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(
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YZ�BTV�1U�_4ð^UXR�_^\�U�NF_�TV��[�UXW@\^T�� �8R�O�� _!T�YZN�T�O�T��@U�R�O�O^T¦O���TV�1U�T�R�U�U^á �ÎO�[�[ZUX���X�fY�W@`@UÞõ
YZW@��N�U���TV��TV�@U-YZW�T�UXR�W@_^[�W@O `1UX�X�MN@_^R�T�Y�TVY�O�W@Y�W@\�TV�@U&TVY�N@��TV�F_�T/`@U����XU�W@` �8R�O^� TV�@U�� Y�W�TVO
\�R�O�Q1N@�aO��Î��Y 5�UX� r _^W@` s �?_^W@`��XO���N@Q1T�UX�]TV�1U���Q@� O��Î_^S@��O�[ZQ TVUÙð�_^[ZQ@U�� |r − s| �8O�Ra_�[Z[
W@O `1UX�Xá��ÎO^[Z[ZU��������pYZW1`@U´õ�Y���O?�ÓTVUXW/R�U�W@O�R��/_^[�Y 5XU�`��8O�Rp\�Y�ð�YZW1\aT��@U�ð^_�[ZQ@U�O�W@U�TVOaTV�1U�T�O^T�_^[�[#�
N�U���TVY�WF_�T�U�T�R�UXU�á×�-O�R�UhR�UX��UXW�TV[8���K�¥� �]UXW+5XYZU*_^W@`
ï�TVUXU�[M�DÀ^Â�Â�Â��fN@R�O�NPO���U�`>TVOB��O�Q@W�TyT��@U
W�Q1�*S�U�RwO��H>+-:3�8B8B& 3+(´�^Y�UàTV�1UfW�Q@�*SPUXRwO��§N@_^YZR��:O��§[�U2_2ð�U��:TV�F_6Tp_^R�UÎ_^`C��_^��UXW�TwT�O]_×�XO�����O�W
_^W@�XU���T�O�R�W@O `1U^á

�M�1U�NPO/-ÎU�RàO�� <@ð�U�YZ�*S@_^[�_^W1�XUf��T�_�T�YZ��T�YZ�����@_4ð^UySPUXU�W�U�ð�_^[�QF_�T�UX`�SH� �]Y�R *�NF_�T�R�YZ�+*³_^W@`
ï [�_�T *�YZW!�nÁ �
� L � -��@O¦��O�W@��[ZQ@`@U�`>TV�@_�T�ï1_^�+*�Y�W
_^W@`��ÎO^[Z[ZU�������T�_6TVYZ��TVY��X� -àUXR�U�_^��O�W@\/T��@U
�/O���TaN�O/-àUXR.�8Q@[ -�Y�TV��R�UX��NPUX�´ThT�O>_�Wc_�[�TVU�R�WF_6TVY�ð^UÙ�/O�`@U�[wO��fS1Y�_^��UX`���NPUX��Y�_�T�YZO�WKáÙ�M�1UX��U
-ÎO�R *�� -àUXR�U/U´õ�TVU�W@`@U�` SH�cè�\�_^NPO/- _^W@`�ã~Q@R�ð�YZ���±À�Â�Â�À��yR�UX\�_^R�`@YZW1\¥��O�R�U�S@Y�O�[ZO^\�YZ�X_^[Z[8�
�/O^T�Y�ð�_�T�UX`&_^[¯TVUXR�WF_�T�Y�ð�Uy�/O�`@UX[��Xá~�M�@U���Uh_^Q1T��@O�R���R�U2_^���@U�`¥��YZ��YZ[Z_^RÎ��O�W@�X[�Q@��Y�O�W@��á

�ÏW�TV�1YZ�p_^R�TVYZ��[ZU�� -ÎU��XO^W@��Y�`@UXR �8Q@[�[#�h`@YZ���@O�TVO���O�Q@�wT�R�UXU��×�8S@YZW@_^R��hTVR�U�UX�V� -�Y¯TV� n [ZUX_4ð^UX�
L �
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���>âÎè×çjèyñ×�féFI§��îyé·ï è�� �]�nñ�è×ñ�ê ë×��îyépä �nñ�êy���fé�ï>ä�é �y��ï �Ï��épê
�D_^W@` (n − 1) Y�W�T�UXR�WF_^[jW@O�`@UX�V�´á��cU��8O��XQ1�MO�W�ï _^�+*�YZWK� ��YZW@`@UÞõ-_^W@`-Y�T��M�XO�W1W@UX�´TVYZO^W&T�O�_
��UXR�YZU���O?�w��TV_�TVY���T�YZ�X�fT��F_�T�_^R�U���YZ��YZ[Z_^R�T�O�T��@UaW�Q@�*SPUXR�O��w���1UXR�R�YZU��XáÎë]Q1R�U��/N1�F_^��Y���YZ�MO�W
TV�@U���_^�´T]TV�F_�T�_�[Z[:T��@UX��U/��U2_^��Q@R�U���_^R�U�R�U�[ZU´ð^_�W�T]T�O¦TV�@U��V_��/UÙU��/N@Y�R�Y��2_^[C`@YZ��TVR�Y�S@Q1T�YZO�WK�
WF_^��UX[#��TV�1U-`1YZ��T�R�Y�S@Q1TVY�O�W O���TV�1U-��Y 5�U-O?�y��Q@S1TVR�UXU��Xá%ï1_^�+*�YZWK� ��YZW@`1U´õ�Y��Ù�XO�W@W1UX��T�UX`)TVO
TV�@U�U´õ NPUX��TV_�TVY�O�W-O��:T��@UhU��/N1YZR�Y��2_^[l`@YZ��TVR�Y�S@Q1T�YZO�W0-��@Y�[ZUa���@U�R�R�Y�UX���/U�R�U�[#�¦��O�R�R�UX��NPO�W@`¥TVO
��Q@S1T�R�U�UX��O��:��Y 5�UaT -àO@á

�M�1U��/_^YZW³R�UX��Q@[�T��pN@R�U���UXW�T�UX`BY�W�T��@YZ�p_�R�TVY��X[�Uf�2_^W�SPU���Q@����_^R�Y 5�UX`�_^� �8O�[�[ZO/-��XáCí:YZR���TX�
-ÎU�\�Y�ð^U×_h`1UX����R�Y�N1TVY�O�WBO��KT��@Uy[�YZ��Y�T�YZW@\×`1YZ��T�R�Y�S@Q1TVY�O�W�O��KTV�1U]ï1_^�+*�Y�WK���àYZW@`1U´õ,�8O�R�[�_^R�\�U n á
�M�@UÙ[ZY��/Y¯TVYZW1\Ù`@YZ��TVR�Y�S@Q1T�YZO�W¥YZ�×W@O^W�ì�_^Q1����YZ_^WK�l_^W@`
�2_�W
S�U*`1U�<FW@U�`�_��yTV�@U³��O�[�Q1TVY�O�W�O��
_:�8Q@W@�´TVYZO^WF_^[!<1õ UX` ôrN�O^YZW�TfU���Q@_�TVY�O�WKápï U��XO�W1`K� -àU×U´õ�TVU�W@`¥�¥� �]U�W>5XY�U]_^W@`&ï�TVUXU�[±� �ÎR�UX��Q1[�T
�8O�RCT��@UMW�Q@�*SPUXRwO��§���1UXR�R�YZU��~YZWÙ_ 5 Q@[�UàT�R�UXUfT�OyTV�1UMW�Q1�*S�U�R���O^R��8R�U���Q1UXW@��YZUX�V�:O��§��Q1S1TVR�UXUX�
O��:��Y 5�U�[Z_^R�\^UXRÎT��F_^W¦T -ÎO1á

�M�1UX��UhU´õ�TVU�W@��Y�O�W@�y_^R�UaSF_^��UX`�O^W>_�[ZY�W * -�Y¯TV�-U´õ YZ��TVYZW1\/R�UX��Q1[�TV��YZW¦T��@UXO�R�U�T�YZ�2_�[j�XO��Ùô
N@Q1TVU�R×����YZU�W@�XUÙR�UX\�_^R�`@YZW1\�S@Y�WF_^R��¥��UX_^R����
T�R�UXU��Xá]�M�@U���UÙTVR�UXU��]_^N@NPU2_^R×_^� �8O�R���_^[<R�UXN@R�U´ô
��UXW�TV_�TVY�O�W �8O�R �2&��?& �43�7 /2 �27 >+"% ���@:3�8p_^[Z\^O�R�Y¯TV�@�����Dä�����[�UXRX��Á �
�1Á � î -Î_^W@\�_^W1`&ñ�UXY�W@YZW1\�UXR��
À^Â�Â�À��Þá.�cU�U´õ N@[ZO^Y�T~TV�1U�O�W1U´ôrT�O�ôÏO^W@UM�XO�R�R�U���NPO�W@`@U�W@�XU�S�U´T -ÎU�UXWBS@Y�WF_^R.�Ù��UX_^R�����TVR�U�UX�à_^W@`
5 Q@[ZUyT�R�U�UX��YZW¦O�R�`@UXRfT�O�`1UX����R�Y�S�U×T��@U�_^������N1TVO^T�YZ�×`1YZ��T�R�Y�S@Q1TVY�O�W@�fO?�?T��@Uhï1_^�+*�YZWl�����ÏW@`@UÞõ
_^W@`¦TV�@Ua��Y 5XUaO��C��Q1S1TVR�UXUX��á

�ÏW�_^`@`@Y¯TVYZO^WK� -ÎU*N1R�O�NPO���U³_�W@U -Ç��T�_�T�YZ��TVYZ��SF_^��UX`
O��:TV�@Uh�XO���N@Q1TV_�TVY�O�W>O��~_ `1
`@YZ�nô

T�_^W@��U]S�U´T -ÎU�UXW&TV�@U]U��/N1YZR�Y��2_^[P`@Y���TVR�YZS@Q TVYZO^WBO��<TV�@U]W�Q@�³S�U�RfO��C��Q@S1T�R�U�UX��_^W@`¦TV�1U×TV�@U�O�ô
R�U�T�YZ�X_^[C`1YZ��T�R�Y�S@Q1TVY�O�WKá×�M�1UÙN�O/-àUXR]O���_^[�[C��T�_�T�YZ��TVYZ���yTVO�R�U ��U���T]T��@U*W�Q@[Z[C�H� NPO^T��@UX��YZ�]O���_
5 Q@[ZU×T�R�UXU�_^\�_^YZW@��T�_��/O�`@UX[lO��:S1Y�_^��UX`&��NPUX��Y�_�T�YZO�W-_^R�U×TV�@U�W¥U´ð^_�[ZQF_�T�UX`Ká

�M�1UÎ_^R�TVY��X[ZU~Y��<O�R�\�_�W@Y 5�UX`�_^� �8O�[Z[�O -���áCï UX�´TVYZO^W*ÀMN@R�U���U�W�T��CT��@UÎ_������/N TVO^T�YZ�wTV�1UXO�R.���8O�R
TV�@U×ï1_^�+*�YZWK� �ÎY�W@`@UÞõB_�W@`�TV�1UyW�Q@�*SPUXRàO��<��Q@S TVR�U�UX�fO?�<_³\�Y¯ð�UXW���Y 5�U^ápï�UX��T�YZO�W L `@U����XR�YZSPUX�
��T�_6TVYZ��TVY��2_^[1T�UX��TV� -�Y�TV��N@R�O�N�U�Rp�XO�R�R�UX�´TVY�O�W@��SF_^��U�`�O�W�TV�1U�T��@UXO�R.��_^W@`�TV�@U�YZRE<@ð^UyNPUXR��XUXW�T
�XO�W+<@`@UXW@��U]YZW�TVU�R�ð�_^[��Xápï U���T�YZO�W � U�ð�_^[ZQ@_�TVU��àTV�1U×��TV_�TVY���TVY��2_^[§NPO/-ÎU�RfO��jTV�1UX��U×T�UX��TV�fSF_���UX`
O�W¥��YZ�*Q1[�_�T�YZO�W¦��TVQ@`@Y�UX��áfèyW¥U´õ1_^��N@[ZUaO��w_^N@N@[�YZ�2_6TVYZO^WBTVO�TV�@Uhî�� �'TVR�UXU³Y���`@YZ���XQ@����UX`>YZW
ï UX�´TVYZO^W>Ã�á

L Ã
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ï1_^�+*�YZWK� ����T�_6TVYZ��TVY��-Y���O�W@U-O��yT��@U¥O^[Z`@U���T/�/UX_^��Q@R�U-T��F_�T���Q1�/�/_^R�Y#5XU���T��@U-���F_^NPU-O��]_
TVR�U�U¦�Dï1_^�+*�YZWK�CÁ �H9�À � ï �@_^O¦_^W@`
ï O)*6_^[±�<Á ����Â��´á��rT]_�`@`@��T��@U³W�Q@�³S�U�R×O��~Y�W�T�UXR�WF_^[?W@O `1UX�
S�U´T -ÎU�UXW>UX_^���>[�U2_?�?O��?TV�1UaT�R�U�Uh_�W@`-T��@UaR�O�O^TMTVO��8O�R�� T��@U��8O�[Z[�O -�Y�W@\*Y�W@`@U´õ

Sn =

n
∑

i=1

Ni

-��@UXR�UyTV�@Uy��Q@� R�Q@W@�ÎOHð^UXRÎT��@U n [�U2_2ð�U��fO��jT��@UyTVR�UXU]_�W@` Ni
YZ�àT��@U×W�Q@�*SPUXRàO��<YZW�T�UXR�W@_^[

W@O `1UX�y��R�O�����U�`
YZW&TV�@UhNF_�TV�D�8R�O�� i TVO/T��@U³R�O O�T*�8YZW@��[ZQ@`1YZW@\�TV�@UhR�O�O^TÞ�ÞáMèyW¥UX��Q@Y�ð�_^[�UXW�T
�8O�R��*Q1[�_�T�YZO�W/O�� Sn

Y��MSH�¦�XO�Q1W�T�YZW@\�TV�1U�W�Q@�³S�U�RMO��w[�U2_2ð�U���Q1W@`@UXR�UX_^���>Y�W�T�UXR�WF_^[KW@O�`@U��

Sn =

n−1
∑

j=1

Ñj

-��@UXR�U Ñj
YZ�hTV�@U&W�Q@�*SPUXRÙO���[ZUX_2ð�UX�ÙT��F_�T�`@U����XU�W@` �8R�O���T��@U&_^W@��UX��TVO�R j á �M�@Y��ÙYZ�Ù_

-ÎU�[Z[¯ô *�W@O/-�W/R�UX��Q1[�T�YZW�������TVUX�/_�T�YZ��S@YZO^[ZO�\���TV�@_�TpTV�@U�U´õ NPUX��TV_�TVY�O�W�O�� Sn
Q1W@`@UXRpTV�1U 5 Q@[�U

�/O�`@UX[lYZ�MO��CO�R�`1UXR 2n log n ��U�\@� �]YZR *�N@_�TVR�YZ�+*B_�W@`¥ï [�_�T *�YZWK�KÁ �
� L �

E[Sn] = 2n

n
∑

j=2

1/j .

�M�1U�ð�_^R�Y�_^W1�XUfY��~�/O�R�Uf�XO^�/N@[�U´õ���S@Q1TpY¯T~�2_�W�SPU�UX��TVYZ�/_�T�UX`ÙSH�ÙW@O^T�YZ��YZW@\yT��@U�_^WF_�[ZO�\��
-�Y�TV�/_a�X[�_�����Y��2_^[1N@R�O�S1[ZUX� YZW�TV�@U�O�R�U´TVYZ�X_^[F�XO^�/N@Q TVUXRp���XYZU�W@�XU�á~�M�@YZ�à_^WF_�[ZO�\��³YZ�p_a�XR�Q@�XYZ_^[
��TVU�N>Y�W¥`@U <FW@Y�W@\/T��@UhN1R�O�NPUXR��XO�R�R�U���TVY�O�WD�8O^R�Y�W@`@Y��XUX��O��w[�_^R�\�U]N@�H��[ZO�\�U�W@YZU��Xá�çjU�T�Q@��U´õ�ô
N@[�_^Y�W/T��@YZ�àS@R�Y�U 	>�^ápâÎYZWF_�R���TVR�UXUX��_�R�Uy`@_�T�_*��TVR�Q1��TVQ1R�UX�MO?�ÓTVUXW¦U�W@�XO^Q@W�TVUXR�UX`&YZW��XO���N@Q1T�UXR
���XY�UXW@��U^�C�/O�R�UÙ��NPUX��Y#<F�X_^[Z[8��YZW��XO^W@W@UX�´TVY�O�W�-�Y¯TV� �2&��?& �43 /2 � >+"% ���@:3�8]_^[�\�O�R�Y¯TV�@���Xá³�CO
U2_^��� 5 Q@[ZU]TVR�UXUh�XO�R�R�UX��N�O^W@`@��_/S@Y�WF_^R��B��U2_�R����>T�R�UXU�YZW¥_�Q@W@YZ��Q@U��/_^W@W@U�R*�8��UXU�èy[�`@O�Q@���
À^Â�Â1ÁH�Þá·å���YZW@\�TV�1YZ��O�W@U´ô±TVO�ôrO�W@U&�XO^R�R�U���NPO�W@`@U�W@�XU���ï1_^�+*�YZWK� ����T�_�T�YZ��TVYZ�&Y���U���QF_^[�TVOcT��@U
W�Q1�*S�U�R]O��à�XO���NF_^R�YZ��O^W@�×Q@��UX`�S �>TV�@U���Q@YZ�+*���O�R�Th_^[�\�O�R�Y¯TV�@� T�O-��O�R�T�_¦R�_^W@`@O�� YZW@N1Q1T
��UX\1�:ä�����[�UXR��àÁ ���1ÁH�´á��M�@YZ���2_^W�_^[Z��O¥SPU���UXU�W `@Y�R�UX�´TV[8�
S�U��2_^Q1��U�T��@UBï _^�+*�YZWK� �³Y�W@`@U´õ�Y��

L)(
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YZW�ð�O�[¯ð�U�`¥Y�W¥_Ù��TVO����F_^��T�YZ�aR�U��XQ@R�R�U�W@�XU�UX��QF_�T�YZO�W

Sn = SJ + Sn−J + n �±À á¯ÁH�

-��@UXR�U J YZ��_�Q@W@Y8�8O�R�� RV_^W@`1O��Ìð�_^R�YZ_^S@[�U]OHð^UXR�TV�@U���Q1S@��U´T {1, . . . , n − 1} á��M�@U�R�U��XQ@Rnô
R�UXW1�XU³U���QF_�TVY�O�W>Y���O�S1T�_�YZW@U�`>SH�-��N@[�Y�T�T�YZW@\ÙT��@U�T�R�U�U*_�T�TV�@U�R�O�O^T�YZW�TVO�T -àOB��Y���TVU�R���[�_^`1UX�
�8TV�1U�[�U��ÓTh_^W@`�R�Y�\���T���Q@S1T�R�U�UX���Þá&�ÎO�W@`1Y�TVY�O�WF_^[:O�W J �<T��@U�ð^_�[ZQ@U�� SJ

_^W@` Sn−J
_^R�U�Y�W ô

`@UXNPUXW@`1UXW�T�RV_^W@`1O�� ð�_^R�Y�_^S@[�UX� -��@YZ���&�XO^R�R�U���NPO�W@`¦TVOÙT��@U×YZW1`@YZ��UX�MO��<TV�1U][ZU��ÓTf_^W@`&R�Y�\���T
��Q@S1T�R�U�UX�Xá

ï�T�_^W@`@_^R�`��XO���N@Q1TV_�TVY�O�W@�×[�U2_^`�T�O¦TV�@U�R�U���Q@[¯T]TV�F_6T�T��@U*ð�_^R�YZ_^W@��UÙO�� Sn
YZ�]O��àO�R�`1UXR

σ2n2 -��1UXR�U σ2 YZ�ÎY�W@`@U�N�U�W@`@UXW�TMO?� n ��U�\@�@î -f_^W1\�_^W@`¦ñ�UXYZW1YZW@\�U�RX�1À^Â�Â�À^�´áw�ÏW&_^`1`@Y�T�YZO�WK�
TV�@U]W@O^R��/_^[ZY#5XUX`¦ï1_^�+*�YZWK� ��YZW@`1U´õc�ÓTVO -��@Y�����-àUaR�U��8U�RMYZW¦TV�1U]��UX��Q@U�[Ó�f�2_�W-SPUa`@U�<@W@UX`¥_^�

Is =
Sn − E[Sn]

n
. �DÀ á À��

�M�@UMW@O�R���_^[�Y 5�UX`*Y�W@`@U´õ Is
��O�W�ð�U�R�\�U��àY�WÙ`@YZ��TVR�Y�S@Q1T�YZO�W³_^�wTV�@UMW�Q@�³S�U�R�O?��[�U2_2ð�U�� n \�R�O/-��

TVO�YZW+<FW1Y�T ��áÎèM�X�XO^R�`@Y�W@\/T�OBä�����[�UXRh��Á ���1ÁH�´�@T��@U�[ZYZ��Y�T X ��_�TVY���<FU��×_¥� �8Q@W@�´TVY�O�WF_^[���< õ1U�` ô
N�O�Y�W�TMUX��QF_�T�YZO�W-O��?TV�@U��8O�[�[ZO/-�YZW1\hT ��N�U

X = UX + (1 − U)X∗ + 2U log U + 2(1 − U) log(1 − U) + 1 �DÀ á L �

-��@UXR�U X, X∗, U _^R�U]Y�W@`@U�N�U�W@`@UXW�T�RV_�W@`@O�� ð^_�R�Y�_�S@[ZU��X� X _^W1` X∗ _�R�U]YZ`1UXW�TVY��2_^[�[#��`@YZ�nô
TVR�Y�S@Q1T�UX`K� U YZ�:Q@W@Y#�8O^R���[#�]`@Y���T�R�YZS1Q1TVU�`*O4ð�UXRwT��@UfY�W�ð^UXR�ð^_�[ (0, 1) ��_^W@`*T��@UfU���Q@_^[ZY¯T �³�@O^[Z`@�
�8O�R]`@YZ��TVR�YZS@Q1T�YZO�W1�Xá�å���YZW@\-UX��QF_6TVYZO^W%�DÀ á L �´�jTV�1U�ð�_^R�Y�_^W@��UÙO���TV�@U�[ZY��/Y¯TVYZW1\/`@Y���T�R�YZS1Q1TVY�O�W
�2_^W-S�U]��O���N@Q1TVU�`¥Y�W-_^W&U´õ1_^��T -Î_ �

σ2 = 7 − 2π2

3
.

������� � ��{×u � |KÄ)ÈpÆBi@x�|KÄ1Ä1k�|j}

�¥� �]UXW+5XYZUh_^W@`>ï�T�UXUX[à�DÀ^Â�Â�Â��Î��O�W@��YZ`@U�R�UX`>_Ù��YZ��N@[�Ua_^W@`-U2_^��YZ[#���XO���N@Q1T�UX`¥��T�_6TVYZ��TVY����8O�R
U�ð�_^[ZQ@_�TVY�W@\�T�R�U�U����F_�N�U?I�T��@U�W�Q@�*SPUXR/O��a���@U�R�R�Y�UX�BO?�]TV�@U-TVR�U�U^á è >+-:3�8�8��-YZ�/_�NF_^Y�R
O���[ZU2_2ð^UX�*TV�@_�T�_^R�U¦_^`C��_^��UXW�TÙTVO�_���O����/O�W _^W@�XU���T�O�RÙW@O�`@U^á��M�@U&_^Q1T��@O�R���_^WF_^[8� ��UX`
TV�@U�`@Y���TVR�YZS@Q TVYZO^W�O?�hT��@YZ�&��TV_�TVY���T�YZ��Q@W@`@U�R-T��@U 5 Q@[ZU���O `1UX[±áÅ�M�@U ��O�S1T�_�YZW@U�`�UÞõ1_^��T

L 9
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�8O�R��*Q1[�_^U'�8O^RyTV�@U���U2_^W�_^W1`�ð�_^R�Y�_^W@��UÙO��pTV�@U�W�Q@�*SPUXRaO��à���@U�R�R�Y�UX���:_^W1`����@O/-ÎU�`cT��F_�T
TV�@Y��?`1YZ��T�R�Y�S@Q1TVY�O�W]YZ�?_^�.���/N1T�O^TVY��2_^[�[#��W@O�R���_^[�_��<T��@U�W�Q1�*S�U�RCO?�@[ZUX_2ð�UX�C\�R�O/-��<TVO�YZW+<@W@Y�T �^á
�¥O�R�U���NPUX��Y#<F�X_^[Z[8���§Y#� -ÎUh`@UXW1O^TVUhS � Chn

T��@U³W�Q@�³S�U�R�O��w���@UXR�R�YZU��yY�W>_�TVR�U�U³O��w��Y 5�U n �
TV�@U�YZRMR�U���Q@[¯TV���2_�W-SPUa��Q@���/_^R�Y#5XUX`-_^���8O^[Z[ZO/-��

E[Chn] =
n

3

_^W@`
Var[Chn] =

2n

45
.

å���Y�W@\/_^W�_^R�\�Q@��UXW�T�SF_^��U�`�O�W¥U´õ�TVU�W@`@UX`�ã?O�[#��_/Q@R�W@�X�l�¥� �aU�W>5XY�U*_^W1`
ï�T�UXUX[?O�S1TV_^YZW1UX`
TV�F_�T

Chn − n/3
√

2n/45
→ N (0, 1) .

��������� �
xy|
Ëf{×u � |KÄ%ÈpÆ�}�{ � q�Ä@|j|j}�ÈpÆ�����|jÉ }�k���|

ï1_^�+*�YZWK� ����TV_�TVY���TVY��]_^W@`¦T��@U]W�Q@�*SPUXR�O��?���@UXR�R�Y�UX��_^R�U×T -àO�`@YZ��TVYZW1��T�_^��N�U���T���O?�CT��@U]�V_^��U
`@YZ��TVR�Y�S@Q1T�YZO�W I<TV�1U]W�Q1�*S�U�RfO��<[�U2_2ð�U��MQ@W@`@U�R�_³RV_^W1`@O���[#�����@O���UXW&W@O�`@U^ápçjU�T Zn

`@UXW1O^TVU
TV�@Y��MW�Q1�*S�U�RXáàë×W¦TV�@UaO�W@Ua�F_�W@`K� Zn

YZ�M��O�W@W@U���TVU�`¥T�OBï1_��+*�Y�W&YZW@`@UÞõ&SH�¦TV�@U���_^�´TMTV�F_6T

Zn = ÑJ ,

-��@UXR�U J YZ�M_*Q1W@Y#�8O�R��ÅRV_^W@`1O�� ð�_^R�Y�_^S1[ZU�OHð^UXRMTV�@_�Tf��Q@S@��U´T {1, . . . , n− 1} ��R�UX�X_^[Z[§TV�F_6T
Ñj

Y��*TV�@U&W�Q@�*SPUXR�O��y[ZU2_2ð^UX�ÙTV�F_6T/`1UX����UXW@` �8R�O���TV�@U-_^W@��UX��TVO�R j �´á ì]Y�ð�U�W)T��@U¦TVR�UXU
��TVR�Q@��T�Q@R�U T �@O�W@U�_^�´TVQF_�[Z[#�/�F_^�

E[Zn | T ] =
1

n − 1

n−1
∑

j=1

Ñj =
Sn

n − 1
.

ë]W�TV�1U-O�TV�@U�R��@_^W@`K��TV�@U-UX��N@YZR�YZ�X_^[1�8R�UX��Q@UXW1���)O������@UXR�R�YZU��/Y�W)_ 5 Q@[�U¦TVR�U�U fn(2) =

Chn/(n − 1) YZ�h_^W�Q@W�S@Y�_���UX`�UX��T�YZ�/_�TVO^R]O��ÎT��@U�N@R�O�SF_^S1YZ[ZY¯T �>O?�fTV�@U�U�ð^UXW�T (Zn = 2) á
�M�@U/`1YZ��T�R�Y�S@Q1TVY�O�W
O�� Zn

�@_^�aS�U�UXW�`1UX����R�Y�S�U�`�SH��âÎ[ZQ1� _^W@`cíFRV_^W+=XO�Y����±À^Â�Â�Ã�S§�×Q@��Y�W@\
R�UX��Q@[�T����8R�O�� �XO�_�[ZUX���XU�W�T�T��@UXO�R.��áp�M�@Y��M`@YZ��TVR�Y�S@Q1T�YZO�W¦�X_^W&S�U�<FW1`¥Y�WBTV�@U�ã~R�O�NPO���Y�TVY�O�W&À
�8R�O�� TV�@Ua���F_^N TVUXR�ÃÙO��?TV�@UaN@R�UX��U�W�Ty�/_^W�Q@����R�Y�N1T2á

L),
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�³G<L�E§3HL�© ����� $'@A1 /2 ���#8 /2 �� "%&)(+*	��
�
�
������G3�� n ≥ 2 /2 � Zn
��3��6-:3� :@A1���3�8�"��

&6 �2&��?& �2@ /2$ ( &6 / @4 :& � "%8�1�$ ��>+-:"?(?3� 8 /2 �4"%1 >�$ / �43�"�� / � @4$)3�� 8 3+3���&��6- n $)3 / �23+(����	3
-0/ �23

pn(z) = P(Zn = z) =
n

(n − 1)

2

z(z + 1)
, z = 2, . . . , n − 1,

/2 �
pn(n) = P(Zn = n) =

1

n − 1
.

â��!TV�@U>_^S�O4ð^U¥R�UX�/_^R *��X� -ÎU¥�2_^W ���@UX�+*�TV�F_6T (n − 1)Zn
�F_^��TV�@U¥�V_^��U-_2ð�UXR�_^\�U

ð^_�[ZQ@U¦TV�@_�T�ï1_^�+*�YZWK� ����T�_�T�YZ��TVYZ���¥��SPO^TV� _^R�U-UX��QF_�[�T�O�T��@U>_2ð^UXRV_�\�U>��O��/N1[ZU´õ Y¯T �!O��yT��@U
��Q1YZ�+*���O�R�T�_^[Z\�O^R�Y�T��@���´á:�ÏW-_^`1`@Y�T�YZO�WK� -ÎU�<FW@`&TV�@_�TMTV�@U��8R�UX��Q@UXW1�XYZU���O?�:��Q@S1TVR�UXU��yO��C��Y#5XU
ÀÙY��M�XO�W1W@UX�´TVUX`-TV�@UaW�Q@�*SPUXR�O��C���@U�R�R�Y�UX��_^���8O�[�[ZO/-��

fn(2) =
Chn

n − 1
=

1

n − 1

n−1
∑

j=1

11(Nj=2)

�:_ *�Y�W@\�U´õ N�U���TV_�TVY�O�WK�@TV�1YZ�M[ZUX_^`@�fT�O

E[fn(2)] = E[
1

n − 1

n−1
∑

j=1

11(Nj=2)] = P(NJ = 2) =
n

3(n − 1)
, �DÀ á � �

_^W@` -ÎU��2_�W¥R�UX�XO4ð^UXR�TV�@U���_^�´TMTV�F_�T E[Chn] = n/3 á

+¥E§36©�.FA�5802��E§°a°r3HL�JK9<L ¬?£�58L ª¦E§°�ª29<7:ªXL�0¥ª25	��L�ª íFO�Ry_ 5 Q@[ZU³T�R�U�U T -�Y¯TV� n [�U2_2ð�U��X�
[ZU�T fn(z) `@U�W@O^T�U�TV�1UJ�8R�U���Q@UXW@��YZU��ÎO��j��Q@S1T�R�UXU��MO��j��Y 5XU z Y�W/TV�1U�TVR�UXU*� z ≥ 2 �Þá~é~��Q@_�TVY�O�W
�±À á � �hTVU�[Z[��³TV�F_6TÙTV�@U �8R�U���Q@UXW@� � fn(2) YZ��_^W�Q@W�S@YZ_^��U�` U���TVY���_6TVO�R*O?��T��@U¦N@R�O^SF_^S@Y�[ZY�T �
pn(2) áw�M�@U×��_^�/Uy_^R�\^Q@�/U�W�TM_^N@N1[ZYZU���T�O*N@R�OHð�Y�W@\³TV�@_�T fn(z) YZ�Î_^WBQ@W�S@YZ_^��U�`¦UX��TVYZ�/_�T�O�R
O��fTV�1UBN@R�O^SF_^S@Y�[ZY�T � pn(z) �8O�R³_�[Z[ z ≥ 2 á¥�ÏW�_^`1`@Y�T�YZO�WK� -àUBO�S1TV_^YZW�TV�F_�T�TV�1UB[ZY��/Y¯TVYZW1\
`@YZ��TVR�Y�S@Q1T�YZO�WBO?� fn(z) YZ��ìa_^Q@����Y�_^W-_^� n \�O�UX�MT�O�Y�W+<FW@Y¯T ��á

�³G<L�E§3HL�© � � 3�� z ≥ 2 �� -:3�3�1!9=&68B& > /2$S9=8 "��+/���&6$'&�� & 3+( fn(z) -0/ �23 �%/28B& /2 #>+3+(�"���"%8 �43�8
1/n

Var[fn(z)] =
σ2n

(n − 1)2
∼ σ2

n
.

L �



À�á À á ��îyé�ë]ä 5

�  / � �2&�� & "% 0* �6-:3 � "%$6$)" ��&6 ���>+"% �23�8��43� #>+3 &6 �2&)(�� 8B& ��@ � & "% -:"%$ �%(
√

n (fn(z) − pn(z)) → N (0, σ2(z)), as n → ∞

� -:3�8+3+* � "%8�/2$6$ z ≥ 2 *

σ2(z) =
2(z − 1)(4z2 − 3z − 4)

z(2z + 1)(2z − 1)(z + 1)2
.

�h3HEKE§°�� çjU�T Xz
n = (n − 1)fn(z) `@U�W@O^T�U�T��@U�W�Q1�*S�U�R]O��
��_��/Y�[ZYZU���O?�Î��Y 5XU z á��M�@U

�2_^��U z = 2 YZ�Î_³`@Y�R�UX�´Tf��O�W@��U���Q@UXW@��UaO��C�¥� �]U�W>5XY�U]_^W@`&ï�TVUXU�[±� �fR�U���Q@[¯TV�a�DÀ^Â�Â�Â��pSPUX�X_^Q@��U
X2

n = Chn
Y��ÙUX��QF_^[fT�O
TV�@U&W�Q@�*SPUXR�O������@UXR�R�Y�UX��YZW)_
�XO�_�[ZUX���XU�W�T/O�R 5 Q@[�UBTVR�UXU^á��ÏW

_^`@`@Y¯TVYZO^WK� σ2(2) YZ�ÙU���Q@_^[MTVO 2/45 á�çjU�T�Q@��\�Y¯ð�U-_
� *^U´TV����O?�×N@R�O O��$�8O�R*T��@U&\�UXW@U�RV_^[
R�UX��Q@[�TXáÙíFO�R z ≥ 3 �KTV�1UÙRV_^W@`1O�� ð�_^R�YZ_^S@[�U Xz

n
�2_^W�SPUÙYZW�ð�O�[¯ð�U�`�Y�W�TVO-_B��Q@YZ�+*���O^R�T�ôr[ZY *^U

R�UX��Q@R�R�UXW@��UhU���QF_�TVY�O�Wc����UXUhî -Î_^W@\/_^W@`¥ñ�UXY�W@YZW1\�UXR��FÀ^Â�Â�À��

Xn = XJ + X∗
n−J + tn

�DÀ á Ã��

-��@UXR�U J Y��MQ@W@Y8�8O�R���[#��T�_ *^UXW �8R�O^� TV�1U���U�T {1, . . . , n − 1} _�W@`¦TV�@U � "%$6$-�8Q@W1��TVY�O�W tn
Y��

UX��QF_^[KT�O
tn = δn,z

-��@UXR�U δn,z
`@UXW1O^TVU���T��@U �]R�O�W1UX�+*^U�R/�.���*S�O^[±á �ÏW!TV�1YZ�ÙUX��QF_6TVYZO^WK� X _�W@` X∗ _^R�U¦Y�W ô

`@UXNPUXW@`1UXW�T³��O�N@Y�UX� -��@Y�������O�R�R�UX��N�O�W1`�T�O&T��@U*ð�_^[ZQ1UX�]O�S1TV_^YZW1UX` �8O�R×T��@UÙ[ZU �ÓTa_^W@`�R�Y�\���T
��Q@S1T�R�U�UX�h_?�ÓTVU�Ra_&��N@[ZY¯Ta_�T]T��@U�R�O�O^T]O���TV�@UÙT�R�UXU�áÙ�M�@U)�8O�R��/_^[:UÞõ N@R�U�����Y�O�W�O��àT��@UÙð�_^R�Y¢ô
_^W@�XU�O�� Xz

n
-f_^���XO^�/N@Q TVUX`�Q@��YZW@\&UX��QF_6TVYZO^W%�DÀ á Ã��]_^W@`�UX[ZU��/U�W�T�_^R.��N@R�O�\�RV_��/��YZW@\�YZW

���
	���
 ápíFO�R n ≥ 2z + 1 � -àUaO�S1TV_^YZW@U�`BTV�F_6T ��_^R [Xz
n] = σ2(z)n -�Y¯TV� σ2(z) \�Y¯ð�UXW&SH�

TV�@Ua�M�@U�O�R�U��¥á~�M�@U�<FWF_�[jR�UX��Q@[�TF�8O^[Z[ZO/-��
�8R�O�� î -f_^W1\�_^W1`¥ñ�UXY�W@YZW@\^UXR��±À�Â�Â�À��Þá
�hEP© ©�L�¬�04ª�� è·RV_�T��@UXRp`@Y�R�U���TpN@R�O O���O����M�@UXO^R�UX� À×�X_^W/SPU��8O�Q@W1`/Y�W>��êyU�ð�R�O@�^U^�

Á �
�1ÁH�Þá)êyU�ð�R�O �^U>��TV_�TVU���T��@U&R�U���Q@[¯T,�8O^RÙS@YZWF_�R��!��U2_^R���� TVR�UXU��Xá%�?O�O�S1T�_�YZW!TV�@U-_^SPO4ð�U
R�UX��Q@[�TX�jY�Ta�*Q1��TaSPU���O�`@Y#<FU�`�_^�X��O�R�`1YZW@\¦TVO¦T��@U�O�W@U´ô±TVO�ôrO�W@UÙ��O�R�R�UX��NPO�W@`1UXW@��U/SPU�T -àUXU�W
S@YZWF_�R�� ��U2_�R�����T�R�U�UX�-_^W@` 5 Q@[�U�TVR�U�UX��á è S@YZWF_�R�����U2_^R�����T�R�UXU -�Y¯TV� (n − 1) W@O�`@UX�
�XO�R�R�UX��N�O^W@`@�yY�`@UXW�T�YZ�2_�[Z[#��TVOB_ 5 Q@[ZUaTVR�UXU -�Y�TV� n [�U2_2ð�U�������UXUhèy[Z`1O�Q@�X�lÀ^Â�Â ÁH�´áMè�W@O^TV�1UXR
N@R�O�O��+�8O^R<T��@U��/UX_^W³_�W@`hð�_^R�Y�_^W@��U �8O�R��*Q1[�_^U -Î_^�?\�Y�ð^UXW³SH�hä�O���U�W�SPUXR�\Ù�DÀ^Â�Â � �lSH��N@Q@R�UX[8�

� Â
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�XO��*S1YZWF_�T�O�R�YZ_^[§TVUX���1W@YZ��Q@U��Xá
íFO�Rà_^[�[ z ≥ 2 _^W@` n ��Q+"���YZUXW�T�[#��[�_^R�\�U^�H<@ð^U×NPUXR���UXW�TM[�U�ð�U�[l��O�W+<F`@U�W@�XUyYZW�TVU�R�ð�_^[Z�;�8O�R

�8R�UX��Q@U�W@�XY�UX��_^R�U]\^Y�ð�U�W¥SH�

−1.96σ(z)

√
n

n − 1
< fn(z) < +1.96σ(z)

√
n

n − 1

�M�@U�_^�X��Q@RV_^� �]O���TV�1Up_^N@N@R�O4õ Y���_�T�YZO�Wy`@UXNPUXW@`1�CO�W z áwíFO�R z ≤ 10 �4��YZ�*Q1[�_�T�YZO�W�U�ð�YZ`@U�W@�XU��
���@O/- T��F_�Thìa_^Q@����Y�_�W�`1YZ��T�R�Y�S@Q1TVY�O�W@�×N1R�O4ð�YZ`@UÙ\�O�O�` <@TaTVO¦TV�@UÙU��/N1YZR�Y��2_^[C`@YZ��TVR�YZS@Q1T�YZO�W1�
O�� fn(z) _^����O�O�W-_^� n ≥ 30 á

��������� ��|�� knËyÉ�k�i�|j}

�COB��O�W@��[ZQ@`@UhTV�@Y�����UX��T�YZO�Wl��-àUÙN@R�O�NPO���U*_�W@U -'��T�_6TVYZ��TVY��hSF_���UX`
O^W>TV�@U³�XO���NF_^R�YZ��O^W>O��
TV�@U/UX��N@YZR�YZ�2_�[~_^W@`�T��@UXO^R�U�T�YZ�X_^[p`@YZ��TVR�Y�S@Q1T�YZO�W@�aO��ÎTV�@U/W�Q1�*S�U�R³O��f��Q@S1T�R�U�UX�*Q@W1`@UXR³T��@U
5 Q@[ZU]��O `1UX[±á:�M�@YZ�MY�W@`@U´õ¦YZ�M`@U <FW@UX`>_^��_ -ÎU�YZ\���TVU�` `1

`@YZ��T�_^W1�XU

D =

n
∑

z=2

z |fn(z) − pn(z)|

-��@UXR�U�T��@U]��Q@� R�Q@W@��O4ð�U�R�T��@U�_^[Z[�N�O�����Y�S@[ZU]��Q@S@��U´Ty��Y 5�UX��Q@W@`@U�Ry_�W¥_�R�S@Y¯TVRV_�R��BW1O `@U�á
�ÏW���N@Y�R�Y�TX��T��@Uy��U�T�R�Y�� D YZ�Î��O���NF_^RV_�S@[ZUMTVOhTV�@U×ï1_^�+*�YZWK� �fY�W@`@U´õ���\�Y�ð�Y�W@\³Y��/NPO�R�TV_^W@��U
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� L �´áàî�O/-àU�ð�U�RX�PTV�@U���Uh_^Q1TV�1O�R���N@R�O^N�O���UX`
TV�@Upð�_^[ZQ@U�Á�á � ( �8O�R<��TV_�TVY���TVY��2_^[���YZ\�W1Y#<F�X_^W@�XU�_�T?TV�1U�<@ð^UÎNPUXR��XUXW�T:[ZU�ð^UX[��±ìa_^Q@����YZ_^W³_�N@N@R�O2õ�ô
YZ�/_�TVY�O�W§�´á �cUfN@R�O�NPO���Uf��O�R�R�UX�´TVYZO^W@�CT��F_�T~_��X�XO^Q@W�T �8O�RCT��@U
��_^�´T:TV�@_�T:T��@Uf`@Y���TVR�YZS@Q TVYZO^W³O��
TV�@U]W@O^R��/_^[ZY#5XUX`-ï _^�+*�YZWK� ��YZW@`@UÞõ¦Y��MW@O�W¥ì�_�Q@����Y�_^WKápíFO�R n = 30 T�_Hõ@_ �1TV�@U�<1ð�U�N�U�R��XU�W�T
R�U ��U���T�YZO�W-_^R�U2_Ù�2_^W-SPU�`1UX����R�Y�S�U�`>_^�

Is < −0.72 or Is > 1.24

í§O^R n = 100 �1TV�1U�<1ð�U�N�U�R��XU�W�T�R�U ��U���TVY�O�W¥_^R�UX_�Y��M��[�YZ\���TV[8��`1Y#A�UXR�U�W�T

Is < −0.87 or Is > 1.43.
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-�Y�TV�¦T��@UaUX��N@YZR�YZ�2_�[�`@Y���T�R�YZS1Q1TVY�O�W0-f_���W1O^TVY��XUX` �8O�R n = 100 á
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YZ�2_�[Z[#�^á
é~�/N1YZR�Y��2_^[p��QF_^W�T�YZ[ZU����8O�R³��_^��N@[ZU��*O�����Y#5XU n = 30, 100, 200 �2_^W�SPUB`@UX`1Q@�XU�`
�8R�O�� TV�@U�íCYZ\�Q@R�U�À á À á��M�@UÙTVUX��TaYZ�]��YZ\�W@Y8<F�2_�W�T]_�T×TV�1U�<@ð�U�NPUXR���UXW�T�[ZU´ð�UX[:Y#� D > 5.10
�8O�R n = 30 � D > 8.04 �8O�R n = 100 _^W@` D > 9.65 �8O�R n = 200 á]ï�YZ�*Q@[Z_�TVY�O�W&R�U���Q@[¯TV�
���@O/-'TV�F_�T D ���@O^Q@[Z`
SPU*�XO^R�R�U���T�UX`
TVO D̃ = D − 2.27 log(n) + 3.62 ��_^[Z��O���T�NPUXR��8U���T
[ZO�\�ôr[ZY�W@U2_^R;<@T��´á~�M�@U�<@ð�U�NPUXR���UXW�T�R�U ��UX��T�YZO�W¥_^R�U2_ÙYZ� D̃ > 1.25 �8O^RM[�_^R�\�U n á
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TV�F_�T³TV�@UB��N�U��XYZ_�TVY�O�W!RV_�T�UBO���_���N�U��XY#<@�¦[ZYZW1U2_^\�U/YZ�*U���QF_^[ÎT�O r � 0 ≤ r ≤ 1 �Þá ���1UXW
_&��N�U��XY�UX� -�Y�T��
��NPUX�XYZ_�TVY�O�W
RV_6TVU r ��N@[ZY¯TV�X�jO^W@UÙO��àY�TV�y`@UX���XUXW1`@UXW�T*��N�U��XY�UX�aYZ�]\�Y¯ð�U�W�T��@U
RV_�T�U pr _^W@` T��@U¦O^TV�1UXR*Y��³\�Y¯ð�UXW T��@U¦��NPUX��Y�_�T�YZO�W�RV_�T�U (1 − p)r -��1UXR�U p YZ�'<1õ U�` �8O^R
TV�@U¦U�W�T�YZR�U&T�R�U�U^á �M�@U���U-RV_�T�UX��_^R�U¦U�A�UX��T�Y�ð^U-Q1W�T�YZ[ÎT��@U¦`F_^Q1\���TVUXR���N�U��XYZU��ÙTV�@U��/��UX[�ð^UX�
��NPUX�XYZ_�TVU�á ��_�[ZQ@U��/O�� p �X[�O���U&TVO�Â�O�R-ÁD��YZU�[Z`)ð�UXR.�%Y��*SF_^[Z_^W@��UX`�TVR�U�UX� -��1YZ[ZU¦ð�_^[�Q@UX�
_^R�O�Q1W@`-Â1á Ã*[�U2_^`¦TVO�O4ð�U�R�ôrSF_^[�_�W@�XU�`¥N@�H��[ZO^\�UXW@Y�UX��á

�cU]��Y��*Q@[Z_�TVU�`�TV�@Y��M�/O�`@U�[ �8O�Rf`1Y#A�UXR�U�W�T�W�Q1�*S�U�R��MO��C��NPUX��YZU�� n = 30, 100, 200 _^W@`
`@Y#A�UXR�UXW�Twð�_^[ZQ1UX�wO�� p á:�M�@UM��O���TwYZW�TVU�R�UX��TVY�W@\yð�_^[ZQ1UX�~_^R�UM_^R�O�Q@W@` p = 0.12−0.15 -��@U�R�U
Y�Tà��_0�/��O���U�T�YZ��UX��S�U×`1Y#"��XQ@[¯TÎT�O*`@U�T�UX�´TfTV�@UyYZ�*SF_�[�_^W@��U�ð�Y���QF_^[�[#�^áw����NPUyT -àO�U�R�R�O�R�� β
-ÎU�R�U×�X_^[Z��Q@[ZU�`,�8R�O�� 10, 000 YZW@`1UXNPUXW@`@U�W�T��¥O�W�TVU×�f_^R�[�OhR�UXNPU�T�Y�TVY�O�W@�à_^W@`�T��@U�T � NPU×O�W1U
UXR�R�O�R α -Î_^�$< õ1U�`�_�TMT��@Ua[ZU´ð�UX[jO?�~Ã*NPUXR���UXW�T2á

�BL�ª29CAÓ0Hª �M�@UÎR�UX��Q@[�T��w_^R�UàR�UXNPO�R�T�UX`*Y�W³�C_^S@[�UX�~À�á�Á��^À á À ��_�W@`�À á L á?�M�@UfNPUXR��8O^R��/_^W@�XU�O��
TV�@U���TV_�TVY���TVY��X� fn(z) TVOh`@U�T�UX�´TfYZ�³SF_^[�_�W@�XU -àUXR�U -ÎUX_ *��8O�Rà����_�[Z[?� n = 30 �~N@�H��[ZO�\^UXW@Y�UX�Xá
�M�@U�� -àUXR�UM��Y�\���TV[#�hSPU�T�T�UXRE�8O�R:[�_^R�\�UXR?TVR�U�UX� n = 100−200 áCè��/O^W@\]��Q@S TVR�U�UX��� ��O�Q@W�TVY�W@\
TV�@UpW�Q@�*SPUXR<O��1���@UXR�R�YZU��:_�N@N�UX_^R�U�`�T�O�S�UpTV�@Up��O���T<U "��XYZU�W�T -Î_0�aO��1`1U�TVU���T�YZW@\�`@UXN@_^R�T�Q@R�U
�8R�O�� T��@U 5 Q1[ZU��/O�`@U�[±á¦ëyð^UXRV_�[Z[±� fn(z) _^W@` Chn

���@O/-ÎU�` ð�U�R���[ZO/- NPO/-ÎU�R7�8O�Rh_^[�[ z �
_^W@` -ÎU -àO�Q@[Z`&W@O�T�R�UX��O��/��UXW1`&T��@UXY�RMQ@��U��8O�RfT�UX��TVYZW1\/Y��*SF_^[Z_^W@�XU�á

ï _^�+*�YZW���T�_�T�YZ��T�YZ��� Is
_�W@`>TV�1U D `1YZ��TV_^W@��U -àUXR�Uhð�UXR.�>NPO/-ÎU�R��8Q@[C_^���XO�W@��UXR�W@UX`
�@Y�\��

`@UX��UX��Q@YZ[�YZS@R�YZQ@�-�:Y�U p = 0.05 �8O�R n = 30 �p_^W@` p ≤ 0.1 �8O�R n = 100, 200 á
�ÏW!TV�@Y��
��Y�T�QF_�T�YZO�WK� Is

-f_��×��Y�\���TV[#�¥��O�R�UhN�O/-àUXR��8Q1[:TV�F_�W D á ���@UXW�Y��*SF_^[Z_^W@�XU�YZ��[ZU����×U´ð Y�`@UXW�T
p = 0.125 − 15 �@TV�1U�NPUXR.�8O�R��/_^W@��UX��O��CS�O�TV�-YZW@`@Y��XU��M`@UX��R�U2_���UX`láÎ�ÏW&TV�@Y�����Y�T�QF_�TVY�O�WK� -ÎU
T � N1YZ�2_�[Z[#��O�S1TV_^YZW@U�` ,)( % O��:U�R�R�O�R����8O�R D -��@YZ[�U×TV�@Y���R�_�TVY�O -f_���U���Q@_^[jTVO ��À % �8O�R Is

á
�M�@UB`@U��XR�UX_^��U¦O?�MN�O/-àUXR -Î_^�³T���Q@�*��[�O/-ÎU�R'�8O�R D á>�M�@U�[�_^��T³R�O -��³O����:_�S@[ZU��ÙÀ á¯Á��pÀ á À
_^W@`&À á L ���@O/-�T��F_�T D -Î_^�fQ@WF_�S@[ZU�TVO*`@U´TVU���TMO4ð�U�R�ôrSF_^[�_�W@�XU�`BTVR�U�UX� -��1YZ[ZU Is

NPUXR��8O^R���UX`
RV_�T��@UXR -àUX[�[jYZW¦TV�@Y��MR�U�\�_^R�`c�8`@Q@UaTVOÙTV�@U]T -àO�ôÏ��YZ`@U�`-T�UX��TÞ�´á

� �



�fî�è×ã~��épä'À á·ë]ñ�ï �?è~�M��ï �M���Îèyç���é�ï ��ï¥ë]í)ãpî 5 ç?ëaì�épñyé~�M������ä�épé
���>âÎè×çjèyñ×�féFI§��îyé·ï è�� �]�nñ�è×ñ�ê ë×��îyépä �nñ�êy���fé�ï>ä�é �y��ï �Ï��épê

n = 30 D Is fn(2) fn(3) fn(4) fn(5) fn(6) fn(7) fn(8)
p
p = 0.05 0.02 0.005 0.79 0.80 0.95 1 − − −
p = 0.1 0.42 0.36 0.95 0.96 0.98 1 − − −
p = 0.125 0.69 0.72 0.96 0.96 0.99 1 − − −
p = 0.15 0.86 0.92 0.97 0.96 0.98 1 − − −
p = 0.25 0.99 0.98 0.97 0.95 0.98 0.99 0.99 0.96 0.99
p = 0.4 0.99 0.35 0.93 0.94 0.97 1 0.99 0.96 0.99
p = 0.5 1 0.11 0.92 0.93 0.97 1 1 0.95 0.98

�:_^S1[ZUaÀ á¯Á/I  �B9:3 ���J"N3�8�8 "%8 β � "%8 � -:3 /2$ � 3�8B =/�� &��23 - �B9:" �6-:3+(�&)( H1
"��	��& /%(?3 � ( 9:3+>�& /�� & "% 

��&�� -�90/28 /21N3�� 3�8 ( n = 30 *�/2 � p = 0.05 − 0.5 >+"%1!9=@ � 3 � �B8 "%1 � 
?* 
�
�
�8 3 9:3�� &�� & "% 0(��
 -:3 � �+9:3�"% #353�8B8 "%8 &)( α = 0.05 �

n = 100 D Is fn(2) fn(3) fn(4) fn(5) fn(6) fn(7) fn(8) fn(9) fn(10)
p

p = 0.05 0 0 0.21 0.96 0.99 0.99 0.98 0.97 0.90 − −
p = 0.1 0.01 0.00 0.55 0.88 0.99 0.98 0.97 0.94 0.94 − −

p = 0.125 0.24 0.27 0.78 0.90 0.98 0.99 0.98 0.94 0.93 0.92 −
p = 0.15 0.77 0.90 0.91 0.92 0.98 0.99 0.98 0.96 0.94 0.96 −
p = 0.25 0.99 0.98 0.89 0.95 0.97 0.97 0.97 0.94 − − −
p = 0.4 0.99 0 0.63 0.92 0.96 0.96 0.96 0.96 0.92 − −
p = 0.5 1 0 0.57 0.91 0.95 0.96 0.95 0.95 0.92 − −

�:_^S1[ZUaÀ á À%I  �B9:3 ���J"N3�8�8 "%8 β � "%8 � -:3 /2$ � 3�8B =/�� &��23 - �B9:" �6-:3+(�&)( H1
"��	��& /%(?3 � ( 9:3+>�& /�� & "% 

��&�� - 90/28 /21N3�� 3�8 ( n = 100 *!/2 � p = 0.05 − 0.5 >+"%1!9=@ � 3 �	�B8 "%1 � 
?* 
�
�
�8 3 9:3�� &�� & "% 0(��
 -:3 � �+9:3�"% #353�8B8 "%8 &)( α = 0.05 �

� Ã



À á Ã á�é��yè]�>ãpç<é

n = 200 D Is fn(2) fn(3) fn(4) fn(5) fn(6) fn(7) fn(8) fn(9) fn(10)
p

p = 0.05 0.02 0.01 0.001 0.75 0.99 0.90 0.87 0.88 0.92 0.92 0.96
p = 0.1 0.42 0.36 0.49 0.77 0.88 0.97 0.99 0.96 0.93 0.84 0.82

p = 0.125 0.69 0.71 0.83 0.92 0.91 0.94 0.98 0.98 0.97 0.92 0.90
p = 0.15 0.86 0.92 0.93 0.95 0.94 0.94 0.98 0.98 0.98 0.97 0.95
p = 0.25 1 0.92 0.81 0.93 0.93 0.93 0.97 0.97 0.97 0.95 0.95
p = 0.4 1 0.0 0.32 0.86 0.92 0.92 0.95 0.96 0.96 0.96 0.95
p = 0.5 1 0.0 0.24 0.85 0.91 0.92 0.95 0.96 0.96 0.96 0.95

�:_^S1[ZUaÀ á L I  �B9:3 ���J"N3�8�8 "%8 β � "%8 � -:3 /2$ � 3�8B =/�� &��23 - �B9:" �6-:3+(�&)( H1
"��	��& /%(?3 � ( 9:3+>�& /�� & "% 

��&�� - 90/28 /21N3�� 3�8 ( n = 200 *!/2 � p = 0.05 − 0.5 >+"%1!9=@ � 3 �	�B8 "%1 � 
?* 
�
�
�8 3 9:3�� &�� & "% 0(��
 -:3 � �+9:3�"% #353�8B8 "%8 &)( α = 0.05 �

�	��� ��� �7� � � �

�M�@YZ�Ù��UX��T�YZO�W _^WF_�[#�-5XU��/_
`F_6T�_^��U�T�T�_ *�UXW �8R�O�� TV�@U&[ZY¯TVU�RV_�T�Q@R�U�� 5 Q@��Y��æU´T�_�[±á¯�ÎÀ�Â�Â1ÁH�Þá
ï U�ð^UXRV_�[a_^Q1TV�1O�R��&_�T�TVU��/N1T�UX`·TVO!Y�W+�8UXR��@YZ��TVO�R�YZ�2_�[$�8UX_�TVQ@R�UX�&O��aTV�1Uc_��X��Q@YZR�UX`�YZ���*Q@W1U
`@U�<F��YZU�W@�����.� W1`@R�O���U³��èy�nê×ï@�pQ1��YZW1\h��Q@�/_^W�YZ���*Q@W@O�`@U <F�XY�UXW@� �*ð�YZR�Q1�pT ��NPUhÁ³�Dî�� ��ôVÁH�
��UX��Q@U�W@�XU��Xá��M�@UXR�U×_^R�U�T��@R�U�U�`1YZ��T�YZW@�´TVY¯ð�UF�8O�R�� O��<î�� ��ô�Á³�±�c� ë*� ñy�´á ì]R�O�Q@N�� ��O�W�T�_^Y�W@�
TV�@U�ð�YZR�Q1��UX� -��@YZ��� �X_^Q@��U/TV�1U�\�[�O�SF_^[pî�� �ÌNF_�W@`@UX��YZ�/_^W@`�_^N@NPU2_^RaTVO¥�F_2ð�U¦_�R�YZ��UXWcYZW
�ÎUXW�TVR�_^[lè$�8R�YZ�X_h`@Q1R�YZW1\³TV�@Uy[�_^��TyÁ4Â^Â:��UX_^R��a����O�R�S�U�RfU�Tf_^[±á¯�1À^Â�Â�Â��Þá �×Y�`F_^[§U�TM_^[±áf�±À^Â�Â^Â��
YZW�ð�U���TVY�\�_�T�UX`cT��@U�\�UXW@U´TVY��/`@Y¯ð�U�R���Y¯T ��O��Mî�� ��ôVÁ�\�R�O�Q@N�� YZW�TV�1YZ��R�UX\^YZO�W�SH��O�S1T�_�YZW@Y�W@\
ð Y�RV_^[�\�U�W@UÎ��UX��Q@U�W@�XU���Y�W�Á ���H9F�8R�O��ÅÁ �H9�YZW+�8U���TVU�`*YZW1`@Y�ð�YZ`1QF_^[Z�j[�Y�ð�YZW1\�Y�WhT��@UfêyU��/O��XR�_�TVY��
ä�U�N@Q@S@[�YZ�]O��~�ÎO�W@\�O@á 5 Q@��Y�� U�T�_^[Dá×�DÀ^Â�Â1ÁH�fQ@��UX`>_/�/_6õ YZ�*Q@� [ZY *^UX[�YZ�@O�O�`¦_^N@N@R�O�_^���-TVO
UX��T�YZ�/_�TVUa_�N@�H��[ZO�\^UXWH� �8O�RfTV�1YZ��[�_^R�\�U]`F_�TV_���U�TX��_�W@`¥Y¯T�YZ�fT��@YZ��N@�H��[ZO�\^UXWH�¦TV�F_6T -àU�Q@��U
�@UXR�U^áp�M�@UaN@�H��[ZO�\�U�WH�&YZ��_2ð�_^YZ[Z_^S�UJ�8R�O�� TV�@U�ä
NF_��+*�_�\�U /�9:3a��ã:_^R�_^`@YZ�MU´T�_^[±á¯�§À^Â�Â � �´á

��O�R�SPUXR<U´T:_�[±áÎ�±À^Â�Â^Â���UX��TVY���_�T�UX`aTV�@U~T�YZ��U~��YZW1�XU~TV�@U���O���T<R�UX�XU�W�Tw�XO^�/��O�W�_^W@��UX��T�O�R
O�� T��@U�î�� ��ô�Á~TV�F_�W *��?T�O�T��@YZ�KT�R�U�U^��_^W@`aTV�@Y���-f_^�?�XO^�/NF_�R�UX` -�Y¯TV��_M�XO�_^[�UX���XUXW�T:_^N@N@R�O�_^���
S � 5 Q@��Y�� U�T�_�[±áM�DÀ^Â�Â1Á4�´á:�M�1UX��U -àO�R *�� -ÎU�R�U�SF_^��UX`�O�WÙTV�@U�_^����Q@��N1T�YZO�W�O��l_×�/O^[ZUX��Q@[�_�R
�X[ZO��+*§�@O�RM_Ù��O�W@��TV_^W�T�RV_�T�U]O��?U�ð^O�[ZQ1T�YZO�W&_��/O�W1\*U2_^���-[ZY�W@U2_�\�U^á~ä�_^�*S@_^Q1TfU´T�_^[±áM�±À^Â�Â ÁH�
W@O^TVY��XU�`/TV�@_�T�Y�T�YZ��Q@W@[�Y *^U�[#�*T��F_�TpTV�1YZ�àî�� ��ôVÁy`F_6T�_a��U�TÎ�F_^��S�U�UXWBU´ð�O�[¯ð�YZW@\h_^�X��O�R�`1YZW@\�TVO
TV�@Y����H��NPO^TV�@U���Y��Xá¦�M�@U�R�U��8O^R�U^�CTV�@U�\�O�O `@W1UX���nôÏO���ô <@TaO�� 5 Q1[ZU�O�Ra�XO�_�[ZUX���XU�W�T¦��U�����U�W�TVY�_�[Z[#�
TV�@Ua�V_��/U×T�O�N�O^[ZO�\�Y��2_^[P��O `@U�[Ó��T�OÙTV�@Y��M`F_�T�_���U�T��F_���T�O�S�U]TVU���T�UX`Ká

� (



�fî�è×ã~��épä'À á·ë]ñ�ï �?è~�M��ï �M���Îèyç���é�ï ��ï¥ë]í)ãpî 5 ç?ëaì�épñyé~�M������ä�épé
���>âÎè×çjèyñ×�féFI§��îyé·ï è�� �]�nñ�è×ñ�ê ë×��îyépä �nñ�êy���fé�ï>ä�é �y��ï �Ï��épê

z = 2 z = 3 z = 4 z = 5 z = 6 z = 7
theoretical .335 .167 .100 .067 .047 .035
empirical .312 .140 .114 .057 .057 .036

�:_^S1[ZU�À á � I	 -:3+"%8+3�� & > /2$:/2 ��3�1!9=&68�& > /2$ �2&)(�� 8B& ��@ � & "% fn(z) "�� � -:3
(�&��%3 "�� (�@ ��(?3��6( &6 �6-:3
� ��� 7 �	9:- �%$)" �43� � �28 "%@?9����  -:3	 :@41���3�8 "��5(?3 ��@ 3� #>+3+( &)( n = 192 * /2 � z �43� #" � 3+(
� -:3 (�&��%35"�� (�@ ��(?3��6(��

