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Intro duction

S'inspirant de l'appro che de V. Vassiliev p our l'�etude des no euds, T. Ohtsuki

a in tro duit dans [ O ] une th�eorie d'invariants de type �ni des sph�eres d'homologie

enti�ere. Puis, T. Co chran et P. Melvin l'on t g �en�eralis�ee dans [ CM ] aux 3-vari�et�es

compactes orient�ees.

De fa�con ind�ep endante, M. Goussarov et K. Habiro on t in tro duit une autre th�eorie

d'invariants de typ e �ni p our les 3-vari�et�es compactes orient�ees et leurs entrelacs.

D�evelopp�ee dans [ Go ], [ GGP ] et [ Hr ], leur th�eorie s'accompagne d'une technique

calculatoire e�cace et originale, app el�ee calcul de clovers ou calcul de claspers , et

d�e�nie par des op�erations du typ e \coup er/recoller".

La restriction aux sph�eres d'homologie enti�ere de la th�eorie de Goussarov-Habiro

se trouv e ^ etre �equivalente �a celle d'Ohtsuki, et est assez bien comprise (au moins

p our les co e�cients rationnels). En revanche, p our les 3-vari�et�es homologiquement

non-triviales, la th�eorie de Goussarov-Habiro ne co•�ncide pas avec celle de Co chran-

Melvin et reste encore m�econnue.

Une 3-vari�et�e compacte orient�ee p eut ^etre �equip�ee de structures suppl�ementaires,

app el�ees S pin -structures et S pin

c

-structures : lorsque la vari�et�e est homologique-

ment non-triviale, elle p eut ^etre munie de plusieurs de ces structures. Depuis les

travaux de V. Ro chlin, l'�emergence de S pin -structures puis de S pin

c

-structures,

dans les th�emes de la top ologie de basse dimension s'est r�ep�et�ee. Par exemple, les

S pin -structures se sont av�er�ees tr�es utiles p our l'�etude des mapping class groups

des surfaces, autant que p our celle des invariants quantiques des 3-vari�et�es com-

pactes orient�ees. De m^eme, les travaux de V. Turaev ont r�ev�el�e l'imp ortance des

S pin

c

-structures dans la th�eorie des torsions combinatoires.

Dans cette th�ese, nous prop osons

1

, et nous �etudions, des ra�nements de la

th�eorie de Goussarov-Habiro aux 3-vari�et�es compactes orient�ees munies de S pin -

structures ou de S pin

c

-structures. Plus g�en�eralement, nous nous e�or�cons d'illustrer

l'int�er^et que pr�esente la prise en compte de ces structures p our l'�etude de la th�eorie

de Goussarov-Habiro.

Cette th�ese est constitu�ee de cinq chapitres que nous intro duisons maintenant

successivement.

� � �

Le premier chapitre exp ose, de fa�con uni��ee et d�etaill�ee, des ra�nements S pin

et S pin

c

de la th�eorie d'invariants de typ e �ni de Goussarov-Habiro.

A cet e�et, nous d�ebutons par quelques rapp els sur la th�eorie \brute". Puis,

nous r�evisons les S pin -structures et les S pin

c

-structures, et leurs �equivalents tels

que les parall�elisations et les structures d'Euler g�eom�etriques. Nous mettons alors

sur pied des techniques de recollement des structures spinorielles (complexes). Nous

1

Goussarov et Habiro ont annonc�e dans [ Go ] et [ Hr ] la p ossibilit�e de ra�ner leur th�eorie

aux 3-vari�et�es munies de S pin -structures, tandis que Co chran et Melvin ont adapt�e leur th�eorie

au cas S pin .

7



8 INTRODUCTION

montrons aussi, p our toute 3-vari�et�e M compacte orient�ee �a b ord et p our toute

S pin -structure � sur @ M , l'existence de S pin

c

-structures sur M relatives �a � . Not�e

S pin

c

( M ; � ), l'espace de ces structures joue un r^ole essentiel dans la suite.

Ces techniques de recollement nous p ermettent de donner une signi�cation S pin

et S pin

c

�a ces mouvements chirurgicaux qui consistent �a mo di�er une 3-vari�et�e

compacte orient�ee en la twistant le long d'une surface ferm�ee connexe scindante

par un di��eomorphisme agissant trivialement en homologie. Nous p ouvons alors,

comme annonc�e, ra�ner la th�eorie de Goussarov-Habiro aux 3-vari�et�es compactes

orient�ees munies de S pin -structures ou de S pin

c

-structures. Le calcul de clovers

s'�etend aux cas S pin et S pin

c

.

� � �

Le deuxi�eme chapitre reprend la publication [ Ms ] et s'int�eresse au ra�nement

S pin de la th�eorie de Goussarov-Habiro.

La premi�ere question soulev�ee par une th�eorie d'invariants de typ e �ni est la

caract�erisation de ses invariants de degr� e 0. P our la th�eorie de Goussarov-Habiro

et dans le cas des vari�et�es ferm�ees orient�ees, un th�eor�eme de S. Matveev exprime

que les invariants de degr�e 0 co•�ncident avec les invariants du premier nombre

de Betti de M et de la classe d'isomorphisme de la forme d'enlacement de M :

T H

1

( M ) 
 T H

1

( M )

�

M

-

Q = Z , o � u T H

1

( M ) d �esigne le sous-group e de torsion du

premier group e d'homologie �a co e�cients entiers H

1

( M ).

Maintenant, si ( M ; � ) est une 3-vari�et�e ferm�ee orient�ee munie d'une S pin -structure,

on sait lui asso cier une forme quadratique T H

1

( M )

�

M ;�

-

Q = Z au-dessus de �

M

,

ainsi que son invarian t de Ro chlin R ( M ; � ) 2 Z

16

. Nous montrons le ra�nement

suivan t du th �eor�eme de Matveev.

Th

�

eor

�

eme 1 . Soient ( M ; � ) et ( M

0

; �

0

) des S pin -vari�et�es ferm�ees de dimen-

sion 3 . L es assertions suivantes sont alors �equivalentes :

(1) ( M ; � ) et ( M

0

; �

0

) ne sont pas distingu�ees par les invariants de degr�e 0 ;

(2) il existe un isomorphisme H

1

( M )

 

-

H

1

( M

0

) tel que �

M ;�

= �

M

0

;�

0

�  j ;

(3) il existe un isomorphisme H

1

( M )

 

-

H

1

( M

0

) tel que �

M

= �

M

0

� (  j )


 2

,

et R ( M ; � ) = R ( M

0

; �

0

) mod 8 .

L'�equivalence entre les assertions (2) et (3) du Th�eor�eme 1 est obtenue comme un

corollaire du r�esultat alg�ebrique suivant.

Th

�

eor

�

eme 2 . Soient G

q

-

Q = Z et G

0

q

0

-

Q = Z des formes quadratiques

non-d�eg�en�er�ees sur des groupes ab�eliens �nis. Les assertions suivantes sont alors

�equivalentes :

(1) il existe un isomorphisme G

 

-

G

0

tel que q = q

0

�  ;

(2) il existe un isomorphisme G

 

-

G

0

tel que b

q

= b

q

0

�  


 2

et  ( q ) =

 ( q

0

) 2 C .

Ici, b

q

est la forme bilin�eaire sym�etrique asso ci�ee �a q , d �e�nie par b

q

( x; y ) = q ( x +

y ) � q ( x ) � q ( y ), et  ( q ) d �esigne la somme de Gauss de la forme quadratique q .

Nous d�emontrons aussi que l'invarian t de Ro c hlin (non-r�eduit) est de degr� e 1,

assurant ainsi la non-trivialit� e de la th �eorie ra�n�ee par rapp ort �a la th �eorie brute

en degr�es 0 et 1.

� � �

Le troisi�eme chapitre reprend la publication [ MM ], qui est un travail com-

mun avec J.-B. Meilhan . Nous y �etudions les cylindres d'homologie au-dessus

de surfaces compactes orient�ees.
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Si � est une surface compacte orient�ee, un cylindre d'homologie au-dessus de � est

un cob ordisme d'homologie au-dessus de � avec une condition suppl�ementaire de

trivialit�e homologique. Les cylindres d'homologies sont d'une grande imp ortance

aussi bien dans les travaux de Goussarov que dans ceux de Habiro. Pour l'un, les

cylindres d'homologie doiven t ^ etre des \ob jets mo d�eles" dans la th�eorie d'invariants

de typ e �ni. Pour l'autre, les cylindres d'homologie sur la surface � doivent aider

�a la compr�ehension de son mapping class group ; ils forment en e�et un mono•�de

dans lequel se plonge le group e de Torelli de �.

Dans ce chapitre, nous nous int�eressons au cas o �u � est une surface compacte

orient�ee sans b ord, ou avec une seule comp osante de b ord. Gr^ace �a des extensions

aux cylindres d'homologie du premier homomorphisme de Johnson et des homo-

morphismes de Birman-Craggs (d�e�nis originellement sur le group e de Torelli de

�), nous prouvons :

Th

�

eor

�

eme 3 . Soit � une surfac e c ompacte orient�ee avec au plus 1 composante

de bord et soient M , M

0

deux cylindres d'homologie au-dessus de � . Alors M et

M

0

ne sont pas distingu�es par les invariants de type �ni de degr�e 1 si, et seulement

si, ils ne sont distingu�es ni par le premier homomorphisme de Johnson, ni par les

homomorphismes de Birman-Craggs.

Ce r�esultat est �a rappro cher du th�eor�eme de Johnson sur la structure de l'ab�eliani-

sation du group e de Torelli de �.

La preuve utilise notamment le ra�nement S pin de la th�eorie de Goussarov-Habiro

et illustre bien en ce sens l'app ort de la th�eorie ra�n�ee �a l'�etude de la th�eorie

brute (au moins p our les invariants de degr�e 1). En particulier, nous donnons une

interpr�etation diagrammatique des homomorphismes de Birman-Craggs, bas�ee sur

un syst�eme de p oids p our l'invarian t de Ro c hlin.

� � �

Le quatri�eme chapitre est constitu� e de la pr �epublication [ DM ], �ecrite en col-

lab oration avec F. Deloup . Celle-ci est consacr�ee �a l' �etude du r^ole jou�e par les

fonctions quadratiques dans la top ologie des vari�et�es ferm�ees orient�ees de dimension

3, et s'int�eresse ainsi au ra�nement S pin

c

de la th�eorie de Goussarov-Habiro.

Nous y d�emontrons le r�esultat suivant.

Th

�

eor

�

eme 4 . Si M est une 3 -vari�et�e orient�ee ferm�ee, il existe alors un plon-

gement a�ne :

S pin

c

( M )

�

-

Quad ( L

M

) ;

associant �a toute S pin

c

-structure � une fonction quadratique �

M ;�

au-dessus de la

forme L

M

.

Ici, L

M

est la forme bilin�eaire sym�etrique obtenue par comp osition de la forme

d'enlacement �

M

avec B


 2

, o � u H

2

( M ; Q = Z )

B

-

T H

1

( M ) est l'homomorphisme

de Bo ckstein asso ci� e � a la suite exacte courte de co e�cients :

0

-

Z

-

Q

-

Q = Z

-

0 :

La fonction quadratique �

M ;�

n'est pas n�ecessairement une forme quadratique

(elle n'est pas n�ecessairement homog�ene). En revanche, si � provient d'une S pin -

structure via la �eche naturelle S pin ( M )

-

S pin

c

( M ), qui p eut ne pas ^etre

injective ni surjective, elle co•�ncide avec la forme quadratique sus-mentionn�ee.

Ayant au pr�ealable ra�n�e le th�eor�eme de Kirby aux S pin

c

-vari�et�es ferm�ees

de dimension 3, nous avons d�e�ni la fonction quadratique �

M ;�

�a partir d'une

pr�esentation chirurgicale de ( M ; � ). Gr^ace aux formules de chirurgies p our la torsion

de Reidemeister-Turaev, nous d�emontrons alors :
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Th

�

eor

�

eme 5 . Si ( M ; � ) est une sph�ere d'homologie rationnel le munie d'une

structure spinoriel le complexe, alors sa fonction quadratique �

M ;�

est d�etermin�ee

par sa torsion ab�elienne maximale de Reidemeister-Turaev : � ( M ; � ) 2 Q [ H

1

( M )] .

Nous donnons aussi une d�e�nition intrins�eque p our �

M ;�

( i.e. ne faisant pas r�ef�eren-

ce �a la dimension 4) lorsque � est regard�ee comme une structure d'Euler g�eom�etrique.

Nous caract�erisons en�n les invariants de degr� e 0 du ra�nement S pin

c

de la

th�eorie de Goussarov-Habiro en d�emontran t la g �en�eralisation suivante du th�eor�eme

de Matveev.

Th

�

eor

�

eme 6 . Soient ( M ; � ) et ( M

0

; �

0

) des S pin

c

-vari�et�es ferm�ees de dimen-

sion 3 . L es assertions suivantes sont alors �equivalentes :

(1) ( M ; � ) et ( M

0

; �

0

) ne sont pas distingu�ees par les invariants de degr�e 0 ;

(2) il existe un isomorphisme H

1

( M )

 

-

H

1

( M

0

) tel que �

M

0

;�

0

= �

M ;�

�  

]

;

(3) il existe un isomorphisme H

1

( M )

 

-

H

1

( M

0

) v�eri�ant :

{ �

M

= �

M

0

� (  j )


 2

,

{  

�

P

� 1

c ( � )

�

= P

� 1

c ( �

0

) 2 H

1

( M

0

) ,

{ si s et s

0

sont des sections des homomorphismes de Bockstein B

pour respectivement M et M

0

, compatibles dans le sens o � u c e dia-

gramme commute :

H

2

( M ; Q = Z )

�

s

T H

1

( M )

H

2

( M

0

; Q = Z )

 

]

'

6

�

s

0

T H

1

( M

0

) ;

'  j

?

alors :  ( �

M ;�

� s ) =  ( �

M

0

;�

0

� s

0

) 2 C .

Ici, c ( � ) 2 H

2

( M ) est la classe de Chern de la S pin

c

-structure � et P d�esigne un

isomorphisme de dualit� e de P oincar�e. En�n,  

]

: H

2

( M

0

; Q = Z )

-

H

2

( M ; Q = Z )

est l'isomorphisme dual de  p our les formes d'intersection de M et M

0

.

L'�equivalence entre les assertions (2) et (3) du Th�eor�eme 6 se prouv e � a partir de la

g�en�eralisation suivante du Th�eor�eme 2, prouv�ee di��eremment.

Th

�

eor

�

eme 7 . Soient G

q

-

Q = Z et G

0

q

0

-

Q = Z des fonctions quadratiques

non-d�eg�en�er�ees sur des groupes ab�eliens �nis. Les assertions suivantes sont alors

�equivalentes :

(1) il existe un isomorphisme G

 

-

G

0

tel que q = q

0

�  ;

(2) il existe un isomorphisme G

 

-

G

0

tel que b

q

= b

q

0

�  


 2

, d

q

= d

q

0

�  

et :  ( q ) =  ( q

0

) 2 C .

Ici, d

q

2 H om ( G; Q = Z ) est le d�efaut d'homog�en�eit� e de q d�e�ni par d

q

( x ) = q ( x ) �

q ( � x ) p our tout x 2 G .

� � �

Dans le cinqui�eme et dernier chapitre de cette th�ese, nous nous int�eressons aux

torsions ab�eliennes de Reidemeister, telles qu'elles on t � et�e ra�n�ees par Turaev.

On rapp elle, lors des premi�eres pages de ce chapitre, comment asso cier �a toute

S pin

c

-vari�et�e ferm�ee ( M ; � ) et � a tout homomorphisme d'anneaux Z [ H

1

( M )]

'

-

F

�a v aleurs dans un corps commutatif F , la torsion ab�elienne de Reidemeister-Turaev :

�

'

( M ; � ) 2 F :



INTRODUCTION 11

Si la S pin

c

-vari�et�e ferm�ee ( M

0

; �

0

) s'obtient en twistant ( M ; � ) le long d'une

surface ferm�ee connexe scindante S par un �el�ement h du group e de Torelli de S

(tel que cela aura �et� e d �e�ni au Chap. 1), nous �evaluons la variation de torsion. En

d'autres termes, nous cherchons C 2 F tel que �

'

0

( M

0

; �

0

) = C � �

'

( M ; � ) . Ce sca-

laire C n'est identi��e qu'�a un facteur multiplicatif pr�es dans ' ( H

1

( M )). Il d�ep end

notamment de la repr�esentation de Magnus M ( h ) 2 GL

2 g

( Z ) du di��eomorphisme

h . Sous certaines conditions sur le corps F et l'homomorphisme ' , le scalaire C est

d�etermin�e. Nous d�eduisons par exemple de cette �etude que :

Th

�

eor

�

eme 8 . Si h agit trivialement sur le deuxi�eme quotient r�esoluble du

groupe �

1

( S ) , nous avons alors :

�

'

0

( M

0

; �

0

) = C � �

'

( M ; � ) 2 F ;

o � u C 2 ' ( H

1

( M )) est une constante ind�ependante de � , qui est �egale �a 1 sous

certaines conditions sur le corps F et sur l'homomorphisme ' .

En�n, nous restreignons le calcul de clovers en ne consid�erant plus que les clo-

vers boucl�es . C'est une restriction forte puisque J. Levine a montr�e que la chirurgie

le long d'un clover b oucl�e pr�eserv e la classe de cob ordisme d'homologie de la 3-

vari�et�e.

Nous d�eduisons de ce qui pr�ec�ede une formule explicite d�ecrivant commen t v arient

les torsions ab�eliennes de Reidemeister-Turaev lors d'un tel mouvemen t c hirurgical.

Nous montrons alors que ces torsions, vis-�a-vis de ces mouvements, sont multipli-

cativement des invariants de typ e �ni de degr�e 1, comme il d�ecoule de :

Th

�

eor

�

eme 9 . Soient M une 3 -vari�et�e ferm�ee orient�ee, Z [ H

1

( M )]

'

-

F un

homomorphisme d'anneaux �a valeurs dans un corps commutatif F et G

1

, G

2

des

clovers de M disjoints tels que G

1

ou G

2

soit boucl�e. Pour toute � 2 S pin

c

( M ) ,

nous avons alors :

�

'

G

1

;G

2

( M

G

1

;G

2

; �

G

1

;G

2

) � �

'

( M ; � ) = C � �

'

G

1

( M

G

1

; �

G

1

) � �

'

G

2

( M

G

2

; �

G

2

) 2 F ;

o � u C 2 ' ( H

1

( M )) est une constante ind�ependante de � , qui est �egale �a 1 sous

certaines conditions sur le corps F et sur l'homomorphisme ' .

� � �

Pour la lecture de cette th�ese, notons que les di��erentes parties sont assez

ind�ep endantes les unes des autres et p euvent donc ^etre lues s�epar�ement. Des r�esultats

et des d�e�nitions appartenant aux chapitres num�erot� es 2 et 4 on t ainsi �et�e repro-

duits au Chap. 1.

Les chapitres premier et dernier son t r �edig�es en fran�cais, les autres chapitres sont

�ecrits en anglais.





CHAPITRE 1

Ra�nements spinoriels de la th�eorie d'invariants

de typ e �ni de Goussarov-Habiro

1. Rapp els sur la th�eorie de Goussarov-Habiro

Nous rapp elons ici les notions essentielles de la th�eorie d'invariants de typ e

�ni d�ecouverte ind�ep endamment par Mikhail Goussarov et Kazuo Habiro. Cette

th�eorie se caract�erise chez chacun des deux auteurs par la mise en place d'un calcul

top ologique, app el�e resp ectivement calcul de clovers dans [ GGP ], et calculs de

claspers dans [ Hr ]. Ces techniques calculatoires sont toutes deux d�eriv�ees du calcul

chirurgical de Kirby, et sont en fait essentiellemen t � equivalentes.

Conventions 1.1 . Dans ce travail, nous adoptons la terminologie et les conven-

tions de [ GGP ].

En outre, nous restreignons nos rapp els �a l'�etude des 3-vari�et�es, alors que la

th�eorie de Goussarov-Habiro s'applique aussi aux entrelacs de ces derni�eres.

Conventions 1.2 . Dans cette section, les 3-vari�et�es sont supp os�ees lisses, com-

pactes et orient�ees.

1.1. Calcul de clovers.

1.1.1. Y -graphes et Y -chirurgies. Le mouvemen t � el�ementaire �a partir duquel

est d�e�nie la th�eorie de Goussarov-Habiro p our les 3-vari�et�es, est la Y -chirurgie

d�e�nie dans [ Go ].

Definition 1.3 . Un Y -graphe G dans une 3-vari�et�e M est le plongement non-

orient�e, dans son int�erieur, de la surface dessin�ee sur la Figure 1.1. Cette surface

est de plus d�ecomp os�ee en sous-surfaces app el�ees feuil les (

�

=

S

1

� D

1

), c^ot�es (

�

=

D

1

� D

1

) et sommet (

�

=

D

2

).

Un Y -graphe G dans M d�etermine, �a isotopie pr�es, un plongement p ositif du

corps en anses de genre 3 :

H

3

�

j

-

M ;

d'image un voisinage r�egulier N ( G ) de G dans M .

Definition 1.4 . La 3-vari�et�e obtenue de M par Y -chirurgie le long de G est :

M

G

= M n int ( N ( G )) [

j j

@

( H

3

)

L

;

o � u ( H

3

)

L

est le corps en anses chirurgis�e sur l'entrelacs en bande

1

�a six comp osantes

L de la Figure 1.2. On app elle Y -�equivalence , la relation d'�equivalence parmi les

3-vari�et�es engendr�ee par les Y -chirurgies et les di��eomorphismes p ositifs.

Notons que la vari�et�e M

G

vient avec une inclusion M n int ( N ( G ))

�

-

M

et que, du fait du choix de N ( G ) et de sa trivialisation j , M

G

n'est d�e�nie qu'�a

certains di��eomorphismes pr�es.

1

On utilise la convention du tableau.

13
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Une des 3 feuilles

Le sommet

Un des 3 côtés

Fig. 1.1 { Surface sous-jacente �a un Y-graphe.

L

Fig. 1.2 { La signi�cation de chirurgie d'un Y -graphe.

Remarque 1.5 . Une Y -chirurgie �equivaut �a une chirurgie Borrom�eenne telle

que d�e�nie par Matveev dans [ Mt ]. On en d�eduit

2

en particulier l'existence d'un

di��eomorphisme p ositif de �

3

= @ H

3

:

�

3

h

�

=

-

�

3

;

app el�e di��eomorphisme Borrom�een , qui agit trivialement en homologie et tel qu'il

existe une di��eomorphisme p ositif :

M

G

�

=

M n int ( N ( G )) [

j j

@

� h

H

3

;

�xant p oint par p oint M n int ( N ( G )) .

1.1.2. Clovers et Y

k

-chirurgies. Les Y -graphes p euven t ^ etre g�en�eralis�es aux clo-

vers d�e�nis dans [ GGP ].

Definition 1.6 . Un clover G dans une 3-vari�et�e M est le plongement non-

orient�e, dans son int�erieur, d'une surface d�ecomp os�ee en sous-surfaces app el�ees

2

Le lecteur p ourra trouver une justi�cation d�etaill�ee de ces faits au Chapitre 2 : Lemme 2.7

et Remarque 2.8.
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feuil les (

�

=

S

1

� D

1

), c^ot�es (

�

=

D

1

� D

1

) et sommets (

�

=

D

2

). Le corps du clover G

est le compl�ementaire des feuilles dans la surface. On demande alors que :

{ le corps soit l'�epaississement d'un graphe unitrivalent, faisant corresp ondre

resp ectivement les sommets et c^ot�es de la surface, aux sommets trivalents et

c^ot�es de ce graphe ;

{ la surface s'obtient par recollement du corps avec les feuilles le long de

l'�epaississement des sommets univalents ;

{ la surface p oss�ede au moins un sommet.

Le degr�e du clover G est le nombre de ses sommets : on le note deg ( G ) � 1. Le degr�e

de boucles du clover G est le rang du group e fondamental de son corps (ce-dernier

�etant un group e libre) : on le note l - deg ( G ) � 0.

Exemple 1.7 . Un clover de degr�e 1 et de degr�e de b oucles 0 n'est autre qu'un

Y -graphe.

Un clover est donc avant tout une surface plong�ee dans une vari�et�e de di-

mension 3. Il s'obtient par �epaississement d'un ob jet 1-dimensionnel (son corps

�etant par d�e�nition l'�epaississement d'un graphe unitrivalent, et les feuilles �etant

l'�epaississement de cercles). En particulier, p our dessiner un clover (dans S

3

ou

dans le corps en anses H

g

), on p eut adopter la convention du tableau : nous ne

dessinerons que ces ob jets 1-dimensionnels, qui devron t ^ etre �epaissis mentalement

dans le plan de la feuille. De plus, les sommets du clover seront dessin�es en gras

a�n de les distinguer d'un p oint d'intersection \feuille/c^ot�e".

Exemple 1.8 . Est repr�esent�e sur la Figure 1.3 un clover G dans H

4

. Son degr�e

est 4 et son degr�e de b oucles est 2 (noter en e�et la pr�esence d'un c^ot�e b oucl�e).

et de graphe uni-

G

d'image:
trivalent associé :

Fig. 1.3 { Un exemple de clover.
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Soit G un clover de degr�e d dans une 3-vari�et�e M . On note alors :

Y ( G ) � M ;

la r�eunion disjointe des d Y -graphes contenus dans un voisinage r�egulier N ( G ) de G

dans M , et obtenus de G en mo di�an t c haque c^ot�e joignant deux sommets, suivant

la r�egle illustr�ee sur la Figure 1.4.

Fig. 1.4 { Fission d'un clover.

Definition 1.9 . La 3-vari�et�e obtenue de M par chirurgie le long du clover G ,

not�ee M

G

, est la vari�et�e M chirurgis�ee sur chacun des Y -graphes que compte la

famille Y ( G ).

Pour k � 1, une Y

k

-chirurgie est une chirurgie sur un clover de degr�e k . On ap-

p elle Y

k

-�equivalence la relation d'�equivalence parmi les 3-vari�et�es engendr�ee par les

di��eomorphismes p ositifs et les Y

k

-chirurgies.

Notons que la vari�et�e M

G

p eut ^etre accompagn�ee d'une inclusion M n int ( N ( G ))

�

-

M

G

.

Observons aussi que, lorsque @ M est non-vide, la chirurgie sur le clover G induit

une identi�cation canonique @ M

�

=

-

@ M

G

.

Definition 1.10 . Soient G

1

et G

2

des clovers dans une 3-vari�et�e M . On dit

que les clovers G

1

et G

2

sont �equivalents , et on note G

1

� G

2

, s'il existe un corps en

anses H plong�e dans int ( M ) dont l'int�erieur contien t � a la fois G

1

et G

2

, et s'il existe

un di��eomorphisme p ositif H

G

1

f

�

=

-

H

G

2

app el�e �equivalence de clovers , don t la

restriction au b ord soit compatible avec les identi�cations canoniques :

@ H

G

1

f j

�

=

-

@ H

G

2

I@

@

@

@

@

�

=

�

�

�

�

�

�

=

�

@ H

En particulier, G

1

� G

2

entra^�ne M

G

1

�

=

M

G

2

. Pr �ecis�ement, via les identi�ca-

tions canoniques :

M

G

i

�

=

( M n int ( H )) [ H

G

i

l'�equivalence f induit le di��eomorphisme M

G

1

~

f

-

M

G

2

d�e�ni par le recollemen t :

~

f = I d

M n int ( H )

[ f :

Le calcul de clovers est un corpus de r�egles de calcul qui, exprim�ees diagramma-

tiquement, �enoncent des �equivalences de clovers. Le calcul de clovers p ermet donc

d�emontrer l'existence de di��eomorphismes p ositifs entre 3-vari�et�es lorsque celles-ci

sont pr�esent�ees par chirurgie le long de clovers. Le lecteur d�esireux de d�ecouvrir

cette technique est renvoy� e � a [ GGP ] ou � a [ Hr ]. L'exemple suivant est donn� e � a titre

d'illustration.
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Exemple 1.11 . Tout clover de degr�e 2 est �equivalen t �a un clover de degr� e 1

suivan t la r �egle de la Figure 1.5 ( cf. [ Hr , Prop. 2.5, Move 10] ou [ GGP , Preuv e du

Th. 3.1]). En particulier, la relation de Y

k +1

-�equivalence est plus �ne que la relation

de Y

k

-�equivalence.

Fig. 1.5 { Une �equivalence de clovers.

1.2. Invariants de typ e �ni au sens de Goussarov et Habiro. Fixons

M

0

une classe de Y -�equivalence de 3-vari�et�es. On note alors :

(1.1) F ( M

0

) = Z � M

0

le group e ab�elien librement engendr�e par les 3-vari�et�es M appartenan t � a M

0

.

Si M est un �el�emen t de M

0

et si � y est une famille de clovers G

i

deux �a deux

disjoints, on d�e�nit :

[ M ; �] =

X

�

0

� �

( � 1)

j �

0

j

M

�

0

2 F ( M

0

) ;

o � u la somme altern�ee est prise sur toutes les parties �

0

de �, de ? �a �, et o � u M

�

0

d�esigne la vari�et�e obtenue de M par chirurgie le long de chacun des clovers de la

sous-famille �

0

. Une telle famille �, en plus de son cardinal j � j , p oss�ede un degr�e

deg (�) d�e�ni comme la somme des degr�es de ses �el�ements. Pour des entiers l � k ,

ce cro chet p ermet de construire les sous-group es ab�eliens suivants de F ( M

0

) :

F

l

k

( M

0

) = h [ M ; �] : M 2 M

0

; deg (�) = k ; j � j = l i ;

F

k

( M

0

) = h [ M ; �] : M 2 M

0

; deg (�) = k i ;

F

l

( M

0

) = h [ M ; �] : M 2 M

0

; j � j = l i :

Notons qu'alors : F

k

( M

0

) =

S

l � k

F

l

k

( M

0

) et F

l

( M

0

) =

S

k � l

F

l

k

( M

0

) :

Pour des entiers 1 � l � l

0

� k � k

0

, on v�eri�e par des calculs �el�ementaires de

clovers :

F

l

k

0

( M

0

) � F

l

k

( M

0

) � F

l

0

k

( M

0

) :

On en d�eduit en particulier que :

(1.2) F

k

( M

0

) = F

k

k

( M

0

) = F

k

( M

0

) :

De plus, si � est une famille de Y -graphes de M deux �a deux disjoints et disjoints

d'un Y -graphe G dans M on obtient formellement cette �egalit� e :

[ M ; � [ f G g ] = [ M ; �] � [ M

G

; �] :

On en d�eduit que la famille

�

F

k

k

( M

0

)

�

k � 1

est une �ltration descendante de F ( M

0

) :

F ( M

0

) := F

0

( M

0

) � F

1

( M

0

) � � � � � F

k

( M

0

) � F

k +1

( M

0

) � � � �
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Nous p ouvons maintenan t � enoncer la notion d'invarian t de t yp e �ni selon Goussarov

et Habiro :

Definition 1.12 . Soit A un group e ab�elien. Une application M

0

f

-

A est un

invariant de type �ni de degr�e au plus k , si son extension F ( M

0

)

f

-

A s'annule

sur F

k +1

( M

0

). f est un invariant de type �ni de degr�e k , si son extension s'annule

sur F

k +1

( M

0

) mais prend une valeur non-nulle sur F

k

( M

0

).

Remarque 1.13 . Si M est Y

k +1

-�equivalente �a M

0

, alors M � M

0

2 F

1

k +1

( M

0

),

donc M et M

0

ne sont pas distingu�ees par les invariants de typ e �ni de degr�e k .

Pour A un group e ab�elien �x�e, l'espace des invariants M

0

-

A de degr� e au

plus k s'identi�e donc �a :

H om

�

F ( M

0

)

F

k +1

( M

0

)

; A

�

:

Donc, l'�etude des invariants de typ e �ni de degr�e au plus k est ramen�ee �a celle de

du quotien t :

F ( M

0

)

F

k +1

( M

0

)

:

L'examen de la th�eorie d'invariants de typ e �ni de Goussarov-Habiro se scinde donc

en deux parties de natures tr�es di��erentes :

(1) reconna^�tre les classes de Y -�equivalence,

(2) p our chaque classe de Y -�equivalence M

0

, � etudier la sous-th�eorie corres-

p ondante ( F ( M

0

) = F

k +1

( M

0

))

k � 0

.

Dans le cas de vari�et�es ferm�ees, le probl�eme (1) de la caract�erisation des invariants

de degr�e 0 est compl�etemen t r �esolu. En e�et, comme mentionn�e dans la Remarque

1.5, la Y -�equivalence est engendr�ee par les chirurgies Borrom�eennes de Matveev.

Pour les 3-vari�et�es ferm�ees, cette relation d'�equivalence chirurgicale est caract�eris�ee.

Th

�

eor

�

eme 1.14 (Matveev, [ Mt ]) . Soient M et M

0

des 3 -vari�et�es ferm�ees

connexes. Alors, M et M

0

sont Y -�equivalentes si, et seulement si, il existe un

isomorphisme d'homologie H

1

( M )

 

-

H

1

( M

0

) qui fasse correspondre leurs formes

d'enlacement de torsion :

T H

1

( M ) 
 T H

1

( M )

�

M

-

Q

Z

�

�

�

�

�

�

M

0

�

T H

1

( M

0

) 
 T H

1

( M

0

) :

 
  '

?

Le probl�eme de la caract�erisation de la Y -�equivalence est ainsi ramen� e � a celui

de la classi�cation des formes bilin�eaires sym�etriques non-d�eg�en�er�ees sur les group es

ab�eliens �nis. Cette derni�ere, initi�ee par Minkowski, a �et� e en treprise par Wall dans

[ W1 ] et ac hev�ee par Kawauchi et Ko jima dans [ KK ].

2. Structures S pin et S pin

c

sur les 3 -vari�et�es

Apr�es une pr�esentation des S pin -structures et des S pin

c

-structures, nous nous

attaquons dans cette section au d�elicat probl�eme du recollement de ces structures,

lequel probl�eme n�ecessite la prise en compte de versions \rigides" de ces structures.

Conventions 2.1 . Si G est un group e ab�elien, un G -espace a�ne (ou espace

a�ne au-dessus de G ) sera un ensemble sur lequel G agit librement et transitive-

ment. Pour ces actions, la notation multiplicativ e � a gauche sera adopt�ee.

De plus, T G d�esignera le sous-group e de torsion du group e G .
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Conventions 2.2 . Pour les �br�es, nous conviendrons que :

{ les �br�es vectoriels sont stabilis�es par la gauche ;

{ si G est un group e, le G -�br�e principal universel sera not�e E G

!

G

-

B G ;

{ si F est un morphisme de �br�es, l'application sous-jacente p our les espaces

bases sera not�ee avec la lettre de bas de casse corresp ondante f .

Conventions 2.3 . Concernant les vari�et�es, nous conviendrons que :

{ les vari�et�es prises en compte sont lisses, compactes et orient�ees, et les di��eo-

morphismes entre-elles sont supp os�es pr�eserver les orientations ;

{ la vari�et�e obtenue de M par inversion de son orientation sera not�ee � M ;

{ si M est une vari�et� e � a b ord, @ M est orient� e a vec la convention du \premier

vecteur normal sortant" ;

{ si M est une vari�et�e, T

M

(resp. �

M

) d �esignera son �br�e tangent orient�e (resp.

stable) et, lorsque M sera �equip�ee d'une m�etrique, nous noterons F M le �br�e

de ses rep�eres orthonorm�es directs.

2.1. G�en�eralit�es sur les structures S pin et S pin

c

. La pr�esentation g�en�e-

rale qui suit des structures spinorielles est tir�ee de [ BM ] ; mutatis mutandis on

obtient celle des structures spinorielles complexes.

2.1.1. Groupes spinoriel et spinoriel complexe. Le groupe spinoriel S pin est le

rev^etement double de S O :

1

-

Z

2

-

S pin

�

-

S O

-

1 ;

et le groupe spinoriel complexe S pin

c

est d�e�ni comme :

(2.1) S pin

c

=

S pin � U (1)

Z

2

;

o � u Z

2

est le sous-group e engendr�e par [( � 1 ; � 1)] ; d'o �u cette autre suite exacte

courte de group es :

1

-

U (1)

-

S pin

c

�

-

S O

-

1 ;

o � u � envoie [( x; y )] sur � ( x ). On en d�eduit les �brations suivantes p our les espaces

classi�ants :

B Z

2

- -

B S pin

B �

--

B S O ;

B U (1)

- -

B S pin

c

B �

--

B S O :

Nous notons 

S O

le �br� e v ectoriel orient�e universel sur B S O , 

S pin

son pull-back

par B � et 

S pin

c

son pull-back par B � .

De fa�con analogue, p our n � 1, on d�e�nit �a partir de S O ( n ), le group e S pin ( n )

puis le group e S pin

c

( n ).

2.1.2. Structures absolues. Soit maintenant M une vari�et�e de dimension n (sans

m�etrique sp�eci��ee).

Definition 2.4 . Une S pin -structure rigide sur M est un morphisme de �br�es

vectoriels orient�es �

M

-



S pin

. Une S pin -structure (ou structure spinoriel le ) sur

M est une classe d'homotopie de S pin -structure rigides.

On notera S pin ( M ) l'ensemble des S pin -structures sur M , et S pin

r

( M ) l'ensemble

des S pin -structures rigides sur M .

Definition 2.5 . On d�e�nit similairement S pin

c

r

( M ) l'ensemble des S pin

c

-

structures rigides sur M , et S pin

c

( M ) l'ensemble des S pin

c

-structures (ou struc-

tures spinoriel les complexes ) sur M .
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Dans la suite, la lettre � d�esignera un homomorphisme de Bo ckstein asso ci� e � a

la suite exacte courte de co e�cients :

0

-

Z

� 2

-

Z

-

Z

2

-

0 :

On rapp elle maintenant les r�esultats concernant l'existence et le param�etrage de

ces structures spinorielles.

Proposition 2.6 . La vari�et�e M admet une S pin -structure si et seulement si

sa deuxi�eme classe de Stiefel-Whitney :

w

2

( M ) 2 H

2

( M ; Z

2

)

est nul le, auquel cas S pin ( M ) est un H

1

( M ; Z

2

) -espace a�ne.

La vari�et�e M admet une S pin

c

-structure si et seulement si la classe :

w ( M ) := � w

2

( M ) 2 H

3

( M )

est nul le, auquel cas S pin

c

( M ) est un H

2

( M ) -espace a�ne.

D

�

emonstration. Supp osons que �

M

G

-



S pin

c

est une S pin

c

-structure ri-

gide sur M . En comp osant G avec le morphisme canonique 

S pin

c

-



S O

, on

obtient un morphisme �

M

F

-



S O

. Au niveau des espaces bases, M

f

-

B S O

est une application classi�ante p our �

M

et M

g

-

B S pin

c

est alors un rel�evement

de f par B � . P ar construction de 

S pin

c

, la donn�ee d'une S pin

c

-structure rigide G

sur M �equivaut �a la donn�ee de ( F ; g ) o � u :

(1) �

M

F

-



S O

est un morphisme de �br�es vectoriels orient�es,

(2) g est un rel�evemen t de f par B � .

Ainsi, se donner une S pin

c

-structure sur M revien t � a se donner une classe d'homo-

topie d'un tel couple ( F ; g ).

Supp osons maintenant que F est �x�e . L'espace de morphismes de �br�es :

M ap

S O

( �

M

; 

S O

)

est connexe par arcs et contractile (voir par exemple [ Hu , Ch. 7, Prop. 3.3] et

[ Hu , Ch.7, Th. 3.4]). On p eut alors d�eduire de ces deux faits que se donner une

S pin

c

-structure sur M revient �a se donner un rel�evement g de f par B � , �a ho-

motopie pr�es de rel�evements. Cette observation tr�es utile nous invite �a appliquer

la th�eorie d'obstruction usuelle �a la �bration B S pin

c

B �

-

B S O . C'est une �bra-

tion principale de �bre B U (1) ' B K ( Z ; 1) ' K ( Z ; 2), et de classe caract�eristique

w := � w

2

2 H

3

( B S O ). L'�enonc�e de la prop osition dans le cas S pin

c

en d�ecoule.

Dans le cas S pin , la �bration est B S pin

B �

-

B S O : elle est principale de �bre

B Z

2

' K ( Z

2

; 1) et de classe caract�eristique w

2

2 H

2

( B S O ; Z

2

). �

Le lemme suivant nous assure que nos d�e�nitions num�erot�ees 2.4 et 2.5 s'ac-

corden t a vec les d�e�nitions plus communes des S pin -structures et des S pin

c

-struc-

tures.

Lemme 2.7 . Supposons que M est munie d'une m�etrique riemannienne. La

donn�ee d'une S pin -structure sur M est alors �equivalente �a une double donn�ee

( � ; H ) , �a isomorphisme pr�es, o � u � est un S pin ( n ) -�br�e principal de base M , et

o � u � = Z

2

H

-

F M est un isomorphisme de S O ( n ) -�br�es principaux.

De m^eme, se donner une S pin

c

-structure sur M �equivaut �a se donner un couple

( � ; H ) , � a isomorphisme pr�es, o �u � est un S pin

c

( n ) -�br�e principal de base M et o �u

� =U (1)

H

-

F M est un isomorphisme de S O ( n ) -�br�es principaux.
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D

�

emonstration. Int�eressons-nous par exemple au cas S pin

c

, le traitement

du cas S pin �etant formellemen t le m ^eme. Soit ( � ; H ) comme dans l'�enonc�e : mon-

trons que ce couple d�etermine une S pin

c

-structure rigide G sur M , en montrant

qu'il d�etermine une donn�ee �equivalente ( F ; g ), telle que d�ecrite dans la preuv e de

la Prop. 2.6. Choisissons un morphisme de S pin

c

( n )-�br�es �

-

!

S pin

c

( n )

qui,

comp os�e avec le morphisme canonique !

S pin

c

( n )

-

!

S pin

c

, donne un certain

�

~

G

-

!

S pin

c

. Ce

~

G induit un morphisme � =U (1)

-

!

S O

; en comp osan t a vec

H

� 1

, nous obtenons F M

~

F

-

!

S O

.

~

F induit alors un morphisme �

M

F

-



S O

.

On p ose g := ~g , induite par

~

G au niveau des espaces bases. Alors, l'assignation

( � ; H )

-

( F ; g ) � G induit la corresp ondance annonc�ee entre les deux d�e�nitions

de S pin

c

-structures. �

2.1.3. Structures relatives. Soit M une n -vari�et�e �a b ord . Ay ant convenu de sta-

biliser les �br�es vectoriels par la gauche et d'orienter les b ords avec la r�egle du

premier vecteur normal sortant, �

@ M

p eut ^etre identi�� e a vec �

M

j

@ M

, d'o �u des ap-

plications de restrictions :

S pin

r

( M )

r est

-

S pin

r

( @ M ) et : S pin

c

r

( M )

r est

-

S pin

c

r

( @ M ) :

Definition 2.8 . Pour s 2 S pin

r

( @ M ) �x �ee, une S pin -structure sur M relative

�a s est une classe d'homotopie rel @ M de S pin -structures rigides sur M �etendant

s ; on note S pin ( M ; s ) l'ensemble de ces structures relatives.

De m^eme, p our s 2 S pin

c

r

( @ M ) �x �ee, on d�e�nit l'ensemble S pin

c

( M ; s ) des S pin

c

-

structures sur M relatives �a s .

La th�eorie d'obstruction p eut ^etre appliqu�ee p our obtenir cet analogue relatif

de la Prop osition 2.6 :

Proposition 2.9 . Soit s 2 S pin

r

( @ M ) �x�ee. Alors, s peut ^etr e � etendue �a M

si et seulement si une certaine classe :

w

2

( M ; s ) 2 H

2

( M ; @ M ; Z

2

)

s'annule, auquel cas S pin ( M ; s ) est un H

1

( M ; @ M ; Z

2

) -espace a�ne. En outre, la

restriction de w

2

( M ; s ) �a M est �egale �a w

2

( M ) 2 H

2

( M ; Z

2

) .

De m^eme, pour s 2 S pin

c

r

( @ M ) �x�ee, s peut ^etr e � etendue �a M si et seulement si

une certaine classe :

w ( M ; s ) 2 H

3

( M ; @ M )

s'annule, auquel cas S pin

c

( M ; s ) est un H

2

( M ; @ M ) -espace a�ne. En outre, la

restriction de w ( M ; s ) �a M est w ( M ) = � w

2

( M ) 2 H

3

( M ) .

2.1.4. Inversion des orientations. Il existe une �eche :

S pin

c

r

( M )

�

-

S pin

c

r

( � M ) ;

induisant une application H

2

( M )-�equivariante :

S pin

c

( M )

�

-

S pin

c

( � M ) :

Elle consiste �a comp oser les structures rigides avec la r�eexion orthogonale de �

� M

vers �

M

dans la direction de la premi�ere stabilisation.

Supp osons maintenant @ M 6= ? et soit s 2 S pin

c

r

( @ M ). Faisons le choix d'une

section non-singuli�ere v de �

M

�etendan t le c hamp de vecteurs normal sortant sur

@ M (un tel v existe et est unique �a homotopie relativ e pr �es). En comp osan t a vec la

r�eection orthogonale de �

� M

vers �

M

dans la direction de v , on obtient une �eche

(ind�ep endante de v ) :

S pin

c

( M ; s )

�

-

S pin

c

( � M ; � s ) ;
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qui est H

2

( M ; @ M )-equivariante. Le cas des S pin -structures est analogue.

2.1.5. De S pin �a S pin

c

. Consid�erons le diagramme commutatif de group es :

S pin

�

-

S pin

c

@

@

@

@

@

�

R

S O

�

?

o � u la  �eche � est d�e�nie par � ( x ) = [( x; 1)]. Alors, B � = B � � B � au niveau des

espaces classi�ants. D'o �u un morphisme de �br�es : 

S pin

-



S pin

c

, d �e�ni de la

fa�con �evidente.

Si M est une vari�et�e, il existe alors une application S pin

r

( M )

-

S pin

c

r

( M ),

laquelle induit une application :

S pin ( M )

�

-

S pin

c

( M ) ;

qui est a�ne au-dessus de l'homomorphisme de Bo ckstein H

1

( M ; Z

2

)

�

-

H

2

( M ).

Si maintenant M est une vari�et�e de b ord non-vide et si s 2 S pin

r

( @ M ), on a une

application :

S pin ( M ; s )

�

-

S pin

c

( M ; � ( s )) ;

qui est a�ne au-dessus de l'homomorphisme de Bo ckstein H

1

( M ; @ M ; Z

2

)

�

-

H

2

( M ; @ M ).

2.1.6. Classes de Chern. Soit M une n -vari�et�e et soit � 2 S pin

c

( M ). Alors

du fait de l'homomorphisme de group es S pin

c

( n )

-

U (1) d�e�nie par : [( x; y )]

-

y

2

, la S pin

c

-structure � , prise comme dans le Lemme 2.7, d�etermine (�a

isomorphisme pr�es) un U (1)-�br�e principal : soit c ( � ) sa premi�ere classe de Chern.

Definition 2.10 . La classe c ( � ) 2 H

2

( M ) est app el�ee classe de Chern de la

S pin

c

-structure � . Si c ( � ) 2 T H

2

( M ), la S pin

c

-structure � est dite de torsion .

Remarque 2.11 . L'application classe de Chern S pin

c

( M )

c

-

H

2

( M ), est

a�ne au-dessus de l'application carr�e

3

H

2

( M )

-

H

2

( M ) d �e�nie par : x

-

x

2

.

Donc, � 2 S pin

c

( M ) provien t de S pin ( M ) par l'application � d�e�nie au x 2.1.5 si

et seulemen t si c ( � ) = 0.

2.2. Structures en dimension 3 . A partir de maintenant, nous traitons le

cas sp�eci�que de la dimension 3. Si M est une vari�et�e (compacte lisse orient�ee)

de dimension 3, alors w

2

( M ) est nulle. Donc, M admet des S pin -structures et des

S pin

c

-structures.

2.2.1. Groupes spinoriels en dimension 3 . Dans ce paragraphe, nous rapp elons

les isomorphismes S pin (3) ' S U (2) et S pin

c

(3) ' U (2) en faisant des op�erations

quaternioniques.

Soit donc H le corps des quaternions :

H = f q = a + b � i + c � j + d � k : a; b; c; d 2 R g

et notons R

3

le sous-espace des quaternions purs R

3

= R � i + R � j + R � k . Le group e

des quaternions unitaires : S

3

= f q = a + b � i + c � j + d � k : a

2

+ b

2

+ c

2

+ d

2

= 1 g

s'identi�e �a S U (2) par :

q = a + b:i + c:j + d:k

-

�

a + b:i � d + c:i

d + c:i a � b:i

�

:

3

On rapp elle que la notation multiplicativ e a � et�e adopt�ee p our les actions a�nes.
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On d�e�nit alors l'homorphisme S U (2)

�

-

S O (3), qui envoie un quaternion uni-

taire q sur la transformation :

R

3

� ( q )

-

R

3

h

-

q hq

� 1

:

� est un rev^etemen t � a deux feuilles de S O (3), on p eut donc p oser :

S pin (3) = S U (2) :

Gr^ace �a l'isomorphisme :

S U (2) � U (1)

Z

2

'

-

U (2)

envoyan t [( A; z )] sur z A , on p eut donc aussi p oser :

S pin

c

(3) = U (2) :

Remarque 2.12 . L'homomorphisme canonique S pin (3)

�

-

S pin

c

(3) (voir

x 2.1.5) corresp ond �a l'inclusion standard S U (2)

�

-

U (2). La suite exacte courte

mettant en jeu les group es U (1), S pin

c

(3) et S O (3) ( x 2.1.1) s'�ecrit :

1

-

U (1)

-

U (2)

�

-

S O (3)

-

1

o � u l'inclusion de U (1) dans U (2) consiste �a en voyer z sur

�

z 0

0 z

�

, et o � u � ( A ) =

�

�

1

p

det ( A )

� A

�

. En�n, l'homomorphisme canonique S pin

c

(3)

-

U (1) ( x 2.1.6)

est l'application d�eterminant U (2)

det

-

U (1).

Lemme 2.13 . Le diagramme suivant est commutatif :

S O (2)

'

-

U (1)

- -

U (2)

S O (3)

?

?

================== S O (3) :

�

?

Ici, S O (2) s'injecte dans S O (3) par A

-

(1) � A , et U (1) s'injecte dans U (2)

par : A

-

A � (1) .

D

�

emonstration. Soit z = e

i�

2 U (1) identi�� e a vec :

�

cos( � ) � sin( � )

sin( � ) cos( � )

�

2 S O (2) :

Si on envoie z dans U (2) puis dans S O (3), on obtient � ( A ) o � u :

A =

 

e

i

�

2

0

0 e

� i

�

2

!

2 S U (2) :

Mais, A s'identi�e au quaternion pur : q = cos( � = 2) + sin( � = 2) � i . On calcule alors

que :

q � ( bi + cj + dk ) � q

� 1

= bi + c cos( � ) j + d cos( � ) k + c sin( � ) k � d sin( � ) j:

Donc,

� ( A ) =

0

@

1 0 0

0 cos( � ) � sin( � )

0 sin( � ) cos( � )

1

A

:

�
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2.2.2. Structures relatives en dimension 3 . Nous avons intro duit plus haut les

S pin -structures rigides et les S pin

c

-structures rigides. Ces structures rigides ap-

paraissent naturellement avec la th�eorie d'homotopie, mais n'ont cep endant pas

d'existence l�egitime d'un p oint de vue g�eom�etrique. Ce manque de l�egitimit�e va

donc se ressentir aussi p our les structures relatives et les notions qui s'y r�ef�erent.

Dans ce paragraphe, nous corrigeons partiellement ce d�efaut en dimension 3, et

commen�cons par traiter le cas S pin

c

.

Th

�

eor

�

eme 2.14 . Soient M une 3 -vari�et� e de b ord non-vide et s

0

; s

1

2 S pin

r

( @ M )

repr�esentant la m^eme structure spinoriel le : [ s

0

] = [ s

1

] 2 S pin ( @ M ) . Alors, les

S pin

c

-structures rigides � ( s

i

) peuvent ^etr e � etendues �a la vari�et�e M et il existe une

bijection canonique :

S pin

c

( M ; � s

0

)

�

s

0

;s

1

-

S pin

c

( M ; � s

1

) ;

qui est H

2

( M ; @ M ) -�equivariante.

Definition 2.15 . Le Th�eor�eme 2.14 nous p ermet d'asso cier �a toute 3-vari�et�e

M de b ord non-vide et �a toute � 2 S pin ( @ M ), l'espace :

S pin

c

( M ; � )

des S pin

c

-structures sur M relatives �a la structure spinoriel le � . C'est un H

2

( M

; @ M )-espace a�ne.

Exemple 2.16 . Int�eressons-nous au cas particulier o � u @ M est une r�eunion

disjointe de tores. Le tore T

2

a une structure spinorielle pr�ef�er�ee : celle induite par

sa structure de group e de Lie, nous la noterons �

0

. Donc, @ M p oss�ede

_

[ �

0

comme

structure spinorielle pr�ef�er�ee. On v�eri�e que l'espace S pin

c

( M ;

_

[ �

0

) donn�e par la

D�e�nition 2.15 est en bijection canonique avec l'espace de S pin

c

-structures relatives

d�e�ni par Turaev dans [ T6 , x 1.2].

Preuve du Th

�

eor

�

eme 2.14. L'obstruction w

2

( M ; s

i

) 2 H

2

( M ; @ M ; Z

2

) p our

�etendre la S pin -structure rigide s

i

�a toute la vari�et�e M , v �eri�e :

� ( w

2

( M ; s

i

)) = w ( M ; � s

i

) 2 H

3

( M ; @ M ) ;

o � u w ( M ; � s

i

) est l'obstruction d�e�nie par la Prop osition 2.9. On en d�eduit que

w ( M ; � s

i

) est d'ordre au plus 2 et que donc elle s'annule.

On d�emontre maintenant la deuxi�eme assertion. Soit ( s

t

)

t 2 I

une homotopie

entre s

0

et s

1

: s

t

est un morphisme de �br�es �

@ M

-



S pin

. Elle d�e�nit une

S pin -structure rigide �

@ M � I

s

-



S pin

sur @ M � I en p osan t :

s j

( �

@ M � I

) j

@ M � t

:= s

t

;

o � u �

@ M � I

j

@ M � t

est identi�� e a vec �

@ M

. On d �e�nit alors l'application :

S pin

c

( M ; � s

0

)

�

s

-

S pin

c

( M ; � s

1

)

par la formule de recollement : �

s

([ u ]) = [ u [ � s ], o � u u est une S pin

c

-structure

rigide sur M �etendant � ( s

0

) (nous identi�ons ici M avec son \d�eb ordement" M [

( @ M � I )). Remarquons que �

s

est H

2

( M ; @ M )-�equivariante.

Pour prouver le th�eor�eme, il su�t de v�eri�er que si ( s

0

t

)

t 2 I

est une autre homotopie

entre s

0

et s

1

, alors �

s

= �

s

0

; on p osera alors �

s

0

;s

1

:= �

s

. L'image de l'application

S pin ( @ M � I ; ( � s

0

) � 0 [ s

1

� 1)

�

-

S pin

c

( @ M � I ; ( � � s

0

) � 0 [ ( � s

1

) � 1)

est un singleton, puisqu'elle est a�ne au-dessus de :

H

1

( @ M � I ; @ M � @ I ; Z

2

)

�

-

H

2

( @ M � I ; @ M � @ I )
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qui est triviale vu que son co domaine est isomorphe au group e H

1

( @ M ) libre de

torsion. On en d�eduit que que les S pin

c

-structures rigides � s et � s

0

sur @ M � I

sont homotop es rel @ M � @ I , et que donc �

s

= �

s

0

. �

Dans le cas S pin , les structures relatives que nous retiendrons in �ne , seront

les suivantes.

Definition 2.17 . Soient M une 3-vari�et�e de b ord non-vide et � 2 S pin ( @ M )

telle que w

2

( M ; � ) = 0 2 H

2

( M ; @ M ; Z

2

). Alors,

S pin ( M ; � ) := f � 2 S pin ( M ) : � j

@ M

= � g :

est app el�e l'espace des structures spinoriel les sur M relatives �a � .

Lemme 2.18 . Soient M une 3 -vari�et� e de b ord non-vide, � 2 S pin ( M ) tel le que

w

2

( M ; � ) = 0 et H

0

( @ M ; Z

2

)

�

�

-

H

1

( M ; @ M ; Z

2

) le connectant associ� e � a la p aire

( M ; @ M ) . A lors :

(1) S pin ( M ; � ) est un C ok er ( �

�

) -espace a�ne s'identi�ant canoniquement �a

S pin ( M ; s ) =I m ( �

�

) pour toute s 2 S pin

r

( @ M ) repr�esentant � ;

(2) en particulier, lorsque @ M est connexe, S pin ( M ; � ) est un H

1

( M ; @ M ; Z

2

) -

-espace a�ne s'identi�ant canoniquement �a S pin ( M ; s ) pour toute s 2

S pin

r

( @ M ) repr�esentant � ;

(3) en�n, il existe une application canonique :

S pin ( M ; � )

�

-

S pin

c

( M ; � ) ;

qui est a�ne au-dessus de C ok er ( �

�

)

�

-

H

2

( M ; @ M ) .

D

�

emonstration. De la suite exacte :

H

0

( @ M ; Z

2

)

�

�

-

H

1

( M ; @ M ; Z

2

)

i

�

-

H

1

( M ; Z

2

) ;

on d�eduit que C ok er ( �

�

) se plonge dans H

1

( M ; Z

2

). L'action a�ne de C ok er ( �

�

)

sur S pin ( M ; � ) est la restriction de celle de H

1

( M ; Z

2

) sur S pin ( M ). Ensuite,

l'application canonique S pin ( M ; s )

-

S pin ( M ) a p our image S pin ( M ; � ) et est

a�ne au-dessus de H

1

( M ; @ M ; Z

2

)

i

�

-

H

1

( M ; Z

2

). S pin ( M ; � ) s'identi�e donc

�a S pin ( M ; s ) mo dulo I m ( �

�

) = K er ( i

�

). Ceci prouve (1) et (2). En�n, par ce

diagramme commutatif :

H

0

( @ M ; Z

2

)

�

-

H

1

( @ M )

H

1

( M ; @ M ; Z

2

)

�

�

?

�

-

H

2

( M ; @ M )

�

�

?

et par le fait que H

1

( @ M ) est libre de torsion, on d�eduit que � ( I m ( �

�

)) = 0.

Ainsi, l'application canonique S pin ( M ; s )

�

-

S pin

c

( M ; � s ) ' S pin

c

( M ; � ), qui

est a�ne au dessus de H

1

( M ; @ M ; Z

2

)

�

-

H

2

( M ; @ M ), induit une application

�equivariante entre S pin ( M ; � ) et S pin

c

( M ; � ), prouvant ainsi (3). �

2.2.3. S pin

c

-structures comme champs de vecteurs : le cas ferm�e. Soit M une

vari�et�e ferm�ee de dimension 3. Turaev a d�ecrit dans [ T5 ] comment, en dimension

3, les S pin

c

-structures p ouvaien t ^ etre identi��ees avec certaines classes d'homotopie

de champs de vecteurs tangents �a la v ari�et�e M . Nous rapp elons ici cette corresp on-

dance.
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Definition 2.19 (Turaev, [ T4 ]) . Une structure d'Euler g�eom�etrique sur M est

un champ de vecteurs non-singulier sur M , � a homotopie �ep oint�ee pr�es. Pr�ecis�ement,

deux champs de vecteurs v et v

0

sont consid�er�es comme �equivalents, lorsqu'il existe

un p oint x de M tel que les restrictions de v et v

0

sur M n x sont homotop es parmi

les champs de vecteurs non-singuliers sur M n x . On note :

V ect ( M )

l'ensemble des structures d'Euler g�eom�etriques sur M .

Si une d�ecomp osition cellulaire de M est donn�ee, la relation d'homotopie �ep oin-

t�ee coincide avec la relation d'homotopie sur le 2-squelette de M . De la th�eorie

d'obstruction, on d�eduit que V ect ( M ) est non-vide (vu que � ( M ) = 0) et que

V ect ( M ) est un H

2

( M )-espace a�ne.

Lemme 2.20 (Turaev, [ T5 ]) . Il existe une bijection canonique et H

2

( M ) -�equiva-

riante :

V ect ( M )

h

M

'

-

S pin

c

( M ) :

D

�

emonstration. Soit v un champ de vecteurs non-singulier sur M . Munissons

M d'une m�etrique riemannienne. Remarquons tout d'ab ord que v d�etermine une

r�eduction de F M �a S O (2) p our cette injection S O (2)

�

-

S O (3) apparaissant dans

le Lemme 2.13 : cette r�eduction est F v

?

, le �br �e des rep�eres orthonorm�es directs

du �br�e vectoriel v

?

, lorsque celui-ci est orient�e avec la r�egle de la main droite

(v=p ouce droit). Alors, par l'homomorphisme S O (2)

-

U (2) du Lemme 2.13,

F v

?

de�nit un U (2)-�br�e principal � . D'apr�es ce m^eme lemme, ce U (2)-�br�e p eut-

^etre accompagn�e d'un isomorphisme de S O (3)-�br�es principaux � =U (1)

H

-

F M ,

et d�e�nit donc (d'apr�es le Lemme 2.7) une S pin

c

-structure sur M . Celle-ci ne

d�ep end que de la classe d'homotopie �ep oint�ee de v : ainsi est d�e�nie h

M

([ v ]).

De plus, on v�eri�e que l'assignation [ v ]

-

h

M

([ v ]) est H

2

( M )-�equivariante ; elle

est donc en particulier bijective. �

On d�e�nit une involution de V ect ( M ) en asso cian t � a toute structure d'Euler

g�eom�etrique � = [ v ] la structure �

� 1

:= [ � v ]. Nous rapp elons que nous avons

convenu de noter multiplicativement les actions a�nes.

Lemme 2.21 . Pour toute � 2 V ect ( M ) , nous avons :

c ( h

M

( � )) =

�

�

� 1

2 H

2

( M ) :

D

�

emonstration. Les applications V ect ( M )

-

H

2

( M ) qui sont d�e�nies

par �

-

� =�

� 1

et par �

-

c ( h

M

( � )), sont toutes deux a�nes au-dessus de

l'application carr�e (d'apr�es resp ectivemen t [ T4 , Th. 5.3.1] et la Remarque 2.11). Il

su�t donc de montrer l'implication suivante :

(2.2) ( c ( h

M

( � )) = 1 ) = )

�

� =�

� 1

= 1

�

:

Munissons M d'une m�etrique. D'apr�es la Remarque 2.12, la classe d'isomorphisme

de U (1)-�br�es principaux d�e�nis par la S pin

c

-structure h

M

( � ), admet F v

?

comme

repr�esentant, si bien que c ( h

M

( � )) = c

1

�

F v

?

�

. Donc, la classe c ( h

M

( � )) est l'obs-

truction p our trouver une section non-singuli�ere de T

M

transverse �a v . On en d �eduit

que l'assertion (2.2) est vraie. �

Dans cette derni�ere preuve, il appara^�t que l'image de S pin ( M ) dans S pin

c

( M )

corresp ond aux structures d'Euler � = [ v ] p our lesquelles il existe un champ de

vecteurs non-singulier transverse �a v . Pr �ecisons ce fait.
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Definition 2.22 . Nous noterons :

P ar al l ( M )

l'ensemble des parall�elisations de M , consid�er�ees �a homotopie �ep oint�ee pr�es.

