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�Â÷ � ÷nï�é LwøUèrë í�ìwírê ��÷nï�é L.øUè�ë írê��

% �'î ÷.ì.ørç�ï�í ��írêaî�ønï ÷nï�ë øUî:ê ìwí �Â÷�ï��:é¯øUè�ë í�ìwí1LUè¯÷rç��:írê�íßï'ìwí �£÷ ï��<é¯ønèrë í�ìwírê � ÷nï�é,L.øUè�ë írê:�
% � î$î�ønï�íßèµ÷ ��írê � ÷nï�é LwøUèrë írê

A,C,D, J . . .
øUù

J
�

% ��írê � ÷nï�é,L.øUè�ë írê &ß÷në )���írê3(ßùd& øUî�ë,î
ï�è¯ø�ìUù1ë�è¯÷ ç��+ùwê �ÂøUë,î6ê�& ÷rçwç:í����Âí�è¯øUî
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%'&)(� +*,&.-0/213�465�798;:=<!>@?A7CBD>E4=F�G@>2HAF�IJ4LK�I080M�7AIA:=ND>OFQPSRT?A4
HOFDB#FCI'G�U
% M�V IJ4!>WRT?ANXND>TROFDBD?A4Y4!?0F�GT>

G0

M�?A4�FZND>2H[GENDGE\6>E4�F]HQH;?A4�F^8;:�:Z>ENDG2H[?`_TaA>OF]H�M�>
G b

% M�V IJ4!>)RT?ANXND>TROFDBD?A4c4!?0F�GT>
G1

M�?A4=F�ND>2HdGENDGE\6>E4�F]HeHT?A4�F@8;:�:Z>ENDG2Hf\6?A7g:=<�BhHC\6>2H6?0Iji!kTR+<!>2H
M�>
G b

% M�>^M�>OImlf8;:�:=NXBDRn8'FDBD?A4
Hpo;q#r
G

>OF6s`t�u
G

K.IJB�8mHEH;?'REBD>E4�FwvQR�<�80K.I'>�\6?A7g:=<�BhHC\6>
f
M�>2H^?`_TaT>OF]H

A>OF
B
8;:�:Z>ENDG2H�7;>2Hg:Z>TROFDB#xm>E\6>E4�FZH;?0IJ7;RT>[>OFy_.I�FzM�>

f b RT>[K�I'>�N9V ?A4)4!?0F�>E798 f : A→ B {| 4}4!?0F�>E798~8'I�HEHEB
MorG(A,B) b ?0IL:=N#I�HdHEBX\@:=ND>E\6>E4�F Mor(A,B)

N9V >E4
H;>E\d_mND>�M�>2H
\6?A7g:=<�BhHC\6>2H[M�>�HT?0IJ7;RT>

A
>OF�_.I�F

B {
! ���i����~
�,|�� � %}��"0/91��
(� +*,&3�4!>eRn8'F�GC5�?A7CBD>e>2HAF[IJ4�5�798;:=<!>e?A7CBD>E4�F�G

C
\�IJ4�B�M�>2HfM�>OIml�M�?A4�4!GT>2H@HOIA:�:=NDGE\6>E4�Fg8�BX7;>2HfHAIJB#xJ�

8�4=F�>2HOU
� :Z?0IJ7

A b B >OF
C
?`_TaA>OF]HdM�>

C b IJ4!>�8;:�:=NXBDRn8'FDBD?A4�M�>
Mor(B,C) ×Mor(A,B)

M'8�4
H
Mor(A,C) � N9V BX\�8O5�>�M�> (g, f)

>2HOF�4!?0F�GT>
g ◦ f {

� :Z?0IJ7�R+<�80K�I'>W?`_TaA>OF
A
M�>

C b IJ4LGENDGE\6>E4�FZ4!?0F�G����
A : A→ A

>OF�8;:�:Z>ENDGyBDM�>E4�FDB#F�G@M�>
A

>OFQxmGE7CBX��8�4�F�:Z?0IJ7�F�?0I�H@?`_TaT>OF]H
A b B b C b D >OFZ\6?A7g:=<�BhHC\6>2H

f : A→ B b g : B → C
>OF

h : C → D b
� ���

B ◦ f = f
>OF
f ◦

���
A = f � ND?ABhH�M�>�N9V BDM�>E4�FDB#F�GC�

� h ◦ (g ◦ f) = (h ◦ g) ◦ f � 8mHEH;?'REB�8'FDB#xOB#F�GC�
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��¯Ýßñ
A
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A
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æ � Ýßæwñ¯Þ�ð���æ Ý3!
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)<ôõðuþ�ðMñ;�ßü.âUÞ¯Ü�Ý ö:Ý¹ä0Ýßæ ä Ý��?
:ô�Ý¹äl)
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:ô�Ý¹ä�ÙX0ûæuæ âUñ ÝßÞ�ð
Ensf
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Cop M�GE��4�BD>z: 8�7
� ObjCop = ObjC b
� MorCop = MorC b
� o;q#r

Cop =
s't�u

C

>OF�s`t0u
Cop =

o;q#r
C
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>OF
g
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Cop
>2HOFzM�?A4�4!GT>z: 8�7
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>OF
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F
>E4=FD7;> M�>OIml�Rn8'F�GC5�?A7CBD>2H

C
>OF

D
>2HOF IJ4 RT?0IA:=ND> M�V 8;:�:=NXBDRn8'FDBD?A4
H

Fobj : C0 → D0
>OF

Fmor : C1 → D1
F�>ENXND>2H[K�I'> b

∀ A,B,C ∈ C, ∀ f : A→ B, ∀ g : B → C

• Fmor(f) : Fobj(A)→ Fobj(B)

• Fmor(g ◦ f) = Fmor(g) ◦ Fmor(f)

• Fmor(idA) = idFobj(A)
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G
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miñ»âUæ�ö<ÜÂñ8��ã Ý¤ô�Ý¹ä»ðMÞ �ßñ Ý¹ä»ä�âUæwñ0ô�Ý¹ä8L�é�î�é�è¯÷nï�í�ù1è�ê�ö:Ý
L(G)
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`�Ü
g1, . . . , gn
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L : Graph → Cat
Ý¹ä¯ñ�ôõð»þ¹âUæ ä¯ñ¯Þ¯ã þßñ¯Ü�âUæuö��+J æ:Ü�Ý*þßÜ£à�ö:Ý¹ä ä ã ä9)<�wã:ÜpE ð"
:Þ¯Ü=��ã Ý¡ôõð»þ�ðMñ;�ßü.âUÞ¯Ü�Ý ôÂÜ6
:Þ Ý ðUä ä�â�þßÜ=�¹Ý

A�ã:æ ünÞ�ð"!�� Ý
G
) Ýßñ
U : Cat→ Graph

ôõð�þ¹âUæ ä¯ñ¯Þ¯ã þßñ¯Ü�âUæC�wã:Ü�âUã�
:ôÂÜ�Ýaôõð�ä¯ñ¯Þ¯ã þßñ¯ã:Þ Ýaö4� ã:æ Ý þ�ðMñ;�ßü.âUÞ¯Ü�Ý
!�âUã:Þ»Ýßæ�Ý+�<ñ¯Þ�ðMÜÂÞ Ý�ä âUæ ünÞ�ð"!�� Ý�ä âUã äµà6� ðUþ¹Ýßæwñ�Ù

Û�âUã:Þûñ âUã:ñ0ünÞ�ð"!�� Ý
G
) ÝßñN!�âUã:Þ0ñ âUã:ñ Ý�þ�ðMñ;�ßü.âUÞ¯Ü�Ý

C
)<âUæ�ð�ã:æ Ý>
:Ü �¯Ý¹þßñ¯Ü�âUæ�æ
ðMñ¯ã:Þ ÝßôÂô�Ý

HomCat[L(G),C] ' HomGraph[G,U(C)]
Ù

�iñ�ðMæwñ ö:âUæ:æ��ûã:æ\� âUÞ�!��:Ü�ä�� Ý
Fg : G→ U(C)

)�ô�ÝqE âUæ þßñ Ýßã:Þ ðUä ä�â�þßÜ=�
F : L(G)→ C

Ý¹ä¯ñ¡ö��+J æ:Ü
!
ðMÞ9e

F (g1; . . . ; gp) := Fg(gp) ◦ · · · ◦ Fg(g1)
Ù

�zÞ��Uþ¹Ý ð þ¹Ýßñ¯ñ Ý�
:Ü �µÝ¹þßñ¯Ü�âUæ	�wã � âUæ ð"!�!�ÝßôÂô�Ý�ô,� ðUö"�µâUæ þßñ¯Ü�âUæ�ö:ÝuØ4ðUþ�á�ðMæ ÝuÝßñ/�ßñ�ðMæwñ�ö:âUæ:æ��¹ä ö:Ýßã��
ünÞ�ð"!�� Ý¹ä

G, G′
)'!�âUã:Þ ö��+J æ:ÜÂÞ�ã:æHE âUæ þßñ Ýßã:Þ�ö:Ý

L(G)
ö ðMæ ä

L(G′)
)�ÜÂô¡æ âUã ä�ä¯ã�^ ñ�ö4� Ý+���:Ü6
�ÝßÞ�ä�ð

Þ Ý¹ä¯ñ¯Þ¯Ü�þßñ¯Ü�âUæ A
G
Ù

���	� 
 ±�#�©�´�« � ®�° «�´ © ! ´����0± ®�§ «i° ��«��¹±�#�©�´�« ��®�°
0ûæ4ð�ö��+J æ:Ü !:ôÂã äS�
ðMã:ñzþ¹ÝO��ã � Ý¹ä¯ñ»ã:æCE�âUæ þßñ Ýßã:Þ9)�Ýßñ¤âUæ�â<� Ýßñ¯ñ¯Þ�ð ä âUã��.Ýßæwñ¤ö:Ý3!:Þ;�¹þßÜ�ä ÝßÞûô�Ý¹äûÜÂæ ö<Ü�þ¹Ý¹ä
obj

Ýßñ
mor

ö:Ý¹ä�E âUæ þßñ Ýßã:Þ ä�Ù
! ���i����~
�,|�� � %
	g(=-`�J/2&��
 �$�� &`*h-`&�
 &.-0/�� ����� &

� ?AB#F
F : C→ D

IJ4 �+?A4!ROF�>OIJ7 {�� ?0IJ7 F�?0I�H6?`_TaA>OF]H A >OF
B
M�>

C b 8;:�:Z>END?A4
H Fmor(A, B)N�8c7;>2HAFD7CBDROFDBD?A4 M�>
Fmor

v
C(A, B) b x'I'> RT?A\ \6>cIJ4!>�8;:�:=NXBDRn8'FDBD?A4 M�>

C(A, B)
M'8�4
H

D(F (A), F (B)) {
•
� > �+?A4!ROF�>OIJ7

F
>2HAF�M�B#F �!M�kEND> �

.
�]8�B#FD<�� IJN �zHCB

Fmor(A, B)
>2HAF�BX4OaT>TROFDB#xm>W:Z?0IJ7�F�?0I�F

RT?0IA:=ND>
(A, B)

M�V ?`_TaA>OF]H[M�>
C {

•
� > �+?A4!ROF�>OIJ7

F
>2HAF M�B#F�:=ND>EBX4��

.
��IJNXN ��HEB

Fmor(A, B)
>2HAF HOIJ7 aT>TROFDB#xm>�:�?0IJ7QF�?0I�F RT?0IA:=ND>

(A, B)
M�V ?`_TaT>OF]H[M�>

C {
•
� > �g?A4!ROF�>OIJ7

F
>2HAF�M�B#FZ:=ND>EBX4!>E\6>E4=F��!M�kEND> �

.
� IJNXNz8�4!M �#8�B#FD<���IJN �^HCB

Fmor(A, B)
>2HAF

_mB aT>TROFDB#xm> :�?0IJ7QF�?0I�F RT?0IA:=ND>
(A, B)

M�V ?`_TaA>OF]H�M�>
C { | 4�: 8�7CND>E798@8'I�H2HCBwM�>�:=ND?A4.5�>E\6>E4=F�

.
>E\d_
>TM�M�BX4.5#� {

0ûæ�æ âUñ ÝßÞ�ð
F : A B

ã:æ[E�âUæ þßñ Ýßã:Þ8!:ô�ÝßÜÂæ Ý�� ÝßæwñqJ
ö��ßô�Ý Ýßæwñ¯Þ Ý
A
Ýßñ
B
Ù

0ûæ�!�Ýßã:ñ�ö��+J æ:ÜÂÞ�ôõð�þ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæÚö:Ý�ö:Ýßã��HE�âUæ þßñ Ýßã:Þ ä�ñ¯Þ;�¹ä�ä Ü6�@!:ô�Ý�� Ýßæwñ9)iþ¹Ý���ã:ÜX!�ÝßÞ�� Ýßñ�ö:Ý
ö��+J æ:ÜÂÞ¡ôõð�þ�ðMñ;�ßü.âUÞ¯Ü�Ýzö:Ý¹ä¡þ�ðMñ;�ßü.âUÞ¯Ü�Ý¹äl) ��ã Ý ô,� âUæ�æ âUñ ÝßÞ�ð

Cat
Ù ÿ¤Ýßã��uþ�ðMñ;�ßü.âUÞ¯Ü�Ý¹ä ä âUæ�ñ*ö<ÜÂñ Ý¹ä*Ü�ä â<� âUÞµà

!�� Ý¹ä»ä¯Ü�ÝßôÂô�Ý¹ä»ä�âUæwñ0Ü�ä â<� âUÞ�!�� Ý¹äûÝßæ ñ�ðMæwñ1�wã � â<
��¯Ýßñ ä0ö:Ý¤ôõðuþ�ðMñ;�ßü.âUÞ¯Ü�Ý
Cat

Ù
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! ���i����~
�,|�� � % %`( 
�� 	g(=-`�J/2& �� z��(=-0/T #"��0"' +*,"
-0/
� ?AB#F

C
IJ4!>�Rn8'F�GC5�?A7CBD> b >OF B IJ4 ?`_TaT>OFZM�>

C { | 4 4!?0F�>E798 C(−, B) : Cop → Ens
ND> �g?A4!ROF�>OIJ7

8;:�:Z>ENDG�<!?A\ � �+?A4!ROF�>OIJ7WRT?A4�FD798�x;8�7CB�8�4=FyM�GE��4�B!: 8�7@U
•
:�?0IJ7WF�?0I�F ?`_TaA>OF

A
M�>

C b C(−, B)(A) = C(A, B)

•
:�?0IJ7WF�?0I�F�>�i!kTR�<!>

h : A→ A′ b C(−, B)(h) : C(A′, B) → C(A, B)
f 7→ f ◦ h

! ���i����~
�,|�� ) %�/T #"
-�� 	g(
 
 "0/n*,(=-L-`"`/ �
 #& ��� &
� Fg8�4=F M�?A4�4!G2H�M�>OIml��g?A4!ROF�>OIJ7EH

F
>OF
G
M�> \��E\6>�HT?0IJ7;RT>

C
>OF \��E\6>�_.I�F

D b IJ4!>@FD798�4
H �g?A72�\�8'FDBD?A4p4�8'FCIJ7;>ENXND>W>E4�FD7;>
F
>OF
G
>2HAF�IJ4!>qE ð"�uÜÂôÂô�Ý

ϕ = {ϕA : F (A)→ G(A)}A∈ObjCM�>qc �¹þW� Ý¹ä»ö:Ý
D b F�>ENXND>[K�I'>�U:Z?0IJ7@F�?0I�F�>�i!kTR�<!>

f : A→ B
M�>

C b ND>WM�B�8O5�798�\ \6>�HAIJB#xT8�4�F RT?A\ \dI�F�> {
F (A)

ϕA

F (f)

G(A)

G(f)

F (B)
ϕB

G(B)

3�4!>�FD798�4
H$�+?A7C\�8'FDBD?A4 4�8'FCIJ7;>ENXND>@>2HOF 7;>+:=7;G2H;>E4�F�GT>�M�>�N�8�\�8�4�BDkE7;>QHAIJB#xT8�4�F�>fU

F
ϕC D

G

á�ðuæ âUñ¯Ü�âUæ$ö:Ý�ñ¯Þ�ðMæ ä E âUÞ���ðMñ¯Ü�âUæ$æ
ðMñ¯ã:Þ ÝßôÂô�Ý�æ âUã äS!�ÝßÞ�� Ýßñ»ö:Ý�þ¹âUæ ä¯Ü�ö��ßÞ ÝßÞ»ô�Ý¹ä8E âUæ þßñ Ýßã:Þ ä»þ¹â<�@� Ý
ö:Ý¹ä â<
��¯Ýßñ ä�ö4� ã:æ Ý4þ�ðMñ;�ßü.âUÞ¯Ü�ÝnÙ �iñ�ðMæwñ�ö:âUæ:æ��¹Ý¹ä ö:Ýßã�� þ�ðMñ;�ßü.âUÞ¯Ü�Ý¹ä

C
Ýßñ

D
)0âUæ æ âUñ ÝßÞ�ð

DC
ôõð

þ�ðMñ;�ßü.âUÞ¯Ü�Ý�ö:âUæwñ�ô�Ý¹ä â<
��¯Ýßñ ä ä âUæ�ñ�ô�Ý¹ä>E âUæ þßñ Ýßã:Þ ä ö:Ý
C
ö ðMæ ä

D
)�Ýßñ�ô�Ý¹ä/� âUÞ�!��:Ü�ä�� Ý¹ä ô�Ý¹ä�ñ¯Þ�ðMæ ä E âUÞµà

��ðMñ¯Ü�âUæ ä'æ
ðMñ¯ã:Þ ÝßôÂô�Ý¹ä Ýßæwñ¯Þ Ý¤þ¹Ý¹äYE�âUæ þßñ Ýßã:Þ ä�Ù¡á�ð þ¹â<�@!�ânä¯ÜÂñ¯Ü�âUæ ö:Ý¤ö:Ýßã���ñ¯Þ�ðMæ ä E âUÞ���ðMñ¯Ü�âUæ ä'æ
ðMñ¯ã:Þ ÝßôÂô�Ý¹ä
ϕ : F → G

Ýßñ
ψ : G→ H

Ý¹ä¯ñiôõð¤ñ¯Þ�ðMæ ä E âUÞ���ðMñ¯Ü�âUæ æ
ðMñ¯ã:Þ ÝßôÂô�Ý
ψ ◦ ϕ : F → H

)1ð"!�!�Ýßô=�¹Ý»þ¹â<�@!�ânä;�¹Ý
�.ÝßÞ¯ñ¯Ü�þ�ðMô�Ý%)
Ýßñ0ö��+J æ:Ü�Ý/!
ðMÞ

(ψ ◦ ϕ)A = ψA ◦ ϕA
Ù

ϕ

C

F

G

H

ψ
D

0ûæV�7�ßÞ¯ÜFJ
ÝIE ðUþßÜÂô�Ý�� ÝßæwñS��ã Ý¤ô,� âUæ6ö��+J æ:ÜÂñq
:Ü�Ýßæ$ðMÜÂæ ä¯Ü�ã:æ Ýaþ�ðMñ;�ßü.âUÞ¯Ü�ÝnÙ
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! ���i����~
�,|�� � % $�� (=-0�
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 &.-`/ ��&�� (=-`& ��"

� >�:=ND?A4.5�>E\6>E4�F@M�>��w?A4!>TM'8j>E4=FD7;>�IJ4!>eRn8'F�GC5�?A7CBD>
C
>OFyN�8pRn8'F�GC5�?A7CBD> M�>2H �+?A4!ROF�>OIJ7EH M�>

CopM'8�4
H
Ens

>2HAF�ND>��+?A4!ROF�>OIJ7
y
M�GE��4�B=: 8�7

y : C → EnsCop

A 7→ yA = C(−, A)

>OF�: 8�7

yA,B : C(A, B) → EnsCop

(y(A),y(B))
f 7→ X 7→ g 7→ f ◦ g

� ���w|
� 
���� ���
� > �g?A4!ROF�>OIJ7

y
>2HAF :=ND>EBX4!>E\6>E4�F��!M�kEND> {

å Ýßñ¯ñ Ý@!:Þ â<!�ânä¯ÜÂñ¯Ü�âUæ[�µã ä¯ñ¯ÜFJ
Ýuô,� ð"!�!�ÝßôÂôõðMñ¯Ü�âUæ#ö:Ý�!:ô�âUæ:ü.Ý�� Ýßæwñ�Ù á�ðP!:Þ Ýßã��.Ý�ã:ñ¯ÜÂôÂÜ�ä Ý�ô�Ýuô�Ý��@� Ý ö:Ý
�¡âUæ Ý¹ö ð@�ßæ âUæ þ*� þßÜ£à�ö:Ý¹ä ä�âUã ä�Ù
� ���w|
� 
���� � � %��.& 
 
 & �
&	� (=-`& �
"

� ?AB#F
A
IJ4~?`_TaT>OFQM�V IJ4!> Rn8'F�GC5�?A7CBD>

C b >OF P IJ4~?`_TaA>OF�M�>
EnsCop {�
 Nz>Cl.BhHAF�> IJ4!>?
:Ü �¯Ý¹þßñ¯Ü�âUæRn8�4!?A4�BDK�I'>

i(A,P ) : P (A)→ EnsCop

(yA, P )K�IJB`8mHEH;?'REBD>�v�F�?0I�F=GENDGE\6>E4�F
a
M�> N9V >E4
HT>E\d_mND>

P (A)
N�8QFD798�4
H$�+?A7C\�8'FDBD?A4@4�8'FCIJ7;>ENXND>

αa : yA → PM�GE��4�BD> b :�?0IJ7WF�?0I�F B ∈ ObjC >OF :Z?0IJ7WF�?0I�F
f ∈ yA(B)

: 8�7

αa,B(f) = P (f)(a)

���l|���|
�l�õ~
�,|�� � �
��>OIml ?`_TaA>OF]H

A
>OF
B
M�V IJ4!> Rn8'F�GC5�?A7CBD>

C
HT?A4�F BhH;?A\6?A7g:=<!>2HWHEB�>OF H;>OIJND>E\6>E4=FyHCB

yA
>2HAF^BhHT?��

\6?A7g:=<!>Wv
yB {! ��� |�����~��l�<~
�,|�� �

å1� Ý¹ä¯ñ0ã:æ Ý þ¹âUæ ä;�*�wã Ýßæ þ¹Ý ö:Ý¤ôõð�!:ô�ÝßÜÂæ ÝIJ
ö��ßôÂÜÂñ;��ö<ã[E âUæ þßñ Ýßã:Þ»ö:Ý��¡âUæ Ý¹ö ð<Ù

����
 ��� « ®��w© ! ´����0± ®�§ «
! ���i����~
�,|�� �� %}��"`/21��
(
 g*,&d��( 
 
 "

� ?ABD>E4=F
F1 : C1 → D

>OF
F2 : C2 → D

M�>OIml �+?A4!ROF�>OIJ7EH[M�>y\��E\6>�_.I�F {| 4 8;:�:�>ENXND>�Rn8'F�GC5�?A7CBD>�RT?A\ \�8[M�I�RT?0IA:=ND>
(F1, F2)

N�8QRn8'F�GC5�?A7CBD> b 4!?0F�GT> F1↓D F2

?0I
F1↓F2 bM�GE��4�BD>�M�>yN�8�\�8�4�BDkE7;> HAIJB#xT8�4�F�>�U
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•
3 4 ?`_TaT>OFQM�>

F1 ↓F2
>2HOFQIJ4Óñ¯Þ¯Ü6!:ô�Ýßñ

(A1, f, A2) ∈ ObjC1
×MorD × ObjC2

F�>EN K�I'>
f : F1(A1)→ F2(A2)

•
3 46\6?A7g:=<�BhHC\6>

(a1, a2) : (A1, f, A2)→ (A′1, f
′, A′2)

M�>
F1 ↓F2

>2HAFzM�GE��4�B�: 8�7�M�>OIml
\6?A7g:=<�BhHC\6>2H

a1 : A1 → A′1
>OF
a2 : A2 → A′2 b F�>ENhHWK.I'>

f ′ ◦ F1(a1) = F2(a2) ◦ f

Q �1� �:�M����� ��& %�� �0&. ��"0/21��
(� +*,&| 4 4�V I�FDBXNXBhHT>E798�BDREB�K�I V IJ4!> �g?A7C\6>@FD7;k2HWM�GC5�GE4!GE7;GT>WM�>WRT>OFCF�>WRT?A4
HOFD7AI'ROFDBD?A4�U
� ?AB#F

F : C→ D b GOFg8�4=F�M�?A4�4!G[IJ4p?`_TaA>OF D M�>
D b ?A4 8;:�:Z>ENXND> ?Jxm>E7 Rn8'F�GC5�?A7CBD> 8'I M�>2HEHAI�H�M�>

D
N�8�Rn8'F�GC5�?A7CBD> b 4!?0F�GT> F ↓D

M�GE��4�BD>WM�> N�8�\�8�4�BDkE7;>QHAIJB#xT8�4�F�>�U
•
3 4L?`_TaA>OFzM�>

F ↓D
>2HOF�IJ4�þ¹âUã�!:ô�Ý

(C,m) ∈ ObjC ×D(F (C), D)

