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SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 31 Introdu
tion (en fran�
ais)Apr�es l'introdu
tion de K0 par Grothendie
k [BS℄, la K-th�eorie alg�ebriques'est d�evelopp�ee d'abord pour la 
at�egorie des modules proje
tifs de type �nisur un anneau A. (Tous nos anneaux sont asso
iatifs et unitaires, et tousnos modules sont des modules �a droite.) Ce
i est une 
at�egorie additive.Une 
at�egorie additive peut être 
onsid�er�ee ou 
omme 
at�egorie mono��dalesym�etrique (parfois on appelle une telle 
at�egorie une ACU-
at�egorie ten-sorielle) ou 
omme 
at�egorie exa
te (o�u la stru
ture exa
te est donn�ee parles suites exa
tes 
ourtes s
ind�ees). Quillen [Q1, Q2℄ a d�e�ni la K-th�eoriepour 
es deux 
lasses de 
at�egories via les 
onstru
tions S�1S et Q. Il ad�emontr�e que les deux d�e�nitions 
o��n
ident pour les 
at�egories additives etqu'elles g�en�eralisent la 
onstru
tion Plus [Lo1℄. La 
onstru
tion Q permetde d�emontrer des th�eor�emes importants, par exemple les th�eor�emes de lo
al-ization et de r�esolution.Supposons maintenant que nos modules proje
tifs sur l'anneau A sontmunis d'une forme bilin�eaire sym�etrique (ou de mani�ere plus g�en�erale d'uneforme �-hermitienne). Notre obje
tif est de d�e
rire la K-th�eorie de 
ette
at�egorie que nous baptiserons la \K-th�eorie hermitienne". La K-th�eoriehermitienne devrait �egalement exister dans des situations plus g�en�erales, parexemple pour la 
at�egorie des �br�es ve
toriels sur un s
h�ema munis d'uneforme bilin�eaire sym�etrique.En 
omparant la K-th�eorie 
lassique ave
 la K-th�eorie hermitienne, on 
on-state des di��eren
es assez importantes: Ainsi, les th�eor�emes 
it�es 
i-dessusn'ont pas d'analogue en K-th�eorie hermitienne. Pour une 
at�egorie exa
te, laK-th�eorie hermitienne n'est même pas de�nie. Il y a une d�e�nition seulementpour les 
at�egories additives ainsi que quelques r�esultats dans le 
as parti-
ulier des modules proje
tifs munis d'une forme hermitienne. Dans 
etteth�ese, nous allons d�e�nir la K-th�eorie hermitienne pour une 
at�egorie exa
teC 
omme �etant les groupes d'homotopie de l'espa
e 
lassi�ant d'une 
ertaine
at�egorie L(Ch) (D�e�nition 5.10). Nous allons �egalement d�e�nir la U -th�eoriede Ch 
omme �etant les groupes d'homotopie de l'espa
e des la
ets de l'espa
e
lassi�ant d'une 
at�egorieW(Ch). Ensuite nous pouvons �etablir une �brationhomotopique induite par le fon
teur hyperbolique H
BQ(C) H�! BL(Ch)! BW(Ch)qui g�en�eralise le 
as additif (Th�eor�eme 5.7). Comme appli
ation prin
ipale,nous d�emontrons un Th�eor�eme de Lo
alisation pour la K-th�eorie hermiti-enne d'un anneau de Dedekind A, par rapport �a un systeme multipli
atif S(Th�eor�eme 8.7). Plus pr�e
isement, nous d�emontrons l'existen
e d'une �bra-



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 4tion homotopiqueBL(P (A)h)! BL(P (S�1A)h)! BW((TS)h);o�u TS est la 
at�egorie des A-modules de S-torsion. Par 
ons�equent, nousavons une suite exa
te longue:::! Un((TS)h)! Kn(P (A)h)! Kn(P (S�1A)h)! :::En plus, nous d�emontrons un Th�eor�eme de D�evissage (Th�eor�eme 9.5) quinous permet de rempla
er Un((TS)h) par �Un(P (A=})h) o�u on prend lasomme sur tous les ideaux maximaux.Pour A l'anneau des entiers dans un 
orps de nombres F , nous pouvons 
al-
uler la U -th�eorie de ses 
orps residuels (Corollaire 9.9) en utilisant les 
al
ulsde Quillen et Friedlander, et nous en d�eduisons (Th�eor�eme 9.11) par exemple1Khn(A) �=! 1Khn(F ) 8n � 3; 4mod 8;�1Khn(A) �=! �1Khn(F ) 8n � 0; 7mod 8:Ce texte est stru
tur�e de la mani�ere suivante:Dans la se
tion 3, nous rappelons quelques faits sur la K-th�eorie hermitiennedes modules, tout en prenant un point de vue qui nous permet ais�ement deg�en�eraliser aux 
at�egories ave
 dualit�e. En suivant [CL2℄,[S
h3℄, nous intro-duisons une 
at�egorie W( �P (A)h) qui donne un d�ela�
age de la �bre homo-topique du fon
teur hyperbolique de la K-th�eorie 
lassique vers la K-th�eoriehermitienne (Th�eor�eme 3.15) du moins si 2 est une unit�e dans notre anneau.La se
tion 4 traite de la K-th�eorie hermitienne des 
at�egories additives ave
dualit�e. La philosophie est que la plupart des 
hoses qui sont vraies pour laK-th�eorie hermitienne des anneaux est en
ore vraie pour la K-th�eorie hermi-tienne des 
at�egories additives.La K-th�eorie hermitienne d'une 
at�egorie exa
te ave
 dualit�e et ses propri�et�esfondamentales mentionn�ees 
i-dessus sont d�e
rites dans la se
tion 5.Dans la se
tion 6, nous �etablissons un Th�eor�eme de Lo
alisation pour la K-th�eorie hermitienne des 
at�egories additives (Corollaire 6.7) qui nous permetde d�e�nir leur K-th�eorie hermitienne n�egative.Dans la se
tion 7, nous 
onstruisons une 
at�egorie additive simpli
iale ave
dualit�e qui donne un mod�ele �a la Waldhausen jiRh�Cj pour la U -th�eorie d'une
at�egorie exa
te C ave
 dualit�e.La se
tion 8 
ontient le Th�eor�eme de Lo
alisation pour la K-th�eorie her-mitienne des anneaux de Dedekind (et de mani�ere plus g�en�erale pour lesanneaux h�er�editaires, en parti
ulier pour un anneau de groupe AG ave
 Gun groupe �ni et A un anneau de Dedekind dans lequel l'ordre du groupeest une unit�e). Plusieurs strat�egies et diÆ
ult�es pour le d�emontrer sont es-quiss�ees. La d�emonstration sera donn�ee dans la se
tion 11.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 5Dans la se
tion 9, nous d�emontrons un Th�eor�eme de D�evissage qui nous per-met de simpli�er la �bration homotopique 
i-dessus en rempla�
antW((TS)h)par�W(P (A=})h) (Th�eor�eme 9.5). Comme nous pouvons 
al
uler les groupesd'homotopie de 
ette 
at�egorie si A=} est �ni (prenons les entiers dans un
orps de nombres, par exemple), notre r�esultat de lo
alisation plutôt abstraitdevient tr�es 
on
ret et nous permet de voir dans quels degr�es l'in
lusionA! Quot(A) induit un isomorphisme en K-th�eorie hermitienne (Th�eor�eme9.11).Dans la se
tion 10 nous �evoquons d'autres probl�emes, en parti
ulier 
eux quiapparaissent si nous rempla�
ons notre 
at�egorie exa
te C par la 
at�egorie des
omplexes de 
haines Chb(C).La se
tion 11 
ontient la d�emonstration du Th�eor�eme de Lo
alisation 8.7.Les r�esultats prin
ipaux de la se
tion 5 ont �et�e annon
�es dans [Ho℄. Lesse
tions 6,7 et 11 sont un travail en 
ommun ave
 Mar
o S
hli
hting, bienque je sois enti�erement responsable de la pr�esentation et de tous ses d�efauts.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 62 Introdu
tionAfter K0 was introdu
ed by Grothendie
k [BS℄, algebrai
 K-theory �rst de-veloped for the 
ategory of �nitely generated proje
tive modules over a ringA. (All rings we are dealing with are supposed to be asso
iative and with aunit, and all modules are right modules.) This is an additive 
ategory. Anadditive 
ategory 
an be regarded as a symmetri
 monoidal 
ategory (also
alled a ACU-tensor 
ategory) or as an exa
t 
ategory (where the exa
t stru
-ture is given by the split exa
t sequen
es). Quillen [Q1, Q2℄ de�ned K-theoryfor both kinds of 
ategories via the 
onstru
tions S�1S and Q. He provedthat the two de�nitions 
oin
ide for additive 
ategories and that they gen-eralize the Plus 
onstru
tion [Lo1℄. The Q-
onstru
tion allows us to proveimportant theorems su
h as those linked to lo
alization and resolution et
.Assume now that our proje
tive modules over a given ring A are equippedwith a symmetri
 bilinear (or more generally with an �-hermitian) form. Wewant to des
ribe the K-theory of this 
ategory whi
h we will 
all \hermitianK-theory". Hermitian K-theory should also 
over more general situations,for example the 
ategory of ve
tor bundles over a s
heme equipped with abilinear symmetri
 form.Comparing 
lassi
al K-theory and hermitian K-theory, the situation is quitedi�erent. We have no hermitian analogues of the theorems in 
lassi
al K-theory 
ited above. For an exa
t 
ategory in general, the hermitian K-theorywas not even de�ned. We only had a de�nition for additive 
ategories andvery few results in the spe
ial 
ase of proje
tive modules equipped witha hermitian form. In this thesis, we will give a general de�nition of thehermitian K-theory of an exa
t 
ategory C as the homotopy groups of the
lassifying spa
e of a 
ertain 
ategory L(Ch) (see De�nition 5.10). We 
analso de�ne the U -theory of Ch as the homotopy groups of the loop spa
e of the
lassifying spa
e of the 
ategory W(Ch). Then we 
an establish a homotopy�bration indu
ed by the hyperboli
 fun
tor H
BQ(C) H�! BL(Ch)! BW(Ch)whi
h generalizes the additive 
ase (see Theorem 5.7). As an importantappli
ation, we prove a Lo
alization Theorem for the hermitian K-theory ofa Dedekind ring A and a multipli
ative subset S (see Theorem 8.7). Weprove the existen
e of a homotopy �brationBL(P (A)h)! BL(P (S�1A)h)! BW((TS)h)where TS is the 
ategory of S-torsion modules. Consequently, we get a longexa
t sequen
e:::! Un((TS)h)! Kn(P (A)h)! Kn(P (S�1A)h)! ::: :



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 7Moreover, we 
an prove a D�evissage theorem (Theorem 9.5) whi
h allows usto repla
e Un((TS)h) by �Un(P (A=})h) where the sum is taken over all primeideals } di�erent from (0).If A is the ring of integers in a number �eld F , we 
an 
ompute the U -theoryof these �nite residue �elds (Corollary 9.9) using 
al
ulations of Quillen andFriedlander, and we obtain among other things1Khn(A) �=! 1Khn(F ) 8n � 3; 4mod 8�1Khn(A) �=! �1Khn(F ) 8n � 0; 7mod 8(see Theorem 9.11).This text is organized as follows:In se
tion 3, we re
all some fa
ts about the K-theory of hermitian mod-ules, taking a point of view whi
h allows us to immediately generalize to a
ategori
al viewpoint. In parti
ular, following [CL2℄,[S
h3℄, we introdu
e a
ategory W( �P (A)h) whi
h gives a delooping of the homotopy �ber of thehyperboli
 fun
tor from 
lassi
al K-theory to hermitian K-theory (Theorem3.15) at least if 2 is a unit in our ring.Se
tion 4 deals with the hermitian K-theory of additive 
ategories with du-ality. The philosophy is that most what is true for the hermitian K-theoryof rings is still true for the hermitian K-theory of additive 
ategories withduality.The hermitian K-theory of an exa
t 
ategory with duality and its basi
 prop-erties as mentioned above are des
ribed in se
tion 5.In se
tion 6, we state the lo
alization theorem for the K-theory of hermitianadditive 
ategories (Corollary 6.7) whi
h allows us to de�ne their negativeK-theory.In se
tion 7, we 
onstru
t a simpli
ial additive 
ategory with duality whi
hyields a Waldhausen-like model jiRh�Cj for the U -theory of an exa
t 
ategoryC with duality.Se
tion 8 
ontains the Lo
alization Theorem for the hermitian K-theory ofDedekind rings (and more generally for hereditary rings, in parti
ular forgroup rings AG where G is a �nite group and A is a Dedekind ring in whi
hthe order of the group is a unit). Some strategies and diÆ
ulties of possibleproofs are sket
hed. The proof will be the subje
t of se
tion 11.In se
tion 9, we prove a D�evissage theorem whi
h allows to simplify theabove homotopy �bration repla
ing W((TS)h) by �W(P (A=})h) (Theorem9.5). As we 
an 
al
ulate the homotopy groups of this 
ategory if A=} is�nite (
onsider the integers in a number �eld, for example), our somewhatabstra
t lo
alization result be
omes very 
on
rete and allows us to see inwhi
h degrees the in
lusion A! Quot(A) indu
es an isomorphism in hermi-tian K-theory (Theorem 9.11).



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 8In se
tion 10 we sket
h some further questions, in parti
ular those arisingwhen we repla
e an exa
t 
ategory C by the 
ategory of 
hain 
omplexesChb(C).Se
tion 11 
ontains the proof of the Lo
alization Theoerem 8.7.The main results of se
tion 5 have been announ
ed in [Ho℄. Se
tions 6,7and 11 are joint work with Mar
o S
hli
hting, but I am entirely responsiblefor the presentation and all the defe
ts it has.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 93 The hermitian K-theory of ringsBefore we start with the K-theory of hermitian modules, we re
all somebasi
 fa
ts (without proofs) about simpli
ial sets and 
lassifying spa
es. Atopologist might skip this part.A simpli
ial set is by de�nition a fun
tor F : �op ! Set. Re
all that� is the 
ategory whose obje
ts are the non-negative integers n, 
onsideredas an ordered set n = f0 < 1 < ::: < ng, and a morphism f : m ! n is amonotoni
 map, i.e. i � j implies f(i) � f(j). In parti
ular, we have thefa
e maps Æi : n ! n + 1 (the i tells us whi
h element is not in the image)and the degenera
y maps �j : n! n� 1 (where the j indi
ates the elementonto whi
h two elements are mapped). In fa
t, up to permutation any mapis a unique 
omposition of these maps. We write �opSet for the 
ategory ofsimpli
ial sets. Then we have a pair of adjoint fun
torsj j : �opSet  ! Top : Sing:Here j j is the so-
alled geometri
 realization fun
tor and Sing =HomTop(��top; ) where �ntop is the topologi
al standard n-simplex. Moreover,both 
ategories 
an be equipped with the stru
ture of a 
losed model 
ategory,and the above pair of adjoint fun
tors respe
ts enough of this stru
ture thatby a theorem of Quillen it be
omes an equivalen
e of the homotopy 
ategories.Next, we have the nerve fun
torN : small 
at! �opSet :For a small 
ategory C, the set NCm 
ontains all the diagrams of 
ompositionsof m 
omposable morphism of C. The fa
e maps 
orrespond to the 
omposi-tion of maps and the degenera
y maps are given by inserting identity maps.The 
lassifying spa
e BC of a small 
ategory C is de�ned by BC := jNCj.Observe that this generalizes the 
lassi
al de�nition of the 
lassifying spa
eof a dis
rete group when we 
onsider it as a 
ategory with a single obje
t.From now on, when we talk about realizations, we assume that the 
ategorieswe are dealing with are small. To simplify our notations, we will use the samesymbol for a 
ategory, its nerve and its 
lassifying spa
e.Let A be a ring equipped with an anti-involution, i.e., a morphism of rings� : A ! Aop su
h that ��a = a 8 a 2 A. Furthermore, 
hoose � 2 
enter(A)with ��� = 1. Consider a �nitely generated proje
tive A-module M .De�nition 3.1 If M is equipped with a sesquilinear non-degenerate form �(anti-linear in the �rst 
omponent) su
h that �(m;n) = �(n;m)� 8 m;n 2M , we say that (M;�) is an �-hermitian module. The dual of M is de�nedby tM = HomA;anti(M;A), i.e., f 2 tM , f(ma) = �af(m). This is anA-module via fa(m) = f(m)a.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 10With � is asso
iated � : M ! tM via �(m) = �( ; m). One observesthat � is an isomorphism and that t� = ���; more pre
isely, the triangleM ��� !!C
CC

CC
CC

C

ev // t2Mt�||xxx
xx

xxx (�)tM
ommutes (with the 
anoni
al isomorphism ev(m)(f) = f(m) 8 m 2M; f 2tM). It follows that the 
ategory of �-hermitian modules over A and theunitary morphisms (i.e. those respe
ting the form - it would be better to 
allthem metri
) is 
anoni
ally isomorphi
 to the following 
ategory �P (A)h:De�nition 3.2 Let �P (A)h be the 
ategory of hermitian modules relativeto (A; t ;� ; �). An obje
t is an isomorphism � : M �=! tM su
h that(*) 
ommutes. A morphism � : (M;�) ! (N; ) is a 
ommutative squareM � //�=�
��

N�= 
��tM tNt�ooRemark: We 
an also drop the 
ondition that the morphisms � and  areisomorphisms. Then we obtain the 
ategory P (A)hd of all hermitian obje
ts,in
luding the degenerate ones. Of 
ourse, P (A)hd 
ontains P (A)h as a fullsub
ategory.Examples: For A 
ommutative, � = Id and � =1 (resp.-1) we obtain thetheory of (anti-)symmetri
 forms. When A = C is the 
omplex numbers, the
omplex 
onjugation is an anti-involution. If A is a 
ommutative ring andG is a group, then the group ring AG is equipped with an anti-involutionsending ag to ag�1.( �P (A)h;�) is a symmetri
 monoidal 
ategory via (M;�)� (N; ) = (M �N; �� ), so its K-theory is de�ned by Quillen's S�1S-
onstru
tion (see [Q2℄or p.16):De�nition 3.3Kn( �P (A)h) := �n(Iso( �P (A)h)�1 Iso( �P (A)h)) 8n � 0One often writes �Khn(P (A)) or even �Khn(A) instead of Kn( �P (A)h). If the� is understood, it is sometimes dropped. Many people write (M;�)?(N; )instead of (M;�)� (N; ).Let us re
all some fa
ts from the 
lassi
al K-theory of �nitely generatedproje
tive modules P (A). Any proje
tive module is a dire
t summand of afree module; in other words, the sub
ategory F (A) of the obje
ts An; n � 0



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 11is 
o�nal in P (A). This 
o�nality implies, among other things, that:�K1(P (A)) �= H1(
olim Aut(An);Z) (in the 
lassi
al notation, one writesGL(A) instead of 
olim Aut(An) )�K2(P (A)) �= H2([GL(A); GL(A)℄;Z)�Kn(P (A)) �= �n(BGL(A)+ � K0(P (A))) (in the 
lassi
al notation, onewrites Kn(A) instead of Kn(P (A)) )�BGL(A)+ � K0(A) ' 
(BGL(�A)+ � K0(�A)) (see [Wag℄, �A is thealgebrai
 suspension of the ring A: Its elements are the in�nite matri
esover A having only a �nite number of non-zero elements in any row and any
olumn, divided by those matri
es having only a �nite number of non-zeroelements. ).It also implies the existen
e of a \Volodin model" [Su℄. Furthermore, thedes
ription using the Plus 
onstru
tion 
an be used to 
al
ulate the K-theoryof a �nite �eld [Q3℄ and the free part of the K-theory of an algebrai
 number�eld [Bo℄.In the 
ategory �P (A)h, we would like to have a 
o�nal sub
ategory whi
hbehaves like the free modules in P (A) and enables us to prove similar results.For this, it is ne
essary to introdu
e hyperboli
 and metaboli
 modules:De�nition 3.4 A module (P; �) is hyperboli
 if there is a module M and anisomorphism (P; �) �= (M � tM; � 0 1� 0 �) =: (H(M); �M). It is metaboli
 ifthere is a (possibly degenerate) hermitian module (M;�) and an isomorphism(P; �) �= (M � tM; � � 1� 0 �)Lemma 3.5 a) Any hermitian module (M;�) is a dire
t summand of ametaboli
 module: (M;�)� (M;��) �= (M � tM; � � 1� 0 �)b) If there exists � 2 
enter(A) su
h that � + �� = 1 , then any hermitianmodule is a dire
t summand of a hyperboli
 module: (M;�) � (M;��) �=(H(M); �M)Proof: a)M �M � 1 �10 � �
//� � 00 �� �

��

M � tM� � 1� 0 �
��tM � tM tM �M� 1 0�1 t� �oo
ommutes.b) M � tM � 1 0�� 1 �

//� � 1� 0 �
��

M � tM� 0 1� 0 �
��tM �M tM �M� 1 ���0 1 �

oo
ommutes.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 12We will always say \if 2 is invertible" even if weaker 
onditions (i.e. theexisten
e of a � su
h that � + �� = 1 or the fa
t that the hyperboli
 mod-ules form a 
o�nal sub
ategory of �P (A)h) are suÆ
ient in many proofs.In this 
ase, we 
an 
on
lude, as for 
lassi
al K-theory (repla
ing An by(H(An); �An)), that:�K1( �P (A)h) �= H1(
olim Aut(H(An); �An);Z) (one often writes �O(A)instead of 
olim Aut(H(An); �An) )�K2( �P (A)h) �= H2([ �O(A); �O(A)℄;Z)�Kn( �P (A)h) �= �n(B �O(A)+ �K0( �P (A)h)) In the notation of [Ka2℄, onesets �Ln(A) := �n(B �O(A)+�K0( �P (A)h) independent of the fa
t whether2 is invertible or not. This should not be 
onfused with the L-theory of Wall,Rani
ki and Mis
henko, see the �rst remark below.�B �O(A)+ �K0( �P (A)h) ' 
(B �O(�A)+ �K0( �P (�A)h))and that a \Volodin model" 
an be 
onstru
ted [So℄. Furthermore, it is pos-sible to 
al
ulate the K-theory of a �nite �eld [Fr℄ and the free part of theK-theory of an algebrai
 number �eld [Bo℄.Remark: The idea of de�ning the L-theory (a good referen
e is [Ra2℄) of aring A is as follows: Consider the abelian monoid of n-dimensional \Poin
ar�e
omplexes" of proje
tive modules of �nite type over A together with an n-
y
le playing the role of the �-hermitian form. Then we divide out by a 
ertain\
obordism" relation to get the group Ln(A; �). The geometri
 interest inthese L-groups is that they 
ontain obstru
tion 
lasses in the surgery theoryof a Poin
ar�e spa
e X when A = Z�1(X). We have periodi
ity in L-theory[Ra1℄, i.e Ln(A; �) �= Ln+2(A;��). This should be 
ompared with the higherWitt groups (see De�nition 3.13) where the same is true up to 2-torsion[Ka6℄, i.e. �Wn(P (A))
 Z[1=2℄ �= ��Wn+2(P (A))
 Z[1=2℄. Moreover, thesetwo theories 
oin
ide up to 2-torsion [Lo2℄: Ln(A; �)
Z[1=2℄ �= �Wn(P (A))
Z[1=2℄.Remark: Instead of looking at hermitian modules, we 
an deal with the(symmetri
 monoidal) 
ategory of quadrati
 forms over a given ring: 
onsiderthe sesquilinear non-degenerate forms Sesq(M) on a �nitely generated pro-je
tive module M . We have a morphism T� : Sesq(M)! Sesq(M) indu
edby T�(�)(m;n) = �(n;m)�. Then the quadrati
 forms onM (more pre
isely,the 
lasses of their asso
iated bilinear forms) are equal to 
oker(T��1) whilethe �-hermitian forms are equal to ker(1 � T�). The bilinearization T� + 1indu
es a morphism 
oker(1 � T�) ! ker(1 � T�) whi
h is an isomorphismif 2 is invertible [Wall℄. In the 
ategory of quadrati
 forms, the hyperboli
obje
ts always form a 
o�nal sub
ategory. Therefore the Plus 
onstru
tionalways gives a model for its K-theory. To study the di�eren
es between the
ategories of hermitian modules and that of quadrati
 modules and theirK-theories, one introdu
es form parameters [Bak℄.The 
ategory �P (A)h and the underlying 
ategory P (A) are related by
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tor and the hyperboli
 fun
torF : �P (A)h ! P (A) andH : Iso(P (A))! Iso( �P (A)h)given by H(M) = (H(M); �M) on the obje
ts and H(f) = (� f 0o tf�1 �)on the morphisms. These fun
tors indu
e fun
tors F� and H� between the
lassifying spa
es for the K-theories.De�nition 3.6 U( �P (A)h) := ho�b(H�; 0)V( �P (A)h) := ho�b(F�; 0)�Un(A) := �n(U( �P (A)h))Here, ho�b(f; y) is the homotopy �ber of f : X ! Y over a point y 2 Y , i.e.,the homotopy limit of the diagram fyg ! Y f X . Consequently, these fourspa
es form a homotopy 
artesian square, i.e., ho�b(f; y) ' fyg�Y Y I�Y X.It follows that we get a long exa
t homotopy sequen
e. In general, ho�b(f; y)depends on y, but any path 
onne
ting y and y0 in Y gives a homotopyequivalen
e of the homotopy �bers over these two points. That's why weoften suppress y in ho�b(f; y) if Y is 
onne
ted or if f is a morphism ofH-groups.Re
all that a homotopy 
artesian square remains homotopy 
artesian if werepla
e one of the four spa
es by a spa
e having the same homotopy type.We say that F g! X f! Y is a homotopy �bration if it �ts in a homotopy
artesian square where the fourth spa
e is 
ontra
tible. This is equivalent tosaying that f Æ g is homotopi
 to a 
onstant map ~y for some y 2 Y and theindu
ed map (depending on the 
hoi
e of the 
ontra
tion) F ! ho�b(f; y)is a homotopy equivalen
e.Theorem 3.7 (\Fundamental Theorem")There is a homotopy equivalen
eV( �P (A)h) ' 
(U( ��P (A)h))if 2 is invertible.Proof: See [Ka7℄. The main idea is that the homotopy groups of bothspa
es are equipped with a K0( 1(P (Z[1=2℄)h))-module stru
ture and theisomorphism between the homotopy groups is given by the multipli
ationwith an element of this ring.Karoubi and Gi�en [CL2℄ proposed a 
ategory W( �P (A)h) whose loopspa
e is a model for U( �P (A)h) if 2 is invertible:



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 14De�nition 3.8 Let W( �P (A)h) be the 
ategory whose obje
ts are the sameas those of �P (A)h. For the morphisms, we setW( �P (A)h)((P; �); (M; )) =fequivalen
e 
lasses of (q; (L; �); i)g, where a representative is given by a 
om-mutative diagram (in P (A))P�=�
��

Lqoooo // i //�
��

M �=
��tP //

tq // tL tMtioooowith q a split epimorphism and i a split monomorphism. We also demandthat the in
lusion of L?M := ker( ti Æ  ) in M fa
tors over L; in other wordswe have a 
ommutative triangleL?M||

||y
y

y
y ""

""EE
EE

EE
EEL // i // MConsequently, L0 := ker � �= ker q �= L?M . We say that L is a \sur-lagrangian" (and we often write L? instead of L?M). (q; (L; �); i) and(q0; (L0; �0); i0) are equivalent if there is an isomorphism in P (A) � : L! L0su
h that q = q0 Æ� and i = i0 Æ�. The 
omposition of morphism is explainedin the following lemma.In fa
t, the 
ondition that L? is in
luded in L is equivalent to saying thatthe outer re
tangle is a bi
artesian square, and this will be used in the proofof the following lemma:Lemma 3.9 W( �P (A)h) is a 
ategory with the 
omposition law spe
i�edbelow.Proof: Given two morphisms [v; (L1; �1); i℄ 2 W( �P (A)h)((M; ); (N;�))and [u; (L2; �2); j℄ 2 W( �P (A)h)((N;�); (P; �)), we set L := L1�N L2. Thentheir 
omposition is [(v Æ ~u); (L; t~i Æ �2 Æ~i); (j Æ~i)℄ de�ned by the diagramL // ~i //~u

����

art L2 // j //u

����

PL1v
����

// i // N (+)Mand one 
he
ks that this is well-de�ned. It remains to show that L?P fa
torsover L. Consider the following 
ommutative diagram (in whi
h we have sup-pressed the isomorphims  ; � and �):
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����

(1) L2 // j //u
����

(2) P tj
����L1 // i //v

����
(3) N //

tu //ti
����

(4) tL2t~i
����M //

tv // tL1 //
t~u // tLThe square (1) is not only 
artesian, but also 
o
artesian (see the appendixof [Ke1℄), so the square (4) is bi
artesian. Similary, one 
an show that thesquares (2) and (3) are also bi
artesian. It follows that the big square 
om-posed of four bi
artesian squares is bi
artesian. This implies that ker( t~iÆ tj)fa
tors over L.Instead of looking at the morphisms indu
ed by \sur-lagrangians", we
an 
onsider \sub-lagrangians" (also 
alled \totally isotropi
" modules):De�nition 3.10 LetW 0( �P (A)h) be the 
ategory whose obje
ts are the sameas those of �P (A)h. For the morphisms, we setW 0( �P (A)h)((P; �); (M; )) = fequivalen
e 
lasses of (p; (T?; �); j)g whereT? is the orthogonal of some obje
t T and a representative is given by a
ommutative diagram (in P (A))P�=�

��

T?poooo �
��

// j // M �=
��tP //

tp // tT? tMtjoooowith p a split epimorphism and j a split monomorphism. We also demandthat T is an isotropi
 sub-module of M ; in other words we have a 
ommuta-tive triangle:T||
||z

z
z

z !!

!!B
BB

BB
BB

BT?M // j // MLemma 3.11 We have an isomorphism of 
ategories F : W( �P (A)h) �=!W 0( �P (A)h) given by F ([q; (L; �); i℄) = [q Æ 
; ((L?)?; 
 Æ � Æ 
); i Æ 
℄ with
 : (L?)? �=! L.Proof: Be
ause L? �
// // M tiÆ 

// // tL is exa
t, L i
// // M t�Æ 

// //tL? is also exa
t. It follows that there is an isomorphism 
 : (L?)? �=! L overM and that F ([q; (L; �); i℄) is a morphism in W 0( �P (A)h). We 
an de�neG : W 0( �P (A)h) ! W( �P (A)h) in a dual way setting G([p; (T?; �); j℄) :=[p; (T?; �); j℄. One easily 
he
ks that F are G are well-de�ned and inversesto ea
h other.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 16Remark: The proofs of Lemma 3.9 and Lemma 3.11 show thatW( �P (A)h)is isomorphi
 to the 
ategory �WP (A) in [Ur℄.Proposition 3.12 a) Suppose we have a K su
h that (P; �)�(H(K); �K) �=(M; ). Then there is a morphism from (P; �) to (M; ) in W( �P (A)h).b) If 2 is invertible and there is a morphism in W( �P (A)h) from (P; �) to(M; ). Then there exists a K su
h that (P; �)� (H(K); �K) �= (M; ) .Proof: a) The 
lass of (�; (P �K; �� 0); �) is su
h a morphism.b) Let [(q; (L; �); i)℄ be a morphism. Choose a se
tion s of q. Then P is adire
t summand of M as a hermitian module (see [Kn, II.2.5.2℄ where it isshown that if we have a non-degenerate hermitian obje
t with a subobje
ton whi
h the form is non-degenerate, then this is a dire
t summand as ahermitian subobje
t. Here we use the fa
t that 2 is invertible, whi
h impliesthat any hermitian module 
an be 
onsidered as the equivalen
e 
lass of amodule equipped with a bilinear form). So the problem redu
es to showingthat the hermitian modules whi
h are 
onne
ted with 0 by a morphism arepre
isely the metaboli
 modules (whi
h are hyperboli
 if 2 is invertible).In this 
ase, (M; ) �= (L? � tL?; � a b� tb d � ). As a = 0 and b is anisomorphism (be
ause L� tL [0 b℄
// // tL is a split epimorphism with kernelL), 
onjugation with � b�1 00 1 � gives the desired module.We therefore see that W( �P (A)h) is isomorphi
 to the 
ategory �Ŵ (A)in [CL2℄. Following [Ka2℄, we de�ne the higher Witt groups:De�nition 3.13Wn( �P (A)h) := 
oker (Kn(P (A)) H�! Kn( �P (A)h)):We will often write W ( �P (A)h) instead of W0( �P (A)h) for the 
lassi
al Wittgroup.Let �P (A)H be the full sub
ategory of obje
ts in �P (A)h isomorphi
 to ahyperboli
 obje
t. Be
ause H� fa
tors via the epimorphism K0(P (A)) !K0( �P (A)H), we have W ( �P (A)h) �= 
oker (K0( �P (A)H)! K0( �P (A)h))Lemma 3.14 �0(W( �P (A)h)) �= W ( �P (A)h)Proof: Any element of W ( �P (A)h) 
an be represented by a di�eren
e(P; �)�(M;�) where (M;�) is metaboli
 (Lemma 3.5 a)). One 
an show [QSS,Lemma 5.4℄ that the metaboli
 modules are zero in W ( �P (A)h) even if 2 isnot invertible. This implies the following:(P; �) and (Q; ) are in the same 
onne
ted 
omponent of W( �P (A)h)
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 modules (M;�) and (N; �) su
h that(P; �)� (M;�) �= (Q; )� (N; �) (")" is a 
onsequen
e of [QSS, 5.3℄ whi
hsays the following: If (L; �) is a totally isotropi
 submodule of (M; ), then(M; )� (L?=L;��jL?) is metaboli
.)() The 
lasses of (P; �) and (Q; ) in W ( �P (A)h) are equal.LetW( �P (A)H) be the full sub
ategory ofW( �P (A)h) of obje
ts isomor-phi
 to a hyperboli
 obje
t. We let S = Iso(P (A)); SH = Iso( �P (A)H) �=Iso(W( �P (A)H)) and Sh = Iso( �P (A)h) �= Iso(W( �P (A)h)).We have � =  Æ S�1� : Sh �! W( �P (A)h) where the a
tion of S on Sh isgiven by the hyperboli
 fun
tor. Here � is the in
lusion of Sh in W( �P (A)h)and  : S�1W( �P (A)h) '! W( �P (A)h) exist be
ause the a
tion of S onW( �P (A)h) is trivial (hen
e  is a homotopy equivalen
e given by the pro-je
tion on the level of obje
ts). Then hermitian K-theory, the underlying
lassi
al K-theory and theW-
onstru
tion are related by the following resultof M. S
hli
hting.Theorem 3.15 If 2 is invertible, then there is a homotopy �brationS�1S S�1H�! S�1h Sh ��! W( �P (A)h)where the a
tion of S on Sh is given by the hyperboli
 fun
tor.Proof: The proof 
an be found in [S
h3℄; it uses the Waldhausen-like modelof se
tion 6 and Karoubi's Fundamental Theorem (Theorem 3.7) and estab-lishes an additivity theorem for hermitian K-theory.Remark: In [CL2, 3.1-3.4℄ R.Charney and R.Lee believed that they had aproof for Theorem 3.15. They wanted to show that all base 
hanges of thefun
tor S�1� are H�( ;Z)-isomorphisms and then show by a rather expli
it
al
ulation that we have a homotopy equivalen
e S�1S ! S�1(0 # �). Toprove that all base 
hanges are isomorphisms in homology (and hen
e homo-topy equivalen
es as they are morphisms of H-groups), they �nally needed toshow that the a
tion indu
ed by the swit
h �� : (P � P # �)! (P � P # �)is the identity in homology. They 
laimed that �� a
ts as an inner automor-phism, whi
h is not true.Remark: The interest of Charney and Lee in the 
ategory W( �P (A)H)
omes from geometry: Let �n = f� �M(n;C)j t� = �; Im(�) > 0g theSiegel spa
e of dimension n. The symple
ti
 group Sp2n(Z) = �1On;n(R) =Aut(H(Rn); �Rn) a
ts on �n transitively. The a
tion of �n = �1On;n(Z)even extends to the Satake 
ompa
ti�
ation of this spa
e. We 
an 
onstru
tfull sub
ategoriesWn ofW( �1P (Z)) withHi(Wn;Q) �= Hi(Wn+1;Q) for n >i and we 
an establish an isomorphismH�(Wn;Q) �=! H�(��n=�n;Q)(see [CL1,CL2℄ for more details).



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 184 The hermitian K-theory of additive 
ate-goriesFirst, let us re
all the de�nition of a symmetri
 monoidal 
ategory and itsK-theory as de�ned by Quillen [Q2℄.De�nition 4.1 A symmetri
 monoidal 
ategory (C;
; 1C) is a 
ategory Ctogether with a fun
tor 
 : C � C ! C and an obje
t 1C su
h that we havenatural isomorphisms 1C 
 A �= A �= A 
 1C, (A 
 B) 
 C �= A 
 (B 
 C)and A
B �= B 
A for any obje
ts A;B;C of C su
h that 
ertain diagrams[Q2, p.218℄ 
ommute.Any additive 
ategory is a symmetri
 monoidal 
ategory, of 
ourse (take
 = �), but there are other important examples as we will see below.Given two symmetri
 monoidal 
ategories C and D, we de�ne an a
tion ofC on D to be a fun
tor F : C � D ! D ful�lling some obvious 
onditions.We then de�ne the 
ategory <C;D>. Its obje
ts are the obje
ts of D. Amorphism from D to D0 is an equivalen
e 
lass of a pair (C; f) with f :F (C;D)! D0. For example, we have the diagonal a
tion of C on C �C, andwe set C�1C := <C; C � C>.De�nition 4.2 Let (C;
; 1C) be a symmetri
 monoidal 
ategory and S =Iso(C) be the sub
ategory of C with the same obje
ts, and whose morphismsare the isomorphisms of C. Then we de�ne the K-theory of C byKn(C) = �n(S�1S) 8n � 0:Let C be a 
ategory equipped with a duality fun
tor t : C ! Cop anda natural isomorphism � : IdC ! tÆt satisfying t�M Æ � tM = Id tM for allobje
ts M of C. We \
hoose" � and � as in the 
ase of modules; in general,the 
hoi
e will often be � = Id and � = 1 (or � = -1 if C is additive).More pre
isely, one should 
onsider the 
ategory of additive 
ategories withduality and ask that fun
tors in this 
ategory 
ommute with the identi�
ationisomorphisms up to natural isomorphism; see [S
h2℄ for the details. As before,we will suppress the isomorphism �. This is justi�ed by the fa
t that any
ategory with duality (C; t; �) is equivalent to a 
ategory with duality wherethe isomorphism between the identity fun
tor and the bidual is given by theidentity, see [S
h2℄ for the details. We 
an then de�ne:De�nition 4.3 Let Ch be the 
ategory of hermitian obje
ts relative to(C; t ;�; �). An obje
t is an isomorphism � :M �=! tM su
h that t�Æ�M = ���.A morphism � : (M;�)! (N; ) is a 
ommutative squareM � //�=�
��

N�= 
��tM tNt�oo



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 19Remark: As before (see De�nition 3.4) we have the notion of a hyperboli
obje
t and we write CH for the full sub
ategory of hyperboli
 obje
ts in Ch.We 
an also drop the 
ondition that the morphisms � and  are isomor-phisms. Then we obtain the 
ategory Chd of all hermitian obje
ts, in
ludingthe degenerate ones. Of 
ourse, Chd 
ontains Ch as a full sub
ategory.If C is additive (resp. symmetri
 monoidal) and t respe
ts this stru
-ture, we 
all Ch the hermitian 
ategory asso
iated to C. This 
ategory Chis still symmetri
 monoidal, so its K-theory is de�ned by the above S�1S-
onstru
tion. A hermitian exa
t 
ategory is no longer exa
t.Examples: 1) C = �P (A)h is an additive 
ategory with dualityHomA( ; A).2) The 
ategory of �nite abelian groups together with t = HomZ( ;Q=Z)gives a hermitian exa
t 
ategory. This example will be extended to torsionmodules over Dedeking rings in se
tion 9.3) Let (X;OX) be a s
heme. Then the lo
ally free OX -sheaves of �nite rankV e
t(X) form an exa
t 
ategory with HomOX ( ;OX) as duality fun
tor.4) C�Cop admits a duality fun
tor sending (A;B) (f;gop)�! (C;D) to (B;A) (gop;f)�!(D;C) in (C � Cop)op �= Cop � C. If C is exa
t, C � Cop is also exa
t: (f; gop)is an admissible monomorphism if f is an admissible monomorphism and gis an admissible epimorphism in C et
.For the rest of this 
hapter, let us �x a hermitian additive 
ategory Chand its full sub
ategory of hyperboli
 obje
ts CH .Obviously, all of parts 3.4-3.14 (ex
ept 3.7) remains true for hermi-tian additive 
ategories, repla
ing \module" by \obje
t", P (A) by C and�P (A)h by Ch. (In 3.5 b), \If there exists � 2 
enter(A) su
h that �+ �� = 1"has to be repla
ed by \If for any obje
t E, there exists � : tM ! tMsu
h that t(� Æ �) + � Æ � = 1 8� = t� : M �=! tM"). We still writeSH = Iso(CH) �= Iso(W(CH)) and Sh = Iso(Ch) �= Iso(W(Ch)).S
hli
hting's proves Theorem 3.15 for additive 
ategories as well using thatwe have the Fundamental Theorem 3.7 also for additive 
ategories. This isthe 
ase, as there is a way to generalize 
ertain isomorphisms from the her-mitian K-theory of rings to additive pseudo-abelian 
ategories (also 
alled\karoubian", \idempotent 
omplete" or \saturated"). Re
all that after [Ka5℄,a 
ategory is 
alled pseudo-abelian if for any obje
t E and any proje
tionp2 = p 2 End(E); ker p exists. Moreover, for any additive 
ategory there isa pseudo-abelian 
ategory eC whose obje
ts are 
ouples (E; p) where E is anobje
t of C and p2 = p 2 End(E). Then we have a full in
lusion C // // eCindu
ed by E 7! (E; 1E). M. S
hli
hting drew my attention to the ideaof the following proposition whi
h also applies to more general situationssu
h as homotopy 
artesian squares. We write add 
at for the 
ategory of(small) additive 
ategories and F (R) for the 
ategory of �nitely generated



