K above the critical point have been !

considered for CQ The computations related to SEon- ol
cern only the initial temperatarl K above the critical point. 0 1 P 3 4 5
The cell boundary situated at=0 has been submitted to the

constant heat flux,=2 W/n? (for To,=T.+1 K) andq;, X (mm)

=9.5 W/n? (for To=T.+5 K) and the opposite boundary
has been maintained at the constant temperafixe=_L)
=T,.

The time evolution of the temperature profiles and the
temperature at the cell cent€ene/=T(Xx=L/2) as well as
the heat fluxqy,=—k[dT(x=L)/dx] are compared and
analyzed. In the case of GQthe time evolution covers not
only the Piston effect time scat@g but also the large diffu-
sion time scale.

The set of Figs. 1-3 exhibit a very good qualitative agree-
ment between the DNS and the fast calculation results. Thé™
thin boundary layers and the homogeneous enhancement ¢
the temperature in the center cell are very well predicted.
The quantitative comparison sets out two behaviors. On one
hand, the fluxq,,; appears to fit very well with the DNS over
the full time evolution, at the time scatgg as well as at the
time scale, see Figs. @) and 3b). On the other hand, the
temperature at the cell cent€g. ., tends to be lower than
the DNS data. This discrepancy increases with time and is ) )
larger when the temperature is closer to the critical tempera- "'C: 1- (Color onling Comparison of two approaches for &t
ture [see Fig. ?b) and Fig. 3b)]. Both behaviors can be 1 KaboveTC. (reduced temperature 3<110°?), g, =2 WY and
explained by considering how the thermal conductivitis (p)=pc. Solid curves are the D_NS re;ul_ts and the dotted curves are

. . . ’ the new method result$a) Spatial variation of the temperature at
estlmat_ed in each method. In the hydrodynamlc appréash different times.(b) Time evolution of the temperature at the cell
determined locally, whereas the fast calculation uses the SPRanter and of the flux at the exit of the cell. The valuetgf
tial average value ok. Thus, keeping in mind that the ther- _ - 3 < optained with our EOS is shown by an arrow.
mal conductivity diverges when approaching the critical
point, the increment in temperature near the heating surfa e (T~ T
tends to be smaller in the new method than in the Dbk C&rowdes 9(M) =T/ dt.
Fig. 2@]. At the opposite surface the temperature is fixed
the initial temperature and is closest to the bulk temperatur
so that the effect of averagirgs less influent in this region.
One can note that the thermal diffusivity can be compute

5 T T T

T 1.5

/) "B

1(s)

Finally, one can conclude thak

a~Tcemer. In other words,T can be considered as the bulk
iemperature.

As a further remark, we note that for 1D Eg\1) could
41ave been solved analytically by series expansion. Neverthe-

locally in the fast calculation method by applying the Kirch- ess, we prefer the use of the BEM for its generality and its

- : : possible extension to higher dimensions. We note that in 2D
?g)}if ;’;t:;t_lt?gck)(nl;;gtze dependent variaigid defined by Eq. and 3D the BEM remains advantageous in resolving linear-
=J¢ ]

o . — ized problems when compared with other numerical meth-
A physical interpretation of the temperatifewhich was s, [ts success is based on several factors. One of them is its
formally introduced in Sec. I, can now be given. Indeed,ymerical stability: the numerical solution of the integral
since in the fluid bulk(i.e., around the center of the dell equations is much more stable than that of the differential
dT/9x=0 at t<tpg, according to Eq.(1) we have equations and allows the use of larger time steps. Another
ITcenter/ t=0(T). As near the critical point,>c,, Eq.(6)  advantage consists in the possibility of determining analyti-
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FIG. 2. (Color online Comparison of the two approaches for ~ FIG. 3. (Color onling Comparison of two approaches for O
CO, at 1 K above T, (reduced temperature 33073), q, at 5 K above the critical temperatufeeduced temperature 1.6
=2 Win? and(p)=p,. Solid curves are the DNS results and the X10%), 0in=9.5 W/nf and(p)=p. Solid curves are the DNS
dotted curves are the new method resulisSpatial variation of the results and the dotted curves are the new method results. According
temperature at different time¢b) Time evolution of the tempera- 0 Our EOS{pe=25.67 s.(a) Spatial variation of the temperature at
ture at the cell center and of the flux at the exit of the cell. The valuedifferent times.(b) Time evolution of the temperature at the cell
of tpe=23.45 s obtained with our EOS is shown by an arrow in thecenter and of the flux at the exit of the cell.

Inset that presents the short-time evolution. dependently of the velocity field. If so, the transfer of mo-

- mentum does not need to be considered, allowing a large
cally the BEM coefficients, EQsA6) and(A7). For 2D con- o4y ,ction in computational time. As an example, ingcalcule?—
figurations, the diagonal coefficienGer and Heg (Which  ions carried out for C@and SF, the present thermody-
have the largest absolute value and thus are the most rglymic method within minutes provided the complete evolu-
evanj can be calculated analytically. The semianalytical in-tion of the heat transfer process, while the direct numerical
tegration can be used for the remaining coeffici¢@®23.  simulation of the full hydrodynamic equations required

weeks of CPU time.

V. CONCLUSIONS Compared to previous thermodynamic meth¢dt the
fast calculation method presented here does not require the
In this work we propose a thermodynamic method forevaluation of the variables at each cell of the computation

describing the heat transfer in supercritical fluids in absencéomain. This fact ensures a much better performance. More-
of gravity effects. The method has been compared with thever, the proposed method offers the possibility to explicitly
solution of the full hydrodynamic equations, showing an ex-include the thermal behavior of the material vessel contain-
cellent agreement. In general, a thermodynamic approacing the fluid by taking into account the heat conduction along
leans on the possibility of expressing the pressure work inthe solid walls, see Ref4].
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Jd
G(x—x’,t—t’)—lp
ax’

t
dt’
0

to analyze the validity of the method proposed here. The
accuracy of the latter approach is explained by the fact that
the advection of energy remains negligible.

For the sake of completeness, we have also presented a 0G(X—X',t—t')1

The direct numerical simulation of the flow has been used
20

x'=L

detailed description of the hydrodynamic approach. While it —¥(xt) ox’ =y(x.n

has been used for about a decade, some parts of its descrip- x'=0
tion for a general equation of state are either dispersed over (A4)

many literature sources or not published at all in the acces- _ )
sible literature. written for x=0,L. A variety of numerical methods can be

Concerning the future development of the present re@pplied to solve EqgA4). The simplest way is to present the
search, we plan to extend the fast calculation method to twahtegral over (@) as a sum of the integrals ovet(y,tf),
and three-dimensional problems. Finally, we intend to usd =1, ... F with t,=0 andtz=t and assume a constant
this method to investigate the heat transfer in two-phase fluvalue ;= (t;) and ¢ = diy(t;)/dx over each of these in-
ids. tervals. EquationgA4) will reduce then to the set of 2,

(tFm is the maximum desired calculation tiilnknear equa-
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x=0L;F=1,...,F, (A5)
APPENDIX A: BEM FOR THE DIFFUSION EQUATION
for 4F, variablesy;, ¢;(0.L), 2F,, of them being defined
by the boundary conditions. The coefficients in these equa-
tions can be calculated analytically:

In this Appendix we use the traditional notation, so tDat
andt correspond tdD4 and 7 of Eq. (12). It can be shown
[21] that the linear diffusion problem

Iy 5 G (x)—Dftf G(x,t t’)dt’—|x|
- = Ff - LET 5
=DV, - 2
2 _
Jleg=0 (AL) exp( — ) | /4P
t=0 ! X erfq\m)—? (A6)
um
with the constant thermal diffusion coefficiebtis equiva- X21D(te—t; )
lent to the boundary integral equation
and
t Ox p(X,U) o IG(Xte—t’
’ 7! +__¢t! s LF ) ’
Dfodt fA G(X—X'",t—t") pe HFf(X):_Df dt
toq IX
o O G(X=X =) 1 sian(x X2/4D (tg —ty)
) A= 5 PR, = 9 ot ) . @
A2) X2/AD (tg—t;_,)
where

The integration is performed over the surfakef the fluid
volumeuv, X e A. The outward unit normal té is n. Green’s
function G for the infinite space for the equation adjoint to
Eqg. (Al) reads

erfo(x)= fmexp(—uz)du,

is the complementary error function and

- B |x|?
G(x,t)=(4wDt) Y exp — , (A3)

4Dt 1, x>0,

S'gn(x)_{—L x<0.
whered is the spatial dimensionality of the problefl).
Only the 1D case with the space variable (OL) is  One needs to mention that the case0 is specialHg:(0)
considered below, the 2D counterpart being described else=0 for all f andF and
where[22,23. Ford=1, A degenerates into two points, and

Eq. (A2) reduces to two equations Gri(0)= Do/ m(\Vtg—ts_1— Vtg—tf).
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The set of linear equation@\5) can be solved by any is made to avoid pressure oscillations in the computations

appropriate method, e.g., by the Gauss elimination. [11]. For the time discretization, the first-order Euler scheme
is used. For the sake of simplicity and clarity we present the
APPENDIX B: THE ELUID PROPERTIES finite volume method for the 1D generalized transport equa-

o tion for a variableY (whereY can be substituted by eithar
The thermal conductivitk is deduced from the thermal o T)

diffusivity
D=D (T_TC>¢1+D (T_T°
1 TC 2 Tc

P2

oY apuY | _aY
ANl ( +s (D1)

(B1) at X x| ax

- » ) wherel" denotes the generalized diffusion coefficient &d
and the constant pressure specific heat at critical depsity  the generalized source terfvolume forces Integrated over
k=DpcCpl,. The values of the coefficients for GQare  theith cell of the lengthdx, Eq. (D1) takes the form
D,=5.89184<10"8 m?/s, D,=7.98068 10 ' m?/s, ¢;

=0.67, andp,=1.24. The coefficients of the values for SF ppYp—pRYR

are D,;=6.457x10 7 m?%/s, D,=0, ¢,=0.877, and e, At AxFJemJu=SpAX, (D2)

=0. The specific heat at constant pressure is calculated by

using the thermodynamic relationship where the superscrigt denotes the value on the previous
5 time step, the subscrif® represents the center of the cell,

R @) (B2) and the subsc_:ripte andw represent its “east” and “west”
P aT pXT' faces respectively. The calculation of the flux
The isothermal compressibility coefficiept; and the spe- J=puY—Fﬁ (D3)
cific heat at constant volume are given by the restricted cubic X

model[8]. For the reference hydrodynamic DNS we used a .
constantc, value calculated for the initial value of tempera- on the faces requires the knowledgeYcdndp at thecenters

ture and density. We used a constant value for the viscosit9f two neighboring “East” and “West” cells denoted by the
w: 3.74<10°° Pas for S and 3.45¢10°° Pas for CQ. capital letters E and W. Their values at the faces can be

found by linear interpolation between their values at the cen-
APPENDIX C ters, e.9.Y.=0.5(Yp+ Yg) if the nodes are equidistant.
The continuity equation integrated on the control volume
According to the integral theorem about the mean valuds given by
[24], there is always a point,ev so that )
PP~ Pp
At

oL . . Ax+F,—F,=0 (D4)
fY(x)Z(x)dx=Y(xm)f Z(x)dx (Cy
’ ’ with F = pu. When multiplying Eq(D4) by Y and subtract-
if the functionsY and Z are continuous. When the spatial ing the result from Eq(D2), one obtains the equation

variation of Y in v is small,(Y)~Y(Xy), and Eq.(17) stems D Ax
from Eq. (C1). pPT(Yp_Yg)+(Je_YpFe)_(JW_YPFw):SPAXa
APPENDIX D: APPLICATION OF THE FINITE VOLUME (DS)
METHOD (FVM) AND SIMPLER ALGORITHM which can be rewritten in the following form:
According to the FVM, the calculation domain is divided
apYp=aywYwtagYe+b. (D6)

into a number of nonoverlapping control volumes so that
there is one control volume surrounding each grid point. Thel'h idi | fli . ith
differential equations are integrated over each control vol- e_tr| lagonal set of linear equat_lo(EG) wit respept to
ume. The attractive feature of this method is that the integraYP_ IS solved by the Thomas algorith{@S]. The _stenc_ll co-
balance of mass, momentum, and energy is exactly satissfie‘:'cﬁ'C'entS ap, aw, and ag dep.end. on the discretization
over any control volumécalled below the cell for the sake SCheme. Their general expression is

of brevity), and thus over the whole calculation domain. The
integral formulation is also more robust than the finite differ-
ence method for problems that present strong variations of
properties observed in a near-critical fl(iitD,20. The equa-
tions are resolved on a staggered grid. This means that the
velocity is computed at the points that lie on the faces of the
cell while the scalar variablegressure, density, and tem-
peraturé¢ are computed at the center of the cell. This choice b=SpAx+ppYPAX/AL,

ayw=B,A,+max —F,,0),
ag=BA+ max Fg,0),

(D7)
ap: aw+ aE+ pEAX/At,
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whereB=I"/Ax. We use the “power law schemd’11] that L px—pl
requires Ug=Ug+ ————. (D11
ae
A ol 1- 0.4F\°] (3) Compute the pressurp™* whose equation is de-
i=max o, B » o I=ew. duced by applying the divergence operator to &2f1) and

using the continuity equatio(D4):
Set(D6) should be written and solved both for the velocity
and the temperature. While the above scheme can be directly Pw = Pe
applied for the temperature case, the coupling of the velocity a_w a_e

P_
Pw Pe PP~ PP -
g = a—Pw* +=pEt+ —tAX_Peue
W
and the pressung'™ (which is defined implicitly by the con-

ae A

tinuity equation requires a special treatment for the velocity +Pwaw- (D12
equation as described below. L (1) 1)
The nondimensionalized and discretized Navier—Stokesébt(;)miOB/f Eq.(D8) with p used forp™, and thus
equation(30), gy 1 o .
(5) Compute p)" whose equation is obtained analo-
gously to Eq.(D12) from
aeuezz anbunb"_(ps?l)_pl(zl))"‘by (D8)
(ps”" —pE)")
— i *
where the subscriptb denotes the neighbors of poigtcan Ue=Ue + ae ' (D13)
be solved only when the pressure field is given. Unless the
correct pressure field is employed, the resulting velocity fieldt takes the form
will not satisfy the continuity equation. We use the iterative b
SIMPLER algorithm[11] to couple the velocity and the pres- Pw  Pe p(Pl)’zﬂp%)’jL &pl(zl)'anP_pP-Ax—peug
sure fields. This algorithm is based on successive corrections\a,, @e ay ae At
of the velocity field and pressure field at a given time step.
y P g D + py . (D14)

The velocity and pressure variables are decomposed as fol-
lows: (6) Calculate the velocity using Eq.(D13). Do not cor-
rect the pressurp®, p’ is used to correct only the veloc-

=u*+u’ L ,
U= DY ity field, the pressure being computed by EQ14).
, (D9) (7) Solve the energy equation fdrusing the obtained
()= n(L* 4 (1)
p p P, values.
. . . . 0) .
where the asterisk denotes the guesses and the prime deno{g Sgncd?gglate the density distribution aml® via Egs.

the corrections. The steps of tlsevPLER algorithm are the
following
(1) Start with a guessed velocity field.