•
3 4[\6?A7g:=<�BhHC\6>

a : (C,m)→ (C ′,m′)
M�>
F ↓D

>2HOF=M�GE��4�B�: 8�7^IJ4[\6?A7g:=<�BhHC\6>
p : C → C ′ bF�>EN K.I'>

m′ ◦ F (p) = m

{
! ���i����~
�,|�� � 
 % �.& �W&�-��9&�
 ��� & � �T* 
)$ ��*,�0*," ���| 4 4!?0F�>

∆
N�8 Rn8'F�GC5�?A7CBD>@M�?A4�F

� ND>2Hp?`_TaA>OF]HdHT?A4�F�ND>2Hj>E4�FDBD>E7EH64�8'FCIJ7;>ENhH {�� R+<�80K�I'>L?`_TaT>OF
p b ?A4 8mHEH;?'REBD>6N9V >E4
H;>E\d_mND>

?A7;M�?A4�4!G
p := (0, . . . , p)

x'IdRT?A\ \6>�IJ4!>WRn8'F�GC5�?A7CBD> �� ND>2H[\6?A7g:=<�BhHC\6>2H M�> p M'8�4
H q H;?A4�F�ND>2H�8;:�:=NXBDRn8'FDBD?A4
H RE7;?ABhHEH98�4�F�>2H M�> (0, . . . , p)
M'8�4
H

(0, . . . , q) b K.I V ?A4 :Z>OI�Fyxm?ABX7�RT?A\ \6>QND>2H �g?A4!ROF�>OIJ7EHWM�> p xm>E7EH q� N�8 RT?A\@:�?OHCB#FDBD?A4�>2HAF RT>ENXND>WM�>2H �+?A4!ROF�>OIJ7EH {3�4 >E4
HT>E\d_mND>eHCBX\@:=NXBDREB�8�Ny>2HOF@IJ4 �+?A4!ROF�>OIJ7�RT?A4�FD798�xT8�7CB�8�4�F�M�>
∆

xm>E7EH�N�8jRn8'F�GC5�?A7CBD>
EnsM�>2HW>E4
H;>E\d_mND>2H�����8�4 �"!$# {

� F�?0I�F�>eRn8'F�GC5�?A7CBD>
C b ?A4 8mHEH;?'REBD>[HT?A4�4!>E7$� b	��

��� C b K.IJBz>2HAF[IJ4~>E4
HT>E\d_mND>�HCBX\@:=NXBDREB�8�N vH98�xm?ABX7 ND> �+?A4!ROF�>OIJ7^K�IJB
v
p
8mHEH;?'REBD>

Cat(p,C) � N9V >E4
H;>E\d_mND>�M�>2H�\6?A7g:=<�BhHC\6>2H�M'8�4
H�N�8�Rn8'F�GC5�?A7CBD>M�>2HWRn8'F�GC5�?A7CBD>2H b 8'I�FD7;>E\6>E4�FyM�B#F�N9V >E4
H;>E\6_mND>@M�>2H �+?A4!ROF�>OIJ7EH � {
� ?0IJ7 Rn8�7980ROF�GE7CBhH;>E7^ND>2H�4!>E7$�DH�: 8�7C\ B�ND>2H�>E4
H;>E\6_mND>2H�HCBX\@:=NXBDREB�8'Iml b ?A4 RT?A4
HCBDM�kE7;>QIJ4)>E4
HT>E\ �_mND> HCBX\@:=NXBDREB�8�N

E { � V >2HOF^IJ4 4!>E7$�wHCB >OF H;>OIJND>E\6>E4=F�HCB b :�?0IJ7QF�?0I�F n b R+<�80K�I'> HAIJB#F�>�M�> n 8�7 �OF�>2HM�>
E
80M9a;80RT>E4�F�>2H � >E4LRT>�H;>E4
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J
R ÅYÎÏÎÐ¿ÏÁ1¼ R É`ÍJÇb¿�Í;É�¼uÑmÈC¿ZÒ3Á;¿DÈ½ÅY¼�¾À¿ÂÁ3ÃÓÑ V É`Í3ÅY¼3¼N¿DÇ�ÔÍJÆRÄ)¿DÇDÑKÕY¿ÂÁ)Ö+×ÓØÙ¿ÙÑbÅY¼?Ã?ÈC¿7ÑsÍ3¿ÂÁ)Ö�ÑbÊDÈC¿ R ÃCÆCÅY¼uÑpÍ3¿�ÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿7Ñ�ÛRÄ)ÅYÆkÇsÍ3ÊDÜ3¼3ÆRÃCÆCÅY¼�ÝVÞ:ßpÒ3Á1ÆPÍ3ÊÂÃË¿DÇTÎÏÆáà¼N¿D¼?ÃÀÈC¿7Ñ�ÇbâTÌJÈC¿7Ñ�ÍKÁwÕY¿ÂÁ£É;Á;Ò{Á;¿DÈÀÅY¼�ÕYÅ`Á;¿�×ÀãäÈ R ÅY¼PÄ�ÆC¿D¼PÃpÉ�ÈCÅYÇDÑ�Í3¿ R ÅY¼uÑTÆCÍ3ÊDÇb¿DÇmÈOÉ%ÑbÅ`ÁVÑ7à R É;ÃËÊTÌ3ÅYÇTÆC¿¿D¼{Ì3¿D¼NÍJÇbÊZ¿�¾+É�Ç�ÈC¿7ÑÓÍ3¿ÂÁ)Ö%ÑbÊDÈC¿ R ÃCÆCÅY¼uÑpÍ3¿ÀÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ R ÅYÎÏÎÐ¿ÙÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿wÍ3¿7Ñ+¾�ÅÂÑTÆRÃCÆCÅY¼uÑ�Ì;ÉÂÌ'à¼PÉ�¼?ÃË¿7Ñbå�¿ÂÃÙÈC¿7ÑpÆCÍ3¿D¼PÃCÆRÃËÊ7Ñ R ÅYÎÏÎÐ¿mÈC¿7Ñ½¾�ÅÂÑTÆRÃCÆCÅY¼uÑ�Ì;ÉÂÌJ¼NÊZ¿7ÑÂ×½æ�¿�ÕY¿ÂÁ R ÅY¼uÑTÆ^ÑYÃË¿�Î£É�Æk¼PÃË¿D¼PÉ�¼PÃ�¾ÀÅ`Á1Ç

P
Ôe¾?ÇbÅ`Á3Ä)¿DÇ\Ò3Á;¿lÈOÉÏ¾ÀÅÂÑTÆRÃCÆCÅY¼aÍ3ÅY¼3¼NÊZ¿�ÛCÅ`Á R Å`Á1Ç=É�¼PÃË¿Tßç¿7ÑYÃ�Á1¼N¿�¾�ÅÂÑDÆRÃCÆCÅY¼èÌ;ÉÂÌJ¼PÉ�¼PÃË¿ZåwÃQÉ�¼NÍJÆ^ÑÒ3Á;¿
O
R ÚN¿DÇ R ÚN¿mÔp¾?ÇbÅ`Á3Ä)¿DÇÙÈC¿ R ÅY¼PÃCÇ=É�ÆkÇb¿�×�éÙÅ`Á1Ç R ¿ÓêcÉ�ÆkÇb¿Zå

P
êRÉ R ÃËÅYÇTÆ^Ñb¿ÙÈOÉ�¾ÀÅÂÑTÆRÃCÆCÅY¼ R Å`Á1Ç=É�¼?ÃË¿m¿D¼Á1¼N¿ R ÅYÎl¾ÀÅÂÑbÊZ¿�Í3¿wÈ V Á1¼�Í3¿7Ñ R Å`ÁY¾NÑpÌ3ÊD¼NÊDÇ=É;ÃË¿ÂÁ1ÇDÑeÛkêäÅYÇYëìÉ�ÇbÍ�Å`Á�íJÉ Räî ëìÉ�ÇbÍÐÑb¿DÈCÅY¼�ÈC¿ RZï ÃËÊTß�ÉVÄ)¿ RÁ1¼N¿s¼NÅ`Á3Ä)¿DÈkÈC¿Ù¾�ÅÂÑTÆRÃCÆCÅY¼�Ò{Á V ÆkÈo¿7ÑQ¾ÀâDÇb¿�¾?ÈRÁVÑ�¾?Çbâ7ÑmÍ V ð ÃCÇb¿½Ì;ÉÂÌJ¼NÊZ¿�ñ
O
Ò{Á`É�¼?Ã�Ô�ÈRÁ1ÆCåV¾?ÇbÊ=à R ÅYÎl¾ÀÅÂÑb¿Å`Á¬¾�ÅÂÑYÃRà R ÅYÎl¾ÀÅÂÑb¿\ÈOÉ�¾�ÅÂÑDÆRÃCÆCÅY¼ R Å`Á1Ç=É�¼PÃË¿�ÉVÄ)¿ R Á1¼�Í3¿7Ñ R Å`ÁY¾NÑeÌ3ÊD¼NÊDÇ=É;ÃË¿ÂÁ1ÇDÑòÛQíJÉ Räî ëìÉ�ÇbÍ5Å`ÁêäÅYÇYëìÉ�ÇbÍÐÇb¿7ÑQ¾À¿ R ÃCÆRÄ)¿DÎÐ¿D¼PÃAßZåP¾ÀÅ`Á1Ç�¿7ÑDÑ=É:óu¿DÇlÍ3¿�ÎÐ¿ÂÃTÃCÇb¿

P
¿D¼�ÍJÆkô R Á1ÈRÃËÊ�×lØÙ¿ä¾À¿D¼NÍ;É�¼PÃ�¾�Á1Æ^ÑbÒ{Á V ÆkÈ

õVö
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R ÅYÎl¾ÀÅÂÑb¿sÈOÉw¾ÀÅÂÑTÆRÃCÆCÅY¼ R Å`Á1Ç=É�¼PÃË¿mÉVÄ)¿ R Á1¼eÌ3ÊD¼NÊDÇ=É;ÃË¿ÂÁ1ÇbåKÑDÆ R ¿DÈkÈC¿=à R ÆoÊÂÃQÉ�ÆRÃ+Ì;ÉÂÌJ¼PÉ�¼?ÃË¿ZåuÈOÉ�¼NÅ`Á3Ä)¿DÈkÈC¿¾ÀÅÂÑTÆRÃCÆCÅY¼èÈ V ¿7ÑYÃÓêäÅYÇ R ÊDÎÐ¿D¼PÃmÉ;ÁVÑDÑDÆ½ñ�É;Á3ÃCÇb¿DÎÐ¿D¼PÃ�ÍJÆRÃËåìÑb¿ÂÁ1È
P
¾À¿ÂÁ3ÃËå�¿D¼\ÕYÅ`Á`É�¼PÃsÎ£É�ÈCåoÑbÅYÇYÃCÆkÇ%Í3¿7Ñ¾ÀÅÂÑTÆRÃCÆCÅY¼uÑpÌ;ÉÂÌJ¼PÉ�¼?ÃË¿7ÑÂ×ãäÈ R ÅY¼PÄ�ÆC¿D¼PÃmÉ;ÁVÑ7ÑTÆÓÍ3¿eí)ÆC¿D¼ R ÅYÎl¾?Çb¿D¼NÍJÇb¿/ÈOÉeÇbÊä¾+É�ÇYÃCÆRÃCÆCÅY¼dÍ3¿7Ñ�Ç ï ÈC¿7Ñ�¿D¼PÃCÇb¿�ÈC¿7Ñ�Í3¿ÂÁ)Ö¬ÑZÊDÈC¿ R àÃCÆCÅY¼uÑ U êRÉ R ¿pÔeÁ1¼N¿�¾ÀÅÂÑTÆRÃCÆCÅY¼

p : A→ B
å
O
¾À¿ÂÁ3Ã R ÅYÎl¾ÀÅÂÑb¿DÇ�ÉVÄ)¿ R Á1¼ R Å`ÁY¾�êQÅYÇYë�É�ÇbÍ£¿D¼

B
åPÅ`ÁÉJÄ)¿ R Á1¼ R Å`ÁY¾5íJÉ Räî ëìÉ�ÇbÍ�¿D¼

A
å�ÃQÉ�¼NÍJÆ^Ñ/Ò3Á;¿/Í;É�¼uÑmÈOÉeÎ ð ÎÐ¿p¾ÀÅÂÑTÆRÃCÆCÅY¼Nå

P
¾À¿ÂÁ3ÃwÍ3Ê R ÅYÎl¾�ÅÂÑb¿DÇ

p
ÉVÄ)¿ R Á1¼ R Å`ÁY¾ íJÉ Räî ëìÉ�ÇbÍè¿D¼

B
å�Å`Á�ÉVÄ)¿ R Á1¼ R Å`ÁY¾�êQÅYÇYë�É�ÇbÍ¬¿D¼

A
×ÏØ V ¿7ÑYÃ R ¿ÂÃTÃË¿�ÇbâTÌJÈC¿%Ò{Á1ÆÌ;É�Ç=É�¼?ÃCÆRÃwÒ3Á;¿Zå+Í;É�¼uÑ�Á1¼N¿mÆk¼?ÃË¿DÇ=É R ÃCÆCÅY¼

I : A→ B → C
å?ÑTÆ?¾+É�Ç�¿TÖ?¿DÎl¾?ÈC¿

P
ÕYÅ`Á;¿l¿D¼

B
Í;É�¼uÑ

B → C
å+ÑbÅY¼�É R ÃCÆCÅY¼_¿7ÑYÃpÉ;Á3ÃËÅYÎ£É;ÃCÆCÒ3Á;¿DÎÐ¿D¼PÃlÃCÇ=É`ÍKÁ1ÆRÃË¿%Å`ÁçÇb¿ R ÅY¼3¼PÁ;¿ R ÅYÎÏÎÐ¿\Á1¼N¿lÉ R ÃCÆCÅY¼òÍ3¿

O
Í;É�¼uÑ

A→ B
×

3 ¿DÎ£É�ÇbÒ{Á;ÅY¼uÑçÒ3Á;¿ÏÑTÆmÁ1¼_ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿£Éb¾3¾+É�Ç=É.4RÃ/Í;É�¼uÑ�ÈC¿7Ñ\Í3¿ÂÁ)Ö_ÑbÊDÈC¿ R ÃCÆCÅY¼uÑbå R'V ¿7ÑYÃRàRÔ1àäÍJÆkÇb¿Ò3Á;¿£ÈC¿�¾?Çb¿DÎÏÆC¿DÇ�ÕYÅ`Á;¿ÂÁ1Ç�¾À¿ÂÁ3Ã�ÈC¿�ÕYÅ`Á;¿DÇ�Í;É�¼uÑ�Á1¼MÑb¿D¼uÑ�¿ÂÃlÑbÅY¼5É`ÍKÄ)¿DÇDÑ:É�ÆkÇb¿�Í;É�¼uÑ£È V É;Á3ÃCÇb¿Zå�ÆkÈ
R ÅY¼uÑYÃCÆRÃTÁ;¿�Í3¿ÂÁ)Ö R Å`ÁY¾NÑ65kÆk¼?Á3ÃCÆkÈC¿7Ñ87Añ�¿D¼�¿:9o¿ÂÃËå3È V É`ÍKÄ)¿DÇDÑ=É�ÆkÇb¿mÉeÃËÅ`ÁDÕYÅ`Á1ÇDÑÓÈOÉw¾ÀÅÂÑDÑTÆQí)ÆkÈkÆRÃËÊmÍ V É�¼3¼PÁ1ÈC¿DÇÁ1¼�ÃË¿DÈ R Å`ÁY¾�×
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O
å
P1
å
P2Æk¼?ÃË¿DÇYÄÂÆC¿D¼3¼N¿D¼?Ã�ÃËÅ`Á1Ç�ÔdÃËÅ`Á1ÇÂ×�ØoÚPÉ R Á1¼�Æk¼PÃË¿DÇYÄ�ÆC¿D¼PÃÐÍ;É�¼uÑ�Á1¼N¿\¾�ÅÂÑDÆRÃCÆCÅY¼Nå/Å`Á�¾?ÈRÁ3Ã ï Ã�Á1¼N¿
2
à¾ÀÅÂÑTÆRÃCÆCÅY¼Nå

A→ B → C
åPÍ3ÅY¼?ÃoÆkÈ?¼N¿�Ä)ÅYÆRÃÙÒ3Á V Á1¼N¿Ù¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼ U

O
Ä)ÅYÆRÃ�ÈOÉ�¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼�¿TÖ�ÃË¿DÇT¼N¿

A → C
¿ÂÃ+ÕZÅ`Á;¿ÏÍ3¿ZÍ;É�¼uÑZå

P1
Ä)ÅYÆRÃsÈOÉ%¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼èÆk¼?ÃË¿DÇT¼N¿�Ì;É;Á R ÚN¿

A → B
¿ÂÃ+ÕYÅ`Á;¿ÏÍ3¿ZÍ;É�¼uÑbå

P2
Ä)ÅYÆRÃ�ÈOÉ£¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼aÆk¼PÃË¿DÇT¼N¿�ÍJÇbÅYÆRÃË¿

B → C
¿ÂÃÀÕYÅ`Á;¿ÐÍ3¿ZÍ;É�¼uÑÂ×�BèÉ�Æ^Ñ�ÈCÅYÇDÑbÒ3Á V Á1¼�ÕZÅ`Á;¿ÂÁ1ÇÕYÅ`Á;¿�Í;É�¼uÑ�Ñ=É�¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼NåPÑbÅY¼ R Å`ÁY¾ò¿7ÑÂÃ�ÇbÊä¾�¿DÇ R Á3ÃËÊ�Í;É�¼uÑ�ÈC¿7Ñ�Í3¿ÂÁ)Ö�É;Á3ÃCÇb¿7Ñ½¾+É�Ç R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼NåÅ`ÁÐ¾?ÈRÁVÑ£¿TÖuÉ R ÃË¿DÎÐ¿D¼?Ãs¾+É�ÇeÉ)ÑDÑbÅ R ÆOÉ;ÃCÆRÄ�ÆRÃËÊ�×�ØÙ¿ÏÑbÅY¼PÃmÈC¿7ÑÐÃCÇTÆ ¾?ÈC¿TÖP¿7Ñ£Ò3Á1Æ�¿D¼ R Å;Í3¿D¼PÃ R ¿ÂÃTÃË¿%ÑZÅYÇYÃË¿Í3¿ÐÃCÇ=É`ÍKÁ R ÃCÆCÅY¼�×DC�¼d¿:9o¿ÂÃËåsÁ1¼MÃCÇTÆ ¾?ÈC¿TÖP¿£¿7ÑYÃ�Í3ÊÂÃË¿DÇTÎÏÆk¼NÊ�¾+É�ÇÏÍ3¿ÂÁ)ÖaÍ3¿/Ñb¿7ÑlêcÉ R ¿7Ñ U Ñ=ÉÐÑZÅ`Á1Ç R ¿Ä)¿DÇYÃCÆ R É�ÈC¿Zå�Ò3Á1Æ�¿7ÑYÃ�¼NÅ`ÃCÇb¿

2
àk¾ÀÅÂÑTÆRÃCÆCÅY¼

A → B → C
åm¿ÂÃ�Ñ=ÉÐ¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼ É R ÃCÆRÄ)¿Zå�Ò3Á1Æ�¿7ÑYÃ�ÈC¿í)Æ ¾?ÈC¿TÖ?¿ R ÚNÅYÆ^ÑDÆP¾+É�Ç�ÈC¿oÕYÅ`Á;¿ÂÁ1Ç�É R ÃCÆkê ×
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C�¼�ÇbÊ:É�ÈkÆRÃËÊZåPÆkÈ�¿7ÑÂÃ+¾?ÈRÁVÑoÕ�ÁVÑYÃË¿�Í V ÆkÎ£ÉÂÌJÆk¼N¿DÇ�Ò3Á;¿wÈ V Å=¾3¾ÀÅÂÑ=É�¼PÃ?ÕZÅ`Á;¿m¼NÅY¼ç¾+É)Ñ�Í;É�¼uÑwÈOÉ�¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼¿TÖ�ÃË¿DÇT¼N¿Zå'Î£É�Æ^ÑsÉ�ÆkÈkÈC¿ÂÁ1ÇDÑbå;ÑYÁ1ÇmÁ1¼N¿o¾�ÅÂÑTÆRÃCÆCÅY¼�Ò{Á1Æ`¾+É�ÇYÃQÉÂÌ3¿�Á1¼/¾�ÅYÇYÃ�ÉJÄ)¿ R ÈOÉs¾ÀÅÂÑTÆRÃCÆCÅY¼ R ÅY¼uÑTÆCÍ3ÊDÇbÊZ¿�×
B�ÆC¿ÂÁ)ÖPå�ÅY¼�¾�¿ÂÁ3Ã�¾À¿D¼uÑb¿DÇ/Ò{Á V ÅY¼,É£É.9+É�ÆkÇb¿/ÔÐÍ3¿ÂÁ)Ö�Å=¾3¾�ÅÂÑ=É�¼?ÃcÑbåÙÁ1¼,Ô%Ì;É;Á R ÚN¿Ï¿ÂÃmÁ1¼,ÔÐÍJÇbÅYÆRÃË¿Zå¿D¼?ÃCÇb¿�ÈC¿7ÑbÒ3Á;¿DÈ^Ñ�ÕZÅ`Á;¿ÂÁ1Ç�ÝÏ¿ÂÃPÕYÅ`Á;¿ÂÁ1Ç��e¼N¿mêäÅY¼PÃì¾+É)Ñ�Í3¿/ÍJÆH9�ÊDÇb¿D¼ R ¿�×péÀÈRÁVÑ�¿TÖKÉ R ÃË¿DÎÐ¿D¼PÃËå`ÕYÅ`Á;¿ÂÁ1ÇÝ%¼NÊTÌ3Å R ÆC¿�ÉVÄ)¿ R Å=¾3¾ÀÅÂÑ=É�¼?Ã�ÝÏÔçÑ:ÉÏÌ;É;Á R ÚN¿ZåÙ¿ÂÃwÉJÄ)¿ R ÕZÅ`Á;¿ÂÁ1Ç
��ÔçÑ=É�ÍJÇbÅYÆRÃË¿ZåÀ¿ÂÃ R'V ¿7ÑÂÃsÈOÉ\ÑZ¿ÂÁ1ÈC¿ÍJÆH9oÊDÇb¿D¼ R ¿/Ò3Á V ÆkÈ�êRÉ�ÆRÃp¿D¼?ÃCÇb¿�Ñb¿7Ñ�Í3¿ÂÁ)Ö�Æk¼?ÃË¿DÇTÈCÅ R Á3ÃË¿ÂÁ1ÇDÑÂ×���Á`É�¼NÍçÆkÈN¾+É)ÑDÑb¿�ÈOÉ%Î£É�Æk¼,ÔÏÑ=É£ÍJÇbÅYÆRÃË¿ZåÕYÅ`Á;¿ÂÁ1Ç�Ýw¼N¿�Ñ=É�ÆRÃN¾+É)ÑmÒ{Á;¿ZåNÍ3¿ R ¿ RZï ÃËÊZåNÍ3¿DÇTÇTÆCâDÇb¿wÑbÅY¼�Å=¾3¾ÀÅÂÑ=É�¼PÃËå R'V ¿7ÑYÃ{ÕYÅ`Á;¿ÂÁ1Ç��eÒ3Á1Æ?Ñb¿ R É R ÚN¿�×

����� �ç���ì�����£�w�K� �P�7��� �� ��������K�P�7 ��
�����! #"%$&"('� M©*)�«�+½¸-,a=u¸3¯b· ¶:·¹¸?º�°u®q=k?x<c¶:·¹®J¯
»½¼�Ç=Éb¾3¾À¿DÈkÈC¿lÒ3Á;¿�¼NÅÂÑ½¾+É�ÇYÃCÆC¿7ÑwêQÅYÇTÎÐ¿D¼?ÃwÁ1¼è¿D¼uÑZ¿DÎçí)ÈC¿�ÑDÆkÎl¾?ÈkÆ R ÆOÉ�È

J1
å+Í3ÅY¼PÃÙ¼NÅ`ÁVÑ�ÊÂÃTÁ;ÍJÆCÅY¼uÑwÈOÉ

R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼�×�ØÙ¿ÂÃTÃË¿ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼a¿7ÑYÃ�Í3ÊDÜ3¼3ÆC¿ R ÅYÎÏÎÐ¿/ÑÂÁ1ÆRÃ U ÊÂÃQÉ�¼?Ã�Í3ÅY¼3¼NÊZ¿7ÑeÃCÇbÅYÆ^Ñw¾+É�ÇYÃCÆC¿7Ñ
Π,Π1,Π2

ÅY¼�ÄZÉ_ÍJÆkÇb¿¬Ò3Á;¿
Π
Éb¾3¾+É�ÇYÃCÆC¿D¼?Ã\Ô

Π2◦JΠ1
Í3â7Ñ�Ò{Á;¿

Π
å

Π1
å�¿ÂÃ

Π2
ÑbÅY¼?Ã£ÃCÇbÅYÆ^Ñ¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼uÑÀÍ V Á1¼N¿�Î ð ÎÐ¿oÆk¼?ÃË¿DÇ=É R ÃCÆCÅY¼\Í;É�¼uÑ
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I;T
U S IKJel1X lHF>[bj:L

