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Introduction

Cette thése présente des travaux de recherche sur les équations aux dérivées partielles
stochastiques (EDPS), c’est-a-dire sur des équations aux dérivées partielles (EDP) que l'on
perturbe de fagon aléatoire. La théorie des probabilités sera omniprésente dans ces travaux
afin de gérer mathématiquement la perturbation stochastique. D’un point de vue déterministe,
les équations aux dérivées partielles permettent de décrire ou de modéliser un large panel
de phénoménes, qu’ils soient par exemple de nature physique, chimique ou encore biologique.
Leur étude mathématique présente ainsi un grand intérét et donne naissance & un riche champ
d’applications. Il apparait souvent qu’il est pertinent de vouloir introduire un objet aléatoire
afin de perturber une EDP, que ce soit par exemple pour modéliser une composante trop
imprévisible du phénoméne observé ou encore pour rendre compte d’une incertitude sur des
données observées. On parle alors de bruitage de 1’équation. La théorie des équations aux
dérivées partielles stochastiques apparait donc comme une extension naturelle de celle portant
sur les EDP. Cette thése porte principalement sur I’étude du procédé d’approximation-diffusion
sur des équations cinétiques stochastiques. Elle contient également un résultat de régularité
pour des EDPS quasi-linéaires de type parabolique ainsi qu’une étude des mesures invariantes
d’une équation de Fokker-Planck stochastique.

Dans la suite de cette introduction, on se propose dans un premier temps d’exposer briéve-
ment le procédé de 'approximation-diffusion, en s’intéressant successivement au cas détermi-
niste puis stochastique. On présente ensuite une introduction & la méthode des fonctions-test
perturbées qui est un outil efficace et élégant pour obtenir des résultats d’approximation-
diffusion dans un contexte d’EDP stochastiques. Cette méthode sera, en particulier, utilisée
dans plusieurs travaux présentés. Enfin, on propose un résumé des articles qui composent cette
thése : on présente une description des problémes étudiés, les résultats obtenus, des idées de
preuve ainsi que les techniques utilisées.

Limites diffusives

Dans cette premiére section, nous proposons une bréve présentation du procédé d’approxi-
mation-diffusion pour des équations cinétiques collisionnelles. On s’intéresse dans un premier
temps au cas déterministe puis, dans un second temps, au cas stochastique, ou 1’équation
cinétique collisionnelle est bruitée.

Le cas déterministe

Nous nous intéressons & des équations cinétiques collisionnelles. De fagon générale, ce type
d’équation permet de modéliser la dynamique mésoscopique d’un nuage de particules (photons,
neutrons, molécules gazeuses par exemple) dans un milieu extérieur (plasma, semi-conducteur
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par exemple). L’inconnue est la fonction de distribution f du nuage de particules : f(¢,x,v)
représente la proportion de particules qui, au temps ¢, sont & la position spatiale x et ont la
vitesse v. L’équation satisfaite par la fonction de distribution f peut se mettre sous la forme

Ohf + alv)-Vof = Cf,

ou C est un opérateur qui modélise I'interaction des particules. Pour cette introduction, nous
supposerons que la variable temporelle varie dans l'intervalle de temps [0, 00), la variable d’es-
pace dans le tore TV et la variable de vitesse dans un espace mesuré (V, 1), ce qui recouvre la
majorité des cas présentés dans cette thése. L’opérateur C' n’agit que sur la variable de vitesse
v € V. La partie transport libre de ’équation est gouvernée par un champ a: V — RV,

Le principe de I'approximation-diffusion est d’approcher la solution f qui rend compte du
modeéle & I’échelle mésoscopique par la solution d’une équation qui décrit I’évolution du systéme
cette fois a ’échelle macroscopique. Pour cela, on modifie ’échelle a laquelle on observe la
solution mésoscopique f. Précisément, donnons-nous € > 0. On observe maintenant la solution
f a échelle macroscopique en posant

fe@(e)t,ex,v) := f(t,x,v), >0,

ou § est une fonction qui caractérise I’échelle de la variable temporelle et qui satisfait 8(¢) — 0
lorsque € — 0. L’équation vérifiée par f€ est

0(e)0if° + ca(v)-Vafe = Cf°. (0.1)

On cherche maintenant & étudier le comportement de la solution f¢ quand le paramétre € tend
vers 0. Ce comportement dépend fortement de la forme de I'opérateur de collision C'. Dans de
nombreux cas de choix de 'opérateur de collision, on observe que, pour une échelle temporelle
0 appropriée, la solution f¢ converge, en un certain sens, vers la solution d’une équation aux
dérivées partielles diffusive, appelée limite diffusive ou encore limite hydrodynamique. Ainsi,
on approche la solution f¢ par la solution d’une équation de diffusion : c’est le principe de
I’approximation-diffusion.

A titre d’exemple, étudions le cas ot Popérateur de collision est donné par un opérateur
linéaire L de relaxation de la forme

Cf=1Lf= /V F(v)du(v) F - ,

ot v — F(v) est une fonction d’équilibre des vitesses qui vérifie F > 0 p.p. et [;, F(v) du(v) = 1.
On peut par exemple penser a une distribution Maxwellienne. On remarque que F' est dans le
noyau de L puisque LF = 0, et réciproquement que le noyau de l'opérateur L est engendré par
la fonction d’équilibre F', & savoir

ker(L) = {pF, p € R}.

De fagon générale, la détermination du noyau de l'opérateur de collision C' est primordiale
puisque, & la limite e — 0 dans (0.1), on obtient que I’éventuelle limite formelle f de f¢ vérifie
Cf = 0. Ainsi, dans notre cas particulier d’une relaxation linéaire, la limite f de f¢ s’écrira
f(t,z,v) = p(t,x)F(v). On observe une convergence vers 1’équilibre F' en la variable de vitesse
v € V. Il reste alors & caractériser le coefficient p. C’est cette derniére quantité qui va satisfaire
une équation aux dérivées partielles diffusive. Il faut remarquer que 1’on obtient donc une
équation satisfaite par une variable macroscopique, & savoir par p = fv fdu, la moyenne sur
les vitesses de la limite formelle f.

Nous allons maintenant, toujours dans le cas d’une relaxation linéaire, expliquer formel-
lement comment on obtient ’équation diffusive satisfaite par p. On utilise la méthode du
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développement de Hilbert, c’est-a-dire que 1’on développe selon les puissances de € la solution
f¢ de (0.1). Formellement, on écrit

ff=fotefi+efat ..,

et on introduit ce développement de la solution f¢ dans I’équation (0.1). On supposera que
6 est de la forme 0(g) = * pour un certain o > 0 & déterminer de sorte que I’échelle soit la
bonne pour obtenir une limite non triviale. On obtient donc

50‘8th + El+a(9tf1 + 62+"‘8th + 5CL(U) -Vafo+ €2CL(U) . fol + 63a(1}) . fog

2 (0.2)
= Lf() + ELfl +e€ Lfg + ...

A la limite ¢ — 0, on obtient Lfy = 0 de sorte que fq s’écrit fo = fv fodu FF =: pF. On
retrouve bien entendu le fait que f¢ tend vers une quantité de la forme pF et nous cherchons
maintenant a expliciter I’équation satisfaite par p. En identifiant les termes ayant une puissance
e, I'équation (0.2) montre que o € N* sans quoi on obtient I’équation triviale d;p = 0. Siw = 1,
lidentification des termes ayant une puissance € dans I’équation (0.2) donne

OpF + a(v) - VypF = Lf. (0.3)

Afin que f; soit correctement défini, il faut vérifier que cette équation d’inconnue f; admet
des solutions. Si g € L?(V), on peut facilement montrer que I’équation Lf = g d’inconnue
f € L?(V) admet une solution si et seulement si

/ngZO,
\4

auquel cas les solutions sont données par f = —g+¢F, ¢ € R. Ainsi, afin que le probléme (0.3)
soit bien posé, il faut que l'intégrale en vitesse du terme de gauche s’annule, c’est-a-dire que

Orp + div (p/‘/a(v)F(v)du(v)) =0,

ce qui nous donne une équation aux dérivées partielles satisfaite par p. Il s’agit cependant
d’un cas que nous allons écarter : cette équation est encore de type cinétique, nous souhaitons
approcher f¢ par la solution d’'une EDP diffusive. Ceci suggére donc d’étudier maintenant le
cas @ = 2. On rappelle que I'équation (0.2) avec @ = 2 dans laquelle nous avions imposé
L(fo) = 0 est donnée par

20 fo+ %0 f1 + 'O f2 +ea(v) - Vo fo + e%a(v) - Vo fi +e%a(v) - Vo fa

4
=cLfi +e°Lfs+ ... (0.4)

A Tordre 1 en ¢, on doit s’assurer que

a(v) - VepF = Lf, (0.5)

ce qui nous permet de définir fi; & condition que l'intégrale en vitesse du terme de gauche
s’annule. Pour cela, nous allons imposer la condition suivante que le flux de a contre F' est nul,
c’est-a-dire que

/ a(v)F(v)du(v) = 0. (0.6)
v
Alinsi, 'équation (0.5) est bien posée et on a

f1=—a(v) VupF + q(x)F.
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Ensuite, a ordre 2 en € dans 1’équation (0.4) on a
OpF + a(v) -V f1 = Lfs. (0.7)

De fagon similaire & ce qui précéde, cela nous permettra de définir fs a condition que I'intégrale
en vitesse du terme de gauche s’annule, c’est-a-dire si

Dup + div ( /V a(0) fo du(v)> ~0.

En injectant 'expression de f; trouvée plus haut et en remarquant que [, a(v)q(z)F(v)dp =0
grace & (0.6), cette derniére équation se réécrit

Op — div (KV,p) =0, (0.8)

ou K est la matrice
K ::/ a(v) ® a(v)F(v) du(v).
1%

Nous supposerons alors que cette matrice K est bien définie, i.e. que K < co. Ainsi, si p satisfait
léquation aux dérivées partielles diffusive (0.8), on peut bien définir f,. En résumé, nous avons
donc montré formellement que si 0(e) = 2 et si (0.6) est vérifiée, alors f& = pF + O(e) ot p
satisfait une EDP diffusive, ce que ’on voulait. Souvent, afin que 'EDP diffusive (0.8) obtenue
soit non-dégénérée, nous supposerons de plus que la matrice de diffusion K est définie positive.

Une preuve rigoureuse du résultat de limite de diffusion que nous venons d’étudier formel-
lement peut étre trouvé dans l'article de P. Degond, T. Goudon, F. Poupaud [DGP00|. De
fagon générale, dans le cas déterministe, les problémes d’approximation-diffusion ont suscité
beaucoup d’intérét et de nombreux travaux & ce sujet ont été menés; & commencer par les
articles de E. W.Larsen, J. B. Keller [LK74] et A. Bensoussan, J.-L. Lions, G. Papanicolaou
[BLP79]. Des opérateurs de collision non-linéaires ont été étudiés, notamment dans les articles
[BGP87, BGPS88| en ce qui concerne les équations de transfert radiatif et dans les articles
[Mel02] et [GMO03] dans le cas de 'opérateur de collision de Boltzmann-Pauli. Nous mention-
nons également une revue des résultats et des méthodes employées dans ce domaine de F.
Golse [Gol98]. Enfin, de nombreuses références a propos de problémes variés de limite diffusive
pourront étre trouvées dans [DGP00].

La méthode du développement de Hilbert fonctionne dans de nombreux cas et permet
d’obtenir facilement de fagon formelle la limite hydrodynamique du systéme cinétique colli-
sionnel étudié. Noter qu’en toute généralité, en ce qui concerne 'opérateur de collision C| le
développement de la solution f¢ fait apparaitre la différentielle de C' a savoir f +— DC(f).

Le cas stochastique

Dans un contexte stochastique, le principe de "approximation-diffusion reste le méme ex-
cepté le fait que ’on étudie des équations cinétiques collisionnelles bruitées et que ’on cherche &
les approcher par des équations aux dérivées partielles stochastiques diffusives. Nous commen-
gons par exposer la facon dont on bruite les équations cinétiques collisionelles. Nous rappelons
le probléme déterministe dans le cas ot I’échelle temporelle 6 est donnée par 6(g) = 2 (c’est
précisément ’échelle appropriée dans la grande majorité des résultats qui composent cette
these) :

af° + %a(v) VL= éCfE. 0.9)

On s’intéresse dans cette thése a un bruit de type multiplicatif. Précisément, on étudie I’équa-

tion bruitée ) 1 1
Ofe+ —a(v) -V,fe= —QCfE + —ﬁmsfe, (0.10)
€ € €
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ou le processus aléatoire m® est défini par
’ . ~ ) )

le processus m étant un processus de Markov stationnaire sur un espace de probabilité (Q, F,P)
adapté a une filtration (F;);>0 et centré sous sa mesure invariante. Le processus m est a valeurs
dans un espace ad hoc de fonctions dépendant de la variable d’espace. Les paramétres d’échelle
B et v sont & déterminer de fagon adéquate. On souligne que le processus m ne dépend pas de
la vitesse v € V. On cherche alors & étudier le comportement de la solution f€ lorsque ¢ tend
vers 0. On aimerait, a 'instar du cas déterministe, montrer que f¢ converge, dans un sens a
préciser, vers la solution d’une EDPS diffusive.

Nous discutons maintenant du choix des paramétres d’échelle 8 et . Dans la suite, nous
imposons 7 = 28. On peut comprendre cette hypothése en observant que le choix v = 23 est
précisément celui sous lequel le processus

I I
M; = E—B/O ms(s)ds:s—ﬁ/o m(e 7s)ds, t>0,

converge en loi lorsque ¢ tend vers 0, en 'occurrence, vers (Q%Wt, t > 0) ou @ un opérateur de
covariance et W un processus de Wiener cylindrique sur L?(T%). Prenons f et g dans L?(T%)
et notons (.,.) le produit scalaire de L?(T¥). Formellement, si v = 243, on a, en utilisant la
stationnarité du processus m,

s ) = B [ [ [ s@em e uar )
= s [[ [ s me - 0.0 mo.p dudrde.

e[ L) et mn s m. ) anrate ).

e~2Bp

Si l’on suppose s > ¢, on a s —r > 0 pour tout r € [0,¢] de sorte que, lorsque ¢ tend vers 0,

E(f, M{) (g, MS) — E//WN/O/Rf(x)g(y)m(u,x)m(O,y)dudrd(x,y)
=t [[ @ ke G =107.00)

ou l'on a posé
k(z,y) = E/ m(u,z)m(0,y)du, xz,y€ T, (0.11)
R

et ol Q est 'opérateur intégral de noyau k sur L?(T")

Qf(@)i= [ ko) fw)dy, 1 e L2TY) (012)
T
En envisageant le cas s < t, on obtient finalement, a la limite ¢ — 0,

E(f, M;)(g, M) — (tAs)(f,Q9)-

Ceci suggére bien, comme annoncé, la convergence en loi du processus (M§,t > 0) vers le bruit
blanc (Qz Wi, t > 0). Ces calculs sont bien entendus formels et il faut s’assurer de I'existence
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de tous les objets introduits ci-dessus. Ceci est fait en détails dans les chapitres de la thése
concernés.

Sous la condition v = 28, nous étudions dans cette thése le cas § = 1 de sorte que 'on
s’intéresse a I’équation

e 1 £ 1 £ 1 g p€ g . t
O f +ga(v)'vxf :?Cf Jrgm fe me(tz) m(&_z,x) (0.13)

Nous terminons avec une remarque sur ’équation (0.13). Une idée naturelle afin d’éliminer
le terme de bruit dans cette équation est de faire le changement de variable suivant : on introduit
9° = ffexp(—M*) ou Mf = éfg m$ ds. La nouvelle variable ¢g° vérifie alors ’équation

1 1 1
og® + —a(v) - Vaug® = 5Cg° — —a(v) - Vo M°g*.
€ € €

En étudiant cette nouvelle équation, on peut se convaincre que ce changement de variable n’ap-
porte rien qui pourrait améliorer de facon significative le résultat d’approximation-diffusion que
nous prouvons en travaillant directement sur I’équation (0.13). De plus, la preuve que nous uti-
lisons en travaillant sur I’équation (0.13) est robuste dans le sens ot nous pourrions par exemple
traiter sans problémes le cas ou le terme de bruit éms f€ est remplacé par émsK f€ ou K est
un opérateur borné, cas oul le changement de variable exhibé ci-dessus tombe immédiatement
en défaut. C’est pourquoi dans la suite nous n’utilisons jamais ce changement de variable bien
qu’il semble pourtant naturel au premier abord.

Les premiers travaux sur des problémes d’approximation-diffusion dans le cas stochastique
sont dus & R. Z. Hasminskii [Has66a, Has66b]. L’article pionnier de G. C. Papanicolaou, D.
Stroock, S. R. S. Varadhan [PSV77] traite un cas de limite fluide stochastique en utilisant une
approche martingale et la méthode des fonctions-test perturbées. Nous mentionnons également
louvrage de J.-P. Fouque, J. Garnier, G. C. Papanicolaou, K. Solna [FGPS10]. Enfin une géné-
ralisation de la méthode des fonctions-test perturbées permettant de s’attaquer a des problémes
infini-dimensionnels est présentée dans les travaux de A. Debussche, J. Vovelle [DV12] et A.
de Bouard, M. Gazeau [dBG12].

La méthode des fonctions-test perturbées

Dans cette section, nous présentons la méthode des fonctions-test perturbées qui est un
outil trés efficace dans la mise en place des preuves de résultats d’approximation-diffusion dans
un contexte stochastique. Elle a été introduite par G. C. Papanicolaou, D. Stroock, S. R. S.
Varadhan [PSV77]. Nous présentons en détail la méthode dans le cas d’un bruit multiplicatif
et d’un opérateur de collision C linéaire de relaxation de la forme

Cf=Lf= /V () du(w) F - 7,

ou v — F(v) est une fonction d’équilibre des vitesses qui vérifie F' > 0 presque partout et
Jiy F(v) du(v) = 1. Ce cadre est celui de I'article [DV12]. On rappelle que dans ce cas 'équation
cinétique collisionnelle bruitée qui nous intéresse s’écrit, en notant A = v - V, 'opérateur de

transport,

1 1 1
8tf6+fAf€:—2Lf5+mef5.
9 £ S

Nous soulignons ' que le processus f¢ prend ses valeurs dans ’espace de Lebesgue a poids
L%, := L*(TY x V,dz F~'du(v)) et que m® est & valeurs dans une boule E de lespace

1. Voir les chapitres de thése concernés pour plus de détails.
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W1oo(TN). Le processus f¢ n’est pas Markovien, le processus m® devant étre lui aussi connu
pour connaitre exactement f¢. En revanche, le processus (f¢, m¢) est Markovien. Ecrivons son
générateur infinitésimal, noté Z¢. Si p : L%,l x E — R est une fonction-test assez réguliére,
en notant Dy(f) la différentielle de ¢ par rapport & f et en I'identifiant au gradient, on a

L20(f,n) =~ (A, Dp(£)) + % (Lf, De(1)) + < (fn, Do(1)) + 5 M (),

ot M désigne le générateur infinitésimal du processus m et (.,.) le produit scalaire dans L%,l.
Afin de comprendre le comportement de la solution f¢ lorsque € tend vers 0, il est naturel de
vouloir étudier 'asymptotique du générateur Z° lorsque ¢ tend vers 0, c’est-a-dire d’identifier
les limites ¢ — 0 des quantités £°¢p pour toute fonction-test ¢ convenable. Cependant, en
létat, la quantité £°¢ dégénére lorsque ¢ tend vers 0. Pour contourner ce probléme, nous
allons corriger la fonction-test ¢. En s’inspirant de la méthode du développement de Hilbert
qui est basée sur le développement de la solution f¢ elle-méme, on réalise ici un développement
de la fonction-test. On considére donc la fonction-test perturbée ¢ définie par

¢ =@ +epr + 2.

Les fonctions 1 et ¢y (et suivantes, si nécessaire) sont appelées des correcteurs : elles per-
mettent de corriger le point du vue que 'on a de la fonction-test ¢ visée en la perturbant. Le
but est alors de choisir les correcteurs ¢; et o convenablement de sorte que l'on ait

Lt = Lo+ 0(e),

ou .Z sera interprété comme le générateur de la diffusion stochastique limite. Considérons une
fonction-test o assez réguliére et qui ne dépend que de la variable f (on ne cherche a caractériser
le générateur limite que sur la premiére composante du couple (¢, m®)). Dés lors, puisque ¢
ne dépend pas de n € E, on obtient

L7 () = =2 (A, De(f)) + 5 (Lf, Dol) + = (. Dl )

1 1
— (Af, Dei(1) + 2 (Lf. Dpr() + (. Do () + =M (0.14)
On identifie alors successivement les termes ayant une méme puissance de ¢.
Ordre 2
A Dordre €2 on obtient que
(Lf,De(f)) =0 (0.15)

pour tout f € L%,l. Introduisons ici le semi-groupe g(t, f) de I'opérateur L sur L%,l, c’est-a-
dire que g(t, f) satisfait 'équation

(e, 1) = Lo(t. ),
g(O» f) = f.

L’opérateur de relaxation linéaire L étant simple, on peut facilement obtenir une expression
du semi-groupe g, a savoir

gt f) = pF + (f —pFle”", t>0, pz/vfdu-
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Noter que I'on retrouve ’effet de relaxation vers ’équilibre en vitesse de I'opérateur L puisque
g(t, f) = pF lorsque t — oco. L’équation (0.15) implique que ¢(g(t, f)) est constant au cours
du temps. Ainsi, p(f) = p(limi—oo g(t, f)) = @(pF), c’est-a-dire que ¢ ne dépend de f qu’a
travers pF. C’est ce que nous supposerons dorénavant. En particulier, cela implique que pour
tout f,h e L3,

(h, Dp(f)) = (hF, Do(fF)), (0.16)

ot I'on a introduit la notation f qui désigne la moyenne en vitesse de la fonction f,
7= [ $0)duto)
1%

Ordre !
L’identification des termes d’ordre e~ dans I’équation (0.14) donne
(Af, Do(f)) + (fn, De(f)) + (Lf, Dpa(f)) + Mgy = 0. (0.17)

On considére le processus de Markov ((g(¢, f), m(t,n)),t > 0) dont le générateur infinitésimal,
que l'on notera B, est clairement donné par

Bo(f,n) = (Lf,De(f)) + Me.
Ainsi, I'équation (0.17) se réécrit sous la forme de ’équation de Poisson suivante
By = =(Af, De(f)) — (fn, De(f)). (0.18)

Avant de continuer notre analyse, nous rappelons quelques faits sur les équations de Poisson.
Soit G le générateur infinitésimal d’un processus de Markov stationnaire de mesure invariante
A & valeurs dans un espace X. On note e’ le semi-groupe associ¢ a G. Pour 9,0 : X — R
fixées, on cherche a résoudre I’équation dite de Poisson

Gy =0,

i.e. & inverser G. On peut montrer que si fX 0d\ = 0 alors

o0

P(x) = —/ tYO(x)dt, z€X,

0
est, sous réserve d’existence de 'intégrale, une solution de 1’équation de Poisson. On notera
t = G710. Revenons a I'équation (0.18). Le correcteur ; sera parfaitement défini si cette
équation de Poisson admet une solution. Etudions la condition d’annulation. La mesure sta-

tionnaire du processus ((g(t, f), m(t,n)),t > 0) est §,r X v ot p désigne la moyenne de f en
vitesse, p = fV fdu, et v la mesure stationnaire de m. On doit donc vérifier que

/E(ApF, De(pF)) + (pFn, Dp(pF)) dv(n) = 0.
Le premier terme ci-dessus est nul puisque l'on peut écrire, grace a (0.16),
(ApF, Dp(pF)) = (ApF'F, Do(pF))

et que l'on a supposé en (0.6) que

/ a(v)F(v)du(v) =0
1%
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de sorte que ApF = 0. Le second terme est également nul, puisque, le processus m ayant été
supposé centré sous la mesure invariante v, on a fv ndv(n) = 0. De plus, on peut calculer de
fagon formelle le premier correcteur grace a la formule

o1 (fim) = / T eB((Af, Do(f)) + (fn. Dol f))) dt

:/0 E[(Ag(t, f), De(g(t, f))) + (g(t, f)m(t, n), De(g(t, f)))] dt,
et I'on trouve, aprés calculs, I’expression

p1(f,n) = (Af, De(f)) = (fMI(n), Dp(f))- (0.19)

Ordre 1

Le correcteur ¢ ne dépendant que de pF et le correcteur op; étant défini par (0.19), l'ex-
pression de .Z°¢° se résume a

2°0°(fin) = =(Af, Dei(f)) + (fn, Dei(f)) — e(Af, Dpa(f))
+ (Lf7 D@?(f)) + E(fnvDQOQ(f)) + M9027

que l'on réécrit sous la forme

L2 (f,n) = Bos — (Af, Der(f)) + (fn. Den(f)) + O(e)
— Bgo +q(f.n) + 0(c),

otl nous avons défini ¢(f,n) = —(Af, Do1(f)) + (fn, Dp1(f)). A ce stade, il faut remarquer
que le terme d’ordre 1 du terme de droite ne peut étre le générateur infinitésimal limite que
Pon cherche. En effet, ce dernier dépend encore de f (et non de la variable p) et également
de la variable n. Le correcteur o, est la pour corriger ce défaut. Etant donné qu’on ne peut
uniquement corriger des quantités dont la moyenne sous la mesure invariante du processus
((g(t, f),m(t,n)),t > 0) est nulle, on ajoute artificiellement cette moyenne, c’est-a-dire que
l’on écrit

Ze°(f,n) = Bpa + [q(ﬁ n) — /Eq(pF, n) dV(n)]

+/Eq(pF, n)dv(n) + O(e).

On choisit alors o solution de ’équation de Poisson

Bys = —q(f,n) +/Eq(pF, n)dv(n),

cette derniére équation étant bien posée puisque le terme de droite est bien de moyenne nulle
sous la mesure invariante du processus ((g(t, f), m(t,n)),t > 0). On obtient ainsi

L2 (f,n) = Le(pF) + O(e),

ou 'opérateur .Z est défini par

Zo(pF) =/

[ aloP.m)dv(m) = = [ [(ApF. Dr(oF) = (pFn. Dis (o)) dw(o)

E

De plus, grace a expression (0.19) de o1, le générateur limite % peut entiérement s’expliciter.
On vérifie alors, conformément au résultat de [DV12], que c’est le générateur d’un processus
de diffusion qui vérifie ’équation

dp = div(KV,p) dt + po QY/2dW,,
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ol () est un opérateur positif & trace qui s’exprime en fonction de m, sa définition étant celle
donnée ci-dessus en (0.11) et (0.12). A titre de comparaison, on rappelle quand dans le cas
déterministe (m® = 0), la limite de diffusion correspondante s’écrivait dp = div(K'V,p) dt.

Une limite de diffusion fractionnaire stochastique

Le premier chapitre de cette thése présente un résultat d’approximation-diffusion fraction-
naire dans un contexte stochastique. Nous commencgons par rappeler le cadre du probléme
dans le cas déterministe. On étudie une équation cinétique collisionnelle remise & ’échelle dont
lopérateur de collision L est une relaxation linéaire. Précisément, I’équation s’écrit

0(£)0: f* +ev -V fe = L(f%). (0.20)

L’inconnue f¢ dépend du temps t € [0, 00), de 'espace z € RY et de la vitesse v € V ot (V, p) =
(RY, dv). Nous continuerons & noter I'espace des vitesses V et non R pour le différencier de
celui d’espace. Le champ de vitesse a de la partie transport est ici donné par a(v) = v. Enfin,
lopérateur de collision est donné par

L(f) = /V f(w)dv F — f,

ol v — F(v) est une fonction d’équilibre des vitesses, bornée, paire, strictement positive
presque partout et d’intégrale fv F(v)dv = 1. Noter que la parité de la fonction F' garantit
que la condition (0.6) est vérifiée, a savoir [, vF(v)dv = 0.

Lorsque la matrice K = fV v ®@vF(v)dv est finie, on rappelle que, sous I'échelle 0(g) = 2,
la solution f¢ de (0.20) converge vers pF ou p est solution de I’équation de diffusion

Op — div(KV,p) = 0.

Le cas ou la matrice K n’est plus finie a été étudié par A. Mellet dans I'article [Mel10]. Plus
précisément, on suppose que la fonction d’équilibre F' a un comportement de type puissance a

Iinfini, c’est-a-dire que
Ko

v _
) |v\:oo |U|N+O‘

(0.21)

avec o € (0,2) et kg > 0. Noter que l'on a bien K = oo sous cette hypothése. La question
qui se pose est maintenant la suivante : sous cette nouvelle condition, peut-on, éventuellement
sous une échelle @ différente, obtenir tout de méme une limite diffusive pour ’équation ciné-
tique (0.20) 7 Sous réserve de choisir une échelle § appropriée par rapport au comportement a
I'infini de la fonction d’équilibre F, la réponse est positive : A. Mellet prouve que dans le cas
0(e) = * la solution f€ de (0.20) converge vers pF ol p est une solution de I’équation diffusive
fractionnaire

Oip + K(=A)*?p =0,

pour un certain k > 0 et ou (—A)*® désigne 'opérateur Laplacien fractionnaire, qui peut-étre
défini, par exemple, par transformation de Fourier sur L2(R") en posant

FI=A)£1€) = [§*FIf1(E), €eR™.

Le premier chapitre de cette thése s’intéresse a la problématique correspondante dans le
cas stochastique ol ’équation cinétique est perturbée par un bruit de type multiplicatif. Pour
0 < a < 2, on s’intéresse a ’équation

O f +

1 1
gaflv.vivfs = gLf€+ gm6f€7 (022)
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avec condition initiale f(0) = f§, ou lon a défini m®(¢,x) := m (¢t/e*,x), le processus m
étant un processus de Markov stationnaire centré sous la mesure invariante sur un espace
de probabilité (Q, F,P) et adapté & une filtration (F;)¢>0; son générateur infinitésimal sera
noté M. Noter que I’échelle du bruit, qui dépend de «, est elle-aussi en corrélation avec le
comportement de la fonction d’équilibre des vitesses F' & Uinfini. On étudie la convergence en
loi du processus f¢ dans un espace adéquat. Introduisons sur RY Iopérateur

J = A, +|z)?,
et définissons, pour v € R,
STRNY := {u e S'(RY), J3u e L*(RV)},

ou &’ désigne ’ensemble des distributions tempérées. On étudie alors la convergence en loi du
processus f¢ dans l'espace C([0,7]; S~"(RY)) pour tout > 0. On notera que dans [DV12], il
était possible de travailler avec les espaces de Sobolev H"(T™) car le contexte était périodique
en espace. Dans notre cas, sur I'espace R”, il nous faut récupérer de la compacité. C’est le role
de la multiplication par |z|?> dans la définition de I'opérateur J puisqu’alors S"(R¥) s’injecte
de facon compacte dans L2(R”) si 7 > 0. Le résultat prouvé est le suivant.

Théoréme 0.0.1. On suppose que (f§)e>o0 est borné dans L%_, = L* (RN x V, dx F~'dv) et
que l'on a la convergence

PG = / fe dv — po dans L*(RY).
v e—0

Alors, pour tout n >0 et T >0, p* := [}, [ dv converge en loi dans C([0,T), S~"(RN)) vers
la solution p de l’équation diffusive fractionnaire stochastique

. 1
dp = —k(=A)2 pdt + §H,0—|- pQ%th, dans [0,T] x RY,

avec condition initiale p(0) = po dans L2(RY), ou W est un processus de Wiener cylindrique
sur L2(RY),
Ko o
K= — [t|*e " dt,
Cd,a Jo

H:= / nM™(n) dv(n) € W,
E

et ot Q est un opérateur positif a trace qui s’exprime? en fonction du processus m.

L’équation limite (0.29) peut également étre écrite sous sa forme Stratonovich, a savoir
dp=—k(=A)Zpdt+po QzdW,.

Ainsi, I’équation limite dans le cas stochastique est ’équation limite du cas déterministe bruitée
par un bruit cylindrique multiplicatif.

Dans le cas déterministe (m® = 0), la preuve d’A. Mellet dans D'article [Mel10] s’articule
comme suit. Aprés avoir prouvé quelques estimées a priori sur la solution f¢, on veut passer a
la limite dans la formulation faible de I’équation (0.22), que 1’on obtient en la multipliant par
une fonction-test ¢ dépendant de (¢, z) et en intégrant sur Rt x RV x V. Plus précisément, on
ne passe pas & la limite dans la formulation faible proprement dite, on utilise la méthode des
moments qui consiste a ne pas multiplier directement 1’équation (0.22) par une fonction-test &

2. voir le chapitre 1 pour plus de détails.
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mais par une modification ad hoc de . En effet, on considére £ une fonction-test cible, et on
introduit x° solution de I’équation auxiliaire

x5 —ev-Vext =€

La fonction x° est une fonction-test qui approche & dans le sens ou elle est réguliére et satisfait
X¢ — & lorsque € — 0. On multiplie alors 'équation (0.22) par x¢, on intégre sur RT x RY x V/
et on est en mesure de passer a la limite lorsque € — 0.

Dans notre contexte stochastique, on ne peut pas adapter facilement la preuve décrite dans
[DV12], le fait de considérer des vitesses non bornées a(v) = v sur V = RY engendrant de
sérieuses difficultés pour controler la partie transport de ’équation cinétique. Nous utilisons
donc la méthode des moments, que ’on couple & la méthode des fonctions-test perturbées.
Pour ce faire, nous remarquons dans un premier temps qu’il nous sera suffisant d’étudier les
limites de .Z%¢? ot ¢(f) = (f,EF) et o(f) = (f,EF)? avec € € L?(RY) une fonction-test
réguliére. Ensuite, dans le cas o ¢(f) = (f,£F) par exemple, en s’inspirant de la méthode
des fonctions-test perturbées, adaptée a I’échelle « de I'équation (0.22), et de la méthode des
moments, on définit la fonction-test perturbée

¢ = (f,XF)+e2(f,6°F) +e*(f,0°F),
ou, comme dans le cas déterministe, x° satisfait ’équation

X —ev-Vex© =¢,

et otl 0° et 6° satisfont des équations de la forme *

(L4+ev-Vo+M)(6°F) =11, (L+ev-Vy+ M)(0°F) =1),.

Ce faisant, on est bien en mesure de prouver que £°¢p° = Z¢ + O(g) ou 'on montre que &
est le générateur infinitésimal de la diffusion stochastique fractionnaire annoncée ci-dessus. Le
reste de la preuve est standard et suit les mémes lignes que 'article [DV12].

L’équation de transfert radiatif perturbée par un processus
de Wiener

Dans le deuxiéme chapitre, nous présentons un résultat de limite hydrodynamique stochas-
tique sur une équation cinétique avec un opérateur de collision non-linéaire bruitée par un
processus de Wiener cylindrique.

Au vu du résultat d’A. Debussche et J. Vovelle [DV12] et de celui du chapitre 1 de cette
thése, il est naturel de vouloir s’intéresser & la limite hydrodynamique d’un probléme ciné-
tique collisionnel bruité plus complexe, en particulier d’'un cas présentant un opérateur de
collision non-linéaire. Une idée en guise de premiére étape avant de considérer des opérateurs
non-linéaires plus compliqués est de perturber légérement I'opérateur de collision linéaire de
relaxation L(f) = [,, fdu — f pour le rendre non-linéaire. Nous considérons alors I'opérateur
de collision

() =o(HF - f). ?:/Vfdu,

3. Nous reprenons ici les notations de la Section : .Z¢ est le générateur infinitésimal du processus Markovien
(fe,m*), (.,.) désigne le produit scalaire de L%71 et M le générateur infinitésimal de m.
4. Voir le chapitre 1 pour plus de détails.
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ol 0 : R — R est une fonction sur laquelle nous porterons des hypothéses par la suite. Dans

le cas déterministe et sous I’échelle habituelle 6(g) = £2, on étudie donc I'équation cinétique
suivante 1 1
O f+ ga(v) -V ff = 6—20(f5). (0.23)

Avec Popérateur C' défini ci-dessus, cette équation cinétique collisionnelle est appelée équation
de transfert radiatif. Elle modélise I'interaction entre un milieu environnant continu et un flux
de photons rayonnant au travers. La fonction ¢ : R — R qui perturbe I'opérateur linéaire
de relaxation est appelée 'opacité. Noter que la perturbation non-linéaire n’opére que sur la
moyenne de f en vitesse, ce qui est un fait important. Toujours dans le cas déterministe, des
résultats d’approximation-diffusion ont déja été étudiés par C. Bardos, F. Golse, B. Perthame,
R. Sentis dans les articles [BGP87] et [BGPS88] ou il est prouvé que la solution f¢ de (0.23)
converge vers p solution de I’équation diffusive non-linéaire, dite de Rosseland,

Oip — divy(o(p) P KVap) = 0,

ou la matrice de diffusion K est donnée par K = [, a(v) ® a(v)du(v). Dans ce contexte, on
parle alors d’approximation de Rosseland.

Le résultat exposé dans le deuxiéme chapitre présente un équivalent stochastique de ce
résultat dans le cas ot ’équation cinétique collisionnelle est bruitée par un processus de Wiener
cylindrique. Présentons le cadre de I’étude. On considére I’'équation

A5 + Za(v) - Vafodt = 5o (F)(FF — f)dt + f* 0 QaW,,
f2(0) = pin.

L’inconnue f¢ dépend du temps t € [0,00), de l'espace © € TV et de la vitesse v € V ot
(Vyu) = (']TN ,dv). Le champ de vitesse a : V — RY de la partie transport vérifie les conditions
habituelles [i, a(v)dv = 0 et le fait que la matrice K = [|, a(v) ® a(v) dv est finie et définie
positive. On formule également des hypothéses sur 'opacité o : R — R que nous ne détaillerons
pas ici®. Le bruit W est un processus de Wiener cylindrique sur 1'espace de Hilbert L?(T%)
que l'on peut définir en posant

(0.24)

AWy = ) ep dBi(t), (0.25)

k>0

ol (Bk)k>0 sont des mouvements Browniens réels sur un espace de probabilité (Q, F,P) filtré
et (ex)r>o0 une base orthonormale de I'espace de Hilbert L?(T%). L’opérateur de covariance
Q est un opérateur linéaire auto-adjoint sur L(T") sur lequel nous faisons une hypothése de
type « propriété de régularisation » ; nous reviendrons sur cette hypothése dans un moment.

Il est & noter que la nature du bruit est différente des précédents cas étudiés : d’une part il
ne dépend pas de ’échelle ¢ et d’autre part il est déja sous la forme limite d’un processus de
Wiener cylindrique. En particulier, 'équation (0.24) est une équation de type Itd pour laquelle
on peut utiliser la formule d’Itd. Ce contexte plus favorable nous permet d’obtenir un résultat
bien plus fort que les résultats d’approximation-diffusion stochastiques présentés jusqu’ici. En
effet, le processus f¢ ne converge plus vers p en loi mais fortement dans un espace ad hoc. Le
résultat obtenu est le suivant.

Théoréme 0.0.2. Soit € la solution du probléeme cinétique (0.24) et p la solution de I’équation
diffusive stochastique non-linéaire

{ dp — div, (0(p) " K Vyp) dt = po QdW,,

p(0) = pin (0.26)

5. Voir le chapitre 2 pour plus de détails.
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Alors la solution f€ converge quand e tend vers 0 vers la limite fluide p dans le sens ot

sup E|ff — pellry , < Ce.
te[0,T] '

En ce qui concerne la preuve, I’équation étudiée (0.24) étant de type Itd, nous pouvons
utiliser la méthode du développement de Hilbert, qui est souvent utilisée dans le cadre déter-
ministe. On développe donc f¢ selon les puissances de €. Contrairement & de nombreux cas
déterministes ot un développement jusqu’a l'ordre 2 suffit, nous sommes contraints ici, & cause
de la présence du bruit, de pousser le développement jusqu’a l'ordre 3. On écrit

fF=preh+efotefs+r7, (0.27)

ou p est la solution du probléme limite (0.26), f1, f2 et f§ sont des correcteurs a définir de fagon
appropriée et ¢ le reste du développement. Notons que le troisiéme correcteur f5 dépend de €.
En introduisant ce développement dans I’équation (0.24), il est facile de déduire formellement
les équations qui doivent étre satisfaites par les correcteurs fi, f2 et f5, ces derniers pouvant
alors étre totalement explicités en fonction de p. Afin de conclure la preuve il reste alors d’une
part & estimer le reste ¢ du développement et d’autre part a étudier le comportement des
correcteurs fi, fo et f3.

En ce qui concerne 'estimation du reste 7¢, on peut facilement montrer que r° satisfait
une équation de type Itd6 que 'on peut expliciter. On observe alors qu’en appliquant la formule
d’Tt6 on peut estimer 7 dans I'espace X := L°°(0,T; L*(Q; LY(TY x V))) et montrer qu'il est
de lordre de € :

[7]lx = O(e).

Ainsi, puisque le résultat que I'on cherche & démontrer s’écrit || f¢ — p||x = O(e), il reste,
en vertu du développement (0.27), & prouver que ||ef; + &2f2 + 35| x = O(e). Ceci revient
a contrdler les correcteurs fi, fo et f§ dans X. Ces derniers s’expriment en fonction de p
et de ses dérivées. En effet, on a fi = —o(p) ta(v) - V.p et le correcteur fo (resp. f5) fait
intervenir les dérivées jusqu’a l'ordre 2 (resp. 3) de p. Ainsi, afin de controler les correcteurs,
il est nécessaire d’avoir de la régularité sur la solution p du probléme limite (0.26). Pour ce
faire, on utilise le résultat de régularité pour les équations aux dérivées partielles stochastiques
quasi-linéaires de type parabolique prouvé dans le chapitre 4. Ce dernier s’applique bien ici,
sous réserve que le bruit soit assez régulier. C’est & ce moment qu’intervient ’hypothése de
type « propriété de régularisation » sur 'opérateur de covariance ) que nous avions évoqué

plus haut. Précisément, on impose la condition ), | Qex ?/V4‘°° < oo ol (eg)rgen désigne

la base Hilbertienne de L?(T™) selon laquelle nous avions développé le processus de Wiener
cylindrique W.