�?OB_�����U����yT��@U:<1T�T�OB_ 5 Q@[ZU��/O�`@U�[±� -àU³�XO^�/N@Q TVUX`-TV�@UhW@O�R���_^[�Y 5�UX`¥ï1_^�+*�YZW¥YZW@`1U´õ��
TV�@U�UX��N@YZR�YZ�X_^[:`@Y���T�R�YZS1Q1TVY�O�W�O��f��Q@S@��U´T*��Y 5XU��X�:_^W@`�TV�@U -ÎU�YZ\���T�UX` `1

`@YZ��T�_^W@��U D á��M�@U
ï1_^�+*�YZWK� �BY�W@`@U´õ -Î_^�BUX��QF_�[�TVO Is = 0.82 ��ã (Is > 0.82) = 0.10 �Þá �M�@U�U��/N@Y�R�Y��2_^[
`@YZ��TVR�Y�S@Q1T�YZO�W fn(z) O?�a��Q@S@��U�T-��Y#5XU��¦YZ�B\�Y¯ð�U�W·YZW��C_^S@[�U�À á � á��M�@U�TVU���T&N@R�OHð�Y�`@UX`·SH�
TV�@U�O�R�U�� À

|fn(z) − pn(z)| > 1.96σ2(z)
√

n/(n − 1)

-f_^�-W@O�W�ôÏ��Y�\�W@Y8<F�2_^W�T �8O�R-_^[�[ z ≤ 10 á �M�@U�`@YZ��T�_^W1�XU D -Î_^�>U���Q@_^[]TVO D = 9.37
� D̃ = 1.05 �¦_^W@`�TV�@U�N ô±ð�_^[ZQ@U -Î_^�-UX��QF_^[�ã (D̃ > 1.05) ≈ 0.08 á �cUc��O�Q@[�`�W1O^T
�XO�W@��[ZQ@`1UaT�OÙTV�@UaR�U ��UX�´TVYZO^W-O?�CT��@U 5 Q@[ZU]O�RM��O�_^[�UX����UXW�T��/O�`@UX[��Xá

�?O�\�O �8Q@R�TV�@U�RX� -ÎU&R�UX�/_^R *�TV�F_6TÙYZ�*S@_^[�_^W1�XU���YZ\^��T³S�U¦`1U�TVU���T�UX` _�T�_^WH� [�U�ð^UX[MO��
TV�@UaTVR�UXU^�P_^W1`�-àU³��O�W@��Y�`@UXR�UX`¥�XQ1T�TVYZW1\�T��@UhS1RV_^W@���1UX�yO?�:TV�1U�T�R�UXU -��@Y�����-àUXR�U7��_^R��8R�O^�
TV�@U�R�O�O^T2á:êyO�YZW1\³��O1� -àU *^U�N1TfO�W1[#��TV�@U
QnO�[�`ARMY�W�TVUXR�WF_^[PS@RV_�W@���@UX�àTV�F_�TÎ�XO�R�R�U���NPO�W@`@U�`BTVO
TV�@U L Â³O�[Z`1UX��Tf_^W@��UX��T�O�R���á�å�W@`@U�RÎTV�1U×W�Q@[Z[�� ��NPO^TV�1UX��Y��
�8O�R�TV�@U n = 192 ��UX��Q@U�W@�XU��X�FTV�@U
N@R�Q@W1UX`hT�R�U�U����@O�Q@[�`³_�[Z��O�SPU���O���NF_�TVY�S@[ZU -�Y�TV�h_ 5 Q@[ZUp��O `1UX[±á<�ÏWaTV�@Y��<�2_^��U^��T��@Uàï1_^�+*�YZWl���
YZW@`@UÞõ -Î_^�aUX��QF_^[~TVO Is = 1.21 �Dã (Is > 1.21) = 0.03 �ÞáÙ�M�@U/U��/N1YZR�Y��2_^[?`@Y���TVR�YZS@Q TVYZO^W
fn(z) O�����Q@S@��U�Ta��Y 5XU��×YZ�y\�Y�ð^UXW
YZW>�:_^S1[ZUÙÀ�á Ã á]�M�1U³TVU���TaN@R�OHð�Y�`@UX`
SH���M�1UXO�R�UX� À -f_^�
��YZ\^W@Y#<F�X_^W�T��8O�R z = 2 �����1UXR�R�YZU����´áÙ�M�1U�`1YZ��TV_^W@��U D -Î_^�aUX��QF_^[wT�O D = 5.17 _^W@`
T��@U
N ôrð�_^[�Q@U -Î_^��ã (D > 5.17) ≈ 0.04 á~�M�1UX��UaR�UX��Q1[�TV�MN1R�O�SF_�S@[#�/YZW@`1YZ�2_6TVU×_Ù���F_�W@\�U]YZWBT��@U
U�ð�O^[ZQ1T�YZO�WF_�R��cRV_�T�U¦`@Q@R�Y�W@\
TV�@U&U´ð�O�[�Q1TVY�O�W -��@YZ���)�F_^`���O�R�U�YZ��NF_^��T*O�W��X[�_�`@O�\�U�W@UX��YZ�
`@Q@R�Y�W@\ÙTV�@UaUX_^R�[8�BU´õ NF_�W@��Y�O�W¥O?�CT��@U]ð Y�R�Q@��á

� 9



À á Ã á�é��yè]�>ãpç<é

z = 2 z = 3 z = 4 z = 5 z = 6 z = 7
theoretical .344 .172 .103 .068 .049 .036
empirical .241 .172 .103 .068 .068 .068

�:_^S1[ZU/À á Ã%I  -:3+"%8+3�� & > /2$</2 � 3�1!9=&68B& > /2$ �2&)(�� 8B& ��@ � & "% f30(z) "�� � -:3�(�&��%3�"��5(�@���(?3�� (	&6 
� -:3 � � � 7 � 9:- �%$)" �43� � �28 "%@ 9 ���  -:3 � 8 3+3 � /%( 9=8B@A #3 � � " �C3+3 9 � -:3 � 
 "%$ �43+(���&6 � 3�8B =/2$
 #"��43+( � � -:3 � "+9 "�� �6-:3	� 8 3+3 ���

� ,



�fî�è×ã~��épä'À á·ë]ñ�ï �?è~�M��ï �M���Îèyç���é�ï ��ï¥ë]í)ãpî 5 ç?ëaì�épñyé~�M������ä�épé
���>âÎè×çjèyñ×�féFI§��îyé·ï è�� �]�nñ�è×ñ�ê ë×��îyépä �nñ�êy���fé�ï>ä�é �y��ï �Ï��épê
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í:YZ\�Q1R�U�À á À%I � 1!9=&68�& > /2$ >�@A1�@4$ /�� &��23 �2&)(�� 8B& ��@ � & "% �B@4 #>�� & "% 0(�"�� �6-:3 D (�� /�� &)(�� & >	@4 �43�8
� -:3 � @4$)3 1N"��43�$�� "%8 8 /2 �4"%1 � 8+3+3+(�"�� (�&��%3+( n = 30 * n = 100 * /2 � n = 200 �
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À á Ã á�é��yè]�>ãpç<é
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� 7:ª´043H.F£^0

� -àOÙ��TV_�TVY���TVY��X���2_^[�[ZU�`/TV�1Uaï1_^�+*�YZWl���M_�W@`&�ÎO�[�[ZUX���X��YZW@`1YZ�XU��f_^R�UJ�8R�UX��Q@UXW�T�[#�/Q@��U�` �8O^Rà�X_^N ô
TVQ@R�YZW@\ÙTV�1UhSF_�[�_^W@��UaO��wN@�H��[ZO^\�UXW@U´TVY���T�R�UXU��Xáf�ÏW-TV�@Y���_^R�T�YZ�X[�U^�1T��@UX��U³��T�_�T�YZ��T�YZ����_�R�Ua��T�Q@` ô
YZUX`�Q@W@`@U�RfTV�@U 5 Q@[�U×_^W1`¦Q@W@Y#�8O^R��Å�/O�`@U�[lO��<N@�H��[ZO^\�UXW@U´TVY��yTVR�UXUX��ápèy������N1TVO�TVYZ���
�8O�RÎT��@U
�/UX_^WK�@ð�_^R�YZ_^W@��U^�@��OHð�_^R�Y�_^W1�XUaO��:T��@UX��UhY�W@`@Y��XUX��_^R�UaO�S1T�_�YZW@U�`K�F_^� -ÎU�[Z[<_^�MT��@UXY�R�[�YZ��Y�T�YZW@\
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Ã L
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YZ�M`@U�`@YZ�X_�TVU�`-T�O�T��@U 5 Q@[ZU]��O�`@UX[ -��1YZ[ZU�ï�UX��T�YZO�W¥Ã*`@UX_^[Z� -�Y¯TV�&TV�@UaQ@W@Y8�8O�R�� ��O `@U�[±á

�N��� � � � � �:���,	 � �7� � 
 � � � ����� ��� � �%� � � ��� � � ����� ����� � �

� ��
 	�� 
 �2�F���

�ÎO�W@��Y�`@UXRà_�ãp� -�Y�TV� n [ZU2_2ð^UX�Xá�ï _^�+*�YZWK� �Î��T�_�T�YZ��T�YZ��_^`1`@��T��@U�W�Q1�*S�U�RàO?�KYZW�T�UXR�W@_^[§W@O `1UX�
S�U´T -ÎU�UXW>UX_^���>[�U2_?�C_^W1`-T��@UaR�O�O^TMO��CTV�@U]TVR�UXU]TVO��8O�R�� T��@U��8O�[Z[�O -�Y�W@\*Y�W@`@U´õ

Sn =
n
∑

i=1

di ,

-��@UXR�U�T��@U���Q@� R�Q1W@�àO4ð^UXRàT��@U n [�U2_2ð�U��àO?�lTV�1U�T�R�UXU�_^W1` di
YZ�~TV�@U�W�Q@�*SPUXRpO��K_^W@�XU���T�O�R��

�XR�O^����U�`�YZW�TV�1U
NF_�TV� �8R�O�� i TVO T��@U
R�O�O^T��8YZW@��[ZQ@`1YZW@\�TV�@U
R�O O^T��´á'�ÎO�[�[ZU����X�à��TV_�TVY���TVY��
YZW@��N�U���TV�×T��@U*Y�W�T�UXR�WF_^[:W1O `@U��X�jNF_�R�TVY¯TVY�O�W@YZW1\�T��@UÙ[ZUX_4ð^UX�×T��F_�T]`@U�����UXW@`B�8R�O�� TV�1UX� Y�W�TVO
\�R�O�Q1N@��O��:��Y 5�UX� Lj

_^W@` Rj
_^W1`¥��O��/N1Q1TVU��

Cn =
n−1
∑

j=1

|Lj − Rj| ,

-��@UXR�U�TV�1Uy��Q1� R�Q@W@�àOHð^UXR�TV�@U�YZW�TVU�R�WF_^[§W@O�`@U��X�@_�W@` Lj
��R�UX��Nlá Rj

�~�XO^R�R�U���NPO�W@`@�àTVOhT��@U
W�Q1�*S�U�R�O��:[�U2_2ð�U���YZW¦TV�@Ua[�U��ÓTh��R�UX��NKápR�YZ\^��T��Î��Q@S TVR�U�UhQ1W@`@UXR�W@O�`@U j á

ê�UXW@O^T�U M2
TV�1Uf��NF_��XUMO��P_^[�[ S1Y�ð�_^R�YZ_�TVU�����UXW�TVU�R�U�`�N1R�O�SF_�S@YZ[�Y�T �a��U2_^��Q@R�U�� -�Y�T���<FW@Y�T�U

��UX��O�W@`���O��/U�W�TV�wO�W
R
��_^W@` L(X) _^W�UX[ZU��/U�W�T~O�� M2

á.�cUM�F_2ð�UMTV�1U��8O�[Z[�O -�Y�W@\�R�UX��Q@[�TXá

�³G<L�E§3HL�© & � (+(�@41N3�� -:3 � @4$)3 1N"��43�$J"�� ;	 � , "% 0(�& �43�8 �6-:3N1	/�9 T : M2 → M2(�@ >+-��6-0/�� � "%8�/2$6$ ν ∈ M2
�J3!-0/ �23

T (ν) = L
([

U 0

0 U

](

X1

X2

)

+

[

1 − U 0

0 1 − U

](

X ′
1

X ′
2

)

+

(

bS

bC

))

,

��&�� -
(

bS

bC

)

=

(

2U log U + 2(1 − U) log(1 − U) + 1

U log U + (1 − U) log(1 − U) + 1 − 2 min(U, 1 − U)

)

Ã �
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� -:3�8+3 (X1, X2)
* (X ′

1, X
′
2)
/2 � U /28 3 &6 �43 9:3� �43� �:8 /2 �4"%1 �%/28B& /���$)3+(H(�@:>+- � -0/�� L(X1, X2) =

L(X ′
1, X

′
2) = ν /2 � U &)(�@4 :& � "%8�1 " �23�8 � -:3�&6 � 3�8 �%/2$ (0, 1) �  -:3� 0* �J3 -0/ �23

(

Sn − E[Sn]

n
,
Cn − E[Cn]

n

)

d→ (S, C), n → ∞

� -:3�8+3��6-:3 >+"% �23�8 �43� #>+3 -:"%$ �%(�&6 �2&)(�� 8B& ��@ � & "% 0*�/2 � � -:3�$'&61�&�� &6 ���9=8+"��+/���&6$'&�� � �2&)(�� 8B& ��@A7
� & "% &)(	�6-:3�@4 :& ��@ 3�� 
A3 �27)9:"%&6 �J"�� �6-:3�1	/�9 T �

�hEP© ©�L�¬�04ª�� �M�@U*�XO^W�ð^UXR�\�UXW@��U�YZW��M�@U�O�R�U�� L -�YZ[Z[?_^�´TVQF_�[Z[#�&SPU³N1R�O4ð�U�`B�8O^Ry_
��TVR�O�W@\�U�RCT�O�N�O^[ZO�\��]T��F_^W*��O�W�ð�U�R�\�U�W@�XU�YZWh`@YZ��TVR�YZS@Q1T�YZO�Wlá?è��w�2_�W*S�UÎ��UXU�W��8R�O�����UX��T�YZO�W � �
Y�T�YZW1`@UXU�`¥�@O^[Z`@�F�8O�RfT��@U���_^����UXR���T�UXYZW�ô��>_^[�[ZO/-�� d2

ôÏ��U�T�R�YZ�Ù�Dä�_^���@U�ð¥_^W1`>ä��@�����1UXW@`@O^R��n�
Á �
��Ã�� -��@YZ��� -f_�R�RV_�W�T���T��@UaU´õ YZ��TVU�W@�XUh_^W@`&�XO^W�ð^UXR�\�UXW@��U*O��?TV�@Ua��UX�XO^W@`¥��O���UXW�TV��á

�hEP© ©�L�¬�04ª�� �M�@YZ�pR�UX��Q1[�T�U´õ�TVU�W@`@��TV�@U���_^��TpT��F_�TpTV�@U�W@O^R��/_^[ZY#5XUX`/ï1_��+*�Y�W/Y�W@`@UÞõ

S̄n =
Sn − E[Sn]

n
� L á¯ÁH�

�XO�W�ð�U�R�\�U��aYZW�`@Y���T�R�YZS1Q1TVY�O�W¥T�O�TV�@UÙ��_^��U³[ZY��/Y¯T�_^�yTV�1U*W�Q@�*SPUXR×O�����O��/N@_^R�Y���O�W@��YZW>T��@U
��Q1YZ�+*���O�R�TC_^[Z\�O^R�Y�T��@�-álèM�X��O�R�`1YZW@\MTVO�ä�����[�UXRp�nÁ �
�1Á4�´�2TV�1U�[�YZ��Y�T S ��_�TVY���<FU��<_�� �8Q@W@�´TVY�O�WF_^[��
<1õ UX` ôrN�O�Y�W�T�UX��QF_�T�YZO�W&O��?TV�@U��8O�[�[ZO/-�YZW1\³T ��N�U

S
d
= US + (1 − U)S ′ + 2U log U + 2(1 − U) log(1 − U) + 1 � L á À^�

-��@UXR�U S, S ′, U _^R�U&Y�W@`@UXNPUXW1`@UXW�T/RV_^W@`1O��æð�_^R�YZ_^S@[�UX�X� S _^W1` S ′ _^R�U&Y�`@UXW�TVY��2_^[�[#�c`@YZ�nô
TVR�Y�S@Q1T�UX`K� U YZ�¦Q@W@Y8�8O�R���[#� `@Y���TVR�YZS@Q TVUX`�O4ð�U�R-T��@U�YZW�ð�U�R�ð�_^[ (0, 1) �×_^W1`�T��@UcU���QF_^[ZY¯T �
�@O�[Z`1���8O^R�`1YZ��T�R�Y�S@Q1TVY�O�W@��á/ä�UX\�_^R�`@Y�W@\&TV�@U/�ÎO�[�[ZUX���X�<YZW1`@U´õ��<TV�@U)�8Q@W@�´TVYZO^WF_^[�<1õ U�` N�O^YZW�T
UX��QF_�T�YZO�W&SPUX�XO^�/U��

C
d
= UC + (1−U)C ′ + U log U +(1−U) log(1−U) + 1− 2 min(U, 1−U) . � L á L �

�M�1YZ�ÎY��f_ -ÎU�[Z[¯ô *�W@O/-�WBR�U���Q@[¯TfYZW/������T�UX�/_�TVY��yS@Y�O�[ZO^\��*TV�@_�TÎT��@UyUÞõ1NPUX�´T�_�T�YZO�W�O�� Sn
Y��

Ã�Ã
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��ä�épéàï

O��:O^R�`@U�R 2n log n á��¥O�R�UaN@R�U��XYZ��UX[8��� �]YZR *�N@_�TVR�YZ�+*B_�W@`¥ï [�_�T *�YZWc��Á ��� L �à���@O/-ÎU�`>TV�F_6T

E[Sn] = 2n

n
∑

j=2

1

j

_^W@`
E[Sn] = 2n ln n + (2γ − 2)n + o(n) ,

-��@UXR�U γ YZ��T��@UÙé~Q@[�UXRy��O�W@��T�_^W�T2áaå���Y�W@\�TV�1U*�XO�W1W@UX�´TVYZO^W�TVO�T��@U*��Q@YZ�+*���O�R�Ta_�[Z\�O�R�Y�T��@�¥�
TV�@Uwð�_^R�Y�_^W@��U~O���TV�@U~[�YZ��Y�TVY�W@\�`@YZ��TVR�Y�S@Q1T�YZO�W×�X_^WaS�UpO�S T�_^Y�W@UX`a_^���XO�R�`@YZW1\�T�O �aW�Q1T��/��Á �H9 L �
_^�

Var[Sn] ∼
(

7 − 2
π2

3

)

n2, n → ∞ .

�M�@UX��U�R�U���Q@[¯TV���2_^W�SPU/UÞõ T�UXW@`1UX`�T�O-T��@U/�X_^��U�O��àTV�@U��ÎO�[Z[�UX���X�jYZW1`@U´õ�_��7�8O�[�[ZO/-��X� -�Y¯TV�
TV�@UaR�U���_�R */T��F_�T Sn

_^W1` Cn
_�R�U]��T�R�O�W1\�[#���XO�R�R�UX[Z_�TVU�` �8O�RM[�_^R�\�Uaã~�]����á

�³G<L�E§3HL�© � � (+(�@41N3 �6-:3 � @A$)3�1N"��43�$."�� ;� �  -:3� 0* �J3 -0/ �23

E[Cn] = n log n + (γ − 1 − log 2)n + o(n) � L á � �

Var[Cn] ∼ (3 − π2

6
− log 2)n2 � L á Ã��

Cor[Sn, Cn] ∼ 27 − 2π2 − 6 log 2
√

2(18 − π2 − 6 log 2)(21 − 2π2)
≈ 0.98 � L á ( �

/%( n �4"?3+(	� "	&6 �< :&�� ���

ä�UX\�_^R�`@Y�W@\�TV�@U�Q@W@Y8�8O�R�� �/O�`@UX[jO?�pã~�]�P�/_�T��@UX�/_�TVY��2_^[lR�UX��Q@[�T����@_4ð^U³`@U���U�R�ð�U�`
[ZU����
_�T�T�UXW�TVY�O�W
TV�F_^WB�8O�R×T��@U 5 Q@[ZUÙ��O `1UX[±áÙè$�ÓTVU�Rh_�Wc_�N@N@R�O^N@R�YZ_�TVUÙR�UX���X_^[ZY�W@\ -ÎU�N@R�OHð^U�T��@U
�XO�W�ð�U�R�\�U�W@�XU�O��@S�O^T�� Sn

_^W@` Cn
TVO/-f_�R�`³T��@Uf�V_��/Uà��_^R�\�YZW@_^[�N@R�O^SF_^S@Y�[ZY�T �×`@YZ��TVR�Y�S@Q1T�YZO�WK�

_^W@` -ÎU�YZ`@U�W�TVY#� ��TV�@Y��<`@YZ��TVR�Y�S@Q1T�YZO�Wa_^� √8 T�YZ��UX�KT��@UpYZW�TVU�\�RV_^[^O��1T��@Up��T�_�W@`F_^R�`*âÎR�O -�W1Y�_^W
U´õ �XQ@R���Y�O�W e(t)

ω =

∫ 1

0

e(t) dt .

�M�@Ua`@YZ��TVR�Y�S@Q1T�YZO�WBO?�:R�_^W@`@O�� ð^_�R�Y�_�S@[ZU A =
√

8ω YZ� *�W@O/-�W>_^�fTV�@Uaè�YZR���`@YZ��TVR�YZS@Q1T�YZO�Wlá
è �8O�R��*Q@[�_ �8O�R�TV�@UB��O���UXW�TV��O�� A Y��³\�Y¯ð�UXW�S ��í:[Z_@��O�[ZU´Th_^W@`�çjO�Q@���F_�R�`��DÀ^Â�Â1ÁH�Þá>�ÏW
NF_^R�T�YZ��Q@[�_^R�� -àUa�F_2ð�U

E[A] =
√

π ,

Ã (
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_^W@`
V ar[A] =

10 − 3π

3
.

�³G<L�E§3HL�© 4 � (+(�@41N3 �6-:3�@A :& � "%8B1 1N"��43�$."�� ;	 �  -:3� 0* �J3 -0/ �23
(

Sn

n3/2
,

Cn

n3/2

)

d→ (A,A), n → ∞ � L á 9��

� -:3�8+3 � -:3�>+"% �23�8��43� #>+3!-:"%$ �%( &6 �2&)(�� 8B& ��@ � & "% �

�hEP© ©�L�¬�04ª��
Sn

n3/2

d→ A
YZ���/U�`@Y�_�T�UX[8��á��M�@YZ�BR�UX��Q@[�T -f_^�&_���TVQ@_^[Z[8� U���TV_^S@[ZY����@U�`�SH���C_ *6_^�X���nÁ �
�1Á4��Q@��YZW@\ T��@U
�/U´TV�@O�`&O��:��O���UXW�TV��á~�ÏW>_�`@`@Y�T�YZO�W -ÎU�<FW@`&TV�F_6T

E[Sn] ∼ √
πn3/2

_^W@`
Var[Sn] ∼ (

10

3
− π)n3 .

�M�1Uh��O���UXW�TV�MO�� Cn
�8O�[�[ZO/- �8R�O�� TV�@UaW@UÞõ�T��M�1UXO�R�UX�-á

�³G<L�E§3HL�© � � (+(�@41N3 �6-:3�@A :& � "%8B1 1N"��43�$."�� ;	 �  -:3� 0* �J3 -0/ �23

E[Cn] ∼ √
πn3/2,

/2 �
Var[Cn] ∼ 10 − 3π

3
n3

/%( n �4"?3+( � " &6 �< :&�� � � �  / � �2&�� & "% 0* �6-:3 �%/28�& /���$)3+( Sn
/2 � Cn

/28 3 /%( � 1!9 � " � & > /2$6$ �
>+"%8�8 3�$ /�� 3 �

Cor[Sn, Cn] ∼ 1,

Ã/9
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/2 � �J3 -0/ �23 � "%8�/2 � k, ` ≥ 0

E[Ck
n S`

n] ∼ n3(k+`)/2
E[Ak+`]

/%( n �4"?3+(	� "	&6 �< :&�� ���

�N��� � ��� ����� ��� ��
 	 � �:� � � 	������ � � ��������� 
 �2�F���

�CR�UXUX��_^R�U-O��ÓT�UXW%U�W@�XO^Q@W�TVUXR�UX`·Y�W)T��@UXO�R�U�T�YZ�2_�[���O���N@Q1TVU�R/���XY�UXW@��U�_^��`F_�TV_c��T�R�Q@�´TVQ@R�UX�
�XO�W@W1UX��T�UX` -�Y¯TV� �2&��?& �43 /2 � >+"% ���@ 3�8a_�[Z\�O�R�Y�T��@�/��á¦�ÏW TV�@Y��h��UX�´TVYZO^WK� -àUBU´õ N@[Z_^YZW �1O -
S@YZWF_�R��-��UX_^R����
TVR�UXU��]�2_^W
SPU*�/_^N@NPUX`
O�W�TVO�N@�H� [�O�\�U�W@U�T�YZ�³T�R�UXU��]Q@W@Y¯ð�O���Q1UX[#�^�j_^W@`
�1O -
N@R�O�S@_^S@YZ[�YZ��TVYZ����O `@U�[Z���8O�R�âfï �]����_^R�U]TVRV_�W@��NPO�R�T�UX`-O�W&N@R�O^SF_^S@Y�[ZYZ��TVY��y��O `@U�[Z�
�8O^R�ãp�]� �Xá

��.1=C=C5D¬<­ 7C5D¬<.@3/�%ªXL�.@36£�G�043HL�L�ª è�S@Y�WF_^R.�BTVR�UXUa�2_^W-SPUh`@U <FW@U�`>R�U��XQ@R���Y¯ð�UX[8��áà�rT�Y��
UXY�T��@UXR?UX��N1T ��O�R?Y�TCYZ�C_�W@O�`@Uy�8T��@UÎR�O O^T�� -�Y¯TV�h[ZU��ÓTC_^W1`*R�Y�\���T:��Q@S1TVR�UXU��Xáwè S@YZWF_�R��a��UX_^R����
TVR�U�UhY��y_�S@YZW@_^R��BT�R�U�U -��@U�R�U³[Z_^SPUX[Z��_^R�U³_�����O��XYZ_�TVU�`¥T�O�T��@Uhð^UXR�T�YZ��UX�Xá��M�@U���U*[Z_^SPUX[Z��_�R�U
�XO�W@��TVR�_^YZW@U�` IfTV�1U³[�_�S�U�[jO���_�ð^UXR�T�U´õ>YZ��\�R�UX_�TVU�RyO�R�UX��QF_�[CTV�@_^W�_^[�[<[�_^SPUX[�����O�W�T�_^Y�W@UX`>YZW
TV�@U*[�U��ÓT���Q@S TVR�U�U�_^W@`�[�O/-ÎU�R×O�RyU���QF_^[CT��F_^W
_�[Z[?[�_^SPUX[�����O�W�T�_^Y�W@UX`�Y�W>TV�1U³R�Y�\���T×��Q@S1TVR�UXU
�±ï U�`@\�U.-�Y��+**_^W1`�í:[�_@��O^[ZU�TX��ï U���T�YZO�W�Ã�á Ã �1Á �
� ( �Þá:�M�@UfT�RV_^W1���8O�R���_�T�YZO�WaTV�@_�T~�/_^N@�~âMï��]���
YZW�TVO-ã~�]����YZ�]UÞõ N@[�_^Y�W@UX`�SH��èy[�`@O�Q@���nÁ �
��Ã^�´á�ì]Y�ð�U�W�_&âMï�� -�Y�T�� n − 1 ð�U�R�T�YZ�XU��X�?TV�@U
��TVR�Q@��T�Q@R�U�YZ���/O�`@Y8<FUX`/_^�;�8O�[Z[�O -���á �pU�R�TVY��XU��ÎYZW�TV�1U×âMï �·SPUX��O���Uy_^W1�XUX��TVO�R��ÎY�W/TV�1Uyã~�]á
êyO¦`@O¦��O1�lT -ÎO&[�U2_2ð�U��a_^R�U*��O�W@W@U���T�UX`
TVO¦UX_^���
ð�UXR�TVUÞõ�O��p`@U�\�R�U�UÙO�W@U^�K_^W@`
O�W@UÙ[�U2_?�pY��
�XO�W@W1UX��T�UX`)TVO�U2_^���)ð�U�R�TVUÞõ)O���`@UX\�R�UXU¦T -àO@á��M�@U¥R�O O�TÙ�F_^��_���NPUX�XYZ_^[f��T�_�T�Q@�Xá�� �yT��@U
`@UX\�R�UXU�YZ�àÂ1�§ÁyO�RÎÀ ��TV�@U�W&À �§ÁyO�RàÂh[�U2_2ð�U��f_^R�U×_^`1`@UX`Ká:�M�@U×[�_�S�U�[Z�~O��j[�U2_2ð�U��f_^R�Uy���@O^��UXW
_^R�S@Y¯TVR�_^R�Y�[#��_^��O�W@\���TMTV�@U n! N�O�����Y�S@[ZU]O�R�`@UXR��Xá

� -àO�O�S T�_^Y�W@UX`aã~�]� �C_�R�UwU���Q1Y�ð�_^[ZU�W�T<Y#��TV�1UXYZRj[�U��ÓTK_^W@`aR�Y�\���Tj��Q@S TVR�U�UX�?�2_^WaSPUw� -Î_^N@NPUX`
R�UX��Q@R���Y�ð^UX[#�!����UXU�í:Y�\�Q@R�U L á¯ÁH�´á]�M�@UÙ��U�TaO���ã~�]� �]YZ�yT��@U*��U�TaO���UX��Q@Y¯ð�_^[ZU�W@�XU*��[�_^����U����8O�R
TV�@Y��BUX��Q@Y¯ð^_�[ZUXW1�XU�R�U�[�_�T�YZO�WKá'í:Y�\�Q@R�U L á À!\^Y�ð�U��&_!\�RV_^N1�@YZ�X_^[yR�UXN@R�UX��U�W�T�_�T�YZO�W�O���TV�@U���U
TVRV_�W@���8O�R���_6TVYZO^W@�Xá

è ã~�v�/_0��TV�@U�R�U �8O�R�U/_^R�Y���U��8R�O�� TV�1U/��O�W@��T�R�Q@�´TVY�O�WcO?� 2n−1 U���Q1Y�ð�_^[ZU�W�Th��O�`@Y#<FU�`
âMï �]� �XápâÎU��2_^Q@��UMTV�@U�R�U�_^R�U Cn−1

âMï �]� � -�Y�T�� (n−1) ð�U�R�T�YZ�XU��X� -ÎU�O�S T�_^Y�W Cn−1n!/2n−1

Ã ,
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ëaí!����ëvï �?è~�M��ï �M���Mï�ï1épñyï �Ï�M� �]é·��ë ãpî 5 ç?ë�ìaépñyé~�M������ä�épé�âÎè×çjèyñ×�fé

í:YZ\�Q1R�U L á¯Á/I~� -ÎO/\�RV_^N1�@YZ�X_^[KR�U�N@R�U���U�W�TV_�TVY�O�W@��O��?TV�@U��V_^��Uaã~�]á§�M�@U��-_^R�UaYZ`@U�W�T�YZ�X_^[KSH�
� -Î_^N@N@Y�W@\/[�U��ÓT�_�W@`¥R�YZ\��¦��Q@S1T�R�UXU��Xá

N�O�����Y�S@[ZU�ã~�]� �Xáp�M�@YZ�pW�Q@�*SPUXRp��O�YZW@��YZ`@U�� -�Y�TV��TV�1U�T�O^T�_^[1W�Q1�*S�U�RàO?�jã~�]��� -��@Y�����UX��QF_�[Z�
(2n − 3)!! á

�h3HE§7C.17:5�AD5�ª�0H5�£�©�Ej®<L A�ª �M�@U���_^N1N@YZW@\�`@U�����R�YZSPUX`
YZW�TV�@Uc_^SPOHð^UcN@_^RV_^\^RV_^N@��_^[���O
TVRV_�W@���8U�R��BN@R�O�SF_^S1YZ[ZY���T�YZ�¦��O `@U�[Z���8O�R�âMï �]� ��TVO N1R�O�SF_�S@YZ[�YZ��T�YZ�¦��O `1UX[Z���8O�R�ã~�]����ábíFO�R
YZW@��T�_^W@��U^��TV�1UXR�U -�YZ[�[@S�U�_^W�UX��Q@Y¯ð^_�[ZUXW1�XU�S�U´T -ÎU�UXW�T��@U�R�_^W@`@O^� N�U�R��*Q1TV_�TVY�O�W��/O�`@U�[>�8O�R
âMï �]� ���D�>_^�@��O�Q@`l�wÁ �
��À^��_^W@`
T��@U 5 Q@[ZU³�/O�`@UX[��8O�R]ã~�]� �XáÙã~R�O^SF_^S@Y�[ZYZ��TVY��h��O `1UX[Z�J�8O�R
âMï �]� ��� -�Y�T�� n − 1 ð^UXR�T�YZ��UX���×�X_^W
S�U³`@UX���XR�Y�S�U�`�_^�]_B\�U�W@UXR�_^[w�X[Z_^���yO����/O�`@UX[����X_^[Z[�UX`
��8 /2 #>+-4&6 �� � /28 �C" ��9=8 "?>+3+(+(?3+(´á]èv`@U <FW@Y�T�YZO�W>O��pS@RV_�W@���@YZW1\-�>_^R *�O4ð
N@R�O��XU�����UX�a�2_^W
SPU
�8O�Q@W@`-YZW���è�[Z`@O�Q1�X�<Á �
��Ã^�´á<��U�R�U��2_^[�[KTV�@Y���`@U <FW@Y¯TVYZO^W-�1UXR�U�áMçjU�T q̂n−1

SPU³_��������/U´TVR�Y��
N@R�O�S@_^S@YZ[�Y�T ��`@Y���TVR�YZS@Q TVYZO^W¦O�W {0, . . . , n − 2}

q̂n−1(i) = q̂n−1(n − 2 − i), i = 0, . . . , n − 2 .

�ÏW¥TV�1U³S@R�_^W@���@Y�W@\¦�>_�R *^O4ð-N@R�O ��UX������T��@U³��Y 5XU�O��wT��@U³[�U��ÓT���Q1S1TVR�UXU³Y������1O���U�W�_^�X��O�R�`@Y�W@\
TVOcT��@U-N@R�O�S@_^S@YZ[�Y�T ��`@YZ��TVR�Y�S@Q1T�YZO�W q̂n−1

á��M�@YZ��N@R�O��XU�`@Q@R�U>YZ��R�U�N�UX_�TVU�`�R�U��XQ@R���Y¯ð�UX[8�)YZW
��Q@S1T�R�U�UX��_^����Q@��YZW@\³[ZO��2_^[PYZW@`1UXNPUXW@`@U�W@�XU�áp�M�@U]N@R�O^SF_^S@Y�[ZY�T �*`@YZ��TVR�Y�S@Q1T�YZO�W q̂n−1

Y��Î�X_^[Z[�UX`
TV�@U���N@[ZY¯T�T�YZW@\c`@YZ��TVR�Y�S@Q1T�YZO�WKá
�ÏW�T��@U���_^�/U�-f_0����N@R�O^SF_^S@Y�[ZY�T ��`1YZ��T�R�Y�S@Q1TVY�O�W@�/O�W�ã~�]���

Ã��
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í:YZ\�Q1R�U L á À%I>�M�1U-T�RV_^W@�.�8O�R��/_�T�YZO�W�O��]À�S@Y�WF_^R.�!��UX_^R����%T�R�U�UX�/T�O�T��@U-�V_^��U>ã~�]áp�M�@U
U´õ�TVU�W@��Y�O�W
�XO�W1��YZ��TV�]O��p��O�W@W@U���T�YZW@\BT -àO¦[ZUX_4ð^UX�×T�O�ð�U�R�TVY��XU�� -�Y�TV�>O�Q1TV`1UX\�R�UXU�ÂB_^W1`
O�W@U
[ZU2_C�?T�O*ð�U�R�TVY��XU�� -�Y¯TV�&O�Q1T�`@UX\^R�UXUÙÁ^á~�M�@U]T -ÎO�O�S1TV_^YZW@U�`BTVR�UXUX��R�UXN@R�UX��U�W�T�T��@Ua�V_^��U]ã~�]á

-�Y�TV� n [ZU2_2ð^UX�-�2_^W�S�Uc_^����O ��Y�_�T�UX` -�Y�T��
��N1[ZY�T�TVY�W@\!N@R�O^SF_^S@Y�[ZY�T � `@Y���TVR�YZS@Q TVYZO^W@� qn
O�W

{1, . . . , n − 1} áfèfT×UX_^������T�UXNK�§TV�1U³[�_�S�U�[Z�MO��wT��@U�[ZU��ÓT���Q@S1TVR�UXU��lO��~��Y 5�U i �l_^R�Uh��_^��N@[ZU�`
Q@W@Y#�8O^R���[#��_^��O�W@\^��TÎ_^[Z[FTV�1U

(

n

i

)

NPO�����YZS@[�Uy[Z_^S�U�[Z��á:èfTfT��@UyU�W@`¦O��jTV�1Uy�XO^W@��T�R�Q@�´TVYZO^WK�
`@YZ��TVYZW1��TVY�O�W@�f[�U��ÓT�ôÏR�Y�\���TM_^R�Ua�/U�R�UX[8�B��Q@N@N@R�UX����UX` �8O^RMS@Q@YZ[�`@YZW1\³TV�@U�ã~�]á

��L�© ©�. � �!(+(�@A1N3 �6-0/�� T̂n−1
&)( / � �  (�/21!9=$)3 �	/4>+>+"%8 �2&6 �� � "�/ ��8 /2 #>+-4&6 �� � /28 �C" �

9=8+"?>+3+(+( ��&�� - ( 9=$'&�� � &6 ���9=8 "��+/���&6$'&�� � q̂n−1
� � 3� #" � 3 � � Φn

� -:3�� 8 /2 0( � "%8�1	/�� & "% � -4& >+-
>+"% 0(�&)(�� ( "�� 3�
 � 3� �2&6 �� / � �  ��&��6- n − 1 �23�8 � & >+3+(	&6 � "�/�;	 ��&�� - n $)3 / �23+(��  -:3� 
Tn = Φn(T̂n−1)

&)(�/ ;	 (�/21!9=$)3 � /4>+>+"%8 �2&6 �� � " / ��8 /2 #>+-4&6 �� � /28 �C" �	9=8 "?>+3+(+( ��&�� -
( 9=$'&���� &6 �� 9=8 "��+/���&6$'&�� � qn

(�@:>+-�� -0/��

qn(i) = q̂n−1(i − 1), i = 1, . . . , n − 1 .

�h3HEKE§°�� �M�@YZ��YZ�h_>��O�W@��U���Q@UXW@��U¦O��fT��@U�SF_���YZ�/N@R�O^N�U�R�TVY�UX��O�� Φn
á-� ��_¥âMï � �F_�� i

ð�UXR�TVY��XUX��Y�W!Y�TV�³[ZU��ÓT*��Q@S1T�R�U�U^�àT��@U¦R�U���Q@[¯TVY�W@\�ã~� �F_�� i + 1 [�U2_2ð�U���YZW!O�W@U¦O?��T��@U¦T -ÎO
( Â
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ëaí!����ëvï �?è~�M��ï �M���Mï�ï1épñyï �Ï�M� �]é·��ë ãpî 5 ç?ë�ìaépñyé~�M������ä�épé�âÎè×çjèyñ×�fé

��Q@S1T�R�U�UX�³O?�ÎTV�1U/R�O O^TXá/�M�1U/�.� ����U�TVR.��N@R�O^N�U�R�T ��O�� q̂n
YZW@��Q@R�U���T��F_�Th_^[�[w�/U��*SPUXR���O��

TV�@Ua�V_��/U]U���Q1Y�ð�_^[ZU�W@�XUa��[�_^���M�F_2ð�UaTV�@Ua�V_��/UaN@R�O�SF_^S@Y�[ZY¯T �/O?�:O��X��Q@R�R�UXW@��U^á

çjU��/�/_�Á��F_^�]TV�@U�Y�W�T�UXR�UX��T�YZW@\&��O�W@��U���Q@UXW@��U/T��F_�T -àUX[Z[¢ôÏ��TVQ@`@Y�UX`���O `@U�[Z�×O?�fâMï��]���
�2_^W�SPU����@Y#�ÓT�UX`�YZW�T�O¦�/O�`@UX[��×O�W�ã~�]����á��M�@U 5 Q@[ZUÙ_�W@`cQ1W@Y#�8O�R�� ��O�`@UX[��×O�W�ã~�]������_^[�[
TV�@U�W¥Y�W�T�O���NPUX�XYZ_^[K�X_^��U���O��CS@R�_^W@���@Y�W@\B�¥_^R *�OHðBN@R�O��XU�����U��Xá

ë×W-O�W@U]�F_�W@`-T��@UaRV_^W1`@O�� NPUXR��*Q1T�_6TVYZO^W¦�/O�`@UX[ �8O�R�âMï �]� � -�Y�TV� n − 1 ð^UXR�T�YZ��UX��YZ�
_�S1RV_^W@���1YZW@\/�>_^R *^O4ð&N@R�O ��UX��� -�Y�T��&��N@[�Y�T�T�YZW@\³N@R�O�S@_^S@YZ[�Y�T �

q̂n−1(i) =
1

n − 1
, i = 0, . . . , n − 2 .

�M�@YZ�Ù��O `1UX[�YZ�Ù�/_^N@NPUX`!SH� Φn
Y�W�TVO�TV�1U 5 Q@[ZUB��O�`@UX[��8O�RÙã~�]��� -�Y¯TV� n [ZUX_2ð�UX� -�Y¯TV�

��N@[�Y�T�T�YZW@\³N@R�O�S@_^S@YZ[�Y�T �

qn(i) =
1

n − 1
, i = 1, . . . , n − 1 .

�M�@Ua��N@[�Y�T�T�YZW@\³`@YZ��TVR�Y�S@Q1T�YZO�W&�8O^R 5 Q@[ZU×T�R�U�UX� -f_����8O^Q@W@`-S �¦îy_^R�`@YZW@\-�nÁ �H9 Á4�´á~ñ�O^TVU×T��F_�T
TV�@UB��_^��UB��N@[�Y�T�TVYZW1\>N@R�O�N�U�R�T ��_^[Z��O��@O�[�`@�'�8O�Rh�XO�_�[ZUX���XU�W�TÙT�R�U�U�TVO�NPO�[�O�\�YZU��B���]YZW@\��/_^WK�
Á � , À��Þá

ë×W!TV�1U-O�TV�@U�R��@_^W@`K�pTV�@U-�f_6T�_^[Z_^W��/O�`@UX[��8O�RÙS@Y�WF_^R�� âMï � -�Y�TV� n − 1 ð�UXR�TVY��XUX�
_^����Q@�/U���T��F_�Ty_^[Z[ Cn−1

S1YZWF_^R.�¦TVR�UXUX���F_2ð�U³T��@U³��_^��UhN@R�O�SF_^S1YZ[ZY¯T �BO��wO ���XQ@R�R�UXW1�XU^á��M�@U
W�Q1�*S�U�R³O��ÎTVR�U�UX� -�Y¯TV�c[ZU��ÓTh��Q1S1TVR�UXUBO��f��Y 5�U�Y�� i YZ�³U���QF_^[pTVO CiCn−2−i

á-�M�@UB�f_�T�_^[Z_^W
�/O�`@UX[lYZ��_ÙS@RV_�W@���@YZW1\��¥_^R *�OHð&N1R�O��XUX��� -��1UXR�UaTV�1U���N@[ZY¯T�T�YZW@\*`1YZ��T�R�Y�S@Q1TVY�O�WBY���\^Y�ð�U�W&S �

q̂n−1(i) =
CiCn−2−i

Cn−1
, i = 0, . . . , n − 2 .

�M�@U*TVR�_^W@���8O^R��/_�TVY�O�W Φn
��_^N1�yTV�@U��f_6T�_^[Z_^W���O `@U�[CY�W�TVO�T��@UÙQ@W@Y8�8O�R�� ��O `@U�[2�8O�Ryã~�

-�Y�TV� n [ZUX_2ð�UX��áp�M�@Uh��N@[ZY¯T�T�YZW@\*`1YZ��T�R�Y�S@Q1TVY�O�W&�8O�R�ã~� Y��fTV�@U�W

qn(i) =
1

2

(

n

i

)

(2i − 3)!!(2(n − i) − 3)!!

(2n − 3)!!
, i = 1, . . . , n − 1 .

�M�@YZ���8O�R��*Q@[Z_*�2_^W¥_^[Z��OÙS�U��8O�Q1W@`¥Y�Wc��èy[�`@O�Q@���KÁ �
��Ã��´á

( Á
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��L�© ©�. � �G3�� qn
��3!/�( 9=$'&�� � &6 �� �2&)(�� 8B& ��@ � & "% "% {1, . . . , n−1} � �G3�� h ��3!/ �B@A #>�� & "% 

"��!90/2&68 (N"���&6 � 3 �28 /2$  :@41���3�8+(�� � 3� #" � 3�� � Xn
/2 / � �2&�� &��2358 /2 �4"%1 �%/28B& /���$)3 �43 �< #3 �

8+3+>�@48 (�&��23�$ � /%(
Xn

d
= XIn

+ XJn
+ h(In, Jn)

� -:3�8+3 �6-:3 I`
� ( /28 3�(�/21!9=$)3 ��@4 �43�8!/ ��8 /2 #>+-4&6 �� � /28��C" �
9=8 "?>+3+(+( "���( 9=$'&�� � &6 �� �2&)(�� 8B& ��@A7

� & "% qn
/2 � In + Jn = n � � 3 �< #3 X̂n

� �

X̂n
d
= X̂În

+ X̂Ĵn
+ h(În + 1, Ĵn + 1)

� -:3�8+3 �6-:3 Î`
� (�/28 3!(�/21!9=$)3 ��@A �43�8 � -:3���8 /2 #>+-4&6 �� � /28 �C" ��9=8+"?>+3+(+(�"�� ( 9=$'&�� � &6 ����2&)(�� 8B&67

��@ � & "% q̂n
��&�� -

q̂n(i) = qn+1(i + 1), i = 0, . . . , n − 1

/2 � În + Ĵn = n − 1 �  -:3� 0* �J3 -0/ �23

Xn
d
= X̂n−1 .

�h3HEKE§°�� ñ�O^TVUBT��F_�T În
d
= In+1 − 1 �pYDá�U�ácTV�1U¦`@YZ��TVR�Y�S@Q1T�YZO�WcO�� În

YZ�³\�Y�ð^UXW�SH� q̂n
á

ï YZ��YZ[Z_^R�[8���)-àUh�F_2ð^U

Xn
d
= XÎn−1+1 + XĴn−1+1 + h(În−1 + 1, Ĵn−1 + 1).

ï U�T�TVYZW1\ X̂n−1 = Xn
� -àU�N1R�O4ð�UaTV�@UaR�UX��Q1[�T2á

�hEP© ©�L�¬�04ª�� �M�@Y��h[�UX����_¦��TV_�TVU��hT��F_�T7�8O�R³_�`@`@Y�T�Y�ð^U�R�_^W@`@O^� ð^_�R�Y�_�S@[ZU���S1Q@YZ[¯T
�8R�O�� _��>_^R *^O4ðBS1RV_^W@���1YZW@\�ã~��O��<��N@[�Y�T�TVYZW1\³`@Y���TVR�YZS@Q TVYZO^W qn

TV�@U�R�U×UÞõ YZ��T�_�`@`@Y�T�Y�ð^UyRV_�W ô
`@O�� ð^_�R�Y�_�S@[ZU�� X̂n

S@Q@Y�[�T*�8R�O�� _��>_^R *^O4ð·S@R�_^W@���@Y�W@\�âMï � O���`@YZ��TVR�YZS@Q1T�YZO�W q̂n
áÇ�ÏW

_^`@`@Y¯TVYZO^WK� Xn
_�W@` X̂n−1

�F_2ð�U¦T��@UB�V_��/UB`1YZ��T�R�Y�S@Q1TVY�O�WKá��M�1YZ�*[�UX����_-�2_^W!O�S�ð�YZO^Q@��[8�
S�U×\^UXW@U�RV_^[�Y 5XU�`�TVO³�*Q@[�T�Y�ð�_^R�Y�_�T�U�R�_^W@`@O^� ð�_^R�Y�_^S@[�UX��á:�ÏW¦TV�@UyW@U´õ�T���U���T�YZO�W@���@_^[�[�R�_^W@`@O^�
ð^_�R�Y�_�S@[ZU��à_�R�Uy��TVQ@`1YZUX`�YZW/T��@Uy��O�W�TVUÞõ TfO��<âMï �]� �Xápè�N@N@[#��Y�W@\³çjU��/�/_*À ��TV�1UyR�U���Q@[¯TV�à�2_^W
S�Ua���1Y#�ÓTVU�`¦TVO�ã~�]��� -�Y�T��@O�Q1T�`@Y8"��XQ@[¯TVYZU��Xá

( À



�fî�è×ã~��épä L á%��î�é·�>é~è×ñ�� �:èyä��Ïèyñ×�fé%èyñyê çj���¥�Ï�M�nñyìvêy��ï ��ä��nâfå��M��ë]ñ
ëaí!����ëvï �?è~�M��ï �M���Mï�ï1épñyï �Ï�M� �]é·��ë ãpî 5 ç?ë�ìaépñyé~�M������ä�épé�âÎè×çjèyñ×�fé

�N��� � � � � � �	� � �

�M�@U 5 Q1[ZU��/O�`@U�[FYZ��_�S1RV_^W@���1YZW@\³�>_^R *^O4ð�N@R�O��XU����1�8O^Rpãp�]� � -�Y¯TV����N@[�Y�T�TVYZW1\]N@R�O�S@_^S@YZ[�Y�T �

qn(i) =
1

n − 1
, �8O�R i = 1 . . . (n − 1) .

�M�@U]ï1_��+*�Y�WK� �ÎYZW1`@U´õ Sn
�F_^��S�U�UXWB`1U�<FW@U�`&_^�f_���Q@�ÅO��K`@UXN1T��@�ÎO4ð^UXRàT��@Uy[�U2_2ð�U��Xáp�rTà�2_^W

_^[Z��OÙS�UaU´õ N@R�UX����UX`�_^��_���Q@� O4ð�U�R�T��@U�_^W@��UX��T�O�R��³�Dä�O�\�U�R����jÁ �
� � �

Sn =

n−1
∑

j=1

Nj

-��@UXR�U Nj
YZ�¦TV�@U�W�Q@�*SPUXR-O��*[�U2_2ð�U��¥`1UX����UXW@`1YZW@\ �8R�O�� T��@U�_�W@�XU���TVO^R j áÌè�N@N@[8� Y�W@\

ç<U��/�/_/À -àU*O�S1TV_^YZW&TV�F_6T Sn
�F_^��TV�@Uh�V_^��Uh`1YZ��T�R�Y�S@Q1TVY�O�W¥_^� Ŝn−1 + 2(n − 1) -��@UXR�U

Ŝn
YZ�M`@U <FW@U�`>SH�

Ŝn
d
= ŜIn

+ Ŝ ′
Jn

+ n − 1 . � L á , �
-��@UXR�U In

Y��à`1YZ��T�R�Y�S@Q1TVU�`/Q1W@Y#�8O�R��/[8�³O4ð^UXR {0, . . . , n−1} _^W1` Jn = n−1− In
áw�M�1U�R�U´ô

�XQ@R���YZO^WÙ�V_�T�YZ��<@UX`ÙSH� Ŝn
YZ� -àUX[�[¯ôr��TVQ1`@YZU�`Ù_^�wY¯T~_^R�YZ��U����8R�O^��T��@UM_^W@_^[#����Y��wO��FT��@Uf��Q@YZ�+*���O�R�T

_^[Z\�O^R�Y�T��@� O^R�T��@U�Y�W�T�UXR�WF_^[pNF_�T�� [ZU�W@\^TV�cO���_¥âMï � Q@W@`1UXRhT��@U�R�_^W@`@O^� NPUXR��*Q1TV_�TVY�O�W
�/O�`@UX[Dápï Y��/Y�[�_^R�[#��� Cn

�F_^�MTV�@Ua��_^�/Ua`@Y���T�R�YZS1Q1TVY�O�W¦_^� Ĉn−1
� -��@UXR�U

Ĉn
d
= ĈIn

+ Ĉ ′
Jn

+ |In − Jn| . � L á ���

�ÏW
O^R�`@U�RyTVO¦`@U�����R�YZSPU*TV�1U$��O�YZW�Ty`@YZ��TVR�Y�S@Q1T�YZO�W¥O�� (Ŝn, Ĉn) Q@W@`1UXR×TV�1UÙRV_^W@`1O�� NPUXRnô
�*Q1T�_6TVYZO^W-��O�`@UX[D� -ÎU����F_�[Z[ �8O�[Z[�O/-�T��@Uh��_^��Uh[�YZW@U���O?�wN@R�O O��w_^��ñ�UXY�W@YZW1\�UXRh�±À�Â�Â�À�� -��@O
��TVQ1`@YZU�`�TV�@U;��O�YZW�Tà�XO�W�ð�U�R�\�U�W@�XU]O?�jTV�@U ��YZUXW1UXRÎY�W@`@UÞõ¦_^W1`�TV�@U�YZW�TVU�R�WF_�[�NF_6TV�B[�UXW@\^T��BO��
_�âfï �]á

�h3HEKE§°�EP° �³G<L�E§36L�© & ��� 3 9 � � , "%1!9=@ � &6 �� 3�
�9:3+>�� /�� & "% 0( ��� êyU�W@O^TVU ĉn = E[Ĉn]
_^W@` ŝn = E[Ŝn] á��cU]�F_2ð�U

ŝn = 2n log n + (2γ − 4)n + o(n) . � L á¯Á4Â��
(/L
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��UaR�U -�R�Y¯TVU]UX��QF_6TVYZO^W�� L á ���f_^�

Ĉn
d
= ĈIn

+ Ĉ ′
Jn

+ n − 1 − 2 min(In, Jn) . � L á�Á^ÁH�

�ÎO�W@`@Y¯TVYZO^W@YZW@\³O�W In
YZW¦T��@U�_^S�O4ð^U�U���QF_�TVY�O�WK� -àU�<FW@`&TV�F_�T

ĉn = (n − 1 − 2tn) +
2

n

n−1
∑

k=0

ĉk

-��@UXR�U
tn = E [min(In, Jn)] =

{

n−2
4

Y#� n YZ�MU�ð^UXW
(n−1)2

4n
Y#� n YZ�MO�`@`Ká

�M�@UyU���Q@_�TVY�O�W���_�TVY���<FU�`BSH� ĉn
YZ����O�[¯ð�UX`�S ����O��/N1Q1TVY�W@\�T��@Uy`1Y#A�UXR�U�W@�XU nĉn − (n− 1)ĉn

_^W@`¦Y�T�UXR�_�TVY�W@\hT��@U×R�U���Q@[¯TVY�W@\ÙR�U��XQ@R�R�UXW1�XU��Dî -f_�W@\�_^W@`&ñ�U�YZW@Y�W@\�U�RX�@çjU��/�/_/Á]NKáMÁ ( �1ÁH�Þá
��UaO�S1TV_^YZWBT��F_�T

ĉn = (n − 1 − 2tn) + 2(n + 1)

n−1
∑

k=1

k − 1 − 2tk
(k + 1)(k + 2)

.

èyW¥_^������N1TVO^T�YZ�×UÞõ NF_^W@��YZO�W-O��?TV�@U�_^SPO4ð�U�U´õ N@R�U�����YZO�W-[ZUX_^`@�MTVOÙTV�1U��8O^[Z[ZO/-�Y�W@\*R�U���Q@[¯T

ĉn = n log n + (γ − 1 − log 2)n + o(n) . � L á¯ÁHÀ��

��� 3 9 � � �.&61�&�� �2&)(�� 8B& ��@ � & "% ��ç<U´T�Q@���XO�W@��YZ`@U�RMTV�@UaR�U����X_^[ZU�`¥��QF_^W�T�Y�TVY�UX�

X̂n =

(

Ŝn−ŝn

n
Ĉn−ĉn

n

)

,

_^W@` X̂ ′
n
_^W&YZW@`@U�N�U�W@`@U�W�T��XO^N �&O?� X̂n

ápí§R�O��ÌU���QF_�TVY�O�W@�h� L á , �f_�W@`c� L á¯Á�ÁH� -àUh�@_4ð^U

X̂n = A
(n)
1 X̂In

+ A
(n)
2 X̂ ′

Jn
+ b(n) � L á�Á L �

-��@UXR�U
A

(n)
1 =

1

n

(

In 0

0 In

)

,

( �
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A
(n)
2 =

1

n

(

Jn 0

0 Jn

)

,

_^W@`
(

b
(n)
S

b
(n)
C

)

=
1

n

(

ŝIn
+ ŝJn

− ŝn + n − 1

ĉIn
+ ĉJn

− ĉn + n − 1 − 2 min(In, Jn)

)

.

ï YZW@��U In/n ��O�W�ð�U�R�\�U���Y�W L2 T�O -Î_^R�` U _×Q@W@Y8�8O�R���ð�_^R�YZ_^S@[ZU�O4ð�U�R (0, 1) � -àUMO�S1TV_^YZWhTV�F_�T

A
(n)
1

L2

→ A∗
1 =

(

U 0

0 U

)

,

_^W@`

A
(n)
2

L2

→ A∗
2 =

(

1 − U 0

0 1 − U

)

.

å���Y�W@\yT��@U�_^������N1TVO�TVYZ�àU´õ NF_^W1��YZO^WÙO�� ĉn
\�Y�ð^UXWÙSH�*U���QF_�TVY�O�W-� L á�ÁHÀ^�C_^W@`*T��@UM_^�.���/N1T�O^TVY��

U´õ NF_^W@��YZO�W-O�� ŝn
\�Y�ð^UXW-SH��� L á¯Á4Â��Þ� -àU7<FW1`-T��F_�T

b
(n)
S =

1

n

(

2In log

(

In

n

)

+ 2Jn log

(

Jn

n

)

+ n

)

+ o(1)

_^W@`

b
(n)
C =

1

n

(

In log

(

In

n

)

+ Jn log

(

Jn

n

)

+ n − 2 min(In, Jn)

)

+ o(1) .

�M��Q1�X� -ÎU�O�S1TV_^YZWBT��F_�T
(

b
(n)
S

b
(n)
C

)

L2

→ b∗ :=

(

2U log U + 2(1 − U) log(1 − U) + 1

U log U + (1 − U) log(1 − U) + 1 − 2 min(U, 1 − U)

)

.

èy����Q@��YZW@\³T��F_�T X̂n
�XO^W�ð^UXR�\�UX��YZW�`@YZ��TVR�Y�S@Q1T�YZO�WK��T��@U×[ZY��/Y¯TVY�W@\]`@YZ��TVR�YZS@Q1T�YZO�W L(X̂) �*Q1��T

�V_�T�YZ��� �/TV�@U��8O�[�[ZO/-�YZW1\*�XO�W1`@Y�T�YZO�W

X̂
d
= A∗

1X̂ + A∗
2X̂

′ + b∗ � L á�Á � �

-��@UXR�U X̂ � X̂ ′ ��_^W@`�� A∗
1, A

∗
2, b

∗ ��_�R�U]YZW1`@UXNPUXW@`1UXW�T×_�W@` X̂ ′ d
= X̂ á

�M�1U-�³Q@[�T�Y�ð�_^R�YZ_�TVU���O�W�TVRV_���TVY�O�W!TV�@U�O�R�U�� ��ñ�UXY�W@YZW1\�UXR���À^Â�Â1ÁH����T�_6TVUX�ÙT��F_�T*T��@UXR�U-Y��
( Ã
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_ Q@W@Y���Q@UcN1R�O�SF_�S@YZ[�Y�T ��`1YZ��T�R�Y�S@Q1TVY�O�W L(X̂) ��_�TVY���� ��YZW@\
� L á�Á � �&Y�W M2
á �¥O^R�UXO4ð^UXR>Y¯T

��T�_6TVUX�×T��F_�T�TV�@UÙ`@Y���T�R�YZS1Q1TVY�O�W¥O?� X̂n
�XO�W�ð�U�R�\�U��]TVO/-f_�R�`�TV�1UÙ`@YZ��TVR�Y�S@Q1T�YZO�W-O�� X̂ YZW>T��@U

� _^����U�R���T�UXY�W ô��>_�[Z[ZO/- d2
ôÏ��U�T�R�Y��^áw�M�@Ua��O�W�ð�UXR�\�UXW1�XU³Y�WBTV�@Y��M�/U´TVR�YZ�×Y��fTV�@U]��_^�/Ua_���T��@U

�XO�W�ð�U�R�\�U�W@�XU³YZW-`@YZ��TVR�Y�S@Q1T�YZO�W&_^W1`¥TV�1Uh��O�W�ð�UXR�\�UXW1�XU*O��w��UX��O�W@`¥�/O���UXW�T��XáMñ�UXYZW1YZW@\�U�RX� �
�M�@UXO�R�UX� �X_^W&S�U�_^N@N1[ZYZU�`¦N@R�O4ð�YZ`1UX`&TV�F_�T�T��@U��8O�Q@R��8O�[�[ZO/-�YZW@\³�XO�W@`1Y�TVY�O�W@�f�1O�[Z`

�8YÓ� (A
(n)
1 , A

(n)
2 , b(n))

L2

→ (A∗
1, A

∗
2, b

∗), n → ∞ �

��YZY��
E

[

‖(A∗
1)

tA∗
1‖op

]

+ E

[

‖(A∗
2)

tA∗
2‖op

]

< 1 �

��Y�YZY��
E

[

1{In≤`}∪{In=n} ‖(A∗
1)

tA∗
1‖op

]

→ 0, ∀` ∈ N, n → ∞ �

��Y�ð1�
E

[

1{Jn≤`}∪{Jn=n} ‖(A∗
2)

tA∗
2‖op

]

→ 0, ∀` ∈ N, n → ∞ �

-��@UXR�U ‖A‖op = sup‖x‖=1‖Ax‖ Y���T��@UyO^N�U�RV_�T�O�RpW@O�R�� O?� A á~íFO�R��������/U´TVR�YZ����_6TVR�Y��XU��X�
_^���@UXR�U^�@TV�1YZ�MUX��QF_�[Z�MTV�@Ua��N�U���TVR�_^[jRV_�`@YZQ@��á
��YÓ���F_^��_^[ZR�U2_^`%�BSPUXUXW-N@R�OHð^UX`Káy��Y�YÓ�à�1O�[Z`@�MSPUX�X_^Q@��U

E

[

∥

∥(A∗
1)

tA∗
1

∥

∥

op

]

+ E

[

∥

∥(A∗
2)

tA∗
2

∥

∥

op

]

= E[U2 + (1 − U)2] =
2

3
< 1 .

��YZY�YÓ�p_^W@`���Y¯ð@�f_�R�UaO�S�ð�YZO�Q@�MSPUX�X_^Q@��U ‖(A∗
r)

tA∗
r‖op ≤ 1 �+�8O^R r = 1, 2 �F_^W1`

P ({In ≤ `} ∪ {In = n}) = P ({Jn ≤ `} ∪ {Jn = n}) ≤ ` + 1

n
→ 0

�8O�R�_^[Z[ ` ∈ N
_^W@` n → ∞ á

�h3HEKE§°�EP° �³G<L�E§36L�© � èM���XO�R�`@YZW@\�TVO��M�@U�O�R�U�� L �FUX��QF_�T�YZO�W�� L á¯Á � �Î�@_^�y_�W¥Q@W1YZ��Q@U
��O�[�Q1TVY�O�WK�2��O -àUp�2_^Wa��O�W@��Y�`@UXR (S, C) � (S ′, C ′) �2T -àO�Y�W@`@UXNPUXW1`@UXW�T?�XO�N1YZUX��-�Y�TV� L(S, C) =

L(S ′, C ′) SPUXYZW1\*TV�@U < õ1U�`&N�O�Y�W�TfO��Î� L á�Á � �à_^W@` U Q@W1Y#�8O�R�� O4ð�U�R (0, 1) áwâ1��`1U�<FW@Y¯TVY�O�WK�
-ÎUa�F_2ð�U

L
(

S

C

)

d
= T L

(

S

C

)

()(
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å���Y�W@\ÙTV�@U���_^�´TMTV�F_6Ty_�[Z[lR�_^W@`@O^�Ìð�_^R�YZ_^S@[ZU��a��UÞõ �XUXN T U �M_^R�U]��UXW�TVU�R�U�`K��-àU�<FW@`&TV�F_�T

E[C2] = E[U2C2] + E[(1 − U)2C ′2]

+E[(U log U + (1 − U) log(1 − U) + 1 − 2 min(U, 1 − U))2] .