I
@ l1X"[bIKFHj:LtVKLtl1XB5kI�L_lHl>L S YWX�XZUKU S [:m�lfu m_l>m_p�L_Ykj

T
M

= Y J,XZF>[ S YKY�LDU!XZJ�FHY�VNI�g_jbF S Y [bIKJ l1X*[ S p"p�LaVKL^[�l S YKG'I�L_IKJ:["VKL
I
L_j
I ′

M = Y XZUKUKlHF
5kI�L
lfu > �xU S j >�c^[:LWFHY�VNI�g_jbFHw LqXZI%g S IKUKl>L S �Kj:L_Y�I%L_Y J:L_jbFHJ,XZYkj l>LWVKL_JbYKF>L_J jbJbFHUKl>Lo`NL @

I
L_j"! S I�@

I ′[:L_l S Y l>L g8Xh[ \
g S p"p�L Lo`NUKlHF
5kI�msUKlHI�[ �!Xh[ M = Y S �KjbF>L_Y�jtXZFHY�[bF�IKYqm_l>m_p�L_Y�j

R′
VKL

J3
1

[bIKJ�l>L 5�I�L_l
S Y L_p"UKFHl>L l>L 5kI!XhVNJbFHUKl>Lo`KL g S Y�[:jbJbIKFHj g S p"p�L FHY�VNF
5kI�m g_F87 VKL^[:[ S I�[ @WU!XZJbjbFHJ"VNI S I VKL^[�VKL_IN`



��� �����	��
���
�������������������
��������! ����"��#�$%�� &��
��!�'��(��*)��	 ��	�,+-�.�&/0(�
�
1��
�2	#&�!�

jbJbFHUKl>Lo`NL^[eUKJ:m8XZl1X �Kl>L_p�L_Ykj�J:L_jbFHJ:m^[ M
� F&l>L^[iVKL_IN`DjbJbFHUKl>Lo`KL^[�XZIN`a[ S p"p�L_j:[�VKL

I
L_j
I ′

I
S Y�jiIKYqL 9�L_jiVKL � S J:VaL_YWg S p"p IKY P

.

pxy

pxw

.

p′yz

p′xy

!p′yw

pyz

pyw

!pxz

pzw

I

I ′

.
p′xw

p′zw

.

pxy

pxw

pyz

!p′yw

pyw

!pxz

pzw

I

I ′

� S IKJ l>L�VKL^[:[:FHY�VKL"G�XZI�g?>�L
\ I = I−;T

S��
T
L^[bjtl>L"jbJbFHUKl>Lo`KL"d S Jbp�m"U!XZJ

pxy \ pyw \ pxw \
p′xy \ p′yw

L_jTl>L�g S IKU \
L_j
I ′ = I ′−;T ′

S��
T ′

L^[bjTl>L�jbJbFHUKl>Lo`KL�d S Jbp�m6U!XZJ
pyz \ pyw \ pzw \ p′yz \ p′ywL_jel>Lsg S IKU M = Y*XZUKUKlHF
5�I�LsV S Y�g lfu > �xU S j >�c^[,LsVKLtJ:m^g_IKJbJ:L_Y�g^L @

I−
L_j @

I ′−
L_j S YWg S p"UKl>c_j:Lsl>L

g S IKUKl>LeVKL jbJbFHUKl>Lo`NL^[
T, T ′

L_Y"IKY�m_l>m_p�L_Ykj VKL
J•3

G'J��hg^L�@
pxz

5kIKF�L^[bj S �Kj:L_Y�I U!XZJRXh[:[ S g_F1XZjbFHwkFHj:m
V�XZY�[

J
M � S IKJel>LtVKL^[:[:FHYDVKL�VNJ S FHj:L�l>L^[ jbJbFHUKl>Lo`KL^[

T
L_j
T ′

[ S Y�jiVNF89�m_J:L_Y�j:[ep XZF>[ lfuvXZJbG'IKp�L_Ykj�L^[bj
l>L�p�r_p�L M

I
[bFHY S Y
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.
p′xw

p′xy

.

pxy

pxw

pyz

pyw

!pxz

!p′xz

pzw

I

I ′

.

!p′xz

pxy

pxw

p′zw

pyz

p′yz

pyw

.

!pxz

pzw

I

I ′

= YWw S FHj6[bIKJil>L^[�VKL^[:[bFHY�[�5kI�L
pxz

L_j
p′xz

[8u S �KjbF>L_YKY�L_Ykj�U!XZJ�Xh[:[ S g_F1XZjbFHwkFHj:msV�XZY�[
J \
J:L^[bU�L^g 7

jbFHw L_p�L_Y�j�V�XZY�[sl>L^[sj:m_jbJ,Xhc^VNJ:L^[�g S Y�[bjbFHjbI�m^[ U!XZJ
pxy \ pyz \ pzw \ pxw

L_j
pyw

U S IKJ
pxz \

L_j U!XZJ

p′xy \ pyz \ pzw \ p′xw
L_j
pyw

U S IKJ
p′xz � V�XZY�[il>L UKJ:L_p"F>L_J6[:g >�m_p X � M � S IKJ�l>LsVKL^[,[bFHYqVKL G�XZI�g?>�L

\
I = I−;T

S��
T
L^[:jTl>L�jbJbFHUKl>Lo`KL�d S Jbp�m6U!XZJ

pxy \ pyw \ pxw \ p′xy \ p′xw
L_j l>L6g S IKU M = YDXZUKUKlHF
5kI�L

V S Y�g lfu > �xU S j >�c^[:L�VKL J:m^g_IKJbJ:L_Y�g^L @
I−

L_j @
I ′
S Y�g S p"UKl>c_j:LiV S Y�gil>L jbJbFHUKl>Lo`NL

T
L_Y"IKY m_l>m_p�L_Ykj

VKL
J•3

G'J��hg^L @
pxz

L_j
p′xz

M � S IKJil>L�VKL^[:[bFHY VKLtVNJ S FHj:L�l>L^[ J��hl>L^[�[ S Y�jeFHYkw L_J:[:m^[ig'u L^[bjiL_Y�>!XZIKjiVKL

I ′
5�I&u S YWL_YKl>c_w LsIKY jbJbFHUKl>Lo`NLtL_j�l>L�J:m^[bIKlHj,XZj�L^[bjil>L�p�r_p�L M
] uvXZJbG'IKp�L_Ykjig_F87 VKL^[:[bI�[ [8uvXhV�XZUKj:L�XZI�[:[bF �KF>L_YaXZIDg8Xh[ S�� l>L�g S IKUDL^[bj d S J�� XZJ:V 5kI&u @ g^L_lHIKF S��

FHl&L^[bj �!Xhg����TXZJ:V
\
g'u L^[bjel1X J,XZF>[ S Y U S IKJil1XB5kI�L_lHl>Ltl>L^[ig S IKU�[i[ S Y�j�VKL^[:[:FHY�m^[i[,XZY�[iVNFHJ:L^g_jbF S Y M

]&L^[�g8Xh[i[��xp�m_jbJbF
5�I�L^[i[,L�jbJ,XZFHj:L_Y�j�VKLsl1X p�r_p�L�d@X	� S Y M
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A ÁmêRÉ�ÆRÃ�Ò{Á;¿pÃËÅ`Á3Ã�ÃË¿DÈ R Å`ÁY¾?ÈC¿sÍ V Æk¼PÃË¿DÇ=É R ÃCÆCÅY¼uÑì¾?ÇbÅ)Ä�ÆC¿D¼PÃìÍ V Á1¼N¿

3
àAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼Nå3ÑTÆ'È V ÅY¼ R ÅY¼uÑTÆCÍ3âDÇb¿Á1¼N¿ R ÅYÎl¾ÀÅÂÑbÊZ¿/Í3¿ÏÃCÇbÅYÆ^Ñp¾+É�ÇYÃCÆC¿7Ñ/Í;É�¼uÑ�Á1¼ R ¿DÇYÃQÉ�Æk¼òÅYÇbÍJÇb¿Zå�ÅY¼Ð¾À¿ÂÁ3Ã�Å'í{ÃË¿D¼3ÆkÇ�ÈOÉeÎ ð ÎÐ¿w¾+É�ÇYÃCÆC¿

R ÅYÎl¾ÀÅÂÑbÊZ¿�¿D¼ R ÅYÎl¾ÀÅÂÑ=É�¼?Ã%ÈC¿7Ñ¬ÃCÇbÅYÆ^ÑÏ¾+É�ÇYÃCÆC¿7Ñ�Í;É�¼uÑÐÈ V É;Á3ÃCÇb¿�ÅYÇbÍJÇb¿�× � Á3ÃCÇb¿DÎÐ¿D¼?Ã£ÍJÆRÃËålÊÂÃQÉ�¼PÃÍ3ÅY¼3¼NÊZ¿7Ñ�ÃCÇbÅYÆ^Ñ%¾+É�ÇYÃCÆC¿7Ñbå�ÅY¼8Å'í{ÃCÆC¿D¼?ÃlÈC¿çÎ ð ÎÐ¿�¿D¼uÑZ¿DÎçí)ÈC¿¬Í3¿%¾+É�ÇYÃCÆC¿7Ñ R ÅYÎl¾�ÅÂÑZÊZ¿7Ñ�Ò3Á;¿DÈ�Ò3Á;¿ÑbÅYÆRÃ�È V ÅYÇbÍJÇb¿�Í;É�¼uÑeÈC¿ZÒ3Á;¿DÈ�ÅY¼ R ÅYÎl¾ÀÅÂÑb¿�×8ØÙ¿ÂÃTÃË¿�¾?ÇbÅ=¾?ÇTÆCÊÂÃËÊ�¿TÖV¾?ÇTÆkÎÐ¿�Í3ÅY¼ R í)ÆC¿D¼8Á1¼N¿\êäÅYÇTÎÐ¿Í V É)ÑDÑZÅ R ÆOÉ;ÃCÆRÄ�ÆRÃËÊ\ÛRÄ)ÅYÆkÇ�Çb¿DÎ£É�ÇbÒ3Á;¿ � ��ß�×
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J1»½¼¬É;Á1Ç=É�ÆRÃo¾�ÁÐ¿TÖV¾?ÇTÆkÎÐ¿DÇ R ¿ÂÃTÃË¿ R ÅY¼NÍJÆRÃCÆCÅY¼�¼NÅY¼�Ñb¿ÂÁ1ÈC¿DÎÐ¿D¼?Ão¾ÀÅ`Á1ÇpÈC¿7ÑpÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼uÑmÎ£É�Æ^Ñ�É;ÁVÑ7ÑTÆ¾ÀÅ`Á1ÇwÃËÅ`Á3ÃË¿pÍ3¿DÎÏÆáà
n
àAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼òÛkÈOÉ/Í3ÅY¼3¼NÊZ¿�Í V Á1¼N¿½ÑÂÁ1ÆRÃË¿pÍ3¿

n
¾?ÇbÅ=ÕZ¿ R ÃCÆCÅY¼uÑÙÆk¼PÃË¿DÇT¼N¿7Ñ >RqA6Yq ¾+É�Ç7à
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ÃCÆC¿7Ñ R ÅYÎl¾+É;ÃCÆQí)ÈC¿7Ñ ßw¾ÀÅ`Á1Ç�ÃËÅ`Á3Ã
n
U Ô�ÃËÅ`Á3Ã R Å`ÁY¾?ÈC¿%Í V Á1¼N¿

p
àAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼

P
Í;É�¼uÑ

J
p
1

¿ÂÃwÍ V Á1¼N¿
q
àAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼

Q
Í;É�¼uÑ

J
q
1

ÃË¿DÈ�Ò3Á;¿wÈOÉ�¾?ÇbÅ=ÕY¿ R ÃCÆCÅY¼,¿TÖ�ÃË¿DÇT¼N¿�Í3¿wÈ V Á1¼N¿�ÑbÅYÆRÃsÊTÌ;É�ÈC¿�ÔÐÁ1¼N¿Ó¾?ÇbÅ=ÕY¿ R àÃCÆCÅY¼�Æk¼PÃË¿DÇT¼N¿ÏÍ3¿�È V É;Á3ÃCÇb¿%ÅY¼èÑ=É�ÆRÃsÉ)Ñ7ÑbÅ R ÆC¿DÇ%Á1¼N¿
(q + p − 1)

àAÆk¼PÃË¿DÇ=É R ÃCÆCÅY¼GÍ;É�¼uÑ
J
p+q−1
1

É=ó{É�¼PÃÈC¿7Ñ�Í3¿ÂÁ)Ö�êRÉ R ¿7Ñ�Ä)Å`Á1ÈRÁ;¿7ÑÂ×æoÉ�¾?Çb¿ÂÁ3Ä)¿�¿7ÑYÃ�ÈOÉ/Î ð ÎÐ¿�Ò3Á;¿½¾ÀÅ`Á1Ç�ÈC¿ R É)Ñ
p+ q − 1 = 3

ÃCÇ=É�ÆRÃËÊ R ÆáàäÍ3¿7Ñ7ÑYÁVÑÂ×
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I � Æ�È V ÅY¼£¾?ÇbÊ=à R ÅYÎl¾ÀÅÂÑb¿�Å`Á�¾ÀÅÂÑYÃRà R ÅYÎl¾�ÅÂÑZ¿lÁ1¼N¿½¾+É�ÇYÃCÆC¿ Π : J1

ÉVÄ)¿ R����
	
( �
� � (Π))

Í V Á1¼ RZï ÃËÊÅ`Á�ÉVÄ)¿ R����
	
( ����� (Π))

Í3¿�È V É;Á3ÃCÇb¿Zå�ÅY¼òÅ'í{ÃCÆC¿D¼?Ã
Π
å�Î£É�Æ^Ñ�¾+É)Ñ�Ñb¿ÂÁ1ÈC¿DÎÐ¿D¼PÃËå�É;Á3ÃCÇb¿DÎÐ¿D¼PÃ�ÍJÆRÃ ���
	¼ V ¿7ÑYÃo¾+É)Ñp¼N¿ÂÁ3ÃCÇb¿Ó¾ÀÅ`Á1Ç�ÈOÉ R ÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼�ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿�Í3¿7ÑÙ¾+É�ÇYÃCÆC¿7ÑÂ×

���'¤ '- �� $Y¦�¥ $&"('� ��
� S F>g_F�VKL_IN` FHYkj:L_J,Xhg_jbF S Y�[RV�u IKY�L U!XZJbjbF>L

Π
@6VKL_IN`�g S IKU�[ X^w L^g lfu F>VKL_Y�jbFHj:m�VKLT[ S Y � S J:V�VNJ S FHj
�

L_Yaj:L_Jbp�LsV�u L_Y�jbJ:L_l1Xhg^L_p�L_Ykj:[tg_F87 VKL^[:[ S I�[ \ Π ◦J � � J(c) = {(c; c′), (c′; c)}
M

.

c′ .

c. � �

� �
c

.

c′ .

c. � �

� �
c

� IKjbJ:L_p�L_Y�j	VNFHj P [bF
c(m)

L_j
c(d)

VKm^[bFHG'Y�L_Ykj�J:L^[bU�L^g_jbFHw L_p�L_Y�j	l>L^[�g S UKF>L^[&VNI p"FHlHF>L_I L_j�VNI g �hj:m
VNJ S FHj-VNI�g S IKU

c \
l>L^[ S J:VNJ:L^[ FHY�VNIKFHj:[-U!XZJ	l>L^[-UKJ S<; L^g_jbF S Y�[ FHY�j:L_JbY�L^[ � c′ < c(m)

L_j
c(d) < c(m) � Y�Lg S Y�jbJ,XZFHG'Y�L_Y�j�U!Xh[ lfu S J:VNJ:L�VKL�l1X UKJ S<; L^g_jbF S YaLo`Nj:L_JbY�L \ FHl � X V S Y�g6VKL_IN` U S [:[bF��KFHlHFHj:m^[ P c(d) < c′S I

c(d) > c′
M
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( �7� )m�K�N�s�P�+*w�D ����/�w�/������  �ì�s�P�+*w�p�?�7  �P�,*����� 
- j,XZY�jWV S YKY�m^L IKY�L g8XZj:m_G S JbF>L

C � V S Ykj S Y XZUKU�L_lHl>L*l>L^[ S � ; L_j:[£<{F)2=>C@C>cF1032 L_j l>L^[Dp S JbU >KF>[:p�L^[<{.1Bb@C>c6=2 � \ S Y VKmon�YKFHj P
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� ÅYÆC¿D¼?Ã Π,Π′
¿ÂÃ

Π′′
ÃCÇbÅYÆ^ÑÓ¾+É�ÇYÃCÆC¿7Ñbñ�ÑTÆ

Π = Π′ ◦ Π′′
å�É�ÈCÅYÇDÑ�ÅY¼,ÍJÆRÃpÒ3Á;¿

Π′′
¿7ÑYÃ�Á1¼Ð¾?ÇbÊDÜ{ÖP¿/Í3¿

Π
¿ÂÃÓÒ{Á;¿

Π′
¿7ÑYÃpÁ1¼�ÑÂÁ1ô%ÖP¿

Π
×

A É�¼uÑ�ÈC¿ R É)Ñ/Å32
Π′
¼ V ¿7ÑYÃ�¾+É)Ñ%Á1¼�Æ^ÑbÅYÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿Zå�ÅY¼�ÍJÆkÇ=É�Ò{Á;¿

Π′′
¿7ÑÂÃmÁ1¼Ð¾?ÇbÊDÜ{ÖP¿�ÑYÃCÇTÆ R ÃwÍ3¿

Π
×

Q L_jbj:LsVKmon�YKFHjbF S Y*X IKYq[:L_Y�[eU S IKJej S IKj:LtY S jbF S YqVKLtg S p"U S [bFHjbF S Y M
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6 ¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿/ÑTÆvÌJ¼NÊZ¿Ï¿7ÑÂÃ�Á1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿eÍ3ÅY¼PÃsÈ V ¿D¼uÑb¿DÎÐí)ÈC¿eÍ3¿7Ñ%Å'íZÕY¿ÂÃcÑ�¿7ÑYÃsÎ£Á1¼3Æ�Í V Á1¼N¿Éb¾3¾?ÈkÆ R É;ÃCÆCÅY¼
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{−, +}
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h ◦ (g ◦ f)É�ÈCÅYÇDÑpÈ V É;Á3ÃCÇb¿wÈ V ¿7ÑYÃÓÉ;ÁVÑDÑTÆCå�¿ÂÃÓÍ3¿Ó¾?ÈRÁVÑ�¿DÈkÈC¿7ÑmÑbÅY¼PÃpÊTÌ;É�ÈC¿7Ñ�ñ
��	 � ÈC¿7Ñ�ÆCÍ3¿D¼PÃCÆRÃËÊ7ÑÓÑbÅY¼?Ã Y�L_IKjbJ:L^[ É;ÁlÑb¿D¼uÑÓÅ32 U ¾ÀÅ`Á1ÇwÃËÅ`Á3Ã

f
Í;É�¼uÑ

H1
å
f ◦ �����	��
 (f)

¿ÂÃ � �
����� (f) ◦fÑbÅY¼PÃ�ÛQí)ÆC¿D¼,Í3ÊDÜ3¼3Æ^Ñ�¿ÂÃAß�ÊTÌ;É;Á)Ö�Ô
f
×

¡£¢;¤,¥3¦)§+¨�¢�ª�0

« æ�¿7Ñ R É;ÃËÊTÌ3ÅYÇTÆC¿7Ñ�ÁVÑYÁ;¿DÈkÈC¿7Ñ�ÑbÅY¼PÃ�Í3¿7Ñ�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿7Ñ/Ò3Á1Æ�Ñ=É;ÃCÆ^ÑTêäÅY¼PÃÙÈOÉ R ÅY¼NÍJÆRÃCÆCÅY¼èÉ`Í3ÍJÆRÃCÆCÅY¼Kà¼N¿DÈkÈC¿mÑYÁ1ÆRÄZÉ�¼PÃË¿ U
f
¿ÂÃ
g
ÑZÅY¼PÃ R ÅYÎl¾ÀÅÂÑ=É{í)ÈC¿7Ñ�Í3â7Ñ�Ò{Á;¿ �
� � (f)

¿7ÑYÃÓÊTÌ;É�ÈC¿�Ô �#��� (g) ×

����� �   ����� �o�p�P�+*��p�N�D ����K��*��/�� ��
�����! #"%$&"('� Mª �Ð«��m® ,ç·
� µ'?'¶7³14u¸�<Q·¹®£¯b·54Nº'³J®

6 ¼N¿/Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�ÑTÆvÌJ¼NÊZ¿�¿7ÑYÃmÁ1¼N¿/Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿
H
ÎçÁ1¼3ÆC¿/Í V Á1¼N¿�êäÅY¼ R ÃCÆCÅY¼�Í3¿�¾�ÅYÈOÉ�ÇTÆRÃËÊÑYÁ1ÇmÈC¿7Ñ�Å'íZÕY¿ÂÃcÑbå

λ : H0 → {−,+}
Ò{Á1ÆìÑ V ÊÂÃË¿D¼NÍ£¼PÉ;ÃTÁ1Çb¿DÈkÈC¿DÎÐ¿D¼?ÃwÉ;Á)Ö��Nâ R ÚN¿7Ñp¾+É�ÇwÈOÉ%ÇbâTÌJÈC¿�Í3¿7ÑÑTÆvÌJ¼N¿7ÑlÁVÑYÁ;¿DÈkÈC¿wÆkÈkÈRÁVÑYÃCÇbÊZ¿�Í;É�¼uÑwÈC¿wÑ R ÚNÊDÎ£É R ÆáàäÍ3¿7ÑDÑbÅ`ÁVÑ U

+
+

+ −
+

− −
−

+ +
−

−

E	FHG'IKJ:L�
 MHO'P �0J S U!XZG�XZjbF S YqVKL^[�[bFHG'Y�L^[�XZIN`ap S JbU >KF>[bp�L^[ M

¡£¢;¤,¥3¦)§+¨�¢�ª
�
� ÃQÉ�¼?Ã�Í3ÅY¼3¼NÊZ¿�Á1¼N¿ÐÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿\ÑTÆvÌJ¼NÊZ¿

H
åwÅY¼òêRÉ{í)ÇTÆCÒ3Á;¿�Á1¼N¿%¼NÅ`Á3Ä)¿DÈkÈC¿�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿

H+ R ÅYÎÏÎÐ¿mÑÂÁ1ÆRÃ U
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« ØÙÅYÎÏÎÐ¿�Å'íZÕY¿ÂÃcÑ�ÅY¼£¾?Çb¿D¼NÍ£Ñb¿ÂÁ1ÈC¿DÎÐ¿D¼?ÃÀÈC¿7Ñ�Å'íZÕY¿ÂÃcÑÙ¾ÀÅÂÑTÆRÃCÆkêCÑ�Í3¿
H
å

« ¿ÂÃ R ÅYÎÏÎÐ¿wÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7ÑlÅY¼\¾?Çb¿D¼NÍ�ÃËÅ`ÁVÑ�ÈC¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�¿D¼?ÃCÇb¿lÍ3¿lÃË¿DÈ^Ñ�Å'íZÕY¿ÂÃcÑÂ×
« æ�¿7ÑpÆCÍ3¿D¼?ÃCÆRÃËÊ7ÑmÑbÅY¼?ÃsÍ;É�¼uÑ

H+ å
« ¿ÂÃ�ÈOÉ R ÅYÎl¾ÀÅÂÑbÊZ¿�Í3¿�Í3¿ÂÁ)Ö��Nâ R ÚN¿7Ñs¾�ÅÂÑTÆRÃCÆRÄ)¿7Ñ�¿7ÑYÃÙÉ;ÁVÑDÑTÆK¾ÀÅÂÑTÆRÃCÆRÄ)¿�×

H+ ¿7ÑYÃlí)ÆC¿D¼MÁ1¼N¿£Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�×,»½¼dÍJÆRÃmÉ;ÁVÑ7ÑTÆpÒ3Á;¿
H+ ¿7ÑYÃpÈOÉ�ÑbÅ`ÁVÑÏÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿¾?ÈC¿DÆk¼N¿�Í3¿7Ñ�Å'íZÕZ¿ÂÃcÑ½¾�ÅÂÑTÆRÃCÆkêCÑ�Í3¿

H
×

= YWw'X�[8u FHY�j:m_J:L^[,[:L_J�[bIKJbj S IKj�XZIN` VKL_p"F87 g8XZj:m_G S JbF>L^[6[:FHG'Y�m^L^[�V�XZY�[il>L^[ 5�I�L_lHl>L^[�l>L^[��!c^g?>�L^[�Y�m_G�X 7
jbFHw L^[iY�Lt[ S YkjiU!Xh[ig S p"U S [,X �Kl>L^[ \ S Y l>L_IKJiV S YKY�L V S Y�gtIKY [bj,XZjbIKj P
�����! #"%$&"('� MªK©�«��m® ,ç·
� µ'?'¶7³14u¸�<Q·¹®J¯�� ?K´v´v?'µ`·¹®{±'¯:®J¯

