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Chapitre 0

Introduction

0.1 Les équations aux dérivées partielles sto-
chastiques

Les équations aux dérivées partielles ont été introduites pour modéliser
I’évolution de nombreux phénomenes physiques tels que le comportement des
fluides ou les phénomenes de propagation. Il n’est néanmoins pas toujours
possible d’avoir une approche déterministe de tout les facteurs influents sur
le phénomene physique considéré. On est donc amené a bruiter les équations
qui deviennent de fait des équations aux dérivées partielles stochastiques.

Par exemple, la propagation d’ondes non linéaires dispersives est mo-
délisée par I'équation de Schrédinger non linéaire et apparait dans divers
domaines de la physique tels que I'hydrodynamique [48], [49], 'optique, la
physique des plasmas, les réactions chimiques [32]...

Lorsqu’on étudie la propagation dans un milieu aléatoire, il convient d’in-
troduire un bruit. Par exemple dans [19], ils consideérent 1’équation de Schro-
dinger non linéaire bruitée et amortie dans le cas cubique. La propagation des
ondes sur une longue distance y est étudiée. LL’amortissement ne peut y étre
négligé mais il est compensé par la présence d’amplifications aléatoires. Le
bruit blanc offre une bonne modélisation des amplifications aléatoires dans
la mesure ou la distance entre les amplificateurs est négligeable devant la
distance de propagation.

L’équation de Schrédinger non linéaire amortie et bruitée (NLS) se met
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sous la forme

du+ au dt +1(—A)u dt + N |u|*” u dt = $(u)dW,
u(t,z) = 0, pour x € 9D, t >0 (0.1.1)

u(0,2) = wup(x), pourz € D,

ou a > 0 est le terme d’amortissement. L’inconnue u est une fonction a valeur
complexe des variables temporelles ¢t > 0 et spatiale z € D. La constante A
vaut 1 dans le cas défocalisant et —1 dans le cas focalisant. Nous avons ici
considéré les conditions de bord de Dirichlet sur un ouvert borné D a bordure
réguliere 9D ou D = (0, 1)¢, mais il est aussi possible d’imposer les conditions
de Neumann ou de périodicités des solutions. Le parametre o > 0 est supposé
vérifier la condition sous critique od < 2.

Il arrive que les ondes considérées subissent un amortissement plus consé-
quent qui s’assimile a un effet de viscosité. Dans ce cas, on introduit donc des
termes visqueux dans (0.1.1). L’équation ainsi obtenue est appelée équation
de Ginzburg-Landau Complexe bruitée (CGL). Il s’agit en fait d’une version
dissipative de NLS qui apparait dans les mémes domaines et se met sous la
forme

du+ (e +1)(=A)udt + (7 + M) [u|*” udt = ¢(u)dW + fdt,
u(t,z) = 0, pour z € 9D, t > 0, (0.1.2)

w(0,2) = wp(x), pourx € D,

ot D un ouvert borné D & bordure réguliere D ou D = (0,1)%, ot ¢ > 0,
n>0et A € {—1,1}. Dans le cas focalisant (A = —1), on impose toujours la
condition sous critique o € (0, %) On parle alors de condition sous critique
L?. Dans le cas défocalisant (A = 1), le parameétre o > 0 est autorisé a vérifier
la condition sous critique plus large o € (0,00) pour d = 1,2 et 0 < ﬁ pour
d > 2. Cette condition est dite condition sous critique H!.

Un autre exemple de phénomene physique grandement étudié est le com-
portement des fluides incompressibles. Leur évolution est décrite par les équa-
tions de Navier-Stokes (Voir [47]). Comme pour NLS et CGL, on est souvent
amené a bruiter ces équations. On obtient ainsi les équations de Navier-Stokes
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stochastiques ci dessous.

)
du+v(=A)udt + (u, V)udt + Vpdt = ¢(u)dW + fdt,

(div u) (t,z) = 0, pour x € D, t >0,

(0.1.3)

8

u(t, 0, pour x € §D,t > 0,

)
)
uw(0,z) = wup(x), pouraz € D,

\

ot u(t, z) € R? est la vitesse au temps ¢ et au lieu x, p(¢, ) la pression, v > 0
la viscosité et D un ouvert borné de R? a bordure réguliere 6D ou D = (0, 1)4.
Le champ de force extérieur ¢(u)dW + fdt agissant sur le fluide est la somme
d’une composante déterministe f et d’'un champ aléatoire ¢(u)dW .

Du fait de la différence profonde des propriétés connues des équations
de Navier-Stokes stochastiques bidimensionnelles (NS) et tridimensionnelles
(NS3D), nous traiterons NS et NS3D comme des systemes d’équations fon-
damentalement différents.

Nous n’avons pas seulement choisi d’étudier ces quatre équations pour
leur intérét physique mais aussi parce que chacune de ces équations est re-
présentative d’une famille plus générale d’équations.

Plus précisément, NS représentent les équations aux dérivées partielles
stochastiques (EDPS) fortements dissipatives "sympathiques”. Cette famille
a laquelle appartient aussi I’équation de Burger unidimensionnelle se caracté-
rise par la propriété suivante. On peut controler I'incidence de la non linéarité
sur la distance de deux solutions de fagcon Lipschitz si on ne controle qu’une
seule des ces deux solutions. Dans le cas de NS, cela s’exprime de la fagon
suivante

(g — w1, (ug, V)ug — (ur, V)ur)| = [(ug —u, (ug — w1, V)ug)l,

< % |UQ — U1|?{1 +c |U2 - u1|2L? |u1|12L11 )

pour tout (uy,us) suffisamment régulier. Cette propriété est tres intéressante
et simplifie grandement les preuves, ce qui a l'avantage de les rendre plus
pédagogiques.

La généralisation des preuves pour NS vers les équations fortement dissi-
patives requiert certaines adaptations. L’étude de CGL fournit un exemple
d’EDPS fortement dissipative n’ayant pas la propriété ci dessus. Plus précisé-
ment, dans le cas de CGL, on peut montrer une formule analogue. Néanmoins,

8
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elle n’induit les mémes simplifications pour CGL que pour NS. En réalité,
pour CGL, la formule véritablement analogue serait la suivante

e
[(A(ug —uy), (uz, V)ug — (ur, V)ur)| < 3 |ty — w5 + lus — ulzp w3

ce que nous n’avons pas.

Ces équations sont donc plus difficiles a traiter pour les questions étudiées
ici, mais les preuves se généralisent assez bien modulo certains raffinements.

Une classe d’équations ot les choses se passent nettement moins bien est la
famille des équations faiblement amorties et dispersives. Cette famille trouve
en NLS un de ses représentants les plus illustres. Comme nous le verrons, ce
sont des équations beaucoup plus complexe a traiter. En effet, pour NS et
CGL, nos preuves s’appuient sur la notion de forte dissipativité et ainsi, si
le passage de NS a CGL a requis certains aménagements, l'adaptation de ces
méthodes a NLS apparait beaucoup plus difficile. Le principal probleme est
que, dans l'espace L?, le terme au n’offre qu'un amortissement tres faible en
comparaison de la dissipativité induite par v(—A)u pour NS et par e(—A)u
pour CGL. Il faudra montrer que, dans 1’espace de Sobolev H', la dispersivité
de NLS et le terme au permettent de controler la non linéarité

Néanmoins, les classes d’équations considérées précédemment ont un point
communs. Elles sont bien posées. En clair, les propriétés d’existence et d’uni-
cité des solutions se démontrent assez facilement. Ce qui est rassurant puisque
ces équations sont censées régirent un phénomene physique. Il serait désa-
gréable qu’une de ces propriétés nous fasse défaut. Un autre avantage des
équations précédemment citées est que 'on controle certaines quantités né-
cessaires a nos preuves (car elles permettent de faire fonctionner la plupart
de nos outils). Malheureusement, toutes ces questions restent des problemes
ouverts en ce qui concerne NS3D. Ainsi, les problemes que I'on rencontre
lorsque 'on travaille avec NS3D sont de nature beaucoup plus basique. En
clair, quasiment toutes les opérations que I'on fait de maniere plus ou moins
implicite pour les autres équations posent probleme. Par exemple, on est sou-
vent amené a construire des solutions par induction sur l'intervalle de temps
(0,n). Malheureusement, pour NS3D, se pose le probleme de la diversité du
choix des solutions. Plus grave : Est-il seulement possible de choisir une so-
lution mesurablement par rapport a la condition initiale ? Un autre exemple
est I’absence de controle énergétique qui rend caduc tout nos outils. Plus
genant encore, la propriété la plus utilisée dans nos preuves pour NS, CGL
et NLS est la propriété de Markov forte. Or, du fait du manque d’unicité des

9
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solutions de NS3D, nous ignorons si les solutions de NS3D vérifie ne serait-ce
que la propriété de Markov faible.

Pour toutes ces raisons nous démontrerons des résultats plus modestes
en ce qui concerne NS3D. Néanmoins, comme nous 'avons dit, la difficulté
est ailleurs. La question se pose de savoir si on peut généraliser ce type de
résultat & d’autres équations mal posée tels que CGL H'-surcritique. Nous
le pensons, mais cela requiererait une étude spécifique.

0.2 Ergodicité des systemes physiques

On s’intéressera plus particulierement aux mesures invariantes et aux pro-
priétés ergodiques des quatre EDPS précédemment citées lorsque celles-ci
sont excitées par un bruit blanc en temps et régulier pour la variable d’es-
pace.

La convergence rapide a 1’équilibre des phénomenes physiques et 1’étude
des états stationnaires sont des questions de premiere importance.

Pour le comprendre, considérons la thermodynamique qui nous apparait
comme un exemple particulierement éclairant de 'importance de telles no-
tions. Cette discipline a d’abord fonctionnée sur des principes plus ou moins
heuristiques dont la justification théorique n’est apparue que plus tard avec
I’émergence de la mécanique statistique. Une des questions les plus mar-
quantes a concerné le sens de I’écoulement du temps. L’irréversibilité du
temps a longtemps été un phénomene postulé sous la forme du second prin-
cipe de la thermodynamique. Ce principe stipule qu’il existe une fonction
S de I'état du systeme X (t) au temps t qui est additive (i.e. I'entropie de
deux systemes disjoints est la somme des entropies) et telle que 'entropie de
I'univers tout entier est croissante. C’est cette croissance postulée qui signifie
I'irréversibilité du temps.

Pour mieux comprendre tout cela, considérons un systeme physique donné.
Pour simplifier nous traiterons I’exemple un gaz. L’état physique X (¢) du sys-
teme au temps ¢ est censé le déterminer entierement. De plus la connaissance
des conditions extérieures, des aléas et de I’état du systeme doit permettre de
prédire son comportement a venir. Du point de vue de la mécanique Newto-
nienne, 1’état X (t) est 'ensemble des positions et des vitesses de 1’ensemble
des molécules constituant ce gaz. Rappelons qu'une mole de gaz est consti-
tuée d’a peu pres 6.10% molécules et qu’un volume de gaz & échelle humaine
contient au moins plusieurs moles de gaz. Ajoutons a cela que parmis les

10
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connaissances requises pour pouvoir appliquer la mécanique Newtonienne, il
faut une connaissance précise (de I'ordre du nanometre) de la cartographie
des parois du récipient ou vit ledit gaz. L’approche Newtonienne apparait
donc limitée dans sa capacité a prédire le comportement a venir de notre
gaz. Pire, elle apparait méme incapable de décrire de maniere satisfaisante
I'état X (t) du systeme a l'instant t.

Plus grave encore, méme si elle est inexploitable d’un point de vue calcula-
toire, ses principes théoriques devraient étre vérifiés. Or I'un de ces principes
est I'invariance par renversement temporel. En clair, la mécanique Newto-
nienne est indifférente au sens d’écoulement du temps. Pour le voir, prenons
I'exemple simple d'un systéme soumis a la pesanteur (une pomme tombant
d’un arbre par exemple). Sa courbe de position ¢t — x(t) vérifie I'équation

d2

@ =

ou g est le champ de pesanteur. Cette équation est aussi vérifiée par t —
x(—t). En clair, si un habitant de Proxima du Centaure regardait un film du
mouvement des planetes de notre systeme solaire, il n’aurait aucun moyen
de savoir si ce film est passé en marche avant ou en marche arriere car ces
deux comportements sont plausibles. Dés lors, le concept d’irréversibilité du
temps est en apparence incompatible avec la mécanique Newtonienne.
Revenons a notre systeme gazeux. Malgré son apparente extréme com-
plexité, on a tres bien réussi a décrire I’état des gaz et a prédire leur compor-
tement a partir de seulement trois parametres réels positifs. Plus précisément,
un gaz est uniquement déterminé par sa température 7', sa pression P et son
volume V', sachant que ces trois parametres sont reliés par la relation

PV = nKT,

ou K est une constante universelle (dite de Boltzman) et ou n est le nombre
de molécules de gaz.

Du point de vue de la mécanique Newtonienne, une telle simplification
peut paraitre difficile & croire, pour ne pas dire aberrante. Pourtant, consi-
dérons un gaz a un temps ty avec une pression Py, une température Ty et un
volume Vj fixés et imposons une condition au récipient qui le contient. Par
exemple, on peut imposer un récipient adiabatique (i.e. thermiquement iso-
lant : une glaciere par exemple) ou, au contraire qui soit tres bon conducteur
thermique avec une température extérieure fixée. Il peut aussi étre rigide, ou

11
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bien avec un piston qui impose une pression externe constante, etc... On sait
qu’apres un laps de temps assez court, le gaz se stabilise a un état d’équilibre
uniquement caractérisé par sa température 7T, sa pression P et son volume
V', eux-mémes uniquement déterminés par le triplet (P, Vp,Ty) et par la
condition imposée au récipient. La question qui se pose est donc : Comment
un systeme d’une telle complexité peut il se simplifier a ce point ? De plus,
comment la stabilisation du systeme, qui marque l'irréversibilité du temps,
peut-elle étre compatible avec la mécanique Newtonienne ?

Les fondateurs de la thermodynamique ont plus ou moins postulés des
principes heuristiques amenant a ce genre de résultats, mais ils n’ont pas éta-
bli comment déduire la thermodynamique de la mécanique Newtonienne. Le
comportement microscopique (d’abord régi par la mécanique Newtonienne
puis plus tard par la mécanique quantique) est extrémement complexe et
possede la particularité d’étre insensible a un renversement temporel. A I’op-
posé, le comportement macroscopique est simple et est fortement sensible au
sens du temps. Il a fallu attendre I’émergence de la mécanique statistique
et 'introduction des probabilités dans le sacro-saint antre du déterminisme
Newtonien pour comprendre que c’est la notion d’ergodicité qui fait muter le
comportement microscopique Newtonien en un comportement macroscopique
thermodynamique.

Dans [17], sont expliqués les "fondements rationnels de la thermodyna-
mique” (d’apres I'éditeur). L’idée fut, comme nous 'avons écrit, de remplacer
le cadre déterministe par un cadre probabiliste plus adéquate s’appuyant sur
deux principes fondamentaux. Le premier principe postulé par la mécanique
statistique est la convergence tres rapide de la loi des systemes physiques
étudiés vers I’équilibre. En langage mathématique, cela signifie en particulier
que le systeme est ergodique. Nous noterons p la loi de 1'état d’équilibre. Les
physiciens considerent donc ces systemes comme stationnaires au bout d’un
court laps de temps. En clair, pour tout laps de temps (¢, ¢+ At), on obtient,
si At est assez élevé, alors

1 t+At

At , F(X(S))dSN/F(x)u(dw) p.s., (0.2.1)

ou X (s) est I’état microscopique du systeme au temps s et ou F est une
application mesurable.

Le second principe est la tres rapide décorélation du systeme. En clair,
notre systeme devient tres vite indépendant de son passé. Cela signifie que

12
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le temps nécessaire At pour que la loi forte des grands nombres (0.2.1) soit
effective est tres court.

Les grandeurs physiques Newtoniennes du systeme (le volume par exemple)
a un instant ¢ sont données par F'(X(¢)) ou F' est une application mesurable
associée a la grandeur physique. Il n’est cependant pas possible de mesurer
un facteur du systeme a un instant donné. En effet, par exemple, comment
mesurer la vitesse de facon instantanée ? En pratique, donc, lorsque 1'on veut
mesurer une grandeur physique, la grandeur mesurée Fyesus(X)(t) & l'instant
t est en fait une moyenne en temps sur un court laps de temps

t+At
Fmesuré<X)(t) - Ait/t F(X(S))ds

On déduit donc de (0.2.1) que les grandeurs mesurées du systéme sont proches
a la moyenne de F' par rapport a

Fmesuré(X)(t> ~ /F(ZE) M(d(l])

En clair, on peut approcher les valeurs des grandeurs physiques Newtonienne
par des espérances. Ce concept a été poussé plus avant. On a remplacé 1'état
Newtonien du systeme X (¢) par un état Thermodynamique p(t) qui en fait
est la loi du systeme. Les grandeurs physiques Newtoniennes associées a un
état p étant maintenant définies par leur moyenne

Fu) = / F(a) ulda).

Puis, de nouvelles grandeurs physiques purement thermodynamiques ont été
définies. Ces grandeurs ne sont plus associées a des applications mesurables
de I'état Newtonien X () dont on prend ensuite la moyenne. Ce sont des
fonctions F'(u) de I’état Thermodynamique p. C’est ainsi, par exemple, qu’est
définie I'entropie S(u) de p lorsqu le nombre état {x,}, est dénombrable

S(p) == nl{aa}) In (u({z,})),

ou lorsqu p est absolument continue
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ou (Z—’;) est la dérivée de Radon-Nykodym de pu.

Revenons a I'étude de notre gaz. Le fait que 'état du gaz soit entiere-
ment déterminé par (P, V,T) signifie que 'on peut paramétrer les mesures
invariantes de notre systeme par ces trois parametres et que ce systeme se
rapproche de I’équilibre tres vite. Un cas particulier est le cas d'un gaz défini
dans un volume infini et stable par translation. Dans ce cas on fait disparaitre
le volume et on dénote par n le nombre de molécule par unité de gaz. On a
alors

P=nKT.

Il reste donc a définir la température. Dans ce cas, la modélisation classique
est que chaque molécule est indépendante et identiquement distribuée et que
la loi de sa vitesse v € R? est donnée par

1 mv2
Z(T)e_ KT (v,

pr(dv) =

ol m est la masse d’une molécule.

Il résulte ainsi du comportement indépendant des molécules et de la loi
forte des grands nombres que la pression P est I’énergique cinétique par unité
de volume du gaz. De plus la température mesure ’agitation des molécules.

Pour conclure, on remarque donc que c’est 'ergodicité qui transforme le
comportement Newtonien en comportement Thermodynamique, donnant de
fait une direction au temps. C’est cette convergence vers I’équilibre qui accroit
I’entropie de 'univers et qui implique le second principe de la thermodyna-
mique. Une expression souvent employée est que, si au niveau microscopique,
le temps n’a pas de direction, au niveau macroscopique, il va de "I'improbable
vers le probable”. La notion de "probable” étant comprise au sens de la mesure
invariante caractérisant 1’état d’équilibre.

Cet exemple a, nous l'espérons, permit de comprendre I'importance de
I’étude de la convergence rapide a 1’équilibre des phénomenes physiques et
I’étude des états stationnaires. Dans cette these nous montrerons que sous cer-
taines conditions, les solutions de NS, CGL et NS3D (resp NLS) convergent
exponentiellement (resp polynomialement) vite vers 1’équilibre et que leurs
solutions stationnaires sont régulieres.
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0.3 Convergence des solutions des EDPS vers
I’équilibre

Dans cette these, nous développerons deux approches basées sur la no-
tion de couplage pour établir la convergence a 1’équilibre des solutions. La
premiere pour NLS, CGL et NS munies de bruits pouvant étre dégénérés, la
seconde pour NS3D muni de bruits suffisamment non dégénérés.

Ces équations sont des systemes difficiles a traiter avec des arguments
standards parce que I'espace des phases est de dimension infinie. Pour une
meilleure compréhension de NS, CGL et NLS, nous considérerons ici le cas de
conditions périodiques avec moyenne nulles sur le tore au lieu des conditions
de Dirichlet sur un ouvert borné de R?, ce qui a I’avantage de nous permettre
de travailler avec les coefficients de Fourier des solutions. On notera (u(k))g
les coefficients de Fourrier d’une fonction u de x. Les systemes d’équations
aux dérivées partielles stochastiques NS et NS3D deviennent le systeme infini
dimensionnel d’équations différentielles stochastiques suivant.

([ dak) + v [k a(k) dt + Fy (u) dt = ¢y (u) dW + fudt,
(u(k)(t),k) = 0, pour k € ZN\{0}, t >0, 03.1)
u(0)(t) = 0, pour t > 0,
\ w(k)(0) = dog(k), pour k€ Z\{0},

ou

Fi(u) = im, (Z(aac —h), h>a<h>>) ,

h

et ot m; : R — R? est le projecteur orthogonal de noyau engendré par le
vecteur k.
Pour sa part, CGL devient

di(k) + (e + 1) |k[> a(k) dt + F} (u) dt = ¢y (u) dW + frdt,
u(0)(t) = 0, pour ¢ > 0, (0.3.2)
w(k)(0) = do(k), pour ke ZN\{0},
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ou on a dans le cas cubique (o = 1)

Fy, (u) = (n + i) (Z a(hy)a(he)a(k — by — h2)) :

hi,h2

Le caractére fortement dissipatif de NS (resp CGL) provient du terme v |k|* (k)
(resp e |k|* (k) qui permet de controler la non-linéarité lorsque |k| est grand.
Ainsi, pour simplifier nos explications, on est donc naturellement amené a
modéliser les EDPS fortement dissipatives comme NS et CGL par le systeme
bidimensionnel ci-dessous

dX + Xdt + f(X,)YV)dt = o(X,Y)dW, X(0) =,
dY + NYdt + g(X,YV)dt = on(X,Y)dW, Y(0) =y,

ol toutes les fonctions considérées seront supposées Lipschitz bornées et ou
N sera autorisé a étre aussi grand qu’on le désire. Les variables X et Y
représentent respectivement les bas et les hauts modes des solutions u =
(X,Y) de I’équation.

Pour une meilleure compréhension, nous traiterons ce modele dans les
chapitres 1 et 3, puis nous reporterons aux annexes A et C les preuves asso-

ciées a NS et CGL.
Pour sa part, NLS devient

du(k) + au(k) dt + 1 |k:|2 u(k)dt + Fy,” (u) dt = ¢y, (u) dW,
u(0)(t) = 0, pour ¢t > 0, (0.3.4)
a(k)(0) = io(k), pour k € ZA\{0}.
ol, dans le cas cubique 0 = 1, on a
E (u) = M (Z a(hy)a(hs)a(k — hy — hg)) .
hi,h2

Considérons NLS du point de vue L2 Si a = 0, c’est une équation qui
conserve la norme L?. On est donc naturellement amené & la modéliser par
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le systeme suivant

dX + Xdt + f(X,)YV)dt = o(X,Y)dW, X(0)= x, 035

dY + Ydt + g¢(X,Y)dt = on(X,Y)dW, Y(0)=yo.

Malheureusement, comme nous le verrons plus tard, un tel modele est inex-
ploitable. Dans le chapitre 2, nous seront amenés a raffiner ce modele pour
qu’il prenne en compte les propriétés de dispersivité de NLS.

La modélisation de NS3D fera 1'objet d’un traitement particulier au cha-
pitre 5 du fait du caracteére pathologique des propriétés (ou plutdt de ’absence
des dites propriétés).

Considérons d’abord les trois premieres équations (NS, CGL et NLS).
Pour ces équations, on s’autorise a traiter des bruits fortement dégénérés.
Pour nos modeles bidimensionnels, cela signifie que la matrice ¥(X,Y) est
autorisée a ne pas étre inversible, ce qui rend difficile 'application du théo-
reme de Doob.

L’idée est de compenser la dégénérescence du bruit sur certains sous-
espaces par des arguments de dissipativités. Cette idée a été introduite dans
[5], [18] et [37]. Ce genre de raisonnement fonctionne bien lorsque le systeme
considéré a un nombre fini de directions instables, ce qui est évidemment le
cas de NS et CGL (mais cela semble beaucoup moins évident pour NLS sans
I'introduction de divers fonctionnelles).

Pour nos modeles bidimensionnels, cette hypothese se reformule de la
fagon suivante. L’opérateur de covariance du bruit (X, Y’) est supposé non
dégénéré dans les bas modes. En clair, cette hypothese signifie que la droite
R x {0} est toujours dans 'image de ¥(X,Y), ce qui équivaut a l'existence
d’une fonction ¥, vérifiant pour tout réel h

S(X,Y) S NX,Y) b= (h, 0).

Il apparait naturel que cette hypothese implique la convergence a vitesse
exponentielle a 1’équilibre, du moins dans le cas des équations fortement
dissipatives tels que NS et CGL. En fait nous verrons que c’est aussi suffisant
pour que prouver que NLS converge a vitesse polynomiale vers 1’équilibre.
Pour prouver ce résultat dans le cas d’équations fortement dissipatives,
des méthodes de couplages ont été introduites (voir [29], [39], [40], [41], [45] et
[56]). A I'exception de [45], ces articles traitent des bruits diagonaux constants
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avec force déterministe nulle. Pour nos models bidimensionnel, cela donne des
opérateurs du type

gy 0

Z(X,Y)z( 0 Uh) avec o, # 0.

Dans [45], le bruit est toujours diagonal, mais est autorisé a dépendre des
bas modes X.

S(X,Y) = ( Ul(OX) Uh?X) ) avec  info; > 0.

De plus, la force déterministe peut ne pas étre nulle. Ces méthodes quoique
tres intéressantes semble limitées a ce type particulier de bruit et aux équa-
tions fortement dissipatives, ce qui semble exclure NLS. Nous commencerons,
dans le chapitre 1 et 'annexe A, par adapter ces méthodes & CGL qui a le
désavantage d’étre moins "sympathique” que NS, ce qui requiera certains amé-
nagements. Puis, dans le chapitre 2 et 'annexe B, nous verrons comment ces
méthodes peuvent s’étendre a NLS cubique unidimensionnelle. Finalement,
dans le chapitre 3 et ’annexe C, nous verrons qu’a condition de repenser ces
méthodes en profondeur, il est possible de dépasser les hypotheses de dia-
gonalisabilité et de non-dépendance par rapport a Y. Cette évolution sera
I’occasion de simplifier ces méthodes. En fait nous développerons un critere
général qui permet d’établir qu'un processus de Markov converge exponen-
tiellement vite vers I’équilibre. Ce critere a 'avantage d’étre facile a appliquer
et de ne pas requérir de connaissance de la preuve, ni méme de la notion de
couplage (pourtant abondamment utilisée dans la preuve).

Notons que, dans la lignée de ce genre de travaux mais en utilisant des ou-
tils complétements différents, une étude fine de la non linéarité de NS a permit
d’établir que si on excite seulement 4 modes bien précis par 4 mouvements
browniens indépendants, alors NS admet une unique mesure invariante (Voir
[30], [46]). On peut espérer que leur méthode, basée sur le calcul de Malliavin,
permettra d’obtenir la convergence a vitesse exponentielle dans ce cas.

Du fait des probléemes inhérents a NS3D, on se restreindra au cadre plus
modeste d'un bruit suffisamment non dégénéré. Pour le modele (0.3.3), cela
signifie que 'on suppose que la matrice X(X,Y) = (0;(X,Y), 04(X,Y)) est
inversible d’inverse borné. Ceci est un cadre plus simple car c’est le cadre
ou le Théoreme de Doob s’applique le plus naturellement. Néanmoins, pour
NS3D, la difficulté est ailleurs. Pour cette raison, nous étudierons d’abord,
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au chapitre 4 et dans ’annexe D, la régularité spatiale des solutions station-
naires de NS3D et nous en déduirons des informations sur le coefficient de
dissipation de Kolmogorov (K41). Puis, au chapitre 5 et dans l'annexe E,
nous établirons le caractere exponentiellement mélangeant des solutions de

NS3D.
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Ergodicité des équations de
Ginzburg—-Landau Complexes

Introduction

Rappelons la formulation de CGL

du+ (e +1)(=A)udt + (n+ M) [u|* udt = ¢(u)dW + fdt,
u(t,z) = 0, pourz € ID,t >0,

uw(0,2) = wup(z), pour x € D.

Le but de ce chapitre est d’établir I'ergodicité de CGL dans le cadre des
hypotheses de [45]. En clair, ¢ est supposé recouvrir un nombre suffisant de
bas modes et étre diagonal. De plus, contrairement a [41], f est autorisé a
étre non nul et ¢ a dépendre des bas modes des solutions. En clair, on fait
I’hypothese suivante

Comme nous l'avons déja dit, I'idée principale est de compenser la
dégénérescence du bruit sur certains sous espace par des arguments de disssi-
pativité, en 'occurrence en utilisant une inégalité de type Foias-Prodi. Nous
avons donc adapté les méthodes de couplage pour établir le caractere expo-
nentiellement mélangeant des solutions de CGL. Ce qui a demandé certains
aménagements car la non linéarité de CGL est moins sympathique que celle
de NS. Il faudra, par exemple, développé une inégalité de type Foias-Prodi
H' dépendant des deux solutions et une inégalité de type Foias-Prodi L? ne
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dépendant que d’une seule solution. Il faudra de plus introduire une énergie
H'. L’esprit de la preuve reste néanmoins la méme.

1.1 Notions de convergence

Avant d’énoncer notre résultat, rappelons quelques définitions reliées a la
notion de convergence.

La norme variationnelle ||-||,,. d"une mesure signée sur un espace polonais
E est définie par

4]l o = sup {{(D)] | T € B(E)},

ou B(FE) sont les boréliens de F.
Il est facile de voir que si jiq, po sont deux mesures de probabilité mutuel-
lement équivalentes, on a

Iz = il =5 |
H2 H1 var_z 5

De plus, il est notoire que ||-|

i _ 1‘@2. (1.1.1)

dpia

var €St la norme duale de |-|__. Cela signifie que

[tz = i lyer = sSUP : (1.1.2)

[Pl <1

waﬂm—umma

ot le supremum peut étre indifféremment pris sur les fonctions v : £ — R
mesurables ou uniformément continues.

Posons E = R?%. On dénotera par d, la masse de Dirac en z. Il est facile
de voir que

||6$ - 60”11(17“ = 1{0}(1’)

Donc 6, ne tend pas vers dy en variation totale quand x — 0.
En fait, dire que u; tend en variation totale vers &y en variation totale
signifie que p;(R?\{0}) — 0. Donc, si on pose d = 1 et

Mt = t(51 + (1 - Zf)éo,

on obtient que
H:ut - 50”1}(11“ =t— 07

quand ¢ tend vers 0.

21



tel-00011214, version 1 - 15 Dec 2005

Chapitre 1. Ergodicité des équations de Ginzburg—Landau Complexes

On voit que ce type de convergence est tres fort, mais qu’on peut raison-
nablement envisager une notion de convergence plus faible.

On introduit donc la norme de Wasserstein d’'une mesure signée comme
la norme duale des fonctions Lipschitz bornées

/Ewm pu(dz)] (1.1.3)

lpll, = sup
<1

|7/’|Lipb(R)_

ou
9] gy () = LiP Y 4[] -

Dans ce cas, si £ =R? on a

162 = ol yor = |2,
pourvu que |z| < 1.

Dans ce chapitre, nous allons établir que les solutions de (0.1.2) convergent
exponentiellement vite a I’équilibre en variation totale pour les bas modes et
au sens de Wasserstein pour les hauts modes. Pour mesurer cette convergence,
on introduit la distance ||-||,,,_y définie sur 'ensemble des mesures finies du
produit d’espace polonais X x Y

Y(u) (pg — pr)(du)|, (1.1.4)

||l’L2 - M1||var—W = Sup
[Pl Lipy (xx ) <1

XxY

ou

<|¢(x,yz) — ¢(x, )] 1y1¢y2) _

0 . = woo-|— sup
] Lipy (ex3) = V] ly2 — w1

(%,91,y2) EX XY XY

1.2 Résultats principaux

On pose
A=-A, D(A)=H)(D)nH*D).

On peut maintenant réécrire (0.1.2) sous la forme

du+ (e +1)Audt + (n+ \) [u|* udt = p(u)dW + f, 12.1)

u(0) = wy,
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ott W est un processus de Wiener cylindrique sur L?(D).

On notera (e, fin)n la suite des vecteurs et valeurs propres associés a A
tel que (), soit une suite croissante. De plus, on notera Py (resp Qy) le
projecteur orthogonal de L?(D) sur 'espace engendré par {ei,...,ex} (resp

{6N+1, .. })

On fera I’hypothese suivante.

2 3
UE(O,C—Z/\Q).

Lapplication ¢ : H — Lo(L*(D); L*(D)) est Lipschitz bornée et f € L*(D).
De plus, il existe N € N tel que pour tout u € L*(D)

¢(u) = ¢(Pyu), Pvo(u)Qn =0, Qno(u)Py =0

Hypothese 1.2.1 On a

et tel que Pyo(u)Py soit uniformément inversible

-1
ueSLu?E)D) |(PN<Z5(U)PN) ‘ﬁ(PNLQ(D);PNLQ(D)) < o0

Ici L(K7; Ky) (resp Lo(Kq; Ky)) désigne 'espace des applications linéaires
(resp Hilbert-Schmidt) allant de I’espace de Hilbert K vers 'espace de Hil-
bert K.

Remarquons que, sous ’hypothese 1.2.1, on a existence et unicité des
solutions de que I'on dénotera u(t, W, (xq, yo)). De plus, les solutions vérifient
la propriété de Markov forte. On note (7P;), le semi-groupe de Markov associé

sur H.
Le but de ce chapitre est d’établir le résultat suivant.

Théoréme 1.2.2 Sous 'hypothése 1.2.1, il existe No(sup|o|,|f|) tel que
N > Ny implique l'existence et unicité de la mesure invariante p. De plus, il
existe C et v > 0 tels que, pour toute mesure de probabilité X de R? , on ait

1PN = il < Ce (1 s by A(du>) |
12(D)

0U ||| yur_w €St associée a Uespace produit L*(D) = PyH x QnH.

Pour décrire I'idée de la preuve, nous allons concentrer notre attention sur le
modele bidimensionnel (0.3.3) précédemment introduit. La preuve rigoureuse
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pour CGL étant repoussé a 'annexe A. La traduction de I’hypothese 1.2.1
donne I'opérateur de covariance diagonal et ne dépendant que des bas modes

- (0 )

ce qui donne

dX +  Xdt + f(X,)Y)dt = o(X)d3, X(0)= o, (1.2.2)

dY + NYdt + g¢(X,Y)dt = on(X)dn, Y(0)=uyp,

ou f, g, oy et o, sont supposés Lipschitz bornés.
On a supposé de plus que le bruit recouvrait les bas modes, ce qui signifie
ici que o0y est uniformément minoré

oo = inf o(z) > 0.

Remarquons que, sous ces hypotheses, on a existence et unicité des solutions
de que l'on dénotera u(t, W, (zg,y0)) = (X, Y). De plus, les solutions vérifient
la propriété de Markov forte. On note (7P;), le semi-groupe de Markov associé
sur R2.

Pour ce modele, le Théoreme 1.2.2 devient

Théoreme 1.2.3 Sous les hypothéses précédentes, il existe C' et v > 0 tels
que, pour toute mesure de probabilité \ de R? , on ait

IPEX = fll gy < Ce (1 + A(du>) L (23

R2
ou i est une mesure invariante et ot ||-||,,,_y €st associée a l’espace produit

RZ.

Cela signifie que, pour tout 1 mesurable bornée par 1 et 1-Lipschitz par
rapport a sa seconde variable, on a

By (u(t, Wywo)) = | o(u) pldu)| < Ce (1+]ug]2), (1.2.4)

pour tout ug € R2.
Pour une meilleure compréhension, nous allons d’abord traiter diverses
versions simplifiées de (1.2.2) que raffinerons progressivement.
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1.3 La notion de couplage

Pour résoudre ces problemes, on est donc amené a introduire la notion
de couplage. Un couple de variables aléatoires (77, Z,) définies sur le méme
espace est un couplage des lois (p1, 112) si ces dernieres sont les lois marginales
du couple.

Il s’agit d’une notion a la fois tres simple et tres utile. Considérons
I’exemple suivant. On pose

1
M:§(51+6—1)7

et on construit (Z;, Z2) un couple de variable aléatoire de loi g ® p. On pose
ensuite

(Zi7 Zé) = (Zl, Zl) et (Zlv, ZQ”) = (Zl, —Zl)

On a donc fabriqué trois couplages (Z1, Zs), (21, Z%) et (Z1”,Z5”) de (u, ).
Pourtant, méme si les lois marginales sont fixées, les lois jointes sont tres
différentes. En particulier, on a

P(Z, = Z,) =

N[

P(Z, =2}) = (1.3.1)

—_

P(Z" = Zy") = O.

Pour un couple de lois fixé, on s’intéressera plus particulierement au cou-
plage maximisant la probabilité d’étre couplé (i.e. que les deux variables
soient égalent). Dans I'exemple précédent, il s’agit du couplage (77, Z}). Le
Lemme suivant assure qu’un tel couplage existe et donne une propriété le
caractérisant.

Lemme 1.3.1 Soit (11, p2) un couple de mesures de probabilité sur un espace
polonais E. Alors

H:ul - IUQHUar = mlnP<Zl 7£ ZZ)

Le minimum est pris sur tout les couplages (Z1, Zs) de (u1, pia). Un tel cou-
plage existe et est dit mazximal.

On remarque que I'on peut raffiner ce Lemme sous la forme suivante contenue
dans [45] (quoique non explicitement cité).
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Lemme 1.3.2 Soit fo : E — F une application mesurable entre deux espaces
polonais et (A1, \y) deux mesures de probabilités sur E. On pose

Alors il existe un couplage (V1,V3) de (A1, Na) tel que (fo(V1), fo(Va)) est un
couplage maximal de (puy, j12).

Pour une preuve des deux résultats précédents, voir I’Annexe A.

Considérons maintenant le cas particulier d’'un mouvement brownien d-
dimensionnel W défini sur un espace de probabilité (2, F,P). Soit h une
fonction mesurable de ¢ et de W & valeur dans R¢ qui soit non anticipative
et telle que

/ \h(t, W)|*dt < M, (1.3.2)
0

pour un M € R*.
La condition de Novikov est donc vérifiée pour le drift A. On peut donc
appliquer la transformation de Girsanov suivante

dP = exp (/OOO h(t, W) dW (t) — %/OOO Ih(t, W)]th> dP.

On sait que, sous P, le processus drifté W + fo h(t,W)dt est un mouvement
brownien. On peut donc se servir de cette transformation pour estimer la dis-
tance en variation totale des lois g = D(W) et py = D (W + [, h(t, W)dt)
sous P. En clair, on a

iz = pirllr = ||~ P

var

On déduit de (1.1.1) que

H,MQ - /1“1”1)&7" =

oI BEW) AW ()= [ n(eW) Pt 1‘, (1.3.3)

Traitons d’abord le cas M petit. Une inégalité de Holder donne
1 2
|12 — pua| (‘efo (& W) dW (D)~ L [ (e, W) [2dt 1‘ )
var — 2
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On déduit du fait que efo HEW) WO =3 [lh(EW)Pdt o5t yne martingale

1 o] 2
Hm—ulumsﬁ (2 e aw-fmawriar) g

Ce qui donne, d’apres (1.3.2),

N2 — 1]l yor < ;\/]E< 2 [ h(t,W) dW (£)— 5 [5° |h(t, W) dt> 1
Comme ¢2Jo HEW) AW ()= [glhEW)Pdt ot yne martingale, alors

1
2 = pall ey < 5V EM = 1.

=2
Donc, pour M < 21In2, on a

||/JJ2 - /JJ1||var S VM. (134)

Plus généralement, on peut prouver (Voir annexe A) l'existence d’une fonc-
tion décroissante pq strictement positive telle que pour tout M

ez = bl < 1= po(M). (1.3.5)

Posons
A =D (vu W [ b W)dt) A= DWW, fo(Wh, W) = W,
0

et appliquons le Lemme 1.3.2. On obtient

‘/1 - <W17W1 +/ h(ta Wl)dt) ) ‘/2 - (W27W2)7
0

tel que (Wy, W3) est un couple de mouvements browniens et tel que (W +
fo (t, Wy)dt, Ws) soit un couplage maximal de (p1, f12).
Appliquons maintenant le Lemme 1.3.1 et (1.3.4), (1.3.5), on obtient

P (Wy= Wi+ [ h(t, Wh)dt) > py (M), (1.3.6)

P (Wo # Wi+ [h(t, Wh)dt) < VM siM<2In2.
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1.4 Convergence des bas modes
Nous allons d’abord nous intéresser a I’équation des bas modes de (1.2.2).
dX + Xdt+ f(X)dt = dp, X(0) = o, (1.4.1)

ou f est supposé Lipschitz bornée.

Nous allons appliquer une méthode de couplage pour prouver le caractere
exponentiellement mélangeant en variation totale de (1.4.1).

Tout les modeles successifs que nous considérons ont des solutions uniques
et vérifiant la propriété de Markov forte. On dénotera a chaque fois par (P;),
le semi-groupe de Markov associé.

On note X (-, 3, zo) 'unique solution de (1.4.1) et on introduit un proces-

sus auxiliaire X qui interpole linéairement z3 et X (1,5, z}) :
X (t, 8,2, 45) = X (¢, B, 25) + (1 — 1)+ (a5 — xp).
Il suit que X est solution de
dX + Xdt + f(X)dt = dB + hdt, X(0) = 22,

ol

B, 8) = T (t) (teh — 28) + F(X(1) = F(X( 5,33)))
On en déduit que

X(-, B,z 22) =X (-,ﬁ + / h(t,ﬁ)dt,xg) .
0

On remarque que N
X(1, 8,75, 78) = X(1, 8, 13).

En combinant ces deux égalités, on obtient que

x(1g.ad) = X (1o [ o) (142)
0
On remarque ensuite que

|h(t, B)] < Lo (t) |25 — x5 (1 + Lip/f),
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ce qui donne
/0 n(t, B)” dt < |22 — b|”.

Ainsi, en appliquant (1.3.6), on est a méme de fabriquer un couple de mou-
vement brownien ([, 3;) vérifiant

P (52 = [ +/ h(t,ﬁl)dt> = Do (C Ixé - 95(1)‘2> :
0
On déduit donc de (1.4.2) que
P (X(l,ﬁl,x(l)) = X(l,ﬁg,wg)) > Do (c ‘x% - zéf) . (1.4.3)

En appliquant les Lemmes 1.3.1 et 1.3.2, on fabrique (Vi (-, 2, 22), Va(+, 2}, 22))

Couplage de (D (X(a 67 I(l))) , D (X(a ﬁa x%))) sur (07 1) tel que (VYI(L I(l)a x(Q))v ‘/2(17 x(l)v l‘%))
soit un couplage maximal. On déduit de (1.4.3) et du caractére maximal du

couplage que

P (Vi(1, 24, 23) = Va(1, x4, 25)) > po (c ’x% — xéf) : (1.4.4)

De plus, en raffinant (Voir 'appendice de I’Annexe A), on peut montrer que
'on peut fabriquer (V;, V5) dépendant mesurablement de (xf, z3).
Qui plus est, il est facile d’imposer a (V4, V3) la condition suivante

Vi(+, xo, o) = Va(+, xo, o) pour tout zo € R. (1.4.5)

On fabrique maintenant un couplage (X, X») de (D (X (-, 8,2})) , D (X (-, 3, 23)))
par induction sur (0,7). On pose d’abord

X;(0)=xf, i =1,2.

Puis, une fois qu’on a fabriquer (X, X5) sur (0,n), on prend une version de
(V4, Va) indépendante de (X7, X5) et on pose

XI(TL + ) = V;;(-,X1<TL)7X2<TL)), 1= ]_, 2.

On déduit de cette construction trois propriétés majeures. La premiere dé-
coule de (1.4.4) et signifie que la probabilité que X; et X, se couplent au
temps 1 est minorée uniformément sur toute boule. La seconde découle de
(1.4.5) et signifie que si (X7, X3)) sont couplés (i.e. égaux) au temps n, alors
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ils le restent pour tout les temps a venir. La troisieme propriété est le carac-
tere fortement Markov du processus discret (Xi(n), Xo(n)),. De plus, il est
facile de voir qu'il existe 0 > 0 tel que le temps de retour de (X7, X5) dans
la boule de rayon ¢ admet un moment exponentiel. On peut donc itérer nos
propriétés. En clair, on attend d’entrer dans la boule de rayon 9, puis on es-
saie de coupler (X7, X3). Si ¢a marche, alors ils restent couplés éternellement.
Sinon, on attend de rentrer de nouveau dans la boule et on recommence. Au
final, on tente un nombre fini de fois sa chance, ce qui assure que

P (X:(s) # Xa(s) pour un s >t) < Ce (1 + ‘xéf + |x(1){2) (1.4.6)

Pour une preuve rigoureuse de ce genre d’itération, voir la section 4 de I’An-
nexe E.
Appliquons le Lemme 1.3.1, on obtient

|Pra;—Pray

< Ce ™(1+ |a:(1)|2 + ‘x%f) (1.4.7)

va

En intégrant (z},x3) par A ® p olt y est une mesure invariante, on obtient

IPEX = ol o < Ce™® (1 + |23]). (1.4.8)

var

1.5 Convergence d’un modele décorélé

Nous allons maintenant considérer une version décorélée du modele (1.2.2).
En clair, on a retiré toute dépendance par rapport a Y dans I'équation des
bas modes.

dX + Xdt +  f(X)dt = o(X)dB, X(0)= o, (1.5.1)

dY + NYdt + ¢(X,Y)dt = on(X)dn, Y(0)=yo,

ou f, g, oy et oy, sont Lipschitz bornées et ou W = (3,7) est un mouvement
brownien dans R?. On dénote par X (-, 3, zo) 'unique solution de la premiere
équation de ce systeme.

On rappelle 'hypothese de non-dégénérescence du bruit sur les bas modes

oo = inf oy(z) > 0.
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I1 est possible, modulo certains aménagements, de fabriquer (X, X3) comme
précédemment tel que (1.4.6) soit vérifié méme lorsque o; # 1. Ce n’est pas
le point qui nous intéresse ici. Pour le voir, il suffit de combiner des idées de
I’annexe A et la preuve de la partie précédente.

Traitons maintenant la variable Y. Soit 1 un mouvement brownien in-
dépendant de (X7, X3). On dénotera par ¢(X,n,1o) "'unique solution de la
deuxieme équation du systeme (1.5.1). Il est facile de voir que le systeme
(1.5.1) vérifie une inégalité de type Foias-Prodi. Soient X un processus adapté
et (yo,v8) € R?. Posons r = ¢(X,n,y2) — #(X,n,y5), on obtient

d .
P 2N [r* = =2r (F(X, 6(X,n,55)) — f(X, (X, 0, 95))) < 2Lipf [r[*.
En intégrant, on obtient donc I'inégalité de type Foias-Prodi

|6(X, . 92)(1) — (X, 0, 50) (D] < |y — | e 210, (1.5.2)

On pose

Y;Qb(Xiamyé)v 1=1,2.
Ainsi, si N > 2Lipf et si X et X, sont couplés, alors la distance entre Y] et
Y5 décroit exponentiellement vite.

En combinant (1.4.6) et (1.5.2), on déduit l'existence et l'unicité de la
mesure invariante p et la convergence a vitesse exponentielle des solutions
pour le modele (1.5.1). Plus précisément, si on considere 1) mesurable bornée
par 1 et 1-Lipschitz par rapport a sa seconde variable, on obtient

B (u(t, Woo)) — [ () ()| < O™ (14 )

pour tout uy € R?. Ce qui assure (1.2.4).

1.6 Convergence du modele

Nous allons maintenant établir (1.2.4) pour notre modele (1.2.2). Rappe-
lons qu’il se met sous la forme

dX + Xdt + fX,)YV)dt = o(X)d3, X(0)= o,

dY + NYdt + g(X,Y)dt = ou(X)dn, Y(0)=uyo,
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et que l'on a fait I’hypothese
oo = inf oy(z) > 0.

Ce cadre est représentatif des papiers qui nous ont précédés ([29], [39], [40],
[41], [45] et [56]), la méthode employée y est la méme.

L’introduction de la dépendance en Y de f n’as pas incidence majeure sur
trois des quatre propriétés que nous avons établies pour le modele précédent
et qui assuraient la convergence.

Premierement, le temps de retour des solutions dans une boule de rayon
suffisamment élevée admet toujours un moment exponentiel. Deuxiémement,
il est possible de fabriquer un couplage (u1,us) des lois des solutions dont on
peut minorer la probabilité pour (X, Xs) d’étre couplé au temps 1. Troisie-
mement, I'inégalité de type Foias-Prodi (1.5.2) reste vraie si on dénote par
d(X,n,yo) 'unique solution de la deuxieéme équation du systeme (1.2.2).

Malheureusement, la dépendance en Y de f rend a prior: fausse 'affirma-
tion selon laquelle on peut imposer a (X7, X5) de rester couplé indéfiniment
si xg = x5 et yg # Yg-

L’idée pour contourner cette difficulté est que pour que notre preuve
marche, il suffit de fabriquer un couplage des lois des solutions vérifiant une
propriété plus faible quand z} = 2. D’une part, on veut pouvoir minorer
(uniformément sur tout borné) la probabilité pour (X, Xs) de rester cou-
plé indéfiniment. D’autre part, lorsque (X, X3) découplent, on veut que le
temps de découplage admette un moment exponentiel. Il est naturel de s’at-
tendre a ce que, comme dans le cas précédent, cette propriété associée aux
trois premieres assure la convergence a vitesse exponentielle des solutions.
La preuve est néanmoins plus complexe. En bref, on attend d’entrer dans
la grande boule et on tente de coupler une unité de temps plus tard. Si ¢a
marche, on tente de le maintenir coupler éternellement. Sinon on attend de
retourner dans la grande boule pour retenter notre chance. Si ¢a marche, on
a gagné. Si ¢a échoue, on sait que le temps de découplage admet un moment
exponentiel. On peut donc recommencer depuis le début. Il est facile de voir
qu’au bout d’un nombre fini de tentative, ¢ca marche et que le moment a
partir duquel les bas modes des solutions sont couplées éternellement admet
un moment exponentiel, ce qui permet de conclure comme précédemment en
utilisant le fait que si les bas modes sont égaux, alors la distance entre les
hauts modes tend vers zéro exponentiellement vite.

Il reste donc a prouver cette derniere propriété. Notons z( la valeur de
xy = x3. Comme f est borné, on peut, via une transformation de Girsanov,
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fabriquer un couple (W;, W5) de mouvements browniens dont les solutions
associées (u1,us) aient méme bas modes X; = X, et méme bruit des haut
modes 7; = 1y sur intervalle borné quelconque avec une probabilité minorée.
Le probleme, c’est de prouver que cette probabilité ne tend pas vers 0 quand
I'intervalle devient R*. Moralement, 'idée est la suivante. Supposons qu’on
ait (Xq,m1) = (X2,7m2) pendant un long laps de temps. Alors Y] et Y, se
rapprochent exponentiellement vite. Donc les fonctions f(-,Y1) et f(-,Y3)
deviennent de plus en plus similaires. Ainsi les lois de (X7, X3) se rapprochent,
ce qui accroit les chances pour (X, X3) de rester couplé apres ce long laps
de temps. En conséquence Y] et Y, peuvent continuer a se rapprocher... et
ainsi de suite. La vitesse de convergence de la distance entre (Y7,Y5) est
exponentielle et donc en particulier sommable, ce qui assure que la quantité
de (X1, X3) couplé ne tende pas vers 0 a l'infini.

Pour justifier rigoureusement ce qui vient d’étre dit, on note ¢(X,n,yo)
I'unique solution de la deuxieme équation de (1.2.2). On note u; = (X1,Y7)
la solution du systeme (1.2.2) avec yo = y4. On remarque que X; est 'unique
solution de I’équation suivante

dX, + Xqdt + f(X1,0(X1,n,y8))dt = 0y(X1)dB, X(0)==xzo. (1.6.1)
Ainsi, si 'on pose

h(t) = Ul(X1(t))71 (f(Xh(?(Xlﬂ%yg) - f(X1,¢(X17777yé>) ) (1.6.2)

on obtient que ce méme X; vérifie
Xm + det + f(X17 ¢<X17777y(2]))dt = JI(X1> (dﬁ + hdt) ) X<O) = Zo-

Ainsi donc la solution de (1.6.1) avec yo = yi est solution de (1.6.1) avec
Yo = yi et dB = dB + h(t)dt. Une transformation de Girsanov du mouve-
ment brownien 3 associée au drift A ferait donc muter la loi d’une solution
associée a yp = y§ en celle d’une solution associée a yo = y2. Pour utiliser ce
résultat dans le but de fabriquer un couplage des lois des X qui reste couplé
indéfiniment avec une probabilité minorée, il reste a controler le drift h.

Pour ce faire, on intégre en temps I'inégalité de type Foias-Prodi (1.5.2).
Ce qui donne que pour N > 2Lipf, on a

= 1
/ W(Xﬂ%ycz))(é’) - ¢(X777:?/(1))(S)‘2 ds S N ‘yg — yéf e*Nt.
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On déduit du caractere Lipschitz de f et du fait que o9 = inf, o;(z) > 0 que

e 1 (Lipf\* 5 192
[ meras < 5 (F25) jg - e

En procédant par induction sur l'intervalle de temps (0,7n), on peut ainsi
appliquer (1.3.6) et obtenir une minoration de la probabilité de couplage de
(X1, X3) sur Rt et le moment exponentiel du temps de découplage quand
celui-ci est fini. Ce qui permet de conclure

Ainsi, les solutions de (1.2.2) convergent a vitesse exponentielle de la
méme maniere que pour le modele précédent : Pour tout ¢ mesurable bornée
par 1 et 1-Lipschitz par rapport a sa seconde variable, on a

B (u(t, Wouo)) — [ () ()| < O (14 [])

pour tout uy € R?. Ce qui assure (1.2.4).
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Ergodicité d’une équation de
Schrodinger non-linéaire
amortie

Introduction

Nous nous sommes ensuite demander si la méthode développée dans le
chapitre précédent pouvait se généraliser a des équations non fortement dissi-
patives. Nous avons considéré le cas de I’équation de Schrodinger non linéaire
(NLS) cubique focalisante unidimensionnelle (d =1, 0 = 1 et A = —1) avec
opérateur ¢ diagonal constant. Sous ces hypotheses, (0.1.1) se réécrit

du + o dt —iAu dt —i|u|*u dt = ¢pdWV,
u(t,z) = 0, for z € {0,1}, ¢t > 0, (2.0.1)
w(0,z) = wp(z), forazel0,1],

ou « > 0.

2.1 Résultat principal

Rappelons que
A=—A, D(A)= H)(D)n H*(D),
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et que (e, tn)n est la suite des vecteurs et valeurs propres associés a A tel que

(tn)n soit une suite croissante. De plus, Py (resp Qn) est le projecteur or-

thogonal de L?(D) sur l'espace engendré par {e;,...,en} (resp {eni1,...}).
On peut maintenant réécrire (0.1.2) sous la forme

du + o dt +iAu dt —i|u|*u dt = ¢pdWV,
(2.1.1)

u(0) = up,
ot W est un processus de Wiener cylindrique sur L?(D).
On fera ’hypothese suivante.

Hypothese 2.1.1 Lopérateur ¢ € Lo(L*(D); D(A2)) commute avec A. De
plus, il existe N € N tel que Py¢ Py est inversible.

