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État de l’art . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

Résultats et techniques utilisées . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

Estimation minimax non-paramétrique de fonctionnelles dans le modèle
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Introduction

Cette thèse est consacrée à l’estimation dans des modèles à variables cachées. Les obser-
vations sont des variables aléatoires issues d’une suite de variables aléatoires non observée (le
signal) et d’une autre suite de variables aléatoires, de loi connue ou non (le bruit). Le cadre
de ces estimations pourra être aussi bien paramétrique que semi-paramétrique ou encore non-
paramétrique.

Le premier chapitre de cette thèse concerne l’étude d’une châıne de Markov cachée. Le si-
gnal est une châıne de Markov et la forme du bruit, indépendant du signal, n’est pas spécifiée
(ce bruit peut être additif ou encore multiplicatif). La transition de la châıne de Markov ainsi
que la fonctionnelle qui définit les observations sont connues au paramètre θ près et nous nous
intéressons à l’estimation de ce paramètre θ. Nous prouvons que l’estimateur du maximum de
vraisemblance pour ce paramètre θ est consistant, asymptotiquement normal et efficace.

Le second chapitre concerne le modèle de convolution où le signal est de loi inconnue et le
bruit de loi gaussienne centrée et de variance inconnue σ2. Nous nous intéressons à l’estimation
semi-paramétrique de la variance σ2 du bruit et de la densité g de la loi du signal. Nous exhibons
différents estimateurs de la variance et calculons leurs vitesses de convergence. Nous donnons
également une borne inférieure du risque minimax pour l’estimation de cette variance σ2 ainsi
que pour la densité g du signal.

Le troisième et dernier chapitre concerne l’estimation non-paramétrique de certaines fonc-
tionnelles dans le modèle de convolution où le signal est de loi inconnue et le bruit est supposé
de loi entièrement connue gaussienne centrée réduite. Nous nous intéressons à la vitesse d’esti-
mation de ces fonctionnelles. Nous donnons des bornes inférieures et des bornes supérieures pour
ces vitesses d’estimation pour la norme de Lp(R), ainsi que pour le risque quadratique ponctuel.

Nous allons maintenant décrire plus précisément les modèles mentionnés ci-dessus, énoncer
les résultats obtenus dans chacun de ces modèles, expliquer les liens qui les unissent, et évoquer
les divers prolongements possibles à ce travail.

Estimation paramétrique dans le modèle de Markov caché

État de l’art

Les modèles de Markov cachés ont fait l’objet d’un très grand développement ces dernières
années, ceci étant dû à de nombreuses applications pratiques dans des domaines aussi variés que
la reconnaissance de la parole (Juang and Rabiner 1991), la neurophysiologie (Fredkin and Rice
1987), la biologie (Churchill 1989), l’économétrie (Kim, Shephard, and Chib 1998), ou encore
l’analyse des séries temporelles (DeJong and Shephard 1995; Chan and Ledolter 1995). On trou-
vera également dans MacDonald et Zucchini (1997) des références plus complètes.

Le premier chapitre de cette thèse présente un travail réalisé en collaboration avec Randal
Douc et portant sur l’estimation des paramètres d’un modèle de Markov caché. Commençons
tout d’abord par décrire le modèle étudié. Nous considérons une châıne de Markov homogène
{Xn}n≥0 sur un espace métrique X muni de la tribu borélienne Bor(X ) et d’une mesure positive
γ. La transition qθdγ de la châıne est connue au paramètre θ près, dont la vraie valeur est notée
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Introduction

θ∗ et sa loi initiale est notée π∗dγ. Cette châıne n’est pas observée et sera donc dite cachée. Les
observations sont constituées par une suite de variables aléatoires {Yn}n≥0 définies sur un espace
métrique séparable et complet Y muni de la tribu borélienne Bor(Y) et d’une mesure positive
ν. Ces observations vérifient l’hypothèse suivante : la loi du n-uplet (Y0, . . . , Yn), conditionnelle
à la donnée des variables cachées (X0, . . . , Xn) est égale au produit tensoriel des lois de chaque
Yi, conditionnelles à la seule donnée de Xi, pour i variant de 0 à n :

∀ n ≥ 0, L(Y0, . . . , Yn|X0, . . . , Xn) =
n⊗

i=0

L(Yi|Xi).

La densité de cette loi conditionnelle de Yi sachant Xi (par hypothèse, indépendante du numéro
i de l’observation) est notée gθdν et supposée connue au paramètre θ près dont la vraie valeur
est θ∗. Nous pouvons schématiser ce modèle de la façon suivante :

X0 Xk−1

qθ(·|Xk−1)dγ
%%
Xk

gθ(·|Xk)dν

��

Xk+1

Y0 Yk−1 Yk Yk+1

Le but de l’étude réside dans l’estimation basée sur l’observation de la suite {Yn}n≥0, du vrai
paramètre θ∗, appartenant à l’intérieur d’un compact Θ de Rp.

Ce travail s’inscrit dans le prolongement des travaux antérieurs portant sur l’estimation des
paramètres d’un modèle de Markov caché. Les premiers résultats datent de 1966 avec les travaux
de Baum et Petrie dans le cadre très particulier où les variables aléatoires cachées ainsi que les
variables observées ne prennent qu’un nombre fini de valeurs (i.e. les espaces d’états X et Y
sont finis). Les auteurs établissent la consistance et la normalité asymptotique de l’estimateur
du maximum de vraisemblance pour le paramètre θ, sous l’hypothèse d’un régime stationnaire
pour la châıne de Markov {Xn}n≥0 (autrement dit, la loi initiale π∗dγ de la châıne est connue
et égale à sa loi stationnaire). Le travail de Bakry et al. (1997) propose d’étendre les résultats
précédents au cas non stationnaire par une technique de couplage.

Récemment, ces résultats ont été étendus au cas d’un espace d’états plus général pour les
observations {Yn}n≥0, comprenant le cas de Rd. Cependant, la châıne de Markov est encore sup-
posée stationnaire à espace d’états X fini. Les travaux de Leroux (1992) établissent la consistance
de l’estimateur du maximum de vraisemblance des paramètres. Bickel et Ritov (1996) étudient
la normalité asymptotique locale (LAN) de cet estimateur. Par la suite, Bickel, Ritov et Rydèn
(1998) prouvent la normalité asymptotique de l’estimateur du maximum de vraisemblance pour
le paramètre θ, sous l’hypothèse de sa consistance.

Parallèlement à ces travaux, Legland et Mevel (2000b, 2000a) ont développé une technique
différente pour établir la consistance et la normalité asymptotique de l’estimateur du maximum
de vraisemblance dans le cadre d’un espace d’états Y séparable complet pour la suite des ob-
servations et d’un espace d’états X fini pour la châıne de Markov. Un des avantages de cette
technique est qu’elle ne nécessite aucune hypothèse de stationnarité sur la châıne de Markov
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(ce qui était le cas dans les travaux précédemment cités, sauf pour Bakry et al.). C’est sur ces
techniques que s’appuie notre étude des modèles de Markov cachés, généralisant les travaux de
Mevel (1997) au cadre d’un espace d’états pour la châıne de Markov non plus fini mais métrique
compact. Dans ce cadre, nous établissons la consistance, la normalité asymptotique et l’efficacité
de l’estimateur du maximum de vraisemblance des paramètres.

L’article de Jensen et Petersen (1999) est un travail parallèle au notre. Par des techniques
analogues à celles initiées par Baum et Petrie (1966) et par Bickel, Ritov et Rydèn (1998), les
auteurs prouvent la normalité asymptotique de l’estimateur du maximum de vraisemblance dans
le cas d’un espace d’états Y topologique général pour les observations, et d’un espace d’états
X compact pour la châıne cachée. Ce résultat ne s’applique que dans le cadre d’une châıne
stationnaire. Les auteurs établissent la normalité asymptotique de l’estimateur du maximum de
vraisemblance sous l’hypothèse de sa consistance.

Une des différences essentielles entre ce travail et notre étude réside dans le fait que nous
établissons un résultat de consistance (qui est une extension du résultat obtenu par Leroux
(1992)) sous l’hypothèse usuelle d’identifiabilité du modèle, point qui n’est abordé ni dans le
travail de Mevel (1997), ni dans celui de Jensen et Petersen (1999). Les techniques utilisées ici
sont bien adaptées pour l’étude des estimateurs récursifs (où l’estimateur est réévalué à chaque
nouvelle observation) mais elles nécessitent cependant des hypothèses plus fortes que celles uti-
lisées par Bickel et al. (1998) et par Jensen et Petersen (1999).

Enfin, dans un travail postérieur au notre, Douc, Moulines et Rydèn (2001) établissent la
consistance et la normalité asymptotique de l’estimateur du maximum de vraisemblance dans
un modèle auto-régressif à régime markovien (la variable observée Yn ne dépend plus seulement
de la variable cachée Xn mais également de Yn−1, . . . Yn−d où d est un entier fixé). L’approche
s’inspire des travaux de Bickel et al. (1998) et de ceux de Jensen et Petersen (1999), ce qui permet
d’affaiblir certaines hypothèses. Une technique de couplage permet d’étendre ces résultats au
cas non-stationnaire.

Techniques utilisées

Précisons en quelques mots les principales étapes de nos preuves ainsi que les techniques
utilisées. Nous supposerons à présent que la châıne de Markov {Xn}n≥0 est à valeurs dans un
sous-ensemble compact K de X . En effet, nous utilisons l’hypothèse suivante sur la transition
de la châıne de Markov :

∀θ ∈ Θ, inf
x,x′

qθ(x, x
′) > 0. (1)

Or, qθ étant le noyau de transition d’une loi de probabilité, il vérifie l’égalité
∫
qθ(x, y)dy = 1, ce

qui oblige, avec l’hypothèse (1), l’espace d’intégration à être de mesure finie. Aucune hypothèse
n’est faite sur la loi initiale π∗dγ de cette châıne et les paramètres du modèle sont donc (θ; ζ)
où θ appartient à Θ et ζ est une densité sur (X ,Bor(X ), γ).

La méthode classique de Wald (1949) pour prouver la consistance de l’estimateur du maxi-
mum de vraisemblance comporte trois points : prouver la convergence de la log-vraisemblance
renormalisée vers une fonction de contraste limite, montrer que ce contraste limite est maximum
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Introduction

uniquement pour la valeur du vrai paramètre et enfin établir un critère d’uniformité par rapport
au paramètre dans la convergence de ce contraste limite.

Le premier point (à savoir la convergence de la log-vraisemblance renormalisée vers un
contraste limite) se base le plus souvent sur le théorème ergodique (voir par exemple le livre
de Billingsley (1965)). Dans notre cas, ce théorème n’est pas directement applicable car la log-
vraisemblance fait intervenir une somme de quantités aléatoires dont le comportement n’est pas
stationnaire (voir ci-dessous l’expression de cette log-vraisemblance).

En utilisant des conditionnements successifs, cette log-vraisemblance s’écrit sous la forme de
la somme pour k variant de 0 à n − 1 de la loi de Yk conditionnelle au passé Yk−1, . . . Y0. Or
en introduisant la variable Xk et en conditionnant par rapport à cette variable, nous sommes
amenés à considérer la loi de Xk conditionnelle au passé des observations Yk−1, . . . Y0. Cette
quantité est appelée le filtre de prédiction du modèle et c’est sur son étude que se base notre
approche.

Formalisons cette écriture de la log-vraisemblance. Le filtre de prédiction f ζθ,n du modèle est
défini de la façon suivante :

∀v ∈ K,





f ζθ,0(v) = ζ(v)

f ζθ,n+1(v) , Φ1(Yn, f
ζ
θ,n; θ) ,

R
u qθ(u,v)gθ(Yn|u)fζθ,n(u)dγ(u)
R
u gθ(Yn|u)fζθ,n(u)dγ(u)

.

Lorsque θ est égal à la vraie valeur θ∗ du paramètre et lorsque ζ vaut la densité initiale π∗ de la
loi de la châıne {Xn}n≥0, le filtre fπ

∗
θ∗,n représente la densité par rapport à la mesure dominante

γ, de la loi de la variable cachée Xn, conditionnelle au passé des observations Yn−1, . . . , Y0. La
log-vraisemblance des paramètres (θ, ζ) pour les observations Y0, . . . , Yn s’écrit alors de la façon
suivante :

`n(θ, ζ) =
n−1∑

k=0

log

(∫

K
gθ(Yk|x)f ζθ,k(x)dγ(x)

)
.

Il est à noter que f ζθ,n+1 est une fonction déterministe de (Yn, f
ζ
θ,n), ce qui permet d’obtenir,

en définissant Zn = (Xn, Yn, f
ζ
θ,n) pour tout entier n positif, une nouvelle châıne de Markov. Il se

trouve que cette nouvelle châıne (dite châıne étendue) est d’un intérêt tout particulier puisque
la log-vraisemblance renormalisée n−1`n(θ, ζ) des paramètres s’écrit comme moyenne empirique
d’une certaine fonction de cette châıne {Zn}n≥0.

L’étude de cette châıne étendue (et en particulier la preuve de son ergodicité, voir Sec-
tion 1.2.2) nous permet alors d’établir la convergence presque sure de la log-vraisemblance
renormalisée n−1`n(θ, ζ) vers un contraste limite `(θ) qui ne dépend pas de la loi initiale ζ de la
châıne de Markov (Proposition 1.2.6). L’étape suivante consiste à établir que ce contraste limite
est maximum uniquement pour la vraie valeur du paramètre, à savoir θ∗.

Pour cela, l’existence de ce contraste en tant que limite et sans caractérisation supplémentaire
pose problème. Il se trouve que dans le cas d’un espace d’états fini pour la châıne de Markov,
l’espace d’états de la châıne étendue est localement compact, et le Théorème de représentation
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Introduction

de Riesz s’applique et permet d’écrire le contraste limite comme l’intégrale d’une certaine fonc-
tion sous la mesure de probabilité invariante de la châıne étendue. Lorsque l’espace d’états de la
châıne de Markov n’est plus compact, l’espace dans lequel varie le filtre n’est plus de dimension
finie (auparavant il s’agissait de RM où M est le nombre fini de valeurs prises par la châıne de
Markov) et le Théorème de Riesz n’est plus valable.

Pour contourner ce problème, nous utilisons une suite de mesures appropriée qui est asymp-
totiquement tendue, donc admet une sous-suite convergente en loi, d’après le Théorème de
Prohorov (1956) (voir par exemple le livre de van der Vaart and Wellner (1996)). Ceci nous per-
met d’établir l’existence d’une mesure invariante pour la châıne étendue (Sunyach 1975) et de
représenter le contraste limite `(θ) comme l’intégrale d’une certaine fonction sous cette mesure
λθ (Proposition 1.2.6).

D’autre part, nous utilisons le fait que la châıne étendue {Zn}n≥0 qui est réellement utilisée
n’est pas exactement celle que nous avons décrite ci-dessus, mais plutôt une variante de celle-ci
qui prend en compte le vrai filtre de prédiction du modèle : fπ

∗
θ∗,n, où θ∗ et π∗ sont les vraies

valeurs des paramètres θ et ζ (voir les définitions (1.3) et (1.4) de la transition et de la loi
initiale de cette châıne). Cette astuce nous permet alors de représenter les contrastes limites
`(θ) et `(θ∗) sous la même mesure de probabilité λθ, et donc de pouvoir ainsi les comparer (voir
Théorème 1.2.7). Nous pouvons alors en déduire la consistance de l’estimateur du maximum
de vraisemblance (Théorème 1.2.9), via la méthode initiée par Wald (1949), en assurant l’équi-
continuité de la log-vraisemblance.

Enfin nous montrons la normalité asymptotique et l’efficacité de cet estimateur avec les
mêmes outils que ceux utilisés dans la preuve de sa consistance. Nous introduisons de nouvelles
châınes étendues dont les premières coordonnées sont celles de la châıne étendue {Zn}n≥0 et qui
intègrent les dérivées premières et secondes par rapport à θ du filtre de prédiction (Section 1.3).
La preuve est classiquement basée sur trois points : prouver la convergence en loi du gradient de
la log-vraisemblance renormalisée par n−1/2 vers une loi normale centrée de variance l’inverse
de l’information de Fisher (Proposition 1.3.1), établir la convergence presque sure de la matrice
hessienne des dérivées secondes de la log-vraisemblance renormalisée par n−1 vers l’opposé de
cette information de Fisher (Proposition 1.3.2), et enfin prouver l’uniformité par rapport au
paramètre θ de la convergence en probabilité de cette matrice hessienne (Proposition 1.3.3).

Passage à un cadre semi-paramétrique : motivations

La question qui se pose assez naturellement est la suivante : que deviennent ces résultats si la
transition de la châıne est maintenant supposée entièrement inconnue, la fonctionnelle qui définit
les observations étant encore connue à paramètre près ? Autrement dit, si nous observons une
châıne de Markov homogène de transition inconnue à travers un bruit (additif ou multiplicatif) :
que pouvons nous dire de l’estimation semi-paramétrique des lois et des paramètres qui entrent
en jeu ?

Précisons tout d’abord notre modèle. Nous observons les variables aléatoires Yn = Xn + εn,
pour n ≥ 0, où la loi de la châıne de Markov {Xn}n≥0 est entièrement inconnue, la loi du
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bruit blanc {εn}n≥0 est connue au paramètre de variance σ2 près, et les deux suites {Xn}n≥0 et
{εn}n≥0 sont indépendantes. Nous nous intéressons alors à l’estimation de la variance σ2.

Le problème de l’estimation de la variance du bruit dans un modèle où le signal est observé à
un bruit additif près semble assez naturel. Les travaux portant sur l’estimation de la loi du signal
supposent généralement la loi du bruit totalement connue. Dans de nombreuses applications, il
semble réaliste de supposer que cette variance est inconnue et de chercher à l’estimer.

La première question qui se pose est celle de l’identifiabilité de ce paramètre. Lorsque le
signal est composé de variables aléatoires indépendantes et identiquement distribuées, Kiefer et
Wolfowitz (1956) ont établi que l’identifiabilité du modèle est équivalente à l’hypothèse que la
loi du signal ne possède pas de composante gaussienne. Plus précisément, notons Φσ la densité
de la loi gaussienne centrée de variance σ2. La densité g de la loi du signal ne possède pas de
composante gaussienne si l’écriture g = Φσ ∗ g′ où g′ est une densité et ∗ désigne le produit de
convolution, implique que σ = 0 et g = g′ presque sûrement.

Nous avons établi un critère permettant d’assurer l’identifiabilité de la variance du bruit
lorsque le signal n’est plus une suite de variables aléatoires indépendantes et identiquement
distribuées mais une châıne de Markov. Dans la suite, toutes les châınes de Markov considérées
sont supposées homogènes. Nous noterons X l’espace d’états (inclus dans R) de la châıne de
Markov {Xn}n≥0.

Hypothèse I.1. Le noyau de transition q n’est pas trivial :

∃x1 6= x2 ∈ X tels que q(x1, ·) 6= q(x2, ·) .

Sous l’Hypothèse I.1, nous dirons que la châıne de Markov {Xn}n≥0 de transition q est une
“vraie” châıne de Markov i.e. n’est pas une suite de variables aléatoires indépendantes.

Hypothèse I.2. Soit q un noyau de transition sur (X ,Bor(X ), ν) vérifiant : pour toute fonction
h intégrable sur (X ,Bor(X ), ν),

∫

X
h(x)q(x; ·)dν(x) = 0 si et seulement si h = 0.

Cette hypothèse assure que si les châınes {Xn}n≥0 et {X ′n}n≥0 ont pour transition q et pour
lois initiales respectives µ1 et µ2 avec µ1 6= µ2, alors {Xn}n≥0 et {X ′n}n≥0 n’ont pas la même
loi.

Proposition I.1. Soient {Xn}n≥0 une châıne de Markov homogène dont le noyau de transition
q est inconnu et vérifie les Hypothèses I.1 et I.2, et {εn}n≥0 un bruit blanc indépendant de
{Xn}n≥0, de loi normale centrée et de variance σ2 inconnue, alors dans le modèle où l’on
observe la suite de variables aléatoires {Yn}n≥0 données par

∀n ≥ 0 , Yn = Xn + εn,

le paramètre σ2 est identifiable.

Ce résultat n’est pas repris dans le corps de la thèse. Sa preuve est différée en Annexe A de
l’Introduction.
L’estimation de σ2 devient alors théoriquement possible, mais reste un problème difficile à
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résoudre. Nous avons donc commencé par étudier le cas où les variables aléatoires {Xn}n≥0

sont indépendantes et identiquement distribuées (et non plus de transition markovienne). Ceci
fait l’objet du second chapitre de cette thèse.

Estimation semi-paramétrique dans le modèle de convolution

État de l’art

Nous considérons donc dans ce second chapitre le modèle de convolution à variance du bruit
inconnue, et nous cherchons à estimer cette variance σ2

0 ainsi que la densité g0 de la loi du signal
non observé. Plus précisément, nous considérons la suite Yn = Xn + εn pour n ≥ 0, où les suites
{Xn}n≥0 et {εn}n≥0 sont indépendantes et constituées de variables aléatoires indépendantes et
identiquement distribuées. Les variables Xn ont une loi de densité g0 inconnue et les variable εn
sont gaussiennes centrées de variance σ2

0 inconnue.

L’hypothèse classiquement utilisée dans ce modèle est celle de la loi du bruit entièrement
connue et il s’agit alors d’inférer la densité g0 de la loi du signal, qui est supposée dans une
certaine classe de régularité. Ceci fait l’objet de très nombreux travaux (voir par exemple les
articles de Carroll et Hall (1988), Devroye (1989), Fan (1991c, 1991a, 1991b), Liu et Taylor
(1989), Stefanski et Carroll (1990), Stefanski (1990), Zhang (1990)).

En particulier, Fan (1991c) a prouvé que l’estimation de g0 est d’autant plus lente que la
densité de la loi du bruit est régulière, un bruit Gaussien étant en ce sens très régulier. Il a
considéré les espaces de régularité suivants pour la densité g0 de la loi du signal :

Cm,α,β =

{
g ∈ L1(R), g ≥ 0,

∫
g(x)dx = 1;∀x ∈ R,∀δ > 0, |g(x+ δ)− g(x)| ≤ βδα

}
.

Lorsque le bruit est de loi gaussienne (entièrement connue), la vitesse d’estimation minimax de
la densité g0 pour le risque quadratique ponctuel et pour le risque pour la norme de Lp(R), dans
ces espaces de régularité Cm,α,β, est égale à (log n)−(m+α), et est donc très lente.

Pensky et Vidakovic ont sensiblement amélioré cette vitesse d’estimation sous l’hypothèse
supplémentaire que la densité g de la loi du signal est “super régulière”. En notant g∗ la trans-
formée de Fourier de g, nous dirons que la densité g est super-régulière lorsqu’elle appartient à
l’espace suivant :

SSα,ν,ρ(A) =

{
g ∈ L1(R);

∫
|g∗(t)|2(t2 + 1)α exp(2ρ|t|ν)dt ≤ Aα

}
,

où α, ν, ρ et A sont des constantes positives. Lorsque la densité g du signal appartient à cet
espace de régularité SSα,ν,ρ(A), les auteurs construisent un estimateur qui converge, pour ν < 2,
à une vitesse qui est du type n−η(log n)ξ où les constantes η et ξ sont strictement positives. Plus
précisément, en définissant le risque quadratique intégré (MISE) de l’estimateur ĝn par :

MISE(ĝn) = E
∫

(ĝn(x)− g(x))2dx,
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Pensky et Vidakovic (1999) établissent que

sup
g∈SSα,ν,ρ(Aα)

MISE(ĝn) =

{
O(n−η(log n)ξ), si ν < 2,

O((logn)−α exp(−ζ(log n)ν/2)) si ν ≥ 2,

où η, ξ et ζ ont des formes explicites (nous renvoyons au Théorème 4 de l’article de Pensky et
Vidakovic (1999) pour davantage de détails).

Il est naturel de s’interroger alors sur la persistance de ces résultats lorsque la variance du
bruit n’est plus connue. Nous prouvons que lorsque la variance du bruit est inconnue, la vitesse
d’estimation de g0 est alors fortement dégradée. C’est le résultat principal du Chapitre 2.

Résultats et techniques utilisées

Trois types d’hypothèses sont imposées à la densité inconnue g0. Sous chacune de ces hy-
pothèses, nous établissons des bornes inférieures ou des bornes supérieures pour le risque qua-
dratique d’estimation ponctuelle de la densité g0 ou le risque quadratique d’estimation de la
variance σ2

0 . Enfin, sans aucune hypothèse sur g0 (autre que celle assurant l’identifiabilité du
modèle) nous construisons un estimateur de la variance σ2

0 et établissons sa consistance.

Nous nous sommes tout d’abord placés dans un cadre où la densité g0 appartient à une
classe de fonctions suffisamment régulières (qui englobe les deux exemples susmentionnés Cm,α,β
et SSα,ν,ρ(A)) et ne contient pas de fonctions ayant une composante gaussienne (afin d’assu-
rer l’identifiabilité du modèle). Notons G l’ensemble des densités sans composante gaussienne
et considérons des espaces de fonctions R qui contiennent une fonction g̃0 satisfaisant les hy-
pothèses suivantes :

Hypothèse Pour tous σ > 0, τ > 0 suffisamment petit, et tout nombre réel 0 < t ≤ τ , le
produit de convolution g̃0 ∗ (Φ√t σ1lτ |·|≤

√
t σ) n’a pas de composante gaussienne et appartient à

l’espace R.

Cette condition est assez faible si on garde à l’esprit le fait que la convolution régularise les
fonctions. Si l’espace R est un espace de fonctions régulières, il semble raisonnable d’imposer sa
stabilité sous le produit de convolution.

Hypothèse La fonction g̃0 est de classe C3, avec supx∈R∗ |g̃′0(x)/x| < +∞, g̃′′0(0) 6= 0 et

‖g̃(3)
0 ‖∞ < +∞.

Sous ces hypothèses, le risque quadratique minimax pour l’estimation ponctuelle de g0 est
minoré par une constante que divise

√
log n. Autrement dit, si l’ensemble de densités R contient

une fonction g̃0 qui satisfait les hypothèses précédentes, nous prouvons la minoration suivante,
valable pour tout voisinage V(σ0) de σ0 :

lim inf
n→∞

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

√
log n E1/2(T̂n − g(x0))2 > 0,

où l’infimum est pris sur tous les estimateurs T̂n basés sur les observations Y1, . . . Yn. Ceci signi-
fie en d’autres termes que la déconvolution (c’est à dire l’inférence du signal) ne peut se faire

14



Introduction

à vitesse plus rapide que (log n)−1/2, autrement dit une vitesse beaucoup plus lente que celles
obtenues à variance du bruit connue.
Notons que ce résultat est en fait une conséquence d’un résultat analogue sur la variance du bruit
(Proposition 2.2.1). Plus précisément, sous ces hypothèses imposées sur la densité inconnue g0,
le risque minimax pour l’estimation de la variance σ2

0 est également minoré par une constante
que divise

√
log n.

Nos minorations du risque minimax sont prouvées à l’aide de l’inégalité de van Trees (Gill et
Levit 1995). La preuve se fait en deux étapes que nous allons décrire de façon assez informelle.
La première étape consiste à exhiber une sous-famille paramétrique unidimensionnelle de lois
{Pt}|t|≤tn pour laquelle l’estimation du paramètre ψ(Pt) basée sur les observations Y1, . . . Yn de
loi P0, se fait le plus difficilement possible. La suite {tn}n≥0 est une suite de nombres réels qui
décrôıt vers 0 et qui sera choisie ultérieurement. La famille {Pt}|t|≤tn est construite de sorte que
l’information de Fisher

I(t) = Et
[
∂ logPt(Y )

∂t

]2

=

∫ (
∂Pt(y)

∂t

)2

Pt(dy)

dans le modèle Pt est très petite pour des valeurs de t non nulles (Pt et P0 sont des modèles très
proches mais les paramètres t 6= 0 et 0 sont distincts).
Nous pouvons alors minorer le risque sur toute la classe par le risque sur la sous-famille :

inf
bTn

sup
P
EP [T̂n − ψ(P )]2 ≥ inf

bTn
sup
|t|≤tn

EPt [T̂n − ψ(t)]2,

où l’infimum est pris sur tous les estimateurs T̂n basés sur les observations Y1, . . . Yn.
Nous appliquons alors l’inégalité de van Trees qui est une forme bayésienne de la borne de
Cramer-Rao. En notant λ0 une densité de probabilité sur l’intervalle [−1; 1] vérifiant certaines
hypothèses de régularité, nous construisons λn = t−1

n λ0(·/tn) densité de probabilité sur l’inter-
valle [−tn; tn]. L’information de Fisher Jn pour cette mesure est définie par :

Jn = Eλn
[
∂ log λn(t)

∂t

]2

=

∫ (
∂λn(t)

∂t

)2

λn(t)dt =
J0

t2n
.

L’inégalité de van Trees donne alors la minoration suivante :

inf
bTn

sup
|t|≤tn

EPt [T̂n − ψ(Pt)]
2 ≥ [

∫
(∂ψ(Pt))/(∂t)λn(t)dt]2

n
∫
I(t)λn(t)dt+ J0t

−2
n
·

Le choix de la suite {tn}n≥0 qui se fait de façon à réaliser un compromis entre les deux termes
apparaissant au dénominateur fournit alors une borne inférieure pour le risque minimax.

Nous proposons alors trois estimateurs la variance σ2
0 suivant les hypothèses faites sur la

classe de densités g0.
Le premier de ces estimateurs est construit pour des densités qui appartiennent à un ensemble
de fonctions dont la transformée de Laplace ne crôıt pas trop vite à l’infini. Plus précisément,
définissons :

Lv,M =

{
g ∈ L1(R) / g ≥ 0 ,

∫
g(x)dx = 1 ,

∣∣∣∣log

(∫
etxg(x)dx

)∣∣∣∣ ≤Mt2v(t)

}
.
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Lorsque la densité du signal appartient à cet espace, le comportement de sa transformée de
Laplace à l’infini permet d’identifier le paramètre de variance σ2

0 . En effet, σ2
0 vérifie :

σ2
0 = lim

t→∞
2

t2
logE(etY ),

ce qui conduit à définir notre estimateur de la façon suivante :

σ̂2
L,n(tn) = − 2

t2n
logE


 1

n

n∑

j=1

eitnYj


 ,

pour une suite croissante vers l’infini de points (tn)n≥0 bien choisie. Nous établissons la consis-
tance de cet estimateur et calculons sa vitesse de convergence (Lemme 2.3.1), qui dépend expli-
citement du type de croissance imposé sur la transformée de Laplace de g0 (autrement dit du
choix de la fonction v). Pour tout Σ > 0, choisissons tn =

√
α log n/(2Σ) où 0 < α < 1, alors

nous prouvons la majoration :

sup
σ∈[0;Σ]

sup
g∈Lv,M

[
Eσ,g(σ̂2

L,n(tn)− σ2)
]1/2 ≤ 8Σ2

α(log n)n(1−α)/2
+ 2Mv(tn).

Dans le cas particulier où g0 est à support inclus dans [−M ;M ] (avec M fixé), le résultat
précédent s’applique avec v : t 7→ 1/t et nous obtenons un estimateur convergeant à la vitesse
(log n)−1/2 (Proposition 2.3.2). Cette vitesse n’est pourtant pas minimax, car les hypothèses de
régularité sous le produit de convolution qui avaient été faites ci-dessus ne sont pas valables
dans ce cadre. Pourtant, nous montrons que cet estimateur est presque minimax. En effet, nous
prouvons que le risque quadratique minimax est minoré par une constante que divise log(n)
(autrement dit l’estimation ne peut se faire à vitesse plus rapide que (log n)−1). Notons GM
l’espace des densités à support inclus dans le compact [−M ;M ], alors pour tout voisinage V(σ0)
de σ0, il existe des constantes positives C1 et C2 telles que :

C1

log n
≤ lim inf

n→∞
inf
ĝn

sup
σ∈V(σ0)

sup
g∈GM

E1/2(g(x0)− ĝn)2 ≤ C2√
log n

,

où l’infimum est pris sur tous les estimateurs ĝn basés sur les observations Y1, . . . Yn.

En utilisant une méthode analogue, nous proposons un second estimateur de la variance
σ2

0 convergeant lorsque la transformée de Fourier est à décroissance contrôlée à l’infini (voir la
définition (2.12) de l’ensemble Fv,M ), dont nous établissons la consistance. Cependant, bien que
sa construction soit assez similaire à celle du précédent estimateur, le calcul de sa vitesse de
convergence ne peut pas s’obtenir par les mêmes méthodes.

Enfin, sans aucune hypothèse sur g0 autre que celle permettant d’assurer l’identifiabilité du
modèle, nous proposons un estimateur convergent de σ0 (Section 2.4). L’idée de cette construc-
tion repose sur le fait que l’identifiabilité même du modèle impose à la densité g0 du signal de
ne pas avoir de composante gaussienne. Considérons alors la fonction α qui est le produit de la
transformée de Fourier de h0 (la densité de la loi des observations) avec la fonction (Φ∗σ)−1 :

∀ζ ∈ R, ∀σ ≥ 0, α(ζ;σ) = g∗0(ζ)e−ζ
2(σ2

0−σ2)/2 = h∗0(ζ)eζ
2σ2/2.
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Lorsque σ est égal à la vraie valeur du paramètre σ0, la fonction α(·;σ0) est la fonction ca-
ractéristique de la loi des variables cachées g∗0. Remarquons alors les propriétés suivantes de α :

- lorsque σ ≤ σ0, la fonction α(·;σ) est la transformée de Fourier de la mesure positive
g0 ∗ Φ√

σ2
0−σ2 .

- lorsque σ > σ0, la fonction α(·;σ) n’est plus une transformée de Fourier car g0 ne contient
pas de composante gaussienne. Donc d’après le Théorème de Bochner (voir par exemple le livre
de Feller (1971)), la fonction α(·;σ) n’est plus définie positive (i.e. il existe un entier n ≥ 1 et une
famille de réels {tk}1≤k≤n tels que la matrice symétrique (α(tk − tl;σ))1≤k,l≤n n’est pas définie
positive).

Il s’ensuit que le vrai paramètre σ0 est la plus grande valeur de σ pour laquelle la fonction
α(·;σ) reste définie positive. En d’autres termes, σ0 est la plus grande valeur de σ telle que pour
tout entier n, et toute famille de nombres réels {tk; 1 ≤ k ≤ n}, la plus petite valeur propre
de la matrice (α(tk − tl;σ))1≤k,l≤n est positive. Nous estimons la fonction α par son estimateur
empirique α̂n et nous utilisons une famille de points {tk,n}n≥0 dense dans R, telle que pour un
entier n assez grand, les matrices (α̂n(tk,n−tl,n;σ))k,l possèdent également une plus petite valeur
propre positive (à une constante εn près) tant que σ reste inférieur à σ0.

Plus précisément, la fonction α est donc estimée par son estimateur empirique :

α̂n(ζ;σ) =


 1

n

n∑

p=1

eiζYp


 eζ

2σ2/2.

Considérons alors deux suites (kn)n≥0 et (`n)n≥0 de réels croissantes vers l’infini, de sorte que
le rapport `n/kn tende aussi vers l’infini (afin d’obtenir une famille dense dans R). Les points
tk,n = k/kn forment une partition de l’intervalle [−`n/kn; `n/kn] pour k variant entre −`n et `n.
Considérons de plus une suite {εn}n≥0 de réels décroissante vers zéro. Nous définissons notre
estimateur de σ0 de la façon suivante :

σ̂n = sup



s ≥ 0 : ∀σ ≤ s, inf

u; ‖u‖=1

∑

−`n≤k,l≤`n
ukα̂n(tk,n − tl,n;σ)ūl ≥ −εn



 .

Nous prouvons alors la convergence en probabilité de cet estimateur vers la vraie valeur σ0,
ceci pour un choix adéquat des paramètres `n, kn, εn et vn (voir Hypothèse 2.4 et Théorème 2.4.1).
Cette preuve est basée sur l’étude du processus empirique

Gn(f) = n−1/2
n∑

j=1

(
f(Yj)−

∫
f(y)h0(y)dy

)
,

lorsque f prend ses valeurs dans l’ensemble de fonctions {x 7→ eitx ; |t| ≤ `n/kn}.

Décrivons la procédure qui permet d’obtenir un calcul effectif de cet estimateur. Considérons
les matrices Tn(σ) = {α̂n(tk,n−tl,n;σ)}−`n≤k,l≤`n . Le graphe de la fonction σ 7→ λmin(Tn(σ)), où
λmin(T ) désigne la plus petite valeur propre de la matrice T , nous permet d’obtenir la valeur de
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σ̂n en considérant la première valeur de σ pour laquelle λmin(Tn(σ)) ≤ −εn. Les conditions que
doivent satisfaire les paramètres `n, kn, εn et vn ne fournissent qu’un ordre de grandeur asymp-
totique de ces quantités. Le calibrage des constantes peut se faire par exemple par une étude de
simulations, mais ceci est en dehors du cadre de cette thèse.

En conclusion, nous avons vu que l’hypothèse de connaissance de la variance du bruit, bien
que peu réaliste, n’est pas facile à lever. En effet, dans les cas que nous avons considérés, l’es-
timation de cette variance se fait à des vitesses de convergence très lentes. De plus, la non
connaissance de cette variance influe fortement sur la vitesse d’estimation de g0. Notamment, la
vitesse d’estimation de la densité g0 est fortement dégradée lorsque la variance du bruit σ2

0 est
inconnue.

Une question qui se pose est de savoir si cette vitesse pourrait être améliorée si l’on se
place dans le cadre d’un signal {Xn}n≥0 markovien et non plus de variables indépendantes.
Avec des hypothèses idoines sur le noyau de transition de la châıne {Xn}n≥0, il se peut que
la suite d’observations {Yn}n≥0 comporte davantage d’information sur le modèle, et donc que
l’estimation de la variance du bruit σ2

0 se fasse à une meilleure vitesse. Cette étude fera l’objet
d’un travail ultérieur.

Estimation minimax non-paramétrique de fonctionnelles dans le
modèle de convolution

Motivations

Le troisième chapitre de cette thèse présente un travail réalisé en collaboration avec Marie-
Luce Taupin et qui porte sur l’estimation de fonctionnelles linéaires particulières de la densité
du signal, dans le modèle de convolution. Ce travail complète un certain nombre de résultats
obtenus dans la thèse de Taupin (1998). En particulier, nous montrons que pour certaines de
ces fonctionnelles (fonctionnelles issues d’un polynôme ou bien d’une fonction trigonométrique),
l’estimateur proposé par Taupin (2001) atteint la vitesse de convergence du risque minimax pour
la norme de Lp(R).

Précisons tout d’abord le modèle, les hypothèses et les notations, ainsi que la forme de ces
fonctionnelles. Dans le modèle de convolution, nous disposons de n observations indépendantes
satisfaisant :

Yk = Xk + εk , ∀ 0 ≤ k ≤ n.
La suite {Xn}n≥0 est une suite de variables aléatoires indépendantes et identiquement distribuées
de loi de densité g inconnue par rapport à la mesure de Lebesgue sur R. La suite {εn}n≥0 est
un bruit blanc de loi normale centrée réduite dont la densité est notée Φ1. Les suites {Xn}n≥0

et {εn}n≥0 sont indépendantes. La densité de la loi de l’observation Yn par rapport à la mesure
de Lebesgue sur R est le produit de convolution g ∗ Φ1 et est notée h. On notera

H =

{
g ∗ Φ1 ; g ≥ 0,

∫
g(x)dx = 1

}
,

l’ensemble dans lequel varie cette densité.
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Nous nous intéressons alors à l’estimation de fonctionnelles linéaires de la densité inconnue
g de la forme suivante :

Γf (y) =

∫
f(x)g(x)Φ1(x− y)dx ; ∀y ∈ R,

en concentrant notre étude au cadre d’une fonction f polynomiale ou bien d’une fonction f
trigonométrique.

La motivation pour l’étude de ces fonctionnelles découle du problème de l’estimation semi-
paramétrique dans le modèle de régression avec erreurs sur les variables suivant. Considérons le
modèle où les observations sont des variables aléatoires {(Yn, Zn)}n≥0 satisfaisant les relations
suivantes : {

Zn = fβ(Xn) + ηn
Yn = Xn + εn

, ∀n ≥ 0,

où la fonction fβ est connue au paramètre fini-dimensionnel β près, les erreurs {ηn}n≥0 et {εn}n≥0

sont des suites de variables aléatoires indépendantes, identiquement distribuées, centrées et de
variances respectives σ2

η et σ2
ε = 1 (pour simplifier les notations), la suite {εn}n≥0 étant de

plus de loi gaussienne, et la suite {Xn}n≥0 non observée est une suite de variables aléatoires
indépendantes de même loi de densité g inconnue. Enfin, les suites {Xn}n≥0, {ηn}n≥0 et {εn}n≥0

sont supposées indépendantes.

Dans ce modèle de régression avec erreurs sur les variables, l’objectif est d’estimer le pa-
ramètre β en présence d’une nuisance, à savoir la densité g inconnue des variables cachées. Une
méthode proposée par Taupin (2001) consiste à utiliser le critère suivant :

1

n

n∑

i=1

(Zi − E(fβ(Xi)|Yi))2,

dans lequel l’espérance conditionnelle E(fβ(Xi)|Yi) est remplacée par un estimateur basé sur les
observations Y1, . . . Yn. La structure de convolution permet d’écrire cette espérance conditionnelle
sous la forme :

E(fβ(Xn)|Yn = y) =

∫
fβ(x)g(x)Φ1(x− y)dx∫
g(x)Φ1(x− y)dx

=
Γfβ (y)

h(y)
.

L’estimation de cette espérance conditionnelle se fait alors en estimant séparément le numérateur
Γf et le dénominateur h, correspondant au cas particulier f = 1 pour Γf .

Il se trouve que les vitesses de convergence obtenues pour l’estimation de β dépendent souvent
des vitesses de convergence ponctuelle et uniforme de l’estimateur de Γfβ . Il est donc naturel de
s’intéresser au problème de l’estimation ponctuelle et de l’estimation pour la norme de Lp(R), où

1 ≤ p ≤ ∞, de ces fonctionnelles. Taupin (2001) fournit un estimateur Γ̂f,n de ces fonctionnelles
et calcule des majorations du risque quadratique ponctuel et du risque en norme uniforme de
cet estimateur, pour certaines classes de fonctions f (espaces de Sobolev, fonctions analytiques,
polynomiales, . . .).

Dans le Chapitre 3, nous étendons les résultats obtenus par Taupin (2001) dans le cas de
fonctionnelles issues d’un polynôme ou d’une fonction trigonométrique. Le choix particulier de
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ces fonctionnelles repose sur les remarques suivantes (Lemmes 3.2.1 et 3.2.2). Lorsque f est une
fonction polynomiale f : x 7→ ∑`

j=0 βjx
j , où ` est un entier positif fixé et les points {βj}0≤j≤`

sont des réels, il existe une famille de polynômes {fj}1≤j≤`−1 de degré deg(fj) = j telle que

Γf = β`h
(`) +

`−1∑

j=0

f`−jh
(j),

où h(j) est la dérivée j-ème de la densité h. De plus, lorsque f est une fonction trigonométrique
du type C`,β : x 7→∑`

j=0 βj cos(jx) où ` est un entier positif fixé et les points {βj}0≤j≤` sont des
réels, alors

Γf (y) =
∑̀

j=0

βj
(
eijyh(y + ij) + e−ijyh(y − ij)

)

(une formule analogue existe pour S`,β : x 7→∑`
j=0 βj sin(jx)). L’estimation de la fonctionnelle

Γf est donc, dans ces deux cas, liée au problème d’estimation de la densité h et de ses dérivées.

Contrairement au problème de déconvolution à variance du bruit inconnue abordé dans le
Chapitre 2, il n’est pas nécessaire de faire des hypothèses de régularité sur la densité g inconnue
dans le problème d’estimation de ces fonctionnelles. Plus précisément, la construction de l’esti-
mateur Γ̂f,n et les calculs de vitesse ne nécessitent aucune hypothèse sur la densité g. En effet,
la régularité des fonctionnelles découle de l’hypothèse d’un bruit de loi normale centrée réduite.
Ainsi, le calcul des vitesses de convergence (bornes inférieures et bornes supérieures) repose sur
la connaissance de la fonction f qui définit la fonctionnelle Γf et de la densité de la loi du bruit.
L’estimateur proposé pour ces fonctionnelles est automatiquement adaptatif. De plus, tous les
problèmes classiques de la déconvolution inhérents au choix de la fenêtre et à celui du noyau ne
se posent pas dans notre cadre.

Résultats antérieurs

Citons plus précisément les résultats obtenus par Taupin (2001). Nous noterons Gf l’ensemble
des fonctions, vues comme fonctionnelles linéaires de la densité g au point f , autrement dit :

Gf =

{
Γf (·) =

∫
g(x)f(x)Φ1(x− ·)dx ; g densité de probabilité

}
.

Résultats de Taupin (2001)
Rappelons tout d’abord les résultats de convergence du risque quadratique ponctuel. Lorsque f
est une fonction polynomiale de degré inférieur où égal à l’entier ` positif, Taupin établit

lim sup
n→∞

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
E1/2(Γf (y0)− Γ̂f,n(y0))2 <∞,

où Γ̂f,n est l’estimateur qu’elle propose.
Dans le cas où f est une fonction de la forme C`,β ou bien S`,β (définies plus haut) pour un entier
` ≥ 1 et des réels {βj}1≤j≤` fixés,

lim sup
n→∞

sup
Γf∈Gf

√
n

exp(`
√

log n)
E1/2(Γf (y0)− Γ̂f,n(y0))2 <∞.
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Dans le cas particulier de la densité (f=1), Taupin (1998) prouve la minoration suivante :

lim inf
n→∞

inf
Tn

sup
h∈H

√
n

(log n)1/4
E1/2(h(y0)− Tn)2 > 0,

où l’infimum est pris sur tous les estimateurs Tn basés sur les observations Y1, . . . , Yn.
Dans le cas de l’estimation de la densité, la vitesse de convergence en norme uniforme obtenue
par Taupin est la suivante :

lim sup
n→∞

sup
h∈H

√
n

(log n)1/4
√

log log n
E ‖h(y)− ĥn(y)‖∞ <∞.

Les vitesses de convergence en norme uniforme pour les fonctionnelles polynomiales ou trigo-
nométriques sont obtenues pour tout compact ZC de R. Lorsque f est une fonction polynomiale
de degré inférieur où égal à l’entier ` ≥ 1,

lim sup
n→∞

sup
Γf∈Gf

√
n

(logn)(2`+3)/4
E sup
y∈ZC

|Γf (y)− Γ̂f,n(y)| <∞.

Dans le cas où f est une fonction de la forme C`,β ou bien S`,β pour un entier ` ≥ 1 et des réels
{βj}1≤j≤` fixés, la majoration suivante est valide pour tout compact ZC de R :

lim sup
n→∞

sup
Γf∈Gf

√
n

exp(`
√

log n)(
√

log n)
E sup
y∈ZC

|Γf (y)− Γ̂f,n(y)| <∞.

Nouveaux résultats

Nous étendons tout d’abord les résultats concernant le risque quadratique ponctuel. Nous
établissons que l’estimateur Γ̂f,n est minimax dans le cas polynômial et presque minimax (la
perte est en (log n)1/4) dans le cas trigonométrique. Plus précisément, nous établissons que
lorsque f est une fonction polynomiale de degré inférieur où égal à l’entier ` positif,

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)
2`+1

4

E1/2(Γf (y0)− Tn)2 > 0,

et lorsque f est une fonction de la forme C`,β ou de la forme S`,β pour un entier ` ≥ 1 et des
réels {βj}1≤j≤` fixés :

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n(log n)1/4

exp(`
√

log n)
E1/2(Γf (y0)− Tn)2 > 0,

(les infima sont pris sur tous les estimateurs Tn basés sur les observations Y1, . . . , Yn).
Ces résultats sont obtenus en appliquant l’inégalité de van Trees (Gill and Levit 1995), via une
adaptation de la preuve de Taupin (1998) dans le cas de la densité. Ils sont présentés dans la
Section 3.3.