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 20free R-modules.Proposition 4.4 Let D and E be two fun
tors add 
at! �opSet 
ommut-ing with �ltered 
olimits and sending equivalen
es of 
ategories to homotopyequivalen
es of simpli
ial sets. Suppose that there is a natural transformation� : D �! E su
h that DP (R) �P (R)�! E P (R) is a homotopy equivalen
e forany ring R. Then DA �A! EA is a homotopy equivalen
e for any pseudo-abelian 
ategory A.Proof: We say that an additive 
ategory � is �nitely generated if there is anobje
t A� su
h that any obje
t of � is a dire
t summand of (A�)n for somen. De�ne R := End(A�). We have in
lusions F (R) // // � // // P (R).(given by the isomorphism of the sub
ategory of P (R) 
onsisting of the singleobje
t R and the sub
ategory of P (A�) 
onsisting of the single obje
t A�.)The pseudo-abelianization ~ gives P (R) ' gF (R) // // ~� // // gP (R) 'P (R) and we therefore get an equivalen
e of 
ategories P (R) ' ~�. It fol-lows that � is a homotopy equivalen
e for any �nitely generated pseudo-abelian 
ategory. Let fgA be the 
ategory of �nitely generated sub
ate-gories of A. Then this implies ho
olimfgAD( ~�) ' ho
olimfgAE( ~�) and
onsequently 
olimfgAD( ~�) ' 
olimfgAE( ~�) be
ause our 
olimits are �l-tered [BK, XII,3.5℄. Finally, 
olim and ~ 
ommute and any additive 
ategoryis the �ltered (see the following remark) 
olimit of its �nitely generated sub-
ategories.Repla
ing End(A�) by End(A� � tA�) in the above argument, we 
analso prove that any duality fun
tor on any �nitely generated additive pseudo-abelian 
ategory is isomorphi
 to HomR( ; R) on P (R).Remark: We say that a 
ategory (and in parti
ular a partially ordered set)is \
o�ltered" (or \right �ltered") if i) it is non-empty, ii) for any two ob-je
ts, there is a \bigger" obje
t and iii) for any pair of morphisms betweentwo obje
ts there is a morphism whi
h 
oequalizes them (Quillen [Q1℄ 
allssu
h a 
ategory \�ltering"). We also have the dual notion of \�ltered" (or\left �ltered"). Nevertheless, we say \�ltered 
olimits" as in [BK℄ instead of\
o�ltered 
olimits".Of 
ourse, we want to have our results not only for pseudo-abelian 
ategories,but for additive 
ategories in general. For an arbitrary additive 
ategory C weobserve that the in
lusion C // // ~C is 
o�nal (be
ause (A; p)� (A; 1�p) �=(A; 1) ). This implies that the in
lusion (S�1S)0 ! ( ~S�1 ~S)0 indu
es a ho-motopy equivalen
e where D0 always stands for the 
onne
ted 
omponent of0 of a 
ategory D[Q2, p.221 and 224℄.
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t, two years ago I was not aware of the mistake in the proof of[CL2℄. I generalized their result (whi
h was only valid for rings) to additive
ategories [Ho℄ using essentially Proposition 4.4, 
o�nality and the following:Lemma 4.5 The in
lusion W(CH)!W(Ch)0 is a homotopy equivalen
e.Proof: Let WN be the full sub
ategory of W(Ch)0 of obje
ts (P; �) su
hthat (P; �) � (H(N); �N) is hyperboli
. Then we have that 8M;N obje
tsof C, the in
lusion � : WM ! WM�N is a homotopy equivalen
e. To seethis, let � : WM�N ! WM be given by �(P; �) = (P � H(N); � � �N) and�(f) = f � idH(N). We then have a natural transformation � : IdWM ) � Æ �de�ned by �(P;�) = [(p; (P�N; ��0); i)℄ and a similar natural transformationIdWM�N ) � Æ �. Let symmon 
at be the 
ategory of (small) symmetri
monoidal 
ategories. For any abelian monoid A, we write Â for the 
ategorywhose obje
ts are the elements of A and Â(a; b) = fCja+ 
 = bg. Then thisimplies that the natural transformation �0 )W is a homotopy equivalen
efor any obje
t of d�0(S) where �0 : d�0(S) ! symmon 
at is the 
onstantfun
tor �0(M) = W(CH). The se
ond fun
tor is given by W(N) = WNon obje
ts and on morphisms it is the in
lusion of 
ategories. With [BK,XII,3.5℄ and Lemma 3.14 we 
an 
on
lude that W(CH) ' ho
olim d�0(S)�0 'ho
olim d�0(S)W ' 
olim d�0(S)W ' W(Ch)0.Remark: The 
ategory <S;Sh> (see [Q2℄) and the double mapping 
one ofThomason [Th2℄ give two other models for the homotopy type ofW(Ch); andthe latter one �ts the above homotopy �bration even if 2 is not invertible.The advantage of our 
ategory is that it generalizes well to exa
t 
ategories,as we will see in the next se
tion.Another model forW(Ch) in the additive 
ase 
an be 
onstru
ted in termsof \pseudo-simpli
ial symmetri
 monoidal 
ategories" using [Ja2, Corollary4.8℄. In the same arti
le (p.192), Jardine suggests a de�nition of �etale hermi-tian K-theory with �nite 
oeÆ
ients for s
hemes, using a globally �brant re-pla
ement (with respe
t to the 
losed model stru
ture of [Ja1℄) of the presheafof hermitian K-theory as de�ned in this se
tion. We 
ould repla
e the �etaletopology by the Zariski or the Nisnevish topology and work with integral
oeÆ
ients as well, 
ompare with the last paragraph of se
tion 10.
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t 
ategoriesRe
all the de�nition of an exa
t 
ategory due to [Q1℄ [Ke1℄:De�nition 5.1 An exa
t 
ategory C is an additive 
ategory, together with a
lass of sequen
es fA // // B // // Cg, 
alled \exa
t sequen
es". We saythat A // // B is an \admissible monomorphism" and thatB // // C is an \admissible epimorphism". They ful�ll the following ax-ioms:i) The 
lass of admissible monomorphisms is 
losed under 
omposition andunder 
obase-
hange.ii) The 
lass of admissible epimorphisms is 
losed under 
omposition andunder base-
hange.iii) Any sequen
e isomorphi
 to an exa
t sequen
e is exa
t. Any sequen
e ofthe form A �1// // A� B �2 // // Bis exa
t.iv) In any exa
t sequen
e A // // B // // C, A is a kernel for B // // Cand C is a 
okernel for A // // B.In fa
t, the de�nition we give here is due to Keller who simpli�ed the originalde�nition of Quillen, showing that the following axiom (and its dual) is a 
on-sequen
e of the other axioms: If an admissible monomorphism i : C // // D
an be fa
tored as i = v Æ u su
h that u has a 
okernel in C, then u is anadmissible monomorphism.Any additive 
ategory 
an be 
onsidered as an exa
t 
ategory, takingthe split monomorphisms and epimorphisms to be the admissible ones. Of
ourse, in general there are other 
hoi
es for families of admissible short exa
tsequen
es. We will frequently use \additive" as a synonym for an exa
t
ategory in whi
h every exa
t sequen
e splits. Another example for exa
t
ategories is to take a 
onvenient sub
ategory of an abelian 
ategory andtaking all monomorphisms and epimorphisms to be admissible. FollowingQuillen, we then asso
iate to any exa
t 
ategory C a 
ategory QC whi
h hasthe same obje
ts as C. A morphism from C to D in QC is given by theequivalen
e 
lass of a diagramm C oooo E // // D.De�nition 5.2 Let C be an exa
t 
ategory. Then its K-theory is de�ned byKn(C) = �n(
QC) :It is this Q-
onstru
tion whi
h allows Quillen to prove his theorems on reso-lution, lo
alization and d�evissage. His proof that the S�1S-
onstru
tion andthe Q-
onstru
tion 
oin
ide for additive 
ategories and that they generalize
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onstru
tion for proje
tive modules of �nite type over a given ring
an be found in [Q2℄.Let us �x an exa
t 
ategory C with duality. Obviously, all of parts 3.5-3.12 a) (ex
ept 3.7) remains true for hermitian exa
t 
ategories, re-pla
ing \module" by \obje
t", \split monomorphism" by \admissible mono-morphism", \split epimorphism" by \admissible epimorphism", P (A) by Cand �P (A)h par Ch.The asso
iated hermitian 
ategory to an exa
t 
ategory with duality is nolonger exa
t or Waldhausen; it does not even have a �nal obje
t. Therefore,its K-theory is not de�ned in general. If all short exa
t sequen
es split, we
an de�ne the K-theory as (the homotopy groups of) S�1h Sh. But in all other
ases, this de�nition would be as bad as taking S�1S to de�ne 
lassi
al K-theory of an exa
t 
ategory in whi
h not all short exa
t sequen
es split.The aim of this 
hapter is to de�ne for any exa
t 
ategory C with dualitya 
ategory L(Ch) su
h that there is a homotopy �bration 
ontaining 
Q(C)and L(Ch) and whi
h 
oin
ides with the one indu
ed by the hyperboli
 fun
-tor as given in 
orollary 4.8 if the exa
t stru
ture is given by the additivestru
ture (i.e. any short exa
t sequen
e splits). In parti
ular, we would havea homotopy equivalen
e L(Ch) ' S�1h Sh in this 
ase. Furthermore, we wouldlike to have (as it is known for modules, see [Ka7℄) L((C � Cop)h) ' 
Q(C). If su
h a 
ategory L(Ch) exists, it seems to be justi�ed to 
all it \the her-mitian K-theory of the hermitian exa
t 
ategory Ch". By the way, we shouldmention that up to now, everything we have 
alled \hermitian K-theory" wasa spe
ial 
ase of 
lassi
al K-theory for symmetri
 monoidal 
ategories.For any exa
t 
ategory C with duality, we de�ne its Witt group byW (Ch) := �0(W(Ch)). As we now 
onsider short exa
t sequen
es whi
hdo not split in general, the fa
t that (M;�) 
ontains a \lagrangian" L =L? // // M no longer implies an isomorphism (M;�) �= (L?� tL?; � 0 1� d �). We therefore have to distinguish these two 
lasses of obje
ts and 
all themmetaboli
 and split metaboli
, respe
tively. Lemma 5.3 of [QSS℄ implies thatgiven a morphism from (P; �) to (M;�) inW(Ch), the obje
t (M;�)�(P;��)is metaboli
. It follows that W (Ch) still is the monoid of isomorphism 
lassesof hermitian obje
ts, divided by the equivalen
e relation generated by iden-tifying the metaboli
 obje
ts with 0.Lemma 5.3 The fun
tor H de�ned below is an equivalen
e of 
ategoriesH : Q(C)!W((C � Cop)h)Proof: We set H(A) = ((A;A); (1; 1op)) and H[A p
oooo B i

// // C℄ =the 
lass of
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��

(B;C tB A)(p;~iop)oooo

��

//(i;~pop) // (C;C)(1;1op)
��(A;A) //(~i;pop) // (C tB A;B) (C;C)(~p;iop)oooowhere ~i and ~p are de�ned by the bi
artesian squareB // i //p

����

C~p
����A // ~i // C tB AAs the obje
ts of (C � Cop)h are ne
essarily of the form (E; F ) (f;fop)�! (F;E),the isomorphism [((1; 1op); ((E; F ); (f; f op)); (f; 1op)℄ 2W((C�Cop)h)(((E; F ); (f; f op));H(F )) shows thatH is essentially surje
tive.It is 
learly faithful. Finally,H is full be
ause any morphism inW((C�Cop)h)is given by a 
artesian square.De�nition 5.4 Let F(Ch) be the homotopy �ber of the forgetful fun
torW(Ch) F�! Q(C).This is only a topologi
al spa
e, not a 
ategory. It enables us to give a modelfor the K-theory of an exa
t 
ategory:Proposition 5.5 There is a homotopy equivalen
e
Q(C) ' F((C � Cop)h)Proof: We have the following diagramF((C � Cop)h) f //W((C � Cop)h) F // Q(C � Cop)�=�

��Q(C)�Q(Cop)�=�
��Q(C) � //______

H 'OO Q(C)�Q(C)whi
h is 
ommutative: � Æ � Æ F Æ H(P q
oooo L j

// // M) =� Æ �((P; P ) (q;~jop)
oooo (L;M tL P ) (j;~qop)

// // (M;M)) =(P; P ) (q;q)
oooo (L; L) (j;j)

// // (M;M) = �(P q
oooo L j

// // M) where� is the diagonal map, � is the 
anoni
al isomorphism and � is the equiva-len
e of 
ategories de�ned in [Q1℄. The existen
e of the homotopy �brationF((C � Cop)h)! Q(C) �! Q(C)� Q(C) implies F((C � Cop)h) ' ho�b(�) '
Q(C)
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ategory whose 
lassifying spa
e is homotopy equivalent toF(Ch) (whi
h will be �nally given in De�nition 5.10) we remark �rst of allthat a 
artesian square in the 
ategory of 
ategories is still 
artesian in the
ategory of simpli
ial sets be
ause nerve : 
at ! �opSet has a left ad-joint [Th1℄ and therefore respe
ts limits.Re
all [Q1, p.93℄ that a fun
tor g : B ! C is 
alled \pre�bered" in the senseof Quillen if for any obje
t 
 of C the in
lusion g�1(
)! (
 # g) has a rightadjoint, g�1(
) being the sub
ategory of morphisms of B mapping to idC .Proposition 5.6 Given a diagram in the 
ategory of 
ategoriesF
��A�C B //g�

��

Bg
��A // Cwhere the square is 
artesian, (realizations of) A and C are 
onne
ted orH-groups and F ! B g! C is a homotopy �bration su
h that g is �bered inthe sense of Quillen [Q1℄ and g full�lls the 
onditions of Quillen's theoremB (i.e., all base 
hanges are homotopy equivalen
es). Then g� is also �beredand F ! A�C B g�! A is a homotopy �bration.Moreover, if B is 
ontra
tible, then A �C B g�! A ! C is also a homotopy�bration.Proof: Following [SGA1, VI,6.9℄, if g is �bered, then g� is also �bered. Atrivial 
al
ulation shows that if g full�lls the 
onditions of theorem B, then sodoes g�. It follows that F ' ho�b(g) ' g�1(
) �= g��1(a) ' ho�b(g�) 8a 2 Asu
h that f(a) = 
.For the se
ond assertion, repla
e B g! C by a (Serre) �bration p:B ' //g

��?
??

??
??

? B �C CIp
zzuuuuuuuuuCThen we have to 
he
k that A �C B ! A �C CI �C B is a homotopyequivalen
e. This is a 
onsequen
e of the �ve lemma applied to the longexa
t homotopy sequen
es of the homotopy �brations F ! A �C B ! Aand F ! A�C CI �C B ! AOf 
ourse, we want to apply this proposition when A! C is the forgetfulfun
tor F :W(Ch)! Q(C). Let E = E(C) be the 
ategory in [Q2℄. Its obje
tsare the short exa
t sequen
es in C, and a morphism fromA // // B // // Cto A0 // // B0 // // C 0 is given by the isomorphism 
lass of a 
ommutative
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��

��

// // C0OOOO
��

��A0 // // B0 // // C 0where stands for a bi
artesian square. Observe that saying that this squareis bi
artesian is not an extra 
ondition but a 
onsequen
e of the diagram.S = Iso C a
ts on E by D + (A // // B // // C) = D � A // // D �B // // C. Following [Q2℄, we know that the proje
tion on the third 
om-ponent g : S�1E ! Q(C) full�lls all the 
onditions required in Proposition5.5 if all short exa
t sequen
es in C split. It follows that we have a homotopy�bration S�1E0 �! S�1E �Q(C)W(Ch) g�!W(Ch)where S�1E0 := g�1(0). The somewhat surprising fa
t now is that thishomotopy �bration indu
ed by the forgetful fun
tor F : W(Ch) ! Q(C)
oin
ides with the homotopy �bration of the previous 
hapter indu
ed bythe hyperboli
 fun
tor. More pre
isely, we have the following theorem:Theorem 5.7 Let Ch be a hermitian exa
t 
ategory in whi
h all short exa
tsequen
es split and 2 is invertible. Then we have a diagram of 
ategories andfun
torsS�1S S�1H //j
��

S�1Sh � //J
��

W(Ch)S�1E0 � // S�1E �Q(C)W(Ch) g� //W(Ch)where the verti
al morphisms are homotopy equivalen
es, the rows are ho-motopy �brations, the right-hand square 
ommutes and the left-hand square
ommutes up to homotopy.Proof: Observe �rst of all that we have a homotopy equivalen
e S�1Sh '!S�1h Sh if 2 is invertible by 
o�nality. We let j be the trivial equivalen
eof 
ategories given by (A;B) ! (A;B 1
// // B // // 0). The fun
-tor J is de�ned on the obje
ts by J(A; (M;�)) := (A; 0 // // M 1

// //M; (M;�)). A morphism from (A; (M;�)) to (A0; (M 0; �0) given by (C;C �A �=! A0; (H(C); �C) � (M;�) �=! (M 0; �0)) is mapped by J to (C;C � A �=!A; 
; Æ)where 
 is given by
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��

��

C �M
��

��

OOOO

0 // // M 0 // // M 0and Æ is given byM�
��

C �Moooo 0��
��

// // M 0�0
��tM // // tC � tM tM 0ooooIt is obvious that the right-hand square 
ommutes. For the left-hand side, itis straightforward to 
he
k that there is a natural transformation � : � Æ j )J Æ S�1H de�ned by �(A;B) = (0; A 1! A; �; �)where � is given byB // // B // // 00OOOO // // B

��

��

// // BOOOO
��

��0 // // H(B) // // H(B)and � is given by0
��

Boooo 0
��

// // H(B)�B
��0 // // tB H(B)ooooThe upper row is a homotopy �bration by Theorem 3.15 and the lower one byProposition 5.6. Finally, the �ve lemma applied to the long exa
t homotopysequen
es implies that J is also a homotopy equivalen
e.Remark: In the appendix of [CL1℄, Charney and Lee give an alternativedes
ription of the 
ategory E �Q(C)W(Ch) whi
h they 
alled Esp. Moreover,they prove that ��(S�1Esp)
Q �= ��(S�1Sh)
Q for Ch = �1P (Z)h.Karoubi [unpublished℄ introdu
ed the following 
ategory: An obje
t is amorphism M �! tM with t� Æ �M = ��� su
h that M0 // // M is anadmissible monomorphism. A morphism from from (M;�) to (N; )) is a
ommutative diagram
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||y
y

y
y ""

""DD
DD

DD
DDM // i //�

��

N 
��tM tNtiooooThe interested reader 
an 
he
k that E �Q(C) W(Ch) is equivalent to this
ategory where the equivalen
e is indu
ed by sending(A // // B p

