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Introduction

Les espaces de Sobolev jouent un role central dans la théorie des équations aux
dérivées partielles. Les théorémes de plongement de ces espaces dans les espaces de
Lebesgue se traduisent en inégalités dites de Sobolev. Elles sont devenues un outil
fondamental en analyse. Ces notions ont été introduites par S. L. Sobolev a la fin des
années 30. D’autres mathématiciens se sont intéressés a ce domaine. On peut notam-
ment citer les travaux d’E. Gagliardo et L. Nirenberg dans les années 50. L’étude
des inégalités de Sobolev optimales trouve ses origines dans de grands problémes
d’analyse tels que le probléme de Yamabe, résolu par T. Aubin et R. Schoen en
1984. Comme nous le verrons par la suite, il existe plusieurs facons d’aborder cette
étude. Nous parlerons plus particuliérement de programme AB et de programme
BA. Le premier programme a été étudié, entre autre, par T. Aubin, O. Druet, E.
Hebey et M. Vaugon. Le second trouve sa source en théorie des semi-groupes de
Markov. Il a notamment été étudié par D. Bakry et M. Ledoux.

Les inégalités de Sobolev sont un cas particulier des inégalités de Gagliardo-
Nirenberg. Il est donc naturel de se demander si les résultats connus pour les inéga-
lités de Sobolev s’adaptent aux autres inégalités de la famille. Les premiers travaux
de ce type se sont portés sur l'inégalité de Nash et les inégalités de Sobolev lo-
garithmique. Dans cette thése, nous obtenons une généralisation de ces travaux a
une famille d’inégalités beaucoup plus large. Plus précisément, nous adaptons les
programmes AB et BA a une sous-famille des inégalités de Gagliardo-Nirenberg
contenant, entre autres, I'inégalité de Nash.

Dans cette introduction, nous présentons les bases nécessaires a la bonne com-
préhension de cette thése. Nous y définissons entre autre les inégalités de Gagliardo-
Nirenberg et discutons des relations entre elles. Nous précisons ce que nous entendons
par programme AB et programme BA. Nous généralisons aussi quelques résultats
simples sur les inégalités de Sobolev et de Nash, en particulier ceux du programme
BA. ’adaptation du programme AB est plus délicate et constitue I'essentiel de cette
thése. Cette étude est développée dans les deux parties suivant cette introduction.
Il s’agit de travaux de 'auteur, généralisations de ceux d’O. Druet sur les inégalités
de Sobolev et d’E. Humbert sur I'inégalité de Nash.
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1.1 Généralités

1.1.1 Inégalités de Sobolev

Soit (M, g) une variété riemannienne de classe C'°, sans bord et de dimension
n. On supposera, sauf indication contraire, M compléte et n > 2. Pour p > 1, on
note LP(M) l'espace des fonctions p-intégrables muni de la norme

1
full, = ( |u|pdvg)"
M

ou dv, désigne 'élément de volume riemannien. Pour p > 1, on pose
DP(M) =A{u e C*(M) / [[Vull, + |lull, < +oc}

ou C°°(M) est I'ensemble des fonctions indéfiniment différentiables sur M. HY (M)
est par définition le complété de DP(M) pour la norme

[ullaz = [[Vullp + [lullp-

La variété étant compléte, I’ensemble des fonctions C*° & support compact, que I’'on
notera C°(M), est dense dans HY(M).

Si M est a courbure de Ricci minorée et rayon d’injectivité strictement positif,
alors, d’aprés le théoréme d’injection de Sobolev, H (M) s’injecte continiment dans
Li(M) pourn >p>1letq<p" = n"Tpp. Dans le cas critique ¢ = p*, la continuité de
cette injection se traduit par I'existence de deux constantes A et B telles que pour
tout u € HY(M), I'inégalité de Sobolev

[ullpe < AllVull, + Bllull,.

est vérifiée. On préférera travailler sur I'inégalité suivante, appelée aussi inégalité de
Sobolev, plus naturelle du point de vue des EDPs,

lullfe < AlIVull; + Blull3. SP(A, B)

De ces inégalités découle toute une famille d’inégalités dites “de type Sobolev”. La
famille & laquelle nous nous intéresserons plus particuliérement est la famille des
inégalités de Gagliardo-Nirenberg.

1.1.2 Inégalités de Gagliardo-Nirenberg
D’apres I'inégalité de Holder, pour toute fonction w & valeurs réelles,
lull, < Jullglulls™

ou 0 € [0,1] et 7, g, s sont des nombres réels strictement positifs vérifiant

1 0 1-0
—=24 . (1.1)
r q S
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Soit n > p > 1. Si on pose ¢ = p* = n"—i, on peut alors combiner ces inégalités avec
les inégalités de Sobolev vues précédemment quand celles-ci sont valides. Dans ce
cas, il existe des constantes A et B telles que pour tout u € Hi (M),

Q —
lull, < (AIVull} + Bllullp)? flull~-

Ces inégalités sont appelées inégalités de Gagliardo-Nirenberg. Le cas 8 = 0 étant
trivial, on ne considérera que les cas 6 # 0. On peut alors élever les inégalités a la

puissance 5, ce qui donne

p(1-6)
0

lull? < (AlIVullp + Bllullp) lulls ™ GN, (A, B)

D’autre part, on peut inclure dans cette famille 'inégalité de Sobolev logarith-
mique
n
|ulP In|ulPdv, < —In (A[|Vul]? + B), SLP(A, B)
M p
qui est définie pour |lul|, = 1. Cette inégalité s’obtient en faisant tendre 6 vers 0
aprés avoir fixé r = p dans GL? _,(A, B).
Plusieurs autres inégalités de cette famille ont une place importante dans la
littérature. On peut citer en particulier I'inégalité de Nash

1+2
(/ ]u|2dvg> < (A |Vu|2dvg+B/ |u|2dvg) ( \u|dvg)
M M M M

introduite par J. Nash dans [?], qui est obtenue en posant p = 2, r =2, s = 1 et
0 = ;5. Cette inégalité tut utilisée dans 'étude de la régularité des solutions de
certaines EDPs paraboliques. Par ailleurs, pour p =2, r =2 + %, s=2etf=

on obtient alors I'inégalité de Moser

/ |ul>* 5 dv, < (A/ |Vu|2dvg—+—B/ |u|2dvg) (/ |u|2dvg)n,
M M M M

qui a été utilisé par J. Moser dans [?], un papier consécutif a celui de J. Nash.

Sk

_n_
n+27

Notons que pour construire ces inégalités, nous avons utilisé les inégalités de
Sobolev. Nous avons pour cela supposé n > p. On peut pourtant remarquer que si
0 # 1, la condition (1.1) devient
1 f6n— 1—-6

(n—p)

9

r np S

condition qui ne nécessite pas a priori I'hypothése n > p. Il est par conséquent
légitime de se demander si les inégalités Gstﬁ(A, B) ne peuvent pas étre définies
pour p > n. La réponse est affirmative, et ce, malgré la non-validité des inégalités de
Sobolev. En particulier, les inégalités de Nash, Moser et Sobolev logarithmiques sont
toutes définies pour tout n > 1. Pour de plus amples détails, on pourra se référer au
trés complet |?].
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1.1.3 Semi-groupe de la chaleur ; Ultracontractivité

Dans la suite, nous utiliserons parfois la notion de semi-groupe. Nous l'intro-
duisons dans cette section. On note A, Popérateur de Laplace-Beltrami sur (M, g).
C’est 'opérateur défini en coordonnées locales par

2
%:—ﬁwz_w( 0 Fké)

a$ia$j S 8xk

oul fj représente les symboles de Christoffel associés a la connexion de Levi-Civita
sur (M, g). On appelle solution fondamentale de 1'équation de la chaleur
ou

toute fonction wu(t, z,y) définie sur (0, +o00) x M x M vérifiant, a y fixé et au sens
des distributions, EC en les variables (¢, z) avec la condition initiale
tl_lg}l- U(t, " y) = 6?J'

Le noyau de la chaleur sur M est, par définition, la plus petite solution fondamentale
positive de EC. On le note p;(z,y). 11 a été prouvé par J. Dodziuk dans [?] que le
noyau de la chaleur existe toujours, méme si la variété n’est pas compléte, et qu’il
est de classe C™ en (t,z,y). De plus,

1. pour tout = et y dans M, pi(x,y) = pi(y, x),
2. pour tout 0 < s < ¢,

m@MZAmQMM@M%@a

3. pour tout t >0et z € M,

/Mpt(x,y)dvg(y) < 1.

On définit maintenant le semi-groupe de la chaleur (P;);~o. Il s’agit de la suite
d’opérateurs sur les fonctions mesurables définie par

mezéﬂ@mLWM@.

Ces opérateurs sont stables sur L>°(M), bornés sur L*(M), et vérifient
PO - [d,
Vt,s Z O, Pt o) Ps = Pt-i—sy
Vu € L*(M), tli:%a P,u = u dans L*(M),
—U+
V¢ >0, Pyl =1,
Yu >0, Pu>0.

A
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Enfin, nous introduisons la notion d’ultracontractivité. On dit que (P;);~o est ultra-
contractif s’il existe C' > 0 tel que pour tout ¢ > 0

sup |pi(z,y)| <
z,yeM

T

Pour plus de détails sur le noyau de la chaleur, citons comme référence le livre de
E. B. Davies [?].

1.1.4 Equivalence entre les inégalités

Fixons p > 1. Par construction, 'inégalité de Sobolev SP(A, B), si elle est dé-
finie, est plus forte que les inégalités de Gagliardo-Nirenberg GNﬁSﬂ(A, B) et, par
conséquent, que 'inégalité de Sobolev logarithmique. En fait, elles sont toutes équi-
valentes entre elles aux constantes A et B prés. On peut montrer a partir de [?] que
I'inégalité de Sobolev S?(A, 0) est équivalente a I'ultracontractivité. L’analogue de ce
résultat pour l'inégalité de Nash fut ensuite montré par E. Carlen, S. Kusuoka et D.
Stroock [?]. En fait, dans le cas p = 2, toutes les inégalités de Gagliardo-Nirenberg
vérifiant B = 0 sont équivalentes a 'ultracontractivité. On peut néanmoins montrer
I’équivalence entre elles sans passer par cette propriété. Une telle preuve, utilisant
la notion de capacité, se trouve dans le livre de V. Maz’ja [?]. On se place ici dans le
cas p < n. L’équivalence est encore vraie sans cette hypothése mais son exposition
est plus délicate (voir [?]). Nous allons montrer que GNY_ 4(A, B) implique I'inéga-
lité de Sobolev. Cette démonstration est due a D. Bakry, T. Coulhon, M. Ledoux
et L. Saloff-Coste |?]. Elle fut donnée & l'origine pour l'inégalité de Nash mais nous
traitons ici le cas général.

Pour alléger les notations, nous posons
Wi(u)=A [ |VulPdv, + B/ |ulPdu,.
M M

Supposons GN7, o(A, B) vraie. Soit u positive dans HY(M). Posons ¢ = ;™2 et pour
tout entier relatif k, up = (u — 2F)™ A 2%, Alors, uy, € HY (M) et

0 sur {u < 2F}
up = ¢ u—28 sur {28 <o < 281
2k sur {u > 2k}
Comme
2k 1{u22k+1} < Uk < 2k 1{u22k}7
P
76 P
(/ uZdvg) > (2" Voly ({u > 25*'})) o
M
et

p(1—0)
p(1-0)

(/M u}idvg)sg > (2°Vol,({u > 2"})) " 7

15




ol Vol, désigne la mesure riemannienne sur (M, g). Par conséquent, en appliquant

P p(1—6)
(277 Vol ({u > 2M11)) ™ < W (wy) (2°% Vol ({u > 27})) *°
On pose alors ap = 2%Vol,({u > 2¥}). En mettant l'inégalité précédente a la

(k+1)—rk

pu1ssance 0 puis en multipliant par 29 , on obtient

g < 29 W(uk)%eag(l_e).

Par 'inégalité de Holder,

: r(1-6)
Zak = Zak—i-l < 29 (Z W(Uk)) (Z ak;) :

d’ou

Zak S 2% <Z W(uk)> o .

Comme |VU/]€|§ = |VU|§ 1{2k§u§2k+1},

;W(uk) = AZ/

{Qk §u§2k+1}

|Vulbdv, + B Z/ uhdv,
k M
< A/ Vultdv, + BY 2% Vol ({u > 2¢).
M k

Il est facile de montrer que

1
Zka Vol, ({u > 2*}) < o / uPdv, et Zak > Qq/ uidv,.
M k

M

On obtient par suite

e B "
/Muqdvg < 2997 (A/M |Vulgdv, + o= /M updvg> ,
ce qui donne 'inégalité de Sobolev
(/ uqdvg) < op(1+75 ( / |Vulbdv, + updvg) :
M M

Etudions maintenant le cas de I'inégalité de Sobolev logarithmique. En fixant
r = p puis en utilisant (1.1), on peut réécrire GN?_ (A, B) sous la forme

2
p(1+ k= S5y
HUHp( ) < (AIVullz + Bllullp) flufls™"=. GNY(A, B)

16



Notons que 'on peut toujours trouver A et B indépendantes de s et p. Il suffit
pour cela de considérer les constantes de I'inégalité de Sobolev. On pose maintenant
|lu|l2 = 1. En passant au logarithme dans GNP?(A, B), on obtient

2
p

——ln/ ul®’dv, <In (A|Vul|l? + B) .

n(p_s) M| ’ g ( H Hp )

Soit ¢(s) = In [, |u[*dv,. D’aprés I'inégalité de Holder, ¢ est convexe. Par consé-
quent, la fonction ® définie pour s € (0, p) par

est croissante et se prolonge par continuité en s = p en posant
o(p) =¢'(p) = [ |uf’ In|u|dv,.
M

En faisant tendre s vers p, on obtient alors 1'inégalité de Sobolev logarithmique
n
/ P In [ulPdu, < " In (A|Vul2 + B).
M p

On vient de montrer que les inégalités GNP (A, B) impliquent 'inégalité de Sobolev
logarithmique. 11 est facile de voir que la croissance de ® donne la réciproque.

Dans la suite, nous parlerons souvent du lien entre les inégalités de Sobolev
logarithmiques et les bornes supérieures du noyau de la chaleur. La section qui suit
présente un résultat de D. Bakry sur ce sujet.

1.1.5 Le lien entre SL?(A, B) et I'ultracontractivité

On s’intéresse dans cette section & la relation entre 'inégalité de Sobolev loga-
rithmique SL?(A, B) et le controle de la norme du semi-groupe de la chaleur. On
considére pour cela une inégalité du type

[ P, < @ (1u3) SLa
M
ot @ : IRY — IR est concave, strictement croissante de classe C' et [lufy = 1. On
cherche a estimer ||Py|[,, ot || - ||5,4 est la norme sur £ (LP(M), L?(M)) définie par
| Hul
[H|lpq = sup :

u€LP(M) ||U||p .

Le théoréme qui suit est di a D. Bakry [?]. Il fat donné dans le cadre, plus général,
des processus de diffusion markoviens.
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Théoréme 1. Supposons (M,g) compacte. Si SLg est vraie, alors pour tout 1 <
p<q<=+00

[Pt[[p,g < €™
ot
q ds a ds
t=tog= [ V)T e m=my = [ (@) o6 0E)
sous la condition qu’il existe une fonction v > 0 pour laquelle les deux intégrales

précédentes soient convergentes.