(9) Return to step 2 and repeat until the converged solu-
tion is obtained.
P o It has to be noted that whereas the fractional stegm
(2) A pseudovelocityu (without taking into account the algorithm [10] is successful in resolving Eq&29)—(32) on

pressure gradients first computed and is defined as the acoustic time scale, it is not the case when the acoustic
filtering method is used. Due to the different meanings of

2 +b pressurgsee Sec. lll ¢in the momentum equatiofnvolv-

anbunb . (1) . . . (0) .

e (D10) ing p'*) and in the_ energy equa_\tlc(mvolvmg p'™)), it ap-
© ae ' pears that only an iterative algorithm can correctly couple the

R thermodynamic field and the velocity field, theso algo-

whereu,, represents the neighbor velocitiessatisfies rithm leading to unstable solutions.
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Résumé — La crise d’ébullition est une transition entre deux régimes d’ébullition :

ébullition nucléée (la

bulle se forme sur la surface chauffante) et ébullition en film (la surface chauffante est couverte par un film
continu de vapeur séparant la surface chauffante du liquide). Dans cette communication, nous présentons un
modele physique de la crise d’ébullition basé sur le concept de recul de vapeur. Nos simulations numériques
de croissance thermiquement contrélée montrent comment une bulle attachée a la surface chauffante com-
mence soudainement a s’y étaler, formant le germe d’un film de vapeur. La force de recul de vapeur ne
provoque pas seulement ’étalement de la bulle, elle crée également une force additionnelle d’adhérence qui
empéche le départ de la bulle de la surface chauffante lors de sa croissance. Prés du point critique liquide-
vapeur, la croissance de la bulle est tres lente. Si, de plus, des conditions de microgravité sont remplies, la
bulle garde la forme convexe et il est possible d’observer expérimentalement une augmentation de I’angle
apparent de contact ainsi que la croissance de la tache séche. Ces observations confirment ’explication
proposée.

Mots clés : Crise d’ébullition / flux critique / point critique / microgravité

Abstract — Boiling crisis as inhibition of bubble detachment by the vapor recoil force. Boiling
crisis is a transition between nucleate and film boiling. In this communication we present a physical model
of the boiling crisis based on the vapor recoil effect. Our numerical simulations of the thermally controlled
bubble growth at high heat fluxes show how the bubble begins to spread over the heater thus forming a
germ for the vapor film. The vapor recoil force not only causes the vapor spreading, it also creates a strong
adhesion to the heater that prevents the bubble departure, thus favoring the further bubble spreading. Near
the liquid-gas critical point, the bubble growth is very slow and allows the kinetics of the bubble spreading
to be observed. Since the surface tension is very small in this regime, only microgravity conditions can
preserve a convex bubble shape. Under such conditions, we observed an increase of the apparent contact
angle and spreading of the dry spot under the bubble, thus confirming our model of the boiling crisis.

Key words: Boiling crisis / CHF / critical point / microgravity

1 Introduction

Quand le flux de chaleur provenant d’'une paroi chauf-
fante dépasse une valeur critique pendant 1’ébullition
(le flux critique, le CHF en anglais), la vapeur forme
brutalement un film sur la paroi chauffante, qui ’isole
thermiquement du liquide. En d’autres termes, la pa-
roi chauffante se desseche. Le transfert thermique est

# Auteur correspondant : vnikolayev@cea.fr
> Adresse postale : CEA-ESEME, PMMH-ESPCI,
10 rue Vauquelin, 75231 Paris Cedex 05, France

inhibé et la température de la paroi croit rapide-
ment. Ce phénomene s’appelle la crise d’ébullition par
caléfaction [1]. L’évaluation correcte du CHF exige
une compréhension claire du phénomene physique qui
déclenche la crise. De nombreux modeles sont pro-
posés, cf. [2] pour une revue. Pourtant, chacun d’eux
ne s’applique qu’a des régimes et des configurations
d’expériences tres particuliers. Pour des raisons d’im-
portance industrielle, les expériences d’ébullition les plus
communes sont effectuées sous pesanteur terrestre a
des pressions basses par rapport a la pression critique
du fluide donné. La valeur du CHF est alors grande,
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ce qui rend I’ébullition violente et les observations diffi-
ciles. Méme les dispositifs les plus avancés [3] ne peuvent
aider a valider un modele avec certitude. Cependant, de
nombreuses observations montrent que la crise commence
par la croissance d’une tache seche sous les bulles de va-
peur attachées a la paroi.

En diminuant la force d’Archimede, la microgravité
permet d’améliorer la qualité des observations grace au
temps de résidence plus long de la bulle sur la paroi chauf-
fante [4]. Cependant, la croissance reste aussi rapide que
sur Terre. Sous de grandes pressions, la croissance est
plus lente, 'influence des flux hydrodynamiques sur cette
croissance est moins importante, ce qui permet d’identi-
fier les mécanismes thermiques, notamment 'influence de
la force de recul de vapeur sur la croissance de la tache
seche. Du point de vue de la modélisation, cela permet
une grande simplification en négligeant (en premiere ap-
proximation) le couplage thermique-hydrodynamique et
en supposant une forme quasi-statique de la bulle. Dans
la section 2 ci-dessous, nous développons l’approche [5]
qui montre que la force de recul peut étre a I'origine de
la crise d’ébullition.

Si les pressions sont si grandes que le fluide se trouve
pres de son point critique, la croissance de la bulle de-
vient exceptionnellement lente et permet des observations
tres claires de lassechement de la paroi [6], cf. section 3
ci-dessous.

2 Force de recul de vapeur et croissance
de la tache séche sous une bulle

La force de recul de vapeur vient de l'impulsion
mécanique non compensée des molécules qui quittent 1’in-
terface liquide-gaz lors de 1’évaporation. Sa valeur par
unité de surface (=pression) s’écrit [7] P, = n?(py" —pp ")
ou n est le taux massique d’évaporation, c’est-a-dire la
masse de fluide évaporée par unité de surface pendant
Punité du temps, et pr,(py) signifie la densité du liquide
(vapeur). La force de recul est normale a l'interface et est
toujours dirigée vers le liquide. En négligeant la conduc-
tivité thermique dans la vapeur par rapport a celle dans
le liquide, on écrit g1, = Hn ou H est la chaleur latente
de vaporisation et qr, et le flux thermique qui arrive a
I'interface du coté liquide.

Considérons maintenant une bulle de vapeur attachée
a la surface de la paroi chauffante (Fig. 1). Lors de
I’ébullition, le liquide est surchauffé dans une couche
pariétale d’épaisseur [,. Cependant, la température de
I'interface vapeur-liquide est constante (c’est en fait la
température de saturation pour la pression donnée du
systeme). Cela signifie que le flux ¢r, reste élevé dans une
« ceinture » sur la surface au pied de la bulle. De fait,
la majeure partie de I’évaporation dans la bulle de va-
peur est produite dans cette ceinture, dont I’épaisseur est
habituellement beaucoup plus petite que le rayon de la
bulle [8]. Le recul de la vapeur pres de la ligne de contact
est alors beaucoup plus grand que sur 'autre partie de la
surface de la bulle. En conséquence, sa surface se déforme

force de
recul \

B bullede |
: vapeur ,'

paroi chauffante

Fig. 1. Etalement d’une bulle de vapeur sous laction de la
force de recul de la vapeur.

comme si la ligne triple de contact liquide-vapeur-solide
était tirée de coté, comme montré dans la figure 1. Ceci
signifie que, sous 'action du recul de la vapeur, la tache
seche sous la bulle de vapeur s’étale et peut couvrir la
surface de la paroi chauffante.

Dans ce qui suit, nous montrons par un exemple
simple que l'influence du recul de vapeur peut étre in-
terprétée en terme de changement d’angle apparent de
contact.

2.1 Recul de vapeur et angle de contact apparent :
une approche simplifiée

Considérons une coordonnée curviligne [ mesurée le
long du contour de la bulle, comme dans la figure 2.
Deux forces définissent la forme de la bulle dans l'ap-
proximation quasi-statique : la force de recul et la tension
superficielle o,

Ko=X+P(l) (1)

ou K est la courbure locale de la bulle et A\ est la
différence de pression entre lintérieur et lextérieur de
la bulle, indépendante de [. Cette équation est difficile
& résoudre analytiquement et le calcul numérique [5, 9]
(onéreux au niveau du temps) s’impose. Cependant, ’ap-
proche simplifiée ci-dessous permet d’estimer et de mieux
comprendre l'effet de la force du recul sur la forme de la
bulle.

Par angle de contact apparent 6,,, nous sous-
entendons celui mesuré a la distance [, (=épaisseur de
la couche limite) de la ligne triple comme marqué dans
la figure 2. Cette définition est valable quand [, < R, le
rayon de la bulle. Dans ce cas-1a, la fonction P, (I) peut
étre approximée par la fonction § de Dirac :

Pi(1) = 20,5(1) 2)

La fonction §(1) est définie de telle maniere, que §(1) =0
sil#0,060)=o0et [T §()dl = 1. Dapres (1), ceci
signifie que le recul de vapeur est localisé a la ligne de
contact, et la tension superficielle donne au reste de la
surface de la bulle la forme d’une calotte sphérique. La
supposition (2) se justifie par le calcul plus rigoureux [5]
qui montre que Py(l) diverge quand I — 0, [~ P:(I)d!
restant fini.
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Fig. 3. Equilibre des forces qui agissent sur la ligne triple de
contact, ol gys et 015 sont les tensions superficielles pour les
interfaces respectivement vapeur-solide et liquide-solide.

L’amplitude o, du recul de vapeur a la dimension
d’une tension superficielle et doit étre incluse! dans le bi-
lan de (quasi-)équilibre des tensions agissant sur la ligne
de contact montrées dans la figure 3. La ligne de contact
est stationnaire quand la composante horizontale de la
somme des vecteurs de toutes les forces est égal a zéro, ce
qui se résume en

3)

ou I’angle de contact d’équilibre est donné par I’expression
classique cos feq = (0ys —015) /0. Le « coefficient de recul »

€os Oy, = cos g — Ny sin Oy,

L
-5 [ o
0

caractérise la force de recul de la vapeur relativement a
la tension superficielle.

La dépendance de #,, par rapport a V;, calculée a
partir de (3), est présentée sur la figure 4. On peut voir
que la force de recul augmente 'angle de contact ap-
parent. Quand la puissance de la paroi chauffante reste
constante, le flux de la chaleur g1, augmente avec le temps
en augmentant N,. Par conséquent, ’angle de contact
apparent croit dans le temps. Comme la bulle est une
calotte sphérique (ce qui est définie par I'Eq. (1) avec
P.(l) = 0,1 # 0), Paugmentation de angle de contact se
traduit par I’étalement de la tache seche, son rayon Ry
étant lié au rayon de la bulle R (cf. Fig. 2) par I’expression

()

q|~

(4)

Rary = Rsin O,

qui provient de la géométrie de la calotte sphérique.

! En se basant sur approche variationelle [5], on peut mon-
trer cela rigoureusement.

7

Fig. 4. Angle apparent de contact par rapport en coeffi-
cient de recul N, pour différentes valeurs de I’angle de contact
d’équilibre.

La force d’adhésion de la bulle a la paroi F,q s’avere
trés importante pour estimer la valeur du CHF (voir ci-
dessous). Elle peut étre obtenue a partir du bilan vertical
des tensions dans la figure 3. La force Fyq est le produit de
la longueur (= 27 Rqyy) de la ligne triple et de la tension
non-compensée :

Foq = 2mRo(sin 0,p — (6)

Ny €08 Oyyp,) Sin Oy,

Les dépendances de Rqry et Faq de N, sont montrées
dans la figure 5. Le comportement de la force d’adhésion
est correcte : elle augmente avec ;. En contrepartie, la
décroissance de Rgr, donnée par (5) & partir d’une cer-
taine valeur de N, est paradoxale. Cette décroissance ap-
parait quand ,, dépasse 90°. La composante verticale 15;"

de P, change alors de direction. Cette incohérence est due
au fait que la forme exacte de la bulle dans la proximité
de la ligne triple (cf. I'inséré dans Fig. 2) n’est pas prise
en compte. En réalité, la surface est fortement courbée et
PY est dirigée vers le bas. Un autre défaut de la théorie

r
simplifiée réside dans 'impossibilité de calculer le temps
de départ (puisque avant le départ, la forme de la bulle
dévie fortement de celle d’'une calotte sphérique) C’est
pourquoi il est nécessaire d’abandonner la notion d’angle
apparent qui est fondée sur 'expression (2) pour la force
de recul. Cette derniere doit étre obtenue plus rigoureuse-
ment pour calculer la forme de la bulle, ce qui sous-entend
une approche numérique ou des expériences.

Cependant, I'approche de 'angle apparent ci-dessus
illustre bien Iidée principale de 1’étalement sous ’action
du recul. Elle permet, en principe, de calculer le champ
thermique autour de la bulle en tenant compte de l'effet de
recul sans traiter I’équation (1) pour déterminer la forme
de la bulle. On peut en effet effectuer le calcul thermique
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Fig. 5. Dépendance du rayon de la tache seche et de la force
d’adhésion du coefficient du recul N, calculés pour feq = 0.
Oap est aussi représenté pour comparaison.

pour une calotte sphérique et ajuster son angle de contact
en utilisant I’équation (3).

2.2 Résultats d’'une approche numérique

Les simulations numériques [9], qui sont basées sur
I'équation (1) avec P, (l) calculée a partir de la distribu-
tion de température dans le liquide et la paroi chauffante,
mettent en évidence la croissance de la tache seche. La
précision des calculs est améliorée par rapport a 'article
cité en utilisant un nouvel algorithme [10]. La tache séche
reste petite jusqu’au temps de transition ¢. (cf. Fig. 6) ou
elle s’agrandit brusquement. Nous associons cette transi-
tion avec la crise d’ébullition. La croissance de la tache
seche juste avant la crise est confirmée par nombre de
travaux expérimentaux, voir par exemple [3]. Etant trés
petite jusqu’a linstant t., la force de recul caractérisée
par le parametre N, devient alors de l'ordre de l'unité
(cf. Fig. 6) ce qui se compare bien avec P'estimation pour
le CHF donnée dans l'article [5]. Abordons maintenant la
question de la valeur du CHF.