6 ¼N¿ÐÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿£êRÉ�ÈkÈOÉ R ÆC¿ÂÁVÑb¿�¿7ÑYÃ%Á1¼N¿ÐÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿çÑTÆvÌJ¼NÊZ¿�Ò3Á1Æ�Ä)ÊDÇTÆkÜN¿eÈOÉ R ÅY¼NÍJÆRÃCÆCÅY¼Ò3Á;¿�Í3¿ÂÁ)Ö��Nâ R ÚN¿7Ñ�¼NÊTÌ;É;ÃCÆRÄ)¿7Ñm¼N¿wÑbÅY¼?ÃKÕ:É�Î£É�Æ^Ñ R ÅYÎl¾�ÅÂÑ=É{í)ÈC¿7Ñ�×
= YWV S YKY�Ltp XZFHYkj:L_Y!XZY�j6IKY UKJ S g^m^VKmsU S IKJ S �Kj:L_YKFHJ6VKL�j:L_lHl>L^[�VKL_p"F87 g8XZj:m_G S JbF>L^[ M

���+¢;¤ ���O¢¬ª .¬«��?²`® ,a=u´ ®J¯�°u®�°u® ,ç·
�Tµ'?`¶=³14u¸K<ä·¹®	� ?K´v´v?'µ`·¹®{±'¯:®
6 ¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿

C
ÊZÒ3Á1Æ ¾ÀÊZ¿£Í V Á1¼N¿%êQÅY¼ R ÃCÆCÅY¼MÍ3¿ÏÑTÆvÌJ¼N¿

λ : C0 → {−,+}
Í3ÅY¼3¼N¿%ÈkÆC¿ÂÁèÔèÁ1¼N¿Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿/ÑDÆvÌJ¼NÊZ¿

D(C, λ)
Í3ÅY¼PÃÓÈC¿7Ñ/Å'íZÕZ¿ÂÃcÑ/¿ÂÃ½ÈC¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�ÑbÅY¼PÃÓÈC¿7ÑlÅ'íZÕZ¿ÂÃcÑ/¿ÂÃÓÈC¿7ÑÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ\Í3¿

C
¿ÂÃ�Å32�ÈOÉ R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼d¿7ÑYÃpÈOÉ£Çb¿7ÑYÃCÇTÆ R ÃCÆCÅY¼GÍ3¿lÈOÉ R ÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼dÍ3¿

C
Ô£ÈOÉÇbÊÂÁ1¼3ÆCÅY¼�Í3¿

C+
1 × C1

¿ÂÃ
C1 × C+

1

× C�¼�Ì3ÊD¼NÊDÇ=É�È
D(C, λ)

¼ V ¿7ÑYÃ�¾+É)Ñ�Á1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿�×
BèÉ�Æ^Ñ

D(C, λ)
¿7ÑYÃpÁ1¼N¿�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�êRÉ�ÈkÈOÉ R ÆC¿ÂÁVÑb¿�×

¡£¢;¤,¥3¦)§+¨�¢�ª
	
»½¼�¾À¿ÂÁ3Ã�Çb¿DÎ£É�ÇbÒ3Á;¿DÇ�Ò3Á V Æ R Æ�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�¿7ÑYÃÏÃËÅ`ÃQÉ�ÈC¿çÑYÁ1Ç�ÃËÅ`Á3ÃË¿7Ñ\ÈC¿7ÑçÉ;Á3ÃCÇb¿7Ñ R ÅYÎl¾�ÅÂÑTÆRÃCÆCÅY¼uÑÛ R ¿DÈkÈC¿7Ñ%Í;É�¼uÑ�ÈC¿7ÑbÒ3Á;¿DÈkÈC¿7ÑÏÁ1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�É;ÁçÎÐÅYÆk¼uÑ�¿7ÑYÃ�¾�ÅÂÑDÆRÃCÆkê ß/¿D¼ R ¿�Ñb¿D¼uÑ/Ò{Á;¿%Í;É�¼uÑ

C+
1 ×

C1 q C1 × C+
1

ÈOÉ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼è¿7ÑÂÃ+¾+É�ÇYÃËÅ`Á3Ãwí)ÆC¿D¼èÍ3ÊDÜ3¼3ÆC¿�×
���'¤ '- �� $Y¦�¥ $&"('� ��

« ] u F>VKL_YkjbFHj:m L^[bj�Y�L_IKjbJ:L�@"VNJ S FHj:L UKIKF>[?5kI&u S YWg S p"U S [,Lslfu F>VKL_Y�jbFHj:m�5kIKF�L^[bjiIKY�L
�!c^g?>�LsU S [bFHjbFHw L
X^w L^gsIKY�L XZIKjbJ:L��!c^g?>�L V S Y�gtj S IKj:L^[ig^L^[�g S p"U S [:m^L^[�[ S Y�jil>L^[ip�r_p�L^[�5kI�LtV�XZY�[

C
M

« ��L�p�r_p�Ltlfu F>VKL_Y�jbFHj:m L^[bjeY�L_IKjbJ:L
@ G�XZI�g >�L M

« � [:[ S g_F1XZjbFHwkFHj:m P
�tXZY�[sl>L^[sg8Xh[ V�XZY�[sl>L^[?5kI�L_l>[tFHl�� X XZI�UKlHI�[tIKY�L��!c^g >�L�Y�m_G�XZjbFHw L [:IKJsl>L^[tjbJ S F>[sU�L_jbFHj:L^[
�!c^g?>�L^[

\
G'J��hg^L @"l1X�l S F�[bIKJil>L^[�[bFHG'Y�L^[ \ [:F&l1X"g S p"U S [:m^LsLo`NF>[bj:LsV�XZY�[iIKYq[:L_Y�[

\
L_lHl>LsLo`NF>[bj:L

XZI�[:[bF&V�XZY�[�lfuvXZIKjbJ:L �![bF�U!XZJ�g S Y�jbJ:LsFHl��DX"VKL_IN`
�!c^g >�L^[�Y�m_G�XZjbFHw L^[ S I UKlHI�[ \ l1X"g S p"U S [:m^LY&u Lo`NF>[bj:L�YKF�V�XZY�[eIKYW[,L_Y�[eYKF&V�XZY�[ilfuvXZIKjbJ:L M
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Z2

Z2
¿7ÑÂÃ�ÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�ÑTÆvÌJ¼NÊZ¿�Í3Ê R ÇTÆRÃË¿s¾+É�Ç�ÈC¿wÑ R ÚNÊDÎ£É R ÆáàäÍ3¿7ÑDÑbÅ`ÁVÑ U

0
� �

0 +

01

−

	 1
� �

1+

10

−

¿D¼�É)Ñ7ÑbÅ R ÆOÉ�¼?Ã
+
Ô

0
¿ÂÃ
−
Ô

1
ñ?É;Á3ÃCÇb¿DÎÐ¿D¼PÃsÍJÆRÃ

Z2
¿7ÑÂÃoÈOÉ R É;ÃËÊTÌ3ÅYÇTÆC¿�ÔeÍ3¿ÂÁ)Ö�Å'íZÕZ¿ÂÃcÑ

{0, 1}¿ÂÃsÒ3Á`É;ÃCÇb¿wÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ
{ � � 0, � � 1, 01, 10} Ñ=É;ÃCÆ^ÑTêRÉ�Æ^Ñ=É�¼PÃ U

I 01 ◦ 10 = ��� 1 ¿ÂÃ 10 ◦ 01 = � � 0»½¼¬¾�¿ÂÁ3Ãp¼NÅ`ÃË¿DÇeÒ{Á;¿
Z
′
2

ÊTÌ;É�ÈC¿
D(Z2, λ)

åÓÅ32
λ
¿7ÑYÃsÈOÉçêäÅY¼ R ÃCÆCÅY¼aÍ3¿�¾ÀÅYÈOÉ�ÇTÆRÃËÊlÆk¼PÃCÇbÅ;ÍKÁ1ÆRÃË¿¾?ÈRÁVÑwÚPÉ;Á3ÃsÒ{Á1ÆoÉ)Ñ7ÑbÅ R ÆC¿

+
Ô

0
¿ÂÃ
−
Ô

1
×

�����! #"%$&"('� Mª�;�«
Z

′

2

Z
′
2

¿7ÑYÃpÈOÉ�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿ÐÍ3ÅY¼?Ã�ÈC¿7ÑÏÅ'íZÕY¿ÂÃcÑ\¿ÂÃpÈC¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�ÑbÅY¼?Ã R ¿ÂÁ)ÖaÍ3¿
Z2

Î£É�Æ^ÑÍ;É�¼uÑÙÈOÉ`Ò{Á;¿DÈkÈC¿
01◦10 = ⊥

¿ÂÃ
10◦01 = ⊥

×ÓØÙ¿�Ò3Á1Æ+Ä)¿ÂÁ3Ã�ÍJÆkÇb¿pÒ3Á;¿
01
¿ÂÃ

10
¼N¿ÙÑb¿ R ÅYÎl¾ÀÅÂÑb¿D¼PÃ¼3Æ�Í;É�¼uÑlÁ1¼�Ñb¿D¼uÑp¼3Æ�Í;É�¼uÑwÈ V É;Á3ÃCÇb¿�×»½¼ R ÅY¼uÑÂÃCÇYÁ1ÆRÃ½É�Æk¼uÑTÆÙÁ1¼N¿�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿�êcÉ�ÈkÈOÉ R ÆC¿ÂÁVÑZ¿�×

�����! #"%$&"('� Mª*��« ­{®J¯�°K® ,ç·
� �Q¸?º;µ1¶7®{±�<R¯
æoÉÏ¼NÅ`ÃCÆCÅY¼èÍ3¿mêäÅY¼ R ÃË¿ÂÁ1ÇwÑ V ÊÂÃË¿D¼NÍçêcÉ R ÆkÈC¿DÎÐ¿D¼?ÃÓÉ;Á)Ö�Í3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿7ÑÂ×ÓæoÉ£Í3¿ÂÁ)Ö{ÆCâDÎÐ¿ R ÅY¼NÍJÆRÃCÆCÅY¼¼ V ¿7ÑYÃ�Ä)ÊDÇTÆkÜNÊZ¿ÏÒ3Á;¿/Í;É�¼uÑ�ÈC¿7Ñ R É)Ñ/Å32

f
¿ÂÃ
g
ÑbÅY¼?Ã R ÅYÎl¾�ÅÂÑ=É{í)ÈC¿7Ñ�¿ÂÃÓÆkÎl¾?ÈkÆCÒ3Á`É�¼PÃ�Ò3Á;¿

F (f)
¿ÂÃ

F (g)
ÈC¿wÑbÅY¼PÃ½É;ÁVÑ7ÑTÆQ×

= Y U�L_IKj V S Y�g Lo`NUKlHF
5�I�L_J-IKY�LTY S IKw L_lHl>L d@X	� S Y VKL V S YKY�L_J IKY�[bFHG'Y�L @�IKY�LTg8XZj:m_G S JbF>LTL_j L_Y�[bIKFHj:L
V�u L_YWLo`xjbJ,XZFHJ:LsIKY�LsVKL_p"F87 g8XZj:m_G S JbF>L M

	 Y�L 9�L_j \ m_j,XZY�jRV S YKY�m IKY�VKL_p"F87@d S Y�g_j:L_IKJ F : C→ Z
′
2 \
S Y"U�L_IKj-d@X �KJbF
5kI�L_J0l1X�VKL_p"F87 g8XZj:m_G S JbF>L

C′ = D(C, F )
P [:L^[ S � ; L_j:[iL_j�[,L^[ p S JbU >KF>[bp�L^[�[ S Ykj�g^L_IN` VKL

C \
lfu L_Y�[:L_p �Kl>L VKL^[ S � ; L_j:[eU S [bFHjbF d [

VKL
C′

L^[bj lfu FHp XZG L�J:m^g_FHUKJ S 5�I�LtVKL
0
U!XZJ

F \
L_j lfu L_Y�[:L_p �Kl>LsVKL^[ S � ; L_j:[ Y�m_G�XZjbF d [eVKL

C′
L^[bj lfu FHp XZG L

J:m^g_FHUKJ S 5kI�LWVKL
1
U!XZJ

F \
L_j l>L^[�p S JbU >KF>[bp�L^[Dg S p"U S [,X �Kl>L^[ [ S Y�j g^L_IN` V S Ykj l>L^[ FHp XZG L^[ [ S Y�j

g S p"U S [,X �Kl>L^[ M
¡£¢;¤,¥3¦)§+¨�¢�ª�)
æ�¿7ÑsÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿7ÑÙ¾�ÅÂÑDÆRÃCÆkêAÑsÑbÅY¼?ÃÙÍ3ÅY¼ R[R ¿ÂÁ)Ö�Ò{Á1ÆNÑbÅY¼?ÃÓ¿D¼PÄ)ÅDóuÊ7ÑwÑYÁ1ÇsÈC¿7ÑsÆCÍ3¿D¼PÃCÆRÃËÊ7ÑmÉ�ÈCÅYÇDÑ�Ò3Á;¿pÈC¿7Ñ¼NÊTÌ;É;ÃCÆkêCÑ�ÑbÅY¼?Ã R ¿ÂÁ)Ö�Ò{Á1Æ�ÑbÅY¼?Ã�¿D¼PÄ)Å7óuÊ7ÑlÑYÁ1Ç�ÈC¿7Ñ�Í3¿ÂÁ)ÖèÉ;Á3ÃCÇb¿7Ñ�ÎÐÅYÇQ¾?Ú3Æ^ÑDÎÐ¿7Ñ�Û

01
¿ÂÃ

10
ßZå�ÈOÉ\ÈCÅYÆÍ3¿7ÑmÑTÆvÌJ¼N¿7Ñ�¿7ÑYÃÙÉ�Æk¼uÑTÆ�¼PÉ;ÃTÁ1Çb¿DÈkÈC¿DÎÐ¿D¼?ÃÙÎÏÆ^ÑZ¿�¿D¼\¾?ÈOÉ R ¿�×

C′
¾�¿ÂÁ3Ã ð ÃCÇb¿�Ä;Á;¿ R ÅYÎÏÎÐ¿mÈ V ÆkÎ£ÉÂÌ3¿�ÇbÊ R Æ ¾?ÇbÅ;Ò{Á;¿/Í3¿

Z
′
2

Ä;Á;¿ R ÅYÎÏÎÐ¿�ÑbÅ`ÁVÑ7àäÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿Í3¿
Z2
×

C�¼ç¾+É�ÇYÃCÆ R Á1ÈkÆC¿DÇbå�Í;É�¼uÑ
C′
Í3¿ÂÁ)Ö��Nâ R ÚN¿7Ñm¼NÊTÌ;É;ÃCÆRÄ)¿7Ñ�¼N¿wÑbÅY¼?Ã�¾+É)Ñ R ÅYÎl¾ÀÅÂÑ=É{í)ÈC¿7ÑÂ×

¡£¢;¤,¥3¦)§+¨�¢ ; 0
C�¼,ÃË¿DÇTÎÐ¿�Í3¿oÕY¿ÂÁ)Ö?å{ÈC¿pêRÉ�ÆRÃ½Í V Æk¼PÃË¿DÇbÍJÆkÇb¿lÒ3Á;¿pÈC¿7Ñ �Nâ R ÚN¿7Ñp¼NÊTÌ;É;ÃCÆRÄ)¿7Ñ R ÅYÎl¾�ÅÂÑb¿D¼?Ã�¼NÅ`ÁVÑ�ÊÂÄ�ÆRÃË¿�ÈC¿7Ñ
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ÃCÇTÆOÉ�¼{ÌJÈC¿7ÑsÍ3¿ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼
(−,−)

Í;É�¼uÑ�ÈC¿7ÑbÒ3Á;¿DÈ^Ñ��:É�Ñb¿DÇ=É�ÆRÃ+É;ÁÀÕZÅ`Á;¿ÂÁ1ÇÓÍ3¿PÕYÅ`Á;¿DÇ½Í;É�¼uÑ�ÈC¿7ÑÓÍ3¿ÂÁ)ÖÉ�ÇbâD¼N¿7Ñ/Æk¼PÃË¿DÇT¼N¿7ÑÂ×çé�ÈRÁVÑ�Ì3ÊD¼NÊDÇ=É�ÈC¿DÎÐ¿D¼PÃ R'V ¿7ÑYÃpÈOÉ R ÅY¼NÍJÆRÃCÆCÅY¼GÒ3Á1Æ R Å;Í3¿lÈ V ÚPÉ{í)ÆRÃTÁ;¿DÈwÍJÆOÉÂÌJÇ=É�ÎÏÎÐ¿Í3¿7Ñ�ÊÂÃQÉ;ÃcÑÏÛRÄ)ÅYÆkÇ����ÓÈOÉ �&�;å���É�Ç�� �Vå!B R Ø �JÞ �sÅ`Á%Çb¿DÎ£É�ÇbÒ{Á;¿ �Â×��Zß�×

���Q� �   ����� �o�p�P�+*��p�N�D ��	�Z����
%�D ��
]�X VNF89�m_J:L_Y�g^L"L_YkjbJ:L VKL_p"F87 g8XZj:m_G S JbF>L^[ L_jtVKL_p"F87 g8XZj:m_G S JbF>L^[�d@XZF��Kl>L^[�J:m^[:F>VKL V�XZY�[6l>L dfXZFHj 5kI�L U S IKJ
g^L^[ VKL_JbYKF>c_J:L^[ l1Xtg S p"U S [bFHjbF S Y L^[:j0IKY�L J:L_l1XZjbF S Y j:L_JbY!XZFHJ:LiL_j U!Xh[ Y�m^g^L^[:[,XZFHJ:L_p�L_Y�j IKY�LiXZUKUKlHF>g8XZjbF S Y
U!XZJbjbF>L_lHl>L M
�����! #"%$&"('� ; �Ð«M°u® ,ç· �Tµ'?'¶7³14u¸K<ä·¹®	� ?{·
�u´ ®

6 ¼N¿ÙÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿ÀêRÉ�ÆQí)ÈC¿
A
¿7ÑÂÃ R ÅY¼uÑYÃCÆRÃTÁ;ÊZ¿ÓÍ V Á1¼\¿D¼uÑZ¿DÎçí)ÈC¿ÓÍ V Å'íZÕZ¿ÂÃcÑ

A0
å{Í V Á1¼\¿D¼uÑZ¿DÎçí)ÈC¿ÓÍ3¿ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ

A1
åPÍ3¿�ÃCÇbÅYÆ^ÑpÉb¾3¾?ÈkÆ R É;ÃCÆCÅY¼uÑ �
� � , �#��� : A1 → A0, � � : A0 → A1

¿ÂÃÙÍ V Á1¼N¿½Çb¿DÈOÉ;ÃCÆCÅY¼ÃË¿DÇT¼PÉ�ÆkÇb¿
◦ ⊆ A1 × A1 × A1

¾ÀÅ`Á1Ç/ÈOÉ R ÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼GÍ;É�¼uÑ
A1
×�»½¼ò¼NÅ`ÃË¿

f ◦ g
È V ¿D¼uÑZ¿DÎçí)ÈC¿Í3¿7Ñ �Nâ R ÚN¿7Ñ

h
ÃË¿DÈkÈC¿7Ñ�Ò{Á;¿

(h, f, g) ∈ ◦
¿D¼¬É RTR ÅYÇbÍ�ÉVÄ)¿ R Ò3Á;ÅYÆ�ÅY¼,Ê R ÇTÆkÇ=É

h ∈ f ◦ g
É;Á\ÈkÆC¿ÂÁÐÍ3¿

(h, f, g) ∈ ◦
×

�-XZJ S UKU S [bFHjbF S Y�XZIN` VKL_p"F87 g8XZj:m_G S JbF>L^[sdfXZF��Kl>L^[ \ S Y VNFHJ,X U!XZJ d S F>[tVKL_p"F87 g8XZj:m_G S JbF>L [bjbJbF>g_j:LA@ l1X
UKl1Xhg^LsVKLsVKL_p"F87 g8XZj:m_G S JbF>L M

Q L^[iV S YKY�m^L^[6[ S Y�ji[bI ; L_jbj:L^[�@�l1X lHF>[:j:LsVKLtg S Y�VNFHjbF S Y�[�[:IKFHwhXZYkj:L^[ P

I � O �
����� ( � � (x)) = x

L_j������
( � � (x)) = x

I � 	 �[bF
h
L^[:jeIKY�Lsg S p"U S [,m^LtVKL

f
L_j
g \

����� (f)
V S FHj�r_jbJ:Ltm_G�XZl#@������

(g) \ ����� (g)
@ ����� (h) L_j������ (f)

@������
(h)

I � õ �[bF
fxz

L^[bjRIKY�L6g S p"U S [,m^L�VKL
fyz

X8w L^g
fxy \

L_j
fxw

L^[bj IKY�L�g S p"U S [:m^L�VKL
fzw

X^w L^g
fxz \

XZl S J:[
FHl&Lo`xF>[bj:LsIKY�Ltg S p"U S [:m^L

fyw
VKL

fzw
X^w L^g

fyz
VKLtl1XB5kI�L_lHl>L

fxw
L^[bjeIKY�Ltg S p"U S [:m^L X8w L^g

fxy
M

� IKjbJ:L_p�L_Ykj VNFHj
\
[bF
fxz ∈ fyz ◦ fxy \

L_j
fxw ∈ fzw ◦ fxz \

XZl S J:[�FHl Lo`xF>[bj:L IKY�L"g S p"U S [:m^L
fyw ∈

fzw ◦ fyz
j:L_lHl>L
5�I�L

fxw ∈ fyw ◦ fxy
M

I � õ u �VKL d@X	� S Y [bFHp"FHl1XZFHJ:L
\
[bF
fyw

L^[bj�IKY g S p"U S [:m�VKL
fzw

X^w L^g
fyz \

L_j
fxw

IKY g S p"U S [:m"VKL
fywX^w L^g

fxy \
XZl S J:[�FHl&Lo`xF>[:j:L�IKYWg S p"U S [,m

fxz
VKL
fyz

X^w L^g
fxy

VNI 5�I�L_l
fxw

L^[bjig S p"U S [:m X^w L^g
fzw

M
� IKjbJ:L_p�L_Ykj-VNFHj

\
[bF
fyw ∈ fzw◦fyz \

L_j
fxw ∈ fyw◦fxy \

XZl S J:[	FHl�Lo`NF>[bj:L IKY g S p"U S [:m
fxz ∈ fyz◦fxyj:L_l 5�I�L

fxw ∈ fxz ◦ fzw
M � w S FHJ�� n�G 
 M
	! �

I � � �l>L^[�F>VKL_Y�jbFHj:m^[s[ S Y�jÏ0?6:L{@CBD6=2 V�XZY�[�l>L�[:L_Y�[�[bIKFHwhXZYkj P m_j,XZYkjsV S YKY�m
f
V�XZY�[

A1 \ f ◦ � �#"%$'& (f)
L_j

� �)(+*-, (f) ◦ f
[ S Y�j�m_G�XZIN`�@

{f}
M

¡£¢;¤,¥3¦)§+¨�¢ ; �
æoÉ R ÅY¼NÍJÆRÃCÆCÅY¼�ÁVÑYÁ;¿DÈkÈC¿£Í V É)ÑDÑbÅ R ÆOÉ;ÃCÆRÄÂÆRÃËÊç¿7ÑYÃ�¿TÖV¾?ÇTÆkÎÐÊZ¿�¾+É�ÇlÈC¿7Ñ\Í3¿ÂÁ)Ö R ÅY¼NÍJÆRÃCÆCÅY¼uÑeÉ`Í3ÊZÒ{Á`É;ÃË¿7ÑÛ%.Zß�¿ÂÃ�Û%. V ß£ÛRÄ)ÅYÆkÇ�Ü{ÌP×/�'× ��ß�×
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Y
fyz

fyw

Z

fzwX

fxy fxz

fxw

W

Y
fyz

fyw

Z

fzwX

fxy fxz

fxw

W

E-FHG'IKJ:L�
 M
	NP � [:[ S g_F1XZjbFHwxFHj:mtV�XZY�[el>L^[�VKL_p"F87 g8XZj:m_G S JbF>L^[�d@XZF��Kl>L^[ M

æ�¿7Ñ R ÅY¼NÍJÆRÃCÆCÅY¼uÑ_Û%.Zß¬¿ÂÃ�Û%. V ßÐÇb¿ÂÄ�ÆC¿D¼3¼N¿D¼PÃeÉaÍJÆkÇb¿�Ò3Á;¿ÐÈOÉ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼�¿D¼uÑb¿DÎçí)ÈkÆ^ÑÂÃË¿
◦ :

P(Hom(B,C)) ×P(Hom(A,B))→ P(Hom(A,C))
Í3ÊDÜ3¼3ÆC¿s¾+É�Ç U

G ◦ F = {h : Hom(A,C) | ∃f : F, g : G ���������
	�� h = f ◦ g}¿7ÑYÃ�É)ÑDÑbÅ R ÆOÉ;ÃCÆRÄ)¿�×�Ûä»½¼\êRÉ�ÆRÃ+Æ R Æ?ÇbÊDêQÊDÇb¿D¼ R ¿wÔ�ÈOÉ�¼NÅ`ÃCÆCÅY¼�Í V É)Ñ7ÑbÅ R ÆOÉ;ÃCÆRÄ�ÆRÃËÊ�¿D¼uÑb¿DÎçí)ÈkÆ^ÑYÃË¿�Í3ÊOÕbÔ�Æk¼PÃCÇbÅ�àÍKÁ1ÆRÃË¿Ó¾+É�ÇwÈOÉ�Çb¿DÎ£É�ÇbÒ{Á;¿�� �bß�×

