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öc Ìâ8Ý-à

Ú

à+ª�í_Ûæå
ªd¦�¥�í Pv

_

•*HJQ/N�€�…†€�„@\]Q�S>€�S&F«\]ƒ2€L…i\]S�…«\]S>Š/Q�ƒ‚N
UI�Â$ƒbI/F�\W€

_

�/¦�Û+ÝÞ¥

¢

¥

�

õ�c 8í_ñ � ×å8¥

¢

¥

�

à+ª«ß

Ü

¥�í_¥

=]•

ª_à

Ú

¦�¥ ;B

_

à+å8ßæå8íbá

®ë+ë+ëöØ

Ž

Ø

º

Ø

�aõ8ñ�¨
à+å

¢Y_ KômØ ��

à+ª_§›ñ

Ú

à�ábñ\à

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

uãç8¦à�ábá_¥ªdñ

Ú

ßÌÛ�îÅà áãõ8¥ª_§£à�Ý .î aà÷ ¥6¨ oc 2àÇíãå
¨8í�å
ª¾îÁàÂ¦�¥

Ûæ¨ †� d¥�¦�á dv

_

•{HJQ/NO€�…i€�„@\]Q�SÁ€�STF>\]ƒb€�…i\]S�…>\]SÖŠ/Q�ƒ‚N
UI�Â‡ƒbI/F�\]€

_

�K¦�Û+ÝÞ¥

¢

¥

�

õoc æí_ñ � 
å8¥

¢

¥

�

à+ªdß

Ü

¥�í_¥

=]•

ª_à

Ú

¦�¥ ;B

_

à+å8ßæå8íbá

®ë+ë+ëöØ

Ž

Ø

}

Øl�

Ûæªdá_Û

_(ômØ »�

à+ª_§›ñ

Ú

à�á_ñ
à

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u_ê)Û

¢

¥�ÝäÝÞñ

Ú

ß&ÛÂî�áãõ8¥Eñ-§gà�ß+¥Kî‰Ûæª_§gà�á_ñÞÛ

Ú

ÛÂî�¥�Ýä¥�¦�á�ªdÛæ§£à�ß

Ú

¥�á_ñÞ¦

®�¥�Ý

¢

í�ñ

Ú

í_¦à

Ú
Ú

ñ

Ú

ß

Ú

¥à ª °A@® �¥�Ý

¢

Û8â8á_ñÞ¦à�Ýæ§›ñÞ¦ªdÛ+íb¦�Ûæâ �c†v

_��

Û

Ú

ß8ª

Ü

¥�í

?

Ûæªdñ

Ó

Û

Ú

í

¢

¥4Ý

ÿ

émâ8á_ñ � ×å8¥

n��

Û+ÝÞÛ i�

ÿ

�

_

º

Ûæª

¢

¥à+å8ð

=]•

ª_à

Ú

¦�¥ ;B

_

í_¥â8á_¥§›¨ö¥ª

®ë ë+ë
Ø

Ê›Ø

Ž+Û8å8Ý-àÂñ

Ú§_ �ô ØT�

à+ª_§6ñ

Ú

àÂá_ñ�à

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

uãè ¥à+ª °A@® �¥�Ý

¢

¦�Ûæªbªd¥�Ý�à�á_ñÞÛ

Ú

í�Û�î0á�õ8¥ª_§£à�Ý�ÝÞñÞßæõ+á�¥§›ñÞá_á_¥

¢

�̈c

â8Ý�à

Ú

à+ª í_Ûæå
ªd¦�¥�í Pv

_O�

Û

Ú

ßæª

Ü

¥�í

?

Ûæª«ñ

Ó

Û

Ú

í

¢

¥&Ý

ÿ

émâ8á_ñ � 
å8¥

n��

Û+ÝÞÛ †�

ÿ

�

_

º

Ûæª

¢

¥à+å8ð

=±•

ª_à

Ú

¦�¥ ;B

_

íb¥â8á_¥§›¨
¥ª

®ë+ë+ë
Ø

ômØ T�

à+ª_§›ñ

Ú

à�á_ñ

_TÊ ›Ø

Ž+Ûæå8Ý�à�ñ

Ú

¥�á ’Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

uMa

Úoí

å8¥

Ú

¦�¥

¢

åÍ¦ õ
à+§gâÇâ
ªdÛæ¦�õ8¥míãå
ªEÝ�à›¦�Û8õ

¤

¥ªd¥

Ú

¦�¥míãâ
àÂá_ñ�à�ÝÞ¥

¢

¥�íaí_Û8å
ªd¦�¥�íEáãõ8¥ª_§›ñ � 
å8¥�í dv

_

Ž+Ûæå
ª

Ú4¤

¥�¥�í ’� aõ

¤

¥§£àÂá_ñ � ×å8¥�í

¢

å

�

¥ªd¦�ÝÞ¥

•

ª_à

ÚDC

¦à�ñÞí

¢

¥�íaê)ñÞ¦ªdÛ+í_¦�Ûæâ8ñÞ¥�í

¢

¥

�

õ
à+§£â

�

ª«Ûæ¦�õ8¥

_

� ªdÛ lc +¥�í

=]•

ª_à

Ú

¦�¥ ;B Eí_¥â8á_¥§›¨
¥ª

®ë+ë+ë
Ø

Ž

Ø

}

ØT�

Ûæª«á_Û

_
ômØ T�

à ª_§›ñ

Ú

à�á_ñ�¥�á ‚Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

u_ê)Û

¢ ¤

¥�ÝÞñÞíãà�á_ñÞÛ

Ú ¢

¥&Ý�à6îïÛæªb§£à�á_ñÞÛ

Úg¢

¥�íÅñ�§£àÂß+¥�í

¢

¥s¦ õ
à §£â8í

®+®



¤

¥�ÝÞ¥�¦�áãª«Ûæ§£à�ß

Ú4¤

¥�á_ñ � ×å8¥�í ¥

Ú

§›ñÞ¦ªdÛ í_¦�Ûæâ8ñÞ¥

¢

¥ ¦ õ
à+§gâ£â
ªdÛ8¦ õ8¥ �v

_

Ž Ûæå
ª

Ú4¤

¥�¥�í r� õ

¤

¥§£à�ábñ t� 
å8¥�í

¢

å

�

¥ª«¦�Ýä¥

•

ªbà

ÚDC

¦à�ñÞí

¢

¥�í�ê�ñÞ¦ªdÛ í_¦�Ûæâ8ñÞ¥�í

¢

¥

�

õ
à+§£â

�

ª«Ûæ¦�õ8¥

_

� ªdÛ lc +¥�í

=]•

ª_à

Ú

¦�¥ ;B Eí_¥â8á_¥§›¨
¥ª

®ë+ë ë
Ø

Ê›Ø

Ž+Û8å8Ý-àÂñ

Ú§_ 'ômØ 
�

à+ª_§›ñ

Ú

à�á_ñ

_

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�áEà

Ú8¢

}

Ø

”

Ø

ç
õ8¦�õ8¥�ßæªdÛ�÷

_

uãè ¥à+ª °A@® �¥�Ý

¢

íãâ
¥�¦�áãª«Û+í_¦�Ûæâ oc tÛÂî�íãå
ª¾îœà�¦�¥

¥�ð8¦�ñäá�à�á_ñÞÛ

Ú

ídv

_&�

`Y� \é

noÆ

�r` �ç�¬+++

_

émâ8á_ñÞ¦à�ÝKç8Û8¦�ñä¥�á Jc ÇÛ�î D} W§›¥ª«ñä¦à

_

ç
à

Ú%•

ª_à

Ú

¦�ñÞí_¦�Û

=‰Ù

ç†}‘B

_

§£à Vc Ç¬+++

Ø

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_
ômØ T�

à ª_§›ñ

Ú

à�á_ñ

_

ç

Ø

ê�àÂñ

Ú

ß8å †c

_iý ›Ø O�

õ8¥

Ú

à

Ú8¢ ��  Ø

Ž

Ø

”\à�ÝÞÝÞ¥

_

ud}

Ú

ñäíbÛ+áãªdÛæâ8ñÞ¦m¦�Ûæõ8¥ª«¥

Ú

áaá�õ8¥ª_§£à�Ý

¥§›ñÞí_í_ñÞÛ

Ú

�̈c Çà›ç8ñ

�

ßæªbà�á_ñ

Ú

ß›íãå
â
â
Ûæª«á_ñ

Ú

ß à›í�å
ª¾îÁàÂ¦�¥ /A â
õ8Û

Ú

Û

Ú

â
Û Ý-à ªdñÞá_Û

Ú

f
¥�ð
â
¥ª«ñ-§6¥

Ú

áãàÂÝ�à

Ú8¢

áãõ8¥�Ûæª«¥�á_ñÞ¦à�Ý

í_áãå

¢

c†v

_T�

a•�

ô

çÌ¬+ +

_i�

à+§›¨
ªdñ

¢

ß+¥

_

ê2à�í_íãàÂ¦ õ8å8í_¥�á_á_í

_×Ù

ç†}

_

Žæå8Ý c Ì¬+++

Ø

`

Ø

}ÅñÞß+Ûæå †c

_

}

ØÒ� mØ

º

Ûæ¦�¦à+ªbà

_

Ž

Ø̃� mØ�ô

ñä÷ Ûæà�Ý

_

Ž

Ø

}

ØY�

Ûæªdá_Û

_�ômØ D�

à+ª_§›ñ

Ú

à�ábñ\à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ª«¥�þ!¥�á

_

uãèa¥à ª °A@® �¥�Ý

¢

Ûæâ8á_ñÞ¦à�ÝKí�â
¥�¦�áãªdÛ í_¦�Ûæâ oc �å8íbñ

Ú

ß)àÇ¨
ªdÛæà

¢

¨
à

Ú8¢

ÝÞñÞßæõ á&í_Û8å
ªd¦�¥ �v

_

¡
\ŸÂ»„]‹

÷

S&„@I;H/ST€�„@\]Q�S&€�Ur›.Q�S�[�I;HJI;S&ŠMIbQ�S

ü

IM€�H

¼r\]I;UF«£DN§„@\WŠLK

C

ü

¼{£ GH�E

_

�*î E¥

Ú

á_¥

=

áãõ8¥&è ¥�áãõ8¥ªdÝ�à

Ú8¢

í/B

_

à å8ßæå8í_áÅ¬+ +

Ø

Ž

Ø

è

Ø†ú

à�Ýóî‰Ûæª

¢Y_

Ž

Ø

}

ØO�

Ûæª«á_Û

_+ômØ O�

à+ªb§›ñ

Ú

à�á_ñ1à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

uM� õ8¥�Ûæª Jc £Û�î

Ú

¥à+ª œA@® �¥�Ý

¢

§£à�ß

Ú

¥�ábÛ lA œÛæâ8á_ñÞ¦à�Ý

ñ�§£à�ß+¥gî‰Ûæª_§£à�ábñäÛ

Ú

v

¡
\ŸÂ»„]‹

÷

S&„@I;H/ST€�„@\]Q�S&€�U’›rQoS�[�I;HJI;S&ŠMIhQoS

ü

IM€�Hï¼r\WIVUtF²£DN
„@\]Š�K

C

ü

¼*£ GH�E

_

�*î E¥

Ú

á_¥

=

áãõ8¥

è ¥�áãõ8¥ªdÝ�à

Ú8¢

íMB

_

à+å8ßæå8í_áÅ¬ ++

Ø

Ž

Ø

}

Ø��

ÛæªdábÛ

_ômØ †�

à+ª_§›ñ

Ú

à�ábñ×à

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u/� aõ8¥�Ûæª Jc sÛ�î!à+âö¥ªdáãå
ªd¥�ÝÞ¥�í_í

Ú

¥à+ª °A@® �¥�Ý

¢

Ûæâ8á_ñÞ¦à�Ý�§›ñÞ¦ªdÛ+íb¦�Ûæâ �c

îañÞáãõ£à â
â8ÝäñÞ¦à�ábñäÛ

Ú

á_Ûmíãâ
¥�¦�á�ªdÛ+í_¦�Ûæâ oc†v

¡
\ŸÂ»„]‹

÷

ST„@IVHMS&€�„@\]Q�ST€�U§›.Q�S�[�I;HJI;S&ŠMI‚Q�S

ü

I/€�H*¼r\]I;UF<£DN
„@\WŠLK

C

ü

¼*£ GH�E

_

�*î E¥

Ú

á_¥

=

áãõ8¥&è ¥�áãõ8¥ªdÝ�à

Ú8¢

íMB

_

à+å8ßæå8í_á�¬+++

Ø

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_�Ê ›Ø

Ž+Ûæå8Ý�à�ñ

Ú

à

Ú8¢£ômØ ��

à+ªb§›ñ

Ú

à�á_ñ

_

uãè ¥à+ª °A@® �¥�Ý

¢

íãâö¥�¦�áãªdÛ+í_¦�Û8â �c sÛ�î�íãå
ª¾îœà�¦�¥E¥�ðæ¦�ñÞáãàÂá_ñÞÛ

Ú

ídv

¡§\¬Âl„]‹

÷

S&„@I;H/ST€�„@\]Q�ST€oUT›rQoS�[�I;HJI;S&ŠMI*Q�S

ü

I/€�H*¼r\]I;UFb£DN
„@\]Š�K

C

ü

¼*£ GH�E

_

�*î E¥

Ú

á_¥

=

áãõ8¥ è ¥�áãõ8¥ªdÝ�à

Ú8¢

í/B

_

à+å8ß8å8í_á0¬ ++

Ø

ômØ T�

à+ª_§›ñ

Ú

à�á_ñ à

Ú8¢

Ž

Ø

A•Ž

Ø

ç

¤

à�¥

Ú†Ó�_

u�ç8¦à�á_á_¥ªdñ

Ú

ßÍáãõ8¥�Ûæª Jc ÇÛÂî

º

à+ª

¢

¥�¥

Ú�ÿ

í î‰Ûæª_§£à�ÝÞñÞíã§Oî‰Ûæª áãå

Ú
Ú

¥�ÝÞñ

Ú

ß•f �à

Ú

¥�î

à+â
â
ªdÛ8à�¦ õ•á_Û

Ú

¥à+ª °A@® �¥�Ý

¢

§›ñÞ¦ªdÛ í_¦�Ûæâ ociv

_

¼Y‰†I;H �I R€lK%•

¹

¢‰iS&I;U *?�@�@�@

_

ç
à

Ú

á_ñ�à�ß Û

¢

¥

�

Ûæ§gâ
Û+í_áb¥�ÝäÝ�à

=

ç
â
à�ñ

Ú

B

_

í_¥â8á_¥§›¨ö¥ªÅ¬+ +

Ø

ç

Ø

•

¤

Ûæ§6¥

Ó

Aœê�Û

Ú

ñä÷�à�í

_

Ž

Ø

Ž

Ø

ç

¤

àÂ¥

Ú†Ó�_ 0ô ØÚ�

à+ª_§›ñ

Ú

à�á_ñEà

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

uM� aõ8¥�Û8ª Jc 2Û�îÅ¥�ÝÞ¥�¦�áãª«Û+í_áãà�ábñä¦gî‰Ûæªd¦�¥

§›ñÞ¦ªdÛ+íb¦�Ûæâ �c•f �à›í_ñ�§£â8ÝÞ¥tâö¥ªdáãå
ª_¨
à�ábñä÷ ¥6à â
â
ªdÛæà�¦�õ †v

_

¼Y‰†I;H �I R€lKb•

¹

¢‰iS&I;U J?�@�@�@

_

ç
à

Ú

á_ñ�à�ß+Û

¢

¥

�

Û8§£â
Û+íbá_¥�ÝÞÝ-à

=

ç
â
à�ñ

Ú

B

_

í_¥â8á_¥§›¨
¥ª�¬+++

Ø

ç

Ø

•

¤

Ûæ§›¥

Ó

Aœê)Û

Ú

ñÞ÷ àÂí

_

Ž

Ø

Ž

Ø

ç

¤

à�¥

Ú†Ó�_ 
ômØ i�

à+ª_§›ñ

Ú

à�á_ñ�à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

uP} ií_ñ�§£â8ÝÞ¥&â
¥ª«áãå
ª_¨
à�á_ñÞ÷+¥�à+â
â
ªdÛæà�¦�õ

á_Û›ç8¦à

Ú
Ú

ñ

Ú

ß

�

ªdÛ8¨
¥aê)ñÞ¦ªdÛ+í_¦�Û8â �c†v

_

¹

HJIVSTFlK’Q�S

ü

€�STQo„@IMŠL‹iSTQ�UQP…i• �?�@�@�@

_

��Û+ÝÞ¥

¢

Û

=

ç
â
à�ñ

Ú

B

_

Ûæ¦�á_Û8¨
¥ª\¬ ++

Ø

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_
ômØ 
�

à+ª_§›ñ

Ú

à�á_ñ

_TÊ ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_

Ž

Ø

A

� Ø

ê�å8ÝÞ¥�á

_�ý ©Ø §�

õ8¥

Ú

à

Ú8¢

ç

Ø

ê2à�ñ

Ú

ßæå †c

_

u_ìm¥§›Û

Ú

íbáãª_à�á_ñÞÛ

Ú

Û�î\à›¦�Ûæõ8¥ªd¥

Ú

áaáãõ8¥ªb§£à�Ý�í_Ûæå
ªd¦�¥ �v

_

›rQl‹iIVHJI;STŠ/I9€oSTF LK ’‰i€�S&„@‰iƒæ£DN
„@\]Š�K ��

_'ô

Ûæ¦�õ8¥�í_á_¥ª

=‰Ù

ç†}•B

_

�_å

Ú

¥©¬ +

®+Ø

Ž

Ø

A

� Ø

ê2å8ÝÞ¥�á

_DÊ ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_ KômØ D�

à+ª_§›ñ

Ú

à�ábñ\à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ª«¥�þ!¥�á

_Tý ›Ø –�

õ8¥

Ú

à

Ú8¢

ç

Ø

ê2à�ñ

Ú

ßæå †c

_

u

ô

à

¢

ñ�à�ábñä÷ ¥

õ8¥à�á áãª_à

Ú

í«îï¥ª ¨
¥�á Jî E¥�¥

Ú

àaíã§gà�ÝÞÝ×â
à+ª«á_ñÞ¦�Ýä¥�à

Ú8¢

àaíãå
ª îÁà�¦�¥Eà�á

Ú

à

Ú

Ûæ§›¥�áãª«ñä¦

¢

ñÞí_áãà

Ú

¦�¥ �v

_

�aõ8ñ�ª

¢

a

Ú

á_¥ª

Ú

à�ábñäÛ

Ú

à�Ý

ç†c 
§£â
Û+íbñ-å
§OÛ

ÚÇô

à

¢

ñ-àÂá_ñÞ÷+¥ h� �ª_à

Ú

ídîï¥ª

_

}

Ú

áãà�Ý c æà

=

� å
ª

ù

¥�cOB

_

�_å

Ú

¥©¬++

®+Ø

Ž

Ø

A

� Ø

ê2å8Ýä¥�á

_{Ê ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_ Åô Ø{�

à ª_§›ñ

Ú

à�á_ñ

_

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

ud}

Ú

ñ

Ú

îÁª_à ªd¥

¢

áãõ8¥ª_§£à�Ý í_Ûæå
ªd¦�¥ ³î añÞáãõ˜õ8ñäß8õ

¢

ñ�ªd¥�¦�á_ñÞ÷8ñäá Jc ›à

Ú8¢

â
¥�¦å8ÝÞñ�à+ª íãâö¥�¦�áãª_à�Ýæâ
ª«Ûæâ
¥ªdñÞá_¥�í Pv

_

�aõ8ñ�ª

¢

a

Ú

á_¥ª

Ú

à�á_ñÞÛ

Ú

àÂÝæç †c ×§gâ
Û+í_ñ�å
§YÛ

Úmô

à

¢

ñ�à�ábñä÷ ¥ {�  ª_à

Ú

ídî‰¥ª

_

}

Ú

áãàÂÝ tc 8à

=

� å
ª

ù

¥�cOB

_

�«å

Ú

¥›¬++

®+Ø

ômØ

�/Ý�à�ÝÞÛæå o®

_�ômØ T�

à+ª_§›ñ

Ú

à�á_ñ�à

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u

�

å8ÝÞí_¥máãªbà

Ú

íã§›ñÞí_í_ñÞÛ

Ú

à

Ú8¢Ç¢

ñ þ�å8í_ñÞ÷+¥›ª_à

¢

ñ�à�á_ñÞ÷+¥má�ª_à

Ú

ídî‰¥ª

áãõ
ªdÛ8å8ßæõ˜í_¦à�ábá_¥ªdñ

Ú

ß%§›¥

¢

ñ�à lv

_

� õ8ñ-ª

¢

a

Ú

á_¥ª

Ú

à�á_ñÞÛ

Ú

à�Ý›ç †c ×§£âöÛ+í_ñ�å
§IÛ

ÚYô

à

¢

ñ�à�á_ñÞ÷+¥ Ö� �ªbà

Ú

ídî‰¥ª

_

}

Ú

á�à�Ý c æà

=

� å
ª

ù

¥�cOB

_

�«å

Ú

¥›¬++

® Ø

�mØ T?

¥

ÚOù

¥�Ý

_

Ž

Ø

A

� Ø

ê2å8ÝÞ¥�á

_TÊ ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_ ô ØY�

à+ª_§›ñ

Ú

à�ábñ�à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

uM� aõ8¥ªb§£à�Ý�ª_à

¢

ñ-àÂá_ñÞÛ

Ú

f
íãâ
àÂá_ñ�à�Ý

¦�Ûæõ8¥ªd¥

Ú

¦�¥aà

Ú8¢

§6¥�¦ õ
à

Ú

ñÞ¦à�Ý
¥�þ�¥�¦�á_í�ñ

Ú

áãõ8¥

Ú

¥à ª §® �¥�Ý

¢

v

_

¬

Ú8¢

�4émç 9� �Ûæâ8ñÞ¦à�Ý8ê�¥�¥�ábñ

Ú

ß�Û

Ú

�/Ýä¥�¦�á�ªdÛæ§£à�ß

Ú

¥�á_ñÞ¦

émâ8á_ñÞ¦�í

_§�

à+ªdñÞí

=]•

ª_à

Ú

¦�¥ ;B

_

}må8ßæå8í_áÅ¬ +

®+Ø

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_�ômØ 
�

à+ª_§›ñ

Ú

à�á_ñ

_TÊ ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_

Ž

Ø

A

��Ø

ê2å8ÝÞ¥�á

_

ç

Ø

ê�àÂñ

Ú

ß8å †c Ìà

Ú8¢ «ý ›Ø 
�

õ8¥

Ú§_

u

�

à

Ú

à£á�õ8¥ª_§£à�Ý

®

¬



í_Ûæå
ª«¦�¥�¨
¥�¦�Ûæõ8¥ªd¥

Ú

áTË�v

_

¬

Ú8¢

�\émç Á� �Ûæâ8ñÞ¦à�Ý�ê)¥�¥�á_ñ

Ú

ß Û

Ú

�KÝÞ¥�¦�áãªdÛæ§gà�ß

Ú

¥�á_ñÞ¦�émâ8ábñä¦�í

_{�

à+ª«ñäí

=]•

ª_à

Ú

¦�¥ ;B

_

}må8ßæå8í_áÅ¬+ 

®+Ø

Ê›Ø

Ž+Û8å8Ý-àÂñ

Ú _8ômØ i�

à ª_§›ñ

Ú

à�á_ñ

_

Ž

Ø

A

� Ø

ê2å8ÝÞ¥�áaà

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

uM` !Ûæ¦à�Ý�áãõ8¥ªb§£à�Ý ÒA œ¥§›ñÞí_í_ñÞÛ

Ú

íãâö¥�¦�áãªdÛ+íb¦�Ûæâ �c†v

_

¬

Ú8¢

�4émç «� �Ûæâ8ñÞ¦à�Ý�ê)¥�¥�á_ñ

Ú

ßtÛ

Ú

�KÝÞ¥�¦�áãªdÛæ§gà�ß

Ú

¥�á_ñÞ¦©émâ8ábñä¦�í

_
�

à+ª«ñäí

=]•

ª_à

Ú

¦�¥ ;B

_

}Wå8ßæå8íbáÅ¬++

® Ø

Ž

Ø

è

Ø†ú

à�Ýóî‰Ûæª

¢Y_

Ž

Ø

}

ØO�

Ûæª«á_Û

_+ômØ O�

à+ªb§›ñ

Ú

à�á_ñ1à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

uM� õ8¥�Ûæª Jc £Û�î

Ú

¥à+ª œA@® �¥�Ý

¢

§£à�ß

Ú

¥�ábÛ lA œÛæâ8á_ñÞ¦à�Ý

ñ�§£à�ß+ñ

Ú

ß�v

_

¬

Ú8¢

�\émç ³� �Û8â8ñä¦àÂÝ�ê)¥�¥�á_ñ

Ú

ß£Û

Ú

�/ÝÞ¥�¦�áãªdÛæ§£àÂß

Ú

¥�á_ñÞ¦©émâ8á_ñÞ¦�í

_§�

à+ªdñÞí

=]•

ª_à

Ú

¦�¥ ;B

_

}må8ßæå8í_á�¬++

®+Ø

Ž

Ø

A

� Ø

ê2å8Ýä¥�á

_’Ê ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_ aômØ ’�

à+ªb§›ñ

Ú

à�á_ñ

_

Ž

Ø

A•Ž

Ø

•&ª«¥�þ!¥�á

_

u_ê)Û

¢

¥�ÝÞÝÞñ

Ú

ß˜Û�î

Ú

à

Ú

Û+í_¦àÂÝä¥2ª_à

¢

ñ-àÂá_ñÞ÷+¥2õ8¥à�á

áãª_à

Ú

ídîï¥ªÍå8í_ñ

Ú

ß%à

Ú

¥�ÝÞ¥�¦�áãª«Ûæ§£à�ß

Ú

¥�ábñä¦2à+â
â
ª«Ûæà�¦�õ †v

_

¬

Ú8¢

�4émç "� �Ûæâ8ñÞ¦à�Ýmê)¥�¥�á_ñ

Ú

ß Û

Ú

�/Ýä¥�¦�á�ªdÛæ§£à�ß

Ú

¥�á_ñÞ¦

émâ8á_ñÞ¦�í

_§�

à+ªdñÞí

=]•

ª_à

Ú

¦�¥ ;B

_

}må8ßæå8í_áÅ¬ +

®+Ø

ômØ

�/Ý�à�ÝÞÛæå o®

_�ômØ §�

à+ª_§6ñ

Ú

àÂá_ñ à

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u

�

å8ÝÞí_¥máãªbà

Ú

íã§›ñÞí_í_ñÞÛ

Ú

à

Ú8¢Ç¢

ñ þ�å8í_ñÞ÷+¥›ª_à

¢

ñ�à�á_ñÞ÷+¥má�ª_à

Ú

ídî‰¥ª

áãõ
ªdÛ8å8ßæõmí_¦àÂá_á_¥ªdñ

Ú

ßm§›¥

¢

ñ�à lv

_

¬

Ú8¢

�4émç 2� �Ûæâ8ñÞ¦à�Ý8ê)¥�¥�á_ñ

Ú

ßÅÛ

Ú

�/Ýä¥�¦�á�ªdÛæ§£à�ß

Ú

¥�á_ñÞ¦ émâ8á_ñÞ¦�í

_��

à+ª«ñäí

=]•

ª_à

Ú

¦�¥ ;B

_

}må8ßæå8í_áÅ¬+ 

®+Ø

ômØ

�/Ý�à�ÝÞÛæå o®

_ ô ØT�

à+ª_§6ñ

Ú

àÂá_ñ à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ª«¥�þ!¥�á

_

u�ç
õ8Ûæªdá JA œá_ñ�§›¥\ªbà

¢

ñ�à�á_ñÞ÷+¥Káãª_à

Ú

ídîï¥ª!áãõ
ªdÛæå8ßæõ�á�õ8ñ

Ú

í_¦à�á_áb¥ªdñ

Ú

ß

í_Ý�à+¨8í Df �à

Ú

å
§›¥ª«ñä¦àÂÝ0à

Ú8¢

á�õ8¥�Ûæªd¥�á_ñÞ¦à�Ý�í_áãå

¢

c†v

_§¯

\WŠVHJQ �B

ü

€�STQlK�Š/€�UI

—

S&I;H]…i•%›rQoST´;IVHdK�\]Q�S�€�STF

¹

HJ€�SOK°N�QoHM„

_

a

�‚?

ê>�

�

Û

Ú

îï¥ªd¥

Ú

¦�¥

_

}

Ú

áãà�Ý c æà

=

��å
ª J� 
å8ñÞ¥ ;B

_

}mâ
ªdñÞÝ0¬ ++¬

Ø

•aØ

ê2à+ª J� 
å8ñÞ¥ª

_

Ž

Ø

A

��Ø

ê�å8ÝÞ¥�á

_.Ê ›Ø

Ž+Û8å8Ý-àÂñ

Ú§_ EômØ T�

à+ª_§›ñ

Ú

à�á_ñ

_

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

ç

Ø

ê2à�ñ

Ú

ßæå †c ià

Ú8¢ Áý ©Ø .�

õ8¥

Ú§_

u

ô

à

¢

ñ-àÂá_ñÞ÷+¥›¦�Ûæõ8¥ªd¥

Ú

áÅáãõ8¥ªb§£à�Ý ¥§›ñÞí_í_ñÞÛ

Ú

�̈c Ì§6ñä¦ª«Û+í_áãª_å8¦�á�å
ªd¥

¢

§£à�á_¥ªdñ�à�ÝÞí dv

_Y¯

\WŠVHœQ MB

ü

€oSTQlK�ŠM€oUtI

—

STI;H]…†•

›rQ�S&´;IVHdK�\WQoS«€�S&F

¹

HJ€�S�K•NOQ�HM„

_

a

�’?

ê>�

�

Û

Ú

îï¥ª«¥

Ú

¦�¥

_

}

Ú

áãà�Ý c æà

=

��å
ª ¿� ×å8ñÞ¥ ;B

_

}mâ
ªdñÞÝ�¬+ +¬

Ø

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_\ômØ *�

à+ªb§›ñ

Ú

à�á_ñ

_rÊ ›Ø

Ž+Û8å8Ý-àÂñ

Ú§_

Ž

Ø

A

� Ø

ê2å8Ýä¥�á

_�• aØ

ê2à+ª J� 
å8ñÞ¥ª

_

ç

Ø

ê2à�ñ

Ú

ßæå †c ià

Ú8¢ Áý ©Ø .�

õ8¥

Ú§_

uM� 4§›ñÞí_í_ñÞÛ

Ú

Û�î�â
à+ªdábñ-àÂÝäÝ c Í¦�Ûæõ8¥ªd¥

Ú

áEÝäñÞßæõ áÅ¨ oc £áãõ8¥ª_§gà�Ý�í_Û8å
ªd¦�¥�í *î añÞáãõtâö¥ªdñÞÛ

¢

ñÞ¦›§›ñÞ¦ªdÛ+í_áãªbå8¦�áãå
ªd¥�í dv

_O�

a•�

ô

ç

¬++ ¬

_O�

à+§›¨
ªdñ

¢

ß+¥

_

ê2à�í_í�à�¦ õ8å8í_¥�á_ábí

_æÙ

ç†}

_

Žæå8Ý c Ì¬+++¬

Ø

ê

Ø

�aõ8Ûæ§£àÂí

_+ômØ i�

à+ª_§›ñ

Ú

à�á_ñ

_

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_+ômØ

}mªdñ�à�íEà

Ú8¢

ê

Ø

èañÞ¥�á_Û “A•” K¥�íãâ
¥ªdñ

Ú

à�í

_

u�èÅå
§›¥ª«ñä¦àÂÝ�í_áãå

¢

c›Û�î

áãõ8¥sÝäñóî‰¥�á_ñ�§›¥£Û�î\à

Ú

à�á_Ûæ§k¦�ÝÞÛ+íb¥&á_ÛÇà›ÝÞÛ+í_í dc Çíbáãª_å8¦�áãå
ªd¥ �v

_

¡
IVST´;IVST„]‹

÷

ST„@IVHMS&€�„@\]Q�ST€�UD›rQoS�[�I;HJI;S&ŠMI8Q�S

ü

IM€�H

¼r\]I;UF«£DN§„@\WŠLK

C

ü

¼{£ �NOE

_8ô

Ûæ¦�õ8¥�í_á_¥ª

=‰Ù

ç†}•B

_

à å8ßæå8í_áÅ¬+ +¬

Ø

ômØ 9�

à+ª_§›ñ

Ú

à�á_ñ

_•Ê ›Ø

Ž+Û8å8Ý-àÂñ

Ú _

Ž

Ø̃�  Ø

ê2å8ÝÞ¥�á à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

u_ìm¥�á_¥�¦�á_ñÞÛ

Ú

ÛÂîtáãõ8¥ƒÝÞÛæ¦àÂÝ

¢

¥

Ú

í_ñÞá Jc pÛ�î

í_áãàÂá_¥�í å8íbñ

Ú

ß

Ú

¥à+ª °A@® �¥�Ý

¢

¥§›ñÞí_í_ñÞÛ

Ú

§›¥àÂíãå
ªd¥§›¥

Ú

á_í

Ø

}mâ
â8ÝÞñä¦àÂá_ñÞÛ

Ú

ábÛ ÝÞÛ8¦à�Ý&íãâö¥�¦�áãªdÛ+íb¦�Ûæâ �c†v

_

¡
IVST´;IVST„]‹

÷

S&„@I;H/ST€�„@\]Q�ST€oU–›.Q�S�[�I;HJI;S&ŠMI•QoS

ü

I/€�HG¼r\WIVUF«£DN
„@\]Š�K

C

ü

¼{£ �N�E

_æô

Ûæ¦�õ8¥�í_á_¥ª

=‰Ù

ç†}‘B

_

à+å8ß8å8í_áÅ¬++ ¬

Ø

ômØ ’�

à ª_§›ñ

Ú

à�á_ñ

_’Ê ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_

Ž

Ø̃�  Ø

ê2å8Ýä¥�áÌà

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u�ç
â
Û

Ú

áãà

Ú

¥�í_Û8å8íÇ¦�Ûæõ8¥ªd¥

Ú

áÇ¥§›ñÞí_í_ñÞÛ

Ú

Û�î

ÝÞñÞßæõ+á Pv

_

¡§I;ST´VI;S&„]‹

÷

ST„@IVHMS&€�„@\WQoST€�U8›rQ�SL[RIVHœIVSTŠ/I Q�S

ü

I/€�H³¼r\WIVUtF £DN
„@\]Š�K

C

ü

¼*£ �N�E

_Eô

Û8¦ õ8¥�íbá_¥ª

=‰Ù

ç†}•B

_

à+å8ßæå8íbáÅ¬+++¬

Ø

Ž

Ø̃�  Ø

ê2å8ÝÞ¥�á

_lÊ ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_ +ômØ V�

à+ª_§›ñ

Ú

à�ábñæà

Ú8¢

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u

ô

à

¢

ñ�à�á_ñÞ÷+¥aõ8¥à�á�áãª_à

Ú

ídî‰¥ª�ñ

Ú

á�õ8¥

Ú

¥à+ª &® �¥�Ý

¢

v

_

¡
IVST´VI;ST„]‹

÷

S&„@I;H/ST€�„@\]Q�ST€oU9›rQoS�[�I;HJI;S&ŠMI³Q�S

ü

I/€�H�¼r\]I;UF"£DN
„@\]Š�K

C

ü

¼*£ �N�E

_\ô

Û8¦ õ8¥�í_áb¥ª

=‰Ù

ç†}‘B

_

à+å8ß8å8í_á

¬++ ¬

Ø

ç

Ø

”KÛ+Ý

Ó�_ �ômØ Y�

à ª_§›ñ

Ú

à�á_ñ�à

Ú8¢ ÐÊ ›Ø

Ž Ûæå8Ý�à�ñ

Ú§_

uM� aõ8¥ªb§£à�ÝKªd¥�íãâ
Û

Ú

í_¥›Û�î\í_ñÞÝÞñä¦�Û

Ú

¦ª Jc 8í_áãàÂÝ�á_ÛÇâ8ñÞ¦�Û+í_¥�¦�Û

Ú8¢

õ8¥à�á

â
å8ÝÞí_¥&¨ oc §›Û Ýä¥�¦å8Ý�à+ª

¢

c

Ú

à+§6ñä¦�í Pv

_

��? �„]‹

÷

S&„@I;H/ST€�„@\]Q�S%ø•IM€�„

¹

HJ€�S�KW[�I;Hž›rQ�S�[�I;HJIVSTŠ/I

C

÷

ø

¹

›7��?,E

_

•&ª«¥

Ú

Ûæ¨8ÝÞ¥

=]•

ª_à

Ú

¦�¥ ;B

_

à+å8ßæå8íbáÅ¬+++¬

Ø

Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_\ômØ *�

à+ª_§6ñ

Ú

àÂá_ñ

_{Ê ›Ø

Ž+Ûæå8Ý�à�ñ

Ú§_*• aØ

ê�à ª J� ×å8ñÞ¥ª

_

Ž

Ø̃�  Ø

ê2å8ÝÞ¥�á

_

ç

Ø

ê2à�ñ

Ú

ßæå †c ˜à

Ú8¢ Éý ›Ø *�

õ8¥

Ú§_

u_ìm¥�í_ñÞß

Ú

Û�î ¦�Ûæõ8¥ª«¥

Ú

ámáãõ8¥ªb§£à�Ý í_Ûæå
ªd¦�¥�ísÛ�îwª_à

¢

ñ-àÂá_ñÞÛ

Ú

v

_

��? �„]‹

÷

S&„@I;H/ST€�„@\]Q�S ø•I/€�„

¹

HJ€�SOK][�I;Hh›.Q�S�[�I;HJI;S&ŠMI

C

÷

ø

¹

›7��?,E

_

•sªd¥

Ú

Ûæ¨8ÝÞ¥

=]•

ª_à

Ú

¦�¥ ;B

_

à+å8ß8å8í_áÅ¬++ ¬

Ø

®ò



�

��Ò�Ò Õ�	��Í����*ÂÕ����	(�
��›�8�t	(��Ò�Ò Õ�	(��£�‰�'���×	 ���×�

ômØ r�

à+ª_§›ñ

Ú

à�á_ñ

_

uP}

Ú

à�Ý c 8í_¥

¢

¥ÌÝ�à�î‰Ûæª_§gà�á_ñÞÛ

Ú•¢

¥�í£ñ�§£à�ß ¥�í£¥

Ú

Ûæâ8ábñ t� 
å8¥

¢

¥Ì¦�õ
à+§£âƒâ
ª«Ûæ¦�õ8¥ �v

_

�aõ

Ü

¥�í_¥

¢

¥

ìmÛ8¦�á_Ûæª_à�á

_

�K¦�Û Ýä¥

�

¥

Ú

áãª_à�ÝÞ¥

�

à+ªdñÞí

_�®ë+ë

�

Ø

ômØ G�

à+ª_§›ñ

Ú

à�ábñÅ¥�á ³Ž

Ø

A•Ž

Ø

•sªd¥�þ�¥�á

_

u_ê)Û

¢�Ü

¥�ÝÞ¥

¢

¥•ª

¤

¥

í

¥�¦�á_ñÞ÷8ñÞá

¤

¥2¨8ñ

¢

ñ�ªd¥�¦�á_ñÞÛ

Ú
Ú

¥�ÝÞÝ�¥

¢

¥•íãå
ª¾îœà�¦�¥�íÌª_å8ßæå8¥å8í_¥�í

Ûæâ
à l� 
å8¥�í dv

_'ô

à+â
â
Û8ªdá

¢

¥&¦�Û

Ú

áãªbà�á ç
è G�

�

ê }

n�� aô

ç†}

n

�̀à ¨
Ûæª_àÂá_Û+ñ�ªd¥ 2� /ê2¬

�•_

¬ ++

Ø

f",9ã ›`_]_[K^wc1] dä v&u

r

Z4`_^Ec1] ¿0 ÅZ\u Ûç ^»`_^ cYè%ç Z4u�Z Øâ ›Z ìé©ä s[ c 
ä

r

^wc

�

�æ�K���
�£�‰�'���×	 ���
���Õ��1��ú��×�Í�8���×*Ç*ÂÕ�Ô2��� ��2����ú��×*�����	(�

®;n sômØ i�

à ª_§›ñ

Ú

à�á_ñ

_

}

Ø

ê2à

¢

ªbà

Ó

Û&à

Ú8¢

ê

Ø

è ñä¥�ábÛ lA•” K¥�íãâ
¥ª«ñ

Ú

àÂí

_

uM� /Ýä¥�¦�á�ªdÛæ§£à�ß

Ú

¥�á_ñÞ¦ sî aà(÷+¥�íKí_¦à�ábá_¥ªdñ

Ú

ß�îÁª«Ûæ§

à›¦ �c 8ÝÞñ

Ú8¢

¥ª�ñ

Ú

îÁªdÛ

Ú

áEÛ�î\à›¦�Û

Ú8¢

å8¦�á_ñ

Ú

ßÍíãå
ª¾îœà�¦�¥ /A ªd¥�ÝÞñÞ¥�î ßæªbà�á_ñ

Ú

ß�v

_

£DN
„••.›rQoƒ2ƒh•

Ñ�Ñ'Ñ

_

¬��

|

ò+ò %= d®ë+ëÂ¡

B

Ø

¬

n

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

}

Ø

ç8¥

Ú

áb¥

Ú

à�¦©à

Ú8¢)ômØ §�

à+ª_§›ñ

Ú

à�ábñ

_

uãç
å
ª¾îœà�¦�¥©â
ªdÛ “® �Ýä¥›ªd¥�¦�Û

Ú

í_á�ª_å8¦�á_ñÞÛ

Ú

å8íbñ

Ú

ß

Ú

¥à+ª °A@® �¥�Ý

¢

¢

à�áãà “v

_

£DN
„••.›rQ�ƒbƒh•

Ñ'Ñ

ð

_

¬+

|

¬

¡ñ= «®ë+ë

��B

Ø

ò�n aô Ø;�

à+ª_§6ñ

Ú

àÂá_ñ+à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ª«¥�þ!¥�á

_

uM�*î EÛ lA

¢

ñ�§›¥

Ú

íbñäÛ

Ú

à�Ý

Ú

å
§›¥ªdñÞ¦à�Ý í_ñ�§©å8Ý�à�ábñäÛ

Ú

Û�î
áãõ8¥

�

õ8Û á_Û

Ú

ç8¦à

Ú
Ú

ñ

Ú

ß

� å

Ú
Ú

¥�Ýäñ

Ú

ßÇê)ñÞ¦ªdÛ+í_¦�Û8â
¥

Ø§�

Û

Ú

¦�¥â8áaÛ�îKáãª_à

Ú

ídîï¥ª/îœå

Ú

¦�á_ñÞÛ

Ú

v

_

£DN
„••.›rQ�ƒbƒh•

Ñ�Ñ

ð

_�ò
®

�

|

ò

¬

®h= d®ë ë

��B

Ø

¡in £ô ØT�

à+ª_§6ñ

Ú

àÂá_ñ�à

Ú8¢

Ž

Ø

A•Ž

Ø

•&ªd¥�þ�¥�á

_

uMa

Úoí

å8¥

Ú

¦�¥©ÛÂî

¢

ñÞ¥�ÝÞ¥�¦�áãªdñÞ¦›¦�Û

Ú

áãª_à�í_áaà

Ú8¢

ábÛæâ
Û+ß8ª_à+â
õ oc tÛ

Ú

á�õ8¥

Ú

¥à+ª

®�¥�Ý

¢

í_¦àÂá_á_¥ªd¥

¢
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Optical content and resolution of near-®eld optical images: In¯uence
of the operating mode
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Recent experimental work has shown that the contrast of near-®eld optical images depends on the
path followed by the tip during the scan. This artifact may misguide the interpretation of the images
and the estimation of the optical resolution. We provide a rigorous theoretical study of this effect
based on three-dimensional perturbation theory and two-dimensional exact numerical calculations.
We quantitatively study the dependence of the artifact on the illumination/detection conditions and
on the scattering potential of the sample. This study should provide guidelines for future
experimental work. • 1997 American Institute of Physics.@S0021-8979~97!06813-8#

I. INTRODUCTION

Optical resolution beyond the Rayleigh limit has been
demonstrated in the past ten years in scanning near-®eld op-
tical microscopy~SNOM!.1,2 Among the various techniques
that have been proposed, two categories can be distin-
guished: illumination-mode and collection-mode SNOM. In
illumination-mode SNOM, a tip~nanosource! locally illumi-
nates the sample and one collects the ®eld scattered into the
far zone.3,4 Examples of nanosources are a tapered metal-
coated optical ®ber with an aperture at the tip apex,4 or the
tetrahedral tip introduced recently.5 In collection-mode
SNOM, the sample is illuminated by an extended ®eld, as in
classical microscopy, and the scattered near ®eld is collected
by a local probe. This probe can be the tip of an optical
®ber,6 or a scattering tip as that used in apertureless
SNOM.7,8 A particular case of collection-mode SNOM is the
photon scanning tunneling microscope~PSTM or STOM! in
which the sample is illuminated by an evanescent wave pro-
duced by total internal re¯ection.9

Let S (x,y,z) be the optical signal that is detected when
the tip is located at the point (x,y,z). The z direction is
chosen to be normal to the mean plane of the sample surface.
In order to get sub-wavelength resolution, part of the signal
must come from the conversion of evanescent waves into
propagating waves. This holds whatever the technique. Thus,
the tip ~either illuminating or detecting! has to be kept at
subwavelength distance from the sample during the scan.
Three different operating modes have been used so far to
regulate the tip-sample distance.~1! In the constant-height
mode, the tip is moved in a planez5 z0 , and one records
S (x,y,z0). ~2! In the constant-intensity mode, the optical
signalS is kept constant with a feedback system, forcing the
tip to follow a surfacez5 h(x,y). This surface does not in
general reproduce the topography of the sample. Recording
the motion of the tip@i.e., the surfacez5 h(x,y)] produces
the image. This mode has been used extensively in

PSTM/STOM.9 ~3! In the constant-distance mode, the tip is
forced to follow a surfacez5 f (x,y) by an auxiliary non-
optical distance-control mechanism. The optical signal that is
recorded isS @x,y, f (x,y)#. The distance-control mechanism
can use a scanning tunneling microscope~STM!,3,5 an
atomic force microscope~AFM!,7 or the lateral friction
forces between the tip and the sample~shear forces!.10,11 In
all these cases, the tip follows more or less the topography of
the sample, andf (x,y) is the convolution of the sample pro-
®le by a function which describes the probe geometry.