�M��Q1�X� -ÎU��F_2ð�U
Var[C2] = E[C2] = (3 − π2

6
− log 2) .

�ÏW-T��@Ua�V_^��U -f_0�^�'-àU�<FW@`&TV�F_6T

E[SC] = E[U2SC] + E[(1 − U)2S ′C ′]

+E[(2U log U + 2(1 − U) log(1 − U) + 1)

∗(U log U + (1 − U) log(1 − U) + 1 − 2 min(U, 1 − U))] .

�M�@YZ�M[�U2_^`@�MT�O
Cov(S, C) = E[SC] =

9

2
− π2

3
− log 2 .

å���Y�W@\ÙTV�F_6T
E[S2] = 7 − 2π2/3 �Dä�����[�UXR��KÁ �
�1Á4�´� -àU�<FW@`&TV�F_�T

Cor(S, C) =
27 − 2π2 − 6 log 2

√

2(18 − π2 − 6 log 2)(21 − 2π2)
.

�M�@UXO�R�UX� L �@O^[Z`@�fY�WBTV�@U ��_^����UXR���TVU�YZW ôn�>_^[�[ZO/-�� d2
ôÏ��U�T�R�YZ� -��@YZ���&Y��/N@[�YZU��àTV�1U]�XO�W�ð�U�R�ô

\�UXW@��UaO��:��UX��O�W@`>��O���UXW�TV��á~�M�@YZ��[�U2_^`@�fT�O

Var[Sn] ∼ Var[S]n2, Var[Cn] ∼ Var[C]n2,

_^W@`
Cov(Sn, Cn) ∼ Cov(S, C)n2, Cor(Sn, Cn) ∼ Cor(S, C) .

�N��� � � 	 � � ��� � �	� � �

í§O^Rf_*\�Y¯ð�UXW n �1TV�1U×Q@W@Y8�8O�R�� �/O�`@U�[l_^����Q@��UX�fT��F_�T�_�[Z[�ãp�]� � -�Y�T�� n [ZUX_4ð^UX��_^R�U×UX��QF_�[Z[#�
[ZY *�UX[8��áyè�\�_^Y�W�-àUÙQ@��U³T��@U'��_^�´T×TV�@_�TyT��@U�ï1_^�+*�Y�WK���×_^W@`�TV�1U��ÎO�[Z[�UX���X�PYZW@`@Y��XU��J�8O�Ry_Bã~�

( 9
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-�Y�TV� n [ZU2_2ð^UX�³`1RV_ -�W _^���XO�R�`@YZW1\-T�O¥TV�1U/Q@W1Y#�8O�R�� �/O�`@U�[~�F_2ð�U/T��@U��V_^��U�N@R�O�S@_^S@YZ[�Y�T �
`@YZ��TVR�Y�S@Q1T�YZO�W�_^� Ŝn−1+2(n−1) _�W@` Ĉn−1

-��@Y����*_^R�UÎR�UX��NPUX�´TVY¯ð�UX[8��`@U�<FW1UX`ÙSH�³U���QF_�TVY�O�W
� L á , �à_�W@`c� L á ���´áwå�W@`@U�RfTV�@U��f_6T�_^[Z_^WB��O `@U�[ �8O�RÎâMï �]� In

Y��f`@YZ��TVR�YZS@Q1T�UX`&_^���XO�R�`@YZW1\*TVO
q̂n
� -��@UXR�U

q̂n(i) =
CiCn−1−i

Cn
, i = 0, . . . , n − 1 .

�ÎO�W@`@Y¯TVYZO^WF_^[lO^W In
�?� ŜJn

, ĈIn

�ÎYZ�MYZW1`@UXNPUXW@`1UXW�TyO?� (Ŝ ′
Jn

, Ĉ ′
Jn

) á
�Î[�U2_^R�[#�^� Ŝn

�F_^�*TV�1U¦�V_^��U¦`@YZ��TVR�YZS@Q1T�YZO�W _^�*TV�@U&Y�W�T�UXR�WF_^[fNF_6TV��[ZU�W@\^TV�!O?�×_�âMï �
Q@W@`@U�R?T��@Uf�f_6T�_^[Z_^Wa�/O�`@UX[D�H_^W@` Ĉn

�F_^�jTV�@U��V_��/Up`@Y���TVR�YZS@Q TVYZO^Wa_^�?T��@U�RV_^W@`1O��
ð�_^R�YZ_^S@[�U
∑n−1

j=1 |L̂j − R̂j| -��1UXR�UÙT��@UÙ��Q@� YZ�×O4ð^UXR]TV�@U n − 1 ð�UXR�TVY��XUX�aO��à_¦âMï��Ç`@R�_ -�W�Q1W@`@UXR
TV�@Uh�f_�TV_^[�_^W¦��O�`@UX[Dá~ñ�O^T�U]TV�F_�T Ĉn

�2_^W-S�UaR�U.-�R�Y¯T�T�UXW-_^�

n−1
∑

j=1

(N̂j − 1) − 2 min(L̂j, R̂j)

-��@UXR�U N̂j
YZ��T��@U*W�Q@�*SPUXRyO��~ð�U�R�TVY��XU��]O��~TV�@U³��Q@S1T�R�U�UÙR�O�O^TVU�`
_�T j ��Y�W@�X[�Q@`@Y�W@\ j �Þ�K_^W@`

L̂j
� R̂j

�ÎYZ�fT��@UaW�Q1�*S�U�R�O��Cð^UXR�TVYZ��UX��O��?TV�@Ua[ZU �ÓTh��R�YZ\���TÞ����Q@S1T�R�U�U^á��M�@UXW�-ÎUa�F_2ð�U

Ĉn = Ŝn − 2

n−1
∑

j=1

min(L̂j, R̂j) .

�rTÎY�� -àUX[�[�*�W@O/-�W��8�:_ *6_^���X��Á �
�1ÁH�:T��F_�T Ŝn/n3/2 �XO�W�ð^UXR�\^UX�fY�W�`@Y���TVR�YZS@Q TVYZO^W�T�OhT��@Uyè�YZR��
`@YZ��TVR�Y�S@Q1T�YZO�WKáÙ�M�1U/N@R�O O?�ÎR�UX[ZY�UX�]O�W�TV�@U�O�W1U´ôrT�O�ôÏO^W@UÙ�XO�R�R�U���NPO�W@`@U�W@�XU/S�U´T -ÎU�UXW!S@Y�WF_^R��
TVR�U�UX��_^W@`-âÎU�R�W@O�Q1[Z[ZYlU´õ �XQ@R���Y�O�W@�Xá��C_ *6_^�X�³��Á ���1ÁH�à��O��/N1Q1TVU�`-T��@Uh��O���UXW�TV�MO?� Ŝn/n3/2

_^W@`�TV�1UXYZR�[ZY��/Y¯TVYZW1\*ð^_�[ZQ@U��yTVO¦U���T�_�S@[ZY�������O�W�ð�UXR�\�UXW1�XU��8R�O�� TV�1U*�/U´TV�@O�`�O�����O���UXW�TV��á
�M�@Ua\�O�_^[KO?�CT��@YZ�M��UX��T�YZO�W-YZ�fT�O�N@R�O4ð�UaTV�1U���O�W�ð�U�R�\�U�W@�XUhO��

E

[

∑n−1
j=1 min(L̂j, R̂j)

n3/2

]

→ 0, n → 0 .

�M�@YZ��YZ��N@[ZY�UX�fT��F_�T (Ĉn − Ŝn)/n3/2 �XO�W�ð^UXR�\^UX�×Y�W¥N@R�O�SF_^S1YZ[ZY¯T ��T�OBÂ1á�â1�¦T��@UÙï�[ZQ1T�� *H�P���
�M�@UXO�R�UX�-�@TV�@Y���_^R�\^Q@�/U�W�T��XO���N@[ZU´TVU��fTV�@UaN@R�O O��CO��C�M�@UXO^R�UX� Ã�á

��L�© ©�. & �G3�� n ≥ 2 *	/2 � >+"% 0(�& �43�8�/ � �  ��&�� - n �23�8 � & >+3+(�@4 �43�8��6-:3 ,</�� /2$ /2 
(),



�fî�è×ã~��épä L á%��î�é·�>é~è×ñ�� �:èyä��Ïèyñ×�fé%èyñyê çj���¥�Ï�M�nñyìvêy��ï ��ä��nâfå��M��ë]ñ
ëaí!����ëvï �?è~�M��ï �M���Mï�ï1épñyï �Ï�M� �]é·��ë ãpî 5 ç?ë�ìaépñyé~�M������ä�épé�âÎè×çjèyñ×�fé

1N"��43�$ � � 3� #" � 3 j0
�6-:3�8+"?" �
"�� �6-:3 � 8 3+3�� �	3 -0/ �23

E[min(L̂j0 , R̂j0)] ≤ K
√

n

� "%8!(?"%1N35>+"% 0(�� /2 � K �

�h3HEKE§°�� �M�@Uyï�TVY�R�[�YZW@\@� �E�8O�R��*Q@[�_ ��Y�UX[Z`1��T�O³_ -ÎU�[Z['*�W@O/-�W¦_^�.� ��N1T�O^TVY���UÞõ NF_^W@��YZO�W,�8O�R
TV�@Uh�f_�TV_^[�_^W¦W�Q@�³S�U�R Cn

Cn =
4n

√
πn3

(

1 + O(
1

n
)

)

. � L á�Á4Ã��

�M�1UhUÞõ1NPUX�´T�_�T�YZO�W&O�� min(L̂j0, R̂j0)
YZ�M\^Y�ð�U�W¥SH�

E[min(L̂j0 , R̂j0)] =

bn/2c−1
∑

k=1

2k
CkCn−1−k

Cn

+ Á Á
{n∈2N+1}

(n − 1)C2
(n−1)/2

2Cn

å���Y�W@\¥� L á¯ÁHÃ��Þ� -àU�<@W@`-T��F_�T

bn/2c−1
∑

k=1

2k
CkCn−1−k

Cn
=

4n−1

πCn(n − 1)

1

n − 1

bn/2c−1
∑

k=1

2
(1 + O(1/k) + O(1/n))

√

k/(n − 1)(1 − k/(n − 1))3/2

�M�1U���Q@�vYZWÙT��@U�R�YZ\���Tp�F_�W@`/��YZ`@UMO?�lTV�1U�_�S�O4ð�U�U���Q@_^[ZY¯T �ÙYZ�p_�ä�Y�UX�/_^W@WÙ��Q@�¥áwå���Y�W@\
TV�F_�T

∫ 1/2

0

1√
x(1 − x)3/2

= 2 ,

-ÎUa�F_2ð�U
bn/2c−1
∑

k=1

2k
CkCn−1−k

Cn

=
4n

πCn(n − 1)
(1 + o(1)) .

å���Y�W@\¥� L á¯ÁHÃ��f_�\�_^YZW¦[�U2_^`1�fTVO

E[min(L̂j0 , R̂j0)] ∼
√

n/π . � L á¯Á ( �

-��1YZ���-�XO�W@��[ZQ@`1UX��TV�@UaN@R�O O��?O��?TV�1U�R�UX��Q@[�TXá
( �



L á Ã�á%å�ñ��ní?ë]äy� ��ë]ê×épç

â��]�XO�W1`@Y�T�YZO�W@Y�W@\fO�W]T��@Up��Y 5�UX�<O���TV�1UpT -àO���Q@S1T�R�U�UX�?O�� T��@UpR�O�O^T2�H_�W@`aQ@��Y�W@\�YZW@`@Q1��TVY�O�W
O�W n �FY�TF�8O^[Z[ZO/-��ÎT��F_�T

E

[

∑n−1
j=1 min(L̂j, R̂j)

n3/2

]

≤ KE





∑

j

√

N̂j

n3/2



 .

�ÏW�T��@U��8O�[Z[�O -�Y�W@\@� -àU�N@R�O4ð�U�TV�@_�T]TV�@U�R�Y�\���T�ôr�F_^W@`
��YZ`@U�O��àTV�@U�_^SPO4ð�U�YZW@U���Q@_^[ZY¯T �>��O�W ô
ð�UXR�\�UX�]T�O&Â¦_^� n \�R�O -��]T�O ∞ áhè [ZUX���/_ -��@Y�����Y��×YZW�T�UXR�U���T�YZW@\¦Y�W
Y�TV�yO -�W�\�Y¯ð�U��×TV�@U
*^U��B_^R�\^Q@�/U�W�T2á~�ÏWBTV�1U��8O�[Z[�O -�Y�W@\@�%-àU]Q@��U×T��@U×��TV_^W@`F_�R�`&�XO�W�ð^UXW�TVY�O�W¦TV�F_�T

(

0

0

)

= 1 á

��L�© ©�. � �G3�� n ≥ 1 � , "% 0(�& �43�8 / � �  ��&�� - n �23�8�� & >+3+(�(�/21!9=$)3 � /4>+>+"%8 �2&6 �� � "
� -:3 ,</�� /2$ /2 1N"��43�$ ��; & >���/ �23�8 � 3�
 V /��!8 /2 �4"%1 /21N"% ��%(�� �6-:3 n �23�8 � & >+3+(�� � 3� #" � 3
K̂n = N̂V

* �J3 -0/ �23

P(K̂n = k) =

Ck

(

2n − 2k

n − k

)

nCn

, & � k = 1, . . . , n .

�h3HEKE§°�� �M�@U¥N@R�O�O��×R�UX[�YZUX��O�W)�XO^�*S@YZW@_�TVO�R�Y�_^[f_^R�\�Q1�/U�W�T��Xá·çjU´T�Q@��`@U�W@O^TVU νk(T )
TV�@U*W�Q@�³S�U�RyO��p��Q@S1TVR�UXU�� -�Y¯TV� k ð�U�R�TVY��XU��]YZW>T��@U*âMï�� T -�Y�T�� |T | = n ð�U�R�TVY��XU��XáaíFO�R
k = 1, . . . , n � -àUh�F_2ð^U

P(K̂n = k) =
1

n

n
∑

j=1

P(N̂j = k)

=
1

n
E[

n
∑

j=1

Á Á
{N̂j=k}] =

1

n
E[νk(T )] .

νk(T ) �V_�T�YZ�.<FUX�MTV�1U��8O^[Z[ZO/-�Y�W@\*[ZY�W@U2_�RfR�U��XQ@R���YZO^W

νk(T ) = δ|T |,k +
∑

S

νk(S) � L á¯Á@9��

-��@UXR�U δ `1UXW@O^T�UX�³T��@U �]R�O�W@UX�+*�UXR*�.���*S�O^[Î_^W1`�TV�@U���Q@� YZ�hO4ð�UXRhTV�@U/��Q@S1T�R�U�UX�*O��MT��@U
R�O�O^T�O�� T á�çjU�T�Q@��`@U�W@O^TVUaSH� B TV�@Ua��U�T�O��w_�[Z[jâMï��]����á �cU�Y�W�TVR�O�`@Q@��U]TV�@Ua�XQ1�*Q@[�_6TVY�ð^U

9^Â
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\�UXW@U�RV_�T�YZW@\��8Q@W1��TVY�O�W&`@U�<@W@UX`-SH�

Fk(z) =
∑

T∈B
νk(T )z|T |,

_^W@`
Gk(z) =

∑

T∈B
δ|T |,kz

|T | = Ckz
k.

í§R�O�� TV�1U³[ZY�W@U2_�R�R�UX��Q@R�R�UXW@��UÙUX��QF_�T�YZO�W � L á¯Á@9��Þ���M�@U�O�R�U�� Ã�á 9�YZW!�Dï UX`1\�U.-�Y��+*>_^W1`
í:[�_Hô
��O�[ZU´T2�FÁ �
� ( �:UX��T�_^S@[�YZ���@UX�à_�R�UX[Z_�TVY�O�W@���1YZNÙSPU�T -àUXUXW��XQ@�*Q1[�_�T�Y�ð�U�\�U�W@UXR�_�TVY�W@\��8Q@W@�´TVYZO^W@� Fk

_^W@` Gk

Fk(z) =
Gk(z)√
1 − 4z

.

å���Y�W@\ÙTV�F_6T
1√

1 − 4z
=
∑

i≥0

(

2i

i

)

zi,

-ÎU�<FW@`&TV�@_�T

Fk(z) =
∑

i≥k

(

2i − 2k

i − k

)

Ckz
i .

ï YZW@��U×TV�@UaUÞõ1NPUX�´T�_�T�YZO�W-O�� νk(z) Y��M\�Y�ð^UXW-S �

E[νk(T )] = [zn]Fk(z)/Cn .

�M�@YZ�M��O��/N1[ZU�T�UX�MTV�1U�N1R�O�O��?O��CT��@U�çjUX����_1á

�³E§3HEPADA8.@3/� � �G3�� n ≥ 2 ��, "% 0(�& �43�8�/	;	 ��&�� - n $)3 / �23+(!(�/21!9=$)3 � �B8 "%1 � -:3�@4 :& � "%8�1
1N"��43�$ � �G3�� Kn

�43� #" � 3+(	�6-:3� :@A1���3�85"���$)3 / �23+( �43+(?>+3� �2&6 �� �B8 "%1 /N@4 :& � "%8B1�$ ��>+-:"?(?3� 
8 /2 �4"%1 /2 #>+3+(�� "%8 � �	3 -0/ �23

P(Kn = k) =

Ck−1

(

2n − 2k

n − k

)

(n − 1)Cn−1

, � "%8 k = 2, . . . , n .

�h3HEKE§°�� �rT�YZ��_Ù`@YZR�UX�´T���O�W@��UX��Q@UXW1�XU³O?�wçjUX���/_�À á

9 Á



L á Ã�á%å�ñ��ní?ë]äy� ��ë]ê×épç

�hEP© ©�L�¬�04ª�� è�� n \^R�O/-��MTVO�YZW+<@W@Y�T �^�1TV�@Ua`@Y���T�R�YZS1Q1TVY�O�WBO�� K̂n
��O�W�ð�UXR�\�UX��TVO

P (K̂ = k) = 4−kCk ∼ 1√
πk3/2

�8O�RM[Z_^R�\^U k.

�M�@U�TV_^YZ[jO?�:TV�1U�`1YZ��T�R�Y�S@Q1TVY�O�W&O�� K̂ �F_^��_/NPO/-ÎU�R�[Z_/-
O��wN@_^RV_^��U�T�UXR 3/2 áÎ�M�1YZ���2_^W¥S�U
�XO���NF_^R�UX`�TVOh_���YZ��YZ[�_�R:R�U���Q@[¯T�YZWÙTV�@U��XO^W�T�U´õ�TàO��jâMï��]���×�±�>_^R�TVY�W@U 5�U�Tà_^[Dá��FÁ �
� , �:Q@W1`@UXR
TV�@U�RV_^W1`@O�� NPUXR��*Q1T�_6TVYZO^W���O�`@UX[Dá��ÏW�TV�@Y��a�2_^��U^� K̂n

�F_^�aNPO -àUXR�[�_ - `@YZ��TVR�Y�S@Q1T�YZO�W�O��
NF_^RV_��/U´TVUXR 2 áMï Y�W@�XU 3/2 YZ��[�O -àUXR�TV�@_^W 2 �F[�_^R�\�UaRV_^W@`1O�� ��Q1S1TVR�UXUX�×_^R�U��/O^R�U][ZY *^U�[#�¦Y�W
TV�@U��f_�TV_^[�_�W
�/O�`@UX[CTV�F_^W�Y�W�T��@UÙRV_�W@`@O�� N�U�R��*Q1TV_�TVY�O�W
��O `@U�[±áh�rT -f_^��_^W�UÞõ1NPUX�´TVU�`
R�UX��Q@[�Ta��YZW@��U/�f_�T�_^[Z_^W�S@YZW@_^R��¥TVR�U�UX�h_^R�U *�W@O/-�WcT�O&S�U���O�R�UÙQ@W�SF_�[�_^W@��UX`�TV�F_�W�âMï��]���
Q@W@`@U�RwTV�@UMR�_^W@`@O��'NPUXR��³Q1T�_�T�YZO�W³�/O�`@UX[K�±ï U�`@\�U -�YZ�+*Ù_^W1`/íC[�_@��O�[�U�TX����UX��T�YZO�W/Ã á ( �@Á �
� ( �Þá

�hEP© ©�L�¬�04ª�� èM�´TVQF_^[�[#�^�1TV�@Ua[�YZ��Y�TVY�W@\³`1YZ��T�R�Y�S@Q1TVY�O�WBY�W&T��@U�N@R�U��XUX`1YZW@\��XO�����UXW�T
YZ�?UX��QF_^[�TVO�T��@UÎ��Y 5�UÎO��@T��@UÎ��R�Y¯TVYZ�X_^[ ì�_�[�TVO^W ô ��_�TV��O�WaN@R�O��XU���� -�Y¯TV�³_yS@YZW1O��/YZ_^[ Bi �±À���Á��^À��
O�Al��N@R�Y�W@\�`@YZ��TVR�YZS@Q1T�YZO�Wb��èy[�`@O�Q@���]çjUX����_ � �³Á �
� Á2S§�´á �M�1YZ�&YZ�BT��@Ucì�_^[¯TVO�W�ô ��_�TV��O�W
N@R�O��XU������XO�R�R�U���NPO�W@`@Y�W@\�T�O�S@YZWF_�R���T�R�U�UX�Xá

ñ�O/- -ÎUh_^R�U�R�UX_^`+�&TVO�N@R�OHð^U³TV�@_�T
E[
∑

j

√

N̂j]/n
3/2 �XO�W�ð^UXR�\^UX�yT�O 0 _^� n \�O�UX��TVO

∞ ápç<U´T α ∈]0, 1[ _^W1`¥��N@[ZY¯TfTV�@Ua��Q@�
E[
∑

j

√

N̂j]
Y�W¦T -ÎO�NF_^R�TV�

E

[

∑

j

√

N̂j

]

= E





∑

j,N̂j<nα

√

N̂j +
∑

j,N̂j≥nα

√

N̂j





ë]S�ð�YZO^Q@��[8��� -àUh�@_4ð^U

1

n3/2
E





∑

j,N̂j<nα

√

N̂j



 ≤ 1

n3/2
E





∑

j,N̂j<nα

√
nα





≤ nα/2−1/2 → 0

-��@UXW n \�R�O/-��MTVO ∞ ápíFO�RÎT��@Ua��UX��O�W@`-TVUXR��¥� -ÎU��F_2ð�U

1

n3/2
E





∑

j,N̂j≥nα

√

N̂j



 ≤ 1

n
E





∑

j,N̂j≥nα

1



 .

9�À
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�M�@U³R�YZ\���T��F_^W@` ôr��Y�`@UhO?�~TV�@UhYZW@U���Q@_^[ZY¯T �¦YZ��UX��QF_^[?TVO P (K̂n ≥ nα) á�è�N@N@[8� Y�W@\BçjU��/�/_
� � -àU7<FW1`-T��F_�T

1

n3/2
E





∑

j,N̂j≥nα

1



 ∼ κ n−α/2

�8O�Ra��O���U��XO�W@��T�_^W�T κ á��M�@Y���UÞõ N@R�U�����Y�O�W ��O�W�ð�UXR�\�UX��TVO>Â -��@U�W n \�R�O/-��aTVO ∞ á��M�@YZ�
�XO���N@[ZU´TVU��fTV�@UaN@R�O O��CO��C�M�@UXO^R�UX� Ã á

�hEP© ©�L�¬�04ª�� í:YZ[�[:_�W@` �a_^N1Q@R/�±À^Â�Â � ��UX��T�_^S1[ZYZ���@UX`���O�R�UÙN@R�UX��YZ��U�R�UX��Q1[�TV�a��O�W ô
�XUXR�W@YZW1\

E[
∑

j

√

N̂j]
áp�M�@U��&N@R�O4ð�UX`-TV�F_6T

E[
∑

j

√

N̂j] ∼
1√
π

n log n . � L á¯Á , �

�M�@UXY�R�R�UX��Q@[�T��hR�UX[#��O�W�î�_^`F_^�/_^R�`�N1R�O�`@Q@��T��Xá�ñ�O^T�U�T��F_�T�O�Q@RaN@R�O O?�fQ@��UX��UX[ZU��/U�W�T�_^R.�
_^R�\�Q1�/U�W�T��X�<_^W1`�Y��×YZW1��TVR�Q@��T�Y�ð^UÙYZW
Y�T��×O/-�W�_^�]�XO�W1�XUXR�W@�aTV�@UÙ���F_^NPUÙO��Î�f_�T�_^[Z_^W�TVR�UXU��Xá
âÎUX��YZ`@U��X�@U���Q@_�TVY�O�W�� L á¯Á , � �8O�[Z[�O/-��àUX_^��Y�[#�,�8R�O�� çjUX����_ � �1SH�B`1YZR�U���TMU���T�YZ�/_�TVY�O�W/O?�?T��@U
��Q@� SH�-_^W&Y�W�T�UX\�R�_^[±á

�h3HEKE§°ÎE§° �hG?L�E§3HL�© � � �ÏWBTV�1UJ�8O�[�[ZO/-�YZW@\1�)-ÎU]N@R�O4ð�UyT��@U×�XO^W�ð^UXR�\�UXW@��U]O��jTV�1U×�/Y¢õ UX`
�/O���UXW�T��MO�� Ŝn

_^W@` Ĉn
-��@YZ���-��TV_�TVU���T��F_�TF�8O�R k, l ≥ 0 � -ÎU��F_2ð�U

E[Ŝk
nĈ`

n] ∼ n3(k+`)/2
E[Ak+`] . � L á�Á ���

�M�@U>_�R�\�Q@��UXW�T�Y�����YZ��YZ[Z_^RhT�O�T��@U-_^R�\�Q1�/U�W�T�\�Y¯ð�U�W SH� � _^W@��O�W
�Dä�UX�/_^R * L á Ã �ÎÀ^Â�Â L �
TVO�U���T�_�S@[ZY���� TV�1UB�XO�W�ð^UXR�\^UXW@��U¥O���T��@UB��Y¯õ UX` ��O���UXW�TV�³O��MTV�@U¦Y�W�TVUXR�WF_^[àNF_�TV�![�UXW@\�TV�
_^W@`�TV�1U ��Y�UXW@U�RBYZW1`@U´õ�á ï�YZW@��U�TV�@U
��O�W�ð�UXR�\�UXW1�XU�YZW·`@Y���TVR�YZS@Q TVYZO^W��F_^�¦SPUXU�W�U���TV_^S ô
[ZYZ���@UX`-YZW-�M�@U�O�R�U�� Ã �FT��@U³_�S�O4ð�UhUX��QF_�T�YZO�W¥YZ��UX��Q@Y¯ð^_�[ZUXW�T�TVO/Q@W@Y8�8O�R�� Y�W�TVUX\^RV_^S@Y�[ZY¯T �BO��
n−3(k+`)/2Ŝk

nĈ`
n
�8O�R n ≥ 1 _�W@`!_^WH� <1õ UX` k, ` á�ï YZW1�XU Ĉn ≤ Ŝn

�:TV�@U�R�UX��Q@[�T:�8O�[Z[�O/-��
�8R�O�� TV�@U���_^�´T]TV�F_�T n−3k/2(Ŝn)k Y��aQ@W@Y#�8O^R���[#�-YZW�TVU�\�RV_�S@[ZU'�8O^R]U�ð�U�R��B<1õ UX` k á��M�@Y��aYZ�
TVR�Q1U�SPUX�X_^Q@��Uh�C_ *6_^�X�h�nÁ �
�1ÁH��O�S1T�_�YZW@U�`&T��@Ua�XO�W�ð^UXR�\^UXW@��U³O��?TV�@Ua��O���UXW�TV�MO�� Ŝn

á
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')(+*,(�-.(0/21.354,(768(:9�;<(�=>4,1?*@=>1BA2CEDF(76G9�H7IJ/K=>IJ6>9&/�=L6>9&AM=ON�C,9&;<(0/KPQDF(76R=>A2/KAK=SPQA2CJ4,(768AK=T9UC,H7(UN
DF6L1.;�V.(7C,(�=>AKHW*%9U=T9XAKCY4?IJ;Z9&CY3[1.3,I,/29U=>AK1.C,\0]_^W4,AK\`;<(�=>4,1?*+A2\`a,9&\L(0*<1.C+=L4,(W6L(0H71.C,\R=>68I,H�b
=>A21&CQ1UD�=>4J(cV.(0C,(dV.(7C,(79&/21&V&PB1&De9:\L9&;<3J/2(f1&D�\L(7ghI,(0C,H7(0\XDF6L1.;i9:V.AM-.(0Cj3[1.3,I,/29U=>AK1.Ck9&C,*
1.C<=L4,(lH01.;<3JIJ=T9U=LA21.CY1&Dm=>4,(n*,(7V&6L(7(l1&D�AK;oa%9&/29&C,H7(p1&Dq=>4,AK\rV&(7C,(79&/21.VUP.]�'s(l\84,1!tuA2C,*,(0(7*
=>4%9U=d=>4JA2\d/2(0-&(7/v1&DWAK;oa%9&/29&C,H7(YAKC,H768(O9&\8(7\wtpAM=>4s=L4,(Z/K(0-&(7/v1&DxDF(76R=>AK/2AK=SPjA2C,4J(76LAM=T9&CJH7(&N�9&C,*
=>4%9U=G1U=>4,(06c3,4J(7C,1.;:(7C,9Q/KA2y&(+4JA2*,*,(0Cs3[1.3,IJ/z9U=LA21.C@\R=>6LIJH0=>IJ6L(<9&6L(YI,C,/KA2yU(7/KP�=>1QV.(7CJ(76>9{=>(
9|\LA2V&C%9&/}1UDpA2;oa%9U/z9&C,H0(ZAKC~=>4,(�V&(7C,(79&/21.VUPs=L4%9U=otr1.I,/K*�a[(�H01.CJDF1.I,CJ*,(7*�tpAK=L4~DF(76R=>A2/KAK=SP
A2C,4,(06LAM=T9&C,H0(&]���AKC%9&/K/KP.N�tr(k9&3,3,/MPs1&I,6o;:(0=>4J1E*)=L1@;w=T�l���i\L9&;<3J/2(7\dDF6L1.;��&�|4hI,;<9&C
3q1.3JI,/z9U=LA21.CJ\7]x��=�\L4,1!tp\l=L4%9U=nDF(76R=>A2/KAK=SPZA2C,4,(06LAM=T9&C,H0(cAK\�;wI,HT4|;:1.6L(fDF6L(0ghI,(7C�=fAKC�4hI,C�=>(06Rb
V�9U=>4J(76L(06W3q1&3,I,/z9{=>A21&C,\}=>4,9&C�AKCQ9&V.6LAKH7I,/M=>I,68A2\R=x3[1.3,I,/29U=>AK1.C,\7]
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" 1.;:(xC,1.CEb�V.(7CJ(0=>AKHW*,(73,9&68=LI,6L(0\ DF681.; C,(7IJ=L6>9&/J(0-.1&/2IJ=LA21.C+4%9O-&(�a[(7(0C:68(73[1.68=L(7*YA2C+4hI,;<9&C
3q1.3JI,/z9U=LA21.CJ\$#F\L(7(+(U] VJ]&%�(0P&(76f(�=G9&/ ]MN('*)+) �+, ]-%�(06L(UN�t}(+9U6L(oAKCh=L(768(7\8=L(7*�A2Cj3q1.3JI,/z9U=LA21.CJ\
tp4,(768(k=L4,(k3,6L1&V.(7C�P�\8A/.7(k1&Dl9&C A2CJ*,AK-?A2*JI%9&/}AK\o3[1.\LAM=>AK-&(7/MP~H71&6L6L(0/z9U=L(7*�=>1�4,AK\ � 4J(76+3%9&6 b
(7C�=f3,681.V.(7C�P�\LA0.7(&]l�SCj=>4%9{=XHO9U\L(&NmA2C,*,AM-?A2*,I%9U/2\Wtp4,1.\8(+3%9&6L(0C�=>\X4%9U*|;Z9UChPQHT4,AK/2*,68(7C@9U6L(
;<1.68(+/2AKy&(7/MP�=L1�4,9!-&(<ChI,;:(7681.I,\G1*1q\L3,68A2C,VkAKC�=L4,(7\8(<3[1.3,IJ/z9U=LA21.C,\�#2�x9O-&9U/2/2A b " DF1&63.O9<9&C,*
� (0/2*,;<9&C�N(�54+67� , ]}^W4,AK\nDF(068=LA2/2AM=SPZAKC,4,(06LAK=>9&C,H0(d4,9&\�a[(7(0Cj(98J3J/z9&AKC,(7*�A2CQ\L1.;:(GHO9&\8(7\la�PQ9
H7I,/M=>I,6L9&/`H71.;:3[1.68=L;<(0Ch=f=L6>9&CJ\L;:A2\L\8A21.C:#F'uAK/2/KAz9&;:\l9UC,*s'uAK/2/2A29&;:\7N;�<4 � � , ]Z�SC)4hI,;<9&C,\0N
DF1.I,C,*,AKC,V�9la,A2VpD 9&;:A2/MPXHO9UCoaq(r\L(0(7CY9&\_9lH7IJ/K=>IJ6>9&/ha[(74%9O-?A21.6 6L(0/z9U=L(7*d=>1�D 9U;<AK/KPX\R=>68I,H0=LI,6L(
9&C,*BAK=}4%9&\xa[(7(0Ck\L4,1!tpCk=>4%9U=}H7I,/M=>I,6L9&/q=L6>9&AM=>\r6L(7/29U=>(0*�=>1w=L4,(XD 9&;:A2/MPY9&6L(f;<9&AKC,/KPo=L6>9&CJ\Rb
;<AM=L=>(0*�a�P�=>4,(k3%9&68(7C�=>\=#?>fI,V./KA2(0/2;:A2C,1�(0=<9&/ ]MN��54+4 �*, ]@�}I,/K=LI,6>9U/xA2C,4J(76LAM=T9&CJH7(BA2\Y(�-.(7C
C,1&=:H71.CBA%C,(7* =>154?IJ;Z9&CJ\DCj��=<4%9&\:a[(7(7C 6L(03q1.6R=>(0*�A2C�\L3[(7H0A2(0\Z1&Dl;Z9U=L6LAK/2A2CJ(O9&/ tp4%9&/K(7\
#F'u4,AM=>(74J(O9&*�N��<4+4+6 , ]

" 1.;<(@(E1m(0H0=L\�1&DdDF(76R=>AK/2AK=SP A2CJ4,(768AK=T9UC,H7(@1.C V.(0C,(0=LA2H@*,AM-.(768\LAM=SP 4%9O-.(5aq(0(7C 9&/268(O9&*JP
\8=>IJ*,A2(0*�] �%1.6oA2CJ\8=T9UC,H7(UN}�n(7Ap9&C,*:F�I,6L9U=T9G#H�54+I+I , \L4,1!tr(7* =L4%9U=YAM=Y\8=>681.C,V./MP)68(7*,IJH7(7\
=>4,(�(�1q(7H0=LAK-&(X3q1&3,I,/z9{=>A21&C<\8A/.7(U]`�lI,\R=>(06L/2AM=J.�9&C,*K%n(0P&(76L#
�<4+4+6 , \L4,1!tr(7*B=>4,9U=xAM=}(98J3J/z9&AKC,\
=>4,(W4,AKV.4oDF6L(0ghI,(7C,H0A2(0\r1&D[\81.;<(WV&(7C,(�=>A2HW*JA2\L(79&\L(0\ A2CY\L(�-.(76L9&/%3[1.3,I,/29U=>AK1.C,\`9&CJ*:��I,\8=L(768/2AK=3.
9&C,*M%�(�P.(76N#2'*)+)+) , \L4,1!tr(7*s=L4%9U=GAM=f4%9&\f\81.;<(+H01.C,\8(7ghI,(7CJH7(7\c1.C@=>4,(+;<9&3,3JA2C,VB1&Dv/K1EH0A
A2C�-.1./M-.(0*@A2C|V.(0C,(0=LA2Ho*JA2\L1&6L*,(06L\X\8A2C,H0(+AK=�A2C,H06L(O9U\L(7\X=L4,(o/K(0-.(0/e1&Dv9&\8\L1?H7A29U=>AK1.C|a[(0=Str(7(7C59
*,A2\8(O9&\8(d/K1EH0I,\p9&C,*QH7/K1.\L(0/KP�bS/KA2C,yU(7*B;<9&6LyU(76WV.(0C,(7\0]

�nC�=>A2/�CJ1#tGN =>4JA2\nA2C�=>(06LV.(0C,(76L9U=>AK1.CkH71.686L(7/29U=>AK1.Ck1&De1O1m\83,6LAKC,V<\8A/.0(c4%9U\�a[(7(0C|*,(0=L(7H�=>(7*
=>4%9&CJy?\W=L1+V.(7C,(79&/21&V.A2H79&/q*,9U=T9&a,9&\L(0\P#F�lI,\R=>(06L/2AM=J.f9UC,*�%�(0P&(760N��54+4+6 , ]Q�p(7H7(0C�=>/KP&N%�lI,\R=>(06Rb
/2AK=3.f(0=X9&/ ]&#2'*)+).� , *,(0-&(7/21&3q(0*@9&CjAKC,*,AK6L(7H�=�t}9OPk=>1Z*J(0=>(0H0=�DF(768=LA2/KAK=SP�AKC,4,(06LAK=>9&C,H0(G=L4%9&C,yh\
=>1dV.(7C,(�=>AKHl9&CJ*<*,(0;<1&V.6>9&3J4,A2HW*%9{=T9J]QR}9&\LAKHO9&/K/KP.N.=L4,(7AK6 ;<(�=>4,1?*<IJ\L(7\r4%9&3,/K1&=SP?3,A2HW*,9U=T9G=>1
(7\8=LA2;<9U=>(TS81.AKCh=L/KPX=L4,(x9UV.(}1&D%9lV.AK-&(7Co;wIJ=T9&C�=�9&/2/K(7/K(r9UC,*c=L4,(xV.681#tW=L4o6>9{=>(v1&D%=>4,(rChI,;oa[(76
1&DeH79&6L68A2(768\�1UDe=>4,AK\n9&/2/K(7/2(f\8A2C,H0(cAM=>\�9&3,3[(O9&6L9&C,H0(&]x'u4,(0Cj=>4,(d(7\R=>AK;Z9U=L(7*�V.6L1!tW=>4�6>9U=L(cAK\
4,A2V.4J(76e=>4,9&C+=>4,(pyhC,1!tpCZ3[1.3,I,/29U=>AK1.C+V.681#tW=L4<6L9U=>(xDF1&6`\L(0-&(76L9&/qAKC,*,(03q(0C,*,(7C�=v;oIJ=>9U=>AK1.C,\0N
AK=pA2\W/KA2yU(7/KP<=>4%9{=l9Y*,(0;<1.V&6>9&3,4JA2Hf3,4,(0C,1.;:(7C,1&C�/KA2y&(fDF(068=>AK/2AM=SP<=L6>9&C,\8;<AK\L\8A21.CBAK\n1?H7H0I,6LAKC,V
A2C�=L4,(o3[1.3,I,/29U=>AK1.C�]p^W4,AK\�t}9&\X\L4J1#tpC@AKCj=Str1�3q1&3,I,/z9{=>A21&C,\7N[1.C,(c1&D�R}I,/KV�9&6LA29&CkV&P?3,\LAK(7\
#VUX/29W8 , 9&C,*k1.C,(G1&DYXXI,(7a[(7HZ# " 9&V.I,(0C%9OPhb\[�9&H " 9&AKCh=^]&(79&C , ]

�SCk1.IJ6W\8=>IJ*JP.N,tr(G9&A2; =>1+*J(0=>(0H0=p=>4JA2\}DF(068=>AK/2AM=SP<H01.6L68(7/29U=>AK1.CZtpAK=L4BV.(7CJ(0=>AKHX*%9U=>9+1.C,/KP
� I
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I,\LAKC,VkH71�9&/K(7\8H7(7C�=c;<(�=>4,1?*,\0]<��=dA2\GAKC,*,(7(0*5tr(7/K/Mb�y?CJ1#tpC�=>4,9U=d3q1.3JI,/z9U=LA21.C@*J(7;:1.V.6>9U3,4�P
4%9&\e9UCw(�1q(7H�=`1.Cd=>4,(rH71�9&/K(7\8H7(7C�=e=L6L(0(}\L4,9&3q(�# �n1.6L*,a[1.68V,N+'O)+)7� , ]��%1.6 A2C,\R=T9&CJH7(&NUV.(7CJ(O9&/K1Ub
V.A2(0\rAKC�9&C�(98E3q1.CJ(7C�=>A29&/2/MPYV.6L1!tpA2CJVw3[1.3,I,/29U=>AK1.C+tpA2/2/%=L(7C,*Z=L1wa[(l;:1.6L(n\8=>9&6L/KA2yU( # " /z9U=Ly?AKC
9&C,*�%�I,*J\L1.C�N(�54+47��
,�lA��pA2(7C7.71Y9&C,*B'uAK/2\L1&C�N �<4+47� , ] " A2;:A2/29&6L/MP.N�9+*,(03%9&68=LI,6L(XDF681.; =L4,(
C,(7IJ=L6>9&/�H01�9&/2(0\LH0(7C�=XAK\nDF1.IJC,*�tp4,(0C|DF(76R=>A2/KAK=SPZA2\pA2C,4J(76LAM=>(0*�]W�SC|3%9&6R=>AKH7I,/29&67N " A2a[(768=�(0=l9&/ ]
#?'*)+)+' , \L4,1!tr(7*Q=>4%9U=pDF(068=>AK/2AM=SP<=L6>9&C,\8;<AK\L\8A21.CB;<9&y&(0\�H01�9&/K(7\LH0(7C,H0(d=LA2;:(7\W*,(0H768(O9&\8(&]}^W4JA2\
6L(7*JI,H0=LA21.C:A2\ 4,AKV.4,(76 AKC:=L4,(�aJ6>9&C,HT4J(7\}CJ(O9&6`=>4J(�F=� �}�wN?V.AK-?A2CJVc9G\8=>9&6L/KA2yU(n\84%9&3[(n=L1d=L4,(
H71�9&/K(7\8H7(7C�=X=L6L(0(&]�%n1!t}(�-.(760N�\LAKC,H7(w9Z\LAK;<AK/z9&6W\84%9&3[(wA2\l9&/2\81Z(98J3[(7H�=>(0*5AKC|9&Cj(E8E3%9&C,*JA2C,V
3q1.3JI,/z9U=LA21.CmN�A2CJDF(06L6LAKC,Vw1&C,/KP+=L4,(X/2(0C,V&=L4,\}1&Dm=>4,(XaJ6>9&C,HT4J(7\W1&D�=L4,(l=L6L(7(�A2\rC,1&=x(0C,1.I,V&4�=>1
A2CJDF(06vDF(068=>AK/2AM=SPoA2CJ4,(768AK=T9UC,H7(U]Q%�1!tr(0-.(067N " AKaq(068=r(0=}9&/ ]�#?'*)+)+' , DF1.I,C,*B9d\L3[(7H0A0A%HX\8A2V.C,9U=>I,68(
1&DpDF(768=LA2/KAK=SP�=>6L9&C,\L;:A2\8\LAK1.CTCZ��=YAKC,H768(O9&\8(7\+=>4J(B/2(0-&(7/W1&D�A2;wa%9&/z9UC,H7(<1&DnH71�9&/K(7\8H7(7C�=Y=>68(7(0\7]
^W4,(wAK;oa%9&/29&C,H7(f1UD 9Y=L6L(0(wA2\n*,(EA%C,(7*|9&\n=L4,(o9O-&(76>9UV.(w/K(0-.(0/�1&D`A2;wa%9&/z9UC,H7(f1&DeAK=>\pC,1?*,(0\7N
y?CJ1#tpAKC,Vk=>4%9U=w9kV.AK-&(7C5C,1E*J(<AK\dH01.;:3,/2(�=>(7/MP|a%9U/z9&C,H0(7*5AKDrAK=d\L3J/2AK=L\f=>4,(Y\>9U;<3,/K(YA2C�=St}1
\LI,a,\L9&;:3,/2(0\f1&Dv\>9&;:(+\LA0.7(7\G9UC,*�AK=fAK\f9&/2/ =>4,(+;:1.68(oA2;oa,9&/z9&CJH7(7*�=>4%9U=f=L4,(+\LA0.7(0\f1&Dr=L4,(
=St}1:\LI,aJ\>9&;:3,/2(0\p*,A01q(760]

'u4JA2/2(nt}(79&yh/KPZ\8=>IJ*,A2(0*BI,C�=>A2/[C,1!t A2CZ=L4,(XH71.9&/2(0\LH7(0C,H7(f=L4,(71.6RP.N?=>4,(fa%9U/z9&C,H0(l1&D 3,4�P�b
/21.V.(0C,(0=LA2Ho=L6L(7(0\c4,9&\ca[(7(0CstpAK*,(7/MP@\8=LI,*,A2(0*)AKC5\RP?\8=>(0;Z9{=>A2H:a,AK1./21.VUP�=L1Q=L(7\8=c4�P?3q1&=L4,(7\8A2\
9&aq1&IJ=W=>4,(G;<9&H7681E(�-.1./KIJ=>AK1.C%9&6RPZ3J6L1?H7(7\8\L(0\ #?FQ1E(06L\n9&C,* %�(79&6L*�N��<4+4 �+, ] �lA01q(768(7C�=n;<(79{b
\LI,68(7\lH01.;:3,IJ=>AKC,VY=>4,(ca%9&/z9UC,H7(d1&D�=L4,(ctp4J1./2(G=>68(7(Z#��fA268y?3,9U=>68A2HTyk9&C,* " /z9{=>yhA2C�N��54+4&� , 9&\
t}(0/2/E9&\e;:(O9&\8I,6L(0\�DF1.6_9l\LAKC,V./2(vC,1?*,(x4%9O-&(xaq(0(7C+3,681.3[1.\L(0*�]e�SCw=L4,A2\_3%9&3[(767NUt}(x\84,1!t�4J1#t
1.C,(X1&D�=L4,(7\8(Xtp4,1./2(�=>6L(0(Xa%9&/29&C,H0(X;<(79&\LIJ6L(&NE=>4,(X;:(O9UCB����# ��V�9&3[1!t 9UC,*��`I,68-?A2\0N '*)+)+' ,
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I
′

=
n − 1

n
I.

^ 1fH71&;<3,IE=>(W9X\8I,;<;<9&6RPw\R=T9U=LA2\8=LA2HvDF1.6_=L4,(xtp4,1./K(}=>68(7(&N���V�9&3[1!t�9UC,* �`I,68-?A2\�#?'*)+)+' ,
#
�5I , H71.C,\8A2*,(06L(0*5=L4,(+;<(79&C�1&D

I
′ DF1.6G9&/K/_CJ1E*,(0\ftp4,(768(Y=L4,(+3,4�P?/21.V&(7C�P@A2\f68(7\81./K-&(7*�]o��D

;<(79&C
I

′ AK\x4,A2V&4,(76v=>4%9&C
0.5
N?=>4,(�=>6L(0(fA2\x;:1.68(lI,Cha%9&/29&C,H0(7*B=>4%9UCk9oC,(7IJ=L6>9&/qH71�9U/2(7\8H7(0Ch=
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′ AK\l(E8E3[(7H�=>(7*@=L1�*,AK-&(768V.(o\LAKV.C,A�A%HO9&C�=L/KPBDF6L1&; )J] �

9&C,*k\L1YDF(76R=>A2/KAK=SP:=>6L9&C,\L;:A2\8\LAK1.CBHO9&CQa[(f*,(0=L(7H0=L(7*�]

�	��
�� 
 � ��	�
 & ��( ��&'& �%� ��� ��� �#��� ���

^W4,(G\LA2;wI,/z9U=LA21.CJ\}9&a[1!-.(d9&\8\LI,;:(G9&CkA2\81./z9U=L(7*B3[1.3,I,/29U=>AK1.C�1&D H01.C,\8=>9&C�=n\LA/.0(&NJtp4J(76L(GDF(76 b
=>A2/KAK=SP�=>6>9UC,\L;:A2\8\LA21&CsAK\cH01.C,\8=>9&C�=o1!-.(06c=LA2;:(&]K%n1#tr(0-&(760Ne=>4,(0\L(B9&\8\LI,;:3J=LA21.C,\c9&68(<1&D =L(7C
-EAK1./z9{=>(7*fAKCG6L(O9U/.HO9&\8(7\0]e^W4,(768(0DF1.68(vtr( 3q(068DF1.68;<(0*G\LA2;wI,/z9U=LA21.CJ\mA2Cf-U9&68A21.I,\�H79&\L(0\7NUC%9&;:(7/KP
(E8E3%9&C,*JA2C,VX3[1.3,IJ/z9U=LA21.C,\0N&3[1.3,I,/29U=>AK1.C,\�tp4,(768(}DF(76R=>AK/2AK=SPf=L6>9&CJ\L;:A2\L\8A21.CcA2\_1.C,/KPG=L6>9&C,\8AK=L1.68P&N
9&C,*)\R=>68I,H0=LI,6L(0*~3q1&3,I,/z9{=>A21&C,\7]<�%1.6f=>4,(�A%6L\R=c=Str1j\8H7(0C%9&6LAK1.\7N t}(:3[(768DF1&6L;:(7*)68(73[(O9U=L(7*
\LA2;wI,/z9U=LA21.CJ\c=>1�H01.;<3JIJ=>(�=L4,(k;<(79&C�9&C,* \L*�1&D

I
′ DF1.6o=>4,(k\L9&;<(B6L9&C,V.(B1UD�-U9&/KI,(7\Y1&D

α
9U\w9&a[1!-.(Y=>1�*,(0=L(76L;:A2CJ(Ytp4J(0=>4J(76c=L4,(Y=>4,68(7\L4J1./2*5-&9U/2I,(Y1&D

α
9&a[1!-.(Ytp4,A2HT45DF(76R=>A2/KAK=SP

=>6>9UC,\L;:A2\8\LA21&CoHO9&CYa[(W*,(0=L(7H�=>(7*:a�P
I

′ AK\ 9O1q(7H0=L(7*Y1.6eCJ1&=O]`�%1.6 =>4,(p3[1.3,I,/29U=>AK1.Cw\R=>68I,H0=LI,6L(
HO9&\8(&N&tr(W3q(068DF1.;:(7*c\LAK;oI,/z9{=>A21&C,\�tpAK=>4J1.IJ=�DF(068=LA2/2AM=SPX=>6L9&C,\8;<AK\L\LAK1.CG=>1X*,(�=>(06L;:A2C,(vtp4,(0=L4,(76
AK=WH01.I,/2*BP?A2(0/2*Q9+\L3,IJ6LA21&I,\p\LA2V&C%9&/�1&D DF(76R=>AK/2AK=SP:=>6L9&C,\8;<AK\L\LAK1.C�]

��������� "E��� ����� �!� " � �"� ���
')(c\LA2;wI,/z9U=L(7*k=St}1ByhAKC,*,\l1UD`(E8E3%9&CJ*,A2C,VZ3q1.3JI,/z9U=LA21.CJ\7]W^W4,(PA,6L\8=l1.C,(cA2\�9<3[1.3,I,/29U=>AK1.C
I,C,*,(06�H71&Ch=LA2ChI,1.IJ\�V.(01.;<(�=>68A2HvV.6L1!tW=>4K# �$# =$#$� ,&% yd�$#F= ,3, tp4,AK=L4wV.681#tW=L4o6>9{=>(

k = 1.01
]

�SC:=L4,(�\8(7H01.C,*Z1&C,(&Nh=>4,(p3[1.3,I,/29U=>AK1.C+\LA0.7(p6L(0;Z9UA2C,\ H71&C,\8=>9&C�=}I,C�=LA2/T�5)G1.6 '*)fV.(0C,(76L9U=>AK1.C,\
aq(�DF1.6L(f3,68(7\8(7C�=ON tp4,(768(f=>4,(GV.681#tW=L4�AK\WV.(71&;<(�=>6LAKH�# (0AK=L4,(76

k = 1.2
1.6

k = 1.4
, ]

6+)
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�l\L\8I,;:A2C,V:\8=L6L1.C,V:DF(76R=>A2/KAK=SP<A2C,4J(76LAM=T9&CJH7(G*,I,68A2C,VZ9:4,AKV.4QC?IJ;oaq(06�1UDeV.(0C,(76L9U=>AK1.C,\n;<AKV.4�=
aq( I,C,68(O9&/KA2\R=>A2HU] �%1.6@A2CJ\8=T9UC,H7(UN:AKC =>4,(��%6L(0C,HT4 �x9UC%9&*,A29&C�3[1.3,IJ/z9U=LA21.C \R=>I,*JA2(7* a�P
�lI,\R=>(768/2AM=J.n9&C,*N%�(�P.(76�#
�54*4+6 , N�DF(068=>AK/2AM=SPwAKC,4,(768AK=>9&C,H7(Wt}9&\}1&a,\L(068-.(0*�A2CY=>4J(�V.(0C,(O9U/21.V.AKHO9&/
*%9U=T9Ua%9&\L(0\w*,IJ6LA2CJV|9&3,3J6L1<8EA2;<9U=>(0/KP@=>(0C~V.(0C,(76L9U=>AK1.C,\7]k^ 1j=T9Uy&(Z=L4,A2\dA2C�=>1j9&H7H01.I,C�=ON_t}(
\LA2;wI,/z9U=L(7*B3[1.3,I,/29U=>AK1.C,\x=L4%9U=n(E8E3[(76LAK(7C,H0(7*QDF(768=LA2/KAK=SP<A2C,4,(06LAM=T9&C,H0(G1.C,/KPZ*,I,68A2C,V<9+3q(06LA21?*
1&Dq=LA2;:(x=>4%9{= \8=T9U68=>(0*

T
V.(7C,(06>9U=LA21.CJ\va[(0DF1&6L(p3,6L(0\L(0Ch=}9&C,*:/z9U\8=>(0*<*JI,6LAKC,V

τ
V&(7C,(06>9U=LA21.C,\0]

T
6>9UC,V.(7*kDF6L1&;

0
=>1

60
V&(7C,(06>9U=LA21.C,\n9&CJ*

τ
t}9&\n(7AK=L4,(76

5
1.6

10
V&(7C,(06>9U=LA21.C,\0]

� � "J���F" � ���! � $&� �  �
')(X;<9OPYt}1.CJ*,(76xAMD�DF(76R=>A2/KAK=SP+AKC,4,(06LAK=>9&C,H0(lA2\v=>4,(�1.C,/MP<*J(7;:1.V.6>9U3,4,A2H�1.6}V&(7C,(�=>A2H�3,6L1?H7(0\L\
=>1|3,681E*JI,H7(�AK;oa%9&/29&C,H0(7*5V.(7C,(79&/21&V.A2(0\�� � 6 .7(�t}1.68\Ly�P�(�=Y9&/ ] #
�<4+4+4 , \L4,1!tr(7* =>4%9{=o/21!t
\L(7/K(7H�=>A21&C@*,1E(0\GC,1&=G;:1E*,AMD P�=L6L(0(+\L4%9&3[(Y\LAKV.C,A0A,HO9&C�=>/MP.]PRx9&68=L1.C@#
�54*4+6 , 9&\Xtr(7/K/ 9&\G� 9OP
9&C,*s'sI #2'*)+)+) , \8I,V.V.(0\8=L(7*)=L4%9U=c\L(7/K(7H�=>AK-&(Z\Rt}(0(73,\oH79&C)IJC?a,9&/z9&CJH7(Y=>4,(<H71�9&/K(7\8H7(7C�=o9U=
9k/K1EH0I,\XH0/21.\8(o=>1B=>4,(Y1.CJ(+I,C,*,(06d\8(7/K(7H0=LA21.Cm]o^W4,(Y(�1q(7H�=c1UDv-U9&68A21.IJ\X=SPE3[(7\G1&Dr\L(0/2(0H0=>AK1.C
1.C)=>68(7(�AK;oa%9&/29&C,H0(<H01.I,/2*)aq(�AKC�-.(7\R=>AKV�9U=>(0*�] %�1!tr(0-&(767N tr(�6L(0\8=>68A2H�=>(7* 1.IJ6L\L(0/K-&(7\o4,(06L(
=>1s=L4,(j(E1m(0H0=Z1&DfV.(01.V.6>9U3,4,A2H79&/W\8=L6LI,H�=>I,68(&Np\LAKC,H7(UNW/2AKy&(kDF(768=LA2/KAK=SP)=L6>9&CJ\L;:A2\L\8A21.CmN}AK=<A2\:9
*,(7;:1.V.6L9&3,4,AKHn3J6L1?H7(7\8\x9&CJ*�AK=r9O1q(7H�=>\r=L4,(768(0DF1.68(lC,1U=}1.CJ/KPY9d\LA2CJV./2(p/21?H7IJ\ra,IE=}=>4J(ntp4,1&/2(
V.(7C,1&;<(U]-�}1�9&/K(7\8H7(7C�=X=L6L(0(7\XtpAK=L4

100
AKC,*,AK-?AK*,I%9&/K\ptr(768(+\LAK;oI,/z9{=>(7*QtpAK=L4j=>4,(c\L1&D =St}9&68(

" �
F ���n�	[ #��;8EH71��:(06�(�=n9&/ ]MN '*)+)*) , I,C,*J(76p=>4,68(7(G;<1?*,(0/2\x1&D_\L3,9U=>A29&/�\8=L6LI,H�=>I,68(&]

• �
=Str1kA2\L/29&C,*,\l;<1?*,(7/ tpAK=L4@(7ghI%9&/ 9&CJ*@I,C,(7ghI%9U/`(�1q(7H0=LAK-&(:;:A2V&6>9U=LA21.CQ6>9U=L(7\0]
N19&C,*

N2

*J(7C,1&=L(Q=L4,(Q(�1q(7H0=LAK-&(j3[1.3,I,/29U=>AK1.C�\LA0.7(7\<1&Dl=L4,(k=St}1~3[1.3,IJ/z9U=LA21.C,\0N
mij*,(7CJ1&=>(0\ =L4,(W;:A2V.6L9U=>AK1.Cw6L9U=>(xDF681.;
3[1.3,I,/29U=>AK1.C

i
=L1d3[1.3,IJ/z9U=LA21.C

j
9&C,*

ni

*J(7C,1&=L(7\
=>4,(GChI,;oa[(76W1UDe\>9U;<3,/K(7*BAKC,*,AK-?AK*,I%9&/K\xA2CB3[1.3,I,/29U=>AK1.C

i
]

• ��;<1?*,(7/h1&D,3q1.3JI,/z9U=LA21.Cd;:(76LV&A2C,V C 'p\L(03%9&6>9{=>(7*w3q1.3JI,/z9U=LA21.CJ\ #F1&D%(E1m(0H0=>AM-.(x\8A/.0(
N19&C,*

N2
, ;:(768V.(7*

T
V&(7C,(06>9U=LA21.C,\p9UV.1:9&C,*QV�9O-.(G6LAK\L(X=>1<9&CkI,C,AKghI,(G3q1.3JI,/z9U=LA21.Cm]

• ^W4,(X6L9&C,V.(�(E8E3%9&CJ\LA21&CB;<1?*,(7/ AKCh=L6L1?*,I,H0(7*Ba�P �;8EH71 �<(06&#?'O)+)&� , CeAK=r\8=>9&68=L\rDF6L1&; 9
I,C,AKg?IJ(�3[1.3,I,/29U=>AK1.C #F=L4,(�;<9&AKC,/z9&CJ* , N.1UD�(�1q(7H�=>AM-.(l\8A/.0(

Nmainland

NhDF681.;�tp4,AKHT4�9&C
A2C,\R=T9&C�=>9&C,(71&I,\�(98J3,9&C,\LAK1.CY9&681.\L(

T
V&(7C,(06>9U=LA21.C,\�9&V.1,]_�lI,68A2C,V�=>4,AK\�A2CJ\8=T9UCh=>9&C,(01.I,\

(E8E3%9&CJ\LA21&C�N%9&/K/�A2C,*JAK-?A2*,I,9&/2\ DF6L1.; =>4,(GH01.C�=>A2CJ(7C�=nH71./K1.C,A/.0(f9&CkA2CBA%C,AK=L(XChI,;oa[(76p1&D
67�
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A2\8/z9&C,*J\7]e�nD =>(76x=L4,(f(E8E3%9UC,\LAK1.C�N,(79&HT4�AK\L/29&C,*�4%9U\�9UCB(�1q(7H0=LAK-&(d\8A/.0(f1&D

Nisland

9&C,*
(E8E4%9&CJV.(7*Q;<AKV.6>9UCh=L\rtpAM=>4Q9&/2/[=>4,(f1U=>4,(06WA2\L/29&C,*,\0NEtpAM=>4B=>4,(f\L9&;:(f;<AKV.6>9U=LA21.C:6>9{=>(
#
m
, ]
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R}(7H79&I,\L(jV.(7C,(�V.(7CJ(O9&/K1.V.A2(0\:9&6L(�4%9&6L*J/KP yhC,1!tpC A2C�3,6>9UH0=>AKH7(�a,IJ=<1.C,/KP 68(7H01.C,\8=L6LI,H�=>(0*
DF6L1.;��l��� *%9U=>9Q\8(0=>\0N_=L4,(Y(�1q(7H0=c1&Dr=>6L(0(Y6L(7H01.C,\R=>6LIJH0=>AK1.C51.CsAK;oa%9&/29&C,H0(+C,(7(0*,\d=L1�a[(
A2C�-.(0\8=>AKV�9U=L(7*�] �%1.6�=>4JA2\7Nnt}(5\LAK;oI,/29U=>(0* H71�9&/K(7\8H7(7C�=k=>68(7(0\QtpAM=>4

100
AKC,*,AM-EAK*,I%9&/K\ZDF1.6

\L(0-&(76L9&/f-&9U/2I,(0\Q1UD
α
] ^W4J(5DF(068=>AK/2AM=SP�AKC,4,(768AK=>9&C,H7(|t}9&\Q1.C,/MP�(E8E3[(768A2(7CJH7(7* *,I,6LAKC,V

10V.(7C,(06>9U=LA21.CJ\la[(7V.AKC,C,A2CJV
20
V.(7CJ(76>9{=>A21&C,\X9&V&1,]X�X�n��\L(0ghI,(7C,H0(7\ftr(76L(+V&(7C,(06>9U=L(7*�9&/K1.C,V

=>4,(BH01�9&/2(0\LH0(7C�=Y=>6L(0(7\YI,\8A2C,V " (0g�bH>G(0C # ��9U;oa%9&IJ=+9&C,*@>G6L9&\L\8/KP&N �<4+4 �+, Nr9UH7H71&6L*,AKC,V@=>1
=>4,(
%�9&\L(0V�9Otx9{b �fA2\L4JA2C,1Ub��r9&C,1G# %����&6 �*, \LI,aJ\8=>AM=>IJ=LA21.C ;:1E*J(7/ N 9U\L\LIJ;<AKC,V@(7ghI%9&/Wa,9&\L(
DF6L(7ghI,(0C,H7AK(7\f9UC,*|9Y=>6>9UC,\LAM=>A21&CEb�=L6>9&C,\R-.(06L\LAK1.CQ6>9U=LA21:1&D`� # %l9&\8(7V�9Ot}9�(0=l9&/ ]MN �54+6 �*, ]W^W4,(
;oIJ=T9{=>A21&CB6>9U=L(Gt}9&\n\L(�=�(0AK=L4,(76n9U=

5 ∗ 10−5 � \8AK=>( � V.(0C,(76L9U=>AK1.C�N%9&\p(0\8=>AK;Z9{=>(7*BDF1.6W4hI,;<9&C;w=T�X�n��DF6L1.;�3q(0*,A2V&6L(7(p\R=>I,*,AK(7\^#��_9&6L\81.C,\ (0=r9&/ ]KN7�54+4 �+, 1&6 9U=
5∗10−6 � \8AK=>( � V.(0C,(76L9U=>AK1.C9&\}(0\8=>AK;Z9{=>(7*:DF6L1.; =L4,(l*,AM-.(06LV.(0C,H7(l=LA2;:(�a[(0=Str(7(0Ck4?IJ;Z9&CJ\x9&C,*ZHT4,A2;:3,\-#F^�9U;oI,6>9c9&C,*