��� ( )� ��P������� �ì�s�P�+*��p�N�D ��
Q u L^[bj"F>g_F 5�I�L lfu S Y UKJ:m^[:L_Ykj:LaY S jbJ:LDY S jbF S Y VKLaV S I �Kl>Lag8XZj:m_G S JbF>LDdfXZF��Kl>L \ 5kIKFiL^[bj�IKY�LDw'XZJbF1XZY�j:LX 9�XZF��KlHF>LsVKLsl1X Y S jbF S YWVKLsg8XZj:m_G S JbF>L V S I �Kl>LsFHY�jbJ S VNIKFHj:LsU!XZJ�
 L_Y!X � S I ��
Tm_Y����  M

= Y"IKjbFHlHF>[:L_J,X�l>L^[ g S Ykw L_Y�jbF S Y�[TVKL l1X�[:L^g_jbF S Y O'MHOtP
c, c′, c′′

VKm^[:FHG'Y�L_Y�jRVKL^[ g S IKU�[ \ h, h′, h′′
[ S Y�j

VKL^[eY S p�[�5kI&u S Y V S YKY�L @�VKL^[��!c^g >�L^[ > S JbF�� S Ykj,XZl>L^[ M
= YqV S YKY�L F>g_F&IKY�LtFHlHlHI�[bjbJ,XZjbF S Y VKL^[ S � ; L_j:[�5kI&u S Y w'X�p XZYKFHUKIKl>L_J 5kI!XZY�V S Y U!XZJbl>L_J,X VKL V S I 7

�Kl>L^[ig8XZj:m_G S JbF>L^[ P
�����! #"%$&"('� ;{©�«M¯:®J¯ �N±{·
� µ'?'¶7³14u¸�<ä· ®

6 ¼N¿ [:L^[?5kIKF87 g8XZj:m_G S JbF>L
S
¿7ÑYÃ R ÅY¼uÑÂÃCÆRÃTÁ;ÊZ¿�Í3¿7Ñ�Í3ÅY¼3¼NÊZ¿7ÑwÑÂÁ1ÆRÄbÉ�¼?ÃË¿7Ñ U

Á1¼¬Ò3Á`É`ÍJÇYÁY¾?ÈC¿ÂÃ½Í V ¿D¼uÑb¿DÎçí)ÈC¿7Ñ
{S0

å
Sv
å
Sh
å
S2}

U ¾ÀÅYÇYÃcÑlÛ ¾ÀÅ`Á1ÇmÅ'íZÕZ¿ÂÃcÑ ßZå3ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�Ä)¿DÇYÃCÆáà
R É;Á)Ö?å?¾ÀÅÂÑTÆRÃCÆCÅY¼uÑÐÛ ¾�Å`Á1Ç�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿7Ñ�ÚNÅYÇTÆ��1ÅY¼PÃQÉ;Á)Ö;ßZåÙ¿ÂÃÀ¾+É�ÇYÃCÆC¿7ÑÐÛ ¾ÀÅ`Á1Ç R ¿DÈkÈRÁ1ÈC¿7Ñ ß�Çb¿7ÑQ¾À¿ R ÃCÆRÄ)¿=àÎÐ¿D¼?ÃD×
� Ú?Á1ÆRÃÙêRÉ R ¿7Ñ�¿D¼?ÃCÇb¿/¿ÂÁ)Ö U �
� � v, �#� � v : Sv → S0; �
� � h, �#��� h : Sh → S0; �
� � V , �#��� V : S2 →



��� �&� ����� 2-#&
��:(��N� ��� �	
�
���� �K�

A0 A1 A2 � �������	�


���
�
 ��
����
A3 A4 A5 0 ������� ���	����� � � ���

0 � � ��� ���	��� � � � ���
A6 A7 A8

E-FHG'IKJ:L�
 M õNP � S I �Kl>L g8XZj:m_G S JbF>L ��V�XZY�["! 7 > 7fp S JbU >KF>[bp�L^[ \ !"J:mod c_J:L�@�l1X�VNFHp�L_Y�[bF S Y*VNIqg S Ykj,Xhg_j \U!XZJiLo`KL_p"UKl>Ltl>L^[ig^L_lHlHIKl>L^[�[ S Y�j @�l1X d S F>[iVKL^[ O 7fwDL_j�VKL^[ O 7 >Wp S JbU >KF>[bp�L^[ M

Sh; �
� � H , �#� � H : S2 → Sv

� ¿ÂÃÀÒ{Á`É;ÃCÇb¿�Í3ÊTÌ3ÊD¼NÊDÇb¿7Ñ R ¿D¼ R ¿7Ñ U � � v : S0 → Sv; ��� h : S0 → Sh; ��� V : Sh → S2; � � H : Sv →
S2
×

� Ò3Á`É;ÃCÇb¿�¼NÅ`ÃCÆCÅY¼uÑ�Í3¿ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼uÑ U
« ÃCÇbÅYÆ^Ñ�Í V ¿D¼?ÃCÇb¿l¿DÈkÈC¿7ÑmÑbÅY¼PÃsÍ3¿7Ñ�Éb¾3¾?ÈkÆ R É;ÃCÆCÅY¼uÑ½¾+É�ÇYÃCÆC¿DÈkÈC¿DÎÐ¿D¼PÃwÍ3ÊDÜ3¼3ÆC¿7Ñ U

◦v : Sv × Sv 99K Sv; ◦V : S2 × S2 99K S2; ◦h : Sh × Sh 99K Sh« É�ÈCÅYÇDÑeÒ{Á;¿�ÈOÉ R ÅYÎl¾ÀÅÂÑTÆRÃCÆCÅY¼�ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿\Í3¿7Ñ�¾+É�ÇYÃCÆC¿7ÑÏ¿7ÑYÃ�Á1¼�ÑbÅ`ÁVÑ7àä¿D¼uÑb¿DÎÐí)ÈC¿
◦H

Í3¿
(S2 × S2 × S2)Í3ÅY¼PÃ�ÅY¼�Éb¾3¾À¿DÈkÈC¿DÇ=ÉÏÈC¿7Ñ�ÊDÈCÊDÎÐ¿D¼PÃcÑ FHY�j:L_J,Xhg_jbF S Y�[ ×�»½¼,Ê R ÇTÆkÇ=É�¾+É�ÇTêäÅYÆ^Ñ

I ∈ I1 ◦ I2
ÔÈOÉ�¾?ÈOÉ R ¿�Í3¿

(I, I1, I2) ∈ ◦H
×

ØÙ¿7Ñ�Í3ÅY¼3¼NÊZ¿7Ñ�Í3ÅY¼3¼N¿D¼?ÃÀÈkÆC¿ÂÁ£Ô\Ò3Á`É;ÃCÇb¿mÑYÃCÇYÁ R ÃTÁ1Çb¿7Ñ R É;ÃËÊTÌ3ÅYÇTÆCÒ{Á;¿7Ñbå
� Sh = {S0, Sh, ◦h, � � h} ¿7ÑYÃmÁ1¼N¿ÏÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿\Ò{Á V ÅY¼aÄZÉeÎ£É�Æk¼?ÃË¿D¼PÉ�¼PÃ�Éb¾3¾�¿DÈC¿DÇ VKL_p"F87g8XZj:m_G S JbF>L > S JbF�� S Y�j,XZl>L å
� Sv = {S0, Sv, ◦v , ��� v} ¿7ÑYÃpÁ1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿lÒ3Á V ÅY¼�Éb¾3¾�¿DÈkÈC¿DÇ=É g8XZj:m_G S JbF>Ltw L_JbjbF>g8XZl>L å
� SV = {Sh, S2, ◦V , � � V } ¿7ÑYÃpÁ1¼N¿ R É;ÃËÊTÌ3ÅYÇTÆC¿/Ò{Á V ÅY¼�Éb¾3¾À¿DÈkÈC¿DÇ=É l1X�g8XZj:m_G S JbF>L 1

7fw L_JbjbF>g8XZl>L å
� SH = {Sv, S2, ◦H , � � H} ¿7ÑYÃ�Á1¼N¿èÍ3¿DÎÏÆáà R É;ÃËÊTÌ3ÅYÇTÆC¿¬êRÉ�ÆQí)ÈC¿èÒ3Á V ÅY¼ Éb¾3¾�¿DÈkÈC¿DÇ=É l1X VKL_p"F87

g8XZj:m_G S JbF>L�dfXZF��Kl>L
1
7 > S JbF�� S Y�j,XZl>L å

ØÙ¿7Ñ�Í3ÅY¼3¼NÊZ¿7Ñ�Í3ÅYÆRÄ)¿D¼?ÃwÄ)ÊDÇTÆkÜN¿DÇ�ÈC¿7Ñ R ÅY¼NÍJÆRÃCÆCÅY¼uÑlÍ3¿ R ÅYÎl¾+É;ÃCÆQí)ÆkÈkÆRÃËÊ7Ñ�ÑYÁ1ÆRÄbÉ�¼?ÃË¿7Ñ U
I
ÛRÝ:ß
�
� � V ¿ÂÃ �#��� V ÑbÅY¼?Ã�Í3¿7Ñ/êQÅY¼ R ÃË¿ÂÁ1ÇDÑ\¿D¼ R ¿%Ñb¿D¼uÑ\Ò{Á;¿Zå�ÑTÆ

c
¿7ÑÂÃlÁ1¼ R ÅYÎl¾ÀÅÂÑbÊ¬ÛkÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈvßÍ3¿

c′
ÉVÄ)¿ R

c′′
É�ÈCÅYÇDÑ �
� � V (c)

¿7ÑÂÃÀÈC¿ R ÅYÎl¾�ÅÂÑbÊ%Í3¿ �
� � V (c′)
ÉJÄ)¿ R �
� � V (c′′)

ÛkÇb¿7ÑQ¾�× �#��� V ¿7ÑYÃÙÈC¿
R ÅYÎl¾ÀÅÂÑbÊ�Í3¿ �#� � V (c′)

ÉVÄ)¿ R �#��� V (c′′)



�N� �t���	��
���
�� ����� �N� �!
�
����q(��x� ��� �-
�
�2-#&���,�-
������

I
ÛRÝ V ß
�
� � H ¿ÂÃ �#��� H ÑbÅY¼PÃ�Í3¿7Ñ�êQÅY¼ R ÃË¿ÂÁ1ÇDÑ%¿D¼ R ¿lÑb¿D¼uÑ�Ò{Á;¿Zå�ÑTÆ

c
¿7ÑYÃsÈC¿ R ÅYÎl¾�ÅÂÑZÊ\Ä)¿DÇYÃCÆ R É�È�Í3¿

c′ÉJÄ)¿ R
c′′
É�ÈCÅYÇDÑ �
� � H(c)

¿7ÑYÃìÈC¿ R ÅYÎl¾�ÅÂÑbÊ�Ä)¿DÇYÃCÆ R É�ÈpÛCÍ;É�¼uÑ
J0 ß�Í3¿ �
� � H(c′)

ÉVÄ)¿ R �
� � H(c′′)
ÛkÇb¿7ÑQ¾�×

�#� � H ¿7ÑYÃpÁ1¼ R ÅYÎl¾ÀÅÂÑbÊ�Í3¿ �#� � H(c′)
ÉJÄ)¿ R �#��� H(c′′)

I
Û ��ßÑDÆ
h
¿7ÑYÃPÈC¿ R ÅYÎl¾�ÅÂÑbÊsÍ3¿

h′
ÉVÄ)¿ R

h′′
É�ÈCÅYÇDÑ � � V (h)

¿7ÑYÃìÁ1¼ R ÅYÎl¾�ÅÂÑbÊ�ÛkÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈvßwÍ3¿ ��� V (h′)ÉJÄ)¿ R � � V (h′′)Í3¿Ó¾?ÈRÁVÑ � � V (h)
¿7ÑYÃ�È V Á1¼3ÆCÒ{Á;¿ R ÅYÎl¾�ÅÂÑbÊ U

{ � � V (h)} = ��� V (h′) ◦H � � V (h′′)
×

I
Û%.ZßéÙÅ`Á1Ç/ÃËÅ`Á3Ã

d : S0
å ��� V ( � � h(d)) = � � H( ��� v(d))

I
Û �ÂßÈC¿7ÑsêäÅY¼ R ÃCÆCÅY¼uÑ �
� � ¿ÂÃ �#��� ÑYÁ1ÇsÈC¿7Ñ R ¿DÈkÈRÁ1ÈC¿7Ñ�Ñ=É;ÃCÆ^ÑDêQÅY¼?ÃoÈC¿7Ñ�Ò3Á`É;ÃCÇb¿�ÆCÍ3¿D¼PÃCÆRÃËÊ7Ñ�¼PÉ;ÃTÁ1Çb¿DÈkÈC¿7ÑwÑYÁ1ÆRÄ1àÉ�¼?ÃË¿7Ñbå;¾ÀÅ`Á1ÇlÃËÅ`Á3ÃË¿ R ¿DÈkÈRÁ1ÈC¿

c
å

�
� � v( �
� � H(c)) = �
� � h( �
� � V (c))
�
� � v( ����� H(c)) = �#��� h( �
� � V (c))
�#� � v( �
� � H(c)) = �
� � h( ����� V (c))
�#� � v( ����� H(c)) = �#��� h( ����� V (c))

I
Û%�ZßÈC¿7Ñ �
� � ¿ÂÃ �#��� Ä)¿DÇYÃCÆ R É�ÈC¿7Ñ%ÛkÇb¿7ÑQ¾�×ìÚNÅYÇTÆ��1ÅY¼?ÃQÉ�ÈC¿7Ñ ß�Í V Á1¼N¿ R ¿DÈkÈRÁ1ÈC¿pÆCÍ3¿D¼PÃCÆRÃËÊ�ÚNÅYÇTÆ��1ÅY¼PÃQÉ�ÈC¿eÛkÇb¿7Ñä¾�×Ä)¿DÇYÃCÆ R É�ÈC¿Tß�ÑbÅY¼PÃ+Í3¿7Ñ+ÆCÍ3¿D¼?ÃCÆRÃËÊ7Ñ�ÚNÅYÇTÆ��1ÅY¼?ÃQÉ�ÈC¿7ÑmÛkÇb¿7Ñä¾�×ÙÄ)¿DÇYÃCÆ R É�ÈC¿7Ñ ß½Í3¿7Ñ�ÑbÅYÎÏÎÐ¿ÂÃcÑ R ÅYÇTÇb¿7ÑQ¾ÀÅY¼NÍ;É�¼PÃcÑÂ×

���+¢;¤ ���O¢ ; .¬«��+®J¯ ��±{·
� µ'?'¶7³14u¸�<Q·¹®
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Q
g S JbJ:L^[bU S Y�V�XZY�j M � g_F�FHl	d@XZIKj6w S FHJ6l>L^[

Q
g S p"p�LsVKL^[iU!XZJ:L_Ykj >�c^[:L^[ S IKwxJ,XZY�j:L^[6L_jel>L^[

R
g S p"p�LsVKL^[�U!XZJ:L_Y�j >�c^[:L^[id L_Jbp XZYkj:L^[ M

= YWVKmon�YKFHjil1X�U!XZJbFHj:m VNIajbFHp"FHYKG
s = 〈I, i, p〉

g S p"p�Lsg^L_lHl>LsVNI g8XZJ:VNFHY!XZl-VKL
I
M

��������� ��
���� ���	��

�
��� 
 �
��Y p S JbU >KF>[bp�L VNI jbFHp"FHYKG

s = 〈I, i, p〉
V�XZY�[tl>L�jbFHp"FHYKG

t = 〈J, j, q〉
L^[:jtIKY jbFHp"FHYKG

u
VKL�l1X

d S Jbp�L
〈I q J, i q j, ϕ〉

w m_JbF n�XZY�j P

« l>L�UKlHI�[TG'J,XZY�Vam_l>m_p�L_Y�jiU S IKJ
ϕ
L^[bjeV�XZY�[

J \
L_j l>L^[ S J:VNJ:L^[ FHY�VNIKFHj:[ U!XZJ

ϕ
[bIKJ

I
L_j
J
[ S Ykj

p
L_j

q \«�xc2b@R.J4��£H1>O2b4Z> <P]n>A0?6ä~sl1X ; I�[bjbF n!g8XZjbF S YqVKL
u
FHY�VNIKFHj�g^L_lHl>L^[�VKL

s
L_j�VKL

t \«�xc2���>A@R4b9`>O0�'ç47F10PH1>C@C>CFV0V~ V�XZY�[
I q J \

l>L^[�m_l>m_p�L_Y�j:[6VKLtJ,XZYKG�FHp"U!XZFHJ � [ XZINd l>LsUKJ:L_p"F>L_J � [ S Ykj�VNIp�r_p�Lsg �hj:m � I S I J � 5�I�L�l>L_IKJ�UKJ:m^VKm^g^L^[:[:L_IKJ M
��������� ��
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� ÅYÆRÃ s = 〈I, i, p〉
¿ÂÃ
s′ = 〈I ′, i′, p′〉

Í3¿ÂÁ)Ö�ÃCÆkÎÏÆk¼{Ì`ÑmÊZÒ{Á1ÆRÄZÉ�ÈC¿D¼PÃcÑ�¿D¼ 	Z¿sÑb¿D¼uÑwÒ3Á V ÆkÈ�¿TÖ{Æ^ÑYÃË¿�Á1¼N¿í)Æ ÕY¿ 	ÂÃCÆCÅY¼ 	DÇbÅYÆ^ÑDÑ=É�¼?ÃË¿�Í3¿
I
ÑYÁ1Ç

I ′
Ò3Á1Æ 	ZÅYÎÏÎçÁ3ÃË¿�Ô

i
¿ÂÃ
i′
ÛRÄ)ÅYÆkÇsÜ{ÌKÁ1Çb¿��'×vÝ:ß�× � ÅYÆRÃ ϕ È V Á1¼3ÆCÒ{Á;¿ÅYÇbÍJÇb¿mÑÂÁ1Ç

I q I ′
	ZÅYÎl¾+É;ÃCÆQí)ÈC¿�ÉJÄ)¿ 	

p
¿ÂÃ
p′
¿ÂÃÓÍ;É�¼uÑwÈC¿ZÒ{Á;¿DÈ

« ÈC¿7Ñ�ÊDÈCÊDÎÐ¿D¼PÃcÑ�Í3¿wÇ=É�¼{Ì�¾+É�ÆkÇ�¼N¿wÑZÅY¼PÃ�¾+É)Ñ�ÍKÁeÎ ð ÎÐ¿
	 ï ÃËÊ�Ò3Á;¿�ÈC¿ÂÁ1Ç½¾?ÇbÊZÍ3Ê 	Z¿7ÑDÑb¿ÂÁ1ÇÂ×
« ÈC¿7Ñ�ÊDÈCÊDÎÐ¿D¼PÃcÑÀÍ3¿�Ç=É�¼{ÌwÆkÎl¾+É�ÆkÇ�Û^Ñ:É;Á1ê'ÈC¿P¾?Çb¿DÎÏÆC¿DÇ ß�ÑbÅY¼PÃNÍKÁsÎ ð ÎÐ¿ 	 ï ÃËÊÀÒ{Á;¿+ÈC¿ÂÁ1Ç?¾?ÇbÊZÍ3Ê 	Z¿7ÑDÑb¿ÂÁ1ÇÂ×



��� ����� � �_��#
ajmT

�����
AJM

�:��
 ��
� � � � �

� ÈCÅYÇDÑ
(I q I ′, iq i′, ϕ)

¿7ÑYÃpÁ1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿lÍ3¿
s
Í;É�¼uÑ

s′
Ò3Á V ÅY¼�Éb¾3¾�¿DÈkÈC¿wÈC¿ 	ZÅ=¾{ó 	:É;ÃpÍ3¿

s
Ô
s′
× � Æ s = s′

ÅY¼èÍJÆRÃÙÉ;ÁVÑ7ÑTÆ�ÈC¿
	ZÅ=¾;ó�	:É;ÃsÍ3¿
s
×

{Q,R}

	

I

i

I ′

i′

E-FHG'IKJ:L �NMHO'P l1X �KF ; L^g_jbF S YWg S p"p IKj:L @
i
L_j
i′

��������� ����� ������� ��� �	�
���
�À¢'¤�¤,¢ � �;©

� ÅYÆC¿D¼?Ã f = 〈I q J, i q j, ϕ〉
Á1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�ÍKÁ�ÃCÆkÎÏÆk¼{Ì

r = 〈I, i, m〉
Í;É�¼uÑmÈC¿/ÃCÆkÎÏÆk¼{Ì

s = 〈J, j, n〉
¿ÂÃ
g = 〈J q K, j q k, ψ〉

Á1¼MÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿¬ÍKÁdÃCÆkÎÏÆk¼{Ì
s
Í;É�¼uÑ£ÈC¿�ÃCÆkÎÏÆk¼{Ì

t = 〈K, k, p〉
× � ÆÓÅY¼¬¼NÅ`ÃË¿ o ÈOÉ\Çb¿DÈOÉ;ÃCÆCÅY¼�ÑYÁ1Ç I q J qK Å'í{ÃË¿D¼?Á;¿e¿D¼�¾?Çb¿D¼PÉ�¼PÃsÈOÉ 	DÈ ï ÃTÁ1Çb¿ÃCÇ=É�¼uÑTÆRÃCÆRÄ)¿/Í3¿
ϕ ∪ ψ

å?É�ÈCÅYÇDÑ��
«
o
¿7ÑÂÃ�È V Á1¼3ÆCÒ{Á;¿�ÅYÇbÍJÇb¿�ÃËÅ`ÃQÉ�È�ÑYÁ1Ç

I q J qK
Æk¼NÍKÁ1Æ^Ñ=É�¼?Ã

ϕ
¿ÂÃ
ψ
ñ

« ÑTÆÀÅY¼¬¼NÅ`ÃË¿
o′
ÈOÉÏÇb¿7ÑYÃCÇTÆ 	ÂÃCÆCÅY¼òÍ3¿

o
Ô
I qK

å+É�ÈCÅYÇDÑ
〈I qK, i q k, o′〉

¿7ÑYÃwÁ1¼¬ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿Í3¿
r
Í;É�¼uÑ

t
×
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]&L U S FHYkj g_JbI�g_F1XZl L^[bj 5kI�L [:FRl1Xal S YKG'I�L_IKJ�VKL

J
L^[:j FHp"U!XZFHJ:L

\
l>L VKL_JbYKF>L_J�g S IKU VKL

ψ
L^[bj

V�XZY�[
J
j,XZY�VNF>[ 5�I�Le[:F�g^L_jbj:Lil S YKG'I�L_IKJRL^[bj0U!XZFHJ:L \ g'u L^[bj0l>LiVKL_JbYKF>L_J g S IKU VKL ϕ 5�IKF�L^[bj d S J:g^m_p�L_YkjV�XZY�[

J
M

= Y VKmon�YKFHjRl>Leg S p"U S [:miVKL�VKL_IN` p S JbU >KF>[bp�L^[
f
L_j
g
g S p"p�L�V�XZY�[0l>Lel>L_p"p�L \

U!XZJ0l1X6d S Jbp IKl>L

(I qK, i q k, o′)
M

��¦ ' � ' � " $&"('- � � .�«
TAJM

®J¯=¶/±Kº'®�µ'?`¶=³14u¸K<ä·¹®
ØÙ¿ÂÃTÃË¿ 	ZÅYÎl¾�ÅÂÑDÆRÃCÆCÅY¼lÎ£Á1¼3ÆRÃPÈ V ¿D¼uÑb¿DÎÐí)ÈC¿ÓÍ3¿7Ñ½ÃCÆkÎÏÆk¼{Ì`Ñ½Í V Á1¼N¿ìÑYÃCÇYÁ
	ÂÃTÁ1Çb¿ÓÍ3¿ 	:É;ÃËÊTÌ3ÅYÇTÆC¿�êcÉ�ÈkÈOÉ�	DÆC¿ÂÁVÑZ¿Í3ÅY¼?ÃÀÈC¿7ÑpÆCÍ3¿D¼?ÃCÆRÃËÊ7ÑwÑbÅY¼?Ã�ÈC¿7Ñ 	ZÅ=¾;ó�	:É;ÃcÑÂ×
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= Y [:m_l>L^g_jbF S YKY�L�g S p"p�L"g S IKU�[tl>L^[�UKJ:monK`KL^[tFHp"U!XZFHJ:[sVKL^[tg S U �xg8XZj:[ M�QTS p"p�L"g S IKU�[ �!Xhg � � XZJ:V \S Y UKJ:L_Y�VWg^L_IN`/5kIKF�[:L�j:L_Jbp"FHY�L_Y�j @�G�XZI�g >�L