Notre apport le plus conséquent concerne l’étude du risque minimax pour la norme de Lp(R)
lorsque 1 ≤ p ≤ ∞. Dans le cas de la densité ainsi que des fonctionnelles polynomiales, nous
calculons la vitesse de convergence pour la norme de Lp(R) de l’estimateur Γ̂f,n (Section 3.4)
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et nous établissons que ces vitesses sont en fait optimales au sens du risque minimax (Section 3.5).

Considérons tout d’abord le cadre de la norme uniforme. Les vitesses de convergence que
nous obtenons sont améliorées. Taupin obtenait des résultats en norme uniforme sur un com-
pact fixé grâce à une méthode châınage qui se traduisait par une perte de vitesse en

√
log n

entre le risque quadratique ponctuel et le risque en norme uniforme. Notre approche (basée sur
l’inégalité de Rosenthal (1970)) réduit cette perte à un facteur

√
log log n qui est en fait la vraie

perte puisque nous prouvons également que cette vitesse est minimax dans le cas polynômial.
Notons également que cette approche permet de s’affranchir du cadre de la norme uniforme sur
un compact fixé ZC de R.

Plus précisément, lorsque f est une fonction polynomiale de degré ` ≥ 0, nous prouvons les
inégalités suivantes :

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)
2`+1

4
√

log log n
E‖Γf − Tn‖∞ > 0

et

lim sup
n→∞

sup
Γf∈Gf

√
n

(log n)
2`+1

4
√

log log n
E‖Γf − Γ̂f,n‖∞ <∞.

(Corollaire 3.5.7 pour la borne inférieure et Théorèmes 3.4.1 et 3.4.5 pour la borne supérieure).
Lorsque ` = 0, on retrouve la borne supérieure déjà connue.
Lorsque f est une fonction du type C`,β ou S`,β pour un entier ` ≥ 1 et des réels {βj}1≤j≤` fixés,

l’estimateur Γ̂f,n est de vitesse sensiblement égale à la vitesse minimax puisque nous avons :

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n(log n)3/4

exp(`
√

log n)
E‖Γf − Tn‖∞ > 0

et

lim sup
n→∞

sup
Γf∈Gf

√
n

exp(`
√

log n)
√

log log n
E‖Γf − Γ̂f,n‖∞ <∞.

(Théorème 3.5.9 pour la borne inférieure et Théorème 3.4.8 pour la borne supérieure).

En ce qui concerne le risque pour la norme de Lp(R), aucun résultat n’avait été obtenu jus-
qu’ici. Nous calculons les vitesses de convergence de notre estimateur pour les fonctionnelles de
type polynômial. Nous utilisons pour cela deux méthodes différentes. La première est basée sur
les travaux de Ibragimov et Hasminskii (1983) portant sur l’estimation de densité. La seconde
repose sur l’inégalité de Rosenthal (1970) avec les constantes exactes données par Pinelis (1995).
Ces calculs de la vitesse sont valables pour la norme de Lp(R) où p ≥ 2. Nous prouvons ensuite
que ces vitesses sont minimax en utilisant le lemme de Fano (1952).

Plus précisément, lorsque f est une fonction polynomiale de degré ` ≥ 0 et pour p ≥ 2
(Théorèmes 3.4.1 et 3.4.5)

lim sup
n→∞

sup
Γf∈Gf

√
n

(log n)
2`+1

4

E‖Γf − Γ̂f,n‖p <∞,
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et lorsque p > 1 dans le cas ` = 0 et p ≥ 1 dans le cas ` ≥ 1, nous prouvons (Théorèmes 3.5.1
et 3.5.7)

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)
2`+1

4

E‖Γf − Tn‖p > 0.

Outils utilisés

Les vitesses de convergence de l’estimateur proposé pour les fonctionnelles de la densité
Γf , pour la norme de Lp(R), sont calculées par deux méthodes différentes. Plus précisément, le

contrôle de la différence pour la norme de Lp(R) entre l’estimateur Γ̂f,n et la valeur du paramètre
Γf se décompose, via l’inégalité triangulaire, en un contrôle d’un terme dit de biais et d’un terme
correspondant au terme de variance pour l’estimation ponctuelle.

E‖Γ̂f,n − Γf‖p ≤ ‖Γf − EΓ̂f,n‖p + E‖Γ̂f,n − EΓ̂f,n‖p.

Le contrôle du biais est traité de façon directe. Le contrôle de l’analogue du terme de variance
pour la norme de Lp(R) (i.e le second terme dans l’inégalité précédente) est quant à lui traité
par deux méthodes différentes.

La première utilise les résultats de Ibragimov et Hasminskii (1983) concernant l’estimation
de densité dans certaines classes de régularité. Nous utilisons en particulier une généralisation
du Lemme 4 de Ibragimov et Hasminskii (1983) qui permet de majorer l’analogue du terme de
variance pour la norme de Lp(R) (plus précisément le terme E‖Γ̂f,n − EΓ̂f,n‖p) d’un estimateur
à noyau de la densité. La seconde se base sur l’inégalité de Rosenthal (1970) avec des constantes
exactes données par Pinelis (1995).

Les constantes exactes sont très importantes pour traiter le cas de la norme uniforme. En
effet, le contrôle du terme analogue au terme de variance se fait, pour p =∞, via une inégalité
énoncée dans Nikol′skii (1969) pour des fonctions entières, et qui permet de contrôler le terme
E‖Γ̂f,n − EΓ̂f,n‖∞ en fonction de la norme dans Lp(R) de ce même terme. La majoration de
ce terme pour les valeurs de p finies fait apparâıtre un facteur

√
p qui, lorsque l’on s’autorise à

prendre p = log log n, permet d’obtenir le contrôle souhaité sur E‖Γ̂f,n − EΓ̂f,n‖∞.

Le lemme de Fano (1952) (voir par exemple Cover et Thomas (1991)) dans sa version ap-
pliquée à la statistique par Ibragimov and Has′minskĭı (1981) –voir aussi les articles de Birgé
(1983, 2001)– permet de donner une borne inférieure du risque minimax pour la norme de Lp(R).
L’application de ce lemme passe par la construction d’une famille finie de lois de probabilité dans
le modèle qui sont proches (au sens de la distance de Kullback) alors que les paramètres à esti-
mer correspondants sont à distance strictement positive.

Rappelons en quelques lignes l’utilisation de ce lemme. Nous considérons un espace métrique
(Θ, d) et un ensemble de mesures de probabilité P indexé par Θ : P = {Pθ; θ ∈ Θ}. À partir de
l’observation de la variable aléatoire X de loi Pθ, nous cherchons à obtenir une borne inférieure
pour le risque d’estimation du paramètre θ :

R(Θ) = inf
θ̂(X)

sup
θ∈Θ

Eθ(d(θ; θ̂(X)))
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où l’infimum est pris sur tous les estimateurs θ̂(X) à valeurs dans Θ. Considérons un sous-
ensemble fini Θ′ de Θ de cardinal |Θ′| ≥ 3 et tel que pour tous paramètres (θ, θ′) distincts dans
Θ′, la distance d(θ, θ′) est minorée par δ > 0. Des calculs classiques permettent alors d’établir
la minoration suivante :

R(Θ) ≥ δ

2
inf
T̂ (X)

(
1− inf

θ∈Θ′
Pθ

(
T̂ (X) = θ

))

où l’infimum concerne à présent les estimateurs T̂ (X) prenant des valeurs uniquement dans le
sous-ensemble Θ′. Fixons un point θ0 dans Θ′. Nous notons K(Pθ;Pθ0) la distance de Kullback-
Leibler entre Pθ et Pθ0 et nous définissons

K =
1

|Θ′|
∑

θ∈Θ′
K(Pθ;Pθ0).

L’inégalité de Fano (1952) permet d’obtenir l’existence d’une constante universelle α telle que :

R(Θ) ≥ δ

2

(
1− α ∨ K

log(|Θ′|+ 1)

)
.

L’application de ce lemme passe donc par la construction d’une famille finie Θ′ de paramètres qui
sont à distance minorée par un certain δ > 0. Si les modèles induits {Pθ}θ∈Θ′ sont suffisamment
proches au sens de la distance de Kullback, le terme K/(log(|Θ′|+1)) dans l’inégalité précédente
peut être contrôlé, et le risque minimax d’estimation sur Θ est alors minoré par une constante
que multiplie δ.

L’inégalité de van Trees (Gill et Levit 1995) permet d’établir une borne inférieure du risque
minimax quadratique ponctuel. Nous avons déjà abordé lors de la présentation du second cha-
pitre de cette thèse le principe de fonctionnement de cette inégalité.

Dans notre problème d’estimation, les bornes inférieures pour le risque minimax sont établies
via le choix d’une famille finie de points (pour le lemme de Fano) ou bien via celui d’un che-
min (pour l’inégalité de van Trees) qui appartiennent à l’ensemble de paramètres à estimer et
qui réalisent le pire cas pour l’estimation de ces paramètres. Il faut ensuite pouvoir relier cette
famille ou ce chemin aux points correspondants dans l’espace des densités. La construction des
sous-familles finies ou des chemins est plus aisée dans le cas des fonctionnelles polynomiales
ou trigonométriques du fait de l’écriture explicite de Γf en fonction de la densité h et de ses
dérivées. Nous avons donc commencé par traiter ces cas. Dans un cas plus général, la relation
entre Γf et la densité h est implicite. La construction des sous-familles finies ou des chemins
pour lesquels l’estimation de Γf est la plus difficile est donc plus compliquée.

L’étape suivante sera de construire une borne inférieure pour l’estimation de Γf lorsque la
fonction f appartient à une classe de régularité plus générale que celles que nous avons abordées.

Cas d’une variance de bruit inconnue pour l’estimation des fonc-
tionnelles

Terminons enfin par quelques mots sur le devenir de ces résultats lorsque la variance du
bruit σ2 n’est plus connue égale à 1 mais inconnue. Le premier résultat notable est que la va-
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riance du bruit n’entre pas en jeu dans l’estimation de la densité h des observations. En effet,
si nous observons Yn = Xn + εn pour tout n positif, où {Xn}n≥0 et {εn}n≥0 sont deux suites
indépendantes de variables aléatoires indépendantes et identiquement distribuées, la première
de loi de densité g inconnue, la seconde de loi normale centrée de variance σ2 inconnue, alors la
densité h est estimée par un estimateur à noyau qui ne dépend pas de la variance σ2 inconnue,
convergeant à la vitesse minimax n−1/2(log n)1/4.

Cependant, l’estimation des fonctionnelles polynomiales de degré supérieur ou égal à 1 fait
à présent entrer en jeu non seulement les dérivées de la densité h, mais également la variance
σ2 du bruit. En effet nous avons, par exemple pour f : x 7→ x, l’égalité suivante :

∀y ∈ R , Γf (y) = yh(y) + σ2h′(y).

Puisque l’estimation de cette variance σ2 se fait à vitesse très lente (inférieure à (logn)−1/2

dans les cas réguliers d’après les résultats obtenus dans le Chapitre 2), l’estimation de ces
fonctionnelles est donc sensiblement dégradée. Nous allons énoncer un résultat précis permettant
de quantifier cette dégradation. Notons GP (R) l’ensemble des fonctionnelles issues du polynôme
P de degré inférieur ou égal à `, lorsque la densité g varie dans un espace “régulier” noté R :

GP (R) =

{
Γ =

∫
P (x)Φσ(· − x)g(x)dx ; g ∈ R, σ > 0

}
.

L’inégalité de van Trees couplée au chemin utilisé dans la preuve de la Proposition 2.2.1 permet
de montrer le résultat suivant (extrait du Chapitre 2) :

Soit R un sous-ensemble de L1(R) inclus dans l’ensemble des densités sans composantes
gaussiennes, contenant une fonction bornée g̃0 dérivable ` fois qui vérifie les Hypothèses 2.1 et

2.3 avec de plus ‖g̃(`)
0 ‖∞ < ∞. Alors, pour tout y0 fixé dans R pour tout entier ` ≥ 1 et pour

toute fonction polynomiale P de degré supérieur ou égal à `, nous avons :

lim inf
n→∞

inf
bΓn

sup
Γ∈GP (R)

√
log nE1/2(Γ̂n − Γ(y0))2 > 0,

l’infimum étant pris sur tous les estimateurs Γ̂n basés sur les observations Y1, . . . Yn.

Nous retrouvons ici le fait que l’hypothèse de connaissance de la variance du bruit est une
hypothèse difficile à lever et que sans cette hypothèse, la qualité d’estimation des fonctionnelles
polynomiales est nettement dégradée.
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Chapitre 1

Asymptotics of the maximum
likelihood estimator for general
hidden Markov models ∗

Résumé

Nous étudions la consistance, la normalité asymptotique et l’efficacité de l’estimateur du
maximum de vraisemblance dans un modèle de Markov caché, éventuellement non sta-
tionnaire, pour lequel l’espace d’états de la châıne cachée est séparable et compact (non
nécessairement fini) et où nous supposons que le noyau de transition de la châıne de Markov
ainsi que la loi conditionnelle à la châıne cachée des observations sont connues à un paramètre
θ près appartenant à l’intérieur d’un compact Θ de Rk. Sous l’hypothèse d’identifiabilité du
modèle, nous établissons la consistance et la normalité asymptotique de l’estimateur du maxi-
mum de vraisemblance en utilisant l’oubli exponentiel du filtre de prédiction et l’ergodicité
géométrique de nouvelles châınes bien choisies.
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Chapitre 1. Asymptotics of the MLE in HMM

1.1 Introduction

Hidden Markov Models (HMMs) form a wide class of discrete-time stochastic processes, used in
different areas such as speech recognition (Juang and Rabiner 1991), neurophysiology (Fredkin
and Rice 1987), biology (Churchill 1989), econometrics (Kim, Shephard, and Chib 1998) and
time series analysis (DeJong and Shephard (1995), Chan and Ledolter (1995), and see also
MacDonald and Zucchini (1997) and the references therein).

Most works on maximum likelihood estimation in such models have focused on iterative
numerical methods, suitable for approximating the maximum likelihood estimator. For finite
hidden state space models, the pioneering contribution is due to Baum et al. (1970), who pre-
sented an early and non trivial application of the expectation-maximization principle (Dempster
et al. 1977), known as the “forward-backward” procedure. The more challenging issue of hidden
Markov models with continuous state space has been much studied throughout the 1990s, mostly
using simulation-based approaches allowed by the recent advances of Markov chain Monte Carlo
methods (Kim et al. (1998), Durbin and Koopman (1997), DeJong and Shephard (1995), Chan
and Ledolter (1995)).

By contrast, the statistical issues regarding the asymptotic properties of the maximum like-
lihood estimator for hidden Markov models have been largely ignored until recently. Baum and
Petrie (1966) have shown the consistency and asymptotic normality of the maximum likelihood
estimator in the particular case where both the observed and the latent variables take only
finitely many values. These results have been extended recently in series of papers by Leroux
(1992), Bickel and Ritov (1996), Bickel et al. (1998)(referred to as BRR), and Bakry et al.
(1997). BRR generalize the method followed by Baum and Petrie (1966) to the case where
the hidden Markov process Xn takes a finite number of values, the observations belonging to
a general topological space. Around the same time, LeGland and Mevel (2000b, 2000a), inde-
pendently developed a different technique to prove the consistency and asymptotic normality of
the maximum likelihood estimator (Mevel 1997) for hidden Markov models with finite hidden
state space. The work of LeGland and Mevel (2000b, 2000a), is based on the remark that the
likelihood can be expressed as an additive function of an extended Markov chain. The key of
the proof by LeGland and Mevel (2000b) consists in showing that under appropriate conditions,
this extended chain is geometrically ergodic, in a sense given below. This proof by LeGland and
Mevel (2000b), applies even when the Hidden Markov Chain is non stationary, i.e the initial
distribution of the chain does not correspond to its invariant distribution while Baum and Petrie
(1966), Leroux (1992) and BRR (1998) assume stationarity (see however Bakry et al. (1997),
for an extension to the non-stationary case, based on a coupling technique).

In this paper, we study the maximum likelihood estimation when the Hidden Markov Chain
takes value in a topological space, assumed to be compact. The main result is the consistency
of the Maximum Likelihood Estimator (MLE), under the usual condition of identifiability of the
parameters. We also identify the limit of the likelihood process as the Kullback-Leibler diver-
gence. In addition, we prove the asymptotic normality of the MLE under both the stationary
and the non stationary case. Up to our best knowledge, the only contribution dealing with the
maximum likelihood for Hidden Markov Models taking values in a general topological space (see
Meyn and Tweedie (1993) for the definition of Markov chains in such spaces) is Jensen and
Petersen (1999). The authors show the asymptotic normality (but not the consistency) of the
maximum likelihood estimator when the hidden Markov chain is stationary, the technique being
based on an extension of BRR (1998). The technique used in our contribution to prove the
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consistency and the asymptotic normality of the maximum likelihood estimator for general hid-
den Markov models is completely different and is essentially based on the technique developed
by LeGland and Mevel (2000b, 2000a) in a finite state space. A distinctive advantage of this
technique is that it makes it possible to study in a common framework the stationary and the
non-stationary case. The main difficulty encountered when trying to use the “extended chain
method” for hidden Markov models with a continuous state space is that some components of
the extended chain lie in an infinite dimensional functional space. This is in sharp contrast with
the case of a finite hidden state space in which the predictive density can always be identified
with an element of RM , where M is the number of different possible values for Xn. Instead of
the Riesz representation theorem (Mevel 1997), we investigate another approach based on the
asymptotic tightness of a sequence of measures to prove the existence of an invariant measure
for the extended chain (Sunyach 1975). It is then possible to extend the result of Leroux (1992)
under the basic assumption that the model is identifiable (in the sense that different parameter
values lead to different distributions for the stationarized version of the observed process; see the
definition below), a point which was not covered in the work of LeGland and Mevel (1997) nor
by Jensen and Petersen (1999). We stress that the technique developped in Leroux (1992) to
prove consistency, which is based on the Kingman sub-additive theorem cannot be immediately
adapted to continuous state space. For technical reasons detailed in the sequel, we restrain our
attention to cases where the hidden state space can be assumed to be compact.

The rest of the paper is organized as follows: in Section 2, we first prove the geometric
ergodicity of the extended chain. As a corollary, pointwise convergence of the normalized log-
likelihood is obtained and its limit is identified with the generalized Kullback-Leibler divergence.
The final item of Section 2 deals with the consistency of the maximum likelihood estimator.
Section 3 is devoted to the asymptotic normality of the maximum likelihood estimator, using
the technique of Section 2 applied to a further extended Markov chain, encompassing the gradient
and the Hessian of the prediction filter.

1.2 Consistency of the maximum likelihood estimator

Let {Xn}∞n=0 be a Markov Chain on a compact set K ⊂ X , where X is a separable state space,
equipped with a metrizable topology, and B(K) is the associated Borel σ-field. We denote
{Qθ(x,A), x ∈ K,A ∈ B(K)}, the Markov transition kernel (see Meyn and Tweedie 1993) of
the chain. We also let {Yn}∞n=0 be a sequence of random variables in a topological, separable
and complete set Y, such that, conditional on {Xn}∞n=0, {Yn}∞n=0 is a sequence of conditionally
independent random variables, Yn with conditional density gθ(y|Xn) with respect to some σ-finite
measure ν on the Borel σ-field B(Y). Usually, X and Y are subsets of Rs and Rt respectively, but
they may also be higher dimensional spaces. Moreover, both Qθ and gθ depend on a parameter
θ in Θ, where Θ is a compact subset of Rp. Θ is equipped with a norm denoted by ‖.‖. The
true parameter value will be denoted θ∗and is assumed to be in the interior of Θ.

Assume that each transition kernel Qθ has a density qθ with respect to the same σ-finite
dominating measure γ on X . For notational simplicity, it is assumed that the initial distribution
of {Xk} under θ∗ has a density with respect to γ denoted by π∗. We stress that π∗ is not
necessarily the invariant distribution of the chain. Denote P ∗ the probability distribution of
{Yn}n≥0 induced by the parameter (θ∗, π∗) and E∗ the associated expectation. The convergence
results that will be proved throughout the paper hold under P ∗. In the following, for m ≤ n,
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denote Y m
n the family of random variables (Yn, . . . , Ym). The Lp(K,B(K), γ)-norm will be

denoted ‖.‖p, and C, C ′,... will denote unspecified finite constants which may take different
values upon each appearance. Moreover, for any measurable function f on (K,B(K), γ), denote
ess sup(f) = inf{M ≥ 0, γ({M < |f |}) = 0} and if f is non-negative, ess inf(f) = sup{M ≥
0, γ({M > f}) = 0} (with obvious conventions if those sets are empty).

As outlined in the introduction, the central idea consists in writing the log-likelihood of the
observations as an additive function of a Markov Chain, comprising the observations {Yn}, the
current state Xn of the initial Markov chain and the predictive density of the state, often referred
to as the filter in the HMM literature.

We define a family of probability density functions (pdf) {f ζθ,n}n≥0 over (K,B(K), γ), by the
following recurrence equations

∀v ∈ K,





f ζθ,0(v) = ζ(v)

f ζθ,n+1(v) , Φ1(Yn, f
ζ
θ,n; θ) ,

R
u qθ(u,v)gθ(Yn|u)fζθ,n(u)dγ(u)
R
u gθ(Yn|u)fζθ,n(u)dγ(u)

(1.1)

where ζ is an initial pdf. Note that f ζθ,n+1 is a deterministic function of (Yn, f
ζ
θ,n). If ζ = π∗, it is

easily checked that fπ
∗

θ∗,n is the predictive density distribution, i.e. the density of the conditional

distribution of Xn given Y 0
n−1. Otherwise, f ζθ,n is usually named the prediction filter.

We consider the following family of contrast functions

`n(θ, ζ) =
n−1∑

m=0

log

(∫

K
gθ(Ym|x)f ζθ,m(x)dγ(x)

)
(1.2)

When ζ is fixed and equal to π∗, then `n(θ, π∗) is the log-likelihood function for the parameter
θ. We show below that the choice of the initial predictive density function ζ does not affect
the limiting value of 1

n`n(θ, ζ). This parameter can thus be chosen by the user. Moreover, the
parameter θ∗ is the only one that can be consistently estimated. As usual, for ergodic non
stationary chains, the initial distribution can not be consistently estimated.

We define the state space E , K × Y × S+2
where S+ , {f ∈ L1(K,B(K), γ) ; f ≥

0, ‖f‖1 = 1}. In the sequel, S+ is equipped with the topology induced by the L1-norm, B(S+)
denotes the corresponding Borel σ-field. We denote B(E) the Borel σ-field on the space E itself,
induced by the product topology. On the state space E, define the extended Markov chain
Zn , (Xn, Yn, Fn, F

∗
n) by an initial law λ, and the following transition kernel: For all (x, y, f, f ∗)

in E and AK ×AY ×AS ×AS∗ in B(K)× B(Y)× B(S+)× B(S+),

Πθ((x, y, f, f
∗);AK ×AY ×AS ×AS∗)

= P [(Xn+1, Yn+1, Fn+1, F
∗
n+1) ∈ AK ×AY ×AS ×AS∗ | (Xn, Yn, Fn, F

∗
n) = (x, y, f, f∗)]

=

∫

AK×AY
qθ∗(x, x

′) gθ∗(y′|x′) dγ(x′)dν(y′)1lAS (Φ1(y, f ; θ))1lAS∗(Φ1(y, f∗; θ∗)) (1.3)

(where Φ1(y, f ; θ) is defined in (1.1)).
In the sequel, we will often consider the particular initial distribution λ(ζ) defined for each pdf
ζ on (K,B(K), γ) by

λ(ζ)(AK ×AY ×AS ×AS∗) =

∫

AK×AY
π∗(x)gθ∗(y|x)dγ(x)dν(y)1lAS (ζ)1lAS∗(π

∗) (1.4)
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This initial distribution generates a Markov chain {Zn} where the first coordinate corresponds
to the Markov chain {Xn}, the second to the observations {Yn}, the third to the prediction filter

{f ζθ,n} and the fourth coordinate to the predictive density of Xn given Y 0
n−1, that is {fπ∗θ∗,n}.

Finally, we denote Pθ,λ the probability distribution of the chain {Zn} induced by the initial
distribution λ and the transition kernel Πθ (Pθ,λ is classically defined on

∨∞
n=1 B(En), where

(En)n≥0 is a sequence of copies of E).
Using this definition, and assuming that {Zn} has the initial distribution λ(ζ), the normalized

log-likelihood may be expressed as

1

n
`n(θ, ζ) =

1

n

n−1∑

m=0

hθ(Zm) Pθ,λ(ζ) − a.s. (1.5)

where hθ(x, y, f, f
∗) , log

(∫

u
gθ(y|u)f(u)dγ(u)

)
(1.6)

Equation (1.5) shows that the normalized log-likelihood of the observations for the parameter
θ can be written as an additive functional of Zn. Thus, following ideas of LeGland and Mevel
(2000b, 2000a), geometric ergodicity of the extended Markov chain will be the key ingredient to
prove the consistency of the maximum likelihood estimator.

It is clear from (1.2) that the log-likelihood is indeed a function of the first three components
of Zn which themselves form a Markovian process. Extending the chain Zn so as to include the
prediction density corresponding to the actual value θ∗ of the parameter is however needed to
obtain the consistency result of Section 1.2.4 (see Leroux 1992, for a closely related idea).

The following definitions and assumptions are stated for future reference. For y in Y, define

δ(y) , sup
θ∈Θ

δθ(y) , sup
θ∈Θ

[
esssupx gθ(y|x)

essinfx gθ(y|x)

]
(1.7)

ε , inf
θ∈Θ

εθ , inf
θ∈Θ

essinfx,x′ qθ(x, x
′)

esssupx,x′ qθ(x, x
′)

(1.8)

Assumption 1.1. 0 < ε < 1.

For s > 0, define ∆s , esssupx
∫

supθ[δθ(y)]sgθ∗(y|x)dν(y).

Assumption 1.2. ∆1 is finite.

For s > 0, define Γs , esssupx
∫

supθ [kθ(y)]s gθ∗(y|x)dν(y) ,
where kθ(y) , esssupx | log gθ(y|x)|.

Assumption 1.3. There exists some s > 1 such that Γs is finite.

If assumption 1.1 holds, then infθ essinfx,x′ qθ(x, x
′) > 0 (note that esssupx,x′ qθ(x, x

′) ≥
γ(K)−1). Doeblin’s condition is then satisfied for the Markov chain associated with Qθ (see
Meyn and Tweedie 1993, p.391). Moreover, the kernel Qθ is strongly aperiodic (see Meyn and
Tweedie 1993, p.118). Thus, by Theorems 16.0.2 and 16.2.4 from Meyn and Tweedie (p.384),
there exists some real number 0 < ρ0 < 1 (uniform in θ), such that, for all θ in Θ, there exists
a probability measure on B(K), having density αθ with respect to γ, such that, for all x in K,

‖Qnθ (x, .)− αθ(.)dγ(.)‖TV ≤ ρn0 , (1.9)
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where ‖.‖TV is the total variation norm, and Qn
θ is the kernel Qθ iterated n times. Then

αθ(.)dγ(.) is the unique invariant probability measure of the chain. Thus, for all θ in Θ, the
Markov chain associated with the kernel Qθ is uniformly ergodic.

Remark 1.1. Note that in assumption 1.1, we may relax ε ∈]0, 1[ and derive the same results
under the assumption
Assumption 1.1(bis) There exists m in N∗ such that for all θ in Θ, Qθ is aperiodic and

0 < inf
θ

essinfx,x′ q
m
θ (x, x′)

esssupx,x′ q
m
θ (x, x′)

< 1

where qmθ denotes the density of the the kernel Qθ iterated m times.
In that case, all the properties concerning the Markov Chain associated with Qθ are derived
from properties concerning the m-skeleton (see definition in Meyn and Tweedie 1993, p.68).

1.2.1 Exponential forgetting of the prediction filter

Ergodic properties for {Yn} are inherited from those of {Xn} (see for instance Leroux 1992,
Celeux et al. (1993)). The point of this section is to obtain those of the extended chain
Zn = (Xn, Yn, Fn, F

∗
n) from the exponential forgetting for the prediction filter. Iterating the

recurrence relation (1.1) n−m+1 times backwards (m ≤ n) yields f ζθ,n+1 = Φn−m+1(Y m
n , f ζθ,m; θ),

where

Φn−m+1(Y m
n , f ; θ)(v) ,∫

un
qθ(un, v)gθ(Yn|un) . . .

∫
um

qθ(um, um+1)gθ(Ym|um)f(um)dγ(un) . . . dγ(um)∫
un
gθ(Yn|un) . . .

∫
um

qθ(um, um+1)gθ(Ym|um)f(um)dγ(un) . . . dγ(um)

Using this expression, we may show the following exponential forgetting inequality (which is a
non-trivial adaptation from Mevel (1997, Proposition 2.2, part A)).

Proposition 1.2.1. Under assumption 1.1, for all f, f ′ in S+,

‖Φn−m+1(Y m
n , f ; θ)− Φn−m+1(Y m

n , f ′; θ)‖1 ≤ 2εθ
−1 δθ(Ym)(1− εθ)n−m+1‖f − f ′‖1 (1.10)

The proof is given in Appendix B.1. The upper-bound of the right hand side only depends
on the initial conditions (Ym, f, f

′). Note that assumption 1.1 implies that εθ is lower bounded
by a strictly positive ε. Hence, (1− εθ) is upper-bounded by (1− ε) and the geometrical rate of
the right-hand side of equation (1.10) can be bounded uniformly for θ in Θ, as soon as δ(Ym) is
finite.

1.2.2 Geometric ergodicity of the extended Markov Chain

In this section, it is shown that the exponential forgetting of the prediction filter implies the
geometric ergodicity (in a sense to be defined) of the extended chain {Zn}.

Definition 1.2.1. Lip(E) is the set of real valued measurable functions h on (E,B(E)) such
that, for all (x, y) in K× Y, there exists lip(h, x, y) and k(h, x, y) such that for all f1, f

∗
1 , f2, f

∗
2

in S+,
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|h(x, y, f1, f
∗
1 )− h(x, y, f2, f

∗
2 )| ≤ lip(h, x, y)

(
‖f1 − f2‖1 + ‖f∗1 − f∗2 ‖1

)

|h(x, y, f1, f
∗
1 )| ≤ k(h, x, y)

and {
lip(h) , esssupx

∫
lip(h, x, y) gθ∗(y|x)dν(y) <∞

k(h) , esssupx
∫

k(h, x, y) gθ∗(y|x)dν(y) <∞

These functions are of Lipschitz type with respect to the two last components and are
bounded independently from the two last components by a function which satisfies an integra-
bility condition. We will prove in the sequel that, for all h in Lip(E) verifying some moment
condition (see (1.15)), a law of large numbers holds for {h(Zn)}n≥0.

Proposition 1.2.2. Under assumptions 1.1,1.2, define

ρ , max(ρ
1
2
0 , (1− ε)

1
2 ) (1.11)

(where ε and ρ0 are defined in (1.8) and (1.9)).
There exists a constant C > 0 such that, for all θ in Θ, for all h in Lip(E), for all z, z ′ in E,
and for all n ≥ 1

|Πn
θh(z)−Πn

θh(z′)| ≤ C[lip(h) + k(h)] ρn

where Πn
θ denotes the nth iterate of Πθ and Πn

θh(z) =
∫

Πn
θ (z, dw)h(w).

The proof of this proposition stands in Appendix B.2. As a consequence, the extended
Markov chain satisfies a geometric ergodicity property, stated in the following corollaries.

Corollary 1.2.3. Under assumptions 1.1 and 1.2, there exists a constant C > 0 such that, for
all θ in Θ and for all h in Lip(E), there exists Λθ(h) < ∞ such that for all z in E and for all
n ≥ 1,

|Πn
θh(z)− Λθ(h)| ≤ C [lip(h) + k(h)]

ρn

1− ρ, (1.12)

This inequality may be used in the following way : for any initial probability measure λ on
(E,B(E)), and for any function h in Lip(E)

Λθ(h) = lim
n→∞

EEθ,λ(h(Zn)). (1.13)

In addition, for all h in Lip(E), there exists a unique solution V of the Poisson equation

[I −Πθ]V (z) = h(z)− Λθ(h).

Corollary 1.2.4. Under assumptions 1.1 and 1.2, the kernel Πθ admits an unique invariant
probability measure λθ on (E,B(E)) and for any function h in Lip(E)

Λθ(h) =

∫
h(z)λθ(dz). (1.14)
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The type of convergence in Corollary 1.2.3 does not coincide with the usual definition of
uniform geometric ergodicity (see Meyn and Tweedie 1993, Theorem 16.0.2 p.384) since our
result applies here only to some kind of Lipschitz functions on E, whereas in the standard
literature about Markov chains, the ergodicity is expressed in terms of exponential decrease to
zero of the total variation norm, i.e implying that (1.12) applies to all measurable bounded
functions.
The proofs are given in Appendix B.2. Note that it is easy to show that Λθ(h) is a linear form.
Nevertheless, it is not straightforward to prove that there exists a measure λθ on E representing
Λθ(h). This is because the Riesz representation theorem does not apply. To prove the existence
of an invariant probability measure, we use a technique based on asymptotic tightness of an
appropriately defined sequence of probability measures, exploiting the basic ideas of Sunyach
(1975).
Remark 1.2. We will often use in the paper the following property : Let En be a sequence of

copies of the space E, A in
∨
n≥0 B(En) and Υ a real valued function on

∏
n≥0 En, measurable

with respect to
∨
n≥0 B(En). Note that, due to the initial distribution λ(ζ), (Fn, F

∗
n) is Pθ,λ(ζ)-a.s

equal to (f ζθ,n, f
π∗
θ∗,n) for all n in N. It implies that

Υ [{Zn}n≥0] = Υ

[{
(Xn, Yn, f

ζ
θ,n, f

π∗
θ∗,n)

}
n≥0

]
Pθ,λ(ζ) − a.s

Thus,

Pθ,λ(ζ)(Υ({Zn}n≥0) ∈ A) = P ∗
[
Υ({(Xn, Yn, f

ζ
θ,n, f

π∗
θ∗,n)}n≥0) ∈ A

]

since the marginal distribution of Pθ,λ(ζ) on events only depending on {(Xn, Yn)}n≥0 is equal to
P ∗.

Proposition 1.2.5. Under assumptions 1.1 and 1.2, for any θ in Θ, for any pdf ζ on (K,B(K), γ),
and for any function h in Lip(E) such that there exists s > 1 satisfying

esssup
x

∫
ks(h, x, y)gθ∗(y|x)dν(y) <∞ (1.15)

the following convergence results hold

i) limn→∞ 1
n

∑n−1
m=0 h(Zm) = Λθ(h) Pθ,λ(ζ) − a.s

ii) limn→∞ 1
n

∑n−1
m=0 h(Xm, Ym, f

ζ
θ,m, f

π∗
θ∗,m) = Λθ(h) P ∗ − a.s

The proof of this proposition (see Appendix B.3) is based on the ergodicity of {Zn} and more
precisely, on the existence of a solution to the Poisson equation stated in Corollary 1.2.3 using a
classical martingale decomposition method (the proof is analogous to Meyn and Tweedie 1993,
Theorem 17.4.3). Note that the statement ii) is a direct consequence of i) using the remark 2.

1.2.3 Pointwise convergence

The following proposition ensures that, under some regularity conditions, the normalized log-
likelihood of the observations converges almost everywhere to a finite function of θ, and identifies
the limit function. It is a straightforward application of Proposition 1.2.5.
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Proposition 1.2.6. Under assumptions 1.1 to 1.3, for any θ in Θ, there exists a finite value
`(θ) such that for any initial pdf ζ on (K,B(K), γ),

lim
n→∞

1

n
`n(θ, ζ) = `(θ) P ∗ − a.s

Moreover,

`(θ) =

∫
log

[∫
gθ(y|u)f(u)dγ(u)

]
λθ(dx, dy, df, df

∗) (1.16)

Note that the limiting value `(θ) does not depend on the initial distribution λ(ζ). This means
that the limiting value of `n(θ, ζ)/n does not depend on the initial distribution of the chain {Xn}
(which does not necessarily coincide with the stationary distribution of the chain, in contrast
with BRR and Jensen and Petersen (1999)) nor on the initial value of the prediction filter ζ,
which may be chosen arbitrarily. The limiting value `(θ) is the integral of hθ with respect to
the invariant measure of {Zn}.

1.2.4 Consistency of the maximum likelihood estimator

In order to prove the consistency of the maximum likelihood estimator, we need to check that the
limit of the normalized log-likelihood is maximized only at θ∗, the true value of the parameter,
i.e `(θ) ≤ `(θ∗) with equality if and only if θ = θ∗. Define

gθ,n+1(y0
n|X0) , gθ(y0|X0)

∫
qθ(X0, u1)gθ(y1|u1) . . .

. . . qθ(un−1, un)gθ(yn|un)dγ(u1) . . . dγ(un) (1.17)

the density under the parameter θ of {Y 0
n } conditionally to X0 with respect to the measure

ν⊗(n+1).

We assume that

Assumption 1.4.

∫

K×A0×...×Ap
gθ,p+1(y0, . . . , yp|u0)dαθ(u0)dν(y0) . . . dν(yp) =

∫

K×A0×...×Ap
gθ′,p+1(y0, . . . , yp|u0)dαθ′(u0)dν(y0) . . . dν(yp) (1.18)

holds for all non negative p and all Borel sets Ai in B(Y), 0 ≤ i ≤ p if and only if θ = θ′.

(Recall that αβ is the invariant measure for the kernel qβ).
This condition is equivalent to :
Assumption 1.4(bis)

∫
qθ(u, u1)...qθ(up−1, up)gθ(y0|u)...gθ(yp|up)dαθ(u)dγ(u1)...dγ(up) =

∫
qθ′(u, u1)...qθ′(up−1, up)gθ′(y0|u)...gθ′(yp|up)dαθ′(u)dγ(u1)...dγ(up)
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almost everywhere with respect to the measure ν⊗(p+1), for all non negative p, if and only if
θ = θ′.

Note that when the state space K is finite, assumption 1.4 is implied by condition 2 in
Leroux (1992). In fact, assumption 1.4 is the minimal assumption guaranteeing identifiability
for the model.

Remark 1.3. In many models of interest, the parameter itself is identifiable, only up to a
permutation of states. It is most often possible to reparametrize the model to avoid this type of
degeneracy. When it is not possible, one should define a slightly extended notion of identifiability,
based on an equivalence relation e.g. θ ≡ θ′ iff θ is equal to θ′ up to a permutation of its
components. The results presented below can be straightforwardly adapted in such situation.

Theorem 1.2.7. Under assumptions 1.1 to 1.4, `(θ) ≤ `(θ∗) and `(θ) = `(θ∗) iff θ = θ∗.

The key point in the proof is that the difference `(θ∗)− `(θ) can be written as the expected
difference between two functions under the same measure. This is possible, since the fourth
coordinate of Zn is the prediction filter associated with the true value of the parameter θ∗. This
is the main motivation for extending (Xn, Yn, Fn) to (Xn, Yn, Fn, F

∗
n).

Proof. (Theorem 1.2.7) The first part of the proof follows an idea from Leroux (1992, Lemma
6), but the conclusion has to be adapted to cope with general state space. We first express `(θ)
in a more tractable way.

Using Corollary 1.2.3,

2`(θ) = lim
n
Eθ,λ(ζ) (hθ(Zn) + hθ(Zn+1))

By direct application of the recurrence relation between f ζθ,n and f ζθ,n+1, we have

hθ(Zn) + hθ(Zn+1) = log

[∫
gθ,2(Yn, Yn+1|u)f ζθ,n(u)dγ(u)

]
Pθ,λ(ζ) − a.s

, Hθ(Yn, Yn+1, f
ζ
θ,n)

(where gθ,2 is defined by (1.17)).
Then, using the remark 2,

2`(θ) = lim
n
E∗
(
E∗
(
Hθ(Yn, Yn+1, f

ζ
θ,n)
∣∣∣Y 0
n−1

))
(1.19)

Denote Gθ(x, y, f, f
∗) ,

∫
Hθ(y0, y1, f)gθ∗,2(y0, y1|u)f∗(u)dν(y0)dν(y1)dγ(u). It is easy to check

that Gθ is in Lip(E). Thus, by Corollary 1.2.3,

Λθ(Gθ) = lim
n
Eθ,λ(ζ)(Gθ(Zn)) (1.20)

Using the equality

E∗[Hθ(Yn, Yn+1, f
ζ
θ,n)|Y 0

n−1] = E∗
(
E∗
[
Hθ(Yn, Yn+1, f

ζ
θ,n)
∣∣∣Xn, Y

0
n−1

] ∣∣∣Y 0
n−1

)

= Gθ(Xn, Yn, f
ζ
θ,n, f

π∗
θ∗,n)
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combined with (1.19) and (1.20), it yields that

2`(θ) = Λθ(Gθ)

=

∫
log

[∫
gθ,2(y0, y1|u0)f(u0)dγ(u0)

]

×gθ∗,2(y0, y1|u)f∗(u)dν(y0)dν(y1)dγ(u)λθ(K,Y, df, df∗)

Define the function h∗(x, y, f, f∗) , log(
∫
gθ∗(y|u)f∗(u)dγ(u)). Replacing the function hθ

by h∗, it is easily checked in the same way that

2`(θ∗) =

∫
log

[∫
gθ∗,2(y0, y1|u0)f∗(u0)dγ(u0)

]

× gθ∗,2(y0, y1|u)f∗(u)dν(y0)dν(y1)dγ(u)λθ(K,Y,S+, df∗)

Hence,

2(`(θ∗)− `(θ)) =

∫ [∫
gθ∗,2(y0, y1|u)f∗(u)dγ(u)

]
× log

(∫
gθ∗,2(y0, y1|u)f∗(u)dγ(u)∫
gθ,2(y0, y1|u)f(u)dγ(u)

)

dν(y0)dν(y1)λθ(K,Y, df, df∗)

which is the integral of a Kullback-Leibler divergence and is thus non-negative. We now show
that the equality `(θ) = `(θ∗) implies that θ = θ∗ under the assumption of identifiability 1.4. If
`(θ) = `(θ∗), the Kullback-Leibler divergence is null and thus,

∫
gθ∗,2(y0, y1|u)f∗(u)dγ(u) =

∫
gθ,2(y0, y1|u)f(u)dγ(u) (1.21)

almost everywhere with respect to the measure dν(y0)dν(y1)λθ(K,Y, df, df∗). This technique
can be easily generalized computing the quantities (m+ 1)`n(θ, ζ) for each integer m, such that
`(θ) = `(θ∗) implies almost everywhere with respect to the measure λθ(K,Y, df, df∗),

∀m ≥ 1,

∫
gθ∗,m+1(y0, . . . , ym|u)f∗(u)dγ(u) =

∫
gθ,m+1(y0, . . . , ym|u)f(u)dγ(u) ,

ν(dy0)⊗ . . .⊗ ν(dym)− a.e (1.22)

Now, let us prove that the condition of assumption 1.4 holds. Let (f0, f
∗
0 ) be in S+×S+ such

that the property (1.22) is satisfied. Let p ≤ m and h be any bounded, continuous function on
Yp+1. Multiplying both sides of the equation by h(ym−p, . . . ym), and then taking the integral
with respect to dν(y0) . . . dν(ym), yields

∫
Fθ(um−p)q

m−p
θ (u0, um−p)f0(u0)dγ(u0)dγ(um−p) =

∫
Fθ∗(um−p)q

m−p
θ∗ (u0, um−p)f∗0 (u0)dγ(u0)dγ(um−p) (1.23)

where for any β,

Fβ(u) ,
∫
h(ym−p, ..., ym)gβ,p+1(ym−p, ..., ym|u)dν(ym−p) . . . dν(ym) (1.24)
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which is continuous and bounded by esssupu∈Yp+1 |h(u)| on K. Now, using Equation (1.9), we
have, for any u in K,

∣∣∣∣
∫
Fθ(u

′)qm−pθ (u, u′)dγ(u′)−
∫
Fθ(u

′)dαθ(u
′)

∣∣∣∣ ≤ ρ
m−p
0 × esssup

u∈Yp+1

|h(u)|

This implies, by dominated convergence

lim
m→∞

∫
Fθ(u

′)qm−pθ (u, u′)f0(u)dγ(u)dγ(u′) =

∫
Fθ(u

′)dαθ(u
′)

This result also holds with the parameter θ∗ instead of θ. Now, combining with (1.23) yields

∫
Fθ(u

′)dαθ(u
′) =

∫
Fθ∗(u

′)dαθ∗(u
′)

Replacing Fθ and Fθ∗ by their definition in (1.24) and knowing that h is any bounded continuous
function in Yp+1,

∫
gθ,p+1(y0, . . . , yp|u0)dαθ(u0) =

∫
gθ′,p+1(y0, . . . , yp|u0)dαθ′(u0)

almost everywhere with respect to the measure dν(y0)...dν(yp), for any p in N. Thus θ = θ∗ by
the identifiability assumption 1.4. This completes the proof.

Let θ̂n(ζ) , argmaxθ `n(θ, ζ) be the maximum likelihood estimator for a fixed initial pdf ζ
(following assumptions will assure its existence). It has been proved in Proposition 1.2.6 and
Theorem 1.2.7 that the normalized log-likelihood for a fixed θ converges almost surely under P ∗

to `(θ) which is maximum at the point θ∗. Under additional assumptions on the regularity of
some functions with respect to θ, uniformity (in a sense to be defined) in the convergence of the
normalized log-likelihood may be shown, and thus, consistency can be stated, using the basic
strategy invented by Wald (1949).

For all y in Y and η > 0, denote ωg(y, η) , sup‖θ−θ′‖≤η esssupx |gθ(y|x)−gθ′(y|x)|. Let η > 0
and θ, θ′ in Θ such that ‖θ − θ′‖ < η. Then, for all pdf ζ on (K,B(K), γ),

`n(θ, ζ)− `n(θ′, ζ) =
n−1∑

m=0

log


1 +

∫ [
gθ(Ym|u)f ζθ,m(u)− gθ′(Ym|u)f ζθ′,m(u)

]
dγ(u)

∫
gθ′(Ym|u)f ζθ′,m(u)dγ(u)




≤
n−1∑

m=0

(∫
|gθ(Ym|u)− gθ′(Ym|u)|f ζθ,m(u)dγ(u)

∫
gθ′(Ym|u)f ζθ′,m(u)dγ(u)

+

∫
gθ′(Ym|u)|f ζθ′,m(u)− f ζθ,m(u)|dγ(u)

∫
gθ′(Ym|u)f ζθ′,m(u)dγ(u)

)

|`n(θ, ζ)− `n(θ′, ζ)| ≤ 2
n−1∑

m=0

(
ωg(Ym, η)

infθ essinfx gθ(Ym|x)
+ δ(Ym)‖f ζθ,m − f

ζ
θ′,m‖1

)
(1.25)
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Define for all y in Y, for all s, t in N and for all η > 0,

δ′(y, η) ,
[

ωg(y, η)

infθ essinfx gθ(y|x)

]
(1.26)

∆′s(η) , esssup
x

∫
[δ′(y, η)]sgθ∗(y|x)dν(y) (1.27)

(∆∆′)s,t(η) , esssup
x

∫
[δ(y)]s[δ′(y, η)]tgθ∗(y|x)dν(y) (1.28)

ωq(η) , sup
‖θ−θ′‖≤η

∫
esssup

u
|qθ(u, v)− qθ′(u, v)|dγ(v) (1.29)

Assumption 1.5. For all y in Y,

lim
η→0

ωq(η) = 0

lim
η→0

ωg(y, η) = 0

Assumption 1.6. ∆2 is finite and for some positive η0, ∆′1(η0) and (∆∆′)1,1(η0) are finite.