2.3 Comment estimer le CHF : inhibition
du détachement de la bulle par la force de recul

Comme les « forces de départ » (force d’Archimede,
poussée du flux hydrodynamique, ...) qui tendent a arra-
cher la bulle de la paroi sont absentes de ’équation (1), la
bulle reste toujours accrochée sur la paroi dans la simula-
tion de type [9]. Dans la situation réelle, la bulle quitte la
paroi au moment tgep. Si tqep est plus petit que le temps ¢
issu de la simulation [9], la bulle quitte la paroi avant que
la tache seche puisse s’étaler et la crise d’ébullition ne se

V.S. Nikolayev et al. : Mécanique & Industries 5, 553-558 (2004)
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Fig. 6. Evolutions temporelles du rayon Ra,y de la tache séche
et du coefficient du recul N, issus du calcul réalisé d’apres
l'article [9] pour go = 0.1 MW.m™2.
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produit pas. L’analyse de départ de la bulle s’avere alors
cruciale pour trouver la valeur du CHF.

Le temps t. est une fonction décroissante du flux ther-
mique go de paroi [9]. Cependant, ¢4ep, dépends aussi de gq.
Pour trouver la fonction t4ep(qo), on doit analyser la force
d’adhésion F,q d’une bulle a la paroi. Cette force se di-
vise en deux parties Foq = F7; + F;. La premiere par-
tie s’écrit F7; = 2mRaryo sinfeq. 2 est tres importante
au début de la croissance, lorsque la ligne triple est at-
tachée au défaut de la paroi qui a servi de centre de
nucléation (et qui donne & feq une grande valeur), elle
devient négligeable par la suite. Comme on ne peut pas
connaitre la valeur locale de 0eq, F7; est difficile a estimer.
On suppose ensuite que f.q = 0 sur le reste de la paroi
ou la ligne triple se déplace. La deuxieme partie

= /Pr"dA

est due a la force de recul dont la composante verticale P
(dirigée vers la paroi) est intégrée sur toute la surface A de
la bulle. Bien que le calcul [9] est bidimensionnel, on peut
raisonnablement supposer que la valeur de la P, obtenue
s’applique aussi pour le cas 3D axi-symétrique (comme si
la bulle avait une symétrie axiale en 3D).

Le calcul montre que F},; reste tres petite au début
de Pévolution (ce qui correspond au cas tgep < tc), par
rapport aux forces de départ, notamment la force d’Ar-
chimede. Si la bulle reste attachée a la paroi pendant ce
régime, c’est grace a la force FZ,. A partir de Dinstant
t = t., la croissance de F}; s’accélere brutalement et c’est
elle qui domine. Autrement dit, quand la tache seche com-
mence a croitre, la bulle reste attachée a la paroi en coa-
lescant avec les bulles voisines. C’est ainsi que la crise
d’ébullition devrait se dérouler.

On voit (Fig. 7) que la croissance de la bulle est une
superposition d’un processus monotone et d’oscillations

(7)
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Fig. 7. Evolutions temporelles de la force d’Archimede et de la
force d’adhésion F,, issues du calcul réalisé d’apres Uarticle [9]
pour un flux go = 0.1 MW.m 2. Les forces sont exprimées dans
les unités 2w Ro pour pouvoir comparer avec les résultats de
Papproche simplifiée (Fig. 5).

d’amplitudes croissantes. Ces oscillations apparaissent
probablement & cause de U'instabilité de recul [7,11]. Une
de ces oscillations initie la croissance brutale de la tache
seche.

Le comparaison des résultats numériques avec ceux du
modele simplifié montre que la force d’adhésion est sures-
timée par ce dernier d’a peu pres 50 %. Ce fait confirme
la nécessite de poursuivre des études numériques qui per-
mettront d’obtenir la valeur du CHF compte tenu des
forces de départ. Le CHF apparailt ainsi comme la valeur
du flux thermique de transition entre deux régimes qui ne
peuvent pas coexister : le régime de départ et le régime
d’étalement de la bulle.

3 Evidence expérimentale de I'étalement
d’une bulle en microgravité

Les expériences [6] confirment que notre modele
d’étalement d’une bulle est valide dans la région critique,
c’est-a-dire pour des pression et température proches de
la pression et de la température critiques pour le fluide
donné. Le point critique présente beaucoup de propriétés
singulieres. En particulier, le coefficient de diffusion ther-
mique s’évanouit, ce qui ralentit la croissance des bulles et
permet d’observer les détails de la croissance sans une agi-
tation génante du liquide provoquée par des mouvements
rapides. Par exemple, la croissance d’une seule bulle a pu
étre observée [6] pendant environ quinze minutes.

Puisque la longueur capillaire [o/(pr, — pv)g]*/? (ot
g est la gravité terrestre) disparait également au point
critique et les bulles sont écrasées contres des parois. Les
bulles de vapeur de forme habituelle convexe ne sont donc

557

Fig. 8. Evolution d’une bulle de vapeur dans une cellule cylin-
drique remplie de SF¢ proche de son point critique. Les images
ont été obtenues pendant un chauffage continu de la cellule.
La derniére image (F) correspond a la température juste en
dessous de la température critique. L’augmentation de I'angle
de contact apparent est évidente.

pas observables en pesanteur terrestre. Pour cette rai-
son, notre expérience a été exécutée a bord de la station
spatiale MIR. La valeur du CHF disparait au point cri-
tique [1], par conséquent, on s’attend & ce qu’un taux de
chauffage tres lent produise I’étalement de la bulle. En rai-
son de cette évolution lente, les effets hydrodynamiques
sont tres faibles et la forme de la bulle n’est pas distordue.
Une cellule expérimentale de forme cylindrique a été rem-
plie par du SFg a densité presque critique. On a observé
I’évolution de la bulle a travers les bases transparentes
du cylindre (fenétres). La figure 8 montre comment la
bulle, initialement circulaire (feq = 0) s’étale sur la paroi
chauffante cylindrique. L’angle de contact apparent aug-
mente clairement avec le temps. Bien que le volume de la
bulle soit constant, la masse de vapeur augmente suite a
la densité croissante. A la différence du régime de basse
pression, la densité dépend fortement de la température
dans la région proche du point critique.

4 Conclusions

Nous proposons une explication physique pour la crise
d’ébullition : I’étalement de la tache seche sous une bulle
de vapeur est provoquée par la force de recul de la vapeur.
Une fois ’étalement commencé, la bulle reste attachée a
la paroi par le méme effet de recul et 1’étalement (accom-
pagné des coalescences possibles avec des bulles voisines)
peut se prolonger jusqu’a la formation du film continu de
vapeur. L’approche théorique est soutenue par la simula-
tion numérique de la croissance de la bulle sous un grand
flux de chaleur, ainsi que par des données expérimentales
sur la croissance de la bulle dans des conditions proches
du point critique. Des simulations numériques basées
sur cette approche devraient permettre de déterminer
le CHF comme étant le flux thermique de transition
entre deux régimes : le régime de départ et le régime
d’étalement de la bulle.
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The dynamics of coalescence of two water sessile drops is investigated and compared with the spreading
dynamics of a single drop in partially wetting regime. The composite drop formed due to coalescence
relaxes exponentially toward equilibrium with a typical relaxation time that decreases with contact angle.
The relaxation time can reach a few tenths of seconds and depends also on the drop size, initial conditions,
and surface properties (contact angle, roughness). The relaxation dynamics is larger by 5 to 6 orders of
magnitude than the bulk hydrodynamics predicts, due to the high dissipation in the contact line vicinity.
The coalescence is initiated at a contact of the drops growing in a condensation chamber or by depositing
a small drop at the top of neighboring drops with a syringe, a method also used for the studies of the
spreading. The dynamics is systematically faster by an order of magnitude when comparing the syringe
deposition with condensation. We explain this faster dynamics by the influence of the unavoidable drop
oscillations observed with fast camera filming. Right after the syringe deposition, the drop is vigorously
excited by deformation modes, favoring the contact line motion. This excitation is also observed in spreading

1213

experiments while it is absent during the condensation-induced coalescence.

1. Introduction

The phenomenon of the coalescence of sessile drops is
of critical importance for a number of technological
processes. It is also a key phenomenon in the growth of
droplets on a surface (dew, breath figures, etc.).l™3
However, little is known about its dynamics. While
knowledge of the liquid viscosity and surface tension is
sufficient to describe the kinetics of coalescence of freely
suspended drops, the contact line motion influences
strongly the coalescence kinetics of sessile drops. The study
of this Kinetics is then a tool to study the contact line
motion itself.

The contact line motion, i.e., the motion of gas—liquid
interface along the solid surface for the case of partial
wetting, remains a very active field of study despite
numerous works that were published on this subject
during the past decades. It was found theoretically that
the contact line motion was incompatible with the no-slip
boundary condition (zero fluid velocity) on the solid
surface® that causes the diverging dissipation in the near
contact line region of the liquid wedge. In reality, the
dissipation is high but finite. Consequently, the response
of the contact line to external influence is much slower in
comparison to that of the bulk fluid. There is still no
certainty on the exact microscopic mechanism of the
contact line motion. Some results are described satisfac-
tory by one mechanism and some by others. The contact
line motion is sensitive to many factors and is an excellent
example of the influence of the microscopic phenomena
on the macroscopic motion. Among these factors one can
list surface defects (geometric and chemical), presence of
a liquid film on the solid, the wetting properties, etc. It
is extremely difficult to characterize these factors in
practice. The wetting properties are characterized by the
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dbeysens@cea.fr. Mailing address: CEA-ESEME, ICMCB, 87, Av.
Dr. A. Schweitzer, 33608 Pessac Cedex, France.
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contact angle. It appears that the experimental error in
the contact angle is often so large that its measurements
are not certain, as shown by Lander et al. and de Ruijter
et al.>8 who obtained quite different values depending on
the measurement setup (Wilhelmy balance or sessile drop).
Therefore, in the dynamic measurements we prefer to
consider a well-defined contact line position rather than
the contact angle.

The capillary spreading of a sessile drop due to
heterogeneties in solid surface was studied by Shanahan.”
De Gennes® described the spreading of liquid in the
presence of a precursor film. The precursor film facilitates
the spreading and allows the hydrodynamics of spreading
to be explained. However, the ellipsometric studies of Voué
et al.® showed that while the precursor film plays an
important role during the spreading in the complete
wetting regime, itis absent for the partial wetting regime.
These studies were confirmed indirectly by de Ruijter et
al.51% and Rieutord et al.!* They found that the spreading
for the partial wetting regime was much slower than that
in the complete wetting case meaning that the application
of de Gennes precursor film theory led to unphysical values
for the parameters of the theory. We conclude from these
studies that in a quite common situation of partial wetting,
the precursor film is absent and another model of contact
line motion should be applied. Several microscopic models
by Blake and Haynes,*? Shikhmurzaev,'® and Pomeau*
have been proposed, some accounting for a phase transition
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in the immediate vicinity of the contact line. Their
discussion is out of the scope of this article. We only note
that most of them result in the following expression of the
contact line velocity v, in the direction normal to the
contact line as a function of the dynamic contact angle 6

vV, = 2(cos Beq — COS 6) Q)

3

Here 64 is the equilibrium value of the contact angle, o
is the surface tension, and & is a model-dependent
parameter that we will call the “dissipation coefficient”.
Another common feature of these theories is that they
predict a large & value so that the ratio

K=nl§ )

where 7 is the shear viscosity, is smaller than unity. A
small K value means that the dissipation in the contact
line region is large with respect to the dissipation in the
bulk of the liquid. The study of Andrieu et al.?®> on the
coalescence of sessile drops imposed by condensation
growth showed extremely small values K ~ 1076-10"".

It is recognized generally that the static contact line
equation should be nonlocal because the contact line
displacement at one point influences its position at other
points through the surface tension. In dynamics, the local
relations similar to eq 1 (where v, depends only on the
local value of §) were considered universal for along time.
Nikolayev and Beysens'® have developed a nonlocal
dynamic approach and applied it to the analysis of the
relaxation of the composite drop formed by the coalescence
of two drops. If nonlocality is taken into account, eq 1 is
not valid in the general case where 6 varies along the
contact line.

The purpose of this article is 2-fold. First, we study the
coalescence of water drops on various kinds of substrates
under the conditions of partial wetting. Second, we
investigate two different ways to initiate the coalescence
of the drops, namely, condensation growth and syringe
deposition on a substrate. One of the common ways to
study the contact line dynamics is the observation of the
spreading of a deposited drop. During the syringe deposi-
tion, an additional energy is necessarily transferred to
the drop due to its collision with the substrate. This
additional kinetic energy accelerates the contact line
motion and has to lead to an additional term in (1) because
its right-hand part is simply a variation of the potential
energy® of the drop. The contribution of this kinetic energy
can be checked by comparing the two above-mentioned
ways to initiate coalescence. If the contribution of the
kinetic energy is important, the expression of the type 1
is invalid and cannot be used for the interpretation of all
the existing data obtained by syringe deposition of low
viscosity drops.

2. Experimental Section

For this study silicon wafers (untreated and treated) and a
polyethylene sheet (~50 um thick) were used as substrates with
different average contact angle and hysteresis. The coalescence
of two drops is studied either in (i) a condensation chamber,
where droplets grow by condensation and coalesce when they
touch each other, or (ii) by adding a small drop on top of one of
two neighboring drops by a microsyringe. Method ii also enables
(iii) spreading of a single drop to be studied.

(15) Andrieu, C.; Beysens, D. A.; Nikolayev, V. S.; Pomeau, Y. J.
Fluid. Mech. 2002, 453, 427.
(16) Nikolayev, V. S.; Beysens, D. A. Phys. Rev. E 2002, 65, 46135.
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Figure 1. Sketch of (a) coalescence process in condensation
experiment, (b) coalescence process in syringe deposition
experiment, and (c, d) spreading of drop in syringe deposition
experiment.

We will use the water parameters at 20 °C: surface tension
o = 73 mN/m, shear dynamic viscosity = 1073 Pa-s, density
p=10gcm=.

2.1. Chamber Experiments. In condensation experiments
a small piece of cleaned substrate of 1 cm? is fixed on a thick
electrolytic copper plate by a thin film of water in order to have
good thermal contact with the copper plate. The condensation
chamber consists of a Peltier-element thermostat enclosed in a
Plexiglas box. The surface temperature can be adjusted above,
equal, or below the dew temperature (Tp). The substrate was
cooled from room temperature (Tr ~ 23 °C) to the desired
temperature Ts that was kept in this series of experiments to Ts
~ Tr — 5 K. The substrate temperature was measured by a K-type
thermocouple placed close to the substrate. The chamber was
filled with pure N gas saturated with water at room temperature.
To avoid dust and to saturate the gas, N; is bubbled in pure
water. The gas flow rate was controlled with a flow meter and
kept fixed at 0.60 L/min. The growth and subsequent coalescence
of drops (Figure 1a) were observed with high-resolution black
and white CCD camera (COHU, 4910 series, 50 frames/s) attached
to an optical microscope (Leica, DMRXE) and recorded on a video
recorder. The video images were then analyzed by image analysis
software (ImageTool).

