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�� 2 �
� �!���
�� ������ ��
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�������
�7 ��� ��

!� ��� U�*V �

���� �
��

�� ��

�
 �!�����
� ��� �������	�
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� �� ������ �� ��
�	���)�
�� �M
 �� ������ �� �	�
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���
� ���, ��	
�	��� ��	
��������	�
� �� M)
���� ��� 	�������@ �� �������	�
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��@ �����!�� ��� �

����� �� ��� �	-��@ �����	����
� ��
�@ �� ���!� F� ��� 4���� �!����� ��� �	��



��� �� �� ��	������	 ���
	�
��  �� �
������ ��
������ !

���� ��# � �������� �� ������������ ����� ������� ������� ��� �������
��  ������ �� )���� �*���� ��� (���� %�& � %�& ��������� + ������ �� ��
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�	�	�
 ��� � ����� ��� ������ �� �� �!�����
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�� ���� �� ���� ��� �
� ����
	��� ��
�!����� �����
�� �
 �!��������
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 ��� ���, !���� �������� &����
!�#�(� � �-!	� 2 ��!����	�
 �� A���N��

 ��� ��N� �

�

�
!�#�(� �  (���!�#�(� � � � 3*��7

+
 �������
� ��� ���
 ��	��� �����	��� ��� �	���	-��	�
� �����@ !�#�(� � ��
+�,���� !�8� �+� 7 �� ��� !�#�(� � � 5�#� �:�#�(� �@ ����� �

5�#� � �
�
+�,���� 5�8� � �� ��
�	�! ����	��� 3�	���	-��	�
 ����	���7�

:�#�(� � �
�
+�,���� :�8� �+� � �� �	���	-��	�
 �� �	�������

&� ����
� �� ��
����
� !+�8� �+�  � �� � 5+�8�  � ��:+��+�  � ��@
���(� !+�8� �+� � � 5+�8� �:+��+ � �+ � �� +
 �������
� ��� ��� �	���	-��	�
�
�� �	������ �� �� ���	�	�
� ��
� E����	�

�� � �� �
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��
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�@ �� ��	��� �� ��
�	���	-��	�
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 �	������ 	
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��� �� ������( ������3� �� �� �� �� ����
�� �� (����� &�

4�

�	���
� ��� ��
�	�	�
� 	
	�	���� �� 
���� 387@ 	� ��� ����	-�� �� ��)
�!�	��� ��
 !�����	�
 �� ����� �� �� ��
�	�!� �� ���
	(�� �����	�
 ��� -	�
 �

!�	��
�� ��� ��!
���	� �� ����	�	�
 �	�	
�� �� ����� �� ������

8���' 
*� � (,�� $� /+4$(��)� � �"$$*�*"  �$= $� �(� /�
�+�*�)�

&� ����	��� # 
��� ��	�
� 	�
��! ��	
O��
�� �� ��!�����	�
 �� 
���� ���
�� �!�������
� ����	�	�

��@ �� ����� ��� ���
 �����	� �� �!����	
�� 2 ���	��
�� �� �����	�
 #�#� :�	
��
�
�@ �
 ��	� ���	� �� ����	� 	
�!���� ��!�����	�
 ��
�� �	���	-��	�
 ����	��� ���� �� ��
� �� ��� �!����
� ��� ���, 	
������	�
�
�	���)�
���@ �M
 ��� ���
 ��	��� !��	�� �� �!�������
� ����	�	�

�� �����
Æ
 � � �@ �X � ��� �� ��
�	�! ��'�

!� ��� �� �	���	-��	�
 ����	��� �� ���
�� ������ 4���
��
� 9� ��� � ��� U��V ��
���
� ���@ ��
���	����
� �� ��5-@
���� ��� ����!������� ����	���� ��
��
��!�� ��
� ��� �
��	
�� 3� 2 � �_7@

��� 
� ������ ��� ��
� �� �!�	�� �� G	�
�� ���� �� ���4�� 4� �!�	��
��������
� 2 ��	
�!��
��
�� �� �!�������
� ����	�	�

�� 3�� �� ��
����� ��
�	.��	�
7 ���� ��!
���	�@ �� ���	� �� �� �!�	�� ��� �� �" 
_ ���� �� �!�	��
��
��� ����	��
� ���� _ ���� �� ��-	�	��@ ����� � � ��	�� J� ��� �����
������	� �� ��!����	�
 #�� ���� ������� �

��	� �
��

��

�
*

��  Æ(*���  Æ)*� ����(*�	���)*�	�� ��

6�� �
 �'��� �������@ �� �!�������
� ����	�	�

�� ��� ��

! ��� Æ
 �
�

	�����


� ��
��

���Æ����@ �X Æ��� ��� �� �!�������
� ����	�	�

�� 	
���
��
!@ �
3�7 �� ����� �� ����	�� 3���,	(��7 ������� ��
� �� ���	�! 5����' �� ��� ��
�
��	�
 �� ��
�	-	�	�!� 1�@ ��!�����	�
 �� 
���� �����
�� 2 ����	� ��  � ��
Æ��� �� �!M
	� ����� �

Æ��� � �

� �

��

� �

��

� �

��

!�8�(�� �!�8�(�� ��
��
	
�(� � (���

�
�8�(��(�

�X � ��� �� 
��-�� ����� �������� 	
	�	��@ (� �� (� ��
� ��� �	������ ��
���, ������ �
���
� �
 ����	�	�
� ���,��
�	�
 �� 
���� ��	� ��	
�	������
�
��� �� ��
�	�! ��'�

� �� ��!
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 ��'�
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 ���� !��	��
����� �
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5���� 8�� �'����(��� �	���	M����	��� ��
� ������!��
��� U�*V ���� ���,�����	�
 �� Æ���� 1
 �������� ��!
���	� �	
!�	��� �����	��
��
� ���,�����	�
 �� � ��� 	�� ��@ �
 ������
� �� ��	��

���
� ���� ��	
@ �

�������� 	�� ��� 	� � ��� 8�
� �� ��� �
 ���� ����� !��	�� �

Æ��� � 5�� ��	���

	 5�� ��	� � ��� 3*��7

���� *�� � /�� )����� ��� ������ �� F3:G� ��� ���� ��(������� �� ������ ��
����� ���5��� �� ������� �� ����	 + ����� �� ������� ������� ���� ��
����( ��� ����� ��� �"� ����� ��(������� �� ��(������ �� ��������� �������
�	���� /�� ��������� ������ ��� �����#��� � ���������� �(��� ��� ���'
����� 50�	 P-
.'/
5�	 �.L'/
5� �� ��������� �� ������������ ���'
����� �� �����( ������� ������� �� ������(�(� ����� ���������� ����� ���
�� �����!���� �� ������ � �� E�� ����� ����� !��� H��������� ��� ��� ��'
���,����� �<=� %��� �*�&�

��� M����� *�� 3�7 �� 3-7 ��
� 	����� �� U�*V� 3�7 ����� ��!�����	�
 ��
������ �� 
���� 3��5��7 �
 �
��	�
 �� ����� 2 ����	� �� ����	�� �������
��
� �� ���	�! 3�7 �
 ��	�	��
� �� ���(�� �,���! �� ���������� *����� 3-7
��

� ��!�����	�
 �� ��!
���	� �� ����	�	�
 ��'�

� 3	��7� 4���� �	�����	�

��	�	�� ��� �����(���� �� �	��
�	�
� �!��� ��� �
��	
�� ?1�@ KJ6F)46?� �@
9FA)46?� � �
 ��
�	�	�
� �� �
��	�

���
� ���
����� �� ��
�	�! ����	���
	
	�	��� ��� ��
�	�!�!� ����� �����	�

� ����� ��� �� �	���	-��	�
 �� �	�����
� �� Q��� ��	�� ����	 -	�
 E����	�

� 3E7 ��� ����
�N	�

� 3:�7� 1
 ����

� :�	� �	 �������	 ������	 �� ;������� =�������	 �� ��������� ��� 7(	
(����"� H���9
�	�� 6�I �00�$

� :�	� �	 �������	 ������	 �� :("��J����
(97	
(���
(	 H���	��������� H�����
(K	���
I��	���	 �01�$
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� ���
�� ��� �� ����������
�
��� ���, ���	�-��� ��	� ���� ���
��� ������
� ��
 ����	����� K������
�
��!
���	� �� ����	�	�
 ���� �
� E����	�

� ��� ���0���� ���� ���	�� ��� ����
�
� ����
�N	�

�� J� ' � ���� �������� �� ����� �	����� ��
� �� �'�� ��
�	���	-��	�
@ ��
� �
� !
���	� �� ����	�	�
 ��'�

� ���� !���!�� +��� �!��
�
������
� ��� ��
�	�	�
� �,�!�	��
�����@ �� �	�	
�� ���� �� ��
�	�! ��'�

�
�� ����� �� ������ +
 ����� �	�����@ �� ���R�	�
� � ��� �
� �
��	�
 �� �����
!
���	� 3�� ��	 
���� ��� �� ��� ���� �� ��-	�	�� ��� 
��� ������ ��
� ��
�!�	�� �� G	�
��7 	� 
���� ��� ����	-�� �� �!����	
�� �
 ������@ �
� -�

�
�	� ���� �����@ ���� �
� �
��	
�@ ��	� �� �� �!��	�	��� ���� �
� ����� �M

�� �!����	
�� �� �!�������
� ����	�	�

���

��� '����� !-����� �� 
!���	���� 	���������
��� 2

K��� �����
� ��@ � �!��
� �� ����� ����� �� �����(���� �� �	 ���
 ����
Q��� ��������
� �	������, �
 
� ���� ��� �	�� ��� �'����(��� ��
��	��
�
��, �����	�
� *��� K!�
��	
�@ �
 ���(�� �	���	M! ���� Q��� �!������! ����
�!��	�� ��� �,�!�	�
���� J
�����	��
� �@ ����� �� ��
�	�! ��'�

!� ��� ��
�����@ ��
�!�!� ��� �� �
��	�
 �� ��
�	-	�	�! �� 	
�!��!� ��� �� ���0����	��
�� ���� ��� ������ �!����!�� +��� 
� ���� Q��� �����!� �	�������
�� +���
�!��
� �� � @ �@ � @ �� �� �!��!��	� �� �� �
��	
� �� �� �!��!��	� �� ��
N�
� �� �!����	�
� F��0���� ���)	� ��� � � ���� 1
 ���� ����� !��	�� Æ
 �
��������@ �X ����� � �������� �� � � � �� ��� �
� �
��	�
 �� ���� ��� �����(����
��
�	�

!� ��!�!�����
��

8�'�� �+�!"/� /*;+#� �*�$$��

9��� ������� �� �!�������
� ����	�	�

��@ �
 ��	�	�� �� �!����� �	.!��
)
�	���� U*#V� 4���� �
� �!����� �!
!���� ��	 ��
�	��� 2 �������� ���, !���� ��
�
��	�

���
� �� ���������� K��� �� �����
� �� ����	��� �@ �����	������� �����

� ���� ��� ���0���� ����	� �� �!!��
�� �� �!���
�� 2 ����� �� ��
 	
���-	)
�	�! 	
��	
�(��� 2 ��
� ������ ��	�!� ��� �� ���
 �.��
��	� �
 �������
� ���,
!���� �� �� �
��	
�@ �
 ��� �����
�
� ��R�����
� �����
� ���� ��0���� ���
O������	�
� �� �����	������� ��	
��������	�
� +
 �����
�
� ��R�����
� �	��@
����� ����
	��� ������ ����	 �� ���.��
��	� ��� O������	�
� ��
��� �� �����	
�
�����(���� �� �� �
��	
�@ ���� ��� �� ����� ���
!�	���@ �� ����!������@ ��

��-�� �������� � � �
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8�'�' ����#� �� 4#* �*4� /� $( �"##���*" /� /+4$(��2
)� � �"$$*�*"  �$�

� �#�"��� % 3 ��# 1

4���� �� �!�������
� ����	�	�

�� ��� �
� �
��	�
 �� ���@ �� �!�����
�	.!��
�	���� �� 
��� ��������� �� �!����	
�� ������ ��� �� ���	M���	�
 ��
�!���
�� �����	!� 2 �
� ���	��	�
 ����
��	�� �� 
��-�� �������� �!����!�
3�������
� �	�@ �� �� ��
�	�!7� K��� �����
���
� ���, !���� �� �
��	�

���
�
�� �� �
��	
� � �
� ��
M�����	�
 2 ����� ��
�	�! 3I87 �� �
� ��
M�����	�

-���� ��
�	�! 3A87� +
 ����	���@ �������
�
�� ���.����� ���� ��� �" �'���� ��
�
��	
� 	@ �
��� ��� ��
M�����	�
� I8 �� A8@ ���� ���������� �
 �
���	����
��� 
��-��� �������� 3����� �� �!��� 7 �� ��� �������	�
� �� �!���
��� 3


�� ��

!�7� �� �	.!��
�� �� �!���
�� �
��� ��� ���, !���� �� �
��	
� ��������
� 2
�� �	.!��
�� ��� �!�������
�� ����	�	�

��� 3Æ
�� �� Æ
!�7� 1
 ���� ��!��	��
����� �

Æ
�� � Æ
!� � ������������ � �!������!���
8�
� �� ��� �X ������� �� �!����� ��
� 	��
�	���� 3
��� �
 ���������
� ���(�7@

�
 ���� �����	��� ���,�����	�
 �

Æ
�� � Æ
!� � ����������� ��!��� �

�#�"��� % �$## ���$"1

& �� �����@ 	� ��� ����	-�� �� �!����	
�� ����� ����� ���,��	��� �� M����
*��� �
� �,��������	�
 �	
!�	�� �� �� �!���
�� ������� 2 
��-�� �������
�!����! 
�� ��

��� �� �!���
�� ����	�!� 
 �
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 �-����� �� ����� 
���� ��� ��	��� �

���	-���	�
 �����	�� �� ����� �� �� �!��� ��� ��R��
���

� ;��� ����� 
(���� 
	��	 ���	����
	 
�� 	��	 �	�	� �	 �������� ��	 ��� 
	��	 ����	�
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�����	�� �����	��������� �	 
�����	 
�	 �� ����� ����
 �	 �����	�
	 -��	�9&.
�� ����� �	 �
����������� �	 �����	�
	 -,/2�.$ *�����	 ���� 
	�� �	�	� ��������	� ��
��������� ������	 �	 �� �������	$ �� !���	 �$D �������	 ��	 	���	 �	 ��,/2� ��� L,�� 	��	
�������	 ��	� 
	 ����
��	$ M�����+ � ��� � 
�	�� �	 ����� �	 �� �������	 ��� ����	 
	��� �	
��,/2� -�� �	 
�����	 
�	 �� ����� ����
 �	 �����	�
	 %�����+ � �� �.� ��� � ���� ��
�����	 �	 
	 �	���	� 	�� ����������	$ ,� �	�� ���	��	� ��� ��	 ��	 �	 �	�� ������	��	
+ '4 � ���� ��%���	� �	 �����$
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��������� �� �� ��(������ ������� + ���!�� ������ �(��( ����

� � 3���$% � 3�� �  " $ �(# )�����K �#�� "�1

�� ���	-���	�
 �-����� �� 
��-�� �������� ��
� �
� �
��	
� ����	���
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� �� �� �!����	�
�

8�C�� ��*$*�(�*" /� 4(��(%� (/*(5(�*��� 4"�# �� �� ��
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� �� ��� �X ���� � ���	� ����� ���
���� � ��	 ����� �
��

+
 �������
� ��� !����	�
� ���* �� ���= �
 ��
����� ���	� ' � ����	�����
�
�
 ����� �� ���
���� �� �	��, ��� �� �!����	
��	�
 �� ��!�����	�
 �� �������
�� �!���
�� �'���M
� �
 ����� �� 5-�4�� 9�����
�@ ��
� ���'����(�� �X
���� � ���	�@ �� ��
���	
�� �	�� ��� ���� ��� 	��
�	���� 4��� ���,��	��� ��� ��
������ �� ��
�	-	�	�! 2 �� ���	��	�
 �� � ��	 ���� � ��
� �� ���@ �� �	�� ��
"�* ��
� �� ��� 5-�4�� 4��� 	������� -	�
 ��	
�!�Q� �� �������� ��� ������
�� ������ ��� ���� !��	�
!�� ����	-���

?	����� � ��� U *V �
� �.����!� ��� ������� �� �� ���
�	�	�
 �6��6 ��
���'����(
� ����	��� �
 �� �������
� 2 ?1: ��	 � !�! ���
�����!� �� :�,)
9��
�B)J
��	��� 31
 �������� ���� ��� �!��	�� ������ ��
� �� ��(�� �� J��
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`����� �2@ ����� �
� �������	��
 ���	�����'���M
� �-!	���
� 2 ��!����	�

���"� :�	� ��	�!� ��� ����	�	��� �� �!������ ���= �� U/#V �� �� �������	��
 I���
4� ���� $�����	���% �� �!�	�� �� ��
� �-���	� 2 �
� �������	��
 ���	����
���	��� �-!	���
� 2 ��!����	�
 �� @ ��� ������� �-���	���
� 2 �

��

�
� ������ 	��� ����� �
��

��\�� 2 ����� ���-	
�	��
 �����(��� ����	����@ 	�� �����
� ����	 ��
���	
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�� ������� �������'� �
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&�� >� ����� �� 
�����
�� ���

&�����
� �
� �!������ �	�	��	��@ 9�	B � ��� U �V �����
� ��
���	
��� ��
���	��	�
 �� � ��\�� 2 �
� �������	��
 ���H-��4� �

��

�
� ������ 	��� ����� �
��

4�6 <� ����� 
� 	��	�������

6�&�	1��� a J� ��� 
����@ �������	-��� �� ���	��	�
 �� ������� 
���
��
�,����	����
� 2 � �� -	�
 2 �'@ ��� �����(����
� ���	M�	��� �� ���� ���� ���
������� �
� 	
�����
	� ��� ���-	
�	��
� �� ��
���
��� �
����
������ 5	�

��
� ��� ��!��	�� ���������@ �����	��
� �
� ���	��	�
 �� �@ 
�	
����	� �
� ��)
�	��	�
 ��� ������ ��
���
���� 9�� �,�����@ U �V ��!�	� ����
� ���	��	�
 ��
� ����	� �������	�

���� 2 ������ �� ����� �� �� ���	��	�
 �� ������� ���'�
9��� �.������ 	
�!��
�����
� �
 ���� �� ���	� ��� ������ 	
������	�
� �
)
����
�����@ 	� ����� ���-	
�� ����	���� �������	��
� �����(��� ����	����
�	.!��
���@ ����	���� �'��� �� ���
�	�	�
��

:���� 	�����������% a �� M���� ��= 3	���� �� U =V7 ��
��� �� ���
�	�! ����
�
 �
��	�
 �� ����� 3�,��	�! �
 5��)6�	�7� +��� �	� �� ����� �� ���	�
���
�� �'��� �� ������ 3�7 ����!��
�� ��� �!������� ���-�����	�
 �� ������� ��
������� ��� ��� 
����� 	
���������	��� �-��
��� ��� 6�	�
�
� � ��� U =V� ��
N�
� �	���!� ����!��
�� �� ������ ��'�

� ��
�!�!� ��� ������� �� :����'
� ��� U==V ����	 2 ���	�� �� ������� ���� �
� -���� �������� 2 �
 �� �� N�
�
-����!� ���	
� ����!��
�� �� ������ ��'�

� ��
�!�!� ��� 3�7 ���� �
� 	
���)
�	���� �� #� �-��
�� ��� 6�	�
�
� � ��� U =V � 4���� ���
	(�� ��� �
 ������
���� �
� ��
���
�� �� �� 3Æ7 ��
� ��� ������� 	����� �� �!������ ��1B�� U=�V@
����� ��� 3�7 ����	�

�
� �� ������� �� ��	�� ���-�����	�
 ���!����	�� U /V�
K���� ������ !��
� 2 � � � 
� ���� M����� ��� �� �������

.� ��&��� C a &� 6H5F+@ �����
	� �� �� ��
�� �� ���� ���

�
�� -	�

���� ����	���� ��	��
��

9���	(����
�@ ?1� �����	� �
��	�

�� �
 ���� ���-�� �����
� �""��
+��� ������ �	�� �
� ����)�������	��
 �����
�
�� 5-�4� ��
� ���	� �������
2 �
� ����� �
��	
�� �� ���� �� �
��	�

���
� ���-�� ������ �� �!0�����
��� O������	�
� �����
�� �� �
��	�

���
� �� ���������@ �� ��	 ���������
�� �!��	�� ��	
����	���� �'��!���	���� 8������ ����@ �� �'
����
	���	�
 ���
��

!�� ����@ ��� ��	
�	��@ �����!�� �� �
��	�

���
� ��
�	
� ���� ��� ���,
���(��� ��������� ��!��.�� ���	����
� �� M���� ��� �� ��
� �� ��
���	
���
�� M� �	
!�	�� �� K��� ����
� ����	 �����	���� ��� ����!�	����	�
 �� ���,���	����

� /	 ��� �	�	���� �	 ��
	�	�� ����������	�� A�
�������� �����	� �� ����� �	 �����	�
	�
("�	�!�	�$



��� /���	�� ����� 3�	����
� �� 
�������� �
������������

���� ��= � �� )���� %����� �� F�6G& ����� �� �����( ���� �� �������
�� ����� ��� ����(���� ��� �(����� ���!������� �� ������ �� ������� ���
��� ������ ������������� F�6G� �Æ� �� �� ������ ��0S�� F6�G	 ����� ��� ���
���������� �� ������� �� ����� ���!������� ���(������� F�7G� P��� ������
(�� + � � � �� ��� )����� ��� �� ������� �� ,��� ���(� ����(���� ��
������ ������� ����(�(� ��� ������� �� >����� � ��� F66G ���� ��� !����
�������� + �� �� �� ,��� !���(� ������ ����(���� �� ������ ������� ����(�(�
��� ��� ���� ��� ��������� �� �� ��� ������� �� ������� �� 
������� �
���

�� �� �
��	
�@ �
 ��
��D��
� �� ��
	(�� �������	��� �� ���� �� �����(����
����	-����

8��,	(����
�@ �
� ������� ���	��� � ������ �� ����
�	�� 2 ��� �
 �����
�� ��
������	�
@ �� �����	� ��

�� -	�
�D� ��� �!������� �
 ��
� ���!����
 ��
�!���
��� 8� �� �	�@ ��� �������	��
� �	���)�
�������	���� ������
� Q���
��
!�� �� ��-�����	��@ �� ���������
� �� ��
���	
��� ���� �� �����(����
��\�� 2 ��� ���-	
�	��
� ��� !����	�
� �� @ ���"@ ����� +
M
@ �
� �������



&�� >� ����� �� 
�����
�� ��#

���	��� 2 -��� �� ������� �� Q��� ��
����	�� ��� 6� A	N� �� ��� ����(����@ ��
��	 ��������� �� ������ ���� �� ����
�	�� �	�������
� �� ���	��	�
 �� ��

4�� ����� ����
� ����	 !��
��� 2 �� �	��	�
 9I&5&1)&4+6 U  V ���������
����	��� 2 ������ ��	�� �� �!�	�� 2 �����	N�
 �"" �
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� �� 
�������� �
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����
	�� %

&� ���	�
�� ������ �����


��	�����	 ���� �� ��	����'
��

8�
� �� ����	(�� ����	� �� �� ����	��� 
��� �����
� ��� ��!�	����	�
�
��
���
�
� �� ��
��D�� �� �����	
� �.��� �'��!���	����@ ��	 ���-	
!�� ����
��� ��!�	����	�
� ���!�	����� �����!�� �� ����	��� �@ �
� �-���	 2 �
� 
�������
!������	�
 �� ���,���	���� �� ?1� �� �
 �""*� �� ����
�� ����	�@ �,������
�����	�	�! �!������	��� �� �� �
��	
� ���-��@ 
������
� ��
 ���	�	�! �����
����	�	�

� ������ �� ��
��	-��	�
 2 �� �!��	���	�
 ��!������� �� ������ K���
�����
� ����	 �� �!��
��� �������	��
� ������� �
��� �
��	
��@ ��	� ����	 ���
�������	��
� �
��� �������� �	���
��� ��� �	�
� ������	��	���@ E96 �� $���,
��	��% 3FG6F?F7�

6�� #�!�������� 
� 	���=�� 
� 	���� ����!�
�����

1
 ����	��� �
 ����� ���
!�	��� ����	��� ��
� �� N�
� ��	
��������	�

�M
 �� ����� �� �!�!
!�����
�� ��� ���� 
	����, [����
 3�� �	�������� ���

	����, ��!
���	� &�� �� &��7� 1�@ 
��� ���
� �� �� ���������� ��*@ ���
�� ����� ���
!�	��� �!����� �� �!���
�� �� ��������� ��� �� -	�	� �� ���.��
[����
 �������	���� �� ��<��	�� �� �� ���-	�	�! �� �� ����� ��� ����� ���	����
���� �!��	�� ��	
����	���� �����	!�� `�����2 ��!��
� ���� !��	� �� ������� ��
� �����@ �� ��	 �
 �	��	� �
� ��� �	�	���	�
� ��	
�	����� �� ���,���	���� ��
?1��

���



��� �+� �� ����	����� �� �(�	
�
���

���� ��� � 5������ ��  ����� ��� �� �������� ���(������� �(������� ��
�����	 ��� �� � ��� ��	 ���#� �(������ ��� ����� ���� �� ������ ��� ��� ��
������� �� �� 9���� �� ������ ������� �� ����� + �:���� �,	 �� ��� ���'
������� + �� ����� �� ����67 �H�

:���� ����#� /� �!()4 )(% +�*��� /� �	'�

9��� ������� �� ����� ���
!�	��� �� 
	���� �� �� ���0����	�� ��� ������@
�� ���� �R���� ��� ����	�	��� ��� ������ ��,)�Q��� ����� ��
��� �� ���
�	)
�	�
 �? � ���� � �� � �? � ���� � �� ���� �� �!�	�� 3�	� �� � ��� �� ����
�� ��5-7 �!��
� �	
!�	����
� �� ����� ���
!�	��� ����� �

Æ
	�
���� � #
	�

2

�
���9��� � #

	�

2 �9� 3���7

�X �9� ��� �� ����� ����	���@ 9��@ 	
�!��! ��� �� ��� ��� ������ �
��� ���
���, 	
��������	�
�@ ��
�!�! ��� �� �
��	�
 �� ��
�	-	�	�! ���@ �,��	�! �

F����� #	�


2 ��� �� ���R�	�
� [����
 �	
!�	�� 3�� ��-����, &�� �� &��7�
8��, �!������ �����
� Q��� ��	�	�!�� ���� ?1� �
� ��	��� �� ��
�� ��
����� ��������
��
� 2 �� �!��
�
�� �� �� ���
�	�	�

��� �� � ��� ��@ �
 �
��	�
 �� �� ������� �� ��
����
��



��� )�(��
	���
� �� 
��	9�� �� ���� ����(������ ���

� �.������ ��� 	�����	�
� �	���)�
��� 2 ���	�� ���
� �
��

� ����!� �

���� �� ��-� 2 �	�� �� ����
� �� ������!� �� ��� �� 
����@ �� ����
�	.!��
��� ���������

� ���(� % �� <#�"B � "�#�� 1

���� ��� � 1� �*����� �� ����� �� �� ������ ������� ������� �� �����
�9� �� ������� �� �� ������ �� ������ �� ����� �� �� ����( �������������
�(����� ���������(�(�( �� ����� �� �� 	�
 �H�

�� M���� ��� ��
��� ��� ��
��� �� 5����' ��� �� ���
�	�	�
 �	
!�	����
�
�!��
��
�� �� ����� ��� �� � ��� ��@ ���(� �!����	�
 ��� ������ ��
� �� 
	)
���� ��� ��� �� ��
������ ��� �� "� �@ ���� �
� ������� �� ��
����
� ���
����
�� �� �� �� ������ �� �� ���	�! �!�	��� J� ��� 	�����	-�� �� �!����	
�� ��
�
��-	��Z�! ������ ��� �� ��
�� ��
����� ��� �
 ��� ������@ 	� ��� ����� �	��
�
� ����� �� ������ 9��� �� �	��@ �
 ��
�� ��� ������ 2 �	.!��
��� ��������
�
 �����
� �� ��
��� �� �� ���	�!� &� ��
��� �� �� ���	�!@ 	� 
�' � ����
� 	
���)
���	�
 �	���)�
��@ ��
� �	������
� �
� �!��
�
�� �� 5�-	� �� ��,	��� ��
���-�-	�	�! �� ���
�	�	�
 ��

� ��
� ������� ����	-�� �� ������ Æ
 �� �!���)
���� �	���)�
�� ��������
��
� �� ����� ���
!�	��� 3�����	�
 ���7� &� ��
�� 2 ������ ��� ���
 ��
�� �� ��
� �� �� �
��	
�@ �� 
��-�� �� ��
��� ���)
��
�� �� ���� ������� �	�	
��� J� ��� ����� ��	��� ��	�
������
�@ �� ������
�
 ������@ �� ��
�� ��
������ �� ����� �!����	
! ��� ����� �!����� ��� �9�
�� 
�
 9��@ ��	���� ����� �� ����� $��% 2 ������� �� �� ������ ��� ��� �������



��� �+� �� ����	����� �� �(�	
�
���

�� M���� ��� ��� �
� ����� �� ����� �.����!� ��� �� ��	�	 �� �� ��
��
��
�����@ �� ��	 ������ �� ������ �9� �
 �
��	�
 �� �� ������� �� ������
�� ��
��� �� �� ���	�! ��	
��������	�
 �!�	��� ��	
�����!
!	�! �� �����
��������
� 2 	 IN@ �� ��	 !��	���� 2 	�� �E� ��� �	, ����	��� ��
�	�(����
��
� ��� ���� 	
�����(
��@ ����� ��� ��� #" ��	��
�� ��
� �����	� ��
� ��� �E�
�� ������� �� ��
����
� ���
���� ��� �� #� ��@ ��� ������ �����
� �����
-������� ���� �� ����� ��
� �� N�
� �	���� �� ��	�� �����	 ��� �	, ����	���
��
�	�(���� ��� -	�
 ���� �	-�� ��� ����	 ��(� �� ������!� �� �� ���0����	��
��� ������� 4���� ���	��	�
 ����	��� �� 	 IN �,��	��� �� �!�(�� �	��'�!��	�
��� ��
��� �� 5����' �� �� M���� ����

& ��# �$��� ��# �3�����$" 3��#$F$"% 1

���� ��# � �� �(���� ��� ���������� ����� �����(��� + 9�� �� ���������
�� �������� ��� �� � ��� ��� �� )���� ����� ��� �(�������� ��  �!� ����
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Controlling the Cold Collision Shift in High Precision Atomic Interferometry
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We present a new method based on a transfer of population by adiabatic passage that allows one to
prepare cold atomic samples with a well-defined ratio of atomic density and atom number. This method
is used to perform a measurement of the cold collision frequency shift in a laser cooled cesium clock at
the percent level, which makes the evaluation of the cesium fountain accuracy at the 10�16 level
realistic. With improvements, the adiabatic passage would allow measurements of density-dependent
phase shifts at the 10�3 level in high precision experiments.
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Collisions play an important role in high precision
atomic interferometry [1,2]. In most experiments, a pre-
cise control of the atomic density is hard to achieve,
which sets a limit to how accurately systematic effects
due to collisions can be corrected for. This is particularly
true for clocks using laser cooled Cs atoms [3,4]. The
accuracy of cesium fountains now reaches �1 � 10�15

[5]. It is currently limited by a 10%–20% systematic and
statistical uncertainty on the determination of the cold
collision shift [6–8]. To reach such an accuracy, one has to
operate with a moderate number of detected atoms, typi-
cally 105, which sets a standard quantum limit to the
frequency stability [9] of about 10�13��1=2, where � is the
averaging time in seconds. However, when using a high
number of atoms (106–107), a stability approaching 3 �
10�14��1=2 has already been demonstrated [7,9], which
would make the evaluation at the 10�16 level practicable.
Under these conditions, the cold collision frequency shift
is very large ( � 10�14). To actually reach such an accu-
racy, this shift has to be determined more precisely than
presently achieved.

In this Letter, we present a method using adiabatic
passage (AP) [10,11] that allows one to prepare atomic
samples with well-defined density ratios. This enables
the determination of the collisional frequency shift at
the percent level or better, in an atomic clock or atom
interferometer.

The measurement of the cold collision shift is based on
a differential method [12]. One alternates sequences of
measurements with two different, high and low, atomic
densities. The frequency difference between the two situ-
ations, as well as the difference in the number of detected
atoms, is measured. In a fountain, the collisional fre-
quency shift is proportional to the effective density, as
defined in [12]. Unfortunately, one has no direct access to
this density. This density, and thus the collisional fre-
quency shift ��col, are still proportional to the number of
detected atoms Ndet: ��col � KNdet. A linear extrapola-

tion of the clock frequency to zero detected atoms is valid
only if the K coefficients for the high and low densities
are the same.

Up to now, two methods have been used to change the
density, and hence Ndet. Atoms are initially loaded in an
optical molasses, whose parameters (duration, laser in-
tensity) can be varied. Another technique consists in
keeping the same loading parameters but changing the
power in a selection microwave cavity, which is used to
prepare atoms in the jF � 3; mF � 0i state. One can
select all (half) of the atoms initially in the jF � 4;
mF � 0i state by applying a 
 (
=2) pulse and pushing
away the atoms remaining in the jF � 4i state. However,
because of the microwave field inhomogeneities in the
cavity, the pulses cannot be perfectly 
 and 
=2 pulses for
all the atoms. Besides affecting the atomic densities, both
techniques also affect position and velocity distributions,
as well as collisional energy, and consequently the K
coefficients usually differ for the low and high density
cases. Our numerical simulation, which takes into ac-
count the fountain geometry, the position, and the veloc-
ity distributions of the atomic cloud, shows that, for these
methods, a linear extrapolation leads in the best case to a
10%–20% error in the determination of the collisional
shift. Fluctuations and imperfect determination of those
parameters prevent one from performing an accurate
evaluation of the K coefficient. Moreover, for cesium
atoms, as the collisional shift is energy dependent [13],
this error can be even larger.

A method immune against these systematic effects
prescribes to change the number of atoms of the sample
without changing either its velocity distribution or its
size. This can be realized by an adiabatic transfer of
population, which allows one to prepare two atomic
samples, where both the ratio of the effective densities
and the ratio of the atom numbers are exactly 1=2. In
contrast to previous methods, this one is insensitive to
fluctuations of experimental parameters such as the size
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and temperature of the atomic sample, or the power
coupled into the selection cavity.

First, an adiabatic passage in the selection cavity is
used to transfer with a 100% efficiency all the atoms from
the jF � 4; mF � 0i state to the jF � 3; mF � 0i state
[10,11]. This requires that the frequency of the microwave
field in the cavity is swept across resonance, and that the
Rabi frequency ��t�=2
 has an appropriate shape and
maximum value, �max=2
. We use Blackman pulses
(BP), which minimize off-resonance excitation [14]. In
order to fulfill the adiabaticity condition, the detuning
from resonance � has to be chirped according to

_���t� / �2�t�: (1)

Figure 1 shows the evolution of the microwave field
amplitude together with the frequency chirp.

Second, we exploit another striking property of AP: if
we stop the AP sequence when � � 0 [half-Blackman
pulse (HBP)], the atoms are left in a superposition of
the jF � 4; mF � 0i and jF � 3; mF � 0i states, with
weights rigorously equal and independent of the Rabi
frequency. After removal of the jF � 4i atoms with a
pushing laser beam, half of the atoms are in the jF � 3;
mF � 0i state, as desired.

In order to optimize this AP method and to evaluate its
sensitivity to experimental parameters, we first per-
formed a simple numerical simulation, solving the
time-dependent Schrödinger equation for a two level
atom in a homogeneous microwave field. The choice of
the pulse parameters comes from a compromise between
the insensitivity of the transition probabilities to fluctua-
tions and the parasitic excitation of nonresonant transi-
tions. Figure 2 displays as lines the calculated transition
probabilities as a function of the maximum Rabi fre-
quency �max=2
, for BP and HBP. The parameters were
a duration �int � 4 ms and �max � 5 kHz, which were
constant over the course of the experiment. The simula-
tion shows that the transition probabilities deviate from 1

and 1=2 by less than 10�3 as soon as �max=2
 is larger
than 2.4 kHz. A more realistic simulation has been per-
formed, taking into account the Gaussian spatial distri-
bution of the atomic cloud (characterized by  �
3:5 mm) and its trajectory, as well as the microwave field
distribution of the TE011 mode for our cylindrical selec-
tion cavity. The simulation indicates that the transition
probability deviates from the ideal value by less than 10�3

for both BP and HBP for all the atoms contained within

3:5 of the vertical spatial distribution (more than
99.95% of the atoms in the cloud). The simulation indi-
cates that in order to minimize the sensitivity of the
transfer efficiency to microwave field inhomogeneities
and timing errors, the center of the cloud has to be located
in the center of the cavity at the end of the HBP. For
instance, a delay as large as 1 ms with respect to the
optimal timing induces only a 7 � 10�5 variation on the
transition probability. The only critical parameter is
the accuracy of the detuning at the end of the chirp for
HBP. We calculate a linear sensitivity of the transition
probability to the final detuning of 7 � 10�5 Hz�1 for
�max=2
 � 7:5 kHz.

We use one of our Cs fountains to demonstrate the AP
method and the resulting ability to control the collisional
shift. This clock is an improved version of the Rb fountain
already described elsewhere [7,15]. We use a laser slowed
atomic beam to load about 109 atoms within 800 ms in a
lin ? lin optical molasses, with six laser beams tuned to
the red of the F � 4 ! F0 � 5 transition at 852 nm. The
atoms are then launched upwards at �4:1 m=s within
2 ms, and cooled down to an effective temperature of
�1 �K. After launch, the atoms are prepared into the
jF � 3; mF � 0i state using a combination of microwave
and laser pulses: they first enter the selection cavity
(Q� 1000) tuned to the jF � 4; mF � 0i ! jF � 3;
mF � 0i transition, where they experience either BP or

FIG. 1. Temporal dependence of the Blackman pulse and the
corresponding frequency chirp.

