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2!"#/%.5,'("1 *% 2!?@A; *,1/ 2% &"1'%='% *% 2!B@A9 C1 .,(/"1 *% 2!"#/%.5,#(2('0 1"1D

61()".4% *6 /7/'34% &"1/(*0.0; 2%/ 40'+"*%/ %=(/',1'%/ *,1/ 2, 2(''0.,'6.% 1% -%65%1'

-,/ E'.% ,--2(F60%/ -"6. &"1&%5"(. 61 "#/%.5,'%6. ,/74-'"'(F6%4%1' /',#2%9 :"6.

&%''% .,(/"1; 1"6/ -."-"/"1/ 61% 1"65%22% &"1&%-'("1 *% 2!"#/%.5,'%6. %' 4"1'."1/

F6% 1"'.% "#/%.5,'%6. %/' %1&".% 5,2,#2% *,1/ 2% &,/ /(1862(%.9  !,1,27/% *% 2, /',#(2('0

*% 1"'.% "#/%.5,'%6. %/' -."650% %1 6'(2(/,1' *%/ "6'(2/ -"6. 2%/ /7/'34%/ 2(10,(.%/

&"446'0/9 G%2, 1"6/ , 4"'(50 > 8010.,2(/%. &%''% 40'+"*% *% 2!"#/%.5,'("1 > 61%

&2,//% -,.'(&62(3.% *% /7/'34%/ 1"1 2(10,(.%/ /(1862(%./ ,5%& 61% /".'(% /&,2,(.%; &% F6(

&"1/'('6% 2!"#$%&'() -.(1&(-,2 *% 2, :,.'(% H9 C1I1; 1"6/ -."-"/"1/ 61% /71'+3/% *%/

'.,5,6= &"11%=%/ %=(/',1'/ %' .0/64"1/ 1"/ &"1'.(#6'("1/9

 !" #$ %&%'()% '*+,-.$+ -%$.$+ /% )0123

 !"!" #$%$&' () *+%,-./0

G"44% (1*(F60 *,1/ 2% &+,-('.% -.0&0*%1'; 61% &%.',(1% &"11,(//,1&% *% 2!(1'%.D

),&% *% )."''%4%1' -1%6D."6'%; &"44% 2, &,.,&'0.(/'(F6% *6 -1%6 "6 2!?@A; %/' 10&%/D

/,(.% > 2, &"1&%-'("1 *%/ /7/'34%/ *% &"1'.J2% -"6. 2!B@A9 K% 1"4#.%6/%/ ,--."&+%/

*(L0.%1'%/ -"6. 2!(*%1'(I&,'("1 *% &%''% (1'%.),&% "1' 0'0 -."-"/0%/ *,1/ 2, 2(''0.,D

'6.%9 :,.4( %22%/; 61% %/'(4,'("1 *% 2!?@A #,/0% /6. 2, 40'+"*% *%/ 4"(1*.%/ &,..0/

%1 2(81% -"6. 61 4"*32% *% *0&020.,'("1 *% 2, ."6% , 0'0 -.0/%1'0% *,1/ MN1" OPPQR9

K,1/ &% '.,5,(2; *%6= +7-"'+3/%/ *02(&,'%/ /"1' ),('%/ 2"./ *% 2!%=,4%1 *6 4"*32% *%

2!,&&020.,'("1 *% 2, ."6%9 S"6' *!,#".*; 2!?@A %/' &"1/(*0.0 &"44% 61% &"1/',1'%9

K%6=(34%4%1'; (2 %/' /6--"/0 F6% 2, *71,4(F6% *6 50+(&62% 05"26% #%,6&"6- -26/

2%1'%4%1' F6% &%22% *% 2, ."6%9 B6'.%4%1' *('; 2, 5('%//% *% 2, ."6% vx %/' &"1/(*0D

