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"����� �� ���
	 � � � � � � � � � � � � � � � � � � � � � � � � � � � � ;=
>�:�4� !
�������
�� ���
 ��� �/������
�� �� ���
	 � � � � � � � � � � � � � � � � � ;6

>�:�4�3� &)������� �� �
���	�
� ��� ��
���� �	 ��� ������/ ���
������� ;6
>�:�4�4� !
�������
� ����	�	�	��� ���
 ����
��	�
� 	���
����� ��� �& ��

�� 1%���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ;;
>�:�4�9� !
�����	�
� ��	�� �� �
��

�
"�� �� ������ �	 �� ��
1� �� ��"�� 

��	�
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3A3
>�:�9� F�	�� �
�� �� ��"���	�
� ��
������ �� �� ��
	�
�)�� � � � � � � � � � � � 3A9

>�=� !
�
����
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3A>

���� �
�����
�	�� ���

�� $��%���� �� ������������ �� 
��	�
������ ��
������ �� ���!�� ���
6�3� ��	�
��
	�
� �	 (%$�
	��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 333
6�4� *
�����	�
� 	
�
����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 334

6�4�3� 7�� ��2����	� �	�	� �� �)�	��� � � � � � � � � � � � � � � � � � � � � � � � 334
6�4�4� 0/������
�� ��� ��2����	�� "�������� � � � � � � � � � � � � � � � � � � � � 339

6�4�4�3� !

�/ ��� 


��
����� 
������"���
(
θ1, θ2, θ3

)
� � � � � � � � � � 339

6�4�4�4� -�
	���� 

������	� Gk �	 gk (t) � � � � � � � � � � � � � � � � � 339
6�4�4�9� -�
	���� 

�	��������	� Gk �	 gk � � � � � � � � � � � � � � � � � 339
6�4�4�:� ������� "������	 �� �� 	�����
���	�
� F � � � � � � � � � � � � � 33:
6�4�4�=� ������� ��� ����	�	�
�� C � � � � � � � � � � � � � � � � � � � � � 33:
6�4�4�>� ������� ��� ���
���	�
�� �� H���� 7�"���"� E � � � � � � � � � 33:
6�4�4�6� ������� ��� 

�	����	�� �� !��

) τ � � � � � � � � � � � � � � � 33=

6�9� G���	�
�	� �������� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 33>
6�9�3� ����
���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 33>
6�9�4� *
������ ��� 

�	����	�� �� �
� ����� σvm �	 ��� ���
���	�
�� �2�
	����

eff � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 336

=



����� ��� ��	
����

6�:� �
������	�
� �� 

��
�	����	 
)�������	���� �� %�
"�� �� ��
������ ��� "������
���
���	�
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 336
6�:�3� 0/������
� �� 	������ ��� 

�	����	�� �� !��

) �� "������ ���
���	�
�� 336
6�:�4� ?���� %�%��
"���
���� ��� �
�
	�
�� ������"�� ����	���� � � � � � � � � � � 338

6�:�4�3� !�� ��� ��	�����/ ��

�������%��� � � � � � � � � � � � � � � � � 338
6�:�4�4� !�� ��� ��	�����/ 

�������%��� � � � � � � � � � � � � � � � � � 34A

6�:�9� ?���� %�%��
"���
���� ��� ��2����	�� �
�
	�
�� ������"�� ���������� � � � 343
6�:�9�3� �
���� �� ��
��		� � � � � � � � � � � � � � � � � � � � � � � � � � 344
6�:�9�4� �
���� �� ?��	��� � � � � � � � � � � � � � � � � � � � � � � � � 344

6�=� !

�/ ��� �
�
	�
�� ������"�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � 344
6�>� G	��� �� �
�
	�
�� ������"�� ���	�
������ � � � � � � � � � � � � � � � � � � � � � � 349

6�>�3� *
�
	�
�� ������"�� ��	����� � � � � � � � � � � � � � � � � � � � � � � � � � 349
6�>�4� G	���� 	
�
����� �� �� �
� �� 

��
�	����	 ��� ���������	�
� � � � � � � 349

6�>�4�3� ��	��'	 �� �� ���������	�
� �� �� �
� �� 

��
�	����	 � � � � � � 349
6�>�4�4� !
�������
� ���
 ��� �����	�	� 
%	���� ��� ��	�	�� ���
���	�
�� 349

6�>�9� G	��� �� �� �
� �� 

��
�	����	 ����	���� � � � � � � � � � � � � � � � � � 34:
6�>�9�3� *
�����	�
� �� ���/������
� �� 	��
	�
� ����/���� � � � � � � � � 34:
6�>�9�4� G	��� �� ����E���
� ��� ������	��� ����	����� �
�� ����� �/�� 

����
� �� 	��
	�
� ����/���� � � � � � � � � � � � � � � � � � � � � 34=
6�>�9�9� G	��� �� �� �
� 

�	����	�� ���
���	�
�� � � � � � � � � � � � � � 34>

6�6� !���
	�����	�
� ��� ������	��� %�
��
�������� -�����	�
� �� 


�/ �� �� �
�
	�
�
������"�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 348
6�6�3� 0/������
� �� ����/�	�
� 5 �����	�	� �/�������	��/ � � � � � � � � � � � � 348
6�6�4� &�	������	�
� �� c1 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 34;
6�6�9� &�	������	�
� �� η � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 39A

6�6�9�3� <
��	�
� ��������� � � � � � � � � � � � � � � � � � � � � � � � � 39A
6�6�9�4� ?�

��

� �� 

�I
���	 �� ���

��	� �� ���� ������	� � � � � � � � 393

6�8� !
�
����
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 393

-� .��������� ���%�������� ��� ���%���� �� 
��������� ����
���� �##
8�3� ��	�
��
	�
� 5 �� �� ��
����	� �� ����1�� ��� �����	�	� ���������� � � � � � � � � � 399
8�4� 7� ��	

�� ��� ������	� 1��� � � � � � � � � � � � � � � � � � � � � � � � � � � � � 399

8�4�3� ����
��� �� �� ��	

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � 39:
8�4�4� *
�����	�
� �����	�
������ � � � � � � � � � � � � � � � � � � � � � � � � � � 39:
8�4�9� ��������	�	�
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 39=

8�9� -�����	�
� �� �� ��	

�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 39=
8�9�3� -�����	�
� �����	�	��� BF7C � � � � � � � � � � � � � � � � � � � � � � � � � 39=

8�9�3�3� !�� �	�%�� 5 ��	
�� � ���	�	 

�
"��� � � � � � � � � � � � � � � 39=
8�9�3�4� !�� ���	�%�� 5 
���	�
� �� ��
���� � � � � � � � � � � � � � � � � � 39>

8�9�4� -�����	�
� ����	�	�	��� 5 F���)�� �
� �������� �� ���	��%�	�
� � � � � � � 396
8�9�4�3� ����
��� �� ������)�� �� ���	��%�	�
� � � � � � � � � � � � � � � 396
8�9�4�4� <�����1
�	�
� �� �
���� � � � � � � � � � � � � � � � � � � � � � 398
8�9�4�9� G���	�
�� �����	��	�� � � � � � � � � � � � � � � � � � � � � � � � 398
8�9�4�:� !
���	�
�� ��/ ����	�� � � � � � � � � � � � � � � � � � � � � � � � 39;

>



����� ��� ��	
����

8�9�4�=� &����
������	 �� �������
� ��	���� �� ������	�� �� %����
�	�
�
τ �	 �� 	���� 	 � � � � � � � � � � � � � � � � � � � � � � � � � � � 39;

8�9�4�>� !��
��� ��"�%������ � � � � � � � � � � � � � � � � � � � � � � � � � 39;
8�9�4�6� !
�������
� �����	�	� 	
�
������  ������	�
�� ���������� � � 3::

8�:� !
�
����
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3:6

��� ���

����� 	
�
��
�����
������ ���

&� /��
������ !���
��� �� 	�
�	�
����� �)�

�� �  ����
�� ���

�0��		����
� �� � ����(�� �� ��������� ����������
� �+�
3A�3� -����� ��� 

�I
���	� K �	 Γ ���� ������	�
� �� 7����� � � � � � � � � � � � � � 3>3
3A�4� ,� ��	�� �/����� 5 �
�� ���	�%�� 5 � � � � � � � � � � � � � � � � � � � � � � � � � 3>3

3A�4�3� ������� ���������� ��� ������	��� � � � � � � � � � � � � � � � � � � � � � 3>3
3A�4�4� �����
	�
� �� ������)�� �
� �������� � � � � � � � � � � � � � � � � � � � � 3>4
3A�4�9� !
�������
� �����	�	��� �	 ����	�	�	��� ���
 �� ������	�
� ��������� � 3>9

����		����
� �� �� ��
������ �� !
����� ����
������� �+)
33�3� !��
�� ��� ��
	���� 

�	��������	� gk � � � � � � � � � � � � � � � � � � � � � � � � 3>=
33�4� 0/������
� �� �� %��� �

��� ���
���� gi ⊗ gj � � � � � � � � � � � � � � � � � � � 3>>
33�9� !��
�� ��� 

��
���	�� �� 	������ ��� 

�	����	�� �� !��

) � � � � � � � � � � 3>>

33�9�3� 0/������
� �/���
�	� �� �� 

��
���	� ����	���� � � � � � � � � � � � � � � 3>>
33�9�3�3� 0/������
� ��� �������� �� We �� �
�
	�
� ��� ��������	� � � � � 3>6
33�9�3�4� 0/������
� ��� ��������	� I1 �	 I3 �� �
�
	�
� ��� 

��
���	��

Eij � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 3>6
33�9�4� 0/������
� �/���
�	� �� �� 

��
���	� ��������� � � � � � � � � � � � � � � 3>6

33�9�4�3� 0/������
� ��� �������� �� Wv �� �
�
	�
� ��� ��������	� � � � � 3>8
33�9�4�4� 0/������
� �� J2 �� �
�
	�
� �� Ėij � � � � � � � � � � � � � � � 3>8

33�:� !
�������
� ���
 ��� ������� ��� ������	��� �� ��	�	�� ���
���	�
�� � � � � � � 3>8
33�:�3� !
��
���	� (1, 1) �� ��	�	�� ���
���	�
�� � � � � � � � � � � � � � � � � � 3>8
33�:�4� !
��
���	� (1, 1) �� "������ ���
���	�
�� � � � � � � � � � � � � � � � � 3>;

33�:�4�3� 7��������	�
� �� J � � � � � � � � � � � � � � � � � � � � � � � � � 3>;
33�:�4�4� 7��������	�
� �� ∂W

∂I3
� � � � � � � � � � � � � � � � � � � � � � � � 3>;

33�:�4�9� 7��������	�
� �� τ11 � � � � � � � � � � � � � � � � � � � � � � � � 3>;
33�:�9� ����	�1
�	�
� ��� 	����� �� B33�6C �	 B33�3AC � � � � � � � � � � � � � � � � 3>;

33�=� F����
�	�
� �� 
�� �� 	��
	�
�J

�������
� ���	��/����� � � � � � � � � � � � � � 3>;

��� !�"
�
����� �#�

6



����� ��� ��	
����

8




��
� ��	 �����	

3�3� �
	
�

�
 �� �	����
���	� ������������ ���� ����	���� ��	�	������ � � � � � � 3;

4�3� ����
� ��
��
� �� �� ���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 4=
4�4� ����
��� �� 
���
	�� 
	��
�
��� ��
 ��
 
������
 ��
��
�������
�
� � � � � � � 4>
4�9� �
���� �� ��
�	
��� �!��
������� �����
� ��
 "��#��
	�
	� $%&&&' �	�
 ��
�
�


��
  	

�
 �� �
�
��	� 
�������
�� � � � � � � � � � � � � � � � � � � � � � � � � � � � 46
4�:� (�
�����
 �!��
�������!) �

�
 �� "��#��
	�
	� $%&&&'� � � � � � � � � � � � � � 48
4�=� (��
�
������	� 

��������� ��
 ��*�
����
 �����
 �� ������	����
� �� ���	� +����


�������
 �� (�#�
�� $%&&,'� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � 4;
4�>� -�	����	� ��������� �� ������	����
� �� ���
	� � � � � � � � � � � � � � � � � � � � 93
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�	 ��������� ��� ��� "��� �� 1%�����

��#����� �
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���

7�� "��� �� 1%���� �	������ 
�	 ��� ��������� �� 1 mm� �	 �
�	 �������� ���
� �� ��
	


��
�/�������	�� ��
��	 ��� -���
� �� ��� B3;;6� 3;;8C� D
�� �� ������
�� %��������	 5 1 mL ��
1%���
"���� �� 

�
��	��	�
� ������	 ��	�� 0.5 �	 8 mg/mL� � �	� �����"� ���� ��� %
�	� ��
��	�� �	����� �� 35mm �� �����	�� ���
 �� ��< 3. ���
���� �� Ca2+/Mg2+� �� �� 	
�
�%���
B0.4 U/mLC �	 �� �����
	����� B5 µg/mLC� �� ��
�%�	��� ��� ��
	������ ��� ��	 �	����� �
��
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�	 �����	� ��� � �
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�� 
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 ��� 
������� 
��
�������� ��������� �����	�� 
����������

�	 �	� �	������� B0.5� 1� 1.5� 2� 3 ×105 cell/mL C� 7�� �����	�	� ��� �
�� ������	��
�� B§ 4�9�4�4C
�
�	 
%	���� ���
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�	�	
�
�
��� ������.

����
���� ���	 
����
	�� ��	�� ��� ���� ������ �� ����
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	�
� 
���������� 7� ������� 

�	���� �����	 ��� �
����	�
� �� �� ��"��	�
�

��������� ��� �� ��"���	� �� ��%�	��	� 7� ���/���� �����	 �
��� ��� ��� �
���%��� �2�	� ������	�
�	�
� �
�"�� �
�	��� ��� � �� ��	��� 1%����� �� �� �0!� 0�1�� �� 	�
������ 

�	���� �����	 ��
%���� ����
	�
����� �[ �� 

��� ��� ���
���	�
��� ���� �� ��2���
� 
���������� 7�
%$�
	�� ��	 ��
��	������� ����	�	�	������	 �� ������ 
��	���� �� �������	��� �� �� 	��
	�
� 
��������� �� ����
�� �������� ��� ��
�"�����	�
� ��	��
����� �	 
��������� ���	 ��
�� ����� �	 �� ��
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�� �� 
��
������� ���������� 	�
����� 

�����
����	 � ��� ������� %�
�
"�������	 ������	��� !�		� �	���
���� ����� �� 

��� ��� 

���	��� B:C �	 B=C�
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�� �
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	����
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���� %�����������

��$��� �
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D
�� �
�����
�� �� "�� �� 1%���� 

��� �� ������ 

�	��� ���

����	����� �
���� �� 

����"�
��	��� ����� ���	� �� ��"��	�
� 
��������� �
	��� ��� ��� "������	� �� �����	� �� �� �0! �����	�
��� ��� �
�
�� �� 	��
	�
� 
���������� ����	�� ���	� �� ������ 
�
�����	 ��� 

�	����	�� 
����������
�
����� �� �����	� �� �0! ��"���	�� 7�� ��	���
	�
�� ��	�� 
�� ���/ �
��
����� �
�	 "������
�� ��

����� ��
������ ��	
 
�	��)	����� ��� �
�� ���
�� ����)��� �� 

��������	 �� �
����
������� B
 § 3�9C �� 	�
�� �����%��� 5

Y n (x, t) ��������	� �� 

�
��	��	�
� �� !0 � �� �
��	�
� x �� 	���� t�
Y ρ (x, t) ��	 �� �����	� �� �0! � �� �
��	�
� x �� 	���� t�
Y u (x, t) ��	 �� ��
	��� �����
����	 �� �� �0! ��	�� �� �
��	�
� ���	���� �	 �� �
��	�
�

���
����� <� x0 �	 x1 �
�	 �����
	������	 ��� �
��	�
�� ���	���� �	 ���
����� �� 	���� t�
���� �
��	 �� �� �0!� �� ��
	��� �����
����	 

�����
����	 � 
� �
��	� �� 	���� t� ������
u(x0, t) = x1 − x0�

��$�$� ����������� �
��-�� ��  ����-�� �� ���� �� 
� �(�

7�� ��	���
	�
�� ��
������� ��	�� ��� !0 �	 �� �0! �����	��	 ����
��������	 �� ��������%��
��	�� ��� �
�
�� �� 	��
	�
�� �/��
��� ��� ��� !0 �	 �� �����	��
� ������� ���

����	���� �� ��
�0! �� ���
��� � 
�� �	�����	�
�� ��
��������
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D
�� ��
�� �� B§ 4�4�9C ��� ��� 
������� �/��
��	 ��� �
�
�� �� 	��
	�
�� 

�������	�� ��� ����
������ �����
����	 B	��������� 
� ��	��
���C ��� ��� ������� �

���� B����%�� �� ��� B4AA3CC� F�
������ ��
�
�

������ �
�� ����
���
�� ��� 
�� �
�
�� �� 	��
	�
� �
�	 5

Y ��
�
�	�
������� � �� �����	� �� "�� B&���
)� �� ��� B3;;3CR ���

�� �� ��� B3;;=CR *������
�� ��� B3;;6CC�

Y ����	���� �
�� ��� �
�	�� �����	�� �� !0� ��� �� �
��
���� ����
�%�	�
� �� 

�	�
	 �
�� ��
�� 

���	�	�
� �
�� ��� ��	�� ����
���
� �� �� ��	��
� B�

� �	 ���������
 B3;;9CR *������
�� ��� B3;;6CC�

D
�� �
�����
�� �
�
 �� 	������ ��� 

�	����	�� �
	���� ��� !0 ��� �� �
�����	�
� ������	� 5

σcell = τρn(N2 − n) Id B9�3C


S �� ������	�� τ 

�	���� �������	��� �� �� 	��
	�
� 
���������� ������ �� 	
��� �� 

�	��
	���	�
��� 
�������� �� 

��	��	� �
��	��� N2 BN2 > nC 	�����	 ����
�%�	�
� �� �� 	��
	�
� 
���������
�
����� �� �����	� ��� !0 ��"���	�� �	 Id ��	 �� 	������ ����	�	� B*������ �� ��� B3;;6CC�

#������� 2%����!�� �� ���!��

D
�� ����
�
�� ��� �� ����	�
� 

�	����	� ���
���	�
� ��
�����	 �� ���

����	�
�	� �� �� �0!
��	 �
���� ��� ������	�
� �� 	������ ��� 

�	����	�� ����	������ σ

élastique
mec � ��
�
�	�
���� ��/

���
���	�
��� �	 �� 	������ ��� 

�	����	�� ����������� σ
visqueux
mec � ��
�
�	�
���� � �� ��	���� ���

���
���	�
�� B*��" B3;;9CR �����) B4AA9%CC�

σmec = σvisqueux
mec + σélastique

mec B9�4C

7� �
�����	�
� �� 	������ �� 

�	����	� ����	����� σ
élastique
mec � ��	� ���� �� ������� 	�����

��
�
��� ���� �� 
���� �� �� 	
�
��� �� ������	�
�	� �������� B�
� �� K

@�C ��	����� �� ����"���
�
B6�9C� ,�� ����


� �� �� ��
������ �� "������ ���
���	�
�� ���� ������"�� �
�� �� �� ��
	�
�
B6�:C�

σélasticité linéaire =
E

1 + ν

[
ǫ +

ν

1 − 2ν
θ Id

]
B9�9C


S ǫ ��	 �� 	������ ��� ���
���	�
�� �����������
(
ǫ = 1

2

(
∇u +t ∇u

))
� E ��	 �� �
���� �� W
��"�

ν �� 

�I
���	 �� �
���
�� θ �� ����	�	�
� �� ������ Bθ = ∇.uC� �	 Id ��	 �� 	������ ����	�	��
!�������	� �
�� ���
�� "����� � �������	 ��� �� ��	��� 1%����� �� �� �0! ���	 ������� ���

�2�	� ��
������� �
� �

��/� ���
� ��� ��� 1%��� ������	 	������		�� ��� 

�	����	�� ����	�����
��	�� ���/ �
��	� ��
�"��� �� �� �0!�

�
�� �
������� 
�� �2�	� ����	����� � P�
�"�� �
�	��Q� �
�� 

����	
�� �� �
� B9�9C ��� ���$
�	
�� �����
��� �� 	������ ��� ���
���	�
�� ǫ (x) �	 �� �����
��� �� �� ����	�	�
� θ (x) B!��)X� 
"�� �� ��� B3;;6CR �����) B4AA9%CC� !�		� �
��1
�	�
� �����	 �� �
)����� �� ������ �� 
��
"�������� ��� �� �
����� ���� "���� ��� 
���� 

������� ���� �� �
� �� K

@�� ��� ����	 �����	
����� �
��	 x� 0� �2�	 �
�� ��
��� ��� ��1��	�
� 5

< ǫij >=
3

4πR3

∫

V
ǫij (x + r, t)dr B9�:C
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S < ǫij > ��	 �� �
)����� ���� �� ��
��� ������	���� �� �
���� V �	 �� ��)
� R� �� ��


��
���	� ij �� 	������ ǫ� 7� ��
��� �	��	 ������	����� �
�� �
��
�� �
���� ǫij (x + r, t)
���
� �
� �����
������	 ����	� �� x �
�� �� ��
	��� r ������	���� 5

ǫij (x + r, t) = ǫij (x, t) + (r.∇) ǫij + (r.∇)2 ǫij + O
(
‖r‖3
)

B9�=C


S (r.∇)2 ≡ (r.∇) ◦ (r.∇) �	 ◦ ��������	� �� 

��
��	�
� �� �
�
	�
���
0� ��%�	�	���	 B9�=C ���� B9�:C� �
�� 
%	��
�� 5

< ǫij >=
3

4πR3

∫

V

[
ǫij (x, t) + (r.∇) ǫij + (r.∇)2 ǫij + O

(
‖r‖3
)]

dr B9�>C

�� �
�
	�
� r → (r.∇) ǫij ��	 �������� �
�� �� ������
�� ���
∫

V
(r.∇) ǫijdr = 0

7� ����	�
� B9�>C ���
��	 �
�
 5

< ǫij >=
3

4πR3

[
ǫij (x, t)

∫

V
dr + ∇2ǫij (x, t)

∫

V

r2

2
dr

]
+ O
(
‖r‖3
)


S r ��	 �� �
��� �� r�
D
�� �� ������
�� ���

∇2ǫij ∝
< ǫij > −ǫij (x, t)

R2
quand R → 0 B9�6C

7� ����	�
� B9�6C �
�	�� ��� ���	�����	�
� �� �����
��� �� ǫij � �� �� �
��	 x �� ������
��
�
)���� ��� ������� �� ǫij ���� �� �
�����"� �� x� !��� �/������ �
����
� �
�� ������
�� ��
	����� P�
�"�� �
�	��Q� �� 
��
��	�
� ��/ 	����� �

��/ 
� P

��	� �
�	��Q�

!�� �2�	� ����	����� � �
�"�� �
�	�� �
�	 �
�
 �
������� �� 

��������	 �� 	������ ��� ���
� 
��	�
�� ����	����� �� ���/���� 
���� B!��)X�"�� �� ��� B3;;6CR �����) B4AA9%CC 5

σélasticité longue−portée =
E

1 + ν

[
−β1∇2ǫ − ν

1 − 2ν
β2∇2θ Id

]


S β1 �	 β2 �
�	 ��� ������	��� ������	�
�	� �
�"�� �
�	�� Bβ1 �	 β2 �
�	 ��� 

��	��	�� �
��	�����
�/������� �� m2C� !
��� �
�� �� �
�	���
�� ���� ������)�� 	
�
����� �� �
���� B

���	�� :C�
�� 	��� �2�	� �
�"�� �
�	�� ������	 �	�%������ �� �)�	��� !0 �0!�

0� 

�%����	 ������	�
�	� �������� �	 ������	�
�	� �
�"�� �
�	��� �
�� 
%	��
�� 

��� �/���� 
��
� �� 	������ ��� 

�	����	�� ����	����� 5

σélastique
mec = σélasticité linéaire + σélasticité longue portée B9�8C

7�� 

��
���	�� ���������� �� 	������ ��� 

�	����	�� �� �� �0! �
�	 �"������	 ��
��	��
���� �� 
���� ��������� �	 �
�	 ����
���� ��
�
�	�
������� �� 	������ 	��/ �� ���
���	�
� ∂ǫ

∂t �

σvisqueux
mec = µ1

∂ǫ

∂t
+ µ2

∂θ

∂t
Id


S µ1 �	 µ2 �
�	 �����
	������	 ��� 

�I
���	� �� ���

��	� �� 
����������	 �	 �� ����	�	�
�
�
��������

:4



'�"� )��$�
��	
��

��$��� ���

������� �� 
� &�	������ ��� 
�

�
�� ������

��
��

7� ��"��	�
� 
��������� ��	 �� ��

����� ���	� ��
	
���� 	��� 

����/� � �
�������� 0� �2�	�
�
�� ���
�� 

�������� �� �
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�� ������ ��� ������� �

���� ����
���
�C� �� ������ 
��������� B	��
	�
� 
���������� ��"��	�
�

���������C �	 �� ������ �� �� �
����	�
� �� 
�������� ��� ��	�"�� 	
�	�� ��� 
���
	����	����� ���� 
��������� B

�I
���	 �� ��2���
�� 
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���� �� 
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���
	�
	����� !��� ��	 $��	�1� ��� �
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	�
� ��� �
�
�� ��
������� R ��� �� �
��
� �� 

���
�		��
	��	�� 

�	��������	 ��/ �/������
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��� �� 
�
�����
� �� 	����� �� ���
	C �	 ���
� ��� �
�� ��

��


�� �� �
���� ������� B
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��	�� 3C� �������"��� �� 

�	���� ��� ��� ��	���
	�
�� ��
������� �� ��

����� ����"�
"����� ��	
�"������	 $��	�1� ��� �� ��
��	�� ������� �/�������	���� �
�	���	 ��� ���/������
� �	 �� ��
�� 
	�
� �� 

���
�		��
	��	�� 	��� ��� -0H*� �
������	 '	�� ��������	� ��� ��
	���� ��
�������
BO����� �	 ��	

��� B4AA9CR W
�
��
 �� ��� B4AA9CC�

&��� �� �
�����	�
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����� �� ��"��	�
� ����	
��� ��� 
�������� �� �� �� ��2���
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����������
�
������� "������	 ���	��� 
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Fij ≡ ∂xi/∂yj
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∀t, ∀x, ∆ (x, t) 
= 0 B9�3AC

F t = 0� �
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∀x, ∆ (x, 0) = 1 B9�33C
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∀t, ∀x, ∆ (x, t) > 0
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n (x, t) =
N (y, t)

∆
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∂N (y, t)

∂t
= ∆

∑

s,r,i

F si ∂

∂ys

[
D0F

ri ∂

∂yr

(
N (y, t)

∆

)]
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= ∆F si
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D0F

ri

(
N,r

∆
− ∆,r

∆2
N

)]

,s
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Ai ≡ D0F
ri

(
N

∆

)

,r

B9�3=C
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∂N
∂t =

[
∆F siAi

]
,s

− Ai
(
∆F si

,s + F si∆,s

)
︸ ︷︷ ︸(

∆F si
)
,s

B9�3>C
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)
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∀i = 1..3,
(
∆F si

)
,s

= 0 B9�36C
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∂N

∂t
=

[
D0F

riF si

(
N,r −

∆,r

∆
N

)]

,s

B9�38C
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D = D0

(
tFF
)−1
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Drs = D0F
riF si B9�4AC

�	 �� ��	�������	 �� D ���	 5

|D| ≡ det (D) = DK
0 ∆−2 B9�43C
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∂N

∂t
=

[
DrsN,r +

Drs |D|,r
2 |D| N

]

,s

=

[
Drs√
|D|

(√
|D|N

)
,r

]

,s

B9�44C
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tFF = (Id− 2ǫ) B9�49C
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Jd = −∇.(D(ǫ)n)
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variation de la + convection + diffusion + haptotaxie = prolif ération − mort
concentration cellulaire cellulaire cellulaire cellulaire cellulaire cellulaire
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∂n

∂t
+ ∇.[Jc + Jd + Jh] = 0 B9�4=C
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variation de la + convection = biosynthèse − dégradation
densité matricielle
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∂ρ

∂t
+ ∇.

[
ρ
∂u

∂t

]
= biosynthèse − dégradation B9�4>C
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σHooke
33 (x, y, t) =

E

1 + ν
ǫ33 (x, y, t) +

Eν

(1 + ν)(1 − 2ν)
θ3D (x, y, t)


S θ3D (x, y, t) = ∂u1(x,y,z,t)
∂x + ∂u2(x,y,z,t)

∂y + ∂u3(x,y,z,t)
∂z � ��� �
�
	�
�� ui (x, y, z, t) �	��	 ���
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ǫ33 (x, y, t) = − ν

1 − 2ν
θ3D (x, y, t) B9�46C
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ρdV = ρ0dV0� 
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ρ (x, y, t) = ρ0(1 − θ3D (x, y, t)) B9�48C

7����������� e (x, y, t)� ��	 ��
�� 
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����� e (x, y, t) = e0 (x, y) (1 + ǫ33)� 
S
e0 (x, y) ��	 ����������� ���	���� �� �0!� 0� 

�%����	 
�		� �/������
� �� e (x, y, t) ���
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�� B9�46C �	 B9�48C� �
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e (x, y, t) = e0 (x, y)

(
1 − 3ν

1 − 2ν
+

ν

1 − 2ν

ρ (x, y, t)

ρ0

)
B9�4;C


S e0 (x, y) �	 e (x, y) ��������	��	 �����
	������	 ����������� �� �� �0! ��/ 	���� ���	��� t0 �	
t�
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σi3 (x, y, t) =
Eui (x, y, t)

(1 + ν) e (x, y, t)
i = 1, 2 B9�9AC
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∇. [σcell + σmec] = Rext B9�93C
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∇.

[
E

1 + ν

(
ǫ − β1∇2ǫ +

ν

1 − 2ν

(
θ − β2∇2θ

)
Id

)
+ µ1

∂ǫ

∂t

+µ2
∂θ

∂t
Id + τρn (N2 − n) Id

]
= s

u

ρ
B9�94C
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D (ǫ) = D0

[
1 + ǫ11−ǫ22

2
ǫ12+ǫ21

2
ǫ12+ǫ21

2 1 − ǫ11−ǫ22
2

]
B9�99C
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ρ∗ =
ρ

ρ0
, n∗ =

n

n0
, u∗ =

u

L
, x∗ =

x

L
, y∗ =

y

L
, t∗ =

t

T

7�� ������	��� ��������
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�� 5

D∗
0 =

D0T

L2
, µ∗

1 =
µ1ρ0

L2T
, µ∗

2 =
µ2ρ0

L2T
, N∗

2 =
N2

n0
, h∗ =

hTρ0

L2
, β∗

1 =
β1

L2
, β∗

2 =
β2

L2

λ∗ =
Eνρ0

L2(1 + ν)(1 − 2ν)
, µ∗ =

Eρ0

2(1 + ν)L2
, τ∗ =

τρ2
0n

2
0

L2
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



∇.
[
2µ
(
ǫ − β1∇2ǫ

)
+ λ
(
θ − β2∇2θ

)
Id + µ1

∂ǫ
∂t

+µ2
∂θ
∂t Id + τρn (N2 − n) Id

]
= su

ρ

∂n
∂t + ∇.

[
−∇. (D (ǫ) n) + hn∇ρ + n∂u

∂t

]
= 0

∂ρ
∂t + ∇.