FIG. 2 (color online). Transition probabilities for a BP and a
HBP with �int � 4 ms, �max � 5 kHz as a function of
�max=2
. The results of the numerical simulations are dis-
played as lines (homogeneous Rabi frequency case) and open
symbols (TE011 cavity case), whereas the measurements are full
symbols.
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HBP pulses. The atoms left in the F � 4 state are pushed
away by a laser beam tuned to the F � 4 ! F0 � 5
transition, 10 cm above the selection cavity. The ampli-
tude of the Blackman pulses are shaped by applying an
adequate voltage sequence (500 steps) to a microwave
voltage-controlled attenuator (60 dB dynamic range),
whereas the frequency chirp is performed with a voltage-
controlled oscillator. The Rabi frequency profile agrees
with the expected Blackman shape within a few percent.
The frequency chirp, and more specifically its final fre-
quency, was not verified as it cannot be easily checked at
the required precision level of 10 Hz for HBP. The se-
lected atoms then interact in a second microwave cavity
with a 9.2 GHz microwave field synthesized from a high
stability quartz oscillator weakly locked to the output of a
H maser. The two 
=2 Ramsey interactions are separated
by 500 ms. The number of atoms NF�3 and NF�4 are
finally measured by detecting the fluorescence induced by
a pair of laser beams located below the molasses region.
From the transition probabilities NF�4=�NF�3 � NF�4�
measured on both sides of the central Ramsey fringe,
an error signal is computed to lock the microwave inter-
rogation frequency to the atomic transition using a digital
servo loop.

The transition probabilities in the selection cavity are
first measured as a function of the maximum Rabi fre-
quency �max=2
, for the Blackman and half-Blackman
pulses. In this evaluation phase only, the pushing beam
has to be off. To reject the fluctuations of the initial
number of atoms, we measure the ratio of the atoms
transferred into jF � 3; mF � 0i and the total number
of detected atoms, in all magnetic sublevels. The transfer
probability is then obtained by dividing the measured
ratio by the initial fraction of atoms in the jF � 4;
mF � 0i state. The results are shown in Fig. 2 and repro-
duce very well the numerical simulations.

As the maximum Rabi frequency during the experi-
ment was set to 7:5 kHz, the resonance frequencies for
transitions between mF � 0 states have to be significantly
shifted away from the 0-0 transition. A magnetic field of
�180 mG is applied during the pulses which keeps the
total parasitic excitation of magnetic field sensitive tran-
sitions below 0.3%. This pulse induces a transient qua-
dratic Zeeman shift on the 0-0 transition of about 14 Hz
that must be taken into account to meet the resonance
condition for HBP.

We alternatively measure the mean atom number for
the Blackman and half-Blackman pulses during sequen-
ces of 50 fountain cycles, and compute their ratio R. We
then calculate RN , the average of R for N successive
sequences. In Fig. 3, the standard deviation R�N� for
various N is plotted. The stability of R reaches 3 � 10�4

after a one-day integration. This reflects the insensitivity
of the AP to the experimental parameter fluctuations. The
mean value of the ratio is R � 0:506, whereas it was
expected to be 0.5 at the 10�3 level. This deviation cannot

be explained by a nonlinearity of the detection, which
could arise from absorption in the detection beams.When
the absorption in the detection laser beams is changed by
a factor of 2, by changing the power of the beams, we
observe no change in the ratio larger than 10�3. We
attribute this deviation to the uncertainty in the final
frequency of the sweep. In our present setup, the sweep
is generated by an oscillator whose specified accuracy is
limited to 50 Hz for a frequency sweep from �5 to
�5 kHz (this difficulty can be solved by using a dedicated
DDS numerical synthesizer). We measure a linear devia-
tion in the transition probability of 7:5�3� � 10�5 Hz�1 in
agreement with the predicted value. This can explain a
deviation of the ratio by about 4 � 10�3. However, it is
important to notice that even when the final frequency is
detuned by 50 Hz, the spatial variation of the transition
probability across the atomic sample is less than 10�3. All
the tests performed here demonstrate that AP is at least
accurate at the 1% level.

Measurements of the collisional frequency shift are
then carried out using BP and HBP pulses. In order to
amplify the collisional shift, the number of detected
atoms (Ndet � 107) is about 10 times larger than needed
in order to operate the clock in optimal conditions. From
a differential measurement, one can extrapolate the fre-
quency �0 of the clock at zero density with respect to the
H maser. The relative resolution of the frequency differ-
ence is 2 � 10�13��1=2, limited by the phase noise of the
quartz oscillator used for the fountain interrogation. To
check whether this extrapolation is correct, we measure
the corrected frequency �0 for two different initial tem-
peratures of the atomic cloud, 1.1 and 2:3 �K, for which
the effective densities, number of detected atoms, and K
coefficients are expected to be different. We switch every
50 cycles between four different configurations: 1:1 �K
and BP, 1:1 �K and HBP, 2:3 �K and BP, 2:3 �K and
HBP. This rejects long term fluctuations in the experiment
induced by frequency drift of the H maser used as a
reference, variation of the detection responsivity, and
fluctuations of other systematic effects.

FIG. 3 (color online). Standard deviation of the fluctuation of
the ratio R�N�.
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The results are summarized in Table I. For each con-
figuration, the measurement of the clock frequency and
number of atoms is averaged over a total time of about
50 h. One can then extract the difference between the high
and low density collisional shifts ��diff with a relative
resolution of 5 � 10�16. The K constants are found to
differ by about 20%. The corrected frequency �0 is then
simply obtained by subtracting ��diff to the measured
clock frequency in the low density configuration. The
difference between the corrected frequencies ��0 can
then be estimated. The uncertainty on this measurement
is twofold, a statistical uncertainty, and a systematic error
which reflects the 1% uncertainty on the ratio R. We find
��0 � �0:012�7��5� mHz, which is less than 2% of the
collisional shift at high density, and compatible with zero
within the error bars.

To compare the standard selection method (SSM) and
AP, we perform a measurement alternating both methods
for selection. Table II displays the results obtained for a
temperature of 1:1 �K. The K coefficients are found to
differ by about 10%. Indeed, when using a 
=2 pulse with
the standard selection, the density distribution is trans-
versally distorted: atoms along the symmetry axis of the
cavity are more efficiently transferred than off-axis
atoms. This increases the effective density for the same
number of detected atoms with respect to AP, giving a
larger collision shift at low density. In fact, K is expected
to be lower with SSM than AP, in agreement with our
measurement. Extrapolating the frequency to zero density
when using SSM then leads to an error of about 3 � 10�15

at this density.
It is also important to notice that we measure simulta-

neously the collisional frequency shift and the shift due
to cavity pulling [16], which is proportional to the number
of atoms crossing the Ramsey cavity. Both are correctly
evaluated by our method.

In conclusion, we demonstrate here a powerful method
based on an adiabatic transfer of population to prepare
atomic samples with a well-defined density ratio. An
important point is that the cold collisional shift is mea-
sured precisely without any absolute calibration or nu-
merical simulation. This holds even when parameters of

the atomic sample, or even of the atomic detection, are
fluctuating. This method can lead to a potential control of
the cold collision shift at the 10�3 level, or even better.
This capability could be demonstrated by using an ultra-
stable cryogenic oscillator [9], allowing a frequency
resolution of 10�16 per day. Having now at hand a power-
ful method to determine the collisional shift with the
required resolution, the evaluation of the Cs fountain
accuracy at the 10�16 level is reachable. This technique
can be readily extended to the optical domain and should
be applicable to other high precision measurements using
cold atoms or quantum degenerate gases for the evalu-
ation of the phase shifts induced by atomic interactions.
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ference in corrected frequency ��0 is �0:012�7��5� mHz.

T ��diff (mHz) R K ( � 10�11) Hz=atom

1:1 �K �0:323�5� 0.5063(3) �8:62�13�
2:3 �K �0:260�5� 0.5056(3) �10:04�20�

TABLE II. Comparison between the adiabatic passage tech-
nique (AP) and the standard selection method (SSM). The
temperature of the sample for these measurements was 1:1 �K.

��diff (mHz) R K ( � 10�11) Hz=atom

SSM �0:234�7� 0.540(3) �8:08�24�
AP �0:275�8� 0.5054(8) �8:97�23�
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Over five years, we have compared the hyperfine frequencies of 133 Cs and 87 Rb atoms in their
electronic ground state using several laser-cooled 133 Cs and 87 Rb atomic fountains with an accuracy of
�10�15. These measurements set a stringent upper bound to a possible fractional time variation of the
ratio between the two frequencies: d

dt ln���Rb�=��Cs�� � �0:2 � 7:0� 	 10�16 yr�1 (1� uncertainty). The
same limit applies to a possible variation of the quantity ��Rb=�Cs���0:44, which involves the ratio of
nuclear magnetic moments and the fine structure constant.

DOI: 10.1103/PhysRevLett.90.150801 PACS numbers: 06.30.Ft, 06.20.–f, 06.20.Jr, 32.80.Pj

Since Dirac’s 1937 formulation of his large number
hypothesis aimed at tying together the fundamental con-
stants of physics [1], a large amount of work has been
devoted to test if these constants were indeed constant
over time [2,3].

In general relativity and in all metric theories of gravi-
tation, variations with time and space of nongravitational
fundamental constants, such as the fine structure con-
stant � � e2=4
�0 �hc, are forbidden. They would violate
Einstein’s Equivalence Principle (EEP). EEP imposes the
local position invariance stating that, in a local freely
falling reference frame, the result of any local nongravi-
tational experiment is independent of where and when it
is performed. On the other hand, almost all modern
theories directed toward unifying gravitation with the
three other fundamental interactions predict violation of
EEP at levels which are within reach of near-future
experiments [4,5]. As the internal energies of atoms or
molecules depend on electromagnetic as well as strong
and weak interactions, comparing the frequency of elec-
tronic transitions, fine structure transitions, and hyperfine
transitions as a function of time or gravitational potential
provides an interesting test of the validity of EEP.

Until now, very stringent tests exist on geological and
cosmological time scales. The analysis of the Oklo nu-
clear reactor showed that, 2 	 109 years ago, � did not
differ from the present value by more than 10�7 of its
value [6]. Light emitted by distant quasars has been used
to perform absorption spectroscopy of interstellar clouds.
For instance, measurements of the wavelengths of mo-
lecular hydrogen transitions test a possible variation of
the electron to proton mass ratio me=mp [7]. Comparisons
between the gross structure and the fine structure of
neutral atoms and ions would indicate that � for a red-
shift z� 1:5 ( � 10 Gyr) differed from the present value:
��=� � ��7:2 � 1:8� 	 10�6 [8]. Today this is the only
claim that fundamental constants might change.