Par paral l�elisation de M , nous entendons une trivialisation e = ( e

1

; e

2

; e

3

) du

�br� e v ectoriel orient�e T

M

. En dimension � 3, l'espace des trivialisations de T

M

sur

le 1-squelette de M , qui ont la propri�et� e de s' �etendre au 2-squelette, et consid�er�ees �a

homotopie pr�es, est par la th�eorie d'obstruction vide ou param�etr�e par H

1

( M ; Z

2

),

et p eut ^etre mis en corresp ondance canonique avec S pin ( M ) (v oir [ Ki , Chap. 4]).

Puisque �

2

( S O (3)) = 0, nous obtenons :

Lemme 2.23 . Il existe une bijection canonique et H

1

( M ; Z

2

) -�equivariante :

P ar al l ( M )

h

M

-

S pin ( M ) :

D

�

emonstration. La preuve est similaire �a celle du Lemme 2.20. Munissons

M d'une m�etrique riemannienne. Soit e une trivialisation de T

M

, ce e d�etermine

une r�eduction de F M au group e trivial 1

�

-

S U (2), et p ermet donc de construire

un S U (2)-�br�e principal � (trivial) ainsi qu'un isomorphisme de S O (3)-�br�es prin-

cipaux � = Z

2

H

-

F M . La S pin -structure corresp ondante (donn�ee par le Lemme

2.7) sur M ne d�ep end que de la classe d'homotopie �ep oint�ee de e , et est retenue

p our ^etre h

M

([ e ]). L'application ainsi construite P ar al l ( M )

-

S pin ( M ) est

H

1

( M ; Z

2

)-�equivariante, et est donc en particulier bijective. �

En p osant � ([ e ]) = [ e

1

], o � u e = ( e

1

; e

2

; e

3

) est une parall�elisation de M , on

d�e�nit une application :

P ar al l ( M )

�

-

V ect ( M ) :

Il d�ecoule alors directement des d�e�nitions que :

Lemme 2.24 . Le diagramme suivant est commutatif :

P ar al l ( M )

h

M

-

S pin ( M )

V ect ( M )

�

?

h

M

-

S pin

c

( M ) :

�

?

o � u S pin ( M )

�

-

S pin

c

( M ) a � et� e d �e�nie en 2.1.5.

2.2.4. S pin

c

-structures comme champs de vecteurs : le cas �a b ord . Nous sou-

haitons maintenan t d �e�nir des structures d'Euler g�eom�etriques p our les vari�et�es �a

b ord et donner ainsi une version relative du Lemme 2.20 mettant en jeu les S pin

c

-

structures relatives intro duites dans la D�e�nition 2.15.

D'une part, le pr�ec�edent paragraphe, plut^ot qu'� a la v ari�et�e ferm�ee M , � etait en

fait relatif �a son �br�e tangent T

M

, et v aut p our n'imp orte quel �br� e v ectoriel r�eel

orient�e de dimension 3. En particulier, si S est une surface ferm�ee, il s'applique au

�br�e tangen t de S stabilis�e une fois. On d�e�nit ainsi :

V ect ( S

st

) et P ar al l ( S

st

) ;

comme �etant resp ectivement l'ensemble des sections non-singuli�eres de �

1

� T

S

et

celui des trivialisations de ce �br� e v ectoriel orient�e, toutes �etant en cette dimen-

sion consid�er�ees �a homotopie pr�es sur S . La th�eorie d'obstruction nous dit qu'ils

sont resp ectivement des espaces a�nes au-dessus de H

2

( S ) et de H

1

( S ; Z

2

). Les
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analogues des lemmes num�erotes 2.20 et 2.23 assurent l'existence d'isomorphismes

a�nes :

V ect ( S

st

)

h

S

-

S pin

c

( S ) et : P ar al l ( S

st

)

h

S

-

S pin ( S ) :

En�n, l'analogue du Lemme 2.24 met en relation ces deux isomorphismes.

Exemple 2.25 . La section canonique v = (1 ; 0) de �

1

� T

S

d�e�nit une S pin

c

-

structure h

S

([ v ]) sur S , dont la classe de Chern est �egale �a la classe d'Euler e ( S )

de la surface S (puisqu'ici v

?

= T

S

� �

1

� T

S

p our une m�etrique pro duit).

D'autre part, on p eut parler de structures rigides p our n'imp orte quel typ e de

structures d�e�nies comme des classes d'homotopie d'applications. Il y a ainsi des

versions rigides de V ect ( N ) et de P ar al l ( N ), lorsque N = M p our une 3-vari�et�e

M ou lorsque N = S

st

p our une surface S . Ces versions rigides sont not�ees avec la

d�ecoration \r" en indice inf�erieur.

Ainsi, si M est une 3-vari�et� e de b ord non-vide et si v 2 V ect

r

(( @ M )

st

) est une

section non-singuli�ere de �

1

� T

@ M

= T

M

j

@ M

, on sait d�e�nir :

V ect ( M ; v )

l'espace des structures d'Euler g�eom�etriques sur M relatives �a v . Cet espace est

vide ou bien est un H

2

( M ; @ M )-espace a�ne. Le th�eor�eme suivant se prouve alors

comme le Th�eor�eme 2.14.

Th

�

eor

�

eme 2.26 . Soient M une 3 -vari�et� e � a b or d et e = ( e

1

; e

2

; e

3

) ; e

0

= ( e

0

1

; e

0

2

; e

0

3

)

2 P ar al l

r

( @ M

st

) des trivialisations de �

1

� T

@ M

, qu'on suppose homotopes. Alors,

les sections non-singuli�eres e

1

et e

0

1

de T

M

j

@ M

peuvent ^etre �etendues �a toute la

vari�et�e M , et il existe une bijection canonique :

V ect ( M ; e

1

)

�

e;e

0

-

V ect ( M ; e

0

1

) ;

qui est H

2

( M ; @ M ) -�equivariante.

Definition 2.27 . Le Th�eor�eme 2.26 nous p ermet donc d'asso cier �a toute 3-

vari�et�e M de b ord non-vide et �a toute � 2 P ar al l

�

( @ M )

st

�

, l'espace :

V ect ( M ; � )

des structures d'Euler g�eom�etriques sur M relatives �a � . C'est un H

2

( M ; @ M )-

espace a�ne.

D'o �u cette version relative du Lemme 2.20 qui se prouve de fa�con similaire :

Lemme 2.28 . Soit M une 3 -vari�et� e � a b ord et soit � 2 P ar al l (( @ M )

st

) . Il existe

alors une bijection canonique et H

2

( M ; @ M ) -�equivariante :

V ect ( M ; � )

-

S pin

c

( M ; h

@ M

( � )) :

2.2.5. Classes de Chern relatives. Nous donnons maintenant un analogue relatif

des classes de Chern de S pin

c

-structures (rapp el�ees au x 2.1.6).

Lemme 2.29 . Soient M une 3 -vari�et�e �a bord et � 2 S pin ( @ M ) . Il existe une

application canonique :

S pin

c

( M ; � )

c

-

H

2

( M ; @ M ) ;

qui est a�ne au-dessus de l'application carr�e

4

d�e�nie par x

-

x

2

.

Definition 2.30 . Pour � 2 S pin

c

( M ; � ), c ( � ) est app el�ee la classe de Chern

de la S pin

c

-structur e r elative � .

4

On rapp elle que la notation multiplicativ e a � et�e adopt�ee p our les actions a�nes.
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D

�

emonstration du Lemme 2.29. Soit � 2 P ar al l (( @ M )

st

) corresp ondan t � a

� par h

@ M

. Nous allons en fait d�e�nir une application V ect ( M ; � )

c

-

H

2

( M ; @ M )

(puis appliquer le Lemme 2.28).

Soit e = ( e

1

; e

2

; e

3

) une trivialisation de �

1

� T

@ M

repr�esentant � et soit � 2

V ect ( M ; e

1

) repr�esent�e par v : v est un champ de vecteurs non-singulier sur M dont

la restriction �a @ M co•�ncide avec e

1

. Le c hamp de vecteurs e

2

est une section non-

singuli�ere de T

M

transverse �a v d�e�nie sur @ M . On d �e�nit alors c ( � ) comme �etan t la

premi�ere obstruction p our �etendre e

2

�a une section de T

M

transverse �a v . On obtient

ainsi une application V ect ( M ; e

1

)

-

H

2

( M ; @ M ). Si e

0

est un autre repr�esentant

de � , l'application V ect ( M ; e

0

1

)

-

H

2

( M ; @ M ) obtenue similairement co•�ncide

avec la pr�ec�edente via l'isomorphisme �

e;e

0

du Th�eor�eme 2.26. On conclut �a la b onne

d�e�nition de l'application c .

Soit maintenant x 2 H

2

( M ; @ M ) et supp osons que son dual de Poincar�e

P

� 1

x 2 H

1

( M ) est repr�esent�e par le no eud lisse orient�e L � int ( M ). Alors, comme

dans le cas ferm�e, on montre que la structure d'Euler g�eom�etrique x � � est repr�esent�e

par un champ de vecteurs w obten u de v par turbulentisation de Reeb le long de

L (voir [ T4 , x 5.2] ou [ T8 , x 1.1]). Par un calcul direct d'obstruction dans la 3-

vari�et�e orient�ee M (pro�tant de la dualit� e de P oincar�e), on montre �a partir de cette

description concr�ete de w que c ([ w ]) = x

2

� c ([ v ]). �

Remarque 2.31 . Pour � 2 S pin

c

( M ; � ), sa classe de Chern c ( � ) s'annule si et

seulemen t si � provien t de S pin ( M ; � ).

Lemme 2.32 . Soit M

h

�

=

-

M

0

un di��eomorphisme entre 3 -vari�et�es �a b ord, et

soit �

0

2 S pin ( @ M

0

) . A lors,

8 �

0

2 S pin

c

( M

0

; �

0

) ; c ( h

�

( �

0

)) = h

�

( c ( �

0

) ) 2 H

2

( M ; @ M ) :

D

�

emonstration. Soit e

0

= ( e

0

1

; e

0

2

; e

0

3

) une trivialisation de �

1

� T

@ M

0

repr�e-

sentant �

0

et soit v

0

une section non-singuli�ere de T

M

0

repr�esentant �

0

et telle que

v

0

j

@ M

0

= e

0

1

. On note dh la di��erentielle de h . Alors, dh

� 1

( e

0

) repr�esente h

�

( �

0

) 2

S pin ( @ M ) et dh

� 1

( v

0

) repr�esente h

�

( �

0

) 2 S pin

c

( M ; h

�

( �

0

)) . Le lemme est donc

une instance de la naturalit�e des obstructions. �

On se prop ose maintenant de calculer mo dulo 2 ces classes de Chern rela-

tives. Rapp elons-nous que le group e de cob ordisme 


S pin

1

est isomorphe �a Z

2

, son

g�en�erateur �etant S

1

munie de la S pin -structure induite par sa structure de group e

de Lie (voir [ Ki , p. 35, 36]). Pour une surface ferm�ee S , Johnson d�ecrit dans [ J1 ]

une bijection canonique et naturelle :

S pin ( S )

q

'

-

Quad ( �

S

)

entre les structures spinorielles de S et les formes quadratiques asso ci�ees �a sa forme

d'intersection mo dulo 2. Pour � 2 S pin ( S ), la forme quadratique H

1

( S ; Z

2

)

q

�

-

Z

2

se d�e�nit comme suit. Si  est une courb e simple ferm�ee orient�ee sur S , on p ose

alors :

q

�

([  ]) = [(  ; � j



)] 2 


S pin

1

' Z

2

:

Lemme 2.33 . Soient M un 3 -vari�et� e �a b ord, � 2 S pin ( @ M ) et � 2 S pin

c

( M ; � ) .

Alors :

8 y 2 H

2

( M ; @ M ) ; < c ( � ) ; y > = q

�

( @

�

( y )) mod 2 ;

o � u < :; : > d�esigne l'�evaluation de Kronecker, et o �u H

2

( M ; @ M )

@

�

-

H

1

( @ M ) est

le connectant de la paire ( M ; @ M ) .
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D

�

emonstration. La r�eduction mo dulo 2 de c ( � ) v aut :

w

2

( M ; � ) 2 H

2

( M ; @ M ; Z

2

) ;

l'obstruction p our �etendre � �a toute la vari�et�e M . Soit � une surface connexe

immerg�ee dans M telle que @ � = @ M \ �, @ � n'a pas de singularit�e et � repr�esente

la r�eduction mo dulo 2 de y . Alors, < c ( � ) ; y > = < w

2

( M ; � ) ; y > mo d 2 est �egale

�a < w

2

(� ; � j

@ �

) ; [�] > mo dulo 2, donc est l'obstruction p our �etendre la S pin -

structure � j

@ �

�a toute la surface �. Puisque la surface � est connexe, cette derni�ere

est aussi la classe de ( @ � ; � j

@ �

) dans 


S pin

1

. Nous avons ainsi : < c ( � ) ; y > =

q

�

([ @ �]) = q

�

( @

�

( y )) mo dulo 2. �

Exemple 2.34 . Supp osons que M est une 3-vari�et�e de b ord une r�eunion dis-

jointe de tores. Notons �

0

2 P ar al l

�

( T

2

)

st

�

cette parall�elisation pr�ef�er�ee du tore

corresp ondan t � a sa S pin -structure pr�ef�er�ee �

0

(d�e�nie dans l'Exemple 2.16). Alors,

les structures d'Euler sur M relatives �a

_

[ �

0

, telles qu'intro duites dans la D�e�nition

2.27, corresp ondent aux structures d'Euler relatives d�e�nies par Turaev dans [ T4 ,

x 5.1] ou dans [ T8 , x 1.1]. En particulier, le Lemme 2.33 est une g�en�eralisation de

[ T8 , Lemme 1.3].

2.3. Recollement de structures. Comme annonc�e, nous prop osons mainte-

nant des techniques de recollement p our les S pin -structures et les S pin

c

-structures.

Dans tout ce paragraphe, nous nous donnons deux n -vari�et�es M

1

et M

2

de b ord

d�ecomp os� e :

@ M

i

= S

i

_

[ T

i

o � u S

i

6= ? . Nous consid�erons aussi un di��eomorphisme � S

2

f

-

S

1

, qui p ermet

de construire la n -vari�et� e :

M = M

1

[

f

M

2

;

de b ord (p eut-^etre vide) :

@ M = T

1

_

[ T

2

:

L'inclusion de M

i

dans M sera not�ee j

i

.

2.3.1. Recol lement de S pin

c

-structures.

Lemme 2.35 . Soient pour i = 1 ; 2 , des structures rigides s

i

_

[ t

i

2 S pin

c

r

( @ M

i

)

tel les que f

�

( s

1

) = � s

2

. On suppose aussi que les obstructions relatives w ( M

i

; s

i

_

[ t

i

)

sont nul les. Alors, l'obstruction w ( M ; t

1

_

[ t

2

) s'annule et il existe une application de

recol lement :

S pin

c

( M

1

; s

1

_

[ t

1

) � S pin

c

( M

2

; s

2

_

[ t

2

)

[

f

-

S pin

c

( M ; t

1

_

[ t

2

) ;

qui est a�ne au-dessus de :

H

2

( M

1

; @ M

1

) � H

2

( M

2

; @ M

2

)

-

H

2

( M ; @ M )

H

n � 2

( M

1

) � H

n � 2

( M

2

)

P

� 1

� P

� 1

?

j

1 ; �

� j

2 ; �

-

H

n � 2

( M )

P

6

o � u la lettre P symbolise un isomorphisme de dualit�e de Poincar�e.

D

�

emonstration. Soit �

i

2 S pin

c

( M

i

; s

i

_

[ t

i

) repr�esent�ee par la structure ri-

gide a

i

. Alors a

1

et a

2

p euvent ^etre recoll�ees gr^ace �a f : on obtient une S pin

c

-

structure rigide sur M dont la classe d'homotopie ne d�ep end pas des choix de a

1

et a

2

dans leurs classes d'homotopie resp ectives. On la note :

�

1

[

f

�

2

2 S pin

c

( M ; t

1

_

[ t

2

) :

Montrons que l'application [

f

, ainsi d�e�nie, est e�ectivement a�ne.
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Les vari�et�es M

1

et M

2

�etant lisses, elles sont en particulier triangulables : soient

C

1

et C

2

des triangulations de resp ectivement M

1

et M

2

, telles que C

1

j

S

1

et C

2

j

S

2

se corresp ondent par f . P our i = 1 ou 2, on note C

�

i

la d�ecomp osition cellulaire de

M

i

duale de C

i

.

On forme d'une part la r�eunion C des triangulations C

1

et C

2

: un simplex de C

est un simplex de C

i

, les simplex de S

1

�etant identi��es avec ceux de S

2

par f . On

constitue d'autre part le recol lement C

�

des d�ecomp ositions cellulaires C

�

1

et C

�

2

: une

cellule de C

�

est une cellule de C

�

i

qui ne touche pas S

i

, ou bien est le recollement

par f d'une cellule de C

�

1

avec une cellule de C

�

2

le long de faces contenues dans S

i

.

Alors, C est une triangulation de M et C

�

est sa d�ecomp osition cellulaire duale. La

premi�ere nous servira �a calculer la cohomologie et la seconde servira au calcul de

l'homologie.

Soient �

i

; �

0

i

2 S pin

c

( M

i

; s

i

_

[ t

i

) ( i = 1 ; 2), � := �

1

[

f

�

2

et �

0

:= �

0

1

[

f

�

0

2

. On

veut montrer cette �egalit� e :

(2.3) j

1 ; �

P

� 1

�

�

1

�

0

1

�

+ j

2 ; �

P

� 1

�

�

2

�

0

2

�

= P

� 1

�

�

�

0

�

2 H

n � 2

( M ) :

Soient a

i

; a

0

i

2 S pin

c

r

( M

i

) des repr�esentants resp ectifs de �

i

et �

0

i

qui co•�ncident sur

le 1-squelette de C

i

(ainsi que, bien s ^ur, sur @ M

i

). Nous avons �x�e un morphisme

de �br�es �

M

i

-



S O

, et, comme dans la preuve de la Prop osition 2.6, nous

identi�ons la structure rigide a

i

�a un rel�evement M

i

-

B S pin

c

de l'application

sous-jacente p our les espaces bases M

i

-

B S O . Alors �

i

=�

0

i

2 H

2

( M

i

; @ M

i

) est

la classe du 2-co cycle qui assigne �a c haque 2-cellule e

i

k

de C

i

en-dehors de @ M

i

, cet

�el�ement z

i

k

de �

2

( B U (1)) ' �

2

( K ( Z ; 2)) ' Z obtenu par recollement de a

i

j

e

i

k

et

a

0

i

j

e

i

k

le long de @ e

i

k

. Alors, P

� 1

( �

i

=�

0

i

) = [

P

k

z

i

k

� e

� ;i

k

] o � u e

� ;i

k

est la ( n � 2)-cellule

duale de e

i

k

.

De plus, a := a

1

[

f

a

2

et a

0

:= a

0

1

[

f

a

0

2

repr�esentent resp ectivement � et �

0

.

De fa�con similaire, en utilisant ces structures rigides, on p eut d�ecrire un 2-co cycle

repr�esentant �=�

0

. Ce 2-co cycle envoie chaque 2-cellule de C

1

[

f

C

2

contenue dans

S

1

= � S

2

sur 0 2 Z si bien que P

� 1

( �=�

0

) est repr�esent�e par

P

k

z

1

k

� e

� ; 1

k

+

P

k

z

2

k

�

e

� ; 2

k

. �

En dimension 3, nous travaillerons avec les S pin

c

-structures relatives �a des

structures spinorielles (telles qu'intro duites dans la D�e�nition 2.15). Voici le lemme

de recollement que nous pratiquerons p our les S pin

c

-structures :

Corollaire 2.36 . Supposons la dimension n �egale �a 3 . Soient pour i = 1 ; 2 ,

des structures spinoriel les �

i

_

[ �

i

2 S pin ( @ M

i

) tel les que f

�

( �

1

) = � �

2

. Il existe

alors une application de recol lement :

S pin

c

( M

1

; �

1

_

[ �

1

) � S pin

c

( M

2

; �

2

_

[ �

2

)

[

f

-

S pin

c

( M ; �

1

_

[ �

2

) ;

qui est a�ne au-dessus de :

H

2

( M

1

; @ M

1

) � H

2

( M

2

; @ M

2

)

-

H

2

( M ; @ M )

H

1

( M

1

) � H

1

( M

2

)

P

� 1

� P

� 1

?

j

1 ; �

� j

2 ; �

-

H

1

( M )

P

6

En outre, pour �

i

2 S pin

c

( M ; �

i

_

[ �

i

) ( i = 1 ; 2 ), l'�egalit�e suivante entre classes de

Chern est satisfaite :

P

� 1

c ( �

1

[

f

�

2

) = j

1 ; �

P

� 1

c ( �

1

) + j

2 ; �

P

� 1

c ( �

2

) 2 H

1

( M ) :
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D

�

emonstration. D'apr�es le Th. 2.14, les obstructions relatives s'annulent

dans ce contexte : la premi�ere assertion du corollaire est alors une application

directe du Lemme 2.35 et de la d�e�nition des S pin

c

-structures relatives �a des S pin -

structures. La deuxi�eme assertion est encore un calcul de recollement d'obstructions

sur des vari�et�es orient�ees (pro�tant de la dualit� e de P oincar�e) : la preuve est similaire

�a celle du Lemme 2.35. �

2.3.2. Recol lement de S pin -structures. Le lemme suivant se prouve comme le

Lemme 2.35.

Lemme 2.37 . Soient pour i = 1 ; 2 , des structures rigides s

i

_

[ t

i

2 S pin

r

( @ M

i

)

tel les que f

�

( s

1

) = � s

2

. On suppose aussi que les obstructions relatives w

2

( M

i

; s

i

_

[ t

i

)

2 H

2

( M

i

; @ M

i

; Z

2

) sont nul les. Alors, l'obstruction w

2

( M ; t

1

_

[ t

2

) s'annule et il

existe une application de recol lement :

S pin ( M

1

; s

1

_

[ t

1

) � S pin ( M

2

; s

2

_

[ t

2

)

[

f

-

S pin ( M ; t

1

_

[ t

2

) ;

qui est a�ne au-dessus de :

H

1

( M

1

; @ M

1

; Z

2

) � H

1

( M

2

; @ M

2

; Z

2

)

-

H

1

( M ; @ M ; Z

2

)

H

n � 1

( M

1

; Z

2

) � H

n � 1

( M

2

; Z

2

)

P

� 1

� P

� 1

?

j

1 ; �

� j

2 ; �

-

H

n � 1

( M ; Z

2

) :

P

6

En pratique, nous travaillerons en dimension 3 avec les S pin -structures relatives

intro duites dans la D�e�nition 2.17.

Corollaire 2.38 . Supposons la dimension n �egale �a 3 et que le lieu de recol-

lement S

1

�

=

( � S

2

) est connexe . Soient pour i = 1 ; 2 , des structures spinoriel les

�

i

_

[ �

i

2 S pin ( @ M

i

) tel les que f

�

( �

1

) = � �

2

et tel les que les obstructions relatives

w

2

( M

i

; �

i

_

[ �

i

) s'annulent. Il existe alors une unique application de recol lement :

S pin ( M

1

; �

1

_

[ �

1

) � S pin ( M

2

; �

2

_

[ �

2

)

[

f

-

S pin ( M ; �

1

_

[ �

2

) ;

tel le que, si �

i

2 S pin ( M

i

; �

i

_

[ �

i

) et si S pin ( M )

j

�

i

-

S pin ( M

i

) d�esigne l'applica-

tion de restriction, alors :

8 i 2 f 1 ; 2 g ; j

�

i

( �

1

[

f

�

2

) = �

i

2 S pin ( M

i

) :

De plus, ce diagramme est commutatif :

S pin ( M

1

; �

1

_

[ �

1

) � S pin ( M

2

; �

2

_

[ �

2

)

[

f

-

S pin ( M ; �

1

_

[ �

2

)

S pin

c

( M

1

; �

1

_

[ �

1

) � S pin

c

( M

2

; �

2

_

[ �

2

)

� � �

?

[

f

-

S pin

c

( M ; �

1

_

[ �

2

) :

�

?

D

�

emonstration. Soient �

1

2 S pin ( M

1

; �

1

_

[ �

1

) et �

2

2 S pin ( M

2

; �

2

_

[ �

2

).

On choisit a

i

2 S pin

r

( M

i

) repr�esentant �

i

( i = 1 ; 2). Par hyp oth�ese, f

�

( a

1

j

S

1

)

est homotop e �a � a

2

j

S

2

. Quitte �a homotop er a

2

dans sa classe �

2

, on p eut donc

supp oser l'�egalit�e de structures rigides f

�

( a

1

j

S

1

) = � a

2

j

S

2

, et construire gr^ace au

Lemme 2.37 la structure :

[ a

1

] [

f

[ a

2

] 2 S pin ( M ; ( a

1

j

T

1

)

_

[ ( a

2

j

T

2

)) ;

induisant une certaine structure � 2 S pin ( M ; �

1

_

[ �

2

). Notons que, par construction,

� 2 S pin ( M ) satisfait j

�

i

( � ) = �

i

2 S pin ( M

i

).



3. RAFFINEMENTS SPINORIELS DE LA TH

�

EORIE DE GOUSSAROV-HABIRO 33

D'autres choix de structures rigides a

0

i

2 S pin

r

( M

i

) repr�esentant �

i

( i = 1 ; 2)

conduiront par ce pro c�ed� e � a une structure spinorielle �

0

2 S pin ( M ; �

1

_

[ �

2

) v �eri�ant

elle-aussi j

�

i

( �

0

) = �

i

. Or, l'application de restrictions :

S pin ( M )

( j

�

1

; j

�

2

)

-

S pin ( M

1

) � S pin ( M

2

) ;

est injective car elle est a�ne au-dessus de :

H

1

( M ; Z

2

)

( j

�

1

; j

�

2

)

-

H

1

( M

1

; Z

2

) � H

1

( M

2

; Z

2

)

qui est elle-m^eme injective puisque S

1

�

=

� S

2

est connexe. D'o �u, �

0

= � ce qui nous

autorise �a p oser �

1

[

f

�

2

:= � . �

3. Ra�nements spinoriels de la th�eorie de Goussarov-Habiro

Gr^ace aux techniques de recollement de structures intro duites dans la section

pr�ec�edente, nous allons p ouvoir ra�ner la th�eorie de Goussarov-Habiro.

Conventions 3.1 . De nouveau, nous nous restreignons aux 3-vari�et�es, que

nous supp oserons lisses compactes orient�ees et �eventuellemen t � a b ord.

3.1. Twists. On se place dans la situation de recollemen t � etudi�ee au x 2.3. On

consid�ere donc deux 3-vari�et�es M

1

et M

2

de b ord d�ecomp os� e : @ M

i

= S

i

_

[ T

i

, o � u

S

i

6= ? et o �u T

i

est �eventuellement vide. Nous consid�erons aussi un di��eomorphisme

p ositif � S

2

f

-

S

1

, qui nous p ermet de former la 3-vari�et� e :

M = M

1

[

f

M

2

;

de b ord @ M = T

1

_

[ T

2

, p eut-^etre vide. L'inclusion de M

i

dans M est de nouveau

not�ee j

i

. On suppose que le lieu de recol lement S

1

�

=

� S

2

est connexe .

La 3-vari�et�e M p eut ^etre mo di��ee en la twistant le long de la surface plong�ee

S

2

par un �el�emen t de :

T ( S

2

) =

n

S

2

h

�

=

-

S

2

: h agit trivialement en homologie

o

isotopie

;

group e de Torelli de la surface S

2

. Pr �ecis�ement, la 3 -vari�et�e obtenue en twistant M

le long de la surface S

2

par h 2 T ( S

2

) est d�e�nie par :

(3.1) M

0

= M

1

[

f � h

M

2

:

Notons que @ M

0

s'identi�e canoniquemen t � a @ M : @ M

0

= T

1

_

[ T

2

: Nous noterons

M

i

�

j

0

i

-

M

0

l'inclusion de M

i

dans M

0

d�e�nie par (3.1). Par un argumen t du t yp e

Mayer-Vietoris, il exite un isomorphisme d'homologie :

H

1

( M )

�

-

H

1

( M

0

)

d�e�ni sans ambigu•�t�e par ce diagramme :

H

1

( M )

�

�

�

�

�

j

1 ; �

� I@

@

@

@

@

j

2 ; �

H

1

( M

1

) H

1

( M

2

)

@

@

@

@

@

j

0

1 ; �

R 	�

�

�

�

�

j

0

2 ; �

H

1

( M

0

)

' �

?
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La prop osition suivante a�rme qu'un tel twist s'accompagne d'une corresp ondance

canonique entre les S pin

c

-structures de la vari�et�e initiale et celles de la vari�et�e

r�esultante.

Proposition 3.2 . a) Si @ M = ? , il existe alors une bijection canonique :

S pin

c

( M )




'

-

S pin

c

( M

0

) ;

a�ne au-dessus de H

2

( M )

P � P

� 1

-

H

2

( M

0

) et tel le que ce diagramme commute :

S pin

c

( M )




-

S pin

c

( M

0

)

H

2

( M )

c

?

P � P

� 1

-

H

2

( M

0

) :

c

?

b) Si @ M 6= ? , et si  2 S pin ( @ M ) correspond �a 

0

2 S pin ( @ M

0

) , il existe alors

une bijection canonique :

S pin

c

( M ;  )




'

-

S pin

c

( M

0

; 

0

)

a�ne au-dessus de H

2

( M ; @ M )

P � P

� 1

'

-

H

2

( M

0

; @ M

0

) et tel le que ce diagramme

commute :

S pin

c

( M ;  )




-

S pin

c

( M

0

; 

0

)

H

2

( M ; @ M )

c

?

P � P

� 1

-

H

2

( M

0

; @ M

0

) :

c

?

D

�

emonstration. Nous ne d�emontrons la prop osition que dans le cas ferm�e,

la preuve dans le cas �a b ord �etant en tous p oints similaire.

Pour � 2 S pin

c

( M ), 
( � ) se d�e�nit comme suit. Choisissons une structure

spinorielle �

2

sur S

2

et notons aussi �

1

= f

�

( � �

2

) 2 S pin ( S

1

). Comme h in-

duit l'identit�e au niveau de H

1

( S

2

; Z

2

), h agit trivialement

5

sur S pin ( S

2

) : donc

( f h )

�

( � �

2

) = �

1

. D'apr�es le Corollaire 2.36, nous disp osons donc de deux applica-

tions de recollemen t :

S pin

c

( M

1

; �

1

) � S pin

c

( M

2

; �

2

)

[

f

-

S pin

c

( M ) ;

et : S pin

c

( M

1

; �

1

) � S pin

c

( M

2

; �

2

)

[

f � h

-

S pin

c

( M

0

) ;

qui sont resp ectivement a�nes, via les dualit�es de Poincar�e, au-dessus de j

1 ; �

� j

2 ; �

et j

0

1 ; �

� j

0

2 ; �

. Puisque S

2

est connexe, l'application [

f

est surjective. Choisissons

�

1

2 S pin

c

( M

1

; �

1

) et �

2

2 S pin

c

( M

2

; �

2

), telles que � = �

1

[

f

�

2

. On d�e�nit

alors :

�

0

= �

1

[

f h

�

2

2 S pin

c

( M

0

) :

5

Ceci d�ecoule par exemple de la bijection naturelle entre S pin ( S

2

) et Quad

�

�

S

2

�

, telle que

rapp el�ee au x 2.2.5.
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et nous p osons 
( � ) := �

0

2 S pin

c

( M

0

).

V�eri�ons maintenant que la pro c�edure pr�ec�edente d�e�nit sans �equivo que 
( � ).

Envisageons d'autres choix ~�

2

, ~ �

1

et ~�

2

de resp ectivement �

2

, �

1

et �

2

, conduisant

�a ~�

0

= ~ �

1

[

f h

~�

2

; nous pr�etendons que �

0

= ~ �

0

.

Pla�cons-nous d'ab ord dans ce cas particulier o � u ~�

2

= �

2

2 S pin ( S

2

). Alors,

comme �

1

[

f

�

2

= � = ~ �

1

[

f

~�

2

, on a :

j

1 ; �

P

� 1

�

�

1

~�

1

�

+ j

2 ; �

P

� 1

�

�

2

~�

2

�

= P

� 1

�

�

�

�

= 0 2 H

1

( M ) :

En appliquan t � � a cette derni�ere �egalit�e, on obtient cette identit� e :

j

0

1 ; �

P

� 1

�

�

1

~�

1

�

+ j

0

2 ; �

P

� 1

�

�

2

~�

2

�

= 0 2 H

1

( M

0

) ;

dont le terme de gauche �egale P

� 1

( �

0

= ~�

0

) vu que �

0

= �

1

[

f h

�

2

et que ~�

0

=

~�

1

[

f h

~�

2

. On en d �eduit que �

0

= ~ �

0

.

Traitons maintenant le cas g�en�eral. Pio chons une structure s

2

2 S pin

r

( S

2

)

dans la classe �

2

et soit s

1

= f

�

( � s

2

) 2 S pin

r

( S

1

), qui donc repr�esente �

1

. Soient

aussi p our i = 1 et 2, une structure a

i

2 S pin

c

r

( M

i

) repr�esentant �

i

et telle que

a

i

j

S

i

= � ( s

i

). Alors :

(3.2) � = [ a

1

[

f

a

2

] 2 S pin

c

( M ) ;

o � u [

f

d�esigne ici la version rigide de l'application de recollement (celle du Lemme

2.35). Soit aussi une homotopie entre h

�

( s

2

) et s

2

induisant une S pin -structure

rigide not�ee U 2 S pin

r

( S

2

� I ). Alors,

(3.3) �

0

= [ a

1

[

f h

( � ( U ) [ a

2

) ] 2 S pin

c

( M

0

) :

Soit ~s

2

2 S pin

r

( S

2

) repr�esentan t ~ �

2

; on p ose alors ~s

1

= f

�

( � ~s

2

) 2 S pin

r

( S

1

) :

elle repr�esente ~�

1

:= f

�

( � ~�

2

) 2 S pin ( S

1

). Quoique �

2

et ~�

2

puissen t ^ etre di��erentes,

on a toujours : � ( �

2

) = � ( ~ �

2

) 2 S pin

c

( S

2

). Il existe donc une homotopie entre � ( ~ s

2

)

et � ( s

2

) induisant une S pin

c

-structure rigide not�ee H 2 S pin

c

r

( S

2

� I ). Alors,

f

�

( � H ) 2 S pin

c

r

( S

1

� I ) est une homotopie entre � ( s

1

) et � ( ~ s

1

). Maintenant, la

S pin

c

-structure rigide sur M :

( a

1

[ f

�

( � H )) [

f

( H [ a

2

)

p eut ^etre homotop�ee dans M , gr^ace au double collier de j

2

( S

2

), �a a

1

[

f

a

2

. L'ap-

plication de recollemen t :

S pin

c

( M

1

; ~�

1

) � S pin

c

( M

2

; ~�

2

)

[

f

-

S pin

c

( M ) ;

envoie donc, d'apr�es (3.2), le couple ([ a

1

[ f

�

( � H )] ; [ H [ a

2

] ) sur � . D'apr�es l'�etude

du cas particulier pr�ec�edent, quelqu'aien t pu ^ etre les choix de ~�

1

et ~�

2

, on a donc :

~�

0

= [ a

1

[ f

�

( � H )] [

f h

[ H [ a

2

] :

Ainsi, p our une homotopie entre h

�

( ~ s

2

) et ~s

2

induisant V 2 S pin

r

( S

2

� I ), nous

obtenons :

(3.4) ~�

0

= [( a

1

[ f

�

( � H )) [

f h

( � ( V ) [ H [ a

2

)] :

De m^eme que pr�ecedemment p our M , la S pin

c

-structure rigide sur M

0

:

( a

1

[ f

�

( � H )) [

f h

( h

�

( H ) [ � ( U ) [ a

2

)

p eut-^etre homotop�ee dans M

0

, gr^ace au double collier de j

0

2

( S

2

), �a a

1

[

f h

( � ( U ) [ a

2

).

D'apr�es (3.3), nous avons donc :

(3.5) �

0

= [( a

1

[ f

�

( � H )) [

f h

( h

�

( H ) [ � ( U ) [ a

2

) ] :
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D'apr�es (3.4) et (3.5), p our prouver que ~�

0

= �

0

, il nous su�t de montrer cette

�egalit� e de S pin

c

-structures relatives �a des structures spinorielles :

(3.6) [ � ( V ) [ H ] = [ h

�

( H ) [ � ( U )] 2 S pin

c

( S

2

� I ; ~�

2

_

[ ( � �

2

)) :

Puisque H

2

( S

2

� I ; @ ( S

2

� I )) n'a pas de 2-torsion, ces S pin

c

-structures relatives

son t d �etermin�ees par leurs classes de Chern relatives. Ayan t :

c ([ � ( U )] ) = 0 et : c ([ � ( V )]) = 0 ;

d'apr�es la Remarque 2.31, et le Lemme 2.32 impliquan t : c ([ h

�

( H )]) = h

�

( c ([ H ])) =

c ([ H ]), l'�egalit�e (3.6) est satisfaite d'apr�es la derni�ere assertion du Corollaire 2.36.

On conclut donc �a la b onne d�e�nition de l'application 
.

On v�eri�e maintenant que l'application 
 est a�ne. Soient p our cela � 2

S pin

c

( M ) et x 2 H

1

( M ). Ayant choisie une S pin -structure �

2

sur S

2

et notant

�

1

= f

�

( � �

2

), on �ecrit � sous la forme :

� = �

1

[

f

�

2

2 S pin

c

( M ) ;

o � u �

i

2 S pin

c

( M

;

�

i

). On p eut aussi �ecrire x sous la forme x = j

1 ; �

( x

1

) + j

2 ; �

( x

2

)

o � u x

i

2 H

1

( M

i

). Alors, P ( x ) � � = ( P ( x

1

) � �

1

) [

f

( P ( x

2

) � �

2

) , d'o � u :


 ( P ( x ) � � ) = ( P ( x

1

) � �

1

) [

f h

( P ( x

2

) � �

2

)

= P

�

j

0

1 ; �

( x

1

) + j

0

2 ; �

( x

2

)

�

� ( �

1

[

f h

�

2

)

= P ( � j

1 ; �

( x

1

) + � j

2 ; �

( x

2

)) � 
( � )

= P �( x ) � 
( � ) :

En�n, avec ces m^emes notations :

P

� 1

c (
( � )) = P

� 1

c ( �

1

[

f h

�

2

)

= j

0

1 ; �

�

P

� 1

c ( �

1

)

�

+ j

0

2 ; �

�

P

� 1

c ( �

2

)

�

= �

�

j

1 ; �

�

P

� 1

c ( �

1

)

�

+ j

2 ; �

�

P

� 1

c ( �

2

)

��

= �

�

P

� 1

( c ( � ))

�

2 H

1

( M

0

) :

�

Passons maintenant aux structures spinorielles. Les �evaluations de Kronecker

p ermettent les identi�cations :

H

1

( M ; Z

2

) ' H om ( H

1

( M ) ; Z

2

) et : H

1

( M

0

; Z

2

) ' H om ( H

1

( M

0

) ; Z

2

) ;

si bien que H om (� ; Z

2

) d �e�nit un isomorphisme :

H

1

( M

0

; Z

2

)

�

(2)

-

H

1

( M ; Z

2

) :

Proposition 3.3 . Il existe alors une bijection canonique :

S pin ( M )

�

'

-

S pin ( M

0

)

qui est a�ne au-dessus de H

1

( M ; Z

2

)

(

�

(2)

)

� 1

-

H

1

( M

0

; Z

2

) . En outr e :

a) si @ M = ? , le diagramme suivant commute :

S pin ( M )

�

'

-

S pin ( M

0

)

S pin

c

( M )

�

?

'




-

S pin

c

( M

0

);

�

?
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b) si @ M 6= ? et si  2 S pin ( @ M ) est tel le que w

2

( M ;  ) = 0 et correspond

�a 

0

2 S pin ( @ M

0

) , alors w

2

( M

0

; 

0

) = 0 , � ( S pin ( M ;  )) = S pin ( M

0

; 

0

) et le

diagramme suivant commute :

S pin ( M ;  )

� j

'

-

S pin ( M

0

; 

0

)

S pin

c

( M ;  )

�

?

'




-

S pin

c

( M

0

; 

0

) :

�

?

D

�

emonstration. Supp osons @ M non-vide : la preuve dans le cas @ M = ? ,

par ailleurs plus courte, s'en d�eduit ais�ement.

Soient  2 S pin ( @ M ) telle que w

2

( M ;  ) = 0 et � 2 S pin ( M ;  ). On note

�

i

2 S pin ( S

i

), �

i

2 S pin ( T

i

) et �

i

2 S pin ( M

i

; �

i

_

[ �

i

) les restrictions de � ( i = 1 ; 2).

D'apr�es le Corollaire 2.38, nous avons donc :

(3.7) � = �

1

[

f

�

2

2 S pin ( M ;  ) :

Comme h agit trivialement en homologie, ( f h )

�

( � �

2

) = �

1

. On p eut donc p oser :

(3.8) �

0

= �

1

[

f h

�

2

2 S pin ( M

0

; 

0

) :

et d�e�nir �( � ) := �

0

. Le fait que � ( �( � )) = 
 ( � ( � )) d�ecoule de (3.7), (3.8), de la

d�e�nition de l'application 
 et de la derni�ere assertion du Corollaire 2.38.

Montrons que � est a�ne. Soit y 2 H

1

( M ; Z

2

). Puisque j

�

i

( y � � ) = j

�

i

( y ) � �

i

2

S pin ( M

i

) ( i = 1 ; 2), nous avons :

�( y � � ) = ( j

�

1

( y ) � �

1

) [

f h

( j

�

2

( y ) � �

2

)

= P

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

� ( �

1

[

f h

�

2

)

= P

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

� �( � ) 2 S pin ( M

0

) :

Il su�t donc de montrer que P

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

= (�

(2)

)

� 1

( y ) 2

H

1

( M

0

; Z

2

). Or, p our tout x 2 H

1

( M ) tel que x = j

1 ; �

( x

1

) + j

2 ; �

( x

2

) o � u x

i

2

H

1

( M

i

), nous avons :

< �

(2)

P

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

; x >

= < P

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

; �( x ) >

= < P

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

; j

0

1 ; �

( x

1

) + j

0

2 ; �

( x

2

) >

=

�

j

0

1 ; �

P

� 1

j

�

1

( y ) + j

0

2 ; �

P

� 1

j

�

2

( y )

�

�

M

0

�

j

0

1 ; �

( x

1

) + j

0

2 ; �

( x

2

)

�

=

�

P

� 1

j

�

1

( y )

�

�

M

1

x

1

+

�

P

� 1

j

�

2

( y )

�

�

M

2

x

2

= < j

�

1

( y ) ; x

1

> + < j

�

2

( y ) ; x

2

>

= < y ; j

1 ; �

( x

1

) + j

2 ; �

( x

2

) >

= < y ; x >

ce qui conclut la preuve de la prop osition. �

Remarque 3.4 . Dans le cas o �u @ M = ? , on d �eduit des prop ositions num�erot�ees

3.2 et 3.3 que le diagramme suivant commute :

H

1

( M ; Z

2

)

�

�

(2)

H

1

( M

0

; Z

2

)

H

2

( M )

�

?

P � P

� 1

-

H

2

( M

0

)

�

?
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ce qui p eut se v�eri�er directement. En e�et, notons H

1

( M ; Z

2

)

D

-

T

2

H

1

( M ) la

comp os�ee P

� 1

� �a v aleur dans le sous-group e de 2-torsion de H

1

( M ). L'homomor-

phisme D est caract�eris�e par la propri�et�e suivante :

8 y 2 H

1

( M ; Z

2

) ; 8 x 2 T H

1

( M ) ; �

M

( D ( y ) ; x ) =

1

2

� < y ; x >;

o � u �

M

d�esigne la forme d'enlacemen t de M et o �u

1

2

� est l'inclusion usuelle de Z

2

dans Q = Z . L'isomorphisme �, restreint aux sous-group es de torsion, v�eri�e : �

M

0

�

(� j 
 � j ) = �

M

. Prenons y 2 H

1

( M

0

; Z

2

). On a alors p our tout y

0

2 H

1

( M

0

; Z

2

)

et p our tout x

0

2 T H

1

( M

0

) :

�

M

0

�

� D �

(2)

( y

0

) ; x

0

�

= �

M

�

D �

(2)

( y

0

) ; �

� 1

( x

0

)

�

=

1

2

< �

(2)

( y

0

) ; �

� 1

( x

0

) >

=

1

2

< y

0

; x

0

>

= �

M

0

( D ( y

0

) ; x

0

)

d'o � u : � D �

(2)

= D , ce qui d�emontre la commutativit� e du pr �ec�edent diagramme.

3.2. Calcul de clovers spinoriel. Nous sommes maintenant en mesure de

montrer que les chirurgies le long de clovers font sens p our les vari�et�es munies de

S pin -structures ou de S pin

c

-structures.

3.2.1. Y

k

-chirurgies spinoriel les complexes. Soient une 3-vari�et�e M et un clo-

ver G dans M . On autorise M �a a voir du b ord, auquel cas nous �xons une S pin -

structure � sur @ M et nous notons encore � 2 S pin ( @ M

G

) la structure corresp on-

dante par l'identi�cation canonique @ M

�

=

@ M

G

.

Lemme 3.5 . La chirurgie le long de G induit une bijection canonique :

S pin

c

( M )




G

'

-

S pin

c

( M

G

) ou : S pin

c

( M ; � )




G

'

-

S pin

c

( M

G

; � ) ;

suivant que M est ferm�ee ou �a b ord. Cette correspondance est not�ee : �

-

�

G

.

En outre, l'application 


G

est a�ne au-dessus de P �

G

P

� 1

, o � u �

G

est l'isomor-

phisme d'homologie qui est d�e�ni sans �equivoque par le diagramme commutatif sui-

vant :

H

1

( M )

�

�

�

�

�

k

�

�

�

H

1

( M n N ( G ))

@

@

@

@

@

k

0

�

R

R

H

1

( M

G

) :

' �

G

?

Ici, N ( G ) d�esigne un voisinage r�egulier de G dans M , M n N ( G )

�

k

-

M et

M n N ( G )

�

k

0

-

M

G

sont les inclusions.

Definition 3.6 . La S pin

c

-vari�et�e ( M

G

; �

G

) est dite obtenue de ( M ; � ) par

Y

k

-chirurgie spinoriel le complexe , ou Y

c

k

-chirurgie , le long de G .

On app elle Y

k

-�equivalence spinoriel le complexe , ou Y

c

k

-�equivalence , la relation d'�equi-

valence au sein des S pin

c

-vari�et�es de dimension 3, engendr�ee par les Y

c

k

-chirurgies

et les S pin

c

-di��eomorphismes.
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D

�

emonstration du Lemme 3.5. Tout d'ab ord, nous envisageons le cas o � u

G est un Y -graphe. Nous �xons un plongement p ositif H

3

�

j

-

M d'image un

voisinage r�egulier N ( G ) de G dans M . D'apr�es la Remarque 1.5, il existe un auto-

morphisme h de �

3

= @ H

3

qui a la propri�et�e d'agir trivialement en homologie et

d'^etre tel qu'il existe un di��eomorphisme :

M

G

= M n int ( N ( G )) [

j j

@

( H

3

)

L

f

�

=

-

M n int ( N ( G )) [

j j

@

� h

H

3

;

qui est l'identit�e sur M n int ( N ( G )) . Il y a donc une bijection :

S pin

c

( M

G

)

f

�

'

-

S pin

c

�

M n int ( N ( G )) [

j j

@

� h

H

3

�

:

D'apr�es la Prop. 3.2, il y a aussi une bijection canonique :

S pin

c

( M )




'

-

S pin

c

�

M n int ( N ( G )) [

j j

@

� h

H

3

�

:

Nous p osons alors 


G

= f

� 1

�


. Nous devons v�eri�er que l'application 


G

ne d�ep end

pas des di��erents choix interm�ediaires.

Nous v�eri�ons l'ind�ep endance en la paire ( h; f ) v �eri�ant la propri�et� e � enonc�ee

plus haut. Soit ( h

0

; f

0

) un autre choix, il s'agit de prouver que le diagramme suivant

commute :

S pin

c

�

M n int ( N ( G )) [

j j

@

� h

H

3

�

�

�

�

�

�




�

S pin

c

( M )

@

@

@

@

@




0

R

S pin

c

�

M n int ( N ( G )) [

j j

@

� h

0
H

3

�

g

�

?

o � u g = f

0

� f

� 1

. Soit � 2 S pin

c

( M ). Choisissons une structure � 2 S pin (�

3

),

et �ecrivons � sous la forme �

1

[ j

�

( �

2

) o � u �

1

2 S pin

c

( M n int ( N ( G )) ; � j

�

( � ))

et �

2

2 S pin

c

( H

3

; � ). Alors, 
( � ) = �

1

[

j j

@

� h

�

2

et 


0

( � ) = �

1

[

j j

@

� h

0
�

2

. Nous

avons : g

�

(
( � )) = �

1

[

j j

@

� h

0
( g j )

�

( �

2

). Ici, S pin

c

( H

3

; � )

( g j )

�

-

S pin

c

( H

3

; � ) est

l'identit�e puisque g j

H

3

agit trivialement en homologie et puisque les �el�ements de

S pin

c

( H

3

; � ) sont classi��es par leurs classes de Chern relatives. Il s'en suit que :

g

�

(
( � )) = 


0

( � ).

Ensuite, nous v�eri�ons l'ind�ep endance en j . Soit j

0

une trivialisation d'un autre

voisinage r�egulier N

0

( G ) de G dans M et soit

�

M

q

t

-

M

�

t 2 [0 ; 1]

une isotopie

ambiante entre j et j

0

: q

0

= I d

M

et q

1

� j = j

0

. Le di� �eomorphisme q

1

induit un

di��eomorphisme :

M n int ( N ( G )) [

j j

@

� h

H

3

q

-

M n int ( N

0

( G )) [

j

0

j

@

� h

H

3

:
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Justi�er \l'ind�ep endance en j " signi�e prouver la commutativit�e du diagramme

suivan t :

S pin

c

�

M n int ( N ( G )) [

j j

@

� h

H

3

�

�

�

�

�

�




�

S pin

c

( M )

@

@

@

@

@




0

R

S pin

c

�

M n int ( N

0

( G )) [

j

0

j

@

� h

H

3

�

:

q

�

?

Soit � 2 S pin

c

( M ) qu'on �ecrit, comme ci-dessus, sous la forme : � = �

1

[ j

�

( �

2

).

Puisque q

1

est isotopique �a l'identit�e, il agit trivialement sur S pin

c

( M ), alors :

� = ( q

1

)

�

( � ) = ( q

1

j )

�

( �

1

) [ j

0

�

( �

2

). Nous obtenons ainsi : 
( � ) = �

1

[

j j

@

� h

�

2

et




0

( � ) = ( q

1

j )

�

( �

1

) [

j

0

j

@

� h

�

2

, si bien que : q

�

(
( � )) = 


0

( � ).

Nous envisageons maintenant le cas g�en�eral o �u G est un clover de degr�e d � 1.

Remarquons que si G

1

et G

2

sont deux Y -graphes disjoints de M , il d �ecoule alors

de la d�e�nition que, via l'identi�cation canonique entre ( M

G

1

)

G

2

et ( M

G

2

)

G

1

, les

S pin

c

-structures ( �

G

1

)

G

2

et ( �

G

2

)

G

1

se corresp ondent.

Soit Y ( G ) = f G

1

; : : : ; G

d

g la famille asso ci�ee au clover G de d Y -graphes, num�erot�es

de fa�con quelconque. Nous p osons alors :




G

= 


G

d

� � � � � 


G

2

� 


G

1

:

�

3.2.2. Y

k

-chirurgies spinoriel les. Soient une 3-vari�et�e M et un clover G dans

M . Le lemme suivan t se d �emontre comme le Lemme 3.5.

Lemme 3.7 . La chirurgie le long de G induit une bijection canonique :

S pin ( M )

�

G

'

-

S pin ( M

G

) :

Cette correspondance est not�ee : � 7! �

G

.

En outre, l'application �

G

est a�ne au-dessus de P

�

�

(2)

G

�

� 1

P

� 1

, o � u �

G

est l'iso-

morphisme d'homologie qui est d�e�ni sans �equivoque par le diagramme commutatif

suivant :

H

1

( M )

�

�

�

�

�

k

�

�

�

H

1

( M n N ( G ))

@

@

@

@

@

k

0

�

R

R

H

1

( M

G

) :

' �

G

?

Ici, N ( G ) d�esigne un voisinage r�egulier de G dans M , M n N ( G )

�

k

-

M et

M n N ( G )

�

k

0

-

M

G

sont les inclusions.
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En�n, dans le cas o � u @ M 6= ? et si � 2 S pin ( @ M ) est tel le que w

2

( M ; � ) = 0 2

H

2

( M ; @ M ; Z

2

) , nous avons �

G

( S pin ( M ; � )) = S pin ( M

G

; � ) .

Definition 3.8 . La S pin -vari�et� e ( M

G

; �

G

) est dite obtenue de ( M ; � ) par Y

k

-

chirurgie spinoriel le , ou Y

s

k

-chirurgie , le long de G .

On app elle Y

k

-�equivalence spinoriel le , ou Y

s

k

-�equivalence , la relation d'�equivalence

au sein des S pin -vari�et�es de dimension 3, engendr�ee par les Y

s

k

-chirurgies et les

S pin -di��eomorphismes.

Remarque 3.9 . D'apr�es la Prop. 3.3 b), les bijections �

G

et 


G

sont compa-

tibles entre-elles via les applications canoniques � .

3.2.3. Extension du calcul de clovers. On v�eri�e dans ce paragraphe que le

calcul de clovers s'�etend aux cadres S pin et S pin

c

.

Lemme 3.10 . Soient M une 3 -vari�et� e et � 2 S pin ( M ) . Soient aussi G un clover

dans M et H � M un corps en anses plong� e c ontenant G . A lors, via l'identi�cation

canonique :

M

G

�

=

( M n int ( H )) [ H

G

;

�

G

2 S pin ( M

G

) est l'unique S pin -structur e � etendant � j

M n int ( H )

.

D

�

emonstration. Le fait que �

G

�etende e�ectivement la restriction de � �a

M n int ( H ) est �evident de par la d�e�nition m^eme de la Y

k

-chirurgie spinorielle le

long de G . L'unicit� e d �ecoule de l'injectivit�e de l'application de restriction :

S pin ( M )

-

S pin ( M n int ( H )) ;

laquelle est elle-m^eme une cons�equence de l'injectivit� e de :

H

1

( M ; Z

2

)

k

�

-

H

1

( M n int ( H ); Z

2

) ;

k d�esignant l'inclusion. Notons p our cette derni�ere que : H

1

( M ; M n int ( H ); Z

2

)

' H

1

( H ; @ H ; Z

2

) ' H

2

( H ; Z

2

) = 0. �

Remarque 3.11 . L'analogue du Lemme 3.10 dans le cadre S pin

c

ne vaut que

si le clover G est nul-homologue dans M .

Proposition 3.12 . Soient M une 3 -vari�et�e, � 2 S pin ( M ) ainsi que G

1

et G

2

deux clovers �equivalents de M .

Alors, les structures �

G

1

2 S pin ( M

G

1

) et �

G

2

2 S pin ( M

G

2

) se correspondent via

le di��eomorphisme M

G

1

�

=

M

G

2

induit par une �equivalence de clovers entre G

1

et

G

2

.

D

�

emonstration. Consid�erons une �equivalence entre les clovers G

1

et G

2

:

d'apr�es la D�e�nition 1.10, c'est la donn�ee d'un corps en anses H contenant �a la

fois G

1

et G

2

, et d'un di��eomorphisme H

G

1

f

�

=

-

H

G

2

dont la restriction aux

b ords est compatible avec les identi�cations canoniques @ H

G

i

�

=

@ H ; soit aussi

M

G

1

~

f

-

M

G

2

le di��eomorphisme induit par cette �equivalence de clovers. D'apr�es

le Lemme 3.10, la structure �

G

i

est l'unique S pin -structure de M

G

i

�etendant

� j

M n int ( H )

(p our i = 1 et 2). Puisque la restriction de

~

f �a M n int ( H ) est l'identit�e,

on en d�eduit que

~

f

�

( �

G

2

) = �

G

1

. �

Proposition 3.13 . Soit M une 3 -vari�et�e ainsi que, dans le cas o �u @ M 6= ? ,

une S pin -structure � sur @ M . Soient aussi G

1

et G

2

deux clovers �equivalents de

M et � 2 S pin

c

( M ) ou � 2 S pin

c

( M ; � ) suivant que M est ferm�ee ou �a b ord.

Alors, les structures �

G

1

et �

G

2

se correspondent via le di��eomorphisme M

G

1

�

=

M

G

2

induit par une �equivalence de clovers entre G

1

et G

2

.
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D

�

emonstration. Donnons la preuve dans le cas �a b ord. Soit H un corps en

anses contenant �a la fois G

1

et G

2

, et H

G

1

f

�

=

-

H

G

2

une �equivalence entre les

clovers G

1

et G

2

induisant le di��eomorphisme M

G

1

~

f

-

M

G

2

(voir D�e�nition

1.10). On d�esire montrer que :

(3.9)

~

f

�

( �

G

2

) = �

G

1

2 S pin

c

( M

G

1

; � ) :

Prenons aussi � 2 S pin ( @ H ) telle que w

2

( H ; � ) = 0. L'application de recollement

donn�ee par le Corollaire 2.36 :

S pin

c

( M n int ( H ) ; �

_

[ ( � � )) � S pin

c

( H ; � )

[

-

S pin

c

( M ; � )

est surjective vu que @ H est connexe. Il existe donc  2 S pin

c

( M n int ( H ) ; �

_

[ ( � � ))

et 

0

2 S pin

c

( H ; � ) telles que � =  [ 

0

. V u que :

(3.10) M

G

i

�

=

( M n int ( H )) [ H

G

i

on a aussi une application de recollemen t :

S pin

c

( M n int ( H ) ; �

_

[ ( � � )) � S pin

c

( H

G

i

; � )

[

-

S pin

c

( M

G

i

; � ) ;

et il d�ecoule de la d�e�nition de �

G

i

que : �

G

i

=  [ 

0

G

i

. Alors

~

f

�

( �

G

2

) =  [

f

�

�



0

G

2

�

, et l' �egalit�e (3.9) d�ecoulera donc de : f

�

�



0

G

2

�

= 

0

G

1

2 S pin

c

( H

G

1

; � ) .

On p eut donc supp oser sans restriction de g�en�eralit�e que :

w

2

( M ; � ) = 0 2 H

2

( M ; @ M ; Z

2

) :

Sous cette hyp oth�ese, on sait gr^ace �a la Prop osition 3.12 que (3.9) est satisfaite

lorsque � est dans l'image de :

S pin ( M ; � )

�

-

S pin

c

( M ; � ) :

Soit �

0

2 I m ( � ) et y 2 H

2

( M ; @ M ) tel que � = y � �

0

. La classe P

� 1

( y ) 2

H

1

( M ) est l'image d'une classe z 2 H

1

( M n int ( H )) par k

�

, M n int ( H )

�

k

-

M

d�esignant l'inclusion. On note aussi M n int ( H )

�

k

i

-

M

G

i

l'inclusion lue dans la

d�ecomp osition (3.10). Alors, �

G

2

= ( y � �

0

)

G

2

= P �

G

2

P

� 1

( y ) � ( �

0

)

G

2

, puis : �

G

2

=

P k

2 ; �

( z ) � ( �

0

)

G

2

. D'o �u :

~

f

�

( �

G

2

) =

~

f

�

P k

2 ; �

( z ) � ( �

0

)

G

1

= P

~

f

� 1

�

k

2 ; �

( z ) � ( �

0

)

G

1

= P k

1 ; �

( z ) � ( �

0

)

G

1

= P �

G

1

P

� 1

( y ) � ( �

0

)

G

1

. Nous en d�eduisons �nalement que :

~

f

�

( �

G

2

) = ( y � �

0

)

G

1

= �

G

1

. �

Par cons�equent, les r�esultats g�en�eraux de la th�eorie de Goussarov-Habiro qui

se d�emontrent par calcul de clovers, ont des �enonc�es analogues dans les contextes

S pin et S pin

c

.

Exemple 3.14 . De la Figure 1.5, nous d�eduisons par exemple que la relation

de Y

s

k +1

-�equivalence (resp. Y

c

k +1

-�equivalence) est plus �ne que la relation de Y

s

k

-

�equivalence (resp. Y

c

k

-�equivalence).

3.3. Invariants de typ e �ni spinoriels au sens de Goussarov-Habiro.

Soit M

s

0

une classe de Y

s

-�equivalence de S pin -vari�et�es, �eventuellemen t � a b ord et

soit :

F ( M

s

0

) = Z � M

s

0

le group e ab�elien librement engendr�e sur M

s

0

. Alors, comme en x 1.2, on d�e�nit

successivement le cro chet :

[( M ; � ) ; �]

o � u ( M ; � ) 2 M

s

0

et o �u � est une famille de clovers deux-�a-deux disjoints de M , puis

les sous-group es :

F

l

k

( M

s

0

) ; F

k

( M

s

0

) et : F

l

( M

s

0

)
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de F ( M

s

0

). Le calcul de clovers valant aussi dans le cas S pin (par la Prop osition

3.12), les inclusions :

F

l

k

0

( M

s

0

) � F

l

k

( M

s

0

) � F

l

0

k

( M

s

0

)

sont satisfaites p our des entiers 1 � l � l

0

� k � k

0

. On en d �eduit que la famille

( F

k

( M

s

0

))

k � 1

est une �ltration descendante de F ( M

s

0

).

Definition 3.15 . Soit A un group e ab�elien. Une application M

s

0

f

-

A est un

invariant de type �ni spinoriel de degr�e au plus k , si son extension F ( M

s

0

)

f

-

A

s'annule sur F

k +1

( M

s

0

). f est un invariant de type �ni de degr�e k , si son extension

s'annule sur F

k +1

( M

s

0

) mais prend une valeur non-nulle sur F

k

( M

s

0

).

En �xant M

c

0

une classe de Y

c

-�equivalence de S pin

c

-vari�et�es, qui p euven t ^ etre

�eventuellemen t � a b ord (auquel cas les S pin

c

-structures prises en compte sont rela-

tives �a des structures spinorielles), on d�e�nit de fa�con analogue les invariants de

type �ni spinoriels complexes .

Remarquons qu'une classe de Y

s

-�equivalence M

s

0

d�etermine de la fa�con �evidente

une classe de Y

c

-�equivalence M

c

0

et une classe de Y -�equivalence M

0

. On a un dia-

gramme commutatif :

F ( M

s

0

)

�

-

F ( M

c

0

)

@

@

@

@

@

oubli

R

F ( M

0

) :

oubli

?

Tous ces homomorphismes resp ectent les �ltrations F

k

( � ). Ainsi, un invarian t de

typ e �ni de degr�e k d�etermine un invarian t de t yp e �ni spinoriel complexe de degr�e

k , et un in varian t de t yp e �ni spinoriel complexe de degr�e k d�etermine un invariant

de typ e �ni spinoriel de degr�e k .

En�n, comme expliqu� e au x 1.2 p our la th�eorie brute, l'�etude de la th�eorie de

Goussarov-Habiro ra�n�ee S pin ou S pin

c

scinde en deux parties.

Remarque 3.16 . Le fait que leur th�eorie puisse ^etre ra�n�ee aux vari�et�es mu-

nies de S pin -structures �etait d�ej�a mentionn�e par Goussarov dans [ Go ] et Habiro

dans [ Hr ].