Preuve :
Supposons SLg vraie. On a pour tout x et y strictement positifs

O(z) < O(y) + () (2 —y),
ce qui donne pour tout x > 0 et tout w,

y [ul* Inul*dv, < ®'(2)[[Vull; + @(@)]|ull3

ou p(x) = ®(z) — 2®'(x). On peut considérer sans perdre en généralité que u > 0.
En changeant u en u2, on obtient que pour tout u >0, z > 0 et s > 1

/uslnusdvg—/ usdvgln/ u’dv,
M M M

2
< —0(2)

TEE) /M w T (Agu) dv, + ¢() /Musdvg. (1.2)

Considérons maintenant une fonction s — z(s) > 0, s > 1. Posons pour tout ¢t > 0
V(t) = e OPeuls)-

Si I'on choisit m et s tels que

s*(1)
s'(t)

on constate que l'inégalité (1.2) implique V' < 0 et donc que V' est décroissant.
Fixons 1 < p < ¢ < oo et considérons le systéme différentiel

= a0 gy ) = PO

_ ¥(z(5)
dt = mds, S(O)
dm = —¢<$(S))ds.

52

=b

Alors

[Pillp.q < €™ (1.3)
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ol

b=t — /q qy(m»% et m=m,, = /qu(x(s))g. (1.4)

Remarquons que ce résultat donne la borne optimale euclidienne pour chaque p et

q. En effet, si Pon pose z(s) = g avec A > 0 un parametre et si & = 7 In (%),

on obtient par exemple pour p =1 et ¢ = 400

1
Pill1c0 £ —=.
IPilhoo < s

Notons qu’il existe une réciproque a ce théoréme. Soit 1 < p < oo. Supposons
que pour tout ¢ dans un voisinage de p, on ait (1.3) ou ¢ et m vérifient (1.4) pour
un certain ®. On a alors pour tout z >0

/ u? InuPdvg — / uPdu, ln/ uPdv,
M M M

< —@’(x)ﬁ /Mup1 (Agu) dvy + p(x) /M uPdv,.

On pose pour cela
Ule) = e_m(s)”Pt(a)quﬁ-

avec t(e) = t,pre €t m(e) = my pre. On peut alors montrer que U'(0) < 0, ce qui
prouve le résultat.

1.2 Inégalités optimales

De nombreuses questions concernant les inégalités de Gagliardo-Nirenberg se
posent, naturellement : étude des meilleures constantes, validité des inégalités opti-
males, existence de fonctions extrémales. Les premiéres inégalités a étre étudiées ont
été les inégalités de Sobolev. A ce sujet, on pourra se référer a [?]. Plus récemment,
ces travaux ont été généralisés au cas de l'inégalité de Nash (voir [?] et [?]). Le
but de cette thése est ’étude d’une famille plus grande d’inégalités de Gagliardo-
Nirenberg. La famille que nous considérerons contient en particulier 'inégalité de
Sobolev logarithmique SL?(A, B).

1.2.1 Le cas euclidien

Comme nous le verrons dans la section suivante, I’étude du cas euclidien est fon-
damental dans I’¢tude du cas général. On suppose dans toute cette section que (M, g)
est 'espace (IR",d) ou & désigne la métrique euclidienne standard. Le théoréme qui
suit fut obtenu indépendamment par T. Aubin [?] et G. Talenti |?].
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Théoréme 2. Soient 1 < p<n etq= n”—fin.
1. Pour tout u € C*(IR"),
[ully < K(n, p)[Vul, (1.5)
1
Lem) sip=1
ot K(nap) = 1—1 %
1 (ne=1)) » I (n+1) :
n ( n—p ) (F(Z)F(n+l—2)w7,,_1) stp > L.

avec wy,_1 le volume de la sphére unité standard (S™ 1, h) de IR".

2. K(n,p) est la meilleure constante dans (1.5) et si p > 1, l’égalité dans (1.5) est
réalisée par les fonctions

uy(z) = </\ + |ac|Pp1)Z1

o \ est un réel strictement positif quelconque et |x| désigne la norme euclidienne
de x.

On entend ici par “K(n,p) est la meilleure constante” qu’il n’existe pas de réel
A < K(n,p) tel que pour tout u € C*°(IR")

lully < AV,

Il n’existe des équivalents de ce théoréme pour les autres inégalités de Gagliardo-
Nirenberg que dans peu de cas. On peut toutefois remarquer que I'on peut toujours
prendre B = 0 dans les inégalités GNﬁSﬁ(A, B). On ne considére donc que la famille
des inégalités suivantes

p(1-0)
6

P p\2—Y)
HUH?? < Aopt(p7 TS, 0) HqugHuHS Gprtﬂ”vSa@

ot Aopt(p, 7, 5,60) est la meilleure constante dans Gprt,r,s,e- Cette constante a été
calculée, de méme que les fonctions extrémales, dans quelques cas particuliers autres
que les inégalités de Sobolev. E. Carlen et M. Loss |?] ont résolu le cas de I'inégalité
de Nash. W. Beckner [?] et E. Carlen [?] ont ensuite respectivement montré le cas
de l'inégalité de Sobolev logarithmique pour p = 1 et p = 2. Plus récemment, M.
Del Pino et J. Dolbeault |?| [?] ont calculé les constantes optimales de deux autres
sous-familles d’inégalités de Gagliardo-Nirenberg. Pour n > 3, il s’agit des inégalités
ou r, s, 0, p vérifient

s—1 p(n—1) (s —p)n
r=p ,1<p<n,p<s< , 0=
p—1 n—p (s = 1)(np — (n — p)s)
ou bien
r—1 (p—r)n
s=p——, 1l<p<n,l<r<p 0= :
p—1 r(n(p—r) —p(r—1))
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1.2.2 Le cas riemannien

Considérons maintenant le cas d’une variété riemannienne compléte (M, g). En
général, on ne peut pas prendre B = 0 dans GNﬁSﬂ(A? B). Pour le voir dans le cas
compact, il suffit d’appliquer I'inégalité a v = 1, ce qui donne B > Volg(M)*%. Deux
approches sont donc possibles. La premiére consiste a d’abord calculer le meilleur B,
puis a le fixer et a étudier la constante A. On I'appelle le programme BA. 1’opération
inverse constitue la seconde approche. Il s’agit du programme AB. Les inégalités a
avoir déja été étudiées sont les inégalités de Sobolev et de Nash. L’un des objectifs
de cette thése est d’adapter le programme AB a d’autres inégalités, par exemple
I'inégalité de Sobolev logarithmique. Toutefois, nous généraliseront aussi quelques
résultats classiques du programme BA.

1.2.3 Le programme BA

Posons
By=inf{BelR / JA€ R tel que GNY, 4(A, B) est valide } .

By dépend a priori des coefficients 7, s, 6 et p ainsi que de la géométrie de (M, g).
Le résultat suivant fat d’abord donné dans le cas des inégalités de Sobolev. Sa
démonstration se trouve dans [?]. Le cas d’une inégalité de Nash modifiée est traité
dans [?]. La preuve que nous donnons ici est une adaptation de ces travaux.

Théoréme 3. Supposons (M, g) compacte.
i) Pour tout p € [1,2] sin > 2, il existe A > 0 tel que pour tout u € H{ (M),

p(1—0)

lullf < (AlIVully + Vol (M) % ully) lulls ™. (1.6)

i) Si p vérifie "5* + s > p > 2, alors pour tout A > 0 il existe u € H{ (M) tel que
(1.6) n’est pas valide.

Preuve :

Il suffit de montrer le théoréme pour Vol, (M) = 1.
i)Sin=2etpe[l,2)ousin>3etpe][l,2],le résultat découle du cas, déja
connu, de I'inégalité de Sobolev (voir [?]). Il suffit alors d’appliquer U'inégalité de
Holder.

Supposons n = p = 2. On a pour tout u € L*(M)

2
/ u’dv, = (/ udvg> —I—/ (u —u)3dv,
M M M

out = [, udv,. L’inégalité de Sobolev-Poincaré pour le plongement de H{ (M) dans
L?*(M) nous donne de plus I'existence d'un C' > 0 tel que

/M(u _@)dv, < C (/M |Vu|dvg)2.
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En combinant les deux, on obtient

/Mu2dvg <c (/M \vu|dvg)2 + (/M udvg>2. (17)

Pour u € C*°(M) et > 2, on pose f = |u|g Alors

/|u|/6dvg = /devg
M M
2 2
< 0(/ |Vf|dvg) +(/ fdvg)
M M
32C 5, ? s\
- 22 /\u|2 Vuldv, ) + /|u]2dvg
M M
B2C 5\’
- T/ |Vu|2dvg/ |u|ﬁ_2dvg+(/ |u|2dvg> :
M M M

Posons f = max(s + 2,7). On a s < r < [ et par 'inégalité de Holder,

B(l=a)

B
([ wrae,)” < [ s, ([ i) "
M M M

ot € (0,1] et % =5+ 1’T‘l Un simple calcul donne o = Q
(1.7), on obtient alors

. En combinant a

@

—s B—s

r—s 2 S r—s
</M |u\rdvg) < %/M|Vu|2dvg ]u|ﬂ 2dvg( |ul® dvg)

%

@

B=s_B

2 =5
+ ( \u|gdvg> ( |u|® dvg) : (1.8)
M M

Considérons tout d’abord le cas r < s+2. Ona =s+2 et

2 2
2 (s 42 =
(/ |u]rdvg) < %/ |Vu|2dvg/ ful*do, (/ ]u|sdvg)
M M M M
s 2 21
+ (/ |u]52dvg) (/ \u|5dvg) .
M M

En appliquant une nouvelle fois 'inégalité de Holder, on obtient (1.6). Plagons nous
maintenant dans le cas r > s+ 2. On a alors § =7 et

/M|u|7"dvg< —/ |Vu| dvg/ lu|"2dv, + (/ |u|z dvg> :

Toujours par I'inégalité de Holder,

-2 =
|u|r_2dvg < (/ \u|rdvg) (/ |u|sdvg>
M M M
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et

2 1--2 2
(/ |u]§dvg) < / |u]2dvg </ ]u|Tdvg) (/ |u]3dvg) )
M M M M

En combinant avec (1.8), on obtient (1.6), ce qui achéve la preuve de i).

ii) Soient p > 2 et u € C°(M). Pour ¢t > 0 et € > 0, on vérifie facilement que

t(t—1
/|1—|—5u\tdvg:1—|—t(/ udvg)s—l— ( )</ u2dvg) g2 + o(e?).
M M 2 M

Par suite, pour v > 0

7 -1
(/ |1 +5u|tdvg> = 1+t (/ udvg) €+ [Vt(t 5 ) / u*dv,
M M M
2
2 M

Supposons (1.6) vraie. En remarquant que

/M V(1 + 2u)Pdv, = o),

e? + o(e?).

on obtient en appliquant (1.6) & 1 + cu,

o< (5 wemn) ((f ) = [ ).

Puisque =5* + s —p > 0, ¢’est impossible dés que u n’est pas constante.

Posons maintenant
A() = inf {A €eR / GNSSQ(A, B()) Valide} .
On connait peu de choses sur Ag. On peut toutefois donner quelques estimations

dans certains cas.

Sip=2et *+s—2>0,il est facile de minorer Ay. Pour cela, supposons
Vol (M) = 1 et appliquons (1.6) & 1 + eu on v € C*°(M) vérifie [, udv, = 0. On
obtient cette fois-ci

<T g S s— 2) g /Mquvg <A [ |Vulldv, + o(e?).

M

En appliquant cette inégalité a une fonction propre du laplacien associée a la pre-
miére valeur propre non nulle A{, on trouve

Ao > (%%—3—2) AL
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Si le volume de (M, g) est quelconque, cela donne

(%—1—5—2)
A Vol (M)7

o
v

Il est facile de généraliser ce calcul a SL?(A, Volg(M)’%). Dans ce cas,
4

T Vol (M)

Nous supposerons jusqu’a la fin de cette section que M est compacte et véri-
fie Vol,(M) = 1 et p = 2. Passer par l'utilisation des semi-groupes donne alors
d’excellents résultats pour I'inégalité de Sobolev S%(A,1) et 'inégalité de Sobolev
logarithmique SL?(A,1). On pourra trouver la démonstration du théoréme qui suit
dans [?].

Théoréme 4. Supposons (M, g) compacte. Si Ric, > pg alors pour tout u € HE (M)
i) Sin >3,

2, < M
2 n(n—2)p

4
210 [ul?dvy < = In | —[Vul2+1).
[ JuPnlubas, < Gin (|9l +

T. Aubin a montré dans [?| que la premiére des deux inégalités précédentes est
optimale si (M, g) est la sphére unité standard (a normalisation du volume prés).
Dans ce cas, on connait aussi les fonctions extrémales. A multiplication par un
scalaire prés, ce sont les fonctions

tag (%) = (8 = cos (dy(, 2,)))" 2

IVulls + llul3

[l

i) Sin>2,

o >1etxye S

1.2.4 Le programme AB
Posons
Ag=inf{A€R / 3B € R avec GN?, 4(A, B) valide}

Ap dépend a priori des coefficients r, s, 6 et p ainsi que de la géométrie de (M, g).
Placons-nous dans le cas p = 2. Pour des raisons techniques, nous supposerons dans
toute cette section 1 < s <2<r <2+ s%. On a le théoréme suivant.

Théoréme 5.

i) Supposons qu’il existe deux réels A et B tels que GNE&G(A,B) est valide. Alors
A>A,(2,r,s,0).

i) Supposons que (M, g) est compacte. Alors pour tout € > 0, il existe B. € IR tel
que GN7, o(Aopt(2,7,5,0) + ¢, B.) est valide.
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Ce théoréme nous dit en fait que si la premiére meilleure constante Ag est fini, alors
il s’agit nécessairement de la constante optimale du cas euclidien. En particulier, la
premiére meilleure constante ne dépend pas de la géométrie de la variété.