[
ρ∂u

∂t

]
= −dégradation
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∂ci

∂t + ∇.
(∑N

j=1 Dj∇cj

)
= Fi (c1, ..., cN ) , i = 1..N

+conditions aux limites
+conditions initiales
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���
	����	 �� �
)����� ��

� �
��
����� �� ���	 �
�
 ��� ������
� ��� ������	��� (R+)

D� 
S D ��	 �� �
�%�� �� �� 
����	��� �� �
	�� �
����� 

��
�	� ���/ �
�� �����%��� �
� ����� Υ1 �	 Υ2 BΥ1 ⊂ (R+)

D�
Υ2 ⊂ (R+)

D�
� ��
����������	 

���/��C 	��� ��� 	
�� $��/ �� ������	��� �� Υ1 

�������	
� �� �	�	 �	�	�
������ 

�
"��� �� (n, ρ,u)� 	����� ��� 	
�� ��� $��/ �� ������	��� �� Υ2

������	 

������ � ��� ��
�"�����	�
� �� �������
7� ��
�	����� ΓΥ2

Υ1
� �������	 Υ1 �	 Υ2� ��	 ��	������� ��� ��� 

���	�
�� �� %����
�	�
� ��

�
����� �
�� ��		�� �� ������
� �� ���� ��� ��	���
	�
�� ��
������� �
�� ��� ��������� �
����

=3



�� ����*�� �� �	��
�
	$ �
�$�
�� �� ������

�� ����"�
"����� �� ���
	� 

��� �
�� �����
�� ���
�
� ���
�������	 B§ 9�3C� �
�� 


�����
��


��� ������	�� �� %����
�	�
� �������	��� �� �� �
�
� �� 	��
	�
� 
��������� τ �

D
�� �
�����
�� ������"�����	� �� ����	 ��� !0 ��� �� %�
"�� B
 § 4�9�4�3C ��� ��� ���	��%�	�
�
�� ���	�	 ��������%�� 

�
"���� �	 �
�� �
�� ��	�����
�� � �� �	�%���	� �� 
�	 �	�	 �
�� �� ��	�	��
���	��%�	�
��� �
�� 
���� �
�� �����
�� ��� ����)�� �� �	�%���	� �������� �� ���	�	 ��������%��


�
"��� (n, ρ,u) = (1, 1,0) �� 

��

��	 � �
���� ��� ���	��%�	�
�� ���	����� (δn, δρ, δu) �
��
�� �
��� ������	� 5

(δn, δρ, δu) ∝ ei(kx+ly)+ξ(k,l)t


S k� l �
�	 ��� �
�%��� ��
���� ���	���/ �����
	������	 ���� �� ����
	�
� x �	 y� �	 ξ(k, l) ��	
��� ������ ��
��� �� �� ��	��
� �� ��

%� �� ���	�	 ��������%�� 

�
"����

!�		� ����)�� �� �	�%���	� �������� �����		�� �� ��	������� �� ��
�	���� ΓΥ2

Υ1
� �
�	 �
�� �� 

����
�� ��� 

���	�
� ��
������� �	 ��I���	�� ��� �� ������	�� �� %����
�	�
� τ � �
�� ��� ���
������	��� �����	������	 � Υ2�

���� ���
	�� ����"���	��

��$��� *��
��������� �� �/��,&� �� -������	� �� 
+
��� ��&�	,��

7� ���������	�
�� �� �
�����"� �� ���	�	 ��������%�� 

�
"��� (n, ρ,u) = (1, 1,0)� �� �)�	���
��0&� B��� 9�9=C ���
��	 5





∇.
[
2µ
(
ǫ − β1∇2ǫ

)
+ λ
(
θ − β2∇2θ

)
Id + µ1

∂ǫ
∂t

+µ2
∂θ
∂t Id + τδn (N2 − 2) Id + τδρ (N2 − 1) Id

]
− sδu = 0

∂δn
∂t + ∇.

[
−D0∇δn − D0

2 ∇2δu + h∇δρ + ∂δu
∂t

]
= 0

∂δρ
∂t + ∇.

[
∂δu
∂t

]
= 0

B:�3C


S δn = n − 1, δρ = ρ − 1 �	 δu = u�

��$�$� ��

�
�

D
�� ��

��


�� ��� ���	��%�	�
�� ���	����� (δn, δρ, δu) �
�� �� �
��� B���		
� B4AA9CC 5

(δn, δρ, δu) ∝ ei(kx+ly)+ξ(k,l)t


S k� l �
�	 ��� �
�%��� ��
���� ���	���/ �����
	������	 ���� �� ����
	�
� x �	 y� �	 ξ(k, l) ��	
��� ������ ��
��� �� �� ��	��
� �� ��

%� �� �)�	��� ��������� �� (n, ρ,u) = (1, 1,0) B�)�	���
:�3C� !�� �
�%��� ��
���� �
�	 �� �� �
��� k = πk∗/L� l = πl∗/L� 
S k∗ �	 l∗ �
�	 ��� ��	����
�	 L ��	 �� �
�"���� �� 

	� �� �
����� 
���� Ω� ξ(k, l) ��	������ �� 	��/ �� 
�
�����
� �� ��
���	��%�	�
��

7��	�	 �	�	�
������ 

�
"��� ��	 �����������	 �	�%�� �� 	
�	�� ��� ������� ��
���� �� �� �� 
	��
� �� ��

%� ���

��� � ���	�	 ��������%�� 

�
"��� 
�	 ��� ���	�� ������ ��"�	���� &��� 
�

��� �������	��� ��� ���	��%�	�
�� ���

���� 	��� ���� A ����� 	 	��� ���� ����1��� F ����������

=4



��'� +$	���
��	
�� ��� ������� 
�
	
%��� ���� �� ������	�� �� �
���
�	
�� τ

	
�	�� ��� ���	��%�	�
�� ���	����� ���

���� � ��� ������� ��
���� � ���	�� ������ �
��	��� 
�
�����	
�/�
���	��������	 �� �
�����"� �� ���	�	 �	�	�
�������

7� ����	�
� �� ��������
� ��	 
%	���� �� 
��
����	 �� ��	�������	 �� �� ��	��
� �� ��

%� ��
�)�	��� ��������� �� (n, ρ,u) = (1, 1,0)� D
�� �
�
�� ��
�� r = k2+l2 �	 �
�� �
�� ��	�������
��
�� 
�� �
� ��"����� r∈ R

∗+� �
�� ����"�� ��� �
	�	�
��� ξ (r) ���� �
	� ξ�

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

ξ + D0r −hr ikξ ilξ
0 ξ ikξ ilξ

ikτ (N2 − 2) ikτ((N2 − 1))
−µβ1

`

2k4 + 3k2l2 + l4
´

− ξk2 (µ1 + µ2) + ...
−λk2β2r − 1

2
ξl2µ1 − µ

`

2k2 + l2
´

− λk2 − s
− 1

2
kl (2µβ1r + 2λβ2r + 2µ + 2λ + ξ (µ1 + 2µ2))

ilτ(N2 − 2) ilτ(N2 − 1) − 1

2
kl (2µβ1r + 2λβ2r + ξ (µ1 + 2µ2) + 2µ + 2λ)

−µβ1

`

k4 + 3k2l2 + 2l4
´

− ξl2 (µ1 + µ2) + ...
−λl2β2r − 1

2
ξk2µ1 − µ

`

k2 + 2l2
´

− λl2 − s

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

= 0

D
�� 
%	��
�� ��
�� 

��� ����	�
� �� ��������
� ��� �
�
	�
� �
�)�
����� �� ���	�����
��"�� �� ξ 5

ξ (ξ − ξ1)
(
a (r) ξ2 + b (r) ξ + c (r)

)
= 0 B:�4C


S �� ������ ��
��� ξ1 ��	 �"��� � 5

ξ1 = −2
µβ1r

2 + s + µr

µ1r

��� 

�������	� �� ���	�� ������ �� ξ1 ��	 	
�$
��� ��"�	���� 7�� 

�I
���	� a (r)� b (r) �	 c (r)
�	������ ���� 
�		� ����	�
� �� ��������
� �����	 5





a (r) = r (µ1 + µ2)

b (r) = (D0 (µ1 + µ2) + 2µβ1 + λβ2) r2

+ (2µ + λ + τ (3 − 2N2)) r + s

c (r) = D0 (2µβ1 + λβ2) r3 + (D0 (2µ + λ)

+τ
(
h (2 − N2) + D0

(
2 − 3N2

2

)))
r2 + D0sr

B:�9C

���� &����
������� ��� '���	�� 
�����	�� !�	� �� !���
���� ��
"�$	�
����� τ

7�����	�
� �� ��������
� B��� :�4C ����	 ���/ �
��	�
�� ������	�� 5 0 �	 ξ1� 7�� ���/ ��	���
������� ��
���� ξ2 �	 ξ3 B���� CC �
�	 ��� ��
���� �� �� �
�
	�
� �
�)�
������ �� ��"�� 4 5

f : ξ → a (r) ξ2 + b (r) ξ + c (r)

7� �
�
	�
� f ��	 � 

�I
���	� ����� R ��� ���/ ��
���� B���� CC �
�	 �
�
 �
�	 

����/�� 

�$� 
"����� �
�	 �������� ,�� %����
�	�
� �
��� 

�� 

�������	 � ��� ���	�%���	� �� �����" B�����)
B4AA9�CC� 

�����
�� �� 

��"����	 �� ��"�� ����� �� 
�� ���/ ������� ��
����� ���� �� 
��

S ����� �
�	 ������� B&�F����� D
��� �	 !

�� �� 7��� B3;;:CC� D
�� �
�� ��	�����
�� �
�
 ��
��"�� �� ��
���	 �� 
�� ���/ ������� ��
����� !
��� ∀r∈ R

∗+, a (r) > 0� ��
�� �� ��
���	 ���

=9



�� ����*�� �� �	��
�
	$ �
�$�
�� �� ������

��
���� �� f ��	 �� ��"�� �� c (r)� D
�� ��

��


�� �
�
 ���� ������
� ��� ������	��� (R+)
D�


S D ��	 �� �
�%�� �� ������	��� �� �
	�� �
����� ��� 

���	�
� ��
������� �	 ��I���	� 	����
��� 5 {

∃r∈ R
∗+/c (r) < 0

}
B:�:C

7� 

���	�
� B:�:C �������	 � 
� ��� ��� ���/ ������� ��
���� �
���	 ������� �	 �� ��"���
��2����	�� 0� �2�	� �� ����� �	����	 

����/�� 

�$�"����� ��
�� ���� ��
���	 �����	 �
��	�� 
� ����
7��� ��
���	 �����	 �"������	 �
��	�� �� ����� �	����	 �� �'�� ��"��� 7� ��
���
��� ��	 ������	��

D
�� ��
�� �
�
 5

{
∃r∈ R

∗+/c (r) < 0
}
⇔ {∃ξ2 ∈ R, ∃ξ3 ∈ R/ξ2ξ3 < 0}

G	��� �� �� �
�
	�
� c 5
7� �
�
	�
� r → c (r) ��	 �
�)�
����� �� ��"�� 9� ���� ��	 �
�
 C∞ �	 

�	����� <�

��	 ���

�� 

�I
���	 �� 	���� �� ���� 
��	 ��"�� ��	 �	��
	����	 �
��	��� ��

��

�� �� ��"�� �� c (r)
Br > 0C �������	 � 	�
���� ��� �
��	�
�� �� ������	�
� c (r) = 0�

0� ��
	
�����	 c (r)� �
�� ��
�� 5

c (r) = r

(
D0 (2µβ1 + λβ2) r2 +

(
D0 (2µ + λ) + τ

(
h (2 − N2) + D0

(
2 − 3N2

2

)))
r + D0s

)

0 ��	 �
�
 ��
��� ������	� �� c.
�
�
�� ��
�� 5

c̃ (r) ≡
(

D0 (2µβ1 + λβ2) r2 +

(
D0 (2µ + λ) + τ

(
h (2 − N2) + D0

(
2 − 3N2

2

)))
r + D0s

)

!
��� r∈ R
∗+� ��
�� ��� �
�
	�
�� c̃ �	 c �
�	 �� �'�� ��"���

,�� 

���	�
� ��
������� �
�� ������ ��� ������� ��
���� ������� �
�	 �
��	��� ��	 ����� �
���
�� ��� 

�I
���	� �� c̃ (r) �
�	 ��"�	��� D
�� �� ������
�� ��� 

���	�
�� ��
�������� �� %����
� 
	�
� �
��� 

� ������	�� 5

{∃r∈ R
∗+/c̃ (r) < 0} ⇒





h (2 − N2) + D0

(
2 − 3N2

2

)
< 0

et

D0 (2µ + λ) + τ
(
h (2 − N2) + D0

(
2 − 3N2

2

))
< 0

(τ∈ R
∗+)

⇒ NP > 0 et τ > τCN

B:�=C

S

τCN ≡ λ + 2µ(
3N2

2 − 2
)

+ h
D0

(N2 − 2)
et NP ≡ h

D0
(N2 − 2) +

(
3N2

2
− 2

)
B:�>C

7� �
�
	�
� r → c̃ (r) ��	 �
�)�
����� �� ��"�� 4� ���
 �� 

�I
���	 �� 	���� �� ���� 
��	
��"�� �	��
	����	 �
��	��� 0��� ����	 �
�
 �� ������� ���� R� !� ������� ��	 �		���	 �
��
��� ������ rmin �� r 	���� ��� d

dr c̃ (rmin) = 0� D
�� ������
�� ��
�� 	����������	 rmin 5

rmin =
−2 (λ + 2µ) + 2τ

(
h

D0
(N2 − 2) +

(
3N2

2 − 2
))

(2µβ1 + β2λ)

=:



��'� +$	���
��	
�� ��� ������� 
�
	
%��� ���� �� ������	�� �� �
���
�	
�� τ

?������
�� ��� rmin ��	 �� �� �
��� 5

rmin =
−2 (λ + 2µ) + 2τNP

(2µβ1 + β2λ)
B:�6C


S NP ��	 �� ���� ���
�������	 ��1�� B��� :�>C�
7� �������� ���� R� �� �� �
�
	�
� r → c̃ (r) ���	 �
�
 5

c̃ (rmin) =

(2β1µD0+D0λβ2)(−2D0λ−4D0τ−4µD0+2τN2h+3D0τN2−4τh)2

16D2
0
(β2λ+2µβ1)2

+ ...
(D0λ+2D0τ+2µD0−τN2h−3/2D0τN2+2τh)(−2D0λ−4D0τ−4µD0+2τN2h+3D0τN2−4τh)

4D0(2µβ1+β2λ) + sD0

B:�8C
,�� 

���	�
� ��
������� �
�� ����� ) ��	 ��� %����
�	�
� �
��� 

� ��	 ��� c̃ (rmin) < 0�

0� ���
����	 ������	�
� c̃ (rmin) = 0 �� τ � �
�� �� 

���	�
� NP > 0� �
�� 	�
��
�� ��
�� ��
������ 
��	���� τturing �
�� �� 

�I
���	 �� %����
�	�
� τ B�	��� ① �� �� 1"��� :�3C� !�		� ������

��	���� �� �������	��� �� �� 	��
	�
� 
��������� τ ��	 �
���� ��� 5

τturing =
λ + 2µ + 2

√
s (2µβ1 + λβ2)(

3N2

2 − 2
)

+ h
D0

(N2 − 2)
B:�;C

F ���
��� �� �� ���"�	 ��� ����� 

���	�
� ��
�������� 
�� rmin �������	���	 ��� ��
����������	
� R

+� �
�	��
��� �
�� �
��
�� ���
�	��� ����� ���"�	 �"������	 ����� 

���	�
� ��I���	��
&������ �� ����	�
� B:�6C� �� NP > 0� �� �
�
	�
� τ → rmin (τ) ��	 �	��
	����	 
�
�����	� �	

�������� �� τ = τ rmin=0� �
�	 �� ������ ��	 ���
���� 
� ����
�� 5

τ rmin=0 =
λ + 2µ(

3N2

2 − 2
)

+ h
D0

(N2 − 2)

?������
�� ��� τCN = τ rmin=0.
D
�� �� ������
�� ��� B�	��� ② �� �� 1"��� :�3C 5

((
τ > τ rmin=0

)
et (NP > 0)

)
⇒ rmin∈ R

+ B:�3AC

?�
���
������	� �
�� �� 

���	�
� NP > 0 �� ��	 �������	 ��
%	���� B�	��� ③ �� �� 1"���
:�3C 5

rmin∈ R
+ ⇒

((
τ > τ rmin=0

)
et (NP > 0)

)

��� 	�����	���	� ��� �����	�
�� �
"����� ���
�������	 ��	��������� �������� � �� 1"��� B:�3C�
�
�� �� ������
�� �� ����	�
� ������	� 5

{
∃r∈ R

+/c̃ (r) < 0
}
⇒ rmin∈ R

+ B:�33C

��� ��1��	�
� �� ������� ����� �
�
	�
�� �
�� 
%	��
�� B�	��� ④ �� �� 1"��� :�3C 5

{
∃r∈ R

+/c̃ (r) < 0
}
⇒ c̃ (rmin) < 0 B:�34C

==



�� ����*�� �� �	��
�
	$ �
�$�
�� �� ������

&������ ��� �����	�
�� B:�33C �	 B:�34C� �
�� ������
�� ��� 5

{
∃r∈ R

+/c̃ (r) < 0
}
⇒
(
rmin∈ R

+ et c̃ (rmin) < 0
)

B:�39C

&������ B:�=C �	 B:�39C� �
�� ��
�� �����������
� ������	� 5

{
∃r∈ R

∗+/c(r) < 0
}
⇔
(

h

D0
(N2 − 2) +

(
3N2

2
− 2

)
> 0 et τ > τturing

)
B:�3:C

7��	�	 ��������%�� 

�
"��� (n, ρ,u) = (1, 1,0) ��	 �
�
 ���	�%�� �� �	 ��������	 �� �� 

��� 
	�
� B:�3:C ��	 ��	�����	��

���� :�3�5 �
���� 
�
��������� �� 
��
	��������
��� �	
��� �����	���� �
�� �� 	��	� ���	 ����������� �
� ��� �3
��� �� 	�
�	 ������ 	
���� 1�� ��� ����
.
	���� ��
�1��� �9�
	���� �
� 	�
���	�0�	� ��� 
����	���� ���	 ��������	��� �
� ��� 	�
�	� �� ����	������

!�������	� ��� �
�%��� ��
���� �
�	 �� �� �
��� k = πk∗/L� l = πl∗/L� 
S k∗ �	 l∗ �
�	
��� ��	����� �
�� 0 ≤ x ≤ L �	 0 ≤ y ≤ L� F����� �������%�� ��� ������� ��
���� ���

���� �
r = π2N/L2� 
S N = k∗2 + l∗2� ��	 ���
��	�

=>



��'� +$	���
��	
�� ��� ������� 
�
	
%��� ���� �� ������	�� �� �
���
�	
�� τ

<
�	 Ξ 
�	 �����%�� ���
��	 BΞ ⊂ RC 5

Ξ ≡
{

ξi (r) /r = π2 k∗2 + l∗2

L2
, i = 0..3, k∗∈ N, l∗∈ N

}


S ξi Bi = 0..3C ��	 ����� ��� ������� ��
���� �� �� ��	��
� �� ��

%� �� �)�	��� ��������� ��
(n, ρ,u) = (1, 1,0)�

�
�� ������ �	��
	��� 
�"������ ���	�������	 ����������� �� ���	 �	 �� ��I	 ����� �
��� ��
������	 �� Ξ �
�	 � ���	�� ������ �
��	����

D
�� ��
�� 	��
�� �
�� ���/ $��/ �� ������	���� �� ���� "����� ��� ���	��� ������� ��� �������

��
���� �
� ������ B max ℜ (ξi (r))
i = 1..3

C �� �
�
	�
� �� �� �
��� N ��� 
����� ��� �
��� k∗

�	 l∗� ���� ��� ����
	�
�� x �	 y BN = k∗2 + l∗2 ���
 k∗, l∗ ��	����C ���
 L = 1 B*�"� :�4C� 7�


���	�
� �� %����
�	�
� B:�3:C ��	 ��	�����	� ���� 
�� ���/ 
��� �
�	��
��� ���� �� �� 
�� ���/ 
��
���� ���
��	�%�� �� 

������ � ��� ��
�"�����	�
� ��� !0 �	 �� �� �0! 5 �� �2�	� �� 

���	�
�
��� N B�
��� �� 
���� ����	����C ����	 ��	�����	� ��� ���� �� 
�� �� �� 

��%� �� 	���	 ������
���
 k∗ = l∗ = 2� 

�����
����	 �� �
�� B4� 4C B8 = 22 + 22C� 

�	��������	 � ����	�� 
�� ���
�� 

�	���	 ��� �� �
��� ��
���� ���	�%��� B7 �� ���	 ��� �� ��

��
��� �� �
��� �� 
�����
����	���C B

��%� �� �
��	����C�

���� :�4�5 .���
���� �� 
�������� 	����� ��
 �� 
�����	� �� ��
��

�	� $2�3'�
�
 
����� �� 	�
�	 ����� ��	 ��	���� 
0�
 ��� �
�
�3	��� ����
����� + τ = 2.39� λ = 1.2� µ = 1.8�

µ1 = µ2 = 0.03� β1 = β2 = 0.0031� D0 = 8 × 10−5� h = 4 × 10−5� N2 = 3� s = 90�

=6
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���	�
� B:�3:C �����	 �� ��	������� ��� $��/ �� ������	��� �
�� �������� ��� ��
�"� 
����	�
� 
��������� ���	 ��
�� ����� ,�� 

���	�
� ��
������� �
�� 
��� ��	 ��� h

D0
(N2 − 2) +(

3N2

2 − 2
)

> 0� &��� 
�� 

���	�
�� �� �	�	 �	�	�
������ �
� 

�
"��� ���	 ������V	��� �
��
��� ������� �� τ ����������� � �� ������ 
��	���� τturing� !�	 �	�	 

�����
�� � ��� �����	�
��
�

���� �� ����������� �� �� ��	��
� B�
��� �� 
���	�
� �� ��
����C�

�� ��	 ���
�	��	 �� �
�� ������ ��	 ����E���
� ��� ��2����	� ������	��� ��� �� 

���	�
� ��
%����
�	�
� B:�;C� !��� ��	 �� �
)�� �����	�	�� �� ����1�� �
	�� ���
��	�
� ��������� B§ 8�9�3C� �	

��� ���	 �"������	 ��		�� �� ������
� �����
�	��
� �� 
��	���� ����
�	� ��	�� ��� ������	����

������ !�� ��
�
� &

���'��� �� "��	�


7����
�	��
� ��� ��
����	�� ��
������� �� �� �0! ��� �� ��
�"�����	�
� �� �� �0! B
��� 
	�
� �� ��
����C ������V	 �/���
�	����	 ���� �� ����	�
� B:�;C� D
�� ���
�� ��
�� ����� ���
�	��� ��	������ �� ����E���
� �� 
�� ��2����	� ������	��� "�#
� ��/ ��2����	� ���"������ ��
%����
�	�
��

'�'����� :�;���
� �� �� 
�!����� �� ���!��

7� �
���� �� W
��" E 	�����	 �� ��"���	� �� %�
"��� D
�� �
��
�� �/������ τturing �� �
�
	�
�
�� 
� ������	�� 5

τturing =

E∗(1−ν)
(1+ν)(1−2ν) + 2

√
sE∗

1+ν (β1 + β2

1−2ν )

h
D0

(N2 − 2) + (3N2

2 − 2)
B:�3=C


S E∗ ��	 �� ������	�� �
������� �����	 E∗ ≡ Eρ0

L2 �

=8
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D
�� �� ������
�� �� ���"����� �� %����
�	�
� τturing − E B*�"� :�9C 5

���� :�9�5 .���
���� �� �� �

���	� τturing − E�
&� ��

�
��� �� �����

	��� 
 �	� 	�

� 
0�
 ρ0 = 1 mg/cm3� L = 3cm, ν = 0.2 ���� ��� 0
�����
�����
�1�����	 ��
���	�� �� ������ �� :���
 E �
� 8
�� ;�!�� ��� �
�
�3	��� ����
����� �	������ 0
���	 +
β1 = β2 = 0.003� D0 = 4 × 10−5� h = 4 × 10−4� N2 = 2.5, s = 200�

&������ �� ����	�
� B:�3=C� �
�� 

��	�	
�� ��� �� �
�
	�
� E → τturing (E) ��	 �	��
	����	

�
�����	�� 

��� �������	�� �� 1"��� B:�9C �
�� �� $�� �� ������	��� �
���� D
�� �� ������
��
��� ���� �� ������ ��	 ��"���� ���� �� ������ �� ������	�� 
��	���� τturing ��	 "������ F�����
��� ���� "����� 	��
	�
� 
��������� ��	 ������� �
�� ���	�%������ ���	�	 ��������%�� 

�
"���� 7�
��"���	� �� ������ ��	 �
�
 �� ��
	��� �	�%������	 �� 
�	 �	�	 ��������%���

'�'����� :�;���
� ��� ��
��� � ������
��� ���!���	�
���

7� ����	�
� B:�;C �����	 ���	����� ����E���
� ��� 	����� ������	�
�	� � �
�"�� �
�	�� β1 �	
β2� &������ 
�		� ����	�
�� �� ������V	 
��������	 ��� ��� �
�
	�
�� (., β2) → τturing (., β2) �	
(β1, .) → τturing (β1, .) �
�	 �	��
	����	 
�
�����	��� !�� �����	�	� �
�	 �����	��� ��� �� 1"���
B:�:C� �
�� �� $�� �
��� �� ������	����

=;
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���� :�:�5 .���
���� �� �� �

���	� τturing − β1 − β2�
��� �
�
�3	��� ����
����� ���	 ��� �<��� 1�,* �
 '
��� �=�(�� ��
��	�� β1 �	 β2� 
0�
 λ = 1.23 �	
µ = 1.85�

&������ �� �
�
	
��� �� 
�� �
�
	�
��� �
�� ������
�� ��� ���� ��� ������	��� ������	�
�	�
�
�"�� �
�	�� β1 �	 β2 �
�	 "������ ���� �� ����� 
��	���� �
�� �� ������	�� �� %����
�	�
�� τturing�

>A
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��	 "����� !�� ������	��� ������	�
�	� �
�"�� �
�	�� 	�����	 �
�
 � ���'

�� �� ��
�"�����	�
�
��	��
������ ���� �� ���� 
S ��� ���� �
�	� 	��
	�
� 
��������� ��	 ��
������� �
�� ���	�%������
���	�	 ��������%�� 

�
"����

D
�� ��
�� �	�%�� B§ 9�4�4�4C ��� �� ����� �� 

��	� �� �����
��� �� ǫ (x) �����		��	 ��
�
)����� �� ������ �� ��� 

��
���	�� ���� �� �
�����"� �� x� !�� 	����� %� 
���
������ �
�	


���� �
�� '	�� ��� ��
	���� �	�%������	� �
�������� �
�	 �	������ �
�� �
������� ��� ��2���
�
�
� �

��� B�����) B4AA9�CC� 7� ���	 ������ 	�����	 � �������� �� �� ��
�"�����	�
� ��	��
�����
����	 �
�
 ��� ���������	�

'�'���#� :�;���
� �� 
�		�� ���������

0�1�� �� ����	�
� B:�;C �����	 ���	����� ����E���
� �� �������	��� �� �� �
�
� �� ������ ���� 
	���� �
�������	 ���		�

����	 �� %�
"�� ��� �� ��
� ��������� �� �� %
�	� �� ��	��� D
�� 

��	� 
	
�� �������	����	 ��� s → τturing (s) ��	 ��� �
�
	�
� �	��
	����	 
�
�����	� B
 *�"� :�=C�

���� :�=�5 .���
���� �� �� �

���	� τturing − s�
��� �
�
�3	��� ����
����� �	������ ���	 ��� �<��� 1�� 
��� ��� '
���� �=�(� �	 �=�=�� ��
��	� s�

D
�� ������
�� �� 
� �����	�	 ��� �� ��
	��� s ��	 �� ��
	��� �	�%������	 ���	�	 ��������%��


�
"���� !��� ���%�� ����N ��	��	�� 5 �� �2�	� 
� ������ ����	���� 	�����	 ����E���
� �� ���		� 


����	 �� "�� � �� ��
� ���������� �� �� %
�	� �� ��	��� �� ������V	 �
�
 �
"���� ���� ���� 
�
������ ��	 "����� 
���	 � ���� ���� ����E���
� �� ���		�

����	 �� %�
"�� ��� �� ��
� ����������
�� �� %
�	� �� ��	�� ��	 ���
�	��	�� ���� �� ��	 ��I
��� �� ���	�%������ �� �������

>3
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� B:�;C �����	 �"������	 ���	����� ����E���
� ��� 
���
	����	����� 
���������� ��� ��
������ 
��	���� τturing �� ������	�� �� %����
�	�
� τ �

'�'����� :�;���
� �� � %�	�������

&������ �� ����	�
� B:�;C� �� �
�
	�
� h → τturing (h) ��	 �	��
	����	 ��
�
�����	�� 

���
�������	�� �� 1"��� :�>�

���� :�>�5 .���
���� �� �� �

���	� τturing − h�
��� �
�
�3	��� ����
����� �	������ ���	 ��� �<��� 1�� 
��� ��� '
���� �=�(� �	 �=�=�� ��
��	� h�

7�
��	
	�/�� ��	 �
�
 �� ������	�� ���
�����	 �� ��
�"�����	�
� �� �� �0!� 0� �2�	� ��
�
�
	�
� h → τturing (h) ��	 �	��
	����	 ��
�
�����	��

���� "����������	� �� �
����� B:�;C ��	 �� ������
� �� ���	 ��� �� ����
�	 h
D0

��	 �� ��
	���

�� �� �� �
���	�
� �� ��
����� 0� �2�	� �� ��"��	�
� 
��������� ���	 �� ����� ���� ���/ ����
	�
��

��
���� 5 �
�	 �� ���
�	��	 �� "������	 ����
���
� �� ��
��	
	�/�� ��	 ���� ���
�	��	� ��� ��
��2���
�� �
�	 �� �� ���
�����	 �� �� ��2���
� ����
���� B*�"� :�6C�
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���	� τturing − h/D0�
��� �
�
�3	��� ����
����� �	������ ���	 ��� �<��� 1�� 
��� ��� '
���� �=�(� �	 �=�=�� ��
��	�� h �	 D0�

���	��	 ����� ���	��%�	�
� %���	�� ���� ��������	 

�
"���� �
�� �
��
�� ���"���� ��	��	� 
�����	 

����	 ��� ���	�%���	�� �����������	 5 �� ��
��	
	�/�� ��	 ����N "����� ��� ����
�	 � ��
��2���
�� 
��� ���
���� �

������	 �� 

�
��	��	�
� �� !0� ��
S ��� ��"���	�	�
� �

��� �� ��
	��
	�
� 
��������� �
����	 ������� �� ��

����� ��	
 
�	��)	���� ����N ���
�	��	 �
�� ��������
�� �����	��
� ���

����	���� �� �� �0!�

'�'����� :�;���
� �� � ��%������� �� 
����
�

0�1�� �� �	�����	 ����E���
� �� ������	�� ����
�%�	�
� �� 

�	�
	 N2 "�#
� � �� ����	�
�
B:�;C� �
�� 

��	�	
�� ��� �� ��
�"�����	�
� �� �� �0! ��	 

�	����� ��� ����
�%�	�
� �� ��
	��
	�
� 
��������� 5 �� �
�
	�
� N2 → τturing (N2) ��	 �	��
	����	 ��
�
�����	� B*�"� :�8C�
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7���"���	�	�
� �� ���2�	 ����
�%�	�
� 
��������� B������	�
� �� N2C ���	 ��"���	�� �� ���� 
��	�� 
��	���� τturing� ������	 ����� �� ��
�"�����	�
� 
��������� �	 ��	��
����� ���� ��I
���� ����
�� ���� 
S ��� 	��
	�
� 
��������� ���� "����� ���� ��
������� �
�� ���	�%������ ���	�	 ��������%��


�
"����

��*� ���
�	����

D
�� ��
�� ����� ���� 
� 

���	��� ��� �	��� 	
�
����� �� �
	�� �
���� ��	
���	����
"�#
� � ��� ����)�� ���
��� ��� ���"������ �� %����
�	�
�� D
�� ��
�� ��	�����	� ������"�����	�
�� ����	 ��� !0 ��� �� %�
"�� 

��� ��� ���	��%�	�
� �� ���	�	 ��������%�� 

�
"���� �
��
����)��� �� �	�%���	� �� 
�	 �	�	� ,�� 

���	�
� ��
������� �	 ��I���	� � ��
�� �	� ��	�������
B����	�
� :�3:C �
�� �������� � ���
��� �� �� �)�	��� �����	 ��	
����� ���� 
�	 �	�	 ��������%��
B�	�	 ��������%�� �	�%��C 
� �� ��� ��
�"�����	�
� ���	���� ��� !0 �	 �� �� �0! �
����	 ��
��
���� B�	�	 ��������%�� ���	�%��C� !�		� 

���	�
� �����	�%���	� �����	 �� 	�
����� ���� ������
�
��� ������	���� ��� �
�� �����%��� �� ������� �
�� ���������� ��� ��
�"�����	�
� 
��������� �	
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&�2���
� 
��������� D0 10−9..10−6 cm2/s &������ �� ��� B3;;4C
���

�� �� ��� B3;;=C

K��	
	�/�� h 10−8..10−5 cm2/(s.g) &�
@���
� �	 ���������
 B3;;9C
����������� �	 �)��� B3;;;C

!
�
��	��	�
� ���	���� �� !0 n0 0.5 × 105..5 × 105 cell/cm3 &���
)� �� ��� B3;;3CR -���
� �� ��� B3;;6C
�����) �� ��� B3;;8C

&����	� ���	���� �� "�� ρ0 0.5..8 mg/cm3 &���
)� �� ��� B3;;3CR -���
� �� ��� B3;;4C
-���
� �� ��� B3;;6C

��
�%�	�
� �� 

�	�
	 N2 2 × 105 − 2 × 106 cell/cm3 *������ �� ��� B3;;6C
������� �	 ���
��� B4AAAC
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!
�I
���	 �� �
���
� ν 0.15..0.25 − <

���� �� ��� B3;;3C

<
���%�� �� ��� B4AA9C
-��

��	� �� 
����������	 µ1 105..108 Pa.s ���

�� �	 ���������
 B3;;6C

-��

��	� �� ����	�	�
� �
������� µ2 105..108 Pa.s �����) �� ��� B3;;8C
K
���� �	 <������ B4AAAC

*
�
� �� 	��
	�
� 
��������� τ 10−9..10−5 Pa.cm9/(g.cell2) ���������
 �� ��� B3;;4C(
τ = 0.001 dyne.cm4/ (mg.cell)

)

*������ �� ��� B3;;6C
<
���%�� �� ��� B4AA9C

(τ = 0.015 dyne.cm/cell)
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k1 mol−1s−1cm3 4.3 × 106 7����� �� ��� B4AAAC

1011 ����) �	 7����	� H���� B3;;;C
15.5 × 106 �N������ �� ��� B4AA4C

k−1 s−1 13..96 T
��� �� ��� B3;;6C
1.4 × 104 ����) �	 7����	� H���� B3;;;C

k2 s−1 0.0058..0.16 T
��� �� ��� B3;;6C
110 ����) �	 7����	� H���� B3;;;C

0.007..0.01 �N������ �� ��� B4AA4C
0.005 7����� �� ��� B4AAAC 
�	��	 *����� �� ��� B3;;AC

���� >�3�5 8����
 ��
 ��
����
�
 
��������
 �� �
	
�

�
 �� ���
�����	��

�� ��	 ���
�	��	 �� �
	�� ��� �� ��
	�
�)�� ��	��
����� �������� �� �����"� �� �
��	�
� ���
��
���	� �� ��"����	�
� B�&C� 7� ������ �� ��"����	�
� �� �� �0! ���	 �
�
 '	�� ����	�1�
�/�������	������	 �� �������	 �� 

�
��	��	�
� �� �&�

D
�� ������
�� ��� ���
	�
�� 

������� B>�3C ��� ����	�
�� 	��������	 �� 
���	���� �� 
��
��2����	� ��
	���� 5





d[S]
dt = −k1 [S] [E] + k−1 [C]

d[C]
dt = k1 [S] [E] − (k−1 + k2) [C]

d[E]
dt = −k1 [S] [E] + (k−1 + k2) [C]

d[P ]
dt = k2 [C]

B>�4C


S [X] ��������	� �� 

�
��	��	�
� �� ������
� X B���	� 5 mol/mLC�

<
�� ��
)�
	
��� 	����	�
������ �� ����� �	�	�
�����	� �� ��

����� ���	��� d[C]
dt ≈ 0 B��N�	

B4AA9CC� �
�� ������
�� ����
��	�
� 	���
����� �� �� 

�
��	��	�
� �� ��%�	��	 5

d [S]

dt
= − k1k2

k2 + k−1
[E] [S] B>�9C
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��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

+������� ,������� � ��������� ��� 	
�������

&��� 
� �
���� �������� �
�� ��
���
�� ����
��	�
� �� �� 

�
��	��	�
� �� ��
	����� c� ���
��� ����	�
� �� ���
	�
� ��2���
�� ���� �������� �� ��
	���� ��	 �)�	
�	���� ��� ��� !0� ��


�
��	��	�
� n B����������� �	 �)��� B3;;;CC� 7�� 

���	�
�� ��/ ����	�� �
�� ��� ��N)���
�
�	 ��� �'��� ��� �
�� ��� !0 
� �� �0!� � ���
�� ��� 

���	�
�� �� E�/ ����� �	 ���	�������	�
�
�� ����
�
�� ����� ��) � ��� ����N)�� ���� �� �������

7���
��	�
� �)������� �� �� 

�
��	��	�
� �� ��N)�� ���
��	 ��
�� 5





∂c
∂t − Dc∇2c = Fmn
∇c.η = 0
c (x, 0) = 0

B>�:C


S Dc ��	 �� 

�I
���	 �� ��2���
�� Fm ��	 �� 

�I
���	 
���	���� �� �)�	
��� �� ����N)�� ���
��� !0� �	 η ��	 �� ��
	��� �
���� � �� ��
�	�����

!�		� ����	�
� ���	 '	�� ���
�������� �� �
�
	�
� �� 	���� 
���
	����	���� T B
�����C� ��
�� 	����� 
���
	����	���� L �� �
����� Ω B�����	�� �� �� %
�	� �� ��	��C� �� �� 

�
��	��	�
�
���	���� �� !0 n0 �	 �� 

�
��	��	�
� ���	���� �� ��
	���� c0�

D
�� 
%	��
�� ��
�� ������	�
� ����
��	�
� �)������� �
�������� ��� ��
	����� 5

∂c∗

∂t∗
− D∗

c∇∗2c∗ = F ∗
mn∗


S D∗
c = DcT

L2 � F ∗
m = Fmn0T

c0
� c∗ = c

c0
� t∗ = t

T � ∇∗ = ∇
L �	 n∗ = n

n0
� �
�� ����"�� ��� �
	�	�
���

��� ��	�������� ���
�	 
��� ���� �� ���	� �� 	�/	��

+�����#� 5��� ���
� �� ��!
������� �� �� $7� �� �� 
�!�����

7� ��"����	�
� ��	 �� ��������	 �
��
������� 

�����
����	 � ��
)��
�)�� ��� ��
	����� �/ 
	��
���������� BZ
�
 �� ��� B4AA9CC� !�� ���	���� �
��
������� 
�	 �
�� 

�������
�� �� ������
��
�
�

������ �� ������ �� "�� ���� ������%�� 5 �� �2�	� �
������ �� ��� B4AA9C 
�	 �
�	�� ���
��� ��� ��"�������	 ���	����	 ��� 1%��� �� 

���"����� ������	 �� �0! �
��� ��"��� �� �2�� 
%������	 �� �	��
	���� !�		� ���	� �� ��"���	� �

��� �� ��	����� �� 	�����	 ��� ��� ������	�
�
�� �
���� ������	�
�	� B<���@	�� �� ��� B4AA9CC�

!
��� �
�� ����
�� �� ���
�������	� �� ��"���	� �� �� ��	��
� ��	 �
������	��� �
�� ��
	���������
� ��� 

���� �� 

�	����	�� ���� �� ������ BH��) �� ��� B4AA9CC� �
�� 
%	���� ���
��	���	�
� �� �
���� �� W
��" E ��� %�
"��� �� �
�
	�
� �� �� �����	� �� 1%���� ���	��	�� �
��
��
�� ���� �� 

��	� ��� �����	�	� �/�������	��/ �	 	
�
������ �� ���@
��
��
� �� ��� B4AAAC
��� �� �
������	�
� �� �� �
�
�
"�� ��� "��� �� 1%����� !�� 

��

���� 
�	 �
�	�� ���� �
��
��� ������� ��� �����	�� �� �� �0! �/�������	������	 �	�������� �� �
���� �� W
��" E ��	 ���
�
�
	�
� �� �������
� �� �� �����	� �� %�
"�� 5

E ≈ E0ρ
δ
0ρ

δ B>�=C


S ρ0 ��	 �� �����	� ���	���� �� "�� Bmg/mLC� E0 ��� 

��	��	� �����	 �����
� 2kPa. (mL/mg)δ�
ρ ��	 �� �����	� �
�������� �� "�� �� 1%���� �	 δ = 0.97 ± 0.14� <
�	 Ẽ0 ≡ E0ρ

δ
0
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2�"� �� �$�����	
�� �� �� ��	�

� ��	��
������
��

F����� ��� 

�I
���	� ��������
�������� �� 7��� B�)�	��� 9�9:C� ��������	 �� �� �����	� ��
�0!� ���
�����	 5 




λ (ρ) =
Ẽ0νρ0

L2(1 + ν)(1 − 2ν)︸ ︷︷ ︸
ρδ

λ̃

µ (ρ) =
Ẽ0ρ0

2(1 + ν)L2

︸ ︷︷ ︸
ρδ

µ̃


S Ẽ0 ��	 �� �
���� �� W
��" ���	��� �� %�
"��� ν �� 

�I
���	 �� �
���
�� ρ0 �� �����	� ���	����
�� �0!� L �� 	����� 
���
	����	���� �� �
������ ρ ��	 �� �����	� �
�������� �� �0!� �	 δ ��	 ��


�I
���	 ��1�� ���
�������	�

+�����'� :���!
����� �� 
�� ������� �� ���"��

�
�� ��	�"��� �� 	���� �� ��"����	�
� B��� >�9C ���� �� �
���� %�
��
������ �����
��� ��� 

�������	 B��� 9�9=C� �� ��I	 �� 

��	�	�� ��� 5

MM [S] = ρ B>�>C


S MM �� ����� �
����� �� "��� [S] �� 

�
��	��	�
� �	 ρ �� �����	� �� �0!�
D
�� 
%	��
�� ��
�� 

��� �����	�
� 	���
����� �� �� �����	� �� �� �0! 5

dρ

dt
= −Vmcρ B>�6C


S c ��	 �� 

�
��	��	�
� �� ��
	���� �	 Vm ≡ k1k2

k2+k−1
�

0� �
��������	 �	 �� ��	�"���	 
� 	���� �� ��"����	�
� B��� >�6C � ������	�
� B9�4>C� �
��

%	��
�� ��
�� ������	�
� ����
��	�
� �
�������� �� �� �����	� ��	��
����� ���
 ��� �
��	���
�/���
�	� �� 	���� �� ��"����	�
� 5

∂ρ

∂t
+ ∇.

[
ρ
∂u

∂t

]
= −V ∗

mcρ B>�8C


S Vm = Vmc0T � c0 ��	 �� 

�
��	��	�
� ���	���� �� ��
	���� �	 T ��	 �� 	���� 
���
	����	�����
&������ ��� ����	�
�� B9�9=C� B>�:C �	 B>�=C� �
�� 
%	��
�� �� �)�	��� ��0&� ������	 5





∇.
[
2µ (ρ)

(
ǫ − β1∇2ǫ

)
+ λ (ρ)

(
θ − β2∇2θ

)
Id + µ1

∂ǫ
∂t

+µ2
∂θ
∂t Id + τρn (N2 − n) Id

]
= su

ρ

∂n
∂t + ∇.

[
−∇. (D (ǫ) n) + hn∇ρ + n∂u

∂t

]
= 0

∂ρ
∂t + ∇.

[
ρ∂u

∂t

]
= −Vmcρ

∂c
∂t − Dc∇2c = Fmn

B>�;C


S Vm �	 Fm ���	��	 � ��	��������

8;
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��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

1�$��� 5��&�
����� �+��� �/ ���,�� ��� 
� �
	�
����� &

���'�� �� 
�
�
	��������

7��
	���	� ��� ��
	����� ���	 '	�� ��"���� ��� ��� �	����� 

������� B�
	���	�
� ��� ���
��	��	�� ��� �� ��������� ��"���	�	�
� �� ���/������
� ��� ��
	����� � ������ ��� �� -0H*
B-���
� B3;;6CCC� ���� �"������	 ��� ��� �	����� ��
�������� 

��� ��
�	 �
�	�� �� ��
��	�
	�����/ �/�������	��/ B(�!����"
�� �	 O������� B4AAACR �
��%

� �� ��� B4AA9CC� ,�� ��	

��
�
�� ������� ����E���
� �� 
�� �2�	� ��
������� ��� �� ��
	�
�)�� ��	 ���	����� �� 	���� ��
���	��� ���

��	���
�� �� "���� �
���� � ��� 

�	����	� ��
������� �� ������
� ����N)���� 0�
�2�	� �� ��	 �	�%�� ��� �� 	���� �� ���	��� ��	 ����
	����	 ��� �� ������ �� ��
	�
�)�� �� "��
B0������� �� ��� B3;;;CR <������� �� ��� B4AA4CR F�	���� �� ��� B4AA9CC� 0������� �� ��� B3;;;C 
�	
�
�	�� ��� 
� 	���� ��
�
�����	 �
�	����	 ����� �� 

�	����	� ��
������ ��"���	��	� �	 �����
�� ���"�����	 ��� ���� �
��
���� �������	 �
)����� 
�� ����
�%�	�
� �� ���
	���	� ��� ��
	�����
�� 

�������	 ��� � ��� ���	��� ��
������ �� %�
"��� &�� �����	�	� ���������� 
�	 �	� 
%	����
��� ���"����		 �	 7�� B4AA4C� ��� 
�	 �
�	�� �/�������	������	 ��� �� ��"����	�
� ���� "�� ��


���"���� �
�� ��� ����	�	� �
���� ����N)��� ��	 ���� ������ �
����� �� %�
"�� ��	 �
���� � ���


�	����	� ��
������� �� ��	 �"������	 ��	�������	 �� �
	�� ��� ���
	���	� ��� ��� 4 �	 ��� 
9 ��"���	� �
����� ��� 

�	����	�� ��
������� �
�	 ���������� �� ������ BD�%��
��� �� ���
B3;;>CC� �	 ������� ��	
���� ���������	 � �
� ������ �
���� �
����� �� 

�	����	� ��
������
��	 ����/�� BO�&��� B4AA3CC� 7��
	���	� ��� ��� �����	 �
�
 �������%�� �� �
�
	�
� ��� �2�	�
��
�������� !�� �����	�	� �/�������	��/ ��""����	 �
�
 ��� ��� 

�	����	�� �	 ��� ���
���	�
��
��
������� ������	 �
��1�� ��� 
���	����� ����	���
	�
�� ��	�� ��� ��N)��� �	 �� �0!�

��������� ��
������� ������	 ��
�� '	�� ���� �� 

��	� �
�� �/������� ���

�����	�
� ��
�� ��"����	�
� ���� "�� ����� �� ��	 �
���� � ��� 

�	����	�� ��
�������� ,�� �/���
�	�
�
�����	 ��� ��� �2�	� ��
������� ��
�
����	 �� ���"�����	 ��� 1%��� �� "��� ������	 ��
�� ��
����	��	�
� ����� ��N)�� ���� �� 	���� ���� ������ �	 ���� ��
�
��� B0������� �� ��� B3;;;CC�
7� 

��"����	 �� 

�1"���	�
� ���	���� ��� ��
	����� �� %�
"��� �����		���	 ��
�� �� ������
����
��%��� �� �
�����/ ��	�� �� �����
�� �
�� ��� ��N)����

F� ������ ��
�
�

������ �
�� ����
���
�� ��� 
�		� ��E���
� ��� �2�	� ��
������� ��	 5
Y ��
�
�	�
������ ��/ ���
���	�
�� ��
������� B0������� �� ��� B3;;;CC�
Y ����	�� �
�� ��� �
�	�� 

�
��	��	�
�� �� ��
���	 �� ��"����	�
� P �

D
�� �
�����
�� ��
�� ����E���
� ��� �2�	� ��
������� ��� ���

����%���	� ��/ ��	�� �� ��"���� 
	�
� ��� �� �
�����	�
� ������	� �� ������	�� Vm B��� >�;C 5

Vm = V̂m (℘ : |ǫ|) (Q − [P ]) B>�3AC


S V̂m ��	 ��� 

��	��	� �
��	���� ��
����	��� %��������� : ��	 �� ��
���	 �
������ ���

�� � ��
�
��� �� <

��� <� X �	 Y �
�	 ��� 	������� ��
���� 4� ��
�� ��
����	��� ��	 ��1�� ��� 5

(X,Y) → X : Y ≡ Trace
(
tXY

)

� ℘ ��	 �� 	������ 	
�
������ ���	���� �
�� 
�		� �
���� ǫ ��	 �� 	������ ��� ���
���	�
��� �	
�� 

��	��	� �
��	��� Q BQ > [P ]C 	�����	 ����
�%�	�
� �� �� ��"����	�
� �
����� �� �����	� ���
��
���	� �� ��"����	�
� ��"���	��

&������ �� �)�	��� B>�4C �	 ��
)�
	
��� �� ����� �	�	�
�����	�� �
�� ��
�� 5

d [S]

dt
= −d [P ]

dt
B>�33C

;A



2�'� 3	��� 	!$��
%�� ��� �� 
���
	
�� �� �
���
�	
��

0� ��	�"���	 �� ����	�
� B>�33C �	 �� �������	 �� �����	�	 ���� �� �
�����	�
� B>�3AC� �
��

%	��
�� 5

Vm = V̂m (℘ : |ǫ|)
(
Q̂ + [S]

)


S Q̂ = Q − [S]t=0

*��������	� �� ����	�
� B>�>C �
�� �����	 ���
���� �� 	���� �� ��"����	�
� ���
 ��� �
	�	�
��

�%�	������ 5

Vm = Ṽm (℘ : |ǫ|)
(
Q̃ + ρ

)


S Ṽm =
cVm

MM
� Q̃ = MM Q̂� MM ��	 �� ����� �
����� �� "�� �	 ρ ��	 �� �����	� �
�������� ��

�0!�
7� �)�	��� ��������
������� B>�;C ���
��	 ��
�� 5





∇.
[
2µ (ρ)

(
ǫ − β1∇2ǫ

)
+ λ (ρ)

(
θ − β2∇2θ

)
Id + µ1

∂ǫ
∂t

+µ2
∂θ
∂t Id + τρn (N2 − n) Id

]
= su

ρ

∂n
∂t + ∇.

[
−∇. (D (ǫ) n) + hn∇ρ + n∂u

∂t

]
= 0

∂ρ
∂t + ∇.

[
ρ∂u

∂t

]
= −Vm (℘ : |ǫ|) (Q + ρ) cρ

∂c
∂t − Dc∇2c = Fmn

B>�34C


S Fm �	 Vm �
�	 ��� 

��	��	�� �	��
	����	 �
��	����� 7�� ��	�������� �	 ��� 	����� 
�	 �	� 
���
�
�� ����"�� ��� �
	�	�
���

.��� /�	�� �������	� �	� �� 
�������� �� "�$	�
�����

&��� �� 

���	�� B:C� �
�� ���
�� ��	������ ��� 

���	�
� ��
������� �	 ��I���	�� �
�	��	
��� ��� ������� ��� ������	���� �
�� ��� �� ��

����� �� ��
�"�����	�
� 
��������� �	 ��	��
�����
������ ��
�� ����� !�		� ����)�� �� %����
�	�
� �	��	 �
���� ��� ��� ����)�� �� �	�%���	� ��������
�� ���	�	 ��������%�� 

�
"���� ���� �� 
�� 
S �� ��"����	�
� �� %�
"�� �	��	 ��"��"���
7
����� �� ��

����� �� ��"����	�
� �� �� �0! ��	 

�������� �� ����	�	� "�
%��� �� %�
"��

������� ���
 �� 	����� D
	�� ����)�� �� �	�%���	� ��������� �2�
	��� �� �
�����"� �� (n, ρ,u) =
(1, 1,0)� ����	 �
�
 ���� ����%��� !�		� ��	

�� �	��	 �� 
�	�� ������ �	 �������	 �� �����
	�
�
��� $��/ �� ������	��� 

�������	 � ��� ��
�"�����	�
� ��	��
������ D
�� ���
�� ��
�� �
��1��
�
���������	 �� �)�	��� ��0&� B>�34C �
�� �
��
�� ����� ��� ����)�� �� 
� 	)���
<
���	 �� ������� �� �
�
	�
�� � ������� ������� ������	�� 5

∀i ∈ R
+, Di : R

+ → R
+

t → dégradation H (i − t)


S dégradation 

�����
�� �� 	���� �� ��"����	�
� �� ������	�
� ����
��	�
� �� �� �����	�
��	��
����� �� �)�	��� B>�34C� �	 H ��	 �� �
�
	�
� �� 
�������� BH (x) = 1 �� x > 0� 0 ���
�C� 0�

;3
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��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

��%�	�	���	 �� 	���� �� ��"����	�
� ���� �� �)�	��� B>�34C ��� ��� �
�
	�
�� Di� �
�� 
%	��
��
�� �����%�� �� �)�	���� ��0&� (Σi)i∈R+ 	�� ��� 5

∀i ∈ R
+, Σi ≡





∇.
[
2µ (ρ)

(
ǫ − β1∇2ǫ

)
+ λ (ρ)

(
θ − β2∇2θ

)
Id + µ1

∂ǫ
∂t

+µ2
∂θ
∂t Id + τρn (N2 − n) Id

∂n
∂t + ∇.

[
−∇. (D (ǫ) n) + hn∇ρ + n∂u

∂t

]
= 0

∂ρ
∂t + ∇.

[
ρ∂u

∂t

]
= −Vm (℘ : |ǫ|) (Q + ρ) c (x, t) ρH (i − t)

D
�� ��
�� ��
�� 5

∀i ∈ R
+, (n, ρ,u) = (1, A (i) ,0) est un état stationnaire homogène de Σi


S A (t) ��	 �� ����	�	� �
�������� �� "�� ���	��	 ���� �� �
����� BA (t) =
R

Ω
ρ(x,t)dx

R

Ω
1dx

C� &��� ��

���	� �� 	�/	�� A (i) ���� �
	� Ai�
0� ����
���	 ���� �
�� 	
�	 � ���� �
��	��� �
����� ��� ��

����� (n, ρ,u) �� 	�
����	 ����

�� �
�����"� �� (1, Ai,0)� �
�� �
��
�� ��
�� ��	������� �� 

���	�
� �� %����
�	�
�� �
�� ��
�)�	��� Σi� ��� ��� ��	

�� �� ���������	�
� ����
"�� � 
���� �����
���� �� 

���	�� B:C� D
��
�
���
�� ��
�� ��� ��

����� �� �)�	��� Σi �� �� ��+
� ������	� 5

∀t ≥ i,





n (x, t) = 1 + ∆n (x, i)︸ ︷︷ ︸ + δn (x, t)

n (x, i)
ρ (x, t) = Ai + ∆ρ (x, i)︸ ︷︷ ︸ + δρ (x, t)

ρ (x, i)
u (x, t) = ∆u (x, i)︸ ︷︷ ︸ + δu (x, t)

u (x, i)

B>�39C


S ∆n (x, i)� ∆ρ (x, i) �	 ∆u (x, i) �
�	 ��� �
��	� B���	���/C ��� ����
�	 � ���	�	 ��������%��
(1, Ai,0)� �	 (δn (x, t) , δρ (x, t) , δu (x, t)) ��������	� �� ���	��%�	�
�� 7�
)�
	
��� �� P����� 


�
"����	�Q �� 	�����	 ��� 5





∆n (x, i) ≈ 0
∆ρ (x, i) ≈ 0
∆u (x, i) ≈ 0

D
�� ��1����
�� ��
�� ������
� ��

�
"����	� �� �� �0!� dh� ��� �� �
����� ������	� 5

dh (t) =

max ρ (x, t) − min ρ (x, t)
x ∈ Ω x ∈ Ω∫

Ω ρ (x, t) dx

∫

Ω
1dx

!�	 ����
� �
�� �
�� �����		�� �� ����1�� �� �� �����	� �� �0! ��	 ����� 

�
"����
0� ������	 ��
)�
	
��� ���������	���� ��� �� ��

����� �� ��"����	�
� ��	 ��I������	 ���	

��� ����
�	 �� 	���� �� �
���	�
� ��� �����
 
����������� �
�� �
��
�� ��
�� ������� ���

;4
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���	�
�� �� %����
�	�
� �� Σi ��� ���
���	�
�� ��� �� �
	��	��� �� �)�	��� Σ � �
���� ���
�
	��� 
�	��
"���� �� 

�
��	��	�
� 
��������� �	 �� �����	� ��	��
������ !�		� 
)�
	
��� ��
P����� �	�	�
�����	�Q ��"��1����	 ���� � t = i� ��� ���	��%�	�
�� ���	����� �� !0 �	 �� �0! �
�	
��������	 ��� �'��� ��� 
����� �� ���	�	 �	�	�
������ �� �)�	��� Σi� D
�� �
����
�� ��
��
��	������� ��� �
�� �����%��� �� ������
� ��� ������	��� 

�������	 � �� �
���	�
� �� �����
 

�����������

1����� ��

�
� �
	
"��'���

�
�� 

���� i ∈ R
+� �
�� ��������
�� �� �)�	��� Σi� �� �
�����"� �� (n, ρ,u) = (1, Ai,0)�

!
��� ���
�������	� ��� ����	�
�� �� ��������
�� �
�	 
%	����� �� 
��
����	 ��� ��	�������	�
��� ��	��
�� �� ��

%� ��� �)�	���� �����������

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

ξ + D0r −hr ikξ ilξ
0 ξ ikξAi ilξAi

ikτAi (N2 − 2) ikτ (N2 − 1)
−eµβ1Aδ

i

`

2k4 + 3k2l2 + l4
´

− ξk2 (µ1 + µ2) + ...

−eλAδ
i k2β2r − 1

2
ξl2µ1 − eµAδ

i

`

2k2 + l2
´

− eλAδ
i k2 − s

Ai

−klAδ
i

“

eµ(β1r + 1) + eλ(β2r + 1)
”

+ ...

− 1

2
klξ (µ1 + 2µ2)

ilτAi (N2 − 2) ilτ (N2 − 1)
−klAδ

i

“

eµ(β1r + 1) + eλ(β2r + 1)
”

+ ...

− 1

2
klξ (µ1 + 2µ2)

−eµAδ
i β1

`

k4 + 3k2l2 + 2l4
´

− ξl2 (µ1 + µ2) + ...

−eλAδ
i l2β2r − 1

2
ξk2µ1 − eµAδ

i

`

k2 + 2l2
´

− eλAδ
i l2 − s

Ai

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

˛

= 0

D
�� 
%	��
�� ��
�� 

��� ����	�
�� �� ��������
� ��� �
�
	�
�� �
�)�
������ �� ���	�����
��"�� �� ξ 5

∀i ∈ R
+, ξ
(
ξ − ξd

i,1

) (
αi (r) ξ2 + βi (r) ξ + γi (r)

)
= 0


S �� ������ ��
��� ξd
i,1 ��	 �"��� � 5

ξd
i,1 = −2

Aδ+1
i µ̃r (1 + β1r) + s

Aiµ1r

��� 

�������	� �
�� 	
�	 � ���� �
��	��� �� ���	�� ������ �� ξd
i,1 ��	 	
�$
��� ��"�	���� 7��



�I
���	� αi (r)� βi (r) �	 γi (r) �	������ ���� 
�� ����	�
�� �� ��������
� �����	 5





αi (r) = r (µ1 + µ2)

βi (r) =
(
D0 (µ1 + µ2) + 2Aδ

i µ̃β1 + λ̃Aδ
i β2

)
r2

+
(
2Aδ

i µ̃ + λ̃Aδ
i + τAi (3 − 2N2)

)
r + s

Ai

γi (r) = D0A
δ
i

(
2µ̃β1 + λ̃β2

)
r3 +

(
D0A

δ
i

(
2µ̃ + λ̃

)

+τ
(
hA2

i (2 − N2) + D0Ai

(
2 − 3N2

2

)))
r2 + D0sr

Ai

D
�� ����1
�� ���� � t = 0, ��� 

�I
���	� a (r)� b (r) �	 c (r) B��� :�9C �
�	 �����
	������	
�"��/ � α0 (r)� β0 (r) �	 γ0 (r)�

�
�
�� ��
�� 5

∀i ∈ R
+, ∀r ∈ R

∗+, γ̃i (r) =
Aiγi (r)

r

;9
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D
�� 	�
��
�� ��� �� ������� �� �� �
�
	�
� γ̃i� �		���	 �� r = rγi

min� ���	 5

rγi

min =
−2Aδ

i

(
λ̃ + 2µ̃

)
+ 2τAi

(
hAi

D0
(N2 − 2) +

(
3N2

2 − 2
))

4Aδ
i

(
2µ̃β1 + β2λ̃

)

γ̃ (rγi

min) =

(−4AiD0τ−4A2
i τh+2A2

i τN2h−4Aα
i eµD0−2Aα

i
eλD0+3AiD0τN2)2

16Aα
i D0(β2

eλ+2β1eµ)
+ sD0 + ...