Remarque 3.17 . Nos techniques (en particulier, les Prop ositions 3.3 et 3.2),

p ermettent de ra�ner aux cadres S pin et S pin

c

les th�eories d'invariants de typ e

�ni asso ci�ees �a des mouvements �el�ementaires autres que la Y -chirurgie, tant que

ceux-ci se d�e�nissent par des twists le long de surfaces plong�ees par des �el�ements

de leur group e de Torelli. Voici des exemples de tels mouvements :

(1) la chirurgie sur les \blinks" (voir [ GGP , x 1.7]).

(2) la chirurgie sur les \b oundary links" (voir [ GGP , x 1.6]).

(3) le mouvement de Whitehead (voir [ Mt ] et [ MP , x 4.6]).





CHAPITRE 2

Formes quadratiques et invariants de typ e �ni des

S pin -vari�et�es ferm�ees de dimension 3

1. Intro duction

The notion of Borromean surgery was intro duced by Matveev in [ Mt ] as an

example of what he called a V -surgery. Since then, this transformation has b e-

come the elementary move of Goussarov-Habiro �nite typ e invariants theory for

oriented 3-manifolds ([ Hr ], [ Go ], [ GGP ]). Matveev showed that the equivalence

relation, among closed oriented 3-manifolds, generated by Borromean surgery is

characterized by the pair:

( �

1

( M ) ; isomorphism class of �

M

) ;

where �

1

( M ) is the �rst Betti numb er of a 3-manifold M and

T H

1

( M ; Z ) 
 T H

1

( M ; Z )

�

M

-

Q = Z

is its torsion linking form, where T H

1

( M ) denotes the torsion subgroup of H

1

( M ).

This result gives a characterization of degree 0 invariants in Goussarov-Habiro

theory for closed oriented 3-manifolds.

As mentioned by Habiro and Goussarov, their �nite typ e invariants theory (in

short: \FTI theory") makes sense also for 3-manifolds with spin structure b ecause

Borromean surgeries work well with spin structures (see x 3). So, the question is:

what is the \spin" analogue of Matveev's theorem?

For each closed spin 3-manifold ( M ; � ), a quadratic form

T H

1

( M ; Z )

�

M ;�

-

Q = Z

can b e de�ned by man y w ays (see [ LL ], [ MS ], and also [ T2 ], [ Gi ]). The bilinear

form asso ciated to �

M ;�

is �

M

. Its Gauss-Brown invariant is equal to � R

M

( � )

mo dulo 8, where

S pin ( M )

R

M

-

Z

16

is the Ro chlin function of M , sending a spin structure � of M to the mo dulo 16

signature of a spin 4-manifold which spin-b ounds ( M ; � ). The main result is the

following re�nement of Matveev's theorem:

Theorem 1.1 . Let ( M ; � ) and ( M

0

; �

0

) b e c onnected closed spin 3 -manifolds.

Then, the fol lowing assertions ar e e quivalent:

(1) ( M ; � ) and ( M

0

; �

0

) can be obtaine d fr om one another by spin Borromean

surgeries,

(2) there exists a homology isomorphism f : H

1

( M ; Z )

-

H

1

( M

0

; Z ) such

that:

�

M ;�

= �

M

0

;�

0

� f j ;

(3) R

M

( � ) = R

M

0

( �

0

) modulo 8 and there exists a homology isomorphism

f : H

1

( M ; Z )

-

H

1

( M

0

; Z ) such that:

�

M

= �

M

0

� ( f j )
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The equivalence b et ween assertions 2 and 3 will b e the top ological statement of

an algebraic fact: a nondegenerate quadratic form on a �nite Ab elian group is de-

termined, up to isomorphism, by its asso ciated bilinear form and its Gauss-Brown

invariant.

In x 2 w e recall Matveev's notion of V -surgery. With this background, we then

recall the de�nition of Borromean surgery, and give equivalent descriptions of other

authors.

In x 3, we clarify how all of these notions have to b e understo o d in the spin case:

in particular, spin Borromean surgeries are intro duced. As a motivation to Theo-

rem 1.1, FTI for spin 3-manifolds, in the sense of Habiro and Goussarov, are then

de�ned: the Ro chlin invarian t is shown to b e a �nite typ e degree 1 invariant. It

should b e mentioned that Co chran and Melvin have prop osed a di�erent FTI the-

ory in [ CM ], and have also re�ned their theory to the case of spin manifolds.

x 4 is of an algebraic nature. We recall some de�nitions and results ab out quadratic

forms on �nite Ab elian groups. We also prove the ab ove mentioned algebraic fact:

the pro of makes use of Kawauchi-Ko jima classi�cation of linking pairings.

x 5 is the top ological cousin of the former: we review the quadratic form �

M ;�

.

Starting from Turaev 4-dimensional de�nition in [ T2 ], we then give an intrinsic

de�nition for �

M ;�

(no reference to dimension 4).

x 6 is devoted to the pro of of Theorem 1.1. It go es as a re�nement of the orig-

inal pro of by Matveev for the \unspun" case. Last section will give some of its

applications.

2. Borromean surgeries and equivalen t mo ves

First of all, we want to recall the unifying idea of V -surgery by Matveev in

[ Mt ]. This will allo w us to ha ve a more conceptual view of Borromean surgeries.

2.1. Review of Matveev V -surgeries. We b egin with some general de�ni-

tions.

Definition 2.1 . A Matveev triple is a triple of oriented 3-manifolds:

(2.1) V = ( V ; V

1

; V

2

) ;

where V is closed and is the union of � V

1

and V

2

along their common b oundary

@ V

1

= @ V

2

, as depicted in Figure 2.1.

The triple ( � V ; V

2

; V

1

) is called the inverse of V and is denoted by V

� 1

.

V

1
V

V

2

Figure 2.1: What will b e removed and what will b e glued during the surgery.
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Let now M b e a closed oriented 3-manifold and let j : V

1

-

M b e an

orientation-preserving emb edding. Form the following closed oriented 3-manifold:

(2.2) M

0

= M n int ( j ( V

1

)) [

j j

@

V

2

:

Definition 2.2 . With the ab ove notations, M

0

is said to b e obtained from M

by V -surgery along j .

Note that if k denotes the emb edding of V

2

in M

0

, then M is obtained from M

0

by

V

� 1

-surgery along k .

Definition 2.3 . Two Matveev triples V and V

0

are said to b e equivalent if

there exists an orientation-preserving di�eomorphism from V to V

0

sending � V

1

to

� V

0

1

, and V

2

to V

0

2

.

Note that, if the triples V and V

0

are equivalent, then they have the same surgery

e�ect.

Example 2.4 . Let �

g

denote the genus g closed oriented surface and let H

g

b e

the genus g oriented handleb o dy. Then, each orientation-preserving di�eomorphism

f : �

g

-

�

g

leads to a triple:

V

f

:= (( � H

g

) [

f

H

g

; H

g

; H

g

) :

A V

f

-surgery amounts to \twist" an emb edded genus g handleb o dy by f . For

instance, from the standard genus one Heegaard decomp osition of S

3

, in tegral Dehn

surgery is recovered.

2.2. Review of Borromean surgeries. The original Matveev's p oint of view

was:

Definition 2.5 . A Borromean surgery is a B -surgery with:

B = ( B := ( � B

1

) [ B

2

; B

1

; B

2

) ;

where the \halves" B

1

and B

2

are obtained from the genus 3 handleb o dy by surgery

on three-comp onent framed links as shown in Figure

1

2.2.

2B1
B

Figure 2.2: The triple B .

W e no w recall Goussarov's notion of Y -surgery in [ Go ]. This move is equivalent

to the A

1

-move of Habiro in [ Hr ].

1

Blackb oard framing convention is used.



48 2. FORMES QUADRATIQUES ET S pin -VARI

�

ET

�

ES FERM

�

EES DE DIMENSION 3

Definition 2.6 . A Y -graph G in a closed oriented 3-manifold M is an (unori-

ented) emb edding of the surface drawn in Figure 2.3, together with its decomp osi-

tion b etween leaves , edges and node .

The closed oriented 3-manifold obtaine d fr om M by Y -surgery along G is:

M

G

:= ( M n int ( N ( G ))) [ ( H

3

)

L

;

where N ( G )

�

=

+

H

3

is a regular neighb ourho o d of G in M , and ( H

3

)

L

is the

surgered handleb o dy on the six-comp onent link L drawn on Figure 2.4.

We call Y -equivalence the equivalence relation among closed oriented 3-manifolds

generated by orientation-preserving di�eomorphisms and Y -surgeries.

The node

One of the 
three edges

One of the 
three leaves

Figure 2.3: A Y-graph.

A leaf-component of L, and

node-component of L
the corresponding

Figure 2.4: The surgery meaning of a Y -graph.

Note that a Y -surgery is a Y -surgery if we call Y the triple:

Y = ( Y := ( � H

3

) [ ( H

3

)

L

; H

3

; ( H

3

)

L

) ;

the corresp onding Y -graph gives the place where the Y -surgery must b e p erformed.

Lemma 2.7 . The Matveev triples B and Y are equivalent. Thus, Borromean

surgery is equivalent to Y -surgery.

Proof. We will show that b oth of the triples B and Y are equivalent to a

triple V

h

, de�ned by an orientation-preserving di�eomorphism h : �

3

-

�

3

.

We start with the \half " ( H

3

)

L

of Figure 2.4: handle-sliding of each no de-comp onent

over the corresp onding leaf-comp onent, followed by some isotopies of framed links

gives Figure 2.5, where only part of the link is drawn. Up to a (+1)-framing correc-

tion, the three depicted comp onents a

i

can b e normally pushed o� at once towards

the b oundary: we obtain three disjoint curves �

i

on @ H

3

. Note that during this

push-o�, none of the three comp onents b

i

is intersected. Then, the comp onents b

i
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i

a

b

i

Figure 2.5: The link L of Figure 2.4 after some Kirby's moves.

can also b e pushed o� so that the framing correction is now � 1: the result is a

family of three disjoint curves �

i

. After a convenient isotop y of the handles, the

curves �

i

and �

i

can b e depicted as on Figure 2.6.

ia i
b

Figure 2.6: The curves �

i

(on the lefthand side) and �

i

(on the righthand side)

resulting from the push-o� of the corresp onding knots a

i

and b

i

of Figure 2.5.

We de�ne h := h

� 1

b

� h

a

, where h

a

and h

b

are the following comp osites of

(commuting) Dehn twists:

h

a

=

3

Y

i =1

�

�

i

and h

b

=

3

Y

i =1

�

�

i

:

According to the Lickorish tric k [ Li , pro of of Theorem 2], a Y -surgery is therefore

equivalen t to a V

h

-surgery.

On the other hand, from Figure 2.2, we deduce that a B -surgery is equivalent

to a V

h

0

-surgery where h

0

:= h

b

� h

� 1

a

. Let m

i

denote the meridian of the i th handle

of H

3

, for i = 1 ; 2 ; 3. Then, the equation:

(2.3) k

� 1

= k �

3

Y

i =1

�

2

m

i

holds for b oth h

a

and h

b

so that h = h

0

. �
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Remark 2.8 (Fundamental remark) . Note that, in the pro of of Lemma 2.7,

the curve �

i

is homologous in the surface �

3

to the corresp onding curve �

i

(lo ok

at Figure 2.6). As a consequence, the di�eomorphism h : �

3

-

�

3

b elongs to

the Torelli group. In the sequel, we will call h the Borromean di�eomorphism .

In order to have a complete understanding of these equivalent triples B , Y or

V

h

, it remains to recognize their underlying closed 3-manifolds.

Lemma 2.9 . The closed 3 -manifolds B and Y , r espectively de�ned by the triples

B and Y , are b oth homeomorphic to the 3 -torus S

1

� S

1

� S

1

.

Proof. According to Lemma 2.7, B and Y are di�eomorphic. Let us identify

Y . Recall that Y was de�ned as:

(2.4) Y = ( � H

3

) [ ( H

3

)

L

:

Write L as L

a

_

[ L

b

where L

a

(resp. L

b

) is the sublink containing the leaf(resp.

no de)-comp onents. Note that L

b

can b e isotop ed in Y n L

a

to some Borromean

rings contained in a 3-ball disjoint from L

a

: make L

b

leave the handleb o dy where

it was lying, towards the handleb o dy with the minus sign in (2.4). So Y is obtained

from ( � H

3

) [ ( H

3

)

L

a

by surgery on some Borromean rings contained in a little

3-ball. The lemma then follows from the fact that the latter is nothing but S

3

. �

3. Spin Borromean surgeries

We no w go in to the world of spin 3-manifolds. We refer to [ Ki , Chapter IV]

for an intro duction to spin structures. As a w arm up, we recall a few facts in the

next subsection.

3.1. Gluing of spin structures. Let n � 2, and let M b e a compact smo oth

oriented n -manifold endowed with a Riemannian metric. Its bundle of oriented

orthonormal frames will b e denoted by F M : it is a principal S O ( n )-bundle with

total space E ( F M ) and with pro jection p .

Recall that if M is spinnable, S pin ( M ) can b e thought of as:

S pin ( M ) =

�

� 2 H

1

( E ( F M ); Z

2

) : � j

�b er

6= 0 2 H

1

( S O ( n ); Z

2

)

	

;

and is essentially indep endant of the metric. The set S pin ( M ) is then an a�ne

space over H

1

( M ; Z

2

), the action b eing de�ned by:

8 x 2 H

1

( M ; Z

2

) ; 8 � 2 S pin ( M ) ; x � � := � + p

�

( x ) :

Lemma 3.1 . For i = 1 ; 2 , let M

i

be a compact smooth oriented n -manifold

and let S

i

be a submanifold of @ M

i

with orientation induced by M

i

. Let also f :

S

2

-

S

1

be an orientation-reversing di�eomorphism and let M = M

1

[

f

M

2

.

Assume that M

1

and M

2

are spinnable, that S

2

is connected, and that the set:

J = f ( �

1

; �

2

) 2 S pin ( M

1

) � S pin ( M

2

) : f

�

( � �

1

j

S

1

) = �

2

j

S

2

g

is not empty. Then, M is spinnable and the restriction map:

(

S pin ( M )

r

-

S pin ( M

1

) � S pin ( M

2

)

�

-

( � j

M

1

; � j

M

2

) ;

is injective with J as image.

Proof. For i = 1 or 2, let F

+

S

i

b e the principal S O ( n )-bundle derived from

F S

i

and the inclusion of groups:

S O ( n � 1)

�

g

-

S O ( n ) :
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We still denote by g the canonical map from F S

i

to F

+

S

i

. Then,

H

1

�

E

�

F

+

S

i

�

; Z

2

�

g

�

-

H

1

( E ( F S

i

) ; Z

2

)

is an isomorphism. The bundle F

+

S

i

can b e identi�ed with F M

i

j

S

i

. In particular,

there is an inclusion map k

i

: E ( F

+

S

i

)

�

-

E ( F M

i

).

Moreover, the di�eomorphism f induces a further identi�cation:

E

�

F

+

S

2

�

f

'

-

E

�

F

+

S

1

�

;

such that the total space E ( F M ) is homeomorphic to the gluing:

E ( F M

1

) [

k

1

f k

� 1

2

E ( F M

2

) :

We denote by j

i

the corresp onding inclusion of E ( F M

i

) in to E ( F M ). But now, by

the Mayer-Vietoris sequence, w e ha ve:

H

1

( E ( F M ); Z

2

)

( j

�

1

; j

�

2

)

-

H

1

( E ( F M

1

); Z

2

) � H

1

( E ( F M

2

); Z

2

)

H

1

�

E

�

F

+

S

2

�

; Z

2

�

:

( k

1

� f )

�

� k

�

2

?

Note that g

�

� ( k

1

� f )

�

sends each �

1

2 S pin ( M

1

) to f

�

( � �

1

j

S

1

), while g

�

� k

�

2

sends each �

2

2 S pin ( M

2

) to �

2

j

S

2

. Note also that, since S

2

is connected, the map

( j

�

1

; j

�

2

) is injective. The whole lemma then follows from these two remarks and

from the exactness of the Mayer-Vietoris sequence. �

Definition 3.1 . With the notations and hyp othesis of Lemma 3.1, for each

( �

1

; �

2

) 2 J , the unique spin structure of M sen t b y r to ( �

1

; �

2

) is called the gluing

of the spin structures �

1

and �

2

, and is denoted by �

1

[ �

2

.

3.2. Spin V -surgeries. In some cases, a Matveev V -surgery, whose de�nition

has b een recalled in x 2.1, makes sense for spin 3-manifolds.

Definition 3.2 . A Matveev triple V = ( V ; V

1

; V

2

) is said to b e spin-admissible ,

if @ V

1

= @ V

2

is connected, and if the maps:

H

1

( V ; Z

2

)

-

H

1

( V

1

; Z

2

) and H

1

( V ; Z

2

)

-

H

1

( V

2

; Z

2

) ;

induced by inclusions, are isomorphisms.

Supp ose now that V is a spin-admissible triple. Note that the restriction maps:

S pin ( V )

r

1

-

S pin ( � V

1

) and S pin ( V )

r

2

-

S pin ( V

2

)

are then bijective. Let also M b e a closed oriented 3-manifold and let j : V

1

-

M

b e an orientation-preserving emb edding. As in x 2.1, we denote by M

0

the result of

the V -surgery along j , and w e w ant to de�ne a canonical bijection :

S pin ( M )

�

j; V

-

S pin ( M

0

) :

First, the emb edding j allows us to de�ne the following map:

(

S pin ( M )

�

j; V

-

S pin ( V )

�

-

r

� 1

1

( � j

�

( � )) :

From formula (2.2) and from De�nition 3.1, we can de�ne �

j; V

( � ) as the following

gluing:

�

j; V

( � ) := � j

M n int ( j ( V

1

))

[ r

2

(�

j; V

( � )) :

The inverse of �

j; V

is �

k ; V

� 1
, where k denotes the emb edding of V

2

in M

0

.
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Definition 3.3 . With the ab ove notations, the spin manifold ( M

0

; �

j; V

( � )) is

said to b e obtained from ( M ; � ) b y spin V -surgery along j .

Example 3.2 . Let f : �

g

-

�

g

b e an orientation-preserving di�eomor-

phism. Denote by K the lagrangian subspace of H

1

(�

g

; Z

2

) spanned by the merid-

ians. Then, as can b e easily veri�ed, the triple V

f

of Example 2.4 is spin-admissible

if and only if f

�

( K ) = K . For instance, this condition is satis�ed when f b elongs

to the Torelli mo dulo 2 group.

Lemma 3.3 . In the particular case of Example 3.2, that is when V = V

f

with

f

�

( K ) = K , then for each � 2 S pin ( M ) , �

j; V

( � ) is the unique spin structure of

M

0

extending � j

M n int ( j ( V

1

))

.

Proof. In that case, V

2

is a handleb o dy and so H

1

( M

0

; M n int ( j ( V

1

)) ; Z

2

)

is zero. Therefore, the restriction map S pin ( M

0

)

-

S pin ( M n int ( j ( V

1

))) is

injective. �

3.3. De�nition of Y

s

-surgeries. From Lemma 2.7 and from Remark 2.8

ab ove, w e ha ve learnt that b oth of the triples B and Y are equivalent to the triple

V

h

where h is the Borromean di�eomorphism which b elongs to the Torelli group.

So, by Example 3.2, they are spin-admissible and the following de�nition makes

sense:

Definition 3.4 . A Y

s

-surgery , or equivalently a spin Borromean surgery , is

the surgery move among closed spin 3-manifolds de�ned equivalently by the triples

Y or B . We call Y

s

-equivalence the equivalence relation among them generated by

spin di�eomorphisms and Y

s

-surgeries.

Let ( M ; � ) b e a closed spin 3-manifold and let G b e a Y -graph in M . The

Y

s

-surgery along G gives a new spin manifold which will b e denoted by:

( M

G

; �

G

) :

Let j : H

3

-

N ( G ) b e an em b edding of the genus 3 handleb o dy onto a regular

neighb ourho o d of G in M . Then,

(3.1) M

G

�

=

M n int ( N ( G )) [

j j

@

� h

H

3

;

and according to Lemma 3.3, �

G

is the unique spin structure of M

G

extending

� j

M n int ( N ( G ))

.

3.4. Goussarov-Habiro FTI theory for spin 3 -manifolds.

Lemma 3.5 . Let ( M ; � ) be a closed spin 3 -manifold and let G and H be disjoint

Y -graphs in M . Then, up to di�eomorphism of manifolds with spin structure,

( ( M

G

)

H

; ( �

G

)

H

) = (( M

H

)

G

; ( �

H

)

G

) :

Proof. The equalit y ( M

G

)

H

= ( M

H

)

G

is obvious. By construction, b oth of

( �

G

)

H

and ( �

H

)

G

are extensions of � j

M n ( N ( G ) [ N ( H ))

. The lemma then follows from

the fact that the restriction map:

S pin (( M

G

)

H

)

-

S pin ( M n ( N ( G ) [ N ( H )) )

is injective since:

H

1

(( M

G

)

H

; M n ( N ( G ) [ N ( H )) ; Z

2

) = 0 :

�

Let S = f G

1

; : : : ; G

s

g b e a family of disjoint Y -graphs in a closed 3-manifold

M with spin structure � . Lemma 3.5 says that Y

s

-surgery along the family S is

well-de�ned. We denote the result b y ( M

S

; �

S

). Following Habiro and Goussarov

de�nition of a �nite typ e invarian t ([ Hr ], [ Go ]), we can now de�ne:



3. SPIN BORROMEAN SURGERIES 53

Definition 3.4 . Let A b e an Ab elian group and let � b e an A -valued invariant

of 3-manifolds with spin structure. Then, � is an invariant of degree at most n if

for any closed spin 3-manifold ( M ; � ) and any family S of at least n + 1 Y -graphs

in M , the following identity holds:

(3.2)

X

S

0

� S

� ( M

S

0

; �

S

0

) = 0 2 A;

where the sum is taken over all subfamilies S

0

of S . Moreover, � is of degree n if it

is of degree at most n , but is not of degree at most n � 1.

Remark 3.6 . Note that the degree 0 invariants are precisely those invariants

which are constant on each Y

s

-equivalence class. So, the re�ned Matveev theorem

will quantify ho w p o werful they can b e.

The next subsection will provide us some examples of invariants which are �nite

typ e in the sense of De�nition 3.4.

3.5. Ro chlin invariant under Y

s

-surgery.

Proposition 3.7 . Let ( M ; � ) be a closed spin 3 -manifold, and let G be a Y -

graph in M . Then, the fol lowing formula holds:

R

M

G

( �

G

) = R

M

( � ) + R

S

1

� S

1

� S

1

(�

G

( � )) 2 Z

16

;

where the map �

G

: S pin ( M )

-

S pin ( S

1

� S

1

� S

1

) , induced by the Y -surgery

along G , has been de�ne d in x 3.2.

Proof. According to Lemma 2.9, we can think of the 3-torus as:

(3.3) S

1

� S

1

� S

1

= ( � H

3

) [

h

H

3

:

The surgered manifold M

G

will b e thought of concretely as in (3.1).

Pick a spin 4-manifold W spin-b ounded b y ( M ; � ), and a spin 4-manifold H spin-

b ounded by the 3-torus with �

G

( � ) as a spin structure. Glue the \generalized"

handle H to W along the �rst handleb o dy of the 3-torus in decomp osition (3.3),

using j as glue. We obtain a 4-manifold W

0

. Orient W

0

coherently with H and

W , and then giv e to W

0

the spin structure obtained by gluing those of H and W

(see De�nition 3.1). It follows from de�nitions that the spin-b oundary of W

0

is

( M

G

; �

G

).

According to Wall's theorem on non-additivity of the signature (see [ W3 ]), w e ha ve:

(3.4) sg n ( W

0

) = sg n ( W ) + sg n ( H ) � correcting term :

The involved correcting term is the signature of a real bilinear symmetric form

explicitly describ ed b y W all. It is de�ned by means of the intersection form in �

3

,

with domain:

V =

A \ ( B + C )

A \ B + A \ C

;

where A , B , C are subspaces of H

1

(�

3

; R ) de�ned to b e resp ectively the kernels of:

H

1

(�

3

; R )

( j j

@

)

�

-

H

1

( @ N ( G ); R )

i

�

-

H

1

( M n int ( N ( G )); R ) ;

H

1

(�

3

; R )

i

�

-

H

1

( H

3

; R ) ;

and: H

1

(�

3

; R )

( h

� 1

)

�

-

H

1

(�

3

; R )

i

�

-

H

1

( H

3

; R ) :

No matter who is A , since the Borromean di�eomorphism h lies in the Torelli group,

we certainly have B = C . The space V then vanishes and so do es the correcting

term. The announced equality then follows by taking equation (3.4) mo dulo 16. �
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Corollary 3.8 . The Rochlin invariant is a de gree 1 invariant of closed spin

3 -manifolds for Goussarov-Habiro theory, and its modulo 8 reduction is of degree 0 .

Remark 3.9 . In Co chran-Melvin theory, the Ro chlin invariant is a degree 3

�nite typ e invariant (see [ CM , Prop. 6.2]).

Proof of Corollary 3.8. Last statement is clear from Prop osition 3.7 and

from the fact that the Ro chlin function of the 3-torus takes values in f 0 ; 8 g � Z

16

.

Let us show that the Ro chlin invariant is at most of degree 1. Take a closed

spin 3-manifold ( M ; � ) and two disjoint Y -graphs G and H in M . According to

Prop osition 3.7, in order to show that:

(3.5) R

M

( � ) � R

M

G

( �

G

) � R

M

H

( �

H

) + R

M

G;H

( �

G;H

) = 0 ;

it su�ces to show that:

(3.6) �

G

( � ) = �

G

( �

H

) 2 S pin ( S

1

� S

1

� S

1

) ;

where the left �

G

is de�ned by G � M and the righ t �

G

is de�ned by G � M

H

.

But this follows from de�nition of the maps �

G

and from the fact that �

H

extends

� j

M n N ( H )

.

It remains to show that the Ro chlin invariant is not of degree 0 (and so it will b e

\exactly" of degree 1). For instance, all of the spin structures of the 3-torus are

related one to another by Y

s

-surgeries ( Cf Example 3.14 b elow) and so are not

distinguished one to another by degree 0 invariants. But Ro chlin distinguishes one

of them from the others. �

3.6. Y

s

-surgeries through surgery presentations on S

3

.

We �rst �x some notations. We call V

L

the 3-manifold obtained from S

3

by

surgery along a ordered oriented framed link L = ( L

1

; : : : ; L

l

) of length l , and

W

L

the corresp onding 4-manifold obtained from B

4

by attaching 2-handles and

sometimes called the trace of the surgery. Let also B

L

= ( b

ij

)

i;j =1 ;:::;l

b e the

linking matrix of L .

Recall that H

2

( W

L

; Z ) is free Ab elian of rank l . For each i = 1 ; : : : ; l , cho ose a

Seifert surface of L

i

in S

3

and push it o� into the interior of B

4

: denote the result

by P

i

. Then, glue P

i

to the core of the i th 2-handle to obtain a closed surface S

i

.

A basis of H

2

( W

L

; Z ) is then given b y ([ S

1

] ; : : : ; [ S

l

]).

We now recal l a nic e c ombinatorial way to describe spin structures of V

L

. This

is by means of the so-called \characteristic solutions of B

L

" or, equivalently , \c har-

acteristic sublinks of L ".

A v ector s 2 ( Z

2

)

l

or, equivalently, the sublink of L containing the comp onents L

i

such that s

i

= 1, are said to b e characteristic if the following equation is satis�ed:

(3.7) 8 i = 1 ; : : : ; l ;

l

X

j =1

b

ij

� s

j

= b

ii

2 Z

2

:

We denote by S

L

the subset of ( Z

2

)

l

comprising the characteristic solutions of B

L

.

There is a bijection:

S pin ( V

L

)

'

-

S

L

which is de�ned by the following comp osition:

S pin ( V

L

)

o

-

H

2

( W

L

; V

L

; Z

2

)

P

'

-

H

2

( W

L

; Z

2

)

'

-

( Z

2

)

l

where o sends any � 2 S pin ( V

L

) to the obstruction to extending � to the whole

of W

L

, P is the Poincar�e duality isomorphism and the last map is de�ned by the

basis ([ S

1

] ; : : : ; [ S

l

]). With this combinatorial description, Kirby's theorem can b e
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re�ned to closed spin 3-manifolds (see [ Bl ]).

The following lemma, more general than needed, will allo w us to en unciate in those

terms the e�ect of a Y

s

-surgery.

Lemma 3.10 . Let L [ K be the ordered union of two ordered oriented framed

links in S

3

and let H � S

3

be an embedded hand lebody such that K is containe d in

the interior of H , L is disjoint from H , and H

K

is a Z

2

-homology hand lebody.

Suppose that � 2 S pin ( V

L [ K

) is represented by a characteristic solution s 2

( Z

2

)

l + k

of B

L [ K

satisfying the fol lowing two properties:

(1) ( s

1

; : : : ; s

l

) 2 ( Z

2

)

l

is a characteristic solution of B

L

,

(2) for al l i 2 f 1 ; : : : ; k g such that s

l + i

6= 0 , the component K

i

bounds a

Seifert surface within H .

Then, the restricted spin structure:

�

j

2 S pin ( V

L [ K

n int ( H

K

)) = S pin ( V

L

n int ( H )) ;

extends to the spin structur e of V

L

represente d by ( s

1

; : : : ; s

l

) 2 ( Z

2

)

l

.

Proof. In the following, all (co)homology groups are assumed to b e with

co e�cients in Z

2

. We use the ab ove �xed notations.

Let us consider the map:

S pin ( V

L

n H )

o

-

H

2

( W

L

; V

L

n H ) ;

where o ( � ) is the obstruction to extending any � 2 S pin ( V

L

n H ) to the whole

of W

L

. Let also �

�

: H

1

( V

L

n H )

-

H

2

( W

L

; V

L

n H ) denote the connecting

homomorphism for the pair ( W

L

; V

L

n H ). Note that the following equation holds:

(3.8) 8 x 2 H

1

( V

L

n H ) ; 8 � 2 S pin ( V

L

n H ) ; o ( x � � ) = o ( � ) + �

�

( x ) :

Since �

�

is injective, it follows that o is injective.

The same map o can b e de�ned for V

L

relatively to W

L

, and for V

L [ K

and V

L [ K

n

H

K

relatively to W

L [ K

. W e ha v e th us the following commutative diagram:

S pin ( V

L [ K

)

�

o

-

H

2

( W

L [ K

; V

L [ K

)

'

P

-

H

2

( W

L [ K

)

S pin ( V

L [ K

n H

K

)

?

\

�

o

-

H

2

( W

L [ K

; V

L [ K

n H

K

)

?

\

'

P

-

H

2

( W

L [ K

; H

K

)

?

\

r

S pin ( V

L

n H )

w

w

w

w

w

w

w

w

w

�

o

-

H

2

( W

L

; V

L

n H )

?

'

P

-

H

2

( W

L

; H )

�

S pin ( V

L

)

[

6

�

o

-

H

2

( W

L

; V

L

)

[

6

'

P

-

H

2

( W

L

)

i

�

[

6

where the letter P stands for a Poincar�e duality isomomorphism, the vertical arrows

are induced by inclusions and the map r is de�ned by planar commutativity.

From intersection theory , w e deduce that:

(3.9)

�

8 i 2 f 1 ; : : : ; l g ; r ([ S

i

]) = [ S

i

] ;

8 i 2 f l + 1 ; : : : ; l + k g ; r ([ S

i

]) = [ P

i

] :



56 2. FORMES QUADRATIQUES ET S pin -VARI

�

ET

�

ES FERM

�

EES DE DIMENSION 3

Let now � b e a spin structure of V

L [ K

such that the corresp onding character-

istic solution s of B

L [ K

satis�es the conditions 1 and 2 of the lemma.

We de�ne ~s := ( s

1

; : : : ; s

l

) 2 ( Z

2

)

l

. By hyp othesis 1, there exists a unique spin

structure ~� of V

L

with ~s as asso ciated characteristic solution of B

L

. We wan t to

show that �

j

= ~ �

j

. Diagram chasing shows that proving r � P � o ( � ) = i

�

� P � o ( ~ � )

should su�ce. This follows from hyp othesis 2, formulas (3.9) and from the fact

that P � o ( � ) = s and P � o ( ~ � ) = ~ s . �

Let us now come back to the case of a Y

s

-surgery. Let M b e a closed oriented 3-

manifold and let M

G

b e obtained from M by surgery along a Y -graph G . According

to x 3.2, Y -surgery along G induces a bijective map:

S pin ( M )

�

G

-

S pin ( M

G

) :

With the notations of x 3.3, each � is sen t b y �

G

to �

G

.

Supp ose now that we are given a surgery presentation M = V

L

of M . Isotop e

the graph G in M to make it disjoint from the dual of L , so that G is in S

3

n L .

Let H b e a regular neighb ourho o d of G . A few Kirby's calculi, inside H , show that

surgery along this Y -graph is equivalent to surgery on the two-comp onent link K

of Figure 3.1. We prefer this unsymmetric link to Figure 2.4 b ecause of the fewer

comp onents.

1
K

K2

Figure 3.1: Y -surgery as surgery along a 2-comp onent link.

We then have M

G

= V

L [ K

. The linking matrix of L [ K , when K is appropriately

oriented, lo oks like:

B

L [ K

=

0

B

B

B

B

B

@

x

1

0

B

L

.

.

.

.

.

.

x

l

0

x

1

� � � x

l

x 1

0 � � � 0 1 0

1

C

C

C

C

C

A

:

Writing the characteristic condition (3.7), we �nd that eac h c haracteristic solution

of B

L [ K

is of the form:

(3.10) T

G

( s ) :=

 

s

1

; : : : ; s

l

; 0 ; x +

l

X

i =1

x

i

s

i

!

2 ( Z

2

)

l +2

;

where s = ( s

1

; : : : ; s

l

) m ust b e characteristic for L . Equation (3.10) then de�nes a

combinatorial bijection:

S

L

T

G

'

-

S

L [ K

:
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Lemma 3.11 . With the above notations, the map T

G

is a combinatorial version

of the map �

G

in terms of characteristic solutions for surgery presentations on S

3

.

Mor e pr ecisely, the fol lowing diagram is commutative:

S

L

T

G

-

S

L [ K

S pin ( M )

'

6

�

G

-

S pin ( M

G

)

'

6

Proof. This follows from the de�nitions and from Lemma 3.10: note that K

2

is nul-homologous in H , and that here H

K

is merely a handleb o dy. �

Definition 3.12 . Let M = V

L

b e a surgery presentation of a 3-manifold M

on S

3

, and let G b e a Y -graph in M . Then, G is said to b e simple (with resp ect

to this surgery presentation), if G can b e isotop ed in M so that, in S

3

, its leaves

b ound disjoint discs, eac h in tersecting L in exactly one p oint.

Corollary 3.13 . For a Y

s

-surgery along a simple Y -graph, the spin-di�eomor-

phism of Figure 3.2 holds.

s

Spin

s

s s

s ss j

i

k

i

jk

Y

Figure 3.2: A simple Y

s

-surgery.

Proof. Replace in the lhs of Figure 3.2, this simple Y -graph by the 2-comp o-

nent link of Figure 3.1 such that K

1

links the i th comp onen t of L and use equation

(3.10) to obtain the intermediate link of Figure 3.3. Perform then some spin Kirby's

s

is

i

0

s sjk

Figure 3.3: Some intermediate link and characterictic solution.

moves to obtain the rhs of Figure 3.2. �
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Example 3.14 . As a consequence of Corollary 3.13, the Lie spin structure of

the 3-torus is Y

s

-equivalent to the seven other ones.

Proof. The two spin structures of S

1

� S

2

are equivalent, so are the eight ones

of ]

3

S

1

� S

2

. Furthermore, ]

3

S

1

� S

2

can b e obtained from S

3

by surgery along a

trivial 0-framed three-comp onent link. Surgery on the 0-framed Borromean rings

gives rise to the 3-torus S

1

� S

1

� S

1

, and this link can b e obtained from the trivial

link by a simple Y -surgery. �

4. Quadratic forms on �nite Ab elian groups

4.1. Linking pairings, quadratic forms on �nite Ab elian groups and

their presentations. We recall here standard algebraic constructions: notations

are that of Deloup in [ De2 ], where a brief review of the sub ject can b e found.

Definition 4.1 . A linking pairing on a �nite Ab elian group G is a nondegen-

erate symmetric bilinear map b : G � G

-

Q = Z .

A quadratic form on G is a map q : G

-

Q = Z such that the map b

q

: G �

G

-

Q = Z de�ned by b

q

( x; y ) = q ( x + y ) � q ( x ) � q ( y ) is bilinear, and such that q

satis�es: 8 x 2 G; q ( � x ) = q ( x ). q is said to b e nondegenerate when the asso ciated

bilinear form b

q

is a linking pairing.

Let no w ( F ; f ) b e a symmetric bilinear form on a free �nitely generated Ab elian

group F . We denote by ad

f

: F

-

H om ( F ; Z ) the adjoint map, and by a

f

:

F 
 Q

-

H om ( F ; Q ) its rational extension. Form:

K

f

:=

H om ( F ; Z ) \ I m ( a

f

)

I m ( ad

f

)

:

Note that K

f

= T ( C ok er ( ad

f

)), the torsion subgroup of C ok er ( ad

f

). We now

de�ne a linking pairing:

K

f

� K

f

L

f

-

Q = Z

by the formula:

(4.1) L

f

( � x ; �y ) = x

Q

( ~ y ) mod 1 ;

where x; y 2 H om ( F ; Z ) \ I m ( a

f

), ~y 2 F 
 Q is such that a

f

( ~ y ) = y , and x

Q

2

H om ( F 
 Q ; Q ) is the rational extension of x . ( F ; f ) is said to b e a presentation

of the linking pairing ( K

f

; L

f

).

Supp ose now that the form ( F ; f ) comes equipp ed with a Wu class , that is an

element w 2 F such that 8 x 2 F ; f ( w ; x ) = f ( x; x ) mod 2. We can then de�ne

a quadratic form over L

f

, denoted by:

K

f

�

f ;w

-

Q = Z

and de�ned by:

(4.2) �

f ;w

( � x ) =

1

2

( x

Q

( ~ x ) � x ( w )) mod 1 :

�

f ;w

is determined by the mo dulo 2 F class of w . The triple ( F ; f ; w ) is said to b e

a presentation of the quadratic form ( K

f

; �

f ;w

).

Any linking pairing and any nondegenerate quadratic form admit such presentations

with f nondegenerate (see [ W1 , Theorem (6)]).

Given an arbitrary quadratic form on a �nite Ab elian group ( G; q ), we can

calculate its Gauss sum :

 ( G; q ) =

1

p

j k er ( b

q

) j � j G j

�

X

x 2 G

e

2 i� q ( x )

2 C :
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This complex numb er is an 8th ro ot of unity or is 0 (only if q is degenerate).

We then de�ne the corresp onding Gauss-Brown invariant B ( G; q ) 2 Z

8

= Z

8

[ f1g

by the formula:

(4.3)  ( G; q ) = e

2 i�

8

� B ( G;q )

2 C ;

using the convention e

2 i� �1

= 0.

If ( G; q ) admits a triple ( F ; f ; w ) as a presentation, a useful formula of Van der Blij

states that

2

:

(4.4) B ( K

f

; �

f ;w

) = sg n ( f ) � f ( w ; w ) mod 8 :

For ( G; b ) a linking pairing, denote by Quad ( G; b ) the set of quadratic forms

with b as asso ciated linking pairing, and denote by T

2

( G ) the subgroup of elements

of G of order at most 2. Using the nondegenerativit y of b , w e easily obtain:

Lemma 4.2 . The set Quad ( G; b ) is an a�ne space over T

2

( G ) , with action

de�ned by:

8 x 2 T

2

( G ) ; 8 q 2 Quad ( G; b ) ; x � q := q + b ( x; � ) :

The following lemma says how the Gauss-Brown invariant b ehaves under this

action.

Lemma 4.3 . Let q 2 Quad ( G; b ) and let x 2 T

2

( G ) . Then,

 ( G; x � q ) = e

� 2 i� q ( x )

�  ( G; q ) :

Proof. Since ( x � q )( y ) = q ( y ) + b ( x; y ) = q ( x + y ) � q ( x ), w e ha ve:

p

j G j �  ( G; x � q ) =

P

y 2 G

e

2 i� ( x � q )( y )

= e

� 2 i� q ( x )

�

P

y 2 G

e

2 i� q ( x + y )

= e

� 2 i� q ( x )

�

p

j G j �  ( G; q )

�

4.2. Isomorphism classes of nondegenerate quadratic forms. W e no w

wan t to pro ve the following result:

Theorem 4.4 . Let ( G; q ) and ( G

0

; q

0

) be two nondegenerate quadratic forms on

�nite Abelian groups. We denote by b and b

0

the linking pairings going respectively

with them. The fol lowing two assertions ar e e quivalent:

(1) ( G; q ) ' ( G

0

; q

0

) ,

(2) ( G; b ) ' ( G

0

; b

0

) and B ( q ) = B ( q

0

) 2 Z

8

,

where B ( � ) denotes the Gauss-Brown invariant of quadratic forms.

Let ( G; q ) (resp ectively ( G

0

; q

0

)) b e a nondegenerate quadratic form over the

linking pairing ( G; b ) (resp ectively ( G

0

; b

0

)). Recall that the relation b etween b and

q is:

(4.5) b ( x; y ) = q ( x + y ) � q ( x ) � q ( y ) :

From this formula and the de�nition of B ( � ), \1 ) 2" of Theorem 4.4 is obvious.

Supp ose momentarily that G is a p -group, with p an o dd prime. Then, equation

2 q ( x ) = b ( x; x ) makes b determine q , for if q

00

is another quadratic form over b , then

( q � q

00

) is an order at most 2 elemen t of H om ( G; Q = Z ) ' G , and so vanishes. So,

if G and G

0

are b oth p -groups, then b ' b

0

implies q ' q

0

.

2

A sk etch of pro of of this formula can b e found in [ VdB ], in case when f is nondegenerate.

Milnor and Husemoller have included a detailed pro of in [ MH , App endix 4], for f nondegenerate

and w = 0. The general case can b e reduced to this sp ecial case.
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Come bac k no w to the general case and supp ose that condition 2 is satis�ed.

( G; b ) splits along its p -primary comp onents G

p

:

( G; b ) =

M

p; prime

�

G

p

; b j

G

p

� G

p

�

;

and, according to formula (4.5), the same holds for q . The given isomorphism

b et ween ( G; b ) and ( G

0

; b

0

), induces then for each prime p an isomorphism b etween

�

G

p

; b j

G

p

� G

p

�

and

�

G

0

p

; b

0

j

G

0

p

� G

0

p

�

. From the ab ove lines, we deduce that, for p

o dd,

�

G

p

; q j

G

p

�

and

�

G

0

p

; q

0

j

G

0

p

�

are isomorphic.

In particular, B

�

q j

G

p

�

= B

�

q

0

j

G

0

p

�

for p o dd, and so, by additivity of the Gauss-

Brown invariant, this is also true for p = 2. Consequently, it is enough to prove

Theorem 4.4 when G and G

0

are 2-groups.

In the sequel, we recall a construction due to Wall (see [ W1 , x 6]), establishing a

one to one corresp ondence (up to isomorphism) b etween nondegenerate quadratic

forms on 2-groups and linking pairings on 2-groups without direct summand of

order two. Next, we give a brief review of Kawauchi and Ko jima classi�cation of

linking pairings on 2-groups. We will �nally end the pro of of Theorem 4.4.

Wal l's construction. A linking pairing ( G

0

; b

0

) will b e said here to b e special if

G

0

is a �nite 2-group without direct summand of order two.

Let give us a sp ecial linking pairing ( G

0

; b

0

). Set G := G

0

=T

2

( G

0

) where T

2

( G

0

) is the

subgroup of elements of order at most 2, and denote by � the canonical pro jection

G

0

-

G . Note that G can b e any 2-group. De�ne now q : G

-

Q = Z by:

8 x = � ( x

0

) 2 G; q ( x ) = b

0

( x

0

; x

0

) :

The quantity q ( x ) is w ell-de�ned b ecause of the sp ecial feature of the group G

0

.

Then, q is easily seen to b e quadratic and nondegenerate, with asso ciated linking

pairing b : G � G

-

Q = Z de�ned by:

(4.6) 8 x = � ( x

0

) ; 8 y = � ( y

0

) 2 G; b ( x; y ) = 2 � b

0

( x

0

; y

0

) :

Let us denote by 	 the construction ( G

0

; b

0

)

-

( G; q ). Wall showed this to

b e surjectiv e on to the set of nondegenerate quadratic forms on 2-groups. He also

proved that if ( G

0

; b

0

1

) and ( G

0

; b

0

2

) give rise to the same ( G; q ) b y 	, then they have

to b e isomorphic (see [ W1 , Theorem 5]).

As a consequence, the classi�cation, up to isomorphism, of nondegenerate qua-

dratic forms on 2-groups is reduced to that of sp ecial linking pairings.

Kawauchi-Kojima classi�cation of linking pairings on 2-groups. Let ( G; b ) b e

a linking pairing on a �nite 2-group. Find a cyclic decomp osition of G :

G '

M

k � 1

( Z

2

k
)

r

k

:

The natural numb ers r

k

= r

k

( b ) are group invariants of G . The very next construc-

tion is due to Wall (see [ W1 , x 5]).

Denote by G

k

the subgroup of G of elements of order at most 2

i

for i � k , and

set:

~

G

k

=

G

k

G

k � 1

+ 2 � G

k +1

:

The group

~

G

k

is clearly a Z

2

-vector space of rank r

k

. Let also

~

b

k

:

~

G

k

�

~

G

k

-

Q = Z

b e de�ned by:

8 x; y 2 G

k

;

~

b

k

( ~ x ; ~y ) = 2

k � 1

� b ( x; y ) :

The form

~

b

k

was shown b y W all to b e nondegenerate (see [ W1 , Lemma 8]).
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Consider now the map

~

G

k

-

Q = Z sending ~x to

~

b

k

( ~ x ; ~x ). It is additive, and

so we can de�ne an elemen t ~ c

k

= ~ c

k

( b ) in

~

G

k

by the equation:

(4.7) 8 ~x 2

~

G

k

;

~

b

k

( ~ x ; ~c

k

) =

~

b

k

( ~ x ; ~x ) :

When ~c

k

= 0, the following map can b e de�ned:

(

G

G

k

q

k

-

Q

Z

�x

-

2

k � 1

� b ( x; x ) :

The form q

k

= q

k

( b ) can b e veri�ed to b e quadratic and nondegenerate. In partic-

ular, its Gauss-Brown invariant B ( q

k

) is not equal to 1 .

Kawauchi and Ko jima de�ned �

k

= �

k

( b ) 2 Z

8

by:

�

k

=

�

B ( q

k

) if ~c

k

= 0 ;

1 otherwise,

and showed the following theorem (see [ KK , Theorem 4.1]).

Theorem 4.5 (Kawauchi-Ko jima) . If ( G; b ) is a linking pairing on a �nite 2 -

group, its isomorphism class is determined by the invariant family ( r

k

( b ) ; �

k

( b ))

k � 1

.

End of proof of Theorem 4.4. Let ( G; q ) b e a quadratic form on a �nite

2-group G , going with a linking pairing b . Let also ( G

0

; b

0

) b e a sp ecial linking

pairing, giving rise to ( G; q ) b y W all's construction 	.

W e w ant to compare the invariants r

k

and �

k

of b and b

0

, in order to quantify

ho w m uc h ( G; b ) determines ( G

0

; b

0

), and so ( G; q ), up to isomorphism.

Recall that G = G

0

= G

0

1

. Denote by � : G

0

-

G the canonical pro jection. The

map � induces a morphism from G

0

k +1

onto G

k

with kernel G

0

1

. So, � induces a

natural isomorphism:

~

G

0

k +1

~�

k

'

- ~

G

k

:

In particular, the Z

2

-vector spaces

~

G

0

k +1

and

~

G

k

have the same rank. So,

(4.8) 8 k � 1 ; r

k +1

( G

0

) = r

k

( G ) :

Besides, since G

0

is sp ecial, w e ha ve:

(4.9) r

1

( G

0

) = 0 :

The isomorphism ~�

k

makes

~

b

0

k +1

and

~

b

k

commute b ecause of equation (4.6). As a

consequence, ~�

k

sends ~c

k +1

( b

0

) to ~ c

k

( b ). Furthermore, when these (simultaneously)

vanish, the natural isomorphism b etween G

0

= G

0

k +1

and G= G

k

induced by � , make

q

k +1

( b

0

) and q

k

( b ) commute (b ecause of equation (4.6)). As a consequence, these

two quadratic forms will have the same Gauss-Brown invariant. So, to sum up,

(4.10) 8 k � 1 ; �

k +1

( b

0

) = �

k

( b ) 2 Z

8

:

Since

~

G

0

1

= 0, ~ c

1

( b

0

) v anishes. It remains to b e noticed that q

1

( b

0

) is nothing but

q . Thus,

(4.11) �

1

( b

0

) = B ( q ) :

Now, from equations (4.8), (4.9), (4.10), (4.11) and Kawauchi-Ko jima theorem,

we see that ( G; b ) together with B ( q ) determine ( G; q ) up to isomorphism. What

has b een remaining to b e proved for Theorem 4.4, then follows. �

We now give a result of Durfee (see [ Du , Corollary 3.9]) as a corollary of

Theorem 4.4.
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Corollary 4.6 . Let b : G � G

-

Q = Z be a linking pairing on a �nite

Abelian group G without cyclic direct summand of order 2 or 4 . Then, 8 q ; q

0

2

Quad ( G; b ) ; q ' q

0

.

Proof. Take some quadratic forms q and q

0

over b , and let x 2 T

2

( G ) b e suc h

that q

0

= x � q (see Lemma 4.2). By the hyp othesis on G , there exits some x

0

2 G

such that x = 4 x

0

, and so, by homogeneit y of q , w e ha ve:

q ( x ) = q (4 x

0

) = 4

2

q ( x

0

) :

But since x

0

is then of order at most 8, q ( x

0

) has to b e of order at most 2 � 8 = 16

(see [ De1 , Lemma 1.12]). It follows that q ( x ) = 0 and so, by Lemma 4.3, we obtain

that B ( G; q ) = B ( G; q

0

). Theorem 4.4 allows us to conclude. �

5. The quadratic form �

M ;�

In this section, when not sp eci�ed, integer co e�cients are assumed.

5.1. Turaev 4 -dimensional de�nition of �

M ;�

. Let M b e a connected

closed oriented 3-manifold, and let  : V

L

-

M b e a surgery presentation on S

3

given by an ordered oriented framed link L (see the b eginning of x 3.6).

We use notations and apply constructions of x 4.1 to F = H

2

( W

L

), taking for f the

intersection form of W

L

. Recall that the matrix of f relative to the preferred basis

of F is B

L

, the linking matrix of L .

The comp osite:

H

2

( W

L

)

ad

f

-

H om ( H

2

( W

L

) ; Z )

�

'

H

2

( W

L

)

P

'

-

H

2

( W

L

; @ W

L

)

is equal to i

�

: H

2

( W

L

)

-

H

2

( W

L

; @ W

L

), induced by inclusion. Since C ok er ( i

�

)

= H

1

( V

L

), we obtain the following isomorphism r :

K

f

'

-

T ( C ok er ( i

�

))

 

�

'

-

T H

1

( M )

r

6

In fact, it is well-known that the ab ov e ( F ; � f ) is via r a presentation of the torsion

linking form

�

T H

1

( M ) ; �

M

�

of M , the de�nition of whic h w e no w recall:

Let x; x

0

2 T H

1

( M ) b e resp ectively realized by oriented disjoint

knots K ; K

0

in M . Let c

0

2 N b e such that c

0

� x

0

= 0. Pic k a c

0

-

times connected sum of K

0

. We obtain a null-homologous knot

in M for whic h w e can thus �nd a Seifert surface S

0

in general

p osition with K . Then:

�

M

( x; x

0

) =

1

c

0

K � S

0

2 Q = Z ;

where � is the intersection form of M .

No w to eac h � 2 S pin ( M ) is asso ciated a characteristic solution of � B

L

or, alter-

natively , a W u class (mo dulo 2 F ) of � f , denoted by w

�

. Then, Turaev de�ned:

Definition 5.1 . The quadratic form of the spin 3 -manifold ( M ; � ):

T H

1

( M )

�

M ;�

-

Q = Z

is de�ned to b e �

� f ;w

�

� r

� 1

.
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We still hav e to v erify that �

M ;�

do es not dep end on the choice of the surgery

presentation.

Let  

0

: V

L

0

-

M b e another one. Let s 2 ( Z

2

)

l

(resp. s

0

) b e the characteristic

solution of B

L

(resp. B

L

0

) corresp onding to the spin structure  

�

( � ) of V

L

(resp.

(  

0

)

�

( � ) of V

L

0

).

According to the re�ned Kirby's theorem (see [ Bl ]), there exists a sequence of

spin Kirby's moves from ( L; s ) to ( L

0

; s

0

), inducing a spin-di�eomorphism from

( V

L

;  

�

( � )) to ( V

L

0

; (  

0

)

�

( � )) isotopic to (  

0

)

� 1

�  . These Kirby's moves induce a

path ( F ; f ; w

�

) ; ( F

0

; f

0

; w

0

�

) whose elementary steps are:

�

( F ; f ; w )

-

�

F ;

t

S f S; S

� 1

( w )

�

with S 2 Aut ( F ) ;

( F ; f ; w )

-

( F � Z ; f � ( � 1) ; w � (1)) :

As a consequence, this path induces an isomorphism t from ( K

f

; �

f ;w

�

) to ( K

f

0

;

�

f

0

;w

0

�

) making the following diagram commutative:

K

f

t

-

K

f

0

@

@

@

@

@

r

R

T H

1

( M )

r

0

?

The well-de�nition of �

M ;�

then follows.

5.2. An intrinsic de�nition for �

M ;�

. Let ( M ; � ) b e a closed spin 3-manifold

and let K b e a smo oth oriented knot in M .

Each parallel l of K de�nes a trivialization of the normal bundle of K in M , and

so allows us to restrict � to a spin structure on K

�

=

S

1

. We de�ne:

� ( K ; l ) =

�

0 if the induced spin structure on S

1

is the \b ounding" one,

1 otherwise.

� ( K ; l ) is a Z

2

-valued invariant of framed knots in M .

Lemma 5.2 . Let ( M ; � ) be a closed spin 3 -manifold. Then, for each oriented

smooth knot K in M with l as a paral lel and meridian � ,

� ( K ; l + � ) = � ( K ; l ) + 1 2 Z

2

:

Proof. Let S denote the b oundary of a regular neighb ourho o d of K in M .

The normal bundle of S in M is naturally trivialized, so S inherits from ( M ; � ) a

spin structure. Let q b e the quadratic form asso ciated to the spin smo oth surface

( S; � j

S

) as de�ned by Johnson in [ J1 ]. The following identity then holds for each

parallel l :

� ( K ; l ) = q ([ l ]) ;

when l is thought of as a curve on S . Since q is quadratic with resp ect to the

mo dulo 2 intersection form � on S , w e ha ve:

� ( K ; l + � ) = q ([ l ] + [ � ])

= q ([ l ]) + q ([ � ]) + [ l ] � [ � ]

= q ([ l ]) + 1

= � ( K ; l ) + 1 :

�

W e no w recall the de�nition of the framing number F r ( K ; l ) 2 Q of a rationally

nulhomologous oriented framed knot ( K ; l ) in a closed oriented 3-manifold M :
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Cho ose c 2 N

�

such that c � [ K ] = 0 2 H

1

( M ). Pic k a c -times

connected sum of K . We obtain a null-homologous knot in M

for whic h w e can thus pick a Seifert surface S in general p osition

with the knot l . Then:

F r ( K ; l ) =

1

c

� l � S 2 Q :

Lemma 5.3 . Let ( M ; � ) be a closed spin 3 -manifold and x 2 T H

1

( M ) . Choose

a smooth oriented knot K in M representative for x , and pick a paral lel l for K

satisfying � ( K ; l ) = 0 2 Z

2

. Then,

(5.1) �

M ;�

( x ) =

1

2

� F r ( K ; l ) 2

Q

Z

:

Note that, according to Lemma 5.2, the rhs of (5.1) is an invariant of the oriented

knot K (it do es not dep end on the choice of l satisfying the ab ove condition). This

lemma claims that it only dep ends on the homology class x of K , and gives a

3 -dimensional de�nition for the quadratic form �

M ;�

.

Remark 5.4 . From this lemma, we can see that �

M ;�

coincides with the qua-

dratic form de�ned by Lannes and Latour in [ LL ] when sp ecialized to our case (see

also [ MS ]).

Proof of Lemma 5.3. Consider the 4-manifold W

1

obtained from M � [0 ; 1]

by attaching a 2-handle to M � 1 along ( K ; l ). Identify M with M � 0. Since

� ( K ; l ) = 0, � extends in a unique way to a spin structure �

1

of W

1

.

( W

1

; �

1

) is then a spin cob ordism b et ween ( M ; � ) and ( � M

0

; � �

0

), where M

0

is

the closed oriented 3-manifold obtained from M by the corresp onding surgery, and

where � �

0

is the restriction of �

1

to � M

0

.

Note also that the core of the 2-handle is a 2-disc D in W

1

with b oundary K in M ,

and whose normal bundle can b e trivialized in accordance with the trivialization

of the normal bundle of K in M given by l . The framed knot ( K ; l ) will briey b e

said to have property ( D ) in W

1

.

According to Kaplan Theorem (see [ Ka ]), the spin 3-manifold ( M

0

; �

0

) admits an

even surgery presentation in S

3

( i.e. the linking matrix is even and its characteristic

solution corresp onding to �

0

is the trivial one). Denote by W

2

the trace of the

surgery and by �

2

the unique extension of �

0

to the whole of W

2

.

By gluing ( W

1

; �

1

) to ( W

2

; �

2

) along ( M

0

; �

0

), we obtain a spin 4-manifold ( W ; � )

with b oundary ( M ; � ). The 2-handle from M to M

0

can b e reversed. After a

rearrangement, the 4-manifold W app ears as B

4

to whic h ha ve b een simultaneously

attached some 2-handles (one more than W

2

), with b oundary M , and to which �

can b e extended. So, W is the trace of an even surgery presentation.

As a summary , we have found so far an even surgery presentation ( L; 0) for

( M ; � ) such that ( K ; l ) has prop ert y ( D ) in W

L

.

Let us work with this surgery presentation of ( M ; � ). Notations of x 5.1 will b e

used: F = H

2

( W

L

), f stands for the intersection form of W

L

and so on.

Let the 2-disc D give an elemen t of H

2

( W

L

; @ W

L

). The latter is identi�ed with an

element d of H om ( F ; Z ). Recall from the de�nition of �

M ;�

that, in this even case,

(5.2) �

M ;�

( x ) = �

1

2

d

Q

(

~

d ) ;

where d

Q

is the rational extension of d and where

~

d 2 F 
 Q is such that a

f

(

~

d ) = d .

Let c 2 N such that c � x = 0 2 H

1

( M ). Then, there exists y 2 F such that

ad

f

( y ) = c � d . So

1

c

� y 2 F 
 Q works as a

~

d . Equation (5.2) can b e rewritten as:

(5.3) �

M ;�

( x ) = �

1

2 c

2

f ( y ; y ) :
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When y is seen as b elonging to H

2

( W

L

), the integer f ( y ; y ) is equal to Y � Y

0

, where

Y and Y

0

are 2-cycles representatives for y in transverse p osition in W

L

. By means

of a \collar" trick app earing in [ De1 ], we will b e able to give examples of such Y

and Y

0

.

We add a collar M � [0 ; 1] to W

L

such that M � 0 is identi�ed with M . Let S b e

a Seifert surface for c � K in M in transverse p osition with l , and S

0

b e a Seifert

surface for ( c � l ) � 1 in M � 1. Because of the prop ert y ( D ), D can b e pushed o�

to a disc D

0

in such a way that @ D

0

= l and D \ D

0

= ? . Figure 5.1 is a go o d

summary. We de�ne Y = c:D � S and Y

0

= ( c:D

0

+ ( c:l ) � [0 ; 1]) � S

0

. Then:

(c.l)x[0,1]

Mx0

Mx1

S

c.D

c.K c.K

c.D'

=M

S'(c.l)x1 (c.l)x1

(c.l)x[0,1]

Figure 5.1: Calculating Y � Y

0

.

(5.4) f ( y ; y ) = Y � Y

0

= ( � S ) � ( c:D

0

) = � c � S � l :

The last � in (5.4) is intersection in M . The lemma follows from (5.4), (5.3) and

the de�nition of a framing numb er. �

5.3. Prop erties of �

M ;�

. The algebraic results of x 4 ha ve a top ological mean-

ing. First, it has b een shown b y T uraev in [ T2 , Theorem V]:

Lemma 5.5 (Turaev) . For each � 2 S pin ( M ) , B ( �

M ;�

) = � R

M

( � ) mod 8 ,

where R

M

is the Rochlin function of the 3 -manifold M .

Proof. Find an even surgery presentation of the spin 3-manifold ( M ; � ). So

we are led to apply formula (4.4) with w = 0. �

So, in view of Lemma 5.5, the top ological translations of Theorem 4.4 and its

Corollary 4.6 are resp ectively:

Proposition 5.6 . Let ( M ; � ) and ( M

0

; �

0

) b e c onnected closed spin 3 -manifolds.

The fol lowing two assertions ar e e quivalent:

(1) their quadratic forms �

M ;�

and �

M

0

;�

0

are isomorphic,

(2) their linking forms �

M

and �

M

0

are isomorphic, and R

M

( � ) = R

M

0

( �

0

)

modulo 8 .

Corollary 5.7 . Let M be a connected closed oriented 3 -manifold, such that

H

1

( M ) does not admit Z

2

nor Z

4

as a direct summand. Then, al l of its quadratic

forms are isomorphic one to another.
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�

ET

�

ES FERM

�

EES DE DIMENSION 3

6. Pro of of re�ned Matveev theorem

Part of the work has already b een done in previous sections. First, \1 = ) 3"

follows from Corollary 3.8 and from the easy part of (unspun) Matveev theorem: a

Y -surgery preserves homology and torsion linking forms. This can b e veri�ed seeing

Y -surgery as a V

h

-surgery (where h is the Borromean di�eomorphism of Remark

2.8), using a Mayer-Vietoris argument and the fact that h b elongs to the Torelli

group. Second, \3 = ) 2" follows from Prop osition 5.6. What remains to b e proved

is then \2 = ) 1".

We start by recalling an algebraic result of Durfee (see [ Du ]) ab out even sym-

metric bilinear forms on �nitely generated free Ab elian groups.

Let ( Z

2

; h ) and ( Z

8

; 

8

) b e the unimo dular even forms whose matrices are resp ec-

tively:

H =

�

0 1

1 0

�

and �

8

=

0

B

B

B

B

B

B

B

B

B

B

@

2 1

1 2 1

1 2 1

1 2 1

1 2 1 0 1

1 2 1 0

0 1 2 0

1 0 0 2

1

C

C

C

C

C

C

C

C

C

C

A

:

Definition 6.1 . Let ( F

1

; f

1

) and ( F

2

; f

2

) b e t wo symmetric even bilinear forms

on �nitely generated free Ab elian groups. They are said to b e stably equivalent if

they b ecome isomorphic after some stabilizations with unimo dular symmetric even

bilinear forms.

Note that a unimo dular even form b ecomes inde�nite after taking direct sum

with h . Recall that every even unimo dular inde�nite form splits as a direct sum of

h and 

8

(see for example [ Ki , p.26]). Thus, in De�nition 6.1, h and 

8

su�ce as

unimo dular even forms to stabilize.

