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C {x, y} N � R N O�� K ���×�S�%$_$�"*��LM�*$#� G &(ÿJ�*��OJ�*&(')�%$×�%& (0, 0) ∈ C2 ���u� �%$]'�R I $�$#L N � �*$ ! R��%�

�S�*$POJ�%� � �*$P�%& (0, 0) ��� R !S! N L���R½'�L G &�$¢x G N G���G � ! x��%$×�*& N �%$�ÿ½RQ�#L¥R K N �%$ x�r' y t
C {x, y}k

N RU$ GJI $?R N O�� K ������� C {x, y} } G � � "%�×�S�%$aOJ�*� � �%$ F '�� N $�� I � F (x, 0) =
o(xk) t

Ck [x]
N � R N O�� K �����S�*$ !hG N sf&�ã � �%$��S���S�*OJ��"YR I ! N I $ k �*& N RUÿ½RQ��LMR K N � x t

Diff(Cn, 0)
N �ÔOJ� GJI�! � . !HGJI � N Rä� Gu�E!HG $�L ')L G &G1 �S�*$ OJ�*� � �%$��S� �SL�»h" G���G � ! xSLM$ � �*$
�g��RQ&(' N � G �#LMOJLÑ&S�×�S� Cn t

Aff(C)
N � OQ� GJIS! � . !hGJI � N R¾� G���!hG $�LÑ'�L G &Y1P���%$1')��RQ&S$z} G � � R½')L G &S$ R�Ô�&S�%$U�S� N R
�S� G LÑ'�� C t

O (Ω)
N � R N O�� K �������%$�} G &��r')L G &S$#x G N Gu�EG � ! xS�*$¼$ I � I & GJI ÿQ�%�]' Ω ⊂ Cn t
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Z · F N R���"%��L ÿJ"*�U�S� F ! RQ�_�)R !S!HG �]'×R I �2x=R ��! Z t°ÆfL Z = A ∂

∂x
+ B ∂

∂y
R N G �#$

Z · F := A∂F
∂x

+B ∂F
∂y
t

ψ∗Z
N � !�I NMN f K Ru�2p � I �2x=R ��! ���òÿQ�S�*'�� I �#$æx G N G��EG � ! xS� Z ! RQ� I &ç�2x=RQ& fOJ� � �*&('W�S�è� GfG ��� G &S&S"*�%$ ψ

. } G � � � N GJI RQ&=R N sf'�L~� I �H1 � ψ∗Z :=
Dψ−1 (Z ◦ ψ) t

Φt
Z

N �POJ�%� � �P�S�ié G 'a��� I &<�2x=R ��! �S�PÿJ���*')� I ��$ Z R I '�� ��! $ t ∈ C t
TZ (G)

N R ! "*��L G �S�P�¸� I &���} G &��*'�L G & G ÿfLM$ f m f ÿfLM$¼� I �2x=R ��! Z t
τZ

I &��Û} G � � � ')� ��! $©� I �2x=R ��! Z {w�u� �%$]' f m f �SLÑ��� I &S� � f } G � � � � "%� G���G � ! x��$�R½')LÑ$n}�RQLÑ$)RQ&(' τZ(Z) = 1 t
êÔiëÓHc!� Ñ

D
N �P�SLM$n� I � I &SLÑ'�" GJI ÿJ�*�#' {z ∈ C : |z| < 1} t

v (r, θ, δ)
N � $#�S�r')� I � GJI ÿJ�*�#'û�SRQ&S$ C �S� $ G��a� �*' 0 {Ü�S� �SLÑ���S�r')L G & θ ∈ [0, 2π[ {��� GJI ÿQ�%�]' I �#� 0 < δ ≤ 2π �*'_�S���)RHs G & r > 0 t

V (r, θ, δ)
N �P$����*'�� I � GJI ÿQ�%�#'#� K ��"��S� C2 � I L�$�� "��%�#LÑ' v (r, θ, δ) × rD t

DA(F )
N R $#"%��LÑ�¢} G � � � NMN �a�#� ! �#"%$��*&('�RQ&(' N �?�S"*ÿQ� N GJ!S! � � �%&('aRQ$zs ��! ' G ')L�� I �u{ N G ��$ f
� I � L N ���ÚLM$]')�u{h��� I &S��} G &��r')L G & F x G N Gu�EG � ! xS� $ I � I & $��S�r')� I � v (r, θ, δ)GJI V (r, θ, δ) t

∆◦n N � L ')"%�#" n ìîíIïDð ��� I &p�SL�»°" G��EG � ! xSLÑ$ � � ∆ !HGJI � n ∈ Z
. N G ��$y� I �<�%�*'#')�

� I RQ&('�LÑ')"��*$#' K LM�*&Ô�S"��=&�LM�>1-t
γ0 ∧ γ1 N RL� G &��%R½')"*&=R½'�L G &m�S�Ô�S� I �ñ�2xS� � LM&S$ γ0 �*' γ1 {�� G &('�LM& I $	$ I � [0, 1] �*'$�R½')LÑ$n}�RQLÑ$)RQ&(' γ0(1) = γ1(0) t

Z/k
N �POJ� GQIS! � ��G & G O��%&S�Q�S&SL Z/kZ

G�ò k ∈ N∗ t
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� GJI $#� G &S$�LÑ�S"%� G &S$a�S�*$?OJ�*� � �%$��*& (0, 0) �S���2x=R ��! �S�PÿQ�S�*'�� I �#$)x G N G���G � ! xS�%$
Z(x, y) := A(x, y)

∂

∂x
+B(x, y)

∂

∂y
.

� G '����v"r' I �S�û$�� R�'�'�R��2xS�%��RòR I �Þ�2xSR �E! $rm $�LÑ&SO I N RQ��L ')"���"%� I LÑ'��[m N � G �#LMOJLÑ&S�ut � GJI $-$ I�!S!hG $ G &S$r� I � N �� f v �r'a�S� Z m N � G �#LMOJLÑ&S�×$�� "��%��L 'H{=�=R½&S$a�S�%$#� GfG �#� G &S&S"*�%$ N LÑ&S"�RQLÑ���*$�RQ�S"�� I R½')�*$ �
Z1 = λ1x

∂

∂x
+ λ2y

∂

∂y

λ2 6= 0 .

�P& !HG $��*�)R
λ :=

λ1

λ2

.

� GJI $;�SLM� G &S$�� I �×��� I �EOJ�*� � �%$Ü�S�)�2xSR �E! $D�S�aÿJ���*')� I ��$ Z �*' Z̃ $ G &('¼R½&=R N s�'�L~� I � � �%&(' .zýTþ2ÿ���� } G � � � N fN � � �%&('21�� G & v#I O I "%$ $�� L N $ G &(' N R � � � �¼"��%�#LÑ' I ���aR ! �n�%$ÜR�ÿ G LÑ�·��»h�S�r' I " I &%�2x=RQ&�OJ� � �%&('Ü�S��� GfG �#� G &S&S"*�%$
ψ
N G ��R N .zýTþ2ÿ���� } G � � � N 1��g��RQ&(' (0, 0) {Y��� �*$#' f m f �SLM�#�

Z̃ = ψ∗Z

= Dψ−1(Z ◦ ψ) .

q¤�ÃOJ�%� � � �S�9}k� I L NMN �r'�RQOQ�û$�LM&�O I N LÑ�%�-LÑ&S� I L ' ! RQ� I &m')� N �2x=R �E! �S�ÃÿQ�S�*'�� I �#$ Z $#�%�)R�& G ')" FZ
t q®�%$

}k� I L NMN �*$a�S�]�*�]}k� I L NÑN �*')RQOJ��$ G &(' N �%$#� GJI � K �%$×LÑ&(')"%OQ�)R N �%$a�S� Z {=�S�U$ G �#'��]� I � I &L�2x=R �E! �S�YÿQ�S�r')� I ��$ XLM&S� I LÑ' N � � � � ��}k� I L NMN �*')RQOJ�P$�L�{^�*'�$#� I N � � �%&('�$#L {^L N �-�ÚLM$#'�� I & OJ�%� � � U �S�]} G &g�*')L G &<x G N G���G � ! xS��&S�
$S� RQ&S& I N R½&�' ! R½$)m N � G �#LMOJLÑ&S� . I &S� I &SL ')"ix G N G���G � ! x��>1Ü'�� N � I �

Z = UX .� GJI $U�SLM� G &S$'� I �v�S� I �Þ�2x=R �E! $U�S�EÿQ�S�*'�� I �#$ Z �*' X $ G &�'1RQ&=R N s�')L~� I � � �*&(' . ý2þ2ÿ���� } G � � � NMN � � �%&('-1G � K L '�R N � � �%&('v"�� I LÑÿ½R N �%&(')$û$#L Z �%$#'9� G & v#I O I "äm I &��2x=R ��! $�� "��%�#LÑÿ½RQ&(' UX Guò U �%$]' I &S� I &SL ')"
x G N Gu�EG � ! xS� .zýTþ2ÿ���� } G � � � NÑN �H1�tf��& ! RQ� N �%��RUR N G ��$;�S�Q� G & v#I O(R½LM$ G & . RQ&SR N s�')L�� I � GJI } G � � � NÑN �>1��%&('���� N �%$
�S� I �5}k� I L NÑN �r'�RQOJ�*$St

q¤�*$�� GJIS! N �%$ (λ1, λ2)
$ G &(' K LM�*& $��S��LM�S�*&�'�L~� I �*$ N G ��$n� I �;��� I �'�2x=R �E! $��S� ÿJ���*')� I ��$©$ G &('�� G & v#I O I "*$S{

� RQLÑ$ N � LM&(ÿJ�*��$#�;&�� �%$]'©ÿf��RQL³� I � �*&1OJ"*&S"%��R N t � GJI $��S"%$#LM� G &S$���RQ��Ru�*'�"%��LÑ$��*� N � �*$ ! R��%�Ü�S�%$ G � K LÑ')�*$¤�S�%$��2x=R ��! $
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y�S±� !HGJI � I &û��� !hG $�" �EG �S�*��&S���r'a�S"*')RQL NÑN "_�S�i�%�*$�')�S�2x�&SL~� I �*$21�t=Å N $ G &(' ! R½�����Ú� ��! N � �EG &('���"Q� I �!hGJI � λ ∈ C\R−

L N &�� s�R�� I � I &S� GJI ��� I � G � K LÑ'��%$®$ GJI $ N � Ru�*'�L G &����%$��SL�»h" G���G � ! xSLM$ � �*$ N G ��R I �Ät�� I RQ&S�
λ /∈ R−∪N∪1/N∗ N ���2xSR �E! Z �%$#' N LÑ&S"�R½��LM$�R K N �u{w�u� �%$#' f m f �SLM�#�aRQ&=R N s�')L~� I � � �*&('�� G & v#I O I "VmY$�R ! R½�#')LÑ�N LM&�"�RQLÑ��� Z1

�JL N &�� s	Ri� I � I &�� G � K L ')�ut�� I RQ&S� λ ∈ 1/N∗ {QL N �*$#';RQ&=R N s�')L�� I � � �%&('�� G & v#I O I "#m I &%�2x=R �E!
�S� N R¢} G � � � Z1 +εy1/λ ∂

∂x
R�ÿQ�S� ε ∈ {0, 1}

. N �¶�%RQ$ λ ∈ N∗ �%$#'Ü$#L � L N R½LM��� �*& ! �%� �1I '�R½&�' N �%$·ÿ½RQ�#L¥R K N �%$ x�*' y 1�{����P$ G �]')�i� I � L N &¸��sÔR�� I �P��� I � G � K L ')�*$StYq G �#$y� I � λ ∈ R−
N R1$�L ' I R�')L G &v&�� �%$#' ! RQ$aR I $#$�L®$�L �E! N �u{

� � � �-��� I & !hG LM&('��S�-ÿ I �r} G � � � N t®ÆÚL λ �*$#'YLM�#�)R½'�L G &�&S� N { Z �%$]'�} G � � � NÑN � � �%&(' N LM&�"�RQ�#LM$)R K N ��{ � RQLM$ N R! ��"*$��%&g�%�U��� ! �*'�LÑ')$���LÑÿfLM$#� I �#$ ! � I '?� �E! �S�2x��%�V�%�*'#')� N LÑ&S"�R½��LM$�R½')L G &v�S��� G &(ÿJ�%�#OJ�%��t ¤ ���%RQ$S{ N G LM&v�����*'����
��"%$ G N I {QR_&S"�RQ& �EG LÑ&S$¤"*'�"¼RQ&=R N sf$�" K ��L NMN R �a� �%&(' ! RQ� / t = "*����� f Á R½�y� G �r' l t ¤ t�� G ��� G � 	 s b��Ss b�
��Yj��
m�')��R�ÿJ�%�#$ N �%$a�SL�»h" Gu�EG � ! xSLÑ$ � �%$��S� (C, 0) {@m N R�$ I LÑ'����S�Y'��)R�ÿ½R I � & G & ��G LM&S$�" N "*O(RQ&(')$_�S� ¤ t°ÆfLM�%OQ� N. �%& � �uµ�¥�1�R � " N L G �#"%$ ! RQ�ÜÂØt R t � � v#I & G �SRQ&S$ N �%$;RQ&S&S"*�%$ � � ¡ ¦ 	�� �!©�����i0²�� tgq G �#$y� I � λ �*$#'D�)R½'�L G &S&�� N {GJI K LÑ�%& Z �%$]' N LÑ&S"�R½��LM$�R K N �u{ GQI K LM�*& L N �%$#')} G � � � NÑN � � �*&�' G � K L '�R N � � �%&('a"S� I L ÿQR N �%&('¢m I & �*' I & $�� I N
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�S�%$ ��G �g� N �*$��S� = G LM&g��RQ�#" f R I N Ru� � G & ! R½� N �*�)R ���1&�½ I � f � G N . λ = 0 1a�*'��S�1$#� NÑN �%$×��"%$ G &S&=R½&�'��%$�& G &N LM&�"�RQ�#LM$)R K N �*$ . λ ∈ Q∗

−
1-t R RQ&S$ N �i�%RQ$a� I &�½ I � f � G N {B�%�*$ ��G �g� N �*$¶} G � � � N $¼$ G &�'_� G &S&S"%$ ! RQ�

X0 := xk+1 ∂

∂x
+ y

(

1 + µxk
) ∂

∂y
R�ÿQ�S� (k, µ) ∈ N∗ tÛÜ]t R I N Ru� 	 � �rê5��Í!� R«�*&S$ I L ')� ! � GJI ÿQ"æ� I � I &E�2x=R ��! �S� 'Õs ! � &�½ I � f � G N �*$#'RQ&=R N sf'�L~� I � � �*&�'#� G & v#I O I "'m I &5�2x=R �E! �S� N RØ} G � � �

Z := UX

X := X0 + xk+1R
∂

∂y

. ¦gt¹¦gt � 1
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Æ G LM�*&(' r > 0 { θ ∈ [0, 2π[ �r' 0 < δ ≤ 2π { G & ��"��=&SL ' N � ÿ>þ&#.-Õþ./BýgoTpSýCA �S�?�SLM�#�S�r')L G & θ {f��� GJI ÿQ�%�#' I ���

δ �*'_�S���)RHs G & r
V (r, θ, δ) :=

{

(x, y) : 0 < |x| < r, |arg x− θ| < δ

2
, |y| < r

}

.

  �*��L 'a$ GJI $ N RØ} G � � ���S� R I N Ru�u{ I &¾�2xSR �E! �S�PÿQ�S�*'�� I �#$×�S��'Õs ! � &g½ I � f � G N LM&�� I LÑ' I &+}k� I L NMN �r'�RQOQ�
FZ

$ I � rD × rD � G &(' G & ! � I '_�S"S�*��LÑ��� N RU' GJ!hG N G OJLÑ� I $ I � NÑN �-�
. � 1 N RU�S� G LÑ'�� {x = 0} �*$#' I &S�P$�" ! RQ�)R�')��L��%�PR½$�$ G �%LÑ"%�im N R ÿ½R N � I � ! � GJ! �#� λ2

�S� Z1
t�W_&S��$#" ! RQ��R f')��L��%���*$#' I &��Q}k� I L NMN �_�S� FZ

� I L�$#� ! � G N G &SOQ�×�%& I &��P$ I �z}�Ru�%��RQ&SR N s�')L�� I �Q� GQIS! RQ&(' N � G �#LMOJLÑ&S�ut
. ¥�1Y�%&ûOJ"*&S"%��R N L N &�� ���ÚLÑ$#')� ! RQ$¼�S�P$#" ! R½�)R½'���L~�*��RQ$#$ G �%LÑ"%�im N RYÿ½R N � I � ! � GJ! �#� 0 tSÆÚL¸��� �*$#' !HGJI �]'�RQ&('N �'��RQ$�{ G & ! � I '�$ IS!S!HG $��*� . � I L '�'���ma�2xSRQ&SOJ�*�×�S�]� GfG ��� G &S&S"%�*$ N G ��R N �%$T1¶� I � R = yR̃ �r' G &

�SLM��R�� I � Z �%$]'_�S�P'Õs ! � �Jjhe@Óhc���²^cfehg t^ÆÚLÑ& G & G & �SLM��R�� I � L N �%$]'?����'Õs ! � �©iëÓHc!��²^cfehg t
. �³1 N �%$¶}k� I L NÑN �*$S{gx G � � LM$ {x = 0} {=$ G &('a')��RQ&S$]ÿJ�%�#$��*$Qm N RØ� K ��R½')L G &qPÍÿQ�%�]')L~�%R N �JQ dx = 0 t. µ�1 !hGJI � r > 0 $ I ÔE$�R ��� �*&�' ! �*'�LÑ'H{

. R³1 N �*$�}k� I L NMN �*$¼�S� N R1�#�%$]')��L��*'�L G &Ô�S� FZ
m-' GJI 'a$#�S�r')� I �V� K ��"�$ G &('_$�L �E! N � � �%&('�� G &S&S�-�Ú�%$St

. K 1 $�L Z �%$]'_�S�P'Õs ! �Y�SLÑÿQ�%��OQ�%&('H{ N �%$¶}k� I L NMN �%$¼��� FZ
$ G &('?$#L ��! N � � �*&('�� G &�&S���Ú�%$�t

. �H1 $�L Z �%$#'1�S�v'Õs ! �+� G &(ÿJ�%�#OJ�%&('S{ N ��x G N G & G�� LM�	RQ$#$ G �%LM"*�5m N RÃ�S� I �ÚL�� � �v$�" ! RQ�)R�')��L��%�v��" f')�*� � LM&S� N R	' GJ!HG N G OJLM�	�¸x G � � LM$V�%�r'�')�-$#" ! R½�)R½'���L~�*�u{ N �%$V}k� I L NMN �%$_&S��� G &�'�LM�*&S&S�%&(' ! R½$��S�
��s!� N �%$P$#L µ /∈ R tÄq G ��$n� I � N � LM&(ÿ½RQ��LMRQ&(')} G � � � N µ �%$#'���"%� N { N R�' GJ!HG N G OJLM� ! � I 'i�r')��� ! N I $� Gu�E! N ���Ú�ut©� IòK LM�*&}R I � I &S��}k� I L NMN �1&�� �%$#' $�L �E! N � � �%&('�� G &S&S�-��� . µ ∈ Q �r' N �¹x G N G & G f
� LM�Ô�%$]' N LM&S"%RQ��LÑ$)R K N �>1-{ GJImK LM�*& R I ! N I $ I & & Gu�1K ���Ô�S"*& G��1K �)R K N �Ô�S�9}k� I L NÑN �*$-&�� �*$#'



jÕÀ
! RQ$P$#L ��! N � � �*&('Q� G &S&S���Ú� . �*�-& G��1K ���1�*$#'YOJ"%&�"%��L�� I � � �%&(' 0 �r'P�S" ! �%&����S�r�*�%�]'�RQLÑ&S�%$! � GJ! ��LÑ"*'�"%$_RQ��L 'Tx � "*'�L~� I �*$��S� µ 1�t

� LM�*&7� I � N �*$i}k� I L NMN �*$PR I f �S�%$#$ I $Y�S�	$����*'�� I �#$ $ G LM�*&�'Y$#L ��! N � � �*&�'Q� G &S&����Ú�%$�{©L N �%$]' !HG $#$�L K N �-��� Ru�S� I f
�1I N �*� N RU$#LM&SO I N RQ�#LÑ'�"×�S� � RQ&SL~�*����& G &û')��L ÿfL¥R N �ut�Æ G s G &S$ ! N I $ ! �#"S�%LÑ$StH��&Ô�SLM��R�� I � I &S�YR !S! N L~��R�')L G &v�S�
� N R½$�$�� C1

γ : R+ → C2

�%$#' I &O�2xS� � LM&pR½$ns �E! ' G '�L~� I �Ã')RQ&SOJ�*&('5m FZ
�S� K RQ$�� B := γ(0)

N G �#$y� I � L N ���ÚLM$]')� I &��<} G &��r')L G &
c : R+ → C ')� NMN �Q� I �

dγ

dt
(t) = c(t)Z ◦ γ(t)

�*'_�S� ! N I $

lim
t→+∞

γ(t) = (0, 0) .

W?& #.1E#.:~þr'wÿ.1;(*�5-s9;-@?@<�/Yþ
γ $��*�)R N Ræ� G &��%R½')"*&=R½'�L G &m�S� �S� I �ñ�2x�� � LM&S$ERQ$ns ��! ' G ')L~� I �*$ γ0 �*' γ1 �S�

� � � � K R½$��u{G�*�'� I � N � G &Ô& G ')�
γ := γ0 ∧ −γ1 .

�P&��SLM$ !hG $�� �¸� I &��v& G '�L G &ò&=R½' I ��� NMN ����� %�9;(U9;-s9&�5? þt-u')3Bv!þ.3�-@? þ.:G:~þ �*&(')��� �S� I �7��sB� N �*$1�S���*�E'Õs ! �u{
� G���! R½'�L K N � R�ÿJ�S� N � LM&('�"%OJ��R½')L G & �S�ä�%�*�#')RQLM&S�*$ � f } G � � �*$ � "%� Gu�EG � ! xS�*$ . �%& ! RQ�]')L�� I N LM�%��{Û�*� NMN �%$+� I �
& GJI $+� G &S$�LÑ�S"%� G &S$T1�ta��&p�SLÑ�)RÐ� I � I &S�L}k� I L NÑN � �S� FZ

�*$#' 'wÿ.1;(*�5-s9;-@?@<�/Gþ.(�þ.3�-'ÿ.?G(*�5:~þ.(�þ.3�-t#&9;3�3¸þ�wBþ
N G �#$y� I ��' GJI '���s!� N �_RQ$ns ��! ' G '�L~� I ��LÑ&�� N I $·�=RQ&�$ �*� NÑN � f �%LÚ�%$#'�')RQ&SOJ�*&(')LM� NMN � � �%&('�x G���G ' GJ! �Ûm I &%�2xS� � LM&RQ$ns ��! ' G '�L~� I ��� G &S$#')RQ&(' .s?@�0þ�� m I & !HG LM&('-1-t

q�RE�S�%$n�%��L ! ')L G & ��� N R	' GJ!HG N G OJLM��RQ$zs �E! ' G ')L�� I �U�S� FZ
�%$]' N G LM& ���¹�r')�#�1"*ÿfLM���%&(')��t = GQI � � LM� I � N R

� G���! ���*&S�S�#�;L N �%$]'©&�"S�%�*$�$�RQLM�#�;�S� $#�;�#�%$#'����*LM&S�S�#� m_�S�*$©$#�S�r')� I ��$S{�R I f �S�*$�$ I $��S�*$y� I � N $ N � }k� I L NMN �*'�R½OJ�·$��*�)RRQ$ns ��! ' G '�L~� I � � �*&�'·$�L ��! N � � �%&('�� G &S&����Ú�utf��&1�S"��=&SL ' N �;����� GJI ÿf�#� � �%&('���RQ& G &SL~� I �;�S� V = rD∗×rD! RQ� k > 1 $����*'�� I �#$)� K �#"%$
(∀j ∈ Z/k) Vj := V

(

r, j
2π

k
,
4π

k

)

. �=RQ&�$ N �'��R½$ k = 1 { N �*$×�S"��=&SLÑ' G &S$_$ G &('P$#�%&S$#L K N � � �%&('?�SL�»h"%�#�%&(')�*$21�t¸q®�%$×LÑ&(')�%�#$����*')L G &S$?�S� I �LmE��� I �$ G &('?�S�%$a$����*'�� I �#$)� K �#"%$
V c
j := Vj+1 ∩ Vj.l ®xffjG��y!°}c tLª6z /{?G-@-Õþ}|U+)?G(}?G3�/Gþ�ý
r > 0 {. � 1 :~þLKHþ./{?G:G:~þ.-u'�v!þ

FZ

þ.3æýTþ2ÿ.-�ýJ?u#.-@?u9;3~|
Vj

þ2ÿ.-\'wÿ.1;(*�5-�9;-2?@<�/Yþ.(�þ.3�- ÿ.?G(*�5:~þ.(�þ.3�-�#&9;3�3¸þ�wBþ��
. ¥�1 ��9;/Bý}-�9;/{-

M ∈ Vj
?G:�þ�w�?~ÿ.-Õþ}/B3�#&%Yþ.(}?G3�'wÿ.1�(*�5-�9;-2?@<�/Yþ

γj(M)
+!þ�p&'wÿ>þ

M
þ.-*+g�îþ�w�-0ýCA.(}?G-sA

(0, 0) { +g� ?G(t'�v!þD?G3�#.: /³ÿ>þ�+E')3gÿ
Vj

þ.-T+!þ$:V9;3Bv)/Yþ./Bý�oS3�? þ t5� � '.�@ýC�2ÿa. � 1C� #2þI#&%Yþ.(}?G37þ2ÿ.-S/B3�?@<�/Gþ+E')3gÿ
Vj

� |t%�9;(U9;-�9&�5? þD-u')3Bv!þ.3�-2? þ.:G:~þØþ.-�#&%!')3Bv!þ.(�þ.3�-T+g��9wýJ? þ.3�-Z')-@?u9;3q�@ýC�2ÿ��
. �³1 :~þ2ÿt#.1E#.:~þ2ÿ}'wÿ.1�(*�5-�9;-2?@<�/Yþ2ÿI')/{7R+!þ2ÿ2ÿ./³ÿ}+!þ

Vj+1 ∪ Vj
ÿ�9;3�-T-Z')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-�%�9;(U9;-�9&�Yþ2ÿI|�:F'#&9;3�#8')-sA.35')-@?u9;3

γ∞j (M) := γj+1(M) ∧ −γj(M)'),uþ&#
M ∈ V c

j � <�/{?G-@-Õþ6|$#&%!')3Bv!þ�ý�:~þ./Bý\9wýJ? þ.3�-u')-2?u9;3)�)�E�J:Bþ�w�?~ÿ.- þL/{3¸þ�/B3�?@<�/Gþ�KHþ./B?G:G:~þ
{y = sj(x)}<�/{?¶þ2ÿ.-6'wÿ.1�(*�5-�9;-2?@<�/Yþ.(�þ.3�- ÿ.?G(*�5:~þ.(�þ.3�-\#&9;3�3¸þ�wBþ�� � ')3gÿ$:~þ2ÿ}')/B-0ý2þ2ÿ�KHþ./B?G:G:~þ2ÿiÿ>þ&#.-s9wýJ? þ.:G:~þ2ÿ � :~þ#.1a#.:~þ

γ∞j (M)
3��îþ2ÿ.-B�!'wÿL%�9;(U9;-�9&�Yþ6|�/{3D��9;?G3�- � 3�?_+E')3gÿ

Vj∪Vj+1
� 3�?_+E')3gÿ�/{3��Yþ.-@?G-=,)9;?~ÿ.?G35'�v!þ+!þ

(0, 0)
�



] Ì_^BÈ�Æa`�Á�Â!Á�ÊGb�`LÇ�Æ+ÅuÂæÇc^BÉ¶ÂÄÌ5d!e�Æ j Ý
«i�� ¨ g�ikjheZ®�j@°}j@±kj@²Hi0��¤c@ª
Ç & ���%$]')�#L~�*'�L G &�m I &��)}k� I L NMN �u{ N �)�2x=R �E! Z �%$]'¼��"*O I N LM�%�a� G & ! � I ' N �_���*�S���*$�$#�%� N G ��R N � � �%&(' $ I � ∂

∂t
t

q�� "S� I R�')L G &¾x Gu�EG N G OJL�� I � Z · F = G $S� "S�*��LÑ'_�=R½&S$#�%�%$V� GfG �#� G &S&S"*�%$
∂

∂t
f = g.

q¤�*$?$ G N I ')L G &S$¼$S� GJK '�LM�*&S&S�%&('×R N G ��$¼�*&ÃLÑ&�'�"%OJ��RQ&('��
f(t) − f(0) =

∫ t

0

gdt.

R RQ&S$ N �*$�� GfG ��� G &S&S"%�*$?�¸� G �#LMOJLÑ&S�u{ G & GJK '�LM�%&('a�S�*$?$ G N I ')L G &S$ N G ��R N �%$
F (M1) − F (M0) =

∫

γ(M0,M1)

GτZ

G�ò γ(M0,M1)
�*$#' I &9�2xS� � LM&û'�R½&SOJ�%&(')m Z � I L®��� N LM� M0

m M1
tYq¤R K�9wý.(�þD- þ.(*�Yÿ

τZ :=

$)R½'�LM$n}�R½LÑ'#m N R1�#� N R�')L G &
τZ(Z) = 1,

' GJI 'V� G��a� � dt ( ∂
∂t

)

= 1 tR RQ&S$ N �5��R½$E�S�5}k� I L NMN �*')RQOJ�%$-���Ô'Õs ! � &�½ I � f � G N {·L N �%$#' !HG $�$#L K N � ���¾�2x G LM$�LÑ�r� G���� �9� G &S�SL ')L G &LM&SL ')L¥R N �
M0 := (0, 0)

�*'Ü��� LM&(')"*OJ���*� GτZ N � N G &SOP�S�*$��2x�� � LM&S$ RQ$zs �E! ' G ')L�� I �%$ γj(M) � G &S&S"%$ ! R½� N ��Ä�xS" G �y� � �aÂØt = I LM$y� I �R I f ���%$�$ I $û�S� Vj N �*$a}k� I L NMN �%$	$ G &�'ûRQ$ns ��! ' G '�L~� I � � �*&�'E$�L �E! N � � �%&('a� G &�&S���Ú�%$�{ N Rä} G &��r')L G & M 7→
∫

γj(M)
GτZ

�*$#' K LM�%&E�S"��S&SLM� N G �#$y� I � N � LM&(')"*OJ�)R N ���%$]'¶� G &�ÿQ�%�#OJ�%&(')��t^ÆÚL G &E�%$�$�RHsJ�P��� "*'��%&S�S�#�Q�%�r'�'��)} G &�� f
')L G &<m N � I &SL G & Vj ∪ Vj+1

{ N � �-�ÚLM$#'��%&��*� � I ��s!� N � RQ$ns ��! ' G '�L~� I � γ∞j (M) R � �%&S� I &S� GJK $]')� I �*'�L G &�t ¤ �$ G &('?�%&5}�RQLÑ' N �%$�$#� I N �%$ GJK $#'�� I �r')L G &S$�� I L�R !S! R½�)RQLÑ$�$��*&('Ht
l ®xffjG��y!°}c � ª6z /{?G-@-Õþ}|�ý&A8+)/B?ëýTþ

r > 0 {
. � 1 ?G:Äþ�w�?~ÿ.- þ�/{3¸þ�ÿ�9;: /B-2?u9;3�K�9wý.(�þ.:G:~þ

F̂
|>:8��A8<�/�')-@?u9;3 ��� � � �V���¢ÿ.?�þ.-hÿ>þ./B:~þ.(�þ.3�-�ÿ.?

G(x, 0) = o(xk) {#2þ�<�/{?Ûþ2ÿ.-�A8<�/B?G,;'):~þ.3�-6|U:8� 'Ep�ÿ�9;: /YþI#&9;3�,uþ�ý2v!þ.3�#2þ$+!þ2ÿD?G3�-sAuvuý�'):~þ2ÿ
(∀M ∈ ∪jVj) Fj(M) :=

∫

γj(M)

GτZ .

. ¥�1 +E')3gÿ>#2þ>#8'wÿ � #&%!'E<�/Gþ
Fj

þ2ÿ.-T')/�ÿ2ÿ.?hÿ�9;: /{-@?u9;3�+!þ�:8��A8<�/�')-@?u9;3 þ.-=��9>ÿ2ÿ��8+!þ
F̂

#&9;(}(�þD+BA.,uþ.:V9&�E�Yþ.7(�þ.3�-6'wÿ.1;(*�5-�9;-2?@<�/Yþ�þ.3
(0, 0)

�6���îþ2ÿ.-S:F'%ÿ>þ./B:~þQÿ�9;: /B-2?u9;3�+!þ0:8��A8<�/�')-@?u9;3�%�9;(U9;:V98v)?@<�/Yþ$<�/B?�ÿ�9;?G-%�9;:V9;(U9wý���%Yþ]þ.-\p.9wýJ3�A2þQÿ./!ý
Vj

� |�'E+E+)?G-@?u9;3~+g� /B3¸þI#&9;3gÿ.-Z')3�-Õþ��@ýC�2ÿ��
. �³1 :F'�ÿ�9;: /{-@?u9;3IK�9wýJ(�þ.:G:~þ

F̂
#&9;3�,uþ�ý2v!þQÿ.?Ûþ.-�ÿ>þ./{:~þ.(�þ.3�- ÿ.?S:~þ2ÿ

Fj
ÿ>þ'ýTþ&#&9;:G:~þ.3�- � #��îþ2ÿ.-@7R|)7R+)?ëýTþQÿ.?Ûþ.-

ÿ>þ./{:~þ.(�þ.3�- ÿ.?
(

∀M ∈ ∪jV c
j

)

∫

γ∞j (M)

GτZ = 0 .



j��
q¤�*$?$ G N I ')L G &S$Û} G � � � NMN �*$ F̂ �S� . ¦gt·¦Bt´¥�1D$ G &('a')�)R½&S$#ÿQ�%��$�R N � � �*&(' k f ÙP�*ÿf����s�{G�u� �%$]' f m f �SLÑ���i� I �

F =
∑

xafa(y),

' GJI '��%$ N �%$ $#"%��LÑ�%$ y 7→ fa(y)
"*')RQ&('Û� G &(ÿJ�%�#OJ�%&('��%$�$ I � I & � � � ����LM$y� I �V�%�*&(')��"?�%& 0 {��*' ∑ xa

(a!)1/k fa(y)

� G &(ÿJ�*��OJ�%RQ&(' I &SL�} G � � " � �%&('ÜR I ÿ G LM$�LÑ&=RQOJ����� (0, 0) t!q¤RY$#"%�#LM� F̂ �*$#' k f $ G���� R K N �¼�r' !HG $#$y�%��� !HGJI � k f$ G���� � (Vj, Fj)j∈Z/k
� N �%$�$ G���� �*$·$����*' G ��LM� NMN �%$ Fj !hG $�$y�*�S�%&('S{ ! RQ��� G &S$#'�� I �r')L G &�{ I &S�a�#� ! �#"%$��*&('�R½'�L G &LM&(')"*OJ�)R N �P�S�P'Õs ! � � G �#� N f q¤R ! N Ru�%��tÇ &B�=&�{S���*$�� I � L N �-�ÚLM$#'�� I &S��$ G N I ')L G &�} G � � � NÑN �a�S� N � "�� I R½')L G & X ·F = G(x) {g�%� NMN � f �*LÄ� G &(ÿJ�*��OJ���*'$S� "S�%�#LÑ' F (x) tH�P&Ô$#� ��R � �*&S�P�%& ��»h�*')m I &S�Y"S� I R�')L G & ��L�»h"%���*&(')LM� NMN � G �#�SLM&=R½LM��� N LM&�"�RQLÑ���
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Diff(C, 0)
:~þ0vuýC9;/��Yþ�+!þ2ÿ$v!þ�ýJ(�þ2ÿ�þ.3

0 ∈ C
+!þt+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ�ogwa')3�-

0
þ.-

C {h}
:8� '):XvB��pSýTþt+!þ2ÿ

ÿ�A�ý.? þ2ÿrþ.3:F'U,;'uý.?@'Ep�:~þ
h

<�/{?6#&9;3�,uþ�ý2v!þ.3�-T|U:8��9wýJ?Fv)?G3¸þ$+!þ
C

�
. � 1}" þ*vuýC9;/��Yþ��2ÿ�9 (

Z0, V
c
j

) þ2ÿ.-�?~ÿ�9;(U9wýZ��%Yþ$')/}�@ýC9�+)/{?G-�ÿ>þ.(}?G7R+)?ëýTþ&#.-
Diff(C, 0) n C {h}

'),uþ&#
(ϕ, f) n (ψ, g) := (ϕ ◦ ψ, f ◦ ψ + g) .. ¥�1}" þ*vuýC9;/��Yþ��2ÿ�9 (

Z0, V
n
j

) þ2ÿ.-�?~ÿ�9;(U9wý���%Yþ$|
Aff(C) × C

�
. �³1}" þ*vuýC9;/��Yþ��2ÿ�9 (

Z0, V
#
j

) þ2ÿ.-�?~ÿ�9;(U9wýZ��%Yþ$|
C∗ × C

�

= RQ�a���Ú� �E! N �u{S�SRQ&S$ N �i�%RQ$ . �³1�{ N � LM$ Gu�EG � ! xSLÑ$ � �?�*$#'?�S"��=&�L ! RQ�
(c, t) ∈ C∗ × C 7→ (x, cy) ◦ Φt

Z0
(x, y) .

¤ �%$_LM$ Gu�EG � ! xSLÑ$ � �%$D& GJI $ ! �*� � �*'�'��%&('a��� LM�S�*&(')L��S�%� gcj �r' gnj R�ÿQ�S�Y�S� I �9� GJIS! N �%$
gcj =

(

ϕcj, f
c
j

)

∈ Diff(C, 0) n C {h} , f cj (0) = 0

gnj =
(

ϕnj , 0
)

∈ Aff(C) × C .
q¤� ��L�»h" G���G � ! xSLM$ � � ϕ � G �#���*$ !HG &S�Em N RÐ� G���!hG $�RQ&(')�<� K ��"*� �*' N R } G &��*'�L G & f m N RÐ� G���!hG $�RQ&(')�
'�RQ&SOQ�%&(')LÑ� NMN ���S���2x=Ru� I &S�Y�S�'�%�%$a$zs � "*'���LÑ�%$St

q¤� 2k f I�! N � (ϕcj, ϕnj )j P¿�#� ! �#"%$#�%&(')�JQ N �%$PLÑ&(ÿQR½��L¥R½&�'�$��S�EÁ RQ�]')LÑ&S�*' f / R � LÑ$×R½$�$ G �%LÑ"%$YR I }k� I L NMN �*')RQOJ�ut
q¤� (k + 1) f IS! N � (P, f cj )j P¿�#� ! �#"%$��*&(')�.QØ� I RQ&('im N I L N �%$_LM&(ÿ½RQ��LMRQ&(')$_�S� N R�� N RQ$#$�L�����R½'�L G &Ô'�RQ&�OJ�%&(')LÑ� NÑN �ut= GJI �i� I �Ø�%�*'#')�-�S�*$y�*��L ! ')L G & $ G L '×ÿ½R N R K N ��{hL N �#�%$]')�rmv" N L � LM&��%� N �]�2x G L�� RQ� K LÑ'��)RQLÑ���Y�S� N R�ÿQR½��L¥R K N �Y�S�
�2x=Ru� I �U�*$ ! R��%���S�%$#}k� I L NMN �%$��Y��� �*$#' N �i�2x G L��Ô�¸� I &��Y$zs � "r')��LÑ�i� K ��"*���S� X0

R I f �S�%$#$ I $_�S� V #
j
t

[Üc!°Þ°}c�©Yª �J:�þ�w�?~ÿ.-Õþt/B3¬#&%�9;?±w~+!þ£#&9�9wý�+B9;3�3�A2þ2ÿq+E')3gÿ�#&%!'E<�/Yþ5þ2ÿ��!'B#2þq+!þ2ÿ§KHþ./{?G:G:~þ2ÿ
Ω#
j

-Õþ.:T<�/Gþ �+E')3gÿ}#2þ2ÿI#&9�9wý�+B9;3�3�A2þ2ÿ �
(

ϕcj
)′

(0) = e2iπµ/k
. ¦gt¹¦gt¹�³1

(

ϕnj
)′

(0) = 1.��þ�#&%�9;?±wZþ2ÿ.-}/{3�?@<�/Yþ � <�/B?G-@- þ~|¯þ²¨Qþ&#.-@/Gþ�ý9ÿ.?G(}/{: -u')3�A.(�þ.3�->:~þ³(UH.(�þ«#&%!')3Bv!þ.(�þ.3�-}+!þ´#&9�9wý�+B9;3�3�A2þ2ÿ
h 7→ ch

+E')3gÿ0-�9;/�ÿ$:~þ2ÿ
Ω#
j

�

Â×LM&�$�L�"��%�#LÑ'H{ N � (3k + 1) f IS! N � (P, ϕcj, ϕnj , f cj )j ��R½�)Ru�r')"%�#LM$#�¼�%&(')L��%�#� � �%&(' N RQ� N RQ$#$��aRQ&=R N s�')L�� I �D�S� Z(U9�+)/{:V9 N �*$ �2x=RQ&SOQ� � �%&(')$��S�Û� GfG ��� G &S&S"%�*$�$�L �1I N ')RQ&S"*$ h 7→ ch { G�ò c 6= 0 {Q�*' �%�%�]'�RQLÑ&S�%$ ! �*� �1I ')R½')L G &S$�%LM�n� I N RQLM�#�%$	�=RQ&�$ N �%$�LM&S�SL��%�*$ j 7→ j + θ t ¤ �%$a�2x=RQ&SOJ� � �*&(')$ ���<� GfG �#� G &S&S"*�%$�� G �#���*$ !HG &S�S�*&�'ûR I �$ns � "r')�#LM�%$aO N GJK R N �%$¼��� Z0
$ I � rD × rD {=� G &S&S"*�%$ ! RQ� (x, y) 7→

(

e2iπθ/kx, cy
) tH��& ��LM�)Rr� I �

m(Z) := � N R½$�$����S� (P, ϕcj, ϕnj , f cj )j�%$#' N � ?G3�,;'uýJ?@')3�-gK�9;3�#.-@?u9;3�3¸þ.: �S� Z t



©8©
� GJI $a�*&Ã�S"*� I LÑ$ G &S$ N R ! ��� � L~�*����RQ$#$��*�#')L G &Ô� I 'TxS" G �y� � ���S��� N RQ$�$#L��Y�%R½')L G & �l ®xffjG��y!°}c å ª
. � 1 R � I �L�2x=R ��! $P�S�UÿQ�S�r')� I ��$ Z { Z̃ } G � � � NMN � � �%&(' G � K L '�R N � � �%&('×"�� I LÑÿ½R N �%&(')$im X0

{h� G &(' I &
�2x G L��}�S�*$-LM&(ÿ½RQ��LMRQ&(')$ (P, ϕcj, ϕnj , f cj )j �r'

(

P̃ , ϕ̃cj, ϕ̃
n
j , f̃

c
j

)

j

�*$#'r�g�Ú"u{�$ G &('�RQ&=R N s�')L�� I � � �%&('
� G & v#I O I "%$a$#L®�*'_$�� I N � � �*&�'_$#L

(∃c ∈ C∗, θ ∈ Z/k) (∀j ∈ Z/k) :







P (e2iπθ/kx) = P̃ (x)
ϕj+θ(ch) = cϕ̃j(h)

f cj+θ(ch) = f̃ cj (h)
.

¤ � �*$#' f m f ��LM���P$#L®�*'_$�� I N � � �*&('?$#L m(Z) = m(Z̃) t. ¥�1UÆ G LÑ' m0 =
(

P, ϕcj, ϕ
n
j , f

c
j

)

j∈Z/k
⊂ Ck [x] × Diff(C, 0) × Aff(C) × C {h} ÿQ"%�#L��^RQ&(' N �*$

� G &S��LÑ')L G &S$ . ¦gt¹¦gt¹�³1?�*' f cj (0) = 0 t�Â N G �#$�L N ���ÚLM$]')� I &ä�2x=R �E! �S�1ÿQ�S�*'�� I �#$ Z } G � � � NMN � � �%&('G � K L '�R N � � �%&('¼"�� I LÑÿ½R N �%&(')m X0
')� N � I � m(Z) = m0

t
. �³1 = GJI �Y' GJI ')�v�S"�} G � � R½'�L G &�RQ&=R N s�')L~� I �E�S� ��L � �%&S$#L G & �=&SLM� ε 7→ Zε

{�L N �-�ÚLM$#'�� I &Þ�2x G L��}�S�
��� ! ��"%$#�%&('�R½&�'�$ mε ∈ m(Zε)

')� N � I � N � R !S! N L~��R�')L G & ε 7→ mε
�%$]'×R½&=R N s�'�L~� I �ut

q¤�*$ !hG LÑ&(')$ . ¥u1D�*' . �³1D$ G &('_��� ! N L�� I "%$_�=RQ&S$ N R1$��S�r')L G &<m1ÿQ�%&SLÑ�St

�%ehg�c!� § ��f�g ¨ g�ikjheñ²�ffj@°�f(g>��i0��¤c<�¤c Ñ i�eÄÓ ¨ �½i ¨ ehg Ñ ª
�P& $ I�!S!hG $��'� I � N R1ÿQR½��L¥R K N �?�S� N � �%$ ! Ru�%�Y�S�%$�}k� I L NÑN �%$ Ωc

j
�%$]'×� G &S&S"%� ! R½� Hnc

j
t

�.3�,;'uýJ?@')3�-Iÿ�-Z')3Bv!þ.3�-@? þ.:·ÿ��
Ç & � �%$ I �)RQ&(' ! R½� gcj =

(

ϕcj, f
c
j

) N � GJK $#'�� I �r')L G &ÔR I ����� G NÑN � � �*&�'D�S� Ψnc
j = N#

j ◦ Tj �*' Ψcn
j+1

�SRQ&S$
V c
j
{ G & � G &S&��]m f cj I &S��LÑ&�'��%� ! ��"r'�R½'�L G &ÔOJ" G�� "r')�#L~� I �ut

gcj = N cn
j+1 ◦ Tj+1 ◦ T−1

j ◦
(

Nnc
j

)−1

= N cn
j+1 ◦

(

Nnc
j

)−1 ◦ Φ
∆j

Z0G�ò
∆j := (Fj+1 − Fj) ◦

(

Ψnc
j

)−1
.

q¤�*$V} G &��*'�L G &S$ Fj+1
�*' Fj $ G &('_�S�*$?$ G N I '�L G &�$¼$����*' G ��LM� NMN �%$��S� N � "S� I R�')L G &

X · F =
1

U
− 1

P�S�U$ G �#'��Ø� I �u{ ! RQ� N LÑ&S"�RQ�#LÑ'�"u{ X · (Fj+1 − Fj) = 0 t^Å N $�� �*&S$ I L 'Q� I � Fj+1 − Fj
�%$]'i� G &�$#'�R½&�'��U$ I � N �%$

}k� I L NMN �*$D�S� FX
�r'�$��i}�Ru�r' G �#LM$��×�%& I &S�Q} G &g�*')L G &[x G N G���G � ! xS�×�=R½&S$ N � �%$ ! Ru�%�P���%$�}k� I L NMN �%$ Ωc

j
t ¤ Gu�a� �

f cj
� �*$ I �#� N R ! RQ�#'�LM��'�RQ&SOQ�%&(')LÑ� NMN �E��� gcj {��*�%$-�S� I � GJK�v �*')$-$�� LÑ�S�%&('�L��=�*&�' ! RQ� N � LÑ$ G���G � ! xSLM$ � �	�S� N R= � GJ!HG $�L ')L G &Ï¥Bt = RQ�-RQL NMN � I �#$S{ Fj+1 − Fj

��� ! ��"*$��%&('�� �-��Ru�*'�� � �%&(' N � GJK $#'�� I �r')L G & m N RÃ��"%$ G N I ')L G &«�S�N � "S� I R½'�L G &5�%L f �S�*$�$ I $S{@m N Ru� I � NMN � N � LM&(ÿ½RQ��LMRQ&('D')RQ&SOJ�*&�'�LM� N $S� LM�S�*&(')L��S�Y� G &���&=R½' I ��� NMN � � �*&('Ht



] Ì_^BÈ�Æa`�Á�Â!Á�ÊGb�`LÇ�Æ+ÅuÂæÇc^BÉ¶ÂÄÌ5d!e�Æ ©n�
å jG��j@±�± ¨ iI��cµ�ª
. � 1}¶ 9;/!ý�-�9;/{-

M ∈ V c
j

� 9;3~#&9;3gÿ.?@+B��ýTþ*:~þ>#.1E#.:~þ$'wÿ.1;(*�5-s9;-@?@<�/Gþ
γ∞j (M)

+B9;3�3�A��!'uý�:~þ�·=%�A&9wýC�.(�þ¸ �=¹*:V9wýTÿ�º
f cj ◦Hnc

j (M) =

∫

γ∞j (M)

(

1

U
− 1

P

)

τZ .

. ¥�1 ¥ ?t+!þ./)w»#&%!')(*�Yÿ«+!þ«,uþ&#.- þ./!ýTÿ�+!þ«-21&�Yþ«3546/�+)78#&9;:¢ÿ�9;3�- � ')35'): 1;-2?@<�/Yþ.(�þ.3�- � K�9wý.(�þ.:G:~þ.(�þ.3�- �#&9;3��J/�v)/�A2ÿL�!'uý
ψ � '):V9wýTÿ�?G:·ÿ�ÿ�9;3�- � ')35'): 1;-2?@<�/Yþ.(�þ.3�- � K�9wýJ(�þ.:G:~þ.(�þ.3�- �I#&9;3��J/)v)/�A2ÿS�!'uý�/{3³#&%!')3�7v!þ.(�þ.3�-6+!þ>#&9�9wý8+B9;3�3�A2þ2ÿ$<�/{?�ÿ>þ>+BA&#&9;(*��9>ÿ>þ]þ.3

Ψ :=
(

e2iπθ/kx, y
)

◦N ◦ T9;��:F'5ÿ�A�ýJ? þ}-u')3Bv!þ.3�- þ�|�:8� ?@+!þ.3�-@?G-sA
N

þ2ÿ.-coTpSýCA2þ � þ.-
T = ΦF

Z

'),uþ&#
F ∈ C [[x, y]]

� ¥ ?
ψ
þ2ÿ.-#&9;3�,uþ�ýuv!þ.3�- � ?G:�þ.3�,;'U+!þ$(UH.(�þ$+!þ

N � T þ.-
F

�

q�RV� G &�$#'�R½&��%�;�S� Fj+1−Fj $ I � N �*$�}k� I L NÑN �%$¤�S� FX
"r'�RQL ' ! ��"*ÿfLÑ$�L K N � !SI LM$n� I � N RV� N RQ$#$��D�¸�¹x Gu�EG ' GJ! LÑ�

�S� γ∞j (M) &S���S" ! �*&S� � NMN � f � � � �¢� I �Y�S� N RØ}k� I L NÑN ��$#�S�*' G ��LÑ� NÑN �ut
ê£f³Ò�e©i¶g�ikjHe ª
. � 1U�P&Ô& G ')� T j

Z (G)
N RØ} G &��r')L G &9x G N G���G � ! xS��$ I � Ωc

j
{S')� NMN �Q� I �	�

(

∀M ∈ V c
j

)

T j
Z (G) (Hnc

j (M)) =

∫

γ∞j (M)

GτZ .

. ¥�1]q�� j § f�� ¨ g�c!��� § f���ikjD��c RQ$�$ G �*LM"�m Z �%$#' N � R !�! N L���R½'�L G & N LM&S"%RQLM�#�
TZ :

{

G ∈ C {x, y} : G(x, 0) = o(xk)
}

−→ ({f ∈ C {h} : f(0) = 0})k

G 7→
(

T j
Z (G)

)

j∈Z/k
.

Â�ÿQ�S�r�%�*$P& G ')R½')L G &S$S{ N �UÄ�xS" G �n� � � � "%& G &��%�r� I � N � L � R½OJ���S� N RE�S"%�#LÑÿ½R½')L G & X· �%$]'�����Ru�r')� � �%&('N � & G sJR I �S� TX tÜÂ×LÑ&S$�L Im(TX) { � I L)m I &S� Ru�*'�L G & N LM&�"�RQLÑ��� ! �n�%$v�S"��%�#LÑ' N � �%$ ! Ru�%� ���%$ LÑ&(ÿQR½��L¥R½&�'�$'�RQ&SOQ�%&(')LÑ� N $�{S$S� LM���%&(')L��=�YR�ÿQ�S� I & $ IS!S! N " � �%&(')RQLM�#�P�S� N � L � RQOJ�×��� X· t

�.3�,;'uýJ?@')3�-Iÿ�oTpSýCA2ÿ��
� GJI $Ü&S�_')�)R½LÑ' G &S$ L~�%LG� I � N �#��RQ$ G�ò R := yR̃ ! RQ�Ü$ GJI �%LH�S�¢� N RQ�]')" . �2x=R �E! $;�S�a'Õs ! �¢� G &(ÿJ�*��OJ�*&�'21�tR RQ&S$V�%����R½$Y�

ϕnj = 0.[Üc!°Þ°}cLÍ�ªk¼ #�ý.?G,)9;3gÿ
N(x, y) = (x, y expF (x, y))

�c¹*:V9wýTÿ$:~þ2ÿ}#&%!')(*�Yÿ
X

þ.-
X0

ÿ�9;3�- � ')35'): 1;-2?G7<�/Gþ.(�þ.3�- � K�9wýJ(�þ.:G:~þ.(�þ.3�-±�q#&9;3��J/�v)/�A2ÿ\�!'uý
N
ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�-�ÿ.?

F
ÿ�')-@?~ÿ²Kn')?G-

X · F = −R̃.



©RY
Ç & �)R½LM$ G &S&=RQ&('#� Gu�a� � !HGJI � N �*$�LM&(ÿ½RQ��LMRQ&(')$¼'�R½&SOJ�%&('�LM� N $S{ G & ��G &(')�#��R N G ��$�� I �

ϕcj(h) = h exp
(

2iπµ/k − T j
X

(

R̃
)

(h)
)

= h exp

(

2iπµ/k −
∫

γ∞j (h)

R̃τX

)

.

q G ��$y� I � Z �r' G $ G &('�m9� G ��Ô��%LÑ�%&(')$Y��"*� N $S{ 1
2iπ

TZ (G) �%$#'1R I $#$�L ��"*� N � N �%$�LM&(ÿ½RQ�#L¥RQ&(')$�� I �E& GJI $�S"%O(R½OJ� G &�$?$ G &('×R N G �#$S{�m ! � I �S�'�2x G $�� ! �n�%$�{H�#"%� N $a� I � f R I $�$#L t¤ �*'�'��'} G � �1I N � ! �%� � �*'a���Y�#�*'�� GJI ÿQ�%�_$)RQ&�$?��» G �]' N �P�#"%$ I N '�R�' ! ��LM&g�%L ! R N �S� = tHÁ7t^Ç N LV�%RQ� G ÿ 	 ái±�iz©��
GJK ')�*& I R ! �y�*$ K LÑ�%&��S�%$��%R N � I N $�t ¤ � �*$#' N � !HG LÑ&�' . � 1�� I � G � G NMN RQLM�#�1$ I L ÿ½RQ&('Ht�q¤� !HG LM&(' . ¥�1P�%&«�*$#' N R
� G &(')�#� ! R½�#')LÑ� !hGJI � N �%$aLÑ&�ÿ½RQ�#L¥RQ&('�$D'�RQ&�OJ�%&(')LÑ� N $St

å jG��j@±�± ¨ iI��c�½hª ¦\3�#&9;3gÿ.?@+B��ý2þ�:F'�Kn')(}?G:G:~þ�')35'): 1;-2?@<�/Yþ
Zε : ε 7→ P (x)

(

1 + εyŨ
)

(

X0 + εyR̃
∂

∂y

)

|U:F'E<�/Gþ.:G:~þI9;3«'wÿ2ÿ�9�#.? þ$+!þ2ÿ�ýTþ��@ý&A2ÿ>þ.3�-u')3�-ëÿ (
ϕcj(ε), f

c
j (ε)

)

j

+!þ2ÿ0?G3�,;'uýJ?@')3�-ëÿLK�9wýJ(t')3�-�/B3¸þSKn')(}?G:G:~þ�')35')7: 1�-@?@<�/Gþ��x¹*:V9wýTÿ�º
dϕcj(ε)

dε
|ε=0(h) = −he2iπµ/kT j

X0

(

R̃
)

(h)

df cj (ε)

dε
|ε=0(h) = −T j

Z0

(

yŨ
)

(h).

¾ A8'): ?~ÿ�')-@?u9;3~+!þ2ÿ0?G3�,;'uýJ?@')3�-ëÿ��
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R̃ 7→ T

X0+yR̃ ∂
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a(n) :=

{

0 $#L µ /∈ R−
1 + k − [nµ] $�L µ ≤ 0
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M :=

{

G ∈ C {x, y} : G(x, y) =
∑

b≥0

ybxa(b)Pb+1(x), Pb+1 ∈ Ck−1 [x]

}
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Q ∈ Ck−1 [x]
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R̃ ∈ C {x, y}
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X0 + yn+1xk+1
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xa(n)Q(x) + yR̃(x, y)
) ∂

∂y
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c ∈ C∗ � θ ∈ Z/k
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cQ1(e
2iπθ/kx) = Q2(x).
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M′ :=

{

(εj)j∈Z/k : εj ∈ {0, 1} �*' ∑ εj > 0
}

! RQ� N �*$ ! �%� �1I '�R�')L G &S$��%LÑ�y� I N RQLÑ���%$�t × ! RQ�]')LM�����%$_LM&(ÿ½RQ��LMRQ&(')$��S� N Rr� N RQ$�$#L��Y�%R½')L G & RQ&=R N s�')L~� I � G � K L '�R N �
(

ϕcj, ϕ
n
j

)

j

G & GQK ')LÑ�%&(' N � LM&(ÿ½RQ��LMRQ&('¼' GQ!hG N G OJL�� I � (εj)j
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εj :=

{

0 $�L ϕnj = Id
1 $�LM& G & .
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δ := e2iπ/k
þ.-
Pj(x) :=

∑k−1
p=0 (δ−jx)
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Z
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xk+1 ∂

∂x
+

(

y + x2(k+1)

k−1
∑

j=0

εjPj(x)

)

∂

∂y
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  ')RQ&('�� G &S&�" I &æ�2x=R ��! ���1ÿJ�S�r')� I ��$'x G N G��EG � ! xS� Z {°& GJI $P& G ' G &S$P$ G &òRu�*'�L G & ! RQ�P�S"%�#LÑÿ½R½'�L G & $ I �N �%$�} G &g�*')L G &S$ F ! RQ�
Z · F := dF (Z) .

�P&9�2xS�*�y�2xS�Øm	"r' I ��LM�%� N � "�� I R½')L G &û�SL�»h"%�#�%&(')LÑ� NÑN � N LM&S"%RQLM�#� . & G &¾x G��EG O��%&S�H1D� IÔ! ��� � LÑ�%� G �#�S���
Z · F = G ,

. ¦Bt·¦gt�µ�1
N G �#$y� I � Z �*' G $ G &('P�S�%$POQ�%� � �%$×�%& (0, 0) ∈ C2 {h���%$ ! ���*'�LÑÿJ� � �*&('H{®��� I &æ�2x=R ��! �S�1ÿQ�S�*'�� I �#$�x G N G f
�EG � ! xS�-�r' �¸� I &��%} G &��*'�L G &äx G N G���G � ! x��utHÅ N $S� RQOJLÑ' ! N I $ ! �#"S�*LM$�" � �*&(' ���r��RQ��Ru�*'�"%��LÑ$��*� N �%$P"�� I R½')L G &S$!hG $#$�"*�=RQ&(' ���%$�$ G N I ')L G &S$1$ GJI $%} G � � �v�S�Ô$�"*��LÑ�%$r} G � � � NÑN �*$ GJI � G &(ÿQ�%��OQ�%&(')�*$St ¤ �*$E$ G N I ')L G &S$1$��*� G &('
R !S! � N "*�%$a�S�*$ Z 
 § �½i0°«i¶g�iëÓhc Ñ �S� G t¤ �*'�'��P"S� I R½'�L G &¸{ ! N I $¶� G &S& I �P$ GQI $ N �?& G�� ��� f!�� ¨ g�ikjHeZ®¤j@°}j@±�jG²Hi�¸��c {(')� GJI ÿJ�P$�R1$ GJI �y�%�P�SRQ&S$N � R N O G ��LÑ'yx � ���S�U�#"%� I �*')L G & ��� = G LM&��%RQ��"Y�*'S{ ! N I $_OJ"%&S"*�)R N � � �%&('H{^�=R½&S$ N �%$ ! � GJK N � � �%$_��� "S� I L ÿQR N �%&g�%�
�S���2x=R �E! $ �S�	ÿJ�S�r')� I ��$�t ¤ G &S$#LM�S"*� G &S$ I &S�E�S"�} G � � R½')L G & Zt = Z0 +

∑

n>0 t
nYn

�S� Z = Z0
t�W_&S�! ��� � L��%��� GJK $]')� I �*')L G &äm N R � LM$�� �%& "�� I LÑÿ½R N �*&��%�Y' GJI $ N �*$¢�2x=R ��! $ Zt m Z0

�%$]'P� G &S&�"%�	R I ! ��� � LM�*�G ���S�#� ! RQ� N � GJK $#'�� I �r')L G &�m N R��#"%$ G N I '�L G &	�S� N � "S� I R�')L G &�x G��EG N G OJL�� I � ! N I $ OJ"%&S"*�)R N � {Z,X} = Y1

. L~�*L
Z RQOQLÑ' ! RQ�#�*� G �2xS�*'?�S�]q¤LÑ�P$ I � N �*$#�2x=R ��! $a�S�YÿQ�S�r')� I ��$ X 1�tGq G ��$n� I � Y1

�%$#'?�S� N R�} G � � � Y1 = GYG�ò {Z, Y } = 0 R N G ��$¢�*�*'#')�-"S� I R�')L G & $��-��R � �*&S��m[�*� NÑN � ! N I $�$#L ��! N � Z · F = G "*' I �SLÑ"%�1L��%L t � GQI $
�EG &('����%� G &S$	�%&m�S� I �ÚL~� � � ! RQ�]')LÑ�+� I � R I N LM� I ���9� G &S$#LM�S"*���%� N � "�� I R½')L G &�RQ$�$ G �*LM"*�¾m Z L N �%$#' ! N I $
}k"S� G &S��{ !hGQI ��"*' I �SLM�*���%� ! � GQK N � � ��{��S��� G &S$�LÑ�S"%�#�%�#�%� NMN ��R½$�$ G �%LÑ"%�'m N R ! �%�#' I � K R½')L G & Zt tq�� "S� I R�')L G &�x G��EG N G OJL�� I �DLÑ&�'��%�]ÿÚLÑ�%&('ÜR I $#$�L=�=R½&S$ �S�%$ ! � GJK N � � �*$��S�#� G x G��EG N G OJLÑ�;�#� N R½')L ÿJ�ut ¤ G &S$�L f�S"%� G &S$a�S� I �ûOJ�*� � �%$��%& (0, 0) �S� 1 f } G � � �%$�x G N Gu�EG � ! xS�*$S{ ω �r' η t�q¤R�} G � � � η $��%��R þ�wa'B#.- þ�ýTþ.:F')-@?G,uþ.7(�þ.3�- m ω $#L

(∃F, U ∈ C {x, y}) η = dF + Uω .
�P& ! � I ' ��G &(')���*��� I ���%�S�*L¤�%$#'_"�� I LÑÿ½R N �*&('¢m N � �-��LÑ$#'��%&��*�Y�¸� I & OJ�*� � � F ')� N � I �	�

η ∧ ω = dF ∧ ω.
Ç &e� G &�$�LM��"%�)R½&�' I &mOJ�%� � �Ô�S�9�2x=R ��! �S� ÿQ�S�r')� I ��$�x G N G���G � ! xS� Z {�� I R N m ω {��%�*'#')� "S� I R½'�L G &m$���)R � �%&S�'m I &S��"�� I R½')L G &¾x G��EG N G OJL�� I �

Z · F = η(Z) .

¤ G��a� �a�%&v��L � �%&S$#L G & 1 { G�ò N �%$Ü$ G N I ')L G &S$Ü$S� GJK '�LM�%&�&S�%&('¼�*&vLM&('�"%OJ��RQ&(' N �?$#�S� G &S� � � �1K �#� N � N G &SO�S���2xS� � LM&S$�� I L°$ G &('\PÍ')RQ&SOJ�*&�'�$RQQm N R1�S"*��LÑÿ½R½'�L G & d
dt

. ��� �*$#' f m f �SLM�#��LM&�� N I $��SRQ&S$ C 1�{S& GQI $�� G &S& G &S$aL~�*LI &S�_��� ! ��"%$#�%&('�R�')L G & LM&('�"%OJ��R N ���S�*$;$ G N I ')L G &S$��%&ELM&(')"*OJ�)RQ&(' G N � N G &SO��S�V�2xS� � LM&�$ ')RQ&SOJ�*&(')$;R I �2xSR �E!
Z �³�%�_$ G &�';�S�*$Û�2xS� � LÑ&S$ LM&�� N I $ �=RQ&�$ N �%$�� GJI � K �%$ÜLM&(')"*OJ�)R N �%$ �S� Z t = GJI ��} G � �1I N �%���*�S�*L ! ��"S�*LM$#" � �%&('H{& GJI $YR�ÿ G &�$ K �%$ G LM& ��� N R 'Tx�" G �#LM�1�S�*$i}k� I L NMN �r'�RQOQ�%$¢x G N G���G � ! xS�%$×� G &('�& GJI $P��R !S! � N G &S$ K �#L~�*ÿQ� � �%&('
�%& Â×&S&S�-�Ú�UÂ N �*$ GJI ')L N $ ! ��LM&g�%L ! R I �Ät



¤ Ü_Â = ÅÍÄ / Ç �

ãâä ä Û ÙÍØÚÙ � Û ã_åPÙ Û ØÚè � æ×Õ?ÙÍØÚâ®ã¯æWØfèSÖ¤ê â�èSã ànç â¸àaâ ÞWé×à âëæ×â®ã �SÝ Ö ÞWé ã à Ù Û ä ÖÜÙÍè�â®ã
�P&5� G &S$�LÑ���%�#� N �i�2x=R ��! �S�PÿJ�S�r')� I ��$?& G & & I N { N LM&S"%RQLM�#�u{

Z1 := (λ1x + βy)
∂

∂x
+ λ2y

∂

∂yG�ò λ1, λ2 ∈ C �r' β ∈ {0, 1} �%$]'_& I N $�L λ1 6= λ2

. G & ! �*&S$��*�)R�m I &S�P"S�*��LÑ' I ��� � R½')�#L~�*LM� NÑN �a$ GQI $�} G � � �
& G � � R N �Y��� l G �#�=RQ&G1-tÄq G �#$y� I � λ2 = 0 �*' λ1 6= 0 { G & ! �%� �1I '��%�)R N �*$?ÿ½RQ��LMR K N �%$ x �*' y �S� $ G �]')�'� I �
λ2 6= 0 �*' λ1 = 0 t^��& !HG $#�%�)R	R N G ��$

µ := λ1/λ2 .

q�� R N O�� K �#�?���¢} G &��r')L G &S$�} G � � � NMN �%$ &=R½' I ��� NMN � !HGJI �D& G ')�#��R !S! N L~�%R½')L G &��S� N � "�� I R½')L G &[x G���G N G OJL~� I �
�%$#' C [[x, y]] � I L�{ �1I &SLÑ�E�S� N RÔ�S"%�#LÑÿ½R½'�L G & Z1· {©�*$#' I &S�vR N O�� K �����SL�»h"%�#�%&(')LÑ� NÑN �ut = GJI � N �%$'} G &��r')L G &S$� G &(ÿJ�*��OJ�*&(')�%$a& GQI $¶� G &S$�LÑ�S"%�#�%� G &S$ N � R N O�� K �#�?��L�»h"%���*&(')LM� NMN � (C {x, y} , Z1·) tSÆfL F,G ∈ C [[x, y]] $�R½')LÑ$ f} G &('¢m N R	�#� N R½')L G &

Z1 · F = G ,
. � t¹¦gt � 1
G & �SLÑ�)Ri� I � F �*$#' I &S� Z1


 § �½i0°«i¶g�iëÓhc �S� G . GQIE! N I $Ü$�L ��! N � � �%&(' I &S� ! ��L � L ')L ÿJ�¶� I RQ&�� N �#� G &�'����f')�
&�� �*$#' ! RQ$_R �1K LMO I 1-t

è ¨5é�£¶ ©£¥¢¤£ ð   � t¹¦gt � Ï
. � 1]q G ��$y� I � µ = −p/q ∈ Q∗

−
{ G & �S"��=&SL ' N � ��G &�ã � � u := xqyp �^$�L µ = 0 G & !HG $#�%�)R u := x tR RQ&S$ N �*$_R I ')�#�%$#��R½$S{ G &Ô�S"��=&SLM��R u := 0 tH��& R !S! � NÑN �%��R u N � °}jHegê@°}ca�;f Ñ jHe�e ¨ ehg t

. ¥�1U�P&Ô�S"*$�LÑOJ&S�%��R ! RQ� ��j@° ¨ i7e¤cL�¤c s�jHi�e�� ¨ ��f N �P� Gu� RQLÑ&S�P"*' G L N "
H := {µ ∈ C : µ /∈ R−} .

� GJI $¤R NMN G &S$�LM&('�� G � I LM�#� N �%$D� G &��%� ! ')$ ! �*� � �*'#'�RQ&('¤�S��� G &S&S�%�¤� I $#�%&S$¤�*'��S� ��G &(')�#�%� N �%$�'Tx�" G �n� � �%$
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Z1

/B3°#&%!')(*�«: ?G3�A8')?ëýTþ>'),uþ&#
µ ∈ H

þ.-
F1

:~þ�KHþ./{?G:G:~þ.-u'�v!þ�?G35+)/{?G-�ÿ./Bý$/{3��9;: 1�+)?~ÿ�<�/Yþ
rD × rD

�
. � 1 ��9;/Bý�-�9;/B-

M ∈ C2\ {(0, 0)}
?G:hþ�w�?~ÿ.- þ*/B3«#&%Yþ.(}?G3�-Z')3Bv!þ.3�-�'wÿ.1;(*�5-s9;-@?@<�/Yþ�#&9;3�-@?G3�/

γ(M)
+!þp&'wÿ>þ

M
þ.-\+g�îþ�w�-0ýCA.(}?G-sA

(0, 0) � +!þ0:V9;3Bv)/Gþ./!ýLoS3�? þ��
. ¥�1 :~þLKHþ./{?G:G:~þ.-u'�v!þ

F1

þ2ÿ.-�-Z')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-\#&9;3�-�ý�'B#.-@?G:~þ��

��j
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l ®xffjG��y!°}c � ë0ªS¥ 9;? þ.3�-

Z1

/B3¯#&%!')(*��: ?G3�A8')?ëý2þ�'),uþ&#
λ1 6= 0

þ.-
τ1

/{3¸þ6K�9wýJ(�þ}-Õþ.(*�Yÿt'wÿ2ÿ�9�#.?uA2þ��ô 9;/³ÿ�3�9;-�9;3gÿ
F1

:~þ§KHþ./B?G:G:~þ.-Z'�v!þq?G35+)/B?G-Vÿ./!ýU/B3³��9;: 1�+)?~ÿ�<�/Yþ
rD × rD

#&9;3�-Õþ.3�/°+E')3gÿq:~þ�+B9;(t')?G3¸þU+!þ+BA²oS3�?G-2?u9;3~+!þ
G ∈ C {x, y}

�
. � 1 ¥ ?

G
��9>ÿ2ÿ��8+!þ0/B3³v!þ�ýJ(�þ>+!þ

Z1

7V�@ý.?G(}?G-@?G,uþD%�9;:V9;(U9wýZ��%Yþ
F

'):V9wýTÿ���9;/!ý�-�9;/{-§#&%Yþ.(}?G3«'wÿ.1�(*�57-s9;-@?@<�/Gþ$-u')3Bv!þ.3�-
γ

+!þ>p&'wÿ>þ
B
þ.-6+g�îþ�w�-�ýCA.(}?G-�A

E
º

F (E) − F (B) =

∫

γ

Gτ1 .

. ¥�1 ¥ /��E��9>ÿ�9;3gÿ�<�/Gþ
µ ∈ H

� " '�K�9;3�#.-@?u9;3
G

��9>ÿ2ÿ��8+!þ�/B3¸þ
Z1

7V�@ýJ?G(}?G-@?G,uþ=K�9wýJ(�þ.:G:~þ¶ÿ.?�þ.-Dÿ>þ./B:~þ.(�þ.3�-
ÿ.?k��9;/Bý�-�9;/{-D#&%Yþ.(}?G3°'wÿ.1;(*�5-�9;-2?@<�/Yþ

γ
-u')3Bv!þ.3�-*|

F1

+B9;3�-�:8�îþ�w�-0ý&A.(}?G-�A[þ2ÿ.-
(0, 0) � ?G:Ûþ�w�?~ÿ.-Õþ/{3¸þ�K�9wý.(�þ\- þ.(*�Yÿ

τ
- þ.:G:~þ�<�/Yþ�:8� ?G3�-�Auvuý�'):~þ ∫

γ
Gτ

#&9;3�,uþ�ý2v!þ��g��þ.-2-Õþ�?G3�-�Auvuý8'):~þ\3¸þ§+BA��Yþ.35+�<�/Gþ�+!þ:F'U#.:F'wÿ2ÿ>þ�+g� %�9;(U9;-�9&�5? þ§-Z')3Bv!þ.3�-@? þ.:G:~þ � |[þ�w�-0ýCA.(}?G-sA2ÿgogw{A2þ2ÿ � +)/r#&%Yþ.(}?G3
γ

� z /�')35+�þ.:G:~þ�þ�w�?~ÿ.- þ �#2þ.-2-Õþ��@ýJ?G(}?G-2?G,uþLK�9wýJ(�þ.:G:~þ�þ2ÿ.-�#&9;3�,uþ�ý2v!þ.3�- þ]þ.-�ÿ���A&#�ýJ?G-
F (M) = F (0, 0) +

∫

γ(M)

Gτ,

9;�
γ(M)

þ2ÿ.-�:~þ}#&%Yþ.(}?G3�'wÿ.1;(*�5-s9;-@?@<�/Yþ>+B9;3�3�A\�!'uý � Ê.�)�
. �³1 ¥ /��E��9>ÿ�9;3gÿ}<�/Gþ

µ < 0
���J: þ�w�?~ÿ.-Õþ}/B3�v!þ�ýJ(�þt+!þ

Z1

7V�@ýJ?G(}?G-@?G,uþ�%�9;:V9;(U9wýZ��%Yþ�ÿ.?Vþ.-¶ÿ>þ./B:~þ.(�þ.3�-
ÿ.?_��9;/Bý0-�9;/{-�#.1a#.:~þ$'wÿ.1�(*�5-�9;-2?@<�/Yþ

γ
-u')3Bv!þ.3�-\|

F1
� ?G:�þ�w�?~ÿ.-Õþ0/{3¸þSK�9wýJ(�þ0-Õþ.(*�Yÿ

τ
-Õþ.:G:~þ�<�/Yþ

∫

γ

Gτ = 0 .

= I LM$y� I � I &L��s!� N �URQ$ns ��! ' G ')L~� I ��$#�%�)R N R%� G &g��R½'�"%&=R½'�L G & �S�Y�S� I �<�2x�� � LM&S$?RQ$ns ��! ' G ')L~� I �*$?��� � � � �K RQ$��-�r' � � � �U���f'���" � LÑ'�"u{ N � !HG LÑ&�' . � 1a�S" ��G &(')�#� N �U$��%&�$P�SLM�#�S�*'��S� . ��1�t�Ç�&L}�RQL ' . � 1?�*$#'�ÿf�)R½L !HGJI �
' GJI 'V�2x=R �E! �S�PÿJ���*'�� I �#$¢x G N G���G � ! x���& G & & I N t

� GJI $���LM$#'�LM&SO ISG &S$ � I R�')�����%R½')"*O G �#LM�%$ ! ��LM&g�%L ! R N �*$��S���2x=R �E! $����¼ÿJ�S�r')� I ��$ N LÑ&S"�RQLÑ���*$ !HGJI � N �*$y� I � N $
& GJI $�R NMN G &S$©��"*'�R½L NMN �%� N R_��"*$ G N I ')L G & ��� N � "S� I R½'�L G &]x G���G N G OJL~� I �ÜRQLÑ&S$�L!� I � N Ra' GJ!HG N G OJLM� R½$ns �E! ' G '�L~� I �
�S�%$#}k� I L NMN �*'�R½OJ�%$�R½$�$ G �%LÑ"%$�t

. � 1 å ® ¨ ° §�Ñ ® mD§ c���j�jÄ±�i0���c Ñ � µ ∈ H t. ¥�1 å ® ¨ ° §�Ñ �� ¨�Ñ iG
y��f Ñ jHe©e ¨ ehg Ñ � µ ∈ R−\Q t. �³1 å ® ¨ ° §�Ñ �;f Ñ jHe�e ¨ ehg Ñ � µ ∈ Q∗
−
t

. µ�1 å ® ¨ ° §�Ñ �gf�²�ffegf���f Ñ � λ1 = 0 t
q¤���S�*��&SLÑ�%�#��R½$V� G ���#�%$ !hG &��Lm I &S�Y$�LÑ&SO I N RQ��L ')"×& G &ÃLÑ$ G N "%� !HGJI � N �i�2x=R ��!¾� RQLM$ N �Q}k� I L NMN �*')RQOJ��LÑ&S� I L '
�%$#'¼��"%O I N LÑ�%� . N �%$�}k� I L NÑN �*$Ü$ G &('¼�S�*$¼�S� G LÑ'��%$21-t � GJI $Ü')��RQLÑ'��%� G &S$��*�¢�%RQ$¼�%& ! ��� � LÑ�%� !SI LÑ$y� I � L N ��� ! ��"%$#�%&(')�I &Ã�-�Ú� ��! N �'m N R�} G LÑ$¼$�L �E! N ���*'_$�RQ&S$aLM&(')"*�y�r'¢m ! R½�#'a$)R	$�L �E! N L~�*LÑ'�"ut

©Yª0©Gª å ® ¨ ° §�Ñ ±7i�exf ¨ i0��c Ñ �xf!²�ffexf!��f Ñ
©Gª0©Yª0©Yª å ¨YÑ ±7i�exf ¨ i0��cÃe©i0± § j=g�cfehg�õ

λ1 = λ2 = 0
ª

= GJI � G ∈ C [[x, y]] { N � "S� I R½'�L G &
βy

∂

∂x
F = G

. � t � t � 1
!hG $#$y�*�S� I &S�	$ G N I ')L G &L} G � � � NÑN �Y$�� I N � � �*&�'Y$#L G(x, 0) = 0 t / "S�%L ! � G � I � � �%&('S{°' GJI ')�	$�"*��LM� G = yG̃RQ� � �*' I &S� ! ��L � L ')L ÿJ�	�*'r�*� NÑN � f �%L �%$]'%� G &(ÿQ�%��OQ�%&(')�Ô���*$�� I � G N � �%$#'St·Ç�&g�=& N ���2x=R �E! βy ∂

∂x
R½� � �r'

y � G��a� �ULÑ&(')"%OQ�)R N � ! �#� � L~�*����m�� K �#�%$Q� G &S&S�-���*$S{D�*��� I L·$�LÑOJ&SL��=�]� I � F1
�*' F2

$ G &('��S�*$ ! �#L � LÑ')L ÿJ�*$
��� I &S� � � � �P$�"*��LÑ�P$�L®�*'_$#� I N � � �%&('_$�L F1 − F2

�%$]'#} G &��*'�L G &û��� y I &SL~� I � � �*&('Ht



j�ì�j�ì!d!e�Â�É ] È�Å�ÊV`�^BÂ@Ê~ÌÄÆgÈVÇc^!ö=^a`=^�Ì_^gÈ �y�
¤ �*'�'����S�%$n�%��L ! ')L G &Ô$S� ��� ! �#L � � ! N I $#� G &��%LÑ$�� � �%&('_�=RQ&�$ N R1$ I L ')������Ru�r')�	�

βy ∂
∂x

0 → C [[y]] ↪→ C [[x, y]] −→ C [[x, y]] � C [[x]] → 0 .

q¤�*$ éY�S�2xS�*$ & G & N L K � NMN "%�*$Ð� G �����*$ !HG &S�S�*&('pR I � éY�S�2xS�*$ÅPÕ��RQ& G &SL~� I �*$RQ2t = RQ�����Ú� �E! N � 0 →
C [[y]] ↪→ C [[x, y]] � G ���#�%$ !HG &S�Þm N � LM& v ���*'�L G &¸&=R½' I ��� NMN � C [[y]] ↪→ C [[x, y]] t � GJI $URQ� GJ! ' G &S$N R � � � �r� G &(ÿJ�*&�'�L G &��=RQ&S$�' GQI ')� N Rû$ I LÑ'������a�*�*'�'���'yx��%$#�Ã�®$#L G &�&�� ! ��"S�*LM$#� ! R½$ I &��%é��S�2xS��{
�%� NÑN � f �%Lh�%$]' N RØéY�S�2xS�'��R½& G &SL�� I �ut
� GJI $®LÑ�S�%&('�L��=�*� G &S$ C [[y]] R�ÿQ�S� N � e�j mÄ¨ � â jG��°�cB± �S� βy ∂

∂x
{%�*' C [[x]] R�ÿJ���;$ G & �JjHe�j m@¨ � â j@�w°}c!± t

q¤��� G & G sJR I � G �����*$ !HG &S�rm N R#� G &(')��RQLM&('��SP¿�¸�¹�r')��� I &S�;$�"%�#LM� } G � � � NÑN ���S� !SI LM$#$)RQ&g�%�%$ !HG $#LÑ')L ÿJ�*$ GJI & I NMN �*$
�S� x �*' y Q2{ !SI LÑ$y� I ��' GJI ' G ∈ C [[x, y]] RQ� � �*' I &�� ! ��L � LÑ'�LÑÿQ�×�S� N RØ} G � � �

F (x, y) =
1

y
F0(x) + F1(x, y),

R�ÿQ�S� F0 ∈ C [[x]] �*' F1 ∈ C [[x, y]] t � GQI $a�S"��=&�LM$�$ G &S$ N � �%$ ! Ru�%�PÿQ�S�*' G ��LÑ� N

P̂ :=
1

y
C [[x]] ⊕ C [[x, y]]

� I L��*$#' N � �%$ ! Ru�*��P N � ! N I $�$�L �E! N �.Q×�=RQ&�$ N �S� I � N ' GJI '��P$�"*��LM�i} G � � � NMN ��RQ� � �*' I &S� ! ��L � L ')LÑÿQ�ut¤ G &S$�LÑ�S"%� G &S$ � RQLÑ&�'��%&=R½&�' G ∈ C {x, y}∩ βy ∂
∂x

C [[x, y]] �r'¼$)R ! ��L � LÑ'�LÑÿQ� F̂ ∈ C [[x, y]] '�� NMN �)� I �
F̂ (0, y) = 0 t®Å N ! RQ��R�ÈM'�� N RQLÑ�Q� I � F̂ �%$]'Ø� G &(ÿJ�*��OJ�*&�'��v� NÑN �	R I $�$�L�t¤Ç�&���»°�r'H{¤�%&����%$]')�#L~�*'�L G & m5�2x=Ru� I �
}k� I L NMN � {y = y0 6= 0} { G & R

∂

∂x
F (x, y0) =

1

βy0
G(x, y0)

� I L�$�� LÑ&('T�%OQ�����%&
F (x0, y0) :=

∫

[0,x0]×{y0}
G
dx

βy
.

. � t � t·¥�1

q�R � f } G � � �E�SL�»h"%�#�%&(')LÑ� NMN � dx
βy

�%$]' I &S� â jG�w°}cmg�c!° §�Ñ R½$�$ G �%LÑ"%�ÔR I �2xSR �E! βy ∂
∂x
t ¤ G���� �[�2x=Ru� I �

}k� I L NMN �U�%$#'Y$#L ��! N � � �*&�'Q� G &S&����Ú�u{ N R ! �#LM$#���¸� LÑ&�'�"%OJ��R N � . � t � t·¥�1×�S"��S&SLÑ' I &S�r} G &g�*')L G &æx G N G���G � ! x�� F$ I � I &	ÿ G LÑ$�LÑ&=RQOJ�¼" !hG LM&(')"��S� {y = 0} t = I LM$n� I � G = yG̃ {��%� NMN � f �*L��%$]' KhG �#&S"%�a�r' � G &��a$S� "*'��%&S�E�%& I &S�} G &��*'�L G &�x G N Gu�EG � ! xS�_$ I � I &vÿ G LÑ$�LÑ&=RQOJ�_�S� (0, 0) ��� R ! �n�%$ N �?'Tx�" G �n� � ���S�%$D$�LM&�O I N R½��LÑ'�"%$;R !S! R½���%&('��%$St= RQ�#� G &S$#'�� I �r')L G & F ∈ C {x, y} �%$]' N R ! ��L � L ')L ÿJ�×��� G � I L®$�� R½&S& I N ��$ I � {x = 0} �r'a� G &�� F̂ = F tÇ & ����} G � �UI N RQ&('��*�S�*L©R N OJ" K ��L�� I � � �%&('a& GJI $ GJK ')�%& G &S$ N R1$ I LÑ'��Y�-��Ru�*'��
βy ∂

∂x

0 → C {y} ↪→ C {x, y} −→ C {x, y} � C {x} → 0

RQLM&S$#LD� I � I &Ã�*$ ! Ru�*� ��� ! ��L � LÑ'�LÑÿQ�%$
P :=

1

y
C {x} ⊕ C {x, y} .

� GJI $aLÑ�S�%&(')L�� G &S$a�S� � � � � N �P& G sJR I �r' N �i� G & G s(R I �S� βy ∂
∂y
OJ�8¢u�%��m N R1$ I LÑ'�������Ru�*'��ut
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©Gª0©Yª�Í�ª å ¨YÑ e�jHepe�i�± § j=g�cfehg£õ

µ = 0
ª

¤ �'�%RQ$a�%$]'�RQ&SR N G O I �PR IÔ! �#"S�%"*�S�%&('×�*'_$�����"*$ I�� ���%& N �*$_$ I LÑ'��%$a����Ru�r')�*$
λ2y

∂
∂y

0 → C [[x]] ↪→ C [[x, y]] −→ C [[x, y]] � C [[x]] → 0

λ2y
∂
∂y

0 → C {x} ↪→ C {x, y} −→ C {x, y} � C {x} → 0

�*'_�%& N R-�S"��=&SLÑ'�L G &û���%$_�%$ ! Ru�%�*$?�S� ! �#L � LÑ'�LÑÿJ�*$
P̂ := log yC [[x]] ⊕ C [[x, y]]

P := log yC {x} ⊕ C {x, y} .
©Yª�ÍDª å ® ¨ ° §�Ñ ±�i7exf ¨ i0��c Ñ ® mD§ c���j�j@±7i0��¤c Ñ c(ga�w®�c!°«i�e Ñr¨YÑ.m ° § g�j=g�i�¸��c Ñ �JjHehg�i�e�� Ñ

©Gª�Í�ª0©Yª å ¨YÑ ® mD§ c���j�j@±7i0��¤cL��i ¨ ²^jHe ¨ ±*õ
µ ∈ H c(g

β = 0
ª

q¤R1��"*$ G N I ')L G &�} G � � � NMN �_�%$]'aL ��� "*�SL¥R�')� !SI LÑ$y� I � L N &¸��svR ! RQ$��S�P�#"%$ G &=RQ&��*�ut

µ > 0 β = 0

Ä GJI ')� ! �#L � LÑ'�LÑÿJ�V} G � � � NÑN ����� G =
∑

ga,bx
ayb $S� "S�*��LÑ'

F = f0,0 +
∑

a+b>0

ga,b
λ1a+ λ2b

xayb

g0,0 = 0

�%��� I L¤�%&('��)R�ÈM&S� N � ����Ru�r')LÑ' I �S�P�S� N R1$ I LÑ'��
Z1 ·

0 → C ↪→ C [[x, y]] −→ C [[x, y]] � C → 0

RQLM&S$#LD� I � N � �%$ ! Ru�%���S� ! �#L � LÑ')L ÿJ�*$
P̂ := log yC ⊕ C [[x, y]] .R � R I ')�#� ! R½�#'H{ !SI LM$n� I � µ /∈ R−

{=L N &�� sÔR ! RQ$a& G & ! N I $a�S� ! �r')LÑ'�$��SLÑÿfLÑ$�� I ��$��
(∀a, b ∈ N : a+ b > 0) |λ1a+ λ2b| ≥ max (min (|Im(µ)| , 1) ,min (Re(µ), 1)) > 0

� G &�� N �*$a��"%$ I N ')R½')$��*L f �S�%$#$ I $_���*$#')�*&('?ÿ½R N R K N �*$�R�ÿJ��� N �%$a�%$ ! Ru�%�*$)� G &(ÿJ�*��OJ�*&�'�$¢� G ���#�%$ !HG &S�SRQ&(')$St

� t´¥!t � t � t ·59&��9;:V98v)? þ$'wÿ.1;(*�5-s9;-@?@<�/Gþ��
q¤�¾}k� I L NMN �r'�RQOQ� F1

LM&�� I LÑ' ! RQ� Z1
$ I � C2 !HG $#$y�%��� N � LM&(')"*OJ�)R N � ! ��� � L~�*��� �1I N '�L�} G � � ��{�m7� K �#�%$

� G &S&����Ú�%$�{
H1 := xy−µ.� I RQ&S� µ /∈ R ' GJI '���}k� I L NÑN �P�*$#'?$�L ��! N � � �%&('V� G &S&����Ú�U�r'�RQ�gx��%�#�Øm {xy = 0} tHÇ�&g�=&�{ N ��}k� I L NÑN �r'�RQOJ��%$#';')��RQ&S$#ÿQ�%�#$���R I ��$ ! xg�%���*$D�#"%� NÑN �*$ RS2 !hGQI ��' GJI ' R > 0 {³�*�)� I L N I LY� G &g}I�*��� I &S�_$#'�� I �r' I �#�¢� G &SL~� I �"*' I �SLM"*�Y�*&Ã��"*'�R½L N ! R½��MØtSÅ2t=Â×�#& G N � �Ô�*'_Â]t R GJI RQ�Bs�t

è ¨5é�£¶ ©£¥¢¤£ ð   � t´¥Bt � ÏBÆ G L ' Z I &e�2x=R ��! �S�ÔÿJ���*')� I ��$ �*' F N �+}k� I L NMN �*')RQOJ�ûLM&�� I LÑ'StLW?&e�2xS� � LM&
γ : [0, 1] → C2\ {(0, 0)} �S��� N RQ$�$#� C1 $#�%�)R	�SL ' g ¨ eh²Hcfehg m Z . GJI m F 1D$�L {��%&Ô' GJI 'a'�� ��! $ t

γ′(t) = c(t)Z ◦ γ(t)
!hGJI � c(t) ∈ C t ¤ ���%L��*$#'�"�� I LÑÿ½R N �%&('#mU�SLÑ���)� I �P$ G &ûL � RQOQ�?�*$#'�LÑ&�� N I $��?�=RQ&S$ I &��¢}k� I L NMN �?�S� F t���& N �� I R N L��=�%��R	���'�2x�� � LM&û'�RQ&�OJ�%&('_�S� j ¨�Ñ c B := γ(0) �r'_��� cE÷�gH�;f!°«i¶g�f

E := γ(1) t
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o�L�� G &S$ I & !HG LM&(' M := (x0, y0) ∈ C2\ {xy = 0} t = GJI �?' GJI ' T > 0 { N �'�2xS� � LM& $ I L ÿQR½&�'×�%$]' I &�2xS� � LM&Ô'�RQ&�OJ�%&('

γT (M) : t ∈ [0, T ] 7→
(

x0e
−µtδ(µ), y0e

−tδ(µ)
)

,

G�ò δ(µ) := 1 $�L µ > 0 �*' δ(µ) := 1 + iRe(µ)−1
Im(µ)

$#L µ /∈ R
. G &«R R N G ��$ Re(µδ(µ)) = 1 1�thq G �#$y� I �

T '��%&S�«ÿQ�%��$ N � LÑ&g�=&SL N � �-�Ú'���" � L ')" ET := γT (M)(T ) ')�%&��«ÿJ�%�#$ (0, 0) �*' (γT )T
�*$#' I &���}�R � L NMN �-�S�

�2xS� � LM&S$a� �1KhG ÈM')"*$St
= GJI �_' GJI ' p ∈ N { N �]�2x�� � LM& N L � LÑ')�P$#�1��� ! RQ��R � �r')�#LM$��Y�%& I &æ�2xS� � LM& �S�Ø� N RQ$#$�� Cp �%& (0, 0)

. L N
�%$#'¼� G &������ N G &SO I � I ���=&�LM�>1-t = RQ�D�-�Ú� ��! N � G &v�S"��=&SLÑ' I &+�2xS� � LÑ& �S� K RQ$�� M �r'¼��� ���f'���" � LÑ'�" (0, 0) �

γ(M) : [0, 1] → C2

t 7→
(

x0 (1 − t)µαδ(µ) , y0 (1 − t)αδ(µ)
)

G�ò α > 1
. $�L µ > 0 G &Ã$ IS!S!HG $�� R I $#$�LD� I � αµ > 1 1�{Y� I L®�*$#'_�S��� N RQ$�$#� C [α]+1 t ¤ � ! �*&S�=RQ&('S{@�*��&�� �*$#'! RQ$ I &5�2xS� � LÑ&Ô')RQ&SOJ�*&('_R I $��*&S$a$#')�#L~�r'�� I ')�*� � � !SI LM$n� I �P$ G &ÔL � RQOQ�¢� G &�'�LM�*&�' N RU$�LÑ&SO I N RQ��L ')"�t � GJI $! RQ� N �%� G &S$aL~�*L��S���2xS� � LM& RQ$zs �E! ' G ')L�� I �i� G &('�LM& I ')RQ&SOJ�*&('¢m F1

t
å ®¤c!°«i�e Ñ�¨YÑ.m ° § g�j=g�i�¸��c Ñ �JjHehg�i�e�� Ñ ª= GJI � N � �#�%$#'�� � I �2x=R ! L ')�#�u{D& GJI $û���*&(ÿ G s G &�$Ã�*$�$��*&(')LM� NMN � � �%&('5m N � Â×&�&S���Ú� Â G�ò N R�' GJ!HG N G OJLM�

RQ$ns ��! ' G '�L~� I ���%$]'_�S"��=&�LM� ! ��"��%LÑ$�" � �%&('St
è ¨5é�£¶ ©£¥¢¤£ ð   � t·¥Bt·¥SÏ Æ G LÑ' Z I &5�2x=R ��! ����ÿJ�S�r')� I �#x G N Gu�EG � ! xS�¢m	$#LM&SO I N RQ�#LÑ'�"?LÑ$ G N "%���*& (0, 0) �*'

F N �Q}k� I L NÑN �*')RQOJ�?LM&S� I LÑ'Ht
. � 1�W?&L�2xS� � LÑ& γ : R+ → C2\ {(0, 0)} �%$]' I & �w®¤cB°}i7e g ¨ e�²^cfehg ¨YÑ.m ° § g�j=g�i�¸��cä�JjHehg�i�e��

��� �-�f')��" � L ')" E ∈ C2 �*'���� K RQ$�� B := γ(0) $�L N R×�#�%$#'���L��*')L G &1�S� γ m×' GJI '�LM&(')�*�#ÿ½R NÑN �Û� G���! Ru�*'�S� R+
�%$]' I &9�2x�� � LM&Ô'�RQ&SOQ�%&(')m F �*'

lim
t→+∞

γ(t) = E .

. ¥�1U�P&�R !�! � NMN �*�)R γ � m �³±kc�g ¨ e�²^cfehg ¨YÑ.m ° § g�j=g�i�¸��c��JjHehg�i�e�� ��� K RQ$�� B �*' ��� ���f'���" � LÑ'�" E N R
� G &��%R½')"*&=R½'�L G & ���-�S� I �L�2xS� � LM&�$�'�RQ&SOQ�%&(')$�RQ$zs �E! ' G ')L�� I �%$Q� G &(')LÑ& I $ γ+ �r' γ− �S� � � � �%$K RQ$����r'?�-�f')��" � L ')"�{��%��� I � N � G &û"S�*��LM��R

γ := γ+ ∧ −γ−.
. �³1YÅ N ���ÚLM$]')� I &S�_�S"��S&SLÑ'�L G &	&=R½' I ��� NMN �¼�S� N � ®�j@°}j=g�j § i�c-g ¨ eh²^cfehg�ikcB±0±kc �*&(')���V�2xS� � LÑ&S$ �*' ��s!� N �%$

RQ$ns ��! ' G '�L~� I �*$S{Äm ���f')�#" � LÑ'�"%$¢�g�Ú"*�%$ GJI & G &�t°�P& ! � I ' N R��S"S�*��LÑ����� G��a� � I &S��x Gu�EG ' GJ! LÑ�I &SL�} G � � � N � N G &SO?� I }k� I L NMN �*')RQOJ�ut%Å N �-��LÑ$#'��¼R I $#$�L I &S�D& G ')L G &U����x G���G ' GJ! LM��')RQ&SOJ�*&�'�LM� NMN � �*&�'����I &¾��s!� N �YRQ$zs �E! ' G ')L�� I �P�*' I & !hG LM&('Ht
� I RQ&S� µ ∈ H { N Rò$#')� I �*' I ���æ� G &SL�� I � �S� N R�$�LÑ&SO I N RQ��L ')" �S�<}k� I L NÑN �*')RQOJ�

x

|y|

! �*� � �*'�����x G���G ' GJ! �%��')RQ&SOJ�*&(')LM� NMN � � �%&('®' GJI '���s!� N �;RQ$zs ��! ' G ')L�� I ��� G &(')LÑ& I $ I �N R×$#LM&SO I N RQ�#LÑ')"�t�Â×LM&�$�L N R?' GQ!hG N G OJLÑ�;R½$ns �E! ' G '�L~� I �¶� G &(')LM& I �D�S� F1
{u� I LS�*&SO N GJK �N R ' GQ!hG N G OJLÑ�DP KhG �#&S"%�JQ1� I }k� I L NÑN �r'�RQOJ��{^�%$#'P'���L ÿÚLMR N ��thÁÃLM� I �Ä{ N �]}k� I L NÑN �r'�RQOJ� �%$]'g ¨ eh²Hcfehg�i�c!±0±�c!°}cfehg]�JjHehg>� ¨ �Qg�i0±kc {³��� �*$#'#m �SLM�#�)� I �×' GJI 'Û��s!� N �PRQ$ns ��! ' G ')L~� I �

� G &(')LÑ& I '�RQ&SOQ�%&('�m F1
�%$]'·'�R½&SOJ�%&('�LM� NÑN � � �*&�'�x G���G ' GJ! ��m (0, 0) t�q®�¼Ä�xS" G �y� � �ÂØ�=�%$]' ! � GJI ÿJ"Y�=RQ&S$ N �i�%RQ$ µ ∈ H t



�yÀ j8ì�Çc^Bí�ÊV`ÄÊ Á�ÊGb�`�È�îuÊV`�Á�Ì5b¸Ç�ï¸Ê ÁYÆBÈ*ðäÁ�ÌÄÂ)ñ�Æ�Ì�ÈiÅaò Æaó�ÆBÉ ] ÅuÆ+ÇDÆBÈ$d!e¸Â�É ] ÈiÅ�ÊV`�^BÂ@Ê~ÌÄÆgÈ
� t´¥!t � t·¥Bt �T9;3gÿ.-0ýJ/�#.-@?u9;3~+g� /B3¸þ��@ý.?G(}?G-@?G,uþ�%�9;:V9;(U9wýZ��%Yþ6�!'uý0?G3�-�Auvuý�')-2?u9;35�
�P&ñ�g�Ú� F (0, 0) = 0 �r' G & $��Ã� G &S&�� G ∈ C {x, y} {�� I � N � G &�$ IS!S!HG $��<x G N Gu�EG � ! xS�û$ I � I &!hG N sf�SLM$n� I � rD × rD !hGJI � r > 0 $ I ÔE$�R ��� �*&�' ! �*'�LÑ'Ht=�P&5� G &S$�LÑ���%�#��L~�%L N R�} G � � �×'�� ��! $

τ1 :=
dy

λ2y
.