(−3/2AiD0τN2+2AiD0τ−A2
i τN2h+2A2

i τh+Aα
i (2eµD0+eλD0))A2

i (−4D0τ−Aiτh(4−2N2)−2Aα−1
i D0(2eµ+eλ)+3D0τN2)

4Aα
i D0(β2

eλ+2β1eµ)

B>�3:C

D
�� ������
�� �� 
�		� �
����� ��� 

���	�
� ��� τ �
�� ��� 
� ������� �
�	 ��"�	��� 7�
����� 
��	���� �� %����
�	�
�� �
�� �� �)�	��� Σi� τAi

� ���	 5

τAi
=

A1+δ
i

(
λ̃ + 2µ̃

)
+ 2

√
sA1+δ

i

(
2µ̃β1 + λ̃β2

)

A2
i

(
3N2

2 − 2
)

+ h
D0

Ai (N2 − 2)
B>�3=C

D
�� �������
�� ���� � t = 0, A0 = 1, �	 �
�
� �
�� ��
�� τA0
= τturing Bτturing � �	� ��1��

�� 

���	�� :C

D
�� ��1����
�� ��
�� �� �
�
	�
� ������	� B�
	�� �%��������	 τd
turingC 5

τd
turing : R

+ → R
+

t → τAt

D
�� ���
�� �����	���� ��� �� �/������ 

����	 
�		� ��	

�� �
�����	 �
�� �
���� ��� ���	��
	
�
������ �� �
	��	��� �� �
���	�
� �� �
	��� 
�	��
"���� ���
 �
	�� �
�����

1���$� !�������
 �� &��,
� �� 4��&����� �� &���4�

<���
�
�� ���� �
�� �� $�� �� ������	�� J ≡
(
λ̃, µ̃, s, β1, β2, N2, h,D0

)
�
���� �� �
�
	�
�

τd
turing �
�	 ��
�
�����	� �	 ��� J �
�	 	�� ���� � t = 0� τ < τd

turing (0)� 7� �)�	��� 

��
�� ���
��

����� (n, ρ,u) �����	 ��
�� ���	�������	 ���� �� �	�	 ��� �
�� �����
�� P�����
 �	�%��Q� �
���
�� ��� ���	�	 

�
"��� (1, 1,0) �����	 �	�	�
������ �
�� �� �)�	��� Σ0� &��� �� ���"�����

������	��
(
At, τ

d
turing (t)

)
�� �
�
	�
� �� 	���� t� ���	�	 �� �)�	��� ��	 �
�
 ���	�������	

��������	� ��� �� �
��	 �� �� ��"�
� "����� B*�"� >�3C

;:



2��� 1$���	�	�

���� >�3�5 �	�
�� ��
����
�� τd
turing (t) ��  	�
��	� �� At�

�� ������� ,×, ��������	� �,�	
	 ���	�
� �� ���	3�� Σ� ��� �3
��� ���	���	 �,�0���	��� �� 
�	 �	
	 
�

���� �� 	����� �
 ��
��� E 
��������� 
�� �	
	� ?������.�	
����@� �	 �
 ��
��� EE 
��������� 
�� �	
	�
?������.���	
����@�

!
��� �� ��"����	�
� ����	 ��� ��"��"��� �� ����	�	� "�
%��� �� �0! ������� �� 

��� ��
	����� 0� ����
���	 ��� �� ���������	�
� 	������� 

���
	����	 �� �)�	��� B
)�
	
��� �� P����� 


�
"����	�QC� �� �
��	 
���
	������	 ���	�	 �� �)�	��� �� 	���� t ��
��	 �� ��"���	 

��N
�	���
� ���	�� �� �
� �	�	 ��
��"��� ������ ��� �� �)�%
�� �×�� &��� 
� 
��� ���� �� ����	�	� "�
%���
�� "�� ��	 ���%��� ���� �������	��� ��
������� � �� ���	�%�����	�
� ��	 ���%���

�
�� t = t1� �
�� ��
�� τ = τd
turing (t1)� �	 ∀t > t1� �
�� ��
�� τ > τd

turing (t)� 7� �)�	��� ��
	�
��� ��
�� ���� ��� �	�	� P�����
 ���	�%���Q� 
���	 � ���� ���� �
�� 	
�� t ��������� � t1� ���	�	
��������%�� 

�
"��� �� �)�	��� Σt� (n, ρ,u) = (1, At,0)� ��	 ���	�%���

.��� -��	�����

1����� .
��
���� ��
���'��� 6 *�  ���
�
/�� &����
��

� 
�����
� 
�  �
��&,��
�+��	��	��,�� �� �����

F� 

��� ���/������
� ����"�
"����� �� ���
	� -���
� �� ��� B3;;8C 
�	 

��	�	� ������ ��
	�
 
�)�� ����	�� �	��	 ��
������� � �� �
���	�
� ��� �	��
	���� 
����������� D
�� ���
�� ����)��� 
��
�����	�	� �/�������	��/ ���� �� 
���� �� ������)�� ��	
���	���� ��� �
�� ��
�� �����
����
���
�������	� !��/ 
� ��
�	������	 � ������ ���� ���	�������	� �� �)�	��� �� 	�
��� ���� ��
�	�	 P�����
 �	�%��Q� �	 ��� �� ��"����	�
� ������� �
� �����"� ���� �� �	�	 P�����
 ���	�%��Q�
!
��� �����	�� ��� �� 1"��� B>�3C� 
��� ��"��1� ����� �/��	� �� ��	������� �
� ����� O ⊆ R

+ 	��
���� ∀t ∈ O� �� �
�
	�
� t → τd

turing (t) �
�	 �	��
	����	 ��
�
�����	��

�
�� ������1�� ���	���� �
�� ��
�� 

��

� ��� ������	��� 	��� ��� �� �
�
	�
� τd
turing �
�	

;=
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��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

��
�
�����	� ��� R
+� &������ �� �
����� B>�3=C� �
�� 

��	�	
�� ������ 

���	�
� ��
������� ��	

δ ≥ 3� 0� �2�	� �� δ < 3, ��
�� limAt→0τAt = +∞� !� ������� �����	�	 ���%�� �� 

�	����
	�
�
���
 ��� �����	�	� �� ���@
��
��
� �� ��� B4AAAC� 
S δ ≈ 1� !�		� 

�	����
	�
� ���	 '	��
�/������� ��� �� ���	 ��� �
�� 

��


�� ��� �
�
	�
� τd

turing ��
�
�����	� ��� R
+� ��
�� ������

�
�
	�
� ��
�
�����	� ��� �� ��"���	 

�	����	 A �����	 ��I�
7� 1"��� B>�4C ������	� ��� 

�����	�
� ��	�� ���	�	 �� �)�	���� ��������	� ���� �� ���"�����

������	��
(
At, τ

d
turing (t)

)
� �	 �� ���	��%�	�
� �� !0 ���� �� �
������ !�		� 1"��� �����	�� �"� 

�����	� �
�� 	�
�� 	���� ��2����	� ta� tb� tc � ��� �
��	�
�� �	�	�
������� ��� �)�	���� Σta � Σtb

�	 Σtc �

���� >�4�5 �	

�����	� ���
� ��
 �
���	5����
 �� 
�
���� �� �� �	
��	�	��� �� 
�
����
��� �
�
�3	��� �����
������ �	������ ���� 
�		� �����
	��� ���	 + τ = 0.003� δ = 3� λ̃ = 75.5ρ3� µ̃ =

176.3ρ3� µ1 = µ2 = 1.5� β1 = β2 = 10−7� D0 = 4 × 10−5� h = 0.00032� N2 = 2.015� s = 0.1�

Fm = 1.62� Dc = 0.0296� ℘ = 1

2

[
1 1
1 1

]
� Q = −0.55� Vm = 7.2� �,�
����� �� 
������� 
���������

* �
 
��
��	�
	��� ����
����� �� 
��������

;>



2��� 1$���	�	�

D
�� 

��	�	
�� ��� 5

Y ���	�������	� � ta = 0� �� �)�	��� ��	 %��� ���� �� �	�	 P�����
 �	�%��Q� 0� �2�	� ���
��

����� (n, ρ,u) �� �)�	��� Σ0 	�����	 ���� ���	�	 

�
"��� (1, 1,0) B*�"� >�4� �	�	
���	���C� &������ ��� 

���	�
�� ���	����� �� �� �����	� �� �0!� �
�� ��
�� ���������	
dh (0) = 0�

Y <
�	 t1 �� 	���� 
��	���� ��1�� � �� 1"��� B>�3C 5 t1 ∈ R
∗+/τ = τd

turing (t1)� �
�� 	
�	 t
��������� � t1� �� �)�	��� ��	 ���� �� �	�	 P�����
 �	�%��Q B*�"� >�4� �	�	 t < t1C� <
�	 tb ��
	���� 

�����
����	 � 
�		� 1"��� Btb = 4hC� D
�� ��
�� A (tb) = 0.9996 �	 dh (tb)?2>�
D
�� �
��
�� ��
�� ����
��� ��� ��
)�
	
��� �� ����� 

�
"����	� ��	 ��

�� ����%��� 7�
�����	� ��	��
����� � ���	�	 ��������%�� �� �)�	��� Σtb ��	 ��������	 

�
"��� �	 ���	
0.9996±@�%>�

Y �
�� 	
�	 t ��������� � t1� �� �)�	��� �� 	�
��� ���� �� �	�	 P�����
 ���	�%��Q� 

��� ��
�
�	�� �� 1"��� B>�4� �	�	 t > t1C� 	��
�� �� 	���� tc = 12h� D
�� ��
�� A (tc) = 0.79 �	
dh (tc)?2A>� 7�
)�
	
��� �� ����� 

�
"����	� ����	 ���� �
�
 ����%���

7�� 
)�
	
���� �2�
	���� �� 

��� �� ������)�� B
)�
	
���� �� P����� 

�
"����	�Q �	 ��
P����� �	�	�
�����	�QC �� �
�	 ��� ��	�����	�� �
�� ��� ������	�
�� ���������� ��� �
�� ��
��
������� D
�� ����
�� ��$�� ������� �� 

���	�� B=C� ��� ��
)�
	
��� �� P����� �	�	�
�����	�Q �	��	
���
�	�%��� 0� �2�	� �
�� ���
�� �� ��� �� 	���� �� �
���	�
� ��� ��
���� �	��	 ����	������	
�
�" B��������� 
�����C �	 ��� �
�� �� �
���
�� ��� ��������� ��� �
	��� 
%	���� �� 	����
t ���
 
��/ 
%	���� � ���	�	 ��������%��� D
�� ������
�� �� ���/����� ���
����	 ���� �'�� ��

�		� ��	

�� �����	 �� �
����� ��� ���	�� 	
�
������ �
�� ��	������� ��� ������� �� ������	���


�������	 � �� �
���	�
� �� �����
 
����������� ���� �� ���	 ��� '	�� ��������� � �
	�� �
�����

1���$� ��& �������� �-�
 
�� �� 
����
�� �� �����

+�'����� /(������� �� ��
������ ��� ��
���� �� ��� 
������ ���
����
��

!
��� �
�� ����
�� ��$� ����
�	� ���
�������	� �� "������ �����	�
�� ���� ��� �

�����
	���
������� �� �
���	�
� �� ���
	 �� ������/ �� �����
 
����������� 
�	 �	� 
%������� �/���� 
���	������	 �� �
�
	�
� �� �� �� ��"��� 
��������� �	 �� 

�
��	��	�
� �� 1%���� �	������� B-���
�
�� ��� B3;;4CR -���
� �� ��� B3;;8� 4AA3CC�

D
�� ��
�� ������ � ��
��� ��� $��/ �� ������	��� %�
�
"�������	 ������	��� �
�� �������� ��
�
���	�
� ������� ��� ��
���� �	 ��� �����
 
���������� �	��	 

��
��� ��/ 
%�����	�
�� �/���� 
���	���� B*�"� >�9C�
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��	
�� �� ���������� ��	�


��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

��� �75'� ��� �7� ' �
� �79 '

���� >�9�5 .�������� ��  	
����	� ��
 �
���	5
�������
�
�
/0���	��� ���
��1�� �� �
 ��������
�� �� �
 ��& �������� ������1�����	 ��� >� &�� �����
	�0����	

�� 	����  ������� !L ������ �	 ;L ������� ��� �
�
�3	��� �����
������ �	������ ���� 
�		� �����
	���
���	 + τ = 1.25� λ̃ = 7.55ρ� µ̃ = 17.63ρ� µ1 = µ2 = 1500� β1 = β2 = 0.04� D0 = 4 × 10−5� h = 0.00032�

N2 = 10.6� s = 2000� Fm = 1.62� Dc = 0.0296� ℘ = 1

2

[
1 1
1 1

]
� Q = −0.55� Vm = 7.2� ���

�
������ ��� '
���� ��� >� &� 
�����������	 * �
 �����	� ����
����� �� &��

D
�� 

��	�	
�� ��� ��� ��������� ��
���� �����������	 ����� ��� ��N���� ��
������ �����
��"���	��	 �� �
�%�� �	 �� �����
� ���������	� �	 ��� �����
 
���������� �� �
����	 � ����
$
�
	�
�� 0� 1� �� ��

������ ��� ���	�� ���
�	��	� �� %�
"�� ��	 ��"����� B:=U� *�"� >�:C�

���� >�:�5 -�	����	� ��������� �� �� �������� ��	���� $�	
����
��' �� ����
��� �
�
�3	��� �����
������ �	������ ���� 
�		� '
��� ���	 
��� �� �
 '
��� �"�(��
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2��� 1$���	�	�

�� ��	 ��	�������	 ���	����� ����
��	�
� ��� ���
���	�
�� �2�
	����� �� 

��� �� �� ������	�
�
���
����	�� �� �
�
	�
� �� 	���� B*�"� >�=C� �
�� 
���� �
�� ��1����
�� 5

dmax
eff (t) = max eff (x, t)

x ∈ Ω


S eff (x, t) ��������	� ��� ���
���	�
�� �2�
	���� �� �� �
��	 x �� �
����� � �����	��	 t B*
� 
���� 6�39C�

���� >�=�5 -�	����	� �� �� �� 	
����	� �*�
���� ��!������

&������ ��� 

��%�� B>�:C �	 B>�=C� �
�� 

��	�	
�� ��� 5
Y ���� ��� �������� �
��� Bt < 9hC� �� ��) � �
���	�
� �� �� ��
����� �� �� �����
 
�����������

7� �)�	��� ��	 ���� �� �	�	 P�����
 �	�%��Q� 7� 	��
	�
� 
��������� ����	 ��� ��I������	
�
�	� �
�� ������� ��� ��
�"�����	�
� ��	��
����� �	 
����������

Y ���� ��� ��

��� �
��� B9h < t < 15hC� �� ��
	�
�)�� � ����� �� %�
"�� �
��� ��"���� ���
��
���� �	 ��� �����
 
���������� �� 
����	 �	 �� ���	������	� �� ) � ��
�� ��� ��"���	�	�
�
������ �� 

��� ��� ���
���	�
�� �2�
	����� 7� ��

����� ��	 ��	
 
�	��)	����� ��
�
����	
��� �

�����	�
� �� �� ��"����	�
� �� "��� ���

��� � �� 
���	�
� �� �&�

Y 1�������	� �� ��"����	�
� �� %�
"�� ��	 	�
� ���
�	��	� 5 ��� �& ��
�%��	 �� �
��
����
�� ��"����	�
�� ,�� ����/�	�
� ��
������ ��� ���
���	�
�� �� ������ � ��
�� �����

+�'����� ���	�
����� ������������ ���
 � ��������� ���	�
���� ��� �/ �� �� <�
���

!
��� �
�� ����
�� ���
��� ���
�������	� �� ��"����	�
� �� "�� ���	 '	�� ����	�1�� ���
�� ������ ��� ��
���	� �� ��"����	�
� �� �� 1%���� B�&*C ������	� ���� �� �0!� -���
� �� ���
B3;;8C 
�	 ����� ������ ���
	���	� ��
	�
�)	���� �� ���/ ��"��� 
����������� �� �'�� 

�
��	��	�
�
150000 cell/cm3� ��� ��� "��� �� 1%���� �� �����	� ��2����	� 5

Y ��� K,-0! �
�	 �������
��� ��� ��� "��� �� 0.5 mg/cm3

Y ��� �?0! �
�	 �������
��� ��� ��� "��� �� 8 mg/cm3

;;
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��	
�� �� ���������� ��	�


��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

!�� 

��

���� 

��	�	��	 ����� ) � ��� �
�	� ��"���	�	�
� �� �� ��"����	�
� ��	�� 10h �	 18h
�
�� ��� K,-0! �	 ��	�� 22h �	 32h �
�� ��� �?0!� �� �
���	 
S ��� ��
���� �� ���	������	
�	 ���	����	� 0� 1� �� ��

������ �� 

��%� �� �� ������ ��� �&* �
�� ��� K,-0! ���%��
�		������ �� �������

7� 
���
	�����	�
� ��
	�
�)	���� �� 
�� ��"���� 
���������� �� 	�����	 ���� �
�	�� �� ������ �� 

�
�

������ ��� ��� ������	��� �� ��"����	�
� ��2����	� ��	�� ��� K,-0! �	 ��� �?0!� D
��
��
�� ��
�� 

��

� �� �
	�� �
���� �
����	 ����
����� 
�� ��
1�� �)�������� �� ��"����	�
��

7�� 1"���� B>�>C �	 B>�6C ��������	��	 �����
	������	� �
�� ��� K,-0! �	 ��� �?0!� ��
��
1� �� �� ����	�	� �� �&* ������	� ���� �� ������ �� �
�
	�
� �� 	�����

���� >�>�5 �
	�� ��������� ��
 �.0 �	�
 ��
 678���
��� �
�
�3	��� ����
����� ���	 
��� �� �
 '
��� �"�(�� �
 
����� �� 	�
�	 ���
��	��� �−−� 
��������� 
��
������� ���������	
���� 	����� �� %
���� �	 
�� �2  J�� �
 
����� �� 	�
�	 ����� 
��������� 
�� �����	
	�
��	���� �
� �����
	��� ������1��� &����������	 * �,��������
�� �
 �����	� ���	�
�� �� ���
�� ��	 ��
0.5 mg/cm3� ��� ������� ���������	
��� ���	 ��������	�� 
0�
 �,
��
��� 
�	����
	��� �� >� %
�����

3AA



2��� 1$���	�	�

���� >�6�5 �
	�� ��������� ��
 �.0 �	�
 ��
 "(���
��� �
�
�3	��� �����������
������ ���	 
��� �� �
 '
��� �"�(�� ��
��	� Vm = 7.36� &����������	 *
�,��������
�� �
 �����	� ���	�
�� �� ���
�� ��	 �� 8mg/cm3� �
 
����� �� 	�
�	 ���
��	��� �−−� 
���������

�� ������� ���������	
���� 	����� �� %
���� �	 
�� �2  J�� �
 
����� �� 	�
�	 ����� 
��������� 
��
�����	
	� ��	���� �
� �����
	��� ������1��� ��� ������� ���������	
��� ���	 ��������	�� 
0�
 �,
��
���

�	����
	��� �� >� %
�����

7� 

�����	�
� ��	�� �� ������ �/�������	��� �� ����
��	�
� �� �� 

�
��	��	�
� ��� �&* ��
�
�
	�
� �� 	���� �	 
���� ������� ������������	 �
�	�� �"������	 ��� 	��� %
��� 

�

����
�
B*�"� >�6C�

D
	�� �
���� ��	 �
�
 
���%�� �� ����
����� ��� �����	�	� �/�������	��/ 
%	����� �
�� ���/
��"���� 
���������� ��2����	��� D
�� ��
�� �
������ �� ��2����
� ��	�� ��� �?0! �	 ��� K,-0!
��� �� 

�I
���	 Vm 
���
	����	���� �� 

���� ��"���� �� �����	 ��	�������	 �� �����
���� ��
��
	


�� �
�� �
��
�� ������� �/�������	������	 
� 

�I
���	� �1� ����1���� 
� �� 

�1����

�� �����	�	��

+�'���#� ��

������� ���
� �� ��
	%���!�� �� 
����� �� �� 	
�<� �� ��!
�������

F ���	�� �� 
�� %
���� 

�����	�
�� ���
 ��� �����	�	� �/�������	��/� �
�� ��
�� �
��� �"� 
�����	 

������ ��
�"�����	�
� ��� !0 ���
 ����
��	�
� 	���
����� ��� �&* B*�"� >�8C�

3A3
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��� 3	��� �� �� �$����	
�� �$
��
%�� �� �� ���	$��*��

���� >�8�5 �	

�����	� ���
� �� ��
�
� ��
 �.0 �� �� �	
��	�	��� �� 
�
����
�
 
����� �� 	�
�	 ���
��	��� �−−� 
��������� 
�� ������� ���������	
���� 	����� �� %
���� �	 
�� �2  J��
�
 
����� �� 	�
�	 ����� 
��������� 
�� �����	
	� ��	���� �
� �����
	��� ������1��� ��� �
�
�3	���
����
����� ���	 
��� �� �
 '
��� �"�(�� ��� �
������ �� 
������� 
�����������	 * �
 �����	� ����
�����
�� &�� ��� ������� ���������	
��� ���	 ��������	�� 
0�
 �,
��
��� 
�	����
	��� �� >� %
�����

D
�� 

��	�	
��� ������� �� 1"��� B>�8C 5

Y � t = 0h� ��� !0 �
�	 ���	��%���� ���� �� �	�	 ����� 

�
"���� 

��
������	 � �� 

���	�
�
���	���� B§ 9�4�>C�

Y � t < 10h� �� ���%�� 

�
��	��	�
� ��� �&* �
�	�� ��� �� ��
	�
�)�� ��	��
����� ��	 	���
���%��� �
��

�
"�������	� �� ��� ��
���� �� ��� �����
 
���������� �� �� �
�	 
�����

Y �
�� 10h < t < 18h� �� ) � ��� ��"���	�	�
� ������ �� �� ����	�	� �� �&*� �	 �
�
 ��
�� ��"����	�
�� !�		� ��"���	�	�
� ��	 ���

��� � �� �
���	�
� �� ��
���� �	 �� �����
 

�����������

Y � t = 18h� �� ������ �� �����
 
���������� ��	 �
���� 	����� ��� �� 
���	�
� �� �&* ���%��
�		������ �� �������

Y � t = 28h� �� ��"����	�
� ��	 	�
� �
�	�� 7�� �����
 
���������� �� �
����	 ��� ����
�	
B������� ��� ��� 
��
���� *�"� P&�	�

����	 K,-0!QC� D
�� �����	
�� � ��� ��
�%�	�
� ��
�� ��"����	�
� ��� ��� �&*�

3A4



2��� 1$���	�	�

1����� ����� -��� �� �
	�
����� &

���'�� �� 
�  ���
�
/��

,�� ��	�� �
�� �� ��"���	�
� �� �� ��
	�
�)�� ��� ��� �2�	� ��
������� �����	 �� ��"���	�
�
��
������ �� �� ��
��	�
� ��� ��N)��� ��� ��� !0� <
�� 
�		� 
)�
	
���� �
�� �/����
�� ��
���� ��	�� �� ��
��
	�
� �� ��
	����� ��� ��� !0 �	 ��� 

�	����	�� ��
������� �� ���� �� %�
"���

&�� 	�����/ �/�������	��/ 
�	 �
�	�� ��� ���/������
� �	 ���
	���	�
� ��� ��� �	����	 ��" 
���	��� ���� ��� ��������/ ���"���� ��%�����	 �� ���
����"� B��
@�
� �� ��� B4AA4CC� ���$���	�
�� ��� B4AAACR <���@	�� �� ��� B4AA3C �	 ?������ �� ��� B4AA4C 
�	 �"������	 ������ ��� ��"��� 
	�	�
� ��"��1
�	��� �� ���/������
� ��� ��� 4 �	 �� ���� �
	���	�
� ���� �� 
�� 
S �� �������


��
�� ���� %�
"�� �	 ��� 
�������� ��	 �
���� � �� �	������	�

!�� 	�����/ �/�������	��/ ��		��	 �� ������
� ����E���
� ��� �2�	� ��
������� ��� �� ��
�� 
	�
� ��� ��N)��� ��� ��� 
�������� F� ������ ��
�
�

������ �
�� ����
�
�� ��� 
�		� ��E���
�
��� �2�	� ��
������� ��� �� ��
��	�
� ��� ��N)��� ��� ��� !0 ��	 5

Y ��
�
�	�
������ ��/ ���
���	�
�� ��
������� �� �������
Y ����	��� �
�� ��� �
�	�� ���
���	�
��� ��� �� �
��
���� �� ��	���	�
� �� �� ��
��	�
� 
�� 

��������
D
�� �
�����
�� �
�
 ����E���
� ��� �2�	� ��
������� ��� �� ��
��	�
� ��� ��N)��� ��� ��� !0
��� �� �
�����	�
� ������	� �� ������	�� Fm B��� >�;C 5

Fm = F̃m
(℘ : |ǫ|)

Km + (℘ : |ǫ|)


S F̃m �	 Km �
�	 ��� 

��	��	�� �
��	����� ��
����	��� %��������� : ��	 �� ��
���	 �
������ ���

��
� �� �
��� �� <

�� B�
�� ���
�������	C �	 ℘ ��	 �� 	������ 	
�
������ ���	���� �
�� 
�		�
�
����

7� �)�	��� ��������
������� B9�9=C ���
��	 ��
�� 5





∇.
[
2µ (ρ)

(
ǫ − β1∇2ǫ

)
+ λ (ρ)

(
θ − β2∇2θ

)
Id + µ1

∂ǫ
∂t

+µ2
∂θ
∂t Id + τρn (N2 − n) Id

]
= su

ρ

∂n
∂t + ∇.

[
−∇. (D (ǫ) n) + hn∇ρ + n∂u

∂t

]
= 0

∂ρ
∂t + ∇.

[
ρ∂u

∂t

]
= −Vmcρ

∂c
∂t − Dc∇2c = Fm

(℘:|ǫ|)
Km+(℘:|ǫ|)n
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x1 (t) = f (X1,X2,X3, t)
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B6�4C

339



4� )$	!���� �� ���$�
��	
�� �� 
�����	����	 �$
��
%�� �� �
����


S {ai (t) , bi (t) , ci (t) , i = 1..3} �
�	 ��� �
�
	�
�� �� 	���� � ��	�������� !�� 

�I
���	�
������	 '	�� �/���
�	��� �� �
�
	�
� �� ]f1, f2, f3, g1, g2, g3, h1, h2, h3^� �� ���
�	��	 B6�4C ���� ��
��1��	�
� ��� ��
	���� 

�	��������	� �� ���	�	 FB	C� 7�� 
��
��� �
�	 ��	������ ���� ���������
�
�� 
� 

���	��� &��� �� ���	� �� 	�/	�� ��� 

�I
���	� {ai (t) , bi (t) , ci (t) , i = 1..3} ���
�	 �
	��
{ai, bi, ci, i = 1..3}�

������'� 1�����
 !
������ �� �� �
�����
������ F

7� 	������ "������	 �� �� 	�����
���	�
� ��	�� ���	�	 � �	 ���	�	 FB	C ��	 �
	� F� ,� ��
	���
dR �� ���	�	 � ������	� ����� ���
���	�
�� �� ��
	��� dr �� ���	�	 FB	C 	�� ��� dr = FdR�

F ���	 5

F = (grad (r))T = gi ⊗Gi B6�9C


S ���/�
���	 T ��	 ��
����	��� 	�����
�� �� 	������� �� �)�%
�� ⊗ ��������	� �� ��
���	
	���
����� �	 ��
����	��� "������	 ��	 	�� ��� grad (r) = Gi ⊗ ∂r/∂θi�

7� 	�����
���	�
� ��	 ����
��� '	�� �������%��� �
�
 %�$�
	��� 5

∀t, ∀x, det (F (x, t)) 
= 0

F t = 0� �
�� ��
��
∀x, det (F (x, 0)) = 1

D
�� ������
�� ��� ���/ ����	�
�� ���
����	��� ������� �� 

�	����	� �� �������
�	�
� ���	��� 
������ . → det (.)� ��� 5

∀t, ∀x, det (F (x, 0)) > 0

������)� 1�����
 ��� ����������� C

D
�� �����
�� �� 	������ ��� ����	�	�
��� C� �� 	������ ��1�� ��� 5

C =T FF = gijG
i ⊗ Gj


S gij =< gi,gj >�
C ��	 �)��	������ ��1�� �
��	��� !� 	������ ��	 �
�
 ���"
������%�� ���� ��� %��� �� ��
 

	���� ��
���� 
�	

"
���/ ������� %��� ����
����� �� ���
���	�
�� 7�� 	�
�� ������� ��
���� ��
C B�
� ��
����������	 ���	��
	��C �
�	 �	��
	����	 �
��	����� 0���� �
�	 ��� 
����� ��� ����	� 
	�
�� ����
������ �� ���
���	�
�� 7�� 	�
�� ��
	���� ��
���� ���

��� �
�	 ������� ��� ����
	�
��
����
������ �� ���
���	�
��

������+� 1�����
 ��� ����
������� �� =
����5�!
��!� E

7� 	������ ��� ���
���	�
�� �� H���� 7�"���"� E � �
�� �/������
� 5

E =
1

2
(C − Id) = EijG

i ⊗ Gj B6�:C


S Id ��	 �� 	������ ����	�	�� (� ���	 �
�	��� ��� Id = GijG
i ⊗ Gj�
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4�"� 5������	
�� 	!$��
%��

D
�� �
��
�� �
�
 �� ������� ��� �/������
�� ��� 

��
���	�� 

������	�� �� 	������ ��
���
���	�
� �� H���� 7�"���"� ���� �� %��� Gi, i = 1..3 5

Eij =< Gi,EGj >=
1

2
(gij − Gij) B6�=C


S Gij =< Gi,Gj > �	 gij =< gi,gj > �
�	 �����
	������	 ��� 

��
���	�� 

������	�� ���
	������� ��	������ ���� ��� 

�1"���	�
�� ���	���� �	 ���
�����

7� ��	��
� G.. ��	 �
�
 �"��� � ������	�	�� �	 g.. ���	 5

g.. =




f2
1 + g2

1 + h2
1 f1f2 + g1g2 + h1h2 f1f3 + g1g3 + h1h3

symétrique f2
2 + g2

2 + h2
2 f2f3 + g2g3 + h2h3

symétrique symétrique f2
3 + g2

3 + h2
3


 B6�>C

�������� 1�����
 ��� 
���
������ �� ���
%( τ

0� ���%���
� �� �
�
�� �
��������� ������	�
� ��������%�� �

�� �� ������ � �
�� �/������
�
"������� 5

div (τ ) = 0 B6�6C


S τ = τ ijgi ⊗gj ��������	� �� 	������ ��� 

�	����	�� �� !��

) B�
�
� ��� ���	� �� �����
� ��
���	�	 FB	CC �	 ��
����	��� �����"��
� ��	 	�� ��� div (τ ) = gi∂τ/∂θi� 7�����	�
� B6�6C ������	
����� 5

τ ij
,i + τ ijΓk

ik + τ ikΓj
ik = 0


S Γk
ij =< gk,gi,j >= 1

2gkm (gmi,j + gmj,i − gij,m) �
�	 ��� �)�%
��� �� !
���	
2�� �	 g.. ��	
�� 	������ �
�	 ��� 

��
���	�� �����	 gij =< gi,gj > 5

g.. =




a2
1 + b2

1 + c2
1 a1a2 + b1b2 + c1c2 a1a3 + b1b3 + c1c3

symétrique a2
2 + b2

2 + c2
2 a2a3 + b2b3 + c2c3

symétrique symétrique a2
3 + b2

3 + c2
3


 B6�8C

7�� 

��
���	�� �� 	������ ��� 

�	����	�� �� !��

)� τ ij � �� �
�	 ��� �
��	�� �
�
����	
���� ��� %��� ���	���� �	 ���� �����	��� ��� �
�
 ��� �� ���� �
)������ F����� ��� �����	�	�
��� ��� 

�	����	�� �� !��

) ������	�� ���� �� ��		���	��� �
����	 	
�$
��� ��� 

��
���	��
�
)������ �� 
� 	������� 
���	 � ���� ����
�	��� � ��� %��� ���	����� �
	��� σ<ij>� 7� 	������
σ �� �����	 �� 	������ ��� 