Remarquons que, sous 'hypothese 2.1.1, on a existence et unicité des solu-
tions de que l'on dénotera u(t, W, (z¢,yo)). De plus, les solutions vérifient la
propriété de Markov forte. On note (P,), le semi-groupe de Markov associé
sur H.

Le but de ce chapitre est d’établir le résultat suivant.

Théoréme 2.1.2 Sous l'hypothése 2.1.1, il existe No(|¢|) tel que N > Ny
implique existence et ['unicité de la mesure invariante p. De plus, il existe
C ety > 0 tels que, pour toute mesure de probabilité X de R? , on ait

1PN~ il < O (14 [ Juliay )
12(D)

0t |||l yur v €St associée a Uespace produit L*(D) = PyH x QnH.

Nous reporterons la preuve rigoureuse du caractere mélangeant des so-
lutions de (2.0.1) a 'annexe B et nous traiterons ici 'exemple d’un modele
bidimensionnel.

2.2 Un modele bidimensionnel représentatif.

Rappelons (0.3.5). Si on considere NLS du point de vue L?, on est natu-
rellement amené a la modéliser par le systeme suivant

X + Xdt + f(X,)Y)dt = o(X,Y)dW, X(0)= o,
Y + Ydt + g(X,)Y)dt = on(X,Y)dW, Y(0) = y.
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Malheureusement, 'inégalité de type Foias-Prodi pose probleme. Il s’agit en
effet d’une propriété des équations fortement dissipatives et il semble illusoire
de vouloir la prolonger & NLS dans L? ou & ce modele.

L’idée est de montrer que les propriétés de dispersivité de NLS rendent
le terme d’amortissement awu dissipatif. Pour ce faire, on observe NLS du
point de vue H' dans I'esprit de [28]. Plus précisément, dans 'annexe B, on
introduit une fonctionnelle J(uq, ug, us —uy) qui contrdle la norme de 'espace
de Sobolev H' de la différence.

J(Ul,UQ,UQ —Ul) Z |UQ —U1|§_11 . (221)
La formule d’Ito de J donne
dJ + aJdt S dM + C(Ul, UQ) |U2 - u1|§{_171 |UQ - U1|Vloo dt,

ol M est une martingale.
L’inégalité de Agmon donne donc

dJ + aJdt < dM + C(uy, us) |us — uﬂi{ﬂ lug — U1|22 :

Si 'on suppose maintenant que us et u; ont méme bas modes (i.e. mémes
coefficients de Fourier d’ordre inférieur a N), alors on a

c
|uz — |2 < N [z — |
ce qui donne, d’apres (2.2.1),
1
dJ + aJdt < dM + mC’(ul,UQ)J. (2.2.2)

Nous sommes donc amené a raffiner notre modele bidimensionnel (0.3.5) sous
la forme

dX + Xdt + fn(X,Y)dt = o&(X,Y)dW, X(0)= o,
dY + Ydt + gy(X,Y)dt = ol(X,Y)dW, Y(0) =y,

ot1 I'on impose aux constantes de Lipschitz de fy, g, oy et 0% par rapport
a la seconde variable Y d’étre majorées par %

37



tel-00011214, version 1 - 15 Dec 2005

Chapitre 2.  Ergodicité d’une équation de Schridinger non-linéaire amortie

2.3 Convergence du modele bidimensionnel.

Rappelons maintenant que nous avons supposé l'opérateur ¢ diagonal
constant. Dans notre cas, cela donne

dX + Xdt + fyv(X,Y)dt = dp, X(0) = o, 2.31)

dY + Ydt + gy(X,Y)dt = on(X,Y)dn, Y(0) =1y,

ou le terme oy (X,Y)dn modélise les termes résiduels du a l'introduction
de notre fonctionnel J. La constante de Lipschitz de oy par rapport a Y
est, elle aussi, supposée bornée par % On s’apercoit que 'inégalité de type
Foias-Prodi (1.5.2) ne peut étre obtenu et qu’il va falloir I'affaiblir de deux
manieres.

On dénote par ¢(X,n,yo) la solution de la deuxieme équation du sys-
teme (2.3.1). Soient X un processus adapté et (y},y2) € R% Posons r =
O(X.n,42) — (X, n,y}), la formule d'Ito de |r|*> donne

dlr]> +2|r]?dt = dM + (I, + I)dt,

M = [ (on(X,0(X,n,55)) — on (X, &(X,1,95))) dn,

-[1 — _2r(fN(X7¢(X7n7y(2)))_fN(X7¢<X7777yé)))7
IQ - |UN<X7¢(X;77>QS)) _O-N<X7¢(X7nayé))|2
Le caractere Lipschitz de oy et fy donne

L
dlr|” +2 (1 — N) Ir|*dt < dM. (2.3.2)

Considérons d’abord le cas déterministe (o = 0). Intégrons (2.3.2). Cela
donne

d L
S+ 2 < 2 el
On obtient donc I'inégalité de type Foias-Prodi "faible”

06X, 0, 2)(0) — (X ) O < |2 - i[Pe 0% (233)
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On obtient assez facilement que cette inégalité de type Foias-Prodi "faible”
assure que, pour N assez grand, la distance entre deux solutions ¢(X,n,y)
et ¢(X,n,y2) de la deuxieme équation du systeme (2.3.1) associées au méme
X tend vers 0 exponentiellement vite.

Considérons maintenant le cas général. Nous avons introduit le terme
on(X,Y)dn car des termes stochastiques de ce type apparaissent naturelle-
ment du fait des fonctionnelles que nous utilisons pour travailler dans H*. Ce
terme modélise donc bien les ennuis que nous rencontrons, méme si nous ne
travaillons en réalité qu’avec des opérateurs constants. En particulier, 1'inté-
grale stochastique M apparait dans (2.3.2). Il devient alors difficile d’obtenir
une inégalité de type Foias-Prodi trajectorielle comme (2.3.3). En clair, la
distance entre deux solutions ¢(X,n,4d) et ¢(X,n,y2) de la deuxieme équa-
tion du systeme (2.3.1) n’est plus a priori majorée par un terme du type
Ce ! quand N est assez grand. Et cela méme avec C' aléatoire. Il faut alors se
contenter d’'une inégalité de type Foias-Prodi en espérance. Intégrons (2.3.2).
Pour tout processus X on a

E |¢(X,n,58)(t) — 6(X,n,u0) ()] < |0 — w| e 2. (2.3.4)

Il faut alors montrer que la preuve de la convergence des solutions peut étre
adapté si on remplace 'inégalité de type Foias-Prodi trajectorielle (1.5.2) par
'inégalité de type Foias en espérance (2.3.4). Rappelons que cet ingrédient
essentiel intervient en effet deux fois dans la preuve.

D’une part on s’en sert pour prouver que si un couplage (ug,us) des lois
des solutions a les méme bas modes X; = X, et est associé au méme bruit
dans les haut modes 7, = 1, alors la distance entre les haut modes (Y7, Ys)
des solutions tend vers 0 exponentiellement vite, pourvu que N soit assez
grand. Ce résultat est toujours vrai. On doit juste remplacé la convergence
presque sure par la convergence en probabilité.

D’autre part, on s’en sert pour controler la norme L? en temps du drift
h(t) défini en (1.6.2) (avec oy(X) = 1). En intégrant (2.3.4), on obtient pour

N assez grand
= 2 L\ 2 112 —t
E |h(s)|"ds | < N w6 — yo| e
t

Rappelons que ce drift h sert a transformer la loi de X (-, W, (zo, y3)) en celle
de X (-, W, (x9,2)). Le controle obtenu sur sa norme L? ne nous permet pas
d’appliquer directement (1.3.6). Néanmoins, via une troncature, on peut faire
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le méme raisonnement et ainsi de fabriquer un couplage (X7, X5) de lois des
solutions dont on minore la probabilité d’étre couplé éternellement.

La preuve du cas fortement dissipatif est donc adaptable a ce modele
et a NLS. D’une certaine maniere, on peut dire que 'on n’a jamais quitté
le cadre dissipatif. Certes, du point de vue L?, le faible amortissement de
NLS ne crée aucune dissipation et on ne peut donc rien faire (Comme dans
notre premier modele (0.3.5)). Néanmoins, du point de vue H', ce faible
amortissement combiné avec les propriétés de dispersivités de NLS permet
de faire apparaitre une dissipativité dans la non-linéarité. C’est la le sens
profond de la condition sur la constante de Lipschitz par rapport a Y de
fn, gy et oy dans notre second modele (2.3.1). En conclusion, pour NLS, la
dissipativité est une question de point de vue et plus précisément d’espace
de travail.

Néanmoins, dans 'annexe B, nous n’obtiendrons pas la convergence ex-
ponentielle pour NLS. En effet, pour appliquer cette méthode a NLS, nous
avons du utiliser des troncatures énergétiques qui ont limité la vitesse de
convergence. Nous avons établi que cette vitesse est plus rapide que n’importe
quelle puissance négative du temps, mais nous ignorons si elle est exponen-
tielle. Une autre difficulté a été I'introduction des bonnes fonctionnelles qui
nous ont amenées a traiter la subtilité cruciale ci dessous. De plus, remplacer
I'inégalité de type Foias-Prodi trajectorielle par celle en espérance s’est avéré
plus complexe que pour notre modele.

2.4 Une subtilité cruciale.

Nous allons maintenant mettre ’accent sur une subtilité qui a une impor-
tance cruciale, mais qui n’apparait pas de maniere évidente dans nos modeles.
Dans les modeles que nous avons étudiés, (2.3.4) est vrai indépendamment
du processus X considéré. Dans le cas de NLS, la situation est tout a fait diffé-
rente. Ne pouvant controler directement le terme E (X, 7, y2)(t) — &(X, 1, y3)(t) %,
nous avons contourné la difficulté en introduisant une fonctionnelle J(u;, ug, us—
uy1) qui majore |ug — u1]2. De fait, il ne semble pas possible d’obtenir (2.3.4)
pour tout processus X.

On est alors tenté de vouloir controler I'espérance de cette fonctionnelle
évaluée pour un couple de solutions (uy, us) lorsqu’elles ont méme bas modes
X et méme bruit dans les haut modes 1. On obtiendrait ainsi une inégalité
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de type Foias-Prodi en espérance

2 _ _L
E (|Y2(t) = Yi()* 1x )= (o)) < € 2078 |3 — 15

Et 'on serait tenter de conclure en refaisant la preuve précédente.

Ce n’est malheureusement pas possible car I'inégalité précédente n’est pas
celle dont nous avons besoin. L’inégalité (2.3.4) nous permet de controler le
drift h défini en (1.6.2) de la transformation de Girsanov qui transforme la
loi de la premiere variable X d’une solution en celle d'une autre solution.

On considere donc une solution u = (X, Y') associé au processus de Wiener
W = (8,n) et a la condition initiale (xg,}). Dans notre preuve, nous avons
exactement besoin de démontrer que (2.3.4) est vrai pour ce processus X. Il
permettra a la fois d’obtenir la majoration du drift, mais aussi de controler
la distance entre deux solutions lorsque leurs bas modes sont couplés. Pour
NLS on établit que

‘ 2

BJ(u, i — u)(t) <[4 — yb|" e 0%,
ou on a définit le processus auxiliaire par

U= (X(7 W7 (:'UOJ y(1)>>7 ¢(X(7 VVJ (LL’(), Y(l)))7 m, yg))

Il important de noter que u n’a pas la loi d'une solution. On peut considérer
u de deux manieres. La premiere, donnée par la définition ci dessus, est celle
d’un processus hybride composé avec les bas modes d’une premiere solution
associé au conditions initiales (o, y$) et les hauts modes reconstruits comme
solution de la deuxieme équation de (2.3.1) avec condition initiale (zg,y7)
mais associé & X = X (-, W, (zg,yg)- En clair, on considere le systéme suivant

dX + Xdt + fy(X,Y)dt = dg, X(0) = o,
dY + Ydt + gy(X,Y)dt = on(X,Y)dn, Y(0)=y},

dY + Ydt + gy(X,Y)dt = on(X,Y)dn, Y(0)=y32
et on note ()? Y, 57) son unique solution. On a alors
u=(X,Y).

Cette premiere approche a l'intérét de donner 'inégalité de type Foias-Prodi
dans le cas de NLS.
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La seconde approche est de voir u comme une solution du modele associé
a la condition initiale (zg,y2) et & un processus de Wiener "drifté” W =
(B + [, h(t)dt,n) dont on contréle la norme L* du drift h :

dX + Xdt + fy(X,Y)dt = d3+hdt,  X(0) =z,

Y + Ydt + gy(X,Y)dt = on(X,Y)dy, Y(0)=y2

Cette seconde facon de voir a pour intérét d’autoriser la Transformation de
Girsanov et ainsi de permettre le couplage des bas modes.

La découverte de cette subtilité a eu des effets désastreux sur la preuve
de la convergence des solutions de NLS. En effet, suite a des problemes de
troncatures énergétiques, cette subtilité nous a empéché de traiter le cas d'un
opérateur de covariance diagonal dépendant des bas modes des solutions.
Nous avons donc du nous contenter de prouver le cas diagonal constant.

Cette subtilité a eu néanmoins un effet positif. Elle nous a permis d’ac-
quérir une meilleure compréhension de ce que nous faisions, ce qui a conduit
a la généralisation qui va suivre.
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Introduction

Se pose maintenant la question de généraliser cette méthode a des opé-
rateurs de covariance plus généraux. Jusqu’a présent, nous n’avons considéré
que des opérateurs diagonaux et ne dépendant que des bas modes des solu-
tions et ce pour des raisons purement techniques (on ne savait pas traiter
d’autre cas). Il n’y a en effet aucune raison physique de se restreindre a cette
classe d’opérateur. Comme nous ’avons déja écrit, I’hypothese naturelle est
le recouvrement des modes instables par le bruit.

3.1 Reésultats principaux

Considérons d’abord NS. Soient H et V' les fermetures de I’ensemble des
fonctions régulieres a support compact dans D et a divergence nulle par
les normes de L?(D;R?) et H}(D;R?) respectivement. Soit II le projecteur
orthogonal de L?(D;R?) sur H. Posons

A=T(-A), D(A)=VnH(D;R?* et B(u)=TI((u,V)u).

On peut réécrire (0.1.3) sous la forme

{ du + vAudt + B(u)dt = o¢(u)dW + fdt, (3.1.1)

u(0) = up,

ou W est un processus de Wiener cylindrique sur ’espace de Hilbert H.
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Notre hypothese de recouvrement des modes instables par le bruit s’écrit
donc

Hypothese 3.1.1 La fonction ¢ : H — Lo(H; H) est Lipschitz bornée et
f € H. De plus, il existe N € N et une fonction mesurable bornée g : H —
L(H; H) telle que, pour tout u € H

On pose
Bo = 1+ Sup |6(0)] 2,1y + /s L = (Lipe)*.
ue

L’un des buts de ce chapitre est de prouver que le semi-groupe (P;); associé
aux solutions de (3.1.1) vérifie le résultat suivant.

Théoréme 3.1.2 Supposons I’Hypothése 3.1.1 vérifiée. Alors il existe No(By, L)
tel que, st N > Ny, alors (Py)icr+ admet une unique mesure de probabilité
invariante p sur H et il existe C,y > 0, tels que pour A € P(H)

IPX = plle < Ce (1 +/ |u|2d)\(u)) : (3.1.2)
H

Considérons maintenant CGL. On reprend les notations du chapitre 1 et
on fait 'hypothese suivante.

Hypothese 3.1.3 La fonction ¢ : H — Lo(L*(D); L*(D)) est bornée et
localement Lipschitz et f € L*(D). Plus précisément

2 2 20 20
[6(u2) — d(un) ey r2pyirz(py < Lluz —wal™ (L + ™ + |ua| ™) -

De plus, il existe N € N et une fonction mesurable bornée g : H — L(L*(D); L*(D))
telle que, pour tout u € H

¢(u)g(u) = Py.

On pose

By=1 : :
0 + UESL%]?D) ||¢(u)||£2(L2(D);L2(D)) + |f|L2(D)

L’autre résultat important de ce chapitre est de prouver que le semi-groupe
(Py); associé aux solutions de (1.2.1) vérifie le résultat suivant.
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Théoréme 3.1.4 Supposons I’Hypothése 3.1.1 vérifiée. Alors il existe No(By, L)
tel que, si N > Ny, alors (P;)ier+ admet une unique mesure de probabilité
invariante p sur H et il existe C,y > 0, tels que pour A\ € P(H)

[PEXN =l < Ce™ (1 +/ |u|2d)\(u)> : (3.1.3)
H

Nous reporterons la preuve rigoureuse des Théoremes 3.1.2 et 3.1.4 a I’annexe
C et nous traiterons ici I'exemple d'un modele bidimensionnel.

Rappelons donc (0.3.3). On s’intéresse maintenant a un systeme modéli-
sant les EDPS fortement dissipatives (telles NS ou CGL) dotées d'un opéra-
teur de bruit général que I'on modélise ainsi

dX + Xdt + f(X,Y)dt = o(X,Y)dW, X(0)= o,
dY + NYdt + g(X,Y)dt = on(X,Y)dW, Y(0) =y,

ou lopérateur X(X,Y) = (0,(X,Y), on(X,Y)) est supposé recouvrir les
modes instables. En clair on suppose qu’il existe un opérateur borné 21—1 (X,Y)
vérifiant

Y(X,Y)- 57X, Y) -h=(h, 0). (3.1.4)

Il apparait alors tout a fait naturel que les solutions d’un tel modele convergent
pour N assez grand. Nous verrons qu’un tel modele est exponentiellement
mélangeant.

De plus, nous verrons que ce résultat s’étend assez facilement au systeme
(0.3.5) qui modélise NLS. Le principe de la preuve reste le méme pour NLS.
Néanmoins, cela requiert le développement et 1'usage d’outils plus complexes.
Ce résultat fera 'objet d’une publication ultérieure [54].

La méthode employée précédemment semble inadaptable. Et ce, a diffé-
rents niveaux. En fait, nous renoncerons a vouloir prouver la convergence au
sens de la norme |||,y qui impliquerait la convergence en variation to-
tale des bas modes. Nous nous contenterons de prouver la convergence pour
la norme de Wasserstein. Le but de ce chapitre est donc d’établir pour nos
deux modeles (0.3.3) et (0.3.5) 'existence de C' et v > 0 tels que, pour toute
mesure de probabilité A de R? , on ait

[PIN— pl|, < Ce (1 +/ Ju? A(du)) , (3.1.5)
RQ
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ou p est une mesure invariante. Cela signifie que, pour tout ¢ Lipschitz
bornée, on a

B (u(t, Wouo)) = | () p(du) < C 1] iy ey € (H\uéf), (3.1.6)

ot u(t, W, ug) est I'unique solution du modele et ot uy € R?.

Pour bien comprendre la nécessaire refondation de la méthode, essayons
de coupler les lois des bas modes (X7, X3) de deux solutions (uq, us). Lorsque
Y dépend de Y, on rencontre le probleme suivant. Les opérateurs X (uy) et
Y (ug) n’ont a priori pas la méme valeur si X7 = X5 et Y7 # Y. Il n’apparait
donc pas possible de transformer la loi de X; en celle de X5 en ajoutant un
drift au processus de Wiener. Plus généralement, il faut renoncer a l'idée de
coupler les lois de X, et de X5, ce qui rend caduc toute la méthode.

Pour comprendre qu’il n’y a pas d’espoir de coupler efficacement X; et
X, il suffit de remarquer que cela impliquerait de fait de coupler deux bruits
avec opérateurs distincts. Pour le comprendre, considérons le modele (0.3.3)
avec f =0, g =0 et X de la forme

S(X,Y) = ( "l()g’ Y) 8 ) . o(X,Y)=2A(1+]Y]).

Le systeme devient
dX + Xdt =2N(1+[Y|) dB, X(0)=x,
Y (t) = yoe M.

Fixons g = 0, y§ = 0 et y? = 2. Fabriquer un couplage (X;,X,) de
(D(X(>ﬁ> (‘T07yé)))v D(X(,ﬂ, (-Tan(%)))) sur (Oa 1) tel que

P(X; =X, sur (0,1)) >0, (3.1.7)
équivaut donc a fabriquer deux mouvements browniens (31, 32) tels que

P (ﬁl = /O (14 e ™) dpa(t) sur (0, 1)) > 0 (3.1.8)

Le probleme est que les lois sur (0,1) des deux processus Z; = (3; et Zy =
Jo (1 +e™N) dp,(t) sont a supports disjoints, ce qui rend (3.1.8) (et donc
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(3.1.7)) impossible. Pour comprendre pourquoi les lois de Z; et Z, sur (0,1)
sont & support disjoints, considérons V,,(Z) la variation quadratique discré-
tisée d’un processus Z

£ (3)-2(5)

Il est classique que, pour nos deux processus Z; et Z, V,,(Z) convergent
presque strement vers < Z > (1) la variation quadratique sur (0,1) (Voir
[33]). Or

1
<ZQ>(1):1+N(3—26—2N—e—4N)>1:<Zl>(1),

Ce qui assure le caractere mutuellement singulier des lois de Z; et Zs.

3.2 Un nouveau point de vue

Jusqu’a présent, les généralisations successives de la méthode se sont faites
par raffinements progressifs. Mais nous venons de voir qu'un nouveau raffi-
nement est a exclure. Si nous ne pouvons raffiner la méthode, il faut alors la
simplifier en lui donnant un meilleur cadre. En bref la refondre entierement.
Un tel exercice requiert de prendre un certain recul. Pour ce faire nous allons
décrire via un nouveau point de vue ce que nous avons déja fait et nous en
déduirons une nouvelle approche qui montrera que la précédente démarche
était inutilement compliquée et que c’est cette complication qui limitait les
résultats. Fort de cette nouvelle approche, nous verrons que le résultat gé-
néral est a la fois assez facile a démontrer et que sa preuve est tout a fait
naturelle.

Décrivons donc ce que nous avons fait pour traiter les deux modeles pré-
cédents des deux chapitres précédents.

La premiere chose que nous ayons prouvée est qu’il était possible de fa-
briquer un couplage (u1,uy) des lois des solutions tels que le temps ou X et
X5 se couplent pour la premiere fois admette un moment exponentiel. Ap-
pelons {((z1,y1), (T2,y2)) |21 = 2o, x| + 28] < Ry} "Vensemble de démar-
rage”. Nous avons donc fabriquer un couplage (ug, uy) dont le temps d’entrée
dans I’ensemble de démarrage admet un moment exponentiel.

Ensuite, nous avons démontré I'inégalité de type Foias-Prodi. Plus préci-
sément, rappelons la subtilité que nous avons mis en exergue plus tot. Soient
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u(-, W,up) la solution du systeme et ¢(X,n,10) la solution de la seconde
equation du systéme. Nous avons prouvé que si 'on pose X; = X (-, W, u}),
alors pour N assez grand la distance entre ¢(X1,n,33) et ¢(X1,n,4}) tend
exponentiellement vite vers 0 en espérance. Ce qui est équivalent a établir
que lorsque les conditions initiales sont dans I’ensemble de démarrage, on a

E |a(t, W, ug, ug) — u(t, W, ué)}Z <Ce™, (3.2.1)

ott u(-, Wyup,ud) = (X (-, W,uld), o(X (-, W,u}),n,y2)) est le processus auxi-
liaire décrit a la fin du chapitre précédent.

Le troisieme point était la mutation de la loi de X (-, W, (g, y3)) en celle
de X (-, W, (zo,y2)) par le biais d’une transformation de Girsanov. En clair,
il existe un drift A tel que drifter le processus de Wiener W par h équivaut a
changer la condition initiale (g, y3) en (zo,y$). Ecrivons ce fait en fonction
du processus auxiliaire. Cela donne que pour tout (u, u) dans 'ensemble de
démarrage

u(-, W,ug, ug) = u (-, w +/ h(t)dt,ug) . (3.2.2)
0

Pour que cette transformation de Girsanov soit exploitable, nous avons eu
besoin d’établir une majoration de la norme L? de h pour tout (u}, u?) dans
I’ensemble de démarrage

E (/oo |h(t)|2dt) <ce T (3.2.3)

T

Ces trois points suffisent pour conclure. En effet, supposons que nous par-
tions de I’ensemble de démarrage, (3.2.3) permet, en appliquant (1.3.6) via
une troncature, la fabrication d’une paire de processus de Wiener (W7, W5)
tels que la probabilité d’avoir Wh(t) = Wi(t) + fot h(s)ds jusqu’a la fin des
temps est minorée et tel que, lorsque ces processus découplent, le temps de
découplage admet un moment exponentiel. On applique ensuite (3.2.2) qui
donne que, partant de 'ensemble de démarrage, la probabilité que u(-, Wy, ud, u2)
et ug = u(-, Wo, u2) soient indéfiniment couplés est minorée et que le temps
de découplage admette un moment exponentiel.

On combine ce résultat avec le fait que 1’'on revienne exponentiellement
souvent dans I’ensemble de démarrage. En clair, on attend d’étre dans ’en-
semble de démarrage, puis on tente notre chance en essayant de maintenir le
processus auxiliaire u et la seconde solution uy couplée éternellement. Si ca
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marche, on a fini. Si ¢a échoue, on se rassure en se disant que le temps de dé-
couplage admet un moment exponentiel et on retente notre chance jusqu’a ce
qu’on arrive a coupler éternellement u et uy. Une subtilité importante : nous
n’essayons nullement de coupler uy = u(-, Wa, u2) et u(-, Wy, up, u2) sur (1, 00)
ou 7 est un temps aléatoire. Par u, nous entendons le processus auxiliaire dé-
marrant au temps 7 avec condition initiale (uq(7),u2(7)) et au processus de
Wiener W;.

On obtient ainsi qu’il existe un temps aléatoire 7 admettant un mo-
ment exponentiel tel qu'au temps 7, on soit dans ’ensemble de démarrage
et tel que wu, le processus auxiliaire associé a W; démarrant en 7 avec condi-
tions initiales (u1(7), u2(7)) reste indéfiniment couplé avec la seconde solution
uy = u(-, Wa,u2). On conclut la preuve en utilisant le fait que ledit proces-
sus auxiliaire se rapproche exponentiellement vite de la premiere solution
u(-, Wi, u}) (du fait de (3.2.1)), ce qui donne

P (Jua(t) —w(t)] < ) < Ce™ (14 ]+ [u3]*)

On en déduit (3.1.6) puis (3.1.5).

Nous avons donc prouvé un critere tres général pour qu'un processus de
Markov converge exponentiellement vite a I’équilibre au sens de la norme de
Wasserstein. En effet, il suffit de fabriquer un ensemble de démarrage et un
processus auxiliaire vérifiant les trois propriétés précédentes pour conclure.
Et on peut le faire sans avoir besoin de connaitre des notions tel que le
couplage, la transformation de Girsanov, ou avoir la moindre connaissance
de la preuve. En fait, seul une connaissance dudit processus de Markov est
nécessaire. Dans le cas de solutions d’EDPS, seul une connaissance de 'EDP
associée est requise.

Pour un énoncé et une preuve plus rigoureux dudit critere, voir I’Annexe

C.

3.3 Résolution du cadre général

Nos choix passés en matiere d’ensemble de démarrage et de processus
auxiliaire se sont révélés particulierement compliqués et difficilement géné-
ralisable du fait, et seulement du fait, de leur complexité. Nous allons donc
maintenant nous appliquer faire le plus simple possible.

Appliquons notre critere a (0.3.3) sous la condition (3.1.4).
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Quel est I'ensemble de démarrage réaliste le plus simple possible? On
serait tenté de penser a l'espace tout entier, mais cela pose évidemment
des problemes de majoration. Nous nous contenterons donc d’une boule. On
remarque immédiatement que si son rayon est suffisamment élevé, alors le
temps de retour dans cette boule admet un moment exponentiel.

Nous cherchons donc maintenant a construire un processus auxiliaire vé-
rifiant (3.2.1), (3.2.2) et (3.2.3) pour toutes conditions initiales bornées. En
clair, @ devra vérifier (0.3.3) avec condition initiale u2 et un processus de
Wiener drifté par une fonction h. De plus le choix de h devra se faire de
fagon & ce que u et la solution avec condition initiale u} se rapprochent ex-
ponentiellement vite. Finalement il faudra pouvoir controler /. Un candidat
vient tout naturellement & esprit. Il s’agit de u = (X,Y’) la solution du
systeme suivant

dX + Xdt + (N —1)(X — X(t, W, ud)) + f(X,Y)dt = o(X,Y)dW,
dY + NYdt + g(X,Y)dt = on(X,Y)dW,

u(0) = ud.
(3.3.1)
L’obtention de (3.2.2) pour

h(t) = =(N = D (@) - (X = X (8, W, up))

est immédiate.

De plus, il est assez facile d’obtenir (3.2.1) pour N assez grand. En ef-
fet, posons r = u(-, W,u}, u2) — u(-, W, u}). Soustrayant (0.3.3) a (3.3.1), on
obtient

dr + Nrdt + (6F) dt = (63) dW,

ou

SF = :

X = X(u) — X(u).
La formule d’'Ito de |r|> donne donc

d|r]> + 2N |r]>dt = 2 ((0%) dW,r) — 2 (6F,r) dt + |63 dt.
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On déduit du caractere Lipschitz des fonctions considérés qu’il existe L > 0
tel que
dr)> + 2(N — L) |[r* dt < 2 ((6) dW, 7).

En intégrant et en prenant I’espérance, on obtient (3.2.1).

De plus, en intégrant (3.2.1) en temps et en utilisant le caractére borné
de ;! on déduit (3.2.3).

Les conditions du critere sont donc vérifié par (0.3.3), ce qui acheve la
preuve de (3.1.5) et (3.1.6).

Comme nous I’avons écrit, ¢’est en simplifiant la méthode que nous I’avons
raffinée. D’une compréhension plus en profondeur des preuves précédentes
est née une nouvelle méthode plus simple, tres facilement généralisable et
beaucoup plus puissante.

Par exemple, qu’arrive-t-il lorsque l'on s’intéresse a une équation non
fortement dissipative telle que NLS ? Rappelons (2.2.3). Pour modéliser NLS,
nous avons considéré le systeme suivant

dX + Xdt + fn(X,Y)dt = oW(X,Y)dW, X(0)= m,
dY + Ydt + gy(X,Y)dt = ol (X,Y)dW, Y(0)=yo,

ol on a imposé que les coefficients de Lipschitz par rapport a la variable Y
des quatre fonctions fy, gy ,0% et ol soient majorées par % De plus on
conserve la condition d’inversibilité sur les bas modes (3.1.4).

On est naturellement amené a introduire le processus auxiliaire comme
solution du systeme

dX + Xdt + (N — 1)(X = X(t, W, ud)) + fn(X,V)dt = oh(X,Y)dw,
dY +Ydt + gn(X,Y)dt = ob(X,Y)adW,
u(0) = ud.
Comme précédemment, I'obtention de (3.2.2) pour
h(t) = —(N = )57 (@) - (X = X (8, W,up))

est immédiate.
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Posons r = (-, W, u,ud) — u(-, W,u}). Soustrayant (0.3.3) & (3.3.1), on
obtient
dr +rdt+ (N —1)(6X)dt + (0Fy) dt = (6Xn) dW,

ou
.

SFy = fn(a) — fn(u) ’

gn(u) — gn(u)
52]\[ = EN(ﬂ)—EN(U),

\

La formule d’Ito de |r|> donne donc
d|r4+2r] dt+2(N=1) |6 X > dt = 2 (0% x) dW, ) =2 (0F, ) dt+|6S x| dt.

Rappelons que les fonctions considérés sont globalement Lipschitz et que
leur constante de Lipschitz par rapport a Y est du type % Par exemple, cela
donne

L L
< = < .
6Sn| < LISX|+ < |8Y] < LI6X] + < r]

On obtient ainsi un Lg tel que

L
dlr)® +2 (1 — FO) Ir|?dt +2 (N —1— Lo) [0X ]2 dt < 2((6%) dW, 7).

Si on prend N > 2Ly + 1, on obtient (3.2.1) en intégrant et en prenant
I’espérance.

Comme précédemment, en intégrant (3.2.1) en temps et en utilisant le
caractere borné de X!, on déduit (3.2.3).

Les conditions du critere sont donc vérifié par (0.3.5), ce qui acheve la
preuve de (3.1.5) et (3.1.6).

Dans 'annexe C, nous allons d’abord appliquer notre critere a NS, car
du fait de sa sympathique non-linéarité, il est extremement facile d’appliquer
toutes les méthodes citées ci avant a NS (L’équation de Burger 1D a elle
aussi une non-linéarité tres sympathique). En fait pour NS, on construit
le processus auxiliaire exactement comme pour notre modele (0.3.3). Les
preuves de (3.2.1), (3.2.2) et (3.2.3) sont dans ce cas presque trivial. Le cas
de NS a donc 'avantage d’étre pédagogique.
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Dans 'annexe C, nous allons ensuite appliqués ce critere a CGL avec un
bruit localement Lipschitz. Cela fournit un exemple d’une équation dissipa-
tive dont le traitement est plus complexe du fait du caractére moins sympa-
thique de sa non-linéaritéé En effet, on ne peut pas construire le processus
auxiliaire comme pour notre modele (0.3.3). Il faut donc adopter un mode de
construction plus complexe. Les preuves de (3.2.1), (3.2.2) et (3.2.3) y sont
plus fines.

Le cas de NLS périodique 1D et 2D est plus problématique. C’est un
cadre dans lequel il est beaucoup plus difficile de travailler. Cela requiert des
fonctionnelles assez complexes et des controles énergétiques faisant intervenir
les espaces de Bourgain dans l'esprit de [28]. Malheureusement les bruits
blancs en temps s’accordent tres mal avec ce genre d’espaces. Il faut de plus
faire une hypothese de structure supplémentaire sur 'opérateur et le critere
doit étre 1égerement raffiné. En plus, comme pour NLS cubique focalisante 1D
avec bruit diagonal constant, seule la convergence a vitesse polynomiale peut
étre obtenue avec cette méthode. Ce probleme fera I’objet d’une publication
ultérieure [54].
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Chapitre 4

Régularité spatiale des
solutions stationnaires des
équations de Navier-Stokes
tridimensionnelles

Introduction

On s’intéresse ici aux équations de Navier—Stokes stochastiques en dimen-
sion 3 (NS3D) avec conditions périodiques et moyenne nulle.

(X + (= A)X dt + (X, V)X dt + Vpdt = ¢(X)dW + g(X)dt,

(div X) (t,§) = 0, for§ € D, >0, (4.0.1)

Jp X(t,d¢ = 0, for t > 0,

\ X(0,8) = z0(¢), for&e D,
ou D = (0,27)3.

Rappelons qu’une solution est dite forte ou faible (au sens des EDPs) si
elle vit dans H! ou dans L?, respectivement.

Dans le cas déterministe (¢ = 0), il est possible d’établir I'existence glo-
bale de solutions faibles de NS3D en invoquant des arguments de compa-
cité. Malheureusement le caractere unique de telles solutions est inconnu. En
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utilisant un argument de point fixe contractant, on peut néanmoins établir
I'existence et 'unicité locale de solutions forte pourvue que la condition ini-
tiale soit dans H'. Le probléme est que la finitude du temps d’explosion des
solutions dans H' reste un probleme ouvert. (Voir par exemple [7], [10], [25],
[34], [35], [43], [44], [57] et [62]).

Dans le cas stochastique, on ignore s’il est possible de fabriquer des solu-
tions faibles globales (au sens des EDPs) associées a un processus de Wiener
donné. Néanmoins, par des arguments de compacité, on peut prouver 1’exis-
tence globale de solutions faibles (au sens des EDPs) du probleme de mar-
tingale, 1'unicité trajectorielle ou en loi restant inconnue. Il est néanmoins
possible, étant donné un processus de Wiener et une condition initiale dans
H' donnés, d’établir I'existence et 1'unicité locale d'une solution forte, la fi-
nitude du temps d’explosion restant un probléme ouvert (Voir par exemple
3], [4], [6], [8], [9], [21], [23], [47], [60] et [61]).

On considérera (X, W) une solution stationnaire faible (au sens des EDPs)
du probleme martingale (4.0.1) et on dénotera par p la loi de X (t). La loi
i pourra étre dite invariante dés lors que 1'on pourra prouver que (4.0.1)
définit une évolution de Markov. Le but de ce chapitre est d’établir que
4 admet des moments dans des espaces de fonctions régulieres dés que la
force extérieur est suffisamment réguliere. Nous pensons qu’il s’agit la d’un
probleme tres intéressant. Premierement parce que si on peut prouver que
1 admet un moment d’ordre suffisamment élevé dans un espace de Sobolev
adéquate (ordre 4 dans H' ou 2 dans H? par exemple) alors on pourra en
déduire I'existence global des solutions fortes pour p presque toute condition
initiales.

De plus, ce résultat est un ingrédient important si on désire suivre la
méthode de [11] pour construire un semi-groupe de transition de Markov
dans HP(D) lorsque ¢ et f vérifient certaines hypotheses. Comme 'unicité
en loi reste un probléeme ouvert pour NS3D, un tel résultat est important.

On prouvera d’abord que si la force extérieur est dans H?~!(D) et que le
bruit est a trajectoire dans H?(D) alors 1 admet un moment dans l’espace
de Sobolev HP™'(D).

Un tel résultat est classique pour les équation de Navier-Stokes en dimen-
sion 2 (NS). En fait, c’est un Corollaire d’un résultat beaucoup plus puissant.
Soit o dans L2 L’unique solution de NS est continue de (0, 00) dans H?(D)
et de carré intégrable de (ty,¢;) dans HP™(D). Il suit que p admet des mo-
ments de tout ordre dans H?(D) et un moment d’ordre 2 dans H?™!(D). Ce
résultat est une conséquence de l'existence global des solutions fortes pour
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NS.

Cette technique ne peut bien entendu par étre appliqué a NS3D. Nous
généraliserons donc une idée utilisée dans [11] pour le cas p = 1. L’idée
est d’utiliser les propriétés de l'opérateur de Kolmogorov appliquée a une
fonctionnelle de Lyapunov adéquate. Ces fonctionnelles ont déja été utilisé
pour traiter le cas déterministe dans [58], chapitre 4.

Utilisant une méthode totalement différente, nous établirons que la me-
sure invariante p admet un moment dans une classe de fonctions Gevrey si sa
force extérieure est dans une telle classe. La régularité Gevrey a été étudiée
dans le cas déterministe dans [26] et [31]. Notre méthode est basée sur des
outils développés dans [26]. Dans [55], ces outils ont été utilisés pour éta-
blir que les mesures invariantes admettent un moment exponentiel pour une
norme Gevrey dans le cas bidimensionnel. Malheureusement les arguments de
[55] ne semblent pas se généraliser au cas tridimensionnel du fait du manque
d’existence global des solutions fortes. Le cas tridimensionnel requiert donc
quelques adaptations. Nous développerons donc une technique qui assure le
controle de la norme Gevrey en n’utilisant uniquement une majoration de la
norme H'(D) de X (t) & temps fixé.

De cette maniere, nous pourrons généralisés a NS3D les résultats de [55].
Cependant nous n’aurons pas des moments exponentiels. On en déduira que
I’échelle de dissipation de Kolmogorov est plus grande que v~ (9. Ce n’est
certainement pas un résultat optimal car on s’attend a ce qu’elle soit de
Pordre de v~ 1.

4.1 Notations

Pour m € N, H" (D) est l'espace des fonctions restrictions de fonctions

per
périodiques dans H;".(D;R3) et dont la moyenne sur D est nulle. On pose

loc

H={XecH).,(D)|divX=0sur D},

per

et
V=HnNH

per

(D).
Soit 7 le projecteur orthogonal de L?(D;R?) sur H. On pose
A=7(-A), D(A)=VNH? (D) and B(u) =7 ((u,V)u).

per

m

On note |-| la norme de L? et |||, = |A%:|. Il est connu que la norme de

HT (D) est équivalente a ||-[|,,. De plus, pour m = 1 on écrira ||-|| = [-||;.
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Pour deux espaces de Hilbert donnés K et Ko, L£o(K7; K3) sera 'espace
des opérateurs Hilbert-Schmidt de K; vers K, .

Le bruit est un processus de Wiener cylindrique W défini sur un espace
de Hilbert U et ¢ est une fonction de H a valeur dans Lo(U; H). La force
déterministe g est une fonction de H dans H. On précisera nos hypotheses
sur ¢ et g plus tard.

On réécrit (4.0.1) sous la forme

dX + vAXdt + B(X)dt = ¢(X)dW + g(X)dt, L

Dans ce chapitre, on considérera (X, W) solution stationnaire du probleme
martingale (4.1.1) a valeur dans H. L’existence de telles solutions a été établie
dans [21]. On dénote par i la loi de X (¢). En pratique, on ne considérera que
des solutions limites d’approximations de Galerkin. De plus, les calculs que
nous ferons seront formels. Pour obtenir nos résultats, il faut faire nos calculs
avec les approximations de Galerkin et passer a la limite.

Suivant les définitions de [26] des classes de Gevrey, on pose pour tout (o, 3) €
R x (0,1]

1

1 4 g 1 o 5 EPRe’ 3
('7')G(aﬁ) - <A2€ Ag';AZG Af') ) H'“G(aﬁ) = ‘A26 Az,

qmm:{XeH“m%@m<m}

Y

I1 est facile de voir que <G(a, B), (-, -)G(a’ﬁ)> est un espace de Hilbert.

On ne s’intéressera pas au comportement des solutions quand la viscosité
v est grande. Pour simplifier, nous supposerons donc que v < 1.

4.2 Régularité H? (D)

per

Fixons p € N et supposons

Hypotheése 4.2.1 La fonction ¢ (resp. g) est a valeur dans Lo (U; HNHP (D))

per

(resp. HNHE Y(D)). De plus ¢ : H — Lo (U; HNHP, (D)) et g : H —

per per

HNHEN(D) sont bornées.

per
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On pose, lorsque I'Hypothese 4.2.1 est vérifiée,
2 2
B, = sup (110112, amp o + ol

Le premier résultat de ce chapitre est le Théoreme suivant.

Théoreme 4.2.2 Soit p la loi invariante d’une solution stationnaire de NS3D.
Sous I'Hypothése 4.2.1 pour un p > 1, il existe c,, dépendant de p, v et B,
tel que pour v <1

/mmr (1) < ey

Avant d’établir ce résultat, faisons quelques commentaires.
Remarquons d’abord qu’il serait tres intéressant d’obtenir une majoration
sur [, ||I||p+1 du(z) avec pd, > 3. En effet, par I'inégalité de Agmon, on a

/uﬁm (/MHWMVWU

et cela donnerait une majoration du terme de droite. Comme 1'unicité est
facile & établir pour des solutions dans L?(0,7; L°(D;R3)), un argument
clasique peut étre appliqué pour prouver que, pour u presque toutes condi-
tions initiales, il existe une unique solution faible. Combinant ces résultats
avec [20], cela résoudrait partiellement la conjecture de Leray.

Considérons le cas ¢ =0, U = H et ¢ = A=5=3. Alors I’'Hypothese 4.2.1
est vérifiée pour tout p < s et I'unique mesure invariante de I’équation de
Navier-Stokes linéarisée dans H est dans H;;}(D) avec probabilité nulle si
7 > s. Il semble donc que ||-||,, soit la norme la plus forte que I'on puisse
controler sous I’'Hypothese 4.2.1.

Remarquons que dans le cas bidimensionnel, on a un résultat bien plus
puissant. En fait, par des arguments standards, on déduit de I'Hypothese
4.2.1 que pour toute mesure invariante p et tout ¢ € N*

L/Mﬁww<w,/mﬁﬂwm<m
H H

Dans la preuve, nous utilisons des idées développées dans [58]. Des tech-
niques similaires mais plus raffinées ont été utilisées dans [31] pour déduire
d’intéressantes propriétés sur la décroissance des coefficients de Fourier de
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solutions régulieres des équations de Navier-Stokes déterministes. L'usage de
tel techniques ne semble pas améliorer de fagon significative notre résultat.
Plus précisément, nous avons été capable de raffiner le Théoreme 4.2.2 comme
suit

/ Hpr—i—l d:u ) < Bp + 02;0(1 + BO)?

ou ¢ et ¢, sont des constantes positives et ou ¢, est proche de 1.02. Comme
I’amélioration n’est pas significative et les calculs beaucoup plus complexes,
nous avons préféré nous restreindre au résultat plus simple du Théoreme
4.2.2.

Preuve du Théoreme 4.2.2

La preuve est basée sur le fait que pour des fonctions f adéquates, on a

/H Lf(x)du(z) =0, (4.2.1)

ou L est 'opérateur de Kolmogorov associé a ’équation de Navier-Stokes
(4.1.1)

1

Lf(x) = 5tr (¢(2)¢"(2)D* f(x)) — (vAw + B(x) = g(x), Df ().

Comme nous 'avons déja dit, tout cela n’est pas completement rigoureux.
En fait, (4.2.1) est vrai seulement pour les approximations de Galerkin et
pour des fonctions régulieres. Pour une meilleur compréhension, nous nous
restreindrons ici au cas ¢ = 0. La généralisation est facile.

Etape 1 :p=0
On applique (4.2.1) & f = |-|*.

| o+ Ba),a) dute) = 5 [ tr (0(2)6 (@) duta).
ce qui donne, puisque (B(z),z) =0,
V/H a2l du(z) < %BO. (4.2.2)

Etape 2 : Majoration d’un quotient de normes.
Pour tout €,, on pose
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on pose
2

X
2 P
7 (14 l2)?)

Puis, on applique (4.2.1) a

1

(1+1112)

Un calcul fait en annexe D donne

2R, < B, — 2/ (A2, B(z))

—— du(x). (4.2.3)
71+ ))) '

+éep

Il a été prouvé dans [59] (équation (4.8) chapitre 4) qu'il existe une constante
cpy telle que

2 4p/2p—1 | V 2
— (A2, B(@)) < o |12 [l + 5 N2l - (4.24)
Donc, si 'on pose
1
Pop—17
on obtient
R,<d,
En posant
1L+ |z,
RP = V/ Z 1+gpd/u(x)7
71+ le)})
on déduit
R, < ¢y (4.2.5)

Etape 3 : Majoration de [, ||x||]23/2p*1 du(z).

/2p—1
Nous allons majorer A, = v [, <1 + H$Hi> du(x) par récurrence. Le

cas p = 1 a été traité lors de I'étape 1.
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On déduit d’'inégalité de Holder
1/2p+1
o [ (1 lel) ™ duta)

) 1/2p+1
[ (1+ 112124 )
=v
“\(

2
| (el
L+ e, )

(1+ep)/2p 2p/2p+1
< R;/2p+1 (V/H (1 + ||x||z2)+1> ’ du(m)) .

Comme (1 +¢,)/2p =1/2p — 1, on obtient

dp(x)

)(1+6p)/2p+1

1/2p+1 42p/2p+1
Ap+1§Rp/p App/p )

Ainsi, on peut conclure.

4.3 Régularité Gevrey

On prouve dans cette section que si la force extérieure est bornée dans une
classe de fonctions Gevrey, alors i a son support dans une autre classe de
fonctions Gevrey.

L’Hypothese principale est la suivante.

Hypothese 4.3.1 [l existe (o, 3) € R x (0, 1] tel que les fonctions g : H —
HnNG(a,0) et o: H— Ly (U; HNG(v, B)) sont bornées.

On pose
Bj = su )% . + su z)|? .
0 IGPW( )HLQ(U,G(a,ﬁ)) xegHg( )HG(a,ﬁ)

Le second principal résultat de ce chapitre est le suivant.

Théoreme 4.3.2 Supposons I’Hypothése 4.5.1. Il existe une famille (C,),
seulement dépendant de («, 3, By) et une famille (a,),c0,1) de fonctions me-
surables H — (0, «v) tel que pour tout v € (0,1)

]

/H Vo) dii(z) < Gy, (4.3.1)

[ @) aute) < et (13.2)

W

pour tout v € (0,1).
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Ce résultat donne des informations sur I’échelle de dissipation de Kolmogorov.
Plus précisément, on déduit de (4.3.1), (4.3.2) que

A —vopy (T B
|x(k>| S ||x||G(Vo¢,,($),ﬂ) |k|€ “ ( )‘k‘ )

ou (z(k))rezs sont les coefficients de Fourier de z.

Dong, si 'Hypothese 4.3.1 est vérifiée avec 8 = 1, alors |Z(k)| décroit plus
vite que toute puissance de |k| pour |k| >> (va,(x))~'. On déduit de (4.3.2)
que pour tout § > 0

1

a,(x)

< 5., ()3 avec /0571,(1’)_4(11%) p(dz) < 05 < o0,

et que O; ne dépend pas de v. Il suit que |Z(k)| décroit plus vite que toute
puissance de |k| pour |k| >> v~4+39) Ce qui implique que I’échelle de dis-
sipation de Kolmogorov est plus grand que v~*3%_ Rappelons que par des
argguments physiques, on s’attend a ce que ladite échelle soit de 'ordre de
7

Dans 'annexe D, on verra que 'on peut en déduire un moment pour une
norme de Gevrey fixée.

Corollaire 4.3.3 Sous les méme Hypotheses, il existe une famille
(Cyar.' 0 )y 3w dépendant seulement de (o, 3, By, v) telle que

il
() o) < s (43.3)

ot InTr = max{0,Inr} et pourvu que o' >0 et 3,y > 0 vérifient

B <p et 47<§—1.

Preuve du Théoréeme 4.3.2

Afin d’établir le Théoreme 4.3.2, citons le résultat suivant qui dit que le
temps d’explosion des solutions dans les espaces de Gevrey admet un moment
négatif.
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Lemme 4.3.4 Supposons que ’Hypothese 4.3.1 soit vérifiée. Pour toute so-
lution stationnaire des équations de Navier-Stokes et tout v € (0,1), il existe
K dépendant seulement de («, 3, B}) et un temps d’arrét T > 0 tel que

E ( sup HX(t>Hé(yt,ﬁ)) < 4(By+1), (4.3.4)
te(0,7)
P(r<t) < Ktiv'i. (4.3.5)

Ce résultat est un raffinement du résultat établi par Foias et Temam dans
[26] et sa preuve s’appuie sur les outils développés dans cet article. Pour une
preuve détaillée, voir I'annexe D.

Posons

a,(z) = inf {5 >0

4 _
H‘rH2G(Vs,B) > T (BO + 1) } )

1
S

il suit que pour tout v € (0, 1)

J 10 iy ) < 47 (Bo+1)” [l Fdulo). (436)

Ainsi (4.3.1) est une conséquence de (4.3.2) et de By < Bj,. Alors pour établir
le Théoréme 4.3.2, il suffit de prouver (4.3.2).
Clairement

4 - 4
P(IX O > 7 (Bo+ 1) <P ( sup [ X(5) ) > 3 (Bo + 1))+P (<),

s€[0,7]

Appliquant une inégalité de Chebyshev, on déduit du Lemme 4.3.4 que pour
tout t >0

4 - 1.3
P (HX(t)Hé(VW) > T (Bo + 1)> < (K +1)tiv1, (4.3.7)
Comme p est la loi de X (t), on a

ple o () <t) =P(a,(X(1) <1),

ce qui implique

p(z |y (z) <t) =P (HX(t)ng) > ti (Bo + 1)) .
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Ainsi, on déduit de (4.3.7) que pour tout ¢t > 0
pl(x|ay(z) <t) < (K +1)tiv a5, (4.3.8)

Il est bien connu que (4.3.8) pour tout ¢ > 0 implique (4.3.2), ce qui donne
le Théoreme 4.3.2.
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Chapitre 5

Mélange exponentiel pour
Navier-Stokes 3D

Introduction

On s’intéresse aux équations de Navier—Stokes stochastiques sur un do-
maine D borné tridimensionnel (NS3D) avec conditions aux bords de Diri-
chlet dont on rappelle la formulation (Voir (0.1.3))

([ AX + v(=A)X dt + (X, V)X dt + Vpdt — (X)dW + f dt,

(div X)(t,§) = 0,  forgeD, t>0, (5.0.1)

X(t,€) = 0, for £€0D, t>0

\ X(0,8) = z(§), for&eD.
Ici D est un ouvert borné de R* de bord 9D réguliere ou D = (0,1)>.
Dans le cas déterministe (¢ = 0), il est possible d’établir I'existence glo-
bale de solutions faibles de NS3D en invoquant des arguments de compacité.
Dans ce chapitre, on établit que si ¢ est a la fois suffisamment régulier
et non dégénéré, alors, les solutions converges exponentiellement vite vers
I’équilibre. Précisons ce point. Pour une solution donnée, il existe une solu-
tion stationnaire tel que la distance variationnelle entre la solution donnée et
la solution stationnaire décroit exponentiellement vite. Il est a noter un détail
spécifique a NS3D. Dans les chapitres précédents, la convergence a 1’équilibre
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impliquait de fait I'unicité dudit équilibre. Ce n’est pas le cas ici. Du fait du
manque d’unicité, la question se pose de savoir si, partant d'une méme condi-
tion initiale, deux solutions peuvent converger vers deux équilibres différents.

Du fait du manque d’unicité, il est difficile de définir un processus de
Markov associé a (5.0.1). De récents progres ont été fats dans cette direction.
Dans [11], sous certaines conditions sur ¢ et f trés similaires aux notres, ils
ont pu fabriquer un semi-groupe de transition de Markov associé a (5.0.1).
Notre résultat signifie que le semi-groupe qu’ils ont construit est exponen-
tiellement mélangeant.

Dans [24], un argument de sélection Markovienne a permit d’établir ’exis-
tence d'une évolution Markovienne associée a (5.0.1). Notre résultat ne s’ap-
plique pas directement car nous ne travaillons qu’avec des solutions limites
d’approximations de Galerkin. Néanmoins, nous pensons que notre preuve
peut étre adaptée pour prouver que, sous de bonnes hypotheses sur le bruit,
le semi-groupe de Markov construit dans [24] est exponentiellement mélan-
geant.

Notre preuve s’appuie sur des arguments de couplage. Dans les chapitres
précédents et chez [29], [36], [39], [40], [41], [45], [50], [51], [56]), le but était de
prouver le caractere exponentiellement mélangeant pour des bruits dégénérés.
Dans le cas bidimensionnel, il a méme été prouvé dans [30], [46] qu’il suffit
d’exciter 4 modes de NS pour avoir unicité de la mesure invariante.

Ici, la difficulté ne se situe pas dans la dégénérescence du bruit. Nous
travaillons avec une équation dont nous ignorons si elle est bien posée ou
non. Ce qui va induire des modifications substantielles de nos preuves. Pour
cette raison, nous nous contentons de prouver un résultat plus modeste. En
I’occurrence, nous nous restreignons a des bruits non dégénérés.

L’idée principale est de coupler les solutions lorsque les conditions initiales
sont petites au sens d’une norme suffisamment réguliere. Pour fabriquer ledit
couplage, on utilisera une formule de type Bismuth-Elworthy-Li. Un autre in-
grédient important de la preuve est le fait que le temps d’entrée des solutions
faibles dans une petite boule admet un moment exponentiel. On compense
le manque d’unicité en travaillant avec des approximations de Galerkin et
passant a la limite.
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5.1 Résultat principal

Soient H et V les fermetures de I'ensemble des fonctions régulieres a
support compact dans D et & divergence nulle par les normes de L?(D;R3?)
et Hj(D;R?) respectivement.

Soit 7 le projecteur orthogonal de L?(D;R?) vers H. On pose

A=7(-A), D(A) = VNH*(D;R?), B(u,v) =7 ((u, V)v) et B(u) = B(u,u).