L’équation de transfert radiatif perturbée par un bruit
Markovien

Dans le troisiéme chapitre de cette thése, on s’intéresse de nouveau au cas de 1’équation
de transfert radiatif, qui présente un opérateur de collision non-linéaire, mais que 1’on bruite

cette fois-ci de fagon multiplicative avec un processus Markovien qui dépend de I’échelle €. On
étudie donc ’équation non-linéaire suivante

Of° + Zalo) - Vuf = 5o(F)(FF - )+ o,
£0) = 15,

(0.28)
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Précisons le contexte. L’inconnue f¢ dépend du temps ¢ € [0, 00), de I'espace x € TV et de la
vitesse v € V ot (V, ) est un espace mesuré. On rappelle que la notation f désigne la moyenne
de f en vitesse : f = fv f(v)du. Le champ de vitesse a : V — R¥ de la partie transport est
supposé borné et vérifie les conditions habituelles [, a(v)F(v)du = 0 et le fait que la matrice
K = [, a(v) ® a(v)F(v)dp est finie et définie positive. Nous imposons également, une autre
contrainte sur a que nous préciserons dans un moment. L’équilibre en vitesses v — F(v) est
tel que
F >0 p.p., /F(v)duzl, sup F(v) < o0.
1% veV

L’opacité o : R — R est supposé Lipschitz continue et bornée inférieurement et supérieurement
par des constantes strictement positives. Enfin, le terme stochastique m¢® est donné par

t
me(t,z) :==m (62,1‘) ,

le processus m étant un processus de Markov stationnaire centré sous la mesure invariante sur
un espace de probabilité (Q, F,P) et adapté a une filtration (F;):>0 ; son générateur infinitési-
mal sera noté M.

Nous soulignons que les hypothéses faites sur I'opacité o sont bien plus faibles que celles
requises pour le résultat du chapitre précédent. Nous énongons maintenant le résultat obtenu
dans ce chapitre.

Théoréme 0.0.3. On suppose que (f§)e>o est bornée dans L3._, = L?(RN x V,dx F~'dv) et
que l’on a la convergence

PG = / fé dv — po dans L*(TV).
v e—0

Alors, pour tous n > 0 et T > 0, p° := f¢ converge en loi dans C([0,T], H="(TV)) et
L2(0,T; L*(TY)) wers la solution p de I’équation stochastique de diffusion non-linéaire

dp — divy(o(p) 'KV, p)dt = Hpdt + pQ%th, dans [0,T] x TV, (0.29)

avec condition initiale p(0) = po dans L*(TV), et o W est un processus de Wiener cylindrique
sur L2(TV),

K = /Va(v) ® a(v)F(v) du(v)

H::/ nM™I(n) dv(n) € Wh.
E

L’équation limite obtenue dans le cas stochastique est donc ’équation limite dérivée dans
le cas déterministe bruitée de fagon multiplicative par un processus de Wiener cylindrique. I1
est & noter que l'on obtient la convergence en loi du processus p° non seulement dans I’espace
C([0,T7), H="(T")) mais également dans L?(0,T; L%(T")).

La structure de la preuve est identique au cas présenté dans Particle [DV12]. C’est-a-dire
que 'on utilise la méthode des fonctions-test perturbées pour identifier le générateur limite,
on montre ensuite la tension de la famille de processus (p°)c~o dans un bon espace et on passe
enfin & la limite dans la formulation martingale du probléme. Le probléme majeur est que le
fait de prouver, comme dans [DV12], la tension de (p¢).~¢ dans espace C([0,T]; H~"(TV))
pour 1 > 0 n’est désormais plus suffisant pour passer a la limite dans le terme non-linéaire
o(p®)(p°F — f¢). Nous devons donc obtenir la tension de (p%)c>¢ dans un meilleur espace,
en l'occurrence nous la prouvons dans l'espace L2(0,T; L2(TV)), ce qui sera suffisant pour
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passer a la limite dans le terme non-linéaire. Ce faisant, nous récupérons également a la fin
la convergence en loi du processus p¢ dans L2(0,T; L?(TY)). Afin de prouver la tension de la
famille (p°).~o dans L?(0,T; L*(T")), nous utilisons un lemme de moyenne.

D’un point de vue déterministe, considérons pour tout € > 0 I’équation cinétique

£0ig° +v-Vag® =h, (t,z,v) €[0,T] x TN x V,

ot ¢g¢, h® sont uniformément bornées par rapport a ¢ dans L2(0,T; L2(TV x V)). Les lemmes
de moyenne permettent de montrer que la moyenne en vitesse fv 9° du(v) de la solution ¢° est
plus réguliére uniformément en € dans le sens ou

195 172 0,7y <1y < C,

la constante C' étant indépendante de . Les travaux sur ces lemmes de moyenne sont nom-
breux mais nous citons par exemple 'article de F. Golse, P.-L. Lions, B. Perthame, R. Sentis
[GLPS88]. Dans la preuve de notre résultat, nous utilisons un lemme de moyenne prouvé dans
[Jab09]. L’équation (0.28) se réécrit en effet

O +ale) Vaf = Zo(FIFF - 1) + fom,

et il est possible de montrer que le terme de droite est bien uniformément borné en & dans
L2(0,T; L2(TN x V)). Le lemme de moyenne nous permet alors de prouver que pour un s > 0,

T
E / 165y ds < C,

la constante C' étant indépendante de . Ceci donne de la compacité en espace pour le pro-
cessus p° et permet ensuite d’obtenir aisément la tension annoncée de (p°).~¢ dans 'espace
L?(0,T; L?>(T")). Nous soulignons que pour pouvoir appliquer le lemme de moyenne présenté
dans [Jab09], nous devons supposer que le champ a de la partie transport libre vérifie la condi-
tion suivante, usuelle dans le cadre des lemmes de moyenne,

Ve >0, V(€ 0) € SN IR, p({veV,ja(v)-£+a| <e}) <&,

pour un certain 6 € (0, 1]. Ceci est précisément ’hypothése supplémentaire sur le champ a que
nous avions évoqué plus haut mais pas encore explicité.

Enfin, remarquons que le fait de pouvoir obtenir la tension de la famille (p*)cs0 = (f€)e0
dans L2(0,T; L?>(T")) permet également de traiter aisément le cas légérement plus général

0" + La(0) - Vo f* = o (FIFF — 1) + Ao,

ou A : R — R est continue bornée. Cette remarque s’applique en particulier dans le cas linéaire
o =1, ce qui permet donc de renforcer le résultat traité dans [DV12], d’une part en donnant la
convergence en loi de p° dans I'espace L2(0,T; L?(T")) et d’autre part en autorisant un bruit
multiplicatif de la forme LA(f¢)fem=.

Un résultat de régularité pour les EDPS quasi-linéaires
paraboliques
Nous laissons maintenant de coté les problémes d’approximation-diffusion dans le cas sto-

chastique pour présenter le résultat du quatriéme chapitre de cette thése, a savoir un résultat
de régularité pour des équations aux dérivées partielles stochastiques quasi-linéaires de type
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parabolique. Ce résultat est utilisé dans la preuve du résultat du chapitre 2. Le bruit considéré
sera multiplicatif. Commencons par présenter le contexte. On se donne D C R un domaine
borné a frontiére lisse, et pour T' > 0 on définit Dy = (0,T) x D, Sy = (0,T] x 8D. On étudie
le probléme suivant

du = div(B(u)) dt 4+ div (A(uw)Vu) dt + F(u)dt + H(u) dW  dans Dr,
u=0 dans St, (0.30)
u(0) = ug dans D,

ot W est un processus de Wiener cylindrique sur un certain espace de Hilbert K et ou H est
une fonction & valeurs dans l'espace v(K, X) des opérateurs y-radonifiants de K dans divers
espaces de Sobolev X. On souhaite s’intéresser & la régularité de la solution u du probléme
(0.30).

Un tel résultat de régularité est important et intéressant en soi. En effet, ’équation (0.30) est
relativement générale et permet de modéliser de nombreux phénoménes dans divers domaines.
La régularité des solutions de cette équation permet d’obtenir de nombreuses informations
qualitatives sur ces solutions; c’est également une premiére étape nécessaire lors de 1’étude de
schémas d’approximation numérique. D’autre part, ce résultat est intéressant d’un point de
vue de I’étude de I'approximation-diffusion stochastique. En effet, la classe de modeéles du type
(0.30) est riche et contient de nombreuses équations qui sont des limites diffusives de systémes
cinétiques bruités, par exemple I’équation limite diffusive parabolique de 1’article [DV12] ainsi
que les limites diffusives exhibées dans cette thése. On s’attend également, sur des modéles
cinétiques plus complexes, a des limites de diffusion de la forme (0.30).

En ce qui concerne les travaux passés en relation avec ce type de probléme, nous com-
mencons par mentionner, dans le cas déterministe, la théorie classique de Schauder pour les
équations paraboliques linéaires, voir [Lie96], qui permet d’estimer les normes de Holder de la
solution en fonction des paramétres connus de I’équation. Toujours dans le cas déterministe,
le cas quasi-linéaire parabolique, c¢’est-a-dire le cas d’équations du type (0.30) sans le bruit,
est traité en détails dans le livre classique [LSUG68|. Dans le contexte stochastique, nous ci-
tons le travail de L. Denis et A. Matoussi [DM13] ot un principe du maximum est prouvé
pour une EDPS de type similaire a (0.30), mais avec un coefficient H plus général qui peut
dépendre du gradient de la solution. Un résultat de régularité Holdérienne des solutions de
systémes paraboliques non-linéaires est prouvée dans article de L. Beck et F. Flandoli [BF13]
en utilisant des méthodes d’énergie.

En ce qui concerne notre résultat, nous prouvons que la solution u est Holderienne en
la variable de temps d’exposant 1/2 — ¢, la régularité temporelle étant évidemment limitée
par le terme stochastique, et aussi réguliére que souhaité en la variable d’espace tant que les
coefficients de ’équation le sont. Avant d’énoncer le résultat, nous présentons ’hypothése faite
sur le facteur H du bruit. On introduit les espaces de Bessel qui sont une certaine échelle
d’espaces de régularité. Précisément, on définit 'espace de Bessel H*" (D), a > 0, r € (1, 00),
par interpolation complexe : si a > 0 et m € N est tel que a < m < a + 1 alors on définit

HY"(D) := [W™"(D), L" (D)} (m—a)/m

ou L"™(D) et W™T(D) désignent respectivement l'espace de Lebesgue et 1’espace classique
de Sobolev-Slobodeckij . Dés lors, on définit les espaces Hy" (D) comme étant 1’adhérence
de C°(D) dans H*" (D). Ces espaces sont liés & l'opérateur de Laplace avec conditions de
Dirichlet sur D que l'on notera Ap. En tant qu’opérateur sur L”, son domaine est Hg’r.
De plus, les domaines de ses puissances sont les espaces de Bessel, c’est-ad-dire que 1'on a
D((—Ap)¥) = Hgo"T. Concernant le coefficient H, on notera, pour a > 0 et r € [2,00), (H, )
I’hypotheése suivante

6. Voir le chapitre 4 pour plus de détails sur les espaces de régularité en jeu.
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C(1+ Jlullgar), a€0,1],

Hll’f’
1+ lullgr +ullfper), o> 1, (He.r)

1 ()| 5, mrgmy < {

c’est-a-dire que l'on suppose que H envoie H{" dans (K, Hy"") lorsque a € [0,1] et qu’il
envoie Hy™" N Hy™" dans v(K, H}™) si a > 1. Le résultat est alors le suivant.

Théoréme 0.0.4. Soit k € N. Soit u une solution faible du probleme (0.30) telle que, pour
tout p € [2,00),

we L*(Q;0([0, T); L)) N LP(Q; L0, T; LP)) N L* (2 L*(0, T; Wy %)),

On suppose que
(i) ug € L™(Q; C*+4(D)) pour un certain ¢ > 0 et tout m € [2,00),
(ii)) A, BeCf et F € CF 1,

(i1i) Uhypothese (H,,.) est satisfaite pour tous a < k+1 et r € [2,00).

Alors pour tout X € (0,1/2) il existe > 0 tel que, pour tout m € [2,00), la solution faible u
appartient a L™ (Q; CM48(Dr)).

Pour la preuve du résultat, une adaptation au cas stochastique de la méthode déterministe
présentée dans [LSUG6S| semble difficile. On introduit une nouvelle méthode basée sur une idée
trés simple qui consiste a séparer le déterministe de 1’aléatoire : la solution faible u de (0.30)
est décomposée en deux parties u = y + 2z ol y est solution d’une équation aux dérivées
partielles linéaire de type parabolique & coeflicients aléatoires et z est solution d’une équation
aux dérivées partielles stochastique linéaire de type parabolique avec le méme bruit que dans
(0.30). Ce faisant, la régularité de u est réduite a I’étude de la régularité de y et z qui s’obtient
par des techniques bien connues d’équations aux dérivées partielles déterministes pour y et de
régularisation par convolution stochastique pour z.

Nous présentons maintenant un peu plus en détails cette méthode. Les principales difficultés
étant dues a 'opérateur différentiel de second ordre et au terme stochastique, nous supposons
que B = F = 0 et considérons des conditions aux bords périodiques, c¢’est-a-dire que l'on se
place sur D = T¥ le tore de dimension N. On considére u une solution faible de

(0.31)

du = div (A(u)Vu) dt + H(u) dW,
u(0) = wuy,

et z une solution de

dz = Azdt + H(u)dW,
z(0) = 0.

La solution z peut étre exprimée par la convolution stochastique avec le semi-groupe généré
par I'opérateur Laplacien avec conditions de Dirichlet sur D, que I'on notera (S(t))¢>0, & savoir

A(t) = /0 S(t— s)H () dW(s) (0.32)

pour laquelle des propriétés de régularisation sont bien connues. En définissant ensuite y = u—z,
on obtient facilement que y est solution de

{ By = div(A(u)Vy) + div((A(u) — 1)Vz2), (0.33)

y(0) = o,
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qui est une équation aux dérivées partielles linéaire de type parabolique a coefficients aléa-
toires. Ceci étant, la structure de la preuve est la suivante. Grace a des estimées a priori pour
l’équation (0.31), nous avons

w e LP(Q; L=(0,T; LP(TN))) N L2(Q; L2(0, T; Wy *(TV))),  Vp € [2,00).

En utilisant alors la méthode de factorisation, qui permet d’étudier la régularité d’une convolu-
tion stochastique, il est possible de montrer que z défini par (0.32) posséde assez de régularité
pour que Vz soit une fonction avec de bonnes propriétés d’intégrabilité. Grace a cette régularité
accrue de z, il est maintenant possible d’utiliser un résultat déterministe classique concernant
les EDP linéaires paraboliques a coefficients discontinus, voir [LSU68|, pour I’équation (0.33)
de sorte que y est Holder continue en temps et espace. Et cette régularité est propagée sur
u =y + z. La solution u étant maintenant plus réguliére, z I'est également, & un niveau ou la
théorie de Schauder pour les EDP linéaires de type parabolique avec coefficients Holder conti-
nus s’applique pour 1’équation (0.33), voir [Lie96]. Ainsi y est-elle plus réguliére, et u =y + z
également. Tant que les coefficients et la donnée initiale de ’équation (0.30) sont suffisamment
réguliers, il est possible d’itérer ce raisonnement afin de prouver la régularité annoncée pour la
solution u.

Mesures invariantes pour une équation de Fokker-Planck
stochastique

Enfin, nous présentons ici le dernier chapitre de cette thése, qui présente un résultat d’exis-
tence et unicité d’une mesure invariante pour une équation de Fokker-Planck stochastique, ot
I’équation standard de Fokker-Planck est bruitée par un terme de force aléatoire. On dérive

en particulier dans ce chapitre une estimation hypocoercitive sur la solution de cette équation.
Plus précisément, présentons le cadre d’étude. On s’intéresse a 1’équation suivante

df + v-Vuf dt + AV,fodW, = O(f) dt (0.34)

ott I'inconnue f dépend des variables t € [0,00), z € TV et v € RY. L'opérateur Q est
lopérateur de Fokker-Planck, dont I'expression est donnée par

Q(f) = Auf + divy(vf).

Nous définissons maintenant le bruit dW;. Pour cela, on introduit tout d’abord un opérateur
I' auto-adjoint positif sur L?(TY;RY) vérifiant Tr(I') < oo ainsi qu'un systéme orthonormé
complet (H;);en dans L?(TY;RY) constitué de vecteurs propres de I' dont les valeurs propres
positives associées sont notées (7;)jen :

T'Hj =~;H;, jeN.

La perturbation aléatoire dW; est un I'-processus de Wiener sur L?(TV;R"), que I’on peut
par exemple définir par la série

AWy (x ZDH x) dB;(t) Z x) dB;(t)

ot les () en sont des mouvements browniens réels indépendants. On introduit alors la nota-
tion F} = I':H ; de sorte que 'on écrira désormais le bruit sous la forme

AW, (x Z Fj(z) dB;(t)
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Concernant ces coefficients (F});en, nous supposerons qu’ils vérifient la condition suivante

S IF 2 + IV FylI2% < 1.
j

La notation ® tient compte du produit scalaire sur RY et du fait que le terme stochastique
est considéré sous forme Stratonovich. La paramétre )\ s’apparente a la taille du bruit. On
introduit la distribution de Maxwell M sur RY dont ’expression est donnée par

M(v) = (277)_N/26_|”|2/2, veRY.

Il faut remarquer que l'opérateur Q est agréable a manipuler dans l’espace & poids
LQ(RN ,M~tdv) dans lequel il est auto-adjoint. Ainsi, dans ce qui suit, on ne travaillera pas
exactement sur la variable f mais plutot sur la variable g définie par f = M%g. Ce faisant, on
peut facilement vérifier que g est solution du probléme

v

{ dg + v-Vag dt + )\(VU (0.35)

g(o) = gina

et ot 'opérateur L, qui est cette fois auto-adjoint sur L?(RY), est donné par

N |v?
L = Av T T
g g + <2 1 g

Bien entendu, les résultats obtenus sur I’équation satisfaite par g se transmettent facilement a
I’équation satisfaite par f.

Le but du chapitre est d’étudier 'existence et 'unicité d’une mesure invariante pour le
probléme (0.35). Nous obtenons ceci en prouvant une estimation hypocoercitive sur la solution
g. Commencons par dire quelques mots sur la théorie de ’hypocoercivité qui a été introduite par
C. Villani dans son mémoire [Vil09]. Le principe est de s’intéresser a la convergence de solutions
a des modéles cinétiques collisionnels vers leurs équilibres. Pour fixer les idées, considérons une
équation de la forme

Of +v-Vof =QF, (0.36)

ou @ est un opérateur auto-adjoint qui agit uniquement sur la variable de vitesse. Nous sup-
posons également que le noyau de 'opérateur @) est de dimension finie et, en introduisant Il,
la projection orthogonale sur ker(Q) dans I'espace L?(RY,dv), que I'on a une propriété de
coercivité locale (en espace) dans L?(RY,dv) : pour tout h € L%(RY, dv),

(Qh,h) < —c|[h —TLzhl|,

pour un certain ¢ > 0. Cela implique en particulier que l'opérateur Q a un trou spectral.
La classe d’équations (0.36) est relativement générale et comprend entre autres les équations
linéarisées de Boltzmann, les équations de relaxation, de Landau ou encore de Fokker-Planck.
Les équilibres globaux de ces modéles appartiennent & ker(Q). Enfin, nous introduisons la
projection globale II sur ker(Q) dans I’espace L?(TY x RY) qui est définie par

IIh = / eh(z,v)dr, h e L3(TN x RY).
'[[‘N

Si f est une solution du modele cinétique (0.36), il faut remarquer que la fonction ¢ — ILf(t)
est constante au cours du temps égale a I1f(0). En effet, en multipliant I’équation (0.36) par
I1f(t), en intégrant en espace et vitesse, et en utilisant que Q*IIf(t) = QILf(¢) = 0 on obtient

d

£ﬂf(t) =0.
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Des lors, la théorie de I'hypocoercivité nous donne la convergence exponentielle de la solution
f vers son équilibre global IIf(0) :

1) = Tf(0)l|l3 < Ke™™, >0,

dans un certain espace de Sobolev H. Le taux de convergence 7 est explicite, il dépend des
paramétres du probléme et en particulier du trou spectral de @@ que ’on peut quantifier avec la
constante ¢ introduite ci-dessus. Pour plus de détails sur I’hypocoercivité, nous renvoyons au
mémoire de C. Villani [Vil09] et aux références de ce mémoire ainsi qu’a 'article de C. Mouhot
et L. Neumann [MNO6] ot I'hypocoercivité est utilisée pour étudier la convergence a I’équilibre
de nombreux modéles cinétiques incluant le modéle de Fokker-Planck.

Revenouns a ’étude du probléme (0.35) ot nous regardons pour le moment le cas déterministe
A = 0. Le noyau de L est porté par la fonction M: et Pon peut exprimer la projection globale
sur ker(L) comme

[Ih = poo(h)M?2,  he L*(TN x RY)

ou Von a défini pao(h) == [[h(t)M= dzdv = [[ h(0)M?= dzdv (cette quantité est constante
au cours du temps). L’hypocoercivité nous donne alors, voir par exemple [MN06, Section 5.3|,
une convergence exponentielle vers 0 pour la quantité g(t) — poo (g)/\/l% dans I'espace H'!.

Dans ce chapitre, on souhaite obtenir de I’hypocoercivité sur le modéle de Fokker-Planck (0.35)
qui est perturbé par une force aléatoire. Le résultat prouvé, qui contient également le résultat
d’existence et d’unicité des solutions du probléme (0.35) est énoncé ci-aprés. On introduit juste
avant quelques notations : {.,.) et ||-|| désigneront respectivement le produit scalaire et la norme
de l'espace L2, := L*(TY x RY) et on définit Iopérateur D = Vv 4 v/2 et les espaces”

L} ={f e L’RY);Df € L*(RY)}, L% p=LXTY;L}), LY p={f€LipVafeLli,}

Théoréme 0.0.5. Soit g, € L?(; Li,v). Pour tout X\ < 1, il existe un unique processus adapté
{g(t), t > 0} qui satisfait :

(i) pour tout T >0, g € C([0,T]; L*( L2 ,)) et Dg € L*(Q x (0,T); L2 ,) ;

(i1) 9(0) = gin

(iii) pour tout ¢ dans C°(TN x RYN) et tout t > 0,

@0 0) = (gim ) + / (9(s), 0 Vag)ds + 1S / (9(3), F; - D) dB;(s)

=0

+/Ot<g(s),L*go>ds+)\;j;)/ot (9(s), (F; - D) 9) ds, ps

(0.37)
La quantité px(g) == [[ gM?= est constante au cours du temps. De plus, il existe Ao(N) >0
tel que, pour tout A < Ao, g a les propriétés suivantes. La solution g devient plus réguliére dés
que t > 0 : pour tout tg > 0, il existe une constante C(N,ty) > 0 telle que

Ellg(to)lzz , < CEllgi|® (0.38)

De plus, si ty > 0, il existe des constantes ¢, C' et K dépendant seulement de N telles que g
satisfait, pour t > to, Uestimation

t
Elo(015 +<E | o)l +IDVas0+HID()]Pds < CElglta)lg, +CElpn*t—to)
’ (0.39)

7. Pour plus de détails, notamment sur les normes considérées sur ces espaces, voir le chapitre 5.
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et, pour t > tg, l’estimation hypocoercitive
Ellg)Z, , < Ce T Elg(to)I7z | + KElpso(9)]*. (0.40)

Concernant la preuve du résultat, I'existence du processus g est obtenue par un schéma
de Galerkin sur lequel on passe a la limite grace aux estimations d’énergie uniformes qui
découlent de I’estimation (plus forte) hypocoercitive. Noter que ’on doit imposer une condition
de petitesse sur A, c’est-a-dire que le bruit n’est pas trop important, ceci afin d’empécher que le
bruit vienne altérer les propriétés dissipatives de 'opérateur L, voir également [MNO0G, Section
3.2] a ce sujet. Enfin, la preuve de I'estimation hypocoercitive (0.40) est prouvée de la méme
facon que dans [MNO6] et en utilisant la formule d’Itd afin de traiter le terme stochastique.

Nous énongons maintenant le résultat relatif a ’existence et I'unicité des mesures invariantes
du probléme (0.35).

Théoréme 0.0.6. Soit gi, € L2,. On suppose que X < Ao ol Ao a €té introduit dans le
Théoréme 0.0.5. Pour w € R, on introduit ’espace

Xy = {gELi,v, //g/\/l% zw}.

Alors, pour tout w € R, le probléme

v

dg + v-Veg dt + )\(VU 2)9 ©dW, = Lg d,
9(0) = gin, (Pw)
I/ ginM? = w,

admet une unique mesure invariante sur ’espace X,,.

La preuve du résultat repose essentiellement sur ’estimation hypocoercitive (0.40). En effet,
on peut facilement déduire de cette derniére que si g; et go sont deux solutions du probléme
(0.35) de conditions initiales respectives gin 1 €t gin,2 telles que [[ giml/\/l% =/ gin’g./\/l%, alors
les solutions se rejoignent exponentiellement vite. Ceci nous permet d’établir 'existence ainsi
que 'unicité d’une mesure invariante pour le probléme (0.35).









CHAPTER 1

A fractional diffusion limit for a
stochastic kinetic equation

Abstract: We study the stochastic fractional diffusive limit of a kinetic equation
involving a small parameter and perturbed by a smooth random term. We show,
under an appropriate scaling for the small parameter, the convergence in law to
a stochastic fluid limit involving a fractional Laplacian. The proof relies on a
generalization in the infinite dimensional case of the perturbed test-functions
method and on the moments method used in the proof of the corresponding
result in the deterministic setting.
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1.1 Introduction

In this chapter, we consider the following equation

1 1 1
Of*+ v Vaf* = ;aqugmfff in R x RY x RY, (1.1)

with initial condition
f2(0) = f§ in RY xRy, (1.2)

where 0 < o < 2, L is a linear operator (see (1.3) below) and m* a random process depending
on (t,z) € RT x R? (see Section 1.2.2). We will study the behaviour in the limit ¢ — 0 of its
solution f¢.

The solution f€(¢,z,v) to this kinetic equation can be interpreted as a distribution function
of particles having position x and degrees of freedom v at time ¢. The variable v belongs to
the velocity space R? that we denote by V. The collision operator L models diffusive and
mass-preserving interactions of the particles with the surrounding medium; it is given by

Lf:/ fdvF — (1.3)
v

where F' is a velocity equilibrium function such that F € L, F(—v) = F(v), F > 0 a.e.,
Jy F(v)dv = 1 and which is a power tail distribution

ko

~ .
|v]—o0 |’U|d+a

(1.4)

Note that F' € ker(L). Power tail distribution functions arise in various contexts, such as
astrophysical plasmas or in the study of granular media. For more details on the subject, we
refer to [MMM11].

In this chapter, we derive a stochastic diffusive limit to the random kinetic model (1.1) using
the method of perturbed test functions. This method provides an elegant way of deriving
stochastic diffusive limit from random kinetic systems; it was first introduced by Papanico-
laou, Stroock and Varadhan [PSV77]. The book of Fouque, Garnier, Papanicolaou and Solna
[FGPS10] presents many applications to this method. A generalisation in infinite dimension of
the perturbed test functions method arose in recent papers of Debussche and Vovelle [DV12]
and de Bouard and Gazeau [dBG12].

We make some remarks about the deterministic case where m® = 0. First of all, we consider
the following collisional kinetic equation

1 1
0uf° + —v- Vo f* = 5L,
g g

obtained from (1.1) by taking o = 2 and discarding the noise term. As e goes to 0, under the
condition that the matrix K = fv v ® v F(v)dv is finite and definite positive, one can show
that the solution f€ converges to the solution of the following diffusive equation

Op = divy (KVyzp).

The proof of this approximation-diffusion result can be found in [DGPO00| for instance. A
natural idea is now to investigate the case where the matrix K is not finite and to wonder
whether we are still able to derive a diffusive limit or not. In the articles [Mell0, MMM11],
Mellet studied the case where F is a power tail distribution as defined in (1.4) (note that
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the matrix K is infinite in this case) and succeed in proving an approximation-diffusion result
under a different scaling, precisely on the equation

v Vo f = L LfE.

7670(

O f +

ea—l
In this case, the hydrodynamic limit involves a fractional Laplacian operator:
dp = —k(=A)*?p,

Thus, in this chapter, we are interested in the corresponding stochastic result where the pre-
vious kinetic equation has been perturbed multiplicatively by a noise term as described by
Equation (1.1).

For the random kinetic model (1.1), the case @ = 2 with K finite and v replaced by a(v)
where a is bounded is derived in the paper of Debussche and Vovelle [DV12]. Here we study a
behaviour for the velocity equilibrium function F' parametrized by 0 < o < 2 under which the
classical diffusive matrix K is infinite and we relax the boundedness hypothesis on a since we
study the case a(v) = v. Note that, in our case, in order to get a non-trivial limiting equation
as € goes to 0, we exactly must have a(v) unbounded; furthermore, we can easily extend the
result to velocities of the form a(v) where a is a C''-diffeomorphism from V onto V. We expect
a limiting stochastic equation with a fractional Laplacian.

To derive a stochastic diffusive limit to the random kinetic model (1.1), we use a generalization
in infinite dimension of the perturbed test functions method. Nevertheless, the fact that the
velocities are not bounded gives rise to non-trivial difficulties to control the transport term
v-V,. As a result, we also use the moments method applied in [Mell0] in the deterministic
case. The moments method consists in working on weak formulations and in introducing new
auxiliary problems, namely in the deterministic case

X°—ev-Vex© =g,

where ¢ is some smooth function; thus we introduce in the sequel several additional auxiliary
problems to deal with the stochastic part of the kinetic equation. Solving these problems is
based on the inversion of the operator L —c A+ M where M is the infinitesimal generator of the
driving process m. Finally, we have to combine appropriately the moments and the perturbed
test functions methods.

We also point out similar works using a more probabilistic approach of Basile and Bovier
[BB10] and Jara, Komorowski and Olla [JKOO09].

1.2 Preliminaries and main result

1.2.1 Notations

In the sequel, L2 _, denotes the F~! weighted L?(R? x V') space equipped with the norm

xTr,v 2
| £II1? == /Rd/vug(’v))' dv da.

We denote its scalar product by (.,.). We also need to work in the space L?(R9), or L2 for
short. The scalar product in L2 will be denoted by (.,.),. When f € L2F_17 we denote by p
the first moment of f over V ie. p = fv fdv. We often use the following inequality

ol < I,
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which is just Cauchy-Schwarz inequality and the fact that fV F(v)dv = 1. Finally, S(R9)

stands for the Schwartz space on R, and S’(R?) for the space of tempered distributions on
R4,

We recall that the operator L is defined by (1.3). It can easily be seen that L is a bounded
operator from L%,l to L%,l. Note also that L is dissipative since, for f € L%,l,

(L, f) = =IILfI*. (1.5)

In the sequel, we denote by g(t,-) the semi-group generated by the operator L on L%,l. It
satisfies, for f € L%._,,

d

—g(t = Lg(t

39 ) = La(t, ),

9(0,f) =,
and it is given by

g(t,f):/VfdvF(l—e‘t)Jrfe‘t, t>0, fe L%,

so that g(t,-) is a contraction, that is, for f € L%._,,

lgt. O < IIfIl, t=0. (1.6)

We now introduce the following spaces S7 for v € R. First, we define the following operator
on L?(R%)
J = A, + |z,
with domain
D(J) = {f € L*(RY), A f, |« f € L*(RY)}.
Let (p;)jene be the Hermite functions, defined as

=2

pj(21, .0 a) = Hy, (z1) -+ Hj, (za)e™ 27,

where j = (ji,...,ja) € N% and H; stands for the i—th Hermite’s polynomial on R. The
functions (p;);ena are the eigenvectors of J with associated eigenvalues (p1;);jene = (2[] +
1)jena where |j| := |j1| +- -+ |ja|. Furthermore, one can check that J is invertible from D(.J)
to L2(R9), and that it is self-adjoint. As a result, we can define J? for any v € R.

Then, for v € R, we can also view J7 as an operator on &'(R%). Let u € S'(R?), we define
JYu € 8'(R?) by setting, for all ¢ € S(R?),

(J7u, @) = (u, J7¢).
Finally, we introduce, for v € R,
ST(RY) := {u e S'(RY), J3u e L*(RY)},
equipped with the norm
2
l[ull s~ @ay = 1172 ul| L2 (Ra).-
In the sequel, we need to know the asymptotic behaviour of the quantities [|p;||z2, [|Vap;ll 22,
| D?p;l|z2 and [[(=A)2 p;ll2 as |j| — oo. In fact, classical properties of the Hermite functions
give the following bounds
1
Ipjllz: =1, IVepjlle < py2,

. (1.7)
ID?pillz < iy 1(=A)%pjllz <1+ py.
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We finally recall the definition of the fractional power of the Laplacian. It can be introduced
using the Fourier transform in S'(RY) by setting, for u € S'(R?),

o

F((=A)zu)(&) = [¢]*F(u)(E)-
Alternatively, we have the following singular integral representation, see [Val09],

—(=A)2u(x) = cgoPV /Rd [u(z + h) — u(z)] |]J1<ch’

for some constant ¢4, which only depends on d and «.

1.2.2 The random perturbation

The random term mF® is defined by

t
me(t,z) :=m (Ea,x) ,

where m is a stationary process on a probability space (2, F,P) and is adapted to a filtration
(Ft)t>0. Note that m® is adapted to the filtration (F7)i>0 = (Fe-ay)e>0. We assume that,
considered as a random process with values in a space of spatially dependent functions, m is a
stationary homogeneous Markov process taking values in a subset E of L2(R%) nW1>(R9). In
the sequel, E will be endowed with the norm || - ||« of L>(R?). Besides, we denote by B(E, X)
(or B(E) when X = R) the set of bounded functions from F to X endowed with the norm
lgllos i= b,z llg(n) 1 x for g € B(E, X).

We assume that m is stochastically continuous. Note that m is supposed not to depend on the
variable v. For all ¢ > 0, the law v of m; is supposed to be centered

E[m] = /Endy(n) =0.

The subset E has the following properties. We fix a family (1;);en of functions in W1 (R?)
such that

S:=3_|[Inillwr < o0,

€N

and we assume that every n € E can be uniquely written as

n= Zni(n)m, (1.8)

i€EN

with |n;(n)] < K foralli € Nand alln € E. Note that the preceding series converges absolutely
and that E is included in the ball B(0, K.S) of W (R4). Finally, since m is centered, we also
suppose that for all i € N,

/ ni(n)dv(n) = 0. (1.9)
B

We denote by e*™ a transition semi-group on F associated to m. We suppose that the transition
semi-group is Feller i.e. e!™ maps continuous functions of n on continuous functions of n for
all t > 0. In the sequel we also need to consider e™ as a transition semi-group on the space
B(E,L%_,) and not only on B(E). Thus, if g € B(E,L%_,), "™ acts on g pointwise, that is,

[etM g)(z,v) = eM[g(z,v)], (z,0) ERIx V.
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In both cases, we denote by M the infinitesimal generator associated to the transition semi-
group. Note that we do not distinguish on which space B(E, X), X = R or L%_l, the operators
are acting since it will always be clear from the context. Then, for X =R or X = L%_,, D(M)
stands for the domain of M it is defined as follows:

hM

D(M) = {u € B(E, X), lim %u exists in B(E,X)} ,

and if u € D(M), we set
hM

et =T
Mu.—}llli%TumB(E,X).

We suppose that there exists g > 0 such that for all ¢ € B(FE) verifying the condition
S g(n)dv(n) =0,
e glloo < e llglloc, >0, (1.10)

Moreover, we suppose that m is ergodic and satisfies some mixing properties in the sense that
there exists a subspace &) of B(F) such that for any g € &), the Poisson equation

M =g /E g(n) du(n) =3,

has a unique solution ¢ € D(M) satisfying [}, 1)(n) dr(n) = 0. We denote by M ~'g this unique
solution, and assume that it is given by

M~1g(n) = —/ eMG(n)dt, nekE. (1.11)
0

Thanks to (1.10), the above integral is well defined. In particular, it implies that for all n € FE,

tlgrolo e™MG(n) = 0.

We assume that for all i € N, n + n;(n) is in &) and that for all n € E, |M~!n;(n)| < K.
As a consequence, we simply define M 11 by

M™I(n) := ZM_lni(n)m, ne k.
ieN

We also suppose that for all f € L*(R?), the functions g; : n € E + (f,n), and n € E
M~1gs(n) are in Py.

We will suppose that for all ¢ > 0,
EHth%% < 00, ]E||M_11(mt)||%i < 00. (1.12)

To describe the limiting stochastic partial differential equation, we then set
k(z,y) = IE/ mo(y)me(x)dt, z,y € R
R

The kernel k is, thanks to (1.12), the fact that m is stationary and Cauchy-Schwarz inequality,
in L2(R? x RY) and such that

/ k(z,z)dz < oo.
Rd
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Furthermore, we can check (see [DV12]), since m is stationary, that k is symmetric. As a
result, we introduce the operator Q on L?(R?) associated to the kernel k

Qf@) = [ ke i@y =R

which is self-adjoint and trace class. Furthermore, since we assumed that the functions
gr:n€FEw (f,n), andn € E— M~ 'gs(n) are in &), we can show, see [DV12, Lemma 1],
that @ is non-negative, that is (Qf, f), > 0 for all f € L?(R9). As a result, we can define the
square root Q2 which is Hilbert-Schmidt on L2(R%).

It remains to make some hypothesis on M. We set, for all n € E,
O(n) = / nM I (n)dv(n) —nM~'I(n), (1.13)
E

and, for i,j € N, 0; ; = [, n;M'n;dv —n;M~'n;, so that

0= Z 05,515 -

i,jEN
We suppose that for all 4,5, k,l € N and s,t > 0,

n = ni(n),

n— 6;(n),

n i e™Mp;(n)e*Mn;(n), (1.14)

)eSMnk(n),
)

n— ™o, i(n
(n eSMGkJ(n),

tMgH

n—e i,j

are in D(M), with
Inilloo 4 10i5]l0c + [[Mnilloo + |M8; j]loe < K, (1.15)
[M[e™nie*™n ]|l + | M[e™0; s nj] |l oo + [|1M [ 0; e 0r ]| 00 < Ke #5T0 (1.16)

Remark The above assumptions (1.10) — (1.16) on the process m are verified, for instance,
when m is a Poisson process taking values in F.

We now state two lemmas which will be very useful in the following.

Lemma 1.2.1. Let p € B(E) be a function in D(M) such that |Mpl|lec < K. Then we have,

for all h > 0,
ehM _ 1

h

p— MpH <2K.
oo

Proof. We just write, for all n € E,

hM—I
h

‘ p(n) — Mp(n)

h
%/ Me*Mp(n)ds — Mp(n)
0

1

h
7 /0 M Mp(n)ds — Mp(n)

< 2K,

where we used the contraction property of the semigroup e**. This concludes the proof. [
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Remark The proof is still valid if p € B(E, LQF,1 ); we just have to replace the absolute values
by the L2F_1—norm.

Lemma 1.2.2. For alli,j,k,l € N and s,t > 0, the functions

n — n;(n), n— Mn;(n),
nr—>9i7j(n), nr—>M9m-(n),
n s eMneMn;(n), n s Mle™Mn;eMn;](n), (1.17)

n etMQiyjeSMnk(n), n M[etMGiJeSMnk}(n)
]

)
n etMHi’jeSMQk,l(n), n M[etMHi,jeSMGk,l (n),
are continuous.

Proof. We fix i, j,k,l € N and s,t > 0. First of all, n — n;(n) is obviously continuous since it
is linear. We recall that 0; ; = [, n; M ~*n;dv — n;M~'n;. With (1.9) and (1.11), we have

oo
M_lnj:/ e™Mn; dt,
0

which is continuous with respect to n € E by (1.9), (1.10), (1.15) and the dominated con-
vergence Theorem. As a result, n — n;(n)M~'n;(n) is continuous; and also the map n
S ni(n)M~n;(n)dv(n) by the dominated convergence Theorem. Hence n — 6; ;(n) is con-
tinuous. The continuity of n; and 6; ; now immediately gives the continuity of the three last
functions of the left group of the lemma by the Feller property of the semigroup e**.

For the remaining functions, just remark that if p € B(FE) is in D(M) and continuous, then
Mp is the uniform limit on E when h — 0 of the functions

which are continuous by the Feller property of the semigroup. Hence Mp is continuous. This
ends the proof. O

1.2.3 Resolution of the kinetic equation

In this section, we solve the linear evolution problem (1.1) — (1.2) thanks to a semigroup
approach. We thus introduce the linear operator A := —v -V, on LQF,1 with domain

D(A):={f€l% , v-VofeL% .}

The operator A has dense domain and, since it is skew-adjoint, it is m-dissipative. Consequently
A generates a contraction semigroup (7 (¢)):>0, see [CH98]. We recall that D(A) is endowed
with the norm || - [[pca) :== || - || + [|A - ||, and that it is a Banach space.

Proposition 1.2.3. Let T > 0 and f§ € LzF_l. Then there exists a unique mild solution of
(1.1) = (1.2) on [0,T] in L>=(Q), that is there exists a unique f¢ € L>(Q,C([0,T],L%_,)) such
that P—a.s.

t —_
=7 () fi+ [ 7(5) (Genss + gmiss) as, tepr)
€ 0 € € €2

Assume further that f§ € D(A), then there exists a unique strong solution f€ in the space
1@, (0, T), L2._,)) 1 (9, C((0, T], D(A))) to (1.1) — (1.2).
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Proof. Subsections 4.3.1 and 4.3.3 in [CH98| gives that P—a.s. there exists a unique mild

solution f¢ € C([O,T},L%_l) and it is not difficult to slightly modify the proof to obtain

that in fact f € L>(,C([0,T],L%_,)) (we intensively use that for all ¢ > 0 and £ > 0,
[m e < K).

Similarly, subsections 4.3.1 and 4.3.3 in [CH98] gives us P—a.s. a strong solution f¢ in the
space C1([0,T], L3._,) N C([0,T],D(A)) to (1.1) — (1.2) and once again one can easily get that
in fact f¢ € L>(Q,C*([0,T], L3%._.)) N L>=(Q,C([0,T], D(A))). O
1.2.4 Main result

We are now ready to state our main result:

Theorem 1.2.4. Assume that (f§)e>o is bounded in L%, and that
PG = / fe dv — po in L*(RY).
\% e—0

Then, for allm > 0 and T > 0, p® := fv 1€ dv converges in law in C([0,T],S~") to the solution
p to the stochastic diffusion equation

o 1
dp = —k(—A)2pdt + in + pQ%th, in R x R, (1.18)

with initial condition p(0) = po in L?(RY), and where W is a cylindrical Wiener process on
L*(RY),

o= 0 [ et dt, (1.19)
Cd,a Jo
and
H::/nM’ll(n) dv(n) € Whee, (1.20)
E

Remark The limiting equation (1.18) can also be written in Stratonovich form
dp=—k(=A)2pdt 4 po Q2 dW,.

Notation In the sequel, we will note < the inequalities which are valid up to constants of the
problem, namely K, S, p, d, a, ||L||, sup.s || f5]| and real constants. Nevertheless, when we
need to emphasize the dependence of a constant on a parameter, we index the constant C' by
the parameter; for instance the constant C', depends on ¢.