On much shorter time scales, laboratory tests using
frequency standards have been performed [9–11]. These
tests have a very high sensitivity to changes in funda-
mental constants. They are repeatable, systematic errors
can be tracked as experimental conditions can be
changed.

In this Letter, we present results that place a new
stringent limit to the time variation of fundamental con-
stants. By comparing the hyperfine energies of 133 Cs and
87Rb in their electronic ground state over a period of
nearly five years, we place an upper limit to the rate of
change of the ratio of the hyperfine frequencies �Rb=�Cs.
Our measurements take advantage of the high accuracy
(�10�15) of several laser-cooled Cs and Rb atomic foun-
tains. According to recent atomic structure calculations
[11,12], these measurements are sensitive to a possible
variation of the quantity ��Rb=�Cs���0:44, where � are
the nuclear magnetic moments. We anticipate major ad-
vances in these tests using frequency standards, thanks to
recent advances in optical frequency metrology using
femtosecond lasers [13,14].

In our experiments, three atomic fountains are com-
pared to each other, using a hydrogen maser (H maser) as
a flywheel oscillator (Fig. 1). Two fountains, a transport-
able fountain FOM and FO1 [15], are using cesium atoms.
The third fountain is a dual fountain (DF) [16], operating
alternately with rubidium (DFRb ) and cesium (DFCs).
These fountains have been continuously upgraded in or-
der to improve their accuracy from 2 	 10�15 in 1998 to
8 	 10�16 for cesium and from 1:3 	 10�14 [17] to 6 	
10�16 for rubidium.

Fountain clocks operate as follows. First, atoms are
collected and laser cooled in an optical molasses or in a
magneto-optical trap in 0.3 to 0.6 s. Atoms are launched
upwards, and selected in the clock level (mF � 0) by a
combination of microwave and laser pulses. Then, atoms
interact twice with a microwave field tuned near the
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hyperfine frequency, in a Ramsey interrogation scheme.
The microwave field is synthesized from a low phase
noise 100 MHz signal from a quartz oscillator, which is
phase locked to the reference signal of the H maser
(Fig. 1). After the microwave interactions, the population
of each hyperfine state is measured using light induced
fluorescence. This provides a measurement of the transi-
tion probability as a function of microwave detuning.
Successive measurements are used to steer the average
microwave field to the frequency of the atomic resonance
using a digital servo system. The output of the servo
provides a direct measurement of the frequency differ-
ence between the H maser and the fountain clock.

The three fountains have different geometries and op-
erating conditions: The number of detected atoms ranges
from 3 	 105 to 2 	 106 at a temperature of �1 �K, the
fountain cycle duration from 1.1 to 1.6 s. The Ramsey
resonance width is between 0.9 and 1.2 Hz. In measure-
ments reported here, the fractional frequency instability
is �1–2� 	 10�13��1=2, where � is the averaging time in
seconds. Fountain comparisons have a typical resolution
of �10�15 for a 12 h integration, and each of the four data
campaigns lasts from one to two months during which an
accuracy evaluation of each fountain is performed.

The 2002 measurements are presented in Fig. 2, which
displays the maser fractional frequency offset, measured
by the Cs fountains FOM and DFCs. Also shown is the
H-maser frequency offset measured by the Rb fountain
DFRb, where the Rb hyperfine frequency is conventionally
chosen to be �Rb�1999� � 6 834 682 610:904 333 Hz, our
1999 value. The data are corrected for the systematic
frequency shifts listed in Table I. The H-maser frequency
exhibits fractional fluctuations on the order of 10�14 over
a few days, 10 times larger than the typical statistical
uncertainty resulting from the instability of the fountain
clocks. In order to reject the H-maser frequency fluctua-
tions, the fountain data are recorded simultaneously
(within a few minutes). The fractional frequency differ-
ences plotted in Fig. 2(b) illustrate the efficiency of this
rejection. DF is operated alternately with Rb and Cs,

allowing both Rb-Cs comparisons and Cs-Cs compari-
sons (central part of Fig. 2) to be performed.

Systematic effects shifting the frequency of the foun-
tain standards are listed in Table I. The quantization
magnetic field in the interrogation region is determined
with a 0.1 nT uncertainty by measuring the frequency
of a linear field-dependent ‘‘Zeeman’’ transition. The
temperature in the interrogation region is monitored
with five platinum resistors and the uncertainty on the
blackbody radiation frequency shift corresponds to tem-
perature fluctuations of about 1 K [18]. Clock frequencies
are corrected for the cold collision and cavity pulling
frequency shifts using several methods [19,20]. For Rb,
unlike [20], an optical molasses with a small number of
atoms (�5:4 	 106) is used. We thus estimate that these
two shifts are smaller than 5 	 10�17. All other effects do
not contribute significantly and their uncertainties are
added quadratically. We searched for the influence of
synchronous perturbations by changing the timing se-
quence and the atom launch height. To search for possible
microwave leakage, we changed the power ( 	 9) in the
interrogation microwave cavity. No shift was found at a
resolution of 10�15. The shift due to residual coherences
and populations in neighboring Zeeman states is esti-
mated to be less than 10�16. As shown in [21], the
shift due to the microwave photon recoil is very similar
for Cs and Rb and smaller than 
1:4 	 10�16.
Relativistic corrections (gravitational redshift and sec-
ond order Doppler effect) contribute to less than 10�16

in the clock comparisons.

FIG. 2. The 2002 frequency comparison data. (a) H-maser
fractional frequency offset versus FOM (�), and alternately
versus DFRb (�) and DFCs (4 between dotted lines).
(b) Fractional frequency differences. Between dotted lines,
Cs-Cs comparisons, outside Rb-Cs comparisons. Error bars
are purely statistical. They correspond to the Allan standard
deviation of the comparisons and do not include contributions
from fluctuations of systematic shifts of Table I. (MJD is
Modified Julian Date. January 1, 2000 is MJD 51544.)

FIG. 1. BNM-SYRTE clock ensemble. A single 100 MHz
signal from a H maser is used for frequency comparisons
and is distributed to each of the microwave synthesizers of
the 133 Cs (FO1, FOM, DFCs) and 87 Rb fountain clocks. In
2001, the Rb fountain had been upgraded and is now a dual
fountain using alternately rubidium (DFRb) or cesium atoms
(DFCs).
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For the Cs-Cs 2002 comparison, we find

�DF
Cs �2002� � �FOM

Cs �2002�

�Cs
� 
12�6��12� 	 10�16; (1)

where the first parentheses reflect the 1� statistical un-
certainty, and the second the systematic uncertainty, ob-
tained by adding quadratically the inaccuracies of the two
Cs clocks (see Table I). The two Cs fountains are in good
agreement despite their significantly different operating
conditions (see Table I), showing that systematic effects
are well understood at the 10�15 level.

In 2002, the 87 Rb frequency measured with respect to
the average 133 Cs frequency is found to be

�Rb�2002� � 6 834 682 610:904 324�4��7� Hz (2)

where the error bars now include DFRb, DFCs, and FOM
uncertainties. This is the most accurate frequency mea-
surement until now.

In Fig. 3 are plotted all our Rb-Cs frequency compari-
sons. Except for the less precise 1998 data [17], two Cs
fountains were used together to perform the Rb measure-
ments. The uncertainties for the 1999 and 2000 measure-
ments were 2:7 	 10�15, because of lower clock accuracy
and lack of rigorous simultaneity in the earlier frequency
comparisons [16]. A weighted linear fit to the data in
Fig. 3 determines how our measurements constrain a
possible time variation of �Rb=�Cs. We find

d
dt

ln

�
�Rb

�Cs

�
� �0:2 � 7:0� 	 10�16 yr�1; (3)

which represents a fivefold improvement over our pre-
vious results [16] and a 100-fold improvement over the
Hg
-H hyperfine energy comparison [11].

We now examine how this result constrains possible
variations of fundamental constants. For an alkali with
atom number Z, the hyperfine transition frequency can be
approximated by

� / �2 �
�N

�
me

mp

�
R1cFrel�Z��; (4)

where R1 is the Rydberg constant, c the speed of light, �
the magnetic moment of the nucleus, and �N the nu-
clear magneton. Frel�Z�� is a relativistic function which
strongly increases with Z [11,22]. For 133 Cs, this Casi-

mir relativistic contribution amounts to 40% of the hyper-
fine splitting and ��f@ ln�Frel�Z���g=�@��� � 0:74. For
87Rb, this quantity is 0.30 [23]. Following [11] and ne-
glecting possible changes of the strong and weak inter-
actions affecting �Rb and �Cs, the sensitivity of the ratio
�Rb=�Cs to a variation of � is simply given by

@
@ ln�

ln

�
�Rb

�Cs

�
’ �0:30–0:74� � �0:44: (5)

Using Eqs. (3) and (5), we thus set the new limit: _��=� �
��0:4 � 16� 	 10�16 yr�1.

In contrast with [11], Ref. [22] argues that a time
variation of the nuclear magnetic moments must also be
considered in a comparison between hyperfine frequen-
cies. The magnetic moments � can be calculated using the
Schmidt model. For atoms with odd A and Z such as 87 Rb
and 133 Cs, the Schmidt magnetic moment ��s� is found to
depend only on gp, the proton gyromagnetic ratio. With
this simple model, Ref. [22] finds

@
@ lngp

ln

�
�Rb

�Cs

�
’

@
@ lngp

ln

�
��s�

Rb

��s�
Cs

�
’ 2:0: (6)

Attributing any variation of �Rb=�Cs to a variation of

FIG. 3. Measured 87 Rb frequencies referenced to the 133 Cs
fountains over 57 months. The 1999 measurement value
[�Rb�1999� � 6 834 682 610:904 333 Hz] is conventionally
used as reference. A weighted linear fit to the data gives
d
dt ln���Rb�=��Cs�� � �0:2 � 7:0� 	 10�16 yr�1. Dotted lines cor-
respond to the 1� slope uncertainty.