Tres classiquement, on peut réécrire le probleme (0.1.3) sous la forme

dX + vAXdt+ B(X)dt = ¢(X)dW + fdt, (5.1.1)

X(O) = X,

ou W est un processus de Wiener cylindrique sur H.

L’opérateur (A, D(A)) est autoadjoint a spectre discret. Voir [10], [57].
On note (e,), la base des vecteurs propres de (A, D(A)) sur H et on note
Py la projection orthogonale dans H vers Sp(ex)1<n-

Les solutions considérées sont supposées faible au sens des probabilités et
des EDPs. En clair, une solution est une loi P,, tel que, sous IP,,, le couple
de processus canoniques (X, W,) vérifie une forme faible de (5.1.1) (Pour de
plus amples détails, voir 'annexe E). En fait, on se restreindra a ’étude des
solutions limites en loi de solutions d’approximations de Galerkin de (5.1.1).

XN(O) == PNZ'().

L’opérateur de covariance ¢ est supposé a la fois suffisamment régulier et
non dégénéré. Pour que notre résultat soit vrai, il faut faire une hypothese
supplémentaire (¢ constant, ou bien ¢ diagonal, ou bien v élevé). Pour des
raisons de simplicité, on considérera ici le cas

5
—. 3.
, 36(2,]

Les hypotheses générales sont explicitées dans 'annexe E.
Rappelons qu’une solution faible P, est dite stationnaire si la loi de X, (%)
est indépendante de t. Celle-ci sera notée pu.

N

p=A"
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Théoreme 5.1.1 I existe C' et v > 0 tel que pour toute solution faible Py
limite de solutions de (5.1.2), il existe une solution faible stationnaire P, telle
que

Do, (X.(0) = il < e (14 [ 1ol 2(a)). (5.13)

ou A est la loi de X,(0).

5.2 Meéthodes de couplage

La preuve du Théoreme 5.1.1 est basée sur une méthode de couplage. Pour
comprendre les problemes induit par NS3D, nous allons d’abord rapidement
rappeler comment traiter le cas des solutions de (5.1.2).

Il est facile de voir que 'on a existence et unicité des solutions Xy (-, x¢)
de (5.1.2). On remarque de plus que X (-, zq) vérifie la propriété de Markov
forte. On notera (PtN ) , le semigroupe de Markov associé.

Soient N € N et (x(,22) € H?. En combinant la méthode explicitée dans
(1.5) et un argument de troncature, on obtient 'existence d'une fonction
décroissante py(-) > 0 telle que

|(PY) 63— (PY) 6y

v = L2 (Jo] - J5]) (5.2.1)

En appliquant le Lemme 1.3.1, on fabrique un couplage maximal (Z;, Z3) =
(Zy(ah, 23), Za(ah, 23)) de ((PN)" 0,1, (PY)" 6,2). Ce qui donne

P (Z1 = Z3) = pn (|xg] + |25]) > 0. (5.2.2)

Soient (W, W) un couple de processus de Wiener cylindriques indépendants
et & > 0. On notera Xn(-,z9) et Xn(-,z0) les solutions de (5.1.2) asso-
ciées & W et W. On construit un couple de variables aléatoires (Vi,V,) =
(Vi(zd, 23), Va(xd, 22)) sur PyH comme suit
(Xn(+,20), Xn(-y o))  siaf = a2 = o,
(Vl’ ‘/2) - (Zl(x(l)wrg)v ZZ(J:(1]7I(2))) si (x(l),xg) € BH(Oa 5)\{‘7:(1] = ‘7’%}7
(XN(-,x(l)),)?N(-,x%)) sinon,

(5.2.3)
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ou By (0,0) est la boule de H x H de rayon 0.

Alors (Vy(x}, 23), Va(xg, ¥3)) est un couplage de ((P{V)* Oz (va)* 0,2) qui
dépend mesurablement de (z},22). On construit ensuite (X!, X?) couplage
de (D(Xn (-, 2)), D(Xn (-, 22))) par induction sur N. On commence par poser
X*(0) = 2 for i = 1,2. Puis, aprés avoir construit (X', X?) sur {0,1,...,k},
on prend une version de (V7, V3) indépendante de (X', X?) et on pose

Xi(k+1)=Vi(X'(k),X*(k)) pouri=1,2.

Il est assez facile de démontrer que le temps de retour dans By (0, d) admet un
moment exponentiel pourvu que ¢ soit assez grand. On déduit donc de (5.2.2),
(5.2.3) que, (X'(n), X?*(n)) € B(0,6) implique que la probabilité de coupler
(X!, X?) au temps n+1 est minorée par py(d) > 0. Finalement, on remarque
que si (X!, X?) est couplé au temps n + 1, alors il le reste éternellement.
En combinant ces trois propriétés avec le fait que (X*(n), X2(n))nen est un
processus de Markov fort discret, on montre facilement que

P (X'(n) £ X%(n)) < Cye ™" (1 + |2 + \xg}g) . (5.2.4)

Rappelons que (X!, X?) est un couplage de (D(Xn(-, 7)), D(Xn (-, 23))) sur
N. On obtient ainsi que (X*(n), X?(n)) est un couplage de ((P) 0,1, (PhY)*d,2)-

En combinant le Lemme 1.3.1 et (5.2.4), on déduit, pour n € N,

|P2) - (PY) 0y

< Cye ™" (1 + |:c(1)|2 + ‘x%f) :
On pose n = [t] et on integre (z3,z}) par ((PYN,)*\) ® uy ol uy est une
mesure invariante. On obtient ainsi pour tout A € P(PyH)

[PX) A=l < Coe (14 [ laf o). 629)

Un tel résultat est inutilisable pour traiter (5.1.1) car Cy et vy dépendent
fortement de N. Si on essaie directement d’appliquer la méthode précédente
a (5.1.1), on doit faire face a un certain nombre de difficultés. Premierement,
on ignore si on peut utiliser la propriété de Markov. Vu que cette propriété
est utilisée de facon plus ou moins implicite dans un tres grand nombre
d’arguments, il apparait difficile de s’en passer. Un autre gros probleme est
que la transformation de Girsanov utilisée pour obtenir (5.2.1) ne semble pas
pouvoir étre appliquée car elle a lieu dans un espace de dimension infinie et
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que nous ne controlons pas de normes suffisamment régulieres des solutions
pour que les conditions de Novikov soient vérifiées. Nous verrons que nous
sommes capables de prouver un résultat analogue a (5.2.1) par un argument
totalement différent. Cependant, cela ne marchera que pour des conditions
initiales petites dans H2. Un autre probléme est que nous ignorons si, partant
de H?, on reste dans H?.

On compense le manque de propriété de Markov en travaillant avec les
approximations de Galerkin et en prouvant (5.2.5) avec des constantes uni-
formes par rapport a N. En particulier, nous prouverons que (5.2.1) est vrai
pour x}, 3 dans une petite boule de H? et uniformément en N. Puis, suivant
le raisonnement précédent, il restera a prouver que le temps de retour dans
cette boule admet un moment exponentiel. Dans I’annexe E, on prouvera que

Proposition 5.2.1 [ existe C' > 0 et v > 0 tel que, pour tout N € N, 1l

eriste une unique mesure INVAriante [y pour (PtN De plus, pour tout
A€ P(PvH), on a

)teR+ ’

1) A=l < Cet (14 [l aan). 20

Puis on verra que ce résultat passe a la limite et implique le Théoreme 5.1.1.

5.3 Convergence d’un modele simplifié

Une preuve rigoureuse du Théoreme 5.1.1 via la proposition 5.2.1 est
donnée dans I’Annexe E. Du fait des différents espaces considérés et des pro-
blemes de troncatures, nous préférons traiter ici un modele unidimensionnel

plus simple.
dX + Xdt + f(X)dt = dB, X(0) = xo, (5.3.1)

ou (3 est un mouvement brownien unidimensionnel et ot f modélise la non-
linéarité B de NS3D. Pour d’évidentes raisons de simplicité, nous imposerons
a f d’étre C! bornée a dérivée bornée. De plus, comme

(B(x),z) = 0 pour tout x réguliere,
nous imposerons a f la condition

xf(z) > 0. (5.3.2)
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Sous ces hypotheses, 'existence et I'unicité des solutions (X (-, zg))zer de
(5.3.1) est facile a établir. Ce qui implique la propriété de Markov forte. On
dénotera par (P); le semi-groupe de transition de Markov associé a (5.3.1)

(Prg) (o) = E (9(X (¢, 20))) -

Appliquons donc le programme explicité ci-avant pour établir la proposition
5.2.1.
On considere ’équation suivante

In+n+nf (Xt z)) = 0,
n(0,z9)-h = h,

(5.3.3)

out (zg,h) € R* et n(t) = n(t, o) - h.
L’existence et I'unicité des solutions de (5.3.3) est facile a établir. De plus,
si g € C}(R), alors, pour tout 7' > 0, on a

(V (Prg) (20), h) = E(Vg(X(T,20)), n(T, x0) - ) .

Appliquant la formule de Bismuth-Elworthy-Li, on obtient

(¥ (Pro) (ao) 1) = 78 (s(X(Ta0) [ ntz0)-nds). (534)

On en déduit que

Y

(7 (Peg) (o) )] < k| [ e, - s

ce qui donne

(¥ (Prg) (o), h)] < %\/E ( | tntean) h|2dt). (53.5)

Prenons le produit scalaire de (5.3.3) avec 2n. On obtient

d !
- n® + 20> = =2nf* f'(X(t, z0)).
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Comme f’ est bornée, on obtient en intégrant que
[n(t,z0) - bI* < A" exp (2] /'] o 1) 4
ce qui donne
T
| ez wl e < exp @171, YT AP (5.3.6)
0

Combinons (5.3.5) et (5.3.6), on obtient

(Y (Prg) (x0), )| < % < (1 T) 1] (5.37)

On en déduit que pour tout 7' > 0 et (x},z3) € R? on a

(Pro)(at) ~ (Pro)ab)] < 9 xp (1., T) o} - il

Rappelons que [|-||,,, est la norme dual de |-|__, ce qui donne

var

|Pio — Pros

T xp (.o T) |26 — o] (5.3.8)

Fixons T'=1 et )

Cdexp(If]T)
On déduit de (5.3.8) que |23 — x| < § implique

HP{‘(SQ% Py < (5.3.9)

1
4

En appliquant le Lemme 1.3.1, on fabrique un couplage maximal (Z;, Z,) =
(Z1 (2, 23), Za(g, 23)) de ((P1)" 0g1, (P1)" 0,2). 1l suit que

P(Z1 # Zy) < (5.3.10)

]

Soient (3, 5) un couple de mouvements browniens indépendants. On dénote
par X (-, o) et X (-, z0) les solutions de (5.3.1) associées a 3 et 5. Puis on fa-
brique un couple de variables aléatoires réelles (Vy, Vo) = (Vi (2}, 22), Va(zg, 23))
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comme suit
(X(‘,l'o),X(',QS'())) si l‘é:x%:xm
(Vi V) = § (Zilah, 2). Zoled43) i (ah,03) € B(0,6)\[xh = a3},

(X (), X (-, 23)) sinon,
(5.3.11)
ot B(0,0) est la boule de R? de rayon 4.

Alors (Vi(zg, 25), Va(zg, 25)) est un couplage de ((P1)” d,1, (P1)" d,2) qui
dépend mesurablement de (z},z2). On fabrique maintenant un couplage
(X', X?) de (D(X(-,2})), D(X(-,22))) par induction sur N. En fait, on pose
d’abord X*(0) = =z for i = 1,2. Puis, supposant que l'on ait construit
(X1, X?) sur {0,1,...,k}, on prend une version de (Vi,V,) indépendante
de (X', X?) et on pose

Xi(k+1)=Vi(X"(k),X*(k)) pouri=1,2.

Supposons un instant que le temps de retour de (X', X?) dans la boule
B(0,9) admette un moment exponentiel. Alors, on peut conclure. En effet,
il est facile de déduire de sa construction, que (X!, X?) est un processus de
Markov fort discret vérifiant deux propriétés tres intéressantes. La premiere
est que si x) = x2, alors X! = X?2. La seconde est que si (x},22) € B(0,0),
alors, on déduit de (5.3.10) que

P(X'(1) £ X°() < 5.
La stratégie est donc la suivante. On attend d’entrer dans la boule de rayon §.
Puis on tente de coupler X! et X?2. Si ca marche on sait que X! et X? reste-
ront couplés éternellement. Si ¢a échoue, on retente notre chance. Comme
le temps de retour admet un moment exponentiel et comme la probabi-
lité d’échec de couplage est majorée, on sait qu’on tentera notre chance un
nombre fini de fois. Ainsi, comme dans ’exemple unidimensionnel du chapitre
1, on obtient

P (X'(n) # X2(n)) < Ce™™ (1 + o] + |xg|2) , (5.3.12)
ce qui permet d’obtenir pour toute mesure A de probabilité sur R

1P A= bl < 0 (14 [l Aan) ). (531
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Discutons maintenant de la validité d'une telle méthode pour NS3D. Les hy-
potheses que nous avons faites sur notre modele unidimensionnel peuvent
apparaitre abusive. En particulier I’hypothese f Lipschitz bornée. En effet
c’est précisément parce qu’on ne controle pas la non-linéarité de NS3D que
les problemes d’existence et d’unicité surgissent. Or cette hypothese est em-
ployée dans la formule (5.3.8). Dans I’annexe E, nous verrons qu’a condition
d’imposer a 1" et aux conditions initiales d’étre petits, on peut, via une tron-
cature, obtenir un résultat analogue.
Plus précisément, on introduit

dny + Any dt + PNE(XN77]N) dt = Pyn(¢'(Xn)-nn)dW,

nN(O,ZEQ) . h = PNh,

(5.3.14)

ott B(Xn,nn) = B(Xn, ) + By, Xn), Xy = Xn(-, 20) est P'unique solu-
tion de I'approximation de Galerkin (5.1.2) et nn(t) = nn(t, zo) - h.

Il apparait difficile de controler 7). Néanmoins, si on tronque par la quan-
tité fOT \XN(t)ﬁ{g(D) dt, on peut obtenir (Voir annexe E)

o(Xn(-x0)) ) )
E / [ (t,0,20) - hll5 dt | < (M)A, (5.3.15)
0
ou, pour M >0et T <1,

on(X) = inf{t e (0,7) ’/Ot 1 X (s)|[5 ds > M}. (5.3.16)

L’idée pour adapter le raisonnement précédent est la suivante. On remarque
que si 0 et T sont petits, alors, pour un M ne dépendant que de D, on controle
la probabilité de

T
| X @l3ds = o
0

uniformément en N.

Puis, en remplacant la formule de Bismuth-Elworthy-Li par une variante
tronquée, on est a méme d’obtenir un résultat analogue a (5.3.8) avec des
constantes indépendantes de V.
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5.4 Temps de retour dans une petite boule

Il reste donc a prouver que le temps de retour 7 de (X', X?) dans la boule
B(0,6) admet un moment exponentiel. La formule d’Ito de | X (¢, zo)|” donne

dIX]?+2|X|Pdt +2X f(X) = 2Xd + dL.

Rappelons (5.3.2) et intégrons, on obtient

1
E|X(t,20)[* < |zof* e + 5

Il suit que
E(|X ) + | X20)[) < (Jobf* + [23]7) e + 1.

On en déduit que le temps de retour 7/ dans la boule de rayon 2 admet un
moment exponentiel. Il suffit donc de prouver qu’il exite n € N et py > 0 tel
que si (z,23) € B(0,2), alors,

P ((X'(k),X*(k)) € B(0,5) pour un k < n) > po. (5.4.1)

En effet, pour obtenir que le temps de retour 7 de (X!, X?) dans la boule
B(0,0) admet un moment exponentiel, on attend d’entrer dans la boule de
rayon 2. Puis, on tente de rentrer dans la boule de rayon ¢. Si ¢a marche,
c’est fini. Sinon, on attend de revenir dans la boule de rayon 2 et retente
notre chance. Comme précédemment, on déduit du fait 7/ admet un moment
exponentiel et de (5.4.1) que 7 admet un moment exponentiel.

Du fait de la construction de (X', X?) et de (5.3.11), la preuve rigoureuse
de (5.4.1) est fastidieuse car il faut disjoindre la preuve en trois cas a chaque
temps £ < n. Comme cette disjonction est faite dans 'annexe E et qu’elle
n’apporte aucune compréhension a la preuve, nous traiterons ici uniquement
le cas ol (X1, X?) est le couplage indépendant. Dans ce cas, on a (X1, X?) =
(X (-, 28), X (-, 22)) sur N.

Du fait de I'indépendance de (X (-, z8), X (-, z2)), on a

P ((X'(k),X?(k)) € B(0,6) pour un k < n) > HIP’ (}X(n, zh)| < g) :
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Donc, pour établir (5.4.1), il suffit de prouver qu'il existe n € N tel que
|zo| < 2 implique

)
P <|X(n,x0)| < 5) > \/Do- (5.4.2)
L’idée est la suivante. On sait que pour tout couple t, M > 0, on a
n(T,M)=P <sup 18] < M> > 0. (5.4.3)
(0,7)

Pour prouver (5.4.2) et ainsi conclure, il suffit donc de trouver T4(d) et M (0)
tel que pour tout t > Ty () et tout |xg| < 2

)

sup |8 < M(6) implique |X(¢,x0)| < 7 (5.4.4)

(0,t)
Posons donc

M=suwplf], Y =X - 3.
(0.,t)

On a donc J
Prenons le produit scalaire avec 2Y, on obtient

d

- VP42V +2Yf(Y +3) = —2Y 5. (5.4.5)

On remarque que
1
—2Y B <2M|Y| < 5 V|? 4+ 2M2.

De plus
V(Y +0) =2V f(Y) + 2V (f(Y + B) — f(Y)).

Rappelons (5.3.2) et le fait que f est C! & dérivée bornée, on obtient
1
“2Vf(Y +8) <2/ [l MIY| < SV +2[f M.

Finalement on a p
SV + VP <21+ DM,
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ce qui donne en intégrant
Y ()] < |aol* e+ 2(|f|, + 1) M2 (5.4.6)

Vu la définition de Y, il est maintenant aisée de conclure en prenant

— 1n* 128 :i —
Ty(0) =1 <52>’ M 16(1/\ (|f’|oo+1)>'

L’idée d’attendre que les solutions deviennent petites a déja été exploitée
dans [41] pour traiter NS. C’est pour cette raison qu'ils se sont limité au cas
ou la partie déterministe du champs de force est nulle. Dans le cas de NS3D,
les choses sont plus complexes. En effet, on a des solutions qui vivent dans
L? et dont on ignore si elles vivent dans H2. Pourtant, on va prouver que
les solutions deviennent petites dans H? avec un temps d’arrivée admettant
un moment exponentiel. L’affaire se complique grandement du fait de la non
dégénérescence du bruit. En clair, le bruit est du type ¢(X)dW avec ¢ qui
n’est pas Hilbert-Schmidt & valeur dans H2. On pose donc

Z(t) = /0 t e~ DA (X (5))dW (5).

Il faut prouver, d'une part que Z reste petit dans H? sur un intervalle de
temps donné avec une probabilité minoré, et d’autre part que, dans ce cas,
les solutions décroissent vers 0 dans H?, et ce, méme lorsque 'on part de
conditions initiales dans L2.
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Annexe A

Preuve de I’ergodicité des
équations de Ginzburg—Landau
Complexes stochastiques

Résumé: Nous considérons 1'équation de Ginzburg-Landau Complexe
bruitée par un bruit blanc en temps et régulier par rapport aux variables
spatiales et nous établissons le caractere exponentiellement mélangeant du
semi-groupe de Markov vers une unique mesure de probabilité invariante.
Comme le Théoreme de Doob semble ne pas pouvoir étre appliquer, nous
utilisons une méthode dite de couplage. Pour une meilleur compréhension,
nous focaliserons d’abord notre attention sur deux exemples qui bien que tres
simples contiennent ’essentiel des difficultés.

Mots clés : Equation de Ginzburg-Landau Complexe, semigroupe de tran-
sition de Markov, mesures invariantes, ergodicité, méthode de couplage, For-
mule de Girsanov, inégalité de type Foias—Prodi.
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ERGODICITY FOR THE STOCHASTIC COMPLEX
GINZBURG-LANDAU EQUATIONS

CYRIL ODASSO

ECOLE NORMALE SUPERIEURE DE CACHAN, ANTENNE DE BRETAGNE,
AVENUE ROBERT SCHUMAN, CAMPUS DE KER LANN, 35170 BRUZ (FRANCE).
AND
IRMAR, UMR 6625 DU CNRS, CAMPUS DE BEAULIEU, 35042 RENNES CEDEX
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Abstract: We study a stochastic complex Ginzburg-Landau (CGL) equation
driven by a smooth noise in space and we establish exponential convergence of
the Markov transition semi-group toward a unique invariant probability measure.
Since Doob Theorem does not seem not to be useful in our situation, a coupling
method is used. In order to make this method easier to understand, we first focus
on two simple examples which contain most of the arguments and the essential
difficulties.

Résumé: Nous considérons ’équation de Ginzburg-Landau Complexe bruitée par
un bruit blanc en temps et régulier par rapport aux variables spatiales et nous
établissons le caracteére exponentiellement mélangeant du semi-groupe de Markov
vers une unique mesure de probabilité invariante. Comme le Théoreme de Doob
semble ne pas pouvoir étre appliquer, nous utilisons une méthode dite de couplage.
Pour une meilleur compréhension, nous focaliserons d’abord notre attention sur
deux exemples qui bien que trés simples contiennent ’essentiel des difficultés.

MSC: 35Q60; 37H99; 37L99; 60H 10; 60H15.

Key words: Stochastic Complex Ginzburg-Landau equations, Markovian transi-
tion semigroup, invariant measure, ergodicity, coupling method, Girsanov’s formula,
Foias—Prodi estimate.

INTRODUCTION

Originally introduced to describe a phase transition in superconductivity [9],
the Complex Ginzburg-Landau (CGL) equation also models the propagation of
dispersive non-linear waves in various areas of physics such as hydrodynamics [20],
[21], optics, plasma physics, chemical reaction [11]...

When working in non-homogenous or random media, a noise is often introduced
and the stochastic CGL equation may be more representative than the deterministic
one.

The CGL equation arises in the same areas of physics as the non-linear
Schrodinger (NLS) equation. In fact, the CGL equation is obtained by adding
two viscous terms to the NLS equation. The inviscid limits of the deterministic

84



tel-00011214, version 1 - 15 Dec 2005

Ergodicity for the stochastic Complex Ginzburg-Landau equations

and stochastic CGL equation to the NLS equation are established in [2] and [17],
respectively. The stochastic NLS equation is studied in [5] and [6].

Ergodicity of the stochastic CGL equation is established in [1] when the noise is
invertible and in [10] for the one-dimensionnal cubic case when the noise is diagonal,
does not depend on the solution and is smooth in space.

Our aim in this article is to study ergodicity for stochastic CGL equation under
very general assumptions.

Let us recall that the stochastic CGL equation has the form

du (e )Aut () [u*u = bu)DY,
u(t,z) = 0, forx € dD, t >0
u(0,2) = wup(x), for z € D.

The unknown v is a complex valued process depending on x € D, D C R? a
bounded domain, and ¢ > 0.

We want to consider noises which may be degenerate and our work is in the
spirit of [3], [7], [10], [13], [14], [15], [16], [18] and [23]. Many ideas of this article
are taken from these works. However, we develop several generalisations.

The main idea is to compensate the degeneracy of the noise on some subspaces by
dissipativity arguments, the so-called Foias-Prodi estimates. A coupling method is
developped in a sufficiently general framework to be applied and prove exponential
convergence to equilibrium.

To describe the ideas, it is convenient to introduce (eg)gen+ the eigenbasis of the
operator —A with Dirichlet boundary conditions (if periodic boundary conditions
were considered, it would be the Fourier basis) and Py the eigenprojector on the
first N modes.

The main assumption of the papers cited above as well as in this work is that
the noise is non-degenerate on the space spanned by (ex)1<x<n for N sufficiently
large. In [10], [16] and [23], the noise is also additive, i.e. b(u) does not depend on
u. The method developped in [18] allows to treat more general noises and, in [18], b
is allowed to depend on Pyu. However, in this latter work, the author restricts his
attention to the case when the high modes are not perturbed by noise. It is claimed
that the method can be generalized to treat a noise which hits all components. Such
a generalisation is contained in [19] in the purely additive case.

Here we develop also such a generalization and treat a noise which may hit all
modes but depends only on Pyu. We have chosen to use ideas both from [18] and
from [16], [23]. We hope that this makes our proof easier to understand. Moreover,
we get rid of the assumption that b is diagonal in the basis (ef)ren=-

Also, if we work in the space L?(D), it is not difficult to get a Lyapunov structure
and Foias-Prodi estimates. Thus, with an additive noise or with a noise as in [18],
our results would be a rather easy applications of these methods.

However, this works only for small values of o, namely o < %. It is well known

that the CGL equations are also well-posed for o € [%, dz—2> (o € [%,oo) for

d € {1,2}) provided we work with H!(D)-valued solutions and the nonlinearity is
defocusing (A = 1). We also develop the coupling method in that context and show
that it is possible to find a convenient Lyapunov structure and derive Foias-Prodi
estimates. Thus we prove exponential convergence to equilibrium for the noises
described above in all the cases when it is known that there exists a unique global
solution and an invariant measure.
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Moreover, using the smoothing effect of CGL and an interpolation argument, we
are able to prove exponential convergence in the Wasserstein norm in H*(D) for
any s < 2. This give convergence to equilibrium for less regular funtionnal.

In order to make the understanding of the method easier, we start with two
simple examples which motivate and introduce all arguments in a simpler context.
The first example is particulary simple. It introduces the idea of coupling and the
use of Girsanov transform to construct a coupling. The second example is similar
to the one considered in [18]. However, it contains further difficulties and more
details are given. We have tried to isolate every key argument. This is also the
opportunity to state a very general result giving conditions implying exponential
mixing (Theorem 1.8). It is a strong generalization of Theorem 3.1 of [16].

Then, in section 2 we deal with CGL equations. We state and prove the general
ergodicity result described above

1. PRELIMINARY RESULTS

The proof of our result is obtained by the combination of two main ideas: the
coupling and the Foias-Prodi estimate. The first subsection is a simple example
devoted to understand the use of the notion of coupling. The second subsection
is a two dimensional example devoted to understand how we use the two main
ideas. The third subsection is the statement of an abstract result which is both
fundamental and technical. The other subsections are devoted to the proof of
this abstract result. The understanding of the proof of the abstract result is not
necessary to the understanding of the rest of the article. On the contrary the three
first subsections contain the main ideas of this article.

1.1. A simple example.

In this subsection we introduce the notion of coupling and we motivate it on a
simple example.

Let II the one-dimensionnal torus. We consider the following example. We
denote by X(.,z¢) the unique solution in II of

dX aw
- X)= —
o + f(X) e

where f : II — R is a Lipschitz function and W is a one-dimensionnal brownian
motion. It is easy to prove that X is a Markovian process. We denote by (P;); its

Markovian transition semigroup.
We recall the definition of |||

(11) X(O,ZL’()) = Xy,

the total variation of a finite real measure pu:

var’

4]l o = sup {|u(@)] [T € BAD)},

where we denote by B(II) the set of the Borelian subsets of II. It is well known
that ||.||,,, is the dual norm of |.| . We prove that there exists a unique invariant
measure v and that for any probability measure p

1P = vl < ce™.

var
Using a completeness argument and the markovian property of X, we obtain that
it is sufficient to prove that for any ¢ : II — R borelian bounded and for any
(t,z1,72) € RT x 112, we have

B (X (t, 1)) = EY(X (t,22))| < e[| e
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Clearly it is sufficient to find (X;(¢), X2(¢)) such that for any (i,t) € {1,2} x R,
we have D(X;(t)) = D(X(t, x;)), where D means distribution, and

(1.2) [EG(X1 () — Ep(X2(6)] < et e,
Now we introduce the notion of coupling. Let (w1, p2) be two distributions on
a same space (E,&). Let (2, F,P) be a probability space and let (Z1, Zs) be two

random variables (Q, F) — (E, ). We say that (Z1, Z2) is a coupling of (u1, o) if
wi =D(Z;) for i =1,2.

Remark 1.1. Although the marginal laws of (Z1, Z2) are imposed, we have a lot of
freedom when choosing the law of the couple (Z1,Z5). For instance, let us consider
(W1, Ws) a two-dimensional brownian motion. Let u be the Wiener measure on R,
which means that p = D(Wy) = D(Ws). Then (Wi, Ws), (W], W3) = (W, W)
and (W{',\W¥) = (W1, —Wh1) are three couplings of (u, ). These three couplings
have very different laws. In the one hand, W1 and Wy are independent and Wy #
+W5 a.s. and in the other hand W{ = W, and W{' = —W}'.

In order to establish (1.2), we remark that it is sufficient to build (X1, X5) a
coupling of (D (X (+,z1)),D (X (-,22))) on RT such that for any ¢ > 0

(1.3) P (X1(t) # Xa(t)) < ce .

By induction, it suffices to construct a coupling on a fixed interval [0, 7). Indeed,
we first set
Then we build a probability space (',F’,P’) and a measurable function
(W', t,21,22) — Z;(t, 21, x2) such that for any (z1,x2), (Zi(-, 21, 22))i=1,2 is a cou-
pling of (X (-, 2;))i=1,2 on [0, T].

The induction argument is then as follows. Assuming that we have built (X7, X52)
on [0,nT], we take (Z1, Z2) as above independant of (X1, X2) on [0,nT] and set

X,L(TLT + t) = Zz(ﬂXl(TLT),XQ(TLT)), for t € (O,T]

The Markov property of X implies that (X;,X2) is a coupling of
(D(X (1)), D(X(2))) on [0, (n + DT].

The coupling (Z1, Z) on [0,T] constructed below satisfies the following proper-
ties

(14) P(Zl(T,xl,l‘g) = ZQ(T,Il,J)Q)) > po > 07 if 21 75 X9,
(15) IP(Z]_(.,.’Bl,J?g) :Zg(.,xhxg)) = 1, lf Xr1 = T2.
Invoking (1.5), we obtain that
P (X1 (nT) # Xo(nT)|X1((n = 1)T) = Xo((n — 1)T)) = 0.
Thus it follows
P(X\(nT) £ Xa(nT)) < P(Xi((n—1)T) # Xal(n — 1T)) x
P (X1(nT) # Xo(nT)|X1((n — 1)T) # Xa((n — 1)T)).
We easily get from (1.4) and (1.5)
P (X (t) # Xa(t), for some t>nT) < (1—pg)",

which implies (1.3) and allows us to conclude.
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Before building (Z;, Z2) such that (1.4) and (1.5) hold, we need to define some
notions. Let u, p1 and po be three probability measures on a space (F,E) such
that 1 and po are absolutely continuous with respect to u. We set

dlp —pa| = ‘dd‘;l dﬂz dp,

A Apa) = (%2 A L2)dy,

d(p — p2)t = (% - d“2)+d/$
These definitions do not depend on the choice of u. Moreover we have

1 dy,l dy,Q
(1) 1 = palluay = 5 b =l (B) = (= pa)* () = 5 [ | %0 —

The following Lemma is the key of our proof.

Lemma 1.2. Let (1, p2) be two probability measures on (E,E). Then
11 = p2llyor = minP(Zy # Z5).

The minimum is taken over the coupling (Z1, Zs) of (p1,p2). Such a coupling exists
and is called a maximal coupling and has the following property:

P(Zy = 23,721 €T') = (1 A p2)(T') for any T’ € £.

The proof of Lemma 1.2 is given in the Appendix. We consider W’ a Wiener
process. If 1 = x5 = x, we choose the trivial coupling (Z;(.,x,))i=1,2 on [0,T].
In other words, we set Z1(.,x,2) = Za(.,z,z) = X'(.,z) on [0,T] where X'(.,x) is
the solution of (1.1) associated with W’. Thus (1.5) is clear.

For x; # o, the idea is borrowed from [16]. We consider (Zi(.,z1,z2),
Zs(.,z1,22)) the maximal coupling of (D(X (-, z1) + L= (22 — 21)), D(X (., z2))) on
[0, 7] and we set Zy(t, 1, 29) = Zy(t, 21, 22) — L=t(zy — x1). Then it is easy to see
that (Z;(.,z1,%2))i=1,2 is a coupling of (D(X(.,z;))i=1,2 on [0,T] and we have

(1.7) P(Z(T, 21, 22) = Zo(T, 21, 22)) > ( 10,21, 22) = Zz(~,$1,$2)> :
We need the following result which is lemma D.1 of [18]

Lemma 1.3. Let py and ps be two probability measures on a space (E,E). Let A
be an event of E. Assume that ui* = pui(AN.) is equivalent to py = pa(AN ).
Then for anyp > 1 and C > 1

1
du " . 1> <u1(A)P>pl
—_— dus < C < l A A)>(1-- .
/A (du§‘> pe < C < oo implies  (u1 A pz) (A) = , o
Using (1.7) and Lemma 1.2 and 1.3 with E = C([0,T7];II), we obtain that

0 Pt = a1 ) (o f () a0)

where (fi1, p2) = (D(X (-, 1) + L= (22 — 21)), D(X (., 22))) on [0, T].

- p+1 ~
We use a Girsanov formula to estimate [, (%) dus.  Setting X(t) =
X(t,z1) + L=t (22 — z1), we obtain that fi1 is the distribution of X under the
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probability P and that X is the unique solution of

B e+ FEO+ Lt —e) = O X0 =
We set W'(t) = W(t) + [, d(s)dt, where
(19) ) = (e — 1)+ FR(D) ~ () + (w2 — )
Then X is a solution of
(1.10) dcf +f(X) = dd—vtvl, X(0) = o,

We are working on the torus and f is continuous, therefore d is uniformly bounded:

A1) < 7+ 21fe

Hence, the Novikov condition is satisfied and the Girsanov formula can be applied.
Then we set

dP' = exp </Ot d(s)dW (s) — ;/Ot 1d(s)[? dt) dP

We deduce from the Girsanov formula that P’ is a probability measure under which
W’ is a brownian motion and X is a solution of (1.10), then the law of X under P’
is pe. Moreover

~ \ p+1
(1.11) /E (Zl’z) dpy < exp (cp (:1r +1r1% T)) ,

which allows us to conclude this example. Indeed, by applying (1.7), (1.8) and
(1.11) we get (1.4).

1.2. A representative two-dimensionnal example.

The example we consider now is a two dimensional system which mimics the
decomposition of a stochastic partial differential equation according to low and
high modes of the solution. This example allows the introduction of the main ideas
in a simplified context, the system has the form

dX +2Xdt + f(X,Y)dt

ol(X)dp,
(1.12) dY +2Ydt + g(X,Y)dt = on(X)dn,
X(0) =z, Y(0) = yo.
We set v = (X,Y) and W = (8,n). We use the following assumptions
i) f, g, oy and o}, are bounded and Lipschitz,
(1.13) il) There exists Ky > 0 such that,
fa,y)z +g(z,y)y = (2 +ly* + Ko),  (z,y) € R

Condition i) ensures existence and uniqueness of a solution to (1.12) once the initial

data up = (xo,yo) is given. It is also classical that weak existence and uniqueness

holds. We denote by X (-,uqg), Y (-, up), u(-,up) the solution where ug = (20, o)
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and v = (X,Y). Moreover, it is easy to see that, by ii), there exists an invariant
measure .

Contrary to section 1.1, we want to allow degenerate noises. More precisely, we
want to treat the case when the noise on the second equation may vanish. This
possible degeneracy is compensated by a dissipativity assumption. We use the
following assumptions.

(1.14) i)  There exists op > 0 such that, o;(x) > 0¢, x € R.

11) |g(l’,y1) _g(xay2)| § |y1 - yQ‘ ’ (xaylny) € R2~

By the dissipativity method (see [4] section 11.5), ii) implies exponential conver-
gence to equilibrium for the second equation if X is fixed. Whilst the coupling
argument explained in section 1.1 can be used to treat the first equation when Y is
fixed. Note however that we need a more sophisticated coupling here. Indeed, the
simple coupling explained above seems to be usefull only for additive noise.

Here, we explain how these two arguments may be coupled to treat system (1.12).
The essential tool which allows to treat system (1.12) is the so-called Foias-Prodi
estimate which reflects the dissipativity property of the second equation. It is a
simple consequence of (1.14)ii)

Proposition 1.4. Let (u;, W;);=1,2 be two weak solutions of (1.12) such that
Xl(s) = X2(8)7 771(8) = 772(5)7 5 € [O’t]’

then
|ur (t) = ua(t)] < [ur(0) —uz(0)] ™

Since the noise on the second equation might be degenerate, there is no hope to
use Girsanov formula on the full system. We can use it to modify the drift of the
first equation only and it is not possible to derive a strong estimate as (1.3).

Recall that in section 1.1, we have built the coupling (Xi,Xs3) of
(D(X(-,28)),D(X(-,23))) by induction on [0,kT] by wusing a coupling
(Zi(-y2$,23))iz12 of (D(X(-,x})))iz1,2 on [0,7] which satisfies (1.5). Then if
(X1, X2) were coupled at time kT, (X7,X2) would be coupled on [kT,c0) with
probability one. Thus to conclude, it was sufficient to establish (1.4).

In this section, since we couple (X7, X2), but not (Y7, Y3), then there is no hope
that a couple (X1, X3) coupled at time kT remains coupled at time (k + 1)T with
probability one.

However, coupling the X’s and using Foias-Prodi estimates, we obtain a coupling
(u1,u2) of (D(u(-,ud)), D(u(-,ud))) on RT such that

(1.15) P (|u1(t) —ug(t)| > ce_m’) < ce_ﬁt(l + ‘ué‘z + |u8’2)

This estimate does not imply the decay of the total variation of Pj 6u(1) - P 5u§7
but the decay of this quantity in the Wasserstein distance ||}, which is the dual
norm of the lipschitz and bounded functions. Indeed, for 1 lipschitz and bounded,
we clearly have

B (u(t, up)) — Ep(u(t, uf))| [Eap(ua () — Eqp(uz ()],

2[¢] oo P (Jur () — ua(t)] > ce™Pt) + 1Vl Lip ce P,
90
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and then by (1.15)
(1.16) | (u(t, up)) — Bap(u(t, ug))| < c|vlp,, e 7 (1+ ‘ué]Q + |u§|2).

The idea of the proof is the following. We couple (D(X (-, u),n))i=1,2. Then using
the Foias-Prodi estimate, we control Y; — Y5 which is equivalent to control uy — us.
By controlling u; — us, we control the probability to remain coupled.

Remark 1.5. In the general case f, g are not globally lipschitz and bounded and
a cut-off has to be used. This further difficulty will be treated in the context of the
CGL equation below.

It is convenient to introduce the following functions:
lo(k) = min {l S {0, ey k‘}|Pl7k} R

where min ¢ = co and

Xa(t) = Xa(t), m(t) =mna(t), VtelT kT,
(Prk)
lw(IT)| < d*, i=1,2.

The first requirement in (P, ) states that the two solutions of the first equation
are coupled on [T, kT]. Notice that Proposition 1.4 gives

(1.17)  lo(k) =1 implies |uy(t) — ug(t)] < 2d* e~ for any t € [IT, kT).
From now on we say that (X7, X5) are coupled at kT if lo(k) < k, in other words
We set
do = 4(d*)%.
We prove the two following properties.
For any dy > 0

dpo(do) >0, (pi)i>1, To(do) > 0 such that for any I < k,
(1.18) P(lo(k+1)=1[lo(k) =1) > pg—i, for any T' > To(do),
l—p<e T i>1,
and, for any (Rg,dp) sufficiently large,

(1.19) 3T*(Ro) > 0 and p_; > 0 such that for any T' > T*(Ry)

P(lo(k+1) =k+1[lo(k) = 00, Hi < Ro) = p—1,

where

Hi = |ur (RT)[” + [ua (RT)|*.
(1.18) states that the probability that two solutions decouples at kT is very small,
(1.19) states that, inside a ball, the probability that two solutions get coupled at
(k4 1)T is uniformly bounded below.

In the particular case where o;(x) does not depend on x and where Ky = 0, one
can apply a similar proof as in section 1.1 to establish a result closely related to
(1.18), (1.19). This technic has been developped in [16]. But it does not seem to
work in the general case.
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Consequently, we use some tools developped in [18] to establish (1.18), (1.19).
Note that in (1.19), we use only starting points in a ball of radius Ry. This is
due to the fact that to prove (1.19), we need to estimate some terms which cannot
be controlled on R? but only inside a ball. This further difficulty is due to the
fact that contrary to the simple example of section 1.1, we work on an unbounded
phase space and is overcomed thanks to another ingredient which is the so-called
Lyapunov structure. It allows the control of the probability to enter the ball of
radius Rp. In our example, it is an easy consequence of (1.13)ii). More precisely,
we use the property that for any solution (-, ug)

e—2t IUO‘Q + %’

E (‘u(7/7u0)|4 17'/<oo) < K (|U0|4 +14+E (T’17/<00)) ,

for any stopping times 7’.
The following Proposition is a consequence of Theorem 1.8 given in a more
general setting below.

E |u(t, uo)|?

IN

(1.20)

Proposition 1.6. If there exists a coupling of D(u(-,u}), W) such that (1.18),
(1.19) are satisfied, then (1.15) is true. Thus there exists a unique invariant measure
v of (Pt):. Moreover there exist C' and « such that

1P = vl < O (14 [ fuldutw).

To obtain (1.18) and (1.19), we introduce three more ingredients. First in order
to build a coupling ((u1, Wh), (uz, Wa)) such that ((X1,7:1), (X2,72)) is a maximal
coupling, we use the following results contained in [18], although not explicitly
stated. Its proof is postponed to the appendix.

Proposition 1.7. Let E and F be two polish spaces, fo: E — F be a measurable
map and (p1, p2) be two probability measures on E. We set

Vi:fguiy 7':172
Then there exist a coupling (V1,Va2) of (u1, u2) such that (fo(V1), fo(Va)) is a maz-

imal coupling of (v1,va).

We also remark that given (X, n) on [0, T, there exists a unique solution Y'(-, ug)
of
dY +2Ydt + g(X,Y)dt = op,(X)dn, Y (0,up) = yo.
We set
Y (-, u0) = (X, n,u0)(:).
It is easy to see that Y is adapted to the filtration associated to n and X.
Proposition 1.4 implies that for any given (X, 7)

(1.21) |®(X, 1, up) (t) = (X, 0, ug) (8)] < e™" Jug — ug].

Then we rewrite the equation for X as follows

122) dX +2Xdt + f(X, (X, n,u))dt = oy(X)dB,

The Girsanov formula can then be used on (1.22) as in section 1.1.
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We finally remark that by induction, it suffices to construct a probabil-
ity space (90, F0,Pg) and two measurable couples of functions (wo,ud,ud) —
(Vi ug,ud))iz12 and  (V/(-,ul,ud))iz12 and such that, for any (uf,ud),
(Vi(-yud, ud))iz1.2 and (VY (-, ud,ud))i=1,2 are two couplings of (D(u(-,ud), W))i=1.2
on [0,7]. Indeed, we first set

u;(0) = uh, Wi(0)=0, i=1,2.

Assuming that we have built (u;, W;);=12 on [0, kT, then we take (V;); and (V/);
as above independant of (u;, W;);=1,2 on [0, kT] and set

(1.23)  (wi(KT +t), Wi(kT +1)) = Vi(t, ur (KT), u2(kT)) - if lo(k) <k,

VI (t,uy (KT), us(KT))  if lo(k) = oo,

for any t € [0, T].
Proof of (1.18).
To build (V;(-,ud,ud))i=1.2, we apply Proposition 1.7 to E = C((0,T);R?)?,
F=C((0,T);R)?,
fo(u, W) =(X,n), where u= ( X ), W = < p )’
Y U
and to
pi = D(u(-,ug), W),  on [0,T].
Remark that if we set v; = f§ i, we obtain
Vi = D(X(’uz))an)a on [O7T]
We write
(Z:,&) = fo(Vi), i=1,2.
Then (V; (-, ud, ud))i=1.2 is a coupling of (u1, pz2) such that ((Z;, &) (-, ud, ud))iz1.2

is a maximal coupling of (v1, v2).
We first use a Girsanov formula to estimate I,,, where

dl/2>10+1
I, = — dvs.
P /F (dl/l 2

Then, using Lemma 1.2, we establish (1.18).

We consider a couple (u;, W;);=1 2 consisting of two solutions of (1.12) on [0, kT].
From now on, we are only concerned with a trajectory of (u;, W;);=1,2 such that
lo(k) =1 < k. We set

v =X (kT) = Xo(kT), y;i =Y;(kT), i=1,2.

Let (8,£) be a two-dimensionnal brownian motion defined on a probability space
(Q, F,P). We denote by Z the unique solution of

dZ +2Zdt + f(Z, ®(Z("),&(), (z,p1)))dt = o(Z2)dp,
Z(0) = «.

(1.24)

Taking into account (1.24), we obtain that v is the distribution of (Z, ) under the
probability P.
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We set 3(t) = B(t) + fot d(s)dt where

1
iz (20, 22,8, (@,2)(1) - f(2(8), (2,8, (2, 32))(0) -

Then Z is a solution of

(1.25) d(t) =

47 + 224t + F(Z,8(Z(),€0), (. y2))dt = o(Z)d,
Z(0) =z.

(1.26)

Since f is bounded and o; is bounded below, then d is uniformly bounded. Hence,
the Novikov condition is satisfied and the Girsanov formula can be applied. Then

we set
_ T T
dP = exp (/0 d(s)dW (s) — %/0 d(s)|2dt> dP

We deduce from the Girsanov formula that P is a probability under which (E ,€) is
a brownian motion and since Z is a solution of (1.26), then the law of (Z, ) under
P is v5. Moreover

(1.27) I, <Eexp (cp /T d(s)|2dt> .
0

Since f is Lipschitz, then we infer from (1.25) and (1.14)i) that

[A®)] < 05" flLip [R(Z0)€C), (@, y0))(8) = D(Z(), €C), (@, y2)) (B)].-
Now we use the Foias-Prodi estimate. Applying (1.17) and (1.21), it follows from
lo(k) =1 that
|d()[* < doog * | £17,, exp (—2(k — D)T) .
Then it follows that

(1.28) I, <exp (cpagzdo \f|iip e_Q(k_l)T) .

dl/g 2
||I/1 _VQH'UU,T = dl/2 S - dVQ—l.
F dvy

We infer from (1.28) that, for T' > Ty(do) = (05 2cpdo |f|2Lip)*1,

Note that

Hyl - l/2||va7“ < e_UC_l)T'

Applying Lemma 1.2 to the maximal coupling (Z1, Z3);=1,2 of (v1,12) gives
(1.29) P((Z1,6) # (Z2,&)) < |1 = vo]| 0, < e~ F7IT.
Using (1.23) and (1.29), we obtain that on lo(k) =1
P ((X1,m) # (X2,7m2) on [KT, (k + )T | Fyr) < e~ *0T.
Noticing that
{lo(k+1) =1} = {lo(k) = 1} N {(X1,m) = (Xz,m2) on [T, (k + 1)T]}.
and integrating over lo(k) = gives for T > Ty(d) and for k > [

(1.30) P(lo(k+1) #1|lo(k) =1) < e =0T,
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Now, it remains to consider the case k = [, we apply Lemmas 1.2 and 1.3 to
(Zi,&i)i=1,2 which gives

1

P((Z1,61) = (Z2,&2)) = (11 Awe) (F) > (1 - ]19) (plp) 7.

Applying (1.27) and fixing p > 1, we obtain

(1.31)  P((Z1,&) = (Z2,&2)) = po(do) = <1 - ;) p 7T exp (—deo |f‘2Lip) :

To conclude, we notice that (1.30) and (1.31) imply (1.18).
Proof of (1.19).
_Assume that we have dg > 0, p > 0, 71 > 0, Ry > 4K; and a coupling

(Vi(-,ug, ug))i=1,2 of (p1,p2), where
Wi = D(u(~7u6)7W), on [0,Ty], i=1,2,

and such that for any (ug,u3) which satisfies |u$|2 + ‘u%ﬁ <R

2
(1‘32) P <Zl(T17U(1)»ug) = Z2(T17u(1)7ug)’ Z |ui(T17uél)vu(2))|2 < dO) > ﬁv
i=1

where
‘Z('au(lhu(%) = (’U/Z‘(',U67U%)7WZ‘(',U$7U%)> ) ui('7ué7u2) = ( gl ) ) 1= 152
By applying the Lyapunov structure (1.20), we obtain that for any 8 > T»(Rg, R1)

R 1 R
(1.33) P <|u(9,uo)|2 > 21) < T for any ug such that |uo|® < 70.
In order to build (V{, V) such that (1.19) happens, we set T*(Ro) = T1 + T2(Ry)
and for any T' > T*(Ry), we set § =T — T} and we remark that § > T5(Rp). Then
we construct the trivial coupling (V”1,V”3) on [0, 6]. Finally, we consider (V7, V2)
as above independant of (V”1,V”5) and we set

V7t ud, ud ift <o,
Vi'(t,u(l),u2): - z( 0 0)
‘/;(t_07V’71(07u(1)au%)’v”Q(aau(lJaug)) ift>0.

Combining (1.32) and (1.33), we obtain (1.19) with p_; = $p.
To build (V;(-,ud,ud))i=1,2, we apply Proposition 1.7 to E = C((0,T}); R?)2,
F=R

)

fo (u, W) = X(T1), whereu—<*§), W—(i),

and to (u1, u2). Remark that if we set v; = f§u;, we obtain
vi = D(X(T1, up))-

Then (Vi (-, ud,u))i=1.2 is a coupling of (u1, u2) such that (Z;(T1, ud, ud))iz1 2 is
a maximal coupling of (v, va).
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Now we notice that if we have (1, 72) two equivalent measures such that v; is
equivalent to ; for i = 1,2, then by applying two Schwartz inequality, we obtain

that
1 N :
(134) ng(J2p+2)2(J4p)4(I4p+2) )
where A = [—dy,d;] and
p+1 P
L= [y (%) dn o= (%) dn,
. NP NP
L = J4 (%) dis, Jg = Ja (ZZE) dry

Recall that Z; the unique solution of

(1.35) dZ; +2Z;dt + f(Zi, (Zi(-), & (), up))dt = ou(Z;)dB;,
' Z;(0) = x}.

We set B;(t) = Bi(t) + f(f d;(s)dt where

1 i
(1.36) di(t) = —mf(zi(t)7 (I)(Zi(')7€i(')ﬂ uO)(t))'
Then Z; is a solution of
(1.37) dZ; + 2Zifit = o(Z;)dB,

Since f is bounded and o is bounded below, then d; is uniformly bounded. Hence,
the Novikov condition is satisfied and the Girsanov formula can be applied. Then

we set
_ T 1 [T
dP; = exp (/ di(s)dW (s) - / |di<s>|2dt> dP
0 0

We deduce from the Girsanov formula that P; is a probability under which (BZ, &)
is a brownian motion. We denote by 7; the law of Z;(T}) under P;. Moreover

T
(1.38) J;; < exp (Cp/o d¢(s)|2dt> < exp <0P062 mio) .

It is classical that since o; is bounded below, then #; has a density g(zf, 2) with
respect to lebesgue measure dz, that ¢ is continuous with respect to the couple
(zf, z), where z{ is the initial value and where z is the target value and that ¢ > 0.
Then, we can bound ¢ and ¢~' uniformly on }xé’ < Ry and z € A = [—dy,dq],
which allows us to bound fp and then I,,. Actually:

(139) Ip < Cl(p, dl,Tl,Rl) < 0.

Now we apply Lemmas 1.3 and 1.2:
(1.40)

1y 1 4 _p_
P(Zy(Th) = Za(Ty), |Z:(Ty)| < di) > (1—p>p LT oy ([—dy, da]) 7
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If we fix di > 4K, then we obtain from the Lyapunov structure (1.20) that there
exists 71 = T1(R1,d;) such that

(1.41) vi([=di, di]) >

DN | =

Combining (1.39), (1.40) and (1.41) gives
(142) P(Zl(Tl) = Zg(Tl), |Zl(T1)| < dl) > C(p, d17T1,R1) > 0.

Note that

(1.43) P( Zi(Th) = Zo(Th), |wi(Th)| < di+de, i=1,2) >

P (Z\(T1) = Zo(Th), |Zy(T1)| < di) — o7 P (Jui(T1)| > de).

Using the Lyapunov structure (1.20), we obtain that

Ri+ K
(1.44) P (jui(Th)] > d2) < ——5—
2
Combining (1.42), (1.43) and (1.44), we can choose dy sufficiently high such that,
by setting d* = dy + da, dy = (2d*)? and p = %C’(2,d1,T1,R1), (1.32) holds.

1.3. Abstract Result.

We now state and prove an abstract result which allows to reduce the proof of
exponential convergence to equilibrium to the verification of some conditions, as
was done in the previous section.

This result is closely related to the abstract result of [18]. Our proof has some
similarity with the one in the reference but, in fact, is closer to arguments used in
[23]. Our abstract result could be used in articles [12], [14], [15], [16] and [18] to
conclude.

In fact, in [18] a family (rk, s;) of subprobability are used, whereas in [12], [16]
a family of subsets Q(I, k) are introduced. Here, we use a random integer valued
process lo(k). The three points of view are equivalent, the correspondance is given
by

skp1 =P{lo(k+1)=1}N"), rmep1 =P{l(k+1)=1}N"),
and
QU k) = {lo(k) = 1}.

The result has already been applied in section 1.2, the function used below is
H(uo) = |uo|®,

in this example. In fact, in most of the application and in particular for the CGL
equation in the first case treated below, H wil be the square of the norm. We are
concerned with v(-, (ug, Wo)) = (u(-, ug), W(-, Wp)), a couple of strongly Markovian
process defined on polish spaces (E,dg) and (F,dr). We denote by (P;)icr the
markovian transition semigroup of u, where I = R* or TN = {kT, k € N}.

We consider for any initial conditions (v},v3) a coupling (vi,ve) of
(D(v(-,1})), D(v(-,v3))) and a random integer valued process lp : N — N U {co}
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which has the following properties

lo(k+ 1) =1 implies (k) =, for any [ < k,

(1.45)
lo(k) depends only of vy (g r7) and vz|jo k77

(

lo(k) € {0,1,2, ..., k} U {0},
(
(

lo(k) = k implies Hy < dp,

where
Hi = H(uy (kT)) + H(uz(kT)), H: E — R*.
We write v; = (u;, W;). From now on we say that (v1,vs2) are coupled at kT if
lo(k) <k, in other words if {y(k) # occ.
Now we see four conditions on the coupling. The first condition states that when

(v1, v2) have been coupled for a long time then the probability that (u1, us) are close
is high.

There exist ¢y and ag > 0 such that
(1.46)

P (dp(ui(t), us(t)) > coe™ @) and ly(k) = 1) < coe= 01D,

for any ¢t € IT,kT|N 1.
The following property states that the probability that two solutions decouples
at kT is very small

There exist (pg)ken, ¢1 > 0, a3 > 0 such that,
(1.47) P(lo(k+1)=1|lo(k) =1) > ps_y, for any | < k,
1—pp <cre=®* p. >0 for any k € N.

Next condition states that, inside a ball, the probability that two solutions get
coupled at (k4 1)T is uniformly bounded below.

There exist p_1 > 0, Ry > 0 such that
(1.48)

P(lo(k+1) =k+1][lo(k) = o0, Hr < Ro) = p-1.