A comparative study of modes~1! and~2! was presented
in Ref. 12. It was shown that the two modes are equivalent,
in the sense that a constant-intensity imagez5 h(x,y) and
the constant-height imageS (x,y,z0), with z05 ^h(x,y)&,
are proportional. The brackets denote the background value
of a function of (x,y).

Concerning mode~3!, thez motion of the probe, induced
by a non-optical distance regulation mechanism, can couple
to the purely optical information of the image.4,13 This cre-
ates an artifact that may lead to a wrong interpretation of the
images. It was demonstrated experimentally in Ref. 4 that the
SNOM image may contain two different contributions: a
purely optical one and one reproducing the motion of the tip.
Recently, a systematic experimental study of this artifact was
presented,13 and showed thatmany experimental images pre-
viously reported might be dominated by non-optical contrast
mechanisms.The origin of the artifact was discussed with a
simple approach which we summarize here.13,14

In the constant-distance mode, we shall write the path
followed by the tip asz5 z01 d f (x,y) wherez05 ^f (x,y)&.
An expansion of the optical signalS to ®rst order in
d f 5 supud f (x,y)uleads to:

S @x,y,z5 f~x,y! #5 ^S ~z0!&1 dS ~x,y,z0!

1
] S

] z
~x,y,z0!d f~x,y! . ~1!

The ®rst term in Eq.~1! is the background value of the im-
age, the second one gives a purely optical contrast and thea!Electronic mail: rcarmina@icmm.csic.es
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third one re¯ects the coupling between the optical informa-
tion and thez motion of the tip. Due to this last term, the
optical image will depend on the path followed by the tip
d f (x,y), leading to the presence of the artifact discussed in
Ref. 13. Note that this problem does not occur in constant-
height mode becaused f (x,y)5 0 and the last term in Eq.~1!
always vanishes.

As an illustration, let us consider a worst case scenario.
Suppose, for example, that the third term dominates the
right-hand side in Eq.~1! and that] S /] z is a slowly varying
function of (x,y). Then, the detected signalS given by the
left-hand side of Eq.~1! is proportional to the motion of the
tip d f (x,y). The resulting image is mainlyan optical read-
out of the motion of the tip, as that obtained with a conven-
tional AFM. This image does not contain any information on
the optical properties of the sample. Moreover, the resolution
of such an image does not result from optical mechanisms,
but only from the interaction used to control the tip-sample
distance.

The presence or not of this artifact, and its relative
weight compared to the purely optical information, depend
on both the experimental parameters~as the illumination
conditions! and on the sample under study. As pointed out in
Ref. 13, this makes the interpretation of constant-distance
images a very dif®cult task. A precise study is necessary and
constitutes the scope of the present work. Our purpose is to
analyze rigorously the origin of the artifact and to identify
the cases in which it may dominate the image contrast. The
paper is organized as follows: In Sec. II, we consider the
case of weak scattering samples, as that often used in
SNOM. We use the three-dimensional perturbation theory to
study analytically the origin of the artifact and to discuss the
in¯uence of both the experimental parameters and the
sample. In Sec. III, we illustrate the discussion of Sec. II
with exact two-dimensional numerical simulations based on
a resolution of a volume integral~Lippmann±Schwinger!
equation for the electric ®eld. The samples studied in Sec. III
consist of localized particles~dielectric or metallic! depos-
ited on a ¯at dielectric substrate. In Sec. IV we study what
happens when the sample is a very rough extended surface.
In this case the scattered ®eld cannot be described with per-
turbation theory. This discussion gives a complete picture of
the scattering mechanism responsible for the presence of the
artifact. Sec. V summarizes our conclusions.

II. PERTURBATIVE MODEL FOR WEAKLY
SCATTERING SAMPLES

In this section we analyze in detail the origin of the
artifact presented in the introduction. We de®ne this artifact
as the presence in the detected signal of a cross term between
the light scattered by the sample and thez motion of the tip.
We will describe analytically the properties of the SNOM
images in three dimensions, in the following context:

~1! We focus the discussion on a collection-mode con®gu-
ration in which the sample is illuminated by an extended
®eld either in re¯ection or in transmission. After interac-
tion with the sample, the near ®eld is detected by a tip
~see Fig. 1!. This choice is in no way a limitation of the

generality of our study. Reciprocity can be used to ex-
tend all the results to the illumination-mode con®gura-
tions. It has been shown that there exists an equivalent
collection-mode setup for any illumination-mode
setup.15

~2! We assume that the probe is a passive point-like detec-
tor. This means that the signalS (x,y,z) is proportional
to the local near-®eld intensity, de®ned as the squared
modulus of the electric ®elduE(x,y,z)u2. The passive
probe assumption has been studied recently on a rigor-
ous basis.16±18 It was also demonstrated that the probe
may be passive even if its presence modi®es the near-
®eld distribution around the sample.19,20 On this basis,
we do not take into account the presence of the tip. In
what follows, we shall consider the structure of the near-
®eld evaluated without the presence of the detecting~or
illuminating! tip.

We point out that the coupling ef®ciency of the probe
may depend onz. This occurs, for example, under
p-polarized illumination, when the tip is very close to the
sample~a precise study will be reported elsewhere!. This z
dependence may induce another kind of artifact. This artifact
is not studied here because our model does not describe the
coupling with the probe.

A. Perturbative expression for the intensity

We consider a three-dimensional sample with variations
in both topography and dielectric constant~Fig. 1!. This
sample is a layer of pro®lez5 S(x,y) and inhomogeneous
isotropic dielectric constantep(x,y,z), deposited upon a
semi-in®nite homogeneous isotropic substrate of dielectric
constant es ~half space z, 0). The upper medium
@z. S(x,y)# is assumed to be a vacuum or air. The system is
illuminated in transmission or re¯ection by a monochromatic
®eld of wavelengthl . This ®eld is either a plane wave~co-
herent illumination! or a set of uncorrelated plane waves
~spatially incoherent illumination!. In both cases, the inten-
sity of the incident ®eld depends only onz.

Let us write the total near ®eldE5 E(0)1 E(1) where
E(0) is the ®eld re¯ected or transmitted by the ¯at interface
z5 0 andE(1) is the ®eld scattered by the inhomogeneous
layer. In many cases of practical interest in near-®eld optics
~NFO!, the object is weakly scattering so that the condition
uE(1)u5 huE(0)u, with h ! 1, is ful®lled. Instances in which

FIG. 1. Section of the three-dimensional geometry used in the perturbation
theory.
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this condition is not satis®ed will be examined in Sec. IV.
When the tip is moved along a surface of equation
z5 f (x,y), the detected intensity to ®rst-order inh is:

I@x,y,z5 f~x,y! #5 I ~0!@f~x,y! #1 I ~1!@x,y, f~x,y! #, ~2!

whereI (0)5 uE(0)u2 andI (1)5 2 Re@E(0)* .E(1)#, Re denoting
the real part and* the complex conjugate. A ®rst-order ex-
pansion of Eq.~2! aroundz05 ^f (x,y)&leads to:

I@x,y,z5 f~x,y! #5 I ~0!~z0!1
dI~0!

dz
~z0!d f~x,y!

1 I ~1!~x,y,z0! . ~3!

In order to determine the domain of validity of the preceding
equation, we proceed as in Ref. 12. We introduce the length
scales L0 and L1 of I (0) and I (1), respectively, and
d f 5 supud f (x,y)u. Equation ~3! is valid if d f ! L1 and
d f ; hL0 . Note that these conditions involve only the struc-
ture of the near ®eld, whatever the physical system which
produces this near ®eld. Thus, Eq.~3! applies to a large
variety of problems. In the case of a sample with a linear
inhomogeneous dielectric permittivity and an arbitrary sur-
face pro®le, the conditions of validity of Eq.~3! are equiva-
lent to those of ®rst-order perturbation theory in the near
®eld.12,21,22

Equation~3! reveals the content of the near-®eld optical
image. The ®rst term is independent on (x,y) and contributes
to the background of the image. The two other terms are
responsible for the contrast of the image, and two origins for
this contrast are clearly identi®ed. The second term is pro-
portional to the path followed by the detecting tipd f (x,y).
The constant of proportionality depends only on the illumi-
nation conditions. Thus this term does not contain any infor-
mation on the sample, and is onlyan optical readout of the z
motion of the tip. In the best case, i.e., when the tip follows
the topography of the sample, this term produces a signal
proportional to the topography of the sample, and does not
produce any additional information to the shear force, STM,
or AFM signal. In contrast, the third termI (1)(x,y,z0) carries
purely optical information on the sample properties~dielec-
tric constant and topography!. Its relationship to the topog-
raphy and the dielectric constant variations of the sample is
in general not simple. It can be described with the concepts
of impulse response and equivalent surface pro®le.19 This
point will be useful in the following discussion.

B. Optical content of the image

The right-hand side in Eq.~3! shows that the most gen-
eral image is a superposition of a purely optical signal~third
term! and a term proportional to the path followed by the tip
~second term!. Hence, Eq.~3! gives a rigorous theoretical
basis to the experimental observations put forward in Refs. 4
and 13. The relative weight of these two terms determines
the optical content of the near-®eld optical image. If the sec-
ond term dominates, the use of NFO does not add any infor-
mation to the AFM, STM, or shear force images. NFO is of
interest only in the situations in which the contrast is domi-
nated by the third term in Eq.~3!.

Proceeding as in Ref. 13, we introduce the following
parameter:

G5
1

I ~1!~x,y,z0!

dI~0!

dz
~z0! ~4!

which measures the optical content of the image.G5 0 cor-
responds to a purely optical image. A large value ofuGu
corresponds to a low optical content of the image, and a
domination of the contrast by the artifact. In any relevant
NFO image,uGushould be minimized.

The value ofG depends on both the operating conditions
and the properties of the sample under study. This makes the
prediction of the presence of this artifact very dif®cult. We
shall address separately the cases corresponding to an illumi-
nation in transmission with propagating waves, in transmis-
sion with evanescent waves, and in re¯ection.

1. Illumination in transmission with propagating
waves

Let us ®rst consider the situation in which the sample is
illuminated in transmission from the lower medium~Fig. 1!
with a ®eld composed of one monochromatic plane wave
~coherent illumination! or a set of uncorrelated plane waves
~incoherent illumination!, at an angle of incidence smaller
than the critical oneuc5 arcsin@(Aes)

2 1#. The illuminating
®eldE(0) contains only homogeneous waves, and the illumi-
nating intensity I(0) does not depend onz (dI (0)/dz5 0).
Thus, G5 0 and no artifact is encountered.23 Equation~3!
shows that the image in this case is identical to a constant-
height image, taken at the heightz5 z0 . This is rather sur-
prising because one can havez0, supuS(x,y)u. In true
constant-height mode, one always hasz0. supuS(x,y)u.
Thus, we expect thatthe constant-distance image will look
like a constant-height image, but with a better resolution.
This will be con®rmed by the numerical simulation of Sec.
III.

The previous remarks apply to collection-mode SNOM
with an illumination in transmission with only homogeneous
waves. By reciprocity15 it also holds for illumination-mode
SNOM in which the light is detected in transmission at
angles smaller than the critical oneuc ~̀`allowed light'' in
Ref. 24!.

2. Illumination in transmission with evanescent
waves

The situation in which some or all the plane waves of the
incident ®eld have an angle of incidence greater than the
critical one is different. The corresponding zero-order trans-
mitted waves are evanescent. Thus,E(0) contains inhomoge-
neous waves creating az dependence inI (0). In the case of a
single plane wave, the transmitted zero-order ®eld is of the
form E0exp(ik i

inc .r i 1 ig incz), with g inc5 (k0
22 k i

inc2)1/2, and
k05 v /c. We have used the notationr i 5 (x,y). An inci-
dence in total internal re¯ection corresponds touk i

incu. k0 .
Thus g inc is imaginary, with the determination
Im(g inc). 0, Im denoting the imaginary part. It follows that:

G5
2 2 Im~g inc!

I ~1!~x,y,z0!
uE0u

2exp@2 2 Im~g inc!z0#. ~5!
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It is worth noting that the numerator ofG ~i.e., dI (0)/dz) is
negative in this case. Hence the artifact appears as a super-
position to the purely optical image of a signal proportional
to the path followed by the tip ininverse contrast. This point
will be illustrated by numerical simulation in Sec. III.

The present discussion applies to collection-mode tech-
niques in which the sample is illuminated in transmission
with part of~or all! the light being totally internally re¯ected,
as in PSTM/STOM. By reciprocity,15 it also applies to the
illumination-mode con®gurations in which the light is de-
tected in transmission at angles greater than the critical one
~̀`forbiddenlight'' in Ref. 24!. The presence of the artifact
in ``forbidden light'' images in illumination mode, and the
fact that the non-optical signal represents the path followed
by the tip in contrast reversal was demonstrated experimen-
tally in Ref. 13. Our model explains this observation.

3. Illumination in re¯ection

Let us consider now an illumination in re¯ection from
the upper medium~Fig. 1!. The illuminating intensityI (0) is
an interference pattern between the incident ®eld and the
®eld re¯ected by the ¯at interface. ThereforeI (0) exhibits a
z modulation which may lead to an artifact. This modulation
will depend on the value of the re¯ection factor at the inter-
facez5 0. Keeping the same notations, in the case of a single
incident plane wave, one obtains:

G5
2 4g inc

I ~1!~x,y,z0!
Im[E0* .rI E0 exp~2ig incz0! ], ~6!

whererI is a matrix of Fresnel re¯ection factors at the inter-
face z5 0. Here g inc is real. Equation~6! shows that the
artifact may become important for large values of the re¯ec-
tion factors. Moreover, the sign of the numerator ofG de-
pends on the value of those factors, and may change from
one sample to another. Thus the artifact may appear as a
signal proportional to the path followed by the tip either in
real or in inverse contrast.

The present discussion applies to collection-mode tech-
niques in re¯ection. By reciprocity it also applies to the
illumination-mode techniques in re¯ection.15 In both cases,
the artifact will be important if the substrate has a high re-
¯ectivity. We will illustrate this point in Sec. III.

4. In¯uence of the sample

The parameterG de®ned in Eq.~4! depends on the value
of the purely optical contributionI (1). The aim of this sec-
tion is to analyze the dependence ofI (1) on the sample prop-
erties.

I (1) is a complicated function of both the experimental
conditions and the sample properties. The analysis through
perturbation theory leads to the following expression:19

I ~1!~r i ,z0!5 EH~r i 2 r i8,k i
inc ,es ,z0!Seq~r i8!dr i8. ~7!

Seq is an equivalent surface pro®le connecting the topogra-
phy and the dielectric constant variations of the sample:

Seq~r i !5
1

es2 1E0

S~r i !
@ep~r i ,z!2 1#dz. ~8!

Note that in the case of a homogeneous sample (ep5 es),
Seq(r i ) reduces to the true topographic pro®leS(r i ). H is an
impulse response and is independent on the sample. Its exis-
tence is not postulated but comes out from the analysis
through ®rst-order perturbation theory.H is known analyti-
cally in Fourier space, its expression being given in Ref. 19.
H depends on the illumination conditions~polarization, di-
rection of incidence, coherence!, on the dielectric constant of
the substratees and on the detection distancez0 . Therefore,
H contains the dependence ofI (1) on the experimental con-
ditions, while Seq contains the properties of the sample.
These concepts of impulse response and equivalent surface
pro®le describe all the scattering process by weakly scatter-
ing samples and are very useful in the description of NFO
imaging.19

Equation~7! shows that the value ofI (1) depends on the
relative variations of the functionsH(r i ) and Seq(r i ). Any
situation may be encountered. At ®xed experimental condi-
tions ~both H and dI (0)/dz ®xed!, a sample may create a
strong scattered intensityI (1), thus a smalluGu, and another
sample a low scattered intensityI (1) and a largeuGu. The
same problem arises for a given sample by varying the illu-
mination conditions. The conclusion is that it is not possible
to give a universal rule governing the presence of the artifact
in the image. Nevertheless, it is possible to study a typical
sample in order to gain insight. This will be done in the next
section.

III. NUMERICAL RESULTS

In this section we study the near-®eld scattered by one or
two particles deposited on a ¯at semi-in®nite substrate. The
scattering geometry is depicted in Fig. 2. This system is il-
luminated in transmission or in re¯ection by a monochro-
matic plane wave of wavelengthl 5 633 nm, with an angle
of incidenceui . We provide exact numerical calculations of
the total near-®eld intensity either at a constant height or at a
constant distance from the sample.

FIG. 2. Geometry of the two-dimensional sample used in the exact numeri-
cal calculations. Solid line: path followed in the constant-height calcula-
tions. Dashed line: path followed in the constant-distance calculations.
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A. Numerical method

The numerical scheme is based on a volume integral
formulation of the electric ®eld derived from Maxwell equa-
tions. At any pointr5 (x,y,z), the electric ®eld is given
by:25

E~r !5 E~0!~r !1 k0
2E

V
@ep~r8!2 1#GI ~r ,r8!E~r8!dr8,

~9!

whereGI is the Green dyadic of the reference system consist-
ing of a ¯at interface atz5 0 separating the substrate~half
spacez, 0, dielectric constantes) from vacuum~half space
z. 0). E(0) is the ®eld in the reference system and the inte-
gral gives an exact expression of the scattered ®eld. It is
restricted to the domainV occupied by the particles, having
a position-dependent dielectric constantep(r8). In general
Eq. ~9! can only be solved numerically,26 and several
schemes have been proposed, in two-dimensional27 and
three-dimensional geometries.28 Here we will consider a
two-dimensional geometry, for boths- andp-polarized light,
and solve Eq.~9! by a moment method.25 In this method the
volume V is discretized in a mesh of rectangular cells of
dimensionsdx anddy. The ®eld and the dielectric constant
are assumed to be constant in each cell. Equation~9! is trans-
formed into a linear system involving the integral of the
Green dyadic over each cell. Note that this integration regu-
larized the Green dyadic, which possesses a non-integrable
singularity at the origin inp polarization.27 In all the calcu-
lations presented here, the size of the cells is
dx5 dy5 0.005l .

B. Images of one localized particle with different
scattering potentials

We ®rst consider the sample in Fig. 2 with one single
particle. Its width isw5 0.1l , its heighth5 0.015l and its
dielectric constantep , assumed homogeneous, is a variable
parameter. We compare the near-®eld intensity calculated
along a line at a constant height~solid line in Fig. 2! and the
intensity calculated at a constant distance from the surface
pro®le~dashed line in Fig. 2!. Our goal is to check the pres-
ence of the artifact due to thez motion of the tip in the
constant-distance mode, in light of the discussion of Sec. II.

1. Illumination in transmission

The results in the case of an illumination in transmission
at ui5 0É are displayed in Fig. 3 (s polarization! and Fig. 4
(p polarization!. We have used two different particles having
the same dimensions but a different dielectric constant:~a!
ep5 2.25~glass!, ~b! ep52 91 i ~gold!. Varying ep is a way
to vary the scattering potential of the sample, and thus the
level of the scattered intensityI (1) @see Eqs.~7!±~8!#. The
substrate is glass (es5 2.25). The solid curves correspond to
constant-height calculations along the solid line in Fig. 2
with z05 0.0225l ~14 nm!. The dashed curves correspond to
constant-distance calculations along the dashed line in Fig. 2
with d5 0.0075l ~5 nm!. The location of the particle is in-
dicated at the bottom of the ®gures.

In both polarizations and for the two particles, the
constant-height and constant-distance curves are similar.
This con®rms the discussion of Sec. II. At normal incidence
in transmission,dI (0)/dz vanishes. Thus,G5 0 and the
constant-distance image is purely optical. Noz-motion arti-
fact is to be expected and the constant-height and constant-
distance images are similar. Yet the constant-distant curves
exhibit a slightly better resolution than the constant-height
curves. This is seen in Figs. 3 and 4 where the dashed curves
exhibit faster variations than the solid curves. As discussed

FIG. 3. Near-®eld intensity above the sample in Fig. 2 with only one surface
particle. s polarization; illumination in transmission,ui5 0É; particle size:
w5 0.1l , h5 0.015l . Solid line: constant-height calculations with
z05 0.0225l . Dashed line: constant-distance calculations with
d5 0.0075l . Two values of the particle dielectric constantep are used. The
dielectric constant of the substratees5 2.25 is ®xed.

FIG. 4. Same as Fig. 3 forp polarization.
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in Sec. II, the constant-distant curve is a constant-height
curve taken at the height̂f (x,y)&which is smaller than the
heightz0 of the constant-height curve. This explains the bet-
ter resolution.

It is also worth noting the very high level of signal in the
case of a metallic particle inp polarization@Fig. 4 ~b!#. This
is due to an enhancement of the ®eld inside the particle,
which creates a very strong scattered ®eld. Even in this case
there is no appreciable difference between the two kinds of
images.

2. Illumination in total internal re¯ection

We show in Figs. 5 and 6 the same calculations as in
Figs. 3 and 4, but for an incidence in total internal re¯ection
(ui5 60É). As seen in Sec. II,G does not vanish in this case,
its value being given in Eq.~5!. Moreover,dI (0)/dz is nega-
tive, and one expects a contribution in the intensity of a term
proportional to the path followed by the tip in inverse con-
trast @second term in Eq.~3!#. This is clearly seen in Figs.
5~a! and 6~a!. Here the constant-height~solid line! and
constant-distance~dashed line! curves look different. A su-
perposition of a purely optical signal~looking like a
constant-height signal! and a signal proportional to the path
followed by the tip in contrast reversal~artifact! can be easily
identi®ed in the constant-distance curves. The scattering po-
tential of the particle being small (ep5 2.25), the purely op-
tical contributionI (1) does not dominate the contrast of these
curves. Thus they are strongly dominated by thez-motion
artifact.

When the scattering potential increases@Figs. 5~b! and
6~b!#, the contribution of the optical termI (1) increases. For
a gold particle@Figs. 5~b! and 6~b!#, the purely optical con-
tribution is so important that the presence of the artifact is
strongly attenuated. This means that the contrast is now
dominated by the third term in Eq.~3!. The constant-height
and constant-distance curves are practically identical. This

effect is particularly striking inp polarization @Fig. 6~b!#
where the metallic particle creates a very strong scattered
®eld. In this case the presence of the artifact is no longer
visible.

3. Illumination in re¯ection

We now consider an illumination in re¯ection from the
upper medium~see Fig. 2!. We have shown in Sec. II that
G does not vanish in this case. Its expression, given in Eq.
~6!, shows that its strength should increase with the re¯ec-
tivity of the substrate. We thus present the calculations for
only one kind of particle (ep5 2.25), but for two values of
es : ~a! es5 2.25 and~b! es5 16. The result is displayed in
Fig. 7 (s polarization!. With the values ofes used here, the
Fresnel re¯ection factors appearing in the matrixrI in Eq. ~6!
are negative. Thus the numerator ofG (dI (0)/dz) is positive
and thez-motion artifact should appear as a superposition to
the purely optical image of a signal proportional to the path
followed by the tip~no contrast reversal!. In Fig. 7~a! ~low
re¯ective substrate!, the constant-height~solid line!, and
constant-distance~dashed line! curves are only slightly dif-
ferent. The contribution of the artifact in the constant-
distance curve is lower than that of the purely optical term.
Conversely, in Fig. 7~b! ~high re¯ective substrate!, the arti-
fact appears clearly through the addition in the constant-
distance intensity of a signal proportional to the path fol-
lowed by the tip. This calculation con®rms that in re¯ection
the artifact is more important when the substrate has a high
re¯ectivity.

Although we do not display the results for the sake of
brevity, we have observed the same effect inp polarization.
Moreover, increasing the scattering potential of the particle
increases the contribution of the optical term in the detected
signal. As in the case of TIR examined previously, this re-
duces the weight of the artifact in the image.

FIG. 5. Same as Fig. 3 with an illumination in total internal re¯ection
(ui5 60É).

FIG. 6. Same as Fig. 5 forp polarization.
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C. Artifact and resolution

In the previous Section we have shown how the purely
optical information of the image could be hidden by the ar-
tifact induced by thez motion of the probe. We shall now
discuss the resolution issue.

It was pointed out in Ref. 13 that the artifact may lead to
a wrong interpretation of the purely optical resolution. We
illustrate this important point with exact numerical calcula-
tions of the ®eld scattered by two particles (ep5 2.25) de-
posited on a ¯at glass substrate (es5 2.25) and separated by
a distancel5 0.075l ~47 nm!. The geometry is displayed in
Fig. 2. The illumination is done in transmission.

Figures 8~a! and 8~b! show the constant-height~solid
line! and constant-distance~dashed line! curves forui5 0É
and ui5 60É, respectively. The wave iss polarized. In Fig.
8~a! the presence of the artifact is not visible. As shown
previously ~see Fig. 3!, at normal incidence the constant-
height and constant-distance curves are almost identical. The
constant-distance curve exhibits a slightly better resolution,
as seen in Fig. 8~a!. In contrast, in total internal re¯ection
@Fig. 8~b!#, the two images are clearly different. In the
constant-height curve, the intensity distribution does not re-
produce the surface pro®le. Even the presence of the two
particles is not clear in this~purely optical! image. In con-
trast, the constant-distance curve exhibits strong variations at
the precise location of the particles, with an extremely high
resolution. But, these strong variations of the signal have
their origin in the second term in Eq.~3!, which is respon-
sible for the artifact. In fact, a signal proportional to the path
followed by the tip in inverse contrast can be easily recog-
nized in the intensity at constant distance. This is the signa-
ture of the z-motion artifact with an illumination in total
internal re¯ection in collection-mode SNOM~or by reciproc-

ity with a ``forbiddenlight'' detection in illumination-mode
SNOM!. In conclusion, the resolution in the constant-
distance image does not have its origin in an optical interac-
tion with the sample, but in an optical readout of thez mo-
tion of the tip.

The same behavior is seen in Fig. 9 which is identical to
Fig. 8 but for p polarization. Note that the separation be-
tween the two particles is clearly resolved in Fig. 9, even in
the constant-height images. This is consistent with previous
studies that showed that on dielectric substrates the light lo-
calization around the object was better inp than in s

FIG. 7. Near-®eld intensity above the sample in Fig. 2 with only one surface
particle; s polarization. Illumination in re¯ection from the upper medium,
ui5 0É. The particle dielectric constantep5 2.25 is ®xed. Two values of the
substrate dielectric constantes are used. Other parameters as in Fig. 3.

FIG. 8. Near-®eld intensity above the sample in Fig. 2 with two particles
separated by a distancel5 0.075l . The dielectric constantses and ep are
®xed.~a!: ui5 0É;~b!: ui5 60É. Other parameters as in Fig. 3.

FIG. 9. Same as Fig. 8 forp polarization.
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polarization.21,28 Note that this polarization effect may be
different with metallic substrates supporting polaritons.29 In
Fig. 9~b!, due to the presence of the artifact, the constant-
distance image appears in contrast reversal. But once again,
this contrast reversal is a pure effect of the artifact, and does
not reveal any particular optical property of the sample.

IV. CASE OF A STRONGLY SCATTERING EXTENDED
SURFACE

The analysis in Sec. II, based on perturbation theory,
shows that the origin of thez-motion artifact is thez varia-
tion of the illuminating intensitydI (0)/dz. This term com-
petes with the ®rst-order scattered intensityI (1) to produce
the contrast of the image. In the perturbative analysis of Sec.
II, the z variation of I (1) was neglected because it was a
second-order contribution. We have seen that this model pre-
dicts the behavior of the images of small localized particles,
dielectric or metallic, as that studied numerically in Sec. III.
This study is relevant for NFO applications.

Nevertheless, in order to get a complete picture of the
scattering process responsible for thez-motion artifact, in
this section we shall analyze the behavior of a strongly scat-
tering extended non-¯at surface. Note that, with constant-
distance regulation, it is possible to study such highly corru-
gated samples with NFO microscopes.30 In this case the
scattered intensity is no longer weak compared to the illumi-
nating intensity, and it may even dominate the total intensity.
Hence, presently, the perturbative development used in Sec.
II is not meaningful. This is a well-known fact in scattering
from rough surfaces: when the roughness increases, the
amount of energy in the specular direction~i.e., I (0)) de-
creases, the energy being transferred to the scattered part of
the ®eld. In this case we may expect that thez variation of
the scatteredintensity may induce a newz-motion artifact.

In order to check this hypothesis, we have calculated the
near-®eld scattered by a one-dimensional grating of pro®le
z5 S(x) with S(x)5 hcos(2px/p). The pro®le is represented
on the top in Fig. 10. The upper medium is a vacuum, while
the lower medium is assumed to be glass (es5 2.25). The
period isp5 0.5l . The sample is illuminated in transmission
from the lower medium with a monochromatic plane wave
(l 5 633 nm! at normal incidence.

We show in Fig. 10~a! the calculations when
h5 0.01l , in s polarization. The solid curve corresponds to a
constant-height calculation, the dashed line to a constant-
distance calculation. As expected, with this smooth grating,
the conclusion of Secs. II and III remains valid. At normal
incidence in transmission, the two curves are almost identical
and noz-motion artifact may be detected in the constant-
distance curve. It is so because the small grating height
makes it a smooth scattering sample, for which the ®rst-order
perturbation theory is valid. Thus, Eq.~3! correctly describes
the behavior of the near-®eld intensity and thez variation
of the scattered intensity is a negligible second-order
correction.

We show in Fig. 10~b! the same calculation with
h5 0.15l . The result is completely different. Even at normal
incidence in transmission, the two curves are not identical. A
z-motion artifact appears, but its origin is not thez variation

of I (0). In fact, the mechanism is the following. The total
electric ®eld can be writtenE5 E(0)1 Es . In this decompo-
sition Es denotes the scattered ®eld. The total intensity is
now:

I~r !5 I ~0!~r !1 2 Re@E~0!* ~r….Es~r ! #1 I s~r ! , ~10!

whereI s5 uEsu
2. The high-roughness grating creates a strong

scattered ®eldEs , and the last two terms in Eq.~10! contrib-
ute to the scattered intensity. The last one is not negligible,
and may even dominate. Moreover, becauseEs contains both
propagating and evanescent waves, the scattered intensity
depends strongly onz, and induces thez-motion artifact pro-
portional to thez derivative of the scattered intensity. Calcu-
lations of the total intensity versusz close to the surface~not
displayed here! show that the derivative of the intensity is
four times greater in the case in Fig. 10~b! than that in Fig.
10~a!. This explains the visibility of az-motion artifact in
Fig. 10~b!.

Also, not shown for the sake of brevity, the same results
have been obtained inp polarization.

V. CONCLUSION

For weakly scattering samples, the scattering process
does not induce any artifact in collection-mode SNOM when
the sample is illuminated in transmission with propagating
waves. This also holds for illumination-mode SNOM with a
detection in transmission at angles smaller than the critical
one. In collection-mode SNOM with some of the waves be-

FIG. 10. Near-®eld intensity above a homogeneous surface of pro®le
S(x)5 h cos(2px/p), with p5 0.5l . Dielectric constant of the surface
es5 2.25. Solid line: constant-height calculation. Dashed line: constant-
distance calculation;s polarization:ui5 0É.~a!: h5 0.01l ; ~b!: h5 0.15l .
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ing totally internally re¯ected~like in PSTM/STOM!, the
artifact may become important. This is also true in
illumination-mode SNOM with detection in transmission at
angles greater than the critical one. In re¯ection SNOM, the
artifact may also be encountered. It is important when the
substrate has a high re¯ectivity. We have also shown that the
purely optical contribution in the image increases with the
scattering potential of the sample.

For strongly scattering extended surfaces, the scattering
process induces an artifact even in transmission with illumi-
nating~or detected! waves propagating with an angle of in-
cidence smaller than the critical one.

The artifact we have studied is induced by the scattering
process by the sample. As pointed out in the introduction, the
probe coupling ef®ciency may depend onz and induces an-
other kind of artifact, which was not taken into account here.
Situations in which we did not ®nd any artifact~of the ®rst
kind! may be affected in experiments by the probe-coupling
artifact.

A safe way to avoid the artifact studied here would be to
perform constant-height~or constant-intensity! images. Nev-
ertheless, the constant-distance mode allows to perform a
scan at a mean distancez0 smaller than the maximum height
of the surface pro®le. Thus this mode provides the best po-
tential optical resolution. We would like to address the prob-
lem of extracting the purely optical information from a
constant-distance image exhibiting az-motion artifact. In an
experiment, one measures both the ``opticalsignal'' de-
scribed by the left-hand side in Eq.~3! and thez motion
d f (x,y) of the tip. The illuminating intensityI (0) and its
derivativedI (0)/dz are known quantities that can be evalu-
ated from the experimental parameters. Therefore solving for
Eq.~3! gives a general procedure to extract the purely optical
informationI (1) from the experimental signal. Such a proce-
dure has been used experimentally in Ref. 31 on a collection-
mode image obtained with an illumination in total internal
re¯ection. A signal proportional to the path followed by the
tip in inverse contrast was extracted from the image, leading
to a purely optical signal. The main problem in this proce-
dure is that the level of the purely optical signal in the input
image has to be above the level of noise. Our study allows to
®nd conditions in which the purely optical information is
enhanced.
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We derive a general expression for the signal in scanning near-®eld optical microscopy. This
expression, based on the reciprocity theorem of electromagnetism, is an overlapping integral
between the local electric ®eld and a function that characterizes the tip. In particular, it includes the
dependence on wavelength, illumination conditions, and polarization. To illustrate the potentiality
of this theory, we discuss the polarization behavior and the spectral response of the apertureless
setup. • 2000 American Institute of Physics.@S0021-8979~00!02821-8#

I. INTRODUCTION

Scanning near-®eld optical microscopy~SNOM! has at-
tracted considerable attention in the past ®fteen years as a
technique to obtain optical images of surfaces with subwave-
length resolution.1,2 In addition to surface-structure imaging,
SNOM has proven its ability to generate and image con®ned
electromagnetic ®elds such as surface plasmons,3 to detect
single molecule ¯uorescence,4 to perform near-®eld
spectroscopy,5,6 or to observe light localization on disordered
surfaces.7 In addition, SNOM is a good tool to control light
propagation in guiding microstructures8 and optoelectronic
components.9 In these applications, where the main interest
is in the detection of the electromagnetic ®eld itself rather
than in imaging a surface structure, SNOM appears as a
privileged technique compared to other scanning probe mi-
croscopies.

Several theoretical studies about SNOM have been pre-
sented in the last ten years, based on numerical
simulations10±12 or analytical models.13,14 Concerning imag-
ing of con®ned electromagnetic ®elds, a ®rst description is
obtained by assuming that the signal is proportional to the
square modulus of the electric ®eld at the tip location.12,14

Another point of view is to describe the tip by a pointlike
scatterer that scatters the near ®eld towards a far-®eld
detector.10,13 Although these approaches are well suited for
some particular cases, they do not tackle important aspects,
such as the tip shape effects and the nonlocality of the de-
tection process. Hence, how the signal depends on the local
electromagnetic ®eld and on the tip in a real situation re-
mains an open issue. Another important point, which re-
mains unstudied, is the in¯uence of the near-®eld detection
and the tip properties on the spectral response of the SNOM
setup. This issue is essential in order to understand the spec-
troscopic experiments. There is absolutely no reason to as-
sume that a SNOM setup has a ¯at spectral response. Thus,
normalizing a near-®eld spectrum by a far-®eld spectrum
does not suppress all the instrument spectral properties.

In this article we introduce an exact and general expres-
sion for the signal as a function of both the local electromag-
netic ®eld and the tip properties. This expression~i! reveals
which physical quantity is detected in a SNOM experiment
and~ii ! provides a useful tool to analyze experimental results
and to calculate the SNOM signal. To illustrate the potenti-
ality of this approach, we concentrate on the apertureless
setup.15 We describe the polarization behavior and the spec-
tral response, in agreement with recent experimental
results.6,16 In view of these results, the approach looks par-
ticularly suitable to the description of near-®eld optical spec-
troscopy.

II. THEORY

A. General expressions of the SNOM signal

In order to obtain an expression for the signal, we use
the reciprocity theorem of electromagnetism.17 This theorem
was the basis of a SNOM model derived previously for im-
aging of surface structures,14 and of a model for light emis-
sion in scanning tunneling microscopy.18 The reciprocity
theorem involves two different situations.

The ®rst one, called experimental situation, is a generic
experimental SNOM setup, as illustrated in Fig. 1~a!. In this
experimental situation, a physical system described by a
monochromatic current densityjexp(v ) radiates the ®eld to be
observed. This physical system is either a primary source
~e.g., a molecule or an emitting optoelectronic device! or a
secondary source excited by a primary point source with cur-
rent densityj sou(v ) placed in the far ®eld~e.g., a plasmon
resonance on a metal surface or a guided mode in a micro-
structure excited by an incident laser beam!. The ®eld radi-
ated by the physical system is probed by a local tip and the
signal is recorded in the far ®eld by a point detector. The
region between the tip and the physical system is assumed to
be homogeneous and free of sources~gap region!.

In the second situation, called reciprocal situation and
represented in Fig. 1~b!, the collecting system~tip1 detection
optics! is illuminated by a hypothetical monochromatic point
sourcej rec(v ) placed at the detector position, in absence of
the physical system and the primary sourcej sou(v ). The di-

a!Author to whom correspondence should be addressed; electronic mail:
remi@em2c.ecp.fr

JOURNAL OF APPLIED PHYSICS VOLUME 88, NUMBER 8 15 OCTOBER 2000

48450021-8979/2000/88(8)/4845/6/$17.00 • 2000 American Institute of Physics

Downloaded 03 Oct 2001 to 128.151.240.143. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp



rection of j rec corresponds to that of an analyzer placed be-
fore the detector in the experimental situation. The applica-
tion of the reciprocity theorem17 leads to the following
expression for the electric ®eldEdet at the detector position:

Edet"j rec5 Erec~r sou! • j sou1 E
S
~Eexp3 Hrec2 Erec3 Hexp! • dS,

~1!

whereEexp(rec)andHexp(rec)are, respectively, the electric and
magnetic ®elds in the experimental~reciprocal! situation,
dS5 dSzÃ, wherezÃis the unit vector of thez axis, andr sou is
the position of the source. In the gap region, the electromag-
netic ®elds in both situations can be expressed in terms of an
angular spectrum of plane waves.19 For instance, at a point
r5 (R,z) in the gap region,Eexp can be written in the form

Eexp~R,z!5 Eeexp
1 ~K !exp~i K"R1 igz!dK

1 Eeexp
2 ~K !exp~i K"R2 igz!dK, ~2!

where g(K)5 (k22 K2)1/2, with k5 v /c ~v being the fre-
quency andc being the speed of light in vacuum! and the
determination Reg. 0 and Img. 0. The integrals in Eq.~2!
are extended to 0, uKu,1 ` , so that they contain both
propagating (uKu< k) and evanescent (uKu. k) waves.
Waves which propagate or decay towardsz. 0 have an am-

plitude denoted byeexp
1 (K), while eexp

2 (K) corresponds to
waves which propagate or decay towardsz, 0. A similar
angular spectrum can be written for the magnetic ®eld

Hexp~R,z!5 Ehexp
1 ~K !exp~i K"R1 igz!dK

1 Ehexp
2 ~K !exp~i K"R2 igz!dK, ~3!

with, as a consequence ofMaxwell's equations

k6 3 eexp
6 ~K !5 v m0hexp

6 ~K ! , ~4!

wherek6 5 (K,6 g) andmo is the magnetic permeability of
vacuum.

Similar expressions can be used for the ®eldsErec and
Hrec in the reciprocal situation~see Appendix A!. However,
the angular spectra of these ®elds only contain waves which
propagate or decay towardsz, 0, because there are no
sources below the probe in the reciprocal situation@see
Fig. 1~b!#. Inserting the angular spectra of all ®elds into the
integral in Eq.~1! and collecting terms, we obtain the fol-
lowing expression for the ®eld at the detector position~see
Appendix A for details!:

Edet"j rec5 Erec~r sou! "j sou

2
8p 2

v mo
Eg~K !erec~2 K ! "eexp

1 ~K !dK, ~5!

where the integral is extended over 0, uKu,1 ` and de-
scribes the detection of both propagating and evanescent
components of the experimental ®eldeexp

1 (K). An equivalent
expression is obtained by transforming Eq.~5! into real
space~see Appendix A!

Edet"j rec5 Erec~r sou! "j sou

2
2i

v mo
E

S

] Erec

] z
~R,z! "Eexp

1 ~R,z!dR, ~6!

where the integral in the second term is now evaluated in a
plane at a constant heightz in the gap region~surfaceS in
Fig. 1!. Eexp

1 denotes the experimental ®eld containing waves
that propagate or decay towardsz. 0, whose angular spec-
trum is given by the ®rst integral in Eq.~2!.

