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Abstract

In recent years, a series of experiments using natural and artificial neutrino sources

have proven that these particles oscillate; the measurement of the parameters of their

mixing matrix is currently underway and guides the design of near-future facilities.

Theoretically, this discovery proves that neutrinos are massive and that at least a min-

imal extension of the Standard Model of Particle Physics is required. We elaborate

on a few consequences that this newly acquired knowledge has on cosmological and

astrophysical systems. In particular, we discuss: i) the implications for the properties

of the cosmic neutrino background, both in minimal scenario and in some non-standard

extensions; ii) the present and future cosmological constraints on neutrino lifetime; iii)

the fascinating implications of non-linear neutrino self-refraction in the flavour evo-

lution of the neutrino fluxes streaming out of a proto-neutron start produced in a

core-collapse supernova event. Finally, we outline some possibles research directions

for the forthcoming years.

Resumé

Ces dernières années, une série d’ expériences utilisant des sources naturelles et ar-

tificielles de neutrinos ont prouvé que ces particules oscillent; la mesure des paramètres

de leur matrice de mélange est en cours et elle guide la conception de futures appareil-

lages et expériences. Théoriquement, cette découverte prouve que les neutrinos sont

massives et qu’ au moins une extension minimale du Modèle Standard de la physique

des particules est nécessaire. Nous décrivons quelques conséquences que cette nouvelle

connaissance a sur des systèmes cosmologiques et astrophysiques. En particulier, nous

discutons: i) les implications pour les propriétés du fond de neutrinos cosmiques, à la

fois dans le scénario minimal et dans certaines extensions non standard; ii) les con-

traintes cosmologiques actuelles et futures sur la durée de vie des neutrinos; iii) les

implications fascinantes de la non-linéairité due à l’ auto-réfraction dans l’ évolution de

la saveur des flux de neutrinos émis par la proto-étoile à neutrons produite lors d’ un

phénomène de supernova à effondrement de cœur. Enfin, nous décrivons certaines des

orientations de recherche possibles pour les années à venir.
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Preface

Le seul véritable voyage, le seul bain de jouvence, ce ne serait pas d’aller

vers de nouveaux paysages, mais d’avoir d’autres yeux.

Marcel Proust

One of the major breakthroughs at the birth of modern physics is the realization

that the terrestrial and cosmic systems obey the same basic laws. Astroparticle physics

is the modern attempt to probe the properties of elementary fields by mean of astro-

physical and cosmological systems or, vice versa, to use particle physics knowledge for

astrophysical or cosmological applications. In the 21st century, the electromagnetic

radiation still remains the main source of astronomical information. Extending the

detectable band from visible light to the whole spectrum from radio-waves to gamma

rays has represented the greatest astronomical achievement of the 20th century, with

far-reaching consequences for physics as well. Using radiation of a different nature (cos-

mic rays, neutrinos, and eventually gravitational waves) could substantially change our

view of astronomical objects, offering new celestial laboratories to explore fundamental

physics.

Neutrino astroparticle physics has a long tradition of challenging measurements and

big surprises: we recall here the early efforts by Raymond Davis jr. to detect the solar

neutrino flux, which first revealed the famous solar neutrino deficit (the discrepancy

between theoretical expectations of neutrino fluxes from the Sun and observations on

Earth) and the serendipitous detection of neutrinos from the core of the Supernova SN

1987A (discoveries awarded half of the Nobel prize in 2002, see (1)). In the last two

decades, this tradition has lead to the confirmation of neutrino flavor oscillations, using

combined information from natural (solar and atmospheric) sources as well as nuclear

reactor and accelerator experiments (for an account see e.g. (2)). Very recently, a 5 σ
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detection of a non-vanishing third mixing angle has been reported by the Daya Bay (3)

and Reno (4) reactor experiments, following earlier (low significance) hints released by

long-baseline experiments T2K in Japan (5) and MINOS in the US (6), as well as by

the reactor experiment Double-Chooz in France (7).

These discoveries raise important questions: in the original formulation of the Stan-

dard Model of particle physics (SM), neutrinos are massless. However, the observation

of flavor oscillations now implies that (at least two) neutrinos do have a small, yet

finite, mass. More importantly, not only do these observations provide some of the

cleanest evidence for physics beyond the current SM, but thanks to the development

of new techniques, detectors, and ideas, they opened up a new field. It is also widely

thought that other astrophysical sources of neutrinos exist and are awaiting discovery.

The use of neutrinos as messengers for doing astronomy has already changed and likely

will change again our view of astronomical objects, offering new celestial laboratories

to explore both fundamental physics and astrophysics.

The goal of this manuscript is to describe a few systems, of cosmological or as-

trophysical importance, which are affected by the neutrino mixing and illustrate the

above point. In Chapter 1 we shall introduce the basic framework of neutrino mixing,

in particular in the density matrix formalism which may be unfamiliar to some readers.

In Chapter 2, we discuss the impact of these phenomena in the description of neutrino

decoupling in the early universe, developing some phenomenological consequences of

interest for interpreting present and forthcoming data (especially from PLANCK). In

Chapter 3 we illustrate the surprising consequences of the mixing phenomenon when a

dense neutrino radiation streams out of a supernova core. A major complication to the

problem is due to the non-isotropic nature of the neutrino field. The neutrino systems

of interest in the early universe and Supernovae share some similarities, but have also

important differences which are responsible for physically different behaviours: these

are sketched in Table 1, but will be clarified in the relative chapters.

Table 1: Schematic differences between neutrino systems of interest in the early universe

(EU) and Supernovae (SN)

Case variable ν − ν asymmetry flux behaviour numerical challenge

EU time small/vanishing isotropic, collisional many scales

SN radius significant anisotropic, free-streaming multi-angle kernel
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Finally, Chapter 4 illustrates several research directions along these lines, stressing

also ongoing collaborations and the potential interest for stage projects and/or PhD

theses.
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1

Introduction

Non è per la fine che fo doglianza, ma per lo principio.

Brancaleone da Norcia

This chapter presents the particle physics aspects and the main mathematical tools

used in the following phenomenological applications. Section 1.1 introduces very briefly

the standard parameterization of neutrino mixing used in oscillation studies, as well as

the current experimental situation. Sec. 1.2 introduces the density matrix formalism,

which is needed when addressing the problem of the evolution of a “classical” neutrino

fluid in space-time, while taking into account the non-trivial quantum evolution of

the flavour degree of freedom: The equations of motion (EoMs) used in the rest of the

manuscript are introduced there. The following sections 1.3 and 1.4 outline the different

refractive and self-refractive terms, respectively, which play a key role for the dynamics

we are interested in. A 2×2 form of the EoMs of practical relevance is illustrated in

Sec. 1.5, together with a few illustrative dynamical situations reported to familiarize

the reader with the behaviour of these systems. Natural units (~ = c = kB = 1) are

used everywhere, unless otherwise stated.

1.1 Neutrino Mixing

If neutrinos are massive and individual lepton numbers are not conserved, neutrino

flavour eigenstates {νe , νµ , ντ} are expressed in terms of the mass eigenstates {ν1 , ν2 , ν3}
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1. INTRODUCTION

of mass respectively m1 ,m2 ,m3 via a unitary mixing matrix V ≡ UΦ as





νe
νµ
ντ



 = V





ν1
ν2
ν3



 . (1.1)

The unitary matrix U is the leptonic mixing matrix analogous to the CKM mixing

matrix for quarks, that can be written in the canonical form (2)

U =





c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13e
iδCP c12c23 − s12s23s13e

iδCP s23c13
s12s23 − c12c23s13e

iδCP −c12s23 − s12c23s13e
iδCP c23c13



 (1.2)

(here cij = cos θij and sij = sin θij). The matrix Φ is of the form

Φ = diag
(

1 , eiφ1/2 , eiφ2/2
)

, (1.3)

where φ1 and φ2 are CP-violating phases that for Majorana neutrinos are physical,

entering for example the amplitudes of neutrinoless double beta decays or lepton num-

ber violating decays like µ → e γ. However, φ1 and φ2 do not influence the neutrino

oscillation phenomenology, so that for our purposes Φ = 1. Neutrino flavour oscillation

phenomena are governed by six independent parameters: Two mass-squared differ-

ences, ∆m2
21 ≡ m2

2 − m2
1 and ∆m2

32 ≡ m2
3 − m2

2, three mixing angles, θ12 , θ23 , and

θ13, and a possible CP-violating phase δCP. The angles θij can all be made to lie in

the first quadrant by a redefinition of the field phases, while 0◦ ≤ δCP < 360◦. While

m1 < m2, the sign of ∆m2
32 is physical yet still unknown, and the two cases ∆m2

32 > 0

and ∆m2
32 < 0 are referred to as normal hierarchy (NH) and inverted hierarchy (IH),

respectively.

The current experimental situation can be summarized as follows (see e.g. (8) for

more details of a recent global analysis): solar neutrino data are consistent with

a flavour oscillation of the initial νe driven by a mass-squared difference ∆m2
21 ≃

7.6× 10−5 eV2 (about 3% uncertainty at 1σ) and mixing angle sin2 θ12 = 0.31 (∼ 10%

uncertainty), while the atmospheric neutrino data are explained by oscillations mainly

between νµ and ντ with ∆m2
32 ≃ 2.4×10−3 eV2 (∼ 4% uncertainty) and sin2 θ23 ≃ 0.42

with a relatively large error, of almost 30%, and still consistent with maximal mixing

at 1σ. A 5σ evidence for non-zero θ13 has been recently reported by the Daya Bay (3)

and Reno (4) reactor experiment, with a best fit value of about 9◦, which roughly con-

firms the previous lower-significance hints coming from combined analyses of different

8



1.2 Density Matrix formalism

datasets (8). The mixing angle θ13 characterizes how strongly atmospheric and solar os-

cillations are coupled and therefore also determines the strength of CP violation effects

in neutrino oscillations. The phase δCP is at present almost unconstrained. Both θ13

and δCP are observable in solar and atmospheric neutrino oscillation experiments only

as subleading, genuine three-flavour effects. There are strong experimental efforts to

measure θ13 accurately in the near future by dedicated experiments, but the detection

of a non-zero δCP and of mass hierarchy has to await the construction of long-baseline

experiments using second-generation super-beams or perhaps even a neutrino factory.

Therefore, any new signature of these parameters both in laboratory and astroparticle

experiments would be welcome, a topic we shall come back to in Chapter 3.

1.2 Density Matrix formalism

A “first principles” description of the systems we are interested in would require finite-

temperature, non-equilibrium quantum field theory, see e.g. (9). However, as long

as true “many body effects” (higher-order, multi-field correlations) are absent and a

system is close to homogeneity, the time evolution of the ensemble of mixed neutrinos

can be described more simply by density matrices 1. This formalism has been outlined

for neutrinos in (12), which we shall mostly follow, addressing to the original publication

for technical details.

Denoting with a†i,p and ai,p the creation and annihilation operators of a neutrino

in the mass eigenstate i of momentum p, we have (̺p)ij ∝ 〈a†jai〉p so that the di-

agonal entries of ̺p are the usual occupation numbers (expectation values of number

operators), whereas the off-diagonal elements encode the phase relations that allow

one to follow flavour oscillations. Antineutrinos are described in an analogous way

by (¯̺p)ij ∝ 〈ā†i āj〉p 2 . Note that we always use overbars to characterize antiparticle

quantities. The order of flavour indices was deliberately interchanged on the r.h.s. so

that the matrices ̺p and ¯̺p transform in the same way in flavour space.

1For the interested reader, it is worth stressing that some considerations on this point, a reanalysis

in an algebraic approach, and analogies with other mathematically interesting physical systems have

been developed in (10, 11).
2More precisely, the correct normalization is 〈ā†

p,iāp′,j〉 = (2π)3δ(3)(p− p
′)¯̺p,ij , and similarly for

neutrinos.

9



1. INTRODUCTION

The matrices ̺p and ¯̺p depend on time. Their EoMs are obtained as a perturbative

expansion in the Heisenberg formalism, starting from the appropriate hamiltonian of

weak interactions. In this way one can, for example, write the overall neutrino current

in the simple form (2π)−3
∫

d3p vp(̺p − ¯̺p). The perturbative expansion up to second

order gives a Boltzmann-like collisional equation

∂t̺p = −i[Ωp, ̺p] + C[̺p] (1.4)

and a similar equation for ¯̺p . Here [·, ·] is a commutator, C denotes the collisional

term, and Ωp is the matrix of oscillation frequencies. It is useful to decompose Ωp into

different terms:

Ωp = Ω
0
p + R+ V . (1.5)

The first term is the vacuum oscillation term, which writes in the weak interaction basis

Ω
0
p = U

M2

2 p
U
†, M2 = diag(m2

1,m
2
2,m

2
3) , (1.6)

where U is the mixing matrix. Given our convention, this term changes sign for an-

tineutrinos. Here and henceforth the ultrarelativistic limit for neutrinos is assumed.

In other words, it is assumed that the difference between the neutrino energy Ep and

momentum p = |p| is irrelevant except for oscillations: the only relevant difference

between energy and momentum is captured by the matrix of oscillation frequencies.

The other two terms in Eq. (1.5) are “refractive” potentials, i.e. energy shifts due

to forward scattering in the medium. It is useful to separate the potential due to

interactions with particles other than neutrinos, R, from the self-refractive one due to

the presence of other neutrinos, V. The latter depends on the neutrino density matrix

itself and introduces a rich phenomenology due to the non-linearity of the system. For

their importance in the following, we shall devote Sec. 1.3 and Sec. 1.4 to describe these

terms.

A detailed treatment of the collisional term (last term at the RHS of Eq. (1.4))

is not the focus of this thesis. An extensive discussion can be found in (12). Here

we just mention that: i) They are terms of the order G2
F. ii) Charged-current (CC)

interactions responsible for “creation” and “destruction” of neutrinos are represented

by anticommutators of the kind

CCC [̺p] = {Pp, (1− ̺p)} − {Ap, ̺p} (1.7)

10



1.2 Density Matrix formalism

the former term at the RHS being nothing but the production rate (note the Pauli

blocking factor) and the latter the absorption rate. iii) The neutral current (NC) inter-

actions do have similar “absorption/emission” terms of neutrinos of a given momentum

by the medium (which, neglecting Pauli blocking, would be linear in ̺p), but at the

same order there are also other terms which are quadratic in ̺p or independent of

̺p (always in the limit of neglecting Pauli blocking), corresponding to neutrino pairs

absorbed or emitted by the medium. See (12) for details. iv) In the limit where the

medium is a heat bath which can absorb energy and particles without changing its

properties, the proper thermodynamical evolution is found, i.e. physically the neutrino

ensemble is pushed towards chemical and kinetic equilibrium. The uncorrelation of

properties of the medium is a basic hypothesis, as well as the assumption that higher-

order correlations in the flavour structure of neutrinos can be neglected. Sometimes in

applications one finds the so-called “damping prescription” for approximating this col-

lisional integral, see for example (13), which in flavour space translates into collisional

terms of the form

C[̺p,αβ] ≈ −Dαβ ̺p,αβ , (1.8)

C[̺p,αα] ≈ Dαα (̺
eq
p,αα − ̺p,αα) , (1.9)

where the damping functions D depend in general on time and momentum, but not on

̺’s. We shall illustrate one example of this approximation in the next chapter. Note

that, effectively, they push the off-diagonal terms to vanish (erasing entanglement) and

diagonal elements to their equilibrium distribution, as physically expected and also

follows from a more detailed treatment.

1.2.1 Beyond homogeneity and isotropy

In the form of Eq. (1.4), this formalism was originally developed for applications relevant

to the early universe, where one needs to consider the time evolution of an ensemble

which is homogeneous as well as isotropic to a high degree of approximation. How-

ever, for a realistic representation of radiating objects such as supernovae or coalescing

neutron stars one needs to include spatial transport phenomena. Again addressing es-

pecially (12) and refs. therein for further details, here we just sketch the modifications

needed in that case in a somewhat heuristic manner.

11
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As long as inhomogeneities and anisotropies are “weak” one generalizes the above

equation by introducing space-dependent occupation numbers or Wigner functions ̺p,x.

The quantum-mechanical uncertainty between location and momentum implies that

this construction is only valid in the limit where spatial variations of the ensemble

are weak on the microscopic length scales defined by the particles’ typical Compton

wavelengths. At microscopic scales, in fact, the Wigner functions are not positive

defined and cannot be interpreted via a classical analogy. Via this generalization, the

left hand side of the Boltzmann collision equation now turns into the usual Liouville

operator (14)

∂t̺p,x + vp · ∇x ̺p,x + ṗ · ∇p ̺p,x. (1.10)

The transition to the Liouville operator may seem obvious, but making it conceptually

precise requires a long argument (15). The first term represents an explicit time depen-

dence, the second a drift term caused by the particles’ free streaming, and the third the

effect of external macroscopic forces, for example gravitational deflection. Henceforth

we shall neglect external forces and only retain the drift term. In the ultrarelativistic

approximation the modulus of vp is the speed of light. Of course, for propagation over

very large distances this may be a bad approximation when time-of-flight effects play

a role. In this case the drift term would have a more complicated structure because

the velocity is then also a nontrivial matrix in flavour space (see Sec. 2.3 in (12).)

Note that for the above equations to be valid one has to assume that variations in the

external, macroscopic variables (hence matter density, gravitation potential, etc.) are

negligible with respect to the scale of neutrino Compton wavelength (see also (16)).

For our applications to supernovae, it will turn useful to consider free streaming,

stationary systems in space instead of a homogeneous system that evolves in time.

Even neutrino emission from a SN or coalescing neutron stars are stationary problems,

unless there are fast variations of the source. In this approximation, one can ignore a

possible explicit time dependence of ̺p,x so that finally one arrives at

vp · ∇x ̺p,x = −i[Ωp,x, ̺p,x] , (1.11)

where the matrix of oscillation frequencies in general also depends on space because of

the influence of matter and other neutrinos.
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1.3 Refractive effects on a background medium

We begin by writing the second term at the RHS of Eq. (1.5) as

R = R
0 + R

NL + R
1 , (1.12)

where the terms indicate the leading effect of the Fermi contact interaction, the next-to

leading correction due to the next term in the momentum expansion (higher deriva-

tive operator coming from the gauge boson propagators), and the one-loop flavour-

dependent correction.