We prove in Appendix B.3 the following lemma

Lemma 1.2.8. Under assumption 1.1,

sup
ζ∈S+

‖f ζθ,m − f
ζ
θ′,m‖1 ≤ 2ε−1

m−1∑

k=0

δ(Yk+1)ρm−k[ωq(η) + 2δ′(Yk, η)] + [ωq(η) + 2δ′(Ym, η)] (1.30)

Combining (1.25) with this lemma, we prove under assumption 1.5 that θ 7→ `n(θ, ζ) is contin-
uous. The continuity of θ 7→ `(θ) is then straightforward : the family of functions (Πn

θhθ(z))n≥0

converges uniformly in θ to `(θ) as we have

|Πn
θhθ(z)− Λθ(hθ)| ≤ C [∆1 + Γ1]

ρn

1− ρ.

Moreover :

Πn
θhθ(z) =

∫
log

(∫
gθ(yn|u)f ζθ,n(u)dγ(u)

)
qθ∗(x, x1) · · · qθ∗(xn−1, xn)

× gθ∗(y1|x1) · · · gθ∗(yn|xn)dγ(x1) · · · dγ(xn)dν(y1) · · · dν(yn)

The functions θ 7→ log(
∫
gθ(yn|u)f ζθ,n(u)dγ(u)) are continuous (same argument as for `n(θ, ζ))

and uniformly integrable as Γs is finite for some s > 1. Then we obtain that θ 7→ Πn
θhθ(z) is

continuous, and so is θ 7→ `(θ).

Now, denote ω`n(η) , sup{ 1
n |`n(θ, ζ)− `n(θ′, ζ)|, ‖θ− θ′‖ < η}. Combining (1.25), (1.30) and

assumptions 1.5 and 1.6, we obtain that, P ∗-a.s,

lim
k

lim sup
n

[
ω`n

(
1

k

)]
= 0 (1.31)
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Theorem 1.2.9. Under assumptions 1.1 to 1.6, for all initial pdf ζ,

θ̂n(ζ) −→
n→∞

θ∗ in P ∗ − probability.

Proof. Let C a compact set not including θ∗. Since θ 7→ `(θ) is a continuous function, there
exists ε > 0 such that, for all θ ∈ C, `(θ) < `(θ∗) − 2ε. By (1.31), there exists P ∗-a.s finite

random integers k1 and N1 such that for all n ≥ N1, ω`n

(
1
k1

)
≤ ε

2 . Let {θi}1≤i≤M an 1
k1

-net,

covering C. Then, there exists a P ∗-a.s finite random integer N2 such that for all n ≥ N2, and
all 1 ≤ i ≤ N2, 1

n`(θi, ζ) ≤ `(θi) + ε
2 .

Now, let θ ∈ C, there exists a point θi such that ‖θ − θi‖ ≤ 1
k1

. Then, for all n ≥ max(N1, N2),

1

n
`n(θ, ζ) ≤ 1

n
`n(θi, ζ) + ω`n

(
1

k1

)

≤ `(θi) +
ε

2
+
ε

2
≤ `(θ∗)− ε

Thus, there exists a P ∗-a.s finite integer N such that for all n ≥ N , supθ∈C `n(θ, ζ) < `n(θ∗, ζ).
The proof is completed.

1.2.5 Examples

Let us give some illustrations.
Example 1 : Markov chain in additive noise.
Define: Yt = h(Xt) + Bt where {Bt} is a sequence of independent and identically distributed
centered Gaussian random variables, with variance σ2, {Xt} is a Markov chain on a compact
set of Rd, independent of {Bt}, and with transition Qα. The parameter here is θ = (α, σ2).
Let φt be the Log-Laplace function of the marginal distributions of {Yt}.

φt(u) = log
(
E(euYt)

)
= logE(euh(Xt)) + log

(
e
u2σ2

2

)

so that
2

u2
φt(u) = σ2 +

2

u2
log
(
E(euh(Xt))

)
−→
u→∞

σ2

σ2 is thus identifiable. If different parameters α lead to different stationary distributions for the
process {h(Xt)}, then assumption 1.4 holds.
Such models are used in the following applications:

• Underwater acoustics (Quinn 1996), where h(x) = A cos(2πx), and A is a constant.

• Speech processing, count data analysis... (Pagano 1974), where h(x) = x and {Xt} is
an autoregressive process of first order, with bounded innovations, or more generally an
ARMA process. In this last case, just notice that Theorems 1 and 2 may be generalized
when assumption 1.1 holds only for a power of the transition Qα, that is when assump-
tion 1.1(bis) holds.

Example 2 : Markov chain in multiplicative noise.
Define Yt = Bt.h(Xt) where {Bt} is a process of independent and identically distributed, centered
Gaussian random variables, with variance σ2, {Xt} is a Markov chain on a compact subset of
R, independent of {Bt}, and h is any measurable function. Those models are used in different
areas (see Kim et al. (1998), about econometrics).
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1.3 Asymptotic normality of the maximum likelihood estimator

The asymptotic normality of the maximum likelihood estimator involves a second order Taylor
expansion of the log-likelihood. We shall use similar arguments to what was done with the
extended chain Zn, but we will now consider Markov chains involving both the gradient and
the Hessian of the prediction filter. Those chains have an exponential forgetting of the initial
condition and then we prove that they are uniformly ergodic. Denote ∂k() the first order partial
derivative with respect to the component θk of θ, and ∇, ∇2 the Jacobian and the Hessian
operator with respect to the parameter θ.

Assumption 1.7. (a) For any (x, x′, y) in K × K × Y, the functions θ 7→ gθ(y|x) and θ 7→
qθ(x, x

′) are differentiable.

Define for all y in Y,

δ′(y) , sup
θ,θ′

max
1≤k≤p

[
esssupx |∂kgθ(y|x)|

essinfx gθ′(y|x)

]
(1.32)

and, for all s, t in N,

∆′s , esssup
x

∫
[δ′(y)]sgθ∗(y|x)dν(y) (1.33)

(∆∆′)s,t , esssup
x

∫
[δ(y)]s[δ′(y)]tgθ∗(y|x)dν(y) (1.34)

Assumption 1.7. (b) Moreover,

sup
θ

esssup
u,v

qθ(u, v) <∞ , max
1≤k≤p

sup
θ

esssup
u,v

|∂kqθ(u, v)| <∞.

For some s > 1, ∆′2s, ∆4, (∆∆′)4,1 and (∆∆′)3,2 are finite.

The first step consists in differentiating the recurrence relation between f ζθ,n and f ζθ,n+1 (which

is possible under assumption 1.7). Then, {∇f ζθ,n} appears as a functional auto-regressive chain.
For all 1 ≤ k ≤ p,

∂kf
ζ
θ,n+1(v) =

∫

u
aθ(Yn, f

ζ
θ,n)(u, v) ∂kf

ζ
θ,n(u)dγ(u) + Uθ,k(Yn, f

ζ
θ,n)(v) (1.35)

where aθ(y, f)(u, v) ,
(
qθ(u, v)−

∫
qθ(s, v)gθ(y|s)f(s)dγ(s)∫

gθ(y|s)f(s)dγ(s)

)
gθ(y|u)∫

gθ(y|s)f(s)dγ(s)

Uθ,k(y, f)(v) ,
∫
∂kqθ(u, v)gθ(y|u)f(u)dγ(u)∫

gθ(y|u)f(u)dγ(u)

+

∫ (
qθ(u, v)−

∫
qθ(s, v)gθ(y|s)f(s)dγ(s)∫

gθ(y|s)f(s)dγ(s)

)
× ∂kgθ(y|u)f(u)∫

gθ(y|s)f(s)dγ(s)
dγ(u)

Denote Uθ the vector function (Uθ,k)1≤k≤p.
We consider the space E’ = K× Y × S+ ×Σ, where

Σ , {σ = (σk)1≤k≤p;σk ∈ L1(K,B(K), γ);

∫

u
σk(u)dγ(u) = 0}.
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The space Σ is equipped with the topology induced by the L1-norm, and denote B(E’) the Borel
σ-field induced by the product topology on E’. Denote for all (y, f, σ) in Y × S+ ×Σ, θ in Θ,
and v in K

Ψ1(y, f, σ; θ)(v) ,
∫
aθ(y, f)(u, v)σ(u)dγ(u) + Uθ(y, f)(v)

(Note that Ψ1 = (Ψk
1)1≤k≤p is a vector in Rp).

We define an extended Markov chain Z̃n = (Xn, Yn, Fn, Gn) on (E’,B(E’)) by its initial law
λ̃ and the transition kernel Π̃θ given by, for all (x, y, f, σ) in E’ and AK × AY × AS × A± in
B(K)× B(Y)× B(S+)× B(Σ),

Π̃θ((x, y, f, σ);AK ×AY ×AS ×A±)

= P (Xn+1 ∈ AK, Yn+1 ∈ AY , Fn+1 ∈ AS , Gn+1 ∈ A±
| Xn = x, Yn = y, Fn = f,Gn = σ)

=

∫

AK×AY
qθ∗(x, x

′) gθ∗(y′|x′) dγ(x′)dν(y′)1lAS (Φ1(y, f ; θ))1lA±(Ψ1(y, f, σ; θ))

In the sequel, we will often consider the particular initial distribution λ̃(ζ) defined for each pdf
ζ on (K,B(K), γ) by

λ̃(ζ)(AK ×AY ×AS ×A±) =

∫

AK×AY
π∗(x)gθ∗(y|x)dγ(x)dν(y)1lAS (ζ)1lA±(0) (1.36)

We denote P̃θ,λ̃(ζ) the law of {Z̃n} induced by λ̃(ζ) and Π̃θ and Ẽθ,λ̃(ζ) the corresponding expec-

tation. The exponential ergodicity of the extended chain {Z̃n} (similar to the result obtained
in Proposition 1.2.1) and convergence of normalized sums of some functions of {Z̃n}, are stated
in Appendix D.
These properties, combined with the results of Propositions 1.3.2 and 1.3.3, ensure the conver-
gence of the gradient of the normalized log-likelihood.

Assumption 1.8. For any (x, x′, y) in K×K×Y, the functions θ 7→ gθ(y|x) and θ 7→ qθ(x, x
′)

are twice differentiable. We also assume that:
supθ max1≤k,l≤p esssupu,v |∂2

k,lqθ(u, v)| <∞.

Define for all y in Y, and for all s, t, r in N,

δ′′(y) , sup
θ,θ′

max
1≤k,l≤p

[
esssupx |∂2

k,lgθ(y|x)|
essinfx gθ′(y|x)

]

∆′′s , esssup
x

∫
[δ′′(y)]sgθ∗(y|x)dν(y)

(∆∆′′)s,t , esssup
x

∫
[δ(y)]s[δ′′(y)]tgθ∗(y|x)dν(y)

(∆∆′∆′′)s,t,r , esssup
x

∫
[δ(y)]s[δ′(y)]t[δ′′(y)]rgθ∗(y|x)dν(y)

Assumption 1.9. There exists some s > 1 such that ∆′′s is finite. Moreover, the following quan-
tities ∆11, (∆∆′)11,1, (∆∆′)10,2, (∆∆′)9,3, (∆∆′)8,4, (∆∆′′)7,1, (∆∆′∆′′)7,1,1 and (∆∆′∆′′)6,2,1

are supposed to be finite.
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Proposition 1.3.1. Under assumptions 1.1, 1.7 to 1.9 and the hypothesis that the maximum
likelihood estimator is consistent (see Theorem 1.2.9), there exists a matrix Jθ∗ such that

n−
1
2∇`n(θ∗, ζ) −→ N (0, Jθ∗) weakly under P ∗.

Moreover, Jθ∗ = limn→∞(1/n)E∗(∇`n(θ∗, ζ)t.∇`n(θ∗, ζ)).

This result extends Theorem 3.1 in Jensen and Petersen (1999) to the non-stationary case,
and its proof stands in Appendix D.1. The second order Taylor expansion of the log-likelihood
involves also its Hessian matrix. Differentiating equation (1.35), we obtain {∇2f ζθ,n} as a func-
tional autoregressive chain.

∇2f ζθ,n+1 , α1(Yn, f
ζ
θ,n,∇f

ζ
θ,n,∇2f ζθ,n; θ)

As we have done with Zn and Z̃n, we consider now Žn = (Xn, Yn, Fn, Gn,Hn) an extended
Markov chain on a space E”defined by E” = K× Y × S+ ×Σ×Σ2 , where

Σ2 = {τ = (τk,l); τk,l ∈ L1(K,B(K), γ) and ∀v ∈ K, τ(v) symetric and positive definite}.

(The matrix M = (Mi,j)1≤i,j≤n is said to be positive definite if for all (ai)1≤i≤n in R, we have∑
1≤i,j≤n aiMi,jaj ≥ 0, with equality if and only if ai = 0 for all 1 ≤ i ≤ n).

The space Σ2 is equipped with the topology induced by the L1-norm and B(E”) will denote the
Borel σ-field on E” induced by the product topology. The Markov chain Žn is defined by its
initial law λ̌ and its transition kernel Π̌θ : for all (x, y, f, σ, τ) in E” and AK×AY×AS×A±×A±′
in B(K)× B(Y)× B(S+)× B(Σ)× B(Σ2),

Π̌θ[(x, y, f, σ, τ);AK ×AY ×AS ×A± ×A±′ ]
= P [(Xn+1, Yn+1, Fn+1, Gn+1,Hn+1) ∈ AK ×AY ×AS ×A± ×A±′

| (Xn, Yn, Fn, Gn,Hn) = (x, y, f, σ, τ)]

=

∫

AK×AY
qθ∗(x, x

′) gθ∗(y′|x′) dγ(x′)dν(y′)

× 1lAS (Φ1(y, f ; θ))1lA±(Ψ1(y, f, σ; θ))1lA±′ (α1(y, f, σ, τ ; θ)).

We will consider the particular initial distribution λ̌(ζ) defined for each pdf ζ on the space
(K,B(K), γ) by

λ̌(ζ)(AK ×AY ×AS ×A± ×A±′) =

∫

AK×AY
π∗(x)gθ∗(y|x)dγ(x)dν(y)

× 1lAS (ζ)1lA±(0)1lA±′ (0).

We denote P̌θ,λ̌(ζ) the law of {Žn}n induced by λ̌(ζ) and Π̌θ, and Ěθ,λ̌(ζ) the corresponding
expectation. In Appendix B.4.3, we prove the exponential forgetting of the initial condition for
this chain, its ergodicity, and the convergence of normalized sums of some functions of this chain.
Then we are able to prove the convergence of the Hessian of the normalized log-likelihood.
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Proposition 1.3.2. Under assumptions 1.1 and 1.7 to 1.9, there exists a matrix Iθ such that

1

n
∇2`n(θ, ζ)−→−Iθ P ∗ − a.s

Moreover, Iθ∗ is the Fisher information matrix, that is

Iθ∗ = − lim
n→∞

1

n
E∗(∇2`n(θ∗, ζ)) = lim

n→∞
1

n
E∗(∇`n(θ∗, ζ)t∇`n(θ∗, ζ)) = Jθ∗

Denote for all η > 0 and y in Y,

ωq
′
(η) , sup

‖θ−θ∗‖<η
max

1≤k≤p

∫
esssup

u
|∂kqθ(u, v)− ∂kqθ∗(u, v)|dγ(v)

ωq
′′
(η) , sup

‖θ−θ∗‖<η
max

1≤k,l≤p

∫
esssup

u
|∂2
k,lqθ(u, v)− ∂2

k,lqθ∗(u, v)|dγ(v)

ωg
′′
(y, η) , sup

‖θ−θ∗‖<η
max

1≤k,l≤p
esssup

u
|∂2
k,lgθ(y|u)− ∂2

k,lgθ∗(y|u)|

∆′′′(η) ,
∫

ωg
′′
(y, η)

infθ esssupx gθ(y|x)
gθ∗(y|x)dν(y)

Assumption 1.10. Assume that

lim
η→0

ωq
′
(η) = lim

η→0
ωq
′′
(η) = 0

Moreover, there exists some η0 > 0 such that ∆′′′(η0) is finite.

We finally prove

Proposition 1.3.3. Under assumptions 1.1, 1.5, 1.6, 1.9 and 1.10, we have for any k, l in
{1 · · · p},

lim
η→0

E∗
(

sup
‖θ−θ∗‖≤η

1

n
|∂2
k,l`n(θ, ζ)− ∂2

k,l`n(θ∗, ζ)|
)

= 0

Remark 1.4. This proposition ensures that ∇
[
limn→∞ 1

n∇`n(θ, ζ)
]
θ=θ∗ = −Iθ∗ and that

∇ [Λθ(hθ)]θ=θ∗ = 0.
These properties are sufficient to get the asymptotic normality of the maximum likelihood

estimator, using the following assumption.

Assumption 1.11. Iθ∗ is an invertible matrix.

Theorem 1.3.4. Under assumptions 1.7 to 1.11, and the hypothesis that θ̂n(ζ) is consistent,

n
1
2 (θ̂n − θ∗) −→ N (0, I−1

θ∗ ) weakly under P ∗.

Remark 1.5. Combining Propositions 1.3.2 and 1.3.3 with Theorem 1.3.4, we obtain a confi-
dence interval for θ∗. Moreover, we also have the local asymptotic normality (LAN) conditions
for our model, and the maximum likelihood estimator is locally asymptotically minimax (LAM)
(see Bickel et al. (1998)).
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Chapitre 2

Semiparametric deconvolution with
unknown variance

Résumé

Ce travail porte sur l’estimation semi-paramétrique dans un modèle de convolution, où le
bruit suit une loi Gaussienne centrée de variance σ2 inconnue. Les modèles non-paramétriques
de convolution, où la loi du bruit est entièrement connue, ont été largement étudiés, et il
s’avère que la vitesse d’estimation de la densité g du signal est d’autant plus lente que la loi du
bruit est “régulière” (Fan 1991c). Cependant, la régularité imposée sur g permet d’améliorer
ces vitesses d’estimation. Dans cet article, nous montrons que lorsque la loi du bruit (qui
est supposée Gaussienne centrée) possède une variance σ2 inconnue (ce qui en pratique est
toujours le cas), les vitesses d’estimation de la densité g du signal sont dégradées par rapport
au cas où la loi du bruit est entièrement connue. Plus précisemment, se restreindre à des
densités pour le signal régulières n’améliore pas la vitesse d’estimation de g qui est toujours
plus lente que (logn)−1. Une conséquence en est la détérioration des vitesses d’estimation
des paramètres dans un modèle de régression non-linéaire avec erreurs sur les variables. Nous
construisons alors divers estimateurs de la variance, dont un consistant dès que le signal a
un moment d’ordre 1 fini.
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Chapitre 2. Semiparametric deconvolution with unknown variance

2.1 Introduction and main result

Consider a deconvolution model Y = X + ε, where X has an unknown density g with respect to
the Lebesgue measure on R, and the error measurement ε is supposed to be Gaussian, centered,
with variance σ2, and independent of X. Deconvolution density estimation has been studied in
depth by several authors. Recent related work include Carroll and Hall (1988), Devroye (1989),
Fan (1991a, 1991b, 1991c), Liu and Taylor (1989), Stefanski and Carroll (1990), Stefanski (1990),
Zhang (1990). When σ2 is known, Fan (1991c) proved that for all fixed point x0 in R, g(x0)
can be approximated at the optimal rate of convergence (log n)−(m+α)/2, when g is supposed to
belong to the set

Cm,α,β = {g ∈ L1(R) : g ≥ 0; and ∀x ∈ R, ∀δ > 0, |g(m)(x)− g(m)(x+ δ)| ≤ βδα} (2.1)

where m in N, β > 0 and 0 < α ≤ 1 are known constants. More precisely,

lim inf
n→∞

inf
T̂n

sup
g∈Cm,α,β

(log n)(m+α)E[T̂n − g(x0)]2 > 0,

and this rate of convergence is attained. Results about convergence in Lp(R)-norm were also
obtained in (Fan 1991b) and (Fan 1993), where it is proved:

lim inf
n→∞

inf
T̂n

sup
g∈Cm,α,β

(log n)(m+α)/2E‖T̂n − g‖p > 0,

and this rate is attained. This result is consequently improved by Pensky and Vidakovic (1999),
when the density g is super-smooth. Denote by g∗ the Fourier transform of g, and assume that
the density g belongs to the set

SSα,ν,ρ(A) =

{
g ∈ L1(R) :

∫
|g∗(t)|2(t2 + 1)α exp(2ρ|t|ν)dt ≤ A

}
, (2.2)

for some positive constants α, ν, ρ and A. Pensky and Vidakovic (1999) constructed an estimator
ĝn of g, whose mean-square integrated error

MISE(ĝn) = E
∫

(ĝn(x)− g(x))2dx (2.3)

satisfies

sup
g∈SSα,ν,ρ(A)

MISE(ĝn) =

{
O(n−η(logn)ξ), if ν < 2,

O((logn)−α exp(−ζ(log n)ν/2)) if ν ≥ 2,

where η, ξ and ζ have explicit forms. So that assuming the density of the signal super-smooth
ensures faster rates of convergence, in the case of an entirely known noise.

The question that naturally arises is what happens when σ2 is unknown? This problem
becomes a particular case of a semiparametric model (van der Vaart 1998), and more precisely,
of mixture models (Lindsay 1986), known as the normal mean mixture model. This problem of
measurements being contaminated with errors is used in many different areas such as physics or
biology (practical problems of deconvolution can be found in Medgyessy (1973)).
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Semiparametric mixture models are studied by Ishwaran (1999). The author shows a loss of
information for the finite-dimensional parameter when the model is constrained to allow for only
discrete mixtures. In the normal mean mixture model, allowing discrete mixtures to have limit
points leads to a breakdown of the classical

√
n inference for the finite-dimensional parameter.

Can we be more precise in quantifying this breakdown? The answer is yes, and we will see that
for regular mixtures, the estimation of the finite-dimensional parameter σ happens at a slower
rate than (log n)−1.

Assuming that the error density is perfectly known seems to be unrealistic in many practical
applications. Neumann (1997) gives a scheme to estimate σ2 when observations of the noise
sequence are available. Our estimator of σ2 is based only on the observations of the convolution
model. More precisely, we assume that we observe the random variables:

Yn = Xn + εn ; n ∈ N,

where {Xn}n≥0 is a sequence of independent and identically distributed random variables on R,
and {εn}n≥0 is a centered and normally distributed white noise. The sequences {Xn}n≥0 and
{εn}n≥0 are supposed to be independent. We denote by σ2 the variance of the ε-sequence, by g
(resp. h) the density of the distribution of X (resp. Y ) with respect to the Lebesgue measure on
R. In this paper, Φσ denotes the density of a Gaussian centered random variable, with variance
equal to σ2, and the notation g ∗ Φσ stands for the convolution product between g and Φσ. A
density function g (with respect to the Lebesgue measure on R) is said to have “no Gaussian
component” if the equality g = g′ ∗ Φσ where g′ is a density function on R implies σ = 0 (and
then g = g′). We consider:

G = {g ∈ L1(R) : g density without Gaussian component},

the set of densities for the signal, with respect to the Lebesgue measure on R. Note that the
restriction on g enables us to identify the parameter σ2. Denote also

H = {g ∗ Φσ : g ∈ G and σ > 0},

the set of densities for the observed sequence, with respect to the Lebesgue measure on R. In
this paper, the notation Eσ,g or the expression under (σ, g) stand when the distribution of the
observations is supposed to have density g ∗ Φσ.

When σ2 is unknown, we prove that pointwise estimation of g is deteriorated in many cases.
In fact, the minimax quadratic risk over a set of regular densities, for the estimation of σ2 is
lower bounded by a constant divided by log n. Then, the estimation of g(x0) (for some fixed
point x0 in R) will not be possible, in regular cases, at a faster than (logn)−1 rate. This main
result is stated in the following theorem. We consider a set of functions R containing a bounded
function g0 which satisfies the following assumptions.

Assumption 2.1. For all σ > 0, for all τ > 0 small enough, and all real numbers 0 < t ≤ τ 2,
the convolution product g0 ∗ (Φ√t σ1lτ |·|≤

√
t σ) has no Gaussian component and belongs to R .

This condition is rather weak as convolution regularizes the functions so that if R is some
“regular” space it is most likely stable under the convolution product. Moreover, g0 can always
be chosen such that this convolution has no Gaussian component.
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Assumption 2.2. The function α0(y) =
∫ 1
−1 g0(y + u)du satisfies

∫
[α0(y)]−1e−y

2/2dy <∞.

This assumption is satisfied for example with g0(y) = π−1/(1 + y2).

Assumption 2.3. The function g0 is three times continuously differentiable with supx∈R∗
∣∣∣ g
′
0(x)
x

∣∣∣
< +∞, g′′0(0) 6= 0 and ‖g(3)

0 ‖∞ < +∞.

In Section 2.2, we give examples of such sets of functions. This Section also contains our
main theorem:

Theorem 2.2 Assume that R is a subset of L1(R) containing a bounded function g0 which
satisfies Assumptions 2.1, 2.2 and 2.3, then for all real number x0, for all σ0 > 0, and every
neighborhood V(σ0) of σ0, we have

lim inf
n→∞

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

(log n)
[
Eσ,g(T̂n − g(x0))2

]1/2
> 0,

where the infimum is taken over all estimators T̂n based on the observations Y1, . . . , Yn.

A consequence of this result concerns the non-linear errors-in-variables model. Consider the
model where the observations {(Yn;Zn)}n≥0 satisfy the following relations:

{
Zn = fβ(Xn) + ηn
Yn = Xn + εn

, ∀ n ≥ 0, (2.4)

where the function fβ is known up to the finite dimensional parameter β, the errors {(ηn; εn)}n≥0

are independent, identically distributed and centered with respective variances σ2
η and σ2

ε = 1,
the variables εn being Gaussian and the sequence {Xn}n≥0 is not observed and is a sequence of
independent and identically distributed random variables with distribution admitting a density
g with respect to the Lebesgue measure on R. The purpose is to estimate the parameter β
in this model where g is considered as a nuisance. Taupin (2001) constructed an estimator of
β based on the estimation of the conditional expectation E(fβ(Xn)|Yn). The fact is that this
conditional expectation writes in the following form:

E(fβ(Xn)|Yn = y) =

∫
fβ(x)g(x)Φ1(x− y)dx∫
g(x)Φ1(x− y)dx

.

Taupin (2001) constructed an estimator based on the observations {Yn}n≥0, of the linear func-
tional Γf of the density g, defined by the formula:

Γf (y) =

∫
f(x)g(x)Φ1(x− y)dx ; ∀y ∈ R.

When f is identically equal to one, the functional Γf equals to the density h of the observa-
tions Yn. Rates of convergence for this estimator of the functionals when f is either a poly-
nomial function or a trigonometric function of the form x 7→ ∑`

j=0 βj cos(jx) or of the form

x 7→∑`
j=0 βj sin(jx) for some integer ` and real fixed parameters (βj)0≤j≤` are given in Taupin

(2001) and are shown to be minimax in Matias and Taupin (2001). Typically, the minimax rate
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of convergence in Lp(R)-norm or in pointwise quadratic risk for a functional Γf where f is a
polynomial function of degree less or equal to ` is equal to (log n)(2`+1)/4/

√
n (Taupin 2001). In

the case of the estimation of h, those rates of convergence are not deteriorated when σ2 becomes
unknown. Now consider the case where f is a polynomial function with degree ` greater or
equal to one. We prove that the estimation of Γf is seriously deteriorated in this case when σ2 is
unknown as the minimax quadratic risk becomes lower bounded by a constant divided by log n
(Theorem 2.2.4).

This paper is organized as follows. Section 2.2 gives lower bounds for the estimations of
σ2 and g(x0) in the convolution model with unknown variance, using the van Trees inequality
(Gill and Levit 1995). It also gives a result about the degradation of the estimation of linear
functionals coming from polynomial functions in the errors-in-variables model. Section 2.3 gives
some estimators of σ2 consistent when the Laplace or the Fourier transform of g has some
decrease at infinity. Moreover, in Section 2.4, we construct an estimator of σ that is consistent,
assuming nothing but a first order moment on g. Technical proofs are given in Section 2.5.

2.2 Lower bounds

2.2.1 Results in the convolution model with unknown variance

In this part, we will give lower bounds for the minimax quadratic risks for the estimation of σ
and g(x0), when x0 is a fixed point in R:

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

[
Eσ,g(T̂n − σ2)2

]1/2
and inf

T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

[
Eσ,g(T̂n − g(x0))2

]1/2
,

where T̂n ranges over all estimators based on the observations Y1, . . . Yn, R is a set of densities,
and V(σ0) is any small enough neighborhood of a fixed point σ0 > 0. We use the van Trees
inequality (Gill and Levit 1995) on a suited one-dimensional sub-model. In fact, the difficulty of
the model is contained in a “worst-case” sub-model, that is to say a worst one-dimensional sub-
model. Fix the points x0 in R and σ0 in R+, a real positive parameter τ , a bounded function g0

in R satisfying Assumptions 2.1 and 2.2 and consider the following notations: for all 0 < t ≤ τ 2,
we denote

pt(u) = CτΦ√t σ0
(u)1lτ |u|≤

√
t σ0
,

where the normalizing constant Cτ is equal to
(∫

Φ1(z)1lτ |z|≤1dz
)−1

. Now, let us construct a
path in G ∩ R:

∀ 0 < t ≤ τ 2, ht = g0(· − x0) ∗ pt ∗ Φ√1−t σ0
and h0 = g0(· − x0) ∗ Φσ0 . (2.5)

The function pt is the truncated density of a centered Gaussian random variable, with variance
equal to tσ2

0. But the convolution of Φ√t σ0
with Φ√1−t σ0

is equal to Φσ0 , so that we can expect
that the densities ht (for t > 0) and h0 are close to each other (in a sense to be precised). For
all t > 0, we denote by σ2

t the variance of the noise involved in the definition of ht, that is to
say σ2

t = (1− t)σ2
0 .

Our aim is to give lower bounds for the estimation of the variance of the noise and for the
estimation of g in some classes.
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Proposition 2.2.1. Assume that R is a subset of L1(R) containing a bounded function g0 which
satisfies Assumptions 2.1 and 2.2, then for all σ0 > 0 and every small enough neighborhood V(σ0)
of σ0, we have

lim inf
n→∞

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

(log n)
[
Eσ,g(T̂n − σ2)2

]1/2
> 0, (2.6)

where the infimum is taken over all estimators T̂n based on the observations Y1, . . . Yn.

The key of the proof is the use of the van Trees inequality (Gill and Levit 1995). As always
in this kind of proof, the purpose is to exhibit densities ht and h0 which are close to each other,
in the sense that the Fisher information I(t) of the model is small for fixed t > 0, whereas the
parameters σ2

t = (1− t)σ2
0 and σ2

0 are well-separated.
A slight adaptation of this path gives the corresponding result on the pointwise estimation of g
at x0.

Theorem 2.2.2. Assume that R is a subset of L1(R) containing a bounded function g0 which
satisfies Assumptions 2.1, 2.2 and 2.3, then for all real number x0, for all σ0 > 0, and every
small enough neighborhood V(σ0) of σ0, we have

lim inf
n→∞

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

(log n)
[
Eσ,g(T̂n − g(x0))2

]1/2
> 0,

where the infimum is taken over all estimators T̂n based on the observations Y1, . . . , Yn.

Its proof stands in Section 2.5. We now give some examples of sets R containing bounded
functions that satisfy Assumptions 2.1, 2.2 and 2.3, and compare our result with existing ones.

Example 2.2.1. Consider the set of functions Cm,α,β defined by (2.1). The regularity assump-
tion on the function g has been used by Fan (1991c) when the distribution of the noise sequence is
known. Fan proved that the minimax rate of convergence when the density of the noise sequence
is known and super smooth, is (log n)−(m+α). Adding the condition on Gaussian components, in
order to have an identifiable model, we prove that when σ is unknown, the rate of convergence
in the pointwise estimation of g is seriously deteriorated, as it becomes slower than (log n)−1.

Example 2.2.2. Consider now the set of functions SSα,ν,ρ(A) defined by (2.2). Pensky and
Vidakovic (1999) gave the following improvement on the results of Fan: when the density g of
the distribution of the signal is known to be super-smooth, they constructed an estimator of g,
whose MISE error (2.3) is upper bounded by a constant times some power of log n, divided by
some power of n (see Pensky and Vidakovic (1999) for more details). But when the variance
of the noise sequence is unknown, the fact that g is super-smooth does not improve the rate of
convergence of its pointwise estimation. It seems to be also the case for the MISE error in the
estimation of g.

We now give the proof of Proposition 2.2.1.

Proof. Without loss of generality, we assume that x0 = 0 and σ0 = 1. The first thing to check
is that the parametric path belongs to the model. But g0 is chosen so that for all 0 ≤ t ≤ τ 2,
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the density gt = g0 ∗ pt has no Gaussian component and belongs to R (see Assumption 2.1). By
applying definition (2.5) of the density ht, we can write, for all 0 < t ≤ τ 2:

ht(y) = Cτh0(y)− (Cτh0 − ht)(y)

= Cτh0(y)− g0 ∗ (CτΦ1 − pt ∗ Φ√1−t)(y). (2.7)

Note that we have the following identity: pt = CτΦ√t(1− 1lτ |·|>
√
t), so that

(CτΦ1 − pt ∗ Φ√1−t)(y) = Cτ
[
Φ1 −

(
Φ√t − Φ√t1l{τ |.|>

√
t}

)
∗ Φ√1−t

]
(y).

The convolution between the normal densities Φ√t and Φ√1−t is equal to Φ1, and then

(CτΦ1 − pt ∗ Φ√1−t)(y) = Cτ (Φ√t1l{τ |·|>√t}) ∗ Φ√1−t(y).

Combining with (2.7), we get

ht(y) = Cτh0(y)− Cτg0 ∗ (Φ√t1l{τ |·|>
√
t}) ∗ Φ√1−t(y)

= Cτh0(y)− Cτ
∫∫

Φ√1−t (y − u) Φ√t (u− v) 1lτ |u−v|>
√
tg0(v)dvdu. (2.8)

We have :

Φ√t (u− v) Φ√1−t (y − u) =

1

2π
√
t(1− t)

exp

[
−(u− (1− t)v − ty)2

2t(1− t) − v2

2t
− y2

2(1− t) +
[(1− t)v + ty]2

2t(1− t)

]

= Φ√
t(1−t) (u− (1− t)v − ty) Φ1(v − y),

and then returning to (2.8),

ht(y) = Cτh0(y)

− Cτ√
2π

∫ [∫
1√

t(1− t)
Φ1

(
u− (1− t)v − ty√

t(1− t)

)
1lτ |u−v|>

√
tdu

]
e−

(v−y)2

2 g0(v)dv

= Cτh0(y)− Cτ√
2π

∫ 

∫ +∞

(1/τ)+
√
t(v−y)√

1−t

Φ1(z)dz +

∫ −(1/τ)+
√
t(v−y)√

1−t

−∞
Φ1(z)dz


 e−

(y−v)2

2 g0(v)dv. (2.9)

This expression of ht is useful in the computation of the corresponding Fisher information. In the
rest of this section, the notation Et stands as an abbreviation for Eσt,gt . The Fisher information
associated to our path is defined by:

I(t) = Et
(
∂ log ht
∂t

(Y )

)2

=

∫ (
∂ht
∂t

)2

(y)h−1
t (y)dy , for all 0 ≤ t ≤ τ 2. (2.10)

Lemma 2.2.3. The Fisher information satisfies:

∀ 0 ≤ t ≤ τ 2 , I(t) = I(0)(1 + o(1)) =
C2
τ

4π2
τ−2e−1/τ2

(∫
f0(y)2h0(y)−1dy

)
(1 + o(1)),

where f0 is defined by

f0(y) =

∫
[1− (v − y)2]e−

(y−v)2

2 g0(v)dv.
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This Lemma is proved in Section 2.5.
Now, let us consider λ0(t)dt a probability measure on [0; 1] satisfying the following conditions

- λ0(0) = λ0(1) = 0.

- t 7→ λ0(t) is continuously differentiable in ]0; 1[.

- λ0(t)dt has finite Fisher information:

J0 =

∫ 1

0

λ
′2
0 (t)

λ0(t)
dt,

where the prime stands for derivation with respect to the parameter t.
Rescaling this measure on the interval [0; τ 2] we define:

λ(t)dt =
1

τ2
λ0

(
t

τ2

)
dt

which has the Fisher information J0/τ
4. Denote by Eλ(I) the quantity

∫
I(t)λ(t)dt (t is seen

as a random variable with values in [0; τ 2], distributed according to the probability measure
λ(t)dt). The van Trees inequality (Gill and Levit 1995) for the estimation of the variance of the
noise in the convolution model gives us for small enough τ :

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

Eσ,g(T̂n − σ2)2 ≥ inf
T̂n

∫ τ2

0
Et(T̂n − σ2

t )
2λ(t)dt

≥
(∫

∂σ2
t

∂t
(t)λ(t)dt

)2 (
nEλ(I) + J0/τ

4
)−1

.

And then

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

Eσ,g(T̂n − σ2)2 ≥
(
nEλ(I) + J0/τ

4
)−1

.

Using Lemma 2.2.3,

Eλ(I) = I(0)(1 + o(1)) =
C2
τ

4π2
τ−2e−1/τ2

(∫
f0(y)2h0(y)−1dy

)
(1 + o(1)),

and then, returning to the van Trees inequality

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

Eσ,g(T̂n−σ2)2 ≥
[
n
C2
τ

4π2

(∫
f0(y)2h0(y)−1dy

)
τ−2e−1/τ2

(1 + o(1)) + J0/τ
4

]−1

.

Choosing τ−1 =
√

log n, we get:

lim inf
n→∞

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

(log n)2Eσ,g(T̂n − σ2)2 > 0,

which achieves the proof of Proposition 2.2.1.
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2.2.2 Consequence in the errors-in-variables model

Consider in our model the estimation of the linear functional Γf,σ defined by:

Γf,σ(y) =

∫
f(x)g(x)Φσ(x− y)dx ; ∀y ∈ R,

motivated by the the errors-in-variables model described in the introduction (formulae (2.4)),
when the parameter σ2 is unknown.

More precisely, we are interested in the functionals given by a polynomial function. Let P
be a polynomial function of degree ` greater or equal to one, and define the set

GP (R) =

{
Γ =

∫
P (x)Φσ(· − x)g(x)dx ; g ∈ R ∩ G, σ > 0

}
,

of those functionals constructed with a density g lying in some “regular” space R and without
Gaussian component. We have the following theorem concerning the estimation of a functional
Γ in GP (R).

Theorem 2.2.4. Let R be a subset of L1(R) containing a bounded function g0 that is supposed
to be ` times continuously differentiable, satisfying Assumptions 2.1, 2.2 and 2.3 and such that

‖g(`)
0 ‖∞ < ∞. Then, for all fixed real number y0 and every polynomial function P of degree `

greater or equal to one, we have:

lim inf
n→∞

inf
bΓn

sup
Γ∈GP (R)

(log n)
[
E(Γ̂n − Γ(y0))2

]1/2
> 0,

where the infimum is taken over all the estimators Γ̂n based on the observations Y1, . . . Yn.

The proof of this result is given in Section 2.5.

2.3 Some upper bounds

In this part, we propose an estimator of σ, assuming that the distribution of the signal possesses
a Laplace transform not rapidly increasing at infinity. This framework contains for example
the case of g having a support included in some fixed compact set. We start by the general
construction of this estimator, and then give the result on the fixed compact support case.
The construction of this estimator of σ is based on the behaviour of the Laplace transform of g
at infinity: as the distribution of the signal has no Gaussian component, its Laplace transform
should increase lower than eCt

2
at infinity. Assume that the density of the hidden variable Xn

belongs to the following set of functions:

Lv,M =

{
g ∈ L1(R) / g ≥ 0 ,

∫
g(x)dx = 1 ,

∣∣∣∣log

(∫
etxg(x)dx

)∣∣∣∣ ≤Mt2v(t)

}
, (2.11)

for some positive function v vanishing at infinity and a real positive number M . Note for
example that when v(t) = 1/|t|, the set of functions Lv,M contains the set of functions with
support included in [−M ;M ]. In the rest of the paper, we will use the abbreviated notation:

L(M) =

{
g ∈ L1(R) / g ≥ 0 ,

∫
g(x)dx = 1 ,

∣∣∣∣log

(∫
etxg(x)dx

)∣∣∣∣ ≤M |t|
}
.
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When the density g of the signal sequence belongs to Lv,M for some function v and some real
positive number M , the variance of the noise is identifiable, as can be seen by computing the
Laplace transform of the observations. In fact, we have the equality

∀g ∈ Lv,M , σ2 = lim
t→∞

2

t2
logEσ,g

(
etY1

)
.

It is then natural to define the following empirical estimator of σ

σ̂2
L,n(tn) =

2

t2n
log


 1

n

n∑

j=1

etnYj


 ,

where (tn)n≥0 is some sequence of positive numbers increasing to infinity (the subscript L stands
for Laplace).

Proposition 2.3.1. For any Σ > 0, define tn =
√
α log n/(2Σ) for some 0 < α < 1. Then the

following estimator converges to σ2 in probability:

∀g ∈ Lv,M , ∀σ ∈ [0; Σ], σ̂2
L,n(tn) −→

n→∞
σ2 in probability under (σ, g).

Moreover, for all real positive number M and all positive function v vanishing at infinity:

sup
σ∈[0;Σ]

sup
g∈Lv,M

[
Eσ,g(σ̂

2
L,n(tn)− σ2)

]1/2 ≤ 8Σ2

α(log n)n(1−α)/2
+ 2Mv(tn).

The proof of this proposition stands in Section 2.5.
Now, we consider the special case v(t) = 1/|t|, that is to say the set L(M) containing the
functions with a support included in [−M ;M ].

Corollary 2.3.2. For all M > 0 and all Σ > 0 there exists a positive constant C such that:

inf
T̂n

sup
σ∈[0;Σ]

sup
g∈L(M)

[
Eσ,g(T̂n − σ2)

]1/2
≤ C√

log n
,

where the infimum is taken over all estimators T̂n based on the observations Y1, . . . Yn.

This inequality is a straightforward application of Proposition 2.3.1.

The same construction can be made using the Fourier transform instead of the Laplace
transform. Consider the following set for the density g of the signal:

Fv =

{
g ∈ L1(R) / g ≥ 0 ,

∫
g(x)dx = 1 , lim|t|→∞

|log(
R
eitxg(x)dx)|
t2v(t)

< +∞
}

(2.12)

for some positive function v vanishing at infinity. This is the case for example when g has the
form Cp(x)e−λx1lx>0, where λ is a positive constant, p a polynomial function and C a normalizing
constant. With this condition on the density of Xn, the parameter σ stays identifiable. In fact,
using the Fourier transform of the observations, we get:

σ2 = lim
t→+∞

− 2

t2
logE

(
eitY

)
.
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It is then natural to consider the following empirical estimator of σ:

σ̂2
F,n(tn) = − 2

t2n
log


 1

n

n∑

j=1

eitnYj




where (tn)n≥0 is some sequence of positive numbers increasing to infinity (the subscript F stands
for Fourier).

Proposition 2.3.3. For any Σ > 0, define tn =
√
α log n/(2Σ2) for some 0 < α < 1. Then the

following estimator converges to σ2 in probability:

∀g ∈ Fv , ∀σ ∈ [0; Σ], σ̂2
F,n(tn) −→

n→∞
σ2 in probability under (σ, g).

The proof of this proposition stands in Section 2.5.

2.4 Universal estimation of the noise variance

The preceding estimator σ̂2
L,n of σ is interesting as its rate of convergence is entirely known,

but it would be nice to have an estimator of σ converging whatever the form of g is, without
Gaussian component. This is the purpose of this section, as we only assume here a first order
moment on the signal g.
We denote by g∗ the Fourier transform of g and for all ζ in R, for all fixed σ > 0 and all τ > 0,

α(ζ; τ) = g∗(ζ)e−ζ
2(σ2−τ2)/2 = h∗(ζ)eζ

2τ2/2. (2.13)

The function α is the product of the Fourier transform of h (the density of the distribution of
the observations) and the function (Φ∗τ )

−1. When τ is equal to the true value of the parameter
σ, the function α(·;σ) is equal to the characteristic function of the distribution of the hidden
sequence. We observe the following properties of α:

- when τ ≤ σ, the function α(·; τ) is the Fourier transform of the positive measure g∗Φ√σ2−τ2 .
- when τ > σ, the function α(·; τ) is no longer a Fourier transform of a probability measure

on the real line (as g is supposed to belong to the set G and then has no Gaussian component).
By Bochner’s theorem (see for example Feller (1971)), the function α(·; τ) will not be positive
definite.

We define an empirical estimator of α by:

α̂n(ζ; τ) =


 1

n

n∑

p=1

eiζYp


 eζ

2τ2/2 (2.14)

Now, we use the remarks on the properties of the function α. The idea is that the real parameter
σ is the largest value of τ for which the function α(·; τ) stays positive definite. It means that
σ is the largest value of τ satisfying that for all integer n, and all n-tuples of real numbers
{tk; 1 ≤ k ≤ n}, the smallest eigenvalue of the matrix (α(tk − tl; τ))1≤k,l≤n is positive. We
approximate the function α by its empirical estimator α̂n and use a dense family {tk,n}n≥0 of

58



Chapitre 2. Semiparametric deconvolution with unknown variance

points in R, so that for n large enough, the matrices (α̂n(tk,n− tl,n; τ))k,l will have their smallest
eigenvalue positive (to within about some εn constant) until τ reaches σ. In the rest of the
section, u is used to denote a point in Cp, where p may change along the lines, and ‖u‖ denotes
the norm (

∑p
j=1 |uj |2)1/2. Let us define

σ̂n = sup



s ≥ 0 : ∀τ ≤ s, inf

u; ‖u‖=1

∑

−`n≤k,l≤`n
ukα̂n(tk,n − tl,n; τ)ūl ≥ −εn



 (2.15)

where kn and `n are two sequences of numbers increasing to infinity, in such a way that `n/kn
also increases to infinity. The points tk,n = k/kn form a partition of the interval [−`n/kn; `n/kn]
when the integer k ranges from −`n to `n; and εn is a sequence of numbers decreasing to zero.

Assumption 2.4. Fix Σ > 0 and choose the parameters `n; kn and εn in the following way:

• `n
kn

= 1
Σ

√
a log n

2 for some 0 < a < 1/2.

• kn = n1/2−a−b for some b > 0 and 2a+ b < 1/2.

• εn =
√

2a
Σ

√
logn
nb

vn where vn is an increasing sequence of numbers converging to infinity in

such a way that εn converges to zero, and v−1
n = o((log log n)−1/2).

Theorem 2.4.1. For all Σ > 0, under Assumption 2.4, and for all σ ∈]0; Σ], all g in G such
that

∫
|x|g(x)dx <∞, we have:

σ̂n −→
n→∞

σ in probability under (σ, g).

This Theorem is proved in Section 2.5.
Note that the estimator σ̂n can be computed considering the matrices Tn(τ) = {α̂n(tk,n −
tl,n; τ)}−`n≤k,l≤`n . The graph of the function τ 7→ λmin(Tn(τ)), where λmin(T ) denotes the
smallest eigenvalue of the matrix T , gives the value of σ̂n by considering the first value of τ
such that λmin(Tn(τ)) ≤ −εn. Note also that we only give the asymptotic behaviour of the
parameters `n, kn, εn and vn. The choice of values would be justified by practical applications,
but this is beyond the scope of this paper.

2.5 Proofs

Proof. Proof of Lemma 2.2.3.
We calculate the derivative of ht with respect to the parameter t, using equation (2.9):

∂ht
∂t

(y) = − Cτ√
2π

∫ [
−Φ1

(
(1/τ) +

√
t(v − y)√

1− t

)(
(v − y)

2
√
t(1− t)

+
(1/τ) +

√
t(v − y)

2(1− t)3/2

)

+Φ1

(−(1/τ) +
√
t(v − y)√

1− t

)(
(v − y)

2
√
t(1− t)

+
−(1/τ) +

√
t(v − y)

2(1− t)3/2

)]
e−

(y−v)2

2 g0(v)dv
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But the equalities

Φ1

(
(1/τ) +

√
t(v − y)√

1− t

)
=

1√
2π

exp

(
−τ
−2 + t(v − y)2

2(1− t)

)
exp

(
−
√
t(v − y)

τ(1− t)

)

Φ1

(−(1/τ) +
√
t(v − y)√

1− t

)
=

1√
2π

exp

(
−τ
−2 + t(v − y)2

2(1− t)

)
exp

(
+

√
t(v − y)

τ(1− t)

)

lead to:

∂ht
∂t

(y) =
−Cτ
2π

∫
e
− τ
−2+t(v−y)2

2(1−t)

[(
(v − y)

2
√
t(1− t)

+
−(1/τ) +

√
t(v − y)

2(1− t)3/2

)
e

+
√
t(v−y)
τ(1−t)

−
(

(v − y)

2
√
t(1− t)

+
(1/τ) +

√
t(v − y)

2(1− t)3/2

)
e
−
√
t(v−y)
τ(1−t)

]
e−

(y−v)2

2 g0(v)dv.