For ( F ; f ) an ev en symmetric bilinear form on a �nitely generated free Ab elian

group, we will shortly denote by �

f

the quadratic form �

f ; 0

corresp onding to the

zero Wu class.

Proposition 6.2 (Durfee) . Let ( F

1

; f

1

) and ( F

2

; f

2

) be two symmetric even

bilinear forms on �nitely generated free Abelian groups. Then, the fol lowing two

assertions ar e e quivalent:

(1) ( F

1

; f

1

) and ( F

2

; f

2

) are stably equivalent,

(2) K er ( ad

f

1

) ' K er ( ad

f

2

) and �

f

1

' �

f

2

.

Proof. Implication \1 ) 2" is obvious since 

8

and h are b oth unimo dular.

Now supp ose that condition 2 is satis�ed. For each i 2 f 1 ; 2 g , there exists a

nondegenerate symmetric bilinear form

�

~

F

i

;

~

f

i

�

such that:

( F

i

; f

i

) '

�

~

F

i

;

~

f

i

�

� ( Z

r

; O

r

)

where

~

F

i

= F

i

=K er ( ad

f

i

) (note that it is free), r = r k ( K er ( ad

f

1

) ) = r k ( K er ( ad

f

2

) ),

and O

r

is the zero form. The form

~

f

i

is still even and �

~

f

1

and �

~

f

2

are still isomor-

phic.

Consequently, without loss of generality , w e can assume b oth f

i

to b e nondegener-

ate. But this case was treated by Durfee in [ Du , Corollary 4.2.(ii)]

3

. �

3

An easier and direct pro of of this result was given b y W all in [ W2 , Corollary 1].
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Let ( M ; � ) and ( M

0

; �

0

) b e connected closed spin 3-manifolds such that �

1

( M ) =

�

1

( M

0

) and �

M ;�

' �

M

0

;�

0

.

Supp ose given for them some even surgery presentations ( L; 0) and ( L

0

; 0) with

resp ective linking matrices B and B

0

. According to Prop osition 6.2, there exists a

unimo dular integer matrix P satisfying for some stabilizations:

t

P � ( B � H � � � H � �

8

� � � �

8

) � P = B

0

� H � � � H � �

8

� � � �

8

:

W e ha ve the following geometric realizations of algebraic op erations:

(1) stabilizations by H corresp ond to connected sums with S

3

surgery pre-

sented on the zero-framed Hopf link,

(2) a stabilization by �

8

is concrete when thought of as a connected sum

with the Poincar�e sphere surgery presented on an appropriate height-

comp onent link as in [ Ki , Figure 5.3, p.15],

(3) congruence by P can b e realized by some spin Kirby's moves (handle-

slidings and changes of orientation of comp onents of L ).

The Poincar�e sphere can also b e obtained by surgery along a (+1)-framed trefoil

knot ([ Ki , Figure 5.3, p.15]), which can b e obtained from the (+1)-framed unknot

by a simple Y -surgery (see De�nition 3.12). As a consequence, the Poincar�e sphere

and the sphere S

3

, equipp ed with their unique spin structures, are Y

s

-equivalent.

Since Y

s

-equivalence is compatible with connected sums, we can assume that B =

B

0

.

A theorem of Murakami and Nakanishi ([ MN , Theorem 1.1]

4

) states that two

ordered oriented links have identical linking matrices if and only if they are �-

equivalent. A �-move is a certain unknotting op eration, which is equivalent to

surgery along a simple Y -graph.

Finally, from Corollary 3.13, we see that a simple Y

s

-surgery b etween even surgery

presentations leaves the trivial characteristic solution �xed. We conclude that

( M ; � ) is Y

s

-equivalen t to ( M

0

; �

0

), which completes the pro of.

7. Applications

According to Theorem 1.1, two connected closed spin 3-manifolds are Y

s

-

equivalent if and only if they are Y -equivalen t as plain 3-manifolds and their Ro chlin

invariants are identical mo dulo 8. In other words, while studying the degree 0 part

of Goussarov-Habiro theory, the spin problem can b e \factored out".

Now, given a closed connected oriented 3-manifold, one can wonder whether

all of its spin structures are Y

s

-equivalent one to another. This has b een veri�ed

to b e true in the case of S

1

� S

1

� S

1

by a direct calculation (Example 3.14). More

generally w e ha ve:

Corollary 7.1 . Let M be a connected oriented closed 3 -manifold such that

H

1

( M ) has no cyclic direct summand of order 2 or 4 . Then, al l spin structures of

M are Y

s

-equivalent one to another.

Proof. This follows directly from Theorem 1.1 and Corollary 5.7. �

On the contrary , w e ha ve:

Example 7.2 . The two spin structures of RP

3

are not Y

s

-equivalent, for the

Ro chlin function of RP

3

takes 1 and � 1 as v alues.

4

In fact, the �rst reference is Matveev, but the pro of in [ Mt ] is not detailed.





CHAPITRE 3

Invariants de typ e �ni des cylindres d'homologie

En collab oration avec Jean-Baptiste Meilhan.

1. Intro duction

1.1. Homology cylinders. Homology cylinders are imp ortant ob jects in the

theory of �nite typ e invariants of Goussarov-Habiro: they hav e th us app eared in

b oth [ Hr ] and [ Go ]. Let us recall the de�nition of these ob jects.

Let � b e a compact connected oriented surface. A homology cobordism over �

is a triple ( M ; i

+

; i

�

) where M is a compact oriented 3-manifold and i

�

: �

-

M

are oriented emb eddings with images �

�

, such that:

(i) i

�

are homology isomorphisms;

(ii) @ M = �

+

[ ( � �

�

) and �

+

\ ( � �

�

) = � @ �

�

;

(iii) i

+

j

@ �

= i

�

j

@ �

.

Homology cob ordisms are considered up to orientation-preserving di�eomorphisms.

When ( i

�

)

� 1

�

� ( i

+

)

�

: H

1

(�; Z )

-

H

1

(�; Z ) is the identity, M is said to b e

a homology cylinder . The set of homology cob ordisms is denoted here by C (�),

and H C (�) denotes the subset of homology cylinders. If M = ( M ; i

+

; i

�

) and

N = ( N ; j

+

; j

�

) are homology cob ordisms, we can de�ne their stacking product by

M � N := ( M [

i

�

� ( j

+

)

� 1
N ; i

+

; j

�

) :

This pro duct induces a monoid structure on C (�), with H C (�) a submonoid. The

unit elemen t is 1

�

:= (� � I ; I d; I d ) , where I is the unit interval [0 ; 1] and where

a collar of �

�

is stretched along @ � � I so that the second de�ning condition for

homology cob ordisms is satis�ed.

Habiro in [ Hr , x 8.5] outlined how homology cylinders can serv e as a p o werful

to ol in studying the mapping class groups of surfaces (see [ GL ], [ Hg ], [ Le ]). The

connection lies on the homomorphism of monoids

T (�)

C

-

H C (�)

sending each h in the Torelli group of � to the mapping cylinder C

h

= (� � I ; I d; h )

(with, as ab ove, a collar of �

�

stretched along @ � � I ).

In the sequel, we restrict ourselves to the following two cases:

(i) � = �

g

is the standard closed oriented surface of genus g � 0, which here

is referred to as the close d c ase ;

(ii) � = �

g ; 1

is the standard compact oriented surface of genus g � 0 with

one b oundary comp onent, which here is referred to as the boundary case .

69
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The usual notations T

g ; 1

= T (�

g ; 1

) and T

g

= T (�

g

) for the Torelli groups will b e

used. Also denote by H the �rst homology group of � with integer co e�cients, by

� the intersection form on H and b y ( x

i

; y

i

)

g

i =1

a symplectic basis for ( H ; � ).

1.2. Y

k

-equivalence. The theory of �nite typ e invariants of Goussarov-Habiro

has come equipp ed with a top ological calculus to olb ox: this was called calculus of

claspers in [ Hr ] or alternatively clovers in [ GGP ]. We will assume a certain famil-

iarity of the reader with these techniques.

In particular, let us recall that, for k � 1 an integer, the Y

k

-equivalence

1

is the

equivalence relation generated by surgery on connected clovers of degree k . Follow-

ing Habiro in [ Hr ], we can then de�ne a descending �ltration of monoids

C (�) � C

1

(�) � C

2

(�) � � � � � C

k

(�) � � � �

where C

k

(�) is the submonoid consisting of the homology cob ordisms which are

Y

k

-equivalent to the trivial cob ordism 1

�

. Note the following fact, a pro of of which

has b een inserted in x 4.

Proposition 1.1 . If � = �

g

or �

g ; 1

, then H C (�) = C

1

(�) .

As mentioned by Habiro, we can show from the calculus of clovers that for every

k � 1, the quotient monoid

C

k

(�) := C

k

(�) = Y

k +1

is an Ab elian group. In particular, C

1

(�) is the Ab elian group of homology cylinders

over � up to Y

2

-equivalence. This group is the sub ject of the present pap er.

For k � 2, Habiro gives a combinatorial upp er b ound for the Ab elian group

C

k

(�). Precisely, he de�nes A

k

( H ) to b e the Ab elian group (�nitely) generated

by unitrivalent graphs of internal degree k , with cyclic orientation at each trivalent

vertex and whose univalen t v ertices are lab elled by elements of H and are totally

ordered. These graphs are considered mo dulo the well-known AS, IHX, multilin-

earity relations, and up to some \STU-like relations" dealing with the order of the

univalen t v ertices. In the closed case, some relations of a symplectic typ e can b e

added. Then, there is a surjective surgery map

A

k

( H )

 

k

--

C

k

(�)

sending each graph G to (1

�

)

~

G

, where

~

G is a clover in the manifold 1

�

with G as

asso ciated abstract graph, whose leaves are stacked from the upp er surface � � 1

according to the total order, framed along this surface and emb edded according to

the lab els of the corresp onding univalen t v ertices. The fact that  

k

is well-de�ned

also follows from the calculus of clovers.

As for the case k = 1, Habiro do es not de�ne any space of graphs but announces

the following isomorphisms

(1.1)

�

C

1

(�

g ; 1

) ' �

3

H � �

2

H

(2)

� H

(2)

� Z

2

C

1

(�

g

) ' �

3

H = ( ! ^ H ) � �

2

H

(2)

=!

(2)

� H

(2)

� Z

2

where H

(2)

= H 
 Z

2

and where

! =

g

X

i =1

x

i

^ y

i

2 �

2

H

is the symplectic element . This fact has b een used afterwards in [ Le ].

The goal of this paper is to prove these isomorphisms , in a diagrammatic way , b y

again de�ning a surgery map

A

1

( P )

 

1

-

C

1

(�) :

1

This equivalence relation is called ( k � 1)-equivalence in [ Go ], and A

k

-equivalence in [ Hr ].
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The space of graphs A

1

( P ) and the map  

1

app ear to b e meaningfully di�erent

from A

k

( H ) and  

k

for k > 1, making thus the case k = 1 exceptional. Indeed,

their de�nition will involve b oth the homology group H and S pin (�), the set of

spin structures on �.

1.3. The Ab elianized Torelli group. We denote b y 


g

the set of quadratic

forms with � : H

(2)

� H

(2)

-

Z

2

as asso ciated bilinear form, namely




g

=

n

H

(2)

q

-

Z

2

: 8 x; y 2 H

(2)

; q ( x + y ) � q ( x ) � q ( y ) = x � y

o

:

Note that 


g

is an a�ne space over H

(2)

, with action given by

8 q 2 


g

; 8 x 2 H

(2)

; x � q := q + x � ( � ) :

Thus, among the maps 


g

-

Z

2

, there are the a�ne functions, and more gen-

erally there are the Boolean polynomials which are de�ned to b e sums of pro ducts

of a�ne ones (see [ J2 , x 4]). These p olynomials form a Z

2

-algebra denoted by B

g

,

which is �ltered by the degree (de�ned in the obvious way):

B

(0)

g

� B

(1)

g

� � � � � B

g

:

For instance, B

(1)

g

is the space of a�ne functions on 


g

; the constant function

1 : 


g

-

Z

2

sending each q to 1 and, for h 2 H , the function h sending each q

to q ( h ) are a�ne functions. Note the following identity:

(1.2) 8 h

1

; h

2

2 H ; h

1

+ h

2

= h

1

+ h

2

+ ( h

1

� h

2

) � 1 2 B

(1)

g

:

Another example of Bo olean p olynomial is the quadratic Bo olean function

� =

g

X

i =1

x

i

� y

i

;

which is known as the Arf invariant . For any basis ( e

i

)

2 g

i =1

for H , there is an

isomorphism of algebras:

(1.3) B

g

'

Z

2

[ t

1

; : : : ; t

2 g

]

t

2

i

= t

i

sending 1 to 1 and e

i

to t

i

.

Recall now from [ J2 ], that the many Birman-Craggs homomorphisms can b e

summed up into a single homomorphism

T

g ; 1

�

-

B

(3)

g

or T

g

�

-

B

(3)

g

� � B

(1)

g

;

according to whether one is considering the b oundary case or the closed case. Recall

also from [ J3 ] that the �rst Johnson homomorphism is a homomorphism

T

g ; 1

�

1

-

�

3

H or T

g

�

1

-

�

3

H

! ^ H

:

Form the following pull-back:

�

3

H �

�

3

H

(2)

B

(3)

g

-

B

(3)

g

�

3

H

?

� 
 Z

2

-

�

3

H

(2)

;

q

?

where the map q is the canonical pro jection B

(3)

g

-

B

(3)

g

=B

(2)

g

followed by the

isomorphism B

(3)

g

=B

(2)

g

' �

3

H

(2)

which identi�es the cubic p olynomial h

1

h

2

h

3

with
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h

1

^ h

2

^ h

3

(this is well-de�ned b ecause of (1.2) and (1.3)).

We denote by S the subgroup of this pull-back corresp onding to ! ^ H � �

3

H and

� � B

(1)

g

� B

(3)

g

. Johnson has shown in [ J4 ] that, under the assumption g � 3, the

homomorphisms �

1

and � induce isomorphisms

T

g ; 1

T

0

g ; 1

( �

1

; � )

'

-

�

3

H �

�

3

H

(2)

B

(3)

g

and

T

g

T

0

g

( �

1

; � )

'

-

�

3

H �

�

3

H

(2)

B

(3)

g

S

:

Remark 1.2 . Note that, b ecause of (1.3), the co domains of these maps are

resp ectively non-canonically isomorphic to �

3

H � �

2

H

(2)

� H

(2)

� Z

2

and �

3

H = ( ! ^

H ) � �

2

H

(2)

=!

(2)

� H

(2)

� Z

2

.

1.4. Statement of the results. In x 2, we will construct the space of graphs

A

1

( P ) and the surgery map  

1

: A

1

( P )

-

C

1

(�) . Spin structures play a

prominent role in their de�nitions.

Observe that, C

1

(�) b eing an Ab elian group, the mapping cylinder construction

induces a group homomorphism

T (�)

T (�)

0

C

-

C

1

(�) :

As p ointed out by Garoufalidis and Levine in [ GL ] and [ Le ], Johnson homomor-

phisms and Birman-Craggs homomorphisms factor through C : T (�)

-

H C (�).

These extensions will b e detailed in x 3.

Next, we will sp ecify in x 4 an isomorphism � : A

1

( P )

-

�

3

H �

�

3

H

(2)

B

(3)

g

and

the following two theorems will b e proved from the previous material.

Theorem 1.3 . In the boundary case, the diagram

A

1

( P )

 

1

-

C

1

(�

g ; 1

)

�

C

T

g ; 1

T

0

g ; 1

@

@

@

@

@

�

R 	�

�

�

�

�

( �

1

; � )

�

3

H �

�

3

H

(2)

B

(3)

g

( �

1

; � )

?

commutes and al l of its arrows are isomorphisms , except for the two maps starting

from T

g ; 1

= T

0

g ; 1

when g < 3 .

Theorem 1.4 . In the close d c ase, the diagram

A

1

( P )

�

� 1

( S )

 

1

-

C

1

(�

g

)

�

C

T

g

T

0

g

@

@

@

@

@

�

R 	�

�

�

�

�

( �

1

; � )

�

3

H �

�

3

H

(2)

B

(3)

g

S

( �

1

; � )

?

commutes and al l of its arrows are isomorphisms , except for the two maps starting

from T

g

= T

0

g

when g < 3 .

Note that Theorem 1.3 and Theorem 1.4 together with Remark 1.2, give Habiro's

isomorphisms (1.1), which are non-canonical. Also, we will easily deduce the fol-

lowing.

Corollary 1.5 . For � = �

g ; 1

or �

g

, let M and M

0

be two homology cylinders

over � . Then, the fol lowing assertions ar e e quivalent:

(a) M and M

0

are Y

2

-equivalent;
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(b) M and M

0

are not distinguishe d by de gree 1 Goussarov-Habiro �nite type

invariants;

(c) M and M

0

are not distinguished by the �rst Johnson homomorphism nor

Birman-Craggs homomorphisms.

Finally, if an emb edding �

g ; 1

�

-

�

g

is �xed, there is an obvious \�lling-up"

map C

1

(�

g ; 1

)

-

C

1

(�

g

) , through which the commutative diagrams of Theorem

1.3 and Theorem 1.4 are compatible. The reader is referred to x 4 for a precise

statement.

2. De�nition of the surgery map  

1

In this section, we de�ne the space of graphs A

1

( P ) and the surgery map  

1

announced in the intro duction.

2.1. Sp ecial Ab elian groups and the A

1

functor. Let us denote by A b the

category of Ab elian groups. An Abelian group with special element is a pair ( G; s )

where G is an Ab elian group and s 2 G is of order at most 2. We denote by A b

s

the category of sp ecial Ab elian groups whose morphisms are group homomorphisms

preserving the sp ecial elements. W e no w de�ne a functor

A b

s

A

1

-

A b

in the following way. For ( G; s ) an ob ject in A b

s

, A

1

( G; s ) is the free Ab elian group

generated by Y-shap ed unitrivalent graphs, whose trivalen t v ertex is equipp ed with

a cyclic order on the incident edges and whose univalen t v ertices are lab elled by G ,

sub ject to some relations. The notation

Y [ z

1

; z

2

; z

3

]

will stand for the Y -shap ed graph whose univalent vertices are colored by z

1

, z

2

and z

3

2 G in accordance with the cyclic order, so that our notation is invariant

under cyclic p ermutation of the z

i

's. The relations are the following ones:

Antisymmetry (AS) : Y [ z

1

; z

2

; z

3

] = � Y [ z

2

; z

1

; z

3

] ;

Multilinearity of colors : Y [ z

0

+ z

1

; z

2

; z

3

] = Y [ z

0

; z

2

; z

3

] + Y [ z

1

; z

2

; z

3

] ;

Slide : Y [ z

1

; z

1

; z

2

] = Y [ s; z

1

; z

2

] ;

where z

0

; z

1

; z

2

; z

3

2 G . For ( G; s )

f

-

( G

0

; s

0

) a morphism in A b

s

, A

1

( f ) maps

each generator Y [ z

1

; z

2

; z

3

] of A

1

( G; s ) to Y [ f ( z

1

) ; f ( z

2

) ; f ( z

3

)] 2 A

1

( G

0

; s

0

).

Example 2.1 . The map [ G

-

( G; 0)] makes A b a (full) sub category of A b

s

.

It follows from the de�nitions that the following diagram commutes:

A b

- -

A b

s

@

@

@

@

@

�

3

( � )

R

A b:

A

1

?
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Non-trivial examples will b e given in the next paragraph. For future use, note

that this category has an obvious pull-back construction extending that of A b :

( G

1

; s

1

) �

( G;s )

( G

2

; s

2

)

-

( G

2

; s

2

)

( G

1

; s

1

)

?

f

1

-

( G; s )

f

2

?

where ( G

1

; s

1

) �

( G;s )

( G

2

; s

2

) is the subgroup of G

1

� G

2

consisting of those ( z

1

; z

2

)

such that f

1

( z

1

) = f

2

( z

2

), and with sp ecial elemen t ( s

1

; s

2

).

2.2. Spin structures and the sp ecial Ab elian group P . In this para-

graph, let M b e a compact oriented 3-manifold endowed with a Riemannian metric,

and let F M b e its bundle of oriented orthonormal frames:

S O (3)

-

i

-

E ( F M )

p

--

M :

Let s 2 H

1

( E ( F M ); Z ) b e the image by i

�

of the generator of H

1

( S O (3); Z ) ' Z

2

.

Recall that M is spinnable and that S pin ( M ) can b e de�ned as

S pin ( M ) =

�

y 2 H

1

( E ( F M ); Z

2

) ; < y ; s > 6= 0

	

;

which is essentially indep endent of the metric. The manifold M b eing spinnable, s

is not 0 (and so is of order 2).

Now, S pin ( M ) b eing an a�ne space over H

1

( M ; Z

2

) with action given by

8 x 2 H

1

( M ; Z

2

) ; 8 � 2 S pin ( M ) ; x � � := � + p

�

( x ) ;

we can consider the space

A ( S pin ( M ) ; Z

2

)

of Z

2

-valued a�ne functions on S pin ( M ). For instance, 1 2 A ( S pin ( M ) ; Z

2

) will

denote the constant map de�ned by �

-

1.

There is a canonical map

A ( S pin ( M ) ; Z

2

)

�

-

H

1

( M ; Z

2

) :

For f 2 A ( S pin ( M ) ; Z

2

), the homology class � ( f ) is de�ned unambiguously by

8 � ; �

0

2 S pin ( M ) ; f ( �

0

) � f ( � ) = < �

0

=� ; � ( f ) > 2 Z

2

;

where �

0

=� 2 H

1

( M ; Z

2

) is de�ned by the a�ne action of H

1

( M ; Z

2

) on S pin ( M ).

Another canonical map is

H

1

( E ( F M ); Z )

e

-

A ( S pin ( M ) ; Z

2

)

sending a x to the map de�ned by �

-

< � ; x > . Next lemma gives us a nice

understanding of the sp ecial Ab elian group ( H

1

( E ( F M ); Z ) ; s ).

Lemma 2.2 . a) The fol lowing diagram of special groups is a pul l-back diagram:

( H

1

( E ( F M ); Z ) ; s )

e

-

�

A ( S pin ( M ) ; Z

2

) ; 1

�

( H

1

( M ; Z ) ; 0)

p

�

?

� 
 Z

2

-

( H

1

( M ; Z

2

) ; 0) :

�

?

b) Let t be the map

�

Oriente d fr amed knots in M

	

t

-

H

1

( E ( F M ); Z )
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which adds to any oriented framed knot K an extra (+1) -twist, and next sends it

to the homology class of its lift in F M . Then,

(i) t is surjective;

(ii) t

K

1

= t

K

2

if and only if K

1

and K

2

ar e c obordant as oriented knots in M

and if their framings with respect to a surface with boundary ( K

1

) [ ( � K

2

)

then di�er from each other by an even integer;

(iii) if K

1

]K

2

denotes the band connected sum of K

1

and K

2

, then t

K

1

]K

2

=

t

K

1

+ t

K

2

;

(iv) the k -framed trivial oriented knot ( k 2 Z ) is sent by t to k � s .

Proof. We b egin by proving a). The commutativity of the diagram of sp ecial

groups is easy to verify. By functoriality , w e get a map

( H

1

( E ( F M ); Z ) ; s )

( p

�

;e )

-

( H

1

( M ; Z ) ; 0) �

( H

1

( M ; Z

2

) ; 0)

�

A ( S pin ( M ) ; Z

2

) ; 1

�

:

The Serre sequence asso ciated to the �bration F M gives for homology with integer

co e�cients:

0

-

H

1

( S O (3); Z )

i

�

-

H

1

( E ( F M ); Z )

p

�

-

H

1

( M ; Z )

-

0 :

The bijectivit y of ( p

�

; e ) follows from the exactness of this sequence.

W e no w prove b) and we b egin with assertion (iv). Let K b e a trivial k -framed

oriented knot, let � 2 K and let e = ( e

1

; e

2

; e

3

) 2 p

� 1

( � ) b e the framing of K at � .

We denote by

~

K the lift of K to F M . Then, as a lo op in E ( F M ),

~

K is homotopic

to the lo op in the �b er p

� 1

( � ) de�ned by

[0 ; 1] 3 t

-

R

2 � ( k +1) t

( e ) ;

where R

�

(with � 2 R ) denotes the rotation of oriented axis directed by e

3

and

angle � . From an appropriate description of the generator of �

1

( S O (3)) ' Z

2

, it

follows that

h

~

K

i

= ( k + 1) � s 2 H

1

( E ( F M ); Z ), and assertion (iv) then follows.

Let us make an observation. Let K b e an y oriented framed knot in M ; since the

framing of K determines a trivialization of its normal bundle in M , it allows us to

restrict any spin structure on M to K . Recall now that the cob ordism group 


S pin

1

is isomorphic to Z

2

(with generator given by S

1

endowed with the spin structure

induced by its Lie group structure: see [ Ki , p. 35, 36]). The following observation

then makes sense:

(2.1) 8 � 2 S pin ( M ) ; e ( t

K

)( � ) = ( K ; � j

K

) 2 


S pin

1

' Z

2

;

and can b e derived from an appropriate characterization of the spin structures on

the circle (see [ Ki , p. 35, 36]).

Let now K

1

and K

2

b e some disjoint oriented framed knots in M . There is an

obvious genus 0 surface with b oundary K

1

]K

2

_

[ ( � K

1

)

_

[ ( � K

2

). Then, according to

(2.1), w e ha ve e ( t

K

1

]K

2

) = e ( t

K

1

) + e ( t

K

2

). Also, p

�

( t

K

1

]K

2

)= [ K

1

]K

2

]= [ K

1

] +

[ K

2

]= p

�

( t

K

1

) + p

�

( t

K

2

), and so by a), we obtain that assertion (iii) holds for K

1

and K

2

.

W e no w justify assertion (ii). According to a), t

K

1

= t

K

2

if and only if p

�

( t

K

1

) =

p

�

( t

K

2

) and e ( t

K

1

) = e ( t

K

2

). Also, the condition p

�

( t

K

1

) = p

�

( t

K

2

) holds if and

only if K

1

and K

2

are homologous in M . In this case, let S b e an emb edded

oriented surface in M such that @ S = K

1

_

[ ( � K

2

). Let k

i

b e the framing of K

i

with

resp ect to S and let K

0

i

b e the oriented framed knot obtained from K

i

by adding

an extra ( � k

i

)-twist, so that the framing of K

0

i

is given by S . Then, according to

(2.1), w e ha ve e

�

t

K

0

1

�

= e

�

t

K

0

2

�

. Moreover, applying assertions (iii) and (iv), we

obtain: e

�

t

K

0

i

�

= e ( t

K

i

) + k

i

� s . We conclude that e ( t

K

1

) = e ( t

K

2

) if and only if

k

1

and k

2

are equal mo dulo 2, proving thus assertion (ii).
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Let x 2 H

1

( E ( F M ); Z ), then p

�

( x ) 2 H

1

( M ; Z ) can b e realized by an oriented

knot K in M : we give it an arbitrary framing. By construction, p

�

( t

K

� x ) = 0 2

H

1

( M ; Z ), and so by exactness of the Serre sequence, t

K

� x = " � s with " 2 f 0 ; 1 g .

By p ossibly band-summing K with a trivial (+1)-framed knot when " = 1, and

according to assertion (iii) and (iv), the framed knot K can b e supp osed to b e such

that t

K

= x ; this proves assertion (i). �

W e no w restrict ourselves to the 3-manifold M = 1

�

= � � I where � can b e

�

g

or �

g ; 1

. The inclusion i

+

: �

�

-

1

�

, with image �

+

, induces an isomorphism

b et ween H and H

1

( M ; Z ) and a bijection b et ween S pin (�) and S pin ( M ). As

shown by Johnson in [ J1 ], there is an algebraic way to think of S pin (�). Indeed,

there exists a canonical a�ne isomorphism

S pin (�)

'

-




g

;

sending any spin structure � to a quadratic form q

�

which can b e de�ned as follows.

Let x 2 H

(2)

= H

1

(�; Z

2

) b e represented by an oriented simple closed curve on

�

+

; b y framing it along �

+

and pushing it into the interior of 1

�

, w e get a framed

oriented knot K in 1

�

. Then,

(2.2) q

�

( x ) = e ( t

K

) ( � � I ) 2 Z

2

:

Therefore, according to Lemma 2.2 a), ( H

1

( E ( F 1

�

) ; Z ) ; s ) is canonically isomor-

phic to the sp ecial Ab elian group de�ned by the pull-back construction

( H ; 0) �

(

H

(2)

; 0

)

�

B

(1)

g

; 1

�

e

-

�

B

(1)

g

; 1

�

( H ; 0)

p

?

� 
 Z

2

-

�

H

(2)

; 0

�

�

?

whose pro jections are denoted by p and e , and where � is the comp osite

B

(1)

g

--

B

(1)

g

=B

(0)

g

'

-

H

(2)

:

The last isomorphism here identi�es h with h

(2)

for all h 2 H (this is well-de�ned

by (1.2) and (1.3)). We de�ne the sp ecial Ab elian group P to b e

P = ( H ; 0) �

(

H

(2)

; 0

)

�

B

(1)

g

; 1

�

;

and A

1

( P ) is the space of graphs announced in the intro duction.

Remark 2.3 . Thus, any element z of P can b e written as

z =

�

h; h + " � 1

�

2 P ;

with h 2 H and " 2 f 0 ; 1 g . Observe also the following. Supp ose that there exists a

simple oriented closed curv e in �

+

with homology class h . Let K b e the push-o�

of this curve, framed along �

+

, with an extra " -twist. Then, it follows from (2.2)

that t

K

= z 2 P ' H

1

( E ( F 1

�

) ; Z ) .

Remark 2.4 . According to the pro of of Lemma 2.2, the Serre sequence for

homology asso ciated to the bundle F 1

�

gives the following short exact sequence:

0

-

Z

2

-

P

p

-

H

-

0 ;

where Z

2

is injected into P by sending 1 to (0 ; 1). The map s : H

-

P de�ned by

s ( h ) =

�

h; h

�

is a set-theoretic section. According to (1.2), the asso ciated 2-co cycle
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H � H

-

Z

2

is the mo d 2 reduced intersection form of �. Thus, P is isomorphic

to H o Z

2

with crossed pro duct de�ned by

( h

1

; "

1

) � ( h

2

; "

2

) = ( h

1

+ h

2

; "

1

+ "

2

+ h

1

� h

2

) :

The element

�

h; h + " � 1

�

2 P corresp onds to ( h; � ) 2 H o Z

2

.

2.3. The surgery map  

1

. In this paragraph, � is allowed to b e �

g

or �

g ; 1

and the surgery map  

1

: A

1

( P )

-

C

1

(�) is constructed by means of calculi of

clovers.

Conventions 2.5 . Here, we adopt Goussarov's convention for the surgery

meaning of Y -graphs and clovers [ Go ], [ GGP ].

Denote by

~

A

1

( P ) the free Ab elian group generated by abstract Y-shap ed graphs

whose univalen t v ertices are lab elled by P , and which are equipp ed with an orien-

tation at their trivalen t v ertex: A

1

( P ) is a quotien t of

~

A

1

( P ). For each generator

Y [ z

1

; z

2

; z

3

] of

~

A

1

( P ), where z

i

2 P , pick some disjoint oriented framed knots K

i

in the interior of 1

�

such that t

K

i

= z

i

2 P ' H

1

( E ( F 1

�

) ; Z ); this is p ossible

according to Lemma 2.2 b) (i). Next, pic k an em b edded 2-disk D in the interior

of 1

�

and disjoint from the K

i

's, orien t it in an arbitrary way, and connect it to

the K

i

's with some bands e

i

. These band sums are required to b e compatible with

the orientations, and to b e coherent with the cyclic ordering (1 ; 2 ; 3). See Fig. 2.1

as an illustration. What we obtain in 1

�

is precisely a Y-graph , as de�ned by

K
3

K
2

e2

e3

1K1
D

e

Figure 2.1: Emb edding the Y-graph

Goussaro v in [ Go ]. We denote it by �

�

Y [ z

1

; z

2

; z

3

]

�

. For example, as follows from

Lemma 2.2 b) (iv), if z

1

is the sp ecial element s of P , the corresp onding leaf K

1

of

�

�

Y [ s; z

2

; z

3

]

�

can b e chosen to b e unknotted and (+1)-framed; such a leaf is called

special in [ GGP ].

W e no w put

~

 

1

�

Y [ z

1

; z

2

; z

3

]

�

to b e the Y

2

-equivalence class of the surgered manifold

(1

�

)

� ( Y [ z

1

;z

2

;z

3

])

, so that we get a map

~

A

1

( P )

~

 

1

-

C

1

(�) :

Theorem 2.6 . The map

~

 

1

does not depend on the choic e of � , and induces a

surjective quotient map

A

1

( P )

 

1

--

C

1

(�) :
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Proof. The pro of might b e read with a cop y of [ GGP ] in hand. Using the

ab ove notation, we b egin with showing that

~

 

1

�

Y [ z

1

; z

2

; z

3

]

�

do es not dep end on

the choice of �

�

Y [ z

1

; z

2

; z

3

]

�

. For this, we recall two facts concerning any Y-graph

G in a homology cylinder M (see Remark 2.7 b elow):

Fact 1: the Y

2

-equivalence class of M

G

is not mo di�ed when an edge of G

is band-summed with a (disjoint) oriented framed knot of M ;

Fact 2: the Y

2

-equivalence class of M

G

is inverted when an edge of G is

half-twisted.

Using these, the indep endance of the choice of the disk D , its orientation and the

edges e

i

is easily shown.

W e no w show the indep endance of the choice of the leaves K

i

. Supp ose for example

that K

0

1

is another choice of K

1

. Then, according to Lemma 2.2 b) (ii), there exists

an emb edded oriented surface F in 1

�

such that @ F = K

1

_

[ ( � K

0

1

) and such that,

if k (resp. k

0

) is the framing of K

1

(resp. K

0

1

) with resp ect to F , ( k � k

0

) is ev en.

We also assume transversalit y of F with the edges of the Y-graph, and with the

two other leaves K

2

and K

3

. Let g ( F ) denote the genus of F , let m b e the num b er

of intersection p oints of F with the edges, and for i = 2 ; 3, let n

i

b e the num b er of

intersection p oints of F with K

i

. If all of the integers g ( F ), ( k � k

0

), m , n

2

and n

3

are zero, the two Y-graphs are isotopic and we are done. In the general case, recall

from [ GGP , x 4.3] that there is a pro cedure for simplifying the leaves . The main

to ol for this is the following:

Fact 3: if G

1

and G

2

are two Y-graphs in 1

�

obtained from a Y-graph G by

splitting a leaf , then (1

�

)

G

= (1

�

)

G

1

� (1

�

)

G

2

2 C

1

(�) (see Remark 2.7).

Splitting

�

g ( F ) + j k � k

0

j = 2 + m + n

2

+ n

3

�

times the leaf K

1

, splitting n

2

times the

leaf K

2

and splitting n

3

times the leaf K

3

, w e see that the result

~

 

1

�

Y [ z

1

; z

2

; z

3

]

�

in C

1

(�) de�ned by the choice of K

1

di�ers from the one de�ned by K

0

1

by some

elements of the form (1

�

)

G

, where G satis�es one of the following conditions:

(i) G has a leaf which b ounds a genus 1 surface disjoint from G and with

resp ect to which the leaf is 0-framed;

(ii) G has a leaf which b ounds a disk disjoint from G , and with resp ect to

which the leaf is ( � 2)-framed;

(iii) G has a leaf which b ounds a disk with resp ect to which it is 0-framed,

and this disk intersects G in exactly one p oint b elonging to an edge;

(iv) G has two leaves which are linked as the Hopf link.

Let us now verify that all of these elements vanish in C

1

(�). If G is of typ e (i),

the surgery e�ect of G is the same as a clover of degree 2 (apply [ GGP , Lem.

5.1] and [ GGP , Th. 2.4]). If G is of typ e (ii), by again cutting its leaf we get

(1

�

)

G

= 2 � (1

�

)

G

0

where G

0

has a sp ecial leaf; but (1

�

)

G

0

= � (1

�

)

G

0

b y F act 2. If

G is of typ e (iii), by applying Fact 1 the edge can b e slid away from the leaf, we

then get a Y-graph with a trivial leaf which has no surgery e�ect by the \blow-up

move" of [ GGP , Fig. 6]. If G is of typ e (iv), by applying [ GGP , Th. 2.4], we

obtain a Y-graph with a lo op ed edge, but this is stated to b e 0 in C

1

(�) by the

so-called LOOP relation . This relation is easily shown from [ GGP , Lem. 2.3] and

from Fact 1 and Fact 2. This completes the pro of of the indep endance of

~

 

1

of � .

The fact that

~

 

1

is surjective follows immediately from the fact that the Ab elian

group C

1

(�) is generated by the homology cylinders (1

�

)

G

where G is a single Y-

graph (this is also proved by standard calculi of clovers).

We now show that the map

~

 

1

factors through

~

A

1

( P )

-

A

1

( P ). The AS

relation is proved in C

1

(�) from Fact 2 and an isotopy of the Y -graph { see [ GGP ,

Cor. 4.6].

The multilinearity relation follows from Fact 3. Indeed, let G b e a Y-graph in
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1

�

with K as a leaf. Split the leaf K to K

1

and K

2

, and let G

1

and G

2

b e the

corresp onding new Y-graphs. Then, (1

�

)

G

= (1

�

)

G

1

� (1

�

)

G

2

2 C

1

(�). Since

K is the band connected sum of K

1

and K

2

, we have by Lemma 2.2 b) (iii):

t

K

= t

K

1

+ t

K

2

2 P .

The slide relation is shown to b e satis�ed in C

1

(�) thanks to the \leaf slide" move

of [ GGP , Fig. 6]. For this, let G b e a Y-graph in 1

�

with some leaves K

1

and K

2

such that t

K

1

= � t

K

2

. By sliding the leaf K

2

along K

1

, w e obtain a new Y-graph

G

0

with the same surgery e�ect as G , such that K

0

1

= K

1

and such that K

0

2

is the

band connected sum of K

1

and K

2

with an extra ( � 1)-twist. So, by Lemma 2.2 b)

(iii) and (iv), w e ha ve t

K

0

2

= t

K

1

+ t

K

2

+ s = s 2 P : This shows that the relation

Y [ z

1

; � z

1

; z

3

] = Y [ z

1

; s; z

3

] ( z

1

; z

3

2 P ) is satis�ed in C

1

(�). The slide relation, as

stated in x 2.1, follows then from the AS and multilinearity relations. �

Remark 2.7 . The pro of of Fact 1, Fact 2 and Fact 3 use calculus of clovers

and can resp ectively b e obtained from the pro of of Cor. 4.2, Lem. 4.4 and Cor.

4.3 in [ GGP ]. Alternatively, those facts can b e considered as corollaries of these

results in the following way. Denote by Z C

1

( �) the free Ab elian group generated

by the set C

1

(�), and let

Z C

1

(�) = F

Y

0

(1

�

) � F

Y

1

(1

�

) � F

Y

2

(1

�

) � � � �

b e its Goussarov-Habiro �ltration [ GGP , x 1.4]. Results are stated in [ GGP ] to

hold in the graded space G

k

(1

�

) = F

Y

k

(1

�

) = F

Y

k +1

(1

�

) . Consider also the homo-

morphism of Ab elian groups

Z C

1

( �)

�

-

C

1

(�)

which assigns to any homology cylinder its Y

2

-equivalence class. The invariant �

is primitive, in the sense that it restricts to C

1

(�) to a monoid homomorphism,

and is a degree 1 invariant

2

, as follows from calculus of clovers. In particular, �

induces a homomorphism G

1

(1

�

)

-

C

1

(�), by whic h F act 1, Fact 2 and Fact 3

are resp ectively the images of Cor. 4.2, Lem. 4.4 and Cor. 4.3.

3. Johnson homomorphism and Birman-Craggs homomorphisms for

homology cylinders

In this section, the �rst Johnson homomorphism and the Birman-Craggs ho-

momorphisms are extended to the monoid of homology cylinders.

3.1. The �rst Johnson homomorphism for homology cylinders. In

[ GL ] the notion of Johnson homomorphisms for homology cob ordisms over �

g ; 1

was intro duced. In this paragraph, we allow � to b e �

g

or �

g ; 1

, and give the

de�nition of the �rst Johnson homomorphism in b oth cases.

The fundamental group of � with base p oint � 2 � will b e denoted by �

( � )

, and

�

( � )

k

will denote the k

th

term of its lower central series, b eginning at �

( � )

1

= �

( � )

.

We denote b y ( x

i

; y

i

)

g

i =1

the based lo ops depicted in Fig. 3.1 or their corresp onding

images under an inclusion �

g ; 1

� �

g

. Then,

in the b oundary case, �

( � )

= F ( x

1

; : : : ; x

g

; y

1

; : : : ; y

g

) ;

and in the closed case, �

( � )

= h x

1

; : : : ; x

g

; y

1

; : : : ; y

g

j

Q

g

i =1

[ x

i

; y

i

] = 1 i :

Given a homology cob ordism ( M ; i

+

; i

�

) 2 C (�), the map i

�

induces an iso-

morphism at the level of each nilp otent quotien t (b y Stallings [ St ]). W e c ho ose a

2

In fact, � is a universal degree 1 primitiv e in variant for homology cylinders. See [ Hr , x 6.4]

for a similar invariant, of any degree, for knots in the 3-sphere.
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g

+

*

x
1

xy
1 g

y

Figure 3.1: The based curves ( x

i

; y

i

)

g

i =1

on �

g ; 1

path  � M going from i

+

( � ) to i

�

( � ), and then consider the following comp osite:

�

( � )

�

( � )

3

i

+

3

'

-

�

1

( M ; i

+

( � ))

�

1

( M ; i

+

( � ))

3

c



'

-

�

1

( M ; i

�

( � ))

�

1

( M ; i

�

( � ))

3

( i

�

3

)

� 1

'

-

�

( � )

�

( � )

3

:

Up to inner automorphisms, this is indep endent on the choice of  , so that there is

a w ell-de�ned map

C (�)

�

( � )

1

-

O ut

 

�

( � )

�

( � )

3

!

;

satisfying �

( � )

1

( M � N ) = �

( � )

1

( N ) � �

( � )

1

( M ). Let ? b e another base p oin t in �, and

 an arbitrary path b etween � and ? . Conjugation by  induces an isomorphism

O ut

�

�

( � )

=�

( � )

3

�

' O ut

�

�

( ? )

=�

( ? )

3

�

. This isomorphism is indep endent on the choice

of the path  , and the maps �

( � )

1

and �

( ? )

1

are compatible through it. Therefore,

w e get a w ell-de�ned group denoted by O ut ( � =�

3

) and an anti-homomorphism of

monoids

(3.1) C (�)

�

1

-

O ut

�

�

�

3

�

:

If we restrict ourselves to homology cylinders, we are led to a map

C

1

(�)

�

1

-

K er

�

O ut

�

�

�

3

�

! O ut

�

�

�

2

��

:

Observe the following exact sequence:

1

-

H om

 

H ;

�

( � )

2

�

( � )

3

!

-

Aut

 

�

( � )

�

( � )

3

!

-

Aut

 

�

( � )

�

( � )

2

!

where any f 2 H om

�

H ; �

( � )

2

=�

( � )

3

�

is sent to the automorphism of �

( � )

=�

( � )

3

which

sends x to xf ( x ) (with x 2 �

( � )

). Hence w e ha ve the following exact sequence:

1

-

H om

�

H ; �

( � )

2

=�

( � )

3

�

[ H ; � ]

-

O ut

�

�

�

3

�

-

O ut

�

�

�

2

�

:

Here, [ H ; � ] stands for the subgroup of H om

�

H ; �

( � )

2

=�

( � )

3

�

consisting of those

homomorphisms [ h; � ] de�ned for any h 2 H by x

-

[ h; x ], where H is identi�ed

with �

( � )

1

=�

( � )

2

. Consequently , we ha ve de�ned an anti-homomorphism of monoids

C

1

(�)

�

1

-

H om

�

H ; �

( � )

2

=�

( � )

3

�

[ H ; � ]

:
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In the sequel, we denote by L ( H ) = �

n

L

n

( H ), the free Lie Z -algebra on the Z -

mo dule H , and distinguish the b oundary case from the closed case.

In the b oundary case, as �

( � )

is free and H is the Ab elianized of �

( � )

, L

2

( H )

is canonically isomorphic to �

( � )

2

=�

( � )

3

. Also, there is a sequence of isomorphisms

H om ( H ; L

2

( H )) ' H

�


 L

2

( H ) ' H 
 L

2

( H ), with last one induced by � -duality.

Through these, [ H ; � ] � H om ( H ; L

2

( H )) b ecomes A

g ; 1

� H 
 L

2

( H ) de�ned by

A

g ; 1

=

(

g

X

i =1

( x

i


 [ h; y

i

] � y

i


 [ h; x

i

]) j h 2 H

)

:

Thus, �

1

takes values in

H om

�

H ; �

( � )

2

=�

( � )

3

�

[ H ; � ]

'

H 
 L

2

( H )

A

g ; 1

:

The group �

3

H can b e seen as a subgroup of H 
 L

2

( H ) in the following manner:

0

-

�

3

H

�

-

H 
 L

2

( H )

[ � ; � ]

-

L

3

( H ) ;

where � is de�ned by � ( x ^ y ^ z ) = x 
 [ y ; z ] + y 
 [ z ; x ] + z 
 [ x; y ]. Comp osing �

with the pro jection H 
 L

2

( H )

--

H 
 L

2

( H ) =A

g ; 1

still gives an injection

�

3

H

-

�

-

H 
 L

2

( H )

A

g ; 1

:

This follows from the fact that

(3.2) 8 h 2 H ; [ h; ! ] = 0 2 L

3

( H ) = ) h = 0 ;

where ! =

P

i

[ x

i

; y

i

] 2 L

2

( H ) corresp onds via the canonical isomorphism L

2

( H ) '

�

2

H to the symplectic element ! , de�ned in the intro duction.

We now prove that �

1

takes values in the subgroup �

3

H . Supp ose for this that

f 2 H om

�

H ; �

( � )

2

=�

( � )

3

�

� Aut

�

�

( � )

=�

( � )

3

�

is such that there exists a lift

~

f 2

E nd ( �

( � )

) of f �xing the b oundary element @ :=

Q

g

i =1

[ x

i

; y

i

] mo dulo �

( � )

4

. Note

that this prop erty is veri�ed by a representative for �

1

( M ) if M is a homology

cylinder, so that proving that f 2 K er ([ � ; � ]) will prove that I m ( �

1

) � �

3

H . Let

X

i

= x

� 1

i

~

f ( x

i

) 2 �

( � )

2

and Y

i

= y

� 1

i

~

f ( y

i

) 2 �

( � )

2

. W e ha ve

~

f ( @ ) =

Q

i

[

~

f ( x

i

) ;

~

f ( y

i

)]

�

Q

i

[ x

i

X

i

; y

i

Y

i

]

�

Q

i

[ x

i

; y

i

][ X

i

; y

i

][ x

i

; Y

i

] mo d �

( � )

4

;

which implies that

Q

i

[ X

i

; y

i

][ x

i

; Y

i

] � 1 mo d �

( � )

4

. Consequently,

X

i

( x

i


 Y

i

� y

i


 X

i

) 2 H 
 L

2

( H ) ;

which essentially corresp onds to f , go es to 0 b y the bracketting map.

Let us now fo cus on the closed case. The canonical map L

2

( H )

--

�

( � )

2

=�

( � )

3

induces an isomorphism b et ween �

( � )

2

=�

( � )

3

and L

2

( H ) =! . Thus, in this case, �

1

takes values in

H om

�

H ; �

( � )

2

=�

( � )

3

�

[ H ; � ]

'

H 
 L

2

( H )

A

g
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where A

g

= A

g ; 1

+ H 
 ! . Since � ( ! ^ H ) � A

g

, � factors to give

�

3

H

! ^ H

�

-

H 
 L

2

( H )

A

g

:

It also follows from (3.2) that this new � is still injective. Then, �

3

H =! ^ H can

b e seen as a subgroup of H om

�

H ; �

( � )

2

=�

( � )

3

�

= [ H ; � ]. Similarly to the b oundary

case, one shows that �

1

takes values in �

3

H =! ^ H .

So far, w e ha ve de�ned some anti-homomorphisms of monoids

C

1

(�

g ; 1

)

�

1

-

�

3

H and C

1

(�

g

)

�

1

-

�

3

H

! ^ H

;

but next lemma allows us to go a bit further.

Lemma 3.1 . Let ( M ; K ) be a homology cylinder over � together with a loop

K base d on � 2 M . Let also G b e a de gree 2 clover in M disjoint from K and let

( M

G

; K

G

) be the result of the surgery along G . Then, there exists an isomorphism

�

1

( M ; � )

�

1

( M ; � )

3

'

-

�

1

( M

G

; � )

�

1

( M

G

; � )

3

sending [ K ] to [ K

G

] .

This lemma allows us to conclude with the following prop osition-de�nition.

Proposition 3.2 . For homology cylinders over � = �

g ; 1

or �

g

, ther e ar e some

wel l-de�ned homomorphisms

C

1

(�

g ; 1

)

�

1

-

�

3

H and C

1

(�

g

)

�

1

-

�

3

H

! ^ H

:

Induced by the map (3.1), they ar e c al led the �rst Johnson homomorphisms .

Remark 3.3 . The comp osition of �

1

with the map C : T (�)

-

C

1

(�) is the

classical homomorphism de�ned in [ J3 ].

Proof of Lemma 3.1. Using [ GGP , Lem. 5.1], one shows that

M

G

�

=

+

M n int ( N ( G )) [

j j

@

( H

4

)

L

where H

4

�

j

-

M is an oriented emb edding of the standard genus 4 handleb o dy

onto N ( G ), which is a regular neigh b orho o d of G in M , and where L is the 2-

comp onent framed link shown

3

on Fig. 3.2. Through this di�eomorphism K

G

go es

to K � M n int ( N ( G )).

Moreover, L is Kirby-equivalent to the 3-comp onent link N drawn on the right

part of Fig. 3.2. It turns out that N is a b oundary link. More precisely, up to

a ( � 1)-framing correction, one can push disjointly N

3

, N

1

and then N

2

to the

b oundary of H

4

. We obtain some simple closed curves on �

4

= @ H

4

, which are

b ounding curves. Therefore, twist along each of these curves induces the identity

at the level of �

1

(�

4

; � ) =�

1

(�

4

; � )

3

. We then obtain the lemma b y a V an-Kamp en

typ e argument. �

3

Blackb oard framing convention is used.
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3L

N1 N2

N

Figure 3.2: A 2-comp onents framed link L asso ciated to a degree 2 clover in H

4

,

and a Kirby-equivalent b oundary link N

3.2. Birman-Craggs homomorphisms for homology cylinders. Birman-

Craggs homomorphisms were de�ned in [ BC ] and they were enumerated in [ J2 ].

Levine also outlined in [ Le ] ho w they can b e extended to homology cylinders. In

this paragraph, we review Birman-Craggs homomorphisms in a self-contained way.

For this, we use the spin re�nement of the Goussarov-Habiro theory of �nite typ e

invariants: see Chapter 2 of the presen t w ork, x 2.

We �rst �x a little notation. If ( M ; � ) is a closed spin 3-manifold, let R ( M ; � ) 2

Z

16

denote its Ro chlin invariant. If M is a homology sphere, we will denote its

(unique) spin structure by �

0

. Recall from Chapter 2 that surgery along a Y -graph

makes also sense among spin 3-manifolds:

�

Data: (i) ( M ; � ) ; a closed spin 3-manifold

(ii) G; a Y -graph in M

�

 Result: ( M

G

; �

G

) :

The following lemma describ es precisely how the Ro chlin invariant is mo di�ed dur-

ing surgery along a Y -graph.

Lemma 3.4 . Let ( M ; � ) be a closed spin 3 -manifold, and let G b e a Y -graph in

M whose leaves ar e or dered, oriented and denote d by K

1

, K

2

and K

3

. Then,

(3.3) R ( M

G

; �

G

) � R ( M ; � ) = 8 �

3

Y

k =1

e ( t

K

k

)( � ) 2 Z

16

;

where 8 � : Z

2

- -

Z

16

denotes the usual injection, and where t

K

k

2 H

1

( E ( F M );

Z ) and e ( t

K

k

) 2 A ( S pin ( M ) ; Z

2

) have been de�ne d in x 2 : 2 .

Proof. Let j : H

3

�

-

M b e the emb edding of the genus 3 handleb o dy,

determined (up to isotopy) by the Y -graph G in M . Then, it follows from Prop o-

sition 3.7 of Chapter 2, that the variation R ( M

G

; �

G

) � R ( M ; � ) only dep ends on

j

�

( � ) 2 S pin ( H

3

). Also, according to equation (2.1) from the pro of of Lemma 2.2,

the rhs of (3.3) is determined by j

�

( � ) 2 S pin ( H

3

).

For i

1

; i

2

; i

3

2 f 0 ; 1 g , w e denote by G

i

1

i

2

i

3

the trivial Y -graph in S

3

(with ordered

and oriented leaves) and whose leaf num b er k is trivial and i

k

-framed; we also

denote by j

i

1

i

2

i

3

: H

3

�

-

S

3

the corresp onding emb edding. Then,

S pin ( H

3

) =

�

j

�

i

1

i

2

i

3

( �

0

) j i

1

; i

2

; i

3

2 f 0 ; 1 g

	

:

Thus, it is enough to prove (3.3) when ( M ; � ) is

�

S

3

; �

0

�

and when G is a G

i

1

i

2

i

3

,

so that we now restrict ourselves to this case. By Lemma 2.2 b) (iv), the rhs of

equation (3.3) is 8 if i

1

= i

2

= i

3

= 1 and is 0 otherwise. The same holds for the lhs

of equation (3.3). Indeed, surgery along a Y -graph with a trivial leaf has no e�ect
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(by the \blow-up move" of [ GGP , Fig. 6]), and surgery on S

3

along G

111

gives the

Poincar�e sphere whose Ro chlin invarian t is 8 2 Z

16

. It follows that equation (3.3)

holds in these eight particular cases. �

Let � b e �

g

or �

g ; 1

. Let j b e an oriented emb edding of � in S

3

, and let

M = ( M ; i

+

; i

�

) b e a homology cylinder over �. We can then cut S

3

along I m ( j ),

and glue back M (using the identi�cations j , i

+

and i

�

). We get a new homology

sphere which is denoted by

S

3

( M ; j ) :

It is shown in Corollary 3.8 of Chapter 2 that the Ro chlin invariant is a de-

gree 1 invariant: in particular, it is preserved under a Y

2

-surgery. Therefore,

R

�

S

3

( M ; j ) ; �

0

�

only dep ends on the Y

2

-equivalence class of M (and j ). Sup-

p ose no w w e are given a surgery presentation of the Y

2

-equivalence class of M on

1

�

:

 

1

 

n

X

i =1

Y

h

z

( i )

1

; z

( i )

2

; z

( i )

3

i

!

= M 2 C

1

(�) :

Recall that the lab els z

( i )

k

b elong to P and thus give some e

�

z

( i )

k

�

2 B

(1)

g

. We also

put � = j

�

( �

0

) 2 S pin (�), which can b e identi�ed with the quadratic form q

�

2 


g

according to the Johnson construction (see x 2.2). We then deduce from (3.3) the

following cubic formula:

(3.4)

R

�

S

3

( M ; j ) ; �

0

�

8

=

n

X

i =1

3

Y

k =1

e

�

z

( i )

k

�

( q

�

) 2 Z

2

:

In particular, this shows that:

(i) R

�

S

3

( M ; j ) ; �

0

�

only dep ends on � = j

�

( �

0

) 2 S pin (�) (and the Y

2

-

equivalence class of M );

(ii) if N is another homology cylinder over �, then:

R

�

S

3

( M � N ; j ) ; �

0

�

8

=

R

�

S

3

( M ; j ) ; �

0

�

8

+

R

�

S

3

( N ; j ) ; �

0

�

8

2 Z

2

:

W e no w distinguish the case � = �

g

from the case � = �

g ; 1

.

In the b oundary case, any spin structure � on �

g ; 1

can b e realized as a j

�

( �

0

)

for a certain emb edding j : �

g ; 1

�

-

S

3

. In fact, the sp eci�c emb eddings of �

g ; 1

whose images are depicted in Fig. 3.3 do su�ce.

? OR=

??

Figure 3.3: Some particular emb eddings of �

g ; 1

in S

3
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As for the closed case, observe that an y em b edding j : �

g

�

-

S

3

is splitting,

so that � = j

�

( �

0

) is spin-b ounding. Conversely , an y spin structure on �

g

which

spin-b ounds can b e so realized: cho ose an appropriate emb edding of �

g

among the

particular ones whose images are shown in Fig. 3.4.

?

=? OR

Figure 3.4: Some particular emb eddings of �

g

in S

3

Two other facts ab out these structures still have to b e mentioned. First, � 2

S pin (�

g

) spin-b ounds if and only if the Arf invariant � ( q

�

) vanishes (see [ Ki ,

p.36]). Second, if f and f

0

are two cubic p olynomials on 


g

(namely f ; f

0

2 B

(3)

g

),

then they are identical on the quadratic forms with trivial Arf invariant if and only

if f � f

0

is a m ultiple of � (see [ J2 , Lem. 14] for a pro of

4

of this algebraic fact).

All of our present discussion leads to the following prop osition-de�nition.

Proposition 3.5 . There exist some wel l-de�ned homomorphisms

C

1

(�

g ; 1

)

�

-

B

(3)

g

and C

1

(�

g

)

�

-

B

(3)

g

� � B

(1)

g

;

such that, for M a homology cylinder over � and for j : �

�

-

S

3

an oriented

embedding, we have

� ( M )

�

q

j

�

( �

0

)

�

=

R

�

S

3

( M ; j ) ; �

0

�

8

2 Z

2

:

Remark 3.6 . By comp osing � with the map C : T (�)

-

C

1

(�), we obtain

the classical Birman-Craggs homomorphisms, as presented by Johnson in [ J2 ].

4. Pro of of the results

In this section, we prove the results announced in the intro duction.

Conventions 4.1 . In the pro ofs, we will use some sp eci�c techniques of

Habiro. Recall that its calculus of clasp ers developp ed in [ Hr ] is based on the

de�nition of surgery along a basic clasper . So as to b e consistent with our Conven-

tions 2.5, we de�ne here a basic clover C in a 3-manifold M to b e the emb edding

into M of the surface depicted on the left part of Fig. 4.1. Surgery along C is de-

�ned as the surgery along the 2-comp onent framed link shown

5

in the right part of

Fig. 4.1. Then, a basic clover is a basic clasp er but with opp osite surgery meaning.

Consequently, b efore using one of the thirteen Habiro's moves, we wil l have to take

its mirror image .

4

There, the pro of is given for a genus g � 3, but the same arguments allo w us to pro ve that

this fact also holds for a genus g = 0 ; 1 or 2.

5

Blackb oard framing convention is used.
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C

Figure 4.1: A basic clover C and the asso ciated framed link

4.1. Y -equivalence: pro of of Prop osition 1.1. Since surgeries along clovers

preserve homology, the inclusions C

1

(�

g

) � H C (�

g

) and C

1

(�

g ; 1

) � H C (�

g ; 1

) are

clear.

We now prove the inclusion H C (�

g ; 1

) � C

1

(�

g ; 1

) using a result of Hab egger.

For this, we need the following de�nition. Let k � 0 b e an integer, a homology

hand lebody of genus k is a pair ( M ; i ) where

(i) M is a compact oriented 3-manifold whose integral homology groups are

isomorphic to those of H

k

, the standard genus k handleb o dy;

(ii) i : �

k

= @ H

k

-

M is an oriented emb edding with image @ M .

Theorem 4.2 (Hab egger, [ Hg ]) . Let ( M

1

; i

1

) and ( M

2

; i

2

) be genus k homology

hand lebodies such that

K er

�

H

1

(�

k

; Z )

i

1 ; �

-

H

1

( M

1

; Z )

�

= K er

�

H

1

(�

k

; Z )

i

2 ; �

-

H

1

( M

2

; Z )

�

:

Then, ( M

1

; i

1

) and ( M

2

; i

2

) are Y -equivalent.

In the sequel we identify H

2 g

with �

g ; 1

� I , and so �

2 g

with @ ( �

g ; 1 � I

). We also de-

note b y ( H

2 g

; j ) the standard genus 2 g handleb o dy, with inclusion j : �

2 g

�

-

H

2 g

.

Any homology cob ordism M = ( M ; i

+

; i

�

) o ver �

g ; 1

pro duces a genus 2 g homology

handleb o dy ( M ; i ), by de�ning i : �

2 g

-

M to b e the di�eomorphism obtained

from the gluing of i

+

with i

�

. Supp ose now that M is a homology cylinder. Proving

that the homology handleb o dy ( M ; i ) is Y -equivalent to ( H

2 g

; j ) will imply that

the homology cylinder M is Y -equivalen t to (�

g ; 1

� I ; I d; I d ) .

For this, let x

�

1

; : : : ; x

�

g

; y

�

1

; : : : ; y

�

g

b e some disjoint prop er arcs in �

g ; 1

, which are

\dual" to the lo ops x

1

; : : : ; x

g

; y

1

; : : : ; y

g

of Fig. 3.1, in the sense that x

�

k

(resp. y

�

k

)

transversely intersects x

k

(resp. y

k

) once but do es not intersect the other lo ops. For

example, cho ose the �rst attaching region of each 1-handle. For each k , X

k

= x

�

k

� I

and Y

k

= y

�

k

� I are discs in �

g ; 1

� I . The kernel of j

�

: H

1

(�

2 g

)

-

H

1

( �

g ; 1

� I )

is spanned by @ X

1

; : : : ; @ X

g

; @ Y

1

; : : : ; @ Y

g

. On the other hand, observe that � @ Y

k

(resp. � @ X

k

) is homologous to x

k

� 0 � x

k

� 1 (resp. to y

k

� 0 � y

k

� 1) in �

2 g

.

Therefore, since M is a homology cylinder, i ( @ X

k

) and i ( @ Y

k

) are nul-homologous

in M . As the kernel of i

�

: H

1

(�

2 g

)

-

H

1

( M ) has to b e of dimension 2 g , it

is spanned by @ X

1

; : : : ; @ X

g

; @ Y

1

; : : : ; @ Y

g

. It follows from Th. 4.2 that ( M ; i ) is

Y -equivalen t to ( H

2 g

; j ), which proves the inclusion H C (�

g ; 1

) � C

1

( �

g ; 1

).

Let us now justify the inclusion H C (�

g

) � C

1

(�

g

). Let j : �

g ; 1

�

-

�

g

b e an

emb edding and let D � �

g

b e its complementary disk. Take a homology cob ordism

M = ( M ; i

+

; i

�

) o ver �

g ; 1

. Then, the emb edding ( i

+

) j

@

� ( j j

@

)

� 1

= ( i

�

) j

@

� ( j j

@

)

� 1

:

@ D

�

-

@ M can b e stretched to an emb edding @ D � I

�

-

@ M . The latter allows

us to attach the 2-handle D � I to M . This results in a homology cylinder over �

g

.

W e ha v e th us de�ned a �l ling-up map

C ( �

g ; 1

)

j

-

C (�

g

) ;
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which is obviously surjective. Let M 2 H C (�

g

), and pick a N 2 C (�

g ; 1

) such

that M is a �lling-up of N . Then, N has to b e a homology cylinder and so is

Y -equivalen t to 1

�

g ; 1

. We conclude that M 2 C

1

(�

g

), which completes the pro of

of Prop osition 1.1.