2.2. Syringe Experiments. We used 0.2 um filtered distilled
water for all experiments. To induce coalescence in the syringe
experiments, two water drops of known volume, V;, were
deposited very close to each other on a substrate. A small drop
of known volume, Vi, was deposited on the top of one of the
drops; see Figure 1b. The process of coalescence and relaxation
was filmed with a CCD camera equipped with a macrozoom lens
and recorded on a video recorder. The initial process of fusion
of two drops for both condensation and syringe experiments was
observed with a high-speed CCD camera (HCC1000 strobe, 1000
frames/s). For the spreading study, a small water drop of known
volume, V., was deposited on the substrate (Figure 1d). The
spreading was also observed after equilibration of a drop on the
substrate and subsequent deposition of a small drop (volume V4)
on the top of the first (Figure 1c). The syringe experiments were
all performed at open room atmosphere (room temperature and
humidity).

2.3. Surface Properties. The following substrates were
used: (i) 50 um thick polyethylene sheet; (ii) silicon wafers with
different surface treatment. The surface properties, which
determine the contact angle, are changed on the silicon surface
using the following silanization procedure.” The silicon sub-
strates, 1 cm x 1 cm, are cut from a fresh silicon wafer. The wafer
is cleaned in (i) acetone for 5 min, (ii) ethanol for 5 min, and (iii)

(17) Zhao, H.; Beysens, D. Langmuir 1995, 11, 627.
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Table 1. The Contact Angles and Relaxation Rates of a Composite Water Drop on Silicon with Various Treatments,
Glass, and Polyethylene Substrates®

U* (m/s)
coalescence spreading
substrate 6r (deg) 04 (deg) Ocq (deg) condensation syringe syringe

glass + silane from 46 60 53 (6.5+0.4) x 1076

ref 15 23 37 30 (1.24+0.1) x 1075
silicon 1 2242 2542 235 (2.5 4+ 0.12) x 1075 (1.89 £0.12) x 103 (1.19 + 0.04) x 102
silicon | + silane 55+2 79+2 67 (1.47 £0.19) x 104 (3.42 £ 0.65) x 1073 (9.3 4+ 1.6) x 1073
silicon 11 47 £ 2 57 4+ 2 52 (9.74 £0.12) x 1074 (9.54 +0.7) x 1073 (9.3 4+ 1.6) x 1073
silicon 111 from ref 11 10 12 11 3.65 x 1073
polyethylene 80 + 2 90 + 2 85 (7.24 £0.7) x 1074 (6.15 £ 0.6) x 1073 (4.140.9) x 1073

a The U* value for silicon 111 was obtained by fitting the data (ref 11) to an exponential relaxation (see Figure 10).

(a)
-216msl 4.32ms
S Q
Oms 6.48ms
Q 9:
2.16ms 259.20ms

70pm

(b)

- U"i

50!,m1

Figure 2. (a) Fast camera picture of coalescence process on silicon Il substrate. The bar corresponds to 70 um. (b) Photo of the
coalescence process on silicon I in a condensation chamber. The bar corresponds to 50 xm.

fresh solution of H,O, and H,SO, (1:4) for 30 min. Steps i and
ii are performed in an ultrasonic bath.

At the end of each step, the wafer is dried by blowing pure dry
nitrogen. A small drop of 50 uL of decyltrichlorosilane is put in
acavity of 1.5 cm radius and 0.5 cm height made (preliminarily)
in a Teflon block. The cleaned silicon wafer is placed at distance
of 0.5 cm from the top of the block on a height adjustable stand.
Since decyltrichlorosilane is volatile, the vapor diffuses and reacts
with the wafer’s surface. The whole assembly is covered with
small glass beaker to prevent the silane vapor from being
disturbed. The silanization process time is 1 min. After silaniza-
tion the substrate is rinsed with distilled water and dried by
blowing dry nitrogen. One can vary the contact angle by changing
the stand height (i.e., the distance between the wafer and the
decyltrichlorosilane) while keeping the silanization time constant.

The contact angle of water on a substrate is measured by a
sessile drop method. A small drop of 1 uL is deposited on the
substrate by means of a microliter syringe and visualized using
a CCD camera with a macro lens. The static receding contact
angle (6y) and advancing contact angle (0,) are measured by
adding/removing small amounts of water to/from the drop with
amicrosyringe. The values of 6, and 6, for silicon and polyethylene
substrates that we used are given in Table 1. We introduce the
“equilibrium” value of the contact angle 6eq = (62 + 6/)/2 to
characterize a substrate by a single quantity.

3. Results and Discussion

3.1. Coalescence in a Condensation Chamber. As
sketched in Figure 1a, the coalescence process is char-
acterized by three time stages.

1. Formation of liquid bridge between two drops of
radii R; and R, and subsequent formation of a convex
composite drop (between the time moments t; andt =0
in Figure 1a) takes less than 2 ms as shown by Figure 2a,
a fast camera microscopic picture (silicon Il substrate,
see Table 1 for its properties). The drop shape can be
characterized by the large axis 2Ry, measured in the
direction of maximum elongation and the small axis 2Ry
measured in the perpendicular direction, where Ry and
Ry are large and small drop radii, respectively; see Figure
3. The contact line dynamics is characterized by quick
increase of Ry due to its advancing motion in the
“bottleneck” region of the composite drop due to the strong
negative drop surface curvature in this region. R, remains
practically unchanged, i.e., no contact line receding occur.
We note that the composite drop relaxes toward equilib-
rium without visible oscillations.

2. Decrease of large radius R, with time and in-
crease of small radius Ry such that the drop approaches
the shape of spherical cap (Figures 2b and 3).

3. Slow growth of the composite drop by condensation.

We confirm and extend the data of stage 2 obtained by
Andrieu et al.'®> The composite drop finally becomes
hemispherical with equilibrium radius R. The dynamics
is very slow, and the complete relaxation takes long time.
The relaxation velocity is proportional to the restoring
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Table 2. The Calculated Initial Contact Angle 6y and the Capillary Force f per Unit Length of the Contact Line in the
Cases of Coalescence and Spreading

condensation or deposition

coalescence spreading
f, mN/m
6o ! 6o (deg) 6o (deg)
Beq (deg) Or f,, from  f,, from calcd calcd 0a f, mN/m (eq 16)
substrate (deg) calcd (deg) eq 4 eq 6 ViV, =1/14 Vi/N,=1 (deg) Vi/No=1/4 Vi/NVo=1
glass + silane from ref 15 53 34.53 46 9.43 23.64
30 19.51 23 1.61 10.51
silicon | 235 1281 22 3.50 5.02 30.7 46.05 25 34 15.5
silicon | + silane 67 50.42 55 4.64 32.58 88.0 104.7 79 11.3 325
silicon 11 52 32.35 47 11.88 21.91 66.3 85.68 57 10.4 34.3
silicon 111 from ref 11 11
polyethylene 85 61.59 80 22.06 34.73 98.1 113.1 90 10.3 28.6
140 P T T T T T T T 40 [ ..'._'Sg,e;dm'g\}’fv:ﬂ,; " A CoalescenceEqd 4
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Figure 3. Evolution of large radius Ry and small radius Ry of
the composite drop in a condensation chamber experiment. R;
and R; are the radii of two drops before coalescence.

force F, which is defined by the variation of the drop surface
energy; see Nikolayev and Beysens.6
On stage 2 the restoring force f per unit length of the
contact line can be approximated by the expression
f = o(cos 6 — cos 6,) 3
where 6 = 6(t) is the time-dependent dynamic receding
contact angle at the points M; and M, that lie on the long
axis (see Figure 3). A rough evaluation of the initial value
of this force

(4)

can be obtained by estimating the initial contact angle 6,
= 0 (t = 0) at the beginning of stage 2. To estimate this
0o angle, we assume that during stage 1, R, does not change
so that the contact line stays pinned at the points M; and
M,. For estimation purposes, it can be assumed that the
composite drop at t = 0 takes the spheroid shape which
has been described analytically by Nikolayev and Beys-
ens.’® As can be seen on Figure 2b, the image fort =0s
shows that the small axis is equal to the radius of each
of the coalescing drops. One thus postulates R, = 2R,, and
obtains a relationship between the composite drop volume
V., Ry, and cos 6, (see Appendix). The volume V. can be
found by adding the volumes of two identical spherical
cap-shaped drops 1 and 2 of volume V; = V,, V, = 2V,.
These drops are assumed to be at equilibrium (i.e., that
the contact angle is 6, after stage 3 where the contact line
advances very slowly due to condensation) just before
coalescence begins. Their base radius R; can then be
obtained from the expression®®

f, = o(cos 6, — cos 6,)

3 :% (1 + cos 6,) sin 6,
! 7w (1 —cos 6,)(2 + cos 6,)

(5)

Figure 4. Contact angle dependence of the restoring capillary
force f in mN/m as calculated from the experimental data; see
Table 2.
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Figure 5. Relaxation time on silicon | by condensation in
chamber and in open room atmosphere (at Tr = 23 °C, Tp =
18 °C, Ts = Tp — 5 °C) with respect to the equilibrium drop
radius R (log—log plot). Lines: best fit to eq 8.
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Since the points M; and M, are assumed to be immobile
during the first stage, R, = 2R;. For estimation of 8y, we
use eq A5, as given in the Appendix. These equations allow
6o and f to be calculated provided 0, is given. Its values
are reported in Table 2. Note that 6, is independent of V;.

The roughness influence can be estimated by comparing

the force calculated in eq 4 with

f, = o(cos 6, — cos 6,,) (6)
where the surface roughness influence is neglected. In
Figure 4 we have plotted the forces f; , given by eqs 4 and
6 with respect to 4. As expected, eq 6 gives a larger value
for the force.

In Figures 5 and 6, the relaxation time t. versus
equilibrium radius R is plotted for silicon I and polyeth-
ylene substrates (see Table 1 for their properties). The
relaxation time t; is obtained by fitting the relaxation data
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Figure 6. The relaxation time t; variations with equilibrium
drop radius R for condensation and syringe experiments on
polyethylene (log—log plot) with different temperatures of
substrate around the room dew temperature (Tp =13 °C): open
circles, condensation; open triangles, syringe, Ts = Tp + 5 °C;
open square, syringe, Ts = Tp; full squares, syringe, Ts = Tp
— 5 °C; full line, best fit of the data at Ts = Tp + 5 °C to eq 8;
broken line, best fit of the dataat Ts = Tp — 5 °C to eq 8; dotted
line, best fit of the data at Ts = Tp to eq 8.

by an equation of the form

vay(t) =R, exp[M

O TREAL-) (D)

The first term corresponds to the relaxation of the
composite drop, which is dominating in regime 2, the
second and third terms are an expansion that ap-
proximately describes the slow growth due to condensation
in regime 3. The time where coalescence begins is to. Its
experimental value is imposed in the fit. Ry, R, A, and t;
are the fitting parameters. From Figures 5 and 6 one can
deduce that the relaxation time t; follows a linear variation
with the final equilibrium radius R of the drop

t. = (/U*R (8)

where the parameter U* characterizes the contact line
relaxation rate.

U* should not be confused with the contact line speed,
which obviously varies with time during the relaxation
process. The U* values obtained for silicon and polyeth-
ylene substrate are given in Table 1 together with data
available from literature. It shows that U* for a silicon
surface is 1 order smaller than that for polyethylene. The
relaxation dynamics is faster for larger contact angle as
the restoring force f that moves the contact line is larger
(see Table 2). This result is in agreement with the
predictions of Nikolayev and Beysens.® According to them,
tc should vary with 6 = ¢ as

_17
=y Lo@O)R ©)
This defines U* as
Ur=K-9_ (10)

(0)
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Figure 7. Experimental ratio U*/U from Table 1 with respect
to O¢q for different substrates and coalescence methods (semilog
plot): full dots, results of chamber condensation; full curves,
best fit of full dots to K/®(6), with K= 2.5 x 107%; open symbols,
syringe experiments. Coalescence: inverted triangle, silicon I;
dot in open circle, silicon I—silane; right triangle (bottom left),
silicon I1; right triangle (bottom right), polyethylene. Spread-
ing: plus sign, in box, silicon I; back slash, in box, silicon
I—silane; open circle, silicon I1; dot in open box, silicon 111 (ref
11); times sign in box, polyethylene. (U = o/y = 73 m/s.)

with
D(0) =
45 1+ cosé@
(108 + 41 cos 6 + 14 cos?  + 17 cos® 0)(1 — cos 6)
(11)
and
U =oly (12)

In Figure 7 the values of U*/U are plotted with respect
to 6. Both condensation and syringe experiments were
done many times, and each data point was obtained by
averaging over 15—20 measurements. Although the data
exhibit a large scatter, they can be reasonably fitted by
the K/®(6) variation (Figure 7, continuous curve), resulting
in the value K~ 2.5 x 107%. The reasons for such a scatter
cannot be found in the difference of restoring force due to
different 6. Indeed, in the framework of a linear approach
(see, e.g., refs 15 and 16) the magnitude of the restoring
force cannot influence the relaxation time. The above
scatter probably could be explained by the influence of
defects. The effect of successive pinning and depinning of
the contact line (cf. Figure 9a below) can result either in
an increase of the relaxation time (the contact line stays
longer on the defects) or in a decrease (the contact line
jumps quickly between the defects). Two-dimensional
simulation?®® shows that these two antagonist effects nearly
cancel. A nonlinear approach (e.g., that of ref 18) should
be applied to elucidate the collective effect of the defects
on the contact line motion.

The size of the drops in the chamber condensation
experiments is limited by the minimum microscope
magnification (the drops grow out of the field of view). To
analyze the growth kinetics on longer time scale, we
performed the condensation experiments with the same
substrate in the open room atmosphere using the obser-
vation device used for the syringe deposition. The substrate
(of temperature Ts) was cooled below the dew temperature,
Tp, to achieve the condensation. The results of these

(18) Nikolayev, V. S.; Beysens, D. A. Europhys. Lett. 2003, 64, 763.
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Figure 8. (a) Coalescence of two water drops in a syringe
experiment at short time scale. Photos are taken with a fast
cameraon silicon | substrate. The volumes of three drops in the
t = —4.32 ms image are 0.7, 0.25, and 0.23 uL. The white
horizontal line indicates the substrate surface. The reflection
is visible below this line. H (HR) represents the height of the
composite drop on the left (right) side as indicated by the arrows.
(b) Evolution of H. (open circles, Hg (full circles), and 2Ry (full
triangles) in a semilog plot. The broken lines are the fits to eq
13 and the full line to eq 7, with A = 0.

observations are plotted in Figure 5. They can also be
described by (8). However, the U* value is slightly
different.