ª�¨^´�²©¯gû � t·¥Bt¹�=Ï®��& !HGJI �#�)RQL '�R I $�$#LB� G &S$�LÑ�S"%�#�%� N R�} G � � ��')� �E! $ τ2 := dx
λ1x
{ GJI ' GJI ')� � Gu�1K LM&SRQLM$ G &N LM&�"�RQLÑ��� τ := vτ1 + wτ2

'�R½&�'V� I � N R�� G &S�SL ')L G &
τ(Z1) = 1

�%$#'_ÿJ"*��L��="%��t^Ç & �S"*$�LMOQ&=RQ&(' ! RQ� C {(x, y)} N �i� G � ! $a�S�%$aOJ�*� � �%$a�S�i} G &��r')L G & � "%� G���G � ! x����%& (0, 0) {N � �%$ ! Ru�%�Ô�S�*$%} G � � �%$U'�� ��! $-�S� Z1
�*$#'	LÑ$ G���G � ! xS�+m I & C {(x, y)} f �%$ ! Ru�*�ÃRwÔE&��û�S�û�SL � �%&�$�L G & ��S"��=&�L ! RQ� N R���� N R½'�L G & v(x, y) +w(x, y) = 1 t R RQ&S$ N �)�%RQ$¼�S"*OJ"%&S"*��"Q�*�*'D�%$ ! Ru�%���*$#'����×�SL � �*&S$�L G & 0 �L N &S��� G &(')LM�*&(')� I � I &Ã" N " � �*&('Ht

Æ IS!S!HG $ G &S$)� I � G(0, 0) = 0 t^Á G &(')� G &S$V� I � !HGJI �¼' GJI ' M ∈ C2 �r'_' GJI 'V�2xS� � LÑ&ÃR½$ns �E! ' G '�L~� I �
� G &(')LÑ& I γ ��� N L¥RQ&(' (0, 0) m M { N Rr� I RQ&(')L ')"

F (M) :=

∫

γ

Gτ1

� G &(ÿJ�*��OJ� �*'a&S���S" ! �*&S� &�L®� I �2x�� � LM&�{S&�L®�S� N RØ} G � � ��'�� ��! $StH��& R �
γ∗Gτ1 = t 7→ 1

λ2

G ◦ γ(t)y
′(t)

y(t)
dt.

q�R-'�R½&SOJ�%&g�%���S� γ R I }k� I L NÑN �*')RQOJ�?$S� "S�%�#LÑ'
y′(t) = c(t)λ2y(t)

x′(t) = c(t)λ1x(t)R�ÿQ�S� t 7→ c(t) �S��� N RQ$�$#� C1 $ I � R+
t R �%$ N G �#$S{S�*& !HG $�RQ&(' G(x, y) = xG0(x) + yG1(x, y)

{

γ∗Gτ1 =
1

λ2
G1 ◦ γy′dt+

1

λ1
G0 ◦ γx′dt

=
1

λ2

γ∗G1dy +
1

λ1

γ∗G0dx

�*' ! RQ�a$ I LÑ')� N � LÑ&(')"%OQ�)R N ��OJ"%&�"%�)R N LM$#"%�
∫ +∞

0

γ∗Gτ1 =

∫

γ

G1dy +

∫

γ

G0dx

� G &(ÿJ�*��OJ�;R K $ G N Ig� �*&�'St = RQ�¤RQL NÑN � I ��$�{�� G��a� � N �%$¸}k� I L NÑN �%$h$ G &('©RQ$zs ��! ' G ')L�� I � � �%&('®$�L �E! N � � �%&('¸� G &S&����Ú�%$�{N � LM&(')"*OJ�)R N � &S�D�S" ! �*&S� ! RQ$©� I �2xS� � LÑ&1RQ$zs �E! ' G ')L�� I ��� G &(')LÑ& I ��� N L¥RQ&(' M m (0, 0) �¸� R ! �y�%$ N � 'TxS" G �y� � �. � t·¥Bt � ! t¹� ¡ 1-tÚ�P& ��G &(')���a$�RQ&S$ ! �%LÑ&S�#� I � F �*$#'DR N G �#$�x G N G��EG � ! xS��$ I � I &Eÿ G LM$#LM&=RQOQ�_��� (0, 0) �*'�� I �
Z1 · F = G tè ¨5é�£¶ ©£¥¢¤£ ð   � t·¥Bt�µ^Ï�Æ G L ' γ I & ��s!� N �ûRQ$zs �E! ' G ')L�� I ��� G &(')LM& I ')RQ&SOJ�*&�'rm Z �*' G I &S��} G &��*'�L G &
x G N Gu�EG � ! xS�_$ I � I &vÿ G LÑ$�LÑ&=RQOJ�_�S� N � L � RQOQ�_��� γ t [�ë i7eHg�f�²@� ¨ ±kc �S� GτZ ±kc5±�jHeh²ä��c γ { Guò τZ �%$]' I &S�} G � � ��')� �E! $_RQ$#$ G �%LÑ"%�'m Z {S�%$]'×��"��=&SLÑ�i� G���� � N � LM&(')"*OJ�)R N �×OJ"*&S"%��R N LÑ$�"*�

∫

γ

GτZ :=

∫ +∞

−∞
γ∗ (GτZ) .

Ç &¸Â?&S&S���Ú�	Â & GJI $ �EG &('�� G &S$ N � !HG LM&(' . � 1×� I 'Tx�" G �n� � �1$ I L ÿ½RQ&('H{°ÿ½R N R K N � �=RQ&S$ N ����R½�S��� ! N I $N RQ�#OJ�P�S�%$#��sB� N �*$×RQ$zs �E! ' G ')L�� I �%$ . ��LM$y�*���r')$21��
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ü �¨ ð ¯¤¨^´ � t·¥Bt � Ï ¥ 9;? þ.3�-$/B3ý9;/{,uþ�ýJ-

V 3 (0, 0) � Z /{3ý#&%!')(*�þ+!þ�,uþ&#.-Õþ./!ý2ÿ�%�9;:V9;(U9wýZ��%Yþ[ÿ./!ý
V � ')/!<�/Gþ.:*9;3Ï'wÿ2ÿ�9�#.? þ£/{3¸þ�K�9wý.(�þ�- þ.(*�Yÿ

τ � þ.-
G ∈ O (V )

�>¦\3eÿ./��E��9>ÿ>þ�<�/Yþ
(0, 0)

þ2ÿ.-$:8� /{3�?@<�/Yþ
ÿ.?G3Bv)/{:F'uýJ?G-�A>+!þ

Z
�\¦\3<ÿ>þ>+B9;3�3¸þ$/{3¸þD%�9;(U9;-�9&�5? þ0-u')3Bv!þ.3�-2? þ.:G:~þ

Hs
þ.3�-0ýTþI+!þ./)wr#.1E#.:~þ2ÿ>'wÿ.1�(*�5-�9;-@?@<�/Gþ2ÿ

γ0 := H0
þ.-
γ1 := H1

-Z')3Bv!þ.3�-ëÿ�|
FZ � 9;3q��9;/Bý-ý�'�ÿ./��E��9>ÿ>þ�ýT�!'uý�'Ep�/�ÿ�<�/Yþ$:8� /B3~+!þ2ÿ�+!þ./�w9þ2ÿ.-�ýCA8+)/B?G-|U/{3U��9;?G3�- �)�

. � 1 ¥ /��E��9>ÿ�9;3gÿ6<�/L� ')/�#./B3U+!þ2ÿ§#.1E#.:~þ2ÿT3��îþ2ÿ.-�ýCA8+)/{?G-c|
(0, 0)

�{ÿT3q3�9;-u')3�-
γ̃

:~þ§#&%Yþ.(}?G3t'wÿ.1�(*�5-�9;-2?@<�/Yþ#&9;3�-2?G3�/r+!þ2ÿrþ�w�-0ý&A.(}?G-�A2ÿ
s ∈ R+ 7→ Es � ÿ.? ∫

γ̃
Gτ

#&9;3�,uþ�ýuv!þ$'):V9wý2ÿ
∫

γ0

Gτ =

∫

γ1

Gτ .

. ¥�1 ¥ /��E��9>ÿ�9;3gÿ0<�/Gþ
Z
þ2ÿ.-�: ?G3�A8')?ëýTþ � 3�9;/³ÿ03¸þSKn')?~ÿ�9;3gÿ6�!'wÿ$3�A&#2þ2ÿ2ÿ�')?ëýTþ.(�þ.3�-L:8� %B1&��9;-²%��2ÿ>þ

µ ∈ H
�)�¥ ?

γ1
ÿ>þ�ýCA8+)/{?G-6|

(0, 0)
þ.-\<�/Yþ

G
'E+)(�þ.-�/B3¸þ

Z1

7V�@ýJ?G(}?G-@?G,uþLK�9wýJ(�þ.:G:~þ � '):V9wýTÿ
∫

γ0

Gτ = 0.

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ . � 1TM G LM� N � Â×&�&S���Ú��ÂØt·¥Bt·¥+t. ¥�1 � GJI $P$ I�!S!hG $ G &S$ K LÑ�%&¸$8�S�i� I � γ0 &�� �*$#' ! RQ$P�#"%� I LÑ''m I & !hG LÑ&('H{°�r'�& GJI $�"���RQ�]' G &S$YR I $�$�L N �
��RQ$�'���LÑÿfLMR N G�ò N � L � RQOJ���S� γ := γ0 �%$]'�LM&�� N I $#�U�=RQ&�$ I &S�1$#" ! RQ��R½')�#L~�*�ut � GJI $P�S"�� G���!HG $ G &�$ G �*& N R
$ G���� �

G(x, y) = xG0(x) + yG1(x, y).ÆÚL µ 6= 0 �*' β = 0 { N � � � � � �)RQLÑ$ G &�&S� � �%&('i� I � R I f �S�%$#$ I $ ! �*� � �*'P���-$��-�)R � �*&S�%�im I &S�1LM&('�"%OJ��R N ��S� N R�} G � � �
1

λ2

∫

γ

G1(x, y)dy +
1

λ1

∫

γ

G0(x)dx

�*' N Ra� G &�� N I $�L G & $ I LÑ'SthÆÚL µ = 1 �*' β = 1 { G & �S"�� G���!HG $�� G �%& (x+ y) G̃0(x + y) + yG̃1(x, y)
thÆÚL

µ = 0 ��� �*$#'_"*ÿfLÑ�S�%&('Ht �

� t´¥!t � t¹�gt �T9;3�#.: /³ÿ.?u9;35�

l ®xffjG��y!°}c�t³ë Ì �©i ¨ ²^jHe ¨ ±ZÍ�ª " þ\KHþ./B?G:G:~þ.-u'�v!þ
F1

?G35+)/B?G-��!'uý
Z1

ÿ./!ýI/B3���9;: 1)+)?~ÿ�<�/Gþ
rD × rD

þ2ÿ.--Z')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-�#&9;3�-0ý�'B#.-2?G:~þäþ.-I-�9;/B-���9;?G3�-
M 6= (0, 0)

�Yþ./B-tH.-0ýTþLýTþ.: ?uA³|�:F' ÿ.?G3Bv)/{:F'uýJ?G-�A��!'uýr/B3#&%Yþ.(}?G3~'wÿ.1�(*�5-�9;-@?@<�/Gþ}#&9;3�-@?G3�/£-Z')3Bv!þ.3�- � +!þ0:V9;3Bv)/Yþ./BýLoS3�? þ��

l ®xffjG��y!°}c � ë Ì ��i ¨ ²HjHe ¨ ±ZÍ�ª�¥ 9;?G-
F1

:~þgKHþ./{?G:G:~þ.-u'�v!þ�?G35+)/{?G-_�!'uý
Z1

ÿ./!ý*/B3I�Yþ.-2?G-5��9;: 1�+)?~ÿ�<�/Yþ
rD×

rD
#&9;3�-Õþ.3�/+E')3gÿ$:~þ$+B9;(t')?G3¸þ�+!þ�+BA²oS3�?G-@?u9;3~+!þ

G ∈ C {x, y}
�

. � 1 ¥ ?
G

��9>ÿ2ÿ��8+!þ�/B3¸þ��@ýJ?G(}?G-2?G,uþT%�9;:V9;(U9wýZ��%Yþ
F

'):V9wýTÿ���9;/!ý�-s9;/B-S#&%Yþ.(}?G3�'wÿ.1�(*�5-�9;-@?@<�/Gþ�-u')3Bv!þ.3�-
γ

+!þ�p&'wÿ>þ
B
þ.-6+g�îþ�w�-�ýCA.(}?G-�A

E
º

F (E) − F (B) =

∫

γ

Gτ1 .

. ¥�1 G 'E+)(�þ.-t/B3¸þ��@ýJ?G(}?G-@?G,uþ}K�9wýJ(�þ.:G:~þ<ÿ.?aþ.-rÿ>þ./{:~þ.(�þ.3�-�ÿ.?���9;/!ý�-�9;/{-�#&%Yþ.(}?G3 'wÿ.1;(*�5-s9;-@?@<�/Yþ#&9;3�-2?G3�/
γ

+g�îþ�w�-�ýCA.(}?G-�A
(0, 0) � ?G:'þ�w�?~ÿ.-Õþ�/B3¸þIK�9wýJ(�þ³- þ.(*�Yÿ

τ
-Õþ.:G:~þ«<�/Yþ ∫

γ
Gτ

#&9;3�,uþ�ýuv!þ��
� ')3gÿI#2þI#8'wÿ � #2þ.-@-Õþ$?G3�-sAuvuý�'):~þ$3¸þ�+BA��Yþ.35+0�!'wÿ$+)/~#&%Yþ.(}?G3´#&%�9;?~ÿ.?G-u�



�8� j8ì�Çc^Bí�ÊV`ÄÊ Á�ÊGb�`�È�îuÊV`�Á�Ì5b¸Ç�ï¸Ê ÁYÆBÈ*ðäÁ�ÌÄÂ)ñ�Æ�Ì�ÈiÅaò Æaó�ÆBÉ ] ÅuÆ+ÇDÆBÈ$d!e¸Â�É ] ÈiÅ�ÊV`�^BÂ@Ê~ÌÄÆgÈ
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 11ÆfL γ �%$#' I & �2xS� � LM&«')RQ&SOJ�*&�'S{ �%�û�#"%$ I N ')R½'-$S� GJK '�LM�*&�'	�*&����S� GJI ÿf�)R½&�' N � L � R½OJ�E��� γ ! R½�1�S�%$! N Ru� I �*$¼$ I � N �*$y� I � NMN �*$ G &E')��L ÿfL¥R N LM$�� Z �%& ∂

∂t
t ¤ � �%$]'aR N G ��$ I &S���#"%"��%��L ' I �#�×� I 'yxS" G �y� � �)} G &S�=R � �%&('�R N

� I ��R N � I N �SL�»h"%�#�%&(')LÑ� N t�q¤RL� G &g� N I $�L G &«$S� �%&S$ I LÑ' ! RQ� ! RQ$#$)RQOQ�5m N R N L � LÑ')�	�S�+�*�*'#')�+� G &S$#'�� I �r')L G &z�*'
OJ�C¢u�*�'m N Rr� G &(')LÑ& I LÑ'�"P�S� F t ¤ � �%$]' I &Ã�#"%$ I N '�R�'�ÿQR N R K N � !HGJI �¼' GQI '#�2x=R ��! ����ÿQ�S�r')� I ��$St. ¥�1 G !hG $�$y�*�S� I &S� ! �#L � LÑ'�LÑÿJ�¶} G � � � NMN �¼$�LH�*';$�� I N � � �*&('¼$�L G(0, 0) = 0 tÚÆ IS!S!HG $ G &S$D' GJI 'Ü��� R KhG ���� I � G(0, 0) = 0 t Ç�&�RQ�=R ! ')RQ&(' N �û��RQLM$ G &S&S� � �*&�'��S� N R $��S�r')L G & ! ��"S�*"%�S�*&(')�u{Ü$�L γ �%$]' I &ñ�2x�� � LM&
RQ$ns ��! ' G '�L~� I �a� G &(' N � L � RQOJ�;&�� �*$#' ! RQ$ÜLM&�� N I $#�a�=RQ&S$ {y = 0} { ∫

γ
G dy
λ2y

� G &(ÿJ�*��OJ��tSÆfL N � L � RQOJ�¼�S� γ �%$#'LM&�� N I $#�Y�SRQ&S$ {y = 0} L N $ I Ô	'_�S��� G &S$#LM�S"*���*� dx
λ1x

� G��a� �Q} G � � �×'�� ��! $St/ "��%L ! � G � I � � �%&('H{S$#L G(0, 0) 6= 0 �*' !HGJI � N �Q�2xS� � LM& γ �S"��=&SL®�%&Ô$#�S�*'�L G & ! ��"S�*"%�S�*&(')�u{ N � LÑ&�'�"%OJ��R N �
∫

γ
Gτ �SL ÿJ�%�#OJ��� I � NÑN �i� I �Y$ G L ' N RØ} G � � ��'�� ��! $ τ := a dx

λ1x
+ (1 − a) dy

λ2y
� G &S$�LÑ�S"%�#"%��t �

©Gª�Í�ª�Í�ª å ¨YÑ g>��i ¨ e�²@��± ¨ iI��c´õ
β = 1

ª
q®� !HG LM&('U�S� ÿ I �[} G � � � N R � �*&S� I &S� . N "*O��%�#�>1��SL�Ô�� I N ')" ! RQ� �)R !S!HG �]'-R I

µ = 1 β = 1

��R½$_��L¥RQO G &=R N tBq®�%$_$�"*��LM�*$ G :=
∑

ga,bx
ayb �*' F :=

∑

fa,bx
ayb $)R½'�LM$n} G &�'

Z1 · F = G
$�L®�r'_$�� I N � � �%&('_$�L

λ2 (a+ b) fa,b + (a+ 1) fa+1,b−1 = ga,bR�ÿQ�S� N R�� G &�ÿQ�%&(')L G & fa,−1 = 0 t ¤ x G LM$#LM$#$ G &S$ f0,0 ∈ C
.
g0,0 = 0 1-t^Ç &�$ I L ')�u{ !HGJI �¼' GJI ' n ∈ N �r' !HGJI �

a + b = n {
fa,b =

1

λ2 (a+ b)
(ga,b − (a+ 1) fa+1,b−1)

�S�?$ G �#'��#� I � !HGJI � b = 0 G &E��"*')�*� � LM&S� fn,0 $)RQ&S$ "�� I LÑÿ G � I �_�*'H{(��� ! � G �2x��_�*& ! � G �2xS�u{ G &��S"*'��%� � LÑ&S�
fn−b,b

!HGJI � 0 ≤ b ≤ n tq�R-$ I LÑ'��
Z1 ·

0 → C ↪→ C [[x, y]] −→ C [[x, y]] � C → 0
�%$#'?����Ru�r')��t R � ! N I $ Z1

!HG $#$y�%��� N � � � � �P�*$ ! Ru�*� ��� ! ��L � LÑ'�LÑÿQ�%$Û� I �Y�=RQ&�$ N �i��RQ$ G�ò β = 0 t

l j § jÄ±kjG²Hi�c ¨YÑnm ° § g�j=g�i0��¤cÃc(ga�JjHe Ñ g>�w���Qg�ikjHeZ�Së��©e¤c § ��i0°«i¶g�iIÓHc §�¨ �vi�ehg�f�²G� ¨ g�ikjHe ª

ÅÕ�%L��%&�� G ��� N �æ}k� I L NÑN �*')RQOJ�Ã�%$#' ')��RQ&S$]ÿJ�%�#$��}R I �C$ ! x��%�#�%$ RS2 {_� G &��¸$)R�$#'�� I �r' I �#�Ð� G &SL~� I � N �¸�#�%&S�
'�RQ&SOQ�%&(')LÑ� NMN � � �%&('�� G &�'��)Ru�r')L N �utJÇ &B�=&�{��%&E��� ! ���%&SRQ&(' N R���" � RQ�y�2xS�_� I ��RQ$Ü�SLMRQO G &=R N { G &a� G &S$#'�� I L ' I &S�! ��L � L ')LÑÿQ�E��� G �*&zLM&(')"*OJ�)R½&�' Gτ1 N � N G &SOÃ�S�+�2xS� � LM&�$-RQ$ns ��! ' G ')L~� I �*$�� G &�'�LM& I $1�#� N L¥RQ&(' (0, 0) R I!hG LÑ&('#� GJI ��RQ&('Ht

å jHe��³±�� Ñ ikjHe ª
q¤��Ä�xS" G �y� � � � � . ��L¥RQO G &=R N 1 �%$]'?ÿf�)R½L��=RQ&S$V�%���%RQ$_R I $�$#L tYq¤R	�S" ��G &S$]')��R½')L G &û�%& �%$]'?$#L � L N RQLM�#�ut



j8ì �.ì!d!e¸Â�É ] È'ÅwÊV`=^!ÂÄÊ�Ì¸ÆBÈ)Ì_^gÈnb�`�`¸Â_`�ÁGÈ)ÆBÁ�d{ùcd�ÅuÆBÈiÁ�Â_`=ö�ÆB`¸ÁGÈ �yó
©Yªøµ�ª å ® ¨ ° §�Ñ ±�i�egf ¨ iI��c Ñ ��f Ñ jHe�e ¨ eHg Ñ c(ga� m �³±kc Ñ g ¨ e�²^cfehg Ñ

¤ �'�%RQ$_R�"r')"�"*' I �SLÑ" ! RQ� R t ¤ �%�]ÿJ�%R I �r'�Á t � �%�]'TxSLÑ�%���=RQ&�$ 	X� c�
 å cE� t � GJI $ !HG $ G &S$
Z1 := λ1x

∂

∂x
+ λ2y

∂

∂yR�ÿQ�S�
λ1

λ1

= −p
q
,

(p, q) ∈ N∗ × N∗ �*' p ∧ q = 1 t= GJI � G =
∑

ga,bx
ayb ∈ C [[x, y]] { N � "S� I R½'�L G &5x G���G N G OJL~� I �

Z1 · F = G

$S� "S�%�#LÑ'
∑

a,b

(λ1a + λ2b) fa,bx
ayb =

∑

a,b

ga,bx
ayb .

q¤�*$_'��%� � �*$���"%$ G &S&=R½&�'�$�R !�! RQ�)R½LM$�$#�%&('a����Ru�r')� � �*&�')� I RQ&S� N ��'��%� � � λ1a+ λ2b
$�� R½&S& I N �	�

xayb = un

⇔
a = nq �*' b = np

⇔
λ1a + λ2b = 0 .

q�� LM���%&(')L��Y��R½'�L G &v'��%� � �'m1')�*� � �P�%&(')��R�È¥&S��� G &�� !hGJI � N �%$¼'��%� � �*$_�#"%$ G &S&=RQ&('�$
gnq,np = 0

'�RQ&S��LM$#� I � N �i�2x G L �Ô�S� fnq,np �*$#' N L K ����t^ÆÚL xayb &�� �%$]' ! RQ$ I &S� !SI LÑ$�$)R½&��%�Y�S� u R N G ��$
fa,b =

ga,b
λ1a+ λ2b

.

Â×LM&�$�LD�%�r'�'��Y$ I LÑ'����%$#'_�-�SR��*')���
Z1 ·

0 → C [[u]] ↪→ C [[x, y]] −→ C [[x, y]] � C [[u]] → 0 .
¤ x=Ru� I �Y$�"%�#LM� G R½� � �r' I &S� Z1

f ! ��L � L ')L ÿJ�×�SRQ&S$ N � �%$ ! Ru�%�PÿQ�S�*' G ��LÑ� N
P̂ := log xC [[u]] ⊕ C [[x, y]] .

� I RQ&S� G ∈ C {x, y} ∩ Z1 · C [[x, y]] �*' λ1a + λ2b 6= 0 R N G �#$
|λ1a + λ2b| ≥

∣

∣

∣

∣

λ2

q

∣

∣

∣

∣

|qb− ap|

≥ |λ2|
q

.

= RQ�1$ I LÑ'�� N R $�"*��LM� ∑ fa,bx
ayb �%$]'	R K $ G N I�� �%&('Ø� G &(ÿJ�*��OJ�*&(')�u{��*�[� I LD�*&(')�)R;È¥&S�[� I � N R $ I LÑ'�� ����Ru�r')�! ��"��%"%���%&(')�P�#�%$#'��?ÿ½R N R K N ���*&v��� �E! N Ru�%RQ&(' N �%$Ü�%$ ! Ru�%�*$Û} G � � � N $ ! RQ� N �*$;�*$ ! R��%�%$D�S�×OJ�*� � �%$ � G �#���*$ !HG & f�=RQ&(')$�tHÅ N �*& ÿ½R-�S� � � � � !hGJI � N � �%$ ! Ru�%���S� ! �#L � LÑ')L ÿJ�*$ P t



YCª j8ì�Çc^Bí�ÊV`ÄÊ Á�ÊGb�`�È�îuÊV`�Á�Ì5b¸Ç�ï¸Ê ÁYÆBÈ*ðäÁ�ÌÄÂ)ñ�Æ�Ì�ÈiÅaò Æaó�ÆBÉ ] ÅuÆ+ÇDÆBÈ$d!e¸Â�É ] ÈiÅ�ÊV`�^BÂ@Ê~ÌÄÆgÈ
©Gªøµ�ª0©Yªa�*ehg�c�� § ��f(g ¨ g�i�jHe�cfe g�c��w°}c Ñ �¤c g�j § j@±�jG²Hi�cGª� GJI $ !HGJI ÿ G &S$DLÑ&�'��%� ! ��"r')�%� �%�r'�'��?$ I LÑ'��?�-�SR��*')�?OJ" Gu� "r')��L�� I � � �%&('H{(�*& N G �%R N LÑ$)RQ&(' N �%$ GJK $#'�� I �r')L G &S$

mv��"%$ GJI �S�#� N � "S� I R�')L G &Lx G���G N G OJL~� I ���=RQ&�$ N RE' GJ!HG N G OQLM��& G & '���L ÿÚLMR N ���S�*$Q}k� I L NMN �%$_� I }k� I L NMN �*'�R½OJ� F1LM&S� I LÑ' ! RQ� Z1
t ¤ x=R�� I �'}k� I L NÑN � L R !hGQI ��"S� I R½'�L G &

xqyp = cte,

�S��$ G �]')��� I �
L =

{

(x(t), y(t)) :=
(

x0e
−pt, y0e

qt
)

: t ∈ C
}

.

q�Rr} G &��r')L G &
H1 := xqyp = u

�%$#' I &S�vLM&('�"%OJ��R N � ! ��� � L��%�#� � I }k� I L NÑN �*')RQOJ��m¾� K ���%$r� G &S&S�-�Ú�%$S{��u� �%$#' f m f �SLM�#��� I � N �%$]}k� I L NÑN �*$ �S� F1$ G &('?����Ru�*'�� � �%&(' N �*$V� GJI � K �*$_���Y&�LÑÿJ�%R I �S� H1
{Y� G���� �×& GJI $aÿJ�*& G &S$_�S� N �P�S"��%�#LM����t

q¤�*$)}k� I L NÑN �%$���� F1
{Gx G � � LÑ$ N �%$_$�" ! RQ�)R�')��L��%�*$)� G ���#�%$ !HG &S�SRQ&('PR I �¾� G��E!HG $�RQ&(')�%$

|y|

x

� G &S&����Ú�%$?�S� {xy = 0} \ {(0, 0)} {Y� G &(')LÑ�%&S&S�*&('?���%$V��s!� N �%$�'�RQ&�OJ�%&(')$
γ : t ∈ [0, 1] 7→

(

x0e
−p2iπt, y0e

q2iπt
). � t¹�gt � 1

� I L�&S�Y$ G &('ix G��EG ' GJ! �%$Vm R I � I & !hG LÑ&('×�S� C2 �%& �#�%$#')RQ&('��=R½&S$ L̄ t@q®� ��G � I N ���S�
x �r' y �*$#'��*&v��»h�*' !HG $#LÑ')L�}�$ I �;' GJI $ N �%$Û� G���! Ru�*'�$D�S� L̄ {�R N G �#$�� I � N � LÑ&S�SL��%�a& G &v& I N�S� γ R I ' GJI �Y�����2x=Ru� I &S�E�S�%$ $�" ! RQ�)R½'���L��%�%$ �%&(')��R�È¥&��a� I � N �	$�� I N !HG LÑ&�'Y�S� C2 R I � I � N γ ! � I '��*'����x G���G ' GJ! �P�%$]' (0, 0) tGq�Rr� N RQ$#$���� I ��s!� N � γ �%&SOJ�*&S�S�#� N �POJ� GQIS! ������x G���G ' GJ! LM�×�S� L t¤ x G LM$#LM$#$ G &S$

τ1 :=
dy

λ2y

� G���� ��} G � � ��')� �E! $¤RQ$�$ G �*LM"%��m Z1

. L��%LJR I $�$#L N � �%$ ! Ru�%���S�*$D} G � � �%$°'�� ��! $®�%$]'¤LM$ G��EG � ! xS� m C {(x, y)} 1-t�P&Ô�#� � RQ�y� I � '$��9>ÿ.-Õþ�ý.?u9wýJ? � I � N �%$ ��G &�ã � �%$D��"%$ G &S&=R½&�'�$?$ G &(' N �%$a$#� I N $ ��G &�ã � �*$ xaybτ1 �¸� LÑ& f')"%OQ�)R N �P& G & & I NMN � N � N G &SO	�S� γ t ¤ � N R	��"S� GQI N ����� I &9��R N � I N �SLÑ�����*'��
∫

γ

xaybτ1 =
2iπq

λ2

xa0y
b
0

∫ 1

0

e2iπt(bq−ap)dt ,

N R-& I NMN LÑ')"×�S���%�*'#')�YLM&(')"*OJ�)R N ��"r'�RQ&('_"S� I L ÿQR N �%&('��]m λ1a + λ2b 6= 0 tSÂ I $�$�L N � GJK $#')� I �*'�L G &9m N � ���ÚLÑ$#')�*&��%���� I &S� ! �#L � LÑ')L ÿJ��x G N G���G � ! x��Y��� G ∈ C {x, y} $�� N LÑ' f � NÑN ���=R½&S$ N � LM&('�"%OJ��R N �P�S� G N � N G &SO��S�%$Q��s!� N �*$
� G &(')�*& I $×�=R½&S$ N �%$¶}k� I L NÑN �*$¼�S� N R-���*$#'���L~�r')L G &û�S� F1

R I f �S�%$#$ I $_��� I & !hG N sf�SLM$n� I � rD × rD t
©Gªøµ�ª�Í�ª å jHe Ñ g>�w���Qg�ikjHeZ�Së��©e¤c § ��i0°«i¶g�iIÓHc §�¨ �ûi�ehg�f�²G� ¨ g�ikjhe�ª
�P& ! � I '¤�*$�$�R>sQ�%���S�����r')� GJI ÿJ�*� N � LM&(')�*� ! �#"*'�R�')L G &×OJ" G�� "r')�#L~� I � ! �#"S�*"%�S�*&�'��D��� I &S� � RQ&SL��%�#� � G &�$#')� I � f')LÑÿQ�ut_W?& $#�%&S$��*$#'×L ��� "*�SL¥R½'��H$�L G RQ� � �*' I &S� ! ��L � LÑ'�LÑÿQ�'x G N G���G � ! xS� F {HR N G ��$ !HGJI �?' GJI ')�2xS� � LM&

γ '�R½&SOJ�%&('?R I }k� I L NMN �*')RQOJ� G & R
F ◦ γ(1) − F ◦ γ(0) =

∫

γ

Gτ1.

= RQ�a$ I LÑ')��{=$�L γ �%$]' I &9��s!� N �P'�RQ&�OJ�%&('H{ N � LÑ&(')"%OQ�)R N ��RQ$#$ G �%LM"*��$���� G L 'a���¹�r')�#�Y& I NÑN ��tÆ IS!S!HG $ G &S$P�=RQ&S$ I & ! ��� � LM�*�×')� �E! $Q� I � q = 1
. GJI { ! RQ��$zs � "*'���LÑ�u{ p = 1 1-t � GJI $Q� G &�$�LM��"%� G &S$I &Ã��LM$y� I ��')��RQ&S$]ÿJ�%�#$�� R I }k� I L NMN �r'�RQOQ�u{ Σ := rD × {1} {S$ I � N �S� I � N & GJI $a�S"��=&SLM$#$ G &�$ N Rr} G &��*'�L G & �

F0 : (x, 1) ∈ Σ 7→ 0.



j8ì �.ì!d!e¸Â�É ] È'ÅwÊV`=^!ÂÄÊ�Ì¸ÆBÈ)Ì_^gÈnb�`�`¸Â_`�ÁGÈ)ÆBÁ�d{ùcd�ÅuÆBÈiÁ�Â_`=ö�ÆB`¸ÁGÈ Y�j
q¤�-$�R½' I ��"-�S� Σ ! RQ� F1

�%$]' I & ÿ G LM$�LÑ&=RQOJ� V " !HG LM&(')"U�S� rD × {0} {��S�-$ G �#'���� I �1' GJI ' !hG LÑ&(' M ∈
V ∩ rD × rD �%$]' N R K RQ$#�Y�¸� I &9�2xS� � LÑ&Ô')RQ&SOJ�*&('?� G &(' N � �-�f')��" � L ')"P�*$#' (x, 1) ∈ Σ tH��& !HG $#� R N G �#$

F (M) :=

∫

γ

Gτ1.

¤ �*'�'���} G &g�*')L G &��%$]' K LÑ�%&Y�S"��S&SLM� ��RQ�¤$#L γ1
�*' γ2

$ G &('��S� I �]�2xS� � LM&�$¤')RQ&SOJ�*&(')$��#� N L¥RQ&(' M m M1,M2 ∈ ΣR N G �#$ M1 = M2
!SI LM$y� I � q = 1

. N � LM&(')"*OJ�)R N � ! ��� � L~�*���Øma� K �#�%$i� G &S&S���Ú�*$ H = xyp {°"rÿ½R N I "*�U$ I � Σ {�%$#' N � LM�S�*&(')LÑ'�">1¼� N R�� G &��%R½')"*&=R½'�L G & γ1 ∧−γ2
�%$]' I &a��s!� N �?'�R½&SOJ�%&('¼R I }k� I L NÑN �*')RQOJ� N � N G &SO � I � I � N { ! RQ�

x�s !HG 'Txg�%$���{ N � LM&('�"%OJ��R N �P�S� Gτ1 �*$#'×& I NMN ��t^Â×LM&�$�L F �S"��=&�LÑ' I &S�]} G &��*'�L G &9x G N G��EG � ! xS���r' KHG ��&�"%�U$ I �
V {Ú����$ G �]')�Q� I � � NÑN �_$S� "*'��%&S� ! RQ� N �_'TxS" G �y� � �?�S�%$¼$#LM&SO I N RQ�#LÑ'�"%$;R !S! RQ�#�%&(')�*$¼�%& I &ûOJ�%� � �_�S�¢} G &g�*')L G &x G N Gu�EG � ! xS���*& (0, 0) t�P& ! � I ';LM&(')�*� ! �#"*')�*���*� ! � G �*"%�S"_�=RQ&�$ N R N L K �%�#'�"a�S�)�2x G L���� G &�';& GJI $D�SLÑ$ !HG $ G &�$;�=R½&S$ N �%$ ')�*� � �%$
��"%$ G &S&=R½&�'�$	��� I &S�[} G &��r')L G & F � G &S&S"*�u{·$�RQ&S$ !HGJI �-R I '�RQ&('r�2x=R½&SOJ�%� N RÃÿ½R N � I � �S� Z1 · F t·Ç�&���»h�*'
u|Σ = x �S� $ G �#'���� I � F (x, y) − F (u(x, y), 1) $S� RQ&S& I N �E$ I � Σ � G & ! � I '1$ IS!S!HG $��*� '��@ýJ?u9wýJ? � I �
F |Σ = 0 t

©Gªøµ�ªøµ�ª å jHe��³±0� Ñ i�jHe c(g�j § f�� ¨ g�c!��� § f���ikjD��cGª
�P& ! � I '_"%& G &��%�*� N ��'Tx�" G �n� � �Y$ I LÑÿ½RQ&('��l ®xffjG��y!°}c � ë Ì ��f Ñ jHe©e ¨ ehg�Í�ª=¥ 9;?G-

F1

:~þgKHþ./{?G:G:~þ.-u'�v!þ*?G35+)/{?G-_�!'uý
Z1

ÿ./!ý*/B3}��9;: 1�+)?~ÿ�<�/Yþ
rD× rD?G3�#.: /�ÿ>+E')3gÿ0:~þ$+B9;(t')?G3¸þ�+!þ�+BA²oS3�?G-@?u9;3~+!þ

G ∈ C {x, y}
�

. � 1 ¥ ?
G

��9>ÿ2ÿ��8+!þ*/{3¸þT�@ýJ?G(}?G-2?G,uþ�%�9;:V9;(U9wý���%Yþ
F

'):V9wýTÿ6��9;/!ý�-�9;/{-\#&%Yþ.(}?G3�-Z')3Bv!þ.3�-
γ

+!þDp&'wÿ>þ
Bþ.-\+g�îþ�w�-0ýCA.(}?G-sA

E
º

F (E) − F (B) =

∫

γ

Gτ1 .

. ¥�1 G 'E+)(�þ.-�/B3¸þ>�@ýJ?G(}?G-2?G,uþt%�9;:V9;(U9wýZ��%Yþ%ÿ.?'þ.-¢ÿ>þ./B:~þ.(�þ.3�-)ÿ.?*:8� ?G3�-�Auvuý�'):~þ£+!þ
Gτ1

þ2ÿ.-D3�/B:G:~þ�:~þ:V9;3Bv�+!þ2ÿI#.1E#.:~þ2ÿ$-Z')3Bv!þ.3�-ëÿ�|
F1

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ . ¥�1 R "S� GQI N �Y� IÔ!hG LM&(' . � 1D�r'_�S� N � "*' I �S���S� N R1$����*'�L G & ! ��"��%"*�S�%&(')��t �

ª�¨^´�²©¯gû � t·�gt � Ï¤Å N �*$#';&S"S�*�%$#$)RQLÑ���_�*'Ü$ I Ô�$�RQ&('¼�S��ÿJ"*��L��=�%� N RP& I NMN LÑ'�"¼�S�V�%�%$ÜLM&('�"%OJ��R N �*$ N � N G &SO��S�%$
��s!� N �%$ γ(B) �S"��=&SLÑ$ ! RQ� . � t¹�gt � 1×�S� K RQ$#� B := (x0, y0)

�*''� I L�OJ"*&��%�#�%&(' N Rv' GJ!HG N G OJLM� �S� N R�}k� I L NMN �
� G &(')�*&=RQ&(' B t�q®� I ��� N RQ$�$#������x G���G ' GJ! LM�×�SRQ&S$ N R'}k� I L NMN �?&S�×�S" ! �%&S� ! RQ$D�S� B { � RQLÑ$ I &SL�� I � � �%&('a�S�N R�}k� I L NMN �¢� G �����*$ !HG &S�=R½&�'×R I &SL ÿJ��R I H1(B) ∈ C {Y�%��� I � N � G &Ô"S�*��LM��R

γ := γ(H1(B)) .è ¨5é�£¶ ©£¥¢¤£ ð   � t¹�gt´¥�Ï q�� R !S! N L~��R�')L G & N LÑ&S"�RQLÑ���?$ I L ÿQR½&�'����%$#' K LÑ�%&Ô�S"��=&SLM�
T1 : C {x, y} → C {u}

G 7→
(

u 7→
∫

γ(u)

Gτ1

)

.

�P& N � R !S! � NÑN �*�)R j § f�� ¨ g�c!��� § f!��ikjD�¤c RQ$#$ G �%LM"'m Z1
t
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q�� GJ! "%��R½')� I � ! "%�#L G �S� � �*$ I �#�}����Ru�r')� � �*&�' N � GJK $#'�� I �r')L G &`m N � ���ÚLM$]')�*&��%����� I &S� ! �#L � LÑ'�LÑÿJ�¸��� I &

OJ�%� � ��� G &�&S"utH��& R N R1$ I L ')������Ru�r')�	�
Z1· T1

0 → C {u} ↪→ C {x, y} −→ C {x, y} � C {u} → 0

� I L·&�� �%$#' ! RQ$ N R � � � �Ø� I � N R $ I LÑ')�U����Ru�*'��	� I �S" K�I '��S� N RE$��S�r')L G &�{¸�%RQ� N RaéY�S�2x�� T1
&¸� �*$#' ! RQ$ N R! � Gwv ���*'�L G & &=R½' I ��� NMN ��tSÇ NMN �P�%& �SL�»Ä�%�#�P�S� N R �1I N ')L ! N L���R½'�L G & ! RQ� 2iπ q

λ2
= −2iπ p

λ1

�
T1

(

xayb
)

= 0 $�L λ1a + λ2b 6= 0

T1 (xnpynq) = u 7→ 2iπ
q

λ2
un .

�P& �SLÑ�)R�� I � N � LM& v ���*')L G & N LM&S"%RQLM�#�
S : C {u} → C {x, y}
∑

anu
n 7→

∑

an
λ2

q
xpnyqn

�%$#' I &S� Ñ c!�Qg�ikjHeZ®¤j@±�j@°}jG� § ®¤cL���O�JjHe�j m@¨ � �S� Z1· ��RQ�a� NÑN �×ÿQ"%�#L��=�
T1 ◦ S = Id .

q�R	��� N R½'�L G & S ◦ T1 = Id &�� �%$]'×"rÿÚLÑ�S� ��� �%&(' ! RQ$a$)R�')LM$z}�RQLÑ'�� !SI LÑ$y� I � T1
&¸� �*$#' ! RQ$aLM& v �S�*'�LÑÿQ�ut

©Yª±½hª å ® ¨ ° §�Ñ �� ¨YÑ i
y�;f Ñ jHe�e ¨ ehg Ñ c(ga� m �³±kc Ñ�¨YÑnm ° § g�j=g�i0��¤c Ñ
q�RY��"*$ G N I ')L G &�} G � � � NMN �a�%$#'DLM�S�*&(')L~� I �×R I �%RQ$Ûx³s ! �%� KHG N L~� I �×��L¥RQO G &=R N t ¤ � ! �%&S�=R½&�' I &S� ! ��L � LÑ'�LÑÿQ�

} G � � � NÑN � ! � I ' �SLÑÿQ�%��OQ�%�U�*&«�)R½LM$ G &}�S� N R ! ��"%$#�%&��*�v�S� ! �r')LÑ'�$U�SL ÿfLM$�� I ��$���� G &(')��RQLM�#� � �%&('Øm ' GQI $ N �%$
��RQ$ ! ��"S�*"%�S�*&(')$S{ N R ! ��LÑ$��×��� ! �#L � LÑ')L ÿJ� ! � I 'DL~�*Lh&S� ! RQ$��*')�#�×�#LMOJLÑ�S�ut � GJI $;ÿQ�%�#� G &S$D��� R½L NMN � I �#$�� I �Q�%� N R! � I 'Y$S� ��� ! N L�� I �%� ! R½� N �%$ ! � GJ! ��LM"r')"*$�RQ��L 'Tx � "*'�L~� I �%$×�S� µ �*'�LÑ&�'��%� ! ��"r')�%� G &S$��%� NMN �%$ f �%L©�%&¸')�%� � �*$P�S�' GJ!HG N G OJLM�×RQ$ns ��! ' G '�L~� I ��t

è ¨5é�£¶ ©£¥¢¤£ ð   � t¹µgt � Ï�q G ��$y� I � µ ∈ R−\Q { N �-�S"*ÿQ� N GJ!S! � � �%&('U�*&7}k��Ru�*'�L G &ä� G &�'�LM& I "*�E�S� µ ! �*� f
� �r'-�S�û�S"��=&SLM� N R $ I LÑ')� �S�%$-�#"%� I L ')�*$ (− bn

an

)

n

�S� µ t � GJI $-�SLÑ� G &�$�� I � µ $)R½'�LM$z}�RQLÑ' N R �JjHe��©i¶g�ikjhe
¨ ��ikg�®�°�f(g�i0��¤c<�¤c å ��c!°}c�� N G ��$y� I �

lim sup
1

an
ln an+1 = +∞.

� GJI $a& G ' G &S$ C N � �*&S$�� �1K N �P���'�*�%$_& G��1K ���%$�t

q�Ri� G &S�SL ')L G &1�S� ¤ ��� � �*��$�LMOQ&SL��=�Û� I � µ �*$#'�P K LÑ�%&{Q¼R !S! � G �2xS" ! RQ���S�*$Ü��R½')L G &S&S� N $�t ¤ �S�*L=$���')��RQ� I L '! RQ� N R ! �#"%$#�%&��*�U�S� ! �*')L ')$��SL ÿfLM$�� I ��$a�=R½&S$ N �%$�$ G N I ')L G &S$¶} G � � � NÑN �*$D�S� N � "S� I R�')L G &9x G��EG N G OJL�� I �ut



j�ì Y.ì!d!e�Â�É ] È$ú�ï�Â�È-Ê � Ì_^gÈnb�`�`�Â5`�ÁGÈ�Æ!Á�d{ùxd�Å�ÆgÈ�Â�È&ùhÉ ] Á�b�Á�ÊGú�ï�ÆBÈ YT�
� ¯ ð��^ð ¡�£¥¢¤£ ð   � t�µ�t·¥SÏT" '�ÿ./{?G-Õþ

Z1 ·
0 → C ↪→ C [[x, y]] −→ C [[x, y]] � C → 0þ2ÿ.-#þ�wa'B#.-Õþ�� � þ\�5: /³ÿ�º

. � 1 ¥ ?
µ /∈ C

:F'Øÿ./B?G-Õþ]þ�wa'B#.-Õþ0#.?G7R+!þ2ÿ2ÿ./�ÿVýTþ2ÿ.-Õþ�,;'):F'Ep�:~þ'þ.35ýTþ.(*�5:F'���')3�-g:~þ2ÿD'):XvB��pSýTþ2ÿxK�9wýJ(�þ.:G:~þ2ÿL�!'uý:~þ2ÿ�'):XvB��pSýTþ2ÿI#&9;3�,uþ�ý2v!þ.3�- þ2ÿ�#&9wý�ýTþ2ÿ���9;35+E')3�-Õþ2ÿ��
. ¥�1 ¥ ?

µ ∈ C � ��9;/!ý*-�9;/{-
ε > 0

:~þT��9;?G3�-i. � 1 þ2ÿ.-�þ.3�#&9wýTþ*,>ý�')?�þ.3+ÿ>þQýTþ2ÿ.-0ýTþ.?Fv)35')3�-S')/�ÿ�9;/�ÿ.7yþ2ÿ��!'B#2þ,uþ&#.-s9wýJ? þ.:xº
G(ε) :=

{

∑

ga,bx
ayb ∈ C {x, y} : # {(a, b) : ga,b 6= 0

þ.-
|λ1a + λ2b| ≤ ε} < +∞

}

.

. �³1 ¥ ?
µ ∈ C � :~þ\v!þ�ý.(�þ

1
(1−x)(1−y) −1 =

∑

a+b>0 x
ayb

3�� 'E+)(�þ.-�')/�#./B3¸þS�@ýJ?G(}?G-2?G,uþ�%�9;:V9;(U9wýZ��%Yþ��
¤ t ¤ xS��LÑ$#' GJ! xS�*�S{ = t�Á RQ�#�S�S�#L~���r' ¤ t / GJI $�$#��R I 	 å ®c
)b ¨ ��
)uvj�� G &('�� G &S&S" I &�� ! ��� I ÿJ�a$�L � L N RQLÑ����m

�%�*'#')� ! � GJ!hG $�LÑ'�L G &P�SRQ&S$ N ���%RQ�S�#���S�%$h�2x=RQ&�OJ� � �%&(')$��S��� GÚG �#� G &S&�"%�%$®')RQ&SOJ�*&�'�LM� N $S{S�%��� I L(�%$]'¤"S� I LÑÿ½R N �%&('
� G���� �P& GJI $ N ��ÿQ�%��� G &S$_�=RQ&S$ N R ! RQ�#'�LM�'¥Bt

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ   �%��L ÿ G &�$ F (x, y) :=
∑

fa,bx
ayb �r' G(x, y) :=

∑

ga,bx
ayb t�q�� "S� I R½'�L G &

Z1 · F = G $�����"*$ GJI '#} G � � � NMN � � �%&('��%&
fa,b :=

ga,b
(λ1a+ λ2b)

, a + b 6= 0

f0,0 ∈ C

g0,0 = 0,

��� Guò N � �-�SR��*')L ' I ���P�S� N R-$ I L ')��t. � 1 � GJI $ûR NMN G &S$ ��G &(')�#�%�[� I � F � G &(ÿJ�*��OJ�¸�*&C$#� K RQ$�RQ&('Ô$ I � N �%$ûLÑ&S"%O(R N LÑ'�"%$�� N RQ$�$#L~� I �%$ . ÿ G LÑ�	 s b�� 1��
|ln βn| − ln 2 < ln an+1 < |ln βn|

. � t�µ�t � 1
G�ò

βn := (−1)n+1 (µan + bn) ∈]0, 1[

�*' . �%RQ�)Ru�r')"*��LM$�R½')L G &û�S�*$?�#"%� I L ')�*$21��
(

∀ (a, b) ∈ N2 : 0 < a ≤ an
)

βn ≤ |aµ+ b| .
. � t¹µ�t·¥�1
ÆÚL ! RQ�YRQL NMN � I ��$ G &ò$ IS!S!HG $#�a� I � βn <

√
1+µ2

3
{ I &S��� G &�$#')� I �*'�L G &¸OJ" G�� "*')�#L~� I �-" N " � �%&(')RQLM�#�	RQ$�$ I ���

� I � $#L b < bn
{ an < a ≤ an + bn

�*' a + b ≤ an + bn
R N G ��$

βn ≤ |aµ+ b|
. � t¹µ�t¹�³1
"%O(R N � � �%&('H{��S� $ G �#'���� I �'�*�*'#')�YLM&S"*O(R N L ')"?$ G L '�ÿJ"%�#L��="*� !HGJI �¼' GJI ' a, b ∈ N ')� N $�� I � a+ b ≤ an + bn. N �i�%RQ$ b = 0 �*$#'?"*ÿfLM�S�*&('-1¼���%$#� I � n �%$#'?RQ$#$��n� OJ��RQ&S��t � GJI $a�#�%&(ÿ G s G &S$im N RØ�=O I ��� . � t¹µ�t � 1-t= GJI �#� I � F � G &�ÿQ�%�#OJ�u{^L N }�R I 'a�*'_L N $ I Ô�')� I �

lim sup
n

(

max
a+b≤n

|fa,b|
)1/n

< +∞.

�P��{=��� R ! �y�*$ N � LM&S"*O(R N L ')")� I � N � G &ÔÿfLÑ�%&('_��� "r'�R K N LM��{ !HGJI �¼' GJI ' a + b ≤ an + bn
�

|fa,b| ≤ maxa+b≤an+bn |ga,b|
βn

.
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C D

S
C’

Ð;£���Ï
	ÚÏ���Ï	�ÏVq�R_OJ��L NMN �·��� ! ��"*$��%&('�� N �*$ !HG LM&('�$ (a, b) ���Û� GfG �#� G &S&S"*�%$©�%&(')L��%���*$St�q¤R_�S� G LÑ'��
D R !HGJI �P"S� I R�')L G & aµ + b = 0 �S�	$ G �]')��� I � N R[� I RQ&(')LÑ'�" |aµ+ b| �%$]' N RÔ��LM$#')RQ&��*��S� (a, b) m N RE�S� G LÑ'�� D {hR I }�Ru�*'�� I � δ :=

√

1 + µ2 ! �y�*$St¸q¤�]�%�*�y� N � C R !HGJI �)�%�%&('����
(an, bn)

�*' !HGJI ���)RHs G & 1
3
{ N �r�%�*�y� N � C ′ !HGJI ���%�*&�'���� (an + 1, bn − 1) �r' !hGJI �Y��RHs G &

2
3
t = I LÑ$y� I � µ < 0 { N R !HG $�L ')L G &m�#� N R½')L ÿJ�Ô�S� C ′ �r' D �%$]'v� G &�&S"%�¾� G���� �Ô�=R½&S$ N R
� G &B�=O I ��R½')L G & ! �#"%$��*&(')"%� . D &S���#�%&�� G &(')�#� v R � R½LM$ N �)��RQ�S��RQ&v� I �#� ! �%�#���S"��S&SL ! R½� N �*$
�S� G LÑ')�*$1�%& !HG LM&('�L NMN "%$'� I L¶� G &�'�LM�*&�' C ′ 1-t·Ç�& ! RQ�]')L~� I N LÑ�%� |aµ+ b| ≥ 2

3
δ > 1

3
δ > βnN G �#$y� I � (a, b) �*$#'_�=RQ&S$ N �P$��S�r')� I � S � G �����*$ !HG &S�=R½&�'¢m {(a, b) : a > an, bn > b} t

Â×LM&�$�L·�
lim sup

n

(

max
a+b≤an+bn

|fa,b|
)1/(an+bn)

≤ lim sup
n

(

maxa+b≤an+bn |ga,b|
βn

)1/(an+bn)

≤
(

lim sup
n

max |ga,b|1/(an+bn)

)(

lim sup
n

β−1/(an+bn)
n

)

.

R � I &S� ! RQ�#'S{Y� G���� � G �%$]' I &S��$�"%�#LM��� G &�ÿQ�%�#OJ�%&(')��{ N � ! ��� � LÑ�%�Û}�R��*')� I �a�%$]'V�S&SL t R � R I ')��� ! RQ�]'H{
β−1/(an+bn)
n = exp

(

− 1

an + bn
ln βn

)

≤ exp

(

1

an
|ln βn|

)

,

N R-�S�%�#&SL~�*����LM&�"%O(R N LÑ'�"×��"*$ I N '�RQ&('a�S� βn < 1 tYo�LÑ&=R N � � �*&('H{ N � LÑ&S"%OJR N L ')" . � t�µ�t � 1¼RQ$�$ I ���'� I �
lim sup

n

1

an
|ln βn| < +∞,

�%�'� I L®� G &S&S� N R�� G &(ÿJ�*��OJ�*&��%�U�S� F t. ¥�1Ûq G �#$y� I � G ∈ G (ε) { G & ! � I ' � LM& G ���%� I &SL�} G � � " � �%&(' λ1a+ λ2b
N G �#$y� I �i�*��'��%� � �P&�� �%$]' ! RQ$

& I N {=�%&('��)R�ÈM&=RQ&(' N Rr� G &�ÿQ�%�#OJ�%&��*�U�S� F �g�%$#� I �]�*� NÑN �P�S� G �*$#'?RQ$#$ I �#"%�ut. �³1 / "S�*L ! � G � I � � �*&('H{�� I RQ&�� µ ∈ C �r' ga,b = 1 !hGJI � a + b > 0 {°L N �*$#'�L �a� "%�SLMR½'?�S� �EG &('����%�� I � F ��LÑÿJ�*��OJ���*&Ã�S"*� GJI N RQ&('Vm N � �%&(ÿJ�*��$ N �P�)R½LM$ G &S&S� � �%&('a�S� . � 1�t �



j�ì Y.ì!d!e�Â�É ] È$ú�ï�Â�È-Ê � Ì_^gÈnb�`�`�Â5`�ÁGÈ�Æ!Á�d{ùxd�Å�ÆgÈ�Â�È&ùhÉ ] Á�b�Á�ÊGú�ï�ÆBÈ Y2¿
©Gª±½hª0©Yª l j § j@±kj@²Hikc ¨�Ñnm ° § g�j=g�i0���cGª

W?&S�YLM&(')"*OJ�)R N � ! �#� � L~�*��� �1I N ')L�} G � � �u{!mr� K ���*$#� G &S&����Ú�%$�{h�*$#'_L~�*L®R I $#$�L¤� G &S&�"%� ! RQ�
H1 := xy−µ.

q¤�*$V}k� I L NÑN �*$ L � I }k� I L NÑN �r'�RQOJ� F1
R I f �S�%$#$ I $_�S� C2 $ G &('?� G &���"%O(R N � � �%&('�� G &S&S"*�%$ ! RQ�
L =

{(

x0e
µt, y0e

t
)

: t ∈ C
}

.
q¤�*$V}k� I L NÑN �*$�$ G &('_$�L �E! N � � �%&('#� G &S&S���Ú�*$S{ � RQLÑ$ N R1' GQ!hG N G OJLÑ��RQ$zs ��! ' G ')L�� I �Y�*$#' ! N I $_�#L~�2xS��t^Ç�& ��»h�*'S{N G �#$y� I � t ∈ R { N � L � RQOQ�×� I �2xS� � LM& t 7→ (x0e

µ2iπt, y0e
2iπt) �S"��%��L ' N � LM&(')�*��$����*'�L G &û�S� L �*'a� I ' G ���

∂T0 := {|x| = |x0| , |y| = |y0|} ,
�%� NÑN � f �%L�"*'�R½&�' ���%&S$#�?�=R½&S$ ∂T0

t ¤ ��&�� �%$]'Û�*� ! �%&S�SRQ&(' ! RQ$ I &%�2xS� � LM&�RQ$zs ��! ' G ')L�� I ��� G &(')LÑ& I�!�I LM$n� I �u{! RQ�1�-��� �E! N �u{©�SL�»h"%�#�%&(')�*$-$ GJI $ f $ I LÑ'��%$ (tn)n ⊂ R+
� G &S� I LM$��*&('�RQ$�$#���û$ GQI ÿJ�*&�'am �S�*$ N L � L ')�%$��SL�»°" f���%&('��%$St

è ¨5é�£¶ ©£¥¢¤£ ð   � t�µ�t·�SÏ;Æ G LÑ' Z I &5�2x=R ��! ����ÿQ�S�r')� I ��$¢x G N G���G � ! xS���r' F N �Q}k� I L NÑN �r'�RQOJ�?LM&S� I LÑ'St
. � 1 = GJI �?' GJI '×�%&(')LÑ�%� n ∈ N G & $#�1� G &�&S� I &æ�2xS� � LÑ& '�R½&SOJ�%&(' γn : t ∈ [0, n] 7→ γn(t) ∈ C2 t

�P&E�SLM��R]� I � γ = (γn)n
�S"��=&SLÑ' I & �w®¤cB°}i7e}g ¨ e�²^cfehg ¨YÑ.m ° § g�j=g�i�¸��c ��� K RQ$#� B ∈ C2 �*'

��� �-�f')��" � L ')" E ∈ C2 N G ��$n� I �	�
. R³1 (∀0 ≤ m ≤ n) γn|[0,m] = γm

�r' B = γn(0) t. K 1 lim γn(n) = E t
. ¥�1]q�� i0° ¨ ²^c ��� I &O�2xS� � LM& RQ$ns ��! ' G ')L~� I � γ = (γn)n

�%$#' N � I &SL G &��S�*$vL � RQOJ�*$E���%$[�2xS� � LÑ&S$
LM&(')�*� � "%�SLMRQLM�#�%$��

Im(γ) :=
⋃

n

γn ([0, n]) ,

�S� � � � �i� I ��$)R ±kjheh²@��c!�h� �*$#' N R N L � L ')�_�S�%$ N G &SO I � I ��$��S� γn t. �³1�W?& � m �³±kc ¨YÑ.m ° § g�j=g�i�¸��c γ $#�%��R N Rv� G &S&�"%�	�S�-�S� I �ä�2xS� � LÑ&S$�'�RQ&�OJ�%&(')$YRQ$zs �E! ' G ')L�� I �%$
γ± = (γ±n )n

��� � � � � K RQ$#� �r'a�S� � � � �P�-�f')��" � L ')"�t^��& N �P& G ')�*�)R
γ := γ+ ∧ −γ−.¤ � �*$#' N R-� G &S&�"%���S�%$V�2xS� � LÑ&S$�'�RQ&SOQ�%&(')$ (γn)n

{S')� N $#� I � γn(t) = γ−−n(−t) !hGQI � t ∈ [−n, 0]�*' γn(t) = γ+
n (t) !HGJI � t ∈ [0, n] t. µ�1YÅ N ���ÚLM$]')� I &S�_�S"��S&SLÑ'�L G &	&=R½' I ��� NMN �¼�S� N � ®�j@°}j=g�j § i�c-g ¨ eh²^cfehg�ikcB±0±kc �*&(')���V�2xS� � LÑ&S$ �*' ��s!� N �%$

RQ$ns ��! ' G '�L~� I �*$S{Äm ���f')�#" � LÑ'�"%$¢�g�Ú"*�%$ GJI & G &�t°�P& ! � I ' N R��S"S�*��LÑ����� G��a� � I &S��x Gu�EG ' GJ! LÑ�I &SL�} G � � � N � N G &SO-� I }k� I L NMN �*'�R½OJ�u{!�%�'� I L®� G &S&��Y�SRQ&S$ N �i�%RQ$a�S���S� I �9�2x�� � LM&S$ γ0 �*' γ1 �
C1

H : R+ × [0, 1] −→ C2

(t, s) 7→ Hs(t)

')� NÑN �Q� I � N R1$ I LÑ'�� (Hs|[0,n]

)

n∈N

�S"��S&SLÑ' I &9�2xS� � LM& RQ$zs �E! ' G ')L�� I ��R�ÿJ�S�
Hj = γj , j ∈ {0, 1} .� GJI $_���*&(ÿ G s G &�$�m N � Â?&S&S���Ú� Â !HGJI � N �*$)� G &S�SL ')L G &S$a$ IS!�! N " � �*&�')RQLM�#�%$ !hG �#'�R½&�'_$ I � H tH��&"S�%�#LM��R

γ0 ∼ γ1 .



YTÀ j8ì�Çc^Bí�ÊV`ÄÊ Á�ÊGb�`�È�îuÊV`�Á�Ì5b¸Ç�ï¸Ê ÁYÆBÈ*ðäÁ�ÌÄÂ)ñ�Æ�Ì�ÈiÅaò Æaó�ÆBÉ ] ÅuÆ+ÇDÆBÈ$d!e¸Â�É ] ÈiÅ�ÊV`�^BÂ@Ê~ÌÄÆgÈ
ª�¨^´�²©¯gû � t¹µ�t�µ^Ï
. � 1�W?&'�2xS� � LM&�'�RQ&�OJ�%&('��%$]' K LÑ�%&Y$8�S� I &'�2xS� � LÑ&URQ$zs �E! ' G ')L�� I ��'�RQ&SOQ�%&('Ht���&Y�SLM��R#� I � I &]�2xS� � LM&

RQ$ns ��! ' G '�L~� I � γ �%$]' j�jG�½exf $�� L N �-��LÑ$#'�� I &5�2xS� � LM&v')RQ&SOJ�*&�'a� G &(' N � L � RQOJ�V� G &('�LM�%&('#�*� NMN ���S�
γ t=Ç�& ! R½�#')L�� I N LM�*� N � ���f')�#" � LÑ'�"��S� γ �%$]'_�=RQ&S$ N R � � � �Q}k� I L NMN �Q� I � N R K RQ$#�ut. ¥�1 � G '����P& G '�L G &Ô����x G���G ' GJ! LM�?'�RQ&SOQ�%&(')LÑ� NMN �×�*$#'V� G���! R½'�L K N �PR�ÿJ��� N R1& G ')L G &ûLM&(' I LÑ'�LÑÿJ�P�¸� LÑ&S�SL~�*�
R I ' GQI �D�S�*$¼$�" ! RQ��R½')�#L~�%�*$S{�RQLM&S$#LÄ� I � R�ÿJ��� N � LÑ&(')"%OQ�)R½'�L G &��S�%$ � f } G � � �*$ � "%� G��EG � ! xS�*$�� I L°$ G &('N � ! � G � I LÑ'û�¸� I &��ä} G &��*'�L G &¯x G N G���G � ! xS� ! R½� I &S�æ} G � � � '�� ��! $û�S� Z . 'yxS" G �y� � � . � t´¥Bt �! t·� ¡ 1y1-t

. �³1 R RQ&S$ N �æ�%RQ$Ã�#"%$ G &S&=RQ&('S{a' GJI $ N �*$9��s!� N �*$ R½$ns �E! ' G '�L~� I �%$Ô$ G &('<x Gu�EG ' GJ! �%$5m��S�%$9��s!� N �%$KhG �#&S"%$�t ¤ � ! �%&��=RQ&('H{=L N $¼&S�P$ G &(' ! RQ$¼' GJI $�"S� I L ÿ½R N �*&�'�$aR I �[��s!� N �%$a�S"��S&SLM$ ! R½�¼�S�%$#�2xS� � LÑ&S$
'�RQ&SOQ�%&(')$ GJI � G &�'�LM& I $�{ !SI LM$y� I � L N $ ! � I ÿJ�%&('+�r')�#� ��� LM&S��L~�%�ÃLM&g�S&SL_R I ' GQI �E���%$v$#" ! RQ��R½')�#L~�*�%$
$)RQ&S$_Ru��� I��UI N �*� N R-$�LÑ&SO I N RQ��L ')"ut

= GJI �Y' GJI ' !HG LM&(' M0,M1 ∈ ∂T0
L N �-��LÑ$#'�� � G &g� I &Þ��s!� N �vRQ$ns ��! ' G '�L~� I �	'�RQ&�OJ�%&('1��� K RQ$#� M0�*'-��� ���f'���" � LÑ'�" M1

{©� G &(' N � LÑ&S�SL~�*��R I ' GQI �U�S���2x=Ru� I &S�û�S�%$-$#" ! R½�)R½'���L~�*�%$1�*$#'-LÑ&g�=&SL_���*�%$���s!� N �*$-&S�! � I ÿJ�*&�'¶�*')�#�?')RQ&SOJ�*&�'�LM� NMN � � �*&('�x G���G ' GJ! �%$ mY�S�%$ !hG LÑ&(')$ �S� C2 � I �?$�L@�%� I � f �%LH$ G &�';�=RQ&�$ {xy = 0} t¤ G��a� � µ < 0 �%�S�*L�&S� ! � I '�RQ��ÿJ�*&SLM��t � GQI $ ��G &(')���*� G &�$¼�=RQ&S$ N R ! � GJ!hG $�LÑ'�L G & . � t � t¹� ! t�µ £ 1 � I ��' GJI '��s!� N �	RQ$ns ��! ' G '�L~� I �U')RQ&SOJ�*&('�m F1
�*$#'P')RQ&SOJ�*&�'�LM� NMN � � �*&('¢x Gu�EG ' GJ! �U$ G LÑ'�m I & !HG LÑ&�'S{h$ G LÑ'Qm I &¸�S�

�%�%$V��s!� N �%$�t
©Gª±½hª�Í�ª å jHe Ñ g>�w���Qg�ikjHeZ�Së��©e¤c § ��i0°«i¶g�iIÓHc §�¨ �ûi�ehg�f�²G� ¨ g�ikjhe�ª� GJI $ ! ��"*$��*&�' G &S$ L��%L I & $n�2xS" � R �S� N Rñ� G &S$]')� I �*'�L G &`�S� ¤ xS�#LM$]' GJ! x��%� f Á RQ�#�S�S�#L~� f / GJI $�$#��R I	 å ®=
�b ¨ ��
�uvj_� t � GQI $�$ IS!�!hG $ G &S$V� I � N � LM&(')"*OJ�)R N �×�S� Gτ1 N � N G &�O-�S�P' GJI '¶��s!� N � R½$ns �E! ' G '�L~� I ��'�R½& fOJ�%&(')m F1

�%$]'×& I NÑN �ut
�P& ! � I '�$ IS!S!HG $��*��� I � G �%$]']x G N G���G � ! xS�1$ I � 2D × 2D t¤Æ G LÑ' M0 = (x0, 1) R�ÿJ��� |x0| = 1 �*'�g� G &S$ F (M0) = 0 tSÇ & LM&('�"%OJ��RQ&(' Gτ1 N � N G &SO	�S�*$#�2xS� � LM&S$�')RQ&SOJ�*&�'�$

(∀θ ∈ R) γθ(M0) : t ∈ [0, θ] 7→
(

x0e
µit, eit

)

,

& GJI $P�S"��=&SLÑ$�$ G &S$ F $ I � I & �*&S$�� �1K N �U�S�%&S$#�-�=RQ&S$ N �U' G ��� ∂T0 := {|x| = 1, |y| = 1} t�q��¹x³s !HG 'Tx��*$��$ I � Gτ1 �%&(')��R�È¥&S�i� I � N � ���f'��%&S$#L G &5� G &�'�LM& I ���S� F m1' GJI ' ∂T0
�*$#' K LÑ�%&Ô�S"��S&SLM��t

Ç &�$ I L ')�u{®�*&¸��"%$ G N ÿ½RQ&(' N � ! � GJK N � � �1�S� R LÑ��L��2x N �r' !hGQI � N �*$ ! RQ�#'�LM�*$P��"%� NMN �%$��r' L � R½OJLM&=R½LM���*$?��� N R
} G &��*'�L G & F |S1×{1}

{��%�r'�'�� ���%��&�L~�%�#�Ô$S� "*')�*&S� $ I � N �û�SLÑ$y� I � D × {1} �%& I &S�+} G &��r')L G &Ïx=RQ� ��G &SL�� I �u{� G &(')LÑ& I �-$ I � N � R½��xS"%�#�%&��*�-� I �SLÑ$y� I �ut®�P& ��G &(')�#��� I �r�%�r'�'��-���f')�*&S$�L G &¸�%$#'��*&L}�RQLÑ'¢x G N G��EG � ! xS� �%&
"*' I �SL¥RQ&(' N � "S� I R�')L G &Y� I ∂̄ �r'��*& I ')L N LM$�RQ&(' N � LM�#�)R½'�L G &=R N LÑ'�"¤�S� µ t�Ç &Y��"*LÑ'�"%�)R½&�' N R ! ��� � L~�*����� G &S$#'�� I �r')L G &�{G &��#"S� IS! �*��� I &S�r} G &g�*')L G & F � G &�'�LM& I �	$ I � N �1' G �#� ! N �*LM& T0 := {|x| ≤ 1, |y| = 1} �*''x G N G��EG � ! xS�$ I �V�2x=Ru� I �Y�SLM$n� I � D × {y} to�LM&=R N � � �%&('S{ N �·$)R½' I ��"���� T0

! RQ� N � }k� I L NMN �*')RQOJ��"*'�R½&�' I &�ÿ G LM$#LM&=R½OJ� V " !HG LÑ&�'�"��S� {x = 0, |y| < 2} {G &Ã��"��=&SL ' !hGQI ��' GJI ' M ∈ V

F (M) :=

∫

γ

Gτ1

G�ò γ �%$#' I &7�2xS� � LM&¸'�R½&SOJ�%&('Y��� N LMRQ&(' M m I & !HG LÑ&�'���� T0
�D�%�*'#')�%} G &��r')L G &ò�*$#' K LM�*&���"��=&SLÑ�ut¤Ç NMN �

�%$#'a��� ! N I $ KHG ��&S"*��$ I � V �*'�� G &���$�� "r')�%&�� �*& I &S�¢} G &��*'�L G &[x G N G���G � ! xS�_$ I � I &vÿ G LÑ$�LM&SRQOJ�×��� (0, 0)��� R ! �y�*$ N ��'TxS" G �y� � �P�S�*$?$#LM&SO I N RQ�#LÑ'�"%$�R !�! RQ���*&(')�%$�{^�*'_$)R½'�LM$z}�RQLÑ' Z1 · F = G t
©Gª±½hªøµ�ª å jHe��³±0� Ñ i�jHe�ª
q¤��Ä�xS" G �y� � � � � . �#"%$ G &S&=RQ&('21��*$#'_ÿf�)RQL®R I $�$#L��SRQ&S$ N �i�%RQ$aLM����R½')L G &S&S� N t
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©YªøÄDªq[Üi�cfe ¨ ÓHc!�<±së�®¤j@±�jHe¤j@°«i�c~õkfB¸� ¨ g�i�jHe ¨ �c÷¯��iG¤Sf!��cfe��Jc Ñ%Ñ �h�+��e�cÃg>� ¨ e Ñ Óhc�� ÑS¨ ±kc
Å N �-��LÑ$#'�� I &v"�� I LÑÿ½R N �*&('¼�S� N � "�� I R½')L G &�x G��EG N G OJL�� I �a�=RQ&S$ N �¢� G &(')�-�Ú'��P�S�%$DOJ�%� � �*$D�S�?�SL�»h" G���G � f! xSLM$ � �*$'�B�SR½&�' 0 ∈ C t���&�$#�E� G &S&S� I &�OQ�%� � � g ∈ C {z} �*' ∆ ∈ Diff(C, 0) � G & �2xS�%�n�2xS� I &��$ G N I ')L G &û�S� N � "S� I R½'�L G & R I �Ô�SL�»h"%�#�%&��*�%$

f ◦ ∆ − f = g .
. � t � t � 1
¤ G &S$�LÑ�S"%� G &S$ !hGQI � N � ��G�� �%&(' N �Q�%RQ$_��� I &S��x G���G 'TxS"r')LÑ�

∆1 : z 7→ e2iπµz,

� I � N � G &5� G &S$�LÑ���%�#��� G���� � N ��x G N G & G�� LM�_� I }k� I L NÑN �r'�RQOJ� F1
��R N � I N "%�P$ I � I &S�P')��RQ&S$]ÿJ�%�#$)R N �

Σ = rD × {y0} .×
z ∈ Σ G &�RQ$�$ G �*LM� N � R I ')�����-�f')��" � L ')" ∆(z) � I �2x�� � LM& γ(z) GQK ')�*& I �%&���� N �rÿQR½&�' �SRQ&S$ N �Û}k� I L NÑN �r'�RQOJ�N � N R��%�*' t ∈ [0, 1] 7→ (0, y0e

2iπt) m ! RQ�#'�LM�¼��� z t= GJI � I &���} G &��*'�L G & G ∈ O (rD × rD) & GJI $?�S"��=&SLÑ$�$ G &S$
g : z ∈ Σ 7→

∫

γ(z)

G
dy

y
.

R � R ! �y�*$ N �PÄ�xS" G �n� � � � ��{ I &S� X1
f ! ��L � L ')L ÿJ�Vx G N Gu�EG � ! xS����� G $)R½'�LM$n}�R½LÑ'H{Ú�%& ���*$#')�#L~�r')L G &5m Σ �
F ◦ ∆ = F +

∫

γ(z)

G
dy

y
.

Â×LM&�$�L f := F |Σ �*$#'_$ G N I ')L G &û�S� N � "S� I R�')L G &ÃR I �Ô�SL�»°"*���%&g�%�%$ . � t � t � 1D�r' F $)R½'�LM$z}�RQLÑ'
X1 · F = G .

. � t � t·¥�1
� ¨^´P´�² � t � t � Ï ¥ 9;?G-

g ∈ C {z}
� ¥ ?

µ /∈ R+
� ?G:�þ�w�?~ÿ.- þ

G ∈ C {x, y}
- þ.:g<�/Yþ ∫

γ(z)
Gdy

y
= g(z)
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ayb �*'Ü& G ' G &S$
g(z) =

∑

hnz
n t^Ç�&ÃLÑ&�'�"%OJ��RQ&('�')�*� � ��m	'��%� � �u{ G &Ã� G LÑ'aR�ÿ G LM�

hn =
∑

b

ga,by
b
0

e2iπµa − 1

aµ+ b
.

ÆÚL µ /∈ R { G & !hG $#� ga,b := 0 $�L b > 0 �*' ga,0 := hn
aµ

e2iπµa−1
tGq¤R-$�"%�#LM� ∑ ga,0x

a �*$#'V� G &(ÿQ�%��OQ�%&(')��t
ÆÚL µ = −p

q
�*'V� I � a := kq { G & !HG $�� b(a) := kp �S��$ G �#'��'� I �

ca :=
aµ+ b(a)

e2iπµa − 1
=

1

2iπ
.

= GJI � a /∈ qN { G & !HG $�� b(a) := 0 tYq¤R�$#"%��LÑ� ∑a hacax
ayb(a) �*$#'?R N G ��$¶� G &(ÿJ�%�#OJ�%&('��utÆÚL µ ∈ R−\Q {=L N ���ÚLÑ$#')� b(a) ∈ N ')� N � I �

|aµ+ b(a)| ≤ π
∣

∣e2iπµa − 1
∣

∣ .

q�R	$�"*��LÑ� ∑
a hacax

ayb(a) �%$]'_� G &���� G &�ÿQ�%�#OJ�%&(')� $�L |y| < 1 t �

q G ��$y� I � µ /∈ R+
{ N �×$�R½' I ��"P�S� Σ ! R½� F1

�*$#' I &Ôÿ G LM$#LM&=R½OJ�×" !hG LÑ&(')"×��� rD×{0} {B�*�i� I L ! �%� � �r'�S� ! � G N G &SOJ�*�S{ N � N G &SO-�S�*$#}k� I L NÑN �*$S{ I &S�Q} G &��r')L G & f ∈ O (Σ) $ G N I ')L G &v�S� N � "S� I R½'�L G &ÔR I �û�SL�»°"*���*&��%�*$�%& I &S�r} G &��r')L G & F ∈ O (rD × rD) � I L��*$#' I &S� X1
f ! ��L � L ')L ÿJ�U��� G . !HGJI � r > 0 "*ÿJ�*&(' I � NMN � � �*&('! N I $ ! �*'�LÑ'-1-t
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GJI ��� N � G � K LÑ')��&S"*O(R½'�LÑÿJ� (∆◦−n(B))n
t�W?&!hG LÑ&(' § f��½ikjD��i�¸��c RQ$zs ��! ' G ')L�� I �Q� G �#���*$ !HG &S�9m I &S�×ÿ½R N � I �D��� R½��xS"%�#�%&��*��� G����1I &S�×R I �v$ I L ')�%$D�S�%$

LÑ')"*�)R½'�L G &�$ !hG $�LÑ'�LÑÿQ�%$a�*'_&S"*O(R½')L ÿJ�*$ ! RQ� ∆ ��� I & !hG LÑ&(' B t
Å N �%$]'i� N RQLM�V� I � I & !hG LÑ&(' ! "%��L G ��L~� I �u{hR I $#�%&S$ix=R K LÑ' I � N {h�*$#'�R I $�$�L I & !hG LM&(' ! "%�#L G �SL~� I �URQ$ns ��! f' G '�L~� I �utÄq G ��$n� I � G & $ IS!S!HG $��Ø� I � ∆ �%$#' I &S�Øx G N G & G�� LÑ�YRQ$�$ G �*LM"%�Øm I &L}k� I L NÑN �r'�RQOJ��{SL N �*$#' !HG $�$#L K N �

�S��� G &S$]')� I LM�#�Y���%$V��s!� N �%$�'�RQ&�OJ�%&(')$V� G �����*$ !HG &S�=R½&�')mr�%�*$ !HG LÑ&�'_R½$ns �E! ' G '�L~� I �%$�t= RQ�����Ú� ��! N �u{�$ IS!�!hG $ G &S$�� I � ∆ �*$#'�RQ$�$ G �*LM"%��m I &S�;���%$�$#" ! R½�)R½'���L~�*�%$��S� F1
�*'�� I � E �%$]' I & !hG LM&('! "*��L G �SL�� I �-RQ$ns ��! ' G ')L~� I �-��� ∆

. R I � I � N G & v#G LÑ&(' N Rv$ GJI $ f $ I LÑ')�-�¸� L ')"%�#"%$ (∆◦kn(B)
)

n
� G &(ÿJ�%�#OJ��R½&�'

ÿJ�%�#$ E {f�%& $ IS!S!HG $�RQ&(' k0 = 0 �r' (kn)n
�%� G LM$#$)RQ&(')�H1�t���&v�S"��S&SLÑ' N � ��®¤c!°«i�e ¨YÑnm ° § g�j=g�i0��¤cÔi7e����©i¶g

§�¨ � ikg�f!� ¨ g�i�jHe �S� ∆ � Gu�a� � "r'�RQ&(' N �Ø�2xS� � LÑ& RQ$zs ��! ' G ')L�� I � (γn)n
GJK '��%& I �%& �#� N �rÿ½RQ&(' kn } G LM$ N �N Ru�*�*'a� G &�&=RQ&(' ∆ {=���Y$ G �#'���� I � γn(n) = ∆◦kn(B) tÆÚL � L N RQLM�#� � �%&('H{�mò' GJI ' !hG LÑ&('vRQ$zs �E! ' G ')L�� I �Ã��� ∆ G & ! � I 'vRQ$#$ G �%LÑ�%� I &Z��s!� N � R½$ns �E! ' G '�L~� I �

LM&S� I LÑ' ! RQ�?LÑ')"*�)R½'�L G &Ô�S� ∆ t ¤ �*$¢�2xS� � LÑ&S$S{Äm ��G LM&�$_�¸�¹�r')��� �S� ÿf��RQLM$V�2xS� � LM&�$?'�R½&SOJ�%&('�$ . ��� �*$#'�m��SLM�#��S�;ÿf�)R½LM$ !HG LÑ&�'�$ ! "%�#L G �SL~� I �*$©��� ∆ 1�{�&S� ! � I ÿJ�%&(' v R � RQLÑ$h�*')�#�D�S"��%�#LÑ')$ ! RQ�©�S�%$��2xS� � LM&�$·RQ$zs ��! ' G ')L�� I �%$� G &(')LÑ& I $St
Å N szR �%&Ï}�RQL '1"S� I L ÿ½R N �*&��%�û�*&�'���� N R & G ')L G &z�S�+��s!� N �ÔRQ$zs ��! ' G ')L�� I �v'�RQ&SOQ�%&('am I & }k� I L NMN �r'�RQOQ�N LM&�"�RQLÑ��� F1

�*' N R¸& G '�L G &��S� !hG LM&(' ! "*��L G �SL�� I �ÔRQ$ns ��! ' G '�L~� I � ��� I & �#� ! �#"%$��*&('�RQ&('û�S� N ��x G N G & G�� LM�
RQ$�$ G �*LM"%�'m F1
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F1

/{3�KHþ./B?G:G:~þ.-Z'�v!þr: ?G3�A8')?ëýTþ�3�9;3â3�?G: ��9;- þ.3�-u�}�T9;3gÿ.?@+BA�ý&9;3gÿ�/B3 #.1a#.:~þ'wÿ.1�(*�5-�9;-2?@<�/Yþ
γ

+!þ
F1

')/B7R+!þ2ÿ2ÿ./�ÿ«+g� /{3���9;: 1)+)?~ÿ�<�/Yþ
rD × rD

� " þ°#.1E#.:~þ
γ
þ2ÿ.-�-u')3Bv!þ.3�-2? þ.:G:~þ.(�þ.3�-%�9;(U9;-s9&�Yþ)ÿ�9;?G-6|�/{3t��9;?G3�- � ÿ�9;?G-6|�/{3«#.1a#.:~þ0'wÿ.1�(*�5-�9;-2?@<�/Yþ0?G35+)/B?G-=�!'uý�?G-sA�ý�')-@?u9;3~+g� /B3¸þ*%�9;:V9;3�9;(}? þ

∆'wÿ2ÿ�9�#.?uA2þ>|£:F'aÿ�A��!'uý�')-�ýJ?u#2þ
{y = 0}

þ.-§#8'):V#./{:VA2þiÿ./!ý>/B3¸þ�-�ý�')3gÿ.,uþ�ýTÿ�'):~þ
Σ := rD × {cte}

<�/{? R ! ��L G ��L+BA��Yþ.35+�+!þ
γ

� " 9wýTÿ�<�/Gþ
µ /∈ R+

9;3U�Yþ./{-�ÿ./��E��9>ÿ>þ�ý$<�/Gþ
Σ

3¸þ>+BA��Yþ.35+��!'wÿ>+!þ
γ

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Æ IS!S!HG $ G &S$S{G� I L '�')�'m	R !S! N L~� I �*� I &S�'x G���G 'Tx�"*')LÑ�u{B� I � r = 2 tYq®� !SI NMN f K R��2p� I }k� I L NÑN �r'�RQOJ� F1

! RQ� N �P���rÿ��*'�� � �%&(' I &SLÑÿQ�%��$#� N
π : (] −∞, ln 2[×iR)2 −→ 2D∗ × 2D∗

(v, w) 7→ (exp v, expw)

�%$#' I &O}k� I L NÑN �*')RQOJ�Ã�S� M := (] −∞, ln 2[×iR)2 ! RQ� �S�%$Ô�S� � L f ! N RQ&S$ �#"%� N $St ¤ � N I L f �*L { � I �ò& GJI $& G ')�*� G &�$ F {S�*$#'_LM&S� I LÑ' ! RQ� N R 1 f } G � � ���#"%O I N L~�*���
ω1 := dv − µdw .

Æ G LÑ' γ I &���s!� N �aR½$ns �E! ' G '�L~� I �¼'�R½&SOJ�%&(' m F1
�S� K RQ$#� (x0, y0) /∈ {xy = 0} �*' � G &S$#LM�S"*� G &�$�$ G &	��� N �rÿJ"

γ̃ ! RQ� π �SRQ&S$ N � �S� � L f ! N RQ& P := {v = (v0 − µw0) + µw} ∩ M � G &(')�*&=RQ&(' I &�� ! ��" f L � RQOQ���g�Ú"*�
(v0, w0) ∈ π−1 (x0, y0)

t�q®�i� GQIS! N �×�S��P �2xS� � LÑ&S$�RQ$zs �E! ' G ')L�� I �%$sQ γ̃ �%$]'�'�RQ&SOQ�%&(')LÑ� NMN � � �%&('�x G���G ' GJ! �m K R½$��i�g�Ú"%��{H�SRQ&S$ P $�L �E! N � � �%&('�� G &S&S�-����{@m I &�� ! RQ�)R � "*'���LÑ$)R½'�L G &v� I �2xS� � LÑ&
γ′ : t ∈ R 7→ (v0 + µ2iπt, w0 + 2iπt) .

Æ�R��#�%$]')��L��*'�L G &5m [0, 1] $#� ! � Gwv �r'�'�� ! RQ� π { !SI LÑ$ ! RQ� (x, y) 7→ (0, y) {=�%& I & N Ru�%�r'
γ0 : t ∈ [0, 1] 7→

(

0, y0e
2iπt
)

� G &(' N �Y�#� N �*ÿJ" ,�?@'
dx = 0 ! �*� � �*'?�S�Ø�%R N � I N �*� I &S�Øx G N G & G�� LÑ� ∆ ∈ O (2D × {y0}) R½$�$ G �%LÑ"%�]m F1

t= RQ��� G &S$]')� I �*')L G &�{ N R �#�%$#'���L��*')L G &}��� γ′ m [0, n] $�� ! � Gwv �r'�')� ! RQ� π �*& N �E��� N �*ÿQ"u{·�=R½&S$ F1
{��S� γ∧n0R>sJRQ&(' !HGJI � K RQ$�� (x0, y0)

�r' !hGQI �D�-�Ú'���" � L ')" (y0,∆
◦n(x0))

{B�*�Q� I L�Ru�2xg�*ÿJ� N R ! �#� I ÿQ���S� N R ! �#� � L~�*���
RQ$�$#�%�#'�L G &¸t
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��R N � I N "%�P$ I � N R1')�)R½&S$#ÿQ�%��$�R N � {1} × 2D t �

Å N s�R � G &��Ô"S� I L ÿ½R N �*&��%��{�� I RQ&S� µ /∈ R+
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∆ : x 7→ e2iπµx
/B3¸þD%�9;(U9;-G%�A.-2? þ Ã 9;3U�Yþ./B-§#&%�9;?~ÿ.?ëý

µ /∈ R+

�c�J:�þ�w�?~ÿ.- þ/{3¸þiÿ�9;: /B-2?u9;3
f ∈ C {x}
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B �
lim

N→+∞

N
∑

n=−N
g ◦ ∆◦kn(B) = 0

� :F'�ÿ./{?G-Õþ
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þ2ÿ.-�:F'%ÿ./B?G- þ>+!þ2ÿD?G-sA�ýCA2ÿ>'wÿ2ÿ�9�#.?uA2þ�')/}��9;?G3�-T'wÿ.1�(*�5-�9;-2?@<�/Yþ��)�
©GªøÉ�ª uUf Ñ ��°�f
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∂y�=RQ&S$a�S� KHG &S&S�*$V� GÚG ��� G &�&S"%�*$ N LM&S"%RQLM�#�%$S{�R�ÿJ�S� λ 6= 0 t. ¥�1'� I LÑ'�'��Ûm?��"*'���"��%LM� N � GJI ÿQ�%�]'·�S�;�S"��=&�LÑ')L G &U��� Z { G &U$ IS!S!HG $��Û� I � (0, 0) �%$]' N Ra$�� I N �;$�LÑ&SO I N RQ��L ')"�S� Z .s?@�0þ�� N �P$�� I N !hG LÑ&('���� RQ&S& I N R�')L G & ��� Z 1�t
Ç &`R !S! N L~� I R½&�' I &C'yxS" G �n� � �¸�S� Ü]t R I N Ru� 	 ê9� ©E� G & ! � I ' $ IS!S!HG $#�%�S{#� I L '�')� m �2x=RQ&�OJ�%� �S�

� GfG ��� G &S&S"%�*$×R½&=R N s�'�L~� I �%$ N G �%R N �*$S{B� I � L N ���ÚLM$]')� I & !hG N sf�SLM$n� I � rD × rD ')� N � I � N � G & Rû�
Z = UX ,

X = xk+1 ∂

∂x
+
(

y
(

1 + µxk
)

+ xk+1R(x, y)
) ∂

∂y

. ¥Bt¹¦gt � 1
!hGJI � I & I &SL�� I ��� GJIS! N � (k, µ) ∈ N∗ × C �r'×�S� I �5} G &��r')L G &S$�x G N G���G � ! x��%$ R,U $ I � V t R � ! N I $S{ U&S��$S� RQ&S& I N � ! RQ$a$ I � V �r'��

U(0, 0) = λ .

� GJI $a$ IS!S!HG $��*� G &S$_�=RQ&�$a' GJI '�� N R1$ I L ')���S� N R ! RQ�#'�LM�i� I � Z �*$#'_"S�*��L 'a$ GJI $ N Rr} G � � � . ¥Bt¹¦gt � 1

q®�i�2x=R ��! X �*$#' I &S� ! �*�#' I � K R�')L G &qPÍÿJ�*�#'�L~��R N �.Q�� I �2x=R ��!
X0 := xk+1 ∂

∂x
+ y

(

1 + µxk
) ∂

∂y
,

�*' N RP��"*� I �r')L G & �S� = G LÑ&���RQ�#" f R I N R�� 	 ê5��©�� ! �*� � �*';�S� �EG &('����%� � I � X N I L=�*$#'
} G � � � NMN � � �*&('¶� G & v#I O I "�t � GJI $a�#�*')� GJI ÿQ�%� G &S$)�*����"%$ I N ')R½'a�=RQ&�$ N R ! RQ�]')LM� 2 t�P&%� G &S$�LÑ���%�#� N �¶}k� I L NMN �*')RQOJ�Ü$�LM&�O I N LÑ�%� FZ

LÑ&S� I L ' ! RQ� Z $ I � V t�q�� "��%�#LÑ' I ��� . ¥!t·¦gt � 1�}�RQL '�R !�! RQ�)R;ÈM')�#�N RU$#" ! RQ��R½')�#L~�*� {x = 0} {B� I L¸� G ���#�%$ !HG &S�5m N RYÿ½R N � I � ! � GQ! ��� λ �S� Z1
{SRQLÑ&S$�L@� I � N RY')��RQ&S$]ÿJ�%�#$)R N LÑ'�"��S�

Z R�ÿJ��� N �%$��S� G LÑ'��%$ {x = cte} �*&Ã���Sx G �#$a�S���%�*'#')�Y$�" ! RQ�)R�')��L��%��tè ¨5é�£¶ ©£¥¢¤£ ð  O¥!t·¦gt·¥SÏ;�P& R !S! � NÑN �%��R Ñ f §�¨ � ¨ g>��i0�Jc â jG��g�c � I }k� I L NÑN �*')RQOJ� FZ

N Rr}k� I L NMN � Sy := V ∩
{x = 0} \ {(0, 0)}

. I &S�Ã$#" ! R½�)R½'���L~�*�Ô�%$#' ! N I $	OJ"%&S"*�)R N � � �%&(' I &S�5}k� I L NMN �v� G &(' N � RQ��xS"*���%&g�%� �%$#' I &
OJ�%� � ���S��� GQI � K ��x G N Gu�EG � ! xS���*& (0, 0) 1-t

¿-j



¿8© ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
q�� ���ÚLÑ$#')�*&��%� �¸� I &�� �S� I �ÚL�� � � $�" ! RQ�)R½'���L��%�u{DRQ$�$ G �*LM"*�æm N R�ÿ½R N � I � ! � GQ! ��� 0 �S� ÿJ���*')� I � ! � GQ! ���

(1, 0) {°&�� �*$#'Y�%&òOJ"*&S"%��R N ! RQ$YRQ$#$ I �#"%��t�ÆfL G &ä�2xS�%�n�2xS���*�*'#')�	$�" ! RQ�)R�')��L��%�-$ GJI $ N R�} G � � �U��� I &�OJ��R ! xS���� "�� I R½')L G & y = s(x) { s(0) = 0 { G &Ã� G LÑ'��#"%$ GJI �S�#�
xk+1s′(x) = s(x)

(

1 + µxk
)

+ xk+1R(x, s(x)) .
. ¥!t·¦gt·¥�1

q�R ! � GJ!HG $#LÑ')L G &�$ I L ÿ½RQ&(')�D�*$#' I &1��"*$ I N '�R½'�� N RQ$�$#L~� I � . ÿ G LÑ� N � Â?&S&S�-��� � !HGJI � I &S�D�S"��=&SL ')L G &U�S�*$�� N RQ$�$#�%$
Ù��rÿÚ�#��sg1�tÚÁ7t�Ü I p I x=RQ��Rg{(Äita�PL �1I �)R��*'ÜÄitfÁ R�' I �=R 	X  �=
&¡ÃiG
)b ¨ g {³�2x=R ! t(Å�Å#Å � G &(' "*'�R K N L N � I &SL~�*LÑ')"D�*'N R �S"rÿJ� N GJ!S! R K L N LÑ'�" R½$ns �E! ' G '�L~� I �U��� N R�$�"%�#LM� s R N G ��$V� I �-$)R k f $ G���� R K L N L ')" ! � I 'i�*'���� ! � GJI ÿQ"%�-�%&I ')L N LM$�RQ&(' I &û'yxS" G �n� � �P�S� l t f = t / R � LM$ 	 u ¨ � . ÿ G LM� 	 b ¨ 
�u ¨ ©B� !hGJI �¼�S�%$a�S"r'�RQL N $;$ IS!S! N " � �%&(')RQLM�#�%$21-t

� ¯ ð��^ð ¡�£¥¢¤£ ð  Z¥!t·¦gt¹�=Ï ¥ 9;?G-
R

/B3£v!þ�ýJ(�þ$+!þLK�9;3�#.-@?u9;3£%�9;:V9;(U9wý���%Yþ'þ.3
(0, 0)

� " ��A8<�/!')-2?u9;3 � �B� � �V���'E+)(�þ.-T/B3¸þ$/{3�?@<�/Yþiÿ�9;: /B-2?u9;3IK�9wýJ(�þ.:G:~þ
s

�\��þ.:G:~þ.78#.?�þ2ÿ.-6+!þ}#.:F'wÿ2ÿ>þ
k

7��)þ.,>ýTþ.1+þ.-x��9>ÿ2ÿ��8+!þD/{3¸þ
k

7 ÿ�9;(}(�þ
(v̂j, sj)j∈Z/k

�gÿT3�oS3 � s(x) = O(xk+1)
�

ª�¨^´�²©¯gûO¥!t·¦gt�µ^Ï . �r' è ³�éS£¶ �£¥¢¤£ ð  �1�Ç & ! RQ�]')L�� I N LM�%�Û�%�S�*L¤$�LMOQ&SL��=�i� I � L N �-�ÚLM$#'�� r > 0 �*' I & ���S� GJI fÿÚ�#� � �%&(';�S� rD �*& k $����*')� I ��$ v̂j �S�_$ Gu�a� �*'�$ 0
. ÿ G LÑ� $��S�r')L G & . ¥Bt·¥�1y1-{($S� LM&(')�*��$����*')RQ&('D�S� I ��mY��� I �Ä{��*'

k } G &��r')L G &S$¢x G N G���G � ! xS�%$ sj ∈ O (v̂j)
$ G N I ')L G &S$?�S� N � "S� I R�')L G & . ¥!t·¦gt·¥�1a�*' !HG $�$#"%�=R½&�' s � G��a� �Y�S" fÿJ� N GJ!S! � � �%&('aRQ$zs �E! ' G ')L�� I �×�*&+�%� !HG LM&('Stgq®�%$DOJ�)R ! xS�%$ {y = sj(x)} $ G &('��S�*$¶}k� I L NMN �*$;� I }k� I L NMN �*'�R½OJ�LM&S� I LÑ' ! R½� Z �%&Ô���*$#')�#L~�r')L G &5m v̂j × rD t=�P& N �%$aR !�! � NMN �*�)R Ñ f §�¨ � ¨ g>��i0�Jc Ñ�Ñ cB�Qg�j@��ikc!±�±kc Ñ ! RQ�¼R KSI $a�S�N RQ&SOJRQOJ�ut

q G ��$y� I � s �*$#' I &��v$�"*��LM��� G &(ÿJ�*��OJ�*&(')�u{ N ���2x=R �E! Z $S� "S�*��LÑ' Ũ X̃ �=R½&S$ N �

. K 1

$nsf$#'y� � � �S��� GÚG �#� G &S&�"%�%$ (x, y − s(x)) {^R�ÿQ�S�
X̃ := X0 + xk+1R̃(x, y)y

∂

∂y
.

q G ��$y� I � N RD$�"*��LM� s(x) � G &(ÿQ�%��OQ� G &P$ IS!S!HG $��*�)R#� I � Z �*$#'¤"��%��L '®$ GQI $h�%�*'#')��} G � � ��{%�*' G &i� I R N L��=�%��R
Z ���Y&g½ I � f � G N �S� g mD§ cL�JjHeÄÓHc���²Hcfehg t
q¤�i}k� I L NÑN �*')RQOJ�?��� ! ��"%$#�%&(')" $ I � N RØ�=O I �#� . K 1¼�%$]'?LÑ&S� I L ' ! RQ� N �i�2x=R ��!