The last ingredient is the so-called Lyapunov structure. It allows the control of
the probability to enter the ball of radius Ry. It states that there exists v > 1, such
that for any solution vg

EH(v(t,vo))
(1.49) E(H(v(m',v0)) lr<coo) < K (H(vo) + 1+ E(7'11<00))”

IN

67043757'[(’1)0) + %,

for any stopping times 7’ taking value in {kT, k € N} U {co}.

The process V' = (v1, v2) is said to be lp—Markovian if the laws of V(KT + -) and
of lo(k 4+ ) — k on {lo(k) € {k,o0}} conditionned by Fir only depend on V(kT)
and are equal to the laws of V (-, V(kT')) and ly, respectively.

Notice that in the example of the previous section or in the CGL case below, the
process (u;, W;)i=1,2 is lo-Markovian but not Markovian. However, in both cases, if
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we choose dy = Ry, we can modify the coupling such that the couple is Markovian
at discrete times TN = {kT, k € N}. But it does not seem to be possible to modify
the coupling to become Markovian at any times.

Theorem 1.8. Assume that (1.45), (1.46), (1.47), (1.48) and (1.49) hold whith
Ry > 4Ky and Ry > do and that V = (v1,vs) is lo-Markovian. Then there exist
ayg >0 and cq4 > 0 such that

(1L50) P (dp(ua(t), un(t)) > ce") < cae" (14 H(ud) + H(ud)).

Moreover there exists a unique stationnary probability mesure v of (Pt)ier on E.
It satisfies,

(1.51) /EH(u)dV(u) < %,

and there exists ¢y > 0 such that for any u € P(E)
(1.52) [Py — V|2ipb(E) < cye 2t (1 + : H(u)du(u)) .

Proposition 1.6 is an easy consequence of Theorem 1.8. Actually (1.45) is clear
and (1.46) and (1.49) are consequence of (1.17) and (1.20) if Ry > dy. Finally,
since, for any (Ry, do,T) sufficiently high, there exists a coupling such that (1.18)
and (1.19) hold, we can choose (Rg, dg,T) such that all our assumptions are true.

Remark 1.9. Inequality (1.52) means that for any f € Lipy(E) and any ug € E

’Ef(U(tuo))— [ vt

1.4. Proof of Theorem 1.8.

Reformulation of the problem

We rewrite our problem in the form on a exponential estimate.

As in the example, it is sufficient to establish (1.50). Then (1.51) is a simple
consequence of (1.49) and (1.52) follows from (1.16). Assume that ¢ > 8T. We
denote by k the unique integer such that t € (2(k — 1)T, 2kT)]. Notice that

< ca|fliipy(m) e” (1 + H(uo)).

P(dpon(8), us(1)) > coe=0 (=)
< ]P)(IO(QI’C) > k?) +P (dE(ul(t),UQ(t)) > Coefao(tf(kfl)T) and ZO(Qk) - k;) .

Thus applying (1.46), using 2(t — (k — 1)T") > t, it follows

(1.53) P (dp(ur(t), ua(t)) > coexp (—92t)) < P (lo(2k) > k) + coexp (—%2t) .
In order to estimate P (Ip(2k) > k), we introduce the following notation
lo(00) = lim sup l.
Taking into account (1.45), we obtain that for | < oo
{lp(c0) =1} = {lp(k) =, for any k > [}.
We deduce

(1.54) P (I(2k) > k) < P (Ig(c0) > k).
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Taking into account (1.53), (1.54) and using a Chebyshev inequality, it is sufficient
to obtain that there exist ¢5 > 0 and § > 0 such that

(1.55) E (exp (6lp(c0))) < e5 (14 H(ug) + H(ud)) -
Then (1.50) follows with
—mind 0
Qq = min g =, o o

Definition of a sequence of stopping times
Using the Lyapunov structure (1.49), we prove at the end this subsection that
there exist g > 0 and cg > 0 such that

(1.56) E (exp (607)) < ¢ (1 4+ H(uf) + H(ud))
where
7=min{t € TN|H(u1(t)) + H(uz(t)) < Ro}.
We set
6 =min{k € N*|lo(k) > 1}, o=¢6T.
Clearly 6 = 1 if the two solutions do not get coupled at time 0 or 7. Otherwise,

they get coupled at 0 or 7' and remain coupled until o.
Let us assume for the moment that if Hy < Rg, then

E(exp (610) locoo) < C7,
(1.57) (exp (010) lo<oo) 7

P (0 = 0) > poo > 0.

The proof is given after the proof of (1.56) at the end of this subsection.
Now we build a sequence of stopping times

T0 = T,
6k+1 = min{lEN*|lT>Tk and lo(l)T>Tk+T}, Oky1 = é'kJrlXT
Thyl = Oyl +7005, 4,

where (6,), is the shift operator. The idea is the following. We wait the time 7y
to enter the ball of radius Ry. Then, if we do not start coupling at time 7, we
try to couple at time 7, + 7. If we fail to start coupling at time 74 or 74, + T we
set o = 7, + T else we set oy, the time the coupling fails (o}, = oo if the coupling
never fails). Then if o4, < 0o, we retry to enter the ball of radius Ry. The fact that
Ry > dp implies that ly(7x) € {73, 00}.

The idea of the lp—Markovian property is the following. Since ly(7x) € {73, 00}
and lp(oy) € {ok, 0}, when these stopping times are finite and since these stop-
ping times are taking value in TN U {oco}, then the [(—Markovian property implies
the strong Markovian property when conditionning with respect to F,, or F,,.
Moreover, we infer from the [p—Markovian property of V' that

Ok+1 = Tk + 008,
which implies
Ti+1 = Tk + pob,, , where p = o + 700,.

Exponential estimate on p
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Before concluding, we establish that there exist K such that for any V such that
Ho < Ry and for any 0o < % (60 A 67)
(1.58) Ev, (€%f1pc0) < K.

Notice that for any Vj such that Hy < Ry,

Ev, (€P1pcoc) = Evy (€27 15 cooE (€27 1109, <o | F)) -
Applying the l[p—Markovian property and (1.56), we obtain
E (€270 1 pp, <oc ) < 6 (14 H(u1(0)) + H(uz(0))) Tococ,
which implies
Evy (6971 pco0) < e6Bry (7L (14 Hlua(0) + H(uz(0))))

An Holder inequality gives

1
7

Evp (€71 pcoe) < 6 (Evpe?* Lo ) (Ey (14 H(u1 (0)) + H(uz(0))) Lo<oc)

Applying the Lyapunov structure (1.49) and (1.57), we obtain (1.58).
Conclusion
We remark that

s 5 d2p00~
E (e 2Tk 41 1_’_k+1<oo> - E (e CILN NN ) (e 20007, 1P097k <oo|.7:7—k)) .

Applying again the ly-Markov property of V

==

(159) E (652Tk+1 1Tk+1<00) =E (662Tk 1Tk<ooEV(‘rk) (652p1p<oo)) .
Iterating (1.59) by using (1.58) and (1.56), we obtain
(1.60) Ee®™ 1, oo < K™ (1+H(ug) + H(ud)).

Using the second inequality of (1.57) and that 7 < oo, we obtain from the l[p—Markov
property that

(1.61) P (ko >n) < (1 —poo)”,
where
ko = Hlf{k eN ‘ Ok+4+1 = OO}
Then we obtain that ky < co almost surely and that
lo(OO) S {Tkako + 1}

Therefore lp(00) < 0o almost surely and

0o ad 92
E exp (plo(oo)) < ZE@ w ( n+1)1k02n,

n=1
which implies, by applying a Holder inequality,
oo

Eexp (ijlo(oo)> < 6%2 Z (IEe‘;QT" 1m§oc)

n=1

=

(P(ko=m))* .
Applying (1.60) and (1.61), we obtain

Eexp (ijmoo)) < oot (i (K701 —pwﬁ)”) (1+ H(u}) + H(ud))
n=1

Choosing p such that K» (1 = poo)? < 1 and setting § = %, we obtain (1.55)
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Proof of (1.56)
Let N be an integer such that

efoégNT S

| =

We fix i € {1,2} and set
By ={H (u; (jNT)) > 2Ky, for any j <k}, Cp={H (u;(kNT))>2K;}.
Combining the Markov property of u; and the Lyapunov structure (1.49), we obtain

1 K
(162 E(Hu((k+ ONT)|Fanr) < Hm(kNT)) + 5L
Hence, applying a Chebyshev inequality, it follows that
1 1
(1.63) P (Crt1]Frnt) < %H(Ui(kNT)) e
Integrating (1.62), (1.63) over By, we obtain that
E (H(ui((k + 1)NT))1gp,., E (H(ui(kNT))1p,
(1.64) (H(ui((k +1)NT)1p,,,) <A (H(ui(kNT))1p,) 7
P (Bg1) P (Bx)
where
A= 4 2
1 1
8K, 4

Since the eigenvalues of A are 0 and %, we obtain that
P(By) < — (1 k(1+H(ui))
M=K\ 2 0
It follows from Ry > 4K that

P(r > kT) < cexp <—§1n2> (14 H(up)) .

Hence, taking dp < %*, we have established (1.56) .

Proof of (1.57)

Now we establish (1.57). There are two cases. The first case is [5(0) = 0. Then,
applying (1.47), we obtain that

P (o =00) > 2 P (lo(k + 1) = 0[lo(k) = 0) > TI7Z ) py.
The second case is lp(0) = co. Then
P (0 = 00) = P(lo(1) = 1) TP (lo(k + 1) = 1[lo(k) = 1).
Since Hy < Ry, then applying (1.47) and (1.48)
P(o =o00) > 32 _pk-

Since pr, > 0 and 1 — pi exponentially decreases, then the product converges and
in the two cases

(1.65) P(o = 00) > poo =32 _1pr > 0.
Notice that (1.47) implies

P(oc=n) <P(lo(n+1) #nl|lo(n) = 0)+P (lo(n+1) #n|ly(n) = 1) < 2¢c;e" (0= DT
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which gives the first inequality of (1.56) and allows to conclude

2. PROPERTIES OF THE CGL EQUATION

We are concerned with the stochastic Complex Ginzburg-Landau (CGL) equa-~
tions with Dirichlet boundary conditions:

& — e+ DAu+ (+ M) [ul*Tu = blu) G+ f,
(2.1) u(t,x) = 0, forxze€dD,
w(0,2) = wup(x),

where ¢ > 0, 7 >0, A € {—1,1} and where D is an open bounded set of R? with
sufficiently regular boundary or D = [0,1]¢. Also f is the deterministic part of
the forcing term. For simplicity in the redaction, we consider the case f = 0. The
generalisation to a square integrable f is easy. We say that it is the defocusing or
the focusing equation when \ is equal to 1 or —1, respectively.
We set
A=—-A, D(A)=H}D)nH*D).

Now we can write problem (2.1) in the form

(2.2) % +(e4+)Au+ @+ M) |[ulu = blu)—

(2.3) u(0) =,

where W is a cylindrical Wiener process of L?(D).
The aim of this section is to prove some properties which will be used in Section
3 to build a coupling such that the assumptions of Theorem 1.8 are true.

2.1. Notations and main result.

We consider (e, ftn )nen+ the couples of eigenvalues and eigenvectors of A (Ae,, =
fn) such that (e,), is an Hilbertian basis of L?(D) and such that (u,), is an
increasing sequence. We denote by Py and @y the orthogonal projection in L?(D)
on the space Sp(ex)1<, and on its complementary, respectively.

The first condition is a condition on the smoothness of the noise and a condition
ensuring existence and uniqueness of solutions.

We will sometimes consider the L?(D) sub-critical condition:

H1 We assume that 0 < o < 2 A 3. Moreover ug € L*(D) and b is bounded
Lipschitz

b: L?(D) — Ly(L*(D), H*(D)).

We also consider the H!(D) sub-critical condition when the equation is defocus-
ing.

HY’ If d < 2 we assume that o > 0. If d > 2, we assume that 0 < 0 < ﬁ.
Moreover A =1, ug € HY(D) and b is bounded Lipschitz

b: L?(D) — Lo(L*(D), H*(D)).

We set, for s < 2,
2
B, = sup ()2, 12Dy, He(D)) -
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The second assumption means that b only depends on its low modes.
H2 There exists N1 such that

b(u) = b(Pp, u).

The third condition is a structure condition on b. It is a slight generalisation of
the usual assumption that b(u) is diagonal in the basis (ep,)n.
H3 There exists N > Ny, such that for any u,

PNb(U)QN = 0, QNb(u)PN =0.
Moreover Pyb(u)Py is invertible on Py H and

sup |(PNb(u)PN)*1| < 00.

In this section, we define by ||, [-[,, [|-| and |-][, the norm of L?(D), LP(D),
HY(D) and H*(D).
The Lyapunov structures are defined by

2 2
HE = L[,

HHl 2042

1 2 1
2 ||H + 2042 |'|20+2'

The energies are defined by

t
Efaﬂv:MAwF+s/|m@m2@,
T
and
H e rt 2 n [t 4do+2
H (u(t) + § 5 u(s) |2 ds + 3[4 Ju(s)] 22 ds
4o fL L luls, @) [Vu(s, o) deds,

When T = 0, we simply write E,(t) = E,(t,0).
The first case is the L2?-subcritical focusing or defocusing CGL equation with
initial condition in L?(D):
Case 1:
— H1, H2 and H3 hold,
- )‘6{_1’1}’ H:LQ(‘D)a
- H=H" =|{l2p), Bu=EL.
The second case is the H'-subcritical defocusing CGL equation with initial
condition in H(D).
Case 2:
— H1’, H2 and H3 hold,
- A=1, H=HYD),
- H=H" = 3|l + g5z e ey, Bu= Bl
When it is not precised, the results stated are true in both cases. It is well
known that we have existence and uniqueness of the solutions in both cases and
that the solutions are strongly Markov process. We denote by (Py);cr+ the Markov
transition semi-group associated to the solutions of (2.2).

The aim of this article is to establish the following result
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Theorem 2.1 (MAIN THEOREM). There exists No(Bz,n,e,0,D) such that if
N > Ny, then in cases 1 and 2, there exists a unique stationnary probability measure
v of (Pi)ier+ on L?(D). Moreover, v satisfies

(2.4) | Wl dvta) < o,
and for any s € [0,2), there exists Cs > 0 and a5 such that for any p € P(H)
@3 P ey < G (14 [ il dut))

Furthermore, if (u, W) is a weak solution of (2.2), (2.3), with ug taking value in
L?(D) then for any f € Lipy(H*(D))

(2.6) ‘]Ef(u(t)) - /H fw)dv(uw)| < Cs [ flpip, me(py) € (1 +E |u0|2L2(D)) :

Remark 2.2. In case 1, (2.5) is equivalent to (2.6). But in case 2, the Markovian
transition semi-group make sense only if ug is taking value in H = H'(D) because

strong existence and weak uniqueness may cause problem when ug € L?(D). Hence
(2.5) make sense only if u € P(HY(D)) which means that ug € H*(D).

Remark 2.3. Assume that B < oo for s sufficiently high. Let k be a positive
integer such that

k<2042, ifc ¢N, and k e N ifc € N.

Applying Remark 2.15 below and adapting the proof of Theorem 2.1, we obtain that
(2.4) can be replaced by

(27) | elis o vt < .
and (2.5) is true for any s real number such that
s<[20+42], ifc €N, and s e R if o € N,

where [-] denote the integer part.
The condition on k and s comes from the lack of derivability of the non-linear
part of the CGL equation. Assume that we replace [ul** u by g(|u|”)u where
— g is infinitely continuously differientiable,
— g(z) = a7 for x > xy,
— g is increasing and g(0) = 0.
Hence Theorem 2.1, (2.7) and (2.5) are true for any k and s.

2.2. Properties of the solutions.

In this subsection, we state some properties proved in the next subsections.
These are used in Section 3 to apply Theorem 1.8 in order to establish Theorem
2.1.

First, we recall the following result.

Proposition 2.4. In the two previous cases, there exists a mesurable map
: C((0,T); Px H) x C((0,T); Qu HF (D)) x H — C((0,T);Qn H),
such that for any (u, W) solution of (2.2) and (2.3)

Qnu=P(Pyu,QnW,ug) on [0,T).
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Moreover ® is a non-anticipative functions of (Pyu, @QnW).

Proposition 2.4 can be proved by applying a fix point argument and by taking
into account that the limit of a sequence of measurable maps is measurable.
We have the so-called Foias-Prodi estimates.

Proposition 2.5 (Foias-Prodi estimate). Let u; and us be two solutions of the
CGL system (2.2) associated with Wiener process Wi and Wy respectively. If

(2.8) Pyuy(t) = Pyua(t), QnWi(t) = QnWa(t), for Ty <t <T,

where N is a non-negative integer, then

(2.9) r()] g < [r(To)] 4 exp <—€Mg+l(t —To) +c1 Y Eu,lt, To)) ;

i=1
where r =uy —ug and Ty <t < T and where ¢y > 0 only depends on ¢, n, o, D.

We deduce immediately a very usefull Corollary.

Corollary 2.6. For any B, there exists N\(B,n,e,D,0) such that under the as-
sumptions of Proposition 2.5, under the assumption N > N|, and under the as-
sumption
Eui(t7TQ)Sp+B(t—TQ), 1=1,2
we obtain that
lr@|g < |r(To)l g exp (=2(t = To) + c1p) -
where ¢y is the constant of Proposition 2.5.

Then, by proving analogous result to the previous Corollary, we obtain the Drift
estimate which, in Section 3, will ensures the Novikov condition and will allow to
apply the Girsanov Formula.

Lemma 2.7 (Drift estimate). For any B, there exists No” (B, n,€,D,0) such that
for any uy,us solutions of the CGL system (2.2) associated with Wi and Wy and
for any N > Ny”

(2.10) /TT

where T > Ty > 0 and p,C,a > 0, where Ky, c only depend on B, C, «, €, n, o,
D, N and where we have denoted by T the value

E, (t)>p+ Bt or Ey,(t)>p+C((1+t*) or
Pnui(t) # Pyus(t) or QnWi(t) # QnWa(t)

Pr(jun () un(s) — [ua(s) 7 ua(s))|| ds < Ky [r(0)? 2P,

7 =T, Vinf (te [O,T]‘

Now we set
No = NjV Ny
In order to apply the previous Lemmas and Corollary, we establish the two following
results.

Proposition 2.8 (Exponential estimate for the growth of solution). Assume that
u is a solution of (2.2), (2.3) associated with a Wiener process W. Then, for any
0<Ty<T <

P sup (Eu(t)— Bt) > H(ug) +p | < e 0r7370,
te[To,T|

where B only depends on Bs, o, n, €.
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Proposition 2.9. Assume that u is a solution of (2.2), (2.3) associated with a
Wiener process W. For any u, we define u by

= Pyu+ ¢ (Pyu,QnW,uj) .
Then, there exists o > 1 such that for any N, there exists Cy,

P ( sup (Egz(t) — Cnt®) > Oy (14 H(uo) + H(ug)® + p)) < 2e70P,
te[0,T]
for any 0 <T < oo and any u%.

Let u; and uy be two solutions of (2.2) that correspond to deterministic intial
value u} and u2, respectively.

Lemma 2.10 (The Lyapunov structure). There exists « > 0 and Cy, > 0 such that

for any k
Cr

EM(ui(t))* < H(uh)e o + 2F,

and for any stopping time T
EH(us(7) s coe < H(ub) + (1 +E (71,200))
Using Lemma 2.10 and Chebyshev’s inequality, we obtain
Lemma 2.11. If Ry > (H(u) + H(u3)) V C1, then
B (M (1)) + H{ua(t)) 2 4C1) < 5,
providing t > 01(Rgy) = éln g—‘;.
Then, in the second case, we control H(u(t)) by |ug|*.

Proposition 2.12. [t is assumed that u is a solution of (2.2), (2.3) associated with
a Wiener process W. Then, for any T > 0

C
EH(u(T)) < A+ BT + = uol*,
where A, B and C' only depends on Bs, 0, 1, €.

Now, we claim that in the two cases, we can control the norm of solutions in
Sobolev spaces by the norm in L?2.

Proposition 2.13. Let k be a positive integer less than 2. There exist v, > 1 only
depending on k, 0 and d and C, > 0 and ¢, > 0 only depending on k, (Bs)s, 0, d,
€ and n such that for any T >0 and t > 0

2

T+t Tk
1
E <||u(T+t)||i+/ ||u(s)\|iJrl ds) SC}cT|u0|2—|—Ck(1+T+t).
T

Hence, applying a Chebyshev inequality, we obtain

Corollary 2.14. Let k be a positive integer less than 2 and § > 0. There ezist
v > 0 only depending on k, o and d and Cs > 0 only depending on 9§, k, (Bs)s, 0,
d, € and n such that for any t >0

P (Ju(ll, = e™) < Coe™ 3" (Juol* + 1)
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Remark 2.15. Assume that Bs; < oo for s sufficiently high. The proof of Propo-
sitton 2.13 can be adapted to k a positive integer such that

k<2042, ifc €N, andk eN ifoc €N,

and then Corollary 2.14 is true for such a k.

The condition on k comes from the fact that |-|” is not C* on 0. As in Remark
2.8, if we replace |-|° by a nice function which coincides with |-|° on [xg,00), we
can establish those results for any k.

2.3. Foias-Prodi and Drift estimates.
The proofs in the first case are closely related to the proofs in the second case,
but are simpler. That is the reason why we only give the proof in the second case.
Proof of Proposition 2.5 in the second case.
We denote u; — ug by 7.
Step 1. This step is devoted to the proof of

. 20 20 6 d0+2
(211) L= ((+ D) (jual* up = |ur*7 wr), Ar) < o |irlly + cllr]® ZI havs
We recall the following estimate
(2.12) 1277 2 = 1y | < clo =yl (2P +1y*").

Applying Holder inequality and then (2.12) gives

1< el [fual* wz = fea 7 er| < el

2
(o)
i=1 2
Let s € (1,2) such that 24%5 = 40 + 2. Applying once more Holder inequality and
then the Sobolev embedding H*(D) C L***2(D) gives

I <|lrll, \7"|4g+22|uz|40+2 < lrfly Il Zluz do42>

“HLI?7* and then an

which yields by the interpolatory inequality ||.][, < ||.||5
arithmetic-geometric inequality

2— 4042
< rll il 82|u1‘4a+2 <3 = Il + e ) ZI Uiligya-

Step 2. We now establish (2.9).

Taking into account (2.8), we see that r satisfies the equation
dr
dt
Taking the scalar product of (2.13) by —2Ar, we obtain:

(2.13) + (e + 1) Ar = (n +)Qn (Jua* ug — [ [*7 w).

d||r|? . - -
@1 I e = 2(n + ) (1ua” 2 — 7 ), ).
Taking into account (2.11), (2.14) gives :
d||7'|| 4042
(2.15) +ellrly < elr)? Z\ uilig s -
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Since r € QnH, then py 4y 7] < ||r||§ and it follows from (2.15) that

dlrl 2 2 do+2
(216) W +Eeun+1 ”71” <c ||’I’|| Z ‘ui 4042

Applying Gromwall Lemma to (2.16), we obtain (2.9).

Proof of Lemma 2.7 in the second case.
We first state the following Lemma which strengthen Proposition 2.5.

Lemma 2.16. Let uy; and us be two solutions of the CGL system (2.2) associated
with W1 and W respectively. If

(2.17) Pyuy(s) = Pyua(s), QnWi(s) = QnWa(s), for any s € (Tp,t),

where N is a non-negative integer, then

€
(2.18) Pl < (O] exp (- F5E + 1B ().

where r = uy —uy and where ¢; > 0 only depends on ¢, n, 0, D. Moreover, for any
B, there exists Ny”(B,n,e,D,0) such that N > Ny” and

(2.19) E.,(t)<p+ Bt
imply
(2.20) POl 2 < Ir(O)] 2 exp (-2 + cap).

where ¢y is the constant of Proposition 2.5.

For the first case, this result is Proposition 1.1.6 of [22]. For the second case the
proof is the same.
Sketch of the proof of Lemma 2.16.
The proof of Lemma 2.16 is similar to the proof of Proposition 2.5. Indeed it is
sufficient to prove

@21) 1= =+ M)l — a7 ), ) < e fun PP
to establish Lemma 2.16. We prove (2.21) as follows. Remarking that
Jua|*7 uz — Jur [*7 ur = fus|* 7 4w (Jua|*” = [ua] ™),

and

20—1 |20‘—1)

s (sl — s )] < ¢ fun] (a2 4 a7

we obtain

I'< —n ‘|u2|20 |7“|2‘1 +d uy Jug " 7“2)

u 2Ur2 +CI
|| )

L
Applying arithmetico-geometric inequality to the last term of the previous equality,
we obtain for o > %

c ’ul \uQ\Z‘Fl 7'2‘1 <n ’\uQ|2J |7’|2‘1 +c

fur [P
1

We infer (2.21) for 0 > 3 from the two previous inequalities.
To obtain (2.21) when ¢ < 3, one remark that D is the union of {z||ui(z)| >
lug(x)|} and {z||ui ()| < |uz(z)|}. Treating the first set is trivial. The treatement
done before works for the second set.

(I
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Let us set
2

Py (Jur(s)*7 ur(s) = luz(s)[* uz(s))| ds.

-,
To

Applying Lemma 2.16 with the same Ny”, we obtain
(2.22) [r(®)| < |r(0)]exp (=2t + c1p), for T >t > 0.

Noticing that, since we work in a finite dimensional space, all the norm are equiv-
alent. Hence there exists K such that

(2.23) I <Ky /TT lug ()27 uy(s) — |ug(s)]* u2(s)‘jd5.

It follows from (2.12) and Holder inequality that

‘ (Z ui<s>|2“) ()

: (Z us(s) i;) (s)P

which yields, by applying an arithmetico-geometric inequality,

(1 +Z|uz 3515) I (s).

Combining (2.22), (2.23) and (2.24) and then an integration by parts, we obtain

2
2

IN

[un ()/*7 wn (s) = fua(5)*” wz(s)|

1

IN

(2.24)  |ur ()] un(s) — ua(s)* U2(S

I < Kyir(0 |/eXp —4t +c1p) <1+Z|Uz igi§>d&
i=1
< Knlr(0 |/exp —4t + c1p) <1+Z/ Jui(s)lag 15 d )dt’
< KN|7"(O)|2/ exp (—4t + e1p) (1 + 20 + Bt + C(L +1%)) dt,
To
<

Ky |r(0))? [ exp (=3t + 2c1p) dt,
To

which allows us to conclude.
O

2.4. An exponential estimate for the growth of solution.

As in the previous subsection, we only give the proof of Propositions 2.8 in the
second case.

We set

2 2042 4 +2
% u(®)[I” + 201_,.2 U(t)|2§+2 +5f0 [[u(s ||2 ds + 77fo lu(s 4Z+2 ds

EL(t) =4 +
(m+e) [5 [0+ x(@Va) |u(s, )|* [Vu(s,z)|* dzds,
where x(z) = 20%Re (£22). Applying Ito’s Formula to H(u) = 3 el >+
we obtain

(2.25) E,(t) = H(uo) + Mi(t) + Ma(t) + L1 () + L2(t),
110
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where we have denoted

fo (u(s))dW (s)), M (t) = fot(IU( )17 u(s), blu(s)))dW (s)),
-2 fo \b |L2(L2(D) H1(D)) 95; 2(t) = %f D=1 \Qi(u(s))\gz(m(p)) ds,

where

gi(w)(k) = filw)(b(wh)  fi(u)(k) = |ul” x &, fa(u)(k) = V20 [ul]”"" Re(a x k).

Holder estimate and Sobolev Embedding give

40
Z|fz |[1(H1(D 2oy < Clulggio s
which yields
4o
Z\gz |L2(L2 )y < Clulygys B,

and thus by an arithmetlco—geometrlc inequality

(2.26) Iy(t) < cByt + 2 / Julj 15 ds
Notice that
< M > / Ib(u(s)* Au(s)|* ds,
which gives
t
(2.27) <M > ()< Bo/ u(s)|I? ds.
0
Moreover .
2
<My > (f) = / bu(s))* u(s) " u(s)|ds.
0
Since ) )
b(u(s))" [u()*” uls)| < Bo |lu(s) " u(s)| < eBo lulig L3
we obtain
i
(2.28) < My > (t) < ¢By / ul3773 ds.
0

Noticing that < M + My >< 2(< My >+ < My >), I1(t) < Byt and x(z) > 0 for
any z € C, it follows from (2.25), (2.26), (2.27) and (2.28) that

(2.29) Eu(t) — H(ug) — Bt < M(t) — % <M > (t),

where M = My 4+ Ms, B’ = ¢(By + By) and vy = Thus

(1+c)

P(sup (Eu(t) — Bt) > H(uo) + p') < e 7P Ee%M(t)_*<M>(t) < e 0
teR+

which allows to conclude by setting p’ = p + 3T° and B’ = B + 7

We do not give the proof of Proposition 2.9 because it is easilly deduced from the
proof of Proposition 2.8. Actually, Ito Formulas associated to a solution w are also
true if we replace u by @ and b(Pyu)dW by b(Pyu)dW + Py (Ju|* u — |a|*” @)dt.
Hence to establish Proposition 2.9, it is sufficient to bound the additionnal term by
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using the equivalence of the norms in finite-dimensionnal spaces and by applying
Proposition 2.9 to bound terms containing u.

2.5. The Lyapunov structure.
Now, we prove Lemma 2.10 in the second case. Using the computation of the
energy previously done, we obtain that there exixts Cy such that

lui (8)[3752 dt < dM + Cydt

£
dH(ui(t)) + 3 ||Ui(t)\|3 dt + 4042

_n
4o + 2
Applying Ito Formula to H(u;)* and controlling d < M > as above by |u; (t)||§ dt

and |u;(t) jgig dt, we obtain that there exists ag such that

dH (1)) + aokP(us) (@3 + lus(DI1713) db
< kH(u;(t))*1dM + Cydt.

(2.30)

Taking into account that puq ||.|* < ||H; and that there exist § > 0 such that

B.la0 ks < |15 + |-l19 55, we obtain that there exists > 0 such that
(2.31) dH (ui (1)F 4 akH (u;)*dt < kH(ui ()" dM + Cydt,

which yields, by integrating and taking the expectation, the second inequality of
Lemma 2.10.
Now, applying (2.31), we obtain that

(2.32)  H(ui(t)* < H(ui) e _“’“t+k/t e ORI H (uy(s))F 1AM (s) + Ch.
0

which yields, by taking the expectation, the first inequality of Lemma 2.10.

2.6. Control of Pr'H by |.|* in the second case.
Now, we prove Proposition 2.12. Taking the expectation on (2.29), we obtain
that for any T'> ¢ > 0

EH(u(T)) < EH(u(t)) + B(T — t).
Integrating over [0, T gives

(2.33) EH(u(T)) < E / H(u(t))dt + BT.
Applying Ito Formula to |u\ and taking the expectation, we obtain
Bluf+2¢ [ BIuG) dst2n [ B )R ds = o+ | B Iul6E1200
Applying H1’, we obtain

/ H(u(t))dt < C |uo|® + AT,

and by 2.33
C
EH(u(T ))<A+BT+ luo|? .
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2.7. H' and H? estimates.
We first establish that

T
(2.34) E |u(T)|I* + 5/ E [lu(s)|3 ds < uo|l* + e |uo|** + B{T,
0
and that
1
(2.35) E|ju(T)| §c(1+T|u0|2—|—|u0|2k—|—T).
In the second part of the proof, we establish that there exists 7y > 0 such that
t
(2.36) E ||u(t)]| + 5/0 E [[u(s)3 ds < uoll; + ¢lluol™ + C(t + 1).
We deduce from Hoélder inequality that
2
t o
(2.37) E (IIU(t)Hg + 6/ IU(S)IlﬁdS) < clluols + Ct +1).
0
and
1
(2.39) Bl < e (1+ 7l +7).

Hence, combining (2.35), (2.37) and (2.38), we obtain

2

T+t Y0 1
(2.39) E <u(T+t)||§ +5/ ||u(s)||§ds> < ez [uol® + fuo " + C(T+t+1).
T

Applying Holder inequality allows to conclude.

Proof of (2.34) and (2.35)

Note that (2.34) and (2.35) have already been demonstrated in the second case.
Then it remains to establish (2.34) in the first case, when A\ = —1.

Remark that Ito’s Formula applied to |u|2’C gives

t
2100 B (WOF ok [ Y W ds) <l + B
0
Taking the scalar product between (2.2) and 2(—A)u gives
(2.41) d|[ul® 4 2¢ |Jul|3 dt < 2((—Au), b(w)dW) + 2(Au, (7 + Ai) |[u]*” u)dt + Bydt.
We deduce from Schwartz inequality that
. 20 2041
2(Au, (7 + M) [l ) < e ully [ul37 s
The Gagliardo-Niremberg inequality gives
. 1+ %% 20 17—
2(Aat, (1 + M) [l ) < e fully"F Ju7HF
Finally, since od < 2, then we can deduce from a arithmetico-geometric inequality

that
pELE S

2(Au, (7 + X) [ul* u) < & [Jull; + clul
We infer from (2.41) that

dJul® + ¢ ul? dt < 2((=Aw), b(w)dW) + c|ul> FoF " dt + Bydt,
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and then

40+4+2—0od

t t
E [lu(t)|* +e / E [|u(s)|3 ds < Juo* + ¢ / Elu(s)]* 2+ ds+ Bit.
0 0
Applying (2.40), we obtain for a well-chosen &’
2 ‘ 2 2 2K’
242 B[ +¢ [ Eu)l3ds < e (ol + o™ + 7).
0

Using the same argument as in the last subsection gives (2.35).
Proof of (2.36), (2.37) and (2.38)
Taking the scalar product between (2.2) and 2(—A)?u gives
(2.43)
d ||ull + 2¢ |Jull3 dt < 2((=Au)2,b(u)dW) — 2((—A)2u, (7 + Ni) [ul*” u)dt + Badt.

We deduce from an integration by part and Schwartz inequality that

(2.44) ~2((=)2u, (+ M) [l w) < ellull |V (ulu*")

v (1)

where % + % = % We choose s, p and ¢ such that

1 1 s 1 1 1
-—=—-——=, —=0V|-—=].
p 2 d 20q 2 d

Since 0 < 525, then s € [0,2). Hence the Sobolev embeddings H*(D) — L*(D)

and H'(D) — L?°9(D) imply

Holder inequality gives

20

< [Vul, lulygq

2 2
[V lul*| < ully )™,

Then, we deduce from (2.44), an interpolatory inequality that
. 20 1+3 204+1—%
=2((=A)%u, (n + M) [u]* u) < cllulls " [|ul >

An arithmetico-geometric inequality gives

(2.45) —2((—A)%u, (9 + M) [u*7 u) < e [[ull§ +cull”,
with 8 > 0. We infer from (2.43) and (2.45) that
(2.46) dull3 + e |lu]l? dt <2((—=Au)?,b(u)dW) + ¢ |ul|’ dt + Badt.

Hence, we deduce (2.36) from (2.46). Then, applying Holder inequality, we obtain
(2.37). Using the same argument as in the last subsection gives (2.38).

3. THE COUPLING OF CGL

Recall that, as in the last section, we consider the two cases devellopped in
subsection 2.1 and use the properties stated in subsection 2.2. In this section, we
make an other assumption

H4 N > Ny,

where Ny has been defined after Corollary 2.6 and Lemma 2.7.

In this section, we apply Theorem 1.8. Then we obtain there exists a unique
invariant probability measure on H and that there exists ¢ > 0 and o > 0

(3.1) P (Jui (t) — uz(t)| > ce_at)lilce_at (14 H(ug) + H(ud)) -
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Recalling Corollary 2.14, we obtain for any § > 0,
_s 2
(3.2) P (l[us®ll 2y = ™) < Coe™ 3" ([ubl}ap) +1)

Combining (3.1), (3.2) and using an interpolatory inequality between L?(D) and
H?(D), we obtain that for any s € [0,2), there exists a5 > 0 and Cs > 0 such that

2
P (Jlur (t) = w2l ey > ce™*") < Coe0! (1 3 ([l ey + H<ua>)) ,
i=1
which implies

1P 1=Vl Lipy (112 () < Cae™ ! (1 + /H (IU|2L?(D) + H(U)) du(u)) :

Now it remains to conclude the second case, we consider (u, W) a weak solution
and we apply Proposition 2.12

1
E (H(U(T)) + |U(T)|i2(D)) < +E ol 72 (py + C(1+T).

which implies for all cases

o, 2
E£(u(0) - [ 0] < el e (L Bl
for any s < 2, for any f € Lipy(H*(D)).
It follows from this discussion that it suffices to prove that Theorem 1.8 can be
applied and that (3.1) holds. Then Theorem 2.1 is proved.

3.1. Preliminaries.
We set |-| = |-|; and

X =Pyu, Y =Qnu, B=PvW, n=QnW, o,=PnbPyN, o, =QnbQnN,

and

FXY) = NPy (IX+YP7 (X +Y)),
g(X,Y) = (+2)Qn (X +Y (X +Y)).

Now, taking into account H2 and H3, the system has the form

dX + (e + )AXdt + f(X,Y)dt

o1(X)dp,

(3.3) dY + (e +)AYdt + g(X,Y)dt = op(X)dn,
X(0) =20, Y(0)=yo.

Recall that H3 states that

_ 1
(3.4) There exists o9 > 0 such that, ‘(Ul(,T)) 1‘ < —, forany z € PyH.
0o

Now we can define [,

lo(k) = min {l S {O, ...,k‘}|Pl,k},
115



tel-00011214, version 1 - 15 Dec 2005

Ergodicity for the stochastic Complex Ginzburg-Landau equations

where min ¢ = oo and

Xi(t) = Xa(t), m(t) =m(t), Vte[T,kT],
(Pr)S Hy<doy, i=1,2,

Ey,(t+1T,IT) < Rlyer + Bt + Lispl,cpCn (1 +12), YVt e [0, (k— DT,

i

where B, «, C'y are defined in Propositions 2.8 and 2.9, where R will be chosen later
and where

Hi = H(ui (KT)) + H(uz(kT)).
Notice that (1.45) is obvious. Corollary 2.6 and H4 gives

(3.5) lo(k) =1 implies |ui(t) —ua(t)] < C(do)e™ 1T for any t € [IT, kT],

and we have establish (1.46). Lemma 2.10 implies the Lyapunov structure (1.49).

From now on we say that (X1, Xo) are coupled at kT if lo(k) < k, in other words
if 1p(k) # oo. Now it remains to build a coupling such that (3.6) and (3.7) holds,
where

¥ do, Ipo(do) >0, (pi)ien+, To(do) > 0 such that for any [ < k,
(3.6) P(lo(k+1) =1|1lo(k) =1) > px_y, for any T > Tp(do),
1—p; <e T ieN*,

and, for any (Rg,dp) sufficiently large,

(3.7) 3T*(Rp) > 0 and p_; > 0 such that for any T > T*(Ry)

P(lo(k+1)=k+1]lp(k) =00, Hr < Ro) > p_1,

These properties imply (1.47) and (1.48) and Theorem 1.8 can be applied.

As in the example of section 1.2, we remark that by induction, it suffices to
construct a probability space (g, Fo,Pp) and two measurable couples of func-
tions (wo,ud,ud) — (Vi(,ud,ud))iz12 and (V/(-,ud,ud))i=12 and such that,
for any (ud,ud), (Vi(-,ud,ud))iz12 and (V/(-,u},ud))i=12 are two couplings of

(D(u(-,uy), W))i=1,2 on [0,T]. Indeed, we first set
u;(0) = uf, Wi(0)=0, i=1,2.

Assuming that we have built (u;, W;);=1,2 on [0, kT, then we take (V;); and (V});
as above independant of (u;, W;);=1,2 on [0, kT] and set

38) (T + 0. WikT 4 1) = 4 D) wakT)) it lo(k) < k.

VI (t,u1 (KT), uz(kT))  if lg(k) = oo,

for any t € [0, T].
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3.2. Proof of (3.6).

The essential difference between this proof and the proof of (1.18) in the example
in section 1.2 is that a cut-off is used to control the energy.

To build (V;(-, ud,ud))i=1,2, we apply Proposition 1.7 to

E = C((0,T); H) x C((0,T); H= (D)),
F=C((0,T); PyH) x C((0,T); QuH~2~1(D)),

fO (ua W) = (X777)a
wi = D(u(-,up), W), on [0,T].
Remark that if we set v; = f§u;, we obtain
Vi = D(X(vuz))vn)v on [O,T]
We set
(Zzagz)_fO( ), i=1,2.
Then (Vi (-, u$, ug))i=12 is a coupling of (u1, p2) such that ((Z;, &) (-, ud, ud))iz1.2

is a maximal coupling of (v1, v2).
We first use a Girsanov formula to estimate I,,, where

L = Ja, (%) " dvy,
A = {(Z9]ma =T},
Ty = inf{t€[0,T]|Eq(t+kT,IT) > Nljey + Bt + (k — 1)T)
izl On (1 +1%), i € {1,2}},
where

G; = u; on [0,kT), (kT +-)=Z+®(Z,&up) on [0,T).
Then, using Lemma 1.2, we establish (3.6).
We consider a couple of (u;, W;)i=1,2, two solutions of (3.3) on [0,kT] and a
trajectory of (u;, W;)i=1 2 such that lo(k) = [. We set

Let W = (8, £) a cylindrical Wiener process defined on a probability space (€2, F, P).
We denote by Z the unique solution of the truncated equation

dZ + (e + D) AZdt + Vi<r, , [(Z2,D(Z,€, (2,11)))dt = 01(Z)dp,
Z(0) = x.

(3.9)

We denote by )\1 the distribution of (Z, &) under the probability P.
We set (3(t) ) + [y d(s)dt where

d(t) = Licr,, (Uz(Z(lf)))_1 (F(Z(1), ®(Z, €, (x,92)) (1)) — F(Z(1), D(Z,&, (x,51))(F))) -

Then Z is a solution of
dZ + (e +)AZdt + Li<r,  J(Z,D(Z,€, (x,y2)))dt = 01(Z)dB,
Z(0) = x.

(3.10)
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The drift estimate in Lemma 2.7 ensures that
T
(3.11) / ()2 dt < edoog® exp (=3(k — )T + Nlyey).
0

Hence the Novikov condition is satisfied and the Girsanov formula can be applied.

Then we set
B T 1 /T
dP = exp ( / A(s)dW (3) — / d(s)|2dt> dP
0 0

We deduce from the Girsanov formula that P is a probability under which (E, §)
is a cylindrical Wiener process and we denote by Ay the law of (Z,¢) under P.
Moreover, remarking that

(3.12) )\i<Ak,l n ) = l/i(AkJ N ~)7 1=1,2,
we obtain
T
(3.13) I, < I, <Eexp cp/ ld(s)[* dt | ,
0
where

d)o p+1
= (%2
P /F (d)w) e

Then it follows from (3.11) that

(3.14) I, < 11/7 < exp (cpaazdoe_3(k_l)T+0mk=l) )

e da\?
~A = [ |5 —1|dX < o) e L
A1 = X2l yorr /p‘d)\l ‘ A2 < \// <d)\1> A2

We infer from (3.14) that, for 7' > T5(do) = 21n (cp0 2do),

Notice that

1
”)\1 o )\2” < 7672(k7l)T.

var

[\

Using (3.12), we obtain for k > [
2 2

o1 = vallygy < 1A = Dol + D vilAfy) < 5e 20707 13" (AL ).

i=1 =1

|~

where
bt = {(2.8) | oz 1T) < Bt + (k= DT) for any t € [0,7) }.

Applying Lemma 1.2 to the maximal coupling (Z1, Zs);=1,2 of (v1,v2) gives for
k>1

2
(315)  P((Z1.6) # (Z2,6) < 11~ vallyay < 3¢ 207 43 (4] ).

i=1
Using (3.8) and (3.15), we obtain that on lo(k) =1

P ((X1,m) # (X2,m2) on [kT, (k + 1)T] | Fyr) < —e 2*=DT 4 2P(By 4| Fur),

N | =

where

Bij = {E,,(t,IT) < B(t —IT), for any t € [kT, (k+1)T], i = 1,2} .
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Noticing that for k > [
{lo(k+1) =1} = {lo(k) =1} N {(X1,m) = (X2,m2) on [KT, (k + 1)T} N By .

and integrating over lo(k) = [ gives for T > Ty (dp) and for k > [

Plo(k+1) #1|lo(k) =1) < = 2E=DT L 3P(B;

lo(k) = 1),

N =

and then
1
P(lo(k +1) # L, lo(k) =1 lo(1) =1) < 5e "7 4+ 3P(By | lo(1) = ).

The exponential estimate for growth of the solution (Proposition 2.8) gives that for
T sufficiently high

(3.16) P (lo(k + 1) £ 1, lo(k) = 1] lo(1) = 1) < exp(—2(k — )T).

Now, it remains to consider the case k = [, we apply Lemmas 1.2 and 1.3 to
(Z;,&)i=1,2 which gives

D

P((Z0,61) = (Zay &2), AZ) > (11 Ava) (Ag) > (1 - ;) (pI,) 70 (Ar) 725

Choosing N sufficiently high and applying the exponential for growth of the solution
(Propositions 2.8 and 2.9), we obtain

1
vi(A) > 2

and then applying (3.13) and fixing p > 1,

P((Z1,&1) = (Z2,&2), Aig) > po(do) > 0.

That gives
(3.17) P(lo(l+1) =1]1p(1) =1) > po(dg) > 0.
Since
k—1
P (lo(k) # Ulo(1) =1) <Y P (lo(n+1) #1, lo(n) =1]1o() = 1),
n=l

then, by applying (3.16) and (3.17), we obtain

= exp(—2T)
P =) <1- —2nT) <1-— _
(lo(k) # llo(l) =1) <1 —po +n§:1eXp( nT) <1—po+ — (2T’
which implies that for T' > Ty(do)
Po
(3.18) P (lo(k) = llo(1) = 1) > 2,

2

Combining (3.16), (3.17) and (3.18), we establish (3.6) for T sufficiently high.
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3.3. Proof of (3.7).
As in the example of Section 1.2, The Lyapunov structure gives that it is sufficient
to find dp > 0, p > 0, Ry > 4K; and a coupling (Vi (-, ud, u?))i=12 of (i1, pa), where

Hi = D(’U(,UB),W), on [Oa 1]7 i=1,2,
and such that
2
(319) P (Zla,ué,u%) = Zo(Lubd), S Hlui(Luhud)) < do) >,
i=1
where

Z; .
Vi("u(lbug) = (ul(vu(l)vug)vwl(vu(l)vu?))) ) ul(vu(l)vu(Q)) = < G, ) ,1=1,2.

Now we fix Ry > 4K, and consider a cimetery value A (some people prefer
calling it a heaven value). To build (V;(-, u}, u3))i=1.2, we apply Proposition 1.7 to

E = 0((0,1); H) x C((0,1); H-$-}(D)),
F = (PyH x C((0,1); @uH~#71(D))) U{A},
Jo (u, W) = X(1)La(X,n) + ALae(X, ),

and to p; where

A = {(X777) |T: 1}5
ro= inf {t € 10.1] | Exya(xnui)(t) > R4 Bt + 1iaCn (14 19), i € {1,2}} .

We set v; = fipi. Then (Vi(,ud,ud))iz1,2 is a coupling of (p1,u2) such that
(Zi(1,ud,u3))i=1 2 is a maximal coupling of (v, vs).
Now, we define
fi(u, W) =(X,n) and fo(X,n)=X(1)1a(X,n) + Alac(X,n),

and we set 0; = fiu; for i = 1,2. Now we consider (;,6;) such that 6;(AN-) is
equivalent to 0;(AN-) for i = 1,2 and such that (1,02) = (f561, f362) are two
equivalent measures. Then by applying two Schwartz inequalities, we obtain that

1

1 1. b
(3.20) I, < (Byia)* ()7 (Fipsa)
where »
p P .
Ip - fB' (%) dVQ; JI} = fA (%) d917
. NP SNP
I, = [p (%) i, ng = Ju (332) dbs,

Let us consider Z; the unique solution of
dZZ + (E + I)AZZdt + 1t§7f(2i7 CI)(ZZ(), 5()7 ’U,Z)))dt = O'l(Zi)dﬁi,

(3.21)

Taking into account (3.9), we denote by \; the distribution of (Z;,¢;) under the
probability P and we obtain
(3.22) 0;(AN-) =X N(AN-).
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We set 51( = )+ fo s)dt where
(3.23) di(t) = —1th(01(Zi(t)))_lf(Zi(t% O(Z:(-), (), up)(t))-

Then Z; is a solution of
(3.24) i ( | ) 1(Z:)
Z;(0) = xy,.

Since the energy is bounded and o; is bounded below, then d is uniformly bounded.
Hence, the Novikov condition is satisfied and the Girsanov formula can be applied.

Then we set
~ T 1 [T
dP; = exp (/ di(s)dW (s) — 5/ |d(s)|2dt> dP
0 0

We deduce from the Girsanov formula that P is a probability under which (ﬁ §)isa

cylindrical Wiener process. We denote by 0; the law of (Z;,&;) under ]P’ Moreover
using (3.22), we obtain

T
(3.25) Jy v J2 <Eexp <cp/ |d(s)|? dt) < C(p,N, Ry).
0

We set 7; = fQ*HAI for i = 1,2. It is classical that 2; has a density g(z},2) with
respect to lebesgue measure dz, that ¢ is continuous for the couple (zf,2), where
x{ is the initial value and where z is the target value and that ¢ > 0. Then, we can
bound ¢ and ¢! uniformly on H(x}) < Ry and on z € B’ = {H(z) < C} provided
C = C(R). Tt allows us to bound I, and then I,. Actually, d; > d;(R) implies

(3.26) AC B,

where

B={(2,&) [H(Z(1) + ¢(Z,& up)(1)) < dv, i =1,2}.
Hence it follows that for d; > d; (N)
(3.27) I, <C'(p,N,Ry) < o

Now we apply Lemma 1.3 and 1.2:

(328) P(Z(1) = Z(1), (ANB)) > (1 ;) (pL,)~ 710 (B) 7

We deduce from Propositions 2.8 and 2.9 and from C(X) — co when X — oo that
N sufficiently high gives

(3.29) vi(B') >

M\H

Combining (3.26), (3.27), (3.28) and (3.29) gives for d; > d;(R)
(3.30) P (Z1(1) = Z»(1), B*) > p=p(p,R, R1) > 0.

Taking into account the definition of ¢ and choosing dy = 2d, it follows that (3.19)
holds.
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APPENDIX A. PROOF OF LEMMA 1.2

Let (Y;); be a coupling of (u;);. Let T be a measurable set. There exists (T';);
such that

P=Jr, (Fi=0 (n2—pm)"(F2)=0, (u—p2)* (1) =0

It follows from a Ab=a — (a —b)™ and (u; — p2) T (1) = 0 that

(1 A p2)(T1) = pa(T1) = (pa — p2) T (C1) = pa(C1) = P(Yy € Ty).

Symetricly, we obtain (u1 A p2)(I'2) = P(Ys € T'y).
Thus, it follows from I" = | J, T'; and (), T'; = 0 that

2
([Ll/\,LLQ)( ) P(Yl €F1)+]P> Y2€F2 Z YQ, Yi EF)

Since I' = |J, I'; and (), I'; = 0 , then
(A1) (11 Ap2)(I) = P(Y1 =Y, Y1 €1).
Then it follows from ||p1 — pa2l|,,,. =1 — (1 A p2)(E) that

1 = p2ll o, < P(Y1 # Ya).

We have equality only if (A.1) appears for I' = E, which is true only if (A.1)
appears for any I'. For any measure p on (E, &), we denote by p the measure on
(E,€)® (E, &) define by

w(A) = p({a € El(a,a) € A}).
If g1 = po, we set P = py. Else we set

(A.2) P=p1Aps+ (11— p2)™ @ (2 — )™

||/1‘2 - M1||uar
Noticing that a = a Ab+ (a — b)™ and using |1 — p2ll,y, = (1 — p2) T (E), we
obtain that P(. X E) = py A pa + (1 — p2)™ = p1 and P(E X .) = po. Thus if we
denote by (Y;); the projectors, we obtain that (Y;); is a coupling of (u;);. Moreover,

P(Yl = YQ,Yl € A) = (,u1 A /LQ)(A)

So it is the desired maximal coupling
O

Remark A.1. Moreover, in all this article, we admit that the mazimal coupling
(Yi(ud))i could be chosen such that (Y;(u},ud)); depend measurably on the initials
conditions (u});. The idea is the following. Since we only work in nice spaces,
we can consider that we are working on the real line. It can be seen that the
laws we use depend measurably on (ub); and then the law define by (A.2) will

do it too. Then its repartition function F(,1 .2y is measurable too and finally the

pseudo-inverse of the repartition function F !

2) is measurable with respect to
(ug,ug). We consider ([0,1], By 1, A), where )\ is the Lebesgue measure and we set
Y (up, ud,w) = F(_} 2)(w). Then (Y;); is measurable with respect to (u}, ud,w) and
for every (ud,ud), it is a coupling of (j1;(u}));. For a proof see [14].
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APPENDIX B. PROOF OF PROPOSITION 1.7

We set
0 =FE? F=B(E,
and V; the i*" projector on Q:
Vilvy,va) = vy, i=1,2.
Let (Uy,Us) be a coupling of (pu1, p2).

In order to establish Proposition 1.7, we build a probability measure @ on (2, F)
such that

a) Q(xE)=p, QEx:-)=pus,
B) Q(fo(V1) = fo(V2)) = (1 Ae) (E).

Then (Vi,V3) seen as a couple of random variables defined on (Q,F,Q) is a
coupling of (u1, 2) such that (f(V1), f(V2)) is a maximal coupling of (v1, v2).
Recall that
(B.2) vi =vi Ava + ((=1)"(v1 — V2))Jr , =12
and that since F, F are polish spaces, then there exists a version of
P(U; € A| fo(U;) = x) which is measurable for any A € B(FE) and which is proba-
bility measure for any z € F. Moreover

(B.1)

(B.3) i) = [ B0 € ALfo(U) = 2hi(de), =12
F
Combining (B.2) and (B.3), we obtain
where
/,L:(A) = fFP(Uz GAlfo(Ul) :.13) (1/1 /\VQ) (dx), 1=1,2,

H(A) = [pPU; € Al fo(Uy) =) (-1)'(n — )" (da), i=1,2,
Remark that
pispp 20, i=1,2,
(B-5) pi (B) = (11 Avp) (E),
pi (B) = llv1 = vl yqp -
Taking into account (B.4) and (B.5), we can write problem (B.1) in the form
Find r, s two positive measures on ({2, F) such that
i) s(-xE)=u5, s(Ex-)=us,
i) r(-xE)=p1, r(Ex-)=p,
i) s(fo(V1) # fo(V2)) = 0.

Once (B.6) is true, we can set

Q=r+s.
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Then (B.1)a) is an obvious consequence of (B.4). Furthermore, since r > 0, then
(B.6)iii), (B.6)i) and (B.5) gives
QUfo(V1) = fo(V2)) = s(fo(V1) = fo(V2)) = s(Q) = pi (E) = (11 Avz) (E).
Now we build r by setting
_ 1
2z .

Notice that » > 0 and (B.6)ii) are obvious consequence of (B.5).
Now we build s by setting

” T
r My X -

s(Ax B) = / P(U, € A| fo(Ur) = x) x P(Us € B| fo(Usz) = x) (11 A ) (dz).
F
Notice that (B.6)i) and (B.6)iii) are obvious.
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Annexe B

Preuve de ’ergodicité d’une
équation de Schrédinger non
linéaire amortie

Résumé: Nous étudions une équation Schrédinger non linéaire (NLS)
stochastique et faiblement amortie. Elle est munie d’un bruit blanc pour la
variable temporelle et régulier pour la variable spatiale. En utilisant une mé-
thode de couplage, nous établirons la convergence du semi-groupe de Markov
vers une unique mesure de probabilité invariante. Ce type de méthode a été
originellement développée pour prouver le caractere exponentiellement mé-
langeant d’équations fortement dissipatives telles que les équations de Navier-
Stokes en dimension 2. On considere ici une équation faiblement dissipative,
I’équation de Schrodinger amortie dans le cas cubique unidimensionnel. Nous
établirons le caractere mélangeant des solutions et nous montrerons que la vi-
tesse de convergence est plus rapide que n’importe quelle puissance négative
du temps.