While the chamber condensation results in U* = (3.0
+ 0.15) x 1075 m/s (see solid line in Figure 5), the
coalescence at room atmosphere conditions results in U*
= (1.7 £ 0.16) x 105 m/s (broken line in Figure 5). This
difference can be attributed to the substrate and water
contamination impossible to avoid in the open atmosphere.

3.2. Coalescence Initiated by Syringe Deposition.
After deposition of the third drop at the top of one of the
neighboring drops (see Figure 1b), the relaxation takes
place. Since the drop was filmed sidewise in the syringe
experiments, the evolution of the smaller drop radius Ry
could not be analyzed. The R, data are fitted to the
exponential relaxation (7) where the condensation rate A
= 0. While the restoring force is expected to be similar to
that in the condensation experiments (see Table 2 and
Figure 4), the receding is 1 to 2 orders of magnitude faster
than that in the condensation-induced coalescence; see
Figure 6 and Table 1. However, the kinetics remains much
slower than that predicted by bulk hydrodynamics. The
value of K is of the order 104 cf. Figure 7.

3.3.Short Time Coalescence Kinetics. In the syringe
deposition coalescence experiments (see Figure 1b), strong

Narhe et al.

oscillation of the liquid—vapor interface of the composite
drop occurs due to the impact with a newly added drop.
The drop evolution on silicon | substrate (see Table 1) is
filmed with the fast camera (Figure 8a) and reveals a
quick surface motion. Such oscillations are observed
commonly when drops are intentionally projected against
asubstrate.'® However, to our knowledge such oscillations
were never observed during syringe deposition where the
drops are deposited very gently. In Figure 8b are plotted
the time evolution of the heights of the drop profile H,_
and Hr measured at distances 0.5R, and 1.5Ry, respec-
tively, from the left contact point (see Figure 8a). The
evolution of H_r can be decomposed into exponential
relaxation, due to the evolution of R, and periodic
oscillations whose amplitudes decrease exponentially. The
following function

H_r = Hy + H; exp(—t/t;) + H, exp(—t/t,) x
cos(ZnE + qo) (13)

fits correctly the data of Figure 8a. The important
parameter of the fits is here the oscillation period t = 7.7
ms (H.) and 8.3 ms (Hg), with uncertainty +£0.2 ms. The
relaxation times are t; ~ 16 ms and 7, ~ 7 ms. The value
of the oscillation period compares well with the period of
oscillations of a freely suspended drop of density p

T = (27pR%30)"? (14)
which gives 7~ 10 ms for R =1 mm. The latter expression
can be obtained easily from the balance of the pressure
gradient (0/R?) induced by the surface tension and the
inertial term (pov/dt) ~ pR/t? in the Navier—Stokes
equation, with p the density and v the typical interface
velocity. A similar value for r was measured by von Bahr
et al.?®

Similarly to the long-time R, data, the short-time data
can also be successfully fitted to the exponential relaxation
(7) with A = 0. However, the relaxation time t; = 2.6 +
0.13 ms turns out to be much smaller than that calculated
from the long time relaxation data from Table I, resulting
in t; = R/U* ~ 100 ms (syringe experiments) or t;~ 1 s
(condensation chamber).

This difference can be explained by the influence of the
oscillations on the contact line motion. During the
oscillations, the contact line is pulled by the drop surface.
In Figure 8, one can see a strong correlation between the
end of the oscillations and the end of the drop relaxation.
It means basically that in the case of the syringe deposition,
the moving force of the contact line motion is related to
the Kkinetic energy of the drop surface motion instead of
the potential surface energy. This potential energy is used
as a basis to derive the expression (6) for the restoring
force and (1) for the contact line velocity,® which means
that both (1) and (6) are not valid descriptions of the
spreading by syringe deposition of low viscosity drops.

The total duration of this “oscillation stage” of a freely
suspended drop would be of the order of the bulk viscous
damping time R?p/5 ~ 1 s. In the case of the sessile drop,
the oscillation damping is faster due to the additional
dissipation in the contact line region.

The faster oscillation-induced relaxation on the short
time scale should result in a faster relaxation to the
spherical cap shape when comparing to the case with no
oscillations. In fact, we were not able to detect such
oscillations in the condensation experiments and the

(19) von Bahr, M.; Tiberg, F.; Zhmud, B. Langmuir 2003, 19, 10109.
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Figure 9. Pinning of the contact line (syringe deposition, silicon | + silane, V1/V, = 1/4) during the coalescence. (a) Effects on
relaxation. The slips AR are due to pinning on defects. (b) Amplitude (15) of the last slips obtained in multiple experiments on
the same substrate as a function of R, in a semilog plot. (c) Histogram of the amplitude (15) of the last slips from part b.

relaxation time isindeed 1 to 2 orders of magnitude larger
in the latter case.

3.4. Estimation of the Characteristic Scale for
Surface Roughness. From the long time relaxation data,
itis possible to study the statistics of the surface roughness.
In Figure 9a, the relaxation of coalescence is shown for
drops ofabout 1.3 mm radius onsilicon | + silane substrate
(see Table 1).

Pinning of the contact line on the defects leads to the
“stick—slip” motion clearly seen in Figure 9a. as “slips” or
jumps with amplitude AR. For small times, where the
moving force is stronger, the line can jump several defects
at atime and AR is large. Near the end of the relaxation,
AR is small and can be a measure of the average distance
between the defects

0 = min(AR) (15)

In Figure 9b the 6 values are plotted for various R.
There is no visible R dependence. The statistics of these
0 are shown in Figure 9c, which gives as mean size 6 =
13 um.

3.5. Influence of the Supersaturation. To test a
possible influence of mass transfer on the contact line
motion predicted by Shanahan,?° the syringe experiments
were carried out at different temperatures of the substrate
Tssuchthat Ts > Tp, Ts=Tp, Ts < Tp, where T denotes
the dew temperature. Changing the substrate temperature
modifies the supersaturation at the substrate level and
then the intensity of the condensation or evaporation. In
our experiment, T > Tp means HR <100%, and drop

(20) Shanahan, M. E. R. C. R. Acad. Sci., Sér. 2 2001, 1V, 157.

evaporation occurs, and T < Tp corresponds to super-
saturation, and condensation starts on the drop surface
and the substrate. The results of these experiments are
presented in Figure 6. We conclude from it that within
the accuracy of our experiments, the change in the
condensation/evaporation rate does not affect the contact
line motion.

Note that when T, < Tp, tiny condensing drops are
visible on the substrate, some of them coalesce with the
composite drop formed during the coalescence of two
deposited drops. The volume change of the composite drop
due to these multiple coalescences is negligible, and the
kinetics of the triple line motion is not affected by the
presence of these tiny drops.

3.6. Spreading Initiated by Syringe Deposition.
The schemes of the spreading experiments are shown in
parts ¢ and d of Figure 1. We noticed that for both cases
the results are comparable. The fast camera filming of
the spreading also shows fast drop surface oscillation
analogous to that observed during the coalescence initiated
by syringe deposition. Figure 10 reports R, = R, data
plotted with respect to t for spreading of a water drop on
the silicon | surface in the syringe experiment. The
relaxation time is obtained by fitting the data by the
exponential function (7) with A = 0.

We can compare the spreading relaxation with that
observed by Rieutord et al.* when they are fitted to the
same exponential relaxation. Both sets of data clearly fit
well an exponential relaxation, with values of U* in the
same range magnitude (Figure 10). The Rieutord et al.
data show the larger values and the larger data scatter.
This is because in Rieutord et al. experiments the contact
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Figure 10. R with respect to t for spreading of a water drop
on silicon I surface in the syringe experiment (circles) and the
data of Rieutord et al.'* (squares). The fits to the exponential
relaxation and the resulting U* values are shown too. For
syringe experiment (circle), Vi/V, = 1/4.
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angle was half of the smallest of ours; see Table 1. The
defect influence is stronger at small contact angles as
shown by the analysis of the restoring force performed
below.

The initial restoring force in the advancing-controlled
spreading case can be calculated using the expression

f = o(cos 6, — cos 0,) (16)

where the initial contact angle 6, is related to R, through
the expression (5) inwhich 6, is replaced by 6y. The volume
ratio V,/V, of the added drop (V) at the top of the other
(V,) was varied from 1/4 to 1 to show the influence of this
ratio on the restoring force. When V,/V; is larger, the
difference between 6, and 6, should be larger, which
provides a larger f value and thus a quicker relaxation.

Toestimate the initial contact angle 6, for the spreading
of asingle drop of volume V, by adding new drop of volume
V1, we assumed that at t = 0 (Figure 1c), the contact line
of drop of volume V, stays pinned at the three-phase
contact line, and its volume increases due to the additional
volume of the newly added drop, so that the total volume
of the new drop is V; + V.. By using a spherical cap
approximation and by knowing volume V,, Vi, and the
base radius R of initial drop of volume V,, we can calculate
the initial contact angle 6,. The f data are shown in Table
2 and in Figure 4 for the sake of comparison.

One can notice that the larger Vi/V, results in the
stronger restoring force value. Figure 4 shows that the
restoring force is small for the small contact angles.
Therefore, the defects with the same pinning strength
influence the relaxation at the small contact angle stronger
than that for the large contact angles. As shown in ref 16,
the defect influence leads to the paradoxical decrease of
the total relaxation duration, which manifests itself in
U* increase.

The relaxation rate U* is similar to that for the receding
syringe experiments with coalescence (Table 1 and Figure
7). The relaxation rate in both experiments is 10—100
times larger than that for the condensation experiments.
We attribute this difference to the additional energy
brought to the system due to the impact of the drop during
the syringe deposition process. This impact induces the
oscillations of the composite drop surface, which create
the additional (to f) pulling force acting on the contact
line.

Narhe et al.

4. Conclusion

These experiments show that the dynamics of low
viscous sessile drops during spreading and coalescence
can be markedly affected by initial conditions. In par-
ticular, the relaxation rate depends also on the initial
kinetic energy given to the drop at the beginning of its
relaxation. The syringe deposition induces strong oscil-
lations of the drop. At each oscillation, the drop surface
“pulls” the contact line which thus accelerates its motion.
In contrast, drop oscillations are not detected for the case
of coalescence observed during the condensation and the
relaxation turns out to be 10—100 times slower. This
means that the contact line motion studies carried out
with the traditional drop deposition method are not
accurate enough because of uncontrollable oscillations,
important especially for low viscosity fluids. The conden-
sation-induced coalescence presents a more reliable way
to study the contact line motion because the oscillations
do not occur.

On the other hand, within the accuracy of the experi-
ment, there is no visible influence of the condensation/
evaporation kinetics on the contact line motion.

It is very difficult to assign a precise value for the ratio
K = /&, which is found to be of the order 10~ for the
syringe deposition and 2.5 x 107 in the condensation
coalescence. Such small K values clearly show that the
dynamics of low viscous sessile drops (spreading, coales-
cence) in the regime of partial wetting is limited by the
dissipation at the region of the drop close to the contact
line. This dissipation leads to relaxation 5 to 6 orders of
magnitude slower than that expected from bulk dissipa-
tion, a value which cannot be compared easily from the
current theories, except the Pomeau expectation that K
is a thermally activated Arrhenius factor;* however, in
this theory, spreading is expected to be much faster than
receding as the Arrhenius factor is no longer present. We
were unable to put in evidence such a difference in our
experiments since spreading studies can be performed
only with syringe deposition, which is unreliable because
of the drop oscillations.

The relaxation rate was seen to increase with the contact
angle, leading to an angle variation in reasonable agree-
ment with the theory of sessile drop relaxation by two of
us (V.N. and D.B.*9).
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helping us with the video acquisition apparatus.

Appendix: Estimation of the Initial Receding
Contact Angle

Following Nikolayev and Beysens,'® we approximate
the composite drop shape by that of the spheroidal cap
defined by the equation

Xl + [y + @z +d)?*=1, z>0 (Al
in the Cartesian coordinates (x,y,z). The parameters a, b,
and d can be found from the following equations (see ref
16 for more details on them). The first of them fixes the

drop volume V¢:

V, = g %‘(2[33 — 3b%d + d?) (A2)
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The next two equations connect a, b, and d to the
parameters R, and Ry:

R/ + d? = b’
R =Ra (A3)
The initial receding angle is then defined by the expression

cos 6, = d/b (A4)

By using the assertion 2R, = R, (meaning that the small
axis is equal to the diameter of each of the coalescing

Langmuir, Vol. 20, No. 4, 2004 1221
drops, which verifies experimentally, see Figure 2b, the
image for t = 0 s), one finds out easily the equation

v TR (1 — cos 6,)"4(2 + cos 6,)
(1 + cos 6,)*?

=5 R (AS5)

that should be solved numerically for cos 6, while Ry and
V. are known.

LA034991G
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Abstract

We propose an equation that describes the shape of the driven contact line in
dynamics in the presence of an arbitrary (possibly random) distribution of the
surface defects. It is shown that the triple contact line depinning differs from
the depinning of interfaces separating two phases; the equations describing
these phenomena have an essential difference. The force—velocity dependence
is considered for a periodical defect pattern. It appears to be strongly nonlinear
both near the depinning threshold and for large contact line speeds. This
nonlinearity is comparable to experimental results on the contact line depinning
from random defects.

1. Introduction

Motion of interphase boundaries in a random environment remains an open problem of general
interest. Much attention has been paid to the depinning transition in systems where collective
pinning creates nontrivial critical behaviour of the interface separating two different phases:
fluid invasion in porous media, magnetic domain wall motion, flux vortex motion in type II
superconductors, charge density wave conduction, dynamics of cracks, solid friction [1, 2].
The theory of the depinning transition is based on the analysis of the following equation for
the interface position /:

% = F +n(h) + G[h], e))

where F is the externally imposed force, 7 is the noise due to the randomness of the media,
t is time, and G[-] is some operator. When F is close to the depinning threshold F, (where
the interface begins to move), this approach generally results in the power law for the average
interface velocity v

v~ (F =), )
1 Corresponding address: CEA-ESEME, PMMH, ESPCI, 10, rue Vauquelin, 75231 Paris Cedex 5, France.

0953-8984/05/132111+09$30.00  © 2005 IOP Publishing Ltd  Printed in the UK 2111



258 9. Quelques articles représentatifs

2112 V S Nikolayev

where the exponent S is universal. The origin of this dependence lies in the peculiar interface
dynamics near the pinning threshold, namely a random succession of avalanches of depinning
events. When F' > F,, a conventional mobility law

v~ F 3)
becomes valid.

Depinning of the triple gas—liquid—solid contact line on a solid surface with defects is
another example of the depinning transition. The general approach to the interface depinning
phenomena outlined above is frequently applied to the contact line depinning [3—6]. However,
the discrepancy between the theory and the experimental data on contact line motion is
notable. First, B < 1 according to the theoretical studies (see [3, 6]), while § > 1 was
found experimentally [4, 7]. Second, the linear regime (3) has never been obtained [7].