B. Discussion

Both Eqs.~5! and~6! are exact expressions of the com-
ponent of the electric ®eld along the directionj rec of an ana-
lyzer at the detector position in the experimental situation.
They rely on the validity of the reciprocity theorem, namely,
the collecting system~tip 1 detection optics! has to be made
of linear materials with symmetric constitutive tensors17.
This restriction applies to the bodies entering the reciprocal
situation in Fig. 1~b!. In particular, it does not apply to the
physical system, which may contain, for example, magnetic
materials. We also put forward that both expressions take
into account multiple scattering between the physical system
and the tip. Indeed,Eexp

1 is the ®eld illuminating the tip in the
presence of the tip.

FIG. 1. Schematic views of the two situations considered for the application
of the reciprocity theorem.~a!: sketch of the experimental situation, where a
generic experimental SNOM setup is considered.~b!: reciprocal situation,
where the collecting system is illuminated by a point source located at the
detector position.
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The ®rst termErec(r sou)"j sou in the right-hand side of
Eqs.~5! and~6! describes direct radiation of the illuminating
source~e.g., a laser! towards the detector. It does not carry
any information on the physical system. Moreover, it van-
ishes in experimental situations in which the physical system
is itself the primary source~e.g., a ¯uorescent molecule or an
emitting optoelectronic device!. Both expressions can be
useful to describe a given experiment:

· Expression~5! ~Fourier space! describes how each
spatial frequencyK of the experimental ®eld is detected. The
coupling factor is proportional toerec(2 K). Hence, a given
frequencyK is ef®ciently detected if it is present in the spec-
trum of Erec, the ®eld produced by the collecting system
~especially the tip! when it is illuminated from the detector.
In other words, a tip is able to detect high spatial frequencies
if it itself creates high spatial frequencies when illuminated
from the far ®eld.

· Expression~6! ~real space! shows that the detected
®eld is given by an overlapping integral between the experi-
mental ®eld and a term proportional to the derivative of the
reciprocal ®eld (] /] z)Erec. The latter is a response function
of the instrument, describing the spatial localization of the
detection process, the polarization effects, and the spectral
response.

Finally, we note that an expression of the SNOM signal
exhibiting the same structure as Eq.~6! was derived
recently20 as a generalization ofBardeen's formula,21,22

originally developed for electron tunneling between two
weakly coupled electrodes. This result has shown that
SNOM and scanning tunneling microscope~STM! can be
handled using the same formalism. There are two differences
between Eq.~6! and the result in Ref. 20:~i! The latter was
derived under the assumption of weak tip±sample coupling
whereas Eq.~6! is exact.~ii ! The result in Ref. 20 was for-
mally put in the symmetrized form of a current operator as in
Bardeen's original article.

C. Electric or magnetic ®eld?

Before closing this section, we address the question of
whether a SNOM detects preferentially the electric ®eld or
the magnetic ®eld. This question was raised recently in light
of experiments using a photon scanning tunneling micro-
scope ~PSTM! with either dielectric or metal-coated
probes.23 Dielectric probes seem to detect a signal propor-
tional touEexp

1 u2 whereas gold coated ®ber tips seem to detect
a signal proportional touHexp

1 u2. We shall see that the preced-
ing analysis allows to discuss this issue.

Starting from Eq.~1! and using Eqs.~2!±~4!, it is pos-
sible to derive an expression of the electric ®eld at the de-
tector in terms of magnetic ®elds only. One obtains in this
case

Edet"j rec5 Erec~r sou! "j sou1
2i

v eo

3 E
S

] Hrec

] z
~R,z! • Hexp

1 ~R,z!dR. ~7!

Equations~6! and~7! are two equivalent expressions of the
same quantity. The former connects the signal at the detector
to the electric ®eld illuminating the tipEexp

1 , whereas the
latter relates the signal to the magnetic ®eld illuminating the
tip Hexp

1 . In this case, the response function which character-
izes the detection process is proportional to (] /] z)Hrec. The
fact that the signal may be expressed as a function of either
the electric or the magnetic ®eld is not surprising because
both are linked by Maxwell's equations. Nevertheless, de-
pending on the shape of the response function (] /] z)Erec and
(] /] z)Hrec, the signal may resembleEexp

1 or Hexp
1 . Note that

the shape of the response function depends only on the tip
and the collecting optics. In the case of the experiment de-
scribed in Ref. 23, the dielectric tip may produce a response
function (] /] z)Erec which is highly localized and symmetric,
so that the signalI 5 uEdet"j recu

2 closely follows the distribu-
tion of the electric ®eld. Conversely, the gold coated ®ber tip
may produce a highly localized and symmetric response
function (] /] z)Hrec, so that the signal closely follows the
distribution of the magnetic ®eld.

III. APPLICATION: APERTURELESS SNOM

Equation ~6!, or equivalently Eq.~5!, can be used to
analyze experimental results in SNOM. The key quantity,
which characterizes the tip and the collecting system, is the
reciprocal ®eldErec. Different models are available, that al-
low an approximate and practical description of this ®eld.
For instance, for an aperture SNOM, the Bethe±Bouwkamp
model24 could be used.13,25 For an apertureless SNOM15 us-
ing a conical metallic tip,Erec can be modeled by the ®eld
near the tip apex of a perfectly conducting cone.26,27 With
such models, the approach presented in this article provides a
versatile and useful tool to analyze experimental results and
to identify the key parameters.

A. Tip model

In order to illustrate the potentiality of the theory, from
now on we focus on the apertureless SNOM. As mentioned
above, the ®eldErec can be modeled in this case by the ®eld
near the tip apex of a perfectly conducting cone illuminated
by an electric dipole placed at the position of the detector
~i.e., in the far ®eld!. At short distancer from the tip apex
(kr! 1), one has26,27

E5 k~kr ! n2 1sinbFur1
uu

n
]

] uGa~uo ,u,a ! , ~8!

wherea is a function of the angle of incidenceuo , the angle
of observationu, and the semiangle of aperture of the cone
a. The other parameters are the wave vectork5 v /c and the
angle of polarizationb of the incident wave~b5 0 for an
illumination in s or TE polarization,b5 p /2 for an illumi-
nation inp or TM polarization!. ur anduu are the unit vec-
tors in spherical coordinates.n is a positive number smaller
than 1 which depends on the cone angle.26 Note that al-
though Eq.~8! is an asymptotic expression, it is not an elec-
trostatic approximation. Therefore, it includes retardation ef-
fects. Remarkably, the ®eld given by Eq.~8! is highly
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enhanced near the tip apex, and its spatial distribution does
not depend on the illumination conditions. This model for
the tip was introduced in near-®eld optics by Coryet al.27

We will show that, together with Eq.~6!, it allows to explain
the polarization dependence and the spectral response mea-
sured on an apertureless setup using a metallic tip.

B. Polarization dependence

The polarization effect in apertureless SNOM has been
recently studied experimentally.16 In that work, the sample
was a ¯at silicon surface, probed by a tungsten tip, illumi-
nated at a wavelengthl 5 647 nm. The dependence of the
signal on the polarization of the incident wave was mea-
sured. The polarization state of the incident wave is de-
scribed by the angleb. The signal versusb, measured in
re¯ection in the direction normal to the surface, is shown in
Fig. 2 in Ref. 16. The result can be explained using Eq.~6!,
together with the tip model Eq.~8!. The signalI is propor-
tional touEdet"j recu

2. This quantity is described by the integral
term in Eq.~6!, which involves the enhanced ®eld at the tip
apex@the ®rst term in the right-hand side in Eq.~6! gives a
negligible contribution in this setup#. When the tip is at a few
nanometers from the surface, the ®eldEexp

1 illuminating the
tip is mainly the enhanced ®eld re¯ected by the surface.
Therefore,Eexp

1 is proportional to the ®eld given by Eq.~8!,
and thus to sinb. Finally, the signal isI } sin2 b. This predic-
tion is in agreement with the experimental result~see Fig. 2
in Ref. 16!. Thus, Eq.~6!, together with Eq.~8! correctly
describes the polarization behavior of an apertureless SNOM
using a metallic tip.

C. Spectral response

We now turn to the study of the spectral response. It has
been found experimentally very recently that the spectral re-
sponse of an apertureless SNOM using a metallic tip is not
¯at, and that it depends on the tip shape.6 This unexpected
behavior is of great importance in near-®eld optical spectros-
copy, where the recorded spectra have, in principle, to be
corrected by the response function of the instrument. In
Ref. 6, a confocal geometry was used. The sample was an
aluminum mirror~̄at spectral response in the visible, with a
re¯ectivity R5 0.9!. The signal was measured versus the in-
cident wavelength, and normalized by the far-®eld spectrum
recorded under the same conditions. The results for two tips
with different angles of aperture are shown in Fig. 3 in
Ref. 6. We shall show that Eq.~6!, together with the tip
model Eq.~8!, quantitatively describes this behavior. First,
we note that although an electrostatic model can correctly
describe the spatial structure of the ®eld near the tip apex,28

it cannot account for a spectral dependence due to geometri-
cal effects. Therefore, the use of a tip model including retar-
dation effects is of great importance for spectroscopic appli-
cations.

The ®eld near the apex of a perfectly conducting cone
illuminated by a point source placed in the far ®eld has a
frequency dependenceE} v n, wheren only depends on the
angle of aperture of the tip@see Eq.~8!#. This model cor-
rectly describes the reciprocal ®eldErec, the illuminating

dipole being, in this case, placed at the position of the detec-
tor. The experimental ®eldEexp

1 contains several contribu-
tions, e.g., the ®eld re¯ected by the ¯at mirror~without in-
teraction with the tip! and the enhanced ®eld at the tip apex,
re¯ected by the surface. The latter is given by the product of
Eq. ~8! and a re¯ection factor which does not depend on the
frequency. In the case of a confocal detection, as in Ref. 6,
the signalI is given by the interference between these two
contributions. Therefore, it is proportional to the integral
term in Eq.~6!, in which bothErec andEexp

1 are described by
Eq. ~8!. Finally, we end up withI } v 2n2 1. For different tip
angles, the signal predicted by this model versus the incident
wavelength is shown in Fig. 2 in Ref. 6. An excellent agree-
ment with the experiment is found.

Finally, we note that if the tip apex were modeled by a
small dipole sphere29, the spectral dependence expected for
the signal would bev 4, in disagreement with the experimen-
tal results. Therefore, modeling a conical metallic tip by a
small dipole in apertureless SNOM leads to wrong predic-
tions, at least for spectroscopic applications. In view of this
result, we believe that the approach in the present article
should ®nd broad applications in near-®eld spectroscopy.

IV. CONCLUSIONS

In conclusion, by means of the reciprocity theorem of
electromagnetism, we have derived an exact and general ex-
pression for the signal in SNOM. This expression connects
the ®eld at the detector position to the local ®eld illuminating
the tip. It is valid in the presence of multiple scattering and
can be applied to any type of SNOM probe. We have illus-
trated the potentiality of this approach by analyzing the ap-
ertureless setup. We have described the polarization effect
and found a result in agreement with experiments.16 We have
also studied the spectral response which was measured ex-
perimentally very recently6 and we have shown that its de-
pendence on the tip shape was fully described by our ap-
proach. Besides, it turns out that a dipole model for the tip
does not account for the spectral response observed experi-
mentally. Therefore, we believe that the general expression
for the SNOM signal introduced in this article should be
helpful for quantitative analysis of future experimental re-
sults.
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APPENDIX A: DERIVATION OF EXPRESSIONS „5…
AND „6…

Using the vector identity

a"~b3 c!5 b"~c3 a!5 c"~a3 b! , ~A1!

one can cast Eq.~1! in the form
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Edet"j rec5 Erec~r sou! • j sou

1 E
S
@Eexp"~Hrec3 zÃ!2 Hexp"~zÃ3 Erec! #dR.

~A2!

The experimental ®elds have angular spectra given by
Eqs.~2! and~3!, related by the Maxwell Eq.~4!. The angular
spectrum representations of the reciprocal ®elds read

Erec~R,z!5 Eerec~K !exp~i K"R2 igz!dK, ~A3!

Hrec~R,z!5 Ehrec~K !exp~i K"R2 igz!dK. ~A4!

They are related by the Maxwell equation

k2 3 erec~K !5 v m0hrec~K ! . ~A5!

Inserting Eqs.~2!, ~3!, ~A3! and~A4! into Eq.~A2! leads to
Eq.~5! after little algebra without any approximation. During
this manipulation, some simpli®cations occur due to the
transversality of the ®elds in the gap region, which yields, in
terms of angular spectra

k6 "eexp
6 ~K !5 0,

k6 "hexp
6 ~K !5 0,

k2 "erec~K !5 0,

k2 "hrec~K !5 0. ~A6!

In order to obtain the real-space expression~6!, one has
to invert the angular-spectrum representation of both ®elds
Eexp

1 andErec. From Eq.~2!, one obtains

eexp
1 ~K !exp~igz!5

1

4p 2 EEexp
1 ~R,z!exp~2 iK"R!dR,

~A7!

and from Eq.~A3!, one obtains

2 igerec~2 K !exp~2 igz!

5
1

4p 2 E] Erec

] z
~R,z!exp~i K"R!dR. ~A8!

Inserting Eqs.~A7! and~A8! into Eq.~5! leads to Eq.~6!.

APPENDIX B: INCLUSION OF A FLAT SUBSTRATE IN
THE GEOMETRY

In many experimental situations, the real sample is de-
posited on~or included in! a substrate. It may be useful in the
description of such experiments to clearly separate the in¯u-
ence of the two. The purpose of this appendix is to show how
the presence of the substrate can be accounted for in the
model.

The experimental geometry we consider is depicted in
Fig. 2~a!. It is identical to that in Fig. 1~a!, except that the
substrate is now separated from the real sample described by
the current densityjexp. The reciprocal situation, represented
in Fig. 2~b!, includes the substrate as well. In these condi-
tions, the reciprocal ®eldsErec andHrec have angular spectra

containing waves that propagate or decay towardsz, 0 and
z. 0. Equations~A3! and~A4! have to be changed into

Erec~R,z!5 Eerec
1 ~K !exp~i K"R1 igz!dK

1 Eerec
2 ~K !exp~i K"R2 igz!dK, ~B1!

Hrec~R,z!5 Ehrec
1 ~K !exp~i K"R1 igz!dK

1 Ehrec
2 ~K !exp~i K"R2 igz!dK. ~B2!

The angular spectra of both ®elds are related by

k6 3 erec
6 ~K !5 v m0hrec

6 ~K ! . ~B3!

Moreover, both ®elds are transverse, so that

k6 "erec
6 ~K !5 0,

k6 "hrec
6 ~K !5 0. ~B4!

Following the same procedure as in Appendix A, one
obtains the following expression for the electric ®eld at the
detector position:

FIG. 2. Schematic views of the two situations considered for the application
of the reciprocity theorem when the presence of the substrate is explicitly
accounted for.~a!: sketch of the experimental situation.~b!: reciprocal situ-
ation, where the collecting system is illuminated by a point source located at
the detector position in the presence of the substrate.
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Edet"j rec5 Erec~r sou! "j sou2
8p 2

v mo

3 Eg~K !@erec
2 ~2 K ! "eexp

1 ~K !2 eexp
2 ~2 K ! "erec

1 ~K ! #dK. ~B5!

This expression is an extension of Eq.~5! to the case where
the substrate is included in the reciprocal geometry.
This means that its presence is completely described by
the reciprocal ®eldErec. In particular, this ®eld may account
for a strong interaction between the tip and the substrate

~e.g., plasmon coupling!. The main difference is that
in this representation, bothEexp

1 and Eexp
2 enter the relation-

ship.
The expression in real space is obtained, as in Appendix

A, by inverting Eqs.~2! and~B1!

Edet"j rec5 Erec~r sou! "j sou2
2i

v mo

3 E
S
F] Erec

2

] z
~R,z! "Eexp

1 ~R,z!1
] Erec

1

] z
~R,z! "Eexp

2 ~R,z!GdR. ~B6!

As we discussed previously, it is also possible to derive an expression of the signal in terms of magnetic ®elds only. We
obtain in this case

Edet"j rec5 Erec~r sou! • j sou1
2i

v eo

3 E
S
F] Hrec

2

] z
~R,z! "Hexp

1 ~R,z!1
] Hrec

1

] z
~R,z! "Hexp

2 ~R,z!GdR. ~B7!
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Scanning near-®eld optical microscopy has been recently applied to the imaging of magnetic samples. It was
shown experimentally that an apertureless microscope suffers a substantial loss of resolution when used for
magneto-optical imaging compared with that for conventional imaging. No such change is observed for aper-
ture microscopes. We explain this observation by developing a model for the imaging process that incorpo-
rates the response of the probe. We calculate real observable properties such as the rotation of polarization at
the detector or the circular dichroism signal and thus simulate magneto-optical images of a domain structure
in cobalt for both aperture and apertureless microscopes. • 2002 Optical Society of America

OCIS codes: 180.5810, 350.5730, 260.1960, 260.2110, 210.3820.

1. INTRODUCTION
Scanning near-®eld optical microscopy (SNOM) is a tech-
nique that has enabled the diffraction resolution limit in
optical microscopy to be beaten through the use of
subwavelength-sized probes scanned in close proximity to
a sample.1±3 The optical nature of the technique has led
to applications in a wide range of areas, including ¯uores-
cence microscopy,4 local spectroscopy,5 plasmons,6,7 and
magneto-optical imaging. 8,9

SNOM seems to be an ideally suited tool for magneto-
optical imaging for two reasons. Unlike magnetic force
microscopy, magneto-optical SNOM (MO-SNOM) imaging
allows passive measurement of the sample ®eld without
introduction of an external magnetic ®eld. MO-SNOM
should also be able to provide a resolution superior to that
of far-®eld optical techniques. Nevertheless, the imaging
process is not completely understood.

Magneto-optical contrast is due to the rotation of polar-
ization of the illuminating ®eld caused by the magnetiza-
tion in a sample. The magneto-optical signal can be dis-
tinguished from the conventional optical signal by
measurement of the Faraday or Kerr rotation through po-
larization analysis at source and detector 8±15 or by mea-
surement of circular dichroism induced by the sample
magnetization. 16±19 In the latter, the illumination is
modulated between left and right circular polarizations,
and lock-in detection is used to measure a difference in
absorption between the two polarization states. In the
most commonly used geometry, the sample is locally illu-
minated by an aperture probe, and a signal is detected in
the far ®eld, through an analyzer oriented differently to
the illumination polarization. 8,10±12

Complete control of the polarization is dif®cult. No
matter how well polarized is the light coupled into the ®-
ber, the light emerging from the small aperture at its tip
typically has an extinction ratio of the order of 1:20. 10,11

This is a limiting factor in the accuracy to which the angle
of rotation can be measured. 12 Substantially better po-
larization control is achievable in an apertureless experi-

ment, in which the probe and the sample are illuminated
by an external focused laser beam. 19

While spatial resolutions as good as 10 nm have been
obtained in conventional optical experiments with aper-
tureless SNOM, apertureless MO-SNOM experiments
have not demonstrated resolutions better than a few hun-
dred nanometers. 16,17,19 This gross disparity in the
achievable resolution is even observed when the same ap-
paratus is used for both conventional optical and
magneto-optical imaging. 17 On the other hand, aperture
microscopes seem to obtain a similar resolution in optical
and magneto-optical experiments, this being as good as
30±50 nm.8 Understanding the response of the probe is
clearly important if this problem is to be explained, since
different results are obtained in aperture and aperture-
less experiments. A number of theoretical studies of
near-®eld magneto-optical imaging have been performed
previously. 20±24 Usually, the electric ®eld distribution in
the near ®eld of a sample has been calculated, and a
magneto-optical signal is determined based the angle of
rotation of polarization or the absorption of different cir-
cular polarization states. However, none of these models
studies the response of the probe, and therefore none of
them can explain the observed loss of resolution.

The objective of this paper is to develop a model for the
magneto-optical imaging process that takes into account
the probe response, making it possible to answer some of
the open topics regarding MO-SNOM, particularly that of
understanding the loss of resolution of MO-SNOM for ap-
ertureless probes. The formalism will be applied to both
aperture and apertureless experiments, and a response
function to the sample magnetization will be developed
for both cases.

2. DEVELOPMENT OF A GENERAL
EXPRESSION FOR THE SIGNAL
In previous papers, Greffet and Carminati 25 and Porto
et al.26 have used the electromagnetic theorem of reci-
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procity to develop an expression for the response of a
near-®eld microscope. A key feature of this approach is
that it yields an exact expression for the signal that ac-
counts for the properties of the tip. The theorem of reci-
procity relates the electric and magnetic ®elds created by
two different current distributions in the presence of a
scattering object with linear and symmetric constitutive
tensors.25,27,28 In this paper, the magnetically induced
currents in the sample are treated as an external source
term, and the probe and the substrate are treated as the
scattering object. The probe and the substrate, being
nonmagnetic, have symmetric constitutive tensors, and
thus the requirements of the reciprocity theorem are sat-
is®ed.

Let us consider a general SNOM setup, as depicted in
Fig. 1(a). An inhomogeneous sample is deposited on (or
embedded in) a ¯at homogeneous substrate. It is illumi-
nated either through the tip (illumination-mode SNOM)
or with an external beam (collection-mode and aperture-
less SNOM). The signal is recorded by a point detector
placed in the far ®eld at a position r det . We assume that
an analyzer is placed in front of the detector, with a po-
larization direction de®ned by the unit vector pÃ.
Through application of the reciprocity theorem, the com-
ponent A of the electric ®eld at the detector along the di-
rection of the analyzer has been shown to be 25

A 5 Eexp~r det! • pÃ 5
1

i v
E

V
E rec • J exp dr . (1)

In this expression, J exp and Eexp(r det) are the current den-
sity in the sample and the electric ®eld at the detector po-
sition, respectively, in the experimental situation corre-
sponding to Fig. 1(a). E rec is the electric ®eld that would
be produced by a dipole source of amplitude pÃ placed at
the detector position r det in the absence of the sample.
This ®ctitious reciprocal situation is represented in Fig.
1(b). Note that the reciprocal situation contains the tip
and all of the illumination ±detection system (only the
sample is removed). Therefore the reciprocal ®eld E rec is
the key quantity that contains all the information about
the response of the setup to the excitation of a current
J exp in a given sample.

3. RESPONSE FUNCTIONS FOR A
MAGNETIC SAMPLE
The current density induced in a magnetic sample is

J~r , v ! 5 2 i v «0@«J ~r , v ! 2 1I # • Eexp~r , v ! , (2)

where «J (r , v ) is the frequency-dependent dielectric ten-
sor. It can be written as a sum of nonmagnetic and mag-
netically induced terms:

J 5 J « 1 J M 5 2 i v «0@~«1 2 1 !Eexp 1 ifM eÃ3 Eexp#,
(3)

where M 5 M eÃis the magnetization in the sample, eÃis a
unit vector, and f is a constant of proportionality. The de-
pendence on the magnetization is entirely within the sec-
ond term, which is antisymmetric. If the magnetization
is directed along the z axis, Eq. (3) corresponds to a dielec-
tric tensor

«J 5 F«1 0 0

0 «1 0

0 0 «1

G1 F0 2 ifM 0

ifM 0 0

0 0 0
G. (4)

We will consider the magnetization to be in an arbitrary
direction eÃ in the following.

Isolating the component of the ®eld at the detector that
has a dependence on the magnetization, we obtain the fol-
lowing from Eqs. (1) and (3):

Amag 5 2 if «0E
V

M ~eÃ3 Eexp! • E rec dr , (5)

which can be rearranged to give

Amag 5 2 if «0E
V

M eÃ• ~Eexp 3 E rec!dr . (6)

Note that both E rec and Eexp depend implicitly on the
position of the tip, r tip . If we de®ne a constant-height
amplitude response for the magnetization in the sample
plane z (probe at height ztip ), H mag(x 2 x tip , y
2 y tip , z, ztip ), by

Amag~r tip ! 5 E
V

H mag~R 2 R tip , z, ztip !M ~r !dr , (7)

with R 5 (x, y), then this response function is

H mag } eÃ• ~Eexp 3 E rec! , (8)

to within a constant factor. Similarly, a response func-
tion H « for the variation of «1 in a nonmagnetic sample,
de®ned by

A~M 5 0 !~r tip ! 5 E
V

H «~R 2 R tip , z, ztip !«1~r !dr , (9)

can be shown to be proportional to

H « } ~Eexp • E rec! , (10)

from Eqs. (1) and (3).
In the following sections, the response functions H mag

and H « will be the key concepts. They will be evaluated
for both apertureless and aperture microscopes, making it
possible to discuss the magneto-optical imaging proper-
ties of these two experimental setups.

Fig. 1. (a) Scheme of a general SNOM setup and (b) ®ctitious
reciprocal situation.

Walford et al. Vol. 19, No. 3 /March 2002 /J. Opt. Soc. Am. A 573



4. OBSERVABLE MAGNETO-OPTICAL
SIGNALS: ROTATION OF POLARIZATION
AND CIRCULAR DICHROISM
The quantity A that we have associated with a signal up
to here is the amplitude of the ®eld at the position of the
detector, projected along the axis of an analyzer. Of
course, this is not what is actually measured in the course
of a SNOM experiment. In conventional SNOM, it is the
intensity of the ®eld, either alone or with a coherent back-
ground. In a magneto-optical experiment, often the mea-
surable quantity is the angle of rotation of polarization by
the magnetic sample, or the dichroic signal as the inci-
dent polarization is modulated between left and right.

In this section, we will show how this theory makes it
possible to completely determine the complex vectorial
electric ®eld at the detector, from which all measurable
quantities can be determined. We demonstrate the exis-
tence of a response for such measurements as ®eld polar-
ization direction and circular dichroism signals. An ex-
pression for the ellipticity is given in Appendix A.

Equation (1) gives the component of the electric ®eld at
the detector directed along a unit vector pÃ. We can thus
determine the components of the ®eld along two orthogo-
nal axes (uÃ and vÃ) in a transverse plane at the detector.
These two ®eld components are labeled E det,u and E det,v .
The full electric ®eld at the detector is given by

Edet 5 E det, uuÃ 1 E det, vvÃ. (11)

Given the amplitudes of the two vector components and
their relative phase d, one can calculate the direction of
polarization of the ®eld, an angle u relative to the uÃ axis,
by using 29

tan 2 u 5
2uE det, uuuE det, vu

uE det, uu2 2 uE det, vu
2 cosd. (12)

The circular dichroism signal can be approximated as
the difference between the intensities measured when the
experiment is illuminated with right and left circular po-
larizations, uEdet

(R)u2 and uEdet
(L )u2. The dichroic signal can

also be expressed in terms of the ®elds at the detector
with s- and p-polarized illumination:

I dichroic 5 uEdet
~R !u2 2 uEdet

~L !u2 5 2 Re@i Edet
~s! • Edet

~p !* #.
(13)

A fuller development of these expressions is given in
Appendix A.

5. APPLICATION TO APERTURELESS
SCANNING NEAR-FIELD OPTICAL
MICROSCOPY
Magneto-optical apertureless SNOM experiments have
been performed in both re¯ection and transmission
modes.15,17 We will discuss the re¯ection-mode experi-
ment in this paper, but the same arguments are appli-
cable to a transmission-mode experiment. A simpli®ed
illustration of a re¯ection-mode experiment is given in
Fig. 1(a). In apertureless SNOM, both the illumination
and the detection are external, and the tip acts as a local
scatterer (no coupling with guided modes in a ®ber). We
use the Born approximation for the experimental ®eld,

which is justi®ed by the weak levels of magnetically in-
duced ®elds (2 orders of magnitude smaller than the con-
ventional optical ®elds induced in cobalt, for example,
with «1 5 2 12.3 1 i 18.4 and if M 5 2 0.4 2 i 0.1 at 633
nm). In this approximation, the experimental ®eld is
simply the ®eld scattered by the probe and the substrate
when illuminated by the experimental source in the ab-
sence of the magnetic sample, labeled Eprobe

(sou) .
The reciprocal situation is depicted in Fig. 1(b). To de-

termine the reciprocal ®eld, we placed a dipole source at
the detector position and removed the sample (i.e., M is
put to zero). The reciprocal ®eld E rec is the ®eld dif-
fracted by the probe and the substrate with illumination
from the detector position, labeled Eprobe

(det) . Thus the ®eld
response function to magnetization for an apertureless
experiment, from expression (8), with r and r tip dependen-
cies suppressed for clarity, is

H mag } eÃ• @Eprobe
(sou) 3 Eprobe

~det ! #. (14)

The ®eld response function for the linear component of
the dielectric tensor from expression (10) is

H « } @Eprobe
(sou) • Eprobe

~det ! #. (15)

To explore the consequences of this result, we will use a
speci®c model for the probe, that of a perfectly conducting
cone.30,31 This has been experimentally validated 32 and
is a good model for apertureless SNOM performed by us-
ing metallic tips. 33±35 One of the main features of this
model is the existence of a singularity of the electric ®eld
at the cone tip. The ®eld enhancement and con®nement
that this produces are responsible for the good signal and
resolution normally obtained with this type of probe.
The full ®eld under the tip consists of a number of modes,
of which only one contains the singularity. The other
modes are much lower in amplitude, are less well con-
®ned near the probe tip, and do not provide a signi®cant
contribution to the imaging properties of the probe in con-
ventional imaging.

Before we continue, it is worth brie¯y reviewing the
origin of the magneto-optical signal. The theorem of reci-
procity shows that the components of the ®eld at the de-
tector are given by the expression [Eq. (1)]

A 5
1

i v
E

V
Eprobe

~det ! • J exp dr . (16)

The reciprocal ®eld represents the response of the
probe to sample currents. In the Born approximation,
the induced current density in the sample, J exp , is given
by [Eq. (3)]

(17)

The magnetically induced current density J M is always
orthogonal to the ®eld that induces it, Eprobe

(sou) , because of
the cross product. In the following sections, we shall
demonstrate that the reciprocal and experimental ®elds
[Eprobe

(det) and Eprobe
(sou) ] associated with the singularity are al-

ways parallel to each other, no matter what direction and
polarization of detection or illumination are used. The
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magnetically induced current density produced by the
probe singularity ( J M ) is thus orthogonal to the reciprocal
®eld @Eprobe

(det) #everywhere. As a result, the ®eld at the de-
tector due to current density J M [Eqs. (16) and (17)] is
identically zero.

The immediate conclusion that is to be drawn from this
is that the probe singularity alone does not contribute to
the magneto-optical signal. This is not to say that it is
impossible to record a magneto-optical image by using a
metallic apertureless probe. The experimental
evidence15,17 clearly contradicts this false conclusion.
The magneto-optical signal that is recorded is due to non-
singular components of the probe ®elds; these being less
well con®ned, the attainable resolution is poorer.

This result is true no matter what detection technique
is used: a measurement either of the polarization of the
outgoing beam or of the dichroism in the sample. The
®eld at the detector due to the singularity alone (which
normally provides the good resolution) is completely in-
sensitive to variations in magnetization in the sample.

To demonstrate this conclusion, we ®rst discuss the
mathematical origin of the singularity and look in some
detail at the form of the electric ®eld scattered from the
probe. The consequences for imaging resolution are then
illustrated in Subsection 5.C.

A. Cone Model for the Probe
We give a brief outline of some of the relevant mathemati-
cal features of the electric ®eld scattered by an in®nite
perfectly conducting cone, 31 a model that has given re-
sults in quantitative agreement with experiment. 32 In
particular, the presence of a ®eld singularity and the form
of the ®eld associated with it will be developed. We con-
sider a cone illuminated by a plane-wave source, incident
from an angle u0 to the positive vertical axis, forming an
angle f 0 with the x ±z plane, and polarized at an angle b
with the normal to the plane of incidence ( b 5 p /2 corre-
sponds to p polarization, b 5 0 corresponds to s polariza-
tion). This geometry is depicted in Fig. 2. For this situ-
ation, the total ®eld is calculated from Debye potentials u
and v, in polar coordinates, by using

E r 5 S] 2

] r 2 1 k 2D~ru ! ,

E u 5
1

r

] 2

] r ] u
~ru ! 1

ik

sin u Sm0

«0
D1/2 ] v

] f
,

E f 5
1

r sin u

] 2

] r ] f
~ru ! 2 ik Sm0

«0
D1/2 ] v

] u
. (18)

The Debye potentials for a cone illuminated by a plane
wave can be written as

u~r , u, f ! 5 (
m, p

f~r , u, u1 , m , p !

3 F~m sin m f cosb !
Pp

m~cosu0!

sin u0

1 ~cosm f sin b !
]

] u0
Pp

m~cosu0!G,

v~r , u, f ! 5 (
m, p

g~r , u, u1 , m , p !

3 F~cosm f cosb !
]

] u0
Pp

m~cosu0!

2 ~m sin m f sin b !
Pp

m~cosu0!

sin u0
G. (19)

The ®eld created by a transverse (no rÃ component) unit
dipole source at distance r 0 (kr 0 @ 1) is the same but is
multiplied by a factor k 2 exp(ikr 0)/(4p«0r0). Further de-
tails are given in Appendix B and in Ref. 31.

The potentials, and consequently the ®elds, are a sum
over a number of modes. Several of these are shown in
Fig. 3 for increasing values of a mode index m. Two clear
characteristics can be seen. First, the m index governs
the azimuthal dependence of the ®eld, with higher modes
having higher orders of rotational symmetry. The ®eld
has a mixed cos mf and sin mf dependence on the azi-
muthal angle f . Second, the higher the mode number,
the less well con®ned the ®eld. For small r (i.e., close to
the probe tip), the ®eld depends on r like ( kr )p2 1, where p
is a second index that is always greater than m.

In fact, the ®rst mode ( m 5 0) is divergent at the probe
tip. For a cone of interior half-angle 30É, the ®rst value
of p is approximately 0.346, giving a leading-order ®eld
dependence of (kr )2 0.654. The two dominant components
of the electric ®eld ( E r and E u) consequently diverge at
the probe tip. This is the case for any cone. It can be
seen in Fig. 3(a) that while the m 5 0 ®eld is very large
immediately beneath the probe tip, it falls to zero very
rapidly. The presence of a singularity in the response
function leads to strong signal levels and good resolution
in the image.

The dielectric response function H « , as de®ned above,
is shown in Fig. 4(a). The component of this response
due to the nondivergent modes is shown in Fig. 4(b). The
dominance of the singular component can be clearly seen.
This term has also been shown to be responsible for the

Fig. 2. Cone and illumination geometry: de®nitions of vari-
ables for calculation of Debye potentials for a cone.
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Fig. 3. Azimuthal ®eld behavior for different values of m: intensity of the ®eld components shown in a horizontal plane 1 nm below the
probe. The m index determines the azimuthal symmetry of the ®eld, and for increasing m the ®eld is less well con®ned.

Fig. 4. Dielectric response function: ®eld response to variation in the permittivity of a nonmagnetic material, evaluated for a plane 1
nm below the probe. (a) Component due to the singularity alone and (b) nonsingular component.
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spectroscopic response of a metallic apertureless probe. 32

In conventional optical imaging, all the physics comes
from the singularity at the probe tip.

B. Null Magnetic Response Due to the Field Singularity
The magnetic response function, as we have seen [rela-
tion (14)], is proportional to

H mag } eÃ• @Econe
(sou) 3 Econe

~det !#, (20)

where Econe
(sou) is the ®eld below the cone when illuminated

by the experimental source in the absence of sample and
Econe

(det) is the ®eld below the cone when illuminated by the
reciprocal source placed at the detector.

The singular electric ®eld terms from Eqs. (18) and (19)
are

E r 5 FS] 2

] r 2 1 k 2Drf ~r , u, u1 , 0, p1!G
3 ~sin b !

]

] u0
Pp

0~cosu0! ,

E u 5 F1

r

] 2

] r ] u
rf ~r , u, u1 , 0, p1!G

3 ~sin b !
]

] u0
Pp

0~cosu0! , (21)

with the angle u0 equal to the angle of incidence from the
experimental source or detector and the polarization b
equal to the source polarization or direction of polariza-
tion at the detector for Eexp and E rec , respectively. A
®rst-order expression for these ®elds is given in Appendix
B.

The spatial distribution of the ®eld is determined en-
tirely by the function f (r , u, u1 , 0, p1), which is indepen-
dent of the illumination direction ( u0 , f 0) and polariza-
tion ( b). Changing the illumination conditions changes
only the amplitude of the ®eld. Econe

(sou) and Econe
(det) are iden-

tical except for an amplitude factor. The magneto-optical
response in relation (20) due to the singularity alone is
thus zero! This is contrary to the case of conventional
optical imaging [relation (15)], where it is almost exclu-
sively the ®eld singularity that produces the image.

Any detectable magneto-optical signal is due to the full
spectrum of nondivergent ®eld modes below the probe.
The higher-order modes being less well con®ned, it will be
seen that the best attainable resolution (determined by
the width of the response function) is much poorer for the
magnetic signal than for the conventional optical signal.
Subsection 5.D shows calculations of this response func-
tion for a few experimental situations.

C. Magnetic Response Functions
We calculate the magnetic response functions for imaging
of a magnetic sample with a magnetization aligned verti-
cally, out of the sample plane. The response functions
are evaluated for a horizontal plane 1 nm below the
probe. The ®rst two geometries considered here are
shown in Fig. 5. Both are with p-polarized illumination
from the right-hand side. The ®rst response function is
calculated for detection from the opposite side of the

probe from the illumination, with crossed polarization ( s).
Figure 6 shows the response function for this situation.
The sharp peak due to the overlap of the singularity with
the higher-order modes can be seen in the response func-
tion, but it is not signi®cantly stronger than the broad
®eld around it. The width of the function is of the order
of a few hundred nanometers for the probe ±sample sepa-
ration.

The second geometry uses the same illumination
source, but with detection in a perpendicular direction,
where the ®eld component is polarized vertically, as illus-
trated in Fig. 5. Although not shown for the sake of brev-
ity, the response function is of a similar width to that ob-
tained in the ®rst case.

These response functions for two different geometries
show the same qualitative features: a broad function
with a width of several hundred nanometers and no
strong central peak. To illustrate their use, we have
simulated magneto-optical images of an arti®cial cobalt
sample, with «1 5 2 12.3 1 i 18.4 and ifM 5 2 0.4
2 i 0.1. For simplicity, we take a sample with no lower
surface, i.e., a semi-in®nite slab. The sample geometry is
depicted in Fig. 7. It has been magnetically modi®ed to
contain three stripe domains with vertical magnetiza-
tions, of widths 180, 140, and 180 nm, respectively. Else-
where, the magnetization is taken to be zero. The do-

Fig. 5. Illumination and detection geometries for which
magneto-optical impulse response functions have been calcu-
lated.

Fig. 6. Response function H mag for detection and illumination
on opposite sides of the probe, with crossed polarizations.
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mains lie at the surface and extend to a depth of 10 nm.
This is a simpli®ed representation of a thin magnetic ®lm.
We calculate rotation of the electric ®eld at the detector as
a function of probe position for a distance of 5 nm between

the probe and the upper surface of the sample. The re-
sulting image is shown in Fig. 8.

This image has been calculated for p-polarized illumi-
nation from within the plane of the scan, at an angle of
p /4 to the vertical probe axis, and for detection from the
symmetrically opposite position. The plot shows the
angle of rotation of the electric ®eld at the detector as a
function of probe position during a constant-height scan
across the domains. The rotation angle has been calcu-
lated from the complex ®eld amplitude at the detector by
using Eq. (12). Two comments can be made: First, that
the shape of the structure seen in the rotation of the ®eld
bears little resemblance to the actual domain structure in
the sample, and second, that the resolution in the image
is very poor, of the order of a few hundred nanometers.
The central domain, with a weaker magnetization, is not
seen.

An image has also been calculated for the same sample
by using circular dichroism as the imaging mechanism.
Here the intensity at the detector has been calculated for
both left and right circularly polarized illumination, and
the difference in intensities is given as the signal, as
shown in Eq. (A14). The result is shown in Fig. 9. It is
of interest to note that the form of the measured pro®le is
qualitatively similar to that obtained by measuring the
®eld rotation at the detector but that there are nonethe-
less clear differences between the two signals. This un-
derlines the fact that it is important to take not only the
probe, but also the mode of detection, into account when
calculating a SNOM image.

These results show that even if a sample does contain a
nanometric domain wall or domain structure, it will be
unresolvable with an apertureless near-®eld optical mi-
croscope and a metallic probe. The smallest resolvable
structure in the image will be of the order of several hun-
dred nanometers in width. This is a problem intrinsic to
the response of the probe and will be the case for any
magnetic sample.

Let us now look at the signal that will be recorded in an
aperture experiment.

6. APPLICATION TO APERTURE
SCANNING NEAR-FIELD OPTICAL
MICROSCOPY
In this section, the formalism of Section 2 will be applied
to aperture SNOM magneto-optical experiments. The
example of an illumination-mode experiment will be
given, as this is probably the more commonly used geom-
etry, but the results are easily generalized to collection-
mode or illumination-collection-mode experiments. An
illustration of the experiment is given in Fig. 10(a). A
source (depicted as being within the probe ®ber) produces
a ®eld that is emitted from the probe aperture. This ®eld
excites currents in the sample, which in their turn pro-
duce an electric ®eld, and the whole radiates toward a de-
tector in the far ®eld.

As in the apertureless case, we will use the ®rst Born
approximation to determine the ®eld in the sample. This
will be the ®eld that would be present in the absence of
the sample, the ®eld from the source diffracted by the ap-
erture, Eprobe

(sou) ; i.e., Eexp 5 Eprobe
(sou) .

Fig. 7. Magnetic domain structure imaged in Figs. 8 and 9.

Fig. 8. Calculated image of the magnetic domain structure
shown in Fig. 7, as measured through the rotation angle of the
®eld at the detector relative to its direction in the absence of
magnetization.

Fig. 9. Calculated image of the magnetic domain structure
shown in Fig. 7, as measured by using circular dichroism as the
imaging mechanism. The difference between intensities at the
detector when using right and left circularly polarized illumina-
tion is given. These intensities have been calculated in the ab-
sence of a background at the detector.
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The reciprocal situation is shown in Fig. 10(b). The
sample is removed, and the sample and the probe are il-
luminated by a source placed at the actual position of the
detector. The reciprocal ®eld is the ®eld produced by this
dipole source; if the detector is in the far ®eld (usually the
case), then the reciprocal ®eld can be approximated by a
plane wave; i.e., E rec 5 @k 2 exp(ikr )/r#pÃ.

If we take the reciprocal ®eld to be a y-polarized plane
wave (this corresponds to an analyzer oriented in the y di-
rection), then the magnetic response function is simply
reduced to the x component of the probe ®eld:

H mag } zÃ• @Eprobe
(sou) 3 E rec# 5 Eprobe

(sou) • xÃ. (22)

The nonmagnetic response function H « for this system
is simply a function proportional to the y component of
the probe ®eld:

H « } Eprobe
(sou) • E rec 5 Eprobe

(sou) • yÃ. (23)

No matter what model we use to represent the probe,
the response to the magnetization M will be the same as
the response to the permittivity «1 that would be obtained
by detection through an analyzer aligned with the illumi-
nation polarization. The magneto-optical response of an
aperture probe will be the same as its response in a non-
magnetic experiment. This is in sharp contrast to the
apertureless case, where the probe properties were dras-
tically different for conventional and magneto-optical
SNOM imaging.

The expression in Eq. (22) with Eq. (7) makes it pos-
sible to determine an image directly from the distribution
of magnetization in the sample, with knowledge only of a
component of the electric ®eld distribution emitted by the
probe.

A. Model for the Probe
To give an example of the application, we will use the
Bethe ±Bouwkamp model to simulate the ®eld emitted by
the probe, although it is clear that Eqs. (22) and (23) are
easily applicable to any probe, provided that it is possible
to calculate the emitted ®eld. The Bethe ±Bouwkamp
model gives the electric ®eld distribution produced by a
small circular hole in an in®nite conducting screen in the
z 5 0 plane when illuminated by a polarized plane wave
from above.36 In the case of x-polarized, normally inci-
dent illumination, the ®eld within an aperture of radius a
is

E x 5
2a2 2 x2 2 2y2

~a2 2 x2 2 y2! 1/2 , E y 5
xy

~a2 2 x2 2 y2! 1/2 .