�	����	�� �� !��

) ��� �� ����	�
� 5

σ<ij> = τ ij√giigjj (indices muets non utilisés) B6�;C

7� �
�����	�
� �� 	������ ��� 

�	����	�� �� !��

)� τ � ������ �� 
���� 	
�
����� ����
������ �
�� 	�������
��� 7� �
� �� K

@� �����	 �� ��	������� ��� 

��
���	�� �� ����	�
�	�
��������� B§ 6�9C� 	����� ����� ��
������ ��� "������ ���
���	�
��� �
� �/������
� ��	 
%	����
� ���	�� ����� �
�����	�
� ����"�	���� 
���
	������	 �� ������ B§ 6�:C�
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4� )$	!���� �� ���$�
��	
�� �� 
�����	����	 �$
��
%�� �� �
����

0��� /�����
��� ��������

������ !���
� ��

7�����	�
�	� �������� ��	 �� 
���� ���	��� 
�������� �� 

��
�	����	 ��
������ ��� ��	� 
����/� D
�� ���������
��� ���� 
�		� ���	��� ���������	 ��� ����
������ ��1��	�
��� ����� ���
���/������
� ��� ��2����	� 

�I
���	��

,� ��	����� ��	 ��	 ����	���� ���� �/��	� �� �	�	 �� �������
� ���� 

�	����	� B�	�	 ��	����C�
�	 �� ����� ���
���	�
�� �� 	������ ��� 

�	����	�� �� !��

)� τ � �� ������ ��� �� 	������ ���
���
���	�
�� �� H���� 7�"���"�� E 5

τ = f(E) B6�3AC

7�� ��	�����/ ����	����� �
�	 �
�
 ��� ��	�����/ � ���
��� �� ���� �	�	 �� ���
��
,� ��	����� ��	 ��	 ����	���� �������� �� 
� � �2�
	�� ��� ���������	�
� �� �� �
� 

�	����	�� 

���
���	�
�� ���
����	� �� �
�����"� �� ���	�	 ��	����� !�		� ���������	�
� ��	 ����%�� �
��
��
)�
	
��� ��� P��	�	�� ���
���	�
��Q� � ���
�� ��� |E| ≪ 1� 
S |.| ��������	� ��� �
���
��	��
������ 0� ���	����� �
�� 

������
�� ������� ���	� ����%�� 	��	 ��� ��� ���
���	�
�� ��
��������	 ��� 10U� 7�
%$�
	�� �� 
�		� 
)�
	
��� ��	 �� �
��
�� �I���� ��� �� �
����� ���
���
Ωt ��	 ��� ��2����	 �� �
����� ���	��� Ω0� <
�� 
�� 
)�
	
����� �
�� ��
�� ��
�� 5





σ = τ

E ≡ ǫ = 1
2

(
∇u + ∇uT

)

7� �
� �� 

��
�	����	 ��
������ �� ����	�
�	� �������� ��	 �� �
� �� K

@�� 0��� ���
��	 5

σ = 2µǫ + λθId B6�33C


S θ ��	 �� ����	�	�
� Bθ = Trace(ǫ)C� Id ��	 �� 	������ ����	�	�� µ �	 λ �
�	 ��� 

�I
���	� ��
7����

7�� 

�I
���	� �� 7��� �
�	 ��� �
	�	�
�� ���	������ ���� 
�	 ��� ��"��1
�	�
�� ��
�������
��� ��	��	����� �
�� ��
�� ��� ��������� ���
��	�
� ��� �
��
����� ��
�������� �
�� 

����� 
�
�� �� 

�I
���	 �� �
���
� ν �	 �� �
���� ��W
��" E ��� ��� ����	�
�� ������	�� 5





λ = Eν
(1+ν)(1−2ν)

µ = E
2(1+ν)

7� 

�I
���	 �� �
���
� 	�����	 �� 

�������%���	� �� ��	������ �� ����� �� A � A�=� ���� ��
��	����� ��	 

�������%��� ���� �
� 

�I
���	 �� �
���
� ��	 ��


� �� A� �� ��	 ���� �������
��
7� �
���� �� W
��" 	�����	 �� ������%���	� �� ��	������ ���� �� ��	����� ��	 ��"���� ���� �
�
�
���� �� W
��" ��	 ������ <
� ���	� ��	 �� ���
�� B��C�

�� ��	 ���
�	��	 �� �
	�� ���� �
�� ��
)�
	
��� ��� ��	�	�� ���
���	�
��� ��� ���
���	�
��
���������� �	 ��"���"����� �
�	 ���������	�� BH������ B3;69CR &����	 B3;;ACR *��" B3;;9CC�
D
�� �
	��
�� �
�
 ����2�������	 x 
� X�
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4��� )��$�
��	
�� �� 
�����	����	 !*���$���	
%�� �� �
���� �� �$
��
%�� ��� ������� �$�����	
���

����$� 5��&�
�� ��� 
���������� �� -�� ����� σvm �� ��� �
4��&������ �8�
��-��
eff

&����	 �
� 	�����/� �
�� �
�� �
���� ����� ��� ���/ ��	���	���� ������	� �
�� ����� ���
����)�� ��
������ ��� 

�	����	�� �	 ��� ���
���	�
�� ���� �� �������

7�� 

�	����	�� �� �
� ����� σvm �
�	 ��1���� ��� 5

σvm =

√
3

2

∑

i,j

S2
ij B6�34C


S ��� 

�I
���	� Sij �
�	 ��� 

��
���	�� �� 	������ �����	��� ��� 

�	����	��� 0���� �
�	
��1���� ��� �� �
����� ������	� 5

Sij = σij −
1

3
Trace(σ)δij


S σ ��	 �� 	������ ��� 

�	����	�� �� !��

)�
&� �'��� ��� ���
���	�
�� �2�
	���� eff �
�	 ��1���� ��� 5

eff =

√
2

3

∑

i,j

e2
ij B6�39C


S ��� 

�I
���	� eij �
�	 ��� 

��
���	�� �� 	������ �����	��� ��� ���
���	�
��� 0���� �
�	
��1���� ��� �� ����	�
� 5

eij = ǫij −
1

3
Trace(ǫ)δij


S ǫ ��	 �� 	������ ��� ���
���	�
�� ������������

0��� %����������� �	 
�
!����
��� �3!���������	� �	 "����� ��

�
����	� ��� ������� ��$��
������

������ (� ������� �� ������� ��� 
���������� �� ���
�/ �� 	������
�
4��&������

0� ��
������ ��� "������ ���
���	�
��� ���/������
� �� 	������ �� !��

)� τ � ���	 �� �������
����� �
�����	�
� ����"�	����� <� ������"�� �� ���
���	�
� ��	 �/������ ���
� ��� �
�
	�
�
������"�� ����	���� BWeC� ��������	� �� 	������ ��� ���
���	�
�� �� H���� 7�"���"� BWe =
We (E)C� �	 ��� �
�
	�
� ������"�� ��������� BWvC� ��������	� �� 	������ ��� ���
���	�
�� ��

H���� 7�"���"� �	 �� �� ������� 	���
����� BWv = Wv

(
E, Ė
)
C� ��
�� �� �
� �� 

��
�	����	�

�
�� �� ��	����� 

�������%��� �� �����	 �� ���/������
� ��	�������� ������	� B��
��		� �� ���
B3;;8CR *�������� �
��� B4AAACC 5

τ = J−1F

(
∂We

∂E
+

∂Wv

∂Ė

)
TF B6�3:C


S F ��	 �� 	������ "������	 �� �� 	�����
���	�
� �	 J ≡ det(F) BJ 
= 1C�
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7� ��	������	�
� �� 
�� �
�
	�
�� ������"��� ��� �
����	 	������� �� ��+
� ������	� �� �
�
�
"��
B����	�
�	�J���

��	�C �� %�
"��� ��	 �
����	 ����
�	�� �� �
�� ��	 ��
�� ���� ���
�	��	 �� ������
�� ����� ��� ��2����	�� �
�
	�
�� ������"�� ��
�
���� ���� �� ��		���	��� �	 ���
��	�%��� �� ��
����
�� �
�
�
"�� ���� 	���� �
� 
� ���� %�
"���

����$� .�-�� "�"
��	�� ��'�� ��� 4��
����� �+
���	�� 

����'��

��'����� ��� ��� ����
���� ��
��	
��������

����

�� �� ��	�����/ 
�
�	


�	��/ 
�	 �	� ��
��	�� �� �������� ����
/���	�
�� 

���
��� ��	�����/ ��

�������%���� !�		� �������� ��	 $��	�1�� ��� �� ���	 ����� ��	 %���

�� ����
��
��� �� 

��"�� �� �
��� ����� ���
� �� 
�
�	


�
 ��� ���� 

��"�� �
� �
����� !�		� �� 
��
/���	�
� � �
����	 �	� ���	� �
�� ��� ����
�� �� ������1
�	�
�� �� 
��
��� �����������

$��"�� �� �!���� !� �
���� ��	 �	����� �
�� ��
���� ����
��	�
� �� ��	�����/� �
���� � ���


�	����	�� 1����� ����	������	 � �� �	�	 ��������%��� &� 	��� ��	�����/ �
�	 ��� %�
��	�����/
	��� ��� ��� 	����� %�
�
"����� �
�� �	 ��� �
�)����� �
����� 

��� ��� ��	�����/ �� 	)��

�
�	


�
�

7� �
�
	�
� ������"�� ����	���� ��	 5

Ψ = Ψ(λ1, λ2, λ3) =
N∑

p=1

µp

αp
(λ

αp

1 + λ
αp

2 + λ
αp

3 − 3)


S ��� λi� Bi = 1..3C �
�	 ��� �	������	� ����
����/� µp �
�	 ��� �
����� �� 
����������	�� αp

��� 

��	��	�� ���� �������
�� �	 N ��	 �� ��	��� ��	���� ��� ��	������ �� �
�%�� �� 	����
���� �� �
�
	�
� ������"��� �� �����	� ��� ��������	 9 	����� ��I���	 BN = 3C �
�� ��
�� ���
%
��� 

�����	�
� ���
 ��� �����	�	� �/�������	��/ BK
�N����� B4AA3CC�

7�� 	�
�� �
����� ������	� �
�	 ��� 
�� ���	�
������ �� �
���� �� ("����

$��"�� �� $����(�2������ &��� 
� 
�� ��� N = 2 �	 α1 = 2 �	 α2 = −2� 0� �
�����	 ��
�
�
	�
� ������"�� �� �
�
	�
� ��� ��������	� I1 �	 I2� ��

��	 ��� I3 = 1 ��� ��

�������%���	�
�� ������� �
�� 
%	��
�� 5

Ψ = c1(I1 − 3) + c2(I2 − 3)


S c1 = µ1/2 �	 c2 = −µ2/2� I1 �	 I2 �
�	 �����
	������	 ��� ������� �	 ���/���� ��������	�

BI1 = Trace(C) �	 I2 = 1
2

(
(Trace (C))2 − Trace

(
C2
))

C�

!�		� �
�
	�
� �� �

��) ?����� ��	 �
����	 �	������ �
�� ��
���� �� 

��
�	����	 �� ��	� 
����/ ��
	�
��� �� 	)�� 
�
�	


�
�

$��"�� �� $����
�>���!� ������ W
��" �� ��� B4AA4C ��		��	 �� ������
�� ��� ��� 	��	� ��


�������
�� �� 

��
�	����	 �
� �������� ���

����	���� �� ����
����
�� ����	���� 
������
B���%���� 1%����� �������� ��	��� �� ������ �� 	��
�� �� �'�� 	)�� ��� ��� 	���
�� �	 ���
��"����	�C� ��� �	������	 �� �
���� ������ �����1��	 �� �

��) ?����� �
�� ��	������� ��� 
� 
��
	����	����� �
�
�
"����� �� 
� 	������ �� ���"�	� �� ���	� ���� �
���� �� ("��� ���	�
����� 5
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%�� ��� ������� �$�����	
���

Ψ(I1, I2) =
N∑

i+j=1

Cij(I1 − 3)i(I2 − 3)j

0� ���	����� ��� �	������	 N = 7 
� N = 10�

$��"�� ����%��4���� &��� 
� 
�� ��� N = 1 �	 α1 = 2� 7� �
�
	�
� ������"�� ���
��	 ��
��
���������	 �� �
�
	�
� �� ������� ��������	 I1 5

Ψ = c1(I1 − 3)

���
 c1 = µ1/2�
!�		� �
�����	�
� ��	 ��	�������	� 
�� ���� ���������� ����� ���� ������	��� 0��� 

����	 � ���

�
������	�
� ��	
���	���� ������ �	 ������	� �� 

��
�	����	 �
� �������� ��� ��	�����/ ��
	)�� 
�
�	


�
� T���� �� ��� B4AA4C ���� ������	 �
�� 
���
	������ ��� ��	�����/ �)�	
�	�����
����� ��

�������%����

$��"�� �� ?��!� *��" B3;;9C �2�
	�� ��� 	��	� �� 	��
	�
�� %��/����� ��� ��� �
�	�� 
������
�
�� 
���
	������ ��� ������	��� �
�
�
"����� ��� ��������/ ���"����� �� ��
�
�� ��� �
������
�
�
	�
� ������"�� �� �� �
��� 5

Ψ(E) = f(Q) +
c

2
[eQ − Q − 1] B6�3=C


S Q ��� �
�
	�
� �
�)�
����� ��� 

��
���	�� �� 	������ �� H���� 7�"���"�� E� �	 ���

���
	����	����� �� ��	������ Z

� �	 *��" B3;;6C �� �
�	 ����� �� 
�		� �
�
	�
� ������"��
�
�� ��1��� �� ��"�� �� �
� �������	� 

��� �� ���	 �� ������"�� �� ���
���	�
� �
� ��������
���� ������"�� �� ���
���	�
� 	
	���� ��� 	�
����	 ��� 
� ��"�� �� �
� �������	� ����� �� =U
� 9AU �� �
�
	�
� �� �������	��� �� �� ���
���	�
�� 
���� 
� ������	 ���� ���

���� ��� �������
�
)��
�
"������

��
���� �� ��� B4AA3C 
�	 ������ 
�		� �
�����	�
� �� �� �
� �� 

��
�	����	 ����	����� 0�
�����
����	 �� �
����� ����
��	�� �
�� �������� ��� ������� �	�	����� �	 �)��������� �� 	�
��
�������
��� ��� 
���
	������	 ��� ��
����	�� ��
������� ��� ��������/ ���"���� �� �� ������	 ��
�� �
�
	�
� ������"�� ����	���� ������	� 5

Ψ(E) =
c

2
[eQ − 1]


S Q ��	 ��� �
�
	�
� �� 	������ E �	 ��� 
���
	����	����� �� ��	������
!� �
���� � �	� �"������	 ������ ��� ������� �	 <�
@� B4AAAC �	 <�� �� ��� B4AA9C� ��� ��
�	

�	����� �
�� �
������� ��� %�
��	�����/ ������	 ���� ��� ��
	
���� 
����������
H������� �	 O���� B4AA3C �	������	 
� �
���� �
�� 
���
	������ �� 

��
�	����	 �� 	�����

%�
�
"����� �
�� �
�� ����� �/������
� �� 
����������	� ��� �������	 � ����� ��� 
��	
"���
���
���
 ��� ����


� �� 	)�� ������	� 1��� �� ���/ �������
��� �� �� 

�	����	� �/��
�� ����
�� �

��	���
� �� 	����� �
�� O���� �� ��� B4AA4C ���	������	 
� ����
��	�� �	 
���
	������	 ��


��
�	����	 �)������� ��� ��"����	� �
���� � ��� 

��"��
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4� )$	!���� �� ���$�
��	
�� �� 
�����	����	 �$
��
%�� �� �
����

$��"�� �� ?�
�������$�
��� *�������� �
��� B4AAAC ���	����� �� �
� ��
�
��� ��� <�
 �� ���
B3;8;C� �
�� ��
���� �� 

��
�	����	 ��� 	����� %�
�
"����� 5

Ψ (I1, I2) = γeα1(I1−3)−
α1
2

(I2−3)

7�� ������	��� γ �	 α1 �
�	 ����	�1�� �
�� ��� ������ ���������	�� 7��� 
���
	�����	�
� �
���
α1 = 6.4 �	 γ = −4.2 Pa�

$��"�� �� 2������� ?��	��� B4AA9C ������� �� �
���� �� *��" B6�3=C �	 

��

� � 
���
	� 
����� ��� ��
����	�� �
�
�
"����� ��� "��� �� 

���"��� ��� �� �
�
	�
� ������"�� ������	� 5

Ψ (I1, I2) = aeb(I1−3) − ab

2
(I2 − 3)


S a �	 b �
�	 ��� 
���
	����	����� �� �������
7�� ������� ��� 

�I
���	� a �	 b �
�	 �������� ���� ?��	��� B4AA9C �
�� ��� ������ ������ 

���	�� �	 �
�	 ��	�������� �/�������	������	� ��� ��
��		� �� ��� B3;;8C� ��� ��� 	��	� �� 	��
	�
�
���
 ��� ���
���	�
�� �� =AU �
�� ��� ��"����	� �	 	���
�� 
�������

��'����� ��� ��� ����
���� 
��	
��������

7� 

�������%���	� ���� ��	����� ��	 ����� �� 

��	� ��� ������	�
�� ���� �� �
�����	�
� ��
�� �
�
	�
� ������"��� ���� 	���� ��
�����	 �� ���
��� ����	���� �������	 ���� � �� �����	�
�
�� �
���� Ψvol B*�������� �
��� B4AAACC� �
�� �
	�� �
�����	�
� ����"�	���� ����	����� �
��
����
�� �
�
 

��� �
�
	�
� ������"�� Ψ �� �
��� ����� �
�
	�
� ������"�� � ��
�
���� Ψiso

B��
��	� ���
�������	C �	 Ψvol� �
�
	�
� ������"�� ���� � �� �����	�
� �� �
����� D
�� ������
��
���� 
� 
�� �� �
�����	�
� ��

����� 5

Ψ(λ1, λ2, λ3, J) = Ψvol(J) + Ψiso(λ1, λ2, λ3)


S J ��	 �� ����
�	 ��	�� �� �
���� ���	��� �	 �� �
���� ���
���� ��� λi(i = 1..3) �
�	 ��� �	������	�
����
����/� �	 λi = J−1/3λi�

<
����	� ��� �
�����	�
�� ����"�	����� �
�	 ������	��� �
�� �
��� 

������ !��� ��"��1� ���
�� �
�
	�
� ������"�� ��	 ������	�� �
�� �� �
��� 5

Ψ(λ1, λ2, λ3, J) = Ψvol(J) + Ψiso(λ1, λ2, λ3)

$��"�� � �!���� 7�� ��	�����/ 
�
�	


�	��/ �
�	 �� "������ 

�������%���� ("��� BK
� 
N����� B4AA3CC ��
�
�� �
�
 

��� �
�
	�
� ������"�� ���� � �� �����	�
� �� �
���� 5

Ψvol (J) = κβ−2
(
βlog (J) + J−β − 1

)


S κ �	 β �
�	 ��� 

��	��	�� �
��	�����
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4��� )��$�
��	
�� �� 
�����	����	 !*���$���	
%�� �� �
���� �� �$
��
%�� ��� ������� �$�����	
���

$��"�� �� $����(�2������ 7� ����� �� 

��	� �� �� 

�������%���	� �� ��	����� ���� ��
�
���� �� �

��) ?����� �� ���	 ��� ���$
�	 �� �� �
�
	�
� ������"�� ���� � �� �����	�
� ��
�
���� ������	� 5

Ψvol (J) = c(J − 1)2 − d log (J)

7� �
��� 

����� �� �� �
�
	�
� ������"�� �� �
���� �� �

��) ?����� ���
��	 �
�
 5

Ψ(I1, I2, J) = c1(I1 − 3) + c2(I2 − 3) + c(J − 1)2 − d log (J)


S c ��	 ��� 

��	��	� �� ��	����� �	 d ��	 �� ������	�� B��������	C ���
 
��	����� ���	��
 
	�
�� 5 

��� ���	�	 �� �������
� ��	 �
� 

�	����	� 
� ���	 ������� ��� d = 2(c1 + 2c2)�

$��"�� ����%��4��� 8��
�� 
��	���9� 7� �
���� ��
 


@��� ���
��	� ���� �� 
�� ���� �� 
	����� 

�������%�� 5

Ψ(I1, J) = c1(I1 − 3) +
c1

β

(
J−2β − 1

)


S ��� 

�I
���	� ����	����� c1 �	 β ������	 '	�� ��	�����	�� �� �
�
	�
� �� �
���� �� W
��"
�	 �� 

�I
���	 �� �
���
� B§ 6�>�4C�

$��"�� �� ?�
�������$�
��� &��� 
�		� �
������	�
�� �� ��) � ���� �� ��

����"� ��	�� ���
�
�
	�
� ������"�� � �
���� 

��	��	 �	 ��� �
�
	�
� ������"�� 	��������	 �� �����	�
� �� �
 
����� *�������� �
��� B4AAAC ��
�
�� �
�� �
������� ��� 	����� %�
�
"����� �
�� 

�������%���
���	������ �� �
� ��	�
���	� ��� <�
 �� ��� B3;8;C 5

Ψ(I1, I2, I3) =
a

In
3

eα1(I1−3)+α2(I2−3), n = α1 + 2α2


S a, α1 �	 α2 �
�	 ��� ������	��� ����	����� �� ��	������ !�������	� ��� ������� �/������� 
	���� �� 
�� ������	��� ��) �
�	 ��� �
������

���� �� ��� B4AA9C 
�	 ������ ��� �
�����	�
� �� 
� 	)�� �
�� �
������� �� 

��
�	����	
��
������ �� ��	��
�� %�
�
"����� ��
	�
���� ��� ��
�
���	 ��� �
�����	�
� �� 	)�� 5

Ψ(I1, I2, I3) = α0

[
1

Iβ
3

eα1(I1−3)+α2(I2−3) − 1

]

!�������	� ��� �	������	 ��� 
)�
	
��� �� ��	�	�� ���
���	�
��� ��� �����	 �� ������1�� ���
����	�
�� �	 �� �� ���
���� ��� ��� ������� �� 4α0(α1 + 2α2)� 2α0(α1 + α2) �	 β�

������ .�-�� "�"
��	�� ��'�� ��� ��8
������ 4��
����� �+
���	�� -��'������

7��	��� ��� �
	��	���� �������/ ��	 �� �
����� ��

�� ��� �/��
�� 5 ������ �������� �
�
	�
��
������"�� ��������� 
�	 �	� �����
������ D
�� ��
�� �
	� ����
��������	 ���/ �
������
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��	
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�����	����	 �$
��
%�� �� �
����

��'�#��� $��"�� �� ��������

F1� �� ������� �� 

��	� ��� �2�	 �� ���
��� � 

��	 	����� ��
��		� �� ��� B3;;8C 
�	
��
�
�� �� �
	��	��� �������/ �� �� �
��� 5

Wv =
η

4
J2(I1 − 3)


S J2 ��	 �� ���/���� ��������	 �
������ �� Ċ 5 J2 = Tr
(
Ċ2
)
�

!�		� �
�
	�
� ������"�� � �"������	 �	� ������� ��� *�������� �
��� B4AAAC �
�� �
�������
�� 

��
�	����	 �������/ �� ����� ���������	�

��'�#��� $��"�� �� 2������

7� �
	��	��� �������/� ��
�
�� ��� ?��	��� B4AA9C ��	 ��� �����
��	�
� �� 
���� �� *�������� 
�
��� B4AAAC� �� ���
��	 5

Wv(I1, I2) =
η1

4
J2(I1 − 3)neη2(I1−3) +

η1η2

2
J7(I2 − 3)


S η1 �	 η2 �
�	 ��� ������	��� �������/ 
���
	����	����� �� ��	������ n ��	 �� ������	��
���� �������
�� 1/� � A�=� J2 �	 J7 �
�	 �����
	������	 �� ���/���� �	 �� ���	���� ��������	

�
������ �� Ċ 5 J7 = Tr
(
C2Ċ2

)
�	 J2 � �	� �
��� ���
�������	� 7�� ��2����	� ������	��� �
�	


���
	������ ��� ��� 	��	� �� 

�������
�� B$������ 4= U�� ���
���	�
��C� �������� � ��2����	��
��	����� �� �����
����	�

0�*� ����� ��� $��
����� ���������

7� ��	������	�
� ����� �
� �� 

��
�	����	 

����
� ��� �� 
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�� �
	��	��� �������/� &��� �� 
�� �� ���
���	�
�� �
� ���������� �
�� ��
�� �� ����� ���/��	��	
��� �� �
��� �	������ �� �
	��	��� ����"�	����� ��� 

�	��� 
��	����� ���	��
	�
�� B�
)������

� 	
���
�)��������C ����	��	 �� 


�/� <��
� �
	�� �
��
�
�
�� �� �
������	�
�� �� �
�
	�
�
������"�� �� �
�	 

��
�	�� ����� �
�%�� ������� ������	 �
�� �
������� �� 

��
�	����	
��
������ �� �������

���������� �%�
���(�������� � �������������� 7� �
� �� 

��
�	����	 ����	���� �
�	 ��	�� 
����� ��� 

���	�
�� ���������%���	� ������	�� BK
�N����� B4AA3CC 5

Y ���� ���	�	 �� �������
�� �� 

�	����	� �
�	 '	�� ����� 5 σ (Id) = 0�
Y �� �
������	�
� �
�	 ����


�� 

���
	����	 ��� �
����� �/�������	�����
Y �� �
	��	��� ����	���� �
�	 '	�� 

���/��

7
����� �� ���

��	� ��	 ����� �� 

��	�� ��� 

�	����	� 	
���
�)������� ���������	���� ���� 
��V	 5 �� ���	 ����1�� �� �
� ��"�	���	� �� �� �������	�
� ��������� B���"���	� �� !������� &�
���C 5

∂Wv

∂Ė
: Ė ≥ 0, ∀Ė B6�3>C
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D
�� �
��
�� �
�	��� ���� �� Wv(Ė = 0) = 0� �	 �� �� �
�
	�
� ������"�� Wv ��	 

�	�����
�
��	��� B
� �����C �	 

���/�� ��
�� �����"���	� B6�3>C ��	 �)�	���	�������	 ����1�� B*�������� 
�
��� B4AAACC�

0�.� /�	�� �� $��
����� ��������� !����
	�����

��1��� 5��
����� �+
���	�� ��������

�
�� �� ��	������ �� �
�
	�
� ������"�� �
�	 �����
	�� �� ����
��� ��
%$�
	���	� 
� ������� 
�����
� ��	�������� 
���	 � ���� ������� �
�	 '	�� ��������	� ���� 	
�	 

��"����	 �� �������	���
B�
�
��� B3;86CC� !���	 �
�� 
�		� ����
� ����� ��	 �������%�� ���/������ �� �
�
	�
� ������"��
W �� �
�
	�
� ��� ��������	� �
������� �� C �	 Ċ� *��" B3;;9C ��""��� ��� �� �
�
	�
� ������ 
"�� �� �
�	 

��
�	�� ����� �
�%�� ������� ������	 �� ������	��� �����		��	 �� ��
���� ��


��
�	����	 ��
������ �� ��	������

D
�� 


�����
�� ��
�� 

��� �
�
	�
� ������"�� ����	���� We �� �
���� ��
 


@��� 

� 
������%�� 5

We =
c1

β
(J−2β − 1) + c1(I1 − 3) B6�36C


S I1 ��	 �� ������� ��������	� �	 J ��	 �� ��	�������	 �� 	������ F� 0� �2�	� �
�� 

��


��
� 	�
���� ��� �
� �
)��������	 �	 %�
�
"�������	 ������	�� ���� ��I������	 ������ �
�� �� 
�
���� ������������	 �� �)�	��� ��0&� 

������ �
� �������� 
S ��
��� �
� 
�����	���� ����	
�
�	����� &��� �� �'�� 
�	����� �
�� 


�����
�� 

��� �
�
	�
� ������"�� ��������� 
����
�	������ ��� ��
��		� �� ��� B3;;8C �	 *�������� �
��� B4AAAC 5

Wv =
η

4
J2(I1 − 3) B6�38C


S I1 ��	 �� ������� ��������	 �� C �	 J2 �� ���/���� ��������	 �� Ċ�

��1�$� 9����� ��
���'�� �� 
� 
�� �� 
�& ����&���  �� 
��
���������

��+����� :���
@� �� �� �����
������� �� �� ��� �� 
��	�
������

D
�� ��������
�� �� �
� �� 

��
�	����	 ����	���� �� ��	����� B6�3:C� �� �
�����"� �� ���	�	
���	���� �
�� 	�
���� ��� ����	�
� ��	�� ��� 

�I
���	� �� �� �
�
	�
� ������"�� We� �	 ��� �� 
����	��� ������	�
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c1 = E

4(1+ν)

β = ν
1−2ν
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xk = λk (t)Xk (k = 1, 2, 3) (indices muets non utilisés) B6�4AC


S� 

��� ���
�������	� Xk �	 xk (k = 1, 2, 3) �
�	 �����
	������	 ��� 


��
����� 
��	� 
������� ���� �
��	 �� �� 

�1"���	�
� ���	���� � �	 �� �� �'�� ���	�
��� ���� �� 

�1"���	�
�
���
���� FB	C� �	 λk (t) (k = 1, 2, 3) �
�	 ��� ����
�	� ����
�"�	�
� ���� ��� 	�
�� ����
	�
�� ��
%����

7� �
� B6�4AC ��	 �
�
 �� 
�� ���	�
����� �� �� �
� �� 
�����	���� "������� B6�3C� ���
 5





f (X1,X2,X3, t) = λ1 (t)X1

g (X1,X2,X3, t) = λ2 (t)X2

h (X1,X2,X3, t) = λ3 (t)X3

B6�43C

D
�� �
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�� �
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 ��������� ��� �
������ ���
�������	 
��
����� B����	�
�� 6�>� 6�6 �	 6�8C �

� 
�� ���	�
������ �
�� ����"�� ��� �
	�	�
��� (λ1 (t) , λ2 (t) , λ3 (t)) ���
�	 �
	�� (λ1, λ2, λ3)� 7��
��	���� ��� 
��
��� �
�	 ���
���� ���� ���������
� ���

��� � 
� 

���	��� D
�� 
%	��
�� ��
�� ��
�)�	��� ������	�
�� ������	 5





σ<11> = 2λ1

λ2λ3

[
c1

(
1 − λ−2β−2

1 (λ2λ3)
−2β
)

+ ηλ1
dλ1

dt

(
λ2

1 + λ2
2 + λ2

3 − 3
)]

σ<22> = 2λ2

λ1λ3

[
c1

(
1 − λ−2β−2

2 (λ1λ3)
−2β
)

+ ηλ2
dλ2

dt

(
λ2

1 + λ2
2 + λ2

3 − 3
)]

σ<33> = 2λ3

λ1λ2

[
c1

(
1 − λ−2β−2

3 (λ1λ2)
−2β
)

+ ηλ3
dλ3

dt

(
λ2

1 + λ2
2 + λ2

3 − 3
)]

B6�44C
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����� Bλ1 (t)
��	 

���C ��� ��� ��
� �� "��� �� ��
� 
��
��� �� �
����	 %
�"�� ����� y �	 ����� z� ��� ��
��
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D
�� ��
�� ��
�� σ<22> = σ<33> = 0 �	 λ2 = λ3� 7� �)�	��� B6�44C ���
��	 �
�
 5





σ<11> = 2λ1

λ2
2

[
c1

(
1 − λ−2β−2

1 λ−4β
2

)
+ ηλ1

dλ1

dt

(
λ2

1 + 2λ2
2 − 3

)]