// // C; (C; �)) to (B; tp Æ � Æ p). Hen
e the \lo
alization"by S of these 
ategories yields alternative models for the hermitian K-theoryof an additive 
ategory (but not for an exa
t 
ategory in general).We now give the de�nition of the hermitian K-theory of an exa
t 
ategorywhi
h generalizes the hermitian K-theory of an additive 
ategory:De�nition 5.8 For any hermitian exa
t 
ategory Ch in whi
h 2 is invertible,we de�ne its hermitian K-theory byKhn(Ch) := �n(F(Ch)) 8n � 0and its U-theory by U(Ch) := 
W(Ch)Un(Ch) := �n+1(W(Ch)) 8n � 0Looking at the long exa
t sequen
e of homotopy groups for a �bration, weimmediatly get a long exa
t sequen
e:::! Un(Ch)! Kn(C) H�! Khn(Ch)! Un�1(Ch)! Kn�1(C) H�! Khn�1(Ch)! :::where the morphism H is de�ned by topology, but we sti
k to this notationas it 
oin
ides with the hyperboli
 fun
tor in the additive 
ase. Proposition5.5 allows us to 
onstru
t 
ategories whose 
lassifying spa
es are homotopyequivalent to F(Ch). For this, we need 
ontra
tible 
ategories whi
h are�bered over Q(C) su
h that all base 
hanges are homotopy equivalen
es.Gi�en [Gif℄ 
onstru
ts two su
h 
ategories. As I am not quite 
onvin
ed bythe proof of his \big K-
onstru
tion", I will restri
t my attention to his \smallK-
onstru
tion". Gi�en �rst de�nes the 
ategory �C := (QC � QC)�QC ECwhere the morphisms to QC are given by the dire
t sum and the proje
tion qto the third 
omponent, respe
tively. He then de�nes E�C by the 
artesiansquare of �bered fun
torsE�C //q�
��

ECq
���C v // QC
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tion to the se
ond fa
tor QC � QC ! QC.More expli
itly, an obje
t of E�C is given by U oooo M // // V oooo Nsu
h that the indu
ed morphism M // // U � V is also an admissible epi-morphism. Using Quillen's Theorem A, Gi�en 
on
ludes that E�C is 
on-tra
tible. Let u : �C ! QC be indu
ed by the proje
tion to the �rst fa
torQC �QC ! QC. Let u� := u Æ q� and kC := u�1� (0).Proposition 5.9 [Gif, 3.4℄ For any exa
t 
ategory C, there is a homotopy�bration kC ! E�C u�! QCwith 
ontra
tible total spa
e E�C.Proof: We want to apply Quillen's Theorem B. As u� is �bered, we haveto show that all the base 
hanges are homotopy equivalen
es whi
h is donein [Gif, 3.3℄.De�nition 5.10 Let L(Ch) be the 
ategory de�ned byL(Ch) := E�C �QC W(Ch)Corollary 5.11 There is a homotopy equivalen
eL(Ch) ' F(Ch)Proof: As u� is �bered, we 
an apply proposition 5.6.Of 
ourse, the interested reader 
an try to give a more beautiful des
rip-tion of this 
ategory; one might also look out for 
ategories other than E�Cfull�lling the 
onditions of Proposition 5.6.It should also be pointed out that there is a Waldhausen model in U -theory �seC (see [SY℄) together with a forgetful fun
tor to the 
lassi
al Wald-hausen model seC (see [Wald℄) whi
h 
oin
ides with our forgetful fun
torW(Ch)! QC. This implies a homotopy equivalen
eL(Ch) ' �n(ho�b( �seC forget�! seC)).
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alization I: Negative hermitian K-theoryof additive 
ategoriesThe following se
tion is joint work with Mar
o S
hli
hting. Re
all the fol-lowing lo
alization theorem of Pedersen and Weibel for additive 
ategories([PW℄, see also [Ka1℄):Theorem 6.1 Let B be an additive 
ategory and A a pseudo-abelian fullsub
ategory su
h that B is A-�ltered in the sense of Karoubi. Then there isa homotopy �brationIso(A)�1 Iso(A)! Iso(B)�1 Iso(B)! Iso(B=A)�1 Iso(B=A):Here B=A is the 
ategory with the same obje
ts as B. The morphisms fromU to V in B=A are those in B modulo the ones fa
toring through an obje
tof A. As we want to prove a hermitian analogue of this theorem, we give asket
h of the proof:Proof: One 
an show that B=A is the lo
alization of B with respe
t to thosemorphisms whi
h are a 
omposition of split monomorphisms with 
okernelin A and split epimorphisms with kernel in A. We even have left and right
al
ulus of fra
tions (see [GZ℄ for the de�nitions). The proof of Pedersen andWeibel uses Thomason's double mapping 
one (see [Th2, 5.1℄ and De�nition6.2 below) and the following two properties whi
h are a 
onsequen
e of theassumptions (see [S
h1, Lemma 3.16,i)-iv)℄):(P1) Any isomorphism U �! V in B=A is represented by a fra
tion U �
ooooW �

// // V where �
// // denotes a split monomorphism whose 
okernellies in A.(P2) Given two morphisms f : U �

// // V and g : U �
// // V in B su
hthat f = g in B=A, then there is a h : W �

// // U su
h that f Æ h = g Æ hin B.Observe that the �
// // in (P2) are not morphisms in < IsoA; IsoB> as wedid not 
hoose a splitting. We denote by (i; p) : U �� // V a \dire
t mor-phism" from U to V . This means by de�nition that i : U �

// // V as aboveand p is a retra
tion of i. Hen
e (i; p) is a morphism in < IsoA; IsoB>. Asthe dual statement of (P2) for split epimorphisms is also true, (P2) remainstrue when we repla
e the �
// // by �� // .We will always note the obje
ts of B by T; U; V::: and those of A byA;B;C:::. We will use the double mapping 
one of Thomason [Th2, 5.1℄only in the spe
ial 
ase of a symmetri
 monoidal fun
tor A ! B and 
all itthe \mapping 
one" in this 
ase:De�nition 6.2 Let F : IsoA! IsoB
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 monoidal fun
tor. Then the mapping 
one T = T (F ) is thesymmetri
 monoidal 
ategory with the same obje
ts as A� B. A morphism(A;U)! (B; V ) is given by the equivalen
e 
lass of (C;D; � : A! C�B; � :F (D)� U ! V ) (see [Th2℄ for the equivalen
e relation).In fa
t, this mapping 
one is a spe
ial 
ase of Thomason's double mapping
one. S
hli
hting [S
h1, Remarque 14.15℄ gave an easier proof of Theorem6.1 whi
h also needs the mapping 
one and the above two properties. Insteadof giving a hermitian version of the original proof of Pedersen and Weibel -whi
h is possible as well - we will work with this simpli�ed version. It is thefollowing:We �rst observe that the mapping 
one T of IsoA ! IsoB is homotopyequivalent to < IsoA; IsoB>. In fa
t, one 
an 
he
k that the �bers (U # p)of the evident proje
tion p : T ! < IsoA; IsoB> are all 
ontra
tible be-
ause the fun
tor < IsoA; IsoA>op ! (U # p) given by A 7! ((A;U); 1U)has a right adjoint and < IsoA; IsoA>op is 
ontra
tible be
ause it has a�nal obje
t. Thus p is a homotopy equivalen
e by Quillen's theorem A[Q1℄. Applying [Th2, Lemma 2.3℄, it remains to show that the morphism� : < IsoA; IsoB> ! Iso(B=A) indu
ed by the identity on the obje
ts is ahomotopy equivalen
e. But applying (P1), (P2) and the statement dual to(P2) yields that the �bers (U # �) are 
o�ltered (in the sense of [Q1℄) andhen
e 
ontra
tible.Pedersen and Weibel then de�ne for every additive 
ategoryA an additive
ategory CA whose 
lassifying spa
e for its K-theory is 
ontra
tible and su
hthat CA is A-�ltered. In fa
t, they work with a slightly modi�ed versionof Karoubi's CA (whi
h they 
all C+A). An obje
t of CA is given by asequen
e A = (A0; A1; :::) of obje
ts of A, and a morphism f : A ! B isgiven by a matrix of morphisms fji : Ai ! Bj in A su
h that there existsan n with fji = 0 whenever jj � ij > n, and the 
ompositon is just de�nedby matrix multipli
ation. De�ne SA=CA=A to be the \suspension" of A,the quotient CA=A de�ned as in Theorem 6.1.. Then Iso(SA)�1 Iso(SA) isa delooping of Iso(A)�1 Iso(A) by their lo
alization theorem if A is pseudo-abelian. Iterating this pro
ess allows to de�ne the negative K-theory of anadditive 
ategory A, following Karoubi [Ka1℄.De�nition 6.3 The negative K-theory of an additive 
ategory A is de�nedby K�n(A) := K1(Sn+1A) 8 n � 0:The hermitian analogue of Theorem 6.1 will allow us to de�ne the negativeK-theory of a hermitian additive 
ategory.Compared with ordinary K-theory, the situation in hermitian K-theoryis slightly more 
ompli
ated. Roughly speaking, we have to de
ide whether
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e B by BH or by Bh (the 
ategory of hyperboli
 resp. all hermitianobje
ts in B, see De�nition 4.3). Roughly spoken, the 
ategory BH is toosmall, as the indu
ed form on the 
okernel of a monomorphism betweenhyperboli
 obje
ts is not ne
essarily hyperboli
. The 
ategory Bh is too big,as we do not know how to �nd aW as in (P1) and (P2) whi
h is equipped witha non-degenerate form. We therefore introdu
e an intermediate 
ategory:De�nition 6.4 Let fBHAh be the full sub
ategory of Bh of those obje
ts (U; �)su
h that there is an (A; �) in Ah with (U; �)� (A; �) an obje
t of BH .We will need the following, whi
h is trivial if B = CA:Lemma 6.5 For any dire
t morphism Y �
// // H(X), there is a dire
tmorphism H(Z) �

// // Y su
h that the 
omposition H(Z) �
// // H(X)is indu
ed by the hyperboli
 fun
tor.Proof: The se
tion Y � A �=! X � tX and the �ltration on X (as B isA-�ltered) yields a diagramA � //� 0b� �

��

X t�
��

�=
vvnnnnnnnnnnnnnnZ �B ( 0 t b� ) // tAwhere � �� � : A! Y � A �=! X � tX. Then one 
he
ks that the monomor-phism Z � tZ ! Z � tZ � B � tB �=! X � tX fa
tors over Y su
h thateverything 
ommutes.Theorem 6.6 Let B be an additive 
ategory with duality fun
tor in whi
h 2is invertible. Let A be a pseudo-abelian sub
ategory 
losed under the dualityfun
tor su
h that B is A-�ltered. Then we have a homotopy �brationIso(Ah)�1 Iso(Ah)! Iso(fBHAh)�1 Iso(fBHAh)! Iso((B=A)H)�1 Iso((B=A)H)Proof: As above in the additive 
ase, we will show that the �bers of� : < Iso(Ah); Iso(fBHAh)> ! Iso((B=A)H) are 
o�ltered. Let H(X) be anobje
t of (B=A)H .i) As H(X) is also an obje
t of fBHAh, (� # H(X)) is non-empty.ii) Given two obje
ts (U; �) and (V;  ) of fBHAh equipped with an isomorphismin (B=A)H to H(X), we 
an apply (P1) and (P2) to get a 
ommon subobje
t(without form) W of U and V . Applying (P2) again, we 
an assume that�jW =  jW . By Lemma 6.5, we 
an 
hoose W = H(Z). Applying (P2)and the lemma again, we �nd a 
ommun hermitian subobje
t (H(T ); �T ) of
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ed form on the 
omplementin A is also non-degenerate as 2 is invertible [Kn, II,2.5.2℄.iii) Given again two obje
ts (U; �) and (V;  ) of fBHAh equipped with anisomorphism in (B=A)H to H(X), together with two split monomorphismsg1; g2 : (U; �) �
// // (V;  ) respe
ting the forms. Then we �rst equalize g1and g2 without forms and then pro
eed as in ii), using both Lemma 6.5 andthe dual statement of Lemma 6.5.Corollary 6.7 Under the hypotheses of Theorem 6.6, we have a homotopy�brationIso(Ah)�1 Iso(Ah)! Iso(Bh)�1 Iso(Bh)! Iso((B=A)h)�1 Iso((B=A)h)Proof: We will write K(C) instead of Iso(C)�1 Iso(C). Assume that we havefull in
lusions of symmetri
 monoidal 
ategories C � D � E where C � Eis 
o�nal (whi
h implies that �i(K(C)) ! �i(K(E)) is an isomorphism fori � 1 and a monomorphism for i = 0). Then D � E is also 
o�nal and hen
e�i(K(C))! �i(K(D)) is an isomorphism for i � 1 and a monomorphism fori = 0. This implies in parti
ular that 
K(SA)H ' K(Ah) when we applyTheorem 6.6 to A � CA, 
onsider the in
lusions CAH � gCAHAh � CAh andre
all that K(CAH) ' K(CAh) ' fptg. We write bBA for the full sub
ategoryof those obje
ts X of the pseudo-abelianization bB for whi
h there exists anobje
t A of bA with A�X an obje
t of B. As B is A-�ltered, SB is SA- �l-tered [Ka1, p.152℄ and 
SBSA isdSA-�ltered [S
h1, Lemma 3.8℄. Our Theoremgives a homotopy �bration K(dSAh) ! K( g(
SBSA)HdSAh) ! K(S(B=A)H).Here we use the equivalen
es 
SBSA=dSA ' SB=SA ' S(B=A), the �rstequivalen
e is trivial and the se
ond is shown in [Ka1, p.154℄. Applying theloop spa
e fun
tor 
 to this homotopy �bration, we are redu
ed to estab-lish two homotopy equivalen
es 
K(dSAh) ' 
K(SAH) and 
K(SBH) '
K( g(
SBSA)HdSAh). The �rst homotopy equivalen
e follows from the 
o�nalin
lusions SAH � dSAH � dSAh. For the se
ond, 
onsider the in
lusionsSBH � (
SBSA)H � 
SBH and (
SBSA)H � g(
SBSA)HdSAh � (
SBSA)h and usethe 
o�nality arguments given at the beginning of the proof.Using the suspension fun
tor S, we see that this is in fa
t a homotopy�bration of non-
onne
tive spe
tra. The following de�nition is impli
itly in[KV℄, although they only 
onsider the 
ase P (A).De�nition 6.8 Let A be a pseudo-abelian 
ategory with duality fun
tor.Then we de�ne K�n(Ah) := K1((Sn+1A)h) 8n � 0
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t sequen
e extends the 5-term exa
t sequen
e ofKaroubi and Villamayor [KV, Th�eor�eme 3.4℄.Of 
ourse, we 
an now also de�ne negative U -theory.Re
ently, S
hli
hting [S
h1℄ gave a non-
onne
tive delooping of the K-theoryof an exa
t 
ategory in general. Imitating his 
onstru
tion, the 
orrespondingtheorems in the hermitian setting remain to be proved.
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tion is joint work with M. S
hli
hting.As before, we assume that the identi�
ation between the identity and thebidual is given by the identity, and we often suppress the duality fun
tors inour notations when we write down a fun
tor between 
ategories with duality.Re
all [Wald℄ that for any exa
t 
ategory (and more generally for any \Wald-hausen 
ategory") E , Waldhausen 
onstru
ts a simpli
ial 
ategory iS�E whose
lassifying spa
e is homotopy equivalent to QE . We will now do somethingsimilar for exa
t 
ategories with dualitiy. (A main advantage of Waldhausen's
onstru
tion is that iterating it yields deloopings and hen
e a spe
trum, butas this feature will not 
arry over to the following hermitian setting, we won'tdis
uss it.)Let (E ; t) be an exa
t 
ategory with duality. We will 
onstru
t an as-so
iated simpli
ial 
ategory with duality R�E . Consequently, we obtainan asso
iated hermitian simpli
ial 
ategory Rh�E . Consider the 
ategoryn = fn0 < (n � 1)0 < ::: < 00 < 0 < ::: < (n � 1) < ng and the 
ate-gory I(n) of arrows of n, i.e. its obje
ts are 
ouples (p; q) 2 n � n withp � q. There is one morphisms from m to n in I(n) if m � n and nomorphism otherwise.De�nition 7.1 Let (E ; t) be an exa
t 
ategory with duality. (R�E ;d ) is thefollowing simpli
ial additive 
ategory with duality: Its obje
ts are fun
torsA : I(n) ! E where all the sequen
es Apq // // Apr // // Aqr are amissi-ble short exa
t sequen
es 8 p; q; r 2 n and morphisms are natural transfor-mations. The dual of an obje
t is given dy Adp;q := tAq0;p0 where by de�nitionp00 = p, and the dual of a morphism is also given by taking the pointwise dualand reindexing. Finally, the fa
e maps Æp are given by eliminating all obje
tsAqr where q = p or q = p0 or r = p or r = p0, and the degenera
ies are givenby adding identities at the 
onvenient pla
es. We further setRh�E := (R�E)hand iRh�E := Iso(Rh�E):It is straightforward to 
he
k that (R�E ;d ) is a simpli
ial 
ategory with du-ality. Observe also that in parti
ular App = 0.
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t A�� of RnE is given by a diagrammAn0;n0 // // An0;(n�1)0 // //

����

::: An0;00 // //

����

An0;0 // //

����

::: An0;n
����A(n�1)0;(n�1)0 // // ::: A(n�1)0;00 // //

����

A(n�1)0 ;0 // //

����

::: A(n�1)0;n
����::: ::: ::: ::: :::A00;00 // // A00;0 // //

����

::: A00;n
����A0;0 // // ::: A0;n
����A1;n::: :::::: An�1;n
����An;nFrom this point of view, a morphism f from A�� to B�� is nothing elsebut a 
olle
tion of pointwise morphisms making everything 
ommutative.We dis
over an alternative des
ription for the U -theory of an exa
t 
ate-gory with duality:Proposition 7.2 For any hermitian exa
t 
ategory Eh, we have a homotopyequivalen
e of simpli
ial sets W(Eh) ' iRh�Ewhere on the right hand side we take the diagonal of the bisimpli
ial set.Proof: Forgetting the 
hoi
e of the 
okernels, we easily see that our simpli-
ial 
ategory iRh�E is equivalent to the simpli
ial 
ategory i �Se�E of Shapiroand Yao [SY℄. They show that this 
ategory is degreewise equivalent to thesimpli
ial 
ategory asso
iated to W(Eh). In fa
t, this is just the 
lassi
alargument of Waldhausen [Wald℄.
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ategory with duality. This means thatalthough the asso
iated hermitian simpli
ial 
ategory iRh�E we obtain in theend is equivalent to the simpli
ial 
ategory given by Shapiro and Yao, weexhibit an underlying stronger and more 
on
eptional stru
ture. This willbe
ome very important in the sequel.Remark: Re
ently, Weiss and Williams [WW℄ de�ned L-theory (
omparewith our remark pre
eding De�nition 3.6) for Waldhausen 
ategories with a\Spanier-Whitehead-produ
t" whi
h plays more or less the role of a dualityfun
tor. To see if this equals up to 2-torsion our higher Witt groups (seeDe�nition 9.10) as is known for P (R) remains an open problem.