(24)

The z component of the ®eld is zero in the aperture, and
the x and y components are zero outside the aperture.

B. Response Functions
The response functions H mag and H « for x-polarized illu-
mination and detection along the y axis have been calcu-
lated for an aperture radius of 50 nm and at a distance of
5 nm from the aperture plane. Although not shown here,
both functions have approximately the same width as the
probe: in this case, 100 nm.

In this paper, we present for comparison a simulated
image of the magnetic sample discussed in Subsection
5.C, using the response function calculated above. The
rotation of the ®eld at the detector as a function of probe
position is shown in Fig. 11. Contrary to the image ob-
tained with the apertureless microscope, all the domains
are now clearly visible in the recorded image. The do-
main walls are also clearly localized and appear with
much greater resolution in the image.

C. Other Probe Models
The Bethe ±Bouwkamp model for aperture near-®eld
probes is a simpli®ed one, which makes it possible to ob-
tain a number of relatively straightforward results ana-
lytically. However, in reality, the ®eld emitted by near-
®eld aperture probes may vary from this model. For

Fig. 10. (a) Experimental geometry of an illumination-mode
MO-SNOM and (b) geometry of the reciprocal illumination-mode
experiment.

Fig. 11. Calculated image of the magnetic domain structure
shown in Fig. 7, recorded with an aperture SNOM of aperture di-
ameter 100 nm.
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example, small defects in the coating of a probe or in the
shape of its aperture may lead to signi®cant changes in
the distribution of the emitted ®eld.

Interactions between the probe and the substrate can
also lead to depolarization of the emitted ®eld, 11,37 which
is a serious problem for magneto-optical imaging. These
problems have not been dealt with in this paper. We
have restricted ourselves to the fundamental demonstra-
tion that the signi®cant resolution loss seen in aperture-
less imaging is not predicted for aperture MO-SNOM.

However, the procedure that has been presented is per-
fectly well suited to determining the imaging response in
any of these more complicated situations. As the sample
magnetization is handled as an external current source,
the only requirement is to be able to calculate the ®eld
that would be present in the absence of magnetization.

The problem of simulating the ®eld emitted by an ap-
erture probe in three dimensions, has been rarely tackled
in the past; most work has concentrated on two-
dimensional simulations. Novotny et al. have calculated
the ®eld emitted by probes in both two and three dimen-
sions by using the multiple multipole method. 38±40

These calculations account for the presence of a substrate
below the probe and show that the Bethe ±Bouwkamp
model is no longer a good approximation for this situa-
tion. The ®nite-difference time-domain method has been
applied to the study of the emission of an aperture probe
above a surface41±43 and is another technique for deter-
mining the ®eld distribution below a probe in the pres-
ence of a substrate, even metallic.

With use of the results from models such as these, it is
straightforward to calculate the magneto-optical signal as
given by Eq. (22). With little additional calculation, the
response function for a number of experimental geom-
etries can be easily determined.

7. CONCLUSION
This paper has used the electromagnetic theorem of reci-
procity to develop ®eld response functions for both the di-
electric constant and the magnetization in a sample. The
magnetic sample is treated as an external current source
rather than a scattering object, and thus the asymmetry
of its permittivity tensor does not contradict the funda-
mental requirements of the theorem of reciprocity. This
manner of treating the problem makes it possible to de-
termine a linear response to the magnetization, even
when dealing with metallic samples.

The ®eld response functions are related to a reciprocal
®eld, the ®eld that would be present in the absence of
magnetization with illumination from the detector. The
response of the probe is thus directly taken into account,
as is the experimental geometry. In the example of an
apertureless magneto-optical experiment, the properties
of this ®eld, determined by scattering from the probe, are
such that magneto-optical images differ greatly from
their conventional optical counterpart.

Because of the existence of a response function for the
complete electric ®eld at the detector, it is possible to
simulate images that would be obtained with a number of
detection techniques. It is possible, for example, to cal-
culate the rotation of the polarization of the ®eld at the

detector for an arbitrary geometry of illumination,
sample, and probe. A response function for the ®eld ob-
tained with circularly polarized illumination has also
been illustrated. Images of a magnetic sample have been
shown by using rotation of polarization at the detector for
aperture and apertureless probes and using circular di-
chroism for an apertureless microscope.

The theory predicts that the best resolution attainable
with an apertureless microscope with a metallic probe is 2
orders of magnitude worse in a magneto-optical experi-
ment than in a conventional optical experiment. This is
due both to the probe properties and to the asymmetric
nature of the permittivity tensor. No such difference is
predicted for aperture probe experiments. These predic-
tions are in accordance with experimental observations.
If this theory were combined with a numerical technique
to evaluate the ®eld below an aperture probe above a sub-
strate, it would be possible to realistically simulate
magneto-optical imaging, taking into account multiple
scattering between probe and substrate and thus the de-
polarization effects that occur.

Finally, let us stress that these results indicate that it
is essential to consider the properties of the probe when
calculating the signal in a SNOM experiment and that a
simple calculation of the electric ®eld above the sample is
inadequate for determining the signal that will be mea-
sured. The framework developed in this paper is easily
applicable to any experimental geometry and makes pos-
sible a real characterization of the imaging properties of
the system.

APPENDIX A: EXPRESSIONS FOR THE
FULL VECTORIAL FIELD AT THE DETECTOR
AND OBSERVABLE SIGNALS
Equations (1), (7), and (9) give the projection of the ®eld at
the detector along an arbitrary direction pÃ. Let us con-
sider this direction to be in a transverse plane at the de-
tector; this corresponds to detection of a ®eld polarized
within this plane.

We determine the polarization state of the ®eld propa-
gating toward the detector, Edet 5 Eexp(r det), for a ®xed in-
cident polarization. For uniformity of notation, we de®ne
two mutually orthogonal axes that are also orthogonal to
the direction of propagation to the detector: uÃ and vÃ.
These directions could correspond to ( s) and ( p) polariza-
tions with respect to the plane of detection, or the xÃ and yÃ
directions. We can calculate the projection of the ®eld at
the detector along either of these directions by using Eqs.
(1), (7), and (9).

The complex ®eld Edet , projected along each of these
vector directions, is found by using the reciprocal ®elds
E rec

(u ) and E rec
(v) created by a unit dipole oriented, respec-

tively, along uÃ and vÃ:

E det, u 5
1

i v
EE rec

~u ! • J exp dV, (A1)

E det, v 5
1

i v
EE rec

~v ! • J exp dV, (A2)
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where E det,u 5 Edet • uÃ and E det,v 5 Edet • vÃ. We can
now specify the total electric ®eld Edet . It is

Edet 5 uÃE det, u 1 vÃE det, v , (A3)

or

Edet 5
1

i v
E@uÃ Erec

~u ! 1 vÃ Erec
~v !# • J exp dV. (A4)

The term in brackets is a tensor, not a scalar product.
The entire expression could be written more concisely:

Edet 5
1

i v
EEI rec

~uv ! • J exp dV. (A5)

The tensor EI rec
(uv ) is the response function that relates the

®eld Edet to the current density J exp and is de®ned by

EI rec
~uv ! 5 ~uÃ Erec

~u ! 1 vÃ Erec
~v ! ! . (A6)

With both ®eld components, E det,u and E det,v , it is pos-
sible to completely characterize the state of polarization
of the ®eld at the detector.

1. Rotation of Polarization, Ellipticity
The complex ®eld at the detector,

Edet 5 auÃ 1 b exp~i d!vÃ, (A7)

with exp( 2 iv t) time dependence, traces out an ellipse
during each cycle of the wave. By knowing the ampli-
tude of each component, a 5 uE det,uuand b 5 uE det,vu, and
their relative phase d, we can determine the orientation of
the major axis of the ellipse (the direction of
polarization). 29 It is at an angle u with respect to the vÃ
axis, where u is de®ned by

tan 2 u 5
2ab

b2 2 a2 cosd. (A8)

The ellipticity, de®ned as the ratio of minor axis to ma-
jor axis of the ellipse,

h 5 min uEu/maxuEu, (A9)

is given by

if a . b. The numerator and the denominator are inter-
changed for b , a.

2. Circular Dichroism Signal
When circular dichroism is used as a measurement tech-
nique, the incident polarization is modulated between left
and right circular, while the variation in the signal is de-
tected with a lock-in detector. The formalism presented
here makes it possible to calculate the signal obtained
with any state of incident polarization. We will write ex-
plicit statements for the signal with left and right circu-
larly polarized illumination. As a ®rst approximation,
the difference between these signals gives the dichroic
signal.

The ®eld at the detector with circularly polarized illu-
mination can be viewed as a superposition of the ®elds ob-
tained with two orthogonal linearly polarized illumina-
tion states.

If we de®ne the currents J exp
(s) and J exp

( p) as the currents
induced in the sample with s- and p-polarized illumina-
tion, respectively, then the electric ®eld at the detector
due to each of these is

Edet
~s! 5

1

i v
EEI rec

~uv ! • J exp
~s! dV,

Edet
~p ! 5

1

i v
EEI rec

~uv ! • J exp
~p ! dV. (A11)

For a geometry where the unit vectors ( sÃ, pÃ, kÃinc) form
a right-handed coordinate system, the circularly polarized
basis is given by

RÃ 5
1

A2
~sÃ2 i pÃ! , LÃ 5

1

A2
~sÃ1 i pÃ! . (A12)

The currents induced by right and left circularly polar-
ized illumination are, respectively,

J exp
~R ! 5

1

A2
@J exp

~s! 2 i J exp
~p !#, J exp

~L ! 5
1

A2
@J exp

~s! 1 i J exp
~p !#.

(A13)

These currents produce ®elds Edet
(R) 5 @Edet

(s) 2 iEdet
( p)#/A2

and Edet
(L ) 5 @Edet

(s) 1 iEdet
( p)#/A2 at the detector.

In the absence of a background, the measured intensi-
ties are uEdet

(R)u2 and uEdet
(L )u2. The dichroic signal can be ap-

proximately represented as

I dichroic 5 uEdet
~R !u2 2 uEdet

~L !u2 5 2 Re@i Edet
~s! Edet

~p !* #.
(A14)

APPENDIX B: FULL EXPRESSION OF THE
FIELD AT THE CONE APEX

The expressions given here are to be found in Ref. 31.
The cone and illumination geometry is illustrated in
Fig. 2.

The dependence on cone geometry (u1) and coordinates
(r , u) has been separated from the dependence on illumi-
nation conditions ( u0 , f 0 , b ) and azimuthal coordinate
(f ) in Eqs. (19). For notational simplicity, the f 0 term is
also suppressed in this equation; this amounts to de®ning
the coordinate system so that the source of illumination is
above the positive x axis. The functions f and g are given
by

h 5
a2 1 b2 2 ~a2 2 b2!@1 1 ~4a2b2 cos2 d! /~a2 2 b2! 2#1/2

a2 1 b2 1 ~a2 2 b2!@1 1 ~4a2b2 cos2 d! /~a2 2 b2! 2#1/2 (A10)
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f̀~r , u, u1 , m , p ! 5
2i

k sin u1
«m

2p 1 1

p~p 1 1 !

3 F expS2
1

2
ip p D

S]

] u1
DPp

m~cosu1!S]

] p
DPp

m~cosu1!
G

3 j p~kr !Pp
m~cosu! , (B1)

g~r , u, u1 , m , p ! 5
2 2i

k sin u1
S«0

m0
D1/2

«m

2q 1 1

q~q 1 1 !

3 F expS2
1

2
iq p D

Pq
m~cosu1!S ] 2

] q] u1
DPq

m~cosu1!
G

3 j q~kr !Pq
m~cosu! . (B2)

The singular electric ®eld in Eqs. (21), to lowest order,
is

E r
~sing ! 5

i expS2
1

2
ip 1p D

sin u1

Ap ~kr ! p12 1

2p12 1GSp1 1
1

2
D

3
Pp1

~cosu!Pp1

1 ~cosu0!sin b

Pp1

1 ~cosu1!
]

] p1
Pp1

~cosu1!

, (B3)

E u
~sing ! 5

i expS2
1
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Phase properties of the optical near ®eld
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This paper presents a theoretical and numerical study of the phase properties of the optical near ®eld. A
model based on the ®rst Rytov approximation for three-dimensional electromagnetic vector ®elds describes the
relationship between the phase variations and both the topographic and optical properties of the scatterer. It is
shown that strong polarization effects can lead to subwavelength phase variations around nanometric struc-
tures. The conclusions of the model are illustrated by exact numerical calculations. This study should ®nd
broad experimental applications in near-®eld optical interferometric phase measurements.
@S1063-651X~97!51705-3#
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Optical resolution beyond the Rayleigh~or diffraction!
limit can be achieved by detecting the electromagnetic ®eld
at subwavelength distance from the object@1#. This has
opened new perspectives for light microscopy with the de-
velopment of scanning near-®eld optical microscopy
~SNOM! @2#. In SNOM, a tip of subwavelength dimension
~either illuminating or detecting! is placed at subwavelength
distance from the object. The scattering process transfers part
of the light energy from the near zone to the far zone. Re-
cording the far-®eld energy versus the relative tip-sample
position provides the image. The key point in this technique
is the conversion of evanescent waves into propagating
waves, which allows one to overcome the diffraction limit.
In order to understand the properties of the optical near ®eld,
a lot of work has been concentrated on the description of the
light intensity ~often assumed to be the square modulus of
the electric ®eld! in close proximity of scatterers of arbitrary
shape and composition@3#. Light con®nement and polariza-
tion effects around nanometric structures have been de-
scribed by different theoretical approaches@4±6# and ob-
served with a photon scanning tunneling microscope@7#.

Recently, interferometric measurements have provided a
way to record the phase of the near ®eld, in the microwave
regime@8#, and with visible light@9,10#. These new kinds of
near-®eld optical measurements are promising, since a nano-
metric resolution was obtained with the set up of Ref.@9#.
The ®rst theoretical study of the phase properties in SNOM
was presented in Ref.@11#. A scalar model showed that such
a resolution was strongly dependent on the sample properties
~refractive index and topography!. Moreover, this model put
forward that the phase of the scattered near ®eld should
closely follow the surface pro®le~in the case of a homoge-
neous sample!. It was stated that phase measurements could
represent a breakthrough in SNOM@11#.

In this paper, we will study the near-®eld phase properties
with a model based on the Rytov approximation for three-
dimensional vector ®elds@12#. It will be shown that, under
certain conditions that are strongly dependent on the polar-
ization of the incident ®eld, the phase of the scattered ®eld
closely follows an ``equivalent surfacepro®le.'' This equiva-

lent pro®le connects the topographic and dielectric properties
of the scatterer. Subwavelength phase variations~̀`phase
con®nement''! and polarization effects will be demonstrated
in order to put forward the power and the limitations of near-
®eld phase imaging. The conclusions of our model will be
illustrated by exact numerical calculations of the near ®eld
scattered by two-dimensional structures.

Let us consider a three-dimensional sample consisting of
a ¯at interface separating a vacuum~z. 0! from a homoge-
neous substrate of~frequency dependent! dielectric constant
es (z, 0). An inhomogeneous object described by its topo-
graphic pro®lez5 S(x,y) and its~frequency-dependent! di-
electric constante(x,y,z) is deposited on the interface. An
example of such a sample is shown in Fig. 1. When this
system is illuminated by an incident monochromatic ®eld of
wavelength l , the total ®eld forz. S(x,y) obeys the
Lippmann-Schwinger equation@13# ~a temporal dependence
exp(2 iv t) is assumed for all ®elds!:

E~r !5 E~0!~r !1 k0
2E@e~r8!2 1#GI ~r i 2 r i8,z,z8!E~r8!d3r8.

~1!

GI is the Green dyadic for the system with ¯at interface at
z5 0, E(0) is the ®eld that would exist in this system~i.e.,
without the object!. The integral describes the scattered ®eld

*Electronic address: rcarmina@icmm.csic.es

FIG. 1. Example of scattering system. The theoretical model
applies to three-dimensional geometries. The system represented
here is the one used in the two-dimensional numerical simulations,
and is invariant in they direction.
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and is extended to the volume of the object. The notations
r5 (x,y,z), r i 5 (x,y), andk05 v /c5 2p / l are used.

When the object has a smooth pro®le
@h5 supuS(x,y)u! l # and a low dielectric contrast
De5 e(r )2 1 ~this is expected to be the case with most of
the sample studied in SNOM!, the ®rst Rytov approximation
can be used to describe the scattered ®eld@14#. We write the
a component of thetotal ®eld in the form

Ea~r !5 Ea
~0!~r !exp@f a~r ! #. Ea

~0!~r !@11 f a
~1!~r ! #. ~2!

Note that Eq.~2! implies that each component of the electric
®eld is scattered independently. This means that no energy is
transferred from one component to another during the scat-
tering process. This hypothesis is consistent with the weak
scattering assumption, and will be con®rmed below by the
numerical simulations. Equations~1! and~2! lead to~in the
®rst Rytov approximation! @14#:

f a
~1!~r !5

k0
2

Ea
~0!~r !

E@e~r8!2 1#Gaa ~r i 2 r i8,z,z8!

3 Ea
~0!~r8!d3r8. ~3!

The integral in Eq.~3! corresponds to the ®rst Born approxi-
mation for thea component in Eq.~1!. To proceed further,
we expand this integral to ®rst order inh/l . This leads to
~see Ref.@15#for more details!:

f a
~1!~r !5

k0
2

Ea
~0!~r !

~es2 1!EGaa ~r i 2 r i8,z,0!

3 Ea
~0!~r i8,0!Seq~r i8!d2r i8, ~4!

where the integral is now a surface integral extended to the
entirex-y plane.Seq is an equivalent surface pro®le connect-
ing the dielectric constant variation and the topography of
the object@15#:

Seq~r i !5 ~es2 1! 2 1E
0

S~r i !
@e~r i ,z!2 1#dz. ~5!

In the case of a homogeneous sample (e5 es), Seq reduces to
the true topographic pro®le.

Equation~4! is our starting point for a discussion of the
phase properties in the near ®eld. Im(f a

(1)) ~Im denoting the
imaginary part! is the phase difference between thea com-
ponent of thetotal ®eld and thea component of the illumi-
nating ®eldE(0). Equation~4! describes how this phase dif-
ference is connected to the properties of the object~the latter
being described bySeq!. The resemblance~or lack of it! be-
tween Im(f a

(1)) andSeq strongly depends on the illuminating
®eld and the direction of thea component of the ®eld with
respect to the~eventual! privileged directions of the equiva-
lent surface pro®le. This leads tophasepolarization and con-
®nement effects, as those observed in the intensity~i.e.,
uEu2! @4±7#. Let us consider the simple case in which the
illuminating ®eld is a transmitted plane wave at normal inci-
dence,E(0)(r )5 E0exp(ik0z). Equation~4! becomes

f a
~1!~r i ,z0!5

k0
2

exp~ik0z0!
~es2 1!

3 EGaa ~r i 2 r i8,z0,0!Seq~r i8!d2r i8, ~6!

where we have assumed that the phase was measured in a
planez5 z0. The relationship between the phase difference
Im(f a

(1)) and the object propertiesSeq is governed by the
imaginary part of the componentsGaa of the Green dyadic.
They are plotted in Fig. 2, versusx, for y5 0 andz05 6 nm.
According to Eq.~6!, the convolution of Im(Gaa ) by the
equivalent surface pro®leSeq gives the phase variation. At
normal incidence@Fig. 2~a!#, Im(Gxx) is sharply peaked
aroundx5 0 ~and symmetric!, so that the phase Im(f x

(1))
will closely follow the equivalent surface pro®le. Subwave-
length phase variations~̀`phasecon®nement''! will be ob-
served around the inhomogeneities of the object. On the con-
trary, Im(Gyy) has a width of about one wavelength,
eliminating the possibility of subwavelength resolution with
phase imaging. The case ofGzz is not worth being discussed
because at normal incidence, thez component of the scat-
tered ®eld is so weak that a measurement off z

(1) would not
be appropriate. For an illumination in total internal re¯ection
@Fig. 2~b!#, Im(Gzz) and Im(Gxx) are peaked aroundx5 0,
Im(Gzz) being almost symmetric but in contrast reversal.
Moreover, as for normal incidence, Im(Gyy) only exhibits
suprawavelength variations, with a very low contrast. In
summary, Eq.~6! and Fig. 2 demonstrate a very strong po-
larization effect in near-®eld phase imaging. They also indi-
cate the circumstances under which the phase variations will
follow the equivalentsurface pro®le of the object.

In order to check and illustrate the conclusions of the
above model, we present exact numerial simulations of the

FIG. 2. Imaginary part of the components of the Green dyadic
versusx. y5 0 andz05 6 nm.~a! ui5 0É.~b! ui5 50É~total internal
re¯ection!.
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®eld scattered by the sample in Fig. 1. The numerical scheme
consists of solving Eq.~1! using a moment method, without
any approximation. This scheme is described in Ref.@16#.
For the sake of computer time and memory space, the geom-
etry is two-dimensional~i.e., invariant alongy!. All quanti-
ties are calculated along a line at a constant heightz5 z0.

We show in Fig. 3~a! the intensity (uEu2) calculated for
z05 40 nm, in boths ~TE! and p ~TM! polarizations. The
structure is homogeneous (e5 es5 2.25), with w5 h5 l
5 30 nm. It is illuminated at normal incidence with a mono-
chromatic plane wave of wavelengthl 5 633 nm. The light
intensity is more con®ned around the structure inp ~in con-
trast reversal! than ins polarization, in agreement with cal-
culations previously reported@6#. Moreover, the intensity of
the total vector ®eld and that of thex-component alone are
practically identical inp polarization. This con®rms the hy-
pothesis of weak cross-polarization scattering that was made
in our model@see Eq.~2!#. At normal incidence, the incident
®eld is polarized in thex direction, and the total ®eld re-
mains~in a very good approximation! polarized in the same
direction.

Figure 3~b! represents the phase Im(f y
(1)) in s polariza-

tion ~dashed curve! and Im(f x
(1)) in p polarization ~solid

bold curve!. According to the model presented previously,
the phase follows the object structure inp polarization
@Gxx is implied; see Eq.~6! and Fig. 2~a!#, and does not
follow the structure ins polarization~Gyy is implied!. In
fact, the phase ins polarization does not exhibit any sub-
wavelength variation. Moreover, in the case of an inhomo-

geneous sample with dielectric contrastDe5 e2 1 increased
by a factor of 2~e5 3.5, es5 2.25!, the phase variation also
increases by a factor of 2~solid thin line!. This is in agree-
ment with Eq.~6!, which shows that the phase variation is
proportional to theequivalentsurface pro®le.

We show in Fig. 4 the results for an illumination in total
internal re¯ection. The illuminating ®eldE(0) is in this case
an evanescent wave, as in photon scanning tunneling micros-
copy @7,10#. The results for the intensity are plotted in Fig.
4~a!. In s polarization, the situation is unchanged in compari-
son to the illumination in transmission. Inp polarization, the
incident ®eld has two nonvanishing componentsEx and
Ez , and so has the total ®eld. The square modulus of the
electric vector ®eld follows more or less the structure, with-
out any contrast reversal. Moreover, the variations ofuExu

2

and uEzu
2 clearly demonstrate that this effect mainly stems

from thez component. This was explained theoretically and
demonstrated experimentally@5,7#. What is striking is that
the same con®nement occurs for the phase, as shown in Fig.
4~b!. The phase of thez component of the ®eld inp polar-
ization follows the lateral variations of the structure~in con-
trast reversal, according to Fig. 2! with an excellent resolu-
tion. Note that the resemblance between the phase variations
and the equivalent surface pro®le is perturbed by the phase
of the illuminating ®eldEa

(0), which is nonzero at non-
normal incidence@see Eq.~4!#. In addition, the phase ins
polarization does not exhibit any subwavelength variation.

In conclusion, we have demonstrated that the near-®eld
phase exhibits polarization and con®nement effects, similar
to those already known for the intensity. An important result
is that, for an illumination at normal incidence, the phase of
the parallel component of the total ®eld follows the equiva-
lent surface pro®le with an excellent resolution. For an inci-

FIG. 3. Numerical calculation of the ®eld along the line
z05 40 nm above the sample in Fig. 1.w5 l5 h5 30 nm.ui5 0É.
~a! uEyu

2 in s polarization~dashed line!, uEu2 ~line with circles! and
uExu

2 ~solid line! in p polarization.~b! f y in s polarization~dashed
line!, f x in p polarization with De5 1.25 ~bold solid line! and
De5 2.5 ~thin solid line!.

FIG. 4. same as Fig. 3 withui5 50É~total internal re¯ection!.
uEzu

2 and Imf z
(1) are also displayed inp polarization.
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dence in total internal re¯ection, the phase of the normal
component of the total ®eld follows the equivalent surface
pro®le in inverse contrast. We have presented a model, based
on the Rytov approximation for electromagnetic vector
®elds, which contains the essential physics of the phase be-
havior in the near-®eld zone. It describes the polarization
effects. It also explains how the topographic and dielectric
constant variations of the object in¯uence the phase of the
near ®eld. This is a very important point in SNOM, where
the purely optical properties of the sample are of great inter-
est. The conclusions of our model have been illustrated by
exact numerical simulations of the near ®eld scattered by
two-dimensional structures of nanometric dimensions.

Finally, we would like to show that the observed polar-
ization and con®nement effects are pure near-®eld effects
that are encountered in the scattering by nanometric struc-
tures only. Figure 5 shows the phase Imf y

(1) and Imf x
(1) in

s and p polarization, respectively@as in Fig. 3~b!#, for the
sample in Fig. 1 withh5 63 nm,w5 633 nm, andl5 2.5mm.
It can be seen that the phase ins andp polarizations are very
similar, both of them following the sample structure. This is
precisely the result that is predicted by a scalar description of
the ®eld, as in physical optics@17#. Thus, with increasing the
structure lateral size up to one wavelength or more, i.e., by

reaching the domain of physical optics, the polarization-
dependent phase con®nement effect disappears.
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1. INTRODUCTION
Reciprocity is a well-known property of wave propagation
and scattering, whose ®rst formulation is often attributed
to Helmholtz. 1 In modern scattering theory, this prop-
erty is expressed by the symmetry of the scattering (or S)
matrix. The S matrix was introduced to relate the far-
®eld amplitudes of the incoming and outgoing states in
quantum potential scattering 2,3 and in acoustic 4 and
electromagnetic 5 scattering. In the S-matrix formalism,
reciprocity appears as an asymptotic property of wave
®elds.2±6 It is also well known that the Green function of
the wave equation in the presence of a scatterer satis®es
reciprocity. 7 This property holds whatever the distance
between the scatterer and the observation points. Nev-
ertheless, the role of the evanescent waves does not come
out in a simple manner from this formalism. The main
reason is that the Green function connects a ®eld distri-
bution to a source distribution, and not two ®eld distribu-
tions as the S matrix does.

More recently, the angular spectrum representation of
scalar wave ®elds led to the introduction of a partitioned
S matrix, whose elements have the meaning of general-
ized transmission and re¯ection coef®cients. 8,9 In this
representation one chooses an arbitrary z direction and
separates the entire space into two half-spaces R 2

(z , 0) and R 1 (z . L ), the scatterer being included in
the strip 0 , z , L (see Fig. 1). In general, the ®elds in
R 2 and in R 1 have an angular spectrum containing both
homogeneous and evanescent waves. Nevertheless, reci-
procity relations were obtained for the generalized trans-
mission and re¯ection coef®cients corresponding to homo-
geneous waves only.8±10 The reason is the following:
The derivations of reciprocity relations in electromagnetic
scattering, either for the S matrix, 5 for plane-wave
scattering, 6 or for the generalized transmission and re-
¯ection coef®cients, 8±10 have in common the use of an in-
tegral theorem that is due to Lorentz. 11 In Refs. 9 and
10, Lorentz's theorem was applied without sources at ®-
nite distance from the scatterer. This implies dealing

with source-free ®elds,12 namely, ®elds without evanes-
cent components. Hence, whether or not the evanescent
waves obey reciprocity is still an open issue.

In recent years the question of reciprocity of the eva-
nescent components has acquired a renewed interest in
optics. For example, reciprocity is implied in the surface-
plasmon polariton mechanism, which leads to enhanced
backscattering on weakly corrugated metallic rough
surfaces,13 and in the conversion of evanescent waves into
propagating waves in the illumination and detection pro-
cesses in near-®eld optical microscopy. 14

To answer this question, we propose to follow the pro-
cedure of Ref. 10 but with a different starting point. We
shall use Lorentz's reciprocity theorem with sources at ®-
nite distance from the scatterer. The derivation of this
theorem can be found in Ref. 15. For reasons of compre-
hensiveness, and because the two forms of the theorem
(with and without sources) are not clearly related in the
literature, the derivation is reproduced in Appendix A of
the present paper. With this procedure we shall demon-
strate that reciprocity of the generalized transmission
and re¯ection coef®cients also holds for the evanescent
components of the angular spectrum. Moreover, we shall
consider vector ®elds, for which the generalized re¯ection
and transmission coef®cients are tensor operators. In
view of this result, we shall also discuss the relationship
between reciprocity and time reversibility, often ad-
dressed in the literature (see, e.g., Ref. 16).

2. GENERALIZED TRANSMISSION AND
REFLECTION TENSOR COEFFICIENTS
In this section we de®ne the generalized transmission
and re¯ection tensor coef®cients. These were introduced
for scalar ®elds in Ref. 8.

Let us consider a scatterer of arbitrary shape and com-
position, made up of one or several bodies. Its properties
are assumed to be linear and local. They are de®ned by
the (frequency- and position-dependent) complex constitu-
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tive tensors eJ(r , v ) and mJ (r , v ). eJ is a generalized di-
electric tensor containing both the dielectric and the me-
tallic response of the material. mJ is the magnetic
permeability tensor. The only restriction that we impose
on eJ and mJ is their symmetry , which is a necessary condi-
tion for reciprocity (see Appendix A). To analyze the con-
tribution of the evanescent waves in the reciprocity rela-
tions, we introduce the angular spectrum of the ®elds and
thus choose an arbitrary z direction (see Fig. 1). We as-
sume that the scatterer is situated within the strip
0 , z , L , and we call R 2 and R 1 the half-spaces
z , 0 and z . L , respectively.

In a ®rst situation, let E1
i be a monochromatic ®eld of

frequency v propagating toward z . 0 in R 2 . We as-
sume that this ®eld is emitted by sources situated in the
region z , z1 at ®nite distance from the scatterer (see
situation 1 in Fig. 1). At any point r 5 (R, z) with z1

, z , 0, one can write 9 [a temporal dependence
exp(2 iv t) is assumed for all ®elds]

E1
i ~r ! 5 Ee1

i ~K !exp~i K • R 1 i g z!d2K

for z1 , z , 0, (1)

where e1
i (K ) is the angular spectrum of E1

i (r ) and

g~K ! 5 Ak 2 2 uKu2

for uKu< k ~homogeneous components! , (2)

g~K ! 5 i AuKu2 2 k 2

for uKu. k ~evanescent components! , (3)

with k 5 v /c, c being the speed of light in vacuum. All
integrals in this paper are extended to 2 ` , K x , 1 `
and 2 ` , K y , 1 ` , and we use the notation d 2K
5 dK xdK y . e1

i (K ) in Eq. (1) is assumed to decay as uK u
increases, in such a way that the integral converges. We
shall see below that this is the case when the incident

®eld is created by a dipole source. The angular spectrum
e1

i (K ) is proportional to exp( 2 ig z1), ensuring the conver-
gence of the integral.

Upon interaction with the scatterer, a transmitted ®eld
E1

t and a re¯ected ®eld E1
r are created in R 1 and R 2 , re-

spectively. They can be represented by their angular
spectrum:

E1
t ~r ! 5 Ee1

t ~K !exp~i K • R 1 i g z!d2K for z . L ,

(4)

E1
r ~r ! 5 Ee1

r ~K !exp~i K • R 2 i g z!d2K

for z1 , z , 0. (5)

Because the scatterer is linear, the angular spectra e1
t

and e1
r are related to e1

i by8±10

e1
t ~K ! 5 EtI ~K , K 8! • e1

i ~K 8!d2K 8, (6)

e1
r ~K ! 5 ErI ~K , K 8! • e1

i ~K 8!d2K 8, (7)

where tI and rI are the generalized transmission and re-
¯ection tensor coef®cients, respectively, for an incident
®eld in R 2 .

In a second situation, let E2
i be a monochromatic ®eld of

frequency v propagating toward z , 0 in R 1 . We as-
sume that this ®eld is emitted by sources situated in the
region z , z2 at ®nite distance from the scatterer (see
situation 2 in Fig. 1). At any point r 5 (R, z) with
L , z , z2 , one can write

E2
i ~r ! 5 Ee2

i ~K !exp~i K • R 2 i g z!d2K

for L , z , z2 . (8)

As in the previous situation, e2
i (K ) in Eq. (8) is assumed

to decay as uK uincreases, to ensure the convergence of the
integral. We shall see below that when the incident ®eld
is created by a dipole source, e1

i (K ) is proportional to
exp(ig z2).

Let us call E2
t and E2

r the transmitted and re¯ected
®elds created in R 2 and R 1 , respectively. One can write

E2
t ~r ! 5 Ee2

t ~K !exp~i K • R 2 i g z!d2K for z , 0,

(9)

E2
r ~r ! 5 Ee2

r ~K !exp~i K • R 1 i g z!d2K

for L , z , z2 . (10)

Similarly, one has

e2
t ~K ! 5 EtI ~K , K 8! • e2

i ~K 8!d2K 8, (11)

e2
r ~K ! 5 ErI ~K , K 8! • e2

i ~K 8!d2K 8, (12)

where tI and rI are the generalized transmission and re-
¯ection tensor coef®cients, respectively, for an incident
®eld in R 1 .

Fig. 1. Scattering geometry and de®nition of the half-spaces R 2

and R 1 .
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Note that the ®elds evaluated in vacuum satisfy ¹ • E
5 0, so that their angular spectrum is transverse, i.e.,
e(K ) • k 5 0 with k 5 (K , g). Thus e(K ) has only two
independent components, and the four generalized tensor
coef®cients have only four independent components.

We shall now derive reciprocity relations for the four
generalized tensor coef®cients, starting from Lorentz's
reciprocity theorem with sources at ®nite distance from
the scatterer. These relations are valid for both homoge-
neous and evanescent components of the ®eld angular
spectrum.

3. RECIPROCITY RELATIONS
A. Transmission
To illustrate our arguments, let us consider a dipole p1

situated at a point r 1 in R 2 (situation 1 in Fig. 2). For
z1 , z , 0 this point source radiates a ®eld propagating
toward z . 0 (incident ®eld), 17 given by Eq. (1), with the
angular spectrum 18

e1
i ~K ! 5

i m0v 2

8p 2g
IJ ~K ! • p1 exp~2 i K • R1 2 i g z1! ,

(13)

where g 5 g(K ).
The operator IJ is the projection on the direction trans-

verse to the k vector:

IJ ~K ! 5 II 2
k ^ k

k 2 , (14)

where ^ is a dyadic product, namely, ( k ^ k ) i j 5 k i k j ,

and II denotes the unit tensor. Note that when IJ acts on

a transverse ®eld (i.e., a ®eld perpendicular to k ), IJ be-
comes the unit tensor. 9 This property will be useful be-
low.

Introducing Eq. (13) into Eq. (6), and the resulting
equation into Eq. (4), leads to the expression of the trans-
mitted ®eld in R 1 in the presence of the scatterer:

E1
t ~r ! 5

i m0v 2

8p 2 Ed2K exp~i K • R 1 i g z!

3 Ed2K 8 tI ~K , K 8! • IJ ~K 8! •
p1

g8

3 exp~2 i K 8 • R1 2 i g8z1! , (15)

where g85 g(K 8).
Let us now consider a dipole p2 situated at a point r 2 in

R 1 (situation 2 in Fig. 2). For L , z , z2 this point
source radiates a ®eld propagating toward z , 0 (inci-
dent ®eld), given by Eq. (8), with the angular spectrum

e2
i ~K ! 5

i m0v 2

8p 2g
IJ ~K ! • p2 exp~2 i K • R2 1 i g z2! .

(16)

According to Eqs. (9), (11), and (16), the transmitted
®eld in R 2 in the presence of the scatterer is given by

E2
t ~r ! 5

i m0v 2

8p 2 Ed2K exp~i K • R 2 i g z!

3 Ed2K 8tI ~K , K 8! • IJ ~K 8! •
p2

g8

3 exp~2 i K 8 • R2 1 i g8z2! . (17)

The application of Lorentz's reciprocity theorem with
sources leads to [see Eq. (A11) of Appendix A]

p1 • E2
t ~r 1! 5 p2 • E1

t ~r 2! . (18)

Introducing Eqs. (15) and (17) into Eq. (18) yields, after a
little algebra,

g8@tI (2 K 8, 2 K ! • IJ ~2 K ! ] T 5 g tI ~K , K 8! • IJ ~K 8! ,
(19)

where the superscript T denotes the transposed tensor.
The generalized tensor coef®cients tI and tI are de®ned

by their action on angular spectra e that are transverse
®elds. For such ®elds the operator IJ is the unit tensor.
Thus one always has tI (K , K 8) • IJ (K 8) • e(K 8)
5 tI (K , K 8) • e(K 8). This means that the tensors tI • IJ

and tI coincide. The same result holds for tI . Thus Eq.
(19) may be rewritten in the form

g8@tI ~2 K 8, 2 K ! #T 5 g tI ~K , K 8! , (20)

which is the reciprocity relation for the generalized trans-
mission tensor coef®cient.

It should be remarked that the presence of the factors g
and g8 in Eq. (20) is a consequence of the de®nition of the
angular spectra by integration over K . For uKu, k and
uK 8u, k , g and g8 are only directional cosines. Note
that with a de®nition of the angular spectra using angu-
lar variables, corresponding to spherical coordinates for
the k vector, these factors g and g8 disappear from the

Fig. 2. Geometry considered in the demonstration of the reci-
procity of the generalized transmission coef®cient. Situation 1:
The dipole source p1 is in R 2 , and the scattered (transmitted)
®eld is evaluated in R 1 . Situation 2: The dipole source p2 is
in R 1 , and the scattered (transmitted) ®eld is evaluated in R 2 .
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reciprocity relations. 8,9 One performs in this case an in-
tegration over the solid angle V, with d V 5 d2K /g. Nev-
ertheless, when the angular spectra contain evanescent
waves, this representation involves complex angles.
Hence a representation in K looks more convenient.

B. Re¯ection
Reciprocity relations for the generalized re¯ection tensor
coef®cients can be derived along similar lines. In the
®rst situation, the dipole p1 is situated at a point r 1 in R 2

(situation 1 in Fig. 3). The ®eld created by this point
source (incident ®eld) is given by

E1
i 1 ~r ! 5 Ee1

i 1 ~K !exp~i K • R 1 i g z!d2K

for z1 , z , 0, (21)

with the angular spectrum

e1
i 1 ~K ! 5

i m0v 2

8p 2g
TJ ~K ! • p1 exp~2 i K • R1 2 i g z1! ,

(22)

or by

E1
i 2 ~r ! 5 Ee1

i 2 ~K !exp~i K • R 2 i g z!d2K for z , z1 ,

(23)

with the angular spectrum

e1
i 2 ~K ! 5

i m0v 2

8p 2g
IJ ~K ! • p1 exp~2 i K • R1 1 i g z1! .

(24)

According to Eqs. (5), (7), and (22), in the presence of
the scatterer, the re¯ected ®eld in R 2 , for z Þ z1 , is
given by

E1
r ~r ! 5

i m0v 2

8p 2 Ed2K exp~i K • R 2 i g z!

3 Ed2K 8 rI ~K , K 8! • IJ ~K 8! •
p1

g8

3 exp~2 i K 8 • R1 2 i g8z1! . (25)

In another situation a dipole p2 is situated at a point r 2

in R 2 (situation 2 in Fig. 3). The ®eld created by this
point source (incident ®eld) is given by

E2
i 1 ~r ! 5 Ee2

i 1 ~K !exp~i K • R 1 i g z!d2K

for z2 , z , 0, (26)

with the angular spectrum

e2
i 1 ~K ! 5

i m0v 2

8p 2g
IJ ~K ! • p2 exp~2 i K • R2 2 i g z2! ,

(27)

or by

E2
i 2 ~r ! 5 Ee2

i 2 ~K !exp~i K • R 2 i g z!d2K for z , z2 ,

(28)

with the angular spectrum

e2
i 2 ~K ! 5

i m0v 2

8p 2g
IJ ~K ! • p2 exp~2 i K • R2 1 i g z2! .

(29)

The re¯ected ®eld in R 2 , for z Þ z2 , is given by

E2
r ~r ! 5

i m0v 2

8p 2 Ed2K exp~i K • R 2 i g z!

3 Ed2K 8 rI ~K , K 8! • IJ ~K 8! •
p2

g8

3 exp~2 i K 8 • R2 2 i g8z2! . (30)

Without any loss of generality, we suppose that z1

, z2 . Lorentz's reciprocity theorem with sources reads
in this case [see Eq. (A11) of Appendix A] as

p1 • @E2
i 2 ~r 1! 1 E2

r ~r 1! # 5 p2 • @E1
i 1 ~r 2! 1 E1

r ~r 2! #.
(31)

Note that the incident ®eld also satis®es the reciprocity
theorem

p1 • E2
i 2 ~r 1! 5 p2 • E1

i 1 ~r 2! , (32)

and thus, from Eq. (31), one ®nally has

p1 • E2
r ~r 1! 5 p2 • E1

r ~r 2! . (33)

Introducing Eqs. (25) and (30) into Eq. (33) leads, after
a little algebra, to

g8@rI ~2 K 8, 2 K ! • IJ ~2 K ! #T 5 grI ~K , K 8! • IJ ~K 8! .
(34)

Fig. 3. Geometry considered in the demonstration of the reci-
procity of the generalized re¯ection coef®cient. Situation 1:
The dipole source p1 is in R 2 , and the scattered (re¯ected) ®eld
is evaluated in R 2 . Situation 2: The dipole source p2 is in R 2 ,
and the scattered (re¯ected) ®eld is evaluated in R 2 .
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Using the same argument as that in Subsection 3.A,
one shows that the tensors rI • IJ and rI coincide, so that
Eq. (34) can be rewritten in the form

g8@rI ~2 K 8, 2 K ! #T 5 g rI ~K , K 8! . (35)

Proceeding in a similar way with an incident ®eld
propagating toward z , 0 in R 1 , one can derive

g8@rI ~2 K 8, 2 K ! #T 5 grI ~K , K 8! . (36)

Equations (35) and (36) are the reciprocity relations for
the generalized re¯ection tensor coef®cients.

C. Discussion
Relations (20), (35), and (36) express the reciprocity rela-
tions that are valid for any value of uK u. They include
reciprocity between homogeneous waves ( uKu< k and
uK 8u< k ), between evanescent waves (uKu. k and uK 8u
. k ), and between one homogeneous wave and one eva-
nescent wave (uKu< k and uK 8u. k ). We have thus ex-
tended to evanescent waves and to vector ®elds the reci-
procity relations of the partitioned S matrix introduced in
Ref. 8.

This work also brings together two usual formulations
of the reciprocity theorem:

1. The symmetry of the S matrix, 3±5 or of the general-
ized transmission and re¯ection coef®cients correspond-
ing to homogeneous waves only. 8±10 Both of these formu-
lations involved ®eld amplitudes evaluated either at
in®nity or far from sources. Lorentz's reciprocity theo-
rem without sources at ®nite distance from the scatterer
was the basis of these formulations.