\
L_j�g S p"p�L g S IKU�[ed S J��TXZJ:V \

g^L_IN`�5kIKF�[:L�j:L_Jbp"FHY�L_Ykj
@tVNJ S FHj:L M = Y J:L_p XZJ?5kI�L�5kI�LiV�XZY�[ IKY g S IKU �!Xhg����TXZJ:V \ l1X [ S IKJ:g^LiL^[bj U!XZFHJ:L�L_j l>L �KIKj L^[bj FHp"U!XZFHJ \
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j,XZY�VNF>[#5kI�L U S IKJ�l>L^[-g S IKU�[&d S J��TXZJ:V \ g'u L^[:j�l1Xep�r_p�L g?> S [:L M � l�[8u L_Y�[bIKFHj 5�I�L VKL_IN` g S IKU�[ �!Xhg � � XZJ:V
� S IWVKL_IN`Dg S IKU�[id S J�� XZJ:V � Y�Lt[ S Ykj ; XZp XZF>[ig S p"U S [ X �Kl>L^[ M
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� w L^gtg^L^[iV S YKY�m^L^[ S YDd@X �KJbF
5kI�LtV S Y�g�IKY ; L_I L_j S YWX IKY�LsVKL^[,g_JbFHUKjbF S YWXZG'J:m8X �Kl>LsVKLt[,X�g8XZj:m_G S JbF>L
w L_JbjbF>g8XZl>L P
��¦ ' � ' � " $&"('- � � 	

6 ¼,ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿ÐÄ)¿DÇYÃCÆ 	:É�ÈwÍKÁ,ÃCÆkÎÏÆk¼{Ì
r = 〈I, i, m〉

Í;É�¼uÑ�ÈC¿£ÃCÆkÎÏÆk¼{Ì
s = 〈J, j, n〉

¿7ÑYÃlÁ1¼N¿Æk¼ÂÕY¿ 	ÂÃCÆCÅY¼£¾?ÇbÊDÜ{Ö?¿�Í3¿
I
Í;É�¼uÑ

J
	ZÅYÎÏÎçÁ3ÃQÉ�¼PÃpÔ

i
¿ÂÃ
j
×
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= Y VKmon�YKFHj VKL_IN` XZUKUKlHF>g8XZjbF S Y�["L_YkjbJ:L l>L^[�VKL_IN`�L_Y�[:L_p �Kl>L^[�L_j S Y p S Y�jbJ:L65kI�L g^L^[ VKL_IN`

XZUKUKlHF>g8XZjbF S Y�[�[ S YkjiFHY�w L_J:[:L^[�lfu IKY�LsVKLtlfuvXZIKjbJ:L M

��� ( �ç ��
sho

�V�P� ���D� *��
= YWVKmon�YKFHjiF>g_F&l>L ; L_I

sho
VKL^[�jbFHp"FHYKG [�XhV�XZUKj:m^[�@�l1X£2���>A@R4b9`>O0�'£4DFV0PH1>C@C>CF10 ��
 � 	��mö �  M

����� �
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sho
7fjbFHp"FHYKG"L^[bjTIKY

ho
7fjbFHp"FHYKG"p IKYKF�V�u IKY S J:VNJ:L6j S j,XZl�g S p"U!XZjbF��Kl>LtX^w L^g�l>L^[ ; I�[:jbF n!g8XZjbF S Y�[eL_j

XZlHj:L_JbY!XZY�ji[ S p"p�L_j:[ U S [bFHjbF d@[TL_jTY�m_G�XZjbF d@[ M = YaVNFHj 5kI�L6VKL_IN`
sho

7fjbFHp"FHYKG [e[ S Y�jem 5�IKFHw'XZl>L_Y�j:[e[ u FHl �
X�L_Y�jbJ:L L_IN`DIKY�L � IKYKF
5kI�L � �KF ; L^g_jbF S YWg_J S F>[:[,XZYkj:L L_jig S p"U!XZjbF��Kl>L X8w L^gtl>L^[ ; I�[bjbF n!g8XZjbF S Y�[ M

����� ��� ��
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�
��� 
 �
��Y p S JbU >KF>[:p�L > S JbF�� S Ykj,XZl

m
VKL

sho
7fjbFHp"FHYKG [ VKL

a
w L_J:[

b
L^[bj�IKY p S JbU >KF>[bp�L

initm
L_Y�jbJ:L

l>L^[
ho
7fjbFHp"FHYKG ["[ S I�[ 7 ; Xhg^L_Y�j:[ \ X^w L^gDL_Y UKlHI�[�IKY S J:VNJ:L j S j,XZl

τ � XZI�[:[bFTY S j:m < � \ 5�I&u S Y XZUKU�L_lHl>L
lfu L_Y�jbJ:L_l1Xhg^[�VKL

m \
[bIKJ l1XWJ:m_IKYKF S Y VKL^[�[ S p"p�L_j:["VKL

a
X8w L^g g^L_IN` VKL

b \
l>L j S IKj�Xh[:[bI ; L_jbjbF XZIN`

g S Y�VNFHjbF S Y�[�[bIKFHw'XZY�j:L^[ M

� τ
FHY�VNIKFHjil>L^[ S J:VNJ:L^[�V S YKY�m^[�[bIKJ

a
L_j
b

�
[bF
s
L^[:jeIKYW[ S p"p�L_jiFHYKFHjbF1XZl�V�XZY�[

a \
XZl S J:[

initm(s) < s
� τ

L^[:jeXZlHj:L_JbY�m � U S IKJ O/P � L_jew m_JbF n!L�l1X [��eFHj:g?>KFHYKG g S Y�VNFHjbF S Y P l>L^[e[ S p"p�L_j:[ U S [:FHjbF d [e[ S Ykj
VNI p�r_p�Lsg �hj:m:5kI�L�l>L_IKJiUKJ:m^VKm^g^L^[:[:L_IKJ M

= Y VNFHj 5kI�L lfu L_YkjbJ:L_l1Xhg^["L^[bj g S U �xg8XZj"[8u FHl XqXZI UKlHI�[�VKL_IN` [ S p"p�L_j:[�g S Y�[:m^g_IKjbF d@[ VNI p�r_p�L
g �hj:m M

� S IKJTl>L^[ jbFHp"FHYKG [
HO \ S

Y X^w'XZFHjTUKJbF>[RVKL^[ G'J,XZU >�L^[ Y S Y S J:V S YKY�m^L^[TU S IKJ Xh[:[bIKJ:L_JRlfu IKYKF>g_FHj:m6VKL
l1X g S p"U S [bFHjbF S Y6> S JbF�� S Y�j,XZl>L M � g_F \ g^L�Y&u L^[bj UKlHI�[TY�m^g^L^[:[ XZFHJ:L P0S Y U�L_IKj V S Y�g�UKJ:L_Y�VNJ:LtVKL^[TG'J,XZU >�L^[S J:V S YKY�m^[ \

L_jDg'u L^[bj6>�L_IKJ:L_IN` UKIKF>[ 5�I�L
\
U S IKJag?> S F>[:FHJDVKL^[ag S IKU�[65kIKF�J:L^[bU�L^g_j:L_YkjDl1X [��eFHj:g?>KFHYKG

g S Y�VNFHjbF S Y \
FHl�dfXZIKjiU S IKw S FHJ�J:L^g S Y�[bjbFHjbI�L_Jil>LsVKL_JbYKF>L_J�g S IKU ; S I�m M
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� g_F-L_Y�g S J:L \ S

Y*Y�L g S p"U S [:L�5�I�L VKL^[6p S JbU >KF>[bp�L^[�V S Y�j6lfu IKY XZI*p S FHY�[�L^[bj�U S [bFHjbF d M � S IKJtg S p 7
U S [:L_J VKL_IN` j:L_l>[Tp S JbU >KF>[bp�L^[ \ n : b→ c

L_j
m : a→ b \

V�u IKY�L6U!XZJbj S YDg S p"U S [:L�l1X ; I�[bjbF n!g8XZjbF S Y
VKL^[e[ S p"p�L_j:[ FHYKFHjbF1XZIN` M � uvXZIKjbJ:L�U!XZJbj \ S

Y S ��[:L_Jbw L 5kI�L�lfu S J:VNJ:L�FHY�VNIKFHjeU!XZJ
m

L_j
n
[bIKJ

aq bq cL^[bj�j S j,XZl \
L_j S YqUKJ:L_Y�V*[,X J:L^[bjbJbF>g_jbF S Y @

a q c
g S p"p�L S J:VNJ:L j S j,XZl-g S p"U S [:m M = Y S �KjbF>L_Ykj �KF>L_Y

XZFHY�[bF&IKY�LtVKL_p"F87 g8XZj:m_G S JbF>L d@XZlHl1Xhg_F>L_I�[:L M

����� ��� ��
���� ��+
� �
QTS p"p�L g S IKU�[id S J�� XZJ:V \ S

Yq[:m_l>L^g_jbF S YKY�L l>L^[�p S JbU >KF>[bp�L^[
m : a→ b

S�� l>LsVKL_JbYKF>L_J�[ S p"p�L_j6VKL

b
L^[:jsU S [:FHjbF d \ a

L^[bj m 5kIKFHwhXZl>L_Ykj�@
b
UKJbFHw m VKL g^L�VKL_JbYKF>L_J [ S p"p�L_j \ initm

; I�[bjbF n!L"l>L^[ [ S p"p�L_j:[
FHYKFHjbF1XZIN`DU!XZJ�l>L^[i[ S p"p�L_j:[�VKL�p�r_p�LsJ,XZYKG \

L_jilfu L_Y�jbJ:L_l1Xhg^[6L^[bjig S U �xg8XZj M
� �kp�m_jbJbF
5kI�L_p�L_Y�j \ g S p"p�L g S IKU�[ �!Xhg � � XZJ:V S Yq[:m_l>L^g_jbF S YKY�L l>L^[�p S JbU >KF>[bp�L^[

m : a→ b
S��

l>LsVKL_JbYKF>L_J�[ S p"p�L_j�VKL
a
L^[bj�Y�m_G�XZjbF d

\ b
L^[bj�m 5�IKFHw'XZl>L_Y�j @

a
UKJbFHw msVKL g^LsVKL_JbYKF>L_J�[ S p"p�L_j \ initm; I�[bjbF n!L�l>L^[�[ S p"p�L_j:[eFHYKFHjbF1XZIN`aU!XZJil>L^[i[ S p"p�L_j:[�VKL�p�r_p�LtJ,XZYKG \ L_j�lfu L_Y�jbJ:L_l1Xhg^[6L^[bjig S U �Ng8XZj M
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= Y"w m_JbF n!LTd@Xhg_FHl>L_p�L_Ykj 5�I&u IKY�p S JbU >KF>[bp�L w L_JbjbF>g8XZl

m : a→ b
VKL
sho

7fjbFHp"FHYKG [0F>VKL_YkjbF n!L
a
g S p"p�L

IKY UKJ:monK`NL VKL
b
M
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6 ¼N¿ XZJ:c_Y�L ¿7ÑYÃ�Á1¼N¿%êQÅYÇ ð ÃmÜ3¼3ÆC¿Zå�Í3ÅY¼PÃ�ÈC¿7Ñ�¼edlÁ;Í`Ñ%ÑbÅY¼PÃ�Éb¾3¾À¿DÈCÊ7Ñ g S IKU�[ ×�æìÉ U S l1XZJbFHj:m Í V Á1¼
	ZÅ`ÁY¾è¿7ÑYÃ+ÈOÉp¾+É�ÇTÆRÃËÊmÍ3¿½ÈOÉ�ÈCÅY¼{ÌKÁ;¿ÂÁ1Ç�ÍKÁ 	ËÚN¿DÎÏÆk¼�¿D¼?ÃCÇb¿ 	Z¿ 	ZÅ`ÁY¾�¿ÂÃ+ÈOÉ�Ç=É�	DÆk¼N¿wÍ3¿ÓÈ V É�ÇÂí)Çb¿pÉ;Á;Ò3Á;¿DÈÆkÈ+Éb¾3¾+É�ÇYÃCÆC¿D¼PÃD×Ùæ�¿7ÑsÇ=É�	DÆk¼N¿7ÑsÑbÅY¼PÃ½Í3¿À¾�ÅYÈOÉ�ÇTÆRÃËÊ

O
å;ÈC¿ÂÁ1ÇDÑÓÜ3È^ÑsÑbÅY¼?ÃÙÍ3¿À¾ÀÅYÈOÉ�ÇTÆRÃËÊ

P
× � Æ n ¿7ÑÂÃ½Á1¼N¿Ç=É�	DÆk¼N¿�Í3¿½È V Á1¼�Í3¿7ÑsÉ�ÇÂí)Çb¿7ÑZåPÅY¼�ÍJÆRÃ�Ò3Á;¿

n
¿7ÑYÃ½Á1¼ 	ZÅ`ÁY¾ FHYKFHjbF1XZl 	Z¿wÒ3Á V ÅY¼£¼NÅ`ÃË¿

` n
× � ÆPÈC¿ 	ZÅ`ÁY¾

n
¿7ÑYÃpÁ1¼�Ü3È^Ñ�ÍKÁ 	ZÅ`ÁY¾

m
å+ÅY¼�ÍJÆRÃsÒ3Á;¿

m
whXZlHF>VKL

n
å�	Z¿�Ò3Á V ÅY¼�¼NÅ`ÃË¿

m ` n
×

= YWg S Y�[bj,XZj:L:5kI�Ltg^L^[�XZJ:c_Y�L^[�[ S Y�j�Lo`�Xhg_j:L_p�L_Y�j�Y S [
ho
7fjbFHp"FHYKG [ M
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6<4c{º'®��0c`µ �'®
� Æ A ¿ÂÃ

B
ÑbÅY¼?Ã�Í3¿ÂÁ)Ö�É�ÇbâD¼N¿7Ñbå�È V É�ÇbâD¼N¿ �Nâ 	äÚN¿

A → B
¿7ÑYÃ�Å'í{ÃË¿D¼?Á;¿\¿D¼aÉbÕZÅ`Á3ÃQÉ�¼?Ã�Ô

B
Á1¼N¿

	ZÅ=¾?ÆC¿/Í3¿
A
¾�Å`Á1Ç 	ËÚPÉ`Ò{Á;¿�Ç=É�	DÆk¼N¿

r
Í3¿
B
¿ÂÃ�¿D¼/ÕÂÁVÑÂÃCÆkÜPÉ�¼PÃwÃËÅ`ÁVÑmÈC¿7Ñ 	ZÅ`ÁY¾NÑwÆk¼3ÆRÃCÆOÉ;Á)ÖèÍ3¿ 	Z¿ÂÃTÃË¿

	ZÅ=¾?ÆC¿Ó¾+É�Ç
r
×

�����! #"%$&"('� � � �¬«��ì±{· ¶7®q=u¸K·kº'¶7³J®
6 ¼N¿ [bIKFHj:L U S FHY�j:m^L ÑÂÁ1ÇmÈ V É�ÇbâD¼N¿

A
¿7ÑÂÃmÁ1¼�	ZÅ`ÁY¾?ÈC¿

(s, f)
Å32

s
¿7ÑÂÃ�Á1¼N¿�ÑYÁ1ÆRÃË¿�Ü3¼3ÆC¿%Í3¿ 	ZÅ`ÁY¾NÑÍ3¿

A
¿ÂÃËå+ÑTÆ

k
¿7ÑYÃÙÈOÉ\ÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

|s|
Í3¿

s
Û
s = n1n2...nk

ßZå
f
¿7ÑYÃ�Á1¼N¿�êQÅY¼�	ÂÃCÆCÅY¼_Í3¿

{1, ..., k}ö 
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Í;É�¼uÑ
{0, ..., k − 1}

ÃË¿DÈkÈC¿�Ò3Á;¿ �
• f(i) < i

•
ÑTÆ
f(i) = 0

É�ÈCÅYÇDÑ
ni
¿7ÑÂÃpÁ1¼ 	ZÅ`ÁY¾�Æk¼3ÆRÃCÆOÉ�È�Í3¿

A

•
ÑTÆ
f(i) = j 6= 0

É�ÈCÅYÇDÑ
nj
ÄbÉ�ÈkÆCÍ3¿

ni
Í;É�¼uÑ

A
ÛCÅY¼¬ÍJÆRÃ½Ò{Á;¿

nj
; I�[bjbF n!L

ni
Í;É�¼uÑ

(s, f)
Å`ÁÒ{Á;¿

ni
U S FHY�j:L ÑYÁ1Ç

nj
ß�×

� V ÆkÈ½¿TÖ;Æ^ÑÂÃË¿ p > 0
ÃË¿DÈÀÒ3Á;¿

fp(i) = j 6= 0
åoÅY¼�ÍJÆRÃ�Ò3Á;¿

nj
ÕÂÁVÑÂÃCÆkÜN¿ >�m_J:m^VNFHj,XZFHJ:L_p�L_Y�j

ni
Í;É�¼uÑ

(s, f)
×

�����! #"%$&"('� � � )¬«���·
,ç·^º34
� Á1¼N¿ [:IKFHj:L�U S FHY�j:m^L

(s, f)
Í3¿lÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

k
ÑYÁ1Ç�È V É�ÇbâD¼N¿

A
ÅY¼_É)ÑDÑbÅ
	DÆC¿/ÑbÅY¼MÃCÆkÎÏÆk¼{Ì � 	 V ¿7ÑYÃÈ V É�ÇbâD¼N¿£Í3ÅY¼PÃ�È V ¿D¼uÑZ¿DÎçí)ÈC¿\Í3¿7Ñ�	ZÅ`ÁY¾NÑÏ¿7ÑYÃ

{1, ..., k}
¿ÂÃ�Í3ÅY¼?Ã�ÈOÉ�Õ�ÁVÑYÃCÆkÜ�	:É;ÃCÆCÅY¼a¿7ÑÂÃpÈ V ¿D¼uÑb¿DÎçí)ÈC¿Í3¿7Ñ
	ZÅ`ÁY¾?ÈC¿7Ñ

(i, f(i))
¾�Å`Á1Ç

i = 1, · · · , k
¿ÂÃ
f(i) 6= 0

×
�����! #"%$&"('� � � 0¬«�+R?'¶7³14u¸�<ä· ®Ð°u®`¯s?x<4c{º'®J¯

»½¼�Éb¾3¾�¿DÈkÈC¿sÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�¿D¼PÃCÇb¿�Í3¿ÂÁ)ÖÐÉ�ÇbâD¼N¿7Ñ
A
¿ÂÃ
B
ÃËÅ`Á3ÃìÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�Í3¿ÓÌJÇ=Éb¾?ÚN¿�¿D¼PÄ)Å7ó{É�¼PÃÈC¿7Ñ 	ZÅ`ÁY¾NÑwÆk¼3ÆRÃCÆOÉ;Á)Ö�Í3¿

A
ÑYÁ1Ç�Í3¿7Ñ 	ZÅ`ÁY¾NÑwÆk¼3ÆRÃCÆOÉ;Á)Ö�Í3¿

B
×�»½¼�Í3ÊDÜ3¼3ÆRÃ�ÊÂÄÂÆCÍ3¿DÎÏÎÐ¿D¼?ÃÓÉ�Æk¼uÑTÆÀÁ1¼N¿ÑbÅ`ÁVÑ=à�	:É;ÃËÊTÌ3ÅYÇTÆC¿m¼NÅ`ÃËÊZ¿

A
Í3¿�ÈOÉ�	:É;ÃËÊTÌ3ÅYÇTÆC¿�Í3¿7ÑpÌJÇ=Éb¾?ÚN¿7Ñ�×

= Yqg S Y�[bj,XZj:L�5kI�Lsg^L_jbj:L g8XZj:m_G S JbF>L Y&u L^[bj�U!Xh[�F>VKL_Y�jbF
5kI�L @�Y S jbJ:L g8XZj:m_G S JbF>L w L_JbjbF>g8XZl>L VKL^[
ho
7

jbFHp"FHYKG [
\
5�IKF Y&u L_Y L^[:j p�r_p�L U!Xh[ IKY�L [ S I�[ 7 g8XZj:m_G S JbF>L P L_Y L 9�L_j

\
g S p"p�L S Y lfuvXawxI � V�XZY�[ l1X[:L^g_jbF S Y �NMHO'M � � \ IKYap S JbU >KF>[bp�L w L_JbjbF>g8XZl�L^[bjeIKYap S JbU >KF>[bp�L V�uvXZJ:c_Y�L^[iFHY ; L^g_jbF d \ p IKYKF�V�u IKY S J:VNJ:L

XhVKm 5�I!XZj�[bIKJ"l>L^["g S IKU�[�Y S Y XZjbj:L_FHY�j:[ M = Y X*g^L_U�L_Y�V�XZY�j�IKY d S Y�g_j:L_IKJ
Ω
VKLDl1X*g8XZj:m_G S JbF>L VKL^[

ho
7fjbFHp"FHYKG [�V�XZY�[ig^L_lHl>L VKL^[�XZJ:c_Y�L^[ P

�����! #"%$&"('� � � ��« ­;® �Q¸?º;µ1¶7®{±�<
Ω

A É�¼uÑ 	Z¿ÂÃTÃË¿sÑZ¿ 	ÂÃCÆCÅY¼�ÅY¼ç¼NÅ`ÃË¿
Ω
ÈC¿sêQÅY¼�	ÂÃË¿ÂÁ1ÇmÍ3¿ÓÈOÉ 	:É;ÃËÊTÌ3ÅYÇTÆC¿�Ä)¿DÇYÃCÆ 	:É�ÈC¿

hov
Í3¿7Ñ�ÃCÆkÎÏÆk¼{Ì`ÑwÍ;É�¼uÑÈOÉ 	:É;ÃËÊTÌ3ÅYÇTÆC¿

A
��ÑYÁ1Ç�ÈC¿7ÑÓÅ'íZÕZ¿ÂÃcÑZå 	 V ¿7ÑYÃ?È V ÆCÍ3¿D¼PÃCÆRÃËÊlÛkÇ=Éb¾3¾À¿DÈCÅY¼uÑsÒ3Á V Á1¼

ho
à ÃCÆkÎÏÆk¼{ÌÏ¿7ÑYÃVÕÂÁVÑÂÃË¿DÎÐ¿D¼PÃÁ1¼N¿�É�ÇbâD¼N¿TßZåìÃQÉ�¼NÍJÆ^Ñ�Ò{Á;¿�È V ÆkÎ£ÉÂÌ3¿/Í V Á1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿�¿7ÑYÃ�È V Æk¼ÂÕY¿ 	ÂÃCÆCÅY¼£¾?ÇbÊDÜ{Ö?¿mÑbÅ`ÁVÑ7à�ÕbÉ�	Z¿D¼PÃË¿£ÛCÅY¼Å`Áuí)ÈkÆC¿/Í3ÅY¼�	�È V ÅYÇbÍJÇb¿�ÑYÁ1ÇpÈOÉ\ÍJÆH9oÊDÇb¿D¼�	Z¿Tß�×

�����! #"%$&"('� � � ��«���¸K< =��3· ¯&,\®D?'¯:¯:¸Pµ`·¹³ ��±uº'®�¯Â±{· ¶7®*=u¸K·^º`¶7³J®
�"ÃËÅ`Á3ÃË¿�ÑYÁ1ÆRÃË¿Ð¾�ÅYÆk¼?ÃËÊZ¿

(s, f)
Í3¿�ÈCÅY¼{ÌKÁ;¿ÂÁ1Ç

k
ÑYÁ1Ç�È V É�ÇbâD¼N¿

A
Í3¿�ÃCÆkÎÏÆk¼{Ì

T
å%ÅY¼�É)ÑDÑbÅ
	DÆC¿È V Éb¾3¾?ÈkÆ 	:É;ÃCÆCÅY¼

p
Í3¿

T
Í;É�¼uÑ

A
Ò3Á1Æ�Ô

i
É)ÑDÑbÅ
	DÆC¿

s(i)
×�æ�¿7Ñ 	ZÅY¼NÍJÆRÃCÆCÅY¼uÑèÄ)ÊDÇTÆkÜNÊZ¿7Ñe¾+É�ÇèÁ1¼N¿ÑYÁ1ÆRÃË¿s¾�ÅYÆk¼?ÃËÊZ¿�É)ÑDÑYÁ1Çb¿D¼?Ã�¾?ÇbÊ 	DÆ^ÑbÊDÎÐ¿D¼PÃ�Ò{Á;¿

p
¿7ÑYÃpÁ1¼�ÎÐÅYÇQ¾?Ú3Æ^ÑTÎÐ¿lÍ V É�ÇbâD¼N¿7Ñ�×

� S F>g_F	Y S jbJ:L FHYkj:L_JbUKJ:m_j,XZjbF S Y g8XZj:m_G S JbF
5�I�L�VKL^[6[bIKFHj:L^[�U S FHY�j:m^L^[ M � S IKJ�IKY�L XZJ:c_Y�L
A \ S

YqU�L_IKj
V S Y�gig S Y�[bF>VKm_J:L_JRlfu S w L_J 7 g8XZj:m_G S JbF>L

A↓A
V S Y�j S Y�Y S j:L

∅A
lfu S � ; L_jRg S JbJ:L^[:U S Y�V�XZYkj XZI�jbFHp"FHYKG wkF>VKL

� 5�IKF L^[bj6XZJ:c_Y�L FHYKFHjbF1XZl>L p XZF>[�U!Xh[�jbFHp"FHYKG FHYKFHjbF1XZl � M�QTS p"p�L S Y*X wxI
\
IKY�L [bIKFHj:L U S FHY�j:m^L

s
V�XZY�[

A
VKmon�YKFHj�IKY S � ; L_j

ŝ ∈ Ω(A)
L_jeUKlHI�[iUKJ:m^g_F>[:m_p�L_Y�j6IKYap S JbU >KF>[bp�L

s̃ : ∅A → ŝ
M = Y w m_JbF n!L:5kI�L

s
L^[bjTVKm_j:L_Jbp"FHY�m^L�U!XZJ

s̃
L_j 5�I&u FHYkw L_J:[:L_p�L_Y�j�j S IKjTp S JbU >KF>[:p�L6VKL�[ S IKJ:g^L

∅A
L^[bj F>[ S p S JbU >�L:@sIKY

IKYKF
5�I�L
s̃
M = Y*X V S Y�gsjbJ S IKw m IKY�L g8XZj:m_G S JbF>L m 5�IKFHw'XZl>L_Y�j:L @�g^L_lHl>L VKL^[�[bIKFHj:L^[�U S FHYkj:m^L^[�V�XZY�[