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 388 Lo
alization II: Hermitian K-theory of hered-itary ringsLet A be a hereditary ring in whi
h 2 is invertible, equipped with the trivialinvolution (i.e. the identity) and �x a 
entral multipli
ative subset S �A � f0g 
ontaining no zero divisors. Re
all that a ring A is 
alled (right)hereditary if any sub-A-module of a proje
tive (right) module is proje
tive(equivalently, if any module of �nite type has a proje
tive resolution of lengthat most one). An integral domain is hereditary if and only if it is a Dedekindring. See Proposition 8.8. for other interestin hereditary rings.Let TS denote the 
ategory of S-torsion A-modules of �nite type (thoseM su
h that S�1M = 0 or equivalently su
h thatM 
AS�1A = 0). Karoubi[Ka3℄ observed that this 
ategory is equipped with the duality fun
torHomA( ; S�1A=A) = Ext1A( ; A) and made the following de�nition:De�nition 8.1 Let C be an additive 
ategory with duality or the exa
t 
at-egory TS. We de�ne U(C) to be the free group generated by isomorphism
lasses of triples (M;L1; L2) where M is an obje
t of Ch, and L1 and L2 areLagrangians (i.e., equal to their orthogonal in M) of M , divided by the fol-lowing relations:i) (M;L1; L2) + (M 0; L01; L02) � (M �M 0; L1 � L01; L2 � L02)ii) (M;L1; L2) + (M;L2; L3) � (M;L1; L3)iii) (M;L1; L2) � (L?=L; L1=L; L2=L) where L is an isotropi
 submodule
ontained in L1 and L2.Lemma 8.2 Let C be an exa
t 
ategory with duality in whi
h all admissibleshort exa
t sequen
es split or the exa
t 
ategory TS with duality Ext1A( ; A)with 2 invertible in both 
ases. Then we have an isomorphismf : U(C) �=! �1(W(Ch)) = U0(Ch):Proof: Let (M;L1; L2) 2 U(C). Then L1 and L2 de�ne morphisms �1 and�2 in W(Ch) from 0 to M . We de�ne f by sending (M;L1; L2) to the loop��12 Æ �1. One 
he
ks that f is well-de�ned. To 
onstru
t an inverse of f ,we have to show that the group �1(W(Ch)) is generated by loops of the form��12 Æ �1. For C = TS, this is a 
onsequen
e of the fa
t that any stablymetaboli
 obje
t is metaboli
 [BLLV, Corollary A.14℄, hen
e any obje
t hasa morphism from the zero obje
t. For an additive 
ategory C, 
onsider aloop of the form ��12 Æ�2 Æ��11 Æ�1 (the argument for bigger loops is similar).Here �i is a morphism from 0 to Ti, i = 1; 2. As we are in the additive
ase, �1 and �2 are indu
ed by adding hyperboli
 obje
ts H1 and H2. Thenwe de�ne 
1 by adding H2 to T1 and 
2 by adding H1 to T2. We have an
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2Æ�2)�1Æ(
1Æ�1) is equivalentto ��12 Æ �2 Æ ��11 Æ �1.Then we 
an reformulate Karoubi's exa
t lo
alization sequen
e:Theorem 8.3 Let A be a Dedekind ring in whi
h 2 is invertible, equippedwith the trivial involution (i.e. the idendity) and �x a multipli
ative subsetS � A � f0g. Let TS denote the 
ategory of S-torsion A-modules of �nitetype equipped with the duality fun
tor HomA( ; S�1A=A). Then there existsan exa
t sequen
eK1( �P (A)h)! K1( �P (S�1A)h)! �U0(TS)! K0( �P (A)h)! K0( �P (S�1A)h)! �W ((TS)h)Proof: Karoubi ([Ka3℄ and [Ka4℄) established the two exa
t sequen
esK1( �P (A)h)! K1( �P (S�1A)h)! �U(TS)! K0( �P (A)h)! K0( �P (S�1A)h) and W ( �P (A)h)!W ( �P (S�1A)h)!W ( �(TS)h).Lemma 8.2 and some easy diagram-
hasing give the desired result.We will prove that this exa
t sequen
e is part of a long exa
t sequen
eindu
ed by a homotopy �brationIso( �P (A)h)�1 Iso( �P (A)h)! Iso( �P (S�1A)h)�1 Iso( �P (S�1A)h)!W( �(TS)h) :Our theorem answers the lo
alization 
onje
ture of Karoubi [Ka3, 3.2℄.Of 
ourse, we would like to have a more general lo
alization for an abelian
ategory and a Serre sub
ategory. Looking at Quillen's lo
alization theorem[Q1, Theorem 5℄, we know this generalized 
onje
ture to be true if our exa
t
ategory is C � Cop.To de�ne a fun
tor Iso( �P (S�1A)h)!W( �(TS)h) , we have to thi
ken upIso( �P (S�1A)h). Before we do this, let us re
all something about \latti
es"(see also [MH℄). Let (E; �) be an obje
t of P (S�1A)h. A latti
e L for E is a�nitely generated A-submodule of E su
h that the in
lusion L! E indu
esan isomorphism of S�1A-modules S�1L! E. Furthermore, if L is equippedwith a bilinear form �, we de�ne the dual latti
e of L by L℄ := fx 2 E j�(x; l) 2 A 8 l 2 Lg.De�nition 8.4 Let gIso( �P (S�1A)h) be the 
ategory where an obje
t is a
ouple ((E; �); L). Here (E; �) is an obje
t of Iso( �P (S�1A)h) and L is alatti
e for E 
ontained in its dual latti
e L℄. A morphism from ((E; �); L) to((F;  );M) is given by a morphism g : (E; �) ! (F;  ) in Iso( �P (S�1A)h)su
h that g�1(M) is 
ontained in L.
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torf : ~�PS ! Iso( �P (S�1A)h)is a homotopy equivalen
e. The indu
ed fun
tor�P�1f : �P�1 ~�PS ! �P�1 Iso( �P (S�1A)h)is a homotopy equivalen
e.Proof: One �rst 
he
ks that f is pre�bered in the sense of Quillen. ByTheorem A it is therefore suÆ
ient to show that f�1(E; �) is 
ontra
tiblefor any obje
t (E; �) of Iso( �P (S�1A)h). But this 
ategory is nonempty(there is always a latti
e 
ontained in its dual latti
e: take any latti
e andinterse
t it with its dual), and it is 
o�ltered be
ause the interse
tion oftwo latti
es is a latti
e (observe that over a Dedekind ring any modulewithout torsion is proje
tive). The se
ond homotopy equivalen
e followsfrom H�( �P�1 ~�PS) �= �0( �P)�1H�( ~�PS) �= �0( �P)�1H�(Iso( �P (S�1A)h)) �=H�( �P�1 Iso( �P (S�1A)h))For the rest of this se
tion, // // and // // stand for monomor-phisms and epimorphisms in the abelian 
ategory of A-modules of �nitetype. Monomorphisms are therefore not split in general even if sour
e andtarget are obje
ts of P (A).Using some 
al
ulations in the appendix of [BLLV℄, we 
an make the follow-ing:De�nition 8.6 Let � : < �P; ~�PS> ! W( �(TS)h) be the fun
tor sending((E; �); L) to (L℄=L; �jL℄). The morphism ((E; �); L)! ((F;  );M) in< �P; ~�PS> represented by [(P; �); g : (S�1P � E; S�1�� �) �=! (F;  )℄ su
hthat g�1(M) � P � L is sent toL℄=L�=�
��

(P � L)℄=M
��

// �g //oooo M ℄=M �=
��t(L℄=L) // // t((P � L)℄)=M) t(M ℄=M)t�goooousing the 
anoni
al isomorphism L℄=L �= (P � L)℄=(P � L).Assume that the fun
tor above indu
es a homotopy equivalen
e on the zero
omponents � : < �P; ~�PS>0 '! W( �(TS)h)0. All morphisms in ~�PS aremonomorphisms and the fun
tor �((E; �); L) : �P ! ~�PS is faithful. Fol-lowing Grayson [Q2℄, this gives us a homotopy �bration�P�1 �P ! �P�1 ~�PS ! < �P; ~�PS>



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 41Then we 
ould apply Lemma 8.5 and would have the desired homotopy �-bration. The �rst idea to prove that � is a homotopy equivalen
e is to applyQuillen's Theorem A. Hen
e we are redu
ed to show that (P # �) is 
on-tra
tible 8P 2 ~�PS. This is obvious in the 
ase P = 0 be
ause 0 is aninitial obje
t in this 
ategory. This is a 
onsequen
e of the following useful
onstru
tion in the spe
ial 
ase T = 0: We 
an form the pull-ba
k of latti
esalong morphisms of W( �(TS)h). More pre
isely, 
onsider the following dia-gram L
��

��

L
��

��P
����

P
����

// // L℄
����T� �=

��

X // //oooo L℄=L��=
��tT // // tX t(L℄=L)ooooWe set U := ker(P // // T ). Fitting together this short exa
t sequen
eand the two bi
artesian squares, we get a short exa
t sequen
e U // // L℄

// // tX. But L // // P // // X is also exa
t, and thereforeP ℄ // // L℄ // // tX is exa
t, too (see [Ka3, p.362℄). It follows thatP = U ℄.Now we 
onsider a morphism � of W( �(TS)h) given by (0; 0) oooo (X;�)
// // (T; �). Following Karoubi (see [Ka4, appendix 3℄, here we need that2 is invertible), we 
an 
hoose a latti
e (K; �) with K � K℄ su
h that(K℄=K; �) = (T; �). Let U = X �T K℄ be the indu
ed self-dual latti
e ob-tained by the above 
onstru
tion. Then [U; idS�1K ℄ maps under � to �. Now�x a morphism � of W( �(TS)h) given by (0; 0) oooo (X;�) // // (T; �).The above 
onstru
tion for T = 0 shows that P is a self-dual latti
e for (E; �).In other words, (P; �jP ) is an obje
t of P (A)h su
h that (S�1P; S�1�jP ) =(E; �). Hen
e there is a morphism from 0 to ((E; �); L) given by[(P; �); (S�1P; �)� (0; 0) id! (E; �)℄ su
h that id�1(L) � P . This is the onlymorphism be
ause the pull-ba
k P is unique up to unique isomorphism.But there is no reason why the other 
ategories (P # �) should be 
on-tra
tible. We might try to prove that all the base 
hanges indu
e homotopyequivalen
es. But then we have the same problem as in se
tion 3, see the re-mark following Theorem 3.15: we have to show that the endofun
tor indu
edby the swit
h �� : (P � P # �) ! (P � P # �) is homotopi
 to the iden-tity. Forgetting about the forms, this is essentially how Gersten [Ge℄ tried toprove a lo
alization theorem for ordinary K-theory. But his proof 
ontainsa mistake, as he 
laims the existen
e of a 
ertain "natural transformation"whi
h does not exist. Then Grayson [Gr℄ �lled the gap, introdu
ing an H-
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e stru
ture on < P # � > and exploiting this to show 
ontra
tibility.Unfortunately, it is not possible to introdu
e a similar produ
t stru
ture inour 
ase with forms.Quillen's proofs [Q1℄,[Q2℄ do not 
arry over either.Another idea would be to prove Karoubi's Fundamental Theorem (Theorem3.7), and then pro
eed by indu
tion as we will do in the next se
tion to provedevissage (Theorem 9.5). In fa
t, using essentially Theorem 8.3 we 
an showthat � is a monomorphism for �0 and an isomorphism for �1 whi
h is enoughto start the indu
tion. But we do not have the Fundamental Theorem forexa
t 
ategories in general. To generalize Karoubi's proof of it, we wouldneed a generalization of Corollary 6.7 whi
h we do not have. Another idea ofproving the Fundamental Theorem would be to use our Waldhausen modelof se
tion 7 whi
h is degreewise additive. Roughly speaking, we hen
e havethe Fundamental Theorem degreewise and then have to show that after re-alization (i.e. applying the diagonal fun
tor) we still have it. We 
an workeither in the 
ategory of topologi
al spa
es or in the 
ategory of spe
tra.In Top, the Bous�eld-Friedlander Theorem [BF, Theorem B.4℄ gives us two
onditions whi
h implies that a degreewise homotopy �bration of simpli
ialspa
es remains a homotopy �bration after realization. The �rst 
ondition isalways true in the 
ase of H-groups. But the se
ond says that we need tohave degreewise �0-surje
tivity of the se
ond morphism whi
h is not true inour 
ase.In the 
ategory of spe
tra, the realization of a degreewise homotopy �bra-tion always remains a homotopy �bration. But we have to work with non-
onne
tive spe
tra be
ause this is where we 
an apply the Fundamental The-orem. Hen
e we have degreewise negative homotopy groups whi
h might
hange the positive homotopy groups after realization.The proof of the lo
alization theorem we �nally give uses mu
h heaviertools.Theorem 8.7 For any hereditary ring A in whi
h 2 is invertible and for any
entral multipli
ative subset S � A 
ontaining no zero divisors, we have ahomotopy �brationIso( �P (A)h)�1 Iso( �P (A)h)! Iso( �P (S�1A)h)�1 Iso( �P (S�1A)h)!W( �(TS)h)Consequently, we have a long exa
t sequen
e::: Kn( �P (A)h)! Kn( �P (S�1A)h)! Un�1( �(TS)h)! Kn�1( �P (A)h)! Kn�1( �P (S�1A)h):::



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 43:::K0( �P (A)h)! K0( �P (S�1A)h)!W ( �(TS)h)Note that the morphism K0( �P (S�1A)h)! W ( �(TS)h) will not be surje
tivein general.For the proof of Theorem 8.7, see se
tion 11.Remark: In the next se
tion, we will prove a D�evissage Theorem (Theorem9.5) whi
h gives us a more 
on
rete des
ription of the U -theory of the 
ate-gory of torsion modules.The most interesting example of non-
ommutative hereditary rings is prob-ably the following:Proposition 8.8 Let G be a �nite group and A be a Dedekind ring in whi
hjGj is a unit. Then the group ring AG is hereditary.Hen
e we have a homotopy �brationIso( �P (AG)h)�1 Iso( �P (AG)h)! Iso( �P (S�1AG)h)�1 Iso( �P (S�1AG)h)!W( �(T GS )h)where the anti-involution on AG is given by ag = ag�1L and S � 
enter(A)
ontaining no zero divisors.Proof: We need some fa
ts about orders and group rings that 
an be foundin [CR℄. Let F = Quot(A). Re
all that an A-order � in a �nite-dimensionalF -algebra B is by de�nition a subring of B su
h that � is a proje
tive A-module of �nite type and F � � = B. Mas
hke's theorem [CR, 3.14℄ tells usthat FG is semi-simple. As jGj is a unit in A, AG is a maximal A-orderin FG [CR, 27.1℄. As FG is semi-simple and �nite-dimensional over F , thisimplies that AG is (left and right) hereditary [CR, 26.12℄.If we do not assume that jGj is a unit in A, then AG is not hereditary.In fa
t, the theorem of Stallings and Swan [St℄ [Sw℄ tells us that the trivialZG-module Z admits a proje
tive resolution of length one if and only if G isa free group.Re
all that the 
ategory L(Ch) (see De�nition 5.10) yields a model forthe hermitian K-theory of C.Corollary 8.9 For any hereditary ring A in whi
h 2 is invertible and forany 
entral multipli
ative subset S � A 
ontaining no zero-divisors, there isa homotopy �brationL( �(TS)h)! U( ��P (A)h)! U( ��P (S�1A)h)Consequently, we have a long exa
t sequen
e::: ��Un(A)! ��Un(S�1A)! Khn�1( �(TS)h)! ��Un�1(A)! ��Un�1(S�1A)



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 44:::! Kh0 ( �(TS)h)! ��U0(A)! ��U0(S�1A)Note that the morphism ��U0(A) ! ��U0(S�1A) will not be surje
tive ingeneral.Proof: We de�ne ~PS to be the 
ategory where an obje
t is given by (E;K �L) where E is an obje
t of P (S�1A) and K � L is an in
lusion of latti
esfor E. A morphism from (E;K � L) to (E 0; K 0 � L0) is an isomorphism g :E �=! E 0 su
h that we have a 
hain of in
lusions g�1(K 0) � K � L � g�1(L0).We set P := Iso(P (A)). As in Lemma 8.5, we 
an show that the forgetfulfun
tor f : ~PS ! Iso(P (S�1A)) is a homotopy equivalen
e. We have thefollowing 
ommutative diagram in
luding �ve homotopy �brationsV( �P (A)h)
��

V( �P (S�1A)h)
��

L( �(TS)h)
���P�1 �P (fA)h //F�

��

�P�1 ~�PSF�
��

� //W( �(TS)h)F
��P�1P // P�1 ~PS � // Q(TS)Here � is given by � and forgetting the hermitian forms whi
h 
oin
ideswith � applied to the hermitian 
ategory (P (S�1A) � P (S�1A)op)h via theequivalen
e of Lemma 5.3. Applying the previous Theorem 8.7 and Theorem3.7 yields a homotopy �bration 
(U( ��P (A)h)) ! 
(U( ��P (S�1A)h)) !L( �(TS)h). The left-hand square is a square of in�nite loop spa
es, thereforea delooping gives the desired result. More pre
isely, we 
an repla
e in theabove diagram the ring A by its algebrai
 suspension �A. Setting X :=ho�b((f�A)h), we have �W(TS)0 ' B
 �W(TS)0 ' B
X0 ' X0. LetKh0 (f�A)be the K0 of the symmetri
 monoidal fun
tor (f�A)h as de�ned by Bass [Bass,
hapter 7℄. As we have �0(X) �= Kh0 (f�A), it remains to show that thereexists an isomorphism �0( �W(TS)) �=! Kh0 (f�A). This is a 
onsequen
e ofBass lo
alization sequen
e, Karoubi's lo
alization sequen
e for Witt groups[Ka4, Th�eor�eme 2.8℄ and the fa
t that K0(�A) = 0 for any regular ring A[Bass, p.685℄.(Observe that the 
ategory ~PS and the fun
tor � are quite similar to the
ategory U and the fun
tor Æ used by Gersten [Ge℄ when he tries to to provehis lo
alization theorem for the K-theory of rings.)Observe that lo
alization hen
e implies an analogue for exa
t 
ategories ofKaroubi's Fondamental Theorem 
 �U(TS) ' ��V(TS) for the exa
t 
ategoryTS of torsion modules over a hereditary ring; see the proof of Theorem 9.5for a more detailed statement.
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al
ulationsThe idea of d�evissage is that under some 
onditions, instead of dealing witha huge abelian 
ategory it might be suÆ
ient to 
onsider the sub
ategory ofsemi-simple obje
ts. Re
all Quillen's D�evissage Theorem in K-theory [Q1℄:Theorem 9.1 Let A be an abelian 
ategory and B be a sub
ategory 
losedunder subobje
ts, quotients and �nite produ
ts. Suppose that any obje
t Mof A has a �nite �ltration 0 =M0 �M1::: �Mn =M su
h that Mj=Mj�1 isin B for ea
h j. Then the in
lusion fun
tor indu
es a homotopy equivalen
eQ(B) '! Q(A).Let A be a Dedekind ring, S = A�f0g and F = S�1A = Quot(A). Thenapplying this theorem to the 
ategory TS of A-modules of �nite type of S-torsion yields a homotopy �bration �(0)6=}2Spe
(A)Q(P (A=}))! Q(P (A))!Q(P (F )) where the dire
t sum means that all morphisms between the di�er-ent sub
ategories are 0. If A is su
h that F is a number �eld, then Quillen's
al
ulation of the K-theory of �nite �elds gives rise to exa
t sequen
es (n � 2)0! K2n(A)! K2n(F )! �K2n�1(A=}) �! K2n�1(A)! K2n�1(F )! 0 :Moreover, a theorem of Soul�e [Sou℄ (whose proof uses 
al
ulations in �etale
ohomology) tells us that � = 0, hen
e the above sequen
e splits into twoshorter pie
es.We want to pro
eed in a similar manner for hermitian K-theory. That is,we will prove a d�evissage theorem for hermitian K-theory and U -theory ofthe 
ategory of torsion modules over a hereditary ring and then try to makesome more pre
ise statements for the hermititian K-theory of the integers ina number �eld, using the 
al
ulations of the hermitian K-theory of the �niteresidue �elds [Q3℄,[Fr℄.For the rest of this se
tion, we 
onsider the following situation: G is a�nite group, A is a Dedekind ring in whi
h 2 and jGj are invertible (hen
ethe group ring AG is hereditary, 
f. Theorem 8.8) and F = Quot(A). LetTS and T GS be the abelian 
ategories of A- resp. AG-modules of �nite typeand of S-torsion, where S = A� f0g � A<1> � 
enter(AG). We have theobvious forgetful fun
tors P (AG)! P (A) and T GS ! TS. Finally, } denotesa prime ideal in A di�erent from (0).De�nition 9.2 An obje
tM of TS is 
alled a }-torsion module if there existsa positive integer n su
h that m}n = 0 8m 2M . We denote the sub
ategoryof }-torsion modules by T}.Lemma 9.3 We have a de
omposition of hermitian 
ategories(T GS )h �= �(0)6=}2Spe
(A)(T G} )h:
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t de
omposes as a dire
t sum of ob-je
ts lying in these sub
ategories, and all the morphisms between obje
ts fromdi�erent sub
ategories are 0.Proof: This is well known for the underlying abelian 
ategories if G is thetrivial group [Bass, p.509℄. The de
omposition is 
losed under the dualityfun
tor and 
learly respe
ts the G-module stru
ture.Remark: When we are interested in taking a smaller S, then we have totake the sum over all prime ideals 
ontaining at least one element of S.We remark that P ((A=})G) is pre
isely the full sub
ategory of the semisim-ple obje
ts of T G} (proje
tivity is automati
 sin
e our ring is semisimple). Inorder to avoid too many parentheses, we write A=}G instead of (A=})Gfrom now on. On this sub
ategory P (A=}G) we have two duality fun
torsHomAG( ; S�1AG=AG) and HomA=}G( ; A=}G) whi
h fortunately 
oin
ide:Lemma 9.4 For any obje
t V of P (A=}G), there is a 
anoni
al isomor-phism HomAG(V; S�1AG=AG) �=! HomA=}G(V;A=}G):Proof: We only do the 
ase G = f1g, the general 
ase is analogous. Asboth duality fun
tors are additive, it is enough to 
onsider the 
ase V =A=}. Following Karoubi [Ka3, Th�eor�eme 1.1 et Remarque 1℄, we know thatHomA(A=}; S�1A=A) = HomA=}(A=};A=pA) for any element p 2 } withp(A=}) = 0. Choose p 2 }� }2. As we have unique de
omposition of primeideals and the 
hinese remainder theorem, the de
omposition of the previouslemma implies HomA=}(A=};A=pA) = HomA=}(A=};A=}).The main result of this se
tion will be the following:Theorem 9.5 (\D�evissage") The in
lusion of hermitian 
ategoriesP (A=}G)h f! (T G} )hindu
es isomorphisms 8n � 0�Un(P (A=}G)h) �Un(f)�! �Un((T G} )h)�Khn(P (A=}G)h) �Khn(f)�! �Khn((T G} )h)The idea of the proof is the following: Prove it in low degrees, re
all thatit is true for ordinary K-theory and then make an indu
tion. In fa
t, thisstrategy is inspired by [Ka8℄.
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lusion of hermitian abelian 
ategoriesP (A=}G)h f! (T G} )hindu
es isomorphisms�W (P (A=}G)h) �W (f)�! �W ((T G} )h)�U0(P (A=}G)h) �U0(f)�! �U0((T G} )h)�Kh0 (P (A=}G)h) �Kh0 (f)�! �Kh0 ((T G} )h)Proof: As AG is noetherian, any obje
t of T G} is of �nite length [Ei, p.76℄.Then one 
an show [QSS, Theorem 6.12℄ that for any obje
t (T; �) of (T G} )hthere is a totally isotropi
 subobje
t U su
h that U?=U is semisimple, hen
e(U?=U; �) is in P (A=}G)h. We then 
an apply [QSS, Theorem 6.9℄ to showthat �W (f) is an isomorphism.Next, 
onsider the 
ommutative squareK0(A=}G) gA=}G //�=K0(f)
��

�U0(A=}G)�U0(f)
��K0(T G} ) gTG} // �U0(T G} )as established in [Ka3, p.392℄. Then it is shown that gT G} is an epimorphism(Karoubi's argument 
arries over to group rings as he only needs heredity).It follows that �U0(f) is an epimorphism. Moreover, essentially the sameargument (observe that A=}G is semisimple) shows that gA=}G is an epi-morphism. Now 
onsider the following diagrams of short exa
t sequen
es,indu
ed by the hyperboli
 fun
tor and the forgetful fun
tor, respe
tively:�U0(A=}G)�U0(f)

����

// K0(A=}G)K0(f)�=
��

// �Kh0 (A=}G)�Kh0 (f)
��

// �W (A=}G)�W (f)�=
��

// 0�U0(T G} ) // K0(T G} ) // �Kh0 (T G} ) // �W (T G} ) // 0and��Kh0 (A=}G)��Kh0 (f)
��

// K0(A=}G)K0(f)�=
��

// �U0(A=}G)�U0(f)
����

// 0��Kh0 (T G} ) // K0(T G} ) // �U0(T G} ) // 0The �ve lemma shows that �Kh0 (f) and hen
e �U0(f) are isomorphims.Remark: We observe that the epimorphism gA=}G together with the fa
tthatK�1(R) = K0(�R) = 0 for any regular ringR implies that �Kh�1(A=}G) =
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an make some 
on-
rete 
al
ulations (inspired by [Ka3, p.392℄) ifG is the trivial group. Considerthe following two exa
t sequen
esK1(A=}) H1 // �Kh1 (A=}) // �U0(A=}) // K0(A=}) H0 // �Kh0 (A=})and�Kh1 (A}) // �Kh1 (F ) // �U0(T}) // �Kh0 (A}) // �Kh0 (F )As A=} is a �eld, H0 is a monomorphism and the �rst exa
t sequen
e de
om-poses (i.e. one morphism is 0). If � = �1, it is 
lassi
al that �Kh1 (A=}) = 0,hen
e �U0(A=}) = �U0(T}) = 0. If � = 1, we know that �W (A})! �W (F )is a monomorphism [MH℄, and we have monomorphismsK0(A})! �Kh0 (A})and K0(F ) ! �Kh0 (F ) so �Kh0 (A}) ! �Kh0 (F ) is a monomorphism by the�ve lemma and the se
ond exa
t sequen
e also de
omposes. The followinggeneralities 
an be found in detail in [Kn, 
hapter IV℄. For any 
ommutativering R, we have a morphism �Kh1 (R)! Dis
(R)�Z=2. Here Dis
(R) is theabelian group of dis
riminant modules over R. Then this morphism is givenby the spinor norm SN on the �rst 
omponent and by the determinant on these
ond. If R is prin
ipal, Dis
(R) �= R�=(R�)2. Re
all that there is also thedeterminant morphism det : K1(R) ! R�. The following square 
ommutesfor any proje
tive R-module P of �nite type [Kn, p.236℄Aut(P ) H //det
��

Aut(H(P ); �P )SN
��R� � // R�=(R�)2It follows that for � = 1 we have �U0(A=}) �= �U0(T}) �= Z=2.Now we are ready to prove the D�evissage Theorem:Proof of Theorem 9.5 Consider the following two diagrams of long exa
tsequen
es�Un+1(A=}G)�Un+1(f)

��

// Kn+1(A=}G)Kn+1(f)�=
��

H� // �Khn+1(A=}G)�Khn+1(f)
���Un+1(T G} ) // Kn+1(T G} ) H� // �Khn+1(T G} )

// �Un(A=}G)�Un(f)�=
��

// Kn(A=}G)Kn(f)�=
��

// �Un(T G} ) // Kn(T G} )and
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��

F� // Kn+1(A=}G)Kn+1(f)�=
��

// �Un+1(A=}G)�Un+1(f)
����Khn+1(T G} ) F� // Kn+1(T G} ) // �Un+1(T G} )

// ��Khn(A=}G)��Khn(f)�=
��

F� // Kn(A=}G)Kn(f)�=
��

// ��Khn(T G} ) F� // Kn(T G} )In the �rst diagram, both long exa
t sequen
es are indu
ed by the homo-topy �bration asso
iated to the hyperboli
 fun
tor, therefore everything 
om-mutes. The upper line in the se
ond diagram is given by the forgetful fun
torand Theorem 3.7. For the lower line, 
onsider the homotopy �bration indu
edby the hyperboli
 funtor �U(A) f! K(A) H! �L(A). Then we use the lo
al-ization Theorems 8.7, 8.9 and the lo
alization theorem in ordinary K-theory(whi
h is a 
onsequen
e of either 8.7 or 8.9 when applied to C � Cop). Thenlink these three homotopy �brations together by the hyperboli
 fun
tor asdes
ribed above.Theorem 5.7 tells us that f is nothing else than 
F whereF : �W(P (A)h) ! Q(P (A)) is the forgetful fun
tor. Looking at Karoubi'sproof of Theorem 3.7 [Ka7, Paragraphe III℄ we see that the morphism in theupper row Kn(A=}G) ! �Un(A=}G) is given by the \hyperboli
 fun
tor",i.e., K(P (A=}G)) ' U( �P (A=}G � A=}Gop)h) ! U( �P (M2(A=}G))h) 'U( �P (A=}G)h). Hen
e the se
ond diagram 
ommutes as well.Now we pro
eed by indu
tion. Re
all that we have d�evissage for n = 0 byProposition 9.6. Assume now that we have d�evissage for n as marked in thediagrams above. It remains to apply the �ve lemma a 
ouple of times simul-taneously for � and ��: By the �rst diagram, Khn+1(f) is an epimorphism.Hen
e the se
ond diagram shows that Un+1 is an isomorphism, and lookingagain at the �rst diagram, it follows that Khn+1 is also an isomorphism.This allows us to state the following simpli�
ation of the lo
alizationTheorems of the previous 
hapter (we still write K(C) for Iso(C)�1 Iso(C)):Corollary 9.7 Let G be a �nite group and A a Dedekind ring in whi
h 2and jGj are units. Then we have two homotopy �brationsK( �P (AG)h)! K( �P (S�1AG)h)! �W( �P (A=}G)h)and �L( �P (A=}G)h)! U( ��P (AG)h)! U( ��P (S�1AG)h)Consequently, we get two long exa
t sequen
es::: Kn( �P (AG)h)! Kn( �P (S�1AG)h)! �Un�1( �(P (A=}G)h))



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 50! Kn�1( �P (AG)h)! Kn�1( �P (S�1AG)h)::::::K0( �P (AG)h)! K0( �P (S�1AG)h)! �W ( �(P (A=}G)h))and::: ��Un(AG)! ��Un(S�1AG)! �Khn�1( �(P (A=}G)h))! ��Un�1(AG)! ��Un�1(S�1AG):::! Kh0 ( �(P (A=}G)h))! ��U0(AG)! ��U0(S�1AG)Note that the morphisms ��U0(AG)! ��U0(S�1AG) and K0( �P (S�1AG)h)! �W ( �(P (A=}G)h)) will not be surje
tive in general.Proof: Use Theorem 8.7, Corollary 8.9 and Theorem 9.5.Remark: Using d�evissage for Balmer's Witt groups (whi
h will be intro-du
ed in the next se
tion) and the results of se
tion 11, in parti
ular Lemma11.2, one easily sees that this long exa
t lo
alization sequen
e extends tonegative U - and Kh-groups.We also obtain this way higher degree Gysin morphisms generalizing theGysin morphism �U0(A=}) ! �Kh0 (A) as given in [Ka3, Appendi
e 4℄. Of
ourse, we would like to have su
h morphisms in more general situations.For the rest of this se
tion, assume that G is the trivial group and allthe residue �elds A=} have only a �nite number of elements. This is the
ase when F is an algebrai
 number �eld. The K-theory and the hermitianK-theory of �nite �elds have been 
omputed by Quillen and Friedlander.Theorem 9.8 Let n > 0 be an integer and Fq the �nite �eld with q elements,q odd. Then the K-theory of Fq is given byK2n(Fq) = 0 K2n�1(Fq) �= Z=(qn � 1):The hermitian K-theory Khn behaves in a periodi
 way of period 8. It is givenby 1Kh8n(Fq) �= Z=2 1Kh8n+1(Fq) �= Z=2� Z=2 1Kh8n+2(Fq) �= Z=21Kh8n+33(Fq) �= Z=(q((8n+3)+1)=2 � 1) 1Kh8n+4(Fq) �= 0 1Kh8n+5(Fq) �= 01Kh8n+6(Fq) �= 0 1Kh8n+7(Fq) �= Z=(q((8n+7)+1)=2 � 1)�1Kh8n(Fq) �= 0 �1Kh8n+1(Fq) �= 0 �1Kh8n+2(Fq) �= 0�1Kh8n+3(Fq) �= Z=(q((8n+3)+1)=2�1) �1Kh8n+4(Fq) �= Z=2 �1Kh8n+5(Fq) �= Z=2�Z=2�1Kh8n+6(Fq) �= Z=2 �1Kh8n+7(Fq) �= Z=(q((8n+7)+1)=2 � 1)
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al
ulate the U -theory of a �nite �eld:Corollary 9.9 The U-theory Un of a �nite �eld Fq (q odd) 
an be des
ribedin a periodi
 way of period 8, it is given by1U8n(Fq) �= Z=2 1U8n+1(Fq) �= Z=(q((8n+1)+1)=2 � 1) 1U8n+2(Fq) �= 01U8n+3(Fq) �= 0 1U8n+4(Fq) �= 0 1U8n+5(Fq) �= Z=(q((8n+5)+1)=2 � 1)1U8n+6(Fq) �= Z=2 1U8n+7(Fq) �= Gr4�1U8n(Fq) �= 0 �1U8n+1(Fq) �= Z=(q((8n+1)+1)=2 � 1) �1U8n+2(Fq) �= Z=2�1U8n+3(Fq) �= Gr4 �1U8n+4(Fq) �= Z=2 �1U8n+5(Fq) �= Z=(q((8n+5)+1)=2�1)�1U8n+6(Fq) �= 0 �1U8n+7(Fq) �= 0where Gr4 equals Z=4 or Z=2� Z=2.Proof: Let � = 1. Consider the long exa
t sequen
es (HS) and (FS) asso-
iated to the hyperboli
 fun
tor and the forgetful fun
tor where we use the
al
ulations of the above theorem0! Z=2! 1U8n+7(Fq)! Z=(q((8n+7)+1)=2 � 1)! Z=(q((8n+7)+1)=2 � 1)! 1U8n+6(Fq)! 0! 0! 1U8n+5(Fq)! Z=(q((8n+5)+1)=2 � 1)! 0! 1U8n+4(Fq)! 0and0! Z=(q((8(n+1)+1)+1)=2 � 1)! 1U8(n+1)+1(Fq)! 0! 0! 1U8(n+1)(Fq)! Z=(q((8n+7)+1)=2 � 1)! Z=(q((8n+7)+1)=2 � 1)! 1U8n+7(Fq)! Z=2! 0! 1U8n+6(Fq)! Z=2� Z=2! Z=(q((8n+5)+1)=2 � 1)! 1U8n+5(Fq)! Z=2! 0! 1U8n+4(Fq)! Z=(q((8n+3)+1)=2 � 1)! Z=(q((8n+3)+1)=2 � 1)! 1U8n+3(Fq)! 0! 0! 1U8n+2(Fq)! 0We have 1U8n+5(Fq) �= Z=(q((8n+5)+1)=2 � 1) and 1U8n+4(Fq) �= 0 by (HS),1U8n+6(Fq) �= Z=2, 1U8n+3(Fq) �= 0, 1U8n+2(Fq) �= 0 and 1U8n+1(Fq) �=Z=(q((8n+1)+1)=2 � 1) by (FS) (still true for n = 0 be
ause 1U0(Fq) �= Z=2and K0(Fq)! Kh0 (Fq) is a monomorphism), 1U8n+7(Fq) �= Gr4 by (HS) and1U8n(Fq) �= Z=2 by (FS) (still true for n = 0).Let � = �1. Consider the long exa
t sequen
es (HS) and (FS) asso
iated to
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 fun
tor and the forgetful fun
tor where we use the 
al
ulationsof the above theorem0! �1U8(n+1)(Fq)! 0! 0! �1U8n+7(Fq)! Z=(q((8n+7)+1)=2 � 1)! Z=(q((8n+7)+1)=2 � 1)! �1U8n+6(Fq)! 0! Z=2! �1U8n+5(Fq)! Z=(q((8n+5)+1)=2 � 1)! Z=2� Z=2! �1U8n+4(Fq)! 0! Z=2! �1U8n+3(Fq)! Z=(q((8n+3)+1)=2 � 1)! Z=(q((8n+3)+1)=2 � 1)! �1U8n+2(Fq)! 0! 0! �1U8n+1(Fq)! Z=(q((8n+1)+1)=2 � 1)! 0and 0! �1U8(n+1)(Fq)! Z=(q((8n+7)+1)=2 � 1)! Z=(q((8n+7)+1)=2 � 1)! �1U8n+7(Fq)! 0! 0! �1U8n+6(Fq)! 0! Z=(q((8n+5)+1)=2 � 1)! �1U8n+5(Fq)! 0! 0! �1U8n+4(Fq)! Z=(q((8n+3)+1)=2 � 1)! Z=(q((8n+3)+1)=2 � 1)! �1U8n+3(Fq)! Z=2! 0We have �1U8n+1 �= Z=(q((8n+1)+1)=2 � 1) and �1U8n �= 0 by (HS) (still truefor n = 0), �1U8n+7 �= 0, �1U8n+6 �= 0 and �1U8n+5 �= Z=(q((8n+5)+1)=2 � 1) by(FS), �1U8n+4 �= Z=2 by (HS), �1U8n+3 �= Gr4 by (FS) and �1U8n+2 �= Z=2by (HS).These 
al
ulations allow us to 
ompare the hermitian K-theory, the U -theory and the higher Witt groups of A and F . Our de�nition of higherWitt groups for an hermitian exa
t 
ategory is the obvious generalization ofDe�nition 3.13:De�nition 9.10 The higher Witt groups of a hermitian exa
t 
ategory Chare de�ned by �Wn(Ch) := 
oker(Kn(C) Hn�! �Khn(Ch)) 8 n 2 Nand even 8 n 2 Z if C is split exa
t.It follows immediately that our D�evissage Theorem 9.5 also applies to higherWitt groups. Observe that �W0(Ch) equals �W (Ch) as de�ned at the begin-ning of se
tion 5.In the following theorem, we only state the isomorphisms whi
h are imme-diate from the above results. The reader 
an easily verify that we have manyother monomorphisms and epimorphisms and we have information about thekernel and the 
okernel. Moreover, other known results as known 
al
ula-tions in low degrees, Soul�e's theorem mentioned above, et
., might allow usto give stronger results.
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h 2 is a unit su
h thatF = Quot(A) is an algebrai
 number �eld. Then we have isomorphisms1Khn(A) �=! 1Khn(F ) 8n � 3; 4mod 81Un(A) �=! 1Un(F ) 8n � 1; 2mod 81Wn(A) �=! 1Wn(F ) 8n � 3mod 8�1Khn(A) �=! �1Khn(F ) 8n � 0; 7mod 8�1Un(A) �=! �1Un(F ) 8n � 5; 6mod 8�1Wn(A) �=! �1Wn(F ) 8n � 7mod 8Proof: Use Corollary 9.7, Theorem 9.8 and Corollary 9.9. For the �1Kh0 -isomorphism, re
all that �1U0(A=}) = 0 (see the remark following Propo-sition 11.6) and that �1Kh0 (F ) = Z [Ka2, p.306℄, thus everything is stablyhyperboli
 and �1Kh0 (A) = Z as well.Re
all that the K-theory of the integers A in an algebrai
 number �eldis a �nitely generated abelian group [Q4℄, and we know the free part ofKn(A) [Bo℄. Cal
ulating the odd torsion means proving the Quillen-Li
h-tenbaum Conje
tures [Li℄. Con
erning the 2-torsion, we know [HS℄ that ifA is not ex
eptional, then there are in�nitely many } su
h that Ki(A) 
Z(2) ! Ki(A=}) 
 Z(2) is a split epimorphism for i > 0. In hermitian K-theory, we still know the free part of �Khn(A) [Bo℄. Re
ently it has beenproved that if A is ex
eptional, then there are in�nitely many } su
h that1Khi (A)
 Z(2) ! 1Khi (A=})
 Z(2) is a split epimorphism for i > 0 [Ham℄.
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tions, we established deloopings, lo
alization and d�evissagefor hermitian K-theory, whi
h were all known in ordinary K-theory. Any timewe look at a 
onstru
tion or a theorem in ordinary K-theory, we may ask thequestion: Does it still hold in hermitian K-theory? In general, the la
k ofa reasonable duality fun
tor might prevent us from even de�ning the her-mitian K-theory of an exa
t 
ategory. But in the 
ase of P (A) we have aduality fun
tor, and many te
hniques and results of ordinary K-theory 
arryover to hermitian K-theory. We already mentioned some of them on page8, moreover we have still a multipli
ative stru
ture [Lo1℄ whi
h we did notinvestigate at all in this thesis.The next step is to 
onsider those results that are not 
overed by theplus 
onstru
tion, the 
ategory of ve
tor bundles over a s
heme being themost interesting example. Here we really need the te
hniques developped inour thesis. The proof of the lo
alization sequen
e (Theorem 8.7) also neededthe general de�nition of the hermitian K-theory of an exa
t 
ategory withduality as given in se
tion 5.When we want to prove a theorem in hermitian K-theory that we know tobe true in ordinary K-theory, we 
an of 
ourse try to translate the proof tothe hermitian setting. But we 
an also use Karoubi's strategy (prove it forordinary K-theory and for hermitian K-theory in low degrees, then pro
eedby indu
tion), as we did to prove the D�evissage Theorem. But this strategyheavily relies on his Fundamental theorem ([Ka7℄ and Theorem 3.7) whi
hwe only have for rings. To prove a homotopy equivalen
e 
 �U(Ch) ' ��V(Ch)for an exa
t 
ategory C in general would hen
e allow us to apply this strategyin many other 
ases. But the proof would require expli
it deloopings of thehermitian K-theory (as established in Corollary 6.5 for additive 
ategories)for exa
t 
ategories in general.S
hli
hting [S
h1℄ re
ently de�ned the negative K-theory of an exa
t 
ategoryand proved that some 
lassi
al theorems (additivity, resolution, lo
alization)remain true for negative K-theory. It is natural to ask wether all this 
an bedone for negative hermitian K-theory as well.Let us 
onsider the 
ategory of all modules of �nite type M(A) over agiven ring A or more generally the 
ategory of all 
oherent sheaves Coh(X)on a s
heme X. It is not 
lear how to de�ne a duality fun
tor and hen
e theasso
iated hermitian 
ategory. On the full sub
ategory of S-torsion modulesTS � M(A), we have HomA( ; S�1A=A) = Ext1A( ; A) as a duality fun
-tor if A is hereditary, and on the sub
ategory P (A) we have HomA( ; A).To de�ne a duality on M(A) (and more general for quasi-
oherent sheaves
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tor bundles) might be easier when we repla
e our 
ategory byits bounded derived 
ategory and using the duality suggested in [Har, 
hap-ter 5℄. More pre
isely, he 
onsiders the derived 
ategory (bounded below)of OX -modules D+(OX �mod) over a given noetherian s
heme X and thefull sub
ategory of 
omplexes with 
oherent 
ohomology and �nite inje
tivedimension D+
;fid(OX �mod). He then introdu
es the notion of a \dualizing
omplex":De�nition 10.1 Fixing a 
omplex R� 2 D+(OX �mod), we say that F � 2D(OX � mod) is re
exive with respe
t to R� if the natural map � : F � !RHom�(RHom�(F �; R�); R�) is an isomorphism in D(OX �mod).If there exist an R� 2 D+(OX �mod) su
h that any F � 2 D+
;fid(OX �mod)is re
exive with respe
t to R�, then we 
all R� a \dualizing 
omplex".Then it is shown that OX , 
onsidered as a 
omplex 
on
entrated in degree 0,is a dualizing 
omplex when our noetherian s
heme X is regular. The ideais that it suÆ
es to show that OX is OX-re
exive, as any 
oherent sheaf islo
ally a quotient of a free sheaf.We 
an therefore \generalize" our duality from ve
tor bundles to 
oherentsheaves. As an illustration, 
onsider the 
ategory of �nitely generated abeliangroupes M(Z). The 
omplex Q ! Q=Z is an inje
tive resolution of Z, andgiven a �nite abelian group, all morphisms to Q are 0, of 
ourse. Hartshornealso proved that OX is still a dualizing 
omplex when our noetherian s
hemeX is Gorenstein whi
h means that all its lo
al rings have a �nite inje
tiveresolution. In the 
ase of a non-
ommutative ring, the Gorenstein 
onditionand the existen
e of a dualizing 
omplex is less 
lear.As Thomason did for ordinary K-theory [TT℄, one might hope to de�nethe hermitian K-theory of the 
ategory of bounded 
hain 
omplexes and toprove that this 
oin
ides with our de�nition. Re
all that Gillet [Gil℄ andThomason de�ned for any exa
t 
ategory C a Waldhausen stru
ture on the
ategory of bounded 
omplexes Chb(C), and Gillet (generalizing a proof ofWaldhausen) proved that the in
lusion in degree 0 indu
es a homotopy equiv-alen
e K(C) '! K(Chb(C)). Here K stands for Waldhausen K-theory resp.Thomason's variant of the K-theory of a 
ompli
ial biWaldhausen 
ategory[TT, 1.2.11,1.11.7℄. He also proved that the following important result:Theorem 10.2 Let F : C ! D be an exa
t fun
tor of exa
t 
ategories su
hthat the indu
ed fun
tor on the bounded derived 
ategories Db(F ) : Db(C)!Db(D) is an equivalen
e of 
ategories. Then Q(F ) : Q(C) ! Q(D) is ahomotopy equivalen
e.Proof: [TT, theorem 1.9.8℄