TABLE I. Accuracy budget of the fountains involved in the 2002 measurements (DF and
FOM).

Fountain DFCs DFRb FOM

Effect Value and uncertainty (10�16�

Second order Zeeman 1773:0 � 5:2 3207:0 � 4:7 385:0 � 2:9
Blackbody radiation �173:0 � 2:3 �127:0 � 2:1 �186:0 � 2:5

Cold collisions + cavity pulling �95:0 � 4:6 0:0 � 1:0 �24:0 � 4:8
Others 0:0 � 3:0 0:0 � 3:0 0:0 � 3:7

Total uncertainty 8 6 8
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gp, Eqs. (3) and (6) lead to _gpgp=gp � �0:1 � 3:5� 	
10�16 yr�1. However, it must be noted that the Schimdt
model is oversimplified and does not agree very accu-
rately with the actual magnetic moment.

Moreover, attributing all the time variation of �Rb=�Cs

to either gp or � independently is somewhat artificial.
Theoretical models allowing for a variation of � also
allow for variations in the strength of the strong and
electroweak interactions. For instance, Ref. [5] argues
that Grand unification of the three interactions implies
that a time variation of � necessarily comes with a time
variation of the coupling constants of the other interac-
tions. Reference [5] predicts that a fractional variation of
� is accompanied with a �40 times larger fractional
change of me=mp. In order to independently test the
stability of the three fundamental interactions, several
comparisons between different atomic species and/or
transitions are required. For instance and as illustrated
in [14], absolute frequency measurements of an optical
transition are sensitive to a different combination of
fundamental constants: ��Cs=�N��me=mp��x, where x
depends on the particular atom and/or transition.

A more complete theoretical analysis going beyond the
Schmidt model would clearly be very useful to interpret
frequency comparisons involving hyperfine transitions.
This is especially important as most precise frequency
measurements, both in the microwave and the optical
domain [14,24,25], are currently referenced to the 133 Cs
hyperfine splitting, the basis of the SI definition of the
second. The H hyperfine splitting, which is calculable to a
high accuracy, had already been considered as a possible
reference several decades ago. Unfortunately, despite nu-
merous efforts, the H hyperfine splitting is currently
measured to only seven parts in 1013 (using H masers),
almost 3 orders of magnitude worse than the results
presented in this Letter.

In summary, by comparing 133 Cs and 87 Rb hyperfine
energies, we have set a stringent upper limit to a possible
fractional variation of the quantity ��Rb=�Cs��

�0:44 at
��0:2 � 7:0� 	 10�16 yr�1. In the near future, accuracies
near one part in 1016 should be achievable in microwave
atomic fountains, improving our present Rb-Cs compari-
son by 1 order of magnitude.

We anticipate that comparisons between rapidly pro-
gressing optical and microwave laser-cooled frequency
standards currently developed in several laboratories
will bring orders of magnitude gain in sensitivity. In
order to have the full benefit of these advances, fre-
quency comparisons with improved accuracy between
these distant clocks will be necessary. Serving this pur-
pose, a new generation of time/frequency transfer at the
10�16 level is currently under development for the
European Space Agency space mission ACES which
will fly ultrastable clocks on board the international space
station in 2006 [26]. These comparisons will also allow
for a search of a possible change of fundamental con-
stants induced by the annual modulation of the Sun

gravitational potential due to the elliptical orbit of
Earth [27].
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We have remeasured the absolute 1S-2S transition frequency �H in atomic hydrogen. A comparison
with the result of the previous measurement performed in 1999 sets a limit of ��29� 57� Hz for
the drift of �H with respect to the ground state hyperfine splitting �Cs in 133Cs. Combining this re-
sult with the recently published optical transition frequency in 199Hg� against �Cs and a microwave
87Rb and 133Cs clock comparison, we deduce separate limits on _��=� � ��0:9� 2:9� � 10�15 yr�1 and
the fractional time variation of the ratio of Rb and Cs nuclear magnetic moments �Rb=�Cs equal to
��0:5� 1:7� � 10�15 yr�1. The latter provides information on the temporal behavior of the constant of
strong interaction.

DOI: 10.1103/PhysRevLett.92.230802 PACS numbers: 06.30.Ft, 06.20.Jr, 32.30.Jc

In the era of a rapid development of precision experi-
mental methods, the stability of fundamental constants
becomes a question of basic interest. Any drift of non-
gravitational constants is forbidden in all metric theories
of gravity including general relativity. The basis of these
theories is Einstein’s Equivalence Principle (EEP) which
states that weight is proportional to mass, and that in any
local freely falling reference frame, the result of any
nongravitational experiment must be independent of
time and space. This hypothesis can be proven only ex-
perimentally as no theory predicting the values of funda-
mental constants exists. In contrast to metric theories,
string theory models aiming to unify quantum mechan-
ics and gravitation allow for, or even predict, violations of
EEP. Limits on the variation of fundamental constants
might therefore provide important constraints on these
new theoretical models.

A recent analysis of quasar absorption spectra with
redshifted UV transition lines indicates a variation of
the fine structure constant � � e2=4�"0 �hc on the level
of ��=� � ��0:54 � 0:12� � 10�5 for a redshift range
�0:2< z < 3:7� [1]. On geological time scales, a limit for
the drift of � has been deduced from isotope abundance
ratios in the natural fission reactor of Oklo, Gabon, which
operated about 2 Gyr ago. Modeling the processes which
have changed the isotope ratios of heavy elements gives a
limit of ��=� � ��0:36 � 1:44� � 10�8 [2]. In these
measurements, the high sensitivity to the time variation
of � is achieved through very long observation times at
moderate resolution for ��. Therefore, they are vulner-
able to systematic effects [3].

Laboratory experiments can reach a 10�15 accuracy
within years with better controlled systematics. This
type of experiment is typically based on repeated
absolute frequency measurements, i.e., comparison of a
transition frequency with the reference frequency of the
ground state hyperfine transition in 133Cs. For an opti-
cal transition, the theoretical expression for the drift of
its absolute frequency inevitably involves �Cs=�B in
addition to �, where �Cs is the magnetic moment of the
Cs nucleus and �B is the Bohr magneton [4]. The micro-
wave Rb and Cs clock comparison [5] even involves two
nuclear moments. The magnitude of nuclear moments
results from both the electromagnetic and the strong
interaction.

Contributions from weak, electromagnetic, and strong
interactions can be disentangled by combining several
frequency measurements possessing a different sensitiv-
ity to the fundamental constants. In this Letter, we de-
duce separate stringent limits for the drifts of the fine
structure constant �, �Cs=�B, and �Rb=�Cs from com-
bining the drifts of two optical frequencies in hydrogen
and in the mercury ion with respect to the ground state
hyperfine splitting in 133Cs and the result of a microwave
clock comparison [5]. Comparing measurements per-
formed at different places and at different times we
have to use the Lorentz and position invariance and we
have to assume that the constants change linearly and do
not oscillate on a year scale. With the exception of this,
our results are independent of further assumptions about
a particular drift model and possible correlated drifts of
different constants [6].
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The experiments on the drift of the
199Hg�5d106s 2S1=2�F� 0� ! 5d 96s2 2D5=2�F

0 � 2� elec-
tric quadrupole (‘‘clock’’) transition frequency �Hg
were performed by the group of Bergquist at NIST be-
tween July 2000 and December 2002 [7]. These repeated
measurements of �Hg limit the fractional time variation
of the ratio �Cs=�Hg to �0:2� 7� � 10�15 yr�1.

In 1999 [8] and 2003, we have phase coherently com-
pared the frequency of the �1S; F � 1; mF � �1� !
�2S; F0 � 1; m0

F � �1� two-photon transition in atomic
hydrogen to the frequency of the ground state hyperfine
splitting of 133Cs using a frequency comb technique [9].
The 1999 setup of the hydrogen spectrometer has been
described previously in [10], so we present only a brief
description with an emphasis on the improvements since
1999. A sketch of the actual setup is shown in Fig. 1.

A cw dye laser emitting near 486 nm is locked to an
external reference cavity. The new cavity for the 2003
measurement is more stable and drifts less than 0:5 Hz=s
at 486 nm. The linewidth of the dye laser stabilized on the
new cavity has been characterized as 60 Hz for an aver-
aging time of 1 s. A small part of the laser light is
transferred to a neighboring lab where its absolute fre-
quency is measured. The main part is frequency doubled,
and the resulting radiation near 243 nm (corresponding to
half of the 1S-2S transition frequency) is coupled into a
linear enhancement cavity inside the vacuum chamber of
the hydrogen spectrometer.

Hydrogen atoms from a radio-frequency (rf) gas dis-
charge are cooled to 5–6 K by collisions with the walls of

a copper nozzle. The nozzle forms a beam of cold atomic
hydrogen which leaves the nozzle collinearly with the
cavity axis and enters the interaction region between the
nozzle and the detector shielded from stray electric fields
by a Faraday cage. Some of the atoms are excited from the
ground state to the metastable 2S state by Doppler-free
absorption of two counterpropagating photons from the
laser field in the enhancement cavity. The 1999 measure-
ment was performed at a background gas pressure of
around 10�6 mbar in the interaction region. In the mean-
time, we upgraded the vacuum system with a differential
pumping configuration. This allows us to vary the back-
ground gas pressure in a range of 10�8–10�7 mbar and to
reduce the background gas pressure shift and the corre-
sponding uncertainty to 2 Hz.

Because of small apertures, only atoms flying close to
the cavity axis can enter the detection region where the
2S atoms are quenched in a small electric field and emit
L� photons. The excitation light and the hydrogen beam
are periodically blocked by two mutually phase locked
choppers, and the L� photons are counted time-resolved
only in the dark part of a cycle. The delay � between
blocking the 243 nm radiation and the start of photon
counting sets the upper limit for the atomic velocity of
v < l=�, where l is the distance between nozzle and
detector. With the help of a multichannel scaler, we count
all photons and sort them into 12 adjacent time bins. From
each scan of the laser frequency over the hydrogen 1S-2S
resonance we therefore get up to 12 spectra measured with
different delays. To correct for the second order Doppler
shift, we use an elaborate theoretical model to fit all the
delayed spectra of one scan simultaneously with a set of
seven fit parameters [10]. The result of the fitting proce-
dure is the 1S-2S transition frequency for a hydrogen
atom at rest.

The transition frequency depends linearly on the ex-
citation light intensity due to the dynamic ac-Stark shift.
We vary the intensity and extrapolate the transition fre-
quency to zero intensity to correct for this effect [8].

For an absolute measurement of the 1S-2S transi-
tion frequency, the dye laser frequency near 616.5 THz
is phase coherently compared with an atomic cesium
fountain clock. We take advantage of the frequency
comb technique recently developed in Garching and
Boulder [9] to bridge the large gap between the optical
and radio-frequency domains. A mode-locked femto-
second (fs) laser emits a pulse train which equals a
comb of laser modes in the frequency domain. The
mode spacing corresponds to the repetition rate fre-
quency frep of the fs laser, and the frequency of each
mode can be written as fn � nfrep � f0, where n
is a large integer number and f0 < frep is the comb
offset frequency. The repetition rate frep can easily be
detected with a photodiode. For combs spanning more
than one octave, f0 can be determined by frequency
doubling an infrared mode fn in a nonlinear crystal to
2fn and measuring the beat note with the appropriate

FIG. 1. Simplified experimental setup for comparison of the
hydrogen 1S-2S transition frequency with a primary frequency
standard (HV, high vacuum; UHV, ultrahigh vacuum). A mode-
locked femtosecond laser with repetition rate frep emits the
frequency comb which is broadened in a photonic crystal fiber.
f0 is the carrier-envelope offset frequency.
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mode f2nof the blue part of the comb, yielding
f0 � 2fn � f2n.

In our experiment, the frequency comb from a mode-
locked fs Ti:sapphire laser with a repetition rate frep of
800 MHz is broadened in a photonic crystal fiber to cover
more than an optical octave. We phase lock both degrees
of freedom of the comb (frep, f0) to the radio-frequency
output of the Cs fountain clock to get a frequency comb
with optical modes whose frequencies are known with the
accuracy of the primary frequency standard. Any of these
modes are available for optical measurements.

For both the 1999 and 2003 measurements, the trans-
portable Cs fountain clock FOM has been installed at
MPQ. Its stability is 1:8� 10�13��1=2

ave for an averaging
time of �ave, and its accuracy has been evaluated to 8�
10�16 [11] at BNM-SYRTE. During the experiments in
Garching, only a verification at the level of 10�15 has
been performed. Consequently we attribute a conserva-
tive FOM accuracy of 2� 10�15 for these measurements.

We have measured the 1S-2S transition in atomic hy-
drogen during 10 d in 1999 and during 12 d in 2003. For
comparability, both data sets have been analyzed using
the same theoretical line-shape model [10]. In Fig. 2, the
results of the extrapolation to zero excitation light inten-
sity and the respective statistical error bars for each day
are presented. The statistical uncertainty was signifi-
cantly reduced compared to the 1999 measurements due
to the narrower laser linewidth and a better signal-to-
noise ratio, but the scatter of the day averages did not
reduce accordingly. We ascribe this effect to a residual
uncompensated first-order Doppler shift. Later measure-
ments performed without the fountain clock with a delib-
erately introduced asymmetry in the 243 nm cavity
indicate an adjustment-dependent frequency shift (the
elimination of this additional systematic shift should be
of high concern in future measurements). The effect
should average out after multiple readjustments of the
spectrometer which have been typically performed twice
a day. It is impossible to correct the data a posteriori
because such details of the spectrometer adjustment were
not recorded during the phase-coherent measurement.

Other effects which can cause the systematic shift (intra-
beam pressure shift, background gas pressure shift, Stark
shift of the hyperfine levels induced by the rf gas dis-
charge, stray electric fields) have been checked and can be
excluded on the level of the observed scatter.

The 1999 and 2003 d-dependent data were averaged
without weighting [12]. After accounting for the total
systematic uncertainties of 28 Hz (1999) and 23 Hz
(2003) in the mutually equivalent evaluation processes
of both measurements we deduce a difference equal to
��29� 57� Hz over a time interval of 44 months. This is
equivalent to a fractional time variation of the ratio
�Cs=�H equal to �3:2� 6:3� � 10�15 yr�1.

The frequency of any optical transition can be written
as � � ARyFrel��� [4,13], where Ry is the Rydberg en-
ergy and the relativistic correction Frel��� takes into
account relativistic and many-body effects. Frel depends
on the transition in the system considered and embodies
the dependence on �, while the parameter A is indepen-
dent of fundamental constants. For absolute frequency
measurements Ry always cancels out.

Numerical calculations of the dependence of Frel;Hg���
for �Hg on the fine structure constant � yield [13]

�
@
@�

lnFrel;Hg��� 

�
��

�Frel

Frel
� �3:2: (1)

The corresponding expression for �H gives a very weak
dependence on �:

�
@
@�

lnFrel;H��� 
 0: (2)

The frequency of the ground state hyperfine transition in
133Cs is given by

�Cs � A0 Ry�2�Cs

�B
Frel;Cs���: (3)

Following [13], the relativistic correction Frel;Cs��� is

�
@
@�

lnFrel;Cs��� 
 �0:8: (4)

Therefore, the comparison of the clock transition in Hg�

against a primary frequency standard tests a drift of [7]

@
@t

ln
�Cs
�Hg

�
@
@t

�
ln
�Cs

�B
� �2:0� 0:8� 3:2� ln�

�
; (5)

whereas the 1S-2S experiment tests the drift of

@
@t

ln
�Cs
�H

�
@
@t

�
ln
�Cs

�B
� �2:0� 0:8� ln�

�
: (6)

For clarity, we set x � �@=@t� ln�, y � �@=@t� �
ln��Cs=�B� and get as experimental constraints

y� 6x � �0:2� 7� � 10�15 yr�1�Hg��; (7a)

y� 2:8x � �3:2� 6:3� � 10�15 yr�1�H�: (7b)

Solving for x and y yields the separate restrictions for
the drifts of � and �Cs=�B without any assumptions of
conceivable mutual correlations (see, e.g., [6]). In this

FIG. 2. Experimental results and averages for the 1999 and
2003 measurements of the absolute �1S; F � 1; mF � �1� !
�2S; F0 � 1; m0

F � �1� transition frequency in atomic hydro-
gen. The background pressure shift of �10 Hz as explained in
[8] is added to the 1999 value.
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sense, this evaluation is model independent. Figure 3
represents both equations and their solution graphically.

For the relative drift of the fine structure constant at
the end of the second millennium, we deduce the
limit of

x �
@
@t

ln� � ��0:9� 2:9� � 10�15 yr�1: (8)

The limit on the relative drift of �Cs=�B is

y �
@
@t

ln
�Cs

�B
� �0:6� 1:3� � 10�14 yr�1: (9)

We deduce the uncertainties in expressions (8) and (9)
as projections of the ellipse (Fig. 3) on the corresponding
axes. This is equivalent to performing Gaussian propaga-
tion of uncertainties when resolving Eqs. (7) for x and y.
Here, the measurement results for Hg� and H are treated
as uncorrelated even though the drift rates x and y may be
correlated [6]. The given 1 uncertainties for x and y in
Eqs. (8) and (9) incorporate both the statistical and sys-
tematic uncertainties of the hydrogen and the mercury
measurements. Both limits (8) and (9) are consistent
with zero. Meanwhile Peik and co-workers have added a
precise drift measurement on a single trapped Yb ion to
push the overall limit even further [14].

These results allow us to deduce a restriction for the
relative drift of the nuclear magnetic moments in 87Rb
and 133Cs. From 1998 to 2003, the drift of the ratio of the
ground state hyperfine frequencies in 87Rb and 133Cs has
been measured to be [5]

@
@t

ln
�Rb
�Cs

� �0:2� 7:0� � 10�16 yr�1: (10)

Substituting the corresponding dependencies Frel���
for these transitions [5,13] yields

@
@t

ln
�Rb
�Cs

�
@
@t

�
ln
�Rb

�Cs
� 0:53 ln�

�
: (11)

Combining (8), (10), and (11) we get

@
@t

ln
�Rb

�Cs
� ��0:5� 1:7� � 10�15 yr�1; (12)

where the same procedure as in Fig. 3 was used with a
diagram covering x and z � �@=@t� ln��Rb=�Cs�.

In conclusion, we have determined separate limits for
the drift of �, �Cs=�B and �Rb=�Cs from laboratory
experiments without assumptions of conceivable correla-
tions among them. All these limits are consistent with
zero. Quasar absorption spectra measured with the Keck/
HIRES spectrograph show a significant deviation be-
tween the values of � today and 10 Gyr ago [1]. A corre-
sponding linear drift of � is smaller than the uncertainty
of our result, therefore it cannot be excluded.
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FIG. 3. Possible values for the relative drift rates x and y and
their experimental restrictions (dashed lines) as stated by
Eqs. (7). The probability density for x and y to be the true
values is given by P��x;�y� / exp�R��x;�y�=2� with the
distances from the crossing point �x and �y and R��x;�y� �
��y� 6�x�2= 2

Hg � ��y� 2:8�x�2= 2
H. The resulting ellipti-

cal uncertainty region, defined by R��x;�y� � 1, gives the
standard deviation when projected on either axis by integration
over the other. The uncertainties of the measured values are
 H � 6:3� 10�15 yr�1 and  Hg � 7� 10�15 yr�1.
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