4.2. The b oundary case: pro of of Theorem 1.3. Recall from Example

2.1 that the Ab elian group A

1

( H ; 0) can b e identi�ed with �

3

H , and likewise

A

1

�

H

(2)

; 0

�

with �

3

H

(2)

. The following lemma will allow us to identify A

1

�

B

(1)

g

; 1

�

with B

(3)

g

.

Lemma 4.3 . Let  : A

1

�

B

(1)

g

; 1

�

-

B

(3)

g

be the map given by multiplying the

labels of the abstract Y -graphs:  ( Y [ z

1

; z

2

; z

3

]) = z

1

z

2

z

3

. Then,  is a wel l-de�ned

isomorphism.

Proof. The fact that  is well-de�ned is clear. In order to show that  is an

isomorphism, it su�ces to construct an epimorphism B

(3)

g

�

--

A

1

�

B

(1)

g

; 1

�

such

that  � � is the identity.

By cho osing a basis ( e

j

)

2 g

j =1

for H , one determines an isomorphism b etween B

(3)

g

and Z

2

� H

(2)

� �

2

H

(2)

� �

3

H

(2)

: for k = 1 ; 2 ; 3 and j

1

; : : : ; j

k

2 f 1 ; : : : ; 2 g g pairwise

distinct, the monomial

Q

k

i =1

e

j

i

is identi�ed with the wedge pro duct ^

k

i =1

e

j

i

, and 1

with 1 2 Z

2

. Since B

(1)

g

is a p erio d 2 group, so is A

1

�

B

(1)

g

; 1

�

by the multilinearity

relation. Then, it su�ces to de�ne � on the ab ove mentioned Z

2

-basis of Z

2

�

H

(2)

� �

2

H

(2)

� �

3

H

(2)

' B

(3)

g

. We put � (1) = Y

�

1 ; 1 ; 1

�

, � ( e

j

) = Y

�

e

j

; 1 ; 1

�

,

� ( e

j

1

^ e

j

2

) = Y

�

e

j

1

; e

j

2

; 1

�

(with j

1

6= j

2

) and � ( e

j

1

^ e

j

2

^ e

j

3

) = Y [ e

j

1

; e

j

2

; e

j

3

]

(with j

1

; j

2

; j

3

pairwise distinct). The map � is surjectiv e b y the multilinearity and

slide relations, and obviously satis�es  � � = I d . �

Recall from x 2.2 that the maps

P

p

-

( H ; 0) and P

e

-

�

B

(1)

g

; 1

�

are the canonical pro jections of the pullback of sp ecial Ab elian groups

P = ( H ; 0) �

( H

(2)

; 0)

�

B

(1)

g

; 1

�

:

They happ en to b e surjective.

Lemma 4.4 . The fol lowing diagram commutes:

A

1

( P )

 

1

--

C

1

(�

g ; 1

)

@

@

@

@

@

A

1

( p )

R

R

A

1

( H ; 0) :

�

1

?

Proof. Let us verify that �

1

(  

1

( Y )) = A

1

( p ) ( Y ) for a generator Y = Y [ z

1

; z

2

;

z

3

] of A

1

( P ). We put M =  

1

( Y ), so that M = (1

�

g ; 1

)

G

where G is an appropriate

Y -graph as describ ed in x 2.3. Its leaves are in particular ordered and oriented,

they are denoted by K

1

, K

2

and K

3

: [ K

i

] = p ( z

i

) 2 H . Set � = �

1

(�

g ; 1

; � ) and

let y 2 � =�

3

b e represented by y 2 � : we want to compute �

1

( M ) on y . This

go es as follows: cho ose an immersed based curve k in �

+

g ; 1

representing y ( via the

identi�cation of �

g ; 1

with �

+

g ; 1

), pick an oriented based knot K � M in a collar

of �

+

g ; 1

which is a push-o� of k , and �nd another based knot K

0

� M in a collar
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of �

�

g ; 1

such that the pairs ( M ; K ) and ( M ; K

0

) are Y

2

-equivalent. Then ( via the

identi�cation of �

g ; 1

with �

�

g ; 1

), this knot K

0

determines a y

0

2 � , and by Lemma

3.1, the result �

1

( M )( y ) is then y

0

2 � =�

3

. W e no w explain the pro cedure ho w to

construct K

0

from K .

In 1

�

g ; 1

n G , K can b e pushed down in a collar of �

�

g ; 1

up to some \�ngers"

which are of tw o t yp es (see Fig. 4.2):

(i) the �nger is p ointing on an edge of G ,

(ii) the �nger is p ointing on an leaf K

i

of G .

type (ii) finger

push
down

K

G
type (i) finger

Figure 4.2: Pushing the curve K down the cylinder

But, each �nger of typ e (i) can b e isotop ed along the corresp onding edge towards

its leaf and so can b e replaced b y t wo �ngers of typ e (ii), so that up to some isotopy

of the immersed curve k in �

+

g ; 1

, w e can supp ose each �nger to b e of typ e (ii). Since

K

i

has b een oriented, each �nger comes with a sign. Let k

i

b e an immersed curve

on �

+

g ; 1

� 1

�

g ; 1

such that [ k

i

] = p ( z

i

) 2 H . We can supp ose that K

i

is a push-o� of

k

i

(with p ossibly an additional twist): there are then as many �ngers as intersection

p oints of k

i

with k in �

+

g ; 1

; the sign of the �nger corresp onds with the sign of the

intersection p oint contributing to [ k ] � [ k

i

] 2 Z .

A �nger move can b e realized by surgery on a basic clover. Let K

0

b e a cop y of K

in a collar of �

�

g ; 1

� 1

�

g ; 1

n G . There is then a family of basic clovers

�

C

( i )

j

�

i =1 ; 2 ; 3

j =1 ;:::;n

i

in 1

�

g ; 1

n G , such that each C

( i )

j

has a simple leaf which laces K

0

and another simple

leaf wich laces the leaf K

i

, and such that:

( M ; K ) is di�eomorphic to

�

1

�

g ; 1

; K

0

�

�

[

i;j

C

( i )

j

�

[ G

:

According to the sign of the corresp onding �nger, each basic clover comes with a

sign denoted by " ( i; j ). Cutting the leaf K

1

(see [ GGP , Cor. 4.3]) n

1

times, we

obtain n

1

new Y -graphs G

(1)

j

( j 2 f 1 ; : : : ; n

1

g ): two leaves of G

(1)

j

are copies of

K

2

and K

3

, and the third leaf forms with a leaf of C

(1)

j

the Hopf-link. Hence, by

applying Habiro's move 2 (or [ GGP , Th. 2.4]) to C

( i )

j

[ G

( i )

j

we obtain a new

Y -graph still denoted by G

( i )

j

. We do the same for i = 2 and i = 3, therefore:

( M ; K ) is Y

2

-equivalen t to

�

1

�

g ; 1

; K

0

�

�

[

i;j

G

( i )

j

�

[ G

:

Up to Y

2

-equivalence of the pair

�

1

�

g ; 1

; K

0

�

G [

�

[

i;j

G

( i )

j

�

, one can supp ose that, for

eac h ( i; j ), the whole of G

( i )

j

lies in a collar neighb orho o d of �

�

g ; 1

� 1

�

g ; 1

. W e no w
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do the surgery along G , and then along each of the G

( i )

j

: the latter do es not mo dify

the 3-manifold M but changes the knot. The new knot we obtain is still denoted

by K

0

and satis�es the announced required prop erties.

W e no w calculate the y

0

2 � de�ned by K

0

. In view of Habiro's move 10, the

contribution of each Y -graph G

(1)

j

to the mo di�cation of K

0

is in � the commutator

�

k

2

; k

� 1

3

�

" (1 ;j )

. Therefore, we obtain

(4.1) y

0

� y

� 1

=

Y

i 2 Z

3

�

k

i +1

; k

� 1

i +2

�

[ k ] � [ k

i

]

2

�

2

�

3

:

Then, as a homomorphism H

-

�

2

=�

3

= L

2

( H ), �

1

( M ) sends any h 2 H to

�

X

i 2 Z

3

( h � p ( z

i

)) � [ p ( z

i +1

) ; p ( z

i +2

)] 2 L

2

( H ) :

which corresp onds to

P

i 2 Z

3

p ( z

i

) 
 [ p ( z

i +1

; p ( z

i +2

)] in H 
 L

2

( H ), to p ( z

1

) ^ p ( z

2

) ^

p ( z

3

) in �

3

H , and so to A

1

( p )( Y ). �

Lemma 4.5 . The fol lowing diagram commutes:

A

1

( P )

 

1

--

C

1

(�

g ; 1

)

@

@

@

@

@

A

1

( e )

R

R

A

1

�

B

(1)

g

; 1

�

:

�

?

Proof. According to the de�nition of � w e ga ve in Prop osition 3.5, this is a

direct consequence of equation (3.4). �

We still denote by

( H ; 0)

� 
 Z

2

-

�

H

(2)

; 0

�

and

�

B

(1)

g

; 1

�

�

-

�

H

(2)

; 0

�

;

the maps which app ear in the pullback diagram for P (see x 2.2). Then, as a con-

sequence of the two preceeding lemmas, A

1

( � ) �  

1

= A

1

( �e ) = A

1

( ( � 
 Z

2

) p ) =

A

1

( � 
 Z

2

) �

1

 

1

. Since  

1

is an epimorphism, we get: A

1

( � ) � = A

1

( � 
 Z

2

) �

1

.

Construct the following pull-back:

A

1

( H ; 0) �

A

1

( H

(2)

; 0)

A

1

�

B

(1)

g

; 1

�

-

A

1

�

B

(1)

g

; 1

�

A

1

( H ; 0)

?

A

1

( � 
 Z

2

)

-

A

1

( H

(2)

; 0)

A

1

( � )

?

which, through the ab ove mentioned identi�cations, is essentially the pull-back

diagram for �

3

H �

�

3

H

(2)

B

(3)

g

app earing in x 1.3. By the universal prop erty of the

pull-backs, there is then a homomorphism

C

1

(�

g ; 1

)

( �

1

; � )

-

A

1

( H ; 0) �

A

1

( H

(2)

; 0)

A

1

�

B

(1)

g

; 1

�

' �

3

H �

�

3

H

(2)

B

(3)

g

:

Moreover, we also hav e b y functoriality another natural map

A

1

�

( H ; 0) �

( H

(2)

; 0)

( B

(1)

g

; 1)

| {z }

P

�

�

-

A

1

( H ; 0) �

A

1

( H

(2)

; 0)

A

1

�

B

(1)

g

; 1

�

:



90 3. INVARIANTS DE TYPE FINI DES CYLINDRES D'HOMOLOGIE

Lemma 4.4 and Lemma 4.5 can then b e summarized in the commutativity of the

following diagram:

A

1

( P )

 

1

--

C

1

(�

g ; 1

)

@

@

@

@

@

�

R

�

3

H �

�

3

H

(2)

B

(3)

g

:

( �

1

; � )

?

The following lemma will b e the �nal step in proving Theorem 1.3.

Lemma 4.6 . The map � : A

1

( P )

-

�

3

H �

�

3

H

(2)

B

(3)

g

is an isomorphism.

Assume Lemma 4.6. Then, from the previous commutative diagram, it follows

that  

1

is injective, and so is an isomorphism: as a consequence, the same holds

for ( �

1

; � ). The commutativit y of

C

1

(�

g ; 1

)

�

C

T

g ; 1

T

0

g ; 1

	�

�

�

�

�

( �

1

; � )

�

3

H �

�

3

H

(2)

B

(3)

g

( �

1

; � ) '

?

follows from Remark 3.3 and Remark 3.6. In particular, when g � 3, C is an

isomorphism b ecause ( �

1

; � ) : T

g ; 1

= T

0

g ; 1

-

�

3

H �

�

3

H

(2)

B

(3)

g

is so b y [ J4 ].

Proof of Lemma 4.6. We pro ceed as in Lemma 4.3. It su�ces to construct

an epimorphism

�

3

H �

�

3

H

(2)

B

(3)

g

�

--

A

1

( P )

such that � � � is the identity.

Pick a basis ( e

i

)

2 g

i =1

of H : w e ha ve seen in the pro of of Lemma 4.3 that this choice

determines an isomorphism b etween B

(3)

g

and �

3

H

(2)

� �

2

H

(2)

� H

(2)

� Z

2

. Thus, it

also de�nes an isomorphism b etween �

3

H �

�

3

H

(2)

B

(3)

g

and �

3

H � �

2

H

(2)

� H

(2)

� Z

2

.

W e no w de�ne � by putting

(i) � ( e

i

^ e

j

^ e

k

) = Y [( e

i

; e

i

) ; ( e

j

; e

j

) ; ( e

k

; e

k

)] , with 1 � i < j < k � 2 g ,

(ii) � ( e

i

^ e

j

) = Y

�

( e

i

; e

i

) ; ( e

j

; e

j

) ; (0 ; 1)

�

, with 1 � i < j � 2 g ,

(iii) � ( e

i

) = Y

�

( e

i

; e

i

) ; (0 ; 1) ; (0 ; 1)

�

, with 1 � i � 2 g ,

(iv) and � (1) = Y

�

(0 ; 1) ; (0 ; 1) ; (0 ; 1)

�

.

Here, elements of P are denoted as in Remark 2.3. This assignation well de�nes �

b ecause (i) determines � on a basis of the free group �

3

H , while (ii),(iii) and (iv)

assign elements of A

1

( P ) of order at most 2 to each element basis of the Z

2

-vector

space �

2

H

(2)

� H

(2)

� Z

2

. Obviously, � followed by � gives the identity. Tak e no w

any generator Y [ z

1

; z

2

; z

3

] of A

1

( P ). For i = 1 ; 2 ; 3, z

i

2 P can b e written as a linear

combination of some ( e

j

; e

j

) and (0 ; 1). The multilinearity, AS and slide relation

allow us to conclude that Y [ z

1

; z

2

; z

3

] is realized by � . Thus, � is surjective. �

4.3. The closed case: pro of of Theorem 1.4. An isomorphism

A

1

( P )

�

-

�

3

H �

�

3

H

(2)

B

(3)

g

is de�ned formally in the same way as in the b oundary case (see Lemma 4.6). Recall

that S stands for the subgroup of the pullbac k �

3

H �

�

3

H

(2)

B

(3)

g

corresp onding to
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! ^ H � �

3

H and � � B

(1)

g

� B

(3)

g

. Then, �

� 1

(S) is the subgroup of A

1

( P ) comprising

the elements

g

X

i =1

Y [( x

i

; x

i

) ; ( y

i

; y

i

) ; z ] ; where z is any elemen t of P :

Lemma 4.7 . In the close d c ase, the surgery map  

1

de�ne d in x 2 : 3 vanishes on

the subspace �

� 1

( S ) .

As mentioned in the intro duction, these symplectic relations �

� 1

(S ) app ears in [ Hr ]

for higher degrees.

Proof of Lemma 4.7. Let z 2 P , w e aim to show that

(4.2)

g

X

i =1

 

1

( Y [( x

i

; x

i

) ; ( y

i

; y

i

) ; z ]) = 0 2 C

1

(�

g

) :

Consider in 1

�

g

a basic clover G with one trivial leaf f , and the other leaf f

0

satisfying t

f

0

= z 2 P . Then, f b eing trivial,

�

1

�

g

�

G

is di�eomorphic to 1

�

g

.

Furthermore, f can b e seen as a push-o� of @ D where D is a 2-disk in �

+

g

: in

particular, f b ounds the push-o� of �

+

g

n D whic h is an em b edded genus g surface.

By applying Habiro's moves 7 and 5, f can b e split in g pieces so that G is equivalent

to the union of g basic clovers denoted by G

1

; : : : ; G

g

. See Fig. 4.3. Each clover G

i

gG2G
G

f

f'

1G

Figure 4.3: Splitting the null-homologous leaf f

has a leaf which b ounds a genus 1 surface; by applying Habiro's move 10, it is seen to

b e equivalen t to a Y -graph G

0

i

. According to Remark 2.3, the leaves of G

0

i

represent

( x

i

; x

i

), ( y

i

; y

i

) and z in P , so that

�

1

�

g

�

G

0

i

=  

1

( Y [( x

i

; x

i

) ; ( y

i

; y

i

) ; z ]) 2 C

1

(�

g

).

Equation (4.2) then follows. �

By the same arguments, appropriate versions of Lemma 4.4 and Lemma 4.5

hold in the closed case: A

1

( p ) = �

1

�  

1

and A

1

( e ) = � �  

1

. This leads us to a

commutative diagram

A

1

( P )

�

� 1

(S)

 

1

--

C

1

(�

g

)

@

@

@

@

@

'

�

R

�

3

H �

�

3

H

(2)

B

(3)

g

S

( �

1

; � )

?

'

�

3

H

! ^ H

�

�

�

3

H

(2)

!

(2)

^ H

(2)

�

B

(3)

g

� � B

(1)

g

from which it follows that  

1

, and then ( �

1

; � ), are isomorphisms. The commuta-

tivity of the right triangle in Th. 1.4 is still given by Rem. 3.3 and Rem. 3.6.
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4.4. Finite typ e invariants of degree 1 : pro of of Corollary 1.5. The

equivalence (a) , (b) immediately results from the existence of the universal degree

one additiv e in variant � intro duced in Remark 2.7. The equivalence (c) , (a) is a

direct consequence of Theorem 1.4 and Theorem 1.3.

4.5. From the b oundary case to the closed case. In this last paragraph,

we �x an isomorphism

H

1

(�

g ; 1

; Z )

�

-

H

1

(�

g

; Z ) :

It allows us to identify the sets H , 


g

' S pin (�), B

g

and P corresp onding to �

g ; 1

with those of �

g

.

Moreover, let j : �

g ; 1

�

-

�

g

b e an emb edding such that j

�

= � at the level of

H

1

( � ; Z ). Recall from x 4.1 the �lling-up map, which can b e restricted to

C

1

(�

g ; 1

)

j

-

C

1

(�

g

) :

Note that it is compatible with the \extending by the identity" map T

g ; 1

-

T

g

de�ned by j , and that it induces a group homomorphism C

1

(�

g ; 1

)

-

C

1

( �

g

) .

The latter can b e veri�ed to b e indep endent on the choice of the emb edding j such

that j

�

= � , and so can b e denoted by

C

1

(�

g ; 1

)

�

-

C

1

(�

g

) :

The commutativity of the following diagram is easily proved from the various de�-

nitions:

A

1

( P )

 

1

-

C

1

(�

g ; 1

)

@

@

@

@

@

�

R 	�

�

�

�

�

( �

1

; � )

I@

@

@

@

@

C

�

3

H �

�

3

H

(2)

B

(3)

g

�

( �

1

; � )

T

g ; 1

T

0

g ; 1

A

1

( P )

�

� 1

(S )

?

?

 

1

-

C

1

(�

g

)

�

?

?

@

@

@

@

@

�

R 	�

�

�

�

�

( �

1

; � )

I@

@

@

@

@

C

�

3

H �

�

3

H

(2)

B

(3)

g

S

?

?

�

( �

1

; � )

T

g

T

0

g

?

?



CHAPITRE 4

Fonctions quadratiques et invariants de typ e �ni

des S pin

c

-vari�et�es ferm�ees de dimension 3

En collab oration avec Florian Deloup.

1. Intro duction

Ever since the b eginning of algebraic top ology, quadratic functions have played

a prominent role. This chapter is an attempt to study systematically the role of

quadratic functions in 3-dimensional top ology, at least in the case of closed oriented

3-manifolds.

The �rst part ( x 2) of the chapter is entirely algebraic and is devoted to the

study of quadratic functions on torsion Ab elian groups. A quadratic function

on a torsion Ab elian group G is a function q : G ! Q = Z such that the map

b

q

: ( x; y ) 7! q ( x + y ) � q ( x ) � q ( y ) is bilinear. If b

q

is a nondegenerate bilinear

pairing, w e sa y that q is a nondegenerate quadratic function. Because of 2-torsion

in G , a quadratic function q cannot b e recovered from its asso ciated bilinear pairing

b

q

in general. Therefore, the theory of quadratic functions is �ner than the theory

of symmetric bilinear pairings.

For �nite Ab elian groups, only the latter are classi�ed ([ W1 ] over o dd p -groups,

and [ KK ] over 2-groups). Note that our de�nition includes quadratic functions

that are not homogeneous, that is, that do not satisfy q ( x ) = q ( � x ). It is there-

fore natural, for a quadratic function q , to consider the homogeneity defect d

q

2

Hom( G; Q = Z ), de�ned by d

q

( x ) = q ( x ) � q ( � x ). When G is �nite, an invariant

of the isomorphism class of q is provided by its Gauss sum, which is de�ned by

 ( q ) = j G j

� 1 = 2

P

x 2 G

e

2 � iq ( x )

2 C . Our main result is the following one.

Theorem 1 . Let q : G ! Q = Z and q

0

: G

0

! Q = Z be two nondegenerate

quadratic functions on �nite Abelian groups. Then q is isomorphic to q

0

if and only

if there is an isomorphism  : G ! G

0

such that b

q

= b

q

0

�  


 2

, d

q

= d

q

0

�  and

 ( q ) =  ( q

0

) .

Turning to top ology in x 3, we then consider closed oriented 3-manifolds and

some additional structures with which they can b e endowed, called complex spin

structures or Spin

c

-structures. They are related to spin structures in the sense that

if M is a closed oriented 3-manifold, there is then a canonical map Spin( M ) !

Spin

c

( M ), from the space of its Spin-structures to the space of its Spin

c

-structures.

Complex spin structures are also worth to b e taking into account in 3-dimensional

top ology, at least b ecause they are in natural corresp ondance with so-called Euler

93



94 4. FONCTIONS QUADRATIQUES ET S pin

c

-VARI

�

ET

�

ES FERM

�

EES DE DIMENSION 3

structures, whic h ha ve b een intro duced b y T uraev in order to re�ne Reidemeister

torsions.

We give here a general homotopy-theoritical treatment of Spin

c

-structures (fol-

lowing that of Spin-structures given in [ BM ]). Having in mind the imp ortance of

\cut and paste" techniques in 3-dimensional top ology , w e deal with the technical

problem of gluing Spin

c

-structures. For that aim, we de�ne for any compact ori-

ented 3-manifold with b oundary and any Spin-structure � on @ M , a space denoted

by Spin

c

( M ; � ), of complex spin structures on M relativ e to � (see Theorem 3.10).

We also describ e how Spin

c

-manifolds can b e presented by surgery on S

3

and we

give the corresp onding Spin

c

-re�nement of Kirby's theorem.

We then relate in x 4 algebra to top ology, quadratic functions to closed Spin

c

-

manifolds of dimension 3. By means of that Spin

c

-re�nement of Kirby's theorem,

we asso ciate to an arbitrary closed Spin

c

-manifold ( M ; � ) of dimension 3 a quadratic

function

�

M ;�

: H

2

( M ; Q = Z ) ! Q = Z ;

whose asso ciated bilinear pairing, denoted by L

M

: H

2

( M ; Q = Z ) � H

2

( M ; Q = Z ) !

Q = Z , is a slight mo di�cation of the torsion linking pairing of M . Explicitly, let

�

M

: T H

1

( M ) � T H

1

( M ) ! Q = Z b e the torsion linking pairing of M , where

T H

1

( M ) denotes the torsion subgroup of M , then L

M

= �

M

� B


 2

, where B :

H

2

( M ; Q = Z ) ! T H

1

( M ) is the Bo ckstein homomorphism asso ciated to the short

exact sequence of co e�cients 0 ! Z ! Q ! Q = Z ! 0. Note that L

M

(and

therefore �

M ;�

) is nondegenerate if and only if M is a rational homology 3-sphere.

When � comes from a spin structure, the quadratic function �

M ;�

turns out to

b e equivalent with previous works ([ LL ], [ MS ], [ T2 ]). More generally, when � is

torsion (which means that its Chern class c ( � ) 2 H

2

( M ) is torsion), �

M ;�

factorizes

via B to a quadratic function:

�

M ;�

: T H

1

( M ) ! Q = Z ;

over the torsion linking pairing �

M

and then coincides with analogous constructions

from [ Gi ] (see also [ De3 ]) and [ LW ].

We then show that for a given closed oriented 3-manifold M , the Spin

c

-structures

on M are determined by their corresp onding quadratic functions.

Theorem 2 . Let M be a close d c onnected oriented 3 -manifold. Then, the map

[ � 7! �

M ;�

] de�nes an a�ne embedding:

Spin

c

( M )

�• �

M //
Quad( L

M

) :

We also identify the cokernel of �

M

(Theorem 4.10 and x 4.3). Via the map �

M

,

top ological notions can b e put in corresp ondance with algebraic notions. For in-

stance, the Chern class c ( � ) corresp onds with the homogeneity defect d

�

M ;�

of the

quadratic function �

M ;�

.

When � is identi�ed with an Euler structure, a geometric intrinsic formula (making

no reference to the dimension 4) for the quadratic function �

M ;�

is given. When M

is a rational homology sphere, �

M ;�

can b e recovered from the Reidemeister-Turaev

torsion (Theorem 4.17).

In the �nal part ( x 5) of the pap er, we apply the previous to solve a problem

related to the Goussarov-Habiro theory for compact oriented 3-manifolds. Their

�nite typ e invariants theory (developp ed in [ Go ], [ Hr ] and [ GGP ]) is based on an

elementary move called Y -surgery. The Y -equivalence, which is de�ned to b e the

surgery equivalence relation generated by this move, is then of crucial and basic

imp ortance in the Goussarov-Habiro theory, since two manifolds are Y -equivalen t if
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and only if they are not distinguished by degree 0 �nite typ e invariants. It has b een

characterized in the closed case by Matveev, who showed in [ Mt ] that two closed

oriented connected 3-manifolds are Y -equivalent if and only if they have identical

�rst Betti numb ers and isomorphic torsion linking pairings. We hav e in tro duced

in Chapter 2 a non-trivial Spin-re�nement of the Goussarov-Habiro theory and we

hav e c haracterized degree 0 invariants of Spin-manifolds by re�ning that theorem

of Matveev.

Using the gluing techniques developp ed in x 3, we show that Y -surgeries make

also sense for Spin

c

-manifolds, and generate a surgery equivalence relation among

them called Y

c

-equivalence. There exists then a Spin

c

-re�nement of the Goussarov-

Habiro theory, the degree 0 invariants of which are characterized in the closed case

by the following re�nement of Matveev's theorem.

Theorem 3 . Let ( M ; � ) and ( M

0

; �

0

) be two closed connected oriented 3 -

manifolds with complex spin structures. The fol lowing assertions are then equiva-

lent:

(1) the Spin

c

-manifolds ( M ; � ) and ( M

0

; �

0

) are Y

c

-equivalent;

(2) there is an isomorphism  : H

1

( M ) ! H

1

( M

0

) such that �

M

0

;�

0

= �

M ;�

�

 

]

;

(3) there is an isomorphism  : H

1

( M ) ! H

1

( M

0

) such that:

- �

M

= �

M

0

� (  j )


 2

,

-  

�

P

� 1

c ( � )

�

= P

� 1

c ( �

0

) ,

-  ( �

M ;�

� s ) =  ( �

M

0

;�

0

� s

0

) for any pair ( s; s

0

) of compatible sec-

tions of the respective Bockstein homomorphisms B : H

2

( M ; Q = Z ) !

T H

1

( M ) and B : H

2

( M

0

; Q = Z ) ! T H

1

( M

0

) .

In assertion (2),  

]

: H

2

( M

0

; Q = Z ) ! H

2

( M ; Q = Z ) is the isomorphism dual to  

by the intersection pairings:

H

1

( M ) � H

2

( M ; Q = Z ) ! Q = Z and H

1

( M

0

) � H

2

( M

0

; Q = Z ) ! Q = Z ;

which are right nonsingular. In assertion (3), P stands for a Poincar�e duality

isomorphism, and the required compatibility of sections s; s

0

is the commutativity

of the diagram:

H

2

( M

0

; Q = Z )

 

]

'

��

T H

1

( M

0

)

s

0

oo

H

2

( M ; Q = Z ) T H

1

( M ) :

s

oo

 j
'

OO

The equivalence b etween assertions (2) and (3) will b e derived from Theorem 1.

The case of rational homology 3-spheres deserves to b e singled out. Indeed, if

M is an oriented rational homology 3-sphere, any � 2 Spin

c

( M ) is then torsion

and, according to what has b een said ab ove, �

M ;�

can b e regarded as a quadratic

function H

1

( M ) ! Q = Z over �

M

. In that case, Theorem 3 sp ecializes to:

Corollary 1 . Let ( M ; � ) and ( M

0

; �

0

) be two oriented rational homology 3 -

spheres with complex spin structures. The fol lowing assertions are then equivalent:

(1) the Spin

c

-manifolds ( M ; � ) and ( M

0

; �

0

) are Y

c

-equivalent;

(2) there is an isomorphism  : H

1

( M ) ! H

1

( M

0

) such that �

M ;�

= �

M

0

;�

0

�

 ;

(3) there is an isomorphism  : H

1

( M ) ! H

1

( M

0

) such that:

- �

M

= �

M

0

�  


 2

,

-  

�

P

� 1

c ( � )

�

= P

� 1

c ( �

0

) ,

-  ( �

M ;�

) =  ( �

M

0

;�

0

) .
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It follows also from Theorem 3 and from Theorem 1.1 of Chap. 2 that, although

the canonical map Spin ( M ) ! Spin

c

( M ) needs not b e injective, the Spin-re�nement

of Goussarov-Habiro theory embeds in degree 0 in to its Spin

c

-re�nement.

2. Quadratic functions on torsion Ab elian groups

Let us �x a few conventions. Given an Ab elian group M , T M denotes the

subgroup of M consisting of all torsion elements. If M and N are two Ab elian

groups, Hom( M ; N ) denotes the Ab elian group of all homomorphisms M ! N . A

set X on which M acts freely and transitively is an a�ne space over M . For

such actions, the left multiplicative notation is used. Any bilinear pairing b :

M � M

0

! N , where M ; M

0

and N are Ab elian groups, has a left (resp. right)

adjoint map

�

b

b : M ! Hom( M

0

; N ) (resp.

b

b

�

: M

0

! Hom( M ; N )), de�ned by

�

b

b ( x )( y ) = b ( x; y ) (resp.

b

b

�

( y )( x ) = b ( x; y )), x 2 M ; y 2 M

0

. In the case when

M = M

0

and b is symmetric,

�

b

b =

b

b

�

is denoted by

b

b .

If M is a free Ab elian group, we set C

M

= Z ; if M is a Q -vector space, we set

C

M

= Q ; if M is a torsion Ab elian group, we set C

M

= Q = Z . In such cases, it is

convenient to de�ne the dual of M by M

�

= Hom( M ; C

M

).

2.1. Basic notions ab out quadratic functions. Let M and N b e Ab elian

groups. A quadratic function on M with values in N is a map q : M ! N such that

the formula b

q

( x; y ) = q ( x + y ) � q ( x ) � q ( y ), x; y 2 M , de�nes a symmetric bilinear

pairing b

q

: M � M ! N , called the associated bilinear pairing . Note that according

to the de�nition we adopt in this chapter, any quadratic function q satis�es q (0) = 0.

In the case when q satis�es the additional prop erty that q ( r x ) = r

2

q ( x ) for all

x 2 M , r 2 Z , we say that q is homogeneous . To each quadratic function q , we

asso ciate an element d

q

2 Hom( M ; N ), called the homogeneity defect and de�ned

by d

q

( x ) = q ( x ) � q ( � x ), x 2 M . Clearly, q is homogeneous if and only if d

q

= 0.

The quadratic function q is nondegenerate (resp. nonsingular or unimodular ) if

the adjoint map

b

b

q

: M ! Hom( M ; N ) is injective (resp. bijective). If M is a

�nite Ab elian group and N = C

M

= Q = Z , q is nondegenerate if and only if q is

nonsingular.

A quadratic function q : M ! N is a quadratic function over b : M � M ! N

if b

q

= b . Denote by Quad( b ) the set of quadratic functions over b . The Ab elian

group Hom( M ; N ) acts freely and transitively on Quad( b ) b y addition. Thus, if b

is nonsingular then Quad( b ) is an a�ne space over M with action de�ned by:

� � q = q +

b

b ( � ) ; � 2 M :

It follows that, in that case, Quad( b ) and M are equip otent.

Let  : M

0

! M b e an isomorphism of Ab elian groups. We de�ne  

�

b : M

0

�

M

0

! N to b e the symmetric bilinear pairing de�ned by  

�

b ( x; y ) = b (  ( x ) ;  ( y ))

for all x; y 2 M

0

. Similarly we de�ne the quadratic function  

�

q : M

0

! N by

 

�

q ( x ) = q (  ( x )) for all x 2 M

0

. We say that two symmetric bilinear pairings

b; b

0

(resp. two quadratic functions q , q

0

) de�ned on M and M

0

with values in N

are isomorphic , and we write b � b

0

(resp. q � q

0

), if there exists an isomorphism

 : M

0

! M such that  

�

b = b

0

(resp.  

�

q = q

0

). An isomorphism  : M

0

! M

induces a bijective corresp ondence b etween Quad( b ) and Quad(  

�

b ). In particular,

the subgroup Iso( b ) of automorphisms of M preserving b acts on Quad( b ):  � q =

 

�

q . The relation b etween the action of Hom( M ; N ) and the action of Iso( b ) on

Quad( b ) is the key to the problem of classi�cation of quadratic functions.

2.2. Presentations of quadratic functions.
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2.2.1. Lattices and their characteristic forms. A lattice M is a �nitely gen-

erated free Ab elian group. A (symmetric) bilinear lattice ( M ; f ) is a symmetric

bilinear form f : M � M ! Z on a lattice M . Then M 
 Q is a Q -vector space

whic h w e denote by V . Any bilinear lattice ( M ; f ) gives rise by extension of scalars

to a bilinear pairing f

Q

: V � V ! Q . Let M

]

= f x 2 V : f

Q

( x; M ) � Z g b e the

dual lattice for ( M ; f ). Clearly M � M

]

. More generally, for any subgroup N of

V , w e can de�ne N

]

= f x 2 V : f

Q

( x; N ) � Z g .

A fractional (resp. integral ) Wu class for ( M ; f ) is an element v 2 V (resp. an

element v 2 M ) such that:

8 x 2 M ; f ( x; x ) � f

Q

( w ; x ) 2 2 Z :

The set of fractional (resp. integral) Wu classes is denoted by Wu

Q

( f ) (resp.

Wu( f )) and is contained in M

]

. Furthermore, Wu

Q

( f ) is an a�ne space over

2 M

]

.

A characteristic form for f is an element c 2 M

�

satisfying:

8 x 2 M ; f ( x; x ) � c ( x ) 2 2 Z :

The set Char( f ) of c haracteristic forms for f is an a�ne space over Hom( M ; 2 Z ).

Each fractional Wu class giv es a c haracteristic form by the equivariant map w 7!

f

Q

( w ; � ) j

M

, W u

Q

( f ) ! Char( f ).

Lemma 2.1 . If f is nondegenerate, then the map w 7! f

Q

( w ; � ) j

M

is a bijective

correspondenc e b etween Wu

Q

( f ) and Char( f ) .

Proof. f nondegenerate means

b

f : M ! M

�

is injective. Then

c

f

Q

: V !

V

�

is bijective. Hence, the map x 7! f

Q

( x; � ) j

M

; Wu

Q

( f ) ! Char( f ) is also

bijective. �

The quotient group

�

M = M = Ker

b

f is a �nitely generated free Ab elian group.

Hence, the short exact sequence:

(2.1)

0

//
Ker

b

f

i //
M

p //
�

M

//
0

is split. Any section s of p then induces a (non-canonical) isomorphism:

( M ; f ) '

�

�

M ;

�

f

�

�

�

Ker

b

f ; 0

�

;

where

�

f :

�

M �

�

M ! Z is the nondegenerate pairing induced by f .

Lemma 2.2 . There is an injection p

�

j

Char

(

�

f

)

: Char

�

�

f

�

! Char( f ) induce d by

p , and any section s of p induces a retraction s

�

j

Char( f )

: Char( f ) ! Char(

�

f ) for

it.

Proof. Since p � s = Id

�

M

, we have: s

�

� p

�

= Id

�

M

�

. Moreover, one easily

veri�es that: p

�

�

Char

�

�

f

��

� Char ( f ), and that: s

�

(Char ( f )) � Char

�

�

f

�

. �

Lemma 2.3 . Every symmetric bilinear lattice ( M ; f ) has a characteristic form.

Proof. According to Lemma 2.2, we can supp ose that f is nondegenerate. In

the nondegenerate case, it is shown in [ LW , Lemma 1.6 (i)] that an y ( M ; f ) admits

an integral Wu class. �
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2.2.2. The discriminant construction. Supp ose we are given a bilinear lattice

( M ; f ) as ab o ve. Consider the torsion Ab elian group G

f

= M

]

=M and the sym-

metric bilinear pairing

L

f

: G

f

� G

f

! Q = Z

de�ned by:

(2.2) L

f

( [ x ] ; [ y ]) = f

Q

( x; y ) mo d Z ; x; y 2 M

]

:

Since M

]]

= M + Ker

c

f

Q

, the radical of L

f

is:

(2.3) Ker

c

L

f

=

�

M + Ker

c

f

Q

�

=M = Ker

c

f

Q

= Ker

b

f =

�

Ker

b

f

�


 Q = Z :

In particular, L

f

is nondegenerate if and only if f is nondegenerate.

Consider the torsion subgroup T Coker

b

f of Coker

b

f . The adjoint map

c

f

Q

: V ! V

�

restricted to M

]

induces a canonical epimorphism B

f

: G

f

! T Coker

b

f . Hence

the following short exact sequence:

(2.4) 0 ! Ker

c

L

f

! G

f

! T Coker

b

f ! 0 :

It follows that the symmetric bilinear form L

f

factorizes to a nondegenerate form:

�

f

: T Coker

b

f � T Coker

b

f ! Q = Z :

It also follows from this sequence that M

]

= M i� G

f

= 0 i� f is unimo dular.

Supp ose next that ( M ; f ; c ) is a bilinear lattice equipp ed with a characteristic

form c 2 M

�

. Denote by c

Q

: V

�

! Q the linear extension of c . We asso ciate to

( M ; f ; c ) a quadratic function

�

f ;c

: G

f

! Q = Z

over L

f

by putting:

�

f ;c

([ x ]) =

1

2

( f

Q

( x; x ) � c

Q

( x )) mo d Z ; x 2 M

]

:

Observe that the homogeneity defect d

�

f ;c

2 G

�

f

= Hom ( G

f

; Q = Z ) is giv en by:

(2.5) d

�

f ;c

( [ x ]) = � c

Q

( x ) mo d Z ; x 2 M

]

:

Definition 2.4 . The triple ( M ; f ; c ) is said to b e a presentation of the qua-

dratic function �

f ;c

on the torsion Ab elian group G

f

. The assignation ( M ; f ; c ) 7!

( G

f

; �

f ;c

) is called the discriminant construction.

Lemma 2.5 . The discriminant construction preserves orthogonal sums.

Remark 2.6 . The quadratic function �

f ;c

factorizes via B

f

to a (nondegener-

ate) quadratic function over �

f

if and only if c can b e taken to b e the image of a

fractional Wu class.

In particular, when f is nondegenerate, this always happ ens (Lemma 2.1). In

fact, B

f

: G

f

! Coker

b

f is then an isomorphism inducing a bijective corresp on-

dance:

Quad ( �

f

) ' Quad ( L

f

) :

This particular case coincides with the usual discriminant construction, as presented

for example in [ De2 , x 1.2.1].
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2.2.3. Properties of the discriminant construction. Consider the bilinear map

M

�

� M

]

! Q = Z de�ned b y ( �; x ) 7! �

Q

( x ) mo d Z . This map induces a bilinear

pairing:

h� ; �i : Coker

b

f � G

f

! Q = Z :

Lemma 2.7 . The bilinear pairing h� ; �i : Coker

b

f � G

f

! Q = Z is left nonde-

generate (respectively left nonsingular if and only if f is nondegenerate) and right

nonsingular.

For the pro of of Lemma 2.7, two p oints have to b e observed. First, by (2 : 3),

any homomorphism Ker

b

f ! Z induces by tensoring with Q = Z a homomorphism

Ker

c

L

f

! Q = Z . We denote by

j

f

:

�

Ker

b

f

�

�

!

�

Ker

c

L

f

�

�

the corresp onding map. Second, the following lemma holds.

Lemma 2.8 . The cokernel of the inclusion T Coker

b

f , ! Coker

b

f is

�

Ker

b

f

�

�

.

Proof. Since M = Ker

b

f is free, the inclusion Ker

b

f ! M induces a surjective

map M

�

!

�

Ker

b

f

�

�

which sends

b

f ( M ) to 0. Hence we obtain a well-de�ned

surjective map Coker

b

f !

�

Ker

b

f

�

�

, the kernel of which, since

�

Ker

b

f

�

�

is free of

same rank as Coker

b

f , consists of all torsion elements. �

Proof of Lemma 2.7. We start with proving that the left adjoint map Coker

b

f ! Hom( G

f

; Q = Z ) is injective. Consider the following diagram:

0

//
T Coker

b

f

//

c

�

f
'

��

Coker

b

f

//

�

h� ; �i

��

�

Ker

b

f

�

�

//

j

f

��

0

0

//
�

T Coker

b

f

�

�

//
Hom( G

f

; Q = Z )

//
�

Ker

b

L

f

�

�

//
0 :

The �rst row is given by Lemma 2.8. The second row is obtained from the short

exact sequence (2 : 4) by applying the exact functor Hom( � ; Q = Z ). As follows eas-

ily from de�nitions, that diagram is commutative. Then, by the \snake lemma",

Ker

�

h� ; �i is isomorphic to Ker j

f

. The homomorphism j

f

is essentially the map

� 
 Q = Z : Hom

�

Z

k

; Z

�

! Hom

�

( Q = Z )

k

; Q = Z

�

(if k is the rank of Ker

b

f ), which is essentially itself the k -fold pro duct of the

canonical map Z ! Hom( Q = Z ; Q = Z ) de�ned b y 1 7! Id

Q = Z

. The latter is injective,

so is the map

�

h� ; �i .

W e no w prove that the bracket is left nonsingular if and only if f is nondegenerate.

By the ab ove diagram, the map

�

h� ; �i is bijective if and only if Coker j

f

= 0.

Thus, it su�ces to show that the canonical map Z ! Hom( Q = Z ; Q = Z ) de�ned by

1 7! Id

Q = Z

is not surjective. Let A

p

denote the subgroup of Q = Z consisting of all

elements m=p

k

(mo d 1), m 2 Z ; k 2 N . The Chinese remainder theorem implies

that Q = Z ' �

p 2P

A

p

, where P denotes the set of all prime numb ers. Consider

the map �

p

: A

p

! A

p

which is multiplication by p . Then the (strong) pro duct

Q

p

�

p

2

Q

p

Hom( A

p

; Q = Z ) = Hom( Q = Z ; Q = Z ) do es not come from Z .

Consider now the right adjoint map G

f

! Hom

�

Coker

b

f ; Q = Z

�

. An element

[ x ] 2 G

f

lies in the kernel if and only if �

Q

( x ) = 0 mo d Z for all � 2 M

�

. Clearly,

this implies that x 2 M , th us [ x ] = 0.
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We now prove that the right adjoint map is surjective. Consider the canonical

isomorphism V ! V

��

; v 7! h� ; v i . This map sends M

]

onto N = fh� ; w i 2 V

��

:

h

b

f ( M ) ; w i � Z g which is a subgroup of V

��

. The group N

0

= f x 2 Hom( M

�

; Q ) :

h

b

f ( M ) ; x i � Z g emb eds in N by linear extension over Q : M

�

! M

�


 Q = V

�

. Any

x 2 N

0

induces a map Coker

b

f ! Q = Z , hence there is an induced homomorphism

N

0

! Hom

�

Coker

b

f ; Q = Z

�

, which is obviously surjective (since M

�

is Z -free).

Hence any ' 2 Hom

�

Coker

b

f ; Q = Z

�

lifts to an element x 2 N

0

� N where x =

h� ; v i for some v 2 M

]

. Thus ' = h� ; [ v ] i . �

For any c 2 Char( f ) and any u 2 M , we have �

f ;c +2

^

f ( u )

= �

f ;c

; hence �

f ;c

dep ends on c only mo d 2

b

f ( M ). Also, the Ab elian group M

�

=

b

f ( M ) = Coker

b

f acts

freely and transitively on Char( f ) = 2

b

f ( M ) b y:

[ � ] � [ c ] = [ c + 2 � ] 2 Char( f ) = 2

b

f ( M ) ; � 2 M

�

; c 2 Char( f ) :

The next theorem is the main result of this section.

Theorem 2.9 . The map [ c ] 7! �

f ;c

induces an a�ne embedding

�

f

: Char( f ) = 2

b

f ( M ) , ! Quad( L

f

)

over the opposite of the group monomorphism

�

h� ; �i : Coker

b

f , ! Hom ( G

f

; Q = Z ) .

Furthermore,

Coker �

f

' Coker j

f

=

�

Ker

c

L

f

�

�

j

f

��

Ker

b

f

�

�

�

and given q 2 Quad( L

f

) , q belongs to Im �

f

if and only if q j

Ker

c

L

f

belongs to Im j

f

.

Corollaire 2.1 . The map �

f

is bijective if and only if f is nondegenerate.

Proof of Theorem 2 : 9 . Let us prove that the map �

f

is indeed a�ne over

the homomorphism stated ab ove. Let � 2 M

�

and x 2 M

]

: �

f ; [ � ] � [ c ]

([ x ]) �

�

f ; [ c ]

([ x ]) = �

f ;c +2 �

([ x ]) � �

f ;c

([ x ]) = � �

Q

( x ) mo d Z . Hence:

�

f ; [ � ] � [ c ]

= �

f ; [ c ]

� h [ � ] ; �i :

The fact that �

f

is injective follows from Lemma 2.7. Next, Coker �

f

= Coker

�

h� ; �i is also determined from the commutative diagram drawn in the pro of of

Lemma 2.7. W e ha ve Coker

�

h� ; �i ' Coker j

f

.

Finally we prove the last statement of the theorem. The homomorphism which

arises as the restriction of �

f ;c

to Ker

c

L

f

=

�

M + Ker

c

f

Q

�

=M is given by:

(2.6) �

f ;c

( [ x ]) = �

1

2

c

Q

( x ) mo d Z ; x 2 M + Ker

b

f

Q

� M

]

:

Hence �

f ;c

j

Ker

c

L

f

= j

f

�

�

1

2

c

�

2 Im j

f

, where we use the fact that c

�

Ker

b

f

�

� 2 Z .

Conversely, let q 2 Quad( L

f

) such that q j

Ker

c

L

f

2 Im j

f

. Pick a c 2 Char( f ).

Then the restriction map ( G

f

)

�

!

�

Ker

c

L

f

�

�

sends q � �

f ;c

to Im j

f

. Since

Coker

�

h� ; �i ' Coker j

f

; there is an elemen t [ � ] 2 Coker

b

f such that q � �

f ;c

=

h [ � ] ; �i . Since the map �

f

is a�ne over Coker

b

f , ! Hom ( G

f

; Q = Z ), it follows that

q = �

f ; [ � � ] � [ c ]

: �
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2.3. The stable classi�cation theorem. The goal here is to generalize a

result due to Wall and Durfee ([ W2 , Corollary 1] and [ Du , Corollary 4.2.(ii)]). We

de�ne a natural notion of stable equivalence on lattices equipp ed with a character-

istic form. The resulting stable classi�cation problem is shown to b e equivalen t to

the classi�cation of the quadratic functions induced by the discriminant construc-

tion ( x 2.2).

There is a natural notion of isomorphism among triples ( M ; f ; c ) de�ned by

bilinear lattices with characteristic forms: we say that two triples ( M ; f ; c ) and

( M

0

; f

0

; c

0

) are isomorphic if there is an isomorphism  : M ! M

0

such that  

�

f

0

=

f and  

�

c

0

= c mo d 2

b

f ( M ). All such triples form a monoid for the orthogonal

sum � . Two triples ( M ; f ; c ) and ( M

0

; f

0

; c

0

) are said to b e stably equivalent if

they b ecome isomorphic after stabilizations with some unimo dular lattices, that is,

there is an isomorphism (called a stable equivalence ) b et ween ( M ; f ; c ) � ( U; g ; s )

and ( M

0

; f

0

; c

0

) � ( U

0

; g

0

; s

0

) for some unimo dular lattices ( U; g ; s ) and ( U

0

; g

0

; s

0

)

equipp ed with characteristic forms s and s

0

resp ectively. Because, as we have

seen in x 2.2, unimo dular lattices induce trivial discriminant bilinear forms and

quadratic functions, a stable equivalence b etween two triples induce an isomorphism

of the corresp onding quadratic functions. We are interested in whether the converse

holds and to which extent. In fact, a p ositive answer is provided in the case of

nondegenerate lattices.

Proposition 2.10 . Two nondegenerate symmetric bilinear lattices ( M ; f ; c )

and ( M

0

; f

0

; c

0

) equipped with characteristic forms are stably equivalent if and only

if their associated quadratic functions ( G

f

; �

f ;c

) and ( G

f

0

; �

f

0

;c

0

) are isomorphic.

In fact, any isomorphism  between their associated quadratic functions ( G

f

; �

f ;c

)

and ( G

f

0

; �

f

0

;c

0

) lifts to a stable equivalenc e b etween ( M ; f ; c ) and ( M

0

; f

0

; c

0

) .

Proof. This is proved in [LW, x 1.7.3] which relies on [W2]. �

In the general case, w e ha ve to deal with the p otential degeneracy of lattices.

The �rst observation is that it is not true that any isomorphism b etween ( G

f

; �

f ;c

)

and ( G

f

0

; �

f

0

;c

0

) will lift to a stable equivalence b etween ( M ; f ; c ) and ( M

0

; f

0

; c

0

).

In fact, the simplest counterexample is given by the degenerate bilinear lattice

( Z ; 0 ; 0) (with 0 as characteristic form). We have G

0

= Q = Z , �

0 ; 0

= 0. Trivially

any automorphism of Q = Z is an automorphism of the degenerate quadratic function

( Q = Z ; 0). However, not every automorphism of Q = Z lifts to an automorphism of

Q .

For each bilinear lattice ( M ; f ; c ), Lemma 2.7 gives an isomorphism h� ; �i

�

: G

f

!

Hom

�

Coker

b

f ; Q = Z

�

. Therefore any isomorphism  : Coker

b

f ! Coker

b

f

0

induces

an isomorphism  

]

: G

f

0

! G

f

. The corresp onding map:

Iso

�

Coker

b

f ; Coker

b

f

0

�

! Iso ( G

f

0

; G

f

)

is injective (but not surjective, unless f ; f

0

are nondegenerate: see Lemma 2.13

b elow). W e no w state the main theorem of this section.

Theorem 2.11 . Let ( M ; f ; c ) and ( M

0

; f

0

; c

0

) be some bilinear lattices with

characteristic forms. Then, they are stably equivalent if and only if their associ-

ated quadratic functions ( G

f

; �

f ;c

) and ( G

f

0

; �

f

0

;c

0

) are isomorphic via an element

 

]

2 Im

�

Iso

�

Coker

b

f ; Coker

b

f

0

�

! Iso ( G

f

0

; G

f

)

�

. Furthermore, any such iso-

morphism between ( G

f

0

; �

f

0

;c

0

) and ( G

f

; �

f ;c

) lifts to a stable equivalence between

( M ; f ; c ) and ( M

0

; f

0

; c

0

) .
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In the sequel, ( M ; f ; c ) and ( M

0

; f

0

; c

0

) denote bilinear lattices with character-

istic forms. We also put: N

f

= Ker

c

L

f

and N

f

0

= Ker

d

L

f

0

.

Lemma 2.12 . Any isomorphism  : Coker

b

f ! Coker

b

f

0

induces an isomor-

phism  

]

: Ker

b

f

0

! Ker

b

f . Furthermore, if  ([ c ]) = [ c

0

] then  

]

is an isomorphism

from the triple

�

Ker

b

f

0

; 0 ; c

0

j

Ker

b

f

0

�

onto the triple

�

Ker

b

f ; 0 ; c j

Ker

b

f

�

.

Proof. Consider the following diagram:

0

//
T Coker

b

f

//

 j

TCoker

b

f

'

��

Coker

b

f

//

 '

��

�

Ker

b

f

�

�

//

[  ]

��

0

0

//
T Coker

b

f

0

//
Coker

b

f

0

//
�

Ker

b

f

0

�

�

//
0

where the two exact rows are given by Lemma 2.8 and where [  ] is induced by  

and is an isomorphism. Applying Hom( � ; Z ) to [  ] yields an isomorphism [  ]

�

:

�

Ker

b

f

0

�

��

= Ker

b

f

0

!

�

Ker

b

f

�

��

= Ker

b

f which is taken to b e  

]

. For the second

statement, note that

�

 

]

�

�

:

�

Ker

b

f

�

�

!

�

Ker

b

f

0

�

�

is [  ]. Then, c j

Ker

b

f

�  

]

=

[  ]

�

c j

Ker

b

f

�

= c

0

j

Ker

b

f

0

since  ( [ c ]) = [ c

0

]. �

Lemma 2.13 . Let 	 2 Iso( G

f

0

; G

f

) . Then, the fol lowing assertions ar e e quiv-

alent:

(1) there exists  2 Iso

�

Coker

b

f ; Coker

b

f

0

�

such that 	 =  

]

;

(2) 	 ( N

f

0

) = N

f

and the map 	 j

N

f

0

: N

f

0

! N

f

lifts to an isomorphism

Ker

b

f

0

! Ker

b

f .

Proof. (1) = ) (2): Lemma 2.12 gives an isomorphism  

]

: Ker

b

f

0

! Ker

b

f

and 	 =  

]

is given by Lemma 2.7. It follows from the de�nitions that 	 j

N

f

0

:

N

f

0

! G

f

coincides with

�

 

]

�


 Q = Z : N

f

0

= Ker

b

f

0


 Q = Z ! Ker

b

f 
 Q = Z =

N

f

� G

f

.

(2) = ) (1): A homomorphism y : G

f

0

! Q = Z b elongs to the image of

�

h� ; �i : Coker

b

f

0

! Hom ( G

f

0

; Q = Z ) if and only if y j

N

f

0

: N

f

0

! Q = Z lifts

to a homomorphism Ker

b

f

0

! Z . This follows from the commutative diagram in

the pro of of Lemma 2.7 (since Coker

�

h� ; �i ' Coker j

f

0

). Thus, b y h yp othesis,

for any x 2 Coker

b

f , there exists a unique  ( x ) 2 Coker

b

f

0

satisfying:

8 y

0

2 G

f

0

; h  ( x ) ; y

0

i = h x; 	( y

0

) i 2 Q = Z :

It also follows that the assignation  : x 7!  ( x ) is additive, and that  is in fact

an isomorphism (since 	 is bijective). By construction,  is such that 	 =  

]

. �

Proof of Theorem 2.11. The nondegenerate case is treated by Prop osition

2.10. Consider now the general case. Let s b e a stable equivalence b etween lattices,

say an isomorphism of symmetric bilinear lattices s : ( M

0

; f

0

; c

0

) � ( U

0

; g

0

; u

0

) !

( M ; f ; c ) � ( U; g ; u ) where ( U

0

; g

0

; u

0

) and ( U; g ; u ) are unimo dular lattices. The

map s induces via the discriminant construction an isomorphism 	 : G

f

0

! G

f

b et ween �

f

0

;c

0

and �

f ;c

since unimo dular lattices induce trivial quadratic functions.

It also induces in the obvious way an isomorphism  : Coker

b

f ! Coker

b

f

0

, and it

is easily veri�ed that  

]

= 	.
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Conversely, supp ose given an isomorphism 	 b etween ( G

f

0

; �

f

0

;c

0

) and ( G

f

; �

f ;c

)

which is induced by an isomorphism  : Coker

b

f ! Coker

b

f

0

. Then, the homo-

geneity defects are preserved by 	: d

�

f

0

;c

0

= d

�

f ;c

� 	. Since 	 =  

]

, it follows

from (2.5) that  ([ c ]) = [ c

0

]. Thus Lemma 2.12 implies that

�

Ker

b

f

0

; 0 ; c

0

j

Ker

b

f

0

�

and

�

Ker

b

f ; 0 ; c j

Ker

b

f

�

are isomorphic via  

]

: Ker

b

f

0

! Ker

b

f .

Let

�

�

M ;

�

f

�

b e the nondegenerate lattice induced by f (see (2.1)), and pic k a

section s of the canonical pro jection p : M !

�

M . Lemma 2.2 yields a characteristic

form �c = s

�

j

Char( f )

( c ) 2 Char(

�

f ). The section s of p induces a map G

�

f

! G

f

still

denoted by s ; this map is such that �

�

f ; �c

= �

f ;c

� s .

Let also s

0

:

�

M

0

! M

0

b e a section of the canonical pro jection p

0

: M

0

!

�

M

0

such

that the inducep map s

0

: G

�

f

0

! G

f

0

veri�es:

G

f

0

	

��

G

�

f

0

s

0

oo
B

�

f

0

'

//
T Coker

b

�

f

0

T Coker

b

f

0

'

oo

G

f

G

�

f

s

oo
B

�

f

' //
T Coker

b

�

f

T Coker

b

f :

'oo

 j

OO

Set

�

c

0

= s

0�

j

Char( f

0

)

( c

0

) 2 Char

�

�

f

0

�

; then, �

�

f

0

; �c

0

= �

f

0

;c

0

� s

0

. We deduce that:

�

�

f

0

; �c

0

�  j = �

�

f ; �c

. Since these quadratic functions are nondegenerate, Prop osition

2.10 applies: the isomorphism  j lifts to a stable equivalence b etween the lattices

�

�

M ;

�

f ; �c

�

and

�

�

M

0

;

�

f

0

; �c

0

�

.

Hence �nally, there is a stable equivalence b etween:

( M ; f ; c ) '

�

�

M ;

�

f ; �c

�

�

�

Ker

b

f ; 0 ; c j

Ker

b

f

�

and:

( M

0

; f

0

; c

0

) '

�

�

M

0

;

�

f

0

; �c

0

�

�

�

Ker

b

f

0

; 0 ; c

0

j

Ker

b

f

0

�

;

where the isomorphisms are resp ectively induced by the sections s and s

0

. By

construction, the isomorphism G

f

0

! G

f

induced by this stable equivalence is

exactly 	. �

Consider two bilinear forms, denoted � 1, de�ned on Z by (1 ; 1) 7! � 1, and

b oth equipp ed with the Wu class 1 2 Z . For n 2 N , w e denote by n ( Z ; � 1 ; 1) the

n -fold orthogonal sum of ( Z ; � 1 ; 1).

Corollary 2.14 . Let ( M ; f ; c ) and ( M

0

; f

0

; c

0

) be some bilinear lattices equipped

with characteristic forms. Then, the quadratic functions ( G

f

; �

f ;c

) and ( G

f

0

; �

f

0

;c

0

)

are isomorphic if and only if there exists n; n

0

2 N such that ( M ; f ; c ) � n ( Z ; � 1 ; 1) '

( M

0

; f

0

; c

0

) � n

0

( Z ; � 1 ; 1) .

Proof. One direction is obvious. For the converse, we apply Theorem 2.11.

We obtain unimo dular lattices ( U; g ) and ( U

0

; g

0

), equipp ed with characteristic

forms s and s

0

resp ectively, such that there is an isomorphism  sending ( M ; f ; c ) �

( U; g ; s ) onto ( M

0

; f

0

; c

0

) � ( U

0

; g

0

; s

0

). By stabilizing if necessary with ( Z ; 1) and

( Z ; � 1), w e ma y assume that, as a symmetric bilinear pairing, ( U; g ) is inde�nite

1

and not even

2

. Then a theorem asserts that ( U; g ) is isomorphic to an orthogonal

sum of copies of ( Z ; 1) and ( Z ; � 1) [ Se ]. It follows that ( U; g ; s ) is isomorphic to a

sum of copies of ( Z ; 1 ; 1) and ( Z ; � 1 ; 1). (Here we use the fact that any o dd integer

a 2 Z induces a characteristic form for ( Z ; � 1) and any such triple ( Z ; � 1 ; a ) is

isomorphic to ( Z ; � 1 ; 1).) A similar observation holds for ( U

0

; g

0

; s

0

). We conclude

1

i.e. g takes b oth p ositive and negativ e v alues.

2

even means that g ( u; u ) 2 2 Z for all u 2 U .
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that there is a stable equivalence b etween ( M ; f ; c ) and ( M

0

; f

0

; c

0

) in volving only a

stabilization with copies of ( Z ; 1 ; 1) and ( Z ; � 1 ; 1), which is the desired result. �

Remark 2.15 . This is a generalization of [ De2 , Lemma 2.1(b)] (whose pro of

contains a misprint).

2.4. A complete system of invariants. We present a complete system of

invariants for nondegenerate quadratic functions on �nite Ab elian groups.

Let q : G ! Q = Z b e a nondegenerate quadratic function on a �nite Ab elian group

G . Its Gauss sum is:

 ( q ) = j G j

�

1

2

X

x 2 G

e

2 i� q ( x )

2 S

1

:

An imp ortant observation is the relation:

(2.7)  ( � � q ) = e

� 2 i� q ( � )

 ( q ) ; � 2 G:

Recall that b

q

denotes the asso ciated bilinear pairing of q and d

q

2 G

�

is its homo-

geneity defect. The following result is the main result of this section.

Theorem 2.16 . Two nondegenerate quadratic functions q : G ! Q = Z and

q

0

: G

0

! Q = Z on �nite Abelian groups are isomorphic if and only if there is an

isomorphism  : G ! G

0

such that  

�

b

q

0

= b

q

,  

�

d

q

0

= d

q

and  ( q

0

) =  ( q ) .

Corollary 2.17 . Two nondegenerate homogeneous quadratic functions q :

G ! Q = Z and q

0

: G

0

! Q = Z on �nite Abelian groups are isomorphic if and only

if there is an isomorphism  : G ! G

0

such that  

�

b

q

0

= b

q

and  ( q

0

) =  ( q ) .

That two isomorphic quadratic functions have same Gauss sums and isomorphic

asso ciated bilinear pairings and asso ciated homomorphisms is obvious. The di�cult

part lies in the converse. The key step is the following lemma.

Lemma 2.18 (Fundamental Lemma) . Let q : G ! Q = Z be a nondegenerate

quadratic function on a �nite Abelian group. If � 2 G is an element of order 2

such that q ( � ) = 0 , then � � q � q .

Proof. De�ne a homomorphism � : G ! Z

2

by

8 x 2 G;

1

2

� � ( x ) = b

q

( �; x ) 2 Q = Z

where

1

2

� denotes the usual inclusion of Z

2

into Q = Z . In the sequel, for any c 2 Z

2

,

we put

G 3 c � � =

�

� if c = 1 ;

0 if c = 0 :

Observe that ( c

1

+ c

2

) � � = c

1

� � + c

2

� � for any c

1

; c

2

2 Z

2

since 2 � = 0.

Let now  : G ! G b e the map de�ned by  ( x ) = x + � ( x ) � � for all x 2 G . As �

is a homomorphism,  is an endomorphism of G . Furthermore,  is an involution

since for any x 2 G , w e ha ve

 

2

( x ) =  ( x + � ( x ) � � )

= x + � ( x ) � � + ( � ( x ) + � ( � ( x ) � � )) � �

= x + 0 + ( � ( x ) � ( � )) � �

= x:
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Last identity follows from the fact that

1

2

� � ( � ) = b

q

( �; � ) = q (2 � ) � 2 q ( � ) = 0.