Xe := x2 ∂

∂x
+
(

y + 2x3
) ∂

∂y
.

¤ � N I L f �*L } GJI �#&SLÑ' I &����Ú� ��! N ���S�IP¿$#" ! RQ��R½')�#L~�*�%} G � � � NMN �.QU& G &7� G &(ÿJ�*��OJ�*&(')�ut�q®�%$'� GJI � K �*$ULÑ&�'�"%OJ��R N �*$
�S���%�'�2x=R ��! $ G &(' N �%$a$ G N I '�L G &�$¼�S� N � "S� I R½'�L G &Ô�SL�»°"*���*&�'�LM� NMN � N LÑ&S"�RQLÑ���1�

x2y′ = y + 2x3

. �%� NMN � f �*L©$#�-�)R � �%&�� ! RQ� I &æ�2x=RQ&SOQ� � �%&('��S�r� GfG �#� G &S&S"*�%$PR½&=R N s�'�L~� I ��m N � "�� I R½')L G & ��� Ç I N �*� x2y′ =
y + x 1-t q¤R¾}k� I L NMN �a�%RQ&S�SLÑ�=R½'�� {y = s(x)} 3 (0, 0) � I � N � G & GJK ')LM�*&('1�%&zLÑ& v �S�r'�RQ&(' N RÃ$#"%��LÑ� s �=RQ&S$N � "S� I R½'�L G &Ô�SL�»°"*���%&('�LM� NÑN ���*$#'_� G &�&S"%� ! RQ�

s(x) =
∑

n>1

n!xn+1,

� I L�&S�r� G &(ÿQ�%��OQ� ! R½$StDq¤R � "r'Tx G �S�1��� N R ÿ½RQ��LMR½')L G & ��� N R�� G &S$#')RQ&(')�	& GJI $ ! �%� � �r'P�%&¸���rÿ½RQ&��2xS���S�
�S"*'��%� � LM&��%���S�*$?$ G N I '�L G &�$

s±(x) := −e−1/x

∫

γ±(x)

2ue1/udx



©Jì j8ì!Ì_^gÈnb�Å�ï¸Á�ÊGb�`~í�b¸Ì¸É¶Æ!ÅuÅuÆ ¿n�
x G N Gu�EG � ! xS�*$¼$ I � N �%$ ! N RQ&+� GJI�! "*$ C\iR±

. ÿ G LM�¼$#�S�r')L G & . ¥Bt�µ�t¹µgt·�³1n1�tgq¤�i�2x�� � LM&Ô��� LM&(')"*OJ�)R½'�L G & γ±(x)
� I L���� N LÑ� x m N � G ��LMOQLM&S���*$#' } G � � "Ü��� I &-$��*O � �%&(' [0,− |x|] � G &���R½'�"%&S"¼R�ÿQ�S� N � R½�y�Ü�S�¶�%�*�y� N � ̂(− |x| , x) �S��)RHs G & |x| � G &(' N � L � RQOJ���%$]'©�SRQ&S$ C\iR±

t ¤ �%$¤$ G N I '�L G &�$°&S� $����#�S� G NMN �%&('D� I � R I f ���%$�$ I $��S� {Re(x) < 0} {��RQ� G & ! � I 'V��R N � I N �%��� I �
∫

|z|=|x|
2ze1/zdz = 2iπ .

Í�ª0©YªEu�f Ñ j@±0�¤g�i�jHe â j@�w°}c!±0±�c
Å N $S� RQOJL '·�S�D� G &S&S�*� I &S��� G &S�SL ')L G &U&S"��%�*$�$)R½LM�����r'�$ I ÔE$�RQ&(')��$ I � I &S�¼$#"%�#LM�Û} G � � � NMN � G !HGJI � � I � � NÑN �

RQ� � �*'�'�� I &S� Z f ! ��L � LÑ'�LÑÿQ�)} G � � � NMN ��t� ¨^´P´�²Z¥Bt � t � Ï6" '�ÿ./{?G-Õþiÿ./B?G,;')3�- þ�þ2ÿ.-�þ�wa'B#.-Õþ�º
Z ·

0 → C ↪→ C [[x, y]] −→ C [[x, y]] � Ck [x] → 0 .è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ R RQ&S$ I & ! ��� � LÑ�%�a')� �E! $�{ ��G &(')� G &S$ N �Y��"%$ I N ')R½' !HGJI � U = 1 thÆ G LÑ�%&(' F �*'
G �S� I �m$�"%�#LM�*$�} G � � � NMN �%$U'�� NMN �%$r� I � X · F = G ���%&�"S�*��LÑÿ½RQ&(' F (x, y) =

∑

fa,bx
ayb { G(x, y) =

∑

ga,bx
ayb �*' R(x, y) =

∑

ra,bx
ayb {Y�*�*'#')����� N R½'�L G &û$�� "��%��L 'Y�h !hGJI � a < k �

bfa,b = ga,b .
. ¥Bt � t � 1

h !hGJI � a ≥ k �
bfa,b + (a− k + bµ) fa−k,b +

∑

p+q=b+1

∑

n+m=a−k−1

pfn,prm,q = ga,b.
. ¥Bt � t·¥�1
¤ �%$×"�� I R½')L G &S$�{ !HGJI � b = 0 �*' a ≤ k {=L ��!hG $��%&('V� I � G(x, 0) ∈ xk+1C [[x]] � N R-$�"*��LÑ� G $#� ! � Gwv �*'#')�
$ I � 0 ∈ Ck [x] t � GJI $��g� G &�$ N L K �#� � �%&(' f0,0 ∈ C tÁ G &(')� G &S$ ! RQ�a��"�� I �#���*&��%�Y$ I � N ∈ N � I �Y$�L G &5� G &S&=R�ÈÑ' fa,b !HGJI � a+ b ≤ N R N G ��$ N �%$¼ÿ½R N � I ��$
�S� fa,b $ G &('��S"r')�*� � LM&S"*�%$ !HGJI � a + b = N + 1 t®Æ IS!�!hG $ G &S$�� G &��r� I �-$ G LM�%&('P� G &S&S"*$P�S� I � �%&('�LM�%�#$
a, b ')� N $�� I � a+ b = N + 1 th ÆÚL b = 0

N � "�� I R½')L G & . ¥Bt � t·¥�1D�S�rÿÚLÑ�%&(' �
(N + 1) fN+1,0 = gN+1+k,0 −

∑

n+m=N−k
fn,1rm,0

�*' N �v$#�S� G &S� � � �UK ���v&�� ��" ! �%&S�ñ� I �Ô�S� fn,1 !HGJI � n ≤ N − k t�q¤R ÿ½R N � I �1�S� fN+1,0
�*$#'

�%&(')L��%��� � �*&('?��"*')�*� � LM&S"*�uth ÆÚL b > 0
N �%$�"S� I R½'�L G &�$ . ¥Bt � t � 1P�r' . ¥Bt � t·¥�1 ! �*� � �*'�'��%&('Y�S���S"*'��%� � LM&��%� fa,b { !SI LÑ$y� I �u{¤�=R½&S$ N �$��S� G &S�Ï��R½$S{ N �%$1LÑ&S�SL��%�%$ �S� N R � GJISK N � $ G���� ��ÿJ"%�#L��=�*&(' n + p ≤ N − k t ¤ �S�*LD�S" �EG &('���� N R! � GJ! ��LM"r')"�RQ&�& G &��*"%�ut

q¤� & G s(R I �S� X· �*$#'-�*&S$ I LÑ')� � G &S&S" ! RQ� C { !SI LÑ$y� I �v$#� I N¼N �a�2x G L��}�S� f0,0
�%$#' N L K ���ut = RQ�1RQL NMN � I �#$

R I � I &S�r� G &��SLÑ'�L G & $ IS!S! N " � �%&('�R½LM��� $ I � G &�� �%$]'��S� � RQ&S��"%�u{°�S�1$ G �#')�r� I � N � L � RQOJ�Y�S� N RE�S"%�#LÑÿ½R½')L G &
�%$#' ! �#"S�%LÑ$�" � �*&�' xk+1C [[x]] ⊕ yC [[x, y]] t¤ G &S$�LÑ�S"%� G &S$ � RQLM&('��%&=RQ&(' Z = UX t�q�� "S� I R½'�L G & Z · F = G $S� "S�%�#LÑ'-�*&�� G ��� X · F = G

U
R�ÿQ�S�

U(0, 0) = λ 6= 0 t = RQ��$ I LÑ')� G
U
�%$#' I &S� $�"*��LM�9} G � � � NÑN ��t�W?&Z��R N � I N L ��� "%�SLMR½' ��G &(')�#� R N G ��$%� I �

G ∈ xk+1C [[x]] ⊕ yC [[x, y]] $#LD�*'U$�� I N � � �*&�'U$�LÜL N �%$]'-�S� � � � � !HGJI � G
U

. L N $�� R½OJLÑ'Y��� LM&(ÿJ�*��$#�%� I &
$nsf$#'y� � �Y'���L¥R½&SO I N RQLM�#�×�S"*& G��1K ��R K N �P�S�PÿQR N � I ��$ ! � GJ! ���*$_' GJI '��%$a"%O(R N �%$#m λ 6= 0 1�t �
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nc
V1

V0
cn

V1
cn

V
n
0

V1
c

n
V1

V0
c

πβ

nc
V0

col

noeud

col

noeud

k

Ð;£���Ï��HÏ��^Ï�	ÚÏ¢q®�%$�$#�S�*'�� I �#$#��RQ& G &SL~� I �*$ V cn
j

�r' V nc
j

�#�S� GJI ÿf���*&�' (rD × rD) \ {x = 0} tÅÕ�%L k = 2 t

� GJI $ !HGJI ÿ G &S$_�%& �S"%� I LM��� I & �%$ ! Ru�*� $#L ��! N ����� ! ��L � LÑ'�LÑÿQ�%$ !HGJI � C [[x, y]] t
� ¯ ð��^ð ¡�£¥¢¤£ ð   ¥!t � t·¥SÏ ·_9;/B- þaÿ�A�ýJ? þ�K�9wýJ(�þ.:G:~þ£+!þ

C [[x, y]]
'E+)(�þ.-D/{3¸þ

Z
7V�@ýJ?G(}?G-2?G,uþ�+E')3gÿ

P̂ :=
C [[x, y]] + Ck

[

1
x

]

⊕ C log x
�

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ = RQ� N LM&S"%RQ��L ')"�{®L N $ I Ô	'	�S�qPÕ� G��1K N �%� N �*$U')� GJI $sQ2{���� �*$#' f m f �SLM�#�[m ')� GJI ÿQ�%� I &�%$ ! Ru�%� Ω ')� N � I � X ·Ω = Ck [x] tSÇ�&[� G &S$�LÑ�S"%��RQ&(' I &SL�� I � � �%&('��S�*$¼$�"*��LM�*$¼�%& N RYÿ½RQ�#L¥R K N � x {ÚL N $S� RQOJL '�S����"%$ GJI �S�#� xk+1f ′(x) = P (x) tYq®�Y�#"%$ I N ')R½'a$ I L 'Ht �

Í�ª�Í�ª l j § j@±kj@²Hikc ¨�Ñnm ° § g�j=g�i0���c Ñ c!�Qg�jG��i�c!±0±�c

q¤�*$;��"��=&SL ')L G &S$ �S�V�2xS� � LM&S$Ü�*'���s!� N �%$DRQ$ns ��! ' G ')L~� I �*$S{fRQLÑ&S$�LY� I �_����x G���G ' GJ! LM��'�RQ&�OJ�%&(')LÑ� NÑN �u{Q$ G &('
��� !hG $�"%�*$×�*&ÃÂ?&S&S���Ú�YÂØt� GJI $��S"*$�LM� G &S$��S"S�*��LÑ��� N R ' GJ!HG N G OJLM�vRQ$ns ��! ' G '�L~� I � � I }k� I L NÑN �r'�RQOJ� FZ

R I f �S�*$�$ I $ �S� $����*')� I ��$
� K ��"*$DÿJ�*�#'�L~��R N � � �%&('S{f���×$ Gu�a� �*' (0, 0) �r'¼��� GJI ÿQ�%�#' I ���×$#')�#L~�r')� � �%&(' ! N I $ ! �*')L ')�#� I � 2π tBq G �#$y� I � Z�%$#'·�S�Ü'Õs ! �¶� G &�ÿQ�%�#OJ�%&('H{ N R_�gsf&=R � L~� I �Ü�S� N �¹x G N G & Gu� LÑ��RQ$�$ G �*LM"*�;LÑ&�'�� G � I L '©���%$���s!� N �*$�RQ$zs ��! ' G ')L�� I �%$
$ IS!S! N " � �%&(')RQLM�#�%$StfÇ�&v��»°�r'D$#L G & $S� R I ' G ��LÑ$��)m�' GJI �#&S�%�;R I ' GJI �Ü�S� N RP$�" ! RQ�)R½'���L��%�#} G �#'�� Sy �=R½&S$ N �)�%RQ$� I¾��G ��� N � X0

{ N ��x G N G & G�� LM�?RQ$�$ G �*LM"%���*$#'V� G & v#I O I "*�Øm N � R !S! N L~�%R½')L G & N LM&S"%RQLM�#� ∆(y) = ye2iπµ t ¤ � NMN � f
�%L {¸� G���� � �=RQ&S$ N ����RQ$P���%$��2x=R ��! $ N LÑ&S"�R½LM���*$ . ÿ G LÑ�Q�2x=R ! L ')�#� � 1�{hLM&S� I LÑ'����%$���s!� N �%$YRQ$zs ��! ' G ')L�� I �%$! N I $ GJI5��G LM&�$�� G���! N L�� I "%$¼$#� N G & N R1&=R½' I ���YRQ�#LÑ'Tx � "r')L~� I �×�S� µ t
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Å N & GJI $	$ I Ô�'���� "*' I �SLÑ�%� N R ' GJ!hG N G OJLÑ� R½$ns �E! ' G '�L~� I �Ô� I }k� I L NMN �*'�R½OJ�ûR I f �S�%$#$ I $��S�5�2x=Ru� I &m�S�%$$��S�r')� I ��$)��RQ& G &SL~� I �*$S{Y� I �Y& GJI $a�S"��=&SLM$#$ G &�$?L �a� "%�SLMR½')� � �*&('Htè ¨5é�£¶ ©£¥¢¤£ ð  e¥Bt·¥Bt � Ï � ,)9;?ëý�okv)/BýTþ$�B�V�B�GÊ.�
. � 1U�P&òR !�! � NMN � Ñ cB�Qg�cB�h�<Òkj���f ������RHs G & r > 0 {®��� GJI ÿQ�%�]' I �#� 0 < δ ≤ 2π �*'��S���SLÑ���S�r')L G & θN � GJI ÿJ�*�#'

V (r, θ, δ) : =

{

(x, y) : |y| < r, 0 < |x| < r, |arg x− θ| < δ

2

}

.

. ¥�1UÆ IS!S!HG $ G &S$ � G &S&S"*$ r > 0 �*' 0 < β < π
2
t¤Ç�& }�RQLM$�RQ&('Yÿ½RQ�#LM�*� j ∈ Z/k { G &ò�S"��S&SLÑ' N �*$ 2kÑ c!�Qg�c!��� Ñ � ¨ e¤jhe�i0���c Ñ RQ$�$ G �*LM"*$)m Z ! RQ�

V cn
j = V

(

r, (4j − 1)
π

2k
,
π

k
+

2β

k

)

,

V nc
j � V

(

r, (4j + 1)
π

2k
,
π

k
+

2β

k

)

.

. �³1
. R³1I� I RQ&S� k > 1 { !hGJI � j ∈ Z/k G &Ô�S"��S&SLÑ' N � j ìîíIïDð $#�S�*'�� I � e��<��� ! RQ�

V n
j := V cn

j ∩ V nc
j ,

$����*'�� I � �Jj@± ! RQ�
V c
j := V nc

j ∩ V cn
j+1,$����*'�� I � e��¾���c
T� ¨ e¤jhe�i0���c ! R½�

Vj := V cn
j ∪ V nc

j�*'_$#�S�*'�� I � �Jj@±G
T� ¨ e¤jHe©i0��¤c
V̂j := V nc

j ∪ V cn
j+1.. K 1I� I RQ&S� k = 1 { V nc

0 ∩ V cn
0

!HG $#$y�%���û�S� I �Ð� Gu�E!HG $)R½&�'��%$�� G &S&S�-�Ú�%$r� I LD$ G &('1�S�*$-$���� f')� I ��$����×�SLÑ���S�r')L G &S$ 0 �*' π tS��&û�S"��=&SLÑ' V n
0
� G���� �_"*')RQ&(' N R'� G���!hG $)RQ&(')�)� G &�&S���Ú�i� I L

���*&�� G &�'���� R+
�*' V c

0
"r'�RQ&(' N � R I '����ut=�P& !HG $��*�)R V0 := V \V c

0
�*' V̂0 := V \V n

0
t

R RQ&S$ N R×$ I L ')��& GQI $�$ IS!�!hG $ G &S$�� I � β �%$#'��B��"a�r'�& GJI $�& GJI $ R I ' G ��LÑ$ G &�$�mP�SL � LM& I �*� I &	& Gu�1K ����=&SL®�S�i} G LÑ$ N R1ÿ½R N � I ��� I �)RHs G & r > 0 t

ª�¨^´�²©¯gûDÏ
. � 1]q�� GJI ÿQ�%�]' Sy ∪j Vj �*$#' I &Ôÿ G LÑ$�LÑ&=RQOJ�P" !hG LÑ&(')"P�S� (0, 0) t. ¥�1]q�R N �*'#')����P n Q×� G LÑ'Û�*'����i� Gu�E! �#LM$#�¢� Gu�a� ��PÍ&�½ I �{Q×�*' N R N �r'�')�#�§P c Q)� G���� �§PÕ� G N Q2t�Â×LÑ&S$�L V cn

3�S"%$#LMOJ&S� N � '�� G LÑ$�L~� � ��$����*'�� I �r�%RQ& G &SL�� I �u{ N G ��$n� I � G &«' GJI ��&��ÔR I ' GQI �U�S� Sy �=RQ&S$ N �v$#�%&S$!hG $#LÑ'�L�} {�} G � � "P��� R KhG ���Ô��� I &S� ! RQ�#'�LM�i� G N m N Ru� I � NMN �?$ I ���S�*�S� I &�� ! RQ�#'�LM�P&�½ I ��t
. �³1U�P& "S�%�#LM��R V #

j
!HGJI �;�S"%$#LMOJ&��%� V cn

j
GJI V nc

j
LÑ&S�SL�»h"%�#� ��� �*&('Ht!q G ��$n� I � G &v�S"*$�LÑ��� ! R½� N �*�D��� I &GJI ÿJ�*�#'_$����*' G ��LÑ� N !HGJI � N R1ÿ½RQ�#L¥R K N � x { G & ��� �E! N Ru�*�%�)R$P V Q ! RQ�TP v Q2t�Â×LM&�$�L

vj := Vj ∩ {y = 0} ,
v#
j := V #

j ∩ {y = 0}
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þ.-s# t�t�t�q®�¾}k� I L NÑN �*')RQOJ�û�S"��=&SL ! RQ� Z �%& �#�%$#'���L��*')L G &¯m I & $#�S�*'�� I �û$#�%��R}LM&S��L~�%" �S� � RQ&�L~�%�#�
$�L � L N RQLM�#��R I $#�S�*'�� I ��t = R½�D���Ú� �E! N � N �#}k� I L NMN �*')RQOJ�a�S"��S&SL ! RQ� N RY���%$]')�#L~�*'�L G & �S� Z m V #

j
$��*�)R

& G ')" F#
j
{=�r'#�%� N I L®�S"��=&SL 'a$ I � Vj $��*�)R	& G ')" Fj

þ.-�#��G�G�

� G '���� ! �#LM&��*L ! R N KSI ' �%$]' �S� �EG &('����%�+� I � R I f �S�%$#$ I $ �S�ä�2x=Ru� I �ò$����*'�� I � &�½ I � f ��RQ& G &SL~� I � N �%$
}k� I L NMN �*$ � I }k� I L NÑN �*')RQOJ��LÑ&S� I L ' ! RQ� Z $ G &(';'�RQ&SOQ�%&(')LÑ� NMN � � �%&('�� G &�'��)Ru�r')L N �%$�t!q¤�*$Û��sB� N �*$¼RQ$zs ��! ' G ')L�� I �%$
ÿ G &('ER !S! R½�)R�ÈÑ')����{©�SRQ&S$ N �*$ ! RQ�]')LÑ�%$�� G N f ��RQ& G &SL~� I �*$S{ N G ��$n� I � G &z�#�S� G NMN � �S� I �«$����*')� I ��$%� G &S$�"�� I '�L�}k$
V cn
j

�*' V nc
j

. ÿ G LÑ�¶�=O I �#�]¥Bt´¥!t·�³1-t= GJI �'�%� N RÔ& GJI $Y�S�rÿ G &S$U�)R !S! � N �%� N Rû$]')� I �*' I ��� $#�S�r' G �#LM� NÑN �-�S�*$]}k� I L NÑN �*')RQOJ�*$ F#
j
{¤� G &S&S"*� ! RQ� N �

'TxS" G �y� � ���S�'Ü I p I x=RQ�)R f �PL �1I �)R f Á R½' I �=Rgt
ü �¨ ð ¯¤¨^´ ¥Bt·¥Bt´¥�Ï�Ì b ª
 �"!��$#"% ü % � l ª
& �Íù � ü % � l ª
' % ø �¶�(% 	X  �=
C¡ i
�b ¨ g {��2x=R ! tQÅ�Å�Å �²Í¶ 9;/!ýU-�9;/B-

r > 0
ÿ./J® ÿ�')(}(�þ.3�-S�Yþ.-@?G- � ?G:¶þ�w�?~ÿ.-ÕþU/B3�+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ

N#
j

+!þ
V #
j

ÿ./!ý%ÿ�9;3Å?G(t'�v!þ �#&9;3��J/�v)/!')3�-�:~þ2ÿ�#&%!')(*�Yÿ
X

þ.-
X0

�0��þ£+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ�ÿ>þ$�@ýC9;:V9;3Bv!þ£#&9;3�-2?G3*)B(�þ.3�-)ÿ./!ý
Sy ⊂ ¯

V #
jþ.3Ï/{3¬+)? ¨�A&9;(U9wý���%B?~ÿ.(�þq-u')3Bv!þ.3�-�|´:8� ?@+!þ.3�-2?G-�A���ÿT3�oS3

N#
j

þ2ÿ.-LoTpSýCA � #��îþ2ÿ.-@7R|)7R+)?ëýTþ�<�/Yþ
N#
j (x, y) =

(x, f(x, y)) � þ.-6+!þ��5: /�ÿ
f(x, y) = y + o (|x| + |y|)

�
Ç &û"r' I ��L¥RQ&(' N �%$�}k� I L NÑN �*$;� I+��G ��� N �)} G � � � N {�L N �%$]' !hG $�$�L K N �?��� �%&û�S"*� I LM�#� N RY' GJ!HG N G OJLM�_RQ$zs ��! ' G f')L~� I ��$#�S�*' G ��LÑ� NÑN ���S� Fj

�*' F̂j

,�?@' N �%$�� G & v#I O(RQLÑ$ G &�$ N#
j
t

q¤��Ä�xS" G �y� � ��Âd�S"�� GJI N ��� I 'TxS" G �y� � � ! N I $¶} G �#'��
ü �¨ ð ¯¤¨^´ ¥!t´¥Bt¹�=Ï z /{?G-@-Õþr|7ýCA8+)/{?ëýTþ

r > 0 � :~þ2ÿI�@ýC9&�@ýJ?uA.-sA2ÿaÿ./{?G,;')3�-Õþ2ÿ[ÿ�9;3�-Qÿ�')-2?~ÿ²Kn')?G-Õþ2ÿ>�!'uý�:~þ2ÿKHþ./{?G:G:~þ.-u'�v!þ2ÿ0?G35+)/B?G-Iÿ��!'uý
Z

º
. � 1}¶ 9;/!ýU-�9;/B-6��9;?G3�-

M ∈ Vj ∪ Sy
?G:�þ�w�?~ÿ.- þU/B3â#&%Yþ.(}?G3�'wÿ.1;(*�5-s9;-@?@<�/Gþr#&9;3�-2?G3�/°+!þU:V9;3Bv)/Yþ./!ýoS3�? þ

γj(M) � +!þ�p&'wÿ>þ
M

þ.-T+g�îþ�w�-�ýCA.(}?G-�A
(0, 0) � -u')3Bv!þ.3�-T|

Z
þ.-6+B9;3�-L:8� ?G(t'�v!þ]þ2ÿ.-\#&9;3�- þ.3�/Yþ+E')3gÿ

Vj
9;/

Sy
�

. ¥�1}" þ2ÿ§KHþ./B?G:G:~þ.-Z'�v!þ2ÿ
Fj

')/{7R+!þ2ÿ2ÿ./³ÿU+!þ2ÿ%ÿ>þ&#.- þ./!ýTÿU3546/!+)78#8')3�9;3�?@<�/Yþ2ÿ
Vj

ÿ�9;3�-�-u')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-#&9;3�-�ý�'B#.-@?G:~þ2ÿ��
. �³1

. R³1�" þ2ÿ�KHþ./B?G:G:~þ.-Z'�v!þ2ÿ
F̂j

')/{7R+!þ2ÿ2ÿ./³ÿ$+!þ2ÿ�#&9;: 78#8')3�9;3�?@<�/Gþ2ÿS��9>ÿ2ÿ��8+!þ.3�-�/B3¸þD/B3�?@<�/Gþ�KHþ./{?G:G:~þ*-Z')3�7v!þ.3�-@? þ.:G:~þ.(�þ.3�-6#&9;3�-�ý�'B#.-@?G:~þ � :~þ2ÿ$')/B-0ý2þ2ÿ�KHþ./{?G:G:~þ2ÿ�3���A.-Z')3�-��!'wÿ0'wÿ.1�(*�5-�9;-@?@<�/Gþ.(�þ.3�-�ÿ.?G(*�5:~þ.7(�þ.3�-$#&9;3�3¸þ�wBþ2ÿ�� � ')3gÿ�#2þ£#8'wÿt-s9;/³ÿq:~þ2ÿ�#.1a#.:~þ2ÿU'wÿ.1;(*�5-�9;-2?@<�/Yþ2ÿrÿ�9;3�-�-u')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-%�9;(U9;-�9&�Yþ2ÿ � |I:8��9wýJ? þ.3�-u')-2?u9;3>�@ýC�2ÿ���9;/£p�? þ.3r')/�#.1E#.:~þ�'wÿ.1�(*�5-�9;-2?@<�/Yþ$#&9;3�-2?G3�/�+B9;3�3�AL�!'uý:F'�okv)/!ý2þ$�B�V�B�Ë � 9;/³p�? þ.3~|t:F'�ÿ.?G3Bv)/{:F'uýJ?G-�A��
. K 1�¶ 9;/Bý

M ∈ V c
j

9;3 +BA2ÿ.?Fv)3¸þ�ý�'³�!'uý
γ∞j (M)

:~þ�#.1E#.:~þ«'wÿ.1;(*�5-s9;-@?@<�/Gþ´#&9;3�-2?G3�/ý9)p�-Õþ.3�/#&9;(}(�þ�:F'~#&9;3�#8')-�A.35')-@?u9;3°+!þ2ÿ�#&%Yþ.(}?G3gÿt'wÿ.1;(*�5-�9;-2?@<�/Yþ2ÿ
γj(M)

þ.-
−γj+1(M)

+B9;3�3�A2ÿ�!'uý � Ê.� � +!þ>p&'wÿ>þ
M

þ.-\+g�îþ�w�-�ýCA.(}?G-�A
(0, 0) � ,)9;?ëý�okv)/!ý2þ$�B�V�B�Ën�)�

. µ�1}" þ2ÿt#.1E#.:~þ2ÿ�+!þ<. �³1 ÿ�9;3�-\-u')3Bv!þ.3�-2? þ.:G:~þ.(�þ.3�-S%�9;(U9;-s9&�Yþ2ÿ}|r+!þ2ÿt#.1E#.:~þ2ÿI?G35+)/B?G-Iÿ§�!'uýI:8� ?G-�A�ý�')-2?u9;3+g� /{3¸þ�%�9;:V9;3�9;(}? þ
∆

'wÿ2ÿ�9�#.?uA2þ�|U:F'%ÿ�A��!'uý�')-�ýJ?u#2þLK�9wýJ-Õþ
Sy

þ.-6|q:F'�oTpSý�')-@?u9;3
dy = 0

�
� G ' G &S$�� I � N RØ}k� I L NÑN �?')RQ&SOJ�*&(')LM� NMN � � �%&('¶� G &(')�)R��*')L N ����� . �³1 . R³1�� G ���#�%$ !hG &��<m N R1$#" ! R½�)R½'���L~�*�P$���� f' G �#LM� NÑN ��t



©&ì ©&ìBÁ�b ] b�Å)bcö¸Ê Æ+Â�È&ùhÉ ] Á�b�Á�ÊGú�ï¸Æ5È�Æ{d�Á�b¸ÌÄÊ~ÆBÅ�ÅuÆ ¿yÝ

Re(x)

y

Im(x)
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γ0 : t ∈ R− 7→ v0 + t.¤ � N I L f �*LS$�� ! � Gwv �r'�')� ,�?@' N � �-� !hG &��%&(')LÑ� NMN �¼$ I � I &E$#�%O � �%&(' ��RQ�SL¥R N [0, ev0 ] t � GJI $ N � R !S! � NÑN �%� G &S$©� G &�� I &� ¨Em jHe tHÆfL � L N R½LM��� � �*&('D& GQI $_R !S! � NMN �%� G &S$ ¨ �w� ' GJI '#�2x�� � LM& �S� N RØ} G � � � γ1 : t ∈ I ⊂ R 7→ v0 + it tq¤�)}k� I L NMN �r'�RQOQ� F̃ "*')RQ&('¼')��RQ&S$]ÿJ�%�#$��'m N R'� K �)R�')L G & dv = 0 { G & ! � I '���� N �rÿJ�%�D�=RQ&S$ C2 �*�%$��2xS� � LÑ&S$
�%&��S�%$%�2xS� � LÑ&S$1'�R½&SOJ�%&('�$%m ! RQ�#'�LM� �S�v' GJI ' !hG LÑ&(' K RQ$#� (v0, w0) ∈ Ṽ t R RQ&�$ N �[�%RQ$-��� I &Ï�2xS� � LM&�)RQ�SLMR N RQ$#$ G �%LÑ"�m I &Ô��R>s G &�{^& GJI $_& G ')�*� G &S$a$ G &Ã�#� N �*ÿJ"

γ(w0) : t 7→ (v0 + t, w(t)) .
Å N $)R½'�LM$n}�R½LÑ'H{Ú��� R ! �y�*$ . ¥Bt·¥Bt´¥u1?�

kw(t) = kw0 + µt +
(

1 − e−t
)

e−v0 ,
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! RQ�a$ I L ')�

Re(w(t)) = Re(w0) +
t

k
Re(µ) +

1

k

(

1 − e−t
)

cos Im(v0).
. ¥Bt·¥Bt¹�³1

Æ IS!S!HG $ G &S$�� I � cos Im(v0) 6= 0 �r'�& G ' G &S$ ε ∈ {±1} $ G &¸$�LÑOJ&S��tDq®�r� G���!hG �#')� � �*&('�RQ$ns ��! ' G f')L~� I ���S� . ¥Bt´¥!t·�³1D�*$#'_��� !HG &S�*&�'�LM� N {=�S��$ G �#')��� I �
lim
t→−∞

Re(w(t)) = −ε∞.
. ¥Bt·¥Bt¹µ³1
= I LM$y� I � |y| = expRe(w) {H& GJI $×��"%� I LÑ$ G &�$¢� I �U�SRQ&S$ N �%$ ! RQ�]')LM�*$×&�½ I ��$?' GQI ')�*$ N �*$V}k� I L NÑN �*$_��� F#

j')�%&��S�%&('��)R½�SL¥R N � � �%&('aÿJ�*��$ N R�$�LÑ&SO I N RQ��L ')"u{^R N G �#$)� I �1�SRQ&S$ N �%$ ! RQ�#'�LM�*$¢� G N $ N �%$V}k� I L NMN �*$��=&SLM$#$��*&�' ! RQ�
� I LÑ'�'��%� N �Eÿ G LÑ$�LM&SRQOJ� V #

j

N G ��$n� I � G &�$��Ô�)R !�! � G �2xS�Ô�)RQ��L¥R N � � �%&('-�S� Sy t � GQI $ !hGJI ÿ G &S$%�r')��� ! N I $! ��"��%LM$�t
� ¯ ð��^ð ¡�£¥¢¤£ ð  ñ¥Bt´¥!t ¡ Ï ¥ 9;?G-

L
/B3¸þ�KHþ./B?G:G:~þ0+!þ

F̃
þ.-

(v0, w0) ∈ L
��¦\3¾ý8'.�E�Yþ.:G:~þD<�/Yþ

θ = ±π
2

ÿ>þ.:V9;3<�/Gþ
# = nc

9;/
# = cn

� z /B?G-2-ÕþI|�+)?G(}?G3�/Yþ�ý
r �

. � 1
. R³1 ÿ.?L:~þ'ýTþ.:~þ.,)A � +E')3gÿ

π∗F0
� +g� /B3Lý�')1E9;3

{v : Im(v) = cte}
3��îþ2ÿ.-c�!'wÿ0?G3�#.: /�ÿ>+E')3gÿ

{Re(w) = ln r}'):V9wýTÿ$?G:k#&9;/��Yþ}#2þ.-S%B1&�Yþ�ýZ�5:F')3 � ýCA2þ.: �[þ.3~')/}�5: /�ÿ>+!þ./�w���9;?G3�-Iÿ�� " þ'ýTþ.:~þ.,)A�+!þ
{v : Re(v) < ln r, Im(v) = 0}3¸þ$:~þI#&9;/��Yþ��!'wÿ��

. K 1 :8�îþ.3gÿ>þ.(tp�:~þ
I

+!þ2ÿ§+)?ëýTþ&#.-2?u9;3gÿ
δ ∈]θ− π

2
, θ+ π

2
[ � -Õþ.:�<�/Yþ�:~þ�ýTþ.:~þ.,)A

C
+!þ

{v : Im(v) = δ}'E+;%���ýTþ´|�/B3���9;?G3�-
M ∈ ([−∞,+∞[×i [−∞,+∞])2 þ2ÿ.-�#&9;3�3¸þ�wBþ�� � ')3gÿ�#2þ�#8'wÿ �:V9wýTÿ�<�/Gþ

C
3��îþ2ÿ.-g�!'wÿ$?G3�#.: /³ÿI+E')3gÿ

{Re(w) = cte} � π(M) = (0, 0)
� " 'r#&9;35+)?G-@?u9;3

C ⊂
{Re(w) = cte}

þ2ÿ.-�A8<�/B?G,;'):~þ.3�- þ�|
Re(µ) = 0

þ.-
δ = θ

�
. ¥�1 :~þ�ýTþ.:~þ.,)A>+E')3gÿ

π∗F0

+!þ0-�9;/{-\'uýC#
{

v : Re(v) = cte, |Im(v) − θ| < π

2
+ β

}

#&9;/��Yþ0:8� %B1&�Yþ�ýZ�5:F')3
{Re(w) = ln r}

þ.3~')/}�5: /�ÿ>+!þ./�w���9;?G3�-ëÿ��
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 . R³1DÅ N $S� RQOJL 'a�S����� � RQ�n� I �%��� I � N R1�S"*��LÑÿQ"%�Y�S� f := t 7→ Re(kw(t)) $�� "��%��L '

f ′(t) = Re(µ) + e−t−Re(v0) cos Im(v0) .Â I $#$�L { N G ��$n� I � f &�� �*$#' ! RQ$i� G &S$]'�RQ&('��u{ N � "S� I R�')L G & f ′(t) = 0 RQ� � �*' f � NÑN �UR I¸! N I $ I &S�-$ G N I ')L G &�t¸q¤�'TxS" G �y� � ���S� / G NMN � ! �*� � �*'a�S��� G &�� N I ����t
Ç &B�=&�{ N G ��$n� I � Im(v0) = 0 {��*�*'�'�� "S� I R½'�L G & &�� R½� � �r' ! R½$v�S� $ G N I '�L G &����%$�� I � Re(µ) ≤ 0GJI � I � Re(v0) < − lnRe(µ)

. ��� �*$#' f m f ��LM��� r < 1/ |Re(µ)| 1�t ¤ �%$+� G &S�SLÑ'�L G &�$EÿJ"*��L��="%�*$S{ !SI LM$y� I �
f(0) = Re(w0) < ln r �*' f ′(t) < 0 {S& GJI $_�*&Ã��"%� I LÑ$ G &�$)� I � f(t) < ln r !hGQI ��' GJI 'a�#"%� N &S"%O(R�')L�} t t. K 1¶q®�%$_"S� I R�')L G &S$ . ¥Bt·¥Bt�µ�1DLM&��SL~� I �*&�'V� I � N � �%&�$�� �UK N � I ���%$a�SLM�#�S�r')L G &S$��%&9� I �%$]')L G &Ã$�R½')LÑ$n}�RQL 'P�

{cos Im(v0) > 0} ⊂ I ⊂ {cos Im(v0) ≥ 0} .
Â×LM&�$�L I �*$#')� G &�&S���Ú�ut R � ! N I $ N � "S� I R½'�L G & . ¥Bt·¥Bt·��1¼RQ$�$ I ��� N R1ÿ½R N LM�SL ')"×� I �#�%$#'����S� N � RQ$�$#�%�#'�L G &¸t. ¥�1 � G ' G &S$ C : s 7→ (Re(v0) + is, w(s))

N � �#� N �*ÿJ"U�S� N � RQ�n� C0 : s 7→ (Re(v0) + is, 0) �S� !SI LM$
(Re(v0), w0)

t=Å N ÿfLÑ�%&('
kw(s) = kw0 + iµs+

(

1 − e−is
)

e−Re(v0).



©&ì ©&ìBÁ�b ] b�Å)bcö¸Ê Æ+Â�È&ùhÉ ] Á�b�Á�ÊGú�ï¸Æ5È�Æ{d�Á�b¸ÌÄÊ~ÆBÅ�ÅuÆ À�j
Á G &(')� G &S$ N � RQ$�$#�%�#'�L G &Ï� I RQ&�� # = nc

. ��� �*$#' f m f �SLM�#� θ = π
2
1�t = GQI �%�%� N Rò& GJI $ !hG $ G &S$ f := s 7→

Re(w(s)) tYq�� "S� I R½'�L G & f(s) = ln r $�� "��%�#LÑ'
k ln r = kRe(w0) − Im(µ)s+ (1 − cos s) e−Re(v0).¤ G��a� � ! ��"S�*"%�S� �a� �%&('S{�"*' I �SL G &S$ N � "�� I R½')L G & f ′(s) = 0 !hGJI � s ∈ [s1, s2]

R�ÿJ��� s1 = −π
2

+ β �*'
s2 = 3π

2
− β tYq®�%$�$ G N I '�L G &S$D$ G &('_� G &S&�"%�%$ ! R½� sin s = −eRe(v0)Im(µ) {��*�i� I L�} GJI �#&SLÑ'aR I ! N I $��S� I ��%"%� G $_�S� f ′ t^����{ !hGJI � r $ I Ô�$�R �a� �%&(' ! �*')L 'H{ G &9�%R N � I N �

f(s2) − f(s1) = −2

k
Im(µ) (π − β) +

2

k
e−Re(v0) sin β

> 0,

�*'
kf ′(s1) = kf ′(s2)

= −Im(µ) − e−Re(v0) cos β

< 0

2
_π

f(s )1

f(s )2

s’ s2s1

lnr

s"

= RQ�P$ I LÑ'�� N � "S� I R½'�L G & f(s) = ln r !hG $�$y�*�S��R I¸! N I $P�S� I �ò$ G N I ')L G &S$ {s′, s”} ⊂ [s1, s2]
t R RQ&�$ N �

��RQ$ G�ò # = cn
N �P��RQLM$ G &S&S� � �*&('a�%$#'×RQ&=R N G O I �ut �

= GJI �#� N G �#�i�%�*'#')��"*' I �S��{^'��)RQ&�$y�%�#LÑÿ G &S$#�%�*$?�#"%$ I N '�R�')$��=RQ&�$ N R�� GfG ��� G &S&S"%����� G �#LMOJLÑ&S�ut
��ð ¯ ð ñfñf²©¯��O¥Bt·¥Bt £ Ï z /B?G-@- þI|�+)?G(}?G3�/Yþ�ý

r > 0
º

. � 1
. R³1�¶ 9;/Bý0-�9;/{-c��9;?G3�-

M = (x, y) ∈ V #
j ∪ Sy � ?G:�þ�w�?~ÿ.-ÕþD/B3´#&%Yþ.(}?G3³'wÿ.1�(*�5-�9;-2?@<�/Yþ

γj(M) :

t ∈ R+ 7→ (x(t), y(t)) � -u')3Bv!þ.3�-�|
X0

þ.-�+g� ?G(t'�v!þ>?G3�#.: /³ÿ>þ}+E')3gÿ
V #
j ∪ Sy � ýTþ.: ?@')3�-

M|U:F'�ÿ.?G3Bv)/B:F'uý.?G-�A��
. K 1�� þ��5: /³ÿ � ��9;/!ý

t > 0
ÿ./.® ÿ�')(}(�þ.3�-kvuý�')35+5þ.-T-�9;/B-

M ∈ V #
j

� ?G:�þ�w�?~ÿ.-Õþ
K > 0

-Õþ.:g<�/Gþ
x(t) = |x| e2iπj/ke−t

|y(t)| = K |y| exp
(

− |x|−k ekt/k −Re(µ)t
)

.

. ¥�1
. R³1 ¥ ?

M := (x, y) ∈ V n
j

� :~þ�ýTþ.:~þ.,)A>+g� /B3æý�')1a9;3
[0, x]

|$�!'uýJ-2?ëý�+!þ
M

þ2ÿ.-�?G3�#.: /�ÿ$+E')3gÿ
V n
jþ.- ý2þ.: ? þ

M
|

(0, 0)
�
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. K 1 ¹*/Â#&9;3�-0ý8')?ëýTþ � ÿ.?

M ∈ V c
j

'.�E�!'uýJ-2? þ.3�-$|�:F'�KHþ./B?G:G:~þ
L � ?G:#þ�w�?~ÿ.- þ

1 > T > 0
-Õþ.:�<�/Yþ

L∩
(

[0, x] × rD̄
) ÿ�9;?G-L:8� ?G(t'�v!þ$+g� /B3¸þ�K�9;3�#.-@?u9;3³+!þI#.:F'wÿ2ÿ>þ

C1
ÿ./!ý

[Tx, x]
�cÿT3«#.:F')?ëý � :~þ

ýTþ.:~þ.,)A>+)/¾ý�')1E9;3
[0, x]

oS3�?G-x�!'uý¢ÿ�9wýJ-@?ëý�+!þ
V #
j

þ.-�3�� 1aýTþ.,�? þ.3�-c�5: /�ÿ��
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 . R³1�Ä GQI '���� R KHG ���¸{H$#L M ∈ {xy = 0} { N �Y��"%$ I N ')R½'?�%$#'×L ��� "*�SL¥R�'#��RQ� N Rr}k� I L NMN ��� G &(')�%&SRQ&(' M�%$#' N � I &S�¼�S�*$��S� I �1$�" ! RQ�)R�')��L��%�*$St�Æ G LÑ'·� G &�� M = (x, y) /∈ {xy = 0} �*' � G &S$#LM�S"*� G &�$ p0 := (v0, w0) ∈

Ṽ ∩π−1(M) t R RQ&S$ I & ! ��� � LÑ�%�·')� �E! $Ü& GJI $Ü��� N L G &�$ p0
m I & !HG LÑ&�' p1 := (v1, w1)

R�ÿQ�S� v1 ∈ R OJ�8¢u�%�
m I &9�2xS� � LÑ&Ô')RQ&SOJ�*&('¢m F̃ t=Ç�$�$�RHs G &S$?�S� N � GJK '��%&SLÑ���%& ��� N �*ÿ½RQ&(' N � RQ�n�

C0 : s ∈ [0,−Im(v0)] 7→ v0 + is
�S� !SI LM$ p0

tÚÇ�&v& G '�RQ&(' I := [0,−Im(v0)]
{ N �a�#� N �rÿJ" C : s ∈ I 7→ (v0 + is, w(s)) � GQIS! � N ��x³s ! �%� ! N R½&

{Re(w) = ln r} �%&`R I ! N I $û�S� I � !hG LM&(')$�{�� G �#���%$ !hG &S�=RQ&('¾mz�S�%$û')� �E! $ s′ �r' s” � G &S&S"*$ ! RQ� N R! � GJ!HG $#LÑ')L G & . ¥Bt·¥Bt ¡ ! t¹º�¦³1 . ¥�1-t = I LM$n� I � (v0, w0) ∈ Ṽ �*' !SI LÑ$y� I � N � LM&(')�*�#ÿ½R NMN � [s′, s”] � G �#���*$ !HG &S�[mY�S�%$ÿQR N � I ��$_�S� Re(w(s)) $ IS! "%��LÑ� I �#�Øm ln r {=$�� I N �*$?��� I � !HG $�$#L K L N LÑ'�"%$¼$ G &('×�*&(ÿÚLÑ$)RQOQ��R K N �%$Y� {s′, s”} ⊂ IGJI {s′, s”} ∩ I = ∅ t@q®� ��� I �ÚL~� � �]��RQ$_& GJI $×LM&��SL~� I �'� I � C �*$#' I &<�2xS� � LÑ&Ã'�R½&SOJ�%&('×R I }k� I L NÑN �r'�RQOJ�
F̃ {��u� �%$]' f m f �SLÑ���a� G &(' N � L � RQOJ�¼�*$#'D�=RQ&S$ Ṽ t!q®� ! �#� � LM�*����RQ$;& GJI $Ü�%$]' ��G LM&S$ }�R�ÿ G �)R K N �_�*';&S"S�*�%$�$#LÑ'�� I &')�)R½LÑ')� � �*&('a$ IS!S! N " � �%&(')RQLM�#�ut

Æ IS!S!HG $ G &S$S{h$)RQ&S$ ! �*�#'��U�S� OJ"%&S"*�)R N LÑ'�"u{Y� I � Im(v0) < 0 �r'¢� I � 0 < s′ ≤ s” < −Im(v0)
t � GJI $

��� N L G &�$ . !HGJI � ε, η, η′ > 0 $ I Ô�$�R �a� �%&(' ! �*'�LÑ')$T1 N � !HG LM&(' p0
m p′0 = (v′0, w

′
0)
{(R�ÿJ��� Re(w′

0) = ln r−ε {OJ�C¢u�*�1R I ��� N �*ÿQ"1�S� N RE�#�%$#'���L��*')L G & ��� C0
m [0, s′ − η] t¸q®� !HG LÑ&�' p′1 := C(s” + η′) ! � I 'Q�r')�#�1��� N LM"'m

p′0
! R½� I & �2xS� � LÑ&�'�R½&SOJ�%&('S{ !SI LM$n� I � N � LÑ&�'�"%OJ��R N � ! ��� � L��%��� H �%$]'�m+� K �#�%$Ø� G &S&S�-�Ú�%$U$ I � Ṽ �r'Ø� I �

H(p′0) = H(p′1)
. ÿ G LM� N R	��� � RQ�n� I � . ¥Bt·¥Bt�µ ! t �u£ 1¼�*' N R��=O I ����¥Bt´¥!t¹µ�1-t R �%$ N G �#$ G &Ã�#� N �*ÿJ�Øm ! RQ�#'�LM�a�S�

p′1
N Rv���*$#')�#L~�r')L G & �S� C0

m [s”,−Im(v0)]
!HGJI �Q�=&SR N � � �*&�'��#� N LM�%� p0

m p1 := C(−Im(v0))
R�ÿJ��� I &

�2xS� � LM&Ô'�RQ&�OJ�%&(')m F̃ t= GJI �9� G &�� N I ����{ N R ! � GJ!HG $#LÑ')L G & . ¥!t´¥Bt ¡ ! t·ºu¦³1 . � 1ûRQ$�$ I ��� � I � N �ò�#� N �*ÿJ"ò�S�*$Ã$#�%O � �%&(')$Ã�)RQ��L¥R I �
t ∈ [−n, 0] 7→ v1 + t $ G &('E�S�%$%�2xS� � LÑ&S$-'�RQ&SOQ�%&(')$�m F̃ !hGQI �1' GJI $ n ∈ N t�q�� ��� ! �#�%$�$#L G & . ¥Bt·¥Bt�µ�1
LM&S�SL�� I �ûR N G ��$]� I �+�%�%$-�#� N �*ÿJ"*$-$�� ! � Gwv �r'�')�*&(' ! RQ� π �*& I & �2xS� � LM&�R½$ns �E! ' G '�L~� I � ')RQ&SOJ�*&�'rm F#

j
{

��� �-�f')��" � L ')" (0, 0) �r'Ü�S� K RQ$�� M t�Å N �*$#'��=&=R N � � �%&(' !HG $�$#L K N ���S� N LM$#$��%� N �%$�� G LM&S$ �S�#�*�%$ �2xS� � LM&S$ !HGJI �
���%&��S��� N � I ��� G &g��R½'�"%&=R½'�L G & C1 t. K 1Vq�R[� G &S�SL ')L G &£P t $ I ÔE$�R ��� �*&�'�OJ�)RQ&��{Q]� G �#���%$ !hG &S�òR I ')� �E! $im ! RQ�]')LÑ�×� I � I � N G & �#� N �*ÿJ� N �
�)RHs G & v1 + R−

�=R½&S$ N R�� G &�$#')� I �*'�L G & . R³1-t R �%$ N G ��$ N � ��� ! ���*$�$#L G & ��� x(t) = exp v(t) �*'×�S� |y(t)| =

expRe(w(t)) $��Ô�S"%� I LÑ'��S� N RL� G &S$]')� I �*')L G &��S� Ṽ �*'��S� N � "�� I R½')L G & . ¥Bt·¥Bt¹�³1�{��%&ñ�2x G LM$#LM$#$)RQ&(' !HGJI �
& GJI ÿQ��R I ')� ��! $ t := −t/k t. ¥�1 ¤ � �%$]' I &S�[� G &S$#"S� I �%&g�%� �S�%$r�%R N � I N $1��� N R ! � GJ!HG $�L ')L G & . ¥Bt´¥!t ¡ ! t¹º�¦³1 . � 1��*'-��� N � ��� ! ���*$�$#L G &. ¥Bt·¥Bt�µ�1�t �

¥Bt´¥!t � t¹�gt*¶ ýTþ./{,uþ>+)/}��9;?G3�- � Ê.�U+)/r-G%�A&9wýC�.(�þ � �B�V�B�Ë$�����HG&�)�
  ')RQ&(' � G &S&�" I & !HG LM&(' M ∈ Vj∪Sy � I � N � G &�� G &�$�LM�g�%�����SRQ&S$ V #

j ∪Sy { G &r� G &S$]')� I LÑ' M ′ := N#
j (M) tq¤�)�2xS� � LM&	'�R½&SOJ�%&('¼RQ$ns ��! ' G '�L~� I � γ′ � G &S&S" ! RQ� N �#� G � G NMN RQLM�#� . ¥Bt·¥Bt £ ! t¹º � 1 . � 1 . R³1·�#� N LMRQ&(' M ′ m (0, 0)$��Y��� ��G &(')� ,�?@'
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V ′ := V (r, θ, δ)

'),uþ&#
0 < δ < 2π
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V ′ �!'uý
X0
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Ω ⊂ V ′ ∩ {y = 0}
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πx : C2 � {y = 0}
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X0

� +g�îþ�w�-0ýCA.(}?G-sA
E /∈ {x = 0}

þ.-�+B9;3�-�:8� ?G(t'�v!þ
þ2ÿ.-T?G3�#.: /³ÿ>þ�+E')3gÿ

V ′ �c¹*:V9wýTÿ
γ
þ2ÿ.-T-u')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-�%�9;(U9;-s9&�Yþ�|U/B3U��9;?G3�-u�

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ���&�& G ')� F ′ N � }k� I L NMN �*'�R½OJ�;LÑ&S� I L ' ! R½� X0
$ I � V ′ �r' G &r�g�Ú� I &S��� G��E!HG $�RQ&(')�

� G &S&����Ú� Ṽ �S� π−1(V ′) $ I � N �S� I � N π∗F ′ LM&S� I LÑ' I &�}k� I L NMN �*'�R½OJ� F̃ ��"*O I N LM�%��tuq®�¼�#�*ÿu�*')� � �*&(' π { !SI LÑ$y� I �
0 < δ < 2π {SLM&S� I LÑ'¼' GJIwv#GJI ��$ I & K L~x G N G���G � ! xSLM$ � �?�%&(')�#���2x=Ru� I ��}k� I L NMN �×�S� F ′ �*'_$ G &ÃL � RQOQ�ut. � 1 R � R ! �y�%$ N � "�� I R½')L G & . ¥Bt·¥Bt·¥�1 I &��%}k� I L NÑN � L �S� F̃ �*$#' N �-OQ�)R ! x��	R I f ���%$�$ I $���� I & GQI ÿJ�*�#' Ω ⊂
{w = 0} �S� N RØ} G &��*'�L G &

fh : v 7→ h+
µ

k
v − 1

k
e−v

!hGJI � h ∈ C t ¤ � �*$#' f m f �SLM�#�i� I � L �%$]' K L~x G N G���G � ! xS�im N � GJI ÿQ�%�#' Ω ��R½�)Ru�r')"%�#LM$#" ! RQ�
Ω = {(v, 0) : Re(fh(v)) < ln r} .

Æ G LÑ' γ̃ I &¸RQ�n�U$�L �E! N ��}k�%� � "U����� N RQ$�$#� C1 � G &(' N � L � RQOJ�P�*$#'PLÑ&�� N I $�� �=RQ&S$ Ω �Ä�%����sB� N �1��" N L � L ')� I &
�SLM$n� I ��� G &g} G � � � Ω′ ⊂ C t ¤ G���� � g := exp ◦fh �*$#'�x G N G���G � ! xS�-$ I � C { N � ! ��LÑ&��%L ! �	� IÐ�EG � I N �� Rw�ÚL �1I�� R !S! N L~� I "�m g $#'�L !SI N ��� I � Ω′ ⊂ Ω �*' ! RQ�1$ I LÑ')� γ̃ �%$#'�x G���G ' GJ! �am I & !HG LM&('1�SRQ&S$ Ω to�LM&=R N � � �%&('S{ Ω . � G &�� L 1D�%$#'_$#L ��! N � � �*&�'¶� G &S&����Ú�ut. ¥�1�Å N $�� �*&S$ I L '%� I � ' GQI '���sB� N �ûR½$ns �E! ' G '�L~� I � γ ')RQ&SOJ�*&�'�m F#
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� G &(' N � �-�Ú'���" � L ')" E &�� �%$]' ! RQ$

�=RQ&S$ {x = 0} �*$#' I &���s!� N �_')RQ&SOJ�*&�' KHG ��&S" . !SI LM$n� I � L �%$]' I &�OJ��R ! xS�?R I f �S�%$#$ I $;�S� Ω 1�{(�*' ! RQ� $ I LÑ'���%� N I L f �%L��*$#'Vx G���G ' GJ! ��m I & !HG LM&('Ht �� GJI $P&���& GJI $PLM&('�"%���*$�$ G &S$ ! N I $i� I � R I �ä�2xS� � LM&�$�RQ$ns ��! ' G '�L~� I �*$P� G &(' N � ���f')�#" � LÑ'�" E �%$]' �SRQ&S$
{x = 0} t� ¯ ð��^ð ¡�£¥¢¤£ ð   ¥Bt´¥!t � ¦SÏ ¥ 9;?G-

γ
/B3â#&%Yþ.(}?G3�'wÿ.1;(*�5-s9;-@?@<�/Yþ£+g�îþ�w�-0ýCA.(}?G-sA

E ∈ Sy
þ.-$+g� ?G(t'�v!þq?G3�7#.: /�ÿ>þq+E')3gÿ

V #
j

��¹*:V9wýTÿ
γ
þ2ÿ.-�-u')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-T%�9;(U9;-s9&�Yþ�|�/B3¯#&%Yþ.(}?G3�'wÿ.1�(*�5-�9;-2?@<�/Yþt+g�îþ�w�-0ýCA.(}?G-sA

(0, 0)
þ.-�+!þ´(UH.(�þ´p&'wÿ>þ�<�/{? � |´�!'uýJ-2?ëý´+g� /B3 #2þ�ý.-u')?G3 -Õþ.(*�Yÿ � þ2ÿ.-U:~þ ýTþ.:~þ.,)A�+g� /{3`ÿ>þuv)(�þ.3�-�ý�'E+)?@'):

{

x : arg xk = 0, 0 < |x| ≤ ρ
} �

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ � GJI $_'��)R�ÿ½RQL NÑN G &S$D�=RQ&S$ N � GJI ÿQ�%�]' Ω � G &S&S" ! RQ� N � N � ��� � ! ��"��%"%���%&('��r'×$ IS! f!hG $ G &S$a� I � γ $#� ��� �EG &�'�� ! R½� π �%& I &¯P �2xS� � LÑ& R½$ns �E! ' G '�L~� I �.Q γ̃ ��� I &S�<� G��E!HG $�RQ&(')�<� G &S&S�-�Ú�
Ω̃ ⊂ Ṽ �S� π−1(Ω) {{P¿�¸� �-�Ú'���" � L ')".Q Ẽ ∈ {−∞} × i

[

−π
2

+ β, 3π
2
− β

] t
Ä GJI '���� R KhG �#��{Ä�B� G &S$ r > ρ > 0 �r'�� G &S$#LM�S"*� G &�$ B(ρ) := {v : Re(v) < ln ρ} t = I LM$n� I � Ω̃ �*$#'

$�L ��! N � � �%&('¶� G &S&S�-����{^L N �%$#' !HG $�$#L K N ������x G���G ' GQ! �*� γ̃ $ I � N RØ� G &g��R½'�"%&=R½'�L G &Ô��� I &5�2xS� � LÑ& γ0
��� N LMRQ&('

B m Bρ := ln ρ ∈ ∂B(ρ) {°�*'���� I & �2x�� � LM& RQ$zs �E! ' G ')L�� I � γρ ��� L � RQOJ�YLM&�� N I $#�1�=RQ&�$ B̄(ρ) {°�S� K RQ$��
Bρ

�r'?�¸� �-�Ú'���" � L ')" E t= GJI � ρ RQ$�$#��� ! �r')L 'H{ Ω̃ ∩ B(ρ) �%$#' I & � G�� RQLÑ&S��$�L �E! N � � �%&('�� G &S&S�-�Ú�]� G &(')�%& I �=RQ&S$
{v : Im(v) ∈ I} ,N � LM&(')�*�#ÿ½R NMN � I "*')RQ&('·� G &S&S" ! RQ� N R ! � GJ!HG $#LÑ')L G & . ¥Bt·¥Bt ¡ ! t·º�¦�1 . � 1 . K 1�t R RQ&�$��%�*$�� G &S�SL ')L G &S$S{ γρ �*$#' x G��EG f' GJ! �P�=RQ&S$ Ω̃ ∩B(ρ) R I �2xS� � LM&û��RQ�SL¥R N {v : Im(v) = 0, Re(v) ≤ ln ρ} tgo�LM&=R N � � �%&('S{ N � R !�! N L���R½'�L G &

π ���*�S�%$n�%�*&S�+�%�r'�')�)x G���G ' GQ! LM���*& I &S�Vx G���G ' GQ! LM�¼')RQ&SOJ�*&�'�LM� NMN �a�*&�'���� γ �*' I &��2x�� � LM&ERQ$ns ��! ' G '�L~� I �
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Sy t �

� ¯ ð��^ð ¡�£¥¢¤£ ð  ¯¥Bt·¥Bt ��� ÏT" þSKHþ./{?G:G:~þ.-u'�v!þ
F#
j
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è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Æ G L ' γ = γ0 ∧ −γ1 I & ��s!� N ��RQ$ns ��! ' G '�L~� I �1')RQ&SOJ�*&�']m F#

j
��� K RQ$�� B �*'

��� �-�f')��" � L ')" E t R � I &S� ! RQ�]'H{�$�L E /∈ {x = 0} { N � N � ��� � . ¥Bt´¥!t·� ! t·ºu�³1 . ¥�1�& GJI $1LÑ&S�SL~� I ��� I � γ �*$#''�RQ&SOQ�%&(')LÑ� NMN � � �%&('�x G��EG ' GJ! ��m I & !hG LÑ&('Ht R �%$ N G ��$ N � R !S! N L~��R�')L G &ò� I � G � G NMN RQLM�#� . ¥Bt·¥Bt £ ! t·º � 1 . � 1 . R³1
} GJI ��&�LÑ' I &S��x Gu�EG ' GJ! LÑ�×'�RQ&�OJ�%&(')LÑ� NÑN ���*&�'������%� !HG LM&('a�r' N R1$�LÑ&SO I N RQ��L ')"utR � R I ')�#� ! RQ�]'H{�$�L E ∈ {x = 0} { G & ! � I ';$ IS!S!HG $#�%�¶� I � E = (0, 0) ��� R ! �y�*$ N R ! � GJ!HG $�L ')L G & ! �#"S�*" f�S�%&(')��t=Â×LÑ&S$�L N �%$¼L � R½OJ�%$;�S� γ0 �r' γ1 � GJI &��%LÑ�S�%&(' !HGJI � |t| $ I Ô�$�R �a� �%&('aOJ��RQ&S�ÔR�ÿJ��� N � � � � �×�#� N �rÿJ"
C ��� I &Ô�)RHs G & C0 := {x : arg x = 0, |x| ≤ ρ} { ! RQ�y� GJI � I �%&Ô$��*&S$ GJ!S!HG $�"*$StYq®�i��sB� N �PR½$ns �E! ' G '�L~� I �
γ �%$#'D� G &�� N R�� G &���R½'�"%&=R�')L G & ��� I & N Ru�%�r';')RQ&SOJ�*&�' γ′ �S� K RQ$#� B1 ∈ ∂C× rD ! RQ$�$�RQ&(' ! RQ� B {��*'D��� I &��s!� N � RQ$zs �E! ' G ')L�� I � γ′′ � G &(' N � L � R½OJ�U�*$#' LM&�� N I $#�-�=RQ&S$ C {°�S� K RQ$�� B1

�*'Y��� ���f')�#" � LÑ')" E tho�LM&=R N � f� �*&�'S{ N � N � �a� � . ¥Bt´¥!t·� ! t·º���1 . ¥u1 ! �*� � �*'����Q� G &g� N I ���i� I � γ′ �%$]'�'�RQ&�OJ�%&(')LÑ� NÑN � � �%&('Ûx G���G ' GJ! �Qm B1
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�*'V� G���� � C �%$]')� G &(')��Ru�*'�L N � N �i��s!� N � γ′′ �*$#'a'�R½&SOJ�%&('�LM� NÑN � � �*&�'¶x G���G ' GJ! �im (0, 0) t

�

¥Bt´¥!t´¥Bt � t*¶ 'uýJ-2? þ2ÿ$3546/!+)78#8')3�9;3�?@<�/Yþ2ÿD7k�@ýTþ./B,uþ>+)/���9;?G3�- � ���U+)/�-²%�A&9wýC�.(�þ � �B�V�B�Ë$�����HG&�)�
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{ !SI LÑ$V� I �¹m ! RQ�#'�LM����� I &<�*�%�]'�RQLÑ& '�� ��! $ N ���2xS� � LM& γa { a ∈ {0, 1} {G� GJI &��*LM�S�YR�ÿJ���N � �#� N �*ÿJ" Ca ��� I &z�)RHs G & {x : arg x = 2πJa/k} R�ÿQ�S� Ja ∈ {j, j + 1} t·ÆfL J0 = J1

{ I &z��RQLM$ G &S&S� f
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{x : arg x = cte} t ¤ �S�*L�� G &(')�#�%�SL ' N �i� G � G NÑN RQLÑ��� . ¥Bt·¥Bt £ ! t¹º � 1 . ¥�1 . K 1-t. µ�1 � GJI $ I ')L N LÑ$ G &S$ N R ! � GJ!hG $�LÑ'�L G & . ¥!t´¥Bt � ¦ ! t·ºu�³1Y�^' GJI 'Q��s!� N �1R½$ns �E! ' G '�L~� I � γ ��"S�%�#LÑ'¢�%L f �S�%$#$ I $�%$#'�x Gu�EG ' GJ! �+m I &ñ��s!� N �ÔRQ$ns ��! ' G '�L~� I � γ′ ��� ���f')�#" � LÑ'�" E ∈ Sy t·Å N �*$#'%}�Ru�*L N �E�S�û$��5� G &(ÿQR½LM&��*���� I � γ′ ! � I '��*'����5x G���G ' GQ! " ')RQ&SOJ�*&(')LM� NMN � � �%&('H{�m¸�-�f')��" � L ')"*$%�B��"*�%$�{Ü$ I � I &ñ��s!� N �ÃR½$ns �E! ' G '�L~� I �� G &(' N � L � R½OJ�-�%$]'U�=R½&S$ {|y| = |E|} t�o�LM&=R N � � �%&('S{��%� N I L f �%L��*$#']� N RQLM�#� � �%&('�x G���G ' GQ! ��m I &Ð�2xS� � LÑ&RQ$ns ��! ' G '�L~� I �?LM&S� I LÑ' ! RQ� N � LÑ')"*�)R½'�L G &	��� I &S�¢x G N G & G�� LM� ∆ ��R N � I N "%�?$ I � {y = E} {ÚRQ$�$ G �*LM"*�Qm Sy �r'�mN R�� K ��R½')L G & dy = 0 t �
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Æ G LÑ' G I & OQ�%� � �Y�S�]} G &g�*')L G &<x G N G���G � ! xS���%& (0, 0) t � GQI $ !HGJI ÿ G &S$�$ IS!S!HG $��*�Q� I � r �%$]'P$ I Ô f$)R ��� �*&(' ! �r')L '��S�D$ G �]')�¶� I � G { Z = UX �r' 1/U $ G LM�*&('�x G N G��EG � ! xS�*$©$ I � I &1ÿ G LM$#LM&=RQOQ�;�S� rD̄×rD̄ t� GJI $a�S"��=&SLÑ$�$ G &S$ N R�} G � � �×')� �E! $_$ I � V \ {x = 0} � G���� �
τZ :=

dx

xk+1U(x, y)
;

G & ÿQ"%�#L��=�i}�Ru�*L N � � �*&('�� I � τZ(Z) = 1 tYq®� N G &�O-�S� N R1$�" ! RQ��R½')�#L~�%�i} G �]')�P& GQI $a� ��! N G LÑ�%� G &S$
τ 0
Z :=

dy

yU(0, y)
.

� GJI $×R NMN G &S$a��"*$ GJI �S��� N � "S� I R½'�L G & Z · F = G �*& LM&(')"*OJ�)R½&�' GτZ N � N G &SO��S�%$)�2xS� � LM&�$�RQ$zs ��! ' G f')L~� I �*$�$����*' G ��LM� N $ γj(M) ��� N LMRQ&(' N � !HG LM&(' � GJI ��RQ&(' M m N R?$#LM&SO I N RQ�#LÑ'�"u{�� G &S&�"%$ ! RQ� N �;'yxS" G �y� � � . ¥Bt´¥!t·�! t � º³1 . � 1�t ¤ x=Ru� I �P$#�S�*'�� I ��&g½ I � f �%RQ& G &SL�� I � Vj "r'�RQ&('aRQ$zs �E! ' G ')L�� I � � �%&('¼$#L ��! N � � �*&('Û� G &S&S�-����{ G &GJK ')LÑ�%&S���)R �S�%$	$ G N I '�L G &�$U$����*' G ��LÑ� NMN �%$ Fj ∈ O (Vj)
KhG ��&S"*�%$St�Å N R !S! RQ��R�ÈM'��)R &=R�' I �#� NMN � � �%&('�� I � N �%$GJK $#'�� I �r')L G &S$Vm GJK ')�*&SLM� I &S� $ G N I ')L G &+x G N Gu�EG � ! xS� F $ I � N ��ÿ G LM$#LM&=R½OJ� GJI ÿQ�%�#'_�S� (0, 0)

V : = ∪V̄j! � G ÿfLM�*&�' �S� N Rû& G & f & I NÑN LÑ'�"U�S�*$ LÑ&(')"%OQ�)R N �%$P�S� GτZ N � N G &SOÔ�S�*$���s!� N �%$ RQ$ns ��! ' G '�L~� I �*$Y�¸� �-�Ú'���" � L ')"
(0, 0) {S� I L($ G &(' N G ��R N LM$#"%$��=R½&S$ N �%$ ! RQ�#'�LM�%$h� G N $�t>q®�Ü�#"%$ I N ')R½' ! ��LÑ&��%L ! R N �S���%�*'#')� $����*'�L G &Y�%$]' N �·'TxS" G �y� � �$ I L ÿQR½&�'Y�

ü �¨ ð ¯¤¨^´è¥Bt¹�gt � Ï ¥ /��E��9>ÿ�9;3gÿ><�/L� ?G:�þ�w�?~ÿ.-Õþ$/B3¸þ'ÿ�9;: /B-@?u9;3�K�9wýJ(�þ.:G:~þ
F̂

+!þ>:8��A8<�/!')-@?u9;3�%�9;(U9;:V98v)?@<�/Yþ
Z ·F = G

����þ.-@- þVÿ�9;: /B-2?u9;3³#&9;3�,uþ�ý2v!þ#ÿ.?�þ.-�ÿ>þ./{:~þ.(�þ.3�-hÿ.? � <�/B?G-@- þD|q+)?G(}?G3�/Yþ�ý
r � ��9;/!ý*-�9;/{-

M ∈ ∪jV c
j9;3«'

∫

γ∞j (M)

GτZ = 0 ,

9;�
γ∞j (M)

+BA2ÿ.?Fv)3¸þ§:~þ$#.1a#.:~þ�'wÿ.1;(*�5-s9;-@?@<�/Yþ0+!þ�p&'wÿ>þ
M

þ.-L+g�îþ�w�-�ýCA.(}?G-�A
(0, 0)

+BA²oS3�?G-5�!'uý§:~þ�-G%�A&9wýC�.(�þ
� �B�V�B�Ë$�����HG&� � Ën�)�

¤ ��'yxS" G �y� � ���%$]' ! � GJI ÿQ" �*&Ã$#�S�r')L G & . ¥Bt¹�gt·��1�t
ª�¨^´�²©¯gû ¥Bt¹�gt´¥�Ï#q G �#$y� I � G/U ∈ C {x} {�' GJI '�� $ G N I '�L G & } G � � � NÑN �	�%$]'r� G &�ÿQ�%�#OJ�%&(')��t Ç�&z��»h�*'H{

Z "*')RQ&(' $ GJI $�} G � � �Ô�S� R I N Ru��{ N � "S� I R½'�L G & UX · F = G � G �#���%$ !hG &S�Om N � "S� I R½'�L G &m�SL�»h"%�#�%&(')LÑ� NÑN �G ���SLÑ&=RQLÑ���
xk+1f ′(x) =

G

U
(x) .

ÍDªøµ�ª0©YªEu�f Ñ j@±0�¤g�i�jHeZ±kcL±kjHe�²7�¤cæ± ¨ Ñ f §�¨ � ¨ g>��i0�Jc â jG��g�cGª
q�R�$�" ! RQ�)R�')��L��%� Sy = {x = 0} ∩ V \ {(0, 0)} �*$#' I &S�]}k� I L NÑN ���S� Z �H�=RQ&S$ I & ! �#� � LM�*�_'�� ��! $ G &��"%$ GJI ' N � "S� I R½'�L G &+x G��EG N G OJL�� I �×�*&Ã�#�%$#'���L��*')L G &9m Sy �

F 0(y) :=

∫

[0,y]

G(0, z)
dz

zU(0, z)

!hGJI �?' GQI ' (y, 0) ∈ Sy t ¤ �*'#')�UR !S! N L~��R�')L G & �*$#'ix G N G���G � ! xS��$ I � rD $#L©�r'�$#� I N � � �%&('�$#L G(0, 0) = 0 {!SI LM$n� I � U(0, 0) 6= 0 t� ¨^´P´�² ¥Bt¹�gt¹�=Ï ¥ ?�:8��A8<�/!')-2?u9;3
Z · F = G

'E+)(�þ.-§/{3¸þ%ÿ�9;: /B-2?u9;3�K�9wýJ(�þ.:G:~þ
F̂

'):V9wýTÿ
F 0

þ2ÿ.-§%�9;:V9;7(U9wý���%Yþ¢ÿ./Bý
{x = 0} ∩ V

þ.-6º
F̂ (0, y) = F̂ (0, 0) + F 0(y) .
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è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ q®� N � �a� � . ¥!t � t � ! t � �³1YR½$�$ I ����� I � N R+� G &��SLÑ'�L G & G(0, 0) = 0 �*$#' ÿJ"%�#L��="*��*'Q� I � F̂ �*$#' I &SL~� I � R I �2x G L�� �S� F̂ (0, 0) ! �y�*$St = RQ�_$ I L ')� N � ��RQLM$ G &S&S� � �*&('¢�*L f ���%$�$ I $¢� G &S� I LÑ'¢m N R� G &�� N I $#L G &Ô�*& R !�! N L�� I RQ&(' N ��'Tx�" G �n� � ��} G &S�=R � �%&('�R N � I ��R N � I N ��L�»h"%���*&(')LM� N t �

ÍDªøµ�ª�Í�ªEu�f Ñ j@±0�¤g�i�jHeZ� ¨ e Ñ ±kc ÑrÑ c!�Qg�c!��� Ñ e��¾���=
T� ¨ e�jHe�i�¸��c Ñ ª
q¤��}k� I L NMN �*')RQOJ�ix G N G���G � ! x��P$�LM&�O I N LÑ�%��LÑ&S� I L ' ! RQ� Z $ I � V �*$#'×& G ')" F thÁ G &(')� G &S$_' GJI '_��� R KHG ���� I � L N & GJI $1�%$]' !hG $�$�L K N ����� LM&(')"*OJ���*� GτZ N � N G &SOÃ�S�%$r�2x�� � LM&S$URQ$ns ��! ' G '�L~� I �*$ γj(M) ')RQ&SOJ�*&(')$-R I}k� I L NMN �r'�RQOQ� F N G ��$n� I � L N ���ÚLÑ$#')� I &���$ G N I ')L G &L} G � � � NÑN �U��� N � "S� I R½'�L G &äx G���G N G OJL~� I ��{Ä� G���� � N � R½$�$ I ���N R ! � GQ!hG $#LÑ'�L G &v$ I LÑÿ½RQ&('����
� ¯ ð��^ð ¡�£¥¢¤£ ð  �¥Bt¹�gt¹µ=Ï�¶ 9;/Bý

M ∈ Vj
9;3Å#&9;3gÿ.?@+B��ýTþ$:~þt#&%Yþ.(}?G3´'wÿ.1�(*�5-�9;-2?@<�/Yþ

γj(M)
+B9;3�3�A��!'uý:~þ$-²%�A&9wýC�.(�þ � �B�V�B�Ë$�����HG&� � Ê.�)� " '�<�/�')3�-@?G-sA

Fj(M) :=

∫

γj(M)

GτZ

þ2ÿ.-\º
. � 1 'Ep�ÿ�9;: /{(�þ.3�-\#&9;3�,uþ�ý2v!þ.3�- þ)ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�- ÿ.?

G
��9>ÿ2ÿ��8+!þD/B3¸þ

Z
7V�@ýJ?G(}?G-2?G,uþLK�9wýJ(�þ.:G:~þ

F̂
�

. ¥�1 ?G35+BA��Yþ.35+E')3�- þ>+)/�#&%Yþ.(}?G3´'wÿ.1;(*�5-s9;-@?@<�/Gþ
γ
ýTþ.: ?@')3�-

M
|

(0, 0)
ÿ./!ýI:~þ8<�/Gþ.:L9;3«?G3�-s�uvuýTþ � -Z')3�-<�/Gþ$:8� ?G(t'�v!þ0+!þ}#2þ.: /{?G78#.?�þ2ÿ.-�?G3�#.: /³ÿ>þ�+E')3gÿ

Vj
�

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 = G $ G &S$ W := G
U
� I L��*$#' I &ûOJ�%� � �?�S�Q} G &��r')L G &�x G N G���G � ! x��?�*& (0, 0) t R � R ! �n�%$ N �)� G � G NMN RQLM�#�. ¥Bt·¥Bt £ ! t·º � 1 . � 1 . R³1�{ N �)�2xS� � LM&ÔRQ$zs �E! ' G ')L�� I � γj(M) � I Lh��� N LM� M m N RU$#LM&SO I N RQ�#LÑ')"a�*$#' N R]� G &��%R½')"*&=R f')L G &��¸� I &��2xS� � LÑ&�')RQ&SOJ�*&�' γ′ �*'Ü��� I &a�2xS� � LM&�RQ$zs ��! ' G ')L�� I � γ ��� N �rÿJ"a��� I & ��R>s G & {xk > 0

} tB� I LÑ'�'��
m���»°���*' I �%� I &S��� G ')R½')L G &�{ G & ! � I '_$ IS!S!HG $#�%�V� I �'�*���)RHs G &Ã�%$]' ]0, ρ[⊂ R+

t
Å N �*$#'¢� N R½LM�#� I � ∫

γ′
GτZ

� G &(ÿJ�%�#OJ�-R K $ G N I�� �*&('HthÁ G &(')� G &S$)� I � ∫
γ
GτZ

� G &(ÿJ�*��OJ�-R K $ G N I�� �%&('×$#L
�*'-$#� I N � � �%&('-$�L;L N ���ÚLÑ$#')� I &S�û$ G N I '�L G &ä} G � � � NÑN � F̂ �S� N � "S� I R�')L G & Z · F = G t R � R ! �n�%$ N � N � �a� �. ¥Bt � t � ! t � ��1��*�S�*L®�%$#'_"�� I LÑÿ½R N �*&('¢m W (0, x) = o(xk) tÆÚL x 7→ yj(x) ∈ O (vj)

�%$]' N R'} G &��*'�L G &v� G &(' N �×OQ�)R ! x����%$]' N R]}k� I L NÑN �_$��S�r' G �#LM� NMN � ! RQ$#$)RQ&(' ! R½� M {
R N G �#$ yj − sj

�%$]' k f ! N R½'��im N � G ��LÑOJLM&S��t�Ç�& ��»h�*'S{S�%& LM& v ���*')RQ&(' yj �=RQ&�$ N �P$nsf$]'T� � � . ¥Bt¹¦gt·¥�1;�S"��=&SLM$#$)RQ&('
sj
{ G & ��G &(')�#�]� I � yj �*' sj G &�' � � � �Y�S"rÿJ� N GJ!S! � � �%&('PR½$ns �E! ' G '�L~� I �ut = RQ�×$ I LÑ'�� yj = sj +Kj

G�ò
Kj

�*$#' k f ! N R½'#m N � G �#LMOJLÑ&S�ut   �%�#LÑÿ G &S$_R N G �#$
W (x, y − sj(x) + sj(x)) = W (x, y − sj(x)) +O(sj(x)),

�%�'� I L®� G &S&S� N � N G &SO-� I �2xS� � LÑ& γ : x ∈]0, ρ] 7→ (x, yj(x))
�

W (x, y(x)) ∼x→0 W (x,Kj(x)) + o(xk) .

Â×LM&�$�L
∫

γ

W
dx

xk+1
=

∫ ρ

0

W (x, y(x))
dx

xk+1

�%$#'?�S� � � � ��&=R½' I ����� I �
. ¥Bt¹�gt � 1

∫ ρ

0

W (x,Kj(x))
dx

xk+1
.

q�� "S� I L ÿ½R N �*&��%�ERQ&S& G &��%"*�u{ N G �#$y� I � N �%��RQ$�')�#LÑÿfL¥R N W = 0 �*$#' "S��R½�#')"�{¤��� !HG $#�vR N G ��$P$ I � N � �*$#'�L � R½')L G &L ��� "*�SL¥R½'��×$ I LÑÿ½RQ&(')�	�
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W
þ2ÿ.-�3�/{: � ?G:�þ�w�?~ÿ.-Õþ

(m,n) ∈ N × N
þ.-
c ∈ C∗ - þ.:·ÿ><�/Yþ

|W (x,Kj(x))| ∼x→0 |cxmKj(x)
n| .��þ2ÿ$3�9;(tpSý2þ2ÿ)ÿ>þ>+BA.- þ�ýJ(}?G3¸þ.3�-¶þ.3´A&#�ýJ?G,;')3�-

W (x, y) =
∑

wa,bx
ayb ;9;3U��9>ÿ>þ�'):V9wýTÿ

n := inf {b ∈ N : (∃a) wa,b 6= 0} � m := inf {a ∈ N : wa,n 6= 0}
þ.-
c := wm,n

�
R �%$ N G �#$S{ N G ��$n� I � n = 0 { N � LÑ&(')"%OQ�)R N � . ¥Bt¹�gt � 1;�*$#'?�S� � � � ��&SR½' I �#��� I �

∫ ρ

0

xm−k−1dx.

¤ �*'�'��?���%��&�L~�%�#��� G &(ÿQ�%��OQ�?$#L=�*'Ü$�� I N � � �*&�' $#L m > k t³q G ��$n� I � n > 0 { N � LÑ&�'�"%OJ��R N � . ¥Bt¹�gt � 1©�%$]'Ü�S� � � � �&=R½' I ����� I �
∫ +∞
0

xm−k−1xnµe−nx
−k/kdx ,

� I LÄ� G &(ÿJ�%�#OJ�utfÂ×LÑ&S$�L N � LÑ&�'�"%OJ��R N � . ¥Bt¹�gt � 1 � G &(ÿJ�*��OJ�?$�L^�*';$�� I N � � �*&('D$#L W (0, x) = o(xk) {³�%�)� I L^"*'�R K N L 'N �P��"*$ I N '�R½'St. ¥�1[q®� 'TxS" G �y� � � . ¥Bt´¥!t·� ! t � º³1 . ¥�1 & GQI $ÔLM&S�SL�� I �æ� I � Vj �*$#'ÃRQ$ns ��! ' G ')L~� I � � �*&('Ã$#L ��! N � � �*&('� G &S&����Ú�ut¤Æ G LÑ' γ := γ0 ∧ −γ1
I &L��sB� N �-R½$ns �E! ' G '�L~� I �U�¸� �-�Ú'���" � L ')" (0, 0) �r'H{ !hGQI � ε > 0 ! �r')LÑ'S{ G &� G &S$]')� I LÑ' I &Þ��sB� N �ERQ$ns ��! ' G ')L~� I � γε � G &(' N � L � R½OJ�1�%$]'1LÑ&�� N I $��	�=RQ&�$ B ((0, 0) , 2ε) {¤�%&«�#� N LMRQ&(' N �*$K �)RQ&g�2xS�%$©�S� Im(γ)∩B ((0, 0) , ε) �*&(')���Ü� NÑN �*$����Ü$ G �#'���� I � γ ∼ γε

�SRQ&S$ Vj t�Å N $S� �%&S$ I LÑ'©&=R½' I ��� NMN � � �%&('� I � ∫
γε
WτX =

∫

γ
WτX

t�q®�*$ �%$]')L � R½'�L G &�$r�%L f �S�%$#$ I $ �EG &�'����*&�'��=&=R N � � �%&(' N R � R v#G �)R½'�L G &¸{ !HGJI �
n > 0 {

∣

∣

∣

∣

∫

γε

W
dx

xk+1

∣

∣

∣

∣

≤ Ae−B/ε

!hGJI �V�*�%�]'�RQLÑ&S$ A, B > 0 ��" ! �%&S�=R½&�'�$?��� γ t=Â×LÑ&S$#L ∫
γ
GτZ = 0 � N R1ÿQR N � I ���S� N � LÑ&(')"%OQ�)R N ��&S���S" ! �%&��! RQ$a� I �2xS� � LM& RQ$zs ��! ' G ')L�� I �'� I � N � G &5�2x G LM$�L 'HtYq®����R½$ n = 0 �%$#')� I RQ&(')m N I L�"rÿfLM�S�*&�'St �

� GJI $×$ IS!S!HG $#�%� G &S$��=RQ&�$ N R�$ I L ')�Ø� I � N �UOQ�%� � � G !HG $#$y�%��� I &S� Z f ! ��L � L ')L ÿJ�Q} G � � � NMN � F̂ t � GJI $R NMN G &S$ ��G &(')�#�%��� I � N � LM&(')"*OJ�)R N �
Fj(M) =

∫

γj(M)

GτZ
. ¥Bt¹�gt·¥�1

LM&(')� G � I LÑ')���%L f �S�%$#$ I $	�*$#'�x G N G��EG � ! xS� ! RQ�-��R !S!HG �#'�m p ∈ V #
j
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Fj
�%$]'�x G N G���G � ! x���$ I � Vj L N &S�����*$#'��[� I �·m �EG &�'����*�]� I � � NÑN ���%$#'Øx G N G��EG � ! xS�	�=R½&S$ I &S� �SLÑ�����*')L G &')�)R½&S$#ÿQ�%��$#�ut�q®�r�2xS� � LM&¸R½$ns �E! ' G '�L~� I � γj(M) $S� GJK ')LÑ�%&('��%& �#� N �*ÿ½RQ&(''m ! RQ�]')LM�?�S� M := (x0, y0)

I &
�2xS� � LM& γ0

��� L � RQOJ�PLÑ&�� N I $��Y�=RQ&S$ vj ,�?@' N R�� K �)R�')L G & dx = 0 t = RQ�_$ I L ')��{ !HGJI � ε > 0 RQ$�$#��� ! �r')LÑ'_�r'!hGJI �_' GJI ' |y − y0| < ε { N ���2xS� � LM& γj(x0, y)
�*$#'?'�RQ&SOQ�%&(')LÑ� NMN � � �%&('#x G���G ' GJ! ��{Gm��-�f')��" � L ')"*$V�g�Ú"*�%$S{
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t���&v�*& �S"*� I L ' N � ���ÚLÑ$#')�*&��%�?��� I &S�)} G &��*'�L G & g x G N G��EG � ! xS�a$ I � I &ÿ G LÑ$�LM&SRQOJ� . �SRQ&S$ Vj 1D�S� γ0(R) × B (M, ε) � I L®$)R�')LM$z}�RQLÑ'

G ◦ γj(x0, y)(t) = g ◦ (γ0(t), y) .

Â×LM&�$�L F (x0, y) =
∫

γ0
g(z, y)dz �r'_� G &�� y 7→ F (x0, y)

�*$#'Vx G N G���G � ! x���$ I � {x0} × B (M, ε) t. ¥�1_Á G &(')� G &S$)� I � N R	���*$#'���L~�r')L G &Ã��� Fj R I �¾}k� I L NÑN �*$��S� Fj
�%$]'�$ G N I '�L G & �S� N � "�� I R½')L G &9x G���G N G fOJL~� I ��t^ÆÚL G &û& G ')� t N R�� GÚG ��� G &�&S"%� ! R½�)R � "*'��)RQ&(' I &S�Q}k� I L NMN � ,�?@' N ��OJ�*� � ���S�Qé G ' φtZ { N RU��"%��L ÿ½R½')L G &

Z RQOJL '�� G���� � ∂
∂t
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dγ
dt

= Z ◦ γ 1×�
d

dt
(F ◦ γ) = dF

(

dγ

dt

)

= dF (Z ◦ γ)
= (Z · F ) ◦ γ

Â I $#$�L N � "�� I R½')L G & Z · F = G $��v�#"%$ GJI ' f � NÑN ��$ I � γ �*& [F ◦ γ]t1t0 =
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G ◦ γ(t)dt t o�LÑ&=R N � � �%&('H{ N R��� N R½')L G & τZ(Z) = 1 �*&�'��)R�ÈM&S� γ∗τZ = dt �S��$ G �]')��� I �Y$�L γ(M) ��� N LM� N �%$ !HG LM&(')$ (0, 0) �*' M G & Rû�

Z ·
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GτZ = G.
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F1 − F2
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M ∈ V c
j
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F ∈ O (Vj ∪ Vj+1)
+!þ
G
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M ∈ V c
j

º
∫

γ∞j (M)

GτZ = 0 .

q�Ræ� I RQ&('�LÑ')" ∫
γ∞j (M)

GτZ
�%$]'vR !�! � N "%� N R § f���ikjD��c �S� G ��R N � I N "%�û$ I � N �5��s!� N � RQ$ns ��! ' G '�L~� I �

γ∞j (M) t Ç NÑN � � �%$ I ��� N � GJK $#')� I �*'�L G &Ï� I � N � G &mRäm ! � G N G &SOJ�*�-RQ&=R N s�')L�� I � � �%&(' Fj �=R½&S$ N �û$����*'�� I �
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j
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�EG � ! xS� $ I � V {^$ G N I ')L G &Ã��� N � "S� I R½'�L G &9x G���G N G OJL~� I ��t ¤ � ! � G N G &SOJ� � �%&(')� GJI &��%LÑ�S� R�ÿQ�S� F 0 $ I � Sy t
�
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k �%$ ! Ru�%�*$��S�%$Q}k� I L NÑN �%$ Ωc
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j
�%&(')�#� X �r' X0
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Ý�ª ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
� ¨^´P´�² ¥Bt¹µgt � Ï*" þ2ÿ>��A�ýJ?u9�+!þ2ÿ�+!þ

G
ÿ���A&#�ýJ?G,uþ.3�-¢ÿ�9;/�ÿ*K�9wýJ(�þ�+!þ

k
ÿ�A�ýJ? þ2ÿ<þ.3�-@?u��ý2þ2ÿr#&9;3�,uþ�ý2v!þ.3�- þ2ÿ

f cj (h) =
∑

n>0 anh
n

�=ÿ63��!'uýJ-2?u#./B: ? þ�ý*?G:hþ�w�?~ÿ.- þ*/{3¸þ)ÿ�9;: /{-@?u9;3�%�9;:V9;(U9wý���%Yþ�+!þ�:8��A8<�/�')-@?u9;3£%�9;(U9;:V98v)?@<�/Yþ
Z · F = G

ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�- ÿ.? (
f cj
)

j
= (0)j

�
ª�¨^´�²©¯gûDÏ�q¤R-�S"r')�%� � LÑ&=R½'�L G &v���%$#� G ��Ô��%LÑ�%&(')$ an �S" ! �*&S� �S� N RUÿ½RQ�#L¥R K N �×�#�*')�*& I � !HGJI � N � �*$ ! R��%��S�%$ }k� I L NMN �*$ . Hnc

j
GJIEI &S�?R I '����V� GfG ��� G &S&S"%� cHnc

j + b 1�t ¤ � ! �%&S�=R½&�' N R�& I NMN LÑ')"����)�*�%$Û� G ��Ô��%LM�*&(')$Ü�%$#'LM&S�S" ! �*&S�=RQ&('�� �S���*�'�2x G L��Ät
è ¨5é�£¶ ©£¥¢¤£ ð  9¥Bt�µ�t·¥SÏ � GJI $®�S"��=&SLM$#$ G &�$ N � j § f�� ¨ g�c!�h� § f���i�jD�¤c �S� !SI LM$ N � �%$ ! Ru�*� ÿQ�S�r' G �#LM� N C {x, y}k�S�%$POJ�*� � �%$��*& (0, 0) �S�Ø} G &��r')L G &<x G N G���G � ! xS� G ')� N $¢� I � G(0, x) = αxk+1 + . . . {¸m ÿ½R N � I �?�=RQ&S$N � �%$ ! Ru�%��ÿJ�S�r' G �#LM� N ! � G � I LÑ' (C {h}0)

k �S�%$ k f IS! N �*$ ���EOJ�*� � �%$Y�%& 0 ∈ C �S�%} G &��r')L G &7x G N G���G � ! xS�
$S� RQ&S& I N R½&�'_�*& 0 �

TZ : C {x, y}k −→ (C {h}0)
k

G 7→
(

f cj
)

j∈Z/k
:=
(

h 7→
∫

γ∞j (M)
GτZ

)

j∈Z/k

G�òÃ!HGJI �¼' GJI ' h G &¾�2x G LM$�L ' M '�� N � I � Hnc
j (M) = h t

q�R-& G '�R½'�L G & T j
Z (G) �S"%$#LMOJ&�� N R j ìîíIïDð � G���!HG $)RQ&('��Y��� TZ (G) t

ª�¨^´�²©¯gûDÏ Å N �*$#' K LM�*&Ô�%&(')�*&S� I � I ���
TZ (G) = TX

(

G

U

)

�*' . LÑ&�'�"%OJ��R½')L G & ! RQ� ! RQ�#'�LM�%$T1×�
TZ (AZ ·B) + TZ (BZ · A) = 0 ,

!hGJI �a' GJI $ A, B ∈ C {x, y}
. LM&(')"*OJ�)R½'�L G & ! RQ� ! RQ�]')LM�*$21-t

q�� GJ! "%��R½')� I � ! "*��L G �S�Ô�%$]'�� N R½LM��� � �*&(' N LM&�"�RQLÑ��� ! R½����R !S!HG �#'am G t R �%$ N G �#$ N �û'TxS" G �y� � � . ¥Bt·�Bt �! t·º � 1¼$S� "S�%�#LÑ' ! N I $#� G &g�%LM$#� � �%&('Y�
Z · C {x, y} = ker TZ .

�P& $����S� � R½&S�S��$�L
Z· TZ

0 → C ↪→ C {x, y} −→ C {x, y}k � (C {h}0)
k → 0

�%$#' I &S��$ I LÑ'��Y�-��Ru�*'�� ��� �%$ ! Ru�*�%$?ÿQ�S�r' G �#LM� N $ . ��� �*$#' f m f ��LM����$#L N � GJ! "*�)R½'�� I � ! "%�#L G �S�P�%$]'_$ I � v �S�*'�L�}T1�t � GJI $��" !HG &S� G &S$ !HG $#LÑ')L ÿJ� � �*&�'am �%�*'#')�¾� I �%$#'�L G & �=RQ&S$ N R¸$����*')L G &¯m¸ÿJ�*&SLM��tDÁ G &(')� G &S$vR I�! ��"%R N R K N � I &
��"%$ I N ')R½'_�=RQ&S$ N �i� G &(')�-�f')� C∞ �

��ð ¯ ð ñfñf²©¯��`¥Bt�µ�t¹�=Ï ¥ 9;? þ.3�-
G ∈ C {x, y}k

<�/Yþ}:8��9;3��Yþ./{-Ûÿ./��E��9>ÿ>þ�ý$%�9;:V9;(U9wýZ��%Yþiÿ./!ý
rD × rD �

F̂
/{3¸þD+!þ)ÿ>þ2ÿ��@ýJ?G(}?G-2?G,uþ2ÿkK�9wýJ(�þ.:G:~þ2ÿ�þ.-

ε > 0
�_¹*:V9wýTÿ

G
��9>ÿ2ÿ��8+!þ�/{3¸þT�@ýJ?G(}?G-2?G,uþD+!þ�#.:F'wÿ2ÿ>þ

C∞ ÿ./!ý�/{3,)9;?~ÿ.?G35'�v!þIA���9;?G3�-sA$+!þ
Sy � <�/B?6#&9NMG3�#.?@+!þ$'),uþ&#D:~þ2ÿ'ý2þ2ÿ�9;(}(UA2þ2ÿ)ÿ>þ&#.-s9wýJ? þ.:G:~þ2ÿ�+!þ

F̂
ÿ./!ý0:~þ2ÿQÿ>þ&#.- þ./!ýTÿ

V

(

r,
2πj

k
,
2π

k
− β − ε

)

≺ Vj .