.0% &"44% &"1/',1'%9 T"6/ -"65"1/ *"1& 0&.(.% 2% 4"*32% *!,&&020.,'("1 *% 2, ."6%



 ! "#$%&'() *+ ,-'(./01'&.- 2 3$ 4$('&) , 5 67.89)(:$'&.- /)9 9;9'<=)9 9&->03&)(9

0'&3&9? /$-9 @A-. *BBCD %$( 3) E.(=03$&() 1&5/)99.09

dz1
dt

= −
a

vx
z1z2 + bu,

dz2
dt

= 0

F*+ G

.H b = R/I )' u = dTw/dt /?9&>-) 3$ /?(&:?) /0 1.0%3) /) 1.==$-/) $%%3&I0? 2

3$ (.0)+ 6)9 :$(&$83)9 /7?'$' 9.-' /?J-&)9 1.==) z1 = Rdω/dt )' z2 = µ′(λ)+ 6$

($&9.- %.0( 3$I0)33) -.09 -.09 &-'?()99.-9 2 F*+ G )9' I0) 1)'') /;-$=&I0) %)0' K'()

.8')-0) /&()1')=)-' 2 %$('&( 3$ /;-$=&I0) F +LG %(?9)-'?) /$-9 3$ 9)1'&.- %(?1?/)-')+

M& -.09 ()=%3$N.-9 z1 )' z2 /$-9 3$ /)0O&<=) ?I0$'&.- /) F +LGP -.09 .8')-.-9 3$

/;-$=&I0) F*+ G+

Q.09 1.-9&/?(.-9 =$&-')-$-' 3) %(.83<=) /) 37)9'&=$'&.- /) 37RSMP I0& -) %)0'

%$9 K'() =)90(?)P /$-9 F*+ GP 2 1.-/&'&.- I0) 37$11?3?($'&.- /) 3$ (.0) z1 9.&' =)5

90($83)+ T$-9 3$ '#?.(&) /0 1.-'(U3)P 3.(9I0) 3) =./<3) /70- 9;9'<=) %#;9&I0) )9'

8&)- 1.--0 )' 3)9 =)90()9 -) 9.-' %$9 1.((.=%0)9 %$( 0- #$0' -&:)$0 /) 8(0&'P &3

)9' %.99&83) /) 1.-9&/?()( 0-  !"#$%&'#($ )*+'&' $J- /7)9'&=)( 3)9 ?'$'9 /0 9;9'<=)

)- 0'&3&9$-' /)9 =)90()9 /) 37)-'(?) )' /) 3$ 9.('&) /0 9;9'<=) (?)3+ 6) =./<3) /)

37.89)(:$')0( /7?'$' )9' )- E$&' .8')-0 )- 1.%&$-' 1)30& /0 9;9'<=)+ 4$( $&33)0(9P 0-

')(=) 1.(()1'&E /):($&' K'() $V.0'? 2 3$ /;-$=&I0) /) 37.89)(:$')0( $J- /7$V09')( 9$

:&')99) /) 1.-:)(>)-1)+ 67RSM )9' 370-) /)9 :$(&$83)9 /7?'$' /) F*+ GP 1) I0& 9.03<:)

3$ %.99&8&3&'? /) 1.-9'(0&() 0- .89)(:$')0( /7?'$' %.0( )9'&=)( 37RSM+

 !"! #$ %&'()*+ ,-),).&+

W-) =?'#./) 13$99&I0) %.0( .89)(:)( 0- 9;9'<=) -.- 3&-?$&() )9' /) 1.-9'(0&()

0- .89)(:$')0( 2 >$&- ?3):? @S.(-$(/  XX DP @Y$0'#&)(  XX*D )' @Y$0'#&)(  XXZD+ M& 3)

9;9'<=) -.- 3&-?$&() )9' 0-&E.(=?=)-' .89)(:$83)P 1) I0& 9&>-&J) I0) 37.89)(:$8&3&'? -)

/?%)-/ %$9 /) 37)-'(?) /) 1.==$-/)P 1) 9;9'<=) %)0' K'() '($-9E.(=? )- 0-) E.(=)

9%?1&$3) $%%)3?) 3$ E.(=) /7.89)(:$8&3&'? 0-&E.(=) @Y$0'#&)(  X! D+ W- .89)(:$')0(

2 >$&- ?3):? %)0' K'() /?(&:? 2 %$('&( /) 1)'') E.(=) -.(=$3) )' ()'($-9E.(=? $0O

1..(/.--?)9 &-&'&$3)9 /0 9;9'<=) -.- 3&-?$&()+ Q.')[ I0) 37.89)(:$8&3&'? 0-&E.(=) )9'