Preuve :
i) Soit (€2, ¢) une carte géodésique normale de M. On choisit Q de la forme B,(R)
avec x € M et R > 0 de sorte que

(1 —a)dij < gij < (1 + @)dyy

comme formes bilinéaires, avec o > 0 petit. Notons B(R) la boule euclidienne
de centre 0 et de rayon R. Soit € > 0. Pour s suffisamment petit, on déduit de
GN?, 4(A, B) que pour tout u € C°(B(R))

2(1-6)

(/n|u|rd:c)’“29 < ((A“)/n !Vu|2da:+§/mn \ude) (/[R ’u‘m> -

Par l'inégalité de Holder,

2(1—6)

2

s6 0

/]Rn\uﬁdw(/ \urde) < [B(R)F (/ rumx) ,
]RTL n

ou |B(R)| représente le volume euclidien de B(R). Sous les hypothéses du théoréme,
on peut facilement montrer que 2 + s < 2r. Par conséquent, en choisissant R assez
petit,

2 2(1-6)

(/ \u|rda:>" §(A+2e)/ Vul2de (/ ymw) !
n Rn n

pour tout u € C°(B(R)). Remarquons maintenant que pour u € C°(IR™) et A > 0
assez grand, uy = u(\-) est & support compact dans B(R). De plus

7 7o
(/ ]u,ﬂ”d:c) = Ao (/ |u]’”dx) :

/ Vuy|2de = )\2_”/ |Vul*dz,
RTL n

2(1-6) 2(1-6)

s6 2(1-6) s6
</ |uA\sdw> = A" </ |u]sdx)

Dong, pour tout u € C(IR"),

2(1-0)

% s
(/ |u|rdx) < (A+ 26)/ |Vu|§ dx (/ |u|5dai)

Ceci implique A+2e > A,,(2,r, s,0) pour tout € > 0, ce qui achéve la démonstration
de i).
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ii) Supposons que la courbure de Ricci et le rayon d’injectivité i, vérifient Ric, > A
et iy > i avec A € IR et ¢ > 0. D’aprés M. T. Anderson et J. Cheeger |?], pour
tout ¢ > 0, il existe § = d(n,e, \, i) tel que pour tout x € M, il existe une carte
harmonique ¢, : B.(d) — IR" dans laquelle les composantes de g vérifient,

(L4+e)7"6;; < gij < (L+¢€)dy

en tant que formes bilinéaires. On obtient alors que pour tout x € M, tout réel t > 1
et tout u € C°(B,(9)),

[ Vuldn, = (14 F [ Vues P
M n

et
(1+a)3/ \uo¢x1|tdx§/ yu|tdvgg(1+a>£‘/ o 6=
Rr" M R™

De l'inégalité optimale euclidienne, on déduit donc que pour tout € > 0, il existe
d =0(n,e, A, 1) tel que pour tout z € M et tout u € C°(B,(9)),

% 2(159)
( ]u\rdvg) < (AO + E) / [Vul? dv, (/ \u]sdvg) :
M 27 Ju M

Fixons € > 0 et prenons 0 comme ci-dessus. Par des arguments classiques (voir par
exemple [?]), il existe une suite finie (z;) de points de M telle que

- M =U;B,,(%) et B,,($)N ij,(g) = () pour tout j # j'.

- il existe N = N(n, ¢, A, 1) tel que tout point x € M a un voisinage intersectant au
plus N des B, (9).

Soit (a;) une suite de fonctions de C2°(B,,(d)) vérifiant

ST

)
0<a; <1, a;=1sur B, (5), Va;| <

On pose alors

o?

. = —'] .
G SPe)

On montre facilement que (7);) est une partition de I'unité de classe C*° subordonnée
au recouvrement (B, (5)). \/1; est C* et il existe H = H(n,¢e,\,i) > 0 tel que,
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pour tout j, |V,/n;| < H. Soit u € C*°(M). On a

(/M\uy’“dvg> = (/M ;W gdvg>r
< Z(/M|nju?|5dvg>2

J

< (145

([, 17 ) ) (vl an)

Par l'inégalité de Holder,

-
[ wvitan, < ([ wlapas,)” ([ o)
M M M

=

2(1-0)

Fon
(/M\uyrdvg)f < (Ao+g>9( /M ’ulsdvgy;su_e)
([, 19t ) ()
Ona
S ([ 19 i) ([ )
< (ZJ:/MIV( nju)2dvg)9<; /M nﬂu’%g)l_e
S <Z/M (s 190l 02 [V, | 250 (V0. V) d)
’ (/M i) y
ainsi que

E Q/Mnju (V,/nj,Vu) dv, < E 2/M77ju ‘V\/nj| |Vu|dv,
J J
< 2NH||Vul|2||ul2-

27



En remarquant que pour tout x > 0, y > 0 et A > 0,
20y < Ax? + X 71y?

puis en posant z = ||Vu|la, y = ||u||2 et A = on trouve

13
NH(2Ag+e)’

N2H2(2A0 + 5)
€

> [ e (95, V) dey < vl + ol

On déduit alors de (1.9) et (1.10)

( |ur’“dvg)
M

ol

2(1-6)

6
< ((AO+5)/ |vu\2dvg+c/ my%z%) (/ yu\deg>
M M M

o <Ao 2> <N2H2(2€A0+5) NH2).

3

Le théoréme est ainsi démontré.

Le réflexe naturel est de se demander si I’on peut prendre € = 0 dans le théoréme
précédent. Comme nous 'avons dis précédemment, le cas de I'inégalité de Sobolev
fut le premier & étre étudiée. Dans [?]|, T. Aubin conjectura que ’on pouvait poser
e = 0. Cette conjecture fiit résolue par E. Hebey et M. Vaugon [?]. Les cas p # 2
furent plus tard traités par O. Druet [?] puis T. Aubin et Y. Li [?] dans deux travaux
indépendants. E. Humbert [?] adapta ensuite les travaux d’O. Druet & U'inégalité de
Nash. Il montra que, tout comme pour 'inégalité de Sobolev, la premiére meilleur
constante était atteinte. Compte tenu de ces résultats, il est assez naturel de conjec-
turer que 'on peut prendre € = 0 au moins pour une famille contenant les inégalité
de Nash et Sobolev. L’un des objectif de cette thése était d’étudier cette famille. Le
résultat suivant, montré dans [?], répond a une partie de la question. La conjecture
reste toutefois ouverte dans de nombreux cas.

Théoréme 6. Supposons (M, g) compacte. Supposons aussi que les constantes r, s, 0
vérifient

2
1<s<2<r<2+s—.
n

Alors il eziste une constante B telle que pour tout u € C*°(M),

2 2(1-6)
6 s0
</ |u|7"dvg) < (AO |Vu|§dvg +B/ |u|2dvg) (/ |u|8dvg)
M M M M
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On peut remarquer que ce théoréme n’inclut malheureusement pas le cas de
I'inégalité de Moser. Il contient toutefois le cas de I'inégalité de Nash. Comme nous
le montrons dans [?], il contient aussi, par passage a la limite, le cas de l'inégalité
de Sobolev logarithmique.

On étudie maintenant la constante B. Posons
By=inf{BelR / GN!, ,(Ansg)(2,7,5,0), B) valide} .

On ne connait que peu de choses sur By. Si (M, g) est compacte, on a vu que
By > Volg(M)’%. Cette constante n’est malheureusement pas optimale dans la
plupart des cas. On peut montrer

By > max {Volg(M)_i, Co max Scalg(x)} :
xre

ou () est une constante dépendant de r, s, 6 et s’écrivant explicitement a I'aide
des fonctions extrémales de 'inégalité euclidienne correspondante. On ne peut en
particulier connaitre sa valeur exacte que si 'inégalité optimale euclidienne et ses
fonctions extrémales sont explicitement connues. On trouvera la résolution des cas
de 'inégalité de Sobolev et de l'inégalité de Nash dans [?] et [?]|. Pour I'inégalité de
Sobolev logarithmique, on montre que

1
Co =

onme’

Ce résultat se prouve trés simplement en passant par des estimations locales du
noyau de la chaleur (voir [?]). L’étude de By fournit une condition suffisante pour
Pexistence des fonctions extrémales de GN?, 4(Ao, Bo). On montre dans [?] le résultat
suivant.

Théoréme 7. Supposons (M, g) compacte. On a au moins une des deuz propriétés
suvantes :

2
i) 1l existe des fonctions extrémales pour l'inégalité LS (—,BO> ,
nme

max s Scal
i) Bp= ——229
2nme
Ce résultat pourrait étre montré pour d’autres inégalités que I'inégalité de So-

bolev logarithmique, mais Cy n’est alors plus explicite.

Enfin, on peut trouver des estimations plus précise sur By si ’on restreint I'inéga-
lité aux fonctions a support dans une petite boule. Le résultat qui suit est I’équivalent
du résultat de O. Druet |?| pour I'inégalité de Sobolev avec p = 1.

Théoréme 8. Supposons que (M, g) est compléte. Soit xy € M. Pour tout € > 0, il
existe 6. > 0 tel que pour tout u € C°(By(xo,d:)) avee ||ulls =1,

2 Scal
/ v Inldy, < 5l | / Vul2dv, + Scaly (o) +e
By(20,02) 2 |nme \ Jn,@os.) 4
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Ce théoréme permet de retrouver facilement une estimation en temps petit de la
borne supérieure du noyau de la chaleur. Il en est question dans |?].
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1. Introduction

(a) The case of the Euclidean space IR™

Let p be a positive real number. If n > p, the H} (IR™) Sobolev inequality asserts that
there exists a constant A such that for all u € HY (R")

(/ |u;L—ppdx> v <A (/ |Vu|1’dx> ’

When combining with Hoélder’s inequality, one gets a new family of inequalities, called
Gagliardo-Nirenberg inequalities, asserting that for all u € HY (R"),

1 6 1—-6
(/ u|de> < (A/ |vu|de>P (/ |u|5dx>

where 1,5 > 0, § € [0,1] and




Actually, according to [3], when p is fixed and 6 > 0, these inequalities are all equivalent
up to the constant. Some famous particular cases have numerous applications. One may
mention Nash’s inequality

</ ’ |u|2dm>l+i =4 (/]R Vu2d37> (/m uldﬂ:) %

introduced by J.Nash in his celebrated paper [13], which is obtained by setting r = 2,

s=land =15 Ifr=2+ %, s =2and 6 = 5, one then gets the inequality

/ |u\2+%dx <A </ |Vu|2da:) </ |u|2dx> ' ,

which has been used by J.Moser in a subsequent work [12]. Let us note that these inequal-
ities still hold when n < p (which implies § # 1) whereas the Sobolev embeddings are
not valid in this case. One may see for instance [3] for a more general discussion. In the
following, we restrict to p = 2 and thus consider, when 6 # 0, the inequality

= o
(/ |u|rdx) <A </ |Vu|2dx) </ |u|8dx> . Irson

Let us fix r and assume that I, ¢ », holds with an A independent of 6, which is the
case for all n > 0 (see [3]). Making 6 goes to 0, one gets for all u > 0 such that |jul, =1
the logarithmic Sobolev inequality

2 2—pr\7!
/ uw lnu"dr < (n + " T) In (A/ |Vu|2da:). SLy,

According to [3], this inequality is again equivalent with the previous ones and we shall
thus consider that it represents the I, , o, case.

Let Ay(r, s,6,n) be the optimum A such that I, 5 ¢ ,, is valid. In most cases, its explicit
value is unknown. The best constant in Sobolev inequalities was first obtained indepen-
dently by T. Aubin [1] and G. Talenti [14] when n > 3. They showed that

2 4
AO (n,s,l,n> :K(n72)2:72
n—2 n(n — 2wy

where wy, is the volume of the standard unit sphere of dimension n. Later, the SLs ,, case
was solved by E. Carlen [4]. More, he computed with M. Loss [5] the best constant for
Nash’s Inequality. These values are

2
Ao (2,2,0,71) =
nme
n+2
A <2,1, nn> S )
n+2 2nn (B)|B|»

where A;(B) is the first Neumann eigenvalue of the laplacian for radial functions on the
unit ball B in IR" and |B]| is the volume of B in IR". One may remark that A;(B) can be
numerically computed. A small discussion about this last point can be found in [5].



(b) The Riemannian case

Let (M, g) be a smooth compact Riemannian n-manifold. When n > 3, the Hf Sobolev
inequality on M asserts that there exist constants A and B such that for all u € HZ(M),

(,r

As in the case of the Euclidean space IR"™, one can define all the Gagliardo-Nirenberg
inequalities on M by Holder’s inequality. Actually, one gets that for all u € HZ(M),

n=2
f"‘zdvg> < A/ |Vu\3dvg+B/ |ulduv,.
M M

2 2(1—0)
760 s6
(/ |u|’”dvg) <A (/ |Vu|§dvg + B/ |u|2dvg) (/ |u|sdvg>
M M M M
Irs.0n(A, B)
wherer,s > 0,60 € (0,1) and % = W*f’%. Again, these inequalities are all equivalent

and can be defined for all n > 1. For the last assertion, one may see Theorem 1.1 in [§]
(which treats the case of a modified Nash inequality) for an easy to adapt proof using a
partition of unity argument.

Now, one defines
A(r,s,0,n) = {A € Rs.t. 3B € IR for which I, 5 9 (4, B) is valid}.

One may ask if this set is closed and what is its infimum, called the first best constant.
This problem has been intensively studied for the Sobolev inequalities (a complete dis-
cussion may be found in [10]). Recently, E. Humbert [11] solved the Nash case in a
subsequent paper. In both cases, it was shown that the set is closed and that the infi-
mum is the best constant of the corresponding Euclidean inequalities. In these proofs,
the explicit value of the best constant was known but not used. Therefore, one may ask
if the answer is identical for all the Gagliardo-Nirenberg inequalities. In particular, the
explicit value of Ag(r,s,0,n) would be useless. The first aim of this paper is to study
in which proportion the previous proofs may be generalized to other cases. At the same
time, we point out the fact that the knowledge of Ag(r, s,8,n) is useless to solve the first
best constant problem for the family of inequalities we study.

One may easily check that inf A(r, s,0,n) = Ag(r, s,0,n). To this task, one may again
simply follow the proof of Theorem 1.1 in [8]. Our main result in this work is to give
conditions on r, s, 0 such that I, ;9 ,(Ao(r,s,0,n), B) holds with some constant B,
including the Nash case studied by E. Humbert [11]. The proof we present does not
allow us to treat the full range of parameters. It generalizes [11], itself inspired from the
paper [7] of O. Druet. While the main ideas of the proof below are already present in
these works, the range of parameters r, s, # under investigation involves a number of
new technical difficulties. For the matter of completness, we thus decided to present a
self contained proof. Our main result is the following.



Theorem 1. Let (M, g) be a smooth compact Riemannian n-manifold. Let r, s, 6 be
constants verifying r > 2, s > 1, 6 € (0,1) and } = 0(27;2)4—1;80. Ifs<2<r< 2+s%

then there exists a constant B such that for all u € C*°(M),

2 2(1-9)

0 560
(/ |u|rdvg> < (Ao(r,s,e,n) |Vu\3dvg—|—B/ u|2dvg> (/ |u|sdvg)
M M ' M M

Let us now study some interesting particular cases. The Nash inequality is obviously

included in our family but one can remark that Moser’s inequality only appears as a
limiting case. Indeed, one then has r = 2 + s% By now, we cannot prove that the B
does not explode as A goes to Ag(r, s,0,n). Another limiting case can be treated with
this theorem: the logarithmic Sobolev inequality SLs ., (A, B). This one is obtained as
in Subsection (a), by fixing r = 2 and making 6 goes to 0. The following result will be
proved in Section 3.

Corollary 1. Let (M, g) be a smooth compact Riemannian n-manifold. There exists
a constant B such that for all u € C*°(M) verifying u > 0 and |julls =1

2 2 n 2 2 2
1 dv, < —=In| — d B . Lo (==,B
/Mu nudvg < 3 n(mre /M|Vu|g vg + > SLo (7=, B)

The best constant problem for the Sobolev inequality has many applications as the
Yamabe problem. A classical use of the logarithmic Sobolev inequalities is the computa-
tion of heat kernel upper bounds (see for instance [6] and [2]). Actually, following a result
of D. Bakry [2], the optimal Euclidean inequality can be used to compute the optimal
upper bound .

(47t)®

[P[1,00 <

where (P;)¢~ is the heat semigroup on the Euclidean space IR". One may ask if a similar
argument works on manifolds. In Subsection 3.2, we shall first cite the theorem obtained
by D. Bakry [2]. From it and Corollary 1, we will then deduce the following.