Mots clés : Equation de Schrodinger non linéaire, semi-groupe de transition
de Markov, mesures invariantes, ergodicité, méthode de couplage, Formule
de Girsanov, inégalité de type Foias—Prodi en espérance.
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ERGODICITY FOR THE WEAKLY DAMPED STOCHASTIC
NON-LINEAR SCHRODINGER EQUATIONS
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AND
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Abstract: We study a damped stochastic non-linear Schrédinger (NLS) equation
driven by an additive noise. It is white in time and smooth in space. Using a
coupling method, we establish convergence of the Markov transition semi-group
toward a unique invariant probability measure. This kind of method was originally
developed to prove exponential mixing for strongly dissipative equations such as
the Navier-Stokes equations. We consider here a weakly dissipative equation, the
damped nonlinear Schrédinger equation in the one-dimensional cubic case. We
prove that the mixing property holds and that the rate of convergence to equilibrium
is at least polynomial of any power.

Key words: Non-linear Schrodinger equations, Markov transition semi-group, in-
variant measure, ergodicity, coupling method, Girsanov’s formula, expectational
Foias—Prodi estimate.

INTRODUCTION

The non-linear Schrédinger (NLS) equation models the propagation of non-linear
dispersive waves in various areas of physics such as hydrodynamics [24], [25], optics,
plasma physics, chemical reaction [16]...

When studying the propagation in random media, a noise can be introduced.
For instance in [9], [10], the cubic nonlinear Schrédinger equation with additive
white noise and damping is introduced. There, the propagation of waves over very
long distance is studied. Damping effect cannot be neglected in this case and has
to be counterbalanced by amplifiers. The white noise is a model for the description
of the randomness in these amplifiers. Such model is valid if the distance between
amplifiers is small compared to propagation distance.

Our aim in this work is to study ergodicity for this type of equation. We consider
the one-dimensional case with cubic focusing nonlinearity. It has the form

du+oudt —iAudt —ilulPudt = bdW,
(0.1) u(t,z) = 0, for z € {0,1}, t > 0,
u(0,2) = wo(x), forxel0,1],

where & > 0. The unknown u is a complex valued process depending on x € [0, 1]
and ¢t > 0. Dirichlet boundary conditions are considered but we could also use
Neumann or periodic boundary condition.
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Existence and uniqueness of solutions for (0.1) is not very difficult to prove using
straightforward generalization of deterministic arguments. Note that the damping
term is necessary to have an invariant measure. Indeed, if « = 0 and b # 0 then
the L? (0,1) norm grows linearly in time.

The Complex Ginzburg-Landau (CGL) is also a form of dissipative NLS equa-
tion. The exponential mixing of the stochastic CGL equation has been establish in
[14] in a particular case and in [26] in the general case. The method was inspired by
the so-called coupling method. This method has been introduced in [3], [14], [19],
[20], [21], [23] and [27]. In all these articles, a strongly dissipative stochastic partial
differential equations driven by a noise which may be degenerate is considered. Due
to the possible degeneracy of the noise Doob Theorem cannot to be applied (see
[5] for the theory of ergodicity when Doob Theorem can be applied). Indeed, it
requires the strong Feller property, which can be proved only when the noise lives
in a space of spatially irregular functions, which is clearly not true for a degenerate
noise. The main idea is to compensate the degeneracy of the noise by dissipativ-
ity arguments, the so-called Foias-Prodi estimates. Roughly speaking, the process
can be decomposed into the sum of a strongly dissipative process and another one
driven by a non-degenerate noise. The strongly dissipative part is treated as in [4]
section 11.5, while the non-degenerate part is treated thanks to probabilistic argu-
ments. The difficulty is of course in the fact that the two parts of the process do
not evolve independently so that the two methods have to be used simultaneously.
The probabilistic part can be treated either by a generalization of Doob Theorem
(see [8], [15], [18]) or by coupling argument (see [19], [20], [21], [23]). Each method
has its advantages. The first one allows treating very degenerate noises while the
coupling method proves also exponential convergence to equilibrium.

In the case of the NLS equation, it seems hopeless to use Doob Theorem. Indeed,
due to the lack of smoothing effect of the deterministic part of equations, only
spatially smooth noises can be treated (see [6], [7]). Note that this equation is not
strongly dissipative, indeed the eigenvalues of the linear part do not grow to infinity.
However, it is known that Foias-Prodi type estimates hold for the deterministic
damped NLS equation (see [13]) and we will see that these can be generalized
to the stochastic case and it is reasonable to think that the above ideas can be
generalized.

In this article, we show that the method based on coupling argument is appli-
cable. However it requires substantial adaptations. For instance, contrary to the
strongly dissipative case treated in the above-mentioned articles, we are only able
to prove a weaker form of the Foias-Prodi estimates. Indeed, here, we prove that
it holds in average and not path-wise. This causes many technical difficulties when
trying to use the coupling method. Moreover, another important ingredient in the
argument is an exponential estimate on the growth of the solution, which we are
unable to prove in our case. This is due to the fact that the Lyapunov structure is
more complicated here. It is not a quadratic functional. We only prove polynomial
estimate on the growth of the solutions and it results that we can only prove that
convergence to equilibrium holds with polynomial speed at any order. Thus, we
develop a general result, which gives sufficient conditions for polynomial mixing.

Note also that a crucial step in [21] is the fact that the probability that a solution
enters a ball of small radius is controlled precisely. This fact is still true for the
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damped NLS equation considered here. However, its proof is more difficult than in
the case of the Navier-Stokes equations (see Proposition 2.6 and section 4 hereafter).

The remaining of the article is divided into four parts. First, we give the nota-
tions, and state our main result. Its proof is given in section 2. Section 3, 4 and 5
are devoted to the proofs of intermediate results.

1. NOTATION AND MAIN RESULT
We set

A=—-A, D(A)=H}0,1)nH?*0,1)

and write problem (0.1) in the form

(1.1) du+ o dt +iAu dt —ilul?udt = bdW,

(1.2) u(0) = wuo,

where W is a cylindrical Wiener process on L?(0,1) and b is a linear operator on
L?(0,1).

We denote by (i, )n the increasing sequence of eigenvalues of A and by (e, )nen
the associated eigenvectors. Also, Py and @y are the eigenprojectors onto the space
Sp(er)1<k<n and onto its complementary space. Recall that for s > 0, D(A%/?) is
a closed subspace of H*(0,1) and that || - [|s = |[A%/? - |12(0,1) is equivalent to the
usual H°(0,1) norm on this space. Moreover

D(A*?) = {u= Zukek € L*(0,1) | Zuiuﬁ < oo} and |julls = Zuiuz
keN neN neN
We denote by ||, [-[,, [|-|| the norms of L?(0,1), L?(0,1), H}(0,1).

The operator b is supposed to commute with A, therefore it is diagonal in the

basis (e, )nen and we have

be,, = b,en.
We assume that b is Hilbert-Schmidt from L2(0, 1) with values in D(A%/2). For any
s € [0, 3], we set

2
By = bz, 12(0,1),p(a272)) = D tinbi

n=0

To study ergodic properties, we assume that there exists N, such that
(1.3) b, > 0, for n < N,.

The Hamiltonian plays an important role in the study of the nonlinear
Schrodinger equation. It is a conserved quantity in the absence of noise and damp-
ing. It is given by

1,2 1, 4
M) = 2ol = Hold v e H}(0.1)

In our study, it is the basic tool to derive a priori estimates. Recall that the
Gagliardo-Nirenberg inequality gives a constant ¢y > 0 such that

4 _ 1, 9 ¢, 6
|U|4§1H’UH +E‘v| ,UEH&(O,l).
It follows that, setting
T2 1 4 6
7'f:§||‘|| —1\'\4+C0|'| ;
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we have
1,2, 1, 4 ¢,
(14) M) > 3ol + 3 bld + 2 ol®, v € H0,1).
th

In our computations, we will also use the following quantities which involve the
power of the energy:

E,1(t,s) = H(u®)* + ak /t H(u(o))*do, t > s,

when there is no ambiguity we set E, x(t) = E, x(t, s).

In the following, «, B; for s € [0, 3] are fixed. All the constants appearing below
may depend on them as well as on A, b.

Well-posedness of equations (1.1), (1.2) is easily proved. Indeed, let S(t) =
e~iAt=at ¢ ¢ R be the group generated by the linear equation. We look for a mild
solution, that is a process u with paths in C(RT; H3(0, 1)) satisfying

u(t) = S(t)up + i/o S(t—s) |u(s)|2 u(s)ds + /0 S(t — s)bdW (s).

Since (S(t))¢>0 is a contraction semi-group on Hg (0, 1) and the linear term is locally
Lipschitz, local in time existence and uniqueness is straightforward. Note that
fot S(t — s)bdW (s) lives in D(A2). An a priori estimate is obtained thanks to
Ito formula applied to H and thanks to (1.4). This use of Ito formula is not
rigorous since Awu is not sufficiently smooth. However, an approximation argument
can be used to prove rigorously this point. For instance, the initial data can be
approximated by a sequence in D(A) and it is classical that if the initial data is in
D(A) then the solution is continuous with values in D(A).

Note that in the following and especially in section 4 and 5, several computa-
tions are not rigorous due to the lack of regularity of the solutions. The same
approximation argument should be applied.

By classical arguments, the solutions are strong Markov processes. We denote
by (Pt)icr+ the Markov transition semi-group associated to the solutions of (1.1).

Also, given a Banach space E, the space Lip,(FE) consists of all the bounded and
Lipschitz real valued functions on F. Its norm is given by

el = ll¢llco + Ly, ¢ € Lipy(E),

where || - ||oo is the sup norm and L, is the Lipschitz constant of ¢. The space of
probability measures on E is denoted by P(E). It can be endowed with the metric
defined by the total variation

12l yar = sup {p(@)] | T € B(E)},

where we denote by B(E) the set of the Borelian subsets of E. It is well known
that |||, is the dual norm of |.| . We can also use a Wasserstein type metric

[E (u)d(i — M) ()

which is the dual norm of || - ||. We also use the notation D(Z) for the distribution
of a random variable Z.

The aim of this article is to establish the following result
130

var

[ = Allw = sup
w€Lipy(E), |lellL<1




tel-00011214, version 1 - 15 Dec 2005

Ergodicity for the weakly damped stochastic non-linear Schrodinger equations

Theorem 1.1. There exists Ny such that, if (1.8) holds with N, > Ny, then there
exists a unique stationary probability measure v of (P¢)ier+ on Hi(0,1). Moreover,
for any p € N\{0}, v satisfies

(1.5) / ul|?? dv(u) < oo,
Hg(o,l)

and there ezists C,, > 0 such that for any p € P(Hg(0,1))

IIUIIZdu(u)> ~

Remark 1.2. Note that the existence of a stationary measure is a byproduct of the
proof of the mizing property. It could be proved directly by the standard argument
involving the Krylov-Boboliubov theorem. However, this would require more a priori
estimates on the solutions of the stochastic nonlinear Schrodinger equation.

(1.6) |Pfu—viw <Cp(L+1t)" <1 +/
H,

6(0,1)

Remark 1.3. In many articles and books, a family (W,(-,-)) ) of Wasserstein

pE[l,00
type metrics is used. Actually, given a polish space (E,dg), these metrics are defined

by
Wy (1, A) = inf </ dr(z,y)? P(d:ady)) ’ for any p € [1,00),
E2

where the infimum is taken over all probability measures P on E? whose marginal
laws are A and p.

Let (E,||-||g) be a separable Banach space. We set dp(z,y) = ||z —y|lz A 1.
Then (E,dg) is a polish space. Moreover, Wy is equivalent to |-||,;,,. We have
chosen not to use the notation W1 because it might lead to some confusion with the
usual notation W for a Wiener process.

The proof of our result is based on coupling arguments. These arguments have
initially been used in the context of stochastic partial differential equations in [19],
[20], [21], [23] . The main difficulty here is that the nonlinear Schrédinger equation
is not strongly dissipative and several modifications are needed.

The strategy is the following. If the noise is non-degenerate, we observe that
starting from different initial data ug, u3, Girsanov transform can be used to show
that there exists a coupling (uy,us) of the law of the solutions wu(-,ud), u(-,ud)
such that, for some time T, u1(T') = us(T") with positive probability. Iterating this
argument, exponential convergence to equilibrium follows (see section 1.1 in [26]).
Here, as well as in the references above, the noise is assumed to be non-degenerate
in the low modes only ex, 1 < k < N, and this argument gives a coupling such
that Py, u1(T) = Pn,u2(T) with positive probability. Another ingredient is used.
It is based on the observation that if two solutions are such that their low modes
have been equal for a long time then they are very close (see section 1.1 in [26]). In
the case of a parabolic equation, this is known as Foias-Prodi estimate. This can
be generalized to dispersive equations such as the Schrodinger equation considered
here. In [13] this has been used to prove a property of asymptotic smoothing in the
deterministic case.

The main difference with the result in the parabolic case is that we are not able
to prove a path-wise Foais-Prodi estimate, we only prove that this property holds
in average. We need to introduce a substantial change in the construction of the
coupling. (See Remark 2.12). Moreover, here we only get polynomial convergence
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to equilibrium. This comes from the fact that the Lyapunov functional adapted
to the nonlinear Schréodinger equation is more complicated, it is not a quadratic
functional. We are not able to get exponential estimates on the growth of the
solutions.

2. PROOF OF THEOREM 1.1
We define G by
D(G) = D(4), Gv=av+iAv,
and set
X =Pnu, Y =Qnu, 8=PyW n=0QnW,
= Pn,bPn,, 01 = QN DQN,,

F(X,Y) = =iPy, (IX + Y (X +Y)),
9(X,Y) = —iQu. (IX +YP (X +Y)).

Then the nonlinear Schrédinger equation has the form

dX + GXdt + f(X,Y)dt = o0,dB,
(2.1) dY + GYdt + g(X,Y)dt = ondn,
X(0) = xo, Y(0)=yo.

Clearly (1.3) states that oy is invertible. We set
(2.2) 90 = 107 1 2(pw. £2(0.1)) > O-

Given two initial data u$ = (2§, y{), i = 1,2, we will construct a coupling (uy,us) =
((X1,Y1),(X2,Y2)) of the laws of the two solutions u(-,uf) = (X (-, ud), ( ,ud))
i=1,2, of (2.1). Recall that (uy,uz) is a coupling of the laws of u(-,uj), i = 1,2,
if the distribution of u; is the distribution of u(-,ug).

In fact we are going to construct a coupling (V1,V2) = ((u1, W1), (ua, Wa)) of
{D ((u(-,uf),W))},_, , such that X; = Py u;, 7; = Qn.W; satisfy good proper-
ties. More precisely, we want that X, = X5 and n; = 12 for as many trajectories
as possible. Clearly, we obtain a coupling of D(u(-,u})) and D(u(-,u2)) . Since
the noise may degenerate in the equation for Y, we are not able to require that
u; = ug. The difference between Y7 = Qn,u1 and Yy = Qn, us will be controlled
thanks to a Foias-Prodi estimate. Note that W is a cylindrical process in L?(0,1)
and does not live in L2(0,1). This is not a problem. Indeed, it is well-known that
W € C(RT; H71(0,1)) a.s. and we consider its distribution in this space.

We define an integer valued random process [y which is particularly convenient
when deriving properties of the coupling:

i

lo(k) =min{l € {0, ...k} | P,x holds },
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where min ) = co and
Xi(t) = Xo(t), m(t) =mn(t), Vte[T,kT],
(Pl,k) Hl S d07
BuatIT) <k +1+4+di+dS+ B(t—IT), Vte|T,kT],i=1,2,

where we have set

We say that (X1, X2) are coupled at kT if Ig(k) < k, in other words if Iy(k) # oo.
The coupling constructed below will be such that, for any ¢ € N\{0}, the fol-
lowing two properties hold

3do, &, B, T, > 0 such that for any [ < k, T > T,,
P(lo(k+1) £ 1| lo(k) =0 < 51+ (k—-1)T)7.

(2.3)

This says that the probability that the trajectories decouple is small. Moreover,
the longer they have been coupled, the smaller this probability is.
The second property is that, for any Ry, dy > 0,

(2.4) 3T*(Ro,dp) > 0 and p_1(dg) > 0 such that for any T > T*(Rq, dp)

P(lo(k+1)=k+1|lo(k) = oo, Hr < Ro) > p_1(do).

In other words, inside a ball, the probability that two trajectories get coupled is
bounded below.

The construction can be done by induction. At each step, we construct a
probability space (£, Fo,Po) and a measurable couple of functions (wp, ud,u3) —
(Vi(-yu$,ud))iz12 such that, for any (ud,ud), (Vi(-,ud,u?))i=12 is a coupling of
{D ((u(~,u6),W))}i:1,2 on [0,7]. Recall that the processes (V;);=1,2 live in the
space C(0,T; H}(0,1)) x C(0,T; H=1(0,1)). We first set

ui(0) =ul, W;(0)=0, i=1,2.
Assuming that we have built (u;, W;)i=1,2 on [0, kT, then we take (V;);=1,2 as above
independent of (u;, W;);=1,2 on [0,kT] and set

for any t € [0, T].

The construction of (V;);=1,2 depends on whether ly(k) < k or lo(k) = co. The
two cases are treated separately in sections 2.5. We first state and prove the Foias-
Prodi estimates and give some a priori estimates. We then recall some results on
coupling and give a general result implying polynomial mixing. Sections 3, 4 and
5 are devoted to the proof of some results used in the course of the proof.

2.1. The Foias-Prodi estimates. We define for any (u1,uz,r) € H}(0,1)

1 1
Jo(urug,m) = 5 rl* - 4/[ ] (Clr P + ) I + (R( (w1 + u2)))?) d,
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where $(z) is the real part of the complex number z, and

J(uy,ug,r) = Ju(ug,ue, ) + 1 (Z H(ul)> |7"|2 )

i=1
We infer from the Sobolev Embedding H*(0,1) C L>°(0, 1) that there exists ¢ > 0
such that

/[ (U )+ (R 0207 < el + P

s

Therefore, by (1.4), there exists ¢; > 0 such that
1
J(u1,uz,7m) > 1 (1
We set ,
l(u17u2) =1+ ZH(UZ)4

i=1

For N > 1, given uy, ua, two solutions of (1.1), we define JY, = JNp(u1,uz) by

t

TN (t) = J(ur (), uz(t), () exp | 2at — lA / l(ug,uz)ds |,
ﬂzz{/+1 0
where r = u; — ug. The following result will be proved in section 5. It is the
Foias-Prodi estimates adapted to the nonlinear Schréodinger equation. It states
that two solutions having the same low modes are close. The main difference with
similar results in the parabolic case is that we are not able to derive a path-wise
estimate. Moreover, we introduce a slight generalization to allow the perturbation
of the Wiener process by a drift in the low modes. This generalization is essential
in our argument below.

Proposition 2.1. For any kg > 0, there exists A > 0 depending only on kg such
that for any N € N\{0}, we have the following property:
Let W1, Wy be two cylindrical Wiener processes and h be an adapted process with
continuous paths in PyL?(0,1). Let uy be a solution in C(0,T; H}(0,1)) of
duy + auq dt + 1Au; dt — i|u1|2 up dt = bdWy + hdt,
1

Uy (O) = Up,

and ug be the solution of (1.1), (1.2) for ug = u3 and W = Wy. Let T be a stopping
time and assume that

(2.5) Pyxuy = Pyuz, QnWi=QnWz on [0,7],
and

(2.6) 1RO < rol (ur (£), ua())** on [0,7],
then we have

(2.7) E (Jpp(ur, uz)(tAT)) < J(uf, ug, o), t >0,

where ro = ub — ud.

We deduce a very useful Corollary.
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Corollary 2.2. For any B, do, kg > 0, there exists N1(B, ko) and C*(dy) such
that, with the notations of Proposition 2.1, if (2.5) and (2.6) hold with N > Ny,
and for some p > 0,

(2.8) Eu,a(t) <p+1+ds+d5+ Bt on[0,7], fori=1,2,
then for any ud, u such that dy > 2?21 H(ub) and for any a € R,

P (||r(T)|| > C* (dp) exp (a - %T + p) and T < T) < exp (—a — %T) .
Moreover, there exists ¢ > 0 such that
C*(dp) < cdoe®.
Then, integrating (2.7) in Proposition 2.1 and applying the inequality
142 < Cse’®  for any x > 0,

we obtain the following result which, in Section 3, ensures that the Novikov condi-
tion holds and allows the use of the Girsanov Formula.

Lemma 2.3. For any B, dy, ko > 0 and any a € R, there exists Na(B, ko,a) and
C**(dy, B) such that, with the notations of Proposition 2.1, if (2.5) and (2.6) hold
with N > Ny and (2.8) holds for some p > 0, we obtain that for any T

i (f; Uy (), uz(s)) [r(s)||? ds > C**(do, B) exp (a — ST + p) and T < T)

(e}

< exp (—a -3 ) .
provided dg > Z?Zl H(u) holds. Moreover, there exists ¢ > 0 such that
C**(dy, B) < C(B)doe".
We set
(29) N() = max(Nl, Ng)

2.2. A priori estimates. We first give an estimate proven in section 4 on the
growth of the solutions of the stochastic nonlinear Schrodinger equation.

Proposition 2.4. Assume that u is a solution of (1.1), (1.2) associated with a
Wiener process W. Then, for any (k,p) € (N\{0})?, there exists Cj, and Ky,
depending only on k and p such that for any p >0 and 0 < T < o0

IA

P (Supte[o,T] (Euk(t) — Cpt) > H(uo)* + p (H(uo)?* + T)) K pp™?,

P (SUpte[T,oo) (Eu,k(t) - Cilct) 2 H(Uo)k + H(UO)QIC +1+ P) < Kip (p+ T)_p :

The following result uses the Hamiltonian as a Lyapunov functional and is also
proven in section 4.

Lemma 2.5. There ezists Cx, > 0 such that for any k € N\{0}, for any t € R
and for any stopping time T

E (H(u(t, u0))")
E (H(U(T, UO))k17—<OO) < H(UO)k + CkE(TlT<OO).
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The following result states that we control the probability of entering a small
ball.

Proposition 2.6. For any Ro,R1 > 0, there exists T_1(Ro,R1) > 0 and
m_1(R1) > 0 such that

P (H(u(t,ug)) + H(u(t,u3)) < Ri) > 7_1(R1),
provided H(ud) + H(u2) < Ry and t > T_1(Ro, R1).

2.3. Basic properties of couplings.

Let (u1,p2) be two distributions on a same space (F,E). Let (,F,P) be a
probability space and let (Z7, Z5) be two random variables (2, F) — (E, ). Recall
that (Z1, Zs) is a coupling of (u1,u2) if p; = D(Z;) for i = 1,2 and that we have
denoted by D(Z;) the law of the random variable Z;.

Let p, p1 and pe be three probability measures on a space (E, &) such that u
and puo are absolutely continuous with respect to p. We set

i diz

du.
m du)u

d(pa A p2) = (
This definition does not depend on the choice of p and we have

1
1 — p2llyer = 2/,

Remark that if p is absolutely continuous with respect to uo, we have

1 d,ul 2
2.1 — < = — —1.
.10 i1 = bl < M () awe

Next result is a fundamental result in the coupling methods, the proof is given
for instance in the Appendix of [26].

dpr dps d

du du

Lemma 2.7. Let (1, pi2) be two probability measures on (E,E). Then

|1 = p2ll,,, = minP(Z1 # Z2).

The minimum is taken over all couplings (Z1,Z2) of (p1,p2). There exists a cou-
pling which reaches the minimum value. It is called a maximal coupling and has
the following property:

P(Z1=25,Z1 €T) = (u1 A p2)(T') for any T € E.

Next result is a refinement of Lemma 2.7 used in [23] (see also Proposition 1.7
in [26]).

Proposition 2.8. Let E and F be two Polish spaces, fo: E — F be a measurable
map and (p1, p2) be two probability measures on E. We set
Vi:f(;(/uiy 7':172
Then there exist a coupling (V1,Va) of (u1, u2) such that (fo(V1), fo(Va)) is a maz-
imal coupling of (v1,v2).
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2.4. Sufficient conditions for polynomial mixing.

We now state and prove a general result which allows to reduce the proof of
polynomial convergence to equilibrium to the verification of some conditions. This
result is a polynomial version of Theorem 1.8 of subsection 1.3 in [26] which gives
sufficient conditions for exponential mixing.

We are concerned with v(-, (ug, Wo)) = (u(-,uo), W(-, Wy)) a couple of strongly
Markov processes defined on Polish spaces (E,dg) and (F,dr). We denote by
(P¢)ter the Markov transition semigroup associated to w, where I = Rt or TN =
{kT, k € N}. We are also given a real valued function H defined on E.

We consider for any couple of initial conditions (v,v3) a coupling (v, v2) of
{D(v(-,v})), D(v(-,v3))}. We write v; = (u;, W;). Let lp : N — N U {oo} be a
random integer valued process which has the following properties

lo(k+ 1) =1 implies (k) =, for any [ < k,

(

lo(k) € {0,1,2, ..., k} U {0},
(
(

(2.11)
lo(k) depends only of vy (g r7) and vz|jo k77
lo(k) = k implies Hy < dp,
where
Hy, = H(uy (kT)) + H(ug(kT)), H: E —RT,
and dp > 0.

We now give four conditions on the coupling. The first condition states that
when (v1,v3) have been coupled for a long time then the probability that (uq,us)
are close is high. It will be a consequence of the Foias-Prodi estimate.

(2.12) There exist ¢y and ¢ > 0 such that for any ¢t € [IT,kT] NI

P (dE(ul(t),uQ(t)) > o (t—1T)"7 and lo(k) < z) <eo(t—1T)79,

The next two properties are exactly (2.3) and (2.4).

3 (pr)ken, ¢1 >0, go > 1+ ¢ such that,
(2.13) P(lo(k+1)=1|lo(k) =1) > px—y, for any | <k,

l—pe<ca((k+1)T)" %, pr >0 for any k € N.

There exist p_1 > 0, Ry > 0 such that
(2.14)

P(lo(k+1)=k+1[lo(k) =00, Hr < Ro) = p-1.

The last ingredient is the so-called Lyapunov structure and follows from Lemma
2.5. It allows the control of the probability to enter the ball of radius Ry. It states
that there exist K7 and K’ constants such that for any initial data vy and any
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stopping time 7/ taking values in {k¥T, k € N} U {00}

(2.15) EH(v(t,vo)) +
_|_

E(H(v(r",v0))lr<os) < K'(H(vo)

IN
[
|
Q
&
=
<
(=}
~

The process V' = (vy,v2) is said to be [p—Markov if the laws of V(KT + -) and of
lo(k+-) —k on {lp(k) € {k,o0}} conditioned by Fir only depend on V(kT) and
are equal to the laws of V' (-, V/(kT)) and ly, respectively.

In this article, we construct a coupling (u;, W;);=12 of two solutions which is
lp—Markov but not Markov. We could modify the construction so that it is Markov
at discrete times TN = {kT, k € N}. However, it does not seem to be possible
to modify the coupling to be Markov at any times. As shown below, the following
result implies Theorem 1.1. Its proof is given in section 3.

Theorem 2.9. Assume that for any (u, W), (u3, W§) there exists a coupling
V = (v1,v2) of the laws of (u(-,ul), W(-,W¢)) and (u(-,ud), W (-, W)) which is
lo-Markov and satisfies (2.11), (2.12), (2.13), (2.14) and (2.15) with Ry > 4K,

and Ry > do. Then there exists c4 > 0 such that, for any ¢ € Lipy(E) and any
1,2
up, uj € E,

(2.16)  [Ep(u(t,ug)) — Ep(u(t, uf))] < ca (1+6)" Il (1 + H(ug) + H(up))-

Corollary 2.10. Under the same assumptions as Theorem 2.9, there exists a
unique stationary probability measure v of (P¢)ier on E. It satisfies,

(2.17) /EH(u)du(u) < %

Moreover for any 1 € P(E)

(2.18) i = vlhw < 2es 14077 (14 [ HOdu(w).

To prove Theorem 2.9, we first note that it is sufficient to prove that, for any
initial data u$ and u2, the coupling satisfies

(2.19) P (dE(ul(t),UQ(t)) >3 (1+ t)*q) < e (14877 (1+H(ud) + H(u2))
where, as above, v; = (u;, W;). Indeed we have, since (ui,us) is a coupling of
{D(u(-up)), D(ul-,uj) },

[Ep(u(t,up)) — Ep(u(t, ug))| = [Ep(ur(t)) — E(p(ua(t)))]

< Lpes(1+ 1) 70 + 2 pllocP (dis(un (), ua(t)) > 5 (14 1))

< Lycs(1+6) 77+ 2||@lsocs (1+6) 77 (1 + H(ud) + H(ud))

so that (2.16) follows. The existence and uniqueness of a stationary measure is
then straightforward. Moreover, (2.18) is an easy consequence of (2.16) and (2.17)
follows from (2.15).
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2.5. Construction of the coupling. We first state the following result.

Proposition 2.11. There exists a measurable map

®: C((0,T); P, Hy(0,1))xC((0,T); Qn. H(0,1))x H}(0,1) — C((0,T); Q. H(0,1)),

such that for any (u, W) solution of (1.1) and (1.2)
Y =®(X,n,u0) on[0,T], where X = Py,u, Y =Qn,u, n=Qn.W.
Moreover ® is a non-anticipative functions of (X,n).

To prove this result, we note that the equation

y(t) = S(t)yo - / S(t — 5)gla(s), y(s))ds + / S(t — 5)dz(s),

can be solved by a fixed point argument in C(0,T; H}(0,1)) for any deterministic
functions 2 € C(0,T; Py, HE(0,1)) and z € C(0,T;D(A2)). The last term is
defined thanks to an integration by part. Clearly y = ¥(z, z,yo) for a measurable
function ¥. Thus Y = U(X, 0,1, @Qn,up). We set ®(x,z,ug) = V(z, 012, Qn,uo)
for Z such that 0,z € C(0,T;D(A?)) and 0 otherwise. It is clear that ® is not
anticipative.

As already explained, the coupling (uj,us) is constructed by induction and we
start by constructing a coupling for two solutions u(-,uj), i = 1,2 on an interval
[0,7]. In fact, we construct three different couplings. At time kT, we choose
between these depending on whether ly(k) = oo and H(u1 (kT)) + H(uz(kT)) < Ry
(case a) or ly(k) < k (case b). In this latter case, Py, u1(kT) = Pn,u2(kT). In the
third case, lo(k) = oo and H(u}) + H(u3) > Ro, we choose the trivial coupling.

Case a: lo(k) = oo and H(u}) + H(ud) < Ro. We construct a coupling such
that (2.4) holds.

In this case, we consider u$, u3 such that H(ul)+H(u3) < Ry. The construction
of the coupling is done in two steps. We set

wi =D ((u(7u6)>W)) ; on [Ole]a i=1,2.

Step 1:
We first prove that, for any dy > 0, there exist Ty (dg) > 0, Ry = Ri(dg) > 0

and a coupling (V;(-,ud,ud))i=12 of (p1,p2) such that for any (uj,ud) satisfying
Z§=1 H(Uf)) < Ry we have

)

DN | =

2
(220) P (Xl(Tlvu(l)vu(z)) - XQ(Tlvu(lJvu?))v ZH(aZ(Tlau(l)vu(Q))) < d0> 2

i=1
where

‘Z(vu(l)vug) = <ﬁz(’u(1)7u(2))vwz(’u(%7u(2))) ’ )?i('vu(l)aug) = PN*ai('vu(l)’u?))’ =12
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To construct ‘71 such that (2.20) holds, we take R;,T7 > 0 and we set
E =C((0,7); Hy (0,1)) x C((0,T); H~1(0,1)),
F = C((0,T); Px. H; (0, 1)) x C((0,7); Qn. H=(0, 1)),
fo (u, W) = (Pn,u,Qn. W) = (X, 1),
in =D ((u(ud) + T P, (uf = ud), W) ) on [0, T3],

vi = fori, D1 = foi.

We apply  Proposition 2.8 to (E, F, fo, (fi1, p2)) and  obtain
(VA(, ud, ud), Va(-, ud,u)) a coupling of (fi1, 2). Moreover, setting
(Xa,112) = fo(Va(-,ug,ug)), (Xu,m) = fo(Va(:, ug, up)),

((X2,72), (X1,m)) is a maximal coupling of (21, ).
Finally, we set

~ T, —. .
Vi = (al - 1T1 Py, (u? — ug),Wl) on [0, 7], where Vi = (ay, Wy).

We also write N B

p1 =Py Wi, Vi = (a1, Wy), Vo= (2, W2).
To prove (2.20) we first remark that since 41(71) = w1(71) and X, = Py, 1,
X’i = Py, u;, then

P(X0(11) = Xo(11) and YL, HG@(10)° < #(p. 11, R))

(2.21) . ,
>P (X1 =X, on [0,71] and Y2 | By, 6(t) < #/(p,t, Ry) on [O,Tl]) :

where
& (p,t, R1) =2 (R} + Cit + p(R{* + 1)), t >0,
p to be chosen below.
Let us consider X7 the unique solution of

(2 22) Xm + Gdet — 5(t) + ]-tSTf(Xl — 5, @(Xl — 8,7]1,U(1)))dt = Uldﬁly
X1(0) = 3,

where §(t) = (T}l_t - T%G) Py, (u2—ud), 6(t) = T}—I_tPN* (U —ud), and 7 = 11 Ao
where

— inf {t €10, T0] | Ex,_s (%0 —5.mutyslt) > n'(p,t,Rl)},
T = inf {t €[0,T1] | EX1+<I>(X1,771,ug),6(t) > /{’(p,t7R1)} .

Clearly, X, = X, = Py 1y + 4 on [0, 7’] We denote by )\1 the distribution of
(X1,m1) under the probability P. We set 3, (t) )+ fo s)dt where

F(X1(t) = 0(t), ®(X1 — 8,11, ud) (1))
—f(X1(t), ®(X1,m, ud)(1))

(2.23) d(t) = 6(t) + li<ro; !
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Then X; is a solution of

(224) Xm+GX1dt+ltSTf(Xl,‘I)(Xl,Ul,u%))dt = O'ngl,

It is not difficult to see that since o; is bounded below and by the definition of 7,
the Novikov condition is satisfied:

E (exp (/OT d(t)|2dt>> < 00

and the Girsanov formula can be applied. Then we set

_ T T
dP = exp ( /O d(s)dW (s) — % /0 d(s)|2dt> dP

and deduce that P is a probability under which (517771) is a cylindrical Wiener
process. We denote by Ao the law of (X1, 7;) under P.

We prove below that
(2.25)

P (Xl(t) £ X,(t) or Zle Eq, 6(t) > £'(p,t, Ry) for some t < T1>
< H)\l - A?Hva’r +P (Eﬂl,G(T) > %K‘/(pa T, Rl)) +P (EﬂQ,G(T) > %"@/(Pﬂ'a Rl))

We choose
p=8Ke,1
in the definition of '(p, ¢, R1) and deduce from Proposition 2.4 that

(2.26) P (Eal,e(T) > %/@"(p, . R1)> + P (Eazﬁ(r) > %m’(p, . Rl)) <

Moreover using (2.10), we obtain

1 T
1A — Aallvar < 3 E exp <c/ |d(s)|2 dt) -1,
0

and then, for T7, R; sufficiently small,
A1 = A2llvar < 2(Ry (Ty + 1) (1 + RY) + &' (p, T1, R1)).

We choose
T, = Ry,

and deduce

(2.27) A1 = A2llvar < Ry (14 R{Y).

Taking into account (2.21), (2.25), (2.26) and (2.27), we can choose R} > 0 suffi-
ciently small such that for any R; < R

| =

(2.28) P (}Z’l(Tl) = Xp(Th) and > H(W(T1))° < K/ (p, Rl,R1)> >
i=1
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Remark that there exists R;(dp) € (0, RY) such that Ry < R;(dp) implies

2 2
{ZH(ﬂi(Tl))(j <K' (p, R17R1)} C {ZH(ai(Tl)) < do} ,
i—1

=1

so that (2.20) follows.
It remains to prove (2.25). We write

P (Xl(t) # Xo(t) or E?Zl Eq, 6(t) > k'(p,t, Ry) for some t < Tl)
=P (Xﬂ[o,r] # Xoljo,r or Yry B, 6(r) = #(p, 7, R1))

<P (Xl‘[O,T] # )?2|[0,T]) +P (Eq, (1) > 36/ (p, 7, R1))

+P (Eg,6(1) > 1/ (p, 7, R1)) .

Let X5 is the solution of equation (2.24) where 3 is replaced by B2 = Py, W5 then,
with the probability P, X, has the same law as X; under the probability P and

P (Pn, 10,7 # Pn.U2lj0,r) < P(X1 # X3).

Thus, (2.25) would follow if ((X1,n1), (X2,72)) was a maximal coupling of (A1, A2)
(here, we have set 1, = Qn, Wa). However, we only know that ((X1,71), (X2, 7))
is a maximal coupling of (91,12). It is not difficult to remedy this problem.
Indeed, the above result holds for any coupling of (91,12). Thus, instead of
((X1,m), (X2,72)), we choose another coupling such that the processes constructed
as ((X1,m), (X2,7m2)) above is a maximal coupling of (A1, A2). Then, the right hand
side is equal to the right hand side of (2.25) while, by Lemma 2.7, the left hand
side is larger than the left hand side of (2.25).
Step 2: Construction of the coupling under the assumptions of case a.

Thanks to Proposition 2.6, we know that there exists T_1(Rp, R1) > 0 and
m_1(R1) > 0 such that

(2.29) P (Z H(u(B,uf)) < Rl) >7m_1(Ry),

provided 27, H(ub) < Ry and 6 > T_1(Ro, Ry).

We set T*(Ry, do) = T—1(Ro, R1(do)) + T1(dp) and assume that T > T*(Ry, dy).
We also write § = T'— T;. Then on [0, 6], we take the trivial coupling which we
denote by (V{,VJ). Finally, we consider (V;,V3) as above independent of (V/, V)
and we set

V! (¢, up, ud ift <9,
‘/;a(t7u(1)7u2) _ B ( 0 O)
Vit — 0, V] (0,ub,ud), Vs (0,ud,ud)) ift>0.

Combining (2.20) and (2.29) and setting

p—1(do) = %W71(R1(d0)),
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we obtain, for any u, u? such that H(u}) + H(u3) < Ry,
2

(2.30) P <X“(T ug,ud) = X§(T,uf,ug), Y H(u (T,uf,uj)) < d0> > p_1(do),
i=1

where now
V(- ug,ug) = (u (- ugs ug), Wi, U()auo))v X{H (- ug, ug) = Pr,ul (- ug, ug), = 1,2.
Clearly, (2.30) implies (2.4).

Case b: [y(k) < k. We now construct a coupling so that (2.3) holds. Since (2.3)
depends on the whole history of the coupling and not only on the latest step, (2.3)
is proved afterwards when the coupling is constructed on [0, 00).

In this case, we have Py u} = Py,u?. We write z = Py, u} = Py.ud, y1 =

Qn,up and yo = Qn, u3.
We apply Proposition 2.8 to

E=C((0,T); Hy(0,1)) x C((0,T); H*(0,1)),

F =C((0,T); Pn. Hg(0,1)) x C((0,T); @Qn. H~1(0,1)),
Jo (u, W) = (Pn,u,Qn. W) = (X, 1),

pi =D ((u(-,up),W)), on[0,T].

We set v; = fipi = D ((X(-,uf),n)) on [0,T]. We obtain (V2(-,ud,ud))iz1,2 =
(ub (-, ug, ud), WP (-, ub, u))i=1,2, a coupling of (u1, u2) such that if we set

( anz) fO( )a 22172'
Then (Xb,nl)( uo,ug))i:u is a maximal coupling of (v1,v2). We define Y =

(2
QN* Uy ﬂz = PN W
Let 7 be a stopping time associated to the process (X, 7).

Let X b be the unique solution of the truncated equation

Xb(0) = 2.

Clearly XY = X? on [0,7]. We denote by A; the distribution of (X?,7) under the
probability P.
Let ﬂll’( = B(t) + fo s)dt where

(1) = Vi< (o) (FRUO.O(RD k. (2.92)) (1) — FRUO. Ol (.9) (1))
We take below a stopping time 7 such that

(2.32) /OT |d(t)|*dt < M,

for a constant M. Thus Novikov condition holds and Girsanov formula applies.

Setting
B T 1 /T ,
dP = exp / A(s)dI (5) — / 1d(s)[2 dt | aP
0 0
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we know that P is a probability under which (6 ,m) is a cylindrical Wiener process.
Furthermore, with such a stopping time 7, X? is the solution of

Xb(0) = 2.

We denote by Ay the law of ()Z'f, 1) under P. As in the case a, it is not difficult to
see that

T
2.34 M= Ao <1 Eexp |c [ |d(s)]?dt] —1.
var 2
0

This will be helpful to estimate |11 — v2]|,,,.-
Definition of the coupling on [0, c0).
We first set
u;(0) = uh, Wi(0)=0, i=1,2.
Assuming that we have built (u;, W;)i=1.2 on [0, k7], then we take (V,*); and (V}*);
as above independent of (u;, W;);=1,2 on [0, kT and set for any ¢ € [0, 7]

(Ul(k‘T + t), Wl(kiT + t)) =

Va(t,uy (kT),ua(kT))  if lo(k) = oo and H(u}) + H(ud) < Ry,
(2.35) Vb (t, uy (KT), ua(kT))  if lo(k) < k,
VO(t,u1 (kT),ua(kT))  if lo(k) = oo and H(u$) + H(u3) > Ro,
where V0(t,u1(kT),us(kT)) is the trivial coupling. In other words, we take a
cylindrical Wiener process W independent of (u;, W;);=1,2 on (0, kT) and set
VOt uy (kT), uz(kT)) = ((u(t — kT, ug), W), (u(t — kT, ug), W)) .

Remark that, when lo(k) = oo and H(u$) +H(u3) > Ry, the choice of the coupling
is not very important.

Clearly, (u;, W;)i=1,2 is a coupling of (u(-,u))i=1,2 which is lp~Markov. In the
following, we write

Xi=Pnoui, Yi=Qn,ui, Bi=PyWi, i =Qn.W;, i=1,2.

It remains to prove that (2.3) holds.
Proof of (2.3)

We are in the situation where the coupling on [kT, (k+1)T] has been constructed
in case b. We use the notation used in the construction of the coupling.
Let us define for i = 1,2

Ho=inf{t€[0,T] | Ea (kT +t,IT) > v+ 1+ds +dy + Ci(t + (k= 1)T) }

where C} is given in Proposition 2.1, and

R, =inft<T
’ T

ET+tA?e (AR, X
/ 1y (s), () |7()])* ds > C.(dg)e® 3 R-DT } ’
k
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where a, do, x are chosen below, C,(dy) = C**(C}, dp) is given in Lemma 2.3 and

@ = u; on [0,kT], (kT +-) = XP + ®(XP, 0, u;(kT)) on [kT, (k + 1)T],
T =11 — Us.

We also take B = C} in the definition of ly(k).

Note that, with the notation of case b, 41 (resp. 2) is a solution of a truncated
NLS equation under the the probability P (resp. P). It follows that when (X?,n?)
has law A; (resp. Az) then 4y (resp. 4g) is a solution in law of a truncated NLS
equation. But if (X2, %) has law Ay, i is a solution of a truncated NLS equation
with a drift term.

We wish to use the construction described in case b with the stopping time
T = Tk, given by

Tha = Ta) Ny ATy
Then

|d(t)] < Ly, 00l FXT(E), R(XP, 10, (2,52)) (1) — FXT (), R(XT, 08, (2,51)) (t)]
and it is not difficult to see that

jd(t)|* < cle<n, Haa(t), a2 () 7(t)].

So that, by the definition of 75 ;, we get

T
(2.36) /O A(0) dt < C* (do)org? exp (a— S (k ~ )T

Hence the Novikov condition is satisfied and (2.10) holds.
Moreover, using the same argument as in the proof of (2.25), we obtain

(2.37) P ((X7,77) # (X3,15) or 7 < T) < || A=Az fluar +v1 (AF) +01 (AF) +12(A5).

where
A ={(X,n) | # =T}, i=1,2,3.

It can be seen that for i = 1,2
(2.38)

vi(AS) =P tes[%pﬂ (B, (kT +,1T) — C4(t + (k= D)T)) > k + 1+ dg + dy fkT> )

The third term 1/1(/1:‘;) cannot be written in terms of u; and us. Indeed, when
(X?,1%) has law vy, s is a solution of an equation with a drift term.

Remark 2.12. We remark here that Proposition 2.1 is not the Foias-Prodi estimate
which is usually used in the coupling method. Here, we have also a drift term
h. This modification is introduced precisely to treat the term vy (A§). We take
h(-) = bd(kT 4+ ) = oyd(kT + -). This additional term is due to the fact that we
introduce a term depending on r in the truncation. In the preceding papers using
this kind of coupling method, this was not necessary and the Foias-Prodi estimate
was used to get (2.36). However, this requires a path-wise Foias-Prodi estimate and
we do not know if it holds in our situation.
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By (2.38), we have
vi(AS) + v1(A5) + 1a(A3) < 3P(Bik | Far)
with

P on flr 70 (2, H(in(5)2) [17(5)|2 ds > Culdg)e = 40T

Let us write
P(Bii|lo(l) =1)
< Y P sup (Bu a(kT +t,1T) = Ci(t+ (k= DT)) > k+ 1+ dg +dg | lo(l) = l>
i=1,2 t€[0,7]
ET+7y 1 2 .
w </ (Z H(iti(5))? | [[7(5)]|* ds > Cu(do)e® =5 EDT | 1o(1) =1 ).
kT i=1

Using Proposition 2.4 with x = p and solutions starting at [T" and replacing T" by
kT we get, since lo(l) = [ implies H(u;(IT') < dy,

P ( sup (Bu, a(KT +t,1T) — Cy(t + (k—1)T)) >+ 1+ dé + dg | -ﬁT)
te[0,T]

<P | sup (Bua(kT+t,1T) = Ci(t+ (k= 1T)) > 4+ 1+ H(w;(IT)* + H(u; (IT)® | Fir
te[0,T]

< Ky (64 (k= DT)" 7
It follows

P ( sup (Eu, 4(kT +t,1T) — Ci(t+ (k= )T)) >k + 1+ dy + dg | 1o(1) = z)
t€[0,T)

< Kyger (r+ (k= DT) 7

Similarly, by Lemma 2.3, with h(t) = oyd(kT + t)1;<, which clearly satisfies (2.6)
and p = a = K, we have

T+7r. 2
. </’“ o (Z H(ﬁi(s))2> 1#(3)[% ds > C.(do)e*= =T | 15(1) = l)
k i

T 1

< e r§ (=0T
<clh+ (k—=0DT) ",
Gathering these estimates, we obtain
P(Byi [lo(l) =1) <c(r+ (k—1)T) "

By (2.37), (2.10), and (2.36), we obtain for k > [ and on ly(k) =
P ((X1,m) # (X2,m2) on [T, (k + 1)T] or Biy | Fer)
< A1 = Azllvar + 3P(Byk| Frr)
< \/]E exp (c fOT |d(s)|? dt) — 1+ 3P(Byx| Frr)

< C*(do)oy ter—FR=DT 4 3P(Bl,k‘fkT)~
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We have

{lo(k) = 13 N {(X1,m) = (X2,m2) on [KT, (k + 1)T]} N By, C {lo(k+1) =1}.
Therefore, integrating over lo(k) = [ gives for T' > T1(dy) and for k > [
P(lo(k+1) #1, lo(k) =1]1o(1) = 1) < C*(do)oy 'e" T *DT L 3P(By 4 | 1o(1) =1).

Which implies that there exists x > 0 sufficiently large and dg > 0 sufficiently small
such that for any 7" > 0

(2.39) P lolk+1) £ 1, lo(k) =1 1o(1) =1) < § (14 (k ~ )T)) ™"
Remark that
k—1
P (lo(k) # lio() = 1) < S P(lo(n+1) £ 1, lo(n) = L 1o(l) = 1),
n=l

so that, applying (2.39), we obtain

o0

1 1 1 1 1
Po(k) #Uo() =) < § + 75173 Z:l 7a =7+ Cagg
which implies that there exists T; > 0 such that for T' > T,
1
(2.40) P(lo(k) =1|lo(l) =1) > 3

Combining (2.39) and (2.40), we establish (2.3).

2.6. Conclusion. We have just shown that the coupling constructed in section 2.5
satisfies (2.3) and (2.4) which are precisely (2.13) and (2.14). The constants used
in (2.3) have been chosen in the preceeding subsection. The random variables lo (k)
clearly satisfy (2.11) and, as already mentioned, (2.15) is implied by Lemma 2.5.
Finally, (2.12) is a consequence of Proposition 2.1 with A = 0 and Tchebychev
inequality.

We deduce that Theorem 2.9 can be applied. Moreover (1.5) is a consequence of
Lemma 2.5. This ends the proof of Theorem 1.1.

3. PROOF OF THEOREM 2.9

3.1. Reformulation of the problem. We already noticed that it is sufficient to
establish (2.19).
Let us denote by & the unique integer such that ¢ € (2(k — 1)T,2kT]. Then

P (dE(ul(t),ug(t)) >co(1+t— (k— 1)T)_q) < P (lo(2k) > k) +
P (dE(ul(t),ug(t)) >co(1+t—(k—1)T)" and lo(2k) < k) .
Thus applying (2.12), using 2(¢t — (k — 1)T) > t, it follows
(3.1) P (dp(ur (), ua(t)) > 200 (1+1) ) < P(lo(2k) > k) + 2 (1+8) .

In order to estimate P (Ip(2k) > k), we introduce the following notation

lo(00) = lim sup l.
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Taking into account (2.11), we obtain that for I < co

{lp(c0) =1} = {lp(k) =, for any k > [}.
We deduce
(3.2) P(lo(2k) > k) <P (lp(c0) > k).

Taking into account (3.1), (3.2) and using a Chebyshev inequality, it is sufficient to
obtain that there exist ¢5 > 0 such that

(3.3) E (lo(00)9) < e5 (14 H(ug) + H(ug)) -
3.2. Definition of a sequence of stopping times. Let
7=min{t € TN|H(u1(t)) + H(uz(t)) < Ro}.
Then, the Lyapunov structure (2.15) implies that there exist o > 0 and ¢ > 0
such that
(3.4) E (exp (807)) < c6 (1+ H(up) + H(ug)) -

For a proof, see the proof of (1.56) at the end of the subsection 1.4 of [26].
We set
6 =min{k € N\{0} | lo(k) > 1}, o=0T.
Clearly 6 = 1 if the two solutions do not get coupled at time 0 or 7. Otherwise,
they get coupled at 0 or T' and remain coupled until o.
From now, we fix ¢1 € (¢,q0 — 1). Let us assume for the moment that there
exists poo such that if Hyg < Ry, then

E(0"1ls<o0) < K,
(3.5) (0" 1o<o0)

P(o0 = o0) > po > 0.

The proof is given at the end of this section.
Now we build a sequence of stopping times

T0 = T,
&k+1 = mln{lEN\{O}‘lT>Tk and lo(l)T>Tk +T}, Oky1 = o1 T
Tkl = Okl + 7005,

where (6,), is the shift operator. The idea is the following. We wait the time 74 to
enter the ball of radius Ry. Then, if we do not start coupling at time 75, we try
to couple at time 7, + 7. If we fail to start coupling at time 73, or 7, + T we set
or = 7+ T else we set oy, the time the coupling fails (o) = oo if the coupling never
fails). Then if o, < oo, we retry to couple after entering in the ball of radius Ry.
The fact that Ry > dy implies that lo(7x) € {73, 00}.

Note that we clearly have lo(1;) € {7k, 00} and lo(ox) € {0k, 0}, and the
lp—Markov property implies the strong Markov property when conditioning with
respect to F;, or Fg,.

We infer from the [p—Markov property of V' that

Okt1 = T + 000,

which implies
Th+1 = Tk + pob.,, where p =0 + 700,.
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3.3. Polynomial estimate on p. We first establish that there exist Ky such that
for any Vy such that Hy < Ry

(3.6) Ev, (p"1,c00) < Kp.
Notice that for any Vg such that Hy < Ry,
(3.7) Ey, (o™ 1p<<>0) < By, (07 lpcoo) + E((T005) 7 1706, <oo lo<oo)) -

Applying the lp—Markovian property and (3.4), we obtain

E ((1005)" 1100, <colo<oo| Fo) < c6 (1 + H(ui(o)) + H(uz(0))) lo<oos
which implies by applying the Lyapunov structure (2.15)
(3.8) E ((700)% 1100, <oo) < co(1 + 2K (Ro + E(015<0)).
Applying (3.5) and (3.8) to (3.7), we obtain (3.6).

3.4. Conclusion. Applying a convexity inequality, we obtain

k-1
E (7' Lny<oo) < (k + 1)@~17 (ET‘“ + ZIE(poOTn)Q11p09m<oo> :

n=0
Combining the [—Markov property, (3.4) and (3.6) gives
(3.9) E(1{' 1<) < Ok + )™ (1+H(up) + H(ug)) -

Now, we are able to estimate E (I5(00)?)

E (lp(00)?) < ¢ <1 +) E (Tgl‘rn<oo]-kon)> ;

n=0
where
ko = inf{k eN ‘ Ok+1 = OO}

Then, applying an Holder inequality, we obtain

]E(ZO(OO))q S c (1 + ZE(T’IZL)q]‘Tn<OO)% (]P(ko = n))”1'> .

n=0

Using the second inequality of (3.5) and 7 < oo, we obtain from the [j—Markov
property that

(3.10) P (ko >n) < (1—po)".
It follows that kg < co almost surely and that
lo(00) € {Thys Tho + 1}

Therefore lp(c0) < oo almost surely and applying (3.9), we obtain that if pg = ¢1

oo

E (lo(0))" < C (Z(?H 1)1 —Poo);'> (1 + H(up) + H(uj)) -

n=0

Thus (3.3) is established and we can conclude.
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3.5. Proof of (3.5). Now we establish (3.5). There are two cases. The first case
is Ip(0) = 0. Then, applying (2.13), we obtain that

P (0 =00) > T2 o P (lo(k + 1) = 0|lg(k) = 0) > 152 opy.
The second case is 1p(0) = co. Then
P (o = 00) = P(lo(1) = 1) I, P (lo(k +1) = Llig(k) = 1).
Since Ho < Ry, then applying (2.13) and (2.14)
P(o=00) > TI2 _1pk-

Since pr, > 0 and 1 — py decreases to 0 faster than k7% with go > 1, then the
product converges and in the two cases

(3.11) P(o0 = 00) > poo =32 _1pr > 0.
Notice that (2.13) implies

Plo=n) < P(lo(n+1)#n|lo(n)=0)+P(o(n+1) #nlly(n) =1),
< 200(1+(n—1)T)""%,

which gives the first inequality of (3.5) and allows to conclude because ¢; < go — 1.

4. PROOF OF THE A PRIORI ESTIMATES

As already mentioned, the various computations made in this section are not
rigorous. Indeed, the solutions are not smooth enough to apply Ito formula. A
suitable approximation could be used to justify the result rigorously.