2. Relation (A11), which involves the global ®eld (and
not its angular spectrum), without any restriction on the
distance between the scatterer and both the source and
the observation point. This formulation is the one used,
for instance, in antenna theory. 19,20 It is a consequence
of Lorentz's reciprocity theorem applied with sources at
®nite distance from the scatterer. 15

Our approach enlarges the generality of both formula-
tions. It shows that each plane wave of the angular spec-
trum obeys reciprocity (and not only the global ®eld), and
this occurs whatever the distance from the source and the
observation point to the scatterer. This is a more general
statement than the one given by Eq. (A11) in formulation
2, which applies to the global ®eld. This is also an exten-
sion of formulation 1 to vector ®elds containing evanes-
cent components.

4. RECIPROCITY AND TIME
REVERSIBILITY
When studying time reversibility of a scattering process
in wave optics, one has to take care of the behavior of both
homogeneous and evanescent waves. For example, in
the domain of phase conjugation, the link between time
reversal and phase conjugation was discussed a few years
ago.21,22 It was shown that homogeneous and evanescent
waves are transformed differently under phase conjuga-
tion, and this was presented as a proof of the nonequiva-
lence between phase conjugation and time reversal. 22

Concerning the reciprocity theorem, a scrutiny of the
literature shows that its relationship with time reversibil-
ity has been the subject of many discussions.

In quantum elastic scattering, the symmetry of the S
matrix can be obtained as a consequence of time-reversal
invariance of the process. 3 For instance, in a textbook, 3

it is stated: ``In other words, time-reversal invariance
implies that the S matrix is symmetric. The symmetry
condition is also called reciprocity.'' In this case the
probability waves undergo no absorption, and the S ma-
trix is also unitary. When a complex potential is used to
describe inelastic scattering, the unitarity condition is
lost. Because the probability waves undergo absorption,
time reversibility is also lost. Nevertheless, the S matrix
remains symmetric, indicating that reciprocity still
holds.23

Similarly, in electromagnetism, reciprocity and time re-
versibility are equivalent when only lossless media are
involved. 24 In the optics of transparent media, one
speaks of optical reversibility rather than reciprocity.
Nevertheless, with Lorentz's theorem, reciprocity rela-
tions can be derived even for a scatterer with losses (i.e.,
with complex constitutive tensors). 5,6,9,10,24,25 Once
again, reciprocity is conserved, even for a time-
irreversible process.

The fact that reciprocity relations hold in irreversible
processes is a consequence of general microscopic rela-
tions obtained from a statistical approach by Onsager. 26

A discussion of these relations and an application to the
derivation of symmetry relations in heat conduction or
electronic network theory can be found in papers by
Casimir 27 and also in Ref. 24. As an example, reciprocity
of the resistance tensor of four-poles was obtained. 24,27

In conclusion, reciprocity and time reversibility in elec-
tromagnetic scattering are not equivalent. Nevertheless,
as demonstrated in this paper, both homogeneous and
evanescent waves satisfy the same reciprocity relations.

APPENDIX A: LORENTZ'S RECIPROCITY
THEOREM WITH SOURCES
We recall in this appendix the derivation of Lorentz's reci-
procity theorem with sources at ®nite distance from the
scatterer. 15

In a ®rst situation, let V 1 be a source volume with a
current density J 1(r ) radiating at a frequency v . Let us
call E1(r ) and H 1(r ) the ®elds created by this source in
the presence of a scatterer described by its constitutive
tensors eJ (r , v ) and mJ (r , v ). In a second situation, let
V 2 be a source volume with a current density J 2(r ) radi-
ating at the same frequency v . Let us call E2(r ) and
H 2(r ) the ®elds created by this source in the presence of
the same scatterer (see Fig. 4).

The ®elds in each situation satisfy Maxwell's equa-
tions, that is, with k 5 1, 2,

¹ 3 Ek 5 i v B k , ¹ 3 H k 5 J k 2 i v D k , (A1)

together with the constitutive relations

D k~r ! 5 e0eJ~r , v ! • Ek~r ! ,

B k~r ! 5 m0mJ ~r , v ! • H k~r ! . (A2)
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From Eqs. (A1) one easily obtains for each point r the fol-
lowing equality:

~H 2 • ¹ 3 E1 2 E1 • ¹ 3 H 2!

1 ~E2 • ¹ 3 H 1 2 H 1 • ¹ 3 E2!

5 i v ~B1 • H 2 2 H 1 • B2!

2 i v ~D1 • E2 2 E1 • D2! 1 J 1 • E2 2 J 2 • E1 .

(A3)

The left-hand side of Eq. (A3) can be rewritten in the form
¹ • (E1 3 H 2 2 E2 3 H 1). With the use of Eqs. (A2),
one shows that the ®rst two terms on the right-hand side
vanish, provided that eJ and mJ are symmetric tensors:

eJ~r ! 5 @eJ~r ! #T, mJ ~r ! 5 @mJ ~r ! #T. (A4)

Finally, one obtains for each point r the following:

¹ • ~E1 3 H 2 2 E2 3 H 1! 5 J 1 • E2 2 J 2 • E1 .
(A5)

Equation (A5) with J 1 5 J 2 5 0 gives the usual form of
Lorentz's reciprocity theorem. 11 Thus Eq. (A5) is a gen-
eralization of Lorentz's theorem to the case where sources
are present, and we shall refer to it as Lorentz's reciproc-
ity theorem with sources.

By integrating Eq. (A5) over all space, we transform
the left-hand side into a surface integral over a sphere
whose radius tends to in®nity. The asymptotic expres-
sions of the ®elds for kr ! ` in a direction de®ned by the
vector k 5 (K , g) are18

Ek~kr ! ` ! 5 2i p g~K !ek~K !
exp~ikr !

r
, (A6)

H k~kr ! ` ! 5 2i p g~K !h k~K !
exp~ikr !

r
, (A7)

with, as a consequence of Maxwell's equations,

v m0h k~K ! 5 k 3 ek~K ! . (A8)

By making use of Eqs. (A6) ±(A8), one shows that E1

3 H 2 2 E2 3 H 1 vanishes identically in the far ®eld, so

that its integral over a sphere of in®nite radius disap-
pears. Finally, one is left with

E
V1

J 1~r ! • E2~r !d3r 5 E
V2

J 2~r ! • E1~r !d3r , (A9)

which constitutes a reciprocity theorem with sources. 15

In the case of dipole sources, the current densities are
given by

J k~r ! 5 2 i v p kd~r 2 r k ! , (A10)

which gives, after introduction into Eq. (A9),

p1 • E2~r 1! 5 p2 • E1~r 2! . (A11)

This last equation constitutes a customary statement of
the reciprocity theorem, namely, the component of the
electric ®eld in the direction of polarization of the source
is unchanged when the positions of source and detector
are interchanged. This form of the reciprocity theorem is
well known, for example, in antenna theory. 19,20 Equa-
tions (18) and (31) of the present paper are a direct appli-
cation of Eq. (A11).
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We derive general relationships of theSmatrix of ®elds containing evanescent components. Our formalism
covers time-independent quantum scattering as well as scattering of classical scalar waves. We show that
reciprocity, energy~or probability! conservation, and time-reversal symmetry in the presence of evanescent
waves lead to relationships that extend the well-known relations previously derived in asymptotic scattering.
On this basis, we discuss the link between reciprocity and time-reversal symmetry. We also address the
experimental feasibility of time reversal of a ®eld containing evanescent components.

PACS number~s!: 03.65.Nk, 03.50.2 z, 42.25.Fx, 11.55.2 m

I. INTRODUCTION

The scattering matrix (S matrix! was introduced by
Heisenberg to describe a scattering process without any as-
sumption about the details of the interaction@1#. In this for-
malism, the process is thought of as a transformation of an
incoming stateC in into an outgoing stateC out , which de-
scribe the system far away from the interaction potential.
Hence, theS matrix describes the scattering processasymp-
totically. The mathematical transcription of this transforma-
tion is an operator relationshipC out5 SC in , where S is
called theS matrix @2,3#. It is well known that theS matrix
exhibits some properties that are independent of the speci®c
problem under study. In particular, it is unitary and symmet-
ric, these two properties re¯ecting probability~or energy!
conservation in elastic scattering and reciprocity, respec-
tively @3#. The general aim being to get maximum informa-
tion about theS matrix with minimum knowledge about the
interaction itself, other properties may be derived, based, for
example, on dispersion relations and causality conditions@4#.
The existence of such general properties of theS matrix is
the reason why it has become a fundamental tool in most
areas of theoretical physics, e.g., in quantum scattering@2,3#,
in particle physics@5#, in ®eld theory, and in statistical phys-
ics @6#. Its de®nition and its use have also been extended to
scattering of classical~acoustic and electromagnetic! waves
@7,8#. For example, theS matrix has become a fundamental
tool ~as well as a practical one! to compute scattered ®elds in
physical optics@9#. This formalism has also found a wide
range of applications with the development of random-
matrix theory@10#, which has recently acquired renewed in-
terest through its use in quantum- and classical-wave trans-
port in random media@11,12#.

The S matrix was originally de®ned as an operator acting
on asymptoticstates. In scattering by a time-independent po-
tential ~we shall restrict our discussion to this case!, this
means that theSmatrix relates the far-®eld amplitudes of the
incoming and outgoing ®elds@2,7,8#. Nevertheless, in the
last ten years, new effects have been observed and new tech-

niques developed that involve scattering and/or direct mea-
surement of evanescent waves~near ®elds!. For example,
evanescent-wave scattering is involved in the emission pro-
cess of an atom or a molecule close to a surface@13#or in the
surface-plasmon-polariton~SPP! mechanism which leads to
the enhanced backscattering of light on slightly rough metal
surfaces@14#. It is also the basic principle of near-®eld scan-
ning probe microscopies, using either electron@15#or photon
@16# tunneling. Modeling the image formation in scanning
near-®eld optical micoscopy~SNOM! requires a precise de-
scription of a mechanism involving scattering of evanescent
waves@17#. The advent of SNOM has also allowed a direct
experimental study of SPP excitation and scattering@18#and
Anderson localization of surface excitations@19#and stimu-
lated theoretical works on SPP scattering by surface rough-
ness or localized objects@20#. In all these ®elds, the descrip-
tion of the coupling between an incident evanescent wave
and a scattered propagating or evanescent wave is of funda-
mental interest. AnS-matrix formalism, with a de®nition in-
cluding the near-®eld components, should be very useful in
this context. TheS matrix also provides a useful formalism
to discuss time reversal of wave ®elds, and especially its link
with reciprocity~symmetry of theS matrix! and probability
or energy conservation~unitarity!. In particular, the question
of time reversal of ®elds containing evanescent components
has recently received increasing attention, with the demon-
stration of phase conjugation of optical near ®elds@21#and
of time reversal of acoustic waves@22#. In this last case, the
S- matrix formalism was used to discuss the properties of a
time-reversal acoustic cavity, without taking into account the
role of evanescent waves@23#. Nevertheless, the question of
subwavelength focusing of a ®eld by time reversal was
raised. This is an important issue, whose discussion requires
the use of a formalism including the evanescent components
of the ®eld.

Finding general properties of theS matrix, extended to
evanescent waves, is of major importance in understanding
and modeling all phenomena and devices involving near-
®eld scattering. To our knowledge, this problem has received
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little attention until now, except in electromagnetic wave-
guide theory where reciprocity and unitarity relations for the
S matrix in the presence of evanescent modes have been
brie¯y discussed@24#. In this work, we concentrate on reci-
procity, unitarity, and time-reversal symmetry in the frame-
work of scattering from a localized potential, in the presence
of evanescent waves in both the incoming and outgoing
®elds. The formalism we use covers time-independent quan-
tum scattering as well as scattering of classical scalar waves.
In Sec. II, we de®ne theS matrix based on the angular rep-
resentation of the ®eld, sometimes called thepartitioned S
matrix in the literature@9,25#. In Sec. III, we give a general
derivation of theSmatrix reciprocity for scalar~quantum and
classical! ®elds, in the presence of evanescent waves. In Sec.
IV, we show that energy~or probability! conservation in
scattering of ®elds containing evanescent components leads
to generalized unitarity relations of theSmatrix. These rela-
tions extend those previously derived for source-free ®elds
~i.e., ®elds without evanescent components! @9,25#, and those
obtained in electromagnetic waveguide theory@24#. In Sec.
V, we address the problem of time-reversal symmetry of
wave ®elds containing evanescent components. We show
that the time-reversal invariance condition leads to a differ-
ent relationship for theS matrix. On this basis, the link be-
tween reciprocity, unitarity, and time-reversal invariance is
discussed. This problem is of fundamental and practical im-
portance, due, for example, to its potential application to
time reversal of acoustic waves@22#. Finally, we give a sum-
mary and a general conclusion in Sec. VI.

II. DEFINITION OF THE S MATRIX

Let us consider the scattering problem depicted in Fig. 1.
The regions 0, z, z1 and z2, z, L, denoted byR 2 and
R 1 , respectively, are assumed to be of constant potential, so
that the wave ®eld in these regions obeys the time-
independent wave equation

¹ 2C ~r !1 k2C ~r !5 0, ~1!

where r5 (x,y,z). In Eq. ~1!, C (r ) is either the time-
independent wave function of a state of energyE @k2

5 2m/\ 2(E2 V), whereV is the potential andm the mass of
the particle#, or a monochromatic classical wave of fre-
quency v (k5 v /c, where c is the phase velocity in the
medium!. The wave numberk2 is real, but can be negative,
e.g., in a tunneling barrier. The scattering potential is as-

sumed con®ned within the stripz1, z, z2, and independent
of the ®eld~linear scattering!. The regionsz, 0 andz. L
contain sources, the presence of which, at ®nite distance
from the scattering region, is necessary to ensure the exis-
tence of incident evanescent waves in bothR 2 and R 1 .
The evanescent waves explicitly appear when the angular-
spectrum representation~or plane-wave expansion! of the
®eld is used. In this representation, the ®eldsC 2 in R 2 and
C 1 in R 1 are written@9#

C 6 ~r !5 Ea6 ~K !exp~i K• R1 igz!d2K

1 Eb6 ~K !exp~i K• R2 igz!d2K, ~2!

whereg(K)5 Ak22 K2 for K2< k2 ~homogeneous or propa-
gating components! andg(K)5 iAK22 k2 for K2. k2 ~inho-
mogeneous or evanescent components!. We use the notations
R5 (x,y) andK5 uKu. Except when the integration domain
is speci®ed, all integrals in this paper are extended to2 `
, (Kx ,Ky),1 ` . Note that Eq.~2! is a representation of the
®eld valid in regionsR 2 andR 1 whereuzuremains ®nite,
so that there is no divergence of evanescent waves whenuzu
increases.

In the angular-spectrum representation~2!, the partitioned
S matrix relates the outgoing vector C out(K)
5 @b2 (K) a1 (K)# to the incoming vector C in(K)
5 @a2 (K) b1 (K)# by the relation@9,25#

C out~K !5 ES~K,K8!C in~K8!d2K8, ~3!

whereS is a 23 2 matrix, sometimes called the partitionedS
matrix @9,25#, which can be written in the form

S~K,K8!5 Fr~K,K8! t ~K,K8!

t~K,K8! r ~K,K8!G. ~4!

The four elementsr ,t,r ,t have the meaning of generalized
re¯ection and transmission coef®cients@9,25#. Their de®ni-
tion can easily be extended to vector ®elds, as in electromag-
netic scattering. In this case, the four coef®cients become
tensor operators@26#.

III. RECIPROCITY RELATION

For incoming and outgoing ®elds without evanescent
components~source-free ®elds!, reciprocity and unitarity re-
lations for the partitionedS matrix are well established
@9,25#. They were derived as a consequence of the symmetry
and unitarity of the asymptotic~far-®eld! S matrix. Extend-
ing these relations to general wave ®elds with evanescent
components requires a different procedure. Note that reci-
procity of evanescent waves was derived previously in spe-
ci®c cases, such as electromagnetic waveguide theory@24#,
electromagnetic~vector ®eld! scattering@26#, and elastic-
wave scattering at a solid-solid interface@27#. In these ex-
amples, a suitable formulation of the reciprocity theorem was
used for each particular case. In this paper, we give a proof
of reciprocity of theSmatrix for scattering of both homoge-

FIG. 1. Scattering geometry and notation.
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neous and evanescent scalar waves from a localized poten-
tial, starting from a general formulation of reciprocity valid
for any kind of scalar wave.

Let C 1 and C 2 be two ®elds that are solutions of the
scattering problem depicted in Fig. 1. With reference to Fig.
2, let us consider the volumeV delimited by the closed sur-
face S composed of two planesz5 z2 and z5 z1 and a
sphere of radiusR centered at the center of the potential
region. The application ofGreen's second identity leads to

E
V
~C 2DC 12 C 1DC 2!dV5 E

S
SC 2

] C 1

] n
2 C 1

] C 2

] n DdS,

~5!

where ] /] n5 n• ¹ and n is the outward normal on the sur-
faceS. Both C 1 andC 2 satisfy Eq.~1! in R 2 andR 1 , so
that the integrand in the left-hand side in Eq.~5! vanishes.
Moreover, in the far-®eld asymptotic limitukur ! ` , one has
] C j /] r 5 ikr 2 1C j , so thatC 2] C 1 /] n2 C 1] C 2 /] n van-
ishes identically on the sphere surface when its radiusR
tends to in®nity. Finally, Eq.~5! leads to the following equal-
ity:

E
z5 z2

SC 2

] C 1

] z
2 C 1

] C 2

] z Dd2R

5 E
z5 z1

SC 2

] C 1

] z
2 C 1

] C 2

] z Dd2R. ~6!

Equation~6! is a scalar version of Lorentz's reciprocity theo-
rem, originally derived for the electromagnetic ®eld@28#. In
order to obtain a reciprocity theorem for theS matrix, we
introduce the angular-spectrum representation Eq.~2! of the
®eldsC 1 andC 2 into Eq. ~6!. After some algebra, one ob-
tains the following expression:

E E@a1
2 ~K ! b1

1 ~K ! #$g~K !S~K,K8!

2 g~K8!ST~2 K8,2 K !%Fa2
2 ~K8!

b2
1 ~K8!

Gd2K d2K85 0, ~7!

where the superscriptT denotes the transposed matrix. Be-
cause Eq.~7! must be satis®ed for any incoming vectors
@a1

2 (K) b1
1 (K)# in situation 1 and@a2

2 (K) b2
1 (K)# in

situation 2, one ®nally obtains

g~K !S~K,K8!5 g~K8!ST~2 K8,2 K ! . ~8!

Equation~8! is valid for 0, uKu,1 ` and 0, uK8u,1 ` ,
i.e., for propagating and evanescent waves. Note that the
presence of the factorsg in Eq. ~8! is a consequence of the
de®nition of the angular spectrum of the ®eld@Eq. ~2!# by
integration over the parallel wave vectorK. When using an
integration over the solid angleV , with k dV 5 d2K/g, these
factors disappear from the reciprocity relations. Neverthe-
less, the presence of evanescent waves would involve com-
plex angles in theV representation, so that theK represen-
tation looks more appropriate.

IV. EXTENDED UNITARITY RELATIONS

The second basic property of theSmatrix is unitarity. It is
satis®ed by theSmatrix of a lossless system~elastic scatter-
ing!. It is often assumed that the unitarity condition involves
only propagating waves. This belief is, in fact, based on the
use of asymptotic ®elds in the derivation. Indeed, unitarity
has been studied extensively in far-®eld~asymptotic! scatter-
ing @2# or scattering of source-free ®elds in the angular-
spectrum representation@9,25#. Conversely, the extension of
unitarity relations to wave ®elds containing evanescent com-
ponents has received little attention until now, except in the
context of electromagnetic waveguide theory@24#. Neverthe-
less, as discussed in the Introduction of the present paper,
extended unitarity relations could be helpful in various re-
cent applications, such as time-reversed acoustics, near-®eld
optics, or propagation through random media from the view-
point of random-matrix theory. In this section, we show how
such relations may be derived in the framework of free-space
scattering from a localized potential.

In eitherR 2 or R 1 , the current density associated with
the ®eld isJ(r )5 A Im$C * (r )¹C (r )%, whereA is a con-
stant, Im denotes the imaginary part, and the asterisk is the
complex conjugate. With reference to Fig. 2, energy~or
probability! conservation states that the total ¯uxf
5 * J• n dS¯owing outside the volumeV vanishes. When the
radiusR of the sphere tends to in®nity, the contribution of
the ¯ux through the portions of the sphere surface between
the two planesz5 z2 and z5 z1 vanishes. Finally, energy
~or probability! conservation reads

f z2 5 f z1 , ~9!

where

f z6 5 E
z5 z6

J~R,z6 ! • n d2R. ~10!

FIG. 2. Closed volume used for the application of Green's iden-
tity and the energy~or probability! balance.
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Using the angular-spectrum representation Eq.~2!, the cur-
rent f z6 accross a planez5 z6 in R 6 can be cast in the
following form:

f z6 5 AE
K2< k2

g@ua6 ~K !u22 ub6 ~K !u2#d2K

1 AE
K2. k2

g@a6 ~K !b6 * ~K !2 a6 * ~K !b6 ~K ! #d2K.

~11!

This expression for the current deserves some comment. It
explicitly shows two separated contributions, one stemming
from propagating waves (K2< k2), and the other stemming
from evanescent waves only (K2. k2). Note that the latter is
a crossed term between counterdecaying evanescent waves.
For a givenK such thatK2. k2, if either a(K) or b(K)
vanishes, then the associated current also vanishes. For the
aim pursued in this section, it is precisely the existence of
this contribution to the current that leads to the extended
unitarity relations of theS matrix. Introducing Eq.~11! into
Eq. ~9!, and using the de®nition of theS matrix ~3!, one
obtains the three following relations, involving scattering be-
tween two propagating waves, between two evanescent
waves, and between one evanescent and one propagating
wave:

E
K8< k

g~K9!

g~K8!
S~K,K8!S² ~K9,K8!d2K8

5 d~K2 K9!U for K< k,K9< k, ~12!

5 S~K,K9! for K< k,K9. k, ~13!

5 S~K,K9!2 S* ~2 K,2 K9!

for K. k,K9. k, ~14!

whereU is the 23 2 unit matrix. The superscript ² denotes
the conjugated and transposed matrix.

Equation~12! is the well-known unitarity condition of the
S matrix restricted to the homogeneous components of the
®elds, which was obtained previously@2,3,25#. Using the
partitioned form of theSmatrix Eq.~4!, this condition can be
developed in terms of the generalized re¯ection and trans-
mission coef®cients. The resulting four expressions are the
generalized Stokes relations of surface optics, which were
derived in @25#. Equations~13! and ~14! express, in theS
matrix formalism, probability~or energy! conservation in a
scattering process in which the incoming and/or the outgoing
®elds contain evanescent components. Hence, they can be
considered as extended unitarity conditions for theS matrix
of ®elds containing evanescent components. Because theS-
matrix formalism is used in many ®elds of theoretical phys-
ics, and because there has been increasing interest in phe-
nomena involving direct use and measurement of evanescent
®elds, we believe that this result may have important conse-
quences and applications. For example, the development of
Eqs. ~13! and ~14! in terms of generalized re¯ection and
transmission coef®cients leads to relationships that extend

the generalized Stokes relations to evanescent ®elds. Such
relations may be useful, e.g., in the context of surfaces, thin
®lms, and multilayers optics. The generalized Stokes rela-
tionships and their extension to ®elds containing evanescent
components are given in the Appendix.

V. TIME-REVERSAL INVARIANCE

In this section we discuss time-reversal invariance for
classical scalar waves~we exclude from the discussion the
question of time reversal in quantum mechanics which is
dif®cult to separate from the measurement problem!.

A. Time reversal in angular-spectrum representation

Let C (r ,t) be a classical scalar ®eldin the time domain,
and C (r ,v ) its frequency spectrum. BecauseC (r ,t) is a
real function, its frequency spectrum satis®esC (r ,v )
5 C * (r ,2 v ). From this condition, it is straightforward to
show that the time-reversed ®eldC (r ,2 t) has a frequency
spectrum C * (r ,v ). Hence time reversal ofC (r ,t) is
equivalent to complex conjugation ofC (r ,v ) throughout all
space. Note that time reversal is not equivalent to phase con-
jugation in only one plane@29#. We shall come back to this
point later.

Let us see what time reversal means in terms of the an-
gular spectrum of the monochromatic ®eldC (r ) ~the vari-
ablev is omitted in the following!. From complex conjuga-
tion of Eq. ~2! and the change of variableK! À K, one
obtains

C * ~r !5 Ea* ~2 K !exp~i K• R2 ig* z!d2K

1 Eb* ~2 K !exp~i K• R1 ig* z!d2K. ~15!

The symbols6 have been omitted in Eq.~15! because we do
not need to specify at this stage whether the ®eld propagates
in R 1 or in R 2 . We see that, in terms of angular spectrum,
time reversal is equivalent to the transformation
a(K)exp(igz)! a* (2 K)exp(2 ig*z) and b(K)exp(2 igz)
! b* (2 K)exp(ig*z) for all values of zin eitherR 1 or R 2 .
Note that Eq.~15! is valid in regions of space for whichuzu
remains ®nite, so that there is no divergence of time-reversed
evanescent waves whenuzuincreases.

B. Time-reversal invariance: consequence for theS matrix

In order to study the implication of time-reversal invari-
ance for theS matrix, let us consider a monochromatic ®eld
C 1(r ) which is a solution of the scattering problem depicted
in Fig. 1, the scattering potential being described by theS
matrix S. Let C 2(r ) be the time reversal of the ®eldC 1(r ).
In terms of the angular spectrum, this means that

a2
1 ~K !exp~igz!1 b2

1 ~K !exp~2 igz!

5 a1
1 * ~2 K !exp~2 ig* z!1 b1

1 * ~2 K !exp~ig* z!

~16!
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for all values ofz in R 1 and

a2
2 ~K !exp~igz!1 b2

2 ~K !exp~2 igz!

5 a1
2 * ~2 K !exp~2 ig* z!1 b1

2 * ~2 K !exp~ig* z!

~17!

for all values ofz in R 2 . The scattering problem is invariant
under time reversal if, and only if,C 2(r ) is also a solution of
the scattering problem, described bythe same Smatrix S.
This means that the outgoing vectorsC 1

out(K)
5 @b1

2 (K) a1
1 (K)# and C 2

out(K)5 @b2
2 (K) a2

1 (K)# are
connected to the incoming vectors C 1

in(K)
5 @a1

2 (K) b1
1 (K)# and C 2

in(K)5 @a2
2 (K) b2

1 (K)#, re-
spectively, by relation~3!. Introducing these conditions into
Eqs.~16! and~17! leads to the following relations:

E
K8< k

S~K,K8!S* ~2 K8,K9!d2K8

5 d~K1 K9!U for K< k,K9< k, ~18!

52 S~K,2 K9! for K< k,K9. k, ~19!

5 S* ~2 K,K9!2 S~K,2 K9!

for K. k,K9. k, ~20!

where the asterisk denotes the conjugated matrix. These re-
lations express the condition of time-reversal invariance in
terms of theSmatrix of ®elds containing evanescent compo-
nents.

The set of Eqs.~18!±~20! is very similar to the set of Eqs.
~12!±~14!, which describes energy conservation. In fact, it is
easy to see that these two sets of equations are equivalent,
provided that the reciprocity relation~8! is satis®ed. Indeed,
Eqs.~18!±~20! are transformed into Eqs.~12!±~14! by using
Eq. ~8! and changingK9! 2 K9. The result we have ob-
tained can be summarized as follows: the condition of time-
reversal invariance is equivalent to both energy conservation
~extended unitarity condition! and reciprocity~symmetry of
the S matrix!. Although this result was already known for
source-free ®elds@23#, we have demonstrated that it holds
for ®elds containing evanescent components.

C. Time-reversal invariance and reciprocity

The results in this paper also provide a basis to discuss the
link between time-reversal symmetry and reciprocity, which
is sometimes confusing in the literature@3# ~see also a dis-
cussion of this point in Ref.@26#!. For a scattering system in
which energy is conserved@Eqs.~12!±~14! are satis®ed#, the
conditions of time-reversal invariance@Eqs.~18!±~20!# and
reciprocity@Eq. ~8!#are equivalent. This is probably the rea-
son why time-reversal symmetry and reciprocity are often
mistaken. In particular, reciprocity is often presented as a
consequence of time-reversal invariance@3#. This is in gen-
eral incorrect. For example, we have seen that imposing
time-reversal invariance leads to Eqs.~18!±~20! and not to

the reciprocity condition Eq.~8!. Moreover, a scattering sys-
tem may be reciprocal, without being conservative@Eq.~8! is
satis®ed, but not Eqs.~12!±~14!#. In this case, the system is
not invariant under time reversal@Eqs.~12!±~14! cannot be
satis®ed#. These conclusions hold for ®elds with or without
evanescent components.

D. Experimental feasibility of time reversal

An important problem is the experimental achievement of
time reversal in a situation involving wave scattering. In op-
tics, the development of phase conjugating mirrors provides
a practical tool to produce ®elds that are conjugates of each
other in a given plane. Nevertheless, it has been shown that
this type of phase conjugation is not equivalent to time re-
versal when the ®elds involved contain evanescent compo-
nents@29#. The subject of time reversal of ®elds containing
evanescent components is of particular interest in the context
of time-reversed acoustics@22#. In this technique, the acous-
tic ®eld in a direct situation is recorded on a given surfaceS,
after scattering by an arbitrary object. In the reversed situa-
tion, the time-reversed ®eld is emitted from the surfaceS, in
the presence of the same scattering object. In the frequency
domain, the ®elds in the two situations are complex conju-
gates of each other onS. Thus, this experiment is equivalent
to achieving acoustic phase conjugation on the surfaceS. In
both optics@21#and acoustics@22#, the possibility of achiev-
ing time reversal of both the homogeneous and evanescent
components of the ®eld by phase conjugation may be ques-
tioned.

The ®rst part of the answer is given by showing that phase
conjugation on the surface of a closed cavity~or equivalently
along two planesz5 z1 andz5 z2) is equivalent to time re-
versal at all pointsinside the cavity ~or in the stripz1, z
, z2). This assertion is a consequence of the following re-
sult: two ®elds de®ned inside the stripz1, z, z2 that are
complex conjugates in the two planesz5 z1 and z5 z2 are
complex conjugates at all points within the stripz1, z, z2.
Therefore, they are time reversed from each other in the
cavity. This result holds for ®elds containing evanescent
components. It can be derived by extending the discussion in
Ref. @29# to a situation involving phase conjugation along
two planesz5 z1 and z5 z2. Consequently, phase conjuga-
tion on a closed surface~or along two planes! may be a
practical way to achieve complete time reversal of a ®eld.

The second part of the answer must take into account the
presence of sources inside the cavity in the direct experi-
ment. In theory, reversing time leads automatically to the
transformation of all primary sources into sinks. Therefore,
to achieve time reversal experimentally, the ®eld on the sur-
face of the cavity has to be time reversed,and the sources
have to be transformed into sinks. This is probably the great-
est experimental challenge. This is also the necessary condi-
tion to obtain complete time reversal~i.e., with evanescent
waves included! and achieve, for example, time-reversed fo-
cusing below the diffraction limit. The necessity of replacing
sources by sinks in the time-reversed situation can be under-
stood as follows. In the direct situation, a subwavelength
source radiates a localized ®eld whose angular spectrum con-
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tains evanescent waves. In the reversed situation, the sink is
equivalent to a source with opposite phase. This localized
source also radiates evanescent waves which allow the time-
reversed ®eld to focus below the diffraction limit.

VI. CONCLUSION

In summary, we have derived general properties of theS
matrix of ®elds containing evanescent components. In par-
ticular, we have shown that energy~or probability! conser-
vation leads to relationships that extend the well-known uni-
tarity condition of the asymptoticS matrix. Using the
partitionedS matrix, we have shown that these relationships
lead to extended Stokes relations. We have also obtained
different relationships as a consequence of time-reversal in-
variance. On this basis, we have discussed the link between
unitarity, time-reversal symmetry, and reciprocity. With the
increasing interest in techniques based on measurement and
control of evanescent waves, we think that this work should
®nd broad applications. In particular, we have brie¯y dis-
cussed its implications in time reversal of scattered ®elds by
phase conjugation.
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APPENDIX: GENERALIZED STOKES RELATIONS
FOR FIELDS CONTAINING EVANESCENT WAVES

In this Appendix, we summarize the relations that are
obtained by inserting the coef®cients of the partitionedS
matrix Eq. ~4! into relations~12!±~14!. The ®rst four rela-
tions are the generalized Stokes relationships obtained in
Ref. @25#. The other relations are extensions of the Stokes
relationships to ®elds containing evanescent components.
We use the notationsg85 g(K8) andg95 g(K9).

1. Relations involving homogeneous waves only

Relations valid forK< k andK9< k:

E
K8< k

d2K8@r ~K,K8! t * ~K9,K8!1 t~K,K8! r * ~K9,K8! #
g9

g8

5 0, ~A1!

E
K8< k

d2K8@r ~K,K8! r * ~K9,K8!1 t~K,K8! t* ~K9,K8! #
g9

g8

5 d~K2 K9! , ~A2!

E
K8< k

d2K8@r~K,K8! r * ~K9,K8!1 t ~K,K8! t * ~K9,K8! #
g9

g8

5 d~K2 K9! , ~A3!

E
K8< k

d2K8@r~K,K8! t* ~K9,K8!1 t ~K,K8! r * ~K9,K8! #
g9

g8

5 0. ~A4!

2. Relations involving conversion of homogeneous
to evanescent waves

Relations valid forK< k andK9. k:

E
K8< k

d2K8@r ~K,K8! t * ~K9,K8!1 t~K,K8! r * ~K9,K8! #
g9

g8

5 t~K,K9! , ~A5!

E
K8< k

d2K8@r ~K,K8! r * ~K9,K8!1 t~K,K8! t* ~K9,K8! #
g9

g8

5 r ~K,K9! , ~A6!

E
K8< k

d2K8@r~K,K8! r * ~K9,K8!1 t ~K,K8! t * ~K9,K8! #
g9

g8

5 r~K,K9! . ~A7!

E
K8< k

d2K8@r~K,K8! t* ~K9,K8!1 t ~K,K8! r * ~K9,K8! #
g9

g8

5 t ~K,K9! . ~A8!

3. Relations involving conversion of evanescent
to evanescent waves

Relations valid forK. k andK9. k:

E
K8< k

d2K8@r ~K,K8! t * ~K9,K8!1 t~K,K8! r * ~K9,K8! #
g9

g8

5 t~K,K9!2 t* ~2 K,2 K9! , ~A9!

E
K8< k

d2K8@r ~K,K8! r * ~K9,K8!1 t~K,K8! t* ~K9,K8! #
g9

g8

5 r ~K,K9!2 r * ~2 K,2 K9! , ~A10!

E
K8< k

d2K8@r~K,K8! r * ~K9,K8!1 t ~K,K8! t * ~K9,K8! #
g9

g8

5 r~K,K9!2 r * ~2 K,2 K9! , ~A11!

E
K8< k

d2K8@r~K,K8! t* ~K9,K8!1 t ~K,K8! r * ~K9,K8! #
g9

g8

5 t ~K,K9!2 t * ~2 K,2 K9! . ~A12!
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We propose a new theoretical approach to near-field microscopy, which allows one to deal with scan-
ning tunneling microscopy and scanning near-field optical microscopy with a unified formalism. Under
the approximation of weak tip-sample coupling, we show that Bardeen’s perturbation formula, originally
derived for electron tunneling, can be derived from a scattering formalism which extends its validity
to electromagnetic vector fields. This result should find broad applications in near-field imaging and
spectroscopy.

PACS numbers: 61.16.Ch, 03.65.Nk, 07.79.Cz, 73.40.Gk

The development of scanning tunneling microscopy
(STM) in the early eighties [1] opened the way to real-
space surface study at the atomic scale. Since then,
various techniques of scanning probe microscopy (SPM)
have been proposed [2,3], based on local interaction
between a sharp tip and the sample under study. Scanning
near-field optical microscopy (SNOM) [4] is one of these
techniques, which uses optical interaction in the visible or
near-infrared range. SNOM has proven its ability to image
optical fields and surface structure at a subwavelength
scale [5]. In the field of microscopy, spectroscopy, and
surface modification on the nanometer scale with visible
or infrared light [6], SNOM looks complementary to other
SPM techniques.

In the context of STM, some theories were developed
shortly after the first experimental demonstrations, based
on self-consistent methods and numerical calculations
[7,8] or on analytical models [9–12]. Many of these
theories [8–10] have in common the use of Bardeen’s
perturbation formula, originally derived for electron
tunneling between two weakly coupled electrodes [13].
In particular, the approach of Tersoff and Hamann [9]
remains an explicit and practical description of the STM.
An important result in this approach was the direct
interpretation of the STM signal as a measurement of the
local electron density of state of the sample. Although
this result is valid under weak tip-sample coupling, it was
a breakthrough in understanding the STM images [2].

Similarly, in the context of SNOM, several theoretical
methods and numerical simulations [14], as well as ana-
lytical models [15,16], have been developed, in order to
improve the capability of the technique and to understand
the measured signals. Although the underlying physics be-
hind SNOM is understood to a certain extent, an overlook
at the current state of SNOM leads to the two following
remarks. (i) The analogy between STM and SNOM is of-
ten qualitatively put forward. In particular, some SNOM
setups such as the photon scanning tunneling microscope

(PSTM) were introduced by analogy between optical and
electron tunneling [17]. Nevertheless, there is no unified
formalism and theoretical proof of a clear and general anal-
ogy. (ii) An explicit SNOM theory was developed some
years ago [15], which gave an interpretation of the signal
and clarified the role of spatial filtering and polarization
effects. Nevertheless, a general formalism allowing to in-
troduce in a natural way an appropriate tip model seems to
be missing [18].

In this Letter, we propose a new approach to near-field
microscopy which deals with both STM and SNOM with
a unified formalism. We first derive an expression of
the current in the gap [19] which is valid for STM and
SNOM. This expression allows an original discussion of
the tunneling contribution to the SNOM signal. Then,
under the approximation of weak tip-sample coupling,
we derive a general expression of the signal in SNOM,
which generalizes Bardeen’s formula to scattering of vec-
tor electromagnetic fields. This generalization allows one
to deal with SNOM using the standard formalism of STM
modeling.

Let us consider the general SNOM setup depicted in
Fig. 1(a), and the general STM setup in Fig. 1(b). In the
SNOM situation, the tip-sample system is illuminated by
a light source of arbitrary size and state of coherence, and
part of the scattered energy is collected by a detector of
arbitrary shape. The gap region (between the sample and
the tip) is assumed to be vacuum or air. At this stage of
the discussion, we concentrate on the tunneling current in
both STM and SNOM, and we do not take polarization ef-
fects into account. In the STM situation, we assume that
the central part (with respect to the� direction) of the gap
region is of constant potential� . The state of the elec-
tromagnetic field at a given frequency� , or a stationary
state of the electron of energy� , are both represented by
a scalar wave function� �� � . We assume that the tip re-
mains situated above the highest point of the surface to-
pography (although the path followed during the scan may
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FIG. 1. (a) Scheme of a SNOM setup. Light coming from
the source is scattered towards the detector through near-field
coupling between the tip and the sample. (b) Scheme of a STM
setup. The current is created by tunneling electrons between
the tip and the sample. (c) SNOM setup with hemispherical
detection.

be arbitrary). In the gap region, the wave field can be writ-
ten in the form of an angular spectrum of plane waves [20]:

� � � � �
�

� � � � exp�� � � � � � � � � � � �

�
�

� � � � exp�� � � � � � � � � � � � � (1)

where � �� � �
�

� � � 	 � for 	 � � � � (homogeneous
or propagating components) and� �� � � �

�
	 � � � � for

	 � � � � (inhomogeneous or evanescent components). We
use the notations� � � 
 � � � � � , � � � 
 � � � , and	 � �� �.
For the electromagnetic field,� � � � � , � being the speed
of light in vacuum. For the electron wave function,� � �
�  � �� � � � � � � , where is the electron mass and�� is
Planck’s constant. The integrals are extended to� 	 	 	
�
 . Note that, in the case of electron tunneling in STM
(� 	 � and� � 	 � ), the wave function in the gap region
contains evanescent waves only.

The current density associated with the wave function
� is � � � � � � Im�� � � � � �� � � �� , where Im denotes the
imaginary part and� the complex conjugate. This formula
represents either the momentum density of the electro-
magnetic field in the scalar representation or the proba-
bility current in quantum mechanics [20]. The constant
� may be determined by identifying the current flux at
the detector with either the energy flux of the electromag-
netic field (in the case of SNOM) or the electronic cur-
rent (in the case of STM). Using Eq. (1), the total current
� �

�
� � � � � � � � across a plane at a constant� in the gap

region (dashed line in Fig. 1) can be cast in the following
form:

� � �
�

	 � � � �
� � �� � � � �� � �� � � � �� � � � �

� �
�

	 � � � �
� � � � � � � � � � � � � � � � � � � � �� � � � �

(2)

Although Eq. (2) simply expresses the total current flow-
ing through the gap region, it was never used before, to
our knowledge, in the context of near-field microscopy. In
STM, except for a constant factor,� is exactly the tun-
neling current which is measured in the experiment. In
SNOM, � is proportional to thetotal energy flux, includ-
ing the flux flowing through channels that do not end up
at the detector. In many SNOM experiments, only part of
this flux is actually collected and contributes to the signal.
� would be an exact expression of the signal in situa-
tions in which a hemispherical detector is used to col-
lect all the flux traveling in a half space, as shown in
Fig. 1(c). An example of such a configuration is the tun-
neling near-field optical microscope [21] when complete
hemispherical detection is performed, and its reciprocal
setup, namely, a PSTM using hemispherical incoherent il-
lumination [22,23].

Two separate contributions are clearly identified in
Eq. (2). The first integral describes the contribution of
waves that are homogeneous in the gap region. It simply
expresses the balance between two currents flowing in
opposite directions through propagating channels. The
second integral describes a current flowing through
evanescent (or tunneling) channels. In the case of STM,
this is the only contribution to the current. This term
simply reflects the net flux traveling through the tunneling
channel� , and vanishes if� � � � � � � � � . Note that, if
either � � � � or � � � � vanishes, then the contribution of
this tunneling channel also vanishes. This reflects the
fact that tunneling is essentially a consequence of the
presence of two interfaces at close proximity (e.g.,
the sample and the tip). Equation (2) also demonstrates
the existence of an optical tunneling contribution in any
SNOM configuration. Moreover, it shows that the SNOM
current travels through both propagating and tunneling
channels in the gap, whereas in STM the current flows
only through tunneling channels. This is a fundamental
difference between SNOM and STM.

In practice, computing the SNOM or STM signal from
Eq. (2) requires the knowledge of the angular spectra
� � � � and � �� � of the wave function in the gap region.
These are solutions of a difficult scattering problem in a
confined geometry, which can, in general, be solved only
numerically. Nevertheless, under the approximation of
weak tip-sample coupling, it is known in STM modeling
that Bardeen’s formula can be used to describe the tunnel-
ing current [2,8–10]. We shall now give a new derivation
of this formula, based on a scattering formalism. This
approach generalizes Bardeen’s original formula, by
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showing that (i) it describes both the tunneling current and
the current flowing through propagating channels, and
that (ii) it also applies to vector electromagnetic fields.