��(7A N;�54*4.� , ]l^W4,(o\L(0ghI,(7C,H0(</K(7C,VU=>4jt}9&\G9&\8\LI,;:(7*@1&D�I*)+)&a,3�]f^W4J(oH71�9U/2(7\8H7(0Ch=f=L6L(0(7\f1&D
=>4,(f\8A2;oI,/29U=>(0*B\L(0g?IJ(7C,H0(7\�tr(768(c68(7H01.C,\8=L6LI,H�=>(0*j(7AM=>4,(06xtpAK=L4 ����>!F�� 1&6p9Y;<9W8EA2;wI,;Yb
/2A2yU(7/KA24,1?1E*�;:(0=L4,1E*m]=��� >LF�� =>6L(0(7\wtr(768(�a,I,AK/K=dtpAK=L4 � %��-[���� # �%(0/2\L(0C,\8=L(7AKC�N �54+6*4 ,
DF6L1.; 9	F=[�*,AK\8=T9UC,H7(v;Z9{=>6LA 8f(0\8=>AK;Z9{=>(7*dI,\8A2C,Vp=>4,( %����-6 � ;:1E*J(7/�#F=L4,( =>6>9UC,\LAM=>A21&Cd6L9U=>AK1
tx9&\+(0\8=LA2;<9U=>(0* , ]�^W4,(k;<9W8EA2;oI,;+bS/KA2yU(7/2AK4,1?1?*@68(7H01.C,\8=L6LI,H�=>AK1.C,\otr(76L(k3[(76RDF1.6L;:(7*~tpAM=>4
��% �LF=[ #?>fI,AKC,*,1.Cj9&C,* >G9&\LH0I,(7/ N�'*)*).� , 9&\L\8I,;<AKC,VKR}�
�f�	]<=>6L(0(
#?>G9&\8H7I,(0/ N;�<4+4 �+, 9&\
\8=T9U68=>AKC,Vl=L6L(7(UN�I,\LAKC,VG9&/K\L1X=>4J(�%����&6 � ;:1?*,(7/htpAK=L4Y9&CY(7\8=LA2;<9U=>(0*w=>6L9&C,\8AK=>AK1.Co6L9U=>AK1,]YF [
=>6L(0(7\Xtr(768(:681E1U=>(7*|=L4%9&C,yh\f=>1k9B\8A2;oI,/29U=>(0*|1.IJ=LV.6L1&I,3�]G')(+3[(76RDF1.6L;:(7* �5)*)�6L(73J/2A2H79U=>(0\
DF1.6l(79&HT4@-&9U/2I,(o1UD

α
N�9&CJ*@6L(7H01.C,\R=>6LIJH0=>(0*5=L4,(+H71.9&/2(0\LH7(0C�=f=>6L(0(wtpAK=L4@aq1U=>4@;:(0=>4J1E*,\lA2C

(O9&HT4 HO9&\8(&]�^W4,(0C�tr(�H01.I,C�=>(0*�DF1.6Y(O9&HT4 ;<(�=>4,1?* =>4,(QChI,;oa[(76:1&DXH79&\L(0\ZA2C�tp4,AKHT4�9
\LA2V&C,A0A%H79&C�=W-U9&/2I,(f1UD����Jt}9&\n1.aJ=>9&A2C,(0*Q9U=W=>4,(Y]��G/2(0-&(7/ ]

�	��
���� ��� � �/� ,�� ��( ��$%� � $ ��$

')(:9&3,3J/2A2(0*�1.I,6d;<(�=>4,1?*@=>1Q;<AM=>1?HT4,1.C,*,68Az9&/_*%9U=>9Q\8(0=>\GDF6L1&;�=>4,(:*%9U=>9&a%9&\8(NF �-� " �WN
tp4,A2HT4�A2\X9kH01.;:3,A2/29U=>AK1.C�1UDr;c=T�X�n��DF6L1.; 4hP?3[(76R-&9U6LAz9Ua,/2(o68(7V.AK1.C,\X��9&C,*��8��1&D =L4,(Y�nb

6 '
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^�9&aJ/2(G�,]��+C}^W4,(c3q1!tr(76�1&De=>4J(c;:(O9&C����%=>(7\R=�=L1Z*,(�=>(0H0=l=L6L(0(cAK;oa%9&/29&C,H7(d9U=p=L4,(Z]��w/K(0-.(0/DF1.6W\L(�-.(76L9&/�-U9&/2I,(0\W1&D =>4,(fDF(76R=>AK/2AK=SP<A2CJ4,(768AK=T9UC,H7(f3%9U6>9&;:(0=L(76
α

n α 0 .33 .66 1 1.33 1.66 2
20 .04 .06 .09 .19 .68 .75 .76
30 .14 .10 .12 .26 .74 .83 .90
50 .08 .15 .11 .45 .91 .97 .99
100 .04 .15 .08 .69 1 1 1
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������������������������������������� 
!������"$#%�&�����&��')(&��
��*�+��#
α
���*"

n ,

/21?1.3�] " 9&;:3,/K(7\n1&D`\L(0ghI,(7C,H0(7\fDF6L1&; �&� � 3[1.3,IJ/z9U=LA21.C,\n9&68(o9O-U9&A2/29&a,/K(&] " AKC,H7(c;w=T�l���
AK\
A2C,4,(06LAM=>(7*f;<9U=L(76LC,9&/2/MP.NO;w=>�X����=L6L(7(`a,9&/z9&CJH7(etpA2/K/&a[( \L(7CJ\LAK=LAK-&( =L1xDF(76R=>A2/KAK=SPn=>6L9&C,\L;:A2\8\LAK1.C
DF6L1.; ;:1&=>4J(76p=>1�*%9UI,V.4�=>(06l1.C,/MP.] " 9&;:3,/K(7\nH71.C�=T9UA2C,AKC,V</K(7\8\�=>4,9&C

45
A2C,*JAK-?A2*,I,9&/2\Wtr(76L(

*,A2\8HO9&68*,(7*�]B;c=T�X�n� \L9&;<3J/2(7\fDF681.;�=>4,(:6L(0V.A21&Cs�8�X1&D}=L4,(<�nbS/K1E1.3�tr(76L(<C,1&=cA2C,H0/2I,*J(7*
A2C|=>4J(:\R=>I,*EP�\LA2CJH7(o=>4J(0P59&68(+C,1&=d9O-U9&A2/29&a,/2(dDF1.6f;:1.\8=G1&D =L4,(Y3q1.3JI,/z9U=LA21.CJ\7]w^W4J(<V.(0C,(
=>6L(0(7\vt}(06L(Xa,IJA2/K= tpAM=>4 � % �LF=[G#?>G9&\8H7I,(0/m9&CJ*
>GIJA2C,*,1&C�NB'*)+).� , 9&CJ*�6L1?1&=>(0*<tpAM=>4.-0/21

3 /215476�8:9*6�\L(7ghI,(0C,H7(0\v9&/2\81l9O-U9&A2/29&a,/K(`A2CPF �-� " �W]&^ 6L(0(7\ tpAK=>4c/2(0\L\_=L4%9&C 4
68(7\L1&/K-.(0*+C,1?*,(7\

t}(06L(d*,A2\8HO9&68*,(7*�]

�
� � ; � � � 	 � �

�	� � ��
 < � * �/� �%� ����& ��& 	 $)&'��� �)( �'� ���",&�
	 $)�0$%( ! �

^W4,(Y\8=T9{=>A2\R=>AKHo;<(79&C
I

′ 6L(�-.(O9U/2\f\8=L6L1.CJV�AK;oa%9&/29&C,H7(dDF1.6
α > 1

# �_A2V.I,68(o�,]�� , ] F�(O9&C
I

′

A2C,H06L(O9U\L(7\f/KA2C,(79&6L/MPBDF6L1.;
α = 0

=L1
α = 2

#F=L4,(o6L(0V.6L(0\L\8A21.C�a[(0=Str(7(7C�=>4J(o\8=>9U=>AK\8=>AKHo9&CJ*
α
A2C|=L4%9U=G6>9UC,V.(oV.AM-.(0\

R2 = .52
, ]c��=G\LI,V&V.(7\R=>\f=>4%9{=f;<1&6L(+9&CJ*5;:1.68(oC,1?*,(7\fa[(7H01.;<(

A2;oa%9U/z9&C,H0(7* 9&\
α
A2CJH76L(79&\L(0\7] ^W4,(768(0DF1.68(&Nx=>4J(jA2;wa%9&/z9UC,H7(k\LAKV.C%9&/pAK\<C,1U=�H71&C7A%C,(0*�=>1

=>4,(da%9&\L9&/�C,1?*,(7\n1.C,/MP.] %�1!t}(�-.(067Nq=L4,(d\8=T9{=>A2\R=>AKH7\p*,A2*kC,1U=l*,(�-?Az9U=L(GDF681.;
=L4,(cAK;oa%9&/29&C,H0(
(E8E3q(0H0=L(7*|I,CJ*,(76p=>4,(dC,(0IJ=>6L9&/�;<1?*,(7/qDF1.6

α < 1
]r^W4,(G=>6L9&C,\8AK=>AK1.CkA2\p\LIJ6L3,68A2\LAKC,V./MP�6>9U3,A2*

aq(�=St}(0(7C�=>4J(�=Str1o\8=>9U=>(0\7] �%1.6
α = 1

Nhtr(X6L(0HO9&/K/,=>4%9U=r=>4,(n3,681.3q(0C,\LAM=SPY=>1w68(73,681E*JI,H7(�*,(�b
3q(0C,*,\x/KA2C,(79&6L/MP+1.C<=L4,(X\8A2a,\84,A23<\LA/.0(&]`^W4,(l/2A2CJ(O9&6 *,(03q(0C,*,(7CJH7(fA2\v=>4,(06L(�DF1.6L(l9c=>6L9&C,\LAM=>AK1.C
\8=T9{=>(ftp4,A2HT4Q\L3J/2AK=L\}=>4J(d*J(0=>(0H0=>9&a,/2(fDF(068=>AK/2AM=SPZAKC,4,(768AK=>9&C,H7(XDF681.; =L4,(GI,C,*,(�=>(0H0=T9Ua,/2(G1.C,(U]

�SC+1&6L*,(06�=>1fAKCh-&(7\R=>A2V.9U=>(v=>4,(W3[1!t}(06e1&D =>4,(r=>(7\R=>\0N�\LA2;wI,/z9U=LA21.CJ\ tr(768(W6LI,CoDF1.6_*,A01q(768(7C�=
-&9U/2I,(0\c1&D

n
9&CJ*

α
]
�p(7\8I,/K=L\o9&68(<\84,1!tpC�A2C5^�9&aJ/2(:�,]0�&]Q^W4J(<=SP?3q(<�f(7686L1.6Gtx9U\!A78E(7*
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��A2V.IJ6L(p�,]��+Ce^W4,(�(�1q(7H0=x1&D�DF(76R=>AK/2AK=SPwA2C,4J(76LAM=T9&CJH7(n1.C<=L4,(la%9U/z9&C,H0(�;:(O9U\LI,68(l;:(O9&C<���K]E�%1.6(O9&HT4Z-U9&/KI,(n1&D
α
N��5)+)dH71�9&/K(7\8H7(7C�=r=>6L(0(7\}tpAM=>4

100
A2C,*JAK-?A2*,I,9&/2\ 4%9O-.(laq(0(7C�\8A2;oI,/29U=>(0*�]��aq1<8wA2\�*J(7/2AK;<AM=>(0*ca�Pd=>4,( A,6L\8=`9&C,*o=>4J(}=>4,AK6L*cg?I,9&68=LA2/2(U]_^W4J(W4,1.6LA0.71.C�=>9&/h/2A2CJ(}A2Cc(O9&HT4Ya[1<86L(73J6L(7\8(7C�=>\n=>4,(d;:(7*,A29&Ck9&C,*k=>4,(Gtp4,AK\Ly&(06L\n(E8?=>(0C,*j=L1:=L4,(G;<1.\R=p(E8?=>68(7;:(c*,9U=T9Y3q1&A2C�=>\0]^W4,(c4J1.6LA0.71.C�=T9U/�/2AKC,(fA2C,*JA2HO9{=>(7\f] � tp4,A2HT4�A2\x=>4J(c(98J3[(7H�=>(0*j-U9&/2I,(f1UDe;:(O9&CQ���%I,C,*,(06n=L4,(C,(7IJ=L6>9&/�H01�9&/K(7\LH0(7C�=O]

=>1
10%

] ��\xt}(GC,1&=LA2H0(7*Q9&a[1#-&(&N,=L4,(f=>(7\R=pA2\WI,C,9&a,/2(X=L1+*,(0=L(7H�=nDF(068=LA2/2AM=SP:A2C,4,(06LAM=T9&C,H0(XDF1.6
α < 1

N`(0-.(0C�tp4J(7C
n = 100

]��%1.6
α ≥ 1

Ne=L4,(Z=L(7\8=Y3[(76RDF1.6L;:\ctr(7/K/}(�-.(7C tp4,(0C =L4,(
\>9&;:3,/2(+\8A/.0(7\c9&6L(Y\L;<9&/K/�#�� 1#tr(76 % ] I+6kDF1.6

n = 20
9&C,*

α = 1.33
, ]<� 1&6f/z9&68V.(+\>9&;:3,/K(

\LA/.0(7\n9&C,*
α > 1

NJ=>4,(G3[1!t}(06n1UD_=L4,(f=>(7\R=lAK\WH7/K1.\L(X=L1��&]

�	� � ��� � ��	�
 & ��( ��&'& �%� ��� ��� �#��� ���

��������� "E��� ����� �!� " � �"� ���

^W4,(lV.(0C,(lV&(7C,(79&/21.V&A2(7\ \8A2;oI,/29U=>(0*<AKC<a[1&=L4Z;:1E*,(0/2\ (E8E4,AKa,AK=L(7*<(E8J9&H0=L/KP+=L4,(l\L9&;<(nA2;wa%9&/Mb
9&C,H7(G3%9{=L=>(06LC�9&\WA2CB=L4,(GH71.C,\R=T9&C�=�3q1&3,I,/z9{=>A21&C�\LA0.7(G;<1?*,(0/Q# 68(7\8I,/K=L\nCJ1&=n\L4,1!tpC , ]
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'u4,(7CZDF(068=LA2/2AM=SPoH01.6L68(7/z9{=>A21&C:1?H7H0I,6L\rA2C:=>4,(n/z9&\R=}V&(7C,(06>9U=LA21.C,\0N�=>4,(�3%9U=L=L(768CZ1&D�AK;oa%9&/29&C,H0(
6L(7;<9&AKC,\}AK*,(7C�=>AKHO9&/[=>1+=>4J(f1.C,(X\84,1!tpC�AKCk��A2V.IJ6L($�.]��SCQH01.C�=>6L9&\8=7N%V.(7C,(79&/21&V&PZAK;oa%9&/29&C,H0(
A2\X*,(�=>(0H0=>(0*sAKC@9�3[1.3,I,/29U=>AK1.Cj=>4,9U=f(E8E3[(768A2(7CJH7(7*

τ = 10
V.(0C,(76L9U=>AK1.C,\X1&Dv4,AKV.4jDF(068=>AK/2AM=SP

A2C,4,(06LAM=T9&C,H0(
T = 110

V&(7C,(06>9U=LA21.C,\�9&V.1J]�^W4,(c=>6>9UC,\LAM=>A21&Cja[(0=Str(7(7C@=L4,(7\8(w=St}1B(98?=>6L(0;<(
\LH7(0C%9&68A21.\`AK\`H71.C�=>AKChI,1.I,\0]`^W4,(W=>4,68(7\L4J1./2*+-U9&/2IJ(W1&D

α
9Uaq1!-.(Wtp4,AKHT4:DF(068=LA2/2AM=SPdA2C,4,(06LAM=T9&C,H0(

H71.I,/K*+aq(W*J(0=>(0H0=L(7*ZAKC,H768(O9&\8(7*<9&/2/h=>4J(n;:1.68(}=>4%9{=
τ
*,(7H06L(O9U\L(7*Z9&C,*

T
AKC,H768(O9&\8(7* # �_A2V.I,68(

�,] ' , ]�'s(l;<9OP<CJ1&=>AKH7(p=>4%9U=}\8=L6L1.C,VcDF(768=LA2/KAK=SP+AKC,4,(768AK=>9&C,H7(n/2(79O-.(7\x9&CZ4,AKV.4NA,C,V.(7683,6LAKC�=x1.C
V.(7C,(�=>AKHf*,AK-&(76L\8AK=SPB(�-.(0CjAKD_AK=x4%9&3,3[(7C,\n*,I,68A2C,V A,-&(cV&(7C,(06>9U=LA21.C,\W1&C,/KP&]
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α

��A2V.IJ6L(W�,] 'BC�^W4J(�(E1m(0H0=r1&Dm=L4,(�\R=T9&6R=>AKC,Vf=>A2;:(
T
1&Dq=>4,(pDF(76R=>AK/2AK=SPcA2CJ4,(768AK=T9UC,H7(p3,681EH0(7\L\v1.C=>4,(

α
-U9&/KI,(W9&a[1!-.(xtp4,AKHT4YAK=eAK\e3[1.\L\8A2a,/K(}=>1f*,(�=>(0H0=vA2;oa,9&/z9&CJH7( =>6L(0(7\0]`^W4,(W\8=>9&68=LA2C,VX=LA2;:(A2\eH01.I,C�=>(0*<a%9UHTyht}9&68*�]`^W4,(pH7AK6LH7/K(7\�#F6L(0\L3[(7H0=LAK-&(7/KPw=>4,(W\8g?I,9&6L(0\ , H71.686L(0\L3[1.C,*Y=>1G9f;<1?*,(0/tp4,(768(nDF(068=>AK/2AM=SPcAKC,4,(06LAK=>9&C,H0(xtx9&\v(E8E3[(768A2(7CJH7(7*<*,I,68A2C,V � # 68(7\L3[(7H�=>AM-.(7/MPK�5) , V&(7C,(06>9U=LA21.C,\0]^W4,(G\L1./KA2*B/2AKC,(7\W4,9!-&(ca[(7(0C�1&aJ=T9&AKC,(7*kI,\8A2C,VY/KA2C,(79&6x6L(0V.6L(0\L\8A21.C�]

� � � ����� $&� �
� �! � �  � $ � � �0�! � $&��� � �
^W4,(<V&(7C,(�=>A2H+*JAK-.(06L\8AK=SP�1&Dv=>4,(Y3[1.3,I,/29U=>AK1.C|DF1.6X=L4,(Yaq1&=L4s;wIJ=T9U=LA21.C@6L9U=>(0\GA2\G\L4,1!tpCsA2C
^�9&aJ/2(n�,] '?]e�l\W9U/2\L1d\L4J1#tpCBa�P " A2a[(76R=}(�=W9&/ ]�#?'O)+) ' , *,AM-.(768\LAM=SP<*J(7H768(O9&\8(7\xtp4,(0C�DF(76R=>A2/KAK=SP
A2C,4,(06LAM=T9&C,H0(YA2C,H06L(O9U\L(7\0]�^W4,AK\d68(7*,IJH0=>AK1.C5A2\G(0-&(7C~;:1.6L(Y*,6L9&\8=LA2H+DF1.6f=>4J(</K1#t
;oIJ=>9U=>AK1.C

6 �
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^_9&a,/K(d�J] 'BC`^W4J(d(E1m(0H0=�1&D DF(768=LA2/KAK=SP:A2C,4J(76LAM=T9&CJH7(f1.Ck4,(�=>(7681+.0P?V.1&\LAK=SP
Substitution rate α 0 0.33 0.66 1 1.33 1.66 2

µ = 5 ∗ 10−5/site/generation .99 .99 .99 .99 .85 .65 .57
µ = 2.5 ∗ 10−6/site/generation .94 .93 .93 .93 .60 .15 .08

���������	��

����������������������� ����'.����� ���*" ��(2�
" � ��

��� ������������� 
!������" # �&�����&� ' (���
��*����#
α ,

6>9U=L(&]p��De=>4JA2\n6>9U=L(ct}9&\X9&\8\LI,;:(7*mNmAK=nAK\�AK;<3[1.\L\8A2a,/K(X=>1<6L(7H01.C,\R=>6LIJH0=fV.(0C,(wV&(7C,(79&/21.VUPBDF1.6
4,A2V.4BDF(068=>AK/2AM=SPZAKC,4,(768AK=>9&C,H7(N#

α > 1
, ]v�SC�=>4J(GDF1&/2/21!tpAKC,V,NJ1&C,/KP�=L4,(d/z9&68V.(76W;oIE=T9U=LA21.CB6L9U=>(

tpA2/2/qaq(GH01.C,\LAK*,(768(7*�]
^W4J(�3q1!tr(76o1UDpA2;oa%9U/z9&C,H0(:=L(7\R=>\o1.C)6L(7H01.C,\R=>6LIJH0=>(0* V.(7C,(79&/21&V&P5A2\w\84,1!tpC�A2C~^_9&a,/K(

�,] �E]`�%1.6
α = 0

N
21%

1&Dm=>4,(�� %��LF [�=L6L(7(0\x9&CJ*
38%

1UD�=>4,(	����>LF�� =L6L(7(0\x9&68(l;:1.6L(
I,Cha%9&/z9UC,H7(0*<=>4,9&C<3J6L(7*JA2H0=L(7*<ahP+=L4,(nC,(7IJ=L6>9&/ H01�9&/2(0\LH0(7C�=O]e^W4J(l(E8E3[(7H�=>(7*ZC?IJ;oaq(06r1UDm68(�b
S8(7H0=L(7*k6L(03,/2AKHO9U=L(7\xAK\

10%
]`��=p;:(O9UC,\}=>4,9U=W6L(0H71.CJ\8=>68I,H0=L(7*�V.(7C,(fV&(7C,(79&/21.V&A2(7\}9&6L(f\8/2AKV.4�=SP

;<1.68(XI,Cha%9&/29&C,H0(7*B=>4%9UCQ(98E3q(0H0=>(0*jI,CJ*,(76x=L4,(GC,(7IJ=L6>9&/mH71�9&/K(7\8H7(7C�=7]v^W4J(d\L9&;:(Xa,Az9U\W4%9&\
aq(0(7C�68(73[1.68=L(7*�AKC�3,4�P?/21.V&(7C�P tp4J(76L(j6L(7H01.C,\R=>6LIJH0=>AK1.C�;:(0=L4,1E*J\<3,681!-EAK*,(jaJAz9&\8(7*�(0\8=>A b
;Z9U=L(f1&D�=L6L(0(c\84%9&3[(K#2%nI,(7/K\L(0C?a[(7HTyQ9&CJ* �fA268HTy?3,9U=>68A2HTy N��54+4+I , ]}^W4J(P��� >LF�� ;<(�=>4,1?*
A2C�=>681E*,IJH7(G9Y\LI,a,\R=T9&C�=LAz9&/�9&;:1.I,C�=p1&D_A2;wa%9&/z9UC,H7(f9UC,*kAK=>\pI,\8(G\L4%9&/K/�a[(d3J6L1.\8H76LAKaq(0*�]v�%1.6
α
\8=L6LAKH0=>/MP)aJA2V.V.(06d=L4%9&C �.N 9U/2/ =>4,(K����>!F��i=L1.3[1./21.V&A2(7\c9&68(�;<1&6L(ZIJC?a,9&/z9&CJH7(7*~=L4%9&C

3,6L(0*,A2H�=>(7* a�P�=L4,(jCJ(7IJ=L6>9&/pH71.9&/2(0\LH7(0C�=O] �%1.6+=>4,(Q\>9&;:(Q6>9&C,V&(�1&D
α
#F(E8EH7(03J=

α = 2
,

;<1.\R=X1&D`=L4,( � %��&F=[�=L1.3[1./21.V&A2(7\n9&68(o;:1.6L(cI,Cha%9&/z9UC,H7(0*|=>4%9&C@3J6L(7*JA2H0=L(7*@a�PQ=>4,(oChI,/K/
4hP?3[1&=>4J(7\LAK\7]��%1.6

α = 2
=>4,( ��% �LF=[u\L(0(7;:\o=>1|3[(76RDF1.6L; a%9U*,/KP5\LAKC,H7(Z1.C,/KP

54%
1UD

=>4,(�68(7H01.C,\8=L6LI,H�=>(0* =>68(7(0\Y9&6L(�\8A2V.CJA0A%H79&C�=>/KP5I,Cha%9U/z9&C,H0(7*�]s�%1.6
α = 2

Ne=>4,(B\8A2;oIJ/z9U=L(7*
�X���i\8(7ghI,(0C,H7(0\<9U6L(ZCJ1&=o3[1./KP?;:1.6L3J4,A2HY(7CJ1.I,V.4 9&CJ*)=>4,AK\o9O1q(7H�=>\w=L4,(�ghI%9&/KAK=SP�1&DW=L4,(
=>6L(0(G6L(7H01.C,\R=>6LIJH0=>AK1.C�]`'u4,(0C

α = 2
N 9&CkA2C,*,AM-?A2*,I%9U/qtpAK=L4Q�:a,681&=>4J(76L\p4%9U\�9Y3,681.3q(0C,\LAM=SP

=>156L(73J6L1?*,I,H7(Qtp4,A2HT4 A2\��5I@=>A2;:(7\Ya,AKV.V.(06Y=L4%9U=<9s\8A2C,V&/2(BHT4,AK/2*�] " I,HT4 9�a,A2V�DF(76R=>A2/KAK=SP
A2C,4,(06LAM=T9&C,H0(cAK\l4,AKV.4,/MPkI,C,/2AKy&(0/KP.]n�SC@a,68A2(0D N =>4J(wa%9&/29&C,H0(w1&D`=L4,( � %��&F=[�=>6L(0(7\fAK\�ghI,AM=>(
H7/21&\L(�DF6L1&; =L4,(ka%9&/z9UC,H7(B1&Dp=L4,(kV.(7C,(79&/21&V.A2(0\cDF6L1&;�tp4,AKHT4�=L4,(k�X��� \8(7ghI,(7CJH7(7\<4%9O-.(
aq(0(7CQV.(7C,(06>9U=L(7*�N%(98EH7(73E=lDF1.6WAK;<3,681.3%9&aJ/2(l4JA2V.4BDF(76R=>AK/2AK=SP:AKC,4,(768AK=>9&C,H7(U]

� � "J���F" � ���! � $&� �  �
^W4,(�(�1q(7H0=Q1&Dc\L3,9U=>A29&/l\R=>6LIJH0=>IJ6L(�1.C =>68(7(�a%9&/29&C,H7(@AK\B\L4,1!tpC A2Cu^_9&a,/2(j�,] �J]��SC =L4,(
=St}1BAK\L/z9UC,*,\X;:1E*J(7/ N[1.C,/MPQI,C,(7ghI%9U/`(�1q(7H0=LAK-&(+;<AKV.6>9U=LA21.Ck6L9U=>(0\�#

N1m12 6= N2m21
, HO9&C

6+I



� %����`^�� � �,]������_^W�H[��S^���� �^%�� �n�S^ �X�	�	� �l�	Rr��[��X�	�	� " >
� ���
>
� ���`�	[��&>f��� "

^�9&aJ/2(G�,] �7C}^W4,(c3q1!tr(76�1&De=>4J(c;:(O9&C����%=>(7\R=�=L1Z*,(�=>(0H0=l=L6L(0(cAK;oa%9&/29&C,H7(d9U=p=L4,(Z]��w/K(0-.(0/I,\LAKC,VY6L(7H01.C,\R=>6LIJH0=>(0*jV.(0C,(GV.(7CJ(O9&/K1.V.A2(0\
Reconstruction method α 0 .33 .66 1 1.33 1.66 2

PHYML .21 .18 .20 .44 .96 .79 .52
UPGMA .38 .32 .32 .63 1 1 1

� �&�����&��' (���
��*�0��#
α � ����� ���	��

��������������������� � ����' ����� ���*" ��(2�
" � ��

��' ��(	��� ����� ������� 
!������" , ������ �����*���*�����0� ����'��������
	 ' ��(	��� ����� " � ��� �.��

�&�
�$��'*� ���	��

��������� ����������� ,�
 '*� �������&�*�������*�����
�&�������'*�2" � ' ��(	����'*����� ������	 ��� #%�&������" # ���&� ��'*������� � 
!������" ����� �*���*����� ,

I,Cha%9&/z9UC,H7(x=L6L(7(0\7]`�SC+=>4,9U= HO9&\8(&N�=>4J(WC,(7IJ=L6>9&/%H01�9&/K(7\LH0(7C�= 4�P?3q1&=L4,(7\8A2\`tpA2/K/Ja[(W6L(\S8(7H0=L(7*Z9U=
;<1.\R=

37%
1&DJ=L4,( 6L(03,/2AKHO9U=L(7\7]�^W4,(v\>9U;<3,/KA2C,V}3,6L1?H7(0*,I,6L( tp4,AKHT4c;:1E*JA0A%(0\�=>4,( 3,681.3q1&68=>AK1.C

1&D?A2C,*,AM-?A2*,I%9U/2\mH01.;:A2C,V}DF681.; (79&HT4d3q1.3JI,/z9U=LA21.C�4%9&\�C,1p(�1q(7H�=�1.Cf=>68(7( a%9&/29&C,H7(U] " H7(0C%9&6LAK1.\
1&D�3[1.3,I,/29U=>AK1.C:DFIJ\LA21&CZ*,1cC,1&=xV&(7C,(06>9U=L(lA2;wa%9&/z9UC,H7(U]e�%1.6vA2C�=>(06L;:(7*,A29U=>(p;:A2V.6L9U=>AK1.CY6>9U=L(7\
#
m = .01

, N&=>4,(}6>9&C,V&(x(E8E3%9&CJ\LA21&C:;:1?*,(7/?HO9&C+IJC?a,9&/z9&CJH7(xH01�9&/2(0\LH0(7C�=`=>68(7(7\ 9{=e;:1.\8=
29%1&Dr=L4,(Y6L(03,/2AKHO9U=L(7\7]+'u4,(0C);:A2V.6L9U=>AK1.Cj6L9U=>(0\d9&6L(Y4,AKV.4�N�;:A2V.6L9U=>AK1.C|(0-&(7C�=>\w9&6L(+DF68(7ghI,(7C�=

9&C,*Z=L4,(lAK\L/z9UC,*,\v/21?1.y+/2AKy&(�9w\LAKC,V./2(n3%9&CJ;<AKH0=>AKHp3q1.3JI,/z9U=LA21.Cm]_�SC�=L4%9U=rHO9&\8(&N,V.(0C,(O9U/21.V.AKHO9&/
=>6L(0(7\c4%9O-.(<=L4,(:\>9&;:(<a,9&/z9&CJH7(Y=>4%9&Cs(E8E3[(7H0=L(7*�I,CJ*,(76G=>4,(<C,(7IE=>6>9U/v;:1?*,(7/ ]Z�l/M=>4,1&I,V.4
\L3%9U=LAz9&/�\8=>68I,H0=LI,6L(<;Z9OPjV.(7C,(06>9U=L(:=L6L(0(<a%9U/z9&C,H0(&N�AK=G*J1E(0\cC,1U=cAKC@=>4,(:\>9&;:(Y3,6L1&3q1.6R=>AK1.C
9&\WDF(768=LA2/KAK=SP:A2C,4J(76LAM=T9&CJH7(

��� � �  ��� � � �O" � � "J�!"
^W4,(Xa%9&/29&C,H0(�1&D�=L4,(X4hI,;<9&CZ;c=T�X�n� 6L(0H71.C,\R=>68I,H0=L(7*B=>68(7(7\x9&6L(�\L4,1!tpCBA2C<^�9Ua,/2(��,] � DF1.6
%�>�� \Y9UC,* A2C�^_9&a,/2(Z�,] I|DF1.6w1&=>4,(06+4hI,;Z9UC�3[1.3,IJ/z9U=LA21.C,\0]�^W4,(kC?IJ;oaq(06+1&Dn6L(0\L1./M-.(7*
C,1E*J(7\pA2\p4,AKV.4,/KP<-U9&6LA29&a,/2( # ;:(O9&C

= 12.66
9&CJ*�\0] *�]

= 10.73
, 9&C,*Q3q1&\LAK=LAK-&(7/KPZH71.686L(0/z9U=L(7*

=>1f=>4,(pChI,;oa[(76 1&Dm\L(0g?IJ(7C,H0(7\W9O-U9&A2/29&a,/K(-#
R2 = .55

, ]e^W4J(76L(nA2\`CJ1c\8A2V.C,A�A%HO9UCh= *JA01q(76L(0C,H7(
aq(�=St}(0(7C =>4,(BChI,;oa[(76+1UDl68(7\L1&/K-.(0* C,1E*J(7\+A2C~=L4,(�=>68(7(0\YDF681.; =>4,(�=Str1s*JA01q(76L(0C�=+yhA2C,*
1&Dx3[1.3,I,/29U=>AK1.C,\�#

p = .3
DF1&6c9k1.C,( bS\8A2*,(0*5'uAK/2H71<8E1.C56>9&CJy|=>(7\R= , ]Z^W4,(:4,(0=L(7681+.0P?V.1.\8AK=SP

A2\l\8A2V.CJAKD 9&C�=>/MPB/21!tr(76XAKC %	>
�`\�#
p = .0034

DF1.6X9<1.C,(w\8A2*,(0*|'uA2/KH71<8E1.C|6>9UC,yB=>(7\R= , 9UC,*
H71.686L(7/29U=>(0*B=>1+=>4,(f=L6L(7(Ga%9U/z9&C,H0(fA2C,*J(E8 #

p = .04
DF1.6p9 " 3q(79&6L;<9&CB6>9UC,yZ=>(0\8= , ]

�%(068=>AK/2AM=SPoH71&6L6L(0/z9U=LA21.C<9&3,3[(O9U6L\};wI,HT4B;<1&6L(pDF6L(7ghI,(0C�=WA2CZ%�>�� \0]`�SC,*,(0(7*�N,1&C,/KP � 1.IJ=
1&D '&�YC,1.C=%�>��`\�\84,1!t}(0*@9<\8A2V.C,A�A%HO9UCh=p;:(O9UCj��� #

p ≤ .05
, N,tp4,AK/2(GAK=pt}9&\n=L4,(dHO9&\8(cDF1.6

6o1.IJ=x1UD �*�X4hI,C�=>4,(06RbSV.9U=>4,(06L(06L\p3q1&3,I,/z9{=>A21&C,\7]_^W4,(f;<(79&CB1&D�=L4,(fA2;oa,9&/z9&CJH7(nA2C,*,(98Zt}9&\
6 �



�J] �,]@� � " �	[E^ "

^�9&aJ/2(W�,] � C ^W4,(p3q1!tr(76 1&Dq;<(79&C+���.=>(0\8=`=>1G*,(�=>(0H0= =>68(7(pA2;oa,9&/z9&CJH7(x9{=`=>4,(G]��n/K(0-&(7/,I,CJ*,(76-&9U6LA21&I,\W\L3%9{=>Az9U/m\8=L6LI,H�=>I,68(c;:1?*,(7/K\
Spatial structure Power of mean I′ test

2 islands
N1 N2 m12 = m21 n1 n2

10000 10000 .001 100 0 .10
10000 10000 .001 50 50 .09
10000 10000 .01 100 0 .10
10000 10000 .01 50 50 .09
20000 5000 .001 50 50 .32
20000 5000 .01 100 0 .30
20000 5000 .01 0 100 .35
20000 5000 .01 50 50 .37

fusion
N1 N2 T

10000 10000 100 .10
10000 10000 1000 .12
20000 5000 100 .11

range expansion
Ncontinent Nisland

∑

Nisland m T
1000 1000 100000 .01 1000 .28
1000 1000 100000 .1 1000 .12
1000 1000 100000 .01 100 .29

�����������	��

����������� ��������� � ����'.����� ��� 	*� � ����������� � 
!������"$#%�&�����&��' 	 ��� ����������� �����������
� ,
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^�9&aJ/2(f�,] � C`;w=>�X��� V.(0C,(O9&/K1.V&PZA2;oa%9U/z9&C,H0(�DF1.6W4hI,C�=L(76Rb�V�9U=L4,(768(76n3q1.3JI,/z9U=LA21.CJ\
Populations n mean I

′

? P value? H† resolved nodes?
Aborigene Australian 50 .64 .24 1 8

Ainu 51 .80 .01 .95 8
Nuu − chah − nulth 63 .84 0 .95 7
Outer − island − yap 133 .60 .21 .93 8

Palau 139 .86 0 .93 21
Saami 177 .88 0 .90 8

Vanuatu 75 .79 .01 .98 12
Western new South Wales 63 .72 .02 .92 9

Yanomana 53 .75 .05 .93 8
Yap 202 .60 .13 .94 22

Yuendumu australian desert 51 .75 .01 .96 9


 '*���	���*����

� ���
����������� � � ��
�� # ���&� '�� � ��� � � ��������� �+����� �*���*����� ,

)J] �&� # \0] *�] % )J]��5) , AKC
%�>�� \x9&C,*�)J] I ' # \0] *m] % )J]�� ' , AKC�C,1.C�%	>
�`\7NE=>4,(X*JA01q(76L(0C,H7(fa[(7AKC,V
\LA2V&C,A0A%H79&C�=!#

p = 0.003
DF1.6p9Y1.C,( bS\LAK*,(7*B'uAK/2H71<8E1.Ck6>9UC,yZ=>(0\8= , ]

? 	 �����
I
′ (���
��*��� � ��'*������
 (���
��*��� ���*"���'*����� � � ������# �������&
�(	��" �*�2" ����������� � � �����*��" # ���&�

�������&�*�������*������"�
 ��
 	�� �	���*����

� ���
��� ,
† � " ���*�&��������'*����������� ������"$'*������������� �	��������� ,
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^�9&aJ/2(f�,] I7C`;w=>�X��� V.(0C,(O9&/K1.V&PZA2;oa%9U/z9&C,H0(lDF1.6p9&V&6LA2H0I,/K=LI,6LAK\8=}3q1.3JI,/z9U=LA21.CJ\
Populations n mean I

′

? P value? H† resolved nodes?
Adygei 157 .64 .02 .98 22
Basque 106 .59 .29 .97 10
Bosnia 179 .44 .72 .98 8
Buryat 134 .62 .07 .98 22

Canarian 54 .71 .05 .98 8
Crete 186 .63 .07 .97 20

Croatian 64 .30 .88 .99 7
England 142 .66 .10 .98 13
Finns 50 .76 .03 .98 9
Fulbe 61 .71 .05 .97 11

Icelander 394 .65 0 .99 65
Indian Uttar Pradesh 73 .87 0 .99 7

Japanese 62 .58 .35 .99 8
Karelians 83 .73 .16 .96 5
Korean 378 .57 .14 .99 37
Lambadi 86 .57 .27 .99 12
Lobana 62 .67 .15 .98 11

Mandenka 120 .54 .31 .98 13


 '*���	���*����

� ���
����������� � � ��
�� # ���&� '�� � ��� � � ��������� �+����� �*���*����� ,

�
��� � � � � � � � �E�!�

^W4,(<\8A2;oIJ/z9U=LA21.C|\R=>I,*EP�\L4,1!tp\c=L4%9U=f=L6L(7(:a%9&/29&C,H0(+A2\d9QH01.C�-.(0C,A2(0Ch=dt}9!P�DF1.6f*J(0=>(0H0=LA2C,V
DF(768=LA2/KAK=SPkA2CJ4,(768AK=T9UC,H7(U]G�lA01q(768(7C�=G\8=>9U=>AK\8=>AKH7\X4,9!-&(+aq(0(7C�3,681.3q1&\L(7*|=L1BHO9&3E=>I,68(o=>6L(0(+a%9&/ b
9&C,H7(K#��fA268y?3,9U=>68A2HTy�9&C,* " /29U=>yhA2CmN��54*4.� , ]f^W4J(+\8=T9{=>A2\R=>AKHc=>4,9U=ltr(+I,\L(0*s4J(76L(K# ;:(O9&C

I
′ N

�lV�9&3[1!t 9&C,* �`I,6R-?A2\7NT'*)+) ' , \8(7(7;:\l=L1Za[(wt}(0/2/_9&*%9&3E=>(7*�=>1�V.(0C,(c=L6L(0(7\XAKCj3[1.3,I,/29U=>AK1.C
V.(7C,(�=>AKH7\d\LA2CJH7(:AK=GA2\G*,(0\LAKV.C,(7*s=>1Q*,(O9&/`tpAM=>45C,1&=GDFI,/2/MP@6L(0\L1./M-.(0*s=>68(7(0\7]�F�1.68(71!-.(067N t}(
(7\8=>9&a,/KA2\L4�=L4%9U=W=L6L(7(fa,9&/z9&CJH7(XAK\WC,1&=p9O1q(7H�=>(0*�a�P�-U9&68Az9U=LA21.C<A2CB3[1.3,I,/29U=>AK1.CZ\8A/.7(G9UC,*kC,1&=
=>1?1c\8(7C,\8AK=>AM-.(n=>1dV.(71.V&6>9&3,4JA2HO9U/%\8=>68I,H0=LI,6L(U] " A2C,H0(n=L4,(nV.(7C,(79&/21&V.A2H79&/,=>68(7(n4%9&\r=L1wa[(�aJI,A2/M=
DF6L1.; V.(7CJ(0=>AKHo*%9U=>9JN�9U=8=>(0Ch=LA21.C@4,9&\X=>1Ba[(o3%9&AK*|=>1�=L4,(oghI%9&/KAK=SP�1&D =>4,AK\X6L(0H71.C,\R=>68I,H0=LA21.C
9&C,*|=>4J( ��% �LF=[�;<(�=>4,1?*�9&3,3[(O9U6L\l=L1Baq(o=L4,(o;:1.6L(o( �:H7A2(0C�=O]d�SC,*,(7(0*5=L4,(�����>LF��
;<(�=>4,1?*o=>(0C,*,\`=>1fI,Cha%9U/z9&C,H0(W=>6L(0(7\0NE9UC,*YAK=>\�I,\L(Wtr1.I,/2*+/K(O9&*+=L1fA2C%9&3J6L1.3,68Az9U=L(}68(HS8(7H�=>AK1.C,\
1&D}=L4,(<CJ(7IJ=L6>9&/ H71.9&/2(0\LH7(0C�=O]B��=cA2\d(7C,H01.I,6>9UV.A2C,Vk=>1QC,1&=LA2H0(:=L4%9U=G=>4,(N%�� UP�<=L6L(7(:1&Dx=L4,(
�SH7(7/29&C,*,AKHX3[1.3,I,/29U=>AK1.C�A2\WIJC?a,9&/z9&CJH7(7* # �SH0(7/29&C,*,AKH-% U-'o=L6L(0(dAK\W9&/K\L1YI,Cha%9&/29&C,H7(0*�N,68(7\LIJ/K=

4+)
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^�9&aJ/2(f�,] I7C`;w=>�X��� V.(0C,(O9&/K1.V&PZA2;oa%9U/z9&C,H0(lDF1.6p9&V&6LA2H0I,/K=LI,6LAK\8=}3q1.3JI,/z9U=LA21.CJ\
Populations n mean I

′

? P value? H† resolved nodes?
Mongols 103 .46 .65 .99 18

Ryukyuan 50 .74 .03 .99 6
Sardinian 69 .46 .64 .94 7
Serbian 64 .70 .08 .99 9
Uyghur 45 .68 .09 .99 8


 '*���	���*����

� ���
����������� � � ��
�� # ���&� '�� � ��� � � ��������� �+����� �*���*����� ,

C,1&=<\L4,1!tpC , tp4,A2HT4�AK\<H01.C,\8A2\8=L(7C�=ZtpAM=>4�=>4,(�*,(0=L(7H0=LA21.C 1&DXDF(068=>AK/2AM=SP~A2C�=L(76LV&(7C,(06>9U=LA21.C%9U/
H71.686L(7/29U=>AK1.CZDF681.;iA2H0(7/29&C,*,AKHXV.(7CJ(O9&/K1.V.A2H79&/[*%9U=T9Ua%9&\L(N# %�(7/KV�9&\81.C�N '*)*).� , ]

�XC,(Q\8=L6LAKy?AKC,V�6L(0\LI,/M=<1UD�=L4,(j9UC%9&/KP?\8A2\+1&D�=>4,(k*%9U=>9s9O-U9&AK/z9&a,/K(�A2C@F �-� " ��A2\o=L4%9U=
;w=T�X�n��V.(0C,(O9U/21.V.AK(7\YDF6L1.; %	>
�`\B9U6L(j;:1.68(�I,Cha%9U/z9&C,H0(7*�=L4%9&C�=L4,(|1.CJ(7\<DF681.; C,1.C
%�>�� \0]`^W4,A2\}1.a,\L(068-U9U=LA21.C<\LI,V.V&(7\8=L\x=>4%9{=xDF(76R=>A2/KAK=SP+AKC,4,(06LAK=>9&C,H0(lA2\r/2AKy&(7/MP+=>1oa[(XAKCh-&1./K-&(7*
A2Cs=L4,(7\8(
%�>��`\7]|^W4,AK\w68(7\LIJ/K=oAK\cD 9&6dDF6L1.; a[(7(0A2C,V|AKC�=>I,AM=>AK-&(<\8A2C,H0(<=L4,(7\8(B3q1.3JI,/z9U=LA21.CJ\
*,1�C,1&=lH71.C�=L6L1./ =>4,(0A26�DF(068=LA2/2AM=SPBa�P|H01.C�=>6>9UH7(73E=>A21&C�]X^W4,(o68(7\8I,/K=LA2C,V�ChI,;waq(06X1&D HT4,AK/2*,68(7C
1&Df9&C A2C,*JAK-?A2*,I,9&/x\L(0(7;:\:=L4,(768(0DF1.68(j;:1.6L(B68(7/29U=>(0* =>15a,AK1./21.V&A2HO9U/}H71&C,\8=L6>9&AKCh=L\:=L4%9&C�=>1
H7I,/M=>I,6L9&/,=>6L9&AK=L\7]Q%n1#tr(0-&(76}=L4,A2\vH71&C,H7(03J=W1&D�� C%9U=LI,6>9U/ DF(068=LA2/2AM=SPo3[1.3,I,/29U=>AK1.C��}tp4,A2HT4<6L(0DF(06L\
=>1pV.6L1&I,3,\�tp4,1.\8(vAKC,*,AM-EAK*,I%9&/K\m4%9O-&(rC,1p3,68(7H01.C,H7(0AK-&(7*w=>9&6LV.(�=�D 9&;:A2/KPn\8A/.7(`AK\�H71.C�=L6L1!-.(06L\LA29&/
# \L(0(&�x9&;:3,a[(7/2/q9&C,*<')1?1E*mN �54*6+I , ]_')(X;<9OP:\L(7CJ\LA2aJ/KP<1.a S8(7H�=x=>4,9U=}=L6L(7(la%9&/z9UC,H7(�A2\r=L4,(
H71.C,\8(7ghI,(0C,H7(o1UDe*,AM-.(768\L(d3,4,(0C,1.;:(7C,1.Cktp4,AKHT4|9&68(d;:1.68(d/KA2yU(7/KP<=>1:1EH0H7I,6pAKC %	>
�`\�9&C,*
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-&9U/2I,(YH71&C,H7(06LC,AKC,Vj=>4J(:-U9&68Az9&C,H0(<1UDx=>4,(:ChI,;oa[(76c1&Dx1*1q\L3J6LA2CJV,]B�lI,\R=>(06L/2AM=J.:9&C,* %�(0P&(76
#
�54+4*6 , \L4J1#tr(7*s=>4%9U=7N�A2C@=>4J(ZXXI,(0aq(0H7A29&Cs3[1.3,IJ/z9U=LA21.Cj=L4,(0P�H01.C,\8A2*,(06L(7*mN =L4,A2\X-U9&68Az9&C,H0(
tx9&\f;wI,HT4@4,A2V&4,(76n=>4%9&C@3J6L(7*JA2H0=L(7*�a�P@9 � 1.A2\8\L1.C@*JA2\8=L6LAKa,IJ=>AK1.C�tpAM=>4|=L4,(PA,=8=>(7*�;:(O9&Cm]
�SC~H71.C�=L6>9&\R=ON`�n(7(7/r9&C,*s')(0A2\L\<#
�54 �.�+, H7/z9UA2;:(7*@=>4%9UC)=>4,(<H71.C�=L6LA2aJIJ=>AK1.Cs1UD��r9&C,1.;<9&;<9
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# �SC,*,A29&C�4hI,C�=>(06Rb�V�9U=>4J(76L(06L\xDF681.; ��;Z9O.71.C,A29 , t}1.;:(7CBAK\}H0/21.\8(l=>1w=L4,(��_1&A2\L\81.CB*,AK\8=>68A2a,I?b
=>A21&C�];%n1!t}(�-.(760Nh\8=>IJ*JP?A2C,Vl=L4,(}\L9&;:(}3[1.3,I,/29U=>AK1.C$�}4,9&V.C,1.CK#
�54 � 4 , DF1&I,C,*+6L(79&/2/MPfI,C,(�-.(0C
*,A2\R=>6LAKa,IJ=LA21.C,\ntp4,1.\8(o-&9U6LAz9UC,H7(0\f9&6L(Y9{=X/2(79&\8=l=StpA2H7(Y9U\fa,A2VB9U\l=>4,(+;:(O9UC,\7]d�SC�a,6LAK(0D NmAM=
A2\nC,1&=�H7/2(79&6Wtp4,(0=L4,(76�=>4,(G-U9&6LA29&C,H7(d1&De=L4,(dC?IJ;oaq(06l1&De1*1m\83,6LAKC,V:A2\n*,A01q(768(7C�=lAKC %	>
�`\
9&C,*Q9:68(0-?A2(�t 1&D_yhC,1!tpCjH0(7C,\8I,\�*,9U=T9otr1.I,/2*Qa[(Gtr(7/KH71.;:(7*m]

's(KA%C%9&/K/KP5=>I,68C�=L1@=>4,(Q9&68V.I,;:(7C�=>\+=>4,9U=Y\LI,3J3q1.6R=Y=>4,(B4�P?3q1U=>4,(0\LA2\Y=>4,9U=+DF(76R=>A2/KAK=SP
A2C,4,(06LAM=T9&C,H0(`A2\�\8=L6L1.CJV.(76 A2CL%�>��`\7] " 1.;:(r9UCh=L4,6L1&3q1./K1.V.AK\8=>\mH7/z9UA2;:(7*X=>4,9U=�=>4,(0\L(}\81EH0A2(�=>A2(0\
t}(06L(}ghI,AM=>(r(7V�9&/KAK=>9&6LA29&CXtpAK=L4,1.IJ= a[(7A2CJVlI,C,*J(76_=L4,(}H01.C�=>681./h1&D 9nDF(�t /2(79&*,(768\ # �nIJC,H7AK;Z9&CmN
'*)+) �+, ]��e-&(7CYAKD%=L4,A2\_H7/z9UA2; A2\_4,A2V&4,/KPGH01.C�=>6L1!-&(76L\8Az9&/�#?>f1E1?*JP.N+'*)+) �*, NUtr(xtpA2/K/?9&*,1.3J=�AK=_DF1.6
6>9&AK\LA2CJVd1&I,6}C,(98?=W9&68V.I,;:(7C�=O]e�SC %�>�� \0NJAKC,*,AK-?AK*,I%9&/K\eDF6L1.;�=L4,(l\L9&;<(n\LAKa,/2AKC,VGH71?1.3[(76>9{=>(
9&C,*Z=L4,(0PZa,I,A2/K*�9wyhAKC�C,(0=Str1.68y<=>4,9U=x;<9OP<a[(X4,(0/23JDFIJ/qAKC�HO9&\8(X1&D�C,(0(7*�] ^W4,AK\W9&68V.I,;:(7C�=
4%9&\oa[(7(0C�6L9&A2\8(7*~DF1.6c(E8E3,/29&A2C,AKC,V�=L4,(�H01.6L68(7/z9{=>A21&C)a[(0=Str(7(7C�\LAKa,\L4JA23�\LA0.7(B9UC,*~DF(76R=>A2/KAK=SP
A2C =L4,(|�WHT4,(j/2AK-?AKC,VsAKC ��9U6>9&V.I,9!P # %�A2/K/n9&C,* %nI,68=>9&*,1,N-�54*4+I , 9&C,*�=>4J( � �GIJC,V)DF6L1&;
R}1&=>\Rtx9UC%9 # ��6>9&3[(76�9&C,*=%l9&;:(7\0NT'*)*)+) , ]}��=l4%9U\l(0-&(7C@a[(7(0C|C,1&=LA2H7(0*�=L4%9U=n=>4,(GDF(76R=>A2/KAK=SP
1&D =>4,(p/z9U\8=>a[1.68C+A2C,*,AM-?A2*,I%9U/EAKCY=L4,( � �GIJC,VGA2\e=>4J(W4,A2V.4J(7\8=7]e^W4,AK\YA%C,*,AKC,VGA2\`(E8E3,/29&A2CJ(7*+a�P
=>4,(GD 9&H0=n=>4,9U=p=>4,(d/z9&\R=>a[1.6LCQA2CJ*,AK-?A2*JI%9&/�4%9U\�(98J3[(768A2(0C,H7(0*@*,I,6LAKC,V:4,A2\n9&/K/�HT4,A2/K*,4,1?1E*Q9&/K/
=>4,(�aq(0C,(�A,=}1&D�9da,A2Vd\LAKa,\L4,AK3Z\8A/.7(l9&C,*�4J(nt}9&C�=>\}=L1w68(73,681E*,IJH7(XAM=�# �l6>9U3q(06x9&C,*Z%l9&;:(7\0N
'*)+)+) , ]Q�XC�=>4J(lH71&Ch=L6>9&6RP.NEA2C�\81.;<(�3%9&\R=>1.6L9&/2AK\8=>\v3[1.3,I,/29U=>AK1.C,\`DF6L1.; �nDF6LA2H79JN?C%9&;:(7/KP+=L4,(
>d9&aJa,6>9|9UC,*~=>4,( �GAK3,\LAKV.A2(0\7N�=L4,(ZD 9&H�=o=>4,9U=+3%9&68(7C�=>\+4,9&\w=>1@V&AK-.(Za,6LAK*,(73,68A2H0(<=>1|=L4,(7AK6
\L1.C,\�;Z9OPktr(O9&yU(7C|D 9&;:A2/MP�tpAK=L4ja,AKVZ\LAKa,\L4JA23j\8A/.0(*CW^W4,(c;<1.68(cHT4JA2/2*J6L(7C�=>4,(�P�4,9!-&(&Nm=L4,(
/21!t}(06x=>4,(Ga,68A2*,(03,6LAKH7(ftpA2/K/ma[(�#?Fj9UH7(&N �54*4+I 
 Rr1.6LV.(06L4,1O1 F�I,/2*J(767N(�54+4+6 , ]

�XC,(@1UDf=>4,(@\R=>6L1&C,V.(7\R=k(E8E(7;:3,/K(|1&DGDF(76R=>A2/KAK=SP AKC,4,(768AK=>9&C,H7(jA2C %	>
�`\7NnC%9&;:(7/MP =L4,(
�r9&C,1.;<9&C%9JN�4%9&\Qaq(0(7C V.AK-&(7C a�P �}4%9UV.C,1.C #
�54 � 4 , ] ^W4,(5;Z9 S81&6Q3J6L(71?H7H0I,3%9U=LA21.C 1&D
�r9&C,1.;<9&C%9G;<(0CZAK\�A%CJ*,A2C,VGtr1.;<(0C�N,9UC,*�9&/K/,=>4,( A%V.4�=>\r\L(0(7; =>1wa[(nHO9&I,\8(7*Ba�PYt}1&;<(0C�]
" A2C,H0(d=L4,(w;<9&686LAz9UV.(d9&6L(c9&6L6L9&C,V.(0*|a[(0=Str(7(7C@/KA2C,(79&V.(0\7N 3q1!tr(76RDFI,/�;:(7Cj9&6L(w9&a,/2(f=L1ZA%C,*
tpAKDF(7\ DF1.6_=L4,(7AK6�ChI,;:(7681.I,\`\L1&C,\ea[(7HO9UI,\L(x=L4,(0Pc4%9O-.(W;<9&C�PcDF(0;Z9U/2(v6L(7/29U=>AM-.(0\_=>1l(E8E4%9&C,V&(&]
^W4,(Y6L(73J6L1?*,I,H0=LAK-&(<\8I,H7H0(7\L\c1&D}9&CsAKC,*,AM-EAK*,I%9&/ N�9&CJ*s;:1.6L(+3J6L(7H0A2\8(7/KP|AK=>\G9Ua,A2/KAK=SPk=>1
A%C,*
9YtpAMDF(dAK\W*,(0=L(768;<AK*,(7*Qa�PB=>4,(d\LA0.7(d1&D�AM=>\p3%9U=L6LAK/2A2CJ(O9&/q/2A2CJ(O9&V.(U] ^W4,A2\p\LAM=>I%9{=>A21&CQAK\x-?Az9&a,/K(
A2CB9w\81EH0A2(�=SP<tr(768(f6L(7\8\L1.IJ6LH7(0\n9&6L(f9Ua,I,C,*%9UCh=W9&C,*�tp4,(06L(G9w/29&6LV.(�4,1.I,\8(74,1&/2*�tr1.I,/2*ZC,1&=
aq(0H71.;:(B9ja,IJ6L*,(0C�] �XI,6w*%9U=T9�\LI,V.V&(7\8=L\o=>4%9{=oDF(76R=>A2/KAK=SP�4%9U\oaq(0(7C A2CJ4,(768AK=>(0*�9&;:1.C,V.\R=
DF(7;<9&/2(0\ltp4,A2HT4�AK\fC,1&=G\8=>9U=>(0*�A2CM�}4%9&V&C,1.C � \G3%9&3[(76�#
�<4 � 4 , ]$%�1!tr(0-&(76d4,A2\X=L4,(71.68(0=LA2HO9U/
9&6LV.IJ;<(0Ch=L\ca[1.686L1!t}(0*)DF6L1&; (�-.1./KIJ=>AK1.C%9&6RP@a,AK1./21.VUP|DF1.6 S8I,\8=LAKD P?A2C,Vk=>4,9U=c=L4,(Z\81EH0A2(�=SPsAK\
3%9U=>68A2/KA2C,(79&/%9&68(l*,I,aJA21.I,\0]Q%�(�\8=>9U=>(0\}=>4%9{=x;<9&/2(0\r9U6L(lCJ1&=x/KA2;:AK=>(0*+a,A21&/21.V.AKHO9&/K/KPcH71.CJH7(768CEb
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A2C,V�=>4,(0A26YChI,;:(76:1&DX1*1q\L3J6LA2CJV.\7] �_9U=>68A2/KA2C,(79&/x\L1?H7AK(0=LA2(7\:9&68(Q=L4,(768(0DF1.68(�;:1.68(Q/KA2yU(7/KP)=>1
aq(0H71.;:(</29&6LV&(Z9&CJ*stpA2/K/`3,6L(�-U9&A2/ 1!-.(06o;Z9{=>6LAK/2AKC,(O9&/_/2AKC,(O9&V&(7\7]�%n1#tr(0-&(76o68(7H0(7C�=+V.(0C,(0=LA2H
*%9U=T9G# %�(7/KV�9&\81.C�(0=<9&/ ]KN '*)+)+' , =>(0C,* =>1�6L(\S8(7H0=+=L4,(BD 9&H0=7NrIJ\LI%9&/K/KP)9&\L\8I,;:(7*�Nv=>4%9U=+=L4,(
-&9U6LAz9UC,H7(0\x1&D�=>4J(fC?IJ;oaq(06x1&D 1*1q\L3,68A2C,V&\xA2\xaJA2V.V.(06}AKC�;Z9U/2(7\v=>4%9UCBA2C�DF(7;<9&/K(7\7]�^W4,(X=>68(7(
a%9&/z9UC,H7(k1&D���HT4J6L1.;:1.\L1&;<(BV.(0C,(O9U/21.V.AK(7\+\84,1.I,/K* a[(�AKC�-.(7\R=>AKV�9U=>(0* AKC 1&6L*,(06Y=L1sHT4J(7HTy
tp4,(0=L4,(76pDF(76R=>A2/KAK=SP:A2CJ4,(768AK=T9UC,H7(fAK\W\8=>681.C,V.(06n9&;<1&C,V.\8=p;<9&/K(7\}=L4%9&C�9&;<1&C,V.\8=}DF(7;<9&/2(0\7]

^W4J(+/z9&\R=l3[1.A2C�=�=>4%9U=l\LI,3J3q1.6R=X=>4J(oH7/29&A2;i=L4%9U=XDF(068=>AK/2AM=SPBA2C,4J(76LAM=T9&CJH7(wAK\l\R=>6L1&C,V.(76lA2C
%�>�� \GAK\X=>4%9U=f=L4,(Y/2(�-.(7/ 1&Dr4,(�=>(7681+.0P?V.1&\LAK=SP|A2\ft}(79&y&(06cAKC@=>4,(0\L(:3q1.3JI,/z9U=LA21.CJ\7]o�SC,*J(7(7*
t}(n4%9O-.(n\L4,1!tpCZ=L4%9U= DF(76R=>AK/2AK=SPcA2CJ4,(768AK=T9UC,H7(W*,(0H768(O9&\8(7\x4,(�=>(06L1+.�PEV&1.\LAM=SPYA2C:9d*J6>9&\R=>A2HWt}9OP.]
%�1!t}(�-.(06e=>4,(r/2(0-&(7/?1&D 4,(�=>(7681+.0P?V.1&\LAK=SPdtp4,AKHT4oA2\ A2C,*JI,H7(0*+ahPd\R=>6L1&C,VlDF(76R=>AK/2AK=SPXA2C,4,(06LAM=T9&C,H0(
A2\ (0-&(7CB\L;<9&/K/2(76_=>4%9U=v=>4J(�1.CJ(�1.aJ\L(76R-.(0*BA2CN%�>�� \	# \8(7(�^�9&aJ/2(n�,] ' , ]�^W4JA2\v\LI,V.V&(7\8=L\r=L4%9U=
DF(768=LA2/KAK=SP@H01.6L68(7/z9{=>A21&C)4%9&\caq(0(7C�4,AKV.4~*,IJ6LA2CJV@9j/2AK;<AM=>(0*5ChI,;waq(06o1&DpV.(0C,(76L9U=>AK1.C,\w1&C,/KP&]
" A2C,H0(lAM=}/K(O9O-.(0\W9&CB4,AKV.4Z\8A2V.C%9U/[1&CBV.(7C,(�=>AKHl*,AM-.(768\LAM=SP.NE=L4,(la,9&/z9&CJH7(l\8A2V.C,9&/[t}9&\xCJ1&=x/K1.\8=7N
tp4,A2/K(X4,(0=L(7681+.0P?V.1.\8AK=SPkH01.I,/2*k4%9O-&(c68(7H71!-&(76L(0*�]