In this paper we propose a framework suitable for explaining these results.

2. Modelling of the contact line motion

The major problem in this field is related to the failure of the conventional hydrodynamic
approach based on the ‘no-slip’ boundary condition (zero liquid velocity) at the solid surface
in the vicinity of the contact line. Such an approach [8] would result in a mathematical
singularity at the contact line: the diverging viscous dissipation. In reality the dissipation in
the vicinity of the contact line is large but finite [9]. The mechanism of the singularity removal
for the partial wetting case is still under debate. Multiple singularity removal mechanisms
were proposed [10, 11]. Most of these models (those which are not limited to the small values
of the dynamic contact angle ) result in the following expression for the contact line velocity
Uyt

v, = g(cos Bcq — cOS6) 4

where 6 is the equilibrium (Young) value of the contact angle, o is the surface tension, and
& is a mechanism-dependent coefficient that has the same dimension as the shear viscosity j.

Since the contact line is not straight due to the presence of the defects, the theoretical
analysis of pinning requires 3D modelling. Such a modelling can be extremely difficult when
using the hydrodynamic contact line motion models where the flow pattern depends on the
contact line curvature. Recent papers [12, 13] have introduced a simpler approach. It is valid
if most of the dissipation that occurs in the fluid with the moving contact line takes place in the
near contact line region. The latter is defined as a fluid ‘thread’ adjacent to the contact line.
Its diameter is assumed to be much smaller than the radius of curvature of the fluid surface.
In other words, the viscous dissipation in the bulk of the fluid is neglected with respect to
the dissipation that occurs close to the contact line. This assumption is verified by numerous
experiments (see for example [14, 15]).

A single constant dissipation coefficient £ is introduced to account for the anomalous
dissipation in the vicinity of the contact line without detailing its origin. By further assuming
that this dissipation is the same both for advancing and receding contact line motion, the energy
dissipation rate can be written in the lowest order in v, as [16]

2
T:/%dl, 5)

where the integration is performed along the contact line. The equation for the contact line
motion can be obtained from the force balance between the induced and friction forces [9]
sU 8T
== (©)
Sh Sh
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contact line z—A(y)

liquid surface z fix.y)

Figure 1. Reference system to describe the Wilhelmy balance experiment. The Wilhelmy plate is
positioned in the yOz plane. The positive directions for # and F are shown too.

where g— means the functional derivative, the dot means the time derivative, and & defines the

contact line position. The potential energy U of the system needs to be calculated assuming that
each time moment the fluid surface takes its equilibrium shape. It was shown recently [17]
that such a quasistatic scheme leads to equation (4) for an arbitrary contact line geometry.
The dynamic approach (where the fluid surface shape is determined from hydrodynamics) is
considered elsewhere [18]. It appears to lead to the same equation (4).

The quasistatic approach is of course not new. It was applied by many researchers, in
particular by Golestanian and Raphag¢l in the approximation of small contact angles [19]. The
advantage of our approach is the account of the gravity or/and fluid volume conservation which
allow us to obtain the contact line shapes rigorously. In particular, for the Wilhelmy geometry
considered below, we take into account the gravity influence [13] which permits us to avoid
divergences [9] and thus obtain the contact line profile. When the gravity is irrelevant (as for
small drops), the fluid volume conservation plays this stabilizing role [12, 18].

3. Contact line equation for the forced motion

The equation for spontaneous motion has been derived in [13]. In this paper we deal with the
Wilhelmy geometry (figure 1), where the vertical plate with surface defects can be moved up
and down with a constant velocity u (u > 0 for the advancing contact line is assumed). The
average value of the force F exerted on this plate due to the presence of the moving contact
line can be measured with a high precision [7]. The liquid—gas interface is assumed to be
described by the function z = f(x, y, ) where ¢ is time and

ViK1 (7

is assumed. The position of the contact line is then given by its height 7 = h(y, ¢) such that
h(y) = f(x =0, y). From now on, we omit the argument 7.

Under the assumption (7), the minimization of the potential energy U of the liquid with
respect to f results [13] in the following expression:

_ 1 = -2 2.2/72 t ’ ’ 7”1()’—)’/)
f= 3L f:xp<—)c\/lC +m?n?/L )/Ldy h(y") cos —7 ®)

n=—0oo -

where . = 4/o/pg is the capillary length, p is the liquid density and g is the gravity
acceleration. We assume that f is periodic (period 2L) in the y-direction perpendicular to
the direction of u. Following [20, 21], the surface defects are modelled by the spatial variation
of the equilibrium value of the contact angle ¢4 (y, z) along the plate.
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The contact line velocity with respect to the solid reads v, = & + u. Taking into account
the expression for the dynamic contact angle 0 obtained under the condition (7),

cos = —df/0x|x—0, 9

one obtains from equation (4) the following governing equation for &

00 L o
h@)+”=§{CUJﬂﬁ+uﬂ—§% E k2+”%ﬂﬂ}/‘dyh@5““£ﬂ%fllr
L

. (10)

where ¢(y, z) = cos[0cq(y, z)] is introduced for brevity.
Consider the contact line motion equation for an arbitrary defect pattern. It can be obtained
from equation (10) when taking the limit L — oo:

h(y)+u=%{c[y,h(y)+ut]—;/0 dp\/l§2+p2/ dy/h(y/)cos[p(y—y’)]}. (11

An equation in a very similar form has already been written [23]. However, the integration
order was inverted which resulted in a mathematically intractable expression. Equations (10)
and (11) reduce to those obtained in [13] when u = 0.

One can easily derive a simpler ‘long-wave limit’ version of equation (11) by expanding
h(y") around A (y) in the Taylor series:

. o h o 1.9%h
h+u:§ c(y,h+ut)—l—+ . (12)

e 209y?
Notice that this further simplification is fully consistent with the initial assumption (7). This
form of the governing equation clearly shows why one needs to account for the gravity while
considering the deformation of the initially straight contact line. When the gravity influence
tends to zero, [ increases and the gravity induced (second derivative) term that describes the
contact line deformation becomes dominating. In other words, the gravity influence on the
contact line deformation is important even in the large capillary length limit.

Consider now equations (11) and (12) from the point of view of the theory of the interface
depinning [1, 2, 6]. They have the form (1), where the random term 7 is replaced by the
random term c¢. In equation (12), one recognises the well-studied (see [5] and references
therein) quenched Edwards-Wilkinson equation. However, the external force F is missing in
both equations.

4. External force

Generally, one cannot apply a force directly to the contact line to make it move. Probably the
only exception is a motion of a sessile drop on a solid with a wettability gradient. This special
case will not be considered here. In the more common situation of homogeneous average
wettability, the contact line can be moved by either exerting a force at the fluid mass as a whole
or moving the solid with respect to the fluid similarly to the Wilhelmy balance experiments,
using which this force can be measured.

The additional force F that acts on the Wilhelmy plate due to the presence of the contact
line (per unit plate width in the y-direction) consists of two parts [23]: the contribution of the
interface tensions at the contact line and the ‘friction’ force due to the energy dissipation:

1 L

F=—
2L ),

dy {oLs — oas +& [A(y) +ul}. (13)
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Figure 2. A unit cell for the periodic defect pattern (the area of a defect is shadowed) and periodic
(both in time and space) solution of equation (10). 20 snapshots of the contact line with equal time
intervals 0.2¢1. /o are shown for v = 0.10/&. The chosen parameters of the defect pattern are
2L = 04l.,r = 0.1, 65 = 70°, and 63 = 110°. The full picture of the contact line motion can
be obtained by periodic continuation of this image in both vertical and horizontal directions.

where the surface tensions of the gas—solid (ogs) and liquid—solid (ors) interfaces are
introduced. According to the Young formula, c(y, z) = (ogs —oLs)/o. By using equation (4),
one obtains the final expression

o (L
F = _Z/% cosO(y)dy, (14)

which means that the force in ¢ units at each time moment can be obtained by averaging the
cosine of the dynamic contact angle along the contact line. The expression (14) has already
been used by several authors (see for example [7, 22]). This force can be measured directly by
separating it out from viscous drag using special experimental techniques [7] and is presented
as a counterpart of the external force F in equation (1) for the case of contact line depinning.

One can now clearly see the difference between interface depinning and contact line
depinning. For interface depinning, the force F' enters directly into the governing equation (1).
It can be controlled, imposed, and may take an arbitrary value. For contact line depinning,
the external force does not directly enter the governing equations (11) and (12). It is hardly
possible to be controlled. However, it can be measured when the velocity « is imposed. It
can be calculated using equation (14). According to the latter, the force (per unit plate width)
is bounded by the surface tension value. This fact can explain the nonlinearity of the F(v)
dependence observed in [7] at large velocities. However, the model based on equations (11)
and (12) cannot exhibit this saturation. Because of the conditions (7) and (9), |F| < o was
implicitly assumed during the derivation of equations (11) and (12).

5. Application to a periodic defect pattern

We consider below a periodical (both in the directions y and z) pattern of round spots of radius
r shown in figure 2. Inside the spots, 0cq = 64, the rest of the plate having 0.4 = ;.

Because of the nonlinearity in the ¢ term, equation (10) seems to be complicated and
difficult to solve numerically. However, the following considerations allow a quite efficient
numerical algorithm for its resolution to be proposed.



262 9. Quelques articles représentatifs

2116 V S Nikolayev
0.25 ‘
0.2
0.15:—
o [
= 0.1 F
S Tt
n :
= 005¢
=~ [
oF
-0.05 |
_0'1:“‘\“‘\“‘\“‘\‘
0 0.2 0.4 0.6 0.8 1
t/P

Figure 3. Periodic (with period P) variations of the force that acts at the Wilhelmy plate during its
downward motion. The parameter of the curves is v in o/£ units. We used the same parameters of
the defect pattern as for figure 2.

The function c(y, z) can be made even with respect to y by choosing properly the position
of the point y = 0 with respect to the defect pattern. The function 4(y) is then even too
and cos[rn(y — y’)/L] in equation (10) factorizes into cos(wny/L) cos(zy’/L). Both the
integration and the n-summation can be performed numerically with a highly efficient fast
Fourier transform (FFT) algorithm [24]. The fourth-order Runge—Kutta method [24] is applied
to solve the differential (with respect to time) equation (10). We are interested in its solutions
periodic both in y and 7. The time periodicity is sought to obtain time averaged values
independent of the initial position of the liquid surface. The time averages are denoted by
the angle brackets; for example, the average force is

1 P
(F) = F/ F()dt, (15)
0

where P = 2L /|u| is the time period. The average contact line speed v = (v,) = u. The time-
periodic behaviour appears after the contact line goes through several first rows of the defects.

An example for such a double periodic solution is shown in figure 2. The snapshots of the
contact line are ‘taken’ with the equal time intervals; the contact line speed can be evaluated
from the density of the snapshots. One can see that when the contact line meets a line of
defects, its central portion remains stuck until the whole contact line slows down to let the
liquid surface accumulate its energy. During this stage, the difference between the dynamic
and equilibrium contact angles increases (‘stick’ stage). The slip stage follows, during which
the contact line accelerates. The difference between the average velocities in the stick and
slip phases can be very large near the pinning threshold; see the curve for v = 0.0l0/& in
figure 3 where the steepest portion corresponds to the slip. This sequence of accelerations and
decelerations of the whole contact line is a collective effect which characterizes the contact
line motion in the presence of defects.

The force (14) can be calculated using equation (9) for each of the i (y) curves like those
in figure 2. The F(¢) curves are presented in figure 3, where F is counted from the value

Feg = o cosbcg — &, (16)

where cos Ocg = &2 cos 0g+ (1 —e?) cos 0; is the Cassie—Baxter value of the static contact angle,
and £? = m(r/2L)? is the defect density. Fcp corresponds to a force that would be induced
by a homogeneous solid with the equilibrium contact value equal to 6cg, which is simply a
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Figure 4. (a) v({F) — Fcp) curves calculated for different distances between defect centres 2L
(shown as a curve parameter in /. units). Both advancing (v > 0) and receding (v < 0) branches
are presented. (b) v((F)) curve for 2L = 0.3/.. The v(Fcp) dependence is shown as a dotted
line. The portions of the curves near v = 0 are zoomed in the inserts. Note that the abscissa is the
averaged value of cos 6. Same parameters of the defect pattern as for figure 2 are used.

(This figure is in colour only in the electronic version)

spatially averaged value of the contact angle. It does not take into account the pinning on the
defects. The difference F' — Fcp characterizes the influence of the spatial fluctuations of Ocq
on the contact line motion, i.e. the pinning strength.

The dependence of (F') — Fcp on v (inverted for compatibility with figure 4(b)) is shown
in figure 4(a) for different defect densities £ that correspond to different L values. Both
advancing (v > 0) and receding (v < 0) branches are presented. The deviation of (F) from
Fcp increases with the increasing defect density (decreasing distance between the defects)
which is explained by the increasingly strong pinning. By recalling that the average cosine of
the contact angle is (F) /o, one finds out that the cosines of the static advancing and receding
contact angles (the values of (F)/o at v — =£0) also drift away from the Cassie—Baxter value
with the increasing pinning.

One can notice some asymmetry of the force with respect to the direction of motion
(advancing or receding), which is visible in figure 4(a). In other words, cosOcp F#
[cosO(v) + cos B (—v)]/2 in spite of the perfect symmetry of the pattern. This is explained by
the asymmetry of the problem geometry (figure 1) with respect to the motion direction.

One notices that the surface defects manifest themselves much more strongly at smaller
velocities. This is quite a general feature: at |v| > o /& the contact line does not ‘feel’ the
Ocq fluctuations any more and the average cosine of the dynamic contact angle is defined by
cosOcp — Ev/o for any defect pattern (until it attains the saturation regime at cos 6 ~ +£1, see
section 4).

While we study the pinning on the periodic patterns and the exponents proper to the random
behaviour cannot be recovered, it is however interesting to study the dependence of (F) on v
and compare it to the behaviour defined by equations (2) and (3). The inverse functions v(({F))
are presented in figure 4(b). The v(Fcp) linear dependence (inverted equation (16)) is drawn
for the sake of comparison.

Figure 4(b) can be compared to the experimental results [7] obtained for the random defect
pattern (studies with the ordered patterns in this geometry are unknown to us). At small |v]|, the
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sign of the curvature is the same as in the experiment and correspondsto § > 1 in equation (2).
This comparison suggests that 8 > 1 behaviour appears due to the collective pinning rather than
due to the randomness. Figure 4(a) shows that the calculations for the other defect densities
exhibit the same curvature sign both for the advancing and for the receding directions. The
value of F; is defined by the static contact angle (advancing or receding depending on the
direction of motion). However, the linear increase of (F)(v) at large |v| similar to equation (3)
is simply a consequence of the approximation (7) discussed in the previous section. In reality,
the v((F)) dependence is strongly nonlinear at large |v| and should have vertical asymptotes
at (F) = to.