Let us consider the general SNOM setup depicted in
Fig. 2(a). The illumination is done by a plane wave with
a wave vector� � , a unit amplitude, and a state of po-
larization described by the complex unit vector� � . The
signal is recorded by a detector placed in the far field, in
a direction defined by the wave vector� � . We assume
that the detection is performed with a polarizer (analyzer)
whose polarization direction is defined by the unit vector
� � . Note that this represents the most general configu-
ration, because an extended and/or unpolarized source or
detector can be described by adding the contributions of
a set of incoming or outgoing plane waves. Depending
on the experimental setup, the summation should be done
with a properly defined degree of coherence and/or polar-
ization [23]. Without loss of generality, we have chosen
the transmission geometry shown in Fig. 2(a), but the ar-
gument can be easily extended to any SNOM setup. Using
a scattering formalism, we describe the sample, the tip,
and the entire setup by their generalized transmission co-
efficients �� � � � � � � � ,

�� � � � � � � � , and�� � � � � � � � . These
coefficients are elements of the scattering matrix of each
system in a plane-wave basis [24]. The signal� is the
flux of the Poynting vector (current density) at the detec-
tor position (i.e., in the far field). The far-field asymptotic
expression of the electromagnetic field in the direction� �
can be obtained by the stationary-phase technique [20]. In
this condition, the expression of the signal is

� � �  � � � � � � � � � � �� � � �� � � � � � � � � � � �� � (3)

This result shows that the basic quantity to compute is
� �� � � � � �� � � � � � � � � � � , which is analogous to the
elastic tunneling matrix element in Bardeen’s formalism
[13]. We now assume that the coupling between the tip and
the sample is weak. In the scattering picture, this means
that the current in the gap results from fields that have been
scattered once at the tip or at the sample. In this case, the
transmission coefficient of the system is

�� � � � � � � � �
�

�� � � � � � � � � �� � � � � � � � � � � � (4)

where the integral is extended to both propagating and tun-
neling channels. We see that, in the case of weak coupling,

FIG. 2. (a) General SNOM setup with directional illumination
and detection. (b) Illustration of the meaning of the sample
wave function� � . (c) Illustration of the meaning of the tip
wave function� � .

the signal can be calculated from the transmission coeffi-
cients of the sample and the tip, considered as independent
systems. We will now transform Eq. (4) into an expression
in direct space, involving two wave fields that are solutions
of the two scattering problems in Figs. 2(b) and 2(c). This
will lead to a generalization of Bardeen’s formula to scat-
tering of electromagnetic vector fields. Let� � � � � be the
(vector) electric field, in the gap region, that results from
scattering of the illuminating plane wave (wave vector� � ,
polarization state� � ) by the sample, in the absence of the
tip. Let � � � � � be the (vector) electric field, in the gap re-
gion, that results from scattering by the tip of a plane wave
of amplitude unity coming from the direction of the detec-
tor (wave vector� � � , polarization state� � ). The explicit
expressions of these wave fields are

� � � � � �
�

�� � � � � � � � � � � exp�� � � � � � � � � � � � �

(5)

� � � � � �
�

�� � � � � � � � � � � � exp�� � � � � � � � � � � � �

(6)

where �� � is related to�� � by the reciprocity theorem
� �� � � �� � � � � � � � � � � � � �� �

� � � � � � � � � , the super-
script � denoting the transposed tensor [24]. From
Eqs. (4)–(6), one obtains the following expression for the
matrix element� �� :

� �� �
�

�  � � � � � � �

� �
� � � � � �

� � �

� �
� � � � � � � � � �

� � �

� �
� � �

�
� � � � (7)

where the integral is performed along a plane at a constant
� in the gap region.

Equation (7) is the main result of this Letter. It is simi-
lar to Bardeen’s formula for the elastic tunneling matrix
element� �� between a state� � of the probe and a state
� � of the sample [see, e.g., Eq. (3) in Ref. [9] ]. Note

that the complex conjugation of the tip wave function� �
does not appear in Eq. (7). This point is not fundamental.
Bardeen’s formula is exactly retrieved when using a tip
wave function� �

� � � �
� , namely, thetime reversedof

the wave function� � introduced in Eq. (6). When the
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tip is lossless, this difficulty can be overcome by choos-
ing a real solution for� � . This is the usual choice that
is made in STM modeling based on Bardeen’s formula
[9,12]. Our formalism clearly demonstrates that the tip
wave function must be chosen as a solution of the scatter-
ing problem in Fig. 2(c), followed by time reversal, for the
integrand in Eq. (7) to take the form of a current operator,
as in Bardeen’s original paper [13]. The general deriva-
tion of Eq. (7) given in this Letter shows that Bardeen’s
formula applies (i) to the general situation where the cur-
rent in the gap flows through both propagating and tun-
neling channels, and (ii) to electromagnetic vector fields.
From a fundamental point of view, this constitutes an im-
portant generalization of Bardeen’s original formula. From
a practical side, Eqs. (3) and (7) provide an expression of
the SNOM signal using the same formalism as in standard
STM modeling [9,10,12]. This unification could greatly
improved the understanding of the SNOM signal.

Finally, let us comment on the choice of the tip wave
field � � in SNOM modeling. The simplest model could
consider the tip as a small sphere. In this case, it can be
shown [25] that one retrieves the same result as that ob-
tained in Ref. [15]. Except for some polarization effects,
the signal in this model is proportional to�� � �� at the lo-
cation of the probe. This is also the result of the Tersoff
and Hamann theory developed for STM [9]. Nevertheless,
recent experimental studies of the apertureless setup have
shown that this model is not sufficient to describe polariza-
tion and spectroscopic effects [18]. A theory including an
appropriate tip model is needed to account for these effects
[26]. The generalized Bardeen formula derived in this Let-
ter provides a natural way to include realistic tip shapes in
SNOM modeling.

In summary, we have presented a new formalism for
near-field microscopy which unifies SNOM and STM. We
have given an explicit expression of the total current in
the gap region, which demonstrates the role of optical
tunneling in SNOM. Under the approximation of weak
tip-sample coupling, we have given a new and general
derivation of Bardeen’s perturbation formula, which ap-
plies to currents flowing through both propagating and tun-
neling channels, and to electromagnetic fields. The results
in this Letter should find broad applications in near-field
imaging and spectroscopy using visible or infrared light.

This work was supported by the French-Spanish In-
tegrated Program PICASSO. We acknowledge helpful
discussions with P. Chaumet, J.-J. Greffet, and M. Nieto-
Vesperinas.
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A theoretical approach to electrostatic scanning probe microscopy is presented. We show that a
simple perturbation formula, originally derived in the context of scattering theory of electromagnetic
waves, can be used to obtain the capacitance and the electrostatic force between a metallic tip and
an inhomogeneous dielectric sample. For inhomogeneous thin dielectric ®lms, the scanning probe
signal is shown to be proportional to the convolution between an effective surface pro®le and a
response function of the microscope. This provides a rigorous framework to address the resolution
issue and the inverse problem. •2000 American Institute of Physics.@S0003-6951~00!04820-8#

Since the development of scanning tunneling
microscopy1 and atomic force microscopy2 in the early eight-
ies various techniques of scanning probe microscopy~SPM!
have been proposed,3 based on different local interactions
between a sharp tip and the sample under study. The long
range nature of electrostatic interactions makes them spe-
cially suitable to perform noncontact SPM imaging of both
conducting and insulating materials. By applying a voltage
between a force microscope tip and a sample, electro-
static force microscopy~EFM! has been used to study
capacitance,4 surface potential,5 charge or dopant dis-
tribution,6 topography and dielectric properties of metallic
and insulating5,7 surfaces and to deposit and image localized
charges on insulators.8 In analogy with the magnetic force
microscope,9 EFM has been used to image the domain struc-
ture of ferroelectric crystals.10 Polarization forces have also
been used to imaging weakly bound materials and liquids11

and to perform electrostatic spectroscopy.12

As in other SPM techniques, the interpretation of the
EFM images is not always evident. Since EFM is a nonlocal
technique due to the long range nature of the electrostatic
interaction, the detailed shape and dimensions of the tip must
then be taken into account for a precise calculation of both
force and capacitance.13 Most of the theoretical work on
EFM has been focused on a better understanding of tip shape
effects on the electric ®eld, force, and capacitance.13,14 Al-
though the in¯uence of the tip shape is now more or less well
understood for ¯at and homogeneous samples, there is no
simple way to directly relate the electrostatic image with the
dielectric and topographic properties of the sample. In this
letter, we propose a theoretical approach to electrostatic
probe microscopy that represents a ®rst step to ®ll this gap.
In analogy with previous theoretical work on scanning near-
®eld optical microscopy~SNOM!,15 we will show that the
EFM image is related to both the topography and dielectric
inhomogeneities of the sample through a response function
which describes all the instrument properties. Our perturba-

tive analytical approach is checked by comparison with exact
numerical calculations. In the important case of imaging of
thin dielectric ®lms deposited on metallic substrates, we
show that the force~or capacitance! signal closely follows an
equivalent surface pro®le. This equivalent surface pro®le
connects the ®lm topography with the dielectric inhomoge-
neities, providing a simple physical picture of the contrast
mechanism in EFM.

We consider a three-dimensional sample with both topo-
graphic and dielectric constant inhomogeneities~see Fig. 1!.
This sample is a ®nite layer of pro®leZ(x,y)5 Z(r i ) and
dielectric constante(r ) on top of a reference sample. For
simplicity, we will take a semi-in®nite homogeneous (z
. 0) substrate of dielectric constantes as the reference
sample. Our approach would equally apply to any reference
sample surface with known dielectric response, however.

Under a constant tip-sample biasV, the electrostatic en-
ergy of the reference system~i.e., in the homogeneous case!,
is given by:

U05
1

2 Ee0E0
2d3r5

1

2
C0V2, ~1!

whereE0 is the electric ®eld andC0 is the capacitance. The
electrostatic force~normal to the sample surface! F0z can be
written as the energy gradient:

F0z52
]
] z

U052
1

2
V2

]
] z

C0 . ~2!

a!Electronic mail: juanjo.saenz@uam.es FIG. 1. Schematic con®guration of an EFM.
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The presence of surface or volume inhomogeneities in-
duces a change in the electrostatic energy~with respect to the
reference sample!,16

DU52
1

2 EV
P"E0d

3r , ~3!

whereE0 is the reference ®eld andP5 e0@e(r )2 1#E, being
E the total ®eld. In practice, computing the electrostatic en-
ergy ~i.e., the force or/and the capacitance! from Eq. ~3! re-
quires the knowledge of the total self-consistent ®eld in the
gap region. These are solutions of a dif®cult Laplace prob-
lem in an open geometry, which can only be solved numeri-
cally. In order to handle this problem we will make use of a
simple perturbative approach which was shown to be useful
in scattering from rough surfaces.17

Following a simple Born-like approach one could re-
place the total ®eldE in Eq.~3! by the nonperturbed ®eldE0.
However, this simple approach is known to give wrong re-
sults in scattering from rough surfaces.17 One way to im-
prove this approximation is to take into account the discon-
tinuity of the normal component of the ®eld at the
boundaries17

DU52
1

2
e0E

V1

@e~r !2 1#FE0z
2

e~r !
1 E0i

2 Gd3r . ~4!

The force signal~or the capacitance! is directly obtained
from DU throughDF5 ] DU/] zt ~or DC5 V2DU/2). Equa-
tion ~4! is the main result of our letter. This is an important
result since the signal~image! is related to the topography
and dielectric properties of the sample through a response
function which depends only on the tip shape and the geom-
etry of the reference sample. Although, in general, it is only
a perturbative result, it is worth noticing that this equation
gives the exact result for a parallel plate capacitor.

In order to check the validity of our perturbative ap-
proach we have compared our results with an extensive nu-
merical calculation.18 In this case, the reference system is a
spherical tip of radiusR5 50 nm and a ¯at substrate with the
geometry depicted in Fig. 2~top!. We have calculated the
®eld E0 in this reference system using the image-charge
method. The force is then computed from Eq.~4! and a deri-
vation with respect tozt . The calculated EFM images at two
different constant heightszt are shown in Fig. 2. Forces are
normalized to the force on the reference sample. Figure 3
shows scans alongY at X5 100 nm ~i.e., across two
maxima!. These results can be compared directly with nu-
merical results obtained by using a self-consistent integral
equation formalism~see Figs. 8 and 9 in Ref. 18!. Taking
into account the simplicity of our model, the agreement be-
tween the perturbative approach and the exact numerical re-
sults is remarkable.

In order to get a deeper understanding on the nature of
the image contrast, let us consider a common experimental
situation in which a dielectric soft sample is on a substrate
with metallic character~i.e.,es! ` .! In this case, the electric
®eld parallel to the substrate surface will be close to zero and
the main contribution to the signal will come from the nor-
mal electric ®eld. If the dielectric thickness is small com-

pared with a typical ®eld gradient length scale, i.e.,E0z(r t i

2 r i ,zt2 z)' E0z(r t i 2 r i ,zt), the energy will take the simple
form of

DU'
1

2
e0E

S0

$Zeff~r i ! • E0z
2 ~r t i 2 r i ,zt!%d2r i , ~5!

where

Zeff~r ¸! [ E
0

Z(r i ) e~r !2 1

e~r !
dz ~6!

is an equivalent surface pro®le15 connecting the dielectric
constant variation and the topography of the sample. The
signal DF5 ] DU/] zt ~or DC5 V2DU/2) will then be a
simple two-dimensional convolution between the equivalent
surface pro®leZeff and theresponse function of the micro-

FIG. 2. ~top! Geometry of a typical testing sample. Numerical``exact''
results can be found in Ref. 18.~bottom! Calculated EFM image at two
different constant heights. The force signal is normalized to the force of the
reference surface.

FIG. 3. Force scans corresponding to the images in Fig. 2, alongY at X
5 100 nm~i.e., across two maxima!.
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scopeF(r i )5 ] uE0z(r i ,zt)u
2/] zt . Notice that the actual im-

age would give information aboutZeff . For a homogeneous
sample,Zeff is directly proportional to the true topographic
pro®le, while for a ¯at surface it re¯ects an average of the
dielectric constant along the normal to the surface.19

In summary, we have presented a formalism for electro-
static force microscopy based on a modi®ed ®rst order per-
turbation theory. We have checked and illustrated our theory
with exact numerical results for a model system. Our model
describes how the topographic and dielectric constant varia-
tions of the sample in¯uences the observed image in EFM.
This is a very important point in EFM, where the purely
dielectric properties of the sample are of great interest. In
analogy with SNOM imaging,15 we have introduced the con-
cept of equivalent surface pro®le as the physical measured
quantity in force microscopy. We believe that the results in
this letter should ®nd broad applications in the analysis of
electrostatic imaging with scanning probe methods.

This work was supported by the French-Spanish Inte-
grated Program PICASSO. The authors acknowledge helpful
discussions with J. Colchero, A. GarcõÂa-MartõÂn, and S. La-
nyi.
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On comparison with the usual propagating scalar waves, the attenuation of diffuse photon density waves gives
rise to important differences in structural information, such as higher spatial resolution in detection at short
distances from objects and deviation from the Rayleigh limit at larger distances. This damping also estab-
lishes a minimum spatial resolution threshold for diffusive waves, which occurs by illumination in continuous
mode, and demonstrates that in most cases spatial resolution is not improved by increasing the modulation
frequency. Assessments of this formulation with numerical simulations of scattering and wave-front recon-
struction in the presence of noise are given. • 1999 Optical Society of America [S0740-3232(99)01706-8]

OCIS codes: 170.5270, 290.1990, 170.7050, 100.6640.

1. INTRODUCTION
The study of light transport through strongly scattering
media has recently received increasing attention because
of its application to medical diagnosis. 1,2 In particular,
much research is motivated by the ability of optical radia-
tion to diagnose human breast cancer. In many practical
situations the diffusion approximation is suf®ciently ac-
curate to describe visible or near-infrared light transport
within turbid media such as human tissues. 1±3 Several
imaging methods have been analyzed. 4±23 The
frequency-domain methods use a light source modulated
at a frequency v . In this case the average intensity
U (r , t ) 5 U (r )exp(2 iv t) within the turbid medium obeys
the Helmholtz equation with the wave number,

k 0 5 ~2 ma /D 1 i v n /cD ! 1/2, (1)

where ma is the absorption coef®cient, c is the speed of
light in vacuum, n is the index of refraction, and D
5 1/3(ma 1 ms8) is the diffusion coef®cient. ms8 is the re-
duced scattering coef®cient, de®ned as (1 2 g)ms , where
g is the average cosine of the scattering angle and ms is
the scattering coef®cient. The solutions U (r ) of the
Helmholtz equation are called diffuse photon density
waves (DPDW's). Their wave number k 0 5 k r 1 i k i is
complex, with k r 5 2p / l 0 and k i 5 2p /l a , l 0 being their
wavelength and l a their decay length. In practice, with
typical modulation frequencies and human tissues, l 0 is a
few centimeters, whereas the attenuation takes place
within distances shorter than a wavelength. Therefore
DPDW's are strongly damped waves, and their detection
is performed at subwavelength distances from the sources
or the hidden objects, i.e., in the near ®eld. This point is
of great importance as far as the potential spatial resolu-
tion of the technique is concerned. In fact, it is well
known that near-®eld imaging allows spatial resolution
beyond the Rayleigh limit of l 0/2. The problem of spatial

resolution with DPDW's has been addressed in both ex-
perimental and theoretical works. 4±11,25 Nevertheless, to
our knowledge, no rigorous and general discussion of this
topic can be found in the literature.

In this paper we present a rigorous theoretical analysis
of the spatial resolution in imaging with DPDW's, and we
illustrate the results by exact numerical simulation of the
scattering of DPDW's by two objects hidden in a turbid
medium. We address spatial resolution in its standard
meaning (see Ref. 24), that is, as the ability to separate
two object points, or ®ne details, on measurement at a
certain distance from the scattering object. As will be
shown, this spatial resolution depends only on the me-
dium in which the wave propagates and on the detection-
plane distance to the scattering object. The limits of re-
covery of the object's optical parameters by inverse
scattering constitute a related subject that should not be
confused with the term spatial resolution. Even so, a
simple backpropagation scheme is presented to demon-
strate the effects of this fundamental limit of spatial reso-
lution. We ®nd an analytical expression for the resolu-
tion limit of DPDW's, and we compare it with that known
for the usual propagating scalar waves (PSW's). This
concept can be applied for estimating the expected reso-
lution in object reconstruction in any particular diffusive
medium. As a consequence, we ®nd that for DPDW's in a
very few realistic cases, one obtains greater resolution by
increasing the frequency of the incident wave, and in
most practical cases illumination in the dc regime yields
the same resolution as in the ac regime. On the other
hand, if the main goal is to estimate the optical properties
of the object, then ac or time-resolved measurements
must be performed. 26 The issue of the effects of noise in
both the resolution and the contrast is also studied, and
exact numerical results are shown. In Section 2 we use
the angular-spectrum representation of the wave ®eld
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U (r ) to derive a resolution criterion for DPDW's. In par-
ticular, we contrast the behavior of DPDW's with that of
PSW's. Then we discuss the transition toward the elec-
trostatic limit, de®ned as the region where the retarded
effects are neglected, i.e., the dc regime for DPDW's. Fol-
lowing Rayleigh's resolution criterion, we ®nd the analyti-
cal expressions for the full width at half-maximum
(FWHM) of both the propagation transfer function and of
its Fourier transform in real space, namely, the propaga-
tion impulse response. Hence these FWHM's give us di-
rectly the estimation of the spatial resolution limit either
in frequency (FWHM of the transfer function) or in real
space (FWHM of the impulse response).

The electrostatic limit can be found as one approaches
the limit of in®nite wavelength ( l 0 ! ` ) in the expres-
sions for the two FWHM's. Section 2 also shows a com-
parison of our results with experimental results previ-
ously presented by other authors. As an illustration of
the discussion in Section 2, we present results of scatter-
ing numerical simulations in Section 3. The FWHM ana-
lytical expressions are veri®ed with numerical examples.
We also examine the effect of noise on the spatial resolu-
tion limit and illustrate it with numerical results with ad-
ditive numerical noise, thus demonstrating how the na-
ture of DPDW's allows a ®ltering of the image that
substantially eliminates the noise contribution without
much distortion of this image, and therefore reinforcing
the use of the resolution limit put forward here. The ef-
fect of this ®ltering on the backpropagation of the scat-
tered wave front is discussed in Subsection 3.C. Finally,
in Section 4 we summarize the main conclusions.

2. THEORETICAL ANALYSIS
A. Angular Spectrum for Diffuse Photon Density Waves
Let us consider a homogeneous multiple-scattering me-
dium separated into two half-spaces z , 0 and z . 0 (see
Fig. 1). It is assumed that the domain z , 0 contains
sources and scatterers (hidden objects), whereas the do-
main z . 0 is source free. At any plane z 5 constant,
with z . 0, we can express the scattered wave U (r ) by its
angular-spectrum representation of plane waves. That
is, by a superposition of such waves of amplitude A (K )
and wave vector k 5 (K , q), uk u5 k 0 (Refs. 27±29):

U ~R, z! 5 E
2 `

1 `

A ~K !exp@i K • R 1 iq ~K !z#dK , (2)

where R 5 (x, y), uKu2 1 q2 5 k 0
2, i.e., K 5 (K x , K y) is

a real vector and q(K ) 5 (k 0
2 2 uKu2)1/2. For DPDW's,

since k 0 is a complex number, q(K ) 5 q r 1 iq i is always
complex; that is, q r , q i Þ 0. In Eq. (2) we choose q r

. 0 and q i . 0 so that the ®eld propagates toward z

. 0 and satis®es the radiation condition at in®nity.
Note that for PSW's in the same geometry (the back-

ground turbid medium is replaced by a transparent di-
electric), k 0 5 k r would be real. In this case, q(K ) 5 q r

5 (k 0
2 2 uKu2)1/2 for uKu< k 0 (homogeneous compo-

nents), and q(K ) 5 iq i 5 i (uKu2 2 k 0
2)1/2 for uKu. k 0

(evanescent components). This difference is important
for spatial resolution. For PSW's in a transparent me-
dium, high spatial frequencies uK uare exponentially at-
tenuated, whereas low spatial frequencies always propa-
gate. The cutoff frequency k 0 is well de®ned and
underlines the diffraction limit of resolution in optical im-
aging. On the other hand, for DPDW's in a multiple-
scattering medium, even without absorption there are al-
ways both propagation and attenuation at any spatial
frequency. This difference is illustrated in Fig. 2, in
which we plot q r [Fig. 2(a)] and q i [Fig. 2(b)] versus uK ufor
both DPDW's and PSW's. The values taken for k r and k i

correspond to breast tissue illuminated with light at a
wavelength of 780 nm 1 and a modulation frequency v
5 200 MHz (where a 2 p factor is assumed), with param-
eters l 0 5 7.53 cm, l a 5 0.066 cm, ma 5 0.035 cm2 1, ms8Fig. 1. Geometry used for the angular-spectrum representation.

Fig. 2. Values of (a) q r and (b) q i , normalized to k r : solid
circles, PSW's; open circles, DPDW's.
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5 15 cm2 1, and n 5 1.333. Figure 2 shows that for
PSW's the regions of propagation ( uKu< k r ) and attenu-
ation ( uKu. k r ) regimes are clearly separated; however,
for DPDWs', q r and q i are of the same order of magnitude
for uKu. k r , so that there is no sharp transition between
these two regimes. Nevertheless, as shown by these ®g-
ures, DPDW's behave asymptotically like PSW's for uKu
@ k r .

B. Transfer Function and Impulse Response
From Eq. (2) one obtains

A ~K !exp@iq ~K !z# 5
1

4p 2 E
2 `

1 `

U ~R, z!exp~2 i K • R !dR.

(3)

Equation (3) shows that A (K )exp@iq (K )z# is the two-
dimensional Fourier transform of the wave ®eld U (R, z)
in the plane z 5 constant. The spatial-frequency ®lter
F (K , z) 5 exp@iq (K )z# constitutes the propagation trans-
fer function.

The amplitude and the phase of F (K , z) are repre-
sented in Fig. 3 for a two-dimensional geometry, namely,
K 5 (K , 0), and for several propagation distances z.
Both transfer functions for PSW's (left column) and DP-
DW's (right column) are shown. For DPDW's the values
of k r and k i correspond to the breast tissues' parameters
as in Fig. 2.

For PSW's the propagating and attenuation regions are
clearly visible. For uKu< k r the transfer function is only
a phase factor, whereas for uKu. k r , it is a real low-pass
®lter. For large uK u, one has q(K ) . uKu, so that the
transfer function is exp( 2 uKuz), and high spatial frequen-
cies are exponentially attenuated. Thus for PSW's a
given spatial frequency K has a decay length 1/ uK u, and
the cutoff frequency in the plane z 5 constant is 1/ z.
These properties are well known in near-®eld optics. 30

However, for DPDW's, the behavior of the transfer
function is substantially different from that of PSW's. As
we already noticed in Fig. 2, now there are no longer two
separated propagation and attenuation regions. For a
given observation distance z, the amplitude has its maxi-
mum at K 5 0 and decreases for uKu. 0. The peak
value tends monotonically to zero as z increases, owing to
the factor exp @2 qi(K )z#, whereas its width broadens.
The phase varies less abruptly than in the case of PSW's.

A description in direct space is also useful for discuss-
ing the spatial resolution conveyed in DPDW's. We in-
troduce the impulse response H (R, z), namely, the Fou-
rier transform with respect to K of F (K ) 5 exp@iq (K )z#:

H ~R, z! 5 E
2 `

1 `

F~K , z!exp~i K • R !dK . (4)

In terms of this impulse response, from Eq. (3) with z
5 0 and from Eq. (2), the wave function can be written as

Fig. 3. Amplitude [(a) PSW's and (b) DPDW's] and phase [(c) PSW's and (d) DPDW's] of F (K , z) for different values of z: solid circles,
z 5 l ; open circles, z 5 0.5l ; stars, z 5 0.1l ; squares, z 5 0.05l .
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U ~R, z! 5 E
2 `

1 `

H ~R 2 R8, z!U ~R8, z 5 0 !dR8. (5)

The FWHM of the amplitude of the impulse response
yields the limit of spatial resolution in the wave ®eld
U (R, z) on the plane z 5 constant. As an illustration,
the amplitude of H (R, z) for a two-dimensional con®gu-
ration @R 5 (x, 0)# is shown in Fig. 4, at different values
of z, for both DPDW's and PSW's. As z tends to zero, H
tends to a delta function. It is also important that, at a
given z, the width of this function is smaller for DPDW's
than for PSW's. The consequences of this fact are dis-
cussed next.

The features of Figs. 3 and 4 can be further quanti®ed
in the following way. The FWHM of both the transfer
function and the impulse response can be evaluated ana-
lytically. In the case of PSW's, the FWHM of the transfer
function is obtained from the condition

uF~K , z!u5 exp@2 ~uKu2 2 k 0
2z! 1/2# 5 1/2, (6)

which, by taking logarithms on both sides, gives us

uKu2 2 k 0
2 5 ~ln 2/ z! 2. (7)

It follows that the FWHM of F (denoted by DuK u) and
that of H (denoted by Dd) are, respectively,

DuKu5 2@k 0
2 1 ~ln 2/ z! 2#1/2, (8)

Dd /l 0 5 1/2$1 1 @~ln 2/2 p z/l 0! #2%2 1/2, (9)

where we used the relationship between the FWHM of a
function ( H in our case) and that of its Fourier transform
(F): Dd 5 2p /DuKu.

Dd /l 0 is the spatial resolution limit in units of the
wavelength. When z increases, we see in Eq. (9) that the
spatial resolution limit tends to l 0/2, that is, we retrieve
the well-known Rayleigh limit, for z @ l 0 , of optical im-
aging. In frequency space, Eq. (8) shows that as z in-
creases, DuK utends to 2 k 0 .

In the case of DPDW's, the value of K that brings the
normalized transfer function to its half-maximum is given
by

uF~K , z!u

uF~K 5 0, z!u
5 exp$2 @q i ~K ! 2 k i #z%5

1

2
, (10)

so that, proceeding as with the PSW's, the FWHM of F
and H are, respectively,

DuKu5 2FSk i 1
ln 2

z
D2

1 k r
2 2 k i

2 2
k i

2k r
2

~k i 1 ln 2/ z! 2G1/2

,

(11)

Dd

l 0
5

1

2
FSl 0

l a
1

ln 2

2p z/l 0
D2

2 Sl 0

l a
D2

1 1

2 S1 1
ln 2

2p z/l a
D2 2G2 1/2

. (12)

As z increases, z @ l 0 , we see in Eq. (11) that DuK u
tends to zero. Also, Eq. (12) shows that Dd /l 0 has no up-
per limit and tends to in®nity as z increases, monotoni-
cally worsening the resolution. Hence, in contrast to the
case of PSW's, all components of spatial frequencies K al-
ways propagate into z . 0, even though attenuation of
the signal exists in the whole K range owing to diffusion.

The spatial resolution limit is seen in Fig. 5, which

Fig. 4. Amplitude of H (R, z) for (a) PSW's and (b) DPDW's for different values of z: solid circles, z 5 l ; open circles, z 5 0.5l ; stars,
z 5 0.1l ; squares, z 5 0.05l .

Fig. 5. Spatial resolution limit Dd in centimeters as z increases,
for the following cases: DPDW's in breast tissue ( ma

5 0.035 cm2 1, ms85 15 cm2 1): solid curve, v 5 0 [dc]; dotted
curve, v 5 100 MHz ( l 0 5 13.38 cm); dashed curve, v
5 200 MHz ( l 0 5 7.53 cm); dotted-dashed curve, v
5 300 MHz ( l 0 5 5.60 cm). PSW's: squares, dc; solid circles,
l 0 5 13.38 cm; open circles, l 0 5 7.53 cm. In all cases n
5 1.333.
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shows the values of the spatial resolution limit both for
DPDW's and PSW's versus the observation distance z.
However, since in practical cases the values of z are small
(of the order of a few centimeters), we ®nd in Fig. 5 that in
many cases the loss of resolution as z increases is less
critical for DPDW's than for PSW's (compare in Fig. 5 the
cases with l 5 7.53 cm for PSW's and DPDW's in the in-
terval [0, 3 cm], for example).

C. Electrostatic Limit
Since DPDW's are damped waves, the detection of the
wave ®eld U (R, z) is usually done in the near ®eld, i.e., at
subwavelength distance from the source object (consid-
ered either as a primary source or as a scattering object).
In this range, if all distances involved are much smaller
than the wavelength, retardation effects can be neglected.
This property is well known, for example, in near-®eld
optics.30 When retardation effects are neglected, one is
in the domain of the electrostatic limit.

At a given frequency v , this electrostatic limit is ob-
tained when l 0 ! ` . Then, for PSW's, the limit of reso-
lution within the electrostatic limit can be obtained from
Eq. (9):

Dd 5 ~p / ln 2 !z. (13)

Whereas for DPDW's, we ®nd from Eq. (12) that the reso-
lution limit in the electrostatic limit is

Dd 5
1

2
FS1

l a
1

ln 2

2p z
D2

2 S1

l a
D2G2 1/2

. (14)

It is interesting to note from Eqs. (13) and (14) that, in
the electrostatic limit, resolution does not depend on the
background medium for PSW's, whereas in the case of
DPDW's, resolution still depends on the background me-
dium, through the decay length l a . In the limiting case,
in which the absorption coef®cient is negligible (i.e., ma

. 0), the expression Dd for DPDW's does not depend on
the background medium, and we then obtain Dd ; z, as

previously found by Ref. 25 in the time domain. The
transition to the electrostatic limit when z decreases can
be clearly seen in Fig. 5, for both DPDW's and PSW's. As
seen, at low z, one does no longer increase the resolution
by lowering the incident wavelength, so that the behavior
is similar to that observed with constant illumination,
i.e., dc regime ( v 5 0). However, it is important to note
that, in the case of DPDW's, the electrostatic region ex-
tends to higher values of z and therefore is a good ap-
proximation even at modulation frequencies of the order
of v 5 100 MHz. We also observe that, for modulation
frequencies lower than 100 MHz, no increase in spatial
resolution is obtained in ac, and therefore it is cheaper,
and experimentally simpler, to perform measurements in
dc if one is interested only in the location of the objects,
that is, in obtaining an image. For modulation frequen-
cies higher than 100 MHz we ®nd that, even though the
spatial resolution limit increases very quickly for such
frequencies, the decay length l a is considerably smaller
and therefore the attenuation is much stronger, thus
making detection at practical distances dif®cult.

The analysis presented here can be used to discuss ex-
perimental data, as those reported in Ref. 8. In Fig. 2 of
Ref. 8, the authors characterize two diffusive objects with
a relative diameter of . 0.1l 0 , 3.26 cm apart, embedded
in a 0.75% Intralipid solution, illuminated by a modu-
lated source of v 5 100 MHz (in this case l 0 . 15.12 cm
and l a . 7.7 cm). If we take a look at our Fig. 5, approxi-
mating the diffusive parameters of the Intralipid solution
to those of breast tissues, we see that two objects 3.26 cm
apart can be resolved as long as we are measuring at dis-
tances z < 2 cm. This resolution is what is observed in
Fig. 2 of Ref. 8, in which the measurements are performed
at a distance of 2 cm and are therefore within the limit of
spatial resolution discussed above.

An important consequence of the existence of this elec-
trostatic limit is that measurements in dc (i.e., at v 5 0),
performed within the domain of validity of this limit, give
the same spatial resolution as measurements in ac. To
illustrate this point, we show in Fig. 6 the values of the
spatial resolution limit Dd as z increases in several hu-
man tissues, corresponding to a dc illumination. These
curves give the spatial resolution that can be reached at a
given observation distance z, in each situation. If we
once again refer to the situation depicted in Fig. 2 of Ref.
8, we see that at a distance of 2 cm, it is possible to re-
solve two objects 3.26 cm apart by measuring in dc (see
the solid curve in Fig. 6). Thus we infer that in the case
of Ref. 8, measurements in dc would have led to the same
spatial resolution.

3. SCATTERING NUMERICAL RESULTS
To illustrate the discussion of Section 2 and to check the
resolution criteria derived above, we now present rigorous
numerical results on scattering of DPDW's. The geom-
etry under consideration is two dimensional and depicted
in Fig. 7. It consists in two diffusive in®nite cylinders
(the hidden objects), with axis along OY, both with radius
R and separated by a distance d. The cylinders are em-
bedded in an in®nite, homogeneous, diffusive medium.
Constant index of refraction n 5 1.333 is supposed

Fig. 6. DPDW's spatial resolution limit Dd in centimeters as we
increment z, in dc regime ( v 5 0), for the following cases: solid
curve, breast parameters ma 5 0.035 cm2 1, ms85 15 cm2 1; dotted
curve, abdomen parameters ma 5 0.09 cm2 1, ms85 9.5 cm2 1;
short-dashed curve, back parameters ma 5 0.09 cm2 1, ms8
5 10.5 cm2 1; long-dashed curve, white matter ma 5 0.22 cm2 1,
ms85 9.1 cm2 1; dotted-dashed curve, grey matter ma

5 0.27 cm2 1, ms85 20.6 cm2 1. In all cases n 5 1.333.
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throughout all the media. A point source with modula-
tion frequency v is located at r source , and the detection is
performed in a plane z 5 zdetect . In this geometry we
solve the diffusion equation without any approximation.
The method uses a surface-integral formalism, which is
an extension to diffusive media of the surface-integral
method used in electromagnetic scattering from arbitrary
interfaces. 31±33 The procedure is described in Ref. 34 in
the case of diffusive scatterers in diffusive media and in
Ref. 35 when index-mismatched interfaces are dealt with.
This method consists basically in applying Green's theo-
rem to the diffusion equation for the average intensity
and to the corresponding equation for the Green function,

thus obtaining a closed set of coupled surface-integral
equations. These integral equations are numerically
solved without approximations, the numerical scheme be-
ing reduced to the solution of a linear system of equa-
tions. This method allows us to deal with multiple-
scattering objects in interaction, and also with index-
mismatch domains, although this case is not considered
now (for a discussion on boundary conditions of DPDW's
see Refs. 35 and 36, for example). In the following, we
shall be interested in the amplitude of the scattered
DPDW, de®ned by uU (SC)u5 uU 2 U (Inc )u, where U repre-
sents the total DPDW on interaction with the objects and
U (Inc ) corresponds to the incident DPDW, namely, that
created by the point source in the absence of the two ob-
jects.

A. Diffuse-Wave Images of Two Hidden Objects
Following experimental procedures (see, for example,
Refs. 37 and 38), we have considered a point source emit-
ting light at a wavelength of 780 nm, with a modulation
frequency v 5 200 MHz. The parameters chosen for the
background medium correspond to breast tissue, with
ma 5 0.035 cm2 1 and ms85 15 cm2 1. For the cylinders,
we have used the parameters of a breast tumor, ma

5 0.24 cm2 1 and ms85 10 cm2 1. In all cases, the refrac-
tive index in the media is n 5 1.333. To reach numerical
convergence, owing to the small sizes of the cylinders un-Fig. 7. Scattering geometry.

Fig. 8. Scattered amplitude corresponding to two diffuse cylinders of R 5 0.1 cm with breast tumor parameters ma 5 0.24 cm2 1, ms8
5 10 cm2 1, embedded in breast tissue ( ma 5 0.035 cm2 1, ms85 15 cm2 1), with the source located at r source 5 (0, 2.0 cm) with modulation
frequency v 5 200 MHz, separated by distances (a) d 5 1 cm, (b) d 5 1.5 cm, (c) d 5 2.0 cm, (d) d 5 2.5 cm for the following Z detector
distances: solid curve, zdetect 5 0.2 cm; dotted curve, zdetect 5 0.4 cm; short-dashed curve, zdetect 5 0.6 cm; long-dashed curve, zdetect

5 0.8 cm; dotted-dashed curve, zdetect 5 1.0 cm. In all cases n 5 1.333.
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der study, we have used a discretization ds 5 0.004 cm
for the surface of the cylinders.

Figure 8 shows the amplitude of the scattered DPDW,
uU (SC)u, at different detection planes and for different cyl-
inder distances, when the two diffusive cylinders have a
radius R 5 0.1 cm. As expected, the farther apart the
cylinders are from each other, the better they are re-
solved, and as we locate the detection plane farther away,
this resolution power diminishes. To compare these re-
sults with the conclusions of the previous section, we refer
again to Fig. 5, for breast tissue illuminated with a modu-
lation frequency v 5 200 MHz (dashed curve). In the
range of cylinder distances represented in Fig. 8, i.e., for d
from 1 cm to 2.5 cm, Fig. 5 indicates that, to be within the
spatial resolution limit, we must place the detection plane
between 0.5 cm and 1.5 cm. This is precisely what is ob-
served in Fig. 8. If we look at Fig. 8(a) for the case of
zdetect 5 1 cm, we ®nd that for a separation distance d
5 1 cm, the objects are not spatially resolved. In this
ideal noiseless situation, the cylinders start being re-
solved at a detector-plane distance zdetect 5 0.4 cm [dotted
curve in Fig. 8(a)].

Once data are above the spatial resolution limit, it is
convenient to de®ne another quantity that allows us to
discriminate the image signal from a certain noise level
present in the data, i.e., the contrast. It is also useful, in
order to compare with previous de®nitions of contrast, to
introduce ®rst a noise-free contrast (nf ), which we ex-
press in percentage (%) as

Cnf ~%! 5
uU max

~SC!u2 uU min
~SC!u

uU max
~SC!u1 uU min

~SC!u
3 100. (15)

In Eq. (15) uU (SC)uis the noise-free scattered amplitude,
and uU min

(SC)u is the minimum value of uU (SC)u between
maxima uU max

(SC)u. In Fig. 9 we plot this noise-free con-
trast Cnf for two cylinders, in the same situation as in Fig.
8, versus the detection distance zdetect . The modulation
frequency is 200 MHz. Results for different separation
distances d of the two cylinders are shown. These curves
give us the basis to deal with more realistic data, that is,
with noise. Calculations for noise-free scattering data
from cylinders with smaller radii R are not presented
here because the resulting contrast curves are similar to
those of Fig. 9. This similarity occurs because, to the ex-
tent that noise is not taken into consideration, the main
effect of reducing the size of the scattering object is a de-
crease in the amplitude of the scattered wave, but the re-
duction has no effect in the resolution limit. An exten-
sive study on the issue of noise can be found in Ref. 39.
However, to derive useful consequences when Fig. 9 is ap-
plied to actual (noisy) experimental data, a contrast
threshold must be introduced into Eq. (15) and, thus into
the curves of this ®gure, below which no signal can be dis-
criminated from the noise background. The effect of
noise, and the threshold that it produces, is next ad-
dressed.

Fig. 9. Values of the noise-free contrast Cnf (%) as we vary the
detector-plane distance zdetect in the case of two cylinders of ra-
dius R 5 0.1 cm, with breast tumor parameters ma

5 0.24 cm2 1, ms85 10 cm2 1, embedded in breast tissue ( ma

5 0.035 cm2 1, ms85 15 cm2 1), with the source located at r source

5 (0, 2.0 cm) with modulation frequency v 5 200 MHz, sepa-
rated by the following distances: solid curve, d 5 1 cm; dotted
curve, d 5 1.5 cm; short-dashed curve, d 5 2.0 cm; long-dashed
curve, d 5 2.5 cm. In all cases n 5 1.333.

Fig. 10. Values of (a) UÄnoise(K , z 5 1 cm), (b) U (SC)(K , z
5 1 cm), (c) UÄ®lt(K , z 5 1 cm) 5 U (SC)(K , z 5 1 cm)N (K ) for a
detector-plane distance zdetect 5 1 cm in the case of two cylinders
of radius R 5 0.1 cm, with breast tumor parameters ma

5 0.24 cm2 1, ms85 10 cm2 1, embedded in breast tissue ( ma

5 0.035 cm2 1, ms85 15 cm2 1), with the source located at r source

5 (0, 2.0 cm) with modulation frequency v 5 200 MHz, sepa-
rated by a distance of d 5 2.5 cm. N (K ) is a Hanning ®lter
with K cut 5 15k r . Noise parameters: h 5 10% and s j 5 10É.
In all cases n 5 1.333.
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B. Effects of Noise on Resolution
Let U noise be an image containing additive noise in ampli-
tude N and in phase j . We express it in terms of the
DPDW scattered by the object U (SC) as

U noise~R, z! 5 @uU ~SC!~R, z!u1 N ~R ! #

3 exp$i @f ~R, z! 1 j ~R ! #%, (16)

where f is the phase of the scattered DPDW. The ran-
dom variables N (R) and j (R) are Gaussian distributed
with correlation length T 5 0 (i.e., white noise) and root
mean square s N and s j , respectively. The noise-to-
signal ratio h (%) of this image, in percentage, is intro-
duced as

h~%! 5 s N /uU max
~SC!u3 100, (17)

uU max
(SC)ubeing the signal peak amplitude. Then we de-

®ne the contrast C(%) in the presence of noise as

C~%! 5 Cnf ~%! 2 h~%! . (18)

With this de®nition of contrast, h is the aforementioned
contrast threshold, as shown in Fig. 9. That is, resolving
two objects requires placing the detector at such a dis-
tance z that the contrast remains above h. Once the larg-
est detection distance z that yields a given resolution

limit Dd has been derived from Fig. 5, the maximum data
uncertainty h that allows observation of signal contrast,
and hence details with this resolution Dd , can be found
from Fig. 9.

To estimate the scattered signal from the noisy data
U noise , the signal's high-frequency components are ®l-
tered out:

U ®lt~R, z! 5 E
2 K cut

1 K cut

UÄnoise~K , z!N ~K !exp~i K • R !d K ,

(19)

where U ®lt is the ®ltered image and UÄnoise(K , z) is the
K -Fourier transform of U noise(R, z). K cut is the cut-off
frequency. N denotes a low-pass ®lter. In our computer
simulations, this is a Hanning ®lter, which we de®ne as

N ~K ! 5 F1

2
1

1

2
cosSK x

K cutx

p DG• F1

2
1

1

2
cosSK y

K cuty

p DG,

(20)

bearing in mind that in the case of a two-dimensional con-
®guration K 5 (K , 0), K cut 5 (K cut , 0).