�SC \LI,;:;<9&68P&Nrtr(�4%9O-&(j*,(�-EAK\L(0* 9�=L(7\R=�a%9&\8(7* 1.C =L4,(�a,9&/z9&CJH7(k1&DX68(7H01.C,\8=L6LI,H�=>(0*
V.(7C,(<V.(7CJ(O9&/K1.V.A2(0\d=L4%9U=c*,(0=L(7H�=oDF(76R=>A2/KAK=SP@AKC,4,(06LAK=>9&C,H0(&]Q^W4,(�9&C,9&/KP?\LAK\c1UDp;w=T�X�n�
V.(0C,(
V.(7C,(79&/21&V.A2(0\v\8I,V.V.(0\8=r=>4%9U=vDF(76R=>AK/2AK=SPwA2C,4J(76LAM=T9&CJH7(naq(�=St}(0(7C�DF(7;<9&/K(7\vA2\v\8=>681.C,V.(06rAKC %	>
�`\
=>4%9&C<A2C:C,1.CZ%�>�� \0] �_1&\L\LAKa,/2(0\}(98J3J/z9&C%9{=>A21&C,\ A2C�-.1./M-.(p=>4%9{=}9d\8=L6L1.C,Vw9&C,*</z9&68V.(py?AKC,\L4JA23
C,(E8EI,\G;<9!P�H71&CJDF(76f9U*J-U9&C�=T9&V.(0\7N�AKC|3%9&6R=>A2H0I,/2A29&6pDF1.6^A%CJ*,A2C,VB;<9U=L(7\7NqtpAK=>4J1.IJ=fa[(7AKC,VB9&C
4%9&C,*,AKHO9&3)9&\dAK=d;Z9OP�a[(<AKC~9Q\L1?H7A2(�=SP@tpAK=L4)\LH79&6LH0(Z68(7\L\81.I,68H7(7\0]j^W4,(<;Z9U6L6LA29&V.(0\f6LI,/K(7\
9&\G;Z9&686LA29&V.(7\laq(�=St}(0(7C~H06L1.\8\RbSH01.I,\8A2C51.a,\L(068-&(7*~AKC �r9UC,1.;<9&C%9 #?�}4,9&V.C,1.CmN �54 � 4 , ;<9OP
(7C,4%9UC,H7(j=L4,(j\R=>68(7C,V&=L4 1&DXDF(068=>AK/2AM=SP�A2C,4J(76LAM=T9&CJH7(&] ^W4,(0\L(|3[1.3,I,/29U=>AK1.C,\<9&6L(QyhC,1!tpC =>1
4%9O-.(X9d\L;<9&/2/%(E1m(0H0=LAK-.(l3q1.3JI,/z9U=LA21.CY\8A/.7(nHO9UI,\L(0*BahP:/K1#t�*,(7C,\8AK=LA2(7\0N?DF6L9&V.;:(7C�=>(0*Z4%9Ua,AK=>9U=
#2�n9!Po(0=}9&/ ]MN '*)+).� , 1.6v9d68(7H7(0C�=xa[1&=L=L/2(7CJ(7HTy
# �Y8EH01��:(76x9UC,* " HT4,C,(7AK*,(760N(�54*4+4 , ]��%(768=LA2/KAK=SP
A2C,4,(06LAM=T9&C,H0(pA2\v9&C:1&=>4,(06rH79&I,\8(�(98J3J/z9&AKC,A2C,Vf=L4,(7\8(l/21!t�(�1q(7H0=LAK-&(�\8A/.7(0\-# ��(7A[9&CJ* F�IJ6>9U=>9JN
�54+I+I , ]x�SCj=L4,(dDFIE=>I,68(&N[AK=n;Z9OPka[(wAKCh=L(768(7\8=LA2C,VY=>1<*,(0-?AK\L(o9:C,(0t =L(7\R=Xa%9&\8(7*|1&CjV.(0C,(0=LA2H
*%9U=T9Y=>4%9{=X*,1<C,1&=X68(7ghI,AK6L(o9UChPk=L6L(7(c6L(0H71.C,\R=>68I,H0=LA21.C�]l�l(0=L(7H�=>A2CJVB9&C,*|ghI%9UCh=LAKD P?A2CJV<DF(76 b
=>A2/KAK=SPQA2CJ4,(768AK=T9UC,H7(+AK\X1&Dr3,6LAK;Z9&6RPjAK;<3[1.6R=T9&C,H0(o\LAKC,H7(YAM=f\8=L6L1.C,V&/KP@9W1m(0H0=>\GV.(0C,(0=LA2H+*,68AKD =7]
�lC|I,CJ\LI,\83q(0H0=>(0*s4JA2V.4�6>9U=L(w1&DeDF(068=LA2/2AM=SPBH71&6L6L(0/z9U=LA21.CQa[(0=Str(7(7C@DF(0;Z9&/K(7\�*,I,6LAKC,V<=L4,( �_9{b
/2(71&/21&=L4,A2Hc3q(06LA21?*@t}1&I,/2*56L(0*,I,H7(Y=>4J(Y=LA2;:(+(7\R=>A2;<9U=L(+1&D}1&6LA2V&A2C@1&D %�1.;:1 " 9&3,AK(7C,\f=L4%9U=
4%9&\paq(0(7CQH71.;:3,IJ=L(7*kDF6L1.; ;w=T�l��� *,AK-&(768\LAK=SP&]
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>GAM-.(7C59�\L9&;<3J/2(o1&DrV.(0C,(7\f=T9Uy&(7C@DF681.;�9B/z9U6LV.(c3q1.3JI,/z9U=LA21.CmNqtr(:H01.C,\8A2*,(06X=>4,(YC,(0IJ=>6L9&/
H71�9&/K(7\8H7(7C�=�V.(7CJ(O9&/K1.V&P.N 9UC,*�tr(c\R=>I,*EPQ=L4,(G=>4,(01.6L(�=>A2H79&/�9&C,*Q(7;:3,AK6LA2H79&/�*,AK\8=L6LA2aJIJ=>AK1.C,\W1&D
=>4,(�\LA/.0(j1&Dl=>4,(�\L;<9&/2/K(7\8=<H7/29&*,(ktp4,A2HT4�H71.C�=T9UA2C,\Z9 A78E(7*�V&(7C,(U] 's(j\L4J1#t =L4%9U=Z=L4,(
=>4,(01.6L(�=>A2H79&/n*,A2\R=>6LAKa,IJ=LA21.C A2\�\R=>6L1&C,V./KP�68(7/z9{=>(7*�=L1�9 �vI,/K(j*,AK\8=>68A2a,IE=>A21&C�1&Dd3%9&6L9&;:(0=>(06
=St}1,N�9&C,*)=L4%9U=d=>4,(:(7;:3,AK6LA2H79&/eH01.I,C�=o\R=T9U=LA2\8=LA2H0\w9&68(Z9U\8P?;<3E=>1&=LA2HO9U/2/KP >d9UI,\L\8Az9&Cs9&\c=L4,(
C?IJ;oaq(06<1UDXV.(0C,(7\<V.6L1!tp\Y=>15A2C7A%CJAK=SP.] ^W4,(7C t}(�H71.C,\8A2*,(06<(98?=>(768C%9&/pa,6L9&C,HT4,(0\�1&Dl=L4,(
H71�9&/K(7\8H7(7C�=<=>6L(0(&Np9&CJ*�t}(�*,(7\8H768A2a[(�=>4J(7A26:/2(0C,V&=L4,\7] ��\8A2C,Vs=>4,(QA2C7A,C,AK=L(7/KP�b�;Z9&C�P�\8AK=L(7\
;<1?*,(7/�1&D};wIJ=T9U=LA21.CmNmt}(:9&/K\L1k*,(0\LH768A2a[(+=>4,(YH71&C,*,AK=LA21.C,9&/�*,AK\8=L6LA2aJIJ=>AK1.C|1&Dv=>4,(Y(98E=L(768C%9&/
a,6>9&CJHT4Z/2(0C,V&=L4,\rV&AK-.(0C<=L4,(�ChI,;waq(06r1&Dm3%9&AK68tpA2\8(p*,A01q(768(7C,H0(7\vaq(�=St}(0(7Ck9G6L(0DF(06L(0C,H7(f�l���
\L(7ghI,(0C,H7(w9&C,*k=>4,(G\8(7ghI,(7CJH7(w1UD�1.CJ(dH0/21.\8(7\R=�68(7/29U=>AM-.(XAKCk=L4,(G\>9&;:3,/K(&]��

 "!$#&%('*),+.-0/21232+*'*4652-87:9<;=+.12>@?BADCEA ;FAHGJIK7MLNAPOQ#(GRIQSUTV'*4EWJXRXZY[A\?]'*I2'*>^GJ+�)U+_GR7[-`46'*a,-0GRIQ7b-Ucd%(-,#(IQGJ+3Q#(GRIQ)e5`+*-,I#TR%65f12IQ72-,#�%65Q-gI2-,1[%(#(GR+h)UTZGJ+*-i4()U-,IZ%8AkjFlnmnoFp�qrjtsVsvu.oxw�y6zR{Y^R{8o=|v}�~��V���J�[�8���R�ZW
4 �
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�}1�9&/2(0\LH0(7C�=`=>4,(01.68Pw9&\8\L1?H7Az9{=>(7*otpAM=>4+;:1./2(0H7I,/29&6 A2CJDF1.68;Z9{=>A21&Cd4,9&\`3,6L1!-&(7C:9&C+A2C�-U9&/KI%9&a,/K(
=>1?1./xDF1.6<9&\L\8(7\L\8A2C,Vs=>4,(�*,(7V.68(7(�1&Df6L(0/z9U=L(7*,CJ(7\L\Zaq(�=St}(0(7C A2CJ*,AK-?A2*JI%9&/2\0]�^ 1s=>4JA2\:*%9U=>(UN
=>4,(0\L(s=L1E1&/2\B4%9O-.(saq(0(7C \8I,H7H0(7\8\LAK-&(7/MP 9&3J3,/2AK(7*ua�P 4hI,;<9&C V.(7C,(�=>AKH7A2\R=>\B=>1 A2CJDF(06B-.(76RP
*,(7(03B6L(7/29U=>AK1.C,\84,A23,\0NE1UD�=>4,(X1&6L*,(06x1&D�4hI,C,*,68(7*,\W1UD_V&(7C,(06>9U=LA21.C,\�# �n1.6L*,a[1.68V,N 'O)+)7� , ]`�%1.6
(E8J9&;:3,/2(UN��l1.C,CJ(7/2/MPw(�=v9&/ ] #
�<4+4+I , (7\8=LA2;<9U=>(0*o=>4,(x=LA2;:(}\8A2C,H0(x=>4,(W;:1.\8=e6L(7H0(7C�=vH71.;:;:1.C
9&C,H7(0\8=L1.6p1&D�;:1?*,(768CQ4hI,;<9&C,\WDF681.;i�X�n� \L(7ghI,(0C,H7(0\X1&D =>4,(���� � AKC�=>6L1&C�]

�SC�=L4,A2\x9&68=LA2H7/K(&Nht}(G9U6L(XH01.C,H7(06LC,(0*BtpAK=>4�=L4,(X(0\8=>AK;Z9{=>A21&CZ1&D�AKCh=L(768;<(0*,Az9U=L(X9&CJH7(7\R=>6RP.N
9&C,*Y;<1&6L(W\L3[(7H0A0A%H79&/2/MPc=L4,(W6L(0/z9U=L(7*,CJ(7\L\v1&Dq9fV.AK-&(7C:V.(7CJ(L# 1.6`AKC,*,AK-?AK*,I%9&/ , =>1G9f\L9&;<3J/2(W1&D
n−1

tr(O9&yh/MPw68(7/z9{=>(7*+V&(7C,(0\7]e^W4,(W3J6L(7H0A2\8(W*,(0=>9&A2/K\_1&D[3[1.3,I,/29U=>AK1.Cw4JA2\8=L1.68Pd1.6�V.(71.V&6>9&3,4JA2H
\8=>68I,H0=LI,6L(ctpA2/2/�CJ1&=X(0Ch=L(76n=>4,(w9&C%9&/MPE\8A2\0Nm9&CJ*j=>4,(c(0-&1./2IJ=LA21.C�1&De=L4,(w3[1.3,I,/29U=>AK1.CktpA2/2/�a[(
9&\L\8I,;<(0* =L1sa[(�\8(7/K(7H0=LAK-&(7/KP CJ(7IJ=L6>9&/ ]��SC�9U*,*,AK=LA21.CmNrC,1&C�6L(0H71.;wa,A2C,AKC,V�V.(7CJ(7\<tpAK/2/xa[(
H71.C,\8A2*,(06L(0*�]e�SC:1&=>4,(06et}1&6L*,\0N?V&(7C,(�=>A2HW*J6LAKD =�tpA2/2/Eaq(x=L4,(W1.C,/MPwD 9&H�=>1.6�6L(7\83q1&C,\LAKa,/2(xDF1.6e=L4,(
9&/2/K(7/2AKH`-&9U6LAz9{=>A21&CdtpAM=>4,AKCw=>4,(W3[1.3,IJ/z9U=LA21.C�] �nC,*,(76e=L4,(7\8(p9&\L\8I,;:3J=>AK1.C,\7N.=L4,(xV.(0C,(O9U/21.V&Pc1&D
n
V&(7C,(0\rAK\ tr(7/K/[9&3,3,68158EAK;Z9U=L(7*Ya�P+=>4,(nH71.9&/2(0\LH7(0C�=};:1E*J(7/Jtp4,(0CZ=>4J(n3[1.3,IJ/z9U=LA21.C+\8A/.7(

NV.6L1!tp\ =>1dA2C7A%CJAK=SP�# �GAKC,V.;<9&C�N �54*6 'Ua , ]�^W4,(�9&3,3,681<8JAK;Z9{=>A21&C<9U6LA2\8(7\v9&\r9d*JA01qI,\LAK1.C</KA2;:AK=
tp4,(7C@=>AK;<(cA2\X;:(O9U\LI,68(7*�A2C@I,CJAK=>\l1&D

N
V.(7CJ(76>9{=>A21&C,\7] " (0(+^�9O-U9&6���#2'*)+)&� , 1.6G�lIJ6L6L(�=L=

#?'*)+)&� , DF1.6W68(7H7(0C�=l68(0-?A2(�tp\�1.CB=L4,(G\LI,a S8(0H0=7]
^W4J(o9&6R=>A2H0/2(fAK\n\R=>68I,H0=LI,6L(0*|A2CB=Str1�3%9&6R=>\7]r�SC�=L4,(LA,6L\8=�3%9&6R=ON%tr(cV.AM-.(d6L(0\LI,/M=>\�9&aq1&IJ=

=>4,(cC?IJ;oaq(06L\X1UD`6L(0/z9U=LAK-.(0\l1&D`=L4,(w68(0DF(06L(7CJH7(oV.(0C,(&N 4��
�
��=>4,(c\L;<9&/2/K(7\8=nChI,;oa[(76l1&D`V.(0C,(7\

# ;:A2ChI,\W1.C,( , =>4%9{=�\84%9&68(c9UC�9UC,H7(0\8=>1&6ptpAM=>4B=>4J(d68(0DF(06L(7CJH7(dV.(7C,(U] ^W4,A2\p\LIJa,\L(�=l1&D_V.(0C,(7\
tpA2/2/�aq(YHO9U/2/2(0*)9��$4%154�� /
	 8�	!/
�

�
1&D}=L4,(:H71�9&/K(7\8H7(7C�=d=>68(7(&]Z� ;:A2CJA2;<9&/_H0/z9&*J(:H01.C�=T9&AKC,\

=>4,(�6L(0DF(06L(0C,H7(�V.(7C,(�3,/2IJ\<=>4J(�\8I,a,\L(�=B1&DfAM=>\:H7/K1.\L(0\8=�68(7/29U=>AM-.(7\0]�')(�\L4%9U/2/p\L4,1!t =L4%9U=
=>4,(dChI,;oa[(76n1&DeH0/21.\8(7\8=�6L(0/z9U=LAK-&(7\WDF1./2/K1!tp\p9 �vI,/K(Z#F1.6��mA23JD , *,AK\8=>68A2a,IE=>A21&CQ1UDe3%9&6L9&;:(0=>(06
'E]@>GAM-.(7C =>4J(QV&(7C,(79&/21.VUP.N t}(Q\L4%9U/2/p9&/K\L1�\8=LI,*JP�=>4J(Q/KA2;:AK=w3,6L1.a,9&a,A2/KAK=SPs*,A2\R=>68A2a,IJ=LA21.CJ\
1&DXH01.I,C�=Z\R=T9U=LA2\R=>A2H0\Z9U\

n
V.681#tp\:=>15A2C7A,C,AK=SP&]�^W4,(�\8=>IJ*,A2(0*�\8=>9U=>AK\8=LA2H7\YH01.6L68(7\L3[1.C,* =>1

=>4,(BChI,;oa[(76+1UDlV.(0C,(7\otpAM=>4
k
6L(0/z9U=LAK-&(7\7N

k ≥ 2
]s's(B\L4,9&/2/x3J6L1!-.(B=>4J(7A26o9&\8P?;:3J=>1&=LA2H

C,1.6L;<9&/KAK=SP.Nm9&C,*54,(7CJH7(:3,6L1!-?A2*,(YC,(�t \8=>9U=>AK\8=LA2HO9U/_=>(0\8=L\c1&DrC,(0IJ=>6L9&/`(0-&1./2IJ=LA21.C�a%9U\L(7*51.C
=>4,(G\L4,9&3q(G1&D =>68(7(0\P#2F�H �f(0C .7AK(w9&CJ* " =>(7(0/ N�'*)*)+) , ]

�SCY=>4J(n\8(7H01.C,*:3%9&68=7N.t}(n\8=LI,*JPo=L4,(p/2(0C,V&=>4Y1&Dm9&CY(E8?=L(76LC,9&/ a,6>9&CJHT4<1&D[=>4J(WH71�9&/K(7\8H7(7C�=
=>6L(0( # � I�9&C,*K[�A N��54+4&�.9 , ]�^W4,A2\r/2(7CJV&=>4�H01.6L68(7\83q1.CJ*�=>1c=L4,(l=LA2;:(�\8A2C,H0(�=>4J(XH71�9U/2(7\8H7(0C,H7(

4+6
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1&D_9&Cj9U6La,AM=>6>9U68P</2A2CJ(O9&V.(ntpAK=L4k=L4,(G1&=>4J(76W/2AKC,(O9UV.(7\0N,9&C,*QH71&C,\LAK\8=>\W1UDe9+C%9U=LI,6>9U/�;<(79&\LIJ6L(
1&Dp=>4,(k9&;:1.I,C�=+1UD�68(7/29U=>(0*,C,(7\8\Y1&D�9|V.(7C,(BtpAM=>4~=>4J(B6L(7\R=Y1&Dn=>4,(B\L9&;<3J/2(&] ��\8A2C,V|=L4,(
4%1���154��
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� �

�
	U1UDm=>4J(l�X�n� ;:1./2(0H7I,/K(&N.tr(l9U/2\L1d*,(0\LH768A2a[(n=L4,(nH71.C,*JAK=>AK1.C%9&/

*,A2\R=>6LAKa,IJ=LA21.Cs1&Dp=>4,(BH01�9&/2(0\LH0(7C,H0(k=LA2;:(ZV.AM-.(0C =L4,(BChI,;oa[(76+1&Dn\8I,a,\8=LAK=LIJ=>AK1.C,\oa[(0=Str(7(0C
9k68(0DF(06L(7CJH7(<�X��� \L(0g?IJ(7C,H0(�9&C,*51.C,(Y1&DrAK=L\fH7/K1.\L(0\8=d6L(0/z9U=LAK-.(U]+^W4,A2\G*,AK\8=L6LA2aJIJ=>AK1.C@H71.6 b
6L(7\83q1&C,*,\o=>1|9&C�(E8E3,/KA2H7AM=o;:A�8?=>IJ6L(Z1UDpV�9&;:;Z9Q*,A2\R=>6LAKa,IJ=LA21.C,\0N`9&C,*�(98?=>(7CJ*,\+6L(0\LI,/M=>\+1&D
^�9 S8AK;Z9=#
�54*6.� , ]l�lC�9&3,3J/2A2H79U=>AK1.Ck=>1Z=L4,(+4hI,;Z9UC � HT4,681.;<1&\L1.;:(wAK\l3,68(7\L(0C�=>(7*s9U=X=L4,(
(7C,*Q1&D =>4,(d9&6R=>A2H0/2(U]

����� ���L�����&���P�
�
� �L��� � �L���-� ���!� �

�}1.C,\LAK*,(76r9c\L9&;:3,/2(n1&D
n
V.(7CJ(7\7] �SC:=>4,(�H71�9&/K(7\8H7(7C�=7NJ1.C,(ptpA2\84,(7\r=>1w68(7H01.6L*<A2CJDF1.68;Z9{=>A21&C

9&aq1&IJ= =>4,(�C?IJ;oaq(06r1UD�9&C,H0(7\R=>1.68\W9U= -U9&6LAK1.I,\`=>AK;<(0\r9UC,*B9&/K\L1dA2CJDF1.68;Z9{=>A21&C+9&a[1.IJ=vtp4,A2HT4
V.(7C,(0\G\L4%9&68(YH71.;:;<1&C@9&C,H0(7\8=L1.6L\0]+^W4,( /21 8

�
6��
�
/
	 3 � ��8 � 6�6 An(t)

6L(0H71.68*,\f=>4,(YChI,;oa[(76
1&D�*JA2\8=LA2C,H�=p9&C,H0(7\R=>1.68\�1&D =>4J(f\>9&;:3,/2(G9{=n9+=LA2;:(

t
A2CB=>4,(G3%9U\8=O]`��=nH79&Ckaq(G*,(0\LH768A2a[(7*�9&\

9YH01.C�=>AKC,1.I,\ b�=>AK;<(-Fj9&6LyU1!-kHT4%9&A2Ck1.C
[n] = {1, . . . , n} \8I,HT4�=L4%9U=

An(0) = n,

�dAK\p9&C�9&a,\L1&6La,AKC,V+\8=>9U=>(UN 9&C,*k=>4,(G6>9{=>(G1&D =>6>9UC,\LAM=>A21&CZDF6L1.;
k
=>1

k − 1
AK\W(7ghI%9&/�=L1

λk =
k(k − 1)

2
, k = n, . . . , 2.

^W4,A2\G;:(O9&C,\X=L4%9U=G=>4J(Y=LA2;:(7\
(Tk)

N
k = n, . . . , 2

N�\8(73%9U6>9U=LA2C,VkH71.9&/2(0\LH7(0C,H7(:(0-&(7C�=>\w9&6L(
A2C,*,(03q(0C,*,(0Ch=X9&C,*|(98E3q1.CJ(7C�=>A29&/2/MPB*,A2\R=>68A2a,IJ=L(7*QtpAK=>4�;<(79&C

2/k(k − 1)
]p�SCj=L4,(w\8(7ghI,(7/ N

t}(G\L4,9&/2/�9U/2\L1Y*,(0C,1&=L(
Sk = Tn + · · · + Tk.

^ 1@I,C,*J(76L\R=T9&CJ* =L4,(Z=L1.3q1&/21.V&P�1UDn=L4,(Z=L6L(7(UN`1.C,(�3[1.\8\LA2aJA2/2AM=SP�A2\c/z9&a[(7/K/2A2CJVQV&(7C,(0\+A2C
=>4,(+\L9&;<3J/2(oDF6L1&; =>4J(+\L(0=

[n]
9&CJ*5*J(�A%C,AKC,V�9k6L9&C,*,1&;�(7ghI,AM-U9&/2(0C,H7(+68(7/z9{=>A21&C�]w�SC�=>4,AK\

6L(7/29U=>AK1.C�N.=L4,(lV.(0C,(7\
i
9&CJ*

j
9&68(lA2CY=>4J(l\>9U;<(nH7/29&\L\}9U=r=LA2;:(

t
A01B=L4,(0P<\L4,9&6L(l9cH71&;<;:1.C

9&C,H7(0\8=L1.6o9U=c=>4,AK\d=LA2;:(&]Q�l(0C,1&=>(ZahP
C(t)

=>4,(<6>9&C,*J1.; 3%9&68=LAK=LA21.C51.aJ=>9&A2C,(0*sDF681.;�=>4,(
DF1.6L;:(76`(0g?IJAK-U9&/2(0C,H7(n6L(0/z9U=LA21.CY9{=r=LA2;:(

t
]e�WH7H01.6L*,AKC,VG=>1 �fAKC,V.;<9&C�#
�54*6 '&9 , N.=>4,(n3,6L1?H7(0\L\

4+4
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C(t)
AK\v9dH01.C�=>A2ChI,1&I,\Rb =>A2;:(^Fj9&68y&1!-:HT4%9&A2C<1.CY=>4,(n\L(�=x1&D�9&/2/%3%9U68=>AM=>AK1.C,\`1&D

[n]
#F*,(7CJ1&=>(0*

En
, DF1.6xtp4,A2HT4

C(0) ≡ {{1}, . . . , {n}}.
^W4,(f=>6>9UC,\LAM=>A21&CB6>9U=L(7\p1&D =>4,AK\ Fj9&6LyU1!-kHT4%9&A2CkH79&C�a[(G*,(7\8H768A2a[(7*�9&\WDF1./2/K1#tp\

for all α, β ∈ En, qαβ =

{

1 if α ≺ β

0 otherwise,

tp4,(768(Y=L4,(Y\8P?;oa[1./
α ≺ β

;<(79&C,\X=>4,9U=
α
A2\G9�C,(0\8=L(7*)3,9&68=LAK=>AK1.C|1&D

β
tp4,A2HT45;Z9OPjaq(

1.aJ=T9UA2C,(0*�ahP~;<(06LV.AKC,Vj=Str15H0/z9&\8\L(0\:AKC
α
]5^W4,(k1.a,\8(768-U9U=LA21.C~=L4%9U=
�BAK\+9&C�9&a,\81.6La,AKC,V

\8=T9{=>(:1&D
An(t)

;:(O9UC,\d=L4%9U=
C(t)

H71.C�-.(06LV.(0\+9&/K;<1.\R=G\LI,68(7/MP@=>1 {[n]} N�=>4,(�A%C%9&/ \R=T9U=L(A2C�tp4,AKHT4j9+\LAKC,V./K(XH7/29&\L\W68(7;<9&A2C,\0]e^W4,(G(7;waq(0*,*,(7*Q*,AK\LH768(0=L(�b�=LA2;:(&Fj9&68y&1!-BHT4%9UA2C {Ck}
N

k = n, . . . , 1
N,;:1#-&(7\p=>4,681.I,V.4B=L4,(G\L(7ghI,(0C,H7(

Cn ≡ C(0) ≺ Cn−1 ≺ Cn−2 ≺ . . . ≺ C1 ≡ {[n]}

9&C,*k4%9&\W=>6L9&C,\8AK=>AK1.CB3,681.a%9&a,AK/2AM=>A2(0\

P(Ck−1 = αk−1 | Ck = αk) =
2

k(k − 1)
, k = n, . . . , 2.

^_6L9&C,\LAM=>AK1.C,\�4%9U3,3q(0CuAKD
αk ≺ αk−1

9&CJ*
αk

4%9&\B(98J9&H0=L/KP
k
H0/z9&\8\L(0\7Nl1U=>4,(068tpA2\8(@=>4,(

=>6>9UC,\LAM=>A21&CB3,6L1.a,9&a,A2/KAK=SP:A2\�.0(7681,]
�SC�=L4,(|H01�9&/2(0\LH0(7C�=�=>68(7(UNl9)H0/z9&*J(jA2\Z9&C (7ghI,AM-U9&/2(0C,H7(�H7/z9U\L\

α?

DF1.6Z\81.;:( Ci

#
i =

n − 1, . . . , 1
, \8I,HT4�=>4%9U=c=>4,(:=>AK;<(:\LAKC,H7(:=>4,(�;:1.\R=w68(7H7(0C�=YH71.;:;<1&C)9&CJH7(7\R=>1.6w1&DW=>4,(

V.(7C,(0\wAKC
α?

A2\
Si+1

(98,9UH0=>/MP.]Q�SC)=>4J(7\L(ZC,1&=T9{=>A21&C,\7N
i
H71&6L6L(0\L3[1.C,*,\d=>1j=L4,(ZChI,;waq(06w1&D

9&C,H7(0\8=L1.6L\p3,68(7\L(0C�=XA2C�=L4,(G\>9&;:3,/K(G9U=W=>4,(GAKC,\8=>9&C�=�1UD�H01�9&/2(0\LH0(7C,H0(&]

����� � �L��� ��� � � 	 � �

�SC)=>4,AK\o9&6R=>AKH7/2(UN tr(�H01.C,\LAK*,(76w9�\83q(0H7A0A,H�6L(79&/2A0.O9U=LA21.C�1&DW=L4,(Z6L9&C,*,1.; V.(0C,(O9U/21.V&P
C(t)

]
^W4,A2\�6L(O9U/2A/.79U=>AK1.CQHO9&C|4J(7C,H0(+aq(o68(73,68(7\8(7C�=>(0*s9U\f9Z6L1?1&=L(7*j=L6L(7(ctpAK=>4�=>4,(cV.(7C,(0\G9U=l=L4,(
=>A23J\G9&C,*�=>4,(:;<1&\8=G6L(0H7(0Ch=wH71.;:;:1.C�9&C,H0(7\8=L1.6d1&Dr=L4,(:\>9&;:3,/2(Y9{=d=L4,(Y6L1?1&=O]N�}1.CJ\LA2*J(76
9&C�9&68a,AK=L6>9&6RP+V.(0C,(lAKC<=>4J(l\>9U;<3,/K(&N?9&C,*ZV.AK-&(n=L1c=>4JA2\vV.(7C,(n=>4,(�/z9&a[(7/ �.]e��1!tGNEtr(l*,(EA%C,(

�5)+)



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
=>4,(GH71.9&/2(0\LH7(0C,H7(G=>AK;<(l1&D_=L4,(G/2AKC,(O9&V&($�ftpAK=>4B=L4,(G6L(7\R=n1&D_=L4,(G\>9&;:3,/K(G9&\WDF1./2/K1#tp\

τn = sup{t ≥ 0 , {1} element of C(t)}.

^W4,(w6L9&C,*,1.; -U9&68Az9&a,/K(
τn

H71.686L(0\L3[1.C,*,\l=L1<=L4,(o/2(0C,V&=L4j1&D 9:\L1Ub�HO9&/K/2(0*j(E8?=L(76LC,9&/_aJ6>9&C,HT4
1&D_=L4,(GV.(7CJ(O9&/K1.V&P # �%I�9UC,*=[�A N(�54+4&�.9 , ]

RvP�*,(EA%C,AM=>A21&C�N}=>4J(|\L;<9&/2/K(7\R=ZH0/z9&*,(Qtp4,A2HT4�H71.C�=T9UA2C,\Z=L4,(jV&(7C,( �jH71.C,\8A2\R=>\�1&Df=L4,(
(7ghI,AK-U9&/K(7C,H0(fH7/29&\L\

α1
A2C�=L4,(f3%9&6R=>AK=LA21.C

C(τn)
\L1+=L4%9U= {1} ⊂ α1

]`^W4,A2\W;:(O9&CJ\}=>4%9{=
α1H71.C�=T9UA2C,\p=>4,(d6L(�DF(768(7C,H0(w/2AKC,(O9UV.( �o9U=p=L4,(wAKC,\8=>9&C�=�1UDeH71.9&/2(0\LH7(0C,H7(dtpAK=L4�=>4J(c68(7\8=�1&De=L4,(

\>9&;:3,/2(U]��SC�=>4,(o\8(7ghI,(0/ N
α1

A2\n\L1&;<(�=>A2;:(7\nHO9U/2/2(0*�=L4,( �$4%154�� /
	 8�	!/
�
�
]	�fIJ6lA2C�=L(76L(0\8=fAK\

A2CB=>4,(G\8A/.7(
Xn

1&D =>4J(d;:A2CJA2;<9&/ H7/z9U*,(&] �%1.68;Z9&/K/KP&N
Xn

AK\x=>4,(0C�*,(EA%C,(0*|9&\

Xn = #α1, α1 ∈ C(τn), {1} ⊂ α1.

^W4,(-A%6L\R=�68(7\8I,/K=nA2C�=L4,A2\p\8(7H0=LA21.CkV.AM-.(0\p=L4,(G*,A2\R=>68A2a,IJ=LA21.CB1UD_=L4,(G6>9&C,*J1.; -U9&68Az9&a,/K(
Xn

]

� � � �  � � ���
�
�

n ≥ 2
�����

� �
/21 � � ����/

�
4 /
	 	

� Xn

� /�6
���
�
� � 	�	 ��� 4%1�� 3 � ��	�/
	�4�	�4�� �

�2476��
�
4�	�9 � 4 ��1

P[Xn = x] =
4

(x − 1)x(x + 1)
, x = 2, . . . , n − 1,

/21 �

P[Xn = n] =
2

n(n − 1)
.

^W4J(|/2AK;<AM=>A2CJV|*,A2\R=>68A2a,IJ=LA21.C�1&D
Xn

4%9&\<;<1?*,(=')9&C,*�AK\</K1.C,VUb =T9&AK/2(0*�]�^W4,AK\ZA2\<9&C
(E8E3q(0H0=L(7*Y6L(0\LI,/M=ea[(7HO9UI,\L(}=L4,A2\_aq(04%9O-?A21.I,6_A2\_9�=SP?3,A2H79&/hDF(O9U=LI,6L(r1&D%=>4,(rChI,;oa[(76e1&D,\L3[(7H7AK(7\
A2C 9sV.(0C?IJ\�A2C =>6L9&*,AK=LA21.C,9&/x4,AK(76>9U6LHT4,AKHO9&/W3,4�P?/21&V.(7C,(�=>AKHQ=>9W8E1.C,1.;wP #F\L(7(�(&] V,] �l/K*,1.I,\0N
'*)+)7� , ]_�SCY=>4J( Fj9&6LyU1!-Y/2A2CJ(O9&6_V.6L1!tW=>4:;:1E*,(0/J1.6�� 9 	

�
a,6>9&CJHT4,A2C,VG3,681EH0(7\8\7N�=>4,AK\`ChI,;oa[(76

A2\WA2CJ*,(7(0*�*,AK\8=L6LA2aJIJ=>(0*�9UH7H71&6L*,AKC,V+=>1:9�� 9 	
�
/z9Ot

P[X ′ = x] = ρ Γ(1 + ρ)
Γ(x)

Γ(x + 1 + ρ)
, x ≥ 1

�5)7�



� ] �J]:F��l� � � � " �	[E^ "
DF1.6r\81.;:(X3%9&6L9&;<(�=>(06

ρ > 0
# �vI,/2(UN �<4 'U� , ]e�l\

n
V.6L1!tp\}=L1oA2CBA%C,AK=SP&N?=L4,(l*JA2\8=L6LAKa,IJ=>AK1.CZ1UD

Mn = Xn − 1
H01.C�-.(768V.(7\n=>1

P[M = m] =
4

m(m + 1)(m + 2)
, m ≥ 1,

9&C,*QH71.686L(7\83q1&C,*,\p=>1+=>4,(��vI,/K(f*,A2\R=>68A2a,IJ=LA21.CB1UD�3%9U6>9&;:(0=L(76
ρ = 2

] ^W4,A2\WAK\pC,1&=>(�t}1&68=>4�P
=>4%9U=<=>4,(�*,A2\R=>68A2a,IJ=LA21.C�1&D

Xn

H71.AKC,H7AK*,(�tpAM=>4�=>4,(|;:A2CJA2;oI,;�1&D
M + 1

9&C,*
n
Np9&C,*

*,1E(0\}C,1U=x*,(03q(0C,*k1.C
n
(98EH7(73E=W=>4,681.I,V.4Z=L4,(l(�-.(0Ch=

(Xn = n)
]`^W4,(X\8;Z9U/2/ *,A2\8H768(73%9&CJH0P

aq(�=St}(0(7C<=L4,( A%C,AM=>(p9&CJ*<9U\8P?;<3E=>1&=LA2Hx3,681.a%9&aJA2/2AM=SPG-&9U/2I,(0\`A2\`H768(O9U=L(7*:a�Po=>4,(WHT4,9&C,H7(W=L4%9U=
=>4,(d6L(�DF(76L(0C,H7(c/2AKC,(O9&V&(dH01.C,C,(0H0=L\X9U=n=>4,(d6L1?1&=n1&D_=>4,(d=>6L(0(&]W��\l9:H71.681./2/29&68PZ1&De^W4,(01.6L(0;
� NJ=>4J(d(98E3q(0H0=>(0*j\8A/.7(GH79&C�a[(GH71.;:3,IJ=L(7*k(O9U\LA2/MP.]e's(-A%C,*k=>4%9U=

E[Xn] = 3 − 2

n
, n ≥ 2,

9&C,*B=>4,(G(98J3[(7H�=>(0*j-U9&/2I,(fH01.C�-.(06LV.(0\n=L1Z�J]`�SC�9&*,*JAK=>AK1.C�Nh=>4,(f-U9&68Az9&C,H0(fA2\W(0g?I,9&/�=>1

Var[Xn] = 4

n
∑

i=3

1

i
− 6 + o(1), n ≥ 3,

tp4,A2HT4QA2\W1&D_1.68*,(76
log n

N 9&CJ*�H01.C�-.(768V.(7\p=>1:A2CBA%C,AK=SPZ6>9U=L4,(76W\8/21!tp/KP&]
>fAK-&(7Cw9�H71.9&/2(0\LH7(0C�=_=L6L(7(vtpAK=L4

n
V.(7C,(0\7N{t}(rC,1!t H71.C,\8A2*,(06 =L4,(}(0;<3JA26LAKHO9&/UDF6L(7ghI,(0C,H7AK(7\

1&D�;:A2CJA2;<9&/ H7/z9U*,(7\p1&D A78E(7*�\LA/.0(

fx
n =

#{i : Xi,n = x}
n

tp4,(768(
Xi,n = #αi

9&C,*
αi

A2\d=>4,(Z(7ghI,AK-U9&/K(7C,H0(BH7/29&\L\wtp4JA2HT4�H71&Ch=>9&A2CJ\w=>4,(ZV.(7C,(
i
A2C

C(τi,n)
] #2%n(768(<=>4J(Z*,(EA%C,AK=LA21.Cs1&D

τi,n

A2\d6L(7/29U=>AM-.(Y=>1
i
A2C,\R=>(79&*)1&D�� , ]Q^W4,(ZDF1./K/21!tpA2CJV

6L(7\8I,/K=p\R=T9U=L(7\p=>4%9{=W=>4,(G*,AK\8=>68A2a,IE=>A21&C�1&D
fx

n

AK\p9&3,3,681<8JAK;Z9{=>AK-&(7/MPK>G9&I,\8\LAz9UCkDF1&6W/z9&68V.(
n
]

� � � �  � � ��� �
�
1

n
� �
�
6 � � 4%1���154�� ��� �

�
� /��

�

√
n

(

fx
n − 4

(x − 1)x(x + 1)

)

→ N (0, σ2)

�5) '



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
� �

��� � σ2 = 8/45
� 4 � x = 2

��/21 �

σ2 =
4(11 + 4x4 − 27x2)

x(2x + 1)(2x − 1)(x − 1)2(x + 1)2
,

� � � /
	�	
x ≥ 3

�

^W4J(vH79&\L(
x = 2

A2\�9x*,AK6L(0H0=�H71&C,\L(0g?IJ(7C,H0(x1&D7F�H �f(0C .7AK(r9UC,* " =>(7(0/ � \�6L(0\LI,/M=>\ #?F�H �f(7CEb
.7A2(Y9UC,* " =>(0(7/ N�'*)*)+) , a[(7H79&I,\L(

nf 2
n

AK\X=StpA2H7(+=L4,(YC?IJ;oaq(06f1&DrHT4,(7686LA2(0\cAKC�9BH71�9&/K(7\8H7(7C�=
1.6	�vI,/2(f=>68(7(U] F�H �f(7C7.7A2(w9&C,* " =>(0(7/�� \�6L(7\8I,/K=pt}9&\l*J(76LAM-.(0*�DF6L1&;i=>4,(c9&C%9&/K1.V&P�tpAM=>4Q(E8hb
=>(7CJ*,(7* � 1./KP.9�I,6LC,\0]f^W4,(71&6L(7; 6ZA2\�a%9&\8(7*�1.C@9Z/KA2C,yB=L1�6L(0H7(7C�=G68(7\LIJ/K=>\lA2Cj=L4,(71.68(0=LA2HO9U/
H71.;:3,IJ=L(76+\LH0A2(0C,H7(Q6L(0V�9&6L*JA2C,V@a,AKC%9&6RP�\L(79&6LHT4 =>68(7(7\0]:RrA2C%9&6RP~\8(O9&68HT4 =>68(7(0\Z9&3J3q(79&6Y9&\
DF1.6L;<9&/�6L(03,6L(0\L(7C�=>9U=>AK1.C,\XDF1.6 �24 ��4��

�
	 /21 � 	 8 ��1���9

���
9&/KV.1.68AK=>4J;<\P#2� �7V.CJA2(760N;�54*6+4 
����.\L/K(760N

�54+47� , ]�^W4,(r3J6L1?1&DEtpAK/2/U(E8E3,/21&AK=�=>4J(v1&C,(�b =>1Ub�1.C,( H71.686L(0\L3[1.C,*,(0C,H7(vaq(�=St}(0(7CoaJA2C%9&6RPf\L(79&6LHT4
=>6L(0(7\r9&C,*<H71�9&/K(7\8H7(7C�=v=>68(7(7\0NJ9UC,*ZI,\8(n=L4,(n\8=>1?HT4%9&\R=>AKH�68(7H7IJ6L6L(0C,H7(�(7ghI%9U=LA21.CJ\rAKCh-&1./K-&(7*<A2C
=>4,(0\L(d*%9U=T9+\R=>6LIJH0=>IJ6L(7\P# ��/2*,1&I,\7NT�<4+4 �+, ]

�n(E8?=ON�9�;wIJ=T9U=LA21.Cj3,6L1?H7(0\L\fA2\l\LI,3[(768A2;:3q1.\8(7*@1.C|=L4,(oH01�9&/2(0\LH0(7C�=f=>68(7(&N�9UC,*|t}(Y9U\Rb
\LI,;:(d=L4%9U=l�X����\L(0g?IJ(7C,H0(7\d9&6L(d1.a,\8(76R-.(7*�9{=�=L4,(c=LA23,\n1&De=L4,(cV&(7C,(79&/21.V&A2HO9U/�=>6L(0(&]p^W4,(
=>A2;:(7\}9U=xtp4,AKHT4B=>4,(f;oIE=T9U=LA21.C,\r1EH0H7I,6x9&6L(f;:1E*J(7/2(0*B9&\W9 � 1.A2\8\L1.Ck3,681EH0(7\8\n1UD�H71.C,\R=T9&C�=
6>9U=L(

θ/2
N`DF1.6o\L1&;<(

θ > 0
]5��DX9|a,6L9&C,HT4�1&Dp=>4,(�=L6L(0(B4%9&\+/2(0C,V&=L4

t
N =L4,(7C�=L4,(BChI,;Yb

aq(06<1&DG;wIJ=T9U=LA21.CJ\:4,9&\�9 �_1.AK\L\L1&C�*,A2\R=>68A2a,IJ=LA21.C tpAK=L4�;:(O9&C
θt/2

NxAKC,*,(73[(7CJ*,(7C�=>/MP�1UD
=>4,(X1U=>4,(06xa,6>9UC,HT4,(7\0]r��;<1&C,Vw=>4J(l-U9&6LAK1.I,\x;:1E*J(7/2\v=>4%9{=x*,(0\LH768A2a[(X=>4,(l;oIJ=T9{=>A21&CZ=SP?3q(0\7N
=>4,()4%1���154��

�
	��
	 � /21�� 6:4��

�
6p;:1E*,(0/�;Z9OPQaq(c1.C,(c1&De=>4J(w;:1.\8=l9&3,3,681.3,68Az9U=L( # '~9U=8=>(06L\L1&C�N

�54 �.�+, ]��SCw=>4,AK\_;:1?*,(7/ N{(79&HT4+�X�n��\8(7ghI,(7CJH7(WH71&C,\LAK\8=>\_1&D%H01.;<3J/2(0=L(7/MPf/2AKC,y&(0*c\8AK=>(0\�#FA2(&N{C,1
6L(7H01.;oa,AKC%9U=LA21.C:1EH0H7I,68\ , ] �v9UHT4Q;wIJ=T9U=LA21.C:1?H7H7IJ6L\W9U=x9w\LAM=>(�1&D�=>4,(X�X��� \8(7ghI,(0C,H7(X=L4%9U=
4%9&*jCJ1&=naq(0(7Cj;wIJ=T9U=L(7*�aq(�DF1.6L(UN[\81<=L4%9U=�9<C,(�t \L(0V.6L(0V�9U=LA2C,V:\LAM=>(d9&6LAK\L(0\7]x^W4,(cChI,;oa[(76
1&D \L(7V&6L(7V.9U=>AKC,V+\LAM=>(7\WH01.6L68(7\83q1.CJ*,\W=>1+=>4,(fChI,;waq(06W1&D \LI,a,\R=>AM=>IJ=LA21.C,\W1UD�9UC,H7(0\8=>6L9&/�a%9&\8(7\
\LA2CJH7(f=>4,(G;:1.\8=p68(7H0(7C�=nH71.;:;<1&C�9UC,H7(0\8=>1&6nAKCB=>4,(G\>9U;<3,/K(&]

�nC,*,(06G=L4,(YA2C7A,C,AK=L(7/KP�b�;Z9&C�P�\LAM=>(7\d9&\8\LI,;:3J=LA21.C�N�^_9 S8AK;Z9 #H�54+6.� , \8=>IJ*,A2(0*)9B\>9U;<3,/K(
1&D \LA0.7(c=Str1,]X�nD =>(06X1.a,\8(768-?AKC,V

`
\LI,aJ\8=>AM=>IJ=LA21.CJ\7NmAM=�DF1&/2/21!tp\pDF6L1.; Rx9OP&(7\f^W4,(01.6L(0; =L4%9U=

=>4,(:H71.CJ*,AK=LA21.C%9U/`*,A2\R=>6LAKa,IJ=LA21.C�1&Dx=L4,(ZH01�9&/K(7\LH0(7C,H0(<=LA2;:(:AK\w9=>d9U;<;<9�*,A2\R=>68A2a,IJ=LA21.C51&D
\L4%9&3[(

(1 + `)
9&C,*Q\LHO9U/2(

1/(1 + θ)
N
G(1 + `, 1/(1 + θ))

N,tp4,(06L(

G(a, λ)(t) =
λa

Γ(a)
ta−1e−λt, t ≥ 0.

�5).�



� ] �J]:F��l� � � � " �	[E^ "
�SC:=>4,AK\v9&68=LA2H7/K(&N&tr(l\84%9&/K/%*,(7\8H76LAKaq(p=>4J(nH01.C,*,AM=>AK1.C%9&/,*JA2\8=L6LAKa,IJ=>AK1.C+1&Dq=>4,(nH71�9U/2(7\8H7(0C,H7(

=>A2;:(
τn

V.AK-&(7C|=L4%9U=
∆ = `

\LIJa,\8=LAK=>IE=>A21&C,\X9&68(o1.a,\8(76R-.(7*m]d�SC�=>4,AK\lC,1&=>9U=>AK1.C,\0N
∆
A2\n=>4,(

C?IJ;oaq(06�1UD`\LI,aJ\8=>AM=>IJ=LA21.CJ\nDF1.IJC,*�tp4,(0C|H71&;<3%9U6LA2CJV:=L4,(w�l���
\8(7ghI,(0C,H7(+1&D_=>4,(cV.(7CJ(N�
9&C,*o=>4J(W1.C,(W1&Dq9XH7/K1.\L(0\8= 3%9U6L(7C�= AKCo=>4,(WH01�9&/2(0\LH0(7C�=`=>68(7(&]�^W4,(WH71.CJ*,AK=LA21.C%9U/E*,AK\8=L6LA2aJIJ=>AK1.C
HO9&Csaq(YDF1.6L;wI,/z9U=L(7*59&\c9Q;:A�8?=LI,6L(Y1&D >G9&;:;Z9�*JA2\8=L6LAKa,IJ=>AK1.C,\0]Z�%1.6

k = 2, . . . , n − 1
N

9&C,*
k ≤ j ≤ n

N%/K(0=pI,\p*,(0C,1&=L(

c(j, k) =
∏

j≤ 6̀=k≤n

(`(` − 1) − k(k − 1)) .

�SCj9&*J*,AK=LA21.C�Nhtr(c\8(0=
c(n, n) = 1

]r��(�A%C,(

ak =
(n − 1)!(n − 2)!

λk

k
∑

j=2

c(j, k)−1

(j − 2)!2
, for k = 2, . . . , n

^W4,(7C�N%tr(G4%9O-.(

fτn|∆=`(t) =
n
∑

k=2

a(k, `)G(1 + `, λk + θ)(t), t ≥ 0,

tp4,(768(
a(k, `) =

akGs(pk, `)

P(∆ = `)
, ` = 0, 1, . . . ,

9&C,*
P(∆ = `) =

n
∑

k=2

akGs(pk, `), ` = 0, 1, . . . ,

tpAK=>4 Gs(pk, )
=L4,(G\L4,AMD =>(7*kV.(01.;:(0=>68A2Hf*,AK\8=L6LA2aJIJ=>AK1.C�1&D_3%9&6L9&;<(�=>(06

pk =
1

1 + θ/λk
, k = 2, . . . , n.

�5)&�



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
��� � ��� � � ����� ��� ��� � � ���K� � � 	 � 	 �!� �

��� � ��
 ���	�%��� �%��! �%$)�0��&'!#��(	!#�"*+,1��� ��� � � ��& ���%� ��� � &'$ ��� �0�

^W4,(�H01�9&/K(7\LH0(7C,H0(l/K(0-.(0/
K
1&Dm=L4,(�V&(7C,(L��tpAM=>4Y=>4,(n6L(0\8=r1&D�=>4J(�\L9&;<3J/2(pA2\ *,(EA%C,(7*�9&\v=L4,(

6>9&C,*J1.; -U9&68Az9&a,/K(l=T9Uy?AKC,V+-U9&/2I,(0\
k = n, n − 1, . . . , 2

\81:=L4%9U=

K = k iff τn = Sk.

F�1.6L(G\83q(0H7A0A,HO9&/K/KP.N
K
AK\W6L(7/29U=>(0*B=>1+=>4,(d9&CJH7(7\R=>6L9&/�3,6L1?H7(0\L\n9&\WDF1./2/K1!tp\

K = 1 + An(τn).

')(GV.AM-.(X=>4J(d*JA2\8=L6LAKa,IJ=>AK1.CB1&D
K
a[(7/K1!tG]

�  ��� � �"�F� � ����

� �
� n ≥ 2

� �
�
� /��

�

P(K = k) =
2(k − 1)

n(n − 1)
, for all k = 2, . . . , n.

�  �!�
��� �n(0HO9&/K/m=>4,9U=ON,DF1.6p9U/2/
k = 2, . . . , n

N,t}(G4%9O-.(

P(Ck = α) =
(n − k)!k!(k − 1)!

n!(n − 1)!
n1! . . . nk!

# � ]�� ,
tp4,(768(

α ∈ En

A2\k9�3%9U68=>AM=>AK1.C�A2C
k
H0/z9&\8\L(7\Q\LIJHT4 =L4%9U=Q(O9&HT4 H7/29&\L\B4,9&\kHO9&68*,A2C%9U/2AK=SP

#αi = ni

9UC,*
n1 + · · ·+ nk = n

]`�SCB=L4,(f\L(0g?IJ(7/ N,tr(G\L4%9U/2/mIJ\L(X=>4J(dCJ1&=T9U=LA21.C |α| = k
]

� 1&6W9:3J6L1?1&D 1&D_=L4,A2\pH0/z9&\8\LA2H79&/�68(7\LIJ/K=ONJ\L(7(d^_9!-U9&6 �N#?'*)+)U�,NJ3�] �+4JN%3J6L1.3[1.\LAM=>AK1.C
'E] 'E] 'E] ,
�%1.6

k = 2, . . . , n
N =>4,(c3,6L1.a,9&a,A2/KAK=SP<=>4%9U=n=>4J(wH71.9&/2(0\LH7(0C,H7(w1EH0H7I,68\X9U=l9</K(0-.(0/_1UDe=>4,(

V.(7C,(79&/21&V&P�/K1#tr(76x=L4%9&C
k
A2\W(7ghI%9U/�=>1

P(K ≤ k) = P({1} ∈ Ck).

�5) �



� ] �J] ^�%�� " � � � �f��^�%�� F�� �n�
F���[ � [��l���
^_1YH71&;<3,IE=>(f=>4,(G3,681.a%9&aJA2/2AM=SP:1&D_=L4,A2\p(�-.(7C�=7N tr(dHO9&CBtp6LAM=>(

P(K ≤ k) =
∑

α:|α|=k−1

P(Ck = {1} ∪ α)

tp4,(768(<=>4J(<\8I,;�6LI,CJ\w1!-.(06o9&/K/e3%9&6R=>AK=LA21.CJ\f1&D {2, . . . , n} A2C�=>1 (k − 1)
H7/29&\L\8(7\7]
�n\LAKC,V

(7ghI%9U=LA21.C # � ]0� , NJtr(LA%CJ*Q=L4%9U=

P(K ≤ k) =
∑

α:|α|=k−1

(n − k)!k!(k − 1)!

n!(n − 1)!
n1! . . . nk−1!

9&C,*k\LAKC,H7(
n1 + · · · + nk−1 = n − 1

NJtr(d4%9O-.(
∑

α:|α|=k−1

(n − k)!(k − 1)!(k − 2)!

(n − 1)!(n − 2)!
n1! . . . nk−1! = 1.

^W4,(768(0DF1.68(&N,tr(c1.aE=T9&AKC�=>4%9U=

P(K ≤ k) =
k(k − 1)

n(n − 1)
, k = 2, . . . , n,

tp4,A2HT4kP?A2(7/K*,\x=>4J(d*J(7\LAK6L(0*�68(7\LIJ/K=O]

�n1&=>(<=>4%9U=c=>4,(Z*,A2\R=>6LAKa,IJ=LA21.Cs1&D
K
H71.I,/K*�9&/K\L1|a[(�1.aJ=>9&A2CJ(7*~AKC�9j/2(0\L\o*JA26L(0H0=ot}9OP

I,\LAKC,Vk9�6L(0\LI,/M=GahP�'uA2IJDr9&CJ*��l1.C,C,(0/2/MP #H�54+4+4JNm3�]0�<6+6 , ]d^W4,(+;:(O9&C�9UC,*@=>4,(o-U9&68Az9&C,H0(
1&D

K
HO9&CQaq(dH71&;<3,IE=>(7*kDF6L1&;i(7/K(7;:(7C�=T9&6RPk9&/KV.(7a,6L9J]`')(&A%C,*Q=>4%9{=n=L4,(G(E8E3[(7H0=>9U=>AK1.CjAK\

(7ghI%9&/�=L1
E[K] =

2

3
(n + 1), n ≥ 2.

�SC�1.68*,(76x=L1YH71.;:3,IJ=L(G=L4,(f-U9&6LA29&C,H7(UN,6L(0HO9&/K/m=>4,9U=
n
∑

k=2

k3 =
1

4

(

(n + 1)4 − 2(n + 1)2 + (n + 1)2
)

− 1.

^W4,(7Ckt}(d4%9O-.(
Var[K] =

1

18
(n2 − n − 2).

^W4,(�AKC�=>(7683,6L(�=T9U=LA21.C�A2\+=L4%9U=:=>4,(�9O-.(76L9&V.(Q/2(�-.(7/�9U=Ytp4,AKHT4 =>4J(�H01�9&/2(0\LH0(7C,H0(j1?H7H7IJ6L\ZAK\
H7/21&\L(76p=>1:=>4,(G=>AK3,\n1&De=>4J(c=>68(7(G=>4%9UCj=>1:=>4,(d6L1?1&=O]�%n1!t}(�-.(76�=>4,(d-&9U6LAz9UC,H7(dA2\p6L(0/z9U=LAK-&(7/KP

�5)+I



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
/z9&68V.(ltpAK=L4k6L(7\83q(0H0=n=>1+=>4J(d;:(O9UCkDF1&6W/z9&68V.(f\>9&;:3,/K(X\LA0.7(7\0]

��� � ��� ��,0( ,�� $%� !#�0$%� �"&�,��#�

^W4,A2\ " (0H0=LA21.Cd*,(O9U/2\�tpAK=L4f=>4,( \LA0.7(
Xn

1&D?=>4,( ;:A2C,AK;Z9&/!D 9&;:A2/MPn1&D,9UCc9U6La,AM=>6>9U68PXAKC,*,AM-EAK*,I%9&/
A2C�=>4,(k\L9&;<3J/2(&]���=:V.AM-.(0\<9�3,681E1&Dn=>4,9U=+=>4,(Q6>9UC,*,1.; -U9&68Az9&aJ/2(

Xn

4%9U\<9�3[1#tr(76:/z9Ot
*,A2\R=>6LAKa,IJ=LA21.C

P[Xn = x] =
4

(x − 1)x(x + 1)
, x = 2, . . . , n − 1,

9&C,*
P[Xn = n] =

2

n(n − 1)
.

R}(0DF1.68(pV.AK-?A2CJVc9G3,681E1&Dq1&Dq=>4,(p^W4,(01.6L(0;�Nht}(n(7\R=T9&aJ/2A2\84Z9GI,\8(0DFI,/ H71&;oa,A2C,9U=>1.68Az9&/?A2*J(7C�=>AM=SP
A2CB=>4,(GC,(98?=�/K(7;:;Z9E]

� � � �)" 
 �
�
�
n ≥ 4

� /21 �
x
/21 4%1��

�
�
���

6 � ��� / �
n > x ≥ 3

� �
�
� /��

�

n−3
∑

k=x−2

k(k − 1) · · · (k − x + 3)(n − k − 1)(n − k − 2) = 2
n(n − 1) · · · (n − x)

(x − 1)x(x + 1)
.

�  �!�
��� ��A268\8=7N,I,\L(dA2CJ*,I,H0=LA21.C�=L1Y3,6L1!-.(G=>4,9U=
n−1
∑

k=x−2

k(k − 1) · · · (k − x + 3) =
n(n − 1) · · · (n − x + 2)

x − 1
,

9&C,*B=>4,(0CjI,\8(d9Y\8A2;:A2/29&6}68(7H7IJ6L\LAK1.CQ9&6LV&I,;<(0C�=W=>1:3,6L1!-.(f=L4%9U=
n−2
∑

k=x−2

k(k − 1) · · · (k − x + 3)(n − k − 1) =
n(n − 1) · · · (n − x + 1)

x(x − 1)
.

�l3,3,/MP?A2C,Vo=L4,(G6L(7H0I,6L\8A21.C�9&V�9UA2C�N?=>4,(G/2(0;<;<9cDF1./K/21!tp\xDF6L1&; =>4J(c9Uaq1!-.(G(0g?I,9U=>AK1.C,\7]
�5) �



� ] �J] ^�%�� " � � � �f��^�%�� F�� �n�
F���[ � [��l���
�  �!�
���
� � � � �  � � � � �}1.C,\8A2*,(06l=>4,(wH71�9&/K(7\8H7(7C�=G\R=T9&6R=>A2CJV<tpAK=L4

n
/KA2C,(79&V.(7\0]X�

\8=T9UC,*%9&68*j6L(0\LI,/M=nA2CQH71�9&/K(7\8H7(7C�=�=>4,(01.68Pk\R=T9U=L(7\p=>4%9U=�AKD tr(w3,AKHTyB1.C,(d/2A2CJ(O9&V.(G9{=�6L9&C,*,1&;
tp4,(7C~=L4,(768(k9&6L(

k ≤ n
/2AKC,(O9UV.(7\0N_=>4J(7C~=>4J(�3,6L1&a%9&a,AK/2AK=SP�AM=wtpAK/2/ H71.C�=>9&A2C

m
1&DW=L4,(

n\8=T9U68=>AKC,V+/2AKC,(O9UV.(7\WAK\

P(Mn
k = m) =

(

n − m − 1

k − 2

)

(

n − 1

k − 1

) , 1 ≤ m ≤ n − k + 1.

� 1&6W9:3J6L1?1&D 1&D_=L4,A2\p68(7\LIJ/K=ONJ\L(7(d(&] V,]v�lI,686L(�=L=P#?'*)*).�JNJHT4,9&3 �.NJ(7g ]^# �J]��O� , , ]

�x=l=>4,(o;:1.;:(7C�=�1&D`=>4,(wH71�9&/K(7\8H7(7CJH7(otpAK=L4j=>4J(o6L(0\8=f1&D`=L4,(o\L9&;<3J/2(&N[=>4,(w/2A2CJ(O9&V.(d1&D
A2C,*,AM-?A2*,I%9U/ �lH71�9&/K(7\8H7(7\xtpAM=>4B9c6>9&C,*J1.; \8I,a,\8(0=p1&D \LA0.7(

Mn−1 ]��}1.CJ*,AK=LA21.C%9U/ =L1 K = k
N

=>4,AK\W;<(79&C,\x=>4,9U=
Xn

4%9&\W=>4,(G\L9&;<(f*JA2\8=L6LAKa,IJ=>AK1.Ck9&\

Xn ∼ 1 + Mn−1
k−1

tp4,(768(�=>4J(�H01�9&/2(0\LH0(7C�=Z\R=T9&6R=>\:tpAK=>4
(n − 1)

/2AKC,(O9&V&(7\YA2C
Mn−1

k−1

]�^W4,(0C�NxDF1.6:9&/K/
k =

3, . . . , n
N,t}(G4%9O-&(

P(Xn = 1 + m | K = k) =

(

n − m − 2

k − 3

)

(

n − 2

k − 2

) , m = 1, . . . , n − k + 1,

9&C,*�NJDF1&6
k = 2

NJtr(c4,9!-&(
P(Xn = n | K = 2) = 1.

^W4,(7C�N%tr(G4%9O-.(
P(Xn = n) =

2

n(n − 1)
,

�5)+6



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
9&C,*�NJDF1&6p9&/2/

m = 1, . . . , n − 2
N

P(Xn = 1 + m) =

n−m+1
∑

k=3

2(k − 1)

n(n − 1)

(

n − m − 2

k − 3

)

(

n − 2

k − 2

) .

� 1&6
m = 1

NJtr(c1.aE=T9&AKC

P(Xn = 2) =

n
∑

k=3

2(k − 1)(k − 2)

n(n − 1)(n − 2)
,

tp4,A2HT4QA2\W(0g?I,9&/�=>1
2/3

] " AK;<AK/z9&68/KP.N�DF1.6
n > x ≥ 3

N,tr(G1.aJ=>9&A2C

P(Xn = x) =

n−3
∑

k=x−2

2k(k − 1) · · · (k − x + 3)(n − k − 1)(n − k − 2)

n(n − 1)(n − 2) · · · (n − x)
.