Lastly, for any x 2 G , w e ha ve

q (  ( x )) = q ( x + � ( x ) � � )

= q ( x ) + q ( � ( x ) � � ) + b

q

( x; � ( x ) � � )

= q ( x ) + 0 +

1

2

� � ( x )

= ( � � q ) ( x ) :

Therefore, q is isomorphic to � � q via the involution  . �

Proof of Th. 2.16. With no loss of generality , we ma y assume that G = G

0

,

b

q

= b

q

0

, d

q

= d

q

0

and  ( q ) =  ( q

0

) and then show that q � q

0

. The equality b

q

= b

q

0

implies (cf. x 2.1) that q

0

= � � q for some � 2 G . The equality d

q

= d

q

0

implies

2 � = 0. The equality  ( q ) =  ( q

0

), together with (2 : 7) imply that q ( � ) = 0. Hence

Lemma 2.18 applies. �

For further use, we need a version of Theorem 2.16 which allows for some

degeneracy.

Lemma 2.19 . Consider the fol lowing commutative diagram of extensions of

Abelian groups:

0

//
A

i //

'
 j

A

��

G

 
'

��

p //
B

//
0

0

//
A

0

i

0

//
G

0

p

0

//
B

0 //
0 :

where the extension of A by B is split. Then the extension of A

0

is also split.

Proof. Let [  ] : B ! B

0

b e the isomorphism induced by  . Let also s : B !

G b e a section of p . Then s

0

=  � s � [  ]

� 1

is a section of p

0

. �

Definition 2.20 . Given a diagram as in Lemma 2.19, two sections s and s

0

of

p and p

0

resp ectively are said  - compatible , or simply compatible , if they are related

as in the pro of of Lemma 2.19:

G

p

//

 

��

B

[  ]

��

suu

G

0

p

0

//
B

0

s

0

ii

Let now q : G ! Q = Z b e a quadratic function on a Ab elian group. Then, G

can b e regarded as the extension of A = Ker

b

b

q

by B = G= Ker

b

b

q

. We shall say

that ( G; q ) meets the �niteness condition if the following two conditions hold:

- G= Ker

b

b

q

is �nite;

- the extension G of Ker

b

b

q

by G= Ker

b

b

q

is split.

Example 2.21 . Let ( M ; f ; c ) b e a bilinear lattice equipp ed with a characteristic

form c . Then, the quadratic function ( G

f

; �

f ;c

) meets the �niteness condition since

the short exact sequence (2.4) is split (a section of its is induced b y an y section of

the canonical pro jection M !

�

M = M = Ker

b

f ).

In the sequel, we denote by r

q

: Ker

b

b

q

! Q = Z the homomorphism q j

Ker

b

b

q

.
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Corollary 2.22 . Let q : G ! Q = Z and q

0

: G

0

! Q = Z be two quadratic

functions on Abelian groups satisfying the �niteness condition. Then, they are

isomorphic if and only if there is an isomorphism  : G ! G

0

such that  

�

b

q

0

= b

q

,

 

�

d

q

0

= d

q

,  

�

r

q

0

= r

q

and  ( q

0

� s

0

) =  ( q � s ) for some  -compatible sections s

and s

0

.

Proof. Consider q

1

= q � s and q

0

1

= q

0

� s

0

: they are nondegenerate quadratic

functions on �nite Ab elian groups. Let  

1

b e the isomorphism [  ] : G= Ker

b

b

q

!

G

0

= Ker

c

b

q

0

induced by  . We then have:  

�

1

b

q

0

1

= b

q

1

,  

�

1

d

q

0

1

= d

q

1

and  ( q

1

) =

 ( q

0

1

). Then, by Theorem 2.16, q

1

and q

0

1

are isomorphic. We then deduce that

( G; q ) '

�

G= Ker

b

b

q

; q

1

�

�

�

Ker

b

b

q

; r

q

�

is isomorphic to ( G

0

; q

0

) '

�

G

0

= Ker

c

b

q

0

; q

0

1

�

�

�

Ker

c

b

q

0

; r

q

0

�

: �

3. 3 -manifolds with complex spin structures

We now giv e a treatment of Spin

c

-manifolds. We b egin by some generalities

and then sp ecialize our exp osition to the dimension 3.

3.1. Complex spin structures. The homotopy-theoritical exp osition of Spin

c

-

structures we give here, follows mutatis mutandis from an analogous description of

Spin-structures given by Blanchet and Masbaum in [ BM ].

We �rst �x a few conventions. Vector bundles will b e stabilized from left. If

G is a group, !

G

: E G ! B G will denote the universal principal G -bundle. The

map induced by a bundle morphism F on the base spaces is denoted by the corre-

sp onding lower case letter f . All manifolds are assumed to b e compact, smo oth and

oriented. The real interval [0 ; 1] will b e denoted by I . Unless otherwise sp eci�ed,

all (co)homology groups are assumed to b e with integer co e�cients.

3.1.1. The Spin

c

group. The Spin group is the 2-fold covering of the sp ecial

orthogonal group S O :

1 ! Z = 2 Z ! Spin

�

! S O ! 1 :

The group Spin

c

is de�ned by:

Spin

c

=

Spin � U (1)

Z = 2 Z

;

where Z = 2 Z is generated b y [( � 1 ; � 1)], hence this short exact sequence of groups:

1

//
U (1)

j //
Spin

c

� //
S O

//
1 ;

where j sends z to [(1 ; z )], and where � sends [( x; z )] to � ( x ). From this, we obtain

the following �bration for classifying spaces:

B U (1)

// B j //
B Spin

c

B � ////
B S O :

Denote by 

S O

the universal stable oriented vector bundle over B S O , and by 

Spin

c

the pull-bac k of 

S O

by B � . Analogously, for any n � 1, starting from S O ( n ) w e

de�ne the groups Spin( n ) and Spin

c

( n ).

3.1.2. Rigid Spin

c

-structures. Let M b e a n -manifold (assumed to b e compact

smo oth and oriented by convention). We denote by T

M

(resp. �

M

) its oriented

(resp. and stable) tangent bundle.

Definition 3.1 . A rigid Spin

c

-structure on M is a vector bundle morphism

G : �

M

! 

Spin

c

which is orientation-preserving on each �b er. A Spin

c

-structure

(or complex spin structure ) on M is a homotopy class of rigid Spin

c

-structures

on M . We denote by Spin

c

r

( M ) the set of rigid Spin

c

-structures on M , and by

Spin

c

( M ) the set of its Spin

c

-structures.
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In the sequel, the letter � will stand for a Bo ckstein homomorphism asso ciated

to the following short exact sequence of co e�cients:

0

//
Z

� 2 //
Z

//
Z = 2 Z

//
0 :

W e no w recall a well-known fact concerning existence and parametrization of Spin

c

-

structures.

Proposition 3.2 . The manifold M can be given a Spin

c

-structure if and only

if the cohomology class:

w ( M ) := � w

2

( M ) 2 H

3

( M )

vanishes, where w

2

( M ) is the second Stiefel-Whitney class of M . If so, Spin

c

( M )

is an a�ne space over the Abelian group H

2

( M ) .

We use the multiplicative notation to denote this a�ne action. Thus, when

w ( M ) = 0 and given � ; �

0

2 Spin

c

( M ), the unique h 2 H

2

( M ) such that �

0

= h � �

is denoted by �

0

=� .

Proof of Proposition 3.2. Supp ose that G : �

M

! 

Spin

c

is a rigid Spin

c

-

structure on M . By comp osing G with the canonical morphism 

Spin

c

! 

S O

, w e

obtain a morphism F : �

M

! 

S O

. At the level of base spaces, f : M ! B S O

is a classifying map for �

M

and g : M ! B Spin

c

is then a lift of f by B � . By

construction of 

Spin

c

, the rigid Spin

c

-structure G on M is equivalent to the data

( F ; g ) where:

(1) F : �

M

! 

S O

is a morphism of oriented vector bundles,

(2) g is a lift of f by B � .

Thus, giving us a Spin

c

-structure on M is equivalent to giving us a homotopy class

of such pairs ( F ; g ). Supp ose now that the bund le map F is �xed . The space of

bundle maps:

Map

S O

( �

M

; 

S O

)

is arc connected and contractible (see for instance [ Hu , Ch. 7, Prop. 3.3] and

[ Hu , Ch. 7, Th. 3.4]). It can then b e deduced from these two facts that giving

us a Spin

c

-structure on M is the same as giving us a lift g of f by B � , up to

lift homotopy. This useful observation allows us to apply usual obstruction theory

to the �bration B � : B Spin

c

! B S O . This is a principal �bration with �b er

B U (1) ' B K ( Z ; 1) ' K ( Z ; 2), and with characteristic class w := � w

2

2 H

3

( B S O ).

The prop osition then follows. �

Let us now explain why our de�nition of Spin

c

-structures agrees with the usual

one.

Lemma 3.3 . Suppose that M comes equipped with a Riemannian metric and

denote by F

M

the bund le of its oriented orthonormal frames. Then a Spin

c

-structure

on M is equivalent to an isomorphism class of pairs ( � ; H ) , where � is a principal

Spin

c

( n ) -bund le and where H : � =U (1) ! F

M

is an isomorphism of principal

S O ( n ) -bund les.

Proof. Let ( � ; H ) b e such a pair: let us prove that it determines a rigid

Spin

c

-structure G on M by showing that it determines an equivalent data ( F ; g ),

as describ ed in the pro of of Prop. 3.2. Pick a morphism of Spin

c

( n )-bundles

� ! !

Spin

c

( n )

which, when comp osed with the canonical map !

Spin

c

( n )

! !

Spin

c

,

gives a certain

~

G : � ! !

Spin

c

. This

~

G induces a morphism � =U (1) ! !

S O

; by

comp osing it with H

� 1

, we obtain

~

F : F

M

! !

S O

. The map

~

F then induces a

morphism F : �

M

! 

S O

. We put g := ~g , induced by

~

G at the level of base spaces.

Then, the assignation ( � ; H ) 7! ( F ; g ) � G induces the announced corresp ondance

b et ween the two de�nitions of Spin

c

-structures. �
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3.1.3. Relative Spin

c

-structures. Supp ose in this paragraph that M is a n -

manifold with non-empty b oundary. We orient @ M with the \outward normal

vector �rst" rule; then since vector bundles are stabilized from left, the bundle �

@ M

can b e identi�ed with �

M

j

@ M

, hence a restriction map Spin

c

r

( M ) ! S pin

c

r

( @ M ).

Definition 3.4 . For a �xed s 2 Spin

c

r

( @ M ), a Spin

c

-structur e on M relative

to s is a homotopy class rel @ M of rigid Spin

c

-structures on M which extend s . We

denote by Spin

c

( M ; s ) the set of such structures.

Obstruction theory can again b e applied to obtain the following relative analog

of Prop osition 3.2:

Proposition 3.5 . Let s 2 Spin

c

r

( @ M ) be �xed. Then, s can be extende d to M

if and only if a certain cohomology class:

w ( M ; s ) 2 H

3

( M ; @ M )

vanishes. If so, Spin

c

( M ; s ) is an a�ne H

2

( M ; @ M ) -space. Furthermore, the re-

striction of w ( M ; s ) to M is w ( M ) = � w

2

( M ) 2 H

3

( M ) .

3.1.4. Orientation reversal. We denote by � M the manifold obtained from M

by reversing its orientation. There exists a map Spin

c

r

( M ) ! Spin

c

r

( � M ) inducing

a H

2

( M )-equivariant map:

Spin

c

( M )

� //
Spin

c

( � M ) ;

It is de�ned by comp osing rigid structures with the orthogonal reection �

� M

! �

M

in the direction of the �rst stabilization.

Supp ose that @ M 6= ? and let s 2 Spin

c

r

( @ M ). Pick a nonsingular section v

of �

M

extending the outward normal vector �eld on @ M ( v is well-de�ned up to

relative homotopy). By comp osing rigid structures with the orthogonal reection

�

� M

! �

M

in the direction of v , w e obtain a map:

Spin

c

( M ; s )

� //
Spin

c

( � M ; � s ) ;

whic h is H

2

( M ; @ M )-equivariant. It do es not dep end on v .

3.1.5. From Spin to Spin

c

. Replacing Spin by Spin

c

in what has b een previously

done, we can analogously de�ne rigid Spin-structures and recover the usual Spin-

structures: see [ BM ]

3

for details. In particular, the bundle 

Spin

is de�ned to b e

the pull-bac k of 

S O

by B � . Consider the commutative diagram:

Spin

� //

�

##GGG
GGG

GGG
Spin

c

�

��
S O

where the morphism � is de�ned by � ( x ) = [( x; 1)] . We then have B � = B � � B �

at the level of classifying spaces, hence a bundle map 

Spin

! 

Spin

c

, de�ned in the

obvious way.

So, if M is a n -manifold, there exists a map Spin

r

( M ) ! Spin

c

r

( M ). It induces

a canonical map:

Spin( M )

� //
Spin

c

( M ) ;

which is a�ne over the Bo ckstein homomorphism � : H

1

( M ; Z

2

) ! H

2

( M ).

If now M has non-empty b oundary and if s 2 Spin

r

( @ M ), there is also a map:

Spin( M ; s )

� //
Spin

c

( M ; � ( s )) ;

3

Rigid Spin-structures are called \ w

2

-structures" in [ BM ]. Following this terminology, our

rigid Spin

c

-structures migh t ha ve b een called \ � w

2

-structures".
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which is a�ne over the Bo ckstein homomorphism � : H

1

( M ; @ M ; Z

2

) ! H

2

( M ; @ M ).

3.1.6. Chern classes. Let M b e a n -manifold and let � 2 Spin

c

( M ). Because

of the group homomorphism Spin

c

( n ) ! U (1) de�ned b y [( x; y )] 7! y

2

and since

� induces an isomorphism class of principal Spin

c

(n)-bundles over M (by Lemma

3.3), � then determines an isomorphism class of principal U (1)-bundles. We denote

by c ( � ) its �rst Chern class.

Definition 3.6 . The class c ( � ) 2 H

2

( M ) is called the Chern class of the

Spin

c

-structure � . When c ( � ) 2 T H

2

( M ), the torsion subgroup of H

2

( M ), the

Spin

c

-structure � is said to b e torsion .

Remark 3.7 . The Chern class map c : Spin

c

( M ) ! H

2

( M ), is a�ne over the

square

4

map H

2

( M ) ! H

2

( M ) de�ned by: x 7! x

2

. It follows that � 2 Spin

c

( M )

comes from Spin ( M ) b y the map � de�ned at x 3.1.5 if and only if c ( � ) = 0.

3.2. Spin

c

-structures in dimension 3 . W e no w give a more sp eci�c treat-

ment of Spin

c

-structures in dimension 3. Manifolds are still supp osed to b e smo oth

compact and oriented. Note that any 3-manifold M can b e given a Spin

c

-structure

since w

2

( M ) = 0.

3.2.1. About S O (3) , Spin(3) and Spin

c

(3) . Let H b e the quaternion algebra:

H = f q = a + b � i + c � j + d � k : a; b; c; d 2 R g

and let R

3

b e the subspace of pure quaternions: R

3

= R � i + R � j + R � k . The

multiplicative group of unitary quaternions S

3

= f q = a + b � i + c � j + d � k :

a

2

+ b

2

+ c

2

+ d

2

= 1 g can b e identi�ed with S U (2) by:

q = a + b:i + c:j + d:k 7!

�

a + b:i � d + c:i

d + c:i a � b:i

�

We then de�ne an homomorphism � : S U (2) ! S O (3), sending a unitary quater-

nion q to the transformation:

� ( q ) : R

3

! R

3

h 7! q hq

� 1

:

The map � is a connected two-fold covering. Hence we can put Spin (3) = S U (2).

Because of the isomorphism:

S U (2) � U (1)

Z

2

' //
U (2)

sending [( A; z ) ] to z A , w e can then also put: Spin

c

(3) = U (2).

Remark 3.8 . The canonical homomorphism � : Spin(3) ! Spin

c

(3) ( x 3.1.5)

corresp onds to the usual inclusion S U (2) , ! U (2), while the short exact sequence

involving the groups U (1), Spin

c

(3) and S O (3) can b e rewritten as:

1

//
U (1)

j //
U (2)

� //
S O (3)

//
1 ;

where j ( z ) =

�

z 0

0 z

�

and where � ( A ) = �

�

1

p

det( A )

� A

�

. Finally, the canonical

homomormorphism Spin

c

(3) ! U (1) ( x 3.1.6) is the determinant map det : U (2) !

U (1).

4

Recall that the left multiplicative notation is used for a�ne actions.
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Lemma 3.9 . The fol lowing diagram is commutative:

S O (2)

' //•_

��

U (1)

�• //
U (2)

�

��
S O (3) S O (3) ;

Here, S O (2) embeds into S O (3) by A 7! (1) � A , and U (1) into U (2) by: A 7!

A � (1) .

Proof. It is a short, straightforward calculation. �

3.2.2. Relative Spin

c

-structures in dimension 3 . In the previous section, rigid

structures have naturally app eared as representatives for some homotopy classes.

However, rigid Spin

c

-structures and so, relative Spin

c

-structures as they were de-

�ned, are not a natural ob ject from a geometric-top ological viewp oint. In dimension

3, this can b e partially corrected.

Theorem 3.10 . Let M b e a 3 -manifold with boundary and let s

0

; s

1

2 Spin

r

( @ M )

represent the same spin structure: [ s

0

] = [ s

1

] 2 Spin( @ M ) . Then, the rigid Spin

c

-

structures � ( s

0

) and � ( s

1

) can be extende d to M and there exists a canonical bijec-

tion:

Spin

c

( M ; � s

0

)

�

s

0

;s

1 //
Spin

c

( M ; � s

1

) ;

which is H

2

( M ; @ M ) -equivariant.

Definition 3.11 . Theorem 3.10 allows us to asso ciate to any 3-manifold M

with b oundary and any � 2 Spin( @ M ), the space of Spin

c

-structures on M relative

to � . Denoted by:

Spin

c

( M ; � ) ;

it is an a�ne H

2

( M ; @ M )-space.

Example 3.12 . Let us consider the particular case when @ M is a disjoint

union of tori. The torus T

2

has a distinguished Spin-structure: that one whic h is

induced by its Lie group structure, we denote it by �

0

. Thus, @ M can b e given the

distinguished Spin-structure

_

[ �

0

. It can b e veri�ed that the space Spin

c

( M ;

_

[ �

0

) is

in canonical bijection with the space of relative Spin

c

-structures de�ned b y T uraev

in [ T6 , x 1.2].

Proof of Theorem 3.10. Let w

2

( M ; s

i

) 2 H

2

( M ; @ M ; Z

2

) denote the ob-

struction to extending s

i

to a rigid spin structure on M . It satis�es:

� ( w

2

( M ; s

i

)) = w ( M ; � ( s

i

)) 2 H

3

( M ; @ M ) ;

where w ( M ; � ( s

i

)) is the relative obstruction de�ned by Prop osition 3.5. Thus,

w ( M ; � ( s

i

)) is of order at most 2 and so vanishes since H

3

( M ; @ M ) is torsion free.

W e no w prove the second statement. Let ( s

t

)

t 2 I

denote a homotop y b et ween

s

0

and s

1

: s

t

is a bundle morphism �

@ M

! 

Spin

. Such a homotopy de�nes a rigid

spin structure s : �

@ M � I

! 

Spin

over @ M � I by putting:

s j

�

@ M � I

j

@ M � t

:= s

t

;

where �

@ M � I

j

@ M � t

is identi�ed with �

@ M

. This de�nes a map:

Spin

c

( M ; � s

0

)

�

s //
Spin

c

( M ; � s

1

)

by the gluing formula: �

s

([ u ]) = [ u [ � s ], where u is a rigid Spin

c

-structure on M

extending � ( s

0

) (here we are identifying M with its \collar growing" M [ ( @ M � I )).

Observe that �

s

is H

2

( M ; @ M )-equivariant.
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It su�ces now to prove that if ( s

0

t

)

t

is another homotop y b et ween s

0

and s

1

,

then �

s

= �

s

0

. Putting �

s

0

;s

1

:= �

s

will give the theorem. The image of:

Spin ( @ M � I ; ( � s

0

) � 0 [ s

1

� 1)

� //
Spin

c

( @ M � I ; ( � � s

0

) � 0 [ ( � s

1

) � 1)

is a singleton since it is a�ne over � : H

1

( @ M � I ; @ M � @ I ; Z

2

) ! H

2

( @ M �

I ; @ M � @ I ) which is trivial (its co domain is isomorphic to the free Ab elian group

H

1

( @ M )). It then follows that the rigid Spin

c

-structures � s and � s

0

on @ M � I are

homotopic rel @ M � @ I , so �

s

= �

s

0

. �

Remark 3.13 . Let M b e a 3-manifold with b oundary and let � 2 Spin ( @ M ).

We de�ne:

Spin( M ; � ) := f � 2 Spin ( M ) : � j

@ M

= � g :

One can show that there exists a canonical map:

Spin( M ; � )

� //
Spin

c

( M ; � ) ;

which is induced by the map Spin ( M ; s ) ! Spin

c

( M ; � ( s )) , de�ned in x 3.1.5, for

an arbitrary s 2 Spin

r

( @ M ) representing � .

3.2.3. Spin

c

-structures as vector �elds: the closed case. We now review the

geometric Euler structures intro duced b y T uraev in [ T4 ]. In this paragraph, w e �x

a closed 3-manifold M .

Definition 3.14 . A geometric Euler structure on M is a nonsingular vector

�eld tangen t to M , up to punctured homotopy. Precisely , t wo nonsingular vector

�elds v and v

0

on M are considered as equivalent, when there exists a p oint x 2 M

such that the restrictions of v and v

0

to M n x are homotopic among nonsingular

vector �elds on M n x .

If a cellular decomp osition of M is given, punctured homotopy coincides with

homotopy on the 2-skeleton of M . From obstruction theory , w e then deduce that

geometric Euler structures exist (since � ( M ) = 0) and that they form an a�ne

H

2

( M )-space denoted by:

Vect( M ) :

The a�ne action is denoted multiplicatively.

Lemma 3.15 (Turaev, [ T5 ]) . There exists a canonical H

2

( M ) -equivariant bi-

jection:

Vect( M )

h

M //
Spin

c

( M ) :

Proof. Let v b e a nonsingular vector �eld tangen t to M . Endow M with a

Riemannian metric. First, v determines a reduction of F

M

to S O (2) with resp ect

to this injection S O (2) , ! S O (3) featured by Lemma 3.9: this reduction is F

v

? ,

the bundle of oriented orthonormal frames of the oriented vector bundle v

?

, when

this one is oriented with the right-hand rule ( v =righ t th umb). Then, by the the

homomorphism S O (2) ! U (2) of Lemma 3.9, F

v

? de�nes a principal U (2)-bundle

� . According to that lemma, this U (2)-bundle can b e accompanied with an iso-

morphism of principal S O (3)-bundles H : � =U (1) ! F

M

, and so de�nes (according

to Lemma 3.3) a Spin

c

-structure on M . That one only dep ends on the punctured

homotopy class of v : so is de�ned h

M

([ v ]). Moreover, one can verify that the

assignation ( [ v ] 7! h

M

([ v ])) is H

2

( M )-equivariant; in particular, it is bijective. �

There is a noteworth y in volution of Vect ( M ). Called inversion and denoted by

� 7! �

� 1

, it is de�ned by �

� 1

= [ � v ] if � = [ v ].
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Lemma 3.16 . For any � 2 Vect( M ) , we have:

c ( h

M

( � )) =

�

�

� 1

2 H

2

( M ) :

Proof. Both of the maps Vect ( M ) ! H

2

( M ) which are de�ned by � 7! � =�

� 1

and by � 7! c ( h

M

( � )), are a�ne over the square

5

map (according to [ T4 , Th. 5.3.1]

and Remark 3.7). It then su�ces to show the following implication:

(3.1) ( c ( h

M

( � )) = 1 ) = )

�

� =�

� 1

= 1

�

:

Give M a Riemannian metric. According to the last statement of Remark 3.8,

the isomorphism class of principal U (1)-bundles de�ned by the Spin

c

-structure

h

M

( � ), is represented by F

v

? , so that c ( h

M

( � )) = c

1

( F

v

? ). Consequently, the

class c ( h

M

( � )) is the obstruction to �nd a nonsingular section of T

M

transverse to

v . Assertion (3.1) then follows. �

In the latter pro of and by Remark 3.7, it app ears that the image of Spin ( M )

in Spin

c

( M ) corresp ond to the Euler structures � = [ v ] for which there exists a

nonsingular tangen t v ector �eld to M transverse to v . Let us make this fact more

precise. We denote by:

Parall( M )

the set of parallelizations of M , up to punctured homotopy. A parallelization of M

is a trivialization e = ( e

1

; e

2

; e

3

) of the oriented vector bundle T

M

.

Let V b e a manifold of dimension n � 3. The space of trivializations of T

V

on

the 1-skeleton of V , which can b e extended to the 2-skeleton, and considered up

to homotopy, is empty or is parametrized by H

1

( M ; Z

2

). It can also b e put in a

canonical corresp ondance with Spin( M ) (see [ Ki , Chap. 4]). Since �

2

( S O (3)) = 0

and since M is of dimension 3, we obtain the following lemma which can b e proved

similarly to Lemma 3.15.

Lemma 3.17 . There exists a canonical and H

1

( M ; Z

2

) -equivariant bijection:

Parall( M )

h

M //
Spin( M ) :

We de�ne a map:

Parall( M )

� //
Vect( M ) :

by putting � ([ e ]) = [ e

1

], if e = ( e

1

; e

2

; e

3

) is a parallelization of M . It then follows

from the various de�nitions that:

Lemma 3.18 . The fol lowing diagram is commutative:

Parall( M )

h

M //

�

��

Spin( M )

�

��
Vect( M )

h

M

//
Spin

c

( M ) :

where the map � : Spin ( M ) ! Spin

c

( M ) has been de�ne d in x 3.1.5.

5

Recall that the left multiplicative notation is used for a�ne actions.
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3.2.4. Spin

c

-structures as vector �elds: the boundary case. We now want to

de�ne some relative geometric Euler structures.

On the hand, all of the de�nitions and results of x 3.2.3 are relativ e to T

M

and

work for any 3-dimensional oriented vector bundle. In particular, if S is a closed

surface, they can b e applied to �

1

� T

S

, where �

i

stands for the i -dimensional trivial

vector bundle. Thus, we de�ne:

Vect ( S

st

) and Parall ( S

st

) ;

to b e resp ectively the set of nonsingular sections of �

1

� T

S

and the set of trivializa-

tions of this oriented vector bundle, all of them b eing considered up to homotopy

in S . Then, obstruction theory says that they are resp ectively a�ne spaces over

H

2

( S ) and H

1

( S ; Z

2

). Some analogs of Lemma 3.15 and Lemma 3.17 state the

existence of canonical a�ne isomorphisms:

Vect ( S

st

)

h

S //
Spin

c

( S )

and

Parall ( S

st

)

h

S //
Spin ( S ) :

Finally, an analog of Lemma 3.18 states that they �t b oth together in a commutative

diagram.

Example 3.19 . The canonical section v = (1 ; 0) of �

1

� T

S

determines a Spin

c

-

structure h

S

([ v ]) on S . Its Chern class is equal to the Euler class e ( S ) of the surface

S (since here v

?

= T

S

� �

1

� T

S

for a pro duct metric).

On the other hand, one can sp eak of rigid structures for any kind of structures

which are de�ned as homotopy classes of something. Thus, there are rigid versions

of Vect( N ) and Parall( N ), when N = M is a 3-manifold or when N = S

st

with S

a closed surface. These rigid versions are denoted with a decorating subscript \r".

Thus, if M is a 3-manifold with non-empty b oundary and if v 2 Vect

r

( ( @ M )

st

) is

a nonsingular section of �

1

� T

@ M

= T

M

j

@ M

, one can de�ne:

Vect( M ; v )

the space of geometric Euler structures on M relative to v . This space is empt y or

is an a�ne H

2

( M ; @ M )-space. In exactly the same wa y w e obtained Theorem 3.10,

we get:

Theorem 3.20 . Let M b e a 3 -manifold with non-empty boundary and let e =

( e

1

; e

2

; e

3

) , e

0

= ( e

0

1

; e

0

2

; e

0

3

) be some homotopic trivializations of T

M

j

@ M

. Then, the

nonsingular sections e

1

and e

0

1

of T

M

j

@ M

can be extende d to M , and there exists a

canonical bijection:

Vect ( M ; e

1

)

�

e;e

0 //
Vect ( M ; e

0

1

) ;

which is H

2

( M ; @ M ) -equivariant.

Definition 3.21 . Theorem 3.10 allows us to asso ciate to any 3-manifold with

b oundary and any � 2 Parall

�

( @ M )

st

�

, the space of geometric Euler structures on

M relative to � . Denoted by:

Vect ( M ; � ) ;

it is an a�ne H

2

( M ; @ M )-space.

Hence this relativ e v ersion of Lemma 3.15 whic h ma y b e proved similarly:

Lemma 3.22 . Let M b e a 3 -manifold with boundary and let � 2 Parall ( ( @ M )

st

) .

There exists then a canonical and H

2

( M ; @ M ) -equivariant bijection:

Vect( M ; � )

//
Spin

c

( M ; h

@ M

( � )) :
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3.2.5. Relative Chern classes. We now de�ne some relative versions of the

Chern classes of Spin

c

-structures ( x 3.1.6).

Lemma 3.23 . Let M be a 3 -manifold with boundary and let � 2 Spin( @ M ) .

There exists then a canonical map:

Spin

c

( M ; � )

c //
H

2

( M ; @ M ) ;

which is a�ne over the square

6

map de�ne d by x 7! x

2

.

Definition 3.24 . If � 2 Spin

c

( M ; � ), c ( � ) is called the Chern class of the

relative Spin

c

-structure � .

Proof of Lemma 3.23. Let � 2 Parall (( @ M )

st

) corresp ond to � by h

@ M

. In

fact, we will de�ne a map c : V ect( M ; � ) ! H

2

( M ; @ M ) (and then apply Lemma

3.22).

Let e = ( e

1

; e

2

; e

3

) b e a trivialization of �

1

� T

@ M

representing � and let � 2

Vect( M ; e

1

) b e represented by v : v is a nonsingular tangen t v ector �eld to M whose

restriction to @ M coincides with e

1

. The vector �eld e

2

is a nonsingular section

of T

M

on @ M transverse to v . We then de�ne c ( � ) to b e the �rst obstruction to

extending e

2

to a nonsingular section of T

M

transverse to v ; w e are then led to a

map Vect ( M ; e

1

) ! H

2

( M ; @ M ). If e

0

is another representan t of � , the analogously

obtained map Vect( M ; e

0

1

) ! H

2

( M ; @ M ) coincide with the latter one via the

isomorphism �

e;e

0

involved in Th. 3.20. We then get a well-de�ned map c .

Let now x 2 H

2

( M ; @ M ) and supp ose that its Poincar�e dual P

� 1

x 2 H

1

( M )

is represented by a smo oth oriented knot L � int( M ). Then, just as in the closed

case, it can b e shown that the geometric Euler structure x � � is represented by

the vector �eld w obtained from v by Reeb turbulentization along L (see [ T4 , x 5.2]

or [ T8 , x 1.1]). It is then not di�cult to prove, by a direct calculus of obstruction

in the oriented 3-manifold M using this concrete description of w , that c ([ w ]) =

x

2

� c ([ v ]). �

Remark 3.25 . For any � 2 Spin

c

( M ; � ), the Chern class c ( � ) v anishes if and

only if � comes from Spin ( M ; � ) (Remark 3.13).

W e no w give a mo dulo 2 formula for these relative Chern classes. Recall that

the cob ordism group 


Spin

1

is isomorphic to Z

2

: the generator is S

1

endowed with

the Spin -structure which is induced by its Lie group structure (see [ Ki , p. 35, 36]).

For a closed oriented surface S , Johnson constructs in [ J1 ] a canonical bijection:

Spin( S )

q

'

//
Quad( � )

b et ween spin structures on M and quadratic forms over the mo dulo 2 intersection

pairing � of S . For any � 2 Spin( S ), the quadratic form q

�

: H

1

( S ; Z

2

) ! Z

2

is

de�ned as follows. If  is an oriented simple closed curv e on S , w e ha ve:

q

�

([  ]) = [(  ; � j



)] 2 


Spin

1

' Z

2

:

Lemma 3.26 . Let M be a 3 -manifold with boundary, � 2 Spin( @ M ) and � 2

Spin

c

( M ; � ) . Then:

8 y 2 H

2

( M ; @ M ) ; h c ( � ) ; y i = q

�

( @

�

( y )) mod 2 ;

where h� ; �i denotes Kronecker evaluation, and where @

�

: H

2

( M ; @ M ) ! H

1

( @ M )

is the connecting homomorphism of the pair ( M ; @ M ) .

6

Recall that the left multiplicative notation is used for a�ne actions.
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Proof. The mo dulo 2 reduction of c ( � ) is:

w

2

( M ; � ) 2 H

2

( M ; @ M ; Z

2

) ;

which is the obstruction to extending � to the whole manifold M . Let � b e a

connected immersed surface in M such that @ � = @ M \ �, @ � has no singularity

and � represents the mo dulo 2 reduction of y . Then, h c ( � ) ; y i = h w

2

( M ; � ) ; [�] i

mo d 2 is equal to h w

2

(� ; � j

@ �

) ; [�] i and so is the obstruction to extending the

Spin-structure � j

@ �

to the whole surface �. Since � is connected, this is the class

of ( @ � ; � j

@ �

) in 


Spin

1

. Thus, h c ( � ) ; y i = q

�

([ @ �]) = q

�

( @

�

( y )) mo dulo 2. �

Example 3.27 . Supp ose that M is a 3-manifold with a disjoint union of tori

as b oundary. We denote by �

0

2 Parall

�

( T

2

)

st

�

this distinguished parallelization

of the torus corresp onding to its distinguished Spin-structure �

0

(Example 3.12).

Then, the geometric Euler structures on M relativ e to

_

[ �

0

, as in tro duced in De�ni-

tion 3.21, corresp ond to the relative geometric Euler structures of Turaev (see [ T4 ,

x 5.1] or [ T8 , x 1.1]). In particular, Lemma 3.26 is a generalization of [ T8 , Lemma

1.3].

3.3. Gluing of Spin

c

-structures. We are now ready to deal with the tech-

nical problem of gluing Spin

c

-structures.

Let us consider two oriented compact smo oth n -manifolds M

1

and M

2

, together

with a p ositive di�eomorphism f : � @ M

2

! @ M

1

. Form the closed manifold:

M = M

1

[

f

M

2

:

The inclusion M

i

, ! M will b e denoted by j

i

.

Lemma 3.28 . Let some rigid structures s

1

2 Spin

c

r

( @ M

1

) and s

2

2 Spin

c

r

( @ M

2

)

be such that f

�

( s

1

) = � s

2

. We suppose that the relative obstruction w ( M

i

; s

i

) 2

H

3

( M ; @ M ) vanishes for i = 1 and 2 . Then, the absolute obstruction w ( M ) van-

ishes and there exists a gluing map:

Spin

c

( M

1

; s

1

) � Spin

c

( M

2

; s

2

)

[

f //
Spin

c

( M ) ;

which is a�ne over:

H

2

( M

1

; @ M

1

) � H

2

( M

2

; @ M

2

)

//

P

� 1

� P

� 1

��

H

2

( M )

H

n � 2

( M

1

) � H

n � 2

( M

2

)

j

1 ; �

� j

2 ; � //
H

n � 2

( M )

P

OO

where the letter P stands for a Poincar�e duality isomorphism.

Proof. Let �

i

2 Spin

c

( M

i

; s

i

) b e represented by a rigid structure a

i

. Then, a

1

and a

2

can b e glued by means of f : we obtain a rigid Spin

c

-structure on M whose

homotopy class do es not dep end on the choices of a

1

and a

2

in their resp ective

classes �

1

and �

2

. We denote it by:

�

1

[

f

�

2

2 Spin

c

( M ) :

Let us prove that the so obtained map [

f

is a�ne.

The manifolds M

1

and M

2

b eing smo oth, they are triangulable. Let C

i

b e a

triangulation of M

i

for i = 1 and 2, such that C

1

j

@ M

1

corresp onds to C

2

j

@ M

2

by f .

We denote by C

�

i

the cellular decomp osition of M

i

dual to the triangulation C

i

.

On the one hand, we consider the union C of the triangulations C

1

and C

2

: a

simplex of C is a simplex of C

i

for i = 1 or 2, and simplices on @ M

1

are identi�ed

with simplices on @ M

2

by f . On the other hand, we consider the gluing C

�

of the

cellular decomp ositions C

�

1

and C

�

2

: a cell of C

�

either is a cell of C

�

i

which do es

not intersect @ M

i

, either is the gluing by f of a cell b elonging to C

�

1

with a cell of
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C

�

2

along a face lying in @ M

i

. Then, C is a triangulation of M and C

�

is its dual

cellular decomp osition. Cohomology will b e calculated with C while homology will

b e computed with C

�

.

Let �

i

; �

0

i

2 Spin

c

( M

i

; s

i

) ( i = 1 ; 2), � = �

1

[

f

�

2

and �

0

= �

0

1

[

f

�

0

2

. W e w an t to

prove this equality:

(3.2) j

1 ; �

P

� 1

�

�

1

�

0

1

�

+ j

2 ; �

P

� 1

�

�

2

�

0

2

�

= P

� 1

�

�

�

0

�

2 H

n � 2

( M ) :

Let a

i

; a

0

i

2 Spin

c

r

( M

i

) b e some resp ective representatives for �

i

and �

0

i

which

coincides on the 1-skeleton of C

i

(and, of course, on @ M

i

). W e ha ve �xed a bundle

morphism �

M

i

! 

S O

and, as in the pro of of Prop. 3.2, we identify the rigid

structure a

i

and a

0

i

with some lifts M

i

! B Spin

c

of the corresp onding map M

i

!

B S O at the level of base spaces. Then �

i

=�

0

i

2 H

2

( M

i

; @ M

i

) is the class of the

2-co cycle which assigns to each 2-cell e

i

k

of C

i

outside @ M

i

, this element z

i

k

of

�

2

( B U (1)) ' �

2

( K ( Z ; 2)) ' Z obtenaid by gluing a

i

j

e

i

k

and a

0

i

j

e

i

k

along @ e

i

k

. Then,

P

� 1

( �

i

=�

0

i

) =

h

P

k

z

i

k

� e

� ;i

k

i

where e

� ;i

k

denotes the ( n � 2)-cell dual to e

i

k

.

Moreover, a := a

1

[

f

a

2

and a

0

:= a

0

1

[

f

a

0

2

resp ectively represent � and �

0

. Similarly,

using these rigid structures, we can describ e explicitly a 2-co cycle representing �=�

0

.

This 2-co cycle sends any 2-cell of C

1

[

f

C

2

contained in @ M

1

�

=

� @ M

2

to 0 2 Z so

that P

� 1

( �=�

0

) is represented by

P

k

z

1

k

� e

� ; 1

k

+

P

k

z

2

k

� e

� ; 2

k

. �

W e no w come back to the dimension n = 3. Here is the gluing lemma which

we will practice.

Corollary 3.29 . Let �

1

2 Spin ( @ M

1

) and �

2

2 Spin ( @ M

2

) be such that

f

�

( �

1

) = � �

2

. There exists then a canonical gluing map:

Spin

c

( M

1

; �

1

) � Spin

c

( M

2

; �

2

)

[

f //
Spin

c

( M ) ;

which is a�ne over:

H

2

( M

1

; @ M

1

) � H

2

( M

2

; @ M

2

)

//

P

� 1

� P

� 1

��

H

2

( M )

H

1

( M

1

) � H

1

( M

2

)

j

1 ; �

� j

2 ; � //
H

1

( M )

P

OO

Furthermore, if �

i

2 Spin

c

( M ; �

i

) ( i = 1 ; 2 ), the fol lowing identity between Chern

classes holds:

P

� 1

c ( �

1

[

f

�

2

) = j

1 ; �

P

� 1

c ( �

1

) + j

2 ; �

P

� 1

c ( �

2

) 2 H

1

( M ) :

Proof. According to Th. 3.10, the relative obstructions vanish: the �rst state-

ment is then a direct application of Lemma 3.28 and de�nition of Spin

c

-structures

relative to Spin-structures. The second statement is again a calculus of gluing of

obstructions in oriented manifolds and its pro of uses the same arguments as in the

pro of of Lemma 3.28. �

Remark 3.30 . If M is obtained from M

1

and M

2

by gluing them along only

part of their b oundaries (so that @ M 6= ? ), there are relativ e v ersions of Lemma 3.28

and Corollary 3.29 (involving Spin

c

-structures on M relative to Spin-structures).

3.4. Combinatorial descriptions asso ciated to surgery presentations

in S

3

. In this paragraph, we �x an ordered oriented framed n -comp onent link L in

S

3

and we denote by B

L

= ( b

ij

)

i;j =1 ;:::;n

the linking matrix of L . We call V

L

the
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3-manifold obtained from S

3

by surgery along L and we denote by W

L

the trace of

the surgery. So:

V

L

= @ W

L

with: W

L

= D

4

[

n

[

i =1

�

D

2

� D

2

�

i

;

where the 2-handle

�

D

2

� D

2

�

i

is attached b y em b edding �

�

S

1

� D

2

�

i

into S

3

=

@ D

4

in accordance with the sp eci�ed framing and orientation of L

i

.

The group H

2

( W

L

) is then free Ab elian of rank n . It is given the preferred basis

([ S

1

] ; : : : ; [ S

n

]). Here, the closed surface S

i

is taken to b e

�

D

2

� 0

�

i

[ ( � �

i

), where

�

i

is a Seifert surface for L

i

in S

3

which has b een push-o� into the interior of D

4

as shown in Figure 3.1. Also, H

2

( W

L

) will b e identi�ed with Hom( H

2

( W

L

) ; Z ) b y

i

L i

- S i

(D 2x 0)

Figure 3.1: The preferred basis of H

2

( W

L

).

Kronecker evaluation, and will b e given the dual basis. In the sequel, we simplify

our notation by putting H = H

2

( W

L

) (so that H

2

( W

L

) is identi�ed with H

�

) and

by denoting f : H � H ! Z the intersection pairing of W

L

; recall that the matrix of

f relatively to the preferred basis of H is B

L

. Since ( H ; f ) is a symmetric bilinear

lattice, it can b e applied the results of x 2.2.

3.4.1. Combinatorial description of Spin-structures. We b egin by recalling a

combinatorial description of Spin ( V

L

) due to Blanchet ([ Bl ]). De�ne the set:

S

L

=

8

<

:

[ r ] = ([ r

i

])

n

i =1

2 ( Z

2

)

n

: 8 i = 1 ; : : : ; n;

n

X

j =1

b

ij

r

j

� b

ii

mo d 2

9

=

;

:

The elements of S

L

are called characteristic solutions of B

L

. Here, S

L

is refered to

as the combinatorial description of Spin ( V

L

), as justi�ed by the following lemma.

Lemma 3.31 . Ther e ar e c anonical bijections:

Spin( V

L

)

'

//
W u ( f ) = 2 H

'

//
S

L

:

A re�ned Kirby's theorem dealing with surgery presentations of closed Spin-manifolds

of dimension 3 can then b e derived from this lemma (see [ Bl , Th. (I.1)]).

Proof of Lemma 3.31. The preferred basis of H induces an isomorphism

H = 2 H ' ( Z

2

)

n

: the bijection b etween W u ( f ) = 2 H and S

L

is obtained by this way.
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W e no w describ e a bijection b etween Spin ( V

L

) and Wu( f ) = 2 H . Let � b e a Spin-

structures on V

L

, the obstruction w

2

( W

L

; � ) � to W

L

b elongs to the group H

2

( W

L

; V

L

; Z

2

) '

H

2

( W

L

; Z

2

) ' H = 2 H . Since w

2

( W

L

; � ) go es to the second Stie�el-Whitney class

w

2

( W

L

) by the restriction map H

2

( W

L

; V

L

; Z

2

) ! H

2

( W

L

; Z

2

), a representative

for w

2

( W

L

; � ) in H has to b e a Wu class for f . �

3.4.2. Combinatorial description of Spin

c

-structures. W e no w give a Spin

c

ana-

logue of the previous paragraph. For this, we de�ne the set:

S

c

L

=

f s = ( s

i

)

n

i =1

2 Z

n

: 8 i = 1 ; : : : ; n; s

i

� b

ii

mo d 2 g

2 � Im B

L

;

which is referred to here as the combinatorial description of Spin

c

( V

L

). Indeed, we

have:

Lemma 3.32 . Ther e ar e c anonical bijections:

Spin

c

( V

L

)

'

//
Char( f ) = 2 � Im

b

f

'

//
S

c

L

:

Proof. The preferred basis of H de�nes an isomorphism H

�

' Z

n

, which

induces a bijection b etween Char( f ) = 2 � Im

b

f and S

c

L

.

The restriction map Spin

c

( W

L

) ! Spin

c

( V

L

) is a�ne over the map H

2

( W

L

) !

H

2

( V

L

) induced by inclusion. By exactness of the pair ( W

L

; V

L

), the latter is sur-

jective and its kernel coincides with the image of

b

f : H ! H

�

(b y P oincar�e duality).

Moreover, since H

2

( W

L

) is free Ab elian, a Spin

c

-structure � on W

L

is determined

by its Chern class c ( � ) 2 H

2

( W

L

) ' H

�

. Such a form has to b e a characteristic

form for f since its mo dulo 2 reduction coincides with the second Stiefel-Whitney

class w

2

( W

L

) 2 H

2

( W

L

; Z

2

) ' Hom( H ; Z

2

). There is then a bijection b et ween

Spin

c

( V

L

) and Char( f ) = 2 � Im

b

f de�ned by � 7! c ( ~ � ) where ~� is an extension of �

to W

L

. �

Concretely, in a surgery diagram for the Spin

c

-manifold ( V

L

; � ), we draw the

framed link L with the blackb oard framing convention and we add a decorating

integer s

i

to each comp onent L

i

of L so that the multi-integer s = ( s

i

) is a combi-

natorial representant for the Spin

c

-structure � .

W e no w give the corresp onding re�ned Kirby's theorem dealing with surgery pre-

sentations of closed Spin

c

-manifolds of dimension 3.

Theorem 3.33 . Let L and L

0

be some ordered oriented framed links in S

3

,

and let [ s ] 2 S

c

L

and [ s

0

] 2 S

c

L

0

correspond respectively to � 2 Spin

c

( V

L

) and

�

0

2 Spin

c

( V

L

0

) . Then, the manifolds ( V

L

; � ) and ( V

L

0

; �

0

) are Spin

c

-di�eomorphic

if, and only if, the pairs ( L; [ s ]) and ( L

0

; [ s

0

]) ar e r elated one to another by a �nite

sequence of the moves depicted on Figure 3.2.

Proof. This follows from the usual Kirby's theorem. It su�ces to show that,

for each Kirby's move L

1

! L

2

, the corresp onding canonical di�eomorphism V

L

1

!

V

L

2

acts at the level of Spin

c

-structures as combinatorially describ ed on Figure 3.2.

This is a straightforward veri�cation. �

Example 3.34 . Lo ok at the slam dunk move, depicted on Figure 3.3, b etween

surgery presentations in S

3

of closed Spin

c

-manifolds. Here, we are considering the

ordered union L [ ( K

1

; K

2

) of a n -comp onent ordered oriented framed link L with

a framed oriented knot K

1

together with its meridian K

2

. The move is:

( L [ ( K

1

; K

2

) ; [( s

1

; : : : ; s

n

; y ; 0)])  ! ( L; [( s

1

; : : : ; s

n

)]) ;

where y is the framing num b er of K

1

. It can b e shown by rewriting the pro of of

[ FR , Lemma 5] with Spin

c

Kirby's calculi.
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* Handle sliding:
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* Orientation reversal:

* Stabilization:
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Figure 3.2: Spin

c

Kirby's moves
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1

Ln
...

...
s
n

...

s1

L

1

1

Ln
...

...
s
n

K

K

0

y

2

Figure 3.3: A Spin

c

-version of the slam dunk move.

Remark 3.35 . As follows from the following commutative diagram with exact

rows, there is a canonical isomorphism Coker

b

f = H

�

= Im

b

f ! H

2

( V

L

) whic h w e

denote by � :

H

2

( W

L

; V

L

)

//
H

2

( W

L

)

//
H

2

( V

L

)

//
0

H

P

'

OO

b

f //
H

�

'

OO

//
Coker

b

f

'

�

OO

//
0

The a�ne action of H

2

( V

L

) on Spin

c

( V

L

) writes then combinatorially:

8 [ x ] 2 Coker

b

f ; 8 [ c ] 2 Char( f ) = 2 � Im

b

f ; [ x ] � [ c ] = [ c + 2 x ] :

Also, the Chern clas map Spin

c

( V

L

) ! H

2

( V

L

) is combinatorially describ ed by the

map Char( f ) = 2 � Im

b

f ! Coker

b

f de�ned by c ([ c ]) = [ c ].

Therefore, as follows from Lemma 3.16, the involution of Spin

c

( V

L

) de�ned in x 3.2.3

corresp onds to the involution of S

c

L

' Char( f ) = 2 � Im

b

f given by: [ s ] 7! [ � s ].
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3.4.3. From Spin to Spin

c

in a combinatorial way. W e no w relate the combi-

natorial description of Spin( V

L

) with that of Spin

c

( V

L

).

Lemma 3.36 . The canonical map � : Spin( V

L

) ! Spin

c

( V

L

) is combinatorial ly

described by the map � : W u( f ) = 2 H ! Char( f ) = 2 � Im

b

f given by � ([ w ]) =

h

b

f ( w )

i

or, equivalently, by the map � : S

L

! S

c

L

de�ne d by � ([ r ]) = [ B

L

� r ] .

Proof. Take � 2 Spin( V

L

) and let r

�

2 H

2

( W

L

; V

L

; Z ) ' Z

n

b e an integer

representative for the obstruction w

2

( W

L

; � ) 2 H

2

( W

L

; V

L

; Z

2

) ' ( Z

2

)

n

to ex-

tending � to W

L

. Let also ~� 2 Spin

c

( W

L

) b e an extension of � ( � ) 2 Spin

c

( V

L

).

Then, the lemma will follow from the fact that r

�

go es to c ( ~ � ) b y the natural map

H

2

( W

L

; V

L

) ! H

2

( W

L

) when ~� is appropriately cho osen with resp ect to r

�

. It

can b e proved indirectly as follows. In case when � can b e extended to W

L

, this is

certainly true: indeed, we can then take r

�

= 0 and w e may c ho ose as ~� the image

by � of the unique extension of � to W

L

, so that c ( ~ � ) = 0. The general case can

b e reduced to this particular one for the following two reasons. First, it is easily

veri�ed that for each Kirby's move L

1

! L

2

b et ween oriented framed links, the

induced bijections S

L

1

! S

L

2

and S

c

L

1

! S

c

L

2

, which are resp ectively describ ed in

[ Bl , Th. (I.1)] and Th. 3.33, are compatible with the maps S

L

k

! S

c

L

k

( k = 1 ; 2)

de�ned by � ([ r ]) = [ B

L

� r ] . Second, according to a theorem of Kaplan ([ Ka ]),

there exists an oriented framed link L

0

in S

3

related to L by a �nite sequence of

Kirby's moves through which � 2 Spin ( V

L

) go es to �

0

2 Spin( V

L

0

) such that �

0

can

b e extended to W

L

0

. �

4. Quadratic functions asso ciated to 3 -manifolds with complex spin

structures

Gille has shown in [ Gi ] (see also [ De3 ]) that, for a closed oriented 3-manifold,

torsion Spin

c

-structures are in a canonical one-to-one corresp ondance with qua-

dratic functions over its torsion linking pairing. W e no w aim at generalizing this

result to all Spin

c

-structures, not only those of torsion.

4.1. A 4 -dimensional de�nition. Let M b e a closed oriented connected 3-

manifold and let � 2 Spin

c

( M ). In this paragraph, we de�ne a quadratic function:

H

2

( M ; Q = Z )

�

M ;� //
Q = Z

using a surgery presentation of M . Let us cho ose an ordered oriented framed link

L in S

3

together with a p ositive di�eomorphism  : V

L

! M . We maintain the

notations �xed in x 3.4; recall in particular that ( H ; f ) stands for the bilinear lattice

�

H

2

( W

L

) ; intersection pairing in W

L

�

and that it can b e applied the results of x 2.2.

4.1.1. A c ombinatorial description of H

2

( V

L

; Q = Z ) .

Lemma 4.1 . There exists a canonical isomorphism:

H

]

H

�

'

//
H

2

( V

L

; Q = Z ) :
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Proof. Consider the following commutative diagram with exact rows and

columns:

0 0

0

//
H

2

( V

L

; Q = Z )

//
H

2

( W

L

; Q = Z )

//

OO

H

2

( W

L

; V

L

; Q = Z )

OO

0

//
H

2

( V

L

; Q )

//

OO

H

2

( W

L

; Q )

c //

d

OO

H

2

( W

L

; V

L

; Q )

OO

0

//
H

2

( V

L

; Z )

//

OO

H

2

( W

L

; Z )

//

a

OO

H

2

( W

L

; V

L

; Z )

b

OO

0

OO

0

OO

H

]

is the subspace of H 
 Q = H

2

( W

L

; Q ) comprising those x 2 H

2

( W

L

; Q ) such

that c ( x ) 2 H

2

( W

L

; V

L

; Q ) satis�es: 8 y 2 H

2

( W

L

; Z ) ; c ( x ) � a ( y ) 2 Z , where �

is the rational intersection pairing in W

L

. So H

]

is c

� 1

b ( H

2

( W

L

; V

L

; Z )). Seeing

H

2

( V

L

; Q = Z ) as a subgroup of H

2

( W

L

; Q = Z ), we deduce the announced isomor-

phism from the map d . �

Recall that the quotient group H

]

=H is denoted by G

f

in x 2.2 and that it can

b e in volved in the short exact sequence (2.4). W e now in terpret this sequence as

a universal co e�cients short exact sequence for V

L

(in particular, w e th us recover

the fact that it is split). We denote by B the Bo ckstein homomorphism asso ciated

to the following short exact sequence of co e�cients:

0

//
Z

//
Q

//
Q = Z

//
0 :

Lemma 4.2 . (Using the previous notations) The fol lowing diagram

7

is commu-

tative:

0

//
Ker

c

L

f

//

� j '

��

G

f

//

�

'

��

T Coker

b

f

//

'

�

��

0

0

//
H

2

( V

L

) 
 Q = Z

//
H

2

�

V

L

; Q = Z

�

� P � B

//
T ( H

2

( V

L

))

//
0 ;

where the isomorphisms � and � ar e r espectively de�ne d in L emma 4.1 and Remark

3.35.

Proof. Commutativity of the left square is equivalent to the equality:

(4.1) �

�

Ker

c

L

f

�

= H

2

( V

L

) 
 Q = Z � H

2

( V

L

; Q = Z ) :

Recall that Ker

c

L

f

=

�

Ker

c

f

Q

+ H

�

=H = ( H

2

( V

L

; Q ) + H

2

( W

L

; Z )) =H

2

( W

L

; Z )

where the groups H

2

( V

L

; Q ) and H

2

( W

L

; Z ) are seen here as subgroups of H

2

( W

L

; Q )

Then, by de�nition of � an by the commutative diagram in the pro of of Lemma 4.1,

(4.1) will follow from the fact that the image of the canonical map H

2

( V

L

; Q ) !

7

Be careful of the minus sign.
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H

2

( V

L

; Q = Z ) coincides with that of H

2

( V

L

) 
 Q = Z ! H

2

( V

L

; Q = Z ). But this can

b e deduced from the following commutative diagram with exact rows and columns:

0

//
H

2

( V

L

) 
 Q

//

��

H

2

( V

L

; Q )

//

��

0

0

//
H

2

( V

L

) 
 Q = Z

//

��

H

2

( V

L

; Q = Z )

0

We now derive commutativity of the right square from commutativity of the

left one in the following way. We start with x 2 T H

1

( V

L

) ' T H

2

( V

L

) and we

represent it by a 1-cycle X . Let Y b e a relative 2-cycle in ( W

L

; V

L

) such that

@ Y = X and let y = [ Y ] 2 H

2

( W

L

; V

L

). Let also n 2 N

�

such that n � x = 0, and

let S b e a 2-chain in V

L

with b oundary n � X . We then de�ne a 2-cycle in W

L

by

setting U = n:Y � S and we de�ne u = [ U ] 2 H = H

2

( W

L

).

First, since the following diagram is commutative:

H

2

( W

L

; V

L

)

@

� //

P

��

H

1

( V

L

)

P

��
H

2

( W

L

)

i

�

//
H

2

( V

L

) ;

w e ha ve � ( [ P ( y )]) = P ( x ).

Second,

1

n

u 2 H 
 Q b elongs to the dual lattice H

]

: indeed, P

� 1

b

f ( u ) = i

�

( u ) 2

H

2

( W

L

; V

L

) equals n � y so that

b

f ( u ) = n � P ( y ). Moreover, w e ha ve then:

c

f

Q

�

1

n

u

�

j

H

=

P ( y ). Since, the map G

f

! T Coker

b

f featured by the short exact sequence (2.4)

is de�ned b y [ x ] 7!

h

c

f

Q

( x ) j

H

i

, it sends

�

1

n

� u

�

to [ P ( y )].

Third,

�

S 


�

1

n

��

2 H

2

( V

L

; Q = Z ) is w ell-de�ned and go es by B to x .

Finally, the canonical map H

2

( W

L

; Q ) ! H

2

( W

L

; Q = Z ) ' H

2

( W

L

) 
 Q = Z sends

1

n

u

to u 


1

n

=

�

( n � Y � S ) 


�

1

n

��

. Consequently , w e get �

��

1

n

� u

��

= �

�

S 


�

1

n

��

.

Putting those four facts all together, we conclude the pro of of the lemma. �

4.1.2. De�nition of �

M ;�

. Let c 2 Char( f ) represent  

�

( � ) 2 Spin

c

( V

L

) as

explained in x 3.4.2. To the bilinear lattice with characteristic form ( H ; f ; c ), we can

asso ciate (see x 2.2) a quadratic function �

f ;c

: G

f

! Q = Z . Recall that �

f ;c

only

dep ends on the class [ c ] of c in Char( f ) = 2 � Im

b

f .

Definition 4.3 . The quadratic function associated to the Spin

c

-manifold ( M ; � )

is the following comp osition:

H

2

( M ; Q = Z )

'

 

� //
H

2

( V

L

; Q = Z )

'

�

� 1

//
G

f

� �

f ;c //
Q = Z

�

�

M ;�
�

OO

Proof of the well-definition of �

M ;�

. W e ha v e to v erify that De�nition

4.3 do es not dep end on the choice of the surgery presentation. Supp ose that  

0

:

V

L

0

! M is another surgery presentation; quantities with a prime will b e relative

to this presentation. According to Kirby's theorem, there exists a path of Kirby's

moves from L to L

0

inducing a di�eomorphism h : V

L

! V

L

0

isotopic to (  

0

)

� 1

�  ;
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w e ha v e to v erify the commutativity of the diagram:

H

2

( V

L

; Q = Z )

'

�

� 1

//

h

�

'

��

H

]

H

� �

f ;c

  AA
AA

AA
AA

A

Q = Z

H

2

( V

L

0

; Q = Z )

'

�

0� 1

//H

0 ]

H

0

� �

f

0

;c

0

>>}}}}}}}}

where c

0

2 Char( f

0

) is representative for (  

0

)

�

( � ). Equivalently, de�ne the isomor-

phism t : G

f

! G

f

0

by:

G

f

'

� //

t

��

H

2

( V

L

; Q = Z )

h

�

'

��
G

f

0

'

�

0

//
H

2

( V

L

0

; Q = Z ) ;

we then hav e to v erify that: �

f ;c

= �

f

0

;c

0

� t . We can supp ose that L and L

0

are

related by one single Kirby's move.

If this Kirby's move is an orientation reversal or a handle sliding move, the dif-

feomorphism h is induced by a di�eomorphism W

L

! W

L

0

, inducing itself an

isomorphism T : H ! H

0

making thus f and f

0

commute. Note that the ab ove

de�ned t is induced by T . Also T induces its dual T

�

: ( H

0

)

�

! H

�

which in turn

induces a bijection Char( f

0

) ! Char( f ). Note that c

0

can b e cho osen to b e the

inverse image of c by T

�

. Then, for all [ x ] 2 H

]

=H , we ha ve:

�

f

0

;c

0

( t ([ x ])) = �

f

0

;c

0

([ T

Q

( x )])

=

1

2

�

�

f

0

Q

( T

Q

( x ) ; T

Q

( x )) � c

0

Q

( T

Q

( x ))

�

=

1

2

� ( f

Q

( x; x ) � c

Q

( x ))

= �

f ;c

([ x ])

Finally, if the Kirby's move is a stabilization, we then have H

0

= H � Z , f

0

= f �

( � 1) and a formula for t is: 8 [ x ] 2 H

]

=H , t ([ x ]) = [( x; 0)]. As a c

0

2 ( H

0

)

�

, w e can

take c � Id

Z

(by Theorem 3.33). We then obtain immediately that �

f

0

;c

0

( t ([ x ])) =

�

f ;c

([ x ]) , thus concluding the pro of of the well-de�nition of �

M ;�

. �

Example 4.4 . For instance, supp ose that M is a rational homology sphere and

that L is algebraical ly split , that is, the linking matrix B

L

= ( b

ij

)

ij

is diagonal.

Denote by m

i

the meridian of L

i

oriented so that: lk

S

3
( L

i

; m

i

) = +1 and let

[ m

i

] 2 H

1

( M ) = T H

1

( M ) ' H

2

( M ; Q = Z ) b e its homology class. Let also s 2 S

c

L

'

Char( f ) = 2 � Im

b

f represent the Spin

c

-structure � . It can then b e veri�ed from the

de�nitions that:

(4.2) �

M ;�

([ m

i

]) = �

1

2 b

ii

(1 � s

i

) mo d 1 :

Definition 4.5 . The linking pairing on M :

L

M

: H

2

( M ; Q = Z ) � H

2

( M ; Q = Z ) ! Q = Z

is the comp osition of the torsion linking pairing �

M

: T H

1

( M ) � T H

1

( M ) ! Q = Z

with B � B .

The map L

M

is thus a symmetric bilinear form, p ossibly degenerate with H

2

( M ) 


Q = Z as radical.
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Lemma 4.6 . �

M ;�

is a quadratic function over L

M

, that is:

8 x; y 2 H

2

( M ; Q = Z ) ; �

M ;�

( x + y ) � �

M ;�

( x ) � �

M ;�

( y ) = L

M

( x; y ) :

Proof. It is well-known that the linking pairing �

M

can b e calculated from

the surgery presentation  : V

L

! M as follows. On the one hand, the isomorphism

H

2

( V

L

) ! Coker

b

f describ ed in Remark 3.35, together with  and the Poincar�e du-

ality, induces an isomorphism T H

1

( M ) ! T Coker

b

f ; on the other hand, we consid-

ered in x 2.2 a symmetric nondegenerate bilinear form �

f

: T Coker

b

f � T Coker

b

f !

Q = Z . Then, �

M

corresp onds to � �

f

via that isomorphism T H

1

( M ) ! T Coker

b

f .

So, according to Lemma 4.2, the map L

M

is determined by the following commu-

tative diagram:

H

2

( M ; Q = Z ) � H

2

( M ; Q = Z )

L

M //

 

�

�  

�

��

Q = Z

H

2

( V

L

; Q = Z ) 
 H

2

( V

L

; Q = Z )

G

f


 G

f

� � �

OO

� L

f //
Q = Z ;

where the form L

f

has b een intro duced in x 2.2. The lemma then follows from the

fact that �

f ;c

is a quadratic function over L

f

. �

Next, w e in vestigate the prop ertie of the map:

Spin

c

( M )

�

M //
Quad( L

M

) ;

de�ned by � 7! �

M ;�

.