Refractive effect due to Fermi contact interaction

The former term, R0, can be computed from the general formulae valid for an effective

hamiltonian of the form:

Hνlf =
GF√
2
[ν̄lγα(1− γ5)νl][f̄γ

α(cfV − cfAγ5)f ] . (1.13)

Assuming homogeneity, the potential energy shift can be shown to amount to (see for

example (17))

Vνlf =
GF√
2

∑

s

∫

d3kFf (k, s)

(

2pαν
Eν

)

[

ūf (k, s)γα(c
f
V − cfAγ5)uf (k, s)

]

=
√
2GF

∑

s

∫

d3kFf (k, s)

(

pαν
Eν

)

(

nf
cfV kα − cfAmf sα

Ef

)

, (1.14)

where the spatial integral is over the normalization volume (containing one neutrino),

Ff (k, s) is the momentum distribution of the fermion background (normalized to 1),

and s denotes the fermion polarization, mf is the background fermion mass and sα its

polarization four vector, such that s · k = 0, s2 = −1,

When the medium consists of unpolarized ordinary-matter fermions (f = e, u, d),

the term linear in sα averages to zero. Thus the neutrino potential is independent of

the axial coupling cfA and reads

Vνlf =
√
2GF nf c

f
V

∑

s

∫

d3kFf (k, s) (1− vp · vk) =
√
2GF nf c

f
V , (1.15)

where vp and vk are the neutrino and fermion velocities, with momentum p and k,

respectively. In the last equality we also assumed isotropy of the background distribu-

tion.

13
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The charged-current interaction of electron neutrinos with electrons is of the form

of Eq. (1.13), with cV = cA = 1, leading to the so-called MSW (18, 19) shift

∆Eνeνµ,τ = Vνe,e − Vνµ,τ ,e =
√
2GF(ne− − ne+) . (1.16)

At tree level, the vector and axial couplings of a fermion f = ν, e, u or d are

cfV = T3f − 2Qfs
2
w , cfA = T3f , (1.17)

where Qf =
{

0,−1, 23 ,−1
3

}

is the electric charge and T3f =
{

1
2 ,−1

2 ,
1
2 ,−1

2

}

is the third

component of the weak isospin. In particular cνV = cνA = 1/2 for neutrinos. Note that,

in a neutral medium, the sum over all species cancels the terms proportional to the

electric charge Qf in Eq. (1.17). Also, we are dealing with forward scattering only, with

vanishing momentum q exchanged between neutrinos and the medium. In the q → 0

limit, nucleons are effectively seen as made only by valence quarks, and the forward

scattering onto these composite objects is nothing but the sum of that onto its valence

partons, charged under SU(2)×U(1).

As a consequence, in flavour space one can write the leading order, for an electrically

neutral ordinary nuclear medium,

R
0 = R

0
CC +R

0
NC =

√
2GF[(ne− − ne+)Fe − nnI/2] (1.18)

where I is the identity matrix, Fe = diag(1, 0, 0), and we took into account that the

NC contribution of electrons and protons cancel. Note also that the second term,

proportional to the identity matrix, affects all flavour the same way, and can be ne-

glected unless one considers problems involving “sterile” (i.e. SU(2) singlet) neutrinos.

Based on our conventions, the term in Eq. (1.18) enters with the same sign in ν and ν

equations.

Refractive effect due to the next-to-leading operator in momentum-expansion

The four-fermion type of hamiltonian of Eq. (1.13) is only the low-energy, contact term

limit of the SM neutrino interaction term. In an effective field theory framework, the

underlying gauge boson propagator gives rise to higher dimension operators (containing

power of momenta or, equivalently, of derivative couplings). The term RNL in Eq. (1.12)

14



1.3 Refractive effects on a background medium

accounts for the leading correction (in powers of GF p
2) due to this effect. It has been

computed in (20), and the result is

R
NL = R

NL
CC = −8

√
2GF p

3m2
W

(ǫe− + ǫe+)Fe , (1.19)

where now it is the summed energy density in e±, rather than their number density

difference, which enters. Note that only the term due to CC contributes in this case,

since only in the case of a u−channel diagram the propagator can carry a non-zero

momentum yielding gradient effects, see e.g. (21). Note also that the situation will

be different for refraction onto neutrinos of the same flavour, where such an exchange

diagram will be mediated by neutral currents.

Higher-order refractive effects

Higher order effects modify the above tree-level results. These corrections are clearly of

potential interest only when leading effects vanish. The neutrino charge radius in princi-

ple induces effects onto the forward scattering amplitude of the order αGF log(m2
ℓ/m

2
W )

(with mℓ the charged lepton partner), but in an electrically neutral plasma these con-

tributions cancel (22).

Finite corrections arise at the order G2
F m2

ℓ . First computed in (23) and more

recently cross-checked with dimensional regularisation technique in (17), they yield a

νµ–ντ energy shift that can be represented by an effective net tau-lepton density in the

form

∆Eντνµ = Vντ − Vνµ =
√
2GF n

eff
τ . (1.20)

with

neff
τ = ǫ

3

2

[

log

(

M2
W

m2
τ

)

− 1 +
Yn

3

]

nB , (1.21)

where nB = np+nn is the baryon density and Yn = nn/nB the neutron/baryon fraction,

the remainder baryons being protons. We have introduced the small parameter

ǫ =
GFm

2
τ√

2π2
= 2.64× 10−6 . (1.22)

Here one has neglected me, mµ, the first-generation quark masses and the neutrino

energy relative to mτ and MW .
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The quantity Yn/3 in Eq. (1.21) is at most a 5% correction. Neglecting it provides

neff
τ ≃ 2.6× 10−5 nB . (1.23)

We thus estimate the leading one-loop, flavour-dependent correction to be

R
1 =

3G2
Fm

2
τ

2π2

[

(np + nn) log

(

M2
W

m2
τ

)

− np −
2

3
nn

]

Fτ (1.24)

where Fτ = diag(0, 0, 1) is the matrix structure in flavour basis.

1.4 Self-Refractive effects

Similarly to the refractive case, we begin by writing

V = V
0 + V

NL + V
1 , (1.25)

where the terms indicate the leading effect, the next-to-leading effect of gauge boson

propagators, and the one-loop flavour-dependent correction.

Leading order, local effect

Let us start from the parametric form of the hamiltonian

HG =
GF√
2

(

ν̄Gγλ
1− γ5

2
ν

)(

ν̄Gγλ
1− γ5

2
ν

)

, (1.26)

where ν is a vector in flavour space and G is a matrix in flavour space of dimensionless

coupling constants. The tree-level standard-model case is G = 1 (unit matrix in flavour

space). It was shown in (12) that the resulting terms in the density matrix formalism

write

V
0(G) =

√
2GF

∫

d3q

(2π)3
(1− vq · vp){G (̺q − ¯̺q)G+ GTr[(̺q − ¯̺q)G]} . (1.27)

Following our conventions (according to which the matrix of vacuum frequencies

changes sign for antineutrinos), this term does not change sign for ν.
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1.5 Polarization Vector formalism for 2× 2 problems

Next-to-leading self-refractive effect

Again, following (12), it can be shown that the first correction to the above formula due

to the momentum expansion of the Z−boson propagator mediating forward scattering

onto neutrinos of the same species is:

V
NL = −8

√
2GF p

3m2
Z

∫

d3q

(2π)3
3

4
(1− vq · vp)

2 q G (̺q + ¯̺q)G . (1.28)

As anticipated, this term is now generated by the NC. Following our conventions

(according to which the matrix of vacuum frequencies changes sign for antineutrinos),

this term changes sign for ν.

Higher-order refractive effects

The analogous of the correction leading to Eq. (1.24) has been computed only recently,

in (17). The results obtained there can be summarized by recasting the neutrino-

neutrino interaction (only mediated by Z-exchange at tree level) as:

Hνν =
GF√
2

{

[ν̄(1− ǫFτ )γ
λωLν][ν̄(1− ǫFτ )γλωLν] +

ǫ

2
[ν̄Fτγ

λωLν][ν̄FτγλωLν]
}

,

(1.29)

with ν now a vector in flavour space, ǫ has been defined in Eq. (1.22), Fτ = diag(0, 0, 1)

is the matrix structure in flavour basis, and ωL ≡ (1−γ5)/2 is the left-handed projector.

Equation (1.29) holds at leading order in ǫ. Note that the renormalization of the ντ–ντ

coupling implied by the first term in Eq. (1.29) is 1 − 2ǫ and has to be summed to

the second term to provide the correct result 1− 3ǫ/2. In other words, not only is the

original U(3) symmetry of the tree level Hamiltonian broken, but a simple description

by renormalizing the “neutral current” coefficients cνV/A is not possible.

Therefore, radiative corrections effectively enter with two different matrices of non-

universal couplings. In the oscillation equation we thus need to replace Eq. (1.27)

with

V
0 + V

1 = V
0(I− ǫFτ ) +

ǫ

2
V
0(Fτ ) . (1.30)

1.5 Polarization Vector formalism for 2× 2 problems

We now focus on a two-flavour system {νe, νx}, where we expand all the 2×2 matrices

in the EoM in terms of the 2×2 unit matrix I and the Pauli matrices σ. We shall
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only consider the leading terms in refraction and self-refraction, namely R ≃ R0 and

V ≃ V0 . Explicitly, we define (24)

Ω0
p = 1

2(ω0 I+ ωpB · σ) ,

R = λ
2 (I+ L · σ) ,

V = µ
2 (I+V · σ) ,

ρp = 1
2(fp I+ nν̄Pp · σ) ,

ρ̄p = 1
2(f̄p I+ nν̄P̄p · σ) ,

G = 1
2(g0 I+ g · σ) . (1.31)

Here, the overall neutrino and antineutrino densities are given by

∫

d3p

(2π)3
fp = nν ,

∫

d3p

(2π)3
f̄p = nν̄ . (1.32)

For simplicity and without loss of generality, we here assume that initially only νe and

ν̄e are present with an excess neutrino density of nνe = (1 + ξ)nν̄e . The vectors Pp

and P̄p are the neutrino and antineutrino polarization vectors. We define the total

polarization vectors (namely integrated in momentum space) as P and P̄, which are

initially normalized such that P(0) = (1 + ξ)ez and P̄(0) = ez, ez being the unit

vector in the positive z-direction. Here, we have chosen our coordinate system in

such a way that a polarization vector pointing in the positive z-direction represents

electron neutrinos, whereas an orientation in the negative z-direction corresponds to

the combination of muon and tau neutrinos, which we denote νx. We also have ω0 =

(m2
1 + m2

2)/2E, the vacuum oscillation frequency is ωp = (m2
2 − m2

1)/2E with the

energy E = |p|; L is a unit vector pointing in the direction singled-out by the neutrino

potential in the charged fermion background, and λ its normalization; for the cases

considered here, L = ez and λ =
√
2GFne, where ne here and henceforth represents

the net electron density, i.e. the difference ne− − ne+. The unit vector B points in the

mass eigenstate direction in flavour space, such that B · L = − cos 2θ, where θ is the

vacuum mixing angle. Here we have B ≡ {sin 2θ, 0,− cos 2θ}. Additionally, we have

defined the parameter µ =
√
2GFnν̄ which normalizes the neutrino-neutrino interaction

strength. The neutrino-neutrino interaction couplings are given by {g0, g}, with the

Standard Model case corresponding to g0 = 2, |g| = 0.
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1.5 Polarization Vector formalism for 2× 2 problems

With above definitions, the neutrino EoMs assume the form

Ṗp = (ωpB+ λL+Vp)×Pp , (1.33)

where the neutrino-neutrino interaction “hamiltonian” Vp is

Vp = µ

∫

d3q

(2π)3
(1− vq · vp)

{[

g0ξ + g · (Pq −Pq)

]

g +
g20 − |g|2

4
(Pq −Pq)

}

.(1.34)

For antineutrinos, the EoMs are the same as for neutrinos with the substitution ωp →
−ωp. It is also trivial to check that in the limit of leading order Standard Model

couplings (g0 = 2, |g| = 0), no direction is singled out in the flavour basis and one

recovers the standard self-interaction potential

Vp = µ

∫

d3q

(2π)3
(1− vq · vp) (Pq −Pq) . (1.35)

In the limit of isotropic distributions one obtains the so-called “single angle” (SA)

potential

VSA
p = µ(P−P) , (1.36)

depending only on the total polarization vectors P, P (integrated over all modes). In

the following, we shall briefly summarize the phenomenology following from previous

equations in some significant situations. We assume sin(2θ) = 0.4 to make the evolution

appreciable, unless stated otherwise.

Pure Vacuum

In this case, illustrated in the left column panels of Fig. 1.1 (we assume ξ = 0 and

vectors initially aligned to the z direction), the motion is a pure precession of the

polarization vector around B. The z−component oscillates with a frequency ω, the

antineutrinos oscillate with the same frequency modulus (so that conversion or survival

probabilities are the same as for neutrinos) but in the opposite direction, as visible from

the evolution of Py. This is the manifestation of the “standard” neutrino oscillation

phenomenon in this formalism.
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Figure 1.1: Left column panels: vacuum case, evolution of the components of the polar-

ization vector for a few modes of neutrinos and antineutrinos in the case of pure vacuum

solution. Right column panels: as the left panels, but in presence of large matter back-

ground λ = 20. Note the different vertical scale

Large Matter Term

In this case, the matter term dominates over the vacuum one, and the system precesses

around L with large frequency λ. Since L is along the third direction, the flavour content
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Ω=1 Ω=2 Ω=5 <Ω>

Μ=20, NH, SinH2ΘL=0.4
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Figure 1.2: A typical example of synchronized (or locked) flavour oscillations manifested

by neutrinos in presence of self-refraction (pure neutrino system).

of our sample stays almost constant. The transversal component (correlations) oscillate

very fast and are never large. The analysis is simplified if one goes in a co-rotating frame

(around L): in this frame the system behaves like the vacuum case, but precessing

around a time-dependent direction, B ≡ {sin 2θ cos(−λ t), sin 2θ sin(−λ t),− cos 2θ}.
Hence, if the rotation is faster than all other frequencies one expects that the transverse

components ofB average to zero, leaving us with 〈B〉 along the z-axis, i.e., an effectively

vanishing mixing angle and no flavour conversion. A typical evolution pattern (in the

original frame in flavour space) is illustrated in the right column panels of Fig. 1.1,

where λ = 20 is assumed. Note the high-frequency (but small amplitude) oscillations

of the off-diagonal components (the fact that Px is not oscillating around zero while Py

does is a consequence of our conventional choice of B being tilted along x rather than

y in flavour basis), as well as the very limited departures of Pz from the initial value:

all the modes, both neutrinos and antineutrinos, are “stuck” to the direction in flavour

space singled out by the large matter background.

Self-refraction Term

Some pedagogical cases in this regime have been discussed in (25) which we address to

for details. In short, under a sufficiently strong self-coupling µ, the effect is perfectly

analogous to the coupling of several angular momenta, for example spin and orbital
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angular momentum in an atom, to form one large compound angular momentum with

one large associated magnetic dipole moment which precesses as one object in a weak

external field. The oscillation frequency is given by the average of the single-modes

oscillation frequencies. This is illustrated in Fig. 1.2 (similar behaviours are shown

by the other components.) In presence of antineutrinos and assuming an asymmetry

between neutrinos and antineutrinos, the common frequency is found to be

〈ω〉 = 1

|D|

∫

d3q

(2π)3
D̂ · (Pq +Pq) , (1.37)

where we defined the difference vector D ≡ P−P. This formula reduces to the simple

average in the case of pure neutrino (or pure antineutrino) system.

Many other types of solutions can be found, manifesting the typical (and sometimes

surprising) richness of non-linear systems, see for example the seminal papers (26,

27). On the other hand, it is particularly remarkable that the vast majority of this

phenomenology can be characterized in terms of a mechanical analogy with a spinning

top (or flavour pendulum), as shown in (24). In the SA approximation of Eq. (1.36),

the neutrino EoMs of Eq. (1.33) assume the form

Ṗ = ( + ωB+ λL+ µ(P−P))×P , (1.38)

Ṗ = (− ωB+ λL+ µ(P−P))×P , (1.39)

where ω now represents the average frequency (see (24)). The previous EoMs are

equivalent to

Ṡ = ωB×D+ λL× S+ µD× S , (1.40)

Ḋ = ωB× S+ λL×D , (1.41)

where we introduced also the sum vector S ≡ P+P. In absence of matter effects, these

equations can be rewritten

Q̇ = µD×Q , (1.42)

Ḋ = ωB×Q , (1.43)

where we introduced Q = S−ωB/µ. The length of Q is conserved. It is useful to cast

the energy of the system (up to a constant) in the form

H = ωB ·Q+
µ

2
D2 , (1.44)
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Figure 1.3: A typical example of “Pendular oscillations” in IH, in absence of neutrino-

antineutrino asymmetry, for two different values of the mixing angle.

where the first term is the potential energy of the pendulum in a homogeneous force

field represented by ωB; the second term is the kinetic energy, with D playing the role

of the pendulum’s orbital angular momentum.

The scale of the potential energy is set by the vacuum neutrino oscillation frequency

ω, whereas µ−1 is to be identified with the moment of inertia. The latter should be

compared with I = mℓ2 for an ordinary mass m suspended by a string of length

ℓ. The role of inertia in the pendulum analogy is played by the inverse strength of

neutrino-neutrino interaction.

In this analogy, in (24) it was shown that the generic evolution is a combination

of nutation and precession: the neutrino-antineutrino asymmetry acts as a “spin” for

the system, with a large asymmetry inducing a precession-like motion around ωB,

leaving only the nutation motion when the asymmetry is vanishing. The neutrino

mass hierarchy sets the behaviour of the system: assuming more e−type neutrinos

than x−type, in normal hierarchy the pendulum starts in downward (stable) position

and, assuming a small mixing angle, stays nearby, i.e. only manifests small flavour

changes. In inverted hierarchy the pendulum starts in upward (unstable) position and

is subject to the maximal flavour reversal νeνe → νxνx compatible with the overall
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lepton number conservation. This phenomenon is due to an instability in flavour space

and is very different from “conventional” oscillations. It is typically dubbed “pendular

oscillations” (or sometimes “bipolar”) in the literature. An example is shown in Fig. 1.3

(modes with different ω show the same behaviour, due to locking). The mixing angle θ

only sets the initial misalignment with vertical. Its specific value is not much relevant,

controlling only the amplitude of small oscillations around the stable equilibrium for

NH, or determining logarithmically the duration of the “plateau” in the pendular regime

for IH.