Corollary 2. Let (M, g) be a smooth compact Riemannian n-manifold and let (P;)¢~0
be the heat semigroup on M. One then has

1 nreB
1Pell1,00 < e st

where 0 < t < (meBo)~! and By is the best constant B in SLs (=%, B).

nme’

2. Proof of Theorem 1

As announced, the proof follows the pattern of the proof of the main result of [11],
itself inspired from [7]. As r, s,  and n are fixed in this section, we shall denote by Ay
and I(A, B) the constant and inequality Ao(r, s,0,n) and I, 5 9 ,(A, B). The case n = 1 is
handled with a partition of unity argument together whith proving that Ag is the infimum



of the suitable A in I(A, B). One can thus assume that n > 2. Without loss of generality,
one can also assume that Vol,(M) = 1. Moreover, let us observe that 6 € (0,1) implies
s < r. We proceed here by contradiction. The proof is composed of three steps. The first
one is a preliminary step where we introduce the different notations that will be used
throughout this section. This part being nearly identical to the one in [11], we keep the
notations there to make the comprehension easier. Step 2 is a set of 9 lemmas. The first
three are classical ones and deal with concentration point phenomena in EDP whereas
the other six give more specific estimates to our problem. We then conclude in the third
step.

Step 1: Preliminary

Proceeding by contradiction, we assume that for all B > 0 there exists u € C*(M)
such that

2(1-9)

%9 s0
(/M u|Tdvg> > (Ao /M [Vul2dvg + B/M |u|2dvg) (/M |u|5dvg>

This is equivalent to

o= inf I, < A1
o= 1on 0

for all > 0, where

I, = (/ |Vu\§dvg+a/ |u|2dvg> (/ |u|sdvg)
M M M

H = {u € COO(M)//M " dv, = 1}.

We assume throughout the proof that s > 1, the case s = 1 being handled by replacing
s with 14 ¢, in I, where (€4)q is such that lime, = 0 (see [11] for the particular case
r = 2 and s = 1). Using the same arguments as in [8], one can prove that there exists
Uo € H3(M), ug > 0, such that I, (us) = f1a. Moreover, in the sense of distributions,

2(1-6)
s6

and

2(1 — 0)

240 Mgty + 20 A g + Boui ™t = koult (Eo)

where

2(1-0)

s0
A, = (/ u‘;dvg>
M

</ |Vua|3dvg +a/ uidvq) (/ uidvg>
M M ) M

2

(0> Ha-

2(1-6)
s0 -1

Sy
9
I

o~
°
|



The Sobolev embedding theorems and the standard elliptic theory (see [9]) implies u, €
C?(M). From now on, all limits below are taken as o — oco. Considering subsequences if
needed, one can assume that all sequences have limits (finite or infinite).

One has p1, < Ay", hence

2(1-0)

EX
lim (/ uiduq) (/ uidvg) =0
M M
lim sup (/ Vua|§dvg> (/ uidvg) ! < At
M M

From I(Ag + ¢, Be)(uq) with € small, one gets that

and

2(1—6)
B B
Ao + 1<(/ Vo 2dvg + — / ol’d )(/ old )
(o7 < ([ (Vualidey = [ ualdeg ) ([ Jual e,
Hence
2(1—6)
s0
lim inf (/ |Vua|3dvg> (/ u‘;dvg) > At
M M
As a consequence,
limAa/ |Vua\3dvg = Ayt (2.1)
M
s
lim B,, / ug,dv, =lim B,AZ" " = Ay? (2.2)
M

limk, = (Z) Agt (2.3)

limaAa/ uldv, = 0. (2.4)
M

Let ¢, € M be such that us(za) = [|ua oo Set aq = (Aallual|257)?. Since

- / vy < / W2 dvgfu25?
M M

one gets from (2.4) that a, — 0.

Step 2: Some lemmas
The first three results are now classical. One begins with the following.

Lemma 1. For all 6 > 0,

ul.dv
lim M > 0.
Jar widvg



Proof. Let 6 > 0. For all « € B(0,d), set

gol(r) = (exp;, g)(aaw)

pa(r) = |lualls talezps, (aaz).
It is an easy matter to check that
Ag.pa(r) = |luallsadAgualezps, (aa))
— Bl (G ualeonr, (ana))

1
—TeBaua(exp% (ax))* ™ — aAguq(exp,, (aax))> .

Hence

1-0, - 1 ke
DgoPa + adapallualli” + 7 uall3s " Bapl ' = 5 =t
Noticing that Agjuq(zq) > 0, one gets from (E,) that
1-90 oo _ ka —
ada + == Balluallc® < F-lluallic?, (2.5)

which implies |A,, @] < C. By standard elliptic arguments (see for instance [9]), one
then shows that the sequence (¢, ) is equicontinuous. Hence, by the Ascoli theorem, there
exists p € CY(B(0,6)) such that ¢, — ¢ in C°(B(0,d)). Moreover

©(0) = lim ¢4 (0) = 1.

Therefore
[ e, = e [ s,
B(0,9) Ba (aad)
_ ”u ”*S*(Q*T)%A_%"'ulsige) fBl’a(aa(s) ufldvg
Using the relations
2 2 2(1-6)
e (26)
n2(1—46) n
(r—s)§ 0 —2=-r)==m (2.7)
one gets that
 n(1-6) s
/ @3 dvg, = (||u ||T—sA2<ffs>) T b (aun) s
Bos) ¢ > S usdvg
One may easily verify that
2 2 1-6
r<2+s—@—>1@1—u<0.
n rf s6



Y
Since (2.2) and (2.5) implies A, >~ < Cljuq||% ¢, one has
o (a0 8) ug,dvg

B
prdvg, < C
/B(O,(S) J Jar usdvg

Noticing that lim [p, , 5 ©&dvg, >0,
u? dv
Jowor Ua s
Joy usdog

It ends the proof of Lemma 1. One showed similarly that
s

|uallis At~ — C > 0. (2.8)

Let us note that (2.8) leads to aoé||ua||§O — C > 0. As a consequence, ||tq|lcc — 400

and A, — 0. Moreover, since s < 2, one also has
s6
/ uddvg 5/ uddvgllualZs® = A" flua 2.
M M

Consequently, by (2.8) and the inequality [lua||2" < C [,, u2dvy, one gets that

|t |70 /Muidvg —C>0. (2.9)

Remark. Relations (2.6) and (2.7) are intensively used throughout the proof and we
will thus not precise anymore when they are needed.
One can now improve the previous lemma. Actually, one has the following.

Lemma 2. Let (cq)q be a sequence of positive real numbers satisfying 2= — 0. Then

. fBza (ca) uzd’Ug
lim —e——— =
Jar widvg
Proof. Let n € Coo(IR) be such that
) ={1}

)i,
i) n([1, +oc]) = {0}

i) 0<np<1.

For k € IN, set nq.1, = (n(c;ldg(x,ma)))Qk.
Multiplying (Eq) by 7, ,ua and integrating over M, one gets that

2(1 -6
24, / Moy ol gladvg + 2004, / Nex kuidvg + ( )Ba / N kuzdvg
Mo Mo 0 M



= ka / 772 kugdvg.
IV
Then, the identity
/ Ug,kuaAguadvg = / ‘V?’]E’kua‘idvg —/ |V772,k f]uidvg
M M M

leads to

2Aa/ \Vnikua\;dvg—QAa/ \Vn37k|§uidvg—|—2a/1a/ ng,kuidvg
M M M

2(1 -6 ko
A5, [ e =2 [ o, (2.10)
9 M ’ : 2 M ’ :

Moreover, I(Ag + €, Be)(Na, ko) gives

2
o
(/ |na7kuardvg) < ((Ao+6)/ |V77a,kua|§dvg
M M
2(1-6)

=0
+Be/ |77a,kua|2dvg> </ |77a,kua|sdvg)
M M

‘s S
Jar o g dvg
Jay udvg
S S
Jar 8 i uddvg
fM ug dvg

Set
Ak = lim

X, =lim Aa/ |V7IE kuOf@dvg
M ,

Yk = lim Aa/ |vna,kua|§dvg
M

Zy = lim/ Moy 1 Uy AVg.
Mo

Let us now search for some relations involving A, Xes Xi, Yy and Zy,.

One has the following:
i) Relation (2.9) implies

. 2
lim Aa/ V2 . [ouldog < limCa—g =0.
M ' ‘ ¢

[e3

ii) Relation (2.4) implies
lim aAa/ nh euzdv, = 0.
s



iii) By definition of A,

2(1-6)

s6
lim ( |V7]a,kua|§dvg> (/ Moy kufxdvg>
M M

~2(1-0)
= hmAa (/ |vna,kuu|§dvg> Ak ¢
M

~201-9)

= Vi), 7

and
2(1—6)

s6
lim (/ n? kuidv9> (/ n, kuidvg> <lim Aa/ uldv, = 0.
Mo M M

Therefore, taking the limit in (2.10) and I(Ag + €, Be)(Na.kUa) , O1 gets that

1-6 A
MAGt = 702,6

X +

2(1-9)

2 -2
Z77 < (Ag+ €)Y, *°
Set X = Ao Xy and Yy, = AyYs. Noticing that € is arbitrary, one then has

0X1. 4+ (1 — 0\, = Zy,

2 ~ ~2(01-6)
VAR Yk)\k 50
Now, Let us remark that
‘Z ~
Z - T)\z.

Ak

After some easy computations, it follows that

Foly

1 ~ T8 1— L ~ — 1 _\ -
e < ¥ (Zk 70X, 2, 19) s

Set f(z,2) = Z'7T% — @z T9. One has %ﬁ(m,z) = %zfﬁ (£ —1). Since 0X)+(1—

G)Ak = Zg, A < Zy, < Xk or Xk < Zy < Ag. In both cases, f(Xk,Zk) < f(Xk,Xk) As
a consequence,

0 _
-0

M= (X)) T

From Holder’s inequality for the measure dpo = [Vua|2dv, and the equalities

Y = lim A[)Aa/ o k|Vua|3dUg
Mo

Xk = lim AoAa/ 772,1@|v“0¢|3d1}9’
M

10



it follows that )7,6% < Xk and A\, < ;\,f Since, by Lemma 1,

3 04 . fBT (ca) ’U/géd’l}g
C < Mt1 < A1 < A < Mg < lim—2————,
Sy usdog
one then has

YN eIN,C < Ay < lim

54y (ca) Wadv

Thereafter, lim P do ’ =1 and Lemma 2 is proved.
M "o g

An important estimates follows.

Lemma 3. There exists C' > 0 independant of « such that for all x € M an every «

n

U (x)dg(z,20) " < C.

Proof. Let us assume by contradiction that there exists a sequence (yq)q of points of
M such that

ua(ya)dg(yaaxa)% — +00 (H).
From now on, in most cases, we set 7o = dg(., o). Set V4 = Ua(Ya)dg(Ya, r,)". One can
assume without loss of generality that v, = ||uaTd ||oo-
Let us prove before that for all ¥ small enough, one has
By, (Ua(ya)i’%) N By, (aavy) = 0. (2.11)

It is enough to prove dy(Ya,Ta) > Ua(Ya) 7 + anav or, equivalently, va " > v ¥+

v

Aata(ya)™. If v < L, one gets from (H) that va " = 0o and v,” — 0. One has yet to

show that vaue (o)™ < C. Meanwhile, (2.8) implies

aaua(yoz)% S aa||ua||§o
1
_r 2r\ 2
< (Aallual" uall 5 )
< C,
which proves (2.11).
Let us now set for all x € B(0,1)
ha(z) = (exp; g) (laz)
Ya(®) = ualya)  talerpy, (lax))

11



~(3+%)

where I, = ||[uqa|loo U (Yo )2 -
One can easily check with (E,) that

N|=

Aha Ya (1:) = Uq (yoc)ill?xAgua (expya (laz))

r—1

kel va(ya)
- 24, Va()
—1-—2r
_O‘”ua”OO " ua(ya)wa(‘r)

(1= 0)Balluallx " ualya)*!
A,

¢a($)s_1-

Hence, under the assumption |[14 |z (5(0,1)) < C and by (2.5),

—1-224p—1
u o n
IAha%(w)\ < OMT
_(T_S)Z(I—B)
[[taloo *f
<
< C i
< C.

Let us now show that |uallz. (B, (1.) < ”ua”Lm(Bya(ua(ya)’%)) < Cug(Yo)- By the

definition of y,, one has for all z € By (ua(ya) "),
ua(ya)dg(yaaxa)% = ua(x)dg(mama)%' (2.12)

Moreover, since x € By, (ta(Ya) 7 ) and uq(Ya) < |[tallco, one has

-
n

dg(faya) < Ua(Ya)

and by (H), ta(ya) ™" < 3dg(Ya,Ta). Therefore

303

dg(xa7x) > dg(yavxa> - dg(youf) < dg(yavxa) - ua(ya>_ > dg(yaaxoz)a

DN | =

which, combined with (2.12), proves that |lu, By (ta(ya)-5)) S Cun (Yo ). Hence,

one has [[Yallr..(B,, () < C and, as a consequence, [|Ap, VallL. (B, 1.) < C. By
arguments already used before, there exists 1 € CY(B(0,1)) such that v, — % in
C°(B(0,1)) with ¥(0) > 0. One then has

[ s, = AT () o1 Bl 5P
Bo1 ' * [y uadyg

e (ualloo > B4 Iy ) eV :
Ua (Yo fM ug,dvg

Set
U (Ya)

HuaHoo'

mea =

12



One gets that
foa(l ) O‘dvg JFOOO (L21+s)
Sy usdvg “

Lemma 2 and (2.11) imply

fB"Ja (“a ya)iq) ad’Ug

Sy usdvg
Consequently, limm, = 0. Now, let us show that there exists a sequence (yg)g>o of
positive real numbers converging to +oo such that for all k > 0,

lim =0.

m;'y’“/ _ ugdvg — 0. (Hy)
ya(2 Ua (Ya) ™ ™)

Let us proceed by induction. Since < Cuq(Ya), one has

luall, B, o) 5

/ _ugduy, < Cua(ya)r_s/ _ugdug
By, (ua(ya) n) Byq (ta(ya)” ™)

Ot ua 25 /B L utdg,

va (Ua(Ya) ™)

IA

Therefore, one can set 79 = r — s by (2.11). Let us assume that we constructed the
sequence up to some k > 0.