1.3 The generator

The process f€ is not Markov (indeed, by (1.1), we need m® to know the increments of f¢) but
the couple (f€,m) is. From now on, we denote by .Z¢ its infinitesimal generator, it is given
by

1

=3
2

LW(f,n) = o (Lf + A, DB(fm) + —(f, DU(f,m)) + - MU(f,),

€
provided ¥ : LZF,1 x F — R is enough regular to be in the domain of .Z¢. Thus we begin this
section by introducing a special set of functions which lie in the domain of .#¢ and satisfy the
associated martingale problem. In the following, if W : L2F_1 — R is differentiable with respect
to f € L2F,1, we denote by DW¥(f) its differential at a point f and we identify the differential
with the gradient.
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Definition 1.3.1. We say that ¥ : L%,l x E — R is a good test function if
(1) (f,n) — U(f,n) is differentiable with respect to f;

(i4) (f,n) — DU(f,n) is continuous from L3._, x E to L%._, and maps bounded sets onto
bounded sets;

(iid) for any f € L., W(f,) € Ds;
(i) (f,n)— MY(f,n) is continuous from L3._, x E to R and maps bounded sets onto bounded
sets.

Proposition 1.3.1. Let U be a good test function. If f§5 € D(A),

t
M (1) = W (2, m) — W(fE,mi) — / L2, me) ds

is a continuous and integrable (F¢)i>o martingale, and if |¥|? is a good test function, its
quadratic variation is given by
t
Mgy = [ (Z9|0P - 202°0)(f7 m3) s,
0

Proof. This is classical, we use the same kind of ideas and follow the proof of [DV12, Proposition
6] and [FGPS10, Appendix 6.9]. O

1.4 The limit generator

In this section, we study the limit of the generator ¢ when € — 0. The limit generator .#
will characterize the limit stochastic fluid equation.

1.4.1 Formal derivation of the corrections

To derive the diffusive limiting equation, one has to study the limit as € goes to 0 of quantities
of the form Z°W¥ where ¥ is a good test function. From now on, we choose a specific form for
the test functions that we keep thorough the chapter. We take ¢ in the Schwartz space S(R?)
and we set

V(f,n) = (f,F) (1.21)
It is clear that ¥ is a good test function. Remember that, when ¢ — 0, we will obtain a fluid
limit equation verified by the macroscopic quantity pF’; the test function ¥ takes this point in
consideration since U(f,n) = U(f) = ¥(pF). In the sequel, we will show that the knowledge
of the limits #*W¥ and .£¢|¥|? as € goes to 0 where VU is defined as (1.21) is sufficient to obtain
our result. Nevertheless, we now have to correct ¥ and |¥|? so as to obtain non-singular limits.
Here, we show formally how we correct ¥ (the formal work on |¥|? is similar).
We search the correction W€ of W. First of all, to correct the deterministic part, we follow the
moments method presented in [Mell0] so we set

e (fin) = (f,X°F)
where x© solves the auxiliary problem
X" —ev-Vaxt =g

Now, to correct the stochastic part, we try an Hilbert expansion method (adapted to our
scaling) coupled with the idea of auxiliary equation brought in the moments method so that
we complete the definition of U¢ as

VE(fon) = (f,XTF) + €% (f,0°F) + €% (f,6°F),
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where 6 and 6° are to be defined. We then compute, since the first term in the expansion of
W€ does not depend on n € E,

LU (o) = (L + AT XCF) (1.22)
+ gi%(fn,XEF) + si%(Lf +eAf,6°F) + ei%(f, M&°F) (1.23)
+ (fn,0°F) + (Lf + eAf,0°F) + (f, MO F) + &% (fn,6°F). (1.24)

The first term (1.22) above converges as ¢ goes to 0 to (—x(—A)% f, oF), see [Mel10], that is
to the infinitesimal generator of the fractional Laplacian applied to ¥: we get the deterministic
term of the limiting equation.

Since L is auto-adjoint and A is skew-adjoint, the three following terms (1.23) can be rewritten
as ) L

Then we cancel these singular term by choosing §¢ such that
(L—eA+ M)(6°F) = —nx°F.

Formally, this equation can be solved with the resolvent operator of L — A 4+ M so that we

have
“+oo

5% (z,v,n)F(v) = / e™Mg(t,nx"F)(x + evt,v) dt.
0

With this expression of 6°F and since x° — ¢ ase — 0, see [Mel10], we have that §°F' converges
to =M ~1I(n)¢F when € — 0. So, neglecting an error term, we can suppose that (1.24) writes

(f,—nM~YI(n)oF) + (Lf + eAf,0°F) + (f, M6°F) + 2 (fn,6°F).

Note that, for now, the limit of Z°W*® as e goes to 0 does depend on n € E. Since the expected
limit is £V where ¥ does not depend on n, we have to correct once again the remaining terms
to break the dependence with respect to m of the limit. The right way to do so, given the
mixing properties of the operator M, is to subtract the mean value: we write (1.24) as

(F,—H@F) + (£.0(0)@F) + (Lf +cAf,0°F) + (f, M6°F) + % (fn, 6°F),
where H and 6 are respectively defined in (1.20) and (1.13). Now, we choose 6° so that
(L—cA+ M)(0°F) = —0(n)pF,

so that (1.24) becomes
(f,—H@F) + &% (fn, 0°F);

it allows us to conclude that £°W¢ converges to £V as ¢ — 0 where £ is the infinitesimal
generator of the equation (1.18) (note that D?¥ = 0 so that no stochastic appears here).

As we said previously, the same kind of work can be done to correct |¥|2. In the following
subsections, we define rigorously the corrections of ¥ and |¥|2.

1.4.2 Preliminaries to the deterministic correction

As it is said above, we use the moments method presented in [Mel10] to correct the deterministic
part of the equation (1.1). Let x° be the solution of the auxiliary problem

x° —ev-Vix© = (1.25)
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We recall, see [Mell0], that the solution of (1.25) is given by
+o0
X (z,v) = / e lp(x +evt)dt, xR veV. (1.26)
0
We now detail few results on x°.

Proposition 1.4.1. The function x°F is in L%,l with

IXFI < llllz- (1.27)

Furthermore, for any A > 0, we have the following estimate:
I = @) FII* £ CRe®IIVaellLz + llelliz A*. (1.28)
Proof. The estimate (1.27) is proved in [Mell0, Lemma 3.1] and the estimate (1.28) is a slight

refinement of what is addressed in [Mel10, Lemma 3.1]. Nevertheless, for a precise proof of the
proposition, we refer the reader to Appendix A. O

In the two following lemmas, we study in detail the convergence to the fractional Laplace
operator. We recall that x has been defined by (1.19).

Lemma 1.4.2. For any X > 0, we have the following estimate:

/ (1 0) — (W) do + r(~A)E g
\%

S (M) + N (lellz +11D%ellz2),  (1.29)
L2

for a certain function A, which only depends on €, such that A(e) — 0 when ¢ — 0.

Proof. Once again, the bound (1.29) is a refinement of what is proved in [Mell0, Proposition
3.2]. We refer the reader to Appendix A for a precise proof. O

Lemma 1.4.3. For any A > 0, we have the following estimate:
e (Af + LE,XTF) + k(=) % f,oF)| S (Ae) + MIfIIellz2 + 1D*¢llz2),  (1.30)
for a certain function A, which only depends on €, such that A(e) — 0 when ¢ — 0.

Proof. For the reader’s convenience, the proof is deferred to Appendix A. O

1.4.3 Preliminaries to the stochastic corrections
The corrector 6°

We recall that g(¢,-) denotes the semi-group generated by the operator L on L%,l and that
the function x° has been defined in (1.25). Then, we define the function 6° : R x V x E — R
by

+o0o
0% (z,v,n)F(v) := / e™Mg(t,nx"F)(x + evt,v) dt,
0

and we give here some properties of §°. We recall that the test function ¢ has been fixed in
Section 1.4.1.
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Proposition 1.4.4. The function 6°F belongs to B(E, L3,_,) with
|‘6€FHB(E,L§71) Sllellzz- (1.31)
It satisfies
(L—eA+ M)(06°F) = —nx°F, (1.32)

with

IM6°Fllpe.e2_,) S llellez (1.33)

—1

Furthermore, for any A > 0, we have the two following estimates:

16°F + M~ I(n)@F|ps.c2_,) S CallVasllzze + ol (1.34)

-1

[M&“F +nx"Fllg,2_,) S CallVaplrze + @z A (1.35)

1

Proof. Proof of (1.31). The definition of §°F can be rewritten, thanks to (1.8), as

+oo
6% (z,v,n)F(v) = Z/ e™Mn;i(n)g(t,nix°F)(z + evt,v) dt =: Zai(m,v,n).
i=0 0 ;
Then we fix i € N and n € E. We have
Foo > dv
Jastml*= [ [ ( | ettt mn Fya + Evtv)dt) e
reJv \Jo F(v)

2

+oo dv
< Kent XF
_/Rd/( e P g(t, mix )|(az—|—evt,v)dt> F(U)dac
+o0 dw
—put
/Rd/ / e M g(t, ix°F)? (J:-l—svt,v)dt—F(v)dx

K 1)
= 7/0 e lg(t,mx"F)|* dt < *Ilm Fl? < *II%meII@FIIQ

where we used (1.9), (1.10), (1.15), Cauchy-Schwarz inequality, the contraction property of the
semigroup g(¢,-) (1.6) and finally (1.27). We thus get

K
lillsez.zz ) < limllwre o Pl

Since S = > oy Imillwr~ < oo, we finally deduce that the series defining 6°F converges
absolutely in B(E, L%,l) and that

16°Fllse,2_) S leFll = llellz-

Proof of (1.32). Fix i € N, ; maps FE into L3,_,. We claim that a; € D(M) with, for all
nekl,
—+00
Ma;(z,v,n) = MeMp;(n)g(t,nix*F)(z + evt,v) dt =: B;(z,v,n)
0
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in L3._,. Indeed, for n € E, we have

/]Rd/ <ehMa¢(cc,v,n})L —ai(z,v,n) ﬁi(x,v,n)>2 Fd(i;)dx

/Rd/ (/ [e(“h)[‘z - - MetM] ni(n)g(t,nix“F)(x + evt,v) dt) %dx

ehM 1 > Qv
R tnix°F to)dt) —d
// ([ e [=5 -m)m] tateonc Pt v evtar) gitaa
M _ 2 ) )
e M R
Since by (1.14), n — n;(n) € D(M) we deduce that
eMMa, — 1 ehM _ 1
s s [ ] el 0
h B(E.L2_,) I h . h—0

which is just what we needed. Now, with (1.15), we apply Lemma 1.2.1 so that we deduce, with
the fact that ), [|7:/lw1. < 0o and the dominated convergence Theorem, that 0°F' € D(M)
with

MI[6°F|(z,v,n) = Z,Bi(x,v,n),

where the series converges absolutely in B(E,L%,l). We fixi e NNne Fandv € V. We
recall that n; is in W1H*°(R9) and that x° is defined by (1.26) where ¢ is in the Schwartz
space S(R?). Then it is easily seen that 7;x°F and n;x°F are in W2(R%) with respect to .
Therefore, since g(t,7;X°F) = nix*FF(1 —e™t) +n;x°Fe™!, we obtain that hy :=t € (0,00) >
g(t,nix°F)(z + evt,v) is in W1>°((0, 00), L2) with

Ry (t)(z,v) = Lg(t,n;X°F)(x + evt,v) + v - Vog(t,nix°F)(x + evt, v),

in L2. Furthermore, with (1.10), hy :=t € (0,00) +— e™n;(n) is clearly in W1((0,0),R)
with h%(t) = Me*™n;(n). We now get by integration by parts
“+oo

Bi(z,v,n) = MeMp,;(n)g(t,nix*F)(z + evt,v) dt
0
tM € o0 e tM d.
= [e"Mni(n)g(t,mix°F)(z + evt,v)] - e ni(”)a
0

+
= —n;(n)nx*F(z,v) — / eMnp,; (n)Lg(t,nix°F)(z + evt,v)dt
0

g(t,mix°F)(z + evt,v) dt

+oo
—ev- / M (n)Vaeg(t,nix°F)(x + evt,v) dt,
0

where all the equalities have to be understood in L2. We easily see that the last two terms
of the preceding equality are respectively equal in L2 to —La;(z,v,n) and eAa;(z,v,n). As a
result, we just proved that for all ¢ € N and n € E, we have the following equality for almost
allz € R and v € V:

(L—cA+ M)a;(z,v,n) = —ni(n)yx*F(z,v). (1.36)

Now, the right hand term of the last equality is clearly in L%,l. Since «; is in L2F,17 La; €
L%,l; and we proved above that Ma; € L%,l. As a consequence Aq; is in L%,l and the
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preceding equality is valid in L%,l. We want to sum over ¢ € N. We previously proved
that we have, in B(E,L% ), S5 Ma; = Y./ % 8; = M[6°F]. Since the series D ien Qi
converges absolutely in B(E, L%,l) and since L is a bounded operator on L%,l, we also deduce
that we have, in B(E,L%._,), L"S La; = L[6°F]. Since ), yn;n; converges absolutely in
W (R?) to n, we obtain that Y, ninx°F converges absolutely in B(E, L%_,) to nx°F.
Finally, with (1.36) and the fact that A is a closed operator, we also have, in B(E,L?._,),
1 Aa; = A[6°F). Summing (1.36) over i € N now gives (L — A + M)(5°F) = —nx°F.
Proof of (1.33) We just proved that M§°F = E:;Og B, with
“+o0

Bi(z,v,n) = Me™Mp;(n)g(t,nix*F)(z + evt,v) dt
0

+oo
_ / M M (n)g(t, X F) (@ + evt, v) dt,
0

so that we immediately deduce (1.33) thanks to (1.15).
Proof of (1.34). Let A > 0. First of all, we point out that g(¢,n;0F) = n;¢oF so that

— M 'n;(n)nipF (z,v) = / e™n;(n)g(t, nipF)(z,v)dt.
0
We can then write, for i € Nand n € F,

levi (-, n) + M ni(n)mipF ||?
2

< /Rd/v (/O+oo e™Mn;(n)g(t,ni(x° — ¢)F)(x + evt,v) dt) }%dx
dv

+ /Rd/v (/O+oo e™Mn;i(n) [g(t, nipF)(z + evt,v) — g(t, nipF)(z,v)] dt>2 de.

Similarly as the very beginning of the proof, we can bound the first term by
K2
2
and we recall that we have, with (1.28),

711 1O = @) F I,

10 = @) FI? < 203 Vol +4llellZa X%

For the second term, B say, we write

2dv

B= /Rd/v </0+<>0 e™Mn;(n) nipF (x4 evt,v) — nioF (x,v)) dt> F) dz.

K2 ) +oo p 9
< —|Imill3y 1o e M [p(x + evt) — @(x)]” dtF(v)dvda.
1% RrRiJv Jo

We can then mimic the proof of Proposition 1.4.1 to get the following bound

+OO— t 2 20)2\ 2 2 4‘ 2 2
/ / / e (o + vt) — p(a)]? At (v)dvde < 2 X2V, 0]25 + —[lg]|22 A2
RdJV JoO 1% * M *

To sum up, we just obtained, for i € Nand n € F,

[

laasCer ) + M gyl S lllw. = (C3IVaplBae + llol32 %)

S lImillwr (CalVagllzze + llellzzA) -
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We can now sum over i € N to obtain,

16°F + M~ I(n)¢Flpm,r2 ) S CallVatllzze + llellza A,

1

which is the bound expected.
Proof of (1.35). We recall that M§*F = "% 8;, with §; defined above. Note that

nx°F(x,v) Z/ e™ Mn;(n)n;x°F(z,v) dt,

so that we decompose Mé¢(z,v,n)F(v) + nx°F(x,v) into two terms
+oo “+o0
Z/ ™M Mni(n) [g(t, mix"F)(x + evt,v) — g(t, n;pF)(z,v)] dt

+Z / e™Mni(n) [nipF)(x,v) — mix"F(z,v)] dt.

As we have done previously, we can show that the first term is, in B(E, L%,l),
< (CalIVeglze + llellz2A). We bound the second term in B(E,L%._,) as < [[(x° — ¢)F|,
that is, thanks to (1.28), < (Cal|[Vaellr2e + [l¢ll2A). It finally gives the bound expected.
This concludes the proof. O

The corrector 6°

We recall that, for all n € E,
f(n) = / nM " I(n)dv(n) —nM~'I(n),
E

and that, for i,j € N, 0;; = [, n;M'njdv —n;M~'n;. Then we define the function 6° :
R?xV x E — R by

+oo
0% (x,v,n)F(v) := / e™Mg(t,0(n)pF)(x + evt,v) dt,
0
that is,
“+oo —+o0
0% (z,v,n)F(v) Z / ™0, i(n)g(t,nin; oF)(x + evt,v) dt,
2,7=0

and, similarly as Proposition 1.4.4, we obtain the

Proposition 1.4.5. The function 6°F belongs to B(E, L%_,) with

10°F 5,22 ) S llellze- (1.37)

—1

It satisfies
(L—eA+ M)(6°F) =—0(n)pF, (1.38)
with
MO Fl| gk, ) < llellez- (1.39)
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The corrector (¢

We set, for all (f,n) € L%,l x B,

€(f.n) = (f,6°F)n — /E (/. 6°F)ndu(n),

and, for i € N, & = (f,6°F)n;. We then define the function (¢ : R x V x L2_, x E — R by

“+o0
C(x,v, fyn)F(v) = /0 eMyg(t, &5 (f,n)F)(z + evt,v) dt.

Similarly as Proposition 1.4.4, we have the

Proposition 1.4.6. Let f € L3._, be fized. The function (°F(f) belongs to B(E, L3._,) with

ICFDsE.L2_,) S ||f\||\90||2Lg~
It satisfies
(L —eA+ M)(CF(f)) = =& (f, n)eF,
with
IMCF(H)llsm,ez ) < IFIlelZs-
Note that f — (*F(f) is linear. Furthermore, we have for all f € D(A),

IC (LS +eAf, ) F s,z S el (CallVeellze + llellzA) -

(1.40)

(1.41)

(1.42)

(1.43)

Proof. We will only prove (1.42) and (1.43). For the former, we write for ¢« € N and (f,n) €

Li_, X E,

Mﬁf(f,n)=M(f755(n)F)ni(n)—/EM(f,5€(n)F)ni(n)dV(n)

+oo 400
~ 3 [ M) s . ot6m F e o),

so that, with (1.16), we have [M&E(f,n)| S || fll[lellzz. With the definition of ¢, it is now easy

to obtain (1.42).

For (1.43), we fix ¢ € N and focus on & (f,n). We have for all (f,n) € D(A) x E,

€ (LF +=Afin) = (Lf + eALEWFIn: — [ (Lf + AL, 8 () F)midv(n)
E

= (f, (L —eA)[6°(n)F])n; — /E(f, (L —eA)[6°(n) F)nidv(n)
=—(f,Mé*(n)F +nx"F)n; + /E(f, M (n)F 4 nx*F)n;dv(n),

where we used (1.32). Thanks to (1.35), we thus obtain that, for all (f,n) € D(A) x E,

&5 (Lf +eAf,n)| S IFI (CAllVapllze + ollrzA) -

With the expression of (¢, it is now easy to get the required estimate. This concludes the

proof.

O
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1.4.4 Definition of the corrections
In this section, we precisely define the corrections of the two test functions ¥ and |¥|? that we
derived in a formal way in Subsection 1.4.1.

First, we define a deterministic correction by
\I/i(fan) = (faXEF)v fELQF—la TLEE.
Then, the stochastic corrections for ¥ are defined by, for (f,n) € L., x E,

¢i(fin) = (f,0°(n)F),
po(fin) = (f,0°(n)F).

The stochastic corrections for |¥|? are defined by, for (f,n) € L%._, x E,

P1(f,n) :=2(f,x"F)(f,6°(n)F),
P5(fn) == 2(f,C(f,n)F) + 2(f, X F)(f, 0°(n) F).

Finally, the corrections &' and W2 of ¥ and |¥|? are defined by
TSL(fon) = WS + 2 ¢f 4 £%¢5,
U2 (f,n) = (U5 + €5 0 + %5
Proposition 1.4.7. Fori=1,2 and (f,n) € LQF,1 x E, we have the following estimates:

ei(fin) SFlllellzz, o5 (fn) S IFIPNelle (1.44)
Mes(fn) SIFMlellzz,  Mos(f,n) SIFIPHelE:- (1.45)

Furthermore, the functions WE, |WE|2, ©5, ©5, ¢5 and ¢5 are good test functions. Besides, for
(f,’l’b) € L%‘fl X E;
€ 2 2
|(f, Do (f, ) S IFIFllellzs - (1.46)

Proof. Estimates (1.44) and (1.45) are justified by Cauchy Schwarz inequality and (1.31),
(1.33), (1.37), (1.39), (1.40) and (1.42).

Concerning the fact that all the functions cited above are good test functions, we first note
that the case of U< and |¥¢|? is easy to prove.

Let us deal with the case of ¢§. Conditions (i) and (¢i) of Definition 1.3.1 are obviously verified.
For condition (ii), we have to prove that De5(f,n) = 6°(n)F is continuous with respect to
(fin) € L%_, x E, ie. that n — 6°(n)F is continuous. We recall that 6°(z,v,n)F(v) =

;s-:og ai(z,v,n) in B(E,L3._,) where

+oo
ai(z,v,n) = / e™Mn;(n)g(t, ix°F)(z + evt,v) dt.
0

Now, n — n;(n) is continuous with Lemma 1.2.2, and we thus have thanks to (1.9), (1.10),
(1.15) and the dominated convergence Theorem that n — «;(n) is continuous. Since the series
of the «; defining §°F converges in B(E, L3._,), we obtain the continuity of n — 6°(n)F.
Furthermore, we can show that (f,n) — Dy5(f,n) maps bounded sets onto bounded sets
thanks to (1.31). So condition (i7) is verified. Similarly, by the continuity of n — Mn;(n)
(Lemma 1.2.2) and by (1.45), we prove that condition (iv) is verified.

Similarly, we can prove that ¢5, ¢ and ¢5 are good test functions.

Finally, since ¢°(f,n) is linear in f, for (f,n) € L3._, x E,

D@5 (f,n)(f) = 4(f, C(f;n)F) +4(f, X" F)(f,6°(n) F),
so that (1.27), (1.31) and (1.40) gives (1.46). O
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Proposition 1.4.8. The function (f,n) — |1 2(f,n) is a good test function. Furthermore,
we have, for all (f,n) € L%_l x E, the following bounds:

M52 (f. )] S I Nells
IMIg5e5](£,n)] S IfIPNelZs, (1.47)
M5 (f,m)] S Il

and
e MW -2

(1.48)
Proof. In the expression of |¥%1|2,
1.4.7, it is easy to prove that |¥¢
to focus on the cases of 5|2, ¥5¢5 and |p5]?. We only show the case of |¢5
are proved similarly.

First, note that point (i) of Definition 1.3.1 is clearly verified by |¢$|? with D|o5|*(f,n)(h) =
2(f,0°(n)F)(h,6%(n)F) and this function of (f,n) maps bounded sets onto bounded sets
(thanks to (1.31)) and is continuous (is it linear in f and continuous in n since n +— 6°(n)F is
continuous, see the proof of Proposition 1.4.7). Then we write

+oo 2

W52 (fin) = (f,65(n (Z / Mn L g(t, X F)F )dt)
_ GtMTLi s]\/I .g ; e : s, ; c .
Z// ()" s ()£ 0 FYF)(S, g, my” F) )

since W§, ] and ¢ are good test functions by Proposition
PS5 and UEp§ are also good test functions. It remains
|2 since the others

| 2

so that, with (1.14), (1.16) and Lemma 1.2.1, we can mimic the proof of Proposition 1.4.4 to
show that |p5]? € D(M) with

Mg (fon Z / / M J(n)(f. 9t mx® F)F)(fg(s, m;x* F) F)dtds.

Furthermore, with (1.16), (f,n) — M|5|?(f,n) maps bounded sets onto bounded sets (it gives
the first bound of (1.47)); with (1.2.2), (1. 16) and the dominated convergence Theorem, it is
continuous with respect to n. Since it is linear in f and maps bounded sets onto bounded sets,
it is continuous with respect to (f,n).

To sum up, we proved that |5|?(f,n) verifies points (ii), (i4i) and (iv) of Definition 1.3.1.
Finally, we obtain (1.48) thanks to (1.44), (1.45) and (1.47). O

1.4.5 Convergence to the limit generator

We first define the limit generator .Z. For ¢ = W or ¢ = |¥|?, and all p € L(R?), we set
L0 1= (pPo=s(=2)E DYF)) = [ (pPudT(m). DY(pF))av(r)

- /E D*P(pF)(pFn, pF M~ 1(n))dv(n),

and one can easily verify that it is well defined. Then, we state the two results of convergence.

Proposition 1.4.9. If (f,n) € D(A) x E, for any A > 0, we have the following estimate:

| 220 (f,n) = 2% (p)| S IIFI [Ae)Iellzz + 1D*¢llL2) + CAll Vsl z2e
+Hlellzze® + (lellzz + 1D%0llzz)A] . (1.49)
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We can also write the right-hand side of the previous bound as
[FI(A(e)Cpx + CA), (1.50)

where in each case A stands for a function which only depends on e such that A(e) — 0 when
e —0.

Proof. We recall that, thanks to Proposition 1.4.7, ¥$, ¢ and ¢§ are good test functions.
Then, we compute:

1 1
;(Lf+€Af7X€F) + g(fansF),

L7V (fn) =

where we used the fact that MPE(f,n) = 0 since ¥ does not depend on n. We also have

—_

E%ngspi(f’ n) =

o

(Lf + eAf, 55 (n)F) + (fn, 6% (n)F) + %(f, Mo (n)F)

™
P—‘M‘

(f; (L = eA+ M)[6°(n)F]) + (fn, 6" (n)F),

[Nlle)

o

where we used the fact that L (resp. A) is auto-adjoint (resp. skew-adjoint) and due to the
equation verified by 6°F (1.32), we are led to

L7 () =~ () + (f, 6% () F),
Furthermore, we have
e L°05(f,n) = (f, (L — eA+ M)[6°(n) F)) + €2 (fn, 0°(n)F),
that we rewrite, thanks to the equation verified by 8°F (1.38), as
e L°95(f,n) = —(f,0(n)¢F) + % (fn,6°(n)F).
To sum up, LEVSL(f,n) = L2VE(f,n) + 2 L5905 (f,n) + e*Lp5(f,n), hence

LU(fn) = (L] +2AFXCF) + (0,5 0)F) — (1,000 F) + % (fn, 0°()F)
— AT+ LEXCE) = [ (nd ), pFdv(n)
E
(B F + M 0)F)) + % (fn, 6°(n)F).

We point out that D?W(f) = 0 and (fi)1,v2F) = (pF1,¥2F) if ¢1 and 1), do not depend on
v € V so that we have

L2205 (f,n) = LV (p)| < e (eAf + L, XF) + (k(=A)% f,0F)|
+1(fn, (05 (n)F + M~ (n)pF))| +2[(fn, 0°(n)F)|.
We recall that, for all n € E, ||n|jw1.~ < 1 so that

|(fn, (65 (n)F + M~ U (n)eF)| S I fII6°F + M~ F|5m,12 ),
|((fr, 6=()E) S IO Fllse,22 )

Then the bounds (1.30), (1.34) and (1.37) immediately give the result; this concludes the
proof. O
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Proposition 1.4.10. If (f,n) € D(A) x E, for any A > 0, we have the following estimate:
| L2052 (f,n) — L9 (p)] S AE)CellFIIP + Coll N,
for a certain function A, which only depends on €, such that A(e) — 0 when ¢ — 0.

Proof. We recall that, thanks to Proposition 1.4.7, |[U¢|2, ¢5 and ¢5 are good test functions.
Then, we compute:

LA on) = L+ AL RN + S5 (X F)ICE)

where we used the fact that M|WE|?(f,n) = 0 since ¢ does not depend on n. We also have,
with the fact that D1 (f)(h) = 2(h, x°F)(f,0°(n)F) + 2(h,5¢(n)F)(f, x°F),

5L (fn) = 5 (L4 AL XCF) LB )F) + — (L + AL 5 () F) ([ xCF)

+2(fn,x°F)(f,6°(n)F) + 2(fn,6*(n)F

~

(FXCF) + 2 (7 M () F) (7, x° )

M\Q‘ o

= 5%@ +eAf,XEE)(f,0°(n)F) + —= (f, (L — A+ M) [ (n) FI)(f, X“F)

+2(fn, X" F)(f,6°(n)F) + 2(fn, 6°(n) F)(f, X" F).
Thanks to the equation satisfied by §°F (1.32), we finally get

+ o

52765 (fn) = 5 (L+ AL XCF) (L8 )F) =~ (fnxCF) (X F)
+2(fn, X F)(f,6°(n)F) + 2(fn, 6°(n) ) (f, X F).
Besides, we have
e Z5¢5(f,n) = 2(f, (L —eA+ M)[¢°(f,n)F]) + 2(f, (L — e A+ M)[0°(n) F])(f, X°F)
+2(Lf +eAf,XTF)(F,0°()F) +2(f,C(Lf + eAf,n)F) + €3 (fn, DO5(f, ),
that is, due to equations verified by 8°F and ¢°F (1.38) and (1.41),
€2 Z°¢5(f,n) = =2(f, & @F) = 2(f,0(n)pF)(f, X" F)
+2(Lf + cAf,XTF)(£,0°(n)F) +2(£,¢°(Lf + eAf,n)F) + 2% (fn, D5 (f,n)).
To sum up, LEV2(f, n) = LE|WE2(f,n) +e2.L°¢5(f,n) + > L ¢5(f,n), hence

LEV3(f,n) = 5%@ +eAf XEF)(f.XTF) + %(L +eAf XEF)(f, 85 () F)

+2(fn, X F)(f,05(n)F) + 2(fn, 0% (n)F)(f, X°F) — 2(f, £ ¢F)
—2(f,0(n)pF)(f, X°F) + 2(Lf + cAf, X F)(f,6°(n)F) + 2(f,(5(Lf + cAf,n)F)
+e2(fn, Dg5(f,n)).

Now, with the definitions of 6, £ and the limit generator .Z, we write the following decompo-
sition Z°02(f,n) — L|0|*(p) = S0, 7i(f,n), where

n = (L4 Af N F)(fCF) - 2-h(-A)E £ oF)(f,F),
A — / (f.nM () F)(f. (x° — @) F)dv(n),
E

T3i=2 /E(f, (0°(n)F + M~ 1(n)F))(fn, oF)dv(n),
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40 =2(fn, (0°(n)F + M I(n)oF))(f,X°F), 75:=2(f.0°(n)F)(f,(x" — ¢)F),
o1 = ;%(Lf + AL, XF)(f,6%(n)F), 7= 2(Lf +eAf,X"F)(f,0°(n)F),
781 =2(f,CS(Lf + €Af,n)F), 7y := &2 (fn, Dg5(f,n)).

To conclude the proof, we are now about to bound every 7;. For 71, we write

ri = (L eAfXE)(fXCF) = 2(~n(= )2 £, F)(f,x°F)
+2(8,=r(-8)FP)(£. (" ~ )P
so that, with (1.27),

Tl < [ fIlllell 2

L+ EALXCE) 4 ((-2) o)

+2fIP (=) F ol [(x° = @) FIl,

and we use (1.30) and (1.28). Similarly, we bound 75 thanks to (1.28), 3 thanks to (1.34), 74
thanks to (1.27) and (1.34), 75 thanks to (1.31) and (1.28). For 74, we write

T6 = 267 <;(Lf +eAf,X°F) — (—Kk(=A)5 f, @F)) (f,0°(n)F)

+ 26% (f7 _H(_A)%QDF)(,ﬂ 5€(TI,)F),
so that, with (1.31),

k3
6l S ez 1 Fllellzz

(L EALCR) + (- 8) o)

+e | fIPIn(=2) F ol 2 ol e,

and we use (1.30). We handle the case of 77 similarly. We bound 75 thanks to (1.43), and 79
thanks to (1.46).

Finally, the combination of the bounds on the 7; exactly yields the required result. This
concludes the proof. O

1.5 Uniform bound in L%,,l

In this section, we prove a uniform estimate of the LQF_1 norm of the solution f¢ with respect
to €. To do so, we will again use the perturbed test functions method. Thus, let us begin by
defining a correction function. Namely, we introduce the function (° : R x V x E — R with

+0 4o
F(z,0,n) = Z/ eMn;(n)n;(x + evt) dt.
i=0 70
Similarly as Proposition 1.4.4, we can prove the

Proposition 1.5.1. The function ° is in L>°(R? x V x E) with

[ oo raxvx ) S 1. (1.51)

It satisfies
(M —cA)(F) = —n. (1.52)
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Proposition 1.5.2. For allp > 1 and fy € D(A), we have the following bound

E sup [IffI” S 1. (1.53)
te[0,T]

Proof. We set, for all f € L% _,, ©(f) := 1| f||?, which is easily seen to be a good test function.
Then,, with the fact that A is skew-adjoint, (1.5), and the fact that © does not depend onn € E,
we get for f € D(A) and n € E,

1 1 1
“O(f,n) = ?a(Lf‘i‘EAf,f) + g(f”,f) + EjM@(fyn)
1 1
= ——|LAI?+ = (fn. f).
5 ez
The first term has a favourable sign to obtain our bound. The second term is more difficult to
control, and we correct © as follows. We set ¢°(f,n) = (f,:°(n)f) and O°(f,n) := O(f,n) +

£5¢°(f,n). We can show, with the same method as in the proof of Proposition 1.4.7, that ¢°
is a good test function. We then use integrations by parts and (1.52) to discover

527 (fn) = 5 (L)) + 25 (AL ) )+ 2, i () f) + 5 (f, MiE () )
(L1, G0) + =5 (M = D@L + 2,0 (0)))
(L, 5 -

(fn, f) +2(fn, 5 () f).

™ ™ ™
m\s)‘ o M\Q‘ Do u::
™ ™

wle| Fonlp|

To sum up, since L°O%(f,n) = LO(f,n) + % L°¢°(f,n), we have

L7O7(fn) = LI+ S (DL ) ) + 20, ().

We use (1.51) to bound the second term:

—_

SLEEN gHLfHHfH
17
< I

|2 < HLf||2

||f| +IIFI1P.

Besides, note that with (1.51) the third term is < ||f||?. Finally we just proved that
lz=e%(f,n) S IFII (1.54)
As in Proposition 1.3.1, since ©°¢ is a good test function, we now set,
t
Mg (t) = O°(f,ms) — O°(f5, mE) — / 2507 (f5,mS) ds,
0
which is a continuous and integrable (Fj);>o martingale. By definition of ©, ©¢ and M¢®,
1 1 a
SR = SUASIP — <@t m) 675, me) + [ 2087z ) s+ M 1),

Since with (1.51) we have |¢°(f,n)| < || f||?, we can write, with (1.54),

t
||ff||2§||f§||2+€5\|ffll+/0 I£517 ds + sup [ Mg ()],

te[0,T
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that is, for ¢ sufficiently small and by the Gronwall Lemma,

1P S ISP+ sup |Mg.(2)]- (1.55)
t€[0,T]

Furthermore, similarly as Proposition 1.4.8, we can show that |©¢|? is a good test function,

and that
|2°10°)> — 20°.£°0°| = e | M|O°|* — 20°MO°| < [If[I*(1 + A(e)),

for some function A which only depends on e and such that A(e) — 0 as ¢ — 0. In particular,
for € small enough,

|251e%)? —20°270°| < || f1*.
Besides, with Proposition 1.3.1, the quadratic variation of M§. () is given by

t
(M§e)+ =/ (L°|1©°)? — 20°.2°0°)(f5, m?) ds.
0
As a result, with Burkholder-Davis-Gundy and Hélder inequalities, we get

T

E[ sup |Mg-["] S E[l(Mg-)r|?] 5/ E[l££1*] ds. (1.56)
te[0,T 0

By (1.55), we have

E[|l £ 117) S E[If51%] + E[ sup | M. (8)]"],
t€[0,T]

so that we get
T
E[|l f21%] S E[I f511%) +/O E[|| f511*] ds,

that is, by the Gronwall lemma,

Ellf2177] S Ef5177)-

This actually holds true for any ¢t € [0,7]. Thus, using (1.56) and then (1.55) gives finally the
result. O

1.6 Summary of the results

In this section we state the following proposition which sums up all the results obtained above.
This will be convenient to handle the tightness and convergence steps. We recall that the
corrections W&’ 4 = 1,2 are defined in Section 1.4.4.

Proposition 1.6.1. Let f§ € D(A). Fori=1,2,
MA@ = W ) (S5 mE) — [T () ds, e 0.7),
0

is a continuous and integrable martingale for the filtration (F§)i>o generated by (mg,t > 0).
The quadratic variation of My is given by

S

t
(=) = [ (2o 2w g e (g7 st 0.7)
0
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and we have, for all t € [0,T],

|$E‘\I}8,1

220t 2t (ff,mp) S sup || fEIP el 2z (1.57)
e[0T @
Furthermore, for any A >0, 0< s, <--- <5, <5<t and G € Cy((L2(R9))"),

= [(wiir) - v - [ 2905 d0) G0t )] | SAGCA +OA (159)

e | (1ePor) - lwpin) - [ RS 1) G0t | S AOCn O, (159

for some function A, which only depends on €, such that A(e) — 0 when e — 0. Finally, for
all t € [0,T], we have the following estimate:

LN ) S s 17 lellag + 19l + 1% + 1) Eelliz). (160
€10,

Proof. For i = 1,2, Proposition 1.4.7 gives that U7 is a good test function, and it implies,
with Proposition 1.3.1, that M*®? is a continuous and integrable martingale. Besides, with
Proposition 1.4.8, |[U%1|? is a good test function, hence the formula for the quadratic variation
of M&1,
Note that .Z¢|012 — 205! Lepsl = c=*(M|PSL12 — 2051 M Ue1) from which we deduce
(1.57) due to (1.48).
We continue with the proof of (1.58). Observe that ¥ = W&l 4 (U — W¢) — e3¢ — %5 so
that we can write

t

V() = W(F) ~ [ L) do = M) - M)
+ (U= W) (fF) — (W = W)(f5) — 29T (fF) — e*o5(fF)
t
FRGEUD + D + [ LW (g m) - 20(eE) do

Then, we multiply by G(p5,,...,p5 ) and take the expectation. Note that, since Me1 s a
martingale for the filtration (F7):>o generated by (mg,t > 0), we have

E[(M®1(t) = M= ()G (J; "5, e I 05, )] = 0.

Then, it suffices to use (1.28), (1.44), (1.50), the uniform L2._, bound (1.53) and ¥(f) = ¥ (pF)
to obtain (1.58). A similar work can be done to obtain (1.59).

It remains to prove (1.60). We simply write, for (f,n) € D(A) x E,
220 (f,n)| < |22 (fn) — LU(fn)| + | LU(f,n)].
We apply (1.49) with e <1 and A =1 so that
22w (f,n) = 2U(f,n)] SNz + IVaellzz + 1D%@ll 2).-

Since, clearly,

12U (f, )| SIAIIR(=A) 2@z + llellz2),
the proof is complete. O
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1.7 Tightness

In this section, in order to be able to take the limit € — 0 in law of the family of processes
(p%)e>0, We prove its tightness in an appropriate space, namely C([0,T], S~"(R%)). Precisely,
the result is the following.

Proposition 1.7.1. Let n > 0. Then the family (p%)->o is tight in C([0,T], S~"(R?)).

Proof. We will here specialize the test function ¢ € S(R?) into the functions (p;)jene, which
are defined in Section 1.2.1. So we set, for j € N% and f € LF 1

U;(f) = (fipiF),

and we index by j € N? all the corrections defined in Section 1.4.4. Thanks to Proposition
1.6.1, we consider the continuous martingales

M0 o= 5 ) — 95 ) — [ 205 07 s
We also define, for j € N% and ¢ € [0, T,
t
05(t) = T;(f5) +/O LTV (f2,mS) ds + M ().

Note that
Bl 1
05(t) = W (f5) + W5 (ff,mg) — ¥ (f§,mp),
so that, with Cauchy-Schwarz inequality and (1.44),

1050 < sup [IF5@Ollllpillizz = sup [[f@)]-
te[0,T] te[0,T7]

Hence, by the uniform L2 _, bound (1.53),

E sup |65(¢)] S 1. (1.61)
te[0,T]

We now observe that, for ¢ € [0, 77,
W;(fF) = 05(8) = [(W; = 05 ;) —eF9f 5 — &5 5] (ff mf)
= [0y =) — e ef; — el ;] (5. mf),
and it gives, with Cauchy-Schwarz inequality, (1.28), (1.44), and (1.7),
05 (ff) = 05(1)] < S IFEINIOG =) EIl+ (% + eI NIpsllzz
€fo

< S[up]llft 1(CxellVapillzz + IIpsllzz A+ (% +e)llpjllz2)
te[0,T

< sup Ilfe ||(C’,\5u] +A+e? +e%). (1.62)
tel[0,T

From now on, we fix v > d/2 + 1. Observe that, by (1.61), a.s. and for all ¢t € [0, T, the series
defined by ui := > ya 05(t)J7p; converges in L?(R4), which is embedded in &'(RY). We

then set
05 :=J7 Y 05(t) ",
jENd
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which exists a.s. and for all ¢ € [0, 7] in §'(R%). In fact, we see that a.s. and for all ¢ € [0, T,
65 is in S7Y(R?). Indeed,

167 15— ety = 17727 1§ (ay = Il 72 < oo
We point out that ¥;(f7) = (piF,p,; F) = (p5,p;)e so that

(p°(t) = 0°(), pj) = W (f7) — (S 7w, ps) = W, (f7) — (us T 7py)
=V;(f;) — <utap]> = V;(ff )*o}g‘(t)

By (1.62), it permits to write, for ¢t € [0, 7],

() — ||S V(RL) S Z o WtESUP IfE 1P (Cre? Ky + A% e 4 %)
jENd

< sup [[fFP(Cre® +e% + 2% +X?)
t€(0,7]

where the second bound comes from our choice v > d/2 4+ 1 (we recall, see Section 1.2.1, that
p; = 2|j| +1). Thanks to the uniform L2, bound (1.53), it finally leads to the following
estimate:
E s[lé;;] l|p%(t) — Gs(t)||5_7(Rd) SOxe+e? +e*+ A (1.63)
telo,

We now fix n > 0. For any ¢ > 0, let

w(p,d) := sup ||p(t) — p(s)llg—n(ma)

[t—s|<o

denote the modulus of continuity of a function p € C([0,T], S~"(R%)). Since the embedding
L2(R4) c S~"(RY) is compact, and by Ascoli’s Theorem, the set

Kg = {peC([o,T],S"<Rd>>, sup lIPllzzs < Ry wipd) < <5>}’

te[0,T

where R > 0 and &(§) — 0 when § — 0, is compact in C([0,T],S~"(R%)). To prove the
tightness of (p%)c~o in C([0,7T],S~"(R%)), it thus suffices, see [Bil09], to prove that for all
o > 0, there exists R > 0 such that

P( sup oMl L2 ey > R) < (1.64)
tefo
and
lim lim sup P(w(p®,d) > o) = 0. (1.65)

0—0 -0

By the continuous embedding L?(R?) ¢ S~7(R%) and Markov’s inequality, we have

1
> R) < ZE[ sup [z ]

P( sup |p°]|p2rey > R) <IP’( sup || /%2 7
te[0,T]

te[0,T7] te[0,7] -t

and it gives (1.64) thanks to the uniform L2 _, bound (1.53).