The discussion so far ignores the background matter: It was argued in (24, 26, 27,

28) that the presence of background matter only plays a negligible role, and that the

system is more easily described in a corotating frame in flavour space (as illustrated

previously). In (24) it was shown analytically that the only effect of a homogeneous and

isotropic matter background is to prolong logarithmically the duration of the plateau.
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2

Cosmology applications

Quapropter qui materiem rerum esse putarunt ignem atque ex igni summam

consistere solo, magno opere a vera lapsi ratione videntur.

Titus Lucretius Carus

In this chapter we illustrate some applications of the notions introduced in Chap-

ter 1 to neutrino cosmology in the early universe: in fact, this provides an excellent

“laboratory” to show the impact that new particle physics discoveries have on a classical

cosmological subject, with important implications for some present and forthcoming ob-

servations. In Sec. 2.1 we provide an introduction to the Cosmic Neutrino Background

(for introductory notions on particle cosmology, the reader can consult standard text-

books like (29)). Section 2.1.1 describes the more correct treatment of the decoupling

problem via momentum-dependent Boltzmann equations, while Sec. 2.1.2 shows the

changes needed in presence of oscillations. Some implications for non-minimal scenarios

are discussed in Sec. 2.2. Section 2.3 deals with neutrino decays, another cosmologically

interesting consequence allowed by the neutrinos being massive.

2.1 The Cosmic Neutrino Background

Among known constituents of the universe, it is somewhat surprising to realize that,

if counting by number, neutrinos are almost as abundant as photons. To understand

why, one has to account for the fact that, in the early Universe, neutrinos were kept in

thermal contact with the electromagnetic primordial plasma by rapid weak interactions
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with electrons and positrons. Given the typical magnitude σw ∼ G2
F s of weak cross

sections at a center-of-mass energy scale
√
s, the weak rate in a thermal plasma at tem-

perature T is of the order Γw ≃ 〈σw v〉ne± ∼ G2
F T 2×T 3, where we used the relativistic

limit where particle number densities go as n ∝ T 3. When the temperature dropped

below a few MeV, these weak processes became too slow compared to the Hubble ex-

pansion rate (Γw < H ∼
√
GNT 2, GN being Newton’s constant) and the process of

neutrino decoupling took place. A more accurate estimate for the neutrino decoupling

temperature will be obtained below, and reveals that the electron neutrino decoupling

temperature is slightly smaller than the νµ,τ one, since the latter only interact with the

electromagnetic plasma via neutral current processes.

Shortly after, the e± pairs began to annihilate almost entirely into photons thus

producing a difference between the temperatures of the relic photons and neutrinos.

This difference can be easily calculated if we assume that neutrinos were completely

decoupled when the e± pairs transferred their entropy to photons.

It is useful to recall the definition of the entropy density, s(T ), in terms of the phase

space distribution function. For a given species i with gi internal degrees of freedom

one has:

si(T ) =
ρi + Pi

T
= gi

∫

d3p

(2π)3
3m2

i + 4 |p|2
3T Ei(|p|)

fi(|p|, T ) . (2.1)

The total entropy density is conventionally written as

s(T ) =
π4

45 ζ(3)
g∗s(T ) nγ =

2π2

45
g∗s(T ) T

3 , (2.2)

where nγ = (2 ζ(3)/π2) T 3 is the number density of photons and the effective number

of degrees of freedom is written as a (weighted) sum over bosonic and fermionic particle

states, respectively as

g∗s(T ) =
∑

Bi

gi

(

Ti

T

)3

+
7

8

∑

Fi

gi

(

Ti

T

)3

. (2.3)

The equation of state of the fluid filling the universe, P = P (ρ), specifying the pressure

as a function of the energy density, along with the covariant conservation of the energy

momentum tensor, implies that entropy per comoving volume is a conserved quantity,

s(t)a3 = const, where a is the scale factor of the universe.

At temperatures sufficiently higher than the decoupling, one can write

(

se±,γ + sν
)

a3 = const , (2.4)
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where the subscript refers to the entropy density of the e.m. and neutrino fluids,

respectively. After ν-decoupling, one has instead two separate conservation conditions

for the two fluids. Nevertheless, until photons are reheated by e± annihilation, both

photon and neutrino temperatures redshift by the same amount and stay equal. If one

specifies the entropy conservation laws at the two different epochs, ain well before e±

annihilation, and aend well after this phase, one obtains

sν(ain)a
3
in = sν(aend)a

3
end

se±,γ(ain)a
3
in = sγ(aend)a

3
end , (2.5)

where in the second equation one takes into account that both photon and e± degrees

of freedom contribute at ain, while only photons are present (and reheated) at aend.

The ratio of these two equations using the expression of entropy density (2.1), gives

the well-known asymptotic ratio of neutrino/photon temperatures after e± annihilation

phase,

Tν

T
=

(

2

2 + 4× 7/8

)1/3

=

(

4

11

)1/3

≃ 1

1.401
, (2.6)

and the instantaneous decoupling expression of the neutrino energy density in terms of

ργ ,

ρν,0 = 3
7

8

(

4

11

)4/3

ργ . (2.7)

2.1.1 Treatment via Boltzmann equations

The processes of neutrino decoupling and e± annihilations are sufficiently close in time

so that some relic interactions between e± and neutrinos exist. These relic processes are

more efficient for larger neutrino energies, leading to non-thermal distortions in the neu-

trino spectra and a slightly smaller increase of the comoving photon temperature. Even

in absence of mixing, a proper calculation of the process of non-instantaneous neutrino

decoupling requires the solution of the momentum-dependent Boltzmann equations for

the neutrino spectra, which write

(

∂

∂t
−H |p| ∂

∂|p|

)

fνα(|p|, t) = Iνα [fνe , fν̄e , fνx, fν̄x , fe− , fe+ ] (2.8)

with Iνα [fνe , fνx] standing for the collisional integral which contains all microscopic

processes creating or destroying the specie να. For illustration, the form of this integral
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for a single process 1 + 2 ↔ 3 + 4 entering the Boltzmann equation for particle “1” is

I1 =
1

2E1

∫

d3p

(2π)3 2E2

d3p3
(2π)3 2E3

d3p4
(2π)3 2E4

(2.9)

(2π)4δ(4)(p1 + p2 − p3 − p4)F (f1, f2, f3, f4)S |A|212→34 (2.10)

where, assuming only leptons to be involved (i.e. fermions), F = f3f4(1− f1)(1− f2)−
f1f2(1− f3)(1− f4) (note the Pauli blocking factors), |A|212→34 is the weak interaction

amplitude squared summed over spins of all particles except the first one, and S is

the symmetrization factor which includes 1/2! for each pair of identical particles in

initial and final states and the factor 2 if there are 2 identical particles in the initial

state. CP -invariance is implicitly assumed. The matrix elements for different relevant

microscopic processes can be found in (30).

It proves useful to define the following dimensionless variables instead of time,

momenta and photon temperature

x ≡ ma y ≡ p a z ≡ Tγ a , (2.11)

where m is an arbitrary mass scale which can be put e.g. equal to the electron mass me,

a is the Universe scale factor. The function a is normalized without loss of generality

so that a(t) → 1/T at large temperatures, T being the common temperature of the

particles in equilibrium far from any entropy-transfer process. With this choice, a−1 can

be identified with the temperature of neutrinos in the limit of instantaneous decoupling.

In terms of the new variables, the kinetic equation for the neutrino distribution

function fν(x, y) writes

Hx
∂fν(x, y)

∂x
= Icollν (2.12)

where Icollν is the collision term that includes all relevant neutrino interaction processes.

Neutrinos’ Boltzmann equations must be supplemented by the continuity equation,

which writes

x
dρ

dx
= ρ− 3P , (2.13)

with ρ = ρ(x/m)4 and P = P (x/m)4, with density and pressure referring to the overall

plasma (whose components can be limited to e±, γ and ν for all practical purposes).

Assuming that the e± and γ have a perfect thermal spectrum, at a classical level their

thermodynamical quantities can be obtained in a straightforward way, and only the

neutrino ones are non-trivial. Note, however, that finite temperature QED corrections
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2.1 The Cosmic Neutrino Background

modify the above picture. One way to describe them is via “renormalized” e± and pho-

ton effective masses, by terms δm2 ∝ αT 2. This in turn translates into: i) changes in

the Hubble factor; ii) changes in the equation of state/continuity equation; iii) changes

in the phase space integral of the collisional term of neutrino Boltzmann equations.

For details, we address to (31) and refs. therein; we note however that an interesting

aspect is that the non-thermal neutrino decoupling and the finite-temperature QED

corrections are not independent, so that their contributions e.g. to the total energy

density cannot be computed separately and then added together.

We do not discuss further the refined solution of the Boltzmann equations, since

nowadays any realistic treatment of the problem cannot avoid to deal with neutrino

mixing effects. We just note here that an approximate solution of Eq. (2.12) can be

obtained, following (30), by: i) keeping only the direct reaction term in the collision

integral; ii) using the matrix elements for neutrino elastic scattering and the inverse

annihilation e+e− → ν̄ν in the relativistic limit (me → 0); iii) Assuming that all

particles that interact are close to equilibrium; iv) using the Boltzmann distribution

(as opposed to the Fermi-Dirac one) to describe the interacting particle distributions.

As a result, one gets

Hx
1

fν

∂fν
∂x

≃ −80m5 G2
F (g

2
L + g2R)y

3π3x5
⇔ x

fν

∂fν
∂x

= −κ y

x3
, (2.14)

with the couplings gR = sin2 θw (θw being the weak mixing angle) and gL = (±1/2 +

sin2 θw) with the upper (lower) sign referring to νe (νµ,τ ). This equation can be easily

integrated in x, yielding one e-folding change of the distribution when κ y = 3x3d,

i.e. when the temperature has reached the “decoupling” value Td(νe) ≃ 2.7 y−1/3

MeV and Td(νµ,τ ) ≃ 4.5 y−1/3 MeV for νe and νµ,τ , respectively. Namely, of about

1.8 MeV and 3.1 MeV, respectively, for an average momentum of 〈y〉 = 3.15. This

allows us to illustrate the extent to which the νe species is more strongly coupled to

the electromagnetic plasma than νµ,τ species, as a consequence of the additional role

played by CC interactions.

2.1.2 Accounting for oscillations

The existence of neutrino oscillations imposes modifications to these corrections. A full

calculation was performed with a density matrix formalism for the first time in (32). As
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2. COSMOLOGY APPLICATIONS

mentioned in the introduction, the neutrino ensemble is described by the momentum-

dependent density matrices ̺p, which obey the equation

˙̺p = −i
[

Ω
0
p + R+ V, ̺p

]

+ C[̺p] , (2.15)

where the first commutator term includes the free Hamiltonian and the effective po-

tential of neutrinos in medium, while the last term is a collisional term of order G2
F

describing the breaking of coherence induced by neutrino scattering and annihilation as

well as neutrino production by collisions in the primeval plasma. In a FLRW universe

(homogeneous and isotropic), ˙̺p = (∂t −Hp∂p) ̺p.

In the following we approximate R+ V ≃ R0 +RNL + V0 which, neglecting further

non-diagonal components in V in flavour space, writes

R+ V ≈ diag(Ve, Vµ, Vτ ) . (2.16)

Assuming T ≪ mµ and sticking to the typical convention in cosmology of indicating

energy densities with the symbol ρ,

Ve = −8
√
2GF p

3

(

ρνe+ν̄e

M2
Z

+
ρe−+e+

M2
W

)

, (2.17)

Vµ = −8
√
2GF p

3M2
Z

ρνµ+ν̄µ , (2.18)

Vτ = −8
√
2GF p

3M2
Z

ρντ+ν̄τ . (2.19)

Finally, the collisions of neutrinos with e± or among themselves are described by

the term C[̺], which as we anticipated is proportional to G2
F . A sufficiently accurate

approximation for off-diagonal elements is to use the damping prescription of Eq. (1.8)

with coefficients
D

H x
∝ G2

Fm
5

x4
y

〈y〉 , (2.20)

where the O(1) proportionality coefficient is flavour dependent. In a two flavour-

problem, this coefficient is proportional to the difference in interaction rate between

the two species, When thermal equilibrium holds, it is half the total interaction rate

of the species. It was checked that a more detailed account does not change the re-

sult appreciably. More details can be found in (33, 34, 35). On the other hand, for a

realistic result, the “exact” collision integral Iνα should be used, including all relevant
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two–body weak reactions of the type να(1) + 2 → 3 + 4 involving neutrinos and e±,

see e.g. (35). The kinetic equations for the neutrino density matrix are supplemented

by the covariant conservation equation for the total energy-momentum tensor. Given

the order of the effects considered, one should also include the finite temperature QED

corrections to the electromagnetic plasma, whose formulae were taken from (31). Note

that in (13) a “damping prescription” was used also for diagonal terms, with universal

D coefficients, finding reasonably accurate results.

We present in Fig. 2.1 the evolution of the distortion of the neutrino distribution as

a function of x for a particular neutrino momentum (y = 10), larger than the average

one to make the effects more clear. At large temperatures or x . 0.2, neutrinos

are in good thermal contact with e± and their distributions only change keeping an

equilibrium shape with the photon temperature [exp(y/z(x)) + 1]−1 (the Tγ line in

the figure) . In the intermediate region 0.2 . x . 4, weak interactions become less

effective in a momentum-dependent way, leading to distortions in the neutrino spectra

which are larger for νe’s than for the other flavours. Finally, at larger values of x

neutrino decoupling is complete and the distortions reach their asymptotic values. For

the particular neutrino momentum in Fig. 2.1, the final value of the distribution is 4.4%

(νe) and 2% (νµ,τ ) larger than in the instantaneous decoupling limit.

It is obvious that flavour neutrino oscillations will modify the generation of neutrino

distortions if they are effective at the relevant range of temperatures. This depends

on the different terms in the kinetic equations for the neutrino density matrix, in

particular the relative importance of the oscillation term with respect to the background

potential, which grows with time (or x). In the range x . 0.3 the refractive term

dominates, suppressing flavour oscillations so that the neutrino distributions grow as

in the absence of mixing. Then the e± potential adiabatically disappears, leading to

the usual MSW-type evolution and a convergence of the flavour neutrino distortions.

Finally, the oscillation term dominates and oscillations proceed as in vacuum (in an

expanding universe). As can be seen for example in Fig. 2.2, if θ13 = 0 the final value

of the distribution of νe’s at y = 10 is reduced to 3.4% while for νµ,τ increases to 2.4%.

When taking s213 = 0.047, one finds 3.2% for νe’s and a different distortion for νµ’s

(2.6%) and ντ ’s (2.4%).

We show in Figure 2.2 the asymptotic values of the flavor neutrino distribution, both

without oscillations and with non-zero mixing. The dependence of the non-thermal
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Figure 2.1: Evolution of the distortion of the νe and νx = νµ,τ spectrum for a par-

ticular comoving momentum (y = 10). In the case with θ13 6= 0 one can distinguish the

distortions for νµ (middle line) and ντ (lower line). The line labeled with Tγ corresponds

to the distribution of a neutrino in full thermal contact with the electromagnetic plasma.

From (32).

distortions in momentum is well visible, which reflects the fact that more energetic

neutrinos were interacting with e± for a longer period. Moreover, the effect of neutrino

oscillations is evident, reducing the difference between the flavor neutrino distortions.

Our results for the case with flavour oscillations and θ13 = 0 (the red lines in Fig.

2.2) are very well reproduced for y ∈ [0, 20] by the analytical fits

fνe(y) = feq(y)
[

1 + 10−4
(

1− 2.2 y + 4.1 y2 − 0.047 y3
)]

,

fνµ,τ (y) = feq(y)
[

1 + 10−4
(

−4 + 2.1 y + 2.4 y2 − 0.019 y3
)]

. (2.21)

Note that, although for computational purposes in the regime where neutrinos interact

via their gauge charge it is convenient to use the flavour basis, the physical (propa-

gating) states are the neutrino mass eigenstates ν1,2,3. The corresponding momentum

distributions can be easily found from the flavour ones through the relation

fνi(y) =
∑

α=e,µ,τ

|Uαi|2fνα(y) , (2.22)
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Figure 2.2: Frozen distortions of the flavor neutrino spectra as a function of the comoving

momentum, for the best fit solar and atmospheric mixing parameters. In the case where we

allow for θ13 6= 0 consistently with present bounds (blue dotted lines), one can distinguish

the distortions for νµ and ντ (middle and lower, respectively). From (32).

which, in the case with oscillations and θ13 = 0 gives the simple approximate relations

fν1(y) = 0.7fνe(y) + 0.3fνx(y) ,

fν2(y) = 0.3fνe(y) + 0.7fνx(y) ,

fν3(y) = fνx(y) , (2.23)

where we used fνx = fνµ = fντ . Note also that for numerical calculations in current pre-

cision cosmology one needs typically to include neutrino spectra (see for example (36)).

2.1.3 Observables

How do neutrinos, and in particular their momentum distributions, affect cosmological

observables? There are three main “classical” effects we mention here:

• As long as they remain relativistic, their main effect is to contribute to “radiation”

energy density. Note that this radiation is however not coupled electromagneti-

cally to baryons (rather behaves as free-streaming), so it is qualitatively different
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from photons. As long as the temperature of the plasma is well above their sub-

eV mass scale (which is true at least down to the CMB formation epoch), it is

customary to parameterize their contribution to the radiation energy density ρR

in terms of the effective number of neutrinos Neff

Neff ≡ ρν+X

ρ0ν

ρ0γ
ργ

=

(

3 +
3
∑

α

δα

)

(z0
z

)4
, (2.24)

where z0(x) describes the photon to neutrino temperature ratio in the limit of

instantaneous neutrino decoupling. For x ≫ 1 the e± annihilation phase is over,

and z0 → (11/4)1/3 ≃ 1.4010. The energy densities ρ0γ and ρ0ν refer respectively to

the photon plasma and to a single neutrino species in the limit of instantaneous

decoupling, while ργ is the actual energy content of the photon plasma and ρν+X

the total energy content of weakly interacting particles (including possible exotic

contributions). The second equality in Eq. (2.24) follows when only the three

active neutrinos contribute to ρν+X ; eventually, the actual photon temperature

evolution accounts for the second factor in Eq. (2.24) and the possible energy-

density distortion in the α-th neutrino flavor is given by δα ≡ (ρνα −ρ0ν)/ρ
0
ν . Note

that from Eq. (2.24) it follows

ρR =

(

1 +
7

8
z40 Neff

)

ργ , (2.25)

which, replacing z0 with (11/4)4/3, is often used in the literature to define Neff in

the asymptotic limit x ≫ 1. Clearly, well after e± annihilation, three thermally

distributed neutrinos correspond to Neff = 3 in the instantaneous decoupling

limit. Neff enters directly in the Hubble expansion rate in the radiation dominated

regime, and through this affects early universe observables.