Ito Formula for |u/®

Applying Ito Formula to |u|6, we obtain

d|ul® + 6 |ul® dt = 6 [ul* (u, bdW) 4+ 12 Ju|* [b*u|* dt + 3By |ul* dt.
Since b* is a bounded operator on L?(0, 1),

12 |ul? [b*ul®> < 12Bq |ul* .

We deduce

12 |u)? [b*ul® 4+ 3B [ul* < a|ul® + C,
and
(4.1) dul® + 5o |ul® dt < 6u|* (u,bdW) + Cdt.

Ito Formula for H
Applying Ito Formula to H,, we obtain

(4.2) dH.(u) + a (||u||2 - |u|j) dt = dM, + Bydt + Ldt,
where

dM,

(Au - |u|2 U, de) ,

Lo = =B Sy (2Rt 2)Em() + len(o)? u(t, 7)) dr.

Note that, since b*A is a bounded operator from L?(0,1) to Hg(0,1), M, is well
defined. Recalling that |e,|, = 1, we obtain

I, < 3By |u* < acg |ul® + C.
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Recalling that |- < 1 -1 +¢o |-|%, we infer from (4.1), (4.2) and the last inequality
that

(4.3) dH(u) + gaH(u)dt < dM, + Chdt,

where
dM; = dM, + 6¢o |u)* (u, bdW) .
Ito Formula for H*
Applying Ito Formula to H* for & € N\{0}, we obtain similarly as above
k(k—1)

T )2 (M),

(4.4) dH(u)* + gakH(u)kdt < dMy, + kH(u)*1Chdt +
where

dMy, = kH(u)*~tdM,.
Note that, since b*A is a bounded operator from L?(0,1) to H}(0,1) and b* is
bounded from L'(0,1) to L?(0,1),

2
b (Au ~uf? u)‘ < 4By |[ulf® + ¢By ul®,

it follows from a Gagliardo-Nirenberg inequality

b (Au — Juf? u) ]2 <¢B (||u||2 n |u|10) .

Now, we write

2
d (M) <2|b (Au — |u|2u)‘ + 72¢2 |u\8 \b*u|27

and deduce that
a (M) < By (Il + 1),

and
(4.5) d (M) < ¢B, (1 + H(u)%) .

Gathering (4.4) and (4.5) and using once more an arithmetico-geometric inequal-
ity, we obtain

(4.6) dH(u)* + akH(u)*dt < dMy + C}ldt.

Proof of Lemma 2.5
Multiplying (4.6) by e®** yields

d (eo‘ktH(u)k) < e“FAM;, + ekt dt.

By integration we obtain

t 1!
M) < Hluo) + [ ety (s) + Chen
0

and
t C//
H(u(t)* < Hluo)te 4 [ emoHIan(s) + O,
0 a
which yields, by taking the expectation, the first inequality of Lemma 2.5.
Let M > 0 and 7 < M be a bounded stopping time. Then, integrating (4.6)

between 0 and Tand taking the expectation yields

E (H(u())*) < H(uo)* + C7"E(7),
151



tel-00011214, version 1 - 15 Dec 2005

Ergodicity for the weakly damped stochastic non-linear Schrodinger equations

which is the second inequality of Lemma 2.5 for bounded stopping times.
Assume now that 7 is a general stopping time. We consider the second inequality
of Lemma 2.5 for the stopping time 7 A M and we take the limit when M — oco.
The second inequality of Lemma 2.5 for 7 follows from Fatou Lemma.

Proof of Proposition 2.4

We first note that

d (M) = K*H(u)**=VDd (M),
so that, taking into account (4.5),
(4.7) d (M) < ep, (14 H(uw)?*) ds

Taking the expectation of (4.6), we obtain for any k > 1
t

(4.8) E/ H(u(s))kdt < Cy (H(uo)* +1).
0

Hence, for any p > 1,
(4.9) E (Mp)? (t) < Crp (H(u0)?*? + 7).

Applying the maximal martingale inequality and taking into account (4.6), we
infer from (4.9) the first inequality of Proposition 2.4.
Applying the maximal martingale inequality on [n,n + 1], n > 0, we have

E(Mp)"™ (n+1)
<o ok 2p+2°
(a +H(uo)?* +n+1)

]P’( sup My > a+ H(up)** +n+1
[n,n+1]

It follows from (4.9) that

CpCllc,p-H
up)?k +n+1)

(4.10) P sup Mp>a+Huy)* +n+1)<
[ (a+ H(

T-
n,n+1] Pt

Now, summing (4.10) over n > T, for T integer, we obtain that for any (p, k) €
(N\{0})? there exists K, such that

(411) P < sEup )Mk(t) >14a +H(UO)2k +t> < Kk#, (CL + T)ip, T > 0.
te[T, 00

Taking into account (4.6), this implies the second inequality of Proposition 2.4.
Proof of Proposition 2.6
Combining Lemma 2.5 applied to 7 =t and Chebyshev’s inequality, we obtain

Lemma 4.1. Let (u;, W;);=1,2 be a couple of solutions of (1.1), (1.2) such that W1
and Wy are two cylindrical Wiener process on L*([0,1]). If Ry > (2?21 H(u(‘))) v
C4, then

1
P (H(u1 (1) + H(uz(t) 2 4C1) < 3,
provided t > 61(Ry) = L 1n g—f.

It follows from Lemma 4.1 that it is sufficient to establish Proposition 2.6 for
Ry = 4C; and t = T_1(Rop, R1) (instead of ¢ > T_1(Rp, R1)). From now on, we
only consider the case Ry = 4C;.
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Let T,0 > 0. Applying Chebyshev inequality, we obtain N_o = N_5(T,0) € N

such that
(5 2 1
P Sup ||bQN 2 ||3 5 ?Lb’?l = 2
t€[0,T n>No
Moreover Py_,W is a finite dimensional brownian motion and it is classical that
m_3(T,0,N_s) =P ( sup [Py ,W(t)| < ||b||52 La(D), H3(D))> > 0.
te[0,T)

Writing

0
P ( sup bW (¢)]; < 6) > P ( sup {[bQw_, W (t)]|; < 2) m_5(T,0, N_),
te[0,T] te[0,T]

it follows
(4.12) m_o(T,0) =P | sup [[bW(t)]; <6 | >0.
t€[0,T
It thus suffices to prove that there exists T_1(Ry),0-1(R1) > 0 such that
1
(4.13) { sup [[bW(t)|5 < 61} C {H(u(Tl,uo)) < 2R1},
t€[0,T-1]

provided H(up) < Ro.
Proof of (4.13)

Let us set
v =u(-,ug) — bW,
then
d
(4.14) dit’+av+iAv—i|bW+v\2(bW+v) = — (a +iA) bV,
Taking the scalar product between (4.14) and 2v, we obtain
d
(‘i“‘ +2a v =2 (v,i\bW—i—v|2(bW—i—v) - (a—HA)bW).

Since

(v, i[bW + v v) =0,
applying Holder inequalities and Sobolev Embedding H!(D) C L>(0, 1), we deduce

dlol?
WLt 2afof? < cllowily (14 1w 2) (14 ol°)
Applying Ito Formula to |v|6, we deduce
6
d vl

(4.15) +6afol® < Wy (14 pWI3) (1+[el’) -

dt
Taking the scalar product between (4.14) and Av — |v]* v, we obtain
dH ( )

allv? = (Av — [v]*v, (a +iA) bW) +a (|v + bW (v + bW),v) .

L=« ((|v + bW (v + bW),v) - \v\i) =« <|v + bW (v + W) — |v|2v,v) ,
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we obtain

dH. (v
(4.16) dt( ) + <||v||2 - |v|i) =1+ I,
where

I, =— (Av —[v]* v, (a +iA) bW) .
Recalling that for any z, h € C?

lz4+hf> (z4+h) —|2|* 2

SUI(ERERE

and applying Holder inequality and the Sobolev Embedding H'(D) c L>(0,1) ,
we obtain

I=1+1 <c|pw], (1 + ||u\|3) (1 + ||bWH§) .
It follows from (4.15), (4.16) and the last inequality that
dH(v)
dt
Let T,0, M > 0 and assume that

(4.17)

+20H(v) < e bW, (1+ bW ) (1+H(©)?).

sup [ (1)]], < 6.
te[0,T)

We set
T=inf{t € [0,T] | H(v) < 3Ro}.

Integrating (4.17), we obtain

c

(4.18) H(v(t)) < e 2Ry + 5a

§(1+6%) (1+Rp),

provided t < 7.
Now we choose 0 < 0_2(R}) > 0 such that

50 (1+06%) (1+ R}) < R} A Ro.
It follows from (4.18) that
T=T,

and that
H(v(T)) < 2Ry,

1 R
T>—In(=L).
2an<R0>

In order to conclude, we remark that

Hu(T)) < c(HOW(T)) + H(v(T))) < ¢(6%(1 + 6*) + R}).

provided

Then, choosing ¢ and R sufficiently small, we obtain (4.13).
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5. PROOF OF THE FOIAS-PRODI ESTIMATES

The aim of this section is to establish Proposition 2.1.

L? estimates
Taking into account (2.5), we deduce that the difference of the two solutions r =
u1 — ug satisfies the equation

dr . .
(5.1) o +oar+iAr =iQnN (|u1|2 uy — |ugl)? u2> .
Applying Ito Formula to |7“|2, we obtain
d|r .
ll i +2alr? =2 (1r, |ua|® ug — \ul\Qul) .
Since
2
sz = Jur P ur | < (zw) Il
i=1
it follows

d|r| 2
7 + 20 |r)? / <Z|u2|>|r| dz.

Using the Sobolev Embedding H'(0,1) C L°(0, 1), we obtain

d|r| 2
(5.2) y7 +2a|r)? <C<ZHUZ>|7~|.

i=1
We deduce as in the proof of (4.3)

dH(u;) + ;aH(ui)dt < dMj + Cydt + 1,1 (G, h)dt

where

dM; (Aui g dei) 6 |t (ui, bAWS)
G = Au1 - |U1|2 uy + 660 |U1|iz uy.
It follows from Sobolev Embeddings and Holder inequalities that
5

1G]|_y < (14 H(u1))"

Hence we deduce from (2.6) that
(Gyh) < (1 4+ H(ur) + H(us))*

Taking into account (5.2), it follows

2
(5.3) dZy + 20Z1dt < ¢ (1 + Z’H(ui)4> r|? dt + |r|* dM,

i=1

Zi = (ZH@)) P

dMy = dM} + dM3.

where

and

Ito Formula for J
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Now we rewrite (5.1) in the form

dr
dt
Applying Ito Formula to J,(u1,us,r), we obtain

(5.4) +ar+iAr = —i%QN <(|u1|2 + |ug|?)r + R ((ug + u)7) (uy + UQ)) .

dJ. + 2ad.dt = g(uy, ug, r)dt + g(ug, ur,r)dt + P (uy, ug, r)(bdWy)

(5.5)
0 (ur, ug, ) (A(8))dt + 9 (ug, ur, ) (bdWa) + L (r)dt + dIx(r, dt),
where
2 foy (R (m(r +dus = ifunf* ) %) do
g(u1,ug,r) |

2 [y R (F(ur + uz)) R (F(aul ~iAuy +i |u1|2u1)) da
luruz,r)(R) = 2 [y (RG@R) ) da+2 fiy ) R (7F(ur +u2)) R (7h) de,
L(r) = =0t S (leal I + R(enr)?) d,

dly(r,t) = =1 by ((fioy R o) R (eqr) da) d{(Wa,ep), (Wasey)) ) -

Applying an integration by part to Au;, Holder inequality and the Sobolev Em-
bedding H1(0,1) C L>(0,1), we obtain

2
6
(5.6) g(u1, ug, ) < (HZIIWI ) s -
i=1

We deduce from Holder inequality that

Doz, ) (A(D) < (Z |ui|oo> (o) I

Taking into account (2.6) and applying the Sobolev Embeddings H!'(0,1) C
L>(0,1) and Hz(0,1) C L*(0,1), we obtain

2
(5.7) P(u1,uz,m)(h(t)) < cro (1 + ZH(Ui);> I3 -

i=1
Recalling that |e,|,, = 1, we obtain
(5.8) Li(r) < 3By |r*.
Note that we have no information on the law of the couple (W7, W5). Hence, we
cannot compute d (W1, ep), (Wa, e,)). However we know that
d[{(Wr,ep), (Wa, eq))| < di.

Hence
oo

d|Iy(r,t)| = /[Ollﬂfé(Z(bnen)r) dr | dt.

n=1

Applying the following Schwartz inequality

(gm)z < (gunbi) (g ;) < B,
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we deduce from |e,|. =1 that
(5.9) d|L(r,t)| < eBy |r|? dt.
Combining (5.5), (5.6), (5.7), (5.8), and (5.9) , we obtain

2
(5.10) dJ. +2addt <c|1+ ZH(U¢)4 [I]I Hr||% dt + dMyy,
i=1
where
dM## = (’l/)(ul, Ug, ’I”)(de1> + w<UQ, Ui, ’I“)(deg)) .
Summing (5.3) and (5.10), we obtain

2
(5.11) dJ +2addt <c |14y Hu)" | |7l 7|5 dt + dM,
i=1
where
dM = dMyy + c1 |r|” dMy.
Conclusion

1
Since Hr||% <ty [I7]] then there exists A > 0 such that

A
(5.12) dJ + | 200 — ———I(uy,uz) | Jdt < dM.
I 41
Multiplying (5.12) by exp (2048 - A/i;v%q fos Wui(s"), ug (s’))ds’), we obtain that

S

tAT 1
(5.13)  JRp(tAT) < / exp (;)as - A,u&il/
0 0

Fatou Lemma allows to conclude.

l(ui(s"), uz(s’))ds’> dM(s).
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Annexe C

Preuve du caractere
exponentiellement mélangeant
des équations aux dérivées
partielles stochastiques dotées
d’un bruit non additif

Résumé: Nous établissons ici un critere général qui assure le caractere
exponentiellement mélangeant des équations aux dérivées partielles parabo-
liques stochastiques dotées d’un bruit non additif blanc en temps et régulier
par rapport a la variable d’espace.

On appliquera ce critere a deux exemple représentatif : Les équations

de Navier-Stokes bidimensionnelles (NS) et celles de Ginzburg-Landau Com-
plexe (CGL) muni d’'un bruit localement Lipschitz. Du fait de la possible
dégénérescence du bruit, le théoreme de Doob ne peut étre appliqué. Ainsi
une méthode de couplage est utilisée dans 'esprit de [18], [41] et [45].
Les résultats précédents requieraient des hypotheses sur la covariance du
bruit qui peuvent sembler restrictives et artificielles. Par exemple, pour NS
et CGL, 'opérateur de covariance était supposé commuter avec le Laplacien
et ne pas dépendre de la base des hauts modes des solutions.

La méthode développée ici s’affranchit de ces hypotheses et requiert seule-
ment que l'image de 'opérateur recouvre les bas modes.
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Mots clés : Equations de Navier-Stokes bidimensionnelles, Equations de
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Exponential Mixing for Stochastic PDEs: The Non-Additive Case.
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Abstract: We establish a general criterion which ensures exponential mixing of
parabolic Stochastic Partial Differential Equations (SPDE) driven by a non addi-
tive noise which is white in time and smooth in space. We apply this criterion
on two representative examples: 2D Navier-Stokes (NS) equations and Complex
Ginzburg-Landau (CGL) equation with a locally Lipschitz noise. Due to the pos-
sible degeneracy of the noise, Doob theorem cannot be applied. Hence a coupling
method is used in the spirit of [9], [22] and [24].

Previous results require assumptions on the covariance of the noise which might
seem restrictive and artificial. For instance, for NS and CGL, the covariance opera-
tor is supposed to be diagonal in the eigenbasis of the Laplacian and not depending
on the high modes of the solutions. The method developped in the present paper
gets rid of such assumptions and only requires that the range of the covariance
operator contains the low modes.

Key words: Two-dimensional Navier-Stokes equations, Complex Ginzburg-
Landau equations, Markov transition semi-group, invariant measure, ergodicity,
coupling method, Girsanov Formula, expectational Foias—Prodi estimate.

INTRODUCTION

We investigate ergodic properties of parabolic Stochastic Partial Differential
Equations (SPDE) driven by a noise which is white in time and smooth in space.
Such systems are difficult to handle with the standard theory because the phase
spaces are infinite dimensional. Moreover the noise is allowed to be degenerate and
the conditions required to apply Doob theorem are not always verified (see [7] for
the theory of ergodicity when Doob Theorem can be applied).

The idea of compensating the degeneracy of the noise on some subspaces by
dissipativity arguments has been introduced in [18], and then in [3], [9] . In the same
spirit, we consider systems which have only a finite number of unstable directions.
In other words, the unstable manifold is finite-dimensional. Dissipative SPDEs such
as the stochastic 2D Navier—Stokes (NS) and Complex Ginzburg-Landau (CGL)
equations have this structure. The main requirement on the noise is that it is
non degenerate in the unstable directions. Later, coupling methods have been
introduced to prove exponential convergence to equilibrium (see [14], [20], [21],
[22], [24] and [29]).
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These articles mainly deal with additive noises. Only in [24], the noise is allowed
to have some dependence on the solution but it has to be of a very special form -
see below for more details. Moreover, the noise is assumed to be diagonal in the
eigenbasis of the linear part of the equation.

In this article, we wish to get rid of these assumptions. This requires substantial
adaptations in the method, for instance an auxiliary process is introduced. We
develop a general ergodic criterion which ensures exponential mixing of the solution
provided the image of the covariance operator of the noise contains the unstable
modes.

Roughly speaking, our method allows to treat SPDEs perturbed by a noise of the
type ¢(u)dW where u is the unknown of the equation and W is the driving noise.
Denoting by Py the projection onto the unstable modes, our main assumption is
that the range of ¢(u) contains the unstable modes Py H. We think that this is
a very natural condition. Note that with these notations, the above cited articles
treat noises of the type ¢dW, ¢ being constant and diagonal and with the main
assumption that the range of ¢ contains the unstable modes Py H. In [24] (see also
[28]), the noise has the form ¢(Pyu)dW with (I — Py)¢(Pnu) = 0.

Our method is very general. Given a SPDE; it is sufficient to build an auxilliary
process with good properties to apply our method and establish exponential con-
vergence of the solutions to equilibrium. The technic to build this process depends
on the type of SPDE. In fact, we distinguish three types of SPDEs. Examples of
the two first types are given by NS and CGL. The third type of SPDE is more com-
plicated to treat. It includes weakly damped but not strongly dissipative SPDEs.
An example is the weakly damped Non-Linear Schrodinger (NLS) equation (see [8]
for the case of an additive noise). We will study this equation in a forthcoming
article.

The NS equations describe the time evolution of an incompressible fluid. It has
been widely studied. Most of the articles cited above have been motivated by the
application to this equation.

Originally introduced to describe a phase transition in superconductivity [12], the
CGL equation also models the propagation of dispersive non-linear waves in various
areas of physics such as hydrodynamics [26], [27], optics, plasma physics, chemical
reaction [16]... The CGL equation arises in the same areas of physics as the non-
linear Schrodinger (NLS) equation. In fact, the CGL equation is obtained by adding
two viscous terms to the NLS equation. The inviscid limits of the deterministic
and stochastic CGL equation to the NLS equation are established in [2] and [23],
respectively.

Ergodicity of the stochastic CGL equation is established in [1] when the noise is
invertible and in [14] for the one-dimensional cubic case when the noise is diagonal,
does not depend on the solution and is smooth in space. In [28], we have estab-
lished exponential mixing of CGL driven by a noise which verifies the additional
assumptions mentioned above under the L? or the H'-subcritical conditions.

We hope that the method developped here can be combined with other recent
ideas. For instance, in [15], [25], the case of NS perturbed by a four dimensional
noise is treated. Hopefully, a four dimensional noise depending on the unknown
could be studied. Another topic of interest is to try to prove exponential mixing
in the three dimensional case for the transition semigroup constructed in [5]. This
latter problem will be treated in a forthcoming paper.
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The remaining of article is divided into four sections. First, we consider NS. We
build its auxiliary process and we state (Theorem 1.3) that its solutions converge
exponentially fast to equilibrium. This result is a trivial consequence of the crite-
rion (Theorem 2.1) established in section 2, which ensures exponential mixing of
a stochastic process provided there exists an auxiliary process which verifies some
properties. In section 3, we establish exponential mixing of the solutions of CGL
(Theorem 3.2). Section 4 is devoted to the proof of properties given in Section 1.2
and 3.2.

1. THE TWO-DIMENSIONAL NAVIER-STOKES EQUATIONS

In this section, we investigate properties of the two-dimensional Navier-Stokes
(NS) equations with Dirichlet boundary conditions. These equations describe the
time evolution of an incompressible fluid and are given by

du+v(—=A)udt + (u, V)udt + Vpdt = ¢(u)dW + fdt,
(1.1) (div u) (t,z) = 0, forze D, t>s,
’ u(t,z) = 0, for x € dD,t > s,
u(s,x) = wus(z), forz € D,

where u(t,z) € R? denotes the velocity field at time ¢ and position z, p denotes
the pressure, ¢(u)dW is a random external force field acting on the fluid, v > 0
is the viscosity of the fluid and D is an open bounded domain of R? with regular
boundary or D = (0,1)2. Also f is the deterministic part of the forcing term. For
simplicity in the redaction, we consider the case f = 0. The generalization to a
square integrable f is easy.

In Section 1.1, we rewrite problem (1.1) and we state an ergodic result about NS
(Theorem 1.3). In order to establish this result, we introduce an auxiliary process
and we state some properties in Section 1.2. These properties allow to apply the
general criterion (Theorem 2.1) stated in Section 2.1.

1.1. Notations and Main result.

We denote by |-| the norm of L?(D;R?) and by ||-|| the norm of H}(D;R?). Let H
and V be the closure of the space of smooth functions on D with compact support
and free divergence for the norm |-| and ||-||, respectively.

Let II be the orthogonal projection in L?(D;R?) onto the space H. Setting

A=TI(-A), D(A)=VnNH*D;R? and B(u) =1II((u, V)u),
we can write problem (1.1) in the form

du 4+ vAudt + Bu)dt = ¢(u)dW,
(1.2)
u(s) = wus,
where W is a cylindrical Wiener process on a Hilbert space U.

In order to have existence and uniqueness of the solution of (1.2), we make the
following assumption

HO The function ¢ : H — Lo(U; H) is bounded Lipschitz.
Here Lo(K71; K2) denotes the space of Hilbert-Schmidt operators from the Hilbert

space K7 to Ks.
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We set
2
By=1+ sgg oz, > L= 12,

where Lg is the Lipschitz constant of ¢.

Under HO, we have existence and uniqueness of the solution of (1.2) in H when
us € H. Moreover there exists a measurable map u such that wu(-, s, W, us) is
the unique solution of (1.2). This result ensures the strong Markov property of
the solutions of (1.2). We denote by (P;)scr+ the Markov transition semi-group
associated to the solutions of (1.2).

In our computations, we use the energy:

T
Ey(T, to) = [u(T)|* + l// lu(t)||® dt, for any T > to.
to

It is well-known that (A, D(A)) is a self-adjoint operator with discrete spectrum.
See [4], [30]. We consider (e,), an eigenbasis of H associated to the increasing
sequence (), of eigenvalues of (A, D(A)). We denote by Py and Qun the or-
thogonal projection in H onto the space Sp(ey)1<n and onto its complementary,
respectively.

Now, we make the assumption which is used to prove the exponential mixing of

(Pt)ier+

H1 There exist N € N* and a bounded measurable map g : H — L(H;U) such that
for anyuw e H

We assume in our main result that H1 holds with N sufficiently high.

Remark 1.1 (Sufficient conditions to satisfy H1).

A sufficient condition to satisfy H1 is for instance that U is the orthogonal sum
Uy & Us and there exists two measurable maps (¢; : H — Lo(Uy; H))Z-:L2 such that
oo verifies H1 and

P(u)W = ¢1(u)W1 + da(u)Wo,

for any v € H and any W = (W1, Ws) € U. Moreover, if ¢o is a constant map, we
can omit the orthogonality condition on Uy and Us.

A very interesting consequence is the case of the sum of a multiplicative noise and

an additive noise which covers the low modes. Namely, for any measurable map
f:R2 =R and (¢1,¢2) € Lo(Uy; H*(D)) x Lo(Uz; H), one define ¢ by

()W = f(u)(¢1W1) + o2 Wo,
for any w € H and any W = (W1, Ws) € U. The operator ¢ verifies H1 provided
PyH C Im ¢a.

Another sufficient condition is that U = H and there exists an invertible operator
1 on the low modes and a constant € such that for any w € H

_q-1
Qno(u)Py =0 and |Pno(u)Py — ¢|£(PNH) <e< W I‘E(PNH) )

Thus, our result holds when the covariance operator is a small perturbation of a
constant in the low modes.
We think that these examples might be physically relevant.
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Remark 1.2. The existence of a map g(u) such that ¢(u)g(u) = Py, is equivalent
to the following property

PyH C Im(¢(u))
Hence H1 can be seen as a non degeneracy condition on the low modes in the spirit
of [3], [8], [9], [14], [18], [20], [21], [22], [24], [28] and [29]. The lack of surjectivity
of ¢(u) on the high modes is counterbalanced by the dissipativity of (1.2).
Moreover, if there exists such a map g, then there exists a measurable map g such
that ¢(u)g(u) = Pn and |g(u)|zg.0r) < [9(u)| g0y This mapping g is constructed
by similar ideas as in the construction of the pseudo inverse. Hence the assumption
of measurability of g in H1 is superfluous.

Given a polish space E, the space Lip,(E) consists of all the bounded and Lipschitz
real valued functions on E. Its norm is given by
el = [¢lo + L, ¢ € Lipy(E),

where |-|_ is the sup norm and L, is the Lipschitz constant of ¢. The space of
probability measures on E is denoted by P(E). It can be endowed with the norm
defined by the total variation

#ellpar = sup {|u(@)] [ T € B(E)},
where we denote by B(E) the set of the Borelian subsets of E. It is well known

that ||.||,,, is the dual norm of |.| . We can also use the Wasserstein norm
= s [ pluduu).
peLipy(E), llell <11/ E
which is the dual norm of || - || 1.

One of the main results of this article is the following.

Theorem 1.3. Assume that HO holds. There exists No(Bo,v, D, L) such that, if
H1 holds with N > Ny, then there exists a unique stationary probability measure p
of (P)¢er+ on H. Moreover, for any q € N*, u satisfies

(13) [ 1P dutu) < oo
H
and there exist C,~y > 0, such that for any A € P(H)
(1.4) 1PN — p|l« < Ce™t (1 +/ |u|2d)\(u)> .
H

Theorem 1.3 is a consequence of Theorem 2.1 below and of auxiliary results given
in section 1.2.

Remark 1.4. Theorem 1.3 could be improved and the assumptions could be weak-
ened. We chose to restrict to this statement for clarity and readability. For in-
stance, it is possible to replace H1 by

H1’ There exist n € N*, a measurable map g : H — L(H;U) and two constants
o,C such that for any u € H

o(wg(w) = Py, |9z < Cexp (olul?).
In this case Ny depends on o. Moreover, it is easy to strengthen (1.3) into

/ exp (Ul(Bo, v, D) \u|2> du(u) < oo.
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Remark that if we assume HO and H1’ for N sufficiently high and
2
By = sup [|¢(u)]|z, 1) < o0,
ueEH

then we can strengthen (1.3) by

/Hexp (ag(Bl,u,D) ||u||2) du(u) < oo,

and in (1.4) we can replace ||||,, the Wassertein norm in H, by the Wassertstein
norm in H*(D;R?) for any s < 1. Moreover, if ¢ : H — Lo(U; V) is bounded
Lipschitz, then in (1.4) we can replace |||, the Wassertein norm in H by the
Wassertstein norm in V.

In HO, the boundedness of ¢ could be replaced by |p(u)| < C(1+ |ul”) with v < 1.
In this case, the rate of convergence becomes greater than any power of time instead
of being exponential in time. Moreover for any p there exists ¢, such that if there
exists C' such that |p(u)| < C + ¢y |u|, then the rate of convergence is greater than
(14 t)7P instead of being exponential.

The proof of our result is based on coupling arguments. These arguments have
initially been used in the context of dissipative SPDEs in [22], [24]. For a better
understanding of this kind of method, see section 1 of [24] and the two first subsec-
tions of [28]. There the coupling method is explained on two examples which are
simpler but contain all the difficulties.

The method developed in [22] and [24] requires the three following assumptions for
a N sufficiently high.

The first assumption is a structure condition on ¢. It is a slight generalization of
the usual assumption that ¢(u) is diagonal in the basis (e; ).

Ha The Hilbert space U is H. Moreover, for any u € H, we have

Pno(u)Qn =0, Qno(u)Py = 0.
The second assumption means that ¢ only depends on its low modes.
Hb For anyu e H
o(u) = (Pnu).
The third assumption is H1. Under Ha, it could be written in the form.
Hc The linear map Pno(u)Py is invertible on Py H. Moreover

sup |(P uw)Py)
uGIIL)I ( Nd)( ) N) L(P~vH;PNH)

In these papers, the proof is divided in two steps.
Step 1: Starting from initial data (ul,u?) in a ball of radius Ry, Girsanov transform
can be used to show that there exists a couple of Wiener processes (W7, Wa) such
that

Pnu(T + 5,5, Wi,ul) = Pyu(T + 5,5, Wa, u?)
with positive probability (see section 1.1 and 1.2 in [28]).
Step 2: Another ingredient, the so-called Foias-Prodi estimate, is used. It is based
on the observation that if two solutions are such that

(PNu(7 S, Wlaui)a QNW1) = (PNU(7 S, WQaug)a QNW2)7

for a long time then they become very close. Girsanov transform can again be used

to show that, if we start from initial conditions which have the same low modes,

then there exists a couple of Wiener processes (W7, W) such that the low modes
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of the solutions remain equal for all times with a positive probability (see section
1.2 in [28]).

Conclusion: Since the time of entering a ball of radius Ry admits an exponential
moment, we are able to combine and to iterate the two steps and then to conclude.

In the above mentioned articles, Ha and Hb are essential when using the Gir-
sanov transform. They are also necessary to prove that the Foais-Prodi estimate
holds pathwise. This latter point is not important. We have shown in [8] how to
use a Foias-Prodi estimate in expectation and it is not difficult to see that such an
estimate holds in our case.

On the contrary, it seems very difficult to use Girsanov Transform without Ha and
Hb. We think that these are artificial whereas H1 is very natural.

The idea developed in this article is to separate the use of the Foias-Prodi estimate
and the Girsanov Transform by introducing an auxiliary process u(-, s, W, ul, u?).
Our method requires that the auxiliary process verifies two properties.

First fundamental property: The first property is a variation of the Foias-Prodi es-
timate. It states that u(t, s, W, ul) and u(t, s, W, ul, u?) become close exponentially
fast in probability.

Second fundamental property: The second property states that there exists
h(-, s, W,ul,u?) € L? ((s,00); U) such that

(1.5) a(t, s, W,ug, u) = u(t,s, W + / h(r, s, W,ug,u3)dr, u3).
S
Hence, taking into account H1, a Girsanov Transform can be used to build a couple
of Wiener processes (W1, W2) such that
ﬂ(-, s, Wi, ui, ui) = u('7 s, Wa, U?),

with a positive probability.

Conclusion: Iterating and combining the two properties, we can conclude by re-
marking that it allows to control the probability of u(¢,0, Wy, ud) and u(t, 0, Wa, ud)
being very close.

1.2. Construction of the auxiliary process.
Now, we build the auxiliary process. We set

F(u) = vA(u) + B(u).

Taking into account H1, we remark that (1.5) is a consequence of

(1.6) du + F(u)dt + Pno(t, s, Wyul,u2)dt = ¢(a)dW,
' u(s, s, Wyul,u?) = w2

with

(1.7) h(t,s, W,ul,u?) = —g(u(t, s, W,ul,u?))s(t,s, W,ul, u?).

Since we want that u(t, s, W,ul,u?) and u(t,s, W,ul) become very close with a
large probability, it is natural to build % such that (1.6) and (1.7) hold with

(1.8) 8(t, s, W,uy, u2) = K Py (u(t, s, W, ul, ul) — ult, s, W,ul)).
Hence we consider the following equation
du + F(u)dt + KPn(u — u(t, s, W,ul))dt = ¢(u)dW,
(1.9) u(s) = u?
s
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where K > 0 will be chosen later and N is the integer used in H1.

It is not difficult to deduce from HO that there exists a unique H—valued so-
lution to (1.9) when (ul,u?) € H?2. Moreover, there exists a measurable map
@ such that u(-,s, W,ul,u?) is the unique solution of (1.9). It follows that
(u(-, s, W,ul), (-, s, W,ul, u?)) is a strong Markov process.

Taking into account H1 and the uniqueness of the solution of (1.2) under HO, we
deduce (1.5) with (1.7) and (1.8).

Now, it remains to prove that u(t, s, W, ul, u?) and u(t, s, W, ul) become close expo-
nentially fast. In [22], [24] and [28], a pathwise Foias-Prodi is used. Here, u—u does
not seem to tend to 0, pathwise. That is the reason why we adapt an idea we have
already used in [8] to prove polynomial mixing for the weakly damped Non-linear
Schrodinger (NLS) equations. Since it seems that there is no pathwise Foias-Prodi
estimate for NLS, a Foias-Prodi estimate in expectation was used. Using analogous
technics, we have the following result.

Proposition 1.5. Assume that HO holds. There exists A > 0 depending only on
v and D such that for any finite stopping time T > s

E (Jr(r) exp (K V (v 1) = L) (7 = ) = ABug sty (7:9)) ) < (s

where
r= ﬂ(-,s,VV,ui,u?) —u(-, s, VV,u;)

The proof is postponed to Section 4.2.

Remark 1.6. Proposition 1.5 displays a nice and well known property of Navier-
Stokes equations. Indeed, we see that the difference between u and w can be estimated
using only the energy of u and not the energy of u which is much more difficult
to estimate. No control on the probability of the linear growth of the energy of
the auziliary process is required. This property holds also for the one-dimensional
Burger equation and for the Complex Ginzburg-Landau equation with a globally
Lipschitz noise in the subcritical case. However it does not hold in general and in
this case the construction of the auziliary process is more involved. For instance,
in the case of the Non-Linear Schrodinger equations, it is not possible to prove a
result similar to Proposition 1.5. It is important to show that our method can also
be used for these equations. The Non-Linear Schrédinger equations will be treated in
a forthcoming article and we consider the Complexr Ginzburg-Landau with a locally
Lipschitz noise in section 3.

We immediately deduce the two following very useful corollaries. The first corollary
states that, under an energy condition, u(t, s, W,ul,u?) and u(t,s, W, ul) become
close exponentially fast.

Corollary 1.7. Assume that HO holds.  There exists Ni(Bo,v,D,L) and
Ki(Bo,v,D, L) such that if N > Ny and K > Ky, then for any (a,s) € R? and
t>s

P (Ir()] > r()lexp (a— (t = )+ A (p+ [u])) and 4) < e,
where
A = {W ’Eu(-7s,W,ui)(t75) <p-+ |U;|2+Bo(t—8)},
ro= u(,s,Wyul,u?) —u(-, s, W,ul).
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Corollary 1.7 is deduced from Proposition 1.5 by applying a Chebyshev inequality.
Integrating the formula of Proposition 1.5, applying a Chebyshev inequality and
setting

C} (do) = codo exp (A(do + p)) ,
we obtain the following result
Corollary 1.8. Assume that HO and H1 hold. There exists No(Bo,v, D, L) and

Ky(By,v, D, L) such that if N > Ny and K > K» hold, then for any (s,a) € R?,
to >s

P (/ Wit s Wk ) dt > € (|ul]+ Ju2]?) ea(tos>> Pp—r—)

to

provided T > tg is a stopping time such that
Bu(sway(t,s) < p+ |u;‘2 + Bo(t —s) for any t € (to, 7),
and where h is defined in (1.7) and (1.8).

Taking into account (1.5), Corollary 1.8 ensures that the Novikov condition holds.
Girsanov Formula can be applied to transform (-, s, W, ul, u2) into u(-,s, W, u2)
on [s, 7] by the change of Wiener process (1.5).

We take

(1.10) Ny = max(Ny, N2), K = max(K;(Bo,v,D, L), K2(By,v,D,L)).

Assumption HO implies the two following easy results. They are used when ap-
plying Corollary 1.7 and 1.8.

Lemma 1.9 (Exponential estimate for the growth of the solution). Assume that
HO holds. There exists vo > 0 only depending on v, By and D such that

P <sup (Eu(.’s,wms)(t, s) — Bo(t — s)) >p+ |us|2) < e olptto—s)
t>to

for anyus € H, p >0 and ty > s.

Lemma 1.10 (The Lyapunov structure). Assume HO. For any q € N, there exists
Cy > 0 only depending on q,v, By and D such that

E (|u(t7 s, W, us)|2q) < emvmalt=e) [y 27 4 c,,

AN

> |“5|2q + CE (T—35),

E (|u(7‘, s, W, u8)|2q)
for any t > s and any finite stopping time T > s.

The proofs are given in Section 4.1.

2. A GENERAL CRITERION

This section is devoted to the proof of a general criterion -Theorem 2.1- which
ensures exponential mixing of a Markov process u(-, s, W, ul), provided there exists
an auxiliary process (-, s, W, ul,u?) which verifies some properties. In particular,
Theorem 1.3 is a Corollary of Theorem 2.1 and of the properties stated in Section
1.2.
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2.1. Statement of the criterion.

Let (U,||,) be a Hilbert space, W be a cylindrical Wiener processes on U and

(H,dg) be a polish space We consider three measurable mappings u, @ and h such

that for any (s,ul,u2) € R x H?, (u(-, s, W,ul),u(-, s, W,ul,u2), h(-, s, W, ul,u?))

isin (C' ([s, oo) H))? x L2 ([s, 00); U) with probability one. Moreover u(T, s, W,ul),
(T, s, W,ul,u?) and h(T, s, W,ul, u?) are only depending on (W (t) — W($))iels 1)

and are supposed to be homogenous in time. This means that
w(T + T+ s, W(T +-),ul) = u(-, s, W,ul),
and similar relations for u and h.
We first impose a Markov condition on (u, u)
AOQ For any (T,t,s,ul,u?) € R® x H? such that T >t > s,
(u(s,s, W,ub), u(s, s, W,ul,u?)) = (u},u?),

w(T, s, W,ul) = u(T,t, W, u(t,s, W,ul)),
(T, s, W,ul, u?) = u(T,t, W,u(t,s, W,ul),u(t,s, W,ul,u?)).

We denote by (P;);cr+ the Markov transition semi-group associated to the Markov
family (u(-,0, W, o)), cn-

The next assumptions involve a positive functional H, which plays the role of a
Lyapunov functional. We assume that there exists v > 0 and a constant C*(-)
depending on an argument dy > 0 such that the following hold.

A1 There exist ¢ > 1 and C1,Cyq > 0, such that for any (s,us) ERx H, anyt > s
and any finite stopping time T > s,

IN

E (H(u(t, s, W, us))*) e~vmat=)H (y, )k + Cy,

E (H(U(T, s, I/V,us))k) < H(ug)® + CRE (1 — s),

for k=1,q.
A2 For any (ul,u?) € H?, for any couple (Wi, Ws) of eylindrical Wiener processes
of U and for any (s,t) € R? such that t > s, we have

P (dH(ul(t),ug(t)) > C*(do)e™ ") and U = uy on [s,t]> < Ce (=9,

where
wi(t) = wu(t,s,W;,ul) for i=1,2

u(t) = ult, s, Wi,ug,ul),
do = H(ug) +H(ui).
A3 For any (t,s,ul,u?) € R? x H® such that t > s
u(t,s, W,ul,u?) :u(t,s,W—I—/ h(r, s, W,ul, u?)dr ,u?).

A4 For any couple (W1, Wa) of cylindrical Wiener processes of U and for any
(to,s,ul,u?) € R? x H? such that ty > s

P (/ |h(t)|g, dt > C* (do) e 7*~%) and & =uy on [3,7']) < Ceto=s)
to
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where (u,u2) are defined in A2, where T >ty is any stopping time and where
h(t) = h(t,s, Wi, ul,u?),
do = H(ug) +H(u3).
A5 For any (s,ul,u?) € R x H?, we have

P ([ ok < @) > 5,

where
h(t) = h(t,s, W,ul,u?),
do > H(ug) +H(u?).

We now state our criterion.

Theorem 2.1. Under the above assumptions, there exists a unique stationary prob-
ability measure o of (Py)ier+ on H. Moreover, p satisfies

(2.1) | Hewrdu( < 6,
H
and there exist C,~' > 0 such that for any A € P(H)
(2.2) IP;A = pll. < Ce™" (1 " / H<u>dx(u>) '
H

Theorem 2.1 is proved in sections 2.2, 2.4 and 2.5 hereafter.
Assumption A1l is standard and ensures that (2.1) holds and that the time of
return of the process in any ball of radius greater than 2C; admits an exponential
moment. For the Navier-Stokes equations, A1l holds with H = H2 as shown in
Lemma 1.10. For the Complex Ginzburg-Landau equation treated below, we use
the same functional. More complicated choices may be necessary as in the case of
the weakly damped Non Linear Schrédinger equation treated in [8].
A2, A3, A4 and A5 translate the two fundamental properties required on the
auxiliary process u; A2 states that u and u get close exponentially fast.
For the Navier-Stokes equations, we bound the probability of the left-hand side
by P (dg(uy(t),u(t)) > C*(do)e=7*=*)). This is then bounded thanks to Corollary
1.7 and Lemma 1.9. For the Complex Ginzburg-Landau equation we also majorize
P (dp (u1(t),u(t)) > C*(do)e~7*~*)) but it is more complicated since the analogous
of Corollary 1.7 involves the energy of .
For these two applications, a stronger version of A2 therefore holds. However, A2
is the natural assumption needed in the proof of Theorem 2.1 and might be easier
to check in some application.
A3, A4 and A5 allow to change the Wiener process thanks to Girsanov Formula
used in the construction of the coupling. A4 and A5 imply that the Novikov
condition holds for a truncation of w.
For the Navier-Stokes equations, A8 is (1.5) which has been proved at the beginning
of section 1.2. We choose p in Lemma 1.9 such that e™7° = i and then use
Corollary 1.8 with ¢y = s and e™® = 1. We obtain A5 for C*(dg) > C;(do)e®.
Similarly A4 follows from Corollary 1.8 and Lemma 1.9, we can take p = a = 0.
Theorem 1.3 is thus proved.
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Remark 2.2. It we replace the term e~ by a negative power of t in our assump-
tions, we obtain a Theorem analogous to Theorem 2.1, but where convergence is
polynomial instead of being exponential.

We have seen in [8] that for the stochastic Non—Linear Schrédinger (NLS) equation
the control of the energy is polynomial. Hence, we think that the polynomial version
of our criterion is the good framework when studying weakly damped SPDE.
Moreover we have seen in Remark 1.4 that there exist some variations of Theo-
rem 1.8 whose convergence is polynomial. To establish such results, we need the
polynomial version of Theorem 2.1.

Remark 2.3. This result is of the same type as the results obtained in [9], [22],
[24] and [28] where SPDEs with additive noise only depending on the low modes are
studied. Since the decrease of PiA — p is measured in Wasserstein norm, we know
that P:¢p converges to its average with respect to p for any Lipschitz function ¢.
In fact, in the above mentioned articles, it is also true if ¢ is only Lipschitz with
respect to the high modes. We do not know if this holds in our situation.

2.2. Proof of Theorem 2.1.
Let us denote by (u$,u?) two initial conditions in H. For a given couple of
cylindrical processes (W7, Ws), we set

ui(t) = u(t, 0, Wi, ub), u(t) = u(t, (k — )T, Wi, ui1((k — 1)T), ua((k — 1)T)),

where k is the unique integer such that ¢ € [(k — 1)T, kT).

The main idea is to build the couple of cylindrical processes (W7, Ws) recursively on
[kT, (k+ 1)T] so that, at each step, we have & = uy for more and more trajectories.
The distance between © and u; will be controlled thanks to A2.

We define an integer valued random process ly which is particularly convenient
when deriving properties of the coupling:

lo(k) =min{l € {0, ..., k}|P.x},

where min ¢ = oo and

u=wuy on [IT,kT],
(Prk)
H(ur(IT)) + H(uz(IT)) < do,

where dy will be chosen later.
Fixing k, I, T, t such that t € [IT, kT] and noticing that lo(k) = [ implies

us(t) = u(t) = u(t, T, W1, ur1(IT),u2(IT)), wi(t) = u(t, T, Wy,u (IT)),
it follows from A2 that
23) P (dH(u1(t),uQ(t)) > C*(do)e~ ") and (k) = z) < Qe t-IT),
We fix dy = 16C; and take into account A3, A4 and A5 to build in the next
subsections a couple (W7, W) such that

3Ty >0, po > 0 such that for any | < k, T > Ty,

P(lo(k+1) #1|lo(k) =1) < (1 —pg)e”7*-0T,

(2.4)

It is now easy to check that the assumptions of Theorem 1.8 in [28] are satisfied.
Note that by A1l with the notation of [28], we can take p_; = % since (P;) is
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reduced to H(ui(IT)) + H(uz2(IT)) < do. Thus Theorem 2.1 is proved provided we
construct (W7, W) such that (2.4) is established.

For the sake of completeness, let us briefly recall how we can prove Theorem 2.1.
The Lyapunov structure A1l implies that the time 7 € N of entering the ball
H(ur (7T) + H(uz(7T)) < dp admits an exponential moment. We deduce from
us(kT) = w(kT) that 7 is the time of having lo(7) = 7 for the first time.

Now, assume that lo(l) = . We consider o the time of failure of the coupling
(o = min{k > l|lp(k) # I}). We infer from (2.4) that there exists T > 0 and
Poo > 0 such that P(c = 00) > poo. Moreover (2.4) implies that 01,20, admits an
exponential moment. It means that, when ly(l) = [, then the probability of having
u(t) = ua(t) for all times ¢ > T is bounded below and that, when this property
fails, the time of failure admits an exponential moment.

Combining 7 and ¢ and iterating this combination, we build a finite random time
lo(00) such that ly(k) = lo(oo) for any k > ly(co) and such that lo(co) admits an
exponential moment. Hence it follows from (2.3) that

(25) E (dps(ma (1), ua(1) A1) < Ce™* (14 [u|” + [ud]).
Remarking that

|Pef (ug) = Pef(up)| = [E(f(uz(t) = fur ()] < Il E(drr(ua (1), ua(t) A1),
we deduce Theorem 2.1 from (2.5).

2.3. Basic properties of couplings.

In order to build a couple of cylindrical processes (W5, W) such that (2.4) holds,
we recall some basic results about the coupling. Such results are developed and
motivated in subsections 1.1 and 1.2 of [28] through two simple and representative
examples.

Let (A1, Ag2) be two distributions on a same space (E,£). Let (2, F,P) be a prob-
ability space and let (Z1, Z3) be two random variables (2, F) — (E,&). We say
that (Z1, Z3) is a coupling of (Aq, Ay) if A; = D(Z;) for i = 1,2. We have denoted
by D(Z;) the law of the random variable Z;.

Let A, A; and A5 be three probability measures on a space (E, £) such that A; and
A5 are absolutely continuous with respect to A. We set

dh , dhy
dA dA
This definition does not depend on the choice of A and we have

1 dA dA
AL = Aall,ur = 5/ - 2
B

dA - dA
Next result is a fundamental result in the coupling methods, the proof is given for
instance in the Appendix of [28].

d(Ay A Ay) = ( )dA.

dA.

Lemma 2.4. Let (A1, As) be two probability measures on (E,E). Then
||A1 — A2|| = Hlln]P)(Zl 7é Zg)

The minimum s taken over all couplings (Z1,Z2) of (A1, A2). There exists a cou-
pling which reaches the minimum value. It is called a maximal coupling and has
the following property:
]P)(Zl = ZQ, Z, € F) = (A1 A AQ)(F) fOT any reé.
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It is interesting to remark that if A; is absolutely continuous with respect to Ao,
we have

1 dA;\?
(2‘6) ||A1 - A2||yar S 2\// <dA;> dA2 — 1.

In order to estimate the bound given in Lemma 2.4, we use either (2.6) or the
following result which is lemma D.1 of [24] and which is very useful in order to
bound below the probability that a maximal coupling get coupled.

Lemma 2.5. Let Ay and Ay be two probability measures on a space (E,E). Let A
be an event of E. Assume that A{' = A1(AN.) is equivalent to A5 = Aa(AN ).
Then for any p > 1

I, = /A (dAf)pH dAy < oo implies (A A Ag) (A) > (1 - 1) (Al(A)pyll.

dAé4 P pl,

Next result is a refinement of Lemma 2.4 used in [24] (see also Proposition 1.7 in
[28]).

Proposition 2.6. Let E and F be two polish spaces, fo : E — F be a measurable
map and (A1, As) be two probability measures on E. We set

A= o, i=1,2.

Then there ezist a coupling (V1,Va) of (A1, A2) such that (fo(V1), fo(V2)) is a maz-
imal coupling of (A1, A2).

2.4. Construction of the coupling.

Now, using A3, A4 and A5, we build (W7, W3) such that (2.4) holds. The
construction can be done by induction. At each step, we construct a probabil-
ity space (,Fy,Py) and a measurable couple of functions (wy,upp, uip,l) —
(VE( ubp, udp,1))iz1,2 such that, for any (uhp, uip, 1), (VEC ubp, uip,1))izc12 is a
coupling of (D(u(-, kT, W, ulr), W))iz1,2 on [kT, (k + 1)T].

Indeed, we first set

ui(0) =uh, W;(0)=0, i=1,2.
Assuming that we have built (u;, W;);=12 on [0,kT], we take (V¥
independent of (u;, W;);=1,2 on [0, kT] and we set

(wi, Wi) = V(- uy (kT), ug (KT), lo(k) A k) on [ET, (k+ 1)T].
Recall A3
(2'7) ﬂ(t, kTa VVv ullgT’ uiT) = u(ta kT, w + H(’v W) ) UﬁT),

)i=1,2 as above

where

H(7W) = ~/kT h(’l“, kTa Wv ’U/iT,’LLiT)dT.

The natural idea we have is to apply Proposition 2.6 to build a coupling
((w, W1), (uz, Wa)) of (’D (17(~, KT, W, upp, uir), W) ,D (u(, kKT, W, uir), W)) on
[kT, (k + 1)T] such that (@, us) is a maximal coupling. The problem is that we
do not known if the Novikov condition is verified. Hence it is difficult to estimate
the distance between D (u(-,kT, V[Cu%T)) and D (ﬂ(-,kT, VV,uiT,uiT)). That is
the reason why we introduce a truncation.
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We set
Jt,W) = fktT |h(s, kT, W, upp, uly) |2U ds,
TW) = inf{tekT,(k+1)T]|J(t,W)> C*(dy)e "*+=0T }
and we introduce the following laws on [kT', (k + 1)T]
Ay =D (u(-,kT,W + H(r(W) A, W), ujp), W), Ao =D (u(-, kT, W,upr), W) .

We denote by fy the first projection fo(u, W) = u and we set A; = f5A;. Now we
can apply Proposition 2.6 and we obtain a coupling

((avwl)a(UQaWQ)) of (AlaAQ)a

such that (@,us) is a maximal coupling of (A1, \2). Hence we obtain that for any
t € [kT, (k+ 1)T], we have

ug(t) = u(t, kT, Wo, uip),
and
(2.8) a(t) = u(t, kT, Wy + H(t(W1) A -, W), uirp).
We define
up = u(-, kT, Wy, upp) and @ = (-, kT, W1, upp, usq) on [T, (k+ 1)T]
and we deduce from (2.7) that

(2.9) u(t) = u(t, kT, Wy + H(-, W), uip).
We compare (2.8) with (2.9) and we obtain that
(2.10) @ =1 on [kT,7(W1)].

2.5. Proof of (2.4).

Recall that considering a trajectory ((u1, W), (uz, Wa)) on [0, kT such that Iy(k) =
[, we build the processes on [kT, (k+1)T]. Remind that for the probability Py, the
trajectory is fixed on [0, k7] and that the probability P is obtained by integrating
Py, over the trajectories on [0, kT

In order to apply Lemmas 2.4 and 2.5 and inequality (2.6), we will establish that
A1 and Ao are absolutely continuous and estimate

d \ P
I, = e} dry. p > 1.
/<d)\2> 2, P =2

The Novikov condition is obviously satisfied and we apply the following Girsanov
Transform

iy = exp (M(r(W2), Wa) = L7 (72), Wa) ) @B,

where .

M (t, Wy) :/ h(s, kT, Wy, upp, upr)dWa(s).
kT
Then

Wy = Wy + H(m(Wa) A -, Wa),
is a cylindrical Wiener process on U for the probability P\. The law of uy under
Py is A1. Hence A1 and A5 are absolutely continuous and
(2.11) I, < E (exp (¢, J (1(Wa), Wa))) < exp (Cp(do)efﬂ’“*”T) .
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We first establish (2.4) when k& = 1. Applying Lemmas 2.4 and 2.5 to the maximal
coupling (@, ug) of (A1, A2), we obtain for any p > 1

(2.12) P (@ = up and J((k +1)T,W1) < C*(do)) p

1

> (1= 1) (o8) 77 (Pe (J((k+ DT, W1) < C(do)) ™
Since J(-, W7) is increasing, we deduce from (2.10) that
J((k+1)T,Wy) < C*(dy) 1implies uw=1u on [kT,(k+ 1)T].

Hence, taking into account (2.11), (2.12) and A5, we obtain there exists pyp > 0 not
depending on k, T such that

P (u=wug) > Pk (@ = ug and J((k+ 1)T, W1) < C*(do)) > po.
Integrating the previous inequality over ly(l) = I, it follows
(2.13) P(lo(l+1) =1]1l(l) =1) = po.
We now treat the case k > [. It follows from the definition of 7 that
J(r(W1), W1) < C*(dg)e " * =0T implies 7(W1) = (k + 1)T.
Then we infer from (2.10) that
J(r(Wh), W1) < C*(do)e™"*=OT implies & = @ on [kT, (k + 1)T].
Hence
Py (T # uz) < Py (J(T(Wl), W1) > C*(do)e " * DT and @ = uz) Py (£ us).
We deduce from (2.10) that
(2.14) Pr (@ # uz) < Pr (0 # uz) + Py (B),
where

B= {(Wl, W) ‘ J(r(Wh), W1) > C*(do)e~"* DT and & = ug on [KT, 7(W})] } :

Applying successively Lemma 2.4 to the maximal coupling (@, usz) of (A1, A2) and
inequality (2.6), we obtain

Pi (0 7 12) < [ = ollygy < 53/ 1
It follows from (2.11) that
(2.15) Pi (@ # uz) < Cy(dg)e= 2 *=0T,
Combining (2.15) and (2.14), we obtain
Pp (@ # ug) < C1(do)e” 2*~VT 4 P (B).
Integrating over lo(k) = I, we deduce from A4 that
(2.16) P(lo(k+1) # 1 and lo(k) = 1] lo(1) = 1) < C'(dg)e 2 *=DT,
We choose T such that

L=po+ Y C'ldo)e 3 <1- 2,
q=1
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and take into account (2.13) and (2.16), we obtain for T > T}
k—1

B(lo(k) # 1| 1o(1) =1) < Y P(loi+1) # L and lo(i) = L[ bo(1) =1) < 1= 2.

i=l
Hence, we deduce from (2.16) that
C'(do) —3(e-nT
Po
Choosing Ty > T sufficiently high allows to conclude the case k > .