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ���&[� G &�$�LM�g�%��� N �*$ ! �#L � LÑ')L ÿJ�*$Ü$#�S�r' G �#LM� NÑN �*$ Fj ∈ O (Vj)
')� NÑN �*$�� I � Fj(0, 0) =

0 {^RQLÑ&S$�L�� I � N �%$ ! "*��L G �S�*$ T j
Z (G) RQ$#$ G �%LÑ"%�%$�tH��& !HG $��

F̃0 := F0



©Jì Ynì!b ] ^!ÌÄÂBÁYÆaï¸Ì ] ^�ÌÄÊb¸ÇDÆ+Æ!Á<Ì¸ÆBÈ�bDÉ�É¶Â!Á�ÊGb�` Ý-j
�*' G &-"r')�%&��E�S� � RQ&SL��%�#� C∞ N R)} G &��r')L G & T k−1

Z (G) ∈ O
(

Ωc
k−1

) �=R½&S$ N � �%$ ! Ru�%�����%$ }k� I L NMN �%$ Ωk−1 = C�%& I &��Û} G &��r')L G & Tk−1 ∈ C∞ (Ωk−1)
� I L�ÿ½R I ' 0 $ I � N � � G���! N " � �*&�')RQLM�#� ��� I &Uÿ G LÑ$�LÑ&=RQOJ�Ü$ I Ô�$�R �a� �%&('! �r')LÑ'a��� Ωk−1

tH��& !HG $��YR N G ��$
F̃k−1 := Fk−1 − Tk−1 ◦Hnc

k−1�S��$ G �]')��� I �
F̃0 − F̃k−1 = 0

R�ÿQ�S� F̃k−1 ∈ C∞ (Vk−1)
$)R½'�LM$z}�RQLM$�RQ&('

F̃k−1|V = Fk−1$ I � I &1$ GQI $ f $��S�r')� I � V �S� V cn
k−1

{���� GJI ÿQ�%�#' I ��� ! N I $ ! �*'�LÑ')�Ü�S� ε t = RQ�·R½L NMN � I �#$S{H� G���� � Z ·Tk−1◦Hnc
k−1 =

0 { N RÛ} G &��*'�L G & F̃k−1
�*$#' K LM�*& I &S� ! ��L � L ')L ÿJ����� G $ I � Vk−1

t�Ç�&YLÑ')"*�)RQ&('h�*�*'�'���� G &S$]')� I �*'�L G & G &�OJ"%&g�%��� k! ��L � L ')LÑÿQ�%$ F̃j �S��� N RQ$�$#� C∞ $ I � Vj {w� I LÚ$#�D�#�S� G NMN �*&('��=R½&S$ N �%$ ! RQ�#'�LM�*$�� G N $ !hGJI ��} G � � �*� I &S� ! ��L � LÑ'�LÑÿQ�
F ∈ C∞ (∪jVj) t �

Ç &r}�RQL ' N R¢} G &��*'�L G & C∞ � G &S$#'�� I L ')��L~�*L�&S� ! � I ' ! RQ$·' GQI ' N �D'�� ��! $·$#� ! � G N G &SOJ�*���%& (0, 0) {u� G���� �& GJI $ N �ûÿJ�*��� G &S$ �SRQ&S$ N R ! RQ�]')LM�9¥!tDÆfLM& G &Ï�*� N R¸$�LÑOJ&SL��=�%��RQLÑ'r� I � N Ræ� N RQ$�$#L��Y�%R½')L G &z' GJ!HG N G OJL~� I � �S�%$
}k� I L NMN �r'�RQOQ�%$¤&�½ I � f � G N $��%$]'�'���LÑÿfLMR N ��{>�%�Û� I LÚ�%$]' N G LM&Y���¹�r')�#� N � ��R½$ !SI LÑ$y� I � � NMN �;�*&SO N GJK � N RV� N RQ$�$#L��Y�%R½')L G &' GJ!HG N G OJL~� I �����%$_�SL�»h" G���G � ! xSLM$ � �*$D�S� (C, 0)

	 áQ±7i�ÍB� . ÿ G LM�aR I $�$#L N R1$����*'�L G & . µ�t¹�gt�µ�1y1-t
ÍDª±½hª�Í�ª£�����Ri%c!�Qg�iëÓ¤i¶g�f c�g ¨ e ¨ ± m �(i¶g�f<�¤cæ±sëºj § f�� ¨ g�c!�h� § f���i�j���cGª�u c Ñ jÄ°Ð° ¨ g�ikjHe ª
¥Bt¹µgt´¥Bt � t ¥ /!ýG�Hþ&#.-2?G,�?G-�Arþ.-�ýTþ2ÿ�9;(}(t')-@?u9;35�
� GJI $a�S"*$�LÑ� G &S$_R !�!hG �]')�*� I &S����" !hG &�$�� !hG $#LÑ'�LÑÿJ��m N R�� I �%$#'�L G & �S� N R-$ I � v ���*')L ÿfLÑ')"P��� TX (.) �� ¯ ð��^ð ¡�£¥¢¤£ ð  ¯¥Bt�µ�t�µ^Ï
. � 1}" '�ÿ./B?G-Õþ>º

Z· TZ
0 → C ↪→ C {x, y} −→ C {x, y}k � (C {h}0)

k → 0þ2ÿ.-T/B3¸þQÿ./B?G- þrþ�wa'B#.-Õþ>+g�îþ2ÿ��!'B#2þ2ÿD,uþ&#.-�9wýJ? þ.:·ÿ��
. ¥�1 ¥ 9;?G-

F̂
/B3¸þS�@ýJ?G(}?G-2?G,uþxK�9wýJ(�þ.:G:~þ*+g� /B3Uv!þ�ýJ(�þ

G ∈ C {x, y}k
��¹*:V9wýTÿ

F̂
þ2ÿ.-�-0ý�')3gÿ.,uþ�ý2ÿ�'):~þ.(�þ.3�-

k
7��)þ.,>ýTþ.1 � +!þ

k
7 ÿ�9;(}(�þ

(Vj, Fj)j
�

q¤� !hG LM&(' . ¥�1 v#I $#'�L��=�¾� I � N � G & !�I LM$#$��L� G &S$�LÑ�S"%�#�%� N �%$E$ G N I ')L G &S$	$����*' G ��LÑ� NMN �%$ Fj � G���� �Ã"r'�RQ&('N �%$ ���%$ G���� "*�%$v�S� � G ��� N f q�R ! N Ru�*�u{ �%& I &C$#�%&S$qP }k� I L NMN �*')"JQ2{��S� N R}$ G N I '�L G &ñ} G � � � NÑN � F̂ t � LÑ�%&¯� I �N ��� G &(')�-�Ú'��vOJ" G�� "r')�#L~� I ��$ G L ' K L f �SL � �*&S$�L G &S&S� N { N � ! � GJK N � � �E�S�E�SLÑÿQ�%�#OJ�%&��*�v&�� R !S! R½�)R�ÈÑ'Ø� I �v�SRQ&S$N RÃÿ½RQ�#L¥R K N �}P x QTt � GQI $U')�*& G &S$%m ! ��"��%LM$#�%�r� I �[�*�û��"*$ I N '�R½'U�%$#' GQK ')�*& I �S� � RQ&�L~�%�#��PÍOJ" G�� "*'���L�� I �.Q2{
$)RQ&S$	" N R KHG ���*�1�S� N G &SO I �*$ � R v#G �)R�')L G &S$ . � � � �v$#L K ��R I � GJIS! $ G &�' � RQ$n� I "%�%$ ! R½� N � 'yxS" G �n� � �û�S�
Ü I p I x=R½�)R f ��L �1I ��R f Á R�' I �=R�1�t

= GJI � ��G &(')�#�%���*����"%$ I N ')R½' & GJI $ R I � G &S$ K �*$ G LÑ&	� I 'TxS" G �y� � ���S� / R � LM$ f ÆÚL KSI s(RBt � GJI $����*&(ÿ G s G &�$
m N � Â×&S&S�-�Ú� � !hGQI � I &û�-� !hG $#"P$ G���� RQLM�#�_��� N R�'TxS" G ��LÑ�×�S�*$�$�"%�#LM�¢} G � � � NMN �%$�ÙP�*ÿf����sv�*'¼�S� N RY���*$ G�� f
� R½'�L G &¸{SRQLÑ&S$�L�� I � I &S� ! �#� I ÿQ� � I f �SL '�'TxS" G �y� � ��t / R !�! � N G &S$ f �*& &�"�RQ& ��G LÑ&S$ N � "%& G &��%"�t� GJI $�� G &S$#LM�S"*� G &S$ I &û���S� GJI ÿf��� � �*&('?��� rD ! RQ� m > 1 $#�S�r')� I ��$ GJI ÿJ�*�#'�$ (wj)j∈Z/m

���P$ G���� �r'
0 {¤')� N $]� I � wq ∩ wp 6= ∅ $#L;�r'1$�� I N � � �*&('U$#L |p− q| ≤ 1

. ��� �*$#' I & j�jHe ��c!�Jj@�hÓD��c!°}cfehg 1-t ¤ � �*$#'
��»h�S�*'�LÑÿQ� � �%&(' N ���%RQ$ !HGJI � N �*$?$#�S�*'�� I �#$ vj = Vj ∩ {y = 0} � I �U& GJI $V� G &�$�LM��"%� G &S$×�S� !SI LÑ$ N ���S" KSI 'St= N I $aOJ"%&�"%�)R N � � �%&('S{ !hGQI � z ∈ rD { N �%$a$����*')� I ��$

wj(z) : = Vj ∩ {y = z}



Ý8© ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
� G &S$]')L ' I �*&�' I & KHG &Ã�#�S� GJI ÿf��� � �*&�'×R�ÿJ��� m = k > 1 t=ÆÚL k = 1

N �*$�$��S�r')� I ��$ V cn
0

�r' V nc
0
} GJI ��&�LM$�$#�%&('I & KHG & ����� GJI ÿf�#� � �%&('Htü �¨ ð ¯¤¨^´ ¥Bt�µ�t � Ï:O �8P(QSRTPVU�% ù[�Íõ*WYX P$Z �Íú � � % 	 b ¨ ±R����i²��[IÀ ?±w{9;3gÿ�/B3äþ.3�-@? þ�ý

m > 1
þ.-�ÿ�9;?G-

(wj)j∈Z/m

/{3�p.9;3äýTþ&#&9;/{,>ýTþ.(�þ.3�-u� ¼ #�ýJ?G,)9;3gÿ
wj,j+1 := wj ∩ wj+1

þ.-k�@ýTþ.3�9;3gÿ
m

K�9;3�#.-2?u9;3gÿ
(fj,j+1)j%�9;:V9;(U9wý���%Yþ2ÿ)ÿ./Bý

wj,j+1

<�/B?�ÿ�9;3�-
k

7V�5:F')-Õþ2ÿ>|q:8��9wýJ?Fv)?G3¸þ��=¹*:V9wýTÿ�º
. � 1 ?G:�þ�w�?~ÿ.- þ

m
K�9;3�#.-@?u9;3gÿ

fj
%�9;:V9;(U9wýZ��%Yþ2ÿ]þ.-\p.9wýJ3�A2þ2ÿQÿ./!ý

wj
-Õþ.:G:~þ2ÿ><�/Yþ

fj+1 − fj = fj,j+1

�
. ¥�1}" 9wýTÿ�<�/Yþ�:8��9;/B,uþ�ý.-@/!ý2þ§+!þ2ÿ¶ÿ>þ&#.- þ./!ýTÿ

wj
þ2ÿ.-Dÿ./���A�ýJ? þ./!ý2þ§|

π
k

� :~þ
2m

7�/��5:~þ
(wj, fj)

ýTþ��@ý&A2ÿ>þ.3�-Õþ�:F'
k

7 ÿ�9;(}(�þ�+g� /{3¸þ)ÿ�A�ýJ? þ�K�9wýJ(�þ.:G:~þ
f̂

+!þ�#.:F'wÿ2ÿ>þ
k

7��)þ.,>ýTþ.1 � #2þ.-2-Õþ¢ÿ�A�ýJ? þ>A.-u')3�-L:~þD+BA.,uþ.:V9&�E�Yþ.(�þ.3�-'wÿ.1�(*�5-�9;-2?@<�/Yþ�+!þ}#&%!'E<�/Yþ
fj

�
� GJI $Ü& GJI $ ! � GJ!HG $ G &S$;�¸� �*& � G &�&S�%� I &S�aÿJ�*��$�L G &�P }k� I L NMN �*')"*�.QT{�� I L ! � GJI ÿJ�*�)R N R ! � GJ!HG $#LÑ')L G & . ¥!t¹µ�t�µ! t ¡!� 1�t
� ¯ ð��^ð ¡�£¥¢¤£ ð  ä¥Bt�µ�t·ºSÏ ¥ 9;? þ.3�-

k > 1
K�9;3�#.-2?u9;3gÿ

F c
j

� %�9;:V9;(U9wýZ��%Yþ2ÿ ÿ./!ý\:~þ2ÿ ÿ>þ&#.- þ./!ýTÿ
V c
j

� #&9;3gÿ.-u')3�- þ2ÿ
ÿ./Bý$:~þ2ÿLKHþ./B?G:G:~þ2ÿ�+!þ

F c
j

þ.-�ÿ�� ')3�3�/B:F')3�-S:~þ0:V9;3Bv�+!þ0:F'�ÿ�A��!'uý�')-�ýJ?u#2þQÿ>þ&#.-�9wýJ? þ.:G:~þ���¹*:V9wýTÿ>º
. � 1 ?G:�þ�w�?~ÿ.- þ

k
K�9;3�#.-2?u9;3gÿ*%�9;:V9;(U9wý���%Yþ2ÿ0p.9wýJ3�A2þ2ÿ

Fj ∈ O(Vj)
-Õþ.:G:~þ2ÿ><�/Gþ

F c
j = Fj+1 − Fj. ¥�1 ?G:@þ�w�?~ÿ.-Õþ�/{3¸þ=K�9;3�#.-2?u9;3�%�9;:V9;(U9wý���%Yþ

G ∈ C {x, y}k
-Õþ.:G:~þ�<�/Yþ�:~þ

2k
7�/��5:~þ

(Vj, Fj)j
ýTþ��@ýCA2ÿ>þ.3�- þ

:F'
k

7 ÿ�9;(}(�þ�+g� /B3¸þ]ÿ�A�ýJ? þTK�9wýJ(�þ.:G:~þ
F̂

-0ý�')3gÿ.,uþ�ý2ÿ�'):~þ.(�þ.3�-
k

7��)þ.,>ýTþ.1 � ÿ�9;: /B-2?u9;3�+!þI:8��A8<�/!')-2?u9;3%�9;(U9;:V98v)?@<�/Gþ
Z · F = G

�\�k%!'E<�/Yþ
Fj

��9>ÿ2ÿ��8+!þ
F̂

#&9;(}(�þ>+BA.,uþ.:V9&�E�Yþ.(�þ.3�-�'wÿ.1;(*�5-s9;-@?@<�/Gþ%þ.3
(0, 0)

�
. �³1 +!þt�5: /³ÿ

T j
Z (G) (Hnc

j (M)) = F c
j (M)

��9;/Býr-s9;/B-
M ∈ V c

j

� " þ�v!þ�ý.(�þ
G

þ2ÿ.-}/{3�?@<�/Yþ � |:8� 'E+E+)?G-2?u9;3q�@ýC�2ÿ�+g� /B3�v!þ�ýJ(�þ
Z · F̃

'),uþ&#
F̃ ∈ C {x, y}

�
ª�¨^´�²©¯gûE¥Bt�µ�t ¡ ÏT� I R½&S� k = 1

N �Y��"*$ I N '�R½'?���*$#')�Yÿf�)RQL��%&¾� G &S$#LM�S"*�)RQ&(' F cn
0
�*' F nc

0
$ I � V #

j
R�ÿQ�S�

N RÞ� G &S�SLÑ'�L G & F cn
0 = F nc

0
$ I � V n

j
t�q®�æ� I RQ��� IS! N � (V #

0 , F#
0

) �%$]' R N G �#$ N R � f $ G��a� � �¸� I &��ò$#"%�#LM�
')�)R½&S$#ÿQ�%��$�R N � � �*&(' 1 f ÙP�*ÿf����s F̂ tè ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 = G $ G &�$ Σz := rD × {y = z} t   '�RQ&('_� G &�&S" y ∈ rD {��2x=Ru� I &S�Y�S�%$#} G &��r')L G &S$

x 7→ fj,j+1(x) := F c
j (x, y)�%$#' k f ! N R½')��m N � G ��LMOQLM&S���S� Σy

t�Ç�&���»°�r'H{ !SI LM$y� I � F c
j
�%$]'a� G &S$]'�RQ&(')�û$ I � N �*$Ø}k� I L NMN �%$U��� F c

j
{��%�*'#')�

�S�%�#&SL~�*���×$#�V}�R��*' G ��LM$#�a�%& F c
j = f cj ◦Hnc

j
Guò N RQ} G &g�*')L G & f cj {�x G N G��EG � ! xS��$ I � Ωc

j
{($S� RQ&S& I N �×�*& 0 tÚÁ R½LM$� I RQ&S� x ')�*&S� ÿQ�%�#$ 0 {Ym y �g�Ú"u{ N � LM&('�"%OJ��R N � ! ��� � L��%���

Hnc
j (x, y) = Y nc

j (x, y)x−µ exp(−x−k/k)
')�%&�� ÿJ�%�#$ 0 �*'�� G &�� F c

j
$�R½')LÑ$n}�RQL ' N R ! N R½')L ' I ��� R½&S& G &��*"%� . N � R !S! N L~�%R½')L G & Y ns

j
�*$#' N R%� G���!hG $)RQ&(')� �%&

y �S� N R�� G & v#I O(R½LM$ G & $#�S�r' G �#LM� NÑN �P���]Ü I p I x=RQ��R f �PL �1I �)R f Á R½' I �=Rg{�'�R½&SOJ�%&('��Øm N � LM���%&(')L ')">1-tÂ !S! N L~� ISG &�$aR N G �#$ N ��'yxS" G �n� � �P�S� / R � LÑ$ f ÆfL KSI sJRgt � GJI $ GJK '��%& G &S$ k } G &��*'�L G &S$�x G N G���G � ! xS�%$
x 7→ Fj(x, y)$ I � Σy

')� NMN �%$�� I �
Fj+1(x, y) − Fj(x, y) = F c

j (x, y).Á RQLM$ N � �-� ! ���*$�$�L G &¸LM&(')"*OJ�)R N �1�S�*$ Fj GJK ')�%& I �*$��=RQ&S$ N R ! ��� I ÿJ�	�S�%�%�1'yxS" G �n� � � . ÿ G LM�PÂ?&S&S���Ú� � t¹�³1�%$#' N RU'��)RQ&�$n} G � � R½'�L G & �S� ¤ R I �2x³s f Ü?�*LM&S�
Fj(x, y) :=

1

2iπ

∫

γ

F c
j (z, y)

x− z
dz
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!hGJI � I &z$#�%O � �%&(' γ :=

[

0, ρeiδ
] �g�Ú"u{ ρ > 0 t©Â I $�$#L N � R !S! N L~�%R½')L G & y 7→ Fj(x, y)

�*$#'rx G N G���G � ! xS�!hGJI �a' GJI ' x �g�Ú"Y�r' ! RQ�a$ I L ')� Fj ∈ O(Vj)
t. ¥�1 . �³1 R � ! N I $�{ !HGJI �a' GQI ' y ∈ rD { N �*$V} G &��*'�L G &S$ x 7→∑

ybfb,j(x) = Fj(x, y)
!hG $#$y�*�S�%&(' !HGJI �

�S"*ÿQ� N GQ!S! � � �*&('�RQ$zs �E! ' G ')L�� I � I &S� � � � �P$�"%�#LM�i} G � � � NMN � k f Ù��rÿÚ�#��s
Fy(x) =

∑

ga(y)x
a ∈ C [[x]] .

� GJI $#�%R N � I N G &�$ N �%$a�S"*��L ÿJ"%�*$?$ I �S�*�%$#$�LÑÿQ�%$ . � I L¤���ÚLM$]')�*&�'21��
∂

∂xa
Fj(0, y) = a!

∑

b

yb
∂

∂xa
fb,j(0)

= a!ga(y) ,N ���S"rÿJ� N GJ!S! � � �%&('ÜRQ$zs ��! ' G ')L�� I ��$��a�S"%�#LÑÿ½RQ&('·'��%� � �#m�')�*� � �utJÂ?LM&S$#L ga(y) �%$#' I &S�a$�"%�#LM��� G &(ÿJ�%�#OJ�%&('���%& y {S���Y$ G �#'���� I �
F̂ (x, y) := Fy(x)

∈ C [[x, y]] .= RQ��� G &S$]')� I �*')L G &�{©$�L G &«"S�*��LÑ' F̂ (x, y) =
∑

ybFb(x)
R N G �#$ Fb = DA(fb,j)

t R � R ! �n�%$ N �a�*��LÑ'y�%�#�v�S�N � Â×&S&S�-�Ú� � t�µ�{��*�S�*L��*&(')�)R;È¥&S�i� I � F̂ = DA(Fj)
tR "��=&�LM$�$ G &S$ � R½LM&(')�*&=RQ&(' N �*$¶} G &��*'�L G &�$ Gj
! RQ�

Gj := X · Fj .= I LM$y� I � Fj+1 − Fj = F c
j
�%$]'¢� G &S$#')RQ&(')��$ I � N �%$�}k� I L NMN �%$¼��� F c

j
{=L N $S� �%&�$ I L '¢� I � Z · F c

j = 0 �r'?� G &��
Gj+1 −Gj = 0 .� GJI $ �*&E�S"*� I LÑ$ G &S$ � I � N Ri� G NMN ���*'�L G & (Gj)j

$��_����� G NÑN �¼�*& I &��#} G &��*'�L G &%x G N G���G � ! x�� G ∈ O(V \Sy) t= I LM$y� I � Fj !HG $�$n�%�S� I &	�S"rÿJ� N GJ!S! � � �%&('ÜRQ$zs ��! ' G ')L�� I �u{JL N �*&��*$#' �S� � � � �¼�S� G t ¤ �r'�'��¶} G &��*'�L G &U�%$#'� G &�� KHG ��&S"*��R I ÿ G LÑ$�LÑ&=RQOJ����� Sy �*' N �×'TxS" G �y� � �P���%$a$�LÑ&SO I N RQ��L ')"%$DR !S! R½���%&('��%$a�S� / LM� � RQ&S& ! �*� � �*'�S� N � "*'��%&S�����U�*& I &S�'} G &��r')L G &<x G N G���G � ! x��Y$ I � V t = RQ�¢� G &S$]')� I �*')L G &�{ N � k f IS! N �Y�S�*$ ! "*��L G �S�*$?��� G�%$#' K LÑ�%&Ô$8�S� (F c
j

)

j
�*'S{ !SI LM$n� I � N �P�S"rÿJ� N GJ!S! � � �%&('×RQ$ns ��! ' G '�L~� I �P$#�Y��"%��L ÿJ�P')�*� � �'m-'��%� � ��{ G &ÃR

Z · F̂ = Z · Fj
= G .

�

¥Bt¹µgt´¥Bt·¥Bt ¹*35'): 1E#.?G-sA��
� GJI $#� G &S$�LÑ�S"%� G &S$�{ !hGJI � I & ! RQ�)R � �*'���� ε ∈ (Cn, 0) { I &S�i}�R � L NMN �×RQ&SR N s�')L�� I �

ε 7→ Zε := UεX̃εG�ò
X̃ε := X0 + xk+1R(x, y, ε)

∂

∂y
.

� GJI $a�S"*$�LÑ� G &S$ ��G &(')�#�%�#� I � !hGJI �¼' GJI '��i}�R � L NMN �×RQ&SR N s�')L�� I �
ε 7→ Gε ∈ C {x, y}kN � R !S! N L~��R�')L G &

ε 7→ T j
Zε

(Gε)



ÝRY ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
�%$#'×RQ&=R N s�')L�� I �ut = I LÑ$y� I � T j

Zε
(Gε) = T j

X̃ε

(

Gε

Uε

) {SL N $ I Ô	'×��� N � �EG &�'����*� !hGJI � X̃ε
t

� ¯ ð��^ð ¡�£¥¢¤£ ð  ¯¥Bt�µ�t £ ÏT" � '.�E�5: ?u#8')-2?u9;3
ε 7→ T j

X̃ε
(Gε)

þ2ÿ.-6')35'): 1�-@?@<�/Yþ��
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ � GJI $ûLM&S�SL�� G &�$v�S�L}�Ru� G &p&=R½' I ��� NMN � ! RQ� ε N �*$ GJK!v �r')$ûLM&('�� G � I LÑ'�$ �=R½&S$+�%��2x=R ! L ')����t
Å N $ I Ô	'¼�S� �EG &('����%� N �_��"*$ I N '�R½'�� I RQ&S� n = 1

. 'TxS" G �y� � �_�S�QÜ?RQ�#' G OJ$T1Ü�*'DR I ÿ G LM$#LM&=R½OJ�a�S� ε = 0 t�P& $ I�!S!hG $��'� I � ε ! ���*&S� $��%$aÿ½R N � I ��$��SRQ&S$ N �P�SLÑ$y� I � ρD �r'#� I � R ∈ O (rD × rD × ρD) t^��& ! � I '�2x G LM$#LM� N Rû& G � � R N LÑ$)R½'�L G &Ã$��S�r' G �#LM� NMN � N#
j,ε
�S�aÜ I p I x=RQ�)R f �PL �1I �)R f Á R½' I �=R . 'yxS" G �n� � � . ¥Bt·¥Bt·¥ ! t � º³1n1!hGJI � � I � � NMN �D�S" ! �*&S�S�aRQ&=R N s�')L�� I � � �%&('·�S� ε . ÿ G LÑ� 	 b ¨ 
)u ¨ © { ! � ¦³¥ � 1�tQ��& ! � I '�� G &��¼$ I�!S!hG $��%��{ !HGJI �I & ρ > 0 "*ÿQ�%&(' I � NMN � � �%&(' ! N I $ ! �*')L 'H{G� I � N � �%$ ! Ru�*�1�S�%$Q}k� I L NÑN �*$ Ωc

j,ε
� G &('�LM�%&(' I & � � � � �SLM$n� I � Ωc

j�%�%&('���"Y�%& 0 tHÆ G L ' h ∈ Ωc
j
�r' (x0, y0) ∈ V c

j
�g�Ú"%$a')� N $#� I �

H#
j,0(x0, y0) = h .

Å N ���ÚLM$]')� I &S��}�R � L NMN �×R½&=R N s�'�L~� I � ε 7→ yε
')� NÑN �Q� I �

N#
j,ε(x0, yε) = N#

j,0(x0, y0)

=: M

�*' ! RQ��$ I LÑ'�� H#
j,ε(x0, yε) = h tf��&%� G &S$�LÑ���%�#� I &a�2xS� � LÑ&�RQ$ns ��! ' G '�L~� I ��� G &(')LM& I γ0 '�R½&SOJ�%&('�m X0

{(�S�
K RQ$�� M �r'P��� ���f')�#" � LÑ')" (0, 0) {°� G &(' N � L � R½OJ���%$#'�LÑ&�� N I $�� �=RQ&S$ V #

j
t®��& !HGJI ����R ! �#�%&S�S�#� N �]�2xS� � LM&

� G &S&S" ! RQ� N �r� G � G NMN RQLM�#� . ¥!t´¥Bt £ ! t·º � 1 GJK '��%& I �*&}��� N �rÿQR½&�' I & �2xS� � LÑ& γ(x0)
�¸� L � RQOQ�-LM&�� N I $#���SRQ&S$

{y = 0} tGq®���2xS� � LM& RQ$zs ��! ' G ')L�� I �i� G &(')LÑ& I
γε := N#

j,ε ◦ γ0,

� G &(' N R K RQ$#�Y�*$#' (x0, yε)
{=�*$#'a'�RQ&�OJ�%&(')m X̃ε

tSÅ N �*$#' � R½LM&(')�*&=RQ&('#� N RQLM�¶� I �
(∀t ∈ R) ε 7→ γε(t)

�%$#'×RQ&=R N s�')L�� I �utYq�� LM&(')"*OJ�)R N �
∫

γε

Gε
dx

xk+1
=

∫

R

Gε ◦ γε(t)
(

γ∗ε
dx

xk+1

)

=

∫

R

Gε ◦ γε(t)
(

γ(x0)
∗ dx

xk+1

)

�S" ! �%&S�ë� G &��òRQ&=R N s�')L�� I � � �%&(' �S� ε t#q¤RÏ� G &g� N I $�L G &`$ I LÑ' �%&E� G &S$�LÑ�S"%��RQ&(' �S� I �C�S� �%�*$¾�2xS� � LÑ&S$
RQ$ns ��! ' G '�L~� I �*$E� G &�' N Rä� G &���R½'�"%&=R�')L G &ñ} G � � � I &Z��s!� N � R½$ns �E! ' G '�L~� I �5� G &('�LM& I ')RQ&SOJ�*&�'�LM� NMN � � �*&('
x G���G ' GJ! ��m γ∞j,ε(h) t �

ÍDª±½hªøµ�ªU[Üi�cfe ¨ ÓHc!�¾±së±fB¸� ¨ g�i�jHe ¨ �c÷Z�©iG¤Sf���cfe��Jc Ñ%¨�ÑHÑ jD�(i²f�cLÎÐ±së�®�j@±kjHe�j@°«ikcGª
�P& ! � I '�"r'�R K N LM� I &���� G &('���� ! RQ�#'�LM� R I � G � G NÑN RQLÑ��� . � t � t�µ ! t¹µ³��1�th��& "*' I �SLM� N � "S� I R½'�L G &ÃR I �Ã�SL�»°" f���%&g�%�%$

f ◦ ∆ − f = g
. ¥Bt¹µgt � 1
G�ò ∆(z) = x + azk+1 + . . . R�ÿQ�S� a 6= 0 �*$#' I &ÔOJ�%� � ���S���SL�»°" G���G � ! x�LM$ � �×�*& 0 t¤ �%�#')RQLM&�$_���]�*�%$_�SL�»h" G���G � ! xSLM$ � �*$¼$ G &�'?��"%R N LÑ$�"*$�� G���� � N �¹x G N G & G�� LÑ��RQ$#$ G �%LÑ"%�'m N R-$�" ! RQ�)R½'���L��%�
} G �#'��E��� I & }k� I L NMN �r'�RQOQ� FX

�S��'Õs ! ��&�½ I � f � G N . & GJI $Y�SLM� G &S$YR N G ��$�� I ���*�%$U��L�»h" G���G � ! xSLM$ � �*$P$ G &('� I � f � � � �%$����¶�%�¼'Õs ! �>1�tuq G ��$n� I ���u� �%$#' N �¶��R½$S{ N �D'Tx�" G �n� � � . ¥Bt·¥Bt¹� ! t � º³1 . µ�1¤& GJI $ ! �%� � �r'·��� LM�S�*&(')L��S�%�N �%$ !HG LM&('�$©R½$ns �E! ' G '�L~� I �%$¤�S� ∆ R I �'��s!� N �%$©RQ$ns ��! ' G '�L~� I �*$���� FX
t�Å N �*$#' K LM�*&]� G &S& I {��*'�& GQI $ N � R�ÿ G &S$

�EG &('���"u{¸� I � N �1$�� I N !hG LÑ&(' ! "*��L G �SL�� I �-RQ$zs ��! ' G ')L�� I �-�S� ∆ �%$]' 0 t ¤ � !hG LM&('P&S�	�S" ! �*&S� ! RQ$��S� N R$ GJI $ f $ I LÑ'��Y�¸� L ')"%�#"%$#�2x G LÑ$�LÑ� � RQLÑ$ I &SL�� I � � �%&('_�S� N � G � K LÑ')��{��r'_' GJI '�� G � K L ')�PLM&B�=&SLM��Ru�S� I��1I N � 0 t
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= GJI �P' GJI ')�	"�� I R½')L G &äx G���G N G OQL~� I � � �*'#'�RQ&('Y�%& v � IòI &¸&�½ I � f � G N { G & � G &�$#')� I LÑ' I &S�	"S� I R½'�L G &R I � ��L�»h"%���*&��%�*$i� G���� �1�=RQ&S$ N ���2x=R ! LÑ'���� � {°$��S�r')L G & . � t � 1-t / "S�%L ! � G � I � � �%&('S{¸� Gu�a� �UL N s R}P¿�S� I �

} G LM$ ! N I $sQ?��� G � K L ')�%$ ! "*��L G �SL�� I �%$¼R½$ns �E! ' G '�L~� I �%$Û� I ���S�¢}k� I L NÑN �%$ !HG �#')RQ&('��S�%$Û��s!� N �%$aRQ$zs ��! ' G ')L�� I �%$
& G & ')�#LÑÿfL¥R I �¸{ N Ra} G &��*'�L G & g � G L 'P$)R½'�LM$z}�RQLM�#�Ø�%�*�#')RQLM&S�*$i� G &��SLÑ'�L G &�$ !HGJI �i� I � N � "S� I R�')L G & . ¥Bt�µ�t � 1?$ G LÑ'N R-���*$#')�#L~�r')L G &û��� I &S� "�� I R½')L G &5x G���G N G OJL~� I �×RQ$�$ G �*LM"%�YR I &�½ I � f � G N $ GJI $ f v Ru�*�%&('Ht

¥Bt¹µgt·�gt � t ·@þ.(*�Yÿ$+!þ��@ýTþ.(}? þ�ýiýTþ.-s9;/!ýn�
o�L�� G &S$ I &S�Y'��)RQ&�$#ÿJ�*��$�R N � Σ := rD × {y = y0} { y0 6= 0 {=�*'V� G &�$�LM��"%� G &S$ N ��x G N G & G�� LM� ∆ ��R N � I N "%�

$ I � Σ {°RQ$#$ G �%LÑ"%��m N R�$�" ! RQ�)R½'���L��%��} G �#'�� Sy �*'Qm N R%� K �)R½'�L G & ')�)R½&S$#ÿQ�%��$#� dy = 0
. N � ��R>s G & r �S" ! �*&S��S� y0

1-t = GQI � z ∈ Σ {�� I � N � G &ûLM�S�*&(')L��S�%�)R-R�ÿQ�S� I &Ô" N " � �%&('��S� rD { G &û& G '�� γ(z) N �Q�2xS� � LÑ&Ô')RQ&SOJ�*&('$��S�r' G �#LM� N ��� �-�f')��" � L ')"*$ z �*' ∆(z) { GJK '��%& I �%& ��� N �*ÿ½RQ&('_�=RQ&S$ N �Q}k� I L NMN �r'�RQOQ� N � N Ru�%�r'
γ0 := s ∈ [0, 1] 7→

(

0, y0e
2iπs
)

.
q¤�_')� �E! $;&S"S�*�%$#$)RQLÑ��� !HGJI �Ü��� N LÑ�%� z m ∆(z) �*&v$ I L ÿ½RQ&(' X . ')� �E! $D�S� ! ��� � LÑ�%�Ü���r' GJI �T1 �*$#'D� G &S&S" ! RQ�

t(z) :=

∫

γ(z)

τX .
. ¥Bt�µ�t·¥�1
= N I $ ! ��"��%LÑ$�" � �%&('S{=$�L

(x, y, t) 7→ Φt
X(x, y)

�S"%$#LMOJ&S� N �Qé G '?RQ$�$ G �*LM"�m X . �%&Ô'�R½&�'#� I �Y" N " � �%&('a�S� C {x, y, t} 1�{ G &ÃRÔ�
∆(z) = Φ

t(z)
X (z) .

ª�¨^´�²©¯gûO¥!t¹µ�t¹�=Ï�q®�Qé G '_$����S"��=&SLÑ'Vm ! RQ�]')LÑ�¼�S� N RØ} G � �1I N �
Φt
X(x, y) :=

(

etX · Id
)

(x, y)G�ò N � GQ! "*�)R½'�� I � exp(tX) GQ! �*��� ! RQ�-�S"*��L ÿQR�')L G &�t � GJI $ I ')L N LÑ$��%� G &S$ I N ')"*��LÑ� I �#� � �%&(' N � Ru�*'�L G &Þ} G &S�=R f� �*&�')R N �P� I é G 'a$ I � N �*$¶} G &��*'�L G &�$P�
G ◦ Φt

X = etX ·G

=
∑

n≥0

tn

n!
X ·n G

G�ò X ·0 G = G �r' X ·n+1 G = X · (X ·n G) t� ¨^´P´�²Z¥Bt¹µgt � ¦SÏ�" þD- þ.(*�Yÿ�+!þ6�@ý2þ.(}? þ�ý¢ý2þ.-�9;/!ý
z 7→ t(z)

þ2ÿ.-S/{3£v!þ�ýJ(�þ�+!þ�K�9;3�#.-2?u9;3£%�9;:V9;(U9wý���%Yþ
þ.3

0
<�/B?�ÿ�')-2?~ÿ²Kn')?G-

t(z) = 2iπ
(

1 − µzk
)

+ o(zk) .è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Ä GQI '���� R KHG ����{ N R ��� N R½')L G & . ¥Bt�µ�t·¥�1;RQ$#$ I �#�i� I � t ∈ C {z} t R RQ&S$ I & ! ��� � LÑ�%�')� ��! $a"*ÿ½R N ISG &S$ t0 { N ��')� �E! $���� ! ��� � LM�*�����r' GJI �_RQ$#$ G �%LÑ"�R I¾��G ��� N �¢} G � � � N X0
t � GJI $×R�ÿ G &S$

Φt
X0

(x, y) =

(

x

(1 − ktxk)1/k
,

yet

(1 − ktxk)µ/k

)

.

q�R%� G &S�SLÑ'�L G & y0 = y0e
t0(x)

(

1 − kt0(x)x
k
)−µ/k �S�*ÿfLÑ�%&('

exp
(

t0 −
µ

k
log
(

1 − kt0x
k
)

)

= 1 ,

�%�'� I L®� G &S&S�
t0 −

µ

k

(

−kt0xk + o(t0x
k)
)

= 2iπn(x)



ÝnÀ ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
R�ÿQ�S� n(x) ∈ Z t�q G ��$n� I � x = 0

N ��'�� ��! $ ��� ! ��� � LÑ�%�����r' GJI �U�%$]' 2iπ {��S� $ G �#'���� I � n(0) = 1 �*'
o(t0(x)x

k) = o(xk) tGo�LM&SR N � � �*&�'��
t0(x) = 2iπ − µ2iπxk + o(xk) .R RQ&S$ N �i�%RQ$aOJ"%&�"%�)R N ��� I &¾�2x=R �E! X := X0 + xk+1R ∂

∂y
{ G &Ô"*ÿ½R N I �

Φt
X(x, y) = Φt

X0
(x, y) +

(

0, o(txk)
)

.
q¤���#"%$ I N '�R�'a$ I L '×R N G �#$¼$)RQ&�$ ! � GJK N � � �%$�t �

¥Bt¹µgt·�gt·¥Bt ¼ <�/!')-2?u9;3«')/�w£+)? ¨�A�ýTþ.3�#2þ2ÿ��
�P&U��� ! ���%&�� N �%$©& G ')R½')L G &S$�LM&(')� G � I LÑ')�*$��*L f R�ÿ½RQ&('St   ')RQ&('·� G &�&S"%$ G ∈ C {x, y} �*' I &��;')��RQ&S$]ÿJ�%�#$)R N �

Σ := rD × {y = y0} {S& GQI $ !hGJI ÿ G &S$_�S"��=&SLM� N R�} G &��*'�L G &
g(z) :=

∫

γ(z)

GτX

=

∫

γ(z)

G(x, y)
dx

xk+1

� I LÜ�*$#''x G N G���G � ! x��1$ I � Σ t � GJI $��2xS�%�n�2x G &S$ I &S�%� G &S�SLÑ'�L G & &�"S�%�*$�$�RQLM�#���r'Y$ I Ô�$)R½&�'�� !HGJI �i� I � I &S�} G &��*'�L G & g ∈ C {z} $�� "��%��L ÿJ�YRQLÑ&S$�L�tÆÚL G &�$ IS!S!HG $#�)� I � G(x, 0) = o(xk) { !HGJI �·' GJI ' ��s!� N �_RQ$ns ��! ' G '�L~� I � γn ��� ���f')�#" � LÑ')" (0, 0) {(� G &�'N � L � RQOJ�×�*$#'?LM&�� N I $#�P�=RQ&S$ Vj { G & R
∫

γn

GτX = 0

. �u� �%$]' N R ! � GJ!hG $�LÑ'�L G & . ¥!t·�gt�µ ! t·º�º�1y1�t�Ç�&1& G '�RQ&(' vnj N R�')��Ru�%�;�S� V n
j
$ I � Σ { N R ! � GJ!hG $�LÑ'�L G & . ¥!t´¥Bt � ¦ ! t¹º��³1RQ$�$ I ���amû$ G & ' GQI �i� I ��' GJI '���sB� N �1')RQ&SOJ�*&�' RQ$zs �E! ' G ')L�� I � γ̃ LÑ&S� I L ' ! RQ� N � L ')"*�)R½'�L G &Ã�S� ∆ {®��� K RQ$��

z ∈ ∪vnj {h�%$#'P')RQ&SOJ�*&(')LM� NMN � � �%&('¢x G��EG ' GJ! �u{Äm K RQ$#�Ø�g�Ú"%��{Dm I & ')� N ��sB� N � γn t = I LM$n� I � G(0, 0) = 0 {N � LM&(')"*OJ�)R N ���S� G(0, y)dy
y

N � N G &SO	�S� [0, y0]
� G &(ÿJ�*��OJ�Y�*'_� G &g�u{=��� R ! �n�%$ N ��'yxS" G �n� � � . � t·¥Bt � ! t·� ¡ 1�{

∫

γ̃

GτX =

∫

γn

GτX .

Ç & !HG $)RQ&(' g1(z) :=
∫

γ
GτX

L N �*$#'?� G &���&S"��%�%$#$)RQLÑ����� I �
(

∀z ∈ ∪vnj
)

lim
N→+∞

N
∑

−N
g1 ◦ ∆◦N (z) = 0 .

. ¥!t¹µ�t¹�³1
= N I $�OJ"%&S"*�)R N � � �%&('H{Ü�%& �S"S� G��E!HG $�RQ&(' g �*& N Rò$ G���� � g0 + g1

R�ÿQ�S� g0 ∈ Ck [z] �*' g1(z) =
o(zk) { ��G &(')� G &S$ � I � N R�� G &S�SLÑ'�L G &��%L f �S�*$�$ I $D�*$#' N �)�*��L 'T�%�#�?�¸� �-��LÑ$#'��%&��*�Q� I �×& GQI $D�#�S�2xS�*�y�2x G &�$St � GJI $�%&��S"%� I LM� G &S$-R N G ��$ L ��� "*�SL¥R�')� � �%&(' N �a�%�#LÑ'T�*���a� G �#���%$ !hG &S�=RQ&('�m N R ��"*$ G N I ')L G &«�S� N � "�� I R½')L G &zR I �
�SL�»h"%�#�%&��*�%$ . ¥Bt�µ�t � 1�t

� ¯ ð��^ð ¡�£¥¢¤£ ð  ¯¥Bt�µ�t ��� Ï
. � 1 ¥ 9;?G-

G ∈ C {x, y}
þ.-*#&9;3gÿ.?@+BA�ý&9;3gÿ

g(z) :=
∫

γ(z)
GτX

�k¹*:V9wýTÿ � þ.3´3�9;-u')3�-
t(z)

:~þ}-Õþ.(*�Yÿ�+!þ�@ý2þ.(}? þ�ýiýTþ.-�9;/Bý�º
g(z) = G(z, 0)t(z) + o(zk) .ÿ63t�!'uý.-@?u#./B: ? þ�ý

g(z) = o(zk)
ÿ.?Ûþ.-�ÿ>þ./{:~þ.(�þ.3�- ÿ.?

G(x, 0) = o(xk) � �5/{?~ÿ�<�/Yþ
t(0) 6= 0

�
. ¥�1 �.: þ�w�?~ÿ.-Õþ

G ∈ C {x, y}
-Õþ.:S<�/Yþ

g(z) =
∫

γ(z)
GτX

ÿ.?#þ.-¶ÿ>þ./{:~þ.(�þ.3�-�ÿ.?6:F'�#&9;35+)?G-@?u9;3 � �B� Î5�Ën�
þ2ÿ.-�ÿ�')-@?~ÿ²Kn')?G- þ��T¦\3~+)?ëý�'�'):V9wý2ÿ$<�/Gþ

g
þ2ÿ.-6+!þ0-@1J�Yþ$3546/!+)78#&9;:F�

. �³1 ¥ 9;? þ.3�-
∆ ∈ Diff(C, 0)

þ.-
g ∈ C {z} � -s9;/³ÿI+!þ./)w�+!þ$-21&�Yþ$3546/�+)78#&9;:F�
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. R³1 �.:�þ�w�?~ÿ.-Õþ0/B3¸þiÿ�A�ýJ? þLK�9wýJ(�þ.:G:~þ

f
ÿ�9;: /B-2?u9;3�+!þ � �B� Î5�GÊ.�Øÿ.?Ûþ.-�ÿ>þ./{:~þ.(�þ.3�- ÿ.?

g(z) = o(zk)
�

. K 1 �.:¶þ�w�?~ÿ.-Õþ
k
ÿ>þ&#.-Õþ./BýTÿ (

vcj
)

j∈Z/k

+!þrÿ�9;(}(�þ.-
0
þ.-D+g��9;/B,uþ�ý.-@/!ý2þ

δ > 0
')/�ÿ2ÿ.?��Yþ.-@?G- þ�<�/Yþ:8��9;3�,uþ./B- � -Õþ.:·ÿ�<�/Yþ$:F'�ÿ�A�ý.? þ

f
#&9;3�,uþ�ý2v!þ¢ÿ.?Ûþ.-�ÿ>þ./{:~þ.(�þ.3�- ÿ.? � ��9;/!ý0-s9;/B-

z ∈ vcj
�

lim
N→+∞

N
∑

n=−N
g ◦ ∆◦n(z) = 0.

ª�¨^´�²©¯gûDÏ�q®�%$ k $ G N I '�L G &�$Ü$#�S�r' G �#LM� NÑN �*$Ü��� N � "�� I R½')L G & R I ���SL�»h"%�#�%&��*�%$;$ G &(';�S"��=&�LM�%$ !hGQI � z ∈ vj! RQ�
fj(z) := ±

∞
∑

n=0

g ◦ ∆◦±n(z)

G�ò N �P$�LÑOJ&S�P�S" ! �*&S� �S� z ∈ vcnj
GJI z ∈ vncj

t
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 � GJI $#�2xS�%�n�2x G &S$¢m-"*ÿ½R N I �%�#m N � G ���S�#� k N R�� I RQ&('�LÑ')"

g(z) =

∫ t(z)

0

G ◦ Φt
X(z, y0)dt

�*' !HGJI �)�%� N R & GJI $ I ')L N LÑ$ G &S$ N � Ru�r')L G &9} G &��=R � �%&('�R N � � I é G '�$ I � N �%$)} G &��*'�L G &S$ .&#²K tH��� � RQ�n� I � . ¥!t¹µ�t¹�! t ¡u� 1y1��
G ◦ Φt

X = etX ·G .
Ç & !HG $)RQ&(' G(x, y) :=

∑

ybgb(x)
�r'_�%&ÃR !S! N L~� I RQ&('#o ISK LÑ&SL {ÚL N ÿfLÑ�%&('Y�

g(z) =
∑

b≥0

∑

n≥0

[

X ·n
(

ybgb
)

∫ t(z)

0

tn

n!
dt

]

(z, y0)

=
∑

b,n

t(z)n+1

(n + 1)!
X ·n

(

ybgb
)

(z, y0) .

= I LM$y� I � X = xk+1 ∂
∂x

+
(

y
(

1 + µxk
)

+ xk+1R
)

∂
∂y
�*'Ü�%&E&S�a���*'��%&=R½&�'�� I �#�%�*�#'�R½LM&S$�')�*� � �%$ �S�_�S�%OQ��"

$ IS! "%�#LM� I �)m k { G & GQK ')LÑ�%&('��
g(z) =

∑

b,n

t(z)n+1

(n+ 1)!
bn
(

1 + µzk
)n
yb0gb(z) + o(zk)

=
∑

b

yb0gb(z)
ebt(z)(1+µz

k) − 1

b(1 + µzk)
+ o(zk).

ÆÚL b 6= 0 {S�*' !SI LÑ$y� I � t(z) = 2iπ
(

1 − µzk
)

+ o(zk) ��� R ! �y�*$ N � N � �a� � . ¥!t¹µ�t � ¦ ! t ¡�� 1-{
ebt(z)(1+µzk) = 1 + o(zk).

o�LM&=R N � � �%&('P�
g(z) = g0(z)t(z) + o(zk).. ¥�1 ¤ � ! � GQK N � � �Y"*')RQ&(' N LÑ&S"�RQLÑ����{=��� R ! �y�*$ . � 1 G & ! � I 'P$ IS!S!HG $��*�Q� I � g(z) = o(zk) t�Ç�&S$ I LÑ'��u{ N ��)RQLÑ$ G &S&�� � �%&('Ü�S"*ÿQ� N GQ!S! "?R�ÿ½RQ&(' N R ! � GJ!HG $�L ')L G &	RQ$�$ I ���V� I � N Ri� G &��SLÑ'�L G &	�%$]'D&�"S�%�*$�$�RQLM�#�ut � GJI $DR NÑN G &�$

��� ! N G LÑ')�*� N Rû$ I � v �S�*'�LÑÿfLÑ'�"E��� N � GJ! "%��R½')� I � ! "*��L G �S��RQ$#$ G �%LM"am X !hGQI � �EG &('����%�'� I ���*�*'#')��� G &S�SL ')L G &
�%$#'?�%&5}�RQL '�$ I Ô�$�RQ&(')�ut
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� GJI $a�S"��=&SLÑ$�$ G &S$ N �%$��*&S$�� �1K N �*$

Σ± :=
{

z ∈ Σ\ {0} : (∀n ∈ N) ∆◦±n(z) ���ÚLÑ$#')� }
� G &(' N � I &SL G &Ø} G � � � I &	ÿ G LM$#LM&=R½OJ�D" !hG LÑ&(')"��S� 0 ∈ Σ t ¤ x=Ru� I &E�S�Û�%�%$ GJI ÿJ�%�]')$ �%$]' I &S� I &�L G &-�SLÑ$ v#G LÑ&(')��S� k � G�� RQLÑ&S�%$i� G &(')�%&SRQ&(' 0 �=RQ&S$ N � I ��$i}k� G &�'�L~�*���%$Y�*'S{h� I LÑ'�'���m �SL � LÑ& I �%� N ����RHs G &��*' N � GJI ÿJ�*�#' I ����S�%$_$����*')� I ��$ vnj �*' vcj �

∪vnj ∪ vcj ⊂ Σ+ ∩ Σ− .

Å N �%$#' I &5}�RQL '�� N RQ$�$#L~� I ��� I �	�
(

∀z ∈ Σ±) (∃C ∈ C) ∆◦±n(z) ∼n→+∞
C

n1/k
.

Â×LM&�$�L N �*$�$�"*��LM�*$a�S�i} G &��*'�L G &�$
f± := ±

∞
∑

n=0

g ◦ ∆◦±n

� G &(ÿJ�*��OJ�*&('aR K $ G N I�� �%&(' . $ I � Σ± 1·$�L^�*'Ü$#� I N � � �%&('D$#L g(z) = o(zk) t ¤ �*$ } G &g�*')L G &S$ v#GJI �*&(' N �a�yã N ���S�%$���%$ G���� "*�%$Ü$��S�r' G �#LM� NMN �*$ÜRQ$�$ G �*LM"%�*$Ûm N � "S� I R�')L G &�x G��EG N G OJL�� I � X ·F = G !SI LÑ$y� I �u{ ! RQ��� G &S$#'�� I �r')L G &�{
f± − f± ◦ ∆ = g .= RQ�ix³s !hG 'Tx��*$��u{ N �%$Q} G &g�*')L G &S$ f+ �*' f− � GJI &��*LM�S�*&('�$ I � vnj tDq®� I �P��L�»h"%���*&��%��{���� ! �#L � "%�-$ I � vcj {$S� "S�%�#LÑ'
f c := f+ − f−

=

+∞
∑

n=−∞
g ◦ ∆◦n.

q�Rr} G &��r')L G & f c �%$#'?LM&(ÿ½RQ�#L¥RQ&(')� ! RQ� ∆ �*'_$#��}�R��*' G ��LM$#� ! RQ�#� G &S$�"�� I �%&('��*& I &���} G &��*'�L G &5x G N G���G � ! x��
�=RQ&S$ N � �*$ ! Ru�*�¼�S�*$ G � K L ')�*$��S� ∆ R I f �S�%$#$ I $���� vcj t(Á RQLÑ$��*���S�%�#&SLM�*��� G\I &��*LM�S��R�ÿQ�S� N � �%$ ! Ru�*�¼�S�%$ }k� I L NÑN �*$�S� N R?���%$]')�#L~�*'�L G & �S� FX

m V c
j

. & GJI $·$ G���� �%$��SRQ&S$ I &�� ! RQ�]')LM��� G N 1�t�Â×LÑ&S$�L f c $S� "*'��%&S�	�*& I &S�Û} G &g�*')L G &� G &S$]'�RQ&('��?$ I ���%�*$�}k� I L NÑN �*$S{�ÿQR N RQ&(' 0 $ I � N R×$#" ! RQ��R½')�#L~�*��$��S�r' G �#LM� NMN ��t�q¤R ! � GQ!hG $#LÑ'�L G & . ¥Bt�µ�t·º ! t ¡ ¥u1�& GJI $} GJI ��&�LÑ'_R N G ��$¼���%$#} G &��*'�L G &�$ F± x G N G���G � ! x��%$�$ I � Σ± × rD '�� NMN �%$�� I �
(

F+ − F−) |Σ = f c

�*'_L N �-�ÚLM$#'�� I &S�i} G &��r')L G &9x G N G���G � ! xS� F ∈ O (rD × rD) '�� NMN �i� I �
f± =

(

F± + F
)

|Σ.�P& !HG $�� � RQLM&(')�*&=RQ&('
G := X ·

(

F± + F
)

� I L�$�� "r')�*&S� �*& I &���} G &��*'�L G &5x G N G���G � ! x���$ I � I &Ôÿ G LM$�LÑ&=RQOJ�×�S� (0, 0) tH�P&9� G &�� N I '_R N G ��$��
∫

γ(z)

GτX =
(

F± + F
)

(z) −
(

F± + F
)

◦ ∆(z)

= f±(z) − f± ◦ ∆(z)

= g(z) .. �³1 . R³1�$S� GJK '�LM�%&(' ! RQ� I &+��R N � I N } G � � � N L �a� "%�SLMR½'Ht ¤ � �*$#'aR I $�$�L I &+� G � G NÑN RQLÑ�����S� . � 1 �*'¼� I N � ��� �. ¥Bt � t � ! t � ��1�t. K 1�&�� �%$]'�� I � N R+� G &g� N I $�L G &��S"�� GJI N RQ&('Y�S� . ¥�1 N G ��$y� I � G &���� ! �#L � � N �r� G ��s!� N � f cj t©� I �%&g� G �#�u{G & ! � I ' N � GJK '��%&SLÑ�Û� Gu�a� � I &+� G � G NÑN RQLÑ���_� I 'TxS" G �y� � � . ¥Bt¹�gt � ! t·º � 1 ,�?@' N � LÑ�S�%&(')L��Y��R�')L G &v�%&(')�#�i��s!� N �%$
RQ$ns ��! ' G '�L~� I �*$_��� FX

�*' !HG LM&('�$ ! "*��L G �SL�� I �%$aRQ$zs ��! ' G ')L�� I �%$a�S� ∆ t �
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Ç &���"%R N LÑ$)RQ&(' ∆ � G��a� � N ��x G N G & G�� LM�E��� I &S� $�� NÑN �Ô��"*$ G &�&=RQ&(')�Ã& G & f N LM&�"�RQ�#LM$)R K N ��{ G &m&�� �%$]' ! N I $GJK N LÑOJ"1�S�	$ IS!S!HG $��*�]� I � g �*$#'Y�S�-'Õs ! ��&�½ I � f � G N �r' G & GQK ')LÑ�%&(' I &ò��"*$ I N '�R½'�� G��E! N �*'S{ !HGJI ��' GQI ')�"S� I R½'�L G & R I �m�SL�»°"*���%&g�%�%$ � �*'�')RQ&('��%& v � I ∆ t ¤ � !HG LÑ&�'��S�Ôÿ I � R¸"*'�"Ã"r' I ��LM"u{ �*&�'����ÃR I '����%$�{ ! RQ�	�� c�
C[Üjg� � � N ��
�O j�� �r'_& GJI $�sû�#�*ÿfLM�*&S�S� G &S$Vm N RØ�=&Ã� I �2x=R ! LÑ'����iµ�t
ÍDª±½hª±½hª å ¨ ±0�³��±���ë���e�c Ñ cB�Qg�i�jHeZ���O�JjHe�j m@¨ �O� ¨ e Ñ ±�c¾� ¨YÑ ��c Ñ ��® ¨ ° §�Ñ e¤jD� ¨ �c÷�ª
� GJI $ ÿJ�%& G &S$-�S� ÿ G LM�]� I � N � GJ! "%��R½')� I � TZ �%$]'-$ I � v �S�r')L�} t = GJI �-R I '�RQ&('-L N &¸� �*$#' ! RQ$ "*ÿfLM���%&('	�S�

� G &S&S�*� I &S�Ã$����*')L G &¯x G N G���G � ! xS�Ô�S�<�*�*'�'�� R !�! N L���R½'�L G &�t   ')RQ&('v� G &S&S" I & k f IS! N � T :=
(

f cj
)

j
⊂

C {h}0
{ � I � N OQ�%� � � G(T ) ∈ C {x, y}k ÿJ"*��L��=� TZ (G(T )) = T �*'%� Gu�a� �%&('r�2x G LM$�LÑ� T 7→ G(T )N LM&�"�RQLÑ����]-Å N &�� �%$]' �*&�OQ"%&S"*�)R N ! R½$�RQLM$#"-�S�	� G &S&S�*� I &S�-')� NMN �1$����*')L G &�{��r'Y$�� I N $P�S�*$]�2x=R �E! $P$#L ��! N �*$

� G &S� I LM$#�%&('Qm-�S�*$)�%R N � I N $D��� ! N L��%L ')�%$�t
è ¨5é�£¶ ©£¥¢¤£ ð  `¥Bt¹µgt � ¥�Ï¼��&}R !�! � NMN �*�)R Ñ c!�Qg�ikjHe ��� �JjHe�j m@¨ � �S� Z· N Rû� G &S&S"*� (S,K) ��� I &�LÑ$ G f�EG � ! xSLÑ$ � � N LÑ&S"�RQLÑ���

S : (C {h}0)
k

� K ⊂ C {x, y}k
')� NÑN �i� I �

TZ ◦ S = Id.

�P& ��LM�)Ra� I ���%� NMN � f �*L©�*$#' g>� ¨ e Ñ ÓHc�� ÑS¨ ±kcB°�cÚeHg § jÄ± m exê@°«i ¨ ±�cä�Sëºj@�w�h��c
k > 0

N G �#$y� I � L N ���ÚLM$]')� I &��
$ I L ')� σ := (a(n))n ⊂ N '�� NÑN �Q� I �

K = ⊕n>0y
nxa(n)Ck−1 [x] .

ª�¨^´�²©¯gûO¥!t¹µ�t � �=Ï
. � 1 R � R ! �y�*$ N R ! � GJ!HG $#LÑ')L G & . ¥Bt¹µgt¹µ ! t ¡B� 1 . � 1-{

C {x, y}k = K ⊕ ker TZ
= K ⊕ Im(Z·).

. ¥�1 � GJI $ ! �%&S$ G &S$ � I � I &1&�½ I � f � G N R½� � �r'¤' GJIwv#GQI ��$ I &S�;$��S�r')L G &U� I � G & G sJR I '��)RQ&S$]ÿJ�*��$)R N � � �%&('!hG N sf&�ã � L¥R N �?��� G �#�S��� k t ¤ � ! �*&S�=RQ&('?& GJI $a&S��$�R�ÿ G &S$ N � ! � GJI ÿQ�%�V� I � N G ��$n� I � Z = X0
t

¥Bt¹µgt¹µ�t � t �S'wÿ�+)/�(U9�+B�.:~þLK�9wýJ(�þ.:F�
� GJI $_R NÑN G &�$¼��� ! N L~�%L ')�*�¼�S�%$_$y�%R N R½LM���*$ cja,b ÿJ"*��L��=RQ&(' �

T j
X0

(

xayb
)

(h) = cja,bh
b

��� ! ��L � R½&�' N �%$ GJK $]')� I �*'�L G &S$Vm N R1�#"%$ G N I '�L G &û��� X0 · F = xayb t
� ¨^´P´�²ç¥Bt�µ�t � µ^Ï�¶ 9;/Bý

b ∈ N∗ � :F'}��A�ý.?u9�+!þ}+!þ
xayb

þ2ÿ.-
TX0

(xayb) = h 7→
(

cja,bh
b
)

j∈Z/k

9;� � þ.3
��9>ÿ�')3�-

ξ = a+bµ
k

þ.-#þ.3�#&9;3gÿ.?@+BA�ý�')3�-L:F'�K�9;3�#.-@?u9;3
Γ

+g� ÿ6/B:~þ�ý$º

cja,b = 2iπeiπ(2j+1)ξ (b/k)
ξ

bΓ(ξ)
.

" '�3�/B:G: ?G-sA>+g� /B3�#&9>þ²®¬#.? þ.3�-
cja,b

þ2ÿ.-�A8<�/{?G,;'):~þ.3�-Õþ>|
ξ ∈ −N

�kÿ63U�!'uýJ-@?u#./{: ? þ�ý
µ

+B9;?G-6'.�E�!'uý.-Õþ.3�?ëý�|
Q−

�



�8ª ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ ¤ �%$Q�%R N � I N $a$ G &('�$�L � L N RQLÑ���*$�ma�*� I �Ã��»h�S�r' I "*$��=RQ&�$ 	 ái±7iz©�� GJI { !HGJI � k = 1 {�=RQ&S$ 	 b ¨ 
�u ¨ ©E� t=Å N $S� RQOJL 'a��� "rÿ½R N I �*� N Rr� I RQ&(')L ')"-�

F c
j (M) :=

∫

γ∞j (M)

xayb
dx

xk+1
.

Á RQLM$�$#L G & ! RQ��R � �r')�#� N R¢}k� I L NÑN �Û� G &(')�*&=RQ&(' M ! R½� y(x) = hxµe−x
−k/k R�ÿJ��� h := H(M) G &-')� GQI ÿJ���

F c
j (M) = hb

∫

γ∞j (p)

xkξe−bµx
−k/k dx

xk+1
.

Ç &ò��»h�S�r' I R½&�' N ���2x=RQ&SOQ� � �%&('Y�S�r� GfG ��� G &S&S"*�%$�$����*' G ��LM� N z := −b
k

(δ−jx)
−k R�ÿJ��� δ := exp(2iπ/k) {�%�*'#')�YLM&(')"*OJ�)R N ���S�rÿfLM�%&('Y�

F c
j (M) =

[

δj
(

− b
k

)1/k
]kξ

b
hb
∫

γ

z−ξezdz

G�ò N �r�2xS� � LM& γ �*$#' I &Ð��sB� N �IP]RQ$zs �E! ' G ')L�� I �.Q1�S� {Re(z) < 1} \ R− ⊂ C �¸� �-�Ú'���" � L ')" −∞
. ÿ G LM�

�=O I �#�'�*L f �S�%$#$ GJI $T1�t

γ

0

� GJI $_R�ÿ G &S$×R N G �#$�R�»°RQLM�#�im I &S��LM&(')"*OJ�)R N ���S�'Ü?�*&�pQ� N
∫

γ

z−ξezdz =
2iπ

Γ(ξ)
.

�

¤ �S�%L=& GJI $ ! �%� � �*' �¸� �-� ! N L~�*LÑ'��%� I &���$��S�r')L G &	� I � G & G sJR I ��� N R��S"*��LÑÿ½R½'�L G & X0· {½'��)RQ&S$]ÿJ�*��$)R N � � �%&('!hG N sf&�ã � L¥R N �×��� G ������� k t��ð ¯ ð ñfñf²©¯��O¥Bt�µ�t �>� Ï
. � 1}� 9;3�3�9;3gÿ.7�3�9;/�ÿ

k
ÿ�#8'):F')?ëýTþ2ÿ

(αj)j ∈ Ck
þ.-
b ∈ N∗ � Á 3£��9;: 1;3��;(�þ

G̃b

-Õþ.:�<�/Yþ
TX0

(

G̃b

)

=

h 7→
(

αjh
b
)

j

þ2ÿ.-�+B9;3�3�A��!'uý
G̃b(x, y) := ybP (x)

9;�Ï:~þ���9;: 1;3��;(�þ
P

�Yþ./{-qH.-0ýTþ´#&%�9;?~ÿ.?#&9;(}(�þ
P (x) :=

1

k
xa(b)

k−1
∑

a=0

(

k−1
∑

j=0

αj

cja+a(b),b

)

xa

'),uþ&#�º
. R³1 ÿ.?

µ /∈ R−
� a(b) := 0

�
. K 1 ÿ.?

µ ≤ 0 � a(b) := [−bµ] + 1 + k � 9;�
[s]

ý2þ��@ýCA2ÿ>þ.3�-Õþ0:F'0�!'uýJ-@? þrþ.3�-2?u��ýTþ�+!þ
s ∈ R

�
. ¥�1}� 9;3�3�9;3gÿ.7�3�9;/�ÿ

k
ÿ�A�ýJ? þ2ÿI#&9;3�,uþ�ý2v!þ.3�-Õþ2ÿ (

∑

n>0 αj,nh
n
)

j

�c¹*:V9wýTÿ0:F'�ÿ�A�ýJ? þ
G :=

∑

G̃n
� 'wÿ2ÿ�9;7

#.?uA2þ\�!'uý � Ê.�q')/)w
k

7�/��5:~þ2ÿ
(αj,n)j

� þ2ÿ.-�#&9;3�,uþ�ý2v!þ.3�-Õþ�þ.-
T j
X0

(G) = h 7→∑

n>0 αj,nh
n

�
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ª�¨^´�²©¯gûDÏ�ÆÚL N �?��RHs G &v���¢� G &�ÿQ�%�#OJ�%&��*���S� (

∑

αj,nh
n)j

�*$#' ρ { N �?� G�� R½LM&S�_�S�¢� G &(ÿJ�*��OJ�*&��%�P�S� N R$�"%�#LM� G �%$]' Ω := C×KρD { Guò K > 0 &S�P�S" ! �%&��9� I �P��� µ �*'���� k . $)R1ÿ½R N � I �;�%$#'a�-� ! N L��%LÑ'�"%���SRQ&S$N R ! ��� I ÿJ�'� I L�ÿfLM�*&�'V� I RQ&�� µ /∈ R−
{��%� ! �*&S�=RQ&(')� I � K ≥ 1 � I RQ&S� µ ≤ 0 1�tè ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ � GJI $_"��%�#LM� G &S$ a0

!HGJI � a(b) t. � 1 = G $ G &�$ δ := exp (2iπ/k) t R � R ! �n�%$ N R1��� N R½'�L G & cja,b = δj(a+bµ)ca,b
R�ÿJ�S� ca,b := c0a,b

{=R�ÿ G LM�

T j
X0

(

ybxa0
k−1
∑

a=0

pax
a

)

(h) = αjh
b

�%$#'?"S� I L ÿ½R N �*&�'Vm-LÑ&�ÿQ�%�#$��%� N �P$zsf$#'T� � ���








α0

δ−bµα1ttt
δ−b(k−1)αk−1









=









1 1 · · · 1
δa0 δa0+1 · · · δa0+k−1ttt ttt t t t ttt

δ(k−1)a0 δ(k−1)(a0+1) · · · δ(k−1)(a0+k−1)

















ca0,bp0

ca0+1,bp1ttt
ca0+k−1,bpk−1









.

¤ � N I L f �*LD�*$#'�LM&(ÿJ�*��$#L K N �û$�L¼�r'	$�� I N � � �%&('�$�L;' GJI $ N �%$ ca,b { !hGQI � a0 ≤ a < a0 + k {·$ G &('�& G &�& I N $S{�u� �%$#' f m f �SLM�#�-$�L��r'�$�� I N � � �%&('Y$�L a + bµ /∈ −kN t ¤ �S�*LÜ�*$#'�ÿJ"*��L��="-�%& ! RQ�]')L~� I N LÑ�%�)� I RQ&S� µ /∈ R−
GJI

K LM�*&Ã�*& ! R½�#')L�� I N LM�*�Û� I RQ&S�
a0 + bµ

k
≥ 1 .

� GJI $#�2x G LM$�LÑ$�$ G &S$_�S� ! ���*&S�S��� a0 := [−bµ] + 1 + k � I RQ&S� µ < 0 �*' a0 := 0 $�LÑ& G &�t= GJI �#� G &�� N I ����{ N � LM&(ÿJ�*��$#� �S� N R � R½'���L~�*� [δj(a0+a)
]

0≤j,a<k
"%O(R N � 1

k

[

δ−(j+a0)a
]

0≤j,a<k
tGq®� �#"%$ I N ')R½'

�%$#'?� G &g�Y"r'�R K N L t. ¥�1 = R½� $ GJI �%LÑ$ ���a� N RQ�]')"	& GJI $'� G &S$�LÑ�S"%� G &S$ I &SL~� I � � �*&�' k = 1 { N ���%RQ$YOJ"%&S"*�)R N �*&}�S"�� GJI N RQ&('Ht� GJI $;R�ÿ G &�$ K �%$ G LM&	��� I & �#"%$ I N ')R½'�')���2xS&SL~� I ��{�� G &(' N R ! ��� I ÿJ�?$��a�S"*� I LÑ'Ü�SLÑ�����*')� � �*&(';��� N � "�� I LÑÿ½R N �%&('
�S� Æf')LÑ� N LÑ&SO1�r'?��� N R1�S"S� G���!hG $#LÑ'�L G &û�*& ! � G � I LÑ'a� I N "*��LM�*&Ô�S� N RØ} G &��r')L G & Γ �

Γ(ξ) =
exp(−γξ)

ξ

∞
∏

p=1

exp (ξ/p)

1 + ξ/p
.

� ¨^´P´�²;Ï. � 1}¶ 9;/!ý0-s9;/B-
ξ ∈ C

º
. R³1 |Γ(ξ)|2 ≤ |Γ(Re(ξ))|2

�
. K 1 −ξ sin (πξ) Γ(−ξ)Γ(ξ) = π

�
. ¥�1 �T9;3gÿ.?@+BA�ý&9;3gÿ���9;/!ý

µ 6= 0
:F'q+!þ.(}?G7R+uýC9;?G- þ

Dµ := µR+

�cÿ63r- þ.35+E')3�-S,uþ�ýTÿ
∞

:~þD:V9;3Bvq+!þ
Dµ

�:F'§K�9;3�#.-2?u9;3
Γ

'E+)(�þ.-\#&9;(}(�þIA8<�/B?G,;'):~þ.3�-Tº
. R³1 ÿ.?

Re(µ) > 0
º

Γ(ξ) ∼
√

2π

ξ
ξξe−ξ .

. K 1 ÿ.?
Re(µ) < 0

þ.-
Im(µ) ∈ R∗

±
º

Γ(ξ) ∼ ∓i
√

−2π

ξ
(−ξ)ξ eξ(−1±i) .

. �H1 ÿ.?
µ < 0

º
Γ(ξ) ∼

√

π

2 |ξ| |ξ|
ξ e−ξ

sin (πξ)



�C© ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
. �G1 ÿ.?

µ ∈ iR∗
±

º
Γ(ξ) ∼

√

∓2π

ξ
e±iξ/2 .

= RQ$#$ G &S$ � RQLM&(')�*&=RQ&('Vm N R-�S" �EG &�$#')��R½')L G &û� I � G � G NMN RQLM�#�ut. R³1 R RQ&�$ I & ! ��� � LÑ�%��')� �E! $?$ IS!S!HG $ G &�$¢� I � Re(µ) > 0 t^Ç�&Ã"S�%�#LÑÿ½RQ&(' cb := c00,b
�*'?�%& I ')L N LM$�RQ&('N � �%$#'�L � R½')L G & . ¥�1 . R³1D� I N � ��� �u{�L N ÿfLM�*&('

|cb| ∼b→+∞
√

2πbbRe(µ)−1/2 |µ|1/2 e−bRe(µ) ln b

∣

∣

∣

∣

∣

(

− e

µ

)bµ
∣

∣

∣

∣

∣

∼
√

2π |µ|b−1/2

∣

∣

∣

∣

∣

(

− e

µ

)bµ
∣

∣

∣

∣

∣

.

q¤����R>s G & �S��� G &(ÿJ�*��OJ�*&��%�U�S� N R1$�"*��LÑ� ∑
b>0

yb

cb
�%$]'?R N G �#$�� G &S&�" ! RQ�

ρ := lim sup
b→+∞

∣

∣

∣

∣

cb+1

cb

∣

∣

∣

∣

=

∣

∣

∣

∣

(

− e

µ

)µ∣
∣

∣

∣

> 0 .

= I LM$y� I � N RP$#"%��LÑ� ∑
n>0 αnh

n R I &E��R>s G &��S�)� G &(ÿJ�*��OJ�*&��%� ρ′ > 0 {(L N $S� �%&S$ I LÑ'�� I � ∑b>0
αb

cb
yb !HG $�$n�%�S�I &Ã��RHs G &Ã�S��� G &(ÿJ�*��OJ�*&��%� "%O(R N m ρρ′ > 0 tÆ IS!S!HG $ G &S$ � RQLM&('��%&=RQ&('h� I � Re(µ) < 0 �*' Im(µ) 6= 0

.zýTþ2ÿ����
µ ∈ iR∗ 1�t�Ç�& I '�L N LÑ$)RQ&(' N � "�� I LÑÿ½R N �%&('

. ¥�1 . K 1 .zýTþ2ÿ���� . �G1y1 G &Ã'�� GJI ÿQ�Ø� I � N R�$#"%�#LM� ∑ yb

cb
�%$#'×�S�U��RHs G & ���Ø� G &�ÿQ�%�#OJ�%&��*� ∣∣

∣
(±µe1±i)

−µ
∣

∣

∣

. ���%$ ! t
e|µ|/2 1-tH�P&5� G &�� N I '_R N G ��$�� G��a� � ! �#"S�*"%�S� �a� �%&('Ht. K 1¶q G �#$y� I � µ ≤ 0 { G &5� G &�$�LM�g�%���

cb := c0[−bµ]+2,b!hGJI � b ∈ N∗ tGq¤��$n��R N RQLM�#� ξ(b) := 2 + [−bµ] + bµ { !HGJI � b ∈ N∗ {=R !�! RQ�#'�LM�*&�'Vm N R K RQ&S�S�
B := {ξ : 1 ≤ Re(ξ) ≤ 2} .

Æ I � �%�a� G�� RQLM&�� N RQ} G &��r')L G & |Γ| �%$]' KHG �#&S"%� ! RQ� 1 t�Ç &���»h�*'S{���� R ! �y�*$ . � 1 . R³1�� I N � �a� �u{ |Γ(x+ iy)| ≤
|Γ(x)| � G &g� Γ �*$#' KHG �#&S"%�1$ I � N R K RQ&S��� [1, 2] × iR

. G & ��G &(')�#�1RQLÑ$�" � �%&('i� I �Ø�%�*'#')� KHG ��&��1�%$]' 1 1-tÂ×LM&�$�L��
|cb|−1 ≤ 1

2π
b−1−{−bµ}

G�ò {s} = s − [s] �*$#' N R ! R½�#')LÑ�'}k��Ru�*'�L G &�&=RQLM�#���S� s ∈ R t¸q®� � � �1K ���Y�S�1��� G L ')�Y�%$#'PR N G �#$ KHG �#&S"u{H�S�$ G �]')��� I � ∑ αb

cb
yb �*$#')� G &(ÿJ�*��OJ�*&(')�ut �

ª�¨^´�²©¯gûDÏ ¤ �*$a�%R N � I N $	& GJI $�$#�%�]ÿÚLÑ� G &('E�=RQ&S$ N R ! RQ�#'�LM�9¥äm¸��"*')�*� � LM&S�*�	�S�%$%} G � � �%$-& G � � R N �*$!hGJI � N �%$��2x=R ��! $ !HG $�$#"%�=RQ&(' I &S�	LM&('�"%OJ��R N � ! �#� � L~�*���-�=RQ&�$ N R+� N R½$�$���q®L GQI ÿfL NMN � . }k� I L NMN �r'�RQOQ�%$?'��)RQ&�$ fÿJ�%�#$)R N � � �%&('�R�Ô�&S�*$21�{©�*'-���%$�} G � � �*$U& G � � R N �%$�' GQ!hG N G OJL�� I �%$Y�=RQ&S$ N ���%RQ$1�S��}k� I L NÑN �r'�RQOJ�*$ ��� 'Õs ! �
�SLÑÿQ�%��OQ�%&('Ht

Å N �%$]'aLM&(')"*���*$�$)R½&�'a����& G '��%�¶� I �P$#L µ ∈ R−\Q { G &v&S� ! � I ' ! RQ$�$ GQI ÿJ�*&�'#� G &S$]')� I LM����P¿&=R I ÿJ� � �*&�'RQN R-$�"*��LM� G �%&9�2x G LÑ$�LM$#$)RQ&(' a(b) = 0 t=Ç�&Ã��»°�r'H{ N � �*$#')L � R�')L G & . ¥u1 . �H1D� I N � ��� � I '�L N LÑ$�"��SRQ&S$ N R ! ��� I ÿJ�! ��"��%"%���%&(')� ! �*� � �*'_�S� �EG &�'����*��� I � N R-$�"%�#LM�
∑

n>0

Γ (nµ)

nnµ−1
yn
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�%$#'?�SL ÿJ�%�#OJ�%&('��ut^Ç�&Ã��»°�r'H{ G & ��G &(')���i� I �

Γ (nµ)

nnµ−1
∼n→+∞ n−1/2

(

e

|µ|

)nµ

sin (πnµ) .

= RQ�a$ I LÑ')� N �P�)RHs G & �S��� G &�ÿQ�%�#OJ�%&��*�U�S� N R1$�"%�#LM���%L f �S�*$�$ I $?�*$#'
ρ =

(

e

|µ|

)µ

cos (πµ) lim inf
n→+∞

(

1 +
tan (πµ)

tan (πnµ)

)

= 0

!SI LM$n� I � ⋃
n>0 tan (πnµ) �%$#' �S�*&S$��¸�=R½&S$ R t;Â×LÑ&S$�L�$#� I N �æ�%�*�#'�R½LM&S�*$û$�"%�#LM�*$ ∑αnh

n �S� ��RHs G &C�S�
� G &(ÿJ�*��OJ�*&��%�ULM&g�=&�L ! �*� � �*'#')�%&(')m N R1$#"%��LÑ� G :=

∑

αn
Γ(nµ)
nnµ−1 y

n �S��� G &�ÿQ�%�#OJ�%��t

¥Bt¹µgt¹µ�t·¥Bt ÿ�wn�@ýTþ2ÿ2ÿ.?u9;3°+!þ2ÿ�9)p�ÿ.-0ýJ/�#.-@?u9;3gÿq+E')3gÿ�:~þU#8'wÿq+g� /{3Â#&%!')(*�Å+!þ�:F'~#.:F'wÿ2ÿ>þ " ?u9;/B,�?G:G:~þq+!þ�-@1J�Yþ#&9;3�,uþ�ýuv!þ.3�-u�
W?&��2x=R ��! ���a'Õs ! �a&�½ I � f � G N � G &(' N � LM&('�"%OJ��R N � ! ��� � L��%�����*$#'Ü�=RQ&�$ N Ri� N R½$�$��a�S�Vq®L GQI ÿfL NMN �u{�� Gu�a� �N � ��G &(')���*&('�Á t � �%�]'TxSLÑ�%���*')oÛt�Ä GJI �%�*' 	X� cE
 l j�� {S�%$]'×R½&=R N s�'�L~� I � � �%&('a"�� I LÑÿ½R N �*&('¢m

XR,s := X0 + ys+1xk+1R(x)
∂

∂y
!hGJI � s ∈ {−1}∪N t � GQI $�� G &S$#LM�S"*� G &S$ L��%L N �V�%RQ$ s ≥ 0 { N RP$����*')L G &�$ I L ÿQR½&�'��a$S� LM&(')"*���%$#$)RQ&('Ûm s = −1 t� I RQ&S� s ≥ 0 {SL N �%$]')m	& G ')�*�V� I � N �Q}k� I L NÑN �r'�RQOJ�?LM&�� I LÑ' !hG $#$y�*�S�Y' GJIwv#GJI ��$a�S� I �Ô$�" ! RQ�)R�')��L��%�*$St¤ xS�%�n�2x G &S$;��� R KhG �#�[m�"*ÿ½R N I �%� N � LM&('�"%OJ��R N � ! ��� � L~�*���a$����*' G ��LÑ� NMN � Hj ∈ O (Vj)

�S� XR,s
{ !HGJI �;R�ÿ G LÑ�I &S� ! RQ��R � "r')�#LM$)R�')L G &£P¿�-� ! N L��%LÑ'��.Q �S�*$Q}k� I L NMN �*$×$#�S�*' G ��LÑ� NÑN �%$×� I }k� I L NMN �r'�RQOQ� LÑ&S� I L ' ! RQ�Q�*�%�2x=R ��! t ¤ �

&�� �*$#'×R I '������ I � I &S�UR !S! N L���R½'�L G &E�S"%O I LM$#"%�Y�S� N RUÿ½RQ��LMR½')L G &v�S� N R%� G &S$]'�RQ&(')��t
� ¨^´P´�² ¥!t¹µ�t � º=Ï ¥ 9;?G-

s ∈ N
� Á 3¸þt?G3�-�Auvuý�'):~þ��@ýTþ.(}?u��ý2þØÿ>þ&#.-s9wýJ? þ.:G:~þq+!þ

XR,s

þ2ÿ.-�+B9;3�3�A2þØÿ./Bý
Vj

�vuý_^B#2þ>|t/{3¸þ
X0

7V�@ýJ?G(}?G-2?G,uþ)ÿ>þ&#.-s9wýJ? þ.:G:~þ
Fj

+!þ
ysxk+1R(x) � �!'uý$º

. � 1 ÿ.?
s 6= 0

º
Hj = H (1 + sFj)

−1/s9;�
Fj(x, y) = ysgj(x)

�
. ¥�1 ÿ.?

s = 0
º

Hj = HeF9;�
F (x, y) = g(x)

� � 9;3�#
Hj

3¸þ>+BA��Yþ.35+��!'wÿ>+)/5ÿ>þ&#.-Õþ./Býn�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1¼Ç�& !hG $�RQ&(' F (x, y) := ysg(x) { G &9��R N � I N �1�
XR,s ·Hj = (1 + sF )−(1+1/s)

[

−HX0 · F + ys+1xk+1R(x)

(

(1 + sF )
∂

∂y
H −H

∂

∂y
F

)]

.

q�� "S� I R�')L G & XR,s ·Hj = 0 { !�I LM$n� I � y ∂
∂y
H = H �r' sF = y ∂

∂y
F {��%$#'?"S� I L ÿ½R N �*&�'���m �

X0 · F = ysxk+1R(x) .. ¥�1?�P& ÿJ"*��L��S�1RQLÑ$�" � �%&(' N �Y��"*$ I N '�R½')� I RQ&S� s = 0 �r' Hj := HeF t = I LM$y� I � F ! � I 'Q�*'����]�2x G LM$#LM�Y�S�N Rr} G � � � F (x) {Y�*� NÑN � f �%L®�*$#')x G N Gu�EG � ! xS� . ÿ G LÑ�_�#� � RQ�y� I � . ¥Bt·�Bt´¥ ! t¹º � 1y1-t ¤ �S�*L��*&(')�)R;È¥&S�*�)R !HGJI � XR,0���¹�r')�#�URQ&SR N s�')L�� I � � �%&('#� G & v#I O I "'m X0
t �



��Y ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
¤ �*'�'�� ! R½�)R � "*'���LM$�R½')L G & ! �*� � �*'Ü��� " N L � LM&S�*�kP y Qa�SRQ&S$ N � LM&(')"*OJ�)R N ���S"��S&SLM$#$)RQ&(' N R ! "%�#L G �S�u{(�S�?$ G �]')�

� I � N � G &ûLM&('T�*OJ���¢�S&=R N � � �*&('a$ I � I &5�2xS� � LÑ&û��� L � RQOJ�×LÑ&�� N I $��P�SRQ&S$ {y = 0} t = GJI � x0 6= 0 �g�Ú"�& GJI $�S"��=&�LM$�$ G &S$ N � N Ru�%�r'a�S��� N R½$�$�� C1 ! RQ� �EG �n�%�%R I � �

γ(x0) : R −→ rD
. ¥!t¹µ�t�µ�1

t ∈] −∞,−1] 7→ |x0| et+1e2iπj/k

t ∈ [−1, 0] 7→ |x0| ei(−t2πj/k+(1+t) arg x0)

t ∈ [0, 1] 7→ |x0| ei(t2π(j+1)/k+(1−t) arg x0)

t ∈ [1,+∞[ 7→ |x0| e−t+1e2iπ(j+1)/k .

0

0xγ(  )

0x

cc

c c

n

n

n

n

� GJI $a�S"��=&SLÑ$�$ G &S$ !HGJI �¼' GJI ' j ∈ Z/k
N RØ} G &��r')L G &5x G N Gu�EG � ! xS��$ I ���

gj(x) :=
1

ys0

∫

γj(x,y0)

ysR(v)dv.

q�R�} G &��*'�L G & ysgj(x) �%$]' I &S� X0
f ! ��L � L ')LÑÿQ��$��S�r' G �#LM� NMN �Y�S� ysxk+1R(x)

. ��� �*$#' f m f ��LM���]� I � N �]�2xS� � LM&RQ$ns ��! ' G '�L~� I � γj(x, y0)
�%$]'×L��%L°')RQ&SOJ�*&�'?R I �2x=R �E! X0

1�t
��ð ¯ ð ñfñf²©¯�� ¥Bt�µ�t �>¡ Ï ¥ 9;?G-

X := XR,s

þ.-Bogw{9;3gÿ
x0 ∈ rD

� " '§��A�ýJ?u9�+!þ�+!þ
xayb

:~þ§:V9;3BvI+g� /B3³#.1a#.:~þ'wÿ.1�(*�5-�9;-2?@<�/Yþ$-u')3Bv!þ.3�-\|
X

þ.-x�!'wÿ2ÿ�')3�-=�!'uý
(x0, y0) =: M ∈ V c

j

þ2ÿ.-�AuvE'):~þ�|
T j
X

(

xayb
)

(h) = hb
∫

γ(x0)

(

1 − shsxsµe−sx
−k/kgj(x)

)−b/s (
xbµe−bx

−k/kxa
) dx

xk+1
,

= cja,bh
b +

+∞
∑

n=1

cja,b,nh
ns+b

9;�~9;3«'0��9>ÿ�A
h := Hj(M)

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ q®� N � ��� � ! ��"��%"%���%&(' ! �%� � �r'a��� "��%�#LM����{^R�ÿJ�S� F (x, y) := ysgj(x)

�

sysgj(x) =

(

H(x, y)

Hj(x, y)

)s

− 1 .

R �%$ N G �#$P�
y(x) =

(

h−sx−sµesx
−k/k − sgj(x)

)−1/s



©Jì Ynì!b ] ^!ÌÄÂBÁYÆaï¸Ì ] ^�ÌÄÊb¸ÇDÆ+Æ!Á<Ì¸ÆBÈ�bDÉ�É¶Â!Á�ÊGb�` �T¿
! �*� � �*'	�S� ! R½�)R � "*'����%�U$��S�r' G �#LM� NMN � � �*&(' N �*$�}k� I L NMN �*$U� I }k� I L NÑN �*')RQOJ��LM&S� I LÑ' ! RQ� X t�q¤R ! "%��L G ���v�S�
xayb

N � N G &SO	� I ��s!� N �YRQ$zs �E! ' G ')L�� I � γ∞j (M) �#� N R�')L�}�m X $S� "S�*��LÑ'Y�
∫

γ∞j (M)

xaybτX =

∫

γ∞j (M)

(

h−sx−sµesx
−k/k − sgj(x)

)−b/s
xa

dx

xk+1
.

q�� LM&('�"%OJ��R N �P&S���S" ! �*&S�=RQ&(' ! N I $��S� y G &ÔLM&('y�%OJ�#�P$ I � x ∈ γ(x0)
tYo�LÑ&=R N � � �*&('

T j
X

(

xayb
)

(h) = hb
∫

γ(x0)

(

1 − shsxsµe−sx
−k/kgj(x)

)−b/s (
xbµe−bx

−k/kxa
) dx

xk+1
.

q¤���#"%$ I N '�R�'��=&=R N $ I LÑ'a�*&Ã�S"rÿJ� N GJ!S! RQ&('×�*&Ã$#"%��LÑ���S� !SI LM$#$)RQ&g�%�%$_�S� hs t �

Å N �%$#')m ! �#"*ÿ G LM�S{Y� G���� � !HGJI � N �i��RQ$a� I5��G ��� N �Q} G � � � N {!� I � N �P$nsf$#'y� � �
TX
(

∑

Pn(x)y
n
)

=
(

∑

αj,nh
n
)

j

LM&S� I LÑ' ! RQ� N �)� G � G NMN R½LM�����*L f �S�%$#$ I $;�%$#'¼LM&(ÿJ�*��$�L K N �?�=RQ&S$ N � �%&S$#� �1K N �_�S�%$¼$#"%�#LM�%$Û� G &(ÿJ�*��OJ�*&(')�%$¼'��)RQ&�$#ÿJ�*� f$)R N � � �%&(' !hG N sf& G�� L¥R N �%$Ü��� G ���S�#� k t
ª�¨^´�²©¯gûñ¥Bt�µ�t �>£ Ï�Ç�&v' GQI ')�_OJ"%&�"%�)R N LÑ'�"u{�$�L X �*$#' I &[�2x=R ��! &�½ I � f � G N �S�_'Õs ! �Q� G &(ÿJ�%�#OJ�%&('a"��%��L '$ GJI $ N RØ} G � � � X = X0 + yxk+1R̃ ∂

∂y
{

T j
X

(

ybg(x)
)

(h) = T j
X0

(

ybg(x)
)

(h) + o(hb).

Ç &z��»°�r'H{�L N $ I Ô�'1��� R !S! N L�� I �%� N ���)RQLÑ$ G &S&�� � �%&('1� I � G � G NMN RQLM�#� ! ��"��%"%���%&('	�%& I ')L N LM$�RQ&(' N �a}�RQL ''� I �u{
OJ�C¢u�*�'m N Rr� G & v#I O(RQLM$ G &Ô$����*' G ��LM� NMN ���S�'Ü I p I xSRQ�)R f �PL �1I ��R f ÁÃR½' I �SRg{��r'a�%& ���%$]')�#L~�*'�L G &9m I &S�i}k� I L NÑN �u{

y = hxµe−x
−k/keFj(x,y)

= hxµe−x
−k/k + o(h) .

¥Bt¹µgt¹µ�t¹�gt �S'wÿ�+g� /B3�#&%!')(*�~3�9�+E'):F�
ÅÍ&�'�"%�#�%$�$ G &S$ f & GJI $ � RQLM&(')�*&=RQ&('_R I �+�2x=R ��! $a$S� "S�%�#LÑÿ½RQ&('

X := X0 + xk+1R(x)
∂

∂y
.

� GJI $ !HGJI ÿ G &S$��-� ! ��L � �%� N � GJ! "*�)R½'�� I � ! "*��L G �S�?�S� X �*&5} G &��*'�L G &v���i�%� N I L°��� X0
t�Ä GJI '���� R KHG ���¸{ I &

��R N � I N $�L � L N RQLÑ���DR I N � ��� � . ¥Bt¹µgt � º ! t £ �³1 . � 1 ! �%� � �*';��� GJK '��%&SLÑ�Ü���%$DLÑ&(')"%OQ�)R N �%$ ! ��� � L��%�#�%$Ü$��S�r' G �#LM� NMN �*$
�S� X {Yx G N G��EG � ! xS�*$¼$ I � V̂j = V nc

j ∪ V cn
j+1

�
Hj(x, y) := H(x, y)− gj(x),

. ¥Bt�µ�t � 1
G�ò

X0 ·
gj(x)

y
= xk+1 R(x)

y
.

¤ � �*$#' f m f ��LM���
gj(x) :=

∫

γ̂(x)

R(u)u−µeu
−k/kdu ,

N � LM&(')"*OJ�)R N � !HG �#')RQ&('a$ I � N �i�2x�� � LM& γ̂(x) ! R½�)R � "*'���" ! RQ�



�yÀ ©JìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å

γ̂(x) : R −→ rD
. ¥Bt�µ�t·º�1

t ∈] −∞,−1] 7→ |x| et+1eiπ(2j+1)/k

t ∈ [−1, 0] 7→ |x| ei(−tπ(2j+1)/k+(1+t) arg x)

x
cc

c c

n

n

n

n

0

¤ ���2x�� � LM&¸')�%&��òÿQ�%��$ 0 �=RQ&�$ N R ! RQ�#'�LM�r� G N {�� G &(')��RQLM�#� � �%&('YR I �òR I ')�#�%$��2xS� � LM&�$Y�¸� LÑ&�'�"%OJ��R½')L G &� G &S$#LM�S"*��"*$ v#I $n� I � L��%L�{��%�'� I L�}�RQLÑ'¼�S���%�*'#')��� N RQ$�$#���S���2x=R ��! $ I &S�'� N R½$�$�� ! R½�#')L�� I N L~�*���ut

� ¨^´P´�²Z¥Bt¹µgt � �SÏ\¶ 9;/!ý
b ∈ N∗ � :F'$��A�ý.?u9�+!þ$+!þ

xayb
þ2ÿ.-6+B9;3�3�A2þ\�!'uý

T j
X

(

xayb
)

(h) = cja,bh
b +

∑

0<p<b

cja,b,ph
p

9;�
cja,b

þ2ÿ.-�:F'0��A�ýJ?u9�+!þ�'wÿ2ÿ�9�#.?uA2þ�')/�(U9�+B�.:~þ�K�9wýJ(�þ.:{�!'uý0:~þ0:~þ.(}(�þ � �B� Î5�GÊ�Îq���a`cb.�)�

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ���&L�g�Ú� x0 ∈ rD t¸q�� LM&('�"%OJ��R N � ! ��� � L��%��� . ¥Bt�µ�t � 1 ! �%� � �r'��S� ! R½�)R � "*'����%� N R}k� I L NMN �×�S� FX
! RQ$�$�RQ&('�R IÔ!HG LM&(' (x0, y0) ∈ V c

j
! RQ�P�

y(x) = (h + gj(x)) x
µe−x

−k/k,
G�ò h := Hj(x0, y0)

tGq¤R ! "%�#L G �S�P$S� "S�*��L '_R N G �#$P�
T j
X

(

xayb
)

(h) =

∫

γ∞j

xa (h + gj(x))
b xbµe−bx

−k/k dx

xk+1
.

¤ �*'�'��ûLM&(')"*OJ�)R N � &��û�S" ! �%&S� ! N I $1�S� y { G &zLM&('y�%OJ�#�ûR N G ��$U$ I � N �[��s!� N � γ := γ(x0)
! RQ�)R � "*'���" ! RQ�N � "S� I R½'�L G & . ¥!t¹µ�t�µ�1-tSÅ N ÿfLM�%&('��

T j
X

(

xayb
)

(h) =

b
∑

p=1

(

p
b

)

hp
∫

γ

xaxbµe−bx
−k/kgj(x)

b−p dx

xk+1
.

= GJI � p = b G &Ã�#�*'�� GJI ÿQ� N � ��� ! ���*$�$#L G & �S� T j
X0

(

xayb
)
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G̃b = ybP (x) �,)A�ý.? oT')3�-
T j
X0

(

G̃b

)

(h) = αjh
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X (Gb) (h) = αjh

b
þ.-T-Õþ.:g<�/Yþ

Gb := G̃b +Qb9;�
Qb ∈ Cb−1 [y] [x]

�
. ¥�1}� 9;3�3�9;3gÿ.7�3�9;/�ÿ

k
��9;: 1;3��;(�þ2ÿ (

∑

d≥n>0 αj,nh
n
)

j

��¹*:V9wýTÿ�:~þ}��9;: 1;3��;(�þ
G :=

∑

d≥n>0Gn
�'wÿ2ÿ�9�#.?uA�+!þ«(t')3�?u��ý2þ´35')-@/BýTþ.:G:~þ��!'uý � Ê.�Ï')/)w

k
7�/��5:~þ2ÿ

(αj,n)j
� ÿ�')-2?~ÿ²Kn')?G-

T j
X (G) = h 7→

∑

d≥n>0 αj,nh
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∂
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¤ �Ô'yxS" G �y� � � ! �*� � �*'	��� LM&('��%� ! ��"*'��%� N �*$-LM&(ÿ½RQ��LMRQ&(')$-�S� N Ræ� N RQ$#$�L�����R½'�L G &�RQ&SR N s�')L�� I �û�%&�')�*� � �%$
�S� ! "*��L G �S�*$��®�%& ! RQ�]')L~� I N LÑ�%��& GJI $��%&ò� G &S& G &S$ I &S�	��� ! ��"*$��*&�')R½')L G &òLM&(')"*OJ�)R N �r� I L {��SRQ&S$ N �r�%RQ$��S�%$
}k� I L NMN �r'�RQOQ�%$D'��)RQ&S$]ÿJ�*��$)R N � � �%&('×R�Ô�&S�%$�{ ! �*� � �*'_�S����R N � I N �%�D�S�%$#} G � � �%$�& G � � R N �*$ G � K LÑ')R N �*$St
q�R ! ��� I ÿJ�×� Iv!HG LM&(' . � 1·�*$#'¼� G &S&S"*�×�%& $��S�r')L G & . µ�t´¥!t¹µ�t¹�³1-{ÚR ! �y�*$�� I � N � G &vRYLM&(')�*� ! �#"*')" N �*$;LÑ&(ÿQR½��L¥R½&�'�$
�S�Q� N RQ$�$#L��Y�%R½')L G & �*&v')�*� � �%$¼�S� ! "*��L G �S�*$St ¤ ���S�%�#&SLM�*� !HG LM&('¼���?ÿ I �u{��S"*ÿQ� N GQ!S! "×�%&û$����*'�L G & . µ�t´¥!t·�gt·¥�1-{! �*� � �*'_�S� ! � GQI ÿJ�*� N � !hG LM&(' . ¥�1Û� G���� �i� G � G NÑN RQLÑ���_� I Ä�xS" G �n� � � ¤ t





¤ Ü_Â = ÅÍÄ / Ç �

u Õ_ØÚÙ à ã é è�Ù Û×� Ù é ÖÜÕ#à î
��ç â¸à�â ÞWé�à âëæ?â®ã ��Ý Ö ÞWé ã à Ù Û ä Ö ÙÍèSâ®ã

q�R-�S" � R½�y�2xS��� G &S$�LÑ$#')�'m	�)R � �%&��%� N � "S� I R�')L G &û�S��� G & v#I O(RQLM$ G &
ψ∗Z0 = Z1

m I &1$nsf$]'T� � ����� "S� I R½'�L G &�$ x G���G N G OJL~� I �*$ !HG �]'�RQ&('·$ I �·�S�*$�} G &��r')L G &S$St / � � RQ�y� ISG &�$�R I1! �#"�R N R K N ��� I �
�%�*'#')��"�� I R½')L G & �*$#'�"�� I LÑÿ½R N �%&(')�¢m ��"*$ GJI �S����{g� Gu�E!HG $)R½&�'�� ! R½��� G��E!HG $�RQ&(')�u{ N � "S� I R�')L G &�x G���G N G OJL~� I �
& G & N LM&�"�RQLÑ���

Z0 ◦ ψ = Z1 · ψ
!SI LM$n� I � X · F = dF (X) tq¤�*$a�2xSRQ&SOJ� � �*&�'�$E���9� GÚG ��� G &�&S"%�*$a� I � & GJI $%� G &S$#'�� I LÑ� G &�$�$#�%� G &(' GJK ')�%& I $��%&���� �E! N Ru��R½&�' N �
')� ��! $ t � I OJ�*� � �P�S�ié G '

Φt
Y (x, y) := (exp (tY ) · x, exp (tY ) · y)

! RQ� I &S�×$#"%��LÑ� F (x, y) ∈ C [[x, y]] t�ÅÕ�*L exp (tY ) R½OJLÑ' ! RQ�Ü�S"*��LÑÿ½R½'�L G &�$ I � N �*$�} G &g�*')L G &S$ x �*' y {!�*�¢� I �& GJI $_& G '��%� G &S$a�S� � RQ&�L~�%�#� ! N I $#� G &��*LM$#�
Φt
Y (x, y) := etY · Id .

. �gt¹¦gt � 1

ü �¨ ð ¯¤¨^´ �gt¹¦gt¹�=Ï$Ì l ®xf�j@��y!°}c â jHe�� ¨ °}cfehg ¨ ±ZÍ�¥ 9;? þ.3�-
X

þ.-
Y

+!þ./�w~v!þ�ýJ(�þ2ÿr+!þ³#&%!')(*�þ+!þ,uþ&#.- þ./!ýTÿt%�9;:V9;(U9wýZ��%Yþ2ÿ�ÿ.?G3Bv)/B: ? þ�ýTÿU|:8��9wýJ?Fv)?G3¸þU+!þ
C2

<�/B?�#&9;(}(}/{-Õþ.3�- � ')?G3gÿ.?§<�/L� /B3¸þrÿ�A�ý.? þ�K�9wýJ(�þ.:G:~þ
F ∈ C [[x, y]]

+!þ0- þ�ýJ(�þ}#&9;3gÿ.-u')3�-T3�/B:F�
. � 1}" þ2ÿ¢ÿ�A�ý.? þ2ÿ}9)p�-Õþ.3�/Yþ2ÿ�þ.3¾ÿ./!p�ÿ.-2?G-@/�')3�-

F
|
t

+E')3gÿ0:~þYv§9;- � Ëa� � �GÊ.�
T (x, y) := Φ

F (x,y)
X (x, y)þ.-

N(x, y) := Φ
F (x,y)
Y (x, y)ÿ�9;3�-=+!þ2ÿ\#&%!')3Bv!þ.(�þ.3�-ëÿT+!þ\#&9�9wý�+B9;3�3�A2þ2ÿ�K�9wýJ(�þ.:·ÿS-u')3Bv!þ.3�-ëÿ6|�:8� ?@+!þ.3�-2?G-�A��=��þ./�w�78#.?Bÿ�9;3�-x#&9;3�,uþ�ýJ7v!þ.3�-Iÿ0:V9wýTÿ�<�/Yþ

F
:8�îþ2ÿ.-Z�

. ¥�1}� þ\�5: /³ÿ
. R³1

T ∗X =
1

1 +X · F X. K 1
N∗X = X − X · F

1 + Y · F Y .