Simple calculations will give:

∂ht
∂t

(y) =
−Cτ

2π(1− t)3/2

∫
(v − y)e

− τ
−2+t(v−y)2

2(1−t)
1√
t
sh

(√
t(v − y)

τ
√

1− t

)
e−

(y−v)2

2 g0(v)dv

+
Cτ

2π(1− t)3/2τ

∫
e
− τ
−2+t(v−y)2

2(1−t) ch

(√
t(v − y)

τ
√

1− t

)
e−

(y−v)2

2 g0(v)dv (2.16)

The second term in the right hand side of the last equality is well-defined when t is equal to
zero. The first one is continuous at t = 0, observing that:

• 1√
t
sh
(√

t(v−y)

τ
√

1−t

)
−→t→0

v−y
τ

• Using a Taylor formula:

1√
t
sh

(√
t(v − y)

τ
√

1− t

)
=

(v − y)

2
√

1− t

∫ 1/τ

−1/τ
e
x
√
t(v−y)√
1−t dx,

we get an upper-bound, valid for all 0 < t ≤ min(1/2; τ 2),

∣∣∣∣
1√
t
sh

(√
t(v − y)

τ
√

1− t

)∣∣∣∣ ≤
√

2

τ
|v − y|e|v−y|. (2.17)

This leads to the domination, valid for all 0 < t ≤ min(1/2; τ 2),

∣∣∣∣(v − y)e
− τ
−2+t(v−y)2

2(1−t)
1√
t
sh

(√
t(v − y)

τ
√

1− t

)
e−

(y−v)2

2 g0(v)

∣∣∣∣

≤
√

2

τ
(v − y)2e−τ

−2/2e|v−y|e−
(y−v)2

2 g0(v)

and the dominating function, as a function of the variable v, belongs to L1(R).

60



Chapitre 2. Semiparametric deconvolution with unknown variance

Then, dominated convergence combined with the expression (2.16) gives the continuity of
[(∂ht)/(∂t)](y) at t = 0:

(
∂ht
∂t

)

|t=0

(y) =
Cτe−1/2τ2

2π τ

∫
[1− (v − y)2]e−

(y−v)2

2 g0(v)dv =
Cτe−1/2τ2

2π τ
f0(y)

where f0(y) =

∫
[1− (v − y)2]e−

(y−v)2

2 g0(v)dv

belongs to L1(R). Then, we have by definition

I(t) = Et

(
∂ log ht
∂t

(Y )

)2

=

∫ (
∂ht
∂t

)2

(y)h−1
t (y)dy.

And now, we claim the continuity of t 7→ I(t) at t = 0, using that:

• t 7→
(
∂ht
∂t

)2
(y)h−1

t (y) is continuous at t = 0 for all y ∈ R.

• Consider the expression (2.16), and use the inequality |a + b|2 ≤ 2(a2 + b2), combined
with the Cauchy-Schwarz inequality (recall that g0 is a probability density). We get the
following domination:

∣∣∣∣
∂ht
∂t

(y)

∣∣∣∣
2

≤ C2
τ

2π2(1− t)3

∫
|v − y|2e−

τ−2+t(v−y)2

(1−t)
1

t

∣∣∣∣sh
(√

t(v − y)

τ
√

1− t

)∣∣∣∣
2

e−(v−y)2
g0(v)dv

+
C2
τ τ
−2

2π2(1− t)3

∫
e
− τ
−2+t(v−y)2

(1−t)

∣∣∣∣ch
(√

t(v − y)

τ
√

1− t

)∣∣∣∣
2

e−(v−y)2
g0(v)dv.

Now, assume that 0 < t ≤ min(1/2; τ 2), use the upper-bound (2.17) and the inequality
|ch(x)| ≤ e|x| to obtain:

∣∣∣∣
∂ht
∂t

(y)

∣∣∣∣
2

≤ 8C2
τ e
−1/τ2

π2 τ2

∫
|v − y|4e2|v−y|e−(v−y)2

g0(v)dv

+
4C2

τ e
−1/τ2

π2 τ2

∫
e2|v−y|e−(v−y)2

g0(v)dv

≤ 8C2
τ e
−1/τ2

π2 τ2

∫
(1 + |v − y|4)e2|v−y|e−(v−y)2

g0(v)dv. (2.18)

• Remember equality (2.9)

ht(y) = Cτh0(y)− Cτ√
2π

∫ 

∫ +∞

τ−1+
√
t(v−y)√

1−t

Φ1(z)dz +

∫ −τ−1+
√
t(v−y)√

1−t

−∞
Φ1(z)dz




×e−(v−y)2/2g0(v)dv

=
Cτ√
2π

∫ 

∫ τ−1+

√
t(v−y)√

1−t

−τ−1+
√
t(v−y)√

1−t

Φ1(z)dz


 e−(v−y)2/2g0(v)dv.
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We lower bound this integral by its restriction to the set {|v − y| ≤ 1} so that for small
enough τ , it can also be lower bounded by

ht(y) ≥ 1

2
√

2π

∫
1l|v−y|≤1e

−(v−y)2/2g0(v)dv,

and we obtain

ht(y) ≥ e−1/2

2
√

2π

∫ 1

−1
g0(y + u)du.

Now, by assumption, the function α0(y) =
∫ 1
−1 g0(y + u)du satisfies

∫
[α0(y)]−1e−y

2/2dy <∞.

Combining with (2.18), we obtain a domination on the quantity

∣∣∣∣
∂ht
∂t

(y)

∣∣∣∣
2

ht(y)−1

by an integrable function of the variable y.

This achieves the proof of the continuity of the function t → I(t) at the point t = 0. In
conclusion, we have

I(t) = I(0)(1 + o(1)) =
C2
τ

4π2
τ−2e−1/τ2

(∫
f0(y)2h0(y)−1dy

)
(1 + o(1)).

Proof. Proof of Theorem 2.2.2.
Without loss of generality, we will assume x0 = 0 and σ0 = 1. We use the same path as in the
proof of Proposition 2.2.1, assuming moreover that g0 satisfies Assumption 2.3. The only thing
to care about is the functional to be estimated. Here we have :

gt(0) =

∫
g0(u)pt(u)du = Cτ

∫

|v|≤(1/τ)
g0(
√
tv)e−v

2/2 dv√
2π

∂gt(0)

∂t
=

Cτ
2
√
t

∫

|v|≤(1/τ)
vg′0(
√
tv)Φ1(v)dv.

Expanding g′0 in the neighborhood of 0, there exists a point v̄ between 0 and
√
tv such that

g′0(
√
tv) = g′0(0) +

√
tvg′′0(0) + tv2g

(3)
0 (v̄)

Then, using the same notations as in the proof of Proposition 2.2.1,

∂gt(0)

∂t
= g′′0(0)

Cτ
2

(∫

|v|≤(1/τ)
v2Φ1(v)dv

)
(1 +O(

√
t))

(∫
∂gt(0)

∂t
(t)λ(t)dt

)2

=
[
g′′0(0)

]2 C2
τ

4

(∫

|v|≤(1/τ)
v2Φ1(v)dv

)2

(1 +O(τ)).
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Now, applying the van Trees inequality, we obtain that for small enough τ :

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

Eσ,g(T̂n − g(0))2 ≥ inf
T̂n

∫ τ

0
Et(T̂n − gt(0))2λ(t)dt

≥
(∫

∂gt(0)

∂t
(t)λ(t)dt

)2 (
nEλ(I) + J0/τ

4
)−1

=
[
g′′0(0)

]2 C2
τ

4

(∫

|v|≤(1/τ)
v2Φ1(v)dv

)2

(1 + o(1))
(
nEλ(I) + J0/τ

4
)−1

.

Using Lemma 2.2.3, we have the equality

Eλ(I) = I(0)(1 + o(1)) =
C2
τ

4π2

e−1/τ2

τ2

(∫
f0(y)2h0(y)−1dy

)
(1 + o(1)).

And then, returning to the van Trees inequality

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

Eσ,g(T̂n − g(0))2 ≥
[g′′0(0)]2 C

2
τ
4

(∫
|v|≤(1/τ) v

2Φ1(v)dv
)2

(1 + o(1))

n C
2
τ

4π2

(∫
f0(y)2h0(y)−1dy

)
τ−2e−1/τ2(1 + o(1)) + J0/τ4

.

Choosing τ−1 =
√

log n, we get

lim inf
n→∞

inf
T̂n

sup
σ∈V(σ0)

sup
g∈G∩R

(log n)2Eσ,g(T̂n − g(0))2 > 0.

Proof. Proof of Theorem 2.2.4.
In order to simplify notations, we only give the proof for ` = 1 and P : x 7→ x, the same
arguments apply for greater values of `. Note first that the density h of the distribution of the
observations Yn is the convolution product between g and Φσ. Differentiating this expression,
we get that

Γx(y0) ,
∫
xg(x)Φσ(x− y0)dx = y0h(y0) + σ2h′(y0).

Now use the same path as in the proof of Proposition 2.2.1 (with the conventions x0 = 0 and
σ0 = 1), assuming moreover that g0 is continuously differentiable with ‖g′0‖∞ < ∞. The linear
functional of interest writes:

Γt(y0) ,
∫
xgt(x)Φσt(x− y0)dx = y0ht(y0) + σ2

t h
′
t(y0) = y0ht(y0) + (1− t)h′t(y0) , 0 ≤ t ≤ τ 2.

The van Trees inequality gives us:

inf
bΓn

sup
Γ∈GP (R)

E(Γ̂n − Γ(y0))2 ≥ inf
bΓn

∫ τ2

0
Et(Γ̂n − Γt(y0))2λ(t)dt

≥
[∫

∂

∂t
Γt(y0)λ(t)dt

]2(
nEλ(I) +

J0

τ4

)−1

.
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We already computed the denominator of this expression in the proof of Proposition 2.2.1 and
the only thing to do is to compute the numerator. We have:

∂

∂t
Γt(y0) = y0

∂

∂t
ht(y0)− h′t(y0) + (1− t) ∂

∂t
h′t(y0).

By the continuity of t 7→ (∂ht)/(∂t)(y0) at the point t = 0 (see the proof of Lemma 2.2.3), we
get

∂

∂t
ht(y0) =

Cτe−1/2τ2

2π τ
f0(y0)(1 + o(1)) = O(τ).

The same argument applies to prove that

∂

∂t
h′t(y0) =

Cτe−1/2τ2

2π τ
f̃0(y0)(1 + o(1)) = O(τ),

where f̃0(y0) =
∫

[1 − (v − y0)2]e−(y−v)2/2g′0(v)dv. Using the continuity of t 7→ ht(y0) at t = 0,
we have:

h′t(y0) = −g′0 ∗ Φ1(y0) +O(τ).

This enables us to write:
∫

∂

∂t
Γt(y0)λ(t)dt = −g′0 ∗ Φ1(y0) +O(τ).

Return to the van Trees inequality to get that:

inf
bΓn

sup
Γ∈GP (R)

E(Γ̂n − Γ(y0))2 ≥
(
−g′0 ∗ Φ1(y0) +O(τ)

)2
(
nEλ(I) +

J0

τ4

)−1

≥
(
−g′0 ∗ Φ1(y0) +O(τ)

)2
[
n
C2
τ

4π2

(∫
f0(y)2h0(y)dy

)
τ−2e−1/τ2

(1 + o(1)) +
J0

τ4

]−1

.

Choose τ−1 =
√

log n to obtain the desired result.

Proof. Proof of Proposition 2.3.1.
We denote by Ψg the Laplace transform of g: Ψg(t) =

∫
etxg(x)dx. The difference between σ

and its estimator writes

σ̂2
L,n − σ2 =

2

t2n
log


 1

n

n∑

j=1

etnYj−σ
2t2n/2




=
2

t2n
log


1 +

1

n

n∑

j=1

(
etnXj

Ψg(tn)
etnεj−σ

2t2n/2 − 1

)
+

2

t2n
log Ψg(tn)

=
2

t2n
log(1 + Sn) +

2

t2n
log Ψg(tn) (2.19)

where Sn is the empirical mean of independent, identically distributed centered random variables:

Sn ≡
1

n

n∑

j=1

(
etnXjΨg(tn)−1etnεj−σ

2t2n/2 − 1
)
≡ 1

n

n∑

j=1

Uj,n. (2.20)

64



Chapitre 2. Semiparametric deconvolution with unknown variance

In (2.19), the second term in the right hand side is deterministic and converges to zero as n
tends to infinity (see the definition (2.11) of the set Lv,M ). Moreover

Var(Sn) =
1

n

[
E

(
e2tnX1

Ψg(tn)2
e2tnε1−σ2t2n

)
− 1

]
≤ 1

n
× Ψg(2tn)

Ψg(tn)2
eσ

2t2n .

Using the definition of Lv (see (2.11)), we obtain that for all integer n:

e−Mt2nv(tn) ≤ Ψg(tn) ≤ eMt2nv(tn)

and then

Var(Sn) ≤ 1

n
e(σ2+2Mv(tn)+4Mv(2tn))t2n ≤ e2t2nΣ2

n

for sufficiently large n (depending on M), and all σ ≤ Σ.
With our choice of the parameters (tn)n≥0, we get that Sn converges in the L2(R)-norm, and
also in probability (uniformly with respect to σ ∈ [0; Σ] and to g in Lv,M ). Then equality (2.19)
leads to the convergence of σ̂2

L,n to σ2 in probability under (σ, g), uniformly in σ in [0; Σ] and in
g in Lv,M .
Now we compute its rate of convergence in the L2(R)-norm. We first restrict our attention to
the behaviour of the term log(1 + Sn) appearing in (2.19). Note that

E[log(1 + Sn)]2 = E
[∫ 1

0

Sn
1 + tSn

dt

]2

≤
∫ 1

0
E
(

S2
n

(1 + tSn)2

)
dt

Using the convexity of the function x 7→ 1/x2 on R+∗, we get:

1

(1 + tSn)2
=


 1

n

n∑

j=1

(1 + tUj,n)



−2

≤ 1

n

n∑

j=1

1

(1 + tUj,n)2
,

so that:

E
(

S2
n

(1 + tSn)2

)
≤ E

(
S2
n

(1 + tU1,n)2

)
=

1

n2

∑

1≤k,l≤n
E
(

Uk,nUl,n
(1 + tU1,n)2

)
.

Now, if k differs from l and is greater or equal to 2, we have:

E
(

Uk,nUl,n
(1 + tU1,n)2

)
= E(Uk,n)E

(
Ul,n

(1 + tU1,n)2

)
= 0.

So that the sum reduces to:

∑

1≤k,l≤n
E
(

Uk,nUl,n
(1 + tU1,n)2

)
= E

(
U2

1,n

(1 + tU1,n)2

)
+ (n− 1)E(U2

1,n)E
(

1

(1 + tU1,n)2

)
.

Returning to the upper bound on E[log(1 + Sn)]2, we get:

E[log(1 + Sn)]2 ≤
∫ 1

0

[
1

n2
E

(
U2

1,n

(1 + tU1,n)2

)
+

1

n

(
1− 1

n

)
E(U2

1,n)E
(

1

(1 + tU1,n)2

)]
dt

≤ 1

n2

∫ 1

0
E

(
U2

1,n

(1 + tU1,n)2

)
dt+

1

n

(
1− 1

n

)
E(U2

1,n)

∫ 1

0
E
(

1

(1 + tU1,n)2

)
dt. (2.21)
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Remember the definition of the random variable U1,n (see (2.20)) to get that:

E(U2
1,n) ≤ Ψg(2tn)Ψg(tn)−2 ≤ e2t2nΣ2

. (2.22)

Moreover
∫ 1

0
E
(

1

(1 + tU1,n)2

)
dt = E

∫ 1

0

dt

1 + tU1,n

2

= E
[ −1

U1,n(1 + tU1,n)

]1

t=0

= E
(

1

U1,n

)
− E

(
1

U1,n(1 + U1,n)

)
= E

(
1

1 + U1,n

)

= E
(

Ψg(tn)e−tn(X1+ε1)+σ2t2n/2
)

= Ψg(tn)Ψg(−tn)eσ
2t2n ≤ e2t2nΣ2

, (2.23)

for sufficiently large n (depending on M), and all σ ≤ Σ. And at least:

∫ 1

0
E

(
U2

1,n

(1 + tU1,n)2

)
dt = E

[ −U1,n

(1 + tU1,n)

]1

t=0

= E (U1,n)− E
(

U1,n

(1 + U1,n)

)

= −E
(

U1,n

1 + U1,n

)
= E

[
Ψg(tn)e−tn(X1+ε1)+σ2t2n/2

(
1− etnX1+tnε1+σ2t2n/2Ψg(tn)−1

)]

= Ψg(tn)Ψg(−tn)eσ
2t2n − eσ2t2n ≤ e2t2nΣ2

, (2.24)

for sufficiently large n (depending on M), and all σ ≤ Σ. Combining the upper bounds (2.22),
(2.23) and (2.24) with the inequality (2.21), we get that for sufficiently large n (depending on
M), and all σ ≤ Σ:

E[log(1 + Sn)]2 ≤ e2t2nΣ2

n2
+

1

n

(
1− 1

n

)
e4t2nΣ2 ≤ e4t2nΣ2

n
≤ 1

n1−α .

Returning to the equality (2.19) and using a Cauchy-Schwarz inequality combined with the
preceding result, we get:

sup
σ∈[0;Σ]

sup
g∈Lv,M

[
E(σ̂L,n − σ2)2

]1/2 ≤ 2

t2n

[
E(log(1 + Sn))2

]1/2
+ 2Mv(tn)

≤ 8Σ2

α(log n)n(1−α)/2
+ 2Mv(tn),

which achieves the proof.

Proof. Proof of Proposition 2.3.3.
The proof is essentially the same as in the proof of Proposition 2.3.1. We denote by g∗ the
Fourier transform of g: g∗(t) =

∫
eitxg(x)dx. The difference between σ and its estimator writes

σ̂2
F,n − σ2 = − 2

t2n
log


 1

n

n∑

j=1

eitnYj+σ
2t2n/2




= − 2

t2n
log


1 +

1

n

n∑

j=1

(
eitnXj

g∗(tn)
eitnεj+σ

2t2n/2 − 1

)
− 2

t2n
log g∗(tn)

= − 2

t2n
log(1 + S̄n)− 2

t2n
log g∗(tn) (2.25)
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where S̄n is the empirical mean of independent, identically distributed centered random variables:

S̄n ≡
1

n

n∑

j=1

(
eitnXj

g∗(tn)
eitnεj+σ

2t2n/2 − 1

)
≡ 1

n

n∑

j=1

Ūj,n. (2.26)

In (2.25), the second term in the right hand side is deterministic and converges to zero as n
tends to infinity (see the definition (2.12) of the set Fv), and we will focus on the first one. We
have

Var(S̄n) =
1

n

(
eσ

2t2n

|g∗(tn)|2 − 1

)
≤ eσ

2t2n

n|g∗(tn)|2 .

Using the definition of Fv (see (2.12)), we obtain the existence of some constant M depending
on g such that for large enough n:

e−Mt2nv(tn) ≤ |g∗(tn)| ≤ eMt2nv(tn).

It leads to an upper-bound on the quantity Var(S̄n):

Var(S̄n) ≤ 1

n
e(σ2+2Mv(tn))t2n ≤ e2t2nΣ2

n

for sufficiently large n depending on M , and all σ ≤ Σ.
We choose the sequence (tn)n≥0 in the following way

tn =

√
α

2Σ2
log(n)

for some 0 < α < 1, so that we get, for all g in Fv
sup

σ∈[0;Σ]
Var(S̄n) −→

n→∞
0.

In particular, we get that S̄n converges to zero in L2(R) and in probability. Combining with
(2.25), we get that for all g in Fv and uniformly with respect to σ in [0; Σ], the estimator σ̂2

F,n

converges to σ2 in probability under (σ, g).

Proof. Proof of Theorem 2.4.1.
We have to choose the parameters to ensure that σ̂n will converge (in a sense to be specified) to
the true value of the parameter σ. We will first study the quantity

α̂n(t; τ)− α(t; τ)

that represents the difference between the value of α and its estimator. We have:

α̂n(t; τ)− α(t; τ) = et
2τ2/2 1√

n
Gn(ft)

where Gn is the empirical process associated to the observations (that is to say Gn =
√
n(Pn −

Pσ,g) where Pn is the empirical probability measure for the observations: Pn(f) = (1/n)
∑n

i=1 f(Yi)),
and ft(u) = eitu. This leads to the upper-bound:

sup
u:‖u‖=1

sup
τ∈[0;Σ]

∣∣∣∣∣∣
∑

−`n≤k,l≤`n
uk [α̂n(tk,n − tl,n; τ)− α(tk,n − tl,n; τ)] ūl

∣∣∣∣∣∣
≤ 2`n

(
sup
|t|≤ `n

kn

|Gnft|
)e2`2nΣ2/k2

n

√
n
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We impose the following condition on the parameters

`n
kn

=
1

Σ

√
a log n

2
where 0 < a < 1/2, (2.27)

so that we get: e2`2nΣ2/k2
n = na. It leads to

sup
u,τ

∣∣∣∣∣∣
∑

−`n≤k,l≤`n
uk[α̂n(tk,n − tl,n; τ)− α(tk,n − tl,n; τ)]ūl

∣∣∣∣∣∣
≤
√

2a

Σ

√
log nkn

n1/2−a

(
sup
|t|≤ `n

kn

|Gnft|
)
,

(2.28)
and we impose

kn ≤ n1/2−a−b where b > 0

so that the quantity √
2a

Σ

√
log nkn

n1/2−a

converges to zero. Recall that the parameter εn is chosen as

εn =

√
2a

Σ

√
log nkn

n1/2−a × vn,

where vn is an increasing sequence of numbers converging to infinity such that εn tends to zero:

vn −→
n→∞

∞ , εn −→
n→∞

0.

In fact, we choose the sequence (vn)n≥0 increasing to infinity, under the constraint:

vn = o

(
n1/2−a
√

log nkn

)
.

This choice of the parameters is made in order to ensure the convergence to zero of the term:

∆n = Pσ,g


 sup
u:‖u‖=1

sup
τ∈[0;Σ]

∣∣∣∣∣∣
∑

−`n≤k,l≤`n
uk[α(tk,n − tl,n; τ)− α̂(tk,n − tl,n; τ)]ūl

∣∣∣∣∣∣
≥ εn


 . (2.29)

Let us prove this convergence. Using the domination (2.28), we have:

∆n ≤ Pσ,g



√

2a

Σ

√
log nkn

n1/2−a

(
sup
|t|≤ `n

kn

|Gnft|
)
≥ εn


 .

So that,

∆n ≤ Pσ,g


 sup
|t|≤ `n

kn

|Gnft| ≥ vn


 ≤ 1

vn
Eσ,g


 sup
|t|≤ `n

kn

|Gnft|


 . (2.30)

Now we use a maximal inequality to control the mean of the empirical process. The following
notations can be found in more details in van der Vaart and Wellner (1996). We consider
the class of functions Fn defined by {ft; |t| ≤ `n/kn} (note that this class has an envelope
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function equal to one). The complexity of this family stands in its entropy defined through the
bracketing numbers for this class. Theorem 2.7.11 in van der Vaart and Wellner (1996) applies
in our context: denote by F (x) = 2|x| the function such that for all s, t in Tn = [−`n/kn; `n/kn]

|ft(x)− fs(x)| = |eitx − eisx| ≤ |s− t|F (x).

This theorem asserts that the bracketing numbers for the class Fn (that means the minimal
number of brackets of size ε needed to cover Fn) are controlled by the covering numbers of Tn
(i.e the minimal number of balls of radius ε needed to cover Tn):

N[ ](ε;Fn; ‖ · ‖Pσ,g ,2) ≤ N
(

ε

2‖F‖Pσ,g ,2
;Tn; | · |

)

(here, ‖ · ‖Pσ,g ,2 denotes the L2(R)-norm under the measure Pσ,g). But it is easy to bound the
covering numbers for Tn

N

(
ε

2‖F‖Pσ,g ,2
;Tn; | · |

)
≤ 4`n‖F‖Pσ,g ,2

knε
.

So that we obtain the following control on the bracketing numbers for the class Fn

N[ ](ε;Fn; ‖ · ‖Pσ,g ,2) ≤ 4`n‖F‖Pσ,g ,2
knε

. (2.31)

Let us define the entropy of this class by the formula:

J[ ](1;Fn; ‖ · ‖Pσ,g ,2) =

∫ 1

0

√
1 + logN[ ](ε;Fn; ‖ · ‖Pσ,g ,2)dε. (2.32)

Now we apply Theorem 2.14.2 in van der Vaart and Wellner (1996): there exist a universal
constant C such that

Eσ,g


 sup
|t|≤ `n

kn

|Gnft|


 ≤ CJ[ ](1;Fn; ‖ · ‖Pσ,g ,2).

Combining with the definition of the entropy (2.32), with inequality (2.31) and using (2.27), we
obtain that there exist some constant κ such that

Eσ,g


 sup
|t|≤ `n

kn

|Gnft|


 ≤ κ(log log n)1/2.

Now return to the quantity ∆n defined in (2.29) and to its upper-bound (2.30):

∆n ≤
1

vn
E0


 sup
|t|≤ `n

kn

|Gnft|


 ≤ κ

vn
(log log n)1/2. (2.33)

Recall that the parameter vn satisfies the constraint

v−1
n = o((log log n)−1/2),
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in order to get the convergence of ∆n to zero:

∆n −→
n→∞

0. (2.34)

We will now prove the consistency of the estimator σ̂n. We start by studying what happens if
σ̂n is greater than or equal to σ + ε for some arbitrary ε > 0. Using the definition of σ̂n (see
(2.15))

Pσ,g(σ̂n ≥ σ + ε) ≤ Pσ,g


 inf
u:‖u‖=1

∑

−`n≤k,l≤`n
ukα̂n(tk,n − tl,n;σ + ε)ūl ≥ −εn


 .

But this quantity involves the estimator α̂ whereas the real parameter α is more tractable. Using
the definition of ∆n (see(2.29)) we write:

Pσ,g(σ̂n ≥ σ + ε) ≤ Pσ,g


 inf
u:‖u‖=1

∑

−`n≤k,l≤`n
ukα(tk,n − tl,n;σ + ε)ūl ≥ −2εn


+ ∆n. (2.35)

But ∆n tends to zero as n tends to infinity. We will show that the first term in the right hand
side is null for n large enough. At the point σ+ ε, the function α(·;σ+ ε) is not positive definite,
and then there exists n0 in N, (ζ1, . . . ζn0) in Rn0 , and u0 = (u0

1, . . . u
0
n0

) in Cn0 with ‖u0‖ = 1
such that ∑

1≤k,j≤n0

u0
kα(ζk − ζj ;σ + ε)ū0

j < 0.

But with the choice (2.27) for the parameters, for n large enough, we obtain that for all k in
{1; . . . n0}, the point ζk satisfies |ζk| ≤ `n

kn
, and there exists some φn(k) with

∣∣ζk − tφn(k),n

∣∣ ≤ 1

kn
.

Moreover,

∂

∂ζ
α(ζ; τ) = eζ

2τ2/2

(
ζτ2

∫
eiζuh(u)du+

∫
iueiζuh(u)du

)

∣∣∣∣
∂

∂ζ
α(ζ; τ)

∣∣∣∣ ≤ eζ
2Σ2/2

(
|ζ|Σ2 + Eσ,g|Y1|

)

and then for all ζ, ζ ′ belonging to the interval [−`n/kn; `n/kn], we get

|α(ζ; τ)− α(ζ ′; τ)| ≤ |ζ − ζ ′|e2`2nΣ2/k2
n

(
`n
kn

Σ2 + Eσ,g|Y1|
)

and then

|α(ζk − ζj ; τ)− α(tφn(k),n − tφn(j),n; τ)| ≤ 2

kn
e2`2nΣ2/k2

n

(
`n
kn

Σ2 + Eσ,g|Y1|
)

∣∣∣∣∣∣
∑

1≤k,j≤n0

u0
k

[
α(ζk − ζj ; τ)− α(tφn(k),n − tφn(j),n; τ)

]
ū0
j

∣∣∣∣∣∣
≤ Cn0

na
√

log n

kn
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where C is a constant. We choose

kn = n1/2−a−b where

(
1

2
− a− b

)
> a ; i.e 2a+ b <

1

2

(note that this implies in fact that a < 1/4). Then we get

sup
τ∈]0;Σ]

∣∣∣∣∣∣
∑

1≤k,j≤n0

u0
k

[
α(ζk − ζj ; τ)− α(tφn(k),n − tφn(j),n; τ)

]
ū0
j

∣∣∣∣∣∣
−→
n→∞

0.

So we can conclude that the first term in (2.35) is bounded in the following way, for large
enough n

Pσ,g


 inf
u:‖u‖=1

∑

−`n≤k,l≤`n
ukα(tk,n − tl,n;σ + ε)ūl ≥ −2εn




≤ Pσ,g


 ∑

−`n≤k,l≤`n
vkα(tk,n − tl,n;σ + ε)v̄l ≥ −2εn




where

vk =

{
u0
j when k = φn(j) and 1 ≤ j ≤ n0,

0 otherwise.

and ‖v‖2 =
∑`n

k=−`n v
2
k =

∑n0
j=0 u

2
j = 1. So we have

Pσ,g


 inf
u:‖u‖=1

;
∑

−`n≤k,l≤`n
ukα(tk,n − tl,n;σ + ε)ūl ≥ −2εn




≤ Pσ,g


 ∑

1≤k,l≤n0

u0
kα(ζk − ζl;σ + ε)ū0

l

≥ −2εn +
∑

1≤k,l≤n0

u0
k

[
α(ζk − ζl;σ + ε)− α(tφn(k),n − tφn(l),n;σ + ε)

]
ū0
l


 .

We are interested in what occurs in the probability appearing in the right hand side of this
inequality. All the quantities are deterministic. The first one is negative and the second one
converges to zero: for n large enough, the probability of this event is null. So, for n large enough
(depending on ε), we have

Pσ,g(σ̂n − σ ≥ ε) ≤ ∆n −→
n→∞

0.

We are studying now the probability that σ̂n would be less than or equal to σ − ε for some
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arbitrary ε > 0.

Pσ,g(σ̂n − σ ≤ −ε)

≤ Pσ,g


∃σn ≤ σ − ε,∃u ∈ C2`n , ‖u‖ = 1,

∑

−`n≤k,l≤`n
ukα̂n(tk,n − tl,n;σn)ūl < −εn




≤ Pσ,g


∃σn ≤ σ − ε,∃u ∈ C2`n , ‖u‖ = 1,

∑

−`n≤k,l≤`n
ukα(tk,n − tl,n;σn)ūl < 0




+Pσ,g


 sup
τ∈[0;Σ]

sup
u;‖u‖=1

∣∣∣∣∣∣
∑

−`n≤k,l≤`n
uk(α̂n(tk,n − tl,n; τ)− α(tk,n − tl,n; τ))ūl

∣∣∣∣∣∣
> εn


 .

The first term in the right hand side is equal to zero as α(·, σn) is positive definite for σn less or
equal to σ− ε. The second one, ∆n, as we have already seen, tends to zero as n tends to infinity.
In conclusion

∀ε > 0,∃N ∈ N,∀n ≥ N, Pσ,g(|σ̂n − σ| ≥ ε) ≤ 2∆n −→
n→∞

0. (2.36)

We proved the convergence in probability of our estimator to the true value of the parameter
σ. Note that the convergence in the L2(R)-norm is a consequence of the fact that σ̂n is almost
surely bounded.
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Chapitre 3

Minimax estimation of some linear
functionals in the convolution
model ∗

Résumé

Dans le modèle de convolution Y = X + ε, où le signal X est de densité g inconnue et le
bruit ε est de loi normale centrée réduite, nous nous intéressons aux propriétés d’estimation,
à partir d’un échantillon Y1, ..., Yn, de fonctionnelles linéaires intégrales de g de la forme
Γf (y) =

∫
f(x)Φ1(y − x)g(x)dx où Φ1 désigne la densité du bruit ε et f est une fonction

connue. Nous étendons les résultats de Taupin (2001, 1998), dans le cas où la fonction f est
soit un polynôme soit une fonction trigonométrique, en établissant des minorations du risque
quadratique ponctuel, du risque par rapport à la norme de L∞(R), ainsi que des majorations
et minorations du risque par rapport à la norme de Lp(R) lorsque 1 ≤ p <∞. Nous montrons
que l’estimateur proposé par Taupin (2001) atteint les vitesses optimales dans le cas où f est
un polynôme et est presque minimax dans le cas où f est une fonction trigonométrique, avec
une perte en (logn)1/4 pour le risque quadratique et (logn)3/4/

√
log logn pour le risque en

norme L∞(R).
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Chapitre 3. Minimax estimation of some linear functionals in the convolution model

3.1 Introduction

This part is devoted to the estimation of some linear integral functionals of a density in the
convolution model. Consider two sequences of independent and identically distributed real
random variables {Xk}k≥1 and {εk}k≥1, the first one with unknown density g with respect
to the Lebesgue measure on R, the second one being Gaussian distributed, with zero mean
and variance equal to one. Assume moreover that these two sequences are independent. Our
statistical model is based on the observation of the sequence {Yk}k≥1 given by the relation

Yk = Xk + εk , k ≥ 1.

Due to the independence between Xn and εn, the density h of the observation Yn is simply the
convolution product h = g ∗ Φ1, where Φ1 stands for the standard Gaussian density.

In this model we aim at estimating linear integral functionals of the unknown density g of
the following form:

Γf (y) =

∫
f(x)g(x)Φ1(x− y)dx , ∀y ∈ R. (3.1)

We focus here on the cases of f being either polynomial or a trigonometric function with a
particular interest on the special case f ≡ 1 corresponding to the density h of the observations
also denoted by:

Γ0(y) =

∫
g(x)Φ1(x− y)dx = g ∗ Φ1(x) = h(y) , ∀y ∈ R.

Let us first motivate the interest in those functionals. Consider a nonlinear errors-in-variables
regression model described by the observation of the random variables {(Yk, Zk)}1≤k≤n satisfying
the relations: {

Zk = fβ(Xk) + ηk
Yk = Xk + εk

, ∀k ≥ 1,

where the function f is known up to the finite dimensional parameter β, the errors {(ηn, εn)}n≥0

are centered, independent and identically distributed with respective variances σ2
η and σ2

ε = 1
for sake of simplicity. We assume furthermore that the errors εn are normally distributed.
The sequence {Xn}n≥0 is not observed and is a sequence of independent identically distributed
random variables, with unknown density g. Moreover, the sequences {Xn}n≥0, {ηn}n≥0 and
{εn}n≥0 are independent. In this errors-in-variables regression model, the purpose is to estimate
the parameter β in the presence of the unknown density g of the unobserved variables considered
as a nuisance parameter. In this context, Taupin (2001) proposes an estimator of this parameter
β based on the criterion

n−1
n∑

i=1

W (Yi)[Zi − E(fβ(Xi)|Yi)]2,

W being a compactly supported weight function, and where the conditional expectation E(fβ(Xi)|Yi)
is replaced by a non-parametric estimation based on the sample Y1, .., Yn. Denoting by X, Y
and ε the generic variables, and using the independence between X and ε, the conditional
expectation E(fβ(X)|Y = y) can be written in the following form:

E(fβ(X)|Y = y) =

∫
fβ(x)g(x)Φ1(x− y)dx∫
g(x)Φ1(x− y)dx

=
Γfβ (y)

h(y)
.
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This conditional expectation is estimated by estimating separately the numerator and the de-
nominator. Taupin (2001) constructed an estimator of this functional for general functions f
and gave the corresponding upper bounds on the pointwise quadratic risk and on the risk with
respect to uniform norm for various classes of functions f such as polynomial functions, expo-
nential functions: f(x) = exp{βx} or f(x) = exp{βx2} where β is a fixed real number, sums of
cosines: f(x) =

∑`
j=0 βj cos(jx) for fixed parameters (βj)0≤j≤`, and more generally functions

f admitting an analytic continuation into the strip Bγ = {x + iy ; (x, y) ∈ R2 , |y| ≤ γ} and
functions f belonging to Sobolev classes.

The upper bound for the rate of convergence of the estimator of β often depends on the
pointwise asymptotic properties of the estimator of Γf and also on those with respect to the
L∞(R)-norm. Consequently it is interesting to extend the study about linear functionals, and
especially to provide upper and lower bounds for the risk with respect to different loss functions.

Let us be more precise. Consider the following sets: H is the set of possible densities h with
respect to the Lebesgue measure on R in this model:

H =

{
g ∗ Φ1 ; g ≥ 0,

∫

R
g(x)dx = 1

}
,

G is the set of probability densities g with respect to the Lebesgue measure on R:

G =

{
g ; g ≥ 0,

∫

R
g(x)dx = 1

}
,

and when f is a fixed function, Gf is the set of linear functionals of the unknown density g:

Gf =

{
Γf =

∫
f(x)g(x)Φ1(x− ·)dx ; g ∈ G such that ∀y ∈ R, fgΦ1(· − y) ∈ L1(R)

}
. (3.2)

Note that when f is a polynomial function of degree equal to `, the functionals Γf belonging to
Gf are defined for densities g having at least ` finite moments. This condition relies on the fact
that we use the functional Γf to estimate E(f(X)|Y ) and then when f is a polynomial function
of degree `, we need that E(|X|`) < ∞. When f is a trigonometric function, the functional Γf
exists whatever the density g is.

Our aim is to obtain upper and lower bounds on the minimax risk for the estimation of Γf
belonging to the class of functionals Gf . We consider different minimax risks: the pointwise
minimax quadratic risk for the estimation of Γf (y0) when y0 is fixed and the minimax risk in
Lp(R)-norm (1 ≤ p ≤ ∞) for the global estimation of Γf .

The pointwise minimax quadratic risk over the set Gf is defined by:

∀y0 ∈ R , Rn(f) = inf
Tn

sup
Γf∈Gf

E1/2[Γf (y0)− Tn]2, (3.3)

where the infimum is taken over all the estimators T based on the observations Y1, . . . Yn. More-
over, the minimax risk in Lp(R)-norm is defined by

∀ 1 ≤ p ≤ ∞, Rn,p(f) = inf
Tn

sup
Γf∈Gf

E‖Γf − Tn‖p, (3.4)
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where the infimum is taken over all the estimators Tn based on the observations Y1, . . . Yn.

Following Taupin (2001), the functional Γf is estimated by

Γ̂f,n(y0) =
1

2πn

n∑

j=1

Re

∫
[fΦ1(y − ·)]?(t)et2/2e−itYjK∗n(t)dt,

where Kn = CnK(Cn·) is a kernel to be chosen and {Cn}n≥0 is a sequence converging to infinity.
In the same way, h is estimated by the kernel estimator

ĥn(y0) =
Cn
n

n∑

j=1

K[Cn(y0 − Yj)].

For instance, k could be equal to the analogue of the de La Vallée-Poussin kernel V (see Nikol’skii
(1969)) with Cn =

√
log n.

We start with the problem of estimating the density h = Φ1 ∗ g. Classical calculations
on kernel estimation provide the following upper bound for the pointwise estimation of the
density h. Applying Ibragimov and Hasminskii’s result (see Ibragimov and Hasminskii (1983)
and Taupin (2001)) the following result holds

lim sup
n→∞

√
n

(log n)1/4
sup
h∈H

E1/2[ĥn(y0)− h(y0)]2 ≤ ‖V ‖2. (3.5)

Moreover,

lim sup
n→∞

√
n

(log n)1/4
√

log log n
sup
h∈H

E ‖ ĥn(y0)− h ‖∞< +∞. (3.6)

Note that, due to the structure of convolution model, the regularity of the density h is
strongly related to the ε’s density, which is known and equals the standard Gaussian density.
Therefore some drawbacks arising from the use of such a kernel estimator do not appear here.
More precisely the structure of the optimal bandwidth (ie : minimizing the maximal risk over
the class H) is very simple, we just take Cn =

√
log n. This means that we have an entirely

explicit estimator that achieves the optimal rate of convergence (log n)1/4/
√
n either for the

pointwise quadratic risk or for the risk with respect to the Lp(R)-norm.

The density Φ1 ∗ g has obviously strong smoothness properties. We immediately see for
instance that Φ1 ∗ g is infinitely differentiable with for every integer k ≥ 0,

‖ (Φ1 ∗ g)(k) ‖∞≤‖ Φ
(k)
1 ‖∞ (3.7)

One can go further in the analysis of the problem by considering that H is embedded in the
totally bounded (with respect to the L2(R)-norm) set of densities h satisfying:

1

2π

∫
(ch2γt)|h?(t)|2dt =

∫
(Ref(x+ iγ))2dx ≤ Cγ .

Golubev and Levit (1996) prove that the optimal rate of convergence of the quadratic risk over
this class is of order

√
log n/

√
n which implies that the minimax quadratic risk on H is not
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greater than
√

log n/
√
n. The class Aγ has been first introduced by Ibragimov and Hasminskii

(1983) who derived the optimal minimax rates of convergence for density estimation in Lp(R)-
norm.

Moreover by the fact that |(Φ1 ∗ g)?| ≤ Φ?
1 the class H is included into the even smaller class

B1,1/2(2) ⊂ Aγ where the class BA,ρ(r) is more generally defined as

BA,ρ(r) = {φ ; |φ?(t)| ≤ Ae−ρ|t|r}.

These smoothness classes have been considered by Davis (1975) and Davis (1977), and lately
Levit† announced that the minimax quadratic risk for estimating a density over the class BA,ρ(r)
is of order (log n)1/(2r)/

√
n. Levit’s result implies that the minimax quadratic risk on H is not

greater than (logn)1/4/
√
n and using the van Trees inequality as in Golubev and Levit (1996)

for analytic densities, Taupin (1998) established a lower bound for the minimax quadratic risk
over the class H which shows that the (logn)1/4/

√
n rate cannot be further improved.

The results obtained for the estimation of h lead us to make some remarks about the con-
volution model.

First it is noteworthy that the class of densities H comes from the convolution model Y =
X + ε, assuming that ε is normally distributed. The results we obtain are available whatever g,
the density of X, is. Moreover, since h = Φ1 ∗g belongs to H the minimax approach is naturally
well adapted and we don’t need to consider adaptive estimation.

The second remark is about the difference between Taupin’s results with those obtained in
deconvolution problems. In the last case the purpose is to estimate the density g of X. It is
known that the slowest rates of convergence for estimating g are obtained for the smoothest
error densities. When the errors are normally distributed, Fan (1991c) proved that the optimal
rate of convergence for estimating g is of order (log n)−1/2 and Carroll and Hall (1988) proved
that this optimal rate is of order (log n)−m/2 when g admits m bounded derivatives, whereas
Taupin (2001) shows that the rate for estimating h is of order (logn)1/4/

√
n.

We now come to the problem of estimating Γf focusing on functions f of type f(x) =∑`
k=0 βkx

k, or f(x) =
∑`

k=0 βk cos(kx). In the polynomial case, Taupin (2001) established the

following upper bounds. Assume that f(x) =
∑`

k=0 βkx
k, with ` ≥ 1 and β = (β0, ..., β`) is a

fixed (`+ 1)-tuple of real numbers. For any y0 in R,

lim sup
n→∞

√
n

(log n)(2`+1)/4
E1/2[Γ̂f,n(y0)− Γf (y0)]2 <∞,

and if ZC denotes any compact subset of R

lim sup
n→∞

√
n

(log n)(2`+3)/4
E[ sup
y∈Zc
|Γ̂f,n(y)− Γf (y)|] <∞.

Note that, due to the fact that the errors ε are Gaussian, the functional Γf when f is a
polynomial function, can be related to the derivatives of h up to order ` (see Lemma 3.2.1).
Therefore the problem of estimating Γf is related to the problem of estimating the derivatives

†May 1996, talk at the Ecole Normale in Paris (ULM)
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of the density h up to order `. As a consequence, the comments made just above about the
regularity of the density h still hold for Γf .

We now come to the previous result about pointwise estimation of Γf , when f is a linear
combination of cosines. Taupin (2001) proved the following upper bounds. Assume that f(x) =∑`

k=0 βk cos(kx), with ` ≥ 1 and β = (β0, ..., β`) is a fixed (`+ 1)-tuple of real numbers. For any
y0 in R,

lim sup
n→∞

√
n

exp{`√log n}E
1/2[Γ̂f,n(y0)− Γf (y0)]2 <∞.

Moreover if ZC denotes any compact subset of R,

lim sup
n→∞

√
n√

log n exp{`√log n}E[ sup
y∈ZC

|Γ̂f,n(y)− Γf (y)|] <∞.

Taupin (2001) noticed that for general f , the smoother f is, the faster the rate of conver-
gence for the estimation of Γf is. In both previous cases, f admits analytic continuation in
the whole complex plane and also does the functional Γf . Nevertheless, it is interesting to note
here that, even if the function f and the functional Γf still admit analytic continuation on the
whole complex plane when f is a linear combination of cosines, the rate of convergence is slightly
slower in that case than the one in the polynomial case. We will show in this chapter that this
rate of convergence can essentially (see below) not be improved.

Note that the previous two bounds with respect to the L∞(R)-norm hold for y lying in a
compact set and that there is a loss of

√
log n in the rate of convergence compared to the pointwise

estimation. We improve here these two bounds, by giving a result valid for the uniform norm on
R and with a loss equal to

√
log log n which is optimal in the polynomial case and quite optimal

in the trigonometric case. We show that if f(x) =
∑`

k=0 βkx
k then

lim sup
n→∞

√
n

(log n)(2`+1)/4
√

log log n
E ‖ Γ̂f,n − Γf ‖∞<∞.

In the same way if f(x) =
∑`

k=0 βk cos(kx) (or the same expression with sinus), then

lim sup
n→∞

√
n√

log log n exp{`√log n}E ‖ Γ̂f,n − Γf ‖∞<∞.

We also extend those results to upper bounds for risks with respect to the Lp(R)-norm, for

2 ≤ p <∞ in the polynomial case. We prove that if f(x) =
∑`

k=0 βkx
k then for 2 ≤ p <∞,

lim sup
n→∞

√
n

(log n)(2`+1)/4
E ‖ Γ̂f,n − Γf ‖p<∞.

These results come either from Rosenthal’s inequality (see Rosenthal (1970)) with the optimal
constants given by Pinelis (1995), or from results given in Ibragimov and Hasminskii (1983).

Let us describe now the main results of this chapter which concern lower bounds. First note
that all the rates of convergence obtained in the polynomial case are optimal in the minimax
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sense. As a matter of fact we prove the following lower bounds. Fix an integer ` ≥ 1 and a
polynomial function f of degree less or equal to `. Then we have:

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
E1/2[Tn − Γf (y0)]2 > 0, (3.8)

where the infimum is taken over all the estimators Tn based on the observations Y1, . . . Yn. For
the Lp(R)-norm risk, the lower bound becomes

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
E‖Γf − Tn‖p > 0,

valid for every 1 < p <∞ when ` = 0 and for every 1 ≤ p <∞ when ` ≥ 1. And if p =∞,

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
√

log log n
E‖Γf − Tn‖∞ > 0,

where the infima are taken over all the estimators Tn based on the observations Y1, . . . , Yn.

The lower bound (3.8) was already known for the pointwise estimation of the density h, that
is to say in the case where ` = 0. Indeed, Taupin (1998) proved that the rate of convergence of the
pointwise quadratic risk (logn)1/4/

√
n for the estimation of h over the classH is the optimal one.