Similarly, we will deduce (1.65) by Markov’s inequality and a bound on E[w(p?, )] for § > 0.
Actually, by interpolation, the continuous embedding L*(R%) C S~7(R?) and the uniform L%,
bound (1.53), we have

E sup ||p(t) = p(s)llg-p <E sup [[p(t) = p(s)llg_s
[t—s|<6 [t—s|<d
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for a certain v > 0 if nf > 1> > 0. As a result, it is indeed sufficient to work with = ~. In
view of (1.63), we first want to obtain an estimate of the increments of 5. We have, for j € N¢
and 0<s<t<T,

t
e 15 _ 5 17 pe € 1 1
05 (t) — 05(s) 7/5 LV (f5,mg)do + My (t) — M3 (s).

By (1.60) and the uniform L2, bound (1.53), we have

4

t
B| [ 270 (fame)do| S Cole— st

where
Cj = (llpjlliz + IVepsllzz + 11D?psllLz + (—A) 2 pjllL2).

Furthermore, using Burkholder-Davis-Gundy inequality,
)1 1 )1 1
E[M (1) — M7 ()" SENM; ) — (M),

and thanks to (1.57), the uniform L?,_, bound (1.53) and the fact that [|p;||z2 = 1, we are led
to

E|[M; (1) — M7 (s)|* S |t — s,
Finally we have E|65 (t)—05(s)|* < (1+C})|t—s|>. Now, note that with (1.7), C; < 14 /f;+ ;.
Since we took v > d/2 + 1, we can conclude that

E0; — 05114y S [t — s

It easily follows that, for v < 1/2, I[*3||t9€||§1,[,1,)4(0 T,5- (R1)) < 1 so that by the Sobolev embedding
Wv40,T,S~7(R%)) c C%7(0,T,S~7(R?)) which holds true whenever 7 < v — 1/4, we obtain
that Ew(6°,0) < 07 for a certain positive 7.

Thus, we deduce, with (1.63),

Ew(p‘s, 5) < 2E sup Hpi - etEHS*W(Rd) + Ew(egv 6)
tel0,T

SCre4ez +e“+ A+,

e

To conclude, we then have

lim lim sup P(w(p®,d) > o) < lim limsup o 'Ew(p®,6) <o 1A,

=0 £50 =0 g0

and since A > 0 was arbitrary, we just proved (1.65). This concludes the proof. O

1.8 Convergence

In this section, we conclude the proof of Theorem 1.2.4. The idea is now, by the tightness result
proved above and Prokhorov’s Theorem, to take a subsequence of (p%).~¢ that converges in
law to some probability measure. Then we show that this limit probability is actually uniquely
determined thanks to the convergences to the limit generator .Z proved above.

Let us fix n > 0. By Proposition 1.7 and Prokhorov’s Theorem, there exist a subsequence of
(p°)e>o0, still denoted (p)c~0, and a probability measure P on C([0, 7], S~"(R?)) such that

P — P weakly on C([0,T],S~"(R%)),



1.8 — Convergence 57

where P¢ stands for the law of p*. We will now identify the probability measure P. Since
C([0,T], S~"(R%)) is separable, we can apply Skohorod representation Theorem [Bil09], so
that there exist a new probability space (£2, F,P) and random variables

P55 Q= C([0,T], S7"(RY)),

with respective law P and P such that p* — 5 in C([0,T], S~"(R%)), P—a.s. In the sequel,
for the sake of clarity, we do not write any more the tildes.

Let us pass to the limit € — 0 in the left-hand side of (1.58), namely in the quantity

e [(wir) - w6t - [ 2005 d0) Gt st )| = ELAW

Without loss of any generality, we may assume that the function G € C,((L%3(R%))") is also
continuous on the space H~"; this is always possible with an approximation argument: it
suffices to consider G, := G((I+7J)"2-,...,(I+rJ)"2-) as 7 — 0. Then, with the P—a.s.
convergence of p° to p in the space C([0,7],S~"(R?)), we have that

A(p®) — A(p), as.

Furthermore, thanks to the uniform L7,_, bound (1.53) and the boundedness of G, (A(p%))c>0
is uniformly integrable since it is bounded in L?(f2), hence

EA(p?) = EA(p).
As a consequence, we can now pass to the limit & — 0 in (1.58) to discover

| (Vo) - vor) - [ 2U(p0) 40) Glpn )| | <SG

Since this holds true for arbitrary A > 0, it yields

K [(W(ptF) _W(p.F) — /: zm(pa)da> Glps,. p)] ~0. (1.66)

Similarly, we can pass to the limit ¢ — 0 in (1.59); it gives

e [(10u) = 0P [ 21020 a0) Gl apa)] =0 060

Since (1.66) and (1.67) are valid for all n € N, 57 < ... < s, < s < t € [0,7] and all
G € Cyp((L*(R%))™), we deduce that

N(t) == W) = W) = [ 2W(p) a0, te0.T)

and
S(t) = [P (0o F) — 9P (oo F) — / L1UP(p)do, te[0,T],

are martingales with respect to the filtration generated by (ps)secjo,r- It implies that, see
[FGPS10, Appendix 6.9], the quadratic variation of N is given by

W = [ [219R o) = 20(0) 20(p)] o 1€ .7
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Furthermore, we have

LIV (po) = 29 (pe) LV (p5) = _2/E(pan7 @)a(pe M~ (n), p), dv(n)
= 2E[/)OO (pgmo, @)m(pomb 50)96 dt}
= ]E[/ (pamO, @)I(pa’mt’ (P)z dt]

R
- / / o (2)0(2)po (4 0 (), ) ddly
]Rd Rd
= lpsQ¢l32

Here, we recall that ¥(pF) = (pF,oF) = (p,p), and that the results above are valid for all
¢ € S(RY). As a consequence, the martingale N gives us that

1

t
M) = pi = po [ [r(=8)F 0y~ GpoH]do, 1€ 0.T)
0

is a continuous martingale in L?(R?) with respect to the filtration generated by (ps)se(o,r) with
quadratic variation

) = [ 0 @})(p,QY) o, te .11

Thanks to martingale representation Theorem, see [DPZ08, Theorem 8.2], up to a change of
probability space, there exists a cylindrical Wiener process W in L?(R?) such that

t o 1 t
oo [ oR(-8)F0r — spat]do = [, QFAW,, te (0.1,
0 0

This equality gives that p has the law of a weak solution to the equation (1.18) with paths
in C([0,7],S~"(R%)). Since this equation has a unique solution with paths in the space
C([0,T), S~"(R%)) N L=([0, T], L3(R%)), and since pathwise uniqueness implies uniqueness in
law, we deduce that P is the law of this solution and is uniquely determined. Finally, by the
uniqueness of the limit, the whole sequence (P¢).~( converges to P weakly in the space of
probability measures on C([0, T, S~"(R%)).

Appendix A

Proof of Lemma 1.4.1.

Proof. For the first bound, we write, thanks to Cauchy-Schwarz inequality,

+o0 2
IX°F|? = /Rd/v (/0 e "oz + evt) dt) F(v)dvdx

—+oo
g/ // e ' (x + evt) F(v) dtdvdz
reJv Jo

400
Sy /V / et F(v) dtdv = [||12,.
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To prove the second estimate, we fix A > 0. Since F' is integrable with respect to v, we take

C» > 0 such that f{|v\>CA} F(v)dv < A\2. We have

2

= oFi = [ [ ([ e ttoter e - etwiat) o

Then we split the v-integral into two terms 7 and 7o:

o= /R ) /lvm / - o(z + evz) — (z)] F(v) dzdvda

+oo
—z 9 9
g 2 /]Rd /|UZCA ‘/O' ¢ (|90(x + E’UZ)‘ + ‘SO((E” ) F(’U) dZd’Udl’

+oo
= 4||90||2L3 / / e *F(v)dzdv < 4H<p|\2L3)\2 ;
S Jv|=Cx JO ’

S /]R d / . / T 2 ol + 207) — (@) F(v) dedude

2

—+o00 1
= / / / e ”? (/ ezv - Vyo(x + tezv) dt) F(v)dzdvdx
Re Jjo|<Cy Jo 0

+o00 1
< g2 / / / / e 2% 0| |Vap(z + tezv)|*F(v) dtdzdvde
Rd J|v|<Cy JO 0

< 2e°CR| Vel Zz,
and this is the result.
Proof of Lemma 1.4.2.
Proof. We fix A > 0. Then we choose C such that, for all [v| > C,

)\K)O
— |,U|d+(x :

Ko
‘U‘d-&-a

’F(v) -

Now, we write, for € R?,
+oo
e @ / / e ! p(x +evt) — ¢(x)] F(v) dtdv

|<crj£ (z +evt) — p(z)] F(v) ditdv

/ /+°O o+ evt) — p(x)] "0 qtdv
lo|>c Jo vd+e

“+oo
Ko
oz + evt) — p(x {F v) — } dtdv
/.|>C/0 )= e@)] |F(0) = it
Ii(z) + I(2) + I3().
We begin by bounding ||Il||L2. Since F(v) = F(—v), we rewrite I (z) as follows

Ii(z) = /| o /0 o(x +evt) — p(x) — evt - V()] F(v) dtdo

“+o00 1
/ / / e " [D*p(z + evts) (evt, evt)] F(v) dsdtdv.
lv|<C JO 0

(1.68)
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Then, with Cauchy-Schwarz inequality, we can write

2
+oo
HI1||L2 =c 2"/ </ / / o(z + evts)(evt, evt)| F(v) dsdtdv) dz
R \Jwj<cJo
+oo
< 5*20‘/ / / / et |t D*p(x + evts) |2 F (v) dsdtdv da
rd Jw|<cJo  Jo

+oo r1
172 D?g||7, |<C/ /Oe‘tt‘*\v|4F(v)dsdtdu
v

< 24C** 72| D2p|| 2.
We are now interested in I5. We first rewrite I thanks to the change of variables w := evt
+o00 d+o
Kolet]| dw
ol +w) = (@) o —gadt
/ /w>Cst |w|d+a gdtd
Foeo dw
—KZO/ / et > [o(z + w) — ¢(x)] d+adt.
|Jw|>Cet | ‘

Here we recall that the fractional laplacian can be written as

—(—A)%g@(.ﬁ) = Cd)aPV . [(P(l‘ + ’U}) - @(x)] |wd:jra
dw
= Cia /|w21 [p(z +w) — p()] [

T caa /| (e +w) — p(x) — w - Vap(x)] wjl“i

It prompts us to use a similar decomposition of Iy(z); we thus write

1/(Ce) . dw
L(x) = ko / el / (o + w) — (@) gt
0 w|>1 [w]

(e dw
o [ e [ (p(a + w) — ple) — w- Vaipl)] —e_at
0 Cet<|w|<1 |w]

T /+°° [ felaw) - pl)] o
Ko w) — _—
1/(Ce) |w|>Cet |w| e

We recall the definition (1.19) of % :
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Then, with Cauchy-Schwarz inequality,

2
2 oo —t|p| dw
[Ty = £Lallz2 = Ko e lt| [p(z+w) — p(z)] —7dt | dz
“ R4 1/(Ce) |w|>1 |w]
< K2 / d+a / / et 20‘/ [p(x 4+ w) — <p(x)]2 d:ia dtdz
w|>1 |w| R J1/(Ce) lw|>1 |w|
dw oo
< 413 / o) el [ et
0 ( lw|>1 |w|d+a> L 1/(Ce)
To continue, we decompose Jo(x) — kLa(z) into two terms 7 (x) + 72 (z)

1/(Ce) 1 du
—HO/ e_t|t|a/ / Dzap(x—i—ws)(w,w)dsmdt
0 0<|w|<Cet JO |w]

— Ko /+°° eft|t\°‘/ /1 D?p(x + ws)(w,w)dsdTu_)‘_dt.
1/(Ce) lw<1 Jo Jw|d+e

We work on |71 /2., using Cauchy-Schwarz inequality, and the change of variables v = w/(&t):

) ves . dw 2

Ir1ll72 = Ko e~ "|t] D p(z +ws)(w,w)ds——dt | dz
* RY 0 0<|w|<Cet JO |w]
VGO L dw 2
< no/ e |t|°‘/ / |D*p(x + ws)|ds———=dt | dz
/]Rd 0 0<|w|<cet Jo w|d+e=2
dw 1/(Ce) ! dw

S/{Q/ 7/ / e_t|t\2a/ / |D?p(x + ws)|?*ds —————dt dx

0 lw|<1 [w|4te=2 Jga Jo 0<|w|<Cet JO Jw|d+e—2

dw +oo dw

2 2 —t|412c

K —aras ID*el7 z/ e "t / e dt
0/w|<l |w|d+a—2 L Jo 0<|w|<Cet Jw]dta=2

dw +oo dv
= K —tget? 2-a | 2,12
_KO/|w|<1ltv|d+“2/o eI dt/UKCWS D% ;.

With the same kind of computations, we are led to

2
dw Foo
e <t ([ g ) 0Pl [ et
L 0 lwj<1 |w]dte—2 Le 1/(Ce) ’
2
dw +oo
ol <asd ([ o) el [ et
Le 0 wj>1 W[t Le 1/(Ce)

Finally, about the case of I5, thanks to (1.68), we can do the same work as for I5; then we just
have to put together all the bounds obtained to get the result. This concludes the proof. [

IN

and

Proof of Lemma 1.4.3.
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Proof. First, we write
e Y(Lf+cAf,x°F) = a_a/ / pEX® — fx® —ev -V, fx* dvde
Rd JV
= &‘70‘/ / pFx® — f(x° —ev - Vx°)dvde
Rd

= / /pFX —f<pdvd:c—/ / [x® — ¢] Fdvde,
Rd

where we used an integration by part and (1.25). Furthermore, we have
(—r(=D)% f,0F) = (f,—k(=A)F oF)

:_K/Rd/Vf(—A)%wdvdx

= —/—@/ p(—A) % pdude.
R

As a consequence, with Cauchy-Schwarz inequality, we get

AT 4 LI F) + () LoR) = [ o] [ e e - gl Pau (-8 ] ao

| e —aav s r-a)te

<lpllz:
L2

<17l H/ = o] Fdv + r(—A)E g

L2

and an application of Lemma 1.4.2 then concludes the proof. O









CHAPTER 2

The radiative transfer equation
perturbed by a Wiener process

Abstract: We provide in this chapter the rigorous derivation of a stochastic
non-linear diffusion equation from a radiative transfer equation perturbed with
a Wiener process. The proof of the convergence relies on a formal Hilbert ex-
pansion and the estimation of the remainder. The Hilbert expansion has to be
done up to order 3 to overcome some difficulties caused by the random noise.

Keywords: Kinetic equations, diffusion limit, stochastic partial differential
equations, Hilbert expansion, radiative transfer, averaging lemma.

The results of this chapter are available as a preprint:

[DDV14b] A. Debussche, S. De Moor, and J. Vovelle. Diffusion limit for the
radiative transfer equation perturbed by a Wiener process. ArXiv
e-prints, May 2014.
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2.1 Introduction
In this chapter, we are interested in the following non-linear equation

dfe + éa(v)~vzf5 dt = S%U(F)L(fa)dt + f€oQdWy,
) =pwm, te[0,T],zeT, veV.

(2.1)

where V is an N-dimensional torus, a : V — V and o : R — R. The notation f stands for the
average over the velocity space V' of the function f, that is

f:/vfdv.

The operator L is a linear operator of relaxation which acts on the velocity variable v € V
only. It is given by B
L) =T~ f. (2.2)

The random noise term W is a cylindrical Wiener process on the Hilbert space L?(TY). The
covariance operator @ is a linear self-adjoint operator on L2(T?). The precise description
of the problem setting will be given in the next section. In this chapter, we investigate the
behaviour in the limit € — 0 of the solution f¢ of (2.1).

Concerning the physical background in the deterministic case (@ = 0), the equation (2.1)
describes the interaction between a surrounding continuous medium and a flux of photons
radiating through it in the absence of hydrodynamical motion. The unknown f®(¢,2,v) then
stands for a distribution function of photons having position x and velocity v at time ¢. The
function o is the opacity of the matter. When the surrounding medium becomes very large
compared to the mean free paths e of photons, the solution f¢ to (2.1) is known to behave like
p where p is the solution of the Rosseland equation

Oip — dive(o(p) ' KV,p) = 0, (t,x) € [0,T] x TV,

with K := [}, a(v) ® a(v)dv. This is what is called the Rosseland approximation. In this
chapter, we investigate such an approximation where we have perturbed the deterministic
equation by a smooth multiplicative random noise of the form f¢ o QdW. Note in particular
that the noise is independent of the scaling € of the equation. In the deterministic case, the
Rosseland approximation has been widely studied. In the paper of Bardos, Golse and Perthame
[BGP87], they derive the Rosseland approximation on a slightly more general equation of
radiative transfer type than (2.1) where the solution also depends on the frequency variable v.
Using the so-called Hilbert’s expansion method, they prove a strong convergence of the solution
to the radiative transfer equation to the solution to the Rosseland equation. In [BGPSS88], the
stationary and evolution Rosseland approximation are proved in a weaker sense with weakened
hypothesis on the various parameters of the radiative transfer equation, in particular on the
opacity function o.

In the stochastic setting, the paper of Debussche and Vovelle [DV12] deals with the problem
of the radiative transfer equation where the opacity function is constant (o = 1) and with
a multiplicative noise of the form I f*m* where m®(t,z) = m(t/e? x) with m a stationary
Markov process. Note that in this setting, the noise also depends on the scaling ¢ of the
equation and that formally %ms dt converges in law to some Wiener process QdW; where @ is
a covariance operator which can be expressed in terms of the driving process m. In the paper
[DV12], the authors prove the convergence in law of the solution to (2.1) to a limit stochastic
fluid equation by mean of a generalization of the perturbed test-functions method.
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In this present work, we consider a non-linear operator o(f)Lf, which can be seen as a simple
non-linear perturbation of the classical linear relaxation operator L considered in [DV12].
Nevertheless, we consider that the noise is already in its limit form QdW. In particular, we
point out that the fact that the noise is already in an It6 form permits the application of the It6
formula. As a consequence, we are able to prove in this chapter a stronger result of convergence
of f¢ to p, namely a strong convergence in the space X := L*(0,T; L"(€; L, ,)) with rate e.
The proof relies on the so-called Hilbert expansion method: we expand the solution f€ to (2.1)
as f¢ = p+efi +e2fs + 3 f3 + r° where p is the solution to the limit problem, fi, fo, f3
are three correctors to be defined appropriately and where r¢ denotes the remainder of the
expansion. First, we prove that the correctors (f;)1<;<3 behave correctly in the space X so
that ef) +e2fy +e3f3 = O(e) in X. This step requires some regularity on the limit solution
p and we make use of the regularity result of Chapter 4. Then, to conclude the proof, we
estimate the remainder by mean of an Itd formula to show that r¢ is of order € in X. Note
that an Hilbert expansion up to order 2 is usually sufficient in many well-known deterministic
cases; here we need to push the expansion up to order 3 to overcome some difficulties caused
by the noise term.

We point out that, in the sequel, when proving existence and uniqueness for the problem (2.1),
we use a stochastic averaging lemma which can be interesting by itself. It provides a better
regularity for the average over the velocity space of solutions to kinetic stochastic equations,
see Lemma 2.4.3. The proof of this lemma is detailed in Appendix B; it is mainly based on an
adaptation to a stochastic setting of the paper of Bouchut and Desvillettes [BD99).

The chapter is organized as follows. In Section 2.2, we introduce the setting and the notations
and give the main result to be proved, Theorem 2.2.2. In Section 2.3, we derive formally the
limit equation. Finally, in Section 2.4, we provide the proof of the main result, which is divided
in three main steps. First, we study the existence, uniqueness and regularity of the solutions
to the radiative transfer equation (2.1) and to the stochastic Rosseland problem. Then we
define and study the correctors of the Hilbert expansion. Finally, we estimate the remainder
to conclude the proof.

2.2 Preliminaries and main result

2.2.1 Notations and hypothesis

Let us now introduce the precise setting of equation (2.1). We work on a finite-time interval
[0,T], T > 0, and consider periodic boundary conditions for the space variable: & € TV where
TV is the N-dimensional torus. Regarding the velocity space V, we also consider periodic
boundary conditions, that is V' = TV, but we keep the notation V to distinguish the velocity
space from the space one.

For p € [1,00], the Lebesgue spaces LP(TY x V) will be denoted by L% , for short. The
associated norm will be written | - || » . Similarly, we define the Lebesgue spaces L?, L and,
if k € Z, the Sobolev spaces Wff and WEP or Hf,v and H¥ when p = 2. The scalar product
of L2 , will be denoted by (-,-). We finally introduce, for k € N, the space C%*([0,T] x T™)

constituted by the functions of the variables (¢,z) € [0,T] x TV which are continuous in time
and k-times continuously differentiable in space.

Concerning the velocity mapping a : V — V, we shall assume that it is C}. Furthermore, we
suppose that the following null flux hypothesis holds

/ a(v)dv = 0. (2.3)
1%
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We also define the following matrix
K :=a(v) ® a(v) (2.4)

and assume that K is definite positive. Furthermore, we use a stochastic version of averaging
lemmas to prove the existence of the solution f¢ to (2.1). To do so, we need to assume the
following standard condition:

Ve >0, V(¢,0) € SNTIXR, Leb({v €V, |a(v) € +o| <e}) <&, (2.5)

for some a € (0,1] and where Leb denotes the normalized Lebesgue measure on V = TV.

Regarding the opacity function o : R — R, we assume that

(H1) There exist two positive constants ., * > 0 such that for almost all z € R, we have

ox <o(x) <o¥;

(H2) the function o is C?, in particular o is Lipschitz continuous;
(H3) the mappings = +— o(z) and & — o(x)r are respectively non-increasing and non-
decreasing.

Finally, the initial condition p;, is supposed to be a smooth non-negative function which does
not depend on the variable v € V.

2.2.2 The random noise

Regarding the stochastic term, let (0, F, (F:)i>0,P) be a stochastic basis with a complete,
right-continuous filtration. The random noise dW; is a cylindrical Wiener process on the
Hilbert space L*(T"). We can define it by setting

AWy = ) ep dBi(t), (2.6)

k>0

where the (8x)r>0 are independent Brownian motions on the real line and (ej)x>0 a complete
orthonormal system in the Hilbert space L2(T?). The covariance operator @ is a linear self-
adjoint operator on L?(T™). We assume the following regularity property

Do lQexlfyam < oo (2.7)
k>0
In particular, we define
Kooo = ) [Qerlie <00, Ko=) [0nQex|ix < oo (2.8)
k>0 k>0,1<i<N

As a consequence, we can introduce
1
R § 2
G = 5 (Qek) 5
k>0

which will be useful when switching Stratonovich integrals into It6 form. Precisely, we point
out that for Equation (2.1) we can write f o QdW; = feQdW; + Gfdt where

QAW, = > Qex dBi(t).

k>0
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In the sequel, we will have to consider stochastic integrals of the form hQdW; where h € LE
p > 2, and we should ensure the existence of the stochastic integrals as Lf  -valued processes.
We recall that the Lebesgue spaces L , with p > 2 belong to a class of the so-called 2-smooth
Banach spaces, which are well suited for stochastic Itd integration (see [Brz97|, [BP99] for
a precise construction). So, let us denote by (L?(T%), X) the space of the 7-radonifying

operators from L?(TV) to a 2-smooth Banach space X. We recall that ¥ € ~v(L?(TV), X) if

the series
> wl(er)
k>0

converges in L? (Q,X ), for any sequence (x)r>o of independent normal real valued random

variables on a probability space (€2, F,P). Then, the space v(L?(T"), X) is endowed with the

norm
2 >1/2
X

(which does not depend on (yx)x>0) and is a Banach space. Now, if h € L ,, p > 2, hQdW

can be interpreted as WdW where ¥ is the following v-radonifying operator from L?(T™) to
Lr -

> ¥ (er)

k>0

1y x) = <1E

U(ek) := hQey.

Let us compute the y-radonifying norm of ¥. We fix (y;)jen a sequence of independent
N(0,1)-random variables.

2

2
LY

x,v

N » 2/p _ » 2/p
< (EH;vkthkHw) - (EANXv};vkthk ) .

Observe that, almost everywhere in TV x V| >, yxhQey is a real centered Gaussian with
covariance Y, |h Qe|?. As a consequence, there exists a constant C, € (0,00) such that

]E‘ Z'Ykthk‘p = Cp(Z |hQ€k|2)p/2~
% %

We use this equality in the computations of the y-radonifying norm to obtain, thanks to (2.8),

2/p
Oi/p(/]l‘”xv (;(QekF) /2h|p> (2.9)

Co/Prooollbl7s -

||‘I’||3(L2(TN),LQ,,J) = ]E”Z’Ykh(ek)‘ = IEHZ’thQGk‘Lp
k k o

IN
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IA

2.2.3 Properties of the operator o(*)L(-).

Similarly as in the deterministic case, we expect with (2.1) that o(f¢)L(f¢) tends to zero with
g, so that we should determine the equilibrium of the operator o(*)L(-). In this case, since
o > 0, they are clearly constituted by the functions independent of v € V.

In the space L2, the operator o(*)L(:) is dissipative. Namely, we have, for f € L2

,U7 ,U7

(@(F)LS. f) = ~llo(H)V2LfIIZ: <O (2.10)
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In the space L} we have some accretivity properties for the operator o(*)L(-). Namely, (see
[BGPS8T7)), if f, g € L} with f > 0, we have

/V sen® (f — g) [o(F)L(f) — 0(a)L(g)] dv < 0, (2.11)

where sgn™(z) := 1,>0. In the deterministic setting, the quantity above is involved when
deriving the equation satisfied by (f — g)* where f and g are solutions to the equation (2.1)
without noise and where z+ := max(0, ) stands for the positive part of z. This is the main
argument that permits to prove uniqueness for equation (2.1) without noise. In our stochastic
setting, this procedure will be replaced by the application of It6 formula with the function
x +— 7 to the process f — g. To make this plainly rigorous, we have to approximate the map
x + ot by regular (at least C?) functions. Therefore, we have to investigate what we have
lost in the bound (2.11) above when replacing sgn* by some smooth approximation. To this
end, take ¢ a smooth (at least C?) non-decreasing function such that

lb(x) = 07 LS (70070]7
P(r)=1, z€][l,+o00),
0<y(z)<l, ze€(0,1).
and define
ps() r=/0 (8 (%) dy, z€R (2.12)

Then, we have the following lemma.

Lemma 2.2.1. Let 6 > 0. Suppose that f, g € L} with f > 0. We have the two following
estimates

/V o4 — ) [o(FIL() — 0@ L(g)] dv < C (14| ]112) 6 (2.13)
/V (g — 1) [0@L(g) — o (DL dv < C (1+]|f]112) b (2.14)
Proof. The proof is given in Appendix A. O

2.2.4 Main result

We may now state our main result, the proof of which will be given throughout this chapter.

Theorem 2.2.2. Let f¢ denote the solution of the kinetic problem (2.1) in the sense of Propo-
sition 2.4.1 and p the solution of the mon-linear stochastic partial differential equation

{ dp — div, (o(p) 'K V,p) dt = po QdW,, (2.15)

p(O) = Pin,

in the sense of Proposition 2./.5 and where K denotes the matriz (2.4). Then, the solution f¢
converges as € tends to 0 to the fluid limit p and we have the estimate

sup E[ff — pelly < Ce. (2.16)
te[0,7) ’
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2.3 Formal Hilbert expansion

In this section, we derive formally the limit equation satisfied by f¢ as ¢ goes to 0. To do so,
we classically introduce the following Hilbert expansion of the solution f¢:

ff=fotefi+eifot .

Then, discarding the terms with positive power of ¢, equation (2.1) reads

Afo= —2a(v) Vafo dt — a(v) - Vefy dt+ o(Fo+<F + R)LUo +cfi +2f2) di
+ fo [¢] Qth + O(E)

Putting the terms with the same power of ¢ together and omitting once again those with
positive power of €, we have

Afo = Zo L) t+ (~2a(0)-afo + T (L)
+ % oo+ <) - o(Fa)] L)) at
+ <a(v) Vafi+o(fo)L(f2) + 5% [0(fo+ehi+&%f2) — o(fo+ )] L(fo)

+ é [o(fo +efr) = o(fo)] L(ﬁ)) dt + fo 0 QAW; + O(e).

Next, we identify the terms having the same power of £. At the order e =2, we find o(fo)L(fy) =

0, which implies L(fo) = 0; thus we have fo = fo =: p. Then, at the order !, with the fact
that L(fp) = 0, we find

L(f1) = o(p) " av) - Vap.
Since the integral with respect to v € V of the right-hand side vanishes thanks to (2.3), this
equation can be solved by

fi:=—o(p)~ta(v) Vep, (2.17)
and we point out that f; = 0. Finally, at the order £°, we get
dp=—a(v) -V fi dt + o(p)L(f2) dt + p o QdW;. (2.18)

By integration with respect to v € V' and with fv L(f2)dv = 0, we discover

dp = —div,(a(v) f1) dt + p o AW,
that is, thanks to the expression of f; given by (2.17),
dp — div, (o(p) 'K V,p) dt = po QdW,, (2.19)
where K = a(v) ® a(v). Furthermore, if p satisfies equation (2.19), equation (2.18) now reads
o(p)L(f>) = div, (9(p) " (K — K)Vap).

and since the integral with respect to v € V of the right-hand side vanishes, this can indeed
be solved by setting o

fo = —0(p)div, (o(p) " (K — K)Va.p). (2.20)
To conclude, the solution f¢ of the kinetic problem (2.1) formally converges to an equilibrium
state p which satisfies the non-linear stochastic partial differential equation (2.19) given above.
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2.4 Convergence of f*

In this section, we now give a rigorous proof of the convergence of f¢. The main difficulty is
that the remainder r° := f¢ — p—ef; —e? fo can only be appropriately estimated in L., . As a
result, in our stochastic case, we will need to apply Itd formula in L}w. This gives rise to some
difficulties. So, in the sequel, we will need to push the Hilbert expansion of f¢ up to order 3 to
overcome these problems. To begin with, we solve the kinetic problem (2.1) and the limiting
equation (2.15) and investigate the regularity and properties of the solutions.

2.4.1 Resolution of the kinetic problem

Let us study the kinetic problem (2.1). We solve it using a standard semigroup approach
combined with a regularization of the random noise term. Let p € [1,00]. We introduce the
contraction semigroup (U(t)):>0 generated by the linear operator —a(v)-V, on the space L , .

Proposition 2.4.1. Let p;, be a smooth non-negative function which does not depend on
v € V. Then there exists a unique non-negative strong Ité solution f€ to the kinetic problem
(2.1) which belongs to L*(Q; L*(0,T; L2 ) with Vo f¢ € L*(0,t; L2 ) a.s. for allt < T, that
is, P—a.s. for allt €[0,T],

1t 1t t t
FO =~ [ o) Vafidss 2 [oGLUD i+ [ Grzat [ fzqaw.
€Jo €Jo 0 0
Furthermore, we have the following uniform bound

sup E|f5(t)[7. < C. (2.21)
te[0,T]

Before giving the proof of the proposition, we recall a classical result about the regularization
of the stochastic convolution.

Lemma 2.4.2. Letp € (2,00). Let ¥ € LP(Q; LP(0,T; L2 ). We define

T,V

A(t) ::/ Ut — $)U(s) QdW,, te[0,T).

0

Then z € LP(; C([0,TT; LY ) and

E sup |2(t)7, < CE[¥|,

0,T;LE )’
te [07T] ( b €T,v )

for some constant C which depends on p and Ko, oo-

The proof relies on the so-called factorization method (see [PZ07b, Section 11]) combined with
the application of the Burkholder-David-Gundy inequality for martingales with values in a
2-smooth Banach space (see [Brz97] and [BP99]) and the bound (2.9).

Proof. Ezistence and uniqueness part. In this part of the proof, for the sake of convenience,
we set € = 1.

Step 1: Uniqueness. We first begin with the proof of uniqueness for equation (2.1). So let
f and g be two non-negative solutions of (2.1) with the same initial condition pi, and which
at least belong to L'(Q; L'(0,T; L} ). We set 7 := f — g and estimate r in L}, , by applying
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the Ito formula with the C? function ¢;s defined by (2.12) which approximates x — z . This
gives (note that the term relative to a(v) - V,r® cancels)

JE/TNXVSD(S(H) = E/ /TNXVsois(fs —g5) [0(F)L(fs) — 0(F5)L(gs)] ds

+E// 5(rs)Grsds + IE// 505 rs) G|7“s|2d8-
TNXV TN xV

Since 1 < @s(z) + d, we have

E|(r)*| < E / ps(re) + 6.
’ TN xV

Then, for the next term, we use the accretivity property of the operator o(*)L(:). Namely,
with Lemma 2.2.1, we get

T
/ / — 90) [o(F)L(f) — o(G) Lgs)] < €6 (m& / ||fs||L;,vds) <05
TNXV 0

For the following term, we just observe that |¢5| < 1 and that ||G||L~ < oo with (2.8) so that

/ / s)Grsds < C’E/ [rsllcy , ds.
TNXV

For the last term of the It6 formula, we point out that ¢ is zero on [0,6]° and that |¢f§| < 1/§

on [0,0]. Thus, we obtain
/ / rs)Glrs[*ds < C6.
TNXV

Summing up all the previous bounds now yields

t
El(re) |y, < C6+CE / Irslloy  ds.
0

A similar work can be done for (r)” = (—7)". As a result we obtain the estimate

t
Ellrellzy , < 05+C’E/ [7sllzs , ds.
, 0 :

Since this inequality holds true for all § > 0, an application of the Gronwall lemma yields f = g
in L1(Q; LY(0, T Lglw)).

Step 2: Resolution of a regularized equation. For 6 > 0, we will denote by &s a mollifier
on TN x V as § — 0. This step is devoted to the proof of existence of a solution f° to the
regularized equation

df + a(v)-Vuf dt = o(f)L(f) dt + Gf dt + f*& QAW (2.22)

with § > 0 being fixed. Let us fix p > N. We will apply a fixed point argument in the space
LP(2; C([0, To); LS, )) with Ty sufficiently small. Before doing this, we first need to truncate the
equation to overcome with the non-linear term f + o(f)Lf which is not Lipschitz. Following
for example [dBD99] or [Gy©98], we introduce 6 € C§°(R) whose compact support is embedded



74 Chapter 2 — The radiative transfer equation perturbed by a Wiener process

n (—2,2) and such that 6(x) =1 for z € [-1,1] and 0 < § < 1 on R. Then, for R > 0, we set
Or(x) = 0(xz/R). We are now considering the following equation:

df + aw)-Vof dt = 0p(|flle=)o(FL(f) At + Gf dt + f+& QAWs,  (2.23)

and we are looking for a mild solution f#9 that is,

t

F(8) = Ut + / Ut = )01, )0 (F) L(f2) ds +/ U(t — 5)G o dt
0 (2.24)

u(t - S).fs * 55 QdW‘;
0

Here, as usual, if f € LP(Q;C([0,Tp]; LgS,)), we denote by T f the right-hand side of the

previous equation and we shall verify that the Banach fixed-point Theorem applies. We refer

the reader to [dBD99, Proof of Proposition 3.1] for a precise proof in a similar setting. Here,

we just prove the contraction property of the stochastic integral. Thanks to Lemma 2.4.2 and

with Young’s inequality, we easily obtain

p

E sup
t€[0,To)

t
/ Ut — )(fs — g,) * & QAW

<CTHE sup |fs — gslli
Lg’v 86[07T0] o

where the constant C' depends on p and kg . Now, since VU (t)g = U(t)V g, we can similarly
obtain

p

E sup
te[0,To]

/ut—s ~g) £ QAW,

<SCTOE sup |fs— gslhme
L%, s€[0,To] o

where the constant C' now depends on p, koo, Ki1,00 and ||VI§5||L;.“. Furthermore, with
the identity V,U(t)g = —ta’' (v)U(t)Vzg9 + U(t)V,g, a similar bound can be proved for the
derivatives of the stochastic integral with respect to v € V. To sum up, we are led to

P

E sup
t€[0,Ty)

/ Z’{(t - 5)(fs - gs) * §s QAW

<SC(To+THE sup | fs = gsllf
wht s€[0,To] ©v

for some constant C' which depends on p, Ko,c0; K100, |Va&sllrr , and [[Voés|lze - Finally,
with the Sobolev embedding VV1 § C Ly?, which holds true since p > N, we can conclude that
the contraction property of the stochastlc term is satisfied in LP(2; C ([O Tol; LgS,)) provided
Ty is sufficiently small. The Banach fixed-point Theorem then applies and glves us a mild
solution ff9 of (2.24) in LP(Q; C([0,Ty]; L32,)). Iterating this argument yields a solution in
the space LP(Q; C([0,T]; LgS,))- Let us mtroduce, for R > 0 and § > 0, the following stopping
times

TR o= nf{t € [0, 7], || £/l > R}.

We can show, with a similar method as in [dBD99, Lemma 4.1], that 7z s is nondecreasing
with R so that we can define 75 := limr_,c Tr,s. The next step is devoted to the proof of
some estimates on the solution f7-°.

Step 3: Estimates on the solution f°. In this step, we emphasize the dependence through
the parameters R and § of the constants C appearing in the estimates. For instance C5 depends
on 0 but not on R. With the mild formulation (2.24), using the boundedness of g, o and G,
the contraction property of the semigroup ¢ in Lg%, and evaluating the stochastic integral in

L7, similarly as above, we can obtain the followmg bound

E sup ||f/*7, < Cs. (2.25)

t€[0,T]
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Note that the dependence with respect to § of this bound is due to the evaluation of the

stochastic integral in L3°, by estimating its W, P-norm: this gives rise to the terms || V.51
U

p > 2 gives a uniform bound with respect to R and §. Precisely, with the mild formulation

(2.24), using the boundedness of g, o and G, the contraction property of the semigroup U

in LP =~ and evaluating the stochastic integral in L2 . p > 2, thanks to Lemma 2.4.2, we can

x,v x,v)

obtain the following bound

and [|[V,&s][z1  which depend on 6. Nevertheless, estimating the solution fR% in LP  with

E sup |If*°
te[0,T)

e (2.26)

IS
Lz,

Finally, we point out that we can also estimate V,f%? in L% ., p > 2, by differentiating
equation (2.24). We obtain the bound

E sup Vo™, <Cr. (2.27)
t€[0,T)

Step 4: Definition of f°. From (2.25) we easily deduce that for all § > 0, 77 = T as.
Thus, we define £ on [0,7] = Ug=0[0, 7r.s] by f° = ff on [0,7rs]. Note that this definition
makes sense since we have proved uniqueness for the equation (2.24) satisfied by f#°. Since
f19 is a mild solution of (2.23) and since for all ¢t € [0,7) we have that V,f° exists a.s. in
LP(0,t; L% ,)), p > 2, thanks to (2.27), we get that f° is a strong solution of (2.22), that is,
P—a.s. for all t € [0,T],

t t t t
f%w:pmleww-vaf¢+3£oU@LUﬂds+[§Gﬁds+[;ﬁ*&qmw;(2%)

Furthermore, with (2.26) and the fact that 77 = T a.s., we deduce that for p > 2,

E sup |fPll}, <C.
te[0,7] ’

Thanks to the Holder inequality, the previous bound holds true when p = 2, that is

E sup [If7[7: <C. (2.29)
te[0,T] )

Finally, note that, thanks to the equation (2.28), we can show that f° > 0. Indeed, it suffices
to apply the Ito formula with the function s defined by (2.12) to the process —f°. Similarly
as in Step 1, since py, > 0, this yields (f°)~ = 0, hence the result.

Step 5: Convergence § — 0. Thanks to (2.29), up to a subsequence, the sequence (f%)s=o
converges weakly in L?(Q; L*(0,T; L2 ,,)) to some f. This is not sufficient to pass to the limit
in (2.28) due to the non-linear term. Thus we use the following stochastic averaging lemma,

the proof of which in given in Appendix B.

Lemma 2.4.3. Let a € (0,1]. We assume that hypothesis (2.5) is satisfied. Let f be bounded
in L*(Q; L*(0,T5 L2 ) such that

df + a(v) - Vo fdt = hdt + g QdWy, (2.30)

with g and h bounded in L*(Q; L*(0,T; L3 ). Then the quantity p = f wverifies

T
B[l nds < C.
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With (2.28) and (2.29), we apply this lemma to the process p? := f9 to obtain

T
B[ IAIRads < C. (231)
i

Furthermore, thanks to (2.28) and (2.29), we get that

T—h
B[ I - Ryds < On (232)
0 v

which also implies
T—h
B[ okl ds < Ch (2:33)
0 x

Then, with the bounds (2.29) and (2.32) and [Sim87, Theorem 1] we obtain that the sequence
of the laws of the processes (f?)s=o is tight in L2(0,T; H, ). With the bounds (2.31) and
(2.33) and [Sim87, Theorem 4] we also get that the sequence of the laws of the processes
(p?)s>0 is tight in L2(0, T} L?c,v)' As a consequence, with Prokhorov’s Theorem, we can assume
that, up to a subsequence, the laws of the processes (p°)s~o converges weakly to the law of

some process p in the space of probability measures on L2(0,T; Li’v). Then, using then the
Skorohod representation Theorem, there exist a new probability space (SA?,]? , @) where lives
a cylindrical Wiener process W on the Hilbert space L?(TY) and some random variables
?g, f with respective laws P(f° € -) and P(f € -) such that fv}gdv converges P—a.s. in
L?(0,T; Li,v) to fv fd’u. Furthermore, we recall that we have the weak convergence of F to f

in LQ(Q; L?(0,T; Lﬁyv)). We also point out that, with (2.27), we can suppose that ij? exists
a.s. in L?(0,¢; L2 ) for all t € [0,T). We now have all in hands to pass to the limit § — 0 in

(2.28) to discover that P—a.s. for all t € 0,77,

=

Y t R t R t N t/\ P
= Pin — v:c sd g SL sd Gsd s dWS .34
Ft) =0 /Oa@ 7 s+/0 L) s+/0 7 t+/0fQ (2.34)

Step 6: Conclusion. In this final step, we want to get rid of the change of probability space.
To this purpose, we recall that we proved pathwise uniqueness for positive solutions to the
equation (2.34) above in Step 1. As a consequence, we will make use of the Gyongy-Krylov
characterization of convergence in probability introduced in [GK96]. We recall here the precise
result

Lemma 2.4.4. Let X be a Polish space equipped with the Borel o-algebra. A sequence of
X -valued random variables {Y,,, n € N} converges in probability if and only if for every subse-
quence of joint laws {fin, m,, k € N}, there exists a further subsequence which converges weakly
to a probability measure u such that

p(zy) e Xx X, z=y)=1

Thanks to the pathwise uniqueness of equation (2.34), we can make use of this characterization
of convergence in probability here (see for instance [Gy698, Proof of Theorem 2.1 for more
details about the arguments) to deduce that, up to a subsequence, the sequence (f?)s~¢ defined
on the initial probability space (2, F,P) converges in probability in L?(0,T; Li’v) to a process
f- Without loss of generality, we can assume that the convergence is almost sure. Then, using
again the method used above in Step 5, we deduce that P—a.s. for all ¢ € [0, T7,

£(t) = pin — /0 a(v) - Vo fods + /0 o(F)L(f.) ds + /0 Gf.di+ /0 fQAW,.  (2.35)
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Thus f is a non-negative strong solution of the kinetic problem (2.1) and belongs to the
expected spaces.