(2.17) P(lo(k+1) # 1] lo(k)=1) <2

3. THE COMPLEX GINZBURG—LANDAU EQUATION WITH A LOCALLY LIPSCHITZ
NOISE

The aim of this section is to apply our method to the stochastic CGL equation with
Dirichlet boundary conditions and with a locally Lipschitz noise.
Let us recall that it has the form

du+ (e +1)(=A)udt + (n+ X) [u* udt = $u)dW + fdt,
(3.1) u(t,z) = 0, forxe€dD,t> s,
u(s,z) = wus(zx), for x € D,

where D is an open bounded domain of R? with regular boundary or D = (0,1)4,
where e > 0, 7> 0, A € {—1,1} and where we impose the L?-subcritical condition
od < 2. For simplicity, we also assume o < % For simplicity in the redaction,
we consider the case f = 0, where f is the deterministic part of the forcing term
¢(u)dW + fdt. The generalization to a square integrable f is easy.
Ergodicity for the stochastic CGL equation is established in [1] when the noise is
invertible and in [14] for the one-dimensional cubic case when the noise is diagonal,
does not depend on the solution and is smooth in space. Then, in [28], we have
established exponential mixing of CGL driven by a noise which verifies Ha, Hb
and Hc under the L? or the H'-subcritical conditions.
As explained in Remark 1.6 and in section 2.1, technics of section 1 can easily be
applied to the stochastic CGL equation with a globally Lipschitz noise. It gives
exponential mixing in L? under the L?-subcritical condition od < 2. Moreover,
one can obtain the exponential mixing in H' under the H'-subcritical condition
o< ﬁ when A = 1. Using a polynomial version of our criterion, one can obtain
polynomial mixing in H' under the L?-subcritical condition od < 2 when A = —1.
As explained in Remark 1.6, it seems that such technics can not always be
applied when there is no analogous property to Proposition 1.5. For instance, the
case of the stochastic non-linear Schrédinger equation requires more sophisticated
tools and will be treated in a forthcoming paper. We study the CGL equation with
a locally Lipschitz noise because it gives a simple example of SPDE for which the
difference of two solutions cannot be estimated with the help of only one energy,
an essential ingredient in Proposition 1.5.

Remark 3.1. The condition o < % is artificial. We have introduced it because
Corollary 3.9 below is not not true for o > % But, the proof could be adapted when
working in H'. Actually, when o < Tzz and A = 1, we have exponential mizing in
H'. Moreover, when od < 2 and A = —1, we have polynomial mizing in H'. The
reason why we do not establish those results is that the computations are longer.
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3.1. Notations and Main result.
We set

and we denote by ||, |-, ||| and ||, the norm of C, L?(D;C), Hj(D;C) and
H?(D;C). The norm of H will be denoted by |-| when no confusion is possible or

|-|; otherwise.
Now we can write problem (3.1) in the form

(3.2) { du+t (e + DAudt + (n+ M) [u¥ udt = $(u)dW,

u(s) = us,

where W is a cylindrical Wiener process on a Hilbert U.

In order to have existence and uniqueness of the solution of (3.2), we make the
following assumption

HO’ The function ¢ : H — Lo(U;H) is bounded and local Lypschitz. More
precisely, we assume there exists L > 0 such that for any (uy,us) € H?

2 2 20 20
6(u2) = @) 2 0orry < Lluz = wnl* (14 fer|*” + Juzl*")

We set
2
Bl =1 =+ sup ||¢(u)||ﬁz(U7H) '
u€H

Under HO’, we have existence and uniqueness of the solution of (3.2) in H when
us € H. Moreover there exists a measurable map u such that wu(-,s, W, ug) is
the unique solution of (3.2). This result ensures the strong Markov property of
the solutions of (3.2). We denote by (P;)cg+ the Markov transition semi-group
associated to the solutions of (3.2).

In our computations, we use the following energy

T T
E (T, t) = [u(T)? +€/ ||u(t)||2dt—|—n/ lu(t) |20 t5dt, for any T > t.

to to
It is well-known that (A4, D(A)) is a self-adjoint operator with discrete spectrum.
We consider (e,), an eigenbasis of H associated to the increasing sequence (fin)n
of eigenvalues of (A, D(A)). We denote by Py and Quy the orthogonal projection
in H onto the space Sp(ex)1<n and onto its complementary, respectively.
Now, we state the assumption which gives the exponential mixing of (P;);ep+ pro-
vided it holds for N sufficiently high.
H1 There exists a bounded measurable map g : H — L(H;U) such that for any
ueH

o(u)g(u) = Py.

The aim of this section is to establish the following result.
Theorem 3.2. Assume HO’. There exists No(B1,e,m,0,D, L) such that, if H1

holds with N > Ny, then there exists a unique stationary probability measure v of
(Pi)ter+ on H. Moreover, for any q € N*, u satisfies

(3.3) / |u|*? dp(u) < oo,
H
and there exist C,y > 0 such that for any A € P(H)
(3.4) [PIA = pllo < Ce™* (1 +/ |u|2d)\(u)> .
H
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Remark 3.3. There ezists a lot of variations of Theorem 3.2. Hence (3.3) could
be strengthened into

| b (ar(Breon. ) of?) du(w) < .
H

Moreover, one can work in Hi (D; C) in the defocusing case under the H' —subcritical
condition o < ﬁ and in the focusing case under the subcritical condition o < %.
In the focusing case, the rate of convergence is greater than any power of time
instead of being exponential in time.

In H1, the boundedness of g could be replaced by the ezistence of C such that

EH1 | 12
1900 cqarry < Coxp (L uf)-

Contrary to Navier—Stokes, the coefficient in the exponential cannot be as high as
we want because it seems that for the locally Lipschitz CGL, there is no property
analogous to Proposition 1.5.

In HO?, the boundedness of ¢ could be replaced by |p(u)] < C(1 + |u|"). If v < o,
then the rate of convergence remains exponential. If v < o + 1, then the rate of
convergence becomes greater than any power of time instead of being exponential
in time. Moreover for any p there exists c, such that if there exists C' such that

lp(u)] < C+c¢p |u|”"!, then the rate of convergence is greater than (1 + t)7P.

3.2. Construction of the auxiliary process.

Now, we build the auxiliary process w such that assumptions AO,...,A5 are true.
This will allow to deduce Theorem 3.2 from Theorem 2.1.

We first recall the following classical result which ensures A1l

Lemma 3.4 (The Lyapunov structure). Assume HO’. For any q € N, there exists
Cy > 0 only depending on q,€,n, B1 and D such that

IA

E (H(u(t, s, W, us))?)
E (H(u(r, s, W,us))?) < H(us)?+ CE (T —s),

e—mat=H(u, )1 4 C,

for any t > s and any finite stopping time T > s.

This result is a consequence of HO’. Its proof is analogous to the one of Lemma
1.10.
Let K be a positive number. We set

F(u) = (e + 1) Au+ (4 ) [u*" w,

and
~ . 20 ~120 ~ ~\20 ~
(W, u1) = Py ((n ) <|u1| ui — [4] u) + K |Pnal* Py (i — u1)>

(3.5)
L (1 fal}] + ) Py @ —w).

We now consider the following equation

;. dii + F@)dt + 5(T, u(t, s, W,ul))dt = ¢@)dW,
u(s) = u?.
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It is not difficult to deduce from HO’ that there exists a unique H—valued solution
to (3.6) when (ul,u?) € H2 Moreover, there exists a measurable map u such
that (-, s, W,ul,u?) is the unique solution of (3.6). Actually, we deduce that
(u(-, 8, W,ul), (-, s, W,ul, u?)) is a strong Markov process. Hence AO is true.
Taking into account H1 and the uniqueness of the solution of (3.2) under HO’, we
deduce A3 by setting

(3.7)  h(t,s, W,ul,u?) = —g(u(t, s, W,ul, u?))s(u(t, s, W,ul,u?),u(t, s, W,ul)).
We now state a result which replaces Proposition 1.5.

Proposition 3.5. Assume HO’. There exists (Ag)q, > 0 only depending on L,
e, n and D such that for any finite stopping time T > s and any q € N

B (1) exp (cam(r - 5) - M%‘IH (7= s+ Balr) + Bu(r9)) ) < ()™,

where

r=u-—u;, u=u(,sWulu?), u;=u(,s Wul).

The proof is postponed to Section 4.3. Remark that Proposition 3.5 is weaker than
Proposition 1.5 because it involves energies of both u; and w. Then, in order to
apply it, we have to establish energy control of both u; and u. That is the reason
why the building of the auxiliary process is more complicated than for NS or for
CGL with a global Lipschitz noise. For instance, if we set

(5(57’111) = KPN(TL — ’11,1),

then we would have an energy Lemma on % and a Proposition analogous to Propo-
sition 3.5. The problem is that the constants of both results would depend on the
value of K. Then it does not seem to be possible to establish that there exists K
and N such that we can combine both results.

Since Proposition 3.5 is not depending on K, it is possible to combine it with the
two following energy Lemmas.

Lemma 3.6 (Exponential estimate for the growth of the solution). Assume HO.
There exists v > 0 only depending on £,m, By and D such that

P < sup (Eu(-,s,W,us)(ta s)— Bi(t — s)) >p+ u52> < e wlptT)
t>T+s

for any us € H and (p,T,s) € (RT) x R.

The proof of Lemma 3.6 is analogous to the proof of Lemma 1.9.

Lemma 3.7 (Exponential estimate for the growth of the auxiliary process). As-
sume HO. There exists K, cx 1 not depending on N such that if K > K,

P ( sup (Eq(t,s) — cx,.(Eu, (t,s)+Bi(t—9))) > p+ ‘u§’2> < e 0 (P+T)
t>T+s
where
ﬂ:a('asvmuiauf)? U1 :u('asamui)7

for any (us,u?) € H? and (p, T, s) € (RT)> x R.
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The proof is postponed to section 4.5.
We immediately deduce the two following very useful corollaries of Proposition 3.5.
The first Corollary combined with Lemmas 3.6 and 3.7 implies A2. We set

C; (do) = do exp (%l(do + P)) :

Corollary 3.8. Assume HO’. There exists N1(B1,e,n, D, L) such that if N > Ny,
then for any (a,s) € R? and t > s

P (Ir(®) = €} (do) e*~ =) and Ay and A) < e7o= (=),

where
dy = |ull”+ |u2]”,
A = W | Bults) < p+ [l + But—9) },
A = {W’Ea(t,S)Sp+\u§]2+Bl(t—s)}.

Corollary 3.8 is deduced from Proposition 3.5 by applying a Chebyshev inequality.
In order to prove A4 and A5, we give the following Corollary of Proposition 3.5
whose proof is given in Section 4.4.

Corollary 3.9. Assume HO’ and H1. There exists No(B, By,e,m,D, L) and K
such that if N > Ny holds, then for any (s,a) € R, T > s and any B,c > 0

P (/ |h(t,s,W,u;,u§)|Z’U dt > K\ C (cdy) eaT(TS>) <e T (T-s)
T

provided T > T is a stopping time such that for any t € (T, 1)

\%

2 2
1 2
do Jus "+ ||

Eul(tvs) < p+|u;|2+Bl(t75)a
pte(Jull” + [u2f) + B(t - s).

IA

Eﬁ (ta 5)
Taking

By = 2ck, 1B1, K =Kp,
(3.8)

NO(B17€7777D7L) = maX(Nl(BlaganaDaL)7N2(B07BlaE7naD)L))a
we have AO,..., A5. Hence, applying Theorem 2.1, we obtain Theorem 3.2.

4. PROOF OF TECHNICAL RESULTS.

This section is devoted to the proof of results concerning NS and CGL.

4.1. Proof of Lemmas 1.9 and 1.10.
We set u = u(-, s, W, us). We apply Ito Formula to |u\2
d[ul® + 2v |[ul|* dt + 2 (u, B(u)) dt = 2 (u, p(u)dW) + |$(w)l|Z, (.1, -
Recall that
(u, B(w)) = 0.
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Hence, taking into account HO, we deduce
(4.1) dul? + 2v |Jul* dt = 2 (u, p(u)dW) + (By — 1)dt.
Applying Tto formula to |u|*?, it follows from (4.1) that

d|u\2q + 2ug ‘u|2(¢Z*1) ||uH2 dt < 2q |u|2(q71) (U,¢(’U/)dW)
+24(q = 1) [ul* ™ |p(u) uf* dt + q(By — 1) [u* "7V dt.

Hence, we deduce from HO and a arithmetico-geometric inequality that there exists
C, such that

du)® + v [ul2 T u)? dt < 2q[u* ™ (u, $(u)dW) + Cydt.

Integrating and taking the expectation, we establish Lemma 1.10.
We set for any g

M(t) = 2/ (u(r), G(u(r)dW (r)),  M(t) = M(t) — 2 (M) (¢).
Remarking that
d (M) = 4|p(u)*ul? dt < 4cBy ||ul|” dt,

and setting v = we deduce from (4.1) that

ﬁa
(4.2) By (t,s) < M(t) + |us|®> + (Bo — 1)(t — s).

Remarking that (€M) _ 'is a positive supermartingal whose value is 1 at time

s, we deduce from maximal supermartingal inequality that
(4.3) P <sup/\/l(t) > p’) <P (sup eYoM() > 670”/> < e~ w0P
t>s t>s

Hence, applying (4.3) to (4.2) with p’ = p + Ty, We deduce Lemma 1.9.

4.2. Proof of Proposition 1.5.
For any function f, we denote by ¢ f(u) the value f(u)— f(u1). Taking the difference
between (1.2) and (1.9), we obtain

dr + vArdt + K Pyrdt + B(u)dt = 6¢(u)dW.
Hence, applying Ito Formula to |r|2, we have
(4.4) dlr? +2 (V I + K |PN7~|2) dt = 2 (r, 6(w)dW) + I(t)dt,
where
I(t) = L) + (), L) = =2(r,6B(w),  La(t) = [66(w)llz, 0
Remarking that
dB(u) =7 ((w,V)r + (r,Viui), (r,(w,V)r)=0,
we deduce from a Schwartz inequality that
L) < elr?[lur]l = elrf} [l

It follows from Sobolev Embedding H 2 (D,R?) c L*(D,R?) and interpolatory
inequality that
2
L(t) < cllrlly luall < ellrfl 7] uall-
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We infer from an arithmetico-geometric inequality that
(4.5) L) < vilr)® +elr” flu*.
Applying HO, we obtain
(4.6) L) < L.
Remarking that
(K A (vins1)) 2 < vl|Qurl? + K [Parf? < virl® + K | Pyrf,
we deduce from (4.4), (4.5) and (4.6) that there exists A such that
d|r)* + ((K AWpny1) — L) — A ||u1||2) | dt < 2 (r, 6 (u)dW) .
Integrating this formula and taking the expectation, we establish Proposition 1.5.

4.3. Proof of Proposition 3.5.
For any function f, we denote by ¢ f(u) the value f(@)— f(uy). Taking the difference
between (1.2) and (1.9), we obtain

dr + (= +1)Ardt + L (1 2+ IZ’) Pyrdt + K Py (|PNa|2” Pm") dt
= 66(u)dW — (n+ M)Quo (Juf” ) dt.
Hence, applying Ito Formula to |7‘|27 we have
d|r? + 2¢ ||r|? dt + 2L (1 + |+ |u1|2”) \Pyr|? dt < 2 (r, 5(u)dW)

=2 (Qur (n+ X003 (Jul*” w) ) dt + 186(w) I3, 01 -

Remarking that for any (x,y) € C?

(4.8) 1277 @ = o> y| < Co (2" +19*7) |o — P,

(4.7)

it follows from Holder inequality

. 2 2 2
- (QNT, (n+ Ai)é (|U| 0“)) < C|QN7’|20+2 |7"‘20+2 (|“|2Z+2 + |“1|25+2) .

Setting
od 1

"z YT aT
we deduce from Sobolev Embedding H*° (D;C) C L?***2 (D;C) that
. 20 ~20 20
— (Qur. o+ X0 (jul* ) ) < cllQurlly, lrlly, (11374 + [ual33, ) -

Remarking that so < s < 1 and that |Qn7|,, < puyg [[@n7l,, we deduce
from interpolatory inequality

. 20 20 2s 2(1-s ~|20 20
— (@t + 208 (P ) ) < e el P (370 + a3 1) -

Hence, it follows from arithmetico-geometric inequality that there exists « € (0,1)
only depending on ¢ and d such that

. 20 € 2 c 2 (|~20+2 2042
(49) = (Qur, (4208 (a7 w) ) < 2 Il + —— Irf? (Jal3g L3 + 3553
FN+1
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Recall HO’,
186Ny sy < L (14 @7+ ur*7) I

Remarking that

s4 0

r] < [Pyr? + —— Qw12
/‘N+1

and making interpolatory inequality analogous to those done to obtain (4.9), we
obtain

2 2 2042 2042
wrgy 19O < S+ s (16705 + 5575)
+L (1 + P + |u1|2”) |Pyr? .

Hence, setting
V() = 1+ [ + la (5733
we deduce from (4.7), (4.9) and (4.10) that there exists A; > 0 such that
alr + (3elirl = A=VIr? + L (1+ @ + fr*”) [Parf?) dt
N+1
< 2(r,0¢(u)dW) dt.

We infer from Ito Formula of |r|*? that

@) P+ Sea PO Wl de + gL (1 17+ fua*7) PO [P at
—q AVt < dM +2q(q — 1) |27 [p(w) 2 dt,
N+1

where
dM = 2q|r*7Y (r, 5¢(u)dW) .

Applying HO’ and making analogous calculus than those done to obtain (4.10), we
obtain

12 2 112 4 (1~120+2 2042
2q(q — 1) [0¢(u) T‘gz(U;H) < s rll” + ﬁ || <|u\2g+2 + |U1|2Z+2)

(4.12)
~120 20 2 2
aL (1+ @ + | *7) I | Py

Combining (4.11) and (4.12), we obtain that there exists A, such that

(4.13) Al + (squn — =V ) I dt < 2 |7 (r, 56(w)dW)
N+1
Integrating this formula and taking the expectation, we establish Proposition 3.5.

4.4. Proof of Corollary 3.9.
Taking into account H1 and (3.7) and applying a chebyshev inequality, we re-
mark that it is sufficient to estimate

/ 5((E), wa ()] dt.
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Recalling (3.5), we deduce that it is sufficient to estimate the three following values
T 20 ~120 ~ 2
L = E[] ‘PN (|u1| uy — |u] u)’ dt,
L = EJfI ‘PN (|PNa|2” PNT)
E fy (14 1" + ") [Parf? dt.

Recalling the definition of 7, we remark that

2
dt,

I3

I3 < 4IE/ (p+ (B + By)(t — 5))* | Pnr|? dt.
T

Integrating on time the result of Proposition 3.5, it follows that for N sufficiently
high

(4.14) Iy < Ci(dg)e™ 2T,

Applying successively Holder inequality and the equivalence of the norm in finite-
dimensional spaces, it follows

PN (|PN17|2U PN’I")

We infer from the last inequality that

4,

2 ~ 2 1 |~ 4o 2
S PNUlyg o |PNT[4gyn < Ky [ul™ |r|”.

g
o+2

I < K;VE/ @|* |r|? dt.
T

Integrating on time the result of Proposition 3.5 and taking into account the defi-
nition of 7, we obtain for N sufficiently high

(4.15) I < KNCi(dg)e™ 279,

The equivalence of the norm in finite-dimensional spaces gives

2 2
’PN (|u1|2" ur — [ a)\ < K [jud? i — [ a\l.

Hence, we deduce from (4.8) that

2 2
1P (fua P = @) [ < 2 | (P + %) o]

A Schwartz inequality gives
2
[Py (Jun 7w = a7 )| < K (3] + [al1) rl?
It follows that

(4.16) I < c/TTIEI ((|u1|jg + |mj§g) W) dt.

Applying Holder inequality, we obtain for any conjugate pair (¢, q’) € (1,00)?

1
T q/ a’ i
I1SC/ (]E <|ul|ig+|a|jg) ) (E|r|2q)‘ldt.
T

Hence taking into account the definition of 7 and Proposition 3.5, we obtain that
for any ¢

|~

T q\ 7 cn
L < c(dmp)/ <]E <|U1|ig + ng) ) e~ H =) gy,
T
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Applying Sobolev Embedding and Holder inequality, we remark that there exits
¢,3 >0 and ¢ > 1 such that

4o0q’ 20+2 2 B
Hig” < e (14 Fartd + P+ 1)
which yields by applying arithmetico-geometric inequality

Il S C(d07p>/

T

3epq

(14 ul3g 23+l + ) e~ =,

Hence, we infer from integrating by part that

T t
f< el ) [ e ([ (1 gt ) ar ) o

T

Applying the definition of 7, we obtain
(4.17) L < C(dy, p)e” 7 (T=9),

Combining (4.14), (4.15) and (4.17), we deduce Corollary 3.9 from a Chebyshev
inequality.

4.5. Proof of Lemma 3.7.

For any function f, we denote by 0 f(u) the value f(u) — f(u1). Moreover, we set
r=u-—1ui.

Taking the Ito Formula of |”1I|27 we obtain

d|a® + 2¢ ||ul|* dt + 2y [ul30t5 dt + 2K | Pyl s dt = 2 (@, p(a)dW)
D12, ,gpy dt + (D)t +2 (PNa, (n+ Ai)s (|u|2” u)) dt,
where I = I; + I> and

(4.18)

Lt = —2L (1 + AP + |u1|2") (P, Pxr),
L) = 2K (|PN17\2" Py, PNul) .

Applying arithmetico-geometric inequalities, we obtain

(4.19) I(t) < K |Pyily 5 + e Jui 5775

Remarking that
(P, Pyr) = |Pyai|* — (Py@, Pyui)
we deduce from Schwartz inequality
1(t) < 2L (1+ @ + fur 7)) | Pyl | P

which implies by applying an arithmetico-geometric inequality

K, 2042 7 2042 | |~12042
(4.20) L(t) <1+ o ‘PNU|2012 + 9 (|U1|2012 + |u|2a+2) .

Applying arithmetico-geometric inequality, it follows

~ . o }( ~20 o ~|20
(4:21) 2 (Pyit, (4200 (Jul* ) ) < SE vl 33 + 3 (jul3755 + 37 33)

2
Combining (4.18), (4.19), (4.20), (4.21) and HO’, we obtain that if K > K
(4.22) Ei(t,s) <M@t)+ca(1+ K+ K)Ey, (t,s) + (KB, — 1),
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where M has been defined as in Section 4.1
t
M(t) = 2/ (u(r), $(u(r))dW (r)),  M(t) = M(t) — 2 (M) (t).
As in Section 4.1, we have

(4.23) P (sup/\/l(t) > p’) <e v

t>s -

Combining (4.22) and (4.23), we obtain Lemma 3.7.
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Annexe D

Preuve de la régularité spatiale
des solutions stationnaires des
équations de Navier-Stokes
tridimensionnelles

Résumé: On considere des solutions stationnaires des équations de Navier-
Stokes tridimensionnelles (NS3D) soumises a un champs de force extérieure
muni de composantes déterministe et aléatoires. La composante aléatoire de
la force est supposée est un bruit blanc par rapport a la variable temporelle
et régulier par rapport a la variable spatiale. On focalisera notre attention
sur la régularité spatiale des solutions stationnaires.

Les techniques classiques pour étudier la régularité d’équations aux déri-
vées partielles stochastiques semblent inopérantes car l'existence global des
solutions fortes reste un probleme ouvert. Nous utiliserons 'opérateur de Kol-
mogorov et les approximations de Galerkin. Nous supposerons d’abord que
le bruit vit dans ’espace de Sobolev HP. Dans ce cas, pour tout temps t fixé,
la loi d’'une solution stationnaire au temps ¢ est & support dans HP.

Puis, en utilisant une technique totalement différente, nous établirons
que si le bruit a une régularité Gevrey, alors, pour tout temps ¢ fixé, la
loi d'une solution stationnaire au temps t est a support dans un espace de
Gevrey. Nous en déduirons certaines informations sur I’échelle de dissipation
de Kolmogorov (K41).

189



tel-00011214, version 1 - 15 Dec 2005

Mots clés : Equations de Navier-Stokes tridimensionnelles, mesures inva-
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Spatial smoothness of the stationary solutions of the 3D
Navier—Stokes equations

CYRIL ODASSO

ECOLE NORMALE SUPERIEURE DE CACHAN, ANTENNE DE BRETAGNE,
AVENUE ROBERT SCHUMAN, CAMPUS DE KER LANN, 35170 BRUZ (FRANCE).
AND
IRMAR, UMR 6625 DU CNRS, CAMPUS DE BEAULIEU, 35042 RENNES CEDEX
(FRANCE)

Abstract: We consider stationary solutions of the three dimensional Navier—Stokes
equations (NS3D) with periodic boundary conditions and driven by an external
force which might have a deterministic and a random part. The random part of
the force is white in time and very smooth in space. We investigate smoothness
properties in space of the stationary solutions.

Classical technics for studying smoothness of stochastic PDEs do not seem to ap-
ply since global existence of strong solutions is not known. We use the Kolmogorov
operator and Galerkin approximations. We first assume that the noise has spatial
regularity of order p in the L? based Sobolev spaces, in other words that its paths
are in HP. Then we prove that at each fixed time the law of the stationary solutions
is supported by HP*+1,

Then, using a totally different technic, we prove that if the noise has Gevrey
regularity then at each fixed time, the law of a stationary solution is supported
by a Gevrey space. Some informations on the Kolmogorov dissipation scale are
deduced.

Key words: Stochastic three-dimensional Navier-Stokes equations, invariant mea-
sure, Gevrey spaces, Kolmogorov operator, Kolmogorov dissipation scale.

INTRODUCTION

We are concerned with the stochastic Navier—Stokes equations in dimension 3
(NS3D) with periodic boundary conditions and zero mean value. These equations
describe the time evolution of an incompressible fluid and are given by

AX + v(—A)X dt + (X, V)X dt + Vpdt = o(X)dW + g(X)dt,
o (div X) (£,€) = 0, for €D, t>0,
Jp X(t,&)de = 0, for t > 0,
X(0,§) = wo(§), foreD,

where D = (0,27)3. We have denoted by X(t,€) the velocity and by p(t,&) the
pressure at time ¢t and at the point £ € D, also v denotes the viscosity. The external
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force acting on the fluid is the sum of a random force of white noise type ¢(X)dW
and a determinist one g(X)dt.

As is well known, in the deterministic case, global existence of weak (in the
PDE sense) solutions and uniqueness of strong solutions hold for the Navier-Stokes
equations. In space dimension two, weak solutions are strong and global existence
and uniqueness follows. Such a result is an open problem in dimension three. (See
for instance [4], [7], [16], [20], [21], [22], [23], [28] and [32]).

In the stochastic case, the situation is similar. However due to the lack of
uniqueness, we have to work with global weak (in the PDE sense) solutions of the
martingale problem. (See for instance [1], [2], [3], [5], [6], [13], [14], [24], [30] and
[31]). Roughly speaking, this means that in (0.1), we take X, p and W for unknown.

As is usual in the context of the incompressible Navier-Stokes equation, we get
rid of the pressure thanks to the Leray projector. Let us denote by (X, W) a weak
(in the PDE sense) stationary solution of the martingale problem (0.1) and by u the
the law of X (¢), which is an invariant measure if we can prove that (0.1) defines a
Markov evolution. In this article, we establish that p admits a moment in spaces of
smooth functions provided the external force is sufficiently smooth. We think that
this is an interesting question to study. First, it can be seen that if we were able to
prove that p has a moment of sufficiently high order in a well chosen Sobolev norm
(order 4 in H' or 2 in H? for instance) then this would imply global existence of
strong solutions for p almost every initial data.

Moreover, this result is an important ingredient if one tries to follow the method
of [8] to construct a Markov transition semi-group in H?(D) under suitable condi-
tions on ¢ and f. Since even uniqueness in law is not known for NS3D, such result
might be important.

We first prove that if the external force is in H?~!(D) and the noise term has
paths in HP(D) then p admits a moment in the Sobolev space HPT1(D)

Note that analogous results are well-known for the two dimensional Navier—
Stokes equations (NS2D). Actually a stronger result is true for NS2D. Namely, for
any square integrable xo, the unique solution of NS2D is continuous from (0, c0)
into HP(D) and is square integrable from (tg,t;) into HP*1(D). Tt follows that p
admits moments of any orders in HP(D) and a moment of order 2 in HPT1(D).
This stronger result is linked to the global existence of strong solutions for NS2D.

This kind of idea cannot be used for NS3D and we use a generalization of an idea
used in [8] for the case p = 1. The method is based on the use of the Kolmogorov
operator applied to suitable Lyapunov functional. These functionals have already
been used in the deterministic case in [29], chapter 4.

Using a totally different method, we establish also that the invariant measure
1 admits a moment in a Gevrey class of functions provided the external force is
also in such a class. Gevrey regularity has been studied in the deterministic case
in [15] and [17]. Our method is based on tools developed in [15]. In [27], these
tools have been used to obtain an exponential moment for the invariant measure
in Gevrey norms in the two dimensional case. The arguments used in [27] do not
generalize to the three dimensional case since there strong existence and uniqueness
is used. The three dimensional case NS3D requires substantial adaptations. We
develop a framework which gives a control on a Gevrey norm by using a control of
the H'(D)-norm of X only at fixed time.
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In this way, we are able to generalize to NS3D the results of [27]. However, we
do not have exponential moments. We deduce that the Kolmogorov dissipation
scale is larger than v~ (#19) This is certainly not optimal since it is expected that
the scale is of order v~ 1. Note that our result is rigorous and does not use any
heuristic argument.

1. NOTATIONS

For m € N, we denote by HJ, (D) the space of functions which are restrictions of

periodic functions in H? (D;R3) and whose average on D is zero. We set

H={XeH),(D)|divX=0onD},

per
and
V =HnH (D).

per

Let 7 be the orthogonal projection in L?(D;R?) onto the space H. We set
A=n(-A), D(A)=VnH2, (D) and B(u) =7 ((u,V)u).

per

It is convenient to endow M (D) with the inner product ((,-))m =
(A™-,)r2(p;r3). The corresponding norm is denoted by ||-||,,. It is classical that
this defines a norm which is equivalent to the usual one. For m = 0 we write
| -] = [llp and for m = 1 we write ||-|| = [|-||;. Note that, since we work with
functions whose average is zero on (0,27)3, we have the following Poincaré type
inequality

zll,,, < llzll,,, , m1 < m2, x € HZ (D;R?).

mi — per
We also use the spaces LP(D;R?) endowed with their usual norm denoted by |[,-
Moreover, given two Hilbert spaces K1 and Ks, L2(K7; K2) is the space of Hilbert-
Schmidt operators from K; to Ko .

The noise is described by a cylindrical Wiener process W defined on a Hilbert
space U and a mapping ¢ defined on H with values in Lo(U; H). We also consider a
deterministic forcing term described by a mapping g from H into H. More precise
assumptions on ¢ and g are made below.

Now, we can write problem (0.1) in the form

w1 dX + vAXdt + B(X)dt = ¢(X)dW + g(X)dt,
. X(O) = o,

where W is a cylindrical Wiener process on a Hilbert space U.

In all the paper, we consider (X, W) a H—valued stationary solution of the martin-
gale problem (1.1). Existence of such a solution has been proved in [13]. We denote
by u the law of X (t). We do not consider any stationary solutions but only those
which are limit in distribution of stationary solutions of Galerkin approximations
of (1.1). More precisely, for any N € N, we denote by Py the eigenprojector of A
associated to the first N eigenvalues and consider the following approximation of
(1.1)

(1.2)
XN(O) = PNajo.
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It is easily shown that (1.2) has a stationary solution Xpy. Proceeding as in [14],
we can see that their laws are tight in a well chosen functional space and, for a
subsequence, (Xx,W) converges in law to (X, W) a stationary solution of (1.1).
We only consider stationary solutions constructed in that way.

All the computations made in this paper are derived formally and are not totally
rigorous. A rigorous proof could easily be obtained by making all the computations
on the Galerkin approximations and then letting N go to infinity in the final esti-
mate. This type of argument is classical and, in order to lighten the redaction, we
chose to write all the computations directly on (X, W).

Some of our results described properties of p in Gevrey type spaces. According to
the setting given in [15], we set for any (o, 8) € R} x (0,1]

1 aA% 1 aAg i (xAg
()aap = (A7 A2 ] o g = [A2e 0
Glor8) = {X € H |IXllga <}

Clearly, (G(a,ﬂ), (-, ~)G(a,ﬁ)> is a Hilbert space.

We are not interested in large viscosities and in all the article it is assumed that
v < 1. We will use various constants which may depend on some parameter such
as p,v,... When this dependance is important, we make it explicit.

2. HE,(D)-REGULARITY

2.1. Statement of the result. Let p € N. We now make the following smoothness
assumptions on the forcing terms.

Hypothesis 2.1. The mapping ¢ (resp. g) takes values in Lo (U;H N H? (D))

per
(resp. HNHP (D)) and ¢ : H — Lo (U; HNHE, (D)) and g : H — HNHA (D)

are bounded.

We set, when Hypothesis 2.1 holds,
2 2
By = sup (1912, wsg.,con +1915-1) -

It is also convenient to define

_ 2
2 2 2
By = 5up 1012, o + (250w 91, ) A (suplals ).

The aim of this section is to establish the following result.

Theorem 2.2. Let u be the invariant law of a stationary solution of the three
dimensional Navier-Stokes equation and assume that Hypothesis 2.1 holds for some
p > 1. There exists c,, depending on p, v and B, such that for any v <1

_2
/ 17T dule) < cp
H

This result is proved in sections 2.2 to 2.5. We now wish to make few comments.
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Note that it would be very important to obtain an estimate on [, Hsc||g”+1 du(x)
with pd, > 3. Indeed, by Agmon inequality , we have

3
/ 2% dyu(a) < ¢ / 5237 |l2l]3 dpu(z)
H H

and this would give an estimate on the right hand side. Since uniqueness is easily
shown to hold for solutions in L?(0,T; L>°(D;R?)), a classical argument could be
used to deduce that for p almost every initial data there exists a unique global
weak solution. Combining with the result in [12], this would partially solve Leray’s
conjecture.

Consider the case g =0, U = H and ¢ = A=5"3. Then Hypothesis 2.1 holds for
any p < s and the unique invariant measure of the three dimensional linear stochas-
tic Stokes equation in H is in ngrl(D) with probability zero if » > s. Therefore it
seems that [|-|| , ; is the strongest norm we can control under Hypothesis 2.1.

Remark that in the two dimensional case a much stronger result holds. Indeed,
standard arguments imply that under Hypothesis 2.1 we have for any invariant
measure p and any g € N*

2 2
[ el duta) < oo, [ el duto) < oc.
H H

In the proof, we use ideas developped in [29]. Similar but more refined techniques
have been used in [17] to derive interesting properties on the decay of the Fourier
spectrum of smooth solutions of the deterministic Navier-Stokes equations. Using
such techniques does not seem to yield great improvement of our result. Indeed,
trying to do so, we have been able to precise the estimate of Theorem 2.2 as follows

v [Nl du(o) < By + 21+ Bo),
H

where ¢ and ¢, are positive constants and c, is close to 1.02. We have not been able
to derive very interesting results from this improved estimate and therefore have
preferred to give the simpler one which follows from easier arguments.

2.2. Proof of Theorem 2.2.
The proof is based on the fact that for any suitable f

(2.1) /H Lf(z)dp(z) = 0,

where L is the Kolmogorov operator associated to the stochastic Navier-Stokes
equations (1.1)

Lf(x) = gir (9(2)0" (1) D*[ (@) — (vAz + B(x) ~ 9(a), DS (x)).

As already mentionned, this is not fully rigorous. Indeed, (2.1) is valid only for the

Galerkin approximations and for smooth and bounded functions. The sequence of

Galerkin approximations described in section 1 should be used. Moreover, for a

better understanding, we only consider the case ¢ = 0. The generalization is easy.
Step 1: p=0

Applying (2.1) to f = |-|, we obtain

1 *
| wAat B@).2) dua) = 5 [ 1 (0()5" @) duta),
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which yields, since (B(z),z) =0,
1.
(2:2) v [ Nl dute) < 3B
H
Step 2: Estimate of a quotient of norms.
We set
1
» 2p—1
and

2

2]l 41
R;) = I/‘/}I %dﬂ(l’%
(14 J2l)

I
Ry = V/ ﬁdﬂ(@a
(14 o)

In order to establish Theorem 2.2 for p > 1, we prove now that there exists ¢, such
that

(2.3) R, < Bp+¢,By+1
Let us set
_ 1
(1+1112)”
We have
Df(z) = —2¢, A Tte,
(1+D2l3)
and
D*f(z) = —2ep & +4ep(1+&p) Alr e A

(1+ ll2113) (1+ ll2113)

which yields

2 1
(Lf)@) = ( ey, + (A%, B(x)) - 5 ||¢<x>||22<U;ngr<D)))

(14 2l

2e,(14¢

r) Pz, b(x).e))|?,
() )

where (el,),, is an orthonormal basis of U. Hence we have

2
. ]
oot L im 24 B)).

1+e, — 14-¢
2 P S 2 P
(1+ Jl2l) v (1+ ll21)

Integrating with respect to p and applying (2.1), it follows

[ (WnB@)
Wl e
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It is proved in [29] (see equation (4.8) chapter 4) that there exists a constant ¢, ,
such that

2 ap/2p—1 |V 2
(2.5) — (A%, B(2)) < cpp ll2)* 2 ],”* 7 + 5 a5 -

Then taking into account (2.2) and (2.4), (2.3) follows.
Step 3: Estimate of [, ||x||127/2p*1 du(z).
1/2p—1
We estimate A, = v [, (1 + ||x||12)) du(x) by induction. The case p = 1
has been treated in step 1.
Using Holder inequality yields

9 1/2p+1
v [ (1 1aln) " duto)

) 1/2p+1
[ (1112,
=v
A\

1+e
2 P
1+ 220

(1+ep)/2p
<y (v [ (14l e

Since (1 +¢,)/2p =1/2p — 1, we deduce

(1+ep)/2p+1
) dp(z)

2
(1+ Dzl

>2p/2p+1

1/2p+1 42p/2p+1
AP+1§Rp/p App/p )

The result follows.

3. GEVREY REGULARITY

3.1. Statement of the result. We prove in this section that if the external force
is bounded in a Gevrey class of functions, then p have support in another Gevrey
class of function.

The main assumption in this section is the following

Hypothesis 3.1. There exists (o, 3) € R% x (0, 1] such that the mappings g : H —
HnNG(a,B) and ¢ : H— Lo (U; HNG(a, B)) are bounded.

We set
Bj = sup ¢x2 Cla.g)) T SUD gxza .
0= 54 l[o( )||52(U,G( o) T llg( )”c( B)

The aim of this section is to establish the following results proved in the following
subsections.

Theorem 3.2. Assume that Hypothesis 3.1 holds. There exist a family (C,)~ only
depending on (a, 3, By) and a family (a.,)ye(0,1) of measurable mappings H — (0, «)
such that for any v € (0,1)

(3.1) /H 1 E s ) ()

(3.2) /H (o (@)~ dp(a)

for any v € (0,1).

e

IA

Cyv 1,

N

IN

Cyv™ 1,
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This result gives some informations on the Kolmogorov dissipation scale. Indeed,
it follows from (3.1), (3.2) that

P —vay,(x B
|$(k)‘ < ||xHG(VOé,,($)7ﬂ) |k| e (@)I* )
where (£(k))pezs are the Fourier coefficients of x.
Hence, if Hypothesis 3.1 holds with 8 = 1, then |#(k)| decreases faster than any
powers of |k| for |k| > (va,(z))~!. By (3.2), for any 6 > 0
1

E) < 5., (x)r 73049 with /057V(x)ﬁ p(dx) < O5 < oo,

and O; not depending on v. It follows that |Z(k)| decreases faster than any powers
of |k| for |k| >> v~(4*3%)  This indicates that the Kolmogorov dissipation scale
is larger than v~ (4139 Note that by physical arguments it is expected that the
Kolmogorov dissipation scale is of order of v,

We can also control a moment of a fixed Gevrey norm.

Corollary 3.3. Under the same assumptions, there exists a family
(Cr.ar.p'0)y,0r, 87,0 ONly depending on (., 3, By, v) such that

.

(3.3) / (0t el ) @) < Coar o

where In* r = max{0,Inr} and provided o/ >0 and 3,y > 0 verify
3 <B and 4'y<§—1.

3.2. Estimate of blow-up time in Gevrey spaces.
Before proving Theorem 3.2, we establish the following result which implies that
the time of blow-up of the solution in Gevrey spaces admits a negative moment.

Lemma 3.4. Assume that Hypothesis 3.1 holds. For any stationary solution of
the Navier-Stokes equations and any v € (0,1), there exist K only depending on
(o, B, BYy) and a stopping time T > 0 such that

IN

(3.4) E ( sup ||X<t>||é<yt,m> 4(Bo + 1),

te(0,7)
(3.5) P(r<t) < Ktiv i,

This result is a refinement of the result developed by Foias and Temam in [15] and
is strongly based on the tools developed in this latter article. Let us set

(3.6) r=inf {t2 0 | IXO e > 4 (IXOF +1) }.

Clearly

B ( sup ||X<t>||é<m,ﬂ>> <48 (IX O +1)
te(0,7)

and (3.4) follows from (2.2). It remains to prove (3.5).
We apply Ito Formula to HX(t)Hé(m:,@) for ¢t € (0, o)
(3.7)

1 2
X Ol + 20 42X

2
dt:VHAgX(t)H dt + dM(t) + I(t)dt,

G(vt,f3) G(vt,B)
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where
I(t) = 2L,(t)+2Ip(t) + I(t), Ip(t) = —(X(),BXH) g -
Iyt) = ||¢(X(t))||2LQ(U;G(yt,5))v Ii(t) = (9(X®), X()gwrp)

M) = 2 / (X(5), 6(X(5))AW (5)) 0,5 -

The following inequality is proved in [15] for 8 < 1

2
(3.8) 21p(t) < v | 41X )|

c 6
Gt T X lewe,g) -

By Hypothesis 3.1 we have

6
(3.9) Is(t) +214(t) < I X(H)llgzpe,0) + Bo + 1.
Combining (3.7), (3.8) and (3.9), we obtain since 3,v < 1

2 c 6
(3.10) X Ol Ge,s < dM(t) + e} IX ()l Gwe, dt + (By + 1)dt.

-2
Applying Ito formula to (1 + |\X(t)||é(yt’ﬁ)> , we then deduce from (3.10) and
from Hypothesis 3.1 that for any ¢ € (0,«) and any v < 1

-2
(3.11) —d (1 + ||X(t)\|2G(Vtﬂ)) < dM(t) + Cov3dt,

where Cy = ¢(Bj, + 1) and

t 9 —3
M) =4 [ (L IX 1) () S (i1

Setting

70

inf {t € (0,a)

M(t)>1},

(141X (0)2)
V3
T = TN <4C0(1+||X(0)||2)2 )
we obtain by integration of (3.11) on [0,¢] for ¢ € (0,71)
IX W) B <4 (1+1XO17).

We deduce that 7 > 7 and

312 Prso<Pmso+r((L+IXOF) 2 ).

Since p is the law of X (0), we have

P ((1 FIXO) 423@) — i <x
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Applying Chebyshev and Schwartz inequalities, we deduce from (2.2)

1/3
>
(1+|X _4Ct>

(3.13) oy~ 1 coti\// 1+ ||=)%)du(z)

<20~ \/1+ By (Cot)* .

Moreover
Pro<t) =7 (1((1+ 1XOI) supcoq M) > 1)
< 2B (141X O ) supucio g IM(5)|*)
Conditionning by Fy the o-algebra generate by X (0), it follows
7))
By Burkholder-Davis-Gundi inequality (see Theorem 3.28 page 166 in [19]) we
obtain

P(r <1) s2E<(1+||X<o>||2)E( sup [M(s)|* | 7

s€[0,t]

E( sup |M(s)|? | F

0) < B (M)F )] 7).

s€[0,t]
and
(310 B <) <2E((14 1XO)gus) E(M0F 0] 7))
We have
(M) (t) = 4/; (1 + 11X (s )||G ot ﬁ))i(3 ’(AieutAg ¢(X(3))>* (AéeutAgX(S)) Uds'
Therefore

t -6
(M) () <4 / (1 IX M) X wicam IX (e ds < 4Bjt.

0
Hence we infer from (3.14) that

P <t <@ty [ (L+]a)) duto)
H
which yields by (2.2)
(3.15) P (1o < t) < c(1 + Bo)(Bh)" /44,
Combining (3.12), (3.13) and (3.15), we deduce (3.5) from By < Bj,.

3.3. Proof of Theorem 3.2.
Setting

a,(z) = inf {s >0

4
||5U||G( s8) =~ T (BO"'l)}

it follows that for any v € (0,1)

316) [ ol d0() < (Bo+ 1) [ (e~ du).
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Hence (3.1) is consequence of (3.2) and of By < B{. Then in order to establish
Theorem 3.2, it is sufficient to prove (3.2).
Clearly

4 4
P (nX(t)né(,,t,m > = (Bo+ 1)) <P ( . IX ) ey > 13 (Bot 1>>+P (r<?),

where 7 is defined in section 3.2. Applying Chebyshev inequality, we infer from
Lemma 3.4 that for any ¢ > 0

4 -
(3.17) P (X(t)||2G(Vw) > (Bo + 1)) < (K +1)tiv 7,
4

Since p is the law of X (¢), we have
p(z fay(z) <t) =P (X(t) <1),

which yields

4
(o laule) <) =P (X000 > o3 (Bt 1))
Hence we deduce from (3.17) that for any ¢ > 0
(3.18) p(x [ay(z) <t) < (K + )tiv i

It is well-known that (3.18) for any ¢ > 0 implies (3.2), which yields Theorem 3.2.

3.4. Proof of Corollary 3.3.
To deduce Corollary 3.3 from Theorem 3.2, it is sufficient to prove that for any
(o/,a, 3, B) € (0,00)% x (0,1] such that # < 3, we have

_B8_ __6
(3.19) 2l Gar gy < €xp (c(ﬂ, B) ()77 () ﬁﬁ/) 12l e s -

Indeed, (3.19) implies that for any v € R}

v B 7 B
(" ol ) < e (00,8 + @)FF o) 55+ (0" ol ) )

which yields Corollary 3.3 provided Theorem 3.2 is true.
We now establish (3.19). It follows from arithmetico-geometric inequality that for
any k € Z3

/ B '
(3.20) o K < e(8,8) ()77 (@) 77 + k]’
Recalling that
sy = S 1kl exp (20" K7 ) | (k)
kez3

we infer (3.19) from (3.20).
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Annexe E

Preuve du caractere
exponentiellement mélangeant
des équations de Navier-Stokes
tridimensionnelles

Résumé: Nous étudierons les équations de Navier-Stokes tridimension-
nelles (NS3D) muni d'un bruit blanc en temps. Nous établirons que si le
bruit est a la fois suffisamment régulier et non dégénéré par rapport a la va-
riable d’espace, alors les solutions faibles convergent exponentiellement vite
vers 1’équilibre.

Nous utiliserons une méthode de couplage. La preuve est un peu plus dif-
ficile que dans le cas bidimensionnel car I'unicité des solutions reste un pro-
bleme ouvert pour NS3D. Cependant, certaines simplifications apparaissent
car nous travaillons avec des bruits non dégénérés.

Mots clés : Equations de Navier-Stokes tridimensionnelles, semi-groupe de
transition de Markov, mesures invariantes, ergodicité, méthode de couplage,
mélange exponentiel, approximations de Galerkin.
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AVENUE ROBERT SCHUMAN, CAMPUS DE KER LANN, 35170 BRUZ (FRANCE).
AND
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Abstract: We study the Navier-Stokes equations in dimension 3 (NS3D) driven
by a noise which is white in time. We establish that if the noise is at same time
sufficiently smooth and non degenerate in space, then the weak solutions converge
exponentially fast to equilibrium.

We use a coupling method. The arguments used in dimension two do not apply
since, as is well known, uniqueness is an open problem for NS3D. New ideas are
introduced. Note however that many simplifications appears since we work with
non degenerate noises.

Key words: Stochastic three-dimensional Navier-Stokes equations, Markov transi-
tion semi-group, invariant measure, ergodicity, coupling method, exponential mix-
ing, galerkin approximation.

INTRODUCTION

We are concerned with the stochastic Navier—-Stokes equations on a three di-
mensional bounded domain (NS3D) with Dirichlet boundary conditions. These
equations describe the time evolution of an incompressible fluid subjected to a
determinist and a random exterior force and are given by

dX + v(—A)X dt + (X, V)X dt + Vpdt = ¢(X)dW + f dt,
0.1) (div X) (t,§) = 0, foré¢e D, t>0,
X(t,& = 0, for €€ 0D, t>0,
X(va) = 1’0(5), for E €D.

Here D is an open bounded domain of R? with smooth boundary dD or D = (0, 1)3.
We have denoted by X the velocity, by p the pressure and by v the viscosity. The
external force field acting on the fluid is the sum of a random force field of white
noise type ¢(X)dW and a determinist one f dt.

In the deterministic case (¢ = 0), there exists a global weak solution (in the PDE
sense) of (0.1), but uniqueness of such solution is not known. On another hand,
there exists a unique local strong solution when x( is a smooth map, but global

205



tel-00011214, version 1 - 15 Dec 2005

Exponential mixing for the 3D stochastic Navier—Stokes equations

existence is an open problem (See for instance [5], [8], [18], [23], [24], [31], [32], [41]
and [46]).

In the stochastic case, there exists a global weak solution of the martingale
problem, but pathwise uniqueness and uniqueness in law remain open problems.
(See for instance [1], [2], [4], [6], [7], [14], [16], [35], [44] and [45])

The main result of the present article is to establish that, if ¢ is at the same time
sufficiently smooth and non degenerate, then the solutions converge exponentially
fast to equilibrium. More precisely, given a solution, there exists a stationary
solution (which might depends on the given solution), such that the total variation
distance between the laws of the given solution and of the stationary solution tends
to zero exponentially fast.

Due to the lack of uniqueness, it is not straightforward to define a Markov
evolution associated to (0.1). Some recent progress have been obtained in this
direction. In [9], under suitable conditions on ¢ and f very similar to ours, a
Markov transition semi-group associated to (0.1) has been constructed. Moreover
it is the limit of Galerkin approximations. Uniqueness in law is not known but we
think that this result is a step in this direction. Our result combined with this result
implies that the transition semi-group constructed in [9] is exponentially mixing.

Note also that recently, a Markov selection argument has allowed the construc-
tion of a Markov evolution in [17]. Our result does not directly apply since we only
consider solutions which are limit of Galerkin approximations. However, suitable
modifications of our proof might imply that under suitable assumptions on the
noise, the Markov semi-group constructed in [17] is also exponentially mixing.

Our proof relies on coupling arguments. These have been introduced recently in
the context of stochastic partial differential equations by several authors (see [19],
[25], [28], [29], [30], [33], [37], [38] and [40]). The aim was to prove exponential
mixing for degenerate noise. It was previously observed that the degeneracy of the
noise on some subspace could be compensated by dissipativity arguments [3], [13],
[26]. More recently, highly degenerate noise noises have been considered in [20],
[34].

In all these articles, global well posedness of the stochastic equation is strongly
used in many places of the proof. As already mentioned, this is not the case for
the three dimensional Navier-Stokes equations considered here. Thus substantial
changes in the proof have to be introduced. However, we require that the noise
is sufficiently non degenerate and many difficulties of the above mentioned articles
disappear.

The main idea is that coupling of solutions can be achieved for initial data which
are small in a sufficiently smooth norm. A coupling satisfying good properties is
constructed thanks to the Bismuth-Elworthy-Li formula. Another important in-
gredient in our proof is that any weak solution enters a small ball in the smooth
norm and that the time of entering in this ball admits an exponential moment. We
overcome the lack of uniqueness of solutions by working with Galerkin approxima-
tions. We prove exponential mixing for these with constants which are controlled
uniformly. Taking the limit, we obtain our result for solutions which are limit of
Galerkin approximations.
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1. PRELIMINARIES AND MAIN RESULT

1.1. Weak solutions.

Here £(K7; K3) (resp Lo(K7; K2)) denotes the space of bounded (resp Hilbert-
Schmidt) linear operators from the Hilbert space K; to K.

We denote by |-| and (-,-) the norm and the inner product of L?(D;R?) and
by |-, the norm of L? (D;R3). Recall now the definition of the Sobolev spaces

HP(D;R?) forp e N
HP(D;R?) = {X € L*(D;R?) | 0o X € L*(D;R?) for |a| <p},

2 2
|X‘HP = Z|o¢\§p ‘606X| .

It is well known that (H?(D;R3),||,,) is a Hilbert space. The Sobolev space
H}(D;R3) is the closure of the space of smooth functions on D with compact
support by |-|:. Setting || X|| = |[VX]|, we obtain that ||-|| and |-|;. are two
equivalent norms on H}(D;R3) and that (H}(D;R3), ||-||) is a Hilbert space.

Let H and V be the closure of the space of smooth functions on D with compact
support and free divergence for the norm |-| and ||-||, respectively.
Let 7 be the orthogonal projection in L?(D;R?) onto the space H. We set

A=n(-A), D(A) =V N H*D;R?), B(u,v) =7 ((u, V)v) and B(u) = B(u,u).
Let us recall the following useful identities

(B(u,v),v) = 0, u, v €V,

(B(u,v),w) = —(B(u,w),v), u,v,weV.

As is classical, we get rid of the pressure and rewrite problem (0.1) in the form

W dX + vAXdt + B(X)dt = ¢(X)dW + fdt,

X(O) = Xy,

where W is a cylindrical Wiener process on H and with a slight abuse of notations,
we have denoted by the same symbols the projections of ¢ and f.

It is well-known that (A, D(A)) is a self-adjoint operator with discrete spectrum.
See [8], [41]. We consider (e,), an eigenbasis of H associated to the increasing
sequence (py, ), of eigenvalues of (4, D(A)). It will be convenient to use the frac-
tionnal power (A, D(A®)) of the operator (A, D(A)) for s € R

D(A%) = {X = D1 Tnln | Lopey My | < 00}7

S o s _ e o]
AX Yo HoTne, where X =3 xpe,.

We set for any s € R

IX|l, = [A5X], H, = D(A%).
It is obvious that (Hs, ||-||,) is a Hilbert space, that (Ho, ||-||,) = (H,]||) and that
(Ha, [|-l;) = (V,]]-l). Moreover, recall that, thanks to the regularity theory of the
Stokes operator, H is a closed subspace of H*(D,R?®) and ||-||, is equivalent to the
usual norm of H*(D;R3) when D is an open bounded domain of R with smooth

boundary D. When D = (0,1)?, it remains true for s < 2.
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Let us define
X = L. (RYH)N L (RY; V) N ORY; H,),
W = C(RF;H-),
Q, = XxW,

where s is any fixed negative number. Remark that the definition of X is not
depending on s < 0. Let X, (resp W,) be the projector Q, — X (resp Q. — W).
The space €2, is endowed with its borelian o-algebra F* and with (F}),-, the
filtration generated by (X., W.). B

Recall that W is said to be a (F;),cylindrical Wiener process on H if W is
(F:),—adapted, if W (t + -) — W(t) is independant of F; for any ¢t > 0 and if W is
a cylindrical Wiener process on H. Let E be a Polish space. We denote by P(FE)
the set of probability measure on E endowed with the borelian o—algebra.