A
P

lfu IKY�VKL_J 7 g8XZj:m_G S JbF>L 5kI&u S Y Y S j:L
A↑∅Ω(A)

M
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6 ¼N¿ U!XZJbjbF>L ÑYÁ1Ç%È V É�ÇbâD¼N¿

A
¿7ÑYÃ�Á1¼N¿eÑYÁ1ÆRÃË¿�¾ÀÅYÆk¼PÃËÊZ¿eÑYÁ1Ç

A
Í3ÅY¼?Ã�ÈOÉ\¾ÀÅYÈOÉ�ÇTÆRÃËÊÐÍ3¿7Ñ�	ZÅ`ÁY¾NÑç¿7ÑÂÃÉ�ÈRÃË¿DÇT¼NÊZ¿�×æ V ¿D¼uÑb¿DÎçí)ÈC¿�Í3¿7ÑÙ¾+É�ÇYÃCÆC¿7ÑwÑÂÁ1ÇpÈ V É�ÇbâD¼N¿

A
¿7ÑÂÃ�¼NÅ`ÃËÊ

PA
×

��S I�[ Y&uvX^w S Y�[ U!Xh[WV�u FHY�j:L_JbUKJ:m_j,XZjbF S Y g8XZj:m_G S JbF
5�I�L VKL lfu L_Y�[,L_p �Kl>L�VKL^[ U!XZJbjbF>L^[ � XZlHj:L_JbY�m^L^[ �V�XZY�[sIKY�L XZJ:c_Y�L P V�XZY�[sl>L�UKJ:m^[:L_Ykj ; L_I
HO � 5kIKF Y�L�g S p"U S Jbj:L"U!Xh[ VKL"[��eFHj:g?>KFHYKG g S Y�VNFHjbF S Y � \Y S I�[iY�Lt[ S p"p�L^[�g S Y�g^L_JbY�m^[�5kI�L�U!XZJil>L^[eU!XZJbjbF>L^[�XZlHj:L_JbY�m^L^[�V�XZY�[iIKY�L XZJ:c_Y�L �!c^g?>�L \ U!XZJbjbF>L^[ 5�I�LY S I�[ [ X^w S Y�[ �KF>L_Y FHY�j:L_JbUKJ:m_j:L_J

\
p XZF>["X^w'XZY�j�g^L_jbj:L FHY�j:L_JbUKJ:m_j,XZjbF S Y FHlTY S I�[ d@XZIKj�FHYkjbJ S VNIKFHJ:LDVKL^[

g S Y�[bjbJbI�g_jbF S Y�[ 5kI&u FHl&L^[bjeUKlHI�[�[bFHp"UKl>LtVKLtUKJ:m^[:L_Ykj:L_J�VKL6dfX	� S Y G m_Y�m_J,XZl>L M

����� �ç���ì�����3�K�N� ���P�D�w��� 
%�3�P�?���T�P 
= YqV S YKY�L F>g_F�IKY�Lsw L_J:[:F S Y X ��[bjbJ,XZFHj:L VKLslfu F>VKm^L�5�IKF-g S Y�[bF>[bj:L�@�w S FHJ�IKY�L U!XZJbjbF>L

HO
g S p"p�L IKY

p S JbU >KF>[bp�L 5kIKF >!X �KFHlHl>L [,X d S Jbp�L � [ S YqjbFHp"FHYKG � V�XZY�[�IKY�L XZJ:c_Y�L XZIKjbJ:L_p�L_Y�jtVNFHj�VKL [ S Y jbFHp"FHYKGV�XZY�[�[ S YWXZJ:c_Y�L M

�������
	 ��
���� �'�
� � 
 �
� S IKJTdfX �KJbF
5�I�L_JTY S jbJ:L ; L_I

J \ S
Y U!XZJbjTV�u IKY ; L_I

T
�xl>L^[ S � ; L_j:[ VKL

T
[ S Y�jeXZUKU�L_l>m^[Tl>L^[TjbFHp"FHYKG [ VKL

J
M = Y [:LtV S YKY�LsXZI�[,[bF�IKY�Ltg8XZj:m_G S JbF>L

A \
IKY�L6dfXZp"FHlHl>L

(ai)i∈I
V�u S � ; L_j:[iVKL

A \
5�I&u S YWXZUKU�L_lHl>L�l>L^[

XZJ:c_Y�L^[�VKL
J
M 	 YNn�Y S YW[:L V S YKY�LsIKYad S Y�g_j:L_IKJ

Ω : ϑ(T )v → A
VKLtl1X"g8XZj:m_G S JbF>L w L_JbjbF>g8XZl>L VKL

TV�XZY�[
A
M

��������� ��
���������
����
� U!XZJbjbFHJ�VKLsl @

\ S
Y FHY�jbJ S VNIKFHj�l1X�g8XZj:m_G S JbF>L [bFHG'Y�m^L

PTA
VKL^[iU S [bFHjbF S Y�[ P

l>L^[ S � ; L_j:[ \ 5�I&u S YDXZUKU�L_lHl>L�XZI�[:[bF 0
7fU S [:FHjbF S Y�[ \ [ S Y�j g S Y�[bjbFHjbI�m^[ V�u IKY S � ; L_j t VKL T \ 5kI&u S YDXZUKU�L_lHl>Ll>L jbFHp"FHYKGtVKLTl1X�U S [bFHjbF S Y \

V�u IKY�FHY�VNF>g^L
i ∈ I � S Y"VNFHj!5�I�L l1X�U S [bFHjbF S Y"L^[bj V�XZY�[ lfuvXZJ:c_Y�L ai � \ L_j0V�u IKYp S JbU >KF>[bp�L

π
VKL

Ω(t)
w L_J:[

ai \
5kI&u S YWXZUKU�L_lHl>Ltl1X jbJ,Xhg^LtVKL�l1X U S [bFHjbF S Y � 5kI!XZY�V S YaY�Ltg S Y�[bF>VKc_J:LU!Xh[�X �KI�[bFHw L_p�L_Y�j 5kI�Ltg^L�p S JbU >KF>[bp�L��_L^[bj��6l1X"U S [bFHjbF S Y � ��IKYaj:L_l S � ; L_j�>�m_JbFHj:L VNI [bFHG'Y�LsVKL t �

T
Ω

A

ai

Ω(t)

π

t

Ω
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 �
]&L^[ep S JbU >KF>[bp�L^[�VKL

(t, i, π)
w L_J:[

(t′, j, π′)
[ S Y�ji[bFHp"UKl>L_p�L_Ykj�g S Y�[bjbFHjbI�m^[iV�u IKYWp S JbU >KF>[bp�L > S J 7

F�� S Y�j,XZl � VKL ϑ(T )h � s : t → t′ \
5kI&u S Y XZUKU�L_lHl>L l>L � S J:Vq[bI�V*VNI p S JbU >KF>[bp�L M = Y VNFHjtXZI�[:[bF 5�I�L

g^L^[ep S JbU >KF>[bp�L^[�[ S Y�jil>L^[
1
7fU S [bFHjbF S Y�[ M

T
Ω

A

ai aj

Ω(t)

π

Ω(t′)

π′

t

Ω

s
t′

Ω

��������� ������� ���! ����$�

 
 ���$�&%��'� ���)( 

QTS p"p�L g S p"U S [bFHjbF S Y \ S

YaUKJ:L_Y�VWg^L_lHl>LtVKL
Th \
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U S IKJ�VKmon�YKFHJtY S jbJ:L ; L_I \ Y S I�[sXZlHl S Y�[ �W[:m_l>L^g_jbF S YKY�L_J

l>L^[ig S IKU�[ M

I
QTS p"p�Lsg S IKU�[id S J�� XZJ:V \S YW[:m_l>L^g_jbF S YKY�Ltl>L^[

1
7fU S [bFHjbF S Y�[ S �Kj:L_Y�I�L^[6g S p"p�Ls[bIKFHj P

S Y U!XZJbjDV�u IKY�L
0
7fU S [:FHjbF S Y

π : Ω(t) → ai
L_j V�u IKY g S IKU d S J��TXZJ:V

c : t′ → t
VKL
T f

L_j S Y
[:m_l>L^g_jbF S YKY�Lsl>L�p S JbU >KF>[bp�L VKL

π ◦ Ω(c) : Ω(t′)→ ai
w L_J:[

π
V S Ykj�l>L � S J:V [bI�VaL^[bj

c
M
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� �xp�m_jbJbF
5�I�L_p�L_Ykj \ g S p"p�L g S IKU�[ �!Xhg����TXZJ:V \S YW[:m_l>L^g_jbF S YKY�Ltl>L^[

1
7fU S [bFHjbF S Y�[ S �Kj:L_Y�I�L^[6g S p"p�Ls[bIKFHj P

S Y U!XZJbj�V�u IKY�L
0
7fU S [bFHjbF S Y

π : Ω(t) → ai
L_j�V�u IKY g S IKU �!Xhg � � XZJ:V

c : t → t′
VKL
T b

L_j S Y
[:m_l>L^g_jbF S YKY�Lsl>L�p S JbU >KF>[bp�L VKL

π
w L_J:[

π ◦ Ω(←−c ) : Ω(t′)→ ai \
L_jil>Lt[bI�VaL^[:j

c
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Ω
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� g_F S YadfXZFHjelfu > �xU S j >�c^[:Ls[bIKUKUKl>m_p�L_Ykj,XZFHJ:L

H∅
P l1XWg8XZj:m_G S JbF>LA> S JbF�� S Y�j,XZl>LDVKL"jbFHp"FHYKG [

T
XDIKY S � ; L_jsFHYKFHjbF1XZl \ Y S j:m ∅T S I [bFHp"UKl>L_p�L_Ykj

∅ \V S Y�j�lfu FHp XZG LsU!XZJ
Ω
L^[bj�XZI�[:[bF�FHYKFHjbF1XZl>L M

Q L_jbj:LA> �kU S j >�c^[:L L^[:jsw m_JbF n!m^L V�XZY�[ j S I�[sY S [ Lo`KL_p"UKl>L^[ M � I�VKm_U!XZJbj
\
Y S I�[ X^w S Y�[ V S Y�g�l1X

g8XZj:m_G S JbF>L � > S JbF�� S Y�j,XZl>L � VKL^[0U S [:FHjbF S Y�[0L_j0Y S I�[ S ��[:L_Jbw S Y�[0p XZFHYkj:L_Y!XZY�jRl>L^[0g8XZj:m_G S JbF>L^[Rw L_JbjbF>g8XZl>L^[ M� XZUKU�L_l S Y�[ 5kI&uvXZIqg >!XZUKFHjbJ:L	�
\
Y S I�[6X8w S Y�[tXh[:[ S g_F>m
@"j S IKj ; L_IWIKY�L [:L^[ 5�IKF87 g8XZj:m_G S JbF>L�5�IKF	L^[bj�L_Y

U!XZJbjbF>g_IKlHF>L_JiIKY�Ltg8XZj:m_G S JbF>Lt[bFHp"UKlHF>g_F1XZl>L M �6S I�[iX^w S Y�[�V S Y�g�F>g_F�IKY�L�UKJ:L_p"F>c_J:Ltg8XZj:m_G S JbF>L
5�I�L6Y S I�[
XZUKU�L_l S Y�[ l1X g8XZj:m_G S JbF>L

0
7fw L_JbjbF>g8XZl>LWVKL^["U S [bFHjbF S Y�[ \ S

I l1X g8XZj:m_G S JbF>L w L_JbjbF>g8XZl>LqVKL^[
0
7fU S [bFHjbF S Y�[ \g8XZJ�[:L^[ S � ; L_j:[6[ S Y�j�l>L^[

0
7fU S [bFHjbF S Y�[ \ IKY�L VKL_IN`NF>c_p�L g8XZj:m_G S JbF>L�5�I�LsY S I�[6XZUKU�L_l S Y�[�l1X g8XZj:m_G S JbF>L

1
7fw L_JbjbF>g8XZl>L VKL^[ U S [bFHjbF S Y�[ \ S IDl1X g8XZj:m_G S JbF>L�w L_JbjbF>g8XZl>LtVKL^[ 1

7fU S [bFHjbF S Y�[ \ g8XZJe[:L^[ S � ; L_j:[ [ S Y�j l>L^[ 1
7

U S [bFHjbF S Y�[ \
IKY�L�jbJ S F>[bF>c_p�Lsg8XZj:m_G S JbF>L:5kI�L6Y S I�[�XZUKU�L_l S Y�[il1X�g8XZj:m_G S JbF>L

2
7fw L_JbjbF>g8XZl>L VKL^[ U S [bFHjbF S Y�[ \S I"l1X�g8XZj:m_G S JbF>Lew L_JbjbF>g8XZl>L�VKL^[

2
7fU S [bFHjbF S Y�[ \ g8XZJ [,L^[ S � ; L_j:[ [ S Y�j l>L^[ 2

7fU S [bFHjbF S Y�[ \ L_jRXZFHY�[bF�VKLe[bIKFHj:L M
� S IKJ�g >!XB5�I�LaXZJ:c_Y�L

A
VNI ; L_I \ S Y VNF>[bU S [:L VNI p S JbU >KF>[bp�LDIKYKF
5kI�L VKL

Ω(∅)
V�XZY�[

A \
5kIKF

g S Y�[bjbFHjbI�LWIKY�L
0
7fU S [:FHjbF S Y15kI&u S Y Y S j:L

∅A \
L_j 5kI&u S Y XZUKU�L_lHl>LqU S [bFHjbF S Y FHYKFHjbF1XZl>L V�XZY�[

A
M = Y

XZUKU�L_lHl>L
0
7fU!XZJbjbF>L V�XZY�[

A \ S
I*[bFHp"UKl>L_p�L_Y�j6U!XZJbjbF>L V�XZY�[

A \
j S IKj�p S JbU >KF>[bp�L w L_JbjbF>g8XZl	VKL [ S IKJ:g^L

∅A
M ]&L �KIKjiV�u IKY j:L_l&p S JbU >KF>[bp�LsL^[:jed S J:g^m_p�L_YkjiIKY�L

0
7fU S [bFHjbF S YWV�XZY�[

A
M

�-Xh[,[ S Y�[�p XZFHYkj:L_Y!XZY�j/@*l1X VKL^[:g_JbFHUKjbF S Y%VKLal1X g8XZj:m_G S JbF>L
1
7fw L_JbjbF>g8XZl>LqVKLaY S jbJ:L ; L_I

J
M � L^[

S � ; L_j:[6[ S Y�j6V S Y�g l>L^[
1
7fU S [:FHjbF S Y�[ M ��Y�L

1
7fU S [:FHjbF S Y*g S p"U S Jbj:L L_YqU!XZJbjbF>g_IKlHF>L_J�IKY�L [ S IKJ:g^L L_j�IKY

�KIKj
\
5�IKF0[ S YkjtVKL_IN`

0
7fU S [:FHjbF S Y�[sV�XZY�[tVKL_IN` XZJ:c_Y�L^[sVNF>[ S Y�[

A
L_j
B \

L_j S Y VNFHj 5�I�L l1X U S [bFHjbF S Y
L^[bj V�XZY�[

A → B
M ��Y�L

1
7fU S [bFHjbF S Y g S p"U S Jbj:LDXZI�[:[bF IKY p S JbU >KF>[:p�L VKL jbFHp"FHYKG [ � S Y VNFHJ,XWIKY

1
7fjbFHp"FHYKG � M ��YWg8Xh[eU!XZJbjbF>g_IKlHF>L_J6FHY�j:m_J:L^[:[ XZY�j�L^[:j�g^L_lHIKF S�� l>Lsp S JbU >KF>[bp�L VKLtjbFHp"FHYKG L^[bjiL_Y�jbJ:L l>L^[
VKL_IN` jbFHp"FHYKG [ wkF>VKL^[

∅A
L_j
∅B

M ��Y�L�j:L_lHl>L
1
7fU S [bFHjbF S Y�Y�L"VKm_U�L_Y�V 5kI�L�VKL

A
L_jsVKL

B
L_j S Y l1X

Y S j:L
∅A,B

M
��Lep�r_p�L

\
IKY p S JbU >KF>[bp�Liw L_JbjbF>g8XZl

m : p′ → p
L_Y�jbJ:L�VKL_IN`

1
7fU S [bFHjbF S Y�[

p′
L_j
p
V�XZY�[

A→ BVKL
1
7fjbFHp"FHYKG [6J:L^[bU�L^g_jbF d@[

t′
L_j
t \
g S p"U S Jbj:L IKYqp S JbU >KF>[bp�L w L_JbjbF>g8XZl

mT : t′ → t
M � Y�w L_J:[:L_p�L_Ykj \[bF

p
L^[bj�IKY�L

1
7fU S [bFHjbF S Y*VKL

1
7fjbFHp"FHYKG

t
V�XZY�[

A → B \
XZl S J:[6[,L V S YKY�L_J�IKYWp S JbU >KF>[bp�L w L_JbjbF>g8XZl

VKL �KIKj
p
J:L_wxF>L_Y�j @ [:L V S YKY�L_J l>L p S JbU >KF>[bp�L w L_JbjbF>g8XZl

mT : t′ → t
M 	 Y L 9�L_j

\
l1X

1
7fU S [:FHjbF S Y

p′
g S JbJ:L^[bU S Y�V�XZY�j:La[8u S �KjbF>L_Ykj L_Y J:L^[bjbJ:L_FHG'Y!XZY�j"V�XZY�[ l>L [,L_Y�[ m_wxF>VKL_Y�j

p
@
t′
M 
TF>L_Y L_Y�j:L_Y�VNI

\
@

jbJ,X^w L_J:[ g^L_jbj:L�VKL^[:g_JbFHUKjbF S Y \
l1X g S p"U S [bFHjbF S YDVKL^[ p S JbU >KF>[:p�L^[ w L_JbjbF>g8XZIN` VKL

1
7fU S [:FHjbF S Y�[ [8u S �KjbF>L_Ykj

L_YWg S p"U S [ XZY�jil>L^[ep S JbU >KF>[:p�L^[iw L_JbjbF>g8XZIN`WVKL
1
7fjbFHp"FHYKG [ M

= Y U�L_IKjiVKm^g_JbFHJ:Lsl1X
2
7 g8XZj:m_G S JbF>Lsw L_JbjbF>g8XZl>L VKL�d@X	� S Yaj S IKj�@ d@XZFHj�XZY!XZl S G'I�L M

��������� � 
/+ # � 
�� ��� 
/� �
- j,XZY�jWV S YKY�m^L*IKY ; L_I%V�u m 5kIKFHU�L

T \ S
Y VNF>[bU S [:L V�u IKY%d S Y�g_j:L_IKJaUKJbFHwxFHl>m_G'F>m XZI 5�I�L_lsXZUKUKlHF
5kI�L_J

l1Xqg S Y�[:jbJbI�g_jbF S Y UKJ:m^g^m^VKL_Y�j:L P FHle[8uvXZG'FHj�VNI UKl S YKG L_p�L_Y�j VKL�� S Y�L^V�X \
5kIKFeL_Y�w S F>LDl1X g8XZj:m_G S JbF>L

w L_JbjbF>g8XZl>LqVKL
T � w S FHJDg?>!XZUKFHjbJ:L O � V�XZY�[ T̂v M = Y XZUKU�L_lHl>L ; L_I VKL�� S Y�L^V�X�VKL

T
l>L ; L_I XZFHY�[bF

g S Y�[bjbJbIKFHj M
Q L ; L_I L^[bj�IKYKFHw L_J:[:L_lRXZI [:L_Y�[�[bIKFHw'XZY�j P [bF S Y*U!XZJbjsV�u IKY XZIKjbJ:L d S Y�g_j:L_IKJ

Ω : ϑ(T )v → A \X^w L^g IKY�LsdfXZp"FHlHl>L
(ai)i∈I

V�u S � ; L_j:[�VKL
A \ S

YqU�L_IKj�g S Y�[bjbJbIKFHJ:L IKYqd S Y�g_j:L_IKJ
Ω̂
VKL
A
w L_J:[

T̂v
L_Y

g S p"U S [,XZYkjRl>L d S Y�g_j:L_IKJ VKL	� S Y�L^V�X VKL
A
X^w L^g�l>L d S Y�g_j:L_IKJTVKL

Â
V�XZY�[

T̂v
S �Kj:L_Y�IDL_Y g S p"U S [ XZY�j

X^w L^g
Ω
M = Y w m_JbF n!LWXZl S J:[A5kI�L l>L ; L_I S �Kj:L_YkI�@*U!XZJbjbFHJ�VKL^[�V S YKY�m^L^["FHYKFHjbF1XZl>L^[ L^[bj�F>[ S p S JbU >�L



��� ����� � �_��# ��� ��2-#&
���� � �-#&

HO

�'� �

� V�XZY�[ l>Lt[:L_Y�[ m_wkF>VKL_Ykj � @ g^L_lHIKF S �Kj:L_Y�IWX^w L^gtg S p"p�Ltd S Y�g_j:L_IKJ l>L6d S Y�g_j:L_IKJiVKL � S Y�L^V�X�VKL
Tv \

L_j
g S p"p�L�d@XZp"FHlHl>L V�u S � ; L_j:[�l1X d@XZp"FHlHl>L

Ω̂(ai)i∈I
M

� � � ����
����	� ��
��
���������������
HO

������� �"!#� �"$%!#& !('�)*�,+#�,-.� )
HO / ���0�2143*+5!#67)��98;:=<?>A@B��8;CED�+�:=<?!#8*�F8*�9+G<H&I@B��'�$���)�& $�!#@B�J<?>�'�$��K<?!5$��

3*��LI&ILI8*� �7$��MCN��@B$����H3*��LI'�� �"$K<?$�!#@B�O&P<?$�L QR@B��!#6")��S8*�S&I��-�� ) /UT )*!#'9��@B)�'V��� 3*��� ��@B��'F+GDW@BXY@B�U+�:=<
+G<?!#'�'�LI�MC4+�: !5�7$�� ��3*��L $K<?$�!#@B�Z&P<?$�L QR@B��!#67)��,84)�-�� )

HO
& +G<B'�'�!#67)��[3*��LI'�� �"$�L%<?)S8*L >*)*$�8*�[&I�
&K\]<?3*!5$���� /

�������
	 ��
_^ ��� � � 
�+ �
Ω

����+
�
HO

T @B)*����� 3*��@"84)*!5���,+#�`-�� )
HO

<I�R�I&�+G<a&I@B��'�$���)�& $�!#@B�b3*��LI&ILI8*� �"$��MC]@B�b&K\�@B!#'�!5$
T

C
A
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Ω : ϑ(T )v → A
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T
+#�c-.� )
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C

j T @B)*� A @B�H3*��� ��8b+G<a&P<?$�L QR@B��!#��8*�I'h<?��k ���I'h!5�7$���@l84)*!5$���� �S8*L2m��*!5$�!#@B�JnPo ! /
j T @B)*� Ω
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 ��
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HO

C4+GDF@BXS@B�S+�:=<�+G<?!#'�'�LI�MC�&M:v�I'�$.wxDywr84!5����<?)41H3]<?��$�!#�I'�8�<?��'�)*����<?��k ��� � kI&�\��
A→ B /z"!