Owing to high damping and low re¯ectivity, DPDW's
are not subjected to strong interference processes as

Fig. 11. Normalized scattered amplitude in the case of two cylinders of radius R 5 0.1 cm, with breast tumor parameters ma

5 0.24 cm2 1, ms85 10 cm2 1, embedded in breast tissue ( ma 5 0.035 cm2 1, ms85 15 cm2 1), with the source located at r source

5 (0, 2.0 cm) with modulation frequency v 5 200 MHz, separated by a distance d 5 2.5 cm in the following cases. (a) Measured at a
plane-detection distance of zdetect 5 1 cm with noise parameters h 5 10% and s j 5 10É. (b) Measured at a plane-detection distance of
zdetect 5 1.5 cm with noise parameters h 5 30% and s j 5 10É. (c) Solid curve, after ®ltering by a Hanning ®lter with K cut 5 15k r , the
image obtained in (a); dotted curve, direct measurement without noise at zdetect 5 1 cm; solid circle, after ®ltering by a Hanning ®lter
with K cut 5 15k r , an image with noise parameters h 5 30% and s j 5 10É. (d) Solid curve, after ®ltering by a Hanning ®lter with
K cut 5 15k r , an image with noise parameters h 5 10% and s j 5 10É; dotted curve, direct measurement without noise at zdetect

5 1.5 cm; solid circle, after ®ltering by a Hanning ®lter with K cut 5 15k r , the image obtained in (b). In all cases n 5 1.333.
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PSW's are. Therefore the scattering and diffraction pat-
terns of DPDW's do not present high-frequency interfer-
ence fringes, which means that the Fourier spectrum of
DPDW's is mostly concentrated at frequencies K < K cut ;
thus the ®ltering neither substantially alters the image
nor appreciably reduces resolution. Then, after ®ltering,
one can estimate that C®lt(%) . Cnf (%), C®lt being the con-
trast of uU ®lt

(SC)u. This can be seen in Fig. 10 in which we
plot the values of UÄnoise(K ), UÄ(K , z), and UÄ®lt(K , z),
where UÄ®lt(K , z) 5 UÄnoise(K , z)N (K ) for z 5 1 cm and
K cut 5 15k r . These quantities are computed for data
from two diffusive cylinders with the same parameters as
in Fig. 8, radius R 5 0.1 cm, separated a distance d
5 2.5 cm, with the detection plane at zdetect 5 1.0 cm. A
numerical noise has been added to the scattered ®eld, as
described by Eq. (16). The noise amplitude N (R) has a
ratio h 5 10%, and the phase noise has s j 5 10É. A
comparison of Figs. 10(b) and 10(c) con®rms that this ®l-
tering does not appreciably remove information in the
spectrum, as we believe should be the case in most prac-
tical situations with DPDW's. The corresponding scat-
tering amplitudes in real space, both before and after ®l-
tering, are shown in Fig. 11.

As regards the simulation of Fig. 11, notice that, ac-
cording to Fig. 9, the contrast that we can expect in data
taken at z 5 1 cm [Fig. 11(a)] and z 5 1.5 cm [Fig. 11(b)],
for a cylinder separation distance d 5 2.5 cm, is approxi-
mately 20% and 10%, respectively. In Fig. 11(a) we have
h 5 10%, and therefore we still have 10% of signal con-
trast above the threshold for z 5 1 cm. However, in Fig.
11(b) we have considered a rather extreme situation in
which h 5 30%, which in the z 5 1.5 cm case places the
contrast under the threshold. Even so, once the image is
®ltered, we ®nd that in the z 5 1 cm case [Fig. 11(c)],
which is above the threshold, the ®ltered image is very
close to the noise-free image. Surprisingly, this outcome
occurs also for the case z 5 1.5 cm [Fig. 11(d)], which is
under the threshold for both values of h, i.e., h 5 10%
and h 5 30%. That is, even in very unfavorable signal
detections, we ®nd no effective threshold for the ®ltered
image amplitude.

C. Backpropagation
Let us now see the effect of the characteristics of the de-
tected signal discussed so far, on the wave ®eld close to
the scattering objects. To reconstruct this wave front, we

Fig. 12. Normalized scattered amplitude backpropagated onto z 5 0.2 cm in the case of two cylinders of radius R 5 0.1 cm, with breast
tumor parameters ( ma 5 0.24 cm2 1, ms85 10 cm2 1), embedded in breast tissue ( ma 5 0.035 cm2 1, ms85 15 cm2 1), with the source located
at r source 5 (0, 2.0 cm) with modulation frequency v 5 200 MHz, separated by a distance d 5 2.5 cm, for the following. (a) Solid line,
noise-free image taken at zdetect 5 1.0 cm backpropagated with K cut 5 10k r ; dotted curve, direct measurement at zdetect 5 0.2 cm. (b)
Solid curve, noise-free image taken at zdetect 5 1.5 cm backpropagated with K cut 5 10k r ; dotted-curve, direct measurement at zdetect

5 0.2 cm. (c) Solid curve, image taken at zdetect 5 1.0 cm with noise parameters s j 5 10É, h 5 10% backpropagated with K cut

5 10k r ; dotted curve, image taken at zdetect 5 1.0 cm with noise parameters s j 5 10É,h 5 30% backpropagated with K cut 5 8k r . (d)
Solid curve, image taken at zdetect 5 1.5 cm with noise parameters s j 5 10É, h 5 10% backpropagated with K cut 5 7k r ; dotted curve,
image taken at zdetect 5 1.5 cm with noise parameters s j 5 10É, h 5 30% backpropagated with K cut 5 6k r . In all cases n 5 1.333.
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now backpropagate the image from the detection plane,
which is done by means of Eqs. (2) and (3). A detailed
description of this procedure can be found in Ref. 7. To
carry out the backpropagation, we have ®ltered the back-
propagated image in K space once again, by means of a
Hanning ®lter.

In Fig. 12 we show the backpropagated amplitudes
from the detection planes z 5 1 cm and z 5 1.5 cm, onto
the plane z 5 0.2 cm. This backpropagation is per-
formed for all cases shown in Fig. 11, i.e., noise-free and
®ltered images. As stated above, the noise parameters
for data shown in Figs. 12(c) and 12(d) are s j 5 10É, h
5 10% and s j 5 10É,h 5 30%, respectively. As shown
in Fig. 12, and as already mentioned before, since the dif-
fraction patterns from the scattered waves at z 5 1 cm
and z 5 1.5 cm do not present appreciable interference
fringes, the backpropagation in these cases basically con-
stitutes an increase in contrast. Once again, we can see
in Fig. 12 that the backpropagated ®ltered images corre-
sponding to h 5 30% are approximately the same as
those corresponding to h 5 10%. Also, since the image
taken directly at z 5 0.2 cm does not have a high-
frequency contribution, the backpropagated image is a
very good approximation to this image [see Figs. 11(a)
and 11(b)]. The reason for this is that the frequency cut
for the ®lter does not have to be very high for retrieving
information from the reconstructed wave. The asymme-
try of the backpropagated noisy images with respect to x
5 0 is due to residual noise in the ®ltered images at the
detection z plane [cf. Figs. 11(c) and 11(d)]. We wish to
emphasize that we have not undertaken any additional
processing of these data to ®lter out this effect. In prac-
tice, however, an averaging over several image record-
ings, together with any standard apodization procedure
on these images before the backpropagation operation,
can still considerably improve the results shown in Figs.
12(c) and 12(d). We do not pursue these aspects any fur-
ther, since these are accessory to the main purpose of the
present work.

4. CONCLUSION
In this paper we have addressed the variation of the
transfer function and the impulse response on propaga-
tion of DPDW's and have compared it with the known
case of PSW's. We have put forward an analytical ex-
pression for the spatial limit of resolution of DPDW's,
which is given by the FWHM of the impulse response.
This spatial resolution has been studied versus the propa-
gation distance from the scattering object, and its electro-
static limit has been discussed for DPDW's on the basis of
near-®eld optics considerations. To illustrate the use of
this limit of spatial resolution, we have presented an ex-
act numerical computation, within the diffusion approxi-
mation, of the scattering of DPDW's from two cylinders
with breast tumor parameters embedded in breast tissue.
The effect of noise on the resolution contained in these
data has been included.

The issue of whether it is more convenient to measure
DPDW's in ac or in dc has been discussed as regards this
spatial resolution limit. We demonstrate that in many
practical cases, measuring in ac does not increase spatial

resolution, and therefore with spatial resolution (i.e., ob-
taining an image) one can take advantage of the cheaper
and experimentally simpler measurements in dc. Once
again we must state that if the main concern is to extract
the diffusive properties of the objects, then ac or time-
resolved measurements must be performed, as shown in
Ref. 26. Detection of DPDW's is performed in the near
®eld, and we show that in the majority of cases the con-
tribution of the electrostatic limit dominates. On the ba-
sis of these results, we recommend the employment of
this resolution-limit expression as a guide before under-
taking experimental measurements. When measuring in
dc, we obtain a lower value of the noise-to-signal ratio.
This value increases as the modulation frequency grows.
Therefore we conclude that, in most cases, measuring in
dc not only does not reduce the spatial resolution but di-
minishes the noise-to-signal ratio, thus making detection
of smaller objects more feasible.

The theory presented here constitutes a rigorous math-
ematical formulation that makes possible the under-
standing of the information content on propagation of DP-
DW's and underlines the interpretation of
backpropagation results such as, for example, those of
Ref. 7. Speci®cally, we have found that, owing to the
high-damping property of DPDW's, their spectra is con-
centrated in the low-spatial-frequency range. Therefore
considerably high noise levels can be ®ltered out with
minimum loss of information, that is, of resolving power.
We have shown that this is true even when the detected
image contrast is under the threshold imposed by noise.
That is, after ®ltering, we ®nd no effective contrast
threshold for the DPDW data.
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We present a theoretical and numerical study of the scattering of a diffusive wave by an object
embedded in a semi-in®nite substrate. We derive exact integral equations for the scattered wave,
usingGreen's theorem and appropriate Green's functions. We show that two methods can be used,
leading either to a purely surface-integral formalism or to a formalism involving a volume integral
and a surface term. In the ®rst case, we derive an extinction theorem for diffusive waves and present
an ef®cient numerical procedure to solve exactly the scattering problem. In the second formalism,
physically more explicit, we apply an improved Born approximation, and study its range of validity
by comparison with rigorous numerical results. Our approach also suggests a simple way to
determine the depth of the object. In this article, we focus on thermal waves. Yet the formalism can
be applied to photon-density waves. •2000 American Institute of Physics.
@S0021-8979~00!08811-3#

I. INTRODUCTION

Thermal wave scattering has received a lot of attention
in the past 20 years as a tool for noninvasive detection and
imaging of defects buried in the bulk of an opaque material.1

It has applications in numerous ®elds, such as microelectron-
ics, material process control, or environmental monitoring.2

Thermal waves are usually generated by irradiating the sur-
face of an absorbing material with a light beam of harmoni-
cally modulated intensity. The absorption of light in a thin
layer at the surface generates a local temperature ¯uctuation
that diffuses into the bulk. Imaging techniques rely on mea-
surements of the surface temperature ®eld to detect subsur-
face heterogeneities. For the modulated part of the tempera-
ture ®eld, the heat diffusion equation takes the form of the
Helmholtz equation with a complex wave number.3 From a
theoretical point of view, thermal waves are very analogous
to diffuse photon-density waves~DPDW! in turbid media
that have received increasing attention in the past few years.4

In the frequency domain and under the diffusion approxima-
tion, the photon-density transport in such media is also gov-
erned by the Helmholtz equation with a complex wave
vector.5,6 Although the present work refers to thermal waves,
its formalism can easily be extended to DPDW.7 Studies of
thermal waves and DPDW have the same goal of detecting
and imaging objects hidden in an opaque or turbid environ-
ment. Solving the direct problem is essential in this context,
either for direct imaging or for inverse scattering, since any
inversion method is based on a particular formulation of the
direct problem.8±10

Apart from the case of one-dimensional~1D! structures
where an analytical solution can be derived, the direct prob-
lem for thermal wave scattering has to be solved numerically
and no exact solution for arbitrary scatterers has been pro-

posed yet. In the bustling ®eld of DPDW, the direct problem
has been addressed with various methods like ®nite
elements8,11 and Green's theorem.12 The extinction theorem
leads to a surface integral formalism worth noting, which is
suitable for the exact numerical solution of the direct
problem.7 Green's techniques in the frequency domain have
also been applied to thermal wave scattering.3,13,14More re-
cently, integral equations have been used to derive perturba-
tive solutions based on the Born approximation.15 This ap-
proximation is valid when the scattered ®eld is a small
correction to the incident ®eld and leads to a simple inver-
sion scheme by deconvolution.16 However, because of the
discontinuity of the gradient of the temperature ®eld on the
boundary of the object, a dif®culty arises in properly ap-
proximating the normal derivative of the temperature ®eld.

The present article is devoted to the presentation of an
ef®cient, exact numerical solution of the heat-diffusion equa-
tion in the frequency domain. Surface integrals are solved by
a moment method inherited from electromagnetics17 and pro-
vide an exact solution of thermal wave scattering by an ar-
bitrary object. The article is organized as follows: Secs. II
and III are devoted to the derivation of surface-integral equa-
tions for the temperature ®eld and to the description of the
numerical procedure. For numerical reasons, we have de-
scribed and implemented this procedure in a two-
dimensional~2D! geometry, but we provide equations to
solve the three-dimensional~3D! problem as well. An alter-
native formulation involving both volume and surface inte-
grals is outlined in Sec. IV. Although less convenient for
exact numerical solution, this formulation allows us to dif-
ferentiate the role of thermal conductivity variations from
that of heat capacity variations in the scattering process and
is well suited for the Born approximation. Special care is
given to correctly evaluate the dominant term in the ®eld
normal derivative. Numerical simulations in Sec. V are used
to validate the exact solution and to check the range of va-
lidity of the Born approximation. Simplistic analytical crite-
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ria of validity of this approximation are also considered. We
®nally obtain a simple inversion scheme to estimate the
depth of buried objects.

II. STATEMENT OF THE PROBLEM

We consider a ¯at interface separating a vacuum~me-
dium z, 0) from a semi-in®nite substrate~medium z. 0)
with uniform thermal conductivityk 1 and diffusivityD1 ~see
Fig. 1!. An object of arbitrary shape, with uniform thermal
conductivityk 2 and diffusivity D2 , is embedded in the sub-
strate~subsurface object!. This system is heated by a laser
beam illuminating the interfacez5 0, the beam intensityP
being modulated at a frequencyv . The total temperature
®eld at a given pointr5 (x,y,z) with z. 0 can be written

Ttot~r ,t !5 T01 Re@T~r !exp~2 iv t ! #, ~1!

whereT0 is a uniform background andT(r ) is the complex
amplitude of the temperature ¯uctuation induced by the
modulated heating of the surface.

In the half-spacez. 0, the temperature ®eldT(r ) obeys
the partial differential equation

¹ 2T j~r !1 k j
2T j~r !52

Q~r !

k j
, ~2!

wherek j
25 iv /D j , j 5 (1,2), andT j denotes the temperature

®eld evaluated at a point inside the substrate (j 5 1) or inside
the object (j 5 2). Q is the volume heat source produced by
the absorption of the laser beam.

Solving Eq.~2! for j 5 (1,2) requires the speci®cation of
four boundary conditions. The temperature ®eld and the heat
¯ux are continuous at the surfaceS2 of the buried object. For
r on S2

T1~r !5 T2~r ! , ~3!

k 1

] T1

] n
~r !5 k 2

] T2

] n
~r ! , ~4!

where] /] n5 n• ¹ , n being the outward or inward normal to
the surface. Moreover, the temperature ®eld is unperturbed
for uru! ` inside the medium

T1~uru! ` !5 0. ~5!

The heat ¯ux is also continuous at the interfacez5 0, and we
assume that~1! the radiative and convective losses atz
5 02 and ~2! the conductive ¯ux atz5 01 are negligible
compared to the laser ¯ux. This additional condition is
written

] T1

] z
~x,y,z5 0!5 0. ~6!

Using Green's theorem and appropriate Green's func-
tions, we will now transform Eq.~2!, together with the
boundary conditions Eqs.~3!±~6! into a set of integral equa-
tions, involving either surface integrals~Sec. III!, or a sur-
face integral and a volume integral~Sec. IV!. We will see
that the ®rst formulation is suitable for numerical calcula-
tions, whereas the second approach is helpful for a physical
analysis of the scattering problem. We note that the problem
de®ned by Eqs.~2!±~6! is very similar to the problem of
photon-density waves. It suf®ces to replace the temperature
T by the density of photonsu; the thermal conductivityk by
the inverse of the transport lengthl ! ; and the thermal diffu-
sivity D by the photon-diffusivitycl ! /3, wherec is the speed
of light.

III. SURFACE INTEGRAL FORMALISM: EXTINCTION
THEOREM FOR THERMAL WAVES

A. Green's theorem

Let u(r ) andv(r ) be arbitrary scalar ®elds de®ned in a
volume V bounded by a closed surfaceS. Green's second
identity states that

E
V
~u¹ 2v2 v¹ 2u!d3r5 E

S
Su

] v

] n
2 v

] u

] nDd2r , ~7!

where the normaln is chosen to beoutwardfrom the volume
V.

With reference to Fig. 2, we denote byV2 and S2 the
volume and the surface of the object, respectively. The
complementary volume, enclosed by the planez5 0 ~denoted
by Sz), the surfaceS2 and an hemisphereS ` of in®nite
radius is denoted byV1 . We will apply Green's theorem in
V1 and V2 successively, using two different Green's func-
tions G1 andG2 . Let us ®rst chooseG1 obeying

FIG. 1. Geometry of the system. The substrate~object! has a thermal con-
ductivity k 1 (k 2) and a thermal diffusivityD1 (D2). The interfacez5 0 is
heated by a plane wave with intensityP modulated at a frequencyv .

FIG. 2. Notations and surfaces used for the application of Green's theorem.
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¹ 2G1~r ,r8!1 k1
2G1~r ,r8!52 d~r2 r8! ~8!

and satisfying the boundary conditions Eqs.~5! and ~6!,
namely,G1(ur2 r8u! ` )5 0 and ] G1 /] z(x,y,z5 0)5 0. In
a 3D geometry, thisGreen's function is given by

G1~r ,r8!5
exp~ik1ur2 r8u!

4p ur2 r8u
1

exp~ik1ur2 r im8u!

4p ur2 r im8u
, ~9!

wherer85 (x8,y8,z8) andr im85 (x8,y8,2 z8). In a 2D geom-
etry ~translational invariance along they axis!, it is given by

G1~r ,r8!5
i

4
H0

(1)~k1ur2 r8u!1
i

4
H0

(1)~k1ur2 r im8u! , ~10!

where H0
(1) is the Hankel function of ®rst kind and order

zero.
We now apply Eq.~7! in V1 with u5 T1 andv5 G1 . In

the following, the normaln8 is outward with respect to the
object~see Fig. 2!. The left-hand side can be simpli®ed using
Eqs.~8! and~2! with j 5 1, and we obtain

E
V1

G1~r ,r8!
Q~r8!

k 1
d3r82 E

V1

T1~r8!d~r2 r8!d3r8

5 E
] V1

FT1~r8!
] G1~r ,r8!

] n8
2 G1~r ,r8!

] T1~r8!

] n8 Gd2r8,

~11!

where ] V15 Szø S2ø S ` . Due to the boundary conditions
satis®ed byT1 andG1 , the integrals onSz andS ` vanish.
Depending on whether the observation pointr is inside or
outsideV1 , we obtain a pair of integral equations.

For rP V1

T1~r !5 Tref~r !1 E
S2

FT1~r8!
] G1~r ,r8!

] n8

2 G1~r ,r8!
] T1~r8!

] n8 Gd2r8 ~12!

and forrP V2 ,

Tref~r !1 E
S2

FT1~r8!
] G1~r ,r8!

] n8

2 G1~r ,r8!
] T1~r8!

] n8 Gd2r85 0, ~13!

where

Tref~r !5 E
V1

G1~r ,r8!
Q~r8!

k 1
d3r8 ~14!

is the ®eld produced in the semi-in®nite medium without the
presence of the object~reference ®eld!. The expression of
Tref in the case of a plane-wave illumination of the surface is
given in Appendix A. We now apply Green's theorem inV2
using the Green's functionG2 obeying

¹ 2G2~r ,r8!1 k2
2G2~r ,r8!52 d~r2 r8! ~15!

and satisfyingG2(ur2 r8u! ` )5 0. In a 3D geometry, it is
given by

G2~r ,r8!5
exp~ik2ur2 r8u!

4p ur2 r8u
, ~16!

whereas in a 2D geometry, it is given by

G2~r ,r8!5
i

4
H0

(1)~k2ur2 r8u! . ~17!

Applying Eq. ~7! with u5 T2 and v5 G2 , and making
use of Eqs.~15! and~2! with j 5 2, we obtain

E
V2

G2~r ,r8!
Q~r8!

k 2
d3r82 E

V2

T2~r8!d~r2 r8!d3r8

5 E
S2

FT2~r8!
] G2~r ,r8!

] n8
2 G2~r ,r8!

] T2~r8!

] n8 Gd2r8.

~18!

In the case of a plane-wave illumination, if we denote by
P(v ) the power density~per unit area! of the laser beam, the
volume source term is

Q~r !5 a nP~v !
exp~2 z/l n!

l n
, ~19!

wherea n is the absorptivity of the surface at the frequencyn
of the laser, andl n is the absorption length~i.e., the inverse
of the absorption coef®cient!. In a typical metal,l n; 10
2 100 nm. Equation~19! shows thatQ vanishes inside the
volumeV2 , provided that the distance from the object to the
boundaryz5 0 is much larger than the absorption lengthl n
in the substrate at the frequencyn of the laser light. We
assume that this condition is ful®lled in the following. Fi-
nally, we obtain a second pair of integral equations.

For rP V2

T2~r !52 E
S2

FT2~r8!
] G2~r ,r8!

] n8
2 G2~r ,r8!

] T2~r8!

] n8 Gd2r8

~20!

and forrP V1

E
S2

FT2~r8!
] G2~r ,r8!

] n8
2 G2~r ,r8!

] T2~r8!

] n8 Gd2r85 0.

~21!

Equations~12! and~20! enable us to obtain the temperature
®eld at any pointr with z. 0, provided that the source func-
tions T1 , T2 , ] T1 /] n8 and ] T2 /] n8 are known on the ob-
ject surfaceS2 . The integral in Eq.~12! represents the scat-
tered ®eld in the substrate. Equation~13! expresses how the
reference ®eld is cancelled inside the object by this scattered
®eld. This constitutes the equivalent of the extinction theo-
rem in electromagnetic scattering.18

B. Equations for the source functions

Using Eq.~4!, let us de®ne two unknown source func-
tions T(r ) andF (r ) for r on the surfaceS2 of the object

T~r !5 T1~r !5 T2~r ! , ~22!

F ~r !5
k 1

k 2

] T1

] n
~r !5

] T2

] n
~r ! . ~23!
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A pair of coupled integral equations forT andF is obtained
from Eqs.~12! and~13! and~20! and~21! by lettingr tend to
a point on the surfaceS2 . In this operation, much care has to
be taken for the singularities of both theGreen's functions
G j and their normal derivatives] G j /] n8 at r5 r8. In par-
ticular, the singularity of] G j /] n8 is nonintegrable, and its
extraction is performed following Refs. 17 or 19. In the limit
r ! S2 , Eqs.~12! and~13! lead to the same integral equation
involving T andF

T~r !

2
5 Tref~r !1 PVE

S2

T~r8!
] G1~r ,r8!

] n8
d2r8

2
k 2

k 1
E

S2

G1~r ,r8!F ~r8!d2r8, ~24!

where PV stands for the principal value of the integral. Simi-
larly, Eqs.~20! and ~21! lead to a second integral equation
involving T andF for rP S2

T~r !

2
52 PVE

S2

T~r8!
] G2~r ,r8!

] n8
d2r8

1 E
S2

G2~r ,r8!F ~r8!d2r8. ~25!

Once the source functionsT and F are calculated from the
system of Eqs.~24! and~25!, we can obtain the temperature
®eld at any point in the substrate or in the object by intro-
ducingT andF into Eqs.~12! and~20!, respectively.

Except in very particular geometries, the system of Eqs.
~24! and~25! has to be solved numerically. The details of the
numerical procedure that we have used are given in the fol-
lowing section.

C. Numerical procedure

To solve Eqs.~24! and ~25!, we convert them into a
matrix equation, which is then solved numerically. We do
this by introducing a set ofN points on the surfaceS2 , each
of them having coordinatesr i5 (xi ,zi) and being the center
of a cell with sizeDSi . The two unknown functionsT and
F are assumed to be slowly varying functions at the scale of
the cell size. When the object is regular enough, it is possible
to choose equally spaced points, so that the cells have the
same sizeDS. We will assume this condition to be ful®lled
in the following. Equations~24! and~25! are then rewritten
as

Ti

2
2 (

j Þ i
T jFE

cellj

] G1~r i ,r !

] n j
d2rG

1 (
j

F jFk 2

k 1
E

cellj
G1~r i ,r !d2rG5 Tref

i , ~26!

Ti

2
1 (

j Þ i
T jFE

cellj

] G2~r i ,r !

] n j
d2rG

2 (
j

F jFE
cellj

G2~r i ,r !d2rG5 0. ~27!

We have used the notationsTi5 T(r i) andF i5 F (r i). If we
introduce the two following vectors of length 2N:

V5 @T1,T2, . . . ,TN,F 1,F 2, . . . ,F N#,

Vref5 @Tref
1 ,Tref

2 , . . . ,Tref
N ,0,0,. . . ,0#, ~28!

we can transform Eqs.~26! and~27! into a linear system

Vref
i 5 M i j V j . ~29!

The 2N3 2N matrix M of the linear system has the form

M5 FA B

C DG, ~30!

where A, B, C and D are N3 N matrices whose explicit
expressions are

Ai j 5 H 1/2 if i 5 j

2
] G1~r i ,r j !

] n j
DS if iÞ j ,

~31!

Bi j 5 Hk 2

k 1
E

cell i
G1~r i ,r !d2r if i 5 j

k 2

k 1
G1~r i ,r j !DS if iÞ j ,

~32!

Ci j 5 H 1/2 if i 5 j

] G2~r i ,r j !

] n j
DS if iÞ j ,

~33!

D i j 5 H2 E
cell i

G2~r i ,r !d2r if i 5 j

2 G2~r i ,r j !DS if iÞ j .

~34!

The evaluation of the diagonal elements of the matricesB
andD has to be performed with care, due to the singularity
of the Green functions at the origin. The integral on the cell
domain is performed analytically, in the limit where the cell
size tends to zero. For the 2D case, the evaluation of the
diagonal elements is performed in Appendix B of Ref. 20.
Note that the procedure used to convert the integral equation
into a linear system is known as the moment method. The
reader is refered to Ref. 17 for more details on this method.
Once the linear system~29! is solved by standard procedures,
the source functionsT andF are known on each point of the
object surfaceS2 . We can then calculate the temperature
®eld at any point in the substrate or in the object by using
Eqs.~12! and~20!.

IV. VOLUME INTEGRAL FORMALISM

Another formulation of the scattering problem may be
obtained by using only the Green functionG1 , and applying
Green's theorem successively inV1 andV2 . This procedure
leads to an expression of the temperature ®eld involving a
well-known volume integral and a previously unreported sur-
face term. We will ®rst derive the exact integral equation for
the total ®eld, and then show how the Born approximation
can be used to obtain an explicit expression of the scattered
®eld. We will also derive analytically some criteria of valid-
ity of this approximation, and compare the approximate re-
sults to exact numerical calculations in Sec. V.
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A. Alternative formulation

The use ofGreen's theorem inV1 with the Green func-
tion G1 leads to Eqs.~12! and~13! derived in Sec. III. Let us
now apply Green's theorem inV2 , with u5 T2 andv5 G1 .
Making use of Eqs.~8! and~2! with j 5 2, we obtain:
for rP V2

T2~r !5 ~k2
22 k1

2!E
V2

G1~r ,r8!T2~r8!d3r8

2 E
S2

FT2~r8!
] G2~r ,r8!

] n8
2 G2~r ,r8!

] T2~r8!

] n8 Gd2r8

~35!

and forrP V1

E
S2

FT2~r8!
] G2~r ,r8!

] n8
2 G2~r ,r8!

] T2~r8!

] n8 Gd2r8

5 ~k2
22 k1

2!E
V2

G1~r ,r8!T2~r8!d3r8. ~36!

In Eqs.~35! and~36!, the normaln8 is outward with respect
to the object~see Fig. 2!. As in the previous section, we have
assumed that the source termQ is zero inside the object, so
that the integrals overV2 involving Q in the integrand van-
ish. Substracting Eq.~35! from Eq.~13! ~for rP V2), and Eq.
~36! from Eq.~12! ~for rP V1), and using the boundary con-
ditions Eq.~4!, one obtains

T~r !5 Tref~r !1 ~k2
22 k1

2!E
V2

G1~r ,r8!T2~r8!d3r8

1 S12
k 2

k 1
DE

S2

G1~r ,r8!
] T2~r8!

] n8
d2r8. ~37!

Equation~37! is an exact expression of the temperature ®eld,
valid at any pointr5 (x,y,z) with z. 0. It involves a volume
integral, extended to the volume of the object, and a surface
integral, extended to its boundary.

This formulation of the problem has the advantage of
clearly presenting the diffusivity variation and the conductiv-
ity variation as the origin of scattering. Moreover, the two
contributions are separated: the diffusivity variation yields a
volume effect and the conductivity variation yields a surface
effect. The existence of two such contributions to the scat-
tered ®eld has been discussed in the case of DPDW.7,9

B. Born approximation

Although numerical procedures can be used to solve the
scattering problem exactly~see Sec. V!, explicit approximate
solutions are also useful to get insight into the physics of a
given system and/or to get a fast evaluation of the tempera-
ture ®eld. Such a solution can be obtained by performing the
®rst Born approximation in Eq.~37!. This approximation
also leads to a natural solution to the inverse problem, by
deconvolution procedures.

The ®rst Born approximation amounts to approximate
the ®eld inside the scattering object by the reference ®eld
Tref . In the case of the volume integral in Eq.~37!, one

simply makes the approximationT2(r8). Tref(r8). The sur-
face integral has to be handled with care because] T2 /] n8 is
discontinuous across the boundaryS2 . Thus, replacing
] T2 /] n8by ] Tref /] n8would be incorrect. A careful analysis
shows that ] T2(r8)/] n8. a B ] Tref(r8)/] n8 with a B
5 2hk 1 /@(2h2 1)k 11 k 2# where h5 2 for a 2D problem
andh5 3 for a 3D problem~see Appendix B for details!. In
the Born approximation, Eq.~37! yields

T~r !5 Tref~r !1 ~k2
22 k1

2!E
V2

G1~r ,r8!Tref~r8!d3r8

1 a BS12
k 2

k 1
DE

S2

G1~r ,r8!
] Tref~r8!

] n8
d2r8. ~38!

Some criteria of validity of Eq.~38! may be obtained by
requiring that the scattered ®eld remains a ®rst-order correc-
tion to the reference ®eld on the integration domain, namely,
that

suprP V2
UT~r !2 Tref~r !

Tref~r ! U! 1. ~39!

A rough estimation of the two integrals in Eq.~38! leads to
suf®cient conditions of validity~see Appendix C for details!.
For a 3D geometry, these conditions are

B v5 uk2
22 k1

2u
V2

2p d
! 1, ~40!

B s5
6uk 12 k 2u

5k 11 k 2

S2uk1u

2p d
! 1, ~41!

whereas for a 2D geometry, they are

B v5 uk2
22 k1

2u
V2

p
@uln~d/d1!u1 exp~2 d/d1! #! 1, ~42!

B s5
4uk 12 k 2u

3k 11 k 2

uk1uS2

p
@uln~d/d1!u1 exp~2 d/d1! #! 1, ~43!

whered15 @Im(k1)#
2 1 is the thermal diffusion length in me-

dium 1,V2 is the volume of the object,S2 the surface of its
boundary, andd its diameter. The preceding conditions give
a rough estimate of the range of validity of the ®rst Born
approximation for thermal-wave scattering and in particular
the in¯uence of each physical parameter on this approxima-
tion.

V. NUMERICAL SIMULATION

A. De®nition of the complex contrast

In a typical photothermal imaging experiment, the
modulated temperature ®eld at the surface of the sample is
scanned at different times using radiometric, optical or other
measurement methods.14,21 Frequency ®ltering allows us to
compute the phase and amplitude of the signal at each point.
The absolute value of the temperature does not matter in
detecting objects, but rather the departure of the temperature
from the unperturbed reference ®eld. Therefore, the quantity
of interest at the interfacez5 0 is the complex temperature
contrast

7642 J. Appl. Phys., Vol. 87, No. 11, 1 June 2000 Thibaud, Carminati, and Greffet

Downloaded 10 Jul 2002 to 128.151.240.143. Redistribution subject to AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp



C~r !5
T~r !2 Tref~r !

Tref~r !
. ~44!

When the scattered ®eld is a small correction to the reference
®eld, we may use the approximation

C~r ! . lnST~r !

Tref~r !D. ~45!

Equation~45! shows that the real part of the contrast repre-
sents the logarithm of the amplitude of the temperature ®eld,
whereas the imaginary part represents its phase difference
with the reference ®eld.

B. Numerical tests

We present in this section numerical results, based on
the resolution of Eqs.~24! and ~25! by a moment method,
without approximation. We will also compare the results
with those obtained within the ®rst Born approximation,
namely, by a direct calculation of the integrals in Eq.~38!.
Note that apart from the expression of the reference ®eldÐ
see Eq.~A3!Ðthermal conductivities appear only through
the ratio k 2 /k 1 in all the equations of the problem. Since
Tref(z5 0) is a scaling parameter for all the temperature
®elds, the conductivity ratiok 2 /k 1 is the relevant physical
parameter to determine the contrast. In the following, all ob-
jects are centered atx5 0.

In order to validate our numerical results, we compare in
Fig. 3 the numerical calculation for a rectangular object such
that its widthLx is much larger thand1 with the analytical
solution for a layered medium~i.e., an object withLx! ` ,
see Appendix D!. The object in the numerical simulation is a
rectangle centered at depthzc5 1.5 mm with dimensionsLx
5 20 mm, Lz5 0.5 mm, and a diffusivityD25 40 mm2 s2 1.
The modulation frequency isf 5 v /2p 5 10 Hz. The sub-
strate has a diffusivityD15 30 mm2 s2 1. We see that the nu-
merical solution tends towards the analytical result when the
mesh size decreases, thus proving the good convergence of
the method. Figure 3 also shows that the numerical result
diverges near the boundaries of the object, where the normal
derivative of the temperature has a discontinuity. This diver-
gence appears numerically at a distance of the order of the
mesh size.

We show in Fig. 4 the real and imaginary parts of the
complex temperature contrast along the interfacez5 0 for
two different objects. The substrate and the objects have a
diffusivity D15 D25 30 mm2 s2 1 ~conductivity variation
only!. The modulation frequency of the laser beam isf
5 10 Hz. The 2D object is a small disk. In Fig. 4~a!, the
diameter isL5 0.1 mm and the conductivity ratiok 2 /k 1
5 2. The calculation is plotted for different mesh sizes. We
see that convergence is ensured when the mesh size is much
smaller than the attenuation distance. Another interesting
point is that the Born approximation coincides with the con-
verged calculation, showing that with these parameters, the
Born approximation gives accurate results. To illustrate the
relevance of the factora B introduced in Eq.~38!, we also
show the result of a Born approximation where] T2 /] n8 is
approximated by] Tref /] n8. This second Born result is

clearly in a worse agreement with the converged result. We
conclude that this factor signi®cantly improves the accuracy
of the Born approximation when this approximation is valid.

In Fig. 4~b!, the diameter is doubled (L5 0.2 mm) and
the conductivity ratio is increased tok 2 /k 15 50. In these

FIG. 3. Complex contrast along a line of constantx going through the center
of an elongated rectangular object~see inset!. We compare the surface in-
tegral calculation with the analytical solution for an in®nitely wide object.
The numerical solution is shown for several mesh-sizesDS/d1

5 1/3;1/10;1/45. Parameters of the calculation:Lx5 20 mm, Lz5 0.5 mm,
zc5 1.5 mm,d15 0.98 mm,d25 1.13 mm,k 2 /k 15 3.

FIG. 4. Complex contrast on the surface in the case of a conductivity varia-
tion. The 2D object is a small disk with diameterL. The numerical solution
is shown for several mesh-sizesDS. ~a! k 2 /k 15 2, L5 0.1 mm. ~b! k 2 /k 1

5 50, L5 0.2 mm. Other parameters:zc5 0.3 mm,d15 d25 0.98 mm.
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conditions, the Born approximation loses its accuracy, as
predicted by the increase of the factorB s from 0.4~a! to 2.6
~b!.

The same calculation is presented in Fig. 5, for two ob-
jects with no conductivity variation (k 2 /k 15 1), diffusivity
D25 5 mm2 s2 1 in a substrate with diffusivity D1
5 30 mm2 s2 1. We see that convergence is ensured when the
mesh size is much smaller than the attenuation distance in
both media~with the above parameters,d15 0.98 mm and
d25 0.40 mm). In Fig. 5~a!, the object is a square of size
Lx5 Lz5 0.1 mm~see the inset in Fig. 5!. The Born approxi-
mation yields a good result in this case. In Fig. 5~b!, the
object size is increased to 1 mm. The Born approximation is
not accurate in that case, as predicted by the increase of the
factor B v from 0.2~a! to 4 ~b!.

We have proven the convergence and validity of our
numerical method through comparison with an analytical re-
sult. We have used it as a reference method to check the
validity of the Born approximation in several cases, thus
validating simple coef®cients that allow us to infer whether
the Born approximation should be valid in a particular case.
In the Born approximation, we have proven that the normal
derivative of the ®eld is better approximated when using a
corrective factor that takes into account the discontinuity of
the thermal conductivity at the boundary of the object.

C. Determination of the object depth

In the case of a layered medium, the complex contrast on
the interfacez5 0 has the form~see Appendix D!

C~f !5 ik2LzS1

r
2 r Dexp~2ik1zc! , ~46!

wherer5 (k 1 /k 2)AD2 /D1. Lz andzc are the width and the
depth of the layer, respectively. This expression is obtained
in the limit of small widthuk2Lzu! @2r /(11 r )2#.

Figure 6 shows the complex contrast as a function of the
depthzc of the object. The object is a layer of thicknessLz
5 0.1 mm with diffusivityD25 4 mm2 s2 1, conductivity ratio

k 2 /k 15 0.3 in a substrate with diffusivityD15 30 mm2 s2 1.
The behavior of the contrast in this case can help to under-
stand why the better way to image an object can be to mea-
sure either the amplitude or the phase of the temperature
¯uctuation at the surface. Indeed,depending on zc , the
dominant part ofC is real~see, for example,zc /d1. 0.4) or
imaginary (zc /d15 1).

ConsideringC as a function of the frequencyf , we see
that zc may be obtained fromC by the slope of the curves

lnuC~f !u2
1

2
ln f 52 2

zc

d1
1 Cte, ~47!

Im$ln@C~f ! #%5 2
zc

d1
1

3p
4

. ~48!

For an object of arbitrary shape, using Eq.~47! or Eq.~48! in
order to determinate its depth leads to reasonably accurate
results that may be useful in practice. We show in Fig. 7 a
numerical example of depth determination for a mineral in-
clusion in a steel plate. The modulation frequency varies
from f 5 0.1 to f 5 1.5 Hz. We plot the logarithm ofuCuand
the phase ofC vs 1/d15 Im(k1), the latter being proportional
to Af . From the slope of the curves, the estimated depth is
ze

a5 2.52 mm with the amplitude andze
p5 2.93 mm with the

phase, whereas the exact value iszc5 3.0 mm. Note that the
size of the object does not strictly satisfy the condition of
validity of Eq. ~46! sinceuk2Lzuvaries between 0.5 and 2 in
this range of frequency.

VI. CONCLUSION

We have presented a method to solve exactly the heat
diffusion equation in the frequency domain within a homo-
geneous substrate containing an arbitrary object. We have
derived an extinction theorem for thermal waves which is
analogous to that used in electromagnetic scattering. This
formulation leads to surface-integral equations which are

FIG. 5. Complex contrast on the surface in the case of a diffusivity varia-
tion: d15 0.98 mm,d25 0.40 mm. The 2D object is a square box with size
L. The numerical solution is shown for several mesh-sizesDS. ~a! L
5 0.1 mm,zc5 0.3 mm.~b! L5 1 mm, zc5 2 mm.

FIG. 6. Polar representation of the complex contrast as a function of the
depth of the object in the monodimensional case.Lz /d25 0.089, k 2 /k 1

5 0.3, d15 3.1 mm,d25 1.13 mm,f 5 1 Hz. Symbols (3 ) are separated by
a 0.5 increment ofzc /d1 .
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well suited for an ef®cient numerical solution. Although we
have presented only 2D numerical results, the implementa-
tion of our numerical procedure in 3D is easily feasible.
Also, whereas we have only presented results for a single
object, generalization to multiple domains is straightforward.

Second, we have derived a mixed surface and volume
integral formulation and have applied the Born approxima-
tion. We have shown that a corrective factor arising from the
discontinuity of the thermal conductivity at the boundary of
the defect must be taken into account to approximate the
normal derivative of the ®eld. Exact solutions of the direct
problem allow us to check and validate approximations that
are often used to solve the inverse problem. Especially, the
Born approximation is valid for small defects and small
variations of the thermal conductivity and diffusivity. We
have expressed simplistic analytical criteria of validity that
correctly predict the in¯uence of each physical parameter on
the accuracy of the Born approximation.

Third, the analytical solution for the temperature contrast
at the surface of a multilayered medium suggests a way to
estimate the depth of an object with multiple frequency mea-
surements. We have performed computations showing that
such a method gives a precision that can reach a few percent.

APPENDIX A

In this Appendix, we give the explicit expressions of the
reference ®eldTref appearing in Eqs.~2! and ~14!. We as-
sume that the heating laser beam is a plane wave, incident on
the surfacez5 0 at normal incidence~see Fig. 1!.

Introducing Eq.~19! into Eq.~14!, we obtain

Tref~r !5
a nP~v !

l nk 1
E

V1

G1~r ,r8!exp~2 z8/ l n!d3r8. ~A1!

We now make use of the plane-wave representation ofG1
~or Weyl expansion22!

G1~r ,r8!5
i

8p 2 Eexp@i K•~R2 R8! #

3
exp~iguz2 z8u!1 exp~iguz1 z8u!

g
d2K,

~A2!

whereR5 (x,y), g5 (k1
22 K2)1/2, with Re(g). 0 and Im(g)

. 0. Introducing Eq.~A2! into Eq.~A1! leads to

Tref~r !5
ia nP~v !

2l nk 1k1
E

0

1 `
@exp~iguz2 z8u!

1 exp~iguz1 z8u! #exp~2 z8/ l n!dz8. ~A3!

Equation~A3! is an exact expression of the reference tem-
perature ®eld when the interfacez5 0 is illuminated by a
plane wave.

When the absorption in the substrate is high (l n! 0), we
can see that the laser beam is absorbed within an in®nitely
thin layer atz5 0. In this case, one can derive a simpli®ed
expression forTref . The integral in Eq.~A3! can be split into
two contributions: that of@0, z#, and that of@z,` #. In the
limit l n! 0, one can easily show that the ®rst integral equals
2l n exp(ik1z), whereas the second integral tends to zero. Fi-
nally, we end up with the expression forTref in the surface-
absorption model

Tref~r !5
ia nP~v !

k 1k1
exp~ik1z! . ~A4!

This expression ofTref is valid whenz@l n .