Set 7a,k(2) = 1(2*ua(Ya) ™ dg(Ya, T))-
2
Multipliying (E,) by u:ni‘?c'k and integrating over M, one gets that

2A 2A 20A
2 | Vnosvalidvy - 25 [ OB, + 20 [ g2 s,
a JM Ma” Jpm Mo Jm

2(1-90) B, 9 ke / 9
_ Sdvy = —— I dvg. 2.13
+ 0 mgk /M na,kua ’Ug m’(};k " na,kuoz vg ( )
Relation (Hj) and Hoélder’s inequality imply
am ’Yk/ ‘Vna k| d”g < CAaua(ya)%m;%/ - uidvg
By, (27 ua(ya) ™)
2r
< Clualic®md my o,
Ua(2 ua(ya)ii)
r— & - -z 1-2
< Clluallie®ma mg ™ (volg(By, (27 ua(ya) ™))
2
. /  ugdyg
By, (27 ua(ya)” ™)
< Cm?;r+%7w+%%
< oplTEon(-3)

13



and
kam;’“‘/ ni’kugdvg < C.
M

From now, there are two possibilities. One is the case

(r—s)w—% <1—2> 2 0.

r

One then has by (2.13)
Aum;'y’“/ n2 yuZdv, < C
s

i [ kot <
M

Aam;”“/ |V77a7kua|§dvg <C.
M

Moreover, one gets from I(A, B)(naue) that

Noticing that (2.14) is still valid by changing 1 into 12, one then has

2(1-0)

B
[ s, ( / nz,kuzdvg)
M M

C’mgu%)w

IN

and

2(1-0)

s6
/ ni kuidvg (/ UM kuidvg>
M Mo

(2.14)

2(1-9)
2029

O S S ¢
S 2(1—6) Aa/ |vna7ku(1|12]dv!] (BOC/ na,kuadvg)
AaBa S0 M M

2(1-9)

C s0
< ﬂ/ Mo Ui dvg <Ba/ Tli,kuid"’g)
Ba 50 M M

Ol

IN

14



Thereafter, by using the relation

/ ug,dvg S/ n£7ku’;dvg,
(2— (k+1)“a(ya) ”) M

7/04

one gets that

/ updvg < Cma (1257 )
Byo (2~ CtDua(ya)"H)
< C ((1%9+1)’Yk.
Consequently, one can set vi1 = (% + 1) Vi -
The other possibility is
2(1-190) 2
— — 1--1]<0
=920 o (1-2)

The same arguments as above give

14200 ((p_5)20=0) 2.
/ . udvg<Cma( ) i)
By 2=+ Dug (yo) ™ )

and

e [ o, < Om O (=0 2552 ) s (2 (14 252 3-)
va 27 FTDug (ya) )

(o3

Thereafter, the relation

7“9<1+2(1—0)>2_1 _ 7“(92(1—9)(2( s0 +1>_2 s0 >
2 s T 2 s6 r \2(1-10) r6 2(1 —0)
_ re20-0)2-s
2 0 r
implies

B 0 1+2(1 6) _ 2(1'—9)
ma%/ updvg < C’m2( =25 ).
Bya (2_(k+1)uo¢(ya)_")

Since % (1 4 20 9)) > 1, set Y41 =y + (r — )2(1 %  One can easily check that the

sequence (g)r>0 converges to +o0o. Since lyuq(ya)® — 0, one also proved that for all

k>0,
m, " / ugdvg — 0.
By, (la)

But since

/ Yo dop, = ua(ya)irl;n/ ug dvg,
B(0,1) By, (la)

15



one also has
24
/ ugdvg W oomeT
By, (la)
It leads to a contradiction and this ends the proof of Lemma 3.

Let ¢ > 0. Before concluding, we need some sharp estimates. The first one is the following.

Lemma 4. If r # 2, there exists C > 0 independent of a such that
ATE / ul.dvg < C. (2.15)
M—Bg, (c)

If r = 2, for all £ > 0, there exists C' > 0 independent of « such that

A;k/ updvg < C.
M—B,, (c) ‘

Proof. One starts with the case r # 2.Let ¢ €]0, Q(fife)[. Lemma 3 gives

n(r—s)
A7? updvg < CA;‘;/ upra T dug
M—Bg, (c) M—Bg, (c)
< CA}° ugdvg
M_Bza(c)
s0
< CASAT?.

Hence, A7° fMiBma (c)-ugdvg — 0.
Let us show by induction that for all kg +1 > k > 0,

_s(re k
it an) / ul.dv, < C (H1)
M—B,,, (2Fc) |

where kg is such that & (32 + 1)k0 < 5. Set nak(z) =1 —n(2 % tdy(zq,2)) and

2
€ = (% + 1)k. Assume that (H},) is true for some k < ko. Multiplying (E,) with “Z?f‘k"“
and integrating over M, one then gets that
2A, 9 2A, 9 9 20A, 9 9
Agﬁk /M |V77a,kuoz|gd”g - @ /M ‘vnoﬂ7k|guadvg + Agﬁk /M na,kuadvg
2(1 - 9) Ba 2 s ka 2 T
TA(E:’C /M na,kuadvg = E /M na,kuadvg' (216)
Since dex < -5, one has by Holder’s inequality and (H},)
2
-5 _2 "
o [ i < oA (e [ g,
M M—Bg, (27 kc)
< C

16



and
ko

Adew

/ n2 pubdvy < C.
s

Hence, by (2.16),
24,
W /M |Vna’kua|3dvg < C
20A,
ASc

/ 7734 k“idvg <C
s

21— 0) Ba

T /M nikuf)tdvg <C. (2.17)

Moreover, I(A, B)(Na,kt%a) glves

2 2(1—6)
70 56
([ atstany)” < 4 [ Onagalza, ([ sz,
M M Mo

2(1-0)
+B e kuidvg (/ Nor kuidvg)
Mo M

s

Noticing that (2.17) is still valid after changing 1 into 12, one then has

/|V77a,kuoc|52;dvg (/ UZ,kU2dUg>
M M

2(1-6)
S0

2(1-6)
< 70 A \V4 2d B s 54 0
= 2(1-9) ‘' ‘ na,kua‘g Vg a Ne, kU @Vg
AaBa S0 M M
1420-0)s
< oAl )
and
2(1-9)
2 2 s s o
Mo,k Ua Vg N,k Uer Vg
M M
2(1-6)
< C 2 2 d B s s d s
= 2(1—6) na,kua Vg a na,kua Vg
1420-0)Ys
< oAl e

Thereafter

2
0 1+2(1‘—3) 5
(/ n;’kugdvg> < C’A((l ) *
M

Hence, from the inequality

r r r
/ uadvg S / na,ku(xdvga
M—B,, (2F+1c) M

17



one gets that

1+2(179) 5ﬁ€k
/ ugdvg < CA((l T )% .
M- B, (2F+1¢c)

21-0)\ r0 rf ro
(1+w>2—n+1>%+1,

one deduces (Hj_ ). Let us remark that we did not only show (2.15) but similarly, by a
last induction,

Since

(=30 )
Aa(rfz 2(1_9))/ usdvg < C.
M—Bg, (c)

The case r = 2 is identically handled, except that the induction can be continued forever.
In order to prove Lemma 6, we first have to show the following.

Lemma 5. There exists ¢ty > 0 such that

56
Vo € M — B, (toAa"" 2" 7), Aguq(z) < 0.
Proof. Let x € M be such that Aju,(z) > 0. One then has by (E,)

CVAQ + %Baua(‘r)s—Q < %ua(x)r—2.

Hence, CB, < uq(x)" 5.
— 80 _ . s6
Moreover, by (2.2), one has B, > CA, >~ . Hence, uy(z) > CAy > 2", By using

n

Lemma 3, which gives uy(z) < Crq ", one gets that

rsf
Tn(r—s)(1—0)
dg(z,24) > CAq .
This proves our assertion.

rsf

In order to simplify the notations, set w = =) (10

Set 1 = 77(0_17“a)-

One can now prove the following.

Lemma 6. There exists C' > independent of « such that
[ vy < a7
M
Proof. Set v, = [}, niwkrﬂVua@dvg. Integrating by parts, one gets that

Yo :/ niriuaAguadvg — 2/ UaNaTa < Vg, VNaTe >4 dvg.
M M

Hence, by Lemma 5,

Yo S/ niriuaAguadvngC/ UaNaTa|Vialg| VNaralgdvg.
Bla(t()A‘&’) M

18



Relations (E,), (2.5) and (2.8) give

1 2(1 - 6)

[uaAgua] < A koul, — 20cAqu? — 7 B,u,
< O g, < Azt
- 24, "¢ - '

It follows that

/ niriuaAguadvg < CVolg (B, (toAZ)) A;"“Fl (tgA‘gj)2
B, (toA%)

< CcARTL
One may easily check that
rsf s0
w—-1=—"1=——(r—2).
s n(r —s)(1—190) 2(r—s)(1—19) (r )
Hence
2 2 s (T—2)
NaTalaAguadvy, < CAg
Bla (toA:;))
< Cllua|%7

Moreover, Holder’s inequality leads to

2 2
/ UaNaTa|Vialg|Varalgdvg < </ 7727‘3|Vua|3dvg> </ u§|V7]ara|§dvg>
M M M

But
|V7]ara|_(2] <cC.

Therefore

N

/ uanara|vua‘g‘vna7"a|gdvg < (’Ya”UaHi;r)
M

One then has

1

%<C+O<%> ,

lua 3™ a3
which proves the lemma.
Changing 7 into 12, one also gets that

/ 72 (Vg [2dvg < Clluall2".
M

We now prove the following main estimate.

Lemma 7. There exists C' > 0 independant of a such that

/ ulnhridu, < CyaAZ.
M

19



Proof. Assume by contradiction

T T 02
Sy wantradog

N . H//
JaAZ e (H")

.2
UaTn Ty

ety and integrating over M, one gets that

Multiplying (E,) by T
M
244 [ (Agua)uansridog N 20Aq [y uinaridog

T T 02 T T 2
fM uanaradvg fM uanaradvg

2(1 - Serad
( H)B fM UaTaTatVg _ ka~ (218)

+ 0 an urnrridv,

An integration by parts and Lemma 6 lead to

IN

‘ /M(Agua)uangridvg C

/ 1r2 Vualgduy + / |V ralydv,
M M

Clluall3s"

A

Hence, by (H"),

24, IM(Agua)uangridvg < CA};%JHUQHZ(?T <= .
Joy unmnr2duog - Va ~ Vo

Since
20 A, [y udnhridog -0
Jop unmnridog T
one has by (2.18)
[y wiariv, _
“ [y utmiridog =
Therefore, by (2.2),
usnlr?dv
Sy uaneradvy (2.19)
A [ unmiridug
Moreover, Lemma 4 gives
Qw428
/ usniridv, —/ uSnhridv, < C ubdv, < CA, 2077,
M M M—B,, (c)
It follows from (H") and (2.19) that
usnirdv
S{M olla?a®a ¢ (2.20)
A [y unnnrdog

20



Now, let us prove

8 108 a2
Joy usmiridug

SRR (2.21)
(i)

/ usnaradvg < C
M
One has by Lemma 3

S s ,.S _ S S ,.S S s ,.S
/uanaradvg = / X uanaradvg—l—/ 1 UgNaTodVg
M B.,, (A2a®) M-B,, (A2a1)
S S Sd C d
1 UM o ’Ung 2—s 1 U a@Vg-
By, (A2ai) (A l) M-B,, (Aza¥)

IN

Yoa
a®

Clearly
s6 1 S
/ L usmiridug < CAZY (A‘;ai) .
Bao (Aga®)

Assume by contradiction that

t
( 1\ 25 /M B (4 %)uzniridvg (H")
Agaz) ~Buo (A2

Q

s6 1 S
Aozl(l—t?) (Agaz) >
where t, — +00.

One gets from Lemma 3 that

T2 T, 8,2

/ ) UgNeTadvy < / ) UM odVg
M—B,, (A2aT) M-B,, (A2a1)

2—(r—s)2
</ R
M-B,, (Azat)

N

0Ly (gt
—(r—s)2 Aa (Aaom)
ta

IN

C (azat)
OVaAZe.

IN

Moreover, one can easily check that
[ it < ovasi,
Bag (Agat)

which contradicts (H”). Hence (H'") is false and one proved

C
s,5,.8 s ,.58,.2
/ N UgNoTadvg < VEE] N Ug Mo T o Vg
M- B,, (Azal) Agaz> M-B,, (Azal)
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Inequality (2.21) follows.
From I(A, B)(uaraNa), one gets that

2(1-6)
S0

AfM |Vua77ara\3dvg (fM uflnflrfldvg)

1 < Z
(s ubmnrndvg) ™
2,99 2
+B fM uanaradvg (fM uiniridvg) !
2
(Jos ubmaradog) ™
Let us show that
f w2272 dv (f wS S 1S dv )2(1559)

lip =M 7o o 9 LM oe a” 79 =0. (2.22)

2
(fM urnhrhdug)

One has by Hélder’s inequality

2(1-9)
s0

fM Uiniridvg (fJVI UZUZngUg)

wngrhdug)
M g

2(1-9)
50

(o uimaradog)

Ty unmnrndug) 7

S S .S d 2(159)
(fM Ua oo Ug)
2(1-6) 1-9¢

10

(fMugngrg‘dvg) ’
2(1—96) 1-0
(Ba Jus “ingTidvg) T (fy uanhradug) ’

7 o7 2 2(1-0)
fM uocnocradvg Ba s6

IN

Then, (2.21), (2.2) and (2.8) lead to

2(1-6)
2,..2,..2 8 1nS 1S 50
f]v[ uanaTadU.q (IM Ua’l’]a’l”ad’Ug)
2
=
(fM uanrgdUg)
2(1-9)
s s o 50 2(1—9)7#
s6
< f]\/[ uanaradvg CAOé r 7‘7,,2 d’U
— (s@ 5 (2 3)2(179) M“a% a"rg
3(1—0 )T s
AT [y unmiridug (Aga%)
Therefore, one has by (2.20)
2,929 e 1-5=3
S S .S s0 n(r—s
Sy uemirido, (fM uanaradvg) Aq
Z = T e—s0-o -
(g ubmsrrdog) o
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Since

G L n(r—s)—r(2—s
1 n(r—s) n(r—s)(( )=r(2=9))
= (=2 =)+ 56 2)

= 0,

it gives (2.22).
Now, let us prove that

2(1-6)
s6

S \Vuanaragdvg ([ usmirsdog)

. —0. (2.23)
(fM ulnhrhdug) ™
Using successively (2.21) and (2.20), one gets that
2(1-9)
fM |Vuanara‘52]dvg (fM U(Sﬁfsyrfydvg) *
2
(Jar utmiridog) ™
) ) 2(1-6)

- C Jar IVuanaral;dvg ([ usmiridog) =°
= (2—5)20-0) T

(A‘gjai) * (o unmir2dvg)”

2(1-9)
s0

< CA, fM uSnsrido, fM |Vuana7“a\2dvg
> (2—s) 2(1—9) 2(;39) L,2(1;9)

(Awa4) Al Joy unmnr2duog (fM ulmhridug)®

1— T‘((2fs)) )
< © A, "0 S IVuanaral2dug
= (2 $)(1—0) 1_2(1-9)
256 (fM g/ridvg) 0 50

CAHERRGEE) e

< a B ( ) / |Vuanara|§dvg.
Qs S whnnradvg M
Hoélder’s inequality leads to
/ |Vuanara|3dvg = / |Vua\3niridvg +2/ UaTaTa < Vg, VaTa >4 dug

M M M

+/ ui|V77ara\!2]dvg
M

[ IVualininidn, + [ a2 Vara e,

1
2
wo ([ wwairiin)” ([ i)
M

23
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Hence, one has by Lemma 6
/M [Vtanaraljdvg < Cllug|27

Finally, noticing that

1 201-6) 2 201-6) 2
> ——— =1-=>0
0 s6 ré sf n ’
one gets from (H") that
2(1—-0) _r(2=s) 1_20-6) _
Jar IVtanaral2dvg ([, uimaridug) = CAL ntr=e —20(5 =25 )+ 2wt
(fus waaradvg) - I
But
2 — 1 2(1-90
177°( 8)*2‘0 LA ) +2w—-1
n(r —s) 0 0
= 1- r2—s rs i 2r rs )

I
3
—
Tls
| | @
[V
N
7N
—
I
—_
| |~
>
—
| |
>
~~_

Relation (2.23) follows. (2.22) and (2.23) contradicts I(A, B)(uaTaa)- As a consequence,
(H") is false and Lemma 7 is proved.