3) %.&-' 13? %.0( 37$%%3&1$'&.- /) 1)'') =?'#./) )' )- E$&' /) -.=8()09)9 $0'()9

=?'#./)9+ W-) /)91(&%'&.- %309 /?'$&33?) /) 1) /)(-&)( %.&-' 9)($ %(?9)-'?) %309 '$(/

/$-9 3$ M)1'&.- *+*+C+

40&9I0) F*+ G -7)9' %$9 0-&E.(=?=)-' .89)(:$83) 3.(9I0) z1 = 0 F:.&( M)15

'&.- *+*+CGP -.09 -) %.0:.-9 %$9 $%%3&I0)( 3)9 =?'#./)9 13$99&I0)9 %.0( 37.89)(:)(+

4.0( 1)'') ($&9.-P -.09 %(.%.9.-9 /) 1.-9'(0&() /&()1')=)-' 37.89)(:$')0( 1&5/)99.09



 !"! #$ %&%'()% '*+,-.$+ -%$.$+ /% )0123 "4

5.67 689 : !";

dẑ1
dt

= −
a

vx
z1ẑ2 + bu+ k1(z1)

z1
vx

(z1 − ẑ1)

dẑ2
dt

= k2(z1)
z1
vx

(z1 − ẑ1),

: ! ;

*< ẑ = (ẑ1, ẑ2)
T
%6+ )07+.+ /% )0*56%9-.+%89 %+ K = (k1, k2)

T
%6+ )% =.,$ /% )0*56%9-.+%89!

>*86 /7?$,66*$6 )0%99%89 /% )0*56%9-.+%89 e = z− ẑ %+ 6*86+9.@*$6 : ! ; /% : !"; (*89

*5+%$,9 ). /@$.',A8% /0%99%89 /% )0*56%9-.+%89 68,-.$+%

de

dt
=

z1
vx

(
−k1(z1) −a

−k2(z1) 0

)
e. : !B;

C) @ . /%8& 9%'.9A8%6 ,'(*9+.$+%6 /.$6 ). /@$.',A8% /% )0*56%9-.+%89 : ! ;! D.

(9%',E9% 9%'.9A8% %6+ A8% : ! ; %6+ '8)+,(),7 (.9 8$ +%9'% z1/vxF 6.8G ). H*''.$/%!

D. 9.,6*$ (9,$H,(.)% %6+ A8%F (*89 8$ +%) *56%9-.+%89F )% HI+7 /9*,+ /% ). /@$.',A8%

/0%99%89 /% )0*56%9-.+%89 : !B; %6+ 7=.)%'%$+ '8)+,(),7 (.9 z1/vx! C) %6+ ,'(*9+.$+

/% 6*8),=$%9 A8% 6, )% HI+7 /9*,+ /% : !B; %6+ /,-,67 (.9 z1/vxF ). /@$.',A8% : !B;

/%-,%$+ /*$H ),$7.,9%! >*86 -%99*$6 ()86 +.9/ A8% ). ),$7.9,6.+,*$ /% : !B; (%8+ J+9%

*5+%$8% -,. 8$ HK.$=%'%$+ /% )07HK%))% /% +%'(6F H% A8, 6,'(),?% H*$6,/79.5)%'%$+

)% H.)H8) /%6 =.,$6 /% )0*56%9-.+%89 (*89 )%6A8%)6 : !B; %6+ .6@'(+*+,A8%'%$+ 6+.5)%!

D. 6%H*$/% 9%'.9A8% %6+ A8% )% =.,$ /% )0*56%9-.+%89 K /*,+ J+9% HK*,6, %$ G*$H+,*$

/8 6,=$% /% z1! #$ HK*,& (*66,5)% %6+

ki(z1) =

{
k+

i 6, z1 > 0

k−

i 6, z1 < 0.
: !L;