• A second effect is via the weak reaction rates

νe + n ↔ e− + p

e+ + n ↔ νe + p

n ↔ e− + νe + p (2.26)

which at high temperatures compared to the neutron-proton mass difference

∆ enforce their number density ratio to follow the equilibrium value, n/p =
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exp(−∆m/T ). Shortly before the onset of big bang nucleosynthesis (BBN), these

processes become too slow, chemical equilibrium is lost and the ratio n/p freezes

out for temperatures lower than the decoupling temperature TD ∼ 0.7 MeV.

Residual free neutrons are partially depleted by decay until deuterium starts

forming at T ∼ 0.1MeV and neutrons get bound in nuclei, first in deuterium and

eventually in 4He. Thus, primordial nucleosynthesis predictions (and in particu-

lar the 4He mass abundance Yp) are sensitive to the momentum distributions of

the νe and νe.

• Finally, massive neutrinos contribute to the present value of the energy density

of the Universe with a fraction

Ων =
ρν
ρc

. (2.27)

In general, this must be numerically evaluated for any choice of neutrino masses

(m1,m2,m3) using the distorted distributions described above. However, in the

particular case when neutrino masses are almost degenerate it is easy to find,

using the expressions in Eqs. (2.21) or (2.23), that the contribution of neutrinos

in units of the critical value of the energy density is Ων = 3m0/(93.14h
2 eV)

where h is the present value of the Hubble parameter in units of 100 km s−1

Mpc−1 and m0 is the neutrino mass scale. The number in the denominator is

slightly smaller than in the instantaneous decoupling limit (94.12h2 eV).

Table 2.1: Frozen values of zfin, the neutrino energy densities δρ̄να ≡ δρνα/ρν0 , Neff and

∆Yp including flavour neutrino oscillations.

Case zfin δρ̄νe δρ̄νµ δρ̄ντ Neff ∆Yp

θ13 = 0 1.3978 0.73% 0.52% 0.52% 3.046 2.07×10−4

sin2 θ13 = 0.047 1.3978 0.70% 0.56% 0.52% 3.046 2.12×10−4

Bimaximal (θ13 = 0) 1.3978 0.69% 0.54% 0.54% 3.045 2.13×10−4

In Table 2.1 we report the effect of non-instantaneous neutrino decoupling on the ra-

diation energy density, Neff , and on the 4He mass fraction. By taking also into account

neutrino oscillations, one finds a global change of ∆Yp ≃ 2.1×10−4. This prediction

was obtained by modifying the code PArthENoPE (37) (see also (38) and (39)), taking

exactly into account the modified thermodynamical quantities, while treating pertur-

batively the change in the weak rates with respect to pure thermal spectra. This is
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justified given the relatively small effects we are considering. It is worth noting that

the effect is at the level of 0.1% (comparable with irreducible theoretical uncertainty

on Yp and at least an order of magnitude below the observational one) only because it

results from cancellations of different, larger effects, up to the percent level each.

2.2 Implications for non-minimal scenarios

In the previous sections we have seen how the introduction of neutrino oscillations makes

the computation of neutrino decoupling in the early universe slightly more challenging.

Despite that (and perhaps counter-intuitively), in several “non-minimal” extensions of

the basic model this additional physical effect conspires to make expectations for phys-

ical observables simpler, rather than more complicated. In the following, we describe

two such non-minimal models.

2.2.1 Non-standard neutrino-electron interactions

A straightforward generalization of the previous calculation is to compute the neutrino

spectra in case additional, non-standard interactions (NSI) are present, which follow-

ing (40, 41) will be assumed to be of the four-fermion operator type, (ν̄ν)(f̄f), where

f is a charged lepton or quark. At a more fundamental level, several particle physics

models that account for neutrino masses naturally lead to new NSI, although their

magnitude strongly depends on the model and it is often very tiny.

In particular, since we are interested in the decoupling process of relic neutrinos,

we consider only the NSI related to electrons which, together with the standard weak

interactions, are described by the effective Lagrangian

Leff = LSM +
∑

α,β

L
αβ
NSI , (2.28)

which contains the four-fermion terms

LSM = −2
√
2GF



(ν̄eγ
µLνe)(ēγµLe) +

∑

P,α

gP (ν̄αγ
µLνα)(ēγµPe)



 (2.29)

L
αβ
NSI = −2

√
2GF

∑

P

ǫPαβ (ν̄αγ
µLνβ)(ēγµPe) , (2.30)
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for energies much smaller than the Z boson mass, as in our case, with GF the Fermi

constant and P = L,R = (1 ∓ γ5)/2 the chiral projectors. Greek indices label lepton

flavors (α, β = e, µ, τ) and the Z couplings are gL = −1
2 + s2w and gR = s2w.

The NSI parameters ǫPαβ can induce a breaking of lepton universality (α = β) or

rather a flavor-changing contribution (α 6= β). Their values can be constrained by a

variety of laboratory experiments, as discussed in (40, 41, 42).

For a first analytical estimate of the expected effects, one can compare the inter-

action rate Γ with e± with the expansion rate of the Universe given by the Hubble

parameter H. Since H ∝ T 2, and Γ ∼ (1+ ǫ)2T 5, the decoupling temperature at which

H = Γ decreases as T ′
d ∼ (1+ ǫ)−2/3. It can be shown analytically (43) that in order to

produce changes of O(1) in Neff the decoupling temperature should be lowered down

to T ′
d ∼0.2–0.3 MeV, i.e. should be one order of magnitude smaller than for ordinary

neutrinos. This implies ǫ & 20, which would largely exceed present laboratory bounds.

So, for ǫ . O(1) (which is the largest size empirically allowed), one expects at most

changes in Neff of O(0.01–0.1). For some review of past constraints on the size of the

ǫPαβ parameters, we address to (43) and refs. therein.

An improved estimate can be obtained solving kinetic equations, in the presence of

neutrino-electron NSI in order to find their influence over the decoupling of neutrinos,

adding e.g. ǫL,Ree or ǫL,Rττ to the couplings gL and gR. The result decoupling temperature

is shown in Fig. 2.3 for the case of non-zero ǫL,Ree and ǫL,Rττ . In general, a significant

increase of the NSI parameters from the SM prediction leads to a larger interaction of

neutrinos with e± and thus to a lower decoupling temperature. However, for a region

close to the pair of values (ǫL, ǫR) that minimize the interaction by accidental cancella-

tion with SM couplings, the decoupling temperature is significantly raised. Finally, one

can relate the value of the decoupling temperature in presence of NSI with an estimate

of the change in Neff following the instantaneous decoupling approximation previously

described. The results are shown in Fig. 2.4. As already noticed, large modifications

of Neff require that the neutrino-electron interactions are much larger than ordinary

weak processes and are thus excluded by laboratory bounds.

Nonetheless, this study suggests that additional distortions in the neutrino spectra

comparable to or larger than the ones predicted in the SM are possible. In order

to quantify this statement, a density matrix formalism is needed. In (43), such a

study was performed, calculating numerically the evolution of the neutrino density

37



2. COSMOLOGY APPLICATIONS

Figure 2.3: Contours of equal neutrino decoupling temperature in MeV for different

values of the parameters characterizing the νe − e and the ντ − e diagonal NSI. From (43).
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Figure 2.4: Contours of equal Neff for different values of the NSI parameters as found in

the instantaneous decoupling approximation. From (43).

matrix, accounting for leading effects of the NSI with electrons both in the collisional

and refractive terms. Since a complete scan of all possible combinations of the NSI

parameters can not be done, we have performed the calculation for a selection of values
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Figure 2.5: Evolution of the distortion of the νe and νµ,τ spectra for a particular comoving

momentum (y = 10) with standard weak interactions (solid line) and with ντ − e NSI

(dotted line). We assume θ13 = 0. The line labelled with Tγ corresponds to the distribution

of a neutrino in full thermal contact with the electromagnetic plasma. From (43).

for the NSI parameters, representative of the regions allowed by present bounds (see

Sec. 2.2.1).

As an example, in Fig. 2.5 we plot the distortion of the neutrino distribution as

a function of x for a particular neutrino momentum (y = 10), both in the case of

SM weak interactions and in presence of large NSI between tau neutrinos and e±,

corresponding to the large values ǫLττ = ǫRττ = 2. Compared with the standard model

case, neutrinos are kept in thermal contact with e± for a longer time, leading to larger

distortions for all neutrino flavors, in particular for νµ,τ : Although ǫL,Ree = ǫL,Rµµ = 0,

the electron and muon neutrinos also acquire significant distortions due to the effect

of flavor oscillations. This effect could not be appreciated in a pure kinetic treatment.

For the particular neutrino momentum in Fig. 2.5, if ǫLττ = ǫRττ = 2 the final values of

the distribution are 9.8% for the νe’s and 14.3% for the νµ,τ ’s larger than in the limit

of neutrino decoupling before any e± annihilation. For comparison, the corresponding

values for standard weak interactions are 4.4% for the νe’s and 2% for the νµ,τ ’s. A

scan of many more interesting cases has been performed in (43). It suffices to say here

that the results obtained with a more refined treatment are generally in agreement
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with the approximate ones. For example, large ǫL,Ree enhance mostly the distortions

in the electronic flavor, while large ǫL,Rττ lead to larger distortions in the tau neutrino

spectra. However, the differences between the spectra of the three neutrino flavors are

reduced by the partial re-shuffling of the entropy transfer due to the effects of neutrino

oscillations.

In general, the presence of non-zero NSI enhances the transfer of entropy from e±

to neutrinos, leading to values up to Neff ≃ 3.12 and ∆Yp ≃ 6×10−4 when all NSI

parameters are close to the boundaries of the allowed regions. This result is almost

three times the corresponding effect in the SM. On the other hand, it is sufficiently

small that no detectable departure of Neff from 3 can be attributed to NSI of viable

strength. This is an interesting phenomenological point we shall comment upon in

Chapter 4.

2.2.2 Neutrino Asymmetry

The origin of one fundamental parameter in cosmology, the baryon asymmetry ηB =

(nB − nB̄)/nγ (or simply η at late times), is not known. While the SM of particle

physics contains all the ingredients required to generate it dynamically from an initially

symmetric universe (B, C, and CP violating interactions, departure from thermal equi-

librium) (44), the amount of CP violation and the strength of the electro-weak phase

transition are insufficient to account for an asymmetry as large as ηB ∼ 6×10−10. The

usual theoretical attitude towards the cosmic lepton asymmetry ηL is that sphaleron ef-

fects before/at electroweak symmetry breaking equilibrate the cosmic lepton and baryon

asymmetries to within a factor of order unity. If this is the case, for all phenomeno-

logical purposes ηL is vanishingly small. Sphaleron effects are a crucial ingredient in

most baryogenesis scenarios, including leptogenesis. Yet, no experimental evidence for

or against these effects exists, and models have been envisioned where the lepton asym-

metry is large, as for example via Affleck-Dine mechanism or Q-balls (for a review of

these and other baryogenesis mechanisms, see (45)). Since charge neutrality implies

that the electron density matches the proton one, we do know that a large lepton asym-

metry could only reside in the neutrino sector. This asymmetry can be parameterized

in terms of the chemical potentials of the different flavor species, µνℓ, or better in terms

of the degeneracy parameter ξℓ = µνℓ/Tνℓ which is constant in absence of entropy re-

leases. For neutrinos distributed as a FD with temperature Tνℓ , the asymmetry in each
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flavor is given by

ηνℓ =
nνℓ − nν̄ℓ

nγ
=

1

12ζ(3)

(

Tνℓ

Tγ

)3
(

π2ξℓ + ξ3ℓ
)

(2.31)

Without further input, the quantities ξℓ are not determined within the Standard Model,

and should be constrained observationally, with the BBN being universally considered

the best “leptometer” available (see e.g. (46) and (47) and refs. therein for a review).

The most important effect on BBN (at least for relatively small ξe) is a shift of the

beta equilibrium between protons and neutrons, which is however insensitive to ξµ and

ξτ . The leading flavor-blind effect amounts to a mere modification of the radiation

density entering the Hubble expansion rate equation by the amount which, for thermal

distributions, writes

∆Neff =
∑

ℓ

[

30

7

(

ξℓ
π

)2

+
15

7

(

ξℓ
π

)4]

. (2.32)

Other, subleading effects enter via the modified decoupling and reheating phenomena,

but are however negligible for the ranges of ξℓ presently allowed. The greater sensitivity

to ξe than ξµ,τ made the constraints on the latter quantities looser, allowing on the other

hand a richer phenomenology within a quasi-standard scenario.

Again, the new knowledge on neutrino mixing parameters has rescued the sim-

plicity of the standard cosmological scenario. A few years ago it was realized that

the measured neutrino oscillation parameters imply that neutrinos reach approximate

chemical equilibrium before the BBN epoch (35). This is due to the effects of the

background medium on the evolution of the neutrino matrix density. In presence of

neutrino asymmetry, the refractive term in Eq. (2.16) should be replaced by

R+ V = diag(Ve, Vµ, Vτ )±
√
2GF (̺− ¯̺) . (2.33)

As a result, neutrino self-interactions lock together the neutrino flavour evolution os-

cillations, as we showed qualitatively in Sec. 1.5. For the actual parameters realized in

nature, it was shown in (35) that (barring fine-tunings) all the potentials are driven to

the same value before all relevant phenomenological consequences, most notably nucle-

osynthesis. Off-diagonal components in the polarization vectors are damped as well by

collisional effects. Assuming the standard value for Neff , from a conservative analysis

of light nuclides it follows (48) −0.055 < ξe < 0.12, which applies to all flavours. The
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above limits assume not only that the flavour asymmetry gets re-equilibrated among

flavours, but also that the neutrino distributions reflect chemical and kinetic equilib-

rium. It is interesting to point out that, for some regions in parameter space, it was

shown in (49) that such conditions may not always be granted. However, recent ev-

idence for non-zero θ13 rules out this possibility (50), making the previous inferences

robust. Finally, another consequence of the flavour-asymmetry equilibration effect is

that possible effects of CP phase in the Early Universe are extremely small (13).

2.3 Neutrino decay in cosmology

Neutrino oscillations imply that at least two neutrinos are massive, and that all three

neutrino masses are different (possibly one of them vanishingly small). An obvious

consequence, which is of no practical importance in the Lab, but potentially interesting

for cosmology/astrophysics, is that two neutrino states are unstable. However, in a

minimal extension of the SM with right handed neutrinos, any decay channel has an

associated lifetime exceedingly long compared to the lifetime of the universe, making

the neutrinos practically stable (see e.g. (51)).

This immediately translates into a window of opportunity for cosmology, offering

sensitivity to certain types of physics beyond the SM. Here we present two case stud-

ies: In the first case, we show how the high precision cosmic microwave background

spectral data collected by the FIRAS instrument on board of COBE, when combined

with data from neutrino oscillation experiments and direct bounds on absolute masses,

have greatly improved the bounds on the radiative neutrino lifetime. The relevant

arguments are summarized in Sec. 2.3.1. In the second case, presented in Sec. 2.3.2,

we speculate on the consequence for neutrino physics of the cosmological detection of

neutrino masses even as small as ∼0.06 eV, the lower limit guaranteed by neutrino os-

cillation experiments. We show that a detection at that level would improve by many

orders of magnitude the existing limits on neutrino lifetime, and as a consequence on

neutrino secret interactions with (quasi-)massless particles as in majoron models. For

details on the two cases see respectively (52) and (53), on which this Section is mostly

based.
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2.3.1 Radiative neutrino decays

Traditionally, constraints on neutrino radiative lifetime coming from cosmology were

based on the diffuse Cosmic Infrared Background (CIB) and assumed strongly hierar-

chical masses in the eV range (54, 55). These constraints are now outdated and strictly

speaking inapplicable. The neutrino mass splittings squared provided by oscillation

experiments and present upper bounds on the neutrino mass scale constrain neutrino

mass differences to fall in the microwave energy range (E ∼ 10−3 eV), in most of the

allowed parameter space. This implies that current bounds can take advantage of the

high precision cosmic microwave background (CMB) data collected by the FIRAS in-

strument on board of COBE, which tested the blackbody nature of the spectrum at

better than 1 part in 104 (56, 57).

Let us denote by νi the neutrino fields respectively of masses mi, where i = 1, 2, 3.

The radiative decay νi → νj+γ can be thought of as arising from an effective interaction

Lagrangian of the form

Lint =
1

2
ν̄iσαβ(µij + ǫijγ5)ν

jFαβ + h.c. (2.34)

where Fαβ is the electromagnetic field tensor, σαβ = [γα, γβ ] where γµ are the Dirac-

matrices and [. , .] is the commutator and µij and ǫij are the magnetic and electric

transition moments usually expressed in units of the Bohr magneton µB . The conven-

tion to sum over repeated indices is used. In general, µij and ǫij are functions of the

transferred momentum squared q2, so that constraints obtained at a different q2 are

independent. The radiative decay rate for a transition i → j is written

Γγ
ij =

|µij|2 + |ǫij |2
8π

(

m2
i −m2

j

mi

)3

≡
κ2ij
8π

(

m2
i −m2

j

mi

)3

.

In the following, we shall assume that the radiative decay rate is very low com-

pared with the expansion rate of the universe; neither the cosmological evolution or

the primordial neutrino spectrum is affected by the additional coupling we are going to

introduce. A posteriori, this is known to be an excellent approximation. For the same

reason, we shall also neglect “multiple decays”.

From simple kinematical considerations it follows that in a decay νi → νj + γ from

a state of mass mi into one of mass mj < mi, the photon in the rest frame of the
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decaying neutrinos is thus monochromatic (two-body decay), with an energy

εij =
m2

i −m2
j

2mi
. (2.35)

At present, the neutrino mass spectrum is constrained within a few percent by

the well-known values of the two squared mass splittings for the atmospheric (∆m2
H)

and the solar (∆m2
L) neutrino problems. The remaining unknowns in the neutrino

spectrum are the absolute mass scale (equivalently, the mass of the lightest eigenstate

m1) and the mass hierarchy. Namely, in normal hierarchy (NH) the mass pattern would

be {m1 ,m2 =
√

m2
1 +∆m2

L ,m3 =
√

m2
1 +∆m2

L +∆m2
H } while in inverted hierarchy

(IH) one would have {m1,m2 =
√

m2
1 +∆m2

H ,m3 =
√

m2
1 +∆m2

L +∆m2
H} .