Definition 1.1 (Weak solutions). A probability measure Py on (., F*) is said to
be a weak solution of (1.1) with initial law X € P(H) if the three following properties
hold.

i) The law of X, (0) under Py is A.
i) The process W is a (Fy)s—cylindrical Wiener process on H under Py.
ili) We have Py-almost surely

(X (), ) + v [ (Xi(5), Ap)ds — [3(X(s), (Xu(s), V)o)ds
= (X.(0),0) +t(f.0) + [ (1, 6(X(5)) AW (5)),

for any t € RT and any v smooth map on D with compact support and free
divergence.

(1.2)

When the initial value X is not specified, xq is the initial value of the weak solution
Py, (i-e. A is equal to 6., the Dirac mass at point xg ).

These solutions are weak in both probability and PDE sense. On the one hand,
these are solutions in law. Existence of solutions in law does not imply that, given
a Wiener process W and an initial condition z(, there exist a solution X associated
to W and zg. On the other hand, these solutions live in H and it is not known if
they live in H;. This latter fact causes many problems when trying to apply Ito
Formula on F(X.(t)) when F is a smooth smap. Actually, we do not know if we
are allowed to apply it.

That is the reason why we do not consider any weak solution but only those which
are limit in distribution of solutions of Galerkin approximations of (1.1). More
precisely, for any N € N, we denote by Py the eigenprojector of A associated to
the first N eigenvalues. Let (2, F,P) be a probability space and W be a cylindrical
Wiener process on H for P. We consider the following approximation of (1.1)

(1 3) dXN+VAXth+PNB(XN)dt = PNqb(XN)dW-f—PNfdt,

XN (0) = PNI().
In order to have existence of a weak solution, we use the following assumption.

Hypothesis 1.2. The mapping ¢ is bounded Lipschitz H — Lo (H;H;) and f € H.
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It is easily shown that, given z¢ € H, (1.3) has a unique solution Xy = Xy (-, z¢).
Proceeding as in [14], we can see that the laws (PY )y of (Xy (-, z0), W) are tight in
a well chosen functional space. Then, for a subsequence (Ni)g, (Xn,, W) converges
in law to P, a weak solution of (1.1). Hence we have existence of the weak solutions
of (1.1), but uniqueness remains an open problem.

Remark 1.3. We only consider weak solutions constructed in that way, because
it allows to make some computations and to obtain many estimates. For instance,
when trying to estimate the L?-norm of X.(t) under a weak solution P, we would
like to apply the Ito Formula on |X,|*. This would give

dX* 4 20 (| XL dt = 2 (X, ¢(X2)dW.) + 2(F, X)dt + | $(Xe (8))] 2, (110, -

Integrating and taking the expectation, we would deduce that, if f = 0 and ¢ con-
stant,

t
E,, (|X*<t>|2 = |X*<s>|2dt) = [0l + 162, g -

Unfortunately, those computations are not allowed. However, analogous computa-

tions become true if we replace Py, by Pi\g, which yields

t
E (|XN<t>2 = ||XN<s>||2dt) — |Prrol® + ¢ [P oL, -
0

Then, we take the limit and we infer from Fatou Lemma and from the semi-
continuity of ||, ||-|| in Hs that

t
2 2 2 2
E., (|X*<t>| s X dt) < Jol? + B2, o

provided f =0 and ¢ constant and provided Py, is limit in distribution of solutions
of (1.3).

Let P’ and Y be a probability measure and a random variable on (€., F*),
respectively. The distribution Dp/(Y) denotes the law of Y under P’.

A weak solution P, with initial law u is said to be stationary if, for any ¢ > 0,
p is equal to Dp, (X«(t)).

We define

(PY) (z0) = E (¥(Xn (t, 20))) = B ($(Xi (1),

where Ei\g is the expectation associated to Pi\g .

It is easily shown that Xy(-,20) verifies the strong Markov property, which
obviously implies that (P} ),cr+ is a Markov transition semi-group on Py H.

Ito Formula on | Xy (-, z0)|* gives

A1 XN+ 2] XN |7 dt = 2(Xn, ¢(Xn)dW) + 2(X, f)dt + |Pxd(Xn)|? dt,
which yields, by applying arithmetico-geometric inequality and Hypothesis 1.4,

(1.4) dIXN 4 | Xn|* dt <2 (Xn, ¢(Xn)dW) + eBodt.
Integrating and taking the expectation, we obtain
(1.5) E(1Xn(0)F) < e faof + uiBo.

1

Hence, applying the Krylov-Bogoliubov Criterion (see [10]), we obtain that (P}¥),
admits an invariant measure py and that every invariant measure has a moment
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of order two in H. Let X}’ be a random variable whose law is px and which
is independent of W, then Xy = Xy(-, X}¥) is a stationary solution of (1.3).
Integrating (1.4), we obtain

t
E|Xn(t)] +E/ 1 XN (5)|? ds < E|Xn(0)]> + cBot.
0

Since the law of Xy (s) is pn for any s > 0 and since py admits a moment of order
2, it follows

(1.6) [l (o) < cBo
PN H

Moreover the laws (P7 )n of (Xn (-, X("), W) are tight in a well chosen functional
space. Then, for a subsequence (N} ), Pﬁ’ I@k converges in law to P, a weak station-

ary solution of (1.1) with initial law u (See [14] for details). We deduce from (1.6)
that

| Nl utie) < B,

H

which yields (See [16])

(1.7) P, (X.(t) e Hy) =1 for any t > 0.

We do not know if X, (¢) € H; for all ¢ holds P,,—almost surely. This would probably
imply strong uniqueness r—almost surely. Remark that it is not known if p is an
invariant measure because, due to the lack of uniqueness, it is not known if (1.1)
defines a Markov evolution.

1.2. Exponential convergence to equilibrium.

In the present article, the covariance operator ¢ of the noise is assumed to be
at the same time sufficiently smooth and non degenerate with bounded derivatives.
More precisely, we use the following assumption.

Hypothesis 1.4. There exist € > 0 such that f € H. and a family (¢n)n of
continuous maps H — R with continuous derivatives such that

P(x)dW =30 dn(@)endW,  where W =3 Wye,,
Ko = 3o SUPcp |6 ()| e < o0
Moreover there exists k1 such that for any x, n € Hy
D 16h(@) -l 1 < il -
n=1
For any x € H and N € N, we have ¢,(x) > 0 and
K2 = S |07 (@) ) <

where

¢(ac)_1 -h= Z ¢n(x)_1hnen for h= Z hyéen.
n=1 n=0

For instance, ¢ = A~3 fulfills Hypothesis 1.4 provided s € (%, 3].
We set
Bo = ko + m + k2 + |12
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Remark 1.5 (Additive noise). If the noise is additive, Hypothesis 1.4 simplifies.
Indeed in this case, we do not need to assume that ¢ and A commute. This require
a different but simpler proof of Lemma 3.2 below.

Remark 1.6 (Large viscosity). Another situation where we can rid of the assump-
tion that the noise is diagonal is when the viscosity v is sufficiently large. The proof
is simpler in that case.

Remark 1.7. It is easily shown that Hypothesis 1.4 implies Hypothesis 1.2. There-
fore, solution of (1.3) are well-defined and, for a subsequence, they converges to
weak solution of (1.1).

The aim of the present article is to establish that, under Hypothesis 1.4, the
law of X, (¢) under a weak solution P,, converges exponentially fast to equilibrium
provided P, is limit in distribution of solutions of (1.3).

Before stating our main result, let us recall some definitions. Let FE be Polish
space. The set of all bounded measurable (resp uniformly continuous) maps from
E to R is denoted by By(E;R) (resp UCy(E;R)). The total variation ||y, of a
finite real measure \ on F is given by

[AMllyar = sup {IAD)] [T € B(E)},

where we denote by B(E) the set of the Borelian subsets of E.
The main result of the present article is the following. Its proof is given in section
4 after several preliminary results.

var

Theorem 1.8. Assume that Hypothesis 1.4 holds. There exists 6°, C and v > 0
only depending on ¢, D, € and v such that, for any weak solution Py with initial
law X € P(H) which is limit of solutions of (1.3), there exists a weak stationary
solution P, with initial law p such that

(1.8) WDPALX*@>>—/¢LWT<:C%-Wt(1+—/;|xﬁ Aumn),

provided Hf||§ < &% and where ||||,,, is the total variation norm associated to the
space Hy for s < 0.
Moreover, for a given Py, p is unique and P, is limit of solutions of (1.3).

It is well known that |||, is the dual norm of |-|_ which means that for any
finite measure X on Hj for s < 0

= sup
|9l <1

I
H>‘ ||var ?

Aﬂunwm

where the supremum is taken over g € UCy(H,) which verifies |g|,, < 1. Hence

(1.8) is equivalent to
< Clal (14 [ 1ol 2ga).
H

B\ (9(X.(0)) - | g(e) ulda)
H
Remark 1.9 (Topology associated to the total variation norm). Remark that if N
is a finite measure of Hs,, then the value of the total variation norm of N associated
to the space H; is not depending of the value of s < sq.
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Hence, since Dp, (X.(t)) is a probability measure on H then (1.8) (resp (1.9))
remains true when |-, is the total variation norm associated to the space H (resp
for any g € By(H;R)).

Moreover, we see below that if A is a probability measure on Hy, then Dp, (X.(t))
is still a probability measure on Ha. It follows that (1.8) (resp (1.9)) remains true
when |||, S associated to Hy (resp for any g € By(Hga;R)).

var

We deduce the following result.

Corollary 1.10 (Regularization of the solutions). Assume that Hypothesis 1.4
holds.  There exist 8° = 6°(By,D,e,v), C = C(¢,D,e,v) > 0 and v =
v(é, D,e,v) > 0 such that if ||f||§ < &Y then, for any weak solution Py with initial
law X € P(H),

(1.10) Py (X.(t) ¢ Hy) < Ce ! (1 +/ |z|* /\(d;z:)> ,
H
provided Py is limit of solutions of (1.3).

The proof of this result is postponed to section 1.4. This is a remarkable result
because X, living in H; when starting from H; remains an open problem.

Remark 1.11. It is well-known that Hypothesis 1.2 implies that
Py (X.(t) e Hy) =1 almost surely in time for the Lebesgue measure,

provided A € P(H).
Inequality (1.10) of Corollary 1.10 is true for any t € RT. Moreover, we see
below that if X € P(Hy), then

Py (X.(t) €Hy) =1 for anyt e R,
provided f and ¢ verifies suitable conditions.

Our method is not influenced by the size of the viscosity v. Then, for simplicity
in the redaction, we now assume that v = 1.

1.3. Markov evolution.
Here, we take into account the remarkable result of [9] and we rewrite Theorem
1.8. This section is not necessary in the understanding of the proof of Theorem 1.8.
Let (N})r be an increasing sequence of integer. In [9], it is established that it is
possible to extract a subsequence (Ni)x of (N})x such that (P{*),;>0 converges in
some sense to a family (P;)ser+ provided the following assumption holds.

Hypothesis 1.12. There exist £, > 0 such that the mapping ¢ is constant and
lives in Lo (H;Hy4c). Moreover ker ¢ = {0} and there exits ¢~ € L (Hs_s; H)
such that

¢-0"L-h=h forany h € Hs_;.

The method to extract (N ), is based on the investigation of the properties of the
Kolmogorov equation associated to (1.1) perturbed by a very irregular potential.
Moreover, for any zg € Ha, a subsequence of (Ny); such that Pi\g converges in
distribution to a weak solution P, of (1.1) is extracted. We have

(1.11) Er, ((Xs(1))) = (Pi1)) (o),

provided ¢ > 0 and ¢ € UCy(H,; R) where s is any fixed negative number. In this
way, we have constructed a family of weak solutions (P;)zem,-
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Moreover it is proved that (P;)scr+ is a Markov transition semi-group on Hy.

Namely, it is shown that (P;)scr+ is a family of operators B, (Hz; R) — By, (Ha; R)
which verifies

— Po = ldp, m,:r)>

— Piys = PiPs for any (t,s) € (RT)?,

— P}, is a probability measure on Hy, for any (¢,z) € RT x H.
Furthermore, (P;)icgr+ is strong Feller and strongly mixing.

An important consequence is the following. Assume that Hypothesis 1.12 holds
and let zo € Hy and P}, be a weak solution of (1.1) which is limit in distribution
of solutions of (1.3). Then, extracting a subsequence, we can build (P);>o and
(P;)zem, as above such that

P, = Pa,.
Hence, although it is not known if X, has the weak Markov property under IP”zO,
some Markov properties can be used.

Another important remark is that, for any o € Hy and any weak solution Py,
limit of solutions of (1.3), we have

P, (X.(t) € Hy) =1 for any t > 0.

Note that this result was known only for a stationary solution (see [16]).

We believe that the existence of such transition semi-group still holds when ¢
is non constant with bounded derivative. The proof is an extension of method in
[9] and will be treated in a future work. That is the reason why, under Hypothesis
1.4, it is natural to expect that the following assumption holds

Hypothesis 1.13. There exist a Markov transition semi-group (Py)iep+ on Ha
and a family (Py,)zoem, of weak solutions of (1.1) that are limit in distribution of
solutions of (1.3) and such that, for any (t,z9) € R" x Ha, P}y, is the law of
X.(t) under Py, .

Hence, we immediately deduce the following corollary from Theorem 1.8.

Corollary 1.14. Assume that Hypothesis 1.4 and 1.13 hold. Then there exit a
unique invariant measure p for (Py),cp+ and C,vy > 0 such that for any A € P(Hz)

(112) IPA = by < C (14 [ ol 2(a)).

Ho
provided Hf||§ < &Y and where ||||,,, s the total variation norm associated to the
space Hs.

A particular case is the following result.

Corollary 1.15. Assume that Hypothesis 1.12 holds. Then there exit a unique
invariant measure pi for (P¢),cp+ and C,y > 0 such that for any A € P(Hz)

(1.13) PN = pil oy < Ce™ (1 +/ |z|? A(dx)) ,
Ho>

where |||, is the total variation norm associated to the space Hy.

var

Remark 1.16 (Uniqueness of the invariant measure p). Assume that Hypothe-

sis 1.12 holds. Let Py, and P, be two weak solutions of (1.1) which are limit

in distribution of solutions of (1.3). Then we build (Py): and (P]): as above as-

sociated to Py, and P}, , respectively. It follows that there exists a couple (u, ")
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such that (1.13) and (1.9) hold for ((Pt)s; Pry, ) and ((Pr)e, Py, 1t'). Moreover we
have uniqueness of the invariant measures p and u' associated to (Py)y and (Pf):
respectively. However we do not know if i and p' are equal.

1.4. Coupling methods.

The proof of Theorem 1.8 is based on coupling arguments. We now recall some
basic results about the coupling and we deduce Corollary 1.10 from Theorem 1.8.
Moreover, in order to explain the coupling method in the case of non degenerate
noise, we briefly give the proof of exponential mixing for equation (1.3).

Let (A1, A2) be two distributions on a same polish space (E, ) and let (Q, F,P)
be a probability space and let (Z1, Z2) be two random variables (2, F) — (E,£).
We say that (Z1, Zs) is a coupling of (A1, As) if A; = D(Z;) for i = 1,2. We have
denoted by D(Z;) the law of the random variable Z;.

Next Lemma is a fundamental result in the coupling methods, the proof is given
for instance in the Appendix of [37].

Lemma 1.17. Let (A, A2) be two probability measures on (E,E). Then

H)‘l - /\2“ = mlnP(Zl }é ZQ)

var

The minimum is taken over all couplings (Z1,Z2) of (A1, X2). There exists a cou-
pling which reaches the minimum value. It is called a mazximal coupling.

Corollary 1.10 is an immediate consequence of Theorem 1.8 and Lemma 1.17.
Indeed, let (Z1, Z2) be a maximal coupling of (Dp, (X.(t)), ). Combining Theorem
1.8 and Lemma 1.17, we obtain

P(Z) # Zy) < Ce™ ! (1 +/H |z)? )\(d:c)) .

Recall that, as explained in section 1.3, Zs € Hy almost surely. Hence
P(Z, g Hy) < Ce™ (1 +/ |z )\(dx)) )
Ho

Since D(Z1) = Dp, (X«(t)), Corollary 1.10 follows.

Let us now treat the case of the solutions of (1.3). Assume that Hypothesis 1.4
holds. Let N € N and (z},23) € R?. Combining the method explained in [37]
section 1.1 and a simple truncation argument, it can be shown that there exists a
decreasing map py(-) > 0 such that

(1.14) [P 6. — (P 6y

<1-pn (|20 + |3]) -
var

Applying Lemma 1.17, we build a maximal coupling (Z1,Z2) =
(Zy(w§, 23), Za(ah, 23)) of (PY)" 6,1, (PY)" 8,2). Tt follows

(1.15) P (Z1 = Z2) 2 pn (|2g| + |25]) > 0.

Let (W, W) be a a couple of independent cylindrical Wiener processes and ¢ > 0.
We denote by Xn(-,20) and Xpn(-,z0) the solutions of (1.3) associated to W

and W, respectively. Now we build a couple of random variables (V;,V5) =
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(Vi (zh, 23), Va(zd,23)) on Py H as follows

(Xn(20), Xn (-, 20))  if g = 2§ = 0,
(L16) (Vi,Va) = (Zy(zd, 22), Zo(xh, 22)) if (2},22) € By (0,0)\{z} = 23},
(

XN(am(l))7XN(7x(2))) else,

where By (0,6) is the ball of H x H with radius J.

Then (Vi (x}, 22), Va(zd, 23)) is a coupling of ((va)* (va)* 2). It can be
shown that it depends measurably on (z§,73). We now bulld a couphng (XH X 2)
of (D(Xn(-,24)), D(Xn(+,23))) by induction on N. Indeed, we first set X*(0) = z§
for i = 1,2. Then, assuming that we have built (X!, X?) on {0,1,...,k}, we take
(V1, Vi) as above independent of (X!, X?) and set

Xi(k+1) = V(X' (k), X*(k)) fori=1,2,

Taking into account (1.5), it is easily shown that the time of return of (X!, X2)
in B(0,4(c/p1)Bp) admits an exponential moment. We choose 6 = 4(c/u1)By. It
follows from (1.15), (1.16) that, (X'(n), X?(n)) € B(0,d) implies that the proba-
bility of having (X!, X?) coupled (i.e. equal) at time n + 1 is bounded below by
pn(26) > 0. Finally, remark that if (X!, X?) are coupled at time n + 1, then they
remain coupled for any time after. Combining these three properties and using the
fact that (X*(n), X2(n))nen is a discrete strong Markov process, it is easily shown
that

(1.17) P (X} (n) # X2(n)) < Onve ™ (14 [l + [23]°)

with vy > 0.

Recall that (X!, X?) is a coupling of (D(X (,x ), D(Xn(-,23))) on N. Tt
follows that (X!(n), X?(n)) is a coupling of ((P)* 6215 (Pr )*530 ). Combining
Lemma 1.17 and (1.17), we obtain, for n € N,

[Py 62— (P2 0| < Owe™™ (14 Jadf + 137

Setting n = |t| and integrating (z3,z}) over ((P{Y,,)*\) ® un where py is an

invariant measure, it follows that, for any A € P(PyH),

< Cye Mt (1+/ |z A(dx)).
var PNH

This result is useless when considering equation (1.1) since the constants Cn, vn
strongly depend on N. If one tries to apply directly the above arguments to the
infinite dimensional equation (1.1), one faces several difficulties. First it is not
known whether P, is Markov. We only know that, as explained in section 1.3, a
Markov transition semi-group can be constructed. This is a major difficulty since
this property is implicitely used in numerous places above. Another strong problem
is that Girsanov transform is used in order to obtain (1.14). Contrary to the two
dimensional case, no Foias-Prodi estimate is available for the three dimensional
Navier-Stokes equations and the Girsanov transform should be done in the infinite
dimensional equation. This seems impossible. We will show that we are able to
prove an analogous result to (1.14) by a completely different argument. However,
this will hold only for small initial data in Hy. Another problem will occur since it
is not known whether solutions starting in Hs remain in Hs.
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We will remedy the lack of Markov property by working only on Galerkin ap-
proximations and prove that (1.18) holds with constants uniform in N. As already
mentioned, we prove that (1.14) is true for 2}, #3 in a small ball of Hy and uniformly
in N. Then, following the above argument, it remains to prove that the time of
return in this small ball admits an exponential moment. Note that the smallness
assumption on f is used at this step. In the following sections, we prove

Proposition 1.18. Assume that Hypothesis 1.4 holds. Then there exist 6° =
§°(By, D,e,v), C = C(¢,D,e,v) >0 and v = v(¢, D,e,v) > 0 such that if ||f|\§ <
0% holds, then, for any N € N, there exists a unique invariant measure jin for
(PY) Moreover, for any A € P(PyH)

< Ce (1 —|—/ |z|? )\(dac)) .
var Py H

We now explain why this result implies Theorem 1.8.
Let A € P(H) and X, be a random variable on H whose law is A and which is
independant of W. Since ||-||,,, is the dual norm of |-| _, then (1.19) implies that

< Clala (14 [ 1ol 2(02)).
H
for any g € UCy(Hy) for s < 0.

Assume that, for a subsequence (NV])r, Xn(f, X)) converges in distribution in
Hy to the law X, (¢) under the weak solution Py of (1.1). Recall that the family
(P, )~ is tight. Hence, for a subsequence (Ny); of (Ny), Py, converges to P, a
weak stationary solution of (1.1) with initial law p. Taking the limit, (1.9) follows
from (1.20), which yields Theorem 1.8.

teRT”

(EUR (O

var

(1.20) @mam&m—AHmwmm

2. COUPLING OF SOLUTIONS STARTING FROM SMALL INITIAL DATA

The aim of this section is to establish the following result. A result analogous to
(1.15) but uniform in N.

Proposition 2.1. Assume that Hypothesis 1.4 holds. Then there exist (T,0) €
(0,1)% such that, for any N € N, there exists a coupling (Z1(z},23), Zo(x}, 23))
of ((Pg)*éxé,(P%V)*éxg) which measurably depends on (x},z3) € Ha and which
verifies

(1) P (Zi(ah.a?) = Za(ah.a)) > 2
provided
(22) ]l v lla8l; < o

Assume that Hypothesis 1.4 holds. Let T € (0,1). Applying Lemma 1.17, we
build (Z;(xd,23), Zo(z§, 22)) as the maximal coupling of (P7:041, Pr6,2). Measur-
able dependance follows from a slight extension of Lemma 1.17 (see [37], remark
A.l).

In order to establish Proposition 2.1, it is sufficient to prove that there exists
¢(Bo, D) not depending on T' € (0,1) and on N € N such that

(23 |2 6.z — (PR 6y
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provided
(2.4) lzbll5 v |3l < BoT®.

Then it suffices to choose T' < 1/(4¢(By, D))? and § = BoT3.

Since |||, is the dual norm of || _, (2.3) is equivalent to

(2.5) |E (9(Xn (T, 23)) — 9(Xn (T, 25)))| < 89l e(Bo, D)VT.

for any g € UCy(PnH).

It follows from the density of C} (Py H) C UC,(PxH) that, in order to establish
Proposition 2.1, it is sufficient to prove that (2.5) holds for any N € N, T € (0,1)
and g € C}(PyH) provided (2.4) holds.

The proof of (2.5) under this condition is splitted into the next three subsections.

2.1. A priori estimate.
For any process X, we define the H;—energy of X at time t by

t
B ) = IXOI + [ IX)1 s
Now we establish the following result which will be useful in the proof of 2.5.

Lemma 2.2. Assume that Hypothesis 1.4 holds. There exist Ko = Ko(D) and
¢ = ¢(D) such that for any T <1 and any N € N, we have

B
P <(sup) EEI&(,@O) > K()) <c (1 + KO> VT,
0,7

0

provided ||zo||* < BoT.
Let Xy = Xn(-,20). Ito Formula on || X x| gives
(2.6)  d|IXn|*+ 2| Xnll5 dt = dM, + I, dt + ||PN¢(XN)||2£2(H;H1) dt + Iydt,
where

In, = —2(AXy, B(XN)), Iy =2(AXy, f),

Mig,(t) = 2 J (AXx(s), (X x ()W (5))
Combining a Holder inequality, a Agmon inequality and a arithmetico-geometric

inequality gives

3 2 2 6
(2.7)  Tm, <2 XNy [ XNl IXN] < el Xnlls Xn]12 < < I XN]l; + el XN

e

Similarly, using Poincaré inequality and Hypothesis 1.4,

1 1
(2.8) Ip < JIIXn 5 + el f* < 4 I Xw[l5 + cBo.
We deduce from (2.6), (2.7), (2.8), Hypothesis 1.4 and Poincaré inequality that
(29)  dlXnI + X3 dt < dMis, + cBodt + ¢ || Xy |* (IIXn " - 4K3) at,
where

(2.10) Ko= /2
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Setting

ow, =inf {t € (0,7) | IXn(®)|* > 2K, }
we infer from ||zo||> < BoT that for any ¢ € (0, 0w, )
(2.11) EY (t) < eBoT + My, (t).

We deduce from Hypothesis 1.4 and from Poincaré inequality that ¢(x)*A is
bounded in £(H;;H;) by ¢By. It follows that for any ¢ € (0, og, )

(Mg, ) (t) = 4 /0 | Pnd(Xn(s) AXn(s)|? dt < cBy /0 X (8)]% ds < 2¢Ko BoT.

Hence a Burkholder-Davis-Gundy inequality gives

E ( sup MH1> < B/ (Mg, ) (0w, ) < ex/KoBoT < ¢(Ko + Bo)VT.

(0,0m,)

It follows from (2.11) and T' < 1 that

E| sup EI)HEV < ¢(Bo + Ko)VT,

(0,0’]]-111 )
which yields, by a Chebyshev inequality,
H By
P sup BV >Ko|<c(l+— VT

(0,0’1—111) KO

Now, since SUP(0,04, ) EI)HEV < Ky implies oy, =T, we deduce Lemma 2.2.

2.2. Estimate of the derivative of Xy.
Let N € N and (z¢,h) € (Hz)?. We are concerned with the following equation

(2.12) dnn + Ay dt + PyB(Xy,nn)dt = Py(¢/(Xn) - nn) dW,

77N<575,$0)'h = PNh7

where B(Xn,nn) = B(Xn,nn) + Bny, Xn), Xnv = Xn(-,20) and ny(t) =
nn(t, s,zo) - h for t > s.

Existence and uniqueness of the solutions of (2.12) are easily shown. Moreover
if g € C}(PnH), then, for any ¢ > 0, we have

(2.13) (V (PtNg) (z0),h) =E (Vg(Xn(t, x0)), nn(t,0,20) - h).

For any process X, we set

(2.14) a(X)inf{tE (0,7) /O ||X(s)||§dszKo+1},

where K is defined in Lemma 2.2. We establish the following result.

Lemma 2.3. Assume that Hypothesis 1.4 holds. Then there exists ¢ = c¢(By, D)
such that for any N € N, T <1 and (zo,h) € (Hy)?

o(Xn(-,x0)) 9 9
E / v (£,0,20) - B2 dt < c A2

218
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For a better readability, we set nx(t) = nn(¢,0,20) - h and 0 = o(Xn(-,20)). Ito
Formula on ||7)N(t)||§ gives

(2.15)  d|nnlls + 2 w3 dt = dM,, + I, dt + || Py (¢/(Xn) - 77N)||252(U;H2) dt,
where

My () = 2[; (A%nn, (Pnd/ (Xn) -nn) dW) ds,

Ly = -2 (A%??N,A%E(XN,WN)) :

It follows from Holder inequalities, Sobolev Embedding and a arithmetico-geometric
inequality

2 2 2
Iny < clinnlls Innllz [Xnlly < llnwlls +cllnnllz Xl -
Hence, we deduce from (2.15) and Hypothesis 1.4

2 2 2 2 2
dlnnlly + llnnlls dt < dMyy +cllnnllz [ Xnllz + Bo w3 dt.

Integrating and taking the expectation, we obtain

(2.16) E<swﬁnmen§+[fswwﬂnN@H§ﬁ)gnwé

where
E(t,s) = e~ Bot—e JlIXn (5 dr,

Applying the definition of o, we deduce

(2.17) B [l (@)1 dt < [hl3exp (c(Ko + 1) + BoT),
0

which yields Lemma 2.3.

2.3. Proof of (2.5).
Let ¢ € C* (R; [0, 1]) such that

=0 on (Kp+1,00) and ¢ =1 on (—o0, Kp).

Yx =1 (/O |X(s>§ds> .

For any process X, we set

Remark that

(2.18) |E (9(Xn(T,23)) — 9(Xn (T, 29)))| < Lo +|glo, (11 +12)
where
Iy = ’E (9(XN(T, )V (a2) — 9(XN (T, x%)WXN(.,zg))‘ ,
I, = P(fOTHXN(S,xé)||§dS>KO>.

For any 6 € [1,2], we set
wh = (2= 0)zg + (0 — Dag, Xo=Xn( ),

no(t) = nn(t,0,2), o9 = a(Xp).
219
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Recall that o was defined in (2.14). For a better readability, the dependance on N
has been omitted. Setting

h=x3—xp,

we have
2
(219) o< [ Vsldo o= (VE(g(Xo(T))x,) ).
1
To bound Jy, we apply a truncated Bismuth-Elworthy formula (See appendix A)
1
(2.20) Jo = o1+ 2Jp0,
where
Jon = E(9(Xo(D)x, fo (67 (Xo(t) - mo(t) - h,dW (1)),

Jp o E (9(Xo(T), Jo* (1 — %) (AXa(t), A(ng(t) - h)) dt)
e = v (Jo I1Xe(lds).

It follows from Holder inequality that

[of’) [ey]
1735] < 19l [#/].0 %E / 1o (1) dt%@ / Ino(t) - B2 dt.

and from Hypothesis 1.4 that

o9
|Jo1| < glooBO\/E/O [6(t) - b3 dt.

Hence for any T'< 1

1 7o
(221) [Jo] < e(Bo. D) gl T\/E | (o)1 ae.
0
Combining (2.21) and Lemma 2.3, we obtain
h
ol < e(Bo. D) gl 1212,

which yields, by (2.4) and (2.19),
Iy < ¢(Bo, D) |gl o VT.

Since BoT? < ByT, we can apply Lemma 2.2 to control I; + I5 in (2.18) if (2.4)
holds. Hence (2.5) follows provided (2.4) holds, which yields Proposition 2.1.

3. TIME OF RETURN IN A SMALL BALL OF H

Assume that Hypothesis 1.4 holds. Let N € N and T.6,Z1,Z> be as in
Proposition 2.1. Let (W, W) be a couple of independant cylindrical Wiener pro-
cesses on H. We denote by Xn(-,z9) and Xn(-,2¢) the solutions of (1.3) as-

sociated to W and W, respectively. We build a couple of random variables
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(V1, Vo) = (Vi(z, 23), Va(xd, 23)) on Py H as follows

(XN('VTO)’XN('axO)) if 'r(% :l‘% = Zo,
(3.1) (Vi,Ve) =9 (Zi(xd,a3), Zo(xd,23))  if (2§, 22) € B, (0,0)\{z} = 23},

(Xn(,xd), Xn(-,22))  else,
We then build (X!, X?) by induction on TN. Indeed, we first set X*(0) = x{ for
i = 1,2. Then, assuming that we have built (X!, X?) on {0,T,2T,...,nT}, we
take (V1,V4) as above independent of (X!, X?) and we set

X{((n+1)T) = Vy(X'(nT), X*(nT)) fori=1,2.
It follows that (X!, X?) is a discrete strong Markov process and a coupling of
(D(XN (- 28)), D(XN(-,22))) on TN. Moreover, if (X!, X?) are coupled at time
nT, then they remain coupled for any time after.
We set

(3.2) r = inf {t € TN\{0} ] Xl v Ix3e)|; <6}
The aim of this section is to establish the following result.

Proposition 3.1. Assume that Hypothesis 1.4 holds. There exist 6% =
§3(By, D,¢,6), a = al¢,D,e,6) > 0 and K” = K”(¢,D,e,6) such that for any
(z$,23) € H x H and any N € N

E(e7) < K (1+ |ab|* + [23]*)
provided ||f\|§ <63

The result is based on the fact that, in the absence of noise and forcing term, all
solutions go to zero exponentially fast in H. A similar idea is used in the works of
the two dimensional Navier-Stokes equations by Kuksin and Shirikyan. The proof is
based on the following four Lemmas. The first one allows to control the probability
that the contribution of the noise is small. Its proof strongly uses the assumption
that the noise is diagonal in the eigenbasis of A. As already mentioned, in the
additive case, the proof is easy and does not need this assumption.

Lemma 3.2. Assume that Hypothesis 1.4 holds. For any t,M > 0, there exists
po(t, M) = po(t, M, e, (|¢n|.)n, D) > 0 such that for any adapted process X

P (ﬁ‘ug 1Z]5 < M) > po(t, M),
0,t

where
(1) = / H(X () AW (s).

It is proved in section 3.1.

Then, using this estimate and the smallness assumption on the forcing term, we
estimate the moment of the first return time in a small ball in H.
Let 63 > 0. We set

TLe = T/\inf{t € TN*

X0 v [X3(0)] 2 8}
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Lemma 3.3. Assume that Hypothesis 1.4 holds. Then, for any ds > 0, there exist
C5(d3), C4(d3) and v3(3) such that for any (z}, 2) € (Ha)?
E (%) < G (1+ [a]” + [a]*) |
provided
Ifll. < Cs.

The proof is postponed to section 3.2.

Then, we need to get a finer estimate in order to control the time necessary
to enter a ball in stronger topologies. To prove the two next lemmas, we use an
argument similar to one used in the determinist theory (see [43], chapter 7).

Lemma 3.4. Assume that Hypothesis 1.4 holds. Then, for any 04, there exist
pa(8) > 0, C4(84) > 0 and Ry(64) > O such that for any o verifying |zo|> < R,
we have for any T <1

P (IXn (T, 20)|* < 81) = pa,
provided
If1l. < Ci.
The proof is postponed to section 3.3.

Lemma 3.5. Assume that Hypothesis 1.4 holds. Then, for any Js5, there exist
p5(85) > 0, CL(d5) > 0 and Rs(85) > 0 such that for any xo verifying ||lzo|® < Rs
and for any T <1

P (IXn(T.20) |3 < 85 ) = ps.

provided
If1l. < Cs.

The proof is postponed to section 3.4.

Proof of Proposition 3.1: We set
05=0, 04=Rs5(05), 03=Ru(ds), ps=pa(0s), p5=p5(05), p1=(paps)°,

and
5 = C4(65) A Ch(54) A Ch(35):
By the definition of 772, we have
X (r2) [V [X2(712)| < Ra(64).

We distinguish three cases.
The first case is ||X1(TL2)||; v || X2 (TLQ)H; < 6, which obviously yields

(3.3) P (knolin , nax ||Xi(TL2 + kT)H; <4 | (X2(TL2),X2(TL2))) > p1.
We now treat the case 29 = X'(r72) = X2(rz,) with ||lzo||3 > §. Combining

Lemma 3.4 and Lemma 3.5, we deduce from the weak Markov property of X that

P (|l Xn (2T, 20)[3 < 6) > popa,
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provided |zo|* < Ry. Recall that, in that case, X! (77242T) = X2(r2+2T). Hence,
since the law of X! (772 +2T) conditioned by (X(772), X2(71,)) is D(Xn (2T, 70)),
it follows

P (2% | X*(7p2 + 2T) H2 <o (X TL2)7X2(TL2))) > paps > P1,

and then (3.3)

The last case is X1(772) # X?(1z,) and ||X1(TL2)||§ \Y ||X2(TL2)H§ > §. In that
case, (X!(rp2 +T),X?(rz2 +T)) conditioned by (X*'(772), X?(71,)) are indepen-
dent. Hence, since the law of X*(rz2 + T') conditioned by (X*(7r2), X?(71,)) =

(z},22) is D(Xn (T, x})), it follows from Lemma 3.4 that
; 2
P (2% | X (2 +T)||} < 04| (X1(7L2)7X2(7'L2))> > pi.

Then, we distinguish the three cases (|| X*(rz2 + T) ||f)i:1,2 in the small ball of Hy,
equal or different and we deduce from Lemma 3.5 by the same method

P (kmllnzlmax HX T2 + kT ||§ <é | (Xl(’TLz +T),X%(rp, —|—T))> > p2,

provided
max | X*(rzz + )| < 6.

Combining the two previous inequalities, we deduce (3.3) for the latter case. We
have thus proved that (3.3) is true almost surely.
Integrating (3.3), we obtain

(3.4) P (k II&IPQ{H&X HXl Tr2 + kT) H2 < 5) > py.

Combining Lemma 3.3 and (3.4), we conclude.

3.1. Probability of having a small noise.

We now establish Lemma 3.2.
We deduce from Hélder inequality and from ), 2 < oo that Hypothesis 1.4
implies the following result. For any £¢ € (0,¢), there exists a € (0,1), a family
(¢n)n of measurable maps H — R and a family (b;); of positive numbers such that

¢($) c€np = bnd_)n(x)ena

(3.5)
b 2(1—
SUp,ep |fn(2)| <1, B =3, phteo (5,)207% < oo,
For simplicity we restrict our attention to the case ¢t = 1. The generalization is
easy.

Remark that

)= buZu(t)en,

where

t
Zo(t) = /O e =96, (X (5))dWn(s), where W =3 When.
223 "



tel-00011214, version 1 - 15 Dec 2005

Exponential mixing for the 3D stochastic Navier—Stokes equations

It follows from [|Z||2 = 32, b2jin |/ Zn|” and from (3.5) that

(3.6) P ((soug \|Z||§ < B*M> >P <(Soug \Fin Zn|? < M p2o (by) ™2, Vn> .

Setting

Wi = i ().

Hn
we obtain (W), a family of independent brownian motions. Moreover we have
VinZn(t) = Z,(pnt),
where

20 = [ w6, v = (x ().

0 Hn
Hence, it follows from (3.6) that

(3.7) P(sup||Z||2<B*M | >P( sup |Z,]° < MpZ (by) >, ¥ |.
(0,1) (0,m)
Let W, , =Wy (i+-) — W, (i) on (0,1). We set

0 it t<0,

1INt

o € Un(i+s)dWy (s) if t>0.

)

Remark that -
Zh(t) =Y e I, i(t — i),

i=1

which yields for any ¢ € N

(3.8) sup || Z},]], < ( ¢ ) ~max _sup M.
(0.9) e—1/i=0..a-1 o)

Remark that (W), ;)nx is a family of independant brownian motions on (0,1).

It follows that (M, x)nk are martingales verifying (M, , My 1) = 0 if (n, k) #

(n, K.

Hence, combining a Theorem by Dambis, Dubins and Schwartz (Theorem 4.6 page
174 of [22]) and a Theorem by Knight (Theorem 4.13 page 179 of [22]), we obtain

a family (B, k)nx of independent brownian motions verifying
(3.9) My i (t) = Bk (M) (£))-

Remark 3.6. In the two previous Theorem, they assume that < M >.,= oo almost
surely. However, as explained in Problem 4.7 of [22], it is easy to adapt the proof

for M such that < M >.,< oo with a positive probability.
Remarking that for any ¢ € (0,1)

(M) (1) = / [k + 5) ds < 1,

we deduce from (3.8) and (3.9) that for any ¢ € N*

e
sup | Z ||, < (_> _max_sup | By.il -
(0.9) ¢ a0,
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Hence it follows from (3.7) that

P (sup ||Z||§ < M) >P (sup |Bm|2 < cM pse (bn)fza, Vn, Vi<, + 1) ,
1) (0,1)

)

where ¢ = (671)2 E}*.

We deduce from the independence of (B, x)n,k that

®

Tlr+1
(3.10) P ((Soug 12|35 < M) > H (P (cM,uflO (b’ﬂ)72a>l—" ) )

neN*

where

P(dy) =P <sup |B14)* < d0> )
(0.1)

Recall there exists a family (c,), such that

E sup|Bl71|2p < ¢p.
(0,1)

It follows from Chebyshev inequality and from 1 — z > e~ * for any = < e~ ! that
1
for any do < d, = (e7'cp)”

P(dg) > 1 — cpdy? > e’
Applying (3.10), we obtain for any p > 0

/

& n+1 o
(3.11) P<sup||2||§<M>>cp<M>exp -5 Y (“ )b :

(0,1) n>N(p,M) n
where
N(p,M) = sup{neN\{0} | Mpuip (ba) > <y },
—2a pnt1
GO = Tacngan (P (e ) "").

Choosing p sufficiently high, we deduce from HO that

n+1
(53

n

which yields, by (3.11), that for any M > 0 and for p sufficiently high

(3.12) P ( sup HZHg <M | >Cp(M)exp (— % ) ,
(0,1) My

Remark that for any p, eg we have N(p, M) < oco. Moreover, it is well-known that
for any dy > 0, P(dp) > 0, which yields C,(M) > 0 and then Lemma 3.2.
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3.2. Proof of Lemma 3.3.
For simplicity in the redaction, we restrict our attention to the case f = 0. The
generalisation is easy.

Recall (1.5)

E|Xn ()] < e |zof* + uiBo.
Since (X!, X?) is a coupling of (D(XN(~,xé)),D(XNzo,x})))) on TN, we obtain
(313)  E(|X 00"+ [x3n)) < et (Jab)” + o) + QiBO'
Since (X1, X?) is a strong Markov process, it can be deduced that there exist Cg
and ~yg such that for any xog € H
(3.14) E (e97i2) < Cs (1+ |ab|” + [23]*)

where
ri2 = inf {¢ € TN\{0}

Taking into account (3.14), a standard argument gives that, in order to establish
Lemma 3.3, it is sufficient to prove that there exist (p7,T7) such that

X0 + X202 4eBo }

(3.15) P <|XN(t,a:0)|2 < 53> > pr(d3,t) > 0,

provided N € N, ¢ > T4(85) and |zo|* < 4¢B.
We set

t
Z(t) = / O(Xn(s)dW (s), Yn=Xy—PyZ, M= sup 1215 -
0 0,t

Assume that there exist M7(d3) > 0 and T7(d3) such that

(3.16) M < My(65) implies  [Yn(8)]* < ‘ii,

provided ¢t > T7(d3) and \J;0|2 < 4¢Bg. Then (3.15) results from Lemma 3.2 with

M = min {J\47(63)7 (13} .

We now prove (3.16). Remark that

d
(3.17) %YN +AYN+PNB(YN+PNZ) =0.

Taking the scalar product of (3.17) with Yy, it follows that
d
(3.18) " Ynl? + 2| Yn|® = —2(Yn, B(Yn + Px2)).
Recalling that (B(y,z),z) = 0, we obtain
—2(Yn,B(YN + PvZ)) = —2(YNn,(YN,V)PnZ) — 2(YNn, B(PnZ)).
We deduce from Hélder inequalities and Sobolev embedding that

—(z, (2, V)y) < cllzll[lz] Iyl -
Hence it follows from (3.18) that

d 2 2 2 2
= N+ 2{YN (" < el 2P YN+ el Z] YN
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which yields, by an arithmetico-geometric inequality,
d
@ Vv 4 2| Ywlf* < b2 ||V |® + eM2.
It follows that M < L implies
d 2 2 3
(3.19) s [Yn|"+ |YN]" <eM?2  on (0,¢).

Integrating, we deduce from |zo|* < 4¢By that

Ve
[Yn()]? < dce ™! By + c( ) .
A1
Choosing t sufficiently large and M sufficiently small we obtain (3.16) which yields
(3.15) and then Lemma 3.3.

Remark 3.7. In order to avoid a lengthy proof, we have not splitted the arguments
in several cases as in the proof of Proposition 3.1. The reader can complete the
details.

3.3. Proof of Lemma 3.4.
We use the decomposition Xy = Yy + Py Z defined in section 3.2 and set

M = sup || Z|%.

)

Integrating (3.19), we obtain for M satisfying the same assumption M < }2

L[ @R < Kl enrd
T J, N =7 Lo c )
which yields, by a Chebyshev inequality,

2 T
(3.20) Alte(0,T) ||YN(t)|| <=z |:I:0| +2cM? 5

where A denotes the Lebesgue measure on (0,7).
Setting

e, =int {1 € 1) | I¥x(0IF < 2 aof? + 2001 |
we deduce from (3.20) and the continuity of Y that
(3.21) 1Y (i, |)* < % |o|® + 2¢M 2.
Taking the scalar product of 2AY and (3.17), we obtain
(3.22) % Yl + 2| Y |ls = —2(AYw, B(Yn + Py Z)).
It follows from Hélder inequalities, Sobolev Embeddings and Agmon inequality that

~ 1 1
—2(Ay, B(x, 2)) < cllyll 1211 213 ll=Il,
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where B(z,y) = (z,V)y + (v, V)x. Hence, we obtain by applying arithmetico-
geometric inequalities

3 3 2 6

—2(AYN, B(Yn)) < ellyaliivallr < Yy +ellYal”,

3 i 2 4

—2(AYN, B(PnZ)) < cllvnl 121701215 < ;lYwls +cllZls,
~ 3 1 2
—2(AYN,B(Yn,PnZ)) < c|Ynl3 Y212 < clZ][ YNl

Remarking that B(Yy + PyZ) = B(Yn) + E(YN7 PnZ)+ B(PyZ), it follows from
(3.22) that M < - implies

d
(3.23) VP + 1Y 3 < e Yol (Ivall* = 4K3) +er?,
where K is defined in (2.10). Let us set
o, = inf {t € (ra,,7T) ] IYn ()] > 2K0} :
and remark that on (g, , om, ), we have
d
(3:24) 7 Y1 + [ Yivll; < eM®.

Integrating, we obtain that

Hy
(3.25) 1Y (o) +/ IYn ()13 dt < [V (7, | + M.

THy

g

Combining (3.21) and (3.25), we obtain that, for M and |zo|” sufficiently small,
]
1Y (o) < 5 A Ko,
which yields o, = 7. It follows that
(3.26) | XN (T)|? < 64,

provided M and |:490|2 sufficiently small. It remains to use Lemma 3.2 to get Lemma
3.4.

3.4. Proof of Lemma 3.5.
It follows from (3.24) that

T
/HmmﬁﬁﬂmWﬂM%
0

provided M < ﬁ and ||avo||2 +cM? < K.

Applying the same argument as in the previous subsection, it is easy to deduce that
there exists a stopping times 7y, € (0,7) such that

2
(3:27) ¥ ()l < 7 (llwoll® + ea?)

provided M and ||z]|| are sufficiently small.
Taking the scalar product of (3.17) and 2A2Yy, we obtain

d 1
(3.28) ZI¥wl3+2Ywl; = -2 (A%vi, A2 BN + Py2)).
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Applying Hélder inequality, Sobolev Embeddings Hy C L* and H; C L* and
arithmetico-geometric inequality, we obtain

3 1 1 4 4
~2 (Aty, A2 B(e,)) < cllylls lally Iylly < 7 Il + e (22 + l2)
Hence we deduce from (3.28) and from B(Yy + PyZ) = B(Yn) + B(Yn,PNZ) +
B(PnZ)

4
(3.29) Ylls + 1Ywll5 < ellYnlls (IYwlls —2K1) + ¢l 213,

=1
dt
where K is defined as Ky in (2.10) but with a different ¢. We set
o, = inf {t € (ra,,T) ] IYn ()] > 2K; } :

Integrating (3.29), we obtain

2 Tz 2 2
1Y (om,) |2 +/ 1Y ()5 dt < ||V (7a,) I3 + M.

THq
Taking into account (3.27) and choosing ||zo||* and M? sufficiently small, we obtain
4
1Y (om,)ll3 < 5 A K.
It follows that op, =T and that
(3.30) [ XN ()" <3,

provided M and ||z sufficiently small, which yields (2.2).

4. PROOF OF THEOREM 1.8

As already explained, Theorem 1.8 follows from Proposition 1.18. We now prove
Proposition 1.18. Let (x,23) € (Hz)?. Let us recall that the process (X1, X?) is
defined at the beginning of section 3.

Let § > 0, T € (0,1) be as in Proposition 2.1 and 7 defined in (3.2), setting

n=r mp=inf{t>n | [XOVIXOI; <8}

it can be deduced from the strong Markov property of (X', X?) and from Propo-
sition 3.1 that

E (™) < KB (e (14 X (m)]” + | X2(n0)[))
which yields, by the Poincaré inequality,
E (e +1) < cK”(14 20)E (e*™),
E(een) < K (1+ o]+ [23]%).
It follows that there exists K > 0 such that
E(e°™) < K* (14 [a]* + [a5[*)
Hence, applying Jensen inequality, we obtain that, for any 6 € (0,1)

(4.1) E (™) < K% (1+ |a]* + [23])
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We deduce from Proposition 2.1 and from (3.1) that
1
P(XN(T) # X2(T) < 1,

provided (z{,23) in the ball of (H?)? with radius 6.
Setting
ko=inf{keN| X" (n+T)=X*m+1T)},

it follows that kg < oo almost surely and that

(4.2) P (ko > n) < (i)n

Let 6 € (0,1). We deduce from Schwartz inequality that
E (e%wo) =YE (&Mﬂko:n) <> \/P(ko > n)E (efom).
n=1 n=0
Combining (4.1) and (4.2), we deduce

E (efomo) < (i (f)) (14 [ + [23])

Hence, choosing 6 € (0, 1) sufficiently small, we obtain that there exists v > 0 non
depending on N € N such that

(4.3) E(e70) <4 (1 + Jad|* + |m8|2).

Recall that if (X1, X?) are coupled at time ¢ € TN, then they remain coupled for
any time after. Hence X(¢) = X?2(t) for t > 73,. It follows

P (X!(nT) £ X*(nT)) < de™ 7 (1+ [ab|” + |«3]").

Since (X! (nT), X2(nT)) is a coupling of ((PTJLVT)*ém(l], (P,]L\[T)*émg), we deduce from
Lemma 1.17

(4) [P b — (P) 0

<47 (14 [ab|” + [a3]7)
var

for any n € N and any (z},23) € (Hy)2.

Recall that the existence of an invariant measure puy € P(PyH) is justified in
section 1.3. Let A € P(H) and t € RT. We set n = [%| and C' = 4¢?”. Integrating
(z§,23) over (PN, 7)*A) ® p in (4.4), we obtain

H(P{V)* A= uN <Ce (1 +/ E )\(dx)> ;
var H

which establishes (1.19).

APPENDIX A. PROOF OF (2.20)

For simplicity in the redaction, we omit # and N in our notations.
Remark that

(A1) J = (VE (g(X(T))¢x),h) = J1 + 2]z,
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where
Ji

E(Vg(X(T)),n(T,0) - h) ¢x),

B = E(g(X(D)ek Jy (AX(), A(n(t,0) - h))ds).
According to [36], let us denote by D¢ F the Malliavin derivative of F' at time s. We
have the following formula of the Malliavin derivative of the solution of a stochastic
differential equation
DX (t) = Lizsn(t, s) - p(X(s)),
which yields

t
(A.2) / DX (t) -m(s)ds = G(t) - m,
0
where .
G(t)-m = [ n(t.5) - o(X(5)) - m(s)d.
0
The uniqueness of the solutions gives

77(7570) h = 77(7575) : (77(570) : h) for any 0 <s <t,
which yields

n@ﬁ%h=%é7ﬁﬁ%m@®~m%-

w(s) = ¢~ (X(s)) - n(s,0) - h,

Setting

we infer from (A.2)

T
(A.3) n(T,0) - h = %G(T) cw = %/O DX (T) - wds,

which yields

1 T
(Va(X(D)n(T.0)- ) = 5 [ (Ta(X (D). D.X(T) ) ds

Remark that
(Dsg(X(T)),w) = (Vg(X(T)), Ds X(T) - w).
It follows

which yields

T
(A.4) a:%EA/wwmmxa»st

Recall that the Skohorod integral is the dual operator of the Malliavin derivative
(See [36]). It follows

1 T
(A.5) Ji = ZE (g(X(T))/ ¢x(w(t)7dW(t))> :
0
Recall the formula of integration of a product

T T T
(A.6) A¢wwmmmzwé$wmmm—éum%wmw
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Remark that .
Do =205 [ ADX(0)- (AX ()t
which yields, by (AX(t), AD; X (t) - w(s)) = (w(s), AD; X (t) - (AX(1))),

T T T
/ (Dathx, w(s)) ds = 20y / / (AX (1), AD. X (¢) - w(s)) dtds.
0 0 0
We deduce from (A.3) that

(A7) /0 (Dsthx,w(s))ds = 21&’)(/0 t(AX(t), An(t,0) - h) dt.

Remark that
vx =¢Px =0 if o <T.
Hence combining (A.6) and (A.7), we obtain

T o o
/ Px (w(t), dW(t)) :1/1X/ ('UJ(t)ydW(t))*%'x/ t(AX (1), An(t,0) - h) dt.
0 0 0
Thus, (2.20) follows from (A.1) and (A.5).
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Méthodes de couplage pour des équations stochastiques
de type Navier-Stokes et Schrodinger

Résumé: Nous nous intéresserons d’abord aux équations stochastiques de Navier-
Stokes bidimensionnelles (NS), de Ginzburg-Landau Complexes (CGL) et de Schro-
dinger non-linéaires (NLS) munies d’un bruit blanc en temps et régulier pour la
variable spatiale. En nous appuyant sur des méthodes de couplages, nous établirons
le caractere exponentiellement (resp polynomialement) mélangeant de NS et CGL
(resp NLS) lorseque le bruit recouvre un nombre suffisant de bas modes. Deux
des innovations majeures de ces résultats sont le fait que ’on s’autorise a traiter
des équations non-dissipatives telles que NLS et que ’on considére des bruits non
additifs.

Dans un deuxieme temps, nous considérerons les équations de Navier-Stokes
stochastiques tridimensionnelles (NS3D). Nous établirons la régularité H? et Ge-
vrey des solutions stationnaires de NS3D et nous en déduirons des informations
sur I’échelle de dissipation de Kolmogorov (K41). Puis, nous établirons le caractere
exponentiellement mélangeant des solutions de NS3D lorsque le bruit est a la fois
suffisament régulier et non-dégénéré.

Mots clés: Equations de Navier-Stokes 2D et 3D, équations de Schrédinger
non-linéaires, équations de Ginzburg-Landau Complexes, semi-groupe de transi-
tion de Markov, mesures invariantes, ergodicité, méthodes de couplage, mélange
exponentiel, espaces de Gevrey, échelle de dissipation de Kolmogorov (K41).

Coupling methods for stochastic equations such as Navier-
Stokes and Schrodinger

Abstract: In a first part, we are concerned with stochastic two-dimensional
Navier-Stokes (NS), non-linear Schrédinger (NLS) and Complex Ginzburg-Landau
(CGL) equations driven by a noise which is white in time and smooth in space.
Using coupling arguments, we establish exponential (resp polynomial) mixing of
NS and CGL (resp NLS) provided the noise is non degenerate on the low modes.
Although, this kind of method was originally developed for strongly dissipative
equations with additive noise, we are able to treat non dissipative equation (NLS)
and general non additive noise.

In a second part, we are concerned with stochastic three-dimensional Navier-
Stokes equations (NS3D). We first investigate smoothness properties in space of
the stationary solutions. Some informations on the Kolmogorov dissipation scale
(K41) are deduced. Then we establish exponential mixing of the solutions of NS3D
provided the noise is at the same time sufficiently smooth and non degenerate.

Keywords: Stochastic 2D and 3D Navier-Stokes equations, non-linear Schro-
dinger equation, Complex Ginzburg-Landau equation, Markov transition semi-
group, invariant measure, ergodicity, coupling method, exponential mixing, Gevrey
spaces, Kolmogorov dissipation scale (K41).
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