Π
�I'�$N)*���
$�� +5+#�,3]<?��$�!#�,8�<?��'

A→ B
C4@B�H+5)*!{<B'�'�@l& !#�
'��I'N���I'�$���!#& $�!#@B��'[D

A
� $
B

Cl6")*!|'�@B�"$
8*�I's'�)*!5$��I'}3A@B!5�7$�LI�I'E6")|:v@B����@B$��

ΠA
� $

ΠB /�~ \]<B& )*���c<�'�@B�u$�!5f9!5�*Q�CM� $s+G<�-g)�'�$�!�m]&P<?$�!#@B�a8*�I'}&I@B)*3�'
!5�*!5$�!G<?)41���@B)�',8*@B�*����)*�WfF@B��3*\*!#'�fF�a\�@B��! � @B�7$K<?+t� �"$����9&I�I'[8*� )41Z$�!5f9!5�*QR'9i

Πh : tΠA → tΠB /� @B)�'E<I�R@B��'E8*@B��&`+GDc)*�
1
w�$�!5f9!5�*Q

Πh
C?fV<?!#'E&I�

1
w�$�!5f9!5�*Q
���(3A� ��fF� $}3]<B's8*�����I&I@B��'�$�!5$�)�� �E+#�I's8*� )41

'�)*!5$��I't3A@B!5�7$�LI�I'�� $(� ��&I@B����fF@B!5��'(+�:v� �7$���� +G<B&I'N� �7$������ +5+#�I' /E� �V��� �M<?��&�\��MC"$�@B)*$���&I� $�$���!5�4de@B��fV<?$�!#@B�
'��a��� $���@B)*�R�V8�<?��'�+#�9fF@B��3*\*!#'�fF�V6")|:v@B����@B$��

Π̃h
84)

1
w�$�!5f9!5�*Q��"!#8*�

∅A,B
8�<?��'

Πh
@B>*$�� �")�� �

� f93*!5+G<?�7$H+#�I'�&I@B)*3�'�8*�
Πh

8�<?��'�+�:v@B��84���Z3*���I'�& ��!5$�3]<?��+�:v� �"$���� +G<B&I' /�� :=<?3*3*+5!#&P<?$�!#@B�
Π 7→ Π̃hL $K<?>*+5!5$t)*���c>*! -��I& $�!#@B�V� �7$����h+�:v� ��'�� f�>*+#��8*�I'�3]<?��$�!#�I'(& +G<B'�'�!#67)��I't8�<?��'

A→ B
� $(&I� +5)*!]8*�I't& +G<B'K'��I'

8;: !#'�@BfF@B��3*\*!#'�fF��8*�
fF@B��3*\*!#'�fF�I'�8*�,'�@B)*��&I�
∅A,B

8�<?��'�+G<9&P<?$�L QR@B��!#�
1
w��R� ��$�!#&P<?+#� /�H�R���s�����������4�*� j��(���P���7�B�2���¡ ¢]£P¤�¥

s ¦B§A¨�©|ªy« ¥¬¤ ¨a­P¦B« A → B ®�¯�ª 3*��@?-.�I& $�!#@B�±° ¨ s ­�¦B« A ²5« ¨K­x©�³ B ´Iµt§ £7¥g¶ ¨ s �A ²5« ¨K­x©�³
s �B ´Iµ}¨K­ ¥ ¯�ª�­ £ ¦M­K·¬­�¦ ¤�¥ ¨c© £P¤ § ¥g¶ ¨ ° ¨ s £"¸4¥ ¨�§�¦l¨9¨�§W§A¨
¹lªy« ° ªy§ ¥[º ¦l¨[¯¬¨K­ 	I£ ¦P©A­ ° ¨ A ²5« ¨K­r©�³
B ´y³
» <?��'u��@B$�����&P<B84���MC

s
&I@B�����I'�3A@B��8UDS)*�JfF@B��3*\*!#'�fF��8*��'�@B)*��&I�V�l!#8*��8�<?��'u+G<�&P<?$�L QR@B��!#�
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â
C¡� $[8*@B��&u)*���u'�$��K<?$�L QM!#�u�I'�$,<?)�'�'�!s)*�

d¬@B��& $�� )*� /
� �4m�� +G<�$�\�LI@B��!#�W& +G<B'�'�!#6")��Z'�:v�I'�$�� f93*+#@ �RLI��DJ8*@B�*��� �H)*����!5�"$�� ��3*��L $K<?$�!#@B��+5)�84!#6")��Z8*�Z+G<

+#@BQM!#67)�� > +5!5��LP<?!5��� ?2/ � @B)�'�3A� ��'�@B��'�6")��,��@B$�����d¬@B��fV<?+5!#'�fF�%3*+5)�'�QRL ��L �K<?+s3A� ��fF� $�8*�����I8*L2m��*!5��+G<
+#@BQM!#67)���&I@Bf9fF�V)*�b-.� )|C}� $�3*+5)�'u$K<?��8�+#�I'�+#@BQM!#67)��I'�&I@Bf9fF�V)*�J&I� ��$K<?!5�0$ �"3A�V8*�%-.� ) /S~ @Bf9fF�
&I@B��'�LI67)�� ��&I�I'a8*��&I�V3A@B!5�7$a8*�F�l)��MCE@B�03A� )*$�8*Lg-�DHfF� �"$�!#@B�*��� ��$���@B!#'�3*!#'�$��I' /S� �F$�\�LI@B��k fF��8*�
&I@Bf93¡@M'�!5$�!#@B� 8*�I'9'�$��K<?$�L QM!#�I'aQ7<?QM�]<?�7$��I'9de@B)*���*!5�K<Z)*����d¬@B��fu)*+G<?$�!#@B�Y@B��!5QM!5�]<?+#�H8*��+�:vL +5!5f9!5�]<?$�!#@B�
8*�I'�&I@B)*3*)*���I'c<?)��*!5�R�P<?)�'�$��K<?$�L QM!#6")�� /t� <�84!#'�$�!5��& $�!#@B�H� �7$����['�$��K<?$�L QM!#�[Q7<?QM�]<?�7$��
� $(3*��� )*�R� > )*���3*��� )*�R�uL $K<?�"$[)*���u'�$��K<?$�L QM!#�uf�)*�*!#�a8;: )*����3*��� )*�R��84)Sd�<?!5$�6")|:v� +5+#���I'�$hQ7<?QM�]<?�"$�� ? 3A@B)*���K<?!5$[3¡� �.w
fF� $�$����[8*�[f9!#� )41�<?>A@B��8*� �N+#�[fF@B��8*�[8*�[+�: !5��8*LI& !#8�<?>*+#�MC*6")*!;'�L 3]<?���h+#�[�l�K<?!¡84)�3*��@B)*�M<?>*+#� /t� �4m��
)*�_d¬@B��fV<?+5!#'�fF�H8*��$ �"3A� �x&P<?$�L QR@B��!#�S8*�I'a+#@BQM!#6")��I' 	�8*� �l�K<?!5$V<?!#8*� �VDZ&I@Bf93*��� ��84���H+#�I'a��� +G<?$�!#@B��'
� �7$����%+#�I'h84!5�R� ��'��I'c+#@BQM!#6")��I' /



� ��� �	�
�������	��

�

!54h>*� ��# & z4<?fF'�@B� 4h>*�K<?fF' �
� /�� \���+G< ) � � <?f�>A8�<F&P<?+#& )*+5)�' /  � » /�� )*����� �PC��I84!5$�@B�PC���������������� "!�#"$ �%� $'&)(�*+& ��, $-!�& ��."/0� !�1 ����232 $4&51 C�3]<?QR�I'7$��76�nMn ' / 4c8*84!#'�@B�)8��I'�+#� �RC|n � ��# /
!54 � 8 � � &	z4<?fF'�@B��4�>*�K<?fF' �
�RC:9�@B\�� ! � @B��8�<4Cs<?��8<;
) � 8�& ~ )�' �R� � / 4�d¬)*+5+ ��<?>�'�$��K<B& $,Q7<?fF�

'�� fV<?�"$�!#&I'�de@B�hQR� ��� �K<?+s���2d¬� ��� ��&I�I' /  �=/>� ! �?����@ $'&+1 � !BA ,4�C�D,4� $ �%,E�?� & ,4�F� &G&H* ��.�IBJ�J�J��K�2 #C! � $'* 2 !�&<L�!�1M$ � $'&ONP! 2 #"* ,E�%�3Q:� $ � & �?�IC{3]<?QR�I' � � $R6 � $�$�C  ��84!G<?�]<?3A@B+5!#'PC  ��84!�w<?�]<4C 6M)*���Vn � � � /
!54 6��%$ & z4<?fF'�@B� 4h>*�K<?fF' ���0<?��8�S�<B84\]<%6"<?Q7<B8*�I�I'K<?� / ;%<?fF�I'�<?��8�d�)*+5+`&I@Bf93*+#� $�� ���I'�'ud¬@B�

f�)*+5$�!53*+5!#&P<?$�!5�R��+5!5���P<?�s+#@BQM!#& /:T !�* � & ��. !�A QHK�2VU ! . $ � LW!�1�$ �IC � � > o ? i �%$ � 6 �9' $�C96M)*���
n � �%$ /
!54 698 #�# & z4<?fF'�@B� 4h>*�K<?fF' ���RC"S�<B84\]< 67<?Q7<B8*�I�I'K<?�|C;<?��8 T <B'�6")]<?+#� 8W<?+G<B&P<?��!G< /YX )*+5+�<?>�'�$��K<B&2w

$�!#@B�Hde@B� T�~>XN/ I &ZA�! �%2[�\, $]!�& � & @ NP! 2 #"* ,^�M, $]!M& C;n�$ ��> o ? i $ # �76 $�' #4C » �I&I� fu>¡� ��o�#�#�# /
!54 8��%$ & z4<?fF'�@B� 4�>*�K<?fF' �
��<?��8_;[) � 8Z& ~ )�' �R� � / ;,<?fF�I'�d¬@B�a���I& )*��'�!5�R��$ �"3A�I' /  �`/>� !Ma

�?����@ $'&+1 � !BA ,4�C�bQ��B� !�& @Oc ! �?d7�?� !�#e!BA ,4�C�  �C� ! ��K<� & @ (f! ��2V��.Pg<��,4� ! @R�bQ��B��, $-!�& /» � 3]<?��$�fF� �7$
@?d ~ @Bf93*)*$�!5�*Q�C  f93A� ��!G<?+ ~ @B+5+#� QR�MC{n � �%$ /
!54 8�� $ & z4<?fF'�@B� 4h>*�K<?fF' ����<?��8h;[) ��8�& ~ )�' �R� � /H� !5���P<?��!5$ �RCt'�\]<?��!5�*QW<?��8�'�$K<?$��MiF<�d¬)*+5+ �

<?>�'�$��K<B& $[Q7<?fF�u'K� fV<?�7$�!#&I'hd¬@B�  8*�P<?+5!*)P�I8 4h+5QR@B+ 0c!5$�\W<B& $�!5�R�u�21l3*���I'K'�!#@B��' > �214$�� ��8*�I8<?>�'�$��K<B& $ ?2/  �i/>� ! �?�?�B@ $4&51 � !BA ,4�C�kj�l\l+mhc ! �?d7�?� !�#_!�&<L�$4& �B��� Lf!?1�$ �PC;�R@B+5)*fF� � @?d
J>.n�B��,]� !�&G$ � &"! ,E��� $4&` �C� ! ����, $ ����. NP! 2 #:* ,E�%�oQ:� $ � & �?� /]� +#'�� �l!#� �PC|n � � $ /

!54 8�� � & z4<?fF'�@B� 4h>*�K<?fF' �
� <?��8 T <?)*+�w 4���84��L�8�� +5+5!#kI' /�~ @B��& )*����� �7$�Q7<?fF�I'u<?��8Wd¬)*+5+(&I@Bfaw
3*+#� $�� ���I'�' /  �</>� ! �?���B@ $'&51 � !BA ,4�C� (W!�* �%,E��� & ,4�pI & ,E�%� & �M, $-!�& �M.fQHK�2 #C! � $'* 2 !�&FLW!�1�$ �
$4&=NP! 2 #"* ,E�%�0Q:� $ � & ���rq L I N Q0s l\l�tBC?3]<?QR�I' $ � n�6 $�$7o /  �(�t��~ @Bf93*)*$�� ��zl@l& !#� $ � T ���I'�'PC
n � � � /

! &`» � S �9'�& T}/ & <?!5+5+#@B$PC 
�/ » <?��@M'PC �,/}� \*��\]<?��8;C`<?��8 �t/ Sh� QM�*!#� � / & � +5!#� �R��!5$9@B�a��@B$PC 4 6�8�:v'
Q7<?fF�I'[fF@"8*� +}!#'
<9fF@l8*� +}@?d(& +G<B'�'�!#&P<?+{+5!5���P<?�[+#@BQM!#& /  �u/>� ! �?����@ $'&+1 � !�A ,4���  wv �%. A ,4�I & ,E�%� & �M, $-!�& �M.xQHK�2 #C! � $'* 2 !�&DLW!�1�$ � $4&FNP! 2 #"* ,E�%�yQ�� $ � & �?�rq L I N Qzs lG{Bt /  �t�t�0~ @Bfaw
3*)*$�� �[zl@l& !#� $ � T ���I'�'�C|n � �9' /

! & +G< �Mo & 4 / & +G<B'K' / 4 Q7<?fF�S'K� fV<?�7$�!#&I'Vd¬@B�9+5!5���P<?�F+#@BQM!#& /  �}| & ��.~� !�A / * ���=� & @=| #\# . $ �B@
Lf!?1�$ ���y� ! .n�P�xm�� &

◦
j a�� � #x# �'jM� �MaE�x�+� C|n � �Mo /

n #9'



����� �����������
	���
������

! & 8�� � & S / & ��)*�*!s<?��8 +�/ 8Z@B�7$K<?�]<?��! /`~ <?��$��I'�!G<?�b& +#@M'��I8S8*@B)*>*+#�%&P<?$�� QR@B��!#�I'�C*$�\�� !5��+G<?f�>A8�<yw
��@B$K<?$�!#@B�|C7<?��8�$�\���3*!�wr&P<?+#& )*+5)�' /  � j��G,4� QHK�2 #�! � $4* 2 !�&3Lf!�1�$ � $'&FNP! 2 #:* ,E�%�>Q:� $ � & �?�
q4IBJyJ�J NP! 2 #"* ,E��� Q ! � $ ��,]KR�0j�l\lxl�� #\# � � �"m a�� mM�%tBC � ��� �"$�@*C�6M)*+ �Soyw �Hn � � � /

! & L ��$9'�& 6R�P<?� & L �]<?>¡@B) /  �"$���@"84)�& $�!#@B��$�@�>*!#&P<?$�� QR@B��!#�I' /  �D��� #C! ��,4� !�A ,4�C� g $ @ v �%�%, N �M,E� 1x! ��KQ��%2 $4& ����� L �B�Z, * ����� ! ,E��� $'& g=�M,4�C���W{\q j�l+mC{�t7�>j a {\{PC{n � $9' /
! � <?� � � & S�)�'K'�� + � <?��fF� � /�� ��2b���3� & @ (�* .'.f| U���,]���\�Z, $]!�& A�! ��� !M& @x��,E�%�%2 $'&H$ ��, $ � L � &51�* � 1 �%� /

T \ / » / $�\��I'�!#'�C  f93A� ��!G<?+ ~ @B+5+#� QR�u<?��8 + �*!5�R� ��'�!5$ ��@?d � @B��8*@B�|Csn � � � /
! � ��#�# & 8W<?��$�!5� � �"+G<?��8Z<?��8 � ) �R�a���*Q / ���bd¬)*+5+}<?>�'�$��K<B& $�!#@B�Zde@B� T�~>XN/ I &ZA�! ��2V�M, $-!�& � & @NP! 2 #"* ,^�M, $-!�& C;n�$ ��> o ? i=o ���76 $ # �4C » �I&I� fu>¡� �[o�#�#�# /
! � <?! �9'�& 67<?fF�I' � <?!5��8 / X )*+5+N<?>�'�$��K<B& $�!#@B�0de@B�,d¬)*��& $�!#@B�]<?+�+G<?�*QM)]<?QR�I' 0c!5$�\�&I@B�"$���@B+ /  � />� !Ma

�?����@ $'&+1 � !BA ,4�C�  wv �%. A ,4� I & ,E��� & �\, $]!�& ��.CQHK�2 #C! � $4* 2 !�&bLf!?1�$ � $'&<NP! 2 #"* ,E�%��Q:� $ � & �?�
q L I N Q0s lG{�t?C+80<?��'K<�0%C T @B+G<?��8;C{n � �9' /

! � <?�
'ln & z / 8W<B& � <?��� / N �\,E� 1\! � $ �%� A�! ��,4�C� vy! �?d $'&51 2V�M,4�C��2[�\, $ � $ � & / z"3*��!5�*QR� � 
 � ��+G<?Q / n �9'ln /
! � <?)�#%$ & ��+5!5�l!#� � � <?)*��� �"$ / zlL fV<?�"$�!#67)��
8*�I'{-.� )41 / � @B$��I'�8*�[&I@B)*��'�84) » � 4 8*� T ��@BQM�K<?f9fV<yw

$�!#@B� >¬T <?��!#' 
   ? C 4�3*��!5+so�#�#%$ /
!58�& ~ � $ & ;[) � 8�& ~ )�' �R� � /�� ��2b��� � & @ (�* .4.P| U���,]���x��, $]!M& A�! �p� (�*+& ��, $-!�& ��. gu��,^��. � &51M* � 1 �vP$ ,4�r�Y�B� * �?� $ �R�  K # �%� /¡T \ / » / $�\��I'�!#'PC  f93A� ��!G<?+ ~ @B+5+#� QR�[<?��8 + �*!5�R� ��'�!5$ �9@?d � @B��8*@B�|Cn � � $ /cT )*>*+5!#'�\��I8b!5�Wz"3*��!5�*QR� �.w 
 � ��+G<?Q�:v' » !#'�$�!5�*QM)*!#'�\��I8 » !#'�'�� ��$K<?$�!#@B��'�!5� ~ @Bf93*)*$�� �

zl& !#� ��&I��'K� ��!#�I'PC;n � � � /
!58�� +�#Mo & T <?)*+�w 4h��84��L 8Z� +5+5!#kI' / » @B)*>*+#��&P<?$�L QR@B��!#�I'Wi�< fF@l84)*+G<?�VfF@l8*� +�@?d%fu)*+5$�!53*+5!#&P<?$�!5�R�

+5!5���P<?��+#@BQM!#& / �R@B+5)*fF��nPo4C43]<?QR�I'0$�$��76 $�' �4C¡o�#�#Mo /
! z � #Mo & 4���84���P<�zl&�\]<?+ ��<?��8 8Z<?��$�!5� � �l+G<?��8 / ;,<?fF�I's@B�%QM�K<?3*\�'}<?��8u'��I6")�� �7$�!G<?+5+ �,���P<?+5!*)�<?>*+#�

d¬)*��& $�!#@B�]<?+#' / Lf!?1�$ �oI & NP! 2 #"* ,E�%� Q:� $ � & ��� C�6M)*���uo�#�#Mo /



������� �0� "

� �N>*)*$(8*�c&I� $�$��N$�\�kI'��c�I'�$t8*�NfF� $�$����h� �FL �"!#8*� ��&I�c)*���N��@B)*�R� +5+#����@B$�!#@B�V8*�}-.� )41a67)|:v@B�V<?3*3A� +5+#� �K<
� � *�� @Ws ��� *+$ # �IC�� �S�214$��K< �7<?�"$�+�:v�I'�'K� ��&I�,8*�,+G<���@B$�!#@B��8*�`-�� )41�&I@B�
( )��%3]<?� � �l+G<?��8H� $[���*Q /

+ �u-�� )�8;:vLI6")*!53¡��QRL ��L �K<?+5!#'��[+#�I'`��@B$�!#@B��'N)�'�)�� +5+#�I'N8*�h3A@M'�!5$�!#@B��'PC4&I@B)*3�'PCl3]<?��$�!#�I'c� $N'�$��K<?$�L QM!#�I'
� �U+#� )*�F8*@B�*�]<?�7$V)*����!5�"$�� ��3*��L $K<?$�!#@B�YQRLI@BfFL $���!#6")�� /UT <?��f9!�+#�I'a3¡@M'�!5$�!#@B��'F@B�U84!#'�$�!5�*QM)�� �K<W+#�I'
3¡@M'�!5$�!#@B��'%3¡� ��8�<?�"$��I'�8*�I',3A@M'�!5$�!#@B��',Q7<?QM�]<?�"$��I'u<?+#@B��'�6")��a3]<?��f9!�+#�I'%'�$��K<?$�L QM!#�I'u@B��84!#'�$�!5�*QM)�� �K<
+#�I'�'�$��K<?$�L QM!#�I'�Q7<?QM�]<?�"$��I'�� $c+#�I'h'�$��K<?$�L QM!#�I'h8*L $�� ��f9!5�*!#'�$��I' /

� < &I@Bf93A@M'�!5$�!#@B�|CN67)*!h3¡� ��fF� $�D�8*� )41�-�@B)�� )*��'V8*�S&I@Bfu>*!5��� �V+#� )*��'�'�$��K<?$�L QM!#�I'F���I'�3A�I& $�!5�R�I'
3¡@B)*�a'��F3]<?��$K<?QR� �a)*�J>*)*$9� ��8*� )41�@B>4-��I& $�!�d¬'a&I@Bf93*+#L fF� �"$K<?!5���I'PC(&I@B��'�$�!5$�)���+�:=<?$�$��K<?!5$a3*��!5��& !53]<?+
8;: )*�9-.� )S8;:vLI6")*!53A� /� @B$����a&I@Bf93A@M'�!5$�!#@B��8*�a'�$��K<?$�L QM!#�I'�<�)*� L +#L fF� �7$%��� )*$����a� $
�RL ��!�m]�a+G<�&I@B��84!5$�!#@B��\]<?>*!5$�)�� +5+#�
8;:=<B'�'�@l& !G<?$�!5�"!5$�L / » �u3*+5)�'�+#�I'[3*��@B3*��!#L $�LI'%84)Z$ �l3A� 1 � 1�& � & ,h@B)h@	��,E�%�%2 $'&G$ �%,E�F'�@B�7$[3*��LI'�� ���RLI�I'%D
$��K<I�R� ��'h&I� $�$���&I@Bf93¡@M'�!5$�!#@B� /

T @B)*����� ��84���9&I�a$��K<I�M<?!5+t&I@B\�L ��� �7$c-���fF�98*� �B<?!#',8*�a8*@B�*��� �%)*��-�� )�8;:vLI67)*!53A��3¡@B)*�,+#�I'`-�� )41
HO

$�@B$K<?)41;C�8�<?��'c+#�I6")�� +|+#�I'�@B>4-�� $�'�'�@B�"$�+#�I'c3]<?��$�!#�I'�8�<?��'�)*���%<?��k ���%8*@B�*��LI� /

�� �I���  �
M�%"
 ��$�\*!#'%$�\��I'�!#'PC;0`�F3*��@B3A@M'��V<���� 0 ��@B$�!#@B�0@?dcQ7<?fF�MC�0c\*!#&K\ 0��V&P<?+5+($��P<?f Q7<?fF�MC}@B>*$K<?!5���I8�>��
�21l$��K<B& $�!5�*Q�$�\����I'�'K� ��&I��@?dt$�\��%��@B$�!#@B�Z!5�7$���@l84)�&I�I8�>�� � �"+G<?��8�<?��8W���*Q /  �Z<F$��P<?f Q7<?fF�MC
0��
\]<I�R���]<?$�)*�K<?+NQR�I@BfF� $���!#&���@B$�!#@B��'9@?d�3A@M'�!5$�!#@B�|CEfF@��R�MC�3*+G< �RC(<?��8J'�$��K<?$�� Q � / 4�fF@B�*Q�3A@M'�!5$�!#@B��'PC
0��
84!#'�$�!5�*QM)*!#'�\ 0c!5�*�*!5�*QF<?��8�+#@M'�!5�*Q9@B���I'PC*<?��8H<?fF@B�*Qa'�$��K<?$�� QM!#�I'PC�0��
84!#'�$�!5�*QM)*!#'�\ 0c!5�*�*!5�*QV<?��8
8*� $�� ��f9!5�*!#'�$�!#&,@B���I' /(~ @Bf93A@M'�!5$�!#@B�|C�0c\*!#&�\b<?+5+#@ 0�'N3*+G< �R� ��'c$�@a&I@Bf�>*!5���
$�\�� !5�c'�$��K<?$�� QM!#�I'N!5�H@B��8*� �
$�@�'�3*+5!5$[$�\���&I@Bf9fF@B�ZQR@R<?+E!5�"$�@�&I@Bf93*+#� fF� �"$K<?����3]<?��$�'�C�!#'�$�\���fV<?!5�bde�P<?$�)*����@?d`<F$��P<?f Q7<?fF� /
� \*!#'F&I@Bf93¡@M'�!5$�!#@B� \]<B'9��� )*$��K<?+�� +#� fF� �"$�'�<?��8 'À<?$�!#'.m]�I'9$�\����]<?$�)*�K<?+�<B'�'K@"& !G<?$�!5�l!5$ �U&I@B��84!5$�!#@B� /8�@B���I@��R� �PC 0c!5�*�*!5�*QY<?��8 8*� $�� ��f9!5�*!#'�$�!#& '�$��K<?$�� QM!#�I'S<?���W'�$K<?>*+#�Z>��O&I@Bf93A@M'�!5$�!#@B� / 4['�<�fV<?!5�
�21*<?f93*+#�MC�0��aQM!5�R�F<�$��P<?f Q7<?fF�9&I@B�����I'�3A@B��84!5�*QS$�@�$�\��

HO
w�Q7<?fF�I'PC 0c\�� ���F@B>4-��I& $�'%<?���a3*+G< �4'

!5�b'�@BfF�%<?��� �]< /

� ��� � � ��������� � ��� 4�>�'�$��K<B& $cQ7<?fF�I'Pit&P<?$�� QR@B��!#&P<?+}&I@Bf93¡@M'�!5$�!#@B�b@?dE'�$��K<?$�� QM!#�I' /
� � � �	� 
 � � � ���  �4d¬@B��fV<?$�!#6")��
� �������C�<� ��� ����� � <?>¡@B�K<?$�@B!5���3/>��� * �����?��/>� !?1 ���M2D2b�����yQHKR��,��%2b���

+ �*!5�R� ��'�!5$�L T <?��!#' '�w » � �*!#' » !#8*� ��@B$
~ <B'�� ' #4n $
o4C43*+G<B&I��6M)�'�'�!#� )
'��Mo��4n T 4 S  z ~`� » ��� #��


