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/�/�/
/�/
/�/�/
/�/
/�/�/
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dæ�é��Kî÷éëúÔí`æ�ç&�öóÝðDòöæ�éBè�çzì /�/�/
/�/
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/�/
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/�/
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/�/
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Notes on moving mirrors
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The Davies-Fulling ~DF! model describes the scattering of a massless field by a noninertial mirror in two
dimensions. In this paper, we generalize this model in two different ways. First, we consider partially reflecting
mirrors. We show that the Bogoliubov coefficients relating inertial modes can be expressed in terms of the
reflection factor and the transformation from inertial modes to modes at rest with respect to the mirror. In this
perspective, the DF model is simply the limiting case when the reflection factor is unity for all frequencies. In
the second part, we introduce an alternative model which is based on self-interactions described by an action
principle. When the coupling is constant, this model can be solved exactly and gives rise to a partially
reflecting mirror. The usefulness of this dynamical model lies in the possibility of switching off the coupling
between the mirror and field. This allows us to obtain regularized expressions for the fluxes in situations where
they are singular when using the DF model. Two examples are considered. The first concerns the flux induced
by the disappearance of the reflection condition, a situation which bears some analogies with the end of the
evaporation of a black hole. The second case concerns the flux emitted by a uniformly accelerated mirror.

DOI: 10.1103/PhysRevD.64.044019 PACS number~s!: 04.62.1v, 03.70.1k, 04.70.Dy

I. INTRODUCTION

The Davies-Fulling ~DF! model @1# describes the scatter-
ing of a massless field by a noninertial mirror in two dimen-
sions. It has received and continues to receive attention
@2–11# principally because of its simplicity and its relation-
ship to Hawking radiation @12#. ~One can indeed mimic the
varying Doppler effect induced by the collapse of a star by
the total reflection on a receding mirror.! Because of its sim-
plicity, this model has been also used to investigate the rela-
tionships between the particle description of fluxes emitted
by the mirror and its field description based on the two-point
Green’s function. The motivation behind this analysis is the
following. When quantizing a field in a curved space-time,
one loses the uniqueness of choice for the particle notion
which is then used to define the vacuum and its excitations.
Based on this fact, some authors have proposed discarding
the particle point of view @13#. The DF model, being defined
in flat space time and giving rise to particle creation as in a
curved space-time, provides a good playground for confront-
ing the two points of view. Finally, the DF model also pro-
vides a good starting point for studying the role of ultrahigh
frequencies which arise in the presence of event horizons
@14–18#. This is particularly true when considering uni-
formly accelerated mirrors @3,19,20#. Indeed, in this case one
has to confront the fact that the instantaneous value of the
energy flux identically vanishes, whereas the Bogoliubov co-
efficients, mixing positive and negative frequencies, do not
vanish and lead to a total energy, which furthermore di-
verges.

Quite independently of these specific difficulties, there is
a fundamental reason which complicates the analysis of
these problems: the DF model does not follow from an
action principle. In fact, the reflection condition is imposed

from the outset instead of following from interactions with
the boundary. Therefore only questions concerning
asymptotic properties of asymptotically inertial mirrors can
be properly answered. To emphasize this point, we shall
show in the first part of this article that the scattering in the
DF model can be expressed in purely kinematic terms. It
results from the Bogoliubov transformation relating the usual
Minkowski modes to noninertial modes which are eigen-
modes with respect to the proper time of the mirror. The
scattering of the latter is then trivial, as trivial as the scatter-
ing of Minkowski modes by an inertial mirror. This rephras-
ing of the DF model is very useful in that it allows us to
consider partially transmitting mirrors with arbitrary
frequency-dependent transmission coefficients. In this per-
spective, the DF model is simply the limiting case in which
the reflection is total for all frequencies.

In the second part of the paper, we analyze an alternative
model for scattering along a given trajectory which is based
on self-interactions described by an action principle. The
main motivation for considering this model is that we can
now switch on and off the coupling between the mirror and
field. Therefore, we can work with well-defined asymptotic
free states. The relationship between the partially transmit-
ting mirrors previously considered and this model will be
explicitly made.

To this end, we first work with a coupling which is con-
stant. In this case, the Born series can be exactly summed
and lead to a partially transmitting mirror. Moreover, in the
large coupling constant limit, one recovers the DF mod-
el: i.e., total reflection. The only difference with respect to
the kinematic approach is that causality is now built in. Sec-
ond, we consider the case when the coupling is time depen-
dent. In this case, we compute the fluxes perturbatively to
quadratic order in the coupling. The novelty arises from tran-
sient effects associated with the switching on and off. The
possibility of controlling these transients is crucial for regu-
larizing the fluxes in situations where they are singular when
using the DF model.
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To make this explicit, we consider two examples. The first
one consists in computing the flux associated with the ap-
pearance ~or disappearance! of the reflecting boundary con-
dition. This problem was considered by Anderson and DeW-
itt @21#. Moreover, as discussed in @7#, it presents some
analogies with the residual flux associated with the disap-
pearance of a black hole at the end of the evaporation pro-
cess. When using the DF model, the flux is singular and its
spectral properties are ill defined. On the contrary, with the
self-interacting model, it can be described by a well-defined
process in which the coupling to the mirror is switched off
more and more rapidly. The second application concerns the
flux emitted by a uniformly accelerated mirror. In the DF
model, the energy flux vanishes everywhere, but on the ho-
rizons where it is not defined. With the other model, instead,
a well-defined and regular expression will be obtained. In the
intermediate regime, when the coupling is constant, we re-
cover the vanishing of the local flux. But we also find tran-
sient effects which become singular when the switching on
and off is performed for asymptotic early and late proper
times, thereby explaining the paradoxical situation encoun-
tered in the DF model where quanta are produced while the
energy flux vanishes.

We conclude the paper by presenting the main results in a
synthetic manner. We also wish to stress that in this paper
recoil effects shall be totally ignored since the trajectory of
the mirror is given once for all. Nevertheless, since the self-
interacting model is based on Feynman diagrams, it prepares
for the analysis of taking into account the dynamics of the
mirror @10,11#. Indeed, the S matrices computed with or
without backreaction effects possess a very similar structure.

II. KINEMATIC MODELS

In the first part of this section, we review the basic prop-
erties of the Davies-Fulling model. In particular, we compare
the particle description of the fluxes based on Bogoliubov
coefficients with that based on two-point functions. In the
second part, we show how the scattering process can be gen-
eralized so as to describe partially transmitting mirrors. This
generalization will be performed in a matrix formalism. We
have chosen this formalism for two reasons: first to empha-
size the kinematic nature of the DF model and second to
introduce in natural terms the generalization to partial reflec-
tion. In the third part, we relate the Bogoliubov coefficients
to the S matrix acting in Fock space, thereby preparing for
the analysis of transition amplitudes performed in the next
section.

A. Davies-Fulling model

In the Davies-Fulling model, the mirror is perfectly re-
flecting for all frequencies and its trajectory is chosen from
the outset. Moreover, no width is attributed to the reflecting
condition: i.e., it acts like a delta in space. Beside the fact
that the trajectory is always timelike, we shall also impose
that it be asymptotically inertial. In conformal terms this
means that the trajectory starts from i2 and ends in i1, the
past and future timelike infinities, respectively @22#. The rea-
son is that in the other cases, i.e., when the mirror originates

and/or ends on null infinities, the calculation of the energy
radiated by the mirror is ill defined. ~The specific problems
associated with null asymptotic trajectories will be consid-
ered in a next article @23#.!

In this paper, we shall consider the scattering of a complex
massless scaler field. The reason for this choice is that it
allows us to consider more general scattering matrices when
the reflection condition is not perfect. This possibility will be
exploited in the next subsections. Since the dynamics of the
mirror is trivial, the evolution of the field is entirely gov-
erned by the d’Alembert equation

~] t
2
2]z

2!F~ t ,z !50 ~1!

and the reflection condition

F„t ,zcl~ t !…50 ~2!

along the classical trajectory of the mirror z5zcl(t).
Since the field is massless and since we work in two di-

mensions, it is particularly useful to work in the lightlike
coordinates defined by U, V5t7z . For instance, the general
solution of Eq. ~1! is the sum of a function of U alone plus a
function of V . In addition, since the mirror is perfectly re-
flecting, the trajectory of the mirror completely decouples the
left-hand-side configurations from the right-hand-side ones.
Therefore, in this subsection, we can and shall restrict our
attention to the configurations residing on the left of the mir-
ror.

Finally, since the mirror trajectory emerges from i2, V
52` is a complete Cauchy surface. Hence the usual modes
of the d’Alembertian given by

wk~U !5

e2ikU

A4puku
~3!

form a complete and orthonormal basis. ~Instead, when the
trajectory starts from the null past infinity J 2, the choice of
a complete and orthonormal basis should be reconsidered
@23#.! We recall that the norm of the modes is determined by
the Klein-Gordon scalar product which reads, when evalu-
ated on J 2,

^wkuwk8&5E
2`

1`

dU wk*i ]JUwk85sgn~k !d~k2k8!. ~4!

The scattered mode corresponding to Eq. ~3! is determined
by Eq. ~2! to be

wk
scat~V !52

e2ikUcl~V !

A4puku
, ~5!

where U5Ucl(V) is the trajectory of the mirror in the light-
like coordinates.

The in mode wk
in(U ,V) is by definition the solution of

Eqs. ~1! and ~2! which has Eq. ~3! as initial data. It is
given by
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wk
in~U ,V !5

e2ikU

A4puku
2

e2ikUcl~V !

A4puku
. ~6!

To analyze the frequency content of its scattered part, it
should be Fourier decomposed on the final Cauchy surface
U51` ~the left part of J1!. In total analogy with what we
have on J 2, on J 1 the normalized modes are

wv~V !5

e2ivV

A4puvu
. ~7!

Then the scattered mode ~5! can be decomposed as

wk
scat

5E
0

`

dv~avk* wv2bvk* wv*!, ~8!

where the coefficients avk , bvk are given by the overlaps

avk* 5^wvuwk
scat&522E

2`

1`

dV
e ivV

A4puvu21

e2ikUcl~V !

A4puku
,

bvk* 5^wv*uwk
scat&. ~9!

Since both the initial and final sets of modes are complete,
the coefficients avk , bvk satisfy the relations

E
0

`

dk~avk* av8k2bvkbv8k
* !5d~v2v8!,

E
0

`

dv~avkavk8
* 2bvkbvk8

* !5d~k2k8!,

E
0

`

dk~avkbvk82bvkavk8!50,

E
0

`

dv~avkbv8k
* 2bvk* av8k!50. ~10!

Note that these relations are not trivially satisfied when the
trajectory of the mirror reaches one of the null infinities
rather than the timelike ones. Notice also that the overlaps
~9! can be computed on any spacelike surface which runs
from z52` to some point on the mirror „t ,zcl(t)…. In this
case, one should use the full expression of the in modes
given in Eq. ~6! as well as that of the out modes given by

wv
out~U ,V !5wv~V !1wv

bscat~U !. ~11!

The second term wv
bscat results from the backward scattering

of wv given in Eq. ~7!.
When the overlaps avk and bvk are known, the classical

scattering problem is solved. That is, it suffices to decom-
pose the initial data in terms of the modes ~7! to obtain,
through Eq. ~9!, the Fourier content of its image on J 1. It
should be pointed out that the coefficients bvk which mix
positive and negative frequencies have a well-defined role in
this classical wave theory: they determine the ~nonadia-
batic @24#! increase of the Fourier components of the scat-

tered wave @see, e.g., Eq. ~11! in @10# for their influence on
the energy of the reflected wave#. It should be also pointed
out that one can recover an approximate space-time descrip-
tion of the scattering when considering localized wave pack-
ets rather than plane waves: for sufficiently high frequen-
cies @i.e., short wavelengths compared to the ~acceleration of
the mirror!21#, the coefficients bvk vanish and the mean fre-
quency of the reflected packet v̄ is related to k̄ , that of the
incident one, by the Doppler effect v̄5 k̄]VUcluU5Ū evalu-
ated at Ū , the retarded time of the center of the incident
packet. These two properties are easily obtained by forming
wave packets and evaluating the integrals in Eq. ~9! by the
saddle point method.

When avk and bvk are known, the quantum scattering
problem is also solved. This follows from the linearity of
Eqs. ~1! and ~2!: when working in a second-quantized
framework, being linear, these equations provide the Heisen-
berg equations for the field operator. Thus the field operator
can be written both in the in and out bases by

F5E
0

`

dk~ak
inwk

in
1bk

in†
1wk

in*!

5E
0

`

dv~av
outwv

out
1bv

out†wv
out*!. ~12!

When imposing that it satisfy the equal-time commutation
relation @F(z),] tF

†(z8)#5id(z2z8), Eq. ~4! guarantees
that the in operators ak , bk satisfy the usual commutation
relations leading to the particle interpretation. Then the in
vacuum u0 in& is defined as the product of the ground states of
the in oscillators and its excitations are generated by the
creation operators ak

in† , bk
in† . Moreover, by construction of

the in modes on J 2, the in particles correspond to the usual
Minkowski particles on J 2. Similarly, by construction of
the out modes, all these properties apply to the out operators
ak

out† , bk
out† and to the out vacuum u0out& when replacing J 2

by J 1.
Given the orthonormal and complete character of the in

and out mode basis, Eqs. ~9! and ~12! determine the Bogo-
liubov relations

ak
in

5E
0

`

dv~avkav
out

1bvkbv
out†!,

bk
in†

5E
0

`

dv~bvk* av
out

1avk* bv
out†!,

av
out

5E
0

`

dk~avk* ak
in

2bvkbk
in†!,

bv
out†

5E
0

`

dk~2bvk* ak
in

1avkbk
in†!. ~13!

Then Eqs. ~10! guarantee the compatibility of the particle
interpretation in each basis, i.e., both in and out operators
obey the canonical commutations relations. With the rela-
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tions ~13!, all questions concerning quantum scattering pro-
cesses can be answered. For instance, the probability ampli-
tude to obtain a given final state uCfin& specified on J 1 in
terms of out operators starting from some in state uJ in& con-
structed on J 2 is given by the product ^CfinuJ in& @which
should not be confused with the Klein-Gordon product, Eq.
~4!, which concerns the modes of the field#. More intrinsic is
the overlap Z21

5^0outu0 in& between the initial and final
vacuum states. Indeed, it determines the probability ampli-
tude for the ~spontaneous! decay of the vacuum specified on
J 2. The computation of Z is easy when the transformation
is diagonal in energy: see, e.g., @2,8#. In the general case,
however, as a result of the frequency mixing between in and
out modes, the calculation of Z is less trivial. This generali-
zation is presented in the Appendix.

It should also be noted that the Bogoliubov coefficients
themselves are given by the following matrix elements:

avk* 5^0 inuav
outak

in†u0 in& ,

2bvk* 5^0 inubv
out†ak

in†u0 in& . ~14!

However, it is not clear how to attribute a physical meaning
to these equations. In particular, the relationship with the
second one and pair creation amplitude is quite obscure. In-
deed, the probability amplitude to obtain on J 1 one pair of
quanta of frequencies v and v8 in the in vacuum is given by
@see Eq. ~A7! in the Appendix#

^0outuav
outbv8

outu0 in&52

1

Z E
0

`

dk bvkakv8

21 . ~15!

We shall return to these questions of interpretation in Sec.
II C.

Instead of considering in-out matrix elements in Fock
space, more attention has been put on the expectation values
of ~local! operators in a given initial state. The most studied
object is probably the energy flux emitted by the mirror when
the state of the field is the in vacuum. The motivations for
this analysis are, first, its relevance for black hole radiation
@2–11#; second, that its nonvanishing value is due to sponta-
neous pair creation, a specific feature of quantum field
theory; and third, that this value can be computed either from
using Eqs. ~13! or from the properties of the Green’s function
of F.

Having at our disposal the Bogoliubov coefficients avk
and bvk , we start with the particle point of view. We con-
sider the density energy of the emitted flux. The correspond-
ing Hermitian operator is1 TVV5]VF†]VF1]VF]VF†. On

the left of the mirror @U.Ucl(V)# , using Eq. ~13! and the
first line of Eq. ~10!, the expectation value of the energy flux
is

^TVV&[^0 inuTVVu0 in&2^0outuTVVu0out&

52 ReH E E
0

`

dv dv8
Avv8

2p

3Fe2i~v82v !VS E
0

`

dk bvk* bv8kD
2e2i~v81v !VS E

0

`

dk avk* bv8kD G J . ~16!

It should be noted that the subtraction of the out vacuum flux
follows from the prescription of subtracting the contribution
of the Minkowski vacuum. Indeed, by construction of the out
modes, they coincide with the usual Minkowski modes on
J 1.

The total energy emitted to J 1 is obtained from integrat-
ing ^TVV& over V . The integration eliminates the second
term, which is due to interferences between states with dif-
ferent particle numbers. It gives

^HV&5E
2`

1`

dV^TVV&

52E
0

`

dv vE
0

`

dkubvku
2
52E

0

`

dv v^nv& . ~17!

One gets the usual relationship between the mean energy and
mean number of particles, ^nv&5*0

`dkubvku
2, found on J 1

~it equals the number of antiparticles!. In this writing one
sees that the nonvanishing character of ^HV& is due to the b
coefficients which govern the vacuum decay; see Eq. ~A6! in
the Appendix.

We now reconsider the flux ^TVV& without making use of
the Bogoliubov coefficients and with less emphasis on the
notion of particle. This alternative method is based on the
Wightman function evaluated in the in vacuum:

^0 inuF
†~U ,V !F~U8,V8!u0 in&

5E
0

`

dk wk
in~U ,V !wk

in*~U8,V8!. ~18!

In terms of this function, using Eq. ~5!, the mean flux on J1

reads

^TVV&52 lim
V8→V

@^0 inu]VF†]V8
Fu0 in&

2^0outu]VF†]V8
Fu0out&#

52

1

2p
lim

V8→V

]V]V8
@ lnuUcl~V8!2Ucl~V !u2lnuV82Vu#

5

1

6p H S dUcl

dV D 1/2

]V
2 F S dUcl

dV D 21/2G J

1The symmetrization is due to the fact that we deal with a com-
plex field. Of course, in the DF model, particles and antiparticles
equally contribute to ^TVV&. This explains the overall factors of 2 in
the next equations. We warn the reader that this equal contribution
will not be necessarily found when considering partially transmit-
ting mirrors.
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5

1

24p F S d2Ucl

dV2 D S dUcl

dV D 21G2

2

1

12p
]VF S d2Ucl

dV2 D S dUcl

dV D 21G . ~19!

Again, the subtraction of the out vacuum flux follows from
the prescription of subtracting the contribution of the
Minkowski vacuum. In this point splitting method, it is
through that prescription that the notion of vacuum decay is
reintroduced. Indeed, on J 1, the above subtraction is
equivalent to normal ordering with respect to out operators.
@This is straightforwardly proved by using Eq. ~10!.# More-
over, the fact that ^TVV& and ^HV& vanish only for inertial
trajectories,2 i.e., when ]V

2 Ucl50, confirms that their nonva-
nishing character is due to the nonadiabaticity @24# of the
scattering, a notion deeply rooted in the spontaneous creation
of pairs of particles. In conclusion, a close examination of
the point splitting method and that based on Bogoliubov co-
efficients reveals their complete agreement in flat space-time.
In @25# this correspondence was extended to curved space-
time by introducing Bogoliubov coefficients which are de-
fined locally.

From Eq. ~19! we learn that the energy flux is local in that
it depends only on three derivatives of the trajectory Ucl(V)
evaluated at the retarded time V ~remember that we are on
the left of the mirror!. We shall see below that this locality is
a consequence of dealing with a perfectly reflecting mirror
for all frequencies.

Notice finally that in Eq. ~16!, the first term is positive
definite and gives a positive total energy ^HV& . Indeed, being
a total derivative, the second term does not contribute to
^HV& when the trajectory is asymptotically inertial since
Ucl(V);V for asymptotically late and early V’s. This might
not be the case for trajectories which enter or leave the space
through null infinities because of the infinite Doppler effect
encountered asymptotically.

B. Partially transmitting mirrors

In this subsection we study partially transmitting ~but still
recoil-less! noninertial mirrors. We shall proceed in three
steps. We first show that the scattering by a noninertial mir-
ror is most simply described in terms of the wave functions
which are eigenmodes of the proper time of the mirror. ~We
shall call them the proper-time modes.! When using these
modes, the matrix relating the scattered modes to the initial
ones is diagonal in the frequency, exactly as for the scatter-
ing of Minkowski modes by a mirror at rest. Second, we

shall see that these modes are well adapted for introducing
partially reflecting coefficients with arbitrary frequency-
dependent phase and amplitude. Indeed, since this matrix is
diagonal in the proper-time frequency, unitarity constrains its
elements in a simple manner, frequency by frequency. Third,
for both partial and total reflection, we shall see that the
usual Bogoliubov coefficients, Eq. ~9!, relating the in and out
Minkowski modes are simply obtained from this diagonal
matrix.

To satisfy this program, we first need to construct the
proper-time modes. To this end it is very useful to introduce
new lightlike coordinates u, v such that the timelike coordi-
nate (u1v)/25t is the proper time of the mirror and the
spacelike one defined by v2u/25r is such that the trajec-
tory reads r5r05const. These new coordinates are defined
by two analytic functions u(U) and v(V) where U,V are the
Minkowski lightlike coordinates. These functions are deter-
mined by the mirror trajectory Ucl(V) and the two conditions
defining t and r. Indeed, along the mirror’s trajectory, the
length element obeys

ds2
5]VUcl~V !dV2

5]UVcl~U !dU2
5dv

2
5du2

5dt2.
~20!

This gives

dv

dV
5A]VUcl,

du

dU
5A]UVcl. ~21!

One verifies that the Jacobians dv/dV and du/dU define a
time-dependent boost since they satisfy (du/dV)(du/dU)
51 for all t. The proper-time modes are then simply given
by

wl~u !5

e2ilu

A4pulu
,

wl~v !5

e2ilv

A4pulu
. ~22!

They form a complete basis on J 2 and J 1 since our con-
dition that the trajectory emerge from i2 and finish on i1

implies that the v and u axes cover those of V and U, respec-
tively.

In the case of total reflection, the scattering along the
mirror at r5r0 is trivial. When using the conventions of the
former subsection @Eqs. ~6! and ~11!#, one has, on the left of
the mirror,

wl
U , in~u ,v !5wl~u !2e2ilr0wl~v !52e2ilr0wl

V ,out~u ,v !.
~23!

The new subscripts U and V indicate which side of J 2

(J 1) is the asymptotic support of the in ~out! functions. We
have introduced it in order to describe partial reflection
which requires us to consider simultaneously both sides of
the mirror. Using this notation, on the right of the mirror,
one has

2For uniform acceleration, the two terms in Eq. ~19! cancel each
other, leading to a null flux. However, the Bogoliubov coefficients
bvk do not vanish, thereby indicating that particles are produced.
Moreover, when used in Eq. ~17! they lead to a divergent integrated
energy. To establish the compatibility of the null flux with this
divergent result requires a regularization scheme. To obtain such a
scheme is the main reason for considering the dynamical model of
Sec. III.
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wl
V , in~u ,v !5wl~v !2e22ilr0wl~u !52e22ilr0wl

U ,out~u ,v !.
~24!

It will be useful to express these relations by a 232 matrix
Sl as

wl
i ,out

5Sl
i jwl

j , in~[al
j , in

5Sl
i jal

i ,out!. ~25!

At fixed l, the indices of rows and columns i, j are the new
subscript U or V . As usual, repeated indices are summed
over. For total reflection, one has

Sl5S 0 2e12ilr0

2e22ilr0 0 D , ~26!

We now consider partial reflection. When considering
elastic reflection, the matrix Sl relating in and out modes
which generalizes Eq. ~25! is unitary. @That is, we generalize
total reflection in a restricted way since we keep both the
linearity and the unitarity of Eq. ~25!.# Unitarity constrains
the elements of Sl ,

Sl5S sue iwu 2iRe iw

2iR8e iw8 s
v
e iw

v
D , ~27!

to obey

R5R8, su5s
v

,

su
2
1R2

51, w85wu1w
v
2w . ~28!

~For simplicity of the expressions, we have not written the
argument l, but all variables should be understood as l de-
pendent.! Physically, R and s correspond to the reflection
and transmission coefficients; i.e., when working in the rest
frame of the mirror, the probability for an incident quantum
of frequency l to be reflected is R2.

In what follows we impose wu5w
v
52f , a condition

which expresses that the transmitted part of the scattering is
independent of the sign of the momentum. In anticipation of
Sec. III, we point out that this equality is automatically sat-
isfied when considering parity-invariant Hamiltonians ~see
@26#, Chap. 3.4!. In this case the matrix reads

Sl5e2ifS A12R2
2iRe iu

2iRe2iu A12R2D . ~29!

In principle, the common phase e2if could be reabsorbed in
a redefinition of the modes. However, when using in and out
modes conventionally defined, i.e., wl

V , in(v)5wl
V ,out(v)

5wl(v) of Eq. ~22!, the phase f is unequivocally fixed. As
we shall see in the next section, this convention is automati-
cally used when considering interactions perturbatively. This
is also the case in the DF model. Indeed, the limiting case of
total reflection given in Eq. ~26! is reached for R→1 and
f5p/2 for all l. One also finds that the other phase u is
related to the mirror location by u52r0l .

To complete our second step, we should describe particles
and antiparticles simultaneously. To this end, we group the in
operators (al

U , in ,al
V , in ,bl

U , in† ,bl
V , in†) in a four-vector al

m , in

and the out operators (al
U ,out ,al

V ,out ,bl
U ,out† ,bl

V ,out†) in
al

m ,out . Similarly, we group their corresponding modes in the
four-vectors wl

m , in and wl
m ,out . Since we work with a charged

field, the modes associated with bl
i† might not be complex

conjugates of those associated with al
i ~as is the case when

dealing with a charged field in an electromagnetic field: see,
e.g., Sec. 1.3 in @8#!. Explicitly, in our case, the four modes
are (wl

U ,wl
V ,w̄l

U*,w̄l
V*) where w̄l

i designate the two modes
associated with the antiparticles operator bl

U and bl
V .

We then introduce the 434 matrix given by

Sll8
5d~l2l8!S Sl 0

0 S̄l*
D , ~30!

where S̄l is the scattering matrix for the antiparticles. Since
Sll8

is block diagonal, unitarity constrains Sl and S̄l sepa-
rately. Sll8

acts on the in four-vector as follows:

wl
m ,out

5Sll8

mn
wl8

n , in , ~31!

where continuous repeated indices are integrated from 0 to `
and discrete ones summed over the four components defined
at fixed frequency. With these choices, the components of
Sll8

are the Bogoliubov coefficients conventionally defined.
By conventionally defined we mean the equations which
generalize Eq. ~13!, i.e.,

al8

j , in
5all8

i j al
i ,out

1b̄ll8

i j bl
i ,out† ,

bl8

j , int†
5bll8

i j* al
i ,out

1āll8

i j* bl
i ,out† , ~32!

where the Bogoliubov coefficients a,ā ,b,b̄ are now
232 matrices. By direct identification, one obtains

all8

i j
5^wl8

j , inuwl
i ,out&5Sll8

i j ,

āll8

i j
5^w̄l8

j , inuw̄l
i ,out&5Sll8

i12 j12* ,

bll8

i j
5^w̄l8

j , inuwl
i ,out*&5Sll8

i j12* ,

b̄ll8

i j
5^wl8

j , inuw̄l
i ,out*&5Sll8

i12 j . ~33!

When Sll8
is block diagonal in the sense of Eq. ~30!, one

obviously has bll8

i j
5b̄ll8

i j
50. In full generality, Sll8

satis-
fies unitarity in the following sense:

~S†!ll9

mn Sl9l8

nm8
5d~l2l8!dmm8. ~34!

This equation generalizes Eqs. ~10! to partially transmitting
mirrors.

With Eqs. ~26!, ~30!, and ~31!, we have shown that scat-
tering in the DF model is trivial when using proper-time
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wl
V , in~u ,v !5wl~v !2e22ilr0wl~u !52e22ilr0wl

U ,out~u ,v !.
~24!

It will be useful to express these relations by a 232 matrix
Sl as

wl
i ,out

5Sl
i jwl

j , in~[al
j , in

5Sl
i jal

i ,out!. ~25!

At fixed l, the indices of rows and columns i, j are the new
subscript U or V . As usual, repeated indices are summed
over. For total reflection, one has

Sl5S 0 2e12ilr0

2e22ilr0 0 D , ~26!

We now consider partial reflection. When considering
elastic reflection, the matrix Sl relating in and out modes
which generalizes Eq. ~25! is unitary. @That is, we generalize
total reflection in a restricted way since we keep both the
linearity and the unitarity of Eq. ~25!.# Unitarity constrains
the elements of Sl ,

Sl5S sue iwu 2iRe iw

2iR8e iw8 s
v
e iw

v
D , ~27!

to obey

R5R8, su5s
v

,

su
2
1R2

51, w85wu1w
v
2w . ~28!

~For simplicity of the expressions, we have not written the
argument l, but all variables should be understood as l de-
pendent.! Physically, R and s correspond to the reflection
and transmission coefficients; i.e., when working in the rest
frame of the mirror, the probability for an incident quantum
of frequency l to be reflected is R2.

In what follows we impose wu5w
v
52f , a condition

which expresses that the transmitted part of the scattering is
independent of the sign of the momentum. In anticipation of
Sec. III, we point out that this equality is automatically sat-
isfied when considering parity-invariant Hamiltonians ~see
@26#, Chap. 3.4!. In this case the matrix reads

Sl5e2ifS A12R2
2iRe iu

2iRe2iu A12R2D . ~29!

In principle, the common phase e2if could be reabsorbed in
a redefinition of the modes. However, when using in and out
modes conventionally defined, i.e., wl

V , in(v)5wl
V ,out(v)

5wl(v) of Eq. ~22!, the phase f is unequivocally fixed. As
we shall see in the next section, this convention is automati-
cally used when considering interactions perturbatively. This
is also the case in the DF model. Indeed, the limiting case of
total reflection given in Eq. ~26! is reached for R→1 and
f5p/2 for all l. One also finds that the other phase u is
related to the mirror location by u52r0l .

To complete our second step, we should describe particles
and antiparticles simultaneously. To this end, we group the in
operators (al

U , in ,al
V , in ,bl

U , in† ,bl
V , in†) in a four-vector al

m , in

and the out operators (al
U ,out ,al

V ,out ,bl
U ,out† ,bl

V ,out†) in
al

m ,out . Similarly, we group their corresponding modes in the
four-vectors wl

m , in and wl
m ,out . Since we work with a charged

field, the modes associated with bl
i† might not be complex

conjugates of those associated with al
i ~as is the case when

dealing with a charged field in an electromagnetic field: see,
e.g., Sec. 1.3 in @8#!. Explicitly, in our case, the four modes
are (wl

U ,wl
V ,w̄l

U*,w̄l
V*) where w̄l

i designate the two modes
associated with the antiparticles operator bl

U and bl
V .

We then introduce the 434 matrix given by

Sll8
5d~l2l8!S Sl 0

0 S̄l*
D , ~30!

where S̄l is the scattering matrix for the antiparticles. Since
Sll8

is block diagonal, unitarity constrains Sl and S̄l sepa-
rately. Sll8

acts on the in four-vector as follows:

wl
m ,out

5Sll8

mn
wl8

n , in , ~31!

where continuous repeated indices are integrated from 0 to `
and discrete ones summed over the four components defined
at fixed frequency. With these choices, the components of
Sll8

are the Bogoliubov coefficients conventionally defined.
By conventionally defined we mean the equations which
generalize Eq. ~13!, i.e.,

al8

j , in
5all8

i j al
i ,out

1b̄ll8

i j bl
i ,out† ,

bl8

j , int†
5bll8

i j* al
i ,out

1āll8

i j* bl
i ,out† , ~32!

where the Bogoliubov coefficients a,ā ,b,b̄ are now
232 matrices. By direct identification, one obtains

all8

i j
5^wl8

j , inuwl
i ,out&5Sll8

i j ,

āll8

i j
5^w̄l8

j , inuw̄l
i ,out&5Sll8

i12 j12* ,

bll8

i j
5^w̄l8

j , inuwl
i ,out*&5Sll8

i j12* ,

b̄ll8

i j
5^wl8

j , inuw̄l
i ,out*&5Sll8

i12 j . ~33!

When Sll8
is block diagonal in the sense of Eq. ~30!, one

obviously has bll8

i j
5b̄ll8

i j
50. In full generality, Sll8

satis-
fies unitarity in the following sense:

~S†!ll9

mn Sl9l8

nm8
5d~l2l8!dmm8. ~34!

This equation generalizes Eqs. ~10! to partially transmitting
mirrors.

With Eqs. ~26!, ~30!, and ~31!, we have shown that scat-
tering in the DF model is trivial when using proper-time
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modes. We have done more since Eqs. ~31! and ~33! apply to
all partially transmitting mirrors governed by Sl given by
Eq. ~29!.

The last step consists in finding the relationship between
Sll8

and the Bogoliubov coefficients between in and out
Minkowski modes. This is simply achieved by introducing
the 434 matrix which relates the ~unscattered! Minkowski

modes of frequency k52i] t to the ~unscattered! proper-time
modes of frequency l52i]t :

fk
m

5Bkl
mnwl

n . ~35!

The elements of this matrix are given by

Bkl5S ^wl
Uufk

U& 0 2^wl
U*ufk

U& 0

0 ^wl
Vufk

V& 0 2^wl
V*ufk

V&

^wl
Uufk

U*& 0 2^wl
U*ufk

U*& 0

0 ^wl
Vufk

V*& 0 2^wl
V*ufk

V*&

D 5S akl
UU 0 bkl

UU* 0

0 akl
VV 0 bkl

VV*

bkl
UU 0 akl

UU* 0

0 bkl
VV 0 akl

VV*

D . ~36!

Since Bkl relates unscattered modes, it is independent of the
charge of the particle; hence, Bkl

11[akl
UU

5ākl
UU[Bkl

33 . The
same equality applies to akl

VV , bkl
VV , and bkl

UU .
The important point for us is that Bkl also relates the in

Minkowski modes to the in proper-time modes and the out
Minkowski modes to the out proper-time modes. Therefore
the linear relation between in and out Minkowski modes is
given by

fv
m ,out

5Svk
mm8fk

m8, in , ~37!

where

Svk
mm8

5Bvl
mnSll8

nn8 ~Bkl8

21
!n8m8. ~38!

Repeated indices are summed over, and the inverse of B is
defined by

wl
n
5~Bkl

21!nmfk
m . ~39!

It is given by

Bkl
21

5S akl
UU* 0 2bkl

UU* 0

0 akl
VV* 0 2bkl

VV*

2bkl
UU 0 akl

UU 0

0 2bkl
VV 0 akl

VV

D . ~40!

Explicitly, using the dictionary ~33! now applied to
Minkowski modes, the four coefficients Svk

1n are

avk
UU

5d~v2k !2iE
0

`

dl~avl
UUTl

UUakl
UU* ~41!

1bvl
UU*T̄l

UU*bkl
UU),

avk
UV

52iE
0

`

dl~avl
UUTl

UVakl
VV*

1bvl
UU*T̄l

UV*bkl
VV!,

bvk
UU*5iE

0

`

dl~avl
UUTl

UUbkl
UU*1bvl

UU*T̄l
UU*akl

UU!,

bvk
UV*5iE

0

`

dl~avl
UUTl

UVbkl
VV*1bvl

UU*T̄l
UV*akl

VV!.

Similar equations give expressions for the other components
of Svk

mn . We have written Sl as Sl512iTl ~and S̄l51
2iT̄l! in order to extract the trivial part of the diagonal
elements. This trivial part leads to the delta function in the
first equation. The usefulness of this expression is that it will
be easily related to the perturbative expressions we shall en-
counter in the next section.

Equations ~41! are the central result of this section. They
give the in-out overlaps of Minkowski modes in terms of the
matrices Tl ,T̄l computed in the rest frame of the mirror and
the overlaps between the free ~unscattered! Minkowski and
proper-time modes.

It is then easy to obtain the mean flux emitted by this
partially transmitting noninertial mirror when the initial state
of the field is the Minkowski vacuum. The same algebra
which gave Eq. ~16! now gives

^TVV&5^TVV&particle
1^TVV&antiparticle, ~42!

where

^TVV&particle
5ReH (

j5U ,V
E E

0

`

dv dv8
Avv8

2p

3Fe2i~v82v !VS E
0

`

dk bvk
V j *b

v8k

V j D
2e2i~v81v !VS E

0

`

dk āvk
V j *bv8k

V j D G J . ~43!

^TVV&antiparticle is given by the same expression with ā ,b re-
placed by a ,b̄ . Here ^TVV& possesses the same structure as
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Eq. ~16!. However, four kinds of coefficients a, b should be
considered since we are dealing with partial reflection of
charged particles.

When the scattering is independent of the energy and
charge of the particles, i.e., when R and f defined in Eq. ~29!

are independent of l and when S̄l*5S2l , integration over l
can be trivially performed as it expresses the completeness of
the wl modes. In this case, as in the DF model, one has
bvk

UU
5bvk

VV
50. One also finds that the emitted flux is simply

^TVV&5R2^TVV&DF , ~44!

where ^TVV&DF is the flux found in the DF model; see Eq.
~16!.

Instead, when R and f depend on the energy and/or the
charge, bvk

UU and bvk
VV will be, in general,3 different from

zero. In this case, one also loses the possibility of reexpress-
ing the flux in terms of the derivatives of the trajectory as we
did in Eq. ~19!. This can be understood from Eqs.
~41!: when expressing Tl as a series in powers of l, one
would obtain for ^TVV& a nonlocal expression in V unless the
series in l stops after a finite number of terms.

C. Additional remarks

In this subsection, we relate the matrices Sll8
and Svk ,

which act linearly on in and out operators, to the conven-
tional S matrix acting on multiparticle states in Fock space.
With this identification we shall be able to relate the Bogo-
liubov coefficients, Eqs. ~41!, to transition amplitudes and
not only to expectation values as in Eq. ~43!.

By definition @26#, the action of this operator on states and
operators is the following:

u0 in&5 Ŝu0out& ,

al
i ,out

5 Ŝ21al
i , inŜ , bl

i ,out†
5 Ŝ21bl

i , in†Ŝ . ~45!

Since we are dealing with elastic scattering, this operator
contains exactly the same information as the matrices
Sl ,S̄l . Indeed, the block-diagonal character of Eq. ~30! and
the linearity of Eq. ~31! tell us that Ŝ is the exponential of a
quadratic form of the proper-time operators al ,bl :

Ŝ5e2i~al
i , ins

ll8

i j
a

l8

j , in†
2bl

i , in† s̄
ll8

j j
b

l8

j , in
!. ~46!

Then straightforward algebra gives

sll8
5d~l2l8!S f arcsin~R !e iu

arcsin~R !e2iu f
D ,

s̄ll8
5sll8

~ R̄ , ū ,f̄ !, ~47!

where R,u,f have been defined in Eq. ~29! and R̄ , ū ,f̄ are
defined in the same way from S̄l . We note that in the DF
model, i.e., in the limit of perfect reflection, sll8

is given by

sll8

DF
5d~l2l8!S p

2 D S 1 e iu

e2iu 1 D 5 s̄ll8

DF . ~48!

Although the configurations on the left and right of the mir-
ror completely decouple, the S matrix Ŝ treats both sides
simultaneously.

To anticipate the expression of Ŝ in terms of Minkowski
operators which will mix creation and destruction operators,
it is a convenient to rewrite Eq. ~46! in term of the four-
vector al

m , in ,

Ŝ5e2i~al
m , ins

ll8

mn
,a

l8

n , in†
!, with ~sll8

mn
!5S sll8

i j 0

0 2 s̄ ll8

i j D .

~49!

To obtain the expression of Ŝ in terms of the Minkowski
operators ak

i , in ,bk
i , in , it suffices to use the matrix Bvl to re-

place proper-time operators by Minkowski ones. Explicitly,
one obtains

Ŝ5exp@2i~av
m , insvv8

mn av8

n , in†
!# ,

with

svv8

mn
5Bvl

mm8sll8

m8n8~Bv8l8

†
!nn8. ~50!

Formally, Ŝ provides the answer to all questions concern-
ing asymptotic states and expectation values. For instance,
the probability amplitude governing the ~Minkowski!
vacuum decay, Eq. ~A6!, is simply

Z21
5^0outu0 in&5^0 inuŜu0 in&. ~51!

Similarly, the probability amplitude for an initial quantum of
momentum k to be scattered and for no pair to be created is

^0outuav
i ,outak

j , in†u0 in&5^0 inuav
i , inŜak

j , in†u0 in&5

1

Z
~a21!kv

j i .

~52!

The last equality is easily obtained by using Eq. ~32! to ex-
press av

i ,out in terms of ak
j , in and bv

j ,out† . In the same way, the
Bogoliubov coefficient b is related to the probability ampli-
tude to find a pair of out quanta in the in vacuum by

bvk
i j ~ ā21!kv8

j i8
52

^0outuav
i ,outbv8

i8,outu0 in&

^0outu0 in&

52

^0 inuav
i , inbv8

i8, inŜu0 in&

^0 inuŜu0 in&
. ~53!

In this, we recover Eq. ~15!. It should be stressed that these
relations determine the physical interpretation of the overlaps
a, b given in Eqs. ~41!. In fact, the second-quantized frame-
work was never used to obtain Eq. ~41!: only the linearity of

3bvk
UU

50 requires that T̄l
UU*52T

2l
UU for all l.0 and similarly

for the VV coefficients. In the next section, we shall see that the
condition is satisfied for time-independent couplings with
U~1! symmetry.
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the relations and the orthonormal character of the proper-
time and Minkowski-mode bases were exploited.

The physical interpretation of a, b is the following: to
first order in the transfer matrix Tl , a ~b! divided by Z gives
the probability amplitude to scatter a quantum ~to produce a
pair of quanta!, since a21.11iT (b.2iT). Upon consid-
ering higher-order terms in Tl , one loses the simplicity of
the relationship so as to get the above equations. The simple
relation in the linear regime will be nicely confirmed in the
next section when using perturbation theory. We shall see in
particular that division by Z corresponds to the usual restric-
tion of keeping only the connected graphs engendered by the
development of Ŝ5Te2ig*dt H in powers of g. We shall fur-
ther comment on these aspects at the end of Sec. III.

III. SELF-INTERACTING MODEL

In this section, following @28,29,10#, we introduce a
model based on self-interactions which derives from an ac-
tion principle. In the first part, we consider time-independent
couplings. In this case, resumming the Born series leads, as
in Eq. ~30!, to diagonal matrices in the proper-time energy l
with parameters R and f, which depend on l according to
the number of derivatives in the interaction Hamiltonian. The
important difference is that causality is now built in, as fol-
lows from interactions governed by an action. This model
will also be generalized by considering a thick mirror with a
nonzero width. Using a perturbative approach, we shall see
that the thickness acts as a UV cutoff.

In the second part, we work with time-dependent cou-
plings. We shall work perturbatively up to second order in
the interactions. The novelty concerns the transients induced
by the switching on and off of the coupling.

A. Scattering with g constant

To exploit the fact that the coupling is t independent, it is
convenient to work with the coordinates ~t, r! in which the
mirror is at rest. In these coordinates, the interaction La-
grangian reads

L int5gE E
2`

1`

dt dr f ~r !J„F~t ,r !,F†~t ,r !…. ~54!

Here g is the coupling parameter, and f is a real function
which specifies the thickness of the mirror and which is nor-
malized as *

2`
1`dr f (r)51. Also, J is a Hermitian operator

which is quadratic in the complex field. We shall consider
three different cases: F†F1FF†, F†i ]JtF , and
]tF

†]tF1]tF]tF
†. In the following equations, we shall

present the details only with the second expression. At the
end of the derivation, we shall give the final results for the
two other cases.

Given Eq. ~54!, Eq. ~1! is now replaced by

~]t
2
2]r

2!F~t ,r !5g f ~r !2i]rF . ~55!

Being linear, the solution can be expressed as

F~t ,r !5F in~t ,r !1gE E
2`

1`

dt8 dr8

3G ret~t ,r;t8,r8! f ~r8!2i]t8
F~t8,r8!

5Fout~t ,r !1gE E
2`

1`

dt8 dr8

3Gadv~t ,r;t8,r8! f ~r8!2i]t8
F~t8,r8!,

~56!

in terms of the homogeneous solution F in (Fout) which de-
termines the initial ~final! data. The retarded and advanced
Green’s functions are defined, as usual, by

G ret~t ,r;t8,r8!5E E
2`

1`

dl dl
1

4p2

e2il~t2t8!1il~r2r8!

l2
2~l1ie !2

~50 for t8.t !,

Gadv~t ,r;t8,r8!5E E
2`

1`

dl dl
1

4p2

e2il~t2t8!1il~r2r8!

l2
2~l2ie !2

~50 for t8,t !. ~57!

To exploit the time independence of the coupling g, we work
at fixed energy with

wl~r !5E
2`

1`

dt
1

2p
F~t ,r !e ilt. ~58!

In a Fourier transform, Eqs. ~56! give

wl~r !5wl
in~r !1igE

2`

1`

dr8 f ~r8!wl~r8!e ilur2r8u

5wl
out~r !2igE

2`

1`

dr8 f ~r8!wl~r8!e2ilur2r8u.

~59!

These equations have been obtained by using

E
2`

1`

dl
e il~r2r8!

l2
2~l6ie !2 5

62ip

2~l6ie !
e6ilur2r8u, ~60!

and by having taken the limit e→0.
We now decompose the quantized modes wl

in in terms of
creation and destruction operators:

wl
in~r !5

1

A4pl
~al

U , ine ilr
1al

V , ine2ilr! ~for l.0 !

5

1

A4pulu
~b ulu

U , in†e2iulur
1b ulu

V , in†e iulur! ~for l,0 !.

~61!

We do the same for the out modes. Then, for f (r)5d(r
2r0), Eqs. ~59! give

NOTES ON MOVING MIRRORS PHYSICAL REVIEW D 64 044019

044019-9



S al
U ,out

al
V ,outD 5

1

12ig S 1 ige22ilr0

ige2ilr0 1 D S al
U , in

al
V , inD . ~62!

We recover the linear structure of Sl in Eq. ~25!. Since the
unitarity of Sl provides al

i ,out
5Sl

i j*al
j , in , when using the

definitions of Eq. ~29!, we obtain

R5

g

A11g2
, f5arctan~g !, u52lr0 . ~63!

In the strong-coupling limit ~i.e., for g→1`!, one obtains
the total reflection ~26! in a l-independent manner. This is a
special feature of the coupling J5F†i ]JtF , which is associ-
ated with a dimensionless g.

This analysis can be repeated with the two other operators
previously defined. The presence or absence of derivatives in
J modifies the IR or UV behavior of R. For J5F†F
1FF†, one obtains @28#

Rl5

g/l

A11g2/l2
, fl5arctan~g/l !, u52lr0 .

~64!

In this case, the mirror is totally reflecting in the IR. This
leads to strong IR divergences when considering time-
dependent coupling g. On the contrary, when J5]tF

†]tF
1]tF]tF

†, we get

Rl5

gl

A11g2l2
, fl5arctan~gl !, u52lr0 . ~65!

In this case, the mirror is transparent in the IR limit. This
useful property will be exploited in Sec. IV.

We notice that the transfer matrix Tl can be expressed in
a general way according to the number n of derivatives ]t in
the interaction term:

Tl5

2gln21

12igln21Ae
S 1 e2ilr0

e22ilr0 1 D . ~66!

In this expression, we have not taken the limit e→0 in using
Eq. ~60!. The function Ae5l/(l1ie) determines the ana-
lytical properties of Tl in the complex l plane. The specifi-
cation of the pole of Ae follows from that of G ret in Eq. ~57!.
It guarantees that causality will be respected @28#. This cru-
cial ingredient was missing in Sec. II B wherein the matrix
Tl can be chosen from the outset. In that kinematic frame-
work, the analytical properties should be imposed by hand if
one wishes to implement causality. On the contrary, in the
present case causality follows from the Heisenberg equations
~56!.

Equations ~59! and ~61! also determine the relation be-
tween the antiparticle in and out operators bl

i† . By direct

computation one finds T̄l*52T2l . This is precisely the

condition which gives bvk
UU

5bvk
VV

50; see footnote 3. When

using Tl ,T̄l in Eqs. ~41!, we obtain the Bogoliubov coeffi-
cients relating inertial modes. And from these coefficients,

one gets the mean value of the energy flux TVV as in Eq.
~43!, but with causality built in.

We now study the case of a thick mirror with J given by
F†i ]JtF . To display the effects of f (r) in Eq. ~54!, it is
convenient to work with the ~spatial! Fourier components.
Equation ~59! becomes

wl ,l5wl ,l
in

2

2gl

~l1ie !2
2l2 E

2`

1`

dl8 f l2l8wl ,l8

5wl ,l
out

2

2gl

~l2ie !2
2l2 E

2`

1`

dl8 f l2l8wl ,l8 . ~67!

For an arbitrary window function f, these equations do not
lead to analytic relations between asymptotic in and out
fields. Therefore, to estimate the effects of f (r), we use
perturbation theory. To first order in g, we get

Tl
f
52gS 1 2p f 2l*

2p f 2l 1
D . ~68!

For a normalized Gaussian function f centered on r0 , the
nondiagonal terms which determine the reflection probability
are ge62ilr0e22l2s2

. Therefore, s, the spread of the mirror,
reduces the reflection of high frequencies: for l@1/s , the
mirror is completely transparent ~this is also true for the two
other J’s!.

B. Scattering with g time dependent

In this subsection, the coupling parameter is a function of
the proper time g(t)5g f (t) where f (t) is normalized by
*

2`
1`dt f (t)52T , with 2T the proper-time lapse during

which the interactions are turned on. Unlike what we had in
the former subsection, resumming the Born series is no
longer possible since the time dependence of the coupling
destroys the decoupling of the equations into sectors at fixed
frequency l. Thus we shall work perturbatively: all quan-
tities will be evaluated up to second order in g. In fact, we
meet a situation analogous of that of a thick mirror which
mixes different momenta.

We first remind the reader that in the interacting picture,
the operator F evolves freely, i.e., with g50: it obeys Eq.
~1! and not Eq. ~55!. Therefore the in operators av ,bv speci-
fied at t52` coincide with the out operators and are equal
to the usual Minkowski operators. Hence they define the
~Minkowski! vacuum u0&. Instead, the states evolve through
the action of the time-ordered operator:

uC~ t51` !&5Te iLuC~ t52` !&, ~69!

where L5g*dt f (t)J engenders self-interactions. Since the
trajectory is time like, T, the time ordering with respect to the
Minkowski time t, is equivalent to that of the proper time t.

To make contact with Sec. II, we work in this section with
the state uC0(t)& which is equal to u0& for t5t52` . When
expressing its final value in the basis of the unperturbed
states, i.e., the states which would have been stationary in the
absence of interactions (g50), we get
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uC0~t51` !&

5u0&1(
i , j

E E
0

`

dv dv8~Bvv8

i j
1Cvv8

i j
!uvv8& i j ,

~70!

where

Bvv8

i j
5ig^0uav

i bv8

j S E
2`

1`

dt f ~t !J~t ! D u0&,

uvv8& i j[av
i†bv8

j† u0& , ~71!

Cvv8

i j
52g2^0uav

i bv8

j

3S E
2`

1`

dtE
2`

t

dt8 f ~t ! f ~t8!J~t !J~t8! D u0&c .

~72!

We have limited the expansion in g to these three terms since
we shall compute the energy-momentum tensor up to g2

terms only. As before, i,j denote the U, V sectors and v ,v8

Minkowski energies. The symbol ^ &c means that only the
connected part of the expectation value is kept. This restric-
tion follows from the fact that the contribution of the discon-
nected graphs cancels out since they also appear in the de-
nominator of the matrix elements; see, e.g., @26#.

Using Eq. ~70!, the expectation value of TVV is given by

^TVV&5^C0~t51` !uTVVuC0~t51` !&c

5ReH(
j
E E

0

`

dv dv8
Avv8

2p

3Fe2iV~v82v !E
0

`

dk~Bvk
V j *Bv8k

V j
1B̄vk

V j *B̄v8k
V j

!

2e2iV~v81v !~Bvv8

VV
1B̄vv8

VV
1Cvv8

VV
1C̄vv8

VV
!G J ,

~73!

where B̄vk
i j and C̄vv8

VV are related to the unbarred quantities by

inverting particle and antiparticle operators: thus, B̄vv8

i j

5Bv8v
j i and C̄vv8

VV
5Cv8v

VV .
Since the integral of the second term in Eq. ~73! vanishes,

and since barred and unbarred quantities differ at most by a
phase, the total energy received on the V part of J 1 is

^HV&[E
2`

1`

dV^TVV&c52(
j
E

0

`

dv vE
0

`

dkuBvk
V j u2.

~74!

Hence only the B terms contribute to the energy as the b
terms did in Eq. ~17!.

In order to compute the local properties of the flux, we
need to compute the second term of Eq. ~73!. To this end we
decompose Cvv8

VV into two parts:

Cvv8

VV
5Rvv8

VV
2^0uav

Vbv8

V
Du0&c , ~75!

where

Rvv8

VV
52

1

2
^0uav

Vbv8

V LLu0&c , ~76!

D5

g2

2 S E
2`

1`

dtE
2`

1`

dt8 f ~t ! f ~t8!e~t2t8!J~t !J~t8! D
~77!

and e(t2t8)5u(t2t8)2u(t82t). Then ^TVV&D , the
contribution of D to ^TVV&, enjoys the following properties
~see Appendix A in @17# for a similar analysis applied to a
two-level atom coupled to radiation!. First, it carries no en-
ergy. This is obvious since it is built with terms which all
contain e iV(v1v8). Second, it vanishes for f (t)5cst . This
can be understood from the fact that the time ordering prop-
erties can be encoded in the analytical properties of the ma-
trix Tl which is diagonal in l; see Eq. ~66!. This means that
this term modifies the shape of the transients related to the
switching on and off of the interaction, but without affecting
their energy content. In the rest of the paper, we shall there-
fore ignore this term.

We now compute Rvv8

VV . Since only the connected part
should be kept, we can insert the following operator between
the two operators L in Eq. ~76!:

(
i , j

E
0

`

dkE
0

`

dk8 ak
i†bk8

j†u0&^0uak
i bk8

j . ~78!

Grouping together, as in Eq. ~73!, the first- and second-order
contributions in g, we get

Bvv8

VV
1B̄vv8

VV
1Rvv8

VV
1R̄vv8

VV

5(
i
E

0

`

dk~ Āvk
V j *Bv8k

V j
1Av8k

V j *B̄vk
V j !, ~79!

with

Avk
i j*5^0uav

i ~11iL !ak
j†u0&c ,

Āvk
i j*5^0ubv

i ~11iL !bk
j†u0&c . ~80!

Hence we find that ^TVV& is given by Eq. ~42! with

^TVV&particle
5Re (

j
E

0

`

dvE
0

`

dv8
Avv8

2p

3Fe2iV~v82v !S E
0

`

dk Bvk
V j *Bv8k

V j D
2e2iV~v81v !S E

0

`

dk Āvk
V j *Bv8k

V j D G . ~81!

^TVV&antiparticle is given by the same expression with Āvk
V j ,Bvk

V j

replaced by Avk
V j ,B̄vk

V j .
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Thus, to second order in g, we recover the structure of Eq.
~43!, which gives the flux emitted by a partially transmitting
mirror. The Bogoliubov coefficients avk

V j and bvk
V j have been

replaced by the transition amplitudes Avk
V j and Bvk

V j . In this,
we recover the correspondence of Eqs. ~52! and ~53! when
considered to first order in the transfer matrix Tl . This is not
surprising since the evolution operator Te iL, which defines
Avk* and Bvk given in Eqs. ~80! and ~71!, is, by definition, the

operator Ŝ of Eq. ~45!.
This correspondence is nicely illustrated in the case where

g(t)5g and J5F†i ]JtF . In this case, to order g, but what-
ever is the mirror’s trajectory U5Ucl(V), one has the fol-
lowing identities:

Avk
VU

5gavk , Bvk
VU

5gbvk , ~82!

where avk and bvk are the overlaps, Eq. ~9!, computed in the
DF model. These relations establish that avk and bvk should
be viewed as transition amplitudes. This is important for the
following reason. It implies that the momentum transfers to
the mirror ~which have been neglected so far! associated
with the transitions described by A and B are, respectively,
\(k1v) and \(2k1v). This fact imposes limitations
when considering the emission of ultrahigh ~trans-Planckian!
frequencies since neglecting the momentum transfers re-
quires \v!M , where M is the mass of the mirror @10#.
Thus, when high-frequency quanta are emitted, the validity
of the predictions obtained with a recoil-less model must be
questioned @11#.

IV. APPLICATIONS

The aim of this section is to illustrate the usefulness of the
dynamical model in which one can switch on and off the
coupling between the mirror and radiation field. First, we
analyze the properties of the energy flux associated with the
switching on and off when the mirror is at rest (z50) and in
Minkowski vacuum. As expected, we shall see that the flux
is localized in the transitory periods where the coupling is
turned on or off. Moreover, the mean frequency emitted is
given by the switching rate of the coupling.

Second, we generalize this analysis by replacing the
Minkowski vacuum by a thermal bath. Then we use the well-
known parallel between inertial systems in a thermal bath
and uniformly accelerated systems in vacuum to obtain ~for
the first time! a regularized expression of the flux emitted by
a uniformly accelerated mirror.

A. Transients in vacuum

We first focus on the frequency content of the transients.
For an inertial mirror at rest at z50 in Minkowski vacuum,
the transition amplitudes A and B of Eqs. ~80! and ~71! can
be expressed in terms of the Fourier transforms of f (t):

f v5

1

2p
E dt f ~ t !e ivt. ~83!

To order g, we obtain

Avk
i j*5d~v2k !d i j

1ig f v2k

j~v ,k !

Avk
, ~84!

Bvk
i j

5ig f v1k

j~v ,2k !

Avk
, ~85!

where

j~v ,k !5H 1 for F†F1FF†,

v1k for F†i ]J tF ,

vk for ] tF
†] tF1] tF] tF

†.

~86!

Thus, to order g2, the mean number of V particles of energy
v is given by

^Nv
V&52(

j
E

0

`

dkuBvku
2. ~87!

The factor of 2 arises from the fact that it is equally probable
to emit a UV or a VV pair of quanta of energy v and k.

To further analyze the transients associated with the
switching on and off of the coupling to the mirror, we shall
work with the function

f ~ t !5

1

2 F tanhS t1T

D D2tanhS t2T

D D G . ~88!

It is almost constant during a lapse of time 2(T2D) centered
about t50, and the time intervals of the switching on and off
are .4D. In the limit D→0, f tends to the square window
@u(t1T)2u(t2T)#/2. The Fourier components of f are

f v5

D

2

sin~vT !

sinh~vpD/2!
. ~89!

One sees that the UV behavior is exponentially damped by
D. On the contrary, in the IR, f v→T/p , as expected since
the coupling lasts 2T .

When considering the first two cases of j(v ,k) of Eq.
~86!, this last observation implies that the mean number
^Nv& is ill defined since the integral over k in Eq. ~87! di-
verges in the IR. Therefore, to obtain well-defined expres-
sions, we shall work with the third case. In this case, one has

^Nv
V&5

g2D2

2
vE

0

`

dv8 v8
sin2@~v1v8!T#

sinh2@~v1v8!pD/2#
. ~90!

It is perhaps appropriate to discuss the condition on the
~dimensionful! coupling constant g which guarantees the va-
lidity of Eq. ~87!, which follows from a perturbative treat-
ment limited to order g2. The condition is that the mean
number of quanta per quantum cell ~which is equal to
^Nv&dv.^Nv&p/T in the limit vT@1! be well approxi-
mated by Eq. ~87!. This requires that the probability to obtain
two quanta in a cell is negligible with respect to that of
obtaining one. This translates mathematically by g2

!TD in
the limit of interest T/D@1, i.e., when the flat plateau is
much longer that the slopes. The condition g2

!TD means
that the limit T→` can be safely taken. Instead, the limit
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D→0 is more delicate. A sufficient condition consists in
working at fixed g̃2

!1, where g̃5g(TD)21/2. A stronger
condition is to impose that the total number of particle emit-
ted, *0

`^Nv
V&dv , be finite in the limit D→0. In this case, ḡ

5g/D should be held fixed.
When studying Eq. ~90!, one first notices that in the limit

T→` with g and D fixed the total number of particles emit-
ted is independent of T, thereby not giving rise to a golden
rule behavior characterized by a linear growth in T. Second,
^Nv

V& is maximum for v}1/D . Finally, for vD@1, one has

^Nv
V&.e2pvD. We thus find all the expected attributes of

transients: their particle content is independent of the dura-
tion T when T/D@1, and their Fourier content is peaked
around the adiabatic switching rate D21.

We now study the space-time repartition of the energy
fluxes associated with these transient effects. We first notice
that once the D term defined in Eq. ~75! has been dropped,
the mean flux can be expressed as

^TVV&522 Im~^0uTVVLu0& !1Re~^0uL@TVV ,L#u0& !.
~91!

Of course, by decomposing L and TVV in terms of creation
and annihilation operators, one would recover, respectively,
the linear and quadratic contributions of Eq. ~81!. However,
being interested in the space-time properties, we shall not do
so and shall work instead in the time ‘‘representation.’’ In
this approach, ^TVV& is governed by the V part of the ~posi-
tive frequency! Wightman function. This latter obeys

]VW~V2V8!5]V^0uF†~V ,U !F~V8,U8!u0&

52

1

4p

1

V2V82ie
. ~92!

Using this function, the first term of Eq. ~91! reads

^TVV& lin528g ImFE dt f ~ t !$] t]VW~V2t !%2G
5

g

12p
] t

3 f ~ t5V !. ~93!

To obtain this result, we have integrated by parts 3 times.
The boundary contributions all vanish since f given in Eq.
~88! decreases faster that any power of t. The last integration
is trivially performed by using Im@(x2ie)21#5pd(x). These
properties explain the local character of the expectation
value.4

To evaluate the second term of Eq. ~91!, which is qua-
dratic in g, we proceed along the same lines. We first evalu-
ate the commutator so as to obtain a quadratic form in F and
FV , where FV means only that the V part of the field op-
erator F should be kept. We then notice that the derivatives
] t in J might be expressed as ]V since they are evaluated at
z50, but they act both on the V and U parts of F. Using this
notation, one gets

@TVV ,L#5ig f ~V !@~]VFV
† ]V

2 F1]VFV]V
2 F†!1H.c.#

1ig f 8~V !@~]VFV
† ]VF1]VFVF†!1H.c.# .

~94!

Then the g2 contribution of TVV is

^TVV&quadr516g2 f ~V !ReS iE dV8 f ~V8!@]V8
]V

2 W~V82V !#

3@]V8
]VW~V82V !# D116g2]V f

3ReS iE dV8 f ~V8!@]V8
]VW~V82V !#2 D

52

g2

12p
~ f ]V

4 f 12]V f ]V
3 f !. ~95!

Having obtained explicit expressions for both terms of
Eq. ~91!, we can now analyze the properties of ^TVV& . First,
neither f appears in Eq. ~93! nor f 2 in Eq. ~95!. Thus one
recovers the fact that an inertial mirror does not radiate while
its coupling is constant. This is illustrated in Fig. 1. Second,
being given by derivatives of f with respect to time, the mag-
nitude of ^TVV& scales with positive powers of the switching
on and off rate D21.

Finally, to obtain the integrated value of the energy emit-
ted, as in Eq. ~19!, one decomposes ^TVV& into two parts: a
total derivative which does not contribute to the total energy
and the rest which turns out to be positive definite. Explicitly,
we get

^TVV&5^TVV& lin1^TVV&quadr

5

g2

12p
~]V

2 f !2
2

1

12p
]VF2g]V

2 f

1g2S 1

2
]V

4 ~ f 2!2]V
2 @~]V f !2# D G . ~96!

Thus the total energy is

^HV&5

g2

12p
E

2`

1`

dV~]V
2 f !2

5E
0

`

dv v^Nv
V&. ~97!

Here ^HV& is finite when the mean number ^Nv& decreases
faster than v22. This is the case when working with Eq. ~88!
at fixed DÞ0. In this case, one finds

4It should be pointed out that we could have written ^TVV& lin as a
commutator. This, however, is not appropriate since one loses the
analytical properties of W which are encoded by ie ~they arise from
frequency content of the vacuum and play a crucial role in defining
the above expressions!. By performing first the commutator @or,
equivalently, by first taking the imaginary part in Eq. ~93!#, one
would obtain an ill-defined expression. The same remark applies to
the quadratic term in g. To obtain well-defined expressions, only
one commutation ~and not two! should be done.
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^HV&5

2g2

45p

1

D3 FS T

D D . ~98!

The main feature ^HV& is that it is independent of T in the
limit T/D@1 ~see Fig. 2!, thereby confirming that the emit-
ted energy is indeed associated with the two transitory peri-
ods, irrespectively of the lapse of time (52T) which sepa-
rates them.

To conclude this subsection, we consider the limit D
→0. This corresponds to the situation studied in @21# and @7#
in view of its analogies with the residual flux emitted at the
end of the evaporation of a black hole. In this limit, f (t)
becomes a step function, the energy flux is concentrated in a
narrow lapse D, and its frequency content diverges. In fact,
^TVV& becomes a distribution since it is built on the deriva-
tives of f (t). More precisely, the singularity is worse than a
delta, as clearly seen from Eq. ~95!. This means that not only
the instantaneous flux ^TVV& diverges, but also that the total
energy emitted is singular, as indicated in Eq. ~98!.

Moreover, being singular, this singular behavior is not
universal. It depends on the number of derivatives in the
Hamiltonian, and it might also vary when considering higher
orders in g. Hence the question as to what is the flux emitted
by the disappearance of the reflection condition is not well
defined. To have a well-defined question, one should first
choose a regular model such as that defined by Eq. ~54! and
with g(t) given by Eq. ~88!, and only then consider the sin-
gular limit D→0. What we learn from this is that the DF
model should be conceived as providing a useful approxima-
tive description of some physical processes only when the
predictions are well defined, i.e., independent of the charac-
teristics of the original dynamical model ~such as the mass of
the mirror or the precise nature of the coupling! when the
limits of large mass and large coupling are taken.

B. Flux emitted by a uniformly accelerated mirror

The case of uniform acceleration in a Minkowski vacuum
is a priori rather perplexing. On the one hand, Eq. ~19! im-
mediately gives that the mean flux vanishes for uniform ac-
celeration, i.e., for UV52a22. This is a consequence of the
fact that ]t is a Killing vector in Minkowski space-time @30–
32#. On the other hand, however, the Bogoliubov coefficients
bvk of Eq. ~9! do not vanish @3,10#. Moreover, when used in
Eq. ~17!, they lead to a divergent energy ^HV&. To conciliate
these results, one must infer that there is a singular flux on
the past horizon V50, as is the case for a uniformly accel-
erated ‘‘atom’’ coupled to the radiation field @33,8#. In fact,
as shown in Appendix C of @17#, this singular flux will be
found for all uniformly accelerated quantum systems coupled
to the radiation field.

Our aim is now to show that there is indeed a singular flux
of energy along the past horizon when taking the limit of
constant coupling g(t)5g at the end of the calculation. To
obtain the regularized expression for this flux, we shall gen-
eralize the analysis of the former section to a nonzero-
temperature heat bath and then use the isomorphism between
the flux emitted by this mirror at rest in a heat bath at tem-
perature a/2p and the flux emitted by a uniformly acceler-
ated mirror of acceleration a when expressed in the Rindler
coordinate system.

In a thermal bath, the V part of the Wightman function
obeys

]VWb~V2V8!52

1

4p

p

b
cothS p

b
~V2V82ie ! D . ~99!

It reduces to ]VW of Eq. ~92! in the zero-temperature limit
for b→` . When replacing W by Wb in Eqs. ~93! and ~95!,
we obtain the mean flux emitted in a thermal bath. It can be
shown to be5

5The details of the calculation will be presented in @23#.

FIG. 1. The thin solid line is f (t) given by Eq. ~88! for T510
and D51. The dashed line is ^TVV&quadr , and the thick line is the
part of ^TVV& which contributes to the energy; see Eq. ~97!. These
two curves have been plotted in the same arbitrary units. The be-
havior of ^TVV& lin is similar to ^TVV&quadr .

FIG. 2. The plot is F(x) defined by Eqs. ~98! and ~97! in such a
way that F→1 for x→` .

N. OBADIA AND R. PARENTANI PHYSICAL REVIEW D 64 044019

044019-14



^TVV&b
5

g

12p
]V

3 f 2

g2

12p
@ f ~V !]V

4 f 12]V f ]V
3 f #

2S 2p

b D 2F g

12p
]V f 2

g2

12p
@ f ~V !]V

2 f 12]V f ]V f #G .

~100!

The first two terms are equal to Eq. ~96!, and the last two
scale like (D/b)2. Thus they are negligible in the low-
temperature limit b@D and dominant in the high-
temperature regime.

We are now in position to obtain a regular expression for
the flux emitted by a uniformly accelerated mirror in
Minkowski vacuum. Using the well-known isomorphism be-
tween systems at rest in a thermal bath and accelerated sys-
tems in vacuum, the mean flux of Rindler energy emitted by
a mirror of acceleration a is

^T
vv

~v !&acc
5^TVV~V5v !&b52p/a, ~101!

where v is the null advanced Rindler time @av5ln(aV)#
when the mirror is located in the right Rindler quadrant (z
.utu). When using Eq. ~88!, the coupling between the mirror
and field is turned on during a proper-time lapse 2T and the
switching on and off rate D21 is now measured with the
proper time t.

In the limit T@b and a21, ^T
vv

(v)&acc→0 at fixed uvu
,T since the flux is localized in the transients of ‘‘thick-
ness’’ D centered around v56T . In this, we recover the fact
that a uniformly accelerated mirror does not radiate. In the
DF model, this immediately follows from Eq. ~19!. ~As
noted above, this vanishing is a universal property of accel-
erated systems when they have reached equilibrium with the
Rindler bath @17#.!

However, this vanishing flux is accompanied by transient
effects whose Minkowski properties become singular in the
limit T→` whatever the value of D is. This simply follows
from the fact that the mean flux measured in the inertial
system of coordinates V , U5t6z is

^TVV~V !&acc
5S dv

dV D 2

^T
vv

@v5a21 ln~aV !#&acc

5S 1

aV D 2

^T
vv

~v !&acc. ~102!

From this expression, using Eq. ~88!, one finds that the
Minkowski flux diverges for all T if a.D21, i.e., if the
switching on is slower than the boost factor dv/dV5e2av,
which diverges for v→2` . When a,D21, the flux is well
defined and its maximal value, which grows like e2aT, is
reached around V5a21e2aT. This establishes the fact that in
the limit of constant coupling T→` , one has a singular flux
of energy along the past horizon. Quite surprisingly, the con-
dition aD,1 tells us that accelerated mirrors which lead to a
finite Minkowski flux have their fluxes dominated by the first
two terms in Eq. ~100!. That is, the flux is dominated by the
boosted vacuum transients governed by D rather than by the
temperature effects induced by the acceleration.

Notice that if one requires that the total Minkowski en-
ergy

^HV
acc&5E

2`

1`

dv eav^T
vv

acc& ~103!

and the mean number of Minkowski quanta emitted by the
mirror be finite, one gets a weaker condition aD,2. Indeed,
only one power of the boost factor should be tamed by the
switching-on function f. ~A similar condition also arises
when considering the fluxes emitted by an accelerated two-
level atom @17#.! When this condition is met, using Eqs.
~100!, ~101!, and ~103!, we get

^HV
acc&5

g2

12p
E

2`

1`

dv eav@~]
v

2 f !2
12a2~]

v
f !2# .

~104!

This energy is positive definite and diverges, as expected,
like eaT when aT@1.

V. CONCLUSIONS

In this paper we generalized the DF model which de-
scribes the scattering of a radiation field by a mirror which
follows a noninertial trajectory. We first considered partially
transmitting mirrors and then studied a dynamical model
based on an action principle. We obtained the following re-
sults.

Equations ~41! give the Bogoliubov coefficients in terms
of the transfer matrix Tl evaluated in the rest frame of the
mirror and the overlaps avl ,bvl which relate the
Minkowski plane waves of frequency v to the proper-time
modes of ~proper! frequency l. This expression is universal
in that it governs all quantum systems coupled linearly and
stationarily to the radiation field. The only model-dependent
quantity is Tl . This is illustrated by the dynamical model of
Sec. III A, which gives rise to the diagonal transfer matrix
given in Eq. ~66!.

The main difference between the partially transmitting
mirrors defined in a purely kinematic way in Sec. III B and
the dynamical model of Sec. III A concerns causality: see the
discussion which follows Eq. ~66!.

In Sec. III B, we analyze the scattering in the interacting
picture. In this picture, there is no Bogoliubov transforma-
tion since the basis of asymptotic states is provided by the
usual ‘‘free’’ states engendered by the Minkowski creation
operators. The nontrivial value of the energy flux emitted by
the mirror results from the connected parts of the matrix
elements of the evolution operator Ŝ5Te iL; see Eqs. ~71!–
~73!.

Equations ~52! and ~53! as well as Eqs. ~82! establish the
connection between the Bogoliubov matrices a and b, which
mathematically relate two bases of field modes, and the tran-
sition amplitudes for physical processes to occur, i.e., the
matrix elements of Ŝ5Te iL. It should be noticed that a simi-
lar relationship also exists between Bogoliubov coefficients
and the transition amplitudes of a two-level atom: see Eq.
~2.55! in @8#.
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The usefulness of the interacting picture is that it permits
us to switch on and off the coupling constant at some finite
time in a controlled manner. This possibility in turn allows us
to obtain regularized expressions for the flux in situations
where the flux is ill defined when using the DF model. This
is illustrated in Sec. IV B with the case of uniform accelera-
tion.

APPENDIX: THE in-out OVERLAP
IN THE GENERAL CASE

Our aim is to obtain an expression for the overlap be-
tween the in and out vacua when the Bogoliubov coefficients
are nondiagonal. In this case, the original expression of Ka-
mefuchi and Umezawa @34# does not apply.

In order to have simple expressions for this overlap, we
will use a discretized basis of wavepackets in which the in-
tegrals are replaced by sums and Dirac distributions by Kro-
necker symbols. In addition to the in and out operators, it is
appropriate to define a third class of operators âv , b̂v . This
new basis generalizes the ‘‘Unruh’’ modes @27,8# in that âv

( b̂v) is made out of ak
in (bk

in), but is characterized by a fixed
out frequency v:

avâv5(
k

avk* ak
in , avb̂v5(

k
avk* bk

in . ~A1!

The real coefficients av are such that @ âv , âv
† #51; there-

fore, av
2

5(kuavku
2. The notion of particles and antiparticles

is obviously maintained since the â are made of a in only.
Notwithstanding, for arbitrary avk and bvk , this new basis
is not orthogonal and the commutation rules are given by

@ âv , âv8

†
#[Fvv8

5@ b̂v , b̂v8

†
#5

(kavk* av8k

avav8

. ~A2!

By construction and from Eq. ~13!, these new operators are
related to the out operators by

av
out

5avâv2(
v8

av8
Bvv8

b̂v8

† ,

bv
out

5avb̂v2(
v8

av8
Bvv8

âv8

† ,

with

Bvv8
[(

k
bvkakv8

21 , ~A3!

where akv
21 is the inverse matrix of avk . ~avk is always

invertible since otherwise there would exist incoming par-
ticles whose scattering would give only antiparticles.!

As for the Unruh modes, the operators â , b̂ are useful to
relate in a simple way the out vacuum to the in vacuum.
Straightforward algebra indeed gives

u0out&5

1

Z
expS (

vv8k

av8

ak
Fvk

21Bkv8
âv

† b̂v8

† D u0 in&, ~A4!

where Z is defined by

Z22
5u^0outu0 in&u

2. ~A5!

Even though Eq. ~A4! looks cumbersome, one easily veri-
fies that, to order b2, it correctly gives the relationship be-
tween the vacuum decay (Z.1) and the pair creation prob-
ability of Minkowski quanta. Indeed, using
(F21)vv8^0 inuâv8

âv9

† u0 in&5dv ,v9
and the condition on Bvv8

and Fvv8
, which arises from @av

out ,bv8

out
#50 and Eq. ~A2!,

one obtains

Z2
511 (

vv8

uBvv8
u2

1O~b4!. ~A6!

This is the correct expression since the probability to have a
pair of out quanta is

u^0outuav
outbv8

outu0 in&u
2
5UBvv8

Z U2

5uBvv8
u2

1O~b4!.

~A7!

For completeness, we notice that when the scattering is
stationary ~as is the case for uniform acceleration and in
black hole evaporation!, one has

Bvv8
5

bv

av
dv ,v8

,Fvv8
5dv ,v8

. ~A8!

Since they are diagonal, Eq. ~A4! becomes

u0out&5

1

Z
expS (

v

bv

av
âv

† b̂v
† D u0 in& , ~A9!

thereby recovering the usual diagonal expression governed
by the ‘‘Unruh’’ operators âv , b̂v .
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Uniformly accelerated mirrors. I. Mean fluxes

N. Obadia* and R. Parentani†
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The Davies-Fulling model describes the scattering of a massless field by a moving mirror in 111 dimen-
sions. When the mirror travels under uniform acceleration, one encounters severe problems which are due to
the infinite blueshift effects associated with the horizons. On one hand, the Bogoliubov coefficients are ill
defined and the total energy emitted diverges. On the other hand, the instantaneous mean flux vanishes. To
obtain well-defined expressions we introduce an alternative model based on an action principle. The usefulness
of this model is to allow us to switch on and off the interaction at asymptotically large times. By an appropriate
choice of the switching function, we obtain analytical expressions for the scattering amplitudes and the fluxes
emitted by the mirror. When the coupling is constant, we recover the vanishing flux. However, it is now
followed by transients which inevitably become singular when the switching off is performed at late time. Our
analysis reveals that the scattering amplitudes ~and the Bogoliubov coefficients! should be seen as distributions
and not as mere functions. Moreover, our regularized amplitudes can be put in a one to one correspondence
with the transition amplitudes of an accelerated detector, thereby unifying the physics of uniformly accelerated
systems. In a forthcoming article, we shall use our scattering amplitudes to analyze the quantum correlations
among emitted particles which are also ill defined in the Davies-Fulling model in the presence of horizons.

DOI: 10.1103/PhysRevD.67.024021 PACS number~s!: 04.62.1v, 03.70.1k, 04.70.Dy

INTRODUCTION

When considering the fluxes emitted by a uniformly ac-
celerated mirror described by the Davies-Fulling model, one
encounters a paradoxical situation: when working in the ini-
tial vacuum, the local flux of energy vanishes whereas the
Bogoliubov coefficients encoding pair creation do not. More-
over, ^Nv& , the mean number of particles with frequency v
emitted to J 1 diverges @1–3#, and so does the corresponding
total energy ^H&5*0

`dv v^Nv& .
It should be pointed out that similar properties are shared

by all uniformly accelerated systems. They are indeed found
~in a slightly different form! in the case of a uniformly ac-
celerated classical charge @4#, an accelerated two-level atom
@5–7#, and for accelerated black holes @8,9#. The vanishing
of the energy flux and the divergence of the total energy are
both unavoidable when considering uniformly accelerated
systems whose coupling to the radiation field is constant. The
vanishing of the flux follows from the facts that the orbits
with uniform acceleration are generated by the boost opera-
tor of the Lorentz group and that the Minkowski vacuum is a
null eigenstate of this operator. Hence stationarity is built in
and this implies a vanishing flux. ~When applied to acceler-
ated atoms this is known as Grove’s theorem @10–13#.! The
divergence of the total energy emitted follows from the sin-
gular behavior of the ‘‘Rindler’’ modes ~i.e., the eigenmodes
of the boost operator! on the horizons associated with a uni-
formly accelerated trajectory; see Appendix C of @7# for a
general proof.

In order to obtain regular expressions for the flux and the
energy emitted, one needs either to regularize the trajectory
by decreasing the acceleration at asymptotically large times,

or, as we shall do, to switch off the coupling between the
accelerated system ~here the mirror! and the radiation field.
This procedure was already applied to an accelerated two-
level atom in @7# and regular expressions have been found for
the local flux and the total energy emitted. In the present
paper, it is our intention to apply a similar treatment to an
accelerated mirror. However, one immediately encounters a
problem: this analysis cannot be performed within the frame-
work of the original Davies-Fulling model because, by con-
struction, the reflection on the mirror is total. Therefore, we
first introduce an alternative model based on an action prin-
ciple which, on one hand, reproduces the results of the
Davies-Fulling model when the coupling between the mirror
and the radiation is constant and, on the other hand, allows
one to switch on and off the interactions.

When using this model to describe the scattering by an
accelerated mirror, we obtain regular expressions for the
transition amplitudes in the place of the singular Bogoliubov
coefficients obtained with the Davies-Fulling model. Both
local quantities, such as the mean flux ^TVV&, and global
ones, such as the mean energy ^H& and density of particles
^Nv& , are now well defined. Moreover, as long as the cou-
pling is constant, we recover the fact that the energy flux
vanishes. However, it is now preceded and followed by tran-
sient effects associated with the switching on and off. Be-
cause of the ever increasing Doppler effect associated with
constant acceleration, these effects are exponentially blue-
shifted ~in terms of the proper time of the mirror!. Therefore,
in order to get a finite energy, the rate of switching off the
interaction must be faster than the growth of the Doppler
effect ~a condition also found in @7#!. If this condition is not
satisfied, the mirror emits an infinite energy, thereby recov-
ering ill-defined results like those obtained with the Davies-
Fulling model.

To further clarify the physics in play in the scattering by a
mirror of acceleration a, we compute the transition ampli-
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tudes governing pair creation in a ‘‘mixed’’ representation.
By mixed we mean that in each pair one quantum is charac-
terized by v, a Minkowski frequency, whereas its partner is
characterized by l, a Rindler frequency, the eigenvalue of
the energy with respect to the proper time of the mirror. This
representation is useful for the following reasons. First, when
l5DM , the scattering amplitudes closely correspond to the
transition amplitudes governing the absorption and emission
of photons by an accelerated two-level atom whose energy
gap is DM . It is quite nice to see how, for each Minkowski
frequency v, the ‘‘exciton’’ of the atom is replaced by the
emission of the partner of the Minkowski quantum. Sec-
ondly, the range of Minkowski frequencies v that participate
to the processes when the interactions last for a proper time
lapse of T is finite and grows with aeaT. Hence the physics
in play is a succession of pair creation acts with Doppler
shifted Minkowski frequencies. However, this cannot be seen
by considering only the expectation value of the flux, i.e., the
one-point function of the stress tensor, because these succes-
sive individual effects perfectly interfere with each order
since, in the absence of recoils, the orbit is generated by a
Killing field. In order to reveal these local acts, one should
either consider the correlations among emitted quanta by
computing the two-point function @14# of the energy flux or
enlarge the dynamics so as to take into account the recoil
effects. In the following article @15# we will analyze these
quantum correlations, and in a forthcoming paper we shall
analyze recoil effects.

I. THE DAVIES-FULLING MODEL AND ITS EXTENSIONS

In this section, we first analyze the case of asymptotically
inertial trajectories ~Sec. I A!. We introduce notation that also
applies to the cases of trajectories which enter or leave
space-time through null infinities ~Sec. I B!, cases which turn
out to be more delicate to analyze. In Sec. I C we introduce
the self-interacting model. Section I D is devoted to the study
of energy fluxes.

A. Asymptotically inertial trajectories

In the Davies-Fulling model @1#, one studies the scattering
of a massless scalar field induced by imposing a Dirichlet
boundary condition along a timelike trajectory in 111 di-
mensions. The evolution of the field operator is governed by
the d’Alembert equation

~] t
2
2]z

2!F~ t ,z !50, ~1!

together with the reflection condition along the trajectory of
the mirror z5zcl(t),

F„t ,zcl~ t !…50. ~2!

Since we work in 111 dimensions with a massless field, it is
particularly useful to work in the lightlike coordinates U, V
5t7z . Then, Eq. ~1! becomes ]U]VF(U ,V)50, and its
general solution is a sum of a function of U plus a function

of V . Since the trajectory of the mirror is given once for all,
the recoil effects induced by the scattering of quanta are
neglected.

In this subsection, in addition to the condition that the
mirror trajectory be timelike, we consider only asymptoti-
cally inertial trajectories, i.e., trajectories which originate
from the timelike past infinity i2 and which end in i1 ~see
Fig. 1!. Then, since the reflection is total, the configurations
emerging from J R

2 , the right part of J 2, are completely
decoupled from those emerging from J L

2 . Therefore, one
can analyze what happens on each side separately. On the
right-hand side, all left movers are scattered into right mov-
ers and sent toward J R

1 . In second quantization, when the
trajectory is not inertial, this leads to the production of pairs
formed with two right movers. Similarly, on the left-hand
side, one studies the scattering from J L

2 to J L
1 . Since the

expressions governing the scattering on the left are obtained
from those on the right by exchanging U and V , we will
restrict ourselves to the analysis of the scattering from J R

2 to
J R

1 .
To analyze the scattering in second quantization, one first

needs to identify the in basis of modes which are defined
before the scattering occurs. On J R

2 , the usual eigenmodes
of Minkowski energy i] t5v.0 can be used since J R

2 is a
Cauchy surface for the left movers when the mirror emerges
from i2 ~this is no longer the case for trajectories which
emerge from J R

2 ; see Sec. I B!. On J R
2 the Minkowski

modes are given by

wv
V , in~V ,U52` !5

e2ivV

A4pv
, ~3!

where the upper index V , in means that the mode is left mov-
ing and defined on the initial Cauchy surface J 2. We have
introduced the index V in order to be able to deal with par-
tially reflecting mirrors for which left and right movers

FIG. 1. In this Penrose diagram, the solid line is a timelike
trajectory going from i2 to i1. The dashed lines represent incoming
V configurations which give rise to the production of a pair of
outgoing U quanta ~right movers!.

N. OBADIA AND R. PARENTANI PHYSICAL REVIEW D 67, 024021 ~2003!

024021-2



should be simultaneously considered. The norm of wv
V , in is

determined by the usual Klein-Gordon scalar product. On
J R

2 , one has

~wv
V , in ,wv8

V , in
![E

2`

1`

dV wv
V , in*i ]JVwv8

V , in
5d~v2v8!, ~4!

where f ]JVg5 f ]Vg2g]V f .
For finite values of U, on the right-hand side of the mirror,

i.e., for V>Vcl(U), the in mode wv
V , in , the solution of Eq. ~2!

which has Eq. ~3! as initial Cauchy data is

wv
V , in~V ,U !5

e2ivV

A4pv
2

e2ivVcl~U !

A4pv
. ~5!

To analyze its final frequency content, it should be Fourier
decomposed on J R

1 . In total analogy with what we have on
J R

2 , on J R
1 the positive frequency modes are

wv8

U ,out
~U ,V51` !5

e2iv8U

A4pv8
. ~6!

Since they are complete, on J R
1 , the in modes can be written

as

wv
V , in~U ,V51` !5E

0

`

dv8~av8v
UV*wv8

U ,out
2bv8v

UV*wv8

U ,out*!.

~7!

When evaluated on J R
1 , the overlaps are given by

av8v
UV*[~wv8

U ,out ,wv
V , in!522E

2`

1`

dU
e iv8U

A4p/v8

e2ivVcl~U !

A4pv
,

~8!

bv8v
UV*[~wv8

U ,out* ,wv
V , in!52E

2`

1`

dU
e2iv8U

A4p/v8

e2ivVcl~U !

A4pv
.

~9!

To interpret the scattering in terms of particle creation,
one should decompose the Heisenberg field operator F in
both the in and out bases. When working with a complex
field, annihilation in operators of particles and antiparticles
are defined by

av
V , in

5~wv
V , in ,F !, bv

V , in
5~wv

V , in ,F†!. ~10!

Because the in modes wv
V , in form an orthogonal and complete

basis, these operators satisfy the canonical commutators
when the field operator satisfies the equal-time commutation
relation @F(t ,z),] tF

†(t ,z8)#5id(z2z8). The in vacuum
state is defined, as usual, by av

V , inu0&5bv
V , inu0&50. Similarly,

the out operators are defined with the out modes wv
U ,out .

Since we are dealing with a linear theory without sources,
the overlaps a and b of Eqs. ~8! and ~9! define the Bogoliu-
bov coefficients relating the initial and final operators
av ,bv . Therefore, these overlaps determine the expectation
values ~as well as the nondiagonal matrix elements! of all

operators built with F. For instance, when the initial state is
vacuum, the mean number of right moving particles of en-
ergy v8 received on J R

1 is

^Nv8

U
&[ in^0uav8

U ,out†av8

U ,outu0& in5E
0

`

dvubv8v
UV u2. ~11!

B. Nonasymptotically inertial trajectories

When the trajectory does not end on i1 ~or does not begin
from i2), the strict decoupling between left and right movers
is no longer realized even when the reflection on the mirror
is total. Consider, for instance, the trajectory

Vcl~U !52k21e2kU. ~12!

The mirror goes from i2 to V50 on J L
1 . Depending on the

sign of V , left movers emerging from J R
2 are either reflected

into right movers for V,0 or end as left movers on J L
1 for

V.0 ~see Fig. 2!. Thus, on J 1, the image of wv
V , in of Eq. ~3!

now contains two pieces:

wv
V , in~U ,V !5Q~V !

e2ivV

A4pv
2

e ivke2kU

A4pv
. ~13!

This mode is singular at V50 where the mirror hits J L
1 . On

the other side of the mirror, the U in modes emerging from
J L

2 are fully reflected into left movers but they are also
singular on J L

1 . Hence both sets of in modes are singular on
J 1, at V50.

FIG. 2. In this Penrose diagram we represent the trajectory de-
fined in Eq. ~12!. This trajectory has often been considered ~see,
e.g., @14#! because of its analogy with the Hawking effect. In this
case, J R

2 is a Cauchy surface whereas J R
1 is not. The portion of

J L
1 with V.0 plays the role of the future horizon of the black hole.

The dashed lines are incoming left movers. One sees that for
V,0 the quanta are reflected, giving rise to right movers for all
values of U. On the contrary, for V.0, the incoming quanta do not
reach the trajectory and end up in J L

1 . The question mark is there
to bring the reader’s attention to the issue of the choice of the
appropriate basis of out modes to decompose the field configura-
tions when the mirror crosses J L

1 .
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This raises an interesting question: Given that the mirror
trajectory ends on J L

1 , which is part of the final Cauchy
surface, what is the appropriate set of out modes to describe
the scattered field configurations?

The procedure we shall follow to choose these modes is to
decouple the radiation field asymptotically from the mirror,
i.e., to make the mirror asymptotically transparent. In this
case, the free Minkowski modes e2iv8V/A4pv8 and
e2iv8U/A4pv8 still form a complete out basis. We shall not
adopt the other choice, which consists in working with out
modes defined on either side of the mirror on J L

1 . These
modes are so singular that their ~Minkowski! energy content
is not defined. Nevertheless, when working in a state speci-
fied on J 2, the expectation values of local operators whose
support is VÞ0 are independent of the out basis one
chooses. The out basis is necessary only for computing glo-
bal quantities such as the total energy ^H&5*0

`dv v^Nv&.
When adopting the asymptotic decoupling hypothesis, the

image of wv
V , in on J R

1
ø$J L

1(V.0)% can be decomposed as

wv
V , in

5E
0

`

dv8~av8v
jV*wv8

j ,out
2bv8v

jV*wv8

j ,out*!, ~14!

where wv8

j ,out are the usual Minkowski modes, as in Eq. ~7!.
The Bogoliubov coefficients a,b are now 232 matrices. The
discrete index j stands for U ,V and is summed over when
repeated. These coefficients are still given by the Klein-
Gordon scalar product as in Eqs. ~8! and ~9!, since the out
basis is composed of the usual Minkowski modes. When the
trajectory is asymptotically inertial, we recover what hap-
pens in the right-hand side of the mirror for a i j

5aUV, b i j

5bUV, and on the left-hand side for a i j
5aVU, b i j

5bVU. In
addition, one has aVV

5bVV
5aUU

5bUU
50. Finally, we

mention that a similar decomposition of Eq. ~14! holds on
each side of the mirror when the mirror travels from J 2 to
J 1, as is the case for a uniformly accelerated system ~see
Sec. II!.

C. Partially transmitting mirrors

In preparation for subsequent analysis, we now present
how to study partially transmitting mirrors. In this case, one
should also consider U and V modes simultaneously. Indeed,
when the trajectory is asymptotically inertial, an incoming U
mode is partially scattered into an outgoing V mode and
partially transmitted as an outgoing U mode. Hence, when
the mirror is not inertial, a proper description of the Bogo-
liubov coefficients requires one to consider 232 matrices
a,b which mix U and V modes.

There are two different ways to describe partially trans-
mitting mirrors. First, one can choose from the outset the
transmission coefficient ~expressed in the rest frame of the
mirror! and deduce from it the Bogoliubov coefficients ~see
Sec. II B in @16#!. We shall not follow this method since it
does not allow one to switch off the coupling to the radiation
field.

The other method is based on self-interactions described
by an action. The principal usefulness of this model is to

allow switching on and off of the coupling of the radiation
with the mirror. We will see in the next sections that this is
necessary to obtain well-defined transition energy fluxes for
a uniformly accelerated mirror. In the following, we shall use
only this model ~see Sec. III in @16# for more details!.

In this model, the scattering on the mirror is governed by
an action whose density is localized on the mirror trajectory
xcl

m(t), where t is the proper time,

L int52E dt H int~t !52g0E dt g~t !E d2x

3d2@xm
2xcl

m~t !#F@F†~ t ,z !,F~ t ,z !# . ~15!

g0 is the coupling constant. The real function g(t) controls
the time dependence of the interaction: When the coupling
lasts a proper time lapse equal to 2T , g(t) is normalized by
*dt g(t)52T . To preserve the linearity of the scattering, F

must be a quadratic form of the field F, and to have a well-
defined Hamiltonian, it should be Hermitian. The various
possibilities with the lowest number of derivatives are
F05F†F , F15F†i ]JtF , and F25]tF

†]tF .
In the interacting picture, the charged field evolves freely.

It can thus be decomposed as

F~U ,V !5E
0

` dv

A4pv
~av

Ue2ivU
1av

Ve2ivV
1bv

U†e ivU

1bv
V†e ivV!. ~16!

The annihilation and creation operators of left and right mov-
ing particles ~and antiparticles! are constant and obey the
usual commutation relations

@av
i ,av8

j†
#5d i jd~v2v8!, @bv

i ,bv8

j†
#5d i jd~v2v8!.

~17!

All other commutators vanish. In the interacting picture, the
states evolve through the action of a time-ordered operator
Te iL int. When the initial state is vacuum, up to second order
in g0 , the state on J 1 is

Te iLintu0&5u0&1iL intu0&1

~ iL int!
2

2
u0&1uD&. ~18!

The ket uD& contains terms arising from time ordering. None
of these terms contribute to the total energy emitted ~see @16#
for a detailed analysis!. Hence we drop uD& from now on.

The relationship between this model and the original
Davies-Fulling model can be made explicit by considering
the case where F5F†i ]JtF and g(t)51 ~see @16#!. In this
case, whatever the mirror trajectory is, the first order transi-
tion amplitudes are related to the overlaps avv8

i j ,bvv8

i j enter-
ing into Eq. ~14! in the following way:

Avv8

VV*[^0uav
Ve iL intav8

V†u0&c5d~v2v8!2ig0avv8

VV ,
~19a!

Bvv8

VV*[^0ue2iL intav
V†bv8

V†u0&52ig0bvv8

VV , ~19b!
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Avv8

VU*[^0uav
Ve iL intav8

U†u0&c52ig0avv8

VU* , ~19c!

Bvv8

VU*[^0ue2iL intav
V†bv8

U†u0&5ig0bvv8

VU* , ~19d!

where the subscript ^ &c means that only the connected
graphs are kept. In Eqs. ~19b! and ~19d!, one sees clearly the
link between the b coefficients and pair creation amplitudes.

When using these amplitudes to compute energy fluxes
one encounters severe infrared divergences due to the mass-
less character of F. These divergences can be eliminated by
considering the Hamiltonian with one more derivative:

F@F†,F#5

dxcl
m

dt

dxcl
n

dt
~]mF†]nF1]mF]nF†!. ~20!

The two terms within the parentheses mean that the interac-
tion is symmetrical under charge conjugation. This implies
that the transition amplitudes will be invariant under the ex-
change of a and b operators.

It should be stressed that the self-interacting model can
handle without modification the cases when the trajectory
enters and/or leaves space through null infinities. In these
cases, when computing transition amplitudes perturbatively,
one automatically adopts the convention of using asymptoti-
cally free modes. Indeed, the interacting picture is based on
the assumption that the interaction is switched on and off
asymptotically. This remark reinforces the well-founded
character of the choice adopted in the former subsection to
use, for the out basis, free Minkowski modes on J 1.

D. Energy fluxes

In this subsection, we compute physical observables such
as the number of emitted particles, the energy, and its fluxes,
to second order in g0 and when the initial state is vacuum.
We study only the left moving quanta emitted toward J L

1 ;
all the results for the right movers can be obtained by ex-
changing U and V .

The mean number of V particles of energy v is particu-
larly simple because only the second term of Eq. ~18! con-
tributes. One obtains

^Nv
V&[^0ue2iL intav

V†av
Ve iL intu0&

5E
0

`

dv8~ uBvv8

VV u2
1uBvv8

VU u2!, ~21!

in the place of Eq. ~11! since the partner of av
V can be either

a U or a V quantum. Then the ~subtracted! integrated energy
is, as usual,

^HM
V &52E

0

`

dv v^Nv
V& , ~22!

where the factor of 2 stands for particles1antiparticles.
One can also compute the local flux of energy. The cor-

responding Hermitian operator is TVV5]VF†]VF
1]VF]VF†. Its expectation value is given by

^TVV~V !&[^0ue2iL intTVVe iL intu0&2^0uTVVu0&

5^TVV
I &1^TVV

II &, ~23!

where

^TVV
I &[^0uL intTVVL intu0&c

52 (
j5U ,V

E E
0

`

dv dv8
Avv8

2p
e2i~v82v !V

3S E
0

`

dk Bvk
V j*Bv8k

V j D ~24!

and

^TVV
II &[22@Im$^0uTVVL intu0&%1Re$^0uTVVL intL intu0&c%#

522 ReH (
j5U ,V

E E
0

`

dv dv8
Avv8

2p
e2i~v81v !V

3S E
0

`

dk Avk
V j*Bv8k

V j D J . ~25!

We have subtracted the average value of TVV in the vacuum
in order to remove the zero point energy. In Eq. ~23!, we
introduced ^TVV

I &, which determines the integrated ~positive!

energy ^HM
V & of Eq. ~22! and ^TVV

II &, which integrates to 0.
Note that the linear term in g0 in the first equality of Eq. ~25!
reappears in the second through the definition of the A terms
given by Eqs. ~19!.

In addition to these expressions based on the amplitudes A
and B, one can also express ^TVV& by using the ‘‘scattered’’
Wightman function.1 This function is defined by

W~U ,V;U8,V8!5^0ue2iL intF†~U ,V !F~U8,V8!e iL intu0&c .
~26!

To obtain the subtracted flux, one needs also the unperturbed
Wightman function evaluated in the vacuum:

Wvac~U ,V;U8,V8!5^0uF†~U ,V !F~U8,V8!u0&

52

1

4p
@ ln~V82V2ie !

1ln~U82U2ie !# . ~27!

In terms of these functions, the mean flux on J L
1 reads @16#

1This illustrates the fact that one does not need to choose an out
basis when computing expectation values of local operators with
initial states prepared on J 2. Notice, however, that the subtraction
in Eq. ~28! implicitly reintroduces the notion of a Minkowski
vacuum on J 1 since the only singularity of Wvac(U ,V;U8,V8) in
Eq. ~27! is the usual short distance one, independently of the pres-
ence of the mirror on J 1. Thus, since subtracting the vacuum
contribution on J 1 is equivalent to subtracting that of the out
modes, the use of Eq. ~27! implies that the mirror is no longer
coupled to the radiation field at asymptotically late times.
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^TVV~V !&52 lim
V8→V

]V]V8
@W~U ,V;U8,V8!

2Wvac~U ,V;U8,V8!# . ~28!

Notice finally that this expression also applies to the Davies-
Fulling model and leads to the well-known result

^TVV~V !&DF

52

1

2p
lim

V8→V

lim
e→0

]V]V8
@ ln~Ucl~V8!2Ucl~V !2ie !

2ln~V82V2ie !#

5

1

6p H S dUcl

dV D 1/2

]V
2 F S dUcl

dV D 21/2G J . ~29!

From this equation one sees that the energy flux is local in
that it contains at most three derivatives of Ucl(V) evaluated
at the advanced time V . When considering the interacting
model with g(t)Þconst, this local property will be lost.

II. UNIFORMLY ACCELERATED MIRRORS

Uniform acceleration means that

d2xm

dt2

d2xm

dt2 52a2
5const. ~30!

In terms of Minkowski space-time coordinates, the trajectory
reads t2

2z2
5UV521/a2. In the following, we will con-

sider a uniformly accelerated mirror living in the right Rin-
dler wedge R, i.e., its trajectory is Ucl(V)521/a2V with V
running from 0 to 1` ~see Fig. 3!.

The scattering associated with this trajectory leads to sev-
eral difficulties when using the Davies-Fulling model. In
Sec. II A, we list these difficulties. Then we will see how

they can be resolved by using our self-interacting model with
a smooth switching on and off of the coupling.

A. The difficulties in using the Davies-Fulling model

When considering the scattering by a uniformly acceler-
ated mirror with the Davies-Fulling model, on the left side of
the trajectory, the images on J 1 of the scattered in modes
are

wv
U , in~U ,V !5Q~U !

e2ivU

A4pv
1Q~V !S 2

e iv/a2V

A4pv
D , ~31!

wv
V , in~U ,V !5Q~2V !

e2ivV

A4pv
. ~32!

As expected from Sec. I B, they are singular where the mir-
ror enters (V50) and leaves (U50) the space-time. Their
overlaps with plane waves ~out modes! are @2#

av8v
VV*[~wv8

V ,out ,wv
V , in!5

1

4p

v1v8

Avv8

i

v2v8
, ~33a!

bv8v
VV*[~wv8

V ,out* ,wv
V , in!5

1

4p

v2v8

Avv8

i

v1v8
,

~33b!

av8v
VU*[~wv8

V ,out ,wv
U , in!5

21

pa
K1S 2i

2Avv8

a D ,

~33c!

bv8v
VU*[~wv8

V ,out* ,wv
U , in!5

2i

pa
K1S 2Avv8

a D ,

~33d!

where K1(z) is a modified Bessel function ~see Appendix A!.
When computing ^Nv& @given by *0

`dv8 (ubv8v
VV u2

1ubv8v
VU u2)); see Eqs. ~11! and ~21!#, the integral over v8

diverges in the infrared. Moreover, av8v
VV diverges when v

5v8. Similarly, av8v
VU is ill defined since the integral repre-

sentation of the Bessel function in Eq. ~33c! requires one to
contain a finite and positive real part @see Eq. ~A1!#.

In addition to these problems in momentum space, when
computing the space-time properties of the flux, one encoun-
ters the following properties. When plugging Ucl(V)5

21/a2V for V.0 into Eq. ~29!, one finds that ^TVV(V)&DF

vanishes.2 This is not in agreement with the nonvanishing
character of the b since, on one hand, ^HM

V &

2Generally, the trajectories which provide a vanishing V flux are
of the form Ucl(V)5(AV1B)/(CV1D) @1#. Timelikeness im-
poses AD.BC . If C50, we recover inertial trajectories. If
CÞ0, we recover uniformly accelerated trajectories with
a5C/AAD2BC .

FIG. 3. In this Penrose diagram, we show a uniformly acceler-
ated trajectory going from V50 on J R

2 to U50 on J R
1 . The

dashed lines represent the scattering of a pair of quanta ~represented
by localized wave packets! emerging from J L

2 . One particle is
reflected into an outgoing V quantum for U,0 whereas the other
ends as a left mover on J R

1 for U.0. The dotted line represents a
V quantum which is not reflected by the mirror.
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^TVV~V !&52 lim
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A. The difficulties in using the Davies-Fulling model
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ters the following properties. When plugging Ucl(V)5
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character of the b since, on one hand, ^HM
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5*0
`dv v^Nv

V& and, on the other hand, ^HM
V &

5*
2`
1`dV^TVV& . It is as if the created particles were carrying

no energy flux @1,17,18#.
To sum up, the difficulties of the Davies-Fulling model

for uniformly accelerated trajectories are as follows.
~i! Unregulated and infrared diverging overlaps, Eqs. ~33!.
~ii! A diverging expression for ^Nv& , the mean number of

particles created.
~iii! A vanishing local flux, although pair creation transi-

tion amplitudes do not vanish.
~iv! When one considers the scattering by two uniformly

accelerated mirrors with symmetrical trajectories, i.e., which
both obey UV521/a2, the ~unregulated! overlaps b also
vanish, together with the local flux. From @19#, one could
infer that these settings form a perfect interferometer. This
cannot be exactly the case since the two mirrors live in two
causally uncorrelated regions. This issue will be fully dis-
cussed in a forthcoming paper @15#.

B. The switching function g

To avoid the difficulties listed above, we shall use our
self-interacting model, based on Eqs. ~15! and ~20!. We re-
quire that the switching function g(t) be continuous, differ-
entiable, and it decrease sufficiently rapidly for large t. A
choice we find very convenient and shall adopt is

g~t !5e22h cosh~at !
5e2h@aVcl~t !11/aVcl~t !#, ~34!

where 0,h!1 is a dimensionless parameter which controls
the switching time.

g(t) can be interpreted in two different ways: either as
governing how the interactions with the mirror are turned on
and off, or as a mathematical regulator which properly de-

fines the transition amplitudes A i j
vv8 ,B i j

vv8 . This second in-
terpretation implicitly relies on the limit h→0 ~see Appen-
dix B!. In the body of the text, we shall use the first
~physical! interpretation of g(t).

The features of g(t) are the following ~see Fig. 4!.
~a! A plateau of height 1 centered around t50 and of

width equal to

2T[2pgl50.
2uln~2h !u

a
. ~35!

~b! Slopes which are maximal and equal to a/e1O(h2)
for at.6(aT1ln 2).

~c! An exponentially decreasing tail. We shall see that this
extremely rapid decreasing behavior (;e2heautu

) is sufficient
for having a finite Minkowski flux on J 1.

We now compute the Rindler and Minkowski Fourier
components of g since they will reappear in the expressions
of the transition amplitudes. They are given in terms of the
modified Bessel functions:

gl[
1

2p
E

2`

1`

dt e22h cosh~at !e ilt
5

1

ap
K il/a~2h !,

~36!

gv[
1

2p
E

0

`

dV e2h~aV11/aV !e ivV

52

1

ap

1

A12iv/ah
K1~2hA12iv/ah !. ~37!

In the ultraviolet, for l@a and v@a/h , the Rindler and
Minkowski components decrease, respectively, as

uglu ;
l→` 1

a
~a/l !1/2e2pl/2a, ~38!

ugvu ;
v→` 1

a
~a/v !3/4h1/4e2A2vh/a. ~39!

From Eq. ~38!, one sees that the ultraviolet behavior of the
Rindler component is independent of h. This is a direct con-
sequence of point ~b!, which states that the maximal slope of
the switching function is independent of h when expressed in
proper time t. From Eq. ~39! one finds instead that the ultra-
violet behavior of the Minkowski components is damped by
the regulator h.

C. Regularized amplitudes and particle content

Given g(t) of Eq. ~34!, the transition amplitudes can be
explicitly calculated. They are given in Appendix B and, as
expected, they are well defined. Nevertheless, we will not
work with these amplitudes characterized by Minkowski fre-
quencies since they are not convenient for computing the
expectation value of observables. Similarly, we will not work
with the transition amplitudes with Rindler frequencies even
though they are simply expressed in terms of gl of Eq. ~36!.

FIG. 4. Here are presented two g(t), both for a51. The solid
line is with ln h5220 and the dashed line with ln h5218. One
sees that the size of the plateau is linear in ln h whereas the slope is
independent of h. This remark will be crucial when considering the
Rindler energy emitted by the mirror ~see Sec. III!.
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It turns out that it is more convenient to express the fluxes
and the energy in terms of transition amplitudes containing
one Minkowski and one Rindler frequency. More precisely,
these amplitudes mix Minkowski and ‘‘Unruh’’ quanta. The
Unruh modes ŵl

j are linear combinations of positive fre-
quency Minkowski modes and eigenmodes of Rindler en-
ergy l ~see @5,13# and Appendix C!.

These ‘‘mixed’’ transition amplitudes3 are given by the
matrix elements of the scattering operator with the
Minkowski operator av

j and the Unruh one âl
j :

Avl
i j*[^0uav

i e iL intâl
j†u0&c ,

Bvl
i j [^0uav

i b̂l
j e iL intu0& . ~40!

To first order in g0 , using Eqs. ~15!, ~20!, ~63!, and ~78!, we
get

Avl
VU*52

ig0

pa
Avl/~12e22pl/a!~12iv/ah !2~12il/a !/2

3K12il/a~2hA12iv/ah !, ~41!

Bvl
VU

5

ig0

pa
Avl/~12e22pl/a!~12iv/ah !2~11il/a !/2

3K11il/a~2hA12iv/ah !. ~42!

Moreover, as shown in Appendix C, the U and V Unruh
modes coincide when evaluated along the trajectory. There-
fore Bvl

VU
5Bvl

VV , and similarly for A.
Using these amplitudes, the mean Minkowski energy

emitted to J L
1 can be written

^HM
V &54E

0

`

dv vE
2`

1`

dluBvl
VVu2

5E
0

`

dvE
2`

1`

dl hM~v ,l;h !. ~43!

The number 4 before the first integral means that processes
involving U or V particles and U or V antiparticles equally
contribute to the mean Minkowski energy emitted to J L

1 ~or
J R

1).
The exact computation of ^HM

V & will be performed in the
next section. In the following, we shall study hM(v ,l ,h)
54vuBvl

VVu2 to give a qualitative understanding of ^HM
V &.

The usefulness of the mixed representation is that the behav-
ior of hM(v ,l;h) in the ~v,l,h! space is quite easy to ex-
plain. The starting point is that the norm of Bvl

VU decreases as
e22pulu/a for ulu@a , as expected from the correspondence
mentioned in footnote 3. Hence, the relevant range of l is

centered around 0 and of extension a few a’s. When l be-
longs to this interval, the following analysis applies.

First, h acts as a regulator: the Minkowski frequencies
which contribute to hM belong to the interval

ah&v&ja/h , ~44!

where j is a numerical factor. Its value is ;0.50 when one
uses the mid height criterion: hM(v5ja/h ,l;h)/hM(v
5a ,l;h)51/2 with l belonging to the relevant interval.

Secondly, within the range given in Eq. ~44!, hM hardly
depends on v, as shown in Fig. 5.4 Hence, for any given
value of h, one can first trivially perform the integral over v
from ah to ja/h . The value of this integral is given by
hM(v5a ,l;h)3ja/h , since h!1.

Thirdly, the height of the plateau hardly depends on h ~see
Fig. 6!. This can be understood from Eq. ~A4!: when Eq.
~44! is satisfied and when h!1, Bvl

VU is independent of h.
Hence, one can take the limit h→0 to estimate how hM
depends on l. In this limit, the scattering amplitudes obey

Bvl
VV →

n→0

2ig0

l

epl/a
2e2pl/a glv

V* , ~45!

where glv
V

5(wv
V ,ŵl

V) is given in Eq. ~C6! of Appendix C. In
this case, we get

hM~v5a ,l;h !54vuBvl
VVu2

5

g0
2

2pa S l

epl/a
2e2pl/aD 2

, ~46!

thereby recovering the above mentioned Boltzmann expan-
sion law for ulu@a . Thus the mean energy can be approxi-
mated by

^HM
V &5j

a

h
E

2`

1`

dl hM~v5a ,l;h !

5j
g0

2a3

6ph
. ~47!

Although the numerical factor is not exactly determined ~be-
cause of the ambiguity of defining j!, we will see in the next
section that the factor g0

2a3 and the scaling in 1/h correctly
define the behavior of ^HM

V & when h!1 ~the exact value of
j is 3/8 instead of 1/2!.

So far, by the introduction of the switching off function
@Eq. ~34!#, we have solved the first two problems listed in
Sec. II A. Indeed, the transition amplitudes ~expressed in the

3These scattering amplitudes make contact with the transition am-
plitudes of a uniformly accelerated detector coupled to the radiation
field F @5,6,7,13,20#. For instance, the spontaneous emission am-
plitude of a two-level atom with an energy gap DM is equal to
(vAl)21Bv ,l

VU ul5DM ; see Eq. ~2.48! in @13#.

4In this, we recover what was found for an accelerated detector;
see Sec. 2.4 of @13#. In that case, the Minkowski frequencies that
contribute to the processes are the Doppler frequencies that resonate
with the energy gap DM when the interactions are turned on, i.e.,
those that satisfy v5eatDM for 2T,t,T . Moreover, within that
range, the transition amplitudes do not depend on v and the limit
h→0 can be used to estimate the amplitude, as in Eq. ~45!.

N. OBADIA AND R. PARENTANI PHYSICAL REVIEW D 67, 024021 ~2003!

024021-8



Minkowski, Rindler, or mixed representation! are now well
defined in both the infrared and the ultraviolet, and the en-
ergy emitted is no longer infinite. The third and last point,
i.e., the issue concerning the local fluxes, is the subject of the
next section.

III. LOCAL MINKOWSKI AND RINDLER FLUXES

In the Davies-Fulling model, the flux is given by Eq. ~29!.
It is a local function of the trajectory Ucl(V) and its deriva-
tives expressed at the advanced time V . This result relies on
the time independence of the coupling. Indeed, this feature
no longer occurs when the coupling to the radiation field is
switched on and off.

To compute ^TVV& of Eq. ~23! we first put together the
two terms quadratic in g0 . This is appropriate when comput-
ing local properties in space-time because it leads to a sim-
plification since this gives rise to a commutator which is
local. Then the flux reads

^TVV~V !&522 Im$^0uTVVL intu0&%

1Re~^0uL int@TVV ,L int#u0& ! ~48!

5^TVV~V !&11^TVV~V !&2 . ~49!

~Note that all disconnected diagrams automatically cancel in
this expression.! Both terms are governed by the second de-
rivative of the Wightman function, Eq. ~27!,

]V]V8
Wvac~V2V8!52

1

4p

1

~V2V82ie !2 . ~50!

Using this function, they read

^TVV~V !&152

g0

2p2

3ImH E
2`

1`

dt g~t !V̇cl
2 ~t !

1

@V2Vcl~t !2ie#4J ,

~51!

^TVV~V !&25

g0
2

2p2
ReH E

2`

1`

dt8
g~t8!

@Vcl~t8!2V2ie#2

3E
2`

1`

dt g~t !]Vd„Vcl~t !2V…

3S i

@Vcl~t8!2Vcl~t !2ie#2

1

U̇cl~t !U̇cl~t8!

V̇cl~t !V̇cl~t8!

i

@Ucl~t8!2Ucl~t !2ie#2D J ,

~52!

FIG. 5. Here we show hM(v ,l50.15;h) in terms of ln v and
ln h. One sees clearly that the surface exhibits a ‘‘plateau’’ of con-
stant height which is limited by the lines ln v56ln h.
hM(v ,l;h) is given in arbitrary units and a51.

FIG. 6. Here we show hM(v51,l;h) in terms of l and ln h.
One clearly sees that the energy density hM is independent of h.
This comes from that the fact that we compute it ‘‘within the pla-
teau,’’ i.e., for ah!v5a!a/h . Again, hM(v ,l;h) is given in
arbitrary units and a51.
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where an overdot designates a derivation with respect to the
proper time. The function ]Vd comes from the commutator

@]VF†,]V8
F#5@]VF ,]V8

F†#5

i

2
]Vd~V2V8!. ~53!

To evaluate the integrals, it is appropriate to use the
dummy variable Ṽ5Vcl(t) and to define a new function

G~ Ṽ !5V̇cl~t@ Ṽ# !g~t@ Ṽ# !, ~54!

which can be interpreted as the effective coupling constant
when using Ṽ as the time. Using this function, one can evalu-
ate Eqs. ~51! and ~52! by integrating by parts until the expo-
nent of the pole is unity. All boundary contributions vanish if
g(t) decreases faster than e2autu, a condition satisfied by the
switching function we chose in Eq. ~34!. If g(t) decreases
more slowly than e2autu, the expectation value of TVV is ill
defined. Hence it appears that the condition g(t)eautu→0 for
t→6` is a necessary condition for having well-defined
Minkowski expressions.

Concerning Eq. ~51!, after three integrations by parts, the
last integration is trivially performed by using Im$(x2ie)21%
5pd(x). Concerning Eq. ~52!, the two terms within the pa-
rentheses are equal. In order to compute this expression, one
first performs the integral over t by using the function ]Vd .
Then, as for Eq. ~51!, one integrates by parts until one gets a
first order pole.

Grouping the results for Eqs. ~51! and ~52!, one obtains,
for V.0,

^TVV~V.0 !&5

1

12p
@g0]V

3 G2g0
2~G]V

4 G12]VG]V
3 G !#

~55!

5

g0
2

12p
$~]V

2 G !2
1]V@¯#%. ~56!

For V,0, one gets ^TVV&[0 as expected since the V,0
part of J L

1 is causally disconnected from the mirror
trajectory.5

In Eq. ~56!, we have separated the flux into two parts, a
square term which will lead to a positive Minkowski energy
^HM

V &5*
2`
1`dV^TVV& , and a total derivative which does not

contribute to it @note the similarity with ^TVV
I & and ^TVV

II & of
Eq. ~23!#. When using the coupling function of Eq. ~34! and
Eqs. ~56! and ~A1!, one can obtain an analytical expression
for ^HM

V &:

^HM
V &5

g0
2a3

6p
@8h3K0~4h !1~4h2

12h4!K1~4h !

28h3K2~4h !23h4K3~4h !1h4K5~4h !# .

~57!

When taking the limit h→0 one obtains

^HM
V & ;

h→0 g0
2a3

16p

1

h
1O~1 !. ~58!

Hence, up to a numerical factor, we recover the result of Eq.
~47!. It is interesting to see how the pathological features of
constant coupling reemerge when taking h→0. In this limit,
the effective coupling constant of Eq. ~54! obeys G(V)
5aV . Hence Eq. ~55! gives a vanishing flux whereas ^HM

V &
clearly diverges @see Eq. ~58!#.

To complete the analysis of the transients, we now com-
pute the Rindler flux @^T

vv
&[(dV/dv)2^TVV)&] in terms of

the Rindler advanced time v5(1/a)ln(aV). This analysis
clearly establish that the Rindler energy carried by the tran-
sient effects is insensitive to the duration of the interaction
and depends only on the rate of switching on and off the
interactions. From Eq. ~55!, we get

^T
vv

~v !&5

a2

12p
$2g0]

v
g1g0

2@g]
v

2g12~]
v
g !2#%

2

1

12p
@2g0]

v

3g1g0
2~g]

v

4g12]
v
g]

v

3g !#

~59!

5

g0
2

12p
@a2~]

v
g !2

1~]
v

2g !2#1]
v
@¯# .

~60!

As for the Minkowski energy ^HM
V & , Eq. ~60! shows that one

also obtains a positive Rindler energy ^HR
V&5*

2`
1`dv^T

vv
& .

Using g given by Eq. ~34!, the Rindler energy is

^HR
V&5

g0
2a3

2p
h2K2~4h !, ~61!

^HR
V& ——→

h→0 g0
2a3

16p
1O~h !. ~62!

In Fig. 7, we have plotted the Rindler flux when the
switching function g is given by Eq. ~34!. We previously
noticed that the slope of g(t) does not depend on h. As the
slope determines the Fourier content of gl , one understands

5We would like to briefly comment on causality. When computing
the flux in a causally disconnected point with respect to the trajec-
tory, one must obviously find zero @20#. This is trivially the case
when one expresses, in Eqs. ~24! and ~25!, the transition amplitudes
as integrals over the proper time t and first performs the integral
over v. However, in the absence of a regulator, one loses causality
when inverting the order of the integrations. This can be seen from
the unregulated amplitudes where the fact that the mirror was in the
R or L quadrant is lost @see Eqs. ~B4!# in Appendix B. The advan-
tage of g(t) is to give rise to transition amplitudes @see Eqs. ~B1!#,
wherein the prescription of the pole governed by h keeps control of
causality. The same remark applies to the amplitudes in the mixed
representation defined in Eqs. ~41! and ~42!. When using them to
compute the flux, causality is kept. Because of the analogy with the
transition amplitudes of an accelerated detector, causality is also
preserved by regularizing these amplitudes @see Eqs. ~25!, ~26!, and
~63! of @7##.
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why we obtain a nonvanishing Rindler energy even in the
limit h→0. We could have chosen different switching func-
tions g(t) such that their slope would tend to zero. In the
limit, we would have found ^HR&50, as for a constant cou-
pling. However, in this case, we would necessarily have ob-
tained a diverging Minkowski energy ^HM

V & , since the con-
dition g(t)eautu→0 for t→6` would not have been
satisfied. Hence ^HR& cannot be sent to 0 if one requires a
finite ^HM

V &.

CONCLUSIONS

By considering the self-interacting model defined by Eq.
~15!, with F given in Eq. ~20! and g(t) given in Eq. ~34!, we
have solved all the difficulties listed in Sec. II A: The trans-
mission amplitudes are well defined and given in Eqs. ~41!,
~42!, and ~B1!, the mean energy flux is given in Eq. ~57!, and
the local flux in Eq. ~55!. All these quantities are regularized
by the parameter h which controls the switching on and off
of the coupling through Eq. ~34!.

The important lesson which emerges from this analysis is
the following: When expressing ^TVV& in terms of A and B as
in Eqs. ~24! and ~25!, the regulator h should be sent to 0
after having integrated over k, v, and v8. In this, we recover
what was found in @22# when evaluating the energy density
in the Rindler vacuum. If instead one first sends h→0, the
unregulated expressions of the scattering amplitudes are so
poorly defined that one even loses causality and crossing
symmetry ~see Appendix B!. Therefore, in the presence of
horizons, or more generally when the mirror enters or leaves
space-time through null infinities, it is mandatory to consider
the scattering amplitudes as distributions and not only as
functions of frequencies belonging to @0, 1`#.

In addition, by expressing the scattering amplitudes in the
mixed representation @see Eqs. ~41! and ~42!#, we have made
contact with the physics of a uniformly accelerated detector.
Indeed, its absorption or emission transition amplitudes are
given by the same functions as the scattering amplitudes in
the mixed representation. This strict correspondence estab-
lishes that the physics of uniformly accelerated systems is
dominated by the kinematics, namely, ~near! stationarity with
respect to proper ~Rindler! time and ~near! singular behavior
due to the exponentially growing blueshift effects associated
with uniform acceleration.

APPENDIX A: BESSEL FUNCTIONS

In this appendix we recall some features of the modified
Bessel functions Kn(z), where (n ,z)PC ~see @21#, p. 374!.
They can be expressed by the following integral representa-
tion:

Kn~z !5E
0

`

dt e2z cosh~ t ! cosh~nt !, ~A1!

where uarg(z)u,p/2. For kPN and nPR, one has

S 1

z

]

]z D
k

$znKn~z !%5e2ipkzn2kKn2k~z !, ~A2!

S 1

z

]

]z D
k

$z2nKn~z !%5e ipkz2n2kKn1k~z !. ~A3!

We also recall the asymptotic behavior of the K’s for small
and large arguments:

K0~z ! ;
z→0

2ln~z !

and Kn~z ! ;
z→0 G~n !

2 S 2

z D n

for R~n !.0 ~A4!

whereas

Kn~z ! ;
z→1`

Ap/2ze2z for all n . ~A5!

APPENDIX B: REGULARIZED
TRANSITION AMPLITUDES

The aim of this appendix is to give the exact expressions
for the regularized transition amplitudes in terms of
Minkowski frequencies. The main virtue of the regulator h is
to define them without ambiguity. The direct evaluation of
Eqs. ~19! with g(t) defined by Eq. ~34! gives

FIG. 7. Here is plotted ^T
vv

(v)& as a function of av5ln(aV),
for a51 in arbitrary units and for two different values of h. The
switching function has been taken for ln h526 ~solid curve! and
ln h528 ~dashed curve!. Notice the two following properties. The
flux is significantly nonzero within the transients only. The ampli-
tude of these transients is independent of the duration of the inter-
actions governed by h.
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Avv8

VV*5d~v2v8!2

4ig0

p

Auvv8u

a

h2

X2 K2~X ! where

X52hA12i~v2v8!/ah , ~B1a!

Bvv8

VV
5

4ig0

p

Auvv8u

a

h2

X8
2 K2~X8! where

X852hA12i~v1v8!/ah , ~B1b!

Avv8

VU*52

ig0

p

Auvv8u

a
K0~Y ! where

Y52A~v/a1ih !~2v8/a2ih !, ~B1c!

Bvv8

VU
5

ig0

p

Auvv8u

a
K0~Y 8! where

Y 852A~v/a1ih !~v8/a2ih !. ~B1d!

Two important remarks should be made. Because these am-
plitudes have been regularized, they possess analytical prop-
erties which guarantee that they obey crossing symmetry,
that is,

Avv8

i j* 52Bv ,v8e ip
i j

~B2!

~see @23# for exploiting this symmetry in studying acceler-
ated detectors!. Secondly, had the mirror followed the accel-
erated trajectory in the left quadrant rather than in the right
one, the corresponding transition amplitudes would have
been obtained by simply replacing h by 2h.

We wish also to stress that g(t) can be considered as a
mathematical regulator which properly defines the transition
amplitudes. Consider, for instance, Bvv8

VU . Using Eq. ~34!, it
is given by

Bvv8

VU
}

Avv8

a E
0

`

dV
1

V
e i@~v1ih !V2~v82ih !/a2V#. ~B3!

One clearly sees that the integral is now well defined for both
V→0 and V→` .

Finally, it is interesting to take the limit h→0 to see how
one recovers the singular amplitudes that one would have
obtained with a constant coupling. Using Eqs. ~B1!, in the
limit h→0, we get

Avv8

VV*→d~v2v8!1

ig0

2p
a

Auvv8u

~v2v8!2 , ~B4a!

Bvv8

VV
→2

ig0

2p
a

Auvv8u

~v1v8!2 , ~B4b!

Avv8

VU*→2

ig0

p

Auvv8u

a
K0S 22i

Auvv8u

a D ,

~B4c!

Bvv8

VU
→

ig0

p

Auvv8u

a
K0S 2

Auvv8u

a D .

~B4d!

Although the choice of our Lagrangian, based on Eq. ~20!,
has removed the infrared divergences, the A terms are clearly
ill defined, as in the original Davies-Fulling model. More
importantly, crossing symmetry and causality are both lost if
one uses these unregulated amplitudes. This clearly estab-
lishes that the Bogoliubov coefficients must be conceived as
distributions, or at least as analytical functions of v and v8,
and not merely as functions defined from @0, 1`@. Thus the
limit h→0 should be performed only at the end of the cal-
culation, after having performed all integrations. This is be-
cause the limit h→0 in general does not commute with these
integrations.

APPENDIX C: THE UNRUH MODES

By definition, the ‘‘Unruh’’ @5# modes ŵl
V and ŵl

U possess
the following properties: they are made of positive
Minkowski frequency modes only, whatever is the sign of l,
and they are eigenfunctions of iaV]V ~or 2iaU]U) with
eigenvalue l. They are thus well adapted to study uniformly
accelerated systems since they are eigenmodes of i]t5l
where t is the proper time calculated along the accelerated
trajectory.

Since the Unruh modes form a complete and orthonormal
basis, one can define in a canonical way the corresponding
annihilation and creation operators of particles and antipar-
ticles âl

i , âl
i† , b̂l

i , and b̂l
i† :

âl
i
5~ ŵl

i ,F !, b̂l
i
5~ ŵl

i ,F†!, ~C1!

where the subscript i stands as before for U and V . Hence,
the scalar field can be decomposed as

F~U ,V !5 (
i5U ,V

E
2`

1`

dl~ ŵl
i âl

i
1ŵl

i*b̂l
i†!. ~C2!

Note that the integrals over l cover the entire real axis.
The Unruh modes are analytically expressed as follows:

ŵl
V~V ![ lim

e→0

@a~V2ie !#2il/a

A4pl~12e22pl/a!
~C3!

5E
0

`

dv glv
V e2ivV

A4pv
, ~C4!

with

glv
V [~wv

V ,ŵl
V! ~C5!

5

G~2il/a !

Aap/l sinh~pl/a !
S v

a D il/a e2ve

A2pav

5@~gV!lv
21#*. ~C6!
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Notice that the regulator e in Eqs. ~C3! and ~C6! plays a role
similar to h in the text: e is needed to properly define the
energy density in the Rindler vacuum @22#.

When considering U modes, we get similar expressions
with glv

U
5glv

V* . Finally, when evaluated along the acceler-
ated trajectories, within the right ~R! or the left ~L! quadrant,
U and V Unruh modes coincide and are given by, in R,

V5Vcl
R~t !5eat/a ,

U5Ucl
R~t !52e2at/a ,

and ŵl
V~V !5ŵl

U~U !5

e2ilt

A4pl~12e22pl/a !
, ~C7!

and in L,

V5Vcl
L ~t !52e2at/a ,

U5Ucl
L ~t !5eat/a ,

and ŵl
V~V !5ŵl

U~U !5

e ilt

A4pl~e2pl/a
21 !

. ~C8!
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Uniformly accelerated mirrors. II. Quantum correlations

N. Obadia* and R. Parentani†
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We study the correlations between the particles emitted by moving mirrors. To this end, we first analyze
^Tmn(x)Tab(x8)&, the two-point function of the stress tensor of the radiation field. In this we generalize the
work undertaken by Carlitz and Willey. To further analyze how the vacuum correlations on J 2 are scattered
by the mirror and redistributed among the pairs of particles produced, we use a more powerful approach based
on the value of Tmn which is conditional on the detection of a given particle on J 1. We apply both methods
to the fluxes emitted by a uniformly accelerated mirror. This case is particularly interesting because of its
strong interferences which lead to a vanishing flux, and because of its divergences which are due to the infinite
blueshift effects associated with the horizons. Using the conditional value of Tmn , we reveal the existence of
correlations between the particles created and their partners in a domain where the mean fluxes and the
two-point function vanish. This demonstrates that the scattering by an accelerated mirror leads to a steady
conversion of vacuum fluctuations into pairs of quanta. In the last section, we study the scattering by two
uniformly accelerated mirrors which follow symmetrical trajectories ~i.e., which possess the same horizons!.
When using the Davies-Fulling model, the Bogoliubov coefficients encoding pair creation vanish because of
perfectly destructive interferences. When using regularized amplitudes, these interferences are inevitably lost,
thereby giving rise to pair creation.

DOI: 10.1103/PhysRevD.67.024022 PACS number~s!: 04.62.1v, 03.70.1k, 04.70.Dy

INTRODUCTION

It is now well understood that the scattering of a quantum
radiation field by a noninertial mirror leads to the production
of pairs of particles @1–3#. However, up to now, most studies
have been restricted to the analysis of mean quantities such
as the expectation value of the stress tensor ^Tmn(x)& , i.e.,
the one-point function. This analysis is very restrictive in that
most of the information concerning the correlations among
particles is ignored. In particular, ^Tmn(x)& cannot be used to
identify the relationships between the particles and their part-
ners.

In this paper, it is our intention to go beyond the mean
field approach. To this end, we first study the ~connected part
of the! two-point function ^Tmn(x)Tab(x8)&c . In this, we
complete the analysis undertaken by Carlitz and Willey @4#
and Wilczek @5#; see also @6,7#. Our motivations are the fol-
lowing. First, since Tmn is the source of gravity, if one
wishes to go beyond the semiclassical treatment, i.e., Ein-
stein equations driven by the mean ^Tmn& , it is imperative to
gain some experience concerning the two-point function
since it governs the metric fluctuations about the mean back-
ground geometry @8–11#. Secondly, we wish to relate the
analysis of ^Tmn(x)Tab(x8)&c to an alternative approach
@12–14,3# of correlations which was used to reveal the
space-time distribution of the correlations among charged
pairs produced in a constant electric field and among Hawk-
ing quanta emerging from a black hole. This method is based
on the value of Tmn which is conditional on the detection of
a specific quantum ~or specific quanta! on J 1. We shall
show that the two approaches are closely related and that the

second one is more powerful for identifying the correlations
between the particles and their partners. Finally, the quantum
correlations within the fluxes emitted by a mirror constitute
an interesting subject per se.

In this respect, it is particularly interesting to study the
correlations in the fluxes emitted by a uniformly accelerated
mirror. Indeed, these fluxes possess, on one hand, strong in-
terferences which lead to a vanishing mean flux and, on the
other hand, very high frequencies associated with the diverg-
ing blueshift effects encountered when the mirror enters or
leaves space-time. In order to tame this singular behavior,
one needs to abandon the original Davies-Fulling model @1#
and use a self-interacting model described by an action @15–
17#. In this paper, we shall compare the two-point functions
computed with the Davies-Fulling model and this self-
interacting model.

Because of the strong interferences in the case of uniform
acceleration, we shall see that the analysis of the two-point
function is not sufficient to properly isolate the correlations
among the particles produced. To complete the analysis, we
therefore use the conditional value of Tmn . By an appropri-
ate choice of the detected quantum on J 1, we unravel cor-
relations among the two members in a produced pair even in
domains where the mean flux and the two-point function
vanish. These correlations show that the scattering by a uni-
formly accelerated mirror leads to a steady conversion of
vacuum fluctuations into pairs of particles, something which
could not be seen from the expressions of the mean flux and
the two-point function, which both vanish. Another nice
property of this alternative approach is that the wave packet
of the detected particle can be chosen in such a way that the
former regularization of the scattering amplitudes is no
longer necessary. We hope that this double and complemen-
tary analysis of observables in the presence of very high
frequencies can lead to a better understanding of ‘‘trans-
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Planckian’’ physics, i.e., the fact that Hawking radiation
@18–21,14,11#, and cosmological density fluctuations @22,23#
arise from ultrahigh energy configurations.

Finally, to illustrate the necessity of using regular scatter-
ing amplitudes, we study the scattering by two uniformly
accelerated mirrors which follow symmetrical trajectories
~i.e., which possess the same horizons!. When using the
Davies-Fulling model, the Bogoliubov coefficients govern-
ing pair creation identically vanish. This vanishing follows
from perfectly destructive interferences between the two mir-
rors, a phenomenon related to what Gerlach @24# called a
perfect interferometer, and which was also found when con-
sidering the fluxes emitted by two accelerating black holes
@25,26#. When using regulated amplitudes, we show that
these interferences are inevitably lost and that the total en-
ergy emitted is the sum of the energy emitted by each mirror.
It thus appears that the perfect interferences are an artifact
due to the oversimplification of the description of the scat-
tering. A similar conclusion can be reached when taking into
account recoil effects @15,27#. This further legitimizes the
use of regulated scattering amplitudes.

We have organized the paper as follows. In Sec. I, we
recall the basic properties of the self-interacting model. Sec-
tion II is devoted to the study of the two-point correlation
function. In Sec. III, we compute the conditional value of
Tmn . In Sec. IV, we study the scattering by two uniformly
accelerated mirrors. ~It should be noted that this last section
can be read independently of Secs. I and II as it concerns
mean fluxes and not two-point functions.!

I. THE LAGRANGIAN MODEL

In @17#, our aim was to obtain regular expressions for the
fluxes and the energy emitted by a uniformly accelerated
mirror. To this end, the scattering of the scalar field F by the
mirror was described by a self-interacting model based on an
action.

The action density is localized on the mirror trajectory
xcl

m(t) where t is the proper time. To preserve the linearity of
the scattering, the density is a quadratic form of the field F .
Since the field is massless, infrared divergences appear in the
transition amplitudes. To get rid of these problems, it is suf-
ficient to use a density which contains two time derivatives.
The interacting Lagrangian we shall use is

L int52g0E dt g~t !E d2x d2„xm
2xcl

m~t !)

3

dxcl
m

dt

dxcl
n

dt
~]mF† ]nF1]mF ]nF†! ~1!

52g0E dt g~t !~]tF
† ]tF1]tF ]tF

†!.

Here, g0 is the coupling constant. The real function g(t)
controls the time dependence of the interaction. When the
interaction lasts 2T , its normalization is given by *dtg(t)

52T. The two terms in the parentheses imply that L int is
chargeless. Hence the transition amplitudes will be invariant
under charge conjugation.

We work in the interacting picture. Therefore, the charged
field evolves freely, i.e., according to the d’Alembert equa-
tion

hF~ t ,z !54]U]VF~U ,V !50. ~2!

Since the field is massless, it is useful to use the lightlike
coordinates U ,V5t7z . The free field F can be decomposed
as

F~U ,V !5E
0

` dv

A4pv
~av

Ue2ivU
1av

Ve2ivV

1bv
U†e ivU

1bv
V†e ivV!. ~3!

The annihilation and creation operators of left and right mov-
ing particles ~and antiparticles! are constant and obey the
usual commutation relations

@av
i ,av8

j†
#5d i jd~v2v8!, @bv

i ,bv8

j†
#5d i jd~v2v8!,

~4!

where the indices i , j stand for U and V. All other commuta-
tors vanish. In the interacting picture, the states evolve
through the action of the time-ordered operator Te iL int. When
the initial state is vacuum, the state on J 1 is given, up to
second order in g0, by

Te iL intu0&5u0&1iL intu0&1

~ iL int!
2

2
u0&1uD& . ~5!

The ket uD& contains terms arising from time ordering. These
terms do not contribute to the total energy emitted ~see @16#!.
Hence we drop uD& from now on.

When working in the vacuum, to obtain the mean flux
^Tmn& and the two-point function ^TmnTab& to order g0

2, it is
sufficient to develop the scattering amplitudes to first order
in g0. To this order, the amplitude describing the scattering
of an incoming quantum of frequency v8 to an outgoing of
frequency v is given by

Avv8

i j* [^0uav
i ~11iL int!av8

j† u0&c , ~6!

where the subscript ^&c means that only the connected graphs
are kept. Similarly, the spontaneous pair production ampli-
tude reads

Bvv8

i j
[^0uav

i bv8

j iL intu0&. ~7!

Both nonlocal and local objects are easily obtained in
terms of A and B. For instance, to order g0

2, the mean number
of spontaneously created left moving particles of frequency
v is given by

^Nv
V&[^0uL intav

V†av
VL intu0&5E

0

`

dv8~ uBvv8

VV u2
1uBvv8

VU u2!.

~8!
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Then, the ~subtracted! integrated energy is, as usual,

^HV&52E
0

`

dv v^Nv
V& . ~9!

The factor of 2 stands for particles 1 antiparticles, which
contribute equally. One can also compute the local flux of
energy. The corresponding operator is TVV5]VF† ]VF
1]VF ]VF†. Its vacuum expectation value is given by

^TVV~V !&[^0ue2iL intTVVe iL intu0&c2^0uTVVu0&

52 (
j5U ,V

E E
0

`

dv dv8
Avv8

2p
e2i(v82v)V

3S E
0

`

dk Bvk
V j*Bv8k

V j D
22 ReH (

j5U ,V
E E

0

`

dv dv8
Avv8

2p
e2i(v81v)V

3S E
0

`

dk Avk
V j*Bv8k

V j D J . ~10!

We have subtracted the average value of TVV in the vacuum
in order to remove the zero point energy. When integrated
over all V, the first term of Eq. ~10! determines the ~positive!
energy ^HV& of Eq. ~9!. The second term clearly integrates
to 0.

The above model can easily be related to the original
Davies-Fulling one @1,2#, where the field obeys

hF~U ,V !50 and F„V ,Vcl~U !…50, ~11!

where Vcl(U) is the mirror trajectory expressed in null coor-
dinates. On the right of the trajectory, the Bogoliubov coef-
ficients are given by the overlaps between initial V modes of
frequency v defined on J R

2 and out modes of frequency v8

defined on J R
1 :

avv8
* [~wv

U ,out ,wv8

V , in
!52E

2`

1`

dU
e ivU

A4pv
i]U
J

e2iv8Vcl(U)

A4pv8
,

~12!

bvv8
* [~wv

U ,out* ,wv8

V , in
!

52E
2`

1`

dU
e2ivU

A4pv
i]U
J

e2iv8Vcl(U)

A4pv8
. ~13!

Two properties are worth remembering. In the Davies-
Fulling model, when starting from vacuum, the flux of en-
ergy emitted by the mirror is given by Eq. ~10! with Avv8

VU

and Bvv8

VU , respectively, replaced by avv8
and bvv8

, and
Avv8

VV ,Bvv8

VV sent to zero. Secondly, Avv8

UV
5ig0avv8

and
Bvv8

UV
52ig0bvv8

for all trajectories V5Vcl(U) when using

F†i]t
JF instead of ]tF

†]tF1]tF]tF
† in Eq. ~1! and

when putting g(t)51, see @17# for more details.

As shown in this reference, these two properties guarantee
that ^TVV(V)& behave similarly whether one uses the La-
grangian or the Davies-Fulling model to describe the scatter-
ing. It is only for trajectories that lead to singular fluxes
when using the Davies-Fulling model that the two descrip-
tions can significantly differ because the coupling function
g(t) in Eq. ~1! can be chosen so as to obtain regular expres-
sions.

II. THE TWO-POINT CORRELATION FUNCTION

To analyze the quantum correlations among the particles
emitted by the mirror, we first study the two-point function
of Tmn . Given the Lagrangian defined in Eq. ~1!, when a U
quantum is detected on J R

1 ~the right-hand side of J 1; see
Fig. 1!, its partner can be either a U or a V quantum, emitted,
respectively, toward J R

1 or J L
1 .

In this section, for reasons of simplicity, we mainly focus
on U/V correlations and study the two-point function
^TUUTVV&c . Indeed, in the absence of the mirror, these cor-
relations vanish. Hence, if ^TUUTVV&c5” 0, it results from the
scattering and not from preexisting correlations which exist
in the vacuum ~see Sec. II A!. This is not the case for
^TVVTVV&c which originates both from the scattering and
from preexisting correlations. Moreover, since these two
channels interfere, the expressions are much more compli-
cated.

A. Initial correlations on J À, before the scattering

On J R
2 , when the trajectory does not enter space through

it, the field is unscattered. Therefore, when working in the
vacuum, the two-point function is given by

Cvac~V ,V8![^0uTVV~U52` ,V !TVV~U852` ,V8!u0&c

5@2]V]V8
Wvac~V ,V8!#2

5

1

4p2

1

~V2V82ie !4
,

~14!

FIG. 1. The Penrose diagram of space-time around an inertial
mirror. Since we are concerned with the correlations between J R

2

and J R
1 , the dashed region is of no interest.
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where the subscript c means that only connected graphs are
kept and where Wvac(V ,V8) is the V part of the vacuum
Wightman function

Wvac~V ,V8![^0uF~U52` ,V !F†~U852` ,V8!u0&

52

1

4p
ln~V2V82ie !. ~15!

Equation ~14! is valid for the Davies-Fulling model and
for the Lagrangian model. It applies both for an inertial and
for a uniformly accelerated mirror in L, since the past null
infinity J R

2 lies on the past of the mirror ~see Fig. 2!. Had the
mirror entered space through J R

2 , a prescription should have
been adopted to define the in vacuum on J R

2 in the presence
of a mirror ~see Sec. I B in @17#!.

B. Correlations between J À and J ¿

When the field is initially in vacuum, the correlations be-
tween J 2 and J 1 are governed by the ~connected! two-
point function

C1/2~U ,V8![^0uTUU~U ,V51` !TVV~U852` ,V8!u0&c .

~16!

In this expression, written in the Heisenberg picture, only
TUU is evaluated on J 1. Hence, in the interacting picture,
C1/2(U ,V8) is given by

C1/2~U ,V8![^0ue2iL intTUU~U !e iL intTVV~V8!u0&c ,

~17!

where TUU and TVV are now expressed in terms of the free
field of Eq. ~3!. To second order in the coupling constant and
when neglecting again the uD& term of Eq. ~5!, we get

C1/2~U ,V8!5^0uL intTUUL intTVVu0&c

2

1

2
^0u~L intL intTUU1TUUL intL int!TVVu0&c .

~18!

To compute this expression, it is convenient to introduce the
functions

F~U ,V8![i^0u]UF~U !]V8
F†~V8!L intu0& ~19!

52E E
0

`

dv dv8
Avv8

4p
Bvv8

UV e2i(vU1v8V8)

~20!

and

G~U ,V8![i^0u]UF~U !L int]V8
F†~V8!u0& ~21!

5E E
0

`

dv dv8
Avv8

4p
Avv8

UV*e2i(vU2v8V8).

~22!

From these equations, we see that F is expressed in terms of
the pair production amplitude B whereas G is a function of
the scattering amplitude A. Using Eqs. ~19! and ~21!, one can
rewrite the correlation function in the following form:

C1/2~U ,V8!5@F*~U ,V8!1G~U ,V8!#2. ~23!

Before applying Eq. ~23! to inertial and accelerated tra-
jectories, it is interesting to compute Eq. ~16! in the Davies-
Fulling model. In this case, one gets

CDF
1/2~U ,V8!52@]U]V8

WDF
1/2~U ,V8!#2

5

1

4p2

~dVcl /dU !2

@Vcl~U !2V82ie#4
, ~24!

where the relevant part of the scattered Wightman function is
given by

WDF
1/2~U ,V8!5^0uF~U ,V51` !F†~U852` ,V8!u0&

5

1

4p
ln@Vcl~U !2V82ie# . ~25!

Equations ~23! and ~24! show that the two-point function
is not real. In this regard, it is worth making the following
remarks. First we note that CDF

1/2 diverges only when V8

→Vcl(U), i.e., at the classical image point. Similarly, we
shall see that C1/2 of Eq. ~23! also diverges in this limit but
is otherwise finite. The fact that no regularization is needed
to evaluate it follows from the fact that only connected
graphs have been kept in Eq. ~17!.

Secondly, we note that the imaginary character of CDF
1/2

arises only from its singular limit. The sign of e encodes the
fact that only positive frequencies enter in the Wightman
function Eq. ~15!. Therefore, on one hand, the limit e→0
can be taken when evaluating the two-point functions when
V85” Vcl(U). On the other hand, however, the ie prescription
must be kept when using C1/2 to obtain the correlations of
integrated operators, e.g., ^HUTVV& where HU

5*dUTUU .
Indeed, the definition of the integral over U requires that the
limit e→0 be taken after having performed the integral; see
@28#, where it is shown that the same procedure should be

FIG. 2. The Penrose diagram of space-time around a uniformly
accelerated mirror in the left Rindler wedge. As before, we consider
only configurations on the right of the trajectory.
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used to properly evaluate the energy in the Rindler vacuum.
In this sense, the two-point functions should be viewed as
distributions.

1. Inertial mirror

In the case of an inertial mirror, the canonical1 trajectory
reads Vcl(U)5U . The corresponding space-time diagram is
pictured in Fig. 1. In the Davies-Fulling model, using Eq.
~24!, the two-point function reads

CDF,inert
1/2 ~U ,V8!5

1

4p2

1

~U2V82ie !4
. ~26!

The small distance divergence comes from the vacuum con-
figurations emerging from J R

2 at V8 and which have been
reflected on the mirror at V85Vcl(U)5U . We therefore re-
cover the divergence which existed in the vacuum on J 2

@see Eq. ~14!#.
To compute the corresponding two-point function in the

Lagrangian model, we use Eq. ~23!. Equations ~19! and ~21!
applied to the inertial trajectory give

F inert~U ,V8!

522ig0E
2`

1`

dt g~ t !]U] tWvac~U ,t !]V8
] tWvac~V8,t !

5

22ig0

~4p !2 E
2`

1`

dt g~ t !
1

~U2t2ie !2

1

~V82t2ie !2
, ~27!

G inert~U ,V8!

522ig0E
2`

1`

dt g~ t !]U] tWvac~U ,t !] t]V8
Wvac~ t ,V8!

5

22ig0

~4p !2 E
2`

1`

dt g~ t !
1

~U2t2ie !2

1

~ t2V82ie !2
. ~28!

To obtain local expressions for F inert and G inert , we express
g(t) with its Fourier components and perform the integra-
tions over t by the method of residues. Since the Minkowski
vacuum contains only positive frequency, it is appropriate to
decompose g(t) as g(t)5g1(t)1g2(t) where g1 contains
only positive frequencies:

g1~ t !5E
0

`

dv gve2ivt

with

gv[
1

2p
E

2`

1`

dt g~ t !e ivt. ~29!

Then we get

F inert~U ,V8!52

g0

4p F ]US g1~U !

~U2V82ie !2D
1]V8S g1~V8!

~V82U2ie !2D G , ~30!

G inert~U ,V8!52

g0

4p F ]US g1~U !

~U2V82ie !2D
2]V8S g2~V8!

~V82U1ie !2D G . ~31!