The last two estimates are important in the third step.
Lemma 8. There exists C' > 0 independent of a such that
2
1= (Jyy vanadvg) ™

VoA

Proof. Let £ be the Euclidian metric on M. One then has

<C.

\Vuana@ < |vua77a|52;(1 + Cri)
(1 —COr2)dve < dvy < (1+ Cr2)dog

/M |Vuana\§dvg < /M |Vuana|§(l + Cr2)dv,. (2.24)

Hence, one gets that

=
1- (/ u&n&dw) < C (1 —/ ugngd%)
M M
< C(/ ugdug —/ ugngdvg—i—C/ ugngridvg)
M M M
<

C (/ ug (1 —nh)dvg + C/ u;ngridv9> .
M M

24



One easily checks that, if r > 2, 2w < -~5. Therefore, Lemma 6 and 7 lead to Lemma 8.
The last lemma we need is the following.

Lemma 9. There exists C' > 0 independent of « such that

2(1-9) 2(1-6)
s6 s6
</ uinidvg) < </ ufmfldvg) + C’A(lfz“’\/a.
M M

Proof. Multipliying (E,) by Z‘;Qi\jé and integrating over M, one gets that

2A172w
Ja

2(1 _9) B, 5,2 ko / 2
Tdy, = — &% Tren-du,.
6 Agw\/a/n[“ara”a T Az Ja fyy el e

One has already shown in the proof of Lemma 6 that

/(Agua)uarin(’;dvg+2\/a/1};2“/ uiringdvg
M M

/ (Aqua)uaringdvq < CllualZ
o 4
Relation (2.2) and Lemma 7 lead then to

AQW 2w+ 52—~
M

[e%

And since this result is also true with n =7~
s..2. 58 2W+2(15739)
ugransdvy < CAq Va. (2.25)
M

Noticing that dve < (1 + C’ri) dvg, one gets that

( / uznzdvg)
M

2(1-6) 2(1-6)
56

s6
( [ wamav, e un2d)
M M

2(1-9) 2(1-6)

IN

=0 us 57,2 dv S0
< (/ u;n;dvg) (1 1 ol vanarady, “fasz g)
M fM U TqGUg
Inequality (2.25) implies
Jay uimiridog 0
fM Uénfxdvg .
Consequently,
2(1—6) 2(1—6)
s0 s0

([ wnas)) ™ < ([ wtnzan,)
M M
ey

+ C’(/ uingdvg> /uiniridvg.
M M
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One deduces from (2.25) and Lemma 2 that

2(1-9)

s6
( / uinz;dvg)
M
2(1-6)
56
< ( / uznzdvg)
M

2(1—9

EX
+C (/ ugdvg)
M

2(1-6)

s0
< </ ugngdvg> + CAL?V/a.
M

,9)71

) _q s s 2(179
fMuanadvg s, 8.2
= == = UgNaTadvg
M

fM ug dvg

This ends the proof of the lemma.

Step 3: Conclusion

One has, by definition of Ay,

2(1-0)

2
o S0
( / UZT)Zdv§> < 4o [ [Vuana B ( / uz,nzdvg)
M M M

and, by Lemma 6 and (2.24),

/ (Vg tja 2dve < / (Vtal2n2dv, + Cllual|2"-
M M

Hence, one gets from Lemma 9 that

2(1—0)

rlél s6
([ wttave)” < a0 [ Vuzae, ([ wman) T wcarva e
M M M

The definition of u, leads to

1
1= (/ \v%|§dvg+i/ uidvg) Aa. (2.27)
Mo J M Mo J M

Computing (2.27)—(2.26), one gets that

2(1-6)

2
0 S0
1( / u;nzdvg> > ao [ [VualZn2de, ( / UZnZdvg)
M M M

A, A,
—&——/ Vg |2dvg + a / uZdv, — CAX Va.
Ha JMm M

«

Then, noticing that
Aa/ uidv, > C A%
M
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and dividing by A4%2%,/a;, it follows that

2 2(1-6)
LGt o [ gy g, U i)
VaAZw = va Ju alglla™g A2
A172w
+2a Vual2du, + Yo cn2.

tava Jo Ha

Finally, since
1
i > Ap
2(1-0)
S )qS s6
(fM uanzdvg) S 17
one finds
2
1 - (fM uandvg) T AgAT

>
Vade = Ja
By Lemma 8, the left member is bounded while the right one converges to +oco. This
ends the proof of the theorem.

/ [Vua|2(1 —n2)dvg + Agy/a — CAZ.
M

3. Some applications

(a) The best constant problem for the logarithmic Sobolev inequality

We prove in this subsection Corollary 1. Fix » = 2. One then has the following inequal-
ities
1+,,Lé n(24—s)
</ u|2dvg> * < (A/ |Vu|§dvg+B/ |u|2dvg) </ u|sdvg>
M M M M
I;(A, B)
where 1 < s < 2. One proved in the section above that all these inequalities hold with
their first best constant. Set

A(s) = inf{A € Rs.t. 3B € IR for which I;(A4, B) is valid}
B(s) = inf{Be€Rs.t. I;(A(s), B) is valid} .

It is clear that Iy (A, B) implies I;(A, B) when s’ > s. Therefore, A(s) is increasing.
According to [3], A(s) is bounded by a constant independant of s. Hence, A(s) converges
to a constant A(2) as s — 2. If ' > s, I,(A(s"), B(s')) holds. One can then set

A'(s) =inf{A € R s.t. I,(A, B(s')) is valid} .

Thereafter, by definition of A’(s), for all € > 0, there exists u € C°°(M) such that
|lulls = 1 and

1+%S
n2=5

A’(s)/ |Vu|3dvg+B(s')/ lu2dv, < (/ u|2dvg> * te
M M M
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Adding the previous inequality with I (A(s), B(s))(u) and noting that A(s) < A'(s),
one easily gets that B(s") — B(s) < Vy(M ): ~Le. Since € is arbitrary, one proved that
B(s) is decreasing and converges to a constant B(2) as s — 2. Now, taking the limit
in I5(A(s), B(s)) as s — 2, one gets for all u > 0 such that ||ul|2 = 1 the logarithmic
Sobolev inequality

/ u? Inu?dv, < Zin (A(Z)/ [Vul2duvg +B(2)> .
M C T2 M T

Clearly, A(2) = Ao(2,2,0,n) = = is optimal and the inequality is optimal in the sense
that no constant can be lowered. This proves Corollary 1.

(b) Heat kernel upper bounds estimates

We discuss here one application on the estimates of the heat kernel upper bounds.
When M is a complete manifold (not necessarily compact), it is well known (see for
instance [6]) that all the previous inequalities are equivalent to

C
1Pell1.00 < -5
t2
where (P;)¢>0 is the heat semigroup on M. Moreover, when M is the Euclidean space

IR™, one has
1

(4nt)z "

Hence, it is quite intuitive that, on a manifold, we should have the small time estimate

[1P][1,00 =

1
P, ~—.
|| 75”1700 (47_“4/_)5
Corollary 2 gives an additional information on this estimate when M is compact. In order
to prove it, we need the following theorem from D. Bakry (see [2] for a detailed proof in
the more general case of the Markov diffusion generators):

Theorem 2. Let us assume that, for all u € C*°(M) such that w > 0 and |Ju|2 =1,

/ u? Inuldv, < ¢ (/ Vu|3dvg)
M M

where ¢ : IR, — IR, is concave, increasing and of class C'. One then has for all
l<p<g<oo

[1Ptllp.g <™
where

(= [ o) and m= [ (@(00e) - o9 0o G

S

provided we find a function v > 0 for which these two integrals are finite.
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Set v(s) = s’\_ij - %’3(2) where A\ > %B(Q) is a parameter and B(2) is the constant

introduced in the previous subsection. One has

n 2
=—In{— B(2
oe) = (oo 5@)
It is an easy matter to check that
ns—1
#(0(s) = 52

and that

d(v(s)) — v(s)¢' (v(s)) = ~ In ( 2)s ) Ln 7reB4(/\25)2(5 -1)

Some easy computations lead then to

t*/oo—n dsfﬁ
)1 8As2T 8\

and
S n/‘x’ln( 2)\s? )ds n27reB(2)/°°s—1ds

2/ nmwe?(s —1) ) s2 4\ st

_ nln( 2\ >+n/°°1n< 52 )ds n’reB(2)
2 nmwe? 1 s—1/) s 24\

_ nln( 2\ )—l—n n’reB(2)
2 nmwe? 24\

_ oy (2)\) N n’neB(2)
2 nmw 24\

; _n
Since A = &,

m =

n ( 1 >+me3(2)t_

2 "\ 4mt 3
It follows that

1 nwe?(2)t
(47t) 3
with 0 < t < (meB(2))~!. It yields Corollary 2.

||Pt||1,oo S
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Abstract: We study the second best constant problem for logarithmic Sobolev inequal-
ities on complete Riemannian manifolds and investigate its relationship with optimal
heat kernel bounds and the existence of extremal functions.

Résumé: Nous étudions le probleme de seconde meilleure constante pour les inégalités
de Sobolev logarithmiques sur les variétés riemanniennes complétes et examinons sa
relation avec les bornes optimales du noyaux de la chaleur et I'existence de fonctions
extrémales.

Mots clés: inégalités de Sobolev, inégalités de Sobolev logarithmiques, inégalités opti-
males.

Keywords: Sobolev inequalities, logarithmic Sobolev inequalities, optimal inequalities.
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1 Introduction

The logarithmic Sobolev inequality for the canonical Gaussian measure

n ||

dy(z) = (2m)"2e” 2 dx

on IR" states that
/ g’ Ingdy < 2/ \Vg|?dy (1.1)
n ]R"n.

for every compactly supported smooth function g on IR"™ with fan g%dy = 1. It has first
been introduced by L. Gross in [8]. Following [4], the logarithmic Sobolev inequality
(1.1) may be written equivalently with respect to Lebesgue measure. Set indeed

Pa) = @)t P2), zeR™

*Email: Christophe.Brouttelande@math.ups-tlse.fr
TUniversité Paul Sabatier, Département de Mathématiques, 118 route de Narbonne, 31062
Toulouse cedex 4, France. Fax Number: (33)0561556089. Telephone: (33)0561557669.



Then f]R" f2dx =1 and

]2

f*In <f2(2ﬂ')75e 2 >d$§2/ |Vf—|—§f\2da:.
]Rn

]R'll
An integration by parts easily yields
fPIn f2dx < 2/ IV f|2dz — = In(27) — n.
Rﬂr IR/TIV 2
Changing f into A% f(Az), A > 0, shows that, for all A > 0,
f21nf2dx§2)\2/ |V f|2dx — E11r1(271')—n—nhr1)\.

Optimizing in A, one gets

FIn f2de < S ln <2/ |Vf2dx> . (1.2)
R» 2 nme Jipn

Since (1.1) is optimal and exponential functions are extremal, it is an easy matter to
check that the constant QO is the best constant in (1.2). Indeed, set ® : R4 — IR

the best function such that, for every smooth function f on IR™ with f]R fldx =1,

fPIn f2dx < ® (/ |Vf|2dx> .
IRn n

It yields our claim.

The logarithmic Sobolev inequality (1.2) gives rise to a similar inequality on com-
pact Riemannian manifolds. Let (M, g) be such a n-manifold and let s > 0. There
exist real constants A and B such that for all u € HZ(M), |jull2 = 1,

/ w? Inuldv, < gln (A/ Vul2dv, + B) . LS(A, B)
M M

This logarithmic Sobolev inequality may be seen as a limiting case of some family of
Gagliardo-Nirenberg inequalities. These state that, for all s > 0, there exist A, B > 0
such that, for all f € HZ(M),

1+n(22is) n(24—s)
(/ f2dvg) < (A/ |Vf|§dvg+3/ fzdvg) (/ |fsdvg> .
M M M M

I,(A, B)
As s — 2, one gets LS(A, B) (more details may be found in [3]). When n > 3, these
inequalities follows from the combination of the classical HZ-Sobolev inequality and
Holder’s inequality. However, these can actually be proved for all n > 1. A very good
reference for the Euclidean case is [18]. An important property is the equivalence, up



to the constants, between all these inequalities, also described in [18]. For the Rie-
mannian case, one may see [20] in which the authors use a partition of unity argument
to prove a modified Nash inequality.

Many famous particular cases in the Gagliardo-Nirenberg family have been indepen-
dently studied. One may cite the Sobolev inequality (which is defined when n > 3)

2

( / |f|ff2dvg) "<a / IV f2dv, + B / f2dv,,
M M M

the Moser inequality

/ |f|2+%dvg < <A/ |Vf|§dvg+B/ f2dvg> (/ f2dvg) "7
M M M M

and the Nash inequality

1+2 4
(/ f2dvg> g(A |Vf|§dvg+B/ f2dvg> (/ |f|dvg> ,
M M M M

which corresponds to the inequality I (A, B). Each of these inequalities has its proper
applications. The Sobolev inequality is well known for its important role in many
problems in analysis. The Nash inequality was introduced by J. Nash in [17] and is
famous in analysis of Holder continuity of second order parabolic equations. In the
subsequent paper [16], Moser’s inequality is used instead.

For all these inequalities, the following questions naturally arise:

Which are the infima for constants A and B?

Do these inequalities hold with these infima?

What is the influence of geometry on the optimal inequalities?
Are there extremal functions?

Such problems have been studied for the Sobolev and Nash inequalities by O. Druet,
E. Hebey, E. Humbert and M. Vaugon (see for instance [6], [9], [20], [11]). These works
show the important role played by the Euclidean case. Since one knows the Euclidean
optimal constants and extremal functions (see [1] and [14]) for these two inequalities,
it is then natural that they had been studied first. One has previously seen that all
these informations were known for LS(A, B). Consequently, sharp estimates are made
possible and it seems relevant to generalize the preceding works to this case. However,
a new difficulty appears since LS(A, B) is a limiting case of I;(A4, B). One may notice
that M. Del Pino and J. Dolbeault recently computed Euclidean optimal constants
and extremal functions for another family of Gagliardo-Nirenberg inequalities.

Set

N

A={A€IR such that LS(A, B) holds with some B € IR}, Ay =infA,
B ={B eI such that LS(Ag,B) holds}, By =infB.

As we have seen, in the Euclidean case, (Ao, By) = (%,0). Moreover, it has been
proven in [3] that Ay = —2- as soon as A # () and that A is closed when M is compact.
More generally, one may actually prove that A is closed when M is complete with
|Rm,|, and |VRmy|, bounded, Rm, standing for the Riemman tensor curvature of
(M, g). On the other hand, almost nothing is known about the second constant. Some
studies exist for the Sobolev and Nash inequalities ([7], [10]), and this work mainly

generalizes these results to our case. First, one has the following.