In the limiting case of normal hierarchy and m1 = 0, the lightest neutrino for which

a decay is possible has a mass m2 ≃ 9× 10−3 eV and is non-relativistic for most of the

universe lifetime, namely in the redshift range z . 50. We can thus safely work in the

approximation of all neutrinos decaying effectively at rest. In this limit, we can also

neglect the momentum distribution of the neutrino spectra. We shall vary the mass

scale in 0 . m1 . 2 eV as allowed by the Mainz experiment on the 3H beta decay

endpoint (58).

Let FE be the present energy flux of photons with present energy E produced in

the decay. The differential energy flux ϕE (energy flux FE per unit energy and solid

angle) is related to the differential number flux ϕn (the particle flux Fn per unit energy

and solid angle) at present by

ϕE ≡ d2FE

dE dΩ
= E

d2Fn

dE dΩ
≡ E ϕn, (2.36)

and it can be shown that, if the lifetime τi of the neutrino of mass mi is much greater

than the universe lifetime it holds (59)

ϕE =
Γγ
32

4π

n3

H(z32)
+

Γγ
31

4π

n3

H(z31)
+

Γγ
21

4π

n2

H(z21)
, (2.37)

where ni ≃ 113 cm−3 is the present number density of the i−th neutrino in absence

of decay, the Hubble function is (assuming, for simplicity, a flat cosmology) H(z) =

H0

√

ΩM (1 + z)3 +ΩΛ, H0 ≃ 73 km s−1 Mpc−1 being the present Hubble expansion

rate, and ΩM ≃ 0.26 and ΩΛ ≃ 0.74 respectively the matter and the cosmological
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Figure 2.6: Unredshifted photon energy ε from decaying neutrinos [Eq. (2.35)] as a func-

tion of the lightest neutrino mass eigenstate m1, for the two neutrino mass splittings (L,H)

in normal and inverted hierarchy (see text for details). The horizontal band represents the

energy range of the CMB spectrum measured by FIRAS (56). The CIB energy range is

also shown. From (52).

constant energy density relative to the critical one. The dependence on energy enters

implicitly via the quantities 0 ≤ zij = εij/E − 1.

In practice, to a very good approximation one can write a general equation of the

kind

ϕE =
Γγ
H

4π

nH

H(zH)
+

Γγ
L

4π

nL

H(zL)
, (2.38)

where the meaning of the factors however depends on the hierarchy. In NH, in the

first two terms of the sum in Eq. (2.37) it holds z32 ≃ z31 ≡ zH , and one can identify

zL = z21, Γ
γ
L = Γγ

21, Γ
γ
H = Γγ

31 + Γγ
32. In IH, it is the last two terms of the sum in

Eq. (2.37) which have z31 ≃ z21 ≡ zH , and using n2 ≃ n3 one can identify zL = z32,

Γγ
L = Γγ

32, Γ
γ
H ≡ Γγ

31 + Γγ
21.

In Fig. 2.6 we represent the unredshifted photon energy εij from decaying neutrinos

[Eq. (2.35)] as a function of the lightest neutrino mass eigenstate m1 in the case of

normal and inverted hierarchy, where the meaning of εL,H is clear from the previous

discussion. We also indicate by an horizontal band the energy range of the CMB

spectrum (2.84 × 10−4 eV ≤ E ≤ 2.65 × 10−3 eV) measured by FIRAS (56). We also

show the CIB range in the energy band above the FIRAS range up to (conventionally)

0.15 eV (60). For m1 . 0.5 eV, εH falls in the CIB range.
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Figure 2.7: Bounds on τH and τL vs. m1, for the two cases of NH and IH. The regions

below the solid curves are excluded at 95 % C.L. The NH and IH curves for τH coincide,

although the definition of τH is different (see text). The dot-dashed line is the limit obtained

from the CIB. From (52).

For photons emitted at z = 0 in the FIRAS range, the effect of radiative decays is

most prominent and results in a feature on the CMB spectrum. Actually even if photons

are emitted at higher energy the effect is still strong, since photons emitted at a redshift

z ∼ 10 enter the FIRAS spectrum because of cosmological redshift; it is easy to check

that one has thus some sensitivity to κH in the whole range for m1. On the other

hand, for m1 & 0.14 eV the photons corresponding to the smaller splitting are falling

in the radio band, below the frequency range probed by COBE, where measurements

are more uncertain and thus one has no sensitivity to κL and the corresponding bound

disappears.

In Fig. 2.7 we report the exclusion plot in the plane τL,H ≡ (Γγ
L,H)−1 vs. m1, where

the regions below the solid curves are excluded at 95 % C.L. For small values of m1 the

most stringent limit is τL & 4×1020 s in IH (slightly better than in NH case), while the

bound on τH is about an order of magnitude smaller, say τH & 2× 1019 s, since for low

m1 only photons produced by H decays at high redshift are in FIRAS range. On the

contrary, form1 & 0.14 eV, the bound on τL disappears, while the bound on τH becomes
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more stringent, being τH & 5× 1020 s. The “fuzzy” behaviour of the bounds is due to

the sharp edge of the photon spectrum at E = εH,L: when the photon energy embeds a

new FIRAS bin, the χ2 function has a sharp discontinuity. If one translates the bounds

of Fig. 2 into bounds on κL,H , the factor (δm2
ij/mi)

3 plays a significant role. For the

NH case, κL . 3 × 10−8 µB, while in the IH case, κL . 3 × 10−7 µB . In agreement

with our previous considerations, the bound on κL disappears for m1 & 0.14 eV. On the

contrary, the bound for κH is always present, and it corresponds to κH . 8× 10−9 µB

apart for the degenerate region, where it degrades up to 10−7 µB or even more.

It is worth noting that an improved bound on τH for low m1 can be obtained from

observations of the CIB, which differently from the CMB does not originate in the early

universe, being rather the relic emission of all the galaxies at wavelengths larger than

a few microns. A few years ago, a new estimate of the CIB flux has been established

using the Spitzer Observatory data (60). Using this determination one can obtain a

rough bound on τH simply requiring that the total energy flux of the photons coming

from ν decay does not exceed the CIB flux:
∫ εH

Emin

ϕE dE < ΦCIB ∼ 24 nWm−2 sr−1 , (2.39)

where we consider as lower limit of the CIB range the upper value of the FIRAS range,

i.e. Emin = 2.65 × 10−3 eV. The bounds on τH from Eq. (2.39) is shown in Fig. 2

by the dot-dashed line. Although this bound is stronger than those obtained by the

FIRAS data in the same range of m1, we emphasize that it should be considered only

as indicative, due to the larger uncertainties in the CIB normalization and spectral

shape. Interestingly, if it turns out that m1 . 0.1 eV, an improvement on the bound

on τH will clearly take advantage of a better measurement of the CIB flux and a more

detailed knowledge of the astrophysical sources contributing to it. Very recently, an

update on these bounds in this sense has been provided in (61).

2.3.2 Invisible decays and secret neutrino interactions

Recent years have seen an impressive improvement on the cosmological constraints to

the sum of neutrino masses Σ =
∑

mi (for reviews see (62, 63)), with current limit from

CMB only at the level of 1.3 eV (64), while combinations of different datasets produce

bounds below 0.6 eV. Several forecast analyses suggest that cosmological probes will

reach in the future an incredible sensitivity to the effects of even a tiny mass of the
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cosmic background neutrinos. In particular, cosmic microwave background (CMB)

lensing extraction may be sensitive to Σ ≃ 0.035 eV (65); CMB plus weak galaxy lensing

with tomography may also push the sensitivity to Σ below the level of∼ 0.05 eV (66, 67),

with an error as low as ∼ 0.013 eV (66). Also galaxy cluster surveys may probe Σ down

to ∼ 0.03 eV (68), and a sensitivity down to 0.05± 0.015 eV may be reached combining

CMB with the data from the Square Kilometre Array survey of large scale structures

(69). These forecasts show that cosmology has a potential sensitivity to neutrino masses

well below the 0.1 eV level. Of course, the ultimate level of the systematics to beat

has yet to be reliably established. On the other hand, the synergy between different

strategies and probes may help to identify the systematics, and also to improve over

the above-mentioned figures of merit.

The interest of these expectations relies on the fact that neutrino oscillation data

imply Σ & 0.06 eV, where the minimum is attained for a normal hierarchy. For the case

of an inverted mass hierarchy (IH), the oscillation data imply Σ ≃ 0.1 eV. The following

arguments assume that neutrinos have a hierarchical spectrum of either inverted or

normal sign, as favored by many theoretical models, including the simplest seesaw

ones. We argue that, if a positive cosmological mass detection is achieved as expected,

one will be able to put a remarkably strong constraint on the neutrino lifetime.

Bounds on neutrino lifetimes are usually quoted in terms of the rest-frame lifetime

to mass ratio τ/m. Given a measurement in the time interval t using neutrinos with

Lab energy E, the naive bound which one can put is τ/m & t/E. Using then the

longest timescale available, the universe lifetime t0 ≃ H−1
0 (where H0 is the Hubble

constant), and the lowest energy neutrinos, the ones of the cosmic background which

are at least partially non-relativistic, a bound of the order of (m50 ≡ m/50meV)

τ

m
&

1

mH0
≃ 1019 m−1

50 s/eV , (2.40)

is the strongest constraint basically attainable for invisible final states. This is to be

compared with the strongest direct bound available at present given by the observation

of solar MeV neutrinos, of the order of ∼ 10−4 s/eV (70). A bound of the order of

τ/m & 4 × 1011m2
50 s/eV, has been claimed to follow already from the requirement

that the neutrinos are free-streaming at the time of the photon decoupling, as deduced

by precise measurements of the CMB acoustic peaks (71). Yet, the robustness of this

conclusion has been questioned in (72). We shall see that the proposed bound based on

48



2.3 Neutrino decay in cosmology

cosmological neutrino mass detection would be much closer to the maximal theoretical

bound of Eq. (2.40), thus superseding by several orders of magnitude the previous ones.

More importantly, it is not based on a model for secret neutrino interactions, but on the

“observation” of neutrino survival, and it applies whatever the final state light particles

are.

Let us define the fraction of matter energy density in neutrinos as fν ≡ ρν/(ρm+ρν),

where ρm is the average cold dark matter (CDM) plus baryon density, and ρν is the

neutrino energy density. If one compares two models having equal amounts of DM at

present, but one of them having a fraction of it nowadays into massive neutrinos, the

effect of the non-vanishing fν today would be to change the redshift of matter radiation

equality zeq with respect to the massless neutrino case, as well as to attenuate the

growth of structures. The combined effect of the shift in the time of equality and of the

reduced CDM fluctuation growth during matter domination produces an attenuation

of perturbations for modes k > knr, where knr is the minimum of the comoving free-

streaming wavenumber attained when neutrinos turn non-relativistic, and given by

(62)

knr ≃ 1.5× 10−3m
1/2
50 Mpc−1. (2.41)

An instantaneous decay of the massive neutrinos at a redshift zd in the matter era can

be thought as replacing the neutrino fluid with one having the same energy content at

zd, but whose energy density scales from that moment on as (1+z)4, since the daughter

particles are relativistic. Let us estimate how large a value of zd, or equivalently of the

proper time td(= τ if the neutrino is non-relativistic), can be probed cosmologically.

Quickly after the neutrino decay one has formally fν → 0, provided that td ≪ t0 ≃ H−1
0 ;

from that moment on, the cosmological effects of the decaying neutrino scenario are

analogous to the ones of a massless neutrino universe. The condition td ≪ t0 is required

by the fact that when td → t0, the radiation content of the relativistic daughters of the

massive neutrino has no time to decline to zero with respect to the matter density. This

condition is necessary to change appreciably the energy budget of the universe, thus

affecting the predicted growth of the structures and the time of equality with respect

to a massive neutrino scenario. Clearly, for a given sensitivity to the effect of neutrino

masses there is a maximum value tmax
d which would result in a detectable change of

cosmological observables. A precise estimate of this parameter would imply a detailed

forecast analysis, which goes beyond our purposes here. Yet, a simple argument shows
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that, relying on the existing forecasts, a conservative lower limit is tmax
d & tnr, where tnr

is the epoch at which the heavier neutrinos become non-relativistic, whose redshift is

defined by m = 3Tν,0(1 + znr), Tν,0 being the present temperature of the neutrino gas.

Indeed, when the decay epoch satisfies td . tnr, the energy content of the products is

the same of a relativistic neutrino fluid, and it redshifts the same way. So, all physical

effects of this scenario are basically the same of the case where neutrinos are massless.

In Fig. 2.8, from top to bottom as seen from the left side of the plot, we show fν(z) for

the following cases: (i) a massive neutrino cosmology, where we assume an IH neutrino

mass pattern and the lightest neutrino is massless; (ii) as in (i), but for NH; (iii) a

decaying neutrino cosmology, where massive neutrinos have IH; (iv) as in (iii), but for

NH; (v) a massless neutrino cosmology. For the decaying cases, we assume that all

massive neutrinos decay at td = tnr, where tnr is the time of non-relativistic transition

of the heaviest neutrino state (m ≃ 0.05 eV) . For simplicity we have assumed a matter-

dominated cosmology with the matter density parameter Ωm = 0.24 and the reduced

Hubble constant h = 0.73.

Clearly, the cases (iii), (iv), and (v) are very similar (exactly degenerate if td ≪ tnr)

and, as long as td . tnr, if the massless neutrino case can be disproved, the decaying

neutrino bound immediately follows. The improvement in the bound on the neutrino

lifetime is tremendous. In particular, neutrinos turn non-relativistic at znr ≃ m/3Tν,0 ≃
100m50, i.e. when the universe has about (100m50)

−3/2 ∼ 10−3m
−3/2
50 of its present

age, and the bound is about 10−3m
−3/2
50 of the maximum attainable limit reported in

Eq. (2.40),
τ

m
& 1016m

−5/2
50 s/eV . (2.42)

Note that one does not require that cosmological data need to distinguish between NH

and IH: if future observations will suggest e.g. Σ = 0.08 eV with a 1σ error of 0.02 eV,

the two neutrino mass patterns would be both consistent within 1 σ with the best fit,

yet a complete decay of neutrinos into relativistic particles with lifetime lower than the

value reported in Eq. (2.42) could be excluded at 4σ. Of course, for a given cosmolog-

ical sensitivity, the significance of the above bound increases if the inverted hierarchy

is realized in nature: in that case Σ ≃ 0.1 eV holds, and the cosmological effects of

neutrino masses are larger. Note that accelerator neutrino experiments, magnetized

detectors of atmospheric neutrinos, direct mass searches, and the serendipitous obser-

vation of neutrinos from a galactic supernova may all be used to determine the mass
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hierarchy. It is thus possible that by the time cosmology will be sensitive to Σ . 0.1 eV,

the hierarchy information may be available independently.

Figure 2.8: The function fν(z) for the relevant cosmological cases considered in the text.

From (53).

To appreciate how strong the bound of Eq. (2.42) would be, let us consider a model

of a “secret” neutrino interaction with a (quasi-)massless majoron field φ of the kind

L = g ν̄iνjφ+h.c, i, j labeling different mass eigenstates. The total decay rate for a

hierarchical neutrino mass pattern and summing over neutrino and antineutrino final

state channels is (70, 71)

Γd = t−1
d =

g2

16π
m . (2.43)

This holds in the neutrino rest frame, but in our case this is also the Lab decay width,

give or take a factor O(1), since the neutrino is just turning non-relativistic. The

constraint of Eq. (2.42) leads to the stringent bound

g . 4× 10−14 m
1/4
50 . (2.44)

This has to be compared with traditional bounds found in the literature in the range

g . 10−4 ÷ 10−5 (see e.g. (73)). Even the extremely stringent bound reported in (71)

is more than two orders of magnitude weaker. Note that the tiny couplings which may

induce the decay are not sufficient to thermalize extra degrees of freedom in the early
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universe. So, this scenario does not predict departure from the standard expectation

for the effective number of neutrinos Neff which can be consistently fixed in deriving

the bound.
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3

Collective Neutrino Flavour

evolution in Supernovae

Ich sage euch: man muß noch Chaos in sich haben, um einen tanzenden

Stern gebären zu können.

Friedrich Nietzsche

The life of a star is, in a sense, a long struggle against gravity: the mass of gas

sustains itself against its own weight thanks to the energy released by thermonuclear

fusion. At the end of hydrostatic burning, a massive star consists of concentric shells

that are the relics of its previous burning phases (hydrogen, helium, carbon, neon,

oxygen, silicon). Iron-group nuclei accumulate at the center, since they are the most

tightly bounded nuclei; rather than releasing energy, the synthesis of any heavier ele-

ment requires energy. When the iron core in the center of the star grows by silicon shell

burning to a mass around the Chandrasekhar mass limit of about 1.44 solar masses,

electron degeneracy pressure cannot stabilize longer the core and it collapses. This

starts what is called a core-collapse supernova event, during which the star explodes

and parts of it are ejected into the Interstellar Medium, with a kinetic energy of the

order of 1051 ergs. This unit of energy is also known as 1 Bethe, in honour of Hans

Albrecht Bethe, a pioneer of theoretical studies of core collapse supernovae (among his

other theoretical interests) and 1967 Nobel Prize winner “for his contributions to the
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theory of nuclear reactions, especially his discoveries concerning the energy production

in stars”.

The exact mechanism of the explosion and the crucial ingredients of this physically

appealing scenario are to some extent still uncertain: it is for sure one of the major

theoretical astrophysics problems of the last decades (74). According to the so called

“delayed-explosion mechanism,” the collapse is inverted into an explosion and a shock

wave travels outwards powered by the energy deposition of the neutrino flux. The

neutrinos are emitted by the proto-neutron star (PNS) that formed in the center.

With the exception of relatively light progenitor stars (8-10 M⊙), spherically symmetric

numerical models with sophisticated neutrino transport typically fail in producing an

explosion. It is believed that the needed increased efficiency of neutrino heating can

be provided by multi-dimensional hydrodynamical instabilities. Present 2D results

have led to ambiguous results and 3D simulations, which some believe will provide

a key element to settle the question (see e.g. (75)), can still be performed only with

simplified treatments of the physics (neutrino transport, GR effects, etc.) Alternatives

have also been proposed, such as magnetohydrodynamically (MHD) driven supernovae.