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 56Although the � de�ned above is not an isomorphism but only a quasi-isomorphism in Chb
;fid(OX � mod), we 
an still de�ne an asso
iated \her-mitian Waldhausen 
ategory". If we want to imitate Thomason's proofs,we will need an additivity theorem and a lo
alization theorem. It mighttherefore be useful to 
onsider a Waldhausen-like model of the hermitianK-theory (see [SY℄ for su
h a model in U -theory). Restri
ting to the 
aseof a noetherian regular s
heme, we then should have homotopy equivalen
esL(V e
t(X)h) '! L(Coh(OX)h) '! L(Chb
;fid(OX � mod). It will probablybe easier to atta
k these questions before in U -theory and then dedu
e thestatement on L(Ch) ' ho�b(W(Ch) F! Q(C)).Trying to give a dire
t de�nition of the hermitian K-theory of a triangu-lated 
ategory without using the fa
t that it is the derived 
ategory of anexa
t 
ategory is as 
ompli
ated as in ordinary K-theory. There is a de�ni-tion suggested by Neeman for the K-theory of a triangulated 
ategory. Butre
ently S
hli
hting [S
h5℄ proved that it is impossible to give a de�nitionof the K-theory of a triangulated 
ategory that simultaneously generalizesQuillen's de�nition for exa
t 
ategories and has the property that a shortexa
t sequen
e of triangulated 
ategories yields a long exa
t sequen
e of K-groups.When we are only interested in Witt groups, su
h a de�nition is possible dueto the work of Balmer. In fa
t in the 
ase of triangulated 
ategories withduality fun
tor, both Balmer [Bal2℄ and Youssin [Yo℄ suggest a de�nitionfor the Witt group of a triangulated 
ategory T with a duality fun
tor t.Balmer's de�nition of the Witt group WB(Th) is to take the monoid of her-mitian objets and then to divide by the \metaboli
 obje
ts" in the sense oftriangulated 
ategories. By de�nition L is a lagrangian of (P; �) if we have a
ommutative diagram (�) below with Q = 0 su
h that the rows and 
olumnsare exa
t triangles. This implies more generally that whenever we have a
ommutative diagram where the rows and 
olumns are exa
t trianglesT�1( tM)T�1( t�0)
��

�0 // L�0
��

�1 // P��=
��

�2 // tMt�0
��T�1( tL)t�2

��

T�1( t�0) // M�1
��

t�2 // tP t�1 // tL (�)tQt�1
��

Q�= oo �2
��tM T (�0) // T (L)su
h that �2 Æ��1 Æ t�2 = � t�1 Æ Æ�1, then (P; �) = (Q;� ) in WB(Th). In
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ompare this withthe De�nitions 3.8 and 3.10. Balmer also introdu
ed \shifted" Witt groups,observing that if t is a duality on a triangulated 
ategory T with translationfun
tor T , then T n Æ t is also a duality fun
tor.De�nition 10.3 Let T be a triangulated 
ategory with translation fun
torT and duality t. Then W nB(Th) is by de�nition the monoid of isomorphism
lasses of obje
ts of Th relative to the duality fun
tor T n Æ t, divided by themetaboli
 obje
ts.We writeWB(Th) forW 0B(Th). Balmer proves that this Witt group generalizesthe Witt group of a hermitian exa
t 
ategory we de�ned at the beginningof se
tion 5 (and hen
e in De�nition 9.10) if C is semi-saturated. (Re
allthat \semi-saturated" means that any morphism having a right inverse isan admissible epimorphism. In parti
ular, any pseudo-abelian 
ategory issemi-saturated.)Theorem 10.4 Let C be an exa
t 
ategory in whi
h 2 is invertible togetherwith a duality fun
tor and let Db(C) be the derived 
ategory with the indu
edduality fun
tor, i.e. ( t(C�))n = tC�n and similar for the fa
e maps andmorphisms. Then the in
lusion in degree 0 indu
es a morphismW (Ch)! WB(Db(C)h)whi
h is an isomorphism if C is semi-saturated.Proof: See [Bal2, 4.3℄.Observe that the \duality fun
tor" of Hartshorne (RHom�( ;OX)) fornoetherian regular separated s
hemes be
omes the duality fun
tor of Balmerwhen we restri
t to the 
ategory of ve
tor bundles and invert the quasi-isomorphisms, hen
e pass to the derived 
ategory.Re
all that we 
an also de�neK0 of a triangulated 
ategory (take the Grothen-die
k group of the abelian monoid of obje
ts and divide out by the triangles)su
h that this \generalizes" the de�nition for exa
t 
ategories when we 
on-sider the bounded derived 
ategory. This suggest a de�nition of K0 for ahermitian triangulated 
ategory:De�nition 10.5 For any triangulated 
ategory T with a duality fun
tort, we de�ne Kh0 (Th) to be the Grothendie
k group of the abelian monoidof isomorphism 
lasses of obje
ts of Th, divided by the relation (P; �) �(Q;� )� (H(L); �L) whenever we have a diagram (*).Proposition 10.6 Let C be an exa
t 
ategory in whi
h 2 is invertible to-gether with a duality fun
tor and let Db(C) be the derived 
ategory with the
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ed duality fun
tor, i.e. ( t(C�))n = tC�n and similar for the fa
e mapsand morphisms. Then the in
lusion in degree 0 indu
es a morphism� : Kh0 (Ch)! Kh0 (Db(C)h)whi
h is an epimorphism if C is semi-saturated.Proof: We 
laim that there is a 
ommutative diagram of exa
t sequen
esK0(C)�=
��

// Kh0 (Ch)�
��

// W (Ch)�=
��

// 0K0(Dd(C)) H // Kh0 (Db(C)h) // WB(Db(C)h) // 0By Theorem 5.7 K0(Ch) is nothing else but the Grothendie
k group of theunderlying hermitian additive 
ategory divided by the relation (P; �) �(L?=L; �) � (H(L); �L) whenever L is a sublagrangian of (P; �) (in [QSS℄,this group is denoted by GH�0(C)). This shows that � is well-de�ned. Next,we show that H is well-de�ned. Assume that A i! B p! C s! T (A) is anexa
t triangle. Then we have the following 
ommutative diagram with exa
trows and 
olumnsT�1(C)� tT (A)id
��

T�1(s)� ts// A� tCid
��

i� tp // H(B)�B
��

p� ti// C � tAid
��T�1(C)� tT (A)0

��

T�1(s)� ts// A� tC0
��

i� tp // H(B) p� ti// C � tA00
��

00oo 0
��C � tA s�T ( t
) // T (A)� T ( tC)su
h that both morphisms from A� tC to tA�C are 0, hen
e (H(B); �B) =(H(A � tC); �A� tC) �= (H(A); �A) � (H(C); �C) in Kh0 (Db(C)h) by de�ni-tion.The upper row of the diagram is exa
t by de�nition, and the lower row isexa
t be
ause any obje
t in Kh0 (Db(C)h) whi
h is stably metaboli
 is alreadymetaboli
 [Bal1, Theorem 3℄ and therefore equivalent to an obje
t in theimage of H. Finally, the �ve lemma shows that � is an epimorphism.I 
onje
ture that � is in fa
t an isomorphism.Balmer uses his de�nition to prove a 12-term lo
alization exa
t sequen
efor Witt groups [Bal1℄ whi
h we will use in the next se
tion. In this lo
aliza-tion sequen
e there do also appear the \shifted Witt groups" de�ned above
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h are of period four. He explained to me the idea of the proof that foradditive 
ategories these equal the higher L-groups of Rani
ki et al. (seeour remark in se
tion 3) and hen
e - up to 2-torsion - Karoubi's higher Wittgroups. But there is still no written proof. There seems to be a generalizationof L-theory to exa
t 
ategories due to C. Walter whi
h should still 
oin
idewith Balmer's Witt groups. This should also be 
ompared with the work of[WW℄, see our remark at the end of se
tion 7.One might 
onje
ture that for exa
t 
ategories our higher Witt groups(see De�nition 9.10) 
oin
ide with Balmer's shifted Witt groups when wetensorize with Z[1=2℄. Nevertheless, there are interesting elements in the 2-torsion of our higher Witt groups whi
h do not exist in the periodi
 shiftedWitt groups of Balmer. For example, the element of order 2 in W1(F ) for Fa �eld 
orresponding to the determinant is 0 in W�1B (F ). See also Lemma11.2 for a 
omparison of his shifted Witt groups with our negative ones.Another open problem is to investigate when the \isomorphism 
onje
-ture" for the assembly maps in hermitian K-theory of group rings holds. Infa
t, one observes that our non-
onne
tive spe
trum for the hermitian K-theory of se
tion 6 �ts well in the framework of [DL℄.Finally, let us say that it is a very tempting problem to 
onstru
t aspe
trum representing hermitian K-theory of a (regular) s
heme in the A1-homotopy 
ategory of Morel and Voevodsky, as 
an be done for ordinary al-gebrai
 K-theory [MV℄. The key geometri
 properties of hermitian K-theoryneeded to establish its representability 
an be proved for regular aÆne vari-eties using the tools of the next se
tion. To prove them for regular varietiesin general, we will probably need again an analogon of the te
hniques of[TT℄. In parti
ular, we do not know yet wether repla
ing the presheaf Khby a �brant sheaf with respe
t to the 
losed model stru
ture of [MV℄ yieldsthe same de�nition for the hermitian K-theory of regular varieties as ourde�nition of se
tion 5.
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alization TheoremThis se
tion is joint work with M. S
hli
hting. We will prove the Lo
alizationTheorem 8.7 whi
h we repeat for the reader's 
onvenien
e:Theorem 11.1 Let A be a hereditary ring and assume that 2 is invertible.Then for any 
entral multipli
ative subset S � A 
ontaining no zero divisors,we have a homotopy �brationi( �P (A)h)+ ! i( �P (S�1A)h)+ !W( �(TS)h)Consequently, we have a long exa
t sequen
e::: Kn( �P (A)h)! Kn( �P (S�1A)h)! Un�1( �(TS)h)! Kn�1( �P (A)h)! Kn�1( �P (S�1A)h)::::::K0( �P (A)h)! K0( �P (S�1A)h)!W ( �(TS)h)Note that the morphism K0( �P (S�1A)h)! W ( �(TS)h) will not be surje
tivein general.To simplify notations, we write iC+ instead of Iso C�1 Iso C for any symmetri
monoidal 
ategory C.The idea of the proof is the following: Consider the following diagramindu
ed by a diagram of simpli
ial additive 
ategories with duality (the �rstone being 
onstant) (iP (A))+h ��! j(iG�)+h j ��! j(iR�TS)+h jwhere G� is a simpli
ial version of the 
ategory of latti
es (see De�nition11.3). Re
all (Theorem 7.2) that 
j(iR�TS)hj ' U(TS). Now Gk and RkTSare additive 
ategories whose K�1 will vanish, so by Lemma 11.2 the de-greewise lo
alization sequen
e for hermitian K-theory redu
es at n = �1to the lo
alization sequen
e for Balmer's Witt groups whose hypotheses we
an a
tually prove to be full�lled (Proposition 11.4). Further 
al
ulationsand Karoubi indu
tion will show that we have in fa
t for k �xed a lo
aliza-tion homotopy �bration in hermitian K-theory. To see that we still have ahomotopy �bration after realization, we need a �0-surje
tivity 
ondition (
f[BF℄ and se
tion 8). This diÆ
ulty will be solved by Lemma 11.7. Finally,we have to identify the realization of the degreewise hermitian K-theory ofthe \simpli
ial latti
es" G� with the hermitian K-theory of the lo
alized ringS�1A (see Proposition 11.8).
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ategories with duality allows us also to de�neKaroubi's negative higher Witt groups (De�nition 9.10) thanks to the resultsof se
tion 6. The following result identi�es Balmer's shifted triangulatedWittgroups (De�nition 10.3) and Karoubi's negative Witt groups of regular rings(not only up to 2-torsion):Lemma 11.2 Let A be an additive pseudo-abelian 
ategory with duality withKn(A) = 0 8N � n < 0. Then Wn(A) =W�nB (A) 8N � n � 0.Proof: For n = 0 this is [Bal2℄. Let CA and SA be the 
one and sus-pension of A as in se
tion 6. By [CP℄,[S
h1℄, we always have a sequen
e oftriangulated 
ategories whi
h is exa
t up to dire
t fa
tors (i.e. after pseudo-abelianization, see p. 19)(�) Db(A) �! Db(CA) �! Db(SA)Sin
e A is pseudo-abelian, Db(A) is pseudo-abelian (see [BS
h℄, we haveDb(eE) ' gDb(E) for any exa
t 
ategory E). In parti
ular, Db(A) is the ker-nel of Db(CA) �! Db(SA). Sin
e K�1(A) = 0 by hypothesis, Db(SA) !Db(gSA) is an equivalen
e of triangulated 
ategories. This is a 
onsequen
eof the following fa
t: if V � W is a triangulated full 
o�nal sub
ategoryof a triangulated 
ategory W and if the in
lusion indu
es an isomorphismK0(V) ! K0(W) then V � W is an equivalen
e of triangulated 
ate-gories, see for instan
e [Th3, theorem 2.1℄. In our situation 0 = K�1(A) =K0(gSA) = K0(Db(gSA)). Hen
e the 
laimed equivalen
e of triangulated 
at-egories. Therefore, Db(SA) is pseudo-abelian, and (�) is an exa
t sequen
eof triangulated 
ategories. Applying Balmer's 12-term exa
t lo
alization se-quen
e [Bal1, Theorem 6.2℄ and using the fa
t that W iB(CA) = 0 for alli 2 N (be
ause CA is 
asque), we see that W iB(SA) = W i+1B (A). ForKaroubi's Wittgroups we have W�i(SA) = W�i�1(A). For i = 0 we �ndW�1(A) = W0(SA) = W 0B(SA) = W 1B(A). The result then follows by indu
-tion.De�nition 11.3 Let G� be the following simpli
ial additive 
ategory withduality:Its obje
ts are triples (P�; T��; ��) where P� is a fun
tor P� : n ! (P (A))(re
all that n is the 
ategory n = n0 < ::: < 00 < 0 < ::: < n), T�� isan obje
t of R�TS and �� is a natural transformation �� : P� ! Tn0� su
hthat Pk // // Pl // // Tkl is a short exa
t sequen
e 8k � l. Morphismsare natural transformations. The simpli
ial stru
ture and the duality areindu
ed by those of R�TS (re
all that if Pk // // Pl // // Tkl is a shortexa
t sequen
e, then HomA(Pl; A) // // HomA(Pk; A) // // Ext1A(Tkl; A)is also a short exa
t sequen
e).
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ial fun
tors of simpli
ial additive 
ategories with dualityP (A) ��! G� ��! R�TSwhere P (A) is the 
onstant simpli
ial 
ategory. The fun
tor �k is given bythe 
onstant in
lusion mapping P to (P�; 0��; 0�) and �k is the proje
tionmapping (P�; T��; ��) to T��.Proposition 11.4 The simpli
ial fun
tors 
onstru
ted above indu
e 8k � 0a short exa
t sequen
e of triangulated 
ategoriesDb(P (A)) Db(�k)! Db(Gk) Db(�k)! Db(RkTS):Proof: We have to show that a) Db(P (A)) is equivalent to the full sub
at-egory of obje
ts of Db(Gk) whose image in Db(RkTS) is isomorphi
 to 0 andb) that we have an equivalen
e of 
ategories Db(Gk)=Db(P (A)) ' Db(RkTS).First observe that for any additive 
ategory A, the bounded derived 
ategoryDb(A) is just the bounded homotopy 
ategory (i.e., Chb(A) modulo 
hain ho-motopies). To prove a), we �rst 
onsider the 
ase k = 0. An obje
t ofDb(G0)is just a bounded 
omplex of short exa
t sequen
es M� // // N� // // T�.with Mk and Nk proje
tive and Tk a S�torsion module 8k. Assume that T�is 
ontra
tible. We pretend that this obje
t is then homotopy equivalent toM� // // M� // // 0�, i.e., is in the image of Db(P (A)). Consider the 
oneof (M� // // M� // // 0�) ! (M� // // N� // // T�). We have to 
on-stru
t a null-homotopy of this 
hain 
omplex in G0 whi
h is nothing else buta 
ompatible 
hoi
e (all squares 
ommute) of null homotopies of the three
hain 
omplexes. This 
an be done applying Lemma 11.5 below whi
h wasshown to me by P. Balmer.For k > 0, we �rst use the lemma to 
onstru
t a null homotopy for Pk usingthe one given on Tk0k. The others are then again a 
onsequen
e of fun
tori-ality, and they are 
ompatible be
ause the null homotopies of the Tij are.To prove b), 
he
k that the fun
tor F : Chb(Gk) ! Chb(RkTS) is full andessentially surje
tive, hen
e F : Db(Gk)=Db(P (A))! Db(RkTS) given by theuniversal property is also full and essentially surje
tive.To prove that F is faithful, �x a morphism a : A� ! A0� in Chb(Gk) map-ping to 0 in Db(RkTS). Hen
e F (a) fa
tors through a 
ontra
tible obje
tin Chb(RkTS). Choose a preimage B� in Chb(Gk) of this 
ontra
tible ob-je
t. Following Lemma 11.5., B� is homotopy equivalent to an element inChb(P (A)). Choosing arbitrary liftings of the morphisms A� b! B� 
! A0�, wedo not have a = 
Æb in general. But the 
omposition of A� (1;b)�! A��B� (a;�
)�!A0� maps to 0 in Chb(RkTS). It therefore suÆ
es to 
onsider maps a withF (a) = 0 already in Chb(RkTS), and those obviously fa
tor through obje
tsof Chb(P (A)).
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omplex of short exa
t sequen
es(P� // // Q� // // T�) with P� and T� 
ontra
tible and Pk and Qk proje
-tive 8k is itself 
ontra
tible.Proof: Consider the following diagramPn+1 // fn+1 //an+1
��

Qn+1 gn+1 // //bn+1
��

Tn+1
n+1
��Pn // fn //an

��

Qn gn // //bn
��

Tn
n
��

tn+1 II

Pn�1 // fn�1 //

rn II Qn�1 gn�1 // //

sn II Tn�1tn IIwhere rj, sj and tj are the null-homotopies (idPj = aj+1 Æ rj+1 + rj Æ ajet
) whi
h are 
ompatible for j � n by indu
tion. Given tn+1, we thenhave to 
onstru
t a morphism sn+1 su
h that gn+1 Æ sn+1 = tn+1 Æ gn andthat bn+1 Æ sn+1 + sn Æ bn = 1Qn. As Qn is proje
tive, there is a morphismv : Qn ! Qn+1 su
h that tn+1Ægn = gn+1Æv. De�ne e = 1Qn�snÆbn�bn+1Æv.Then 
he
k that bn Æ e = 0 and gn Æ e = 0. As fn = ker(gn), there exists am : Qn ! Pn su
h that e = fn Æm. Let lj : Pj�1 ! Pj be a null homotopyde�ned on the whole 
omplex P� (whi
h is not assumed to be 
ompatible withanything else). We have idPn�rnÆan = (an+1Æln+1+lnÆan)Æ(idPn�rnÆan) =an+1 Æ ln+1 Æ (idPn � rn Æ an) using an Æ rn = idPn�1 � rn�1 Æ an�1. Settingk := ln+1 Æ (idPn � rn Æ an) and sn+1 := v + fn+1 Æ k Æm we are done (
he
kthat idPn = rn Æ an + an+1 Æ k and thus e = bn+1 Æ fn+1 Æ k Æm). Then weobtain a 
ontra
tion of P� 
ompatible with the others by fun
toriality of thekernel.We will now 
onstru
t an additive 
ategory C(�k) := GkqP (A)CP (A) asso-
iated to the additive fun
tor �k : P (A)! Gk where C is the 
one of se
tion6. This will be a kind of K-theoreti
 
o�ber of �k. Re
all that a preadditive
ategory is a 
ategory whose Hom-sets are abelian groups and 
ompositionis bilinear. In 
ontrast to the more restri
tive de�nition of an additive 
at-egory, we do not demand the existen
e of �nite sums. We let pr add 
at bethe 
ategory of small preadditive 
ategories. The 
onstru
tion above will be
arried out in two steps. First, we work on the level of preadditive 
ategories.Se
ond we de�ne a fun
tor L : pr add 
at! add 
at.Assume that we have a fun
tor F : D ! pr add 
at where D might beany small 
ategory. We de�ne the 
olimit of this fun
tor by Obj(
olimD F ) =
olimd2D Obj(F (d)). For two obje
ts [A℄ and [B℄ of 
olimD F represented byA 2 Fa and B in Fb, a; b 2 D, we have
olimD F (A;B) =MJ Fd1(X1; Y1)
 :::
 Fdn(Xn; Yn)= �
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ts of Fdj ; 1 � j � n; [X1℄ =[A℄; [Yi℄ = [Xi+1℄; 1 � i � n; [Yn℄ = [B℄ in Obj(
olimD F )g and the equiva-len
e relation is generated by f 
g � f Æg when the sour
e of f is the targetof g and f � F (
)(f) for 
 a morphism in D.In our 
ase D = f�  � ! �g and the fun
tor P (A) ! CP (A) is a fullin
lusion. Hen
e Obj(C(�k)) = (Obj(CP (A)) � Obj(P (A)))qObj(Gk). Weobtain a 
ommutative diagram of additive 
ategories with dualityP (A)j
��

�k //
o
art Gk�j
��CP (A) ��k //�

��

C(�k)��
��SP (A) SP (A)where �� is indu
ed by the zero map Gk ! SP (A) and the universal prop-erty of C(�k). As j is a full in
lusion, we do not need to 
onsider morphismsin FP (A) (see our de�nition of the morphisms in 
olimD F ). Thus any mor-phism in C(�k) from �j(B) to ��k(U) (with B an obje
t in Gk and U in Gk) 
anbe represented as �iui 
 bi with B bi! �k(Pi) a morphism in Gk, j(Pi) ui! Ua morphism in CP (A) and Pi an obje
t in P (A). Moreover, CP (A) is a fullsub
ategory of C(�k).Now 
omes the se
ond step. We de�ne the fun
tor L : pr add 
at !add 
at as follows: an obje
t of LA is given by an l 2 N and an obje
t Ai inA for all 0 � i � l. We write (A1; :::; Al) for this obje
t. A morphism from(A1; :::; Al) to (B1; :::; Bj) is given by a 
olle
tion of morphisms �j;i : Ai ! Bjfor all pair (0; 0) � (i; j) � (l; m). The 
omposition is de�ned as usual formatri
es. We also allow the 0-tuple 0 = (). (For example, the 
ategory offree R-modules of �nite type is equivalent to L(R).) We have an in
lusionA ! LA given by A 7! 0(A). For any small 
ategory D and any fun
torF : D ! pr add 
at we have 
anoni
al fun
tors
olimD F i! 
olimD LF j! L 
olimD FThe 
omposition j Æ i is fully faithful and inje
tive on the obje
ts. Hen
e iis faithful and inje
tive on obje
ts as well. Cal
ulations similar to the aboveones show that i is also full. Any obje
t of LFd is a dire
t sum of obje
ts ofFd. As additive fun
tors preserve dire
t sums, any obe
t of 
olimD LF is adire
t sum of obje
ts in the image of i. Putting all this together, we obtainan equivalen
e of 
ategories 
olimD LF '! L 
olimD F . Hen
e, we assumefrom now on that C(�k) is additive.Both 
olumns of our diagram ful�ll the 
onditions of Corollary 6.7. Tosee this for the se
ond 
olumn, observe that any obje
t in the image of �j is



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 65�ltered by itself. Now �x ��k(U) and a P (A)-�ltration of U given by f(pi; si) :Pi � // U; i 2 Ig. We 
laim that its image under ��k is a Gk-�ltrationof ��k(U). The image of a �ltered 
ategory is a �ltered 
ategory. Consider amorphism from B to �k(U) represented by � = �nj=1fj
gj 2 C(�k)( ��k(U); B).The fj have sour
es in P (A) and target U . As U is P (A)-�ltered, we havefj = s Æ f 0j where (p; s) : P � // U and hen
e� = �nj=1s Æ f 0j 
 gj = s
 (�nj=1�k(f 0j) Æ gj) = ��k(s) Æ gwhere g = �nj=1�k(f 0j) Æ gj a morphism in Gk. The 
ase of the other fa
tor-ization into an admissible epimorphism and a morphism in Gk is similar.Hen
e by Corollary 6.7 we obtain a homotopy �brationiP (A)+h ! i(Gk)+h ! i gC(�k)+hwhere as before gC(�k) stands for the pseudo-abelianization of C(�k).Lemma 11.6 The fun
tor gC(�k) ! RkTS given by the universal propertyindu
es a homotopy equivalen
e i gC(�k)+h ' iRhkT +S .Proof: Consider the fun
tor C(�k) ! RkTS de�ned by the universal prop-erty of the pushout. As RkTS is pseudo-abelian, we have an indu
ed fun
tor� : gC(�k)! RkTS. Applying the Fundamental Theorem for additive pseudo-abelian 
ategories, we have two 
ommutative diagrams with exa
t rows�U0( gC(�k))�U0(�)
��

// K0( gC(�k))K0(�)
��

H� // �Kh0 ( gC(�k))�Kh0 (�)
��

// �W0( gC(�k))�W0(�)
��

// 0�U0(RkTS) // K0(RkTS) H� // �Kh0 (RkTS) // �W0(RkTS) // 0and�Kh0 ( gC(�k))�Kh0 (�)
��

F� // K0( gC(�k))K0(�)
��

// ��U0( gC(�k))��U0(�)
��

// �Kh�1( gC(�k))�Kh�1(�)
��

F� // K�1( gC(�k))�Kh�1(�)
���Kh0 (RkTS) F� // K0(RkTS) // ��U0(RkTS) // �Kh�1(RkTS) F� // K�1(RkTS)We want to show that Kn(�) 8 n � �1;W0(�) and Kh�1(�) are isomorphisms.This would imply that Kh0 (�) is also an isomorphism, and the Karoubi in-du
tion we already used in the proof of Theorem 9.5 would yield that Khn(�)is an isomorphism for any n � �1. That Kn(�) is an isomorphism for n � 0follows from 
omparing the two long exa
t sequen
es of K-groups we get from[PW℄,[TT, 1.8.2, 1.11.7℄ and observing that both K0(Gk) ! K0( gC(�k)) andK0(Gk)! K0(RkTS) are surje
tive be
ause K�1(P (A)) = 0 for A a regularring [Bass, p.685℄.
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ategory of an exa
t 
ategory with ad-missible kernels, we have K�1(RkTS) = 0 (see [S
h4℄). But K�1 of gC(�k) alsovanishes be
ause it is part of a long exa
t sequen
e of K-groups in positiveand negative degrees [PW℄,[S
h1, Theorem 7.12℄ with K�1(Gk) = 0 (againthis is a 
onsequen
e of [S
h4℄) and K�1( gSP (A)) �= K�2(P (A)) = 0. Ap-plying Lemma 11.2, we are redu
ed to show that W 0B(�) and W 1B(�) areisomorphisms. Using [S
h1, Theorem 10.1℄ and Proposition 11.4, we get twoexa
t sequen
es of triangulated 
ategoriesDb(Gk)! Db( gC(�k))! Db( gSP (A))and Db(P (A))! Db(Gk)! Db(RkTS)and hen
e by the lo
alization exa
t sequen
e [Bal1, Theorem 6.2℄ we havelong exa
t sequen
es for WB. Again we want to 
on
lude by the �ve lemma.As WB only depends on the bounded derived 
ategory and Db 
ommuteswith the pseudo-abelianization [BS
h℄ it is suÆ
ient to prove that Db(C(�k))is pseudo-abelian. For this, 
onsider the 
ommutative diagram with exa
trowsK1(SP (A))�
��

// K0(Db(Gk))�
��

// K0(Db(C�k))

��

// K0(Db(SP (A)))K1( gSP (A)) // K0( gDb(Gk)) // K0( gDb(C�k)) // K0( gDb(SP (A))):By 
o�nality, � is an isomorphism, and � is an isomorphism again by [BS
h℄be
ause Gk is pseudo-abelian. As CP (A)! SP (A) is surje
tive on obje
ts,K0(Db(SP (A))) = 0, and K0( gDb(SP (A))) = 0 be
ause K0( gDb(SP (A))) �=K0( gSP (A)) �= K�1(P (A)) = 0 as A is regular. Hen
e 
 is an isomorphism,and by [Th3, theorem 2.1℄ we know that Db(C(�k)) is already pseudo-abelian.Summing up, we have a homotopy �bration(iP (A))+h �k! (iGk)+h �k! (iRhkTS)+ 8k:Now we would like to apply the Bous�eld-Friedlander Theorem [BF, TheoremB.4℄ to 
on
lude that the realization(iP (A))+h ��! j(iG�)+h j ��! j(iR�TS)+h jis still a homotopy �bration. For this we have to 
he
k the two 
onditions of[BF℄. The \��-Kan-
ondition" holds be
ause we are dealing with simpli
ialH-groups. But the morphism �0((iGk)+h ) �k! �0((iRkTS)+h ) might not be sur-je
tive in general. But if we write T̂k for the full sub
ategory of i(Rk(TS)h)+
onsisting of those 
omponents lying in the image of i(Gk)+h ! i(Rk(TS)h)+,then we 
an prove the following:



SUR LA K-TH�EORIE DES CAT�EGORIES HERMITIENNES 67Lemma 11.7 There is a homotopy �brationjT̂�j ! ji(R�(TS)h)+j ! jL�jwhere L� is a 
onstant simpli
ial group.Proof: We de�ne Lk := 
oker(�0(T̂k)! �0(i(Rk(TS)h)+). By the Bous�eld-Friedlander Theorem, we have a homotopy �bration jT̂�j ! ji(R�(TS)h)+j !jL�j. Denote by LWk the 
okernel of W0(Gk) ! W0(Rk(TS)). The in-du
ed map on the 
okernels Lk ! LWk is an isomorphism sin
e K0(Gk) !K0(Rk(TS)) is an epimorphism. Consider the following (up to sign) 
ommu-tative diagramW0(Gk) // W0(Rk(TS))�
��

Æk // W 1B(P (A))W0(P (S�1A)) // W0(TS) Æ // W 1B(P (A))where the TS in the bottom row is equipped with the non-split exa
t stru
-ture. Both rows are exa
t by Balmer's lo
alization theorem [Bal1℄ be
ausewe have exa
t sequen
es of bounded derived 
ategories (Proposition 11.4and [Ke2, Example p.17℄, beware of the degree shift depending on the dif-ferent dualities on TS). The map � is nothing else but the proje
tion onthe T000-entry and its hermitian form, hen
e is surje
tive. It follows thatLk �= LWk = im(Æk) = im(Æ) does not depend on k. Considering L0 as a 
on-stant simpli
ial group, this implies morover that L0 ! L� is an isomorphismof simpli
ial groups.Hen
e �n(jT̂�j) ! �n(ji(R�(TS))+h j) is an isomorphism 8n � 1 and amonomorphism whose 
okernel is the image of Æ if n = 0. Observe thatthe isomorphism (by the �ve lemma) W0(C(�k)) �= W0(Rk(TS)) shows thatthe same argument yields a homotopy �bration jĈ�j ! ji(C(��))+h j ! jL�jwhere Ĉk is the full sub
ategory of the 
omponents lying in the image ofi(Gk)+h ! i(C(�k))+h .We also observe [S
h3℄ that in our 
ase realization 
ommutes with group
ompletion. More pre
isely, we have j(iG�)+h j ' j(iG�)hj+ and j(iR�TS)+h j 'j(iR�TS)hj+ ' j(iR�TS)hj as the latter one is already an H-group.So the last step of the proof is the followingProposition 11.8 There is a homotopy equivalen
eiP (S�1A)h ' ji(G�)hj:
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ategory with duality C, we denote by n�C its nerve (a sim-pli
ial set), and by N�C the simpli
ial 
ategory whose obje
ts in degree kare 
hains of morphisms of length k and morphisms are 
ommutative dia-grams. Further, N iso� C is the full simpli
ial sub
ategory of N�C whose ob-je
ts are those diagrams 
ontaining only isomorphisms. We write De� for theedgewise subdivision of a simpli
ial 
ategory D�. Finally, re
all that for a
ategory C with duality, Chd denotes the 
ategory of all hermitian obje
tsin
luding the degenerate ones. Writing f �
// // gP (A) for the sub
ategoryof P (A) whose morphisms are monomorphisms with S-torsion as 
okernel,we have i(G�)h = (i(N e�f �

// // gP (A)))hd and n�((f �
// // gP (A))hd) 'diag Æ n�N iso℄ ((f �

// // gP (A))hd) = diag Æ n℄iN�[(f �
// // gP (A))hd℄:Now we have the following fun
tor of simpli
ial 
ategories F : (i(N ekf �

// //gP (A)))hd = iNk[(f �
// // gP (A))hd℄ whi
h is de�ned on obje
ts by mappingPk0�= k0= �k

��

// ��k0 // P(k�1)0�=  (k�1)0= �k�1
��

::: P00�= 00= �0
��

// ��00 // P0�=  0= �00
��

::: Pk�1�= k�1= �(k�1)0
��

// ��k�1 // Pk�= k= �k0
��P �k // ��(k�1)�// P �k�1 ::: P �0 // ���00 // P �00 ::: P �(k�1)0 // ���k0 // P �k0to Pk0

�� � k�k�1:::�k0
��

// ��k0 // P(k�1)0
���  k�1�k�2:::�(k�1)0
��

::: P10
�� � 1�0:::�10
��

// ��10 // P00
���  0�00
��P �k0 P �(k�1)0oo���k0oo ::: P �10 P �00oo���10ooand this for
es the de�nition of F on morphisms (i.e., (fj : Pj ! Qj)k0�j�kis sent to (fj : Pj ! Qj)k0�j�0) . One 
he
ks that this is fully faithful andessentially surje
tive.Finally, we see that the lo
alization fun
tor (f �

// // gP (A))hd !(iP (S�1A))hd = iP (S�1A)h is a homotopy equivalen
e. This follows fromQuillen's Theorem A and the argument of Lemma 8.5
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lusion (en fran�
ais)Dans les se
tions 6,7 et 8 nous avons �etabli le d�ela�
age pour une 
at�egorieadditive hermitienne ainsi qu'un th�eor�eme de lo
alisation et un th�eor�eme ded�evissage pour la K-th�eorie hermitienne des anneaux h�er�editaires. Les ana-logues de 
es r�esultats en K-th�eorie ordinaire sont 
onnus depuis longtemps.Chaque fois que nous avons une 
onstru
tion ou un th�eor�eme en K-th�eorieordinaire, la question de l'existen
e d'un r�esultat similaire en K-th�eorie her-mitienne se pose. Bien sûr 
e
i n�e
essite d'abord l'existen
e d'un fon
teurde dualit�e qui existe pour la 
at�egorie des modules proje
tifs de type �ni ouen
ore pour les �br�es ve
toriels sur un s
h�ema, mais qui n'existe pas pour la
at�egorie des modules de type �ni ou des fais
eaux 
oh�erents en g�en�eral.Deux r�esultats essentiels de ma th�ese sont la \bonne" d�e�nition de laK-th�eorie hermitienne d'une 
at�egorie exa
te ave
 dualit�e - en utilisant leTh�eor�eme 5.7 - et la des
ription de la U -th�eorie ave
 un mod�ele �a la Wald-hausen (Proposition 7.2). Le Th�eor�eme de Lo
alisation apr�es D�evissage(Theorem 9.7) nous donne une suite exa
te longue dont tous les obje
ts sontd�e�nis depuis longtemps (Karoubi avait 
onje
tur�e l'exa
titude de 
ette suited�ej�a dans [Ka3℄). Mais pour la d�emonstration (qui passe par la 
at�egorie desmodules de torsion) nous avons eu besoin de la th�eorie pour des 
at�egoriesexa
tes ave
 dualit�e en toute g�en�eralit�e 
omme nous l'avons d�evelopp�ee dansles paragraphe 5 et 7. Il s'agit d'un tr�es joli exemple o�u la g�en�eralisation etles 
onsid�erations plutôt abstraites impliquent �nalement des r�esultats tr�es
on
rets 
omme l'isomorphisme (
f Th�eor�eme 9.11)1Khn(A) �=! 1Khn(F ) 8n � 3; 4mod 8o�u A est l'anneau des entiers dans un 
orps de nombres F .Pour 
on
lure, nous allons indiquer quelques probl�emes ouverts qui noussemblent int�eressants. Au lieu de donner une liste des th�eor�emes en K-th�eorieordinaire qu'on souhaiterait �etablir en K-th�eorie hermitienne, je voudrais direquelques mots sur les strat�egies di��erentes pour les d�emontrer. D'abord, ilserait bien de d�emontrer le Th�eor�eme 3.7 pour des 
at�egories exa
tes ave
 du-alit�e en g�en�eral 
e qui nous permettrait d'appliquer la strat�egie de Karoubi,
omme nous l'avons fait pour d�emontrer le Th�eor�eme 9.5. Le probl�eme prin-
ipal pour le d�emontrer semble l'absen
e des d�ela�
ages expli
ites de la K-th�eorie hermitienne pour les 
at�egories exa
tes ave
 dualit�e. Ensuite, il serasouvent plus 
ommode de travailler ave
 notre des
ription �a la Waldhausenqui nous permet de reduire beau
oup de 
hoses des 
at�egories exa
tes aux
at�egories additives dont la K-th�eorie hermitienne est beau
oup mieux 
om-prise (Th�eor�eme Fondamental, d�ela�
age et
).
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at�egorie exa
te ave
 dualit�e (C; t) �a sa
at�egorie d�eriv�ee born�ee Db(C) (qui est muni d'une stru
ture triangul�ee etd'une dualit�e induite). Parfois, on a un fon
teur de dualit�e sur Db(C) mêmesi un tel n'existait pas pour la 
at�egorie exa
te de d�epart (
f D�e�nition 10.1et [Har℄). On aimerait alors exploiter la ma
hinerie de Thomason [TT℄ pourles \
at�egories (bi
ompli
iales) de Waldhausen ave
 dualit�e".Balmer [Bal1℄[Bal2℄ a d�e�ni des groupes de Witt pour une 
at�egorie tri-angul�ee ave
 dualit�e tels que son groupe de Witt WB(Db(C)h) 
o��n
ide ave
notre groupe de Witt W (Ch) (
f [Bal2℄ et Th�eor�eme 10.3). Il est naturel dese demander si ses groupes de Witt translat�es 
o��n
ident ave
 nos groupes deWitt sup�erieurs (D�e�nition 9.10) �a la 2-torsion pr�es. Notre d�emonstration ad'ailleurs utilis�e 
ertains r�esultats sur 
es groupes de Witt triangulaires.
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