M*89 H*'(9%$/9% ). 9.,6*$ /% HK*,6,9 8$ =.,$ H*''8+7 (*89 )0*56%9-.+%89 +%) A8%

H,N/%6686F *$ 68((*6% A80,) %&,6+% 8$% H%9+.,$% '.+9,H% /% =.,$ /% )0*56%9-.+%89 K

.6689.$+ ). H*$-%9=%$H% .6@'(+*+,A8% /% )0*56%9-.+%89 : ! ; )*96A8% )0.HH7)79.+,*$ /%

). 9*8% z1 %6+ (*6,+,-%! D*96A8% z1 HK.$=% /% 6,=$%F ). /@$.',A8% : ! ; %6+ 7=.)%'%$+

'*/,?7%! 3, ). 'J'% '.+9,H% /% =.,$ K %6+ 8+,),67%F )0*56%9-.+%89 : ! ; (%8+ J+9%

,$6+.5)%! 1)*96F )% G.,+ /% HK*,6,9 K %$ G*$H+,*$ /8 6,=$% /% z1 $*86 (%9'%+ /07-,+%9

H% (9*5)E'% %+ )0*56%9-.+%89 %6+ /*$H H*$-%9=%$+F ,$/7(%$/.''%$+ /8 6,=$% /% z1!

>*86 ,$+9*/8,6*$6 )07HK%))% /% +%'(6

τ(t) :=

∫ t

0

|z1(σ)|

vx
dσ. : !O;

P.$6 H%++% $*8-%))% 7HK%))% /% +%'(6F )% 6@6+E'% : !B; (%8+ J+9% 7H9,+ 6*86 ). G*9'%



 ! "#$%&'()  * +,'(-./0'&-, 1 2$ 3$('&) + 4 56-78)(9$'&-, .)8 8:8';<)8 8&,=/2&)(8

.6/,  ! "#$% &'()*'+% ,-$$.") 0-<<) 8/&'

de

dτ
=





A+e =

(
−k+

1 −a

−k+

2 0

)
e 8& z1 > 0

A−e =

(
k−

1 a

k−

2 0

)
e 8& z1 < 0.

> *?@

A-')B C/) dt/dτ = |z1|/vx ≥ 0D &,.E%),.$<<),' .) 2$ 9$2)/( .) z1* ")'') %(-4

%(&E'E $88/() 2$ 0-,8)(9$'&-, .) 2$ 0-,9)(=),0) .) 26-78)(9$')/(D 0) C/& 8&=,&F) C/) 8&

26-78)(9$')/( )8' $8:<%'-'&C/)<),' 8'$72) .$,8 26E0#)22) .) ')<%8 τ D &2 )8' E=$2)<),'

$8:<%'-'&C/)<),' 8'$72) .$,8 26E0#)22) ')<%8 -(&=&,$2) t* G,) ')22) E0#)22) .) ')<%8 τ

)8' $%%)2E) +)/.&'#+% 8& 2$ H-,0'&-, 80$2$&() z1/vx ,) 86$,,/2) I$<$&8* J22) )8' $%%)2E)

 '(/.&'#+% 8& z1/vx %)/' .&8%$($K'()*

5-(8C/) 26E0#)22) .) ')<%8 )8' 8&,=/2&;()D 2$ .:,$<&C/) .6)(()/( .) 26-78)(9$4

')/( > *L@ )8' '-/I-/(8 9$2$72) .$,8 26E0#)22) .) ')<%8 -(&=&,$2) t )' E=$2) 1 BE(-

.$,8 0) 0$8* M 0)' &,8'$,'D ,-/8 .)9-,8 ,-/8 $88/()( C/) 26),'(E) .) 0-<<$,.) u )8'

.&NE(),') .) BE(- $F, .) (),.() 2$ .:,$<&C/) .) 26-78)(9$')/( '($,89)(8$2) $/ 8-/84

)8%$0) 0$($0'E(&8E %$( z1 = 0* J' 2) 8&=,) .) 2$ 0-<<$,.) .E0&.)($ .) 2$ .&()0'&-,

.) 2$ 0-<</'$'&-, ),'() 2)8 .)/O <$'(&0)8 A+ )' A−* P(Q0) $/ H$&' C/) 2) 0-/%2)

.) 0-<<$,.) .) H()&,$=) u .$,8 2)8 8:8';<)8 RST ,6)8' I$<$&8 E=$2 1 BE(- 2-(8C/)

26$00E2E($'&-, z1 .) 2$ (-/) )8' E=$2) 1 BE(-D 26-78)(9$')/( > * @ )8' '-/I-/(8 9$2$72)