The explosion mechanism need not to be unique: for example MHD driven explosions

may apply to fast rotating progenitors, perhaps at the origin of hypernovae/Gamma

Ray Burst phenomena. It is not our purpose to review here the rich astrophysics of

core-collapse supernovae, for which we addess to specific literature, see e.g. (76) or (77).

We just remind that in such events all four known forces of nature are involved and

play an important role in extreme regimes: Relativistic plasma dynamics in a strong

gravitational field sets the stage, weak interactions govern the energy and lepton number

loss of the system via the transport of neutrinos from regions of very high opacities

to the free-streaming regime, electromagnetic and strong interactions determine the

thermodynamic properties, and nuclear and weak interactions change the composition

of the stellar gas. It is not surprising that supernova explosions thus offer a fascinating

playground of physics on most different scales of length and time and also provide a

testbed for new or exotic phenomena.

In this chapter, we shall merely consider supernovae as huge, spherical neutrino

“lightbulbs”, essentially sources of extremely high fluxes with peculiar flavour, time

and energy dependences. An example of these fluxes from realistic simulations is re-

ported in Fig. 3.1. One can clearly distinguish the early neutronization burst of νe
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(from the dominant weak capture of electrons onto protons leading to the formation of

a large amount of neutrons in the PNS); this is followed by the accretion phase, where

the growing emission of all neutrino species is strongly influenced by weak reactions in

the outer layers material accreting onto the dense core. This phase—which ends with a

relatively sharp jump at about 350 ms in the example shown—is followed by a cooling

phase where all the luminosities of all flavors decrease continuously, the same holding

for the mean energies. Furthermore, neutrino luminosities and spectra become increas-

ingly similar for all flavors during this cooling phase, due to the reduced dominance of

charged-current reactions.

We shall see how even considering an approximation of this system as one where

neutrinos are merely streaming out of the “outer surface” of the proto-neutron-star

(dubbed neutrinosphere) crossing a “refractive” medium, a highly non-trivial flavour

evolution manifests, where flavour physics and geometrical features (e.g. spherical

stream as opposed to homogeneity considered in the previous chapter) are entangled.

This problem has revealed an unexpected richness and several details have yet to be

clarified.

In Sec. 3.1 we shall specify the equations introduced in Chapter 1 to a free-streaming

flux in spherical symmetry. In Sec. 3.2 we briefly describe the major understanding

of the solutions of these non-linear equations emerged in the last seven years or so.

In Sec. 3.3 we describe one of the advances in this understanding the author has con-

tributed to, namely in clarifying the crucial effect of dense matter backgrounds. In

Sec. 3.4, we briefly describe the recently highlighted effect due to different angular

distributions at the neutrinosphere. Finally, in Sec. 3.5 we describe the chances that

some inference on physics can be performed, given on the present understanding of

the phenomena involved and with currently available detectors, most notably IceCube.

The last three sections have been largely based on the papers (80, 81, 82), respectively,

which we address to for further details.

3.1 Spatial evolution in spherical symmetry

Instead of a homogeneous system that evolves in time we consider a stationary system

that evolves in space. As argued in Sec. 1.2.1, the occupation numbers become Wigner

functions, which depend both on spatial coordinates and on momenta, but there is no
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Figure 3.1: Post bounce evolution of neutrino (dotted lines: νe, solid lines: ν̄e, dashed

lines: νµ/τ , dash-dotted lines: ν̄µ/τ ) luminosities (top) and mean energies (bottom) for the

18 M⊙ progenitor model (data are taken form ref. (78)). Adapted from (79).

conceptual problem as long as we consider spatial variations that are slow on the scale

of the inverse neutrino momenta.

Since one wants to deal with multi-angle effects, one cannot reduce the equations to

plane waves moving in the same direction. We introduce some useful approximations,

which are nonetheless a close approximation to the situation in a SN environment
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sufficiently far away from the “neutrinosphere”: i) we assume a free-streaming regime 1,

neglecting any source term as well as momentum exchanges (i.e. no collisional terms

and the last term in Eq. (1.10) put to zero); ii) we assume steady state (first term of

Eq. (1.10) is zero) iii) we assume a global spherical symmetry.

Conditions i) and ii) reduce the problem to solving Eq. (1.11). Additionally, if we

take the trace of Eq. (1.11), all surviving terms at the RHS vanish since Tr([A,B]) = 0.

Hence we get

vp · ∇x np,x = 0 ⇔ ∇x · (vp np,x) = 0 (3.1)

where n is now the total density in neutrinos. An analogous equation holds for an-

tineutrinos. This equation expresses flux conservation. In fact, by integrating over any

volume where free-streaming holds we get

∫

dV∇x · (vp np,x) = 0 ⇐⇒
∫

SV

dS · v n = 0 , (3.2)

where the latter follows from Gauss theorem and we denoted with SV any closed surface

surrounding the volume V . Note that one cannot apply the above to a spherical surface

around the SN center r = 0, because we assume that there is a sphere of radius R which

is actually emitting neutrinos (collisional term non-zero). By applying the relation to a

spherical shell of inner radius R1 and outer radius R2 (both larger than R), and using

the spherical symmetry of the problem (assumption iii)), we have

vR2 nR2R
2
2 − vR1 nR1R

2
1 = 0 . (3.3)

This is equivalent to saying that for any r > R one has

n(r, cos ϑR, p) =
n(R, cos ϑR, p) cos ϑR

cos ϑ(r, cos ϑR, p)

R2

r2
, (3.4)

where we assumed straight-line propagation (i.e. no GR effects), we took into account

the relativistic speed of neutrinos (which implies that p = |p| is equivalent to the energy

E), and ϑR is the angle relative to the radial direction of the trajectory launched from

the neutrinosphere of the PNS, at radius R, so that the radial, outgoing velocity at

the neutrinosphere is vR = cos ϑR (See Fig. 3.2 for a geometrical sketch). Note that

the numerator (basically the flux at the inner surface) is non-zero, but its specification

1It has been recently argued in (83) that violations of this approximation may be above the 1%

level.
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PNS

R

r
ν

ϑ
ϑR

Figure 3.2: The geometric layout of the neutrino bulb model. In this model all neutrinos

are emitted half-isotropically from the surface (neutrino sphere) of the PNS which has

radius R. Here the trajectory (with angle ϑ at distance r) of an initial mode forming an

angle ϑR relative to the radial direction is sketched. From (84).

depends on the numerical modelling of transport in the SN core, which is beyond the

free-streaming limit here treated. The master equation to solve is

i∂r̺p,θ = +
[

Ω0
p,

̺p,ϑ
cos ϑ

]

+ λr

[

L,
̺p,ϑ
cos ϑ

]

+

+
√
2GF

∫

d3p′

(2π)3

[

(̺p′,ϑ′ − ̺p′,ϑ′)

(

1

cos ϑ
− cos θ′

)

, ̺p,ϑ

]

,

i∂r̺p,ϑ = −
[

Ω0
p,

̺p,ϑ
cos ϑ

]

+ λr

[

L,
̺p,ϑ
cos ϑ

]

+

+
√
2GF

∫

d3p′

(2π)3

[

(̺p′,ϑ′ − ̺p′,ϑ′)

(

1

cos ϑ
− cos ϑ′

)

, ̺p,ϑ

]

, (3.5)

where λr =
√
2GFne(r) and we are ignoring a possible matter flux. The flux conserva-

tion is equivalent to saying that the trace of

J = 4πr2
∫

d3p′

(2π)3
̺p,ϑvr (3.6)

is conserved (independent of r). It represents the total number flux of neutrinos inte-

grated over a sphere of radius r.

It is useful however to rewrite the previous equations in terms of a different angular

variable. In fact, note that simple geometry (see e.g. Fig. 1 in (27)) allows one to

express the angle with the radial direction in terms of radius and boundary conditions

as

R sinϑR = r sinϑ . (3.7)
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3.1 Spatial evolution in spherical symmetry

Therefore, the radial velocity at r is

vr = cos ϑ =

√

1− R2

r2
u , (3.8)

where we have introduced

u = 1− v2R = sin2 ϑR . (3.9)

By labeling the angular modes with u (i.e. the initial launch angle) one avoids using

the physical zenith angle variable, which changes with distance. Since
∣

∣

∣

∣

d cosϑ

du

∣

∣

∣

∣

=
1

2 cos θ

R2

r2
, (3.10)

using the axial symmetry one derives the following
∫

d3p

(2π)3
[. . .] =

1

2(2π)2
R2

r2

∫ ∞

0
dp p2

∫ 1

0
du

1

vr
[. . .] . (3.11)

If one writes

J =

∫ ∞

0
dp

∫ 1

0
du Jp,u =

∫ ∞

dp

∫ 1

0
du

̺p,u p
2R2

2π
(3.12)

this implies that also the trace (hence the overall normalization) of Jp,u is r-independent.

The Eqs. (3.5) can be rewritten as

i∂r̺p,u = +

[

Ω0
p,
̺p,u
vr,u

]

+ λr

[

L,
̺p,u
vr,u

]

+

+Cr

∫

dq q2
∫

dw

[

(

̺q,w − ̺q,w
)

(

1

vr,w vr,u
− 1

)

, ̺p,u

]

,

i∂r̺p,u = −
[

Ω0
p,
̺p,u
vr,u

]

+ λr

[

L,
̺p,u
vr,u

]

+

+Cr

∫

dq q2
∫ 1

0
dw

[

(

̺q,w − ̺q,w
)

(

1

vr,w vr,u
− 1

)

, ̺p,u

]

, (3.13)

where Cr ≡
√
2GFR

2(2 (2π)2 r2)−1, or equivalently in terms of Jp,u by multiplying the

above times p2R2/(2π)

i∂rJp,u = +

[

Ω0
p,
Jp,u

vr,u

]

+ λr

[

L,
Jp,u

vr,u

]

+

+

√
2GF

4π r2

∫ ∞

0
dq

∫

dw

[

(

Jq,w − Jq,w

)

(

1

vr,w vr,u
− 1

)

, Jp,u

]

,

i∂rJp,u = −
[

Ω0
p,
Jp,u

vr,u

]

+ λr

[

L,
Jp,u

vr,u

]

+

+

√
2GF

4π r2

∫ ∞

0
dq

∫ 1

0
dw

[

(

Jq,w − Jq,w

)

(

1

vr,w vr,u
− 1

)

, Jp,u

]

. (3.14)
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Note the factor r−2 that appears in the self-interaction term and that describes the

flux-dilution. Also note that if the density matrices do not depend on w (as in the

frequently adopted half-isotropic emission case, mimicking a blackbody emission from

the surface outwards) the integral over w leads to the expression

∫ 1

0
dw

(

1

vr,w vr,u
− 1

)

= 2
r2

R2

√

1− R2

r2
√

1− R2

r2
u
− 1 →

(

1

4
+

u

2

)(

R

r

)2

. (3.15)

This illustrates that the increasing collinearity of the neutrino stream is as important

in suppressing the strength of neutrino self-refraction as the flux dilution, both scaling

as r−2. The problem is completely specified once one knows the energy, flavour and u

distribution of the modes at the neutrinosphere R, as well as the profile of the matter

as a function of r.

3.2 A crash course on recent progresses

The previous equations have been initially solved in the specialized literature under a

(further) series of approximations:

1. assume a two-flavor problem, with the oscillations being driven by the (relatively

small) mixing angle θ13 (of the order of 9◦ in vacuum, further suppressed in the

dense medium) and the atmospheric mass splitting of the order of ∆m2
atm ≃

2.0 × 10−3 eV2.

2. assume that the multi-angle kernel of the self-interaction can be replaced by its

“single angle” average (see Sec. 1.5).

3. assume that the matter potential can be ignored (since it is “rotated away” as

described in Sec. 1.5)

These investigations have revealed that initially the neutrino ensemble streaming out

of the neutrino sphere (say, at 10-15 km from the center), for the first few tens of km

is “synchronised” and “locked” to the vertical polarization in the flavour space due

to the neutrino-antineutrino asymmetry and the large value of neutrino potential in

this region (in the spinning top analogy, it is a precessing top with a huge spin and

negligible displacement from the vertical, for realistically small values of θ). Then
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Figure 3.3: Relative fluxes of νe (blue/dotted) and νe (red/solid) in the toy supernova

model of (24), with 20% fewer antineutrinos than neutrinos and sin 2θ = 0.001. From (24).

one enters in the pendular regime (nutations of the spinning top) which lasts out to

about 200 km when vacuum oscillations take over. During this pendular phase, in

the interesting and paradigmatic case of νe-νe asymmetry and IH, one observes that

oscillations have monotonically decreasing amplitude, with the envelope being driven

down by the decreasing ν − ν potential strength (see the example in Fig. 3.3, taken

from (24)). In the top analogy, what one is observing is the relaxation of the pendulum

to its downward rest position as kinetic energy is extracted by the reduction of the

neutrino-neutrino interaction potential and thus the increase of the pendulums inertia.

Physically, this corresponds to the maximum coherent flavour conversion νeνe → νxνx

compatible with lepton number conservation.

However, this conversion does not apply “democratically” to all energy modes:

actually the flavour conversion happens to be maximal (complete “swap”) in some

energy range and non-existent elsewhere, so that lepton number is preserved. It turns

out that this phenomenon, known as spectral splits, happens around spectral crossings,

namely energies at which fluxes of e and x species are equal (see the example in Fig. 3.4).

A whole classification of cases according to initial spectra and the chosen hierarchy can

be (and has been) thus attempted, also because they may lead to sharp spectral changes

in the observable neutrino spectra from a future Galactic Supernova.
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Figure 3.4: Representative SN neutrino spectra before (dashed lines) and after (solid

lines) collective oscillations, but before possible MSW conversions. The panels are for ν

and ν̄, each time for IH and NH. Red lines e–flavor, blue x–flavor. Shaded regions mark

swap intervals. From (85).

But are “predictions” based on the previous approximations robust? A first as-

sumption that was relaxed is the single-angle (SA) approximation, although one still

assumed that the neutrino radiation field is “half isotropic” directly above the neutrino

sphere, i.e., that all outward-moving angular modes are equally occupied as expected for

a thermal radiation field. Therefore, Jp,u is independent of u in the interval 0 ≤ u ≤ 1.

It was soon clear that the coherent evolution is intrinsically unstable (86) and

generically ends into kinematical decoherence 1, unless a sufficiently large asymmetry

preserves the coherence and the qualitative correctness of the results found in single

angle (87). When these conditions are fulfilled, it was shown that at least in some cases

multi-angle (MA) simulations lead to qualitatively similar results to the ones obtained

in SA, see e.g. (88).

Depending on the hierarchy of spectra, three flavour effects may also change quali-

tatively the results (89, 90, 91), in particular where spectra cross at several points. In

1Of course, this decoherence is not to be confused with quantum decoherence, which can be induced

by neutrino scattering processes that changes neutrino momentum. Basically it amounts to different

modes going out of phase with respect to each other, losing a “collective” behaviour; however there is

no change in the entropy/information in the system.
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general, it is by now clear that results obtained in the SA approximation can be fragile

in a number of ways, and should be validated against more realistic simulations before

one can draw some conclusions.

In collaboration with other european scientists, the author’s main contributions to

clarifying the field has been to show:

1. that the matter potential cannot be ignored and dramatically affects the flavour

evolution, most likely in the (early) accretion phase, going in the direction of

blocking the collective effects, so that only “ordinary” MSW conversion survives.

2. that angular distributions at the neutrinosphere do matter and accounting for

more realistic ones again can dramatically affect the flavour evolution; this is

most likely relevant in the cooling phase and goes in the direction of facilitat-

ing kinematical decoherence and thus smears possible flavour differences among

fluxes.

In the following Sections 3.3 and 3.4 the main arguments leading to the above

conclusions will be illustrated. Section 3.5, more directly linked to phenomenology,

contains a summary of the picture that is starting to emerge about which features

of the SN neutrino flavour evolution have robust expectations (and thus may lead to

possible diagnostic potential) and which ones do not and are at present unsuitable for

flavour studies. We shall base our description of the non-linear ν flavor conversions

on a two-flavor oscillation scenario. For the parameters and input fluxes used this is

correct: according to the study in (91) which three-flavor effects associated with the

solar sector have been shown to be sub-leading in these cases. The reader uninterested in

technical details can skip directly to Sec. 3.5, where a more phenomenological discussion

is presented. On the other hand, readers interested in further technical aspects are

addressed to Refs. (80, 81).

3.3 The role of Matter

The usual argument to ignore the effect of matter background is that, since the potential

λ =
√
2GF ne is “achromatic”, i.e. it affects all the modes the same way, it can basically

be rotated away. However, this is strictly true only for an isotropic system. In an

anisotropic stream, such as the free-streaming regime out of a spherical surface, the
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effective matter hamiltonian entering the evolution of the flux Jp,u contains a factor

1/v, see Eq. (3.14). This factor is different from different angular modes, so it is

physically clear that, while the average matter effect is irrelevant, its dispersion is not:

it is not possible to remove the matter effect for all neutrino trajectories. This implies

that collective neutrino oscillations would not exist in a region where the net number

density of electrons is much larger than that of neutrinos. This physical intuition was

confirmed by quantitative calculations reported in (80). We illustrate this points with

a numerical example where R = 10 km, ω = 0.3 km−1, θ = 10−2, and the evolution

and normalization of the self-interaction potential is given by

µ∗
r = µr

R2

2r2
= µR

R2

2r4
, (3.16)

where µR =
√
2GFΦν̄e(R) with Φν̄e(R) the antineutrino flux at the neutrino sphere and

we fix µR = 7 × 104 km−1. We keep the normalization of the matter potential as a

parameter, with the radial evolution given by

λ∗
r = λr

R2

2 r2
=

√
2GF

2
ne(r)

(

R

r

)n+2

≡ 1

2
λR

(

R

r

)n+2

(3.17)

with n = 2 in order to obtain the same radial dependence of µ∗
r and λ∗

r . In Fig. 3.5 we

show the radial variation µ∗
r and λ∗

r for different choices of λR, between 103 km−1 and

106 km−1. Even for the smallest matter effect, the ordinary MSW resonance, defined

by the condition λr = ω, stays safely beyond the collective region.