Uniform bound part. The bound (2.21) is easily obtained with an application of the Itd
formula with the C? function f ~— ||f||%§ _ to the process f¢. We then make use of the

dissipation property (2.10) of the operator o(*)L(-) in L2 , and of the Gronwall lemma. O

T,V

2.4.2 Existence and regularity for the limiting equation

Let us now study the limiting stochastic fluid equation (2.15) and the regularity of its solution.
Precisely, we have the following result.

Proposition 2.4.5. Let p > 1. There erists a strong solution p in LP(Q; C%3([0,T] x TN)) to
the limit equation (2.15)

dp — div, (o(p) 'K Vyp) dt = po QdW,,

p(0) = pin,
that is, P—a.s. for allt € [0,T],

t t
p(t) = pin +/ div, (a(p)—lfva) ds +/ po QdWs.
0 0

Proof. Note that the Stratonovich integral po QdW; rewrites in It6 form Gpdt+ p QdW;. As a
consequence, with the hypothesis made on o (H1)—(H3), a, and the noise (2.7), we can easily
show that Theorem 4.2.3 of Chapter 4 applies so that the proof is complete. O

2.4.3 Definition of the two first correctors

Following the computations done in a formal way in section 2.3, we define:

fr=—o(p) " a(v) - Vap,

L o (2.36)
f2 = —0(p) div, (o(p) (K — K)Va.p).
We state two propositions giving the properties of the processes f; and fs.
Proposition 2.4.6. Let p > 1. The first corrector f*, defined by (2.36), satisfies
o(P)L(f) = a(v) - Vap (2.37)
with the estimate
E sup [[fi(®)l[fe, <00, E sup [la(v):Vafi(t)|fe < oo (2.38)
te[0,T) w te[0,T) v
Furthermore, we have
df1 = fl,d dt + f1 (1 - U(p)_la/(p)p> Qth, (239)
where f1.q4 satisfies
E sup Hde(t)Higfu < 00. (2.40)

te[0,7]

Proof. The equation (2.37) is a straightforward consequence of the definition of L and f; and
of (2.3). The estimate (2.38) is a consequence of the regularity of p given in Proposition 2.4.5,
the bounds (H1) on ¢ and the boundedness of a. One can easily verify that equation (2.39)
holds true; then the bound (2.40) comes once again from the regularity of p, the bounds (H1)
on o, the regularity (H2) of o and the boundedness of a. O
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Similarly, we can prove the following properties of the second corrector fs.
Proposition 2.4.7. Let p > 1. The second corrector f2, defined by (2.36), satisfies

(P L(f2) = diva (0(p) LK — K)Vap) = dive (0(p) " K Vap) +a(v) - Vafs  (241)
with the estimates

E sup [fo(t)|}~ < oo, E sup [la(v)-Vifat)[]~ < oo. (2.42)
te[0,T] w te[0,T] v

Furthermore, we have

dfz = fo,qa dt + f2,s QdWry, (2.43)
where faq and fa s satisfy
E sup [[fea(t)fe <oo, E sup [[fos(t)|fe < oo (2.44)
t€[0,T] v t€[0,T) v

2.4.4 Equation satisfied by the remainder

From now on, f¢ denotes the solution to problem (2.1) and p the solution of the limiting
equation (2.15). We define the remainder ¢ by

rfi=fT—p—chi - fr -5,

where the correctors fi, fo have been defined above. The third corrector f5 will be defined
below; its aim will be to cancel all the noise terms of order O(e) so that the remainder has a
noise term of order O(g?). Let us write the equation satisfied by r¢. We have

1 1
dre = —ga(v) SV fe dt+ E—QU(fE)L(fE) dt+ f° QAW; + Gf¢ dt —dp —edfy — e2dfo — 3df5.

We recall that L(p) = 0 so that we have
1 1
drf = —a(v) - Vaof* dt+ —o(p)L(f1) dt +o(p)L(f2) dt +eo(p)L(f5) dt
1.
+ oL —o(p)L(f* —rF)] dt
+ f5 QAW + Gf° dt —dp —edf) — 2dfy — e3df5.
Using the equations satisfied by fi, f2 and p, that is (2.37), (2.41) and (2.15), we obtain

1 1 _
dr® = —ga(v) -V ft dt+ ga(v) Vap dt + a(v) - Vy f1 dt + div, (Ko(p) ™" Vap) dt

1 _
+ea(p)L(f3) dt + 2 [o(fE)L(f?) — a(p)L(f* —r°)] dt
+ fFQAW, + Gf¢ dt —div, (Ko(p) ™" Vaup) dt — p QAW — Gp dt
— edf) —e%dfy —e*dfs.

After simplification, we have,
1
dr® + ga(v) Vor® dt = —ea(v) - Vifo dt —2a(v) - Vo f5 dt

+ 5 [PILU) — oL )] dt + ( — ) QaW,
FGU = p)dt - edfy — 24 fy — 45 + o ()L d.
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Using the expression (2.39) of df;, we discover
1
dr® + ga(v) SVerfdt = —ea(v) - Vufo dt —2a(v) -V, f5 dt

+ 25 [ TILUS) — o) LU — )] dt - ( — ) QaW,

+G(fF—p)dt —cfradt —cfi (1—0(p) "' (p)p) QAW;
— 2dfy — 3df5 +ea(p)L(f5) dt.
In the sequel, when estimating the remainder, we need the noise term to be of order O(&?), see

Section 2.4.6. As a consequence, we would like to choose f§ to delete the terms of order O(e)
in front of the noise. Namely, we would like to impose

e2df5 —a(p)L(f5) dt = fia(p)~ o’ (p)p QAW (2.45)
so that the equation satisfied by the remainder r¢ is finally given by

1
dr® + ga(v) SVerfdt = —ea(v) - Vufy dt —a(v) -V, f5 dt

1.
+ 5 [o(FILU) = o(p)L(f* — )] dt
+ (f* —p—cfr) QAW + G(f° fp)dt—gde dt*€2df2,

Note that f; and f» do not depend on €. In the following, we shall prove that f5 is of order
O(e™1) with respect to e. As a consequence, the drift term (excepted the singular one) is of
order O(e). We also recall that we precisely added f§ in the development of f¢ to get a term of
order O(e?) in front of the noise; this will be necessary further in the estimate of the remainder.
We point out that L;ﬂ, is indeed the appropriate space in which the estimate of the remainder
will give a favourable sign to the singular term =2 [o(f¢)L(f¢) — o(p)L(f¢ — r°)] thanks to
the accretivity property of the operator o () L(+), see section 2.2.3. The next section is devoted
to the definition of the third corrector by solving the equation (2.45).

2.4.5 Definition of the third corrector.

In this part, we study the following equation for the third corrector which was suggested in a
formal way in the computations done just above:

S2df5 — o(p)L(fS) dt = fra(p) 0" (p)p QAWV:. (2.46)

We solve this equation thanks to a stochastic convolution with the semigroup generated by
the non-autonomous operator o(p)L on LP ~ where p > 1. Let us begin with the study

T,v

of this semigroup. We point out that we only need to know its behaviour on the subspace
{9 € Lg:,m g =0}
Proposition 2.4.8. Letp > 1 and g € L? , such that g = 0. For s € [0,T], the problem

z,v

{ w0 ot =0, telT) 2.47)

admits a.s. a unique classical solution in C*([s,T]; L2 ) that we write u(t) = U%(t,s)g. It is
given by

t
Us(t,s)g = gexp (—5_2/ a(p)(r) dr) , te[s,T). (2.48)
Furthermore, we have the bound

U=t 9)gllez, < llgllz, exp (—eou(t = 5)). (2.49)
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Proof. Note that with (2.47) and [, o(p)L(u)dv = 0, we immediately have that @' = 0 so
that @ is constant and equals g, which is zero. Then equation (2.47), with the definition of L,
rewrites

e (t) = —a(p(t))ult),
which gives easily (2.48). This proves existence and uniqueness in C'([0,T7]; L2 ) for the

problem (2.47). The bound o > o, (H1) immediately yields (2.49). This concludes the
proof. O

Before stating the main result about the third corrector, we need the following lemma about
the regularity of the stochastic convolution.

Lemma 2.4.9. Let p > 2. Suppose that ¢ € LP(; L>°(0,T; L% ) satisfies o = 0. We define

t
2(t) :== 572/ Us(t,s)p(s) QdWs, t€][0,T)].
0
Then, we have the bound

sup E||z(t)|\i;z < C57p]E||‘P||z£oc(

0,T5LE )"
t€[0,T] '

Proof. Here, we recall that a.s. and for s, t € [0,T], U*(t,s)¢(s) is an element of L% . The
stochastic integral U®(t, s)p(s)QdWs can be interpreted as e (¢, s)dW, where We(¢, s) is the
following y-radonifying operator from L?(TV) to L2, (see Subsection 2.2.2)

Ue (¢, s)(er) := U (t, 5)p(s)Qey.

Then, we use the Burkholder-Davis-Gundy’s inequality for martingales with values in L% , (see
[Brz97] and [BP99]) and the bound (2.9) to obtain

t p/2
IE||Z(1€)||1£§1 < CeE (/o H\I’E(t,s)H,Qy(Liﬁng) ds)

IN

t P/2
Ce™*E ( / U= (t, 5)p(s) || 20 ds) .
o [
Next, thanks to (2.49) with the hypothesis g = 0, we have

t p/2
By, < O Blollm o ([ o (e 20u(t— ) ds)

= C57pEH<PHpoe(0,T;Lgyv)a

A

which concludes the proof. O

The existence and the properties of the third corrector f5 are collected in the following propo-
sition.

Proposition 2.4.10. Letp > 1. There exists a process f§ with values in L°°(0,T; LP(2; LY, )
which satisfies f5 =0 and

e2dfs — o(p)L(f3) dt = fro(p)~ o' (p)p QdWr, (2.50)

that is, P—a.s. for allt € [0,T),

fi(t) =2 / o (p(5) L(f5(5)) ds + 2 / F1(8)o(p(3)) 10" (p(5))pl) QW
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Furthermore, we have the estimates

sup E|f3(t)|7, <Ce™  sup Ella(v) Vaifs@)|l, <Ce?. (2.51)
te[0,T] ’ te[0,T] ’

Proof. We fix p > 2. We set ¢ := f10(p)~1o’(p)p and we define

FE(#) = o2 /0 US(t, 8)p(s) QAWW,, £ € [0,T].

Observe that with the definition (2.36) of f; we have p = —a(p)~20’(p)pa(v)-Vp. Thanks to
the regularity of p, o and a, we obviously have that ¢ belongs to LP(€2; L>(0,T}; L3°,)) which
is embedded in LP(£2; L>°(0,T; L ,)). As a consequence, since @ = 0, we can apply Lemma
2.4.9 to find that
sup E||f5(0)|7, < C=7. (2.52)
te[0,T7] o

This proves in particular the existence of the stochastic integral which defines f§. Next, for
t € [0,T], we can easily compute the quantity

| etz )as,

by using the stochastic version of Fubini’s Theorem and the fact that, when g € LP

0sUc(s,1) “20(p(s))L(U%(s,7)g) by Proposition 2.47; we obtain that f§ is a strong so-

=c
lution of (2.50), that is, P—a.s.,

f5(t) =<2 / o (p(s)L(f5(s)) ds + 2 / o(5) QAW (2.53)

With this expression of f£, it is clear that Tg = 0. To conclude the proof, it remains to bound
a(v) - Vg fs in L0, T5 LP(4; LE ). Let i € {1,..., N}, we differentiate equation (2.53) with
respect to the space variable x; to discover

On f5(t) = =2 / O, pec” (p(3)) L(f5 (5)) ds + 2 / o (p(5)) (D, f5(s)) ds

t t
+ 5_2/ 0z, 0(s) QAW + 5_2/ »(s) QdO,, W.
0 0

As a consequence, we see that we can write 05, f5 into the following mild form

Op f5(t) = &7 / U (t, )0, pac” (p(3)) L(f5(5)) ds + 2 / U (t, )0, 0(5) QAW,

t
+ 572/ Us(t, s)p(s) QAD,, Ws.
0

Let us deal with the first term of the last equality. We set ¢ = 0, p50” (p(8))L(f5(s)). Thanks to
the regularity of p, o and the bound (2.52), it clearly belongs to the space LP(2; LP(0, T L% ,))
with

B0l 0 7epz ) < CE.

Therefore, since ¢ = 0, we can use (2.49) to write, with the Young and Holder inequalities,

<m0l as)

p
Lw,v

E

IN

5_2/1U€(t, s)p(s)ds
0

IN

CEGI%, o722,y < O

0,T;L% )
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For the two remaining terms, we can easily verify that Lemma 2.4.9 applies (even with the
noise dd,, W thanks to the hypothesis (2.8) >, ||0,,Qex||%, < c0). Finally, we combine the
two applications of Lemma 2.4.9 with the previous bound to obtain

sup E|V, /(0|7 < Ce,

te[0,T

which concludes the proof of the second estimate of (2.51) due to the boundedness of a. It
remains to prove the proposition when p € [1,2) but it is a straightforward consequence of the
Holder’s inequality. This concludes the proof. O

2.4.6 Estimate of the remainder

Finally, we estimate the remainder r¢ in the space LI »; this will conclude the proof of Theorem
2.2.2. We point out that the correctors fi, fo and f5 are now properly defined in the previous
sections. We recall that we set:

A A 7

Thanks to the calculations made in Subsection 2.4.4, r now satisfies:
1
dr® + ga(v) SVerfdt = —ea(v) - Vyfe dt —a(v) -V, f5 dt

1
+ = [o(FL(fT) — a(p)L(f* —r)] dt
+ (f*—p—cf1) QAW, + G(f° — p)dt — e f1,4 dt — £°d f5.
We will estimate r in L, , by estimating (r€)* and (r¢)~ in L} , using the It6 formula, where
2t = max(0,z) and x~ = (—x)". We write the equation verified by ¢ as follows:
1 1
dr® + ga(v) -Vaer® = D; dt + ?DZ dt + H; QdWs,
where ) )
D = —¢ca(v) - Vi f2 —ea(v) - Vo fs + G(f* — p) —€fra — € fa,a,
D= o (f)L(f%) — a(p)L(f* — 1),
H:=(f"—p—cfi) = fas

Since f€—p =efl +&2fo+ 3 f5 +1r°, thanks to (2.38), (2.40), (2.42), (2.44), (2.51) with p =1
and with |G|~ < oo, we have the bound

¢ ¢
E/ / |Dslds < C€+E/ / |r¢] ds. (2.54)
0 JTNXxV 0 JTN XV

Similarly, for any & > 0, with f¢ — p —ef! = €2 fy + &3 f5 + ¢ and thanks to (2.42), (2.44),
(2.51) with p = 2 and with |G|/~ < 0o, we have the bound

t
E/ / G|H|’1)e1<5ds < C(e* +6). (2.55)
0 JTNxV o
Now, § > 0 being fixed, we apply the Ité formula with the C? approximation s of the

function z — x* defined by (2.12) to the process r¢ to obtain (note that the term relative to
e~ ta(v) - V,r® cancels)

]E/ @5(7"1‘8) - E/ 905 Tln + E/ / D ds
TN xV TN xV ’]I‘N><V
Jr—]E// D*derE// r$)G|H,|* ds.
TNXV TN><V
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Since T < @s(z) + §, we have
BICH) o, < E [ pslr) +8
' TN xV

and thanks to gs(z) < zT, we get

A

E / s(rs) < EJ(r5) lus.
TN xV ’
With |¢f| <1 and (2.54), we have

/ / $)Dsds
’]I‘N><V

Next, we study the term

/ (%) D do = / (%) [o(FEILFE) — o) LS — 19)] o
%4 \%

IN

t
CeE [ iy, ds
[l

To this end, we define ¢¢ := f¢ — r°; note that ¢¢ = p. The term we are interested in thus
rewrites

J = / ©5(f* = 9) [o(FL(f7) — o(g7) L(g7)] dv,
14

so that, with the positivity of f€, we can apply the accretivity bound (2.13) of Lemma 2.2.1
to find
J<CA+|1f]ey)o

We immediately deduce, using Cauchy-Schwarz’s inequality and the uniform bound (2.21) of

fein L*(Q; L*(0,T; L2 ,)), that we have
co
2 (148 [ 157122.0)

1 t
// D*ds=—2E// Js dxds
TN><V € 0o JIN
s

5 -
Let us now study the last term of the It formula. We point out that ¢j is zero on [0, §]¢ and
that [¢§]| < 1/6 on [0,6]. Thus, with (2.55), we may write

IN

<
€

// r)GIH,[? ds < E/ / GIHP1pecsds < S (et 4 62),
'JTN><V TN xV 4

Summing up all the previous bounds now yields

k cé C
El(rf)*llzy, < Ef(rf) ey, +0+Ce +E/ lrsllzy  ds + — + 3(54 +6%).
0

Now observe that (r¢)~ = (—=r°)T = (¢° — f¢)T to obtain similarly (making use of the bound
(2.14) instead of (2.13) when applying Lemma 2.2.1)

C

t
cé
EI0r5) Nes, < EICR) " llny, +6+06+E/ IrSlles ds + =5 + 5 (" +6%).
, 3 ;

Summing the two previous bounds and applying the Gronwall’s lemma, we get

Ellrilcs

x,v

. 5 &t
<C EHrin”Li,U—’_é—’_e—’_?—*—F—’_é .
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Since this bound is valid for all § > 0, we choose § = ¢ to discover

Ellrl ey

1, <C (Bl +¢).
We point out that 5, = —ef1(0) — &2 £2(0), so that

Elrfllsy , < Ce.
Finally, thanks to (2.38), (2.42) and (2.51) with p = 1, we have

sup Ellefi + e2fo+ 53f3 HL1 < Ce
te[0,T]

so that we obtain the estimate

sup E|ff —pellzs, < Ce,
t€[0,T]

which concludes the proof of Theorem 2.2.2.

Appendix A

Proof of Lemma 2.2.1.

Proof. Let us prove the first estimate; the second one is proved similarly. We are interested in
the term

J = / 51— 9) [o(DL(f) — 0 (@) Lg)] dv.
%4

Here, we observe that

0 = ¢5(f—9) [0c@@G—9) —a(H(f -]

- /V AT~ [o@)@—9)— o ()T - £)] do.

As a consequence, we can write

J= / Alf —9) [o(F - o(P)f — 0@7 + o@)g] dv

%0 o(9)(g—9) —o(F)(f - )] dv
o(9)g) [¢5(f — 9) — @5(f —9)] dv

Il

@)9] [05(F =) — ©5(f — g)] dv
= J1+J2.

We will now bound J; and J, separately. Let us begin with the case of J;. We decompose J;
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as:

[o(N)f —o@)3] [¢5(f —9) — ©5(f —9)] N A )
= JV + 0P + I+ I+ I+ .

Study of Jl(l): Note that when f — g < 0, we have ¢5(f —g) = 0. If f < g, we also

have ¢5(f —g) = 0, and if f > g, we have o(f)f — 0(g)g > 0 thanks to the monotonicity of
x> o(z)x (see (H3)) and 5(f —7g) € [0,1]. As a result, we conclude

JM <.

Study of J1(2) : Note that when f—g < 0, we have p5(f —g) =0, o(f)f —o(g)g < 0 thanks
to the monotonicity of « — o(x)z and ¢j5(f — g) € [0, 1] so that we obtain

7% <.

Study of J:ES) : First, we write

7Y = /V [(o(F) = o@)F +o@F —D)] [£5(f = 9) = 5T = D] 1;_sci08 710590

Since 5(f — g) — ¢5(f —g) € [—1,1], we obtain with (H1) and the Lipschitz continuity of o
(see (H2)) that

Jl(g) < /v (|?‘||‘7||Lip5 + ‘7*5) 1f—ge[o,6],?—§e[o,5]dv
<O +|f])e.

Study of J1(4) : Note that when f —g > § we have ¢5(f —g) = 1 and o(f)f — o(g)g > 0
thanks to the monotonicity of z + o(x)z. Since ¢j5(f — g) € [0,1], we thus get

J® <.
Study of Jl(s) : Exactly as in the case of Jl(?’), we get
J® < /g([ﬂHUHLmé—%oﬁé)1f7g2&?7gekhﬂdv
< C(1+|f])s.
Study ole(G): When f —g > 6 and f —G > § we have o5(f—g) = (pg(f—g) =1 so that

IO =o0.
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Now, let us study the case of J,. Similarly, we decompose Jo as:
B = [ 1o(0)f = o(@)a] [(F =) = (= 9)] 1y pzote

+ [ [o(Nf —o@g] [¢5(f —7) — 5(f — 9)] 15_5<odv

+ [U(f)f - U(?)g} [‘Pg(? —9) —es(f - 9)] 1f_g6[075]7?_§€[075]dv

+ | [o(N)f—=o@g] [€5(Ff—7) —&5(f —9)] 1, gc0.0,7-g=sdv

T

+ /V o (F)f — o @3) [e6(F—7) — 5 — D) 15 o0 7-seom v

+ [ o1 = o@a] [eh(F =) = &5 =] Ly_yzs7gmse
= I + P+ I+ I+ I+ g

Study of Jz(l): When f—g <0, we have j5(f —g) = 0. If f < g, we also have }(f —7) = 0;

and if f > g, we have o(f)f — o(g)g < 0 thanks to the monotonicity of o (see (H3)) and the
positivity of f. Since ¢%5(f —7) € [0,1], we conclude
JY <o.

Study of J2(2) : When f —g < 0, we have ¢5(f —g) = 0 and o(f) — o(g) > 0 thanks

to the monotonicity of o. If f < g, we also have ¢§(f —¢g) = 0. If f > g > 0, we have

a(f)f —o(g)g > 0. If f >0 > g, we still have o(f)f — o(g)g > 0 since o > 0. Note that the
case 0 > f > g is impossible by positivity of f. Finally, since ¢5(f — g) € [0, 1], we conclude

JP <.

Study of JQ(S) : First, we write
7P = /V [(o(F) = o@)f + 0@ (F —9)] [5(F—9) — 5(f = D] 15 _yer08 F-seion v

Since @5(f — g) — ¢5(f —9) € [—1,1], we obtain with (H1) and the Lipschitz continuity of &
that

3 *
I < [ Uflllhond + 70 yeio7-geioads
C(L+]f])s.
Study of J2(4) : We write

7 = /V [(0(F) = c@)f+ 0@ —9)] [es(F—9) = 05(f = D] 15— yepo.5F-gosv:

Note that when f —g > § we have @5(f —9) — ¢5(f —g) = 1 — ¢5(f —g) € [0,1] and
o(f) — o(g) <0 thanks to the monotonicity of . With the positivity of f, we thus get

I < o%6.

Study of J2(5) : We have

I = /V [(0(F) = c@)f + 0@ (f —9)] [¢5(F —3) = 5(f = D] 14257 ei0.500-
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Note that when f — g > § we have ¢5(f — ) — @5(f —9) = ¢5(f —9) — 1 € [-1,0]. We thus
get
7 <Nl 16

Study ofJQ(G): When f—g > and f—g > & we have @}(f — g) = ¢5(f —g) = 1 so that
1 =o.
To sum up, we get the following bound on J
J <O+ Flzy)s,

which concludes the proof. O

Appendix B

Proof of Lemma 2.4.3. We recall the Lemma to be proved.

Lemma. Let o € (0,1]. We assume that hypothesis (2.5) is satisfied. Let f be bounded in
L2(Q; L*(0,T; L2 ) such that

df +a(v) - Vi fdt = hdt + g QdWs, (2.56)

with g and h bounded in L*(Q; L?(0,T; L2 ). Then the quantity p = [ verifies

T
B [ ol ds <
el

Proof. We adapt in our stochastic context the proof of [BD99, Theorem 2.3]. We recall that
QAW = 3"~ QerdBi(t) but, in order to simplify the notations, we assume in the proof that
the noise is one-dimensional, namely of the form Qe;dj3;(t), I > 0, the generalization to an
infinite dimensional noise being straightforward. We set §; = Qe;. Let k € ZN f(k) denote
the Fourier transform of f with respect to the space variable 2 € TV. We take the spatial
Fourier transform in Equation (2.56) and we add artificially on both sides of the equation a
term )\f for some constant A > 0 to be chosen later. We obtain, for k € ZV,

df(k) —ia(v) - kf(k)dt + Af(k) = hdt + g6,dB,(t) + Af(k).

Using Duhamel’s formula, we have
t
f@,kJO::6’“’“““*”f(akav)+1/‘efOmeka“”Wh%*AfK&knv)ds
0

t
+/ e_(A_I“(“)'k)(t_s)gGZ(s,k,v)dﬁl(s).
0

Integrating in the velocity variable v € V', we get

-~

t
plt k) = e_At/ e @R (0 ke, v)do —|—/ e ME=s) / e W) k=) 4 A f](s, k, v) dv ds
% 0 %

¢
+/ 67)‘@75)/ eI kE=5) 00, (5. K, v) dv dBy(s)
0 1%

=Tyt k) + Ts(t, k),
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where

t
Ty(t, k) := e_’\t/ em(“)'ktf(o,k,v)dv—i—/ e_)‘(t_s)/ eIk L A f](s, k,v) dvds
v 0 1%

and .
Ltk i= [ e [ oD g s k) dodis)
0 1%

denote respectively the deterministic and stochastic part of p(t, k). Let k € Z~, k # 0. The
deterministic term can be handled exactly as in the proof of [BD99, Theorem 2.3] and we
obtain, up to a real multiplicative constant,

T T
1 -~ 1 ~ —
]E/ Tu2(t, k) dt < mE/ \f|2(0,k,v)dv+mE// B+ AFP(s, b, v) dods.
0 A=kl Sy Aelkle o Jy

So let us now focus on the stochastic term Ty. First, using the Itd isometry, we have

t
E|T,|?(t, k) =E / e 2A(t=9)
0

t
— E/ e—2>\s
0

so that, by the Fubini Theorem and the change of variable 7 := ¢ — s, we have

T T pT—1
IE/ |TS\2(t,k)dt:]E// e~ 2
0 0Jo
T
=[f
// __2)s
TR

, — 2
/em(”)'k(tfs)g&(s,k,v)dv‘ ds
v

. . 2
/ eza(v)'ksggl(t — s, k’ ’U) d’U‘ dS,
14

/ ia(v)- kSgOZ(T k,v) dv‘ dsdr

' . 2
e"“(”)'ksgel(ﬂ k,v) d”‘ dsdr

/ 1a(0) T4 0 (7, k v)dv‘ dsdr.

We use the bound

IAk\S >0

e N~ S

- ‘ 4)\ 27 - )
|k\2

and estimate the oscillatory integral thanks to [BD99, Lemma 2.4] and (2.5); we therefore get

IE/ |Ts|2(t,k)dtg%1a//|g791|2(7,k,u)dvdr.
0 A=kl Jo Sy

As a result, summing up the previous bounds, we have, up to a real multiplicative constant,

T T
1 — 1 .
B [ PR s s [Pk dedr ik [ 170 k0 do
0 At=elkle o Jy Al=elkle [y,

1 Tr "N
+ mE/ / |h+ Af2 (s, k,v) dvds.
AZ=alkle ™ fo Sy
We choose A = 1, multiply the last equation by |k|* and sum over k € ZN to find

/ ()12 a2t < CE [llg01130.7iz2.,) + Ih+ Faomiza ) + 17O |

x,v

< CE[IQeil3= 19320 riz2 ) + I8+ FBaozizs ) + IFOI2: ]

T,v x,v

This concludes the proof when the noise is finite dimensional. For the infinite dimensional
case, we recall that, thanks to (2.8), we have ko oo = D ;5 [|Q€r[|7 0 < 00. O









CHAPTER 3

The radiative transfer equation
perturbed by a Markovian process

Abstract: We study the stochastic diffusive limit of a kinetic radiative transfer
equation involving a small parameter and perturbed by a smooth random term.
Under an appropriate scaling for the small parameter, we prove the convergence
in law to a stochastic non-linear fluid limit. The proof relies on a generalization
in the infinite dimensional case of the perturbed test-functions method. Further-
more, in order to pass to the limit in the non-linear term, we use an averaging
lemma to obtain the tightness of the process in a suitable space.

Keywords: Kinetic equations, non-linear diffusion limit, stochastic partial dif-
ferential equations, perturbed test functions, Rosseland approximation, radiative
transfer, averaging lemma.
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3.1 Introduction
In this chapter, we are interested in the following non-linear equation

08 + a(0) Vol = (L) + Lrw,
fFoy=7, te0I,zeT" veV.

(3.1)

where (V, 1) is a measured space, a : V — RY, o : R — R . The notation f stands for the
average over the velocity space V' of the function f, that is

?:Afww»

The operator L is a linear operator of relaxation which acts on the velocity variable v € V
only. It is given by

where v — F(v) is a velocity equilibrium function such that
F>0as, F=1, supF(v)<oo. (3.3)
veV

The term m® is a random process depending on (t,r) € R x RY (see section 3.2.2). The
precise description of the problem setting will be given in the next section. In this chapter, we
study the behaviour in the limit € — 0 of the solution f¢ of (3.1).

Concerning the physical background in the deterministic case (m® = 0), equation (3.1) describes
the interaction between a surrounding continuous medium and a flux of photons radiating
through it in the absence of hydrodynamical motion. The unknown f¢(¢,z,v) then stands for
a distribution function of photons having position x and velocity v at time ¢. The function o
is the opacity of the matter. When the surrounding medium becomes very large compared to
the mean free paths e of photons, the solution f¢ to (3.1) is known to behave like pF where p
is the solution of the Rosseland equation

Oip — divy(o(p) P KVap) = 0, (t,x) € [0,T] x TV,

and F is the velocity equilibrium defined above. This is what we call the Rosseland approx-
imation. In this chapter, we investigate such an approximation where we have perturbed the
deterministic equation by a smooth multiplicative random noise. To do so, we use the method
of perturbed test-functions. This method provides an elegant way of deriving stochastic diffu-
sive limit from random kinetic systems; it was first introduced by Papanicolaou, Stroock and
Varadhan [PSV77]. The book of Fouque, Garnier, Papanicolaou and Solna [FGPS10] presents
many applications to this method. A generalization in infinite dimension of the perturbed
test-functions method arose in recent papers of Debussche and Vovelle [DV12] and de Bouard
and Gazeau [dBG12].

In the deterministic case (that is when m® = 0), the Rosseland approximation has been widely
studied. In the paper of Bardos, Golse and Perthame [BGP87|, they derive the Rosseland
approximation on a slightly more general equation of radiative transfer type than (3.1) where
the solution also depends on the frequency variable v. Using the so-called Hilbert’s expansion
method, they prove a strong convergence of the solution of the radiative transfer equation to
the solution of the Rosseland equation. In [BGPSS88|, the Rosseland approximation is proved
in a weaker sense with weakened hypothesis on the various parameters of the radiative transfer
equation, in particular on the opacity function o.
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In the stochastic setting, the case where 0 = oy is constant has been studied in the paper of
Debussche and Vovelle [DV12]| where they prove the convergence in law of the solution of (3.1)
to a limit stochastic fluid equation by mean of a generalization of the perturbed test-functions
method. Thus the radiative transfer equation (3.1) is a first step in studying approximation

diffusion on non-linear stochastic kinetic equations since the operator o(f)Lf stands for a
simple non-linear perturbation of the classical linear relaxation operator L.

As expected, we have to handle some difficulties caused by this non-linearity. In the paper of
Debussche and Vovelle [DV12] is proved the tightness of the family of processes (r¢).~¢ in the
space of time-continuous function with values in some negative Sobolev space H~"(TV). In
our non-linear setting, this is not any more sufficient to succeed in passing to the limit as e
goes to 0. As a consequence, the main step to overcome this difficulty is to prove the tightness
of the family of processes (7¢).~¢ in the space L2(0,T; L?(T%)). This is made using averaging
lemmas in the L? setting with a slight adaptation to our stochastic context. The main results
about deterministic averaging lemmas that we will use in the sequel can be found in the paper
of Jabin [Jab09]. We point out that, thanks to this additional tightness result, we could handle
the case of a more general and non-linear noise term in (3.1) of the form 1m(f%)f¢ where
A :R — R is a bounded and continuous function. In particular, this remains valid in the linear
case 0 = 1 studied in the paper [DV12| of Debussche and Vovelle so that this chapter can
provide some improvements to their result.

3.2 Preliminaries and main result

3.2.1 Notations and hypothesis

Let us now introduce the precise setting of equation (3.1). We work on a finite-time interval
[0, 7] where T > 0 and consider periodic boundary conditions for the space variable: 2 € TV
where TV is the N-dimensional torus. Regarding the velocity space V, we assume that (V, )
is a measured space.

In the sequel, L%,l denotes the F~! weighted L?(T™ x V') space equipped with the norm

[ @)
1= [ ] e antwyaa.

We denote its scalar product by (.,.). We also need to work in the space L?(T?), which will
be often written L? for short when the context is clear. In what follows, we will often use the
inequality

1fllzz < I£I1

which is just Cauchy-Schwarz inequality and the fact that F = 1. We also introduce the
Sobolev spaces on the torus HY(TV), or H” for short. For v € N, they consist of periodic
functions which are in L?(T) as well as their derivatives up to order . For general v > 0,
they are easily defined by Fourier series. For v < 0, H?(T") is the dual of H~7(T%).

Concerning the velocity mapping a : V' — R”, we shall assume that it is bounded, that is

sup |a(v)| < oo. (3.4)
veV

Furthermore, we suppose that the following null flux hypothesis holds

/ a(v)F(v) du(v) = 0, (3.5)
1%
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and that the following matrix

K= /V a(v) @ a(v) F(v) du(v)

is definite positive. Finally, to obtain some compactness in the space variable by means of
averaging lemmas, we also assume the following standard condition:

Ve >0,V 0) e SN IR, p({veV,ja)-E+al <e}) <&, (3.6)

for some 6 € (0, 1].

Let us now give several hypothesis on the opacity function o : R — R. We assume that

(H1) There exist two positive constants o., o* > 0 such that for almost all z € R, we have

ox <o(x) <%

(H2) the function o is Lipschitz continuous.

Similarly as in the deterministic case, we expect with (3.1) that o(f¢)L(f¢) tends to zero with
g, so that we should determine the equilibrium of the operator o(7)L(-). In this case, since
o > 0, they are clearly constituted by the functions of the form pF with p being independent
of v € V. Note that it can easily be seen that o(*)L(-) is a bounded operator from L%_; to
L%,l and that it is dissipative; precisely, for f € L%,l,

(@(F)Lf, f) = —llo2 (HLFI* < 0. (3.7)

In the sequel, we denote by g(¢,) the semi-group generated by the operator o(-)L(-) on L3, ;.
It verifies, for f € L%._,,

%g(t, f)=olg(t, f))Ly(t, f),

and we can show that it is given by

gt ) =FF+(f - fF)e "D >0, feLi ..

With the hypothesis (H1) made on o, we deduce the following relaxation property of the
operator o(%)L(-) B
g(t, f) — fF, t— oo, in L2._,. (3.8)

3.2.2 The random perturbation

The random term mF is defined by

t
me(t,z) :=m <€2,x> ,

where m is a stationary process on a probability space (§2, F,P) and is adapted to a filtration
(Ft)t>0- Note that m® is adapted to the filtration (F§)i>0 = (Fe-2¢)1>0-

We assume that, considered as a random process with values in a space of spatially dependent
functions, m is a stationary homogeneous Markov process taking values in a subset F of
Whee(TN). In the sequel, E will be endowed with the norm | - || of L>(T). Besides, we
denote by B(E) the set of bounded functions from E to R endowed with the norm |/gllec :=

sup,eg |9(n)| for g € B(E).
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We assume that m is stochastically continuous. Note that m is supposed not to depend on the
variable v. For all ¢ > 0, the law v of m; is supposed to be centered

Em; = / ndv(n) = 0.
E

We denote by e a transition semi-group on E associated to m and by M its infinitesimal
generator. D(M) stands for the domain of M; it is defined as follows:

ehM _ T
D(M) := {u € B(E), lim ————u exists in B(E)} )
h—0 h
and if u € D(M), we have
oMM
Mu := %gr%) — —uin B(E).

Moreover, we suppose that m is ergodic and satisfies some mixing properties in the sense that
there exists a subspace &), of B(FE) such that for any g € £);, the Poisson equation

M =g [E g(n) dv(n) =3,

has a unique solution ¢ € D(M) satisfying [, 1 (n) dv(n) = 0. We denote by M ~'g this unique
solution, and assume that it is given by

M~'g(n) = f/ eMG(n)dt, nekE. (3.9)
0

In particular, we suppose that the above integral is well defined. We need that &), contains
sufficiently many functions. Thus we assume that for all f,g € L%,l, we have

v ne (fn,g) € P, (3.10)

and we then define M~ from E into WH°(TV) by
(fM7U(n),g) = M4 (n), Vfge L. (3.11)

Then, we also suppose that for all f,g,h € L7._, and all continuous operator B from L3._, to
the space of the continuous bilinear operators on L%_l X L%_l,

U e (faM7U(n),g), w5, e B(f)(gn, AM U (n)) € P, (3.12)

We need a uniform bound in W1°°(T¥) of all the functions of the variable n € E introduced
above. Namely, we assume, for all f, g € LQF,1 and all continuous operator B on L%,h

Inllw1.eervy < Ci, [ M (n)|| 1.0 (rvy < Ch,
1,,(2) 1,,(3) (3.13)
(M | < Cullflllglls (M52 | < CABHIF gl
Finally, we suppose that for all f,g € L%_l,
n = (fM™1(n), 9)* € D(M) with [M[(fM™1(n),9)*]| < C.|IfIPllg]l*. (3.14)

To describe the limiting stochastic partial differential equation, we then set

k(z,y) = E / mo(y)me(z) dt, z,y € TV,
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We can easily show that the kernel & belong to L= (T x TV) and, m being stationary, that
it is symmetric (see [DV12]). As a result, we introduce the operator @ on L?(T) associated
to the kernel k

Qf@) = [ k) f0)do,

which is self-adjoint, compact and non-negative (see [DV12]). As a consequence, we can define
the square root Q2 which is Hilbert-Schmidt on L2(TN).

Remark 3.2.1. The above assumptions on the process m are verified, for instance, when m

is a Poisson process taking values in a bounded subset E of W12 (T).

3.2.3 Resolution of the kinetic equation

In this section, we solve the linear evolution problem (3.1) thanks to a semi-group approach.
We thus introduce the linear operator A := a(v) - V, on L?,_, with domain

D(A):={fe€ L% ., V.f L5 }.

The operator A has dense domain and, since it is skew-adjoint, it is m-dissipative. Consequently
A generates a contraction semigroup (7 (t));>0 (see [CHI8]). We recall that D(A) is endowed
with the norm || - [[p(ay := | - || + ||A - ||, and that it is a Banach space.

Proposition 3.2.1. Let T' > 0 and f§ € L%_l. Then there exists a unique mild solution of
(3.1) on [0,T] in L>=(Q), that is there ewists a unique f € L>(Q, C([0,T],L3%_,)) such that

P—a.s.
t — s 1 — 1
=7 () s+ [ 7(50) (Zo@ns + tniss) as. re o)

Assume further that f§ € D(A), then there exists a unique strong solution f€ which belongs to
the spaces L>=(Q, C1([0,T), L3._,)) and L> (2, C([0,T],D(A))) of (3.1).

Proof. Subsections 4.3.1 and 4.3.3 in [CH98| gives that P—a.s. there exists a unique mild
solution f¢ € C([0,T],L%_,) and it is not difficult to slightly modify the proof to obtain
that in fact f¢ € L>(Q,C([0,T],L%_,)) (we intensively use that for all ¢ > 0 and & > 0,
[m§ [l vy < Cy).

Similarly, subsections 4.3.1 and 4.3.3 in [CH98| gives us P—a.s. a strong solution f¢ in the
spaces C([0, 7, L% _,) and C([0,T],D(A)) of (3.1) and once again one can easily get that in

fact f¢ belongs to the spaces L>(Q, C*([0,T], L% ,)) and L>(Q, C([0,T],D(A))). O
Remark 3.2.2. If f§ € D(A), we thus have, for e > 0 fized,

sup |[ffll+ sup [|AfF] € L=(). (3.15)
te[0,T] te[0,T]

3.2.4 Main result

We are now ready to state our main result.

Theorem 3.2.2. Assume that (f§)e>o0 is bounded in L3._, and that

05 ::/ fe du(v) — po in L*(TN).
\% e—0
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Then, for all p > 0 and T > 0, ¢ := f¢ converges in law in C([0,T], H"(TY)) and
L2(0,T; L*(TN)) to the solution p to the non-linear stochastic diffusion equation

dp — divy(o(p) "' KV,p) dt = Hp dt+ pQ2dW,, in [0,T] x TV, (3.16)

with initial condition p(0) = po in L?(TN), and where W is a cylindrical Wiener process on
L3(TN),
K = / a(v) ® a(v)F(v) du(v) (3.17)
%
and

H:= / nM ™ I(n) dv(n) € Wh. (3.18)
E
Remark 3.2.3. The limit equation (3.16) can also be written in Stratonovich form
dp — divy(o(p) 'K V,p) dt = poQZdW,.

Notation In the sequel, we denote by < the inequalities which are valid up to constants of
the problem, namely C., N, sup.~q || f§l; sup,ey |a(v)], sup,cy F(v), 0x, 0%, ||o||Lip and real
constants.