The decreasing slope of the v(F) curve at F — F; (that appears due to the influence of
defects when 8 > 1) can explain the extremely slow relaxation observed during the coalescence
of sessile drops [14, 15]. In this case a very small force F was imposed by surface tension.
Since the effective dissipation coefficient was inferred from the v(F') slope value (inversely
proportional to it), it appeared to be very large while the actual & value could be much smaller.

Previously, the F(v) behaviour has been studied by Joanny and Robbins [23] for the
1D case (they introduced an averaging along the y axis) where ¢ was a function of z (see
figure 1) only. The contact line resulting from such a calculation was thus always straight.
They considered several shapes for the ¢(z) distribution and found that the F (v) curvature sign
was different depending on the shape and periodicity of the c(z) curve. For the square well
shape that would correspond to one studied here, they found linear F (v) dependence. In the
present study, ¢ varies also in the y direction, ¢ = ¢(y, z).

In this work we study an ordered defect pattern. Further studies will show if the universality
in the v(F) law (2) exists for random defect patterns; it does not seem reasonable to us to
estimate the B value at this stage.

6. Conclusions

It was demonstrated in this paper that the descriptions of the depinning of interface separating
two phases (e.g. for fluid invasion of porous media) and of the triple contact line, while similar
in many respects, have essential differences. The main one is related to the external force
that can be controlled directly for the case of interface depinning and enters its equation of
motion as an additive term. An external force can hardly be imposed directly to the triple
contact line and thus does not enter its equation of motion. The experimentally measured
force associated with the contact line motion can be calculated and it turns out to be essentially
nonlinear in the contact line velocity. Atsmall velocities, the nonlinearity is due to the collective
pinning at the surface defects, while at large velocities the force per unit contact line length is
bounded by the value of the surface tension. Our theoretical results obtained for a periodical
defect pattern suggest that the experimentally observed [7] nonlinearity of the force—velocity
curve is a result of the collective pinning on the defects rather than a consequence of their
randomness.

This nonlinearity was obtained from the model with a constant dissipation coefficient &.
Therefore, by basing on the nonlinearity of this curve it is hardly possible to make a judgement
about the nonlinearity of the microscopic mobility expression (i.e. dependence of the friction
force that enters equation (13) on velocity) or, equivalently, on the dependence of & on the
contact line speed. Our results suggest that when an external force is imposed (as for the
elongated sessile drop returning to its final shape), the contact line motion should be slowed
down near the pinning and depinning thresholds.

The obtained profiles of the contact lines compare well with the recent experimental
profiles obtained with periodic defect patterns for the sessile drop geometry [25].
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The equations of the contact line motion are derived. They can be applied to analyse the

collective effect of surface defects on the contact line motion for random defect patterns.
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Quasistatic relaxation of arbitrarily shaped sessile drops
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We study a spontaneous relaxation dynamics of arbitrarily shaped liquid drops on solid surfaces in the partial
wetting regime. It is assumed that the energy dissipated near the contact line is much larger than that in the
bulk of the fluid. We have shown rigorously in the case of quasi-static relaxation using the standard mechanical
description of dissipative system dynamics that the introduction of a dissipation term proportional to the
contact line length leads to the well-known local relation between the contact line velocity and the dynamic
contact angle at every point of an arbitrary contact line shape. A numerical code is developed for three-
dimensional drops to study the dependence of the relaxation dynamics on the initial drop shape. The available
asymptotic solutions are tested against the obtained numerical data. We show how the relaxation at a given
point of the contact line is influenced by the dynamics of the whole drop which is a manifestation of the

nonlocal character of the contact line relaxation.

DOI: 10.1103/PhysRevE.72.011606

I. INTRODUCTION

The spreading of a liquid drop deposited on a solid sub-
strate has many technological applications stimulating active
research on acquiring accurate knowledge on its relaxation
that follows the deposition. More specifically, one is inter-
ested to know how the relaxation rate depends on the initial
drop shape and the properties of the contacting media. It is a
complex theoretical problem and there are numerous studies
devoted to drop relaxation using different approaches and
techniques: e.g., macroscopic [1-7] and more recent micro-
scopic approaches using molecular dynamic simulations,
[8,9] and Monte Carlo simulations of three-dimensional (3D)
lattice gas [10] and 2D [11] and 3D Ising models [12], etc.,
to mention just a few.

In the case of partial wetting this problem turns out to be
very difficult because of the presence of the triple gas-liquid-
solid contact line. Since the work [1], it has become obvious
that the contact line motion cannot be described with the
classical viscous hydrodynamics approach that uses the no-
slip boundary condition at the solid surface. The velocity
ambiguity at the moving contact line leads to the unphysical
divergences of the hydrodynamic pressure and viscous dissi-
pation. Multiple approaches were suggested to overcome this
problem. Among the most popular solutions one can name a
geometrical cutoff [5] or the local introduction of the slip
near the contact line [6]. One finds experimentally [13,14]
that while the dissipation is finite, it is very large with respect
to the bulk viscous dissipation. Several physical mechanisms
are suggested to describe the contact line motion [15,16].

Following a suggestion in Ref. [5], a combined approach
was proposed in Ref. [17] considering both the bulk viscous

*email: stani@imbm.bas.bg
TMailing address: CEA-ESEME, PMMH, ESPCI, 10, rue Vauque-
lin, 75231 Paris Cedex 5, France.

1539-3755/2005/72(1)/011606(7)/$23.00
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PACS number(s): 68.03.Cd, 05.90.+m, 68.08.Bc

dissipation and the dissipation occurring at the moving con-
tact line, to study the drop relaxation in the partial wetting
regime. A phenomenological dissipation per unit contact line
length was introduced. It was taken to be proportional to the
square of the contact line velocity v,, (the first term symmet-
ric in v,,) in the direction normal to the contact line. There
the standard mechanical description of dissipative system dy-
namics was applied to describe the time evolution of the
drop contact line in the case of a spherical cap approximation
for the drop shape in the quasistatic regime. Considering the
drop as a purely mechanical system, the driving force for the
drop spreading was balanced by the rate of total dissipation.
No assumption was made for a particular line motion mecha-
nism.

This approach was further generalized to any contact line
shape in Ref. [18] by writing the energy dissipated in the
system per unit time as

_ &€
T_SE 5 dl, (1)

where the integration is over the contact line of the drop and
¢ is the dissipation coefficient.

In the present work we employ this approach to study the
quasistatic relaxation of arbitrarily shaped drops in the par-
tial wetting regime. It is assumed here that the energy dissi-
pated near the contact line is much larger than that in the
bulk of the fluid. In Sec. Il we show that this approach ac-
tually leads to the local relation (first obtained in the
molecular-kinetic model of contact line motion of Blake and
Haynes [15]) between the contact line velocity and the dy-
namic contact angle at every point of an arbitrarily shaped
contact line. In Sec. III we describe a numerical 3D code for
studying the relaxation of an arbitrarily shaped drops starting
directly from the variational principle of Hamilton, taking
into account the friction dissipation during the contact line

©2005 The American Physical Society
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motion. In Sec. IV we obtain numerically and discuss the
quasistatic relaxation of a drop with different initial shapes.
Section V deals with our conclusions.

II. THE MODEL

We consider a model system consisting of a 3D liquid
drop placed on a horizontal, flat, and chemically homoge-
neous solid substrate. Both the drop and the substrate are
surrounded by an ambient gas and it is assumed that the
liquid and the gas are mutually immiscible. Initially the drop
deposited on the substrate is out of equilibrium. Under the
action of the surface tension, the incompressible liquid drop
relaxes towards spherical cap shape. The drop is assumed to
be small enough so that the influence of the gravitation on its
shape can be neglected. According to the capillary theory
[19,20], the potential energy of the system is

U= Algo-lg + Also-ls + Asgo-sg7 (2)
where the surfaces A,,A,, and A, (with corresponding sur-
face tensions ay,, 07, and o,) separate the liquid/gas, liquid/
solid, and solid/gas phases respectively. In accordance with
the approach described in Refs. [15,17,18], we assume that
with the moving contact line a dissipation function 7 is re-
lated, given by Eq. (1).

According to the variational principle of Hamilton one
writes

J 1 (6K + 6W)dt =0, (3)

0

where SW is the virtual work of the active forces and K is
the variation of the kinetic energy of the system. The virtual
work is oW=-56U+ 6W,, where 6W, is the virtual work re-
lated to the friction dissipation (1). A class of virtual dis-
placements is considered in Eq. (3) satisfying the conditions
of immiscibility, of conservation of the area of the solid sur-
face, and the condition of constant volume V. Since the La-
grangian is £L=K-U, the variational condition given by Eq.
(3) can be put in the following form:

f'(auawl)dz:o. )

The contribution of the kinetic energy of the fluid motion is
assumed to be negligible because we consider a quasistatic
relaxation here, so that L=-U.

The radius vectors R of the points of the liquid/gas inter-
face A, are taken as generalized coordinates. These coordi-
nates are not independent, their displacements have to satisfy
the condition of constant drop volume. Taking into account
this condition by introducing a Lagrange multiplier N and
adding the term AV into Eq. (4) one obtains

h
J (= U+ W+ \6V)dt=0. (5)
0]
The Lagrange multiplier \ (its physical meaning is the pres-
sure jump across the drop surface A;,) varies in time. So in
the quasistatic regime one has the following equation:

PHYSICAL REVIEW E 72, 011606 (2005)

—8U+ W, +\6V =0, (6)
where W, is given by (see, e.g., Ref. [21])

W, =- gjg v, ORdl. (7)
L

The variation of the potential energy under the constant vol-
ume constraint reads [19]

&—U+MO=J (2076k — \) SRdA,,
A

+ 0@% (cos 8, — cos 6) SRl (8)
L

where k is the mean curvature of the liquid/gas interface

Al OR is the virtual displacement of the points normal to the
drop surface A, in the first and to the contact line L in the
second integrals, respectively, # is the dynamic contact
angle, and 6, is the equilibrium contact angle defined by the
well-known Young equation

08 Opq = (04 — 0y) 0. 9)

Substituting Egs. (7) and (8) in Eq. (6) and taking into ac-
count the independence of the virtual displacements of the
points of the interface A;, and of the contact line L (due to
which each of the integrands must be equated to zero sepa-
rately), one obtains the Laplace equation

~ 203k +\ =0, (10)

from which the surface shape can be obtained at any time
moment and the equation
> &L - -
[cos feq—cos B(R)]=—0,(R), RelL
O-Ig

(1

valid at the contact line. Equation (11) serves as a boundary
condition for Eq. (10). For a given volume V and arbitrary
initial contact line position Ly, Egs. (10) and (11) define the
evolution of the drop shape and of the drop contact line.
However, in our calculations we will not use Egs. (10) and
(11) directly, we will use Egs. (6) and (7) instead.

The final drop shape is that of a spherical cap. The radius
R" of its contact line serves as a characteristic length scale.
The time

=R'&o), (12)

defines a characteristic time scale.

When the spherical cap approximation can be used for the
drop shape then at any moment of time only one parameter is
needed to specify the instantaneous configuration of the
drop: either the time-dependent base radius R(z) or the dy-
namic contact angle 6(z). The drop volume conservation con-
dition implies a relationship between R(r) and 6(z):

3v [1+ cos 6(¢)]sin 6(z)

R0 =  [1=cos 6(t)][2 + cos 6(r)]

(13)

Thus Eq. (11) leads to the following ordinary differential
equation for the dynamic contact angle 6(r) [22]:

011606-2
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¢ (i> {[1 =cos A(1)][2 +cos O(t) "}

dr~ \3v
X[cos 6(1) = cos Oey]. (14)
Note, that the well known dependencies 6(f)~t>7 and

R(t)~1"7 (see, e.g., Refs. [17,22,23]) are asymptotic solu-
tions of Egs. (13) and (14) for small contact angles.

Nikolayev and Beysens [18] considered the relaxation of
an elongated drop by assuming its surface to be a part of a
spheroid at any time moment. The contact line is then ellipse
with half axes R"(1-r,) and R*(1+ry) where the relative
deviations r, and r, were assumed to be small 0<r,,r,<1.
Such an approximation can be adequate at the end of the
relaxation. However, it allowed only the case ,q<7/2 to be
considered. Nikolayev and Beysens obtained exponential
asymptotic solutions for r,() and r,(z). Two relaxation times
were identified. One of them appears when the drop surface
is a spherical cap, i.e., when r,(0)=-r,(0):

(15)

When the initial contact line is an ellipse with 7,(0)=r,(0),
the relaxation time obtained using spheroidal approximation
reads

T, = TO/[sinzaeq(Z +c08 O,4)].

7, =457(1 + cos 0,)/[(108 + 41 cos O, + 14 00520eq

+17 cos3q9€q)(1 — 08 Oy)]. (16)

III. DESCRIPTION OF THE NUMERICAL
ALGORITHM

The following numerical algorithm was implemented.
First, for a given position of the contact line and fixed vol-
ume V the equilibrium drop shape is determined. Then the
normal projection of the velocity at every point of the con-
tact line is obtained by the help of Egs. (6) and (7). Next,
from the kinematics condition

drR .
—=7,

dt (17)

the contact line position at the next instant of time is found
explicitly. The above algorithm is repeated for the successive
time steps.

The main ingredients of this algorithm are the determina-
tion of the equilibrium drop shape with given volume and
given contact line, and the calculation of the velocity of the
contact line. The drop shape algorithm is essentially an itera-
tive minimization procedure based on the local variations
method [24]. Here, only a very concise description will be
given; more details can be found in Ref. [25]. The drop
shape is approximated by a set of flat triangles with total of
N=12781 vertex points, N;=360 of these are located at the
contact line (see Fig. 4). For a given contact line, the area of
the drop surface is expressed in terms of the coordinates of
the N points. The change of the drop shape is achieved by
approximation of the virtual displacements. In the 3N-3N,
coordinate space, the set of all possible displacements of N
— N, points is considered while keeping the volume and the

PHYSICAL REVIEW E 72, 011606 (2005)

contact line constant. We use the Monte Carlo scheme for
choosing the points which we will try to move. At every
iteration step the drop shape is changed in such a way that
the free energy decreases while the drop volume is kept con-
stant. Thus eventually the minimal drop surface is found.

The approximation of the normal projection of the veloc-
ity of the contact line at each of the N; =360 vertex points of
the contact line is obtained by solving the finite approxima-
tion of Eq. (6). The method takes into account that the finite
approximation of Eq. (6) is described by energy and volume
variations under displacements of these points. The correct-
ness of the obtained solution at every time step is checked by
keeping track of the accuracy with which the coordinates of
the points from the surface satisfy the Laplace condition and
Eq. (11). For given contact line and volume, the initial ap-
proximation of the drop shape is found in the following way.
First, for the given volume we find the spherical cap approxi-
mation. Then we perform an iterative procedure which trans-
forms the contact line gradually while the volume is kept
fixed until the desired contact line is obtained.