In Fig. 3.6 we show the corresponding variation of P̄z for three different cases:

inverted mass hierarchy and fractional asymmetries ǫ = 0.25 (top panel), inverted mass

hierarchy and ǫ = 0.06 (middle panel), and normal mass hierarchy and ǫ = 0.06 (bottom

panel). In the top panel we observe the usual transformation for a small matter effect,

a complete suppression of transformations for a large matter effect, and multi-angle

decoherence for intermediate cases. Repeating the same exercise for the normal mass

hierarchy and the same ǫ reveals no macroscopic influence of the matter term.

For a sufficiently small ǫ one finds self-induced multi-angle decoherence for both

hierarchies. In the middle and bottom panels of Fig. 3.6 we show how with a sufficiently

strong matter effect the decoherence can be suppressed for both hierarchies.

The values chosen reflect roughly expectations for the accretion phase for iron-core

SNe. In fact, following investigations (92, 93, 94, 95) using realistic output from SN
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Figure 3.5: Radial variation of µ∗
r and λ∗

r for our numerical examples with the indicated

value of λR. The value of ω considered is also shown. From (80).

simulations have confirmed that one expects that no collective neutrino flavor con-

versions take place at all during the early supernova accretion phase (at least a few

hundred millisecond post-bounce). Besides numerical simulation, this result has been

proved also with a linearized stability analysis of the differential equations in Ref. (94),

along the lines of the method proposed in (96).

3.4 The role of Angular Distributions

A systematic characterization of the ν angular distributions at different radii in SNe is

lacking in literature. However, there is a consensus that the ν radiation field changes

from being completely isotropic in the trapping regime in the deepest supernova regions

to being more forward-peaked after the decoupling a larger radii.

For illustrative purposes, in Fig. 3.7 we show the normalized ν angular distributions

for the different ν species taken from the recent spherically symmetric hydrodynamical

simulations performed by the Basel group (78). Here, f(cosϑ) = dnν/d cos ϑ, where

ϑ = ϑ(r) is the zenith angle of a given mode relative to the radial direction at distance

r. We take as representative distributions the ones at the post-bounce time tpb = 1.0 s,

taken form the 10.8 M⊙ SN model. In the left panel we show the angular distributions of
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Figure 3.6: Radial variation of P̄z for three different scenarios: inverted mass hierarchy

and flux asymmetry parameter ǫ = 0.25 (top panel), inverted mass hierarchy and ǫ = 0.06

(middle panel), and normal mass hierarchy and ǫ = 0.06 (bottom panel). In each panel

different values of λR have been assumed, reported in the bottom panel. From (80).

νe at different radii for the energy E = 15.0 MeV. As expected, at small radii (r = 10 km

in the Fig. 3.7) the angular distribution is isotropic since ν’s are in a trapping regime.

They are isotropically emitted in all directions. At large radii (r = 50 km in the

Fig. 3.7), ν’s are free-streaming and their angular distribution becomes forward peaked.

In order to fix a common inner boundary sphere (“neutrinosphere”) for the flavor
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Figure 3.7: Angular distributions for ν’s from the 10.8 M⊙ SN model of the Basel simu-

lations (78) at tpb=1.0 s for E = 15.0 MeV. Left panel: νe angular distribution at different

radii: r=10 km (dotted line), r=26 km (continuous line), r=50 km (dashed line). Right

panel: Angular distributions at r=50 km for νe (continuous line), ν̄e (dashed line) and νx

(dotted line).

evolution, in analogy to the bulb model, one can choose the radius at which the νe’s

angular distribution has no longer significant backward flux, i.e. a few % of the total

one (at r = 26 km in the Fig. 3.7). However, one realizes that at this radius the angular

distribution is far from being half-isotropic one, being forward enhanced. Moreover,

if one compares at this conventional neutrinosphere the angular distributions of the

three neutrino species (right panel) one realizes that these are rather different. In

particular, since the ν̄e’s and νx’s decouple at smaller radii with respect to νe’s their

angular distributions are more forward-peaked. A similar behavior has been recently

shown in (94), based on recent Garching simulations. This example shows a crucial

limitation of the bulb model with respect to the realistic case, namely the assumption

of a half-isotropic distribution at the neutrinosphere, equal for all the species. In the

following we present a preliminary exploration of the effect on the flavor evolution of

lifting this approximation.

We refer to late-time cooling phase (t & 1 s) when the electron density ne is smaller

than the ν one nν and then has a subleading role on the development of the collective

oscillations (92, 93). We will also refer to the inverted mass hierarchy (∆m2
atm < 0)

only.

The effective potential due to ν-ν interactions is given by (87, 88)

Vνν =

√
2GF

4πr2

∫ +∞

0
dE

∫ 1

0
du

(

1

vu,rvu′,r
− 1

)
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× [F (E, u)PE,u,r − F (E, u)PE,u,r] , (3.18)

where the barred quantities refer to ν. The function F (E, u) = Fνe(E, u) + Fνx(E, u)

where Fνα is the overall number of neutrinos a given species crossing the neutrino-sphere

per unit time, and analogously for F (E, u). The energy and angular distributions of

SN ν’s entering Fνα(E, u) are not independent of each other. However, in a schematic

model we assume that the angular distributions are independent of energy. In this way

we can factorize the ν flux of each flavor as Fνα(E, u) = Nνα × ϕνα(E) × Uνα(u). The

ν number Nνα = Lνα/〈Eνα〉 is expressed in terms of the ν luminosity Lνα and of the ν

average energy 〈Eνα〉 of the different species. The function ϕνα(E) is the normalized ν

energy spectrum (
∫

dEϕνα(E) = 1) and Uνα(u) is the normalized angular distribution

(
∫

duUνα(u)=1).

In Eq. (3.18) the ν polarization vectors PE,u,r are normalized at the neutrinosphere

such that their initial values are given by PE,u,R = (0, 0, (Fνe−Fνx)/F ) and analogously

for ν̄’s (88). The factor proportional to the neutrino velocity vu,r in Eq. (3.18) implies

“multi-angle” effects for neutrinos moving on different trajectories (27). In order to

properly simulate numerically this effect one needs to follow a large number [O(103)]

of interacting ν modes.

We consider at first a flux ordering possible during the cooling phase with Fνe : Fν̄e :

Fνx = 0.85 : 0.75 : 1.00 and average energies (〈Eνe〉, 〈Eν̄e〉, 〈Eνx〉) = (12, 15, 18) MeV,

as in (91). In the following we will call C this flux ordering. In Fig. 3.8 one can see

the initial spectra for electron (thin continuous curve) and non-electron (dotted curve)

ν’s (left panel) and ν̄’s (right panel). The flavor evolution of these fluxes has been

widely studied in the bulb model as a representative case of energy spectra presenting

multiple crossing points leading to multiple swaps and splits around these points (see,

e.g., (85, 91, 97)).

In order to show the impact of non-trivial angular distributions on the SN ν flavor

conversions, we propose a toy model to capture the main deviations with respect to the

half-isotropic bulb model where Uνα = 1 for all the ν species. In particular, we choose

forward-peaked distributions Uνα(u) ∝ (1 − u)βα/2. For simplicity in the following we

will assume Uνe = Uν̄e . In order to illustrate the effect of these angular distributions, in

Fig. 2 we compare the oscillated electron (anti)neutrino fluxes (at r = 300 km) in the

half-isotropic case (βe = βx = 0; dashed curve) with a non-trivial angular distribution
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Figure 3.8: Case with Fνe : Fν̄e : Fνx = 0.85 : 0.75 : 1.00. Two-flavor evolution in inverted

mass hierarchy for the multi-angle case for neutrinos (left panel) and antineutrinos (right

panel). Energy spectra intially for νe (thin continuous curve) and νx (dotted curve) and

after collective oscillations for νe with half-isotropic angular distribution (βe = 0, βx = 0;

dashed curve) and for an angular distribution with (βe = 1.0, βx = 3.0) (thick continuous

curve).

(βe = 1.0, βx = 3.0) (thick continuous curve). We realize that the effect on the final

spectra is dramatic. In particular, the spectral splits observable in the final electron

(anti)neutrino spectra in the half-isotropic case are smeared-out and the spectral swaps

among the different flavors are not complete.

In Fig. 3.9 we show the radial evolution of the z-component of the energy and

angle-integrated polarization vector for the ν (Pz =
∫

dEdu F (E, u)PE,u,r · e3) for

three different cases. Namely, we consider the half-isotropic case (βe = 0, βx = 0,

dotted curve) and for two non-trivial angular distributions, with (βe = 1.0, βx = 1.5)

(continuous curve) and (βe = 1.0, βx = 3.0) (dashed curve) respectively. In the case

of (βe = 1.0, βx = 1.5) the onset of the flavor conversions (at r ≃ 70 km) is very

close to expected in the half-isotropic case (r ≃ 75 km). However, the following flavor

evolution shows dramatic differences. Indeed, with the non-trivial angular distribution

the final value of the polarization vector would be Pz ≃ 0 indicating that the spectral

differences between the final νe and νx spectra would be strongly reduced with respect

to the half-isotropic case. Choosing larger differences in the angular distributions of

different flavors, as in the case with (βe = 1.0, βx = 3.0), not only the final value
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Figure 3.9: Case with Fνe : Fν̄e : Fνx = 0.85 : 0.75 : 1.00. Radial evolution of the

integrated z-component of the polarization vector Pz for neutrinos for the half-isotropic

case (βe = 0, βx = 0, dotted curve) and for angular distributions with (βe = 1.0, βx = 1.5)

(continuous curve) and (βe = 1.0, βx = 3.0) (dashed curve). From (81).

of the Pz will change, but also flavor conversions would start much earlier (r ≃ 55

km) than in the half-isotropic case. Therefore, the multi-angle suppression of flavor

conversions found at low-radii in the half-isotropic case (97) is not necessarily stable

with non-trivial angular distributions.

As counter example in which the non-trivial angular distributions do not pro-

duce any sizable effect we consider a case representing the SN accretion phase with

Fνe : Fν̄e : Fνx = 2.4 : 1.6 : 1.00. We will refer with A to this case. Even if matter

effects (80) during the accretion phase would suppress the self-induced flavor conver-

sions (92, 93), these are neglected here since we are only interested in the effect of

the angular distributions when flavor conversions are not inhibited. In the case A we

find (not shown) the well-known (88, 91) complete spectral swap in the ν sector and

a peculiar spectral split in the ν sector also with the non-trivial angular distributions

considered before.

Even if at the moment we lack of a complete understanding of this rich phenomenol-

ogy, we believe that the different behaviors observed here are related to the presence

or absence of crossing points in the energy-integrated angular spectra. In Fig. 3.10 we
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plot the difference NνeUνe(u)−NνxUνx(u) for ν’s (left panel) and the analogous one for

ν’s in the case C with (βe = 1.0, βx = 3.0) (continous curve) and (βe = 1.0, βx = 1.5)

(dashed curve) and for the case A with (βe = 1.0, βx = 3.0) (dotted curve) and with

(βe = 1.0, βx = 3.0) (dot-dashed curve). In all the different cases spectra present a

crossing point at u = 1 where NνeUνe(u) = NνxUνx(u), and all the angular distributions

Uνα vanish. In the case A the angular distribution do not present crossing points at

finite u. Also for the ν’s in the (βe = 1.0, βx = 3.0) case, the crossing point at finite

u is so close to the edge of the spectrum at u = 0, that cannot be distinguished by it.

Instead, in the case C the (anti)neutrino angular spectra present also one crossing at

finite 0 < u < 1. The presence of multiple crossing points in ν spectra is expected to be

a source of instability in the self-induced flavor conversions, as discussed in (85, 98). In

particular, in the case C with (βe = 1.0, βx = 3.0) two crossing points occur in the mid-

dle of the angular spectra (u ≃ 0.5) clearly separated to the crossings at u = 1. In this

case, as we have seen, the multi-angle instability can develop without any hindrance,

triggering new flavor conversions at low-radii. Instead, in the case C with (βe = 1.0,

βx = 1.5) the crossing points at u ≃ 0.8 are rather close to the edge. In this situation,

the multi-angle instability grows slower and does not significantly affect the onset of the

flavor conversions. Preliminary results from a stability analysis along the lines recently

described in (94, 96) confirm the numerical results found above, see (81).

In summary, non-trivial angular distributions, in particular those leading to cross-

ing points among the different spectra, can produce new flavor conversion effects, which

are absent or much smaller assuming an half-isotropic neutrino emission. We checked

that this effect would develop in both the mass hierarchies and would be particularly

relevant during the supernova cooling phase, where the differences among the different

flavors are relatively small, and self-induced effect can develop without any matter hin-

drance. The effect on the oscillated neutrino spectra can be dramatic. Namely, it would

produce a smearing of the splitting features widely discussed in the half-isotropic case,

and resulting ν fluxes with less significant spectral differences. This tendency toward

spectral equalization would challenge the detection of further oscillation signatures, like

the ones associated with the Earth crossing of SN ν’s (see, e.g., (99)). Moreover, we

find that also onset of the flavor conversions can be significantly pushed at low-radii,

challenging the multi-angle suppression found in the half-isotropic case (97). Possible
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Figure 3.10: Difference of the energy-integrated angular spectra NνeUνe(u)−NνxUνx(u)

for ν’s (left panel) and ν’s (right panel) for the case C with (βe = 1.0, βx = 3.0) (continous

curve) and (βe = 1.0, βx = 1.5) (dashed curve) and for the case A with (βe = 1.0, βx = 3.0)

(dotted curve) and with (βe = 1.0, βx = 3.0) (dot-dashed curve). From (81).

flavor conversions at low-radii would have an interesting impact on the r-process nu-

cleosynthesis in SNe (100). Also, properly accounting for the forward-peaked angular

distributions effectively decreases the ν self-potential with respect to the vacuum and

matter terms, possibly altering quantitative details of flavour evolution.

3.5 Towards phenomenological consequences

The detection of neutrinos from core-collapse supernovae (SNe) represents the most

exciting frontier of low-energy neutrino astronomy. Even though galactic SNe are rare,

perhaps a few per century, the existing large underground neutrino detectors and the

numerous planned ones increase the confidence that a high-statistics SN neutrino signal

will be eventually observed. Such a detection would provide a plethora of astrophysical

information on the SN explosion mechanism, and could offer a handle on particle physics

such as ν masses and mixings, too.

In particular, the flavor conversions occurring deep inside the star could leave an

imprint on the observable SN neutrino burst. A lot of attention has been paid to

possible signatures of the Mikheyev-Smirnov-Wolfenstein (MSW) effect (18, 19) with

the ordinary matter in the stellar envelope (101). In recent years it has been realized
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that in the deepest SN regions the neutrino density is so high that the neutrino-neutrino

interactions (102, 103) dominate the flavor evolution in a highly non-trivial way (for a

review see (84)). The general result of these studies is that rapid conversions between

different flavors are possible and can occur collectively, i.e. in a coherent fashion for

many modes over large energy ranges. Unfortunately, the occurrence of these effects

is strongly dependent on the original SN emission features, which makes a general

characterization of the observable SN neutrino spectra at Earth in terms of the original

ones a formidable task. At the moment we are still far from a complete understanding

of this complex flavor-dynamics.

However, the lack of a complete understanding should not be confused with a com-

plete lack of understanding. In fact, for some conditions/regimes a relatively robust

comprehension has been achieved. This is not the case, unfortunately, for the long-

time cooling phase (postbounce time tp.b. & 1 s). In principle, rich time- and energy-

dependent collective dynamics may be present there, on the top of which peculiar time-

dependent modification of the flavor content of the flux could be induced by MSW

effects associated to the shock-wave propagation in the stellar envelope. Since our

current understanding suggests that the resulting neutrino spectra depend on many

poorly understood details, sharp predictions for the flavor evolution are very challeng-

ing if not impossible at present. Furthermore, during the cooling phase all neutrino

flavors originate close to the neutron star surface, where the material is very neutron

rich, suppressing charged-current reactions for νe. Therefore, one expects that the lu-

minosities and spectra of νe and νx become quite similar, making it much harder to

see flavor oscillation effects at all in the dominant νe channel, which is currently the

optimal one. This is due to the fact that all large existing and near-future detectors

primarily see inverse beta decay events νe + p → n + e+. The relative similarity of

νe and νx spectra seems to be in fact qualitatively confirmed by recent 1D long-time

simulations (78, 104).

In order to direct future searches and experimental perspectives, a more robust

strategy is to focus on the early phase of the SN neutrino signal, in a time window

where relatively robust expectations exist for the neutrino emission spectra and for

the flavor dynamics. The largest difference among the flavor fluxes arises during the

first 10–20 ms after bounce when the outer layers of the collapsed core deleptonize,

leading to the prompt νe burst. Since negligible ν̄e and νx fluxes are emitted during
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this phase, self-induced oscillations are simply absent: collective effects do not give rise

to any flavor transformation during the neutronization burst (24) 1. Additionally, at

these early times, since the shock wave stalls at low radii close to the neutrinosphere,

the MSW flavor transitions occurring at larger radii would essentially probe the static

SN progenitor profile. In this situation, the characterization of the flavor conversions

is straightforward and, since the model predictions for the energy and luminosity of

the burst are fairly robust, the observation of the burst gives direct information about

the survival probability of νe and then on the mixing parameters (105). Indeed, a

strong suppression of the νe burst would be a smoking gun for the normal neutrino

mass hierarchy (NH: ∆m2
atm = m2

3 −m2
1,2 > 0) in the case of a “large” 1 − 3 leptonic

mixing angle (i.e. sin2 θ13 & 10−3), as currently reported at about 5 σ by the Daya

Bay (3) and Reno (4) reactor experiments and already suggested by global analyses

combining different inputs (8, 106). However, with current “νe SN detectors”, such

effects are challenging-to-impossible to detect, and one has to invoke future Mton-class

water Cherenkov detectors (105) or large liquid-argon time projection chambers (107),

to achieve enough sensitivity to these νe signal features.

On the other hand, the subsequent phase of mass accretion, characterized by a

typical postbounce timescale tp.b. of O(100) ms, represents a particularly interesting

possibility for detecting signatures of flavor transformations also in the accessible νe

channel. First of all, one can more easily afford to simulate these early stages with suf-

ficiently realistic neutrino transport than the longer timescales of later cooling phases.