óy�



ó�Y �Jì�b�ï¸Á�Ê ÅuÈ ] Ì@ÊV`=dgÊ ] Â�ï�ókì�ÅBò Æaó�ÆBÉ ] Å�Æ5Ç�ÆgÈ0d!e�Â¸É ] ÈiÅwÊV`=^!ÂÄÊ�Ì¸ÆBÈ

Ç &ñ}�RQLÑ'S{ N � !HG LM&(' . R�1	�S"�� GJI N � � I !HG LM&(' . K 1	�*& ! �#�%&=R½&�' Y = X t � GJI $�$ I�!S!hG $ G &S$�m ! RQ�#'�LM��S� � RQLÑ&�'��%&=R½&�'�� I � Y �%$]' '��)RQ&�$#ÿJ�*��$#��m X �%&ò�S�Sx G ��$Y��� I &S�E$#" ! R½�)R½'���L~�*�r� G����1I &�� . ! RQ�P�-��� �E! N �
{x = 0} 1�tÂ�ÿ½RQ&(' �S�¸� G &S&��%� N R ! �#� I ÿQ�}� I 'TxS" G �y� � ��{¶}�RQLM$ G &S$+� I � N � I �%$ ��� � R½�y� I �%$�taÄ GJI 'Ã�¸� R KHG �#��{ G &
� G���! ���*&S� K LÑ�%&L� I � N �%$Q�2xSRQ&SOJ� � �*&�'�$��S��� GÚG ��� G &�&S"%�*$ T {¸� I �1& GQI $Q� I R N L��=�*� G &S$?�S� g ¨ e�²^cfehg�ikc!± Ñ {RQOJLM$#$��*&�'�$ I � N �]�2x=R ��! �%&rPÕ�B�SR½&�'��2xSRu� I �r}k� I L NMN �Y� I }k� I L NÑN �*')RQOJ�JQY�*'P�*& ��G �SL��^R½&�' N �Y')� ��! $P�S� X {R N G �#$�� I � N �%$��2x=RQ&�OJ� � �%&(')$Ü�S�#� GfG �#� G &S&S"*�%$ Ò�j���f Ñ {(�S"��S&SLM$ ! RQ� N �%$ N { ��G �SL��=�*&(' N �¶}k� I L NMN �*')RQOJ�;' GJI '�%& ! ��"*$��%�]ÿ½RQ&(' I &S�r} G � � �U')� �E! $P� I �2x=R ��! X . L N $ I Ô	'���� �%& �2x G LM$#LM� I &S�	� G &(' N �1& G sJR I � G &(')LÑ�%&('
Y {��%�'� I L®�%$]' !hG $#$�L K N � ! R½�¼')�)R½&S$#ÿQ�%��$�R N L ')"H1�tÇ &�$ I L ')�u{ N � R½$�$��*�#'�L G & . ¥u1 . K 1 ! � I '_$�������} G � �1I N �%��{��*& "S�*��L ÿQR½&�' X̃ := X +RY {

(

N∗X = X̃
)

⇔ (∃F ) :

(

X · F
1 + Y · F = −R

)

⇔ (∃F ) :
(

X̃ · F = −R
)

,

�%�'� I L ! �%� � �r'_�S� ��R � �%&S�*� N � "�� I R½')L G &Ô�S�'� G & v#I O(RQLM$ G &+� K �#"%��m I &S�Y"S� I R�')L G &¾x Gu�EG N G OJL�� I �×$ I � N �%$
} G &��*'�L G &�$St × N R ��L�»h"%���*&��%�P��� N � R N O G ��L 'Tx � �TP � N RQ$#$�L~� I �JQ)� I L�� G &�$�LM$]')�im ��"%$ GJI �S�#� N � "S� I R½'�L G &�x G���G N G fOJL~� I �	RQ$#$ G �%LÑ"%��m X . �%&¸OJ"*&S"%��R N I & �EG ��� N �]} G � � � N 1×Rw�=&¸��� " N L � LÑ&S�%��{ ! R½�P���Ú� ��! N ��{ N �*$�')�*� � �%$��S�
�S�%OJ�#" � LÑ&SL � R N �S� R {·�*'-�*&S$ I LÑ')�5mÃLÑ')"*���*���%� ! � G �*"%�S" v]I $y� I �¹m " N L � LÑ&=R½'�L G &æ� G��E! N �*'��v�S� R {�& GJI $��"%$ G N ÿ G &S$¼L��%L I &��×$�� I N �?"S� I R½'�L G &ax G���G N G OJL~� I � . RQ$�$ G �*LM"%�×R I �2xSR �E! X̃ 1�t ¤ �*�#')�*$S{Ú��� I & !hG LM&('Ü�S�?ÿ I �} G � � � N �%�r'�'��×��"*$ G N I ')L G &�&S"S�*�%$�$#LÑ'���R I $#$�L I &S�?��"S� I ���#�%&��*�u{ � RQLÑ$ N R�� G���! ��"�xS�%&�$�L G & �S� N R�� G &(ÿJ�*��OJ�*&��%�GJI & G & �S� F $�����R � �*&S�PL~�*L��SLÑ���S�r')� � �*&�'Vm I & ! � GJK N � � ��OJ" Gu� "r')��L�� I �u{�� I L®�*$#' � RQ$y� I " ! R½� N � ! � G f
�%�%$#$ I $Ü��� LM&S� I �*'�L G & I '�L N LM$�";�=RQ&S$ N � R !S! � G �2xS�¶� N RQ$#$�L�� I ���*'�&S� ! �%� � �r'�� G &g���%&	OJ"%&�"%�)R N ! RQ$��S����"%O(RQOQ�%�
�S�%$_LM&(ÿ½RQ��LMRQ&(')$¼���]� N RQ$#$�L�����R½'�L G &ÔRQ&SR N s�')L�� I ���S��&=R½' I ����OJ" G�� "*')�#L~� I ��t

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 � GJI $a�S"��S&SLM$#$ G &S$

g(x, y, t) := etX ·
(

x
y

)

� G���� � �%& . �gt¹¦gt � 1_�*'×$ IS!�!hG $ G &S$Q� I � N R ! RQ�#'�LM�U���U�S�*OJ��"�x G��EG O��%&S� � LÑ&SL � R N d > 0 �S� X $S� "S�%�#LÑÿQ�
A ∂
∂x

+B ∂
∂y
t � GJI $_�S"*ÿQ� N GJ!S!HG &S$��

g(x, y, t) =

+∞
∑

n=0

tn

n!
X ·n Id

= Id+ t

(

A
B

)

+ . . .

N �%$\P . . .Q�� G ���#�%$ !HG &S�SRQ&('Qm	�S�%$_')�*� � �%$a�S�Y�S�%OJ�#"]x G��EG O��%&S��$ IS! "*��LÑ� I �)m d+ 1 �%& (x, y, t) tYq G ��$n� I �G &Ã�#� ��! N R��%� t ! RQ� F (x, y) { !SI LM$n� I � F (0, 0) = 0 { G & Rû�
g(x, y, F (x, y)) = Id+O

(

(|x| + |y|)d+1
)

�S�Ô$ G �]')�5� I � T (x, y) := g(x, y, F (x, y)) �%$#' I &Ï�2x=R½&SOJ� � �%&('��S�5� GfG �#� G &S&S"*�%$r} G � � � N '�RQ&�OJ�%&('�mN � LM�S�*&�'�LÑ'�"ut = RQ�PR½L NMN � I �#$S{ g �%$]' I &S�-$#"%��LÑ��� G &�ÿQ�%�#OJ�%&(')��R I ÿ G LM$#LM&=R½OJ�U��� (0, 0, 0) ∈ C3 {°�S�U$ G �]')��� I �
$�L F �%$]'V� G &(ÿJ�*��OJ�*&(')�u{HL N �%& �%$#'_�S� � � � � !hGQI � T tYq¤R��S" �EG &S$#'��)R½'�L G & !HGJI � Y �%$]'_LM�S�*&�'�L~� I ��t



�Jì�b�ï¸Á�Ê ÅuÈ ] Ì@ÊV`=dgÊ ] Â�ï�ókì�ÅBò Æaó�ÆBÉ ] Å�Æ5Ç�ÆgÈ0d!e�Â¸É ] ÈiÅwÊV`=^!ÂÄÊ�Ì¸ÆBÈ óT¿
. ¥�1 . R³1 . K 1;Å N $�� R½OJLÑ'��¸� R !�! N L�� I �%� N R1�y�%O N �P�S�P�SL�»°"*���*&�'�L¥R½'�L G & �S�%$�} G &��r')L G &S$�� Gu�E!HG $�"*�%$�tH�P&5� G &S$�L f���%�#� N R1$�"%�#LM�PÿJ���*' G ��LÑ� NMN � . } G � � � NMN � GJI � G &�ÿQ�%�#OJ�%&(')�H1

π : (x, y) 7→ (x, y, F (x, y)) ,
RQLM&S$#LD� I � N R1$�"*��LÑ�'� G &(ÿJ�*��OJ�*&�'��

g(x, y, t) : = Φt
Y (x, y).

�P& !HG $�� X̃ := X +RY � N � "�� I R½')L G &û�S��� G & v#I O(RQLÑ$ G & N∗X = X̃ $S� "S�*��L '×R N G �#$��
X ◦ g ◦ π = X · (g ◦ π) +RY · (g ◦ π) .

== RQ�_RQL NMN � I ��$�{
X · (g ◦ π) = DgDπ(X)

= ((Dπ(X)) · g) ◦ π

=













1 0
0 1
dF



X



 · g



 ◦ π

=

(

X · g + dF (X)
∂

∂t
g

)

◦ π .
Á RQLM$ !�I LM$n� I � [X, Y ] = 0 �

(

Φt
Y

)∗
X = X,

�S��$ G �]')��� I �
X · g = X ◦ g ,

�*'Y�
Y · g = Y ◦ g.

Â I $#$�L N � "S� I R½'�L G &û���'� G & v#I OJRQLM$ G &Ô�%&(')�#� X �*' X̃
X ◦ g ◦ π = (X · g + (X · F )Y ◦ g) ◦ π +R(1 + Y · F )Y ◦ g ◦ π

�%$#'?$)R�')LM$z}�RQLÑ'���$�L®�r'_$�� I N � � �%&('_$�L
R (1 + Y · F ) +X · F = 0 .

�



óyÀ �Jì�b�ï¸Á�Ê ÅuÈ ] Ì@ÊV`=dgÊ ] Â�ï�ókì�ÅBò Æaó�ÆBÉ ] Å�Æ5Ç�ÆgÈ0d!e�Â¸É ] ÈiÅwÊV`=^!ÂÄÊ�Ì¸ÆBÈ
� GJI $a�S"��=&SLÑ$�$ G &S$S{ !HGJI � µ ∈ C∗ { λ ∈ C∗ N �%$#�2x=R ��! $ N LÑ&S"�RQLÑ���*$×�

X1 := µx
∂

∂x
+ y

∂

∂y

Z1 := λX1 .�P& �S"��=&SLÑ' N � �*&S$�� �1K N �Y���%$#�2x=R ��! $a�S�PÿJ���*')� I ��$�{ !HGJI � µ /∈ N ∪ 1/N∗ {
Z (λ, µ) := {Z : Z(x, y) = Z1(x, y) + . . .}

R>sJRQ&(' Z1
!HGJI � ! R½�#')LÑ� N LÑ&S"�R½LM����t5W?&S� ! �#� � L~�%�#�1��"*� I �r')L G & ! �*� � �*'P��� "S�*��LÑ���1' GQI ' Z ∈ Z (λ, µ) $ GJI $N R�} G � � �

Z = U

(

X1 +R(x, y)y
∂

∂y

). �gt¹¦gt·¥�1
� I LÑ'�'��'m%�2xSRQ&SOJ�*�_���]� GÚG �#� G &S&�"%�%$ N G �%R N �*$St=��& !hG $��

Y := y
∂

∂y�S��$ G �]')��� I � [X1, Y ] = 0 �*'V�%�*$#�2x=R ��! $a$ G &('_')�)R½&S$#ÿQ�%��$#�%$�t
µ�ª�©Yª å ± ¨YÑSÑ iIÒ�� ¨ g�ikjHemg ¨ e�²^cfehg�ikc!±�±kc

� GJI $���� ! ���%& G &S$·L��%L N � LM�S"*�Û�%�*&(')�)R N �D��� 	 å ®=
�b ¨ ��
�uvjÄÍ�� t�W_&S� ! �#� � L~�*���¼R !S! N L���R½'�L G &�� I 'yxS" G �y� � �
} G &S�=R � �%&(')R N & GJI $YLM&��SL~� I �%� I ��$�L G &ò$)RQL ' �#"%$ GJI �S�#� RQ&SR N s�')L�� I � � �%&(' GJI } G � � � NÑN � � �%&(' N � "�� I R½')L G &
x G���G N G OQL~� I �

Z1 · F =
1

U
− 1

VR N G �#$ G & $)R½LÑ'+� G & v#I O I �%�S{��SRQ&S$ N R � � � �L� N RQ$#$��¸�S�æ� G &�ÿQ�%�#OJ�%&��*�u{ N �*$[�2x=R ��! $ UZ1
�*' V Z1

t�Ç�&! RQ�#'�L~� I N LÑ�%�¶�2x=R�� I � $#�S�*'�L G & � I � G & G s(R I
S : K → C {x, y}

�S� N RY�S"%�#LÑÿ½R½'�L G & Z1· ! �*� � �*'D��� �*&SOJ�*&S�S���*� I &S�)}�R � L NMN ���S�Q�2x=R ��! $;� G &(' N ��PÍ'�� ��! $RQ_�*$#'TPÍ& G � � R N LM$�"JQ2t
� ¯ ð��^ð ¡�£¥¢¤£ ð   �gt � t � Ï ¥ 9;?G-

Z = UZ1 ∈ Z (λ, µ) � þ.3³�!'uý.-@?u#./B: ? þ�ý
U(0, 0) = 1

�)�L�.:¶þ�w�?~ÿ.-Õþq/{3¸þK�9;3�#.-2?u9;3
K ∈ K

- þ.:G:~þ�<�/Yþ
K(0, 0) = 0

þ.-
1

1 +K
Z1 ≈ Z .¦\3U�Yþ./{-6'):V9wýTÿ�+uýTþ2ÿ2ÿ>þ�ýD:F'�+!þ2ÿ�#�ý.? �5-@?u9;3¾ÿ./B?G,;')3�- þ$º

. � 1 å ¨�Ñ ® m�§ c!��j�j@±�i���¤c�õ
Z ≈ Z1

�
. ¥�1 å ¨�Ñ ��f Ñ jHe©e ¨ ehgrõ

Z ≈ Z1

9;/p�? þ.3³?G:�þ�w�?~ÿ.-Õþ$/{3�/B3�?@<�/Yþ
m ∈ N∗ -Õþ.:g<�/Gþ>º

Z ≈ (1 + um)Z1.. �³1 å ¨�Ñ ¸� ¨YÑ iG
y��f Ñ jhe�e ¨ ehg�õ
Z≈̂Z1

� ¥ ?
µ /∈ C

'):V9wýTÿU#2þ.-@- þU#&9;3��J/�vE')?~ÿ�9;3 þ2ÿ.-*#&9;3�,uþ�ý2v!þ.3�- þ�� ¥ ?
µ ∈ C � :~þ}#&%!')(*�

(1 − x) (1 − y)Z1

3��îþ2ÿ.-x�!'wÿ�')35'): 1;-@?@<�/Gþ.(�þ.3�-S: ?G3�A8'uýJ?~ÿ�'Ep�:~þ��
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ = RQ�a�S"��=&SL ')L G &û��� I &S��$��S�r')L G &Ô� I � G & G sJR I ��� Z1· { !HGJI �¼' GQI ' G ∈ C {x, y}L N �-��LÑ$#'�� I &S� ��"S� Gu�E!HG $�L ')L G &v�S� N R�} G � � �

G = K + C

R�ÿQ�S� C ∈ Im(Z1·) �r' K ∈ K t^Ç�& !HG $�RQ&(' G = 1
U
− 1 { N � "S� I R½'�L G &

Z1 · F = G−K



�Jì ©&ì!d�ÅuÂ�È�È�ÊVí�ÊGd�Â!Á�ÊGb�`~í�Ê ÃBÌ�^!Æ[Ç¸Â5`DÈQÅ�Æ£d�Â�È�`cb�` � Ì_^BÈ�b�`�`¸Â_`¸Á óTÝ
RQ� � �*' I &S�U$ G N I ')L G &�{^R I $#$�L UZ1 ≈ 1

1+K
Z1
t@o�LÑ&=R N � � �*&('H{Y� Gu�a� � G(0, 0) = 0 �r' C(0, 0) = 0 {^L N �%&��"%$ I N '���� I � K(0, 0) = 0 t. � 1D�r' . �³1D$ G &('×R N G ��$ I &S���#��} G � �1I N R�')L G &v�S� N R ! � GQ!hG $#LÑ'�L G & . �!� ! t �!� 1��*& ! �#�%&=R½&�' !HGJI �a$����*'�L G &

C ↪→ C {x, y} t. ¥�1¼Ç�&9� G &S$#LM�S"*�)RQ&(' N R1$#�S�r')L G & C {u} ↪→ C {x, y} {�L N �*$#' !hG $�$�L K N �P�¸� "��%��LÑ���
Z ≈ (1 + f(u))Z1

R�ÿQ�S� f ∈ C {u} �*' f(0) = 0 tf� I	K LM�*& f = 0 �r' Z ≈ Z1
{ GJI	K LM�*&EL N �-��LÑ$#'�� I & I &�L~� I �a�%&(')LÑ�%� m ∈ N∗

')� N � I �
f(u) = umf̃(u)

R�ÿQ�S� f̃(0) 6= 0 t�W?&S��')��RQ&S$z} G � � R½')L G &v�S� N RØ} G � � �
ψ(x, y) := (r(u)x, y) ,

G�ò r ∈ C {u} �*' r(0) 6= 0 {��%$#' I &�� $zs � "*'���LÑ�P�S� Z1
!SI LÑ$y� I � Z1 · r(u) = 0 �

Z1 · ψ = r(u) (Z1 · x)
∂

∂x
+ (Z1 · y)

∂

∂y

= λ1r(u)x
∂

∂x
+ λ2y

∂

∂y

= Z1 ◦ ψ .
ÆÚL G & �S"%$#LM����� G & v#I O I �%� (1 + f)Z1

m (1 + um)Z1
! RQ� ψ {=L N $ I Ô�'?R N G ��$D�S����"%$ GJI �S�#� N � "�� I R½')L G &

um ◦ ψ = umf̃ .
¤ � NMN � f �%L�$#� �#"%$ GQI '_L ��� "*�SL¥R½'�� � �%&(';�*'_� G &S&��

r = f̃ 1/m,

� I L��*$#' K LÑ�%& I & OJ�%� � �P�S�i} G &g�*')L G &5x G N G��EG � ! xS�×�%& 0 ��RQ� f̃(0) 6= 0 t �

µ�ª�Í�ª å ± ¨YÑHÑ iëÒ � ¨ g�i�jHeÏÒ�j���ffcL� ¨ e Ñ ±�c<� ¨YÑ e¤jHec
y��f Ñ jHe©e ¨ ehg
� GJI $ R NMN G &S$©'��)RQL ')�%���S� � R½&SL~�*����RQ&SR N G O I �¼�S�*$ � G & v#I OJRQLM$ G &S$·& G � � R N �*$·�=RQ&S$ N �¶��R½$Ü�¸� I &�� ! �*�#' I � fK R½')L G &amY$#" ! RQ��R½')�#L~�*�#�B��"*�×� I �2x=R ��! N LM&S"%RQLM�#� X1

t � GJI $�� G &S$�LÑ�S"%� G &S$Ü� G &��_�S�*$��2x=R �E! $Ü�S�aÿJ���*')� I ��$
$S� "S�%�#LÑÿ½RQ&('Y�

X := X1 +RY

Y := y
∂

∂y

R(0, 0) = 0 .

q¤�P'yxS" G �n� � �Q} G &S�=R � �*&�')R N & GQI $_RQ$�$ I ���'� I � $#L G &Ô$)RQL 'a��"*$ GJI ����� N � "S� I R½'�L G &
X · F = −R

. �Bt´¥Bt � 1
R N G �#$ G & ! � I 'V� G & v#I O I �*�S{=�=RQ&�$ N R � � � �i� N RQ$#$����S��� G &(ÿQ�%��OQ�%&��*�Ø� I � F { N �%$��2x=R �E! $ X1

�*' X t� ¨^´P´�² �gt·¥Bt � Ï ¥ /��E��9>ÿ�9;3gÿU<�/Gþ
µ /∈ Q−

þ.-��@ýTþ.3�9;3gÿt/B3¸þrÿ�A�ýJ? þ�K�9wýJ(�þ.:G:~þ
G ∈ C [[x, y]]

�S¹*:V9wýTÿ:8��A8<�/�')-@?u9;3
X · F = G'E+)(�þ.-�/B3¸þ�ÿ�9;: /{-@?u9;3�K�9wý.(�þ.:G:~þ � /{3�?@<�/Yþ\|$'E+E+)?G-@?u9;3t+g� /B3¸þ�#&9;3gÿ.-Z')3�-Õþc�@ýC�2ÿ � ÿ.?Dþ.-Gÿ>þ./{:~þ.(�þ.3�-Yÿ.?

G(0, 0) =
0

�



ó8� �Jì�b�ï¸Á�Ê ÅuÈ ] Ì@ÊV`=dgÊ ] Â�ï�ókì�ÅBò Æaó�ÆBÉ ] Å�Æ5Ç�ÆgÈ0d!e�Â¸É ] ÈiÅwÊV`=^!ÂÄÊ�Ì¸ÆBÈ
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ = G $ G &S$ G =

∑

ga,bx
ayb { F =

∑

fa,bx
ayb �r' R =

∑

ra,bx
ayb R�ÿQ�S� r0,0 =

g0,0 = 0 tSÇ & LM���%&(')L��^RQ&(' N �*$ !SI LM$#$)RQ&g�%�%$ xayb { G &û'�� GJI ÿQ�
(aµ + b) fa,b +

∑

c+d=b

d
∑

p+q=a

rp,cfq,d = ga,b
. �gt·¥Bt·¥�1

�%�i� I L ! �%� � �r'H{ !SI LM$n� I � r0,0 = 0 �r' aµ+ b 6= 0 $#L a+ b 6= 0 {Ú�S�Q��R N � I N �%�;�S� ! � G �2x��P�%& ! � G �2xS��' GJI $N �%$ fa,b tHÆf� I N®N �i�2x G L��û�S� f0,0
�%$#' N L K �#�ut �� GJI $ !HGJI ÿ G &S$ ��G &(')�#�%��{Gm ��G LÑ&S$�� I � µ &S�Y$ G L ' I & LÑ����R½')L G &S&S� N &S"*O(R½')L�} K LM�%&ÃR !S! � G �2xS" ! RQ�a�S�%$�)R½'�L G &S&�� N $�{ N R]� G &(ÿJ�*��OJ�*&��%�P�S�)�%�*$¼$ G N I ')L G &S$�tfÅ N $ I Ô�'D�%&[}�RQL 'Ü�S� N � ��G &(')�#�%�Û� I R½&S� G = R { !�I LM$n� I �! RQ� N � R !S! N L~�%R½')L G &U� I 'yxS" G �y� � ��} G &S�=R � �*&�')R N G &�$#�%��RY�*& � �%$ I ���a�S� N LM&S"%RQ��LÑ$��*� X t ¤ ���%L=& GJI $ ! �*� � �*'�S�����*'�� GJI ÿJ�%� I & ��"*$ I N '�R½'#� N RQ$#$�L~� I ���S� N LM&S"%RQ��LÑ$)R½'�L G & . ÿ G LM� 	X� �B©��©sUb�����iI²�� 1�t

è ¨5é�£¶ ©£¥¢¤£ ð   �Bt´¥Bt·¥SÏ�Æ G LÑ' µ ∈ R−\Q t���&Þ� G &S$�LÑ���%�#� N RÔ$ I LÑ')� (− bn
an

)

n

�S�*$1��"*� I L ')�%$ �S� µ t���&�SLM��R%� I � µ $)R½'�LM$z}�RQLÑ' N R �JjHe���ikg�i�jHe ¨ �½i¶g�®�°�f(g�i0���c9�¤c � �RiH��e�j $�L��
+∞
∑

n=0

1

an
ln an+1 = +∞ .

�P& & G '��%��R B N � �*&S$�� �1K N ���S���*�%$a& G��1K ���%$�t
q�� �%&�$�� �UK N � B �%$]'��S� � �*$ I �#�1& I NMN � �=R½&S$ R−

�*' C ⊂ B t°Å N �%$#' !hG $�$�L K N �Y�S� ��G &(')�#�%� N � ��"%$ I N ')R½'$ I L ÿQR½&�'Y�
� ¯ ð��^ð ¡�£¥¢¤£ ð  Z�gt·¥Bt¹�=Ï
. � 1 ¥ ?

µ /∈ B ∪ Q−
'):V9wý2ÿ���9;/!ýD-�9;/{-

R ∈ C {x, y}
-Õþ.:g<�/Gþ

R(0, 0) = 0
º

X1 +RY ≈ X1.. ¥�1 ¥ ?
µ ∈ B

'):V9wýTÿ>:~þrýCA2ÿ./B: -Z')-#ýTþ2ÿ.- þI,;'):F'Ep�:~þaþ.3 ýTþ.(*�5:F'���')3�-�Æ
≈ Ç �!'uý�Æ

≈̂ Ç � " þq#&%!')(*��9)p�-Õþ.3�/
þ.3q�@ýTþ.35')3�-

R(x, y) := 1
(1−x)(1−y) − 1

3��îþ2ÿ.-=�!'wÿ�')35'): 1;-2?@<�/Yþ.(�þ.3�-T: ?G3�A8'uýJ?~ÿ�'Ep�:~þ��
µDªøµ�ª uUf Ñ ��°�f

R RQ&S$[�*�L�2x=R ! LÑ')�#� & GQI $ûR�ÿ G &�$v�S" ��G &(')�#" N �Ô'Tx�" G �n� � �¾} G &S�SR � �*&('�R N ! �*� � �*'#'�RQ&('v��� ��� N LM�*� N �! � GJK N � � �¸�S� N RÏ� G & v#I O(RQLM$ G &C�S����� I �ç�2x=R ��! $ �S�¸ÿJ�S�r')� I ��$�{Qme�*� N I L��S� N Rz��"%$ G N I ')L G &`�S�ò�S� I �
"S� I R½'�L G &S$Dx G��EG N G OJL�� I �%$�t � GJI $�R !S! N L~�%R½')L G &�R N G ��$Ä�%�r'�')� �S" � R½�y�2xS� R I � ! �%�#' I � K R½')L G &S$®�S� }k� I L NÑN �*')RQOJ�*$N LM&�"�RQLÑ���%$��SLMRQO G &=R I � & G &-�S"*OJ"%&S"*��"*$S{J�*& K "%&�"��Y�*L¥RQ&('��S� N � "*' I �S�¼�S� N � "�� I R½')L G &Øx G��EG N G OJL�� I � ��»h�S�*' I "%�
R I �2xSR ! LÑ'���� � tGq®����"*$ I N '�R½' ! ��LM&g�%L ! R N �*$#' N �P$ I LÑÿ½RQ&('Y�

��ð ¯ ð ñfñf²©¯��<�gt¹�gt � Ï ¥ /��E��9>ÿ�9;3gÿ�<�/Yþ
µ /∈ B∪Q−

�E¹*:V9wýTÿS-�9;/B-g#&%!')(*�q+!þS,uþ&#.-Õþ./!ý2ÿ
Z = U (X1 +RY )'),uþ&#

R(0, 0) = 0
þ.-
U(0, 0) 6= 0

þ2ÿ.-6')35'): 1;-2?@<�/Yþ.(�þ.3�-T: ?G3�A8'uýJ?~ÿ�'Ep�:~þ��
R RQ&S$ N �5�2x=R ! LÑ')�#�<m ÿJ�*&SLM��& GJI $ R !�! N L�� I�G &S$%�%�r'�')�Ô')���2xS&SL�� I � !HGJI �	�S"%OJRQOJ�%� N �*$	LM&(ÿ½RQ��LMRQ&(')$	�S�

� N R½$�$�L��Y��R�')L G &ÔRQ&=R N sf'�L~� I �i� G ���#�%$ !HG &S�SRQ&('�R I �Ô&�½ I � f � G N $St



¤ Ü_Â = ÅÍÄ / Ç µ
� â � ÖÜã�æ?Õ Û?ì Õ?æaí �h�Üà

½�ª0©Yª å ± ¨YÑHÑ iIÒ�� ¨ g�ikjHe â jG�w°}c!±�±kc
½�ª0©Yª0©YªEu�f!�����Qg�i�jHe�g ¨ e�²^cfehg�ikc!±�±kcGª= RQ�]'�RQ&('_� I �2x=R ��!

Z = UX

"S�%�#LÑ'U$ GJI $]} G � � � �S� R I N R�� . ¥!t·¦gt � 1-{�& GJI $1�S"*$�LÑ� G &S$U$�L ��! N L��=�*� N � I &SLÑ'�" U ! RQ� �S�%$��2xSRQ&SOJ� � �*&�'�$-�S�
� GfG ��� G &S&S"%�*$V} G � � � N $D� I 'Õs ! �

T̂ = ΦF
X .

q¤�Ô'Tx�" G �n� � �5} G &S�=R � �%&('�R N . �gt¹¦gt¹� ! t·����1-�r' N R ! � GQ!hG $#LÑ'�L G & . ¥Bt � t´¥ ! t � µ�1 ��G &(')���*&('�� I � N � G & ! � I '
� G & v#I O I �%� UX m PX ���*$)� I � N � G &Ô$)R½LÑ'a��"*$ GJI �S��� N � "S� I R�')L G &9x G��EG N G OJL�� I �

X · F =
1

U
− 1

P
,

�%� NÑN � f �%L�RQ� � �*'�')RQ&(' I &S��$ G N I '�L G &û$#L®�*'_$�� I N � � �*&�'_$#L
(

1

U
− 1

P

)

(x, 0) = o(xk).

W?&9��R N � I N } G � � � N L �a� "%�SLMR½'�R½$�$ I ����� I �]��� �*$#' N �i�%RQ$a$�L G &Ô�S"�� G���!hG $�� N � I &SL ')"��*&
U(x, y) = P (x) + xk+1U0(x) + yU1(x, y),

G�ò P �%$#' I & !HG N sf&�ã � ���S���S�*OJ��"YR I ! N I $ k R�ÿQ�S� P (0) = U(0, 0) = λ 6= 0 t
� ¯ ð��^ð ¡�£¥¢¤£ ð  eµ�t � t � ÏT" þ}#&%!')(*�

Z = UX
þ2ÿ.-�K�9wý.(�þ.:G:~þ.(�þ.3�-6#&9;3��J/)v)/�A>')/~#&%!')(*�

P (x)X�!'uý$/B3�#&%!')3Bv!þ.(�þ.3�-�+!þ}#&9�9wý�+B9;3�3�A2þ2ÿD-u')3Bv!þ.3�-2? þ.: � -Z')3Bv!þ.3�-6|q:8� ?@+!þ.3�-@?G-sA��
½�ª0©Yª�Í�ªEu�f!�����Qg�i�jHeeÒkj���f�c c(g â jG�w°}c e¤jG��° ¨ ±�c â jG�w°}c!±�±kcGª� GJI $Y�S"*$�LM� G &S$����r')� GJI ÿJ�*�Ø�*�E�#"%$ I N '�R�']� N RQ$#$�L�� I ����� = G LM&��%RQ��" f R I N Ru�Ô�®' GJI ']�2xSR �E! �S�	ÿJ���*')� I ��$&�½ I � f � G N �%$]'#} G � � � NÑN � � �%&(' G � K L '�R N � � �%&('�"�� I LÑÿ½R N �*&('Vm I &Ô$#� I N �S�*$ ��G �g� N �*$Û} G � � � N $

X0 := xk+1 ∂

∂x
+ y

(

1 + µxk
) ∂

∂y
.

� GJI $©& GJI $�R !S!SI LM�%� G &S$ !hGQI ���*� N R_$ I � N � 'yxS" G �y� � ��} G &S�=R � �%&('�R N . �gt¹¦gt¹� ! t¹���³1��*' N R ! � GQ!hG $#LÑ'�L G & . ¥!t � t·¥! t � µ�1��=RQ&S$ N �¶��R½$���� I &��2xSR �E! �S�¼'Õs ! �#� G &(ÿJ�*��OJ�*&('H{��*'��SRQ&S$ N �¶�%RQ$�� I 'Õs ! ����LÑÿJ�*��OJ�*&(';& GJI $ I '�L N LÑ$ G &�$
�%& ! N I $ N R ! � GJ!HG $#LÑ')L G & . ¥!t·¦gt¹� ! t � ¥�1D� G &�&=RQ&(' N � ���ÚLM$]')�%&g�%���S� N R�P¿$#" ! R½�)R½'���L~�*�Q} G � � � NÑN �JQ {y = s(x)} t

óyó



j�ª8ª YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
µ�t � t´¥Bt � t �S'wÿ�+g� /B3�#&%!')(*�´+!þ0-@1&�Yþ}#&9;3�,uþ�ýuv!þ.3�-u�
ÅÕ�%L X $S� "S�*��LÑ'

X := X0 + xk+1yR̃
∂

∂y
.

q¤���2x=R �E! Y := y ∂
∂y
� G��a�UI ')��m X0

{S�S�Y$ G �]')�i� I �'� G & v#I O I �*� X m X0
! RQ�

N̂ := ΦF
Y

=
(

x, yeF
)

�%$#'?"S� I L ÿ½R N �*&�'Vm-�#"%$ GQI �S���
X · F = −xk+1R̃.

Á RQLM$)�%�r'�')� "S� I R½'�L G & RQ� � �*'_' GJI�v#GJI ��$ I &S�U$ G N I ')L G &9} G � � � NMN �utSÂ?LM&S$#L X �%$]'Q} G � � � NMN � � �*&('#� G & v#I O I "
m X0

t

µ�t � t´¥Bt·¥Bt �S'wÿ�+g� /B3�#&%!')(*�´+!þ0-@1&�Yþ>+)?G,uþ�ýuv!þ.3�-u�
ÅÕ�%L X $S� "S�*��LÑ'

X := X0 + xk+1R
∂

∂y
� I L�&�� �*$#' ! N I $S{ '}�@ý.?u9wýJ? { I &S� ! �*�#' I � K R�')L G & �S� X0

$#� N G & y ∂
∂y
t � GJI $Y&�� !hGJI ÿ G &S$ ! R½$ R !S! N L�� I �%� N �

'TxS" G �y� � �i} G &S�SR � �*&('�R N ��LM�����*'�� � �%&('HtHÁ R½LM$ N �i�2xSRQ&SOJ� � �*&�'_�S��� GÚG �#� G &S&�"%�%$#} G � � � N
Ψ := (x, y − s(x)) ,

� G &S$]')� I LÑ'[m ! RQ�]')LÑ����� N � "S� I R�')L G & �S� N RP¿$�" ! RQ��R½')�#L~�%�5} G � � � NMN �JQ {y = s(x)} { ')�)R½&S$n} G � � � X �*& N �
�2x=R ��! K�9wýJ(�þ.:

X̃ := X0 + xk+1R̃y
∂

∂yG�ò
R̃(x, y) :=

R(x, y) −R(x, s(x))

y − s(x)

∈ C [[x, y]] .
q¤�¢� G � G NMN RQLM�#��$ I L ÿQR½&�'¼�S"S� GJI N �×R N G ��$D��� N � "*' I �S�¢� I � N � G &EÿfLM�*&�'¼�S�¢}�RQLÑ���×�SRQ&S$ N �)�%RQ$�� G &(ÿQ�%��OQ�%&('��
��ð ¯ ð ñfñf²©¯��¯µ�t � t´¥SÏwO  P:Ra
 � ix+% üYy�W  P{z<�"|H%Vx 	 ê5��©E�}[ ·_9;/B-§#&%!')(*�«+!þ>,uþ&#.-Õþ./!ý2ÿ>+!þ�-@1J�Yþ3546/�+)78#&9;:hþ2ÿ.-�K�9wýJ(�þ.:G:~þ.(�þ.3�-69wýnp�?G-u'):~þ.(�þ.3�-6A8<�/{?G,;'):~þ.3�-�|q/B3�+!þ2ÿD(U9�+B�.:~þ2ÿ

X0

�!'uý�/B3´#&%!')3Bv!þ.(�þ.3�-�+!þ#&9�9wý8+B9;3�3�A2þ2ÿ�oTpSý&AØþ.-T-u')3Bv!þ.3�-\|t:8� ?@+!þ.3�-2?G-�A��
�P&1R I �)R½LÑ' !SI1! � G �*"%�S�*��R I '���� � �*&�'S{½�*&�� G & v#I O I R½&�'xP¿��� I &�� GJIS! Q X0

m X OJ�C¢��%�¶m I &��2x=R½&SOJ� � �%&('
�S��� GfG ��� G &S&S"%�*$?��� N RØ} G � � �

N̂(x, y) :=
(

x, (y − s(x)) eF (x,y)
)

.R RQ&S$ N ����R½$V} G � � � N �%�r'�'��UR !�! � G �2xS���%$]'×"�� I LÑÿ½R N �*&(')�'m N R ! ��"��%"%���%&(')��t � "%RQ& ��G LM&�$S{ N G ��$n� I � L N $S� RQOJLÑ�)R
�S�P')�)R½&S$y�*��LM�#��$��S�r' G �#LM� NMN � � �*&('��%� ! � G �*"%�S"�{ N �P$���� G &S� !HG LM&('a�S�Pÿ I �Y$��%��R ! N I $¶}k"�� G &S�¸t= G $ G &S$

C(x, y) := y − s(x) .
Ç & ��� ! �#L � RQ&('#� I � {C = 0} �%$]' I &S��P � GQI � K �PLM&(')"*OJ�)R N �.Q×�S� X { G & GJK ')LÑ�%&('

X · C = C
(

1 + µxk + xk+1R̃(x, y)
). µ�t � t � 1



Ynì j�ì�d�Å�Â�È�È�Êí�Êd�ÂBÁ�Êb�`~í�b¸Ì¸É¶ÆBÅ�ÅuÆ jZª�j
G�ò N R $�"*��LM� R̃ �%$]' N R � � � �a� I � ! ��"��%"%��� ��� �*&�'St q®� N � ��� �	$ I LÑÿ½RQ&('Ø} GQI ��&�LÑ' I &S�[� G &(')�#� ! RQ�]')LÑ� R I
'TxS" G �y� � �i} G &S�SR � �*&('�R N t

� ¨^´P´�²Ïµ�t � t·�SÏ6" þ2ÿI#&%!')(*�Yÿ
X0

þ.-
X
ÿ�9;3�-�K�9wýJ(�þ.:G:~þ.(�þ.3�-T#&9;3��J/)v)/�A2ÿ\�!'uý*/{3¸þ�'.�E�5: ?u#8')-@?u9;3�oTpSýCA2þ

ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�- ÿ.?L?G:�þ�w�?~ÿ.- þ$/B3¸þiÿ�9;: /B-2?u9;3~+!þ$:8��A8<�/!')-@?u9;3
X · F = −xk+1R̃ .è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ q�� "�� I R½')L G &Ã���'� G & v#I OJRQLM$ G &
X0 ◦ N̂ = X · N̂

$S� "S�%�#LÑ'
xk+1 ∂

∂x
+ CeF

(

1 + µxk
) ∂

∂y
= xk+1 ∂

∂x
+ eF (X · C + CX · F )

∂

∂y
.

q�� ��� ! �#�%$#$�L G & . µgt � t � 1 ! �%� � �r'_R N G �#$��S��� G &g� N I ���ut �

µ�t � t´¥Bt¹�gt À 9wýJ(�þD3�9wýJ(t'):~þLK�9wýJ(�þ.:G:~þ��
= GJI �a�#"%$ Ig� �*�Y�

T̂

UX ≈̂ PX

�*'Y�
N̂

X ≈̂ X0 .

Á RQLM$ !SI LM$y� I � N̂ �%$]'�� K ��"�{h�u� �%$#' f m f �SLM�#�-�S� N R[} G � � � (x, f(x, y)) {D�%�%�2x=RQ&�OJ� � �%&(' �S�%� GfG ��� G &S&S"%�*$��"�R N LM$#��R I $#$�L I &S�'� G & v#I O(RQLÑ$ G &û�*&(')��� P (x)X �r' P (x)X0
tGo�LM&SR N � � �*&�'S{ N Rr� G���!hG $�LÑ'�L G &

Ψ̂ := N̂ ◦ T̂
� G & v#I O I � Z m

Z0 := P (x)X0 .

ª�¨^´�²©¯gûDÏ
. � 1]q�� R !S! N L~�%R½')L G &[} G � � � NMN � Ψ̂ '�RQ&SOQ�%&(')�Øm N � LM���%&(')L ')"i� I L���"%� I LÑ' Z m�$)R Z0

�*$#' I &SL~� I � (U9�+)/{:V9
C∗ tH��& ! � I '_�%& ��»h�*'V�2x G LM$�LÑ� N̂ '�RQ&�OJ�%&(')�'m (x, cy) �*'V� G��E!HG $#�%�aR�ÿJ��� N �Qé G ' Φ− log c

Z0

t
. ¥�1 ¤ G��a� � N �%$;$ G N I ')L G &S$�} G � � � NÑN �*$Ü���%$¼"�� I R½')L G &S$Ûx G��EG N G OJL�� I �%$�� I ��& GQI $�R�ÿ G &�$¶� G &�$�LM��"%��"*�%$

$ G &(' k f $ G���� R K N �*$S{�L N �*& ÿ½R	�S� � � � � !HGJI � N �%$�& G � � R N LM$�RQ&(')�*$ N̂ �*' T̂ t� ¯ ð��^ð ¡�£¥¢¤£ ð  Eµgt � t�µ^Ï~O�� P�z�P~� ü�� ��#
 	X� ��Í{� WwX ��PB�dP ' ö°õ #ix(# ö°üY� %"!�
��/% 	 bdca�}[ ·_9;/B-#&%!')(*��+!þ�,uþ&#.-Õþ./BýTÿ
Z

+!þ�-21&�Yþt3546/!+)78#&9;: þ2ÿ.-cK�9wýJ(�þ.:G:~þ.(�þ.3�-*#&9;3��J/�v)/�Aq|r/B3Â#&%!')(*�
Z0 := P (x)X0'),uþ&#

(k, µ, P ) ∈ N∗ × C × Ck [x]
þ.-
P (0) = λ 6= 0

�
. � 1 ��þ.-2-Õþ�A&#�ýJ?G-2/!ýTþ9þ2ÿ.-�/{3�?@<�/Yþ ��G � I N G :8� 'B#.-@?u9;3¯+!þ2ÿ�ý&9;-u')-@?u9;3gÿ

x 7→ e2iπθ/kx � ��9;/!ý
θ ∈ Z/k �<�/{?�'�v)?~ÿ2ÿ>þ.3�- ÿ./!ý

P
�

. ¥�1 ��þU#&%!')3Bv!þ.(�þ.3�-�+!þq#&9�9wý8+B9;3�3�A2þ2ÿ§�Yþ./B-*H.-�ýTþ�#&%�9;?~ÿ.?�-Z')3Bv!þ.3�-�|£:8� ?@+!þ.3�-2?G-�A�þ.-¶ÿ>þ\Kn'B#.-�9wýJ?~ÿ>þ�þ.3
N̂ ◦ T̂

�



j�ªC© YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Å N �#�%$#'��5m ! ��"��%LÑ$��%� N � !HG LÑ&�' . � 1-t�W_& ��R N � I N } G � � � N L ��� "*�SL¥R�'YRQ$�$ I ���+� I �

k �*' µ $ G &('v�S�*$ LÑ&�ÿ½RQ�#L¥RQ&('�$%} G � � � N $�t ¤ G &S$#LM�S"*� G &S$E� G &�� I &Z�2xSRQ&SOJ� � �*&�' �S�Ãÿ½RQ�#L¥R K N �%$r} G � � � N Ψ� G & v#I O I RQ&(' ZP := PX0
m ZQ := QX0

{¤R�ÿJ��� Q ∈ Ck [x] t   '�R½&�' K LÑ�%&¸�%&('��%&S� I � I � N �%$P� G '�R�')L G &S$
k f ! "%�#L G �SL~� I �*$ Λ = (x, y) 7→

(

e2iπθ/kx, y
) � G & v#I O I �*&(' N �*$]�2xSR �E! $ ZP �*' ZP◦Λ

{¤& GJI $ $ IS!�!hG $ G &S$
� I � Ψ �%$#'_'�R½&SOJ�%&(')m N � LM�S�*&�'�LÑ'�"P�%& x t � GJI $a& GJI $ K R½$ G &S$a$ I � I &¾�%R N � I N �S�UÁ7t � �%�#'yxSLM�*�S{ R t ¤ �%�]ÿJ�%R I�*' / t ÁÃ���*L¥RQ&SL 	X� c�
 å c�
�bdc��E� "*'�R K N LÑ$�$)R½&�'a� I � N �%$�"S� I L ÿQR N �%&g�%�%$%} G � � � NMN �*$	�%&(')�#� N �5�2x=R �E! X0

�*'N I L f � � � �u{Q')RQ&SOJ�*&�'��%$�m N � LM�S�*&(')LÑ'�"a�%& x {�$ G &�'D�S� N R'} G � � � Ψ = (x, cy) ◦φFX0

!HGJI � I &S�¢�*�%�]'�RQLÑ&S�?$#"%�#LM�
} G � � � NÑN � F �r' c 6= 0 t � GJI $?R�ÿ G &S$Y�

Ψ∗X0 =
Q

P ◦ Ψ
X0

=
1

1 +X0 · F
X0 .

q�R ! � GQ!hG $#LÑ'�L G & . ¥Bt � t´¥ ! t � µ�1 GJK N LÑOJ�-R N G ��$ P◦Ψ
Q

− 1 mÔ&S� ! RQ$]� G &(')�*&SLM�Y�S�	')�%� � �*$ �*& xj !HGJI � j ≤
k taÁ R½LM$ Q(0) 6= 0 � G &g�æ�%�S�*LP���rÿÚLÑ�%&('9mz�SLM�#�L� I � P ◦ Ψ �*' Q $ G &('Ô'�RQ&SOQ�%&(')$5m N � G �#�S��� k t�W?&
�S"*ÿQ� N GQ!S! � � �*&(' �%&`$�"*��LM�òL ��� "%�SLMR½'ÔRQ$#$ I �#�7� I � N R ! ��� � L��%�#� � G���!hG $�RQ&(')�ò�S� Ψ �%$]'Ã')RQ&SOJ�*&�'��ÐmN � LM�S�*&�'�LÑ'�"�m N � G ���S�#� k �%& x {=�S��$ G �]')��� I � P = Q t �

ª�¨^´�²©¯gûDÏ R � R ! �n�%$ N R1�#� � RQ�y� I � . ¥!t·�gt·¥ ! t¹º � 1�{ N � "S� I R½'�L G &+x Gu�EG N G OJL�� I �
X · F (x) = xk+1G(x)

RQ� � �*'�' GQIwv#GJI �#$ I &S��$ G N I ')L G &+x G N G��EG � ! xS��{�� G &�� N ��'Tx�" G �n� � ��} G &S�=R � �%&('�R N ! �*� � �*'��
. � 1Y�S�*P ! �#" f & G � � R N LÑ$��*�RQ?RQ&=R N s�')L�� I � � �%&(' N �i�2x=R �E! Z := UX �%&ò�

Z̃ : =
(

P (x) + yxŨ
)

X .

. ¥�1Y�S��� G & v#I O I �%�_RQ&SR N s�')L�� I � � �%&(' X0 + yxk+1R(x) ∂
∂y
m	$�R%} G � � ��& G � � R N �¢} G � � � NMN � X0

t

½hª�Í�ª å ± ¨�ÑHÑ iëÒ � ¨ g�i�jHe ¨ e ¨ ± m g�i0��¤c

q�� RQ�=R ! '�R½'�L G &��S� N R ��" � RQ�y�2xS�V} G � � � NÑN � ! �#"S�%"*�S�%&('���m �S�*$¼$����*')� I ��$¶� K ��"*$ ! �*� � �*';�S�×& G � � R N LÑ$��*�
$��S�r' G �#LM� NMN � � �*&(' Z . ��� �*$#' f m f ��LM��� N ��� G & v#I O I �%�im Z0 := P (x)X0

1-t�Ç�&S$ I LÑ')��{ N �*$������ G NÑN � � �*&�'�$×�S�r�*�%$
& G � � R N LM$)R½&�'��%$�{(�=RQ&S$ N �*$ÜLÑ&(')�%�#$����*')L G &S$Ü�S� I �am �S� I ���S�%$;$����*')� I ��$�{ ! �%� � �r'�'��%&('D���)� G��E! ���%&��S���_�*';�S�
�S"S�*��LM�#� N R[� N RQ$�$#�	RQ&=R N s�')L~� I �-��� Z m ! RQ�]')LÑ�×�S� N � "*' I �S�-�S�*$ $zs � "r')��LÑ�%$P�S� Z0

. N �*$i�2x=RQ&SOQ� � �%&(')$Y�S�
� GfG ��� G &S&S"%�*$]� I L�� G & v#I O I �%&(' Z0

m N I L f � � � �>1-t = GJI ��� G &�&S�%� I &¸$��*&S$Y��LMO GJI ��� I �äm+�*�*'�'�� � "r'Tx G �S�& GJI $_�S�*ÿ G &S$_LM&(')� G � I LM�#� N R1& G ')L G & ���Y��L�»h" G���G � ! xSLM$ � �?$��S�r' G �#LM� N t
ª�¨^´�²©¯gû µ�t·¥Bt � Ï�ÆÚL G &[� G &S$�LÑ���%�#� I &S�¢� G & v#I O(RQLM$ G &a} G � � � NMN � . �*'¶m ! N I $�} G �#')�?�)RQLÑ$ G & RQ&=R N s�')L~� I �H1

Ψ̂ (x, y) = (αx+ . . . , γy + . . .) �%&(')�#�Ã�S� I �ñ�2x=R ��! $��S�ÔÿJ�S�r')� I ��$ Z �r' Z̃ {�"S�%�#LÑ'�$E$ GJI $r} G � � �Ô�S�R I N R�� . ¥Bt¹¦gt � 1�{�R N G ��$ αk = 1 t = R½�r� G &S$#"S� I �*&�' I &Ï�2x=R½&SOJ� � �%&('	�S�+� GÚG ��� G &�&S"%�*$r� I L¶� G & v#I O I � Zm Z̃ { � R½LM$�� I LD&�� �%$]' ! R½$ '�R½&SOJ�%&('�m N � LM�S�*&(')LÑ'�"	�%&«P x Q2{¤LÑ&S� I L ' I &S� ! �%� �1I '�R�')L G &Ð�%LÑ�y� I N RQLÑ���-$ I � N �%$
LM&S�SL��%�*$ j 7→ j + θ �=RQ&S$ N RU�S"�� G���!hG $�LÑ'�L G &E$����*' G ��LM� NMN �¢��R½& G &SL�� I � (V cn

j , V nc
j

) RQ$�$ G �*LM"%��R I �+�2x=R �E! $�t



Ynì ©&ì�d�Å�Â�ÈSÈ-Êí�Êd�ÂBÁ�Êb�`æÂ_`¸Â¸Å&ùDÁ�ÊGú�ï¸Æ jZªy�
� GJI $���R !S! � N G &S$ N �1'yxS" G �n� � � ! ��LÑ&��%L ! R N ��� 	 b ¨ 
�u ¨ ©E� {®� G &S&=RQ&(' N R+� N RQ$�$#L��Y�%R½')L G & G � K LÑ')R N � �S�%$

}k� I L NMN �r'�RQOQ�%$¼LÑ&S� I L ')$ ! RQ�����%$V�2x=R ��! $a�S�P'Õs ! ��&�½ I � f � G N t
ü �¨ ð ¯¤¨^´ µ�t·¥Bt·¥SÏ\Ì �@P ' % ü^ø��  öhø8W �8P+Q�RTPVUT% ù[�Íõ 	 b ¨ 
�u ¨ ©E�²Í0¥ 9;? þ.3�-

F
þ.-
F̃

+!þ./�w\KHþ./{?G:G:~þ.7-Z'�v!þ2ÿSK�9wýJ(�þ.:G:~þ.(�þ.3�-6#&9;3��J/)v)/�A2ÿ>|
F0 := FX0

�\¦\3q�Yþ./B-\'wÿ2ÿ�9�#.? þ�ý$|
F

/B3�A.:VA.(�þ.3�-
m(F) :=

(

ϕcj, ϕ
n
j

)

j
∈ (Diff(C, 0) × Aff(C))k9;�

(

ϕcj
)′

(0) = exp(2iπµ/k)
. µ�t·¥Bt � 1

(

ϕnj
)′

(0) = 1- þ.:g<�/Yþ>º
. � 1 F ∼ F̃

ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�- ÿ.?
(∃c ∈ C∗, θ ∈ Z/k) (∀j ∈ Z/k) :

{

ϕcj+θ(ch) = cϕ̃cj(h)
ϕnj+θ(ch) = cϕ̃nj (h)

.

. ¥�1}¶ 9;/!ý\-�9;/{- (
ϕcj, ϕ

n
j

)

j
⊂ Diff(C, 0)×Aff(C)

ÿ�')-@?~ÿ²Kn')?~ÿ�')3�-=:~þ2ÿ�#&9;35+)?G-2?u9;3gÿ � Î5�V�B�GÊ.� � ?G:Gþ�w�?~ÿ.- þ
F

- þ.:g<�/Yþ
m(F) =

(

ϕcj, ϕ
n
j

)

j

�
. �³1 ¥ 9;? þ.3�-

ε
/{3´�!'uý�')(U�.-0ýTþ�+E')3gÿ

(Cn, 0)
þ.-
ε 7→ Fε

/{3¸þ*Kn')(}?G:G:~þ�')35'): 1;-2?@<�/Yþr+B9;3�-D-�9;/�ÿ�:~þ2ÿA.:VA.(�þ.3�-Iÿ
Fε

ÿ�9;3�-�K�9wýJ(�þ.:G:~þ.(�þ.3�-§#&9;3��J/)v)/�A2ÿ�|
F0

�k¹*:V9wýTÿ�9;3£�Yþ./B-*#&%�9;?~ÿ.?ëý
m(Fε)

+!þ'ÿ�9wýJ- þ<�/Gþ
ε 7→ m(Fε)

ÿ�9;?G-T')35'): 1;-2?@<�/Yþ��
� GJI $vR NMN G &S$�� G���! N "r')�*���%� �#"%$ I N ')R½'v�=R½&S$ N �<��RQ�S�#� �S�*$+�2x=R ��! $v�S� ÿQ�S�r')� I ��$S{���� �*$#' f m f �SLM�#� �%&! ���*&=RQ&('×�*&¾� G���! ')� N ��PÍ')� �E! $RQP��� Z tü �¨ ð ¯¤¨^´ µgt´¥Bt¹�=Ï ¥ 9;? þ.3�-

Z
þ.-
Z̃

+!þ./�w«#&%!')(*�Yÿq+!þ},uþ&#.- þ./!ýTÿ�K�9wýJ(�þ.:G:~þ.(�þ.3�-*#&9;3��J/�v)/�A2ÿq|
Z0 =

PX0

�\¦\3q�Yþ./B-�'wÿ2ÿ�9�#.? þ�ýD|
Z

/{3�A.:VA.(�þ.3�-
m(Z) :=

(

P, ϕcj, ϕ
n
j , f

c
j

)

j
∈ Ck [x] × (Diff(C, 0) × Aff(C) × C {h})k

- þ.:g<�/Yþ>º
. � 1 Z ≈ Z̃

ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�- ÿ.?

(∃c ∈ C∗, θ ∈ Z/k) (∀j ∈ Z/k) :















P
(

e2iπθ/kx
)

= P̃ (x)
ϕcj+θ(ch) = cϕ̃cj(h)
ϕnj+θ(ch) = cϕ̃nj (h)

f cj+θ(ch) = f̃ cj (h)

.

. ¥�1}¶ 9;/!ý�-s9;/B- (
ϕcj, ϕ

n
j , f

c
j

)

j
⊂ Diff(C, 0) × Aff(C) × C {h}

ÿ�')-@?~ÿ²Kn')?~ÿ�')3�-�:~þ2ÿ�#&9;35+)?G-@?u9;3gÿ
� Î5�V�B�GÊ.��þ.-

f cj (0) = 0 � ?G:�þ�w�?~ÿ.-Õþ
Z

-Õþ.:g<�/Yþ
m(Z) =

(

P, ϕcj, ϕ
n
j , f

c
j

)

j

�
. �³1 ¥ 9;?G-

ε 7→ Zε
/{3¸þ6Kn')(}?G:G:~þ}')35'): 1;-@?@<�/Gþ}+B9;3�-\:~þ2ÿtA.:VA.(�þ.3�-Iÿ'ÿ�9;3�-�K�9wýJ(�þ.:G:~þ.(�þ.3�-§9wýnp�?G-u'):~þ.(�þ.3�-A8<�/{?G,;'):~þ.3�-ëÿ�|
X0

�\¦\3q�Yþ./B-�#&%�9;?~ÿ.?ëý
m(Zε)

+!þ¢ÿ�9wý.-Õþ><�/Yþ
ε 7→ m(Zε)

ÿ�9;?G-\')35'): 1;-2?@<�/Yþ��
q�R-�S" �EG &S$#'��)R½'�L G &û�S���*�Y'yxS" G �n� � �P$���')� GJI ÿJ���*&Ã$#�S�*'�L G & . µgt´¥Bt¹�gt·¥�1�t



j�ª�Y YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
½�ª�Í�ª0©Yª�êÔiG¤Sffj@°}jG� § ®©i Ñ °}c ÑrÑ c!�Qg�jG��i�c!± Ñ ª
è ¨5é�£¶ ©£¥¢¤£ ð  `µgt´¥Bt�µ^Ï¼Æ G LÑ' V := V (r, θ, δ) I &}$��S�r')� I �]� K ��"ut©��&}��LM�)R5� I � I & K L�x G N Gu�EG � ! xSLÑ$ � �

ψ : V → ψ(V ) �%$]' I & �©iG¤Sf�jÄ°�j@� § ®©i Ñ °}c Ñ c!�Qg�jG��i�c!± $ I � V $�L ψ !hG $�$y�*�S� I &��S"*ÿQ� N GQ!S! � � �*&('
RQ$ns ��! ' G '�L~� I � ψ̂ ')��RQ&S$]ÿJ�%�#$)R N � � �%&(')x G N Gu�EG � ! xS�P�*& (0, 0) {^�*' y 7→ ψ̂(0, y) �%$]' I & OJ�*� � �Y���Y��L�»h" G f�EG � ! xSLÑ$ � �¢�g��RQ&(' 0 t=Ç�&g�=&�{ G &Ô�S� � R½&S�S��� I � ψ̂ $ G LÑ'�')RQ&SOJ�*&('¢m N � LÑ�S�%&(')L ')"��*&�P x QTt = GJI �_�#"%$ I�� �*���

ψ̂(x, y) = (x (1 + . . .) , cy + . . .) .

ª�¨^´�²©¯gûDÏ¼ÆÚL ψ � G & v#I O I ��R I f �S�*$�$ I $Y��� V �S� I � �2x=R ��! $��S�-ÿJ���*'�� I �#$Øx G N G���G � ! x��%$��*& (0, 0) {R N G �#$]�*� I � f �%LD$ G &('�} G � � � NMN � � �*&('�� G & v#I O I "%$ ! RQ� ψ̂ t ¤ � N R �S"S� GJI N � � I«KHG &Þ� G���!hG �]')� � �*&�' � I ��" fÿJ� N GJ!S! � � �%&('	RQ$zs �E! ' G ')L�� I � ! RQ�U��R !S!HG �#'Øm N RÔ�S"*��LÑÿ½R½'�L G &��*'�m N R9� G���!HG $�L ')L G &7mÃO(R I �2xS� ! RQ�Y�S�%$
} G &��*'�L G &�$St

� GJI $ �EG &�'�� G &�$ I &û�#"%$ I N '�R�'D�*$�$��*&(')LM� N !HGJI � N R $ I LÑ'��u{ÚRQ$�$ I �)RQ&('�� I � N � L � RQOJ�a��� I &v$����*'�� I � ! R½� I &
')� N �SL�»°" G��EG � ! xSLÑ$ � ���%$]'��*&�� G �#�Ø� I � N � I �Ø�2x G $��]� I L©�#�%$�$#� �1K N �]m I &Ã$��S�r')� I ���S� � � � ���SLÑ�����*')L G & �*'GJI ÿJ�*�#' I �����

� ¯ ð��^ð ¡�£¥¢¤£ ð  èµ�t·¥Bt � Ï ¥ 9;?G-
ψ

/B3 +)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ5ÿ>þ&#.-s9wýJ? þ.:*')/{7R+!þ2ÿ2ÿ./³ÿ«+!þ
V := V (r, θ, δ)

�¹*:V9wý2ÿ>º
(

∀δ
3
> ε > 0

)

(∃r > ρε > 0) : V

(

1√
2
ρε, θ, δ − 2ε

)

⊂ ψ(V (ρε, θ, δ − ε)) ⊂ V .

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ   �%��L ÿ G &�$ ψ := (ϕ1, ϕ2)
�r' ψ̂ = (x (1 + . . .) , ϕ2(0, y))

tR � I &S� ! RQ�#'S{ N R1�S"��=&SL ')L G & � I �S"rÿJ� N GJ!S! � � �%&('?RQ$zs ��! ' G ')L�� I � R I ��RQ&SO 0 ! �%� � �*'_��� "S�*��LÑ���-�
(∀ρ > 0) (∃C ′ > 0) (∀ (x, 0) ∈ V, |y| < r) :

{

|ϕ2(x, y) − ϕ2(0, y)| < C ′ |x|
|ϕ1(x, y)| < C ′ |x| .

Â×LM&�$�L { !HGJI ��' GQI ' r > 0 L N �-�ÚLM$#'�� ρr > 0 ')� N � I �u{ !HGJI �P' GJI ' ρ < ρr
{ N � L � R½OJ� ! RQ� ϕ1

� I $����*'�� I �
V (ρ, θ, δ) �*$#';LM&�� N I $#�a�=RQ&S$ rD t R � � � � ��{ !SI LÑ$y� I � ϕ2 (0, ·) �*&�ÿ G LM� 0× rD $ I � I &�ÿ G LÑ$�LÑ&=RQOJ� GJI ÿJ�%�]'
Ω ��� 0 { N � L � RQOJ� ϕ2 (V (ρ, θ, δ)) � G &(')LÑ�%&(' I &z��LM$y� I � ρ′D �r'1$��E')� GQI ÿJ�vLÑ&�� N I $��E�=RQ&S$ rD {h� I LÑ'#')�[m! ���*&S�S��� ρr ! N I $ ! �r')L 'Ht � GQI $_ÿQ�%& G &S$��S� �EG &�'����*�V� I ��{ !HGJI �a' GQI ' r > 0 �*' ρ < ρr

{^L N ���ÚLÑ$#')� ρ′ > 0')� N � I �
ψ (V (ρ, θ, δ)) ⊂ rD × rD

�*'
ρ′D ⊂ ϕ2 (V (ρ, θ, δ)) .

Å N &S�����%$]')�'� I �·m ! � GJI ÿJ�*� N �%$#� G &S�SL ')L G &S$¼$ I � N � R½��O I�� �%&('a�r' N � ��G � I N �P�S� ϕ1
tR � R I ')�#� ! RQ�#'S{°�%&ò"S�*��L ÿQR½&�' N R �S"��=&SLÑ'�L G & � I ��"*ÿJ� N GJ!�! � � �*&�' RQ$zs �E! ' G ')L�� I �	R I �)RQ&�O 1 { N � R !�! N L f��R½'�L G & T �*$#'_'�RQ&�OJ�%&(')�'m N � LM���%&(')L ')"§PÍ�%& x Q�m N � G ������� . R I¾��G LM&�$21 1 �

|ϕ1(x, y) − x| < C |x|2
. µ�t·¥Bt·¥�1
!hGJI � C > 0 t � GJI $a�%& �S"*� I LM$ G &S$a' GJI ')�%$ N �%$ ! � GJ! ��LÑ"*'�"%$�ÿ GJI N I �*$St= GJI ��' GJI ' δ > ε > 0 { G & ÿQ� I ' ��G &(')�#�%�#� I � |arg (ϕ1(x, y)) − θ| < δ $�L (x, y) ∈ V (ρε, θ, δ − ε)!hGJI � I &¾�*�%�#')RQLM& ρε > 0 $ I Ô�$)R �a� �%&(' ! �r')L 'Ht^Á R½LM$

∣

∣

∣
arg

a

b

∣

∣

∣
≤ π |a− b|

�S��$ G �]')��� I � $#L G & ! ���*&S�
ρε ≤

( ε

πC

)1/2
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L N $�� �*&S$ I L ' K LM�*&

ψ (V (ρε, θ, δ − ε)) ⊂ V .

Á RQLM&('��%&=RQ&('V� G &S$�LÑ�S"%� G &S$ ε < δ/3 { |arg x− θ| > δ − 3
2
ε �*' |x| < ρ := ρε

1√
2
t=Å N ÿfLM�%&('

|argϕ1(x, y) − θ| ≥ |arg x− θ| −
∣

∣

∣

∣

arg
ϕ1(x, y)

x

∣

∣

∣

∣

> δ − 3

2
ε− 1

2
ε .

= RQ�_RQL NMN � I ��$
|ϕ1(x, y)| > |x| (1 − C |x|) ,

� G &���� I LÑ'#')�'m-��"*� I LM�#� ρε !hGQI �aR�ÿ G LÑ� 1 − C |x| > ξ > 0 {
V (ρ, θ, δ − 2ε) ⊂ ψ (V (ρε, θ, δ − ε)) .

�

Å N & GJI $¢}�R I ' �EG &('����%�)� I � N �Y'TxS" G �y� � �]} G &S�=R � �%&(')R N �#�%$]')�1ÿ½R N R K N � !HGJI � N �%$×��L�»h" G���G � ! xSLM$ � �*$
$��S�r' G �#LM� N $ GJK '��%& I $V� G���� �×���%$ G���� "*$��S�%$V�2x=RQ&SOQ� � �%&(')$_�S��� GfG ��� G &S&S"*�%$�} G � � � N $ T̂ �r' N̂ t� ¯ ð��^ð ¡�£¥¢¤£ ð  æµ�t´¥!t·º=Ï ¥ 9;?G-

Z = UX
/B3#&%!')(*��+!þ�,uþ&#.-Õþ./BýTÿ\%�9;:V9;(U9wýZ��%Yþ�+!þ�-@1J�Yþ§3546/!+)78#&9;:5A&#�ýJ?G-

ÿ�9;/�ÿSK�9wýJ(�þ�+!þ � /B:F'B# � �B� � �GÊ.�)� ¥ 9;?G-
V := V (r, θ, δ)

/B3<ÿ>þ&#.- þ./!ýLoTpSýCA��
. � 1 ¥ 9;?G-

F ∈ O (V )
'E+)(�þ.-2-u')3�-S/{3«+BA.,uþ.:V9&�E�Yþ.(�þ.3�-S'wÿ.1;(*�5-�9;-2?@<�/Yþ

F̂ ∈ C [[x, y]] � - þ.:x<�/Yþ
G :=

Z · F ∈ C {x, y}
�

¶ 9;/!ý£/{3
r > 0

A.,uþ.3�-2/Yþ.:G:~þ.(�þ.3�-6�5: /³ÿ}�Yþ.-2?G- � þ.3Zÿ./�p�ÿ.-@?G-@/�')3�-
F

|
t

+E')3gÿ£:~þ�v�9;-
Φt
Z

� 9;39)p�-2? þ.3�-S/B3«+)? ¨�A&9;(U9wý���%B?~ÿ.(�þ)ÿ>þ&#.-s9wýJ? þ.:
T (x, y) := Φ

F (x,y)
Z (x, y)<�/{?�ÿ�')-@?~ÿ²Kn')?G-

T ∗Z =
1

1 +G
Z ,

þ.-\<�/B?���9>ÿ2ÿ��8+!þ
T̂ := ΦF̂

Z

#&9;(}(�þ�+BA.,uþ.:V9&�E�Yþ.(�þ.3�-�'wÿ.1�(*�5-�9;-@?@<�/Gþrþ.3
(0, 0)

�
. ¥�1 ¥ 9;?G-

Y := y ∂
∂y

/{3«#&%!')(*�~+!þ�,uþ&#.- þ./!ýTÿ*%�9;:V9;(U9wýZ��%Yþ�-0ý�')3gÿ.,uþ�ýTÿ>þ0|
X0

þ.-T<�/{?S#&9;(}(}/{-Õþ$'),uþ&#
#2þ.: /{?G78#.?@��¦\3>��9>ÿ>þ

X := X0 +xk+1R̃Y
'),uþ&#

R̃ ∈ C {x, y}
þ.-S9;3�ÿ>þ*+B9;3�3¸þ

F ∈ O (V )
- þ.:G:~þ<�/Gþ

X ·F = −xk+1R̃
��¦\3�ÿ./��E��9>ÿ>þ*+!þL�5: /³ÿ*<�/Gþ

F
'E+)(�þ.-g/{3�+BA.,uþ.:V9&�E�Yþ.(�þ.3�-g'wÿ.1;(*�5-s9;-@?@<�/Yþ

F̂ ∈ C [[x, y]]
�ÿ639ÿ./�p�ÿ.-@?G-2/!')3�-
F

|
t

+E')3gÿ0:~þYv�9;-
Φt
Y

9;3�9)p�-@? þ.3�-S/{3«+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ)ÿ>þ&#.-s9wýJ? þ.:
N(x, y) := Φ

F (x,y)
Y (x, y)

=
(

x, yeF (x,y)
)

<�/{?�ÿ�')-@?~ÿ²Kn')?G-
N∗X0 = X ,þ.-\<�/B?���9>ÿ2ÿ��8+!þ

N̂ := ΦF̂
Y

#&9;(}(�þ�+BA.,uþ.:V9&�E�Yþ.(�þ.3�-�'wÿ.1�(*�5-�9;-@?@<�/Gþ�þ.3
(0, 0)

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 = GQI �]�2xSRu� I � t ∈ C L N ���ÚLÑ$#')� r > 0 ')� N � I � Φt

Z
$ G LÑ' I &S� $zs � "*'���LÑ��$#�S�r' G �#LM� NÑN �	$ I � V t���&! � I '_� G &���$ I�!S!hG $��%�V� I � F̂ (0, 0) = 0 t�q¤�ié G '

g(x, y, t) := Φt
Z(x, y)
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�%$#' I &S��$#"%��LÑ��� G &(ÿJ�*��OJ�*&(')��m N � G �#LMOJLÑ&S�×��� C3 t= I LM$y� I � F !hG $#$y�*�S� F̂ � Gu�a� �a�S"*ÿQ� N GQ!S! � � �*&('�RQ$zs ��! ' G ')L�� I �u{�L N �*& �%$]'¼�S� � � � �a�S�_$)R]� G���!hG f
$�LÑ'�L G &ÔR�ÿQ�S� N RØ} G &g�*')L G &[x G N G���G � ! xS� g . ÿ G LM�¼Â?&S&S���Ú� � 1D�r'a� G &�� T !hG $�$y�*�S� N R1$#"%��LÑ� T̂ . '�RQ&SOQ�%&(')��mN � LM�S�*&�'�LÑ'�"U�%&rP x Q 1V� Gu�a� �U�S"rÿJ� N GJ!S! � � �%&('YRQ$zs �E! ' G ')L�� I �1�%& (0, 0) t¸q®� N � �a� � . ¥Bt¹�gt·� ! t·º � 1×RQ$#$ I �#�R I $�$#LD� I � y 7→ T (0, y) �*$#' I & OJ�*� � ���S���SL�»h" Gu�EG � ! xSLÑ$ � �ut�Å N &S�P���*$#'�� ! N I $�� I �¹m1ÿJ"%�#L��=�*�#� I � T �%$]'
LM& v ���*')L ÿJ��t¤ G��a� � T �#�%$ ! �S�r')�¾�2x=Ru� I �¾}k� I L NÑN �v� I }k� I L NMN �*')RQOJ� FZ

R I f �S�%$#$ I $��S� V {�L N $ I Ô	' �S� ��G &(')���*�� I � T �*$#'PLÑ& v �S�r')L ÿJ�1�*& ���%$]')�#L~�*'�L G &<m��2x=Ru� I ��}k� I L NÑN � L t   �*��L ÿ G &S$ g := (v, w) �*' T := (ϕ1, ϕ2)
t�q®�

�S"*ÿQ� N GQ!S! � � �*&('×�S� g m ! RQ�#'�LM�¼�S� N Rr} G � �1I N ��� I é G ' g = etZ · Id ! �%� � �r'a��� "S�%�#LM�#���
v(x, y, t) = x + txk+1U(x, y) +

t2

2
xk+1U(x, y)

∂

∂x

(

xk+1U
)

+ . . .

�*'_� G &��
|v(x, y, t) − x| ≤ C ′ |t| |x|k+1 .

q�� R !S! N L~�%R½')L G & T �*$#'?R N G ��$D')RQ&SOJ�*&(')�]m N � LÑ�S�%&('�LÑ')"�P¿�%& x Q'm N � G �#�S��� . R I9�EG LÑ&S$21 k �
|ϕ1(x, y) − x| ≤ C ′′ |x|k+1 .� GJI $_R NÑN G &�$��%&5}�RQLÑ' ��G &(')�#�%��� I � ϕ1|L �*$#'_LM& v ���*'�LÑÿJ��tHÆ G LÑ�%&(' p := (x1, y1)

�*' q := (x2, y2)
�S� I �!hG LÑ&(')$a��� I &S�i}k� I L NMN � L ')� N $�� I � ϕ1(p) = ϕ1(q)

tGq�R-�#� N R�')L G & ! ��"��%"*�S�%&(')� & GJI $aLÑ&S�SL~� I ��� I �
|x1 − x2| ≤ C ′′

(

|x1|k+1 + |x2|k+1
)

< 2rk+1C ′′ .� I LÑ'�'��9m���"*� I LÑ��� r > 0 { G & ! � I 'vR N G ��$-$ IS!S!HG $��*��� I � p �r' q $ G &(' $ I Ô�$)R ��� �*&(' ! � G �2xS�*$ !HGJI �!hGJI ÿ G LÑ���*'����û��� N LÑ"%$ ! R½� I & �2xS� � LÑ&«'�RQ&SOQ�%&(' γ GJK ')�*& I �*&���� N �*ÿ½RQ&('	�=RQ&�$ L {·OJ�8¢u�%�[m N R¾� K �)R½'�L G &
')�)R½&S$#ÿQ�%��$#� dx = 0 { I &¾�2xS� � LÑ& γ0 ⊂ {y = 0} �S� N G &SO I � I � ! N I $ ! �*'�LÑ')�i� I ���

long(γ0) ≤ 2 |x1 − x2| .
Ç &-�#�%�S�#�%$#$)RQ&(' Z $ I � I &r�2xSR �E! ��"%O I N LÑ�%�S{ N �Ü'yxS" G �n� � ��} G &��=R � �%&('�R N � I �%R N � I N �SL�»h"%�#�%&(')LÑ� N RQ$�$ I ���

� I �
T (q) − T (p) =

∫

γ

(

Z · ψT
)

τZ .

= RQ�_RQL NMN � I ��$ N R1�y�*O N �P���Y��"%��L ÿ½R½')L G &û�S�%$�} G &g�*')L G &S$#� Gu�E!HG $�"*�%$a� G &�&S�	�
Z · T = (1 + Z · F )Z ◦ T. � G &g� T � G & v#I O I � Z m 1

1+G
Z 1�t^Ç�& '��)RQ&�$y�%�#LÑÿ½RQ&('#�%�*$?"*O(R N LÑ')"*$ !HGJI � ϕ1

{SL N ÿfLM�*&�'Y�

ϕ1(p) − ϕ1(q) =

∫

γ

(1 +G)
U ◦ ψT
U

ϕk+1
1 (x)

xk+1
dx

= 0 .= RQ�_RQL NMN � I ��$�{��*&Ã& G '�RQ&(' M(r) := sup|z|<r |G(z)| { G & ��G &(')�#��RQLM$#" � �%&('V� I �
∣

∣

∣

∣

(1 +G)
U ◦ ψT
U

ϕk+1
1 (x)

xk+1
− 1

∣

∣

∣

∣

≤ K1 (|x| + |y|) +K2M(r)

� G &��	�
∣

∣

∣

∣

∫

γ

1dx

∣

∣

∣

∣

≤ K1

∫

γ

(|x| + |y|) |dx| +K2M(r)

∫

γ

|dx| .
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¤ �S�%L¤$�� "��%��L '_�%&�� G ���	�

|x1 − x2| ≤ (2rK1 +M(r)K2)

∫

γ

|dx|

≤ 2 (2rK1 +M(r)K2) |x1 − x2| .
Ç & ! ���%&SRQ&(' r > 0 $ I ÔE$�R ��� �*&�' ! �r')L 'H{ N R�$�� I N �U"rÿJ�*&�' I R N LÑ')" !hG $#$�L K N �Y�%$]' x1 = x2

t�ÁÃRQLM$ L �%$]' I &
OJ�)R ! xS�YR I f ���%$�$ I $_��� I &Ã� Gu� RQLÑ&S���S� V ∩ {y = 0}
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�S"*ÿQ� N GQ!S! � � �*&('YRQ$ns ��! ' G '�L~� I ��t�q�� LÑ& v �S�r')L ÿÚL ')"Y�S� N RE���*$#'���L~�r')L G & �S� N m {x = cte} �*$#'PL �a� "%��L¥R½'����m x �B��"�{ y 7→ F (x, y) �%$]' I &S��} G &��*'�L G &äx G N G���G � ! x��-$ I � {x} × rD {¤RQLM&�$�L y 7→ y expF (x, y) �%$]'LM&(ÿJ�*��$�L K N � !hGJI � r = r(x) ! N I $ ! �*'�LÑ'Ht ¤ �S�*L�"*')RQ&('P�%&�� G ���1ÿ½R N R K N � !HGJI � x = 0 { N � R !�! N L���R½'�L G & N �%$]'
LM&(ÿJ�*��$�L K N �P$ I � I & $��S�r')� I �?��� N RØ} G � � � V (ρ, θ, δ) R�ÿQ�S� ρ > 0 OJ�8¢u�%��m N R�� G &(')LÑ& I LÑ'�"P�S� ∂F
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r > 0 � ')/B7R+!þ2ÿ2ÿ./�ÿ>+!þ�#&%!'E<�/Yþ
Vj

?G:�þ�w�?~ÿ.-Õþ�/{3´+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þQÿ>þ&#.-�9wýJ? þ.:
Ψj

#&9;3��J/�v)/!')3�-
Z

|
Z0

�x�.:
ÿ>þSKn'B#.-s9wýJ?~ÿ>þ�þ.3

Ψj := Nj ◦ Tj9;�
Nj � ���*$ ! t Tj �+þ2ÿ.-�/{3«+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þVÿ>þ&#.-s9wýJ? þ.:�oTpSýCA � ���*$ ! t -Z')3Bv!þ.3�-@? þ.: � � -u')3Bv!þ.3�-T|U:8� ?@+!þ.3�-2?G-�A��
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¤ �r��RQ$P&S"��%�*$�$�L ')� I &S� ! �*'�LÑ')�1RQ�=R ! ')R½')L G &�t°��&ò��R !S! � NÑN �Ø� I � N Rv$�"*��LM�]} G � � � NÑN � C := y − s(x) ∈

C [[x, y]] � G �#���%$ !hG &S�=RQ&(']m N RqP¿$�" ! RQ��R½')�#L~�%�-��LÑÿJ�*��OJ�*&(')�.Q {y = s(x)} �%$#' k f $ Gu�a� R K N �u{°��� k f $ Gu�a� �
(

V̂j, y − sj(x)
)

j

t�q®�%$P$#�S�*'�� I �#$i� K ��"*$ V̂j $ G &('P��"��=&SLÑ$P�=RQ&S$ N �Ø�2x=R ! LÑ'����%¥�� G��a� � N �%$�$#�S�r')� I ��$�� G N f
��RQ& G &SL~� I �*$St
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Â I N LÑ� I �S�5� G &S$�LÑ�S"%�#�%�-�S�*$��2xSRQ&SOJ� � �*&�'�$E���+� GfG ��� G &S&S"%�*$ N = ΦF

Y
& GJI $	"*' I �SL G &S$r�%� I �Ï� I L

$S� "S�%�#LÑÿQ�%&('
N :=

(

x, CeF
)

G�ò
X · F = −xk+1R̃.

. µ�t·¥Bt¹�³1
q�� R !S! N L~�%R½')L G & N �*$#'?��� N LM"*�PR I é G 'a� I �2x=R ��! Ŷ := C ∂

∂y
!�I LM$n� I �

Φt
Ŷ
(x, y) =

(

x, Cet + s(x)
)

.� GJI $�ÿ GJI �S�#L G &�$ GJK '��%&SLÑ���S�%$P�#�%$ G��a� "%�*$P$����*' G ��LM� NMN �%$×���r�%�%$ GQK!v �*'�$St ¤ G���� � C �*$#'�$ Gu�a� R K N �
$ I �i�2x=R�� I � V̂j �*'S{ v#I $y� I �¹m ! �#"%$��*&('H{ N �*$�$ G N I '�L G &S$ F N � "r'�RQ&('×$ I �i�2x=R�� I � Vj { G & $S� R½'�'��%&S� mE'�� GJI ÿQ�%��S�%$��#�%$ G��a� "%�*$¢x G N G���G � ! xS�%$_$ I � V̂j ∩ Vj = V #

j
tÄq¤R ! �#LM&��*L ! R N �*P¿�SL�Ôa� I N '�".QY�*$#'PL��%L¤�S� '�� GJI ÿJ�%�×�S�%$

���%$ G���� "*�%$ F#
j ∈ O

(

V #
j

) �S� F { !SI LM$y� I � N �Y$��S� G &S� � � �1K ���U��� . µgt´¥Bt¹�³1�&�� �%$#' ! RQ$Q� G &(ÿJ�%�#OJ�%&('St�Å N���%$]')��&S"%RQ& ��G LM&S$ k f $ G���� R K N ��{!� G���� � N RØ� Gu�E!HG $�"*����� I &S�i} G &��r')L G &[x G N G���G � ! x�� R R�ÿJ�S� I &��P$�"%�#LM�
k f $ G���� R K N � s � G &ûÿQR GJK '��%&SLÑ� F#

j
�*&ÃLÑ&�'�"%OJ��RQ&(' N R1�#�%$ Gu�a� "%�P�S� R̃ $ I � V #

j
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k

7 ÿ�9;(}(�þ (
V #
j , F

#
j

)

j,#

�
¦\3�3�9;-Õþ (

V̂j, R̃j

)

j

:F'
k

7 ÿ�9;(}(�þ*+!þ
R̃
þ.- � ��9;/Bý§-s9;/B-

M ∈ V #
j

� 9;3³#&%�9;?~ÿ.?G-k/{3³#&%Yþ.(}?G3�'wÿ.1;(*�5-s9;-@?@<�/Gþ
#&9;3�-2?G3�/

γj(M)
-u')3Bv!þ.3�-T|

X � ýTþ.: ?@')3�-
M

|
(0, 0)

|U:8� ?G3�-sA�ýJ? þ./!ý�+!þ
V #
j

�=¹*:V9wýTÿ>º
F#
j (M) = F (0, 0) −

∫

γj(M)

xk+1R̃jτX

= F (0, 0) −
∫

γj(M)

R̃jdx .

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Ä GQI '×�¸� R KHG �#��{ R̃j
�%$]' I &��'} G &g�*')L G & KhG �#&S"%�Y$ I � V̂j !SI LÑ$y� I � sj N � �*$#'St R G &��

∫

γj(M)
R̃jdx

�%$]'Q� G &(ÿJ�%�#OJ�%&('��u{��r' G & ��G &(')�#�Ø� G��a� � !hGQI � N R ! � GJ!hG $�LÑ'�L G & . ¥!t·�gt � ! t·º ¡ 1#� I � F#
j
�*$#'

x G N Gu�EG � ! xS��{ KhG ��&S"*�P$ I � V #
j
t = RQ�a$ I LÑ')��{SL N �%$#'V� N RQLÑ�¶� I �

X · F#
j = −xk+1R̃j(x, y) .

o�LM&=R N � � �%&('S{ N �Ô�S"rÿJ� N GJ!S! � � �%&('ûR½$ns �E! ' G '�L~� I �Ô�S� F#
j
�%& (0, 0) �%$]' F̂ { !�I LM$n� I �¾�*� N I L_��� R̃j

�*$#'
R̃ �*' !SI LM$y� I � X &�� RQ� � �*' ! R½$Y�¸� LÑ&�'�"%OJ��R N � ! ��� � L��%����} G � � � NMN �U& G &7� G &S$#')RQ&(')��t���& ��G &(')���	�*&S$ I L ')�
$)RQ&S$ ! �%LM&��i� I � F n

j := F nc
j − F cn

j
�*' F c

j := F cn
j+1 − F nc

j
$ G &('¢m	��"S�%� G LM$#$)RQ&g�%�Y��� !hG &S�%&(')LÑ� NÑN �P��� G �������

k � I RQ&�� x '��%&S�mÿJ�*��$ 0 {��%�9� I L#��RQ��Ru�*'�"%��LÑ$�� N R k f $ Gu�a� �û��� I &S� $�"%�#LM�+} G � � � NMN �E')�)R½&S$#ÿQ�%��$�R N � � �*&('
k f ÙP�*ÿf�#��s�t �

ª�¨^´�²©¯gûZµgt´¥Bt¹�=Ï
. � 1YÅ N }�R I '�& G ')�%��� I � F c

j := F cn
j+1−F nc

j
$��Û}�R��*' G ��LM$#�;�*& I &S� } G &��r')L G &]x G N G���G � ! xS� �=RQ&S$ N � �*$ ! R��%�

�S�%$�}k� I L NMN �%$ Ωc
j
{ !SI LM$n� I � R̃j ∈ O

(

V̂j

) �*$#' LM&(')"*OJ�)R K N � N � N G &SOÔ�S�*$Ø��s!� N �%$ RQ$zs ��! ' G ')L�� I �%$
γ∞j (M) � I RQ&�� M ∈ V c

j
tYq¤R ! "%��L G �����S� xk+1R̃ �%$]'_� G &�� K LÑ�%&û�S"��=&SLÑ� �=& GJI $ N R1& G '��%� G &S$P�

T c
X

(

xk+1R̃j

)

: h 7→
∫

γ∞j

xk+1R̃jτX .

Ç NÑN � R !S! RQ�]')LM�*&('9m O
(

Ωc
j

) �r' $S� RQ&S& I N �¸�*& 0 taÇ NÑN � � �%$ I ���¸�-�SR��*')� � �*&(' N � GJK $#')� I �*'�L G &�mN � ���ÚLM$]')�%&g�%����� I &S� X f ! ��L � LÑ'�LÑÿQ�¢x G N G���G � ! x����S� xk+1R̃j
$ I � V̂j t
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. ¥�1]q¤��� G ��sB� N � F n

j := F nc
j − F cn

j
&�� �%$]' ! RQ$#� G &S$]'�RQ&('_$ I � N �%$�}k� I L NMN �%$�{ !SI LÑ$y� I �

X · F n
j = xk+1

(

R̃j − R̃j−1

)

&�� �*$#' '�@ýJ?u9wýJ? ! R½$v& I N t Ä GJI ')��} G LM$��%& I ')L N LM$�RQ&(' N � "S� I R½'�L G &��S� N R�$�" ! RQ��R½')�#L~�%� $����*' G ��LÑ� NMN �. ¥Bt¹¦gt·¥�1�{ G & ��G &(')�#�Q}�Ru�%L N � � �*&�'¶� I �
F̃ n
j : =

y − sj
y − sj−1

eF
n
j

ÿJ"%�#L��=� X · F̃ n
j = 0 tGq¤Rr} G &��r')L G &¾� ISG '�LM�*&�' fnj �%$]' � "%� G���G � ! x��P$ I � C = Ωcn

j
�r'×&�� R%� I � I &

! ã N � � G & ��G &(')�#�ûR N G ��$�� I � fnj (0) = 0 �*'%� I � limh→∞ fnj (h) = 1 t·Â×LÑ&S$�L fnj (h) = h
h+aR�ÿQ�S� a ∈ C �*'¶�*�*'#')�)} G &��*'�L G &a��RQ��Ru�*'�"%��LÑ$�� N � GJK $#'�� I �r')L G &vR I �)Ru��� G �#�S� � �%&('¶x G N G���G � ! xS�a�S�%$

$ G N I ')L G &S$¼$#�S�*' G ��LÑ� NÑN �%$aR I f �S�*$�$ I $?��� V n
j
t � GJI $a& G '��%� G &S$

T n
X

(

−xk+1R̃j

)

(h) := log (1 + a/h)

= − log fnj (h),

� I L��%$#' I &��%} G &��*'�L G &äx G N G���G � ! x��-R I ÿ G LÑ$�LÑ&=RQOJ�-�S� ∞ ∈ Ωcn
j
thq®�%�2x G L�� �S� F̃ n

j
{D� I � N � G &!hGJI ���)R½LÑ' ! �*&S$��*��RQ� K LÑ'��)RQLÑ���u{($�� L �E!HG $#� !HGJI �D���%$¼��RQLM$ G &S$ � I ��& GJI $D���%&��S� G &�$¶� N RQLM�#�%$ N G �#$y� I �

& GJI $a��� ! �#L � �%� G &S$ N �*$aLM&(ÿ½RQ��LMRQ&(')$¼�S� N R%� N RQ$#$�L��Y��R½'�L G & G � K L '�R N �×$ GQI $V} G � � ���S� ! "*��L G �S��t

= GJI �#� G &�� N I ����{
N#
j :=

(

x, (y − sj(x)) e
F#

j (x,y)
)

�%$#' I &«�SL�»°" G��EG � ! xSLÑ$ � �	$��S�r' G �#LM� N � G & v#I O I RQ&(' X0
m X R I f �S�*$�$ I $1�S� V #

j
�h�u� �%$]' N ��'TxS" G �y� � �E�S�

Ü I p I x=R½�)R f ��L �1I ��R f Á R�' I �=RBt
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r > 0 �')/{7R+!þ2ÿ2ÿ./³ÿ�+!þ�#&%!'E<�/Gþ
V #
j
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Ψ#
j
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|
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Ψ#
j := N#

j ◦ Tj9;�
N#
j � ���*$ ! t Tj �aþ2ÿ.-�/B3³+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ�ÿ>þ&#.-�9wý.? þ.:�oTpSýCA � �#�%$ ! t -Z')3Bv!þ.3�-@? þ.: � � -Z')3Bv!þ.3�-S|}:8� ?@+!þ.3�-@?G-sA��

" '$�!')?ëýTþ (
N#
j , Tj

) '.�E�!'uýJ-2? þ.3�-6|
O
(

V #
j

)

×O (Vj)
�

q�R ! � G �2xSRQLM&S�P$#�S�r')L G & ��LM$y� I ')���S� N � I &�L~�%L ')"?�S���%�%$_�SL�»°" G��EG � ! xSLÑ$ � �%$;$��S�r' G �#LM� N $St�Å N ���%$#$ G �]')LÑ�)R-�S�
�%�*'#')��"*' I �S��� I � L N $P$ G &�' �%$#$��*&�'�LM� NMN � � �*&(' I &SL~� I �*$S{ N R N L K �%�#'�"-�=RQ&S$ N �r�2x G L�� $S� LM�S�*&�'�L��^R½&�']m C∗ × CR I f ���%$�$ I $×���'�2xSRu� I � $#�S�r')� I � V #

j
t� G ' G &S$S{=�*&g�=&�{Y� I � N �*$�LM&(')"*OJ�)R N �%$ ! ��� � L~�*���*$�$��S�r' G �#LM� NMN �*$ ! � I ÿJ�*&('×$�� "��%��LÑ���

H#
j (x, y) = (y − sj(x)) e

−F#
j (x,y)x−µex

−k/k
. µ�t·¥Bt�µ�1
G�ò

X · F#
j = R̃j

�*' F#
j (0, 0) = 0 t



jyj�ª YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
½�ª�Í�ªøµ�ª å ± ¨YÑHÑ iëÒ � ¨ g�i�jHe ¨ e ¨ ± m g�i���¤c c(g Ñnm °´f�gH�½ikc ÑrÑ c!�Qg�jG��i�c!±0±�c Ñ ªR � R ! �y�*$ N ��� G � G NÑN RQLÑ��� ! �#"S�*"%�S�*&�'S{ G & ! � I '?& G � � R N LM$��*� Z ! RQ� I & �SL�»h" Gu�EG � ! xSLÑ$ � ��$����*' G ��LM� N $ I �

V #
j
tBq¤R]� N RQ$�$#��RQ&SR N s�')L�� I �?��� Z $�� LÑ&(')�%� ! �y�r')�PR N G �#$Ü�*&v')�*� � �%$Ü�S�×�#�S� G NMN � � �*&(')$Ü�S�×�SL�»°"*���*&�'��%$¶� GJ! LÑ�%$

$��S�r' G �#LM� NMN �*$ �S� Z0
R I f �S�*$�$ I $ ���%$vLÑ&�'��%�#$��S�r')L G &S$ V n

j := V cn
j ∩ V nc

j
�r' V c

j := V nc
j ∩ V cn

j+1
t � GJI $

�S"��=&�LM$�$ G &S$ N �*$?R !S! N L���R½'�L G &�$D�S������� G NÑN � � �*&�'��
gcj := Ψcn

j+1 ◦
(

Ψnc
j

)−1 ∈ O
(

V c
j

)

gnj := Ψnc
j ◦

(

Ψcn
j

)−1 ∈ O
(

V n
j

)

.= RQ�#� G &S$#'�� I �r')L G &�{Y�%�*$?�SL�»°" G���G � ! x�LM$ � �%$;$����*' G ��LM� N $a$ G &�'_�S�*$a$ns � "r')�#LM�%$a�S� Z0
�

g∗jZ0 = Z0 .