APPENDIX B

In this Appendix, we derive the correct form of the Born
approximation in the surface-integral term appearing in Eq.
~38!. Taking the gradient of Eq.~37! leads to

¹ T~r !5 ¹ Tref~r !1 ~k2
22 k1

2!E
V2

¹ rG1~r ,r8!T2~r8!d3r8

1 S12
k 2

k 1
DE

S2

¹ rG1~r ,r8!
] T2~r8!

] n8
d2r8. ~B1!

Because of the nonintegrable singularity of¹ rG1(r ,r8) at r
5 r8 in the surface integral, we cannot simply state that the
zeroth order approximation for¹ T is ¹ Tref . Instead, we
need to extract this singularity in a similar fashion as in
deriving Eqs.~24! and~25!. Because this is a slightly differ-
ent situation from that in Ref. 19, we detail this derivation
hereafter. We consider a pointr on S2 and a half sphereVe
~half disk in 2D! insideV2 centered onr with in®nitely small
radiuse. Se is the boundary ofVe ~see Fig. 8!. The surface
integral in Eq.~B1! is split into the contribution ofS2/Se
and that ofSe . The singularity is evaluated by taking the
limit at vanishinge of

I e5 E
Se

n• ¹ rG1~r ,r8!n8• ¹ T2~r8!d2r8. ~B2!

FIG. 7. Example of inversion of the complex contrast for the depth of the
heterogeneity. The frequencyf varies from 0.1 to 1.5 Hz. The estimated
depth is 2.52 mm with the amplitude (h ) and 2.93 mm with the phase (s )
of C. The exact value is zc5 3.0 mm. Other parameters:D1

5 15.0 mm2 s2 1, D25 0.6 mm2 s2 1, k 2 /k 15 2.03 102 2. The object is a rect-
angular box with dimensions:Lx5 1.0 mm,Lz5 0.5 mm.
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SinceT2 is analytical insideV2 , we may introduce the fol-
lowing Taylor expansion into Eq.~B2!:

¹ T2~r8!5 ¹ T2~r !1 ur2 r8uF~r ,r8! , ~B3!

whereuFuis ®nite. Using the asymptotic term

¹ rG1~r ,r8! ;
1

2~h2 1!p
r82 r

ur82 ruh
, ~B4!

whereh5 2 in 2D andh5 3 in 3D, we obtain

lim
e! 0

I e5 ¹ T2~r ! •
1

2h
n. ~B5!

Finally, the zeroth order solution of Eq.~B1! is

] T2

] n
~r ! .

2hk 1

~2h2 1!k 11 k 2

] Tref

] n
~r ! . ~B6!

APPENDIX C

We give in this Appendix the detailed derivation of con-
ditions ~40!±~43! for the validity of the ®rst Born approxi-
mation.

A suf®cient condition for Eq.~39! to be satis®ed is that
for r in V2

U~k2
22 k1

2!E
V2

G1~r ,r8!Tref~r8!d3r8U! Tref~r ! , ~C1!

US12
k 2

k 1
DE

S2

G1~r ,r8!
] Tref~r8!

] n8
d2r8U! Tref~r ! . ~C2!

From Eqs.~9! and~10!, we can estimate the modulus of the
Green function. For a 3D geometry, we obtain:uG1(r ,r8)u
< (2p d)2 1, where d is a typical distance between two
points of the object, namely its diameter. For a 2D geometry,
we have: uG1(r ,r8)u. uH0

(1)@(11 i )d/d1#u/2, and uH0
(1)@(1

1 i )x#u< 2@uln(x)u1 exp(2 x)#/p . Inserting those approxima-
tions into Eqs.~C1! and ~C2! leads to the four suf®cient
conditions~40!±~43!.

APPENDIX D

In this Appendix, we derive the exact expression of the
contrast at the surface in the case of a one-dimensional prob-
lem. The object is a layer of thicknessLz centered at depth
zc . The modulated temperature ®eld in each homogeneous
domain labeled byj ( j 5 1 in the substrate above the object,
j 5 2 in the object,j 5 3 in the substrate below the object!,
can be expressed as the sum of a wave going down and a
wave going up

T j~z!5 A j exp~ik jz!1 B j exp~2 ik jz! ~D1!

with k35 k1 . The boundary conditions of the problem are

k 1

dT1

dz
~0!5 k 1

dTref

dz
~0! , ~D2!

lim
z! `

Sk 1

dT3

dz D5 0 ~D3!

and the continuity of the temperature ®eld and of the normal
¯ux at z5 zc6 Lz/2, that yield four additional relations. By
substituting the expression~D1! into the boundary condi-
tions, six linear relations between the unknownsA1 , A2 , A3 ,
B1 , B2 , B3 are obtained. After some algebra, one gets

C~0!5
2Rc2~b22 1!

12 b2R 22 Rc2~b22 1!
, ~D4!

where b5 exp(ik2Lz), c5 exp(ik1@zc2 Lz/2#), and R5 (1
2 r )/(11 r ) with r5 (k 1 /k 2)AD2 /D1. Expression~46! is
obtained by approximating the denominator of Eq.~D4! by
(12 R 2) under the conditionub22 1u! 12 R 2.
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Quantitative measurements of diffuse media, in spectroscopic or imaging mode, rely on the generation of
appropriate forward solutions, independently of the inversion scheme employed. For complex boundaries, the
use of numerical methods is generally preferred due to implementation simplicity, but usually results in great
computational needs, especially in three dimensions. Analytical expressions are available, but are limited to
simple geometries such as a diffusive slab, a sphere or a cylinder. An analytical approximation, the Kirchhoff
approximation, also called the tangent-plane method is presented for the case of diffuse light. Using this
approximation, analytical solutions of the diffusion equation for arbitrary boundaries and volumes can be
derived. Also, computation time is minimized since no matrix inversion is involved. The accuracy of this
approximation is evaluated on comparison with results from a rigorous numerical technique calculated for an
arbitrary geometry. Performance of the approximation as a function of the optical properties and the size of the
medium is examined and it is demonstrated that the computation time of the direct scattering model is reduced
at least by two orders of magnitude.
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I. INTRODUCTION

The study of light transport through highly scattering me-
dia, such as tissue, has been the focus of recent research
geared towards medical diagnostics@1±9#. This has been
motivated by the fact that light offers unique contrast mecha-
nisms while probing structural and functional tissue charac-
teristics. Furthermore, the associated technology employs
nonionizing radiation and is generally low cost. Imaging
through tissues using light in the near infrared~NIR! spectral
region offers penetration capability of several centimeters
due to the low absorption by tissue in the 700±850 nm spec-
tral region. Lately, rigorous mathematical modeling of light
propagation in tissue~see Ref.@10#for a review!, combined
with technological advancements in photon sources and de-
tection techniques, has made possible the application of to-
mographic principles@11# for NIR three-dimensional imag-
ing of the internal optical contrast of tissue, using a
technique generally termed diffuse optical tomography
~DOT! @5±22#.

At the moment, powerful numerical methods are available
for accurately solving the direct scattering problem
@17,18,23# for arbitrary geometries, but these methods are

computationally costly. A fast method that can be applied to
arbitrary geometries is needed for real time diagnostics. A
good candidate is the Kirchhoff approximation~KA!, also
called the tangent-plane method@25,26#. This approximation
is a linear method that does not involve matrix inversion
while solving the forward problem. The KA can be used to
generate the sensitivity functions~or weights! of the system,
so that inversion schemes such as algebraic reconstruction
techniques~ART! @11#, amongst others, may be applied.
Also, since it generates the complete Green function for any
three-dimensional~3D! geometry, it is possible to apply it to
improve the already existing reconstruction methods that use
the Born or Rytov approximations@6±9,11±15#.

The KA is a well-known approximation in physical optics
that has been under study for over 30 years, and, in particu-
lar, extensively employed in studies of scattering from rough
surfaces~see Ref.@26# and references therein!. In these
cases, the validity of the KA has been usually studied versus
the angle of incidence. We here study the performance of the
KA for a point source in an arbitrary diffusive medium in
order to demonstrate the potential of the KA in diffuse opti-
cal tomography. We would like to state that a more rigorous
study of the limits of validity of the KA would imply calcu-
lating the error for each frequency component of the incident
wave, but this is out of the scope of the present paper.

In this work, we present the theory of the Kirchhoff ap-*Email address: jripoll@iesl.forth.gr
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proximation in the diffusion equation context, and study its
limits of validity. In Sec. II we present the exact expression
for the Green function for arbitrary diffusive volumes. In
Sec. III we introduce the KA speci®cs and derive the expres-
sion for the approximate Green function for an arbitrary ge-
ometry from the exact expression. The limits of validity of
the KA are studied in Sec. IV as a function of themedium's
size and optical properties. We demonstrate that these limits
are independent of the geometry and depend mainly on the
size of the system in diffusion length units. KA is applied to
an arbitrary geometry, and compared with results obtained
when employing an accurate numerical method and the in®-
nite homogeneous Green function. We investigate the accu-
racy of the KA and compare the computational times of both
methods, demonstrating that the KA is more than two orders
of magnitude faster than accurate numerical methods and,
therefore, could be a very useful tool for DOT. Finally, we
conclude in Sec. V.

II. THEORY: EXACT EXPRESSION FOR THE GREEN
FUNCTION

Let us consider the geometry shown in Fig. 1, consisting
of a diffusive volumeV bounded by surfaceS, which sepa-
rates it from an outer nondiffusive medium of refractive in-
dex nout. This diffusive medium is characterized by its ab-
sorption coef®cientma , the diffusion coef®cientD5 1

3 (ms8
1 ama) ~wherems8 is the reduced scattering coef®cient!, and
the refractive indexnin . In the expression forD, the factora
does not have a closed-form expression and has values that
range froma5 0 to a5 1 depending on the approximation
used~see Ref.@24#and references therein for more insight on
the subject!. Even so, since we have not found signi®cant
differences in the results presented here when introducing the
dependence ofD on absorption, we shall usea5 0 for sim-

plicity. If the incident light impinging on the medium is
modulated at a frequencyv , the average intensityU(r ,t)
5 U(r )exp@2 iv t# detected atr represents a diffuse photon
density wave~DPDW! @1#and obeys the Helmholtz equation
with a wave numberk5 (2 ma /D1 ivn /cD!1/2, wherec is
the speed of light in vacuum, andn is the refractive index of
the medium. In an in®nite homogeneous medium, the Green
function g satis®es

“ 2g~kur s2 rdu!1 k 2g~kur s2 rdu!52 4p d~r s2 rd! , ~1!

where r s and rd represent the source and detector points,
respectively. In 3D it is well known to be

g~kur s2 rdu!5
exp@ikur s2 rdu#

ur s2 rdu
. ~2!

In terms of thecompleteGreen functionG(r s ,rd) that cor-
responds to the full geometry in Fig. 1 with boundaries, the
expression of the average intensity at a pointrd inside the
medium is

U~rd!5
1

4p E
n

S~r8!

D
G~r8,rd!dr8, rdP V, ~3!

whereS(r8) represents the source distribution andV is the
volume occupied by the diffusive medium. Of course, for a
source in in®nite spaceG(r s ,rd)5 g(kur s2 rdu).

The complete Green function inside the diffusive medium
can be expressed in terms of its surface integral by means of
Green's Theorem~see Refs.@23, 27# for a detailed deriva-
tion! as

G~r s ,rd!5 g~kur s2 rdu!2
1

4p E
s
FG~r s ,r8!

] g~kur82 rdu!

] n8

2 g~kur82 rdu!
] G~r s,r8!

] n8 GdS8, ~4!

wheren8 is the surface unit outward normal pointing into the
nondiffusive medium~see Fig. 1!, and] /] n85 n8•“ r8. The
boundary condition between the diffusive and nondiffusive
medium in the diffusion approximation is obtained by as-
suming that all the ¯ux traversing the interface is outwards
into the nondiffusive medium~see Ref.@28# for a detailed
derivation!. This is always true as long as no sources are
located outside the diffusive medium. In terms of the Green
function this boundary condition is expressed as@28±30#

G~r s ,r8!us52 CndD
] G~r s,r8!

] n8 U
S

, r8P S, ~5!

where the coef®cientCnd takes into account the refractive
index mismatch between both media@28#. In the case of
index matched media, i.e.,nout5 nin , Cnd5 2. Introducing
Eq. ~5! into Eq.~4!, we obtain

FIG. 1. Scattering geometry.
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G~r s,rd!5 g~kur s2 rdu!1
1

4p E
S
FCndD

] g~kur82 rd!

] n8

1 g~kur82 rdu!G] G~r s,r8!

] n8
dS8. ~6!

A rigorous solution toG(r s ,rd) in Eq. ~6! is found by
determining the boundary value] G/] n8 by discretizing the
surfaceSinto a number of surface elements and inverting the
resulting matrix~see Ref.@23#and references therein!. Simi-
larly to Ref. @23#, Eq. ~6! makes an indirect use of the ex-
tinction theorem in order to solve the system; hereon we will
refer to this method as theextinction theorem~ET! method.
The ET method gives a rigorous numerical solution to the
forward problem, but is time consuming since it involves
matrix inversion, and, therefore, is also limited to surfaces
that can be segmented to a moderate number of discretisation
points. For example, solving for more than 5000 surface
points is generally excessive while considering the inverse
problem, requiring about 1 h for one forward calculation on
a Pentium III running at 650 MHz with 256 Mb memory.
Even so, it must be understood that the computation times
considered in this paper correspond to Eq.~6!, which has
only one unknown variable. In the case of a diffusive volume
within a diffusive medium, the existence of two unknown
variables~the average intensity and its derivative! increases
the number of unknown variables by a factor of two. Hence,
assuming that in order for the ET to give accurate results, the
minimum distance between two discretization points must be
in the order of the transport mean free pathl tr5 1/ms8, the ET
method would become inappropriate to solve the inverse
problem for diffusive/nondiffusive surface areas in the order
of 50 cm2, or 25 cm2 in the case of diffusive/diffusive pro-
®les. This fact limits the applicability of exact methods in
large geometries, such as the adult head. Anyhow, the use of
exact methods such as the ET is fundamental in order to
validate approximate methods~see Sec. 5 of Ref.@23#, where
a brief discussion of the need for exact methods in optical
tomography is presented!. Conversely, the computing time
required is practically independent of the number of detector
points since Eq.~6! provides for a direct solution of detector
readings along the boundary simultaneously. This is general
for all surface-value dependent methods.

III. THE KIRCHHOFF APPROXIMATION

When many forward solution calculations are required,
such as in most tomographic schemes~except those reported
in Ref. @16#!, an approximation to Eq.~6! that can handle
arbitrary 3D geometries in a linear fashion is needed, to
reduce computing time and memory requirements. One such
approximation is the KA, also known as the physical-optics
or the tangent-plane method@25#, which is well known and
used in both optics and acoustics. This approximation as-
sumes that the surface is replaced at each point by its tangent
plane. This means that the value of the total intensityU at
any point r p of the surfaceS is given by the sum of the
incident ®eldU (inc) and the wave re¯ected from thelocal
plane de®ned by the surface normaln(r p) at that surface

point. In terms of the Green function this is expressed as

GKA~r s ,r p!5 g~kur s2 r pu!* @11 RND~r p! #, ~7!

where* denotes convolution, andRND is the re¯ection coef-
®cient for diffusive waves in real space, which in Fourier
space has the expression for each plane wave component ofg
@31#,

RND~K !5
iCndDAk 22 K21 1

iCndDAk 21 K22 1
. ~8!

In a similar manner, the gradient of the Green function is

] GKA~r s ,r p!

] np
5

] g~kur s2 r pu!

] np
* @12 RND~r p! #, ~9!

the minus sign takes into consideration the different propa-
gation directions of the incident and re¯ected wave with re-
spect to the local plane. Equations~7! and ~9! are directly
expressed in Fourier space as

GKA~r s ,r p!5 E
2 `

1 `
@11 RND~K ! #gÄ~K,ZÅ!exp@i K• RÅ#dK,

] GKA~r s ,r p!

] nÃp

5 E
2 `

1 `
@12 RND~K ! #

] gÄ~K,ZÅ!

] ZÅ
exp@i K• RÅ#dK.

~10!

In order to numerically perform the Fourier transforms in Eq.
~10!, a typical number of values forK is 512 for each di-
mension, withudKu; 0.123 cm2 1, which corresponds to a
spatial discretization value ofudRu5 0.1 cm. The need for a
low number ofK values is due to the fact thatDPDW's are
highly damped and do not contain high spatial frequencies.
256 values forK were also tested, ®nding differences smaller
than 1%. In all cases presented in this work 512K values
were employed. In Eq.~10! (RÅ,ZÅ) are the coordinates of
ur s2 r puwith respect to the plane de®ned byn(r p) as shown
in Fig. 2, namely,

ZÅ5 ~r s2 r p! •@2 nÃ~r p! #,
~11!

RÅ5 ZÅ2 ~r s2 r p! .

In Eq. ~10! the Fourier transformgÄ(K,z) of the 3D homoge-
neous Green functiong(kur s2 r pu) is given by@20,21,31,32#

FIG. 2. ~a! Detail of the local tangent plane used in the KA.~b!
Representation in the coordinates of the tangent plane.
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gÄ~K,ZÅ!5
i

2p

exp@iAk 22 K2uZÅu#

Ak 22 K2
,

] gÄ~K,ZÅ!

] ZÅ
5

1

2p
exp@iAk 22 K2uZÅu#. ~12!

Therefore, if we discretise the surfaceSin Eq.~6! into N area
elementsDS, we can write the complete Green function
given by Eq.~6! inside the volumeV in terms of the KA as

GKA~r s ,rd!5 g~kur s2 rdu!1
DS

4p (
p5 1

N FCndD
] g~kur p2 rdu!

] np

1 g~kur p2 rdu!G] GKA~r s ,r p!

] np
. ~13!

Equation~13! is an explicit expression of the Green func-
tion where the computation time will increase only linearly
with the system size. Also, one of the main advantages of
Eq. ~13! is that the values of] GKA/] np given by Eq.~10!
need only to be calculated once for all possible source-plane
distancesZÅandRÅvalues present in the geometry, recalling
or interpolating its value each time the source and plane po-
sitions r s and r p hold Eq.~11!. This considerably increases
the computation speed by reducing the number of Fourier
transforms, especially in the cases in which many different
source positions need to be generated, such as in DOT. We
would like to state that an analogous expression to Eq.~13!
can be easily found for diffusive/diffusive interfaces by
means of the diffusive/diffusive re¯ection and transmission
coef®cients@33#.

IV. NUMERICAL RESULTS

In order to study the limits of validity of the KA, we
compare the performance of the exact solution, based on Eq.
~6!, with the approximate solution, based on Eq.~13!, using
the geometry shown in Fig. 3. The cylinder has a radiusR,
lengthh, and is illuminated by an in®nite longitudinal light
source running parallel to the cylinder at (Rs5 R2 l tr u5 0!,
wherel tr5 1/ms8 is the transport mean free path. The refrac-
tive indices inside and outside the diffusive volume are that
of water, i.e.,nin5 1.333, and of air,nout5 1, respectively. An
angular scan is performed at~Rd5 R2 l tr , z5 0!. In order to
quantify the accuracy of the approximation, we shall de®ne
the error in percentage as

~Error!5 1003 E
2p

u12 UKA~Rd ,u! /UET~Rd ,u!udu,

~14!

whereUET is the exact solution obtained from the ET@23#
using 2D Green functions~corresponding to an in®nitely
long cylinder!, andUKA is the solution obtained from the KA
using a 3D geometry~corresponding to a cylinder of length
h!. In order to solve for the ET by means of Eq.~6! for a
cylinder and a line source, we used the corresponding Green

function in 2D, g(kur s2 rdu)5 p iH 0
(1)(kur s2 rdu), where

H0
(1) is the zero-order Hankel function of the ®rst kind.
In all cases, the KA results will be generated for a cylin-

der of heighth5 10 cm and no lids, consisting ofN5 9191
surface discretisation points. The value ofh was such that no
variation in the results was found by increasing its value. The
results generated with the ET in 2D consisted ofN5 360
points. In these cases, a lookup table consisting of 257 values
for RÅand a maximum value forZÅof R was generated, with
a distance of 0.1 cm between values. We performed the study
in the continuous illumination mode~CW!, since in this mo-
dality light suffers less attenuation. For higher attenuation
values the multiple re¯ections between the surface boundary
decays, and, therefore, the limits of validity here found will
apply to all frequency modulation values. A similar study
was performed for different modulation frequencies, ®nding
the error in amplitude in the order or smaller than in its
corresponding CW case, and a difference in phase in the
order of 1 to 5 degrees.

In Fig. 4 we show the error committed by the KA for
different values ofR, absorption, and scattering coef®cients
as compared to the ET solution. The results shown here are
representative of biologically relevant optical properties. On
the whole, the approximation works well~, 5% error! for
R. 3Ld , whereLd5 AD/ma is the diffusion length in CW
(v 5 0). That is, to maintain an error below 5% forR
5 1.5 cm,Ld should be larger than 0.5 cm forms85 5 cm2 1,
which givesms8. 0.13 cm2 1 ~see Fig. 4!. When diffusive/

FIG. 3. Geometry used for the study of the limits of validity of
the KA.
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diffusive interfaces are considered the approximation works
much better, and is valid for 2R. 3Ld because lower re¯ec-
tivity is attained in this case~similar results where obtained
in Ref. @31#!.

In order to establish the effect of the surface topography,
we have studied the same con®guration as in Fig. 4, but have
added a sine pro®le of amplitude 0.5 cm and periodp /4 to
the surface. In this case, a lookup table consisting of 257
values for RÅand 76 values forZÅwas generated, with a
distance of 0.1 cm between values. The error between the ET
and the KA, is now depicted in Fig. 5 for two cases of source
position ~Fig. 5 top row Rs5 2.3 cm, bottom row Rs
5 1.5 cm!. In addition, we have also represented this error
when, instead of the KA, we simply use the homogeneous
Green function, Eq.~2!, to calculate the source radiation us-
ing Eq. ~3!. Generally, the KA approximation calculates the
average intensity with errors that are less than 5%@see Fig.
5~a! and Fig. 5~c!#, except in the shadow regions of the cor-
rugations. Thisshadowing effectappears when certain sur-
face areas are blocked from the source by the geometry of
the interface. Since these shadow areas are not taken into
account in the KA, the KA predicts higher values of the
intensity. A ®rst approximation to this problem would be to

include a geometry-dependent constant that will assign a
zero value to those surface points not visible from the source
position. Such a geometry factor was included and the results
presented in Fig. 5 repeated, ®nding no important improve-
ment. Another way of improving the KA is to include second
order re¯ections, but this would render the method time con-
suming and thus would loose its potential as a fast analytical
tool.

In Fig. 5 we also see that the approximation yields errors
in the order of 5±10% close to the boundaries, where the
Green function has low values due to the boundary condi-
tions that force the average intensity to zero at approximately
one extrapolated distance (l tr) from the interface@28#. When
the error obtained from the KA is compared with that ob-
tained by using a mere homogeneous Green function@see
Fig. 5~b! and Fig. 5~d!#, we see that the KA is more accurate
by one order of magnitude. Similar ®gures to those repre-
sented in Fig. 5 were generated for a modulation frequency
of v 5 200 MHz. In this case we found that the error distri-
bution in amplitude was very similar to the cases presented
in Fig. 5, with slightly smaller values, and thus results are
not shown. This is expected due to the lower re¯ectivity of
the boundaries. The maximum phase difference found for the

FIG. 4. ~a! Error in percentage committed for
different values ofma and cylinder radiiR. In all
casesms85 10 cm2 1. ~b! Same as~a! but for dif-
ferent values ofms8 for R5 1 cm.

FIG. 5. Error committed in percentage when
using the KA @~a! and ~c!# and when using the
homogeneous Green function@~b! and ~d!# for a
cylinder of R5 2.5 cm with a sine pro®le on the
boundary of amplitude 0.5 cm, and periodp /4.
The following source locations are considered:
~Rs5 2.3 cm, u5 0! @~a! and ~b!#; ~Rs5 1.5 cm,
u5 0! @~c! and ~d!#. In all casesms85 10 cm2 1,
ma5 0.1 cm2 1.
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KA was 2 deg at the shadow regions and 1 deg near the
boundaries. When compared to the in®nite Green function
we found 60 deg difference at the shadow regions and a
minimum phase difference of 10 deg.

In general terms of the KA, it is expected that lower spa-
tial frequenciesK ~or angles of incidence close to the normal
in the electromagnetic case@25,26#!will yield more accurate
solutions than high spatial frequencies~or grazing angles of
incidence in the electromagnetic case@25,26#!. This may be
translated to diffusive waves in the following manner. In the
cases in which the point source is close to the interface, high
spatial frequencies play an important role. It is in these cases
in which the KA is expected to fail for diffusive waves, since
then multiple re¯ections are predominant. On the other hand,
when the source is far~more than one diffusion length! from
the interface, due to high damping the high frequencies com-
ponents of the incident wave do not contribute signi®cantly
to the incident wave at the interface, reducing the multiple
re¯ections. This effect is shown in Fig. 6, where we repre-
sent the error when considering the perturbation caused by
the interface, i.e., the scattered waveGSC @see Eq.~13!#:

GSC
KA~r s ,rd!5 GKA~r s ,rd!2 g~kur s2 rdu! . ~15!

As seen in Fig. 6, the error obtained from the KA at long
distances from the source where only low values ofK con-
tribute to the incident ®eld is very low~, 5%!. On the other
hand, values of the scattered wave in the regions where the
source is near the interface present larger errors~20%!, due
to the higher contribution of large values ofK.

We have tested other values of the period and the ampli-
tude of the sine pro®le, reaching the same conclusion: out-
side the shadow regions, and forR. 3Ld , the error is con-
sistently less than 5%. This also holds true for calculations
performed for a rough surface plane, such as in Ref.@34#.

As mentioned before, besides its ability to handle arbi-
trary geometries the KA is attractive due to its computation
ef®ciency. In Fig. 7 we present a comparison of the compu-
tation times obtained by using the ET and the KA with a

Pentium III running at 650 MHz, with 256 Mb memory.
These computation times include the generation of the
lookup table for (RÅ,ZÅ) @see Eq.~11!#aforementioned in Sec.
III. That is, the computation times presented make use of no
a priori calculations. In all cases shown here, the lookup
table for (RÅ,ZÅ) is generated by ®nding the range of values
@min$RÅ%,max$RÅ%#and@min$ZÅ%,max$ZÅ%#present in the geom-
etry, and generating all the corresponding values of Eq.~10!,
with an increase of one transport mean free path (l tr) be-
tween (RÅ,ZÅ) values. This discretisation value can be under-
stood since the diffusion equation in itself has no meaning
when considering distances smaller thanl tr . Once the lookup
table for Eq.~10! is built, the different values present in Eq.
~13! are found by interpolation. As mentioned in Sec. III, in
order to numerically perform the Fourier transforms 512K
values were used for each dimension~i.e., 5123 512!, with
udKu; 0.123. The computation times are represented in Fig.
7 versus the number of discretisation pointsN @see Eqs.~6!
and~13!#, which in the ET are independent on the dimension
and shape of the geometry. In the case of the KA, since the
computing time is dependent on the number (RÅ,ZÅ) values,
we present two cases: a case in which we have a cylinder of
radiusR5 2 cm, and increase its height from 0±15 cm~open
circles in Fig. 7!; and a cylinder that is increased in radiusR
from 0.5±4 cm and its height ash5 2R ~full circles in Fig.
7!. In all the KA cases the discretized areas are kept to be
dS5 0.13 0.1 cm2. Due to the fact that both the KA and the
ET perform equivalently for any number of source-detector
pairs once the surface values are found, the computation

FIG. 6. Error committed in percentage for the scattered Green
function @see Eq.~15!# when using the KA for a cylinder ofR
5 2.5 cm with a sine pro®le in the boundary of amplitude 0.5 cm,
and period p /4. Source locations~Rs5 1.5 cm, u5 0!, ms8
5 10 cm2 1, ma5 0.1 cm2 1.

FIG. 7. Computation times for one source-detector pair versus
the number of surface pointsN @see Eq.~13!#for the ET represented
in minutes@solid line#and for the KA represented in seconds for the
cases: cylinder of radiusR5 2 cm, with its height increased from
0±15 cm@open circles#; and a cylinder with its radius increased
from R5 0.5± 4 cm and its height ash5 2R @full circles#. Results
obtained from a Pentium III running at 650 MHz with 256 Mb
memory.
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times presented in Fig. 7 correspond to the forward problem
for one source-detector pair. When considering the compu-
tational times for the ET in Fig. 7, we see that there is an
approximately quadratic increase with respect toN ~note the
difference in scale between the KA and the ET!. On the other
hand, when considering the KA, we see that the increase is
approximately linear for both cases, the difference in slope
due to the dependence on the number of (RÅ,ZÅ) values gen-
erated. As a practical example, the number of discretization
points for a sphere of radius 2 cm needed in order to main-
tain a 1l tr distance between points is in the order of 5000. If
we compare the speed of the KA and the ET in this case we
obtain 70 s and 50 min, respectively, yielding the KA as
approximately 40 times faster. A more realistic surface such
as the adult head, would imply an equivalent radius of at
least 4 cm, and thusN; 20 000. In this case, the KA takes in
the order of 90 s, whereas the ET takes in the order of 45 h
for one only forward solution. In this more realistic case the
KA is 1800 times faster.

V. CONCLUSIONS

We have presented an approximate method that solves the
3D diffusion equation in geometries of arbitrary shape and
size in a linear fashion. This approximation has been com-
pared to the ET solution of the diffusion equation@23#, a
boundary-value dependent numerical method that has been
extensively used in physical optics due to its high degree of
accuracy@25#. We have found that when the average radius
of the geometry considered isR. 3(D/ma)1/2, the method
performs with an error less than 5%. Therefore, with the KA
we can generate general Green functions that take into ac-
count complex geometries, the computation times of this ap-

proximation being very fast compared to the rigorous solu-
tion, and increasing linearly with the size of the system. The
implications of this approximation are several: In the ®rst
place, these KA Green functions can be employed in more
complex numerical schemes such as the ET@23#, so as to
reduce the number of discretization points needed to solve
the forward problem. As an example, the problem of an ob-
ject embedded in an arbitrary volume would be reduced to an
object on its own by using the KA Green function. In a
similar manner, it can be used to improve the reconstruction
schemes based on Rytov or Born approximations, such as
algebraic reconstruction technique~ART! and simultaneous
iterative reconstructive technique~SIRT! @11±15#. Second,
since the computation times and the memory requirements
increase linearly with the size of the system, the KA may be
used to describe light propagation in large volumes such the
adult head, the calf, etc. It is in these large volumes where
rigorous numerical methods have problems due to the great
amount of memory required for matrix inversion, and the
need of extremely large computational times to solve the
inverse problem. We believe that this approximation will aid
to the development of real time diagnostics with diffuse light
in the presence of complex boundaries.
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Abstract
Westudy the propagation of light pulses through scattering media using the
time-dependent radiative transfer equation. A standard discrete-ordinate
method is used to solve this equation in the space-frequency domain. We
present calculations of diffuse transmission through scattering slabs, in the
presence of absorption and anisotropic scattering. We show that the
diffusive regime is attained at long times only for thick slabs. Comparisons
with diffusion theory show that the proper choice of the diffusion constant is
an important issue for time-dependent transport.

Keywords: Light diffusion, radiative transfer equation, scattering media,
biomedical imaging, diffusion coef�cient

1. Introduction

Radiative transfer through scattering media has attracted
considerable interest recently, particularly for imaging
applications through turbid media [1]. Several techniques have
been developed in order to determine the location of objects
in strongly scattering biological tissues, using visible or near-
infrared light [2, 3]. Pulse transmission measurements on short
timescales and optical coherence tomography give promising
results [4–7]. In several other areas, diffusion waves—such
as thermal, acoustic or elastic waves—form the basis of
imaging and measurement techniques [8]. With the rapid
development of micro- and nano-technologies, understanding
the propagation of such waves at short (time and length) scales
has become a key issue. Heat conduction at short scales in
solids is also handled on the basis of a Boltzman transport
equation for phonons, which undergo scattering, emission and
absorption [9, 10]. Transport theories in all these topics have
in common the use of a Boltzman-like transport equation for
the wave intensity which describes scattering, absorption and
emission by the medium. This equation is usually referred to
as the radiative transfer equation (RTE), whose formalism was
�r stdeveloped for astrophysics [11] and neutron transport [12].

Solving the RTE in complex geometries and in the
presence of scattering remains a challenging issue. For time-
dependent light transport, some methods have been developed

recently, see e.g. [13–15]. The diffusion approximation [16]
offers a great simpli�cation of the problem and a practical
tool to describe the diffuse part of the radiation intensity.
This approximation is widely used, for example, in optical
imaging for biomedical applications [2, 3]. Yet, the use of the
diffusion approximation to handle short time and length scales
is questionable, and its domain of validity has to be studied
carefully. Moreover, although the diffusion approximation
may be derived starting from different approaches, the proper
de�nition of the diffusion coef�cient is still an open issue.
In particular, its dependence on absorption was questioned
recently [17].

In this work, we study radiative transfer of visible or near-
infrared light through strongly scattering slabs, in the presence
of absorption. We �rst describe a method to solve the time-
dependent RTE, based on a discrete-ordinate method [11] in
the space-frequency domain. We show that this approach is
well suited to the study of pulse transmission and re�ection
through scattering slabs of arbitrary optical thicknesses. Then,
we study the validity of the diffusion approximation for time-
dependent transport. We show that the diffusive regime is
recovered for the long-time behaviour of transmitted pulses
and for thick slabs. We compare the results obtained for
different expressions of the diffusion coef�cient. We show
that the use of the proper expression is a crucial issue for time-
dependent transport, especially in the presence of absorption
and anisotropic scattering.
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2. The radiative transfer equation

The basic quantity of radiative transfer theory is the speci�c
intensity I� (r , u , t), from which the power radiated at point
r , through a surface element dS, of unit normaln , at time t,
in the frequency interval [�, � + d� ] and in a solid angle d�
around the directionu writes

dP = I� (r , u , t)u · n dSd� d�. (1)

The speci�c intensity obeys a transport equation, the RTE,
which describes its variations due to absorption, scattering and
emission [11, 18]. In this work, we study the propagation
of visible and near-infrared light in absorbing and scattering
media, such as those encountered, for example, in optical
imaging through biological tissues. At room temperature,
thermal emission is negligible at these wavelengths, so
that only absorption and scattering has to be considered.
Note that the validity of the RTE to study light transport
through scattering slabs was recently studied numerically by
comparison with exact electromagnetic simulations [19]. It
was shown that, except for coherent effects such as back-
scattering enhancement, the RTE gives very accurate results
even for a system whose geometric thickness is of the order of
one wavelength.

2.1. Radiative transfer equation in a slab geometry

The geometry we consider is depicted in �gure 1. A slab
of width L containing a scattering and absorbing medium is
illuminated at normal incidence by a plane-wave pulse. The
absorption and diffusion coef�cients of the medium areµ a

andµ s, respectively. The associated absorption and scattering
mean-free paths arela = µ Š1

a andls = µ Š1
s . The real part

of its effective index, accounting both for a homogeneous
background medium and scattering particles, is denoted by
n2. The half-spacesz < 0 and z > L are �lled with
homogeneous and transparent materials of refractive indices
n1 andn3, respectively. For this geometry, the RTE gives
1

�v
� I� (�, µ, t)

� t
+ µ

� I� (�, µ, t)
��

= Š I� (�, µ, t)

+
a
2

� +1

Š1
p(0)(µ, µ �) I� (�, µ �, t) dµ � (2)

wherev is the transport velocity,µ = cos� , � = µ a + µ s is
the extinction coef�cient,a = µ s/� is the albedo and� = � z
is the optical depth. p(0) is the phase function integrated over
the azimuthal angle:

p(0)(µ, µ �) =
1

2�

� 2�

0
p(u · u �) d� (3)

whereu andu � areunit vectors corresponding to directions
(� , �) and (� �, � �), respectively. A useful parameter is the
averaged scattering angle (or anisotropy factor)g de�ned
by g = (4�) Š1

�
(u · u �) p(u · u �) d� �. Strongly forward-

scattering corresponds tog = 1, and isotropic scattering to
g = 0. In order to solve the RTE in the space-frequency
domain, we introduce the time-domain Fourier transform of
the speci�c intensity:

I� (�, µ, t) =
� +�

Š�
I� (�, µ , 	) exp(Š i	 t) d	. (4)

�

Z

0 L

n1 n2 n3

Figure 1. The geometry of the system. The scattering slab is
illuminated from the left by a plane-wave pulse, at normal
incidence.

Note that the hypothesis of a quasi-monochromatic pulse
is apparent in equation (4). The subscript� refers to the
central frequency of thepulse, and the variable	 describes the
frequency analysis of the temporal pulse shape. We assume
non-dispersive materials within the pulse bandwidth, so that
the optical properties of the medium are evaluated at the central
frequency� . In the following, we omit the subscript� in order
to simplify the notations. Introducing equation (4) into (2)
leads to

µ
� I (�, µ , 	)

��
= Š

�
1 Š i

	
�v

�
I (�, µ , 	)

+
a
2

� +1

Š1
p(0)(µ, µ �) I (�, µ � , 	) dµ �. (5)

This equation has the same structure as the static RTE, with a
complex speci�c intensity and a complex extinction coef�cient

(	) = 1 Š i	/(�v) . It canbe solved by standard methods
developed for the static RTE for each frequency	 . An inverse
Fourier transform allows one to recover afterwards the time-
dependent solution. A similar approach was used in [20] in
the case of a strongly forward-scattering medium, and more
recently in [21] in the case of polarized light transfer through
a scattering slab.

Assuming an illumination by a plane wave (representing,
for example, a collimated laser beam) it is useful to separate the
collimated and the diffuse components of the speci�c intensity
inside the medium. One writes

I (�, µ , 	) = I +
coll(�, 	)�(µ Š 1)

+ I Š
coll(�, 	)�(µ + 1) + Id(�, µ , 	) (6)

where�( x) is the Dirac distribution. For the sake of clarity, the
two components of the collimated beam, propagating towards
z > 0 andz < 0, have been separated. Inserting equation (6)
into (5) leads to

dI ±
coll (�, 	)

d�
= Š 
(	) I ±

coll(�, 	) (7)

for the collimated components and to

µ
� Id(�, µ , 	)

��
= Š

�
1 Š i

	
�v

�
Id(�, µ , 	)

+
a
2

� +1

Š1
p(0)(µ, µ �) Id(�, µ �, 	) dµ � + S(�, µ , 	) (8)
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for the diffuse component, whereS(�, µ , 	) is a source term
which describes the transfer of energy from the collimated to
the diffuse component by scattering. Equations (7) and (8)
are the RTE for the collimated and diffuse components of the
speci�c intensity, respectively.

2.2. The source term and boundary conditions

Taking into account the internal re�ections at the boundary of
the slab, the expressions of the collimated components are

I +
coll(�, 	) = T12(µ = 1) I0(	) exp[Š 
(	)� ]� (9)

I Š
coll(�, 	) = T12(µ = 1) I0(	)

× exp[Š 
(	)( 2� L Š � ) ]R23(µ = 1)� (10)

where� = [1 Š R12(µ = 1)R23(µ = 1) exp(Š2
(	)� L)]Š1,
and Ri j (µ) and Ti j (µ) are the Fresnel re�ection and
transmission factors in energy, at the interface between two
media of refractive indicesni andn j . Their expression is given
in the appendix. I0(	) is the time-domain Fourier transform
of the incident pulse, at the boundaryz = 0.

The source term in equation (8) is given by

S(�, µ , 	) =
a
2

p(0)(µ, 1) I +
coll (�, 	)

+
a
2

p(0)(µ, Š1) I Š
coll (�, 	). (11)

For the diffuse components of the speci�c intensity, the
boundary conditions at the slab boundaries are

Id(� = 0, µ, 	) = R21(µ) Id(� = 0, Šµ, 	) for µ > 0

(12)

Id(� = � L, µ, 	) = R23(|µ |) Id(� = � L, Šµ, 	)

for µ < 0. (13)

2.3. Numerical calculation

In order to solve equation (8), we have used a discrete-
ordinate method. The �rst step in this method is to replace the
integral involving the phase function by a quadrature [11]. The
integro-differential equation (8) is thus replaced by a system
of linear differential equations, one equation for each direction
µ i used in the quadrature. To solve this system of differential
equations, we have used the matrix eigenproblem approach
described in [24].

In our case, the entire procedure is as follows:

(i) Calculate the Fourier transform of the incident pulse,
which appears in the source term in equation (8);

(ii) Solve equation (8) for all relevant frequencies, using the
discrete-ordinate method;

(iii) Perform an inverse Fourier transform to recover the time-
domain evolution of the speci�c intensity at eachboundary
of the slab.

2.4. Observable quantities

In an experiment, the observable quantities are the transmitted
and re�ected �uxes, either directional or integrated over a half-
space. The transmitted and re�ected collimated �uxes are
de�ned by

Tcoll(t) = T23(µ = 1) I +
coll (� = � L, t) (14)

Rcoll (t) = R12(µ = 1) I0(t) +T21(µ = 1) I Š
coll (� = 0, t) (15)

whereI0(t) is the incident pulse shape at the boundaryz = 0.
In the following, we will concentrate on the diffuse transmitted
and re�ected �uxes. They are de�ned by

Td(t) =
n2

3

n2
2

� 1

0
µ T23(µ �) Id(� = � L, µ �, t) dµ (16)

Rd(t) =
n2

1

n2
2

� 0

Š1
µ T21(|µ �|) Id(� = 0, µ �, t) dµ (17)

whereµ � = [1 + (n2
3/ n2

2)(µ 2 Š 1)]1/ 2 in equation (16) and
µ � = Š [1 + (n2

1/ n2
2)(µ 2 Š 1)]1/ 2 in equation (17).

3. Diffusion approximation

The diffusion approximation is usually obtained from transport
theory in the limit of smooth space and time variations
of the speci�c intensity, compared to the scattering mean-
free path ls and the microscopic timescale(ls/v) [16].
In this approximation, the energy densityU(r , t) =
vŠ1

�
I (r , u , t) d� obeys the diffusion equation

� U(r , t)
� t

Š D� 2U(r , t) + vµaU(r , t) = q(r , t) (18)

whereD is the diffusion coef�cient andq(r , t) a source term.
In the diffusion approximation, the diffuse transmission

through a scattering slab can be evaluated analytically using the
method of images and extrapolated boundary conditions [22].
For a source term of the formq(r , t) = �( z)�( t), one obtains

T(t) =
H(t)D

d
exp(Šµ avt)

��

m= 1

� m
d

sin
�

� mL
d

�

× exp
�

Š
� 2m2Dt

d2

�
(19)

whereH(t) is the Heavyside step function,d = L + 2z0, z0 =
0.71l tr being the extrapolation distance andl tr = ls/( 1 Š g)
the transport mean-free path. The result in equation (19) is
the transmission Green function (or impulse response) of the
diffusion equation in a slab geometry.

The diffusion approximation is very robust, in the sense
that it can be derived from any transport theory as the limit of
smooth spatial and time variations [12, 16, 18, 23]. However,
all derivations do not necessarily lead to the same expression
for the diffusion coef�cientD. In particular, the dependence on
absorption may change from one expression to the other [17].
Using numerical results, we will show in the following that the
correct de�nition of the diffusion coef�cient is a crucial issue
for time-dependent transport.

4. Numerical calculations of impulse responses

In this section, we present numerical calculations of
diffuse transmission, and compare them to the results of
diffusion theory. In all cases, the calculated quantities
are impulse responses, namely, the incident pulse is a
delta function in time. The validity of diffusion theory
for time-dependent light transport through scattering media
has been studied previously, either by comparison to RTE
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