%-/( )8'&<)( 2)8 E'$'8 .) > *U@*

 !"!# $% &'()* +,-

5) %(-72;<) C/& ()8') )8' .) '(-/9)( 2) =$&, .) 26-78)(9$')/( K(z1) C/& (),. 2)

8:8';<) $8:<%'-'&C/)<),' 8'$72)* PE,E($2)<),'D 26$,$2:8) .) 2$ 8'$7&2&'E .) 26-78)(4

9$')/( )8' )N)0'/E) 1 '($9)(8 0)22) .) 26)(()/( .) 26-78)(9$')/(* V, 0-,8'$') C/) > *?@

$%%$('&),' 1 2$ 02$88) .) 8:8';<)8 2&,E$&()8 0-<</'E8 $/'-,-<)8* W$,8 2$ 2&''E($'/()D

2)8 %(-72;<)8 .6$,$2:8) .) 2$ 8'$7&2&'E %-/( 2)8 8:8';<)8 0-<</'E8 8-,' %(&,0&%$2)4

<),' (E8-2/8 %$( 2)8 '#E-(;<)8 ./ ':%) 5:$%/,-9 X5&,  !!YZ* [-/')H-&8D 0)8 '#E-4

(;<)8 ,) %)/9),' %$8 \'() /'&2&8E8 %-/( %(-/9)( 2$ 8'$7&2&'E $8:<%'-'&C/) .) ,-'()

8:8';<) > *?@ )' 8)/2)<),' 2$ 8'$7&2&'E /,&H-(<) %)/' \'() -7'),/) XS$2.)  !!YZ* J,

)N)'D -, %)/' H$0&2)<),' '(-/9)( 2)8 0-,.&'&-,8 8/( 2) =$&, .) 26-78)(9$')/( K(z1)

.) ')22) 8-(') C/) 0#$C/) 8-/848:8';<) )8' $8:<%'-'&C/)<),' 8'$72) >0*1*4.* 2)8 .)/O

<$'(&0)8 A+ )' A− 8-,' .)8 <$'(&0)8 .) ]/(^&'B (E)22)8 .) .&<),8&-, 2×2@ * J,8/&')D

8)2-, XS$2.)  !!YZD -, .EF,&' υ(.) := [0,∞[→ {+,−} 0-<<) /,) H-,0'&-, .) 0-<4

</'$'&-, <)8/($72) )' -, .E0(&' > *?@ ), /'&2&8$,' υ(.) .$,8 2) H-(</2$&() 0&4.)88-/8



 !"! #$ %&%'()% '*+,-.$+ -%$.$+ /% )0123  "

!

de

dτ
= υ(s)A+e(τ) + (1− υ(τ))A−e(τ). 4 !56

7$89,+%: *$ /;<$,+ ). =*$>+,*$ Γ(A+, A−) := 1/2(tr(A+)tr(A−)−tr(A+A−)) *? tr(X)

/;8,@$% ). +A.>% /09$% '.+A,>% X! B.$8 )% CD;*AE'% " /% F2.)/%  GGHI: )%8 .9+%9A8

.$.)J8%$+ ). 8+.K,),+; /% 4 !56 (.A )0,$+%A';/,.,A% /% Γ(A+, A−)! L) %8+ =.>,)% /% -;A,<%A

M9% (*9A 4 !56: $*98 .-*$8 Γ(A+, A−) ≤ −
√

det(A+)det(A−) *? det(X) %8+ )% /;+%AN

',$.$+ /09$% '.+A,>% X! 1)*A8: 4 !56 %8+ 8*,+ $*$ K*A$; 8*,+ 9$,=*A';'%$+ 8+.K)%:

'.,8 (.8 9$,=*A';'%$+ .8J'(+*+,M9%'%$+ 8+.K)% 48%% F2.)/%  GGH: CD%*A%' "I6!