Æ G LM�*&(' Z �*' Z̃ ��� I �%�2xSR �E! $·�S�¼ÿJ���*'�� I �#$Ü���¼'Õs ! ��&�½ I � f � G N } G � � � NÑN � � �*&�'�� G & v#I O I "*$�m Z0
{½� G &('N �%$ÜR !�! N L���R½'�L G &S$©�S�_���S� G NMN � � �%&(')$��*L f �S�%$#$ I $ $ G &�'Ü& G ')"%�*$ gj �r' g̃j �#�%$ ! �S�r')L ÿJ� � �%&('St�ÆfL G &	$ IS!S!HG $#�)� I �

gj = g̃j
R N G �#$ N �P�SLMRQOJ��R �a� �×$ I LÑÿ½RQ&('#� G��a�UI ')� . RQLM&S$#L�� I �'�%� N I L GJK ')�%& I R�ÿQ�S� N �*$ gcj 1P�

. µ�t·¥Bt � 1

Id
Z −→ Z

Ψcn
j ↓ gnj ↓ Ψnc

j

Z0 ⇒ Z0
(

Ψ̃cn
j

)−1

↓ g̃nj ↓
(

Ψ̃nc
j

)−1

Z̃ −→ Z̃
Id

�*'_� G &��
Ψ :=

(

Ψ̃#
j

)−1

◦ Ψ#
j

�%$#'�LM&S�S" ! �*&S�=RQ&('P� I $����*')� I � V #
j
t���& �*& �S"%� I LÑ' Z ≈ Z̃ !SI LM$n� I � Ψ $�� ! � G N G &SOJ�Y�%& I & �SL�»h" Gu�EG � f! xSLM$ � � N G �%R N �%& (0, 0) tYq¤R1��"S�*L ! � G � I �P&¸� �*$#'aÿf�)RQLÑ�i� I �Y$#L G &Ô$)R½LÑ'��S"��=&SLÑ�#m�� I � NMN �%$�� G &S�SL ')L G &S$ gj �*'

g̃j
$ G &�'�P¿"*O(R I �aQ2{G�*��� I L©$#� N LÑ'_�=RQ&S$ N R N L K �*�#')"Y�S�]�2x G L�� ���U�SL�»°"*���%&('�$ gj !HGJI � I &L�2xSR �E! Z �g�Ú"uthÅ N

& GJI $¶}�R I ' ! RQ��� G &S$#"S� I �*&�'?�S"r'�RQL NMN �*� N R $]')� I �*' I ����� I OJ� GJIS! ���S�%$�OQ�%� � �%$D�S��$ns � "*'���LM�×$��S�r' G �#LM� NMN �?�S�
Z0
t

µ�t´¥!t·�gt � t �¶ýC9;/��Yþ>+!þ2ÿQÿ.1�(UA.-0ýJ? þ2ÿiÿ>þ&#.-s9wýJ? þ.:G:~þ2ÿ��
è ¨5é�£¶ ©£¥¢¤£ ð   µ�t´¥!t ��� Ï}Æ G L ' V := V (r, θ, δ) I &E$��S�r')� I �Û� K �#"?�r' Z I &[�2xSR �E! �S�a'Õs ! �×&g½ I � f � G N t
. � 1 � GJI $���LM� G &S$¶� I � I &Ã��L�»h" G���G � ! xSLM$ � �_$����*' G ��LM� N g ∈ O (V ) �%$]' I &S� Ñnm °�f(g>��i�c Ñ c!�Qg�jG��i�c!±0±�c

�S� Z $#L g∗Z = Z t. ¥�1]q¤�ûOQ� GJIS! �Ô�S�%$	OJ�*� � �%$-�S�Ô$zs � "*'���LÑ�û$��S�r' G �#LM� NMN � . GJI ²G��j@� § c���ë i Ñ j=g>��j § ikc Ñ c!�Qg�jG��ikcB±0±kc 1
�S� Z R I f �S�*$�$ I $ ��� V $��*�)RÔ& G '�"-ÅÍ$ G (Z, V ) {®$��%$Y" N " � �%&(')$P$ G &(' N �%$P$zs � "*'���LÑ�%$�$����*' G ��LM� NMN �%$�S"��=&�LM�%$_R I f �S�*$�$ I $?�S� V (rε, θ, δ − ε) !hGQI ��' GJI ' ε > 0 $ I ÔE$�R ��� �*&�' ! �*'�LÑ'Ht

ª�¨^´�²©¯gûZµgt´¥Bt � ¥SÏ Æ G LÑ' g I &S��$ns � "*')�#LM�P$#�S�*' G ��LÑ� NÑN �P� G &(' N �P�S"*ÿQ� N GQ!S! � � �%&('�R½$ns �E! ' G '�L~� I �P�%$]' ĝ. � I L �%$]' I &S�	$ns � "r')�#LM��} G � � � NMN � �S� Z0
1�thq¤Rû�S�%$n�%��L ! ')L G &¸�S�%$�$zs � "*'���LÑ�%$i} G � � � NÑN �*$×�S� F }�R½LÑ')�-�SRQ&S$	�� c�
 å c�
)bdcH�E� �*&�'��)R�ÈM&S��R N G ��$�� I �

ĝ(x, y) = (x, cy) ◦ Φt
Z0!hGJI � (c, t) ∈ C∗ × C t



Ynì ©&ì�d�Å�Â�ÈSÈ-Êí�Êd�ÂBÁ�Êb�`æÂ_`¸Â¸Å&ùDÁ�ÊGú�ï¸Æ jnjyj
R RQ&S$ I & ! ��� � LÑ�%��'�� ��! $�& GJI $;R NMN G &S$·� G &�&S�%� N R�$#')� I �*' I ���_�S�aÅÍ$ G (Z, V )

N G �#$y� I � V "%O(R N � V c
j
{ V n

jGJI V #
j
t ¤ �UOJ� GJIS! � $#�U�S"�� G���!hG $��Y&=R½' I ��� NÑN � � �*&�'_�*& I & ! � G � I LÑ'_$#� � L f ��LM�����*'_� G &(')�2x=Ru� I �Ø}�R��*')� I ���� ! ��"%$#�%&(')��{h�#�%$ ! ���*')L ÿJ� � �*&�'S{ N R ! RQ�]')LM�Q� K ��"*�Y�r'a'�RQ&SOQ�%&(')LÑ� NMN ����� I &S��$ns � "*'���LM��t

� ¯ ð��^ð ¡�£¥¢¤£ ð  eµ�t·¥Bt � �=Ï z /B?G-2-Õþ>|�ýCA8+)/{?ëýTþ
r > 0 � 9;3~'U:~þ2ÿ$?~ÿ�9;(U9wýZ��%B?~ÿ.(�þ2ÿVÿ./{?G,;')3�-ëÿ>º

. � 1 �2ÿ�9 (
Z, V c

j

)

' Diff(C, 0) n C {h}
9;�

(ϕ, f) n
(

ϕ̃, f̃
)

:=
(

ϕ ◦ ϕ̃, f ◦ ϕ̃+ f̃
) þ2ÿ.-�/{3�@ý&9�+)/B?G-�ÿ>þ.(}?G7R+)?ëý2þ&#.-u�

. ¥�1 �2ÿ�9 (
Z, V n

j

)

' Aff(C) × C
�

. �³1 �2ÿ�9 (
Z, V #

j

)

' C∗ × C
�

Â�ÿ½RQ&('����1� G &S&��%� N R ! �#� I ÿQ�-�S���*�*'�'�� ! � GJ!hG $�LÑ'�L G &¸{=�S"S�*��LÑÿ G &S$ N � LÑ$ G���G � ! xSLM$ � �P�*&æ� I �%$]')L G &�t���&
& G ')� N n T

N �%$ ! � G � I L ')$a$�� � L f �SLÑ���S�r')$_LM&(')�*�#ÿQ�%&=RQ&('P�SRQ&S$ N �%$_$���� G &S��$ � � �1K �#�%$×��� N R ! � GJ!hG $�LÑ'�L G &¸{�*' V �S"*$�LÑOJ&S� N �	$ GJI $ f $#�S�r')� I �1�S� V #
j
RQ$�$ G �*LM"uthq®���2x=R ��! Z0

!HG $�$n�%�S� N � LM&(')"*OJ�)R N � ! �#� � L~�*��� H0
�*'S{!hGJI �a' GJI ' (x, 0) ∈ V { N � R !S! N L~��R�')L G &

hx : {x} × rD −→ Ωx

. µ�t·¥Bt¹º³1
(x, y) 7→ H0(x, y)

LM&S� I LÑ' I &òLM$ G���G � ! x�LM$ � �U�*&(')��� Σx := {x} × rD �*' I &��SLÑ$y� I ��RQ&=R N s�')L�� I � Ωx
�%�*&�'���"��%& 0 ∈ Ω#

j
t� GJI $a�S"��=&SLÑ$�$ G &S$×R N G �#$

ρ : N n T −→ ÅÍ$ G (Z0, V )

(ϕ, f) 7→ (x, h∗xϕ) ◦ Φf◦H0

Z0
.è ¨5é�£¶ ©£¥¢¤£ ð  ¯µ�t·¥Bt � µ^Ï�q®�%$�OJ� GJIS! �%$ ρ(N × {0}) �*' ρ({Id} × T ) $��%� G &('P& G '�"%$�{°���*$ ! �S�r')LÑÿQ� � �%&('H{ÅÍ$ G

N (Z0, V ) �*'©ÅÍ$ G T (Z0, V ) twq®� ! �#� � LM�*���#� ! �#"%$#�%&(')� N �%$¤$ns � "*'���LM�*$�� K ��"*�%$�� I L ! �%� �UI ')�*&�' N �*$�}k� I L NÑN �*$� I }k� I L NÑN �*')RQOJ�E�*' N �û�S� I �ÚL~� � �u{ R I � G &(')�)R½LM����{ N �*$�$zs � "r')��LÑ�%$-'�R½&SOJ�%&('�LM� NÑN �*$S{ � I L��g�Ú�%&(' N �*$%}k� I L NÑN �*$
$��S�r' G �#LM� NMN �*$St

ÅÍ$ G (Z0, V ) = ÅÍ$ G
N (Z0, V ) n ÅÍ$ G

T (Z0, V ) .

q�R�$#'�� I �r' I �#�×�S� ! � G � I LÑ' $�� � L f �SLÑ�����*' �S"�� GJI N �)� I R½&�' f m f � NÑN �¼� I N � �a� ��$ I L ÿ½RQ&('H{(� G &(' N RP�S" �EG &�$ f')�)R�')L G &UL ��� "%�SLMR½')���#� !HG $��¼$ I � N � }�R½LÑ'�� I �D$�L ψ � G & v#I O I �D�S� I �Ø�2x=R ��! $��S�;ÿJ�S�r')� I ��$ R N G ��$ ψ � G & v#I O I �N � I ��$�é G '�$St
� ¨^´P´�²Oµ�t·¥Bt ��� Ï ¥ 9;? þ.3�-

ψ
/B3°+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þiÿ>þ&#.-s9wýJ? þ.: þ.-

ΦF
Z

/{3�+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þiÿ>þ&#.-s9wýJ? þ.:-Z')3Bv!þ.3�-@? þ.:F�c¹*:V9wýTÿI9;3~'U:F'�ýTþ.:F')-2?u9;3�+!þ�Æu#&9;(}(}/{-u')-@?u9;3 Ç º
ΦF◦ψ
Z (ψ) = ψ

(

ΦF◦ψ
ψ∗Z

)

.

R RQ&S$ N R1$ I LÑ'��Y� I �2x=R ! LÑ'����u{ N R-& G ')R½')L G & ΦF
Z ◦ ψ ��� ! ��"%$#�%&(')�*�)R (x, y) 7→ Φ

F◦ψ(x,y)
Z (ψ(x, y)) t

Â�ÿQ�S�'�%�%$_& G ')R½')L G &S$�{
ψ∗ΦF

Z = ψ−1 ◦ ΦF
Z ◦ ψ

. µ�t·¥Bt ¡ 1
= ΦF◦ψ

ψ∗Z .R G &S& G &S$ � RQLÑ&(')�%&SRQ&(' N R ! ��� I ÿJ�Y�S� N R ! � GJ!HG $�L ')L G & . µ�t·¥Bt � � ! t ����� 1-t



jyjs© YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Æ G L ' F N �Q}k� I L NÑN �r'�RQOJ�?LM&S� I LÑ' ! RQ� Z0

R I �S�%$#$ I $?�S� V tR RQ&S$ I & ! �#� � LM�*��'�� ��! $S{ ��G &(')� G &S$]� I ��' GJI ' g ∈ ÅÍ$ G (Z0, V ) $S� LM���%&(')L��=�[m I &«" N " � �%&(' �S� N R} G � � � ρ(ϕ, f) t � GQI $ !hGJI ÿ G &S$	$ IS!S!HG $��*�S{�$)R½&S$ ! �*�#')�Ô�S�ûOQ"%&S"*�)R N LÑ')"�{�� I � g �%$#' I &�� $zs � "r')��LÑ�ÔR I f�S�%$#$ I $û�S� V t � G ' G &S$ Ω := H0(V )
N � �%$ ! Ru�%� �S�*$a}k� I L NMN �%$ �1I &�L_��� N R � GÚG �#� G &S&�"%� h := H0

t�q¤R
$ns � "r')�#LM� g LM&�� I LÑ' I &û�SL�»°" G���G � ! x�LM$ � �a�S� Ω $ I �¼$ G &ûL � RQOJ�u{�� I �P& GQI $¼& G ' G &S$ ϕ tgq®�%$¼R !S! N L~��R�')L G &S$
hx

�S"��=&SLM�*$a�%& . µ�t·¥Bt¹º³1 ! �*� � �*'#')�%&('_�S����� �EG &�'��%� ϕ �%&
gN : (x, y) 7→ (x, (h∗xϕ) (x, y)) ,

� I LY�*$#' I &S�ò$ns � "*')�#LM�¸$����*' G ��LÑ� NMN � �S� X0
t = I LÑ$y� I � Z0 = P (x)X0

�r'<� I � gN �%$#'9� K �#"%��{ gN ∈ÅÍ$ G (Z0, V ) t�q¤R]� Gu�E!HG $�L ')L G & ψ := g−1
N ◦g {³� I � N � G &�$ IS!S!HG $#�×�%&g� G �#�?�S"��=&SLÑ�?$ I � V {(LM&S� I LÑ' N � LM�S�*&(')LÑ'�"$ I � Ω �@�%�r'�'��U$ns � "*'���LM�'�g�Ú���2x=Ru� I �]}k� I L NMN ���S� F t ¤ G &S$�LÑ�S"%� G &S$×� G &�� I &S�Ø}k� I L NMN � L � I L��%$#'Q� G &g} G � f

� " � �*&�'¼"S� I LÑÿ½R N �%&(')��m I & � G�� R½LM&S� L ⊂ C � N RU�#�%$#'���L��*')L G & Z �S� Z0
m L �%$#' I &+�2xSR �E! �#"%O I N LM�*�S{f�*'G & ! � I '?$ IS!S!HG $��*�#� I �

(∀z ∈ L) Z(z) =
∂

∂z
.

q¤�*$?$#� I N �%$a$ns � "*'���LM�*$a�S� Z $ G &('×��� N RØ} G � � �
f : z 7→ z + t(L), t(L) ∈ C

� I L°&�� �%$]'_R I ')�#�¢� I � N �)é G ' Φ
t(L)
Z

t�Ç�&v���rÿJ�%&SRQ&('_R I ��� GfG ��� G &S&S"%�*$¼��� G ��LÑOJLM&��u{ ψ �*$#'�� G &��×��� N R�} G � � �
ψ = ΦF

Z0G�ò F ∈ O (V ) �%$]'V� G &S$]'�RQ&('�� $ I �#�2x=Ru� I ��}k� I L NMN ��t ¤ ��� I L®$�LÑOJ&SL��=�P����Ru�r')� � �%&(')� I �
F = f ◦H0R�ÿQ�S� f ∈ O (Ω) t=Â×LÑ&S$�L g $�� LÑ�S�%&(')L��=�u{=�r'a�S� � R½&SL~�*��� I &SL�� I �u{^R I � GJIS! N � (ϕ, f)

,�?@'
ρ t. � 1'q G ��$y� I � V = V c

j
{ N R5}k� I L NMN � {y = 0} ∩ V �*$#' N � I &�L~� I �a}k� I L NÑN �	$����*' G ��LÑ� NMN �[m R��S� Ig�1I N �*� N R

$�LM&�O I N R½��LÑ'�"ut = RQ��$ I LÑ'��u{�' GJI '��P$ns � "r')�#LM�P$����*' G ��LÑ� NMN �×�*&�ÿ G LM���*�*'�'��Q}k� I L NMN �×$ I ��� NMN � f � � � ��t ¤ � N R1$�LÑOJ&SL��=�
� I � ϕ �g�Ú� 0 tSÂ?LM&S$#L ϕ �*$#' I & " N " � �%&('_�S� Diff(C, 0) �*' f ∈ C {h} t/ "��%L ! � G � I � � �%&('H{�' GJI '·OJ�*� � � f ∈ C {h} � G &S&S�¼&SRQLM$#$)RQ&��*��m I &UOJ�%� � �;�S�¼$ns � "*'���LM�Ü'�RQ&�OJ�%&(')LÑ� NÑN �$��S�r' G �#LM� NMN � ρ (Id, f) �¸� R ! �y�%$ N R ! � GJ!hG $�LÑ'�L G & . µ�t·¥Bt¹º ! t � ¦ � 1�{ !SI LÑ$y� I � Fj := f ◦H0

$)R�')LM$z}�RQLÑ' Z0 ·Fj = 0�*' !hG $#$y�*�S� I &C�S"rÿJ� N GJ!S! � � �%&(' RQ$ns ��! ' G '�L~� I �ä� G &S$#')RQ&(' �%& (0, 0) t R � � � � ��{¼' GJI ' OJ�*� � � ϕ ∈
Diff(C, 0) LÑ&S� I L 'H{ !HGJI ��' GJI ' x R½$�$��n� ! �*'�LÑ'H{ I & K L~x G N G���G � ! xSLM$ � � �%&(')�#� H0({x} × rD) ⊂ Ω �r'
$ G & L � RQOJ��t�Â×LÑ&S$�L®L N �-��LÑ$#'�� r ≥ ρ′ > 0 '�� N � I �

ϕ (H0 ({x} × ρ′D)) ⊂ Ω
!hGJI �a' GJI ' |x| < ρ′ t R G &g� h∗xϕ �%$]' K LM�*&Ã�S"��=&SL®�r'?LÑ&S� I L ' ! RQ�a$ I LÑ'�� I &S�Y$ns � "r')�#LM�P$����*' G ��LÑ� NMN � ρ(ϕ, 0)R I f ���%$�$ I $×��� V (ρ′, θ, δ) t= GJI �#� G &�� N I ����{ ρ : Diff(C, 0) n C {h} → ÅÍ$ G (Z0, V

c
j

) �*$#' I & LM$ Gu�EG � ! xSLÑ$ � �ut. ¥�1�q G �#$y� I � V = V n
j

N � �%$ ! Ru�%� �S�*$�}k� I L NÑN �*$®�%$#' C {��S� $ G �]')� � I � ϕ ∈ Aff(C) �r' f �*$#' I &S��} G &��r')L G &�%&(')L��%����t � GJI $¤ÿ GJI N G &S$ �EG &�'����*��� I � f �*$#'�� G &S$#')RQ&(')� � !HGJI �D�%� N R¼& GQI $�R NMN G &S$���RQLM$ G &S&S�*� ! RQ� N � R K $ I �����ut= GJI �%�=&SLÑ�	�S� �EG &('����%�%� I � ρ �*$#' I & LÑ$ G���G � ! xSLM$ � ��{�L N }�R I '�"*')R K N LM��� I � ρ(ϕ, f) ∈ ÅÍ$ G (Z0, V
n
j

)

N G �#$y� I � ϕ ∈ Aff(C) �*' f ∈ C tHÁ RQLÑ$��%���%L®�%$]'×L �a� "%��L¥R½'StÆÚL G & $ IS!S!HG $#�Ø� I � f &�� �%$]' ! RQ$V� G &S$]'�RQ&('��u{ N � L � RQOJ� ! RQ� f �S��' GQI 'aÿ G LÑ$�LM&SRQOJ�P" !HG LÑ&�'�" V∞ ��� ∞� G &(')LÑ�%&(' I &Ôÿ G LÑ$�LM&SRQOJ�P" !HG LÑ&�'�"P�S� ∞ t � GJI $?R NMN G &S$ ��G &(')�#�%�#� I ���%� N R-&S� ! � I '_$�� ! � G � I LM����t= I LM$y� I � ϕ(h) = ah+ b {=L N $�� �*&S$ I L 'V� I �
h∗xϕ = ay + bxµe−x

−k/k

�*'_� G &���{Y� G���� � Re(xk) > 0 {
lim
x→0

h∗xϕ = ay.
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R � R ! �y�*$ N R���� � RQ�n� I � . µ�t´¥!t � ¥ ! t ��� ¦³1-{ N R�$ns � "r')�#LM�×$#�S�r' G �#LM� NÑN � g̃ := Φf◦H

Z0

$�� ! � G N G &SOJ� ! RQ��� G &('�LM& I LÑ'�"
$ I � N R1$#" ! RQ��R½')�#L~�*� S �*&

Φβ
Z0

(0, y) = yeλβ

!hGJI � β ∈ C t � GJI $ !hGQI ÿ G &�$×$ I�!S!hG $��%�)� I � β = 0 {@� I L '�'��Øm%� G���!HG $��*�×R�ÿJ��� N R�$zs � "*'���LÑ�Y$#�S�r' G �#LM� NÑN �'�RQ&SOQ�%&(')LÑ� NMN � Φ−β
Z0

t�Â×LM&�$�L g̃ $�� ! � G N G &SOQ� ! RQ� N � LM���%&(')L ')"�$ I � S t= GJI �?' GJI ' p := (x1, y1) ∈ V n
j \ {y = 0} & GJI $×& G ' G &S$ q := (x2, y2) := g̃(p) t ¤ G���� � N R�}k� I L NÑN �$��S�r' G �#LM� NMN �P�*$#'_$�L �E! N � � �%&('�� G &S&S�-�Ú�u{ !hGQI �¼' GJI ')�2x�� � LM&û'�RQ&�OJ�%&(' γ �#� N L¥RQ&(' p m q �=RQ&S$ V n

j
{

F (p) =

∫

γ

τZ .

� GJI $#�2x G LM$�LÑ$�$ G &S$_L~�%L
τZ :=

dy

yP (x)(1 + µxk)

� I � & GQI $a& G ' G &S$ dy
λyQ(x)

t � GQI $_R�ÿ G &S$ K LM�*&Ô$8�S� N R � R v#G ��R½')L G &
∣

∣

∣

∣

dy

yQ(x)
− dy

y

∣

∣

∣

∣

≤ C |x|
∣

∣

∣

∣

dy

y

∣

∣

∣

∣

$ I � V n
j
R�ÿQ�S� λ := P (0) 6= 0 �*' C > 0 t!o�L � G &S$ ε > 0 ! �*')L 'Ht R � R ! �n�%$ I &��×�S�*$ ! � GJ! ��LÑ"*'�"%$D�*$�$#�%&(')LÑ� NMN �%$�S�%$_$ns � "*')�#LM�*$_$#�S�r' G �#LM� NÑN �*$ . ! � GJ!HG $�L ')L G & . µ�t·¥Bt � ! t � ¦�µ�1y1-{SL N �-�ÚLM$#'�� η′, η1 > 0 ')� N $�� I �

(∀x1 ∈ v (η1, θ, δ − η′)) x2 ∈ v (ε, θ, δ) .� GJI $ !hG $ G &S$ η := min {ε, η1} thÆ G LM�*&(' Π : C2 � {x = 0} N R ! � G�v �S�*'�L G &¾��RQ& G &SL~� I � . '��)RQ&�$#ÿJ�*��$#�rm
F 1¼�r' γ0

N � ! � Gwv �r')"��S� γ ! R½���%�*'#')�YR !S! N L~�%R½')L G &�t = I LM$n� I � g̃ $�� ! � G N G &�OJ�P�%& N � LM�S�*&(')LÑ'�"�$ I � S {
(∃r0 > r1 > 0) : (∀x1 ∈ v (η, θ, δ − η′)) (∀ |y1| = r0) r2 < |y2| < r

�*'
|y1 − y2| < ε .

¤ �S�%L��*$#'��*&�� G �#�1ÿf�)RQL©$�L G & ��L � LM& I � ε { !SI LM$n� I � ε ≥ η t°Â I $�$�L N �%$×�)RHs G &�$ rj $ G &(' f L N $×LÑ&S�S" ! �%&��=RQ&(')$�S� η �*' ε ! �*'�LÑ'�$St�P& ! � I '%x G���G ' GJ! �%�Øm ���f')�#" � LÑ'�"%$��g�Ú"%�*$ γ0
{��=RQ&�$ N �v�SLÑ$y� I �û" !hG LÑ&(')" S {�$ I � I &Ï�2xS� � LM& � I �& GJI $_& G '��%� G &S$a�%&�� G ��� γ0

! RQ�)R � "*'���" ! R½�
γ0 : [−1, 1] −→ S
t ∈ [−1, 0] 7→ y1e

−2iπAt

t ∈ [0, 1] 7→ y2
r0 − t (|y2| − r0)

|y2|
R�ÿQ�S� A ∈ R �2x G LÑ$�L !hGJI �¼RQ$#$ I �#�%� N R'� G &('�LM& I LÑ'�"×�S� γ0

. �%���#"%� N �%$]' I &SL�� I �>1-t=��& ! � I '�P }k�%� � �*�RQ γ0
�%&I & N R��%�*' γ̃0

�*& N I L^R½� v#G LMOQ&=RQ&(' I &[�2xS� � LÑ& ξ0 �S� N G &SO I � I � LM&B}k"%��LÑ� I �#�¢m π
2
|y2 − y1| {(' GJI ';�%&vRQ$�$ I �)RQ&('� I � N � L � R½OJ�	�S� γ̃0

���%$]')�ûLÑ&�� N I $��v�SRQ&S$ N R¾� GJI � G &S&S� A := {y : r1 < |y| < r}
. ÿ G LM�'�=O I �#�+µ�t·¥Bt � 1�t

q�� LM&��SL~�*�P�S� γ̃0
R I ' GJI ���S� 0 R !�! RQ�#'�LM�*&�'Vm {[A] , [A] ± 1} t � GJI $_& G ' G &�$ n(p) �*�*'_LM&��SL~�*�utq¤�_��� N �rÿJ"_�=RQ&S$ N ��}k� I L NMN �*')RQOJ�u{ ! RQ� N RQ� K ��R½')L G & Π {�� I �2xS� � LM& γ0

m ! RQ�#'�LM���S� p � G &S&S� I &��2xS� � LM&'�RQ&SOQ�%&(' γ �#� N LMRQ&(' p m q t R �%$��%$]')L � R½'�L G &�$×L ��� "%�SLMR½')�*$ ��G &(')���*&('�� I �u{D� I LÑ'#')�%mû�SL � LÑ& I �%� η �*' η′ {G & Rû�
(∀x1 ∈ v (η, θ, δ − η′) , |y1| = r0) (∀t ∈ [−1, 1]) γ(t) ∈

(

εD ∩ vnj
)

×A.
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y1

r1
y2

r

r0

ξ

0

~γ

0

Ð;£���Ï���Ï��HÏ	ÚÏ
= RQ�a$ I LÑ')��{ !hGQI �¼' GJI ' p � G &(ÿJ�*&=R K N �E�

∣

∣

∣

∣

λF (p) −
∫

γ̃0

dy

λy

∣

∣

∣

∣

= |λF (p) − 2iπn(p)|

≤
∣

∣

∣

∣

∫

γ

(

dy

yQ(x)
− dy

y

)

+

∫

ξ

dy

y

∣

∣

∣

∣

≤ C

∫

γ

|x|
∣

∣

∣

∣

dy

y

∣

∣

∣

∣

+
π

2r1
|y2 − y1|

≤ ε

(

C

(

2π (|n(p)| + 1)
r0
r1

+ (r − r1)

)

+
π

2r2

)

.

� I LÑ'�'���m���L � LM& I �%� ε { G & R�� G &��
(∀x1 ∈ v (η, θ, δ − η′) , |y| = r0) |λF (p) − 2iπn(p)| ≤ a |n(p)| + b

R�ÿQ�S� a < 1 �r' b < 1 t ¤ G��a� �
V∞ := H0

(

v (η, θ, δ − η′) × r0S
1
)

�%$#' I &��SLÑ$y� I ��" !HG LÑ&�'�"��%�*&�'���"a�%& ∞ { Ω∗ := λf(V∞) � G LÑ' �*')�#� I &-ÿ G LÑ$�LM&SRQOJ�¼" !hG LÑ&(')"��S� N � LÑ&g�=&SL�t(Á RQLÑ$
Ω∗ ⊂ D :=

⋃

n∈Z

B (2iπn, a |n| + b)

�*'
D ∩ R = ] − b, b[ ,

�%�'� I L®�%&(')��R�È¥&S�i� I � Ω∗ &S��� G &(')LÑ�%&('?R I � I & ÿ G LM$#LM&=R½OJ�P" !HG LM&('�"Y��� N � LÑ&g�=&SL�t. �³1 ¤ �i�%RQ$��%$]'a$�L � L N RQLÑ���_R Iû! �#"S�%"*�S�%&('StHÄ GJI '���} G LÑ$S{B� G���� �×�%& . � 1-{ ϕ � G LÑ'��*& ! N I $Û�B���*� 0 t � GJI $��� ��! N Ru� G &�$�� G &�� N � �%$ ! Ru�*� Aff(C) ! RQ� C∗ t
Å N ���ÚLM$]')�Ô&S"%RQ& ��G LM&S$U�=RQ&S$r�*�9�%RQ$ I &�RQ��O I�� �*&('-�SLM�#�S�r' !hGJI � ! � GQI ÿJ�*� N RL� G &�$#'�R½&��%�Ô�S� f t·Ç &��»h�*'H{©L N �%$]' !hG $�$�L K N ��{�m y �B��"�{��¸� Ru��� I��UI N �*� N RÃ$�" ! RQ�)R½'���L��%� �*&z���*$#'�R½&�'1�=RQ&S$ N R � � � ��}k� I L NÑN ��thq�R� G &(')LÑ& I LÑ'�"��S� g � I RQ&�� x ')�%&��vÿJ�%�#$ 0 �%&(')��R�È¥&���R N G ��$ � I � f ! �#�%&S�û$#�%$¼ÿ½R N � I �#$D�=RQ&�$ 2iπ

λ
Z + cte t �
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µ�t´¥!t·�gt·¥Bt ¹6�E�5: ?u#8')-2?u9;3�|U:F'£#.:F'wÿ2ÿ.? o\#8')-2?u9;35�
� GJI $aLÑ�S�%&(')L�� G &S$��#�%$ ! ���*')L ÿJ� � �*&�' N �*$a���S� G NMN � � �%&(')$ gcj �*' gnj R�ÿQ�S�

(

ϕcj, f
c
j

)

∈ Diff(C, 0) n C {h}
�*'

(

ϕnj , f
n
j

)

∈ Aff(C) × C .

Á G &(')� G &S$V� I � (f cj , fnj )j $S� LM�S�*&�'�L��=��R�ÿQ�S� N �%$ GJK $#')� I �*'�L G &�$#m��#"%$ GQI �S��� N � "�� I R½')L G &5x G���G N G OQL~� I �
X · F =

1

U
− 1

P�*'V� I � (ϕcj, ϕnj )j $ G &('_��� N LM"*$aR I � GJK $#')� I �*'�L G &�$?R½$�$ G �%LÑ"%�*$)m
X · F = −xk+1R̃j. ÿ G LM� N R-$#�S�*'�L G &5µ�t � t·¥�1�t

� ¯ ð��^ð ¡�£¥¢¤£ ð   µ�t·¥Bt � º=Ï ¼ #�ýJ?G,)9;3gÿ
Z = UX

'),uþ&#
U(x, 0) = P (x) + o(xk)

��¹*:V9wý2ÿ<þ.3���9>ÿ�')3�-
βcj :=

(

ϕcj
)′

(0)
þ.-
βnj :=

(

ϕnj
)′

(0) �
ϕcj(h) = βcjhe

−T c
X(xk+1R̃j)(h)

ϕnj (h) = βnj he
−T n

X(xk+1R̃j)(h)

f cj (h) = T j
X

(

1

U
− 1

P

)

(h)

fnj (h) = 0 .ÿ63U�!'uýJ-@?u#./{: ? þ�ý
f cj (0) = 0

þ.-
ϕnj (h) = βnj (h+ aj)

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ·Ç�& I '�L N LM$)R½&�' N � N � �a� � . µ�t´¥!t ��� ! t ���u� 1�{S& GJI $ �EG &('�� G &S$�� I �	�

gcj = Ψcn
j+1 ◦

(

Ψnc
j

)−1

= N cn
j+1 ◦ Tj+1 ◦ (Tj)

−1 ◦
(

Nnc
j

)−1

= N cn
j+1 ◦

(

Nnc
j

)−1 ◦ Φ
∆j

Z0G�ò
∆j := (Fj+1 − Fj) ◦

(

Ψnc
j

)−1

X · Fj = X · Fj+1 =
1

U
− 1

P
.

q�Ri� I RQ&('�LÑ')" ∆j
&�� �*$#' �#LM�%&-�¸� R I ')����� I � T j

X

(

1
U
− 1

P

)

◦H0
t ¤ Gu�a� � N cn

j+1◦
(

Nnc
j

)−1 �*$#' I &���$ns � "r')�#LM�
� K ��"*� ��� Z0

�*'V� I � Φ
∆j

Z0

�%$]' I &��Y$zs � "r')��LÑ�P'�RQ&SOQ�%&(')LÑ� NMN �u{ N � LM$ Gu�EG � ! xSLÑ$ � �×�S� N R ! � GJ!HG $�L ')L G & . µ�t·¥Bt � �! t �u��� 1 ! �%� � �*'_��� LM���%&(')L��=�%�
f cj = T j

X

(

1

U
− 1

P

)

.

W?&S���S" �EG &�$#')��R½')L G &û$�L � L N RQLÑ��� !hGQI � fnj � G &S� I L ')m ∆j = 0 tÇ &B�=&�{=�%& "S�*��L ÿQR½&�'
N#
j =

(

x, ye−F
#
j

)

,

G &ÃLÑ�S�%&('�L��=� log
ϕj

βjh
R�ÿQ�S� N �*$ ! "*��L G �S�*$?R½&S& G &��*"%�*$ . ÿ G LÑ� N R1��� � R½�y� I � . µ�t·¥Bt¹� ! t � ¦ £ 1y1-t �
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0

0

0

0

Ω 1

Ω0

nc

ϕ
0 ϕn

0

Ω0

ϕ
1

ϕ
1

n

Ω 1

cn

c

cn

c

nc

Ð;£���Ï"��Ï��^Ï��^Ï)q®�%$ULM&(ÿ½RQ��LMRQ&(')$Y�S�ÔÁ RQ�]')LÑ&S�*' f / R � LÑ$�� G���� ������� G NÑN � � �*&�'�$ ���%$1�*$ ! Ru�*�%$�S�%$¶}k� I L NÑN �*$ . k = 2 1-tgq®��� Gu� RQLÑ&S� ! N I $Û� N R½LM�;R I ' GQI �D�S� 0 �%$]' N � �%$ ! Ru�%�����%$Û}k� I L NÑN �%$ Ωc
jR I f �S�%$#$ I $_��� I &<� G N t

� GJI $ R�ÿ G &�$ �1I &SL N � �%$ ! Ru�%���S�*$]}k� I L NMN �%$ Ω#
j = C �S� N R+� GfG ��� G &S&S"%� H0

{ � R½LM$P& GJI $ !HGJI �#��L G &S$'U�@ýJ?u9wýJ? �2x G LM$#LM��&�� L ��!hG �]')�r� I � NMN ��� GfG �#� G &S&S"*� τ#
j (H0)

!HGJI � τ#
j ∈ Aff(C) t�Ç & ! ���*$y�*��LÑÿ½RQ&(']� I �

0 ∈ Ω#
j
�#� ! �#"%$#�%&(')� N R�}k� I L NMN �×$��S�r' G �#LM� NMN � {y = 0} {G�%�'�2x G L��û$��Y��"%� I LÑ')m τ#

j ∈ C∗Id t � GJI $ !hGJI ÿ G &S$�%&�� G ���Y�SL � LM& I �*�¶�%�r'�'�� N L K �%�]')"��S���2x G L��Ô�*&Ã�S� � R½&S�=RQ&('V� I � ϕcj $ G LÑ'�'�R½&SOJ�%&(')m exp (2iπµ/k) Id t
� ¨^´P´�²äµ�t·¥Bt �>¡ Ï �.:Äþ�w�?~ÿ.-Õþ�/B3r#&%�9;?±wI+!þ�#&9�9wý�+B9;3�3�A2þ2ÿ�+E')3gÿ�#&%!'E<�/Yþ¢þ2ÿ��!'B#2þ§+!þ2ÿ=KHþ./{?G:G:~þ2ÿ

Ω#
j

-Õþ.:�<�/Gþ �+E')3gÿ}#2þ2ÿI#&9�9wý�+B9;3�3�A2þ2ÿ �
(

ϕcj
)′

(0) = e2iπµ/k
. µ�t·¥Bt £ 1

(

ϕnj
)′

(0) = 1.��þ}#&%�9;?±w9þ2ÿ.-T/B3�?@<�/Yþ�<�/{?G-@-Õþ}|9þ²¨Qþ&#.-@/Yþ�ý¢ÿ.?G(}/{: -u')3�A.(�þ.3�-S:~þ$(UH.(�þI#&%!')3Bv!þ.(�þ.3�-�+!þI#&9�9wý�+B9;3�3�A2þ2ÿ
h 7→ ch+E')3gÿ$-s9;/³ÿ$:~þ2ÿ

Ω#
j

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Æ G L ' α := exp(2iπµ/k) �*'_& G ' G &S$ h#

j

N Rr� GÚG �#� G &S&�"%���S� Ω#
j = C �G�2x=Ru� I �

R !S! N L~��R�')L G &
ϕcj(h

nc
j ) = βcjh

nc
j + . . .

�S�*ÿfLM�*&('
ϕ̃cj(h̃

nc
j ) = αh̃ncj + . . .

N G �#$y� I � G & ! �#�%&S� h̃ncj := α
βc

j
hncj

� G���� �¾� GfG ��� G &S&S"%� ��� Ωnc
j
!hGQI � 0 < j < k t R � � � � ��{D�*&

�EG �SL��=RQ&(' hcnj �*& h̃cnj := 1
βn

j
hcnj

!hGQI � 0 ≤ j < k { N �%$¼'��)RQ&�$n} G � � R½'�L G &�$
ϕnj (h

cn
j ) = βnj h

cn
j + γnj�S�*ÿfLM�*&S&S�*&�'

ϕ̃nj (h̃
cn
j ) = h̃cnj + γ̃nj .



Ynì ©&ì�d�Å�Â�ÈSÈ-Êí�Êd�ÂBÁ�Êb�`æÂ_`¸Â¸Å&ùDÁ�ÊGú�ï¸Æ jnj Ý
q�R-�S�*��&SL��%�#��'��)RQ&�$n} G � � R½'�L G & $S� "S�%�#LÑ'

ϕc0(h
cn
0 ) =

βc0
βn0
hcn0 + . . .

�*' G &1ÿQ� I ' ��G &(')���*� � I � βc0 = αβn0
tEW?&S�¶} G LM$ �*�S�%L�"*'�R K N L�{ N R¢�%LÑ�y� I N RQ�#LÑ')";�S�%$��#�S� G NMN � � �%&(')$ . ÿ G LÑ���=O I ���

µ�t´¥!t´¥�1�L ��!HG $��#� I � N G ��$ ��� I &[�2x=R½&SOJ� � �%&(' h̃#
j0
7→ ch̃#

j0
{Ú$#L G & $ GQI x=RQL ')�V� G &S$#�%�]ÿJ�%� N �%$ �1I N ')L ! N L~�%R½')� I ��$

�%& 0 ����' GJI $ N �*$ ϕcj �*' ϕnj {SL N }�R I 'a��»°���*' I �%� N � � � � �i�2x=RQ&SOJ� � �*&('
h̃#
j 7→ ch̃#

j�=RQ&S$ N �*$aR I ')�#�%$a�%$ ! Ru�*�%$×���%$�}k� I L NMN �%$St
Æ I �Q�2x=R�� I �-$��S�r')� I � V #

j
& GJI $PR�ÿfL G &S$Q�2x G LÑ$�L h#

j := H0
� G��a� �ULÑ&(')"%OQ�)R N � ! �#� � L~�*���Y� G &S&=R½&�' N R

ÿQR½��L¥R K N �Y�S� Ω#
j
t¸q®�%$×& GJI ÿQ��R I �L�2x G L � h̃#

j
� I �1& GJI $?ÿJ�%& G &S$P�S�Ø}�R½LM���Y�%&('��)R�ÈM&S�%&('Q� I � L N ���ÚLÑ$#')� c 6= 0')� N � I �
h̃#
j = cαjH0 .

Á RQLM$ N R �EG & G �S� G�� LM�×��� N RØ} G &��r')L G & �UI N '�L�} G � � � H0(x, y) = yx−µ exp
(

−x−k/k
) "*')RQ&('

H0

(

xe2iπ, y
)

= e−2iπµH0(x, y),L N $S� �%&�$ I L '¢� I �'�%�r'�')�Y�S�*��&SL��%����� G LÑ'#�*'����'� G���! �%&S$#"%� ! RQ� N Rr� Gu�E!HG $�L ')L G & ϕc0 ◦ . . . ◦ ϕck−1

. N �*$a'��)RQ&�$ fN R½'�L G &S$ ϕnj $ G &('a'�R½&SOJ�%&('��%$Vm N � LÑ�S�%&('�LÑ')"×�%& N � LM&g�=&�Lë1�t ¤ �S�*L�Ru�2x��*ÿQ� N R ! ��� I ÿJ��t �� GJI $a�S"��=&SLÑ$�$ G &S$S{ !HGJI � I &9�2x G L �+�g�Ú"��S�%$V� GfG ��� G &S&S"*�%$a�S"��S&SLM�*$V�*L f �S�%$#$ I $�{
m(Z) :=

(

P, ϕcj, ϕ
n
j , f

c
j

)

j

�*'_& GJI $a�SLÑ� G &�$�� I � m(Z) ∼ m(Z̃)
N G ��$n� I �

(∃c ∈ C∗, θ ∈ Z/k) (∀j ∈ Z/k) :







P (e2iπθ/kx) = P̃ (x)
ϕj+θ(ch) = cϕ̃j(h)

f cj+θ(ch) = f̃ cj (h)
.

ª�¨^´�²©¯gûDÏ Â¤ÿJ��� N �%$#�2x G L �+� I �Y& GJI $_R�ÿ G &�$V}�RQL ')$�{
m(Z0) =

(

P, e2iπµ/kId, Id, 0
)

j
.

R � R ! �y�*$ N R ! � GJ!HG $�L ')L G & . µ�t´¥!t � º ! t �u��� 1�{½��� I &S� ! R½�#' (f cj )j ��� ! ��"*$��%&('�� N �%$·LÑ&(ÿQR½��L¥R½&�'�$©��� N R)� N RQ$#$�L�� f��R½'�L G &Y'�RQ&SOQ�%&(')LÑ� NMN �u{��r'���� R I '���� ! RQ�#' Z �*$#'��S�;'Õs ! �Û� G &�ÿQ�%�#OJ�%&('�$#LÚ�r'·$�� I N � � �*&('·$�L ϕnj = Id !hGQI ��' GJI '
j ∈ Z/k t R � ! N I $�{=& GJI $_����� G &S&SRQLM$#$ G &S$?�%& (ϕcj, ϕnj )j N �*$aLM&(ÿ½RQ��LMRQ&(')$a�S�UÁ RQ�#'�LM&S�r' f

/ R � LM$¼RQ$�$ G �*LM"%$VmN RØ� N RQ$#$�L�����R½'�L G & G � K L '�R N �u{f� G &S&�"%$ ! R½� N �_'TxS" G �y� � � . µ�t·¥Bt´¥ ! t � ¦u�³1�tBq®�×'TxS" G �y� � �×$ I L ÿQR½&�'¼"*'�R K N L 'Û� I �
m(Z) �*$#' K LÑ�%& N � LÑ&�ÿ½RQ�#L¥RQ&(';�S� N R]� N R½$�$�L��Y��R�')L G & �S� Z = UX t�q G ��$y� I � k = 1 {B� I tÚÅ2t^ÁÃ�*$y�2xS�*�ns(R�p G ÿ½R
�*'EÆÄt·Á7tkM G � G &SLÑ& 	 bdc�
�O j�� G &('-��"��%� ��� �%&('-�*'1LM&S�S" ! �*&S�=R � �%&('	R½&S& G &��*" I &���"*$ I N '�R½'ULM�S�*&(')L~� I ��t¤ � ! �%&S�=R½&�' N � I ��')���2xS&SL~� I ���*$#'�ÁÃ�%$nx��2xS�%�zs(Rup G ÿQR �EG LÑ&S$×�-� ! N L��%LÑ'��Q� I � N � R !S! � G �2x��YLÑ&(')� G � I L ')��L��%L�t

ü �¨ ð ¯¤¨^´ µ�t·¥Bt �>£ Ï ¥ 9;? þ.3�-
Z
þ.-
Z̃

+!þ./�w#&%!')(*�Yÿ>+!þ�,uþ&#.- þ./!ýTÿTK�9wýJ(�þ.:G:~þ.(�þ.3�-\#&9;3��J/)v)/�A2ÿI|
Z0 =

PX0

�
. � 1 (Z ≈ Z̃

)

⇔
(

m(Z) ∼ m(Z̃)
) �

. ¥�1}¶ 9;/!ý�-s9;/B- (
ϕcj, ϕ

n
j , f

c
j

)

j
⊂ Diff(C, 0) × Aff(C) × C {h}

ÿ�')-@?~ÿ²Kn')?~ÿ�')3�-�:~þ2ÿ�#&9;35+)?G-@?u9;3gÿ
� Î5�V�B�fen��þ.-

f cj (0) = 0 � ?G:�þ�w�?~ÿ.-Õþ
Z

-Õþ.:g<�/Yþ
m(Z) =

(

ϕcj, ϕ
n
j , f

c
j

)

j

�
. �³1 ¥ 9;?G-

ε 7→ Zε
/B3¸þkKn')(}?G:G:~þ*')35'): 1;-@?@<�/Gþ�+B9;3�-�-�9;/³ÿ*:~þ2ÿ0A.:VA.(�þ.3�-ëÿ

Zε
ÿ�9;3�-{K�9wýJ(�þ.:G:~þ.(�þ.3�-L#&9;3��J/{7v)/�A2ÿ�|

Z0

�\¦\3q�Yþ./B-§#&%�9;?~ÿ.?ëý
m(Zε)

+!þiÿ�9wý.-Õþ�<�/Yþ
ε 7→ m(Zε)

ÿ�9;?G-\')35'): 1;-@?@<�/Gþ��



jyj�� YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1_Æ IS!S!HG $ G &S$×�SRQ&S$ I & ! ��� � LÑ�%�a')� �E! $V� I � m(Z) ∼ m(Z̃) t=� I L '�')�'mvR !S! N L�� I �%�_R IÃ! ��"%R N R K N �I &S� � G '�R�')L G & j 7→ j + θ �*'�m �2x G LM$#LM�-�S�*$�� GfG �#� G &S&S"*�%$�� G &(ÿQ�%&=R K N �%$E�=RQ&S$ N � �%$ ! Ru�*�Ã�S�*$a}k� I L NÑN �%$�{G & ! � I 'Ô$ I�!S!hG $��%�+� I � N �%$v�#�S� G NMN � � �%&(')$ gcj �r' g̃cj .zýTþ2ÿ����

gnj
�*' g̃nj 1E$ G &('Ô"%O(R I �¸tÛq®� �SL¥RQOQ�)R ��� �� G����1I ')R½')L�} . µ�t·¥Bt � 1 �EG &�'����YR N G ��$¶� I � Z ≈ Z̃ t/ "��%L ! � G � I � � �%&('H{·$#L Ψ ∈ Diff(C2, 0) � G & v#I O I � Z m Z̃ { N R ��� � R½�y� I � . µgt´¥Bt � ! t � ¦³¥�1 ! �*� � �*'�S�E$ IS!S!HG $��*�]� I � Ψ �%$#'Y'�R½&SOJ�%&(']m N � LM�S�*&�'�LÑ'�"1�%&�P x QT{�� I LÑ'#')��m R !S! N L~� I �%� I &S�	� G ')R½')L G & j 7→ j + θ�=RQ&S$ N �%$×LÑ&S�SL��%�%$�RQ$�$ G �*LM"%$Qm Z̃ t�q®�*$PR !S! N L~�%R½')L G &S$ Ψ∗Ψ#

j
& G � � R N LM$��*&('×$#�S�*' G ��LÑ� NÑN � � �%&(' Z̃ {�R½LM&S$#L�� I �N �%$_R !�! N L���R½'�L G &S$ Ψ̃#

j
R½$�$ G �%LÑ"%�*$)m Z̃ tGq¤R ! � GJ!hG $�LÑ'�L G & . µ�t·¥Bt � � ! t �u��� 1 ! �%� � �*'_R N G �#$���� "��%�#LM���

Ψ̃#
j =

(

Ψ∗Ψ#
j

)

◦ s#
j

!hGJI � s#
j ∈ ÅÍ$ G (Z0, V

#
j

) {g�u� �%$#' f m f �SLM�#� s#
j = ρ(c#j , t

#
j ) R�ÿQ�S� c#j ∈ C∗ �*' t#j ∈ C tH��& R	R N G ��$

g̃cj = Ψ∗gcj ◦ ρ
(

ccnj+1

cncj
, tcnj+1 − tncj

)

= ρ
(

ψ̃cj , f̃
c
j

)

,

R�ÿQ�S� N � � � � �-'Õs ! �E��� "*O(R N LÑ')"*$ !HGJI � g̃nj t�q®�a�2x G L��ò���%$Ø� GÚG ��� G &�&S"%�*$1�=RQ&S$ N �*$ �*$ ! R��%�%$-���%$]}k� I L NÑN �*$��»h�S�*' I " R I N � ��� � . µ�t·¥Bt ��¡ ! t ��� º³1D�*&�'��)R�ÈM&S�YR N G ��$¶� I �
c#j = c

t#j = t .

o�LM&=R N � � �%&('S{ m(Z) ∼ m(Z ′) t. ¥�1¼Ä GJI '_��� R KhG ����{ N ��'yxS" G �y� � � . µ�t·¥Bt·¥ ! t � ¦u�³1 . ¥�1 ! �*� � �*'_�S��')� GQI ÿJ�*� I &¾�2x=R ��! ���YÿQ�S�*'�� I �#$ X$ GJI $#} G � � ����� R I N Ru�P'�� N � I �
m(X) =

(

ϕcj, ϕ
n
j , 0
)

j
.

Ç &�$ I L ')�u{ !SI LM$y� I � !HGJI � U(x, y) = P (x) + xyŨ G & R �
m(UX) =

(

ϕcj, ϕ
n
j , T j

X

(

1

U
− 1

P

))

j

,

N R ! � GQ!hG $#LÑ'�L G & . ¥Bt�µ�t¹µ ! t ¡B� 1Û} GJI ��&SL ' I & OJ�%� � � Ũ ∈ C {x, y} ')� N � I �
TX
(

1

U
− 1

P

)

=
(

f cj
)

j
.

¤ �S�%L�Ru�2xg�*ÿJ� N R ! �#� I ÿQ� ��� N R-��"�R N LM$�R½')L G &v�S�*$aLM&(ÿ½RQ��LMRQ&(')$St. �³1   �%�#LÑÿ G &S$ Zε = UεXε
$ GQI $'} G � � �-�S� R I N Ru� . ¥Bt·¦Bt � 1-t¤� I ')�#� N � LM&(ÿ½RQ��LMRQ&('Q} G � � � N Pε {D� I LÜ��" f! �*&S� RQ&=R N s�')L�� I � � �%&('×��� ε { N �*$×LM&(ÿ½RQ�#L¥RQ&(')$a�S� Zε ! � I ÿJ�%&('i�r')�#�ULM���%&(')L��="%$¢m��S�*$ ! "%��L G ���%$Y�@��� �*$#' N R! � GJ!HG $#LÑ')L G & . µ�t´¥!t � º ! t �u��� 1�t¸q¤Rv�S" ! �%&S�SRQ&��%��RQ&SR N s�')L�� I �1�S� N R ! "%��L G ���1�%&æ} G &��r')L G & � I¸! RQ��R � �*')�#�. ! � GJ!hG $�LÑ'�L G & . ¥Bt�µ�t £ ! t ¡ µ�1n1 ! �*� � �*'_R N G ��$����'� G &�� N I �#�ut �½�ª�Í�ª±½hª å jG��jÄ±0± ¨ i0��c Ñ õ�� ¨�Ñ ��f�c!±R� Ñnm °�f(g>��ikc Ñ � â ¨ �Qg�jG��i ÑS¨ g�i�jHeS� �xf��½iëÓ5f�c<�¤c Ñ i�eÄÓ ¨ �½i ¨ ehg Ñ ª

Ä GJI '?�¸� R KHG �#��{ ��G &(')� G &S$ I & ! ��� � LÑ�%��� G � G NÑN RQLÑ���V� G &��*�%�#&=RQ&(' N �%$�} G � � �*$¼')� ��! $ KHþ�ýJ(UA2þ2ÿ t
��ð ¯ ð ñfñf²©¯�� µ�t´¥!t � �SÏ�" þ�#&%!')(*�

UX
þ2ÿ.-*')35'): 1;-2?@<�/Yþ.(�þ.3�-0#&9;3��J/)v)/�AU|9ÿ�'�K�9wý.(�þ}3�9wý.(t'):~þ�K�9wýJ7(�þ.:G:~þ0-Z')3Bv!þ.3�-@? þ.:G:~þ

PX
ÿ.?Ûþ.-�ÿ>þ./{:~þ.(�þ.3�- ÿ.?L:~þ2ÿLK�9wýJ(�þ2ÿ0-Õþ.(*�Yÿ>+!þ

Z
ÿ�9;3�-�KHþ�ýJ(UA2þ2ÿ��

Ç &5}�RQL 'H{�L N $ I Ô�'V� I � I &S��} G � � ��')� �E! $�$ G L '�}k�%� � "%� !HGJI ��� I � N �*$aR I ')�#�%$ N �P$ G LM�*&('×R I $�$#L t



Ynì ©&ì�d�Å�Â�ÈSÈ-Êí�Êd�ÂBÁ�Êb�`æÂ_`¸Â¸Å&ùDÁ�ÊGú�ï¸Æ jnjÕó
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ = ��� � L~�*��� � �*&�'S{u� G��a� � I &S�Û} G � � �Ü')� �E! $ τ := dx

P (x)xk+1
��� PX �%$#'�}k�%� � "%��{

I &Ã$#�%&S$_�%$]'¢� N RQLÑ� ! R½� !�I NMN f K Ru�2p �
(dτ = 0) ⇒ d (ψ∗τ) = ψ∗dτ = 0 ./ "��%L ! � G � I � � �%&('H{=$#L dτZ = 0 {^R N G ��$ N �%$aLM&(ÿ½RQ��LMRQ&(')$¼���'� N RQ$#$�L��Y��R½'�L G &v')RQ&SOJ�*&(')LM� NMN �
f cj (h) =

∫

γj(h)

(

1

U
− 1

P

)

dx

xk+1

$ G &(';& I N $ ��� R ! �y�*$ N R¢} G � �UI N ���S�)ÙP���*�%& f / LÑ� � RQ&S& . N RQ} G � � � ( 1
U
− 1

P

)

dx
xk+1

�%$#'�x G N G���G � ! x��¼�%& (0, 0)1P�
∫

γj(h)

(τZ − τ) =

∫ ∫

d (τZ − τ)

= 0 .R � Guò N �P��"%$ I N ')R½'Ht �

µ�t´¥!t¹µ�t � t �S'wÿ'ýCA2þ.:F� � GJI $aÿ GJI N G &S$ ��G &(')�#�%�#� I � N �%$aLM&(ÿ½RQ�#L¥RQ&(')$����]� N RQ$#$�L�����R½'�L G & RQ&=R N s�')L�� I �u{�ÿ I $
� G���� � ! "%�#L G �S�%$�{H$ G &('�L � RQOQLM&=RQLÑ���*$ !SI �#$ N G ��$n� I � Z �%$#' I &L�2x=R �E! �S�YÿQ�S�r')� I ��$��#"%� N . !HGJI � GJK '��%&SLÑ�
�S�%$ÜLM&(ÿ½RQ��LMRQ&(')$·�#"%� N $S{QL N $ I Ô	'Ü�S�a�SLÑÿfLM$#�%� N �%$ ! "%�#L G �S�%$ ! R½� 2iπ 1�t ¤ � N RP�S"S� GJI N ���SLM�#�S�*'�� � �%&(' � I N � �a� �$ I L ÿQR½&�'Y�

� ¨^´P´�²ñµ�t´¥!t´¥u¦SÏ ¥ 9;?G-
Z

/B3�#&%!')(*�äýCA2þ.:�þ.-
G ∈ R {x, y}

�=¹*:V9wýTÿ � ��9;/BýD-�9;/{-
M ∈ ∪V c

j

º
TX (G) (M) = −TX (G)

(

M̄
)

.è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�ÅÕ�%L�P Q̄P��"%$�LÑOJ&S� N Rr� G & v#I O(R½LM$ G &9� G���! N �-����t=Å N $ I Ô	'?�S� �EG &('����%��� I � N ����sB� N �
RQ$ns ��! ' G '�L~� I � γ∞j (M) �*$#' '�RQ&SOQ�%&(')LÑ� NMN � � �%&('+x Gu�EG ' GJ! �7m γ∞j (M̄) R�ÿQ�S� N � G ��LÑ�%&('�R½'�L G & LM&(ÿJ�*��$�"*�utÁ RQLM$#�*�S�%L¤�*$#'_L ��� "*�SL¥R�'H{ !SI LM$n� I � �SRQ&S$ Vj ∪ Vj+1

L N &¸��s Rr� I � I &S�'� N R½$�$��Y����x G���G ' GQ! LM�×')RQ&SOJ�*&(')LM� NMN �
�S����s!� N �URQ$zs �E! ' G ')L�� I � . m G �#LM�%&(')R½')L G & ! �y�*$21-t �

µ�t´¥!t¹µ�t·¥Bt ¥ 1;(UA.-�ýJ? þ2ÿ��
q�� "*' I �S�v���%$U$zs � "r')��LÑ�%$ $��S�r' G �#LM� NMN �*$ ��� Z0

. �r'1� G &g� �S� Z ,�?@' N �%$ R !S! N L~�%R½')L G &S$��S�[Ü I p I x=RQ��R f��L �1I ��R f Á R�' I �=R�1U& GJI $ ! �*� � �*'��S� �S"S�*��LÑ��� N R¸$#'�� I �r' I �#�Ã� I OJ� GQIS! �Ô�S�*$ OJ�*� � �%$	�S� $ns � "*')�#LM� �%&
(0, 0) �S� Z t=Å N �*$#'?LM$ G��EG � ! xS�Qm (G,o) × (C,+) G�ò G �%$#' I & $ GJI $ f OQ� GJIS! �P�S�

Ĝ := (Z/k,+) × (C∗,×)

�1I &SLÚ�S� N R N G L o ! � G � I LÑ'St � GJI $�LM���%&(')L�� G &S$ G OJ�8¢u�%�¶m N � Ru�*'�L G & �S� Ĝ $ I � N �%$·LÑ&�ÿ½RQ�#L¥RQ&('�$��S� Z t = G $ G &S$
m(Z) :=

(

P, ϕcj, ϕ
n
j , f

c
j

)

j

I &Ô��� ! ��"*$��%&(')RQ&('?���%$�LM&(ÿ½RQ�#L¥RQ&(')$DRQ&=R N s�')L~� I �*$¼�S� Z tgq®�POJ� GJI�! � Ĝ RQOQLÑ'¼$ I �
{

m(Z̃) : Z̃ ≈ Z
} ! R½�

(θ, c) ∗
(

P̃ (x), ϕ̃cj(h), ϕ̃
n
j (h), f̃

c
j (h)

)

:=

(

P̃ (e2iπθ/kx),
1

c
ϕ̃cj+θ(ch),

1

c
ϕ̃nj+θ(ch), f̃

c
j+θ(ch)

)

.

Â×LM&�$�L-ÅÍ$ G (Z, 0) $#���S"S� G��E!HG $#�m&SR½' I �#� NÑN � � �%&(' �*&WÅÍ$ G
N (Z, 0) × ÅÍ$ G

T (Z, 0) �*&WLM���%&(')L��^RQ&(' G m
ÅÍ$ G

N (Z, 0) tDq®�%$Y" N " � �%&(')$��S��ÅÍ$ G N (Z, 0) $ G &�' �S� N R[} G � � � (e2iπθ/kx, cy + . . .
) {®� G &�� N LÑ&S"�RQLÑ���*$��%&P x QTt



js©�ª YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
��ð ¯ ð ñfñf²©¯��Zµ�t·¥Bt´¥ � Ï
. � 1}" þ*vuýC9;/��Yþ��2ÿ�9

(Z, 0)
þ2ÿ.-S?~ÿ�9;(U9wýZ��%Yþ�|

(G,×) × (C,+) � 9;�
G =

{

(θ, c) ∈ Ĝ : (θ, c) ∗m(Z) = m(Z)
}

.��þ�vuýC9;/��Yþ$3¸þ�+BA��Yþ.35+D�!'wÿ�+)/¾ýTþ��@ýCA2ÿ>þ.3�-u')3�-
m(Z)

#&%�9;?~ÿ.?@�
. ¥�1}" þ*vuýC9;/��Yþ

G
þ2ÿ.-S?G3�oS3�?�ÿ.?Ûþ.-�ÿ>þ./B:~þ.(�þ.3�-�ÿ.?

Z ≈ Z0

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 10W?&Þ�2x G L����S� m(Z) �%$]'��g�Ú" �h�%� N R �#�*ÿfLM�*&�'�mÃ�SLÑ���a� I � I & �2x G L��ò�S�*$�� GfG �#� G &S&S"*�%$1�SRQ&S$ N �%$�%$ ! Ru�%�*$×�S�*$#}k� I L NÑN �*$ Ω#

j
�S� FZ

�*$#'#�g�Ú"ut
Æ G LÑ' (θ, c) ∈ Ĝ ')� N � I � (θ, c) ∗m(Z) = m(Z) t=Ç�&Ô��� �EG &�')RQ&(' h 7→ ch ! RQ� N � LÑ&(')"%OQ�)R N � ! �#� � L~�%�#�$��S�r' G �#LM� NMN � H#

j+θ

(

e2iπθ/kx, ·
) � G��a� �-�%& . µgt´¥Bt¹º³1-{ G & GQK ')LÑ�%&('Y�S�%$Y$ns � "*')�#LM�*$�PÍ$����*' G ��LM� NMN �%$RQ N LÑ&S"�RQLÑ���*$

�%&�P x Q
Ψ#
j : V #

j → V #
j+θ

� I L�$����#�S� G NMN �%&('¼�=R½&S$ N �*$¼LM&('��%��$#�S�r')L G &S$¼�%& I &S��$ns � "*'���LM� ΨN
t R � ! N I $S{ !hGJI �D' GJI ' t ∈ C { Φt

Z
�*$#' I &

OJ�%� � ���S��$ns � "*'���LM�P�*& (0, 0) {=���Y$ G �#'���� I � L N ���ÚLM$]')� I &S��éY���2xS� ρ : G × C → ÅÍ$ G (Z, 0) t/ "��%L ! � G � I � � �%&('H{®$ G LÑ' Ψ ∈ ÅÍ$ G (Z, 0) thq®�	�SL�»°" G��EG � ! xSLÑ$ � � Ψ LÑ&S� I L 'P��� I &S� ! RQ�]' I &S� ! �*� �1I f'�R½'�L G &æ�*LM�y� I N R½LM��� j 7→ j + θ {®�*'���� R I '���� ! R½�#' I &S�%x Gu�EG 'yxS"*'�LM� h 7→ ch � I L R[�*�*'�'��	"S�%�#LÑ' I ���	�=RQ&�$' GJI $ N �%$?�%$ ! Ru�%�*$P�S�%$)}k� I L NMN �*$ Ω#
j
thÅ N $S� �%&�$ I L ' K LM�*&L� I � (θ, c) ∗m(Z) = m(Z) thÇ�& GJI '���� N �]� GJIS! N �

(θ, c) ∈ Z/k× C∗ �*$#' I &�L~� I � � �%&('a�S"r')�*� � LM&S" ! RQ� Ψ �*'a�*& ! RQ�#'�L~� I N LÑ�%�D&����S" ! �%&�� ! R½$�� I �2x G L �û�S�
m(Z) t³q¤Ri� G���!hG $�LÑ'�L G & Ψ−1

N ◦Ψ LÑ&S� I L ' I &S��$zs � "r')��LÑ��� I LS$�� ! � Gwv �*'#')��$ I � N � LM�S�*&(')LÑ'�"D�=R½&S$ N �%$��%$ ! Ru�%�*$
�S�%$¢}k� I L NÑN �*$Y� G & ��G &(')�#�UR N G �#$)� G��a� ���=RQ&S$ N R ! � GJ!HG $#LÑ')L G & . µ�t·¥Bt � � ! t ����� 1#� I �]�%�*'#')�1$zs � "r')��LÑ� �*$#'
�S� N R¢} G � � � ΦF

Z
R�ÿQ�S� Z ·F = 0 �*' F ∈ C {x, y} t R � R ! �n�%$ N � N � ��� � . ¥Bt � t � ! t � �³1-{��%���%L^&�� �%$#' !HG $�$#L K N �� I �U$�L F = 0 t@q�RréY���2xS� ρ �*$#'×� G &��Y$ I � v �S�r')LÑÿQ�ut = RQ�?RQL NÑN � I ��$�{S$�L ρ(θ, c, t) = ρ(θ′, c′, t′) {^& GJI $×R�ÿ G &S$�EG &('���"r� I � θ′ = θ

. �=RQ&�$ Z/k 1×�*' c = c′ t®Á RQLM$×L N �*$#'YL ��� "%�SLMR½'_�S� �EG &('����%�¢� I � Φt
Z = Φt′

Z
$�L��*'

$�� I N � � �%&('_$�L t′ = t t= GJI �#� G &�� N I ����{ ρ �*$#' I & LM$ G��EG � ! xSLÑ$ � �ut. ¥�1�W?&v$#�%&S$��*$#'�"rÿÚLÑ�S�%&(' !�I LM$n� I ��ÅÍ$ G (Z0, 0) ' Z/q×C∗ ×C t / "S�*L ! � G � I � � �*&('H{f$�L G �*$#'�LÑ&g�=&SL�{
Z !HG $#$y�%��� I &S�-LM&B�=&SLÑ'�"1�S�-$zs � "*'���LÑ�%$×')RQ&SOJ�*&�'��%$'m N � LM���%&(')L ')"U�*&rP x Q . G �*$#'i�=&�L�$�L��*'�$�� I N � � �*&('�$�L
{0} × C∗ ∩ G �*$#'��=&�Lë1�t©Æ G LÑ' ajhn N �	')�%� � �E& G &«& I N �S�E�S�%OJ�#" � LM&SL � R N �S� f cj (h) {�$S� L N �-��LÑ$#'��ut�q�R� G &S��LÑ')L G & f cj (ch) = f cj (h)

�*&(')�)R;È¥&S�)� I � aj = cn−1 {g�*�Q� I L��%$]'�L ��!HG $�$#L K N � !SI LM$y� I � G & ! � I '¼'�� GJI ÿQ�%�
I &S�PLM&B�=&SLÑ'�"��S�×'�� N $ c t�Â×LM&�$�L f cj = 0 tSÇ�&Ô�)RQLÑ$ G &�&=RQ&('¼�S� � � � �u{ G & ��G &(')���¢� I � ϕcj(h) = e2iπµ/kh �*'
ϕnj = Id t �

ª�¨^´�²©¯gûZµgt´¥Bt·¥�¥SÏ
. � 1UÆÚL Z &¸� �*$#' ! RQ$ERQ&=R N sf'�L~� I � � �*&�'%� G & v#I O I "<m Z0

{ G & ! � I '	ÿJ"%�#L��=�*�a� I � N � G &mR N �%$	$ I LÑ'��%$
����Ru�*'��%$_$ I L ÿ½RQ&(')�%$ !HGJI �#�%�*�#')RQLM&S$��*&(')LM�*��$ q|k �*' β|k �

q ·
0 → {0} × exp (2iπZ/α) ↪→ G −→ Z/k → Z/ (k/q) → 0

zp

0 → Z/β × {1} ↪→ G −→ C∗ � C∗ → 0,

R�ÿQ�S�
βp = #G = qα .



Ynì ©&ì�d�Å�Â�ÈSÈ-Êí�Êd�ÂBÁ�Êb�`æÂ_`¸Â¸Å&ùDÁ�ÊGú�ï¸Æ j�©-j
. ¥�1]q¤�û��"*ÿJ� N GJ!�! � � �*&�'	�*&�$#"%�#LM�û�S� Z &S�+� G &(')LM�*&('%� I � ���%$-')�*� � �%$-�S� N R<} G � � � yaxbβ R�ÿQ�S�

a, b ∈ N { !SI LÑ$y� I � (x, y) 7→
(

e2iπ/βx, y
) �%$]' I &S� $ns � "r')�#LM� ��� Z {��r' β �%$]' GJ! '�L � R N t¤Ç�&

OJ"%&S"*�)R N β = 1 t. �³1UÆÚL Ψ ∈ ÅÍ$ G (Z, 0) �%$]'E')RQ&SOJ�*&�'��<m N � LM���%&(')L ')"v�*&ÅP y QûR N G ��$ ρ−1(Ψ) = (θ, e−t, t) !HGJI � I &�%�%�]'�RQLÑ& (θ, t) ∈ Z/k × C tSÇ�& GQI ')�#�u{ !HGJI �D' GJI ' Ψ ∈ ÅÍ$ G (Z, 0) {SL N ���ÚLÑ$#')� I &S��$ns � "r')�#LM� ΨNN LM&�"�RQLÑ���×�*&�P x Q . �u� �%$]'Qm-�SLÑ��� ΨN ∈ ÅÍ$ G
N (Z, 0) 1¼�*' I &S��$ns � "*'���LM� Ψ0

'�RQ&SOQ�%&(')�'m N � LM�S�*&�'�LÑ'�"
�%&�P y Q�� I L G &(' N R � � � � Ru�*'�L G &9� I � Ψ $ I � N � �%$ ! Ru�*�1�S�%$)}k� I L NMN �*$St � GJI $×�*& �S"%� I LM$ G &S$¢� I �N RÔ$�� I N ��$ns � "r')�#LM���S� Z '�RQ&SOQ�%&(')��m N � LM���%&(')L ')"	�%$]' N � LM���%&(')L ')"-$�L�{¤�*'1$#� I N � � �%&(' $�L { Z &�� �%$#'! RQ$i� G & v#I O I "%m Z0

�*' α = 1 t�� I �*&�� G �#�-$�L·�r'�$�� I N � � �*&�'�$#L N Rv$#� I N �-$ns � "*')�#LM�Ø� K ��"*�-�%$#'N � LM�S�*&�'�LÑ'�"ut
Å N �*$#'�P¿�)R½���.Q !hGJI � I &¾�2x=R ��! �S�YÿJ���*')� I ��$×&�½ I � f � G N Z �S� !hG $�$�"*�S�%�?�S�%$?$ns � "*')�#LM�*$ N LM&S"%RQLM�#�%$a�%&P x Qv���%&òOJ"*&S"%��R N ÅÍ$ G

N (Z, 0) = {Id} t�Â×LÑ&S$�L�{°& GJI $ !hGJI ÿ G &S$��S"*� I LÑ���%� I � �*&�OQ"%&S"*�)R N·N �r� G & G sJR I �S�N RU�S"*��L ÿQR�')L G & X· ��"S�%�#LÑ'��-��Ru�*'�� � �%&(' N � �%$ ! Ru�%�×�S�%$�LÑ&�ÿ½RQ�#L¥RQ&('�$D�S� N R]� N RQ$�$#L��Y�%R½')L G &�{Bm]}k� I L NMN �*')RQOJ�#�g�Ú"u{�S�%$V�2x=R ��! $a�S� N RØ} G � � � UX t ¤ � �%$]'¢�*��� I � & GQI $�}�RQLM$ G &S$��=RQ&�$ N � ! RQ��RQOJ�)R ! xS�P$ I LÑÿ½RQ&('Htè ¨5é�£¶ ©£¥¢¤£ ð  �µ�t·¥Bt·¥u�=Ï � GJI $û�SLÑ� G &S$�� I � X �%$#' ²�ffexf!��i0��¤c N G ��$n� I � ÅÍ$ G
N (X, 0) = {Id} t�Ç�&! RQ�#'�L~� I N LÑ�%�S{ X &�� �*$#' ! RQ$a"S� I L ÿ½R N �*&�'Vm X0

t

µ�t´¥!t¹µ�t¹�gt À 'B#.-s9wýJ?~ÿ�')-@?u9;35�
��ð ¯ ð ñfñf²©¯��çµ�t·¥Bt·¥�µ^Ï ¥ /��E��9>ÿ�9;3gÿt<�/Yþq+!þ./�w~#&%!')(*�Yÿt+!þI,uþ&#.- þ./!ýTÿ

Z
þ.-
Z̃

A&#�ý.?G-ëÿ�ÿ�9;/³ÿ\K�9wýJ(�þq+!þ
� /{:F'B#'ÿ�9;3�-�')35'): 1;-@?@<�/Gþ.(�þ.3�-�#&9;3��J/�v)/�A2ÿ��x¹*:V9wý2ÿ�?G:·ÿ>:~þ�ÿ�9;3�-k�!'uý�/B3°#&%!')3Bv!þ.(�þ.3�-\+!þ�#&9�9wý�+B9;3�3�A2þ2ÿ><�/{?
ÿ>þ>+BA&#&9;(*��9>ÿ>þØþ.3

Ψ :=
(

e2iπθ/kx, y
)

◦N ◦ T9;�r:~þ>+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ*-Z')3Bv!þ.3�-6|U:8� ?@+!þ.3�-2?G-�A
N

þ2ÿ.-5oTpSýCA � þ.-
T = ΦF

Z

'),uþ&#
F ∈ C {x, y}

�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏL� I LÑ'#')�¾m«R !S! N L~� I �*� N �¹x G��EG 'TxS"r')LM� (x, y) 7→

(

e2iπθ/kx, cy
) m Z̃ { G & ! � I '

$ IS!S!HG $#�%�i� I � m(Z) = m(Z̃) t   �%�#LÑÿ G &S$ Z := U1X1
�*' Z̃ := U2X2

t = I LM$n� I � N �*$×�#�S� G NMN � � �*&(')$_�S�%$! RQ�#'�LM�*$ G � K LÑ')R N �*$Y$ G &('1LÑ�S�%&(')L�� I �%$�{©L N �-�ÚLM$#'�� I &��vR !S! N L~�%R½')L G &æ� K �#"%� N {�')RQ&SOJ�*&(')�[m N � LM�S�*&(')LÑ'�"u{D� I L� G & v#I O I � X2
m X1

t   �%��L ÿ G &�$ Z2 := UX1 := N∗Z̃ ��R N G �#$ m(Z2) = m(Z) �r'D��� R ! �n�%$ N R ! � GQ!hG $#LÑ'�L G &. µ�t·¥Bt � º ! t �u��� 1�{ N �%$aLÑ&�ÿ½RQ�#L¥RQ&('�$D'�RQ&�OJ�%&(')LÑ� N $ fj $ G &('
fj = T j

X1

(

1

U
− 1

P

)

= T j
X1

(

1

U1
− 1

P

)

.

Â×LM&�$�L TX1

(

1
U1

− 1
U

)

= 0 �*'_L N ���ÚLM$]')� F ∈ C {x, y} '�� NÑN �Q� I �
X1 · F =

1

U1
− 1

U
.

R � R ! �y�*$ N ��'TxS" G �y� � �i} G &S�SR � �*&('�R N {
(

ΦF
Z2

)∗
Z2 = Z.

Ç & !HG $)RQ&(' T := ΦF
Z2

G & R K LM�*& (N ◦ T )∗ Z = Z̃ t R � ! N I $S{
T ∗T = ΦF◦T

Z

= T,
� G &����%&9�2x G LÑ$�LÑ$�$)R½&�' expF (0, 0) := 1

c
G & GJK '�LM�*&�' N R-�S"S� G��E!HG $#LÑ')L G & ÿ GJI N I �ut �



js©8© YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
q¤� ��"%$ I N ')R½'-$ I LÑÿ½RQ&('	�S" �EG &('���� N � !hG LM&(' . � 1 � I 'Tx�" G �n� � � . ¥Bt � t·¥ ! t¹� � 1URQ&�& G &��*"û�%&��S" K�I '	�S�! RQ�#'�LM��{ !SI LÑ$y� I �YOJ"%&S"*��L�� I � � �%&('_ÅÍ$ G

N (X, 0) = {Id} t��ð ¯ ð ñfñf²©¯��eµ�t·¥Bt·¥ � Ï ¥ 9;?G-
X

/B3´#&%!')(*�¾ÿ�9;/�ÿ�K�9wý.(�þ0+!þ � /B:F'B#�� � þ./�w£#&%!')(*�Yÿ0+!þD,uþ&#.-Õþ./BýTÿ
UXþ.-

V X
'),uþ&#

U(0, 0)V (0, 0) 6= 0
ÿ�9;3�-\')35'): 1;-2?@<�/Yþ.(�þ.3�-\#&9;3��J/�v)/�A2ÿiÿ.? � þ.-�ÿ>þ./{:~þ.(�þ.3�- ÿ.? � ?G:�þ�w�?~ÿ.-Õþ0/{3¸þ

ÿ.1�(UA.-0ýJ? þ
Ψ ∈

�Tÿ�9
N (X, 0)

+!þ
X

þ.-T/{3¸þQÿ�9;: /B-@?u9;3
F ∈ C {x, y}

+!þ0:8��A8<�/!')-2?u9;3r%�9;(U9;:V98v)?@<�/Yþ
X · F =

1

U
− 1

V ◦ Ψ
.

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ ¤ �P��"*$ I N '�R½'���"S� GQI N �P�SLÑ�����*')� � �*&('��S�%$�� G � G NMN R½LM���*$ . µ�t·¥Bt´¥ � ! t � ¥u¦³1Ü�r' . µ�t·¥Bt·¥�µ! t � ¥ � 1�t �

µ�t´¥!t¹µ�t�µ�t*� A�ýJ?G,)A2þ�+!þ2ÿD?G3�,;'uý.?@')3�-ëÿ��
q�R ! � GJ!HG $#LÑ')L G & . µ�t·¥Bt � º ! t ����� 1 ! �*� � �*'��S�×���*'�� GJI ÿJ�%��{S�*'¶� G���! N "r')�*� !HGJI � N �%$¼LÑ&(ÿQR½��L¥R½&�'�$;')RQ&SOJ�*& f')LM� N $�{ N �P�#"%$ I N '�R�' ! ��LÑ&��%L ! R N ��� 	 ái±�in©;� t
��ð ¯ ð ñfñf²©¯���µgt´¥Bt·¥uº=Ï ¥ 9;?G-

R(x, y) := R0(x) + yR1(x, y) ∈ C {x, y}
��¦\3Å#&9;3gÿ.?@+B��ýTþ$:F'�Kn')(}?G:G:~þ')35'): 1�-@?@<�/Gþ

Zε : ε 7→ P (x)
(

1 + εyP (x)Ũ
)

(

X0 + εxk+1R
∂

∂y

)

|t:F'E<�/Yþ.:G:~þ�9;3'wÿ2ÿ�9�#.? þ�:~þ2ÿ¢ýTþ��@ýCA2ÿ>þ.3�-Z')3�-ëÿ (
ϕcj(ε), f

c
j (ε)

)

j

+!þ2ÿ*?G3�,;'uýJ?@')3�-IÿD<�/Gþ*3�9;/³ÿ$'),)9;3gÿ0#&9;3gÿ.-�ýJ/B?G-Iÿ��¹*:V9wý2ÿ>º
df cj (ε)

dε
|ε=0(h) = T j

X0

(

−yŨ
)

(h)

dϕcj(ε)

dε
|ε=0(h) = he2iπµ/kT j

X0

(

−xk+1R1

)

(h)

dϕnj (ε)

dε
|ε=0(h) = he2iπµ/kT j

X0

(

−xk+1R0(x)

y

)

(h) ∈ C

ª�¨^´�²©¯gû µ�t·¥Bt·¥ ¡ Ï � GQI $U�S�rÿ G &�$-��� ! N L�� I �%� N R & G '�R�')L G & T j
X0

(

R(x)
y

)

(h) = αj/h
t©Ç NÑN �%� G\I &��*LM�S�

R�ÿQ�S� N �*$ GQK $#'�� I �r')L G &S$Vm	�#"%$ GJI �S�#� N � "�� I R½')L G &+x G���G N G OJL~� I �
X0 · F =

R(x)

y
.

¤ � NMN �%$ f �%L°$S� GJK ')LÑ�%&S&��%&('×�*&Ã�#�%O(R½���=RQ&(' N �P&�½ I � f � G N m N � LM&g�S&SL°�S"��=&SL ! RQ�
X∞ :=

(

x,
1

y

)∗
X0

= xk+1 ∂

∂x
− y

(

1 + µxk
) ∂

∂y
.

q¤�*$ $#�S�*'�� I �#$�� G N $	�S� X0
� G �����*$ !HG &S�S�*&('ûR I �m$#�S�r')� I ��$v&�½ I ��$E�S� X∞

�r'EÿfL~�*� f ÿJ�%�#$)Rgt q�� "S� I R½'�L G &
x G���G N G OQL~� I ��$�� "��%��L 'a�=RQ&S$#�*�*'�'��]�%RQ�#'��

X∞ · (ysj) = yR(x).

q¤�*$ GJK $]')� I �*')L G &S$1$ G &('-� G &�&S"%�*$ ! RQ� T j
X∞

(

yxk+1R
) � ! RQ�1R KSI $1�S�û& G '�R½'�L G &�$ & GQI $-"S�*��LM� G &S$]�%�*'#')�

� I RQ&(')LÑ'�" T j
X0

(

xk+1R
y

) t ¤ �r'�'��Ø� G &�ÿQ�%&(')L G & �*$#' ! RQ�×R½L NMN � I �#$�� G���! R½'�L K N ��R�ÿJ�S� N Rr} G � �UI N ��� I N � ��� �
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cc

c c

n

n

n

n

0

ÐÜ£���Ï��°Ï��HÏ-,°Ï¢q®���2xS� � LÑ& �¸� LÑ&�'�"%OJ��R½')L G &+� G �����*$ !HG &S�=R½&�'?R I ��R N � I N �S� T j
X0

(

R(x)
y

) t
. ¥Bt�µ�t � µ ! t ¡ �³1D��� ! N L~�%L '�RQ&(' N � �EG &gã � � T j

X0

(

ybR(x)
) N G ��$y� I � b ≥ 0 t=Ç�& ! RQ�#'�L~� I N LM�*���

T j
X0

(

R(x)

y

)

(h) =
1

h

∫

γ

x−µex
−k/kR(x)

dx

xk+1
,

N � LM&(')"*OJ�)R N � !HG �]'�RQ&(';$ I � I &+��s!� N � γ ��� L � RQOJ�aLM&�� N I $#�×�=R½&S$ {y = 0} �r'�P¿�*&(' GJI ��RQ&(' I &S� ! RQ�#'�LM�_&�½ I �{Q. ÿ G LM� N R��=O I ����µ�t·¥Bt¹�³1�tè ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Ä GQI '_��� R KhG �#��{
f cj (ε) = T j

Xε

(

1

P

(

1

1 + εyP Ũ
− 1

))

= −εT j
Xε

(

yŨ
)

+ o(ε),

�%�<� I L ! � GJI ÿQ� N R ! �#� � L~�*���ÔRQ$#$��%�]')L G & �*& ! RQ$#$)RQ&('�m N R N L � LÑ'�� ε → 0
. G & I ')L N LM$#� N � RQ&=R N sB�*LÑ'�"v�S�%$! "*��L G �S�*$ ! RQ���)R !�!hG �]'_R IÔ! RQ��R � �r')�#�u{S"r'�R K N LM��m N R ! � GJ!HG $�L ')L G & . ¥Bt�µ�t £ ! t ¡ µ�1y1-t

Ç &�$ I L ')�u{ N RØ} G � �1I N � ϕcj(ε)(h) = h exp
(

2iπµ/k − εT c
Xε

(

R̃j(ε)
)

(h)
) ��" ��G &(')��"*�Øm N R ! � GJ!HG $�L f

')L G & . µ�t·¥Bt � º ! t ���>� 1D$����S"*��LÑÿQ���%&ò�
d

dε
ϕcj(ε) = −ϕcj(ε)

(

T c
Xε

(

R̃j(ε)
)

+ ε
d

dε
T c
Xε

(

R̃j (ε)
)

)

.

q G ��$y� I � ε '��%&S�ÔÿJ�*��$ 0 G & GJK ')LÑ�%&(' N Rr� G &�� N I $�L G &�{ !�I LM$n� I �
lim
s→0

R(x, y) − R(x, s)

y − s
= R1(x, y).

= GJI � ϕnj {S& GQI $_R�ÿ G &S$Y�
d

dε
ϕnj (ε) = −ϕnj (ε)

d

dε
T n
Xε

(

εR̃j (ε)
)

,

�%�'� I L®� G &S&S� !HGJI � ε = 0

d

dε
ϕnj (0) = −he2iµπ/k d

dε
T n
Xε

(

εR̃j (ε)
)

|ε=0.= RQ�_RQL NMN � I ��$×�
T n
Xε

(

εR̃j (ε)
)

= ε

∫

γj(x,y)

R̃j(ε) − R̃j−1 (ε)
dx

xk+1
+ log

y − sj(ε)

y − sj−1(ε)



js©RY YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
�S��$ G �]')��� I �

d

dε
T n
Xε

(

εR̃j (ε)
)

|ε=0 =

∫

γj(x,y)

R̃j(0) − R̃j−1(0)
dx

xk+1
+

d
dε
sj−1(0)

y − sj−1(0)
−

d
dε
sj(0)

y − sj(0)

=
1

y

d

dε
(sj−1 − sj) (0).

q�� "S� I R�')L G &¾�%RQ�)Ru�r')"*��LM$�RQ&(' sj �*' sj−1
�%$]'

s′ = s
(

1 + µxk
)

+ εxk+1R(x, s),

� I L�$#���S"%�#LÑÿJ� ! R½�_��R !S!HG �#'�m ε �%&
d

dε
s′ =

d

dε
s
(

1 + µxk
)

+ xk+1

(

d

dε
R(x, s) + εR(x, s)

)

.

q G ��$y� I � ε = 0 G & GQK ')LÑ�%&('H{ ! ��� � L~�*��� � �*&�'
d

dε
R(x, s)|ε=0 =

∑

Rn(x)ns
n−1(0)

d

dε
s(0)

= R0(x) ,

�*'_�%&S$ I LÑ'��
(

d

dε
s(0)

)′
=

d

dε
s(0)(1 + µxk) + xk+1R0(x) .

¤ �*'�'�� ���%��&�L~�%�#��"S� I R½'�L G &Ô�%$]'_LM&(')"*OJ�)R K N � ! RQ� N RUÿ½RQ��LMR½')L G &û�S� N R�� G &S$#')RQ&(')��{H���Y$ G �#'���� I �
d

dε
(sj−1 − sj) (0) = xµe−x

−k/k

∫

γ

x−µex
−k/kR0(x)dx.

= GJI �#� G &�� N I ���
d

dε
T n
Xε

(

εR̃j (ε)
)

|ε=0 =
1

h

∫

γ

x−µex
−k/kR0(x)dx

�*' N R-��� � R½�y� I � . µgt´¥Bt·¥ ¡ ! t � ¥�¥�1 ! �%� � �r'a��� LM�S�*&�'�L��=�*�#�%�*'#')��� I RQ&(')L ')"'m T j
X0

(

xk+1R0(x)
y

) t �

½�ª�Í�ªøÄ�ªU[Üi�cfe ¨ ÓHc!�a± ¨ t 
T°}jHe¤jD����j@°«ikcEc(g]±sëFf!�� ¨ g�ikjHe ¨ �c÷Þ��iG¤Sf!��cfe��Jc Ñ'Ñ �h�r��e�c gH� ¨ e Ñ ÓHc���

ÑS¨ ±kc@ª� GJI $	R NMN G &S$U�#� N LÑ�%� N � !HG LM&('-���vÿ I �û�S� N � GJ! "%�)R�')� I � ! "*��L G �S� �*'	�S� N � "�� I R½')L G &zR I �«�SL�»h"%�#�%&��*�%$
R I �ò')��R�ÿ½R I �ò�S�EÂ]t¤ÂØt�Ù��#LM&('T�2x³s¸�r'-ÆÄt�Á7tcM G � G &SLM& 	 N ��
�O j�� �=RQ&�$ N �a�%RQ$ ���%$U$#� NÑN �%$��#"%$ G &S&=RQ&(')�*$St
o�L�� G &S$ I &��SLM$n� I � '��)RQ&�$#ÿJ�*��$#� Σy = rD × {y} �*'a� G &S$�LÑ�S"%� G &S$ N �û�SL�»°" G��EG � ! xSLÑ$ � �v����x G N G & G�� LM�
∆ ∈ Diff(Σy, 0) RQ$#$ G �%LM"	R I }k� I L NMN �r'�RQOQ�ULM&�� I LÑ' ! RQ� Z t � GJI $ N � LM�S�*&�'�L�� G &S$im I &¸�SL�»°" G��EG � ! xSLÑ$ � �
∆ ∈ O (rD) �g��RQ&(' 0 �*'a'�R½&SOJ�%&('Vm N � LM�S�*&(')LÑ'�"ut = GJI ��' GJI ' (x, y) ∈ Σy

G & Rû�
(∆(x), y) = Φ

tZ(x)
Z (x, y)

!hGJI � I &S�+} G &��*'�L G &z��� ! ��� � LM�*�1���r' GJI � x 7→ tZ(x) RQ$�$ G �*LM"*�¾m Σy
�r' Z t R RQ&S$ 	 N ��
�O j { ! ¥u� � N �%$

R I ')� I ��$_LM&('�� G � I LM$#�%&(' N R1& G ')L G &Ô�S� t 
2°}jHe¤jD�h��j@°«ikc
δ : (x, t) 7→ (∆(x), t+ tZ(x))

RQ$�$ G �*LM"%�'m Z t ¤ �r'�'�� R !S! N L���R½'�L G & �%$#' I &Ã�-��� �E! N � ! RQ�]')L�� I N LM�%�;�S� t 
 Ñ ®©i â g (a, t+ b) {��u� �%$]' f m f �SLÑ��� I &S�R !S! N L~��R�')L G &v�S� N R�} G � � �
(x, t) 7→ (a(x), t + b(x))

R�ÿQ�S� a ∈ Diff(C, 0) �r' b ∈ C {x} t
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q¤� ! �#LM&��*L ! R N ��"*$ I N '�R½'a���'�*�%$�')��R�ÿQR I �Ô�%$]' N �×'yxS" G �n� � ��$ I L ÿQR½&�'S{�� I ��& GJI $_R NÑN G &�$¶� G���! N "*')�*�¼�=RQ&�$ N �
��RQ$_�S�%$a&�½ I � f � G N $Stü �¨ ð ¯¤¨^´�µgt´¥Bt·¥ £ Ï�Ì�� P � P�� ü��  ø x(# ��W Z"P ' P"�<
 ü 
  �  	 N ��
�O j��²Í

. � 1}� þ./)w�#&%!')(*�Yÿ�+!þU,uþ&#.- þ./!ýTÿ�+!þU-@1J�Yþ�ÿ>þ.:G:~þaý&A2ÿ�9;3�35')3�-Õþq3�9;3�: ?G3�A8'uýJ?~ÿ�'Ep�:~þrÿ�9;3�- � ')35'): 1;-@?@<�/Gþ.7(�þ.3�- � K�9wýJ(�þ.:G:~þ.(�þ.3�-±�¯#&9;3��J/�v)/�A2ÿ9ÿ.?�þ.-�ÿ>þ./{:~þ.(�þ.3�-'ÿ.?>:~þ2ÿ
t
7�(U9;3�9�+uýC9;(}? þ2ÿ³'wÿ2ÿ�9�#.?uA2þ2ÿ5ÿ�9;3�-

� ')35'): 1�-@?@<�/Gþ.(�þ.3�- � K�9wýJ(�þ.:G:~þ.(�þ.3�- �U#&9;3��J/)v)/�A2þ2ÿ\�!'uý0/B3
t
7 ÿ&%B? KJ-Z�

. ¥�1 ¥ 9;?G-
(∆, t+ T )

/{3
t
7 ÿ&%B? KJ- � ∆(x) = e−2iπ p

q x + xk+1 (α +O(x))
'),uþ&#

p, q ∈ N � αq 6= 0
þ.-

p ∧ q = 1 � 3�9;3«: ?G3�A8'uýJ?~ÿ�'Ep�:~þ��+þ.-
T (0) 6= 0

� " 9wýTÿ�<�/Yþq9;3�ogwBþ>:F'�#.:F'wÿ2ÿ>þ�K�9wýJ(�þ.:G:~þ�+!þ
∆ � :~þ2ÿ?G3�,;'uý.?@')3�-ëÿ�')35'): 1;-2?@<�/Yþ2ÿ*+!þ§:F't#.:F'wÿ2ÿ.? o\#8')-@?u9;3$�!'uý

t
7 ÿ&%B? KJ-Iÿ*+!þ

(∆, t+ T )
ÿ�9;3�-g:F'}+B9;3�3�A2þ�+g� /B3

5kq
7�/��5:~þ

(

aj, ϕ
c
j, ϕ

n
j , f

c
j , f

n
j

)

j
⊂ C ×Diff (C, 0) ×Diff (C, 0) × C {h}0 × C {h}0

. µ�t·¥Bt¹�³1
9;�

(ϕj)
′ (0)

þ2ÿ.-�ogwBþ]þ.-T+BA.- þ�ýJ(}?G3�A6�!'uýD:F'�#.:F'wÿ2ÿ>þ�K�9wýJ(�þ.:G:~þ$+!þ
∆

��·59;/�ÿ�#2þ2ÿD?G3�,;'uýJ?@')3�-ëÿ¢ÿ�9;3�-
ý&A8'): ?~ÿ�'Ep�:~þ2ÿ]þ.-�Æ@')35'): 1;-@?@<�/Gþ2ÿ��!'uýiý�'.�E��9wýJ-\|

(∆, t + T ) Ç �. �³1 Á 3
t
7 ÿ&%B? KJ-

(∆, t + T )
þ2ÿ.-�:F'

t
7�(U9;3�9�+uý&9;(}? þ0'wÿ2ÿ�9�#.?uA2þ�|q/B3¸þiÿ>þ.:G:~þ�ýCA2ÿ�9;3�35')3�- þD3�9;3³: ?G3�A8'uýJ?G7

ÿ�'Ep�:~þ'ÿ.? � þ.-�ÿ>þ./B:~þ.(�þ.3�- ÿ.? � T (0) 6= 0
þ.-

∆
þ2ÿ.-6/{3�+)? ¨�A&9;(U9wýZ��%B?~ÿ.(�þ�ýCA2ÿ�9;3�35')3�-\3�9;3~: ?G3�A8')7

ý.?~ÿ�'Ep�:~þ�� � ')3gÿ>#2þ}#8'wÿI9;3�3�9;-Õþ
m(∆, T )

:~þ2ÿ$?G3�,;'uýJ?@')3�-Iÿ$+B9;3�3�A2ÿ>#.?G7R+!þ2ÿ2ÿ./³ÿ��
= GJI � s ∈ {1, 2} {Ú$ G LÑ' (∆s, t+ ts)

N R t f ��G & G �S� Gu� LÑ�aRQ$�$ G �*LM"%��R I �2x=R ��! �S�?ÿJ�S�r')� I � Zs := UsXs$ GJI $¶} G � � �×�S� R I N Ru� . ¥Bt¹¦gt � 1�t ¤ �%$��2x=R ��! $�$ G &('��=RQ&S$ N R � � � �Q� N RQ$�$#� G � K LÑ')R N �#} G � � � NÑN �Y� ∆1
�*' ∆2$ G &('i} G � � � NMN � � �*&(')� G & v#I O I "%�*$St R � ! N I $�{ N R t f ��G & G �S� G�� LÑ�P��� I & &�½ I � f � G N ! � I 'Q�r')���U��"�R N LM$#"%� ! RQ�I &S�P$�� NMN � f �#"%$ G &S&=RQ&('��P& G & N LÑ&S"�R½��LM$�R K N �×R�ÿJ��� p = q = 1 {���� R ! �n�%$ N �_'TxS" G �y� � �×�S�'Ù��#LM&('T�2x³s f M G � G &SLÑ&�tq¤�*$�� GJI�! N �*$ (∆s, t+ ts)

$ G &(' � G &���&SR½' I �#� NÑN � � �%&(' �1I &SLÑ$���� LM&(ÿ½RQ��LMRQ&(')$·����� N R½$�$�L��Y��R�')L G & ! RQ� t f $yx�L�}¶')$�tq¤�*$ t f ��G & G �S� G�� LM�*$D$ G &(')� G & v#I O I "%�*$ ! R½� I & t f $yxSL�}¶' (ψ, t+ b) $�L®�r'_$�� I N � � �%&('_$�L
ψ∗∆1 = ∆2�*'

t2 = t1 ◦ ψ + b− b ◦ ∆2. & GJI $_$ G���� �*$ K LM�%&Ô$��S�a�%& ! ��"*$��%&g�%�U�¸� I &��'� G���!hG $#LÑ'�L G &v$#� � L f �SLM�#�S�*'��>1-t^��&ÔÿQ"%�#L��=��� I �
tq(0) =

2iπ

Uq(0, 0)
6= 0.

Ç & "S�*��L ÿQR½&�' g = t2 − t1 ◦ ψ
N R1�S� I �ÚL�� � �Y"�� I R½')L G &Ô�S�*ÿfLÑ�%&('

b− b ◦ ∆2 = g .
. µ�t·¥Bt � ¦³1

q G ��$y� I � G & �2x��%�y�2x�� ψ x G N Gu�EG � ! xS��{Ä�*�*'�'��-"S� I R½'�L G & &¸� �*$#' ! RQ$�' GJIwv#GJI ��$ N RE���%$]')�#L~�*'�L G & $ I � Σy0��� I &S� "�� I R½')L G &Ðx Gu�EG N G OJL�� I � � �r'�'�R½&�' X2
�*& v � I t�q®� N LM�*&��*$#' ��»h�S�r' I "v�*&}$#�S�*'�L G &Þ¥Bt�µ�t·�Bt�ÆfL ��� �*$#'

&S"�RQ& �EG LÑ&S$ N �V��RQ$�{fL N ���ÚLM$]')� G ∈ C {x, y}k �*' F ∈ C [[x, y]] ')��RQ&S$#ÿQ�%�#$)R N � � �%&('¶x G N G���G � ! xS��')� N $ � I �
g(x) =

∫

γ(x)

GτX2
,

b(x) = F (x, y0),

X2 · F = G .
G�ò N �Q�2xS� � LÑ& γ(x) ��� N LM���SRQ&S$ N �Q}k� I L NÑN �r'�RQOJ� N �*$ !hG LÑ&(')$ x m ∆(x) t = I LÑ$y� I � F �%$]'a')�)R½&S$#ÿQ�%��$�R N � � �*&('
x G N Gu�EG � ! xS��{ b �*$#'?��»h�S�*'�LÑÿQ� � �%&(' I &S�Y$�"%�#LM�Q} G � � � NMN � . !HGJI � I & y0

"rÿJ�%&(' I � NÑN � � �%&(' ! N I $ ! �r')LÑ'21�t
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. � 1}� þ./)wÏ#&%!')(*�Yÿ�+!þ�,uþ&#.-Õþ./BýTÿ«+!þ-@1J�Yþ~3546/!+)78#&9;:�ÿ�9;3�-U#&9;3��J/�v)/�A2ÿ¾ÿ.?%þ.-Øÿ>þ./{:~þ.(�þ.3�-'ÿ.?>:~þ./!ý2ÿ

t
7�(U9;3�9�+uý&9;(}? þ2ÿ)ÿ�9;3�-\#&9;3��J/�v)/�A2þ2ÿ � +E')3gÿ0:F'U(UH.(�þI#.:F'wÿ2ÿ>þ$+!þI#&9;3�,uþ�ý2v!þ.3�#2þ � �!'uý0/{3

t
7 ÿ&%B? KJ-u�

. ¥�1 Á 3
t
7 ÿ&%B? KJ-

(∆, t+ T )
þ2ÿ.-§:F'

t
7�(U9;3�9�+uýC9;(}? þt+g� /B3¯3546/!+)78#&9;:�ÿ.?Qþ.-Vÿ>þ./B:~þ.(�þ.3�-�ÿ.?Ûÿ>þ2ÿt?G3�,;')7

ý.?@')3�-ëÿ�+!þ}#.:F'wÿ2ÿ.? o\#8')-@?u9;3t�!'uý
t
7 ÿ&%B? KJ- ÿ�')-2?~ÿ²K�9;3�-

ϕnj = Id
þ.-
fnj = 0

�
ª�¨^´�²©¯gûDÏ
. � 1U�P& ! � I '¸����} G � �1I N �%� N �Þ� G � G NÑN RQLÑ��� . µ�t·¥Bt·¥ � ! t � ¥u¦³1 !hGJI � �S"S�*��LÑ��� N �*$ t f $nxSL�}¶'�$æ� I LØ�g�Ú�%&('

(∆, t+ tZ) t. ¥�1 R RQ&S$ N ����R½$���� I &æ�2x=R ��! �S�U'Õs ! �r� G &(ÿJ�*��OJ�*&('H{ N R�& G '�L G & ��� t f ��G & G �S� Gu� LÑ� R½$�$ G �%LÑ"%�rm N R$�" ! RQ�)R½'���L��%� {x = 0} �*$#' K LM�%&Ã�S"��S&SLM��t���& GQK ')LÑ�%&(' I &<� GQIS! N � (∆f , t+ Tf)
�S"*'��%� � LÑ&S" ! RQ�N �%$�LÑ&(ÿQR½��L¥R½&�'�$��S� N R�� N RQ$#$�L�����R½'�L G &ÔRQ&SR N s�')L�� I �

∆f = ◦k−1
j=0ϕ

c
j�*'

Tf =
k−1
∑

j=0

fj.