To obtain the value of C inert
1/2(U ,V8) off the image point

U5Ucl(V8)5V8, we can take the limit e→0. Using Eq.
~23!, we get

C inert
1/2~U ,V8!ue505

g0
2

~4p !2 F ]US g~U !

~U2V8!2D G
2

, ~32!

where Q~U! is the Heaviside function. Two remarks should
be made. On one hand, when g(t)[1, one recovers Eq. ~26!

up to two differences. The first one is the g0
2 prefactor due to

the perturbative expansion. The second one is the power of
the pole ~of order 6 instead of 4). This discrepancy arises
from the fact that we have taken a Lagrangian with two time
derivatives @see Eq. ~1!#. Had we taken the current J

5F†i ]t
JF instead of ]tF

† ]tF1]tF ]tF
†, we would have

obtained a fourth order pole in Eq. ~32!. However, in that
case, the expressions in the Fourier transform, i.e., Eqs. ~20!
and ~22!, would have been divergent in the low frequency
limit.

On the other hand, when g(t) possesses a compact sup-
port, the correlator identically vanishes, as it should do by
causality, when the outgoing configurations ~here the U con-
figurations! lie outside the support of g(t), i.e., when they
cross the trajectory without being scattered by the mirror.
Hence, unlike in the Davies-Fulling model, C inert

1/2(U ,V8) is
not symmetric in U ,V8.

2. Classical scattering by a uniformly accelerated mirror

We first look at classically reflected configurations, i.e., at
configurations that have support for V8,0 and U.0 when
the uniformly accelerated trajectory follows Vcl(U)5

21/a2U in the left Rindler wedge ~see Fig. 2!. This situation
corresponds to what we just analyzed for an inertial trajec-
tory.

In the Davies-Fulling model, the relevant part of the
Wightman function, Eq. ~25!, is given by

WDF,unif acc
1/2 ~U ,V8!5

1

4p
Q~U !ln@21/~a2U !2V82ie# .

~33!

Then, Eq. ~24! gives

1Generally, inertial trajectories read Vcl(U)5uju(U2U0)1V0.
They all provide the same two-point functions by applying U8

5Auju(U2U0), V85(V2V0)/Auju.
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CDF,unif acc
1/2 ~U ,V8!5

1

4p2
Q~U !

~1/a2U2!2

@21/~a2U !2V82ie#4
,

~34!

up to an ill-defined singular contribution on U50. Using the
Rindler coordinates

vL852

1

a
ln~2aV8! and uL5

1

a
ln~aU !, ~35!

the ‘‘Rindler’’ correlation function is

CDF,unif acc
1/2 ~uL ,vL8 ![^Tuu~uL!T

vv
~vL8 !&

5S dU

duL
D 2S dV8

dvL8
D 2

CDF,unif acc
1/2 ~U ,V8!

5F a2

8p

1

sinh2@a~uL2vL82ie !/2#
G 2

.

~36!

When comparing this expression2 to that of an inertial trajec-
tory, Eq. ~26!, one finds the following correspondence: Eq.
~36! is exactly the expression one would have obtained for
CDF

1/2 in the case of an inertial mirror in a thermal bath with
T5a/2p ~see @5#!. This is no surprise since the scattering of
Rindler modes by an accelerated mirror is identical ~in fact
trivial when using the Davies-Fulling model! to the scatter-
ing of Minkowski modes by an inertial mirror, and since the
two-point function Wvac of Eq. ~15! is thermal when ex-
pressed in terms of Rindler coordinates. We shall now verify
that the same correspondence applies to the Lagrangian
model.

When applying this model to the uniformly accelerated
trajectory, Eqs. ~19! and ~21! give

Funif acc~U ,V8!5

22ig0a4

~16p !2
ea(vL82uL)E

2`

1`

dt g~t !

3

1

sinh2@a~uL2t2ie !/2#

3

1

sinh2@a~vL82t2ie !/2#
, ~38!

Gunif acc~U ,V8!5

22ig0a4

~16p !2
ea(vL82uL)E

2`

1`

dt g~t !

3

1

sinh2@a~uL2t2ie !/2#

3

1

sinh2@a~t2vL82ie !/2#
. ~39!

As in the inertial case, one can perform the integrals when
using the following decomposition:

1

sinh2~x !
5 (

n52`

1`
1

~x2inp !2
, ~40!

and by introducing the function

ḡ1~t !5E
2`

1`

dl
gle2ilt

12e22pl/a

with

gl[
1

2p
E

2`

1`

dt g~t !e ilt, ~41!

and ḡ2(t)5 ḡ
1
* (t). We get

Funif acc~U ,V8!52

g0

4p

a2

4
ea(vL82uL)

3F ]uLS ḡ1~uL!

sinh2@~a/2!~uL2vL82ie !#
D

1]
vL8S ḡ1~vL8 !

sinh2@~a/2!~vL82uL2ie !#
D G ,

~42!

Gunif acc~U ,V8!52

g0

4p

a2

4
ea(vL82uL)

3F ]uLS ḡ1~uL!

sinh2@~a/2!~uL2vL82ie !#
D

2]
vL8S ḡ2~vL8 !

sinh2@~a/2!~vL82uL1ie !#
D G .

~43!

Since ḡ1(t)1 ḡ2(t)5g(t), when taking the limit e→0,
the correlation function reads

Cunif acc
1/2 ~uL ,vL8 !5

g0
2

~4p !2 F a2

4
]uLS g~uL!

sinh2@~a/2!~uL2vL8 !#
D G 2

,

~44!

2We note that a similar expression has been obtained by Carlitz
and Willey @4# in the case of the trajectory 2kU5ln@2kVcl(U)# .
When defining 2kvL85ln(2kV8) for V8,0, their result reads

CDF,CW
1/2 ~U ,vL8 !5F k2

8p

1

sinh2@k~U2vL82ie!/2#
G 2

. ~37!
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CDF,unif acc
1/2 ~U ,V8!5

1

4p2
Q~U !

~1/a2U2!2

@21/~a2U !2V82ie#4
,

~34!

up to an ill-defined singular contribution on U50. Using the
Rindler coordinates

vL852

1

a
ln~2aV8! and uL5

1

a
ln~aU !, ~35!

the ‘‘Rindler’’ correlation function is

CDF,unif acc
1/2 ~uL ,vL8 ![^Tuu~uL!T

vv
~vL8 !&

5S dU

duL
D 2S dV8

dvL8
D 2

CDF,unif acc
1/2 ~U ,V8!

5F a2

8p

1

sinh2@a~uL2vL82ie !/2#
G 2

.

~36!

When comparing this expression2 to that of an inertial trajec-
tory, Eq. ~26!, one finds the following correspondence: Eq.
~36! is exactly the expression one would have obtained for
CDF

1/2 in the case of an inertial mirror in a thermal bath with
T5a/2p ~see @5#!. This is no surprise since the scattering of
Rindler modes by an accelerated mirror is identical ~in fact
trivial when using the Davies-Fulling model! to the scatter-
ing of Minkowski modes by an inertial mirror, and since the
two-point function Wvac of Eq. ~15! is thermal when ex-
pressed in terms of Rindler coordinates. We shall now verify
that the same correspondence applies to the Lagrangian
model.

When applying this model to the uniformly accelerated
trajectory, Eqs. ~19! and ~21! give

Funif acc~U ,V8!5

22ig0a4

~16p !2
ea(vL82uL)E

2`

1`

dt g~t !

3

1

sinh2@a~uL2t2ie !/2#

3

1

sinh2@a~vL82t2ie !/2#
, ~38!

Gunif acc~U ,V8!5

22ig0a4

~16p !2
ea(vL82uL)E

2`

1`

dt g~t !

3

1

sinh2@a~uL2t2ie !/2#

3

1

sinh2@a~t2vL82ie !/2#
. ~39!

As in the inertial case, one can perform the integrals when
using the following decomposition:

1

sinh2~x !
5 (

n52`

1`
1

~x2inp !2
, ~40!

and by introducing the function

ḡ1~t !5E
2`

1`

dl
gle2ilt

12e22pl/a

with

gl[
1

2p
E

2`

1`

dt g~t !e ilt, ~41!

and ḡ2(t)5 ḡ
1
* (t). We get

Funif acc~U ,V8!52

g0

4p

a2

4
ea(vL82uL)

3F ]uLS ḡ1~uL!

sinh2@~a/2!~uL2vL82ie !#
D

1]
vL8S ḡ1~vL8 !

sinh2@~a/2!~vL82uL2ie !#
D G ,

~42!

Gunif acc~U ,V8!52

g0

4p

a2

4
ea(vL82uL)

3F ]uLS ḡ1~uL!

sinh2@~a/2!~uL2vL82ie !#
D

2]
vL8S ḡ2~vL8 !

sinh2@~a/2!~vL82uL1ie !#
D G .

~43!

Since ḡ1(t)1 ḡ2(t)5g(t), when taking the limit e→0,
the correlation function reads

Cunif acc
1/2 ~uL ,vL8 !5

g0
2

~4p !2 F a2

4
]uLS g~uL!

sinh2@~a/2!~uL2vL8 !#
D G 2

,

~44!

2We note that a similar expression has been obtained by Carlitz
and Willey @4# in the case of the trajectory 2kU5ln@2kVcl(U)# .
When defining 2kvL85ln(2kV8) for V8,0, their result reads

CDF,CW
1/2 ~U ,vL8 !5F k2

8p

1

sinh2@k~U2vL82ie!/2#
G 2

. ~37!
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as expected from Eq. ~32! and the correspondence between
accelerated systems described in Rindler coordinates and in-
ertial systems in a thermal bath.

Moreover, when g(t) is a constant, we recover that the
only differences between the two-point functions obtained in
the Davies-Fulling model and in the Lagrangian model con-
cern the g0

2 prefactor and the additional proper time deriva-
tive. In fact these relations are generic since they directly
follow from the fact that, when g(t) is a constant, the scat-
tering amplitudes of Eqs. ~6! and ~7! are proportional to the
Bogoliubov coefficients obtained in the Davies-Fulling
model @see Eqs. ~33! in @16##.

3. Other correlations on the right of an accelerated mirror

When the mirror is uniformly accelerated, in addition to
the ‘‘classical’’ scattering analyzed above, there exist three
other sectors since both J 2 and J 1 cover two Rindler
patches.

Let us first examine the trivial correlations between J 2

and J 1. They are obtained for U,0 and any V8, i.e., below
the past horizon of the mirror ~see Fig. 3!. Not surprisingly,
these correlations identically vanish. Indeed, causality tells
us that these correlations are equal to the ~null! correlations
between U and V vacuum configurations evaluated on J 2:

C1/2~U,0,V8!5C2/2~U,0,V8!50. ~45!

The last and most interesting case corresponds to the cor-
relations between U.0 and V8.0. In the Davies-Fulling
model, the correlation function is again given by Eq. ~34!.
Indeed, the Wightman function given in Eq. ~25! is valid for
any V8. Then, given the Rindler coordinate on the other side
of the horizon V50,

vR85

1

a
ln~aV8!, ~46!

one can rewrite the correlation function in the following
way:

CDF,unif acc
1/2 ~uL ,vR8 !5F a2

8p

1

cosh2@~a/2!~vR81uL!#
G 2

.

~47!

This result can be obtained by analytically continuing Eq.
~34! according to V8→V8e2ip. It is the ie prescription
which specifies that the continuation should be performed in
the lower plane. In terms of Rindler coordinates, it amounts
to applying vL→2vR1ip/a in Eq. ~36!. This analytical

FIG. 3. In these Penrose diagrams, we show the equivalence between the correlations between J R
2 and J R

1 with U,0 and those between
J R

2 and J L
2 . Since the latter identically vanish, so do the former. This is also the case in the fifth diagram which represents U/V correlations

on J 1 when U,0 ~see Sec. II C!.
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continuation also applies to the Unruh modes @3# and follows
from the fact that the Minkowski vacuum contains positive
frequencies only.3

In the interacting model, since V8.0 lies in a discon-
nected region for the trajectory, the field expressed at this
point commutes with the Lagrangian. Hence, one has

F~U.0,V8.0 !5G~U.0,V8.0 !

5

22ig0a4

~16p !2
e2a(vR81uL)E

2`

1`

dt g~t !

3

1

sinh2@a~uL2t2ie !/2#

3

1

cosh2@a~vR81t2ie !/2#
. ~49!

Thus, Eq. ~23! gives

Cunif acc
1/2 ~U.0,V8.0 !54$Re@F~U.0,V8.0 !#%2,

~50!

which is real, like CDF
1/2 in Eq. ~47!. The corresponding

Rindler two-point function is given by

Cunif acc
1/2 ~uL ,vR8 !5

g0
2

~4p !2

3F a2

4
]uLS g~uL!

cosh2@~a/2!~uL1vR8 !#
D G 2

.

~51!

It is interesting to notice that Eq. ~51! could have been ob-
tained in two different ways. On one hand, Eq. ~51! follows
from Eq. ~47! by applying the generic relations between the
two models. On the other hand, Eq. ~51! could have been
obtained from Eq. ~44! because the ~regularized! scattering
amplitudes @see Eq. ~A7!# obey crossing symmetry which
follows from the stability of the Minkowski vacuum and
which allows one to deform the integral over v8 so as to
obtain Eq. ~49!.

Since Eqs. ~47! and ~51! do not concern the classical re-
flection on the mirror, they never diverge. In fact, they are
expressed only in terms of pair creation coefficients which

decrease in the ultraviolet regime like Bvv8

VU
;e2Avv8/a.

Nevertheless, they are peaked around uL1vR850 with a
spread governed by 1/a . This locus corresponds to V5

2Vcl(U). This maximum indicates that the configurations

which give rise to the ‘‘partner’’ of an outgoing quantum,
found for U.0, are vacuum configurations which are sym-
metrically distributed on the other side of the horizon ~see
Fig. 4!.

This result is somehow paradoxical in the case of a uni-
formly accelerated mirror because it indicates that pairs are
steadily produced ~in terms of the proper time! in a domain
where the mean flux ^TUU& vanishes ~instead, the steady
character of Eq. ~48! causes no surprise since the correspond-
ing ^TUU& is thermal and constant @4#!. To clarify the situa-
tion, we shall analyze in Sec. III the correlations between U
and V configurations by using the alternative method based
on the conditional value of Tmn . Before doing so, it is inter-
esting to analyze the correlations between J R

1 and J L
1 .

C. The correlations on J ¿

We now look at the U/V correlations on J 1, that is,

C1/1~U ,V8![^0uTUU~U ,V51` !TVV~U851` ,V8!u0&c .

~52!

In the interacting picture, the two-point function reads

C1/1~U ,V8!5^0ue2iL intTUU~U !TVV~V8!e iL intu0&c .
~53!

To second order in g0, we get

C1/1~U ,V8!5^0uL intTUUTVVL intu0&c

2Re@^0uTUUTVVL intL intu0&c# . ~54!

Notice that the second term behaves like the second term in
the mean flux @see Eq. ~10!#: it vanishes when integrated
over V8 ~or U). Moreover, when applied to an accelerated
mirror it leads to a vanishing C1/1(U ,V8) @as the second
term in Eq. ~10! leads to a vanishing mean flux# when the
coupling is constant and when U and V8 are both in the
causal future of the mirror.

3This continuation also applies for the trajectory kU
52ln(2kV) for V,0. When defining kvR85ln(kV8) for V8.0,
Carlitz and Willey noticed that

CDF,CW
1/2 ~U ,vR8 !5F k2

8p

1

cosh2@k~U1vR8!/2#
G 2

~48!

is the analytical continuation of Eq. ~37!.

FIG. 4. This diagram illustrates the fact that the correlations
between TUU and TVV when U.0 and V8.0 are peaked around
V52Vcl(U), that is, on the other side of the horizon at V50, and
symmetrically with respect to the locus of classical reflection given
by V5Vcl(U) @see Eqs. ~47! and ~51!#. The diagram also illustrates
the fact that, by causality, C1/1 of Eq. ~59! is equal to C1/2 of Eq.
~47! when U.0 and V8.0.
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Equation ~54! guarantees that C1/1 is real and only de-
pends on F defined in Eq. ~19!:

C1/1~U ,V8!5@F*~U ,V8!1F~U ,V8!#2

54$Re@F~U ,V8!#%2. ~55!

Since it arises only from pair creation amplitudes, this guar-
antees that it is finite, as for Eq. ~51!. When the trajectory is
inertial, Eq. ~30! gives

C inert
1/1~U ,V8!5

g0
2

~4p !2 F ]US g~U !

~U2V8!2D
1]V8S g~V8!

~V82U !2D G
2

. ~56!

When g(t) is constant, C inert
1/1 vanishes for every couple of

points (U ,V8). This is as it should be: inertial systems do not
radiate when their coupling to the radiation field is constant.
Moreover, when g(t) varies, Eq. ~56! is finite even in the
coincidence image limit, that is, V8→Vcl(U). In this limit,
one gets

lim
V8→U

C inert
1/1~U ,V8!5

g0
2

~24p !2
@]U

3 g~U !#2. ~57!

This equation should be added to Eq. ~95! in @16# which
gives the mean flux emitted by this inertial mirror.

When applied to a uniformly accelerated mirror, Eq. ~53!
depends on the sign of U and V8. By causality, in three of the
four cases, C1/1 can be expressed in terms of the correlation
functions previously computed between J 2 and J 1. The
fourth case is the analogue of the configurations studied in
the inertial case, Eq. ~56!. We first discuss the three other
cases.

Since the V8.0 part of J L
1 is causally disconnected from

the trajectory, one has

Cunif acc
1/1 ~U,0,V8.0 !5Cunif acc

1/2 ~U,0,V8.0 !50,
~58!

according to Eq. ~45! ~see Fig. 3!, and

Cunif acc
1/1 ~U.0,V8.0 !5Cunif acc

1/2 ~U.0,V8.0 !, ~59!

given in Eq. ~51! ~see Fig. 4!. Moreover, the U,0 part J R
1

is also disconnected from the trajectory. Hence, one obtains

Cunif acc
1/1 ~U,0,V8,0 !5Cunif acc

1/2 ~V8,0,U,0 !. ~60!

By direct evaluation, one gets

Cunif acc
1/2 ~vL8 ,uR!5Cunif acc

1/2 ~uL5vL8 ,vR85uR!, ~61!

where 2aU5e2auR and 2aV85e2avL8 and where the right-
hand side is given by Eq. ~51!.

The last and most interesting correlations are encountered
when the supports of TUU and TVV are both in the future of
the trajectory, i.e., for U.0 and V8,0. In the Davies-

Fulling model, the two-point function is identically zero
since the mirror is perfectly reflecting. Instead, the Lagrang-
ian model provides a nonvanishing result. In terms of
Rindler coordinates, Eqs. ~42! and ~55! gives

Cunif acc
1/1 ~uL ,vL8 !5

g0
2

~4p !2 F ]uLS g~uL!

~4/a2!sinh2@~a/2!~uL2vL8#
D

1]
vL8S g~vL8 !

~4/a2!sinh2@~a/2!~vL82uL!#
D G 2

.

~62!

Equations ~56! and ~62! enjoy similar properties. Indeed,
Cunif acc

1/1 also vanishes when g is constant and when g(t)
varies, it is finite in the coincidence image limit

lim
vL8→uL

Cunif acc
1/1 ~uL ,vL8 !5

g0
2

~24p !2
@~]uL

3
2a2]uL

!g~uL!#2.

~63!

Equation ~62! is an illustration of Grove’s theorem @29,3#
which states that the fluxes emitted by a uniformly acceler-
ated system behave like those emitted by the same system
when it is inertial and in a thermal bath. Indeed, Eq. ~62!
follows from Eq. ~56! by replacing Minkowski coordinates
by Rindler ones and the vacuum two-point function by its

FIG. 5. Cunif acc
1/1 (uL ,vL) when g(t) is given by Eq. ~A2! and in

arbitrary units. We choose a51 and ln h524. The two peaks are
located for uL5vL.6(ln 2h), when the coupling is switched on
and off; see Eq. ~A3!.
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thermal expression. One has only transient effects when the
switching function varies. This is illustrated in Fig. 5 where
one sees that the two-point function possesses two peaks
localized in transients.

In brief, the lessons we obtained from the analysis of the
two-point function are the following ~see Tables I and II!.
For an accelerated mirror, the mean flux and the two-point
function in causal contact, Eq. ~62!, are concentrated in the
transients. Hence they both vanish in the limit g(t)→const
and in the Davies-Fulling model. However, this is not the
case for Eq. ~59!. Moreover, since the latter is a function of
uL1vR8 ~i.e., t2t8) when g(t) is a constant, this indicates a
steady production of particles. To understand the origin of
this discrepancy, we shall analyze in the next section matrix
elements of Tmn , which contain more information than the
two-point function.

III. QUANTUM CORRELATIONS REVEALED
BY ‘‘POSTSELECTION’’

To further analyze the correlations we now apply a second
method. Two different situations are considered.

In Sec. III A, the selection of the final configurations on
J 1 ~hereafter called ‘‘postselection’’ to conform to the jar-
gon! is imposed from the outset. This method is straightfor-
ward and leads to the answer we are searching for, namely, to

identify why C1/1 in Eq. ~62! vanishes whereas C1/1 of Eq.
~59! indicates a steady pair creation rate.

In Sec. III B we shall nevertheless present another way to
perform the postselection: we shall couple the radiation field
to an additional quantum device and then postselect the state
of the latter. The justification of this second approach is that
the resulting expression for the conditional value of Tmn will
establish a clear relation between the traditional approach
based on the two-point function and the unusual one based
on the conditional values. We shall see that the conditional
value is a kind of point-split and smeared version of the
two-point function previously analyzed.

A. The conditional value of Tµn

To compute the conditional value of an operator, one first
chooses some final configurations on J 1 ~in our case, a
wave packet representing a particle emitted toward J R

1).
This defines a projector P in Fock space. Then, in the
Heisenberg picture, the corresponding conditional values of
Tmn reads

^Tmn&P[
^0uTmnPu0&

^0uPu0&
5^0uTmnu0&1

^0uTmnPu0&c

^0uPu0&
. ~64!

For further details concerning the physical meaning of the
~connected! matrix element of Tmn , we refer to @14#.

TABLE I. The two-point functions between J 2 and J 1 for a uniformly accelerated mirror in L. They are
of three different results. C1/2 identically vanishes for U,0, since this corresponds to causally disconnected
outgoing fluxes. On the contrary, C1/2 diverges in the coincidence image limit, for V85Vcl(U). Finally,
C1/2 is finite in the remaining case which corresponds to the correlations between a U quantum and its V
partner ~see Fig. 4!.

S 16p

a2g0
D 2

Cunif acc
1/2 ~u ,v8! U52

1

a
e2auR,0 U5

1

a
eauL.0

V852
1
a

e2avL8,0 0 F]uLS g~uL!

sinh2@~a/2!~uL2vL8 !#
D G 2

V85

1

a
eavR8.0 0 F]uLS g~uL!

cosh2@~a/2!~uL1vR8 !#
D G 2

TABLE II. The two-point functions on J 1 for a uniformly accelerated mirror in L. C1/1 vanishes for
disconnected configurations V8.0 and U,0. In the three other cases it is finite everywhere as it results from
pair creation amplitudes only.

S 16p

a2g0
D 2

Cunif acc
1/1 ~u ,v8! U52

1
a

e2auR,0 U5
1
a

eauL.0

V852
1
a

e2avL8,0 F]vL8S g~vL8!

cosh2@~a/2!~uR1vL8 !#
D G 2 F ]uLS g~uL!

sinh2@~a/2!~uL2vL8 !#
D 1$uL↔vL8%G 2

V85
1
a

eavR8.0 0 F]uLS g~uL!

cosh2@~a/2!~uL1vR8 !#
D G 2
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1. The choice of the wave packet

To obtain simple expressions for ^Tmn&P in the case of a
uniformly accelerated mirror, we shall postselect a one-
particle state described by a superposition of ‘‘Unruh’’ @30#

modes w̃l
U . ~We recall that they are eigenmodes with respect

to the proper time t evaluated along the trajectory and su-
perpositions of positive frequency Minkowski modes; for
further details see @30,17#.! We have chosen this state for two
reasons. First we want to detect a particle which is produced
by the scattering on the mirror, i.e., we want uC& to be or-
thogonal to the initial state, the Minkowski vacuum u0& . This
requirement prevents us from working with Rindler quanta
since they are present in this vacuum. The second reason is
obvious: the stationarity of the scattering is expressed in term
of eigenmodes of i]t5l which is a Rindler frequency.

Moreover, we choose to perform the postselection on
J R

1 , in causal contact with the mirror, i.e., for U.0 ~see
Fig. 2!. The selected state is thus of the form

uC&5E
2`

1`

dl f *~l;l̄ ,s , ūL!ãl
U†u0&U ,part, ~65!

where u0&U ,part is the vacuum with respect to U particles and
ãl

U† is the creation operator of an Unruh U particle. The
function f is normalized as follows:

^CuC&5E
2`

1`

dl u f ~l;l̄ ,s , ūL!u2
51. ~66!

It is also important to mention that uC& does not fully
specify the state on J 1. Indeed, since we are interested in
determining the partner of uC&, we do not specify what is the
state of particles emitted to J L

1 nor the antiparticle states.

Therefore uC& defines a projector P
l̄ ,s

ūL ~in the sense that

P
l̄ ,s

ūL P
l̄ ,s

ūL
5P

l̄ ,s

ūL ) which only determines the U particle sec-

tor:

P
l̄ ,s

ūL [uC&^Cu ^ 1@ ãV, b̃U, b̃V# , ~67!

since 1@ ãV, b̃U, b̃V# is the identity operator for the particle
states on J L

1 and the antiparticle states.
To obtain analytical expressions, we choose the function f

to be

f ~l;l̄ ,s , ūL![
e il ūL

A4pl~e2pl/a
21 !

e2(l2l̄)2/2s2

A2ps

3l sinh2~pl/a !3N @ l̄ ,s# . ~68!

The first factor corresponds to an Unruh quantum centered
around uL5 ūL with a mean frequency given by l̄ . The sec-
ond factor has been chosen so as to obtain analytical expres-
sions for the conditional values and the third factor ensures
that uC& is normalized according to Eq. ~66!. Since we want
to detect the particle well localized around ūL , i.e., around
aŪ5eaūL.0, l̄ must obey

l̄,0 and ul̄u/a@1. ~69!

The first condition arises from the fact that Unruh modes of
negative Rindler frequency live mainly in the L sector. The
second condition guarantees that the second peak of the
wave packet found around U52Ū,0 is negligible. We re-
call that wave packets built with Unruh modes possess two
peaks. The relative weights of their norms is the thermal
factor e22pul̄u/a encoding the Unruh effect.

Before computing the conditional value of the flux, one
enquires into the Minkowski frequency content of uC&. To
this end, we compute the probability to find a one-particle
state of Minkowski frequency v:

^0uav
UP

l̄ ,s

ūL av
U†u0&5UE

2`

1`

dl f *~l;l̄ ,s , ūL!glvU2

,

~70!

where

glv[^0uav
Uãl

U†u0&5

G~ il/a !

A ap

l sinh~pl/a !

S v

a
D 2il/a 1

A2pva
.

~71!

In the limit ul̄u/a@1 the stationary phase condition gives

lsp5l̄2i
s2

a
lnS 2v

lspe
2aūL

D . ~72!

The norm of the overlap is maximum when the imaginary
part of lsp vanishes. Thus uC& is made of Minkowski fre-
quencies centered around v̄5ul̄ue2aūL. The spread in v is
se2aūL. When s,a , our wave packet is thus well peaked
both in Minkowski frequencies and in space-time.

2. The conditional values of the fluxes

To obtain the connected part of the conditional value, we
first compute the denominator of the second term in Eq. ~64!
which gives the probability of detecting our chosen quantum.

To the second order in g0, it is given by ^0uL intPl̄ ,s

ūL L intu0& .

Since uC& is expressed in terms of Unruh quanta, it is appro-
priate to reexpress the transition amplitudes in terms of these
rather than Minkowski quanta as in Eqs. ~6! and ~7!. The
resulting amplitudes will be denoted B̃ll8

. We have sup-
pressed the upper indices U ,V because they are all equal.
Moreover, they simply depend on the Rindler Fourier com-
ponents of g(t):

B̃ll8
[^0uãl

Ub̃l
ViL intu0&

5^0uãl
Ub̃l

UiL intu0&

5ig0

ll8

Al~e2pl/a
21 !l8~e2pl8/a

21 !
gl1l8

* . ~73!
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Then the probability reads

^0uL intPl̄ ,s

ūL L intu0&

52E E E
2`

1`

dl dl8dm B̃lm* B̃l8m f *~l ! f ~l8!.

~74!

We must now verify that the matrix elements computed with
B̃l8l converge. We remind the reader that, when computing
the average value of the fluxes, convergence was provided
by the asymptotic decreasing of g(t), namely, g(t)→0
faster than e2autu ~see @17#!. In the case of conditional val-
ues, an ultraviolet frequency cutoff can be provided by f (l),
which characterizes the postselected wave packet. When this
is the case, one can safely consider the limit of constant
coupling: g(t)51. In this limit, we get

B̃ll8
52

ig0

2

l

sinh~pl/a !
d~l1l8!. ~75!

When using f given in Eq. ~68!, the Gaussian weight guar-
antees that all expressions are well defined in the ultraviolet.
Moreover, Eq. ~68! leads to analytical expressions for the
probability and the conditional values of the flux. However,
since these expressions are rather complicated, we shall
present only their behavior in the limit ul̄u/a@s2/a2 in ad-
dition to Eq. ~69! ~this condition means that we work with
well peaked wave packets in l). In this limit, the probability
reads

^0uL intPl̄ ,s

ūL L intu0&52g0
2l̄2e22pul̄u/a, ~76!

which is independent of the value of ūL , thereby indicating a
steady production of particles weighted by the thermal factor,
as expected from the general analysis of Appendix C in @14#.
@The corrections to Eq. ~76! and the following equations are
O(s/l̄).#

The connected part of the conditional values of the flux is

^Tmn&Pc5^Tmn&P
p.s.