Also, the neutrino signal properties are largely independent of the detailed mecha-

nism of the explosion (and actually of the question whether an explosion takes place

at all), since the revival of the shock wave has yet to take place. All modern simu-

lations available indicate that the neutrino fluxes as well as the flavor-dependent flux

differences are large in this phase, with a robust hierarchy for the neutrino number

fluxes, Fνe > Fνe ≫ Fνx , where νx indicates the non-electron flavors. Moreover, it

has been recently realized (92, 93) that the net electron densities ne reached above

the neutrinosphere in realistic SN models exceed the neutrino density nν , significantly

suppressing the development of the self-induced neutrino oscillations according to the

1An exception is constituted by the case of low-mass SNe with an oxygen-neon-magnesium core,

where the matter density profile can be so steep that the usual MSW matter effects occurs within the

region of high neutrino densities close to the neutrino sphere.
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“multi-angle matter suppression” mechanism first described in (80). The matter sup-

pression ranges from complete (when ne ≫ nν) to partial (when ne & nν), producing

in principle intriguing time-dependent features. Using as benchmark the results of the

hydrodynamical SN simulations of the Basel/Darmstadt group for different iron-core

SN models (78), Ref. (93) found complete matter suppression for postbounce times

tp.b. . 0.2 s, and partial flavor conversions for 0.2 . tp.b. . 0.4 s. This result has been

independently confirmed in Ref. (108). More recently, in a work based on a iron-core

SN model from the Garching group complete matter suppression has been found for

all the duration of the accretion phase (94). When the matter suppression is complete,

the ν signal will be processed only by the usual MSW effect in the SN mantle with

the static progenitor profile. In this situation, the characterization of the SN neutrino

signal results is straightforward (101). Moreover, in the presence of a “large” θ13 mix-

ing angle one expects significant differences in the observable νe flux for the two mass

hierarchies (101).

The emitted SN neutrino flux is processed by self-induced and MSW oscillation

effects during its propagation. The self-induced effects would take place within r ∼
O(103) km from the neutrinosphere whereas the MSW transitions take place at larger

radii, in the region r ∼ 104–105 km. As the self-induced and MSW effects are widely

separated in space, they can be considered independently of each other. In the normal

mass hierarchy (NH, ∆m2
atm > 0) and for the spectral ordering of the accretion phase,

no self-induced flavor conversion will occur. Instead, in inverted mass hierarchy (IH,

∆m2
atm < 0) potentially large self-induced effects could be expected (91). However,

it has been shown using results both from Basel/Darmstadt group simulations and

Garching group ones (92, 93, 94) that the trajectory-dependent multi-angle effects

associated with the dense ordinary matter suppress collective oscillations in actual

models of iron-core SNe, as expected when large trajectory-dependent phase dispersion

induced by the matter would suppress the collective phenomena (80).

In principle, depending on the electron density, the matter suppression can be

complete, when ne ≫ nν , or partial when the matter dominance is less pronounced.

Forward-peaked angular distributions of the neutrino field further reduce the effective

neutrino-neutrino potential strength and make the effect more prominent. In the fol-

lowing we will focus on the early time tp.b. < t < O (0.2) s where the matter density
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largely exceeds the neutrino density, and hence also completely suppresses the collec-

tive oscillations for the cases under investigation, as explicitly checked and confirmed

by two independent groups (92, 93, 94).

In this situation, the neutrino fluxes can only undergo the traditional MSW con-

versions in SN while passing through the outer layers of the star. Therefore, it is

straightforward how to calculate the νe flux at Earth in the different cases (101). In

particular, in NH one finds

Fν̄e = cos2 θ12F
0
ν̄e + sin2 θ12F

0
ν̄x , (3.19)

where θ12 is the 1–2 mixing angle, with sin2 θ12 ≃ 0.31 (8). In IH for sin2 θ13 & 10−3

one gets

Fν̄e = F 0
ν̄x . (3.20)

It is clear that for such large θ13 the νe flux Fν̄e at the Earth is basically reflecting the

original Fν̄x flux, if IH is realized, or closely matching the Fν̄e flux, in case of NH. Now,

these two fluxes are found to be different both in the energy (a well know fact) but also

in their luminosity curve (i.e. in their time profile): see the example reported in Fig. 3.1.

Physically, an intuitive argument for the slower risetime of νe with respect to νx and

νx is that the high electron degeneracy allows only for a low abundance of positrons,

hence the production of νe by e+e− annihilation and e+ captures on neutrons is not

efficient. Moreover, since in the optically thick regime νe are in chemical equilibrium

with the matter, their degeneracy also blocks the phase space for the creation of νe

via nucleon-nucleon bremsstrahlung. So, especially at early times and from deep shells

closer to the neutrinosphere, a more abundant, energetic and faster flux of νx than νe

is expected. The diagnostic power of this observable for the neutrino mass hierarchy

has been given relatively little attention so far.

Motivated by these considerations, in (82) we have recently investigated results

from an extensive set of stellar core-collapse simulations, providing a first exploration

of the astrophysical robustness of these features. We found that for all the models

analyzed (sharing the same weak interaction microphysics) the rise times for the same

hierarchy are similar not only qualitatively, but also quantitatively, with the signals

for the two classes of hierarchies significantly separated. We showed via simplified

Monte Carlo simulations that the two cases should be distinguishable at the already

existing IceCube detector for SNe at a typical Galactic distance 99% of the times. The
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detection method is based on a sudden, correlated increase in the photomultiplier count

rate, above the background noise.

A preliminary survey seems also to show that the faster rise time for inverted

hierarchy as compared to normal hierarchy is a qualitatively robust feature predicted by

several simulation groups. Since the viability of this signature ultimately depends on the

quantitative assessment of theoretical/numerical uncertainties, our results motivate an

extensive campaign of comparison of different code predictions at early accretion times

with implementation of microphysics of comparable sophistication, including effects

such like nucleon recoils in weak interactions.
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Present and forthcoming research

activity

Or ecco, vi porgo la mia contemplazione circa l’infinito, universo e mondi

innumerabili.

Giordano Bruno

Given the SM gauge group and field content, the neutrino mass and mixing phe-

nomenology can only be described in an effective field theory context, by introducing

a dimension 5, Lepton-number violating operator (so-called Weinberg operator (109)),

which suggests that new physics must be present below the Grand-Unification Scale

(given the sub-eV mass scale of neutrinos), but does not specify the new particle con-

tent, the couplings, or the mass scale(s). Higher order operators would give additional

information on the microscopic origin neutrino of masses and mixing angles, and any

other new physics in the lepton sector. For instance, even if the Lepton number vio-

lation is suppressed by a very large scale, there are many lepton-flavour-changing, but

lepton-number-conserving, operators at dimensions six and eight which could probe

new physics at/above the TeV scale. The sensitivity of accelerators (such as the LHC)

and precision experiments to various models that induce these operators is a current

subject of interest, see e.g. (110). It is then obvious to explore the possibility that

this kind of physics might have an impact in an astrophysical context, just like the

Weinberg operator has proven to have.
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On the other hand, it is not excluded that light, new degrees of freedom exist even

below the electroweak scale, but have passed unnoticed since too weakly coupled: for

example, neutrino masses may be “simply” explained by adding gauge group singlet

neutrinos (for which there is however no direct evidence) with minuscule Yukawa cou-

plings (see (111) for a review). Note that the number of such states and their Yukawa

couplings are virtually unconstrained from first principles 1. Additional light degrees

of freedom are also conceivable such as “light majorons”, (pseudo)Nambu-Goldstone

boson associated with the breaking of the global lepton number symmetry U(1)L. As

in the previous case, several physical processes may be affected: neutrino oscillations

in vacuum or via refractive effects, as well as cross sections or decay rates. Again,

astrophysical and cosmological systems are ideally suited to probe this kind of physics.

Also, mastering these aspects of neutrino physics may prove instrumental in exploring

other sectors of physics beyond the standard model, such as dark matter searches, or

to fully exploit the diagnostic potential of new astrophysical probes.

In what follows we outline a few topics on which we plan to work: part of this

program is expected to be developed within one or several doctoral projects.

4.1 Supernovae

Generically, if new physics appears at a scale which is somewhere above the EW scale,

its effects in the low-energy theory should appear as non-renormalizable operators op-

portunely suppressed by this new scale, which may violate symmetries of the low-energy

theory that are not preserved in the new theory. Alternatively, new light degrees of

freedom at a low-energy should be accessible.

In both cases, the properties of extreme environments such as SN cores may be

affected, for example:

• By altering the macroscopic features of the collapse/bounce/cooling mechanism,

potentially being excluded already on the basis of present data from SN1987A.

See for example the case of bounds on MeV dark matter treated in (112).

• By introducing peculiar flavor-sensitive features in the spectra formed in the deep

layers of the SN core (new collisional terms) (113, 114, 115).

1Also, the absence of a Majorana mass term for these states can only be obtained by promoting

the lepton number L to be an exact symmetry, for which there is no theoretical reason.
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• By altering the flavor evolution in the subsequent propagation of neutrinos out

of the stellar envelope, via refractive effects. In principle, this can involve in-

teractions with the background matter but also self-refractions of the neutrino

themselves, see (116, 117, 118) for an early example of such studies.

We plan to explore analytically and numerically several of the scenarios mentioned

above, developing the formalism to incorporate them in phenomenological studies and

work out their consequences. In parallel to starting up this more speculative activity,

we pursue the effort of characterization of the “standard” neutrino flavour evolution

(accounting for non-linear refractive effects) in collaboration with A. Mirizzi of the Univ.

of Hamburg, with the aim of sharpening predictions for future underground detectors

making use of realistic supernova models (ongoing contacts exist with Garching and

Basel/Darmstadt groups).

4.2 Dark Matter

Another portal to new physics is the realm of high-energy astrophysics, with the best-

known example provided by indirect dark matter (DM) searches. Even in the neutrino

channel, these searches have to compete with astrophysical backgrounds which suffer

from some uncertainties. On the top of that, there are additional uncertainties in the

signal. In the neutrino channel, it is particularly interesting to focus on the Sun (and

possibly Earth) core as a high-energy neutrino source. For this astrophysical object,

the signal comes from the annihilation of the halo DM captured via scatterings on the

baryons: future direct DM detection data might provide a hint to the normalization of

(or limits to) this process. The background comes from the relatively well-understood

atmospheric neutrinos, but also from the poorly known flux from cosmic ray collisions

on the solar atmosphere matter, which could be better constrained. In the context

of generic “signal” models, a possible topic of investigation is the assessment on the

uncertainties of the DM signal, see e.g. (119) 1. In collaboration with M. Cirelli,

there is a plan for extending the results of (120) to include Higgs final state channels,

three-body/electroweak radiation corrections, larger mass range for DM candidates, an

additional module for the capture rates to be integrated over the solar model, and for

1This has already been the subject of the master stage of Damien Begue, UJF Grenoble, presently

PhD student within the Erasmus Mundus Doctorate program.
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integrating (most of) the above improvements in publicly available codes for multimes-

senger signals like MicroMEGAs (mostly developed at LAPTh). It is also worth noting

that neutrino signatures of dark matter present interesting (anti)correlations with di-

rect dark matter searches, a subject discussed in (121) but worth reconsidering on the

light of potential signals.

Finally, note that in alternative scenarios for DM production, involving some DM

asymmetry, the formalism used for neutrino decoupling and flavour evolution actually

translates into the DM sector. Some recent papers exploring this scenario are (122, 123,

124). It is not excluded this line of research may provide an interesting spin-off of these

studies. Furthermore, in this “high energy” window, it is not excluded that specific

signatures of exotic models (e.g. sterile neutrinos) might be detectable at IceCube or at

other underground/ice/water detectors. Depending on the phenomenological interest

in the coming years, one might envisage some activity along these lines. Contacts

exist with the theoretical group at the University of Campinas to start research in this

domain.

4.3 Cosmology

Thanks to many recent data, cosmology has become the most sensitive probe of some

neutrino properties (like its absolute mass scale) and a very sensitive probe of others,

such as their interaction at low energies. Such probes give us indirect access to quite

different epochs in the cosmological evolution: the epoch of Big Bang Nucleosynthesis

(at T ∼1 MeV, during radiation domination), the moment of CMB formation (at T ∼1

eV), the epoch of structure formation (long within matter domination). Neutrinos

have a prominent role in all these epochs and therefore in shaping the cosmological

evolution of the Universe. Cosmological observations have the power of very efficiently

constraining the main neutrino properties: (i) their number, through their density at

early times; (ii) their summed mass, through their density at late times; (iii) with

very precise LSS data, their individual mass, through the scale at which free-streaming

is efficient; (iv) the possible non-conventional properties and interactions of neutrinos

themselves, or of other particles which are coupled to neutrinos in new physics models.

With the forthcoming results from CMB and LSS cosmological surveys, it will

become timely to reassess some of the cosmological implications listed above. Indeed,
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the PLANCK satellite will release its first results in January 2013. The BOSS/SDSSIII

survey will present its data during this year, followed at few years of distance by

the Dark Energy Survey and the Large Synoptic Survey Telescope, which will also

incorporate Weak Lensing observations. Finally, a large community is already working

hard on developing strategies for analyzing data from the Euclid satellite, to be launched

in 2019 by ESA.

For what concerns neutrino masses, the current state of the art consists in upper

bounds from combined cosmological fits, but most certainly future data will allow a

positive detection. It will be very important to assess the implications of the new

measurements in a comprehensive way. More specifically, here the key points of the

analysis will essentially be two: (i) being able to assess the importance and relative

impact of combining different datasets (a point which has led to conflicting, and some-

times wrong, results in the past) and (ii) being able to refine the theoretical predictions

in order to compare meaningfully with data of ever increasing precision.

For what concerns the total number of neutrinos—which actually is defined to

include any possible other relativistic relic—the current situation, while still consistent

(within 2 sigmas) with the Standard Model, might well accommodate or even hint to

“extra radiation”. The presence of extra relativistic degrees of freedom in the Early

Universe would of course be a revolutionary discovery. In particular if attributed to the

neutrino sector, it would also have deep implications for laboratory experiments. New

data from PLANCK and from other ground based CMB telescopes at large multipoles ℓ,

combined with matter surveys (e.g. Lyman-α surveys), will allow to address this issue

conclusively. The discussion in Chapter 2 shows that such kind of anomaly cannot

be due to a better treatment of neutrino decoupling, not even if NSI are allowed.

Additionally, it seems that BBN is consistent with the standard value of Neff (125) and

can only accommodate less extra degrees of freedom: major deviations from standard

cosmology are likely required, if these hints are confirmed. One class of models implies

that the effective relativistic/non-relativistic degrees of freedom in the early universe

is changing, a possibility which could be tested. These ideas are being developed in

a collaboration with J. Lesgourgues (LAPTh, CERN, and EPFL) and G. Mangano

(INFN Naples). Improvements over current treatments of sterile neutrino mixing with

active ones are also being considered (in collaboration with the Hamburg group).
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Some more speculative but potentially even more rewarding ideas may also be pur-

sued. For example, in the standard concordance cosmological model, neutrinos are

assumed to behave as a freely streaming, non-interacting fluid and this is certainly

verified in first approximation. However, one can entertain the possibility that instead

neutrinos possess some kind of self-interaction, or of interaction with some other cos-

mological fluid, that makes them not freely streaming in some regime. This is even

more motivated by the fact that other effectively relativistic particles behave, for sev-

eral cosmological effects but not all, just like ‘neutrinos’. Examples of particles of

this sort proposed in the past include Mass Varying Neutrinos (interacting with some

scalar field possibly responsible for Dark Energy), or elementary scalars with quartic

self-interactions. If such interactions exist, cosmology is likely the major arena where

they can be seen at play.

In turn, there is an interplay between interesting phenomena in the Early Universe

and other contexts, such as a Supernova Core. For example, at least one way around the

early universe equalization of the chemical potentials via flavour oscillations has been

proposed in (126): an hypothetical neutrino-Majoron coupling of the order g ∼ 10−6 can

suppress neutrino flavor oscillations in the early universe, in contrast to the usual weak

interaction case. This model leads to “interacting” neutrinos potentially detectable via

CMB and LSS probes, as well as to neutrino invisible decays which can again be tested

in cosmology.

4.4 Conclusion

Apart for being extremely hard particles to detect (it took 26 years from Pauli’s

1930 provocative letter proposing the–back then–“neutron” to the first detection of

νe’s (127)), neutrinos have often paved the way to surprising discoveries. These particles

are also, in a sense, the best prototype (at least among the particles whose existence is

proven!) of the deep connection between astrophysics, cosmology, and particle physics.

The first empirical tool to constrain the number of family generations in the Standard

Model came in fact from “neutrino counting” via cosmological 4He observations and

BBN theory, dating more than 40 years ago (128). It has been updated several times

before the measurement of 3 light neutrino families became available thanks to the Z
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invisible width at LEP (129). The already-cited problem of the “missing solar neutri-

nos” was already recognized in the late ‘60 thanks to the studies by Ray Davis’s and

John N. Bahcall’s.

The knowledge that neutrinos are massive and oscillate has been essentially acquired

over the last couple of decades, with the results defying the theoretical prejudices

arguing that mixing angles should naturally be expected to be small. Over the last

decade or so, the parameters of their mixing matrix have been pinned down at a

remarkable pace with a combination of man-made and natural neutrino sources. The

third mixing angle, θ13, has been measured only in 2012. This progress is also boosting

the interest of many new students in this dynamical field.

At the European level, an effort dubbed “LAGUNA” is ongoing to assess the feasibil-

ity of a new pan-European research infrastructure able to host the next generation, very

large volume, deep underground neutrino observatory (see (130)). At the local level, an

inter-laboratory initiative “ENIGMASS” (131) which has been awarded an eight year

LABEX French grant includes among its objectives the promotion of a neutrino pole

including the facilities and expertise present at LAPTh and LAPP (Annecy-le-vieux),

LPSC (Grenoble) and the Laboratory of Modane.

We have illustrated in the previous chapters how important consequences these

physical advances have on cosmology and astrophysics. Of course, we have only re-

ported a few examples. Others have been sketched in this final chapter. It is even

remarkable that “yesterday’s discovery” has become an essential ingredient in present

research of new physics: think of accounting for neutrino oscillations in indirect Dark

Matter searches from the Sun. Several anomalies, none of which really troublesome at

the moment, persist in the neutrino sector: maybe one of them will turn out to change

the framework once again, with consequences perhaps testable only in cosmology and

astrophysics.

Only by keeping an open attitude towards new ways to look at the problems and

exploring new territories we can hope to trigger major advances. As J. N. Bahcall once

said: The most important discoveries will provide answers to questions that we do not

yet know how to ask and will concern objects we have not yet imagined.
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