R � R ! �y�*$ N �P'yxS" G �n� � � ���Ø� N RQ$�$#L��Y�%R½')L G & . µ�t·¥Bt �>£ ! t �u��¡ 1�{ G &Ã�%&Ã�S"%� I LÑ'?��"S�*L ! � G � I � � �*&('¢� I �
' GJI '[� GJIS! N � (∆f , t+ Tf )

R�ÿJ�S� Tf(0) = 0 ! � I '5�*'����¸��"%R N LÑ$�"L� G���� � N R t f ��G & G �S� G�� LÑ�RQ$�$ G �*LM"%�'m I &9�2x=R ��! �S�PÿJ�S�r')� I ��$?&�½ I � f � G N �S�P'Õs ! ��� G &(ÿJ�%�#OJ�%&('Stè ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 � GJI $¼& G ' G &�$ m(∆, tZ)
N �*$¼LM&(ÿ½RQ��LMRQ&(')$DRQ$�$ G �*LM"%$D� G &S&S"*$ ! RQ� . µ�t·¥Bt·��1�t�q®� !HG LÑ&�'D�S��ÿ I �Q} G � � � N

�%$#'�� N RQLÑ�U�*'	��"*')�*� � LM&S� N RÃÿ½R N � I �-�S�*$ aj { � I L�$ G &('	��� N LM"*$	R I � � G ��Ô��%LM�*&(')$	� I�!hG N sf&�ã � � P ��� N R
} G � � �P& G � � R N ���S� Z t= RQ��R½L NMN � I �#$S{ N �*$©'��)R�ÿ½R I �U�S� l t(ÁÃRQ�#'�LM&S�r'·�*' l t f = t / R � LM$ 	 b ¨ 
�u ¨ ©E� G &(' � LÑ$ N � Ru���%�%&('�$ I � N R¢� G � f���%$ !hG &S�=RQ&��*�a�%&(')�#� N R¢� N RQ$�$#�aRQ&=R N s�')L~� I �D��� I &%}k� I L NÑN �r'�RQOJ� FZ

�*' N R¢� N RQ$�$#�aRQ&=R N s�')L~� I �D�S� N ��x G N G & G�� LM�
∆ LÑ&S� I L ')��{Y�u� �%$#' f m f �SLM�#� N R%� N R½$�$��Y�S� (ϕcj, ϕnj )j t

= RQ�_$ I LÑ')��{ N �%$_LM&(ÿ½RQ�#L¥RQ&(')$a$ IS!S! N " � �%&('�RQLÑ���*$×RQ$#$ G �%LÑ"%$
m N R t f ��G & G �S� Gu� LÑ� (∆, t+ tZ) $ G &�' N �*$ GJK $#')� I �*'�L G &�$[m��#"%$ GJI �S�#� . µ�t·¥Bt � ¦³1r� I RQ&S� G &¯�2xS�%�n�2xS�æm
� G & v#I O I �%� (∆, t+ tZ) mû$ G & �EG ��� N �Ø} G � � � N t ¤ ���%LÜ�%$]' "�� I LÑÿ½R N �%&(']mÔ$#�E� G &S&S�*� N �%$ GJK $]')� I �*'�L G &S$'m��"%$ GJI �S�#� Z · F = 1 − U/P tGo�LÑ&=R N � � �*&('H{ N R ! � GJ!HG $�L ')L G & . µ�t·¥Bt � º ! t ���>� 1 �EG &('����'� I �]�*� NMN �%$ f �%L¤$ G &('N �%$aLÑ&�ÿ½RQ�#L¥RQ&('�$D'�RQ&�OJ�%&(')LÑ� N $ (f cj )j �*'V� I � fnj = 0 t. ¥�16W_&Ô$��%&�$��%$#'#� N RQLÑ�D��� R ! �n�%$ . � 1�t^Æ G LÑ' (∆, t+ T ) '�� N � I � m (∆, T ) $ G LÑ'¼� I 'Õs ! �P����� I LM$�tSÂ N G ��$N � "S� I R½'�L G & . µ�t´¥!t � ¦�1a� I LP�S"*'��%� � LÑ&S� (f cj , fnj )j �*$#' I &S�¸"�� I R½')L G &���RQ��Ru�*'�"%��LÑ$�"*� ! RQ� N R ! � GJ!HG $�L ')L G &. ¥Bt�µ�t ��� ! t ¡ º³1�t �

½hªVµ�ªq�®j@�w°}c Ñ e¤j@�w° ¨ ±�c Ñr¨ e ¨ ± m g�i�¸��c Ñ c(g�g�j § j@±kjG²hi0��¤c Ñ
R RQ&S$ I & ! �#� � LM�*�?')� �E! $S{°& GJI $ I '�L N LÑ$ G &�$ I &S�-$#�S�r')L G & � I � G & G sJR I �S� X0· R��=& ���1')� GQI ÿJ�*�P�S�%$} G � � �%$a& G � � R N �%$ !hGJI � N �%$#�2x=R �E! $_RQ&SR N s�')L�� I � � �%&(' G � K LÑ')R N � � �*&('�"S� I L ÿQR N �%&('�$)m X0

t= I LM$�& GJI $�OJ"%&S"*�)R N LM$ G &S$ N R � "r'Tx G �S� ! � GJ!hG $�"%��m N RØ�=&Ô�S� 	 b ¨ 
�u ¨ ©a� R��=&Ô�S�P��"*')�*� � LM&S�*�S{S�SRQ&S$N ����R½$Ü$ ! "��%L��Y� I �?���%$�}k� I L NMN �*'�R½OJ�%$�'��)RQ&�$#ÿJ�*��$�R N � � �*&�';R�Ô�&S�*$S{ N �*$�LM&(ÿ½RQ��LMRQ&(')$·���V� N RQ$#$�L��Y��R½'�L G & G � K L '�R N �
�%&5} G &��*'�L G &û��� N � GJ! "*�)R½'�� I � ! "*��L G �S�PR½$�$ G �%LÑ"�m X0

{��%�i� I L®& GQI $ ! �*� � �*'�'��)R N mU�%&�� G ������� ���BxSL K �*� I &S�
}�R � L NMN �?�S�i} G � � �*$a& G � � R N �%$St

Ç &�$ I L ')�u{�& GJI $�R !�! N L�� I�G &S$��%�*'#')� � "r'Tx G �S� !hGJI �cPÍ& G � � R N LM$��*�®R I ! ��� � LÑ�%� G �������.Q I &Ø}k� I L NMN �*'�R½OJ���S�
'Õs ! � � G &(ÿJ�*��OJ�*&('H{>} GJI �#&SLM$#$)RQ&(' I &S� "S�*��L ' I �#� ! �*� � �*'�')RQ&('¤�S� �S"S�*LM�S�*�¤�S� N R¼& G &�"�� I LÑÿ½R N �*&��%�ÜRQ&SR N s�')L�� I �G � K L '�R N ���%&('����Y�S� I �[}k� I L NMN �r'�RQOQ�%$Û} G � � � NMN � � �%&(' G � K LÑ')R N � � �*&('�"S� I L ÿQR N �%&('�$St
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Ç &B�=& & GQI $�� G���! N "r' G &S$ N R�� N RQ$#$�L��Y��R½'�L G &-' GJ!hG N G OJL�� I �¼�S�*$�}k� I L NMN �*')RQOJ�%$�&�½ I � f � G N $ 	 ái±�i ÍB� �=R½&S$ N �

��RQ$��S�Q}k� I L NÑN �r'�RQOJ�*$D�S��'Õs ! �P�SLÑÿQ�%�#OJ�%&('H{��%& ! � GQ!hG $�RQ&('��S�*$#} G � � �%$¼& G � � R N �*$;' GQ!hG N G OJL�� I �%$DLÑ&���R½��&S"*�%$! RQ�a�S�%$�}k� I L NÑN �*')RQOJ�*$D')��RQ&S$#ÿQ�%�#$)R N � � �%&('�RwÔE&��%$St
R RQ&S$ N R1$ I LÑ'���& GJI $a"S�*��LÑ� G &S$ H !HGJI � H0

�r' T0 (G) !hGQI � TX0
(G)

ª

R G &S& G &S$×R I ! ��"�R N R K N � I &Ô��"*$ I N '�R½'_�S� !HG �#'�"%�POJ"*&S"%��R N �	�
� ¯ ð��^ð ¡�£¥¢¤£ ð   µ�t·�Bt � Ï ¥ 9;?G-

S : K → C {x, y}k
/B3¸þ�ÿ>þ&#.-2?u9;3Â+)/�#&9;3�9;1)')/°+!þ

X·
� ¶ 9;/Býq-s9;/B-

U ∈ C {x, y}
'),uþ&#

U(0, 0) 6= 0 � ?G:Gþ�w�?~ÿ.-Õþ
K ∈ K

þ.-
P ∈ Ck [x]

'),uþ&#
K(x, 0) = 0

þ.-
P (0) = U(0, 0) �- þ.:·ÿ><�/Yþ

UX ≈ P (x)

1 + P (x)K
X.��þ.-2-Õþ�A&#�ý.?G-@/!ý2þrþ2ÿ.-T/{3�?@<�/Yþ ��G � I N G :8� 'B#.-@?u9;3~+!þ2ÿiÿ.1�(UA.-0ýJ? þ2ÿ*�2ÿ�9

N (X, 0) < Z/k × C∗ �kÿT:G:~þrþ2ÿ.-\+B9;3�#/{3�?@<�/Yþ$:V9wýTÿ�<�/Gþ
X

þ2ÿ.-�vBA.3�A�ýJ?@<�/Yþ��
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ ¤ � �*$#' I &S� ! ��� I ÿJ��$#L � L N RQLM�#�Ûm N R ! � GQ!hG $#LÑ'�L G & . �Bt � t � ! t·�uº³1�t = G $ G &�$¼R I�! ��"%R fN R K N � U(x, 0) = P (x) + o(xk) t = R½���S"��=&�LÑ')L G &û�S� S { U − P $��P��"S� Gu�E!HG $��P�*& C +K R�ÿQ�S� K ∈ K {

K(0, 0) = 0 �*' C ∈ X ·C {x, y} t = I LM$y� I � C {x}k ↪→ X ·C {x, y} G & ! � I 'Û�2x G LM$#LM� K(x, 0) = 0 tgq®�� G � G NMN RQLM�#� . µ�t·¥Bt·¥ � ! t � ¥�¥�1�RQ$#$ I �#�×R N G ��$�� I � N �#� G & G s(R I K �S"S�*��L 'D�-�SR��*')� � �*&(' N � �*$ ! Ru�*�?���%$ÜLM&(ÿ½RQ��LMRQ&(')$
�S� N Rr� N RQ$�$#L��Y�%R½')L G &v'�RQ&�OJ�%&(')LÑ� NÑN � (U9�+)/B:V9 ÅÍ$ G

N (X, 0) t �

�P& GJK $��*�#ÿQ�%�)R�� I � N �¢�2x G L��E�S� P ∈ Ck [x] � G �#���*$ !HG &S�5m I &+�2x G L��E��� I &v" N " � �*&�'D� G &S&�" ! RQ� I &S�$��S�r')L G &Ã� I � G & G s(R I } G � � � N �S� X·
. ÿ G LM� N � N � �a� � . ¥!t � t � ! t � �³1y1-t½�ªøµ�ª0©YªU�®jG�w°}c e¤jG��° ¨ ±�c ¨ e ¨ ± m g�i�¸��c<��c Ñ ��® ¨ ° §�Ñ j@��j©ikg ¨ ±�c!°}cfehg-e�jG�w° ¨ ±�i Ñ�¨ j�±kc Ñ ª� GJI $#� G &S$�LÑ�S"%� G &S$ I &9�2x=R ��! Z � I L®$�� "��%��L 'H{=�=R½&S$a�S�%$V� GfG ��� G &S&S"*�%$_RQ&=R N s�')L~� I �*$aRQ�S"�� I R½')�*$S{

Z := UX0R�ÿQ�S�
U(x, 0) = P (x) + o(xk).= GJI � n ∈ N ∪ {−1} G & !hG $#�

a(n) :=

{

0 $#L µ /∈ R−
1 + k − [nµ] $�L µ ≤ 0

. µ�t¹�gt � 1
�*' G & �S"��=&�LÑ' N � �%$ ! Ru�*�Y���%$_OJ�%� � �*$¼')�)R½&S$#ÿQ�%��$�R N � � �*&(' !HG N sf&�ã � LMR I �Ã�

K0 :=

{

K ∈ yC {x, y} : K(x, y) =
∑

b>0

ybxa(b)Pb(x), Pb ∈ Ck−1 [x]

}

,

� I L�� G ���#�%$ !HG &S�Þm N R $#�S�*'�L G &�� I � G & G s(R I �S� X0· � G &S$#'�� I L ')���=RQ&S$ N ��� G � G NMN RQLM�#� . ¥!t¹µ�t ��� ! t £ ¦³1�thq¤R! � GJ!HG $#LÑ')L G & $ I LÑÿ½RQ&(')�U�%$#'YR N G �#$ I &S�-�#��} G � �1I N R�')L G &Ã�S� N R ! � GJ!hG $�LÑ'�L G & . µ�t¹�gt � ! t � ¥ ¡ 1?�*&ä�2x G LM$#LM$#$)RQ&('
K := K0

!hGQI ��$����*')L G &ò�
� ¯ ð��^ð ¡�£¥¢¤£ ð  eµ�t¹�gt·¥SÏ �.:�þ�w�?~ÿ.-Õþ

K ∈ K0

- þ.:g<�/Yþ
UX0 ≈ P

1 + PK
X0,#2þ.-2-Õþ�A&#�ý.?G-@/!ý2þ�A.-u')3�-5/{3�?@<�/Yþ ��G � I N G :8� 'B#.-@?u9;3�+!þ2ÿ\#&%!')3Bv!þ.(�þ.3�-ëÿT+!þ\#&9�9wý�+B9;3�3�A2þ2ÿ

(x, y) 7→
(

e2iπθ/kx, cy
) �



js©�� YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
½�ªøµ�ª�Í�ªU�®jG�w°}c e¤jG��° ¨ ±�c ¨ e ¨ ± m g�i�¸��c<��c Ñ%â c!�©i0±�±kc(g ¨ ²^c Ñ g>� ¨ e Ñ ÓHc�� Ñ�¨ ±�c!°}cfehg ¨�� e�c Ñ ª¤ G &S$�LÑ�S"%� G &S$ I &9�2x=R ��! $�� "��%�#LÑÿ½RQ&('

X := X0 + yb+1R(x)
∂

∂y

R�ÿQ�S� b ∈ N ∪ {−1} �r' R ∈ C {x} t

µ�t·�Bt´¥Bt � t �k%!')(*�Yÿ0-0ý�')3gÿ.,uþ�ýTÿ�'):~þ.(�þ.3�-�'�®�3¸þ2ÿ$+!þ$-21&�Yþ}#&9;3�,uþ�ý2v!þ.3�-Z�
ÅÕ�%L b ≥ 0 t³q¤R � "r'Tx G �S���S� N R×ÿQR½��L¥R�')L G &U�S� N RQ� G &S$]'�RQ&(')��{�R !S! N L~� I "*�¼�=RQ&S$ N � N � �a� � . ¥Bt¹µgt � º ! t £ ��1�{! �*� � �*'_��� GJK ')�*&SLM� I &S����� ! ���*$�$#L G &Ã�S�%$aLM&('�"%OJ��R N �*$ ! ��� � L��%���*$�$����*' G ��LM� NMN �%$

Hj := H (1 + bFj)
−1/b

R�ÿQ�S�
X0 · Fj = ybxk+1R(x)

. �u� �%$]'¶mP�SLÑ����� I � Fj+1−Fj = T j
0

(

ybxk+1R(x)
) 1�t ¤ � N RP$�LÑOJ&SL��S��� I � N �%$ �SL�»°" G��EG � ! xSLÑ$ � �%$©$��S�r' G �#LM� N $

Nj(x, y) :=
(

x, y (1 + bFj(x, y))
−1/b

). µ�t¹�gt·¥�1
� G & v#I O I �%&(' X0

m X R I f �S�%$#$ I $×�S� Vj tÄq®�%$×R !S! N L~��R�')L G &S$a�S�U�#�S� G NMN � � �*&('V} GQI ��&SLÑ$�$#�%&(' N �*$?LÑ&(ÿQR½��L¥R½&�'�$�S� N Rr� N RQ$�$#L��Y�%R½')L G & G � K LÑ'�R N �U�
ϕcj(h) =

he2iπµ/k

(

1 + bT j
0 (ybxk+1R) (h)

)1/b

. µ�t¹�gt¹�³1

=
he2iπµ/k

(1 + bαjhb)
1/b

�*'
ϕnj = Id .

�P&ÔÿJ"*��L��=� K LM�*&9� I �'�%�*$×R !S! N L���R½'�L G &�$D$ G &�'?R�Ô�&S�*$?�SRQ&S$ I &S����R½�#')�YR I ÿ G LM$#LM&=RQOQ�P�S� N � LM&g�=&�L t
q¤�*$vLM&(ÿ½RQ�#L¥RQ&(')$�$ G &�' � G &��¾��RQ��Ru�*'�"%�#LM$�"*$ ! RQ� N � GJ! "%�)R�')� I � ! "%�#L G �S�Ã��� X0· R I � I � N×N �¾� G � G NMN R½LM���. ¥Bt�µ�t ��� ! t £ ¦³1�} GJI ��&�LÑ' I &S�a$#�S�*'�L G &	')��RQ&S$]ÿJ�%�#$)R N � � �%&(' !hG N sf&�ã � L¥R N � K0

tf��& ! � I 'D� G &��a��� ! N L~�%L ')�*� I &S�
}�R � L NMN �?�S�i} G � � �*$a& G � � R N �%$ !HG N sf& Gu� LMR N �*$D��� "S� I L ÿQR N �%&g�%� G � K LÑ'�R N �U�

� ¯ ð��^ð ¡�£¥¢¤£ ð  Ðµ�t¹�gt¹�=Ï Á 3~#&%!')(*�+!þ*,uþ&#.- þ./!ýTÿ�-�ý�')3gÿ.,uþ�ýTÿ�'):~þ.(�þ.3�-�'�®¯3¸þ � +!þ*-21&�Yþ�#&9;3�,uþ�ý2v!þ.3�- � þ2ÿ.-')35'): 1�-@?@<�/Gþ.(�þ.3�-�9wýnp�?G-Z'):~þ.(�þ.3�-\A8<�/B?G,;'):~þ.3�-T|U/{3�#&%!')(*�q��9;: 1�3��;(}?@'):
X0 + yb+1xa(b)+k+1Q(x)

∂

∂y'),uþ&#
Q ∈ Ck−1 [x] � þ.-

a(b) ∈ N
þ2ÿ.-\+BA²oS3�?=�!'uý � Î5�Ëa�GÊ.�)�\��þ.-@- þtA&#�ýJ?G-2/!ýTþaþ2ÿ.-T/{3�?@<�/Yþ � |�:8� 'B#.-@?u9;3��@ýC�2ÿ+!þ2ÿD%�9;(U9;-²%�A.-@? þ2ÿ

(x, y) 7→
(

e2iπθ/kx, cy
) �

ª�¨^´�²©¯gûDÏ_Ç�& "*O(R N RQ&(' N �%$	�-� ! ���%$#$�L G &S$ ��� ϕcj � G &S&S"*�%$ ! RQ� N R ! � GJ!hG $�LÑ'�L G & . µ�t·¥Bt � º ! t ���>� 11�*'N � "S� I R½'�L G & . µgt·�gt¹�³1Û�*L f ���%$�$ I $S{ G & GJK ')LM�*&('
T j
X

(

ybR(x)
)

(h) =
1

b
log
(

1 + bT j
0

(

ybR(x)
)

(h)
)

.
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µ�t·�Bt´¥Bt·¥Bt �k%!')(*�Yÿ0-0ý�')3gÿ.,uþ�ýTÿ�'):~þ.(�þ.3�-�'�®�3¸þ2ÿ$+!þ$-21&�Yþ>+)?G,uþ�ý2v!þ.3�-Z�

q G ��$y� I � b = −1 { N �%$�LÑ&(')"%OQ�)R N �%$ ! �#� � L~�%�#�%$ Hj ∈ O
(

V̂j

) �S�

X := X0 + xk+1R(x)
∂

∂y
$ G &('?� G &S&S"*�%$ ! RQ�

Hj = H(1 − Fj)

G�ò Fj(x, y) =
sj(x)

y
�*'Y�

X0 · Fj = xk+1R(x)

y
.

� GJI $ ���*&�ÿ G s G &S$�m N R �#� � RQ�y� I � . µ�t·¥Bt·¥ ¡ ! t � ¥�¥�1 !HGJI � N R+� G &�$#')� I �*'�L G &��S� T j
0

(

xk+1R(x)
y

) t¤Å N ÿÚLÑ�%&('
� RQLÑ&(')�%&SRQ&('��

ϕcj(h) = he2iπµ/k

ϕnj (h) = h

(

1 − T j
0

(

xk+1R(x)

y

)

(h)

). µ�t¹�gt�µ�1
= h+ αj .� GJI $�� N ã½' I � G &S$��*�*'#')�¼"r' I �S�D�%&-��� � R½�y� I RQ&(' � I � N R ! � GJ!HG $�L ')L G & . µ�t·�Bt´¥ ! t � ¥ ¡ 1��#�%$#'��Dÿ½R N R K N � !HGJI �

b = −1 �%& ! �*� �1I ')RQ&(' N �*$_�nã N �*$��S� ϕcj �*' ϕnj t

ª�¨^´�²©¯gûDÏ_Ç�&m"%O(R N RQ&(' N �*$-��� ! �#�%$�$#L G &�$E�S� ϕnj � G &S&S"*�%$ ! RQ� N R ! � GJ!HG $#LÑ')L G & . µgt´¥Bt � º ! t ����� 1U�*'N � "S� I R½'�L G & . µgt·�gt�µ�1Û�*L f ���%$�$ I $S{ G & GJK ')LM�*&('
T n
X

(

R̃j

)

(h) = − log
(

1 − T j
0 (R(x)) (h)

)

.

½�ªøµ�ªøµ�ªU�®jG�w°}c e¤jG��° ¨ ±�c ¨ � § ��c!°«ikc��EjG�w�h��c<��ë���eO��® ¨ ° § ��c g mD§ cL�Jjhe@Óhc���²^cfehg³ª
� GJI $®OQ"%&S"*�)R N LM$ G &S$ N R¼��" � RQ�y�2xS� ! ��"S�*"%�S�*&(')�u{��S"rÿJ� N GJ!S! "%� �=R½&S$ N � �%RQ$¤��� I &��2x=R ��! RwÔE&���� G &(ÿJ�*��OJ�*&('H{!hGJI � GQK ')�*&SLM� I &���} G � � � . ! �#">1¿& G � � R N ��P]R IÔ! �#� � LM�%� G ���S�#�.Q��S�

X := X0 + yxk+1R̃
∂

∂y
.

Ç & GJI '����u{^& GQI $?�*& �S"*��L ÿ G &S$ I &S�'� G &��SLÑ'�L G &Ô$ I ÔE$�RQ&(')� �S� & G & "�� I LÑÿ½R N �*&��%�Y�%&('����Y�S� I �9}k� I L NÑN �*')RQOJ�*$
} G � � � NÑN � � �%&(' G � K L '�R N � � �%&('¼"�� I LÑÿ½R N �*&(')$S{Y�%R N � I N R K N ���-� ! N L��%LÑ'�� � �%&('Ht

q�R-�#� � RQ�y� I � . ¥!t¹µ�t �>£ ! t £³� 1D"*& G &��*�'� I � N �*$ ! "*��L G �S�*$a�S� X $�R½')LÑ$n} G &('
TX
(

ybf(x)
)

(h) = T0

(

ybf(x)
)

(h) + o(hb) .

q¤��� G ��Ôa�*LM�*&�'_� I9��G &�ã � � T j
0

(

ybf(x)
) �%$#')��R N � I N "�OJ�8¢u�%�YR I N � ��� � . ¥Bt�µ�t � µ ! t ¡ ��1�t



jÕ�8ª YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
��ð ¯ ð ñfñf²©¯��äµgt·�gt�µ^Ï ¥ 9;?G-

X = X0+yb+1xk+1R(x, y) ∂
∂y

/B3�#&%!')(*��+!þ�-@1J�Yþ�3546/�+)78#&9;:�#&9;3�,uþ�ý2v!þ.3�-')/�<�/Yþ.:�9;3«'wÿ2ÿ�9�#.? þD:~þ'ýTþ��@ýCA2ÿ>þ.3�-Z')3�-
m(X) :=

(

ϕcj
)

j

+!þQÿ>þ2ÿ0?G3�,;'uýJ?@')3�-ëÿ�<�/Gþ$3�9;/³ÿ>'),)9;3gÿI#&9;3gÿ.-0ýJ/{?G-u�
. � 1 ¹*:V9wý2ÿ$º

ϕcj(h) = he2iπµ/k
(

1 − T j
0

(

ybxk+1R(x, 0)
)

(h)
)

+ o(hb+1) .
. ¥�1 ¦\3q��9>ÿ>þ

b(X) : = inf
j

max
{

b : ϕcj(h) − he2iπµ/k = o(hb)
}

∈ N∗ ∪ {+∞} .
¥ ?
b(X) = +∞ � '):V9wý2ÿ

X ≈ X0

� ¥ ?G3�9;3 � ?G:¸þ�w�?~ÿ.-Õþ
a(X) ∈ N � R̃ ∈ C {x, y}

þ.-
Q ∈ Ck−1 [x]- þ.:·ÿ><�/Yþ

X ≈ X0 + yb(X)+1xk+1
(

xa(X)Q(x) + yR̃(x, y)
) ∂

∂y
.

" þ���9;: 1;3��;(�þ
Q 6= 0

þ2ÿ.-T/{3�?@<�/Yþ � |�:8� 'B#.-2?u9;3U�@ýC�2ÿI+!þ2ÿ0%�9;(U9;-²%�A.-@? þ2ÿ
(x, y) 7→

(

e2iπθ/kx, cy
)

ÿ./Bý0:8��A&#�ýJ?G-2/!ýTþ}#.?G7R+!þ2ÿ2ÿ./�ÿ�� " �îþ.3�-2? þ�ý
a(X)

3¸þ�+BA��Yþ.35+�<�/Yþ>+!þ
b(X) � k þ.-

µ
�

. �³1 ¥ 9;? þ.3�-�+!þ./)w�#&%!')(*�Yÿ$+!þD,uþ&#.-Õþ./!ý2ÿ
X1

þ.-
X2

A&#�ýJ?G-IÿQÿ�9;/³ÿD:F'�K�9wý.(�þ�#.?G7R+!þ2ÿ2ÿ./�ÿD'),uþ&#$+!þ2ÿT��9;: 1�73��;(�þ2ÿ
Q1

þ.-
Q2

�¥ ?
X1 ∼ X2

'):V9wýTÿ
b(X1) = b(X2)

þ.-T?G:�þ�w�?~ÿ.-Õþ
θ ∈ Z/k

þ.-
c ∈ C∗ - þ.:·ÿ><�/Yþ

cQ1(xe
2iπθ/k) = Q2(x) .

ª�¨^´�²©¯gûDÏ·Ç & ! RQ�#'�L~� I N LÑ�%� X ≈ X0 + yb+1xk+1R ∂
∂y
$#L°�*'D$�� I N � � �*&�'D$�L ϕcj(h)− he2iπµ/k = o(hb)�*' ϕnj (h) = Id !hGJI �a' GJI ' j ∈ Z/k tè ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1D�*$#' I &S��� G &S$�"�� I �%&��*�1�S� N R1�#� � RQ�y� I � . ¥!t¹µ�t �>£ ! t £³� 1D�r'?��� N R ! � GQ!hG $#LÑ'�L G & . µ�t´¥!t � º ! t ���>� 1�t. ¥�1E$#� �EG &�'���� ! RQ�û��"�� I �#���%&g�%�¸$ I � b < b(X) t ¤ � �*$#'Ôÿf�)RQL !hGQI � b = 0 !SI LÑ$y� I � X �S� 'Õs ! �

� G &(ÿJ�*��OJ�*&('×$�� "��%��L ' X0 + yxk+1R̃ ∂
∂y
tSÆ IS!S!HG $ G &S$aR N G ��$¶� I � X = X0 + yb+1xk+1R ∂

∂y
�*'#� I � ϕcj(h)−

he2iπµ/k = o(hb) { !SI LÑ$ �EG &('�� G &S$�� I � X ≈ X0 + yb+2xk+1R̃ ∂
∂y
t

q¤� !hG LÑ&(' . � 1�LM&S�SL�� I �¶� I � T0

(

ybxk+1R(x, 0)
)

= 0 t R � R ! �y�*$ N R ! � GJ!HG $�L ')L G & . ¥!t¹µ�t�µ ! t ¡B� 1-{QL N ���ÚLM$]')�� G &�� F ∈ C {x, y} R�ÿQ�S� F (0, 0) = 0 ')� N � I �
X0 · F = ybxk+1R(x, 0).

Ç & ! RQ�]')L�� I N LM�%� F (x, y) = ybf(x) �r'_� G &��
y
∂F

∂y
= bF .

¤ R N � I N G &�$ N � !SI $nx f } G ��¿DRQ��� �S� X ! RQ� N �i�2x=R½&SOJ� � �%&('_�S��� GfG �#� G &S&S"*�%$
N :=

(

x, y (1 + bF )−1/b
)

� G���� � �%& . µgt·�gt·¥�1a�*'��S"r')�%� � LÑ& G &S$ R̃ ∈ C {x, y} ')� N � I � N∗X = X0 + yb+2xk+1R̃ ∂
∂y
t�q�� "S� I R½'�L G &

�S��� G & v#I O(RQLM$ G &Ô$S� "S�*��LÑ'Y�
X ·N =

(

X0 + yb+2xk+1R̃
∂

∂y

)

◦N ,

�*' !SI LÑ$y� I �
y
∂N

∂y
=

y

(1 + bF )1+1/b
,



Ynì �Jì�í)b¸Ì�É¶ÆBÈ*`cb¸Ì¸É¶Â¸Å�ÆgÈQÂ5`�Â¸Å&ùDÁ�Êú�ï�ÆBÈ¢Æ!ÁLÁ�b ] b�Å)bcö¸ÊGú�ï¸ÆgÈ j ��j
G & GQK ')LÑ�%&('a$ I � N R%� G���!hG $�RQ&(')��P y Q1�

y
(

1 + µxk
)

(1 + bF )1/b
+

−yX0 · F + yb+1xk+1R

(1 + bF )1+1/b
=

y
(

1 + µxk
)

(1 + bF )1/b
+
yb+2xk+1R̃ ◦N
(1 + bF )1+2/b

.

¤ �*'�'�� �#� N R½')L G &û$�����"*� I L 'Vm
yR̃ ◦N = (R(x, y) −R(x, 0)) (1 + bF )1/b ,

�%�'� I L®�S"*'��%� � LM&�� R̃ I &SL�� I � � �%&('_�*'a�S" �EG &�'���� N �P�#"%$ I N ')R½'Ht. �³1¤�S"S� GJI N ��� N RQLM�#� � �%&('���� . � 1¤�*' . ¥�1Ü� N RV� N RQ$�$#��RQ&=R N s�')L~� I �;�S� X0+
(

yb+1xk+1Q(x) + . . .
)

∂
∂y
�*$#'

�S"*'��%� � LM&�"%��R I ! �#� � LM�%� G �#�S���_& G &v& I N ! RQ� T0

(

ybxk+1Q
) { (U9�+)/B:V9 N �*$;$zs � "*'���LÑ�%$�� K ��"*�%$¼�S� X0

t �

¤ �)� G � G NÑN RQLÑ��� ! �%� � �r'Ü�S�?OQ"%&S"*�)R N LM$��*��$ ISK $#'�R½&�'�LM� NMN � � �*&(' N �%$ � G &('���� f ���Ú� ��! N �%$ GJK ')�*& I $ ! R½� = tÚÁ7tÇ N LV�%RQ� G ÿ 	 ái±7iz© { ! t ��� º � t � GJI $?� G &S& G &S$?�%& Â?&S&S�-��� ¤ �S�%$?���Ú� ��! N �%$×��� ÿ½RQ$#'��%$V}�R � L NMN �%$¼�S�]�2x=R ��! $
� G &('�R I � I &Ã" N " � �%&('×&¸� �*$#'×RQ&=R N sf'�L~� I � � �*&�' G � K LÑ')R N � � �*&('a"S� I LÑÿ½R N �%&(')mER I � I & R I ')�#����� I &S�]}�R � L NÑN �
�SL�»h"%�#�%&(')��t

½�ªøµ�ª±½hªU�®jG�w°}c e¤jG��° ¨ ±�c g�j § j@±�jG²Hi�¸��c¾��ë���e â c!�©i0±0±�c(g ¨ ²^c¾��c g mD§ cæ��iIÓHc���²Hcfehg�ª= t�Á t·Ç N Lø��RQ� G ÿ 	 ái±�i Ía� R �S"r')�*� � LM&S" N R<� N RQ$#$�L�����R½'�L G &ò' GJ!HG N G OJL~� I ���S�%$]}k� I L NMN �r'�RQOQ�%$ F ��� 'Õs ! �
&�½ I � f � G N t���&û�SLÑ'�� I � F �*' F̃ $ G &(' g�j § j@±�jG²Hi�¸��c!°}cfehg jG�;j©i¶g ¨ ±kcB°�cÚeHg��JjHeBiH��²@�xf Ñ $S� L N �-�ÚLM$#'�� I &
x G�� " G���G � ! xSLM$ � �Q� I L ! ��"%$#�%�]ÿJ� N � G ��LM�*&('�R½'�L G &v�r'V� I L®�%&(ÿ G LÑ�i}k� I L NMN �×�S� F $ I �#}k� I L NÑN �?�S� F̃ t
q G ��$y� I � X �%$#';�S�a'Õs ! �#� G &�ÿQ�%�#OJ�%&('H{ N Ri� N RQ$�$#��' GJ!HG N G OJL~� I �¼��� N �¹x G N G & Gu� LÑ�DRQ$#$ G �%LÑ"%�)m N RP$�" ! RQ�)R½'���L��%�
{y = 0} �S"r')�*� � LM&S�%�%� NMN ����� FX

�r'U�#"S�%L ! � G � I � � �%&('St�q G �#$y� I � X �*$#'1����'Õs ! �E�SL ÿJ�*��OJ�*&�'S{ N � �*$ ! R��%�
�S�%$_LM&(ÿ½RQ��LMRQ&(')$¼�*$#' N �i� ISG '�LM�*&�'a���

M′ :=
{

(εj)j∈Z/k : εj ∈ {0, 1} �*' ∑ εj > 0
}

! RQ� N �*$ ! �%� �1I '�R�')L G &S$��%LÑ�y� I N RQLÑ���%$�t × ! RQ�]')LM�����%$_LM&(ÿ½RQ��LMRQ&(')$��S� N Rr� N RQ$�$#L��Y�%R½')L G & RQ&=R N s�')L~� I � G � K L '�R N �
m (F) :=

(

ϕcj, ϕ
n
j

)

j
{ G & GJK '�LM�*&�' N � LÑ&(ÿQR½��L¥R½&�';' GJ!HG N G OJL~� I � mtop(F) := (εj)j

�*&Ã"��%�#LÑÿ½RQ&('

εj :=

{

0 $�L ϕnj = Id
1 $�LM& G & .

ü �¨ ð ¯¤¨^´ µgt·�gt � Ï~O RTP ' P~��| ��� % ü 
�� 	 ái±�i�ÍB�}[ � þ./�w�KHþ./B?G:G:~þ.-Z'�v!þ2ÿ
F
þ.-

F̃
+!þ}-21&�YþU+)?G,uþ�ý2v!þ.3�-

ÿ�9;3�->-�9&��9;:V98v)?@<�/Gþ.(�þ.3�-I9wýnp�?G-Z'):~þ.(�þ.3�-I#&9;3��J/)v)/�A2ÿ+ÿ.?Øþ.-�ÿ>þ./{:~þ.(�þ.3�-iÿ.?
mtop(F) ∼ mtop(F̃).

�k%!'E<�/GþA.:VA.(�þ.3�-6+!þ
M

#&9wý�ýTþ2ÿ���9;35+�|U:8� ?G3�,;'uýJ?@')3�-S-�9&��9;:V98v)?@<�/Gþ�+g� /B3>KHþ./B?G:G:~þ.-Z'�v!þ$+!þ$-21&�Yþ>+)?G,uþ�ý2v!þ.3�-Z�
�P��{���� R ! �n�%$ N Rv$#�S�*'�L G & . µ�t·�Bt´¥Bt·¥�1-{ !HGJI �×' GJI ' k f IS! N � (εj)j ∈ M { G &æ� G &S&=R�ÈÑ' I & �2x=R ��! X '�� N � I �
ϕnj (h) = h+ βjεj

!hGQI � βj 6= 0 � I � N � G &�� I ��t = G $ G &S$ δ := e2iπ/k �*'���"��=&SLÑ$�$ G &S$ N R K RQ$�� (Pj)j∈Z/k
�S�

Ck−1 [x] ! RQ�

Pj(x) :=
k−1
∑

p=0

(

δ−jx
)p

=
1 − xk

1 − δ−jx
.



jÕ�C© YnìBÅuÆ�d�Â�ÈQÇ=ï�`��0ïÄÇ � d�b�Å
��ð ¯ ð ñfñf²©¯���µ�t·�Bt·º=Ï ¥ 9;?G-

Z
/{3 #&%!')(*� +!þ~,uþ&#.-Õþ./BýTÿ´+!þ~-@1&�Yþ�+)?G,uþ�ýuv!þ.3�-�þ.-�3�9;-�9;3gÿ

(εj)j
ÿ�9;3?G3�,;'uý.?@')3�-�-�9&��9;:V98v)?@<�/Gþ��_¹*:V9wý2ÿ$?G:�þ2ÿ.-T-�9&��9;:V98v)?@<�/Gþ.(�þ.3�-\9wýnp�?G-u'):~þ.(�þ.3�-�A8<�/B?G,;'):~þ.3�-T')/~#&%!')(*�«º

xk+1 ∂

∂x
+

(

y + x2(k+1)
k−1
∑

j=0

εjPj(x)

)

∂

∂y
.

��þ.-2-Õþ}A&#�ýJ?G-2/!ýTþrþ2ÿ.-T/B3�?@<�/Gþ �EG � I N G :8� 'B#.-2?u9;3~+!þ2ÿ'ýC9;-u')-2?u9;3gÿ (
e2iπθ/kx, y

) �
½�ª±½hª uUf Ñ ��°�f

q�� R !S! N L~�%R½')L G &û� I 'TxS" G �y� � ��} G &S�=R � �*&�')R N . �2xSR ! LÑ'����]�³1�& GJI $ ! �*� � �*'_�S� �S"%O(R½OJ�%� N �*$?LÑ&(ÿQR½��L¥R½&�'�$
�S�)� N RQ$#$�L��Y��R½'�L G &	R½&=R N s�'�L~� I �¼�S�*$;&g½ I � f � G N $�$ GJI $�} G � � �¼�S� ! "%��L G ���%$Stf��&	"*' I �SLÑ�?R N G �#$ N ��OJ� GJIS! ���S�%$. OJ�*� � �%$_�S�>1a$ns � "r')�#LM�%$_��� I &<�2xSR �E! �S��ÿJ�S�r')� I �St¸q¤�*$¢�%R N � I N $a��� ! N L~�*LÑ')�*$a�S� $#�S�r')L G &S$×�S� N � GJ! "%��R½')� I �! "*��L G �S��{ � �*&S"%$_R I �2x=R ! LÑ'����'¥B{S& GJI $ ! �*� � �*'#')�%&('_�=RQ&�$V�*�%�]'�RQLÑ&S$���RQ$a$#L ��! N �*$¼�S��� G &S&��%���S�*$V} G � � �*$
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µ ∈ R−\Q 1Ü& G & N LÑ&S"�R½��LM$�R K N �ut ¤ � �%$]' I & ! � GJK N � � �a')�n�%$¼��L�Ô��%L N �u{³� G���� � N �_$ I OQO��%�#� / t = "*���n� f ÁÃRQ�y� G	 s b�� �%& �S"%O(R½OJ��RQ&('_�S�*$)�2x=R½&SOJ� � �%&('�$)� I R N LÑ')R½')L�}k$¼L ��!hG �#'�R½&�'�$¼�=RQ&�$ N R-�gsf&=R � L~� I �P�S� N ��x G N G & G�� LM�N G �#$y� I � µ $�R½')LÑ$n}�RQL ' m��SL�»°"*���*&�'��%$�� G &S�SL ')L G &S$·RQ�#LÑ'yx � "r')L�� I �%$St � "%RQ& ��G LM&�$S{�' GJI $��%�%$���L�»h" G���G � ! xSLM$ � �*$! � I ÿJ�*&�'¢�*'����P��"%R N LÑ$�"*�%$�� Gu�a� � N ��x G N G & G�� LM� ∆f
RQ$#$ G �%LÑ"%�'m N R1$#" ! RQ��R½')�#L~�*� {y = 0} �¸� I &+}k� I L NÑN �*')RQOJ�&�½ I � f � G N F0

� G &S&S" ! RQ� I &9�2x=R ��!
X = x2 ∂

∂x
+ y

(

1 + µx+ yx2R(x, y)
) ∂

∂y
.

Ç &ERQ� v#G LMOJ&=R½&�' m F0
I &r}k� I L NMN �*')RQOJ� F∞

�S�¼'Õs ! �a$#� NMN �¼LM�#�)R½'�L G &�&S� NÑN � & G & N LÑ&S"�R½��LM$�R K N �D�%& (∞, 0) {J� G &�'N ��x G N G & G�� LM� ∆∞
��R N � I N "%� ! RQ�Y�)R !�!hG �]'�m {y = 0} �*$#'�� G & v#I O I "%�+m ∆f

{©�r'1�*&Þ� G���! N "*'�R½&�' ! R½� I &
}k� I L NMN �r'�RQOQ�-��"%O I N LÑ�%�S{ G & GJK ')LM�*&(' I & }k� I L NMN �*'�R½OJ� F �S��� N RQ$�$#� C∞ $ I � I &òÿ G LÑ$�LÑ&=RQOJ�	�S� CP 1 × {0}')�)R½&S$#ÿQ�%��$#�'m N R�� K �)R�')L G & {x = cte} t�Ä GJI $ N �%$���s!� N �%$aRQ$zs ��! ' G ')L�� I �%$¼�S� F∞

LM&S� I LÑ'�$ ! RQ� N � LÑ'�"%�)R�')L G &
�S� ∆∞

$ G &('�R N G ��$ ')RQ&SOJ�*&(')LM� NMN � � �%&('Øx G��EG ' GJ! �%$rm ���%$r��s!� N �%$	R½$ns �E! ' G '�L~� I �%$U�S� F0
LÑ&S� I L ')$ ! RQ�N � LÑ')"*�)R½'�L G & �S� ∆f

. G & !HGJI $�$#�P')�)R½&S$#ÿQ�%��$�R N � � �*&('Qm N R�� K �)R½'�L G & {x = cte} 1�t= RQ�ÜRQL NMN � I ��$�{�� G���� ��& GQI $ N � R�ÿ G &S$ $�LÑOJ&=R N "¼�=RQ&�$ N ���2x=R ! L ')�#�¢¥!{ G & ! � I ' � G &�$#')� I LM�#� N ��OJ� GJIS! ���S�%$
��s!� N �%$;RQ$ns ��! ' G '�L~� I �*$�� G &(')LM& I $ �S� !HG LM&(' K RQ$#� (0, 0) RQ$�$ G �*LM"#m F0

t � G ' G &�$ f N � π∞
1
t ¤ �_OJ� GJI�! ���S"��%�#LÑ'N RE' GJ!hG N G OJLÑ�YRQ$ns ��! ' G '�L~� I � $��S�r' G �#LM� NMN �Y�S� F0

{ � RQLÑ$×R I $�$#L·$)R ' GJ!hG N G OJLÑ�YRQ$ns ��! ' G '�L~� I � O N GJK R N ��thÇ�&
��»h�*'H{�L � RQOJLÑ& G &S$¸� I � ∆f (y) = y !HGJI � I & y 6= 0 t�Â N G �#$ N R#}k� I L NÑN � � G &(')�*&=RQ&(' (x0, y)

� G &('�LM�%&(' I &���sB� N �
'�RQ&SOQ�%&(' . & G & ')�#LÑÿfL¥R N 1�t ¤ � N I L f �%L¤�*$#'�' GJI ')��} G LM$_'�RQ&�OJ�%&(')LÑ� NÑN � � �%&(')x G���G ' GQ! � R I ��sB� N �-R½$ns �E! ' G '�L~� I �
γ∞(x0, y) ∈ π∞

1
t R � � � � ��$�L ∆◦n

f (y) = y {©R N G �#$ N �a��sB� N ��'�RQ&SOQ�%&(' γ RQ$#$ G �%LÑ"E$��¹x Gu�EG ' GJ! �E$ I � N R
� G &��%R½')"*&=R½'�L G &

γ∞ (x0, y) ∧ γ∞ (x0,∆f (y)) ∧ . . . ∧ γ∞
(

x0,∆
◦n−1
f (y)

)

∈ π∞
1 .�P&��*&��S"*� I L '%� I �Ô' GJI 'r��s!� N � RQ$zs �E! ' G ')L�� I �ûLM&S� I LÑ' ! RQ� N � LÑ'�"%��R½')L G &}�S� ∆f
�%$#'	')RQ&SOJ�*&�'�LM� NMN � � �*&('

x G���G ' GJ! ��m I &S��� G &���R½'�"%&=R�')L G & LÑ&g�=&SLÑ�P��� " N " � �*&(')$a�S� π∞
1
t

Ç &U��� ! ���%&SRQ&(' N � ��� ! �#�%$#$�L G &1LM&(')"*OJ�)R N ���S�*$·LM&(ÿ½RQ��LMRQ&(')$¤�S�¼Á RQ�#'�LM&S�r' f / R � LM$ !hGJI � F0
{ G & ! � I '©"S�*��LÑ���

∆f (y) = ye2iπµ exp−TX
(

x2R
)

(x0, y)G�ò
TX
(

x2R
)

(x0, y) =

∫

γ∞(x0,y)

R(x, y)dx.

Â×LM&�$�L { N �*$ G � K LÑ'��%$ ! "%�#L G �SL~� I �*$D��� G ������� n �S� ∆f
$��i�%RQ�)R��*')"*��LÑ$��%&(' ! RQ� N �*$Dÿ½R N � I ��$ 2iπ f �%&('�L~�%�#�%$¼��� N R} G &��*'�L G &

y 7→ 2iπnµ−
n−1
∑

p=0

TX
(

x2R
)

(x0,∆
◦p
f (y)),

�*' G & N G ��R N LM$��Ã�S� � � � � N �%$ G � K LÑ'��%$ ! "%��L G ��L~� I �%$ RQ$zs �E! ' G ')L�� I �%$Ô�S� ∆f
� I RQ&�� n → +∞

. �*&
���*'��)RQ&g�2x=RQ&(']m N � �-� ! ���*$�$�L G &ä�%L f �S�*$�$ I $ I & KHG & �1I N ')L ! N � �S� 2iπ m[�2xSRu� I �E"r'�R ! �ut�t�t´1-t l �	&S�-$)RQLÑ$ ! RQ$
�=RQ&S$]� I � NMN � � �*$ I �#���%�*$]} G � �1I N �%$�$ G &(' ��� ! N G LÑ')R K N �*$���»h�S�*'�LÑÿQ� � �%&('H{ !SI LÑ$y� I � N � GQK!v �*' TX (x2R) �%$#'')�)R½&S$y�*�%&S�=R½&�'St
Å N ÿ½RÔ���-$ G L � I � N � G & ! � I '���" ! "*'��%�i�*�*'�'��%� G &S$]')� I �*'�L G & !HGJI ��&�� L ��!HG �#'��Ø� I � NÑN �-$#LM&SO I N RQ�#LÑ')"Y��"*� I L ')�
�%& (∞, 0) tÛq®�%$ &�½ I � f � G N $ . GQI ! N I 'TãQ' N � I � π∞

1
1�R !S! R½�)RQLÑ$�$��*&('ûRQLÑ&S$�LV� G���� � I & �SL~�r')L G &S&=RQLÑ���Ô�S�N R�' GJ!hG N G OJLÑ� R½$ns �E! ' G '�L~� I � ���%$û$�LÑ&SO I N RQ��L ')"*$ ��"*� I L ')�%$�t\W_&O�2x=RQ&(')LÑ�%� ! N I $�� G &S$�"�� I �%&('¾� G &S$#LM$]')�æm
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RQ&=R N sÚ$#�%��{��%&S$ I LÑ'��u{ N R}' GJ!HG N G OQLM� R½$ns �E! ' G '�L~� I � ��� I &S�¸$�LÑ&SO I N RQ��L ')" ���ä}k� I L NÑN �r'�RQOJ�ÃLM$ G N "*� �%& ' GJI ')�
OJ"%&S"*�)R N LÑ'�"u{Ym1')��R�ÿJ�%�#$?$�R���"%$�LÑ&SO I N RQ��LÑ$)R½'�L G &¸t

Ç &B�=&�{��=RQ&S$ N �%��R½�S�����S�%$'} G sJ�%�#$����*�%&(')�#�%$-�#"%� N $S{ G &}RQ���#LÑÿQ�ER IÐ� � � ��OQ�%&S�#�E�S����R½�)Ru�r')"%�#LM$�R½')L G &¸�S�%$
��s!� N �%$ . N L � L ')�%$ GJI & G &G1�t;ÆÚL G &�& G '�� Σ 3 (0, 0)

N R ')��RQ&S$#ÿQ�%�#$)R N �Lm I &�'�� N }k� I L NMN �*'�R½OJ�û$ I � N ��� I � NG &Ï��R N � I N � N � R !S! N L~�%R½')L G &���� = G LÑ&���RQ�#" P ��� ! ��� � LM�*�U�#�*' GQI �S{ �*�*'#')�+� GQI � K �ÔRQ&=R N s�')L~� I � $�" ! RQ��� I &
ÿ G LÑ$�LM&SRQOJ� Ω �S� (0, 0) �%& �S� I � � G�� R½LM&S�*$ Ω±

$ I � N �%$n� I � N $ G & ! � I ' N LÑ&S"�RQ�#LM$#�%� N �]}k� I L NÑN �r'�RQOJ��LÑ&S� I L '
�%&û��" ! "r'�RQ&(' N R �S" � RQ�n�2xS��� I �2xSR ! LÑ'����i�Bt�Ç�&û$ I�!S!hG $)RQ&('#� I � N �)}k� I L NMN �*')RQOJ�a�%$]'a� G &S&S" ! RQ� N �¢�2x=R �E!

X = y
∂

∂x
− x

∂

∂y
+R(x, y)

(

x
∂

∂x
+ y

∂

∂y

)

,

�*'_$�L γ(h) �#� ! �#"%$��*&(')� N RU')��R v �S�r' G LÑ���P��� N LMRQ&(' h ∈ Σ m P (h) { G & GJK '�LM�*&�'��
P (h) = h exp−

∫

γ(h)

R
dx

y + xR
.
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(0, 0)
þ.-
G
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FZ
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(0, 0)

þ2ÿ.-\:8�îþ�w�-0ýCA.7(}?G-sA�� " ��A8<�/�')-@?u9;3
Z · F = G

'E+)(�þ.-T/{3¸þ]ÿ�9;: /{-@?u9;3�K�9wý.(�þ.:G:~þ�ÿ.?�þ.-Ûÿ>þ./{:~þ.(�þ.3�- ÿ.?T:8� ?G3�-�Auvuý�'):~þ+!þ
GτZ
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Z ·F = G
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tLª0©Yªq�¤c!��i�±0±kc�g ¨ ²^c Ñ ®�j@±kjÄ°�j@� § ®�c Ñ
tLª�©Yª0©Yª�ê�f³Ò�e©i¶g�ikjhe Ñ ª� GJI $ � G &S& G &S$ L��%Lg�*�%�]'�RQLÑ&S�%$ �S"��=&SLÑ'�L G &�$�� G &��*�%�#&=RQ&(' N �%$ }k� I L NÑN �r'�RQOJ�*$ x G N G���G � ! x��%$·$ I � I & GJI ÿJ�*�#'

Ω �S� C2 t
è ¨5é�£¶ ©£¥¢¤£ ð  �ÂØt � t � Ï
. � 1�W?& â c!�©i0±�±kc(g ¨ ²^c . $#LM&SO I N LM�*�21 F $ I � Ω �%$]' N R-� G &S&S"*����� I &¾�2x=R �E! �S�PÿJ���*')� I ��$

X(x, y) = A(x, y)
∂

∂x
+B(x, y)

∂

∂y
� G &(' N �%$V� G���!hG $)RQ&(')�*$ A �*' B $ G &�'Qx G N Gu�EG � ! xS�*$_$ I � Ω tÄq®�%$��*"%� G $¢� G��a�UI &S$_�S� A �*' B$ G &(' N �*$ § jhi�ehg Ñ%Ñ i�eh²Ä��±�i�c�� Ñ � I }k� I L NMN �r'�RQOQ� � N � I ���*&S$�� �1K N �Y�*$#'?& G '�"

sing(F) = sing(X)

:= {(x, y) : X(x, y) = (0, 0)} .
q¤�*$ â c!�©i0±�±kc Ñ � I }k� I L NMN �r'�RQOQ�D$ G &�' N �%$�� GJI � K �%$ LM&(')"*OJ�)R N �%$ . N �*$·')�)R v �S�*' G LM�#�%$T1���� X �r' } G � � �%&('I &S� ! RQ�]')LÑ'�L G & �S�

Ω∗ := Ω\sing(F) .
. ¥�1UÆ G LÑ' p ∈ sing(F) t5W?&�� Ñ f §�¨ � ¨ g>��i��Jc ��� F �%$]' I &S�'}k� I L NMN � L � I L�$�� ! � G N G &SOJ�YR I !HG LM&(' p�%& I &S�Pÿ½RQ��LÑ"*')"i� G���! N �-����t
. �³1U�P&Ô�SLÑ�)Rr� I � F �%$]' �;f�²@��±7ikc�� $ I � Ω $#L sing(F) = ∅ t. µ�1UÆÚL V ⊂ Ω �*$#' I & GJI ÿQ�%�#'S{ G & R !S! � NÑN �%��R N R ��c Ñ g>��i0�Qg�i�jHe �S� F m V N �Q}k� I L NMN �r'�RQOQ�×�S"��=&SL ! RQ�

X|V tH��& N �P& G ')�%��R F|V t. � 1 = GJI � I & $ GJI $ f �%&S$#� �1K N � K ⊂ Ω∗ { G & R !S! � NMN �%�)R ÑS¨ g>����f �S� K ! R½� F N � I &�L G & �=RQ&S$ Ω �S�%$
}k� I L NMN �*$¼�S� F � GJIS! R½&�' K t

ª�¨^´�²©¯gûDÏ
. � 1 R � R ! �y�*$ N �v'TxS" G �y� � �Ô�S�¾Ü×RQ�]' G OQ$S{·$#L dim sing(X) > 0 R N G ��$ N �%$r� Gu�E!HG $)R½&�'��%$ A �*' B!hG $#$y�*�S�%&('v���%$a}�R��*')� I ��$E�%&e� G����1I & !hGQI � N R¸�SLÑÿfLM$#L G &��=R½&S$ O (Ω) t�Â ! �n�%$ ��LÑÿfLM$#L G & ! RQ�N � I � pgcd { N � N LM� I $�LM&�O I N LÑ�%�;� I & GJI ÿQ��R I �2x=R ��! �*$#'_�SLÑ$y�%�#�*' . "*ÿJ�*&(' I � NMN � � �*&('_ÿfLÑ�S�>1-t �Ãj@� Ñ

Ñ � §�§ j Ñ c���jhe Ñ g�j@�{i*jÄ�h� Ñ �Jc(g�g�c j § f�� ¨ g�i�jHe cE¤ cB�Qg>�gf�c �*' N �Ô& GQI ÿJ�%R I }k� I L NMN �*')RQOJ�û$��*�)R
�%&�� G ����& G '�" F t. ¥�1�W?&5}k� I L NMN �r'�RQOQ� F $ I � Ω ��"��=&SL ' I &+}k� I L NMN �r'�RQOQ����"*O I N LÑ�%�¼$ I � Ω∗ t

. �³1]q¤�*$L}k� I L NMN �%$ &�� � G &(')LÑ�%&S&��%&(' ! RQ$ �S�z$#LM&SO I N RQ�#LÑ'�"%$S{a�r'ä�%�z$ G &�'¸���%$ ÿ½RQ��LÑ"*')"*$L� Gu�E! N ���Ú�%$�{
� G &S&����Ú�%$ ! RQ�ÔR½�y�%$�{¼L ��� �%��OQ"%�%$E�=RQ&S$+�*�*' GJI ÿJ�%�]'HtaÇ�& ! RQ�]')L~� I N LÑ�%��L N &�� �*$#' ! RQ$EÿÚ��RQLQ� I �
�2x=Ru� I ��}k� I L NMN �?�S� F|V �*$#' N R1'��)Ru�*�Y�¸� I &���}k� I L NÑN ����� F �=RQ&S$ V t

j �TÝ



jÕ�8��Âgì�ö=^a`=^�Ì¸ÂÄÅ�Ê~Á�^gÈ�È.ïÄÌæÅuÆBÈDí³ÆBïÄÊ Å�ÅuÆ!Á�Â5ö�ÆgÈ�ecb�Å)bDÉ�b¸Ì ] e�ÆBÈ¢Æ!ÁLÅuÂäÁ�b ] b�Å�bcö¸Ê~Æ9Â¸ÈJùDÉ ] Á�b�Á�Êú�ï�Æ
. µ�1UÆ G LÑ' p I & !HG LM&('��¸� I &��'}k� I L NÑN � L tSÂ N G ��$P�

TpL = X(p)C.

Â×LM&�$�L¤�S� I �<�2xSR �E! $?�S��ÿJ���*'�� I �#$ X �r' X̃ LM&S� I LM$��*&(' N � � � � �i}k� I L NMN �*'�R½OJ�P$�L�{H�r'×$#� I N � � �%&('
$�L {^L N $_�SL�»Ä�%�#�%&(' ! R½� �1I N ')L ! N L���R½'�L G &v�¸� I &��Ø} G &��r')L G &<x G N G���G � ! x�� U &S� $S� RQ&S& I N R½&�' ! RQ$�$ I �
Ω t�W?&S�P')� NMN �¢} G &��r')L G & U �%$]'×R !S! � N "*� I &S� �©e�ikg�f t

. � 1YÅ N �%$]'¤"S� I LÑÿ½R N �%&('¤�S��$#��� G &S&S�*� I &S� 1 f } G � � ����L�»h"%���*&(')LM� NMN ��x G N G���G � ! x�� ω(x, y) = b(x, y)dx−
a(x, y)dy '�� NÑN �¢� I � ω(X) = 0

. G & N � R !S! � NMN � â jG��°�c¾��� ¨ ±�c � I �2xSR �E! X 1�t R RQ&S$¶�*�i��RQ$�{�$#L
p �%$#' I & !HG LM&('a��� I &S��}k� I L NMN � L {

TpL = kerω(p).

Ç &U�SL � �%&S$#L G & 2 { I &Ø}k� I L NÑN �r'�RQOJ���*$#'�� G &���} G � � ";�S�*$�$ G N I '�L G &�$©��� I &S�D"S� I R½'�L G & �SL�»h"%�#�%&(')LÑ� NMN �G ���SLÑ&=RQLÑ�����S���S�*OJ��" � { N LM&�"�RQLÑ���×�*& y′ �
a(x, y)y′ = b(x, y) .

. º³1YÄ GJI ')�Q}k� I L NMN �*')RQOJ�×$#LM&SO I N LÑ�%�D�*& p !HG $#$y�%��� R I9��G LÑ&S$ I &S��$#" ! RQ��R½')�#L~�*�P�%&9�%� !HG LM&(' . �*�P&�� �%$#'! RQ$ I & ��"*$ I N '�R½'�'���LÑÿfLMR N 1-t�Æ G LÑ' L I &���}k� I L NÑN �?�S� F �g�u� �%$#' I &��Y$#" ! R½�)R½'���L~�*�P�S� F R IÔ!HG LM&(' p$�L®�*'_$#� I N � � �%&('_$�L®L N ���ÚLM$]')� I & GJI ÿQ�%�#' V ⊂ Ω '�� N � I � p ∈ V �*'
L ∩ V = (L ∩ V ) ∪ {p} .

¤ � �*$#'Y�%&�� G ���	"�� I LÑÿ½R N �*&('�m N � ���ÚLM$]')�%&g�%�-��� I &S�r} G &��r')L G & S ∈ O (Ω) '�� NÑN ��� I � L = S−1(0) tR RQ&S$#�%���%RQ$
X · S = KS

!hGJI � I &S�'} G &��*'�L G & K ∈ O (Ω) &S�Y$S� RQ&S& I N R½&�' ! RQ$¸�@�*�*'#')� I &SLÑ'�"��%$#'×R !S! � N "%� N � �Jj â ¨ �Qg�cB�h��S� S ! RQ����R !S!HG �#'Vm X t
q¤�Ã'TxS" G �y� � � ��� ¤ R I �2x³s !HGJI � N �%$E"S� I R½'�L G &S$ �SL�»h"%�#�%&(')LÑ� NMN �%$E& GJI $vLÑ&S�SL�� I �<� I � �%&p' GJI ' !hG LM&('

��"%O I N LÑ�%� p ∈ Ω∗ {=L N ���ÚLM$]')� I & GJI ÿJ�*�#' V ⊂ Ω∗ � G &(')�%&SRQ&(' p �r' I &S��$ ISK�� �%�#$�L G &5x G N Gu�EG � ! xS�
H : V → C

')� NÑN �i� I ��{=�%& & G '�R½&�' L 3 p I &S�i}k� I L NÑN ���S� F|V �
L = H−1(H(p)) .

¤ � N R�$�LÑOJ&SL��S�Y�*&(')���UR I '����Ø� I � L N �-��LÑ$#'�� I & K L~x G N G���G � ! xSLM$ � � ψ : V → W ��� N Rr} G � � � ψ = (F,H)� I L��*&(ÿ G LÑ� N �%$¶}k� I L NÑN �%$D�S� F|V $ I � N �%$�}k� I L NÑN �%$D� I }k� I L NÑN �r'�RQOJ�?��"*O I N LÑ�%�¼$]'�RQ&��=RQ��� �S"��=&SLÑ' ! RQ� ∂
∂x
|W tè ¨5é�£¶ ©£¥¢¤£ ð  �ÂØt � t·¥SÏ

. � 1�W?&S�1'�� NMN �]} G &g�*')L G & $#�%�)RÔR !�! � N "%� i�ehg�f�²G� ¨ ±kc § ��c!°«i@y���c ÎÏÒkj���c Ñ �JjHe©e¤cE÷®c Ñ ��� F|V
. GJI

�S� X $ I � V 1�t. ¥�1]q�R-� G &S&S"%���S� (V, ψ) $��*�)R�R !S! � N "%� I &L� jH�}
Cj�jB÷ t
ª�¨^´�²©¯gûDÏ;ÆÚL H �*$#' I &S��LM&('�"%OJ��R N � ! ��� � L~�*����mr� K �#�%$#� G &�&S���Ú�%$?�S� X R N G �#$

X ·H = ω ∧ dH
= 0 .

q�R���"S�*L ! � G � I �Ã&�� �%$#' ! RQ$ ÿf�)R½LM� �%&pOJ"*&S"%��R N { !SI LÑ$y� I � ' GJI '��%$ N �%$a} G &��*'�L G &S$ f ◦ H $�R½')LÑ$n} G &('a�%�r'�')�! � GJ! ��LM"r')"�t



Âgì j8ì{í³Æaï¸Ê~ÅuÅuÆ!Á�Â5ö�ÆBÈDe=b�Å�bDÉ�b¸Ì ] e¸ÆgÈ j �yó
tLª�©Yª�Í�ª£��i�e�²@��± ¨ ��i¶g�f Ñ ��fB����ikg�c Ñ c(ga®�j@±kjHe�j@°«ikcGª
�P&Ô$#� ! N Ru�*� � RQLÑ&(')�%&SRQ&('a$ I � I &Ôÿ G LM$�LÑ&=RQOJ� Ω �S� (0, 0) �*' G &Ô$ IS!�!hG $#��� I � sing(X) = {(0, 0)} tÆ G LÑ' X1

N R ! R½�#')LÑ� N LÑ&S"�RQLÑ���?�S� X �*& (0, 0) �
X1(x, y) = (ax + by)

∂

∂x
+ (cx+ dy)

∂

∂y

=

[

a ∂
∂x

b ∂
∂x

c ∂
∂y

d ∂
∂y

] [

x
y

]

.

q�� "S�*��L ' I �#� � R�')��L��%LÑ� NMN ���%$]'i� Gu�E! R�')L K N �YR�ÿJ�S� N � R��*')L G & �S�%$i�2x=R½&SOJ� � �%&('P���Ø� GfG �#� G &S&S"*�%$ N LM&=R½LM���*$?$ I �
X t � GJI $_& G ' G &�$ (λ1, λ2)

N �%$�ÿ½R N � I �#$ ! � GJ! ���%$a�S� X {�� N RQ$#$�"*�%$ ! RQ� G �#�S�����%� G LM$#$)RQ&('a�S� ��G � I N �utè ¨5é�£¶ ©£¥¢¤£ ð  òÂØt � t·�SÏ � GJI $D�SLÑ� G &S$�� I � X RQ� � �r' I &��?$#LM&SO I N RQ�#LÑ')"��#"%� I LÑ')�a�*& (0, 0) $�L λ2 6= 0 �*'?�
µ := λ1/λ2 ∈ C\Q∗

+.. � 1UÆÚL µ /∈ R G & �SLÑ�)R�� I � � NMN ���%$#' ® m�§ c!��j�j@±�i���¤c t
. ¥�1UÆÚL µ ∈ R+\Q G & ! RQ� N �%��R-�S� e��¾��� t
. �³1UÆÚL µ ∈ Q∗

−
G & ! RQ� N �*�)R-�S� Ñ c!±�±kc9�;f Ñ jHe�e ¨ ehg�c t

. µ�1UÆÚL µ ∈ R−\Q G & ! RQ� N �%��R-�S� Ñ c!±�±kc iI��� ¨ g�ikjhe�e¤cB±0±kc t
. � 1UÆÚL µ = 0 G & ! RQ� N �%��R-�S� e��¾���=
T�JjÄ± t
¤ �%$D$#LM&SO I N RQ�#LÑ'�"%$�$ G &�';')�n�%$ÜL ��!hG �]'�RQ&('��%$���RQ�Ü� NÑN �*$;R !S! RQ��RQLM$#$��%&('�� G���� � ��G ��� N �a'��%� � LÑ&=R I �	�SRQ&S$N R}�S"*$�LÑ&SO I N RQ��LÑ$)R½'�L G &m�S�%$û$#LM&SO I N RQ�#LÑ'�"%$��S�L}k� I L NMN �*'�R½OJ�ut q®� I �#$ ! � GQ! ��LÑ"*')"*$ ÿ G &�'S{¼��� I &S� � RQ&SL��%�#� GJI

��� I &S�UR I ')�#�u{=�S"r')�%� � LÑ&S�%���*� NÑN �%$����Y&¸� L �E!HG �#'��Q� I � NÑN �P$#LM&SO I N RQ�#LÑ')"�t¤ G��a� � µ 6= 1 { G & ! � I 'Y$ I�!S!hG $��%�]� I � X1
�*$#' �SL¥R½O G &=R N LM$�R K N ��t�ÆfL X &�� �%$]' ! R½$ I &�&�½ I � f � G N {

�%�%$;$�LÑ&SO I N RQ��L ')"%$����V}k� I L NÑN �*')RQOJ� !HG $#$y�%���%&('��S� I �E$�" ! RQ�)R½'���L��%�%$�{��2x=Ru� I &S�?')RQ&SOJ�*&�'��?�*& (0, 0) m N � �%$ ! Ru�%�! � GJ! ��� RQ$#$ G �%LÑ"<m λj t¼ÆfLM& G &¸{ X !hG $#$y�*�S� I &S�Ã$�" ! RQ�)R½'���L��%�<� G ���#�%$ !hG &��=RQ&('5m λ2 6= 0 {Ü')RQ&S�SLÑ$a� I ��%� NÑN �-R½$�$ G �%LÑ"%�rm 0 &�� RB{�OJ"%&�"%��L�� I � � �%&('H{¸� I � I &��-���ÚLM$]')�%&g�%�r} G � � � NÑN ��t°��& ! � I '��*� ! �%&S�SRQ&('����%�����%$#$��*��%�%$ $�" ! RQ�)R½'���L��%�%$E$ I � N �*$ R����*$v�S�9� GfG ��� G &S&S"*�%$ ! RQ� I &e�2x=RQ&SOQ� � �%&('v�S�¾� GfG ��� G &S&S"*�%$ N G �%R N � � �*&('
x G N Gu�EG � ! xS���*& (0, 0) tYo©LM&=R N � � �%&('H{Ú�*'?R ! �n�%$a�SL ÿÚLÑ$�L G & ! RQ� I &�� I &SLÑ'�"u{ X ! � I '_$S� "S�*��LM�#�

X = µx
∂

∂x
+ y (1 + . . .)

∂

∂y
$#L µ 6= 0 ,

X = xk+1 ∂

∂x
+ (y + . . .)

∂

∂y
$#L µ = 0 ,

G�ò N �%$TP . . . Q�$ G &('_�S�%$�')�*� � �%$a�S���S�*OJ��"�$ I�! "*��LM� I �Vm 1 t

o�L�� G &S$ I & !HG LÑ&�' q �=RQ&S$ N R«$�" ! RQ�)R�')��L��%� Sy := Ω∗ ∩ {x = 0} {�RQLÑ&S$�L¢� I � I & N Ru�%�r' γ0
�S� K RQ$#� q�*'a��� L � RQOJ�_LM&�� N I $#���=RQ&�$ Sy tÚÅ N �-��LÑ$#'�� ε > 0 ')� N � I � F $ G L 'D')��RQ&S$]ÿJ�%�#$��'m N R�� K ��R½')L G & {y = cte} $ I �N � GJI ÿJ�*�#' V := ∪p∈γ0B (p, ε) t;� I LÑ'#')��m���"*� I LM�#� ε { !hGQI �®' GJI ' !HG LÑ&�' p �S� N R¼'��)RQ&S$]ÿJ�*��$)R N � Σ := {q}×εDL N �%$]' !hG $�$�L K N �	�S�E��� N �*ÿQ�%� γ0

�%& I &Ð�2xS� � LM& γ {¤LÑ&�� N I $ �SRQ&S$ I &S��}k� I L NMN �u{��r'1�S� K RQ$#� p � G &}�#� N �*ÿJ�N G ��R N � � �%&('��=RQ&�$_���%$#é G ¿ f KHG �Ú�*$?�#�S� GQI ÿf�)RQ&(' γ0
tGq�� �-�Ú'���" � L ')"P�S� γ �*$#'?R N G ��$¼& G ')"*� ∆γ0(p)

t
� ¯ ð��^ð ¡�£¥¢¤£ ð  8Â]t � t¹µ^Ï�" � '.�E�5: ?u#8')-@?u9;3

∆γ0 : Σ → Σ
þ2ÿ.-D/{3¸þU?G3��Hþ&#.-@?u9;3Å%�9;:V9;(U9wýZ��%Yþ§ogwa')3�-

q
�ÿ6:G:~þ�3¸þ�+BA��Yþ.35+}<�/YþD+!þ�:F'q#.:F'wÿ2ÿ>þ*+g� %�9;(U9;-�9&�5? þ*+!þ

γ0

+E')3gÿ
Sy

� ¥ ?
γ0

þ2ÿ.-�+g� ?G35+)?u#2þ
1

')/{-�9;/!ý�+!þ
(0, 0) �9;3�'.�E�Yþ.:G:~þ�ý�'

∆ := ∆γ0

:~þ¡ *¢�£L¤c¥�¦�¥�§©¨�ª«¢�¬\¦4� $®¯ª�¥±°�¥±²Y¥±¦q¢_'wÿ2ÿ�9�#.?uAI|�:F'�oTpSý�')-2?u9;3
{y = cte}

þ.-|U:F'�ÿ�A��!'uý8')-0ýJ?u#2þ
Sy

� � ')3gÿI#2þ}#8'wÿ�º
∆(x, yq) =

(

e2iπµx + . . . , yq
)

.



jZYCª�Âgì�ö=^a`=^�Ì¸ÂÄÅ�Ê~Á�^gÈ�È.ïÄÌæÅuÆBÈDí³ÆBïÄÊ Å�ÅuÆ!Á�Â5ö�ÆgÈ�ecb�Å)bDÉ�b¸Ì ] e�ÆBÈ¢Æ!ÁLÅuÂäÁ�b ] b�Å�bcö¸Ê~Æ9Â¸ÈJùDÉ ] Á�b�Á�Êú�ï�Æ
³�´¶µ¸· I�¹ � G ´±º L�»±¼�½ · ½V¾ ��x±¿�¾�¿ ´ ¿ �¶À · ∆ ��¿ ��� ·$Á�´±·:ÂJµ±µ ¾ À � Â ¹�À ¿ ´ » ·iµ ½ · �ÃÀ · ½(½ · ¹ ¿ Á ½ . ÂJµ±µ ¾ À � Â ¹�À ¿ ´ » ·= ¿ À ´ � Â ½Ä¼>1 ÂJºÄº ¿!� À ¼ · m¡¾ Â ¹ ½ ÂJ´±º ÿ · ½ º�Â ¾ · Σ t
ª�¨^´�²©¯gûDÏ
. � 1UÆ À ¾ �Å¿ ´ �2x±¿ À º À�¹ Á±´�·�ÂJÁ ¹ ½ · ¹ ½ ÂJ´±º ÿ · ½ º�Â ¾ · Σ

.R?@�0þ�� Á�´±·�Â\Á ¹ ½ · �±Æ±½ Â ¹_À ¿ ´ ¹ ½ ÂJ´±º ÿ · ½ º_· 1�{¸¾ ·�º:ÂJµ�µ ¾ À f
� Â ¹_À ¿ ´±º ∆

· ¹ ∆̃
Â ¾�¿J½ º ¿�Æ ¹ ·�´�Á±·©º�º ¿ ´ ¹ ÂJ´*Â ¾�s ¹�À � Á�· � ·�´ ¹ ��¿ ´ v Á±Ç�Á ¼ ·�º�·©´ ¹ ÂJ´ ¹ � Á�·�Ç�· ½ � ·�º » ·» À »«¼�¿ � ¿�½ µ x À º � ·©º » · (C, 0) t. ¥�1>� Á±ÂJ´ » µ /∈ R∗

+
{«¾ Â �©¾ ÂJºÄº_·�ÂJ´±Â ¾�s ¹�À � Á±· » · ∆ »±¼ ¹ · ½ �ÃÀ ´±· � · ¾�¾ · » Á } ·©Á À ¾�¾ · ¹ ÂJÇ�· � Á À ¾ Âkµ ¿J½ ¹ · t

Æ À ¾ · } ·©Á À ¾�¾ · ¹ ÂJÇ�·�·�º ¹ ¾ À ´ ¼ Â À ½ · .R?@�0þ��
X = X1

1 Â ¾�¿J½ º ∆
·©º ¹ ¾ À ´ ¼ Â À ½ ·�ÂJÁ±º_º À t

. �³1 R � Á�´±· � ÂJ´ À �©½ ·YÇ ¼ ´ ¼�½ Â ¾ · { µ ¿ Á ½ ¹ ¿ Á ¹ ·8º ¼ µ*Â ½ Â ¹ ½ À � · S ÂJº_º ¿B� À ¼ · m Á±´ } ·�Á À ¾�¾ · ¹ ÂJÇJ·(µ ¿ Á ½+¾ ·©º � Á±· ¾ º¿ ´Lµ«·©Á ¹i¹ ½_¿ Á ÿ · ½ Á�´±· �±Æ±½ Â ¹_À ¿ ´ ¹ ½ ÂJ´�º ÿ · ½ ºÄ· {¸¿ ´ ¿�Æ ¹�À ·�´ ¹ Á±´±· ½ ·©µ ½_¼ º_·©´ ¹ Â ¹�À ¿ ´
ρ : π1 (S, q) → Diff(Σ, q)» ÁLÇ ½_¿ Á�µ«· }¿ ´ » Â � ·�´ ¹ Â ¾
» · S Æ Â\º ¼ ·�´ q ÿ · ½ º ¾ ·�º$ÇJ· ½ � ·�º8·�´ q » · » À »
¼©¿ � ¿�½ µ x À º � ·�º x±¿�¾�¿ f� ¿�½ µ x ·©º » · ¾ Â �*Æ±½ · Σ 3 q t

tLª�ÍDª l8È § È ± È ²¸ÉÊ ¨YÑ.m ° §�Ë È Ë É�¸��Ê
Ì ª~Í�ª0©Yª å ®�Ê!°�É}Í Ñ Ê Ë � m �³±�Ê Ñ ªR ¿ ´±´ ¿ ´±º ¹ ¿ Á ¹ »�� Â Æ«¿�½Ä»B¾ Â »±¼�� ´ ÀÎ¹�À ¿ ´ » · �2x · �¶À ´�º�· ¹ ��s!�©¾ ·�º�Â\º s � µ ¹ ¿ ¹_À � Á±·�º �©¿ ´ ¹�À ´�Á±º t ¤8·�º �2x · �ÃÀ ´±ºÂJµ±µ*Â ½ Â À ºÄº_·©´ ¹ ´*Â ¹ Á ½ · ¾�¾ · � ·�´ ¹ » Â\´±º ¾ ·�º$º À ´±ÇJÁ ¾ Â ½ À�¹ ¼ º x³s µ«· ½_Æ¸¿�¾ À � Á±·�º ¿ Á » · ¹ s µ¸·~´ ½ Á » . f ��¿J¾ë1�{ · ¹ µ ¾ Á±ºÇ ¼ ´ ¼©½ Â ¾ · � ·�´ ¹ » ÂJ´±º ¾ ·�º } ·�Á À ¾�¾ · ¹ ÂJÇ�·�º8º À ´�Ç�Á ¾ À · ½ º »±¿ ´ ¹ ¾ ·©º } ·�Á À ¾�¾ ·©º$Â »�xg��½ ·©´ ¹ m�¾ Â�º À ´±Ç�Á ¾ Â ½ À�¹ ¼�t
è ¨5é�£¶ ©£¥¢¤£ ð  }Â]t´¥!t � Ï�ÆH¿ À�¹ Z Á±´ �2x Â � µ » · ÿ · � ¹ ·�Á ½�x�¿�¾�¿ � ¿�½ µ x · m º À ´±Ç�Á ¾ Â ½ ÀÎ¹ ¼ À º ¿�¾�¼ ·{·©´ (0, 0)

· ¹
F ¾ · } ·©Á À ¾�¾ · ¹ ÂJÇ�· À ´ » Á À�¹ t

. � 1�W ´ �2x · �¶À ´ γ : [0, 1] → C2\ {(0, 0)} » · ��¾ ÂJº_ºÄ· C1
º_· ½ Â » À�¹ Ë>¨ Íh²/ÊÏÍ Ë m Z . ¿ Á m F 1 º À { ·�´¹ ¿ Á ¹$¹ · � µ±º t

γ′(t) = c(t)Z ◦ γ(t)µ ¿ Á ½ c(t) ∈ C t ¤8· � À ·©º ¹ ¼S� Á À ÿ Â ¾ ·�´ ¹ m�» À ½ · � Á±·�º ¿ ´ À~� ÂJÇ�·w·©º ¹:À ´ �©¾ Á±ºÄ· » ÂJ´±ºiÁ±´±· } ·©Á À ¾�¾ · » ·
F t ³�´ ¾ · � Á*Â ¾ À � · ½ Â » · �2x · �¶À ´ ¹ ÂJ´�Ç�·�´ ¹ » · j ¨�Ñ Ê B := γ(0)

· ¹ »�� ÊE÷ Ë �;f!°�É Ë f E := γ(1) t. ¥�1�W ´ �2x · �ÃÀ ´ γ : R+ → C2\ {(0, 0)} ·�º ¹ Á±´ �w®�ÊB°ÐÉ}Í Ë>¨ Í�²/ÊHÍ Ë+¨YÑ.m ° §�Ë È Ë É�¸��Êä� È Í Ë É�Í��»�� · � ¹ ½_¼ �ÃÀÎ¹ ¼ E ∈ C2
· ¹ » · Æ ÂJºÄ· B := γ(0)

º À ¾ Â ½ ·�º ¹ ½ À � ¹_À ¿ ´ » · γ m ¹ ¿ Á ¹ ��¿ � µ*Â � ¹ » · R+·�º ¹ Á±´ �2x · �ÃÀ ´ ¹ ÂJ´±Ç�·©´ ¹ m F · ¹
lim
t→+∞

γ(t) = E .

. � 1 ³�´LÂ\µ±µ«· ¾�¾ · ½ Â γ � m �³±�Ê Ë>¨ Í�²/ÊHÍ Ë%¨YÑnm ° §�Ë È Ë É����Ê5� È Í Ë É�Í�� {�» · Æ ÂJº_· B · ¹ »�� · � ¹ ½Ä¼ �¶À�¹ ¼ E {¾ Â �©¿ ´ � Â ¹ ¼ ´±Â ¹�À ¿ ´ » · » ·�Á �%�2x · �¶À ´�º ¹ ÂJ´±ÇJ·�´ ¹ ºVÂJº s � µ ¹ ¿ ¹�À � Á�·�º ��¿ ´ ¹_À ´�Á±º γ+
· ¹ γ− » · � � � ·�ºÆ ÂJº_·B· ¹ · � ¹ ½_¼ �ÃÀÎ¹ ¼�{�� · � Á±· ¾ �Å¿ ´ ¼S�©½ À ½ Â

γ := γ+ ∧ −γ−.
ª�¨^´�²©¯gûDÏ q Â »±¿ ´±´ ¼ · »¸� Á±´ ��s!��¾ ·�Â\º s � µ ¹ ¿ ¹_À � Á±· ��¿ ´ ¹_À ´�Á γ ·�º ¹ ¼S� Á À ÿ Â ¾ ·©´ ¹ · m¶¾ Â »�¿ ´±´ ¼ · »�� Á±´±·ÂJµ±µ ¾ À � Â ¹�À ¿ ´ γ » · �©¾ ÂJºÄº_· C1

º_Á ½ R
ºÄ·�µ ½_¿�¾�¿ ´±Ç�·�ÂJ´ ¹ µ*Â ½#��¿ ´ ¹_À ´�Á ÀÎ¹ ¼ º_Á ½ P 1(R) tÅ�¾ ´ � ·�º ¹ � ·�µ¸·�´ » ÂJ´ ¹ µ±ÂJº$º_Á Ô º_ÂJ´ ¹ »�� À ´ ¹ ½_¿H» Á À ½ · � · ¹_¹ ·B´ ¿ ¹�À ¿ ´Ñµ ¿ Á ½ Â\´*Â ¾�s ºÄ· ½$¾ Â ¹ ¿ µ ¿�¾�¿ Ç À ·{ÂJº s � µ f¹ ¿ ¹_À � Á±· » ·Lº À ´±Ç�Á ¾ Â ½ ÀÎ¹ ¼ º�µ ¾ Á±º À ½_½_¼ Ç�Á ¾ À ��½ ·�º �©¿ ��� · ¾ ·�º�º_· ¾�¾ ·�º À ½Ä½ Â ¹_À ¿ ´±´�· ¾�¾ ·�º t�q Â ��¿ ´ » À�¹_À ¿ ´ » ·Lµ ½Ä¿ f¾�¿ ´±ÇJ· � ·�´ ¹ ·�´ ∞ ·�º ¹�¹ ½_¿ µ ½ ·©º ¹ ½ À � ¹�À ÿ · » ÂJ´±º � ·©º � Â\º { À ¾�} Â\Á ¹ Â ¾�¿�½ º�µ ½ ·©´ »±½ ·kÁ±´�· ¾ À~�¶À�¹ · » À º ��½n� ¹ ·¶·�´

��¿ ´±º À »±¼©½ ÂJ´ ¹ » ·©º P º ¿ Á±º f ºÄÁ À�¹ ·�º Qè ¨5é�£¶ ©£¥¢¤£ ð  }Â]t´¥!t´¥SÏ�ÆH¿ À�¹ Z Á±´ �2x Â � µ » · ÿ · � ¹ ·�Á ½�x�¿�¾�¿ � ¿�½ µ x · m º À ´±Ç�Á ¾ Â ½ ÀÎ¹ ¼ À º ¿�¾�¼ ·{·©´ (0, 0)
· ¹

F ¾ · } ·©Á À ¾�¾ · ¹ ÂJÇ�· À ´ » Á À�¹ t



Âgì ©Jì!Á�b ] b�Å�bcö¸Ê~Æ5Â�ÈJùDÉ ] Á�b�Á�Êú�ï�Æ juY�j
. � 1 = ¿ Á ½ ¹ ¿ Á ¹ ·�´ ¹�À · ½ n ∈ N {
¿ ´Òº_· »±¿ ´±´±·ÓÁ±´ �2x · �¶À ´ ¹ Â\´±Ç�·�´ ¹ γn : t ∈ [0, n] 7→ γn(t) ∈ C2 t³�´ » À ½ Â � Á±· γ = (γn)n

»±¼�� ´ À�¹ Á±´ �w®�ÊB°ÐÉ}Í Ë>¨ Í�²/ÊHÍ Ër¨YÑ.m ° §�Ë È Ë É�¸��Ê » · Æ ÂJºÄ· B ∈ C2
· ¹»�� · � ¹ ½_¼ �ÃÀÎ¹ ¼ E ∈ C2 ¾�¿�½ º � Á±·¡Ô

. Â 1 µ ¿ Á ½ ¹ ¿ Á ¹ 0 ≤ m ≤ n ¾ Â ½ ·�º ¹ ½ À � ¹�À ¿ ´ γn|[0,m]
¼ ÇdÂ ¾ · γm · ¹ B = γn(0) t. ÆG1 lim γn(n) = E t. ¥�1]q�� É0° ¨ ²/Ê »�� Á±´ �2x · �¶À ´ÕÂJº s � µ ¹ ¿ ¹�À � Á±· γ = (γn)n
·�º ¹ ¾ � Á±´ À ¿ ´ » ·©º À~� ÂJÇ�·©º » ·�º �2x · �ÃÀ ´±ºÀ ´ ¹ · ½ � ¼�» À Â À ½ ·�ºwÔ

Im(γ) :=
⋃

n

γn ([0, n]) .

³�´ »±¼�� ´ ÀÎ¹ » · � � � · ¾ Â ± È Í�²@��Ê!���
long(γ) := lim

n
long(γn) ∈ R+ ∪ {+∞} .

. �³1�W ´ � m �³±Ê ¨YÑ.m ° §�Ë È Ë É�¸��Ê γ ºÄ· ½ Â ¾ Â »±¿ ´±´ ¼ · » · » ·©Á �ä�2x · �ÃÀ ´±º ¹ ÂJ´�Ç�·�´ ¹ º~ÂJº s � µ ¹ ¿ ¹�À � Á±·�º
γ± = (γ±n )n

» · � � � · Æ ÂJºÄ·�· ¹ » · � � � ·�· � ¹ ½_¼ �ÃÀÎ¹ ¼�t ³w´ ¾ ·�´ ¿ ¹ · ½ Â
γ := γ+ ∧ −γ−.¤ � ·©º ¹ ¾ Â »±¿ ´±´ ¼ · » ·�º �2x · �¶À ´�º ¹ Â\´±Ç�·�´ ¹ º (γn)n

¹ · ¾ º � Á±· γn(t) = γ−−n(−t)
µ ¿ Á ½ t ∈ [−n, 0]· ¹ γn(t) = γ+

n (t)
µ ¿ Á ½ t ∈ [0, n] t

ª�¨^´�²©¯gûDÏ. � 1 ³�´ ��¿ ´ }¿ ´ »±½ Â ¾ Â »�¿ ´±´ ¼ · γ = (γn)n
»�� Á±´ ��s!��¾ ·"ÂJº s � µ ¹ ¿ ¹_À � Á±·8Â ÿ · �$¾ Â »±¿ ´�´ ¼ · »¸� Á±´ �2x · �¶À ´P ¹ Â\´±Ç�·�´ ¹ Q γ : R → C2\ {(0, 0)} »�¿ ´ ¹ ¾ ·©º ÿ Â ¾ ·©Á ½ º+·�´ n ∈ Z

º ¿ ´ ¹ �g�Ï¼ ·�ºYµ*Â ½ γ(n) = γ|n|(n) tq ·©º �2x · �ÃÀ ´±º ¹ Â\´±Ç�·�´ ¹ º�· ¹ ¾ ·�º �2x · �¶À ´±º�Â\º s � µ ¹ ¿ ¹_À � Á±·�º ��¿ ´ ¹�À ´�Á±º�º ¿ ´ ¹ » ·�º � Â\ºwµ*Â ½ ¹�À � Á ¾ À · ½ º» · �2x · �¶À ´±ºiÂ\º s � µ ¹ ¿ ¹_À � Á±·�º t. ¥�1 ³�´ » À ½ Â � Á � Á�´ �2x · �¶À ´ . Á±´ ��s!��¾ · 1 Â\º s � µ ¹ ¿ ¹_À � Á±·k·©º ¹ j È �NÍxf º � À ¾ · � À º ¹ ·kÁ±´ �2x · �¶À ´ . Á±´
��s!��¾ · 1 ¹ ÂJ´�Ç�·�´ ¹ » · � � � · À~� ÂJÇ�· t

� ¯ ð��^ð ¡�£¥¢¤£ ð  �Â]t´¥Bt¹�=Ï. � 1 ¥ 9;?G-
γ

/B3¸þ6'.�E�5: ?u#8')-2?u9;3}+!þ
R+

+E')3gÿ
C2\ {(0, 0)}

-u')3Bv!þ.3�- þ6')/}#&%!')(*�
Z

�E�J:E1�'$A8<�/B?G,;'):~þ.3�#2þTº
. Â 1 γ +BA²oS3�?G-�/{3�#&%Yþ.(}?G3³'wÿ.1�(*�5-�9;-2?@<�/Yþ}#&9;3�-@?G3�/��
. ÆG1 ��9;/!ý$-�9;/B- þ�ÿ./B?G- þ

(tn)n∈N
⊂ R+

� :F'�ÿ./{?G-Õþ
(γ(tn))n

#&9;3�,uþ�ý2v!þ��
. �H1

lim
n→+∞

diam (γ ([n,+∞[)) = 0 .