3.3 The generator

The process f€ is not Markov (indeed, by (3.1), we need m® to know the increments of f¢) but
the couple (f¢,m*) is. From now on, we denote by .£* its infinitesimal generator, that is

Lp(fn) = lim 3 B (o) — (. m)| (5 m5) = (£om)]

where ¢ : L%, x E — R belongs to the domain of .#°. Thus we begin this section by in-
troducing a special set of functions which lie in the domain of Z° and satisfy the associated
martingale problem.

In the following, if ¢ : L%,l — R is differentiable with respect to f € L%,l, we denote
by Do(f) its differential at a point f and we identify the differential with the gradient.

Definition 3.3.1. We say that ¢ : L%,l x E — R is a good test function if
(@) (f,m) = o(f,n) is differentiable with respect to f;

(i3) (f,n) — Dg(f,n) is continuous from L3._, x E to L%._, and maps bounded sets onto
bounded sets;

(7i1) for any f € L2F_1, o(f,") € D

(iv) (f,n)— Meo(f,n) is continuous from L3._, X E to R and maps bounded sets onto bounded
sets.

Proposition 3.3.1. Let ¢ be a good test function. Then, for all (f,n) € D(A) x E,
L2p(f,m) = 2 (AF, Dol ) + 5 (0 (FILS, Dolf) + = (fn, Dolf) + =5 Meo(f ).

Furthermore, if f§ € D(A),

ME(t) = o(f5,mS) — (5, mS) — / Lo p(f5,me) ds
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is a continuous and integrable (F§)i>0 martingale, and if |p|* is a good test function, its
quadratic variation is given by

t
(ME), = / (Lo — 20.270) (12, mE) ds.

Proof. We compute the expression of the infinitesimal generator as follows :

Lop(f.m) = lim 2 [o(f7 mi) — olf. )| (6, mE) = ()]

1
= Jim B [¢(fi,mi) = ¢(f, mi,)|(f5,m§) = (f,n)]

+lim LB [p(f,m5) — o, m)|m§ = )]

Since ¢ verifies point (ii7) of Definition 3.3.1, the second term of the last equality goes to
e 2Mp(f,n) when h — 0. We now focus on the first term. With points (i) — (ii) of Definition
3.3.1, we have that ¢ is continuously differentiable with respect to f. Thus

1
o(f5ms) — pl(f,ms) = / Do(f + s(ff — £)m5)(fi — f) ds.

Besides, since f§ = f € D(A), f¢ € C*([0,T],L%_,) and we have

1
fi—f= h/ O fop, du.
0
Thus, we can rewrite the first term as

= Jim B [p(f7,m5) — o(f, mi) | (/5 m§) = (,m)]

1,1
= lim E
hl—>InO (fn) |:/(;A ah(w,s,u) dUdS:| )

with ap(w,s,u) := Do(f + s(f; — f),m})(0:f;),) and where E(;,) denotes the expectation
under the probability measure P,y := P( - |(f5,m§) = (f,n)).

Recall that Dy is continuous with respect to (f,n) thanks to point (i7) of Definition 3.3.1,
that f¢ is P—a.s. in C'([0,7],L%_,) and that m® is stochastically continuous to conclude
that aj; converges in probability as h — 0 to Do (f,n)(d;f(0)) in the probability space Q :=
(2x[0,1]x[0,1], P(,,y®@dz®ds). Furthermore, we prove that (an)o<n<1 is uniformly integrable

in Q since it is uniformly bounded with respect to 0 < h < 1 in L*°(2). Indeed, with the fact
that L is a bounded operator, with (H1) and the fact that ||n|| e~y S 1for all n € E, we get

lan| SIDe(f + s(fi = s mi) Il Fanll + 1AL 2lD)-

With (3.15), we set

R:= sup [[ffll+ sup [[Af7]| € L™(Q),
te[0,T] te[0,T]

and define 7 := || R[| o (q). Then, since Dy maps bounded sets on bounded sets, we can bound
the term [|Do(f + s(f; — f), mj)l| by

C = sup {||D<p(f, w),f € Bz (0,|f]+7),n € BE(O,C*)}.

So we are led to

lanll poo(@y S C -1,
which is what we announced. To prove the sequel of the proposition, we use the same kind of
ideas and follow the proofs of [DV12, Proposition 6] and [FGPS10, Appendix 6.9]. O
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3.4 The limit generator

In this section, we study the limit of the generator £ when & — 0. The limit generator .
will characterize the limit stochastic fluid equation.

3.4.1 Formal derivation of the corrections

To derive the diffusive limiting equation, one has to study the limit as € goes to 0 of quantities
of the form Z°¢ where ¢ is a good test function. To do so, following the perturbed test-
functions method, we have to correct ¢ so as to obtain a non-singular limit. We search the
correction ¢ of ¢ under the classical form:

° =g +epr +e%ps.

In this decomposition, ¢; and s are respectively the first and second order corrections and
are to be defined in the sequel so that

Lt = Lo+ 0(e),

where £ will be the limit generator. We restrict our study to smooth test-functions. Precisely,
we introduce the set of spatial derivative operators up to order 3:

R = {01020, e € {0,1}%, i € {1,...,N}* |i| <3}

12 T3

and we suppose that the test-function ¢ is a good test, that ¢ € 03(L2F,1) and that there
exists a constant C, > 0 such that

(NI < Co(1+ (1111,

[AD(f)Il < Co(1+ [ £ID:
|D?o(f)(Arh, Agk)| < Cy|[Rll[IK]],
|D?@(f)(Arh, Ask, Asl)| < Cyl|hll[|E|1I2]],

(3.19)

for any f,h,k,l € L%_l and A, A, Ay, A3 € R. Thanks to Proposition 3.3.1, and since ¢ does
not depend on n € E, we can write

L5 (f,n) =~ (AF. Do) + 5 (o (DLE, Dp(1)) + =(fn, Dol £) (3.20)
— (A, Dgr(N) + 2o (LS, Der(D) + (fn, Dn(f)) + M (3.21)
~ (A1, Dea(f) + (o(NLS, Doa(f)) +<(fn, D £)) + Mgz (3:22)

In the sequel, we do not care about the terms relative to the transport part A of the equation
since these terms will be handled as in the deterministic case (when m® = 0). To be more
precise, and as it will be shown in the sequel, the first term of (3.20) will give rise, as £ goes to
0, to the deterministic term in the limit generator . and the first terms of (3.21) and (3.22)
are respectively of orders ¢ and €2. For the remaining terms, in a first step, we would like to
cancel those who have a singular power of e. Thus we should impose that the two following
equations hold:

(a(f)Lf, Dp(f)) =0, (3.23)

(@(F)Lf, Dpr(f)) + Mgy + (fn, Do(f)) = 0. (3.24)

Let us say a word about the fact that we chose to handle the terms relative to the transport
part of the equation separately. When trying to correct these terms thanks to the correctors

1 and @9, the non-linearity ¢ implies that the second corrector s, unless we can write it
formally, does not behave properly any more.
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Equation on ¢

Let us solve (3.23). We recall that (g(t, f))¢>0 denotes the semigroup of the operator o(7)L.
Equation (3.23) gives immediately that the map t — p(g(t, f)) is constant. As a result, with
(3.8), _

o(f) = ¢(9(0, 1)) = p(e(g(oo, f)) = ¢(fF),

so that ¢ only depends on fF. This implies, for all h € L2F_1,
(h, De(f)) = (hF, Dp(fF)). (3.25)

Equation on ¢,

Next, we solve (3.24). We consider the Markov process (g(¢, f), m(t,n))t>0. Its generator will
be denoted by .#. We observe that equation (3.24) rewrites:

This Poisson equation will have a solution if the integral of (f,n) — (fn, D¢(f)) over L},_, X E
equipped with the invariant measure of the process (g(t, f), m(t,n)):>0 is zero. So, we must
verify that

/E (FFn, Do(FF)) du(n) = 0,

and this relation does hold since m is centered. As a consequence, if we can prove the existence
of the integral, we can write ;1 as

o1(fim) = / T E(g(t, fym(t.n). De(g(t, f))) dt.

Then, we use (3.25), g(t, f) = f and (3.10) and (3.11) to obtain

er(fon) = [ EFPm(en), DeFF) dt = ~(FFM1(0), Do(T )
= —(fMI(n), Do(f)).
We are now able to state the

Proposition 3.4.1 (First corrector). Let ¢ € C3(L%_,) be a good test-function satisfying
(3.19) and depending only on fF. For any (f,n) € L%_, x E, we define the first corrector ¢
as

p1(fin) == —(fMI(n), Do(f)).
Furthermore, it satisfies the bounds

(@) ler(£,n)] S Co(L+IIFID? (@) [AD@1(f,n)ll S Co(L+ IIF1). (3.26)

Note that the bounds (3.26) are consequences of (3.13) and (3.19).

Equation on ¢,

At this stage, we have

L7 (f,n) = —(Af, Dol f)) + M2 + (1, Dr ()
~ (AF, Dpr(1)) ~ <(Af, Dipa()) + (. Dol ).

(3.27)
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Note that the limit of £°¢° as e goes to 0 does depend on n € E with the term (fn, De1(f)).
Since the expected limit is Z¢ where ¢ does not depend on n, we have to correct this term
to cancel the dependence with respect to n of the limit. This is the aim of the second order
correction y. The right way to do so, given the mixing properties of the operator ., is
to subtract the mean value of this term under the invariant measure of the Markov process
(g(t, f),m(t,n))i>0 governed by .#. We write

L6 (fn) = (AR D) + [ (FPn. Der(FF) vl

© M ps+ (fr. Do (1)) — /E (FFn. Doy (FF)) du(n)
- (Afv le(f)) - E(Afv D@Q(f)) + S(fn, D@Q(f))a

and we can now define @9 as the solution of the well-posed Poisson equation

Moz = ~(fn.Der(£) + [ (FFn Dor(FF)) dvin).
E
Note that, thanks to the definition of ¢; given above, we can compute

(fFn, D1 (fF)) = —(fnM~(n), Do(f)) — D*o(f)(fM1(n), fr) =: q(f,n)
As a result, we easily have the following proposition.

Proposition 3.4.2 (Second corrector). Let p € C3(L%._,) be a good test-function satisfying
(3.19) and depending only on fF. For any (f,n) € L%_, x E, we define the second corrector
Y2 as

erton) = [ ([ FEn) o) -ttt )mien) ) a
0 E
which is well defined and satisfies the bounds

(@) lp2(f) S Co(+IFID?, (i) [|ADg2(f,n)]| S Co(1 + [I£])- (3.28)
The existence of o2 is based on (3.12) and the bounds (3.28) are proved using (3.13) and (3.19).

Summary

The correctors 1 and ¢4 being defined as above in Propositions 3.4.1 and 3.4.2, we are finally
led to

L9 (fn) = = (AL D) + [ (FFn. D (FF)) vt
We are now able to define the limit generator .Z as, for all p € L?(TY),

Zo(p) = (diva(o(p) K Vup)F, Dio(pF)) — /E (pFnM1(n), Do(pF)) dv(n)

= [ DPelpR)oFM ), pF ) dv(n), (320
E
and we have shown the following equality

L°0°(fin) = Lo(f) - %(Af, Do(f)) — (divy(o(f) " KV f)F, Do(fF))
— (Af, Dp1(f)) — e(Af, Doa(f)) + e(fn, Dpa(f))-

(3.30)
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3.5 Uniform bound in L%_l

In this section, we prove a uniform estimate of the L%,l norm of the solution f¢ with respect to
€. To do so, we will again use the perturbed test functions method. The result is the following:

Proposition 3.5.1. Let p > 1 and f§ € D(A). We have the two following bounds

B sup |17 S 1 (331
t€[0,T]
T p
E( / ||a%<ﬁ>Lf5||2ds> e, (332
0

Proof. We set, for all f € L%_,, o(f) := 1| f||>, which is easily seen to be a good test function.
Then, with Proposition 3.3.1, the fact that A is skew-adjoint, (3.7), and the fact that ¢ does
not depend on n € E, we get for f € D(A) and n € E,

L2p(fm) = ~2(AF, ) + (o (FILF )+ 2 (. ) + Mool f.m)
= Sl LR + (. ).

The first term has a favourable behaviour for our purpose. The second term is more difficult
to control and we correct ¢ thanks to the perturbed test-functions method to get rid of it: we
recall the formal computations done in Section 3.4.1 and we set ¢1(f,n) = —(f, M~ (n)f) and
0% = p(f,n) + ep1. We can show that ¢ is a good test function with, thanks to Proposition
3.3.1,

2 pr(f,m) =~ (o(F)LS, M7T(n) ) — 2(Af, M7T() )
—2(fn, M) — <(fn, ).

As a consequence, we are led to

2% () = =S | (DA = 2 (o(FILS, M7T(0)f) = 2(Af, M) )
~2(fn, M) ).

We use (3.13) and the hypothesis (H1) made on o to bound the second term:

1

2e(ILEMI)) < 2007 o (DL
1

< soallo® (HLAP + 20207 | £,

Furthermore, for the last two terms, we write

=2(Af, MU (n)f) = 2(fn, M7 I(n)f) = (£, AM71(n)) - 2(fn, M"1(n)f)
£ llall Lo v) O + 2CZ| £II.

IN

To sum up, we have proved that

1

L (fon) £ —gsllo? (DLAP+ I (3:33)
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As in Proposition 3.3.1, since ¢° is a good test function, we now define
t
M) = (77 ) = 9 (f5 ) — [ 27 me) s,
0

which is a continuous and integrable (F;);>o martingale. By definition of ¢, ¢° and M¢®, we
obtain

1 1 ¢
§||ff||2 = §||f§||2 —e(p1(fi,mg) —p1(f5,mp)) +/0 L (fs,m3) ds + M=(t).

Since we have obviously |1 (f,n)| < || f]|?, we can write, with (3.33),

t
1 1
(Kl Hf§||2+6||ffH+/ 52 S0 (FLLNP + (1£5 117 ds + sup [ME(2)],
0 € te[0,T)

i.e. for e sufficiently small,

tq L t
[ amllot @@L as + 1520 < 15512+ [ 15212 ds+ sup V(o).
0o <€ 0 t€[0,T)

and by Gronwall lemma,
! 1 i e 112 2 < 12 5
gz lo? (FOLLIF ds + N7 < /617 + sup [ME(2)]. (3.34)
0 t€[0,77]

Note that |¢]? is a good test function with, thanks to (3.13) and (3.14),
2210°|? — 2¢°.2°¢%| = |Mlp1* — 201 M| S |IFI*,

and that, with Proposition 3.3.1, the quadratic variation of M¢(t) is given by

t
(M=), :/ (L7|0°? — 20°.2°¢°) (f5, m3) ds.
0
As a result, with Burkholder-Davis-Gundy and Hélder inequalities, we get

T
E sup [M°(t)]” < E[(M®)r|*® 5/ E| f5]1% ds. (3.35)
t€[0,T] 0

Neglecting the first (positive) term of the left-hand side in (3.34), we have

E|ffII” < EIf1* +E S[ISPT]IME(t)I”,
te|0,

so that we get
T
E|f5 2 < EIf52 + / E| f2]% ds,

and, by Gronwall lemma,
Elf71* < EIfSI* (3.36)

This actually holds true for any ¢ € [0,7]. Thus, using (3.35) and (3.36) in (3.34) finally gives
the expected bounds. O
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Remark 3.5.1. We define ¢° := f¢ —r*F = —Lf¢. Since we have o > 0., the bound (3.32)
gives that, for allp > 1,

(5_1g5)5>0 is bounded in LP(; LZ(O,T; L%,l)). (3.37)

In the sequel, we must deal with the non-linear term. To do so, we need some compactness
in the space variable of the process (r°)c~0. The following proposition is a first step to this
purpose.

Proposition 3.5.2. We assume that hypothesis (3.6) is satisfied. Let p > 1 and s € (0,0/2).
We have the bound

T P
E (/O T~ ds> <1 (3.38)
Proof. Note that with o < ¢*, the remark (3.37) and equation (3.1), we observe that
(e0:f€ + a(v) - Vo f* — fSm®).s is bounded in LP(Q; L*(0,T; L3.-.)).

Furthermore, (f).>0 is bounded in LP(€%; L?(0,T; L%_,)) with (3.31) and |m®| < C, so that

(e0:f° + a(v) - Vi f)eso is bounded in LP(Q; L*(0,T; LF._1)). (3.39)
Then, thanks to (3.6), we apply an averaging lemma to conclude. Precisely, [Jab09, Theorem
3.1] in the unstationary case applies a.s. with S=v=0,p1=q¢1 =p2=¢2=2,a=0, k=10
and

f=1re, g=¢e0f"+a(v) Vif°,

and gives the bound

1 - end
Il 5. < ClFENNIe0ef +a(v) - Vo f2 as.
8
Since, for any s < 6/2, H®* C B , it yields, for p > 1,

T
E / 1722, ds
0

so that the result follows with Cauchy Schwarz inequality and (3.31) and (3.39). This concludes
the proof. O

p

T p
<CE </0 £ 1MledefS + alv) - Ve £5 ]l d8> :

3.6 Tightness

We want to prove the convergence in law of the family (7€).~0: in this section, we study the
tightness of the processes (7).~ in the space C([0,T], H="(T")) where n > 0. In fact, this
will not be sufficient to pass to the limit in the non-linear term. As a consequence, we also
prove that (r¢).s¢ is tight in the space L?(0,T; L*(TV)).

Proposition 3.6.1. Let ) > 0. The sequence (p%)->o is tight in the spaces C([0,T], H="(T))
and L?(0,T; L3(T™)).

Proof. Step 1: control of the modulus of continuity of v¢ in H="(TV). Let n > 0 be fixed. For
any ¢ > 0, we define

w(p,6) := sup |Ip(t) = p(s)llz—n(zr)
[t—s|<d
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the modulus of continuity of a function p € C([0,T], H="(T¥)). In this first step of the proof,
we want to obtain the following bound

Ew(r®,0) Se+47, (3.40)

for some positive 7. To do so, we use the perturbed test-functions method. Let (p;);en~ the
Fourier orthonormal basis of L2(T") and J the operator

Ji=1—=A,) 7.

Let 7 € NV. We set
@](f) = (fvij)a f S L%‘*h

and we define the first order corrections by, see Section 3.4.1,
pri(fin) == =(fMU(n),p;F), (f,n) € Li1 x E.

We finally define 5 := ¢; + €1 ;, which is easily seen to be a good test-function, so that,
thanks to Proposition 3.3.1, we consider the continuous martingales

t
ME(t) = G5 (f ms) — 5 (fm3) — / 255 (5, me) ds.
We also define,
t
B:(t) = 0y (f5) + / 255 (5 mS) ds + ME(8).

Note that
05(t) = ;3 (f7) + eler,; (ff s mi) — e1,5(f5,ma)), (3.41)
so that, with the definitions of ¢; and ¢y ;, Cauchy-Schwarz inequality, we easily get

051 sup [1F5@Ollpsllez = sup [IF5@)]-
t€[0,T] t€[0,7]

Hence, by the uniform L2, bound (3.31),

E sup ‘9;(t)| S L (3.42)
t€[0,77]

With (3.41) and the uniform L2._, bound (3.31), we also deduce

E sup }goj(rf) — 9;(t)| <e. (3.43)
t€[0,T]

From now on, we fix v > N/2 + 2 and we remark that, by (3.42), a.s. and for all ¢ € [0, T, the
series defined by uj := >y~ 05(t)J7p; converges in L2(TY). We then set
0°(t) == J77 Y 05(t).] ",
JENN
which exists a.s. and for all ¢ € [0, 7] in H~Y(T"). And with (3.43), we obtain

E sup [[r(t) = 05l vy S & (3.44)
t€[0,T]

Actually, by interpolation, the continuous embedding L*(T") ¢ H~"(T") and the uniform
L7._, bound (3.31), we have

E sup ||p(t) = p(s)ll - <E sup |Ip(t) = p(s)l[7 s
[t—s|<d [t—s|<d
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for a certain v > 0 if #* > 1 > 0. As a result, it is indeed sufficient to work with 7 = 7.
In view of (3.44), we first want to obtain an estimate of the increments of 6. We have, for
jENN and 0 <s<t<T,

b:(t) / L5515, mE) do + ME(t) — ME(s). (3.45)

We then control the two terms on the right-hand side of (3.45). Let us begin with the first one.
Note that, since Dy;(f) = p;F and Dy ;(f) = —M™I(n)p;F, we obtain thanks to (3.27)
with o =0,

1 — e €, — €
L5 (formg) = = (Afo,p F) + (Afe, M T(m5)p;F) — (fomg, M (mg)p; F).

Since, with (3.5), we have a(v)fs = a(v)gs where ¢g° has been defined previously as g°
f& —r°F, we can write

(AfsoyP) = [ div @@ F)psde = [ div. @G do = (Ags.0i)

and, as a consequence, since a is bounded, we are led to

L AR F) £ e g IV ap e
Similarly, we can show that
(Afe, M7 I(mG)p; F) < Hlggll (1 + [Vap; | 2)-
Since we have obviously (fsmS, M7 (mS)p; F) < || f<||, we can conclude that
2205(f5,mg)l < Cj [lle™ ol + gl + 1£511] - (3.46)

where C; = 1+ ||Vapjllzz < 1+ |j|. Thanks to (3.31) and (3.37) with p = 4, we have
that (¢7¢%)e>0, (¢°)e>0 and (f€)c0 are bounded in L*(Q; L*(0,T; L3._,)). As a consequence,
(3.46) and an application of Holder’s inequality gives

4

t
4 2
E/Sfagoj( o mg)do| S Cjlt—s|”.

Furthermore, using Burkholder-Davis-Gundy inequality, we can control the second term of the
right-hand side of (3.45) as

EIMS (t) — M5 (s)[* SEIMS), — (M5))?,

J ~ J J

where the quadratic variation (M5) is given by

t
Wm=4wwm%mmem;@m&

With the definition of ¢y j, (3.13), (3.14) and the uniform L%,_, bound (3.31), it is now easy
to get
E[M;(t) — M5 (s)|* < |t — s]*.

Finally we have E[05(t) — 65(s)|* < (1 + [j|*)[t — s|*. Since we took y > N/2 + 2, we can
conclude that

E[6°(t) = 0°(5)l12— oy S [t — 5™
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It easily follows that, for v < 1/2,
El|0%][5%5v.a 0,7, - (rny) S 1

and by the embedding

1
w0, T, H-7(TN)) c C7(0, T, H-V(TY)), 7<wv-— T

we obtain that Ew(6,6) < 67 for a certain positive 7. Finally, with (3.44), we can now
conclude the first step of the proof since

Ew(p®,6) < 2E sup |pf = 05|y ony + Bw(6°,0) Se+47. (3.47)
t€[0,T]

Step 2: tightness in C([0,T]); H-"(TY)). Since the embedding L?(TV) c H~"(TV) is
compact, and by Ascoli’s Theorem, the set

Kp = {p € C([O,T],H—W(TN)), S[l(l)%“] Hp”Lz(TN) <R, w(p,d) < 5(6)},
te |0,

where R > 0 and &(§) — 0 when § — 0, is compact in C([0,T], H="(T")). By Prokohrov’s
Theorem, the tightness of (7€).~o in C([0,T], H="(T")) will follow if we prove that for all
o > 0, there exists R > 0 such that

B( sup [[p°ll 2wy > R) < 0, (3.48)
te[0,T]
and
lim lim sup P(w(p®, 6) > o) = 0. (3.49)
=0 <¢—0

With Markov’s inequality and the uniform L7,_, bound (3.31), we have

P( sup [|p°|lz2evy > R) < P(sup [f| > R) < R,
te[0,T7] t€[0,T]

which gives (3.48). And we deduce (3.49) by Markov’s inequality and the bound (3.40) since

lim lim sup P(w(p®, ) > o) < lim limsup o~ 'Ew(p, d)
§—0 <0 020 -0
< lim limsupo (e +67) = 0.
=0 c—0

Step 3: tightness in L*(0,T; L*(TY)). Similarly, due to [Sim87, Theorem 5|, the set
T
Kg = {p € L*(0,T; L*(TV)), / ||pt||§{S(TN)dt <R, w(p,d) < 5(6)},
0

where R > 0, s > 0 and £(§) — 0 when 6§ — 0, is compact in L2(0,T; L?(T")). By Prokhorov’s
Theorem, the tightness of (7).~ in L?(0,T; L?(T%)) will follow if we prove that for all o > 0,
there exists R > 0 such that

T
11»(/ 100l oyt > B) < o, (3.50)
0
and
lim lim sup P(w(p®, §) > o) = 0. (3.51)
=0 <¢—0

But (3.50) and (3.51) are consequences of Markov’s inequality and the bounds (3.38) with
p =1 and (3.40) so that the proof is complete. O
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3.7 Convergence

We conclude here the proof of Theorem 3.2.2. The idea is now, by the tightness result and
Prokhorov Theorem, to take a subsequence of (p°).~ that converges in law to some probability
measure. Then we show that this limiting probability is actually uniquely determined by the
limit generator .Z defined above.

We fix n > 0. By Proposition 3.6.1 and Prokhorov’s Theorem, there is a subsequence of
(p%)eo0, still denoted (p%)c>0, and a probability measure P on the spaces C([0,7], H~") and
L?(0,T; L?) such that

P — P weakly in C([0,T], H™") and L*(0,T;L?),

where P¢ stands for the law of p°. We now identify the probability measure P.

Since the spaces C([0,T], H~") and L?(0,T; L?) are separable, we can apply Skohorod repre-
sentation Theorem [Bil09], so that there exists a new probability space (S~2, F, ﬁ) and random
variables

re,p: Q= C([0,T), H ") N L*(0,T; L?),
with respective law P and P such that p° — p in C([0,T], H~") and L?(0,T}; L?) P-as. In
the sequel, for the sake of clarity, we do not write any more the tildes.

Note that, with (3.37), we can also suppose that e 1g° converges to some g weakly in the
space L?(%; L?(0,T; L3%._,)). Similarly, with (3.13), we assume that m* converges to m weakly
in L?(; L*(0,T; L%._,)). Before going on the proof, we want to identify the weak limit g of
e lge.

Lemma 3.7.1. In L?(; L?(0,T; L?)), we have the relation

a(v)g = —o(p) 'K Vp.
Proof. We define D7 := (0,T) x TV. Since f¢ satisfies equation (3.1), we can write, for any
1 € CX(Dr) and 6 € L®(V x Q; RY),

E/ fEF YN (—0pp —a-V0) 0 = E/ }J(F)LfEF_lz/JH
DrxV D

XV €

+ IE/ me fEF 140,
DTXV
We recall that we set ¢° := f¢ —r°F and that Lf® = Lg® so that we have
]E/ —efSF7'O0 —rfa -V 0 — g°Fra -V, 0
DTXV

= ]E/ o(r)L(e g F 10 + E/ me fEF 140,
DrxV DrxV
Since (f)e>0 and (e7'¢%).50 are bounded in L?(Q; L2(0,T;L2%_,)) by (3.31) and (3.37), and
with the P—a.s. convergence r° — p in L?*(0,7; L% _,) coupled with the uniform integrability
of the family (r¢).>o obtained with (3.31), we have that the left-hand side of the previous
equality actually converges as ¢ — 0 to

IE/ —pa - V6.
DTXV
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Note that, P—a.s., we have the following convergences in L?(0,7; L., )
o(rf) = o(p), L(e™'g") = Lg, [*—pF, m®—m,

where the first convergence is justified by the Lipschitz continuity of o. As a result, since all
the quantities above are uniformly integrable with respect to ¢ thanks to (3.31), (3.37) and
(3.13), the right-hand side of the previous equality converges as e — 0 to

-1
e[ CEOLTE /| | movt

Thus, we have

]E/DTXV—pa-Vz@/JQ = E/DTXVJ(/))L(Q)F_IW + E/ mpi)f.

DTXV

Let £ be an arbitrary bounded measurable function on . We now set 0(v,w) = a(v)F(v)&(w);
note that we do have 6 € L>=(V x Q,RN). With (3.5) and the relation Lg = gF — g, we obtain

—]E/DTXVpa-Vxl/)aF = —IE/DTXVJ(,O)ga(v)dJ.

Since this relation holds for any & € L*(Q) and ¢ € C(Dr), we deduce that V,p €
L?(Q, L*(Dr)) and that

a(v)g = —o(p) 'K Vap,
and this concludes the proof. O

Let ¢ € C3(L%_,) a good test-function satisfying (3.19). We define ¢° as in Section 3.4.1.
Since ¢° is a good test-function, we have that

t
o f ) — o (fS, mS) — / 2o (e mS) s, te[0,7T),

is a continuous martingale for the filtration generated by (f5)seo, 7). As a result, if ¥ denotes
a continuous and bounded function from L?(TV)" to R, we have

B | (0 md) - (72 m05) - / L) ) W) 0 (352

for any 0 < 57 < ... <s, <s <t Our final purpose is to pass to the limit £ — 0 in (3.52). In
the sequel, we assume that the function ¢ and ¥ are also continuous on the space H ™", which is
always possible with an approximation argument: it suffices to consider ¢, := @((I—rA,)~2")
and W, == U(I—-7A,)"2-,..,(I—-7rA,)"2-) as r — 0. With (3.30), we divide the left-hand
side of (3.52) in four parts. Precisely, we define, for i € {1, ...,4}

g g

1 =9 (fr,mg) — o (f5, mg),

Ty = /-i”so

s = / —L(AS2, Do) — (Aiva(o () K Vo) F, Dp(rs F))

S

5= / C(AFE Dor(£2) — e(AfS, Da(f2)) + e fomS, Dipal(f)) du.
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Study of 5. We recall that ¢°(ff,m$) = o(r{ F) +ep1(ff,ms)+e2pa(ff, m$) so that, with
the P—a.s. convergence of 7€ to p in C([0,T], H~") and the bounds () of (3.26) and (3.28),
we have that 7§ converges P—a.s. to ¢(p:F) — ¢(psF) as € goes to 0. Furthermore, with the
continuity of ¥ in H~", we also have that W(rg ,..., 75 ) converges P—a.s. to ¥(ps,,..., ps, )

T
Finally, since the family 7{W(r ,...,r5 ) is uniformly integrable with respect to ¢ thanks to

3.19), the bounds (7) of (3.26) and (3. and the uniform _, bound (3.31), we have that
3.19), the bound f (3.2 d (3.28 d th if L%bds h h

ElriW(re,, ., rs, )] = El(@(peF) — o(psF) ¥ (psy s os ps,,)] -
Study of 75. We recall, with (3.29), that

u

L(r5) = (diva(0(r5) " K V,15)F, Dp(rS F)) — /E (r FnM~1(n), Do (r.F)) dv(n)
—/ED2<p(riF)(riFM_ll(n),riFn)dl/(n).

Thanks to the P—a.s. convergence of r¢ to p in L?(0,T; L?) and with ¢ € C*(L%_,), we can
pass to the limit € — 0 in the term

/ /E —(rE FnM ™I (n), Do(rS F)) — D*o(rS F)(rS FM ™ (n), 7S Fn) dv(n) du.

Regarding the first term of .Zp(r¢), we introduce
P dy
G = [ L
0 o(y)

which is, thanks to the hypothesis (H1) made on o, Lipschitz continuous on L?(T™V). Now the
first term of Lp(rs) writes

(divy(o(rs) LKV F, Dp(rE F)) = (div, V. G(rS) F, Dp(rs F)).
Furthermore, with (3.19), the mapping p +— Bgiymchp(pF) is continuous on L?(TV). As a
result, we can now pass to the limit in the term

t
/ (div, (o (rs) LKV ,rE)F, Dp(rE F)) du.

To sum up, we obtain that 75 converges P—a.s. to fst Zp(py) du as e goes to 0. Finally, since
the family 75W(rg,,..., 75, ) is uniformly integrable with respect to € thanks to (3.19) and the

T Sp

uniform L2 _, bound (3.31), we have that

i, ers, ) > B[ [ Zop)d0) 0o )]

Study of 75. First of all, we observe that, with the decomposition f¢ = r°F + ¢°, (3.25)
and (3.5),
—e Y (AfZ De(f2)) = —eH(Agy, Do(f2),
so that, with the P—a.s. convergences in L%(0,T’; L?)
e =g, ° =,

and the continuity of the mapping p — ADp(pF) thanks to (3.19), we obtain that the first
term of 75 converges P—a.s. to

- / (AguF, Dp(p,, F)) du.
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And, with Lemma 3.7.1, this term writes

//(divw(a(pu)_lKpru)F, Do(p, F)) du. (3.53)

Furthermore, similarly as the case of 75, we have that the second term of 75 converges P—a.s.
to the opposite of (3.53). As a result, 75 converges P—a.s. to 0. Finally, since the family
T5W(rs,,...,r5 ) is uniformly integrable with respect to e thanks to (3.19), the uniform L?%,_,

T Sn

bound (3.31) and the bound (3.37) on (¢7'¢%).>0, we have that
E[rs¥(rs,,...,rs, )] = 0.

Sn

Study of T§. If we transform the two first terms of 7§ exactly as we do for the first term of
75, it is then easy, using the uniform bounds (3.31) and (3.37) and the bounds (iz) of (3.26)
and (3.28), to get

E[r{¥(rs,,...,rs )] = O(e).

TS
To sum up, we can pass to the limit ¢ — 0 in (3.52) to obtain

¢

B | (o) = ol0.F) = [ 26000) A1) W) =0 (3.54)
We recall that this is valid for alln € N, 0 < 81 < ... < s, < s <t € [0,7] and all ¥ continuous
and bounded function on LZ(TV)". Now, let & be a smooth function on L?(T™). We choose

o(f) = (f,&F). We can easily verify that ¢ and |¢|? belong to C*(L3._,) and that they are
good test-function satisfying (3.19). Thus, we obtain that

M= ploiF) = olooP) — [ Zelp)du, te(0.T)

0o F) — ol (00 F) — / L1p[2(pu) du, € [0,T],

are continuous martingales with respect to the filtration generated by (ps)sejo,r]- It implies
(see appendix 6.9 in [FGPS10]) that the quadratic variation of N is given by

t
W = [ (216 00) = 2600 Z6(p)] du € 0.7
Furthermore, we have
Z1¢*(pu) — 20(pu) L e(pu) = —2/E(qum£F)(quM‘1I(n)»€F) dv(n)
=2E /Oo(qumO,fF)(qumt7§F) dt
0

:E/(qumo,fF)(qumt,§F) de

R
= [, [ re@)e@nn)éu)ke.) dady
= llpu@*€]%:.

This is valid for all smooth function ¢ of L?(T%) so we deduce that

t

t
My := ps — po —/ div,(o(ps) P KV ps) ds —/ psHds, tel0,T],
0 0
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is a martingale with quadratic variation

/O 't (ri@%)  as.

Thanks to martingale representation Theorem, see [DPZ08, Theorem 8.2, up to a change of
probability space, there exists a cylindrical Wiener process W such that

t t t
Pt — Po — / div,(o(ps) P KV,ps)ds — / psHds = / psQ% dW,, te][0,T].
0 0 0

This gives that p has the law of a weak solution to the equation (3.16) with paths in
C([0,T),H=") N L?(0,T;L?). Since this equation has a unique solution with paths in the
space C([0,T], H=") N L?(0,T; L?), and since pathwise uniqueness implies uniqueness in law,
we deduce that P is the law of this solution and is uniquely determined. Finally, by the
uniqueness of the limit, the whole sequence (P).~( converges to P weakly in the spaces of
probability measures on C([0, 7], H=") and L?(0,T; L?). This concludes the proof of Theorem
3.2.2.









CHAPTER 4

A regularity result for quasilinear
stochastic partial differential
equations of parabolic type

Abstract: We consider a quasilinear parabolic stochastic partial differential
equation driven by a multiplicative noise and study regularity properties of its
weak solution satisfying classical a priori estimates. In particular, we determine
conditions on coefficients and initial data under which the weak solution is Holder
continuous in time and possesses spatial regularity that is only limited by the
regularity of the given data.

Keywords: Stochastic partial differential equations, regularity, Holder, stochas-
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4.1 Introduction

In this chapter, we are interested in the regularity of weak solutions of quasilinear parabolic
stochastic partial differential equation driven by a multiplicative noise. Let D C RY be a
bounded domain with smooth boundary, let T > 0 and set Dy = (0,T) x D, Sp = (0,T] x dD.
We study the following problem

du = div(B(u)) dt + div (A(u)Vu) dt + F(u)dt + H(u)dW  in Dy,
u=0 in S, (4.1)
u(0) = ug in D.

where W a cylindrical Wiener process on some Hilbert space K and H a mapping with values
in the space of the y-radonifying operators from K to certain Sobolev spaces. The precise
description of the problem setting will be given in the next section.

It is a well known fact in the field of PDEs and SPDEs that many equations do not, in general,
have classical or strong solutions and can be solved only in some weaker sense. Unlike deter-
ministic problems, in the case of stochastic equations we can only ask whether the solution
is smooth in the space variable since the time regularity is limited by the regularity of the
stochastic integral. Thus, the aim of the present work is to determine conditions on coefficients
and initial data under which there exists a spatially smooth solution to (4.1).

Such a regularity result is fundamental and interesting by itself. Equations of the form (4.1)
appear in many sciences. Regularity of solutions is an important property when one wants to
study qualitative behaviour. It is also a preliminary step when studying numerical approxima-
tions. Our original motivation is that such models arise as limit of random kinetic equations.
An example of such equations is treated in [DV12]. The problem is linear there and the limit
is a limit stochastic parabolic equation. But we wish to treat more general kinetic equations
and expect limit equations of the form (4.1). The rigorous justification of this limit requires
the results obtained in this chapter.

The issue of existence of a classical solution to deterministic parabolic problems is well under-
stood, among the main references stands the extensive book [LSU68] which is mainly concerned
with the solvability of initial-boundary value problems and the Cauchy problem to the basic
linear and quasilinear second order PDEs of parabolic type. A special attention is paid to the
connection between the smoothness of solutions and the smoothness of known data entering
into the problem (initial condition and coefficients), nevertheless, due to technical complexity
of the proofs a direct generalization to the stochastic case is not obvious.

In the case of linear parabolic problems, let us mention the classical Schauder theory (see e.g.
[Lie96]) that provides a priori estimates relating the norms of solutions of initial- boundary
value problems, namely the parabolic Hélder norms, to the norms of the known quantities in
the problems. These results are usually employed in order to deal with quasilinear equations:
the application of the Schauder fixed point theorem leads easily to the existence of a smooth
solution under very weak hypotheses on the coefficients. In our proof, we make use of the
Schauder theory as well, yet in an entirely different approach.

Regularity of parabolic problems in the stochastic setting was also studied in several works. In
the previous work of the third author [Hof13], semilinear parabolic SPDEs (i.e. the diffusion
matrix A independent of the solution) were studied and a regularity result established by using
semigroup arguments. In [DM13], a maximum principle is obtained for a SPDE similar to (4.1)
but with a more general diffusion H, it may depend on the gradient of u. In [Ges12], existence
and uniqueness of strong solutions to SPDEs with drift given by the subdifferential of a quasi-
convex function is proved. Holder continuity of solutions to nonlinear parabolic systems under
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suitable structure conditions was proved in [BF13| by energy methods. In comparison to this
work, the quasilinear case considered in the present chapter is more delicate and different
techniques need to be applied.

The transposition of the deterministic method exposed in [LSUGS8| seems to be quite difficult.
Fortunately, we have found a trick to avoid this. We introduce a new method that is based
on a very simple idea: a weak solution to (4.1) that satisfies a priori estimates is decomposed
into two parts u = y + z where z is a solution to a linear parabolic SPDE with the same noise
term as (4.1) and y solves a linear parabolic PDE with random coefficients. As a consequence,
the problem of regularity of w is reduced to showing regularity of z and regularity of y which
can be handled by known techniques for stochastic convolutions and deterministic PDEs. It is
rather surprising that this classical idea used to treat semilinear equations can be applied also
for quasilinear problems.

Let us explain this method more precisely. As the main difficulties come from the second
order and the stochastic term, for simplicity of the introduction we assume B = F' = 0 and
consider periodic boundary conditions, i.e. D = T¥ is the N-dimensional torus. Let u be a
weak solution to

{ udu = div (A(u)Vu) dt + H(u) dW, (4.2)

(0) = Up,
and let z be a solution to
dz = Azdt + H(u) dW,
z(0) = 0.

Then z is given by the stochastic convolution with the semigroup generated by the Laplacian,
denoted by (S(t))i>o0, i.e.

t
A(t) = / S(t— s)H(u) dW(s)
0
and regularization properties are known. Setting y = u — z it follows immediately that y solves

Opy = div(A(u)Vy) + div((A(u) — T)Vz),
(4.3)
y(0) = o,
which is a (pathwise) deterministic linear parabolic PDE. According to a priori estimates for
(4.2), it holds

w e LP(; L0, T; LP(TY))) N L*(; L*(0, T; WH(TY))),  Vp € [2,00),

and making use of the factorization method it is possible to show that z possesses enough
regularity so that Vz is a function with good integrability properties. Now, a classical result
for deterministic linear parabolic PDEs with discontinuous coefficients (see [LSU68|) yields
Holder continuity of y (in time and space) and consequently also Holder continuity of w itself.
Having this in hand, the regularity of z can be increased to a level where the Schauder theory
for linear parabolic PDEs with Hoélder continuous coefficients applies to (4.3) (see [Lie96]) and
higher regularity of y is obtained. Repeating this approach then allows us to conclude that
u is A-Holder continuous in time with A < 1/2 and possesses as much regularity in space as
allowed by the regularity of the coefficients and the initial data.

The chapter is organized as follows. In Section 4.2, we introduce the basic setting and state
our regularity results, Theorem 4.2.2, Theorem 4.2.3. Section 4.3 gives a preliminary result
concerning the stochastic convolution. The remainder of the chapter is devoted to the proof
of Theorem 4.2.2 and Theorem 4.2.3 that is divided into several parts. In Section 4.4, we
establish our first regularity result, Theorem 4.2.2, that gives some Holder continuity in time
and space of a weak solution to (4.1). The regularity is then inductively improved in the final
Section 4.5 and Theorem 4.2.3 is proved.
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4.2 Notations, hypotheses and the main result

4.2.1 Notations

In this chapter, we adopt the following conventions. For r € [1, o], the Lebesgue spaces L™ (D)
are denoted by L" and the corresponding norm by || - ||-. In order to measure higher regularity
of functions we make use of the Bessel potential spaces H*"(D), a € R and r € (1,00), we also
shorten the notation to H®" with the norm || - ||4,». The choice of this scale of function spaces
is more natural for our method than the Sobolev-Slobodeckij spaces W*", namely, the spaces
H{'" coincide with the domains of fractional powers of the Laplace operator with null Dirichlet
boundary conditions, which is an important ingredient for proving regularity of the stochastic
convolution. For the reader’s convenience we include a reminder of the basic properties of these
spaces in Section 4.3.