In order to ensure better work of the minimization proce-
dure, we perform regular check of the surface mesh and re-
adjust the mesh to keep the approximation of the liquid/gas
interface uniform. This allows us to maintain high accuracy
in determining the contact angle with an error of the order of
0.01°. At a given contact line node point the contact angle is
defined as the angle between the plane of the substrate and
the plane of the triangle whose corner coincides with that
point.

IV. RESULTS AND DISCUSSION
A. Spherical cap relaxation

To test the described above 3D code, we check it against
the numerical solution of Egs. (13) and (14) obtained for a
broad interval of values of the equilibrium contact angle 6.
The initial contact line radius differs from its equilibrium
(final) value R", the deviation being AR,=R(0)-R". As fol-
lows from Eq. (12), we can set R°=1 and 7,=1 without a
loss of generality.

A comparison of the numerical data, obtained by both
methods and displayed in Fig. 1, shows a very high (less than
1%) accuracy of the 3D code. It can be seen from Fig. 1 that
for the same values of 6,, and |AR| the solutions for reced-
ing contact line R(0)>R" and advancing contact line R(0)
<R" differ. This follows directly from Eqs. (11) and (13)
since the following inequality holds:

|cos B(R™) — cos[A(R") + 86]| # |cos A(R")
—cos[O(R") - 56]|.
(18)
By substituting this inequality in Eq. (11) it follows that for
the same absolute value of the deviation |AR| there is a
difference in the initial velocities for advancing and receding
contact lines.

We studied the possibility to fit the obtained numerical
solutions for R(z) by power and exponential functions. We

011606-3
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FIG. 1. (Color online.) Time dependence in 7, units of the ab-
solute value of the deviation of the contact line radius from the
equilibrium value |AR(7)| in R" units for 6,,=40° calculated for a
drop with a spherical cap shape. Solid and dashed lines: solutions of
Eqs. (14) and (13) for R(0)<<R" and R(0)>R", respectively.
Squares and triangles: numerical 3D calculations for R(0) <R™ and
R(0)>R", respectively (for convenience, every 20th data point is
displayed).

use the following definition of the relative error of the fit R(1)
with respect to R(7):

Aszax(w)_

=0 |R(t) —R*| (19)

For small initial deviations |AR|, it turns out that the expo-
nential fit with

R(t) =R +|AR|exp(= t/7), (20)

where 7 is the only fitting parameter, describes very well the
data for all studied values of 6,. The relaxation time 7 de-
pends on the initial deviation AR, and when |ARy|—0,7
tends to the spherical relaxation time 7, [Eq. (15)].

We first obtained the solutions for |AR(f)| by the 3D nu-
merical simulation for initial deviation |AR,|=0.03 and for
contact angles 15° < 6,,<165°. By fitting the obtained so-
lutions with exponential decay function we determined the
corresponding relaxation time 7 as function of the equilib-
rium contact angle 6,4 in the above interval of values. This
dependence is shown in Fig. 2: the squares are the results for
AR,=-0.03 and the open triangles are for AR,=0.03. The
thin solid line in the figure is the spherical relaxation time 7
[see Eq. (15)] in the interval 6,,<<90°. The exponential ap-
proximations of the solutions are obtained in the time inter-
val [0,7!%] determined so that |R(!%9) —~R*|=0.01|R(0)-R"
that is the amplitude of the initial deviation has decreased
hundred times. The exponential approximation is obtained
under the condition that it coincides with the numerical so-

s
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FIG. 2. (Color online.) The spherical cap relaxation time 7 in 7
units as function of the equilibrium contact angle 6, for initial
deviation |[AR,|=0.03 in R" units: the solid squares are the results
for ARy=0.03; the empty triangles are the results for ARy=-0.03
and the solid line is 7, [Eq. (15)] for 6,4<<90°.

lution at the initial and final points {0,7.%0}. The maximal

relative deviation of the obtained exponential approxima-
tions from the numerical solutions does not exceed A <3%.
When |AR,| decreases the precision of the exponential ap-
proximation increases. When |AR,| increases, e.g., |ARy|
=0.1, 0.2 the precision of the exponential approximation to
the numerical solution of Egs. (13) and (14) in the time in-
terval [0,7/%] decreases.

When the equilibrium contact angle 6, increases the rela-
tive deviation A decreases. The cases of advancing and re-
ceding contact lines differ with less than 1-2 % for 64
=40°. Also when |AR,| increases, so does the deviation of
the relaxation exponent 7 [Eq. (20)] from the spherical relax-
ation time 7,. When the exponential approximation in the
interval [0,7.%)] becomes unacceptable, e.g., when A more
than 3%, or —%R*SARSSR* then a good approximation
could be obtained either by splitting the interval [0, tégg] into
several subintervals and approximating the numerical solu-
tion on every such subinterval with an exponential function
with a specific relaxation time 7 or by fitting the numerical
solution with a second or higher order exponential decay
function. For example, for the considered cases
|ARy|=0.1,0.2 the fit with an exponential decay function of
the second order

R(t) =R" + aexp(— /7)) + arexp(~ 1/7,); a,| = |a,

b}

21

where a,, 7 ,a,, 7, are the fitting parameters, on the interval

(0,799 becomes much better than with the first order expo-

nential decay function [Eq. (20)] especially for 6, <40°. For

TABLE 1. Relative deviation A of the exponential approximation of second order

T,/ Ty a /7 a, T/ T A
Oeq=10° 11.1 -0.08 10.8 -0.02 39 2.7%
Opq=40° 0.87 -0.084 0.866 -0.016 0.35 1%
0eq=70° 0.48 -0.092 0.484 -0.008 0.248 0.08%
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FIG. 3. (Color online.) The relaxation time for the elongated
drop in 7y units as a function of the equilibrium contact angle 64
for r,(0)=r,(0)=0.03 in R" units: the solid squares and empty dia-
monds are the results for the exponential fits of r(z) and r(z),
respectively. The solid line is 7, [Eq. (16)] for 6,4<<90°.

example for 6,,=40° and AR,=-0.1 the maximal deviation
with Eq. (21) is less than 1% as compared to 10% with Eq.
(20). As can be seen from Table I, 7; is close to 7, and the
amplitude a, is sufficiently large so that the influence of the
second exponent should not be neglected. When the equilib-
rium contact angle 6,,— /2 the second amplitude a, de-
creases. For contact angles 6,4 € (0, 7/2) the amplitude a, in
the case AR(=0.1 is smaller than in the case ARy=-0.1. For
contact angles 6,,> 7/2 the opposite is true.

For small contact angles, e.g., Heq=3°, 5° we tried to fit
our data also with a power function f~ ¢'7. It appears that it
is possible to find a time interval at the beginning where the
numerical data is well described by the power function but
the overall behavior is still better described by the exponen-
tial approximation.

B. Relaxation of elongated drops

Here we consider the relaxation of a liquid drop when the
initially elliptical contact line [with initial deviations r.(0)
=r,(0)=|ARy|>0] relaxes towards circular contact line. We
study the time relaxation r,(¢) and ry(¢) of the two extreme

1
.'/-T\\ \\\
0 | T
-1l
e
1.5)
1\Z/R*
0.5
o\‘

1

FIG. 4. (Color online.) The initial drop shape with elliptical
contact line and minimal surface for 6,,=120°, r(0)=0.2 in R"
units and volume V/R™3=5.44.
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FIG. 5. (Color online.) The contact line positions obtained with
time step (0.27) for 6,4=120° and r,(0)=0.2 in R" units. The
dashed line is the initial position.

points M and N of the ellipse, where R"(1-r,) and R"(1
+r,) are the half axes of the contact line ellipse. The goal is
to check the validity of the spheroidal approximation in Ref.
[18] and extend the results to the domain #>90°. The analy-
sis of the data obtained by the method described in Sec. III
shows that the time relaxation for initial deviations up to
r,(0)=0.2 is again well described by an exponential decay
function of the first or second order (i.e., by the sum of two
exponential functions with different relaxation times) in the
time interval [0,7.%]. The error of the fit is A<3%. The
obtained values for the relaxation time 7 [Eq. (20)] for con-
tact angles in the interval 15° <6<165°,r,(0)=0.03, are
shown in Fig. 3. For 15° < ,,=<50° the relative deviation
from Eq. (16) is of the order of 2-4 %. Outside of this inter-
val it increases fast and for 6.,~90° it reaches ~60%. The
increase of the deviation is due to the fact that the approxi-
mation of the spheroidal cap to the quasistationary drop
shape is worsening with the increase of the contact angle 6.
Note that while the surface curvature k has to remain con-
stant along the surface according to Eq. (10), it varies as
much as 20% for the spheroid with r,(0)=0.1. In the 3D
simulation, the curvature variation along the surface is less
than 0.5% which is a good accuracy.

The numerical results for 6,,=120° and r,(0)=0.2, are
shown in Figs. 4-7. The results for other contact angles look

140

130

120

0 (degrees)

110

100

1 I I 1
0 60 120 180 240 300 360
o (degrees)

FIG. 6. The contact angle as a function of the polar angle ¢ at
successive moments of time {0,0.2n,n=1,2,...} in 7, units for
0eq=120° and r,(0)=0.2.
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03
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0.0 0.1 0.2 0.3
v

FIG. 7. (Color online.) The dependence of the function f(6)
=|cos 6(t)—cos Heq| on the contact line velocity at two contact line
points (N and M) for 0,q=120° and r,(0)=0.2 in R” units. The solid
line corresponds to v=dr,/dt, and dashed line to v=dr,/dt (in
R"/ 7, units).

qualitatively the same way. The initial drop shape is shown
in Fig. 4. The volume of the drop is chosen so that the final
shape is the spherical cap with a radius of the contact line
R"=1 and a contact angle 0.q=120°. The contact line evolu-
tion is shown in Fig. 5. The time evolution of the contact
angle along the contact line is shown in Fig. 6.

The algorithm efficiency can be checked against Eq. (11)
which was not directly used. Figure 6 shows how good the
algorithm precision is: the difference between the slopes of
the two straight lines is less than 2%.

Note that for equal initial deviations r,(0)=r,(0) at M and
N the initial contact angles and the initial velocities at both
points are different. From the fact that the relaxation times
for both r, and r, are close [when exponential approximation
Eq. (20) is used] it does not follow that the velocities of both
points are close as it would seem if one simply differentiates
Eq. (20) with respect to time ¢. This can be seen if one
examines carefully Figs. 6 and 7. When the initial deviations
are in the interval (~R",3R") then a good approximation
could be obtained either by splitting the time interval into
several subintervals and approximating the numerical solu-
tion on every such subinterval with an exponential function
with a specific relaxation time 7 or by fitting the numerical
solution with a sum of two or more exponential functions.

0.5F

Y/R
(=]
(=]

10

-0.5 0.0 0.5 1.0

*
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FIG. 8. (Color online.) The contact line of a drop which is
almost a spherical cap with a small deformation around one point.
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FIG. 9. (Color online.) The contact line of a drop which is
almost a spherical cap with larger deformation around the point A.

C. Drops of complicated shapes

We study here the relaxation of drops with some example
contact lines to demonstrate how the relaxation at one point
of the contact line is influenced by the dynamics of the whole
contact line. Consider the relaxation of a drop which is al-
most a spherical cap except for a local perturbation around
one point of the contact line. More specifically, let us con-
sider the relaxation of a drop with a final equilibrium contact
angle 6,,=50° and with the initial contact line shown in Fig.
8. We find that the time relaxation of the point A(1.1, 0) is
well approximated by an exponential decay function (21) of
the second order: a;=0.066,7,=0.163,a,=0.024,7,=0.88
and the relaxation of the point B(—1,0) by the exponential
decay function (20) of the first order with 7=1.05. All the
three relaxation times {0.163, 0.88, 1.05 differ from each
other and from the relaxation times for spherical and elon-
gated drops 7,=0.65, 7,=1.43 found for 6,,=50° from Egs.
(15) and (16). It appears thus that the relaxation of the point
B is influenced by the perturbation around the point A.
Moreover even the type of the relaxation of the point B,
whose neighborhood is a part of circle, is not universal and
depends on the deformation around the point A. For ex-
ample, when the contact line is of the type shown in Fig. 9
we obtain that the relaxation of the point B is as shown in
Fig. 10. It is possible even to find a deformation around A
such that the relaxation of the point B is practically linear in
a broad time interval.

0.000

* -0.002 -

AR/R

-0.004 -

-0.006 -

FIG. 10. Time dependence in 7, units of AR(¢) in R* units at the
point B for a drop with initial contact line shown in Fig. 9.
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9. Quelques articles représentatifs

QUASISTATIC RELAXATION OF ARBITRARILY...

V. CONCLUSIONS

We have described a method and applied it to simulate the
quasistatic relaxation of drops with different initial 3D
shapes starting directly from the variational principle of
Hamilton, taking into account only the large dissipation in
the vicinity of the contact line during the contact line motion.

We have shown rigorously for arbitrary contact line shape
using the standard mechanical description of dissipative sys-
tem dynamics that the introduction of a friction dissipation
term proportional to the contact line length in the case of
quasistatic relaxation leads to the well known local relation
between the contact line velocity and the dynamic contact
angle.

We find in the case of spherical cap approximation that
the time relaxation of the contact line radius is very well
described by an exponential decay function of the first or the
second order depending on the magnitude of the initial de-
viation. The relaxation time 7 depends on the initial devia-
tion AR, and when |AR,|— 0, 7 tends to the spherical relax-
ation time 7, defined in Ref. [18]. For higher values of |AR,

s

PHYSICAL REVIEW E 72, 011606 (2005)

e.g., |[ARy|=0.1,0.2, the data is better described by the sum of
two exponentials with different relaxation times. The power
function fits do not describe well the data.

In the case of elongated drops, the relaxation is again very
well described by an exponential decay function. The relax-
ation time is within 2—4 % from that obtained with the spher-
oid approximation for the drop shape [18] in the range 15°
< 0,q=50°. For the larger angles, the relaxation time can
only be obtained by the described 3D numerical simulation.

Previously exponential relaxation is found in some ex-
perimental studies, e.g., in Ref. [26] and more recently in
Ref. [13]. Theoretically, exponential relaxation is found in
Ref. [18] and asymptotically at long times in Ref. [17], as
well as in the Monte Carlo simulations of the Ising model for
drop spreading [12].

By simulating the relaxation of drops of complicated 3D
shape, we showed that, although the local Eq. (11) is satis-
fied, the relaxation at a given point of the contact line is
influenced by the relaxation dynamics of the whole drop sur-
face. This is a manifestation of the nonlocal character of the
contact line motion.
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