. ¥�1 ·_9;/B-�#&%Yþ.(}?G3�'wÿ.1;(*�5-s9;-@?@<�/Gþ
γ

+!þ�:V9;3Bv)/Yþ./!ý=oS3�? þ¢þ2ÿ.-x/{3¸þ�Æ~ÿ�9;/�ÿ.7 ÿ./B?G-Õþ Ç +g� /B3�#&%Yþ.(}?G3�'wÿ.1�(*�57-s9;-@?@<�/Gþ}#&9;3�-@?G3�/!�
è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1 ¤ � ·�º ¹ �©¾ Â À ½St. ¥�1PÅ�» ·�´ ¹_À �*¿ ´�º γ = (γn)n

Â ÿ · � Á±´±·kÂJµ±µ ¾ À � Â ¹�À ¿ ´ γ : R+ → C2 »±¿ ´ ¹ ¾ ·�º ÿ Â ¾ ·©Á ½ º~º_Á ½ N
º ¿ ´ ¹

�g�Ï¼ ·�º{µ*Â ½ γn(n) t^ÆÏ¿ À�¹ l ¾ Â ¾�¿ ´±ÇJÁ±·�Á ½$» · γ t ³w´Lµ«·©Á ¹ ¼S�©½ À ½ ·
0 ≤ l − long (γn) ≤ εnÂ ÿ · � εn > 0

· ¹ lim (εn)n = 0 tHÁ Â À º�Ô
diam (γ ([n+ ∞[)) ≤ long

(

γ|[n,+∞[

)

≤ l − long (γn) ≤ εn .
q · �©½ À�¹ ��½ · . � 1 . �>1 µ¸· ½ � · ¹ Â ¾�¿�½ º » · ��¿ ´ ��¾ Á ½ · t �



jZY&©-Âgì�ö=^a`=^�Ì¸ÂÄÅ�Ê~Á�^gÈ�È.ïÄÌæÅuÆBÈDí³ÆBïÄÊ Å�ÅuÆ!Á�Â5ö�ÆgÈ�ecb�Å)bDÉ�b¸Ì ] e�ÆBÈ¢Æ!ÁLÅuÂäÁ�b ] b�Å�bcö¸Ê~Æ9Â¸ÈJùDÉ ] Á�b�Á�Êú�ï�Æ
Ì ª~Í�ª�Í�ª   È ° È Ë È § ÉÊ Ë>¨ Íh²¸ÊHÍ Ë É�Ê!±0±�ÊGª= ¿ Á ½{¼ ¹ Á » À · ½�¾ Â ¹ ¿ µ ¿J¾�¿ Ç À ·BÂJº s � µ ¹ ¿ ¹�À � Á±· »�� Á±´ } ·�Á À ¾�¾ · ¹ ÂJÇ�· { ´ ¿ Á±º » · ÿ�¿ ´±º ¼ ÇdÂ ¾ · � ·�´ ¹{À ´ ¹ ½Ä¿Ï» Á À ½ ·¾ Â�´ ¿ ¹_À ¿ ´ »���x±¿ � ¿ ¹ ¿ µ À · ¹ ÂJ´±ÇJ·�´ ¹�À · ¾�¾ ·ÓÔè ¨5é�£¶ ©£¥¢¤£ ð  �ÂØt·¥Bt�µ^Ï;ÆH¿ À�¹ F Á±´�ÇJ· ½ � · » · } ·�Á À ¾�¾ · ¹ ÂJÇ�· m�¾��Ö¿�½ À Ç À ´±· » · C2 m º À ´±ÇJÁ ¾ Â ½ À�¹ ¼ À º ¿�¾�¼ · t
. � 1 ³�´ » À ½ Â � Á±· » ·�Á �]�2x · �ÃÀ ´±º�ÂJº s � µ ¹ ¿ ¹_À � Á±·©º γ0

· ¹ γ1
º ¿ ´ ¹ Ë>¨ Íh²/ÊÏÍ Ë É�Ê!±0±�Ê!°ÐÊHÍ Ë ® È ° È Ë È § Ê Ñ. µ*Â ½{½ ÂJµ�µ ¿�½ ¹ m F 1 º � À ¾ · � À º ¹ ·ÓÁ±´±·¡Â\µ±µ ¾ À � Â ¹_À ¿ ´ H : R+ × [0, 1] → C2 » · ��¾ Â\º_º_· C1 ¹ · ¾�¾ ·

� Á�·¶Ô
. Â 1 µ ¿ Á ½ ¹ ¿ Á ¹ s ∈ [0, 1] ¾ ÂLº_Á ÀÎ¹ · Hs {�»±¼�� ´ À ·kµ*Â ½ Hs

n :=
(

H|[0,n]×{s}
)

n
{ ·�º ¹ Á±´ �2x · �¶À ´ÂJº s � µ ¹ ¿ ¹�À � Á�· » · Æ ÂJºÄ· Bs

· ¹ »�� · � ¹ ½Ä¼ �¶À�¹ ¼ Es { Â ÿ · �Ò¾ ·�º ��¿ ´ » À�¹�À ¿ ´±ºkÂ »±» ÀÎ¹�À ¿ ´±´±· ¾�¾ ·©º
H0 = γ0 { H1 = γ1 t

. ÆG1�¾ ·©º À~� ÂJÇ�·�º » ·�º �2x · �¶À ´�ºiÂJº s � µ ¹ ¿ ¹_À � Á±·©º Hs
º ¿ ´ ¹:À ´ ��¾ Á�º_·�º » Â\´±ºiÁ±´±· � � � · } ·©Á À ¾�¾ · t

. �H1 γ̃ := s 7→ Es
·©º ¹ Á±´ �2x · �¶À ´TÂJº s � µ ¹ ¿ ¹�À � Á±· ��¿ ´ ¹�À ´�Á ¿ Á �©¿ ´±º ¹ ÂJ´ ¹ t

. »G1 γ̃ ·©º ¹ ¾ Â ¾ À~�¶À�¹ ·:Á±´ À }¿�½ � · » ·©º �2x · �¶À ´±º ¹ ÂJ´±Ç�·©´ ¹ º
(∀n ∈ N) γ̃n : s 7→ Hs

n(n) .
. ¥�1 ³�´ » À ½ Â � Á±· ¾ ·�º �2x · �ÃÀ ´±ºiÂJº s � µ ¹ ¿ ¹�À � Á�·�º γ0

· ¹ γ1
º ¿ ´ ¹ Ë>¨ Íh²/ÊÏÍ Ë É�Ê!±0±�Ê!°ÐÊHÍ Ë ® È ° È Ë È § Ê ÑÎ×ÊE÷ Ë �;f!°�É Ë f Ñ Òg÷cf�Ê Ñ º � À ¾ ºÃº ¿ ´ ¹Ñ¹ ÂJ´±Ç�·©´ ¹_À · ¾�¾ · � ·©´ ¹ x±¿ � ¿ ¹ ¿ µ¸·�ºk· ¹ � Á±· ¾ ·�ºÑÂ\µ±µ ¾ À � Â ¹_À ¿ ´�º

s 7→ Bs { s 7→ Es
º ¿ ´ ¹ ��¿ ´�º ¹ Â\´ ¹ ·�º t

. �³1]q ·©º »±¼�� ´ À�¹ ¿ ´±º . � 1 · ¹ . ¥�1 º �Å¼ ¹ ·�´ » ·�´ ¹ ´*Â ¹ Á ½ · ¾�¾ · � ·�´ ¹ ÂJÁ �5��s!��¾ ·�º{ÂJº s � µ ¹ ¿ ¹�À � Á±·©º t
. µ�1 ³�´ » À ½ Â � Á � Á±´ ��s!�©¾ ·ØÂJº s � µ ¹ ¿ ¹�À � Á�· γ ·©º ¹ Ë>¨ Í�²/ÊHÍ Ë ÉÊ!±�±Ê!°ÐÊHÍ Ë ® È ° È Ë È § Ê ¨ � § È É�Í Ë

P ∈ C2 ¾�¿J½ º � Á±· { µ ¿ Á ½ ¹ ¿ Á ¹ ε > 0 { À ¾ · � À º ¹ ·kÁ�´ ��s!��¾ · ¹ ÂJ´±Ç�·©´ ¹ γε ¹ ÂJ´±Ç�·©´ ¹_À · ¾�¾ · � ·©´ ¹ x�¿ f� ¿ ¹ ¿ µ¸· m γ { · ¹ »�� À~� ÂJÇ�· À ´ ��¾ Á±º_· » ÂJ´±º ¾ Â Æ«¿ Á ¾ · B(P, ε) t ³�´ » À ½ Â � Á � Á±´±· } ·©Á À ¾�¾ · L » · F1·�º ¹ ¨YÑ.m ° §�Ë È Ë É�¸��Ê!°ÐÊHÍ Ë�Ñ É0° § ±�Ê!°ÐÊHÍ Ë � È Í�Í�Êa÷ÙÊ ¾�¿�½ º � Á±· ¹ ¿ Á ¹ ��s!��¾ ·�Â\º s � µ ¹ ¿ ¹_À � Á±· γ mÀ~� ÂJÇ�· » Â\´±º L ·©º ¹i¹ Â\´±Ç�·�´ ¹_À · ¾�¾ · � ·©´ ¹ x±¿ � ¿ ¹ ¿ µ¸· m Á±´Tµ ¿ À ´ ¹ t
. � 1 Ç ´ � ´ {V¿ ´ » À ½ Â � Á � Á±´�· } ·�Á À ¾�¾ ·s·�º ¹ Ë>¨ Íh²¸ÊHÍ Ë É�Ê!±0±�Ê!°ÐÊHÍ Ë � È Í Ë � ¨ � Ë É0±�Ê ¾�¿�½ º � Á±· ¹ ¿ Á ¹ ��s!�©¾ ·ÂJº s � µ ¹ ¿ ¹_À � Á±·B·�º ¹�¹ ÂJ´±Ç�·©´ ¹_À · ¾�¾ · � ·©´ ¹ x±¿ � ¿ ¹ ¿ µ¸· m¡¾ Â¡º À ´�Ç�Á ¾ Â ½ À�¹ ¼ut!W ´ } ·©Á À ¾�¾ · ¹ ÂJÇ�·�ºÄ· ½ Â ¹ Â\´ fÇ�·�´ ¹�À · ¾�¾ · � ·�´ ¹ �©¿ ´ ¹ ½ Â � ¹_À ¾ ·�º À �2x Â � Á±´±· » ·~º_·�º } ·©Á À ¾�¾ ·�º ¾ � ·�º ¹ t
ª�¨^´�²©¯gûDÏ
. � 1�W ´ ��s!��¾ ·ÐÂJº s � µ ¹ ¿ ¹�À � Á±·Ø´±·Úµ¸·�Á ¹ � ¹ ½ · ½Ä¼�» Á ÀÎ¹ m Á±´�µ ¿ À ´ ¹ � Á±·Úº À � · ¾ Á À f � À ´ � ·©º ¹ µ±ÂJº ¾ Âº À ´�Ç�Á ¾ Â ½ À�¹ ¼ut
. ¥�1�W ´ ��s!��¾ ·iÂJº s � µ ¹ ¿ ¹�À � Á±· ¹ ÂJ´±ÇJ·�´ ¹�À · ¾�¾ · � ·�´ ¹ x�¿ � ¿ ¹ ¿ µ¸· m º ¿ ´¡· � ¹ ½Ä¼ �¶À�¹ ¼ ·�º ¹ Á�´±· P º ¿ Á±º f º_Á ÀÎ¹ · Q»�� Á�´ ��sB�©¾ ·~ÂJº s � µ ¹ ¿ ¹�À � Á�· ��¿ ´ ¹�À ´�Á {*»�� ÂJµ ½y� º ¾ · ��½ À�¹ �©½ · » · ¾ ÂÓµ ½_¿ µ ¿ º À�¹�À ¿ ´ . Â]t´¥!t·� µ t � µ � 1-t
. �³1�W ´ ��s!��¾ ·¡ÂJº s � µ ¹ ¿ ¹�À � Á±· x±¿ � ¿ ¹ ¿ µ¸· m Á�´qµ ¿ À ´ ¹ ·�º ¹ Á�´ ��s!��¾ · Æ¸¿�½ ´ ¼ º À � ·�µ ¿ À ´ ¹ ´ � ·�º ¹ µ*ÂJº¾ ÂÓº À ´±Ç�Á ¾ Â ½ ÀÎ¹ ¼�t
. µ�1UÆ À Â\Á � Á±´�· } ·�Á À ¾�¾ · »�� Á±´ } ·©Á À ¾�¾ · ¹ ÂJÇ�· . x�¿�½ �¶À º ¾ ·©º�º ¼ µ*Â ½ Â ¹ ½ À � ·©º 1 ´ � Â »gx���½ · m (0, 0) { ¹ ¿ Á±º ¾ ·�º��s!��¾ ·�º¶ÂJº s � µ ¹ ¿ ¹�À � Á±·©º x±¿ � ¿ ¹ ¿ µ«·©º mØ» ·�º¡µ ¿ À ´ ¹ ºÓº ¿ ´ ¹ » ·�º ��s!�©¾ ·�º Æ¸¿�½ ´ ¼ º . ¿ ÁÛÂ ¾�¿�½ º ¾ ·�Á ½ ºÀ~� ÂJÇ�·�ºVº ¿ ´ ¹ �©¿ ´ ¹ ·©´HÁ�·�º » ÂJ´±º ¾�� Â »�x±¼�½ ·�´ � · »�� Á±´±·�º ¼ µ*Â ½ Â ¹ ½ À � · {g� · � Á À ½ · ÿ À ·©´ ¹ Â\Á � � � · 1�{ · ¹¾ ·�º P ÿH½ Â À º Qi��s!��¾ ·©º:ÂJº s � µ ¹ ¿ ¹_À � Á±·©º:´�·~º ¿ ´ ¹ v Â � Â À º x±¿ � ¿ ¹ ¿ µ¸·�º m�» ·�ºiµ ¿ À ´ ¹ º t
Ì ª~Í�ªøµ�ªa�©ÍÄÓ ¨ �NÉ ¨ Í���ÊL��Êæ±sëÎÉ}Í Ë f!²G� ¨�Ë É È Í ª
è ¨5é�£¶ ©£¥¢¤£ ð  mÂØt·¥Bt � Ï;ÆÏ¿ À�¹ Z Á±´ �2x Â � µ » · ÿ · � ¹ ·©Á ½ º x±¿�¾�¿ � ¿J½ µ x ·�ºÄÁ ½ Á±´ ¿ Á ÿ · ½ ¹ Ω ⊂ C2 t/Ü:¿ Á±º» À ½Ä¿ ´±º � Á � Á±´�· � f }¿J½ � · » À »«¼�½ ·©´ ¹�À · ¾�¾ · τ { � ¼©½_¿ � ¿�½ µ x ·Bº_Á ½ Ω { ·©º ¹ Á±´±· â È �w°ÐÊ Ë ÊB° §�Ñ ÂJº_º ¿B� À ¼ · m Zº À

τ(Z) = 1 .
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q�� ·�ºÄµ*Â � · » ·�º }¿�½ � ·©º ¹ · � µ�º »�� Á±´ÝÇ�· ½ � · Z := A1

∂
∂x

+ A2
∂
∂y

´ ¿ ´Ý´�Á ¾ ·�º ¹sÀ º ¿ � ¿�½ µ x · m Á±´
x�s µ¸· ½ µ ¾ ÂJ´ÞÂ Ô ´±· » · C {(x, y)}d+1 µ ¿ Á ½ 0 ≤ d ≤ 1 {�¿ ò C {(x, y)} ·�º ¹ ¾ · ��¿�½ µ±º » ·�º¶Ç�· ½ � ·�º » ·
}¿ ´ � ¹_À ¿ ´�º � ¼©½_¿ � ¿�½ µ x ·�º m¡¾ �Å¿�½ À Ç À ´�· » · C2 tGq Â » À~� ·�´±º À ¿ ´ d ·�º ¹ »�¿ ´±´ ¼ ·�µ*Â ½

d := 1 − # {j : Aj = 0} .
q�¿J½ º � Á±· d = 1 {�¾ Â » À »
¼©½ ·�´ � · ω := τ2 − τ1

» · » ·©Á �+}¿�½ � ·©º ¹ · � µ±º ¾ À ´ ¼ Â À ½ · � ·�´ ¹"À ´ »±¼ µ¸·�´ » ÂJ´ ¹ ·©º:·©º ¹Á±´±· � f }¿�½ � · � ¼©½_¿ � ¿�½ µ x · À ´ » Á À º_ÂJ´ ¹ ¾ · � � � · } ·�Á À ¾�¾ · ¹ Â\Ç�· FZ
� Á±· Z tÜ{¿ Á±º »±¼�� ´ À º_º ¿ ´±º ¾�� À ´ ¹ ¼ Ç ½ Â ¾ · »�� Á±´±· }¿ ´ � ¹_À ¿ ´ x±¿�¾�¿ � ¿�½ µ x · G ¾ · ¾�¿ ´±Ç »¸� Á±´ �2x · �¶À ´ γ ¹ ÂJ´�Ç�·�´ ¹ m

Z �©¿ �a� ·ÓÔ
∫

γ

GτZ

¿ ò τZ
·�º ¹ Á±´±· }¿�½ � · ¹ · � µ�º�Â\º_º ¿!� À ¼ · m Z t = ¾ Á�ºTÇ ¼ ´ ¼©½ Â ¾ · � ·�´ ¹ { µ ¿ Á ½ Á±´ �2x · �ÃÀ ´ ¿ Á�Á±´ ��s!�©¾ ·ÂJº s � µ ¹ ¿ ¹_À � Á±· γ := (γn)n

{ ´ ¿ Á±ºi´ ¿ ¹ ¿ ´±º
∫

γ

GτZ := lim
n→+∞

∫

γn

GτZ

� Á±ÂJ´ »E� · ¹Ä¹ · ¾ À��ÃÀÎ¹ ·T· � À º ¹ · t R ÂJ´±º ¾ · � ÂJº »�� Á±´ �2x · �¶À ´nÂJº s � µ ¹ ¿ ¹�À � Á±· ��¿ ´ ¹_À ´�Á γ � · ¹_¹ · À ´ ¹ ¼ Ç ½ Â ¾ ·»±¼ º À Ç�´±· ¾�� À ´ ¹ ¼ Ç ½ Â ¾ ·�Ç ¼ ´ ¼©½ Â ¾ À º ¼ ·
∫

R+

γ∗ (GτZ)

. µ ¿ Á ½ Á±´ ��s!��¾ ·�Â\º s � µ ¹ ¿ ¹_À � Á±· ��¿ ´ ¹_À ´�Á À ¾ º � Â\Ç À�¹ »�� Á±´±· À ´ ¹ ¼ Ç ½ Â ¾ ·wºÄÁ ½ R 1-t¤8·�º:´ ¿ ¹�À ¿ ´±º$´±· »±¼ µ«·©´ » ·©´ ¹ µ*ÂJº » Á �2x±¿ À �s» · ¾ Â }¿J½ � · ¹ · � µ±ºBÔ
� ¨^´P´�²CÂØt·¥Bt·ºSÏ ¥ 9;?G-

Z
/B3Â#&%!')(*�¯+!þ�,uþ&#.-Õþ./Bý>%�9;:V9;(U9wýZ��%Yþ]ÿ./Bý�/B3�,)9;?~ÿ.?G35'�v!þt+!þ

(0, 0)
')1�')3�-

þ.3�#2þ\��9;?G3�-�ÿ�'rÿ>þ./{:~þiÿ.?G3Bv)/B:F'uýJ?G-sA��
. � 1 ¥ 9;? þ.3�-

τ1
þ.-
τ2

+!þ./�w�K�9wýJ(�þ2ÿ0-Õþ.(*�Yÿ>'wÿ2ÿ�9�#.?uA2þ2ÿ$|
Z

� ¶ 9;/!ý$-�9;/B-§#&%Yþ.(}?G3 � 9;/³#.1E#.:~þ��U'wÿ.1�(*�57-s9;-@?@<�/Gþ
γ

+B9;3�-S:8� ?G(t'�v!þ03¸þ'ýTþ.3�#&9;3�-0ýTþ\�!'wÿ0:~þ2ÿ����;:~þ2ÿ�+!þ
τj

� j ∈ {1, 2} �
∫

γ

Gτ1 =

∫

γ

Gτ2 .

. ¥�1 ¥ ?
d = 1 � ��9;/!ý£-s9;/B-t#&%Yþ.(}?G3 ¹ Â\´±Ç�·�´ ¹ γ ?G:¢þ�w�?~ÿ.-Õþ�/{3¸þ0K�9wýJ(�þ£-Õþ.(*�Yÿ

τ
-Õþ.:G:~þ<�/Yþ ∫

γ
Gτ#&9;3�,uþ�ýuv!þ��

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ. � 1_Æ Á±µ±µ ¿ º ¿ ´±º � Á±· ¾�� À�� ÂJÇJ· » · γ ·©º ¹�À ´ ��¾ Á±º_· » ÂJ´±º{Á±´ ÿ�¿ À º À ´*ÂJÇ�·~º_Á Ô º_Â �a� ·�´ ¹ µ«· ¹�À�¹ » · (0, 0) {º_Á ½~¾ · � Á�· ¾ G ·�º ¹ x�¿�¾�¿ � ¿�½ µ x · t
Ü{¿ ¹ ¿ ´±º Ijn :=
∫

γn
Gτj

µ ¿ Á ½ j ∈ {1, 2} · ¹ n ∈ N t ¤8·©º À ´ ¹ ¼ Ç ½ Â ¾ ·©º {µ ¿ Á ½ j = 1 ¿ Á j = 2 {��©¿ ´ ÿ · ½ Ç�·�´ ¹ t°Ç ´T´ ¿ ¹ Â\´ ¹ γn : t ∈ [0, n] 7→ (x(t), y(t)) ¿ ´ ¿�Æ ¹�À ·©´ ¹ Ô
I1
n =

∫

[0,n]

γ∗G (a1dx+ b1dy)

=

∫ n

0

(G ◦ γ) (a1 ◦ γ(t)x′(t) + b1γ(t)y
′(t)) dt.

Á Â À ºkµ±Á À º � Á±· γ ·�º ¹ Á±´ �2x · �¶À ´ ¹ ÂJ´±ÇJ·�´ ¹ m Z { À ¾ · � À º ¹ ·ÒÁ±´�· }¿ ´ � ¹�À ¿ ´ t ∈ R 7→ c(t) ¹ · ¾�¾ · � Á±·
γ′(t) = c(t)Z ◦ γ(t) { · ¹ µ*Â ½ º_Á À�¹ ·

a1 ◦ γx′ + b1 ◦ γy′ = cτ1 (Z) ◦ γ
. Â]t´¥!t � 1

= c

= a2 ◦ γx′ + b2 ◦ γy′.= ¿ Á ½#�©¿ ´ ��¾ Á ½ · I0
n = I1

n

· ¹ ¾ · ½_¼ º_Á ¾ ¹ Â ¹ ºÄÁ À�¹ ·©´�µ*Â\º_º�Â\´ ¹ m�¾ Â ¾ À~�¶À�¹ · n→ +∞ t
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. ¥�1#q ·�µ ½Ä¿�Æ±¾~� � ·B·©º ¹�À � À � Á*ÂJ´ » Im(γ)

·©º ¹wÀ ´ ��¾ Á±º_· » ÂJ´�º ¾ ·©º�µ ã�¾ ·©º » · τ Ô » Â\´±º ¾ · � Â\º ��¿ ´ ¹ ½ Â À ½ ·¾ Â }¿�½ � Á ¾ · . Â]t´¥!t � 1 º_·�µ ½Ä¿�¾�¿ ´�Ç�·Óµ*Â ½¢��¿ ´ ¹�À ´�Á À�¹ ¼ · ¹ ¿ ´ À ´ ¹ � Ç ½ ·¡Â ¾�¿�½ º{Á±´±· }¿ ´ � ¹�À ¿ ´ �©¿ ´ ¹�À ´�Á±·�ºÄÁ ½ Á±´
��¿ � µ*Â � ¹ t = ¿ º ¿ ´±º

τ1 :=
dx

A1

τ2 :=
dy

A2· ¹ ´ ¿ ¹ ¿ ´±º P1

· ¹ P2
¾�� ·©´±º_· � Æ±¾ · » · ¾ ·�Á ½ ºiµ ã�¾ ·�º t = Â ½#x³s µ ¿ ¹ x�� º_· P1 ∩ P2 = {(0, 0)} Ô*º À Im(γ) ⊂ P1Â ¾�¿�½ º ¿ ´ �2x±¿ À º À�¹ τ := τ2

· ¹ º À ´ ¿ ´ τ := τ1
t �

Ü{¿ Á±ºiº ¿ �a� ·�º � Â À ´ ¹ ·�´*Â\´ ¹ ·©´ � ·�ºÄÁ ½ · » ·Bµ ½Ä¿ Á ÿ · ½i¾ · ½Ä¼ º_Á ¾ ¹ Â ¹ ºÄÁ À ÿ ÂJ´ ¹ Ô
� ¯ ð��^ð ¡�£¥¢¤£ ð  �Â]t´¥Bt ¡ Ï ¥ 9;?G-

Z
/B3�v!þ�ýJ(�þ>+!þ}#&%!')(*�´+!þ$,uþ&#.-Õþ./BýTÿD%�9;:V9;(U9wýZ��%Yþ�')1)')3�-T/B3¸þ�ÿ.?G3Bv)/{7:F'uý.?G-�A0?~ÿ�9;:VA2þ�þ.3

(0, 0)
þ.-T+BA2ÿ.?Fv)3�9;3gÿT�!'uý

FZ

:~þLKHþ./B?G:G:~þ.-u'�v!þD?G35+)/B?G-�ÿ./!ýD/B3U�Yþ.-2?G-=��9;: 1)+)?~ÿ�<�/Gþ
rD × rD

�¥ 9;? þ.3�-
γ0

þ.-
γ1

+!þ./�w�#.1E#.:~þ2ÿ>'wÿ.1�(*�5-�9;-@?@<�/Gþ2ÿ$-u')3Bv!þ.3�-Iÿ>|
FZ

þ.-T-u')3Bv!þ.3�-@? þ.:G:~þ.(�þ.3�-L%�9;(U9;-�9&�Yþ2ÿ�� ô 9;/�ÿ3�9;-s9;3gÿ
γ̃

:~þI#&%Yþ.(}?G3�'wÿ.1�(*�5-�9;-2?@<�/YþI#&9;3�-@?G3�/³+!þ2ÿØþ�w�-�ýCA.(}?G-�A2ÿ$?G35+)/{?G-c�!'uýD:8� %�9;(U9;-s9&�5? þ��
. � 1 ¥ ?

γ̃
3��îþ2ÿ.-x�!'wÿiý&A8+)/B?G-6|

(0, 0) � þ.-�ÿ�� ?G:�þ�w�?~ÿ.-Õþ$/B3¸þLK�9wýJ(�þ0- þ.(*�Yÿ
τ0

-Õþ.:G:~þ�<�/Yþ$:8� ?G3�-sAuvuý�'):~þ
∫

γ̃

Gτ0

þ�w�?~ÿ.- þ�'):V9wýTÿ � ��9;/!ý0-s9;/B-ÕþTK�9wýJ(�þ0-Õþ.(*�Yÿ
τZ

'wÿ2ÿ�9�#.?uA2þ$|
Z �

∫

γ0

GτZ =

∫

γ1

GτZ .

. ¥�1 ¥ ?
γ0

þ2ÿ.-T-u')3Bv!þ.3�-2? þ.:G:~þ.(�þ.3�-�%�9;(U9;-�9&�Yþ�|q/B3U��9;?G3�-6+)? ¨�A�ý2þ.3�-T+!þ
(0, 0) � '):V9wýTÿ ∫

γ0 GτZ = 0
�

ª�¨^´�²©¯gûDÏ R ÂJ´±º ¾ Â4µ ½ ·�Á ÿ · » Ánµ ¿ À ´ ¹ . � 1-{ ´ ¿ Á±ºTÁ ¹_À ¾ À º ¿ ´�º ¾ · } Â ÀÎ¹ � Á�· γ̃ ´ � ·©º ¹ µ*ÂJº ½_¼©» Á À�¹ m¾ Â�º À ´�Ç�Á ¾ Â ½ À�¹ ¼ µ ¿ Á ½L» À ½ · � Á�· γ̃∗ (Gτ0)
·�º ¹ · » · � ¹_À ÿ · � ·©´ ¹ Á±´±· }¿�½ � · » À »
¼©½ ·�´ ¹_À · ¾�¾ · . · ¹ ´ ¿ ´�µ*ÂJºÁ±´±· À ´ »±¼ ¹ · ½ �ÃÀ ´*Â ¹_À ¿ ´ » Á ¹ s µ¸· 0

0
dt 1-t ¤8· ¹_¹ · x³s µ ¿ ¹ x�� º_·Ñ·©º ¹ ·©º_ºÄ·�´ ¹�À · ¾�¾ · � ´ ¿ Á±º~´±·kº_Â ÿ�¿ ´±º�µ*ÂJº { µ ¿ Á ½¾ � À ´±º ¹ ÂJ´ ¹ { µ*Â ½Q� Á ¿ À ¾ Â ½ · � µ ¾ Â � · ½ µ ¿ Á ½ µ ¿ Á ÿ�¿ À ½ � ¿ ´ ¹ ½ · ½w¾ · » · ½ ´ À · ½w½_¼ º_Á ¾ ¹ Â ¹�À ´ ¹ ¼�½ ·�ºÄº�ÂJ´ ¹ Ô
º À γ ·�º ¹

x±¿ � ¿ ¹ ¿ µ¸· m (0, 0)
Â ¾�¿�½ º ∫

γ
GτZ = 0 t�Å�¾�} ÂJÁ ¹ »±¿ ´ � � ¿ ´ ¹ ½ · ½�� · ½Ä¼ ºÄÁ ¾ ¹ Â ¹ ÂJÁ � ÂJºiµ*Â ½�� ÂJº t/ · � Â ½n� Á ¿ ´±º{·�´ � ´ � Á±· » ÂJ´±º . � 1�{ º À ¾ � · � ¹ ½Ä¼ �¶À�¹ ¼�» · γ̃ ´ � ·©º ¹ µ±ÂJº (0, 0) {¸¾ ��x�s µ ¿ ¹ xg� º_·�ºÄÁ ½ ∫

γ̃
Gτ0·�º ¹:¹ ¿ Á ¹ ¾ · ¹ · � µ±º ÿ�¼�½ À �*¼ · t

è ³H´ ð  ©¡�¢¤¯®²S¢¤£ ð  ÜÏ�Ü{¿ Á�º{´ ¿ ¹ ¿ ´±º Hs ¾ ��x±¿ � ¿ ¹ ¿ µ À · ¹ ÂJ´±Ç�·©´ ¹�À · ¾�¾ ·�·�´ ¹ ½ · γ0
· ¹ γ1 t = ¿ Á ½ ¹ ¿ Á ¹ n ∈

N {*»±¼ º À Ç�´ ¿ ´±ºiµ*Â ½ γ̃±n : [0, 1] → C2 ¾ · �2x · �¶À ´
s 7→ Hs

n(±n) .

q · �2x · �ÃÀ ´ ¹ ÂJ´±ÇJ·�´ ¹ º_Á À ÿ Â\´ ¹ ·©º ¹ Á±´ ��s!��¾ · ¹ ÂJ´±Ç�·©´ ¹ m F Ô
γ̂n := γ0

n ∧ γ̃n ∧ −γ1
n ∧ −γ̃−n .R � Â\µ ½y� º ¾ · ¾ · �a� · {Y� Á ÀÎ¹_¹ · ma�2x ÂJ´±Ç�· ½�» · }¿�½ � · ¹ · � µ±º {«¿ ´�µ«·©Á ¹ ºÄÁ±µ±µ ¿ º_· ½¢� Á±· ¾ ·�º À ´ ¹ ¼ Ç ½ Â ¾ ·�º Ijn :=

∫

γj
n
GτZ

· ¹
R±
n : =

∫

γ̃±n

GτZ

��¿ ´ ÿ · ½ Ç�·©´ ¹ tHÅ�¾�ÿ À ·�´ ¹ Â ¾�¿J½ º
I0
n − I1

n +R+
n − R−

n = 0.
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. � 1 R � Â\µ ½y� º ¾ Â »±¼�� ´ ÀÎ¹�À ¿ ´ » · ¾��¹x±¿ � ¿ ¹ ¿ µ À · ¹ ÂJ´±Ç�·©´ ¹�À · ¾�¾ · {/¾ ·©ºwº_Á ÀÎ¹ ·©º » · �2x · �ÃÀ ´±º (γ̃n)n

· ¹ (γ̃−n)n��¿ ´ ÿ · ½ Ç�·©´ ¹ Á±´ À }¿�½ � ¼ � ·�´ ¹ ÿ · ½ º ¾ · �2x · �¶À ´ » ·�º:· � ¹ ½_¼ �¶À�¹ ¼ º γ̃ : s ∈ R+ 7→ Es t R � º ¾�¿J½ º {�¾ ·�º }¿�½ � ·©º» À »«¼�½ ·�´ ¹�À · ¾�¾ ·�º
γ̃∗±n (GτZ)

��¿ ´ ÿ · ½ Ç�·©´ ¹ Á±´ À }¿�½ � ¼ � ·�´ ¹ ÿ · ½ º ¾ Â }¿J½ � · » À »«¼�½ ·�´ ¹�À · ¾�¾ ·
γ̃∗ (Gτ0) .= Á À º � Á±·~µ*Â ½�x³s µ ¿ ¹ x�� º_·

∫

γ̃

Gτ0 =

∫

R+

γ̃∗ (Gτ0)

· � À º ¹ · {G�2x Â � Á�·�ºÄÁ À�¹ · (R±
n )n

��¿ ´ ÿ · ½ Ç�· ÿ · ½ º � · ¹_¹ · ÿ Â ¾ ·�Á ½�tSÂ À ´±º À
lim
(

R+
n − R−

n

)

n
= 0 .. ¥�1 ¤ � ·�º ¹ �©¾ Â À ½8»�� ÂJµ ½n� º ¾ Â ½ · � Â ½y� Á±· . �³18» · ¾ ÂÓº_· � ¹�À ¿ ´ ��¿ ´±º_Â ��½Ä¼ · mÓ¾ ��x±¿ � ¿ ¹ ¿ µ À ·�Ô À ¾ º � ÂJÇ À�¹ Â ¾�¿�½ º» · ��s!��¾ ·�º ¹ ÂJ´±ÇJ·�´ ¹ º x±¿ � ¿ ¹ ¿ µ«· m Á±´Tµ ¿ À ´ ¹ ½_¼ Ç�Á ¾ À · ½8» Á } ·©Á À ¾�¾ · ¹ ÂJÇ�· t �
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ß Û ØÚè � æ×Õ � ØÚÙ �ÜÛ ã �ÜÞ Þ Ö ÙÍèSâýæ à Ößè�â®ã �ÜÞ Þ Ö·ØÚÙ �ÜÛ

Ü{¿ Á±º¶·�ºÄº�Â s�¿ ´±º » · ½_¼ º_Á � · ½¶» ÂJ´�º ¾ ·�º¡µ*Â ½ ¹�À ·©º � t � { � t´¥ · ¹ � t¹�q¾�� Â\µ±µ ½_¿!�2x · »±¼rÿ · ¾�¿ µ±µ ¼ ·�µ*Â ½ l t
f = t / Â �ÃÀ ºi· ¹ ½ ·�µ ½ À ºÄ·�µ*Â ½ � t°Á Â ¾ Ç ½ Â\´±Ç�· » ÂJ´±º 	Öß ¨ ±G�Eà ³w´áµ ¿ Á ½Ä½ ÂkÂ\Á±º_º À ºÄ· ½_¼ãâ¼�½ · ½ ÂJÁHä�ÂJ´±´±·�ä�·©º » ·¾EåÅ¿ Á�æ ½ ÂJÇJ· » · � à¸ç À Æ Á�èdÂ 	 ��É�}à

é Ánµ ½_¼ Â ¾ Â Æ�¾ ·Jê@µ ½_¼©ë À º ¿ ´±ºLì�Á±· ¾ Â�´ ¿ ¹ Â ¹_À ¿ ´ P arg QÒ½ ·�µ ½Ä¼ º_·©´ ¹ · ¾ Â »±¼ ¹ · ½Äí À ´*Â ¹�À ¿ ´Ýµ ½ À ´ ë À µ*Â ¾ · » ·¾Eå Â ½ Ç�Á í ·©´ ¹ ºÄÁ ½ C\R−
à

è�î é�ï�ðñïfò�ï�ó�ðÛô àÖõ�à÷ö±øùûúcü�ý ·"þ ÊHÿ Ë Ê���� ¿ Á�æ�· ½ ¹ » ·$º ¿�í¶í · ¹ 0
ê » · ½ ÂSè ¿ ´ r > 0

ê » · » À ½ · ë ¹�À ¿ ´ θ ∈]−π, π]
· ¹ »
åÖ¿ ÁÏæ�· ½ ¹ Á ½ ·

0 < δ ≤ 2π
·�º ¹ ´ ¿ ¹ ¼

v (r, θ, δ) :=

{

z ∈ C : 0 < |z| < r,
∣

∣arg
(

ze−iθ
)∣

∣ <
δ

2

}

.

ù���ü ³�´ » À ½ ÂTì�Á±· v′ := v (r′, θ′, δ′)
·�º ¹ Á±´4þ È � þ���þ ÊHÿ Ë Ê���� ù º ¹ ½ À ë ¹ ü » · v := v (r, θ, δ) ¾�¿�½ ºÄìHÁ�·

r′ < r
· ¹ θ − δ

2
< θ′ − δ′

2
< θ′ + δ′

2
< θ + δ

2

ê ë ·Bì�Á±· ¾EåÅ¿ ´L´ ¿ ¹ · ½ Â
v′ ≺ v .

�
	��	������¸Ê�� È���� Ê��ÐÊHÍ Ë þ��*þ�� � � Ë È Ë É�����Ê þ
è�î é�ï�ðñïfò�ï�ó�ð�ô à ú à ú ø�ç ¿ À ·©´ ¹ v Á±´ÑºÄ· ë ¹ ·�Á ½ ê f ∈ O (v)

· ¹ F (z) :=
∑

fnz
n ∈ C [[z]]

à ³�´ » À ½ Â~ì�Á±·
f
Â »�í · ¹ F ë�¿JíÃí ·�� ���¸Ê�� È���� Ê��ÐÊHÍ Ë �*þ�� � � Ë È Ë É �!��Ê º À ê±µ ¿ Á ½ ¹ ¿ Á ¹ º ¿ Á�º#"�ºÄ· ë ¹ ·�Á ½ v′ ≺ v

Ô
(∀n ∈ N) (∃C > 0) (∀z ∈ v′)

∣

∣

∣
f(z) −∑n

p=0 fpz
p
∣

∣

∣
< C |z|n+1 .

³�´ ¼�ë©½ À ½ Â
F = DA(f)· ¹ ¿ ´�´ ¿ ¹ · ½ Â A(v) ¾Eå Â ¾ Ç%$ Æ±½ · » · ë ·©º â¿ ´ ë ¹�À ¿ ´±º�ê�ì�Á À ·�º ¹ º ¹ Â Æ±¾ ·¶µ*Â ½~»±¼©½ À æ\Â ¹_À ¿ ´ ù ¾ · »�¼ æ�· ¾�¿ µ�µ«· í ·©´ ¹ÂJºÄè í µ ¹ ¿ ¹_À ì�Á±·Bº_· »±¼©½ À æ�· ¹ · ½_í ·'& ¹ · ½_í · ü à

�)( ó � ó+*cïfò�ï�ó�ðÕô à ú à � ø-,�.0/21�3)46587:9<;>=%.?/�@3BA�C =%;%D>9<EGF
(∀n ∈ N) lim z → 0

z ∈ v′

f (n)(z) = n!fn .

ý · ¹6H ¼�¿�½ $ í ·Yº_Á À æJÂ\´ ¹ Â\º_º_Á ½ ·VìHÁ�· ¹ ¿ Á ¹ ·Yº ¼�½ À · â¿�½_í · ¾�¾ ·+µ¸·�Á ¹JIã¹ ½ · ¾ · »±¼ æJ· ¾�¿ µ±µ«· í ·©´ ¹ Â\ºÄè í µ ¹ ¿ ¹_À ì�Á±·»Ùå Á�´±· â¿ ´ ë ¹_À ¿ ´sºÄ· ë ¹ ¿�½ À · ¾�¾ · à
KML�î ó (�îON ô à ú àQP*øSR6� È �cÊ:� �6T É Ë�Ë%UWV D>9<3

v
7�@X1Y/2Z�3[/�7�E'A�C\D>7:;%/�E]3 7:EG/M9<@_^_4�E]9�/�7�E2/a`

2π bdc C\D2e4�Ef=%3[/�7�E.g9<@�46=%9<E2/
DA

587:9h`
f ∈ A(v)

=>121YDYZ�9�/i1YD>@jA�4�;%/�.?D2eke/�lm/�@3�=>1�nolpe�3qD>3�9 587/ ∑
fnz

n ∈ C [[z]]
/21�31�7:E<r_/2Z�3 9<;%/ b s�t2u



svtGw x
y8z|{!}�~����!�!��}�z<��{������)����z?~������%�X~��������)���:}�z���{

³�´¶´ ¿ ¹ · A<0(v) := A(v)∩kerDA ¾}å ·©´±º_· íÓÆ±¾ · » ·�º â¿ ´ ë ¹_À ¿ ´�º@ÂSè�ÂJ´ ¹ Á±´ »±¼ æ�· ¾�¿ µ±µ¸· í ·�´ ¹ Â\ºÄè í µ�"
¹ ¿ ¹_À ì�Á±·B´�Á ¾ à� ·�º:·�º_µ±Â ë ·©º À í µ ¿�½ ¹ ÂJ´ ¹ º » · ¹ · ¾�¾ ·�º â¿ ´ ë ¹_À ¿ ´±º$º ¿ ´ ¹ ¾ ·�º â¿ ´ ë ¹�À ¿ ´±º k "�µ ¾ Â ¹ ·©º�Ô��î�� ï�ðñïfò�ï�ó�ð�ô à ú à��/øYç ¿ À ·©´ ¹ k ∈ N∗ ê v Á±´Lº_· ë ¹ ·�Á ½ · ¹ f ∈ O (v)

à ³w´ » À ½ Â�ì�Á±· f ·�º ¹ &�� �Hÿ�� È É þ��þ8� Í�ÿ�ÊÒÊ�� �(È Í�ÊHÍ Ë ÉÊ����Ê »
åÖ¿�½Ä»±½ · k ù ¿ ÁL·�´ ë©¿�½ · k � � � � Ë Ê ü ·©´ 0
º À

(∀v′ ≺ v) (∃A,B > 0) (∀z ∈ v′) |f(z)| < Ae−B|z|−k

.³�´T´ ¿ ¹ · ½ Â A≤−k(v) ¾}å Â ¾ Ç�$ Æ�½ ·JêÏº ¹ Â Æ±¾ ·�µ±Â ½$»±¼�½ À æ\Â ¹_À ¿ ´Ùê » · ë ·©º â¿ ´ ë ¹�À ¿ ´±º à
� ¾ ·�º ¹ ë©¾ Â À ½ ì�Á±·

A≤−k(v) ⊂ A<0(v) .

�
	?�!	��a� �*þ�þ Ê þ�� Ê��ÑÊ��!�NÊ �
� À ä ¿ ´±º$Á�´�·©´ ¹_À · ½ k ∈ N∗ à
��î�� ï�ðñïfò�ï�ó�ð ô à � à ú ø�ç ¿ À�¹ F :=

∑

fnz
n ∈ C [[z]]

Á±´±·qº ¼©½ À · â¿J½_í · ¾�¾ · à Ü{¿ Á±º » À ½_¿ ´±ºLì�Á å · ¾�¾ ·ÂJµ±µ*Â ½ ¹�À ·�´ ¹ & ¾ Â ÿk� �*þSþ Ê
k
� �sÊk���cÊ � ù ¿ ÁÑ·©´ ë�¿J½ ·M��·©æ ½ ·ãè »ÙåÅ¿�½Ä»±½ · 1

k

ü º À ¾ Â�º ¼�½ À · ∑ fn

(n!)1/k z
n ë�¿ ´�æJ· ½ Ç�· à³�´T´ ¿ ¹ · ½ Â C [[z]]k

¾Eå Â ¾ Ç�$ Æ±½ ·JêÏº ¹ Â Æ±¾ ·Bµ*Â ½$»�¼�½ À æ\Â ¹�À ¿ ´Ùê » · ë ·�º:º ¼©½ À ·©º à
� Â ½Óë©¿ ´dæ�·©´ ¹_À ¿ ´
ê(Á±´±·Ñº ¼�½ À · F ë©¿ ´dæ�· ½ Ç�·©´ ¹ ·�ºÄ· ½ Â » · ë�¾ ÂJº_ºÄ· ∞ "#��·©æ ½ ·ãè�ê » ÂJ´±º ¾ ·kº_·©´±º ¿�  F

·�º ¹
k
"#��·©æ ½ ·©èLµ ¿ Á ½ ¹ ¿ Á ¹ k à�¡ · ¹Ä¹ · ë�¿ ´�æJ·�´ ¹�À ¿ ´ ·©º ¹ ë�¿Jí µ*Â ¹�À Æ�¾ ·�ÂSæ�· ë�¾ Â »±¼�¢ ´ À�¹_À ¿ ´L·�´Tµ ½ ·�´*ÂJ´ ¹ k = ∞ à

£)( ó+¤/ó+*cïfò�ï�ó�ðÕô à � à � ø c =�A�4¦¥-@9<3�9�D>@§/21�3)46587�9<;>=%.?/�@3[/'`�¨
ùûúcü .6C\/f©�9?1�3[/�@�Z2/WA�/aA�/�7%©ªZ2D>@�1�3�=%@3q/21)eDY1�9<3�9<;%/21

A
/�3
B

F-3q/�.<.?/21a587O/
|fn| < ABn (n!)1/k .ù���ü .«=¬Z2D>@;%/�E��/�@�Z2/MA�/M.«=®1Y4�E]9�/ ∑ fn

Γ(n/k)
zn

D>¯
Γ

/21�3B.«=°^_D>@�Z�3 9�D>@�A�C ±B7�.?/�E b� Â À º ¿ ´±º ¾ · ¾ À ·�´Ñ·©´ ¹ ½ · ¾ Â ë�¾ ÂJº_ºÄ·M�B·ãæ ½ ·©è »Ùå Á�´ »�¼ æ�· ¾�¿ µ�µ«· í ·©´ ¹ Â\ºÄè í µ ¹ ¿ ¹_À ì�Á±·w· ¹ ¾ · ¹ èHµ¸· » · ë�½Ä¿ À º["º�ÂJ´ ë · » · ¾ Â â¿ ´ ë ¹�À ¿ ´ à
��î�� ï�ðñïfò�ï�ó�ðÚô à � à²P*ø(ç ¿ À�¹ v Á±´kº_· ë ¹ ·©Á ½ à ³w´ÑÂJµ±µ¸· ¾�¾ · A(k)(v)

¾Eå Â ¾ Ç�$ Æ±½ ·$º ¹ Â Æ�¾ ·:µ*Â ½V»±¼�½ À æ\Â ¹�À ¿ ´ » ·�ºâ¿ ´ ë ¹_À ¿ ´�º f ∈ A(v) ¹ · ¾�¾ ·�º"ì�Á±·\ê¸º À ∑n fnz
n = DA(f)

ê*Â ¾�¿�½ º
(∀v′ ≺ v) (∃C > 0) (∀n ∈ N∗) (∀z ∈ v′)

∣

∣

∣
f(z) −∑n−1

p=0 fpz
p
∣

∣

∣
< Cn (n!)1/k |z|n .³BîONµ´J(�¶ ô à � à��/øùûúcü ¡ · ë À ·©º ¹ ¼ ì�Á À æ\Â ¾ ·8· ¹ & ¾}å ·�ä À º ¹ ·8· ë · » · K,C > 0

ê�º_Á ½~ë H ÂJì�Á±·Ãº ¿ Á�º#"�ºÄ· ë ¹ ·�Á ½ º ¹ ½ À ë ¹ v′ » · v ê¹ · ¾ º$ì�Á±·Jê/µ ¿ Á ½ ¹ ¿ Á ¹ n > 0
· ¹ z ∈ v′ ¸
∣

∣f (n)(z)
∣

∣ < KCn (n!)1+1/k .ù���ü'¹ ·ªº*Â ½#» À ë Á ¾ À?¼ ½ ê:½ À f ∈ A(k)(v)
ê*Â ¾�¿�½ ½ DA(f) ∈ C [[x]]k

à
KML�î ó (�îON ô à � à²¾±ø V D>9<3

v
7�@¿1Y/2Z�3q/�7:E'A�C\D>7�;%/�E�3 7�E2/

δ ≤ 2π bùûúcü A≤−k(v) = A(k)(v) ∩ A<0(v) bù���ü V 9
δ ≤ π

k

=%.?D>EG1
DA : A(k)(v) → C [[z]]k

/21�3À1�7:E<r_/2Z�3 9<;%/ bù P ü V 9
δ > π

k

=%.?D>E21
DA : A(k)(v) → C [[z]]k

/21�3Á9<@_r_/2Z�3 9<;%/ b
�
	|Â!	�ÃaÄd� È �ÆÅ��ÐÊ � Ê T
� ��É þ]��Ç É ÈJ� ��� Ê Ë �cÊ þ È �É� � Ë É È Í

Ê�·ÛÂ%º�º ¼ ¾�¾ ¼ Æ«¿ ·ÌË ¼ ë�¿ ÁÏæ:Ë ¼ í ¼ · »�Í�ÎÌÍ�Ï ½Äì Î ¼ rD Ð?Ñ Í�Ò ·�·�Ó ¼ Í ¼ m ½ ¼ ë�» ¼ Î Ëf½
(vj)j∈Z/m

Í ¼ Ë Ñ è Ò ·
r > 0 » ¼ Ð ½$ì Î ¼

vm ∩ vn 6= ∅ ⇔ |m− n| ≤ 1 .
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s�tGÛ
�
	?Â!	 �	mÃ'Ä���ÜO�ÆÅ��ÉÝ � Ý T
� �ÉÞ þ���Ç Þ ÈJ� ��� 	
KML�î ó (�îON ô àQP�à ú ø V D>9<3

(vj)j∈Z/m

7�@àß�D>@áEG/2Z2D>7:;YEG/�lm/�@3mA�/
rD b
â @ã1Y/�A�D>@@�/�7:@�/®^�=%lh9<.<.?/

(fj,j+1)j∈Z/m

D>¯äZ2å�=k587/
fj,j+1

=�eke�=%E�3 9�/�@3Ø` A<0 (vj,j+1)
D>¯

vj,j+1 := vj ∩ vj+1 b�æ .?D>EG1'¨
ùûúcü ,�.J/f©�9?1�3q/W7�@�/-^�=%lh9<.<.?/

(fj)j∈Z/m

3[/�.<.?/'587/
fj ∈ A (vj)

/�3
fj − fj+1 = fj,j+1

1�7�E
vj,j+1 bù���ü V 9

fj,j+1 ∈ A≤−k (vj,j+1)
eD>7:EW3qD>7:3

j
FB=%.?D>EG1

fj ∈ A(k) (vj)
eD>7:EW3qD>7:3

j b�aç�N ó+ðJ* ò (�´ ò�ï�ó�ð ø+� Ñ Ë Ð Ï ·�Ó Ñ Ë Ï«» ÓJê Ò ·Ìº ¼ Î�» ½ Î º�º Ò ½ ¼ Ë¡ì Î ¼ fj,j+1 = 0
½ Ñ Î�â ½ Ï j = 0

à-� Ò ½ Ò ·�½
g := −f0,1

¼ » v := v1,0 Ñ æ ¼ ë v = v (r, θ, 2δ)
à!è Î�Ï|»6» ¼ & Í�Ï�í�Ï · Î ¼ Ë δ ¼ » r ê Ò ·äº ¼ Î�» ½ Î º�º Ò ½ ¼ Ë�ì Î ¼ v̄¼ ½ »SÏ · ë Ð Î ½ Í Ñ ·�½ Ð ¼ Í�Ò�í Ñ Ï · ¼ Í ¼ Í Ó ¢ · Ï|»6Ï?Ò · Í ¼ g à ý ¼ ½ Ï · » ¼ ËÄæ Ñ%Ð?Ð ¼ ½ [0, rei(θ±δ)] ½ ¼ Ë Ò · » Ë ¼ ½6º ¼ ë�»GÏ æ ¼ í ¼ · »· Ò%» Ó�½ I± ê » Ñ · Í�Ï ½$ì Î ¼ C ½ ¼ Ë Ñ�Ð å Ñ Ë ë�Í ¼ ë ¼ Ë ë Ð ¼ ù º Ñ Ë ë8Ò�Î Ë ÎªÍ Ñ ·�½ Ð ¼ ½ ¼ ·�½ Í�Ï Ë ¼ ë�» ü ∂v\ (I+ ∪ I−)

àùûúcü�¹ · Ñ º�º Ð Ï ì Î Ñ · » Ð�Ñ » Ë Ñ ·�½ â¦Ò Ë í Ñ »6Ï?Ò · Í ¼ ¡ Ñ Î±ë H èk"[é ¼ Ï · ¼ &
g, Ò · Ò�ê�»6Ï ¼ · »ëÍ ¼ ½ â¦Ò · ë�»6Ï?Ò ·�½

f±(z) :=
1

2iπ

∫

I±

g(x)dx

z − x

fC(z) :=
1

2iπ

∫

C

g(x)dx

z − xH Ò Ð ÒJí�Ò Ëfº H�¼ ½�Ë ¼ ½6º ¼ ë�»GÏ æ ¼ í ¼ · » ½ Î Ë
C\I± ¼ » C\C ê ¼ ·ìº Ñ Ë »GÏ�ë�Î Ð Ï ¼ Ë®½ Î Ë

rD
à ¹ · Í ¼8H Ò Ë6½ Í ¼ v̄ · Ò�Î ½

Ñ æ Ò ·�½ ¸
f− + fC = f+¼ » Ñ Î " Í ¼ ½f½ Î ½ Í ¼ v ê Ð�Ñ â¦Ò Ë í�Î Ð ¼ Í ¼ ¡ Ñ Î±ë H èª½ å Ó ë Ë Ï|»W¸

f− + fC = f++ g.Ê�·�º Ò ½ ¼ Ñ%Ð Ò Ë6½
f1 := f− + fC ∈ O (v1)

¼ » f0 := f+ ∈ O (v0) í ë ¼ ½ â¦Ò · ë�»GÏ?Ò ·�½�Ó » Ñ · » Ó�î Ñ%Ð ¼ ½ ¼ ·Í ¼8H Ò Ë6½ Í ¼ v̄ Ò · ¼ · Í Ó Í�Î�Ï|» fj º Ñ Ë)Ë ¼ ½ » Ë Ï�ë�»GÏ|Ò ·ª&
vj
ê
j /∈ {0, 1} àù���üSï Ò · » Ë Ò ·�½ Ð?Ñ Í Óãæ ¼ Ð Ò º�º Ñ ê�Ï Ð Ï|» Ó Ñ ½Äè í º »GÒ%»6Ï ì Î ¼ Í ¼ f0

Í Ñ ·�½ Ð?Ñ ë Ð�Ñ ½f½ ¼ C [[z]]k
ù ë ¼ Ð?Ð ¼ Í ¼ f1

½ å ¼ ·Í Ó Í�Î�Ï|» ¼ ·ªË ¼ í º Ð?Ñ%ð_Ñ · » f+

º Ñ Ë
f− + fC

àñ Ò�Î�»ëÍÙå Ñ ê�Ò Ë Í ê ë�Ò�í¶í ¼
1

z − x
= −

n−1
∑

0

zp

xp+1
− zn

xn+1 − zxn
,

¼ » ¼ ·ªº Ò ½ Ñ · » fp := −1
2iπ

∫

I+

g(x)
xp+1dx ∈ C

ê�· Ò�Î ½ Ñ æ Ò ·�½ Ð?Ñ í ÑYò Ò Ë Ñ »6Ï?Ò ·�½ Î�Ï æ Ñ · » ¼ º Ò�Î Ë »6Ò�Î�» n ∈ N∗ ¸
∣

∣

∣

∣

∣

f+(z) −
n−1
∑

0

fpz
p

∣

∣

∣

∣

∣

= |z|n
∣

∣

∣

∣

∫

I+

g(x)dx

xn+1 − zxn

∣

∣

∣

∣

≤ |z|n
∫ r

0

∣

∣g
(

tei(θ+δ)
)∣

∣ dt

tn |tei(θ+δ) − z| .
ù ô àQP�à úcü
ý Ò Ë6½_ì Î ¼ Ò · ¢ ä ¼ Î ·W½ Ò%Î ½#"v½ ¼ ë�» ¼ Î Ë

v′ = v (r′, θ′, 2δ′) Í ¼ v0
¼ » ì Î ¼ z º Ñ Ë ë�Ò�Î Ë » v′ ê Ð ¼ » ¼ Ë í ¼ ∣

∣tei(θ+δ) − z
∣

∣

¼ ½ »í�Ï · Ò Ë6ÓWº Ñ Ë t sin ε Ò�  ε := θ + δ − θ′ − δ′ > 0
à é Ï ·�½ Ï Ð å�Ï · » Ó8î�Ë Ñ%Ð ¼ Í�Î ½ ¼ ë8Ò · Íáí ¼ í�ê Ë ¼M¼ ½ »{í ÑYò Ò Ë6Ó ¼ êº Ò�Î Ë

n ¼ » v′ ¢ ä:Ó�½�ê Ï · Í Ó8º ¼ · Í Ñ íÃí ¼ · »ëÍ ¼ x í º Ñ Ëë½ Î�Ï|» ¼ f0 ∈ A(v0)
à� Î�Ï ½_ì Î ¼ g ∈ A≤−k Ò ·¬º ¼ Î�» Ó ë Ë Ï Ë ¼

∣

∣g
(

tei(θ+δ)
)∣

∣ ≤ Ae−Bt
−k

º Ò�Î Ë ë ¼ Ë » Ñ Ï · ¼ ½Bæ ÑoÐ ¼ Î Ë6½ Í ¼ A, B > 0 ¼ » º Ò�Î Ë »GÒ%Î�» t ∈ [0, r]
àJ� Ï · Ñ%Ð ¼ í ¼ · » ê Ð å�Ï · » Ó�î�Ë Ñ%Ð ¼ Í�Î ½ ¼ ë�Ò · Íí ¼ í�ê Ë ¼ Í ¼ ù ô à²PÏà úcü ¼ ½ »:í ÑÆò Ò Ë6Ó ¼ º Ñ Ë

A

sin ε

∫ r

0

e−Bt
−k

t−n−1dt ≤ A

sin ε

((n− 1)!)1/k

Bn
,



s[ófô x
y8z|{!}�~����!�!��}�z<��{������)����z?~������%�X~��������)���:}�z���{

ë ¼ ì Î�Ï º�Ë Ò�Î æ ¼M¼�õ�¼ ë�»6Ï æ ¼ í ¼ · » ì Î ¼ f0 ∈ A(k) (v0)
à

��
	?Â!	|�!	 Ç Ü��ö� � ÈJÞ ��Þ<÷Y�O	Ê�·¬½ ¼ Í�Ò ·�· ¼ »GÒ�Î ò Ò�Î Ë6½ Î · ¼ · »6Ï ¼ Ë k ∈ N∗ à
��î�� ï�ðñïfò�ï�ó�ðÒô àQP�à � ø�� Ò ·�· Ò ·�½#"v· Ò�Î ½ Î · ¼ Í�Ï Ë ¼ ë�»GÏ|Ò ·

θ
à Êµ· Í�Ï Ë Ñ ì Î ¼ F ∈ C [[z]] ¼ ½ » k ��þ Ü��ö� � È0�¦Ý

Í Ñ ·�½ Ð?Ñ Í�Ï Ë ¼ ë�»GÏ?Ò ·
θ Ð Ò Ë6½_ì ÎÙå�Ï Ð ¼ ä Ï ½ » ¼ Î ·ø½ ¼ ë�» ¼ Î Ë

v := v (r, θ, δ) Ñ æ ¼ ë δ > π
k

¼ »hÎ · ¼ â¦Ò · ë�»GÏ?Ò ·
f ∈

A(k)(v)
» ¼ Ð|Ð ¼ ì Î ¼ F = DA(f)

àý å�Ï · ò ¼ ë�»6Ï æ Ï|» Ó Í ¼ Ð å�Ò º�Ó�Ë Ñ » ¼ Î Ë
DA Ñ Î " Í ¼ ½6½ Î ½ Í ¼ v Ñ ½6½ Î Ë ¼ ì Î ¼ f ¼ ½ »ÀÎ · Ï ì Î ¼ à Êµ·hË ¼ í Ñ Ë_ì Î ¼ Ë Ñ�Ñ Î ½f½ Ïì Î ¼ F ∈ C [[z]]k

à ý Ñ º�Ë Ò º Ò ½ Ï«»GÏ?Ò ·¿½ Î�Ï æ Ñ · » ¼ ò Î ½ »GÏ«¢ ¼ º Ò�Î ËÄì Î�Ò�Ï ê�º Ñ Ë Ñ ê�Î ½ Í ¼ Ð?Ñ ·�î Ñ î ¼ ê Ò · Í�Ï Ë Ñ Í Ñ ·�½
Ð�Ñ ½ Î�Ï«» ¼ ì Î ¼ F ¼ ½ » k "q½ Ò�í¶í Ñ ê Ð ¼ ½ Ñ ·�½ëº�Ë6Ó ë8Ï ½ ¼ Ë Ð?Ñ Í�Ï Ë ¼ ë�»6Ï?Ò · à

£)( ó+¤/ó+*cïfò�ï�ó�ð ô àQP�àQP*ø F /21�3
k ù 1YD>lhl�=kß8.?/�Ak=%@�1�3qD>7:3q/21m.?/21mA%9<E2/2Z�3 9�D>@�1h18=%7]^�7�@ú@�D>l�ß8EG/ë¥-@9

mû =�eke/�.?42/21'A%9<EG/2Z�3�9�D>@�1'A�/ V 3[DYZ2ük/21qý b ,].!n�=mA�D>@�Z�46587:9<;>=%.?/�@�Z2/a/�@3�EG/a¨
ùûúcü

F
/21�3

k ù 1YD>lhl�=kß8.?/ bù���ü 9<.B/f©�9?1�3[/
m

^_D>@�Z�3�9�D>@�1
(fj)j∈Z/k

/�3
m

1Y/2Z�3q/�7�E21
(vj)j

A�C\D>7:;%/�E]3 7:EG/�1�7Ye4�E]9�/�7:EG/�` π
k

/�3°A�D>@3
.6C 7:@9�D>@XEG/2Z2D>7�;YEG/

rD\ {0} FÀ18=%3�9?1¦^�=%9?18=%@3
fj ∈ A(k) (vj)

/�3
F = DA(fj) bý Ñ Í�Ò ·�·�Ó ¼ Í ¼ (fj, vj)j∈Z/m

½ ¼ Ë ÑÉÑ º�º ¼ Ð Ó ¼ Ð?Ñ k
��þ Ü��É�ÉÝ Í ¼ F à Ê�· Ò�ê�»GÏ ¼ · »�Î · ë8Ò Ë Ò Ð|Ð�Ñ Ï Ë ¼ Ñ Î» H Ó Ò Ë6$ í ¼ Í ¼Mþ Ñ í�Ï ½#" ç Ï?ê�Î è Ñ ¸

ÿ ó ( ó���� ´J(�� ô àQP�àQ�*ø���D>@@�D>@�1 ù @�D>7k1
m

^_D>@�Z�3�9�D>@�1
(fj,j+1)j

/�3
m

1Y/2Z�3q/�7�E21
(vj)j

A�C\D>7�;%/�E�3 7�E2/
1�7Æe4�E]9�/�7�E2/®` π

k

18=%3�9?1¦^�=%9?18=%@3
fj,j+1 ∈ A(k) (vj ∩ vj+1) b0æ .?D>EG1h9<.-/f©�9?1�3[/�7:@�/'1Y4�E�9�/

k ù 1YD>lhl�=kß8.?/
F ∈

C [[z]]k
A�/
k ù 1YD>lhlm/

(fj, vj)j
=%;%/2Z

fj − fj+1 = fj,j+1 b�� /�3 3[/°1Y4�E]9�/0^_D>E]lm/�.<.?/M/21�3À7:@9 587/2FÁ`�=kAkA%9<3�9�D>@e�E
	21aA�C 7�@�/µ1Y4�E]9�/hZ2D>@;%/�E��/�@3[/ bç Ï F ¼ ½ » ½ Ò�í¶í Ñ ê Ð ¼ & Í ¼ Î ä Ò Ë Í Ë ¼ ½ Í�Ï õ Ó8Ë ¼ · » ½�ê ÑoÐ Ò Ëf½
F ¼ ½ »{ë�Ò ·dæ ¼ Ë6î ¼ · » ¼ à

�
	?Â!	|Â!	�� ��� ��Þ�ÿ � ÷ÆÞ¦Ü���§� � ÿ�Ü�� � Ü þ Þ<÷ÆÞ¦Ü� � Ý þ¶þ ���>Þ Ý þ ��Ýk���ÆÝ � 	
£)( ó+¤/ó+*cïfò�ï�ó�ðÕô àQP�à²¾±ø V D>9<3

F ∈ C [[z]]k
/�3-1YD>9<3

G :=
∑

gpz
p ∈ C [[z]]k′

3[/�.<.?/a587/'¨
s := inf {p : gp 6= 0} > 0 .

æ .?D>E21a¨
ùûúcü

F ◦G ∈ C [[z]]l
=%;%/2Z

l := min (k′, sk) bù���ü 1�9
F

/�3
G

1YD>@3+1YD>lhl�=kß8.?/21M=%.?D>EG1
F ◦G .6C\/21�3�=%7k121�9 b¡ ¼ ËfÓ8½ Î Ð » Ñ » ¼ ½ »{ë8Ò�í º Ñ »6Ï?ê Ð ¼ Ñ æ ¼ ë Ð�Ñ ë�Ò ·dæ ¼ · »6Ï?Ò ·iº�Ë Ï ½ ¼ ì Î Ñ · Í F Ò�Î G ¼ ½ » H Ò Ð Ò�í�Ò Ë6º H�¼ ù k = ∞Ò�Î k′ = ∞ ü à

�aç�N ó+ðJ* ò (�´ ò�ï�ó�ð øùûúcü ñ Ò%Î�»�ÍÙå Ñ ê�Ò Ë Í ê�º Î�Ï ½Äì Î ¼ G(0, 0) = 0
ê Ð å�Ò�ê ò ¼ » F ◦ G ¼ ä Ï ½ » ¼
¼ · » Ñ · » ì Î ¼ ½fÓ8Ë Ï ¼ â¦Ò Ë í ¼ Ð?Ð ¼ Í ¼

Ð�Ñ æ Ñ Ë Ï Ñ ê Ð ¼ z à�� Ò�Î ËµÓ©æ Ï|» ¼ Ë Í ¼ ½ í ÑÆò Ò Ë Ñ »GÏ?Ò ·�½ Í�Ò�Î Ð Ò%Î Ë ¼ Î ½ ¼ ½�ê!· Ò%Î ½ Î�»6Ï Ð Ï ½ Ò ·�½ ¼ ·�½ Î�Ï«» ¼ Ð ¼ » H Ó Ò Ëf$ í ¼ Í ¼þ Ñ í�Ï ½[" ç Ï|ê�Î è Ñ à�� Ò�Î ½ ¢ ä Ò ·�½
ε > 0

½ Î�� ½ Ñ íÃí ¼ · » º ¼ »GÏ«» ¼ »Vë�Ò ·�½ Ï|Í Ó8Ë Ò ·�½ Î · ê�Ò ·®Ë ¼ ë�Ò�Î æ�Ë ¼ í ¼ · »ØÍ ¼ rDº Ñ Ë
m

½ ¼ ë�» ¼ Î Ëf½
vj := v

(

r, θj,
π
k
− ε
) ¸�Ï Ð ¼ ä Ï ½ » ¼ m â¦Ò · ë�»GÏ?Ò ·�½

gj ∈ A(k)(vj)
» ¼ Ð?Ð ¼ ½@ì Î ¼ DA(gj) = G

à� Ò�Î Ë »6Ò�Î�» r′ > 0
ê Ï Ð ¼ ä Ï ½ » ¼ r > 0 » ¼ Ð ì Î ¼ gj(vj) ⊂ r′D

à Êµ· ë8Ò ·�½ » Ë Î�Ï|»�Í ¼ í I í ¼ ê+º Ò�Î Ë
F
ê
m′â¦Ò · ë�»6Ï?Ò ·�½

fj ∈ A(k′)(v
′
j) Ñ ½f½ ÒHë8Ï Ó ¼ ½°& Î · ê�Ò ·¬Ë ¼ ë8Ò�Î æ:Ë ¼ í ¼ · »°Í ¼ r′D Ñ æ ¼ ë v′j := v

(

r′, θ′j,
π
k′
− ε
) à

� Ò�Î Ë
(j, j ′) ∈ Z/m × Z/m′ Ò ·ä· Ò%» ¼ Ωj,j′ := g−1

j

(

v′j′
) à!� Ò�Î Ë

r′ Ñ ½f½ ¼�� º ¼ »GÏ|» ê ë H Ñ ì Î ¼ Ωj,j′
¼ ½ »

Ð å�Î · Ï?Ò · Í ¼ Í�Ò�í Ñ Ï · ¼ ½ » Ñ ·�î ¼ · » ½ ¼ · 0
& Í ¼ ½®½ ¼ ë�» ¼ Î Ëf½ Í ¼ Í�Ï Ë ¼ ë�»GÏ|Ò ·

ωj,j′,n := θ′j/s + 2πn′/s
º Ò�Î Ë

ë ¼ Ë » Ñ Ï · ¼ ½�æ Ñ%Ð ¼ Î Ëf½ Í ¼ n ∈ Z/s
àÁ¡ å ¼ ½ » "q&>" Í�Ï Ë ¼ ì Î ¼ º Ò%Î Ë »GÒ�Î:» ½ Ò�Î ½["q½ ¼ ë�» ¼ Î Ë

v ≺ v (r, ωj,j′,n, δ)
ê Ï Ð¼ ä Ï ½ » ¼ ρ > 0 » ¼ Ð ì Î ¼ ρD ∩ v ⊂ Ωj,j′

à ¹ ·�º Ñ Ë »6Ï�ë8Î Ð Ï ¼ Ë ⋃Ωj,j′
¼ ½ »WÎ ·Òæ Ò�Ï ½ Ï · Ñ î ¼ Ó�º Ò%Ï · » Ó Í ¼ 0 ¼ »�Ò ·º ¼ Î�»:ë8Ò ·�½ » Ë Î�Ï Ë ¼ Î · ê�Ò ·¬Ë ¼ ë8Ò�Î æ�Ë ¼ í ¼ · » (wp)p∈Z/a

Í ¼ ρD ê�º Ò�Î Ë
ρ > 0

º ¼ »6Ï|» ê�½ Ñ »GÏ ½ â Ñ Ï ½ Ñ · »W¸
wp = v (ρ, ωj,j′,n, δp) ∩ vj ⊂ Ωj,j′ .



x
y
t
y���Ö�~�z?���µ}�~���{!���!��~������o������{!} k Ù��!����~��kÚ

sqó]s
� ë8Ï Ð ¼ ½ Ï · Í�Ï�ë ¼ ½ j ê j ′ ¼ » n Í Ó8º ¼ · Í ¼ · »¿Í ¼ p ¼ »¬Ò · Ð ¼ ½ ë H Ò�Ï ½ Ï|»�Î · ¼ â¦Ò�Ï ½�º Ò�Î Ë »6Ò�Î�» ¼ àë¡ ¼ ½ Ï · Í�Ï�ë ¼ ½æ�Ó8Ë Ï|¢ ¼ · » ·�Ó Ñ · í�Ò%Ï ·�½ |j(p+ 1) − j(p)| ≤ 1 ¼ » |j ′(p+ 1) − j ′(p)| ≤ 1 í>Ð ¼ ë H Ò�Ï ä Í ¼ n ¼ ½ » ¼ · »GÏ $�Ë ¼ í ¼ · »Í Ó » ¼ Ë í�Ï ·�ÓMº Ñ Ë ë ¼ Ð Î�Ï�Í ¼ j ¼ » j ′ àO� Ï · Ñ%Ð ¼ í ¼ · » ê Ò ·iº Ò ½ ¼ º Ò�Î Ë

p ∈ Z/a ¼ » z ∈ wp
¸

Fp(z) := fj(p)′ ◦ gj(p)(z) .Ê�· Ñ ê�Ï ¼ ·�½���Ë
Fp ∈ A(wp)

¼ » DA(Fp) = F ◦G à�� Ò�Î ½+æ Ò�Î Ð Ò ·�½ í�Ò · » Ë ¼ Ëñì Î ¼ Fp,p+1 := Fp−Fp+1¼ ½ » & Í Ó ë Ë Ò�Ï ½6½ Ñ · ë ¼�¼ ä�º Ò · ¼ · »GÏ ¼ Ð?Ð ¼ ÍÙå�Ò Ë Í Ë ¼ min (k, sk′) Í Ñ ·�½ Ð ¼ ½ Ï · » ¼ Ë6½ ¼ ë�»6Ï?Ò ·�½
wp,p+1 := wp ∩wp+1

¸
Ð ¼ » H Ó Ò Ë6$ í ¼ Í ¼�þ Ñ í�Ï ½#" ç Ï?ê�Î è Ñ º ¼ Ë í ¼ » Ñ%Ð Ò Ë6½ Í ¼ ë�Ò · ë Ð Î Ë ¼ à+� ¼ º Ð Î ½�ê Ï Ð ½ Î��®»hÍ ¼ Ð ¼ í�Ò · » Ë ¼ ËMº Ò�Î Ë
p = 0

à ý åQÎ · Ï?Ò · Í ¼ ½ Ï�í Ñ î ¼ ½ Í
åQÎ · ½ Ò�Î ½["q½ ¼ ë�» ¼ Î Ë
v ≺ w0,1

ê ÍÙå�Ò�Î æ ¼ Ë »6Î Ë ¼ η
êØº Ñ Ë

gj(0)
¼ » gj(1) ¼ ½ »ë8Ò · » ¼ · Î ¼ Í Ñ ·�½ Î ·�½ ¼ ë�» ¼ Î Ë

v′ Í
åQÒ�Î æ ¼ Ë »GÎ Ë ¼ Ð Ó�î�$8Ë ¼ í ¼ · » ½ Î º�Ó�Ë Ï ¼ Î Ë ¼ &
sη
ê:º Î�Ï ½Äì Î ¼ ë ¼ ½ â¦Ò · ë�»6Ï?Ò ·�½�½ Ò · »¼ ä:º Ò · ¼ · »GÏ ¼ Ð|Ð ¼ í ¼ · » º�Ë ÒÏë H�¼ ½ ù æ Ò%Ï Ë ¼ Ó�î Ñ%Ð ¼ ½ ü à� Ð ¼ ½ » Ñ Ï ½6Ó Í ¼ í�Ò · » Ë ¼ Ë$ì Î ¼ ¸

(∃C > 0) (∀ (y1, y0) ∈ v′)
∣

∣fj′(1)(y1) − fj′(1)(y0)
∣

∣ ≤ C |y1 − y0|
(∃D > 0) (∀z ∈ v)

∣

∣gj(0)(z)
∣

∣ ≤ D |z|s¹ · Ò�Î�» Ë ¼ ê ¼ » º Ñ Ë H è�º Òo» H $�½ ¼ ê Ï Ð ¼ ä Ï ½ » ¼ A, A′ ≥ 0
ê
B, B′ > 0 » ¼ Ð ½$ì Î ¼

(∀z ∈ v)
∣

∣gj(1)(z) − gj(0)(z)
∣

∣ ≤ A exp
(

−B |z|−k
)

(∀y ∈ v′)
∣

∣fj′(1)(y) − fj′(0)(y)
∣

∣ ≤ A′ exp
(

−B′ |y|−k′
)

Í ¼ ½ Ò Ë » ¼ ì ÎÙå Ñ Î " Í ¼ ½6½ Î ½ Í ¼ v ¸
|Fp,p+1(z)| ≤

∣

∣fj′(1) ◦ gj(1) − fj′(1) ◦ gj(0)
∣

∣ (z) +
∣

∣fj′(1) ◦ gj(0) − fj′(0) ◦ gj(0)
∣

∣ (z)

≤ C
∣

∣gj(1) − gj(0)
∣

∣ (z) + A′ exp
(

−B′ ∣
∣gj(0)(z)

∣

∣

−k′
)

≤ AC exp
(

−B |z|−k
)

+ A′ exp
(

−DB′ |z|−sk′
)

.ý Ñ ë8Ò · ë Ð Î ½ Ï|Ò ·¬½ Î�Ï«» àù���ü$ý ¼ ËfÓ8½ Î Ð » Ñ » ¼ ½ »pÏ�í¶í Ó Í�Ï Ñ » ¼ ·¿Ë ¼ º�Ë ¼ · Ñ · » Ð�Ñ ë8Ò ·�½ » Ë Î±ë�»6Ï?Ò · ë8Ï " Í ¼ ½6½ Î ½ Ñ æ ¼ ë�Í ¼ ½°½ ¼ ë�» ¼ Î Ë6½ ÍÙå�Ò�Î "æ ¼ Ë »GÎ Ë ¼ ½ Î º�Ó8Ë Ï ¼ Î Ë ¼ & π
k

à
�

�
	��d	 Ç ���oÞ¦Ý þ ÷Y� �  þ ��Ý�� þ8� �¦Ý��ÉÝ��÷
k
� ��Ýk���ÆÝ �

� Ò�Î ½Ãæ Ò�Î Ð Ò ·�½ Ñ Í Ñ º » ¼ Ë Ð ¼ ½ Ò�Î�»6Ï Ð ½�º�ËfÓ ë Ó Í ¼ · » ½ Í Ñ ·�½ Ð ¼ ë Ñ ½ Í ¼ C2 º Ò�Î Ë » Ë Ñ Ï|» ¼ Ë Í ¼ ½
½ Ò Ð Î:»GÏ?Ò ·�½
Í ¼ Ð å Ó©ì Î Ñ »GÏ|Ò · H Ò�í�Ò Ð Ò î Ï ì Î ¼ à�ñ Ò�Î�» ¼ â¦Ò�Ï ½�ê Ð ¼ ½ â¦Ò · ë�»GÏ?Ò ·�½ H Ò Ð Ò�í�Ò Ë6º H�¼ ½µ½ ¼ ë�»6Ò Ë Ï ¼ Ð?Ð ¼ ½�ì Î ¼ · Ò�Î ½WË ¼ · ë�Ò ·:"
» Ë Ò ·�½�· Ñ »6Î Ë ¼ Ð?Ð ¼ í ¼ · » ¼ ·�Ë ¼ Ð�Ñ »6Ï?Ò · Ñ æ ¼ ë¡ë ¼ Ð?Ð ¼ " ë8Ï æ Ï æ ¼ · » Ñ Î " Í ¼ ½6½ Î ½ Í ¼ ½ ¼ ë�» ¼ Î Ë6½ ¥Bß8EG421ãà�¡ ¼ ë�Ï ½ Ï�í º Ð Ï|¢ ¼î�Ë Ñ · Í ¼ í ¼ · » · Ò%» Ë ¼ »
 Jë H�¼M¼ » Ð�Ñ º�Ë Ò º Ò ½ Ï|»6Ï?Ò ·sì Î�Ï æ Ï ¼ · »iâ¦Ò�Î Ë6· Ï|»)Î ·ªº Ò · » ¼ · » Ë ¼ Ð ¼ ½ Í ¼ Î ä ë Ñ » Ó8î Ò Ë Ï ¼ ½ à

��î�� ï�ðñïfò�ï�ó�ðÛô à��±à ú øùûúcü Ê�· Í�Ï Ë Ñ ì Î
åQÎ · ¼ ½6Ó8Ë Ï ¼ â¦Ò Ë í ¼ Ð?Ð ¼ F ∈ C [[x, y]] ¼ ½ » ÷_� �  þ ��Ý�� þ8� �¦Ý��ÉÝ��÷hÄdÜ�� Ü��ÉÜO� � ÄdÝ Ð Ò Ëf½#"ì Î
å ¼ Ð?Ð ¼ ½ å Ó ë Ë Ï|»
F (x, y) =

∑

xaGa(y)

Ò�  Ð ¼ ½ Ga

½ Ò · » H Ò Ð Ò�í�Ò Ëfº H�¼ ½W½ Î Ë
rD

º Ò�Î Ë Ð ¼ í I í ¼ r > 0
à Êµ·É· Ò%» ¼ Ë Ñ C {y} [[x]] ë ¼ »f» ¼Ñ%Ð î�$ ê Ë ¼ ½ » Ñ ê Ð ¼ º Ñ Ë Í Ó8Ë Ï æ Ñ »GÏ|Ò · à

ù���ü ç Ò�Ï|» F (x, y) ∈ C {y} [[x]] Î · ¼ ½6Ó�Ë Ï ¼ â¦Ò Ë í ¼ Ð|Ð ¼ » Ë Ñ ·�½ûæ ¼ Ëf½ Ñ%Ð ¼ í ¼ · » H Ò Ð Ò�í�Ò Ë6º H�¼ à�� Ò�Î ½ Í�Ï Ë Ò ·�½ì Î ¼ F ¼ ½ » ÷Y� �  þ ��Ý�� þ�� � Ý��ÉÝ��÷
k
� �
Ýk���ÆÝ � Ð Ò Ëf½_ì Î ¼

(x, y) 7→
∑ xa

(a!)1/k
Ga(y)



s[ó ! x
y8z|{!}�~����!�!��}�z<��{������)����z?~������%�X~��������)���:}�z���{

¼ ½ »'Î · ¼ ½6Ó�Ë Ï ¼ ë�Ò ·dæ ¼ Ëfî ¼ · » ¼ & Ð åQÒ Ë Ï î Ï · ¼ Í ¼ C2 à Êµ·É· Òo» ¼ Ë Ñ C [[x, y]]k Ð å Ñ%Ð î%$ ê Ë ¼ ê!½ » Ñ ê Ð ¼ º Ñ Ë
Í Ó8Ë Ï æ Ñ »GÏ|Ò ·Ùê Í ¼ ë ¼ ½ë½fÓ8Ë Ï ¼ ½ àù P ü � Ñ Ë�þ ÝÏÿ%÷_Ý:�d�#"JÈ��>�

V = V (r, θ, δ)
· Ò�Î ½ ¼ · » ¼ · Í�Ò ·�½ Ð ¼ º�Ë Ò�Í�Î�Ï|» v (r, θ, δ) × rD

à Êµ· Í�Ï Ë Ñì Î ¼ f ∈ O (V ) Ñ Í±í ¼ » F ∈ C {y} [[x]]
º Ò�Î Ëp� �k��Ý�� Ü ��� Ý:�§Ý$�÷ �*þ�� � � ÷YÜ÷ÆÞ �!�dÝ Ð Ò Ëf½_ì Î ¼ êº Ò�Î Ë »GÒ�Î�» ½ Ò�Î ½["q½ ¼ ë�» ¼ Î Ë

V ′ ≺ V ¸
(∀n ∈ N) (∃C > 0) (∀ (x, y) ∈ V ′)

∣

∣f(x, y) −∑a≤n x
aGa(y)

∣

∣ < C |x|n+1 .

Ê�·¬· Òo» ¼ Ë Ñ A(V ) Ð ¼ Î Ë ÑoÐ î�$ ê Ë ¼ ê�½ » Ñ ê Ð ¼ º Ñ Ë Ð ¼ ½ Í Ó8Ë Ï æ Ñ »GÏ|Ò ·�½ ∂
∂x

¼ » ∂
∂y

à
ñ Ò�Î:» ¼ â¦Ò · ë�»GÏ?Ò ·

f ∈ O (V )
º ¼ Î�» ½ å Ó ë Ë Ï Ë ¼

f(x, y) =
∑

b

ybfb(x)

Ò� Òë H Ñ ì Î ¼ fb ¼ ½ » H Ò Ð Ò�í�Ò Ëfº H�¼ ½ Î Ë
v := V ∩ {y = 0} ¼ » ê!&

x ¢ ä:ÓJê Ð ¼ Ë Ñ è Ò · Í ¼ ë�Ò ·dæ ¼ Ë6î ¼ · ë ¼ Í ¼ Ð?Ñ½6Ó8Ë Ï ¼W¼ ½ » Ñ Î�í�Ò�Ï ·�½
r
à

£)( ó+¤/ó+*cïfò�ï�ó�ð ô à��±à � ø c =m^_D>@�Z�3�9�D>@
f ∈ A(V )

=kA%lm/�3'.?/¿A�4�;%/�.?D2eke/�lm/�@3'=>1�n>lpe�3[D>3 9 587/
F =

∑

ybFb(x) ∈ C {y} [[x]]
1�9B/�3-1Y/�7�.?/�lm/�@3À1�9

(∀b ∈ N) Fb = DA(fb) .� $8½ Ð Ò Ëf½ Ð ¼ ½ Ò�ê ò ¼ » ½ ¼ ä:º Ò ½6Ó8½ Í Ñ ·�½ Ð ¼ ½)½ ¼ ë�»6Ï?Ò ·�½ëº�ËfÓ ë Ó Í ¼ · » ¼ ½µ½ å Ñ Í Ñ º » ¼ · » Ñ Ï ½fÓ í ¼ · » à Êµ· Í Ó ¢ · Ï|»W¸
% Ð å Ñ%Ð î�$ ê Ë ¼ A<0(V ) := kerDA Í ¼ ½ â¦Ò · ë�»GÏ|Ò ·�½ Í�Ò · » Ð ¼ Í Ó©æ ¼ Ð Ò º�º ¼ í ¼ · » Ñ ½ûè í º »6Ò%»GÏ ì Î ¼�¼ ½ » · Î Ð à% Ð å Ñ%Ð î�$ ê Ë ¼ A≤−k(V ) Í ¼ ½ â¦Ò · ë�»GÏ|Ò ·�½ ù » Ë Ñ ·�½ûæ ¼ Ëf½ Ñ%Ð ¼ í ¼ · » ü k "qº Ð?Ñ » ¼ ½a½ Î Ë

V
ê 9 b / b ½ Ñ »GÏ ½ â Ñ Ï ½ Ñ · » ½ Î Ë

ë H Ñ ì Î ¼ ½ Ò�Î ½["q½ ¼ ë�» ¼ Î Ë Î · ¼ Ï ·�Ó8î Ñ%Ð Ï|» Ó Í�Î¬» è�º ¼ |f(x, y)| < Ae−B|x|−k

.% Ð å Ñ%Ð î�$ ê Ë ¼ A(k)(V ) Í ¼ ½ â¦Ò · ë�»GÏ|Ò ·�½ ∑
ybfb(x)

Í ¼ A(V ) Ò�  fb ∈ A(k)(V ∩ {y = 0}) à% Ò · Í�Ï Ë Ñ ì Î ¼ F ∈ C {y} [[x]] ¼ ½ » k "q½ Ò�í¶í Ñ ê Ð ¼ ì Î Ñ · Í�Ï Ð ¼ ä Ï ½ » ¼ Î ·�½ ¼ ë�» ¼ Î Ë ¢ê ËfÓ
V Í
åQÒ�Î æ ¼ Ë »GÎ Ë ¼½ Î º�Ó8Ë Ï ¼ Î Ë ¼ & π

k
¼ » f ∈ A(k)(V ) » ¼ Ð?Ð ¼ ì Î ¼ F = DA(f)

à& · Ò · ð Ò ·�½ ê Ë Ï $ãæ ¼ í ¼ · » Ð ¼ ½ëº�Ë Ò º�Ë Ï Ó » Ó�½ ë8Ò ËfË ¼ ½6º Ò · Í Ñ · » ¼ ½ ¸
ùûúcü�ý å Ñ º�º Ð Ï�ë Ñ »GÏ|Ò · Ð Ï ·�Ó Ñ Ï Ë ¼ DA : A(V ) → C {y} [[x]] ¼ ½ » ½ Î Ë ò ¼ ë�»6Ï æ ¼ àù���ü A≤−k(V ) = A<0(V ) ∩ A(k)(V )

à
ù P ü ç Ï Ð å�Ò�Î æ ¼ Ë »6Î Ë ¼ Í ¼ V ¼ ½ »aÏ · â Ó�Ë Ï ¼ Î Ë ¼ Ò�Î Ó8î Ñ%Ð ¼ & π

k
ÑoÐ Ò Ëf½

DA : A(k)(V ) → C [[x, y]]k
¼ ½ »½ Î Ë ò ¼ ë�»6Ï æ ¼ à«ç Ï · Ò · Ð å Ñ º�º Ð Ï�ë Ñ »GÏ|Ò · ¼ ½ »SÏ · ò ¼ ë�»GÏ æ ¼ àù � ü ñ Ò�Î:» ¼ ½fÓ8Ë Ï ¼ k "v½ Ò�í¶í Ñ ê Ð ¼ º Ò ½6½6$ Í ¼ Î · ¼ k "q½ ÒJíÃí ¼ (fj, Vj)j∈Z/m

ê ëJå ¼ ½ » "[&>" Í�Ï Ë ¼ Ð?Ñ Í�Ò ·�·�Ó ¼ Í ¼
m â¦Ò · ë�»6Ï?Ò ·�½

fj ∈ A(k)(Vj)
» ¼ Ð?Ð ¼ ½kì Î ¼ DA(fj) = F

ê Ð å�Ò�Î æ ¼ Ë »GÎ Ë ¼ Í ¼ ë H Ñ ì Î ¼ Vj
Ó » Ñ · »½ Î º�Ó8Ë Ï ¼ Î Ë ¼ & π

k
¼ » ⋃

j Vj ∪ {x = 0} â¦Ò Ë í Ñ · »ëÎ ·sæ Ò�Ï ½ Ï · Ñ î ¼ Í ¼ (0, 0)
à

ù ¾ ü�ý Ñ ë�Ò�í º Ò ½fÓ ¼ ÍÙå�Î · ¼ ½6Ó�Ë Ï ¼ » Ë Ñ ·�½Äæ ¼ Ë6½ Ñ%Ð ¼ í ¼ · » k
"#� ¼ æ�Ë ¼ èjº Ñ Ë Î · ¼ â¦Ò · ë�»6Ï?Ò · H Ò Ð Ò�í�Ò Ë6º H�¼¼ ½ » ¼ · ë8Ò Ë ¼ Î · ¼ ½fÓ8Ë Ï ¼ » Ë Ñ ·�½Äæ ¼ Ë6½ Ñ%Ð ¼ í ¼ · » k "#� ¼ æ�Ë ¼ è à°¡ å ¼ ½ » æ:Ë Ñ Ï Ñ Î ½f½ Ï º Ò%Î Ë Ð ¼ ½¬½fÓ8Ë Ï ¼ ½ k "½ Ò�í¶í Ñ ê Ð ¼ ½ à
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*,+.-0/21'34-657198;:=<>34-@?'AB:'C.DFEG8;3IHKJ6LM:'N�O$PQ8R?TS'8R/U8;3Q8;VRPQLM:=-;WX?'8;?YJ6LM:'P[Z\NR3Q-6?=EG-

-GO�5�]^/UJGO$<�PQ-65
��	��	`_��!� � ÷ÆÞ¦Ü�ìÄ�Ü��ÉÜ��¦Üba�Þ �!�dÝ

�m	 �	 �	¬� �*þ�� � �§Ü � Å��¦ÝdcvÜO�>�ÉÝ��[	� Ò�Î ½ ë�Ò ·�½ Ï|Í Ó8Ë Ò ·�½ Ð ¼ í�Ò�Í $ Ð ¼ â¦Ò Ë í ¼ Ð Í ¼ � Ò�Ï · ë Ñ ËfÓ�" � Î Ð�Ñ ë
X0 := xk+1 ∂

∂x
+ y

(

1 + µxk
) ∂

∂y
.

¹ ½f½ Ñ è Ò ·�½ Í ¼ » Ë Ò�Î æ ¼ Ë Î · ¼ X0

"qº�Ë Ï�í�Ï|»6Ï æ ¼ F &
G := yxk .

eµÜ�Þf�÷ � Ýi����Ýgc�Ü��>�ÉÝ��ihj · ¼ º�Ë Ï�í�Ï|»GÏ æ ¼ â¦Ò Ë í ¼ Ð|Ð ¼ Í ¼ G ¼ ½ »SÍ�Ò ·�·�Ó ¼ º Ñ Ë ¸
F = yxk

+∞
∑

n=0

(

−kxk
)n

n
∏

p=1

(

p+
µ

k

)

= yxk
+∞
∑

n=0

(

−kxk
)n Γ(n + 1 + µ/k)

Γ (1 + µ/k)
.

�aÜ����Ý��FaOÝ$�ÿ�Ýkh� Ð ¼ ½ »ië Ð�Ñ Ï Ë8ì Î ¼ ë ¼ »6» ¼ ½6Ó8Ë Ï ¼ Í�Ï æ ¼ Ë6î ¼ º Î�Ï ½_ì Î ¼ Γ(n+ 1 + µ
k
) Ñ Î · ë8Ò�í º Ò Ë » ¼ í ¼ · »"â Ñ ë�»GÒ Ë Ï ¼ Ð ì Î Ñ · Í

n » ¼ · Í æ ¼ Ë6½ Ð å�Ï · ¢ · Ï ê:½ Ñ Î�â ½ Ï µ
k
∈ −N∗ ê Ñ Î ì Î ¼ Ð ë Ñ ½

F ¼ ½ »SÎ ·iº Ò Ð è:·�l í ¼ à

mp��Ý�� � � Ý§�nh
k = 1 o µ = 0

	�� Ñ ·�½ ë ¼ ë Ñ ½©ê
F (x, y) = yx

∑

n! (−x)n ¼ ½ »SÍ�Ï æ ¼ Ë6î ¼ · » ¼ à

mp��Ý�� � � Ý¿� ¸ k = 1
ê
µ = −2

à� ë8Ï�Ò · » Ë Ò�Î æ ¼ F (x, y) = yx (1 + x)
à

eµ���oÞ¦Ü � ÝnhÊ�· ë Ñ%Ð ë�Î Ð ¼
T j
X0

(

yxk
)

(h) =

{

0
½ Ï 1 + µ

k
∈ −N

2iπ(−k)−1−µ/kh
Γ(1+µ/k)

6= 0
½ Ï · Ò · ,

ë ¼ ì Î�Ï ¼ ½ »:ë�Ò H Ó8Ë ¼ · » à sqó
Ô
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�m	 �	|�!	¬� �*þ�� �Ýÿ>Ä � � � �;x m��J�¦Ý���	Ê�· ë�Ò ·�½ Ï|Í $8Ë ¼ Ð ¼ ë H Ñ í º » Ë Ñ ·�½Äæ ¼ Ë6½ Ñ%Ð ¼ í ¼ · » Ñ � · ¼
X := x2 ∂

∂x
+
(

y (1 + µx) + 2x3
) ∂

∂yù º Ò�Î Ë
µ = 0 ë ¼ ë H Ñ í º ¼ ½ »:ë�Ò · ò Î î Î Ó Ñ ÎTë H Ñ í º ÍÙå ¹ Î Ð ¼ Ë ü ¼ » Ð?Ñ â¦Ò · ë�»6Ï?Ò ·

G := xy.

eµÜ�Þf�÷ � Ýi����Ýgc�Ü��>�ÉÝ��ihj · ¼ X "vº�Ë Ï�í�Ï«»GÏ æ ¼ â¦Ò Ë í ¼ Ð?Ð ¼ Í ¼ G ¼ ½ »SÍ�Ò ·�·�Ó ¼ º Ñ Ë
F = f0(x) + yf1(x)

Ò� 
{

x2f ′
0 + 2x3f1 = 0

x2f ′
1 + f1 = x

.

� Ï · ÑoÐ ¼ í ¼ · »
f0 = −2x3

∑

(−x)n Γ(n+ 1 + µ)

(n + 3)Γ(1 + µ)

f1 = x
∑

(−x)n Γ(n+ 1 + µ)

Γ(1 + µ)
.

�aÜ����Ý��FaOÝ$�ÿ�Ýkh¡ ¼ »6» ¼ ½fÓ8Ë Ï ¼ ë8Ò ·dæ ¼ Ë6î ¼ ½ Ï ¼ » ½ ¼ Î Ð ¼ í ¼ · » ½ Ï µ ∈ −N∗ ê ¼ »BÍ Ñ ·�½ ë ¼ ë Ñ ½
F ¼ ½ »BÎ ·
º Ò Ð è�·yl í ¼ à Ê�·�º ¼ Î�»Ë ¼ í Ñ ËÄì Î ¼ Ëiì Î ¼ f0

ë�Ò ·dæ ¼ Ë6î ¼ ½ Ï ¼ » ½ ¼ Î Ð ¼ í ¼ · » ½ Ï f1
ë�Ò ·dæ ¼ Ëfî ¼ à

eµ���oÞ¦Ü � ÝnhÊ�· ë Ñ%Ð ë�Î Ð ¼ & Ð å Ñ Ï|Í ¼ Í�Î Ð ¼ íÃí ¼ ù�� àQ�±à ú{z º àÖö�| ü ¸
TX (xy) (h) = T h

X0
(xy) (h)

=
2iπ (−1)−1−µ

Γ(1 + µ)
h

¼ »SÒ ·ªË ¼ » Ë Ò�Î æ ¼ Ð�Ñ ë8Ò · ë Ð Î ½ Ï|Ò ·¬º�Ë6Ó ë Ó Í ¼ · » ¼ à
��	|�!	,}ªÜ� �:���JÞ<� � �¦Ý�ñÿ�Ý �  � � � ÷ÆÞ�����ÝiÝ�÷ þ�� �É�k÷Y�>Þ Ý þ

�m	|�!	 �	�}ªÜ�ì���!��Þ<� � �¦Ý�ñÿ�ÝO	¡ Ò�íÃí ¼ Ñ º�º Ð Ï�ë Ñ »6Ï?Ò · Í�Î ¡ Ò Ë Ò Ð?Ð?Ñ Ï Ë ¼ ¾ ê ë8Ò ·�½ Ï?Í Ó�Ë Ò ·�½ Ð?Ñ â Ñ í�Ï Ð?Ð ¼ Í ¼ ë H Ñ í º�½
X(α,R) := x3 ∂

∂x
+ y

[

1 + yx3 (α + x + yR(x, y))
] ∂

∂y

Ò�  α ∈ C
ê
R ∈ C {x, y} à



��y ! y�{���{�Ö$t���z������%��{�������{!���]Ú!}�z~t��!���:}X�]Úd��Ö�}�~�z��:�
sqó6ó

ç Ï α 6= α′ Ñ%Ð Ò Ë6½ Ñ Î±ë�Î · ë H Ñ í º
X (α,R)

· å ¼ ½ »)Ò Ë ê�Ï«» Ñ%Ð ¼ í ¼ · » Ó�ì Î�Ï æ Ñ%Ð ¼ · » & Î · ë H Ñ í º
X (α′, R′)

à¹ · ¼�õ�¼ » ê Ð å�Ï ·dæ Ñ Ë Ï Ñ · » Ñ Î º�Ë ¼ í�Ï ¼ Ë Ò Ë Í Ë ¼M¼ ½ »
T 0
X0

(

yx3 (1 + x)
)

(h) = −3−4/32iπ

(

α
1

Γ (4/3)
+

1

3Γ (5/3)

)

h

T 1
X0

(

yx3 (1 + x)
)

(h) = 3−4/32iπ

(

α
1

Γ(4/3)
− 1

3Γ(5/3)

)

h

lmD8A%7:.?D ë H Ñ ·�î ¼ í ¼ · »dÍ ¼ ë8Ò�Ò Ë Í�Ò ·�·�Ó ¼ ½ h 7→ ch
½ Ï�íaÎ Ð » Ñ ·�Ó Í Ñ ·�½ Ð ¼ ½ Í ¼ Î äWÓ ë Ë Ï|»6Î Ë ¼ ½ ¼ »��>Ò�Î º ¼ Ë í�Î�» Ñ »GÏ|Ò ·

(0, 1) 7→ (1, 0) Í Ñ ·�½ Ð ¼ ½ Ï · Í�Ï�ë ¼ ½)½ Î º�Ó�Ë Ï ¼ Î Ë6½ à
�m	|�!	|�!	 Ç�� �É�k÷Y�>Þ¦Ý þ Ýk÷�Þ��� � �>Þ � �÷ þ 	� Ò�Î ½ Ñ%Ð|Ð Ò ·�½ Í Ó ë Ë Ï Ë ¼ Ð ¼ ½ Ï ·dæ Ñ Ë Ï Ñ · » ½ ¼ » Ð ¼ î�Ë Ò%Î º ¼ Í ¼ ½ë½Äè í Ó » Ë Ï ¼ ½ Í�ÎTë H Ñ í º Í ¼ æ ¼ ë�» ¼ Î Ë6½

X := x13 ∂

∂x
+ y

(

1 + µx12 + y5x18
) ∂

∂y
.

Ê�·¬º Ò ½ ¼ X0 := x13 ∂
∂x

+ y (1 + µx12) ∂
∂y

à

���� � �>Þ � �÷ þ h¡ ¼ ë H Ñ í º ¼ ½ »SÍ ¼ » è�º ¼ Ñ � · ¼ ë8Ò ·dæ ¼ Ë6î ¼ · » à ý Ñ ½ ¼ ë�»GÏ?Ò · ù �±àQP�à � à úcü · Ò�Î ½ Í�Ò ·�· ¼ Ð å ¼ ä:º�Ë ¼ ½f½ Ï?Ò · Í ¼ ½ ¼ ½Ï ·dæ Ñ Ë Ï Ñ · » ½ ÍÙå Ó�ì Î�Ï æ ÑoÐ ¼ · ë ¼ Ò Ë ê�Ï|» ÑoÐ ¼ ¸
ϕcj(h) = e2iπµ/12 h

(

1 + 5T j
X0

(y5x18) (h)
)1/5

= e2iπµ/12
h

(1 + Tjh5)1/5

Ñ æ ¼ ë
Tj =

10iπ (−5/12)(18+5µ)/12

Γ (3/2 + 5µ/12)
.

ý ¼ ½ Ñ Î�» Ë ¼ ½ Ï ·�æ Ñ Ë Ï Ñ · » ½+½ Ò · »À» Ë Ï æ Ï Ñ Î ä àk¡ ¼ ë H Ñ í º ¼ ½ » Ñ · Ñ%Ð è »6Ï ì Î ¼ í ¼ · »�ë8Ò · ò Î î Î Óë&
X0

½ Ï ¼ » ½ ¼ Î Ð ¼ í ¼ · »½ Ï 18 + 5µ ∈ −12N
à

Ç�� �§��÷_�oÞ¦Ý þ hÊ Î:» Ë ¼ Ð ¼ ½�� Ò%» ½ Φt
X

º Ò%Î Ë
t ∈ C

ê Î · ¼ ½ûè í Ó » Ë Ï ¼ g Í ¼ X ½ å�Ï?Í ¼ · »GÏ|¢ ¼ Ñ æ ¼ ëWÎ ·�Ó Ð Ó í ¼ · » (θ, c) ∈ G <
Z/12 × C∗ à�� å�Î ·øº Ò�Ï · »MÍ ¼ æ Î ¼ â¦Ò Ë í ¼ Ð ê Ï Ð ¼ ä Ï ½ » ¼ Î · ¼ Ï · ¢ · Ï|» Ó Í ¼ ½Äè í Ó » Ë Ï ¼ ½ ¼ » ½ ¼ ë8Ò ·�½ » Ë Î�Ï ½ ¼ · » &
Ð å Ñ Ï?Í ¼ Í�ÎTë H Ñ ·�î ¼ í ¼ · »°Í ¼ ë8Ò�Ò Ë Í�Ò ·�·�Ó ¼ ½ â¦Ò Ë í ¼ Ð ë8Ò · ò Î î Î Ñ · » X ¼ » X0 í ë ¼ Ð Î�Ï " ë8Ï ¼ ½ »SÍ ¼ Ð?Ñ â¦Ò Ë í ¼

N(x, y) =

(

x,
y

(1 + 5y5f(x))1/5

)

Ò� 
X0 · y5f = y5x18.ý ¼ ½°½ûè í Ó » Ë Ï ¼ ½ Í ¼ X0

ê Ò�Î�» Ë ¼ Ð ¼ ½^� Ò%» ½©ê½ Ò · » Ð ¼ ½ Ñ º�º Ð Ï�ë Ñ »GÏ?Ò ·�½ Ð Ï ·�Ó Ñ Ï Ë ¼ ½ (x, y) 7→
(

e2iπθ/12x, cy
) º Ò�Î Ë

»GÒ�Î�» θ ∈ Z/12 ¼ »ë»GÒ�Î:» c ∈ C∗ àO� Ò�Î Ë
X
ê Ð ¼ ½ë½Äè í Ó » Ë Ï ¼ ½ â¦Ò Ë í ¼ Ð|Ð ¼ ½Ø½ Ò · »SÍ�Ò · ëWÍ ¼ Ð?Ñ â¦Ò Ë í ¼

ĝ(x, y) =

(

e2iπθ/12x,
cy

(1 + 5y5 (f(x) − c5f(e2iπθ/12x)))
1/5

)

.
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mp��Ý�� � � Ý§�nh
µ = −5/18

à ý Ñ ½fÓ8Ë Ï ¼ f ½ ¼ Ë6Ó Í�Î�Ï|» Ñ ÎLí�Ò ·yl í ¼
f(x) =

1

5
x18.� Ñ ·�½ ë ¼ ë Ñ ½ Ð ¼ î�Ë Ò�Î º ¼ G ¼ ½ »ëÏ · ¢ · Ï ¼ »$ë8Ò�� · ë�Ï?Í ¼ Ñ æ ¼ ë Z/12×C∗ í:Ð ¼ ½Ø½Äè í Ó » Ë Ï ¼ ½ Í ¼ X ½ Ò · »ëÍ�Ò ·�·�Ó ¼ ½º Ñ Ë ¸

g(x, y) =

(

e2iπθ/12x,
cy

(1 + (1 − c5e3iπθ) y5x18)1/5

)

.

mp��Ý�� � � Ý¿��h
µ = 0

	 ý Ñ ½6Ó�Ë Ï ¼ f ¼ ½ »SÍ�Ï æ ¼ Ëfî ¼ · » ¼ ¸
f(x) = x18

∑ Γ(3/2 + n+ 1)

Γ(3/2)

(

−12

5
x12

)n

.

ý ¼ ½°½ ¼ Î Ð ¼ ½ë½Äè í Ó » Ë Ï ¼ ½ ĝ ë�Ò ·dæ ¼ Ëfî ¼ · » ¼ ½ ë�Ò Ë6Ë ¼ ½fº Ò · Í ¼ · » Ñ Î äsæ Ñ%Ð ¼ Î Ëf½ Í ¼ c ¼ » θ ½ Ñ »GÏ ½ â Ñ Ï ½ Ñ · »
f(x) − c5f(e2iπθ/12x) = 0.� å Ñ º�Ë6$�½ Ð å Ó ë Ë Ï«»GÎ Ë ¼ Í ¼ f ê ë ¼ »6» ¼ ë8Ò · Í�Ï|»GÏ|Ò · ¼ ½ » ½ Ñ »6Ï ½ â Ñ Ï|» ¼ ½ Ï ¼ » ½ ¼ Î Ð ¼ í ¼ · » ½ Ï

c5e3iπθ = 1.ý ¼ ½m½ ¼ Î Ð ¼ ½
½ûè í Ó » Ë Ï ¼ ½�½ Ò · »
Ï�ë8Ï Ð ¼ ½ Ñ º�º Ð Ï�ë Ñ »6Ï?Ò ·�½ Ð Ï ·�Ó Ñ Ï Ë ¼ ½ (x, y) 7→
(

e2iπθ/12x, cy
) ½ Ñ »GÏ ½ â Ñ Ï ½ Ñ · » Ð�ÑË ¼ Ð?Ñ »GÏ|Ò · ë8Ï " Í ¼ ½6½ Î ½ à ý ¼ ½ë½ Î�Ï|» ¼ ½ ¼ ä Ñ ë�» ¼ ½ Í ¼ Ð�Ñ Ë ¼ í Ñ Ë_ì Î ¼ ù ��à � à ��� º à úÆ� õ ü©ùûúcü ½ ¼ Ë6Ó8Ó ë Ë Ï æ ¼ · » Ñ%Ð Ò Ë6½ ¸

12 ×
0 → {0} × exp (2iπZ/5) ↪→ G −→ Z/12 −→ 0

z10

0 → Z/6 × {1} ↪→ G −→ C∗ � C∗ → 0.ý Ñ ë Ñ Ë Í�Ï · Ñ%Ð Ï«» Ó Í ¼ G ¼ ½ » 60
à
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