4.2. Prop erties of �

M

. In the sequel, we �x a connected closed oriented 3-

manifold M . Next lemma says that, for any Spin

c

-structure � on M , the quadratic

function �

M ;�

is determined on H

2

( M ) 
 Q = Z by the Chern class c ( � ); note that

if x 2 H

2

( M ), then h c ( � ) ; x i 2 Z is even since the mo d 2 reduction of c ( � ) is

w

2

( M ) = 0.

Lemma 4.7 . If � 2 Spin

c

( M ) , then �

M ;�

is linear on H

2

( M ) 
 Q = Z , and we

have:

8 x 
 [ r ] 2 H

2

( M ) 
 Q = Z ; �

M ;�

( x 
 [ r ]) =

h c ( � ) ; x i

2

� [ r ] :

Proof. The �rst statement follows from the fact that Ker

b

( L

M

) = H

2

( M ) 


Q = Z . As for the second statement, it su�ces to show it when M = V

L

; supp ose that

� is represented by the characteristic form c 2 Char( f ) and that x 2 H

2

( V

L

) go es to

y in H = H

2

( W

L

). Then, x 
 [ r ] as an elemen t of H

2

( V

L

; Q = Z ) corresp onds to [ r � y ]

in H

]

=H . We then have: �

M ;�

( x 
 [ r ]) = � �

f ;c

([ r � y ]) = �

1

2

�

r

2

f ( y ; y ) � r � c ( y )

�

mo d 1, but since y 2 Ker

b

f , we obtain: �

M ;�

( x 
 [ r ]) =

1

2

� r � c ( y ) mo d 1, and

according to Remark 3.35, c ( y ) = h c ( � ) ; x i . �

Remark 4.8 . If � 2 T Spin

c

( M ), c ( � ) is torsion and Lemma 4.7 implies that

�

M ;�

vanishes on H

2

( M ) 
 Q = Z and so �

M ;�

factorizes to a quadratic function over

�

M

. Then, in this particular case, our construction is easily seen to agree with that

of [ De3 ] and, up to a minus sign, with that of [ Gi ] (see Remark 2.6).

In particular, if � is induced by a Spin-structure on M via the canonical map

� : Spin ( M ) ! Spin

c

( M ), then the factorization of �

M ;�

to T H

1

( M ) coincides with

the quadratic form de�ned in [ LL ], [ MS ] or [ T2 ]. In Chapter 2, this quadratic form
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is shown to play a basic role in the Goussarov-Habiro �nite typ e invariants theory

for manifolds with Spin-structures.

Lemma 4.9 . If � 2 Spin

c

( M ) , the homogeneity defect of the quadratic function

�

M ;�

:

�

M ;�

: H

2

( M ; Q = Z ) ! Q = Z

is then de�ne d by x 7! h c ( � ) ; x i .

Proof. Again supp ose that M = V

L

and that � is represented by c 2 Char( f ).

Take x 2 H

2

( V

L

; Q = Z ) represented by y 2 H

]

, then �

M ;�

( x ) � �

M ;�

( � x ) =

� �

f ;c

([ y ]) + �

f ;c

( � [ y ]) = c

Q

( y ) = h c ( � ) ; x i by Remark 3.35. �

Recall that Spin

c

( M ) is an a�ne space over H

2

( M ) and that Quad( L

M

) is an

a�ne space over Hom ( H

2

( M ; Q = Z ) ; Q = Z ). We denote by:

H

2

( M )

�

M //
Hom ( H

2

( M ; Q = Z ) ; Q = Z )

the homomorphism de�ned by �

M

( y ) = h y ; �i , and we denote by:

Hom ( H

2

( M ) ; Z )

j

M //
Hom ( H

2

( M ) 
 Q = Z ; Q = Z )

the homomorphism given by j

M

( l ) = l 
 Id

Q = Z

. Next results follow directly from

Th. 2.9.

Theorem 4.10 . The map �

M

: Spin

c

( M ) ! Quad( L

M

) is an a�ne embedding

over the group monomorphism �

M

. Furthermore,

Coker �

M

' Coker j

M

=

Hom ( H

2

( M ) 
 Q = Z ; Q = Z )

j

M

(Hom( H

2

( M ) ; Z ))

;

and given q 2 Quad( L

M

) , q belongs to Im �

M

if and only if q j

H

2

( M ) 
 Q = Z

belongs

to Im j

M

.

Corollaire 4.1 . The map �

M

is bijective if and only if M is a rational ho-

mology sphere.

The next paragraph provides an alternative, p erhaps more app ealing, descrip-

tion of the cokernel of the a�ne map �

M

(and shows that, in a sense, it is not

big).

4.3. The cokernel of �

M

. In this paragraph only, Z

p

denotes the ring of

p -adic integers. For any prime p , there is a natural emb edding Z , ! Z

p

and with

resp ect to the p -adic top ology, Z is dense in Z

p

. Let P denote the set of all primes.

Equip

b

Z =

Q

p 2P

Z

p

with the pro duct (Tychono� ) top ology. Via the diagonal

emb edding

Z , !

b

Z ;

Z is again dense (but not closed) in

b

Z . Here is a context (well known to num b er

theorists) in which this ring app ears:

Lemma 4.11 . Hom( Q = Z ; Q = Z ) '

b

Z :

Proof. For p 2 P , denote by A

p

the subgroup of Q = Z consisting of all elements

m=p

k

(mo d 1), m 2 Z ; k 2 N . Then, Q = Z ' �

p 2P

A

p

. W e ha ve:

Hom( Q = Z ; Q = Z ) = Hom ( �

p 2P

A

p

; Q = Z )

=

Y

p 2P

Hom ( A

p

; Q = Z )

=

Y

p 2P

Hom ( A

p

; A

p

)
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No w an y endomorphism f of A

p

is fully determined by the images of . . . , 1 =p

k +1

,

1 =p

k

, . . . in A

p

, whic h m ust b e compatible in the obvious sense. We recover in this

fashion the de�nition of Z

p

as an inverse limit. Alternatively, A

p

is itself a direct

limit: A

p

= lim

!




1 =p

k

�

, k 2 N , where




1 =p

k

�

is the additive subgroup generated by

1 =p

k

in A

p

. So, Hom ( A

p

; A

p

) = Hom

�

lim

!




1 =p

k

�

; A

p

�

' lim

 

Hom

�


1 =p

k

�

; A

p

�

'

lim

 

Hom

�


1 =p

k

�

; Q = Z

�

' Z

p

: �

Therefore, from Lemma 4.11, the emb edding j

M

involved in Theorem 4.10 is

interpreted as the diagonal emb edding �

M

: H

2

( M ) , ! H

2

( M ) 


b

Z . Hence, we

have:

Coker �

M

' Coker �

M

=

H

2

( M ) 


b

Z

�

M

( H

2

( M ))

:

4.4. An intrinsic de�nition for �

M ;�

. Let M b e a closed connected oriented

3-manifold and let � b e a Spin

c

-structure on M . The goal of this paragraph is to

giv e an in trinsic de�nition for the quadratic function �

M ;�

, i.e. w e w ant it not to

b e dep endent on the choice of a 4-dimensional b ordism.

Here is the idea. As it is easily veri�ed from Lemma 4.9, we have for any

x 2 H

2

( M ; Q = Z ):

2 � �

M ;�

( x ) = L

M

( x; x ) + h c ( � ) ; x i 2 Q = Z :

If y 2 Q = Z , let us denote by

1

2

� y the set of elements z of Q = Z such that z + z = y .

Then, we are going to pick, in a correlative way, a z

1

2

1

2

� L

M

( x; x ) and a z

2

2

1

2

� h c ( � ) ; x i such that �

M ;�

( x ) = z

1

+ z

2

.

Definition 4.12 . An element x of H

2

( M ; Q = Z ) is said here to b e special if it

can b e written as

�

S 


�

1

n

��

, where n 2 N

�

and where S is an oriented immersed

surface in M with b oundary n � K , a bunc h of n parallel copies of a knot K in M .

Lemma 4.13 . Every element x of H

2

( M ; Q = Z ) is special modulo H

2

( M ) 
 Q = Z .

Proof. The class B ( x ) 2 H

1

( M ) b eing torsion, there exists some n 2 N

�

such that n � B ( x ) = 0. Let an oriented knot K realize B ( x ), and let S b e an

immersed surface with b oundary n � K . Then, S 


�

1

n

�

is a 2-cycle with co e�cients

in Q = Z whose image by B is B ( x ). The lemma then follows from the fact Ker( B ) =

H

2

( M ) 
 Q = Z . �

Let x 2 H

2

( M ; Q = Z ). Writing x as x

0

+ x

00

, where x

0

is sp ecial and x

00

b elongs

to H

2

( M ) 
 Q = Z , w e obtain:

�

M ;�

( x ) = �

M ;�

( x

0

) + �

M ;�

( x

00

) :

Lemma 4.7 gives an intrinsic formula for �

M ;�

( x

00

) (then: �

M ;�

( x

00

) 2

1

2

� h c ( � ) ; x

00

i ),

so that we can restrict ourselves to the sp ecial case.

In the sequel, we take a sp ecial element x of H

2

( M ; Q = Z ) written as x =

�

S 


�

1

n

��

, as detailed in De�nition 4.12. We now give the stepwise recip e for a

3-dimensional formula for �

M ;�

( x ).

- Step 1. Cho ose a nonsingular tangen t v ector �eld v to M representing �

and which is transverse to K (we claim that it is p ossible to �nd such v ).

- Step 2. Let V b e a su�ciently small regular neighb orho o d of K in M and

let K

v

b e the parallel of K , lying on @ V , obtained by pushing K along

the tra jectories of v . Isotop e S so that @ S � int( V ) and S is in transverse

p osition with K

v

.
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- Step 3. De�ne a Spin-structure �

v

on @ ( M n in t ( V )) by requiring its

Johnson quadratic form q

�

v

( x 3.2.5) to b e such that:

q

�

v

( meridian of K ) = 0 and q

�

v

( K

v

) = 1 :

- Step 4. Then, v represents a Spin

c

-structure �

v

on M n in t ( V ) relativ e to

the Spin-structure �

v

(we claim this). Let

c ( �

v

) 2 H

2

( M n in t ( V ) ; @ ( M n in t ( V )) )

b e the relative Chern class of �

v

.

Proposition 4.14 . From the previous recipe, we get:

(4.3) �

M ;�

( x ) =

�

1

2 n

� K

v

� S

�

| {z }

2

1

2

� L

M

( x;x )

+

�

1

2 n

� h c ( �

v

) ; [ S \ ( M n in t ( V ))] i +

1

2

�

| {z }

2

1

2

�h c ( � ) ;x i

2 Q = Z :

Remark 4.15 . In [ LW ], Lo oijenga and Wahl asso ciate a quadratic function

over �

M

, to each pair ( M ; J ), where

(1) M is a closed connected oriented 3-manifold,

(2) J is a homotopy class of complex structures on �

1

� T

M

whose �rst Chern

class is torsion

(here �

1

denotes the trivial real one-dimensional vector bundle over M , so that

�

1

� T

M

is an oriented real 4-dimensional vector bundle).

Supp ose instead now that M comes equipp ed with a nonsingular section v

of T

M

representing a torsion Spin

c

-structure � , and endow it with an arbitrary

Riemannian metric. Then �

1

� T

M

=

�

�

1

� h v i

�

� h v i

?

is written as the sum of two

oriented real 2-dimensional vector bundles. So via the inclusion U (1) � U (1) , !

U (2), v de�nes a complex structure J

v

on �

1

� T

M

. The �rst Chern class of J

v

is

that of h v i

?

so equals c ( � ) and then is torsion. The quadratic function de�ned by

J

v

coincides with �

M ;�

(compare formula (3.4.1) in [ LW ] with our formula (4.3)).

Proof of Prop. 4.14. First of all, w e ha ve to justify that the provided recip e

can actually b e carried out.

We b egin by proving the claim of Step 1. Let v b e an arbitrary nonsingular tangent

vector �eld to M representing � . It su�ces to prove the following claim.

Claim 4.16 . Let w b e an arbitrary nonsingular tangent vector �eld to M

de�ned on K . Then, v can b e homotop ed so as to coincide with w on K .

Proof. Cho ose a tubular neigh b orho o d W of K , plus an identi�cation W =

(2 D

2

) � S

1

such that K corresp onds to 0 � S

1

. We denote b y ( e

1

; e

2

) the standard

basis of R

2

� 2 D

2

. We de�ne � : W ! K to b e the pro jection on the core. The

solid torus W is parametrized by the cylindric co ordinates:

��

r 2 [0 ; 2] ; � 2

R

2 � Z

�

; � 2

R

2 � Z

�

:

If p; q 2 W are such that � ( p ) = � ( q ) ( i.e. they b elong to the same meridional

disk 2 D

2

� � ), we de�ne the transp ort map t

p;q

: T

p

W ! T

q

W as the unique linear

map �xing the basis

�

e

1

; e

2

;

@

@ �

�

. The vector �eld v can b e homotop ed to a vector

�eld which is constan t on eac h meridional disk D

2

� � ; this is accomplished by the

homotopy

�

v

( t )

�

t 2 [0 ; 1]

given at time t and p oint p 2 W by:

v

( t )

p

=

(

t

� ( p ) ;p

�

v

� ( p )

�

if r ( p ) 2 [0 ; t ]

t

q ( p;t ) ;p

�

v

q ( p;t )

�

if r ( p ) 2 [ t; 2] ; with q ( p; t ) =

�

r ( p ) � t

1 � t= 2

; � ( p ) ; � ( p )

�
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and at time t and p oint p = 2 W by: v

( t )

p

= v

p

. After such a deformation, the vector

�eld v satis�es: 8 p 2 D

2

� S

1

; t

p;� ( p )

( v

p

) = v

� ( p )

. Now, since �

1

( S

2

) is trivial,

v j

K

and w have to b e homotopic: let

�

w

( t )

�

t 2 [0 ; 1]

b e such a homotopy, b eginning

at w

(0)

= v j

K

and ending at w

(1)

= w . The homotopy given by:

v

( t )

p

=

(

t

� ( p ) ;p

�

w

( t � r ( p ))

� ( p )

�

if r ( p ) 2 [0 ; t ]

v

p

if r ( p ) 2 [ t; 2]

if p 2 W and by v

( t )

p

= v

p

if p =2 W , allows us to supp ose that v coincides with w

on K . �

Let now V b e a regular neighb orho o d of K in M , plus an identi�cation V =

D

2

� S

1

such that K corresp onds to 0 � S

1

and such that v j

V

corresp onds to e

1

(recall that ( e

1

; e

2

) denotes the standard basis of R

2

� D

2

). We apply steps 2 and 3

(note that K

v

then corresp onds to 1 � S

1

) and w e no w prove the claim of Step 4. Let

�

v

2 Spin ( V ) corresp ond to the parallelization

�

e

1

; e

2

;

@

@ �

�

of V . Since ( �

v

j

@ V

) j

1 � S

1

is the non-b ouding Spin-structure and since ( �

v

j

@ V

) j

@ D

2

� 1

spin b ounds, we have

�

v

j

@ V

= � �

v

, i.e. �

v

2 Spin( V ; � �

v

) with the notation of Remark 3.13. Thus, v

b eing e

1

on V , it well-de�nes a Spin

c

-structure �

v

on M n in t ( V ) relativ e to �

v

,

as claimed in Step 4. For futher use, note that � is the gluing �

v

[ � ( �

v

), where

� : Spin ( V ; � �

v

) ! Spin

c

( V ; � �

v

) has b een de�ned in Remark 3.13.

Set z

1

= [1 = 2 n � K

v

� S ] 2 Q = Z and z

2

= [1 = 2 n � h c ( �

v

) ; [ S

0

] i + 1 = 2] 2 Q = Z ,

where S

0

= S \ ( M n in t ( V )) . We then have: 2 � z

1

= [1 =n � K

v

� S ] = [lk

M

( K ; K

v

) ] =

[ �

M

( B ( x ) ; B ( x )) ] = L

M

( x; x ). Moreover:

2 � z

2

= [1 =n � h c ( �

v

) ; [ S

0

] i ]

=

�

1 =n � P

� 1

( c ( �

v

)) � [ S

0

]

�

(intersection in M n int( V ))

= P

� 1

( c ( � )) � x (intersection in M )

= h c ( � ) ; x i

where the third equality follows from the facts that x =

�

S 


�

1

n

��

, P

� 1

( c ( � )) =

i

�

P

� 1

( c ( �

v

)) + i

�

P

� 1

( c ( � ( �

v

))) 2 H

1

( M ) (since � = �

v

[ � ( �

v

)) and c ( � ( �

v

)) = 0

(by Remark 3.25).

W e no w prove formula (4.3), that is �

M ;�

( x ) = z

1

+ z

2

. We b egin by de�ning a

particular surgery presentation of M . Construct a 3-manifold M

0

from M by doing

surgery along the framed knot ( K ; ( e

1

; e

2

)). Pick a surgery presentation V

L

0

of M

0

;

up to isotopy, the dual knot K

0

of K in M

0

lies in S

3

n L

0

. We then �nd a surgery

presentation V

L

of M by setting L to b e L

0

union K

0

with the appropriate framing.

This surgery presentation of M has the following advantage: K b ounds in the trace

W

L

of the surgery a disk D whose normal bundle is trivialized by some extensions

of the trivialization ( e

1

; e

2

) of the normal bundle of K in M .

For such a surgery presentation, we use the notations �xed in x 3.4. In particu-

lar, H = H

2

( W

L

) and f : H � H ! Z is the intersection pairing in W

L

. We de�ne

the 2-cycle U = n � D � S where n � D is a bunc h of n parallel copies of the disk D

with b oundary n � K ; w e also de�ne u = [ U ] 2 H . Then

1

n

� u b elongs to H

]

and

the isomorphism � :

H

]

H

! H

2

( M ; Q = Z ) sends

�

1

n

u

�

to � x = �

�

S 


�

1

n

��

(see the

pro of of Lemma 4.2). So, by de�nition:

�

M ;�

( x ) = � �

f ;c

�

�

�

1

n

� u

��

= �

1

2

�

1

n

2

f ( u; u ) +

1

n

c ( u )

�

;

where c is a c haracteristic form representative for � .
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Let us calculate the quantity f ( u; u ). The 2-cycle U is a representan t of u , a

second one is U

0

= n � D

0

+ n � A � S where D

0

is a push-o� of D by the extension of

e

1

= v j

V

such that @ D

0

= K

v

, and where A is the annulus of an isotopy from � K

v

to K in V ( e.g. A = � [0 ; 1] � S

1

in V = D

2

� S

1

). By adding a collar to W

L

and

stretching the top of U

0

, w e can make U in transverse p osition with U

0

(see Figure

4.1). So, f ( u; u ) = U � U

0

= � nS � K

v

where the �rst intersection is calculated in

n.A-S
M

W

n.K

n.Kv

v

L

n.D'

n.D

-S

.

Figure 4.1: Two representants of u in transverse p osition

W

L

and the second in M ; w e are led to:

(4.4) �

M ;�

( x ) =

1

2 n

S � K

v

�

1

2 n

c ( u ) :

We are now interested in the quantity c ( u ). Let ~� b e an extension of � to

the manifold W

L

and let � b e the isomorphism class of principal U (1)-bundles on

W

L

de�ned by ~� ; then c can b e cho osen to b e c

1

( � ). Let p b e a representan t of

� and let tr b e a trivialization of p on @ V . Decomp ose the singular surface U

0

as

U

0

= U

0

1

[ U

0

2

[ U

0

3

, where U

0

1

= n � D

0

, U

0

2

= n � A [ ( � S \ V ) and U

0

3

= � S

0

. By

desingularizing U

0

so as to b e reduced to a calculus of obstructions in an oriented

manifold, we obtain:

(4.5) c ( u ) = h c

1

( p j

U

0

) ; [ U

0

] i =

3

X

i =1




c

1

�

p j

U

0

i

; tr j

@ U

0

i

�

; [ U

0

i

]

�

where c

1

�

p j

U

0

i

; tr j

@ U

0

i

�

2 H

2

( U

0

i

; @ U

0

i

) is the obstruction to extend the trivialization

tr j

@ U

0

i

of p j

U

0

i

on @ U

0

i

to the whole of U

0

i

. Let T � W

L

b e the solide torus such that

M

0

= M n in t ( V ) [ T . Pick a relative Spin

c

-structure �

1

2 Spin

c

( T ; �

v

) such that

�

v

[ �

1

= ~ � j

M

0

. Then, for some appropriate choices of p in the class � and tr, we

have:

c

1

( p j

T

; tr) = c ( �

1

) 2 H

2

( T ; @ T ) ;

c

1

( p j

V

; tr) = c ( � ( �

v

)) 2 H

2

( V ; @ V ) ;

c

1

�

p j

M n int ( V )

; tr

�

= c ( �

v

) 2 H

2

( M n int( V ) ; @ ( M n int( V ))) :

Then, equation (4.5) b ecomes:

c ( u ) = n � h c ( �

1

) ; [ D

0

] i + h c ( � ( �

v

)) ; [ U

0

2

] i � h c ( �

v

) ; [ S

0

] i 2 Z :
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From the fact that c ( � ( �

v

)) = 0, we then deduce that:

1

2 n

� c ( u ) = �

1

2 n

� h c ( �

v

) ; [ S

0

] i +

1

2

� h c ( �

1

) ; [ D

0

] i :

Then, showing that h c ( �

1

) ; [ D

0

] i is an o dd integer together with (4.4) will end the

pro of of the prop osition. Since h c ( �

1

) ; [ D

0

] i = q

�

v

( @ [ D

0

]) = q

�

v

( K

v

) = 1 mo d 2

(by Lemma 3.26), we are done. �

4.5. The maximal Ab elian Reidemeister-Turaev torsion mo d 1. Let

X b e a �nite connected CW-complex with zero Euler characteristic and set H =

H

1

( X ), which is denoted multiplicatively. We denote by Q ( H ) the ring of fractions

of the ring Z [ H ]. Turaev intro duced in [ T1 ] the maximal Abelian Reidemeister

torsion of the complex X : denoted by � ( X ), it b elongs to Q ( H ) and is de�ned up

to multiplication by an elemen t of � H � Q ( H ). Moreover, it is shown in [ T4 ] that

this indeterminacy can b e disp osed of by sp ecifying two further structures, called

homology orientations and combinatorial Euler structures.

Supp ose now that X is a connected closed oriented 3-manifold M . On the one

hand, the orientation of M induces a canonical homology orientation; on the other

hand, the combinatorial Euler structures on M are in canonical corresp ondance with

the geometric Euler structures on M ( x 3.2.3) and according to Lemma 3.15, so they

are with the Spin

c

-structures on M . Therefore, if ( M ; � ) is any connected closed

Spin

c

-manifold of dimension 3, one can de�ne its maximal Abelian Reidemeister-

Turaev torsion : � ( M ; � ) 2 Q ( H ), where H = H

1

( M ). It has the prop erty that:

(4.6) 8 h 2 H

1

( M ) ; h � � ( M ; � ) = � ( M ; P ( h ) � � ) 2 Q ( H ) :

Supp ose now that M is a rational homology sphere. Then, H is �nite and it

happ ens that Q ( H ) = Q [ H ]. Let us now recall from [ T9 , Chap. X, x 2.3] how, in

this particular case, the torsion � ( M ; � ) determines a quadratic function. De�ne a

function �

�

: H ! Q by putting:

� ( M ; � ) =

X

h 2 H

�

�

( h ) � h 2 Q [ H ] :

The mo dulo 1 reduction of this function satis�es:

(4.7) 8 h

1

; h

2

2 H ; �

�

( h

1

h

2

) � �

�

( h

1

) � �

�

( h

2

) + �

�

(1) = � �

M

( h

1

; h

2

) mo d 1 ;

where �

M

: H � H ! Q = Z is the torsion linking pairing of M . It immediately

follows that:

8 h 2 H ; �

�

( h ) = c

�

� q

M ;�

�

h

� 1

�

mo d 1 ;

where c

�

= �

�

(1) 2 Q = Z is a constant and where q

M ;�

is a quadratic function over

the linking pairing �

M

. It is easily seen from (4.6) and (4.7) that:

(4.8) 8 h 2 H ; q

M ;P ( h ) � �

= q

M ;�

+ �

M

( h; � ) :

Since M is a rational homology sphere, the Bo ckstein homomorphism B is then

an isomorphism H

2

( M ; Q = Z ) ! H

1

( M ), so that that �

M ;�

can b e regarded as a

quadratic function �

M ;�

: H ! Q = Z over �

M

. Moreover, as follows from Theorem

4.10, w e ha ve:

(4.9) 8 h 2 H ; �

M ;P ( h ) � �

= �

M ;�

+ �

M

( h; � ) :

In fact, equations (4.8) and (4.9) are equivalent according to the following.

Theorem 4.17 . For any rational homology 3 -sphere M and any � 2 Spin

c

( M ) ,

we have q

M ;�

= �

M ;�

.

It follows in particular that the quadratic function �

M ;�

is determined by the

maximal Ab elian Reidemeister-Turaev torsion of ( M ; � ).
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Proof of Theorem 4.17. The technical di�culty lies in the computation of

q

M ;�

from the torsion �

�

. Fortunately, �

�

can b e computed from a surgery presen-

tation of M and certain combinatorial data equivalent to Spin

c

-structures, called

charges .

We b egin by recalling the de�nition of charges intro duced in [ T8 ]. We shall use

notation of x 3 : 4. Let L � S

3

b e an ordered oriented and framed n -comp onent link.

Surgery along L yields a closed oriented connected 3-manifold V

L

. The manifold

V

L

is the union of the exterior E of L in S

3

and the disjoint union of reglued solid

tori Z

j

, one for each comp onent L

j

of L . A solid torus Z is said to b e directed when

its core is oriented. We direct the solid torus Z

j

in the following way: we denote

by m

j

� E the meridian of L

j

which is oriented so that lk

S

3

( m

j

; L

j

) = +1, and

we ask the oriented core of Z

j

to b e isotopic in V

L

to m

j

. A directed solid torus Z

has a distinguished Spin

c

-structure relative to the canonical (see Remark 3.12) spin

structure �

0

on @ Z : this is the one whose Chern class is Poincar�e dual to opp osite

of the oriented core of Z . Then, by gluing any Spin

c

-structure on E relative to

_

[ �

0

(by means of Lemma 3.28) to the distinguished relative Spin

c

-structure on

the directed solid tori Z

j

, w e de�ne a map g : Spin

c

( E ;

_

[ �

0

) ! Spin

c

( V

L

), which

is a�ne, via the isomorphisms given by Poincar�e dualities, over the natural map

H

1

( E ) ! H

1

( V

L

). De�ne the set C

L

of charges on L by

C

L

=

8

>

<

>

:

k 2 Z

n

: k

j

= 1 +

X

1 � i � n

i6 = j

lk

S

3
( L

i

; L

j

) mo d 2

9

>

=

>

;

:

A canonical bijection b etween Spin

c

( E ;

_

[ �

0

) and C

L

can b e de�ned in the following

way: take � 2 Spin

c

( E ;

_

[ �

0

), calculate P

� 1

c ( � ) 2 H

1

( E ) and identify H

1

( E ) with

Z

n

taking the meridians ([ m

1

] ; : : : ; [ m

n

]) as a basis; it can then b e derived from

Lemma 3.26 that the multi-integer you get is actually a charge on L . Thus, since g

is surjective and since Ker ( H

1

( E ) ! H

1

( V

L

)) is generated by the n characteristic

curves of the surgery, it follows that the map g induces a bijection:

C

L

2 � Im B

L

! Spin

c

( V

L

)

where B

L

= ( b

ij

)

1 � i;j � n

is the linking matrix of L in S

3

.

W e no w compare this combinatorial description of Spin

c

( V

L

) to our description

describ ed in x 3.4.2 by showing that:

Claim 4.18 . If � 2 Spin

c

( V

L

) corresp onds to [ k ] 2 C

L

= 2 � Im B

L

, then �

corresp onds to [ s ] 2 S

c

L

, where:

(4.10) 8 j 2 f 1 ; : : : ; n g ; s

j

= 1 � k

j

+

n

X

i =1

b

ij

2 Z :

Proof of the Claim 4.18. We denote by �

2

the distinguished relative Spin

c

-

structure in Spin

c

(

_

[ Z

i

;

_

[ �

0

). Let also �

1

2 Spin

c

( E ;

_

[ �

0

) b e such that: � =

�

1

[ �

2

2 Spin

c

( V

L

). Pick an extension ~� of � to W

L

and let � b e the isomor-

phism class of U (1)-principal bundles de�ned b y ~ � 2 Spin

c

( W

L

). On the one hand,

the �rst Chern class c

1

( � ) of � , when expressed in the preferred basis ([ S

j

]

�

)

n

j =1

of

H

2

( W

L

) ' Hom ( H

2

( W

L

) ; Z ) (see x 3.4), gives a multi-integer s 2 Z

n

; then, [ s ] 2 S

c

L

corresp onds to � . On the other hand, as explained ab ove, the Poincar�e dual to the

relative Chern class of �

1

2 Spin

c

( E ;

_

[ �

0

) when expressed in the preferred basis
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([ m

j

])

n

j =1

of H

1

( E ) gives a multi-integer k 2 Z

n

; then, [ k ] 2 C

L

= 2 � Im B

L

corre-

sp onds to � . Thus, proving that these sp eci�c k and s verify (4.10) mo dulo 2 � Im B

L

will b e enough.

In the sequel we denote by S

3

"

a collar push-o� of S

3

= @ D

4

in the interior of

D

4

. The surface S

j

can b e decomp osed (up to isotopy) in W

L

to:

S

j

= D

j

[ A

j

[

�

� �

cut

j

�

"

[

[

l

( � R

j l

)

"

;

where the subsurfaces are given as follows (see Figure 4.2):

j-th handle

D j

A j

l j

( l j)e S
cut
j )

e one

S
3

S
3( )e

-( - jlR( )
e

i-th handle

Figure 4.2: A decomp osition of the surface S

j

- D

j

is a meridian disc of Z

j

such that @ D

j

is the characteristic curve �

j

of the j -th surgery;

- A

j

is the annulus of an isotopy of � �

j

to L

j

, union the annulus of an

isotop y of � L

j

to ( L

j

)

"

, union the annulus of an isotop y of ( � L

j

)

"

to ( l

j

)

"

where l

j

denotes the preferred parallel of L

j

in S

3

( i.e. lk

S

3

( l

j

; L

j

) = 0);

- �

j

is a Seifert surface for l

j

in S

3

disjoint from L

j

and in transverse

p osition with the L

i

( i 6= j ). For eac h in tersection p oint x

l

b et ween �

j

and a L

i

, remove a small disc R

j l

so that �

j

= �

cut

j

[

S

l

R

j l

.

By de�nition of s , we ha ve s

j

= h c

1

( � ) ; [ S

j

] i = h c

1

( p j

S

j

) ; [ S

j

] i where p is represen-

tative for � and where c

1

( p j

S

j

) 2 H

2

( S

j

) is the obstruction to trivialize p over S

j

.

So P

� 1

c

1

( p j

S

j

) = s

j

� [pt] 2 H

0

( S

j

). Let tr b e a trivialization of p on @ E and let

tr

"

b e the corresp onding trivialization of p on @ E

"

. An argument similar to that

used in the pro of of Lemma 3.28 (calculus of obstructions in oriented manifolds)

leads to:

H

0

( S

j

) 3 P

� 1

c

1

( p j

S

j

) = i

�

P

� 1

c

1

�

p j

D

j

; tr j

�

j

�

(4.11)

+ i

�

P

� 1

c

1

�

p j

A

j

; tr j

� �

j

[ tr

"

j

( l

j

)

"

�

� i

�

P

� 1

c

1

�

p j

(

�

cut

j

)

"

; tr

"

j

(

@ �

cut

j

)

"

�

�

X

l

i

�

P

� 1

c

1

�

p j

( R

j l

)

"

; tr

"

j

( @ R

j l

)

"

�

;

where P denotes the appropriate Poincar�e duality isomorphism (of D

j

, A

j

, �

cut

j

and R

j l

). For an appropriate choice of p in the class � and for an appropriate choice
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of tr, w e ha ve:

c

1

( p j

E

; tr) = c ( �

1

) 2 H

2

( E ; @ E )

c

1

�

p j

_

[
Z

j

; tr

�

= c ( �

2

) 2 H

2

(

_

[ Z

j

;

_

[ @ Z

j

)

c

1

�

p j

N ( L )

; tr

�

= c ( �

3

) 2 H

2

(N( L ) ; @ N( L )) ;

where, in this last requirement, N( L ) is a tubular neighb orho o d of L in S

3

and �

3

is an arbitrary element of Spin

c

(N( L ) ;

_

[ �

0

) . For such choices, we now compute

separately each term of the right hand side of (4.11).

(1) The �rst term is of the form d

j

� [pt ]. Here:

d

j

= h c ( �

2

) ; [ D

j

] i = � (oriented core of Z

j

) � [ D

j

] = +1 ;

where the intersection is taken in Z

j

(note that Z

j

=

�

D

2

� S

1

�

j

if we de-

note by

�

D

2

� D

2

�

j

the 2-handle of W

L

corresp onding to L

j

, and b e care-

ful of the fact that the ab ove sp eci�ed oriented core of Z

j

is �

�

0 � S

1

�

j

)

(2) The second term is of the form a

j

� [pt]. Here: a

j

= h c ( �

3

) ; [ A

j

] i where

A

j

is regarded as a relative 2-cycle in (N ( L ) ; @ N( L )) once the collar has

b een squeezed. Since @ A

j

is � �

j

[ l

j

, [ A

j

] is � b

j j

times the class of

the meridian disc of L

j

(oriented so that its oriented b oundary is m

j

) in

H

2

(N( L ) ; @ N( L )). Then, a

j

= � b

j j

� �

j

where:

�

j

= h c ( �

3

) ; [meridian disc of L

j

] i 2 Z :

Note that: �

j

= q

�

0

([ m

j

]) = 1 mo d 2 (Johnson's quadratic function, see

x 3.2.5).

(3) The third term is � g

j

� [pt] where g

j

= h c ( �

1

) ; [�

cut

j

] i =

�

P

� 1

c ( �

1

)

�

�

[�

cut

j

] = (

P

i

k

i

[ m

i

]) � [�

cut

j

] =

P

i

k

i

�

ij

= k

j

where the intersection is

taken in E .

(4) The fourth term is given by �

P

l

r

j l

� [pt]. Here r

j l

= h c ( �

3

) ; [ R

j l

] i . For

each index l , denote by i ( l ) the integer i such that x

l

is an intersection

p oin t of �

j

with L

i

, and denote by � ( l ) the sign of the intersection p oint

x

l

. Then, from the de�nition of �

i

(given for the second term), w e ha ve:

r

j l

= � ( l ) � �

i ( l )

. We then get:

X

l

r

j l

=

n

X

i =1

i6 = j

b

ij

�

i

:

Finally , w e obtain:

s

j

= 1 � b

j j

�

j

� k

j

�

n

X

i =1

i6 = j

b

ij

�

i

=

 

1 � k

j

+

n

X

i =1

b

ij

!

�

n

X

i =1

b

ij

( �

i

+ 1) ;

the claim then follows from the fact that �

i

= 1 mo d 2 for all i = 1 ; : : : ; n . �

We are now able to prove the theorem. Assume �rst that M is obtained by

surgery along an algebraically split link L , and that � is represented b y a c harge k

on L . Then, according to [ T9 , Chap. X, x 5.4], w e ha ve:

q

M ;�

([ m

j

]) =

1

2

�

k

j

2 b

j j

mo d 1 :

Substituting k

j

= 1 � s

j

+

P

i

b

ij

, we �nd that this formula agrees with (4.2) of

Example 4.4. This prove the theorem in this particular case. Now consider the
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general case, when L is not necessary algebraically split. We shall use the following

lemma (due to T. Ohtsuki).

Lemma 4.19 . [ De2 ] Let M b e a r ational homology 3 -sphere. There exist then

non-zero integers n

1

; : : : ; n

r

such that M # L ( n

1

; 1)# � � � # L ( n

r

; 1) can b e pr esented

by surgery along a framed link L algebraical ly split in S

3

.

Here # denotes connected sum and L ( n; 1) is the 3-dimensional lens space

obtained by surgery along a trivial knot with framing n 2 Z

�

in S

3

. Set M

0

=

M # L ( n

1

; 1)# � � � # L ( n

r

; 1) and set �

0

= � # �

1

# � � � # �

r

2 Spin

c

( M

0

) where �

1

;: : : ;

�

r

denote arbitrary Spin

c

-structures on the lens spaces. Then, q

M

0

;�

0

= �

M

0

;�

0

.

There is an orthogonal splitting �

M

0

;�

0

= �

M ;�

� �

L ( n

1

; 1) ;�

1

� � � � � �

L ( n

r

; 1) ;�

r

(as

follows easily from the surgery formula for these quadratic functions). The same

holds for q

M ;�

(as follows from the b ehaviour of the maximal Ab elian Reidemeister-

Turaev torsion under #: see [ T9 , Chap. XI I, x 1]). Then, for any x 2 H

1

( M ), we

have: q

M ;�

( x ) = q

M

0

;�

0

( i

�

( x )) = �

M

0

;�

0

( i

�

( x )) = �

M ;�

( x ) and we are done. �

5. Goussarov-Habiro theory for 3 -manifolds with complex spin

structures

5.1. A brief review of the Y -equivalence relation. The Goussarov-Habiro

theory for compact oriented 3-manifolds is a �nite typ e invariants theory based on

an elementary move called Y -surgery.

Definition 5.1 . Let M b e a compact oriented 3-manifold. A Y -graph G in

M is an (unoriented) emb edding of the surface drawn in Figure 5.1, together with

its decomp osition b etween leaves , edges and node .

Let j : H

3

, ! M b e a p ositiv e em b edding of the genus 3 handleb o dy onto a regular

The node

One of the 
three edges

One of the 
three leaves

Figure 5.1: A Y-graph.

neighb orho o d N( G ) of G in M . The compact oriented 3-manifold obtaine d fr om M

by Y -surgery along G is de�ned as:

M

G

= M n int (N( G )) [

j j

@

( H

3

)

L

;

where ( H

3

)

L

is the surgered handleb o dy along the six-comp onent link

8

L drawn on

Figure 5.2.

We call Y -equivalence the equivalence relation among compact oriented 3-manifolds

generated by Y -surgeries and p ositive di�eomorphisms.

Remark 5.2 . A Y -surgery , in tro duced by Goussaro v in [ Go ], is equivalen t to

a A

1

-move , de�ned by Habiro in [ Hr ], or to a Borromean surgery , intro duced by

Matveev in [ Mt ].

8

We use the blackb oard framing convention.
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Figure 5.2: The surgery meaning of a Y -graph.

Observe that M

G

comes with an inclusion M n int (N( G )) , ! M

G

and that, due to

the choice of N( G ) and its trivialization j , M

G

is only de�ned up to some particular

p ositive di�eomorphisms.

As it is well-known, a Y -surgery is a twist in the following sense:

Remark 5.3 . There is a di�eomorphism:

(5.1) M

G

�

=

M n in t ( N( G )) [

j j

@

� h

H

3

;

which is the identit y on M n in t (N ( G )) . Here, h : �

3

! �

3

, called the Borromean

di�eomorphism, is a sp eci�c self-di�eomorphism of �

3

= @ H

3

which acts trivially

in homology (details can b e found in x 2 of Chapt. 2).

5.2. The Y

c

-equivalence relation.

5.2.1. Twist and Spin

c

-structures. Let us consider again the situation which

was under study in x 3.3. W e th us work with two compact oriented 3-manifolds M

1

and M

2

and a p ositive di�eomorphism f : � @ M

2

! @ M

1

, and we form the closed

oriented 3-manifold:

M = M

1

[

f

M

2

:

Here, we make the additional assumption that @ M

2

�

=

@ M

1

is connected.

Let also h : @ M

2

! @ M

2

b e a p ositive di�eomorphism which acts trivial ly in

homology , and the manifold M

0

b e obtained from M b y t wisting it along @ M

2

with

h :

(5.2) M

0

= M

1

[

f � h

M

2

:

By a Mayer-Vietoris argument, there is a canonical homology isomorphism � :

H

1

( M ) ! H

1

( M

0

) which is unambiguously de�ned by the following commutative

diagram:

H

1

( M )

�

'

��

H

1

( M

1

)

j

1 ; �

99ssssssssss

j

0

1 ; � %%KKK
KKK

KKK
K H

1

( M

2

)

j

2 ; �

eeKKKKKKKKKK

j

0

2 ; �yysss
sss

sss
s

H

1

( M

0

)

where j

1

, j

2

, j

0

1

and j

0

2

denote inclusions.
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Proposition 5.4 . The above described twist M ; M

0

induces a canonical

bijection:

Spin

c

( M )




'

//
Spin

c

( M

0

)

which is a�ne over P � P

� 1

: H

2

( M ) ! H

2

( M

0

) . Moreover, the fol lowing diagram

is commutative:

Spin

c

( M )


 //

c

��

Spin

c

( M

0

)

c

��
H

2

( M )

P � P

� 1

//
H

2

( M

0

) :

Proof. Take � 2 Spin

c

( M ), 
( � ) is then de�ned as follows. Pick a Spin-

stucture �

2

on @ M

2

and let �

1

= f

�

( � �

2

) 2 Spin( @ M

1

). Since h

�

at the level

of H

1

( @ M

2

; Z

2

) is the identity, h acts trivially on Spin ( @ M

2

): this follows from

the fact that Johnson's corresp ondance Spin ( @ M

2

) ! Quad ( � ) is natural ( x 3.2.5).

According to Corollary 3.29, there are then two gluing maps:

Spin

c

( M

1

; �

1

) � Spin

c

( M

2

; �

2

)

[

f //
Spin

c

( M ) ;

Spin

c

( M

1

; �

1

) � Spin

c

( M

2

; �

2

)

[

f � h //
Spin

c

( M

0

) ;

which are resp ectively a�ne, via the Poincar�e dualities, over j

1 ; �

� j

2 ; �

and j

0

1 ; �

� j

0

2 ; �

.

Since @ M

2

is connected, the map [

f

is then surjective. Pick �

1

2 Spin

c

( M

1

; �

1

)

and �

2

2 Spin

c

( M

2

; �

2

) such that � = �

1

[

f

�

2

, form:

�

0

= �

1

[

f h

�

2

2 Spin

c

( M

0

) :

and de�ne 
( � ) to b e �

0

.

Let us now verify that 
( � ) is w ell-de�ned by that pro cedure. Assume other

intermediate choices ~�

2

, ~�

1

and ~�

2

of resp ectively �

2

, �

1

and �

2

, leading to ~�

0

=

~�

1

[

f h

~�

2

. We claim that �

0

= ~ �

0

.

Assume �rst the particular case when: ~�

2

= �

2

2 Spin( @ M

2

). Then, since

�

1

[

f

�

2

= � = ~ �

1

[

f

~�

2

, w e ha ve

j

1 ; �

P

� 1

�

�

1

~�

1

�

+ j

2 ; �

P

� 1

�

�

2

~�

2

�

= P

� 1

�

�

�

�

= 0 2 H

1

( M ) :

Applying � to that identity , w e obtain this equation:

j

0

1 ; �

P

� 1

�

�

1

~�

1

�

+ j

0

2 ; �

P

� 1

�

�

2

~�

2

�

= 0 2 H

1

( M

0

) ;

whose lhs equals P

� 1

( �

0

= ~�

0

) b ecause �

0

= �

1

[

f h

�

2

and ~�

0

= ~ �

1

[

f h

~�

2

. We then

conclude that �

0

= ~ �

0

.

We now deal with the general case. Let s

2

2 Spin

r

( @ M

2

) represent �

2

and

let s

1

= f

�

( � s

2

) 2 Spin

r

( @ M

1

), which then represents �

1

. For i = 1 and 2, take

a

i

2 Spin

c

r

( M

i

) representing �

i

and such that a

i

j

@ M

i

= � ( s

i

). We then have:

(5.3) � = [ a

1

[

f

a

2

] 2 Spin

c

( M ) ;

where [

f

denotes here the rigid version of the gluing map (that of Lemma 3.28).

Pick a homotopy b et ween h

�

( s

2

) and s

2

, and let U 2 Spin

r

( @ M

2

� I ) b e the

corresp onding rigid Spin-struture on the pro duct. Then,

(5.4) �

0

= [ a

1

[

f h

( � ( U ) [ a

2

)] 2 Spin

c

( M

0

) :

Let also ~s

2

2 Spin

r

( @ M

2

) represent ~�

2

and let ~s

1

= f

�

( � ~s

2

) 2 Spin

r

( @ M

1

)

which then represent ~�

1

:= f

�

( � ~�

2

) 2 Spin ( @ M

1

). Even if �

2

and ~�

2

may b e

di�erent, we certainly have: � ( �

2

) = � ( ~ �

2

) 2 Spin

c

( @ M

2

). Cho ose an homotopy
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b et ween � ( ~ s

2

) and � ( s

2

), and let H 2 Spin

c

r

( @ M

2

� I ) b e the corresp onding rigid

structure on the pro duct. Then, f

�

( � H ) 2 Spin

c

r

( @ M

1

� I ) is a homotop y b et ween

� ( s

1

) and � ( ~ s

1

). Now, the rigid Spin

c

-structure on M :

( a

1

[ f

�

( � H )) [

f

( H [ a

2

)

can b e homotop ed, by means of the double collar of j

2

( @ M

2

) in M , to a

1

[

f

a

2

.

The gluing map:

Spin

c

( M

1

; ~�

1

) � Spin

c

( M

2

; ~�

2

)

[

f //
Spin

c

( M ) ;

then sends according to (5.3), the pair ([ a

1

[ f

�

( � H )] ; [ H [ a

2

]) to � . According

to the particular case treated previously, and whatever the choices of ~�

1

and ~�

2

have b een, w e ha ve:

~�

0

= [ a

1

[ f

�

( � H )] [

f h

[ H [ a

2

] :

Let V 2 Spin

r

( @ M

2

� I ) b e a homotop y b et ween h

�

( ~ s

2

) and ~s

2

. We obtain:

(5.5) ~�

0

= [( a

1

[ f

�

( � H )) [

f h

( � ( V ) [ H [ a

2

)] :

Just as b efore for M , the rigid Spin

c

-structure on M

0

:

( a

1

[ f

�

( � H )) [

f h

( h

�

( H ) [ � ( U ) [ a

2

)

can b e homotop ed, by means of the double collar of j

0

2

( @ M

2

) in M

0

, to a

1

[

f h

( � ( U ) [ a

2

) . According to (5.4), we then have:

(5.6) �

0

= [( a

1

[ f

�

( � H )) [

f h

( h

�

( H ) [ � ( U ) [ a

2

) ] :

By (5.5) and (5.6), the identity ~�

0

= �

0

will follow from this equality of Spin

c

-

structures relative to Spin-structures:

(5.7) [ � ( V ) [ H ] = [ h

�

( H ) [ � ( U )] 2 Spin

c

( @ M

2

� I ; ~�

2

_

[ ( � �

2

)) :

Since H

2

( @ M

2

� I ; @ ( @ M

2

� I ) ) has no 2-torsion, these relative Spin

c

-structures

are determined by their Chern classes. W e ha ve:

c ( [ � ( U )]) = 0 and: c ([ � ( V )] ) = 0 ;

by Remark 3.25, and c ([ h

�

( H )] ) = h

�

( c ([ H ])) (by naturality of obstructions) and

so c ([ h

�

( H )]) = c ([ H ]). By the last statement of Corollary 3.29, (5.7) is then sat-

is�ed. W e th us conclude that the map 
 is well-de�ned.

Let us no w v erify that 
 is a�ne. Take � 2 Spin

c

( M ) and x 2 H

1

( M ). Pic k a

Spin-structure �

2

on @ M

2

de�ne �

1

= f

�

( � �

2

) and write � as:

� = �

1

[

f

�

2

2 Spin

c

( M ) ;

where �

i

2 Spin

c

( M

i

; �

i

). Write also x as x = j

1 ; �

( x

1

)+ j

2 ; �

( x

2

) where x

i

2 H

1

( M

i

).

Then, P ( x ) � � = ( P ( x

1

) � �

1

) [

f

( P ( x

2

) � �

2

), hence:


 ( P ( x ) � � ) = ( P ( x

1

) � �

1

) [

f h

( P ( x

2

) � �

2

)

= P

�

j

0

1 ; �

( x

1

) + j

0

2 ; �

( x

2

)

�

� ( �

1

[

f h

�

2

)

= P ( � j

1 ; �

( x

1

) + � j

2 ; �

( x

2

)) � 
( � )

= P �( x ) � 
( � ) :

Finally, using the same notations:

P

� 1

c (
( � )) = P

� 1

c ( �

1

[

f h

�

2

)

= j

0

1 ; �

�

P

� 1

c ( �

1

)

�

+ j

0

2 ; �

�

P

� 1

c ( �

2

)

�

= �

�

j

1 ; �

�

P

� 1

c ( �

1

)

�

+ j

2 ; �

�

P

� 1

c ( �

2

)

��

= �

�

P

� 1

( c ( � ))

�

2 H

1

( M

0

) :

�
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Remark 5.5 . When M has non-empty b oundary ( i.e. when M

1

and M

2

have

b een glued along only a connected part of their b oundaries), there is a relative

version of Prop. 5.4 (involving Spin

c

-structures on M and M

0

relative to Spin-

structures).

5.2.2. De�nition of the Y

c

-surgery. We now explain how a Y -surgery makes

sense in the setting of Spin

c

-manifolds.

Lemma 5.6 . Let M be a closed oriented 3 -manifold and let G b e a Y -graph in

M . The Y -surgery M ; M

G

then induc es a c anonical bijection:

Spin

c

( M )




G

'

//
Spin

c

( M

G

)

denote d by � 7! �

G

. The map 


G

is a�ne over P �

G

P

� 1

, where �

G

: H

1

( M ) !

H

1

( M

G

) is the homology isomorphism which is unambiguously de�ned by the fol-

lowing commutative diagram:

H

1

( M )

�

G

'

��

H

1

( M n N( G ))

k

�

7777nnnnnnnnnnnn

k

0

�
''''PPPPPPPPPPPP

H

1

( M

G

) :

Here, N( G ) is a regular neighborhood of G in M , k : M n N( G ) , ! M and k

0

:

M n N( G ) , ! M

G

denote the inclusions.

Definition 5.7 . The Spin

c

-manifold ( M

G

; �

G

) is said to b e obtained from the

Spin

c

-manifold ( M ; � ) b y Y

c

-surgery along the graph G .

We call Y

c

-equivalence the equivalence relation among closed Spin

c

-manifolds of

dimension 3 generated by Y

c

-surgeries and Spin

c

-di�eomorphisms.

Proof of Lemma 5.6. We �x a p ositiv e em b edding j : H

3

, ! M onto a regu-

lar neighb orho o d N( G ) of G in M . By Remark 5.3, there exists a self-di�eomorphism

h of �

3

= @ H

3

which has the prop erty to act trivially in homology and to b e such

that there exists a di�eomorphism:

M

G

= M n in t (N ( G )) [

j j

@

( H

3

)

L

f

�

=

//
M n int (N( G )) [

j j

@

� h

H

3

;

which is the identit y on M n in t (N ( G )) . There is then a bijection:

Spin

c

( M

G

)

f

�

'

//
Spin

c

�

M n int (N( G )) [

j j

@

� h

H

3

�

;

Also, by x 5.2.1, there is a canonical bijection:

Spin

c

( M )




'

//
Spin

c

�

M n int (N( G )) [

j j

@

� h

H

3

�

:

We then de�ne 


G

to b e the comp osite f

� 1

�


. We now have to verify that the

bijection 


G

do es not dep end on the intermediate choices.

First, we prove the indep endance on the pair ( h; f ) with the ab ove prop erty.

Let ( h

0

; f

0

) b e another choice, it su�ces to prove that the following diagram is
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commutative:

Spin

c

�

M n in t (N ( G )) [

j j

@

� h

H

3

�

g

�

��

Spin

c

( M )




44iiiiiiiiiiiiiiii




0

**UUUUUUUUUUUUUUUU

Spin

c

�

M n in t ( N( G )) [

j j

@

� h

0

H

3

�

;

where g = f

0

� f

� 1

. Let � 2 Spin

c

( M ). Pick a � 2 Spin(�

3

), and write � as

�

1

[ j

�

( �

2

) where �

1

2 Spin

c

( M n int (N( G )) ; � j

�

( � )) and �

2

2 Spin

c

( H

3

; � ).

Then, 
( � ) = �

1

[

j j

@

� h

�

2

and 


0

( � ) = �

1

[

j j

@

� h

0

�

2

. We have: g

�

(
( � )) =

�

1

[

j j

@

� h

0

( g j )

�

( �

2

). Here, ( g j )

�

: Spin

c

( H

3

; � ) ! Spin

c

( H

3

; � ) is the identity since

g j

H

3

acts trivially in homology and elements of Spin

c

( H

3

; � ) are classi�ed by their

relative Chern classes. It follows that: g

�

(
( � )) = 


0

( � ).

Second, we prove the indep endance on j . Let j

0

b e a trivialization of another

regular neigh b orho o d N

0

( G ) of G in M , and let ( q

t

: M ! M )

t 2 I

b e an ambiant

isotop y b et ween j and j

0

: q

0

= Id

M

and q

1

� j = j

0

. Let q : M n int (N( G )) [

j j

@

� h

H

3

!

M n int

�

N

0

( G )

�

[

j

0

j

@

� h

H

3

b e the p ositive di�eomorphism induced by q

1

. Proving

\the indep endance on j " means proving that the following diagram commutes:

Spin

c

�

M n in t (N ( G )) [

j j

@

� h

H

3

�

q

�

��

Spin

c

( M )




44iiiiiiiiiiiiiiii




0

**UUUUUUUUUUUUUUUU

Spin

c

�

M n int

�

N

0

( G )

�

[

j

0

j

@

� h

H

3

�

:

Let � 2 Spin

c

( M ) and, as ab ove, write it as � = �

1

[ j

�

( �

2

). Since q

1

is isotopic to

the identity, it acts trivially on Spin

c

( M ), then � = ( q

1

)

�

( � ) = ( q

1

j )

�

( �

1

) [ j

0

�

( �

2

).

We then have: 
( � ) = �

1

[

j j

@

� h

�

2

and 


0

( � ) = ( q

1

j )

�

( �

1

) [

j

0

j

@

� h

�

2

, so that:

q

�

(
( � )) = 


0

( � ). �

By Remark 5.5, we could also de�ne a Y

c

-surgery mov e b et ween compact ori-

ented 3-manifolds with non-empty b oundaries, provided they are equipp ed with

Spin

c

-structures relative to Spin-structures.

The Y

c

-surgery is then the elementary move of a Spin

c

-re�nement of the

Goussarov-Habiro �nite typ e invariants theory. Furthermore, it can b e shown

that the calculus of clovers developp ed in [ GGP ] extends to the context of Spin

c

-

manifolds.

Remark 5.8 . It has b een intro duced in Chap. 2 a Spin-re�nement of the

Goussarov-Habiro �nite typ e invariants theory. In particular, it is shown that

a Y -surgery induces a canonical bijection �

G

: Spin( M ) ! Spin ( M

G

). Both

re�nements are compatible, in the sense that the following diagram commutes:

Spin ( M )

�

��

�

G

'

//
Spin ( M

G

)

�

��
Spin

c

( M )

'




G

//
Spin

c

( M

G

) :
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5.2.3. A c ombinatorial formulation of the Y

c

-equivalenc e r elation. Given a surg-

ery equivalence relation among closed oriented 3-manifolds, it can sometimes b e

derived from unknotting op erations and surgery presentations in S

3

. By x 3.4.2, the

same could b e done for closed Spin

c

-manifolds of dimension 3. W e no w formulate

the Y

c

-equivalence relation in this way, taking the � -move of [ MN ] as unknotting

op eration.

Lemma 5.9 . The Y

c

-equivalence relation is the equivalence relation among

closed Spin

c

-manifolds of dimension 3 generate d by Spin

c

-di�eomorphisms and �

c

-

moves. Here, a �

c

-move is de�ne d to b e the move depicted on Figure 5.3 between

surgery presentations of closed Spin

c

-manifolds of dimension 3 .

si
sj

sk

si
sj

sk

Figure 5.3: A �

c

-move.

Proof. Let us b egin with a closed connected oriented 3-manifold M and a

Y -graph G in M . Supp ose also that M

�

=

V

L

is presented by surgery along a n -

comp onent ordered oriented framed link L in S

3

. Isotop e G in M so that it b ecomes

disjoint from the dual link to L , then G � S

3

n L . Take a regular neighb orho o d of

G in S

3

n L , and put into this genus 3 handleb o dy the 2-comp onent framed link K

depicted on Figure 5.4. The link K can b e obtained from the link of Figure 5.2 by

1
K

K2

Figure 5.4: Y -surgery as surgery along a 2-comp onent link.

some slam dunk moves (see Example 3.34) and some handle-slide moves in H

3

. In

particular, V

L [ K

is a surgery presentation of M

G

. Using the viewp oint from x 3.4.2,

w e no w w an t to giv e the combinatorial analog of the bijection 


G

. In other words,
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w e w ant to recognize the map O

G

de�ned by the following commutative diagram:

S

c

L

O

G //
S

c

L [ K

Spin

c

( M )

'

OO
'

OO




G

//
Spin

c

( M

G

) :

'

OO

If B

L

denotes the linking matrix of L and if K is appropriately oriented, then the

ordered union of ordered oriented framed links L [ K has a linking matrix shap ed

as:

B

L [ K

=

0

B

B

B

B

B

@

x

1

0

B

L

.

.

.

.

.

.

x

l

0

x

1

� � � x

l

x 1

0 � � � 0 1 0

1

C

C

C

C

C

A

:

Claim 5.10 . W e ha ve:

(5.8) 8 [ s ] 2 S

c

L

; O

G

([ s ]) = [ ( s; x; 0)] 2 S

c

L [ K

:

This will b e the key p oint to prove the lemma.

Proof of Claim 5.10. As p ointed out in Remark 5.8, a Y -surgery along G

also induces a bijection 


G

: Spin ( M ) ! Spin ( M

G

), a combinatorial analog of

which is also given in Chap. 2. Using the compatibility stated in Remark 5.8 and

x 3.4.3, we see that equation (5.8) holds at least for those elements of S

c

L

which come

from S

L

.

Denote b y ( H ; f ) the lattice corresp onding to the intersection pairing on W

L

,

and b y ( H

0

; f

0

) that of W

L [ K

. Recall from Remark 3.35 that there are canonical

isomorphisms H

2

( V

L

) ' Coker

b

f and H

2

( V

L [ K

) ' Coker

b

f

0

. The isomorphism

P �

G

P

� 1

: H

2

( M ) ! H

2

( M

G

) corresp onds then to the isomorphism Coker

b

f !

Coker

b

f

0

de�ned b y [ y ] 7! [( y ; 0 ; 0)].

Take now [ s ] 2 S

c

L

arising from S

L

and let [ y ] 2 Z

n

= Im B

L

' Coker

b

f . We

aim to calculate O

G

([ y ] � [ s ]) 2 S

c

L [ K

. The � here corresp onds to the combinatorial

description of the action of H

2

( V

L

) on Spin

c

( V

L

) given in Remark 3.35. The

map 


G

b eing a�ne over P �

G

P

� 1

, we have: O

G

( [ y ] � [ s ]) = [( y ; 0 ; 0)] � O

G

([ s ])

= [( y ; 0 ; 0)] � [( s; x; 0)] = [( s + 2 y ; x; 0)]. Therefore, equation (5.8) also holds for

[ y ] � [ s ]= [ s + 2 y ]. The transitivity of the action of H

2

( V

L

) on Spin

c

( V

L

) allows us

to conclude. �

On the one hand, a �

c

-move can b e realized b y a Y

c

-surgery as shown in Figure

5.5. In this sequence of Spin

c

-di�eomorphisms, the �rst is obtained b y b y applying

Claim 5.10, while the second is obtained from a handle-slide move and a slam dunk

move (Example 3.34).

On the other hand, a Y

c

-surgery can b e realized b y a �

c

-move, as shown in Figure

5.6. In this depicted sequence, the �rst Spin

c

-di�eomorphism is obtained from

three slam dunk moves. Then, a �

c

-move is applied. Next Spin

c

-di�eomorphism

is obtained by Spin

c

- calculi (in particular, two slam dunks have b een p erformed),

and the last one is obtained from Claim 5.10. �

5.3. Pro of of Theorem 3. Let ( M ; � ) and ( M

0

; �

0

) b e two closed Spin

c

-

manifolds of dimension 3.
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sjsi

sk
Y c

si sj

sk

is sj

sk

0

0

Figure 5.5: A �

c

-move can b e realized b y a Y

c

-surgery.

x
1

x2

x3

0

0
0

x
1

x3

x2

0

0
0

x2

0
Y

c

Figure 5.6: A Y

c

-surgery can b e realized b y a �

c

-move

5.3.1. Proof of the equivalence (2) () (3) .

Lemma 5.11 . Let  : H

1

( M ) ! H

1

( M

0

) be an isomorphism, and let  

]

:

H

2

( M

0

; Q = Z ) ! H

2

( M ; Q = Z ) be the isomorphism dual to  with respect to the

intersection pairings. The fol lowing assertions are then equivalent:

(a) L

M

0

= L

M

�

�

 

]

�


 2

;

(b) �

M

= �

M

0

� (  j )


 2

;

(c) the fol lowing diagram is commutative:

H

2

( M

0

; Q = Z )

 

]

'

��

B //
T H

1

( M

0

)

H

2

( M ; Q = Z )

B //
T H

1

( M ) :

 j
'

OO

Proof. For any x

0

1

; x

0

2

2 H

2

( M

0

; Q = Z ), w e ha ve:

L

M

0

( x

0

1

; x

0

2

) = �

M

0

( B ( x

0

1

) ; B ( x

0

2

)) = B ( x

0

1

) � x

0

2

; and:

L

M

�

 

]

( x

0

1

) ;  

]

( x

0

2

)

�

= B  

]

( x

0

1

) �  

]

( x

0

2

) =  B  

]

( x

0

1

) � x

0

2

:
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Then, the equivalence b etween (a) and (c) follows from the left nondegeneracy of

the intersection pairing

9

� : H

1

( M

0

) � H

2

( M

0

; Q = Z ) ! Q = Z in M

0

.

For any y

1

2 T H

1

( M ) and any x

2

2 H

2

( M ; Q = Z ), w e ha ve:

�

M

( y

1

; B ( x

2

)) = y

1

� x

2

=  ( y

1

) �

�

 

]

�

� 1

( x

2

) = �

M

0

�

 ( y

1

) ; B

�

 

]

�

� 1

( x

2

)

�

;

to b e compared with �

M

0

(  ( y

1

) ;  B ( x

2

)). Thus, the nondegeneracy of �

0

M

implies

the equivalence b etween (b) and (c). �

Supp ose that the condition (2) of Th. 3 is satis�ed. Then, L

M

0

= L

M

�

�

 

]

�


 2

and so �

M

= �

M

0

� (  j )


 2

by Lemma 5.11. Moreover, since w e ha ve the relation

d

�

M

0

;�

0

= d

�

M ;�

�  

]

b et ween homogeneity defects of quadratic functions, we obtain

by Lemma 4.9: h c ( �

0

) ; x

0

i = h c ( � ) ;  

]

( x

0

) i , and so: P

� 1

c ( �

0

) � x

0

=  P

� 1

c ( � ) � x

0

for any x

0

2 H

2

( M

0

; Q = Z ). By left nondegeneracy of � : H

1

( M

0

) � H

2

( M

0

; Q = Z ) !