PROPOSITION 1 Let (M,g) be a smooth complete Riemannian n-manifold with
n > 2. Assume there exists B € IR such that LS(-2-, B) holds. Then

nmwe’

¢ 7V019(M)7;

By > max (maxM Scal 2 )

2nme

This may be proven by following the idea developed by E. Humbert in [11] for the Nash
inequality but a more simple proof shall be given below using heat kernel estimates.
More precise results may be obtained when LS(A, B) is restricted to a sufficiently
small ball. This is the content of the next statement.

THEOREM 1 Let (M, g) be a smooth complete Riemannian n-manifold with n > 2
and let xg € M. For anye > 0, there exists . > 0 such that for allu € C°(By(z0,d:))
with ||ulls =1,

2 Scal
[ ity < | 2 ([ i+ S
Bo(mo,0) 20 [ e \Upy(eose) 4

This theorem is inspired by a work of O. Druet ([5]) in case of the H{-Sobolev inequality
on BV (M). Our proof follows the same idea. In his paper, he uses that the optimal
H{-Sobolev inequality is the limit as p — 1 of the optimal HY-Sobolev inequalities. In
our proof, one uses the similar fact that the optimal LS(A, B) is the limit as s — 2 of
the optimal I5(A, B).

Let us notice that we do not know the explicit value of By except for the standard
circle (S1,h). To get this value, one remarks the second best constant for I(A, B) (as
defined for LS(A, B)) decreases as s increases (see [3]). Since this constant is equal to
Voly,(S1)=2 = (27r) 72 when s = 1 (see [11]), one gets from (1.6) that By = (27) 2.

(1.3)

An important property of LS(A, B) is its close relationship with heat kernel upper
bounds. According to a result from D. Bakry [2], such an inequality gives an explicit
bound. It can be written as follows.

THEOREM 2 (D. Bakry) Let Q be a regular open subset of M. Let 1 <p < g <
+00. Assume that, for all u € C°(R) such that ||ull2 =1,

/ u? Inuldv, < ¢ (/ |Vu|§dvg)
Q Q

where ¢ : IRy — IR, is concave, increasing and of class Ct. Assume also that there
exists a function v > 0 such that

(.0 = [0 1 and mlpa) = [ 600(6) — v(s)0 w(6)

52
are both finite. One then has
HPt(p,q) ”P’q < em(p’Q)
where (Py)¢>o is the Dirichlet heat semigroup on €.

As described in [3], using the optimal inequality LS (-2, By) and the function v(s) =

nme’

S)‘fi — "”;BO, A > "”gBO being a parameter, leads to
1 nmeBg
sup p(t,z,y) < —e 3 ! forall 0<t< (meBy) . (1.4)
z,yeM (47Tt) 2



In the Euclidean case, it is well known that the equality occurs. One may then ask
if the optimality of LS (#,Bo) brings some information on the heat kernel upper

bound. Let z € M. One can find in [15] the following small time expansion

(4;),; <1 + Scalg(x)t + o(t)> .

Let us notice that it implies Proposition 1. Actually, from this expansion and (1.4),
one deduces that

p(t,z,x) =

maxys Scalg

By > 1.5
0= 2nme (1.5)
By setting u = Vol, (M)*% in LS (%7 BO), one also gets

By > Vol, 7, (1.6)

which yields the result. One may first remark that there is no reason allowing us to
say that (1.4) is optimal. One actually does not know if the function

2

is the best possible in the inequality

f2In f2dv, < ® (/ |Vf|§dvg> .
M M

However, the local inequality (1.3) is optimal in the following sense. Combining The-
orem 1 and Theorem 2 implies that for all x € M and € > 0, there exists T' > 0 such
that

1 | e(Scalf?(x)+€)t

p(t,z,z) < forall 0 <t <T.

One then gets

1 Scalg(x)
p(t,z,z) < (47rt)% (1 + 5 t+ o(t)) ,

Scalg (x)
6

which is optimal in the sense that the constant is the best possible.

One may now ask about the existence of extremal functions for the optimal inequal-
ity (LS(-2-, By)). The following theorem has been established for the H?-Sobolev and

nme’

Nash inequalities (see for instance [7] and [10]).

THEOREM 3 Let (M,g) be a smooth compact Riemannian n-manifold with n > 2
and let xg € M. Then, at least one of the following occurs:

2
1)  There exist extremal functions for the inequality LS <, Bo>
nme

.. maxj Scal
i) Bo= 2nme ’

One may notice that, on the n-dimensional standard sphere (S™, h),

Volh(S”)_% > M (1.7)

2nme

It follows that there exist extremal functions on (S™, h) for all n > 2.



2 Proof of Theorem 1

The proof consists of four steps. First, one assumes Theorem 1 is false to obtain a
sequence of minimizers for a family of variational problems. To get this family, one uses
the fact that the inequality LS(A, B) is the limit of I5(A4, B) as s — 2 and ideas of [6].
Once elementary properties on this sequence are shown, one projects the minimizers
on the Euclidean space through the exponential map such that the projected sequence
converges to an extremal function of the Euclidean logarithmic Sobolev inequality.
Thereafter, one proves some sharp estimates involving the maximum principle and the
Cartan expansion of the metric. The conclusion will then follow.

We shall denote by Ag the constant ﬁ For any €,0 > 0 and 1 < s < 2, set

4
pe)
frs,5 = inf / Vul2dvg + o / u|®dv
u€Hs ( By (z0,9) 9 ) Bg(z0,9) g

Scal, (z
where a, = %(T") + ¢ and

Hs = qu € C°(By(zo,9)) such that / lu?dv, =14 .
Bg(w()#(s)

We proceed by contradiction. Assume that there exists g such that for all § > 0 there
exists u € C2°(Bgy(xo,d)) with ||ul|s =1 and

/ u? Inu?dv, > 1|4 / [Vul2dvg + ag, | | -
Bg(zl)y‘;s) 2 Bg(z0765) |

The latter is easily seen to be equivalent to the existence of ss > 1 such that

4
FICE))
Vs € [ss,2), 1> A / [Vul2dvg + ac / [ul®dvg :
By (20,6) ‘ By (20,6)

Since

~ = 5
lim / |ul®dvg = expf/ u? Inu?du,.
72\ By (0,0) " J By (wo.52)

Hence

ué = ,Us(;,é < Ao_l

One may clearly choose ss such that s; — 2 as § goes to 0. To simplify notations, we
shall denote by s the constant ss. It is an easy matter to check (see for instance [20])
that there exists a minimizer us € Hg ,(Bgy(zo,)) satisfying

2
AsAgus + i Bgugfl = ksus on Bgy(xo,0) (2.1)
n

(2—5)



in the sense of distributions with

us € C°(By(xo,0))
us >0 on Bgy(zg,d) and us =0 on M \ By(zo,9)

and where

As = / uzdug
By (x0,0)
De=niat
/ [Vus|2dvg + e / uzdvg
B_q(zg,é) Bg(ibo,5)
e
2s e
ks = ——us+ / |Vus|2dv / widv .
n(2 —s) (Bg(x0,6) 9 By (20,8) o

The limits below are taken as ¢ goes to 0. Considering subsequences if necessary, one
may assume that they all exist (they may be finite or infinite). Since

Bs

1= [y < Vol (By (0. 0) s
Bg(z0,0)
one has lim ||us||oo = +00. Similarly, from Hoélder’s inequality,
/ uPdv, < Voly(By(xo,6)) "%
Bg (1015)

for all p < 2. As a consequence, it follows that lim A; = 0. Moreover, one can easily
check that

ps — At (2.2)
A5/ Vus|2dvg — A (2.3)
By($076)
n(2—s)
BsA; © — Ayt (2.4)

This completes the first step of the proof.

1
Set as = A7 and let x5 € Bgy(xo,d) be such that us(zs) = |usl|cc. We denote
below by C' > 0 a positive constant independent of § which may change from line to
line.

In the next step, we are going to project the sequence (us)s on the Euclidean space
such that the obtained sequence converges to an extremal function of the Euclidean
logarithmic Sobolev inequality (1.2).

Set
Q5 = a; ' expy, (By(w0,6))
and for all z € Qs,

gs(z) = expy, g(asr)

os(x) = |lus| o us(exp,, (asz)).



Moreover, for all x € IR"™ \ Qs, set ¢s(z) = 0. Clearly,

2s _ o
Agsps + m||u6“io236% = ksps on Qs (25)
with @5 € C*°(€Q5). One gets from the definition of ;s that
[ oy, = (lusllaf) (26)
Qs
N —2
| dvg; = (Jusll47) 27)
Qs
Now, multiplying (2.5) by ¢s and integrating over (s, it follows that
2 2s s—2 s 2
‘v@6|ggdvgé + 7”“%5“00 Bs 906d’095 = ks @6dvgé'
Qs n(2 - s) Qs Qs
It is then an easy matter to check that
, He=n)
(f95 |V(p5|35d1195) (fﬂé Wédvgs> 1
3y —~ Ao
(fm gogdvgé)
Hence, from (2.6) and (2.7),
2
fQé |V80c23|g5dvga —>A61-
an ©5dvgs
Now set ®5 = £ — with lesll7s2 = Jo, $3dvgs. From now on, one denotes
95 ’

|ull?, , = [ uPdvy, for any measurable function u, real number p and metric m.

One has from (2.5) that

2s _
Agaq)[g + " ng)g - ks®s on Qs

PED)

and that
/Q V@52, dvg, — At
S

As a consequence of (2.8),

2s

Ay @5 — (s — aegA) Bs = m

wsPs (1 — @;—2) on (g,

which leads to
2s s—1 2s
—,u(;@é In CI)(; S Aq5¢§ - M[;(I)g S fugq)g In <I)5 on Qg.
n : n

In particular,

4

Agyy®s < A7'®TT on Q4

(2.8)

(2.9)

(2.10)

(2.11)



and
A%(I)g + ps®s < 2/15(13?_% on €. (2.12)

Let us now prove the convergence of the sequence (®;)s in C?(B(0,1)). The Cartan
expansion of the metric gs in the exponential chart implies that

(1 + Cag) d”Ug
(1+ Cag3) |VOs|Zdve

dvg,

<
V5|2 dvg, <

where £ is the Euclidean metric on IR". Hence, it follows from (2.9) that the sequence
(®5)s is bounded in HZ(IR"). Therefore, there exists ® € HZ(IR™) such that

d5 — & weakly in Hi(IR™). (2.13)
Applying Moser’s iterative scheme to (2.11) (see for instance [19]), one gets that
S;)lp D5 < C||Ps|gs,2- (2.14)
5

One may notice that it is equivalent to

CS/ @%dvgé.
Qs

Moreover, Jensen’s inequality and Cartan’s expansion of the metric g5 leads to

0 =lim— 1n/ ®5dvg, < lim <I)(25 In @gdvgs
Qs

Qs

2
(2-39)

IN

lim [ @3 In®3do.
Qs

Since @5 < 1, one may apply Fatou lemma. It follows that
0 g/ ®? In ®?dug

where, if it is necessary, one sets 0In0 = 0. Therefore, from the Euclidean logarithmic
Sobolev inequality, it follows that

0< glnAo/ V| 2duve.
Rn
Hence
Agt < / |V®|Zdue.
Rﬂ,
Since [|[V®|| gz < liminf [|[V®s][ 42, it follows from (2.9) that

ds — ® strongly in HZ(IR"). (2.15)

One also clearly has that

/nqﬂ In #dve = 7 In Ag /}R V|2due.



Consequently, ® is an extremal function for the Euclidean logarithmic Sobolev in-
equality. E. Carlen proved in [4] that

O(x) = ae~bl=®

where a and b are positive real numbers. One now wants to compute the exact value
of b. It is easy to check from (2.10) and (2.14) that || Ay, ®sco(p,(0,1)) < C. Hence, by
classical elliptic theory (see [19]), the sequence (®s)s is equicontinuous. Then, Ascoli’s
theorem implies that

®s — & in C%(B(0,1)).
Moreover, C™' < &5 < C on B¢(0,1). Let a € (0,1). One then has from (2.10)
[Ag; Ps(7) = Bg; P5(y)|

18g;Psllcy o (BO1) = ””’yrgia()g’” 2 — gl
TFY
e
= ¥EB0,1) |z — yl@ |5(x) — Ps(y)]
< C.

Hence, it follows from [19] that [|®s|lc2.«(p(0,1)) < C. Ascoli’s theorem then gives

5 — ® in C*(B(0,1)).

-1

. It

w3
NE

Since H<I>||§2 =1 and ||V<I>||§,2 = Ay', one has a = (%)

=2)" and e = a® (2%)
easily follows

This ends the second step of the proof.

For our purpose, the convergence in C?(B(0,1)) is not yet sufficient. In order to
prove the relations (2.21) and (2.22), one needs a pointwise estimate for ®s.
First, let us show that

ds(z) < Clz|” 3. (2.16)

One proceeds by contradiction and assumes that || ®s|.|%[|cc — 00. Let ys € IR"™ be
such that ||Ds].|2 || = Ps(ys)|ys|z. Set

Qs = v; 'eap,, ()

vy § = Bs(ys)

hs(z) = &T)Zég(;(ugm)

vs(z) = ®5(ys) ' Ps(exp,, (vs))

where «§<\py(S is the exponential map associated to gs at ys. It is clear that

lysl _, (2.17)
vs
lys| — oo. (2.18)

10



It is also an easy matter to check with (2.11) that

Ap,vs < Aalv;+" on S~25. (2.19)

Let « € By, (ys,vs). One has

2 1
|$‘ = d.% (O,I) Z dg& (07y5) - d_‘]é (y(;,l’) Z dgé(()’y‘s) B ‘I)a(y(s) ’2L Z ‘yé‘ B §‘y6|
and by definition of ys,
Bs(ys)lys| ? > Bs(a)|]?.

Hence, || 5|z .(B,, (ys.v5) < CPs(ys). One can then apply again Moser’s iterative
scheme to (2.19) (see [19]) and get that

CS/ ~ vidop, :/ d3dvg,.
B (0,1)N825 Bgs (ys,vs)N82s

This however contradicts (2.15), (2.17) and (2.18). Hence, ®s(z) < Clz|~% for all
xz € R".
Define then the operator Ls as

Lsu = Agsu+ ps (1 — 2@?) u.

o= (1)

where w, R > 0. A direct computation using local maps leads to

L(;H(.Z‘)
H(z)

Set

af? > w(n -2 - w) - Calaf® + pslel? — 21595 ()|

Therefore, by (2.16), for § small enough and R large enough,
L5H Z 0 on Qg - Bg(O,R)

Since Ls®s < 0 by (2.12), one may apply the maximum principle as stated in [13]
lemma 3.4. It follows

d5 < C (éj) on Q5 — Be(0,R). (2.20)

Since this is obviously true on B¢(0, R), it holds on Qs. One ends here the third step.

Before concluding, we need an asymptotic expansion for the quantities fQJVCD(;@dUE

and fQJ ®Tdve with 1 < o <2 as § goes to 0. To find these expansions, one needs the
following results.