��\LAKC,V�[�(7;:;Z9 �.NEt}(&A%C,*k=>4%9{=

P(Xn = x) =
4

(x − 1)x(x + 1)

DF1.6p9&/2/
x = 2, . . . , n − 1

]
's(l=LI,6LCBC,1!t =>1w=L4,(f3,681E1&D�1UD�^W4,(71.68(7; 6J]�>GAM-.(0CB9oH71�9U/2(7\8H7(0Ch=W=L6L(0(&NEtr(fH71&;<3,IE=>(

=>4,(oChI,;waq(06X1&Dv\LI,aE=>6L(0(7\ftpAK=L4
x
/2(O9O-&(7\�# V&(7C,(0\ , 9&C,*�9</2A2CJ(O9&V.(d=>4%9{=fH71.CJC,(7H�=>\X=>1�=L4,(

6L1?1&=}1UD�=>4,(�\LI,aJ=L6L(0(&]v�lAK-?AK*,A2C,Vda�P
n
NE=L4,A2\r/2(O9U*,\r=L1

fx
n

tp4JA2HT4BA2\r9&C�IJC?aJAz9&\8(7*B(7\R=>AK;Z9U=L(
1&Dr=L4,(Y3,6L1&a%9&a,AK/2AK=SP � #

Xn = x
, N�DF1.6d9&/K/

x = 2, . . . , n
]+'u4,(0C

n
V.1?(7\X=L1�AKC7A%C,AM=SP.N�tr(

1.aJ=T9UA2Ck9�>d9UI,\L\8Az9&CkH7(0C�=>6>9U/ /KA2;:AK=v=>4,(01.6L(0;
√

n

(

fx
n − 4

(x − 1)x(x + 1)

)

→ N (0, σ2)

tp4,(768(
σ2 = 8/45

AMD
x = 2

N%9&C,*

σ2 =
4(11 + 4x4 − 27x2)

x(2x + 1)(2x − 1)(x − 1)2(x + 1)2
,

# � ] ' ,
DF1.6p9&/2/

x ≥ 3
]

�5)+4



� ] � ] " �&F � ���LF �q���p� " �f� "
�  �!�
� � � � � � �  � � � � [�(0=

Xx
n = nfx

n

*,(0C,1&=L(d=L4,(wChI,;oa[(76n1&D�;<AKC,A2;<9&/mH0/z9&*J(7\
1&D�\8A/.0(

x
]v^W4,(dHO9&\8(

x = 2
AK\p9:*JA26L(0H0=nH71&C,\L(0g?IJ(7C,H0(o1&DYF�H �f(7C7.7A2(c9&C,* " =L(7(7/�� \n6L(0\LI,/M=>\

#?'*)+)*) , aq(0HO9&I,\8(
X2

n

AK\d=StpAKH7(:=>4,(<C?IJ;oaq(06c1UDpHT4,(7686LA2(0\wAKC~9�H01�9&/K(7\LH0(7C�=o1&6
�vI,/K(:=L6L(7(U]
� 1&6

x ≥ 3
N =L4,(Y3,6L1?1&DvDF1./2/K1!tp\lDF6L1.; =>4,(+D 9&H�=d=L4%9U=G=>4J(:6L9&C,*,1&;�-U9&6LA29&a,/2(

Xx
n

H79&Csa[(
A2C�-.1./M-.(0*�AKCh=L1:9YghI,AKHTyh\L1.6R=8bS/KA2yU(f6L(7H0I,6L68(7C,H0( # %nt}9&C,V<9&C,*���(0A2C,C,AKC,V.(067N '*)*) ' ,

Xn = XIn
+ X∗

n−In
+ tn

# � ] � ,
tp4,(768(

In

A2\rI,C,AKDF1&6L; 1!-.(06x=>4,(�\L(0= {1, . . . , n− 1} 9&C,*Z=L4,( � � 	�	.DFI,C,H�=>A21&C tn
A2\r(7ghI%9&/[=>1

tn = δn,x(δIn,1 + δIn,n−1)

tp4,(768(
δ
*,(0C,1&=>(0\r=L4,(��f681.C,(7HTyU(76x\RP?;oaq1&/ ]�^W4J(l(E8E3,68(7\8\LA21&C�1&D

σ2 t}9&\rDF1.IJC,*<a�PY=T9Uy?AKC,V=>4,(X-U9&68Az9&C,H0(XA2CBa[1&=L4Q\8A/.0(f1&D (7ghI%9U=LA21.C # � ] � , ]`^W4,(fA2CJ*,I,H0=LA21.CBH79&Ckaq(f\81./K-&(7*QI,\LAKC,VY9&C
9&C%9&/MP?=LA2Hd/2(0;<;<9 # %nt}9&C,Vk9&C,*��n(7AKC,A2C,V&(767NT'*)+) '?NT[�(7;:;Z9��.N�3�]��5I+4B� , 9&CJ*�9�\8P?;oa[1./2AKH
9&/2V.(0a,6>9GH71&;<3,IE=>(76r3%9&HTy{9&V.(U] �%1.6

n ≥ 2x+ 1
Nht}(X1&aJ=T9&AKC,(7*<=>4%9U=�Uv9&6

[Xx
n ] = σ2n

tpAM=>4
σ2 V&AK-.(0C�ahPj=>4,(Y(7ghI%9{=>A21&C:# � ] ' , ]o^W4J(�A,C%9&/`6L(0\LI,/M=GA2\G9BH71&C,\L(0g?IJ(7C,H0(Z1&D %nt}9&C,V�9&C,*
��(7AKC,A2CJV.(76 � \WH0/z9&\8\LA0A,HO9U=LA21.CB1&D_=>1./K/mDFI,C,H�=>AK1.C,\L#2%ptx9UC,V�9&CJ*j�n(7A2CJA2C,V.(067N 'O)+) 'EN,3m] � � )7� , ]

� � � � � � �#� � ��1&=L(:=L4%9U=c=>4,(<3,6L1?1&DW1&Dx^W4,(71.68(7; 6�H01.C�=T9&AKC,\o9&CsA2;:3,/2AKH7AM=f3,6L1?1&D
1&De^W4,(01.6L(0; � ]}^_9&yhA2CJV<(98J3[(7H�=T9U=LA21.CJ\�AKC�(0g?I,9U=>AK1.C # � ] � , /2(O9U*,\W=>1:6L(7H0I,6L\8AK-&(wA2*J(7C�=>AM=>A2(0\
=>4%9U=wHO9&C~9&/2\81|aq(<\L1./M-.(0*�I,\LAKC,V [�(7;:;Z9M��A2C %nt}9&C,V�9&C,*~��(7AKC,A2CJV.(76Z#?'*)*) ' , ]���D =L(76
\L4,1.6R=nHO9&/KH7I,/29U=>AK1.C,\7Nh=>4J(d68(7\8I,/K=L\n1&aJ=T9&AKC,(7*kAKCQ^W4J(71.68(7; � HO9&CQa[(fHT4,(7HTyU(7*�9&V�9UA2C�]

����� ��� � � � � � � �-�;� � �P� �

��� � ��
 � * � � $%(	� � � �%��( ��&

� 1&6n\L9&y&(c1&D`H01.;<3,9&6LAK\L1.C�N,tr(ctpAK/2/�9&/K\L1:*,(7\8H768A2a[(d=L4,(w*,AK\8=L6LA2aJIJ=>AK1.Ck1&D�=L4,(w/K(0-.(0/�1&D`H71.9{b
/2(7\8H7(0C,H7(wDF1&6p=Str1B9&68a,AK=L6>9&68A2/MP�HT4,1.\8(7C@V.(0C,(7\0]p^W4,(w=Str1�V.(7CJ(7\lH79&Cja[(w/29&a[(7/2(0* �w9&C,* 'E]
^W4,(7CQ/2(�=pI,\p*,(7C,1U=>(G=>4,(0A26WH71.9&/2(0\LH7(0C,H7(G=>AK;<(X9&\

τ̃n

]e')(G\8(0=

K̃ = 1 + An(τ̃n),

�+�5)



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
9&C,*�tpAK\L4j=L1ZH01.;<3,9&6L(

K̃
=>1

K
]�� t}(0/2/Mb�yhC,1!tpCj6L(0\LI,/M=XAKC�H01�9&/2(0\LH0(7C,H0(w=>4,(01.68PQAK\n=L4%9U=

=>4,(fH01�9&/2(0\LH0(7C,H0(G=LA2;:(
τ̃n

1&D =Str1:/KA2C,(79&V.(0\}4%9&\W(98E3q1.CJ(7C�=>A29&/�*,AK\8=>68A2a,IE=>A21&C E(1)
]`� C,(98?=

\L(7H�=>AK1.CstpAK/2/e*,(0\LH06LA2a[(<=L4,(:6L(7\8I,/K=GDF1.6
τn

]���\cD 9&6d9&\G=>4J(<H01�9&/2(0\LH0(7C,H0(Z1&Dx=Str1j6L9&C,*,1&;
/2A2CJ(O9&V.(0\_AKCw=>4J(x\>9&;:3,/K(rAK\�H71&C,H7(06LC,(0*�N.t}(W4,9!-&(}=>4J(}DF1./2/K1!tpA2C,Vn3,6L1&a%9&a,AK/2AK=SPX*,A2\R=>6LAKa,IJ=LA21.C�]
� 1&6

n ≥ 2
NJtr(c4%9O-&(

P(K̃ = k) =
n + 1

n − 1

2

k(k + 1)
for all k = 2, . . . , n.

^W4,(:9&6LV.IJ;<(0Ch=dAK\fa%9&\L(0*s1&C5=L4,(Ya,AK-U9&68Az9U=L(oH71�9U/2(7\8H7(0Ch=Z#F\L(7(:(&] V,]Y^_9!-U9&68(&N �54+4*IJN�3�] 6 �+,
9&C,*Q9:68(7\8I,/K=p1&D " 9&IJC,*,(768\�(�=�9&/ ]�#H�54+6&� , =>4%9{=�*J(7\LH06LAKaq(0\p=L4,( S81.A2C�=p*,AK\8=L6LA2aJIJ=>AK1.C�1&D

B(t) = (Am(t), An(t)), t ≥ 0,

tp4,(768(
An(t)

AK\n=L4,(c9&C,H7(0\8=L6>9&/�3,681EH0(7\L\l9U=p=>AK;<(
t
9UC,*

Am(t)
AK\n=L4,(c9&C,H7(0\8=L6>9&/�3,681EH0(7\L\

1&D�9c\8I,a,\L9&;<3J/2(l1UD�\LA0.7(
m ≤ n

] �n\LAKC,Vc=L4,(l68(7\LIJ/K=>\r1&D " 9&IJC,*,(768\}(�=W9&/ ]�#
�54*6&� , N�tr(	A%C,*
=>4%9U=

P(A2(t) = 1, An(t) = k − 1) = P(An(t) = k − 1)
2(n − k + 1)

k(n − 1)
, n ≥ k ≥ 2.

� 1&6
2 ≤ k ≤ n − 1

NJtr(c4%9O-&(

P(τ̃n ≤ Sk) = Pr(A2(Sk) = 1) ≡ F (k) =
2

k

n − k + 1

n − 1

9&C,*B=>4,(0C

P(K̃ = k) = P(τ̃n = Sk) = F (k) − F (k + 1) =
n + 1

n − 1

2

k(k + 1)
.

� 1&6
k = n

N,tr(G4%9O-.(

P(K̃ = n) = P(τ̃n ≤ Sn) = F (n) =
2

n(n − 1)
.

�n1&=>(r=>4%9U=_=>4,(W3J6L1.a%9Ua,A2/KAK=SPX=L4%9U=e=Str1fA2C,*JAK-?A2*,I,9&/2\ \L4%9U6L(}=L4,(7AK6�;:1.\8=�6L(7H0(7C�=r9&C,H0(7\8=L1.6
tpAK=>45=>4,(:tp4,1./K(<\L9&;<3J/2(+tx9U\oHO9&/KH7I,/29U=>(0*sa�P5'~9{=L=>(06L\81.C #H�54+6 ' , tp4,1.\8(Z68(7\LIJ/K=+9UV.6L(0(7\

�+�+�



� ] � ] " �&F � ���LF �q���p� " �f� "
tpAK=>4B=L4,(fD 9&H0=W=L4%9U=

P(K̃ = 2) =
1

3

n + 1

n − 1
.

�SCkH01.C,H7/KI,\LAK1.C�Nh=>4,(f*JA2\8=L6LAKa,IJ=>AK1.CZ1UD
K̃
AK\}-.(068P�*JA01q(76L(0C�=xDF6L1.;

K
]`^W4,(fC,1?*,(0\WH7/21&\L(

=>1<=L4,(d6L1?1&=X9U6L(dV.AK-&(7Cj;:1.68(cAK;<3[1.68=>9&C�=Wt}(0A2V.4�=L\lA2CQ=>4,(c*,A2\R=>68A2a,IJ=LA21.Ck1&D
K
]n^W4JA2\nHO9&C

9&/2\81�a[(<\8(7(0C)tpAK=L4s=>4J(Z9O-.(06>9&V&(Z/2(�-.(0/ �
[K̃]

tp4JA2HT4)AK\
O(log n)

AKCsH01.C�=>6>9U\8=dtpAK=>45=>4,(
O(n)

6L(0\LI,/M=p1.aJ=>9&A2C,(0*BDF1.6��
[K]

]

��� � ��� � � $%( �	� � !#�0$%� �

��I,\8(0DFI,/EH71.;:3%9&68A2\L1&Cw=>1�^W4,(71.68(7; � ;Z9OPda[(xV.AK-&(7Coa�Pd=>4,(}*,A2\R=>6LAKa,IJ=LA21.Cd1&D%=>4J(xChI,;oa[(76
1&DxAKC,*,AK-?AK*,I%9&/K\fA2Cs9Q6L9&C,*,1.;�H0/z9&*J(:1UD}=>4J(ZH71.9&/2(0\LH7(0C�=c=L6L(7(U]��}4,1?1.\L(

I = i
DF6L1&;�=>4,(

I,C,AKDF1&6L; *,AK\8=L6LA2aJIJ=>AK1.CG1.C
[n−1]

9&C,*cH71.C,\8A2*,(06 =L4,(}ChI,;waq(06�1&DJV.(7C,(0\
Yn

AKCd=L4,(-#FI,C,AKg?IJ( ,
H7/z9U*,(f1&D CI

]`'s(d4,9!-&(d=L4,(fDF1./2/K1!tpA2C,Vc6L(7\8I,/K=7]

�  ��� � �"�F� � ����� �
�
�
n ≥ 2

/21 �
Yn

	
�
� �
�
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� � 4%1 �24 ��4��29 /
	 6�4%1 /

�
/21 � � � 8�	!/
�

�

� � ��� � 8 ��/
	
�
6�8
�
1�� � �

�
� /��

�

P(Yn = y) =
n

(n − 1)

2

y(y + 1)
, for all y = 2, . . . , n − 1,

/21 �

P(Yn = n) =
1

n − 1
.

�  �!�
��� �n\LA2CJVZ9&68V.I,;:(7C�=>\p\8A2;:A2/z9U6r=>1Y=>4J1.\L(d1&De^W4J(71.68(7; � N,tr(w*,(0*,I,H0(d=L4,(cH01.C,*,A b
=>A21&C%9&/m*JA2\8=L6LAKa,IJ=>AK1.CB1&D

Yn

V.AK-&(7CB=>4%9{=
I = i

N,DF1.6
i = 2, . . . , n − 1

]`'s(d1&aJ=T9&AKC

P(Yn = y | I = i) = (y − 1)

(

n − y − 1

i − 2

)

(

n − 1

i

) , y = 2, . . . , n − i + 1.

�+� '



� %����`^�� � � ] FQ� ���
F��	[ � [��X��� " � � � �X�l� ���X^�� �n����[ R �n�l��� %
[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
%�(7CJH7(&N%DF1.6

2 ≤ y ≤ n − 2
N,tr(G4%9O-.(

P(Yn = y) =
n(y − 1)

(n − 1)

n−2
∑

j=y−1

(j − 1)(j − 2) · · · (j − y + 2)(n − j)(n − j − 1)

n(n − 1) . . . (n − y)

tp4,A2HT4kP?A2(7/K*,\x=>4J(d68(7\8I,/K=7]

^W4JA2\f*,AK\8=>68A2a,IE=>A21&C|HO9&C5a[(oDF1.I,C,*�A2C59�*,A�1m(06L(0Ch=d;<9&C,C,(06XI,\8A2C,Vk6L(0\LI,/M=>\G1.C�a,AKC%9&68P
\L(O9U6LHT4Y=>6L(0(7\vA2C�=>681E*JI,H7(0*:AKC+=>4,(01.6L(�=>A2H79&/,H01.;<3JIJ=>(06`\LH7AK(7C,H0(&] �l(�-?6L1!P.(P#
�54*47� , *,(0\LH06LA2a[(7*
=>4,(<C?IJ;oaq(06o1&DW1?H7H0I,6L68(7C,H0(�1&Dp\8I,aJ=>68(7(0\+1&Dp9jV.AM-.(0C~\LA0.7(&]�^W4,(B9&a[1!-.(�3J6L1.3[1.\LAM=>AK1.CsAK\
\8=>681.C,V./MP�H01.C,C,(0H0=>(0*�=L1:4JA2\W6L(0\LI,/M=>\0]

[�(�=�IJ\n68(7;<9&6Ly:=>4%9{=n=L4,(G9O-.(06>9&V.(d\LA0.7(G1&D�9+6>9&C,*J1.;iH7/29&*,(fV.681!tp\�9U\
log n

E[Yn] =
2n

(n − 1)
(Hn − 1), n ≥ 3,

tp4,(768(
Hn

A2\p=>4,(
n
=>4�4%9&68;<1.CJA2HGChI,;oa[(767N tp4,AK/2(
�

[Xn]
68(7;<9&A2C,\pa[1.I,C,*J(7*|a�P��J]W^W4,(

-&9U6LAz9UC,H7(f1&D
Yn

V.6L1!tp\n9&\
n
]`^W4J(w9&\RP?;<3J=L1&=>AKHf*,A2\R=>68A2a,IJ=LA21.CZ1&D

Yn

AK\WV.AK-&(7CQahP

P(Y = y) =
2

y(y + 1)
, y ≥ 2,

tp4,A2HT4YH71&6L6L(0\L3[1.C,*,\e=L1X=>4,(��vIJ/2(x*,AK\8=L6LA2aJIJ=>AK1.Cw1&D[3%9U6>9&;:(0=L(76
ρ = 1

V.AM-.(0Co=>4%9U=�=>4,(x-U9&68AMb
9&a,/2(WAK\`V.6L(79U=>(06e=>4%9UC 'E]_�WH7H01.6L*,AKC,VG=>1d�l(0-?681#P&( � \}68(7\LIJ/K=r9&C,*+=>4J(nH01.6L68(7\83q1.CJ*,(7C,H0(�tpAM=>4
a,A2C%9U68Ps\L(O9U6LHT4�=>68(7(7\0Nv=L4,(�DF6L(0ghI,(7C,H0A2(0\:1UDp\LI,aJ=L6L(0(7\:A2C�9|H01�9&/2(0\LH0(7C�=+=>68(7(k9&68(k9&\8P?;:3Eb
=>1&=LA2HO9U/2/KP >d9&IJ\L\LA29&C~DF1.6c/z9&68V.(

n
]s��(7C,1&=LA2C,V

f y
n

=L4,(�DF6L(0g?IJ(7C,H�P�1&Dp\LIJaJ=>68(7(7\Y1&Dn\8A/.7(
y#

2 ≤ y ≤ n
, N,tr(c4,9!-&(

√
n

(

f y
n − 2

y(y + 1)

)

→ N (0, σ2)

tp4,(768(w=>4,(wH71.C�-.(06LV.(0C,H7(+4J1./2*,\�A2C|*JA2\8=L6LAKa,IJ=>AK1.C�]^F�1?*,AKD P?AKC,V��l(�-?6L1!P.( � \G6L(0\LI,/M=ON[t}(o1&aEb
=T9&AKC�=>4%9U=

σ2 =
2(y − 1)(4y2 − 3y − 4)

y(2y + 1)(2y − 1)(y + 1)2
,

DF1.6p9&/2/
y ≥ 2

]
�+�!�
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� � 	 ��� �&��� �

��������
 	 ( ! �%( � ,1��,0�%( $%� � ,0& �'�5, 	�
 ��,0�%(

^W4,(+;Z9UA2C|68(7\LIJ/K=GA2C|=L4,A2\ " (7H�=>A21&C@A2\X=>4J(+*,(7\8H76LAK3J=>AK1.C@1&D =>4J(+*,A2\R=>6LAKa,IJ=LA21.C|1UDv=L4,(+H71.9{b
/2(7\8H7(0C,H7(o=LA2;:(

τn

]l^W4,A2\�6>9&C,*J1.; -&9U6LAz9Ua,/2(dH71.686L(0\L3[1.C,*,\X=L1Z=>4,(c/2(0C,V&=>4j1&Dv9&C|(98E=L(768C%9&/
a,6>9&CJHT4)A2C5=>4,(Y=>(06L;:A2C,1&/21.V&P�1&Dp�%Is9&C,* [�A^#H�54+4.�.9 , ] Rr(0DF1.68(<V.AM-?A2C,VB=>4J(<*,AK\8=L6LA2aJIJ=>AK1.C
1&D

τn
NJt}(G68(7;<9&6Ly:=>4%9U=W=L4,(G;<(79&Ck9&C,*k-U9&6LA29&C,H0(X1&D =>4,AK\W6>9&C,*J1.; -U9&68Az9&a,/K(�DF1./K/21!t DF6L1&;

� 681.3[1.\LAM=>A21&C �.] �%I 9&C,* [�AP#
�<4+4.�.9 , 3,681!-EAK*,(7*u95*,A01q(768(7C�=�3J6L1?1&DXDF1.6:=>4,(0\L(|68(7\LIJ/K=>\0]
��\LAKC,V+=>4,(fD 9&H�=W=>4%9{=

τn = Tn + · · ·+ TK ,

t}(G1.aJ=>9&A2CB=L4,(fDF1./2/K1#tpAKC,Vo68(7\LIJ/K=>\0]

�  ��� � �"�F� � ����
 �
�
�
n ≥ 2

�
� ��1 6:4��
���
� �
�
8 ��/
	

�
6�8
�
1 8

�
� 4��

� τn

� �
�
� /��

�

E[τn] =
2

n
,

/21 �

Var[τn] =
4

n2
.

�n1!tGN%6L(7H79&/2/q=>4%9U=pDF1.6
k = 2, . . . , n − 1

N 9&C,*
k ≤ j ≤ n

N,t}(G*,(0C,1&=>(0*

c(j, k) =
∏

j≤ 6̀=k≤n

(`(` − 1) − k(k − 1)) , c(n, n) = 1.

')(G4%9O-.(G=>4J(GDF1&/2/21!tpAKC,Vw68(7\LIJ/K=O]

� � � �  � � � �
�
�
n ≥ 2

� ���
�
� / 3 	!/ 8 � � � /21 6 � � � � � � τn

476
�24 �
�
1 	 �

Lτn
(s) = E[e−sτn ] =

n
∑

k=2

ak
λk

s + λk
, s ≥ 0,

� �
��� �

ak =
(n − 1)!(n − 2)!

λk

k
∑

j=2

c(j, k)−1

(j − 2)!2
.

# � ] � ,

�+�O�
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[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
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�03 � ��	�/
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1 6:4�� � � 9 1 8�� 4 ��1 8 /21 	
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�
6�8
�
4�	
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� /�6 / �$4�� � 9

� �
� � �

� 3 ��1 � 1�� 4 /
	 �2476�	
�
�
4�	�9 � 4 ��1 6

f(t) =

n
∑

k=2

ak λk exp(−λkt), t ≥ 0.

�  �!�
��� �WH7H01.6L*,AKC,VY=>1Y3,6L1&3q1.\8AK=LA21.C �.NEt}(d4%9O-.(

E[e−sτn ] =
n
∑

k=2

2(k − 1)

n(n − 1)

n
∏

j=k

λj

s + λj

��\LAKC,V+DF6>9&H�=>AK1.CB*,(7H01.;:3q1.\8AK=LA21.C�N?t}(G4%9O-&(
n
∏

j=k

1

s + λj

=
n
∑

j=k

2n−k−1c(k, j)−1

s + λj

.

[�(�=
b(k, j) = c(k, j)−1 (k − 1)

n(n − 1)

n
∏

`=k

`(` − 1).

�n(01.6L*,(06LAKC,V+=>4,(G\LIJ;<\0N,t}(-A%C,*k=>4,9U=
n
∑

k=2

n
∑

j=k

b(k, j)

s + λj
=

n
∑

k=2

(

k
∑

j=2

b(j, k)

)

1

s + λk

9&C,*
λkak =

k
∑

j=2

b(j, k).

��������� � �%( �	,1�5,0�%( $%� �	,�& �'� , 	�
���,��%(	&

')(:C,1!t \8=LI,*JP�=>4,(<ChI,;oa[(76d1&DW\LIJa,\8=LAK=>IE=>A21&C,\
∆
AKC5=L4,(��l��� \L(7ghI,(0C,H7(B1UDp9&C~9U6La,A b

=>6>9U68P5V.(7CJ(ZH71&;<3%9U6L(7*stpAK=>4s=>4,(<\L(7ghI,(0C,H7(k1&Dx1.C,(ZH0/21.\8(7\R=+6L(0/z9U=LAK-.(U]=�p(7H79&/2/`=L4%9U=ON_DF1.6
=St}1�9&68a,AK=L6>9&6RP�V.(7CJ(7\7Ne=L4,(�ChI,;oa[(76w1&Dp3%9&AK68tpA2\8(<*JA01q(76L(0C,H7(0\o4%9&\o9j\L4,AMD =>(0*~V.(71&;<(�=>6LAKH
*,A2\R=>6LAKa,IJ=LA21.CY1&D�3,9&6>9&;:(0=L(76

p = 1/(1+ θ)
]_^W4J(X;<(79&C:A2\

θ
9&C,*:=>4,(n-U9&6LA29&C,H7(nA2\

θ + θ2 ]')(G1.aJ=>9&A2C�=L4,(fDF1./2/K1!tpA2C,Vo68(7\8I,/K=7]
�+� �
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P(∆ = `) =
n
∑

k=2

akGs(pk, `), ` = 0, 1, . . . ,

� �
��� � ak

476 �24 �
�
1 4%1 ���

�
�
� �
���

�
��9 / � 4 ��1����
�	��
��

Gs(pk, `) = (1 − pk)
`pk, ` = 0, 1, . . . ,

/21 �

pk =
1

1 + θ/λk
, k = 2, . . . , n.

�  �!�
��� [�(0=
θ > 0

]��}1.CJ*,AK=LA21.C%9U/m1.C
τn = t

N
t ≥ 0

NJt}(d4%9O-.(

P(∆ = ` | τn = t) =
θ`t`

`!
e−θt, ` = 0, 1, . . . ,

9&C,*B=>4,(0C
P(∆ = `) =

(−1)`θ`

`!
L(`)

τn
(θ)

tp4,(768(
L

(`)
τn

A2\n=>4,(
`
=>4|*,(06LAM-&9{=>AK-&(w1&D�=>4,( [�9&3J/z9&H0(d=L6>9&C,\RDF1.6L;

Lτn

]^��\8A2C,V�^W4J(71.68(7; 4JN
t}(GHO9UC�H01.C,H7/KI,*,(f=>4J(d3J6L1?1&D ]

^W4J(@;<1.;:(7C�=L\�1&D
∆
tr(768(|DF1.I,C,* a�P�� Iu9UC,* [�A #
�<4+4.�.9 , DF1./2/K1!tpA2C,Vs9~*,A01q(768(7C�=

;<(�=>4,1?*�]e's(d4,9!-&(
E[∆] =

2

n
θ

9&C,*
Var[∆] =

2

n
θ +

4

n2
θ2.

#F's(dIJ\L(f=>4,(fD 9&H�=W=>4%9{=
E[τn] =

∑n
k=2

ak

λk
= 2

n

9&CJ*Q=L4%9U=
E[τ 2

n] = 2
∑n

k=2
ak

λ2
k

= 8
n2

] ,
�+�5I
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[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^

^W4J(wH71&C,*,AK=LA21.C,9&/�*,A2\R=>68A2a,IJ=LA21.Ck1&D_=>4,(cH71�9U/2(7\8H7(0C,H7(d=>A2;:(
τn

V.AM-.(0C�=>4,9U=
`
\8I,a,\R=>AK=LIEb

=>A21&C,\p9&6L(f1&a,\L(068-.(0*|HO9UC�a[(f*,(7*JI,H7(0*jDF6L1.; =>4,(LRx9OP&(7\pDF1.6L;oIJ/z9+9&\xDF1./K/21!tp\

fτn|∆=`(t) =
θ`

`!P(∆ = `)
t`e−θtfτn

(t), t ≥ 0,

��\LAKC,V:3,6L1.3[1.\8AK=>AK1.CB�,N%=>4J(cH01.C,*,AM=>A21&C%9&/�*,(0C,\LAM=SPkHO9&C�aq(d6L(�DF1.6L;wI,/z9U=L(7*Q9&\�9:;:A�8?=LI,6L(G1&D
>d9&;:;<9w*,A2\R=>68A2a,IJ=LA21.CJ\

fτn|∆=`(t) =
n
∑

k=2

a(k, `)G(1 + `, λk + θ)(t), t ≥ 0,

tp4,(768(&N%DF1.6
k = 2, . . . , n

a(k, `) =
akGs(pk, `)

P(∆ = `)
, ` = 0, 1, . . .

^�9&aJ/2( � ]��p6L(73[1.6R=>\`=>4,(W-U9&/KI,(7\`1&D �
(∆ = `)

DF1&6
n = 10, 30

N
` = 0, . . . , 9

9&C,*
θ = 1, 10

]
��A2V.IJ6L( � ]��f*,AK\L3,/29!P?\x=L4,(GH7I,6R-.(7\n1&D

fτn

9UC,*
fτn|∆=`

DF1&6
` = 0, 2, 5

9&C,*
θ = 10

] �;8,9UH0=
H71.;:3,IJ=>9U=>AK1.C,\ 1&D,=>4J(xH71.CJ*,AK=LA21.C%9U/�(E8E3q(0H0=>9U=>AK1.C+9&68(}6L(03q1&68=>(0*+A2Cc^�9&aJ/2( � ] 'WDF1.6

θ = 1, 109&C,*
` = 0, . . . , 10

]j�SC�1.68*,(76d=>1|3J6L1!-?A2*,(�ChI,;:(768A2H79&/`-&9U/2I,(0\7Netr(�I,\L(0*~=>4,(<DF1./2/K1#tpAKC,V
DF1.6L;oIJ/z9

E[τn | ∆ = `] =
(1 + `)

θ

P(∆ = ` + 1)

P(∆ = `)
, ` = 0, 1, . . .

')(:6L(0;Z9&68y|=>4%9{=d=L4,(Z*JA2\8=L6LAKa,IJ=>AK1.C�1&D
∆
AK\dH01.C,H0(7C�=>6L9U=>(0*~1.C)\8;Z9U/2/`A2C�=L(7V.(06L\7N tpAK=L4)9

6>9&3,AK*s*J(7H768(O9&\8(B9&\G=>4,(<ChI,;oa[(76d1&DW\LIJa,\8=LAK=>IE=>A21&C,\cAKC,H768(O9&\8(7\0]Q��\ctr(7/K/ N /z9&68V.(76G\>9U;<3,/K(
\LA/.0(7\r/2(O9U*Z=>1c;<1.68(lH01.C,H7(0C�=>6>9{=>(7*B*JA2\8=L6LAKa,IJ=>AK1.C,\0]Q�XCZ=>4J(X1&=>4J(76}4,9&C,*�Nh=>4,(lH71.C,*JAK=>AK1.C%9&/
(E8E3q(0H0=>9U=>AK1.C,\Ba[(7H71&;<(|6L9U=>4J(76BA2CJ*,(73[(7C,*J(7C�=k1.C�=>4J(@\>9&;:3,/2(j\LA/.0(@9&\�=L4,(@ChI,;oa[(76B1&D
\LI,a,\R=>AM=>IJ=LA21.C,\WAKC,H768(O9&\8(7\0]

�+� �
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θ = 1 θ = 1 θ = 10 θ = 10
∆ n = 10 n = 30 n = 10 n = 30
0 0.852 0.942 0.426 0.673
1 0.114 0.050 0.218 0.193
2 0.022 0.005 0.120 0.067
3 0.006 0.001 0.071 0.028
4 0.001 − 0.044 0.013
5 − − 0.029 0.007
6 − − 0.020 0.004
7 − − 0.014 0.002
8 − − 0.010 0.001
9 − − 0.007 0.001

sum 0.999 0.999 0.963 0.994

^�9&aJ/2( � ]��+C -
�
��	�/
	�4�	�4�� � �2476��

�
4�	�9 � 4 ��1 � � ��� � 159 � 	

���
� � 6

�
�
� �
� / � 4%1�� 6:4��

�
6

∆
� ���

�

6�� � 	�� 	�� − � 4%1 �24 8 / � � 6 ��/
	�9 � 6 	 � 	 ��� 0.001
� ���

�
	!/�6��

�
��� �24 �

�
6 � �

�
6:9 � � � � � � � � 1

3 � ��	�/
	�4�	�4�� 4 � 6 �

θ = 1 θ = 1 θ = 10 θ = 10
∆ n = 10 n = 30 n = 10 n = 30
0 0.13 0.05 0.05 0.02
1 0.39 0.20 0.11 0.07
2 0.84 0.59 0.17 0.12
3 1.46 1.23 0.25 0.19
4 2.12 1.98 0.32 0.27
5 2.76 2.68 0.41 0.35
6 3.36 3.31 0.49 0.44
7 3.92 3.89 0.58 0.53
8 4.45 4.44 0.67 0.63
9 4.97 4.96 0.76 0.72
10 5.48 5.48 0.86 0.82

^�9&aJ/2( � ] 'BC � ��1 �24�� 4 ��1 /
	
�
� 3�� 8�� / � 4 ��1 6 � � ��� � 8 ��/
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∆ = 0, . . . , 10
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 � � � �0,0!#$ ��,0�)(�� � 
	�1�5,0�0��! 
	& �	$�� �0���32 � ��&

�SC:=L4,A2\ \L(0H0=LA21.C�N�tr(pH71.;:3,IJ=L(n3[1.\R=>(768A21.6`*JA2\8=L6LAKa,IJ=>AK1.C,\eDF1.6e=L4,(W=>AK;<(x=L1G=L4,(n;<1.\R= 6L(0H7(7C�=
H71.;:;<1&CY9&C,H7(0\8=L1.6�#2F=���}� , DF1.6v9fC,1.C<6L(0H71.;oaJA2C,AKC,Vf\L(0V.;<(0C�=}1&Dm�X�n� 9&CJ*<AM=>\ H7/K1.\L(0\8=
6L(7/29U=>AM-.(nA2CZ9w\>9&;:3,/K(�1&D

n− 1
1&=>4J(76}\8(7ghI,(0C,H7(0\n1UD�=>4,(X\L9&;:(l\L(0V.;:(7C�=xV.AM-.(0CZ=>4%9{=}=>4J(0P

;Z9U=LHT4@9U=
`
1&IJ=X1&D

m
\8H71.68(7*@;<9&6LyU(768\7]l^W4J(+6L(7\8I,/K=L\l3,68(7\8(7C�=>(0*54J(76L(w(E8?=>(0C,*@=>4,1.\8(o1&D

'~9&/K\L4 #?'O)+)7� , DF1&6x=St}1:\L(0V.;<(0C�=>\7]
's(}H01.C,\8A2*,(06

m
H71.;:3,/K(0=>(0/KPG/KA2C,yU(7*w;<9&68y&(768\7N�9UC,*o\LH01.6L(r=>4,(0A26_9&/2/K(7/2AKH`\8=>9U=>(0\7Nh9&\8\LI,;+b

A2C,V:9<3[(76RDF(7H�=l;<9U=>HT4QA01�CJ1Z;oIJ=>9U=>AK1.Ck1EH0H7I,686L(0*j\LAKC,H7(G=>4J($F=� �}�w]q� 1&6
` = 0, . . . , m

N
=>4,(GH71&C,*,AK=LA21.C,9&/m3,681.a%9&aJA2/2AM=SP:1&D�1&a,\L(068-?A2C,V

`
;<9U=LHT4,(7\p1.IJ=n1&D

m
AK\x=>4,(0C�aJA2C,1.;:Az9U/

for t > 0, p(` | τn = t) =
m!

`!(m − `)!
e−θ`t

(

1 − e−θt
)m−`

.

tp4,(768(
e−θt A2\ =>4,(x3J6L1.a%9Ua,A2/KAK=SPf1&D[9n3q(068DF(0H0=`;<9U=>HT4o9U=e1.CJ(x/21?H7I,\0];�n\LAKC,V-Rx9OP.(0\eDF1.6L;wI,/z9JNt}(G1.aJ=>9&A2CB=L4,(GH71.C,*JAK=>AK1.C%9&/q*,(7CJ\LAK=SP�1&D

τn

V.AM-.(7Ck=>4,9U=
`
;<9U=>HT4J(7\�9&6L(f1.aJ\L(76R-.(0*

for t > 0, pτn
(t | `) ∝ e−θ`t

(

1 − e−θt
)m−`

fτn
(t).

^W4,(GC,1.6L;<9&/KA/.7AKC,VoH01.C,\8=>9&C�=nHO9&CQaq(GH01.;<3JIJ=>(0*�I,\8A2C,V:9+\8P?;oa[1./KA2HG9&/KV.(7a,6L9o3%9&HTy{9&V.(UN 1.6
*,(7*,IJH7(7*QDF6L1.; '~9U/2\L4 #2'*)+)7� , ]e')(fDF1.IJC,*B=>4%9U=

p(τn = t | `) =

∑n
k=2 akλk

(

m

`

)

e−(θ`+λk)t
(

1 − e−θt
)m−`

∑n
k=2 akλk

(

m

`

)

I(m, `, θ, k)

tp4,(768(
I(m, `, θ, k) =

θm−`(m − `)!
∏m−`

i=0 (λk + θ(m − i))−1
.

>GAM-.(7CQ9+3[(768DF(0H0=�;Z9{=>HT4Q9U=
` = m

;<9&6LyU(768\7N,tr(c1.aE=T9&AKC�=>4%9U=

pτn
(t | m) =

∑n
k=2 akλke

−(θm+λk)t

∑n
k=2 akλk(λk + θn)−1

.
# � ] �+,

'~9&/K\L4 #?'*)*)7� , I,\8(7*|9Y;oIJ=>9U=>AK1.Ck6>9U=L(G3q(06nV&(7C,(06>9U=LA21.CQ(7ghI%9&/�=L1
µ = 1/500

;:1&=>AM-&9{=>(7*
� '*)
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[ � �	>G^�% �l����� � ^�%�� �����n^��n�	[ ���n�	[ � " �	�v�n^
ahPj(7\R=>A2;<9U=L(7\X1.C@=L4,(+4hI,;Z9UC � HT4,6L1.;:1.\81.;<(UN�9&C,*|=L4,(+(�1q(7H�=>AM-.(Y\LA0.7(wt}9&\G(7\R=>A2;<9U=L(7*
9&\

Ne ≈ 5, 000
]}^W4,(0\L(c-U9&/KI,(7\n/2(79&*k=>1<9&Cj(0\8=>AK;Z9{=>(G1&D

θ = 20
I,\LAKC,V<=L4%9U=

θ = 2Neµ
]

�}1.C,\LAK*,(768A2C,VZ9Z3[(768DF(0H0=l;Z9U=LHT4@9U=
m = 20

;Z9U6Ly&(06L\f9UC,*
n = 2

A2CJ*,AK-?A2*JI%9&/2\0N,=>4,(
95%Rx9OP.(7\8Az9&CsH768(7*,AKa,/2(Y6L(0V.A21&C�t}9&\dH71.;:3,IJ=L(7*)9&\

(6e−05, 0.00922)
tp4,A2HT4sH71.686L(0\L3[1.C,*,(0*

=>1B9&C@AKC�=>(76R-U9&/�1&D
(0.3, 46.1)

V.(0C,(76L9U=>AK1.C,\nDF1.6l=>4J(�F=���}�c] �XC,(oH71&C,H7/KI,\LAK1.C|tx9U\l=>4%9{=
=>4,(|DF1.68(7C,\8A2H@I,\8(�1&Dc=L4,( � HT4,681.;<1&\L1.;:(@A2\�6L9U=>4J(76B/2AK;<AM=>(0* #F')9&/K\L4�N�'*)+)7� , ] %n(768(&N
t}(B68(7(E8J9&;:A2CJ(Z=>4,(BIJ3,3q(06+aq1&I,C,* 1&DW=>4J(

95%
Rx9OP.(0\LAz9UC H06L(7*JA2a,/K(Z6L(0V.A21&C�V.AK-&(7C

n =

40, 60, 80, 100
A2C,*JAK-?A2*,I,9&/2\0]��%6L1&;
=>4,(n(7ghI%9{=>A21&C # � ] �+, N�t}( A%C,*<=L4%9U= =>4J(lI,3,3[(76va[1.I,C,*

*,(7H06L(O9U\L(7\�=L1 btNe + 1c = 40, 30, 8, 7
V&(7C,(06>9U=LA21.C,\<6L(0\L3[(7H0=LAK-&(7/KP&] �n\LAKC,V

m = 100;Z9&68y&(06L\7N,=L4,(7\8(cChI,;waq(06L\p6L(0*,I,H7(G=>1 btNe + 1c = 9, 7, 5, 4
V&(7C,(06>9U=LA21.C,\0]

� 'B�
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9&Cw9U3,3,6L1<8EA2;<9U=LA21.CG1&DE=>4,(v\8=L(73�tpA2\8(};oIJ=>9U=>AK1.CG;<1?*,(0/.DF1.6�;<AKH76L1&\>9U=L(7/2/KAK=L(7\7N71.6�9U\�9p;<1?*,(0/
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I,Cha,Az9&\8(7* (7\R=>AK;Z9U=L1.6+9&CJ*�H71.;:3,IJ=L(BAK=>\o-U9&68Az9&CJH7(&]5�SC�9@\L(7H01.C,* 9&3,3,681�9&HT4�N tr(QAKC�=>6L1{b
*,I,H7(�9�3,4�PE/K1.V.(0C,(0=LA2Hk(7\R=>A2;<9U=L1.67]@>fAK-.(0C�=L4,(�����>LF�� =L1.3[1./21.VUP.N`=>4,(Q/2AKy&(0/2A24J1E1?*~1&D
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;<1&=LA21.Cw;<1?*,(7/J*,(�A%CJ(7*�1.CYH01�9&/2(0\LH0(7C�=r=L6L(0(7\7] [�(�= I,\rH01.C,\8A2*,(06

n
6L9&C,*,1.; -U9&6LA29&a,/2(0\

X1

N
X2

N
. . .
N
Xn

N`68(7\LIJ/K=>AKC,V@9U=c=>4,(<=>A23J\o1&Dn9|a,AKC%9&68P5681E1&=L(7*)=L6L(0(�DF6L1.; 1.C,( bS*,AK;<(0C,\LAK1.C%9&/
R}6L1!tpC,A29&C@6>9&CJ*,1.; tx9&/Kyh\f1.C|=>4,(+aJ6>9&C,HT4J(7\f1&D =>4JA2\l=L6L(7(U]d's(Y9&\8\LI,;:(o=>4%9{=X=>4,(c=>6L(0(7\
9&6L(:6>9&CJ*,1.;:/KP|\L9&;:3,/2(0*)9&H0H71.68*,A2CJVQ=L1 �fA2CJV.;Z9UC � \G;:1E*J(7/`1&D}H71�9&/K(7\8H7(7CJH7( # �fA2C,V.;<9&C�N
�54+6 '&9 , ]�^W4J(76L(�DF1.6L(UNJa,6L9&C,HT4�/K(7C,VU=>4ZH01.6L68(7\83q1.CJ*,\}=>1d=>4,(n=>AK;<(p(7/29&3,\8(7*�\8A2C,H0(�=>4J(�*,AM-.(06Rb
V.(7C,H0(W1&D[/2AKC,(O9&V&(7\eAKCY9XC,(7IJ=L6>9&/J(0-.1&/2IJ=LA21.C�]_^W4,(W6>9UC,*,1.; tx9&/Kyw\R=T9&6R=>\ 9U=e=L4,(W6L1?1&=`1UD[=L4,(
=>6L(0(&NJ9&C,*B\L3J/2AK=L\}AKCh=L1oA2CJ*,(73[(7C,*J(7C�=pH71.3JA2(7\rtp4,(7CkAK=}V.1?(7\r=L4,6L1&I,V.4k9oC,1?*,(&]e's(f9&\8\LI,;:(
=>4%9U=r=>4,(�=St}1YH71&3,A2(0\W9&6L(�H71.CJ*,AK=LA21.C%9U/2/KPoA2C,*,(03q(0C,*,(0Ch=pV&AK-.(0C�=>4,(lH71.;:;<1&C<-U9&/2IJ(X9U=x=L4,(
\L3,/KAK=XCJ1E*,(U]w^W4,(+\8(7H01.C,*51.6L*,(06f\8=L6LI,H�=>I,68(:1UD Rr6L1!tpC,Az9UC@;<1&=LA21.CJ\

(Bt)
A2\f\83q(0H7A0A,(7*59&\

DF1./2/K1#tp\
E[B2

t ] = θt, t > 0

DF1.6W\L1.;:(f3%9&6L9&;:(0=>(06
θ > 0

tp4,A2HT4QA2\x=L4,(G1.a S8(0H0=n1&D =>4,(G(7\R=>AK;Z9U=LA21.CZ3,6L1?H7(0*,I,6L(0\7]
Rr6L1!tpC,Az9UCQ;:1&=LA21.C�1&C�H01�9&/2(0\LH0(7C�=p=>6L(0(7\Wtr(76L(dA2C�=L6L1?*,I,H7(0*Q9&\p9&C�9&3,3,68158EAK;Z9U=LA21.C<=>1

=>4,(�/z9&*,*J(76v;<1?*,(7/ 1&D�;:A2H06L1.\L9U=>(0/2/KAK=>(}(0-.1&/2IJ=LA21.CZ9&C,*Z=L4,(7C�AK;<3J/2(7;:(7C�=L(7*ZAKC�9dH71.;:3,IJ=L(76
3,6L1.V&6>9&; a�PKR}(0(768/2A;#?'*)+)+' , ]e^W4JA2\W9&3J3,6L1<8EA2;<9U=>AK1.C:6L(73J/z9&H0(7\}=L4,(X*,AK\LH768(0=L(f\8=>(03�tpA2\L(f;wIEb
=T9U=LA21.CQ;<1?*,(0/�1&D �fA2;oIJ6>9Y9&C,* �l=L4%9=#H�54 � ' , tpAM=>4j9<H71&Ch=LA2ChI,1.IJ\l;:1E*,(0/ N 9&CJ*|9&\8\LI,;:(7\
=>4%9U=d=>4J(ZHT4%9&CJV.(7\oAKC);:A2H06L1.\L9U=>(0/2/2AM=>(+/K(7C,V&=L4)H01.I,/2*saq(Z9&3,3,681<8JAK;Z9{=>(7*sa�P)9 >d9&IJ\L\LA29&C
*,A2\R=>6LAKa,IJ=LA21.C�]�^W4,(Q9&3J3,6L1<8EA2;<9U=>AK1.C)3J6L1!-.(0* I,\8(0DFI,/WAKC~=>4,(BH01.C�=>(98E=:1&D	Fj9U6Ly&1!-�HT4,9&A2C
F�1.C�=>(N�x9&68/21B;:(0=>4J1E*,\0N�aq(0HO9&IJ\L(YH71.;:3,IJ=>9U=>AK1.C,\XH01.I,/K*5a[(+;<9&*,(+;<9&C�Pj=>AK;<(0\lD 9&\R=>(760]
R}(7(06L/2AT#?'*)*) ' , 68(73[1.68=L(7*o=>4,9U= AK=e9&3,3[(O9&68(7*+=>1Xtr1.6Lyct}(0/2/,(98JH0(73J= tp4,(0CYV.(7C,(79&/21&V.A2(0\e4%9O-.(
-.(76RP)\84,1.6R=+a,6>9UC,HT4,(7\�# 9&C,*~V.9!-&(Z=>4J(�(E8J9&;:3,/2(:1&DW=L4,1.\L(�9&\L\81EH0Az9U=L(7*)tpAM=>4)-&(768P)\L;<9&/2/
3q1.3JI,/z9U=LA21.CZ\LA/.0(7\ , 1&CQtp4,AKHT4�AM=W\L4J1#tr(7*|9Y\8A2V.CJA0A%H79&C�=pI,3�tx9&68*ja,A29&\7]

�n9&C,*J1.;�t}9&/2yh\Gt}(06L(<9&/2\81�AKCh=L6L1?*,I,H0(7*5A2C@=>4,(:H71&Ch=L(E8?=c1&Dx;:1E*J(7/2\f1UD 476 � 	!/ � 4 ��1�	 �
�2476�� /21 8

�
A2C)H01.C�=>AKC?IJ1.I,\d3q1.3JI,/z9U=LA21.CJ\Z# ')68A2V.4�=7N �54U��� 
 Fj9U/ �7H01&=ON��54+I �+, tp4J(76L(<\L3%9{=>Az9U/

*,A2\83q(06L\>9U/�A2\p1&D =>(0Cj/K1EH79&/2A0.7(7*BAKC�\83%9&H0(&]x^W4,AK\n9&3,3,681�9&HT4jAKC,H7/KI,*,(0\l9Y3%9&6L9&;<(�=>(06
σ2 =L4%9U=6L(73J6L(7\8(7C�=>\v=>4,(W6L9U=>(p1&Dq*,AK\L3[(76L\L9&/ N&A2(&N.=L4,(n9O-.(76L9&V.(0*<\8g?I,9&6L(0*Z*,AK\8=T9UC,H7(pa[(0=Str(7(7C<3%9&68(7C�=>\

9&C,*~1*1q\L3J6LA2CJV,] Fj9&C�Ps=>4,(01.6L(�=>A2H79&/r9U=L=L(7;:3J=>\o4,9!-&(�a[(7(7C ;<9&*,(<A2C~1.68*,(76d=>1@*,(0\LH06LA2a[(
/2(0-&(7/K\x1&D�V.(0C,(0=LA2HX*,A�1m(06L(0Ch=LAz9U=LA21.C:A2C<=>(768;<\}1&D�=>4,AK\}3%9U6>9&;:(0=L(76&#F(&] V,]KN �}1<8k9&C,*��lI,6L68(0=8=ON
'*)+) ' , ] %n1#tr(0-&(76:=>4,(0\L(Q9&C%9&/MP?\L(7\Y1&D =L(7C 6L(0/2AK(7*�I,3[1.C 9�*JA2\LH06L(�=>(B;:1E*,(0/ N`C%9U;<(0/KP)=L4,(

� 'U�
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\8=>(03,3,AKC,V+\8=L1.C,(X;:1E*J(7/[1&D �fA2;oI,6L9 #H�54 � � , ] ��9U6>9&;:(0=L(76x(0\8=>AK;Z9{=>A21&C<;:(0=L4,1E*J\xa%9&\8(7*B1.C
=>4,(�\R=>(03,3,A2CJV@\8=>1&C,(B;<1?*,(0/}9&68(�*,AK\LH7IJ\L\L(0* a�P �n1&I,\L\8(0= #?'O)+)7� , ] %�(768(�t}(Z6L(7(98J9&;<AKC,(
=>4,(XAKCJDF(768(7C,H0(X3,681.a,/2(0; DF6L1.; 9&C,1U=>4,(06}3[1.A2C�=x1UD�-EAK(0tG]e's(la%9U\L(f3%9&6L9&;:(0=>(06r(0\8=LA2;<9U=>AK1.C
1.C�=L4,(k\L(03%9&6>9{=>A21&C 1&Dn=>4J(�\83%9U=>A29&/x*%9{=T9@# A2(UNv=L4,(k/21?HO9U=LA21.CJ\o1&DXAKC,*,AM-EAK*,I%9&/K\ , 9UC,*�=L4,(
V.(7C,(�=>AKH@*%9U=T9ENlH71&C,\LAK*,(768A2C,V�=>4J(5\83%9U=LAz9&/X*,9U=T9 9&\ 1 ��1�	��

�
1
�
� 4 8ZAKC,4,(06LAK=L(7*uHT4%9&6L9&H0=L(768\7]

F�1.6L(c\L3[(7H0A0A%H79&/2/MP.N�R}6L1!tpC,A29&Cj;:1&=LA21.C,\p1.CjH71�9&/K(7\8H7(7C�=�=>6L(0(7\f9U6L(w68(7V�9U6L*,(0*@9&\�9Z;<1?*,(0/
DF1.6Z=>4J(@(0-.1&/2IJ=LA21.C 1&Dd\83%9U=>A29&/l*,9U=T9~AKCu9 /29&6LV&(j1.C,( bS*,AK;<(0C,\LAK1.C%9&/n4%9&aJAK=T9{=B;<1?*,I,/K1~9
H71.686L(7H�=Z68(7\8HO9&/KA2C,V�1&D�=>A2;:(&]��SC D 9UH0=ONr1.I,6:9&3,3J6L1�9&HT4 A2C�-.1&/K-.(0\<=L4,(k(7\8=LA2;<9U=>AK1.C 1&Dl=L4,(
3,6L1?*,I,H�=p1&D�=L4,(G\L3%9U=LAz9&/q*,A2\83q(06L\L9&/�6>9U=L(

σ2 =LA2;:(7\}=L4,(G(�1q(7H�=>AK-&(c3[1.3,IJ/z9U=LA21.C�\8A/.0( Ne

θ = σ2Ne.

%n(7C,H0(&Netr(Za%9U\L(<=L4,(Z(0\8=LA2;<9U=>AK1.Cs1UD
θ
1&C~\L3%9{=>Az9U/`*%9U=T9�1.C,/KP&]k��(�-.(76R=>4,(0/2(0\L\7N (0\8=>A b

;Z9U=LA2C,V
σ2 P&(0=l6L(7ghI,AK6L(0\XV.(7CJ(0=>AKHc*,9U=T9Za[(7H79&I,\8(w=>4,(0\L(o*,9U=T9<9&6L(cI,\LI%9U/2/KPkCJ(7H7(0\L\L9&68P�DF1.6(7\8=LA2;<9U=>AKC,Vw=L4,(G(�1q(7H0=LAK-&(c3[1.3,I,/29U=>AK1.C�\8A/.7(

Ne

#2R}(79&I,;:1.C�=ON�'*)*)7� , ]
^W4J(c3%9U3q(06�AK\W\8=>68I,H0=LI,6L(0*@9&\pDF1./2/K1!tp\7] �x=�=L4,(Gaq(0V.A2CJC,A2C,VY1&D " (7H�=>AK1.C '?N,t}(c3,6L(0\L(7C�=

=>4,(Qa%9&\8A2HQ9&\L\8I,;:3J=>AK1.C,\Y1.C tp4,A2HT4 1.I,6Y;<1?*,(0/WA2\Ya%9&\8(7*�]��x=Y=L4,(�(0C,*�1UD " (0H0=>AK1.C:'EN
t}(f*,(0\LH06LA2a[(&R}681#tpCJAz9&CB;:1&=>AK1.C�1.CBH01�9&/K(7\LH0(7C�=p=>68(7(7\p9U\x=>4,(f/KA2;:AK=v1&D *,A2\8H768(0=>(f\R=>(03htpAK\L(
;<1?*,(7/K\G1.C)\8I,HT4~V.(0C,(O9&/K1.V.AK(7\7]Z^ tr1|yhA2C,*J\c1&Dx(7\8=LA2;<9U=>AK1.C�;<(�=>4,1?*,\c9&6L(:\8=LI,*,AK(7*TCw=L4,(
A%6L\R=�a,9&\L(0*�1.C�9+3%9&AK68tpA2\8(f\8=>9U=>AK\8=>AKH�# " (0H0=LA21.CQ� , 9&C,*k=>4J(d1U=>4,(06L\pa%9&\8(7*Q1.C�/KA2yU(7/2AK4,1?1E*,\
# " (0H0=>AK1.Co� , ]YR}1U=>4+9&68(}68(7/2(�-U9&C�=�=>1�=>6>9U*,AK=LA21.C%9U/h9&3,3,681�9&HT4,(0\`A2Cw\R=T9U=LA2\R=>A2H79&/hV.(7CJ(0=>AKH7\0] �`\Rb
=>A2;<9U=LA21.C�a,9&\L(0*�1.CQ/2AKy&(0/2A24J1E1?*,\}AK\x=>4,(d;:1.\8=p68(7H7(0C�=X9&3J3,6L1�9UHT4�N 9&C,*ktx9U6L6>9UCh=L\�1&3J=>AK;Z9&/
3,6L1.3[(76R=>AK(7\X1&D (0\8=LA2;<9U=>1.68\�DF1.6l/z9&68V.(c\L9&;:3,/2(o\8A/.0(7\7]G�SC�1.I,6�H71.C�=L(E8?=ON�H71&;<3,IE=>A2CJVZ/2AKy&(0/2AMb
4,1E1?*|AK\X9Z*,A �:H7I,/M=XA2\8\LI,(waq(0HO9&I,\8(o=>4,AK\lDFI,C,H�=>AK1.C|A2\�(E8E3,68(7\L\8(7*)9&\X9�4,AKV.4|*,AK;<(0C,\LAK1.C%9&/
A2C�=>(0V.6>9&/

L(θ) =

∫

p(D|G)p(G|θ)dG,
# IJ]�� ,

tp4,(768(
p(D/G)

A2\l=L4,(+H71&C,*,AK=LA21.C,9&/_*JA2\8=L6LAKa,IJ=>AK1.Cj1UDv=L4,(+*%9U=>9�V.AK-&(7C@=>4J(+V.(7C,(79&/21&V&Pj1UD
=>4,(Y\>9U;<3,/K(

G
N 9&C,*

p(G/θ)
A2\X=L4,(Y*,A2\R=>68A2a,IJ=LA21.C@1UD}\8I,HT4)V.(0C,(O9U/21.V.AK(7\�#F\L(0( " =>(73J4,(7C,\0N

'*)+)7� , ]~^W4,(Q\LI,;:;<9U=>AK1.C~1!-.(06Z9&/K/}3[1.\L\8A2a,/K(BV.(7CJ(O9&/K1.V.A2(0\+HO9&CJC,1&=Ya[(Q3[(76RDF1.6L;:(7*�9&C,9{b
/KPh=>AKHO9&/K/KPBI,CJ/2(7\8\X=>4,(w\>9&;:3,/2(c\LA0.7(o68(7;<9&A2C,\n-.(068P|\8;Z9U/2/ ] " (7H�=>A21&C IJ] �,] 'Z3J6L(7\8(7C�=>\d9<D 9U\8=
H71.;:3,IJ=>9U=>AK1.C%9&/W;:(0=L4,1E*�DF1.6Z(0\8=LA2;<9U=>AKC,V

θ
DF6L1.; 9)3J\L(7IJ*,1.;<9W8EA2;oI,;+bS/KA2yU(7/2AK4,1?1E*�9U3Eb

3,6L1<8EA2;<9U=>AK1.C�] " (0H0=>AK1.C�IJ] �,] �G*,(79&/2\etpAM=>4NFj9&68y&1!-YHT4%9&AKCNF�1.C�=>(^�x9&68/21G9&3,3J6L1<8EA2;<9U=>AK1.C,\7]
� ' �



IJ] 'E] F �f��� [ "
�Z��� � ��� � 	 �

� � � ��
 � �%$%�0��&�! ��( � �'� ����&

�GAKC,V.;<9&C � \oH71.9&/2(0\LH7(0C�=ZV.(0C,(O9U/21.V.AK(7\�# �GAKC,V.;<9&C�N��54*6 'Ua , 9&68(k/z9&68V.(�b�\LA/.0(�/2AK;<AM=>\c1&DXV.( b
C,(O9&/K1.V.AK(7\XI,CJ*,(76G=>4,(+=L4,(:9&\L\8I,;<3E=>A21&C�=L4%9U=d3[1.3,I,/29U=>AK1.C,\X68(73,681E*,IJH7(<9&H7H01.6L*,AKC,VB=>1Q9&C
A2*,(79&/2A0.7(7*�C,(7IE=>6>9U/ �

�
4 ��� � 	 � 476 �

���
;<1?*,(7/ ]->fAK-&(7C@9Z\L9&;:3,/2(c1&D

n
A2CJ*,AK-?A2*JI%9&/2\0N%=>4,(+9UCEb

H7(7\R=>6L9&/`3,6L1?H7(0\L\dHO9&C5a[(:*J(�A%C,(0*�9&\d9BH71.C�=LA2ChI,1.I,\ b�=LA2;:(�Fj9&6LyU1!-�HT4%9&A2C@DF1.6ftp4,AKHT45=L4,(
S8I,;<3J\fH71.686L(7\83q1&C,*5=L1�=>4,(+=LA2;:(7\X1&DrH71.9&/2(0\LH7(0C,H7(Y1&D}9&C,H0(7\R=>6>9U/`/2A2CJ(O9&V.(0\7]P[�(�=

Tn−1

a[(
=>4,(Z=LA2;:(Z\8A2C,H0(�=>4,(�;:1.\R=+6L(0H7(7C�=:H71&;<;:1.C~9UC,H7(0\8=>1&6�#?F=���}� , A2C~=L4,(�\>9U;<3,/K(&N

Tn−2=>4,(j=LA2;:(�\8A2C,H0(j=Str1�*JA2\8=LA2C,H�=B9&CJH7(7\R=>1.68\�A2C =>4,(|\L9&;:3,/2(UN
T0 = 0

] �fAKC,V.;<9&C � \:=L4,(�b
1.68PQ\8=>9U=>(0\l=>4,9U=l=L4,(w*,IJ6>9U=LA21.C,\�\L(03%9&6>9{=>A2CJVZH71.9&/2(0\LH7(0C,H7(+(�-.(0Ch=L\

Zk = Tn−k+1 − Tn−k

N
k = 2, . . . , n

NJ9U6L(lAKC,*,(03q(0C,*,(7C�=p(98J3[1.C,(0C�=>Az9U/2/KPY*JA2\8=L6LAKa,IJ=>(0*Z6L9&C,*,1.; -U9&68Az9&a,/K(7\v1&D�6>9{=>(7\
λk = k(k − 1)/2

] �nC,*,(06o=>4,(Q9&\8\LI,;:3J=>AK1.C~=>4,9U=o=>AK;<(ZA2\o;:(O9&\8I,6L(0* A2C�I,C,AM=>\+1&D
NeV.(7C,(06>9U=LA21.CJ\7NJ=L4,(G3,6L1.a,9&a,A2/KAK=SP<*,A2\R=>68A2a,IJ=LA21.CZ1&D�V&(7C,(79&/21.V&A2(7\

G
HO9&CQa[(d*J(7\LH06LAKaq(0*j9&\

p(G) =
n
∏

k=2

exp(−λkzk).
# IJ] ' ,

�lC�9&/K=L(76LC,9U=>AM-.(lt}9OPk1&D�;:(O9U\LI,68A2C,V+=>AK;<(lA2\Wa�PB6L(0\LH79&/2AKC,V:9&\xDF1./2/K1!tp\

t ≡ θt

DF1.6�\L1.;:(
θ > 0

]���C,*,(06 =L4,A2\�=L6>9&C,\RDF1.6L;<9U=LA21.C�N!=L4,(r*JA2\8=L6LAKa,IJ=>AK1.Cf1&DJV.(7C,(79&/21&V.A2(0\ *J(73[(7C,*,\
1.CB=>4,(G3%9&6L9&;:(0=>(06

θ
9&\WDF1./2/K1#tp\

p(G|θ) =
1

θn−1
exp(−

n
∑

k=2

λk
zk

θ
).

# IJ] � ,

�WH7H71&6L*,AKC,V<=L1��%(7/K\L(7CJ\8=>(0A2C�(0=f9U/ ]&#H�54+4+4 , N%=>4,(w9&3,3,68158EAK;Z9U=LA21.Ck1&D�*,A2\8H768(0=>(cV.(7CJ(O9&/K1.V.A2(0\
A2\+-U9&/2AK* tp4J(7C

n2 << Ne

NW9&CJ* t}9&\Z1.aJ\L(76R-.(0* 9&\Za[(7AKC,V5(E8?=>6L9&1.6L*JA2C%9&6RP 9&H0H7I,6L9U=>(�A2C
3,6>9&H�=>AKH7(&]

� '*I
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^W4,(�;:1E*,(0/r1UD^�X=L4%9|9&CJ* �GAK;oI,6L9 #H�54 � ' , A2\w9j6>9&CJ*,1.;�tx9U/2y5;<1?*,(7/`=L4%9U=+4%9U\wa[(7(7C
9&3,3,/KA2(7* =>15=>4,(Q(0-&1./2IE=>A21&C 1&DX;<AKH76L1&\>9U=L(7/2/KAK=L(7\7]:F�AKH76L1&\>9U=L(7/2/KAK=L(7\Y9&68(jV.(0C,(0=LA2HQ;Z9&68y&(06L\
tp4,(768(�9XV&AK-.(0CY;<1&=LAKD 1&Dq�X�n�uA2\e68(73[(O9U=L(7*:\L(0-&(76L9&/,=>AK;<(0\7]�^W4J(7\L(p*%9{=T9G9&6L(}3%9&68=LA2H0I,/z9&68/KP
I,\L(�DFI,/�DF1.6W3q1&3,I,/z9{=>A21&CBV.(7C,(�=>AKH7\p\8=LI,*,A2(0\l9U\p=L4,(0PQ9U6L(d9&a,I,CJ*%9&C�=X9UC,*QtpAK*,(7/MP�*,AK\L3[(768\L(7*
A2CB(7IJyU9U68P.1U=>A2HGV.(0C,1.;:(7\0N 9&C,*k4%9O-.(d4,A2V&4Q;wIJ=T9U=LA21.CZ6>9U=L(7\7] ^W4,(dChI,;oa[(76W1&D_6L(03q(�=>AM=>A21&C,\
A2\WHO9U/2/2(0*�=>4,(G/K(7C,V&=L4k1&D_=L4,(G;<AKH7681.\>9U=L(7/K/2AK=L(&]

�SCo=L4,(}*JA2\LH06L(�=>(x/29&*,*,(06�;:1E*,(0/h1&D �fA2;oI,6L9�9UC,*��X4h=>9JNU=L4,(x3[1.3,I,/29U=>AK1.Cc9U=eV.(0C,(76L9U=>AK1.C
`
H71&C,\LAK\8=>\W1UD

Ne

*,A23J/21.AK*ZA2CJ*,AK-?A2*JI%9&/2\0]��x=pV.(0C,(76L9U=>AK1.C
` + 1

N
Ne

1*1q\L3J6LA2CJVY9&6L(fH06L(O9{=>(7*
ahP<\>9U;<3,/KA2C,VdtpAK=L4B6L(73J/z9&H0(7;:(7C�=}DF681.; =L4,(X3%9U6L(7C�=>9&/m3[1.3,I,/29U=>AK1.C�9UC,*�=>4,(l3%9&6L(0C�=n9&/2/K(7/2(
HO9&Cu;oIJ=>9U=>(�tpAK=>4u3,681.a%9&aJA2/2AM=SP

µ
] FQIJ=T9U=LA21.CJ\�6>9&CJ*,1.;:/KP *,(7H06L(O9U\L(�1.6BA2CJH76L(79&\L(|=L4,(

/2(7CJV&=>4 1&D�=>4,(k\L(0ghI,(7C,H0(&] ��=:A2\+\R=T9&CJ*%9&6L* 3,6>9UH0=>AKH7(�=L1s\8(0=
θ = 4Neµ.