Another important scale of function spaces which is used throughout the chapter are the Holder
spaces. In particular, if X and Y are two Banach spaces and a € (0,1), C%(X;Y") denotes the
space of bounded Hélder continuous functions with values in Y equipped with the norm

1/ () = f()lly
Flleex. = sup ||f(z)|ly + sup T — e
|| ”C (X3Y) zEX H ( )” z,x’ e X, xFtz’ ||Jj - $/||§(

In the sequel, we consider the spaces C*(D) = C*(D;R), C*([0,T]; X) where X = H*" or
X = CP(D) and C*([0,T] x D) = C*([0,T] x D;R). Besides, we employ Holder spaces with
different regularity in time and space, i.e. C*#([0,T] x D) equipped with the norm

|f(t,.13) B f(svy)l
[fllgas = sup [f(t,z)|+ sup :
(t,x) (t,x)#(s,y) |t - s|a + |5L’ - y|ﬂ

With usual modifications we can also consider a, 8 > 1. Note that it holds C*([0,T]; C?(D)) &
C*#(]0,T] x D) and therefore we have to distinguish these two spaces (see [Rab11]).

4.2.2 Hypotheses

Let us now introduce the precise setting of (4.1). We work on a finite-time interval [0, T], T' > 0,
and on a bounded domain D in R with smooth boundary. We denote by Dy the cylinder
(0,T) x D and by St the lateral surface of Dy, that is Sy = (0,7] x 0D. Concerning the
coefficients A, B, F, H, we only state here the basic assumptions that guarantee the existence
of a weak solution and are valid throughout the chapter. Further regularity hypotheses are
necessary in order to obtain better regularity of the weak solution and will be specified later.
We assume that the flux function

B=(By,...,By):R—RN
is continuous with linear growth. The diffusion matrix
A= (Aij)gj:l R — RNXN

is supposed to be continuous, symmetric, positive definite and bounded. In particular, there
exist constants v, u > 0 such that for all w € R and £ € RY,

VIE]? < A(u)é - € < plgf. (4.4)

The drift coefficient F': R — R is continuous with linear growth.
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Regarding the stochastic term, let (Q2,.%, (%:)i>0,P) be a stochastic basis with a complete,
right-continuous filtration. The driving process W is a cylindrical Wiener process: W(t) =
Y k>1 Br(t)er with (Br)r>1 being mutually independent real-valued standard Wiener processes
relative to (%;)t>0 and (ex)r>1 a complete orthonormal system in a separable Hilbert space
K. For each u € L?*(D) we consider a mapping H(u) : K — L*(D) defined by H(u)e), =
Hi(-,u(:)). In particular, we suppose that Hy € C(D x R) and the following linear growth
condition holds true

S O He(x, )P <C(1+1¢%), VzeD (eR (4.5)
E>1

This assumption implies in particular that H maps L?(D) to Lo(K;L?(D)) where Lo(K;L?*(D))
denotes the collection of Hilbert-Schmidt operators from K to L?(D). Thus, given a predictable
process u that belongs to L?(Q2; L?(0,T; L*(D))), the stochastic integral ¢ — fg H(u)dW is a
well defined process taking values in L?(D) (see [DPZ08] for a thorough exposition).

Later on we are going to estimate the weak solution of (4.1) in certain Bessel potential spaces
H*" with a > 0 and r € [2,00) and therefore we need to ensure the existence of the stochastic
integral in (4.1) as an H®"-valued process. We recall that the Bessel potential spaces H*"
with @ > 0 and r € [2,00) belong to the class of 2-smooth Banach spaces since they are
isomorphic to L"(0,1) according to [Tri95, Theorem 4.9.3] and hence they are well suited for
the stochastic Ito integration (see [Brz97], [BP99] for the precise construction of the stochastic
integral). So, let us denote by v(K, X) the space of the v-radonifying operators from K to a
2-smooth Banach space X. We recall that ¥ € (K, X) if the series

> ¥ (er)

k>0

converges in L2(, X), for any sequence () x>0 of independent Gaussian real-valued random
variables on a probability space (€2, F,P) and any orthonormal basis (er)r>0 of K. Then, the
space (K, X) is endowed with the norm

2\ 1/2

X)

(which does not depend on (yx)x>0, nor on (ex)x>0) and is a Banach space. Now, if a > 0 and
r € [2,00) we denote by (H, ,) the following hypothesis

> ¥ (er)

k>0

1y, x) = <1E

C(1+ ||’I,L||Hg?), ac [07 1}7

a Hq,r»
O+ lullmgr + ullgyrar), — a>1, (ar)

| H (W)l (x,mramy < {

i.e. H maps Hy'" to v(K, H}™) provided a € [0,1] and it maps Hy™" N Hy " to (K, HY™)
provided a > 1. The precise values of parameters a and r will be given later in each of our
regularity results.

Remark 4.2.1. We point out that, thanks to the linear growth hypothesis (4.5) on the functions
(Hi)k>1, one can easily verify that, for all r € [2,00), the bound (Hy,) holds true.

In order to clarify the assumption (H, ), let us present the main examples we have in mind.

Example Let W be a d-dimensional (.#;)-Wiener process, that is W(t) = Zi:l Wi (t) ek,
where Wy, k = 1,...,d, are independent standard (.%;)-Wiener processes and (ek)ﬁ:l is an
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orthonormal basis of K = R?. Then the hypothesis (H, ) is satisfied for a > 0, r € [2,00)
provided the functions Hq, ..., Hy are sufficiently smooth and respect the boundary conditions
in the following sense:

Hp(z,00=0, z€dD, Vk=1,...,d,

(for more details we refer the reader to [RS96]). Note that in this example it is necessary to
restrict ourselves to the subspace Hy" N Hy ™ of Hy"" so that the corresponding Nemytskij
operators u — Hy(-,u(-)) take values in Hy"". In fact, if 1+ 1/r < a < N/r, r € (1,00), then
only linear operators map H'" to itself (see [RS96]).

Example In the case of linear operator H we are able to deal with an infinite dimensional
noise. Namely, let W be a (%;)-cylindrical Wiener process on K = L?(D), that is W (t) =
> k>1 Wi(t) ex, where Wy, k > 1, are independent standard (%, )-Wiener processes and (ex)r>1
an orthonormal basis of K. We assume that H is linear of the form H(u)ey := uQeg, k > 1,
where @) denotes a linear operator from K to K. Then, one can verify that the hypothesis
(H, ) is satisfied for a > 0, r € [2,00) provided we assume the following regularity property:
> i1 1Qerll? . < co. We point out that, in this example, H maps Hy" to v(K, Hy™") for any
a>0andr € [2,00).

As we are interested in proving the regularity up to the boundary for weak solutions of (4.1),
it is necessary to impose certain compatibility conditions upon the initial data and the null
Dirichlet boundary condition. To be more precise, since ug can be random in general, let
us assume that ug € L°(€;C(D)) with ug = 0 on dD. Further integrability and regularity
assumptions on ug will be specified later.

Note that other boundary conditions could be studied with similar arguments.

4.2.3 Existence of weak solutions

Let us only give a short comment here as the existence of weak solutions is not our main
concern and we will only make use of a priori estimates for parabolic equations of the form
(4.1). In the recent work [DHV13], the authors gave a well-posedness result for degenerate
parabolic SPDEs (with periodic boundary conditions) of the form

du = div(B(u)) dt + div(A(uw)Vu) dt + H(u) dW,
u(0) = up,

where the diffusion matrix was supposed to be positive semidefinite. One can easily verify
that the Dirichlet boundary conditions and the drift term F(u) in (4.1) do not cause any
additional difficulties in the existence part of the proofs and therefore the corresponding results
in [DHV13], namely Section 4 (with the exception of Subsection 4.3) and Proposition 5.1, are
still valid in the case of (4.1). In particular, we have the following.

Theorem 4.2.1. There ezists ((Q, F,(F),P), W,ﬂ) which is a weak martingale solution to
(4.1) and, for all p € [2,00),

i€ L*(Q;C((0,T); L?)) N LP(Q; L=(0,T; L)) N L*(Q; L2(0, T; WH2)).

In the sequel, we assume the existence of a weak solution on the original probability space
(Q, #,P) and show that it possesses as much regularity as we want provided the coefficients
and initial data are sufficiently regular. We point out that this assumption is taken without
loss of generality since pathwise uniqueness can be proved once we have sufficient regularity in
hand and hence existence of a pathwise solution can be then obtained by usual methods (cf.
[DHV13, Subsection 4.3|).

A similar result can be obtained in the case of null Dirichlet boundary conditions as well.
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4.2.4 The main result

To conclude this section let us state our main results to be proved precisely.

Theorem 4.2.2. Let u be a weak solution to (4.1) such that, for all p € [2,00),
u e L(;C([0,T); L?)) N LP(; L(0, T; LP)) N L*(Q; L*(0, T; Wy 2)).

Assume that
(i) ug € L™(Q; C*(D)) for some ¢ > 0 and all m € [2,00),
(i1) (Hi o) is fulfilled.
Then there exists n > 0 such that, for all m € [2,00), the weak solution u belongs to the space
L7(9;C"(Dr)).
Theorem 4.2.3. Let k € N. Let u be a weak solution to (4.1) such that, for all p € [2,00),
we LP(Q;C([0,T]; L?)) N LP(Q; L(0,T; LP)) N L (€; L2(0, T; Wy %).

Assume that
(i) ug € L™(Q; Ck*+4(D)) for some t > 0 and all m € [2,0),
(ii)) A, B€Cf and F € O,

(iii) (H, ) is fulfilled for alla < k+1 and r € [2,00).

Then for all X € (0,1/2) there exists 3 > 0 such that, for all m € [2,00), the weak solution u
belongs to L™ (Q; CMF+P(Dr)).

4.3 Regularity of the stochastic convolution

Our proof of Theorem 4.2.2 and Theorem 4.2.3 is based on a regularity result that concerns
mild solutions to linear SPDEs of the form

{ dZ = ApZdt + V() dWy, (4.6)

Z(0) =0,

where Ap is the Laplacian on D with null Dirichlet boundary conditions acting on various
Bessel potential spaces.

In order to motivate the use of these spaces let us recall their basic properties (for a thorough
exposition we refer the reader to the books of Triebel [Tri95], [Tri92]). In the case of RY
(or TV) the Bessel potential spaces are defined in terms of Fourier transform of tempered
distributions: let a € R, r € (1,00) then

HY"(RY) = {f € S'RY); | fller = [|F T L+ [€7)2Ff| . < o0}

and they belong to the Triebel-Lizorkin scale F,(R™) in the sense that H*"(RY) = F,(RY).
As a consequence, they are generally different from the Sobolev-Slobodeckij spaces W™ (RV)
which belong to the Besov scale BY ((R™) in the sense that W™ (RY) = B, (RV) ifa > 0, a ¢
N. Nevertheless, we have the following two relations which link the two scales of function spaces
together

WerRY) = H*"(RY) if ae€Np,re(l,00) or a>0,r=2

and
HO e (RY) » Wor(RY) — HS"(RY)  a€R,re(1,00),e>0.
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The Bessel potential spaces H*"(RY) behave well under the complex interpolation, i.e. for
ag,a1 € R and ro, 71 € (1,00) it holds that

(0™ (RY), O (RY)] = HOT (RY), (47)

where € (0,1) and a = (1 — 6)ag + fay, L = 1%09 + £, which makes them more suitable for
studying regularity for linear elliptic and parabolic problems. Indeed, under the assumption
of bounded imaginary powers of a positive operator A on a Banach space X, the domains of
fractional powers of A are given by the complex interpolation as well: let 0 < a < 8 < oo,
6 € (0,1) then

[D(A%), D(A”)]g = D(AU-D+07),

Furthermore, the expression (4.7) suggests how the spaces H*" (D) may be defined for a general
domain D: if ¢ > 0 and m € N such that a < m < a + 1 then we define

H*"(D) := [W™"(D), L"(D)](m-a)/m-

If D is sufficiently regular then H%" (D) coincides with the space of restrictions to D of functions
in H*"(R™) and the Sobolev embedding theorem holds true. The spaces Hy'" (D), a > 0, r €
(1,00), are then defined as the closure of C2°(D) in H*"(D). Note, that Hy"" (D) = H*"(D)
ifa <1/r and H""(D) is strictly contained in H*" if @ > 1/r. Besides, an interpolation result
similar to (4.7) holds for these spaces as well

[Hg"" (D), Hg " (D)]g = Hy" (D).

Let us now take a closer look at the Dirichlet Laplacian Ap. Considered as an operator on
L™, its domain is HO2 " and it is the infinitesimal generator of an analytic semigroup denoted
by S = (S(t))i>0. Moreover, it follows from the above considerations that the domains of
its fractional powers coincide with the Bessel potential spaces, that is D((—=Ap)%) = Hga’r,
a > 0. Therefore, one can build a fractional power scale (or a Sobolev tower, see [Ama95],
[EN06]) generated by (L",—Ap) to get

[(H™",=Ap2a,r): a > 0], (4.8)

where —Ap 24, is the Hga’T—realization of —Ap. Having this in hand, an important result
[Ama95, Theorem V.2.1.3] describes the behaviour of the semigroup S in this scale. More pre-
cisely, the operator Ap o4, generates an analytic semigroup Saq,» 00 Hg “" which is naturally
obtained from S by restriction, i.e. Soa,(t) is the Hi*"-realization of S(t), t > 0, and we
have the following regularization property: for any 6 > 0 and t > 0, Sz, () maps Hga’r into
HZ* T with
C

1820, ()| £ gr2em grzessry < I (4.9)
For notational simplicity of the sequel we do not directly specify the spaces where the operators
Ap and S(t), t > 0, are acting since this is always clear from the context.

The solution to (4.6) is given by the stochastic convolution, that is
¢

Z(t) :/ S(t—s)¥(s)dWs, te[0,T].
0

In order to describe the connection between its regularity and the regularity of ¥, we recall
the following proposition.

Proposition 4.3.1. Let a > 0 and r € [2,00) and let U be a progressively measurable process
in LP(Q; LP(0,T; (K, Hy'"))).
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(i) Let p € (2,00) and § € (0,1 —2/p). Then, for any v € [0,1/2 —1/p —46/2), Z €
LP(Q:C7 (0, T; HET®™)) and

E|Z]] , S CE|Y|

p p
CY(0,T;HEHOT Lp(0, Ty (K,Hy'"))"

(ii) Let p € [2,00) and & € (0,1). Then Z € LP(Q; LP(0,T; HS™")) and

E|Z|]? e L7 p—

LP(0,T;HET"

Proof. Having established the behaviour of the Dirichlet Laplacian and the corresponding semi-
group along the fractional power scale (4.8), the proof of (i) is an application of the factoriza-
tion method and can be found in [Brz97, Corollary 3.5] whereas the point (ii) follows from the
Burkholder-Davis-Gundy inequality and regularization properties (4.9) of the semigroup. O

4.4 First step in the regularity problem

In this section, we show the first step towards regularity of the weak solution u to (4.1). We
consider the following auxiliary problem

dz=Azdt+ H(u)dW; in Dr,
z=0 in S, (4.10)
2(0) =0 in D.

It can be rewritten in the abstract form

dz = Apz dt + H(u) dWr,
2(0) =0

and hence its solution is given by the stochastic convolution
t
z(t) = / S(t—s)H(us)dWs, t€]0,T]. (4.11)
0

Next, we define the process y := u— z. It follows immediately that y solves the following linear
parabolic PDE with random coefficients

Oy = div (A(u)Vy) + div(B(u)) + F(u) + div ((A(u) = I)Vz) in Dr,
y=0 in S, (4.12)
y(0) = uo in D.

This way, we have split u into two parts, i.e. y and z, that are much more convenient in order
to study regularity. Our first regularity result reads as follows.

Proposition 4.4.1. Let ug € L™(;C4(D)) for some ¢ > 0 and all m € [2,00). We assume
that (Hy 2) s fulfilled. Then, there evists n > 0 such that, for all m € [2,00), the weak solution
u to (4.1) belongs to L™(; C"(Dr)).

Proof. Step 1: Regularity of z. According to the hypothesis, the weak solution u to (4.1) be-
longs to L2(€; L2(0,T; Hy'?)) so that, thanks to the hypothesis (H, 5), we have that H (u) be-
longs to L2(€%; L2(0, T;v(K, HY'?))). As aresult, with Proposition 4.3.1 - (ii), the bound (H, )
and the embedding HS"" C H®", we have that for any a € (0,2), z € L*(Q; L*(0,T; H*?))
with

IE||Z||%2(O,T;H“"2) < C(l + ]E||u||iQ(O,T;Hé’2)>'
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Besides, since for all p € [2,00), the weak solution u to (4.1) belongs to LP(Q); LP(0,T; LP)),
we obtain, with the hypothesis (Hy,) (see Remark 4.2.1), that H(u) belongs to the space
LP(; LP(0,T;~v(K, LP))). As a consequence, with Proposition 4.3.1 - (i), the bound (Hg ,)
and the embedding Hy"" C H®", we have that for any b € (0,1), z € LP(Q; LP(0,T; H*P))
with

El21%, 0 ey < C(1+ Bl o zyznm )

We have proved that for any a € (0,2) and b € (0,1), we have z € L*(Q; L?(0,T; H*?)) and
z € LP(; LP(0,T; H*P)). We can now interpolate to obtain that (see [Ama00])

z€ L"(Q; L7(0,T; H*)),

where, for 6 € (0,1),

1_0 1-0
ro 2 p
c=ab +b(1-0),
with the bound
. r/2 r(1-0)/p
Ellslz o rmrer) < (Blelaomms)  (BI20q rupmo) <o (413)

Note that by choosing 6 € (0,1) and p € [2,00) appropriately, r can be arbitrary in [2,00).
Furthermore, when 0 € (0, 1) is fixed, it is always possible to take (a,b) € (0,2) x (0, 1) such
that ¢ > 1. As a result, for all r € [2,00), there exists ¢, > 1 such that

z € LT(Q; L7(0,T; H)).

This gives, for all r € [2, 00),
Vze L"(Q;L7(0,T;L")),

and, due to the boundedness of the mapping A,
(A(u) —=T)Vz € L"(; L"(0,T; L")),
with, thanks to (4.13),

E[[(A(u) =T)Vz|

Lro1:Lr) < CE|2|

TL’!'(O7T;HC,’7') < 00, (414)

where C' > 0 depends on ||A||s. Note that, thanks to the linear growth property of the
coefficients B and F', we obviously have, for all r € [2, 00),

BB Lror;zry + BIF(@)ro.7;m) < C(L+ElullLr7,1m) < 00 (4.15)

Step 2: Regularity of y. From now on, we consider that r > ry where rg is fixed such that

for all 7 > ro,

2+ N 1
—. 4.1
r < 2 ( 6)

Concerning the regularity of y, we intend to apply the regularization result given in the second
part of [LSU68, Theorem 10.1, Ch. III] to deduce that y has in fact a-Hdlder continuous paths
in Dy for some a > 0. Precisely, we set I = St and

G=b=a=0, f=Bu)+(Au)-DV2),, f="Flu),

and observe that the conditions (1.2), (7.1) and (7.2) in [LSU68, Ch. III| are satisfied thanks
o (4.4) and the bounds (4.14)—(4.15) coupled with (4.16). Note also that [LSU68, Theorem
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7.1, Ch. III] applies and gives y € L>(Dr) a.s. Thus we can now employ the second part of
[LSU68, Theorem 10.1, Ch. III| which yields y € C*/?%(Dr) where o € (0,4] is determined by
N, v, p and ry. In particular, we point out that « is deterministic. Furthermore, studying the
proofs of [LSU68, Theorem 7.1, Theorem 10.1, Ch. III] in detail, we have the following bound

1Yllcarz.e @y < CAH+ [luolle ) x

(4.17)
(14 ||B(u) 4+ (A(u) —I)Vz]

2N+1 )
L7(0,T5L™)

WL+ )

for some deterministic constant C' > 0 depending on the constants of the problem and on ry.
Therefore, if 2(2N + 1)m < r, we obtain due to (4.14)—(4.15), the hypothesis made on vy and
the Cauchy-Schwarz inequality
ElyZ 20 < C (14 Ellucll ) x
(1 +E[B(u) + (A(u) = DVl o7:Lr) + EIF (W)L 0, 10m) < 00

(4.18)

Since r is arbitrary in [rg,00), the result holds for all m € [2, c0).

Step 8: Hélder reqularity of z. In order to complete the proof it is necessary to im-
prove the regularity of z. Recall that for all m € [2,00), the solution u to (4.1) belongs
to L™(Q; L™(0,T; L™)) and that H(u) belongs to L™(Q; L™(0,T;v(K,L™))). We now ap-
ply Proposition 4.3.1 - (i) and (Hg,,) to obtain, since Hy"" C H®", that for m € (2,00),
§€(0,1—2/m)and y€[0,1/2—1/m —3/2), z € L™(;CV([0,T]; H>™)) with

Ell2l2 o zyszramy < C (1 Ellull oo z,m) )

Note that we can choose ¢ and v to be independent of m. For instance, let us suppose in the
sequel that m > 3; then 6 = 1/6 and v = 1/12 satisfies the conditions above for any m > 3.
Furthermore, from now on, we also suppose that m > 7N := mg. This implies that m > 3 and
ém > N, so that the following Sobolev embedding holds true

H™ s O X:=§— N/my.
We conclude that, for all m > mg,
EJl2)18: o,rycn) < C (1+ Bl o,ripm) ) < o0 (4.19)

Note that for m € [2,mg), we can write with the Holder inequality

>m/m0 < . (4.20)

Ell2)18 orycn < (BI2IE o mpony

Step 4: Conclusion. Finally, we set 1 := min(a/2,7,A) > 0 and we recall that u = Y+ 2z so
that the conclusion follows from (4.18), (4.19), (4.20) due to the fact that C"([0, T]; C"(D)) C
C"([0,T] x D). O

4.5 Increasing the regularity

In this final section, we complete the proof of Theorem 4.2.3. Having Proposition 4.4.1 in hand,
it is quite straightforward to significantly increase the regularity of v using the same auxiliary
problems (4.10) and (4.12) together with the Schauder theory for deterministic parabolic PDEs
with Holder continuous coefficients.
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Proposition 4.5.1. Letug € L™(Q; C1T4(D)) for some 1 > 0 and allm € [2,00). Suppose that
A, B e CL. If (H,,,) is fulfilled for alla < 2 andr € [2,00), then for all X € (0,1/2) there exists
B > 0 such that for all m € [2,00) the weak solution u to (4.1) belongs to L™ (£2; CM1H8(Dr)).

Proof. The proof is divided in two parts: we first increase the regularity in space and then in
time.

Spatial regularity. Step 1: Regularity of z. First, we improve the regularity of z that
was defined in (4.11). According to Proposition 4.4.1, there exists 7 > 0 such that for all
m € [2,00), u € L"™(£; C"(Dr)). In particular, since u satisfies Dirichlet boundary conditions,
this implies that u € L™(Q; L™(0,T; Hy"™)) provided £ < n. With (H, ,,), we deduce that
H(u) e L™(; L™(0,T;~v(K, Hy"™))). An application of Proposition 4.3.1 and the embedding
H{" C H*" yields that z € L™(Q; C7([0,T]; H*T%™)) for every m € (2,00) with

Elle 3 o zparesom) < C (14 Elll o o))

where § € (0,1 —2/m) and v € [0,1/2 — 1/m — 6/2). In the sequel, we assume that m >
(N +4)/k := mg. Then 6 = 1 — 3/mg and v = 1/(4mg) satisfies the conditions above
uniformly in m > mg. Furthermore, observe that (k + d)m > km > kmg > N so that the
following Sobolev embedding holds true

HFHOm ey 07 g = k+ 6 — N/mg.

Besides, by definition of mg, 0 = k +1 — (N + 3)/mo > 1. Finally, we deduce that for all
m > mg, z € L™(Q;C7([0,T); C7(D))) with

Elel8: gozyce) < C (14 Ellul oo zoazsm ) (4.21)

Step 2: Regularity of y. Next, we improve the regularity of y that is given by (4.12).
Namely, we intend to make use of the classical Schauder theory for deterministic parabolic
PDEs, see e.g. [Lie96, Theorem 6.48]. As a consequence of Proposition 4.4.1 and (4.21), we
obtain due to the assumptions upon A, B and F that, for all m € [2, 00)

Au) € L™(Q;C*/**(Dr),
B(u) + (A(u) = 1)Vz € L™(Q; C*/%*(Dy),
F(u) € L™(Q; L™(0,T;L™)),
©Q

ug € L™(Q; C*T*(D)),

where o := min(¢, 7,0 — 1,7) > 0. Thus the hypotheses of [Lie96, Theorem 4.8, Theorem 6.48|
are fulfilled and we obtain the following (pathwise) estimate

[Yllcararzita < C(I\UoHc~1+a +[1B(w) + (A(u) =) V2| carza + [|F(u)]

LT'(O,T;LT))a
where r € [2,00) is large enough. We conclude that, for all m € [2,00),
y € L™(Q; 021+ (D) (4.22)

which together with (4.21) yields v € L™(2; C71+%(Dr)).

Time regularity. Having in hand the improved regularity of u, we consider again the
stochastic convolution z, repeat the approach from the first step of this proof and obtain due
to Proposition 4.4.1 (with 6 = 0) and (Hi+ )

1+n m

Lrm) +EH || LO+Rm (0,7 H b

B2l o riser oy < C (1 +Ellel, ) <00 (4.23)

L™ (0,T;HY
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where £ < o and A\ € (0,1/2 — 1/m). Therefore for any A\ € (0,1/2) there exists mq large
enough so that (4.23) holds true for any m > mg and the Sobolev embedding then implies
that z € L™(;C([0,T]; C**A(D))) for B < k. Since we already have (4.22) the proof is
complete. ]

Due to the properties of the stochastic convolution it is not possible to increase the time
regularity of u. Nevertheless, it is possible to continue in the same manner as before and
increase its space regularity.

Proposition 4.5.2. Let ug € L™(Q;C**(D)) for some ¢ > 0 and all m € [2,00). Suppose
that A, B € C¢ and that F € C}. If (H,,.) is fulfilled for all a < 3 and r € [2,00), then for all
A € (0,1/2) there exists B > 0 such that for all m € [2,00) the weak solution u to (4.1) belongs
to L™(Q; CM*HP(Dr)).

First, we give the proof of Proposition 4.5.2 in the periodic case where D = TY. We point
out that in this simpler setting the proof can exactly be reproduced in order to establish
Proposition 4.5.3 below which achieves higher regularity of u. Then, we give the proof of
Proposition 4.5.2 in the general case of a bounded domain D of RY with smooth boundary.
Unlike the periodic setting, this proof does not directly extend to the proof of Proposition 4.5.3.
Thus, the technique requires some improvements which are detailed in the proof of Proposition
4.5.3.

Proof. The periodic case. From now on, let D = TV. The proof follows similar ideas as in
Proposition 4.5.1 only with some modifications in the second step.

Spatial regularity. Step 1: Regularity of z. As in Proposition 4.5.1, we first increase the
regularity of z. With Proposition 4.5.1, for any A € (0,1/2), there exists 5 > 0 such that for
all m € [2,00), u € L™(Q; CMHP(D7)). Then we deduce

EJl28: o,y r1stsmy < C (1 Bl fon o gy 0mimy + BNl LTI g1 00my ) < 50
where kK < 8,0 € (0,1 —2/m) and v € [0,1/2 — 1/m — §/2). By a similar reasoning as above
we obtain due to the Sobolev embedding that z € L™(Q; C7 ([0, T]; C°(D))) where m € [2, 00)
and o > 2.

Step 2: Regularity of y. In order to improve the space regularity of y we derive the equation
that is satisfied by 0y where the operator 0 can stand for any partial derivative with respect
to space variable z: 0 = 0,,, i =1,..., N. We obtain

O (0y) = div(A(u)V(9y)) + div(0A(u)Vu) + div(0B(u))
+ OF (u) + div((A(u) — )V (92)) in D,
0y(0) = Ouyp.
The above is again a (pathwise) linear parabolic PDE hence we need to show that its coeflicients

satisfy the hypotheses of [Lie96, Theorem 6.48|. In particular, according to what was already
proved, we have

A(u) € L™

OA(u)Vu + 0B(u) + (A(u) —I)V(9z) € L™
OF (u) € L™

dug € L™

Q;C*/**(Dr)),
Q;C*/**(Dy)),
Q; L™(0,T;L™)),
Q; C'* (D)),

o~ o~ o~ o~

for some o € (0,0 — 2] and all m € [2,00) provided A, B € C}, F € C}. Therefore [Lie96,
Theorem 6.48] applies and we deduce

Oy € L™ (Q; CUte)/21te (D)),
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As a consequence, we see that
y € Lm(Q; C(1+a)/2,2+a(D7T))

hence
u € L™(Q; C’Y’Q‘W(Di;p)).

Time regularity. Finally, we improve the time regularity of u by considering the stochastic
convolution again as in Proposition 4.5.1. We obtain that for any A € (0,1/2) there exists mq
large enough so that

m m (24k)m
Ell2lex o, ry;przemmy < € (1 +Elull o o ey ]EHUHL<z+n>m(0,T;Hé’(”“)m))’

holds true for any m > mg and the Sobolev embedding then implies that z belongs to
L™(Q; C*([0,T); C**A(D))) for B < k which completes the proof. O

Let us now prove Proposition 4.5.2 in the general case. In the sequel D is again a bounded
domain in RY with smooth boundary.

Proof. The general case. The proof follows the same scheme as in the periodic case except for
the Step 2: Regularity of y. Let us now detail the proof of this step.

Step 2: Regularity of y. In order to improve the space regularity of y we make use of
[LSU68, Theorem 5.2, Ch. IV]. In particular, we set

aij = Aij(u), a;=Vu-A(uw), a=0, f=div(B(u)+ (A(u)-1)Vz)+ F(u).
According to what was already proved, we have

aij, aj, a, f € L™(Q;C*/**(Dr)),

e (4.24)

up € L™(Q; C***(D)),
for some « € (0,0 — 2] and all m € [2,00) provided A, B € C%, F € C}. Therefore |[LSU6S,
Theorem 5.2, Ch. IV] applies and we deduce

y e Lm(Q, Cl+a/2,2+a(D7T)),

hence
u € L™(Q; C'Y’Q‘*'O‘(DiT)).

This completes the proof. O

Finally, we achieve even higher regularity of u provided the coefficients are smooth enough.
We obtain the following result.

Proposition 4.5.3. Let k € {3,4,...}. Let ug € L™(Q;C***(D)) for some ¢ > 0 and all

€ [2,00). Suppose that A, B € CF and F € Cffl. If (H, ) is fulfilled for alla < k+1 and
r € [2,00), then for all A € (0,1/2) there exists f > 0 such that for all m € [2,00) the weak
solution u to (4.1) belongs to L™ (Q; CME+A(Dr)).

As previously mentioned, the proof of Proposition 4.5.2 in the periodic case can exactly be
reproduced here so that the result of Proposition 4.5.3 is proved in the setting of periodic
boundary conditions.

Nevertheless, the proof of Proposition 4.5.2 made in the general case does not apply here any
more. Indeed, the problem arises from the fact that the regularization result given by [LSUGS,
Theorem 5.2, Ch. IV] is stated under the condition that the regularity of the coefficients and
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the source term is in the parabolic scaling, that is, the space regularity is exactly twice the
time regularity. In our case, since the time regularity is limited to %_, we are limited to 1~ for
the space regularity of the coefficients and the source term if we want to fit in the setting of
[LSU68, Theorem 5.2, Ch. IV]. As a consequence, we wouldn’t obtain a better space regularity
of our solution u than 3~. To handle this issue, we prove an alternative version of the result
[LSU68, Theorem 5.2, Ch. IV] where we avoid the hypothesis of the parabolic regularity of
the coefficients and initial data. The result is the following.

Theorem 4.5.4. Let £ denote the linear parabolic differential operator given by [LSUG6S,
(5.1), Ch. IV]

N N
Lu = Oyu — Z aija;@ju + Z a;0z,u + au,

i,j=1 i=1

and u the solution to the null Dirichlet problem [LSUG6S, (5.3), Ch. IV]

Lu = f m DT,
u =0 in St,
u(0) = ug in D.

Let a, B > 0 such that 2a < 3. Assume that the coefficients of £ and the source f belong to
C*B(Dr) and that uy belongs to CP(D). Then, for all e > 0, u is CT1=8+2=¢(Dp) with

[ullgatr-csro-e <CO(|[fllces + [luollcs)-

Proof of Proposition /.5.3. For the time being, let us suppose that this result holds true. The
proof of Proposition 4.5.3 is then exactly the same as in Proposition 4.5.2 in the general case
except that (4.24) is replaced by

aij, aj, a, f € L™(Q; 07 ¢+ (Dr)),

P (4.25)

up € L™(Q; C*t*(D)),
for any v < 1/2 and some « € (0,0 — k| where o > k and that we then apply Theorem 4.5.4
instead of [LSU68, Theorem 5.2, Ch. IV]. O

Thus it only remains to prove Theorem 4.5.4.

Proof of Theorem 4.5.4. The proof of [LSU68, Theorem 5.2, Ch. IV] is divided into two steps.
The first one is to prove the desired result on the whole space and on the half-space in the case
where a;; are constant coefficients and a; = a = 0; the results are the bounds (6.4) and (6.5)
in [LSU68, Theorem 6.1, Ch. IV] (the bound (6.6) deals with the case of Neumann boundary
conditions). The second one is to freeze the coefficients, to use a localization technique and
to handle the lower order terms of . by some compactness argument and finally to prove
[LSU68, Theorem 5.2, Ch. IV] using (6.4) and (6.5) of [LSU68, Theorem 6.1, Ch. IV]; this
second step is achieved in [LSU68, Section 7, Ch. IV]. As a result, we only need to prove that
the bounds (6.4) and (6.5) of [LSU68, Theorem 6.1, Ch. IV] hold true whenever the regularity
of the source term is not in the parabolic scaling. Furthermore, as explained in the proof of
[LSU68, Theorem 6.1, Ch. IV], it is sufficient to deal with the case a;; = 0;;.

To sum up, let f € C¥A([0,T] x RN), g € C*A([0,T] x @), and w, v the solutions of

v —Av=g in (0,7) x RY,
and V|gy=0 =0,

{&wAwf in (0,T) x RY,
v(0) =0,

w(0) =0,
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where Rf denotes the half-space {(z1,...,zx) € RV, 25 > 0}, it remains to prove that, for all
e >0,
[wllca+i-cs+2— (0. 1xrN) < Cllflloas(0.1)xRN)) (4.26)

< C (4.27)

||UHCa+1_sﬁ+2_s([o,T]x@) = ||g||ca,ﬁ([0’T]X@).

The bound (4.26) can be justified exactly as in the case of the parabolic scaling, see the proof
of [LSU68, (2.1), Ch. IV]. It gives the bound (4.26) where we can take ¢ = 0, that is
wllcotrst2(0,)xryy < Cllfllcas(jo,r)xRN)-

Unfortunately, the proof made in [LSUG68] in the case of the half-space does not work any more
when we are not in the parabolic scaling. So, let us define (S(t)):>0 the semigroup of the
Dirichlet Laplacian on the half-space Ri\_] . Precisely, ¥ = S(t)h satisfies

O — Ay =0 in (0,00) x RY,
,l/)‘ZEN:O =0, (PZ)
6(0) =,
It is classical that S(1) maps C? (@) to C"X’(@) so that we can deduce the following bound,
for any h € C7(RY) and § > 0,
ISR sy < Cll (1.25)

Now, let ¢ > 0 and h € C7 (@) We define h(z) := h(zt2) and consider the solution ¢ to the
problem (P%) Finally, we set ¢(s,z) := th(st™*, zt~2) which is well defined in the half-space
and satisfies (P;). As a result, (s, z) = S(s)h. Thus observe that we have S(t)h = ¢(t,z) =
(1, 2t~2) = S(1)h(zt~2) so that we deduce, with (4.28),

o -
ISl sy = ISORCEH) ] sy < OO Rl oy

As a result, since ||77,HCW(@) < tv/2||h||cw(@), we are led to
SOl sy < CE2 Ml iy (4.29)
Finally, let us conclude the proof of the bound (4.27). The solution v is given by
o) = | St )gls) ds,
so that with (4.29) we deduce
ol gnss oy < Clollon ozpiemy (4:30)

provided ¢ < 2. Besides, thanks to the result [LSU68, (6.5), Ch. IV] in the parabolic scaling,
we have the bound

(4.31)

HU”C0/2+1,0+2([0’T] x@) < C||g||CU/2.U([O’T] X@) :

Since the bounds (4.30) and (4.31) holds true for any v, 0 > 0 and § < 2, we deduce, by
interpolation, that for any € > 0,

[l gasi—ciosasqomam) < Clldlleesqom iy

which concludes the proof. O









CHAPTER 5

Invariant measures for a stochastic
Fokker-Planck equation

Abstract: We study a Fokker-Plank equation perturbed by a random force and
prove, if the contribution of the noise is small enough, existence and uniqueness
of the solutions to the problem. We also derive an hypocoercive estimate on
the solutions. Finally, using the hypocoercivity, we can prove existence and
uniqueness of the invariant measures of the problem.

Keywords: Stochastic partial differential equations, Fokker-Planck, cylindrical
Wiener process, hypocoercivity, invariant measures.

The results of this chapter are a joint work with L. M. Rodrigues and J. Vovelle.
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5.1 Introduction

In this chapter, we are interested in studying the invariant measures of the following stochastic
Fokker-Planck equation

Af + v-Vofdt + AV,fodW, = Q(f) dt. (5.1)

The unknown f depends on the variables t € [0,00), € TV and v € RY. The operator Q is
the Fokker-Planck operator whose expression is given by

Q(f) = Auf + divy(vf).

Let us introduce the noise term. We take I' a self-adjoint and non-negative operator on
L*(TN;RY) with Tr(T') < oo. Let (Hj)jen a complete orthonormal system in L?(TV;RY)
of eigenvectors of I' with associated non-negative eigenvalues (v;);en:

FHj:’YjHja jEeN.

The random perturbation dW; is a '~Wiener process on L?(TV;R¥), see for instance [DPZ08,
Section 4.1]. It can be written as

AWila) = DO THH,(2) dB (1) = 35 o) H(a) 4B, (1)

where the (8;),en are real independent Brownian motions. In what follows, we set Fj := r:H i
and write the noise under the form

AWy (z) = Z Fj(z) dB; ().

The notation ® emphasizes the scalar product in RY and the fact that we consider the stochas-
tic term in the Stratonovich sense. The parameter A > 0 represents the size of the random
perturbation. Concerning the coefficients (F});jen of the noise, we suppose in the sequel that
the following condition holds

D IE I + IV Fyll% < 1. (5.2)

J

Note that the operator Q is self-adjoint in the weighted space L?(R™, M~1dv) where we have
introduced the Maxwellian distribution M on RY, which is defined by

M) = (2m) N/ 2e=lP/2 o e RN,

For this reason, in what follows, we do not work exactly on the variable f and we set f = Mz g.
By doing so, g satisfies the problem

{ dg+v-Vzgdt+>\(Vv—E)g ©dW, = Lg dt, (53)

2
g(()) = Gin-
with

N |v]?
Lg = A, —_ -
g g+(2 4>g

being a self-adjoint operator on L?(RY).
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From a physical point of view, this kind of equation can describe the evolution of the dis-
tribution function g(t,z,v) of a cloud of particles which, at a time ¢, are at position x and
have velocity v. The transport term v - Vg corresponds to the free flow of particles while
the Fokker-Planck operator L models the interactions between the particles and with the sur-
rounding medium. The noisy term A (V,, — v/2) g ©dW; describes the effect of a random force
acting on the particles.

The aim of this chapter is twofold. First of all, we want to study existence and uniqueness for
the problem (5.3). Then, we investigate existence and uniqueness of an invariant measure for
this problem.

We obtain the existence of the solutions to Equation (5.3) by a standard Galerkin scheme.
Precisely, we project Equation (5.3) on some finite dimensional space. By doing so, we construct
a sequence (gm)m of approximate solutions to our problem. Then, one has to derive energy
estimates on the sequence (g, ), in order to pass to the limit in the approximate problem. Note
that, to ensure existence, we need that the coefficient A in front of the noise is small enough
so that the random perturbation does not affect too much the dissipation of the operator L
(see for instance [MNOG6, Section 3.2]). Uniqueness is proved with the bounds derived on the
approximate solutions and that remain valid for the solution g by passing to the limit.

In the sequel, we derive hypocoercive estimates on the approximate solutions. Note that some
uniform energy estimates would have been sufficient to prove existence and uniqueness of
solutions to (5.3) but these hypocoercive estimates will be our main tool to prove existence
and uniqueness of an invariant measure for the problem (5.3). Let us say a few words about the
theory of hypocoercivity which has been introduced by Villani [Vil09]. It provides a method
to study the rates of convergence to equilibrium of the solutions to kinetic collisional models.
For instance, we consider the following class of kinetic models

Of +v-Vof =QF, (5.4)

where @ is a linear self-adjoint collisional operator which acts on the velocity variable only. We
also suppose that the kernel of the operator () is finite dimensional and, denoting by II, the
orthogonal projection on ker(Q) in L?(R™,dv), that the following local (in space) coercivity
assumption holds in L2(RY, dv):

(Qh, h) < —c|[h = TLehl,

for some ¢ > 0. This implies that @) has a spectral gap. The class we have just introduced
includes, among others, the cases of linearised Boltzmann, classical relaxation, Landau and
Fokker-Planck equations. Note that the global steady states of these models belong to ker(Q).
Finally, we introduce the global projection IT on ker(Q) in L2(TY x R¥) defined by

ﬁh:/ Ioh(z,v)da.
TN

It can be easily seen that, if f is a solution to Equation (5.4), TIf(¢) = I1f(0) is independent
of time. Then the hypocoercivity theory gives us the exponential damping of the solution f to
equilibrium:

1f(t) = TLf ()]l < Ke™™, ¢ >0,

in some Sobolev space H. We refer the reader to the memoir of Villani [Vil09] and references
therein and also to the paper of Mouhot and Neumann [MNO6] where the hypocoercivity is
used to study the convergence to equilibrium of many kinetic models including Fokker-Planck
equations.
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In the case of the deterministic Fokker-Planck equation (5.3) where A = 0, the kernel of L is
spanned by the function M2 and we have

TTh = poo(h)M?,

where we have defined poo(h) == [[ h(t)M?= dzdv = [[ h(0)M3 dzdv (this quantity is time
independent). Thus we can prove (see [MNOG6, Section 5.3]) an exponential damping for the
quantity g(£) — pec(g)M?2 in the HY(TN x RN) norm.