Ja, |V®;|2, Ricy ()i’ 2! dvg, ~ Jirn [VO[ZRicy (20)ij2" 27 dve
Joo, V@512, dvy, Jen [V ®2dug

\/(I)gRng(‘T(;)iinde’U‘%*)/ ®7Ricy(z0) 2" ! dvg (2.22)
Qs IR™

(2.21)

11



for all 1 < o < 2. The last relation is easily obtained with (2.15) and (2.20). To show
the first one, it is sufficient to have

/ V0s[2, of2dvy, — 0
Qg*Bg(O,C(s)

where (cs)s is a sequence of real numbers verifying ¢s — oo. In order to prove it, one
multiplies (2.11) by ®s|z|? and integrates over Q5 — Be(0,¢s). A direct computation
using (2.20) and (2.22) gives the result.
Noticing that for any radial function f

o i
fata! dve = —/ flz|*doe,
R" n R"™
one then gets that
st |V<I>5|36Ricg($5)ij$ixjdvgs . Scalg (o) Jwn |V<I>|§|x\2dv§

To, [V@s[2,du,, n VoA 2%
/ ®JRicy(z4)ix'a! dvgy — M/ 7 |z|*dve. (2.24)
Qs n R™
Let us notice that some easy computations leads to
R .
Jirn [V®[Zdve 2me '

n

2 o 2
/n®0|x|2dv§ # <062> . (2.26)

We now have all the tools required to conclude. The Euclidean Gagliardo-Nirenberg
20
—o)

inequalities state that
+56 Femra]
</ @ﬁdv§> < AO/ |V ®s|Zdve (/ @gdv5> (2.27)
n ]R“VL mﬂ,

for all o € (1,2). To see why the constant Ag is fitting, one may refer for instance to
[3] or [12]. The Cartan expansion of the metric gs at 0 gives

2
dve = (1 + %Ricg(x(;)ijxixj + 0(a§|x2)> dvg,

2
a
V52 = |Vds[2, + g‘sng(x(;)(vqm,x,x, VO;5) + o(|[VOs|2, af|z[?).

Hence, one gets with (2.23) and (2.24) that

a2Scaly(x0) Jpn |V<I>|§|m|2dv5
Vds|2dv :/ V5|2 dvg, |14+ 272
/95 ‘ |5 13 Q(;| ‘ga gs 6n f]R” |V¢)‘§dvg
ajfﬂa ng(x(;)(V@(;,;:,a:,V@g)dvgs +ofa?)
6 f§25 ‘V®5|g5dvgé
2Gcal

/ OZdve = 1+ %SL"(”’O)/ o7 |z[?dve + o(a2). (2.28)
Qs 6n R"

12



Since ® is radial, V® and z are pointwise colinear vector fields and one has
/ Rmg,(z5)(V®s, x, z, VOs)dvg, — 0.
Qs

Hence,

2Scaly(z0) o [VO[Z|2[*dvg
VOs12dve = [ VP52 dv,. |1+ 202 R 3 2y (2.29
/Qé| 5|f ’Ug /Qé' 6‘95 vgr5 ( + 6n J"IRn |v¢‘§dv£ +0(a’5) ( )

Moreover, relations (2.6), (2.7) and the definitions of As, Bs and ks lead to

4
De=o
Jo, 19512, dvg, ( fo, w30,
A e=n)]
(jhéwgdvm>

Therefore, one may easily get from relations (2.27) to (2.30) that for all o € (1,2),

Scalg(xo) 4 / o112 20 / 91 19
<O[60AO 6n n(2 — U) ; P |fL'| d’Ug 1+ m B (0] |£C‘ d’UE

o VO3 |x|2dv
+f |£‘ | 5))a%—i—o(a%)go.

< ps — Qi a3, (2.30)

/ ‘V‘I’5|35d1}gé =
Qs

fIR" |V‘I>|§d’u§

Consequently, for all o € (1,2),

1 4 2
O[EOAO _ Sca g(xO) / (I)U‘.Z‘deg —(1+ 70 / (I)2|CC‘2d’U§
6n n(2—o) Jg» n(2—0o)/) Jrn

f]Rn |V(I)|§|l‘|2d1}§ <0
f]R’" V‘P‘gd’l}g -

Using (2.25) and (2.26) and letting o go to 2, one finally gets that

Scalg (o)

aEOAO — S 0

2nme

i.e.
€0 S 0.

This contradiction proves the theorem.

3 Proof of Theorem 3

This section has many similarities with the previous one. However, the first step shall
be well detailled to make the comprehension easier. Again, we shall denote by Ag the

constant # In order to prove the theorem, we will show that the non-existence of
extremal functions for LS(Ag, Bp) implies that By < . Forany 1 < s <2

and a > 0, set

maxps Scalg
2nme

(fM |Vu\§dvg + (w0 —a) fM uzdvg) (fM |“‘sdvg)m

]s,a(u) = s
(o ofog) =

13



and

s,a = 1 fIsa
pso = Inf Iy a(u)

where oy = B()Aa1 and
H= {u € C°°(M) such that / lul?dv, = 1} .
M

Let (8q)a be such that s, < 2 and s, — 2 as « goes to 0. To simplify notations, one
shall denote by s, po and I, (u) the real numbers sq, s o and Is o (u). It is clear that
fto < Ayt (see [3]). Tt is classical (see for instance [20]) that there exists a minimizer
u, € HE (M) satisfying

2s
ApAgug + ———— Bt = kot 3.1
gl +n(2—s) 5 U (3.1)
in the sense of distributions with
Uy €H
u>0

and where

Ay = </ uidvg)
M
) =y 1
/ |Vuglydvg + (o — @) / ug,dvg
M ) M
2s , .\
ka = mﬂa + </M Vua|gdvg> </M Uad?)g> .

The limits below are taken as a goes to 0. Considering subsequences if necessary, one
may assume that they all exist (they may be finite or infinite). One denotes below by
C a constant independent of o which may change from line to line. If we had

/ ub dvg > C,
M

/ \Vua|£2)dvg <C
M

and it would then be easy to prove the existence of extremal functions. Since we
assume there is no extremal functions,

De=n)
(/ uidvg) — 0.
M

As a consequence, lim A, = 0. Moreover, one can then easily check that

B,

then we would have

o — Agt

Aa/ |Vua|3dvg — Aal
M

n(2—s) 1
B,As * — Ay

14



1
Set aq, = A2 and let x, € M be such that u(za) = |talco-

As previously, one projects the minimizers on the Euclidean space such to obtain
a sequence converging to an extremal function of the optimal Euclidean logarithmic
Sobolev inequality. Set

Qo =a;’ exp;a1 (M \ Cut(z,))
ga(x) = exp;a g(aax)

90(1(1') = HuaHgolua(exp% (aax))
va =0 on R™\ Q,

Most of the results of the previous section hold here. Actually, one has

Ay pa + ||uchsx:2Ba<pfx_l = kaa on (3.2)

2s
n(2 —s)

with ¢, € C*°(€,). One also has

| wrun, = (Il
Q

a

ny\ —2
[ oy, = (Juallwad)
Q

e

and
Yo — @ in HE(IR™) and in C*(K)
Yo < Clz|v for all w >0, C depending on w
where
plz) = e Tl
K is a compact subset of IR".
Moreover,

an |V<Pa|§a Ricy(a)ijx' e dvg, (n + 2)Scaly(zo)

an Va2, dvg, - 2men (3:3)
Jo, #aRics(@a)ya'sldvg, | Sealy(ao) (3.4)
an 0Zdvg,, 2me
It is very easy to see that
U () < Cazfgdg(x,xa)‘” for all w > 0. (3.5)

Set then for all positive u € H7 (M)

_ S |Vu|§dvg (fM uidvg) "

I =
(fMquvg) n(2=s)

g.0(1)

15



Let us first remark that

Ayt — T, 0 (ug
0 Az, (ua) — ap.
From the definition of I, , and the relation I, (uqs) < Aal, it follows that

Ay — Iga(ua)

@

lim

> ag.
a—0 -

One has

Agl —Igo(ua) B AO_1 — (Ig,a(ua) + a0As) + a0 Aq
A, - A, ’

Since, by definition of ag, Iy o (ta) + @pda < Aal, one gets

lim Aal - Ig,a(ua)

< «p.
a—0 Aa 0

Hence (3.6) follows.
Let us now show that

lim It o (ua) — Iga(ua) < Scaly (o)
a—0 Aa 4

where £ represents the Euclidean metric. We can write

I&O&(“Oz) - Ig,a(“a)

i 4
jM \Vua\gdvg fM ul dvg \ n(2—5)
Jar IVua [2dvg S g uddvg I
i 1+ _2s — Iga(ua)
(jM u2 dvg ) n(2—s)

2
Jar v dvg

=1Ig0(ua)

. 4
fM [V \gdvg -fM up dvg fM uidvg n(2—s)
Jar Vualzdog \ [y, uidvg [y, u?dve
g —Iga(uq).

. 1—2
Jar w2 dve "
Jar v dvg

The Cartan expansion of the metric g in the exponential map yields

=1, 0(ua)

1 P
dve = (1 + 6Ricij (xa)z'z? + 0(7“3)) dvg
1
|vua‘§ = |VU(X‘3 + éng(xa) (Vua,x,x, VU@) + |Vua|30(7“i)

where 7o = dgy(z,2,). These relations implies
1 o
/ [Vug|fdve = / Vg |2dv, + f/ Vg |2Rici;(z4) "2 dv,
M M g 6 /o g
+0(1) /M |Vua|3ridvg

1 o
/ uidve = / uidvg—l—é/ uiRici‘j(JcQ)x’x]dvg—|—O(1)/ urd dv,
M M M M

16



where 2’ is the i-th coordonate in the exponential map on . Hence, with the definition
of ¢, one gets that

fM |Vua\§d’u5 a2 an |V30a|521aRiCij (za)z'2! dvg,

R A + o(a?)
T Vualzdn, 176 [VealZ,du, (
Joy vl dve a2 [o. PaRicij(za)r'al dvg, )
e gy e - +o(a2).

IM Uy GUg an (pa Vga

Now

3

(fMugdvg fMuidvg>"(;é>
Jar uidvg [y uddve
_ (1+ Jas uadvg (fM ug dvg _ Ju Ugedvé))"(rfs)
Jurvadve \ [y ugdvg [y uddvg
< exp< 4 Ju uadvg (fM ug, dvg _ Ju Uidvf)>

n(2—s) [y uddve \ [y, usdvg [y, uddvg

2d s 2 o
< exp Jyvadvy 4 / ( u_aﬂ) ( u_aﬂ> Ag 2 due | .
fM dv§n2—s) M AL ® ALl

From the relation (3.5), one gets

<C

1 s 2 3
5 [ @) lap,

<C.

1
2—s

/ (65, — 62) Ricy; (2a)iad vy,
Qa
Hence

n(2475 <(Aa ( ))A e

) -
2 5 /M << — “% )2> AL? (1 v éRicij(ma)a:i:rj n 0(@;)) dv,
/Qa bo — <1 + —2Ricj(za)z'z? + O(ad|x|® )> dv,,
SIAC

= n6 2 = ) Ricj(za)z'a! dvg, + o(a?)

17



and
(fM ubdve [, uidvg> pe)
fM ug dvg fM u? dvg

4a? -
=P ((i(an—ts) /Q (¢3 - ¢i) Ricj(za)z'z! dvg, + O(Gi))
( ¢

2) Ricyj(zq)2'2/ dvg, + o(a?)

)

4a2

n6(2 — s)

1 o k

2.5 ( 25 Q (65 — 02) Rici; (wa)'a dvg, + o<ai>>
4 . l .

I n6(2 — s) /Q (¢35 — ¢2) Ricij(za)z'a’ dvg, + o(a).

Some computations then leads to

4
S |V“a|§d“5 (fM ugdve [y u?, dvg ) n(2=s)
Jar [Vualzdog \ [y, ugdvg [y, uZdve

Pl
fM uZ dve ==
Jar v dvg

<1+ 6‘2"Xa+ o(aZ) (3.9)

where
Ja., IV@aly, Ricyj(za)z' 2’ dvg,
fQ |v<p@|£21ad”ga
n an Qﬁad’l)ga

4 _ o
+ m /Qu (d’i - Q%) Ricij(zq)x' e’ dvg, .

X, =

One has

' 2 i s / (¢2 ¢%) Ricij(za)z'a dvg, —/ (In qﬁi) P2 Ricj(z0)r 2! dv,, ’

2o

<c@-9 [ oy ( m[a§]¢ﬂ) (22

o

Hence,
lim 5 / (62 — %) Ricyj(za)2' e’ dug,
-8
= 1im/ (In¢2) ¢2Ricij(zq)z'z! dvg, .
Qo
Clearly,
. 2\ 21: i _ Scalg(azo) 2\ 121,12
lim (In¢2) ¢2Ricij(zo)z'a’ dvy, = —L—= (In¢?) ¢*|z|*da
Qa n R™
"
B 2me

18



One may now easily check with (3.3) and (3.4) that

lim& _ Scalg(xo).
6 2nme

Hence, by (3.8) and (3.9), it leads to (3.7). On has (see [3]) It o (uq) > Ay '. Therefore

Iﬁ,a(ua) — I5.0(ua) > A61 — Is,0(ua)
A, - Ao .

Letting a goes to 0, one gets from (3.6) and (3.7) that

Scaly (o)

ap S 4

This ends the proof of Theorem 3.
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Abstract

Sobolev spaces are inherent to the theory of PDEs. The embedding theorems of
these spaces into the Lebesgue spaces gives the Sobolev inequalities. S. L. Sobolev
introduced these notions in the 30s and they are now a fundamental tool in analysis.
Some other mathematicians developed this topic.One may cite E. Gagliardo and L.
Nirenberg in the 50s.

The study of optimal Sobolev inequalities began with great problems in analysis
such as the Yamabe problem. There exist different approaches. We are interested in
two of them : the AB program and the BA program. The first one was studied by
T. Aubin, O. Druet, E. Hebey and M. Vaugon. D. Bakry and M. Ledoux studied
the second one in Markov semi-group theory.

Sobolev inequalities are a sub-family of Gagliardo-Nirenberg inequalities. So it
is natural to ask if an extension of the previous works is possible. First, a positive
answer was given for Nash and Sobolev logarithmic inequalities. In this thesis, we
adapt the AB program and the BA program to a larger sub-family of Gagliardo-
Nirenberg inequalities including the Nash inequality.
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Résumé

Les espaces de Sobolev jouent un role central dans la théorie des équations aux
dérivées partielles. Les théorémes de plongement de ces espaces dans les espaces de
Lebesgue se traduisent en inégalités dites de Sobolev. Elles sont devenues un outil
fondamental en analyse. Ces notions ont été introduites par S. L. Sobolev a la fin
des années 30. D’autres mathématiciens se sont intéressés a ce domaine. On peut
notamment citer les travaux d’E. Gagliardo et L. Nirenberg dans les années 50.

[’étude des inégalités de Sobolev optimales trouve ses origines dans de grands
problémes d’analyse tels que le probléme de Yamabe. Il existe plusieurs fagons
d’aborder cette étude. Nous parlerons plus particuliérement de programme AB et
de programme BA. Le premier programme a été étudié, entre autre, par T. Aubin,
O. Druet, E. Hebey et M. Vaugon. Le second trouve sa source en théorie des semi-
groupes de Markov. Il a notamment été étudié par D. Bakry et M. Ledoux.
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Nirenberg. Il est donc naturel de se demander si les résultats connus pour les inéga-
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garithmique. Dans cette thése, nous obtenons une généralisation de ces travaux a
une famille d’inégalités plus large. Plus précisément, nous adaptons les programmes
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