%n1#tr(0-&(760Nxt}(
I,\L(|=L4,(@C,1&=>9U=>AK1.C�=>4%9{=

θ = 2Neµ.
A2C 1&6L*,(06Z=>1 1.aJ=>9&A2C�6L(7\8I,/K=L\B4,1.;:1.V.(0C,1.I,\�tpAM=>4

=>4,(Y\L3,9U=>A29&/`9&3,3J/2A2H79U=>AK1.C,\X1UD R}681!tpC,Az9&C�;:1&=>AK1.C,\0]+�SC5=L4,(Y/z9&68V.(�b�\LA/.0(+/2AK;<AM=ON[;oIJ=T9{=>A21&C,\
1EH0H7I,6W9UH7H71&6L*,AKC,Vo=>1+AKC,*,(73[(7CJ*,(7C�= �_1&A2\L\81.Ck3,6L1?H7(0\L\8(7\p1&D 6>9U=L(

θ
1.CB(79&HT4ka,6>9&CJHT4Q1UD =L4,(

V.(7C,(79&/21&V&P.]
�SC)9Q\83%9U=LAz9&/`;:1E*J(7/ N�tr(ZH01.C,\8A2*,(06w9k4%9&3,/K1.A2*�3[1.3,I,/29U=>AK1.C�] � 9&HT4)AKC,*,AM-EAK*,I%9&/�V.AK-&(7\

a,A26R=>4�=>1s9 � 1.A2\8\L1.C�6>9UC,*,1.; ChI,;waq(06<1&D�1*1q\L3,68A2C,Vs9U=Y6L9U=>(
λ > 0

] �}1.CJ*,AK=LA21.C%9U/}=>1
=>4,(lD 9UH0=x=L4%9U=}=L4,(f3[1.3,I,/29U=>AK1.C<\8A/.0(XA2\xH01.C,\R=T9&C�=ONE=>4,AK\}*,(0\LH768A23J=LA21.CBAK\}AKC,*,(73[(7CJ*,(7C�=p1&D

λ
N

9&C,*~(0g?IJAK-U9&/2(0C�=c=L1�=>4J(Z')68A2V.4�=Rb ��AK\L4,(06d4,9&3,/21&A2*5C,(7IJ=L6>9&/v;:1E*,(0/^# ^_9!-U9&6 �&N 'O)+)7� , ]k's(
9&\L\8I,;<(B=L4%9U=+=>4J(Q1O1m\83,6LAKC,V�/21?HO9U=LA21.C,\w9&6L(k6L9&C,*,1.; A2C,*,(03q(0C,*,(0Ch=Y-U9&68Az9&a,/K(7\oH0(7C�=>(06L(0*
9&6L1.IJC,*~=>4,(B3,9&6L(0Ch=:/K1EH79U=>AK1.CstpAM=>4 9j-U9&6LA29&C,H0(�(7ghI%9&/x=L1

σ2 ]�'u4%9U=>(�-.(06Y=L4,(BV.(0C,(0=LA2H\8=>68I,H0=LI,6L(c1&De=L4,(w3[1.3,I,/29U=>AK1.C�N,\83%9U=LAz9&/�*%9U=>9<9U6L(c=L4,(768(0DF1.68(cAKC,4,(06LAK=L(7*�A2Ck=>4,(c\>9&;:(dt}9OP
=>4%9U=oC,(7IJ=L6>9&/W;<9&68y&(768\+H71.IJ/2* aq(U] %�1!tr(0-&(767Nv=>4,(B=L(76L; 1

�
9 �
�
/
	_AK\o;:A2\L/K(O9&*JA2C,V@9U\oD 9&6

9&\<\83%9U=LAz9&/x/K1EH79U=>AK1.C,\Y9&68(�H01.C,H0(76LCJ(7*�] �SC�=>4,AK\:H01.C�=>(98E=7Nx=>4,AK\+=>(768; ;<(06L(0/KP�AKC,*,A2H79U=>(0\
=>4,(59&a,\8(7C,H0(s1UDw*,(0C,\LAM=SP 6L(0V.I,/29U=>AK1.C�]�^W4,(�AK;<3[1.68=>9&C�=B3,681.3q(068=SP AK\�=>4%9{=kH71�9&/K(7\8H7(7C�=
9&3,3,68158EAK;Z9U=LA21.C�9&3,3,/MPZ=>1+=L4,A2\WDF6>9U;<(�t}1.68y ]

'uAM=>4B=>AK;<(
t
;:(O9&\8I,6L(0*�AKCQIJC,AK=L\W1&D

Ne

V.(7CJ(76>9{=>A21&C,\7NJtr(d\L(0=

` = bNetc.
� ' �



IJ] 'E] F �f��� [ "
^W4,(G*,A2\83,/z9&H0(7;:(7C�=p1&D =>4,(G1*1q\L3J6LA2CJVYDF681.;i9UCj9&CJH7(7\R=>1.6

`
V.(7C,(06>9U=LA21.CJ\�9UV.1YA2\

Xt = ξ1 + ... + ξbNetc,

tp4,(768(
ξi

H01.6L68(7\L3[1.C,*J\o=>1|=>4J(B*,A2\83,/z9&H0(7;:(7C�=o1UDn=L4,(B1*1q\L3,68A2C,V�DF6L1.; =>4,(Z3%9&6L(0C�=YA2C�9
\LA2CJV./2(XV&(7C,(06>9U=LA21.C�]`�SCk=>4JA2\W\LAM=>I%9{=>A21&C�NEtr(d=>9&y&(

θ = σ2Ne,

9&C,*
Xt

4%9U\d(98E3q(0H0=T9{=>A21&C
E[Xt] = 0

9&C,*�-U9&6LA29&C,H0(
V ar[Xt] = θt

]N�}1.C,\8A2*,(06LAKC,VB=>4,(
HT4%9&C,V.(<1&Dx-U9&68Az9&a,/K(

t ≡ θt
tpAK/2/`a[(<I,\8(0DFI,/rA2C5/2AKy&(7/KA24,1?1?*@H71.;:3,IJ=>9U=>AK1.C,\7]
�nC,*,(06c=>4JA2\

=>6>9UC,\8DF1.68;Z9{=>A21&C�N�=>4J(B\L3%9U=LAz9&/v*,A�1mI,\8A21.C�68(7\8HO9&/K(7\o=>1@=L4,(B\8=>9&C,*%9&68*GR}6L1!tpC,A29&C�3,6L1?H7(0\L\
A2C,*,(03q(0C,*,(0Ch=n1&D

θ
] ^W4,AK\pHT4%9&C,V.(G1&D -U9&6LA29&a,/K(XA2\W1.CJ/KP�IJ\L(7*�A2Ck\L(0H0=LA21.C�IJ] �,]

� � � � 
 � � � *+( ,0$%( � � ��,��%( $%& $%( $�� � �5� ��,�� $ ��� � ��� ��� �%� & ���!���
*+,0&'�
��
 ��$ ��,��%(

�SCZ=>4,AK\r\8(7H�=>A21&C�NEtr(l3,68(7\8(7C�=pA2CJDF1&6L;<9&/%9&68V.I,;:(7C�=>\v=>4%9U=};<1U=>AK-U9U=L(x=>4,(lI,\L(�1&D R}6L1!tpC,A29&C
;<1?*,(7/K\�9&\�/2AK;<AM=>\�1&DE\8=L(73�tpA2\8(};oIE=T9U=LA21.CG;:1E*,(0/2\0]�'s(v6L(0DF(06 =L4,( 6L(79&*,(76�=>1p=>4J(r��3,3q(0C,*,A 8
DF1.6W9o;:1.6L(�6LA2V&1.6L1.IJ\}3,681E1&D�=L4%9U=�R}681!tpC,Az9&CB;:1?*,(7/K\x9&68A2\L(X9&\}=>4J(f/2A2;:AK= 1UD_\8(7ghI,(0C,H7(0\l1&D
H71.;:3q1&I,C,*
�_1.AK\L\81.CG3,6L1?H7(0\L\L(0\_tp4,AKHT4cAKC,H7/KI,*,(�=L4,( /z9&*J*,(76�;:1E*J(7/ ] R}(0(768/2A #2'*)+) ' , 6L(73[1.6R=>\
=>4%9U=v=>4JA2\vy?AKC,*Z1UD�9&3,3,681<8JAK;Z9{=>A21&C+a,6L(79&yh\x*,1!tpCZtp4,(0CZ=>4,(�(�1q(7H�=>AK-&(l3[1.3,I,/29U=>AK1.CY\LA0.7(lAK\
\L;<9&/2/Y#

θ < 5
, ]

^W4J(<\R=>(73�tpAK\L(:;oIJ=T9{=>A21&C@3,6L1?H7(0\L\dA2\GI,\LI,9&/2/MP|*,(EA%C,(7*)9&\fDF1./2/K1!tp\7]�[�(0=
(Mt)

H01.I,C�=
=>4,(GChI,;oa[(76n1&D_;oIJ=T9{=>A21&C,\W1&D�=L4,(G\L(0g?IJ(7C,H0(oaq(�DF1.6L(f=L4,(f=>A2;:(

t
] Fj9U=>4J(7;<9U=>AKHO9&/K/KP.N?=>4,AK\

3,6L1?H7(0\L\wAK\G*,(�A%CJ(7*�9&\c9k4,1.;:1.V.(7CJ(71.I,\ �_1&A2\L\81.C)3J6L1?H7(7\8\w1&D}6>9U=L(
θ > 0

]�^W4,(</2(7CJV&=>4
-&9U6LAz9{=>A21&C�1&D_;<AKH76L1&\>9U=L(7/2/KAK=L(�;<9&6LyU(768\�9{=W=>A2;:(

t
A2\WV.AM-.(7CQa�P

X1
t =

Mt
∑

i=1

ξi

tp4,(768(|=>4,(
ξi

9&68(|A2C,*J(73[(7C,*,(0C�=kA2*,(0Ch=LA2H79&/2/MP *,A2\R=>6LAKa,IJ=L(7*�*,AK\LH06L(0=L(@6>9&CJ*,1.; -&9U6LAz9Ua,/2(0\
\LI,HT4Q=>4%9U=

E[ξi] = 0,

� '*6
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9&C,*

V ar[ξi] = ν2, ν > 0.

^W4J(�a%9U\LA2HWAK*,(O9X=L4%9U= I,C,*J(76L3JA2C,\`=>4J(^Rr6L1!tpC,Az9UCZ9&3J3,6L1<8EA2;<9U=>AK1.CoAK\e=>4%9U=`=L4,(p3,6L1?H7(0\L\
(X1

t )
4%9&\}=L4,(X\L9&;<(lH71!-U9&6LA29&C,H7(�\8=L6LI,H�=>I,68(G9&\}=>4J(-R}6L1!tpC,A29&C�;:1&=>AK1.C

(Bt)
]`� H7/29&\L\8A2HO9U/

(E8J9&;:3,/2(f1&D =>4J(d\R=>(03htpAK\L(d;oIJ=>9U=>AK1.CB;<1?*,(0/�A2\x=L4,(G\8P?;<;:(0=L6LAKHX6>9&CJ*,1.;
t}9&/2y<;<1?*,(0/

P (ξi = 1) = P (ξi = −1) =
1

2
,

DF1.6xtp4,A2HT4
ν = 1

] �%1.6r=>4,AK\n;:1?*,(7/ NJ/2(�=
s < t

N%9&C,*QH71.;:3,IJ=L(

k(s, t) = cov(X1
s , X1

t ) = E

[

Ms
∑

i=1

ξi

Mt
∑

j=1

ξj

]

.

��\LAKC,V�=L4,(<D 9UH0=w=L4%9U=c=>4,( �_1.AK\L\L1&C~3,6L1?H7(0\L\o4,9&\wAKC,*,(73[(7CJ*,(7C�=+AKC,H768(7;:(7C�=>\0N�t}(Z1.aJ=T9UA2C
=>4%9U=

k(s, t) = E





(

Ms
∑

i=1

ξi

)2


 + E

[

Ms
∑

i=1

ξi

]

E

[

Mt−Ms
∑

j=Ms+1

ξj

]

,

9&C,*
k(s, t) = E[Ms] = θs.

� 1&6n/29&6LV&(
t
N
Mt

AK\p(7ghI,AK-U9&/K(7C�=n=>1
θt
9&/K;<1&\8=p\LIJ6L(7/MP.]p�WH7H01.6L*JA2C,V:=>1Y=>4,($�}(7C�=>6L9&/;[�AK;<AM=

^W4,(71.68(7;QN
X1

t

a[(74%9O-&(7\o9U\w9 >d9UI,\L\8Az9&C�6>9UC,*,1.;�-U9&68Az9&a,/K( N (0, θt)
]<�SCs9&*,*,AM=>AK1.C�N�tr(

4%9O-.(
cov(Bs, Bt) = θ min(s, t).

" A2C,H0(
Bt

A2\ 9^>d9UI,\L\8Az9&Cd3,6L1?H7(0\L\0N&=>4,(0\L(r(7ghI%9U=LA21.C,\�=>(0/2/.=L4%9U=
X1

t

H01.I,/K*ca[(}9U3,3,6L1<8EA2;<9U=L(7*
ahP

Bt

]
�n(0-&(768=L4,(7/K(7\8\7N

(X1
t )
A2\p9:H71.C�=>AKChI,1.I,\ b�=>AK;<( S8IJ;<3Q3,6L1?H7(0\L\p=>4%9{=�3J6L1?H7(7(0*,\�tpAM=>4Q*,A2\ b

H76L(�=>(NS8I,;:3,\0]��SCuH71&Ch=L6>9&\R=ON
(Bt)

4%9&\BH71&Ch=LA2ChI,1.IJ\�=>6>95S8(7H0=L1.6LAK(7\0]��SCu1.68*,(76Z=L1�;Z9Uy&(
6LA2V&1.6L1.IJ\�\R=T9U=L(7;:(7C�=>\0Nqtr(+C,(7(0*|=>1Z68(7\8HO9&/K(w=>4,(c3,6L1?H7(0\L\8(7\�#

Mt
, 9&C,*

(X1
t )
\L1Z=L4%9U=l=L4,(

;oIJ=T9{=>A21&C,\x1?H7H7IJ6�9UH7H71&6L*,AKC,V+=>1:9 � 1.A2\8\L1.CQ3,681EH0(7\L\n1&D_6>9U=L(
θp
]v�SC�9&*,*JAK=>AK1.C�N?=>4,(Ga%9&\8A2H

S8I,;<3k1&D =>4J(d68(7\8HO9&/K(7*Q3,6L1?H7(0\L\p\L4,1&I,/2*Qaq( ±1/
√

p
A2C,\R=>(O9U*�1&D ±1

]
�SC5=>4,AK\c\8AK=LI%9U=>AK1.C�N�9Qa%9&\LAKHY\8=>(03 ±1

AK\G=L4,(Z68(7\8I,/K=d1&DW\8(0-&(76>9U/r\R=>(73J\w1&DW;<9&V.CJAK=>IJ*,(
±1/

√
p
tp4,AKHT4Q1?H7H0I,6p9U=W6L9U=>(

p
]e'u4,(7C

p
V.1?(7\x=>1+AKC7A%C,AM=SP.N?=>4,(G6L(0\LH79&/2(0*Q3J6L1?H7(7\8\

(Xp
t )
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IJ] �J] � " ^W�
F��`^W�
�f� R}� " � � �f� �q���H��'u� " � " ^_�`^W� " ^W�
� "
H71.C�-.(06LV.(0\n=L1

Bt

tp4,(06L(
(Bt)

AK\ √
θ
=>AK;<(0\}=>4J(d\R=T9&CJ*%9&6L* R}681#tpCJAz9&Ck;:1&=>AK1.C�]

�Z��� � � � � � �-� ���!� � � � ��� �P� � �&�9��� � � � � ���-� � � � ��� �

�SCw=>4,AK\�\8(7H0=LA21.CmN&t}(WAKC�-.(7\R=>AKV�9U=>(v=>4,(r3,6L1&3q(068=>AK(7\e1UD 9&C+(7\R=>AK;Z9U=L1.6�1&D
θ
a%9U\L(7*+1&Co3%9&AK68tpA2\8(

\8=T9{=>A2\R=>AKH7\7]Y�}1.C,\8A2*,(06 9G*,9U=T9&\8(0=
D = X1, . . . , Xn

]e^W4,(p(0\8=>AK;Z9{=>1.6_A2\ea%9U\L(7*:1.CY\LghI%9U6L(7*
*,A2\R=T9&C,H0(&N_9&\G3,6L1&3q1.\8(7*5a�P " /z9U=LyhA2C@#
�54*4 �+, 9&C,* >f1./2*,\R=>(0A2C�(0=c9&/ ]=#H�54+4 �*, A2C@=>4,(YH79&\L(
1&D_=L4,(f\8=L(73�tpA2\8(c;wIJ=T9U=LA21.CB;:1?*,(7/ ]e^W4,(GA2*,(79+aq(04,A2C,*k\8I,HT4|9&Ck(0\8=>AK;Z9{=>1.6x68(7/KA2(7\}1.CQ=L4,(
D 9&H0=r=>4%9U=}=>4,(X\8ghI%9&6L(0*k*,A2\R=T9&C,H0(XA2CJH76L(79&\L(0\W/2AKC,(O9&68/KP+tpAM=>4Z=LA2;:(�tp4,(0CQV&1.A2C,VdDF1.68t}9&68*BA2C
=>4,(GV.(0C,(O9&/K1.V&P&]

� ��
���
 � $)&',0! �5��& 
	�1�5&�$ 	 ��
��
Xn

^W4,(s*,9U=T9&\8(0=
D
AK\Q;<9&*,(�1&Dw(E8EHT4%9&CJV.(O9&aJ/2(s-U9&68Az9&aJ/2(7\0NlA ] (U]KNX=L4,(

Xi
9&6L(�AK*,(7C�=>AKHO9&/K/KP

*,A2\R=>6LAKa,IJ=L(7*k9&C,*B=L4,(f*,A2\R=>68A2a,IJ=LA21.CZ1&D
D
AK\xI,C,HT4,9&C,V.(0*jI,C,*J(76p9&68a,AK=L6>9&6RPZ3[(768;oIJ=T9{=>A21&C,\

1&D�=L4,(d-U9&68Az9&aJ/2(7\0]�R}(0HO9&I,\8(ctr(o9&\8\LI,;:(G=>4%9U=	R}681#tpCJAz9&CQ;<1U=>A21&C,\p\8=T9U68=nDF6L1.; .0(7681,N[=L4,(
;<(79&CB-&9U/2I,(f1&D

Xn

A2\
E[Xn] = 0.

^W4,A2\:HO9&C�9&H0=LI%9&/K/KP�a[(�\84,AKD =L(7*�=>1s9&C�P 1U=>4,(06:-U9&/KI,(
E[Xn] = m

a�P ;:1?*,AKD P?A2CJV|=>4,(
9&C,H7(0\8=L6>9&/�3q1.\8AK=LA21.C�DF6L1.; )s=L1

m
] ^W4,AK\�;Z9OP�a[(|A2;:3q1&68=T9UCh=Y=L1~*,1�\L1)A2C�1.68*,(76<=>1

9!-&1.A2*kC,(0V�9U=LAK-.(X-U9&/KI,(7\0N%A2CB3%9U68=>AKH7I,/29&6}tp4,(0C�;:A2H06L1.\L9U=>(0/2/KAK=>(n(0-&1./2IE=>A21&CQAK\W\8=LI,*,A2(0*�]`^W4,(
-&9U6LAz9UC,H7(f1&D

Xn

HO9UC�a[(GH71.;:3,IJ=L(7*ktpAK=>4J1.IJ=p*,A �<H0I,/K=LA2(0\

E[X2
n] =

∫ ∞

0

E[B2
t ]fTn−1(t)dt = θE[Tn−1] = 2θ(1 − 1/n)

9&C,*�t}(:\L(0(<=>4,9U=c9&CsIJ3,3q(06ca[1.I,CJ*sAK\
2θ

# ^W4,(Z9!-&(76L9&V.(7*s\LghI%9&68(7*~*JA2\8=>9&C,H0(:a[(0=Str(7(0C
H7/2IJ;<3,\W\R=T9OPBa[1.I,C,*J(7*�9!t}9OP , ]

� ��
���� ��� 
 $�� ��� � ,0& ��$)(	!#��&

^W4,(G*,A2\R=T9&C,H0(Gaq(�=St}(0(7C
Xi

9&C,*
Xj

A2\W*J(�A%C,(0*|9&\WDF1./K/21!tp\

dij = |Xi − Xj|,
�!�+)



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
9&C,*Bt}(d\8=LI,*JPB=L4,(G3%9&A26RtpA2\8(f\LghI%9&68(7*Q*,A2\R=T9&C,H0(G\8=T9{=>A2\R=>AKH7\

S2
n =

n

n − 1

(

1

n

∑

i

X2
i − (X̄n)2

)

.

� � � � � �!� �SCo=L4,A2\�3%9&6>9UV.6>9&3J4�N&tr(W*,(7\8H76LAKaq(r=>4,(W;:1.;:(7C�=>\_1&D =>4,(x*JA01q(76L(0C,H7(
X1−X2DF1.6W=St}1�6L9&C,*,1&;</MPBHT4,1.\8(7C|-U9&6LA29&a,/K(7\

X1

9&C,*
X2

A2C
D
]�[�(0=

T
a[(G=>4,(d=>A2;:(GI,C�=>AK/�=L4,(

;<1.\R=Z68(7H0(7C�=�H01.;<;:1.C 9&C,H0(7\8=L1.6�1&Dl=>4,(Q=St}1~AKC,*,AM-EAK*,I%9&/K\7] >fAK-&(7C
T = t

N
X1 − X2DF1./2/K1#tp\x9N>G9&I,\8\LA29&Ck*,A2\R=>6LAKa,IJ=LA21.CB1&D_;:(O9&C�)Y9&C,*k-U9&6LA29&C,H7(

2θt
] " 1JN,t}(G4%9O-.(

E[X1 − X2|T ] = E[(X1 − X2)
3|T ] = 0

E[(X1 − X2)
2|T ] = E[d2

12|T ] = 2θT

E[(X1 − X2)
4|T ] = E[d4

12|T ] = 12θ2T 2.

R}(7H79&I,\L(
T
DF1&/2/21!tp\W9UC�(98J3[1.C,(0C�=>Az9U/�*,A2\R=>6LAKa,IJ=LA21.C�1UD�3%9U6>9&;:(0=L(76-�.NJtr(d4%9O-.(

E[d2
12] =

∫ ∞

0

E[S2
n|T = t]fT (t) dt = 2θ

∫ ∞

0

tfT (t) dt

= 2θE[T ]

= 2θ.
#2IJ] � ,

^W4,(fDF1.I,68=L4�1&6L*,(06W;<1.;:(7C�=p1&D
d12

H79&CQaq(fH01.;<3JIJ=>(0*j9&\WDF1./K/21!tp\

E[d4
12] =

∫ ∞

0

E[d4
12|T = t]fT (t) dt = 12θ2

∫ ∞

0

t2fT (t) dt

= 12θ2E[T 2]

= 24θ2.
# IJ] �+,

^W4,(7C�N%=L4,(X-U9&6LA29&C,H7(f1UD�=>4J(f\LghI%9&68(7*j*JA2\8=>9&C,H0(dAK\

V ar[d2
12] = E[d4

12] − E[d2
12]

2

= 24θ2 − 4θ2

= 20θ2.
# IJ] I ,

�!�7�



IJ] �J] � " ^W�
F��`^W�
�f� R}� " � � �f� �q���H��'u� " � " ^_�`^W� " ^W�
� "
� 68AK=LHT4%9&6L*k9UC,*Q� (0/2*,;<9&C #H�54+4+I , 1.aJ=>9&A2CJ(7*B\LAK;<AK/z9&6 (0g?I,9U=>AK1.C,\WA2C�=L4,(XH79&\L(G1&D�=>4J(f\8=>(03Eb
tpA2\L(:;oIJ=>9U=>AK1.C5;<1?*,(7/ ]��n(0-.(068=L4,(7/K(7\L\0Ne=>4,(0A26G6L(0\LI,/M=w68(7V�9U6L*,AKC,VQ=L4,(<DF1&I,68=L4)1.68*,(76d;<1{b
;<(0Ch=

E[d4
12]
t}9&\f*,A01q(768(7C�=G9&CJ*@A2C�-.1./M-.(0*�9&C�9&*,*,AM=>AK1.C%9&/

2θ
]G^_1ZH71.C,H0/2I,*J(o=>4,AK\l3%9&6L9{b

V.6>9&3J4�NJtr(c68(7;<9&6Ly:=>4%9U=W=L4,(G*,A2\R=>68A2a,IJ=LA21.CB1UD
d12

4%9&\n9o-.(76RPk\LAK;<3,/K(X(E8E3,68(7\8\LA21&C

P (d12 > t) =

∫ ∞

s=0

P (|B2s| > t)e−s ds

= exp(−t/
√

θ), t > 0,

DF6L1.; tp4,A2HT4k=>4,(G;:1.;:(7C�=>\WH01.I,/2*ka[(G*,(7*,IJH7(7*j9&V�9&AKC�]

� � "%� ^W4,(G68(7\LIJ/K=nA2\x=L4%9U=
S2

n

A2\p9UCQIJC?aJAz9&\8(7*Q(7\8=LA2;<9U=>1&6x1&D
θ
] �SC,*,(0(7*�N%tr(c4%9O-&(

S2
n =

1

(n − 1)n

∑

i<j

d2
ij,

9&C,*k\LAKC,H7(f=>4J(
Xi
� \�9&6L(f(98EHT4%9&C,V.(79&a,/K(&N%t}(-A%CJ*

E[S2
n] =

1

2
E[d2

12] = θ.

� "J �F" � $ � �SCo1&6L*,(06�=>1	A,C,*w=>4J(}-U9&6LA29&C,H7(r1&D
S2

n

N&t}(rDF1./2/K1#ts=>4,(}\>9&;:(}/KA2C,(0\�1&D 3,681E1UD 9&\
� 68AK=LHT4%9&6L*Y9UC,*:� (0/2*,;<9&C #
�54+4*I , ]_^W4,(7AK6eH71.;:3,IJ=>9U=>AK1.C,\ t}(06L(pa%9&\8(7*Y1.C+=>4,(}\L(7H01.C,*<9&C,*
DF1.I,68=L4�;<1.;:(7C�=L\d1UD

d12

N�DF1.6Xtp4,AKHT45tr(<1&aJ=T9&AKC,(7*�(98J3J/2A2H0AK=G(98J3J6L(7\8\LAK1.C,\dA2C59Q3J6L(0-?AK1.I,\
3%9&6>9UV.6>9&3J4�]`^W4,(f-U9&6LA29&C,H7(f1UD

S2
n

AK\

V ar[S2
n] =

2θ2(1 + 3n + 2n2)

3(n2 − n)

��1&=L(X=>4%9U=
S2

n

AK\WC,1&=�9+H71.CJ\LA2\R=>(0Ch=n(0\8=>AK;Z9{=>1.6x1UD
θ

V ar[S2
n] → 4

3
θ2, as n → ∞.

� � �)", �� �l(�A%CJ(
(Xp

1 , X
p
2 , .., Xp

n)
9&\fa[(7A2CJV�9�*,9U=T9&\8(0=G1.aE=T9&AKC,(7*59U=X=L4,(+/2(79O-.(7\G1&Dr9

H71�9&/K(7\8H7(7C�=`=L6L(7(rDF6L1.; =>4,(}*JP?C%9&;:A2H7\�*,(7\8H76LAKaq(0*YA2C " (0H0=LA21.C�'X9&CJ*+A2Cw=L4,(p9&3,3[(7C,*JA�8q]���\Rb
\LI,;:(e=>4,(`H01.C�-.(06LV.(0C,H7(v1&Dh=>4,(`;:1.;:(7C�=>\�1UD

(Xp
1 , X

p
2 , .., X

p
n)
=>1W=>4J1.\L(`1&D

(X1, X2, .., Xn)
]

�!� '



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
[�(�=

d
(p)
ij

a[(f=>4,(G*,A�1m(06L(7CJH7(Gaq(�=St}(0(7C
Xp

i

9&CJ*
Xp

j

] �l(�A%CJ(

S2
n
(p)

=
1

n(n − 1)

∑

1≤i<j≤n

d
(p)
ij

2

=
1

pn(n − 1)

∑

1≤i<j≤n

(
√

p d
(p)
ij )2

� 1&6	R}(06LC,1&I,/2/KA 6L9&C,*,1&; t}9&/2yh\0Nm=>4,(w6>9&C,*J1.; -&9U6LAz9Ua,/2( √
p d

(p)
ij

4%9&\�=>4,(c\>9&;:(o*,AK\8=>68A2a,I?b
=>A21&C@9&\X=>4J(:*JA01q(76L(0C,H7(+AKC@6L(03q(79U=GChI,;oa[(76fa[(0=Str(7(7C5=St}1QA2CJ*,AK-?A2*JI%9&/2\nA2C�9B\8A2C,V./K(w\R=>(73
;oIJ=T9{=>A21&C@;<1?*,(7/etp4J(76L(Y=>4J(<;oIE=T9U=LA21.C@6L9U=>(YA2\G(0g?I,9&/`=>1

pθ
]:�l3J3,/KP?A2CJVk=L4,(:6L(7\8I,/K=d1&D

� 68AK=LHT4%9&6L*Q9&CJ*j�%(7/K*,;<9&CM#
�54*4+I , N?t}(d4%9O-.(

V ar[S2
n
(p)

] =
1

p2

θp[n(n + 1)] + 2θ2p2[1 + 3n + 2n2]

3(n2 − n)

^W4%9&C,yh\p=>1+=>4,(GH01.C�-.(768V.(7CJH7(w1UD�;:1.;:(7C�=>\0NJ=>4,(f-U9&68Az9&C,H0(f1&D
S2

n

A2\

V ar[S2
n] = lim

p→∞
V ar[S2

n
(p)

] =
2θ2(1 + 3n + 2n2)

3(n2 − n)

9&C,*B=>4,AK\p(7\8=>9&a,/KA2\L4J(7\p9Y*,A268(7H0=p3J6L1?1&D�1UD_=L4,(G6L(7\8I,/K=7]

�Z� � � � � � � �-� ���!� � � � ��� �P� 	 ��� � 	 � �K�����

� � � ��
 � � �����0,0( � $%� �%��� ,1�����

>GAM-.(7C:=>4,(�\L(�=W1&D�*%9{=T9
D = x1, . . . , xn

N?/2AKy&(7/KA24,1?1?*,\`HO9&CZaq(�H71.;:3,IJ=L(7*B9&\v=>4,(�A2C�=>(0V.6>9U/
1&D

p(D/G)× p(G/θ)
1!-.(06W9&/K/[3[1.\8\LA2aJ/2(lCJ(7IJ=L6>9&/[V.(7CJ(O9&/K1.V.A2(0\

G
9&H0H71.68*,A2CJVc=>1w(7ghI%9U=LA21.C

#2IJ]�� , ]��fA2C,V.;<9&C � \�DF1.6L;oIJ/z9�V&AK-.(0\e=>4,(W*JA2\8=L6LAKa,IJ=>AK1.Cw1UD V.(7C,(79&/21&V.A2(0\
p(G/θ)

# \L(0( " (7H�=>AK1.C
' , ]d�SC@=>4,AK\ " (7H�=>AK1.C�N�tr(:*J(7\LH06LAKaq(Y9�3[(7(0/2A2CJVk9&/2V.1&6LAK=L4,;i=>4,9U=f(7C,9&a,/2(0\fH71.;:3,IJ=LA2C,V�=L4,(
H71.C,*JAK=>AK1.C%9&/J*,A2\R=>6LAKa,IJ=LA21.C

p(D/G)
V.AK-&(7CZ=L4,(lV.(0C,(O9U/21.V&P:9UC%9&/KPh=LA2HO9U/2/KP&]�^W4,A2\v3,6L1?H7(0*,I,68(

A2\ea%9U\L(7*:1.C+=>4J(n(98E3,/2AKH7AK=�HO9&/KH7I,/29U=>AK1.Co1&D =L4,(pA2C�=>(0V.6>9&/K\_=L4%9U=v9&68A2\L(p9{=`(O9&HT4:A2C�=L(76LC,9&/,C,1?*,(
1&D_=L4,(f=>68(7(ftp4,(7Cj9&3,3,/MP?A2C,VY�%(7/K\L(0C,\8=L(7A2C � \p/2AKy&(0/2A24J1E1?*Z;:(0=L4,1E* # � (0/2\8(7C,\R=>(7AKC�NT�54*67� , ]

��\cIJ\LI%9&/ AKCs3,4�P?/21&V.(7C,(�=>AKH:/KA2yU(7/2AK4,1?1E*@9U/2V.1.68AK=L4,;<\0N�t}(<9&\8\L1?H7Az9{=>(+=>68(7(7\GtpAK=L4
(n −

1) × 4
9&686>9OP?\�9U\xDF1./2/K1#tp\

�!�.�



IE] �,] � " ^W�
F��`^W�
�f� Rr� " � � �f� [�������[��H%	�L�f�
6L1!t

i
C,1E*J( � C,1?*,(L' 9&C,H0(7\R=>1.6 H01�9&/2(0\LH0(7C,H0(d=LA2;:(

#
i = 1, . . . , n − 1

, tp4J(76L(
n
AK\d=L4,(Z\L9&;<3J/2(Y\LA0.7(&]k�SC�9U*,*,AK=LA21.CmN�tr(B9&\8\LI,;:(<=L4%9U=d=>4,(

H71�9&/K(7\8H7(7CJH7(+=>AK;<(0\f9&6L(w6>9&C,yU(7*5A2C@AKC,H768(O9&\8A2C,VB1.68*,(760N�A ] (&]MN
t1 < t2 < . . . < tn−1

]w^W4,(
/2(O9O-&(7\ 9&6L(`/29&a[(7/2/K(7*lDF681.; �`=L1

n
9UC,*d=L4,(`1&=L4,(76�C,1?*,(7\ #FH71.686L(7\83q1&C,*,A2CJVp=L1x=>4,(v9&CJH7(7\R=>1.68\ ,

9&6L(+/29&aq(0/2/K(7*|DF6L1&;
n + 1

=>1
2n − 1

]Y� 1&6f(E8J9&;:3,/2(UN�H71.C,\8A2*,(06f=>4,(+=>68(7(+tpAK=L4��Q/K(O9O-.(0\
V.AK-&(7Cka�P

G =

� ' �
t1� � I
t2� I �
t3

� 1&6
D = x1, x2, x3, x4

NW�%(7/K\L(7CJ\8=>(0A2C � \:;<(�=>4,1?* H01.;:3,IJ=>(0\
p(D|G)

AKC�=L4,(kDF1./2/K1#tpAKC,V
tx9OP

p(D|G) =
∫

π(x7)p(x4|x7) ×
∫

p(x6|x7)p(x3|x6)

×
∫

p(x5|x6)p(x1|x5)p(x2|x5) dx5dx6dx7.

# IJ] �+,

tp4,(768(
π
AK\}=>4,(G*,AK\8=L6LA2aJIJ=>AK1.C�1&D

X7 ≡ XMRCA

=>4,(f-U9&/KI,(l=T9Uy&(7CQa�P�=>4J(LF=���}�w] %n(768(&N
t}(GH71&C,\LAK*,(76n9+*,(7V&(7C,(06>9U=L(c*,AK\8=L6LA2aJIJ=>AK1.C�tp4,(768(

XMRCA = m,

DF1.6p\L1.;:(
m
A2C

R
]r^W4J(w3,681EH0(7*,I,68(cH01.I,/K*Qa[(d(E8?=>(0C,*,(7*�=>1<9&6La,AM=>6L9&68PK>d9&IJ\L\LA29&CQ*,A2\R=>6LA b

a,IJ=>AK1.C,\XtpAM=>4,1.IE=G*,A �:H7IJ/K=>AK(7\0]+^W4,(YH71.;:3,IJ=>9U=>AK1.C@1&DrA2C�=>(0V.6>9&/K\f1&Dv=>4,(+=SP?3q(Y*,(0\LH06LA2a[(7*
9&aq1!-&(wHO9UC|aq(c3q(068DF1.68;<(0*|I,\8A2C,V:=>4,(dDF1./2/K1#tpAKC,V+=>(0HT4,C,A2H79&/�68(7\8I,/K=7]	[�(0=

α > 0
9&C,*

β, γ9&6La,AM=>6L9&68P<6L(79&/�ChI,;oa[(76L\0N,t}(d4%9O-.(UN
∫ +∞

−∞
e−αx2+2βx−γdx =

√

π

α
exp(−γ + β2/α).

^W4,(c*JA2\8=L6LAKa,IJ=>AK1.C,\p9U=n(79&HT4jC,1?*,(dHO9&CQa[(cHT4%9U6>9&H�=>(768A/.0(7*ja�PBDF1.IJ6n3,9&6>9&;:(0=L(768\
A
N
α
N
β
N

γ
N,A ] (&]MN

p(x | A, α, β, γ) = A exp(−αx2 + 2βx − γ)

')(d9&68(fC,1!t 6L(79&*JPB=L1:*J(7\LH06LAKaq(f=>4J(d\8I,H7H0(7\8\LAK-&(w\R=>(73J\�1&D =>4J(d3[(7(0/2AKC,VY9&/2V&1.6LAM=>4,;Q]
�!�&�



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
�.]p^W4,(:3q(0(7/2AKC,V�9&/2V.1&6LAK=L4,; A2\dA2C,AM=>Az9U/2A/.0(7*j9U=c=L4,(:/2(O9O-&(7\w1UD}=>4J(:=L6L(7(Z9&\fDF1./2/K1!tp\7]Z��D
C,1?*,(

n1

H71.686L(7\83q1&C,*,\W=>1:9Y/2(O9{D NE=>4J(7C�tr(f=T9&yU(

A =
1√
2πz

α =
1

2z
β = xn1α γ = x2

n1
α

tp4,(768(
z
A2\w=L4,(Z=LA2;:(ZI,C�=>AK/v=L4,(B;:1.\8=w6L(7H0(7C�=YH71&;<;:1.C�9&CJH7(7\R=>1.6otpAM=>4�9UC,1&=>4J(76

C,1?*,(
n2

#
z
H79&C~a[(<68(O9&*)A2Cs=L4,(<DF1&I,68=L4)H71&/2I,;:Cs1UDx=>4,(:=>68(7(Z\R=>68I,H0=LI,6L( , ]j^W4JA2\

H71.;:3,IJ=>9U=>AK1.CwH01.6L68(7\83q1.CJ*,\`DF1.6�AKC,\8=>9&C,H7(x=L1X=>4,(}3%9&6>9U;<(�=>(768\e=>4%9{=`*,(�A,C,(
p(x1|x5)9&C,*

p(x2|x5)
A2CB=L4,(G(E8J9&;:3,/2(fV.(0C,(O9U/21.V&P

G
]

'E] ��9&6L9&;:(0=>(06L\n9U=pAKCh=L(768C%9&/�C,1?*,(0\7N%(&] V,]MN%H71.686L(0\L3[1.C,*,AKC,V:=L1+=>4,(GA2C�=L(7V.6L9&/

I =

∫

p(x5|x6)p(x1|x5)p(x2|x5)dx5,

9&6L(fH01.;:3,IJ=>(0*�68(7H0I,6L\8AK-.(0/KP�=L4%9&C,yh\p=>1+=>4J(GDF1&/2/21!tpAKC,VoA2CJ*,I,H0=LA21.C�DF1&6L;oI,/29

A = A1A2/
√

2z(α1 + α2) + 1

α = α1+α2

2z(α1+α2)+1

β = β1+β2

2z(α1+α2)+1

γ = γ1 + γ2 − 2z(β1+β2)2

2z(α1+α2)+1

tp4,(768(
(A1, α1, β1, γ1)

9&CJ*
(A2, α2, β2, γ2)

9&68(s=>4J()3%9&6L9&;:(0=>(06L\�9U=�1*1m\83,6LAKC,V
C,1?*,(7\

n1

9&C,*
n2

9&C,*
z
A2\x=>4J(G=LA2;:(X\LAKC,H7(f=L4,(d9&C,H7(0\8=L1.6p1&D_=L4,(GA2C�=>(06LC%9U/�C,1?*,(&]

�J]p^W4,(f9&/KV.1.68AK=>4J;
=>(06L;:A2C%9U=L(7\ tpAK=L4B9&C�AKCh=L(7V.6L9&/q9U=}=L4,(l681E1&=r1&D�=L4,(l=>68(7(UNEDF1.6vtp4,A2HT4
t}(GI,\8(d=L4,(G\>9&;:(XDF1.68;oI,/z9wtpAM=>4

z = 0
] ��AKC%9&/K/KP:AK=W68(0=LI,6LC,\

p(D|G) = A exp(−αm2 + 2βm − γ)

tp4,(768(
m
A2\x=L4,(G;<(79&Ck1&D =>4,(G\>9U;<3,/K(&]

� \8=L6>9&AKV.4�=LDF1.6Rtx9&68*B;<1?*,A�A%HO9U=LA21.C<1&D�=>4,AK\W9&/KV.1.6LAM=>4,; 9U/2/21!tp\rH71.;:3,IJ=LA2C,Vw=L4,(f/21&Vo1&D *,A2\ b
=>6LAKa,IJ=LA21.C,\

log P (D|G)
A2CJ\8=>(79&*~1&D

P (D|G)
]Q^W4J(�\L(�=+1&DW68(7H7IJ6L\LAM-.(0/KPsH71.;:3,IJ=L(7*~3%9#b

�!� �



IE] �,] � " ^W�
F��`^W�
�f� Rr� " � � �f� [�������[��H%	�L�f�
6>9&;:(0=L(76L\lA2\l=L4,(7C

log A
N
α
N
β
9UC,*

γ
]d�SC�3,6>9UH0=>AKH7(UNmt}(Y\8(0=

m = x̄
#F=L4,(+;<(79&C@1&D =>4J(

1.a,\L(068-&(7*j*,9U=T9 , ]`��De9�>G9&I,\8\LAz9UCQ*JA2\8=L6LAKa,IJ=>AK1.C�AK\p9&\L\8I,;<(0*j9{=x=>4,(G681E1&=x1&D_=L4,(f=>68(7(&N,=L4,(
A%C%9&/�\R=>(03j1&D =>4,(d9&/KV.1.68AK=>4J; H01.I,/K*�9U/2\L1YI,\8(

z = s̄2(1 − 1/n)

tpAK=>4
s̄2
=L4,(x(0;<3,AK6LAKHO9&/�-U9&6LA29&C,H0(}1&D%=L4,(W*%9U=>9J]_�SC+\8A2;oIJ/z9U=LA21.Cd(E8E3[(76LAK;<(0C�=>\7N.tr(p9&\8\LI,;:(7*

9Y*J(0=>(06L;:A2C,AK\8=LA2Hl-U9&/KI,(G9U=W=>4J(d681E1U=W1&D�=L4,(fV.(0C,(O9&/K1.V&P&]

� � � ��� < &'� 
 �	� � $ ��,���
�� � ��,��%���0,0� ����� � � �%�%�5,1�5���

'u4,(7C�H71.;:3,IJ=LA2C,V
L(θ)

N =>4,(dV.(0C,(O9&/K1.V&PB1UD�=>4J(c*%9{=T9YA2\pI,C,yhC,1!tpC�]p�n(0-.(068=L4,(7/K(7\L\0Nm=>4JA2\
V.(7C,(79&/21&V&P�;<9OP aq(@-?A2(�t}(0* 9&\Q9&C 4,AK*,*,(7C 1.6B/29U=>(0Ch=Q6L9&C,*,1.; -&9U6LAz9Ua,/2(|1!-&(76ktp4,A2HT4
9&C59!-&(76L9&V.(:;oI,\8=Ga[(Y3q(068DF1.68;<(0*�]o� 6L(79&\L1&C%9&a,/K(+V.I,(7\8\c1UDrtp4%9{=d=L4,(+4,AK*,*,(7C�-U9&6LA29&a,/K(
/21?1.yh\�/2AKy&(rHO9&C+4,(0/23oH01.;:3,IJ=>AKC,VX( �<H0A2(0Ch=eC?IJ;<(06LA2H79&/E9&3,3,68158EAK;Z9U=LA21.CJ\_1&D%=L4,(x/KA2y&(0/2AK4,1E1?*�]
^_(0HT4,C,A2ghI,(0\w=>4,9U=o(0;<3,/K1!P@\LI,HT4 9U3,3,6L1<8EA2;<9U=LA21.C,\d9&68(<1UD =>(7C)HO9&/K/2(7*53,\8(7I,*,1&;Z9W8EAK;oI,;+b
/2A2yU(7/KA24,1?1E*<;<(�=>4,1?*,\L# " (71:(0=�9&/ ]KN '*)+) ' , ]

�SC�=>4,AK\�\8(7H0=LA21.CmNqtr(oa,I,AK/2*�9<3,\8(7I,*,1&;Z9W8EAK;oI,;+bS/2AKy&(0/2A24J1E1?*�;:(0=>4J1E*QDF1.6�(0\8=LA2;<9U=>AKC,V
=>4,(G3%9&6L9&;:(0=>(06

θ
a,9&\L(0*j1.C�9:\83q(0H7A�A%HcV&(7C,(79&/21.VUP.]v^W4,A2\W=>68(7(dA2\Wa,IJA2/K=WDF681.; 9Y3,4�P?/21.V.( b

C,(0=LA2Hf6L(0H71.CJ\8=>68I,H0=LA21.CQ;:(0=>4J1E*B=>4,9U=nI,\L(0\�\8g?I,9&6L(0* �`I,H7/KA2*,(79&Ck*,A2\R=T9&CJH7(7\na[(0=Str(7(7CQ=T9W8J9
# " /29U=>yhA2CmN(�54+4 �+, ] R}(0HO9&IJ\L(Gt}(d;Z9Uy&(f=>4,(G4�P?3q1U=>4,(0\LA2\n1&D_H71.CJ\8=T9UCh=�(0-&1./2IE=>A21&C�9U/21.C,Vo=L4,(
/2A2CJ(O9&V.(0\7N,=L4,(P����>!F�� #2�nC�t}(0A2V.4�=>(0* ��9UA26	>G681.I,3=F�(0=L4,1E*�I,\LAKC,VZ��-.(06>9&V&(7\ , ;<(�=>4,1?*
A2\p9+C%9U=LI,6>9&/m;<(79&CQ=L1YH71.C,\R=>68I,H0=p=>4J(G=L1.3[1./21.VUPZ1&D =>4J(G=L6L(0(Z# ��(0A NT�54*6 �+, ]

>fAK-&(7C@=>4J(N����>!F�� =L1.3q1&/21.V&P&Nm=>4J(:/K(7C,VU=>4,\f1&Dv=>4J(:aJ6>9&C,HT4J(7\c9&6L(o=>9&y&(0Cs(0g?I,9&/`=>1
=>4,(59O-.(06>9&V.(5A2C�=L(76LH01�9&/K(7\LH0(7C,H0(5=LA2;:(7\0N

zn = 2θ/n(n − 1)
N

. . .
N

z3 = 3θ
N

z2 = θ
]

^W4,(768(0DF1.68(&NJ/KA2yU(7/2AK4,1?1E*,\v9&68(lH01.;<3JIJ=>(0*B9&H7H01.6L*JA2C,Vd=>1w=L4,(l3[(7(0/2A2CJVo9&/KV.1.6LAM=>4,;
1&D�\L(0H0=LA21.C
IJ] �J]0�wtpAM=>4,AKC@9&C

O(n)
=>AK;<(U]f^W4,(+3,\L(0I,*,1.;<9W8EA2;wI,;Yb�/2AKy&(7/KA24,1?1?*B3%9&6>9U;<(�=>(76

θ̂
A2\l=L4,(7C

(7\8=LA2;<9U=>(0*+=>4%9&CJy?\`=L1w9f*,AKHT4,1&=>1&;<AKHx\L(79&6LHT4<;<(�=>4,1?*�]�� /KA2;:AK=>9U=>AK1.CcAK\e=>4%9{=v=L4,(p;<(�=>4,1?*
/2(O9U*,\w=>159@\8=L6L1.CJV5*J1#tpC�t}9&6L*�a,A29&\oDF1.6o/29&6LV.(

θ
])^W4JA2\+a,A29&\+A2\o*JI,(B=>1|=>4J(kD 9UH0=o=L4%9U=

\LghI%9&68(7*j*JA2\8=>9&C,H0(7\p*,1YC,1&=�9&H0H71.I,C�=pDF1.6x=L4,(G/z9&68V.(X*,(�-EA29U=>AK1.C,\W1&D;R}681#tpCJAz9&Ck;:1&=>AK1.C,\7]
�SCj9$A%6L\R=l\R=T9&V.(UN%t}(dA2C�-.(0\8=LA2V�9U=L(f=>4,(Gtx9OPk1&D�H71.686L(0H0=>AKC,V+=>4,(da,A29&\W1&D�=L4,(d(7\8=LA2;<9U=>1&6

I,\LAKC,Vo9!F�1.C�=>(��x9&6L/K1c\R=>I,*EP<DF1.6 *,A�1m(06L(0Ch=}3%9&6L9&;<(�=>(06v\8(0=8=>A2CJV.\7]`�SC:=>4,(0\L(X(98J3[(768A2;:(7C�=>\0N
*%9U=T9U\L(0=L\f9&68(oH768(O9U=L(7*@I,\8A2C,V�H01�9&/K(7\LH0(7C�=G\LAK;oI,/29U=>AK1.C,\7]��%1.6X9<V.AK-&(7C|=>68I,(o3%9U6>9&;:(0=L(76

θ
N

�!�+I



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
9YV&(7C,(79&/21.VUP�A2\p\L9&;<3J/2(7*m]`^W4,A2\pV.(0C,(O9&/K1.V&PZA2\x=>4J(7CjIJ\L(7*k=>1:(0-&1./K-&(d=L4,(GC,1?*,(f-&9U6LAz9Ua,/2(0\
9&H7H01.6L*,AKC,VB=>1B=>4J(NRr6L1!tpC,Az9UC5;:1&=LA21.C|;:1?*,(7/ ]o^W4,(Y*%9U=>9k68(7\8I,/K=LA2C,VQ9U=f=L4,(+=>A23J\f1&Dr=L4,(
\LA2;wI,/z9U=L(7*d=>6L(0(p9&6L(r=>4,(0C+(E8E3,/21&AK=>(0*+A2Co1&6L*,(06�=>1X\R=>I,*EPo=>4,(}3,6L1.3[(76R=>AK(7\e1&D%=L4,(W(7\R=>AK;Z9U=L1.67]
^W4,(o(E8E3[(768A2;:(7C�=T9&/_*,(7\8A2V.C@H01.C,\8A2\8=L\X1&D �.N )+)+)Z68(73[(0=LAK=>AK1.C,\pDF1.6X(79&HT4@3%9&6L9&;<(�=>(06X\L(�=L=>AKC,V
(θ, n)

]c^W4,(Y3%9U6>9&;:(0=L(76
θ
6L9&C,V.(0\XDF6L1.;

0.1
=>1

50
N�9&C,*@=L4,(+\>9&;:3,/K(o\LA0.7(o6L9&C,V.(0\XDF6L1.;

n = 10
=L1

n = 1000
]

� � "%� ^W4,();Z9&AKC 68(7\8I,/K=j1&D+=>4,(s\LAK;oI,/z9{=>A21&C \R=>I,*JP A2\Q=>4%9{=�=L4,(~3,\8(7I,*,1&;Z9W8EAK;oI,;+b
/2A2yU(7/KA24,1?1E*<(7\R=>A2;<9U=L1.6

θ̂n

(E8E4,AKa,AK=L\p9:H01.C,\R=T9&C�=n;oI,/M=>A23J/2A2H79U=>AM-.(na,Az9U\

E[θ̂n] ≈ bnθ.

�SCj=>4,AK\l68(7/z9{=>A21&C,\L4,AK3�N =>4,(c3%9&6>9U;<(�=>(76
bn

*,(03q(0C,*,\f1.Cj=L4,(o\L9&;<3J/2(d\LA/.0(
n
9&CJ*|A2\�A2C,*,( b

3q(0C,*,(7C�=r1.C
θ
#F^�9Ua,/2( IJ]�� , ]_^W4,A2\v1.a,\8(76R-&9{=>A21&C:AK\ H71.C,\8A2\R=>(7C�=vtpAK=L4Y=L4,(n\LHO9U/2A2CJVd3J6L1.3[(76R=SP

1&DYRr6L1!tpC,Az9UC�;:1&=>AK1.C,\0]e^W4,(G-&9U/2I,(0\W1&D�=L4,(GH71?( �:H7AK(7C�=
bn

9U6L(G(7\R=>A2;<9U=L(7*Q9&\W=>4,(GH01.6L68(�b
/z9U=LA21.C�H71?( �:H7AK(7C�=G1&Dv9�/2AKC,(O9U6l6L(0V.6L(0\L\8A21.C�]G�SC59&*,*JAK=>AK1.C�Nq9�\L(0H71.C,*�68(7V.68(7\L\8A21.C59&C,9&/KP?\LAK\
\L4,1!tp\p=>4%9U=W=L4,(G(7ghI%9U=LA21.C

E[θ̂] = exp(−0.611 + 0.005n − 0.248
√

n)θ

A,=>\ =>4,(�6L(0/z9U=LA21.C,\84,A23Ya[(0=Str(7(0C�=>4,(l9!-&(76L9&V.(�-U9&/KI,(p1&D
θ̂
N
θ
9&C,*

n
(98E=L6L(0;<(0/KP+tr(7/2/;#

R2 ≈
0.99

, ]`^W4,A2\xDF1.68;oI,/29o3,6L1!-?A2*,(0\n9Y\RP?\8=>(0;Z9{=>A2Hft}9OPk1&D�H01.6L68(7H�=>A2CJVY=L4,(G(7\R=>A2;<9U=LA21.C�aJAz9&\0]

�!� �
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n bn Std.Error t−value Pr(> |t|) R2

10 0.277 0.0049 56.6 1.34e−29 0.99
20 0.202 0.0034 58.1 6.58e−30 0.99
30 0.165 0.0018 87.2 1.22e−34 0.99
40 0.138 0.0019 70.8 3.24e−32 0.99
50 0.119 0.0015 74.8 7.62e−33 0.99
100 0.074 0.0007 101.4 2.09e−36 0.99
150 0.057 0.0010 53.1 7.38e−29 0.99
200 0.046 0.0005 82.6 5.23e−34 0.99
250 0.040 0.0003 115.4 6.38e−38 0.99
300 0.035 0.0004 78.8 1.84e−33 0.99
350 0.031 0.0004 70.7 3.44e−32 0.99
400 0.033 0.0012 26.1 1.07e−20 0.96
450 0.028 0.0005 54.1 2.86e−28 0.99
500 0.028 0.0010 27.8 1.91e−21 0.96
1000 0.014 0.0001 95.5 1.20e−34 0.99

^�9&aJ/2(�IE]0�+CY[�AKC,(O9U6}6L(0V.6L(0\L\8A21.CB68(7\LIJ/K=>\rDF1.6r=L4,(X;oI,/M=>AK3,/2AKHO9U=LAK-.(}a,Az9&\}1&D
θ̂
N
E[θ̂n] = bnθ +

an

]v^W4,(c3,9&6>9&;:(0=L(76
θ
6>9UC,V.(7\pDF6L1&; )J]��d=L1 � )J]v^W4,(c/KA2C,(79&6xH01E( �<H0A2(0Ch=L\l9U6L(GH71.;:3,IJ=L(7*DF1.6W*,A01q(768(7C�=p\>9U;<3,/K(f\LA0.7(7\0] ^W4,(cAKC�=>(768H7(03J=>\

an

9&6L(fCJ1&=n\LA2V&C,A0A%H79&C�=O]

�!�+6



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
� "J �F" � $ � �SCB9c\L(7H01.C,*k\8=>9&V.(UNEtr(XA2C�-.(0\8=LA2V�9U=L(�=L4,(XghI%9&/KAK=SPY1&D�=L4,(X3,\8(7I,*,1&;Z9W8EAK;oI,;+b
/2A2yU(7/KA24,1?1E*@(0\8=LA2;<9U=>1.6G9{D =>(76da,A29&\GH71.686L(7H�=>AK1.C�]B^W4,(<H71.686L(7H�=>(0*~(7\R=>A2;<9U=L1.6fA2\dH71.;:3,IJ=L(7*
9&\

θ̃n =
θ̂n

bn
= e0.611−0.005n+0.248

√
nθ̂n

� 1&6�\>9&;:3,/K(@\LA/.0(7\ka[(7/21!t
n = 300

NX9�ghI%9&*,6L9U=>AKH@6L(7/29U=>AK1.C,\84,A23 a[(0=Str(7(0C
θ
9&C,*u=>4J(

-&9U6LAz9UC,H7(f1&D
θ̃
HO9&Cka[(GA2*,(0Ch=LA0A%(0*B=>4%9&CJy?\p=>1:9+6L(0V.6L(0\L\8A21.CQ;<(�=>4,1?*

V ar(θ̃n) = dnθ
2.

^�9&aJ/2(NIJ] 'Q6L(73[1.6R=>\c=L4,(<-U9&/KI,(7\c1&Dx=L4,(�ghI%9&*,6L9U=>AKH<H01E( �:H7A2(0C�=
dn

9UC,*)=>4J(Z\LAKV.C,A�A%HO9&CJH7(
/2(0-&(7/K\r1&Dmaq1U=>4:H71?( �:H7AK(7C�=>\

cn

9&CJ*
dn

A2C+=>4,(�6L(0V.6L(0\L\LAK1.C:;<1?*,(7/
V ar(θ̃n) = cnθ +dnθ2.�SC�^_9&a,/K(KIJ] �JNetr(B6L(73[1.6R=+=>4,(k9O-.(06>9&V&(�-&9U/2I,(0\o1&D

θ̃
9&C,*~=L4,(B\8=>9&C,*%9&68* *,(0-?Az9{=>A21&C,\o1&D

=>4,AK\W(7\8=LA2;<9U=>1&67]�^W4J(d/29&\8=pH01./2IJ;<CBAKCB^�9&aJ/2(&IJ] �oV.AK-&(7\W=>4J(f\8=T9UC,*%9&68*�*,(�-?Az9U=LA21.C,\}1&D_=L4,(
I,Cha,Az9&AK\L(0*)3%9&AK68tpAK\L(:(7\8=LA2;<9U=>1&6

s2
n

]j�%1.6d\L;<9&/2/e-U9&/KI,(7\c1&D
θ
#
θ ≤ 5

, Ne9&CJ*~\>9&;:3,/K(7\w1UD
A2C�=>(06L;:(7*,A29U=>(<\LA/.0( # 9&a[1.IJ=

100 − 500
, A2C,*JAK-?A2*,I,9&/2\d=>4,(B3,\8(7I,*J1.;Z9 8JAK;oI,;+bS/KA2y&(0/2AK4,1E1?*

(7\8=LA2;<9U=>1&6lA2\�\LAKV.C,A0A,HO9&C�=>/MPQaq(�=L=>(06X=>4%9UC|=>4,(+3%9UA268tpAK\L(o\R=T9U=LA2\R=>A2HU]f^W4,A2\f1&a,\L(068-U9U=>AK1.C|68(�b
;Z9&AKC,\}=L6LI,(fDF1.6W/29&6LV.(06

θ
N%aJIJ=p=>4,(G6L(0/z9U=LAK-&(faq(0C,(�A,=nAK\W\L/2AKV.4,/M=SPZ/K1#tr(760]

n cn StdError tvalue Pr(> |t|) dn StdError tvalue Pr(> |t|)
20 −0.276 0.223 −1.237 0.233 0.230 0.038 5.960 1.55e−05
30 0.179 0.107 1.660 0.115 0.075 0.0186 4.041 8.4e−04
40 0.068 0.222 0.308 0.762 0.058 0.038 1.536 0.143
100 −0.038 0.042 −0.911 0.375 0.041 0.007 5.604 3.16e−05
150 0.0008 0.046 −0.018 0.985 0.025 0.007 3.201 0.005
200 0.013 0.024 0.527 0.605 0.014 0.004 3.387 0.003

^�9&aJ/2(�IJ] 'BC&�p(7V.68(7\L\8A21.C56L(0\LI,/M=>\fDF1.6X=L4,(+-&9U6LAz9UC,H7(+1&Dv=>4J(:3J\L(7IJ*,1.;<9W8EA2;oI,;+bS/KA2yU(7/2AK4,1?1E*(7\8=LA2;<9U=>1&6
V ar[θ̃] = cnθ + dnθ2 ] ^W4,(G/KA2C,(79&6xH71?( �:H0A2(7C�=L\ cn

9&68(dCJ1.C,\LAKV.C,A�A%HO9&C�=7]

�!�+4
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�f� Rr� " � � �f� [�������[��H%	�L�f�

θ n mean(θ̃) sd(θ̃) sd(s2
n) θ n mean(θ̃) sd(θ̃) sd(s2

n)

0.1 20 0.104 0.080 0.122 0.5 20 0.522 0.401 0.614
50 0.103 0.080 0.118 50 0.515 0.400 0.591
100 0.095 0.067 0.116 100 0.476 0.337 0.584
200 0.100 0.046 0.116 200 0.500 0.231 0.580
300 0.091 0.047 0.115 300 0.459 0.237 0.579
500 0.086 0.050 0.115 500 0.444 0.260 0.578
1000 0.105 0.099 0.115 1000 0.467 0.273 0.578

1 20 1.086 0.850 1.229 5 20 4.738 4.251 6.145
50 0.945 0.658 1.183 50 4.799 3.526 5.919
100 1.078 0.680 1.169 100 4.832 3.443 5.846
200 0.989 0.758 1.161 200 5.824 3.595 5.809
300 1.038 0.778 1.159 300 4.592 2.548 5.797
500 0.737 0.480 1.157 500 6.500 3.337 5.787
1000 1.272 0.684 1.156 1000 4.887 2.794 5.780

10 20 11.154 7.502 12.295 50 20 48.541 38.142 61.451
50 10.446 9.079 11.839 50 49.162 36.753 59.195
100 10.980 8.883 11.692 100 50.951 34.421 58.460
200 10.950 8.731 11.619 200 49.428 35.876 58.096
300 9.020 4.851 11.595 300 51.542 26.653 57.976
500 11.589 4.888 11.575 500 52.012 24.651 57.879
1000 10.01 5.251 11.561 1000 48.013 29.651 57.807

^�9&aJ/2(�IJ] �7C R}A29&\d9&C,*s-U9&68Az9&CJH7(:1&Dx3,\8(7I,*J1.;Z9 8JAK;oI,;+bS/KA2y&(0/2AK4,1E1?*j(0\8=LA2;<9U=>1.6d9UD =L(76dH71.6 b6L(7H�=>AK1.C�] �_9&6>9U;<(�=>(76f\8(0=8=>A2CJV.\X-U9&68P�DF6L1.;
θ = 0.1

=>1
θ = 50

N�9UC,*�\>9&;:3,/2(w\LA/.0(7\f-U9&68PDF6L1.;
n = 20

=>1
n = 1000

]e^W4,(X/29&\8=}H71./KI,;:CZ6L(03q1&68=>\r=>4,(X\R=T9&CJ*%9&6L*B*J(0-?Az9U=LA21.CJ\}1&D�=L4,(I,Cha,Az9&AK\L(0*Q3,9&A26RtpA2\L(f(0\8=LA2;<9U=>1.60]

�O� )



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
� � � � 
 ��� * �/� 	 ��
 (	� �%� ���	� � $��5,�$%(	!#� �%����& ��,&� $ ����� & �%�

θ

�}1.C,\LAK*,(76G=>4J(<6L9&C,*,1.;�V.(7C,(79&/21&V&P�9&\8\L1?H7Az9{=>(7*�tpAK=L4s=L4,(<\L9&;:3,/2(+1&D}*%9U=>9
X1, . . . , Xn

]
^W4,(768(<9U6L(Y(E8J9&H�=>/KP

k
a,6>9&CJHT4s\8(7V.;:(7C�=>\dA2C|=L4,(+=>68(7(Y*,I,68A2C,VB=>4J(Y=LA2;:(w=>4,9U=G\L(03%9&6>9{=>(7\

=>4,(
kth 9&C,*B=>4,( (k − 1)th AKC�=>(768C%9&/�CJ1E*,(0\7]
��\B�%I 9&C,* [�AP#
�54*4.�&a , Nxt}(|;:(O9U\LI,68(j=>AK;<(QA2C V.(7C,(06>9U=LA21.CJ\B9&C,*�CJ1&=�AKC�I,C,AM=�1&D

N
V.(7C,(06>9U=LA21.CJ\�# A2C�=L4,A2\+\8I,a,\L(0H0=LA21.C�1.C,/MP , ] [�(0=YI,\:*,(7CJ1&=>(

dk,i

#
i = 1, . . . , k

, N =>4,(
9&/2V.(0a,6>9UA2HG*,A2\R=T9&CJH7(dH71!-.(06L(7*�a�PQ=>4,(PR}6L1!tpC,A29&Cj;:1&=>AK1.C,\p*,I,68A2C,V

zk

V&(7C,(06>9U=LA21.C,\l9&/21&C,V
=>4,(

i
=>4 a,6L9&C,HT4�]5^W4,(B*,AK\8=>68A2a,IE=>A21&C)1&D

dk,i
A2\�>G9&I,\8\LAz9UC)tpAK=L4�;<(79&C

0
9&C,*~-U9&68Az9&CJH7(

σ2zk

N,tp4J(76L(Gtr(dIJ\L(G=>4,(GC,1&=>9U=>AK1.C
θ = σ2N

]
^ 1j(0\8=>9&a,/2AK\L4)9�/21!tr(76daq1&I,C,*)1UDx=>4,(Y-U9&6LA29&C,H0(<1&Dx(7\8=LA2;<9U=>1&6L\G1&D

θ
N_tr(<DF1./K/21!t
=L4,(

\>9&;:(</KA2C,(0\c1UDW3,6L1?1&DF\c9&\c� I)9&C,* [�A^#
�<4+4.�&a , ]k^W4,A2\c9&3,3,681�9&HT4~H01.C,\8A2\8=L\w1&DW9&\L\8I,;<AKC,V
=>4%9U=l9&/K/ (�-.1./KIJ=>AK1.C%9&6RPk(0-&(7C�=>\G9&68(c1&a,\L(068-U9&a,/K(&]	F�1.6L(c3,6L(0H7AK\L(7/MP.N[t}(cH71.C,\8A2*,(06�=L4%9U=l=L4,(
=>6LIJ(Q=L1.3q1&/21.V&P~1&DX=>4J(jV.(0C,(O9&/K1.V&P�AK\<yhC,1!tpCu9&\Ytr(7/2/�9&\Y=>4,(�ChI,;oa[(76Z1UDXV.(0C,(76L9U=>AK1.C,\
aq(�=St}(0(7C�H71.9&/2(0\LH7(0C�=o(0-&(7C�=>\ {zk, k = 2 . . . n} Ne9&CJ*)=>4,(<9&/KV.(7a,6L9&A2HY*,AK\8=>9&C,H7(0\wH01#-&(768(7*ahP R}6L1!tpC,A29&C ;<1&=LA21.CJ\+9&/21&C,V@(O9&HT4�a,6L9&C,HT4 {dk,i, k = 2 . . . n, i = 1 . . . k} ] " I,HT4 9
\8=T9{=>A2\R=>AKHO9&/q;<1?*,(7/qA2\WH79&/2/K(7*�=>4J(dH01.;:3,/2(�=>(XH79&\L(Ga�P��f/2(0A2CB(0=�9&/ ]�#
�<4+4+4 , AKC�=>4,(GH01.C�=>(E8?=
1&D =>4,(+AKC7A%C,AM=>(7/MP�bS;<9&C�Phb�\LAM=>(7\�;<1?*,(0/ ]G^W4,A2\f;:1?*,(7/_H71.C�=T9UA2C,\f;:1.6L(wA2CJDF1.68;Z9{=>A21&C,\n=L4%9&C
=>4,(WAKC,H71.;:3,/K(0=>(r;<1?*,(0/Jtp4,(768(W=>4,(W1.aJ\L(76R-U9U=>AK1.C,\ 9&68(x=>4,(W68(7\LIJ/K=>AKC,VX-U9&/2IJ(7\`1&D =>4J(�R}6L1!txb
C,Az9&Cj;<1&=LA21.CJ\l9U=l=>4,(w=LA23,\�1&D =>4,(c=>6L(0(&]LR}(0HO9&I,\8(+=>4,(o*JA2\8=L6LAKa,IJ=>AK1.Cj1UD`=>4,(w=L1.3[1./21.VUP�AK\
A2C,*,(03q(0C,*,(0Ch=n1.C

N
9&C,*

σ
NJtr(dHO9&CQ6L(0\8=>68A2H�=p1.I,6L\8(7/M-.(7\p=>1+=L4,(G\LI,a,\8(0=�1&D_*%9U=T9

S = {zk, dk,i; k = 2 . . . n; i = 1 . . . k}.