0 = 2
λ1

[
c1

(
1 − λ−4β−2

2 λ−2β
1

)
+ ηλ2

dλ2

dt

(
λ2

1 + 2λ2
2 − 3

)] B6�49C


S σ<11> �	 λ2 �
�	 ��� ��

������
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���/ �/������
�� �� 	��
	�
� ����/���� �� =U �	 4=U �� ���
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	��
����� 
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���� ���
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����� �� 	�
�	 ����� 
��������� * ��� ������
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���� �� ����	����� * ��� ������
	��� ��
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
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λ2 = λ
− β

2β+1

1

σ<11> = 2c1λ
4β+1

2β+1

1

(
1 − λ

−6β−2

2β+1

1

) B6�4:C
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��
��	�
	���� �� 
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����$� �
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�
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�I
���	 ������	�
�	� c1� �
�� ��
�� �� ����� ���	��	 ��� ��
�� 
����� �� ������� �� 

��	� �� ���

��	� �� %�
"��� 0� �2�	� �
�� �� λ1(t) ����		��	 ��� ����	�
1��� ����� 	 	��� ���� ����1��� �� ����	� �� σ<11> ��	 ����������	� �� �� ���

��	�� �
)����� 
���	� 
��� ��"��1� ��� �� ���

��	� ��E�� ��� �� 	���� �� ���
��� �� %�
"�� � ��� ���
���	�
�
�
����� ���� ����E�� ��� ��� �� ������ �� 

�	����	� � ���	�	 1����

0� 1/��	 η = 0� �
�� �
��
�� ���
���� ���
���� ����)	�������	 �� �)�	��� B6�49C� 7� �)�	���

%	��� ��	 �� �)�	��� B6�4:C�

<
�	 l �	 s �����
	������	 ��� ����	��� ����� 	 	��� ���� ����1��� �� λ1 (t) �	 σ<11> (t)� D
��
��
�� ��
��� ������� B��� 6�4:C 5

c1 =
sl

−4β−1

2β+1

(
1 − l

−6β−2

2β+1

)

&������ ��� �����	�	� �/�������	��/ B*�"� B6�>CC� �
�� l = 1.003� s ���	 7.92Pa� D
�� 
%	��
��
��
��� ���
 β = 1/3� c1 = 550.5 Pa�

!�		� ������ %�
�
"�������	 �������%�� B
 ���	�� B6�>�4CC 

�����
�����	� ���� ��� 	
�
���
����������� � �� �
���� �� W
��" �� 2650 Pa�
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�� ��� ���������	�
� �� �
�����"�
�� ���	�	 ��������%�� ρ = 1� ρ = 1 − θ� D
�� 
%	��
�� ����� �� �)�	��� �
� �������� � ���/
����	�
�� B§ 8�9�4�9C�

*��	��<
����� �� �� 
���������� D
�� �
�� ��	�����
�� �� 
�� ������ 
S �� ��) � ����� ����
�
�� ��
��� ���	�%�� kc� <
�	 φ �� �
�%�� ��
��� 

�����
����	 � 
� �
�� ��
��� ���	�%��
Bφ = kcπ/L 
S L ��	 �� 	����� �� �
�����C�

&� ����� �
�� ���
�� 

�������� ��� �����
� ������1�� �� �
	�� �)�	��� �� 3&� 7� ���	 ��
������� �� �������
� �� ������
� ���	��� �����
�	� ��� �� ������1
�	�
� 

�
��	������ ����
������1� "��������	 ��� 
��
��� �
�� �� �� ��

��

� ����� �
��	�
� ���	�
������ �� ����"���
�
B8�9�4�>C� ,�� ���
��	�
� ���� ��� ����
�� �� �������
�� ���������� ��	 ������"��%��� ���� �$
�	�
��� ��I
��	�� 
��
���	
�����

-�#���#� ,�������� 
����������

&������ ��� ������1
�	�
�� ���
����	��� ������	�
� �� 

������	�
� ��� 
������� ���
	
��������
� ���	�	 �	�	�
������� ���
��	 5

∇.[−D0∇n − hn∇θ] = 0 B8�3C

�	 �� �����"��
� �� ������	�
� �� ��
������ ���
��	 5

(2µ + λ)∇2θ − (2µβ1 + λβ2)∇4θ + ∇2(τρn(N2 − n)) = sθ

398



7�'� 6��
��	
�� �� �� �$	!���

D
�� ���
������
�� 
�		� ����	�
� ���
 ��� ������	��� ������	� 5

β∗ =
2µβ1 + λβ2

2µ + λ
, τ∗ =

τ

2µ + λ
, s∗ =

s

2µ + λ

D
�� 
%	��
�� ��
�� 5

∇2θ − β∗∇4θ + ∇2(τ∗(1 − θ)n(N2 − n)) = s∗θ B8�4C

��� �� ���	�� ��� ��	�������� ���
�	 
��� ��� �
�
� �� ����%���	��

-�#���'� ���������� ��� �������

7�� 

���	�
�� ��/ ����	�� ���	��	 ��

��"���� � ���
�� ��� 

���	�
�� �� E�/ ��� �
�� ��� !0
�	 �
�� �� �0!� !
��� θ = 1 − ρ� �
�� ��
�� 5

{
∇n.η = 0
∇θ.η = 0

B8�9C

-�#���)� /�����		����� �� 	������
� ����"
� �� 	�
��"�
� �� ����

����� τ �� �� ���	� �

!
��
������	 ��/ ����
���� �� ������)�� �� ���	��%�	�
� �������� 
� ������� �
�� ���
��
�����
���� �� ������	�� �� %����
�	�
� τ �	 �� 	���� ���
� ���/ �

����� �� 	���� T1 �	 T2�
7� 	�
������ �

���� �� 	���� ���� 
%	���� ��� �����"� � �� ����	� BlimT2→∞C� �
�� ����"�� ���
�
	�	�
��� τturing ��	 �
	� τc�

τ = τc + ǫτ1 + ǫ2τ2 B8�:C

t =
T1

ǫ
+

T2

ǫ2

7� ������	�� ǫ� ��
�����	 �� ���	��%�	�
�� �	��	 ��	�	�

-�#���+� ���
��� ��!��
�����

/�����		����� �� 	������
� ����"
� �� ��
�� �� �
�
����� D
�� �����
��
�� �� 	���� ��
	��
	�
� 
���������� ���
� �� �
�������	�
� ��"�%����� ������	�� �� �	������	 ñ = n − 1 5

(1 − θ)n(N2 − n) = P1ñ + P2θ + P3ñ
2 + P4ñθ + P5ñ

2θ + cst B8�=C


S ��� 

�I
���	� {Pi, i = 1..5} �����	 5

P1 = N2 − 2, P2 = 1 − N2, P3 = −1, P4 = 2 − N2, P5 = 1

0� ��	�"���	 ��� ����	�
�� B8�:C� B8�=C �	 �� �	������	 ñ = n − 1 ���� ��� ����	�
�� B8�3C �	
B8�4C� �
�� 
%	��
�� ��
�� 5

(1+τcP2)∇2θ−β∇4θ+τcP1∇2ñ−sθ = −ǫ(τ1+ǫτ2)∇2(P1ñ+P2θ)−(τc+ǫτ1)∇2(P3ñ
2+P4ñθ+P5ñ

2θ)
B8�>C
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�� ��	!$��	
%�� ��� �$	!���� �� �$����	
�� ���$�
%��

D0∇2ñ + h∇2θ = −h∇.[ñ∇θ] B8�6C

/�����		����� �� 	������
�� ����"
�� �� ñ �� θ� D
�� �2�
	�
�� �� �����
������	 ��
�������
� ��	���� ��� ��

����� ñ �	 θ 5

ñ (x, ǫ, Tj) = ǫn1 (x, ǫ, Tj) + ǫ2n2 (x, ǫ, Tj) + ǫ3n3 (x, ǫ, Tj) B8�8C

θ (x, ǫ, Tj) = ǫθ1 (x, ǫ, Tj) + ǫ2θ2 (x, ǫ, Tj) + ǫ3θ3 (x, ǫ, Tj) B8�;C


S ��� ��

����� ñi �	 θi� i = 1..3� �
�	 �
�
	�
�� �� x� ǫ �	 Tj� j = 1, 2�
0� �������	 ��� �����
������	� �� �������
� ��	���� B8�8C �	 B8�;C ���� ��� ����	�
�� B8�>C �	

B8�6C� �
�� 
%	��
�� 5

ǫL

[
θ1

n1

]
+ ǫ2L

[
θ2

n2

]
+ ǫ3L

[
θ3

n3

]
= G B8�3AC


S L ��	 ��
����	��� �������� ������	 5

L ≡
[
−β∇4 + (1 + τcP2)∇2 − s τcP1∇2

h∇2 D0∇2

]

�	 G ��	 �� ��
	��� ��� 	����� �
� ��������� ��������	� �� ǫ�

G ≡
[
−ǫ(τ1 + ǫτ2)∇2(P1ñ + P2θ)− (τc + ǫτ1)∇2(P3ñ

2 + P4ñθ + P5ñ
2θ)

−h∇.[ñ∇θ]

]

0� ����	�1��	 ��� 	����� �� ǫ� �
�� ������
�� ��
�� �
	�� �)�	��� ������	�
�� �
� ��������� �
�� ��

����
� �� �)�	���� ����������

�� ���� ���	���� ���	������ �� ��	��
� �����	� �� ���
	�
� �� ��
����	��� L ��� ��� 	����� �� ��
�
��� eiφx 5

Lφ ≡
[
−βφ4 + (1 + τcP2)φ

2 − s τcP1φ
2

hφ2 D0φ
2

]

:�����<
����� ��� ��
��� A �8ǫ9� 0� ����	�1��	 ��� 	����� �� ������	�
� B8�3AC �� (BǫC� �
��

%	��
�� ������	�
� ������	� 5

L

[
θ1

n1

]
= 0 B8�33C

!��� ����	 ��� ���������	 5 ��� 

��	��
	�
� �� G� �� ��) � ��� �� 	���� �������� �� ǫ�
0� ����
���	 ��� φ ��	 �� �
�%�� ��
���� 

�����
����	 �� �
�� ��
��� ���	�%��� �
��


%	��
��� �� ���
����	 ������	�
� B8�33C� ���
 ��� 

���	�
�� ��/ ����	�� B8�9C 5

[
θ1

n1

]
=

[
1
M

]
A(T1, T2)cos(φx) B8�34C

3:A
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��	
�� �� �� �$	!���

D
�� 
%	��
��� �� ������	�
� Lφ

[
1
M

]
= 0� M = − h

D0
�

�� ���	� � ��	������� A(T1, T2)�

:�����<
����� ��� ��
��� A �8ǫ29� 7�����	�1
�	�
� ��� 	����� � (Bǫ2C 

����	 � ������	�
�
������	� 5

L

[
θ2

n2

]
= S B8�39C


S ��� 

��
���	�� S(1) �	 S(2) �� ��
	��� S �����	 5

S(1) = −τ1∇2(P1n1 + P2θ1) − τc∇2(P3n
2
1 + P4n1θ1)

S(2) = −h∇.[n1∇θ1]
B8�3:C

7��/������
� �/���
�	� �� ��
	��� S ��	 
%	���� �� ������+��	 θ1 �	 n1 ��� ��� �/������
��
���
�������	 	�
������ !�		� �/������
� ���� ���
���� ��� �� ���	��

7�����	�
� 

�
"��� B8�33C ����	 ��� �
��	�
�� �
� 	�������� B
 ��� B8�34CC� D
�� �
��
��
��
�� �
�� �
��� �� ����	�
� �� ���/��	��
� �� �
��	�
� �
�� ������	�
� B8�39C� 0� �2�	� ������	�
�
B8�33C ��	 �� 
�� 

�
"��� �� ������	�
� B8�39C�

����
������ �� ?
��%���� 7���	����	��� �� *���

�� ��	 �� �
)�� �� ��	������� ��� 

��� 
	�
�� ���/��	��
� �� �
��	�
�� �� �)�	���� ��������� �
� 

�
"����� ����� �� �
)�� �� 
� �)�	���
�������� ����	 ��� �����	 �� ���"��	
� ��
	��� ���� 
���	 � ���� ����� ������	�
� 

�
"��� ����	
��� �
��	�
�� �
� 	�������� B���N�� B3;;;CC�

,�� �
��	�
� �� ������	�
� B8�39C w ≡
[

θ2

n2

]
�/��	� �� �	 ��������	 �� ����	����	��� �� *��� 



�� ��	 ��	�����	�� � ���
�� �� �	 ��������	 �� �
�� ��
�� 5

< w∗,S >= 0


S w∗ ��	 �� �
��	�
� �� ��
%���� 

�
"��� ��$
��	 �� B8�33C� �	 <,> ��	 �� ��
���	 �
������
��1�� 

��� ���	 5

< v,w >=
∫ 2π

φ

0 (v(1)w(1) + v(2)w(2)) dx


S �� %���� 

�����
�� �� 

����/� 

�$�"���
&��� �
	�� 
��� ��
����	��� ��$
��	 �� L� L∗ ��	 LT � w∗ ���
��	 �
�
 5

w∗ =

[
1

M∗

]
A∗cos(φx)


S A∗ ��	 ���� �	 M∗ ��	 
%	��� �� ���
����	 �� �)�	��� LT
φ

[
1

M∗

]
= 0� ��
S M∗ = − τcP1

D0
�

0� ���������	 
�� �
������� � (Bǫ2C� �
�� 
%	��
�� ������	�
� ������	� 5

A (T1, T2)

(
P1τch

∂A(T1,T2)
∂T1

D0
− A (T1, T2) τ1φ

2 (P1h − P2D0)

)
= 0 B8�3=C

3:3
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��	
�� ��	!$��	
%�� ��� �$	!���� �� �$����	
�� ���$�
%��

�
�� ��� ������	�
� B8�3=C �
�	 ��	�����	� �
�� ��� ������� �
� 	�������� �� �� �
�
	�
� A (T1, T2)�
�������	 ����� ���/��	��
� ����� �
��	�
� � ������	�
� B8�39C� �
�� 1/
�� τ1 = 0 �	 �
�� ����
�
��
��� �������	��� �� A (T1, T2) �� ������ ���� ����	����	 ��� �� T2 ���� �
� �����
������	�
�� �������
�� ��	������

2��������� A �8ǫ29� !�����������	� �� �
��	�
� �� ������	�
� B8�39C ��	 �� �
��� �� �� �
��	�
�
�� ������	�
� 

�
"���� �	 ����� �
��	�
� ���	�
�������

[
θ2

n2

]
=

[
θh
2

nh
2

]

︸ ︷︷ ︸
+

[
θp
2

np
2

]

︸ ︷︷ ︸
solution solution

homogène particulière

���
�� �� �� �������� %���!"��� 7�����	�
� B8�33C ��	 �� 
�� 

�
"��� �� ������	�
� B8�39C�
,�� �
��	�
� 

�
"��� �� ������	�
� B8�39C ��	 �
�
� � ��� 

��	��	� ���	����
�	��� ���� α�[

θ1

n1

]
5

[
θh
2

nh
2

]
= α

[
θ1

n1

]

���
�� �� �� �������� 	�
��
���"
� � ��������� 0� ������+��	 θ1 �	 n1 ���� ������	�
� B8�3:C�
���
 τ1 = 0 �	 T1 = 0� �
�� 
%	��
�� ���/������
� ��� 

��
���	�� �� ��
	��� S� !�� �/������
��

�
�� �����		��	 �� ��	������� ��� �
��	�
� ���	�
������

[
θp
2

np
2

]
�

0� ������+��	 θ1 �	 n1 ���� ������	�
� B8�3:C� ���
 τ1 = 0 �	 ∂A/∂T1 = 0� �
�� 
%	��
�� 5

S(1) = 2MA(T2)
2φ2τccos(2φx)(P3M + P4)

S(2) = hMφ2A(T2)
2cos(2φx)

7� �
��� ��� 

��
���	�� �� ��
	��� S �
�� ��
�	� � ��

��

�� ��� �
��	�
� ���	�
������ ��
�� �
��� 5

[
θp
2

np
2

]
=

[
αθA(T2)

2cos(2φx)
αnA(T2)

2cos(2φx)

]
B8�3>C

0� ���
�	��	 ���� ������	�
� B8�39C �	 �� ����	�1��	 ��� 	������ �
�� �
��
�� ��	������� αθ

�	 αn 5

αθ = φ2τch(−2P3h+2P4D0−P1h)
4D0φ2(4βφ2D0+D0−P1τch+τcP2D0)+sD2

0

αn = h2(8φ2τcP3h−8φ2τcP4D0+16βφ4D0+4φ2D0+sD0+4φ2τcP2D0)
D2

0
(16βφ4D0+4φ2D0−4P1τchφ2+sD0+4φ2τcP2D0)

3:4
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:�����<
����� ��� ��
��� A �8ǫ39� F (Bǫ3C� �
�� ��
�� 5

L

[
θ3

n3

]
= R B8�36C


S ��� 

��
���	�� R(1) �	 R(2) �� ��
	��� R �����	 5

R(1) = −τ1∇2[P1n2 + P2θ2] − τ2∇2[P1n1 + P2θ1] − τc∇2[2P3n1n2 + P4(n1θ2 + n2θ1)
+P5n

2
1θ1] − τ1∇2[P3n

2
1 + P4n1θ1]

R(2) = δ ∂n1

∂T2
− h∇.[n2∇θ1 + n1∇θ2]

7��/������
� �/���
�	� ��� 

��
���	� �� ��
	��� R ���	 �� 	�
���� �� ������+��	 n1� n2� θ1

�	 θ2 ��� ���� �/������
�� 
� �������
!
��� ���
�������	� �
�� �
�� ����
�� �� ����	����	��� �� *���

�� �
�� ��	������� ���



���	�
�� ���/��	��
� ��� �
��	�
�� �� ������	�
� B8�36C�

����
������ �� ?
��%��� A �8ǫ39� ��� ���	�����	�
� �� ����	����	��� �� *���

�� � (Bǫ3C� �
��
	�
��
�� ��� �� �
�
	�
� A(T2) �
�	 ��	������� ������	�
� �� 7����� ���� �� 
�� �	�	�
������ 5

0 = KA(T2) + ΓA(T2)
3 B8�38C

7�� �/������
�� �� K �	 Γ �
�	 ��	������� ���� ���������
� PF���)�� �� �	�%���	� �
� ��������Q�

7�����	�
� B8�38C ������	 

��� �	�	 ��������%�� 1�� �
� ��� ���������	 �� �
��	�
�
√

−K
Γ �

&��� 
� 
�� ���/��	��
� �� ���	�	 �	�	�
������� �
�� 
%	��
�� �
�
 

��� ������ �� A ���
�
�� 	�
������ �

���� �� 	���� 5

lim A(T2) =
√

−K
Γ

T2 → ∞

*������� ��(�	������� �� ���"�� ���	��<�� D
�� ��
�� �� ��	������� ����	�	�	������	
��� �
��	�
�� �� �
	�� �
���� B������1� �� ��� �������
�C �� ���� �� �
�����"� �� �
��	 ��
%����
�	�
� ��� ��� ����)�� �� �	�%���	� �
� �������� �� ���	�	 ��������%�� 

�
"���� 0���� �����	 5

n (x, ǫ, T1, ...) = 1 − ǫn1 (x, T1, T2) + O(ǫ2)
= 1 − ǫA(T2)cos(φx) + O(ǫ2)

= 1 − ǫ h
D0

√
−K
Γ cos(φx) + O(ǫ2)

B8�3;C

�	
θ (x, ǫ, T1, ...) = ǫθ1 (x, T1, T2) + O(ǫ2)

= ǫA(T2)cos(φx) + O(ǫ2)

= ǫ
√

−K
Γ cos(φx) + O(ǫ2)

B8�4AC


S ��� �/������
�� �� K �	 Γ �
�	 ��	������� ���� ���������
� PF���)�� �� �	�%���	� �
� 
��������Q�
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-�#����� ���	�
����� 
�������� �%��
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θ = 0.018935cos(20πx) + O(ǫ2)
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�� 
%	���� ��� ��
1�� �)�������� ���	������	 �	 �� ���	��� �� %�
��	� 
����/ �
���� � ��� 

�	����	� 
)
����� ���%��%��� B0������� �� ��� B3;;;CC� !�� �����	�	�
������������� ���%���	 	��� ��
��		���� �
�� �
������� �� ��	��� 1%����� �� �� �0!�
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�5� �������
� �� 
%���
+	� �� 	����
���
����
�������

D
�� �
��
��� ���� 
� 

���	��� ��� �����	�	� �� ��������� �	���� 
��
���	
���� �2�
	���� ����
�� 

���	�� B8C� D
�� �������
�� �"������	 ������)�� �� �	�%���	� �
� �������� �
�� �� $�� ��
������	�� 
S ���� �� �
�� 5 ��	 �� �
�� ��
��� ���	�%���

�5��� +���	� ��� 
��6
����� K �� Γ ���� ����	����� �� �����	

7�� �/������
�� ��� ������	��� K �	 Γ� �	������ ���� ������	�
� �� 7����� � ���	�	 �	�	�
������
B8�38C� �����	 5

K = (P2D0−P1h)φ2τ2D0

τcP1h

Γ = −1/8(P1hsD0+16φ4P1hβD0+4φ2τcP4P2D
2
0+32φ2τcP4hP3D0+12φ2τcP4hP1D0−8φ2hP3D0−

8φ2τcP3hP2D0−2P3hsD0+16φ4P4βD2
0+24φ2τcP5P2D

2
0−16φ2τcP

2
4 D2

0+4φ2P4D
2
0−8φ2τcP

2
1 h2+

4φ2τcP1hP2D0−8φ2τcP1h
2P3−16φ2τcP

2
3 h2+6P5sD

2
0+4φ2hP1D0−24φ2τcP5hP1D0+24φ2P5D

2
0+

P4sD
2
0−32φ4P3hβD0+96φ4P5βD2

0)hφ2/P1/D0/(16βφ4D0+4φ2D0−4P1τchφ2+sD0+4φ2τcP2D0)

�5��� 7� �	��� ���
!�� � 
��� �����"�� 5

�
�� �
�� ������� ��� ��� �����	�	� 
%	���� ���
 �� �
�� ���	�%�� 20 �
����	 �� "����������
��/ ��	��� �
��� ���	�%���� �
�� ��
�� ��
��� ����
��� �� ��	�� �
�� ���	�%�� 5 �� �
�� 5� 7��
������	��� ���������� �
�	 ��
�� 
��/ ������	�� 
� ����
�� 5

���$��� -�
���� ��&
��'��� ���  ���&,����

h = 2
N2 = 3
D0 = 0.65

s = 11
β = 0.00018068
ǫ = 0.1

D
�� ��
�� �
�
 

��� ������ 
��	���� �� %����
�	�
�� τc�

τc ≡ 1+2
√

(sβ)

N2−1+ h
D0

(N2−2)
= 0.21453

D
�� 


�����
�� ��
�� 

��� ������ �
�� τ2 = 0.114� �
�
 τ = 0.21567
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�9� ������

� �� �&����*�� �� �	��
�
	$ �����
�$�
��

&��� 
�� 

���	�
��� �
�� ��
�� %��� ��
�� �� ���� �
�� ��
��� ���	�%�� 5 �� �
�� 5 

���
�� �
�	�� ��� 1"���� ������	�� 5

���� 3A�3�5 <
�
� �� �� ���
 �
���� ��
��� 
����� ��
 �����

 �
	�
�
 ��  	�
��	� ��
 �	��

�
	�
�
�

I��� 
���	
	��� 1�� ���� �� ���� 5 ��	 ���	
��� �

�
���� �7���	�� P��� ��� �
 �
�	�� ��3� �� 
� �����

���$�$� !�
��
���� �� 
+���
/�� ����
��
����

F��
 
� $�� �� ������	��� ������)�� �
� �������� �� �	�%���	� �
�� �����	 ��� �
��	�
� (θ, n)
�����	 5

θ = 0.015cos(5πx)
n = 1 − 0.047cos(5πx)

���


lim A(T2) = 0.15
T2 → ∞

�	

M = −3.0769

3>4



�9�"� :� ��	�� ������� ; ���� 
��	���� 5

���$��� ��& ������� '��
�����-� �� '���������-� �-�
 
� ��&�
����� ��&
��'��

�����
	�
� ����)�� ������	�
� ���������

���� 3A�4�5 �	���
��
	� ���
� �� �
���
��	� �� �������
� �� 
�������� �	�5������
� �� �� 
�������	�
����
���� �	�
 �� ���
��� �� �� $�'�

�� �����	
	 ��	 1�
�	�	
	�0����	 �	 1�
��	
	�0����	 �����
����
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��� �������
� �� 
� ��
���$�� �� ������	
��!��������	

����� ���
	� ��� '�
��	�� 
�����'������� g
k

7�� ��
	���� gk �
�	 �� �� �
��� 5

g1 = a1i1 + b1i2 + c1i3
g2 = a2i1 + b2i2 + c2i3
g3 = a3i1 + b3i2 + c3i3

0� �������	 
�� �
������ ���� �� ��1��	�
� �� ��
	��� 

�	��������	 g1� ��� ��

����� (a1, b1, c1)
������	 '	�� 
��
����� 

��� �
��	�
� �� �)�	��� �������� ������	 5




f1 g1 h1

f2 g2 h2

f3 g3 h3






a1

b1

c1


 =




1
0
0




<
�	

M ≡




f1 g1 h1

f2 g2 h2

f3 g3 h3




D
�� ��
�� ��
��





a1 = g2h3−h2g3

det(M)

b1 = h2f3−f2h3

det(M)

c1 = f2g3−g2f3

det(M)


S det (M) ��	 �� ��	�������	 �� �� ��	��
� M�
&� �'��� �
�� 
%	��
�� (a2, b2, c2) �	 (a3, b3, c3) 5





a2 = h1g3−g1h3

det(M)

b2 = f1h3−h1f3

det(M)

c2 = g1f3−f1g3

det(M)





a3 = g1h2−h1g2

det(M)

b3 = h1f2−f1h2

det(M)

c3 = f1g2−g1f2

det(M)

3>=



��� ������

� �� �� �$
��
%�� �� ������� �$�����	
���

����� 8�!������� �� �� "��� ��
��� ��$��
�� gi ⊗ gj

7� %��� �

��� ���
���� gi ⊗ gj� ���� ���	�	 FB	C� ���	 �
�
 5

g1 ⊗ g1 =

2

4

f2
1

f1g1 f1h1

f1g1 g2
1

g1h1

f1h1 g1h1 h2
1

3

5 g1 ⊗ g2 =

2

4

f1f2 f1g2 f1h2

g1f2 g1g2 g1h2

h1f2 h1g2 h1h2

3

5 g1 ⊗ g3 =

2

4

f1f3 f1g3 f1h3

g1f3 g1g3 g1h3

h1f3 h1g3 h1h3

3

5

g2 ⊗ g1 =

2

4

f1f2 g1f2 f2h1

f1g2 g1g2 g2h1

h2f1 h2g1 h2h1

3

5 g2 ⊗ g2 =

2

4

f2
2

f2g2 f2h2

f2g2 g2
2 g2h2

h2f2 h2g2 h2
2

3

5 g2 ⊗ g3 =

2

4

f2f3 f2g3 f2h3

g2f3 g2g3 g2h3

h2f3 h2g3 h2h3

3

5

g3 ⊗ g1 =

2

4

f1f3 g1f3 f3h1

g3f1 g3g1 g3h1

h3f1 h3g1 h3h1

3

5 g3 ⊗ g2 =

2

4

f2f3 f3g2 f3h2

g3f2 g3g2 g3h2

h3f2 h3g2 h3h2

3

5 g3 ⊗ g3 =

2

4

f2
3 f3g3 f3h3

g3f3 g2
3

g3h3

h3f3 h3g3 h2
3

3

5

����� ���
	� ��� 
�
!������� �	 �����	� ��� 
���������� ��
��	
�3

&������ �� �
����� B6�3:C� �
�� ��
�� 5

τ = J−1F

(
∂We

∂E
+

∂Wv

∂Ė

)
TF

&������ ��� ��1��	�
�� �� 
�� ��2����	� 	������� B§ 6�4�4C� �
�� ��
�� 5

τ = J−1
(
gi ⊗ Gi

)(∂We

∂E
+

∂Wv

∂Ė

)
T
(
gj ⊗ Gj

)

⇔

τ = J−1
(
gi ⊗ Gi

)(∂We

∂E
+

∂Wv

∂Ė

)(
Gj ⊗ gj

)

⇔

τ = J−1Gi.