The trigonometric case is more complicated. We prove two lower bounds : a lower bound
for the pointwise minimax risk and a lower bound for the risk with respect to the L∞(R)-norm.
Concerning the pointwise quadratic risk, if f(x) =

∑`
k=0 βk cos(kx) we prove the following lower

bound

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n(log n)1/4

exp{`√log n}E
1/2[Tn − Γf (y0)]2 > 0,

where the infimum is taken over all the estimators Tn based on the observations Y1, . . . , Yn.
Note that in this case, the rate achieved by our estimator is nearly minimax with a small loss
of (logn)1/4.

Concerning the minimax risk with respect to the L∞(R)-norm, the lower bound is

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n(log n)3/4

exp{`√log n)
E‖Γ− Tn‖∞ > 0.

Also notice here that the rate achieved by our estimator is nearly minimax with a loss in
(log n)3/4/

√
log log n.

The main tool for establishing lower bounds are the van Trees Inequality (see Gill and Levit
(1995)) for the pointwise quadratic minimax risk and Fano’s Lemma (see Fano (1952), Cover
and Thomas (1991) and for the application to statiscics, Ibragimov and Has′minskĭı (1981) and
Birgé (1983, Birgé (2001)) for lower bound of the Lp(R)-risk.

This chapter is organized as follows. Section 3.2 is devoted to the construction of the estima-
tor and to the presentation of some elementary properties of Γf in cases we are interested in. In
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Section 3.3, we give the results about pointwise estimation, starting by recalling previous results
on upper bounds and thus giving lower bounds. Sections 3.4 and 3.5 consider the problem of
estimation with respect to Lp(R)-norm, when 1 ≤ p ≤ ∞, starting with upper bounds (Sec-
tion 3.4) and thus establishing the optimality properties of our estimator through lower bounds
(Section 3.5). Proofs essentially follow the theorems or the propositions, except some technical
proofs which are presented in Appendix C.

3.2 Construction of the estimator and preliminary results

3.2.1 Construction of the estimator

We start by introducing the notations used to recall the estimator of the functional Γf for general
functions f . Fix y0 in R and denote by Tf,y0 and T ?f,y0

the following quantities:

Tf,y0(x) = f(x)Φ1(y0 − x) and T ?f,y0
(t) =

∫
eitxTf,y0(x)dx.

The function f being in this chapter either a polynomial or a real valued trigonometric function,
the functions Tf,y0 and T ?f,y0

belong both to L1(R). Denoting by < ·, · > the scalar product on
L2(R) and applying Parseval’s equality, Γf (y0) can be written as:

Γf (y0) = 〈Tf,y0 , g〉 =
1

2π

〈
T ?f,y0

, g?
〉

=
1

2π

〈
T ?f,y0

, h?(Φ∗1)−1
〉
.

Replace h?(t) by its empirical estimator

ĥ?n(t) =
1

n

n∑

j=1

eitYjK∗n(t) =
1

n

n∑

j=1

ĥ∗n,j(t), (3.9)

where Kn(x) = CnK(Cnx) is a kernel to be chosen and {Cn}n≥0 is a sequence converging to
infinity, generally chosen in order to balance the bias and the variance terms. By using the
independence between Xn and εn, the function h? equals Φ?

1g
?, and then we propose to estimate

g? by

ĝ?n(t) =
1

n

n∑

j=1

ĥ?n,j(t)

Φ?
1(t)

=
1

n

n∑

j=1

eitYjK∗n(t)et
2/2,

where ĥ?n,j(t) = eitZjK?
n(t) and (Φ?

1(t))−1 = et
2/2.

Denoting by Re(z) the real part of z, and following Taupin (2001), the linear functional Γf (y0)
is then estimated with

Γ̂f,n(y0) =
1

2π
Re
〈
T ?f,y0

, ĝ?n

〉
=

1

2πn

n∑

j=1

Re

∫
T ?f,y0

(t)et
2/2e−itYjK∗n(−t)dt. (3.10)

Note that due to the presence of the term exp{t2/2}, the function t 7→ T ?f,y0
(t) exp{t2/2} will

often be non-integrable. In order to ensure the existence of the estimator Γ̂f,n(y0) we choose a
kernel with a Fourier transform compactly supported. More precisely the kernel K is assumed
to satisfy the following conditions:
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[K1] The kernel K belongs to L2(R) and is an even function.

[K2] Its Fourier transform satisfies K?(t) = 1 for any t in [−1, 1].

[K3] |K?(t)| ≤ 1l[−2,2](t) for any t in R.

Remark 3.1. Assumption [K1] ensures that the Fourier transform of the kernel is an even
real valued function. Assumption [K2] allows us to control the bias term, and Assumption [K3]
ensures the existence of the estimator Γ̂f,n(y). The so-called naive kernel defined by

∀x ∈ R , S(x) =
sin(x)

πx
with ∀t ∈ R , S?(t) = 1l[−1;1](t), (3.11)

satisfies the previous Assumptions [K1]-[K3]. The choice of the kernel S corresponds to the
truncation of the previous integral,

∫
T ?f,y0

(t)et
2/2e−itYjS?n(−t)dt =

∫
T ?f,y0

(t)et
2/2e−itYj1l|t|≤Cndt.

Note that this kernel is not integrable, which can be inconvenient. We may prefer the second
kernel, defined by:

∀x ∈ R , V (x) =
cos(x)− cos(2x)

πx2
. (3.12)

This kernel, called the analogue of the de La Vallée-Poussin kernel (see Nikol’skii (1969)) satis-
fies Assumptions [K1]-[K3] and is furthermore an integrable kernel. More precisely its Fourier
transform satisfies:

V ?(t) =





1 if t ∈ [−1, 1]
0 if |t| ≥ 2

(2− |t|) if |t| ∈ [1, 2].

Noting that V ?
n (t) = V ?(t/Cn), the above properties become:

∀t ∈ R, |V ?
n (t)| ≤ 1l[−2Cn,2Cn](t) and |1− V ?

n (t)| ≤ 1l|t|≥Cn .

In this chapter, the letter S is used to denote the first kernel, the letter V is used for the
de La Vallée-Poussin kernel and K is used for some non specified kernel satisfying the above
conditions.

The derivatives of the density h(`) (` ≥ 0) are estimated by the following kernel estimator

ĥ(`)
n (y) =

1

n

n∑

j=1

K(`)
n (y − Yj) =

C`+1
n

n

n∑

j=1

K(`)(Cn(y − Yj)). (3.13)

Note that the kernel used for the estimation of h is not necessary the same as the one used
for the estimation of h(`) nor Γf .

3.2.2 Some properties of our functionals

We focus here on the case of functions f being either polynomial of the form x 7→∑`
j=0 βjx

j or
real-valued trigonometric functions (that can be viewed as linear combination of trigonometric
functions of the form Cβ,` : x 7→ ∑`

j=0 βj cos(jx) or Sβ,` : x 7→ ∑`
j=0 βj sin(jx), where ` is a
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fixed integer and the parameters (βj)0≤j≤` are real fixed numbers). These particular forms of
the function f that we consider here, imply that Γf satisfy some formulae given here.

By the linearity of f 7→ Γf , we will focus on the more specific forms defined by the following
formulae:

Γ`(y) =

∫
x`g(x)Φ1(x− y)dx , ∀y ∈ R, ` ∈ N, (3.14)

Γc,`(y) =

∫
cos(`x)g(x)Φ1(x− y)dx , ∀y ∈ R, ` ∈ N, (3.15)

Γs,`(y) =

∫
sin(`x)g(x)Φ1(x− y)dx , ∀y ∈ R, ` ∈ N. (3.16)

There exists a relation between the functionals Γf where f is a polynomial function and the
derivatives of the density h of the observations. More precisely, we have the following lemma.

Lemma 3.2.1. For all fixed integer ` there exist polynomial functions {Pj}1≤j≤` with deg(Pj) =
j such that:

∀y ∈ R, Γ`(y) = h(`)(y) +

`−1∑

k=0

P`−k(y)h(k)(y).

The proof of this lemma stands in Appendix C.

Arguing as for Lemma 3.2.1 the estimator Γ̂`,n of Γ` defined by (3.10) can be written in the
following way

Γ̂`,n(y) = ĥ(`)
n +

`−1∑

k=0

P`−k(y)ĥ(k)
n (y), (3.17)

also given by:

Γ̂`,n(y) =
1

n

n∑

j=1

K(`)
n (y − Yj) +

`−1∑

k=0

P`−k(y)
1

n

n∑

j=1

K(k)
n (y − Yj).

When f is a polynomial function of degree equal to ` a straightforward application of
Lemma 3.2.1 gives the existence of a real number a 6= 0 and polynomial functions {fj}1≤j≤`
with deg(fj) = j, such that

Γf (y) = ah(`)(y) +
`−1∑

k=0

f`−k(y)h(k)(y)

and therefore,

Γ̂f,n(y) = aĥ(`)
n (y) +

`−1∑

k=0

f`−k(y)ĥ(k)
n (y). (3.18)

Consequently, when f is a polynomial function of degree `, the study of the rates of convergence
in the estimation of Γf is given by the study of the rates of convergence in the estimation of
f`−kh(k) for all 0 ≤ k ≤ `.

We now come to the trigonometric case. Using that Φ1 is the standard Gaussian density we
have the following identities.
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Lemma 3.2.2.

Γc,`(y) =

∫
cos(`x)g(x)Φ1(x− y)dx =

e−`/2

2

[
ei`yh(y + i`) + e−i`yh(y − i`)

]
,

Γs,`(y) =

∫
sin(`x)g(x)Φ1(x− y)dx =

e−`/2

2i

[
ei`yh(y + i`)− e−i`yh(y − i`)

]
.

The proof of this lemma stands in Appendix C.
Arguing as for Lemma 3.2.2, the estimators Γ̂n,c,` and Γ̂n,s,` of Γc,` and Γs,` defined by (3.10)
can be written

Γ̂n,c,`(y) =
e−`/2

2

[
ei`yĥn(y + i`) + e−i`yĥn(y − i`)

]
(3.19)

Γ̂n,s,`(y) =
e−`/2

2

[
ei`yĥn(y + i`)− e−i`yĥn(y − i`)

]

All these formulae are useful to construct lower bounds, especially to construct sub-families
related to the density h.

3.3 Pointwise estimation: upper and lower bounds

We start by recalling previous results obtained by Taupin (2001) about upper bound for the
pointwise quadratic risk before giving the lower bound in the case of polynomial functions.

Theorem 3.3.1. Proposition 3.1. in Taupin (2001).
Fix an integer ` ≥ 1 and a polynomial function f with degree less or equal to `. Consider the
kernel estimator Γ̂f,n defined by (3.10) with the kernel V defined by (3.12) and the bandwidth
Cn =

√
log n.

lim sup
n→∞

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
E1/2

[
Γ̂f,n(y0)− Γf (y0)

]2
<∞.

The following theorem states that this rate of convergence is the best achievable rate of
convergence and that our estimator achieves it.

Theorem 3.3.2. Fix an integer ` ≥ 1 and a polynomial function f with degree less or equal to
`, then

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
E1/2 [Tn − Γf (y0)]2 > 0,

where the infimum is taken over all the estimators Tn based on the observations Y1, . . . Yn.

The lower bound when ` = 0 was already known and proved in Taupin (1998). The main
tool of the proof is the van Trees Inequality (see Gill and Levit (1995)). It follows the lines of
Taupin’s proof in two steps.

The first step is to construct a sub-family

{hθ, |θ| ≤ θn = ρ
√

log n/
√
n}
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included in H for n large enough. Then we construct the sub-family {Γθ,` ; |θ| ≤ θn =

ρ
√

log n/
√
n}, where, according to (3.2.1), Γθ,` = h

(`)
θ +

∑`−1
k=0 P`−kh

(k)
θ It is clear that, by con-

struction, the sub-family {Γθ,`, |θ| ≤ θn = ρ
√

log n/
√
n} is included into Gf for the polynomial

function f(x) = x`.
It follows that we have

Rn(f) ≥ inf
Tn

sup
|θ|≤θn

Ehθ [Tn − Γθ(y0)]2.

The second step consists in applying the van Trees inequality. The proof of this theorem can
be found in Appendix C.

We now come to the trigonometric case. The upper bound for the pointwise estimation is
given in the following theorem.

Theorem 3.3.3. Proposition 3.1. in Taupin (2001).
Let ` ≥ 1 be a fixed integer and f a trigonometric function of the form Cβ,` or Sβ,` where

{βj}0≤j≤` are real parameters. Let Γ̂f,n be defined by (3.10) or equivalently by (3.19), with the
kernel S defined by (3.11) and the bandwidth Cn =

√
log n. Then, for all y0 in R, there exists a

constant κ(β, `) such that

lim sup
n→∞

√
n

exp{`√log n}E
1/2[Γ̂f,n(y0)− Γf (y0)]2 ≤ κ(β, `).

We give a new proof of this theorem in Appendix C, based on the relation expressed in
Lemma 3.2.2. This proof is interesting as it uses techniques specifically related to this link
between trigonometric functionals and the density h.
The following theorem states that the estimator defined by (3.10) or equivalently by (3.19) is
nearly minimax. As a matter of fact the upper bound is of order n−1/2 exp{√log n} and the
lower bound of order n−1/2(log n)−1/4 exp{√log n}, with a loss of order (log n)1/4.

Theorem 3.3.4. Let ` ≥ 1 be a fixed integer and f a trigonometric function of the form Cβ,`
or Sβ,` where the {βj}0≤j≤` are real parameters. Then we have

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n(log n)1/4

exp{`√log n}E
1/2[Tn − Γf (y0)]2 > 0,

where the infimum is taken over all the estimators Tn based on the observations Y1, . . . , Yn.

The proof based on the van Trees Inequality follows the line of the proof of Theorem 3.3.2
and can be found in Appendix C.

3.4 Estimation in Lp(R)-norm: upper bounds

The main part of our work concerns the problem of estimating Γf and h with respect to Lp(R)-
norm, for 1 ≤ p ≤ ∞. We start with upper bounds for the rate of convergence of the Lp(R)-risk
before stating that these rates are the best achievable and that the rates of convergence of our
estimator defined in (3.10) with suitable kernel, essentially achieve them.

In this section, we give upper bounds for the rate of convergence of Γ̂f,n defined by (3.10)
for the risk with respect to the Lp(R)-norm, for 1 ≤ p ≤ ∞, starting with the density case.
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3.4.1 Upper bounds in Lp(R)-norm in the density case i.e. f ≡ 1

In this subsection, we are interested in the rate of convergence in Lp(R)-norm of the estimator
defined by (3.13) of the density h of the observation Y1, ..., Yn.

Theorem 3.4.1. Let ĥ be the estimator defined by (3.13) with the kernel V defined by (3.12)
and the bandwidth Cn =

√
log n.

If p =∞, then

lim sup
n→∞

√
n

(log n)1/4
√

log log n
sup
h∈H

Eh ‖ ĥn − h ‖∞<∞.

If 2 ≤ p <∞, then we have

lim sup
n→∞

√
n

(log n)1/4
sup
h∈H

Eh ‖ ĥn − h ‖p<∞.

The result for p =∞ is already known and proved in Taupin (2001).

Proof. The result is proved by two different methods. More precisely, we have, according to the
triangular inequality,

E‖ĥn − h‖p ≤ ‖Eĥn − h‖p + E‖ĥn − Eĥn‖p. (3.20)

The first term is the bias term. This term is upper bounded by only one method, valid for
all kernel K satisfying the property |1 − K?

n| ≤ 1l|·|≥Cn ,which is an immediate consequence of
[K2]. The second term appearing in (3.20) is the corresponding one for the well-known “variance
term” appearing in the pointwise quadratic risk. We will give two different proofs for its control.
The first method we present follows from the results of Ibragimov and Hasminskii (1983). The
second one is based on Rosenthal’s inequality (Rosenthal 1970), with optimal constants as given
in Pinelis (1995).

Let us start with the control of the bias term. We start with the case p = ∞. Using the
properties of the kernel Vn and in particular, the inequality |1− V ?

n | ≤ 1l|·|≥Cn , we get

‖Eĥn − h‖∞ ≤ (πCn)−1e−C
2
n/2. (3.21)

We now control the bias in the case 2 ≤ p < ∞. For any function u belonging to Lp(R) with
p ≥ 2, the quantity ‖ u ‖pp can also be written:

‖ u ‖pp=
1

(2π)p−2

∫ ∣∣∣∣
∫
e−itxu?(t)dt

∣∣∣∣
p−2

|u(x)|2dx,

and is thus bounded by Parseval’s equality in the following way:

‖ u ‖pp ≤
1

(2π)p−1

[∫
|u?(t)|dt

]p−2

‖ u? ‖22 .

Consequently ‖ u ‖pp is bounded by

‖ u ‖pp≤
1

(2π)p−1
‖ u? ‖p−2

1 ‖ u? ‖22 . (3.22)
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Apply this result to the function Vn ∗h−h, to obtain that for p ≥ 2, ‖Eĥn−h‖p =‖ Vn ∗h−h ‖p
is bounded in the way

‖Eĥn − h‖p ≤
1

(2π)(p−1)/p
‖ h?(1− V ?

n ) ‖(p−2)/p
1 ‖ h?(1− V ?

n ) ‖2/p2 .

Note that

‖ h?(1− V ?
n ) ‖22 ≤

∫
e−t

2
1l|t|≥Cndt ≤ C−1

n exp{−C2
n},

and similar arguments ensure that

‖ h?(1− V ?
n ) ‖(p−2)

1 ≤ 2p−2C−p+2
n exp{−(p− 2)C2

n/2}.

So that we finally get

‖Eĥn − h‖p ≤
1

21/pπ1−1/p
× e−C

2
n/2

C
(p−1)/p
n

. (3.23)

Now, we are interested in the behaviour of the second term appearing in Inequality (3.20).
We give two different proofs for its control.

First method: This method is based on Ibragimov and Hasminskii’s results (1983) that we
start by recalling. The following lemma gives a control of Eh ‖ ĥn − Eh(ĥn) ‖p depending
explicitly on p and on the bandwidth Cn.

Lemma 3.4.2. Lemma 4, Inequalities (11) and (12), Ibragimov and Hasminskii (1983).
There exists some positive constant A such that for all 2 ≤ p <∞ and for all h in H, we have:

Eh ‖ ĥn − Eh(ĥn) ‖p≤ A
√
p(1+ ‖ h ‖p)

√
Cn
n
.

If p =∞, there exists some positive constant A such that for all h in H, we have:

Eh ‖ ĥn − Eh(ĥn) ‖∞≤ A(1+ ‖ h ‖∞)

√
Cn logCn

n
.

Note that this result does not apply to the kernel S(·) = sin(·)/(π·) as the constant A in the
preceding lemma depends on ‖V ‖1, which does not exist for the kernel S.

Applying this lemma and gathering Inequalities (3.20) and (3.23), we find that if 2 ≤ p <∞,
there exists a positive constant A such that:

E ‖ ĥn − h ‖p≤ A
√
p(1+ ‖ h ‖p)

√
Cn
n

+
1

21/pπ1−1/p
× e−C

2
n/2

C
(p−1)/p
n

, (3.24)

and if p =∞, there exists a positive constant A′ such that:

E ‖ ĥn − h ‖∞≤ A′(1+ ‖ h ‖∞)

√
Cn logCn

n
+

1

πCn
e−C

2
n/2. (3.25)

Taking Cn =
√

log n gives the desired result.
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Second method: based on Rosenthal’s inequality (Rosenthal 1970).
We aim at bounding the variance term E‖ĥn − Eĥn‖p, for p ≥ 2. We start with the case

2 ≤ p <∞. Write ĥn − Eĥn as a sum of independent random variables

ĥn − Eĥn(x) =
1

n

n∑

j=1

Xn(x, Yj),

where the Xn(x, Yj) are centered random variables defined by Xn(x, Yj) = Vn(x−Yj)−E(Vn(x−
Yj)). We need thus to control

E‖ĥn − Eĥn‖p = E

∥∥∥∥∥∥
1

n

n∑

j=1

Xn(·, Yj)

∥∥∥∥∥∥
p

= E



∫ ∣∣∣∣∣∣

1

n

n∑

j=1

Xn(x, Yj)

∣∣∣∣∣∣

p

dx




1/p

.

Using the concavity of the function x 7→ x1/p for p ≥ 1, we have

E

∥∥∥∥∥∥
1

n

n∑

j=1

Xn(·, Yj)

∥∥∥∥∥∥
p

≤


E
∫ ∣∣∣∣∣∣

1

n

n∑

j=1

Xn(x, Yj)

∣∣∣∣∣∣

p

dx




1/p

and therefore applying Fubini’s Theorem, we get that

E‖ĥn − Eĥn‖p = E

∥∥∥∥∥∥
1

n

n∑

j=1

Xn(·, Yj)

∥∥∥∥∥∥
p

≤



∫
E

∣∣∣∣∣∣
1

n

n∑

j=1

Xn(x, Yj)

∣∣∣∣∣∣

p

dx




1/p

. (3.26)

We now apply Rosenthal’s inequality, with optimal constants as given in Pinelis (1995), to the

quantity E
∣∣∣n−1

∑n
j=1Xn(x, Yj)

∣∣∣
p
. We will see later that the optimal constants are useful in the

case p =∞.

Lemma 3.4.3. Corollary 1 in Pinelis (1995).
Let X1, . . . , Xn, be n independent centered random variables and let Sn = X1 + · · · + Xn, and
X?
n = max1≤i≤n |Xi|. Then there exists an absolute constant κ such that, for all p ≥ 1,

E1/p |Sn|p ≤ κ
[
e
√
p E1/2|Sn|2 + p E1/p |X?

n|p
]
. (3.27)

An immediate consequence of Inequality (3.27) is the following one:

E1/p |Sn|p ≤ eκ
√
p E1/2|Sn|2 + κpE1/p

n∑

i=1

|Xi|p.

Therefore, provided that the random variables Xi are centered and identically distributed, In-
equality (3.27) becomes

E1/p

∣∣∣∣
Sn
n

∣∣∣∣
p

≤ eκ
√
p√
n
E1/2|X1|2 +

κp

n1−1/p
E1/p|X1|p. (3.28)
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Apply Inequality (3.28) to the quantity E1/p
∣∣∣n−1

∑n
j=1Xn(x, Yj)

∣∣∣
p
, to get that

E

∣∣∣∣∣∣
1

n

n∑

j=1

Xn(x, Yj)

∣∣∣∣∣∣

p

≤ 2p−1

[
eκ
√
p√
n
E1/2|Xn(x, Y1)|2

]p
+ 2p−1

[ κp

n1−1/p
E1/p|Xn(x, Y1)|p

]p
,

which implies, by using (3.26) that

E‖ĥn − Eĥn‖p

≤ 21−1/p

{[
eκ
√
p√
n

]p ∫
Ep/2|Xn(x, Y1)|2dx+

[ κp

n1−1/p

]p ∫
E|Xn(x, Y1)|pdx

}1/p

.

We control the last term
∫
E|Xn(x, Y1)|pdx, using that for p ≥ 1,

E|Xn(x;Y1)|p ≤ 2p E |Vn(x− Y1)|p,

and by applying Fubini’s Theorem we get:
∫
E|Xn(x, Y1)|pdx ≤ 2p

∫∫
|Vn(x− y)|ph(y)dy

and therefore
∫
E|Xn(x, Y1)|pdx ≤ 2pCp−1

n ‖V ‖pp. (3.29)

It remains now to bound the first and main term
∫
Ep/2|Xn(x, Y1)|2dx. By applying Cauchy-

Schwarz inequality, we have

∫
Ep/2|Xn(x, Y1)|2dx ≤

∫ (∫
CnV

2(u)h(x+ u/Cn)du

)p/2
dx.

Proceeding to a Taylor expansion of u 7→ h(x+ u/Cn) (the function h in H admits an analytic
continuation to the whole complex plane) gives that the term

∫
Ep/2|Xn(x, Y1)|2dx is bounded

by

Cp/2n

∫ (
h(x)‖V ‖22 +

1

Cn
h′(x)

∫
uV 2(u)du

+
1

C2
n

∫
u2V 2(u)

∫ 1

0
h′′
(
x+

su

Cn

)
dsdu

)p/2
dx (3.30)

Since
∫
u2V 2(u)du <∞, (note that this does not hold for the kernel S) and using both Jensen’s

Inequality and Fubini’s Theorem we obtain the bound

∣∣∣∣∣

∫ (∫
u2V 2(u)

∫ 1

0
h′′(x+ su/Cn)dsdu

)p/2
dx

∣∣∣∣∣ ≤
(∫

u2V 2(u)du

)p/2 ∫ 1

0

∫∫
u2V 2(u)|h′′(x+ su/Cn)|p/2dxduds,
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and therefore, using that according to the structure of the convolution model h and all of its
derivatives are integrable, we get that:

∣∣∣∣∣

∫ (∫
u2V 2(u)

∫ 1

0
|h′′(x+ su/Cn)|dsdu

)p/2
dx

∣∣∣∣∣ ≤
(∫

u2V 2(u)du

)1+p/2

‖h′′‖p/2p/2.

This ensures the convergence to zero in Lp/2(R)-norm of the sequence of functions

x 7→ C−2
n

∫
u2V 2(u)

∫ 1

0
h′′(x+ su/Cn)dsdu.

Moreover, the dominated convergence Theorem ensures the convergence to h‖V ‖2
2 of the Lp/2(R)-

norm of the sequence of functions

x 7→ h(x)‖V ‖22 + C−1
n h′(x)

∫
uV 2(u)du.

Returning to the bound (3.30), we conclude on the equivalence of this bound to the quantity

C
p/2
n ‖V ‖p2 ‖h‖

p/2
p/2. Finally, this entails that

∫
Ep/2|Xn(x, Y1)|2dx ≤ Cp/2n ‖V ‖p2 ‖h‖

p/2
p/2(1 + o(1)) , as n tends to infinity. (3.31)

Gathering (3.29) and (3.31) we find

E‖ĥn − Eĥn‖p ≤ 2κ

{[
e
√
p√
n

]p
Cp/2n ‖V ‖p2 ‖h‖

p/2
p/2(1 + o(1)) +

[ p

n1−1/p

]p
2pCp−1

n ‖V ‖pp
}1/p

.

Finally for p > 2 we have:

E‖ĥn − Eĥn‖p ≤ 2κ

√
pCn
n
‖V ‖2 ‖h‖1/2p/2 (1 + o(1)) , as n tends to infinity, (3.32)

and for p = 2, there exists some finite constant κ′ such that

E‖ĥn − Eĥn‖2 ≤ κ′
√
Cn
n
.

The result follows for 2 ≤ p <∞ gathering (3.20), (3.23) and (3.32) and taking Cn =
√

log n.

For p = ∞, the control of the analogue of the variance term follows arguing as Ibragimov
and Hasminskii (1983). More precisely the bound for E‖ĥn −Eĥn‖∞ follows from the following
lemma, due to Nikol’skii (1969). Denote by MC,p the set of functions belonging to Lp(R) and
having a Fourier transform compactly supported on [−C;C].

Lemma 3.4.4. Nikol′skii (1969), p. 150.
If 1 ≤ p ≤ p′ ≤ ∞, then for g in MC,p we have ‖g‖p′ ≤ 2C1/p−1/p′‖g‖p.
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Since ĥn−Eĥn belongs toM2Cn,p, we can thus apply Lemma 3.4.4 to get that for any p ≤ ∞,

‖ĥn − Eĥn‖∞ ≤ 2(2Cn)1/p‖ĥn − Eĥn‖p.

Take p = logCn to write that

‖ĥn − Eĥn‖∞ ≤ 2(2Cn)1/ logCn‖ĥn − Eĥn‖p

with

2(2Cn)1/ logCn‖ĥn − Eĥn‖p = 2e‖ĥn − Eĥn‖p(1 + o(1)),

and therefore by applying (3.32) with supp≥2 ‖h‖p ≤ A2, A2 , (2π)−1/2‖h?‖1‖h?‖22 (due to
Inequality (3.22)), we find

E‖ĥn − Eĥn‖∞ ≤ 4Aκe2

√
Cn logCn√

n
‖V ‖2(1 + o(1))

and the result follows for p =∞ by taking Cn =
√

log n.

This final argument shows how the optimal constants in Rosenthal’s Inequality are important
to get the result when p =∞.

3.4.2 Upper bounds in Lp(R)-norm in the case of polynomials

In this subsection, we are interested in the rate of convergence in Lp(R)-norm of estimators of
the functional Γf when f is a polynomial function of degree less or equal to `, with ` ≥ 1.
According to Lemma 3.2.1, we will first focus on the rate of convergence of estimators of the
derivatives h(k), 0 ≤ k ≤ ` of the density h.

Theorem 3.4.5. Let ` be a fixed integer, and ĥ
(`)
n the estimator defined by (3.13) with the kernel

V and the bandwidth Cn =
√

log n. If p =∞, then

lim sup
n→∞

sup
h∈H

√
n

(log n)(2`+1)/4
√

log log n
E ‖ ĥ(`)

n − h(`) ‖∞< +∞.

If 2 ≤ p <∞, then

lim sup
n→∞

sup
h∈H

√
n

(log n)(2`+1)/4
E ‖ ĥ(`)

n − h(`) ‖p< +∞.

We now give the proof of Theorem 3.4.5.

Proof. Arguing as for the density we give two methods to bound E ‖ ĥ(`)
n −h(`) ‖p. The first one

is based on an extension of Lemma 4 in Ibragimov and Hasminskii (1983). The second method
is based on Rosenthal’s inequality as given in Pinelis (1995).
By using the triangular inequality, we get

E ‖ h(`) − ĥ(`)
n ‖p≤‖ h(`) − V (`)

n ∗ h ‖p +E ‖ ĥ(`)
n − Eĥ(`)

n ‖p . (3.33)
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We start with the control of the bias term (the first one in the right hand side of the previous
inequality). Note that for all t in R, we have the equality:

(
V (`)
n ∗ h− h(`)

)?
(t) = (it)`h?(t)(V ?

n (t)− 1).

Consider first the case p = ∞. Using the properties of the kernel Vn and the fact that the
function |h∗(t)| is bounded by e−t

2/2, we get that :

‖ V (`)
n ∗ h− h(`) ‖∞≤ (2π)−1

∫
|t|`|h?(t)|1l|t|≥Cndt

and therefore that

‖ V (`)
n ∗ h− h(`) ‖∞≤ 2(π)−1C`−1

n e−C
2
n/2, (3.34)

for large enough n (depending on `). Let us now study the case 2 ≤ p < ∞. Arguing as in the
proof of Theorem 3.4.1, we infer that

‖ V (`)
n ∗ h− h(`) ‖p≤

1

(2π)(p−1)/p

(∫
|t|`e−t2/21l|t|>Cndt

) p−2
p
(∫
|t|2`e−t21l|t|>Cndt

)1/p

.

Note that for large enough n,

∫
|t|`e−t2/21l|t|>Cndt ≤ 4C`−1

n e−C
2
n/2,

and also that ∫
|t|2`e−t21l|t|>Cndt ≤ 4C2`−1

n e−C
2
n ,

which implies finally that

‖ V (`)
n ∗ h− h(`) ‖p ≤

[
2(π)−1

]1−1/p
C`−1+1/p
n e−C

2
n/2. (3.35)

We are now interested in the control of the second term in the right hand side of Inequality
(3.33) for which we give two different proofs.

First method: based on Ibragimov and Hasminskii’s results (1983).

The following lemma provides a bound for E ‖ ĥ(`)
n − E(ĥ

(`)
n ) ‖p. This is a straightforward

application of Lemma 4 (formulae (11) and (12)) of Ibragimov and Hasminskii (1983)), and its
proof is omitted.

Lemma 3.4.6. For 2 ≤ p <∞, there exists a positive constant κ such that:

Eh ‖ ĥ(`)
n − Ehĥ(`)

n ‖p≤ κ
√
p ‖ h ‖p

C
`+1/2
n√
n

.

For p =∞, there exists a positive constant κ such that:

Eh ‖ ĥ(`)
n − Ehĥ(`)

n ‖∞≤ κ′ ‖ h ‖∞
C
`+1/2
n

√
logCn√
n

.
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The constants κ and κ′ depending on ‖ V ‖1 and ‖V ‖∞, the proof does not apply for the
kernel S.
Combining this lemma with the control of the bias term (3.35), we get that if 2 ≤ p <∞,

E ‖ h(`) − ĥ(`)
n ‖p≤ κ

√
p ‖ h ‖p

C
`+1/2
n√
n

+

(
2

π

)1−1/p

C`−1+1/p
n e−C

2
n/2, (3.36)

and if p =∞,

E ‖ h(`) − ĥ(`)
n ‖∞ ≤ κ′ ‖ h ‖∞

C
`+1/2
n

√
logCn√
n

+
2

π
C`−1
n e−C

2
n/2. (3.37)

Take Cn =
√

log n, to get

E ‖ h(`) − ĥ(`)
n ‖∞ ≤ κ′ ‖ h ‖∞

(log n)
2`+1

4
√

log log n√
n

+
2

π

(log n)
`−1

2√
n

≤ κ′′
(log n)

2`+1
4
√

log log n√
n

.

Moreover, for 2 ≤ p <∞,

E ‖ h(`) − ĥ(`)
n ‖p ≤ κ ‖ h ‖p

√
p

(log n)
2`+1

4√
n

+
2

π

1−1/p (log n)
p(`−1)+1

2p

√
n

≤ κ′
√
p

(log n)
2`+1

4√
n

,

which completes the proof.

Second method: based on Rosenthal’s inequality (Rosenthal 1970).

We aim at bounding the term E‖ĥ(`)
n −Eĥ(`)

n ‖p. Arguing as for the density, write ĥ
(`)
n −Eĥ(`)

n as
a sum of independent random variables

(
ĥ(`)
n − Eĥ(`)

n

)
(x) =

1

n

n∑

j=1

X (`)
n (x, Yj),

where the random variables X (`)
n (x, Yj) are centered and defined by

X (`)
n (x, Yj) = V (`)

n (x− Yj)− EV (`)
n (x− Yj).

Arguing as for the density, we control



∫
E

∣∣∣∣∣∣
1

n

n∑

j=1

X (`)
n (x, Yj)

∣∣∣∣∣∣

p

dx




1/p

,

by applying (3.28) to E
∣∣∣n−1

∑n
j=1X

(`)
n (x, Yj)

∣∣∣
p
.We deduce that there exists an absolute constant

κ such that:

E

∣∣∣∣∣∣
1

n

n∑

j=1

X (`)
n (x, Yj)

∣∣∣∣∣∣

p

≤ 2p−1

[
eκ
√
p√
n
E1/2|X (`)

n (x, Y1)|2
]p

+ 2p−1
[ κp

n1−1/p
E1/p|X (`)

n (x, Y1)|p
]p
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and therefore

E‖ĥ(`)
n − Eĥ(`)

n ‖p ≤
{

2p−1

[
eκ
√
p√
n

]p ∫
Ep/2|X (`)

n (x, Y1)|2dx

+2p−1
[ κp

n1−1/p

]p ∫
E|X (`)

n (x, Y1)|pdx
}1/p

.

We control the last term
∫
E|X (`)

n (x, Y1)|pdx by using Fubini’s Theorem
∫
E|X (`)

n (x, Y1)|pdx ≤ 2p
∫∫ ∣∣∣V (`)

n (x− y)
∣∣∣
p
h(y)dydx = 2pC(`+1)p−1

n ‖V ‖pp. (3.38)

It remains now to bound the first term
∫
Ep/2|X (`)

n (x, Y1)|2dx. Again apply Cauchy-Schwarz
inequality to write

∫
Ep/2

∣∣∣X (`)
n (x, Y1)

∣∣∣
2
dx ≤

∫ (∫
C2`+1
n (V (`)(u))2h(x+ u/Cn)du

)p/2
dx.

The same Taylor expansion as the one used in the proof of Theorem 3.4.1, valid since the integral∫
u2[V (`)(u)]2du is finite, gives us
∫
Ep/2|X (`)

n (x, Y1)|2dx = C(2`+1)p/2
n ‖V (`)‖p2 ‖h‖

p/2
p/2(1 + o(1)) , as n tends to infinity. (3.39)

Gathering (3.38) and (3.39) we find that E‖ĥ(`)
n − Eĥ(`)

n ‖p is bounded by

2κ

{[
e
√
p√
n

]p
Cp(2`+1)/2
n ‖V (`)‖p2 ‖h‖

p/2
p/2(1 + o(1)) + 2p

[ p

n1−1/p

]p
C(l+1)p−1
n ‖V (`)‖pp

}1/p

.

Finally for p > 2 we have:

E‖ĥ(`)
n − Eĥ(`)

n ‖p ≤ 2
eκ
√
p√
n
C(2`+1)/2
n ‖V (`)‖2 ‖h‖1/2p/2 (1 + o(1)), (3.40)

and for p = 2, there exists a constant κ′ such that

E‖ĥ(`)
n − Eĥ(`)

n ‖2 ≤ κ′
C

(2`+1)/2
n√

n
.

The result for 2 ≤ p <∞ follows gathering (3.35) and (3.40) and taking Cn =
√

log n.

We now come to the case p =∞. Arguing as for the density and noting that since ĥ
(`)
n −Eĥ(`)

n

belongs to M2Cn,p, we can thus apply Lemma 3.4.4 to get that for any p ≤ ∞,

‖ĥ(`)
n − Eĥ(`)

n ‖∞ ≤ 2(2Cn)1/p‖ĥ(`)
n − Eĥ(`)

n ‖p.
Take p = logCn to get that

‖ĥ(`)
n − Eĥ(`)

n ‖∞ ≤ 2(2Cn)1/ logCn‖ĥ(`)
n − Eĥ(`)

n ‖p,

and therefore applying (3.40) with ‖h‖1/2p/2 ≤ A for all p, we find

E‖ĥ(`)
n − Eĥ(`)

n ‖∞ ≤ 4Aκe2

√
logCn√
n

C(2`+1)/2
n ‖V (`)‖2(1 + o(1))

and the result follows for p =∞ always by taking Cn =
√

log n.
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Remark 3.2. Note that the proofs of Theorem 3.4.1 and 3.4.5 are valid for any integrable
kernel K satisfying assumptions [K1], [K2] and [K3].

The same arguments applied to a kernel admitting a more regular Fourier transform than
V (that means a kernel admitting more finite moments) will give, with the use of Lemma 3.2.1,
an estimator of the functional Γf when f is a polynomial function of degree less or equal to `,
that converges at the rate obtained in the estimation of h(`).

Recall the expression of our estimator Γ̂f,n given by (3.18):

Γ̂f,n = aĥ(`)
n +

`−1∑

k=0

f`−kĥ
(k)
n .

To give a meaning to this expression in Lp(R), it is necessary that the kernel satisfy the condition:

[K4] For all 0 ≤ k ≤ `− 1 and for all p ≥ 2, the integral
∫
|x|p(`−k)|K(k)(x)|pdx is finite.

Classical analysis results give the existence of an integrable kernel satisfying [K1], [K2],
[K3] and [K4] (the assumption [K4] is in fact valid for all k ∈ N). Note that the proof of
Theorem 3.4.5 also applies with this kernel.

Corollary 3.4.7. Let ` be a fixed integer, and f a polynomial function of degree less or equal to
`. Consider the estimator Γ̂f,n defined by (3.18) with the kernel K satisfying [K1], [K2], [K3]
and [K4], and the bandwidth Cn =

√
log n. If p =∞, then

lim sup
n→∞

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
√

log log n
E ‖ Γ̂f,n − Γf ‖∞< +∞.

If 2 ≤ p <∞, then

lim sup
n→∞

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
E ‖ Γ̂f,n − Γf ‖p< +∞.

Remark 3.3. Note that this result is an improvement of the result in Taupin (2001) since her
result gives an upper bound only for a uniform norm on a compact set and the rate she gives,√
n(log n)−(2`+1)/4(log n)−1/2 is quite slower than this one. This comes from the method that is

used, which is based here on Rosenthal’s Inequality combined with Inequality (3.4.4) and not
based on a chaining method.

We now give the proof of this corollary.

Proof. The main point of the proof lies in stating that the rate of convergence of Γ̂f,n is given by

the rate of convergence of ĥ
(`)
n . This follows by using equality (3.18), the result of Theorem 3.4.5

and the triangular inequality. More precisely, denoting by Qs the function y 7→ ys, we show that
there exist constants C and C ′ such that for all 0 ≤ k ≤ `− 1 and for all 0 ≤ s ≤ `− k, we have,
when 2 ≤ p <∞:

E‖Qs(ĥ(k)
n − h(k))‖p ≤

C(logn)(2`+1)/4

√
n

,

and when p =∞:

E‖Qs(ĥ(k)
n − h(k))‖∞ ≤

C ′(logn)(2`+1)/4
√

log log n√
n

.
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We follow the lines of the proof of Theorem 3.4.5. The control of the bias term defined by

‖Qs(h(k) −K(k)
n ∗ h)‖p uses the following identity valid for all t ∈ R:

[Qs(h
(k) −K(k)

n ∗ h)]∗(t) =
1

is
∂s

∂ts
[h(k) −K(k)

n ∗ h]∗(t) = ik−s
∂s

∂ts
[Qkh

∗(1−K∗n)](t). (3.41)

So that concerning the uniform norm, we get:

‖Qs(h(k) −K(k)
n ∗ h)‖∞ ≤ 1

2π

∫ ∣∣∣∣
∂s

∂ts
[Qkh

∗(1−K∗n)](t)

∣∣∣∣ dt

≤ 1

2π

s∑

j=0

(
s

j

)∫ ∣∣∣∣
∂j

∂tj
Qkh

∗
∣∣∣∣ (t)

∣∣∣∣
∂s−j

∂ts−j
(1−K∗n)

∣∣∣∣ (t)dt.

Under Assumptions [K2] and [K4], the kernel K satisfies that for all 0 ≤ j ≤ s, there exist a
constant C(s) satisfying: ∣∣∣∣

∂s−j

∂ts−j
(1−K∗n)

∣∣∣∣ (t) ≤ C(s)1l|t|≥Cn . (3.42)

Moreover, the quantity ∂j

∂tj
Qkh

∗(t) is a linear combination of powers of t times derivatives of h∗

at t. Note that h∗ = Φ∗1g
∗ so that its derivative is a linear combination of derivatives of Φ∗1 times

derivatives of g∗. Since E|X|k <∞ for all k ≤ `, the k-th derivative of g∗ exist and is uniformly
bounded. We thus bound the bias term

‖Qs(h(k) −K(k)
n ∗ h)‖∞ ≤ κ

∫
|t|k+se−t

2/21l|t|≥Cndt ≤ κCk+s−1
n e−C

2
n/2

where 0 ≤ k ≤ `− 1 and 0 ≤ s ≤ `− k, and finally:

‖Qs(h(k) −K(k)
n ∗ h)‖∞ ≤ κC`−1

n e−C
2
n/2.

Arguing as for the proof of Theorem 3.4.5, we bound the bias term for the Lp(R)-norm (p <∞)
by writing that:

‖Qs(h(k) −K(k)
n ∗ h)‖p ≤

1

(2π)(p−1)/p
‖[Qs(h(k) −K(k)

n ∗ h)]?‖(p−2)/p
1 ‖[Qs(h(k) −K(k)

n ∗ h)]?‖2/p2

≤ κ

[∫
|t|k+se−t

2/21l|t|≥Cndt
](p−2)/p [∫

|t|2(k+s)e−t
2
1l|t|≥Cndt

]1/p

≤ κCk+s−1
n e−C

2
n/2

≤ κC`−1
n e−C

2
n/2,

the last inequality being valid as 0 ≤ k ≤ `− 1 and 0 ≤ s ≤ `− k.

Let us study the analogue of the variance term E‖Qs(ĥ
(k)
n −K(k)

n ∗ h)‖p for 0 ≤ k ≤ ` − 1
and 0 ≤ s ≤ ` − k. We focus on the second method used in the proof of Theorem 3.4.5 based
on Rosenthal’s inequality. Use the notations:

Qs(x)(ĥ(k)
n −K(k)

n ∗ h)(x) =
1

n

n∑

j=1

xsX (k)
n (x, Yj),
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and apply Rosenthal’s inequality to get that:

E‖Qs(ĥ(k)
n −K(k)

n ∗ h)‖p ≤
{

2p−1

[
eκ
√
p√
n

]p ∫
Ep/2|X (k)

n (x, Y1)|2|x|2sdx

+ 2p−1
[ κp

n1−1/p

]p ∫
E|X (k)

n (x, Y1)|p|x|psdx
}1/p

.

Arguing as for the proof of Theorem 3.4.5, we need to control
∫
Ep/2|X (k)

n (x, Y1)|2|x|2sdx and∫
E|X (k)

n (x, Y1)|p|x|psdx. Writing that

x2s =

2s∑

j=0

(
2s

j

)
(x− y)2s−jyj ,

we bound the first term in the following way:

∫
Ep/2|X (k)

n (x, Y1)|2|x|2sdx ≤
∫ (∫

|x|2s(K(k)
n (x− y))2h(y)dy

)p/2
dx.

and thus

∫
Ep/2|X (k)

n (x, Y1)|2|x|2sdx

≤ (2s+ 1)p/2
2s∑

j=0

(
2s

j

)∫ (∫
|x− y|2s−j |y|j(K(k)

n (x− y))2h(y)dy

)2/p

dx.

Now, we let u = Cn(y − x) in the previous integral to get:

∫ (∫
|x− y|2s−j |y|j(K(k)

n (x− y))2h(y)dy

)2/p

dx

=

∫ (∫
C2k+1−2s+j
n |u|2s−j |x+ C−1

n u|j(K(k)(u))2h(x+ C−1
n u)du

)2/p

dx

and thus by using a Taylor expansion and arguing as in the proof of Theorem 3.4.5

∫ (∫
|x− y|2s−j |y|j(K(k)

n (x− y))2h(y)dy

)2/p

dx

≤ C(2k+1)p/2
n

(∫
|u|2s−j(K(k)(u))2du

)p/2(∫
|xjh(x)|p/2dx

)
(1 + o(1)).

We finally obtain that:

(2s+ 1)p/2
2s∑

j=0

(
2s

j

)∫ (∫
|x− y|2s−j |y|j(K(k)

n (x− y))2h(y)dy

)2/p

dx ≤ κC(2k+1)p/2
n .
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We now come to the second term
∫
E|X (k)

n (x, Y1)|p|x|psdx. By using Fubini’s Theorem and
Jensens’s Inequality, we infer that:

∫
E|X (k)

n (x, Y1)|p|x|psdx ≤ 2p
∫ ∫

|x|ps|K(k)
n (x− y)|ph(y)dydx

which is bounded by:

2p(s+1)

∫ ∫
|x− y|ps|K(k)

n (x− y)|ph(y)dydx+ 2p(s+1)

∫ ∫
|y|ps|K(k)

n (x− y)|ph(y)dydx,

and therefore, since the first term is negligible in front of the second one for 0 ≤ s ≤ `− k,

∫
E|X (k)

n (x, Y1)|p|x|psdx ≤ κC(k+1)p−1
n ‖K(k)‖pp

∫
|y|psh(y)dy(1 + o(1)).

One ends up the proof of the Corollary 3.4.7 in the same way as the proof of Theorem 3.4.5.

3.4.3 Upper bounds in L∞(R)-norm in the trigonometric case

Consider a fixed integer ` ≥ 1 and fixed real parameters {βj}1≤j≤`. Assume that f is the

fixed trigonometric function Cβ,` : x 7→ ∑`
j=1 βj cos(jx) (the same reasoning applies for Sβ,` :

x 7→ ∑`
j=1 βj sin(jx)). Let Γ̂f,n be defined (3.10) with the kernel S defined by (3.11) and the

bandwidth Cn =
√

log n. According to (3.2.2), Γ̂f,n can be written

Γ̂f,n =
∑̀

j=1

βjΓ̂n,c,j(y) =
∑̀

j=1

βj
e−j/2

2

(
eijyĥn(y + ij) + e−ijyĥn(y − ij)

)
, (3.43)

where Γ̂n,c,` is defined by (3.19).

Theorem 3.4.8. Let Γ̂f,n be defined by (3.10) or equivalently by (3.43) with the kernel S and
the bandwidth Cn =

√
log n. Then, if p =∞, we have

lim sup
n→∞

√
n

exp(`
√

log n)
√

log log n
E ‖ Γ̂f,n − Γf ‖∞<∞.

Moreover, the same control applies when f equals the function Sβ,` and Γ̂f,n is the estimator

defined by: Γ̂f,n =
∑`

j=1 βjΓ̂n,s,j(y).

Proof. Using the linearity of f 7→ Γf , we only give the proof for the function f : x 7→ cos(`x),
the proof being the same in the case of the sinus.

We aim at bounding E‖Γ̂f,n − Γf‖p, for p ≥ 1. According to the triangular inequality,

E‖Γ̂f,n − Γf‖p ≤ E‖Γ̂f,n − EΓ̂n‖p + ‖EΓ̂f,n − Γf‖p.

Let us study the bias term. According to the definition (3.43),

EΓ̂f,n(y) =
e−`/2

2

∫
[ei`ySn(y + i`− x) + e−i`ySn(y − i`− x)]h(x)dx,
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which can also be written

EΓ̂f,n(y) =
e−`/2

4π

[
ei`y

∫
S?n(t)eiyte−`th?(t)dt+ e−i`y

∫
S?n(t)eiyte`th?(t)dt

]
.

It leads to the expression of the bias:

Γf (y)− EΓ̂f,n(y) =
e−`/2

4π

[
ei`y

∫
(1− S?n(t))eiyte−`th∗(t)dt

+ e−i`y
∫

(1− S?n(t))eiyte`th?(t)dt

]
.

Upper bounding those terms gives that:

|Γf (y)− EΓ̂f,n(y)| ≤ e−`/2

2π

∫
1l|t|≥Cne

`|t|e−t
2/2dt ≤ e`(`−1)/2e−(Cn−`)2/2

π(Cn − `)
.

So that we conclude

‖Γf − EΓ̂f,n‖∞ ≤
e`(`−1)/2e−(Cn−`)2/2

π(Cn − `)
. (3.44)

Note that a control of the bias term for the Lp(R)-norm cannot be based on the previous upper-
bound. Such a control seems to be more complicated.

It remains now to control the variance term E‖Γ̂f,n−EΓ̂f,n‖∞. Write Γ̂f,n−EΓ̂f,n as a sum
of independent random variables

Γ̂f,n(x)− EΓ̂f,n(x) =
1

n

n∑

j=1

Xn,`(x, Yj),

where the Xn,`(x, Yj) are centered random variables defined by

Xn,`(x, Yj) =
e−`/2

2
ei`x[Sn(x+ i`− Yj)− ESn(x+ i`− Yj)]

+
e−`/2

2
e−i`x[Sn(x− i`− Yj)− ESn(x− i`− Yj)].

We first control E‖Γ̂f,n−EΓ̂f,n‖p when 2 ≤ p <∞ and use the same argument as for the density
or the polynomial case to get the result when p =∞. Arguing as for the density, we control



∫
E

∣∣∣∣∣∣
1

n

n∑

j=1

Xn,`(x, Yj)

∣∣∣∣∣∣

p

dx




1/p

,

by applying (3.28) to E
∣∣∣n−1

∑n
j=1Xn,`(x, Yj)

∣∣∣
p
. This gives that

E| 1
n

n∑

j=1

Xn,`(x, Yj)|p ≤ 2p−1

[
eκ
√
p√
n
E1/2|Xn,`(x, Y1)|2

]p
+ 2p−1

[ κp

n1−1/p
E1/p|Xn,`(x, Y1)|p

]p
,
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and therefore E‖Γ̂f,n − EΓ̂f,n‖p is bounded by

{
2p−1

[
eκ
√
p√
n

]p ∫
Ep/2|Xn,`(x, Y1)|2dx+ 2p−1

[ κp

n1−1/p

]p ∫
E|Xn,`(x, Y1)|pdx

}1/p

.

We control the last term
∫
E|Xn,`(x, Y1)|pdx by using Fubini’s Theorem. Since the following

inequality holds,

E|Xn(x, Y1)|p ≤ e−`p/22p−1(E|Sn(x+ i`− Y1)|p + E|Sn(x− i`− Y1)|p),

we deduce the bound
∫
E|Xn,`(x, Y1)|pdx ≤ 2p−1e−`p/2

∫∫
(|Sn(x+ i`− y)|p + |Sn(x− i`− y)|p)h(y)dydx

and therefore by the definition of the kernel Sn,

∫
E|Xn,`(x, Y1)|pdx ≤ 2p−1e−`p/2Cp−1

n

∫∫
(|S(u+ i`Cn)|p + |S(u− i`Cn)|p)h(x+ u/cn)dudx.

Using that
∫
h(x+ u/cn)dx = 1 we obtain that

∫
E|Xn,`(x, Y1)|pdx ≤ 2p−1e−`p/2Cp−1

n

∫
(|S(u+ i`Cn)|p + |S(u− i`Cn)|p)du.

Note that for all real number v:

|S (v + i`Cn) |2 ≤ e2`Cn

π2(v2 + `2C2
n)
, (3.45)

and consequently

∫
E|Xn,`(x, Y1)|pdx ≤ 2p−1

πp
e−`p/2Cp−1

n e`pCn
∫

du

(u2 + `2C2
n)p/2

.

We finally get that

∫
E|Xn,`(x, Y1)|pdx ≤ 2p−1

πp
e−`p/2e`pCn

∫
dv

(v2 + `2)p/2
≤ A2p−1

πp
e−`p/2e`pCn . (3.46)

It remains now to bound the first term
∫
Ep/2|Xn(x, Y1)|2dx. Note first that we have

Ep/2|Xn,`(x, Y1)|2 ≤ e−`p/42p/2−1(Ep/2|Sn(x+ i`− Y1)|2 + Ep/2|Sn(x− i`− Y1)|2).

Therefore, we only need to control
∫
Ep/2|Sn(x + il − Y1)|2dx, the control of the second term∫

Ep/2|Sn(x− il − Y1)|2dx being the same. We have:

∫
Ep/2|Sn(x+ il − Y1)|2dx =

∫ (
C2
n

∫
|S(Cn(x− y) + i`Cn)|2h(y)dy

)p/2
dx.
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Using the bound (3.45) we deduce that:

∫
Ep/2|Sn(x+ il − Y1)|2dx ≤

∫ (
C2
n

∫
e2`Cn

π2(C2
n(x− y)2 + `2C2

n)
h(y)dy

)p/2
dx

≤ e`pCn

πp

∫ (∫
h(y)dy

(x− y)2 + `2

)p/2
dx.

Consequently for all 2 ≤ p <∞, we have the bound

∫
Ep/2|Xn,`(x, Y1)|2dx ≤ A′e−`p/42p/2

πp
e`pCn . (3.47)

Gathering (3.46) and (3.47) we find that

E‖Γ̂f,n − EΓ̂f,n‖p ≤
{

2p−1

[
eκ
√
p√
n

]p
A′
e−`p/42p/2

πp
e`pCn + 2p−1

[ κp

n1−1/p

]p
A

2p−1

πp
e−`p/2e`pCn

}1/p

,

and finally by using that p ≥ 2 we have

E‖Γ̂f,n − EΓ̂f,n‖p ≤ κ′
(
e
√
p√
n

+
p

n1−1/p

)
e`Cn

and hence

E‖Γ̂f,n − EΓ̂f,n‖p ≤ κ′′
√
p√
n
e`Cn (3.48)

and the result follows for 2 ≤ p <∞, gathering (3.44) and (3.48) and by taking Cn =
√

log n.

We now come to the case p =∞. Note that Γ̂n,c,`(y0)− EΓ̂n,c,`(y0) belongs to MCn,p since
its Fourier transform equals

1

2
ei`ty0e−`/2

[
e−t+i`y0 + et−i`y0

]
S?n(t),

which is compactly supported on [−Cn, Cn]. Arguing as for the density or for the polynomials,
we apply Lemma 3.4.4 with p′ =∞ and p = logCn and thus use (3.48) to get that there exists
a constant A such that

E‖Γ̂n,c,` − EΓ̂n,c,`‖∞ ≤ A

√
logCn√
n

e`Cn . (3.49)

We complete the proof of Proposition 3.4.8 by taking Cn =
√

log n in (3.49).

Remark 3.4. We controled the analogue of the variance term when 2 ≤ p ≤ ∞. The only
thing needed to get the rate of convergence of our estimator for the Lp(R)-norm is the control
of the bias term for 2 ≤ p <∞.

101



Chapitre 3. Minimax estimation of some linear functionals in the convolution model

3.5 Estimation in Lp(R)-norm: lower bounds

We now present our lower bounds for the minimax risk with respect to the Lp(R)-norm, for
1 < p ≤ ∞. We first prove that the rates found in Theorem 3.4.1 and 3.4.5 are the best
achievable ones. Generalizing the method, we also prove that when f is a polynomial function,
the rates obtained in Corollary 3.4.7 also are the best achievable one.

3.5.1 Lower bounds in Lp(R)-norm: the density and the polynomial case

The following theorems give lower bounds for the minimax risk over H with respect to the
Lp(R)-norm, for the estimation of the density h of the observations and its derivatives h(`),
when ` ≥ 1. We give two different theorems as the one concerning the estimation of the density
h is valid only for p > 1.

Theorem 3.5.1. For all 1 < p <∞, we have:

lim inf
n→∞

inf
Tn

sup
h∈H

√
n

(log n)1/4
‖h− Tn‖p > 0,

and if p =∞,

lim inf
n→∞

inf
Tn

sup
h∈H

√
n

(log n)1/4
√

log log n
‖h− Tn‖∞ > 0,

where the infima are taken over all the estimators Tn based on the observations Y1, . . . , Yn.

Theorem 3.5.2. For all integer ` ≥ 1 and all 1 ≤ p <∞, we have:

lim inf
n→∞

inf
Tn

sup
h∈H

√
n

(log n)(2`+1)/4
‖h(`) − Tn‖p > 0,

and if p =∞,

lim inf
n→∞

inf
Tn

sup
h∈H

√
n

(log n)(2`+1)/4
√

log log n
‖h(`) − Tn‖∞ > 0,

where the infima are taken over all the estimators Tn based on the observations Y1, . . . , Yn.

We give the proofs of Theorems 3.5.1 and 3.5.2. The first part of those proofs is the same for
the two theorems. It concerns the construction of a finite sub-family of densities in the model,
in order to apply Fano’s Lemma.

Proof. The proof is based on Fano’s lemma (1952), for example in its recent version due to
Birgé (2001), that we start by recalling. Consider a metric space (Θ, d) and a set of probability
measures P indexed by Θ: P = {Pθ; θ ∈ Θ}. The problem is to give an infimum bound to the
minimax risk for the estimation of θ in Θ from an observation X with law Pθ:

R(Θ) = inf
θ̂(X)

sup
θ∈Θ

Eθ(d(θ; θ̂(X)))

where the infimum is over all estimators θ̂(X) with values in Θ. Consider a finite subset Θ′

of Θ such that the cardinal |Θ′| ≥ 3 and for all pair (θ, θ′) of distinct points in Θ′, we have
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d(θ, θ′) ≥ δ > 0. Now, we have

R(Θ) ≥ R(Θ′) = inf
θ̂(X)

sup
θ∈Θ′

Eθ(d(θ; θ̂(X)))

≥ inf
θ̂(X)

sup
θ∈Θ′

Eθ
(
d(θ; θ̂(X))1ld(θ;θ̂(X))≥δ/2

)

≥ δ

2
inf
θ̂(X)

sup
θ∈Θ′

Pθ

(
d(θ; θ̂(X)) ≥ δ

2

)
.

Using the fact that the points in Θ′ are δ-separated, we get the following inclusion

{ω ∈ Ω/ argmin
θ′

d(θ′, θ̂(X(ω))) 6= θ} ⊂
{
ω ∈ Ω/d(θ, θ̂(X(ω))) ≥ δ

2

}
.

Then

R(Θ) ≥ δ

2
inf
θ̂(X)

sup
θ∈Θ′

Pθ

(
argmin

θ′
d(θ′; θ̂(X)) 6= θ

)

≥ δ

2
inf
T̂ (X)

sup
θ∈Θ′

Pθ

(
T̂ (X) 6= θ

)

where the last infimum concerns estimators T̂ (X) taking values only in the finite subset Θ′. In
other words, we have the following infimum bound

R(Θ) ≥ δ

2
inf
T̂ (X)

(
1− inf

θ∈Θ′
Pθ

(
T̂ (X) = θ

))

when T̂ (X) ranges over all estimators with values in Θ′. Now, we use the following result, based
on Fano’s inequality (1952) and proved by Birgé (2001):

Lemma 3.5.3. Let θ0 be a fixed point in Θ′ and set

K =
1

|Θ′|
∑

θ∈Θ′
K(Pθ;Pθ0)

where K(Pθ;Pθ0) denotes the Kullback-Leibler divergence between Pθ and Pθ0 . There exists an
absolute constant α such that if T̂ (X) is an estimator taking values in Θ′, we have

inf
θ∈Θ′

Pθ(T̂ (X) = θ) ≤ α ∨ K
log(|Θ′|+ 1)

.

And finally

R(Θ) ≥ δ

2

(
1− α ∨ K

log(|Θ′|+ 1)

)
.

We are going to apply this result for P = {hdλ ; h ∈ H}⊗n where dλ is the Lebesgue measure
on R, and (Θ, d) = (H` = {h(`) ; h ∈ H}, ‖ · ‖p) when 1 ≤ p ≤ ∞ and ` is a positive integer.
In other words, we estimate the density of the observations and its derivatives, and compute an
infimum bound for the minimax risk expressed with the Lp(R)-norm

Rn,p(H`) = inf
Tn

sup
h∈H

Eh‖Tn − h(`)‖p,
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where the infimum is taken over all the estimators Tn based on the observations Y1, . . . Yn. Fix
an integer m ≥ 3. In order to apply Fano’s Lemma, we will

- define a family of probability densities belonging to H: (ϕm,a)a∈A indexed by some finite
set A whose cardinal depends on m,

- calculate the minimum distance between two points in this family: infa,a′∈A ‖ϕ(`)
m,a −

ϕ
(`)
m,a′‖p ≥ δm,

- check that there exists a constant C1 ≤ α and a point ϕm,0 in the family such that

n
∑

a∈AK(ϕm,a;ϕm,0)

|A| log(|A|+ 1)
≤ C1,

(note that the Kullback-Leibler distance between points in this family of probabilities satisfies
K(P⊗nm,a;P

⊗n
m,0) = nK(ϕm,a;ϕm,0), where Pm,a denotes the probability ϕm,adλ),

- and then conclude that
Rn,p(H`) ≥

α

2
δm.

We start with the construction of the family. Define the following functions on R:

α(x) =
sin2(x)

πx2
; α0 = α ∗ α ; f0 = α0 ∗ Φ1

V (x) =
cos(x)− cos(2x)

πx2
; Vm,j(x) = θmV (mx− j) , 1 ≤ j ≤ m− 1 ; Vm,0 = 0,

where m is an integer greater or equal to 3, and the sequence {θm}m≥0 is positive and converges
to zero as m tends to infinity. Note that α and then also α0 and f0 are probability densities on
R. We denote by V̄m,j the normalizing constant:

V̄m,j =

∫
f0(x)Vm,j(x)dx, ∀0 ≤ j ≤ m− 1. (3.50)

Now, let us consider the following family of probability densities:

ϕm,a(x) = f0(x) +
m−1∑

j=1

a(j)f0(x)(Vm,j(x)− V̄m,j) (3.51)

=


1−

m−1∑

j=1

a(j)V̄m,j


α0 ∗ Φ1(x) +

m−1∑

j=1

a(j)f0(x)Vm,j(x)

where a ranges the set A of applications of {1; · · · ;m−1} to {0; 1}. Note that the constant V̄m,j
ensures that

∫
ϕm,a(x)dx = 1. The following lemma states that the set of functions {ϕm,a}a∈A

is a family of probability densities included in H under suitable assumption on the parameter
θm.

Assumption 3.1. mθme
2m2+4m −→

m→∞
0.

Lemma 3.5.4. Under Assumption 3.1 and for large enough m, the family {ϕm,a}a∈A is included
into H.

The proof of Lemma 3.5.4 can be found in Appendix C.
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First case: the uniform norm

We first consider the case of the uniform norm. Consider the subset A1 of A of the applications
of {1; · · · ;m− 1} to {0; 1} that take value 0 everywhere, except at one point. For simplicity of
notations, we denote by

ϕm,j(x) = f0(x)(1 + Vm,j(x)− V̄m,j), ∀ 0 ≤ j ≤ m− 1. (3.52)

The resulting family (ϕm,a)a∈A1∪{0} is exactly the family (ϕm,j)0≤j≤m−1. This is the family we
will work with.
Now that our family is defined, the second step of the proof consists in lower bounding the
distance between the different parameters in this family that we wish to estimate. We compute
this minimum distance in the following lemma.

Lemma 3.5.5. For all fixed integer `, there exists a positive constant C such that for all j, k in
{0; · · · ;m− 1}, we have

‖ϕ(`)
m,j − ϕ

(`)
m,k‖∞ ≥ Cm`θm.

Proof. We will consider the different cases ` = 0 (concerning the estimation of the density of
the observations) and ` ≥ 1 (concerning the derivatives of this density).
First case: ` = 0.
By definition, we have:

‖ϕm,j − ϕm,k‖∞ = ‖f0(Vm,j − Vm,k − V̄m,j + V̄m,k)‖∞

and therefore satisfies the inequalities

‖ϕm,j − ϕm,k‖∞ ≥ θmf0

(
j

m

)(
|V (0)− V (j − k)| − |V̄m,j − V̄m,k|

θm

)

≥ θm inf
[0;1]

f0 ×
(
|V (0)− V (j − k)| − |V̄m,j − V̄m,k|

θm

)
.

Using the expression (3.50), we get

|V̄m,j | ≤ θm‖f0‖∞
∫
|V (mx− j)|dx

and hence

|V̄m,j | ≤
θm
m
‖f0‖∞‖V ‖1. (3.53)

It follows that

|V̄m,j − V̄m,k|
θm

≤ 2

m
‖f0‖∞‖V ‖1 −→

m→∞
0.

Since the function V is an even function that converges to zero at infinity, we obtain

|V (0)− V (j − k)| ≥ inf
l≥1

∣∣∣∣
3

2π
− V (l)

∣∣∣∣ ≥ inf

(
3

4π
; inf

1≤l≤m0

∣∣∣∣
3

2π
− V (l)

∣∣∣∣
)
> 0,
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for some positive fixed integer m0. Finally, there exists a non-negative constant C such that the
uniform distance between two points of this family is lower bounded in the following way:

‖ϕm,j − ϕm,k‖∞ ≥ Cθm.

Second case: ` ≥ 1.
Now, let us consider the case ` ≥ 1. We have the following identity, valid for all 0 ≤ j ≤ m− 1 :

ϕ
(`)
m,j(x) = f

(`)
0 (x)(1 + Vm,j(x)− V̄m,j) +

`−1∑

p=0

(
`

p

)
f

(p)
0 (x)V

(`−p)
m,j (x).

Then by definition,

‖ϕ(`)
m,j − ϕ

(`)
m,k‖∞ =

∥∥∥∥∥∥
f

(`)
0 (Vm,j − Vm,k − V̄m,j + V̄m,k) +

`−1∑

p=0

(
`

p

)
f

(p)
0 (V

(`−p)
m,j − V (`−p)

m,k )

∥∥∥∥∥∥
∞

.

Use the triangular inequality to get that:

∥∥∥ϕ(`)
m,j − ϕ

(`)
m,k

∥∥∥
∞
≥
∥∥∥f0(V

(`)
m,j − V

(`)
m,k)

∥∥∥
∞
−

`−1∑

p=1

(
`

p

)∥∥∥f (p)
0

∥∥∥
∞

∥∥∥V (`−p)
m,j − V (`−p)

m,k

∥∥∥
∞

−
∥∥∥f (`)

0 (Vm,j − Vm,k + V̄m,k − V̄m,j)
∥∥∥
∞
. (3.54)

The first term is lower bounded in the following way:

‖f0(V
(`)
m,j − V

(`)
m,k)‖∞ = m`θm sup

u∈R
f0

(
u+ j

m

) ∣∣∣V (`)(u)− V (`)(u+ j − k)
∣∣∣

≥ m`θm sup
u∈[0;1]

f0

(
u+ j

m

) ∣∣∣V (`)(u)− V (`)(u+ j − k)
∣∣∣

≥ m`θm inf
u∈[0;1]

f0

(
u+ j

m

)
sup
u∈[0;1]

∣∣∣V (`)(u)− V (`)(u+ j − k)
∣∣∣ .

Note that for all u in [0; 1] and all 0 ≤ j ≤ m− 1, the real number (u+ j)/m belongs to [0; 1].
Then we get

‖f0(V
(`)
m,j − V

(`)
m,k)‖∞ ≥ m`θm

(
inf
[0;1]

f0

)
inf
|n|≥1

sup
u∈[0;1]

∣∣∣V (`)(u)− V (`)(u+ n)
∣∣∣

≥ C1m
`θm,

where C1 is a positive constant. Now upper bounding the remainder terms appearing in (3.54),
we get:

∥∥∥ϕ(`)
m,j − ϕ

(`)
m,k

∥∥∥
∞
≥ m`θm

(
inf
[0;1]

f0

)
inf
|n|≥1

sup
u∈[0;1]

|V (`)(u)− V (`)(u+ n)|

− 2`m`−1θm max
1≤p≤`−1

(
‖V (p)‖∞‖f (p)

0 ‖∞
)

− ‖f (`)
0 ‖∞

(
‖Vm,j − Vm,k‖∞ + |V̄m,j − V̄m,k|

)
.
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Use the definition of Vm,j and the inequality (3.53) to get:

‖ϕ(`)
m,j − ϕ

(`)
m,k‖∞ ≥ m`θm

(
inf
[0;1]

f0

)
inf
|n|≥1

sup
u∈[0;1]

|V (`)(u)− V (`)(u+ n)|

− 2`m`−1θm max
1≤p≤`−1

(
‖V (p)‖∞‖f (p)

0 ‖∞
)

− ‖f (`)
0 ‖∞

(
2θm‖V ‖∞ + 2

θm
m
‖f0‖∞‖V ‖1

)
.

For large enough m, and using that ` ≥ 1, we have

‖ϕ(`)
m,j − ϕ

(`)
m,k‖∞ ≥

1

2
m`θm

(
inf
[0;1]

f0

)
inf
|n|≥1

sup
u∈[0;1]

|V (`)(u)− V (`)(u+ n)|.

Finally, the uniform distance between two points of this family is lower bounded in the following
way

‖ϕ(`)
m,j − ϕ

(`)
m,k‖∞ ≥ Cm`θm,

where C is a positive constant. This concludes the proof of Lemma 3.5.5.

The following step of the proof is to check that there exists a constant C1 ≤ α such that

n
∑m−1

j=1 K(ϕm,j ;ϕm,0)

m log(m+ 1)
≤ C1.

We first compute the Kullback-Leibler divergence involved in our family:

K(ϕm,j ;ϕm,0) = K(ϕm,j ; f0) =

∫
log

(
ϕm,j(x)

f0(x)

)
ϕm,j(x)dx.

By definition, and using the inequality log(1 + u) ≤ u, we get that K(ϕm,j ; f0) given by

K(ϕm,j ; f0) =

∫
log
(
1 + Vm,j(x)− V̄m,j

)
f0(x)(1 + Vm,j(x)− V̄m,j)dx

is bounded in the following way

K(ϕm,j ; f0) ≤
∫ (

Vm,j(x)− V̄m,j
)
f0(x)(1 + Vm,j(x)− V̄m,j)dx.

Since ∫
(Vm,j(x)− V̄m,j)f0(x)dx = 0,

then

K(ϕm,j ; f0) ≤
∫

(Vm,j(x)− V̄m,j)2f0(x)dx

which combined with the fact that
∫

(Vm,j(x)− V̄m,j)2f0(x)dx =

∫
V 2
m,j(x)f0(x)dx− V̄ 2

m,j
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give the bound

K(ϕm,j ; f0) ≤
∫
V 2
m,j(x)f0(x)dx ≤ θ2

m

m
‖f0‖∞‖V ‖22.

Finally, Fano’s Lemma tells us that there exists a positive constant C such that

inf
ĥn

sup
h∈H
‖h(`) − ĥn‖∞ ≥ Cm`θ?m(n),

where θ?m(n) is the supremum over all the parameters θm satisfying the following conditions

‖f0‖∞‖V ‖22
nθ2

m

m log(m+ 1)
≤ α and mθme

2m2+4m −→
m→∞

0.

Choose

θm = e−3m2
and m =

√
1

6
log n− 1

12
log log n− 1

6
log log log n.

We finally have θm = e−3m2
= (log n)1/4(log log n)1/2/

√
n and we obtain the result for p =∞:

inf
ĥn

sup
h∈H
‖h(`) − ĥn‖∞ ≥ C

(log n)(2`+1)/4
√

log log n√
n

.

This concludes the proof of Theorem 3.5.1.

Second case: the Lp(R)-norm

We now come to lower bound the risk with respect to the Lp(R)-norm, when 1 ≤ p < ∞.
Consider the subset A2 of applications of {1; · · · ;m − 1} to {0; 1} containing the application
identically equal to zero and such that for all a 6= a′ in A2, we have

m−1∑

j=1

|a(j)− a′(j)| > m− 1

4
.

The cardinal of this set of applications satisfies

|A2| ≥ e
m−1

8

(the proof of this result stands in Ibragimov and Hasminskii (1983)). We will work with this
family of densities {ϕm,a}a∈A2 .
The first step consists in computing the minimum distance in Lp(R)-norm between two points

in our family of parameters {ϕ(`)
m,a}a∈A2 .

Lemma 3.5.6. For all 1 < p < ∞, there exists a positive constant C such that for all a, a′ in
A2:

‖ϕm,a − ϕm,a′‖p ≥ Cθm.
Moreover, for all fixed integer ` and all 1 ≤ p <∞, there exists a positive constant C ′ such that
for all a, a′ in A2:

‖ϕ(`)
m,a − ϕ(`)

m,a′‖p ≥ C ′m`θm.
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The proof of this lemma stands in Appendix C. It is a careful generalization of the meth-
ods used to prove Lemma 3.5.5. Note that in this proof, we do not work with the function
V but with the function Vλ = V (λ·) for some fixed well-chosen λ > 0. In the following of the
proof, we will assume with no loss of generality and in order to simplify notations, that λ = 1 fits.

Now, we apply Fano’s lemma and claim that for all 1 < p < ∞, there exists a positive
constant C such that

inf
ĥn

sup
h∈H
‖h− ĥn‖p ≥ Cθ?m(n),

and for all integer ` ≥ 1 and all 1 ≤ p <∞, there exists a positive constant C ′ such that

inf
ĥn

sup
h∈H
‖h(`) − ĥn‖p ≥ C ′m`θ?m(n),

where θ?m(n) is the supremum over all the parameters θm satisfying the following conditions

n
∑

a∈A2
K(ϕm,a; f0)

|A2| log(|A2|+ 1)
≤ α and mθme

2m2+4m −→
m→∞

0.

Compute the Kullback-Leibler divergence between ϕm,a and f0:

K(ϕm,a; f0)

=

∫
log


1 +

m−1∑

j=1

a(j)(Vm,j(x)− V̄m,j)


 f0(x)


1 +

m−1∑

j=1

a(j)(Vm,j(x)− V̄m,j)


 dx

Using that log(1 + u) ≤ u combined with the definition of V̄m,j , we get the bound

K(ϕm,a; f0) ≤
m−1∑

j=1

a(j)

∫
(Vm,j(x)− V̄m,j)f0(x)

(
1 +

m−1∑

k=1

a(k)(Vm,k(x)− V̄m,k)
)
dx

and using that

m−1∑

j=1

a(j)

∫
(Vm,j(x)− V̄m,j)f0(x)

(
1 +

m−1∑

k=1

a(k)(Vm,k(x)− V̄m,k)

)
dx

also equals
m−1∑

j=1

m−1∑

k=1

a(j)a(k)

∫
(Vm,j(x)− V̄m,j)(Vm,k(x)− V̄m,k)f0(x)dx

we get the bound

K(ϕm,a; f0) ≤
m−1∑

j=1

m−1∑

k=1

a(j)a(k)

[∫
Vm,j(x)Vm,k(x)f0(x)dx− V̄m,j V̄m,k

]
.

Apply Cauchy-Schwarz inequality to
∣∣∣∣
∫
Vm,j(x)Vm,k(x)f0(x)dx

∣∣∣∣ = θ2
m

∣∣∣∣
∫
V (mx− j)V (mx− k)f0(x)dx

∣∣∣∣
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to obtain that

∣∣∣∣
∫
Vm,j(x)Vm,k(x)f0(x)dx

∣∣∣∣ ≤ θ2
m

(∫
V 2(mx− j)f0(x)dx

)1/2(∫
V 2(mx− k)f0(x)dx

)1/2

and therefore ∣∣∣∣
∫
Vm,j(x)Vm,k(x)f0(x)dx

∣∣∣∣ ≤
θ2
m

m
‖f0‖∞‖V ‖22.

The use of Inequality (3.53) provides

K(ϕm,a; f0) ≤ (m− 1)2 θ
2
m

m
‖f0‖∞

(
‖V ‖22 +

1

m
‖f0‖∞‖V ‖21

)
≤ 2mθ2

m‖f0‖∞‖V ‖22.

Now, remember that the cardinal of A2 satisfies log(|A2|) ≥ (m − 1)/8. We have to find the
supremum of the parameters θm satisfying the conditions

16‖f0‖∞‖V ‖22
mθ2

m

m− 1
≤ α

n
and mθme

2m2+4m −→
m→∞

0.

Choose

θm = e−3m2
and m =

√
1

6
log n− 1

12
log log n

to get that there exists a positive constant C such that

inf
ĥn

sup
h∈Σ
‖h(`) − ĥn‖p ≥ Cm`θm = C

(log n)(2`+1)/4

√
n

,

for all 1 ≤ p <∞ and all ` ≥ 1, and that there exists a positive constant C ′ such that

inf
ĥn

sup
h∈Σ
‖h− ĥn‖p ≥ Cθm = C

(log n)3/4

√
n

,

for all 1 < p <∞, which entails the result.

The following corollary of Theorem 3.5.2 gives lower bounds for the estimation of Γf when f
is a polynomial function. It is based on the use of Lemma 3.2.1 and its proof is a generalization
of the methods used in the proof of Theorem 3.5.2.

Corollary 3.5.7. Fix an integer ` ≥ 1 and a polynomial function f of degree less or equal to `.
Then, for all 1 ≤ p <∞, we have:

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
‖Γf − Tn‖p > 0,

and if p =∞,

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n

(log n)(2`+1)/4
√

log log n
‖Γf − Tn‖∞ > 0,

where the infima are taken over all the estimators Tn based on the observations Y1, . . . , Yn.
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Proof. The family used in the preceding proof is not adapted here in the sense that the product
of a polynomial function with a derivative of f0 does not always belong to Lp(R). We use a new
function f0,` for which we will prove that the induced family (ϕm,a,`)a∈A still belongs to H, and
such that the Kullback-Leibler distance between the densities behaves in the same way. More
precisely, when f is a polynomial function of degree equal to `, define the densities:

α`(x) = C`

(
sinx

πx

)2`+2

,

where C` is a normalising constant, and

α0,` = α` ∗ α` , f0,` = α0,` ∗ Φ1.

The family of functions {ϕm,a,`}a∈A is defined in the same way as {ϕm,a}a∈A, replacing f0 by
f0,`. This new choice of f0,` changes the proof of Lemma 3.5.4. Let us consider the assumption
needed to generalize this lemma.

Assumption 3.2. mθme
2m2+4(`+1)m−→m→∞ 0.

Lemma 3.5.8. Under Assumption 3.2 and for large enough m, the family {ϕm,a,`}a∈A is in-
cluded into H.

The proof of this lemma stands in Appendix C.
The following lines of the proof of Theorem 3.5.2 are not modified by the change of f0. In
particular, we still have the property that for all a 6= a′ in A,

‖ϕ(`)
m,a,` − ϕ

(`)
m,a′,`‖p ≥ Cm`θm,

and the Kullback-Leibler distance of the family is bounded in the same way (replacing the
uniform norms of f0 and its derivatives by the uniform norms of f0,` and its derivatives).
Using Lemma 3.2.1, this family of densities induces a family of functionals {Γf,m,a}a∈A defined
by

Γf,m,a(y) = γϕ
(`)
m,a,`(y) +

`−1∑

k=0

f`−k(y)ϕ
(k)
m,a,`(y),

where γ 6= 0 and fj is a polynomial function of degree j related to f .

The only thing to care about is that the minimum distance between two functionals ‖Γf,m,a−
Γf,m,a′‖p in the family is still lower bounded by a constant times m`θm. Then the conclusion
follows arguing as in the proofs of Theorem 3.5.1 and Theorem 3.5.2.

Let us lower bound the distance ‖Γf,m,a − Γf,m,a′‖p when a 6= a′ belong to A. Using the
triangular inequality:

‖Γf,m,a − Γf,m,a′‖p ≥ γ‖ϕ(`)
m,a,` − ϕ

(`)
m,a′,`‖p −

`−1∑

k=0

‖f`−k(ϕ
(k)
m,a,` − ϕ

(k)
m,a′,`)‖p

≥ Cm`θm −
`−1∑

k=0

‖f`−k(ϕ
(k)
m,a,` − ϕ

(k)
m,a′,`)‖p.
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When p =∞, k = 0, we immediatly deduce the bound:

‖f`(ϕm,s,` − ϕm,t,`)‖∞ = ‖f`f0,`(Vm,s − Vm,t − V̄m,s + V̄m,t)‖∞

≤ ‖f`f0,`‖∞
(

2θm‖V ‖∞ +
θm
m
‖f0,`‖∞‖V ‖1

)

≤ Cθm.

When p =∞, 1 ≤ k ≤ `− 1, we have the bound:

‖f`−k(ϕ
(k)
m,s,` − ϕ

(k)
m,t,`)‖∞ = ‖(f`−kf0,`)

(k)(Vm,s − Vm,t − V̄m,s + V̄m,t)

+
k−1∑

j=0

(
k

j

)
(f`−kf0)(j)(V (k−j)

m,s − V (k−j)
m,t )‖∞

and is thus bounded by

‖f`−k(ϕ
(k)
m,s,` − ϕ

(k)
m,t,`)‖∞ ≤ ‖(f`−kf0,`)

(k)‖∞
(

2θm‖V ‖∞ +
θm
m
‖f0,`‖∞‖V ‖1

)

+2k+1 max
0≤j≤k−1

‖(f`−kf0)(j)‖∞θmmk max
1≤j≤k

‖V (j)‖∞

≤ Cm`−1θm.

When 1 ≤ p <∞, k = 0, the bounds are the following ones:

‖f`(ϕm,a,` − ϕm,a′,`)‖p ≤
m−1∑

j=1

‖f`f0‖∞‖Vm,j − V̄m,j‖p ≤ Cm1−1/pθm

which is still negligible with respect to m`θm.
When 1 ≤ p <∞, 1 ≤ k ≤ `− 1,

‖f`−k(ϕ
(k)
m,a,` − ϕ

(k)
m,a′,`)‖p ≤

m−1∑

j=1


‖(f`−kf0,`)

(k)(Vm,j − V̄m,j)‖p +
k−1∑

j=0

(
k

j

)
‖(f`−kf0)(j)V

(k−j)
m,j ‖p




≤ Cm1+k−1/pθm,

which is still negligible with respect to m`θm.
The proof of Corollary 3.5.7 is completed by using the same arguments as in the proof of
Theorem 3.5.2.

3.5.2 Lower bounds in L∞(R)-norm: the trigonometric case

We prove the following theorem.

Theorem 3.5.9. Fix an integer ` ≥ 1 and a function f of the form x 7→ ∑`
j=1 βj cos(jx) or

x 7→∑`
j=1 βj sin(jx) where the {βj}1≤j≤` are real fixed parameters. Then we have:

lim inf
n→∞

inf
Tn

sup
Γf∈Gf

√
n(log n)3/4

exp(`
√

log n)
‖Γf − Tn‖∞ > 0,

where the infimum is taken over all the estimators Tn based on the observations Y1, . . . , Yn.
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Proof. We only give the proof for the function f : x 7→ cos(`x) the one for x 7→ sin(`x) is proved
exactly in the same way, and by linearity of f 7→ Γf , we obtain the general case.
The idea is to use Fano’s Lemma with the same family {ϕm,j}0≤j≤m−1 as in the density case
(Theorem 3.5.1). The only thing to care about is the minimum distance between two points in
this family. Using Lemma 3.2.2, we have the following identities on the functionals induced by
the family of densities {ϕm,j}0≤j≤m−1:

Γm,j(y) ,
∫

cos(`x)gm,j(x)Φ1(x− y)dx =
e−`/2

2

(
ei`yϕm,j(y + i`) + e−i`yϕm,j(y − i`)

)
.

Now, the following result gives the minimum distance between two parameters to be esti-
mated in our family.

Lemma 3.5.10. There exists a positive constant C such that for all j, k ∈ [0;m− 1], we have:

‖Γm,j − Γm,k‖∞ ≥ C
θme

2m`

m2
.

We now give the proof of the lemma. By definition, we have:

‖Γm,j − Γm,k‖∞ =
e−`/2

2
sup
y∈R

∣∣∣ei`yf0(y + i`)(Vm,j(y + i`)− Vm,k(y + i`)− V̄m,j − V̄m,k)

+e−i`yf0(y − i`)(Vm,j(y − i`)− Vm,k(y − i`)− V̄m,j − V̄m,k)
∣∣∣

And using the triangular Inequality, we get:

‖Γm,j − Γm,k‖∞ ≥
e−`/2

2
sup
y∈R

(∣∣∣ei`yf0(y + i`)(Vm,j(y + i`)− Vm,k(y + i`))

+e−i`yf0(y − i`)(Vm,j(y − i`)− Vm,k(y − i`))
∣∣∣

− |V̄m,j − V̄m,k||f0(y + i`) + f0(y − i`)|
)
.

Now, using (3.53) we get that:

|V̄m,j − V̄m,k||f0(y + i`) + f0(y − i`)|

≤ 2θm
m
‖f0‖∞‖V ‖1 sup

y∈R
|f0(y + i`) + f0(y − i`)| = O

(
θm
m

)
.

So that finally:

‖Γm,j − Γm,k‖∞ ≥
e−`/2

2
sup
y∈R

∣∣∣ei`yf0(y + i`)(Vm,j(y + i`)− Vm,k(y + i`))

+e−i`yf0(y − i`)(Vm,j(y − i`)− Vm,k(y − i`))
∣∣∣+O

(
θm
m

)
.

We now come to the study of the main term. Straightforward calculations provide that

Vm,j(y + i`) =
−θme2m`e−2imy(e2ij + rm,j(y))

2π(my +mi`− j)2
,
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with |rm,j(y)| ≤ 3e−m`, and also that

Vm,j(y − i`) =
−θme2m`e2imy(e−2ij + r̃m,j(y))

2π(my −mi`− j)2
,

with |r̃m,j(y)| ≤ 3e−m`. It follows that

‖Γm,j − Γm,k‖∞ ≥
e−`/2e2m`θm

4πm2

sup
y∈R

∣∣∣∣ei(`−2m)yf0(y + i`)

(
e2ij + rm,j(y)

(y + i`− j/m)2
− e2ik + rm,k(y)

(y + i`− k/m)2

)

+e−i(`−2m)yf0(y − i`)
(
e−2ij + r̃m,j(y)

(y − i`− j/m)2
− e−2ik + r̃m,k(y)

(y − i`− k/m)2

)∣∣∣∣+O

(
θm
m

)
.

Now consider the particular point y = j/m and lower bound this quantity in the following way:

‖Γm,j − Γm,k‖∞ ≥
e−`/2e2m`θm

4πm2
inf
j 6=k

∣∣∣∣ei(`/m−2)jf0(j/m+ i`)

(
e2ij

`2
+

e2ik

(i`+ (j − k)/m)2

)

+e−i(`/m−2)jf0(j/m− i`)
(
e−2ij

`2
+

e−2ik

(−i`+ (j − k)/m)2

)
+O(e−m`)

∣∣∣∣+O

(
θm
m

)
.

This leads to:

‖Γm,j − Γm,k‖∞ ≥
e−`/2f0(i`)e2m`θm

4πm2

[
inf
j 6=k

∣∣∣∣∣
1− e2i(k−j)

`2
+

1− e−2i(k−j)

`2

∣∣∣∣∣+ o(1)

]
.

And finally,

‖Γm,j − Γm,k‖∞ ≥
e−`/2f0(i`)e2m`θm

2πm2

[
inf
j 6=k

∣∣∣∣
1− cos(2(k − j))

`2

∣∣∣∣+ o(1)

]
.

Consequently we get that there exists a positive constant C such that

‖Γm,j − Γm,k‖∞ ≥ C
e2m`θm
m2

.

Then we conclude using Fano’s Lemma, in the same way as we did in the case of the density.
More precisely, there exists a positive constant C such that:

inf
Tn

sup
Γf∈Gf

‖Γf − Tn‖∞ ≥ C
e2m`θ?m(n)

m2
,

where θ?m(n) is the supremum over all the parameters θ satisfying the following conditions:

‖f0‖∞‖V ‖2
nθ2

m

m log(m+ 1)
≤ α and mθme

2m2+4m −→
m→∞

0.

Choose the parameters

θm =
(logn)1/4

√
n

and m =
1

2

√
log n− C, where C > 1
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in order to get that

mθme
2m2+4m = eC

2−4C
(1

2

√
log n− C

)
(log n)1/4e−2(C−1)

√
log n −→

n→∞
0,

and there exists a positive constant κ such that

nθ2
m

m log(m+ 1)
≤ κ

log log n
−→
n→∞

0.

Finally there exists a positive constant C such that

inf
Tn

sup
Γf∈Gf

‖Γ− Tn‖∞ ≥ C
e`
√

logn

√
n(log n)3/4

,

which completes the proof.
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Annexe A. Annexe à l’Introduction

Preuve. Preuve de la Proposition I.1.
La variance σ2 du bruit est un paramtre identifiable si pour toutes chanes de Markov homognes
{Xn}n≥0, {X ′n}n≥0 de transitions respectives q et q′ vrifiant les Hypothses I.1 et I.2, et pour
toutes suites de bruits blancs {εn}n≥0 et {ε′n}n≥0 de lois normales centres et de variances res-
pectives σ2 et (σ′)2, on a l’implication suivante :

{Xn + εn}n≥0
Loi
= {X ′n + ε′n}n≥0 =⇒ σ = σ′ et {Xn}n≥0

Loi
= {X ′n}n≥0. (A.1)

Pour montrer cela, nous allons prouver la proprit suivante :

Lemme A.1. Si {Xn}n≥0 est une chane de Markov homogne dont la transition q vrifie les
Hypothses I.1 et I.2 et {εn}n≥0 est un bruit blanc de loi normale centre, de variance σ2 > 0
et indpendant de {Xn}n≥0, alors la suite {Yn}n≥0 dfinie par Yn = Xn + εn pour tout entier n
positif, n’est pas une chane de Markov vrifiant l’Hypothse I.1 (i.e n’est pas une vraie chane de
Markov).

Ce lemme permet de conclure de la faon suivante : si la premire galit dans l’implication (A.1)
est vraie, alors supposons par exemple σ′ ≥ σ, ce qui permet d’crire que

{Xn}n≥0
Loi
= {X ′n + ηn}n≥0,

o {ηn}n≥0 est un bruit blanc de loi normale centre et de variance (σ′)2 − σ2. Mais alors si
σ′ > σ, la suite de variables alatoires dfinie par Yn = X ′n + ηn pour tout n positif, vrifie les
hypothses du Lemme A.1 donc n’est pas une vraie chane de Markov. Ceci est en contradiction
avec l’hypothse faite sur la loi la chane {Xn}n≥0, nous en concluons donc que σ = σ′, et donc
que {Xn}n≥0 =Loi{X ′n}n≥0.

Prouvons prsent le Lemme A.1. Nous noterons ν une mesure dominante pour la loi de la
châıne (ν peut être la mesure de Lebesgue ou bien une mesure à support dénombrable ou fini)
sur l’espace des états X (fini ou non). Notons que les variables aléatoires Yn ont une loi à densité
par rapport à la mesure de Lebesgue sur R. Dans la suite, la lettre f désignera de faon générique
une densité de loi, soit par rapport à la mesure de Lebesgue, soit par rapport à la mesure ν, ou
encore par rapport à un produit tensoriel de ces deux mesures. Supposons que {Yn}n≥0 est une
vraie chane de Markov, ce qui équivaut à :

∀y1, y2, y3 ∈ R , f(y3|Y1 = y1;Y2 = y2) = f(y3|Y2 = y2),

ce qui quivaut encore :

∀y1, y2, y3 ∈ R ,

∫

X
f(y3|X3 = x3) f(x3|Y1 = y1;Y2 = y2)dν(x3)

=

∫

X
f(y3|X3 = x3) f(x3|Y2 = y2)dν(x3).

Or, nous avons l’galit f(y3|X3 = x3) = Φσ(y3 − x3), et la famille {Φσ(y − x3)}y∈R forme un
systme total dans L2(R). L’identit prcdente quivaut donc encore

∀y1, y2 ∈ R ,∀x3 ∈ X , f(x3|Y1 = y1;Y2 = y2) = f(x3|Y2 = y2),
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ce qui s’crit encore

∀y1, y2 ∈ R ,∀x3 ∈ X ,
∫

X
q(x2;x3)f(x2|Y1 = y1;Y2 = y2)dν(x2)

=

∫

X
q(x2;x3)f(x2|Y2 = y2)dν(x2).

On utilise alors l’Hypothse I.2 sur le noyau de transition q pour crire que ceci quivaut :

∀y1, y2 ∈ R , ∀x2 ∈ X , f(x2|Y1 = y1;Y2 = y2) = f(x2|Y2 = y2).

Ainsi, nous obtenons les quivalences suivantes :

{Yn}n≥0 est une vraie chane de Markov

⇐⇒ ∀y1, y2 ∈ R ,∀x2 ∈ X , f(x2|Y1 = y1;Y2 = y2) = f(x2|Y2 = y2)

⇐⇒ ∀y1, y2 ∈ R ,∀x2 ∈ X , f(x2; y2) f(y1; y2) = f(x2; y1; y2) f(y2)

⇐⇒ ∀y1, y2 ∈ R ,∀x2 ∈ X , f(y1|Y2 = y2) =
f(x2; y1; y2)

f(x2; y2)
.

En notant µ1 la densité de la loi initiale de la chane de Markov par rapport à ν (c’est dire la
loi de X1), on obtient l’galit suivante

f(x2; y1; y2)

f(x2; y2)
=

∫
µ1(x1)q(x1;x2)f(y1|X1 = x1)f(y2|X2 = x2)dν(x1)

f(y2|X2 = x2)f(x2)

=

∫
µ1(x1)q(x1;x2)f(y1|X1 = x1)dν(x1)

f(x2)
,

ce qui donne finalement

{Yn}n≥0 est une vraie chane de Markov

⇐⇒ ∀y1, y2 ∈ R ,∀x2 ∈ X , f(y1|Y2 = y2) =

∫
µ1(x1)q(x1;x2)f(y1|X1 = x1)dν(x1)

f(x2)
.

Il suffit alors de remarquer que le membre de droite de cette galit ne dpend pas de y2, ce qui
signifie que la loi de Y1 est indpendante de la loi de Y2. Comme la chane de Markov {Yn}n≥0

est homogne, il s’ensuit que toutes les variables sont indpendantes, d’o une contradiction avec
l’hypothse de vraie chane de Markov.
Ceci achve la preuve du Lemme A.1 ainsi que la preuve de la Proposition I.1. �
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B.1 Exponential forgetting for the prediction filter

Proof. (Proposition 1.2.1) Only the main steps of the proof will be described here. It is adapted
from Mevel (1997) and uses results from Seneta (1981). The original idea comes from a work
of Arapostathis and Marcus (1990). Proofs which are not easily deduced from the finite state
space case are entirely described here.