Q = Z , w e obtain: P

� 1

c ( �

0

) =  P

� 1

c ( � ). Finally, the quadratic function:

�

M ;�

s = �

M ;�

 

]

s

0

 j = �

M

0

;�

0

s

0

 

is isomorphic to �

M

0

;�

0

s

0

: hence, these quadractic functions have identical Gauss

sums. Condition (3) then holds.

Conversely, supp ose that condition (3) of Th. 3 is satis�ed. First, the short

exact sequence:

0

//
H

2

( M ) 
 Q = Z

//
H

2

( M ; Q = Z )

B //
T H

1

( M )

//
0

is split, H

2

( M ) 
 Q = Z = Ker

d

L

M

and T H

1

( M ) is a �nite Ab elian group: thus, the

pair ( H

2

( M ; Q = Z ) ; �

M ;�

) meets the �niteness condition of x 2.4.

From Lemma 5.11, we deduce that L

M

0

= L

M

�

�

 

]

�


 2

. Also, from Lemma

4.7 and from Lemma 4.9, we resp ectively deduce that r

�

M

0

;�

0

= r

�

M ;�

�  

]

and

d

�

M

0

;�

0

= d

�

M ;�

�  

]

. Since  j � B �  

]

= B (by Lemma 5.11), the sections s

and s

0

are  

]

-compatible in the sense of De�nition 2.20. By applying Corollary

2.22, w e th us obtain that the quadratic functions �

M ;�

and �

M

0

;�

0

are isomorphic.

More precisely, there exists an isomorphism

10

' : T H

1

( M ) ! T H

1

( M

0

) such that

�

M

0

;�

0

= �

M ;�

� '

1

, where '

1

: H

2

( M

0

; Q = Z ) ! H

2

( M ; Q = Z ) corresp onds to the

isomorphism:

�

 

]


 Id

Q = Z

�

� '

� 1

: ( H

2

( M

0

) 
 Q = Z ) � T H

1

( M

0

) ! ( H

2

( M ) 
 Q = Z ) � T H

1

( M )

via the identi�cations:

H

2

( M

0

; Q = Z ) ' ( H

2

( M

0

) 
 Q = Z ) � T H

1

( M

0

)

H

2

( M ; Q = Z ) ' ( H

2

( M ) 
 Q = Z ) � T H

1

( M )

resp ectively de�ned by the sections s

0

and s . By Lemma 2.13 (together with the

4-dimensional de�nition of �

M ;�

and �

M

0

;�

0

from x 4.1.2), there exists an isomor-

phism

11

� : H

1

( M ) ! H

1

( M

0

) such that �

]

= '

1

. Consequently: �

M

0

;�

0

=

�

M ;�

� �

]

.

9

The left nondegeneracy of � is the injectivity of the map �

M

: H

2

( M ) !

Hom ( H

2

( M ; Q = Z ) ; Q = Z ) in tro duced by Th. 4.10.

10

' may b e di�erent from  j .

11

Observe that � do es not necessarily coincides with  , b ecause � j : T H

1

( M ) ! T H

1

( M

0

)

is equal to ' . Nevertheless, we certainly have:  

]

= �

]

: H

2

( M

0

) ! H

2

( M ).
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5.3.2. Proof of the equivalence (1) () (2) . We start by proving implication

(1) = ) (2). By Lemma 5.9, it su�ces to prov e it when ( M ; � ) and ( M

0

; �

0

) are

related by a Spin

c

-di�eomorphism or, for some �xed surgery presentations of them,

b y a �

c

-move.

The �rst case is obvious. Indeed, let f : ( M ; � ) ! ( M

0

; �

0

) b e a Spin

c

-di�eomorph-

ism. We then easily deduce that �

M ;�

= �

M

0

;�

0

� f

�

from the intrinsic de�nition of

these quadratic functions ( x 4.4); note that ( f

�

)

� 1

= ( f

�

)

]

.

The second case is deduced from the 4-dimensional de�nition of the quadratic func-

tions �

M ;�

and �

M

0

;�

0

( x 4.1.2), and from the fact that a �-mov e b et ween ordered

oriented links preserve their linking matrices.

Supp ose now that condition (2) is satis�ed. We �x some surgery presentations

V

L

�

=

M and V

L

0

�

=

M

0

. As in x 3.4, we put H = H

2

( W

L

) (resp. H

0

= H

2

( W

L

0

))

and f : H � H ! Z (resp. f

0

: H

0

� H

0

! Z ) will denote the intersection

pairing in W

L

(resp. W

L

0

). Let also c 2 Char( f ) and c

0

2 Char( f

0

) represent

resp ectively � and �

0

. Then, b y h yp othesis, the quadratic functions �

f ;c

: G

f

!

Q = Z and �

f

0

;c

0

: G

f

0

! Q = Z are isomorphic via an isomorphism which is induced

by an isomorphism Coker

b

f ! Coker

b

f

0

. Theorem 2.11 then says that the bilinear

lattices with characteristic forms ( H ; f ; c ) and ( H

0

; f

0

; c

0

) are stably equivalent.

Also, by Corollary 2.14, we can restrict ourselves to stabilizations with copies of

( Z ; � 1 ; 1). An isomorphism of bilinear lattices (resp. a stabilization b y ( Z ; � 1 ; 1))

can top ologically b e realized by a �nite sequence of Spin

c

Kirby's moves: handle

slidings and changes of orientation of comp onents (resp. by a stabilization b y a � 1-

framed unknot). We can then supp ose, without loss of generality, that ( H ; f ; c ) =

( H

0

; f

0

; c

0

). Concretely, that means that the linking matrices B

L

and B

L

0

are equal

and that there is a multi-integer s such that [ s ] 2 S

c

L

represent � and [ s ] 2 S

c

L

0

represent �

0

.

A theorem of Murakami and Nakanishi [ MN , Theorem 1.1] (or Matveev [ Mt ]),

states that two ordered oriented links have identical linking matrices if, and only

if, they are �-equivalent. Then, the \decorated links" ( L; s ) and ( L

0

; s ) are �-

equivalent: therefore, by Lemma 5.9, the Spin

c

-manifolds ( M ; � ) and ( M

0

; �

0

) are

Y

c

-equivalent.

Remark 5.12 . Observe that the present pro of allows for a more precise state-

ment of the equivalence (1) () (2) of Th. 3.

Indeed, any path of Spin

c

-di�eomorphisms and Y

c

-surgeries:

( M ; � ) = ( M

0

; �

0

) ; ( M

1

; �

1

) ; ( M

2

; �

2

) ; � � � ; ( M

n

; �

n

) = ( M

0

; �

0

)

yields an isomorphism  : H

1

( M ) ! H

1

( M

0

). It is the comp osite of the iso-

morphisms H

1

( M

i

) ! H

1

( M

i +1

), which is taken to b e f

�

if the step ( M

i

; �

i

) ;

( M

i +1

; �

i +1

) is a Spin

c

-di�eomorphism f , or is the isomorphism �

G

of Lemma

5.6 if this step is the Y

c

-surgery along a Y -graph G � M

i

. Then,  veri�es:

�

M

0

;�

0

= �

M ;�

�  

]

. Conversely, given an isomorphism  : H

1

( M ) ! H

1

( M

0

) with

the prop erty that �

M

0

;�

0

= �

M ;�

�  

]

, w e can �nd a path from ( M ; � ) to ( M

0

; �

0

)

inducing  at the level of H

1

( � ).



CHAPITRE 5

Torsions ab�eliennes de Reidemeister-Turaev

1. Rapp els sur les torsions ab�eliennes de Reidemeister-Turaev

Nous pr�esentons dans cette section les torsions ab�eliennes de Reidemeister telles

qu'elles on t � et�e ra�n�ees par Turaev. L'ob jectif premier est de parvenir �a la d �e�nition

des torsions ab�eliennes des S pin

c

-vari�et�es ferm�ees de dimension 3.

Nos r�ef�erences seron t [ T7 ], [ T4 ], [ T8 ] et [ T3 ]. Le lecteur p ourra trouver une

pr�esentation g�en�erale de la th�eorie des torsions combinatoires dans [ T7 ], et notam-

ment les r�ef�erences historiques et bibliographiques les concernant.

Conventions 1.1 . Si G est un group e ab�elien, un G -espace a�ne (ou espace

a�ne au-dessus de G ) sera un ensemble sur lequel G agit librement et transitive-

ment. Pour ces actions, la notation multiplicative sera adopt�ee.

Conventions 1.2 . Les CW-complexes sont supp os�es connexes et �nis et, par

d�efaut, leurs cel lules sont des cellules ouvertes.

1.1. Torsion d'un complexe de cha^�nes. Dans cette section, nous rapp e-

lons les bases alg�ebriques de la th�eorie des torsions ab�eliennes. F d�esignera un corps

commutatif.

1.1.1. D�e�nitions basiques. Soit V un F -espace vectoriel et soient b et c des

bases de V . On note alors :

[ b=c ] 2 F

�

= F n f 0 g

le d�eterminant de la repr�esentation matricielle de b dans la base c . Les bases b et

c sont dite �equivalentes , et on note b � c , lorsque [ b=c ] = 1 ; la relation � est une

relation d'�equivalence.

Soient une suite exacte courte de F -espaces vectoriels :

0

-

V

0

i

-

V

j

-

V

00

-

0 ;

ainsi que c

0

et c

00

des bases resp ectives de V

0

et V

00

. On note alors c

0

c

00

la classe

d'�equivalence de bases de V obtenue par concat�enation de i ( c

0

) a vec un rel�evement

par j de c

00

. La classe c

0

c

00

ne d�ep end que de celles de c

0

et de c

00

.

Soit maintenan t :

C = ( C

m

@

m � 1

-

C

m � 1

-

� � �

@

0

-

C

0

)

un F -complexe de cha^�nes de dimension �nie et de longueur m . On supp ose que C

est bas�e et homologiquement bas�e , ce qui signi�e resp ectivement que :

{ p our tout i 2 f 0 ; : : : ; m g , C

i

vient avec une base pr�ef�er�ee c

i

, on note alors

c = ( c

0

; : : : ; c

m

) ;

{ p our tout i 2 f 0 ; : : : ; m g , H

i

( C ) vient avec une base pr�ef�er�ee h

i

, on note

alors h = ( h

0

; : : : ; h

m

).

145
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Nous d�e�nissons les entiers mo dulo 2 suivants :

�

i

( C ) =

i

X

k =0

dim ( C

k

) 2 Z

2

;(1.1)

�

i

( C ) =

i

X

k =0

dim ( H

k

( C )) 2 Z

2

;(1.2)

N ( C ) =

m

X

k =0

�

k

( C ) � �

k

( C ) 2 Z

2

:(1.3)

Choisissons p our tout i 2 f 0 ; : : : ; m g une base b

i

de B

i

( C ). Les suites exactes de

F -espaces vectoriels :

0

-

B

i

( C )

-

Z

i

( C )

-

H

i

( C )

-

0 ;

et : 0

-

Z

i

( C )

-

C

i

@

i � 1

-

B

i � 1

( C )

-

0 ;

p ermettent, suivant le pro c�ed� e d �ecrit plus haut, de construire une classe d'�equiva-

lence

b

i

h

i

b

i � 1

:= ( b

i

h

i

) b

i � 1

de bases du F -espace vectoriel C

i

.

Definition 1.3 . (Turaev, [ T7 , x 1 et x 18]). La torsion du F -complexe C , bas�e

par c et homologiquement bas�e par h , est :

� ( C ; c; h ) =

m

Y

i =0

[ b

i

h

i

b

i � 1

=c

i

]

( � 1)

i +1

2 F

�

:

Sa torsion ra�n�ee est :

�� ( C ; c; h ) = ( � 1)

N ( C )

� � ( C ; c; h ) 2 F

�

:

On v�eri�e que ces quantit�es ne d�ep endent pas du choix des b

i

, et ne d �ep endent

donc que de C , c et h . Remarquons aussi que lorsque C est acyclique, on a :

�� ( C ; c; ? ) = � ( C ; c; ? ).

1.1.2. Multiplicativit�e de la torsion. Soit une suite exacte courte :

O

-

C

0

-

C

-

C

00

-

0

de F -complexes de longueur m et de dimension �nie. On supp ose les complexes

C

0

, C et C

00

homologiquement bas�es par resp ectivement h

0

, h et h

00

et bas�es par

resp ectivement c

0

, c et c

00

. On supp ose c

0

, c et c

00

compatibles dans le sens o � u :

8 i 2 f 0 ; : : : ; m g ; c

i

� c

0

i

c

00

i

:

En particulier, la suite longue d'homologie asso ci�ee �a cette s.e.c. de F -complexes :

H := ( H

m

( C

0

)

-

H

m

( C )

-

H

m

( C

00

)

-

� � �

-

H

0

( C )

-

H

0

( C

00

)) ;

est, comme F -complexe, bas�ee par ( h

0

m

; h

m

; h

00

m

; : : : ; h

0

; h

00

0

).

Th

�

eor

�

eme 1.4 . (Turaev, [ T3 , Lemma 3.4.2]) Sous les hypoth�eses et notations

pr�ec�edentes, nous avons alors :

(1.4) �� ( C ; c; h ) = ( � 1)

� + �

� ( H ; ( h

0

m

; h

m

; h

00

m

; : : : ) ; ? ) � �� ( C

0

; c

0

; h

0

) � �� ( C

00

; c

00

; h

00

)

o � u � et � sont les entiers modulo 2 d�e�nis par :

� =

m

X

i =0

(( �

i

( C ) + 1) ( �

i

( C

0

) + �

i

( C

00

)) + �

i � 1

( C

0

) �

i

( C

00

)) 2 Z

2

;

� =

m

X

i =0

�

i

( C

00

) �

i � 1

( C

0

) 2 Z

2

:
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Sp�ecialisons maintenant cette formule de multiplicativit� e � a deux cas particuliers

qui nous int�eresseront.

Exemple 1.5 . Pla�cons-nous dans le cas o �u C

00

est acyclique, et supp osons les

bases homologiques h et h

0

compatibles , en ce sens o � u elles se corresp ondent par

l'isomorphisme H

�

( C

0

)

'

-

H

�

( C ). On a alors en particulier : �

i

( C

00

) = 0, �

i

( C

0

) =

�

i

( C ), d'o �u � = 0. On v�eri�e aussi facilement que � ( H ; ( h

0

m

; h

m

; ? ; : : : ) ; ? ) = 1.

La formule (1.4) s'�ecrit alors plus simplemen t :

(1.5) �� ( C ; c; h ) = ( � 1)

�

� �� ( C

0

; c

0

; h

0

) � � ( C

00

; c

00

; ? ) 2 F

�

:

Exemple 1.6 . Pla�cons-nous dans le cas o �u C = C

0

� C

00

et o �u, p our tout i ,

c

i

= ( c

0

i

; c

00

i

) est la base de C obtenue par concat�enation de la famille ordonn�ee c

0

i

�

C

0

� C avec la famille ordonn�ee c

00

i

� C

00

� C (de sorte que les bases c

0

, c et c

00

sont

compatibles au sens pr�ec�edent). On a en particulier : H

�

( C ) = H

�

( C

0

) � H

�

( C

00

),

et on supp ose que h

i

= ( h

0

i

; h

00

i

) est, p our tout i , la concat�enation de h

0

i

avec h

00

i

. La

suite longue d'homologie H a tous ses connectants nuls et on v�eri�e que :

� ( H ; ( h

0

m

; h

m

; h

00

m

; : : : ) ; ? ) = 1 :

De plus, �

i

( C ) = �

i

( C

0

) + �

i

( C

00

) d'o � u :

� =

m

X

i =0

�

i � 1

( C

0

) �

i

( C

00

) 2 Z

2

:

On p eut donc retenir la formule :

(1.6) �� ( C

0

� C

00

; ( c

0

; c

00

) ; ( h

0

; h

00

)) = ( � 1)

�

� �� ( C

0

; c

0

; h

0

) � �� ( C

00

; c

00

; h

00

) ;

o � u � est l'entier mo dulo 2 d�e�ni par

1

:

� =

m

X

i =0

( �

i

( C

00

) �

i � 1

( C

0

) + �

i

( C

00

) �

i � 1

( C

0

)) 2 Z

2

:

1.2. Orientations homologiques et structures d'Euler combinatoires.

Les ra�nements de Turaev des torsions ab�eliennes de Reidemeister n�ecessiten t de

�xer des structures suppl�ementaires sur les espaces. Ce sont les orientations homo-

logiques et les structures d'Euler combinatoires .

1.2.1. Orientations homologiques. Soit X un espace top ologique compact.

Definition 1.7 . (Turaev, [ T7 , x 18]). Une orientation homologique ! de X est

une orientation du R -espace vectoriel :

H

�

( X ; R ) =

M

i � 0

H

i

( X ; R )

L'orientation homologique opp os�ee �a ! sera not�ee � ! .

Exemple 1.8 . Soit M une 3-vari�et�e ferm�ee orient�ee et connexe. Son orientation

d�etermine une orientation homologique :

!

M

=

�

[ pt ] ; b; b

]

; [ M ]

�

o � u [ pt ] est la classe d'homologie d'un p oin t de M , [ M ] est sa classe fondamentale,

b est une base de H

1

( M ; R ) et b

]

est la base de H

2

( M ; R ) duale de b p our la

forme d'intersection de M . L'orientation !

M

est app el�ee l' orientation homologique

canonique de la vari�et�e ferm�ee orient�ee connexe M .

1

Ce nombre ne fait pas jouer des r^oles sym�etriques �a C

0

et C

00

, ce qui s'accorde avec

le fait que le signe de �� ( C

0

� C

00

; ( c

0

; c

00

) ; ( h

0

; h

00

)) n'est en g�en�eral pas �egal �a celui de

�� ( C

00

� C

0

; ( c

00

; c

0

) ; ( h

00

; h

0

)) .
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1.2.2. Structures d'Euler combinatoires sur un CW-complexe. Soit K un CW-

complexe

2

de supp ort X = j K j . On supp ose que � ( X ) = 0.

Definition 1.9 . (Turaev, [ T4 , x 1]) Une cha^�ne d'Euler sur K est une 1-cha^�ne

singuli�ere � de X dont le b ord est de la forme :

@ � =

X

�; cellule de K

( � 1)

dim( � )

c

�

o � u c

�

est un p oint de la cellule � .

L'hyp oth�ese faite sur � ( X ) assure l'existence des cha^�nes d'Euler. Soient main-

tenant � et � des cha^�nes d'Euler sur K :

@ � =

X

�; cellule de K

( � 1)

dim( � )

c

�

et : @ � =

X

�; cellule de K

( � 1)

dim( � )

d

�

:

Choisissons un chemin 

�

, contenu dans � et joignant c

�

�a d

�

, et formons le 1-cycle :

� � � +

X

�; cellule de K

( � 1)

dim( � )



�

:

La classe �el�emen t de H

1

( X ) qu'il repr�esente ne d�ep end pas des choix des 

�

. Les

cha^�nes d'Euler � et � sont dites �equivalentes , et on note � � � , lorsque cette classe

d'homologie s'annule. La relation � est une relation d'�equivalence.

Definition 1.10 . (Turaev, [ T4 , x 1]) Une structure d'Euler combinatoire sur

K est une classe d'�equivalence de cha^�nes d'Euler. On note E ul ( K ) l'espace des

structures d'Euler combinatoires sur K .

Par l'addition des 1-cha^�nes, H

1

( X ) agit sur E ul ( K ) : l'action est libre et

transitive. Donc, E ul ( K ) est un H

1

( X )-espace a�ne.

Lemme 1.11 . (Turaev, [ T4 , x 1.2]) Soit K

0

une subdivision de K . Il existe alors

une bijection canonique et H

1

( X ) -�equivariante :

E ul ( K )

� ( K ; K

0

)

'

-

E ul ( K

0

) :

De plus, si K

00

est une subdivision de K

0

, nous avons alors :

� ( K ; K

00

) = � ( K

0

; K

00

) � � ( K ; K

0

) :

1.2.3. Structures d'Euler combinatoires sur une 3 -vari�et�e lisse ferm�ee orient�ee.

Le Lemme 1.11 p ermet de d�e�nir successivemen t :

{ d'ab ord, l'espace des structures d'Euler combinatoires :

E ul ( P )

sur un p oly�edre P de caract�eristique d'Euler � ( P ) = 0, par identi�cation

avec E ul ( K ) p our une triangulation ( K ; � ) de P ; on note :

E ul ( K )

�

�

'

-

E ul ( P ) ;

cette identi�cation (voir [ T4 , x 2.1]) ;

{ puis, l'espace des structures d'Euler combinatoires :

E ul ( M )

sur une vari�et�e M lisse et de caract�eristique d'Euler � ( M ) = 0, par identi�-

cation avec E ul ( K ) p our une C

1

-triangulation ( K ; � ) de M ; on note :

E ul ( K )

�

�

'

-

E ul ( M ) ;

cette identi�cation (voir [ T4 , x 2.2]).

2

On rapp elle que dans ce chapitre, les CW-complexes sont supp os�es �nis et connexes.
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Nous nous restreignons ici aux vari�et�es de dimension 3 lisses ferm�ees et orient�ees.

Th

�

eor

�

eme 1.12 . (Turaev, [ T7 , Th. 20.2] ou [ T4 , x 6]) Soit M une 3 -vari�et�e

lisse ferm�ee et orient�ee. Il existe alors une bijection canonique :

E ul ( M )

'

-

v ect ( M ) ;

entre ses structures d'Euler combinatoires et ses structures d'Euler g�eom�etriques

d�e�nies au x 2.2.3 du Chapitre 1. De plus, cette identi�cation est a�ne au-dessus

de l'isomorphisme H

1

( M ) ' H

2

( M ) donn� e p ar la dualit�e de Poincar�e.

On d�eduit alors du Lemme 2.20 du Chapitre 1, qu'il existe une bijection cano-

nique et a�ne :

E ul ( M )

'

-

S pin

c

( M )

entre les structures d'Euler combinatoires de M et ses S pin

c

-structures.

1.2.4. Rev^etement ab�elien maximal d'un espac e p oint�e. A�n d'intro duire dans

le pro chain paragraphe la notion de famil le fondamentale de cel lules , nous �xons

quelques conventions concernant les rev^etements ab�eliens maximaux.

Soit ( X ; ? ) un espace top ologique p oint�e qui est supp os� e s �epar�e, connexe par

arcs, lo calement connexe par arcs et semi-lo calement simplement connexe. Nous

notons

�

~

X ; q

�

son rev^etement universel d�e�ni par

~

X =

n

classes d'homotopie rel @ I de chemins I = [0 ; 1]



-

X tels que  (0) = ?

o

et q ([  ]) =  (1) ;

une top ologie ad�equate �etant donn�ee �a

~

X . Notons que

~

X p eut ^etre bas�e par

~

? , le

chemin identiquemen t � egal �a ? . Le p oint

~

? d�e�ni alors un isomorphisme canonique

�

1

( X ; ? )

'

-

Aut

�

~

X ; q

�

. Soit

�

b

X ; p

�

le rev^etement obtenu en quotientant

�

~

X ; q

�

par le sous-group e de Aut

�

~

X ; q

�

corresp ondan t au sous-group e d�eriv�e �

1

( X ; ? )

0

.

Le group e Aut

�

b

X ; p

�

s'identi�e alors canoniquemen t � a

H

1

( X ) ' �

1

( X ; ? ) =�

1

( X ; ? )

0

:

Definition 1.13 . Le rev^etement

�

b

X ; p

�

est app el� e le rev^etement ab�elien maxi-

mal de l'espace p oint� e ( X ; ? ).

Dans la suite, nous adopterons les conventions suivantes :

{ L'espace

b

X a un p oint base pr�ef�er�e : not�e

b

? , c'est la classe du p oint

~

?

pr�ecedemmen t d �e�ni.

{ Si ( Y ; ? ) est un autre espace top ologique p oint�e (supp os� e s �epar�e, connexe par

arcs, lo calement connexe par arcs et semi-lo calement simplement connexe) et

si ( X ; ? )

f

-

( Y ; ? ) est une application continue pr�eservant les p oints bases,

nous noterons

b

X

b

f

- b

Y l'unique rel�evemen t de f d�e�ni par f (

b

? ) =

b

? .

1.2.5. Famil les fondamentales de cel lules. Dans ce paragraphe, nous consid�erons

un CW-complexe p oint�e

( K ; ? )

de supp ort j K j = X et de caract�eristique d'Euler � ( X ) quelconque. Soit

�

b

X ; p

�

le rev^etemen t ab �elien maximal de ( X ; ? ). La d�ecomp osition cellulaire K de X se

rel�eve en une d�ecomp osition cellulaire

b

K de

b

X .
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Definition 1.14 . (Turaev, [ T7 , x 20.1]) Une famille be de cellules de

b

K est dite

fondamentale lorsqu'elle contient exactement un rel�evement de chaque cellule de

K . Dans ce cas, si � est une cellule de K , on note be ( � ) l'unique �el�emen t de be dont

la pro jection par p est � .

Etant donn�ees des familles fondamentales de cellules be et

b

f de

b

K , on p eut

former :

b

f

be

=

Y

�; cellule de K

 

b

f ( � )

be ( � )

!

( � 1)

dim( � )

2 H

1

( X ) ;

o � u

b

f ( � ) = be ( � ) d �esigne l'unique �el�ement h de H

1

( X ) ' Aut

�

b

X ; p

�

tel que h � be ( � ) =

b

f ( � ). Les familles fondamentales be et

b

f sont dites �equivalentes , et on note be �

b

f ,

lorsque

b

f = be = 1 2 H

1

( X ). La relation � est une relation d'�equivalence. L'espace-

quotient est not� e :

E ( K ; ? ) :

Soit e 2 E ( K ; ? ) une classe repr�esent�ee par la famille fondamentale de cellules

be , et soit h 2 H

1

( X ) ; on note alors h � e la classe d'�equivalence d'une famille

fondamentale

b

f v�eri�ant

b

f = be = h 2 H

1

( X ). Il d�ecoule des d�e�nitions qu'on d�e�nit

de la sorte une action de H

1

( X ) sur E ( K ; ? ) et, que par cette action, E ( K ; ? ) est

un H

1

( X )-espace a�ne.

Lemme 1.15 . (Turaev, [ T7 , Lemma 20.1]) Supposons que K

0

est une subdivi-

sion cel lulair e de K . Il existe alors une bijection canonique et H

1

( X ) -�equivariante :

E ( K ; ? )

� ( K ; K

0

)

'

-

E ( K

0

; ? ) :

De plus, si K

00

est une subdivision de K

0

, nous avons alors :

� ( K ; K

00

) = � ( K

0

; K

00

) � � ( K ; K

0

) :

D

�

emonstration. Soit be une famille fondamentale de cellules de

b

K ; on note

alors be

0

la famille fondamentale de cellules de

c

K

0

constitu�ees des cellules qui sont

contenues dans une cellule �el�emen t de be . Si

b

f est une autre famille fondamentale de

cellules de

b

K donnant lieu �a

b

f

0

suivant ce pro c�ed�e-l�a, alors :

b

f

0

be

0

=

b

f

be

2 H

1

( X ) ;

comme il d�ecoule du fait que si � est une cellule de K de fermeture � , alors :

X

� 2 K

0

� � �

( � 1)

dim( � )

= � ( � ) � � ( @ � )

= 1 �

�

1 + ( � 1)

dim( � ) � 1

�

= ( � 1)

dim( � )

:

On en d�eduit que l'assignation [ be

-

be

0

] d �e�nit bien une application � ( K ; K

0

) de

E ( K ; ? ) v ers E ( K

0

; ? ) et qui est, p our la m^eme raison, H

1

( X )-�equivariante. �

Lemme 1.16 . (Turaev, [ T4 , x 1.3]) Supposons que � ( X ) = 0 . Il existe alors une

bijection canonique et H

1

( X ) -�equivariante :

E ( K ; ? )

'

-

E ul ( K )
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De plus, si K

0

est une subdivision de K , le diagramme suivant commute :

E ( K ; ? )

'

-

E ul ( K )

E ( K

0

; ? )

� ( K ; K

0

)

?

'

-

E ul ( K

0

) :

� ( K ; K

0

)

?

Remarque 1.17 . Le Lemme 1.16 montre en particulier que, lorsque � ( X ) = 0,

l'espace E ( K ; ? ) ne d �ep end essentiellement pas du choix du p oint base ? .

Preuve du Lemme 1.16. Soit e 2 E ( K ; ? ) repr�esent�ee par la famille fonda-

mentale de cellules be . Consid�erons un p oin t de

b

X : par exemple le p oint base pr�ef�er�e

b

� d�e�ni au x 1.2.4. Pour toute cellule � 2 K on choisit un chemin allan t de

b

? �a un

p oin t de be ( � ) si dim ( � ) est paire, ou d'un p oin t de be ( � ) � a

b

? si dim( � ) est impaire.

La r�eunion de ces chemins est une 1-cha^�ne singuli�ere de

b

X qui se pro jette par p

en une cha^�ne d'Euler � sur K . La bijection annonc�ee entre E ( K ; ? ) et E ul ( K ) est

induite par cette assignation [ be

-

� ]. �

1.3. Torsion d'un CW-complexe. Nous sommes maintenant en mesure de

d�e�nir les torsions ab�eliennes de Reidemeister des CW-complexes, telles qu'elles ont

�et�e ra�n�ees par Turaev.

1.3.1. En caract�eristique d'Euler quelconque. Soit K un CW-complexe de sup-

p ort j K j = X et de caract�eristique d'Euler quelconque. Donnons-nous aussi F un

corps commutatif, et un homomorphisme d'anneaux :

Z [ H

1

( X )]

'

-

F :

On supp ose �x�es :

(1) une orientation homologique ! de X ,

(2) un p oint base ? 2 X ,

(3) un �el�ement e de E ( K ; ? ),

(4) une famille b = ( b

0

; b

1

; : : : ) o � u b

i

est une base de H

'

i

( X ; ? ).

Ici, H

'

i

( X ; ? ) d �esigne le i

�eme

groupe d'homologie �a c oe�cients ' -twist�es de l'espace

point�e ( X ; ? ) . Il est d�e�ni par

H

'

i

( X ; ? ) := H

i

( C

'

�

( K ; ? )) ;

o � u C

'

�

( K ; ? ) est le F -complexe F 


Z [ H

1

( X )]

C

�

�

b

K

�

,

�

b

X ; p

�

d�esignant le rev^etement

ab�elien maximal de ( X ; ? ) et F �etant muni de la structure de Z [ H

1

( X )]-mo dule

donn�ee par ' . Notons que si ? et ?

0

sont deux p oints distincts de X , les group es

H

'

i

( X ; ? ) et H

'

i

( X ; ?

0

) sont alors (non-canoniquement) isomorphes.

Nous allons asso cier �a la liste pr�ec�edente une torsion qui sera not�ee :

��

'

( K ; ? ; e ; b; ! ) 2 F

�

:

Nous pr�eciserons ensuite la d�ep endance de cette quantit� e en c hacun des items de

cette liste-l�a. Voici la recette d�e�nissant cette quantit� e :

(1) on o riente et on o rdonne les cellules de K d'une fa�con arbitraire : ce choix

sera not�e oo ;

(2) on choisit une famille fondamentale be de cellules de

b

K repr�esentant e ;
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(3) les choix de oo et de be d�eterminent une Z [ H

1

( X )]-base de C

�

�

b

K

�

, puis

une F -base de C

'

�

( K ; ? ), qu'on note be

oo

; on calcule la torsion ra�n�ee :

�� ( C

'

�

( K ; ? ) ; be

oo

; b ) ;

(4) le choix oo d�etermine une R -base du complexe C

�

( K ; R ) ; on choisit aussi

une base w = ( w

0

; w

1

; : : : ) de H

�

( X ; R ) compatible avec l'orientation

homologique ! de X ; on calcule la torsion ra�n�ee :

�� ( C

�

( K ; R ); oo; w ) ;

(5) on p ose �nalemen t :

��

'

( K ; ? ; e ; b; ! ) := sgn ( � � ( C

�

( K ; R ); oo; w ) ) � �� ( C

'

�

( K ; ? ) ; be

oo

; b ) 2 F

�

:

Lemme 1.18 . (Turaev) La quantit�e ��

'

( K ; ? ; e ; b; ! ) poss�ede les propri�et�es sui-

vantes.

a) El le ne d�epend pas des choix interm�ediaires faits.

b) El le satisfait aux relations :

��

'

( K ; ? ; h � e ; b; ! ) = ' ( h ) � ��

'

( K ; ? ; e ; b; ! ) ;

��

'

( K ; ? ; e ; b; � ! ) = � ��

'

( K ; ? ; e ; b; ! ) :

c) El le est invariante par subdvision ; pr�ecis�ement, si K

0

est une subdivision de K ,

nous avons :

��

'

( K

0

; ? ; � ( K ; K

0

)( e ) ; b; ! ) = � �

'

( K ; ? ; e ; b; ! ) :

D

�

emonstration. Prouvons les assertions a) et b). D'ab ord, lorsqu'on p ermute

deux cellules de K ou lorsqu'on inverse l'orientation d'une cellule de K lors du choix

oo , les deux quantit�es sgn ( � � ( C

�

( K ; R ); oo; w )) et �� ( C

'

�

( K ; ? ) ; be

oo

; b ) c hangent si-

multan�ement de signe, ce qui prouve l'ind�ep endance de ��

'

( K ; ? ; e ; b; ! ) en le c hoix

oo .

Soit ensuite

b

f une autre famille fondamentale de cellules de

b

K . Alors, il d�ecoule des

d�e�nitions que :

��

�

C

'

�

( K ; ? ) ;

b

f

oo

; b

�

= '

 

b

f

be

!

� �� ( C

'

�

( K ; ? ) ; be

oo

; b ) :

Ceci prouve l'ind�ep endance de ��

'

( K ; ? ; e ; b; ! ) en le c hoix de be dans la classe e ainsi

que la premi�ere relation de b).

Soit en�n v = ( v

0

; v

1

; : : : ) un autre choix de base de H

�

( X ; R ). Il d�ecoule aussi des

d�e�nitions que :

sgn ( � � ( C

�

( K ; R ); oo; v ) ) =

0

@

Y

i � 0

sgn[ v

i

=w

i

]

1

A

� sgn ( � � ( C

�

( K ; R ); oo; w ) ) :

Cette �egalit�e prouve l'ind�ep endance de ��

'

( K ; ? ; e ; b; ! ) en le choix de w dans la

classe ! ainsi que la seconde relation de l'assertion b).

L'assertion c) est prouv�ee dans [ T4 , Lemma 3.2.3]

3

. �

3

L'�enonc�e de ce lemme utilise les structures d'Euler combinatoires plut^ot que les familles

fondamentales de cellules, et supp ose donc que � ( X ) = 0. La preuve de ce lemme ne n�ecessite en

fait pas cette hyp oth�ese.
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1.3.2. En caract�eristique d'Euler nul le. Soit K un CW-complexe de supp ort

j K j = X et de caract�eristique d'Euler � ( X ) = 0. Soient aussi F un corps commutatif

et Z [ H

1

( X )]

'

-

F un homomorphisme d'anneaux.

Lemme 1.19 . Soient ?; ?

0

2 X et supposons la condition d'acyclicit�e

H

'

�

( X ; ? ) = 0 = H

'

�

( X ; ?

0

)

satisfaite. Soient ! une orientation homologique de X , e 2 E ul ( K ) et e 2 E ( K ; ? )

(resp. e

0

2 E ( K ; ?

0

) ) correspondant �a la structure d'Euler combinatoire e par le

Lemme 1.16. Nous avons alors :

��

'

( K ; ? ; e ; ? ; ! ) = � �

'

( K ; ?

0

; e

0

; ? ; ! ) :

D

�

emonstration. Soit

�

b

X ; p

�

et

�

b

X

0

; p

0

�

les rev^etements ab�eliens maximaux

resp ectifs de ( X ; ? ) et ( X ; ?

0

). Pio chons une transformation de rev^etements

�

b

X ; p

�

�

-

�

b

X

0

; p

0

�

;

induisant une �eche E ( K ; ? )

�

-

E ( K ; ?

0

) de la fa� con �evidente. Il d�ecoule alors

de la d�e�nition des identi�cations E ( K ; ? ) ' E ul ( K ) et E ( K ; ?

0

) ' E ul ( K ) (v oir

la preuve du Lemme 1.16) que � ( e ) = e

0

. La transformation � induit alors un

isomorphisme de F -complexes :

F 


Z [ H

1

( X )]

C

�

�

b

K

�

'

-

F 


Z [ H

1

( X )]

C

�

�

b

K

0

�

transp ortant la base be

oo

sur la base be

0

oo

, o � u oo est un choix d' o rdre et d' o rientations

des cellules de K , be est un repr�esentan t de e et be

0

= � ( be ) (qui repr�esente donc e

0

).

D'o � u :

�� ( C

'

�

( K ; ? ) ; be

oo

; ? ) = � � ( C

'

�

( K ; ?

0

) ; be

0

oo

; ? ) :

�

Ce lemme justi�e la d�e�nition suivante.

Definition 1.20 . (Turaev, [ T7 , x 20.1], [ T4 , x 3.2] ou [ T8 , x 4.2]) La torsion

asso ci�ee �a ' du CW-complexe K , muni de l'orientation homologique ! et de la

structure d'Euler combinatoire e , est :

�

'

( K ; e; ! ) =

�

��

'

( K ; ? ; e ; ? ; ! ) 2 F

�

si H

'

�

( X ; ? ) = 0 ;

0 2 F si H

'

�

( X ; ? ) 6= 0 ;

o � u ? 2 X et o �u e 2 E ( K ; ? ) corresp ond �a la structure d'Euler combinatoire e .

Il d�ecoule alors directement du Lemme 1.18 que �

'

( K ; e; ! ) est invariante par

sub division, soit :

�

'

( K ; e; ! ) = �

'

( K

0

; � ( K ; K

0

)( e ) ; ! ) 2 F ;

qu'elle v�eri�e :

�

'

( K ; h � e; ! ) = ' ( h ) � �

'

( K ; e; ! ) 2 F

ainsi que :

�

'

( K ; e; � ! ) = � �

'

( K ; e; ! ) 2 F :
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1.4. Torsion d'une S pin

c

-vari�et�e ferm�ee de dimension 3 . Il d�ecoule des

lignes concluan t le pr �ec�edent paragraphe et de x 1.2.3 que les deux d�e�nitions qui

suivent son t l �egitimes.

Definition 1.21 . (Turaev, [ T4 , x 3]) Soient P un p oly�edre de caract�eristique

d'Euler nulle, F un corps commutatif et Z [ H

1

( P )]

'

-

F un homomorphisme

d'anneaux.

Alors, la torsion asso ci�ee �a ' du poly�edre P , m uni de l'orientation homologique !

et de la structure d'Euler combinatoire e , est :

�

'

( P ; e; ! ) := �

' � �

�

�

K ; �

� 1

�

( e ) ; �

� 1

�

( ! )

�

2 F ;

o � u ( K ; � ) est une triangulation du p oly�edre P .

Definition 1.22 . (Turaev, [ T4 , x 3]) Soient M une vari�et�e lisse de caract�eristi-

que d'Euler nulle, F un corps commutatif et Z [ H

1

( M )]

'

-

F un homomorphisme

d'anneaux.

Alors, la torsion asso ci�ee �a ' de la vari�et�e lisse M , m unie de l'orientation homolo-

gique ! et de la structure d'Euler combinatoire e , est :

�

'

( M ; e; ! ) := �

' � �

�

�

K ; �

� 1

�

( e ) ; �

� 1

�

( ! )

�

2 F ;

o � u ( K ; � ) est une C

1

-triangulation de la vari�et�e M .

Cette derni�ere d�e�nition se sp�ecialise �a la suivante.

Definition 1.23 . (Turaev, [ T5 ]) Soient ( M ; � ) une S pin

c

-vari�et�e ferm�ee de

dimension 3, F un corps commutatif et Z [ H

1

( M )]

'

-

F un homomorphisme

d'anneaux.

Alors, la torsion asso ci�ee �a ' de la S pin

c

-vari�et�e ferm�ee ( M ; � ) est :

�

'

( M ; � ) := �

'

( M ; e; !

M

) 2 F ;

o � u e est la structure d'Euler combinatoire sur M corresp ondan t � a la S pin

c

-structure

� (voir �n du x 1.2.3).

Exemple 1.24 . Soit ( M ; � ) une S pin

c

-vari�et�e ferm�ee de dimension 3. Nous no-

tons Q ( H

1

( M ) =T H

1

( M )) le corps des fractions du domaine Z [ H

1

( M ) =T H

1

( M )] ,

o � u T H

1

( M ) d�esigne le sous-group e de torsion de H

1

( M ). Consid�erons la �eche

canonique � d�e�nie par la comp osition :

Z [ H

1

( M )]

-

Z [ H

1

( M ) =T H

1

( M )]

�

-

Q ( H

1

( M ) =T H

1

( M )) :

Alors, �

�

( M ; � ) est app el�ee la torsion de Milnor de la S pin

c

-vari�et� e ( M ; � ).

Nous rapp elons maintenan t le th �eor�eme de Franz-Milnor de dualit�e de la torsion

tel qu'il a �et�e ra�n�e par Turaev.

Th

�

eor

�

eme 1.25 . (Turaev, [ T7 , Th. 20.3], [ T4 , App. B] et [ T3 , App.]) Soit

( M ; � ) une S pin

c

-vari�et�e ferm�ee de dimension 3 . Soient aussi F un corps commu-

tatif muni d'une involution

�

f

-

f

�

et Z [ H

1

( M )]

'

-

F un homomorphisme

d'anneaux tels que '

�

h

� 1

�

= ' ( h ) pour tout h 2 H

1

( M ) . Nous avons alors :

�

'

( M ; � ) = '

�

P

� 1

c ( � )

�

� 1

� �

'

( M ; � ) 2 F ;

o � u c ( � ) 2 H

2

( M ) d�esigne la classe de Chern de la S pin

c

-structure � .

Exemple 1.26 . Ce th�eor�eme de dualit�e s'applique �a la torsion de Milnor (in-

tro duite dans l'Ex. 1.24).

Remarque 1.27 . Consid�erons une 3-vari�et�e compacte orient�ee M de bord une

r�eunion disjointe de tores . Alors, � ( M ) = 0 donc E ul ( M ) 6= ? . T uraev a montr�e

dans [ T4 , x 6.6] l'existence d'une bijection canonique et a�ne :

E ul ( M )

'

-

S pin

c

( M ;

_

[ �

0

)
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entre les structures d'Euler combinatoires sur M et les S pin

c

-structures sur M re-

latives �a la structure spinorielle canonique

_

[ �

0

de @ M (voir Ex. 2.16 du Chap. 1).

Soient maintenant F un corps commutatif, Z [ H

1

( M )]

'

-

F un homomorphisme

d'anneaux, � une S pin

c

-structure sur M relativ e � a

_

[ �

0

et ! une orientation homo-

logique sur M . Comme dans le cas ferm�e, est d�e�nie alors la torsion asso ci�ee �a '

de la S pin

c

-vari�et�e ( M ; � ) homologiquement orient�ee par ! :

�

'

( M ; � ; ! ) 2 F :

Cette appro che contient en particulier l'�etude des p olyn^omes d'Alexander-Conway

multivariables r

L

, o � u L est une entrelacs orient�e et ordonn�e d'une sph�ere d'homo-

logie orient�ee (voir [ T3 , x 4] p our une exp osition d�etaill�ee, ou [ T8 , x 8.1]).

Dans la suite, nous continuons �a nous consacrer aux torsions des S pin

c

-vari�et�es

ferm�ees de dimension 3. Cep endant, nos pro chains r�esultats s'�etendent sans di�-

cult�es �a ce cas �a b ord particulier que nous venons d'esquisser.

2. Variation de la torsion lors d'un twist

Consid�erons une 3-vari�et�e ferm�ee orient�ee :

M = M

1

[

f

M

2

;

obtenue en recollant deux 3-vari�et�es orient�ees M

1

et M

2

le long de leur b ord, par

un di��eomorphisme p ositif � @ M

2

f

-

@ M

1

. Nous supp osons que @ M

1

�

=

� @ M

2

est connexe . Soit aussi h 2 T ( @ M

2

) un � el�ement du group e de Torelli de la surface

@ M

2

. F ormons :

M

0

= M

1

[

f � h

M

2

:

Ainsi, la vari�et�e M

0

est obtenue en twistant M le long de la surface @ M

2

par h .

Au Chapitre 1, nous avons montr�e l'existence, dans cette situation, d'une bijection

canonique :

S pin

c

( M )




'

-

S pin

c

( M

0

) ;

qui est a�ne au-dessus de P � P

� 1

o � u

H

1

( M )

�

'

-

H

1

( M

0

)

est l'isomorphisme d'homologie donn�e par le th�eor�eme de Mayer-Vietoris. Soit un

homomorphisme d'anneaux :

Z [ H

1

( M )]

'

-

F

�a v aleurs dans un corps commutatif F et soit � 2 S pin

c

( M ). Nous notons alors '

0

l'homomorphisme d'anneaux ' �

� 1

et �

0

la S pin

c

-structure 
( � ) sur M

0

.

Le but de cette section est de comparer les torsions de Reidemeister-Turaev :

�

'

( M ; � ) 2 F et �

'

0

( M

0

; �

0

) 2 F ;

c'est-�a-dire de trouver un scalaire C 2 F tel que

�

'

0

( M

0

; �

0

) = C � �

'

( M ; � ) :

En g�en�eral, ce scalaire ne sera identi��e qu'�a un facteur multiplicatif pr�es dans

' ( H

1

( M )). Cette ind�etermination sera lev�ee sous certaines hyp oth�eses sur le corps

F et l'homomorphisme ' .

L'ingr�edient p our cette �etude est une formule de Mayer-Vietoris p our la torsion,

que nous pr�esentons d�es maintenant.



156 5. TORSIONS AB

�

ELIENNES DE REIDEMEISTER-TURAEV

2.1. Formule contingente de Mayer-Vietoris p our la torsion. Nous

consid�erons dans ce paragraphe un CW-complexe

4

K de dimension m , de supp ort

j K j = X et de caract�eristique d'Euler � ( X ) = 0. Nous �xons aussi une structure

d'Euler combinatoire e 2 E ul ( K ), une orientation homologique ! de X et :

Z [ H

1

( X )]

'

-

F

un homomorphisme d'anneaux �a v aleurs dans un corps commutatif F .

Supp osons que K est d�ecomp os�e en deux sous-complexes :

K = K

1

[ K

2

;

o � u K

1

, K

2

et K

1

\ K

2

sont connexes (nous notons X

1

et X

2

les supp orts resp ectifs de

K

1

et K

2

). On se prop ose ici de mettre en application la multiplicativit�e des torsions,

vue en x 1.1.2, p our obtenir une formule du typ e \Mayer-Vietoris" exprimant la

torsion :

�

'

( K ; e; ! )

en fonction de torsions asso ci�ees aux CW-complexes K

1

, K

2

et K

1

\ K

2

. Les ca-

ract�eristiques d'Euler de ces derniers �etant supp os�ees quelconques , les torsions mises

en jeu seron t d �ep endantes de choix interm�ediaires. Pour ces raisons, notre formule

de Mayer-Vietoris sera hautement non-canonique, et sera de ce fait quali��ee de

contingente .

Nous d�ecrivons maintenant les di��erents choix p ermettan t d' �enoncer cette for-

mule de Mayer-Vietoris. Pour cela, notons les inclusions comme suit :

X

1

�

�

�

�

�

j

1

� @

@

@

@

@

i

1

R

X

1

\ X

2

l

-

X

@

@

@

@

@

j

2

R �

�

�

�

�

i

2

�

X

2

Nous commen�cons par �xer un p oint ? sur X

1

\ X

2

, qui servira de p oint base

p our X

1

\ X

2

, X

1

, X

2

et X .

Puis, nous d�ecrivons comment bien choisir des orientations homologiques . Soient

$ , !

1

et !

2

des orientations homologiques de resp ectivement X

1

\ X

2

, X

1

et X

2

.

Pio chons p our tout i 2 f 0 ; : : : ; m g une base w

i

de H

i

( X ; R ) telles que la base

w = ( w

0

; w

1

; : : : ) de H

�

( X ; R ) = �

i � 0

H

i

( X ; R ) repr�esente l'orientation homo-

logique ! . Similairement, soient p our tout i = 0 ; : : : ; m des bases w

i

, w

1 ;i

et

w

2 ;i

telles que w = ( w

0

; w

1

; : : : ), w

1

= ( w

1 ; 0

; w

1 ; 1

; : : : ) et w

2

= ( w

2 ; 0

; w

2 ; 1

; : : : )

repr�esentent resp ectivement les orientations homologiques $ , !

1

et !

2

. Consid�erons

le R -complexe acyclique :

� � �

-

H

i

( X

1

\ X

2

; R )

( j

1 ; �

;j

2 ; �

)

-

H

i

( X

1

; R ) � H

i

( X

2

; R )

i

1 ; �

� ( � i

2 ; �

)

-

H

i

( X ; R ) � � �

asso ci� e � a la suite longue de Mayer-Vietoris de la r�eunion X = X

1

[ X

2

. Le signe de la

torsion de ce R -complexe bas�e par ( : : : ; w

i

; ( w

1 ;i

; w

2 ;i

) ; w

i

; : : : ) et homologiquement

bas�e par ? ne d�ep end que de $ , !

1

, !

2

et ! . Les orientations homologiques $ , !

1

et !

2

sont bien choisies lorsque ce signe-l�a est p ositif.

4

On rapp elle que dans ce chapitre, par convention, les CW-complexes sont �nis et connexes.
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Nous d�ecrivons ensuite comment bien choisir des bases homologiques . Soient

b

l ,

b

j

k

et

b

i

k

les rel�evements resp ectifs de l , j

k

et i

k

aux rev^etements ab�eliens maxi-

maux d�e�nis par le choix du p oint base ? (voir �n du x 1.2.4) . Bien s ^ur, tous ces

rel�evements son t � equivariants au-dessus des applications corresp ondantes p our les

espaces bases. Elles induisent donc des applications de cha^�nes entre les complexes :

C

'

�

( K ; ? ) ; C

' � l

�

�

( K

1

\ K

2

; ? ) et : C

' � i

k ; �

�

( K

k

; ? ) ; k = 1 ; 2 :

D'o �u la suite exacte courte de F -complexes :

0

-

C

' � l

�

�

( K

1

\ K

2

; ? )

(

b

j

1

;

b

j

2

)

-

C

' � i

1 ; �

�

( K

1

; ? ) � C

' � i

2 ; �

�

( K

2

; ? )

b

i

1

�

(

�

b

i

2

)

-

C

'

�

( K ; ? )

-

0 :

De la suite longue d'homologie asso ci�ee, on d�eduit que H

'

�

( X ; ? ) = 0 si et seulement

si :

H

'l

�

�

( X

1

\ X

2

; ? )

( j

1 ; �

; j

2 ; �

)

-

H

'i

1 ; �

�

( X

1

; ? ) � H

'i

2 ; �

�

( X

2

; ? )

est un isomorphisme. Lorsque ce cas-l�a se pr�esente, un bon choix de bases ho-

mologiques c

i

de H

'l

�

i

( X

1

\ X

2

; ? ), b

1 ;i

de H

'i

1 ; �

i

( X

1

; ? ) et b

2 ;i

de H

'i

2 ; �

i

( X

2

; ? )

est un choix tel que ( j

1 ; �

; j

2 ; �

) ( c

i

) = ( b

1 ;i

; b

2 ;i

). On note alors : c = ( c

0

; c

1

; : : : ),

b

1

= ( b

1 ; 0

; b

1 ; 1

; : : : ) et b

2

= ( b

2 ; 0

; b

2 ; 1

; : : : ).

Nous d�ecrivons en�n comment bien choisir des famil les fondamentales de cel-

lules . Soit e 2 E ( K ; ? ) corresp ondant �a la structure d'Euler combinatoire e . Un

bon choix de famil les fondamentales de cel lules

b

f , be

1

et be

2

p our les rev^etements

ab�eliens maximaux de resp ectivemen t ( K

1

\ K

2

; ? ), ( K

1

; ? ) et ( K

2

; ? ), est un choix

tel que

5

:

{ p our k = 1 ou 2 et p our toute cellule � de K

1

\ K

2

, on ait :

be

k

( j

k

( � )) =

b

j

k

�

b

f ( � )

�

;

{ be :=

b

i

1

�

be

1

n

b

j

1

�

b

f

��

_

[

b

l

�

b

f

�

_

[

b

i

2

�

be

2

n

b

j

2

�

b

f

��

repr�esente e .

Nous noterons alors f 2 E ( K

1

\ K

2

; ? ), e

1

2 E ( K

1

; ? ) et e

2

2 E ( K

2

; ? ) les classes

resp ectives de

b

f , be

1

et be

2

.

Lemme 2.1 . Sous les hypoth�eses et notations pr�ec�edentes, la torsion �

'

( K ; e; ! )

est non-nul le si et seulement si :

H

'l

�

�

( X

1

\ X

2

; ? )

( j

1 ; �

; j

2 ; �

)

-

H

'i

1 ; �

�

( X

1

; ? ) � H

'i

2 ; �

�

( X

2

; ? )

est un isomorphisme

6

. Dans c e c as, et lorsque des bons choix ont �et�e faits comme

d�ecrits pr�ec�edemment, la formule suivante a lieu :

(2.1) �

'

( K ; e; ! ) = � �

��

' � i

1 ; �

( K

1

; ? ; e

1

; b

1

; !

1

) � ��

' � i

2 ; �

( K

2

; ? ; e

2

; b

2

; !

2

)

��

' � l

�

( K

1

\ K

2

; ? ; f ; c; $ )

;

o � u � est un signe explicite qui ne d�epend que des espaces vectoriels gradu�es :

H

�

( X

1

\ X

2

; R ) ; H

�

( X

1

; R ) ; H

�

( X

2

; R ) ; H

�

( X ; R ) ; H

'i

1 ; �

�

( X

1

; ? ) et H

'i

2 ; �

�

( X

2

; ? ) ;

�a isomorphisme pr�es.

5

Un tel choix est p ossible. En e�et, il existe �evidemment un triplet de familles fondamentales

de cellules

�

b

f ; be

1

; be

2

�

satisfaisan t � a la premi�ere condition �enonc�ee ; puis, par action libre transitive

de H

1

( X ) sur E ( K ; ? ) et par surjectivit� e de H

1

( X

1

) � H

1

( X

2

)

(

i

1 ; �

;i

2 ; �

)

-

H

1

( X ), on trouve alors,

en mo di�ant be

1

et be

2

, un triplet

�

b

f ; be

1

; be

2

�

tel que la classe de be , d �e�nie par la deuxi�eme condition,

soit e .

6

Cette condition est ind�ep endante du choix du p oint base ? .
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D

�

emonstration. La premi�ere assertion d�ecoule du fait que, par d�e�nition,

�

'

( K ; e; ! ) 6= 0 si et seulemen t si H

'

�

( X ; ? ) = 0, et de la suite de Mayer-Vietoris

p our l'homologie �a co e�cients twist�es. Pla�cons-nous dans ce cas p our la suite.

Soient w = ( w

0

; : : : ; w

m

), w = ( w

0

; : : : ; w

m

), w

1

= ( w

1 ; 0

; : : : ; w

1 ;m

) et w

2

=

( w

2 ; 0

; : : : ; w

2 ;m

) des bases resp ectives de H

�

( X ; R ), H

�

( X

1

\ X

2

; R ), H

�

( X

1

; R )

et H

�

( X

2

; R ) repr�esentant resp ectivement les bases homologiques ! , $ , !

1

et !

2

.

Soit aussi oo un choix d' o rientations et d' o rdre des cellules de K (induisant aussi

ce m^eme typ e de choix p our les complexes K

1

\ K

2

, K

1

, K

2

). Rapp elons-nous alors

que �

'

( K ; e; ! ) v aut :

��

'

( K ; ? ; e ; ? ; ! ) = sgn ( � � ( C

�

( K ; R ); oo; w )) � �� ( C

'

�

( K ; ? ) ; be

oo

; ? ) ;

que p our k = 1 ou 2 :

��

'i

k ; �

( K

k

; ? ; e

k

; b

k

; !

k

) =

sgn ( � � ( C

�

( K

k

; R ); oo; w

k

)) � ��

�

C

'i

k ; �

�

( K

k

; ? ) ; be

k ;oo

; b

k

�

;

et en�n que :

��

'l

�

( K

1

\ K

2

; ? ; f ; c; $ ) =

sgn ( � � ( C

�

( K

1

\ K

2

; R ); oo; w )) � ��

�

C

'l

�

�

( K

1

\ K

2

; ? ) ;

b

f

oo

; c

�

:

On applique la formule (1.5) �a la s.e.c. de F -complexes :

0

-

C

' � l

�

�

( K

1

\ K

2

; ? )

(

b

j

1

;

b

j

2

)

-

C

' � i

1 ; �

�

( K

1

; ? ) � C

' � i

2 ; �

�

( K

2

; ? )

b

i

1

�

(

�

b

i

2

)

-

C

'

�

( K ; ? )

-

0 :

et nous obtenons :

(2.2) ��

�

C

'i

1

�

�

( K

1

; ? ) � C

'i

2

�

�

( K

2

; ? ) ; ( be

1 ;oo

; be

2 ;oo

) ; ( b

1

; b

2

)

�

=

( � 1)

� + �

� ��

�

C

'l

�

�

( K

1

\ K

2

; ? ) ;

b

f

oo

; c

�

� �� ( C

'

�

( K ; ? ) ; be

oo

; ? ) ;

o � u ( � 1)

�

est un signe provenant du fait que les bases

b

f

oo

, ( be

1 ;oo

; be

2 ;oo

) et be des

F -complexes mis en jeu, ne son t � eventuellement pas compatibles mais, telles que

nous les avons bien choisies, le sont certainement au signe pr�es. Et :

� =

m

X

i =0

�

i

( C

'

�

( K ; � )) � �

i � 1

�

C

'l

�

�

( K

1

\ K

2

; � )

�

2 Z

2

:

Notons que nous avons utilis�e le fait que le bases homologiques c , b

1

et b

2

�etaient

bien choisies.

D'apr�es la formule (1.4) appliqu�ee �a la s.e.c. de R -complexes :

0

-

C

�

( K

1

\ K

2

; R )

( j

1

;j

2

)

-

C

�

( K

1

; R ) � C

�

( K

2

; R )

( i

1

; � i

2

)

-

C

�

( K ; R )

-

0

nous avons :

(2.3) sgn ( � � ( C

�

( K

1

; R ) � C

�

( K

2

; R ); oo; ( w

1

; w

2

))) =

( � 1)

�

0

+ �

0

+ �

0

� 1 � sgn ( � � ( C

�

( K

1

\ K

2

; R ); oo; w )) � sgn ( � � ( C

�

( K ; R ); oo; w )) :

Ici, le signe ( � 1)

�

0

p eut-^etre explicitement �ecrit comme fonction des R -espaces

vectoriels gradu�es H

�

( X

1

\ X

2

; R ), H

�

( X

1

; R ), H

�

( X

2

; R ) et H

�

( X ; R ). Le b on

choix des orientations homologiques $ , !

1

et !

2

conduit �a la constante 1 dans cette

formule. Le signe ( � 1)

�

0

provient du fait que les bases des R -complexes concern�es

ne sont p eut-^etre pas compatibles entre-elles. En�n :

�

0

=

m

X

i =0

�

i

( C

�

( K ; R )) � �

i � 1

( C

�

( K

1

\ K

2

; R )) 2 Z

2

:

Remarquons les �egalit�es de signes : ( � 1)

�

= ( � 1)

�

0

et ( � 1)

�

= ( � 1)

�

0

.
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La formule (1.6) p our la somme directe C

'i

1

�

�

( K

1

; ? ) � C

'i

2

�

�

( K

2

; ? ) nous

donne :

(2.4) ��

�

C

'i

1

�

�

( K

1

; ? ) � C

'i

2

�

�

( K

2

; ? ) ; ( be

1 ;oo

; be

2 ;oo

) ; ( b

1

; b

2

)

�

=

( � 1)

�

� ��

�

C

'i

1

�

�

( K

1

; ? ) ; be

1 ;oo

; b

1

�

� ��

�

C

'i

2

�

�

( K

2

; ? ) ; be

2 ;oo

; b

2

�

;

o � u � 2 Z

2

est d�e�ni par :

� =

 

m

X

i =0

�

i

�

C

'i

2

�

�

( K

2

; ? )

�

�

i � 1

�

C

'i

1

�

�

( K

1

; ? )

�

!

+

 

m

X

i =0

�

i

�

C

'i

2

�

�

( K

2

; ? )

�

�

i � 1

�

C

'i

1

�

�

( K

1

; ? )

�

!

:

De m^eme, nous p ouvons appliquer la formule (1.6) �a la somme directe C

�

( K

1

; R )

� C

�

( K

2

; R ) p our obtenir :

(2.5) sgn ( � � ( C

�

( K

1

; R ) � C

�

( K

2

; R ); oo; ( w

1

; w

2

))) =

( � 1)

�

0

� sgn ( � � ( C

�

( K

1

; R ); oo; w

1

)) � sgn ( � � ( C

�

( K

2

; R ); oo; w

2

) ) :

o � u �

0

2 Z

2

est d�e�ni par :

�

0

=

 

m

X

i =0

�

i

( C

�

( K

2

; R )) �

i � 1

( C

�

( K

1

; R ))

!

+

 

m

X

i =0

�

i

( C

�

( K

2

; R )) �

i � 1

( C

�

( K

1

; R ))

!

:

Nous remarquons que le signe ( � 1)

� + �

0

p eut ^etre explicit�e en fonction des espaces

vectoriels gradu�es annonc�es par le lemme. La formule (2.1) d�ecoule alors de (2.2),

(2.3), (2.4) et (2.5). �

2.2. Homologie �a co e�cients twist�es d'une surface. Soit � une surface

compacte orientable de genre g avec 0 ou 1 comp osante de b ord :

� = �

g

ou �

g ; 1

;

et soit un homomorphisme d'anneaux �a v aleurs dans un corps commutatif F :

Z [ H

1

(�)]

'

-

F :

Nous nous int�eressons maintenant au calcul de H

'

�

(� ; ? ), o �u ? 2 �.

Dans le cas particulier o �u ' ( x ) = 1 2 F p our tout x 2 H

1

(�), nous avons bien

s ^ ur :

H

'

�

(� ; ? ) ' H

�

(�; F ) (isomorphisme canonique) :

Ce cas-l� a � etant parfaitemen t en tendu, nous l'excluons dans la suite.

2.2.1. Calcul de H

'

�

(�

g ; 1

; ? ) . Soit ? 2 @ �

g ; 1

et x

1

; y

1

; : : : ; x

g

; y

g

les courb es

simples ferm�ees orient�ees bas�ees en ? qui sont dessin�ees sur la Figure 2.1. Nous

notons n = 2 g et z

1

= x

1

; z

2

= y

1

; : : : ; z

n � 1

= x

g

; z

n

= y

g

. Soient aussi H =

H

1

(�

g ; 1

), � = �

1

(�

g ; 1

; ? ) et �

a

--

H l'homomorphisme de Hurewicz.

Le group e � �etant librement engendr�e par z

1

; : : : ; z

n

, nous p ouvons lui appliquer

le calcul di��erentiel libre de Fox (nous renvoyons le lecteur �a [ Bi , Chap. 3] p our

une intro duction �a ce formalisme). Soit donc p our tout i 2 f 1 ; : : : ; n g :

Z [ � ]

@

@ z

i

-

Z [ � ]


























