(
∂We

∂E
+

∂Wv

∂Ė

)
Gj gi ⊗ gj


S �� �)�%
�� . ����"�� �� ��
���	 �
������ 
��
����� �� R
3�

7�� 

��
���	�� �� 	������ ��� 

�	����	�� �� !��

)� τ ij� �����	 �
�
 ���� �� %��� �

���
���
���� gi ⊗ gj B��
��		� �� ��� B3;;8CR ?��	��� B4AA9CC 5

τ ij = J−1(
∂We

∂I1

∂I1

∂Eij
+

∂We

∂I3

∂I3

∂Eij
+

∂Wv

∂J2

∂J2

∂Ėij

)

������� (� ������� �� 
�
��� �� 
� 
�& ������ 

����'��

7� 	�
������ ��������	 �� 	������ ��� ����	�	�
�� C ���	 5

I3 = det(C) = det(T FF) = det(F)2 = J2 B33�3C

3>>



���'� #��
�� ��� 
�������	�� �� 	������ ��� 
��	��
�	�� �� #��
!*

0� �	������	 
� �����	�	 ���� �� �
�����	�
� �� �� �
�
	�
� ������"�� ����	���� B6�36C� �
��
��
�� 5

We =
c1

β
(I−β

3 − 1) + c1(I1 − 3) B33�4C

���#����� 7�	
������ ��� ��
����� �� We �� ���
���� ��� ����
�����

&������ B33�4C� �
�� ������
�� �������	 ���

∂We

∂I1
= c1

∂We

∂I3
= −c1I

−β−1
3

���#����� 7�	
������ ��� ����
����� I1 �� I3 �� ���
���� ��� 
��	������� Eij

��� ��1��	�
� �� ������� ��������	 I1� �
�� ��
�� 5

I1 =
∑

i,j

Gij(2Eij + Gij) B33�9C

�� ��	 �
�
 �������	 ���
∂I1

∂Eij
= 2Gij

��� ��1��	�
� �� 	�
������ ��������	 I3� �
�� ��
�� I3 = det(C)� !
��� C = 2E + Id�
�
�� �
��
�� ��
�� �/������ ��� 

��
���	�� �� 	������ ��� ����	�	�
�� Cij �� �
�
	�
� ���


��
���	�� �� 	������ ��� ���
���	�
�� �� H����  7�"���"� Eij 5

I3 =
8E11E22E33 + 4E11E22 + 4E11E33 + 2E11 − 8E11E23E32+
4E22E33 + 2E22 + 2E33 + 1 − 4E23E32 − 8E21E12E33 − 4E21E12+
8E21E13E32 + 8E31E12E23 − 8E31E13E22 − 4E31E13

B33�:C

F���� 5
∂I3

∂E11
= 8E22E33 + 4E33 + 4E22 − 8E23E32 + 2 ∂I3

∂E12
= −8E21E33 − 4E21 + 8E31E23

∂I3
∂E13

= 8E21E32 − 8E31E22 − 4E31
∂I3

∂E21
= −8E12E33 − 4E12 + 8E13E32

∂I3
∂E22

= 8E11E33 + 4E11 + 4E33 + 2 − 8E31E13
∂I3

∂E23
= −8E11E32 − 4E32 + 8E31E12

∂I3
∂E31

= 8E12E23 − 8E13E22 − 4E13
∂I3

∂E32
= −8E11E23 − 4E23 + 8E21E13

∂I3
∂E33

= 8E11E22 + 4E11 + 4E22 + 2 − 8E21E12

�����$� (� ������� �� 
�
��� �� 
� 
�& ������ -��'�����

D
�� ��
�� 


��� �� ��
���� �� 

��
�	����	 �������/ �� %�
"�� ��� �� �
	��	��� �������/
�	����� ��� ��
��		� �� ��� B3;;8C �	 *�������� �
��� B4AAAC 5

Wv =
η

4
J2(I1 − 3)


S I1 ��	 �� ������� ��������	 �� C B�
�� ���
�������	C �	 J2 �� ���/���� ��������	 �� Ċ 5

J2 = Tr
(
Ċ2
)
�
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��� ������

� �� �� �$
��
%�� �� ������� �$�����	
���

���#����� 7�	
������ ��� ��
����� �� Wv �� ���
���� ��� ����
�����

�����������	� �
�� 
%	��
�� 5
∂Wv

∂J2
=

η

4
(I1 − 3)

���#����� 7�	
������ �� J2 �� ���
���� �� Ėij

&������ �� ��1��	�
� �� J2� �
�� ��
��

J2 = Tr
(
Ċ2
)

!
���
Ċ = 2Ė

�
�� �
��
�� ��
�� �/������ �/���
�	����	 �� ���/���� ��������	 �� 	������ Ċ �� �
�
	�
�
��� 

��
���	�� �� 	������ Ė 5

J2 = 4Tr
(
Ė2
)

��
S

J2 = 4
(
Ė2

11 + Ė2
22 + Ė2

33 + 2Ė12Ė21 + 2Ė32Ė23 + 2Ė13Ė31

)
B33�=C

����� ��
!������� �'�
 ��� '���	�� ��� !���
����� �� !������
��$��
������

<
�� ��
)�
	
��� ��� ��	�	�� ���
���	�
��� �� ������ ����	���� ��	 ��"� ��� �� �
� �� K

@� 5

τ =
E

1 + ν






u1x
1
2(u1y + u2x) 1

2(u1z + u3x)
sym u2y

1
2(u2z + u3y)

sym sym u3z


+

ν

1 − 2ν
(u1x + u2y + u3z) Id


 B33�>C


S ∂ui

∂x = uix � ∂ui

∂y = uiy�
∂ui

∂z = uiz, i = 1..3 �	 Id ��	 �� 	������ ����	�	� ��
���� 4�

0� ������	 �� 

��	� ��� "������ ���
���	�
��� ��� 

��
���	�� τ ij �� 	������ �)��	�����
��� 

�	����	�� �� !��

) �� ��������	� ���� �� 
�� �������	 ����	����� �� τ ij = J−1(∂We

∂I1
∂I1
∂Eij

+
∂We

∂I3
∂I3
∂Eij

) B�
����� 6�3:C� <�

��	 ��� �� �
� �� 

��
�	����	 �
�� ��
)�
	
��� ��� ��	�	��
���
���	�
�� ��	 �� ���������	�
� �� �� �
� �� 

��
�	����	 P"������ ���
���	�
��Q� �� �
��
��I	 ������	�1�� ��� 	����� ����� ��� 

��
���	�� �� 	������ ��� 

�	����	�� �� !��

)� D
��



�����
�� �� 

��
���	� (1, 1)�

������� ��& ������ (1, 1) ��  ������ �
4��&������

0� ��	�	�� ���
���	�
��� �
�� ��
�� ������� B33�>C 5

τ11 =
E

(1 + ν) (1 − 2ν)
((1 − ν)u1x + ν (u2y + u3z)) B33�6C
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���/� ����

�	
�� �� 
�� �� 	��
	
���
�������
�� ���	
��
����

�����$� ��& ������ (1, 1) �� 	������ �
4��&������

D
�� ��
�� �� ��� τ11 = J−1(∂W
∂I1

∂I1
∂E11

+ ∂W
∂I3

∂I3
∂E11

)� &��� 	
�	� �� ���	�� �
�� ����
���
��
��� ��� 

��
���	�� �� ��
	���� �����
����	� (u1, u2, u3) ����� ��� 	
�	�� ����� �������� �
�	
�� O(ǫ)�

���'����� 5����
������� �� J

J ��	 �� ��	�������	 �� 	������ "������	 �� 	�����
���	�
� 5 J ≡ det(F)� 0� ����������	 
�		�
�
�� �
�� 	�
��
�� ���

J = 1 + u1x + u2y + u3z + o(ǫ) B33�8C

���'����� 5����
������� �� ∂W
∂I3

D
�� ��
�� W = c1
β (I−β

3 − 1) + c1(I1 − 3)� ��
S ∂W
∂I3

= −c1(I
−β−1
3 )� F��
 I3 = J2� �
��


%	��
�� �� ���������	�
� �� 
� 	���� 5

∂W

∂I3
= −c1 + 2c1(β + 1)(u1x + u2y + u3z) + o(ǫ) B33�;C

���'���#� 5����
������� �� τ11

0� ���
�	��	 ∂I1
∂E11

= 2� ∂W
∂I1

= c1� �	 ��� ����	�
�� B33�8C �	 B33�;C ���� �� �
� �
����	 ��


��
���	� �� 	������ �� 

�	����	� �� !��

)� �
�� 
%	��
�� 5

τ11 = 4c1 ((β + 1) u1x + β (u2y + u3z)) + o(ǫ) B33�3AC

������� ������)
����� ��� ���&�� �� :����; �� :�����;

0� ����	�1��	 ��� 	����� �� u1x� u2y �	 u3z� ��	�� ��� ����	�
�� B33�6C �	 B33�3AC� �
�� 	�
��
��
�� �����	�	 ��
�
� ���� �� 

���	�� QH������ &��
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Abstract

In vitro angiogenesis assays have shown that tubulogenesis of endothelial cells within biogels, like collagen or fibrin gels, only

appears for a critical range of experimental parameter values. These experiments have enabled us to develop and validate a

theoretical model in which mechanical interactions of endothelial cells with extracellular matrix influence both active cell

migration—haptotaxis—and cellular traction forces. Depending on the number of cells, cell motility and biogel rheological

properties, various 2D endothelial patterns can be generated, from non-connected stripe patterns to fully connected networks, which

mimic the spatial organization of capillary structures. The model quantitatively and qualitatively reproduces the range of critical

values of cell densities and fibrin concentrations for which these cell networks are experimentally observed. We illustrate how cell

motility is associated to the self-enhancement of the local traction fields exerted within the biogel in order to produce a pre-

patterning of this matrix and subsequent formation of tubular structures, above critical thresholds corresponding to bifurcation

points of the mathematical model. The dynamics of this morphogenetic process is discussed in the light of videomicroscopy time

lapse sequences of endothelial cells (EAhy926 line) in fibrin gels. Our modeling approach also explains how the progressive

appearance and morphology of the cellular networks are modified by gradients of extracellular matrix thickness.

r 2003 Elsevier Ltd. All rights reserved.

Keywords: Angiogenesis modeling; Endothelial cell network; Cellular traction; Biogel; Biomechanical instabilities; Bifurcation; Finite element

method

1. Introduction

In many physiological and pathological processes,

including wound healing, placental development, solid

tumor growth or inflammation, formation of new

capillaries from pre-existing vasculature plays a crucial

role. It is largely recognized that this morphogenetic

branching process, globally defined as angiogenesis, is in

fact a rather complicated and highly regulated multi-

factorial process (Vailhe et al., 1997; Cines et al., 1998;

Ingber, 2002). It begins in vivo with the degradation of

the extracellular matrix (ECM) and subsequent disper-

sion of endothelial cells (EC) which also acquire the

ability to migrate toward angiogenic stimuli. Cell

proliferation and their subsequent association in tube-

like structures (tubulogenesis) give rise to the lumen of

new capillaries, while tube interconnections and anasto-

moses define the building topology of the new capillary

network (Folkman and Haudenschild, 1980). EC

cultured on biogel can mimic this morphogenetic

process, and thus provide experimental models allowing

progressive investigations of both the large number of

biological factors involved in the different phases, and,

more importantly, of the different ways these factors

interplay (Ingber, 2002).

Angiogenic factors can be roughly divided into

soluble (mainly cytokines and a large number of

peptides) and insoluble substances (Sage and Vernon,

1994). Stimulation of cell motility by growth factors

such as vascular endothelial growth factor (VEGF) is

well documented (Roman and Weinstein, 2000), with

recent emphasis on possible agonistic effects on the

cell response depending on VEGF spatial distribution

(Gerhardt et al., 2003). Chemotactic cell response
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induced by such diffusible growth factors is still largely

considered as a fundamental mechanism for vascular

network formation. However, the increasing recognition

of mechanical forces as key regulators of cell function

has significantly enlarged the chemotactic paradigm by

taking into account the determinant role of mechanical

coupling between endothelial cells and ECM in tubulo-

genesis. Indeed, many cell functions such as migration,

proliferation and adhesion are influenced by the

biomechanical context (Lambert et al., 2001) and an

increasing amount of data has established that bi-

directional cell–ECM signaling depends on the balance

between the traction exerted by the cells and the passive

mechanical resistance of the ECM to these cellular

forces (Ingber, 2002; Jamora and Fuchs, 2002). In the

context of in vitro angiogenesis, videomicroscopy

imaging has provided a clear and direct evidence of

the mechanical stresses undergone by the ECM: spatial

reorganization of EC, seeded on a fibrin matrix, is

correlated to an increasing dilatation of ECM areas

progressively depleted of fibrin, the lacunae (Vailhe

et al., 1997). These lacunae both increase in size and

number, leading to a complete remodeling of the matrix

into a scaffold which would define the underlying

architecture of the capillary network (Fig. 1).

In recent years, different mathematical models have

been developed to describe in vitro angiogenesis experi-

ments with direct consideration of insoluble angiogenic

factors (Sherratt et al., 1993; Anderson and Chaplain,

1998; Sherratt and Chaplain, 2001; Levine et al., 2001).

Anderson and Chaplain (1998) have modeled tumor-

induced angiogenesis when cells respond to the hapto-

tactic signal given by the fibronectin they secreted. More

recently, Levine et al. (2001) have considered detailed

biochemical interactions between EC and extracellular

substances, and have simulated the creation of one

pseudocapillary structure, but without considering the

overall formation of a capillary network. However, even

if these models can simulate EC network formation on

rigid substrate coated with ECM proteins, they cannot

explain morphogenesis of cellular network observed on

thick biogels. To overcome these limitations, continuum

models have been developed in the conceptual frame-

work defined by Murray and Oster (1984): they

explicited the mechanical interactions between cells

and a viscoelastic ECM, with special emphasis on the

morphogenetic role played by cellular traction forces

(Manoussaki et al., 1996; Olsen et al., 1998; Murray

et al., 1998; Holmes and Sleeman, 2000; Tranqui and

Tracqui, 2000). Considering that such mechanical

interactions are of primary importance during in vitro

angiogenesis, Manoussaki et al. (1996) and Murray et al.

(1998) proposed a 2D model, essentially mechanical,

which successfully reproduces the heterogeneous spatial

distribution of cell density observed during in vitro

angiogenesis. Our paper extends this approach by

considering how the formation of cell networks is

influenced by the coupling between haptotactic cell

migration along ECM gradients, and the spatial

distribution of the cell traction, which induces strain

fields within the matrix. Indeed, we expect that the

relationship between active cell migration and cell

traction forces could initiate or prevent the development

of the angiogenesis process. Recently, Shreiber et al.

(2003) demonstrated that different migration–traction

relationships can be exhibited during the compaction of

biogel by fibroblasts, with either positive or negative

correlation of cell migration to traction. In our paper,

we investigate the importance of the balance between

the rigidity of the extracellular adhesive support, the

contractility tone of endothelial cell cytoskeleton and

active cell migration as a critical step for capillary tube

formation in vitro. We consider three possible controls

of the ECM on the migration–traction relationships.

The first one is a modulation of the cell migration by the

ECM thickness. The second one is based on the possible

long-range mechanical effects due to the fibrous nature

of the ECM and the third one assumes that random cell

ARTICLE IN PRESS

Fig. 1. Morphology of the free upper surface of the fibrin gels remodeled by HUVEC seeded 20 h before. (A) The formation of the capillary-like

cellular network (grey areas) surrounding gel lacunae (white areas) is clearly visible (image size: 10 mm� 10 mm). (B) Enlargement of the cell–ECM

composite scaffold around areas devoided of fibrin, the lacunae (phase-contrast microscopy, image size: 1 mm� 1 mm).
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migration can be biased by the time varying strain field

within the ECM.

Our aim is to demonstrate that this theoretical model

can explain, for biophysically admissible parameter

values, a whole set of experimental results conducted

on fibrin biogels, and which have established that

networks of tube-like cellular structures only appear

for a precise range of controlled experimental para-

meters. Thus, model validation will be qualitatively and

quantitatively discussed with regard to the tubulogenesis

inhibition observed when the density of seeded cells

increases, or when the stiffness of the ECM is increased.

The less rigid the extracellular support, the more EC

switched to a tubular network distribution (Vailhe et al.,

1997; Tranqui and Tracqui, 2000; Deroanne et al.,

2001).

In the first part of the paper, we derive theoretical

bifurcation conditions that can be related to the critical

experimental threshold beyond which a spatial pre-

patterning of the fibrin gel can be generated. From this

theoretical analysis, a finite element approach has been

used to simulate the nonlinear dynamical behavior of

the biomechanical model. We then investigated how EC

spatial organization is controlled dynamically within the

fibrin gel, the biogel patterning appearing as a pre-

requisite scaffold for the formation of subsequent

endothelial tube networks. Special attention has been

paid to the model parameter values, derived from the

quantification of cell traction forces (Tranquillo et al.,

1992; Ferrenq et al., 1997) and the rheological analysis

of fibrin gels with different fibrin concentrations and

stiffness (Benkherourou et al., 2000). We finally discuss

the length and time-scales of the biogel pre-patterning

process, as well as the influence of geometrical features

such as the ECM thickness on the tubulogenesis

morphogenetic process.

2. Experimental approach

Experiments conducted with fibrin gels are of specific

interest, since fibrin is a constitutive element of ECM,

which is involved in wound healing, tumor invasion

(Hayen et al., 1999; Van Hinsbergh et al., 2001), and in

the elaboration of biomaterials (Grassl et al., 2002).

Experimental results reported here are obtained with

fibrin gels with 1 mm thickness, following the experi-

mental protocol described in Vailhe et al. (1998). Briefly,

1 ml of fibrinogen solutions at concentrations varying

between 0:5 and 4 mg=ml were mixed in sterile 35 mm

diameter Petri dishes with Ca2þ=Mg2þ free PBS 1X,

thrombin ð0:4 U=mlÞ and aprotinin ð5 mg=mlÞ; an

inhibitor of proteases, which is used to control the

fibrin gel degradation. Fibrin gels were allowed to

polymerize overnight at 37�C in a humidified atmo-

sphere and were used during the following day. In vitro

assays were performed with a permanent EC line,

EAhy926, derived from the fusion of human umbilical

vein endothelial cells (HUVEC) with a carcinoma cell

line. Varying cell densities, typically 1:5� 105 cells

suspended in 1 ml of medium containing antibiotics,

were then seeded on the fibrin gels.

Lacunae and cell network formation were observed

under phase contrast with an Axiovert 135M inverted

light microscope (Zeiss Achrostigmat 5� 0:12)
equipped with a temperature-controlled stage and an

incubation chamber (37�C; 5% CO2; 90% hygrometry)

(Carl Zeiss, Germany). The spatio-temporal dynamics

of cell networks was recorded using a cooled CCD

camera CoolSNAP (Photometricss=Roper Scientific),

allowing low light level detection and short exposure

times.

3. Biomechanical modeling of in vitro angiogenesis

We model the fibrin gel as a linear viscoelastic

continuous medium, submitted to the coupling between

(i) an active cell migration against the ECM gradient

induced by EC traction forces on one hand, (ii) the

increasing level of cellular stresses with increasing ECM

density on the other hand. The interplay of both

phenomena generates a mechanical autocatalytic-like

process, which is analysed by considering a minimal

three-variable differential system: nðx; tÞ denotes the EC
density at spatial position x at time t; rðx; tÞ is the ECM
density at spatial position x at time t; and uðx; tÞ is the
displacement vector of the ECM from its original to its

deformed position. If x0 and x1 are the original and

displaced position of a point on the ECM, respectively,

the corresponding displacement vector at time t is

uðx0; tÞ ¼ x1 � x0:

3.1. Active and passive stresses within the ECM

The mechanical interactions between EC and ECM

mainly result from the balance between the active

traction stress generated by EC, and the passive resisting

viscoelastic stresses developed by the ECM in response

to this mechanical stimulation.

3.1.1. Cell traction stress

Adherent cells can exert substantial traction forces

upon the surrounding tissue or matrix thanks to specific

adhesion sites (Balaban et al., 2001). At the macroscopic

level, cell traction forces are assumed to be (i)

proportional to the gel density (Delvoye et al., 1991;

Barocas et al., 1995) and (ii) bounded at high cell density

due to inhibition contact phenomenon and competition

for ECM binding sites (Moon and Tranquillo,

1993; Ferrenq et al., 1997). Thus, we consider that cell

traction stresses can be modeled by the following stress
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tensor:

rcell ¼ trnðN2 � nÞId; ð1Þ

where the parameter t monitors the individual cellular

traction amplitude, related to the cell contractility tone.

The real positive constant N2 ðN2 > nÞ controls the cell

traction inhibition when cell density increases, and Id is

the identity tensor.

3.1.2. Constitutive relationships describing the ECM

rheology

We assume that the constitutive stress–strain relation-

ship describing the viscoelasticity of the ECM is given

by adding elastic stresses, relasticecm ; proportional to strains,

and viscous stresses, rviscousecm ; proportional to strain rates

(Fung, 1993; Murray, 2003a).

recm ¼ r
viscous
ecm þ r

elastic
ecm :

The formulation of the r
elastic
ecm stress tensor is based on

linear elasticity. Moreover, we have considered that the

fibrous nature of the ECM may induce non-local

mechanical effects since fibers can transmit elastic stress

between points in the ECM that are quite far apart.

The first component of the elastic stress tensor is given

by the Hooke’s law

rlinear elasticity ¼
E

1þ n
eþ

n

1� 2n
y Id

h i

:

Long-range elastic effects have been modeled by

considering second-order terms in the elastic stress

tensor (Cruywagen et al., 1997; Murray, 2003a):

rlong-range elasticity ¼
E

1þ n
�b1r

2
e�

n

1� 2n
b2r

2y Id
h i

:

In these formulae, e is the strain tensor

e ¼ 1
2
ðruþruTÞ

� �

; E is the Young’s modulus, n the

Poisson ratio, b1 and b2 are the long-range elastic

coefficients (b1 are b2 nonnegative constants, in m2 unit),

y is the dilatation (y ¼ r:u) and Id is the identity tensor.

As it will be shown in the model theoretical analysis,

such long-range effects can stabilize the ECM spatial

inhomogeneous patterns which can be observed beyond

some bifurcation thresholds.

Combining linear and long-range elasticity, we obtain

the following expression of the elastic stress tensor:

r
elastic
ecm ¼ rlinear elasticity þ rlong-range elasticity: ð2Þ

The viscous component of the ECM stress tensor is

also defined in a linear framework, with viscous stress

being proportional to the rate of change of the ECM

strain tensor e:

r
viscous
ecm ¼ m1

@e

@t
þ m2

@y

@t
Id;

where m1 and m2 are the shear and bulk viscosities,

respectively.

3.2. Endothelial cell migration equation

Cell migration is a multifactorial process, which is

exceedingly difficult to model. Indeed, we have to deal

with both molecular-level cell properties and popula-

tion-level cell function, where individual cell parameters

(translocation speed, adhesion strength) are reflected in

cell population parameters (random motility or diffu-

sion coefficient, chemotaxis/chemokinesis coefficients,

haptotaxis/haptokinesis coefficients) (Maheshwari and

Lauffenburger, 1998). However, our working hypothesis

is that the modeling of cell population migration

behavior by macroscopic fluxes should shed light on

how cell migration operate, in conjunction with cellular

traction, to drive the tubulogenesis process. As stated

in the ‘‘Introduction’’ section, we will focus here on

mechanically driven cell migration (mechanotaxis)

rather than on a more involved chemotactic scenario.

This is justified by our experimental model (obvious

mechanical forces, no source of chemoattractant if

compared to in vitro angiogenesis induced by tumor-

released growth factors) and our wish to explain the

tubulogenesis process by a minimal three-variable model

(i.e. without considering chemoattractant concentration

as a fourth variable). Focusing on mechanical control of

cell migration is even reinforced by considering that the

expression and secretion of chemoattractant, such as

VEGF, can be increased by mechanical factors such as

cell stretch (Warner and Mitchell, 2003; Yoshino et al.,

2003).

In our modeling of cell migration, the random

dispersal of cells down a cell density gradient, i.e. cell

diffusion, is counterbalanced by cell migration up an

adhesive extracellular gradients (haptotaxis), assumed

proportional to the gradient of matrix density generated

by cell traction forces. The haptotactic flux Jh is thus

given by

Jh ¼ hnrq;

where h is the haptotactic coefficient. Indeed, cells can

get a stronger grip on ECM regions with higher number

of adhesion sites, resulting in a bimodal variation of the

migration speed when binding site density is increased

(Palecek et al., 1997).

Another well-documented component of cell mechan-

otaxis is the migration by contact guidance, where the

extracellular substrate defines preferred directions for

cell locomotion (Barocas and Tranquillo, 1997; Girton

et al., 2002). In particular, Korff and Augustin (1999)

performed angiogenesis experiments on a pre-stressed

ECM and quantified the extent of anisotropic cell

migration in vitro. These results will be used here as

the experimental counterpart of our analysis of strain-

dependent diffusion based on the theoretical approach

developed by Cook (1995) to account for ECM fiber

orientation. He proposed to modify the usual expression
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of isotropic cell diffusion by considering a strain-biased

random walk of cells described by the following

diffusive flux:

Jd ¼ �r:ðDðeÞnÞ;

where DðeÞ is a strain-biased diffusion tensor.

Expansion of this strain-dependent diffusive flux

gives: Jd ¼ �DðeÞrn� nr:½DðeÞ
 which provides

an additional term, compared to the usual expression

Jd ¼ �Drn: This relationship can be compared to the

particular flux expression derived from the master

equation, based on the principles of the reinforced

random walk, of Othmer and Stevens (1997): they called

it a ‘‘chemotactic sensitivity’’ in the case of a chemical-

biased diffusion. In our case, this term indicates a

mechano-sensitivity. The influence of this additional

term on ECM remodeling will be analysed below.

Considering all these components of cell migration, cell

density variation with time is given by the equation:

rate of change of cell density

¼ cell convectionþ cell diffusionþ cell haptotaxis

þ cell proliferation� cell death:

Typical cell proliferation doubling time is in the order

of 30 h for EAhy926 cells, and thus cell proliferation can

be neglected in the first stage of the tubulogenesis

process. Observations of the fibrin gel–EC medium also

indicate that cell detachment and apoptosis is limited

in the experimental time-scale. Thus, the above balance

equation reduces to the following conservation

equation:

@n

@t
þr:½Jc þ Jd þ Jh
 ¼ 0; ð3Þ

where Jc ¼ n@u=@t is the passive cell convective flux.

3.3. ECM conservation equation

In addition to the mechanical remodeling, ECM

structure and composition can be affected by the matrix

proteolysis and the localized secretion of new ECM by

the cells. This latter phenomenon is quite difficult to

quantify experimentally and requires a specific approach

based, for instance, on ECM labeling with fluorescent

probes. If ECM biosynthesis can have significant effect

on rigid substrate, the amount of newly secreted matrix

will remain quite negligible with regard to the existing

initial fibrin matrix in our experiments. Furthermore,

Vernon et al. (1995) reported that even EC which do not

synthesized type-I collagen, were able to reorganize, on

a longer time-scale, the ECM and to create a cellular

network.

On the other hand, ECM proteolysis, induced by

specific proteases, can significantly affect biochemical

ECM remodeling. Under these conditions, the spatio-

temporal evolution of the ECM density is given by the

mass balance equation:

rate of change of ECM density

¼ convection� degradation:

In order to investigate a minimal possible scenario for

the tubulogenesis process, we will however neglect, in

our following analysis, the degradation term. This

simplification is supported by both experimental and

theoretical considerations. Experimentally, ECM

degradation can be modulated and prevented by using

aprotinin (see ‘‘Experimental approach’’ section), an

inhibitor of matrix proteases (Vailhe et al., 1998). Vailhe

and his coworkers also measured the time evolution of

the concentration of fibrin degradation products during

the tubulogenesis process. They showed that fibrin

degradation remains very limited when the first lacunae

are formed in the biogel. We therefore consider that

ECM proteolysis will mostly act as a modulator and as

an amplifier of the tubulogenesis process. Theoretically,

ECM proteolysis could be taken into account, in a

first approximation, by considering a decrease of ECM

elastic moduli in a successive quasi-state based

approach.

According to the above arguments, we thus consider

that the spatio-temporal variation of the ECM density is

given by the conservation equation:

@r

@t
¼ �r: r

@u

@t

� �

: ð4Þ

3.4. Reduction of the analysis to a 2D domain

In order to simplify the finite element simulation of

our model, we restricted our analysis in a 2D domain by

considering first that the fibrin gel geometry in our

experiments is a thin plane (1 mm thickness), second

that, since cells are seeded on the biogel (and not

dispersed during gel polymerization), principal stress

component in the vertical direction, s33; remains

negligible. In order to keep a track of the gel thickness

variation everywhere in the 2D domain, we then deduce

from Hooke’s law the following relationship between

the gel thickness eðx; y; tÞ and the local ECM density

rðx; y; tÞ (see Appendix A):

eðx; y; tÞ ¼ e0ðx; yÞ
1� 3n

1� 2n
þ

n

1� 2n

rðx; y; tÞ

r0

� �

; ð5Þ

where e0ðx; yÞ and eðx; y; tÞ denote the ECM thickness at

time t0 and t; respectively.
An additional approximation is necessary to take into

account the effect of the boundary condition at the

bottom of the Petri dish, where the biogel is attached.

This boundary condition induces shear stresses which

decrease with the matrix thickness. This effect is

modeled by introducing, in the force balance equation,

an external restoring body force, Rext; which is derived
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by evaluating the pure shear stress, si3; at z ¼ eðx; y; tÞ:
From linear elasticity theory, we get

si3ðx; y; tÞ ¼
Euiðx; y; tÞ

ð1þ nÞeðx; y; tÞ
i ¼ 1; 2: ð6Þ

where ui is the ith component of the displacement

vector u:
Therefore, combining Eqs. (5) and (6), we can model

the attachment force to the Petri dish by Rext ¼ su=r;
where s is the restoring elastic parameter depending on

the elastic modulus E and the Poisson ratio.

Since, in these experiments, we can ignore all inertial

effects compared to viscous effects, we obtain as the

final the mechanical balance equation:

r:½rcell þ recm
 ¼ Rext: ð7Þ

Combining Eqs. (1), (2) and (7), the force balance

equation reads explicitly:

r:
E

1þ n
e� b1r

2
eþ

n

1� 2n
ðy� b2r

2yÞ Id
	 


þ m1
@e

@t

�

þ m2
@y

@t
Idþ trnðN2 � nÞ Id

�

¼ s
u

r
: ð8Þ

Finally, we have to specify the analytical expression of

the 2D-strain dependent diffusion tensor DðeÞ; already
given in Cook (1995) or in Manoussaki et al. (1996):

DðeÞ ¼ D0

1þ
e11 � e22

2

e12 þ e21

2
e12 þ e21

2
1�

e11 � e22

2

2

6

4

3

7

5
;

where D0 is a scalar parameter and eij are the strain

tensor components.

3.5. Initial and boundary conditions

In vitro angiogenesis experiments are conducted in a

Petri dish, assimilated for simplicity to a squared L� L

region O with boundary @O; which is impermeable to

cells and ECM. Therefore, boundary conditions are

zero-flux ones for the model variables:

Jnd :g ¼ Jnh:g ¼ Jnc :g ¼ 0;

where g is the normal vector of the boundary.

Moreover, since the biogel is stuck to the border of

the Petri dish, we prescribe zero displacement on the

boundaries ðuj@O ¼ 0Þ and no propagation of strains

through them (ðr:eÞ:g ¼ 0 on @O). This implies a zero-

flux boundary condition for ECM density (see Eq. (4)).

As initial conditions for EC density, we considered is

a slightly and randomly perturbed ð710%Þ spatial

distribution around the steady-state value n0: Additional

initial cell distribution profiles will also be considered

in the ‘‘Results’’ section. We furthermore assume an

homogeneous initial distribution of the ECM density

rðx; 0Þ ¼ r0; the biogel being in an undeformed state

u ¼ 0:

4. Mechanical instability conditions

We first determine relevant grouping of model

parameters by introducing non-dimensionalized vari-

ables ðn;r; uÞ with associated normalized parameters (see

Appendix B). In order to get indications on the critical

role played by the leading model parameters, such as cell

traction amplitude on the ECM remodeling, a linear

stability analysis has been carried out, in a standard

way, in a neighborhood of the normalized homogeneous

steady state n ¼ 1; r ¼ 1; u ¼ 0: This analysis checks the
pattern forming potential of our model and helps to

predict parameter ranges for which spatial patterns

could emerge from small spatial perturbations. How-

ever, as known from the nonlinear dynamical system

theory, this analysis is no longer valid when nonlinear

terms become dominant and the model solution grows.

This approach will thus be completed by a numerical

integration of the model equations using a finite element

approach. The linearized equations are detailed in

Appendix C.

Spatial perturbations are chosen of the particular

form expðiðkxþ lyÞ þ xðk; lÞtÞ; where k; l are the spatial

wavenumbers in the x and y directions, respectively, and

xðk; lÞ is an eigenvalue of the Jacobian matrix of the

linearized system. xðk; lÞ determine the growth rate of

the corresponding perturbation. The homogeneous

steady state is linearly stable if all eigenvalues have a

non-positive real part, with perturbations decreasing to

zero as t tends to infinity. On the contrary, all spatial

perturbations associated with eigenvalue xðk; lÞ; with a

positive real part, grow exponentially.

Let r ¼ k2 þ l2: After some algebraic manipulations,

the dispersion relation can be expressed as a fourth

degree polynomial equation of the form

xðx� x1ÞðaðrÞx
2 þ bðrÞxþ cðrÞÞ ¼ 0; ð9Þ

where x1 is an eigenvalue with a negative real part. The

dispersion coefficients aðrÞ; bðrÞ and cðrÞ are detailed in

Appendix C.

Since we are focusing on the mechanical interaction

between EC and the ECM, we choose the cell traction

amplitude t as the main bifurcation parameter. In the

parameter space, we then derive from the expression of

cðrÞ a necessary and sufficient condition for a saddle–

node bifurcation corresponding to a Turing instability

(Murray, 2003a). This critical value tturing of the cell

traction amplitude t is given by

tturing ¼
lþ 2mþ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sð2mb1 þ lb2Þ
p

ð3N2=2� 2Þ þ h=D0ðN2 � 2Þ
; ð10Þ

where parameter expressions are given in Appendix B.