1st step: Let p be a transition density function on (X ,B(X ), γ). Define

τ1(p) , 1

2
esssup
x,x′

∫

v
|p(x, v)− p(x′, v)|dγ(v)

and, for all u, v in K, for all f measurable and non-negative, denote, for n ≥ m

Aθn,m(u, v) ,
∫

un

qθ(un, v)gθ(Yn|un) . . .

∫

um+1

qθ(um+1, um+2)gθ(Ym+1|um+1)

×qθ(u, um+1)gθ(Ym|u)dγ(um+1) . . . dγ(un)

N(Aθn,m)(u) ,
∫

v
Aθn,m(u, v)dγ(v)

N(Aθn,mf) ,
∫

u
N(Aθn,m)(u)f(u)dγ(u) =

∫

u,v
Aθn,m(u, v)f(u)dγ(u)dγ(v)

Lemma B.1.1.

‖Φn−m+1(Y m
n , f ; θ)− Φn−m+1(Y m

n , f ′; θ)‖1

≤ τ1

(
Aθn,m

N(Aθn,m)

)
×
∥∥∥∥∥
N(Aθn,m)

N(Aθn,mf)
f −

N(Aθn,m)

N(Aθn,mf
′)
f ′
∥∥∥∥∥

1

Proof. With the previous definitions, we may write

‖Φn−m+1(Y m
n , f ; θ)− Φn−m+1(Y m

n , f ′; θ)‖1

=

∫

v

∣∣∣∣∣

∫

u

Aθn,m(u, v)

N(Aθn,m)(u)

[
N(Aθn,m)(u)

N(Aθn,mf)
f(u)−

N(Aθn,m)(u)

N(Aθn,mf
′)
f ′(u)

]
dγ(u)

∣∣∣∣∣ dγ(v)

We then use the following general result: let Ψ be a measurable function such that
∫
u Ψ(u)dγ(u) =

0, then we have
∫

Ψ+ =
∫

Ψ− = 1/2
∫
|Ψ|, where Ψ+ = max(Ψ, 0), Ψ− = max(−Ψ, 0). We may

also write

Ψ(x) =

∫
a(s, x)dγ(s)−

∫
a(x, t)dγ(t) where a(s, t) =

Ψ−(s)Ψ+(t)∫
Ψ+

Note that
∫ ∫

a(s, t)dγ(s)dγ(t) = 1/2
∫
|Ψ(x)|dγ(x). Applying this result to the function

Ψ(u) =
N(Aθn,m)(u)

N(Aθn,mf)
f(u)−

N(Aθn,m)(u)

N(Aθn,mf
′)
f ′(u)
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(with mean zero), we get

∫

v

∣∣∣∣∣

∫

u

Aθn,m(u, v)

N(Aθn,m)(u)
Ψ(u)dγ(u)

∣∣∣∣∣ dγ(v)

=

∫

v

∣∣∣∣∣

∫

u

Aθn,m(u, v)

N(Aθn,m)(u)

(∫

s
a(s, u)dγ(s)−

∫

t
a(u, t)dγ(t)

)
dγ(u)

∣∣∣∣∣ dγ(v)

=

∫

v

∣∣∣∣∣

∫

x,y

Aθn,m(x, v)a(y, x)

N(Aθn,m)(x)
dγ(x)dγ(y)−

∫

x,y

Aθn,m(y, v)a(y, x)

N(Aθn,m)(y)
dγ(x)dγ(y)

∣∣∣∣∣ dγ(v)

≤
∫

v,x,y

∣∣∣∣∣
Aθn,m(x, v)

N(Aθn,m)(x)
−

Aθn,m(y, v)

N(Aθn,m)(y)

∣∣∣∣∣ a(y, x)dγ(x)dγ(y)dγ(v)

≤ 1

2

(
esssup
x,y

∫

v

∣∣∣∣∣
Aθn,m(x, v)

N(Aθn,m)(x)
−

Aθn,m(y, v)

N(Aθn,m)(y)

∣∣∣∣∣ dγ(v)

)

×
∫

u

∣∣∣∣∣
N(Aθn,m)(u)

N(Aθn,mf)
f(u)−

N(Aθn,m)(u)

N(Aθn,mf
′)
f ′(u)

∣∣∣∣∣ dγ(u)

= τ1

(
Aθn,m

N(Aθn,m)

) ∥∥∥∥∥
N(Aθn,m)

N(Aθn,mf)
f −

N(Aθn,m)

N(Aθn,mf
′)
f ′
∥∥∥∥∥

1

which concludes the proof of Lemma B.1.1.

2nd step: it consists in bounding from above the last term of the right hand side of the
previous inequality.

Lemma B.1.2.
∥∥∥∥∥
N(Aθn,m)

N(Aθn,mf)
f −

N(Aθn,m)

N(Aθn,mf
′)
f ′
∥∥∥∥∥

1

≤ 2ωθ‖f − f ′‖1 where ωθ = sup
N(Aθn,mf)

N(Aθn,mg)
,

The supremum is taken over the set of measurable and non-negative functions f and g such that∫
fdγ =

∫
gdγ = 1.

3rd step: we prove that

Lemma B.1.3. ωθ ≤ εθ−1δθ(Ym).

The proofs of Lemmas B.1.2 and B.1.3 are straightforward adaptations from Mevel (1997,
Propositions A.1 and A.2), and are omitted here for brevity. Then we conclude

‖Φn−m+1(Y m
n , f ; θ)− Φn−m+1(Y m

n , f ′; θ)‖1 ≤ 2εθ
−1δθ(Ym)× τ1

(
Aθn,m

N(Aθn,m)

)
× ‖f − f ′‖1

Let us examine now the behavior of τ1(Aθn,m/N(Aθn,m)). We want to proceed by analogy be-

tween Aθn,m and a product of random matrices (which appears in finite state space models): this
technique will bring out the term (1 − εθ)n−m+1. We obtain an upper bound for τ1 by using
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another coefficient, denoted τB (Birkhoff’s coefficient), which does not depend on the normal-
ization N(Aθn,m).

4th step: All these results are generalizations of those obtained by Seneta (1981, Theorems
3.12 and 3.13, p.106-110) and the proofs will be omitted. Let us define Birkhoff’s coefficient by

τB(p) = sup
d(p∗f, p∗g)

d(f, g)
where

{
d(f, g) = esssupx,x′ log

[
f(x)g(x′)
g(x)f(x′)

]

p∗f(v) =
∫
u p
∗(v, u)f(u)dγ(u) =

∫
u p(u, v)f(u)dγ(u)

First supremum is taken over the set of measurable and non-negative functions f and g such
that f 6= λg (λ ∈ R), and p∗ is the transpose density function associated with p (i.e p∗(x, y) =
p(y, x)). With this definition, τB does not depend on the normalization, and is, moreover,
sub-multiplicative. We now give another expression of τB, and then the upper bound of τ1 by
τB.

Lemma B.1.4.

τB(p) =
1− α(p)

1
2

1 + α(p)
1
2

≥ τ1(p) where α(p) = essinf
x,y,z,t

p(x, z)p(y, t)

p(x, t)p(y, z)
= α(p∗)

We now apply these results with p = Aθn,m/(N(Aθn,m)), we have

τ1

(
Aθn,m

N(Aθn,m)

)
≤ τB

(
Aθn,m

N(Aθn,m)

)

It follows from the definition that the quantity α(Aθn,m/N(Aθn,m)) equals α(Aθn,m), and then

τB(Aθn,m/N(Aθn,m)) = τB(Aθn,m) by application of Lemma B.1.4. Since τB is sub-multiplicative,

τB(Aθn,m) ≤ Πn
k=mτB[qθ(., .)gθ(Yk|.)]

Finally, using again Lemma B.1.4, τB[qθ(., .)gθ(Yk|.)] = τB(qθ), and under assumption 1.1

α(qθ) = essinf
x,y,z,t

qθ(x, z)qθ(y, t)

qθ(x, t)qθ(y, z)
≥ εθ2.

Thus τB(qθ) ≤ 1− εθ, which finally implies that τB(Aθn,m) ≤ (1− εθ)n−m+1.

B.2 Geometric ergodicity of the extended chain

Proof. (Proposition 1.2.2) Let h in Lip(E), and z = (x, y, f, f ∗), z′ = (x′, y′, f ′, (f∗)′) in E. In
order to get an upper bound for |Πn

θh(z)−Πn
θh(z′)|, use the decomposition

Πn
θh(z)−Πn

θh(z′) =
[
Πn
θh(x, y, f, f∗)−Πn

θh(x, y′, f ′, (f∗)′)
]

+
[
Πn
θh(x, y′, f ′, (f∗)′)−Πn

θh(x′, y′, f ′, (f∗)′)
]

Denote A (resp. B) the first (resp. second) term of the right hand side in the previous equation.
A and B will be treated separately.
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1st term: denote for i ≤ j, yij = (yj , . . . yi) and with an abuse of notation dγ(xij) ,
dγ(xi) . . . dγ(xj), and dν(yij) , dν(yi) . . . dγ(yj). Then,

A =

∫

x1···yn

[
h(xn, yn,Φn(y1

n−1, y, f ; θ),Φn(y1
n−1, y, f

∗; θ∗))

− h(xn, yn,Φn(y1
n−1, y

′, f ′; θ),Φn(y1
n−1, y

′, (f∗)′; θ∗))
]

× qθ∗(x, x1) · · · qθ∗(xn−1, xn)gθ∗(y1|x1) · · · gθ∗(yn|xn)dγ(x1
n)dν(y1

n)

Then, using Definition 1 of Lip(E), and the fact that for all θ in Θ,
Φn(y1

n−1, y, f ; θ) = Φn−1(y1
n−1,Φ1(y, f ; θ); θ), we have

|A| ≤
∫

x1···yn
lip(h, xn, yn)

[
‖Φn−1(y1

n−1,Φ1(y, f ; θ); θ)− Φn−1(y1
n−1,Φ1(y′, f ′; θ); θ)‖1

+ ‖Φn−1(y1
n−1,Φ1(y, f∗; θ∗); θ∗)− Φn−1(y1

n−1,Φ1(y′, (f∗)′; θ∗); θ∗)‖1
]

× qθ∗(x, x1) · · · qθ∗(xn−1, xn)gθ∗(y1|x1) · · · gθ∗(yn|xn)dγ(x1
n)dν(y1

n)

Exponential forgetting of the prediction filter yields

‖Φn−1(y1
n−1,Φ1(y, f ; θ); θ)− Φn−1(y1

n−1,Φ1(y′, f ′; θ); θ)‖1
≤ 2εθ

−1δθ(y1)(1− εθ)n−1‖Φ1(y, f ; θ)− Φ1(y′, f ′; θ)‖1
≤ 4εθ

−1δθ(y1)(1− εθ)n−1

The same inequality holds at the point θ∗. Integrating the above expression and using assup-
tion 1.1 yields

|A| ≤ 4lip(h)
[
εθ
−1∆1(1− εθ)n−1 + εθ∗

−1∆1(1− εθ∗)n−1
]

≤ 8lip(h)ε−1∆1(1− ε)n−1 (B.1)

Remark B.1. We may prove along the same line that if h is in Lip(E) then for any integer
n, Πn

θh belongs to Lip(E) too, with lip(Πn
θh, x, y) ≤ lip(h)δθ(y) and k(Πn

θh, x, y) ≤ k(h).
2nd term:

B =

∫

x1···yn
h(xn, yn,Φn(y1

n−1, y
′, f ′; θ),Φn(y1

n−1, y
′, (f∗)′; θ∗))

× [qθ∗(x, x1)− qθ∗(x′, x1)] qθ∗(x1, x2) · · · qθ∗(xn−1, xn)

× gθ∗(y1|x1) · · · gθ∗(yn|xn)dγ(x1
n)dν(y1

n)

Let m = [n/2] and F, F ∗ be fixed functions in S+. Note that

h(xn, yn,Φn(y1
n−1, y

′, f ′; θ),Φn(y1
n−1, y

′, (f∗)′; θ∗))

= h(xn, yn,Φn−m(ymn−1,Φm(y1
m−1, y

′, f ′; θ); θ),Φn−m(ymn−1,Φm(y1
m−1, y

′, (f∗)′; θ∗); θ∗))

− h(xn, yn,Φn−m(ymn−1, F ; θ),Φn−m(ymn−1, F
∗; θ∗))

+ h(xn, yn,Φn−m(ymn−1, F ; θ),Φn−m(ymn−1, F
∗; θ∗))
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Insert this form into B and use that h is in Lip(E) for the first part and take the integral with
respect to y1

m−1 and x1
m−1 in the second; it yields

|B| ≤
∫

x1···yn
lip(h, xn, yn)×

(
‖Φn−m(ymn−1,Φm(y1

m−1, y
′, f ′; θ); θ)− Φn−m(ymn−1, F ; θ)‖1

+ ‖Φn−m(ymn−1,Φm(y1
m−1, y

′, (f∗)′; θ∗); θ∗)− Φn−m(ymn−1, F
∗; θ∗)‖1

)

× |qθ∗(x, x1)− qθ∗(x′, x1)| qθ∗(x1, x2) · · · qθ∗(xn−1, xn)

× gθ∗(y1|x1) · · · gθ∗(yn|xn)dγ(x1
n)dν(y1

n)

+

∫

xm···xn

∫

ym···yn
|h(xn, yn,Φn(ymn−1, F ; θ),Φn(ymn−1, F

∗; θ∗))|

× |qmθ∗(x, xm)− qmθ∗(x′, xm)|qθ∗(xm, xm+1) · · · qθ∗(xn−1, xn)

× gθ∗(ym|xm) · · · gθ∗(yn|xn)dγ(xmn )dν(ymn )

Using Proposition 1.2.1 and inequality (1.9) yields

|B| ≤
∫

x1···yn
lip(h, xn, yn)× 2ε−1(1− ε)n−m

×
[
‖Φm(y1

m−1, y
′, f ′; θ)− F‖1δθ(ym) + ‖Φm(y1

m−1, y
′, (f∗)′; θ∗)− F ∗‖1δθ∗(ym)

]

× [qθ∗(x, x1) + qθ∗(x
′, x1)] qθ∗(x1, x2) · · · qθ∗(xn−1, xn)

× gθ∗(y1|x1) · · · gθ∗(yn|xn)dγ(x1
n)dν(y1

n)

+

∫

xm···xn

∫

ym···yn
k(h, xn, yn)ρm0 qθ∗(xm, xm+1) · · · qθ∗(xn−1, xn)

× gθ∗(ym|xm) · · · gθ∗(yn|xn)dγ(xmn )dν(ymn )

so that |B| ≤ 16× lip(h)ε−1∆1(1− ε)n−m + k(h)ρm0 (B.2)

Inequalities (B.1) and (B.2) complete the proof.

Proof. (Corollary 1.2.3 and 1.2.4) The existence of Λθ(h) follows from Proposition 1.2.2, using
the same ideas as in Sunyach (1975, Theorem 1). Then we can easily check that the function
defined on E by

V (z) =
∑

n≥0

[Πn
θh(z)− Λθ(h)] (B.3)

is a solution to the Poisson equation. As the space E is not locally compact, we cannot use
the Riesz representation theorem to show that Λθ(h) is the expectation of h under a suitable
measure. Let us show that the family of probability measures (Πn

θ (z, .))n≥0 is asymptotically
tight (see for definition Van der Vaart and Wellner (1996), p.20), using the same basic ideas as
in Sunyach ((1975), Theorem 1).
Let d(., .) be a distance in E. For D a compact set of E and δ > 0, define ϕδ,D(z) ,
inf
(
1, 1

δd(z,D)
)
. It is straightforward that ϕδ,D(z) is in Lip(E), with lip(ϕδ,D) ≤ δ−1 and

k(ϕδ,D) ≤ 1. Moreover, for any set A, denote Aδ , {z ∈ E; d(z,A) ≤ δ} the δ-enlargement of
A.
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Let ε, δ > 0 and z in E, there exists p sufficiently large such that C
[
δ−1 + 1

]
ρp(1− ρ)−1 <

ε/2 (where C is the constant appearing in (1.12)). Now, choose a compact Dε such that
Πk
θ [z, (Dε)c] < ε/2 for k = 1, ..., p which is possible since any probability measure in a sep-

arable and complete space is tight (the superscript ”c”denotes the complement in the space E).
Note that we have 1l((Dε)δ)c ≤ ϕδ,Dε ≤ 1l(Dε)c so we get, for any n > p,

Πn
θ [z, ((Dε)δ)

c] ≤ Πn
θ (ϕδ,Dε)(z)

≤ Πp
θ(ϕδ,Dε)(z) + C

[
1

δ
+ 1

]
ρp

1− ρ
≤ Πp

θ[z, (D
ε)c] +

ε

2
≤ ε (B.4)

So, (Πn
θ (z, .))n≥0 is asymptotically tight. Hence, by Prohorov’s theorem (Van der Vaart and

Wellner 1996, p.21), there exists a probability measure λθ and a subsequence (ni)i≥0 such that
Πni
θ (z, .) converges weakly to λθ. This proves that for any continuous and bounded function h

in Lip(E), Λθ(h) =
∫
h(z)dλθ(z). Using the result of Corollary 1.2.3, we obtain that for any

continuous and bounded function h in Lip(E),

λ(ζ)Πn
θh ,

∫
Πn
θh(z)λ(ζ)(dz) = Eθ,λ(ζ)(h(Zn)) −→

n→∞

∫
h(z)dλθ(z) = Λθ(h) (B.5)

Then, using the fact that for any h in Lip(E), Πθh is still in Lip(E) (see Remark 1), λθ is the
unique invariant probability measure associated with the kernel Πθ.
Now let h be a function in Lip(E) (h is not necessarily continuous and bounded). Define

Gh(x, y, f, f∗) ,
∫
h(x0, y0, f, f

∗)gθ∗(y0|x0)f∗(x0)dν(y0)dγ(x0) (B.6)

It can be easily checked that Gh is a bounded and continuous function in Lip(E). Applying the
previous result to the function Gh, we obtain

lim
n
λ(ζ)Πn

θGh =

∫
Gh(z)dλθ(z)

=

∫
h(x0, y0, f, f

∗)gθ∗(y0|x0)f∗(x0)dν(y0)dγ(x0)λθ(K,Y, df, df∗) (B.7)

Using the remark 2,

λ(ζ)Πn
θh = Eθ,λ(ζ)(h(Zn))

= E∗
[
E∗
(
h(Xn, Yn, f

ζ
θ,n, f

π∗
θ∗,n)

∣∣Y 0
n−1

)]

= E∗
(
Gh(Xn, Yn, f

ζ
θ,n, f

π∗
θ∗,n)

)

= Eθ,λ(ζ)(Gh(Zn))

= λ(ζ)Πn
θGh (B.8)

But we already know by (B.5) that

lim
n
λ(ζ)Πn

θh = Λθ(h) (B.9)
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Combining with (B.7), (B.8) and (B.9),

Λθ(h) =

∫
h(x0, y0, f, f

∗)gθ∗(y0|x0)f∗(x0)dν(y0)dγ(x0)λθ(K,Y, df, df∗)

But we have,

gθ∗(y0|x0)f∗(x0)dν(y0)dγ(x0)λθ(K,Y, df, df∗) = λθ(dx0, dy0, df, df
∗)

as these measures are entirely identified by their integrals on Lipschitz and bounded functions
on E. Then we obtain, for all h in Lip(E)

Λθ(h) =

∫
h(z)dλθ(z).

B.3 Consistency of the maximum likelihood estimator

Proof. (Proposition 1.2.5)
i) Denote V , the solution of the Poisson equation associated to the function h (see Corol-

lary 1.2.3) and Fn the σ-algebra generated by {Z0, . . . , Zn}. It is easy to show, using inequal-
ity (1.12) for n ≥ 1 that

|V (z)| ≤ Cρ lip(h) + k(h)

(1− ρ)2
+ |Λθ(h)|+ k(h, x, y) (B.10)

and thus there exist s > 1 (cf assumption 1.3) such that Πθ|V |s is bounded which implies that
Eθ(|V (Zn+1) − ΠθV (Zn)|s

∣∣Fn) is bounded independently from n. The proof follows from the
classical identity (Meyn and Tweedie, 1996, 17.4.3)

1

n

n−1∑

m=0

h(Zm) = Λθ(h) +
1

n

n∑

m=1

[V (Zm)−ΠθV (Zm−1)]

+
1

n
[ΠθV (Z0)−ΠθV (Zn) + h(Z0)− h(Zn)]

by applying the corollary of Chow’s theorem (Hall and Heyde, (1980), p.36).
ii) This is a direct consequence of i) by applying the Remark 2.

Proof. (Proposition 1.2.6) It is easy to show that

|hθ(x, y, f1, f2)− hθ(x, y, f ′1, f ′2)| =

∣∣∣∣log

(
1 +

∫
u gθ(y|u)(f1 − f ′1)(u)dγ(u)∫

u gθ(y|u)f ′1(u)dγ(u)

)∣∣∣∣
≤ δθ(y)‖f1 − f ′1‖1 (B.11)

and
|hθ(x, y, f1, f2)| ≤ kθ(y) (B.12)

which proves that h is in Lip(E) and verifies equation (1.15), using assumptions 1.2 and H3.
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Proof. (Lemma 1.2.8) Let η > 0 and ‖θ − θ′‖ ≤ η. By Proposition 1.2.1,

‖Φn+1(Y 0
n , ζ; θ)− Φn+1(Y 0

n , ζ; θ
′)‖1 = ‖Φn(Y 1

n ,Φ1(Y0, ζ; θ); θ)− Φn(Y 1
n ,Φ1(Y0, ζ; θ

′); θ′)‖1
≤ ‖Φn(Y 1

n ,Φ1(Y0, ζ; θ); θ)− Φn(Y 1
n ,Φ1(Y0, ζ; θ

′); θ)‖1
+ ‖Φn(Y 1

n ,Φ1(Y0, ζ; θ
′); θ)− Φn(Y 1

n ,Φ1(Y0, ζ; θ
′); θ′)‖1

≤ 2ε−1
θ δθ(Y1)ρn‖Φ1(Y0, ζ; θ)− Φ1(Y0, ζ; θ

′)‖1
+ sup

f
‖Φn(Y 1

n , f ; θ)− Φn(Y 1
n , f ; θ′)‖1 (B.13)

It is straightforward that

‖Φ1(Y0, ζ; θ)− Φ1(Y0, ζ; θ
′)‖1 ≤

∥∥∥∥
∫

(qθ(u, .)− qθ′(u, .))gθ(Y0|u)ζ(u)dγ(u)∫
gθ(Y0|u)ζ(u)dγ(u)

∥∥∥∥
1

+

∥∥∥∥
∫
qθ′(u, .)gθ(Y0|u)ζ(u)dγ(u)∫

gθ(Y0|u)ζ(u)dγ(u)
−
∫
qθ′(u, .)gθ′(Y0|u)ζ(u)dγ(u)∫

gθ′(Y0|u)ζ(u)dγ(u)

∥∥∥∥
1

The first term of the right hand side of this expression is upper-bounded by ωq(η). The second
term of the right hand side is upper-bounded by 2δ′(Y0, η), by breaking the difference into two

terms including
R
qθ′ (u,.)gθ(Y0|u)ζ(u)dγ(u)R

gθ′ (Y0|u)ζ(u)dγ(u)
. Combining these two bounds with (B.13),

sup
ζ
‖Φn+1(Y 0

n , ζ; θ)− Φn+1(Y 0
n , ζ; θ

′)‖1 ≤ 2ε−1δθ(Y1)(ωq(η) + 2δ′(Y0, η))ρn‖θ − θ′‖

+ sup
ζ
‖Φn(Y 1

n , ζ; θ)− Φn(Y 1
n , ζ; θ

′)‖1

A straightforward recurrence completes the proof.

B.4 Asymptotic normality of the maximum likelihood estimator

B.4.1 Exponential forgetting for the gradient of the prediction filter and
consequences

Iterating equation (1.35) at order m, m ≤ n yields, for all v in K,

∇f ζθ,n+1(v) = Ψn−m+1(Y m
n , f ζθ,m,∇f

ζ
θ,m; θ)(v), where Ψn is the vector function (Ψk

n)1≤k≤p defined
by

Ψk
n−m+1(Y m

n , f, σ; θ)(v) =∫

un

aθ(Yn, fn)(un, v) . . .

∫

um

aθ(Ym, f)(um, um+1) σk(um)dγ(um) . . . dγ(un)

+
n−1∑

l=m

∫

un

aθ(Yn, fn)(un, v) . . .

. . .

∫

ul+1

aθ(Yl+1, fl+1)(ul+1, ul+2)× Uθ,k(Yl, fl)(ul+1)dγ(ul+1) . . . dγ(un)

+ Uθ,k(Yn, fn)(v)
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where we use the notation : for all l ≤ m+ 1, fl , Φl−m(Y m
l−1, f ; θ).

In this part, it is proved the exponential forgetting for Ψ of the initial conditions. It is straight-
forward that for any k in {1, . . . , p}, Uθ,k verifies a Lipschitz condition :
For all y in Y, for all f, f ′ in S+,

‖Uθ,k(y, f)− Uθ,k(y, f ′)‖1 ≤ lip(Uθ,k, y)‖f − f ′‖1
‖Uθ,k(y, f)‖1 ≤ k(Uθ,k, y)

where

lip(Uθ,k, y) = δθ(y)(1 + δθ(y))

(
max

1≤k≤p

∫

x′
esssup

x
|∂kqθ(x, x′)|dγ(x′)

)
+ δ′θ(y)(1 + δθ(y))

+ 2δθ(y)δ′θ(y)(1 + δθ(y)2)

k(Uθ,k, y) = δθ(y)

(
max

1≤k≤p

∫

x′
esssup

x
|∂kqθ(x, x′)|dγ(x′)

)
+ δ′θ(y)(1 + δθ(y))

Note that lip(Uθ,k) , esssupx
∫
y lip(Uθ,k, y)gθ∗(y|x)dν(y) < ∞ as soon as ∆2 and (∆∆′)3,1 are

finite, and k(Uθ,k) , esssupx
∫
y k(Uθ,k, y)gθ∗(y|x)dν(()y) < ∞ as soon as ∆1 and (∆∆′)11 are

finite.

Proposition B.4.1. Under assumptions 1.1 and 1.7, and for all f, f ′ in S+, σ, σ′ in Σ, θ in
Θ, and all 1 ≤ k ≤ p,

‖Ψk
n−m+1(Y m

n , f, σ; θ)−Ψk
n−m+1(Y m

n , f ′, σ′; θ)‖1
≤ 6δθ(Ym)3εθ

−1(1− εθ)n−m+1
[
‖σk − σ′k‖1 + ‖f − f ′‖1(1 + ‖σk‖1 + ‖σ′k‖1)

]

+ 10δθ(Ym)εθ
−1(1− εθ)n−m+1‖f − f ′‖1

[lip(Uθ,k, Yn) +
n−1∑

l=m

lip(Uθ,k, Yl)δθ(Yl+1)2 +
n−1∑

l=m

δθ(Yl+1)3k(Uθ,k, Yl)]

The proof is a straightforward adaptation from Mevel (1997, Part I, Proposition 4.4) and is
omitted here.

Now, define a class of Lipschitz functions on E’

Definition B.4.1. Lip(E’) is the set of vector-valued functions h = (hk)1≤k≤p such that each hk
is a real valued measurable function on E’ and for all (x, y) in K×Y, there exists lip’(hk, x, y)
and k′(hk, x, y) such that for all f, f ′ in S+, for all σ, σ′ in Σ,

|hk(x, y, f, σ)− hk(x, y, f ′, σ′)| ≤
lip′(hk, x, y) [‖σk − σ′k‖1 + ‖f − f ′‖1 × (1 + ‖σk‖1 + ‖σ′k‖1)]

|hk(x, y, f, σ)| ≤ k′(hk, x, y)(1 + ‖σk‖1)

and

{
lip′(hk) = esssupx

∫
lip′(hk, x, y) gθ∗(y|x)dν(y) <∞

k′(hk) = esssupx
∫

k′(hk, x, y) gθ∗(y|x)dν(y) <∞

We prove the analog of Proposition 1.2.2.
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Proposition B.4.2. Under assumptions 1.1 and 1.7, there exists constants C > 0 and ρ̃ ∈]ρ; 1[
such that, for all z, z′ in E’, for all h in Lip(E’), for all n ≥ 1, and for all 1 ≤ k ≤ p, we have

|Π̃n
θhk(z)− Π̃n

θhk(z
′)| ≤ C(k′(hk) + lip′(hk))ρ̃

n(1 + ‖σk‖1 + ‖σ′k‖1)

(δθ(y)2 + δθ(y
′)2 + k(Uθ,k, y) + k(Uθ,k, y

′))

Corollary B.4.3. Under assumptions 1.1 and 1.7, there exists constants C > 0 and ρ̃ ∈]ρ; 1[,
such that for all h in Lip(E’), there exists a family of constants (Λ̃θ(hk))1≤k≤p, such that for all
z in E’, for all n ≥ 1, and for all 1 ≤ k ≤ p,

|Π̃n
θhk(z)− Λ̃θ(hk)| ≤ C(lip′(hk) + k′(hk))ρ̃

n(1 + ‖σk‖1)(δθ(y)2 + k(Uθ,k, y))

For any initial probability measure λ̃ on (E’,B(E’)), and for any function h in Lip(E’)

Λ̃θ(h) = lim
n→∞

Ẽθ,λ̃(h(Z̃n)) (B.14)

and, for all 1 ≤ k ≤ p, there exists a solution in E’ to the Poisson equation
(I − Π̃θ)V (.) = hk(.)− Λ̃θ(hk).

The proofs are similar to the proofs of Proposition 1.2.2 and its Corollary, and are omitted
here (note that they assume that ∆3 is finite).
Now, we can prove the convergence of the gradient of the normalized log-likelihood.

B.4.2 Proof of Proposition 1.3.1

Proof. Differentiating the expression of the log-likelihood, we get for all k in {1, . . . p},

1

n
∂k`n(θ, ζ) =

1

n

n−1∑

m=0

∫
∂kgθ(Ym|u)f ζθ,m(u)dγ(u) +

∫
gθ(Ym|u)∂kf

ζ
θ,m(u)dγ(u)

∫
gθ(Ym|u)f ζθ,m(u)dγ(u)

P ∗ − a.s

=
1

n

n−1∑

m=0

jθ,k(Z̃m) Pθ,λ(ζ) − a.s

where

jθ,k(x, y, f, σ) ,
∫
∂kgθ(y|u)f(u)dγ(u) +

∫
gθ(y|u)σk(u)dγ(u)∫

gθ(y|u)f(u)dγ(u)

We check (with simple calculus) that jθ is in Lip(E’), assuming that ∆2 and (∆∆′)1,1 are finite.
(In fact, lip’(jθ, x, y) = δ′θ(y)(1 + δθ(y)) + δθ(y)2 and k’(jθ, x, y) = δθ(y) + δ′θ(y)). Assuming
moreover that for some s > 1, ∆s and ∆′s are finite (in order to get a condition like (1.15)), we
prove, just as in Proposition 1.2.6, that for all k in {1 . . . p},

1

n
∂k`n(θ, ζ)−→ Λ̃θ(jθ,k) P ∗ − a.s.

But the score function Λ̃θ(jθ) vanishes at θ∗: Propositions 1.3.2 and 1.3.3 show that the con-
vergence of (1/n)∇2`n(θ, ζ) happens P ∗ almost surely and uniformly for θ in a neighborhood of
θ∗, for some sub-sequence; and then for the whole family, as it is yet P ∗ almost surely conver-
gent. Thus, (1/n)∇`n(θ, ζ) is uniformly convergent, vanishes at θ̂n(ζ), and θ̂n(ζ) converges to
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θ∗, which proves the result.
Let V ∗k denote the solution to the Poisson equation (I− Π̃θ∗)V = jθ∗,k− Λ̃θ∗(jθ∗,k) (which exists
by Corollary B.4.3). We have, P̃θ∗,λ̃(ζ) almost surely

1

n
1
2

∂k`n(θ∗, ζ) =
1

n
1
2

n−1∑

m=0

jθ∗,k(Z̃m)− Λ̃θ∗(jθ∗,k)

=
1

n
1
2

n∑

m=1

V ∗k (Z̃m)− Π̃θ∗V
∗
k (Z̃m−1)

+
1

n
1
2

(
Π̃θ∗V

∗
k (Z̃0)− Π̃θ∗V

∗
k (Z̃n) + jθ∗,k(Z̃0)− jθ∗,k(Z̃n)

)

The second term converges to zero as the quantities Π̃θ∗V
∗
k (.) and jθ∗,k are bounded (Recall that

an inequality like (B.10) still holds. In fact, V ∗k (z) ≤ C(δθ(y) + k(Uθ,k, y)) + k(jθ∗,k, x, y)). So
that, for all 1 ≤ k ≤ p,

lim
n→∞

[
1

n
1
2

∂k`n(θ∗, ζ)− 1

n
1
2

n∑

m=1

(
V ∗k (Z̃m)− Π̃θ∗V

∗
k (Z̃m−1)

)]
= 0, P̃θ∗,λ̃(ζ) − a.s

Now, since
(

Π̃θ∗V
∗
k (Z̃n)

)
n

is bounded, the convergence holds in L2(P̃θ∗,λ̃(ζ)):

Ẽθ∗,λ̃(ζ)

[
1

n
1
2

∂k`n(θ∗, ζ)− 1

n
1
2

n∑

m=1

V ∗k (Z̃m)− Π̃θ∗V
∗
k (Z̃m−1)

]2

−→
n→∞

0 (B.15)

Let u be a fixed vector of Rp ;
∑n

m=1 u
tBm ,

∑n
m=1 u

t(V ∗(Z̃m)− Π̃θ∗V
∗(Z̃m−1)) is a real valued

Martingale adapted to the Borel σ-field {Z̃n = σ((Z̃k)k≤n)}n≥0 (the superscript ”t” denotes the
transpose vector in Rp). We shall use Theorem 3.2 in Hall and Heyde (1980). We study

σ2
n ,

n∑

m=1

Ẽθ∗,λ̃(ζ)(u
t.Bm)2

=
∑

1≤k,l≤p
ukul

n∑

m=1

Ẽθ∗,λ̃(ζ)

Ẽθ∗,λ̃(ζ)

[
(V ∗k (Z̃m)− Π̃θ∗V

∗
k (Z̃m−1))(V ∗l (Z̃m)− Π̃θ∗V

∗
l (Z̃m−1))

∣∣∣Z̃m−1

]

=
∑

1≤k,l≤p
ukul

n∑

m=1

Ẽθ∗,λ̃(ζ)

[
(V ∗k V

∗
l )(Z̃m)− Π̃θ∗V

∗
k (Z̃m−1)Π̃θ∗V

∗
l (Z̃m−1)

]

Consider the function defined by:

z → (V ∗k V
∗
l )(z) , Vk,l(z)

We check that this function is in Lip(E’) and verifies the condition (1.15). First

|Vk,l(z)| ≤ C(δθ∗(y) + δ′θ∗(y))2
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(where C depends on ∆2 and ∆′2), with ∆2s and ∆′2s finite for some s > 1, by assumption.
The Lipschitz criteria is verified studying the quantity Vk,l(x, y, f, σ) − Vk,l(x, y, f ′, σ′) where
z = (x, y, f, σ) and z′ = (x, y, f ′, σ′) are elements of the space E’. We have:

|V ∗k V ∗l (z)− V ∗k V ∗l (z′)|
≤ |V ∗k (z)| × |V ∗l (z)− V ∗l (z′)|+ |V ∗l (z)| × |V ∗k (z)− V ∗k (z′)|
≤ C(δθ∗(y) + δ′θ∗(y)) max

1≤l≤p
|V ∗l (z)− V ∗l (z′)|

and by definition :

V ∗l (z) =
∑

n≥0

(Π̃n
θ∗jθ∗,l(z)− Λ̃θ∗(jθ∗,l)) =

∑

n≥0

Π̃n
θ∗jθ∗,l(z)

But jθ∗,l is in Lip(E’) and for n ≥ 1, the function Π̃n
θ∗jθ∗,l belongs to Lip(E’) too, with

lip′(Πn
θ∗jθ∗,l, x, y) ≤ C(δθ(y)3 + lip(Uθ,k, y) + k(Uθ,k, y))ρ̃n (the same argument as in remark

1 can be used to see this result). Then, assuming that ∆4, (∆∆′)4,1 and (∆∆′)3,2 are finite, we
obtain that Vk,l belongs to Lip(E’).
The same argument shows that z → Π̃θ∗V

∗
k (z)Π̃θ∗V

∗
l (z) belongs to Lip(E’) and then

1

n

n∑

m=1

(V ∗k V
∗
l )(Z̃m)− (Π̃θ∗V

∗
k Π̃θ∗V

∗
l )(Z̃m−1) −→

n→∞

Λ̃θ∗(V
∗
k V
∗
l )(z)− Λ̃θ∗(Π̃θ∗V

∗
k × Π̃θ∗V

∗
l ) P̃θ∗,λ̃(ζ) − a.s

i.e.
1

n

∑

1≤k,l≤p

n∑

m=1

ukul

[
(V ∗k V

∗
l )(Z̃m)− (Π̃θ∗V

∗
k Π̃θ∗V

∗
l )(Z̃m−1)

]

−→
n→∞

Λ̃θ∗(V
∗
k V
∗
l )− Λ̃θ∗(Π̃θ∗V

∗
k × Π̃θ∗V

∗
l ) P̃θ∗,λ̃(ζ) − a.s

And, as this family is uniformly integrable under assumption 1.7, the convergence also happens
for its first moment so that :

1

σ2
n

n∑

m=1

Ẽθ∗,λ̃(ζ)[(u
t.Bm)2|Z̃m−1] −→

n→∞
1 in P̃θ∗,λ̃(ζ) − probability.

We prove now that for any positive ε,

1

n

n∑

m=1

Ẽθ∗,λ̃(ζ)

(
(ut.Bm)2.1l|ut.Bm|≥σnε

∣∣∣Z̃m−1

)
−→
n→∞

0 in P̃θ∗,λ̃(ζ) − probability.
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For α > 0,

P̃θ∗,λ̃(ζ)

(
1

n

n∑

m=1

Ẽθ∗,λ̃(ζ)

[
(ut.Bm)21l|ut.Bm|≥σnε|Z̃m−1

]
≥ α

)

= Ẽθ∗,λ̃(ζ)

(
1lPn

m=1
˜Eθ∗,λ̃(ζ)((u

t.Bm)21l|ut.Bm|≥σnε|Z̃m−1)≥nα

)

≤ 1

nα

n∑

m=1

Ẽθ∗,λ̃(ζ) Ẽθ∗,λ̃(ζ)[(u
t.Bm)21l|ut.Bm|≥σnε|Z̃m−1]

≤ 1

α
max

1≤m≤n
Ẽθ∗,λ̃(ζ)[(u

t.Bm)21l|ut.Bm|2s−2≥(σnε)2s−2 ]

≤ 1

α(εσn)2s−2
max

1≤m≤n
Ẽθ∗,λ̃(ζ)(|ut.Bm|2s)

as (Ẽθ∗,λ̃(ζ)(|ut.Bm|2s))m is bounded and 1/σn tends to zero, we get the result. We conclude
that

1

σn

n∑

m=1

ut.Bm → N (0, 1) weakly under P̃θ∗,λ̃(ζ).

which means
1

n
1
2

n∑

m=1

ut.Bm → N (0, ut.Jθ∗ .u) weakly under P̃θ∗,λ̃(ζ).

where (Jθ∗)k,l = Λ̃θ∗(V
∗
k V
∗
l )− Λθ∗(Π̃θ∗V

∗
k × Π̃θ∗V

∗
l ). Moreover,

1

n

n∑

m=1

Ẽθ∗,λ̃(ζ)

(
Bt
m.Bm

)
−→
n→∞

Jθ∗

Then, equation (B.15) shows that:

n−
1
2∇`n(θ∗, ζ) −→ N (0, J∗θ ) weakly under P∗

and lim
n→∞

1

n
E∗
(
∇`n(θ∗, ζ)t.∇`n(θ∗, ζ)

)
= Jθ∗

B.4.3 Exponential forgetting for the Hessian of the prediction filter and con-
sequences

The chain {Žn} lies in the space E” = K × Y × S+ ×Σ ×Σ2 (where Σ2 = {τ = (τk,l)/τk,l :
K→ R and for all v in K, τ(v) is symetric and positive}).
We first need to find a recurrence relation between∇2f ζθ,n+1 and∇2f ζθ,n. Using the recurrence re-

lation (1.35) between ∇f ζθ,n+1 and ∇f ζθ,n, we obtain that {∇2f ζθ,n} is a functional auto-regressive
process

∂2
k,lf

ζ
θ,n+1(v) =

∫

u
aθ(Yn, f

ζ
θ,n)(u, v)∂2

k,lf
ζ
θ,n(u)dγ(u) + Tθ,k,l(Yn, f

ζ
θ,n,∇f

ζ
θ,n)(v) (B.16)
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where

Tθ,k,l(y, f, σ)(v) =

∫
∂2
k,lqθ(u, v)gθ(y|u)f(u)dγ(u)∫

gθ(y|w)f(w)dγ(w)

+

∫
∂lgθ(y|u)f(u) + gθ(y|u)σl(u)∫

gθ(y|u)f(u)dγ(u)
×
(
∂kqθ(u, v)−

∫
∂kqθ(w, v)gθ(y|w)f(w)dγ(w)∫

gθ(y|w)f(w)dγ(w)

)
dγ(u)

+

∫
∂kgθ(y|u)f(u) + gθ(y|u)σk(u)∫

gθ(y|w)f(w)dγ(w)
×
(
∂lqθ(u, v)−

∫
∂lqθ(w, v)gθ(y|w)f(w)dγ(w)∫

gθ(y|w)f(w)dγ(w)

)
dγ(u)

+

∫ [
∂kgθ(y|u)σl(u) + ∂lgθ(y|u)σk(u)∫

gθ(y|w)f(w)dγ(w)

−
(∫

∂lgθ(y|w)f(w)dγ(w) +
∫
gθ(y|w)σl(w)dγ(w)∫

gθ(y|w)f(w)dγ(w)

)
×
(
gθ(y|u)σk(u) + ∂kgθ(y|u)f(u)∫

gθ(y|w)f(w)dγ(w)

)

−
(∫

∂kgθ(y|w)f(w)dγ(w) +
∫
gθ(y|w)σk(w)dγ(w)∫

gθ(y|w)f(w)dγ(w)

)
×
(
gθ(y|u)σl(u) + ∂lgθ(y|u)f(u)∫

gθ(y|w)f(w)dγ(w)

)]

×
[
qθ(u, v)−

∫
qθ(w, v)gθ(y|w)f(w)dγ(w)∫

gθ(y|w)f(w)dγ(w)

]
dγ(u)

+

∫
∂2
k,lgθ(y|u)f(u)∫

gθ(y|w)f(w)dγ(w)

[
qθ(u, v)−

∫
qθ(w, v)gθ(y|w)f(w)dγ(w)∫

gθ(y|w)f(w)dγ(w)

]
dγ(u)

Relation (B.16) can be iterated to obtain ∇2f ζθ,n+1 = αn−m+1(Y m
n , f ζθ,m,∇f

ζ
θ,m,∇2f ζθ,m; θ).

Such as in the preceding sections, we prove an exponential forgetting of the initial conditions
for αn−m(.; θ).

Proposition B.4.4. Under assumptions 1.1 and 1.9, there exists C > 0 such that,

sup
xm,...,xn

∫
‖αk,ln−m+1(ymn , f, σ, τ ; θ)− αk,ln−m+1(ymn , f

′, σ′, τ ′; θ)‖1

gθ∗(ym|xm) . . . gθ∗(yn|xn)dν(ym) . . . dν(yn)

≤ C(n−m)2(1− ε)n−m+1[‖τk,l − τ ′k,l‖1 + [‖σk − σ′k‖1 + ‖σl − σ′l‖1]

(1 + ‖σk‖1 + ‖σl‖1 + ‖σ′k‖1 + ‖σ′l‖1)

+‖f − f ′‖1
[
‖τk,l‖1 + ‖τ ′k,l‖1 + (1 + ‖σk‖1 + ‖σl‖1 + ‖σ′k‖1 + ‖σ′l‖1)2]]

Then we define a set of Lipschitz functions on E”

Definition B.4.2. Lip(E”) is the set of vector-valued fuctions h = (hk,l)1≤k,l≤p with each hk,l
being a measurable function on E” such that for all k, l in {1 . . . p}, for all (x, y) in K × Y,
there exists lip”(h, x, y) and k”(h, x, y) such that: for any f, f ′ in S+, σ, σ′ in Σ, and τ, τ ′ in
Σ2,

|hk,l(x, y, f, σ, τ)− hk,l(x, y, f ′, σ′, τ ′)|
≤ lip′′(h, x, y) [‖τk,l−τ ′k,l‖1 +(‖σk−σ′k‖1 +‖σl−σ′l‖1)× (1+‖σk‖1 +‖σ′k‖1 +‖σl‖1 +‖σ′l‖1)

+‖f − f ′‖1[‖τk,l‖1 + ‖τ ′k,l‖1 + (1 + ‖σk‖1 + ‖σ′k‖1 + ‖σl‖1 + ‖σ′l‖1)2]]

|hk,l(x, y, f, σ, τ)| ≤ k′′(h, x, y)[‖τk,l‖1 + (1 + ‖σk‖1 + ‖σl‖1)2]
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and

{
lip′′(h) = esssupx

∫
lip′′(h, x, y) gθ∗(y|x)dν(y) <∞

k′′(h) = esssupx
∫

k′′(h, x, y) gθ∗(y|x)dν(y) <∞

The transition kernel Π̌ satisfies a condition of contraction for those functions, and then we
prove the ergodicity of the chain.

Proposition B.4.5. Under assumptions 1.1 and 1.9, there exists finite constants ρ̌ ∈]ρ; 1[ and
C > 0, and for all z, z′ in E”, h in Lip(E”), and n ≥ 1,

|Π̌n
θhk,l(z)− Π̌n

θhk,l(z
′)| ≤ C(k′′(h) + lip′′(h))ρ̌n

[
‖αk,l1 (y, f, σ, τ ; θ)‖1

+ ‖αk,l1 (y′, f ′, σ′, τ ′; θ)‖1 + [1 + ‖Ψk
1(y, f, σ; θ)‖1 + ‖Ψl

1(y, f, σ; θ)‖1
+ ‖Ψk

1(y′, f ′, σ′; θ)‖1 + ‖Ψl
1(y′, f ′, σ′; θ)‖1]2

]

Corollary B.4.6. Under assumptions 1.1 and 1.9, the Markov Chain Žn is geometrically er-
godic.
There exists finite constants ρ̌ ∈]ρ; 1[ and C > 0, such that for all h in Lip(E”), there exists a
finite constant Λ̌θ(h), such that for all z in E”and, for all n ≥ 1,

|Π̌n
θhk,l(z)− Λ̌θ(h)| ≤ C × (lip′′(h) + k”(h))ρ̌n

[‖αk,l1 (y, f, σ, τ ; θ)‖1 + (1 + ‖Ψk
1(y, f, σ; θ)‖1 + ‖ Ψl

1(y, f, σ; θ)‖1)2] (B.17)

For any initial probability measure λ̌ on (E”,B(E”)), and for any function h in Lip(E”)

Λ̌θ(h) = lim
n→∞

Ěθ,λ̌(h(Žn)) (B.18)

and there exists a solution in E”to the Poisson equation

(I − Π̌θ)V = h− Λ̌θ(h)

Proofs of Proposition B.4.5 and Corollary B.4.6 follow the same lines as Proposition B.4.2
and Corollary B.4.3.

Proof. (Proposition 1.3.2) Differentiating the expression of the gradient of the log-likelihood, we
get for all k, l in {1 · · · p},

1

n
∂2
k,l`n(θ, ζ) =

1

n

n−1∑

m=0

iθ,kl(Žm) P̌θ,λ̌(ζ) − a.s. (B.19)

where,

iθ,kl(x, y, f, σ, τ) ,
∫
gθ(y|u)τkl(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

+

∫
∂2
klgθ(y|u)f(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

+

∫
∂kgθ(y|u)σl(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

+

∫
∂lgθ(y|u)σk(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

−
(∫

∂lgθ(y|u)f(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

+

∫
gθ(y|u)σl(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

)

×
(∫

∂kgθ(y|u)f(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

+

∫
gθ(y|u)σk(u)dγ(u)∫
gθ(y|u)f(u)dγ(u)

)
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With long but simple calculus, we check that iθ,kl is in Lip(E”) and verifies (1.15), assuming
that ∆2s, ∆′2t, ∆′′r (∆∆′′)1,1, and (∆∆′)2,2 are finite for some r, s, t > 1.
Using similar arguments as for Proposition 1.2.5, we obtain

1

n
∇2`n(θ∗, ζ) −→ Λ̌θ∗(iθ∗) , −Iθ∗

Then,

Iθ∗ = − lim
n→∞

E∗
(

1

n
∇2`n(θ∗, ζ)

)

And as permutation between differentiation and integration is valid in our case,

Jθ∗ = lim
n→∞

E∗
(

1

n
∇`n(θ∗, ζ)t.∇`n(θ∗, ζ)

)
= − lim

n→∞
E∗
(

1

n
∇2`n(θ∗, ζ)

)
= Iθ∗

Proof. (Proposition 1.3.3) Same proof as for the quantity `n(θ, ζ)−`n(θ′, ζ), generalizing Lemma
1.2.8 to the gradient and the Hessian of the prediction filter.
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Proof. Proof of Lemma 3.2.1.
We write the functional Γ` in the following way:

Γ`(y) =

∫
(x− y + y)`Φ1(x− y)g(x)dx =

∑̀

j=0

(
`

j

)
y`−j

∫
(x− y)jΦ1(x− y)g(x)dx,

where

(x− y)jΦ1(x− y) =
1√
2π

(x− y)je−(x−y)2/2 =

j∑

k=0

γ(k, j)
dk

dyk
Φ1(x− y) (C.1)

with known constants (γ(k, j))0≤k≤j , and γ(j, j) = 1. It leads to the equalities

Γ`(y) =
∑̀

j=0

(
`

j

)
y`−j

∫ j∑

k=0

γ(k, j)
dk

dyk
Φ1(x− y)g(x)dx

=
∑̀

j=0

(
`

j

)
y`−j

j∑

k=0

γ(k, j)
dk

dyk

∫
Φ1(x− y)g(x)dx

And finally, we get

Γ`(y) =
∑̀

j=0

(
`

j

)
y`−j

j∑

k=0

γ(k, j)h(k)(y) = h(`)(y) +
`−1∑

k=0

P`−k(y)h(k)(y), (C.2)

for some polynomial functions {Pj}1≤j≤` with deg(Pj) = j, which concludes the proof.

Proof. Proof of Lemma 3.2.2

We only give the proof for the functional Γc,`, the proof concerning Γs,` being exactly the
same. Use cos(`x) = [exp(i`x) + exp(−i`x)]/2, to write Γc,` as

Γc,`(y) =
1

2
√

2π

∫
ei`xe−(y−x)2/2g(x)dx+

1

2
√

2π

∫
e−i`xe−(y−x)2/2g(x)dx

=
e−`/2

2
√

2π

[∫
ei`ye−(y+i`−x)2/2g(x)dx+

∫
e−i`ye−(y−i`−x)2/2g(x)dx

]
.

We finish the proof by using that the function h defined as z 7→
∫
e−(z−x)2/2g(x)dx admits

analytic continuation on the whole complex plane.

Proof. Proof of Theorem 3.3.2.
The use of the van Trees inequality (Gill and Levit 1995) requires to construct a one-dimensional
family of densities included into H. Consider the kernel Sn(x) = CnS(Cnx) with S(x) =
sin(x)/(πx), a sequence {Cn}n≥0 of real positive numbers tending to infinity. Denote by g2 the
function x 7→ g2(x) = sin2(x)/(πx2), and define g0 and h0 by:

g0 = g2 ∗ g2 and h0 = Φ1 ∗ g0 . (C.3)
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Note that g2 and then g0 and h0 are probability densities. Moreover define the normalising
constant:

Sn(y0) =

∫
Sn (y0 − u)h0(u)du. (C.4)

For some fixed sequence of parameters {θn}n≥0 decreasing to zero (to be specified later), we
define the parametric path {hθ}|θ|≤θn by the formula:

∀y ∈ R, hθ(y) = h0(y)
[
1 + θ

(
Sn(y0 − y)− Sn(y0)

)]
, ∀ |θ| ≤ θn, (C.5)

where Sn(y0) is defined by (C.4). Note that the constant Sn(y0) ensures that
∫
hθ = 1.

Denote by I(θ) the Fisher information for the family of probability densities {hθ; |θ| ≤ θn}:

I(θ) =

∫ [
∂ log hθ(x)

∂θ

]2

hθ(x)dx =

∫ (
Sn(y0 − x)− Sn(y0)

)2

1 + θ(Sn(y0 − x)− Sn(y0))
h0(x)dx. (C.6)

The following result due to Taupin (1998) ensures that for an appropriate choice of the param-
eters {Cn}n≥0 and {θn}n≥0 the family of densities defined by (C.5) is included into the set H.
Moreover, it gives an upper-bound on the Fisher information of this family.

Assumption C.1. θnc
2
ne

(cn+2)2/2 −→
n→∞

0.

Lemma C.0.7. Under Assumption C.1 we have, for large enough n,

{hθ}|θ|≤θn is included in H.

Moreover, there exists a positive constant κ such that for large enough n:

I(θ) ≤ κCn, ∀|θ| ≤ θn.

We now use the van Trees inequality to get an infimum bound for the minimax quadratic
risk for the estimation of polynomial functionals Γf . Using Lemma 3.2.1, we turn this problem
to the estimation of the derivatives h(k) of the density h for 0 ≤ k ≤ `. In fact, the point y0 is
fixed so that in this context, Γf (y0) is exactly a linear combination of the derivatives h(k)(y0)
for 0 ≤ k ≤ `, when f is a polynimial function of degree equal to `. Consider θ 7→ λ0(θ) a
probability density on [−1, 1] verifying λ0(−1) = λ0(1) = 0 and λ0 is continuously differentiable
on ]− 1; 1[. Its Fisher information is defined by

I0 =

∫ 1

−1

λ′0
2(θ)

λ0(θ)
dθ.

Rescaling this probability density on the interval [−θn; θn], we define: λ(θ) = θ−1
n λ0(θ−1

n θ) with
Fisher information I(λ) = θ−2

n I0.

Fix y0 in R and an integer 0 ≤ k ≤ `. We have:

inf
bhn

sup
h∈H

E[ĥn − h(k)
θ (y0)]2 ≥ inf

bhn
sup
|θ|≤θn

Ehθ [ĥn − h
(k)
θ (y0)]2

≥ inf
bhn

∫ +θn

−θn
Ehθ [ĥn − h

(k)
θ (y0)]2λ(θ)dθ,
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where the infima are taken over all the estimators ĥn based on the observations Y1, . . . , Yn.
Applying the van Trees inequality (Gill and Levit 1995), we get:

inf
bhn

sup
h∈H

E[ĥn − h(k)(y0)]2 ≥
[∫ θn

−θn

∂h
(k)
θ (y0)

∂θ
λ(θ)dθ

]2 [
n

∫ θn

−θn
I(θ)λ(θ)dθ + I(λ)

]−1

.

By definition of h
(k)
θ , we have the equalities

∂h
(k)
θ (y0)

∂θ
=

∂

∂θ

dk

dzk
[h0(z)(1 + θ(Sn(y0 − z)− Sn(y0)))] |z=y0

=
dk

dzk
[h0(z)Sn(y0 − z)] |z=y0 − h

(k)
0 (y0)Sn(y0).

Since S
(k)
n (0) = Ck+1

n S(k)(0) we obtain that

[
dk

dzk
h0(z)Sn(y0 − z)

]

|z=y0
=

k∑

m=0

(
k

m

)
(−1)k−mh(m)

0 (y0)S(k−m)
n (0)

= h0(y0)[(−1)kS(k)
n (0) + r(k)

n (y0)],

where r
(k)
n (y0) = O(Ckn). This leads to the equality

∂h
(k)
θ (y0)

∂θ
= h0(y0)[(−1)kS(k)

n (0) +O(Ckn)]− h(k)
0 (y0)Sn(y0). (C.7)

We now use a result proved by Taupin (1998).

Lemma C.0.8.
Sn(y0) = h0(y0) + rn(y0),

where rn(y0) converges to zero as n tends to infinity.

Combining this result with equation (C.7) leads to

[∫ θn

−θn

∂h
(k)
θ (y0)

∂θ
λ(θ)dθ

]2

=
[
h0(y0)Ck+1

n S(k)(0) +O(Ckn)
]2
,

and finally [∫ θn

−θn

∂h
(k)
θ (y0)

∂θ
λ(θ)dθ

]2

≥ κ′C2(k+1)
n h2

0(y0)[S(k)(0)]2

where κ′ is a positive constant. Using that for large enough n, I(θ) ≤ κCn (Lemma C.0.7), we
obtain the following lower bound:

inf
bhn

sup
h∈H

E[ĥn − h(k)(y0)]2 ≥ κ′C2(k+1)
n h2

0(y0)[S(k)(0)]2

nCnκ+ θ−2
n I0

.

Maximise this bound under the constraint given by Assumption C.1 (ensuring that the family
{hθ, |θ| ≤ θn} is included into to H):

θnC
2
ne

(Cn+2)2/2 −→
n→∞

0.
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Choose

Cn =
√
α log n with α < 1; θn =

√
log n√
n

,

to get that there exists a positive constant κ′′ such that

inf
bhn

sup
h∈H

E[ĥn − h(k)(y0)]2 ≥ κ′′C
2k+1
n

n
.

Finally, we obtain the desired result:

lim inf
n→∞

√
n

(log n)(2k+1)/4
inf
bhn

sup
h∈H

E[ĥn − h(k)(y0)]2 > 0,

and its corollary (with the use of Lemma 3.2.1):

lim inf
n→∞

√
n

(log n)(2`+1)/4
inf
bΓn

sup
Γ∈Gpoly,`

E[Γ̂n − Γf (y0)]2 > 0.

Proof. Proof of Theorem 3.3.3.
For sake of simplicity, we only study the rate of convergence for the estimation of

Γc(y0) =

∫
cos(x)Φ1(y0 − x)g(x)dx.

with the estimator

Γ̂c,n(y0) =
e−1/2

2n

n∑

k=1

[eiy0Sn(y0 + i− Yk) + e−iy0Sn(y0 − i− Yk)].

Using the triangular inequality, the term E[Γ̂c,n(y0) − Γc(y0)]2 is bounded by the sum of the

square of the bias term E[Γ̂c,n(y0)]−Γc(y0) and the variance term Var (Γ̂c,n). We start with the

bound of the bias E[Γ̂c,n(y0)]− Γc(y0), given by

e−1/2

2

[
eiy0 (ESn(y0 + i− Y1)− h(y0 + i)) + e−iy0 (ESn(y0 − i− Y1)− h(y0 − i))

]
.

Use that ∫
eity−tS?n(t)dt = Sn(y + i),

to get the bounds

|ESn(y0 + i− Y1)− h(y0 + i)| ≤ 1

2π

∫
et|h?(t)||S?n(t)− 1|dt,

and |ESn(y0 − i− Y1)− h(y0 − i)| ≤
1

2π

∫
e−t|h?(t)||S?n(t)− 1|dt,

which provide, using the Fourier transform properties of S, [K1]-[K3], the bound of the bias

sup
y0

∣∣∣E[Γ̂c,n(y0)]− Γc(y0)
∣∣∣ ≤ e1/2

2π

∫
e|t|−t

2/21l|t|≥Cndt.
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Finally we have,

sup
y0

∣∣∣E[Γ̂c,n(y0)]− Γc(y0)
∣∣∣
2
≤ e−1

π2
× e−(Cn−1)2

(Cn − 1)2
. (C.8)

We now come to the variance term. Combining both that Var (X) ≤ E[X2] and that eiy0Sn(y0 +
i− Y1) + e−iy0Sn(y0 − i− Y1) belongs to R, to get

Var (Γ̂c,n(y0)) ≤ e−1

4n
E
∣∣eiy0Sn(y0 + i− Y1) + e−iy0Sn(y0 − i− Y1)

∣∣2 .

Since

E
∣∣eiy0Sn(y0 + i− Y1) + e−iy0Sn(y0 − i− Y1)

∣∣2 ≤
2E |Sn(y0 + i− Y1)|2 + 2E |Sn(y0 − i− Y1)|2 ,

we have

Var (Γ̂c,n(y0)) ≤ e−1

2n

[
E|Sn(y0 + i− Y1)|2 + E|Sn(y0 − i− Y1)|2

]
.

By definition

E |Sn(y0 + i− Y1)|2 = Cn

∫
|S(u+ iCn)|2h(y0 + u/Cn)du,

and E |Sn(y0 − i− Y1)|2 = Cn

∫
|S(u− iCn)|2h(y0 + u/Cn)du.

Since |h(y0 + u/Cn)| ≤‖ h ‖∞<∞, the variance is bounded by

Var (Γ̂c,n(y0)) ≤ e−1

2n
‖h‖∞Cn

∫ (
|S(u+ iCn)|2 + |S(u− iCn)|2

)
du,

with

|S(u+ iCn)|2 =
e−2Cn + e2Cn − 2e−2Cn cos(2u)

4π2(u2 + C2
n)

,

and |S(u− iCn)|2 =
e−2Cn + e2Cn − 2e2Cn cos(2u)

4π2(u2 + C2
n)

,

and therefore

|S(u+ iCn)|2 ≤ e2Cn + 3

4π2(u2 + C2
n)
,

and |S(u− iCn)|2 ≤ 3e2Cn + 1

4π2(u2 + C2
n)
.

It follows that

Var (Γ̂c,n(y0)) ≤ e−1‖h‖∞Cn(3e2Cn + 1)

4π2n

∫
du

u2 + C2
n

≤ e−1‖h‖∞(3e2Cn + 1)

4π2n

∫
dv

v2 + 1
,

and therefore there exists a constant A such that

sup
y0

Var (Γ̂c(y0)) ≤ A
e2Cn

n
. (C.9)
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Combining inequalities (C.8) and (C.9) entails the result with the choice Cn =
√

log n.

Proof. Proof of Theorem 3.3.4.
We only give the proof for the function f : x 7→ cos(`x). By linearity of the functional f 7→ Γf ,
it induces the result for linear combinations of this type. The proof concerning the sinus is a
simple adaptation of this one.
To prove this theorem, we consider the same path {hθ}|θ|≤Θ as the one used in the proof of
Theorem 3.3.2 and the path {Γθ}θ∈Θ induced by the equation of Lemma 3.2.2. More precisely:

Γθ(z) =
e−`/2

2
[ei`zhθ(z + i`) + e−i`zhθ(z − i`)] (C.10)

where hθ is defined by (C.5). Assume that the parameters θn and Cn satisfy Assumption C.1,
so that the family {hθ, |θ| ≤ θn} is included in H. By construction, we get the inclusion:

{Γθ, |θ| ≤ θn} ⊂ Gf .

We now use the van Trees inequality to obtain an infimum bound on the pointwise minimax
quadratic risk. Proceeding as in the polynomial case, we consider λ0(θ) a probability density on
the interval [−1, 1] with Fisher information given by

I0 =

∫ 1

1

λ′0
2(θ)

λ0(θ)
dθ,

where λ0(−1) = λ0(1) = 0 and λ0 is continuously differentiable on ]− 1; 1[. Using the fact that
the sub-family {Γθ, |θ| ≤ θn} is included Gf we get that the pointwise minimax quadratic risk is
lower bounded in the following way:

inf
bΓn

sup
Γf∈Gf

E[Γ̂n − Γf (y0)]2 ≥ inf
bΓn

sup
|θ|≤θn

Eθ[Γ̂n − Γθ(y0)]2 ≥ inf
bΓn

∫ +θn

−θn
Eθ[Γ̂n − Γθ,f (y0)]2λ(θ)dθ.

Now, we apply the van Trees inequality and get that

inf
bΓn

sup
Γf∈Gf

E[Γ̂n − Γf (y0)]2 ≥
[∫ θn

−θn

∂Γθ(y0)

∂θ
λ(θ)dθ

]2 [
n

∫ θn

−θn
I(θ)λ(θ)dθ + I(λ)

]−1

.

The denominator of this expression has already been studied in the proof of Theorem 3.3.2. The
purpose is then to study the behaviour of the numerator of this expression. Using Definitions
(C.5) and (C.10) of the families {hθ; |θ| ≤ θn} and {Γθ;≤ θn}, we get

∂

∂θ
Γθ(y0) =

e−`/2

2
ei`y0h0(y0+i`)(Sn(−i`)−Sn(y0))+

e−`/2

2
e−i`y0h0(y0−i`)(Sn(i`)−Sn(y0)),

and therefore

∂Γθ(y0)

∂θ
=
e−`/2

2

[
ei`y0h0(y0 + i`)Sn(−i`) + e−i`y0h0(y0 − i`)Sn(i`)

]
− Γ0(y0)Sn(y0).
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where

Γ0(y0) = e−`/2/2[ei`y0h0(y0 + i`) + e−i`y0h0(y0 − i`)].

Using that the kernel S is even, Sn(i`) = Sn(−i`) = CnSn(i`Cn) which implies that

∂Γθ(y0)

∂θ
=

e−`/2

2
CnS(i`Cn)

[
eiy0h0(y0 + i`) + e−iy0h0(y0 − i`)

]
− Γ0(y0)Sn(y0)

= CnS(i`Cn)Γ0(y0)− Γ0(y0)Sn(y0).

Finally
∂Γθ(y0)

∂θ
= Γ0(y0)

(
CnS(i`Cn)− Sn(y0)

)
,

and using (C.4)

[∫ θn

−θn

∂Γθ(y0)

∂θ
λ(θ)dθ

]2

= Γ0(y0)2C2
nS

2(i`Cn)[1 +O(1)].

Using the definition of the kernel S, we get

CnS(i`Cn) =
e`Cn − e−`Cn

2π`
,

which leads to

[∫ θn

−θn

∂Γθ(y0)

∂θ
λ(θ)dθ

]2

=
Γ0(y0)2

4π2`2
e2`Cn [1 +O(1)].

Noting that there exists a positive constant κ1 such that I(θ) ≤ κ1cn (see the proof of Theo-
rem 3.3.2), we get that for large enough n:

inf
bΓn

sup
Γf∈Gf

E[Γ̂n − Γf (y0)]2 ≥ κ2Γ0(y0)2e2`Cn

ncnκ1 + θ−2
n I0

.

We have to optimize this lower bound under the constraint imposed by Assumption C.1:

θnC
2
ne

(Cn+2)2/2 −→
n→∞

0.

Choose

Cn =
√

log n− 2
√

2 and θn =

√
log n√
n

,

which ensures the existence of a positive constant κ such that

inf
bΓn

sup
Γf∈Gf

E[Γ̂n − Γf (y0)]2 ≥ κe
2`
√

log n

n
√

log n
,

and completes the proof.
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Proof. Proof of Lemma 3.5.4.
Recall that the family is defined by

ϕm,a(x) =


1−

m−1∑

j=1

a(j)V̄m,j


α0 ∗ Φ1(x) +

m−1∑

j=1

a(j)f0(x)Vm,j(x).

According to (3.53),

|V̄m,j | ≤
θm
m
‖f0‖∞‖V ‖1. (C.11)

which combined with ‖Vm,j‖∞ ≤ θm‖V ‖∞, gives that ϕm,a is a positive function for large enough
m, satisfying moreover:

∫
ϕm,a(x)dx =

∫
f0(x)dx+

m−1∑

j=1

a(j)

(∫
f0(x)Vm,j(x)dx− V̄m,j

)
= 1,

and hence ϕm,a is a probability density. The main point of the proof lies in checking that there
exists a family of probability densities {αm,a}a∈A on R such that for all integer m,

∀a ∈ A , αm,a ∗ Φ1 = ϕm,a. (C.12)

We start with the proof of the existence of a family of real valued functions {βm,j}1≤j≤m−1 such
that:

∀1 ≤ j ≤ m− 1 , f0Vm,j = βm,j ∗ Φ1.

The following proof follows the lines of Theorem 2.2.1 in Taupin (1998). Consider the function
am,j defined by

am,j(t) = et
2/2(f0Vm,j)

∗(t). (C.13)

The Fourier transform of the product f0Vm,j is the convolution product between f ∗0 = α∗0Φ∗1 and
V ∗m,j(u) = θm

m e−iuj/mV ∗( um) all having a compact support. This implies in particular that the
function am,j has a compact support, included in the algebraic sum of the preceeding supports,
that is to say included in [−2− 2m; 2 + 2m]. In particular, the function am,j belongs to L1(R)∩
L2(R), and we can define βm,j as its inverse Fourier transform (denoted by ∗̄) defined by

βm,j(x) = a∗̄m,j(x) =
1

2π

∫
e−itxet

2/2(f0Vm,j)
∗(t)dt.

Then we get the identity:

βm,j ∗ Φ1 = a∗̄m,j ∗ Φ1 = [a∗m,jΦ
∗
1]∗̄ = [(f0Vm,j)

∗]∗̄ = f0Vm,j .

By construction f0Vm,j is a real valued function. Consequently, Im(βm,j ∗Φ1) ≡ 0 and therefore
Φ1 ∗ Im(βm,j) ≡ 0. This implies that Φ∗1(Im(βm,j))

∗ ≡ 0 and thus Im(βm,j) ≡ 0. We finally get
that βm,j is a real valued function. Now we define αm,a in the following way:

αm,a =


1−

m−1∑

j=1

a(j)V̄m,j


α0 +

m−1∑

j=1

a(j)βm,j . (C.14)
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The function αm,a is a real valued function that satisfies the equalities:

αm,a ∗ Φ1 =


1−

m−1∑

j=1

a(j)V̄m,j


α0 ∗ Φ1 +

m−1∑

j=1

a(j)βm,j ∗ Φ1

=


1−

m−1∑

j=1

a(j)V̄m,j


 f0 +

m−1∑

j=1

a(j)f0Vm,j

and therefore

αm,a ∗ Φ1 = ϕm,a.

The last thing is to prove that αm,a is a probability density on R. The main point lies in proving
that αm,a is a positive function. This, combined with the facts that ϕm,a is a probability density,
ϕm,a = αm,a ∗ Φ1 and Fubini’s Theorem, give us that it integrates to one. It remains thus to
prove that, for m large enough, it is a positive function.
The first step is to note that

‖αm,a − α0‖∞ =

∥∥∥∥∥∥

m−1∑

j=1

a(j)V̄m,jα0 −
m−1∑

j=1

a(j)βm,j

∥∥∥∥∥∥
∞

−→
m→∞

0, (C.15)

so that for each compact set K in R, we can find an integer m0 large enough such that, for all
m greater or equal to m0 and for all x in K, we have αm,a(x) ≥ 0. Indeed, easy calculations
provide that am,j can be written

am,j(t) = et
2/2 θm

m

∫
α∗0(u− t)e−(u−t)2/2e−iuj/mV ∗m,j

( u
m

)
du,

and therefore

|βm,j(x)| ≤ θm
2πm

∫ ∫
et

2/21l{|t|≤2+2m}|α∗0(u− t)|e−(u−t)2/2
∣∣∣V ∗

( u
m

)∣∣∣ dudt

≤ θm
2π
e2m2+4m+2‖α∗0‖1‖V ∗‖1. (C.16)

Combining (C.11) with (C.16) we get that
∥∥∥∥∥∥

m−1∑

j=1

a(j)V̄m,jα0

∥∥∥∥∥∥
∞

≤ ‖α0‖∞‖f0‖∞‖V ‖1θm
∥∥∥∥∥∥

m−1∑

j=1

a(j)βm,j

∥∥∥∥∥∥
∞

≤ e2

2π
‖α∗0‖1‖V ∗‖1mθme2m2+4m,

and the uniform convergence of αm,a to α0 in (C.15) follows under Assumption C.1.
The second step deals with what happens for large |x|. For this write βm,j in the form

βm,j(x) =
θm

2πm

∫ ∫
eitxet

2/2e−iuj/me−(u−t)2/2α∗0(u− t)V ∗
( u
m

)
dudt

=
θm

2πm

∫ ∫
eitx−iuj/me−u

2/2+utα∗0(u− t)V ∗
( u
m

)
dudt

=
θm

2πm

∫
eixu−iuj/m

(∫
e−v(ix+u)α∗0(v)dv

)
eu

2/2V ∗
( u
m

)
du
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Simple calculations show that

∫
e−v(ix+u)α∗0(v)dv =

−2

(u+ ix)2
+
e2(u+ix) − e−2(u+ix)

2(u+ ix)3
,

and then we finally obtain

βm,j(x) =
θm

2πm

∫
eixu−iuj/m

(
−2

(u+ ix)2
+
e2(u+ix) − e−2(u+ix)

2(u+ ix)3

)
eu

2/2V ∗
( u
m

)
du, (C.17)

and the bound:
∣∣∣∣∣∣

m−1∑

j=1

a(j)βm,j(x)

∣∣∣∣∣∣
≤ Cmθme

2m2+4m

x2
, (C.18)

where C is a positive constant and mθme
2m2+4m −→

m→∞
0. Arguing as in Taupin (1998), we get

that large enough |x|, we have

1−

m−1∑

j=1

a(j)V̄m,j


α0(x) ≥ δ

x2
, (C.19)

(C.20)

where δ is a positive constant. This lower bound is based on the following inequalities: for all
x > 0 write x = kπ + t where k > 0, and 0 < t < π. Then we get

α0(x) =

∫
sin2(t− u) sin2(u)

[u(kπ + t− u)]2
du

≥
∫

|u|≤π/2
sin2(t− u)sin2(u)/[u(kπ + t− u)]2du.

But (k − 1/2)π < kπ + t− u < (k + 1)π − π/2 leads to

α0(x) ≥ [(k + 3/2)π]−2
∫

|u|≤π/2
sin2(t− u) sin2(u)/u2du,

and thus

α0(x) ≥ C [(k + 3/2)π]−2
∫

|u|≤π/2
sin2(t− u)du

≥ K [(k + 3/2)π]−2 .

Then we use that

x2 = k2π2 + 2tkπ + t2 > k2π2.

Moreover, there exists a constant C ′′ such that for k large enough, (k + 3/2)2π2 ≤ C ′′k2π2 ≤
C ′′x2, and then

(k + 3/2)−2π−2 ≥ [C ′′x2]−1,
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which gives the result.

Combining (C.18) and (C.19), we get that for large enough |x|, the quantity αm,a(x) is
positive.
Note that Equation (C.18) follows from (C.17), by using that

∣∣∣∣∣∣

m−1∑

j=1

a(j)βm,j(x)

∣∣∣∣∣∣
≤ (m− 1)

θm
2πm

∫ (
2

u2 + x2
+

e2|u|

(u2 + x2)3/2

)
eu

2/21l| um |≤2du

≤ θm
πx2

∫
eu

2/2+2|u|1l| um |≤2du

≤ 4

πx2
mθme

2m2+4m

which converges to 0 under Assumption C.1.

Proof. Proof of lemma 3.5.6.
We will consider the different cases ` = 0 (concerning the estimation of the density of the
observations) and ` ≥ 1 (concerning the derivatives of this density).
First case: ` = 0.
Fix two functions a and a′ in A2. By definition, the distance ‖ϕm,a − ϕm,a′‖p is given by

‖ϕm,a − ϕm,a′‖p =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))f0(Vm,j − V̄m,j)

∥∥∥∥∥∥
p

.

Now, we restrict our attention to the interval [1/(2m); (2m − 1)/(2m)] and lower bound the
integral ‖ϕm,a − ϕm,a′‖pp by the restricted integral over this subset. This interval is the disjoint
union of the intervals [(2k − 1)/(2m); (2k + 1)/2m], when 1 ≤ k ≤ m− 1, so that we get:

‖ϕm,a − ϕm,a′‖pp ≥
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

∣∣∣∣∣∣

m−1∑

j=1

(a(j)− a′(j))f0(x)(Vm,j(x)− V̄m,j)

∣∣∣∣∣∣

p

dx.

We use the following inequality on real numbers, valid for all p ≥ 1,

|a|p ≥ 2−p|a− b|p − |b|p , (C.21)

to obtain that

‖ϕm,a − ϕm,a′‖pp ≥
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

[
2−p|a(k)− a′(k)|pfp0 (x)|Vm,k(x)− V̄m,k|p

−
∣∣∣
∑

1≤j≤m−1
j 6=k

(a(j)− a′(j))f0(x)(Vm,j(x)− V̄m,j)
∣∣∣
p]
dx.

Note that the functions a and a′ take values in {0; 1}, so that the quantity |a(k)−a′(k)|p equals
|a(k)− a′(k)| and is bounded by 1, for all 1 ≤ k ≤ m− 1. Use also the triangular inequality to
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obtain

‖ϕm,a − ϕm,a′‖pp ≥
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

[
2−p|a(k)− a′(k)|fp0 (x)|Vm,k(x)− V̄m,k|p

−
( ∑

1≤j≤m−1
j 6=k

f0(x)|Vm,j(x)− V̄m,j |
)p]

dx.

The interval [1/(2m); (2m − 1)/(2m)] is included in [0; 1], and the density f0 is positive on the
compact interval [0; 1], so that we can write:

‖ϕm,a − ϕm,a′‖pp ≥ 2−p
m−1∑

k=1

|a(k)− a′(k)|
(

inf
[0;1]

fp0

)∫ 2k+1
2m

2k−1
2m

|Vm,k(x)− V̄m,k|pdx

−
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

( ∑

1≤j≤m−1
j 6=k

f0(x)|Vm,j(x)− V̄m,j |
)p
dx. (C.22)

Consider the first term, and use the Inequality (C.21) to get that

∫ 2k+1
2m

2k−1
2m

|Vm,k(x)− V̄m,k|pdx ≥ 2−p
∫ 2k+1

2m

2k−1
2m

|Vm,k(x)|pdx− |V̄m,k|
p

m

with

2−p
∫ 2k+1

2m

2k−1
2m

|Vm,k(x)|pdx− |V̄m,k|
p

m
= 2−p

θpm
m

∫ 1/2

−1/2
|V |p − |V̄m,k|

p

m

and therefore by using (C.11)

∫ 2k+1
2m

2k−1
2m

|Vm,k(x)− V̄m,k|pdx ≥ 2−p
θpm
m

∫ 1/2

−1/2
|V |p − θpm

mp+1
‖f0‖p∞‖V ‖p1.

Returning to (C.22), we get:

‖ϕm,a − ϕm,a′‖pp ≥ 2−p
θpm
m

(
inf
[0;1]

fp0

)m−1∑

k=1

|a(k)− a′(k)|
(

2−p
∫ 1/2

−1/2
|V |p − ‖f0‖p∞‖V ‖p1

mp

)

−
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

f0(x)p
( ∑

1≤j≤m−1
j 6=k

|Vm,j(x)− V̄m,j |
)p
dx.

By definition of the set A2, we have:

m−1∑

k=1

|a(k)− a′(k)| ≥ m− 1

4
,
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and since m ≥ 2, it leads to

‖ϕm,a − ϕm,a′‖pp ≥
2−p

8
θpm

(
inf
[0;1]

fp0

)(∫ 1/2

−1/2
|V |p − ‖f0‖p∞‖V ‖p1

mp

)

−
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

f0(x)p
( ∑

1≤j≤m−1
j 6=k

|Vm,j(x)− V̄m,j |
)p
dx. (C.23)

Let us consider the second term appearing in this inequality. Combine the triangular inequality,
(C.11), and then the definition of the function V to get

∑

1≤j≤m−1
j 6=k

|Vm,j(x)− V̄m,j | ≤
∑

1≤j≤m−1
j 6=k

θm|V (mx− j)|+m‖f0‖∞‖V ‖1
θm
m

≤ θm

( ∑

1≤j≤m−1
j 6=k

2

π(mx− j)2
+ ‖f0‖∞‖V ‖1

)
.

But when x belongs to the interval [(2k − 1)/(2m); (2k + 1)(2m)], the variable mx − j ranges
the interval [k − j − 1/2; k − j + 1/2] and then we have the upper bound:

∑

1≤j≤m−1
j 6=k

2

π(mx− j)2
=

∑

1≤j≤k−1

2

π(mx− j)2
+

∑

k+1≤j≤m−1

2

π(mx− j)2

≤
∑

1≤j≤k−1

2

π(k − j − 1/2)2
+

∑

k+1≤j≤m−1

2

π(k − j + 1/2)2

≤ 4

π

∑

n≥1

1

(n− 1/2)2
· (C.24)

The last quantity is a finite constant denoted by C1. Then, when x belongs to the interval
[(2k − 1)/(2m); (2k + 1)/(2m)], we have

∑

1≤j≤m−1
j 6=k

|Vm,j(x)− V̄m,j | ≤ θm (C1 + ‖f0‖∞‖V ‖1) ·

Now, returning to (C.23), we obtain

‖ϕm,a − ϕm,a′‖pp ≥ θpm
[2−p

8

(
inf
[0;1]

fp0

)∫ 1/2

−1/2
|V |p

− (C1 + ‖f0‖∞‖V ‖1)p‖f0‖pp −
2−p

8

(
inf
[0;1]

fp0

) ‖f0‖p∞‖V ‖p1
mp

]
·

Let us study the right hand side of this inequality. The third term is negligible in front of the
two others, as m tends to infinity. The last thing to check is that the quantity

2−p

8

(
inf
[0;1]

fp0

)∫ 1/2

−1/2
|V |p − (C1 + ‖f0‖∞‖V ‖1)p‖f0‖pp , (C.25)
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is positive. Use the function Vλ(·) = V (λ·) instead of V (there is no loss of generality as the
only important thing we used is the compact support of the Fourier transform of V ). Then we
have ∫ 1/2

−1/2
|Vλ|p =

1

λ

∫ λ/2

−λ/2
|V |p

and instead of the upper-bound (C.24), we get

∑

1≤j≤m−1
j 6=k

|Vλ(mx− j)| ≤ 1

λ2

∑

1≤j≤m−1
j 6=k

|V (mx− j)| ≤ C1

λ2
.

Moreover,

‖Vλ‖1 =
1

λ
‖V ‖1.

Now, the quantity (C.25) becomes:

1

λ

[
2−p

8

(
inf
[0;1]

fp0

)∫ λ/2

−λ/2
|V |p − 1

λp−1

(
C1

λ
+ ‖f0‖∞‖V ‖1

)p
‖f0‖pp

]
,

which is positive for some λ0 large enough, as p > 1. Using this remark, we conclude that there
exists a positive constant C such that

‖ϕm,a − ϕm,a′‖pp ≥ Cθpm·

Second case: ` ≥ 1.

By definition ‖ϕ(`)
m,a − ϕ(`)

m,a′‖p given by

‖ϕ(`)
m,a − ϕ(`)

m,a′‖p =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))
(
f

(`)
0 (Vm,j − V̄m,j) +

`−1∑

k=0

(
`

k

)
f

(k)
0 V

(`−k)
m,j

)∥∥∥∥∥∥
p

satisfies the inequality

‖ϕ(`)
m,a − ϕ(`)

m,a′‖p ≥ A1 −A2 −A3 (C.26)

with

A1 =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))f0V
(`)
m,j

∥∥∥∥∥∥
p

; A2 =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))f (`)
0 (Vm,j − V̄m,j)

∥∥∥∥∥∥
p

and A3 =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))
`−1∑

k=1

(
`

k

)
f

(k)
0 V

(`−k)
m,j

∥∥∥∥∥∥
p

.

The purpose is to lower bound A1, and then upper bound A2 and A3 by quantities that are
negligible in front of A1. We begin with the first term A1, which will be treated in the same
way as the case ` = 0. We restrict our attention to the interval [1/(2m); (2m− 1)/(2m)], which
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is the disjoint union of the intervals [(2k− 1)/(2m); (2k+ 1)/2m], when 1 ≤ k ≤ m− 1, and use
the Convexity Inequality (C.21) to write

Ap1 =

∫ ∣∣∣
m−1∑

j=1

(a(j)− a′(j))f0(x)m`θmV
(`)(mx− j)

∣∣∣
p
dx

≥ m`pθpm

m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

[
2−p|a(k)− a′(k)|fp0 (x)|V (`)(mx− k)|p

−

∣∣∣∣∣∣∣

∑

1≤j≤m−1
j 6=k

(a(j)− a′(j))f0(x)V (`)(mx− j)

∣∣∣∣∣∣∣

p
 dx.

Same computations as in the case ` = 0 lead to

Ap1 ≥ m`pθpm

[2−p

8

(
inf
[0;1]

fp0

)∫ 1/2

−1/2
|V (`)|p

−
m−1∑

k=1

∫ 2k+1
2m

2k−1
2m

fp0 (x)
( ∑

1≤j≤m−1;j 6=k
|V (`)(mx− j)|

)p
dx
]
, (C.27)

and the point is to upper bound the quantity

∑

1≤j≤m−1;j 6=k
|V (`)(mx− j)|

by a finite constant. Remember the definition of the function V :

V (u) =
cos(u)− cos(2u)

πu2
=

1

π

P(cos(u))

Q(u)
,

where P is a polynomial function, and Q(u) = u2. Now, compute the derivative with respect to
the variable u,

V (`)(u) =
1

π

∑̀

k=0

(
`

k

)
(P ◦ cos)(`−k)(u)

(
1

Q

)(k)

(u).

Easy calculations give (
1

Q

)(k)

(u) =
(−1)k(k + 1)!

u2+k
,

and by obvious upper-bounds on trigonometric functions, there exist a constant M` such that,
for all integer 0 ≤ k ≤ `,

|(P ◦ cos)(`−k)(u)| ≤M`.

Therefore the derivative V (`) satisfies

|V (`)(u)| ≤ M`

π

∑̀

k=0

(
`

k

)
(k + 1)!

|u|2+k
≤
{
κ`/|u|2 if |u| ≥ 1
κ`/|u|2+` if |u| ≤ 1

(C.28)
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where κ` is a positive constant. For all x in the interval [(2k − 1)/(2m); (2k + 1)(2m)], the
variable mx− j ranges the interval [k − j − 1/2; k − j + 1/2] and then we have

∑

1≤j≤m−1;j 6=k
|V (`)(mx− j)| =

∑

1≤j≤k−1

|V (`)(mx− j)|+
∑

k+1≤j≤m−1

|V (`)(mx− j)|

which is bounded in the following way

∑

1≤j≤m−1;j 6=k
|V (`)(mx− j)| ≤ |V (`)(mx− k + 1)|+ |V (`)(mx− k − 1)|+ 2κ`

∑

n≥2

1

(n− 1/2)2
.

It follows that
∑

1≤j≤m−1;j 6=k |V (`)(mx− j)| is bounded by

κ`(2
2+`1l[1/2;1](mx− k + 1) + 1l[1;3/2](mx− k + 1))

+ κ`(2
2+`1l[−1;−1/2](mx− k − 1) + 1l[−3/2;−1](mx− k − 1))

+ 2κ`
∑

n≥2

1

(n− 1/2)2
,

and finally

∑

1≤j≤m−1;j 6=k
|V (`)(mx− j)| ≤ 2κ`(1 + 22+`) + 2κ`

∑

n≥2

1

(n− 1/2)2
· (C.29)

The last quantity is a finite constant denoted by C`. Combining (C.29) with (C.27), we get

Ap1 ≥ m`pθpm

[
2−p

8

(
inf
[0;1]

fp0

)∫ 1/2

−1/2
|V (`)|p − Cp` ‖f0‖pp

]
.

The next thing to check is that the quantity

2−p

8

(
inf
[0;1]

fp0

)∫ 1/2

−1/2
|V (`)|p − Cp` ‖f0‖pp (C.30)

is positive. But the same argument as in the case ` = 0 concludes the proof. Use Vλ(·) = V (λ·)
instead of V (whose Fourier transform has a compact support). Then we have

∫ 1/2

−1/2
|V (`)
λ |p =

1

λ

∫ λ/2

−λ/2
λ`p|V (`)|p = λ`p−1

∫ λ/2

−λ/2
|V (`)|p.

Using (C.28), we have

|V (`)
λ (u)| = λ`|V (`)(λu)| ≤

{
(λ`−2κ`)/|u|2 if |u| ≥ 1
(λ−2κ`)/|u|2+` if |u| ≤ 1

and the upper-bound (C.29) becomes

∑

1≤j≤m−1;j 6=k
|V (`)
λ (mx− j)| ≤ λ`−2C ′`
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where C ′` is a positive constant. The quantity (C.30) becomes then

λ`p−1

(
2−p

8

(
inf
[0;1]

fp0

)∫ λ/2

−λ/2
|V (`)|p − (C ′`)

p

λ2p−1
‖f0‖pp

)
.

For p > 1/2, the second term converges to zero as λ tends to infinity, while the first one converges
to 2−p/8(inf [0;1] f

p
0 )‖V (`)‖pp. So we obtain that there exist some λ0 large enough for which this

quantity is positive. Using this remark, we conclude that there exists a positive constant C1

such that

A1 =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))f0V
(`)
m,j

∥∥∥∥∥∥
p

≥ C1m
`θm. (C.31)

We now come to upper bound the second term A2. By definition and applying the triangular
inequality we obtain

A2 =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))f (`)
0 (Vm,j − V̄m,j)

∥∥∥∥∥∥
p

≤
m−1∑

j=1

‖f (`)
0 (Vm,j − V̄m,j)‖p

≤
m−1∑

j=1

(
‖f (`)

0 Vm,j‖p + |V̄m,j | ‖f (`)
0 ‖p

)

≤
m−1∑

j=1

(
‖f (`)

0 ‖∞‖Vm,j‖p + |V̄m,j | ‖f (`)
0 ‖p

)
.

Again using the definition of Vm,j , we get

‖Vm,j‖p =
θm

m1/p
‖V ‖p ,

which combined with Inequality (C.11) provide that for p ≥ 1, there exists a positive constant
C2 such that

A2 ≤ (m− 1)

(
θm

m1/p
‖V ‖p‖f (`)

0 ‖∞ +
θm
m
‖f0‖∞‖V ‖1‖f (`)

0 ‖p
)

≤ C2m
1−1/pθm, (C.32)

and this quantity is negligible in front of m`θm when ` ≥ 1. Finally, the third term A3 verifies

A3 =

∥∥∥∥∥∥

m−1∑

j=1

(a(j)− a′(j))
`−1∑

k=1

(
`

k

)
f

(k)
0 V

(`−k)
m,j

∥∥∥∥∥∥
p

≤
m−1∑

j=1

`−1∑

k=1

(
`

k

)
‖f (k)

0 ‖∞‖V
(`−k)
m,j ‖p ·
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Note that

‖V (`−k)
m,j ‖p = θm

m`−k

m1/p
‖V (`−k)‖p ≤ m`−1−1/pθm max

1≤r≤`−1
‖V (r)‖p.

And then
A3 ≤ 2`m`−1/pθm max

1≤r≤`−1
‖f (r)

0 ‖∞ max
1≤r≤`−1

‖V (r)‖p (C.33)

which is also negligible in front of m`θm. Combining (C.26), (C.31), (C.32) and (C.33), we
conclude that for all ` ≥ 1, there exists a positive constant C such that

‖ϕ(`)
m,a − ϕ(`)

m,a′‖p ≥ Cm`θm

and the proof is complete.

Proof. Proof of Lemma 3.5.8.
The computations start exactly in the same way as for the proof of Lemma 3.5.4 until the
discussion about the behaviour of βm,j,`(x) (which is the analogue of βm,j when f0 is replaced
by f0,`) for large enough |x|. In fact, the expression of α0 plays a role in establishing equation
(C.17). Here, the function α∗0,` is equal to the square of C` times the convolution product of
2`+ 2 times the function S∗ = 1l[−1;1]. More precisely:

α∗0,` = C2
` (S∗ ∗ . . . ∗ S∗)2,

where the convolution product appears 2` + 2 times. This function is an even piecewise poly-
nomial, with support equal to [−2`− 2; 2`+ 2], and is 2` times continuously differentiable. The
behaviour of βm,j,`(x) is related to the quantity:

∫
e−v(ix+u)α∗0,`(v)dv = I(ix+ u) + I(−ix− u),

where

I(c) =

∫ 2`+2

0
ecvα∗0,`(v)dv.

Integrating by parts, we get:

I(c) =

[
ecv

c
α∗0,`(v)

]2`+2

0

−
[
ecv

c2

(
α∗0,`

)′
(v)

]2`+2

0

+ . . .

−
[
ecv

c2`

(
α∗0,`

)(2`−1)
(v)

]2`+2

0

+

[
ecv

c2`+1

(
α∗0,`

)(2`)
(v)

]2`+2

0

−
∫ 2`+2

0

ecv

c2`+1

(
α∗0,`

)(2`+1)
(v)dv.

Since α∗0,` is 2` times continuously differentiable and equal to zero outside [−2`− 2; 2` + 2], its
derivatives up to the order 2` are equal to zero at the point 2` + 2. Moreover, α0,` is an even
function, so that (α∗0,`)

(2k−1)(0) = 0 for all k ≤ `. Now adding I(c) with I(−c), we obtain that:

I(c) + I(−c) = −
∫ 2`+2

0

ecv − e−cv
c2`+1

(
α∗0,`

)(2`+1)
(v)dv,

and integrating by parts we get:

I(c) + I(−c) = −
[
ecv − e−cv
c2`+2

(
α∗0,`

)(2`+1)
(v)

]2`+2

0

+

∫ 2`+2

0

ecv − e−cv
c2`+2

(
α∗0,`

)(2`+2)
(v)dv.
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This gives that

∫
e−v(ix+u)α∗0,`(v)dv = −

[
e(ix+u)v − e−(ix+u)v

(ix+ u)2`+2

(
α∗0,`

)(2`+1)
(v)

]2`+2

0

+

∫ 2`+2

0

e(ix+u)v − e−(ix+u)v

(ix+ u)2`+2

(
α∗0,`

)(2`+2)
(v)dv,

and is bounded in the following way:

|
∫
e−v(ix+u)α∗0,`(v)dv| ≤ γ`

e2(`+1)|u|

(u2 + x2)`+1
.

We use this expression to conclude that we have:

∣∣∣∣∣∣

m−1∑

j=1

a(j)βm,j,`(x)

∣∣∣∣∣∣
≤ Cmθme

2m2+4(`+1)m

x2`+2
,

with, by assumption mθme
2m2+4(`+1)m −→m→∞ 0. The analogue of the lower bound (C.19) is

established in the same way and gives that for large enough |x| there exists a positive constant
δ such that 

1−
m−1∑

j=1

a(j)V̄m,j


α0,`(x) ≥ δ

x2`+2
,

which ends up the proof of Lemma 3.5.8 in the same way as the proof of Lemma 3.5.4.
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cachées à espaces d’états fini. Le cas non stationnaire. note C.R. Acad. Sci. Paris 325-I,
203–206.

Baum, L. and Petrie, T. (1966). Statistical inference for probabilistic functions of finite state
Markov chains. Ann. Math. Statist. 37, 1554–1563.

Baum, L., Petrie, T., Soules, G., and Weiss, N. (1970). A maximization technique occurring
in the statistical analysis of probabilistic functions of Markov chains. Ann. Math. Stat. 41,
164–171.

Bickel, P., Ritov, Y., and Rydén, T. (1998). Asymptotic normality of the maximum likelihood
estimator for general hidden Markov models. Ann. Statist. 26, 1614–1635.

Bickel, P. J. and Ritov, Y. (1996). Inference in hidden Markov models I : LAN in the stationary
case. Bernoulli 2, 199–228.

Billingsley, P. (1965). Ergodic theory and information. New York : John Wiley & Sons Inc.
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