1^Tmn&P
partner , ~77!

where ^Tmn&P
p.s. is the flux carried by the postselected particle

and ^Tmn&P
partner that carried by its partner. When P is given

by Eq. ~67!, ^Tmn&P
p.s. is purely outgoing and consists in ma-

trix elements of ãUãU† and ãUb̃U. It possesses two maxima
for U5Ū and U52Ū , which are related to the probability
of measuring the position of the postselected wave packet.
Moreover, as for Hawking quanta emerging from a black
hole, it is complex @14#.

The ‘‘partner’’ term of Eq. ~77! is more interesting. To
second order in g0, it is given by

^Tmn&P
partner

5

^0uL intTmnP
l̄ ,s

ūL L intu0&

^0uL intPl̄ ,s

ūL L intu0&
. ~78!

Unlike the p.s. term, ^Tmn&P
partner contains both U and V

fluxes. Moreover, since the scattering amplitudes of Eq. ~73!

are identical for U and V modes, one has ^TUU(U)&P
partner

5^TVV(V52U)&P
partner . Explicitly, one gets

^TVV&P
partner

5

2UE E
2`

1`

dl dl8 B̃ll8
f ~l !]Vw̃l8

V U2

^0uL intPl̄ ,s

ūL L intu0&
,

~79!

where w̃l is the mode associated with the Unruh operator
ãl . This part of the conditional flux consists only in matrix
elements of b̃Vb̃V†. Having postselected a wave packet made
with ã only, this guarantees that the ‘‘partner’’ term is real.

In the right quadrant, for V.0, the Rindler flux is

^T
vv

~vR!&P
partner

5

sul̄u

Ap
e2( ūL1vR)2s2

. ~80!

In this, we find a behavior very similar to that of
C1/1( ūL ,vR) of Eq. ~59!: C1/1 also exhibits a constant
maximum for vR52 ūL ~see Table II!. The width is here
given by 1/s instead of 1/a as in Eq. ~59!, because of our
choice of the window function f (l) in Eq. ~68!. The simi-
larity of ^T

vv
(vR)&P

partner after having postselected a U quan-

tum at ūL with C1/1( ūL ,vR) should cause no surprise: the
first term of Eq. ~54! is dominant and TUU acts in it as P does
in Eq. ~78!.

However the correspondence with the two-point function
is lost when computing the conditional value in the left quad-
rant, for V,0. Whereas C1/1(uL ,vL8) vanishes for g(t)
51, we obtain

^T
vv

~vL!&P
partner

5

sul̄u

Ap
e2( ūL2vL)2s2

e22pul̄u/a, ~81!

which is smaller than Eq. ~80! by the thermal factor
e22pul̄u/a. The origin of this loss is as follows. In Eq. ~53! the
postselection induced by Tuu(uL) is strictly confined in the L
quadrant. Hence it is insensitive to the transients ~located on
U501 in the limit g→const) which contain all the emitted
particles. On the contrary, the postselection carried by uC&
specifies that one Unruh quantum be present on J R

1 . This
prescription is sensitive to the particle content of the tran-
sients. In fact, all wave packets made with only positive
Minkowski frequency modes are sensitive to these transients,
since there exists no such wave packet that can vanish in a
Rindler quadrant.4 Had we postselected a superposition of L

4The first explanation of the compatibility of a null mean local
flux with the readings of a particle detector was made in @31#.
Grove proved that the detection of particles produced by a uni-
formly accelerating mirror occurs only if the detector is switched on
in the causal future of the transients; see also @32# for a similar
observation in a slightly different context.
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Rindler quanta only, we would have found that
^T

vv
(vL)&P

partner identically vanished, exactly like C1/1 in
Eq. ~62!. The origin of this null result can be traced back to
Eq. ~54!. When one postselects only L Rindler quanta, the
contribution of the second ~interfering! term cancels that of
the first term. Instead, when imposing that a superposition of
Minkowski quanta be found on J 1, the second term van-
ishes since the postselected state is orthogonal to the
Minkowski vacuum.

We learned from this analysis that, being local in U,
C1/1(uL ,vL8) is an extremely coherent object whose vanish-
ing results from fine-tuned interferences. The slightest modi-
fication of the scattering, e.g., recoil effects @15,27# or
switching off effects, would break these interferences. This
leads to a nonvanishing result whose content of Unruh
quanta tells us that the pair creation process is stationary. In
conclusion, the two-point correlation function vanishes be-
cause, on one hand, it probes only locally the final configu-
rations, and, on the other, the description of the scattering is
too simplified.

When looking at the partner conditional flux on J R
1 , one

obtains the same expressions as in Eqs. ~80! and ~81! with
v→u

^Tuu~uR!&P
partner

5

sul̄u

Ap
e2( ūL1uR)2s2

, ~82!

^Tuu~uL!&P
partner

5

sul̄u

Ap
e2( ūL2uL)2s2

e22pul̄u/a. ~83!

From these, one sees that the U partner of a U postselected
wave packet lies mainly on the other side of the horizon U
50 ~see Fig. 6! and is distributed in a way that once more
displays the stationarity of the process.

In conclusion, we notice that the transition amplitude
Bll8

of Eq. ~75! is unchanged if one now considers the scat-
tering by a mirror moving in the right quadrant. Hence, one

would obtain exactly the same conditional fluxes. To obtain
expressions which depend on the side in which the mirror
lives, one should consider time dependent coupling. This is
the subject of Sec. IV. Before doing so, we shall consider
another way to implement the postselection which will re-
veal the relations between the conditional fluxes and the two-
point function.

B. Postselection by an additional quantum device

Another way to implement the postselection is to intro-
duce an additional quantum system coupled to the field on
the right of the mirror. In what follows, we shall use an
inertial two-level atom @2,3# positioned at z5const, on the
right of the mirror. The transitions of the two-level atom are
described by the lowering operator A(t)5e2imtA and its
Hermitian conjugate. Here, m is the energy gap between its
ground (u2&) and excited states (u1&). One has Au2&50
and Au1&5u2&.

To make contact with Sec. III A, we couple the detector
only to U quanta. This is achieved by the following action:

LA52 f 0E dU f ~U !~]UFU† Ae2imU
1]UFU A†e imU!.

~84!

Here, f 0 is the coupling constant and f (t) is a real function
which governs how the interaction is turned off and on.

Instead of Eq. ~64!, we consider the value of the energy
flux ^TVV&P which is conditional on finding the detector in
its excited state at t51` when the initial state is u0&^u2&.
The postselection is imposed by applying the projector P

5u1&^1u at t51` . To second order in f 0, in the Heisen-
berg representation for the evolution governed by L int , we
obtain

^TVV&P5^0uTVVu0&1
^0uTVVP̃u0&c

^0uP̃u0&
, ~85!

where

P̃5^2uLAPLAu2&

5 f 0
2E E

2`

1`

dU dU8 f ~U ! f ~U8!e2im(U2U8)]UF† ]U8
F .

~86!

In the connected part of the conditional flux, the time order-
ing of LA with L int is such that LA can always be sent to the
future of the evolution operator Te iL int since the detector is
on the right of the mirror and since it responds only to U
quanta. In the interacting picture, the second term in Eq. ~85!
is

FIG. 6. In this figure, the intensity profile of the postselected
wave packet is drawn as a dashed curve. The corresponding values
of the partner conditional fluxes are represented by solid curves.
The U/V symmetry of these fluxes is manifest. The dotted and
dashed straight lines schematically represent the characteristics fol-
lowed by the partner configurations.
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^TVV&Pc5

E E
2`

1`

dU dU8 f ~U ! f ~U8!e2im(U2U8)^0ue2iL int ]UF† ]U8
F TVVe iL intu0&c

~^0ue2iL intP̃e iL intu0&/ f 0
2!

. ~87!

This expression should be compared to the two-point func-
tion of Eq. ~53! and to the former conditional flux @see Eq.
~78!#. Two limits can be considered. In the first limit, f is
localized in space-time, i.e., f (U)5d(U2U0). In this case,
the numerator gives the two-point function C1/1(U0 ,V) of
Eq. ~53! whereas the denominator gives the mean value of
TUU . In the second limit, the Fourier transform of f e2imU is
‘‘local’’ in the energy space, i.e., f̃ (v)5d(v2m). In this
case, the particle detector is switched on for all times and is
sensitive only to Minkowski quanta of frequency m. Then,
up to an overall constant, the projector P̃ reduces to the
normal-ordered counting operator Pm5am

U†am
U . When acting

on one-particle Minkowski states, it thus acts as the projector
of Eq. ~67!.

We have thus proved that the conditional value, Eq. ~87!,
generalizes the notion of correlation functions as it interpo-
lates from the local two-point function ^TUUTVV& to the glo-
bal correlation ^am

U†am
UTVV& which relies on the notion of a

particle. The intermediate cases correspond to smeared and
point-split expressions; see @33,34# for similar considerations
on smeared correlation functions.

IV. SCATTERING BY TWO ACCELERATED MIRRORS

In this section, we study the scattering by two accelerating
mirrors which follow symmetrical trajectories in the R and L
quadrants ~see Fig. 9 below!. In Sec. IV A, using the ~un-
regulated! Davies-Fulling model, we show that the Bogoliu-
bov coefficients encoding pair creation identically vanish.
Their vanishing arises from perfect interferences, in very
much the same way as in the perfect interferometer of
Gerlach @24#. In Sec. IV B, we prove that these perfect inter-
ferences are an artifact of the unregulated description in
which the coupling of the mirror to the radiation field is
strictly constant. In Sec. IV C, we show how this singular
regime can be approached ~but never fully realized if one
insists on keeping regularity! by fine-tuning the coupling
constant.

A. The Davies-Fulling description

In the Davies-Fulling model, the mode scattered by the
two mirrors is given by

wv
scat~U !52

e2ivVcl(U)

A4pv
~88!

for all U. Indeed, the peculiarity of two symmetrical uni-
formly accelerated trajectories is that Vcl(U)521/a2U is
valid for all values of U ~and V), as in the case of a single
mirror which originates from i2 and ends in i1. If only one

accelerated mirror were present, the support of Vcl(U)5

21/a2U would be restricted to half the real axis.
The Bogoliubov coefficient L1Rbvv8

UV* encoding pair cre-
ation is given, as usual, by the overlap between wv

scat and an
out mode of frequency v8 @see Eq. ~13!#. Thus one has

L1Rbvv8

UV*5
Lbvv8

UV*1
Rbvv8

UV* , ~89!

where Lb (Rb) is the Bogoliubov coefficient one would ob-
tain when considering only one mirror. Moreover, since @2#

Rbvv8

UV*5

i

pa
K1~2Avv8/a !52

Lbvv8

UV* , ~90!

the total Bogoliubov coefficient L1Rbvv8

UV vanishes for all
values of v and v8. Thus the total energy emitted

^HM
V &5E

0

`

dv vE
0

`

dv8u L1Rbvv8

UV*u2 ~91!

vanishes as well, since it is given in terms of the square of
LbUV

1
RbUV and not in terms of the sum of their squares.

Therefore, ^HM
V & vanishes because of the perfectly destruc-

tive interferences between the scattering amplitudes.
In brief, in this description, no pair is created, i.e., the two

mirrors have no effect on the vacuum configurations, exactly
like an inertial mirror. This cancellation is directly related to
what Gerlach called a perfect interferometer @see Eq. ~125! in
@24##. It is also related to the canceling effect found by Yi
@25# when considering the asymptotic radiation emitted by
two accelerated ~charged! black holes.

It is important to verify that this result is not due to the
fact that the mirrors are perfectly reflecting. In fact, it is also
obtained when using partially transmitting mirrors in con-
stant interaction with the radiation field. This is easily veri-
fied by using the interacting model. In this case, each mirror
is coupled to the field by a Lagrangian given by Eq. ~1! with
coupling parameter g0

L(g0
R) and switching function gL(t)

[gR(t)]. The total Lagrangian is the sum L int5LL
1LR.

Thus, using Eq. ~7!, to first order in g0
L and g0

R , the ampli-
tude of spontaneous pair creation L1RBvv8

i j

5^0uav
i bv8

j iL intu0& identically vanishes when5 g0
R
52g0

L and
when gR(t)5gL(t)5const. Hence, perfect interferences do

5Had we taken the current J5F†i ]t
JF instead of ]tF

† ]tF

1]tF ]tF
† in Eq. ~1!, the condition would have been g0

R
5g0

L ,
thereby recovering the correspondence between the Lagrangian
model and the Davies-Fulling one.
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not follow from perfect reflection. As we shall now prove,
they directly follow from the fact that the coupling is con-
stant.

B. The regulated description

In @17#, we proved that the scattering by a uniformly ac-
celerated mirror is regular only if its coupling to the radiation
field decreases faster than e2autu. ~If this condition is not
satisfied, the expectation values of observables are ill de-
fined, i.e., the result might depend on the order in which the
integrations are performed.!

We shall now prove that by using any regular description
of the scattering the interferences leading to the vanishing of
the L1Rb coefficients are inevitably lost. To this end, it is
convenient to work in a ‘‘mixed’’ representation, i.e., with
one quantum characterized by a Minkowski frequency and
its partner by an Unruh quantum with a given Rindler fre-
quency; see Sec. II C in @17# for detailed expressions. In this
case, when using g(t) given in Eq. ~A3!, the spontaneous
pair creation amplitude is

R ,LBvl
VV[^0uav

V b̃l
Ue iLR ,L

u0&c

5

ig0

pa
A vl

12e22pl/a
~12isv/ah !2(11il/a)/2

3K11il/a~2hA12isv/ah ! ~92!

where s561 for R and L, respectively. One also finds that
R ,LBvl

VU
5

R ,LBvl
VV . We thus see that the regulator h!1,

which is needed to obtain well-defined expressions, enters
differently in the amplitudes of the R and L mirrors. In fact,
this is necessary for causality to be respected. Hence, it is
quite conceivable that the former canceling effects will be
lost when v approaches the ultraviolet scale a/h .

Let us verify this numerically by studying the integrand of
the Minkowski energy:

^HM
V &L1R

54E
0

`

dv vE
2`

1`

dlu LBvl
VV

1
RBvl

VVu2

5E
0

`

dvE
2`

1`

dl hM
L1R~v ,l;h !. ~93!

When g0
R
52g0

L and when gR(t)5gL(t) is given by Eq.
~A3!, the integrand hM

L1R is shown in Figs. 7 and 8. One
clearly sees how g(t) plays its role. The transients associ-
ated by the switching function are different for the right and
left mirrors. Hence the sum of amplitudes no longer vanishes
for frequencies close to the frequency cutoffs ah and a/h .
Instead, all the modes within the plateau, i.e., when the in-
teraction is almost constant, interfere destructively, as in the
Davies-Fulling model. Hence, they do not participate to the
total energy.

There is another simple way to prove that the two mirrors
cannot interfere destructively. It follows from causality. In
fact, since the two mirrors are causally disconnected, the
mean flux obeys

^TVV~V !&L1R
5^TVV~V !&L

1^TVV~V !&R, ~94!

since ^TVV&L(R) vanishes identically in R (L). Hence

^HM
V &L1R

5^HM
V &L

1^HM
V &R

54E
0

`

dv vE
2`

1`

dl~ u LBvl
VVu2

1u RBvl
VVu2!.

~95!

This tells us that whatever are the couplings between the two
mirrors and the radiation field, when causality is respected,
the total energy emitted by the mirrors can be added inco-
herently, i.e., unlike what was found in the Davies-Fulling
model in Eq. ~91!. Therefore, when causality is respected,
Eqs. ~93! and ~95! imply

E
0

`

dv vE
2`

1`

dl Re$RBvl
VV LBvl

VV*%[0. ~96!

To complete the analysis we now determine to what ex-
tent two accelerated mirrors can constitute a perfect interfer-
ometer. That is, what is the most interfering situation?

FIG. 7. The integrand for one mirror hM
L (v ,l50.15a;h) in

terms of ln v and ln h and in arbitrary units. One sees clearly that
the contribution of Minkowski modes exhibits a ‘‘plateau’’ of con-
stant height which is limited by the cutoffs ln v56ln h. All the
modes whose frequency belongs to this interval participate in the
emitted flux.
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C. A perfect interferometer?

To answer this question, we use the interacting model and
we parametrize the coupling constant in Fourier transform:
gL(t)5*

2`
1`dl gl

Le2ilt and gR(t)5*
2`
1`dl gl

Re2ilt.
Instead of studying the average value of H or TVV , it is

simpler to compute the probability of receiving one Unruh
quantum on J 1. The two accelerating mirrors would pro-
vide a perfectly interfering device if this probability van-
ishes. To compute it we use the projector Pl̄ associated with
the detection of an Unruh quantum on J R

1 , i.e., with

f ~l !5d~l2l̄ !
e il ūL

A4pl~e2pl/a
21 !

~97!

in Eq. ~68!. To the second order in the g0’s, from Eq. ~74!,
we get

^Pl̄&L1R
5

n
l̄

2

2p
E

2`

1`

dl lnlug0
Lg

l1l̄

L* 1ep(l̄1l)/ag0
Rg

l1l̄

R
u2.

~98!

The above expression vanishes if

g0
Lgl

L*52epl/ag0
Rgl

R , ~99!

for all l . The only solution for ~real and positive! coupling
functions is given by time independent opposite real num-
bers: gL(t)5gR(t)51 and g0

L
52g0

R . Therefore, we find
that one can form a perfect interferometer if and only if one
considers two mirrors constantly in interaction with the ra-
diation. However, the necessary condition to obtain regular
Minkowski expressions is then violated.

So let us minimize the probability ^Pl̄&L1R by insisting
that one has regular expressions, i.e., that both gR and gL
decrease faster that e2autu. For instance, take Gaussian
switching functions for each mirror with a priori different
width and center:

gR~t !5e2(t2tR)2/2TR
2

and

gL~t !5e2(t2tL)2/2TL
2
. ~100!

For simplicity and from our previous analysis, we suppose
that g0

R
52g0

L . We also work in the double limit of rare
events ul̄u/a@1 and long couplings aTL ,R@1. Then the ra-
tio of the probabilities when having one or two mirrors is

^Pl̄&L1R

^Pl̄&L
}

1

a2T2
@11x1~tR1tL!2a2

1x2uTR2TLu/TL# ,

~101!

where x1 and x2 are positive factors of order unity and T
5(TR1TL)/2. Therefore, the minimization of the probabil-
ity is reached for switching functions that possess the same
lapse TR5TL5T and that are centered symmetrically: tR
1tL50 ~see Fig. 9!.

When T→1` , we get ^Pl̄&R1L/^Pl̄&L→0, thereby ap-
proaching the perfect interferometer behavior. However, in
this case, the Minkowski energy will diverge like eaT.

CONCLUSIONS

We recall the main results derived in this paper. We first
study the quantum correlations within the fluxes emitted by a
uniformly accelerated mirror. The results, which are summa-
rized in Tables I and II, reveal how the original correlations
of the vacuum are scattered by the mirror. However, this
analysis is partial in that the particle content of the fluxes is
not disentangled when probing the final state with a local
operator. This is particularly clear for C1/1 of Eq. ~62!
which vanishes in the limit g→const.

To complete the analysis, we then compute the condi-
tional flux, which is correlated with the detection of a given
outgoing particle. These conditional fluxes are rather similar
to the corresponding two-point functions. However, they dif-
fer in one respect: the second term of Eq. ~54! never contrib-
utes to the conditional value whereas it does for the two-
point function. In fact, it is at the origin of the vanishing of
C1/1 of Eq. ~62!. In addition, once its contribution is sup-
pressed, either by a postselection or by taking into account
recoil effects, one finds that the scattering by a uniformly
accelerated mirror leads to a steady production of pairs of
quanta.

To further relate the usual correlation functions to the con-
ditional values of the fluxes, we present another way to per-

FIG. 8. The integrand for the two mirrors hM
L1R(v ,l

50.15a;h) in terms of ln v and ln h and in the same arbitrary
units. Unlike for a single mirror, the ‘‘inside’’ modes with ah!v
!a/h no longer contribute because of the destructive interferences.
However, these interferences are lost when reaching the transient
frequencies v5ah and v5a/h , thereby giving rise to a positive
integrand.

N. OBADIA AND R. PARENTANI PHYSICAL REVIEW D 67, 024022 ~2003!

024022-16



form the postselection so as to be able to recover the former
as limiting cases of the latter. We believe that this is quite
important for the following reasons. First, when studying
quantum field theory in a curved space-time @2#, one loses
the notion of a particle which exists in Minkowski space-
time. Therefore, in the absence of a unique definition of a
particle, it has been claimed that the only meaningful quan-
tities are expectation values of local operators. We find this
claim too restrictive in that not only mean quantities have
physical meaning: To ask what happened when a particle
detector did or did not click are perfectly legitimate ques-
tions. It is therefore of importance to establish an explicit
relationship between the local and the particle descriptions.
This has been achieved here by introducing a particle detec-
tor, computing the conditional value of the flux, and adjust-
ing the window function both in space-time and in the energy
space, so as to generate a spectrum of matrix elements which
reduce, in limiting cases, to conventional expectation values
of local operators and global operators.

Secondly, the correlations of local operators are singular
in the coincidence point limit and near a black hole horizon
@18–21,14,11# or in inflationary cosmology @22,23#. It is still
unclear at present how to handle these divergences when
considering the gravitational back-reaction associated with
the fluctuations of Tmn . It is thus also of importance to deal
from the outset with point-split and smeared generalization
of ~ultralocal! correlation functions. Such a generalization is
naturally obtained by considering the conditional fluxes as
computed in Sec. III B.

Finally, to further illustrate the need for using regularized
transition amplitudes, we studied the scattering by two mir-
rors that follow symmetrical trajectories. This example is
particularly interesting since it leads to incoherent results
when using the Davis-Fulling model. Instead, when using
regularized amplitudes, the apparently paradoxical results are
all resolved.

APPENDIX: UNIFORMLY ACCELERATED MIRRORS

Uniform acceleration means that ~up to a 2D translation!

tcl
2 ~t !2zcl

2 ~t !52

1

a2
. ~A1!

This equation defines two causally disconnected trajectories,
lying respectively in R and L, the right and left Rindler
wedges. In Secs. II and III, we consider the scattering on the
right of an accelerated mirror in the left quadrant. In null
coordinates, its trajectory is given by

Vcl~t !52

1

a
e2at

521/a2Ucl~t ! ~A2!

~we work with dtcl /dt.0).
In the self-interacting model, as shown in @17#, any func-

tion g(t) which decreases faster than e2autu is sufficient to
obtain regular transition amplitudes. A convenient choice is
provided by

g~t ![e22h cosh(at)
5e2h[aVcl(t)11/aVcl(t)], ~A3!

where 0,h!1 is a dimensionless parameter. This function
possesses a plateau of height 1 centered around t50 whose
duration is given by

2T.
2uln~2h !u

a
. ~A4!

The slope of the switching on and off is independent of h

and proportional to a. The tail decreases as e2heautu
; thus

faster than the required e2autu.
Using Eq. ~A3!, we obtained analytical expressions for

the scattering amplitudes Avv8

i j* and Bvv8

i j :

Avv8

VV*5d~v2v8!2

4ig0

p

Auvv8u

a

h2

X2
K2~X !, ~A5!

where X52hA12i(v2v8)/ah , and where K2 is a modi-
fied Bessel function ~see Appendix A in @17# and @35#!, and

Avv8

VU*52

ig0

p

Auvv8u

a
K0~Y !, ~A6!

where Y52A(v/a1ih)(2v8/a2ih). The well-defined
analytical properties of Avv8

allow one to obtain the pair
creation amplitudes by crossing symmetry:

Bvv8

i j
52Av ,v95v8e2ip

i j* . ~A7!

Unlike the overlaps of Eqs. ~12! and ~13! evaluated with the
Davies-Fulling model ~see Eqs. ~19! of @17# for explicit ex-
pressions!, these amplitudes are regular and well defined in
the complex plane of v and v8.

FIG. 9. In this diagram, we show the trajectories followed by the
two mirrors. We represent an example of a fine-tuned device by
drawing thicker lines when the interactions are switched on. The
centers of the thicker parts are symmetrical with respect to U5V
50 and the lapses are identical.
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�m��1m��P�KØ � r
l;�Ooqæ>r6¥qr��©�]ÜO�]�C�1u����9��{0|¦~>xM§Kx-³©�7�	r

)�Wu#u]r}à2{}�KØ�� �1m��P�P² �:�æ>r6¥qr��©�]ÜO�]�C�1u����9��{0�����y��r�«���§0rE¬���{0²OØPØPØ �1m<���O� �:�æ>r6¥qr��©�]ÜO�]�C�1u����9��{0�����y��r�«���§0rE¬��&{EØP²K��²-�1m<���O� � r
lnm�®Ooqæ>r���r}v��O �u��7�¼��u ± rÚÙÛrEv��<¨�Ü@�9�CÝ>{E�����'�]r0«���§0rE¬ ­'á�{E²ym�óKó	�"m����K£ � r
lnmPm]oÒãsr}ë} #� × �]�C�C�KÝP�]�¤��u¦«ír}v��K�KÝC{E³©xP�¯�Ö~C��rE�ç�Ou#��rE���@�'��rd­'���:{E²P�KØ¤�1m<�P�P® � r
lnmM²°oíÙÛr�pýr}òw�C #~>��{E���@�'��r�«���§0r�
&��u�u<r}à:��{�m�Ø�âym��"m��Pó>m � r
lnm�ØOoíÙÛr�pýr}òw�C #~>��{E���@�'��r�«���§0rE¬ Þ&­}{0²Kó�²K�-�1m��P�Pâ � r
lnm<�Ko ± rE³©xK #�9�W�-��uwä¼r0æP�K��xPÕC��xP��{E�����y��r0«w�W§:rE¬ Þ}à){�m�âK£Pó¤�1m��K�P£ � r
lnmMâ°o ± rE³©xK #�9�W�-��uwä¼r0æP�K��xPÕC��xP��{E�����y��r0«w�W§:rE¬ Þ	��{�m�²O��®>mPm¯�"m��P�P� � r
lnm�£Oo¶ä¼r0æP�K��xPÕC�#xK�	�Wu�¥Òr0�ç�Ou#u#�9�CÝK�7�P{>���@�'��r:«���§0rE¬ �)­}{E®�²°��®>mM�-�4²K®P®P® � r
lnmM�°oq��r6ãsr}�d�K ��9Ü@�¤��u¦ë©r>Ùè�7�9�]ª��]ÜE{E�����y��r0«w�W§:r�
&�Wu#u<r0�Cà){0âK®K��²-�_²K®P®K® � r
lnm�óOo¶�qr}³©�]�9xOu#u��4{Eæ>r�³�r0�	�9�7�9�] Z��u¦¥qrCÙÛr ± �����K���>{C³©���K���]r	�Ã~}�K��u<r}pí #��§0r)­'���ú{EØ¤�"m��P�P� � r
lnm��OoíÙÛrC���� ��K���_{êù ¿ ï-ù ¿ ïWº õ µ]øKÀ°Å0» õ ¾_ÿ ¸ µ�����ð�»'ÿ����Òµ°ð9ï ¸ �_²K®K®�² � {>�CxP� ìC~CÕC�7�9¡Or
l6²K®OoÒ«írS��ryÙî�K� × {�
&�7§'�7�CÝý«w�W§0rE«w���_rCà){E£¤�_²K®K®>m � r
l6²ym]o ± rM³©�C�K� ×  #�K�#��Ü'�C�K ]{&ù ¿ ï��å»K· ¿ ï õ »K·�¾_ÿ#»Kð�ù ¿ ï¹µ°º�ÀÃµ�����ð�»'ÿ����¶µ°ð9ï ¸ {M³©���K ��]� × xP�¶�� ��]���]{��! yzGxK  ×�1m<�PóPØ � r

²KØPØ



l6²P²°o ± r�
�r ± �}�KìC�7 #xý��u ± r;�qr0äI��~CÜKxK�9�#Ü��K{ ��ð�»'ÿ����¶µ°ð9ï ¸ � � ¿ ¾!·�ï����/»Kº � ¸ »KÅ0ø¯´Òï Ä ·�º¹µ°Å üE·_»Kº ¸�� ù ¿ ï
� ¿ À ¸ ¾_ÿ ¸ µ��¯ûZµ õ þ>»'ÿW·
	�½��<ï¹ÿW· ¸ {yÙè�9�9�W��
�����u��� #�#���9���C�]�O{:|w��¨�
��/xP #Ü �"m��PóPØ � r

l6²KØOoqæ>r6«¶r��¼ì>ì:���C�C�]�7���� Ô��u�psr>��xP�9ÜOx��I{}���@�'��r:«���§0r:ÞEÞ�{}Ø��O�	�1m<�PØP� � r
l6²O�Ko��Ör ��r����]�_t × x�§'�9�¹�¤��u��¹r6¥qr0|¦x�§'�9ÜOxM§0{ ± x�§0rE���1u� #xK��r)­@¢){C£P®�² �1m��K£�� �:�

��r�æ>rE³ê�K � ���u ± rÚÙÛrEv��<¨�Ü@�9�CÝC{0�¤xP��r}|wxKu<rE«írC���1u� �r ± xy�Or)­'�0ß�{EØP�K� �1m����°� �:�
��r�æ>rE³ê�K � ]{}�¦��u� �xPìC���'�]r:æ>r0�}¢0Þ&{&m��"m����Pâ � r

l6²Pâ°oÒ«írE³ê�K ��9�7u#ªÃ��u¦«ír>Ùè�9�7�9�W�P{C�����'�]r0«���§0r0¬ áE��{E²KØ�²P� �"m��Pó�� � r
l6²K£OoÒv¶r ��r�psrE³ê�K�#�7���7 ]{>�� �xy�Or}ãsrE|¦� × r}��Ü°� × rCÙ���u]r0Þ&­E{}�K�PØ¤�1m��O��ó �:�psr}���9~C�>�9�]��{���rE���>�9�9�� Ô��u�ÙÛr0p¼ #�]�7�C�] �{C�����'�]r:«w��ì�r)­'á}à){}óP�¤�"m��PóP£ � r
l6²P�°oÒ�2rS³�rÚÙÛrE¥Ã�<§'�9�]��{:æ>r}���@�'��r:���0�ç�°u���r0p¼�]��r0ß�{}£K®P�¤�1m����Kâ � r
l6²KóOoíÙÛr�pýrCò¦�C �~C��{E�����y��r�«���§0rE¬ ­@à){Eó��O® �1m����O£ � r
l6²K�Ooqæ>r�æ>r��©�7�#xPÝP�C�K�Cxý��u��Ôr�v¶rCÙè�9�¹�C���K�C��{Eæ>r0�ç�Ou#��rE���@�'��rI­
�:{EØP®PØ �"m����K£ � r
l;ØP®Ooqpsr��Ôr;�qrE�	�Ou��#�K�¦�Wuw¥qr;�qr;ä¼rE�/�O�Cª]���9���y{C�����y��r�«���§0rE¬ Þ	��{E®P�O��®P®K�¤�"m��P�P� �0�¥qr;�qr;ä¼rC�/�K�Cª��]�7���Ö��u�psr��Ôr;�qr0�ç�°u����O�]{E�����y��r�«���§0rE¬ �0á�{E®>m]��®>m�® �4²K®P®>m �0�¥qr;�qr;ä¼rC�/�K�Cª��]�7���Ö��u�psr��Ôr;�qr0�ç�°u����O�]{E�����y��r�«���§0r�
&��u�u<r0ß��:{�mMâym<ØP®>m¯�_²O®P®>m �:�psr��Ôr;�qr��ç�Ou#���K�¦��u¼¥Òr6�Òr6ä¼r��/�O�Cª]���9���y{êù ¿ ï ö�Ä ð!ð%¾!Å Æ ���Ò»KÈ�¾_ï ¸ ���2Å}º Ä�¿ ï! Ãï¹ÿW·ê¾ ¸Òõ »KÅ0ø�»K·"µ°º�À#"ù ¿ ïêþ0º�µ°·�µ°Å%$ ¸ ·�ï ¸ ·4¾ õ µ°Å}ÀÃ�7�	É�Ê�Ë#Ì*ÍIÎ�Ï�&@Ï�''Ï�(*)Er
l;Ø>m]oÒv¶rS³�r�«�xP�#~�{!�í»�� �°¾!Å Æ ��ð%¾ ��ï ï! Ãï¹ÿW· ¸ »KÅ0ø+�)Å}º Ä@¿ ��ð%¾ ��ï�ï! Ãï¹ÿW· ¸ "¤ù:µ,�/»Kº�ø ï.-�þ}ïWº�¾ õ ïWÅ}· ¸�/ �9�É�Ê�Ë#Ì*ÍIÎ*021CÏyÐ>Ï�Ñ3&}r
l;Ø�²°oÒ«ír��© �xP~>u<{ ± r0�ç�K�����K �{:«ír}�I�K #���@u��K�C�)��uw����r ± ìC�9� × �]�_{C�����'�]r:«��]ì�r0�E�}¢&{}Ø�²K�¤�1m<�P��â � r
l;ØPØOo ± rÚÙÛrEv��<¨�Ü@�9�>ÝC{}�����y��r�«���§0r�
&��u�u<r0�E��{�m�ØK�K�ç�"m����ym � r
l;ØK�Koqæ>r���r��ê�K  × �]����{���r0³ê�K 1u��� w�Wu ± rÚÙÛr:v¦�<¨�Ü'�7�CÝC{E³©xK���Ö~>��rE�ç�Ou#��rE�����y��r:á)­}{&m�£ymÁ�"m����KØ � r
l;Ø�â°o��Ör ��r����]�_t × x�§'�9�¹��{ ± xM§'�7��u<rC�����'�]r�æ3��ä��I{:áEÞ�{�m�®Pó�â �"m����P² � r
l;ØP£Oo¶�Òr6�Òr ± u¹�K �xPÕC�7�C�#Ü@�_{ ± x�§'�9��u]rE���@�'��r�æ3��ä��2{�á��:{0²Kó¤�1m<���KØ � r
l;Ø��°o ± r}�ç�K�#�#�K w��uw«írE�d�K ��]��u¹�K�>�_{E�����y��r0«w�W§:rE¬ ÞCà2{0�°�P�P�	�1m��K�P£ � r
l;ØPóOoÒ|¶r�¥qr �Z�9 # ��]�7�d��uÒ�2rS³�rÚÙÛr)¥Ã�<§'�9�]��{wô Ä »KÅ}· Äyõ ö ¾_ïWð�ø ¸ ¾!Å û Ä º�ÈKï#ø¤üPþ>»'ÿ¹ïW{)³ê�K�qÕC #� × ÝP�ýò¦�>�7§0r�� #���#�q�1m��Kó�² � r
l;ØP�OoÒ|¶r ± �K�C�¹�>�]ªK{:�����y��r0«w�W§:rE¬ ­'ß&{&m<®PØP®¤�1m��P�Kó � r
lÚ��®OoÒ�2rE³ê�K� × �����K��{E���@�'��r�«���§0rE¬ �&­}{0²ym�óPâ-�1m��PóK® � r
lÚ�Cm]oÒ|¶r�|¶r��©xPÝPxP�7�9~CÕ0x�§0{ ± x�§'�9�Wu<rE�����'�]r:æ3��ä��I{ �:{0âym��1m���âOó � r
lÚ�@²°o 
�r���r0³©�]�7�C�9Ü@�9�� ]{��¦» ¸ ¾_ÿ ¸ µ��ýûZµ ¸Wõ ¾_ÿ¼üE·�º Ä ÿW· Ä º¹ï ¸ {4� × ��u��7xP�C��ë} #xP��u#�65] ��]�¶�"m��PóP� � r
lÚ��ØOoqpsr�tÚuwv¦x'xKz!u<{}|w~C�]�4r}�����y��r����EÞE�&{}�P²P� �1m��Kó�â � r
lÚ�P�Ko¶ä¼r0æP�K��xPÕC��xP��{E�����y��r0«w�W§:rE¬ à0à){�m��KØ>m��1m��K�>m � r
lÚ�@â°o¶ä¼r0æP�K��xPÕC��xP��{87WÅ}·�º�µ]ø Ä ÿW·�¾_µ°Åú·�µÁ½]ð�»'ÿ ¿ ¿ µ°ð9ï õ ¾_ÿWº�µ ¸ ÿ¹µ¹þ0ÀÃ�7�:9<;4=>Ë.>?9�Î�0�'0ÑOÏ>Ï@&'Ð0r
lÚ��£OoÒ«ír��© �xP~>u<{ ± r0�ç�K�����K �{:«ír}�I�K #���@u��K�C�)��uw����r ± ìC�9� × �]�_{C�����'�]r:«���§0rE¬ ÞE��{}�@âPâK� �"m��P��â � r
lÚ�@�°o¶�Òr*³ê�K���C�] �{dëZrA���CÝP�7�] 1u<{2|Òr2� u�ª��}�KÜ@�_{ ± rd�ç�K�#�#�K Ö�Wus«írI�I�K #����u¹�K�C�4{d|w~C�]�4rd�����'�]rd� à�ßCà){

�Cm<� �1m��P�P� � r
lÚ��óOoq³�r��ê�O # ��OÕB5��]{>�qrEëE �xP�9x�§���u¦«írE�d�K ��]��u¹�K�>�_{}�����'�]r:«w�W§:rE¬ �E�&{E®O�P��®�²K® �4²K®P®P® � r
lÚ���OoÒ«ír}�d�O #�]��u��K�C�_{E�����'�]r0«���§0rE¬ �Eá�{E®K�CmMâO®PØ}�4« � �4²K®P®>m � r



l6âK®Oo 
)� �9��u#u�¡� ��Ou#~C #�q�K~>u#xP~C Ã���s�#~����WuÒ����u¼§O�K�1u��Kr ���7�9�Ö ��]ÝP �xP~Cì0�s�K~>u��K��uí�9���¼�K �u#�9���9�]�¦u��C¡�xP #�7Ó'~>�]�
Ó@~C� ���]~  Ó@~C�Z�#xP��uýÕ}�O�#¡]�s��~C  × ���sxPÕC���] �§O�Ou#�9xP�>�]r�
�t;� × ¡�� �]�1uýÓ@~C�-�9���-½Wµ�µ ¸ · ¸  �¡<�K�7�9��¡]�q��~C ä2�] # ��í�#xP��u�u� �xPì-z��K�9ÕC�7�]�êì0xP~C Ôì0xP~>§KxP�9 ����� ����� êÓ@~C�¶�_t;xP� �Öu��]�1u�¡¶�_t;�9��§O�K #�9�K�C��� × ��
&xP #����u�ª�  yì0¡] ��9�¯�]��u¹�K�7�]�¯�]��u<r@���¤ì}�K 1u��7�]~C�7�9�] �{ × �]~  ¤ìC�>¡]�CxP� 5]�>�]�w�] #��u��7Ó'~>�]���#xP��u × �7�#�]~yu�¡]� × �K�>�w�9��9��u#u#¡] ��°u�~C ��Kr 
&�wìC #�����7�] ��]�1u©�7�Ôz��K�7u/Ó@~C�w�9�]�/ ��<�KxP�C�/�]xP�����7Ó'~>�]��� × xP��u©�4t6¡��C�] �ÝP�9� × ¡]ì}�K���#�Ã�9�
× �7ª<�K�7�C� × �qä2� �Ö{0��u�Ó'~>� × �W§' ��K�7�]��u�zGxP �����  × �]�ÃìC�K�9 ��]�w¡]�9����u# #xP�C���Oì0xP�#��u� #xK�C�¦ìC�K ¦��xP�9�7�9���9xP�C��#~> Ö�9���ÖìC�CxKu#xP�C�Ö�7�>zG ���
� #xK~CÝP�]��{I�>� �#���ÖÕC�9����usì}�K�Ö��t��O�C�C�9�>�9�9�� q��xP�>zGxP ���¡������@u��ç�]�-Ó@~�t;xP�
�K~C #�K�7u�ì> #¡ × �7uZ�]� ��~CìCì0xP���K��u©�_t;�9��§O�K #�9�K�C�]� × �!
&xP #����u�ªKr 
)� × � ��¡� #���C�]�¦�]��uê�K�9xK #���9��u��� #ìC �¡�u#¡]��]xK���¯�ÃìC �xM§K�]�}�O�@u × ~¤�CxP� 
  #���#ì0�]��u × �í�]�Wu#u#�¶�7��§K�O #���O�C�]�Ãì0xP~C ����]�Ò½Wµ�µ ¸ · ¸ ÝP�7Ý��K��u����#Ó@~C�]� �«írSæ>r}�� �xKu��C�� #x'�í��u¦vÒrE�¤���P�� ]{:���@�'��r�
&�Wu#u<rE� à��Eá&{&m��4²K®P®P® � r

&� × �]~  y� 5]�¯�¯ì>�C¡]�CxK� 5��C��ì> #x�§'�9�]��u × �ý���-ìC �¡]���]�C���Á�9�C�Ou#u#�]� × ~>� × �� #���KxP�C�¶�]xP�����7Ó@~C�]�	�~C��u� ���
��}�K~yu��ý¡]�C�� #ÝP�7�K{2�K~ 
 × �]�
� × ���9�¤��xP~CìC~C �� p ��ãý{)�O�9xP ��¶Ó@~�t;�9�7� × ��§' ��O�9�]��uq�Á����xK #�7u��K�9 �� 
�¯�]��uÔzGxP #�¯�]  × �]��ìC�9xK�C�Ôì}�K ��]xK�9�9�7�#�7xP�C�©��~C ��9�¼ #���KxP�C�C��������u¦��xP�#�¯xP�7xPÝP�9Ó@~C����
����Kã �
ãsrEp¼ #�]�7�#����{E���@�'��r:«���§0r�
&��u�u<r)­'��{E�O��ó¤�"m��P£P£ �0�psr6ä¼r4���°u��#��ìC�9� �Wuw�qr6�ÒrEã¼~CªKt;���7��{ ± x�§'�9�Wu<r}�����'�]r�æ3��ä�� 
&��u#u]r}à){0�Kó¤�1m��P£K£ �:�|ÒrC|��KÝ��O�Cxý��uw�qr;�qrCÙ �Ou���xP��{E«���§0r0�	x × r}�����'�]r �}��{}£KóP�¤�_²K®P®K® � r

)�s�]xP�>zG �xP��u¹�Ou#�9xP� �<§K�]�¶���Öu��C¡�xP #�7� × xP�C�>�¶�7�9��~�� × �7§P�� #���]�w�9��u��� #ìC �¡�u¹�°u��9xK�C���¥qr0³©xP�7��� × ������u��qr6�ÒrEã¦xP�1u��]�7�]�¹Ü��P{0�����'�]r0«w�W§0rE¬ ÞEÞ&{C£��K£P®¤�1m<�P��� �:�¥qr0³©xP�7��� × ������u��qr6�ÒrEã¦xP�1u��]�7�]�¹Ü��P{0�����'�]r0«w�W§0rE¬ ÞEß&{�mPm�£P®P®P²-�1m��P�Kó �:�psrC���¯�]�7�9�Cx 
"³ê�K�¯�]�9�9�ÁïW·ê»Kð � {E|¦�Ou�~C ��¯� 
&xP� × xP� � ØP�PØ>{}�K£PØ �1m<�P�Pó �:�± rE³©xK�9�]���K� ��u ± r�
�rEp¼���K���Cx�¨í{}���@�'��r�«���§0rE¥�âK�>{�mPm<£P®P®Pó �"m��P�P� �0��Ir �©�}�Ou�u¹�K�¹�}�O ����]�¶��u¦psr ± �7ÝP�_{>���@�'��r�«��]ì>u]r�áE���:{&m�®P� �4²K®P®P® �0�psrC���¯�]�7�9�Cx 
"³ê�K�¯�]�9�9�¼��uwä¼rE���9 ��O��{}�����y��r0«w�W§:r0¬ �}à){E®PØK£P®P®�â-�4²K®P®>m �0�ä¼r0æP�K��xPÕC�#xK��{ ± r�
&�9Õ0�] #�Ou��4{y�Wu�¥Òr0�ç�Ou#u#�9�CÝK�7�P{>���@�'��r:«���§0r0¬ �E��{E®Pó>m<ØP®�²C��« � �_²K®P®P² �:�ä¼r>æP�K�]xPÕ>�#xP��{ ± r 
&�9Õ0�] #�Ou��4{���uÔ¥ÒrC�ç�°u#u��7�CÝP���P{*ù ¿ º�ï ¸¹¿ µ°ð�ø¯ï! Ãï¹ÿW· ¸ »KÅ0ø � ð�»KÅ�ÿ�� ¸ ÿ#»Kð9ï��)µ°º�ïWÅ}·��È�¾_µ°ð�»K·�¾_µ°Å "/ÿ¹µ õ ½]¾!Å�ï#øÁÿ¹µ°Å ¸ ·4º�»K¾!Å}· ¸ ��º�µ õ÷¿ ¾ Æ°¿ ïWÅ�ïWº Æ À�» ¸ ·4º�µ¹þ ¿ À ¸ ¾_ÿ ¸ �7�:9<;4=>Ë =89*Î@Ï@&'Ï 0�&'Ð21 �æ>rÚÙÛrK�¤x����°u<{�üPþ}µ°Å}· »KÅ�ï¹µ Ä�¸ È�¾_µ°ð�»K·�¾_µ°Å-µ����)µ°º�ïWÅ}·��Ô¾!Å}È°»Kº�¾�»KÅ�ÿ¹ï©»KÅ0ø Ä ð%·4º�» ¿ ¾ Æ°¿ ïWÅ�ïWº Æ ÀÒÿ¹µ ¸Wõ ¾_ÿº�»KÀ ¸ �9��9 ;4=CË.>?9*Î@Ï@&0Ñ>ÑyÑKÐ�(Cr

l6âym]o ± rE�¤~CÜKxP���P�K�Á�¯��u�ÙÛr}���# #�K�]�4{}�����y��r0«w�W§:r0¬ �0��{�m�²ymMâK®>m��4²K®P®P® � r
l6âP²°oíÙÛr�pýr}òw�C #~>�	�Wu�«ír���rCÙî�O� × {>�����'�]r:«���§0rE¬ ����{&m�®K�@�-�"m��PóK� � r
l6âKØOo ± rE�	�K�#�#�K ¦�Wuw«¶rE�I�K #����u¹�K�C�4{E���@�'��r:«���§0rE¬ Þ}à){0�O��²K£¤�1m��P�K£ � r
l6âO�KoÒ�Ir�³�rÚÙÛrE¥Ã�<§y�7�]�w��u ± r;�qrEë}~C�7�9�7�CÝC{y�� �xy�OrE«¶r ± xy�Or�
&xP� × r�� áEÞCà2{0âO�	�"m����P� � r
l6âPâ°oÒ|Òr��¼ÕC� × ���s�Wuw«¶rE�I�K #���@u��K�C�4{E�����'�]r0«���§0rE¬ �Cà){E®K�P�P®>m�� �_²O®P®>m � r
l6âK£OoÒ«ír}�d�K ��]��u¹�O�C�_{E|w~C�]�4r}���@�'��r:� à:�EÞ&{&m��Pâ �1m��P�Pâ � r
l6âP�°oÒ|Òr��¼ÕC� × ���s�Wuw«¶rE�I�K #���@u��K�C�4{E�����'�]r0«���§0rE¬ ���:{E®�²O�P®�²ym¯�_²O®P®PØ � r
l6âKóOoÒ|Òr��¼ÕC� × ���s�Wuw«¶rE�I�K #���@u��K�C�4{E�����'�]r0«���§0rE¬ ���:{E®�²O�P®�²P²-�_²O®P®PØ � r
l6âK�Oo��sr>���}�K �xP�Cx�§-�Wu�
�rC�/�K� × ���K��{y�����'�]r:«���§0r�� à2­}{&mPm��1m<�P�P® � r
l;£P®Oo ± r;�qrEë}~C�7�9�9�>Ýq��u¦�2rS³�rÚÙÛrE¥Ã�<§'�9�]��{0�� �xy�OrE«¶r ± xy�Or�
&xP� × r�� áCà:ß&{EØK�PØ¤�1m����O£ � r
l;£>m]oÒ�Ir�³�rÚÙÛrE¥Ã�<§y�7�]��{ ± r6�ÒrEëE~>�9�9�7�CÝq�Wu�ÙÛrSpsr}ò¦�> #~C��{0�����'�]r0«w�W§0rE¬ ­'á�{0²P�P²K®¤�1m<���K£ � r
l;£�²°oÒ�Ir�³�rÚÙÛrE¥Ã�<§y�7�]�w��u ± r;�qrEë}~C�7�9�7�CÝC{y�� �xy�OrE«¶r ± xy�Or�
&xP� × r�� áEÞE�&{0²OØ�� �1m����K� � r
l;£PØOo¶�qr;�qr ± �K�}�K ����K��{C³©���K���]r	�Ã~}�K��u]r0pí #��§0r&­ ��{0âK®PØK� �_²K®P®P² � r
l;£K�KoÒ�Ir}pí �xM§K�K{:³©���O�#�]r��¼~C�K��u<r0p¼ ��<§0r0á&{}�K�PØ¤�1m��KóP£ � r
l;£�â°oíÙÛr6«¶r>Ù �K�7ÜK�] �{E���@�'��r:«���§0rE¬ á&­}{E�K£P�¤�"m��Pó�â � r



l;£P£Oo ± rÚÙÛr�v��<¨�Ü@�9�>Ý �Wuúpsr6ë©r
���9�9�7�]{¯ù ¿ ï ��»Kº Æ ï � ü�ÿ#»Kð9ïúüE·�º Ä ÿW· Ä º�ï µ��úüPþ>»'ÿ¹ïW·�¾ õ ïW{Ô³ê�K�qÕC #� × ÝP�òw�C�7§0r}�� #���#��{d�"m����KØ � r
l;£��°oí�qr��2r:ë} �xP�9x�§ �Wu��¹r6¥qr:|¦x�§'�9ÜOxM§0{ ��ð�»'ÿ����¶µ°ð9ï � ¿ À ¸ ¾_ÿ ¸�� �¦» ¸ ¾_ÿ�ûZµ°Å�ÿ¹ï�þ0· ¸ »KÅ0ø¯´Òï � �ÖïWÈKïWð9µ¹þ	�

õ ïWÅ}· ¸ {}ã¼�9~�¨Z�] ��Ô�<� × �]�¯�9�í��~CÕC�7�9�#�>�] #��{2�1m��K�Pó � r
l;£PóOoq³�r}� u#ª��'Ü@�#xP�	��u�æ>r �¦r8��~CÕ:�� ]{�ô Ä »KÅ}· Äyõ ö ¾_ïWð�ø ù ¿ ï¹µ°ºWÀ°{E�	�<pí #�<¨ v¦�7�9�*�1m��PóPâ � r
l;£P�Ooq��r;ä¼r0æP�K��ÜK�]�)�Wu ± rE«w�W�y�C�K~ × {0æ>rE�����'�]rE�¼��ëE #�K�C��� � {�­E{&m<ØP��â �1m��K�>m � r
l6�K®Oo 
�rZ�ç�K� × �]�w��u �Ôr�Ù xK�7z"{�	Iþ0·�¾_ÿ#»KðíûZµ ¿ ïWº¹ïWÅ�ÿ¹ï¤»KÅ0ø ô Ä »KÅ}· Äyõ 	Iþ0·�¾_ÿ ¸ {Z³ê�K�ÖÕC �� × ÝP�	ò¦�>�7§0r�� #���#��{d�"m��P��â � r
l6�ym]oq��r;ä¼r0æP�K��ÜK�]�)�Wu ± rE«w�W�y�C�K~ × {E�����'�]r	
&��u#u]r�� ­'���:{0²P²P� �1m<�P��² � r
l6�P²°oq��r;ä¼r0æP�K��ÜK�]�)�Wu ± rE«w�W�y�C�K~ × {E�����'�]r	
&��u#u]r�� ­'ß}¢&{E�¤�1m��P�KØ � r
l6�KØOo 
�r6vÒr}ë}xP  × �Wu¦|Òr6ë©r ± §O�K��u��] �{}�����y��r�«���§0rE¬ Þ0ß�{E®P£PâK®P®��-�"m��P�Pó � r
l6�O�Ko¶�Òr ± u� �xP�¯�9�CÝP�� ]{ �2ï ¸ �¶µ Ä ÿ ¿ ï ¸ �2ï¹ÿW· Ä º¹ï ¸ µ°Å ��ð�»'ÿ�� �¶µ°ð9ï ¸ �7� 9 ;4=>Ë >?9*Î*0@''Ï:ÑKÏ4(}Ñ
l6�Pâ°o¶�ÒrC��� × �] #��xP�ç�Wu!��r}¥��WÙè�7u#u]{Eë}xP~C� × rC�����'�]rI­'��{}�>m��1m��KóP£ � r
l6�K£Ooqæ>rC�¦~ ×  ���u����¹�ú��u¦«írE���C�7�9�� ]{}�����'�]r0«w�W§0rE¬ à���{}��®�âK£¤�1m<�P�K� � r
l6�P�°oíÙÛr�pýrCò¦�C �~C��{E�����y��r�«���§0rE¬ à���{EØ�²K�ym¯�1m��K��² �:��Wu*ì0xP~C d~>�C�ê¡�u#~ × �Ô��ì:¡��]� � Ó'~>� × �ê�4t6xP���]�7�9���°u��]~> &�}�K #�¯xP�C�7Ó@~C�©~C�>�7zGxP ���¡������@ud�K���]¡]�7¡] �¡K{O§KxP�9  �¥qr�æ>rE«w�K�9�C�O{}¥qrÚÙÛr ± �]�9�K���Ö��u¦�Ir0p¼ #x�§P�O{E�� #x'�Kr}«ír ± x'�Kr�
&xP� × r�� à:áEÞ�{0²K®�â �1m��K�>m �:�± r}�ç�K�#�#�K ]{0«ír}�d�O #�]��u��K�C�)��u¦«ír��© #xK~>u<{E³©�9�K�#��r	�Ã~}�K��u<r0p¼ ��<§0r)­@¢){CØPó�â �1m��K�PØ � r
l6�KóOoÒò¶r�v¶r0pí�� #���O�¹��{}�����y��r0«w�W§:rE¬ Þ��&{&m<®K��®P®P� �"m��P�P� � r
l6�K�OoÒ�2r �¼�4{}���@�'��r�«���§0r�
&��u�u<r �CÞ�{}ØPó�² �1m<�P��â �:��2r �¼�4{}���@�'��r�«���§0rE¬ ÞEá�{0�K®K�>m¯�1m��P�K£ � r
l;óP®Oo ± r}�ç�K�#�#�K w��uw«írE�d�K ��]��u¹�K�>�_{E�����y��r0«w�W§:r�
&�Wu#u<r �Cß�{C�@âK²K£¤�1m��P�P� � r
l;ó>m]oq³�r 
"v¶r>Ù ~¤��u!
�r6vÒrEë}xP  × {}���@�'��r:«���§0rE¬ �E¢&{&m�®O��®>m�Ø �"m��P�P� � r
l;ó�²°oqpsr6ä¼r}�	xyxK #�K{0æ>r}�ç�Ou���rE�����'�]r ��{E²K£��O�	�"m����K® � r
l;óPØOo ��r ± r × �WÙè�7u�u<{}�����'�]r0«w��ì�r)­ ��{0²K��â �1m��P�Pâ � r
l;óK�KoÒë©rEÙè�9�7�]ª��]ÜE{©ô Ä »KÅ}· Äyõ þ Ä º�¾!·�À¤»K·w» ¸Wõ »Kð!ð}þ0º�¾_ÿ¹ï "��ê» ¸ ¾!Å Æ »	½]ð�»'ÿ�� ¿ µ°ð9ïwþ>»Kº�»�ø'µ -Ö�9� 9<;4=>Ë

>?9*Î*0��>Ï�&@Ï 0yÐ0{)v¦xK~C��u#xP� m��P��²y{��� �xy���]� × �9�CÝK�����©���O�¹Üç�CxP�7�]��{������ÖÕC #�K�C�]��{�¨©xK #�¯�CxP�9���í�K� ×��~Cì:�� #�1u� #�7�CÝP�	�¹r
l;ó�â°oÒ«ír}�d�O #�]��u��K�C�_{0³©�9�K�#��r	�Ã~}�K��u<rEp¼ ��<§0r)­@¢&{&m<��®P� �"m��P�PØ � r
l;óP£OoÒ�2rEpí �x�§P�K{:³©�9�K�#��r��Ã~}�K��u<r0p¼ ��<§0r0á�{}óP®>m��1m<�PóP£ � r
l;ó��°oÒ«ír}�d�O #�]��u��K�C�_{E|w~C�]�4r}�����y��r0� à:ÞCà){0²P²P� �1m��K��â � r
l;óPóOoíÙÛr}vw�]�7�#�]�@Õ0�] �ÝÁ��uwv¶r4��~C�9�� ]{8�dr}�����'�]r��Eß&{0�'m<�	�1m��PØK£ �:�æ>r ± �¹�@¨��7�CÝP�� ]{0���@�'��r:«���§0r0ßE��{E£P£K�	�1m<��âym � r
l;óP�OoÒ«ír �© �xP~>u]{ ± r@�ç�O�#���O ]{@«ír��d�K ��]��u¹�O�C�_{ ± r��IxPì0�]���]~���u/����r ± ì>�9� × ���_{K�����'�]r'«���§0r@¬�Þ0��{CmKmPm��

�"m��P��â � r
l;�P®Ooqæ>rC�¦~ ×  ���u����¹�ú��u¦«írE���C�7�9�� ]{}�����'�]r0«w�W§0rE¬ à���{E£�âK£P£¤�1m<�P�K� � r
l;�>m]o ��r�
�r}v¦~¤��u¦|¶rSpsr}���C�9�7�9�7ìC�]{y���@�'��r�«���§0rE¬ �E��{E®PóK�P®>mM�-�_²O®P®P® � r
l;��²°o 
�r6vÒr}ë}xP  × {C����u<r:æ>rCäÔ�C��xP ]rE�����'�]r�á��&{�m�óP®PØ¤�_²O®P®P® �:�


�r6vÒr}ë}xP  × {C�qr6¥qr0v¦���7zG�� Ô��uwä¼r6�ÒrE«wxK�Á�K��{C�����y��r0«w�W§:r0¬ �0��{&mM²°��®>mM²-�4²K®P®�² � r



l;�PØOoÒ�IxK~C *~C�C�ê�KìCìC�7�9�<�°u��9xK� × ���*�¯¡�u��>x × ���*Ó@~C�Ô�CxP~>���<§PxP�C�*�KìCìC�7�9Ó@~C¡]�����GzGxK�C��u#�9xP�C�2u�����ì0xP #���9�7�]�]{�]xK��ì0xP �u#�]�¯�]��u��K�C�K�7�@u��7Ó@~C�K{!ïW·"ÿWr�r�r � �ý�_t;� �:��u¦³ê�K���9�¯�9  �psr��ê�K 1u�xP��{}æ>rE�����'�]rE� �E�ç�°u���r0p¼�]��r0�Cà){}�P�ymÁ�"m��P�>m �:�psr��ê�K 1u�xP��{}æ>rE�����'�]rE� �E�ç�°u���r0p¼�]��r0�Cà){EâPâOØPØ¤�1m��P�ym � r
l;�K�Ko ± r}ãí�K�¯��zG~>�¹�C�&��u¦vÒrCò¦�¯�]ª<�<¨©�>{0|¦~Cx�§Kx ³©�7�	rCá)­}{}�@²O�	�"m��P£K� � r
l;��â°oq��rE��Õ> ��K�¯x�§y��u�ªí��u¦�¹rE�qr ± u#�]ÝP~C��{ �¼»KÅ0ø�½Wµ�µ � µ�� � »K· ¿ ï õ »K·�¾_ÿ#»Kð ö�Ä Å�ÿW·4¾_µ°Å ¸ {}|¦�Ou��7xP�}�K� �Z~ 
 #�]�K~ xKz ± u¹�K� × �K  × �]{}Ùî�O�#�C�7�CÝKu�xK� ¥qrS³�rI�"m��P£K� � r