>GAM-.(7C
S
N,=>4J(d/KA2yU(7/2AK4,1?1E*<HO9&CQaq(fH01.;:3,IJ=>(0*j9U\pDF1&/2/21!tp\

L(σ2, N ; S) =

n
∏

k=2

(

k
∏

i=1

1√
2πσ2zk

e
−

d2
k,i

2σ2zk

)

k(k − 1)

2N
e−

k(k−1)zk
2N

=

n
∏

k=2

(

1√
2πσ2zk

)k

e
− dk

2σ2zk

k(k − 1)

2N
e−

k(k−1)zk
2N

# IJ] 6 ,

tp4,(768(
dk =

k
∑

i=1

d2
k,i.

�O� �



IE] �,] � " ^W�
F��`^W�
�f� Rr� " � � �f� [�������[��H%	�L�f�
^W4,(G/21.V./KA2yU(7/2AK4,1?1E*:A2\

log L = C − (n − 1)(n + 2)

4
log σ2 − 1

2σ2

n
∑

k=2

dk

zk

−(n − 1) log N −
n
∑

k=2

k(k − 1)zk

2N

# IJ] 4 ,

tp4,(768( � AK\<AKC,*,(73[(7CJ*,(7C�=�1UD
N
9&C,*

σ
] ^W4,(|��AK\L4,(06 � \<AKCJDF1.68;Z9U=LA21.C�;<9U=L6LA�8�HO9&C aq(

*,(7*,IJH7(7*oDF681.; (0g?I,9U=>AK1.CK# IJ] 4 , a�PdH71.;:3,IJ=LA2C,Vp=>4J(r\8(7H71&C,*+1.6L*J(76 *,(768AK-U9U=>AM-.(0\�9&CJ*c=T9Uy?AKC,V
=>4,(G1.3,3[1.\8AK=>(f1UD_=L4,(7AK6W(E8E3q(0H0=L(7*�-U9&/KI,(7\

I(N, σ2) =

(

n−1
N2 0

0 (n−1)(n+2)
4σ4

)

� � � �  � � 
�����1 � �
�
8 � � 3 	 � � � 8 /�6

�
/21 � 4%1 � �

�
4%1 8 � � 3 	 � � � 8 /�6 � ����� � ��/ � 4 /21 8 � � � /
	�	

9 1 	�4 /�6
�
�
�
6�� 4�� / � �

� θ̌n

� � θ
476 	���9 1 �

�
� 	

�
	 ��� 	 �

V ar[θ̌n] ≥ (n + 6)

(n − 1)(n + 2)
θ2.

# IJ]0�<) ,

^W4JA2\`a[1.I,C,*:A2\`9U\8P?;<3E=>1&=LA2HO9U/2/KPd3,681.3[1.68=LA21.C%9U/?=L1
1/n

tp4,AKHT4:AK\e=>4,(W=SP?3,AKHO9&/J-U9&68Az9&CJH7(
1&D 9&CB(7\R=>AK;Z9U=L1.6va,I,A2/K*B9&H0H71.68*,A2C,Vc=>1+A2CJ*,(73[(7C,*J(7C�=p1.a,\8(768-U9U=LA21.CJ\7]e��=WH79&CBa[(XH71.;:3%9&68(7*
=>1�9@\LAK;<AK/z9&6daq1&I,C,*�DF1.I,C,* a�P �%I 9&C,*G[�A&#H�54+4.�&amNv(0g ] #?'&� ,3, A2C~=L4,(BA2CBA%C,AK=L(�;<9&C�P
\LAK=L(7\k;:1E*,(0/G9&\8P?;:3J=>1U=>A2H79&/2/MP�(0ghI%9&/f=>1

1/ log n
] ^W4,(5*,A01q(768(7C,H0(sa[(0=Str(7(0C =>4,(�=Str1

6L(7\8I,/K=L\rAK\}9dH71.CJ\L(7ghI,(0C,H7(f1UD�=>4,(n\8=>9U=>AK\8=LA2HO9U/%3,6L1.3[(76R=>AK(7\v1&D�=>4J(�� 1.A2\8\L1.C�3J6L1?H7(7\8\7]`�SCZ=L4,(
A2C7A%CJAK=>(0/KP�bS;<9&C�P�bS\8AK=>(0\l;:1E*J(7/ N[=>4,(YghI%9&C�=LAK=SP@1&DvAKCJDF1.6L;<9U=LA21.C�*,(73[(7C,*J\c/KA2C,(79&6L/MP�1&C�=L4,(
=>A2;:(G(7/29&3,\L(0*|\LAKC,H7(d=>4,(c6L1?1&=�1&De=>4J(c=>68(7(U]�^W4hI,\0Nm=>4,(cghI%9&C�=>AM=SP�1UD A2CJDF1.68;Z9{=>A21&CBA2C�=L4,(
H71.;:3,/2(�=>(�H79&\L(BAK\o3,681.3q1&68=>AK1.C%9&/ =>1@=L4,(B/2(0C,V&=>4�1UDn=L4,(�=>68(7(�tp4,AKHT4 A2\Y9&\RPE;:3J=L1&=>AKHO9&/K/KP
(7ghI%9&/[=>1

1/ log n
]`�SC�=L4,(-R}681!tpC,Az9&CB;:1?*,(7/ Nh=L4,(fghI%9&C�=>AM=SPZ1UD�A2CJDF1.68;Z9{=>A21&C<AK\}H71&C,\8=>9&C�=

1.C~9&C�P5a,6L9&C,HT4~\8(7V.;:(7C�=caq(0HO9&I,\8(�1&Dx=L4,(:6L(7\8HO9&/KA2C,VQ3,681.3q(068=SP51&D�Rr6L1!tpC,Az9UC);:1&=>AK1.C,\7]
^W4?IJ\7N =>4,(BghI%9&C�=LAK=SP~1UD�AKCJDF1.68;Z9U=LA21.C5a,681.I,V.4�=Ya�P~=>4J(
R}6L1!tpC,A29&C�;<1U=>A21&C,\o9&/K1.C,Vj=L4,(
O(n2)

a,6L9&C,HT45\L(7V&;<(0Ch=L\GA2\X3,681.3[1.68=LA21.C%9U/_=>1
n2 ]o^W4,(YA2CEDF1.6L;<9U=>AK1.CjH01.C�=T9&AKC,(7*�AKC�=L4,(A2C�=>(06LH71.9&/2(0\LH7(0C,H7(<=>A2;:(7\cA2\c3,6L1.3[1.6R=>A21&C%9&/e=>1

n
9&C,*~V&AK-.(0\w=>4J(�;Z95S81.6cH01.C�=>68A2a,IJ=LA21.Cs=>1

=>4,(!�}6>9U;<(06RbH�n9&1+(0\8=>AK;Z9{=>(&]
�O� '



� %����`^�� � IJ] R ���p' �n�S�X� F �f��� [ " �X��� ���p��[ � " �	� ��^ " ^�� ���}^��	� � "
� � � ��� ��$�� �%� � !5� $%,0( ���%( ��� � $�� �0�

Fj9&6LyU1!-BHT4%9&AKC=FQ1.C�=>(!�x9&6L/K1�#?F ��F=� , ;:(0=L4,1E*J\p9&6L(fH01.;<3JIJ=T9U=LA21.C,9&/2/MPYA2C�=>(0C,\LAM-.(G\8=>9{b
=>A2\R=>AKHO9&/ ;:(0=>4J1E*,\c=>4%9U=o4%9O-.(B3,681#-&(7C \LIJH7H7(0\L\RDFI,/pA2C~(0\8=>AK;Z9{=>A2CJVj3%9&6L9&;:(0=>(06L\c1&Dn3q1.3JIEb
/z9U=LA21.C@V.(0C,(0=LA2H0\w;:1E*,(0/2\0]��%1.6fA2CJ\8=T9UC,H7(UN_=>4J(7\L(<;<(�=>4,1?*,\d4%9O-.(<6L(7H0(7C�=>/MP5aq(0(7C)IJ\L(7*)A2C
(7\8=LA2;<9U=>AKC,VX;oIE=T9U=LA21.C+6L9U=>(0\	# �fI,4,C,(06v(�=v9&/ ]MN �54+4 �+, N.V&(7C,(��%1!t 3%9U6>9&;:(0=L(76L\ # R}(7(06L/KA%9&C,*
� (0/2\8(7C,\R=>(7AKC�N '*)+)7� , N 1.6W=>4,(c*,A2\R=>68A2a,IJ=LA21.Ck1&D_=>4,(d=>AK;<(f\8A2C,H0(c=>4J(c;:1.\8=n68(7H7(0C�=fH71.;:;:1.C
9&C,H7(0\8=L1.6p1&De9+3[1.3,I,/29U=>AK1.CM# ^_9O-U9&6��UN�'*)+)7��
 >G68A �Y=>4J\p9&C,*Q^�9O-U9&6��UN��54+4&�.9 , ]

� � � � ��� � � �O$. � � ��� � � �XI,6+9&3,3J6L1�9&HT4 AK\w\LAK;<AK/z9&6f=L1|=>4,(B1.CJ(�*,(7\8H768A2a[(7* A2C #H�5I&� , ]
�SCs1.68*,(76G=>1QH71&;<3,IE=>(+=>4,(:/2AKy&(0/2A24J1E1?*|1&D

θ
N_9&C)AK;<3[1.6R=T9&C,H0(o\>9U;<3,/KA2C,VB;:(0=L4,1?*sAK\c9U3Eb

3,/2AK(7*�]j's(�I,\8(�=>4,(�FQ(0=>681.3[1./2AK\RbH%�9&\8=LA2C,V&\Z#2F=% , 9U/2V.1.68AK=L4,;�DF1.6o*J6>9OtpA2C,Vj\>9&;:3,/2(0\o1&D
V.(7C,(79&/21&V.A2(0\

G1, G2, . . .
DF681.;
=L4,(GA2;:3q1.6R=T9&CJH7(X*,AK\8=L6LA2aJIJ=>AK1.C

q(G) = p(G|D) ∝ p(D|G)p(G|θ0)

tp4,(768(
θ0
A2\c9&C~AKC,AK=LAz9&/ -U9&/2I,(U] �fIJ6o9&3,3J6L1�9&HT4s=>1jAK;<3[1.6R=T9&C,H0(Y\>9&;:3,/2AKC,VQA2\da%9&\L(0*~1.C

=>4,(XH01.C,*,AM=>AK1.C%9&/ H71.9&/2(0\LH7(0C�=O] �x=x=>4JA2\}\R=T9&V&(&NEtr(fI,\8(G9��04�	 	:6 6�/
� 3 	 ��� A2;:3,/K(7;:(7C�=T9U=LA21.C
#2�p1.aq(068=d9&CJ* �x9&\8(7/K/z9JN �54+4*4 , ]+^W4,(:\8=L6>9U=L(7V&P�H01.C,\8A2\8=L\G1&Dx68(7;:1#-?AKC,VQ9Q\8A2C,V./K(oA2C�=L(76LC,9&/
C,1E*J(Q1UD�=L4,(B=>6L(0(

G
9U=:(O9&HT4�3,681.3q1&\>9&/W\R=>(73mNx9&C,* =>4J(7C�\8A2;oIJ/z9U=LA2C,Vj=L4,(kH71.CJ*,AK=LA21.C%9U/

H71�9&/K(7\8H7(7CJH7(c=LA2;:(f1&D�=L4,A2\pC,1?*,(GV.AM-.(7CQ=>4%9{=n=L4,(d1&=>4,(06W=>A2;:(7\p68(7;<9&A2CkI,C,HT4,9&C,V.(0*�]x^W4,(
6L(7;:1!-.(0*|C,1?*,(cAK\n=L4,(768(0DF1.68(c6L9&C,*,1&;</MPB6L(0A2C�=>681E*,IJH7(7*�A2C�=>1:=>4,(G=>68(7(dtpAK=>4QAK=L\�CJ(0t H71.9{b
/2(7\8H7(0C,H7(G=>AK;<(U]

>fAK-&(7C
M
=L6L(0(7\7N,tr(dH71.;:3,IJ=L(d68(7/29U=>AM-.(X/KA2y&(0/2AK4,1E1?*,\}9&\WDF1./2/K1#tp\

L(θ)

L(θ0)
≈ 1

M

∑

i

p(Gi|θ)
p(Gi|θ0)

.

�SC:1&6L*,(06�=>1f\8I,3,3,68(7\L\ =>4J(W*,(73[(7C,*J(7C,H0(n1&C
θ0

NU=>4,AK\eA2C,AM=>A29&/h\L(0=8=>AKC,VfA2\eyU(73J=v1.CJ/KPc*,I,6LAKC,Vf9
3,6L(0/2A2;:A2C,9&68P+\L9&;:3,/2AKC,V,] ^W4,(7CQ9w;<9W8EA2;oIJ; /2A2yU(7/KA24,1?1E*+-U9&/KI,(

θ1

a%9U\L(7*k1.C<=>4,AK\}\>9U;<3,/K(
A2\WDF1.I,C,*m]x��\8(7H01.C,* Fj9U6Ly&1!-QHT4%9&AKCj\R=T9&6R=>\pDF6L1.;

θ1

N[9&C,*j9:CJ(0t ;<9W8EA2;oI,; /2AKy&(7/KA24,1?1?*
-&9U/2I,(

θ2

A2\GDF1.I,C,*�N`(�=>HU]|�l\o\8I,V.V.(0\8=L(7* a�P �fI,4,CJ(76o(�=+9&/ ] #
�<4+4 �+, N_tr(B6LI,C �<)j\L4,1&68=
HT4%9&A2CJ\�9UC,*B=St}1:/21.CJV.(76W1.CJ(7\n9U=p=>4,(f(0C,*j1UD_=L4,(G6LI,C�]

�O���



IE] �,] � " ^W�
F��`^W�
�f� Rr� " � � �f� [�������[��H%	�L�f�
� � � � � �#� �X9{=T9&\8(0=>\ tr(76L(pH06L(O9{=>(7*Z9&H7H01.6L*JA2C,VX=L1G=L4,(p\>9&;:(W3,681EH0(7*,I,68(n9&\`=>4,(W1.CJ(nIJ\L(7*
A2C " (7H0=LA21.C � ] 'E]u^�9&aJ/2( IJ] �)6L(73[1.6R=>\:\LA2;wI,/z9U=LA21.C 68(7\LIJ/K=>\<6L(0V�9&6L*JA2C,V5=>4,(�H71.C�-.(06LV.(0C,H7(
1&Dx=>4J(
F ��F ��(7\R=>AK;Z9U=L1.6

θ̄
DF1.6c\>9&;:3,/2(:\LA0.7(0\

n = 20, 50, 100, 200
9UC,*~3%9&6L9&;:(0=>(06L\

θ = 1, 2.5, 5
]�RrAz9&\8(7\�9&C,*j\R=T9&CJ*%9&6L*�*,(0-?A29U=>AK1.C,\�9&6L(d6L(03q1.6R=>(0*�]W�SC�=L4,(7\8(o(E8E3[(76LAK;<(0C�=>\7N

=>4,(:\8=>9&68=LA2C,VB-U9&/2IJ(Yt}9&\d\L(�=c=L1
θ0 = 3

]Z�%1.6G\L;<9&/2/e\L9&;:3,/2(+\8A/.7(0\K#
n ≤ 50

, N =L4,(:a,Az9&\
9&3,3[(O9&68\c=>1jaq(�/K1!tG]j^W4,AK\oHO9&C)aq(�(98E3,/z9&AKC,(7*~9&\c=L4,(�\L(�=+1&DpV.(0C,(O9U/21.V.AK(7\dA2\cH71.686L(7H�=>/MP
(E8E3,/21&6L(7*mN�9&C,*�=>4,($F�1.C�=>(��x9U6L/21 Fj9&68y&1!-jHT4,9&A2C|68(O9&HT4J(7*@\8=>9U=>AK1.C%9&68AK=SP&]��%1.6

n ≥ 100
N

=>4,(W9U/2V.1.68AK=L4,; V.(0=L\e\8=LI,HTywAKCo/21?HO9U/E1.3E=>A2;<9�;:1.68(rDF6L(0ghI,(7C�=>/MP.]e^W4J(W\8=T9UC,*%9&68*+*,(0-?Az9{=>A21&C,\
*,(7H06L(O9U\L(�9U\d=L4,(Y\>9&;:3,/2(Y\8A/.7(0\cAKC,H768(O9&\8(:DF681.;

n = 20
=L1

n = 50
]Z� 1&6d/29&6LV&(+\>9&;:3,/2(

\LA/.0(7\0N[\8;Z9U/2/m-U9&68Az9&C,H0(7\p;<9!P�A2C,*,AKHO9U=L(X=>4%9{=n=L4,(c9&/2V.1&6LAK=L4,; 4%9&\p*,A �:H0I,/K=LA2(7\W1UDe(7\8HO9&3JA2C,V
DF6L1.; =>4,(GA2CJAK=>A29&/[\L(0=8=>AKC,V.\7]

�SC 9�\L(0H71.CJ* \8(76LAK(7\k1&Dd(E8E3[(768A2;:(7C�=>\0N�=>4J(�9&/2V.1&6LAK=L4,; tx9U\Q68I,Cu\L(�-.(76L9&/X=>AK;<(0\�1.C
=St}1�*,A�1m(06L(0Ch=�\LA2;wI,/z9U=L(7*�*,9U=T9&\8(0=L\ #

n = 100, θ = 50
, ] �SC�=>4,( A,6L\8=�*%9U=T9U\L(0=7Nn=Str1

*,A01q(768(7C�=:\LI,a,3[1.3,IJ/z9U=LA21.C,\Y9U6L(k(7;:(768V.A2C,V|tp4J(76L(79&\Y=>4,(06L(�9&6L(kC,1�*,AK\8=>AKC,H0=YH0/2I,\R=>(06L\:A2C
=>4,(k\L(0H71.CJ*�1.C,( # ��A2V.IJ6L(
IJ]�� , ] �SC�1.6L*J(76+=>156L(0H71.C,\R=>68I,H0=:=>4,(k*,(0(73 a,6>9&CJHT4,(7\:1&Dl=L4,(
=>6L(0(&Nq;<1.68(cAKCJDF1.68;Z9U=LA21.CBAK\l3,68(7\8(7C�=fA2CQ=>4,(LA%6L\R=f*%9U=>9&\L(�=l=L4%9&CjAKCj=>4J(w\L(0H71.CJ*@*%9U=T9U\L(0=7]
^W4,(+9&/KV.1.6LAM=>4,;
aq(04%9O-.(7\f*JA01q(76L(0C�=>/KPQAKC�=>4J(w=St}1BH79&\L(0\7]l'u4JA2/2(G=>4J(o(7\R=>A2;<9U=LA21.CQ1&D

θ
AK\

g?IJAK=>(pV.1?1?*YDF1&6e=>4,(�A%6L\R=v*%9U=T9U\L(0=7NEAM= A2\`AKC%9&H7H0I,6>9{=>(WDF1.6`=>4,(p\8(7H71&C,*�*%9U=>9&\L(�=	# ^_9&a,/2( IJ] �+, ]
^W4,A2\xAKC,*,AKHO9U=L(7\r=L4%9U=WaJ6>9&C,HT4J(7\pH7/K1.\L(l=L1o=>4,(l6L1?1&=x;<9OPZ4%9O-&(G9o\8=>681.C,V+AKC �%I,(0C,H7(f1.C�=L4,(
-&9U6LAz9UC,H7(f1&D =>4J(d(0\8=LA2;<9U=>1.60]

(a) spatial location
−20 −15 −10 −5 0 5 10

0
5
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(b) spatial location
−20 −10 0 10

0
2

4
6

8

��A2V.IJ6L(&IJ]��+C�%�AK\8=>1&V.6>9&;:\W1&DQ'Y\L9&;<3J/2(7\p\8A2;oI,/29U=>(0*Q9&H7H01.6L*,AKC,V+=>1Y=>4,(!R}681#tpCJAz9&CQ;<1?*,(0/1.CcH01�9&/K(7\LH0(7C�= =>6L(0(7\0]e^W4,( A%6L\R=�*%9{=T9p\L(0= # 9 , (98E4,A2a,AM=>\�=Str1l*,AK\8=>AKC,H0= H0/2I,\R=>(768\ tp4J(76L(79&\_=L4,(\L3%9U=LAz9&/[*,AK\8=>68A2a,IE=>A21&C<1&D�=L4,(X\8(7H71&C,*k1.C,(�#Fa , A2\r;<1&6L(lIJC,AKDF1.68;�]_^W4,(768(G9&6L( � )w68(7\LIJ/K=>AKC,VA2C,*,AM-?A2*,I%9U/2\x9UC,*
θ = 50

A2Cka[1&=>4k\8A2;oI,/29U=>AK1.C,\0]

�O�.�
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θ n mean(θ̄) s.d.(θ̄) 5th percentile 95th percentile
1 20 .99 .29 .60 1.63

50 1.07 .074 .57 1.63
100 1.44 .34 .78 2.15
200 2.95 1.06 1.31 5.04

2.5 20 2.7 1.4 1.23 6.04
50 2.36 .45 1.52 3.29
100 3.16 .97 1.73 5.62
200 3.03 .66 1.89 4.29

5 20 4.2 1.16 1.70 5.88
50 3.89 1.93 1.55 7.90
100 3.38 .97 1.97 5.36
200 3.25 .61 2.35 4.47

^�9&aJ/2(^IJ] �7C �`6L1.3[(76R=>AK(7\}1UDm=>4J(-F ��F ��(0\8=>AK;Z9{=>1.6
θ̄
]e� 1&6r(79&HT4Z-U9&/2IJ(�1&D

θ
9UC,*

n
NJ;:(O9&C9&C,*k\8=>9&C,*%9&68*�*J(0-?Az9U=LA21.CJ\p9&6L(G(0-U9&/KI%9U=L(7*BDF6L1.; � )+\LAK;oI,/z9{=>(7*B*,9U=T9&\8(0=L\7]

*%9U=>9+\L(0=!� *,9U=T9+\L(�=	';:(O9&C � 4J] � 4&�J] �\8=>*m] *,(�-[] '+'E] � �*)J] 4;:(7*,A29&C �&� 6 �� =>4k3[(768H7(7C�=LA2/2( �.�J] � �+4J] � �
4 � =>4k3[(768H7(7C�=LA2/2( 4 'E] I �7� 4J] �
^�9&aJ/2(NIJ] � C �`6L1.3[(76R=>A2(0\c1UDW=>4,(ZF ��F � (7\R=>A2;<9U=L1.6

θ̄
N � )�(7\R=>AK;Z9U=LA21.CJ\d4,9!-&(�a[(7(7C)6LI,C1.C~(O9UHT4�*,9U=T9j\8(0=7]5�SC�*,9U=T9j\8(0=
�.N_=St}1�H7/KI,\8=L(768\+9&6L(Z(7;:(76LV&A2C,VQtp4,(768(O9&\+C,1@*JA2\8=LA2C,H�=H7/2IJ\8=>(06L\r9&6L(n\L(0(7CBAKC<*%9{=T9c\8(0= 'E]e^W4,(�(7\R=>A2;<9U=L1.6 A2\ ;<1&6L(n9&H7H0I,6>9{=>(l1&CZ*%9U=>9c\8(0=^�.]e^W4,(=>6LIJ(G-U9&/KI,(fA2\

θ = 50
NE=>4,(GA2CJAK=>A29&/ -&9U/2I,(

θ0

4,9&\paq(0(7CQ\L(0=�I,3k=>1
θ0 = 70

]

�O� �



IJ] � ] " �[�`^W�S��[~�l� " � � � " ��[QC[��� � [��
�}�`^W�
�G� ^ ��� R}�
�-[ �&>G�
�}�	[~�W�`^_� " �`^
�Z��� � � �&� � � 	 �K� � � � � � � 	�� � � � 	 �D� �&� �E�P� � � � � �E� 	 � �!��� � 	

� �-��� � � �

� \R=>AK;Z9U=LA2C,VY=>4J(+9&;:1.I,C�=f1&D \83%9U=>A29&/ *,A2\83q(06L\LAK1.C|1&Dv9�\83q(0H7AK(7\7N
σ2 NmAK\XH768I,H7A29&/ DF1&6l;<9&C�P(7H71&/21.V.AKHO9&/�\R=>I,*JA2(7\0]e^�t}1X-&(768Pw*,A01q(768(7C�= 9&3J3,6L1�9UHT4,(7\�=L1X(7\R=>AK;Z9U=LA2C,Vp=>4JA2\�3,9&6>9&;:(0=L(76_HO9&C

aq(�I,\L(0*TC^#
� , *,A268(7H0=};<(�=>4,1?*,\xIJ\LA2CJVo*,A268(7H�=x1.a,\8(76R-&9{=>A21&C,\}1&D�;:1!-?A2C,VoAKC,*,AM-EAK*,I%9&/K\^# (&] V,]MN
-EA29+;Z9&68yB9&C,*�6L(0HO9&3J=LI,6L( , N[9&C,* #?' , AKC,*,AK6L(7H�=n;<(�=>4,1?*,\pI,\LAKC,V:V.(7C,(�=>AKHd*,9U=T9+DF6L1.;
\>9&;+b
3,/2(0\l1&DvA2CJ*,AK-?A2*JI%9&/2\0]l��A26L(0H0=f;:(0=L4,1?*,\lH79&C@4,(7/K3j=>1B*J(0=>(06L;:A2C,(d=>4,(w\L3%9U=LAz9&/ 3%9U=8=>(06LC@1&D
*,A2\83q(06L\LAK1.Cw*JI,6LAKC,V�=L4,(}\R=>I,*JP&N�9&C,*wHO9&Co*J(7/2AM-.(06_AKCJDF1.6L;<9U=LA21.CG9&a[1.IJ= -.(068Pc6L(0H7(7C�=`4JA2\8=L1.68P&]
%�1!t}(�-.(067N`=>4,(06L(B9U6L(<9&/2\81j1.a�-?A21.IJ\o\L4,1&68=>H01.;:;<AKC,V.\DCc^W4,(�;:1!-.(7;:(7C�=L\o1&DWAKC,*,AK-?AK*,I%9&/K\
;Z9OP@a[(Z9U68=>(�D 9&H0=L\c1UD}=>4J(<\R=>I,*JP&N_=L4,(Z9UH7H7IJ6>9&H�Ps1UD}=>4J(<3%9U6>9&;:(0=L(76G(7\R=>A2;<9U=L(7\G;Z9OP@a[(
\L;<9&/2/ NJ9&CJ*�\8;Z9&/K/m*,AK\L3[(768\>9&/�6L9U=>(0\n;<9OP�a[(GI,C,*,(�=>(7H�=T9&aJ/2(&]

" (0-.(06>9&/ AKC,*,A268(7H�=`;<(�=>4,1?*,\etr(768(n*J(0-.1U=>(7*:=>1f=>4J(W(7\8=LA2;<9U=>AK1.Co1&D
σ2 a%9&\8(7*:1.CY;<1./K(7H bI,/z9&6l*%9U=T9E] " /z9{=>yhA2C #H�54+4.� , \L4,1!tr(7*5=>4%9U=fDF1&6G9&/2/K(7/2(dDF6L(0g?IJ(7C,H�P�*%9U=T9EN�I,C,*,(06c9Z-U9&68A2(�=SP

1&D *,A2\83q(06L\>9U/m;:1E*,(0/2\0NE=>4J(76L(fAK\W9&CQ9&3,3J6L1<8EA2;<9U=>(0/KP:/2AKC,(O9&6r/21.V{bS/21&Vc68(7/z9{=>A21&C,\L4,AK3Za[(0=Str(7(0C
=>4,(|3J6L1?*,I,H0=�1&Df=>4,(j(�1q(7H0=LAK-&(|\LA0.7(@9&CJ* ;<AKV.6>9U=LA21.C 6L9U=>(0\

Nemij

aq(�=St}(0(7C 9)3%9&AK6Z1&D
3q1.3JI,/z9U=LA21.CJ\

i
9&C,*

j
9&CJ*Q=L4,(7AK6WV.(71.V&6>9&3,4JA2Hf*,AK\8=T9UC,H7(UN

Dij

N%C,9&;<(0/KP�C

log Nemij = a + b log Dij

� \8=T9{=>A2\R=>AKHO9&/K/KPk\LAKV.C,A�A%HO9&C�=fCJ(7V�9U=LAK-&(+6L(7V&6L(7\8\LAK1.C�H71?( �:H7AK(7C�=ON
b
N�A2CJ*,A2H79U=>(0\l=>4%9{=G;<AKV.6>9{b

=>A21&CZa[(0=Str(7(7CQ3[1.3,I,/29U=>AK1.C,\vaq(0H71.;:(7\x/K1!t}(06W9&\}=L4,(7AK6}V.(01.V.6>9U3,4,A2H�\L(03%9&6>9{=>A21&C�A2C,H06L(79&\L(0\7N
*,I,(Z=L1|A2\81./z9U=LA21.C5a�P~*,AK\8=>9&C,H7(U]@^W4,A2\wA2C,*,AKHO9U=L(7\d=>4%9U=c=>4,(Z6L(7V&6L(7\8\LAK1.C�H71?( �:H7AK(7C�=+H01.CEb
=T9&AKC,(7*<A2CJDF1.68;Z9{=>A21&C<9Uaq1.IE=}=>4J(X3%9&6L9&;<(�=>(06

σ2 ]Y�n1.IJ\L\L(�=!#
�54*4 �+, A2C�=>681E*,IJH7(7*�9w;<(�=>4,1?*a%9&\L(0*o1.Cd=>4,(vH71.;:3,IJ=>9U=>AK1.Cd1&D
F
bS\8=>9U=>AK\8=LA2H7\�tp4JA2HT4o(98J3J/21.AM= " /z9U=Ly?AKC � \ AK*,(O9E];%n(}1.aJ=>9&A2CJ(7*

9&C�9&3,3J6L1<8EA2;<9U=>(0/KP@/KA2C,(79&6c68(7/29U=>AK1.C,\L4JA235aq(�=St}(0(7C
Fst

9&C,*)=L4,(Z/K1.Vj1&DW=L4,(ZV&(71.V.6L9&3,4,AKH
*,A2\R=T9&C,H0(&]+^W4,AK\GV�9O-.(:9B3,6>9&H�=>AKHO9&/e;:(0=L4,1?*51UD}(0\8=>AK;Z9{=>A2CJV

dσ2 N�tp4,(768( d
A2\X=L4,(Y3q1&3,IEb

/z9U=LA21.Ck*,(0C,\LAM=SP�3[(76�\LI,6RD 9&H7(cI,C,AM=O]��p1.I,\L\8(0=�#2'*)+)7� , 3J6L1!-?A2*,(0\X9<68(7H0(7C�=f\LIJ68-.(�Pj1UD`1&=>4J(76
;<(�=>4,1?*,\`9O-U9&A2/29&a,/K(vDF1.6�(7\8=LA2;<9U=>AKC,V

σ2 Nh9&C,*+*,AK\LH0I,\L\8(7\ =>4,(W/KA2;:AK=T9{=>A21&C,\�1&D (O9UHT4<;:(0=L4,1E*m]� 1&6lA2CJ\8=T9UC,H7(UNq=>4J(+9&a[1#-&(+;<(�=>4,1?*|4%9U\l=>4,(w*,6>9Otpa%9&HTy�1&Dv9&\8\LI,;:A2C,V<t}(0/2/�68(7H01.V.C,A0.O9&a,/K(
*,(7;:(7\ 1&Dq\L(�-.(76L9&/[A2C,*,AM-?A2*,I%9U/2\7N&9&C,*:(7\R=>A2;<9U=L1.6L\ea,9&\L(0*Z1.C

Fst
;<9OP+4%9O-.(n4,AKV.4+-&9U6LAz9UC,H7(U]

�SC�R}681!tpC,Az9&CZ;<1?*,(7/K\7N?=>4,(X*JA2\L3[(768\>9&/m3%9&6>9U;<(�=>(76rA2\x*J(�A%C,(0*Q9&\Waq(0A2C,Vc=>4,(f\R=T9&C,*,9&6L*
*,(0-?Az9{=>A21&C:AKCZ9G;:1E*,(0/,tp4,(768(�=L4,(�/K1EH79U=>AK1.C,\`1&Dm1*1q\L3,68A2C,VGDF1./2/K1!t}(0*YDF681.; 9G3,6L1.a,9&a,A2/KA2\R=>A2H

�O� I
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*,A2\R=>6LAKa,IJ=LA21.CdH7(0Ch=L(768(7*<9&6L1.IJC,*o=>4,(}3%9&6L(0C�=O]e�%(0/2\L(0C,\8=L(7AKC�#
�54 �&�+, 68(73[1.68=L(7*o=>4J(x(E8EA2\R=>(0C,H7(
1&D�H7/KI,;<3J\xA2C�\8A2;:A2/29&6 H71.C�=>AKChI,1.I,\W;:1E*J(7/2\r1&D�A2\81./z9{=>A21&CZa�P�*,AK\8=>9&C,H7(UN%9&C,*B\81.;:(X6L(0V.I,/z9#b
=>A21&CB1&D_=L4,(d*,(7C,\8AK=SPB1UD�AKC,*,AK-?AK*,I%9&/K\x;<AKV.4�=Wa[(c9U*,*,(7*QA2CB-?A2(�t 1&D_6L(79&/2AK\8=LA2HX9U3,3,/2AKHO9U=LA21.CJ\
#2Rx9&6R=>1.C<(0=x9&/ ]MNB'*)+) ' , ]QR}681#tpCJAz9&C<;<1&=LA21.CJ\r9U6LA2\8(�C,9U=>I,6L9&/2/MPYA2C<H71.C�=>AKChI,1.I,\r/2A2;:AK=L\�DF6L1&;
=>4,(��GAK;oI,6L9 � \v\8=L(73�tpA2\8(f;<AKV.6>9{=>A21&C+;<1?*,(7/K\�# Rx9&6R=>1.C�(�=W9&/ ]KNB'*)*) ' 
E�l9&V&P?/29&yhA NB'*)+) ' , ]e�SC
=>4,(0\L(ltr1.6Lyh\0NJ=>4,(X9&IJ=>4J1.6L\xIJ\LI%9&/K/KPY\R=>I,*JP<=>4,(�H71.CJ*,AK=LA21.C%9U/[H01�9&/K(7\LH0(7C,H0(l=>AK;<(nV.AM-.(7C�=L4,(
\L3%9U=LAz9&/m/21?HO9U=LA21.C,\}1&D�=Str1Z1.6W;:1.68(dAKC,*,AM-EAK*,I%9&/K\7]`^W4,(G=SP?3,A2H79&/�H71&C,*,AK=LA21.C,9&/m*,AK\8=L6LA2aJIJ=>AK1.C
4%9&\nA2C7A%CJAK=>(f;:(O9UC�N 9&C,*�4,(7C,H0(cAK\W-.(76RPQ*,A01q(768(7C�=�DF681.;
=L4,(cIJC,H71.CJ*,AK=LA21.C%9U/�H71�9U/2(7\8H7(0C,H7(
=>A2;:(7\<I,\L(0*uA2C�=L4,(@3,6L(0\L(0Ch=Q9U68=>AKH7/K(&] %�1!tr(0-&(767Nl9&/K=L4,1.I,V&4 R}6L1!tpC,A29&C ;:1E*,(0/2\<;<AKV.4�=
6L(73J6L(7\8(7C�=:9|6L1&I,V.4�9&3J3,6L1<8EA2;<9U=>AK1.C51&DW=>4,(Za,A21./K1.V.AKHO9&/`68(O9&/KAK=SP.N_AK=wA2\wIJ\L(0DFIJ/xaq(0HO9&IJ\L(B9
C?IJ;oaq(06p1&D_=L4,(71&6LA2H79&/�AKC,\LAKV.4�=>\p9&68(G9!-U9&AK/z9&aJ/2(&]

��\W9&CB(98,9U;<3,/K(&Nht}(fAK/2/KI,\8=L6>9U=L(7*:1.I,6x9U3,3,6L1.9&HT4�tpAK=L4B9o\>9&;:3,/K(�1&D�\83%9U=LAz9&/[/21?HO9U=LA21.CJ\
1&D�DF(0;Z9&/K(fa,6L1!tpC|a[(O9U6L\nA2C " HO9&CJ*,A2C%9O-?Az9E]}^W4,( " HO9UC,*,A2C,9!-?A29&C�aJ6L1!tpC|a[(O9&6p3[1.3,I,/29U=>AK1.C
4%9&\r9c\8=L6L1.CJVw3,4�P?/21.3,9U=>6RP<1UD�DF(7;<9&/2(0\7];%�(7CJH7(&N?=>4,(�\L3%9{=>Az9U/%/21?HO9U=LA21.C,\ 1&DqDF(7;<9&/2(0\rH79&CZa[(
=>4,1.IJV.4�=}9U\ra[(7AKC,Vc;<9U=L(76LC,9&/2/MPwAKC,4,(768AK=L(7*:/2A2yU(n9d4%9U3,/21.AK*+HT4%9&6L9&H0=L(767]`^W4J( " H79&C,*,AKC%9O-EA29&C
a,6L1!tpC~a[(O9&6d3[1.3,I,/29U=>AK1.CsAK\c\8I,a[*,AK-?A2*J(7*)AKCs=Str1|*,AK\8=>AKC,H0=c3[1.3,I,/29U=>AK1.C,\G/21?HO9U=L(7*)9U=c=L4,(
" 1.IJ=L4s9UC,*���1.6R=>4�1&Dr9&C�9&68(O9�H01#-&(768A2C,Vka[1&=>4 " tr(7*,(0C)9UC,*5��1.6Rtx9OP #F^�9Uaq(06L/2(�=f(0=d9U/ ]MN
�54+4&� , ]<^W4J(7\L(:=St}1�\LI,aJ3q1.3JI,/z9U=LA21.CJ\c9U6L(YA2\81./z9U=L(7*�a�P@=>4,(:*,AK\8=T9UC,H7(<9&C,*56L(0V.I,/z9{=>(7*5a�P
;Z9&/K(<;:A2V&6>9U=LA21.C@#F')9&AM=>\w(�=Y9&/ ]KN 'O)+)+) , ]�'s(B9&C%9&/MP .7(7* 9|\L9&;:3,/2(:1&D I&�|DF(0;Z9&/K(<a[(O9U6L\
/21?HO9U=LA21.C,\dA2Cs=>4,( " 1.IJ=>4 9U6L(O9E]@^W4,(7\8(B*%9U=T9jtr(768(B6L(0H71.68*,(7* 9&\c=>4,(B/29U=>AM=>I,*,(<9&C,*~=L4,(
/21.C,V&AK=>IJ*,(}1&D[AKC,*,AK-?AK*,I%9&/K\�9U=`=L4,(WA2CJ\8=T9UCh=e1&D[HO9&3J=LI,6L(p9UC,*+=>4,(0C:H01.C�-.(068=>(0*ZAKC+y?AK/21.;:(0=L(768\
# yh; , ]e�%1.6 =>4,AK\�*%9U=>9&\L(�=ON.=L4,(�Fj9&C�=L(7/J=L(7\8=e1&D A2\81./z9U=LA21.Cda�Po*,AK\8=>9&C,H7(rtx9&\`CJ1.C,\LAKV.C,A�A%HO9&C�=7N
9&C,*����������	�
�cV.AK-&(7\_9&Cw(0\8=LA2;<9U=>( 1&D

σ = 2
yh; #2�p1.I,\8\L(�=e9&CJ*$�n9!P?;:1.C,*�N �54+4 �+, N#tp4,A2HT4

A2\�C,1&= AKCw9&V&6L(7(0;<(0C�= tpAM=>4G=>4,(vyhC,1!tp/2(0*,V.(v1&DE=L4,A2\�3[1.3,I,/29U=>AK1.C�#F')9&AM=>\�(0=_9&/ ]KNO'*)+)*) , ]�^W4,(
(7\8=LA2;<9U=>AK1.Cd1&D =>4,(x(E1m(0H0=LAK-.(W\8A/.0(

Ne
A2\�9XH76LAM=>AKHO9&/h\8=L(73YAKD,1.C,(xAK\eA2C�=>(06L(0\8=>(0*+A2Co(0\8=LA2;<9U=>AKC,V

σ2 DF681.; θ
]<�SC5=>4,AK\f\8=>(03�N�;:1./K(7H7IJ/z9&6X*,9U=T9B3,/29!P@9&CsAK;<3[1.6R=T9&C�=f681./2(U]Y's(:I,\L(0*~9&\d9&C

(7\8=LA2;<9U=>(
Ne ≈ 50

# \8(7(x')9&AK=L\�(�= 9&/ ]MN 'O)+)+) , N&H71&C7A%6L;:(7*+a�Po9X;oI,/K=LA2/K1EH0I,\�;<AKH76L1&\>9U=L(7/2/KAK=L(
\8=>IJ*JP�=>4%9{=YV�9O-.(�9&C (98E3q(0H0=>(0*�4,1&;<1+.�P?V.1.\LAM=SP 9&a[1.IJ=�)J] � A2C�=>4JA2\YV.(71&V.6>9&3J4,A2H79&/x9&68(O9
#F=>4J(d;wIJ=T9U=LA21.CB6L9U=>(GH79&C�a[(G=T9&yU(7C|9U\

µ ≈ 10
(�b
'
# ��9&(�=>y{9&IQ(0=�9&/ ]MNT�54*4 �+,3, ]`')(G1.aJ=>9&A2C

θx = σ2Ne ≈ 4350
9&C,*

θy ≈ 3034
tp4,A2HT4k;:(O9&CJ\}=>4%9{=

σ ≈ 9− 10
yh; tp4JA2HT4BA2\};<1.68(

H71.C,\8A2\R=>(7C�=ptpAK=L4KA%(7/K*�1.aJ\L(76R-U9U=>AK1.C,\L#��e-U9�R}(7/K/2(7;<9&AKC�NE3J6LAK-U9U=L(XH71&;<;Q] , ]
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�SCs=>4JA2\c9&68=LA2H7/K(&N R}681#tpCJAz9&Cs;<1&=LA21.CJ\Gtr(768(ZH01.C,\LAK*,(768(7*�9U\c;:1E*J(7/2\G1&Dx(0-.1&/2IJ=LA21.C51&DWV.( b
C,(0=LA2Hk*%9U=>9 # ;:A2H06L1.\L9U=>(0/2/KAK=>( , 9&\Ytr(7/2/n9&\Y;:1E*J(7/2\+DF1.6+=L4,(�AKC,4,(06LAK=>9&C,H0(Q1UDfC,1.CEb�V.(7CJ(0=>AKH
DF(O9U=LI,6L(0\ #F\L3%9U=LAz9&/`/K1EH79U=>AK1.C,\ , ]<'s(:3,6L1.3[1.\8(7*s=L4,6L(0(Z(0\8=>AK;Z9{=>1.68\GDF1&6G=L4,(:3%9&6>9U;<(�=>(76d1&D
\LI,HT4 ;:1E*,(0/2\0]@^W4,( A%6L\R=+(7\R=>AK;Z9U=L1.6Gtx9&\+a,9&\L(0*�1&C�;<(79&C�3%9&AK68tpA2\8(Z\8g?I,9&6L(B*,AK\8=>9&C,H7(U]
^W4,(p\L(7H01.C,*<(7\8=LA2;<9U=>1&6_t}9&\}9f3,4�P?/21&V.(7C,(�=>AKHW(7\8=LA2;<9U=>1&6e6L(0/KP?A2C,Vf1&CY=L4,( ����>LF���=>1.3[1./ b
1.V&Pk9&CJ*Q;:(O9UC�H01�9&/2(0\LH0(7C,H0(d=LA2;:(7\7]`^W4J(d=L4,A268*Q(0\8=LA2;<9U=>1.6rtx9&\na%9&\8(7*�1.CQ9&3,3,68158EAK;Z9U=L(
;Z9W8EAK;oI,; /2A2yU(7/KA24,1?1E*<I,\LAKC,VNF ��F � ;:(0=L4,1?*,\7]

's(oDF1.I,CJ*5=L4,(+(E8J9&H�=d-U9&68Az9&CJH7(o1&Dv=>4J(+;<(79&C�3%9&A26RtpA2\8(o(7\R=>A2;<9U=L1.67]!�n(0V�9&68*,A2C,V�=L4,(
3,4�PE/K1.V.(0C,(0=LA2Hn(7\8=LA2;<9U=>1&67N�t}(nDF1.I,C,*�9c\8P?\R=>(7;<9U=LA2Hptx9OP<1&D�H71&6L6L(0H0=LA2C,Vd=>4,(na,Az9U\L(7\0]`��D =L(76
=>4,(YH71&6L6L(0H0=LA21.C�N�=L4,(YghI%9&/2AM=SP|1&Dv=>4J(:(0\8=LA2;<9U=>AK1.C|A2;:3,681#-&(7\G\LAKV.C,A�A%HO9&C�=L/KP.]w�SC)9&*J*,AK=LA21.C�N
=>4,AK\k9&3,3,681�9&HT4 4%9&\B=>4,(�;:(768AK=B1&Dwaq(0A2C,V�-&(768P D 9U\8= #FDF(�t�;:A2/K/2A2\8(7H01.C,*,\<6LI,C�=>AK;<(0\BDF1.6
\LA/.0(7\c1&Dx\8(0-.(06>9&/r4hI,C,*,68(7*�*%9U=>9 , ]B^W4J(KF ��F ��;:(0=L4,1E*5*,1?(7\cC,1&=c/2(O9U*s=>1QA2;:3,681#-&(7*
(7\8=LA2;<9U=>AK1.C�] �SC 9U*,*,AK=LA21.CmNn=L4,(s3J6>9&H�=>A2H79&/fA2;:3,/K(7;:(7C�=T9U=LA21.C�1&Dw=L4,( F=��F ��;<(�=>4,1?*
6>9&AK\L(7\w9jChI,;oa[(76c1&DWghI,(7\R=>AK1.C,\w=L4%9U=+9U6L(Z\83q(0H7A�A%HZ=>1Q=>4,AK\cD 9&;:A2/MP|1&Dn9U/2V.1.68AK=L4,;<\0]k�%1.6
A2C,\R=T9&C,H0(&N�'uAK/2\L1&C�9&C,*MRx9&/K*,A2C,V #
�54+4*6 , 9&/K\L1B68(73[1.68=L(7*�a,Az9U\L(7\fDF1.6-F ��F � (0\8=LA2;<9U=>1.68\
A2Ck=>4,(dH71.C�=L(E8?=X1&De;<AKH76L1&\>9U=L(7/2AM=L=L(X*%9U=>9Ytp4,(0C@9<\8A2C,V&/2(G/21?H7I,\pAK\�I,\8(7*@9UC,*j(�-.1./KIJ=>AK1.C�AK\
;<1?*,(7/K(7*�9&\�9<*,AK\LH768(0=L(c6L9&C,*,1.;it}9&/Ky[]W^W4JA2\nA2\nA2C�9&V.6L(0(7;:(7C�=ntpAK=>4�1.I,6p6L(0\LI,/M=>\ntp4,A2HT4
\L4,1!t =>4%9{=_=L4,(x;:1.\8=_/2AKy&(7/MPGV.(7CJ(O9&/K1.V.A2(0\_H79&Co4%9U6L*,/MPGaq(r\>9&;:3,/2(0*oI,\8A2C,Vn=>4,(rA2CJDF1.68;Z9{=>A21&C
H71.C�=T9UA2C,(0*QAKCQ9Y1&C,(�b�*,A2;:(7C,\8A21.C,9&/m6L9&C,*,1.; tx9&/Ky ]

�p(7V.9&6L*,AKC,VG=>4,(�H71.C�-.(06LV.(0C,H7(fAK\L\8I,(X1&D F=��F �lNJ\81.;<(n*,A �<H0I,/K=r3,681.a,/2(0;<\ 68(7;<9&A2C:=>1
aq(c\L1./M-.(7*mN[tp4,(06L(w=L4,(w68(7/K(0-U9&C,H0(w1&D`=L4,(c=L6>9&C,\8AK=LA21.CQy&(06LC,(0/�A2\n1&D`3J6LA2;<9&6RPkA2;:3q1.6R=T9&CJH7(&]
�`-&(7CdAKD?1.I,6�=L6>9&CJ\LAK=LA21.CfyU(768C,(7/�4%9U*c9U/2/U=L4,(`=>4,(01.6L(�=>AKHO9&/.3J6L1.3[(76R=>A2(0\�6L(0ghI,A268(7*�N{;Z9UChPl1&=>4J(76
y&(768C,(7/K\G\L4,1.IJ/2*5aq(+=>(0\8=L(7*s9&C,*�=>4,(YHT4,1.AKH7(+DF1.6G9&C51.3J=LA2;<9&/ 1.C,(YA2\G9&C51.3[(7C5ghI,(7\R=>A21&C�]
F ��F � A2\n=>A2;:(dH71.C,\8I,;:A2C,V,]n^W4,(01.6L(�=>A2H79&/2/MPBAK=�A2\l9&\8P?;:3J=>1U=>A2H79&/2/MPBI,Cha,A29&A2\8(7*�N[a,IJ=l1.I,6
\LA2;wI,/z9U=LA21.CJ\+\L4,1!tp\�=>4J(|*,A �:H0I,/K=SP =>15=>I,CJ(j=>4,(j\L(0-&(76L9&/lAKCh=L(768C%9&/n3%9&6>9U;<(�=>(768\Z1&Df=L4,(
F ��F � 9&/KV.1.68AK=>4J;�]

" 1.;<( ;:(0=L4,1E*J\_a%9U\L(7*w1.CcH01�9&/K(7\LH0(7C�=�=L4,(71&68PG(7C,9&a,/2( =>4J(r(0\8=>AK;Z9{=>A21&Cd1UDJ=>4J(r(E1m(0H0=>AM-.(
\LA/.0(

Ne

A2Cd6L(0H7(7C�=L/KPdA2\81./z9U=L(7*GV.(0C,(0=LA2HO9U/2/KPl*,AK-&(768V.A2C,Vn3[1.3,I,/29U=>AK1.C,\�#?� � �pP.9&Cw(�=e9U/ ]MN �<4+4+6 , ]
^W4,(7\8(�9U3,3,6L1.9&HT4,(7\`68(7ghI,AK6L(x=>4J(Wy?CJ1#tp/K(7*,V&(W1&Dq9&CY9&*,*,AM=>AK1.C%9&/h(0-&(7C�=<C_=>4,(x=LA2;:(}\LAKC,H7(x=L4,(
# I,\8I%9&/2/MPZ=Str1 , 3q1.3JI,/z9U=LA21.CJ\W4%9O-.(wa[(7(0CjAK\L1./29U=>(0*kDF681.;i(79&HT4j1&=L4,(760]}�SCQ=>4,(G\>9U;<(d\L3,AK6LAM=
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9&\ #?� � �WP�9UC (�=Z9U/ ]MN �<4+4+6 , Nv1&I,6Y9&3,3,681�9&HT4 9&/2\81�3,6L1!-?A2*,(0\Z9UC�(0\8=LA2;<9U=>1.6w1&D

Ne

V.AK-&(7C
9&Cj(0\8=>AK;Z9{=>1.6p1&D

σ2 a%9&\8(7*@1.C�\L3%9{=>Az9U/�*%9U=T9E]��%1.6pAKC,\8=>9&C,H7(UNqAKC,*,AK6L(7H�=l(0\8=LA2;<9U=>AK1.Ck1&D σ2I,\LAKC,VZ�l��� A,C,V.(7683,6LAKC�=>A2CJV=# R}1.\8\>9&6R=X9&CJ* �`6L1!tr(7/2/ N �54+4+6 , 9UA2;:\p=L1<(98E3,/21.AM=p=>4,(d6L(0H7(7C�=
\L4%9&68(7*oV&(7C,(�=>A2H 4,AK\8=L1.68PGa[(0=Str(7(0C+3%9&6L(0C�=>\e9UC,*w1*1q\L3J6LA2CJV,];�p1.I,\8\L(�= � \e9&3,3J6L1�9&HT4wH71.I,/K*ca[(
IJ=>AK/2A/.0(7*Q9&\pt}(0/2/ N 9&/K=L4,1.I,V.4k=>4J(cAKCh=L(7683,6L(�=T9U=LA21.CQ1&D�=L4,(w(0\8=LA2;<9U=>1.68\W\L4,1&I,/2*�aq(d*,A01q(768(7C�=
#2�p1.I,\L\8(0=7NL�<4+4 �+, ] �n(0-&(768=L4,(7/K(7\8\7N�=L4,(j68(7/K(0-U9&C,H0(j1&DG1.IJ6Z;:(0=>4J1E*�DF1.6<(0\8=LA2;<9U=>AKC,V

NeH71.I,/K*|a[(+9Z3,681.;<AK\LAKC,VZ9U3,3,/2AKHO9U=LA21.CmNq9U/K=>4J1.I,V.4�AK=>\�3,6LAK;Z9U68Pk1.a S8(0H0=LAK-.(ot}9&\X(0\8=LA2;<9U=>AKC,V
σ2 ]
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�l9&C,\l/29:;<9 S8(0I,6L(d3%9&6R=>A2(d*,(c/z9+=>4��0\L(&N[C,1.IJ\lC,1.IJ\l\L1&;<;:(7\nH71.CJ\>9&H06��7\��</�� ��=>I,*,(c*,(
/z9<DF1.68;<(w*,(7\d9&68a,6L(0\f3,4�PE/K1.V �0C �0=LA2ghI,(7\G(�=f3,/2IJ\f3%9&68=LA2H0I,/2A��76L(0;<(0C�=���/2(0I,6X* �0\��0g?IJA2/2AKa,6L(U]
[ 9Y\8=L6LI,H�=>I,68(w* � 9&68a,6L(ca,A2C%9UA26L(fAKC�=>(76R-?A2(7C�=��</29YDF1.AK\p(7Cj3J4hP?/K1.V �7CJA2(c9OA%Cj*J(c68(73,6 �7\L(0C�=>(76
/z9kV �7C �79&/21&V.A2(:*,(7\c(7\83��0H7(7\+(�=o(0C~V �7C �0=>AKghI,(�*,(0\o3q1&3,I,/z9{=>A21&C,\d9OA%C)*J(�6L(03,6��0\L(7CE=>(76w/z9
V �7C �79&/21&V.A2(�* � AKC,*,AM-EAK*,I,\�1&I *J(@V��7C,(0\7]��nC,(�V �7C �79&/21&V.A2(�(7\8=Q*,AM=>(|* �7\��0ghI,A2/KA2a,6 �7(@\LAl/z9
3,/2I,3,9&68=B*J(7\QC,1E(0I,*,\kA2C�=L(76LCJ(7\k*,(�/z9~V �0C �O9U/21.V.AK( # /K(7\k9&CJH
	0=L6L(0\�H01.;<;wI,C,\ , \ �73%9U6L(7C�=
/ � 9&6La,68(@(7Cu*,(0IB8 \L1.IJ\�9U6La,68(7\k*,(@=T9&AK/2/K(7\�\8(7C,\8A2a,/K(7;:(7C�=k*,A01 �768(7C�=>(0\7] [�(�* �7\ �7ghI,A2/KA2a,68(
*,(7\�9&6LaJ6L(7\�9O-U9&AK=n\LIJ68=>1&IJ= ��= � �0=LI,*,A �G(0Cj3,4�P?/21.V
�7C,AK(&] [�(7\�a,A21./K1.V.AK\8=>(0\x(7\8\>9OP�9UA2(7C�=X9&/21.68\
*,(o6L(�=>681.IJ-.(06fghI,(7/K\ �0=T9UA2(7C�=f/K(7\X;:1?*��7/K(7\l* � ��-.1./KIJ=>AK1.C|\LIJ\LH7(03J=>AKa,/2(0\f*,(+6L(03,6L1?*,I,AK6L(c*,(7\
3,4�PE/K1.V �0C,A2(0\p9!P.9&C�=lIJC�* �0\��0g?IJA2/2AKa,6L(fH01.;:3%9&6>9Ua,/2(��+H0(7/2IJA�*,(7\n3,4�P?/21.V �0C,A2(0\WH71.CJC?IJ(7\7]

� � I,C�3[1.A2C�=f*J(w-?I,(+=>4 �01.6LAKg?IJ(&Nm/K(7\X3J6L1.3,68A ��= �7\f*J(7\f\8=>9U=>AK\8=LA2ghI,(7\l;<(0\LI,6L9&C�=GH7(+* �0\Rb
�7ghI,A2/KA2a,68(`\L1.C�=_;Z9U/.H71.CJC?IJ(7\7]*�}(7\ A2CJ*,A2H0(7\�\L1.C�=_IJ=>AK/2AK\��7\�9WA%Cc*J(r* ��=>(0H0=>(06�I,CJ(r3,4�P?/21&V �7C,AK(
*,1.C�=`/2(r* �7\ �7ghI,AK/2A2aJ6L(x(0\8=e=L6L1.3+(98E=L6��0;<(W3%9U6�6>9U3,3q1&68= 9&I 8o3,6 �7*,AKH0=LA21.C,\_* � I,CY;<1?*��7/K(rChI,/ ]
[�(G;:1E*��7/2(fH79&C,1.CJA2ghI,(G*,(dV �7C �79&/21&V.A2(0\W*,(cV��7C,(0\�(0CjV �0C �0=LA2ghI,(G*,(7\�3q1&3,I,/z9{=>A21&C,\x(7\R=l/K(
H71�9&/K(7\8H7(7C�=7] � C:3,4�P?/21.V
�7C,AK(&N�/2(0\`V �7C �O9&/K1.V.A2(0\`* � (7\L3
�7H0(7\r\L1.C�=v* �7H06LAM=>(7\ 3%9U6`I,C<3J6L1?H7(7\8\LI,\
*,(}a,6L9&C,HT4,(0;<(0C�=O]+[�(r4%9&\>9U6L*w;:A2\ (7C�S8(7Io*%9UC,\�H0(7\e*,(0IB8c;<1?*��0/2(7\ \L(r\LAM=>I,(���*,(0\ �7HT4,(0/2/K(7\
*,A01 �768(7C�=>(0\7]J�S/q6��0\LI,/M=>(l*J(X/z9d\8=>1?HT4%9&\R=>AKH7AK=��l*%9UC,\}/K(lC,1.;wa,6L(�*,(X*,(0\LH7(0C,*%9&C�=L\n*J(XHT4%9&ghI,(
A2C,*,AM-?A2*,IG3[1.I,6 /2(v3,6L(0;<AK(76�=T9&CJ*,A2\ ghI � AK/h6L(7CJ*oH71.;:3J=L(r*,(0\��%IJH0=>I,9U=>AK1.C,\�;<9&H06L1 �0-.1&/2IJ=LAK-.(0\
3q1.IJ6d/K(Y\L(7H01.C,*�]_� � I,C)3[1.AKCh=G*J(:-?I,(<\8=>68A2H�=>(7;:(7C�=d;<9U=>4 �0;Z9{=>A2ghI,(UN�/2(0\G*,(7IB8s;:1E*��7/2(0\
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')(G;<9!PZC,1&=LA2H7(X=L4%9U=W=L4,(G3q1!tr(76n/z9Ot *JA2\8=L6LAKa,IJ=>AK1.Ck9&68A2\L(0\WA2Cka[1&=>4k;:1E*,(0/2\0]
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a,A2C%9U68PZ=L6L(0(7\n9&C,*Q6>9&CJ*,1.;i(98JH0I,6L\8A21.CJ\P#F�l/K*,1.I,\0N��54+47�!9 , ]

�SC:3[1.3,I,/29U=>AK1.C+V.(7CJ(0=>AKH7\0N?=L4,(pA2;oa%9U/z9&C,H0(x1&DmV.(7C,(nV.(0C,(O9&/K1.V.AK(7\`9&3J3q(79&6L\v3q1!tr(76RDFI,/%DF1.6
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