However, the wavenumbers are of the form of k ¼

pk�=L; l ¼ pl�=L; where k� and l� are integers. Thus,

the eigenvalues associated to r ¼ p2N=L2; N ¼ k�2 þ

l�2; are discrete. So, unless the dispersion relation
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includes in its range of unstable modes at least one of

these discrete values, no structure can develop (Fig. 2).

Let us discuss, from the instability condition (10), the

respective influence of cell traction, cell migration and

ECM mechanical properties on the onset of lacunae

formation within the matrix. The importance of ECM

mechanical properties on the ECM homogeneity (no

lacunae) or ECM remodeling (creation of lacunae)

appears explicitly through this relationship. For super-

critical value of t ðt > tturingÞ; a non-uniform steady state

of the matrix density can appear, which, according to

Eq. (5), corresponds to local changes of the matrix

thickness, i.e. to the first stages of the lacunae

formation. This is in agreement with the intuition: the

more rigid the ECM (increasing value of E; and thus of

l and m (see Eq. (B.1) in Appendix B)), the larger the

cellular traction must be to destabilize the system.

Moreover, cell haptotaxis lowers the critical threshold

for instability since, in absence of cell haptotactic

migration ðh ¼ 0Þ; a larger cell traction amplitude is

required to induce the lacunae formation within the

biogel. More globally, condition (10) highlights that the

ratio h=D0 is a key factor for lacunae formation: net

cell migration can indeed occur in opposite directions,

depending on the balance between haptotaxis and

diffusion. Starting from a randomly perturbed but

almost homogeneous distribution of cells, one can

intuitively imagine how instabilities may be generated:

if haptotaxis is large enough compared to diffusion,

combination of active cell movement together with

mechanical local increase of cell traction forces may

initiate an autocatalytic process which is strong enough

to overcome the viscoelastic resistance of the ECM. The

influence of the other model parameters can be discussed

along the same lines. Restoring force coefficient s and

material long-range parameters b1 and b2 tend to

prevent the ECM mechanical remodeling. As expected,

ECM remodeling is also controlled by inhibition of cell

traction: for a given value of t corresponding to lacunae

formation, decreasing the limiting cell density value will

prevent the appearance of a mechanical instability

within the matrix.

However, we already quoted above that the linear

stability analysis is no longer valid out of the steady-

state neighborhood, i.e. when nonlinear effects inter-

vene. This limitation can be partly overcome by using

asymptotic expansion techniques, as developed for a

similar but simpler two-variable cell–ECM mechanical

model by Cruywagen et al. (1994) and more recently by

Piechor and Kazmierczak (2002) for the analysis of

traveling wave solutions. The analysis of the model

nonlinear dynamical properties presented in the next

sections relies on finite element simulations of the ECM

remodeling. However, the analytical results obtained by

Cruywagen et al. (1997) have been used to validate our

numerical approach (see next paragraph).

5. Numerical simulations of the biogel patterning

5.1. Finite element simulations

A finite element method, developed with the Femlabr

software, has been used to solve the partial differential

equation system (Eq. (B.2) in Appendix B). The 2D

square domain is meshed by 1000 nodes and 2500

triangle elements. Numerical integration of the time-

dependent problem has been performed with the multi-

step Matlabr solver ode15. Total conservation of the

ECM density and EC concentration were monitored,

and different mesh options (number of nodes, number

of elements, degree of elements) were used to ensure

stability and accuracy of our numerical computations.

The validity of numerical approach has been especially

checked by simulating the model of Cruywagen et al.

(1997), which shares several mathematical similarities

with the one presented here. We thus compared

successfully our numerical results to the approximated

analytical solutions derived from nonlinear bifurcation

analysis, in the case of a non-symmetrical mixed mode

steady state (Fig. 5 in Cruywagen et al., 1997).

5.2. Mechanical and cell parameter values

Ranges of values of the mechanical parameters of our

model are both derived from previous experiments and
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Fig. 2. Stability diagram derived from the model dispersion Eq. (9).

The largest real part of eigenvalues is plotted as a function of the sum

N of the squared values of the modes k�; l� in x and y directions,

respectively (N ¼ k�2 þ l�2 with k�; l� integers). Unstable modes will

appear for N values taken inside the interval defined, on the

Rðxðk; lÞÞ ¼ 0 axis, by the inner region of the dotted and solid line

curves. However, the above equality on N is only satisfied for the solid

line curve, with k� ¼ l� ¼ 2; which corresponds to the mode (2, 2).

The solid line curve is obtained with normalized parameters. Normal-

ized parameters used, for the solid line curve, are: t ¼ 2:39; l ¼ 1:2;

m ¼ 1:8; m1 ¼ m2 ¼ 0:03; b1 ¼ b2 ¼ 0:0031; D0 ¼ 8� 10�5; h ¼

4� 10�5; N2 ¼ 3; s ¼ 90:
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extracted from other publications (Table 1). In addition,

Table 2 indicates the estimated range of values for the

cell parameters used in the model simulation, with

corresponding references.

6. Results

6.1. Qualitative aspects and dynamics of lacunae

formation

Simulations of the model dynamical behavior have

been performed for different parameter sets taken in

the instability domain defined by the linear stability

analysis. Preliminary simulations (Fig. 3) illustrate the

robustness of the ECM remodeling with regard to

different sets of shape of EC initial conditions. Indeed,

linear stability analysis cannot predict which spatial

patterns will emerge, from unstable mode selections, for

different initial conditions on the model variables. In

Fig. 3, similar steady-state patterns are obtained,

starting from different initial distribution of cells, the

initial ECM density being spatially homogeneous

ðr0ðx; yÞ ¼ 1Þ: Thus, ECM remodeling does not result

from amplification of initial conditions but really from

self-organizing properties of the cell–ECM composite

medium.

As a first step in the analysis of the simulation results,

we also quantify independently the influence of the

strain-biased cell random motility by simulating aniso-

tropic cell diffusion over an elastic medium pre-stressed

by uniaxial stretching. Fig. 4 shows that there is a

significant directional bias of cell random migration: cell

motion increases in the direction of the largest dilatation

of the medium, while the mean ratio between the

diffusion coefficients in the x and y directions

ðD11ðeÞ=D22ðeÞÞ is in the order of 1.4.

This simulated cell population behavior can be

compared to experimental results obtained by Korff

and Augustin (1999), who performed cell migration

assay on a pre-strained biogel. We computed the same

directionality (or shape) index of the cell distribution,

defined as the ratio long axis/short axis of the ellipsoid

defining iso-levels of cell concentrations (Fig. 5). This

figure shows a very good agreement with the experi-

mental index values.

However, we can wonder if this strain-dependent

diffusion still remains significant when it is replaced in

the global cell migration context defined by our model.

We thus we carried out simulations of the complete

model without (Fig. 6A) or with (Fig. 6B) a strain-

biased diffusion. We found that, for conditions leading

to ECM mechanical remodeling, the amplitude of the

strain field within the ECM is too weak to influence
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Table 1

Range of mechanical parameter values, extracted from literature and considered for the simulations of the mechanocellular model dynamics

Parameter Numerical range Units Reference

Young’s modulus E 103–104 Pa Benkherourou et al. (2000)

Poisson ratio n 0.15–0.25 — Scherer et al. (1991)

Shreiber et al. (2003)

Shear viscosity m1 105–108 Pa s Barocas and Tranquillo (1997)

Bulk viscosity m2 105–108 Pa s Murray et al. (1998)

Holmes and Sleeman (2000)

Traction force coefficient t 10�9–10�5 Pa cm9=ðg cell2Þ Tranquillo et al. (1992)

ðt ¼ 0:001 dyn cm4=ðmg cellÞÞ

Ferrenq et al. (1997)

Shreiber et al. (2003)

ðt ¼ 0:015 dyn cm=cellÞ

Table 2

Range of cell parameter values

Biological features Numerical range Units Reference

Cell diffusion D0 10�9–10�6 cm2=s DiMilla et al. (1992)

Barocas et al. (1995)

Cell haptotaxis h 10�8–10�5 cm2=ðs gÞ Dickinson and Tranquillo (1993)

Perumpanani and Byrne (1999)

Initial cell concentration n0 0:5� 105–5� 105 cell=cm3
Delvoye et al. (1991); Vailhe et al. (1997)

Murray et al. (1998)

Initial gel density r0 0.5–8 mg=cm3
Delvoye et al. (1991); Vernon et al. (1992)

Vailhe et al. (1997)

Cell traction inhibition N2 2� 105–2� 106 cell=cm3
Ferrenq et al. (1997)

Tranqui and Tracqui (2000)
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qualitatively the tubulogenesis process (the mean ratio

between the diffusion coefficients, defined above, is in

this case in the order of 1:01). However, lacunae

geometry seems to be more precisely defined in the

strain-dependent diffusion case, with larger values of cell

densities occurring along the ECM cords. Similar

conclusions were obtained with the model of Manous-

saki et al. (1996) and Murray et al. (1998), i.e. without

counterbalancing cell diffusion by haptotactic cell

migration. Thus, strain-dependent cell diffusion does

not appear essential for the tubulogenesis process.

6.2. Comparison with in vitro experiments

According to EC type and fibrin concentration,

significant differences in time-scales have been reported

for the development of in vitro tubulogenesis (Vernon

et al., 1992; Vailhe et al., 1998, 2001). For HUVEC

cultured on fibrin gel, lacunae appear typically in less

than 2 h while cellular network formation is achieved

after 24 h: Sizes of lacunae range from 0.2 to 1:5 mm:
For Bovine Retinal Endothelial Cell (BREC), 46 h are

needed to observe the formation of capillary-like

networks. Thanks to our theoretical analysis, we succeed

in finding experimentally based parameter values which

lead to simulations of lacunae formation with time and

spatial scales in agreement with experimental ones.

Simulated lacunae appear within 12 h with morphology

and network organization very similar to the experi-

mental observations (Fig. 7).

Fig. 8 shows the associated progressive formation of

lacunae along a cross-section of the ECM, the matrix

thickness being computed from Eq. (5).

Starting from this first level of model validation, we

carried on a refined confrontation of the model proper-

ties with a larger body of experimental data, considering

different bifurcation parameters for the onset of the

mechanically induced instability leading to capillary-like

structure formation.

6.2.1. Critical threshold of seeded endothelial cells

concentration

Thanks to the stability analysis, we can predict, for

given rheological properties of the fibrin gel, the EC
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Fig. 3. Steady-state ECM patterns obtained, starting from the same initial total amount of cells but which are distributed according to different

spatial profiles (A, C). After a transient phase, both cell distributions give nearly the same ECM remodeling pattern (B, D). Normalized parameters

used were: t ¼ 3:41; l ¼ 0:15; m ¼ 0:23; m1 ¼ m2 ¼ 0:003; b1 ¼ b2 ¼ 0:01; D0 ¼ 8� 10�6; h ¼ 4� 10�5; N2 ¼ 2:72; s ¼ 8800: Scales indicate the

normalized EC density.
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concentration which has to be seeded initially in order to

observe lacunae formation: for low EC density, the

cellular traction is too weak to initiate tubulogenesis.

Conversely, for high cell density, the inhibition contact

phenomenon prevents the amplification of local me-

chanical stresses induced by cell traction forces. In order

to get a measurement of the cell network extension and

associated ECM remodeling, we simulated our model

with increasing values of the amount of EC seeded onto

the ECM. These values were taken in the experimental

range analysed in Vailhe et al. (1997). We then

computed from our simulations the integral
R

O
dðrðx; yÞ > 1Þ ds; where dð:Þ ¼ 1 if the condition on

the local ECM density is satisfied, zero otherwise. This

estimator gives an indication of the percentage of

lacunae network, similarly to the experimental network

one used in Vailhe et al. (1997). Fig. 9 shows that our

numerical simulations of the ECM remodeling are in

good agreement with the theoretical instability predic-

tions and experimental results: the mechanical forces

triggering the tubulogenesis process cannot develop if

the number of seeded EC is either too small or too large

(Table 3).

Interestingly, we also show in Fig. 10 that the

variation of initial EC concentration for different values

of the total amount of seeded cells, initially distributed

in a quasi-homogeneous (slightly randomly perturbed)

manner in space, give rise to many different cell network

patterns (Fig. 10). (B) exhibits isolated cords of cells,

while (C) mimics the formation of anastomoses recur-

rently observed during angiogenesis. However, it is

only in (D) that a cell network above a percolation

threshold (Gamba et al., 2003) is observed: this

latter spatial organization would correspond to a

functional capillary-like network, where fluid exchange

would be possible from one domain boundary to the

opposite one. Globally, these simulations provide some
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Fig. 4. Influence of ECM mechanical strains on cell random migration. Cell diffusion on a stretched elastic medium obeys either to the classical

Fick’s law with constant diffusion coefficient (A) or is controlled by a strain-dependant diffusion tensor DðeÞ (B) defined in the text. The uniaxial

stretching of the elastic ECM generated the effective strains map shown in (C). Mechanically biased random cell motion is clearly observed in (B). In

(C), the iso-levels of cell density have been superimposed to the effective strains map (see Appendix D). In (A) and (B), scales correspond to

normalized cell density.
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Fig. 5. Comparison between experimental and theoretical direction-

ality indexes in mechanically biased cell migration for increasing

uniaxial stretching of the ECM. Solid squares: experimental index

reported by Korff and Augustin (1999) from cell migration experi-

ments on pre-strained fibrin gels. Open circles: theoretical index

derived from closed iso-contour curves (Fig. 4C). l0 and l are the initial

and deformed length of the sample, respectively.
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Fig. 6. EC networks simulated, with our model, in the case of isotropic diffusion with coefficient D0 (A) or when considering strain-dependent cell

diffusion (B). At the steady state, cell network patterns are almost the same. Parameters are those used in Fig. 3. Scales correspond to the normalized

EC density.

Fig. 7. Comparison between simulated (A–C) and observed (G–I) morphologies of the EC–ECM composite medium at successive times (t1 ¼ 11 h;

t2 ¼ 26 h; t3 ¼ 35 h) of the tubulogenesis process. At each time, the map of the corresponding von Mises stresses svm (see Appendix D) in the ECM is

presented (D–F). The superimposed arrows indicate direction and amplitude of the local displacement vector, the arrow length being proportional to

the vector norm. First, cells aggregate (A), then lacunae appear (B). Finally, lacunae network becomes well defined (C). Arrows exhibit the ECM

displacement and accumulation towards the borders of the lacunae, in pace with increasing values of the ECM stresses. Normalized parameters for

this simulation are: t ¼ 1:35; l ¼ 0:15; m ¼ 0:49; m1 ¼ m2 ¼ 0:03; b1 ¼ b2 ¼ 0:003; D0 ¼ 4� 10�5; h ¼ 4� 10�4; N2 ¼ 2:5; s ¼ 200: (A–C) scales

correspond to normalized ECM density, (D–F) scales to the von Mises stresses distribution.
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theoretical guidelines for understanding how further

control of cell proliferation, leading to increased values

of the net amount of endothelial cells, could modify the

functionality of the cell network arising from the

tubulogenesis process.

6.2.2. Critical threshold for fibrin concentrations

A numerical approach, similar to the one described in

the previous paragraph, has been used to analyse the

influence of initial ECM density on tubulogenesis.

Indeed, fibrin concentration is a critical parameter in

in vitro angiogenesis experiments (Vailhe et al., 1997,

1998), since it affects the biogel stiffness. Similar results

are obtained when the stiffness of other extracellular

matrices such as type-I collagen or Matrigel (Deroanne

et al., 2001) is modified. We took benefit of previous

experiments and modeling of fibrin gels rheology

(Benkherourou et al., 2000) to get estimated values of

the fibrin gels Young’s modulus E; for the experimental

range of fibrin concentrations considered in our simula-

tions. Accordingly, we can compute the bifurcation

curve corresponding to the critical cellular traction

amplitude tturing when ECM density varies. As in the

previous paragraph, we measure the network index,

associated with each ECM remodeling pattern, thanks

to the quantity
R

O
dðr > 1Þ ds: Comparison between

theoretical values and experimental index values re-

ported in Vailhe et al. (1997) are summarized in Fig. 11.

The prediction of the range of fibrin concentrations, for

which tubulogenesis occurs, is quite accurate and

correspond to experimental values (Table 3).

6.2.3. Influence of increasing matrix thickness

In the previous sections, we investigated the influence

of intrinsic model parameters, defining either EC–ECM

mechanical interactions or cell migratory behavior. We

analyse here the influence of external parameters such as

those defined by the boundary conditions imposed on

the ECM. It is known that these boundary conditions

can dramatically modify the cell mechanical behavior, as

exemplified for instance in the compaction of collagen

gels by cells: significant cell spreading and cell traction

forces are observed when the matrix boundaries are

fixed, contrary to the situation where ECM boundaries

are free to move (Shreiber et al., 2001). We study here if

the attachment the ECM to the bottom of the Petri dish

can significantly change the dynamics and the morphol-

ogy of ECM remodeling. This is indeed a way for

controlling the ECM mechanical response to cell

traction stresses, intrinsic values of the ECM elasticity

moduli being given. According to our model formula-

tion, the additional shear stresses induced by this

boundary effect are taken into account by an elastic

restoring body force, whose amplitude decreases with

increasing ECM thickness. The validation of this

formulation is carried out with reference to the

experimental work of Vernon et al. (1992), which

reported the influence of gradients of ECM thickness

on the formation of cellular networks.
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Fig. 9. Influence of the EC seeded concentration on the cell network

formation. Grey area: theoretical instability window derived from

linear stability analysis, dotted line: experimental cellular network

index reported by Vailhe et al. (1997), dashed line: cellular network

index computed from the model simulations. A very good agreement is

obtained between experimental results, bifurcation analysis and model

simulations. Normalized parameters used were: t ¼ 1:53� 10�11n20;

l ¼ 1:54; m ¼ 2:31; m1 ¼ m2 ¼ 0:308; b1 ¼ b2 ¼ 0:0001; N2 ¼ 6:58�
105=n0; D0 ¼ 4� 10�7; h ¼ 4� 10�6; s ¼ 800:

Fig. 8. Progressive amplification of the lacunae depth simulated with the mechanical model. Variations of the thickness of an ECM cross-section

taken along the line y ¼ 0:7 (Fig. 7) are presented at successive times t ¼ 11; 26 and 35 h: As time goes on, lacunae become deeper and irregularly

distributed.
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As in Vernon et al. (1992), we have considered two

gradients of ECM thickness: the first one with a 8%

slope over a rectangular 3:75 mm� 1:5 mm domain, the

second one with a 2% slope on a longer 15 mm�

1:5 mm rectangle. The simulated spatial organization of

the cellular networks corresponding to both thickness

gradients are shown in (Fig. 12A and B) together with

the experimental cellular networks obtained by Vernon

et al. (1992) for bovine aortic cells cultured on basement

membrane matrix with a thickness gradient of 2.8%

(Fig. 12C). These simulated cellular spatial organization

reproduced quite well the experimental observations of

Vernon et al. (1992): (i) lacunae are more numerous and

larger in area where the ECM is thicker, (ii) the

transition from quasi-homogeneous distribution of cells

at the ECM surface (left) to cellular networks (right)
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Table 3

Quantitative comparison of critical parameters between experimental data (Vailhe et al., 1997) and theoretical results

Critical parameter Units Theoretical value Exp. value Fig.

n0 (appearance of lacunae) cell=cm3
0:95� 105 0:5� 105o?o105 9

n0 (disappearance of lacunae) cell=cm3
2:5� 105 2� 105o?o3� 105 9

r0 (disappearance of lacunae) mg=cm3
1:35 1o?o1:5 11

Fig. 10. Steady-state EC cellular networks obtained for different values of the initial cell concentration: (A) n0 ¼ 5� 104 cell=cm3
; (B) n0 ¼

7� 104 cell=cm3
; (C) n0 ¼ 9:5� 104 cell=cm3

and (D) n0 ¼ 1:1� 105 cell=cm3: White areas denote areas of high cell densities, according to the

indicated grey level chart. Parameters are those used in Fig. 3, except of those depending on n0: (D) The EC pattern corresponds to the mode (9,5).

Scales correspond to normalized EC density.
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occurs more abruptly when EC are seeded on a stiffer

ECM gradient (Fig. 12A).

7. Discussion

The development of vascular structures is of funda-

mental importance in physio-pathological developmen-

tal processes. In vitro angiogenesis assays provide a

simplified but controlled experimental framework within

which the complexity of the cell–extracellular matrix

interactions can be analysed (Folkman and Haudens-

child, 1980; Ingber, 2002). They predominantly reveal

the self-organizing properties of EC which can re-

arrange in tubular structures when they are seeded on

ECM with appropriated mechanical properties (Vernon

et al., 1992; Vailhe et al., 2001). However, understanding

the appearance and regulation of such cellular spatial

structures in the experimental framework presented here

necessarily implies to consider both cell migration and

cellular mechanical stresses. They are the core of the

instability driven process of the cell network formation
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Fig. 11. Influence of the fibrin gel concentration, and thus of the gel

stiffness, on the EC network formation. Grey area: theoretical

instability window derived from linear stability analysis, dotted line:

experimental cellular network index reported by Vailhe et al. (1997),

dashed line: cellular network index computed from the model

simulations. As in Fig. 9, a very good agreement between numerical

simulations and experimental results is obtained. Normalized para-

meters are: t ¼ 1:3; l ¼ 115; 740r20; m ¼ 231; 480r20; m1 ¼ m2 ¼ 154r0;

h ¼ 0:04r0; b1 ¼ b2 ¼ 0:003; D0 ¼ 8� 10�6; N2 ¼ 2:5; s ¼ 8800:

Fig. 12. Influence of gradients of ECM thickness on the observed morphologies of the cellular network and lacunae spatial distribution. Both a weak

(2%) and a stiffer (8%) gradients have been considered to compare with the experimental results obtained by Vernon et al. (1992). The ECM is

thinner on the left side than on the right side. (A, B) The formation of lacunae in the thickest regions of the ECM is enhanced. White areas

correspond to high ECM (or EC) density, while ECM (or EC) densities are low in black areas. Transition from flattened shape to well-defined

networks (corresponding to deeper lacunae) is more abrupt for stiffer gradients (A). Both simulations compared quite well with the experimental

planar matrix morphologies reported in Vernon et al. (1992) for the same gradients of matrix thickness. For comparison, the experimental

morphology obtained for the lowest gradient is shown (C), adapted from (Vernon et al., 1992). Normalized parameters for these simulations are:

t ¼ 2:82; l ¼ 0:15; m ¼ 0:23; m1 ¼ m2 ¼ 0:3; b1 ¼ b2 ¼ 0:01; D0 ¼ 8� 10�6; h ¼ 4� 10�4; N2 ¼ 3; s ¼ 8800:
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observed when EC are cultured in vitro on various

extracellular matrices with given thickness and in

absence of exogenous source of chemoattractants. Thus,

the chemotactic scenario alone cannot explain this

morphogenetic process and theoretical models, different

from those recently proposed (Gamba et al., 2003; Serini

et al., 2003), are required.

In close connection with experiments performed on

fibrin gels with different endothelial cells (HUVEC,

EAhy926 cells) (Vailhe et al., 1997, 1998), we analysed in

this paper the fine tuning that exists between cell

traction forces and the mechanical resistance of the

ECM. Indeed, the bifurcation diagrams, derived from

our model, are known to be valuable tools for predicting

the threshold values and range of experimental variables

within which lacunae and theoretical tubulogenesis can

take place. Considering both these so defined instability

domains and parameter values derived from previous

experiments (Ferrenq et al., 1997; Benkherourou et al.,

2000), we simulated the emergence of lacunae 10 h after

EC seeding, with a clearly visible rearrangement of cells

into tube-like structures (Fig. 7). We have shown that

haptotaxis enabled the creation of endothelial tube

networks for larger values of the Young’s modulus than

those considered in Manoussaki et al. (1996) and in

Murray (2003b). Thus, active cell migration appears as a

way to increase the ‘‘reactivity’’ of the EC–ECM

composite medium to the tubulogenesis process. Con-

versely, a decrease of haptotatic cell motion, for example

through a decreasing affinity of cell receptors to ECM

adhesive proteins, would require an increasing active cell

contractility and mechanical efficiency of the cytoskele-

ton to overcome reduced migration.

The model also explains nicely how ECM remodeling

is controlled both by the seeded EC concentration (Fig.

9), where too low or too high cell density strongly

hampers cell network formation, and by fibrin gel

concentration (Fig. 11). The model simulations also

account for the original experiments of Vernon et al.

(1992), conducted on ECM with increasing thickness.

Indeed, we simulated increased cell network formation

when going from the thinner to the thicker part of the

matrix (Fig. 12). Let us remark that, formally, our

theoretical approach shares some similarities with the

work of Painter (2000), which analysed the influence on

pattern formation of a biochemical parameter whose

value changes with the domain thickness. However, in

our case, the influence of medium thickness corresponds

to a boundary condition effect, all model parameters

being unchanged.

A fundamental implication of cell traction forces is

that EC can remodel the surrounding ECM through the

reorganization of its structure by creating tension lines

and structural pathways which can provide migration

cues for other cells. Simulation of such strain-induced

anisotropic cell diffusion was investigated in this paper,

but the strain amplitude appears to be too weak to

influence qualitatively the lacunae network pattern

formation. Similar conclusions were found by Manous-

saki et al. (1996) and by Murray et al. (1998), Murray

(2003b) even in absence of haptotactic cell migration.

As a whole, the combined experimental–theoretical

approach presented here details the role of different

experimental parameters within an integrated descrip-

tion of cell–ECM interactions, and successfully explains

the first stages of the lacunae formation within the

biogel. Different limitations of the model can be

however noticed: the constitutive stress–strain relation-

ships are formulated in the limit of the small strain

formulation, and our reduced analysis of the tubulogen-

esis in a 2D domain do not take into account the vertical

cellular stresses which will occur as soon as cells migrate

within the ECM. However, we think that the continuous

mechanical approach developed here is quite appro-

priated for an extended incorporation of new experi-

mental factors, and refined analysis of the different

signal transduction pathways involved in cell prolifera-

tion, matrix proteolysis and growth factor secretion,

which are influenced by the biomechanical context.
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Appendix A. Relationship between ECM thickness and

ECM density

Thanks to the Hooke’s law, and assuming that all

strain tensor component are only spatially dependent on

x and y; we can deduce that all stress tensor components

are only dependent on x and y: Moreover, we have

shooke33 ðx; y; tÞ

¼
E

1þ n
e33ðx; y; tÞ þ

En

ð1þ nÞð1� 2nÞ
y3Dðx; y; tÞ;

where y3Dðx; y; tÞ ¼
@u1ðx;y;z;tÞ

@x þ @u2ðx;y;z;tÞ
@y þ @u3ðx;y;z;tÞ

@z and

uiðx; y; z; tÞ are the components of the displacement

vector uðx; y; z; tÞ: Assuming furthermore that the

vertical stress component is negligible ðshooke33 ðx; y; tÞ ¼ 0Þ;
we obtain

e33ðx; y; tÞ ¼ �
n

1� 2n
y3Dðx; y; tÞ: ðA:1Þ

Thanks to the local mass conservation of ECM, we

can write that r dV ¼ r0 dV0; where dV0 and dV ; r0
and r; are the elementary volumes, densities at the initial

and deformed state, respectively. Knowing that dV ¼

dX 1 dX 2 dX 3; dV0 ¼ dX 1
0 dX

2
0 dX

3
0 ; where dX 1

0 ; dX 2
0 ;

ARTICLE IN PRESS

P. Namy et al. / Journal of Theoretical Biology 227 (2004) 103–120 117



dX 3
0 and dX 1; dX 2; dX 3 are dimensions of volumes dV0

and dV ; respectively, and by writing that dX i ¼ ð1þ

eiiÞ dX
i
0 for each i ¼ 1y3; we obtain, under the small

strain hypothesis

rðx; y; tÞ ¼ r0ð1� y3Dðx; y; tÞÞ: ðA:2Þ

The thickness is calculated by using eðx; y; tÞ ¼
e0ðx; yÞð1þ e33Þ; where e0ðx; yÞ is the initial ECM

thickness. Combining this expression of eðx; y; tÞ with

Eqs. (A.1) and (A.2), we get formula (5).

Appendix B. Non-dimensionalization of the

model variables

The mechanocellular model equations can be non-

dimensionalized by re-scaling time with the character-

istic time-scale T (hours), the typical size L (diameter of

the Petri dish) of the domain O; the initial EC

concentration n0 and the initial fibrin density r0: We set

r� ¼
r

r0
; n� ¼

n

n0
; u�1 ¼

u1

L
; u�2 ¼

u2

L
; x� ¼

x

L
;

y� ¼
y

L
; t� ¼

t

T

with the normalized parameters:

D�

0 ¼
D0T

L2
; m�1 ¼

m1r0
L2T

; m�2 ¼
m2r0
L2T

; N2 ¼
N2

n0
;

h� ¼
hTr0
L2

; b�1 ¼
b1
L2

; b�2 ¼
b2
L2

l� ¼
Enr0

L2ð1þ nÞð1� 2nÞ
; m� ¼

Er0
2ð1þ nÞL2

;

t� ¼
tr20n

2
0

L2
: ðB:1Þ

In the following text, asterisks have been dropped for

convenience. The non-dimensionalized model is then

r:½2mðe� b1r
2
eÞ þ lðy� b2r

2yÞ Idþ m1
@e

@t

þ m2
@y

@t
Idþ trnðN2 � nÞ Id
 ¼ s

u

r
;

@n

@t
þr: �r:ðDðeÞnÞ þ hnrrþ n

@u

@t

� �

¼ 0;

@r

@t
þr: r

@u

@t

� �

¼ 0: ðB:2Þ

Appendix C. Linear stability analysis

The linearized system associated to the nonlinear

partial differential system (B.2) is

r: 2mðe� b1r
2
eÞ þ lðy� b2r

2yÞIdþ m1
@e

@t

�

þ m2
@y

@t
Idþ tnðN2 � 2ÞIdþ trðN2 � 1ÞId

�

� su ¼ 0;

@n

@t
þr: �D0rn�

D0

2
r2uþ hrrþ

@u

@t

� �

¼ 0;

@r

@t
þr:

@u

@t

� �

¼ 0:

The eigenvalue x1; used in the dispersion relationship

(9), is equal to �2ðmb1r
2 þ sþ mrÞ=m1r: Therefore, the

real part of x1 is always negative. The coefficients aðrÞ;
bðrÞ and cðrÞ; used in the dispersion relationship (9), are

aðrÞ ¼ rðm1 þ m2Þ;

bðrÞ ¼ ðD0ðm1 þ m2Þ þ 2mb1 þ lb2Þr
2

þ ð2mþ lþ tð3� 2N2ÞÞrþ s;

cðrÞ ¼D0ð2mb1 þ lb2Þr
3 þ

 

D0ð2mþ lÞ

þ t h

 

2�N2

!

þD0

 

2�
3N2

2

! !!

r2 þD0sr:

Appendix D. Formulae for the von Mises stress svm and

for the effective strain eff

The von Mises stress svm is defined by

svm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3

2

X

i;j
S2
ij

r

;

where Sij are the components of the deviatoric stress

tensor. They are defined as follows:

Sij ¼ sij �
1

3
TrðrÞdij ;

where r ¼ rcell þ recm; Tr is the trace operator and dij is

the Kronecker symbol (dij ¼ 1 if i ¼ j; 0 otherwise).

In a similar way, the effective strain eff is defined by

eff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

3

X

i;j
e2ij

r

;

where eij are the components of the deviatoric strain

tensor. They are defined as follows:

eij ¼ eij �
1

3
TrðeÞdij ;

where e is the strain tensor.
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