In this chapter, we prove hypocoercive estimates on the Fokker-Planck model (5.3) which
has been perturbed by a random force. We follow the proof in the paper of Mouhot and
Neumann [MNO6] and use the Ito formula to handle the stochastic term. We obtain the
following hypocoercive estimate:

Elg®)lZz , < Ce  Elgnlzz , + KElpoo(9)*, >0, (5.5)

where L3, ;, can be understood as an H HTN x RYN) Sobolev space (see below for the precise
definition). In fact, this hypocoercive estimate only holds true if the initial condition g, is
regular, that is in L2v, p- In the sequel, we solve Problem (5.3) with initial condition gi, in
Liyv. To overcome this defect, we take advantage of the regularising effect of Equation (5.3):
we prove that the solution g with initial condition in wa belongs to L2V7D as soon as t > 0.
Then, once g(t) is in L2v7 p, we are able to obtain hypocoercivity.

Concerning the proof of existence and uniqueness of an invariant measure for the problem
(5.3), we mainly use the hypocoercive estimates. Indeed, we can deduce from the estimate
(5.5) the following property of the solutions: let g1 and go be two solutions of the problem
(5.3) with respective initial conditions ¢i, 1 and gi, 2 such that [[ gin,l./\/l% =[f ging/\/l%, then
the solutions meet exponentially fast. That is the main argument for proving the uniqueness
of the invariant measure. We therefore obtain a family of unique invariant measures to the
problem (5.3) indexed by the quantity [[ GinM2 dz dv.

5.2 Existence of solutions

5.2.1 Preliminaries and main result

Let (2, F, (Fi)i>0,P) be a probability space equipped with a filtration (F;);>o which is sup-
posed to be right continuous and such that Fy contains all the P-—null sets of 7. We study the
following stochastic equation in TV x R™V:

{ dg+v-Vmgdt+>\(vag)g ©dW, = Lg dt, 56)

2
g(O) = Gin-

Note that we can write the Stratonovich correction explicitly and that the first equation then
reads in It6 form:

v

dg—l—v'Vzgdt—F)\(Vv ;

)g-th = Lg dt
AT ) (e o
J

In the following, we denote by (.,.) and || - || respectively the scalar product and the norm of
L2, := L*(TN x RY). Let H be an Hilbert space. For any T > 0, we denote by C,,([0,T], H)
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the space of weakly continuous functions on [0,7] with values in H. Let us introduce the
differential operators

D:Verg, D = —Vu+g,

where D* is the formal adjoint of D component-wise, i.e. Dy = (Dy)*, k = 1,...,N. Note
that, for f smooth enough, we have the two following identities

1 N

IDAIP = |Vufl* + 1 lof|* — S 12 (5.8)

and ) N
* pp2 2 2

1D fI7 = IV fIIF + 7 Il fIIF + S IF1% (5.9)

We introduce the space
Ly ={f e L*RY);Df € L*(RV)} = {f € L*(RY); D*f € L*(R")}
and then define the spaces
Lf:,D = L*(TV; L}), LQV,D ={fe Lf:,D; V.f € Li,u},

equipped respectively with the norms

2 2 2 2 2
1Alz2 , = ID°FI5 W fllze , = ID7FIF + V£l
For the sake of convenience, we define the transport operator A = v - V, which is skew-
symmetric, that is which satisfies A* = —A. Concerning the Fokker-Planck operator L, let us
present some of its properties. First, we recall its definition:

1)2
Lf = Af + <];7|4|>f

We have the following expressions:
Lf = =) DiDif = Nf-) DiDif,
k k

which can be written L = —D*D = NId — DD* for short. Note in particular that we have the
following dissipative bound for the operator:

—(f.Lf) = DS (5.10)
Furthermore, on the space L?(RY) the operator L possesses an Hilbertian basis of eigenfunc-
tions (g;j)jeny = (chj M%)jeNN associated with eigenvalues —|j|. In particular, introducing
the orthogonal projector I, on {(go) (which we extend trivially to L2 ),

e(f)(z,0) = (M2, f(z,)) pa@ny M2(v), I} =111,

we have
—(f,.Lf) = |1z fI1*. (5.11)
Using (5.10), we then deduce from (5.11) that
IF11* < ITLef11* + 1D fI1>. (5.12)

Finally, in the sequel, we denote by {4, B} := AB — BA the commutator of the operators A
and B. We point out that one can easily show the following identities

{D,A}=V,, {D,L}=-ND.

We are now ready to state our main result concerning existence and uniqueness of solutions to
the problem (5.6). The question of invariant measures will be studied further.
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Theorem 5.2.1. Suppose that hypothesis (5.2) holds and let g, € L*($; wa). For any A < 1,
there exists a unique adapted process {g(t), t > 0} which satisfies:

(i) for allT >0, g € Cy([0,T}; L*(; L2 ) and Dg € L*(Q x (0,T); L2 ,);

(i2) 9(0) = gin;

(iii) for all ¢ in C°(TN x RYN) and all t > 0,

(60, 0) = (g o) + / (9(s), 0 Vag)ds + 2 S / (9(3), F; - D) dB;(s)

>0

+/Ot<g(s),L*ga>ds + )\; Z/Ot <g(s)7 (F; - D)* g0> ds, a.s.

j=0
(5.13)

The quantity poo(g) :== [[ g./\/l% is constant in time. Furthermore, there exists A\og(N) > 0 such
that, for all A < Ao, g have the following properties. The solution g becomes more regular as
soon as t > 0: for any to > 0, there exists a constant C(N,to) > 0 such that

Ellg(to)lzz , < CEllgi|®. (5.14)

Besides, if to > 0, there exist constants ¢, C and K depending on N only such that g satisfies,
fort > tg, the bound

t
Bl B [ 93 +HIDVag)+IDg(s)Pds < CElglto)Fy +CElpucl*(t—to),

(5.15)
and, fort > tg, the hypocoercive estimate

Ellg®)Z, , < Ce T Elg(to)I7z | + KElpso(9)]*. (5.16)

To prove the existence part, we use a Galerkin projection method: one projects the equation
(5.6) onto the finite dimensional space spanned by some vectors {eg, ..., x, } where (eg)ren are
smooth functions constituting an orthonormal basis of wa.

5.2.2 The Galerkin scheme
Let (p;)ien be an orthonormal basis of normalized eigenfunctions for —A, in L?(TV) and

(¢j);en an orthonormal basis of eigenvectors for the Fokker-Planck operator L in L*(RY). We
introduce the orthonormal basis (ex)genz of L7, defined by

ex(z,v) == pi(v)q;(v), k= (i,5) € N>,z €TV veR".
Clearly, the functions (eg)genz are smooth with respect to (z,v). For the sake of convenience,
we re-index this basis to write it (ex)ren. We set E,, := Span{eg,...,e,} and introduce

II,, the orthogonal projection on E,, in Li’v. We are looking for an approximate solution
gm ¢ [0,T] = Ey, of (5.6) of the form

gm(t) = di(t)ex. (5.17)

We have the following result:
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Proposition 5.2.2. For all m > 0, there exists a unique adapted process g, € C(0,T; Ey)
a.s. of the form (5.17) and satisfying, for allt € [0,T] and 0 < k < m,

<gm(t)76k> = <gin36k’>+/0 <gm(5)7v'vx6k>d5+>‘2/0 <gm(5)7Fj'Dek> dﬂ](s)

Jj=20
- <gm<s>,L*ek>ds+fj§ [ (o5 DFe) s, s
(5.18)

Proof. Suppose that g,, has the form (5.17). Then we can write equation (5.18) in terms of the
coefficients dy, = (gm, ex) of g in the basis of E,, for k from 0 to m and we clearly obtain that
(dk)o<k<m satisfies a usual finite dimensional Itd system with globally Lipschitz coefficients.
It is standard that we have existence and uniqueness of an adapted and continuous processes
(dk)o<k<m, for which g, of the form (5.17) is adapted, continuous with values in E,, and
satisfying (5.18). O

Clearly, the process (g (t))te[o,r] With values in E,, satisfies

dgm + v - Vigndt — M1, D* g, © dW; = Lg,, dt, (5.19)

whith initial condition
dm (0) = ngin-

5.2.3 Estimates on the approximate solutions

In this section, we derive some estimates on the approximate solutions (gm,)m. In the next
sections, we deduce from these basic estimates a regularisation property (see Section 5.2.4)
and hypocoercive estimates (see Section 5.2.5).

Formal computation

Our aim will be to evaluate E®(g,,) where ® is a quadratic functional of the form

®(g9) = (S9,Tg),

where S and T are operators in the variables x or v of order at most one. In particular, .S
and T are linear. The procedure which we describe below is rigorous when applied to the
finite-dimensional system satisfied by g,, but we will still use in what follows the equation
(5.6) satisfied by g for simplicity. We apply S to (5.6) and then test against T'g, and do the
same with the roles of S and T exchanged, to obtain

d®(g) = —(SAg,Tg)dt + AZ(S(Fj - D*)g,Tg) o dB;(t) + (SLg,Tg)dt + sym, (5.20)
J

where by “B(S,T)+sym" in the right-hand side of (5.20), we mean B(S,T)+B(T,.S). Switching
to Itd form and taking expectation in (5.20) gives

d A2
7 B®(9) = ~E(SAg. Tg) + E(SLg, Tg) + —-ENs1(g) + sym. (5.21)

where we have introduced the notation

Nsr(g) =Y (S(F;-D*)’g,Tg) + (S(F; - D*)g, T(F; - D*)g).

J
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Note also, in the case S =T, that, by (5.10),
E(SLg, Sg) = E{LSg, Sg) +E({S, L}g, Sg) = —E||DSg||* + E({S, L}g, Sg), (5.22)

where {S, L} = SL — LS, which means that the term E(SLg, Sg) in (5.21) will almost provide
the part —E||DSg||? needed for the exponential damping to obtain hypocoercivity.

First estimate: E||g,,|*

Taking S = T = Id, we have by (5.21), (5.22) and the fact that A is skew-symmetric,

A2
Bl l” + B Do’ < 3 ENiasa(gm).

We recall
Niaga(gm) = Y A(F - D"V g, gu) + ((Fy - D*)g, (Fy - D*)gum),
J
so that, using (5.2) and the bound ||[Df|| < ||D*f||, we have NMa1a(gm) < 2|[D*gm||*. As a
result we obtain

S Bllgn” + Bl Dgn* < NE|[Dg (523)

Second estimate: E||V,g,,[>

We apply (5.21), (5.22) with S = T' = V,. We obtain, due to the fact that A is skew-symmetric,

thEHVIgmH2 +E[ DV gl < —ENV . (gm).
with

Ny, 9. (9m) = Z<VI(F.7 “D*)2gin, Vagm) + (Va(Fj - D*)gm, Va(Fj - D*)gm).
J
By (5.2) and the bound ||Df|| < || D* f]|, we have
Nv, v, (9m) < D" gl + 4ID* gl | D* Vgl + 2] D* Vo gml|*.

As a result, we obtain

1d

)‘ * * * *
5 G EIVegnll” + E[DVegnll* < FE[ID"gm|* + 41D g | D" Vagm|l + 21 D" Vagm ]

(5.24)

Third estimate: E|Dg,,||?
We apply (5.21) and (5.22) with S =T = D. It gives

1d

)\2
9 thHD9m||2 —E(DAgm, Dgm) — ]E||D29m||2 +E{D, L}gm, Dgm) + ?END,D(gm)-

Note that {4, D} =V, and {D, L} = —ND so that, since A is skew-symmetric, we have

1d

)\2
3 dtIEIIngll2 E(V2gm, Dgm) = B[ D*gm||* = NE[Dgm|* + Z-END,p(gm).
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Furthermore, by (5.2) and the bound | Df|| < [|D* f]],
J
<|(D*)?gm||* + IDD* gy .
It follows then that

1d A2 . .
§&E||D9m\|2 +E|D?gpn? < E[[Vagmlll| Dgml| + SE[ID )2gm||? + IDD*gp|?]. (5.25)
Fourth estimate: E(V g, Dgm)

We apply (5.21) with S =V, and T' = D. It yields

<Vmgma ng> = *]E<vagma ng> - ]E<DAgma Vzgm>

+E(V2Lgm, Dgpm) + E(DLgm,Vagm)

)\2
+ ?E[va,p(gm) +Nbp.v, (9m)]-

—E
dt

First of all, with the identities V, A = AV,, A* = —A and {4, D} = V,, we have

—E(VeAgm, Dgm) — E(DAgm, Vagm) = —~E(AVagm, Dgm) — E(DAgm, Vagm)
= —E((AD — DA)gm, Vagm)
= —E||[V,gn|>

Besides, with the identity L = —D*D = NId — DD*, we have

E<vngma ng> + E<DLgm7 va:gm> = _E<D*Dvw9ma ng> - E<DD*ng, ngm>
= —E(DVigm, D*¢m) — E(D*DDgyn, Vigm) — NE(Dgum, Vogm)
= —2E(DV ygm; D*¢im) — NE(Dgpm, Vogm)-

Concerning the terms Ny, p(gm) and Np v, (gm), we have

N..0(9m) + Npv, (9m) = D (Va(Fj - D*) gy, Dgm) + (Vo (Fj - D*)gm, D(Fy - D*)gim)
i

+ Z<D(Fj - D*)29m. Vagm) + (D(Fj - D*)gm., Vi (Ej - D*)gm)
i

which is bounded, thanks to (5.2) and |Df|| < ||[D*f]|, by

ID*Vagum 1D gl + 201 D* g 1 D gin | + (D)2 g |1 DV o9 |
+2[D*Vagm DD gl + 2[1D" gm|[[| DD gun -

As a result, we finally obtain

d
T E(Vagm: Dgm) + E[Vagm|® < 2B DVgmll|D*gm|| + NE[ Dgm[[|Vagm|
)\2

+ ?E[HD*ngmH||D29m|| + 2||D*gm||||D29m” + H(D*)Qg"LHHD*ngmH
+ 2| D*Vogml[[| DD* g || + 2/ D* g || DD* gmll].  (5.26)
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Summary and rewriting of the estimates

In this section, we sum up the estimates (5.23), (5.24), (5.25) and (5.26) derived above and
try to “close" them with respect to the variables g, Vegm, Dgm, DVygm and D?g,,. Note in
particular that the operator D* appears in the right-hand sides of these estimates and we are
about to correct this. To do so, we use the formula

ID*f1I* = [IDSI* + NIfI? (5.27)

proved by (5.8) and (5.9). Now we focus on each estimate (5.23), (5.24), (5.25) and (5.26).
First estimate. The first bound (5.23) can now be written as

1d
5 < Ellgm > + Bl Dy > < NE[Dgnn > + Ngm ). (5.29)

Second estimate. The second one (5.24) becomes
ld
2dt

+4(1Dgunll + VN g ) IDV aginll + VN[V aginll) + 21 DVaginl|* + 2NV g *]-

)\2
E||Vagmll? + El[DVagml? < =E[||Dgmll? + Nl gml?
1Vagm|* + EIDVagml|* < Z-E[[Dgm|* + Nllgmll (5.29)

Third estimate. Concerning the third one (5.25), let us precise how to handle the term
|DD* g, ||%. Using the identity DD* = NId + D*D, we can write

|DD*f||* = N?||f|I* + 2N || Dg||* + | D* Df|*.

As a consequence, we can show that

1d A2
7E’Hng||2 +E||D2.qm||2 < EHngH”VzgmH + ?E[3N2”gm”2 + 7N||ngH2 +2HD2‘gm||2]'

2 dt
(5.30)
Fourth estimate. Finally, with a similar work, the fourth bound (5.26) writes

d
7 Vagm, Dgm) + E([Vagml* < 2B DV 3gm ||| D*gml| + NE| Dgom][[|V o gom |
/\2
+ 7E[(||szgm|| + VN Vagm ) (V2N [ gm | + 2V N|| Dgpm|| + 2[| D g )
+ 2||D29mH(Hng” + \/N||9m||)

+ (Nl gm | + VBN Dgom | + DG ) 2DV g || + 2V N[ Vg | + 2| Dgon || + 2V Nl gim1)] -
(5.31)

5.2.4 Regularisation for ¢ > 0

In this part, we show that the solution g to Equation (5.6) with initial condition g, in wa
gains regularity as soon as t > 0. Precisely, g(t) € L%, p if t > 0. In what follows, we work on
the approximate solutions (g, )., but the result remains valid on the solution g by passing to
the limit, see Section 5.2.6. The result is the following.

Proposition 5.2.3. Let T' > 0, there exist constants \*(N,T) > 0 and C(N,T) > 0 such that
for any t € (0,T] and X\ < \*, we have the bounds

c c
Ellgm()||* < CEllginll*, E[Dgm(t)[|* < 7Ellgmllz, E[[Vagm(t)]* < gE\Iginll2- (5.32)
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We now start the proof of this result. To simplify the notations, we take T" = 1, the adaptation
of the proof being straightforward in the case T' > 0. Let k, a, b and ¢ some positive constants
to be chosen later on. We introduce, for t € [0, 1],

Ki(g) = kllgll* + at®|Vugl® + bt Dg||* + 2¢t*(Vg, Dy).

We suppose in the sequel that the condition ¢ < ab is satisfied. Note that, using the Young

inequality 2czy < vex? + Sy? with v = £ (§ + %), we have

b— 2
Ki(g) > kllgl> + =8| Vog)® + bt

ab — 2
= - IDgl. (53

ab+c

The main step of the proof is to show that there exists a constant C'(N) > 0 such that

1d
e < 2
5 37 Kilgm) < Cllgm?,

from which one can easily deduce (5.32). The previous bound is obtained thanks to the
estimates (5.28), (5.29), (5.30) and (5.31). Precisely, we state the following preliminary result.

Lemma 5.2.4. We have the bounds

L 1d

(@) 5 Elgmll* + ElIDgm|* < XEQ1(lgm, [1Dgmll IVagm s IDVagmll, | D?gml1),

. 1d

(i) 5 EIVegml®+EIDVagm|* < NEQa(llgmll, | Dgmll, [V agmll, |1 DV agm I, [|D?gim ),

. 1d
(i) 5 Z Bl Dgml|* + Bl D*gm|* < Bl Dgm [ Ve gon |
ANEQs(|gm I, 1Dgml, I Vagmll, I1DVagmll, | D*gml),

. d
(iv) —B{Vagm: Dgm) + ElIVegm|?* < 2B DVogm | D?gim| + NE[ Dgm [[IV g |
AN EQu(lgm s 1 Dgm s IVagm ll, 1DV agmll, 1D gml)),

where the Q;, i € {1,...,4}, are quadratic forms on R® whose coefficients depend only on
N. Furthermore, these quadratic forms satisfy the following property: if € > 0, there exists
A*(N,e) > 0 and C(N) > 0 such that for all t € [0,1], (z1,22,73,74,75) € R®> and X\ < \*,
each of the quantities

)\2Q1(x1a xQ,.’E37.’E47$5)7 )\2t3Q2((E1,.’E271C37£E4,{E5),
)\QtQ3($1; (13‘2756'3,1'47.’175)7 )\2t2Q4(I‘1,$2,.’I]37$4,IE5),

are bounded by
Cx} + exd + et?x3 + 323 + eta?.

Proof. Note that the bounds (7), (i), (#4) and (iv) are respectively obtained from the esti-
mates (5.28), (5.29), (5.30) and (5.31). It only remains to prove that the quadratic forms Q;,
i € {1,...,4} satisfy the announced property. We focus on the cases of @1 and Q2; the others
are justified by the same method.

Study of Q1. Thanks to (5.28), the quadratic form @, is given by

2 2
Q1($17x2,$3,x4,$5) = le + L.

As a consequence, if € > 0, we can choose A small enough to ensure that A>Q1 (x1, z2, 23, T4, Ts5)
is bounded by Cx? + ex3 + et?a3 + et®ax] + eta?.
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Study of Q2. With (5.29), the quadratic form Q2 is given by

N 1
Qa2(1, 22,3, 24,%5) = ?xf + 5%% + N3 + 25 + 2Nzy23 + 2V Nxzizs + 2V Nwoxs + 2x024.

We now work on each term of the quantity t3Q,. We recall that ¢ < 1. As a result, concerning

the four first terms,

N 1 N 1
Et?’x% + §t3w§ + Nt*23 + 327 < Ex? + ixg + Nt?2z2 + 1322

For the fifth term, we use t < 1 and the inequality 22y < 2 + y? to obtain
INBz 23 < 2Ntz zs < Nm% + NtQ:Eg.
Finally, we handle the three remaining terms similarly:
2\/]vt3x1x4 < 2\/Nt3/2x1:r4 < \/Nx? + \/Nt3x4,
2\/]vt3x2x3 < 2\/Ntx2m3 < \/ng + \/Nt2m§7

23 xoxy < 2t3/2a:2x4 < x% + tgmi.

To conclude, if € > 0, using the bounds above, one can choose A small enough to ensure that
N2t3Qo (21, o, T3, T4, 75) is bounded by Cx? + ex3 + et?a2 + et3x3 + etz2. This concludes the
proof. U

We now have all in hands to conclude the proof of Proposition 5.2.3. We compute, thanks to
Lemma 5.2.4,

1d
3 oKe(gm) < E{ = (k= b)IDgm|* = at’|| DV agm|* = bt| D* g |* = (¢ = 30)t*|[Vogum®

+ (bt + Net? + 4¢t) [V agl| Dgunl| + 262 DV g || D2gon ]

+ AQE {{le + at3Q2 + thi% + Ct2Q4}(||gm||v ||ng||, ||vmgmH; ||szgm||> ||D29mH) .
(5.34)

We first focus on the behaviour of the deterministic part of the right-hand side, obtained when
A =0. We set

1
k:2(10+N)2+6—|—§, a==, b=6, c=1, (5.35)

and prove that for this choice of the constants k, a, b and ¢ we have

= (k= ))[[Dgmll* = at® | DV g |* = bt| D guul|* = (¢ = 30)?|| Vo gm *
+ (bt + Net® + 4et) [ Vagm | Dgml| + 2¢t* | DV gl D? gl

1 3 2
< _= 2 _ b 2 _ 2 2 _ b 2 .
< —51Dgul? = G IDVegul = 1D gull” = S Vagual”. (5.36)

Thanks to (5.35) and Nct? < Nct for t < 1, the left-hand side of (5.36) is bounded by

t3 t2
- (2(10 + N)2 + 1/8)Hng”2 - Z”-szgm”2 - 6t||-D29m||2 - ZHvxgm||2
+ (10 + N)t[Vegml | Dgmll + 26| DV o gm || D?gimll.  (5.37)
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vy?

Furthermore, using the Young inequality fxy < % +=

, we have the bounds
t2
(10 + N)t[[Vagm |1 Dgml|| < gll%gmll2 +2(10 + N)?|| Dgn,

t3
2t2||Dv:c9m||||D29m” < gHDvamW + 5tHD29mH2a

from which we immediately deduce that (5.37) is bounded by the right-hand side of (5.36),
hence (5.36). Concerning the stochastic part in (5.34), we use Lemma 5.2.4 to obtain, for all
e > 0, some constants A*(N,e) > 0 and C(IN) > 0 such that for all ¢ € [0,1] and A < \*,

NE [{le +at’Qa + 0tQs + ct?Qu}(lgmll, 1 Dgm |, | Vagml, 1DV agimll, 1D gun )

< (k+a+b+c)E|Clgnl? + el Dgml® + et?|[Vagm|® + et® [ DV ogmll* + t| D g 1? |-
(5.38)

We recall with (5.35) that k4 a + b+ ¢ is a constant depending only on N. As a consequence,
plugging the bounds (5.36) and (5.38) in (5.34) and choosing € > 0 sufficiently small, we deduce
that there exists A*(N,e) > 0 and C(N) > 0 such that for all ¢t € [0,1] and A < A*,

1d

= < 2 .
ZthK:t(gm) < CE|gmll (5.39)

We point out that, assuming that A < A* < 1, we deduce from (5.28) and Gronwall’s lemma
that )

sup Elgm (8)]* < e VE| gin*.

t€[0,1]

As a consequence, we integrate (5.39) and use the previous bound to obtain, for ¢ € [0, 1],
EK:(gm) < CEHgin”27

for some constant C(N) > 0. Finally, the bounds (5.32) are a consequence of the bound (5.33)
and the fact that the condition ¢? < ab is satisfied by (5.35). This concludes the proof of
Proposition 5.2.3.

5.2.5 Hypocoercive estimates

In this section, we derive hypocoercive estimates on the approximate solutions (g, )m. In
particular, it provides uniform energy estimates which are necessary to prove that a subsequence
of (gm)m indeed converges to a solution of our problem (5.6). Note that these hypocoercive
estimates remain valid for g by passing to the limit, see Section 5.2.6.

Closure of the estimates for the exponential damping

The proof of these hypocoercive estimates relies on the bounds (5.28), (5.29), (5.30) and (5.31)
of Section 5.2.3. In order to obtain an exponential damping, we need to estimate each terms
in the right-hand side of those equations by terms figuring in the left-hand side of one of them.
This is not the case for the time being since the quantity ||g,.| appears in some right-hand
sides. Our first step is to correct this defect. To do so, we recall with (5.12) that

g1 < | Megmll* + | Dgum .

As a consequence, it suffices to estimate the term ||I1;g;,||. Denote by

Iof = O f(z,v)dz, T+ =1, —1I,
N



146 Chapter 5 — Invariant measures for a stochastic Fokker-Planck equation

the orthogonal projections on (1 ® gp) and (1 ® qo)* respectively, where

1® qo(x,v) := qo(v).

We decompose Ilyg,, = l:I_J-gm + Ilg,, and use the Poincaré-Wirtinger inequality to get an
estimate on the first part II*g,,:

Hf||2L2(’]I‘N) < CpWHwaHQL?(’]I‘N)v (5'40)

for all f € H'(TY) satisfying

/ f(z)dz = 0. (5.41)
TN

Since It g, satisfies the cancellation condition (5.41), we obtain indeed, by integrating (5.40)
with respect to v,

”ﬁJ_gm”2 < CpWHV-@ﬁLng = CpW”vzgmHz-

The remaining term IIg,, is constant in time: we have IIg,, = pgg/\/t% where p7 := [[ gmM%
is independent on t. To sum up,

lgm1* < 1DgmlI* + Con[Vagml® + 102 |- (5.42)

Using this bound, we write successively the estimates that we obtain from the bounds (5.28),
(5.29), (5.30) and (5.31) of Section 5.2.3.

First estimate. There exists a constant K1 (Cphw, N) > 0 such that

1d .
5 2 Elgm |2 + Bl Dg > < N KE [ Dgin | + Va1 + 612 7] (5.43)

Second estimate. There exist a constant Ko (Cpy, N) > 0 and some quadratic form By on
R* such that

1d m
S TEIVagnl? + EIDVagnl® < KoNEBs(I1Dgnll. [Vagmll: [DVagnll o). (5.44)

Third estimate. There exist a constant K3(Cpw, N) > 0 and some quadratic form Bj on
R® such that

1d
iaE”ngIP + EHD2gm|l2 < E“vxgm”HngH

+ KaN*E By (1Dl [V 9mll, 1DV gull, | D29l 10221) . (5.45)

Fourth estimate. There exist a constant K4(Cpw, N) > 0 and some quadratic form By on
R® such that

d
3 EVagm, Dgm) + E|Vogml|* < 2E| DVagmll| D* gl + NE[ Dgun |l Vogmll

KAXE By (|Dgnl, 1V agin | I DV g, 1D g, 021) - (5.46)
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Final estimate

Let a, B, v be some positive coefficients that we will choose later and set
F(g) = llglI* + @l Vagl* + Bl Dgl* + 24(V.g, Dg).

Note that, if v? < af3, then, using the Young inequality 2yab < pwaz—i—%bQ with p = % (% + %),

we obtain ) )

af —vy af — vy
28 af + 72

It follows, by (5.27), that for a good choice of the coefficients, we have the following equivalence:

Flg) = llgll* + IVagll* + 5 IDg]l*.

Cillglzz , < Flo) < CallgllZe (5.47)

for some constants C7, Co > 0. More precisely, we obtain (5.47) under the hypothesis
)

by 1

af++v* N

Besides, adding (5.43), (5.44), (5.45), (5.46), we have the estimate

7 <aB, B (5.48)

1d
5 EF(gm) < E[ — 1Dgm|* = &l DV g ® = BID*gm1* = YV agmll?

2dt
+ (B + NNIVegml | Dgmll + 27| DV o gim IIngmII]

+ KNEB(IDgu . IV g, 1DV g, | D2l 1021 ), (5.49)

for some constant K which depends on K;, i € {1,...,4}, and some quadratic form B on R®
depending on the quadratic forms By, B3 and B; and whose coefficients depend on «, 8 and
~v. Now, we let & = 8 = 2y and -y small enough such that

(i) (2y+Ny)?*<v, (i) ~<5/(6N). (5.50)

Note that o = 8 = 2y and (5.50) — (ii) ensures that (5.48) holds. Furthermore, o = 8 = 2~
also gives
af > 4y%. (5.51)

As a result, (5.51) and (5.50) — (i) gives that for all p, ¢ ,~ and s € R,

1 o 2vs 2 1
(v— (B+N9)?) ¢ + 2(r—a> + Las-1?)s >0

(p— (B+Nv)g)? + 3 %

N | =

Expanding this estimate exactly gives, for all p, ¢ ,r and s € R, the following bound

1 «
(B+Ny)pg+2yrs < 5p*+ %Cf +ort 252-

We deduce from (5.49) and the previous bound applied to p = || Dgmll, ¢ = [|Vagmll, r =
| DV 2gm|| and s = || D?g,,|| the estimate

1d 1
i < _ 2 _ 2 _ 2 2 2
3 EF(gn) < 5E[ ~ [1Dgnl? = &l DVognll? = B1D%gnll? = 21V

+ KNEB(|Dgull, [V2gmll, IDVagnl 1D, |o2]). (5.52)
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Now, «a, 8 and 7 being fixed as above, we take A small enough, say A < A, such that for all p,
q,r,sand p € R,
B

1 e}
< fp2+lq2+77°2+752+0p2

K)\2B
(p7q,7°>3»P) — 4 4 4 4

for some constant C' > 0. Using this estimate in (5.52) yields

1d
5 EF (gm) < CEIPLI = ¢ (| Vagm|* + B Dgnl* + B Dg* + EI DV agim)

for some positive constants C, ¢ > 0 depending on Cp, and N only. Note that Ay also depends
only on Cpy, and N. By the formula | D* f[|? = ||[Df||? + N| f||* and (5.42), this gives

1d
5 5 BF(gm) < CE = ¢ (Bllgnl2y | +EID?gn? + EIDVagnl?),  (5.53)
for some constants C, ¢ > 0. By integrating in time from to > 0 to t > ¢ the bound (5.53) and
using (5.47), we deduce the first estimate (5.15) for g = g,,. Furthermore, (5.53) and (5.47)
imply the bound

1d )
= < m |2 _ .
5 g 7 (gm) < CElp[” — BF (gm)

If ty > 0, it follows that the function ¢(t) := e?***F(g,) — CE|pT|?c~1e?¢t defined on [tg, +00)
satisfies ¢’ < 0 so that we deduce, for ¢t > tq,

CElps|2\  CE|pos|?

EF(gn) < 0 (BF (g (o)) - =LY 4 CEL
E 2
< R (g (1) + T

Thanks to (5.47), this exactly yields the hypocoercive estimate (5.16) for g = g,,,. To conclude,
the estimates (5.15) and (5.16) remain valid for g by passing to the limit m — +oo, a procedure
which we give in detail now.

5.2.6 Proof of Theorem 5.2.1

In this section, we conclude the proof of Theorem 5.2.1.

Ezistence. Let T > 0. We use the estimate (5.28) and assume that A < 1 to obtain uniform
estimates on g,,, in L>(0,T; L*(; L2 ,,)) and on Dgy, in L*(Q2x (0,T); L2 ,) by some quantities
depending on N, T, and the norm E||gis]|>. As a consequence, (g, ). admits a subsequence
(still denoted (g, )m) such that

gm — g in L*(Q x (0,T); wa)

where g, Dg € L*(2x (0,T); L2 ,). From (5.18) and the uniform estimates on the approximate
solutions gy, in L>(0,T; L*(€; L2 ,)), we can deduce (using Ascoli’s Theorem and a diagonal
argument) that there is a further subsequence of (g, ), such that for all ¢ € [0,T7,

gm(t) = g(t) in L*( L3 ).
In particular, g € Cy,([0,T]; L*(€%; L2 ). We now have all in hands to pass to the limit m — oo

in (5.18). We deduce the existence of a solution ¢ satisfying the points (¢), (#¢) and (iii) of
Theorem 5.2.1.
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Uniqueness. The uniqueness of the solution is a consequence of the fact that, if g is a
solution of our problem in the sense of (i), (i7) and (¢i¢) of Theorem 5.2.1, then g satisfies the
following energy estimate

ld

S Bl +EIDgll* < XE[|Dg|* + Mgl (5.54)

Indeed, since A\ < 1, (5.54) immediately gives, with Gronwall’s lemma, that a solution with
initial condition gi, = 0 is zero in L>(0,T; L*(Q; L2 ,)) for every T' > 0. Hence the uniqueness
by linearity of the problem. So let us explain why the estimate (5.54) holds true if ¢ is a
solution of our problem in the sense of (¢), (i4) and (#ii) of Theorem 5.2.1.

Assume for the time being that v - V,g € L*(Q x (0,7); L2 ). Then take ¢ = ey in (iii) of
Theorem 5.2.1, compute (g(t), ex)? thanks to the Itd formula, and sum over k € N to obtain
exactly (5.54). This computation makes sense thanks to the regularity of g given by (i) in
Theorem 5.2.1: g € Cy([0,T]; L*(Q; L2 ) and Dg € L*(Q x (0,T); L2 ), and thanks to the

fact that the term fot (v-Vzg(s), g(s)) ds is well defined and equals zero by the skew-symmetry
of the transport operator.

Now, in the general case when v - Vg does not belong to L*(Q x (0,T); L2 ,), we regularise in
space and truncate in velocity the solution g. Let us sketch the main ideas. Let p € C°°(T)
such that p > 0 and [;n p =1 and © € C°(RY) such that supp(©) C {|v| < 2} and © =1
in {Jv| < 1}. For any € > 0, we introduce p*(z) := e Vp(e~1z), x € TV and ©°(v) := O(ev),
v € RN, Finally, we consider g° := ©°p° x g. We recall the equation satisfied by ¢

dg+v-Vygdt —AD*godW; = —D*Dg dt.
As a consequence, g° satisfies
dg® +v-V,yg° dt — O%p° x [AD*g ©dW;] = —D*[0%p° x Dg] dt 4+ r°dt (5.55)

with
7= Vi[O % g] — ©°p° % [v- V,g| + D*[O°p° x Dg| — ©°p° x [D* Dy].

We multiply Equation (5.55) by ¢°; the transport term disappears. Now we let ¢ — 0. We
use g € Cy([0,T); L*(Q; L2 ,)) and Dg € L*(2 x (0,T); L2 ) to justify the limit & — 0 of all
the terms except the one with 7. The latter vanishes: we apply the commutation lemma of
DiPerna, Lions, see [DL89, Lemma II.1.] Finally, at the limit, we recover (5.54) for the solution
g.

Properties of the solution g. The fact that the quantity p(g) is constant in time is straight-
forward. We now explain how to obtain the regularisation bound (5.14) and the estimates (5.15)
and (5.16). They are proved using the corresponding bounds we derived on the approximate
solutions g,,, that is (5.32) of Proposition 5.2.3 and the estimates obtained in Section 5.2.5.
These estimates on g, give in particular uniform energy bounds which, by considering a weakly
converging subsequence in appropriate spaces and using the lower semi-continuity of the norm,
allow us to pass to the limit m — oo in the estimates on the approximate solutions g,,.

This ends the proof of Theorem 5.2.1.

5.3 Invariant measures

In this section, we prove the following result about existence and uniqueness of an invariant
measure to the problem (5.6).
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Theorem 5.3.1. Suppose that hypothesis (5.2) is satisfied and let gy, € wa. We assume
A < Ao where A is introduced in Theorem 5.2.1. For w € R, we introduce the space

Xy = {g S Li,m //g./\/l% = w}

Then, for any w € R, the problem

dg + v-Vag dt + )\(Vv—g>g ®dW, = Lg d,

g(O) = Gin;, (Pw)
ff ginM% = w,
admits a unique tnvariant measure on X,,.

Proof. We fix w € R and ¢y > 0. We suppose that A < Ag.
1
Proof of existence. Let gy, € Li,v such that [[gnM2 = w. We consider the unique

solution g to the problem (P,,) given by Theorem 5.2.1. First of all, using the regularisation
result (5.14) of Theorem 5.2.1, we deduce that there exists a constant C(N,ty) > 0 such that

Ellg(to)lzz, , < CEllginl|*. (5.56)

We also recall the hypocoercive estimate (5.16) of Theorem 5.2.1: for ¢ > tg, we have
Elg(0)l3s,, < Ce " Elg(to)  + KE|os(9)]>

It implies, with (5.56),

sup Elg@®)l7s, < CEllgml® + Kuw?. (5.57)
2to ’

In the sequel, if X is a random variable, we denote by £ (X) its law. We introduce, for any
T > 0, the probability measures (u7)rso on wa defined by

1 to+T

nri= | Z(g(t)) dt.

We show that the sequence (ur)rso is tight. Since the embedding LQV’D C L2, is compact,
for any R > 0, the set
Ki={f € Ly, |fl1s , <R}

is compact in Li,w Furthermore, we have, thanks to Markov’s inequality and (5.57),

1 to+T

pr(Kg) = T ), P(lg(®) 2, , > R)dt

1 to+T )
< g [ Ela®lEs

to

< CE|lgin||* + Kw?).

1
ek
This easily implies that the sequence (ur)r>o is tight. By Prohorov’s Theorem, we obtain
that (ur)r=o admits a subsequence (still denoted (pr)7r>0) such that ur converges to some
probability measure y on wa as T — oo. Furthermore, it is classical to show that this limit
measure 4 is indeed an invariant measure for the problem (P,), see for instance [DPZ08,
Proposition 11.3].
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Proof of uniqueness. To conclude, we prove uniqueness of the invariant measure. Let puq
and p2 be two invariant measures of the problem (P,,). We choose giy 1 and giy 2 two random
variables with respective laws p; and po and denote by g; and go the solutions to (P,,) with
respective initial conditions giy,1 and gin,2. We introduce

r(t) == g1(t) — g2(t), t=0.

Thanks to the regularisation result (5.14) of Theorem 5.2.1, we deduce that there exists a
constant C'(N,tp) > 0 such that

Ellr(to)32, , < CElgin |1 + CEllgin | (5.58)
Using the hypocoercive estimate (5.16) of Theorem 5.2.1, we have, for ¢ > ¢,
Elr(t)l3,,, < Ot Or(to)|3 , + KE|ps(r)]
With (5.58) and the identity poo(r) = poo(gin,1) — Poo(gin,2) = w —w = 0, it implies, for ¢ > ¢,
Elrtlzz , < Ce 1) (El|gin,1[|* + El gin,2||*)-
Note that, with (5.9), we have & || f[|> < \\f||2L%D so that we finally deduce
Elr@))* < Ce™*) (El|gin1[|* + Ellgina|*)- (5.59)

To conclude, we take a Lipschitz continuous function ¥ : L2 , — R and write, thanks to the
Cauchy-Schwarz inequality, for any ¢ > tg,

[ {1 = 12, @) [ = [E[W(g1(£)) — W(g2(t))] ”
< 12| Ellr ()1,

from which we deduce, using (5.59) with ¢ — oo, that p1 = uo. O
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Résumé

Cette thése présente quelques résultats dans le domaine des
équations aux dérivées partielles stochastiques. Une majeure
partie d’entre eux concerne I'étude de limites diffusives de
modeles cinétiques perturbés par un terme aléatoire. On présente
également un résultat de régularité pour une classe d’équations
aux dérivées partielles stochastiques ainsi qu’un résultat
d’existence et d'unicité de mesures invariantes pour une équation
de Fokker-Planck stochastique.

Dans un premier temps, on présente trois travaux d’approximation-
diffusion dans le contexte stochastique. Le premier s’intéresse au
cas d’une équation cinétique avec opérateur de relaxation linéaire
dont I'équilibre des vitesses a un comportement de type puissance
a linfini. Léquation est perturbée par un processus Markovien.
Cela donne lieu a une limite fluide stochastique fractionnaire. Les
deux autres résultats concernent I'étude de I'équation de transfert
radiatif qui est un probléme cinétique non linéaire. Léquation
est bruitée dans un premier temps avec un processus de Wiener
cylindrique et dans un second temps par un processus Markovien.
Dans les deux cas, on obtient a la limite une équation de Rosseland
stochastique.

Dans la suite, on présente un résultat de régularité pour les
équations aux dérivées partielles quasi-linéaires de type
parabolique dont la partie aléatoire est gouvernée par un
processus de Wiener cylindrique. Enfin, on étudie une équation
de Fokker-Planck qui présente un terme de forgage aléatoire régi
par un processus de Wiener cylindrique. On prouve d’'une part
l'existence et I'unicité des solutions de ce probléme et d’autre part
l'existence et l'unicité de mesures invariantes pour la dynamique
de cette équation.

Mots-clés

Equation aux dérivées partielles stochastiques, approximation
diffusion, limite de diffusion, limite fluide, limite hydrodynamique,
méthode des fonctions test perturbées, développement de Hilbert,
lemme de moyenne stochastique, régularité d’équations aux
dérivées partielles quasi linéaires de type parabolique, mesures
invariantes, équation de Fokker-Planck.
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Abstract

This thesis presents several results about stochastic partial
differential equations. The main subject is the study of diffusive
limits of kinetic models perturbed with a random term. We also
present a result about the regularity of a class of stochastic
partial differential equations and a result of existence and
uniqueness of invariant measures for a stochastic Fokker-
Planck equation.

First, we give three results of approximation-diffusion in a
stochastic context. The first one deals with the case of a
kinetic equation with a linear operator of relaxation whose
velocity equilibrium has a power tail distribution at infinity. The
equation is perturbed with a Markovian process. This gives rise
to a stochastic fluid fractional limit. The two remaining results
consider the case of the radiative transfer equation which
is a non-linear kinetic equation. The equation is perturbed
successively with a cylindrical Wiener process and with a
Markovian process. In both cases, we are led to a stochastic
Rosseland fluid limit.

Then, we introduce a result of regularity for a class of quasi-
linear stochastic partial differential equations of parabolic type
whose random term is driven by a cylindrical Wiener process.
Finally, we study a Fokker-Planck equation with a noisy force
governed by a cylindrical Wiener process. We prove existence
and uniqueness of solutions to the problem and then existence
and uniqueness of invariant measures to the equation.

Keywords

Stochastic partial differential equations, approximation
diffusion, diffusive limit, fluid limit, hydrodynamic limit,
perturbed test functions method, Hilbert expansion, stochastic
averaging lemma, regularity of quasi linear stochastic partial
differential equations of parabolic type, invariant measures,
Fokker-Planck equation.
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