O;>%''%$+: >%A+.,$8 A;89)+.+8 /9 +J(% P.3.))% 89A ). 8+.K,),+; /%8 8J8+E'%8 ),N

$;.,A%8 >*''9+;8 *$+ ;+; (A*(*8;8 4FQ%8(.$D. "HHHI .$/ FQ%8(.$D.  GGRI6! P%8 (A*N

(A,;+;8 /% 8+.K,),+; 8*$+ (A*9-;%8 (.A /%8 DJ(*+DE8%8 /% A;@9).A,+; 89A )0%$8%'K)% /%8

8,@$.9& /% >*''9+.+,*$! P%8 .9+%9A8 '*$+A%$+ M9% 8, )%8 >*''9+.+,*$8 $% 8*$+ (.8

.AK,+A.,A%'%$+ A.(,/%8: >!S!N/! )%8 >*''9+.+,*$8 )%$+%8: ,) %8+ /*$> (*88,K)% /% '.,$N

+%$,A ). 8+.K,),+; .8J'(+*+,M9% /%8 8J8+E'%8 ),$;.,A%8 >*''9+;8! B.$8 )% >*$+%&+% /%8

>*''9+.+,*$8 )%$+%8: %$ .((),M9.$+ )% CD;*AE'% R /% FQ%8(.$D.  GGRI: *$ (%9+ (A*9N

-%A M9% 4 !T6 %8+ 9$,=*A';'%$+ @)*K.)%'%$+ %&(*$%$+,%))%'%$+ 8+.K)% 80,) %&,8+% 9$%

'.+A,>% 8J';+A,M9% /;<$,% (*8,+,-% P M9, 8.+,8=.,+ 8,'9)+.$;'%$+ )%8 /%9& ;M9.+,*$8

/% PJ.(9$*- $*$ 8+A,>+%8

AT
+P + PA+ = −Q %+ AT

−
P + PA− = −Q, 4 !U6

*? A+ %+ A− 8*$+ /;<$,%8 /.$8 4 !T6 %+ Q = −CTC! V9,8M9% ). 8*A+,% /% 4 ! 6 %8+ z1
.)*A8 C =

(
1 0

)
!

#$ %&%'()% /% P %8+

P =

(
1

a
0

0 1

)
, 4 !H6

.-%> k+

1 = a/2: k−

1 = 1/2 %+ k+

2 = k−

2 = −1!

7$ A.,8*$ /9 =.,+ M9% 4 !"6 $% (%9+ (.8 W+A% +A.$8=*A';% 8*98 ). =*A'% /0*K8%A-.K,N

),+; 9$,=*A'% )*A8M9% z1 = 0: ). ';+D*/% K,%$ >*$$9% (*9A >*$8+A9,A% 9$ *K8%A-.+%9A S

@.,$ ;)%-; $% (%9+ (.8 W+A% .((),M9;%! X;.$'*,$8: $*98 (*9-*$8 >*$>%-*,A 9$ *K8%A-.N

+%9A >*''% 4 ! 6 (*9A %8+,'%A )%8 -.A,.K)%8 /0;+.+ /% 4 !"6! P. 8+.K,),+; .8J'(+*+,M9%

/% )0*K8%A-.+%9A %8+ .889A;% (.A /%9& >*$/,+,*$8 Y ). >*''.$/% %8+ /,Z;A%$+% /% [;A*

)*A8M9% 4 !"6 %8+ 8,$@9),EA% %+ )%8 >*''9+.+,*$8 %$+A% )%8 /%9& 8*98N8J8+E'%8 /% 4 !T6

8*$+ )%$+%8! \*+,-; (.A ). >*$8+A9>+,*$ /% 4 ! 6: /.$8 ). 8%>+,*$ 89,-.$+%: $*98 >*$8.N

>A*$8 $*+A% .++%$+,*$ S ). >*$>%(+,*$ /% )0*K8%A-.+%9A (*9A 9$% >).88% ()98 @;$;A.)%

/% 8J8+E'%8 $*$ ),$;.,A%8 8,$@9),%A8 4M9, $% (%9-%$+ (.8 W+A% ;>A,+%8 8*98 ). =*A'%

/0*K8%A-.K,),+; 9$,=*A'%6!
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 ! "#$%&'%& ()% *+,$$% -% $.$/01%$ $2)3(+2%&$

 ! !" #$%$&' () *+%,-./0

!,+7%-=',+7 .+( /1#77( -( 797&:;(7 +,+ 1%+=#%'(7 #8(/ .+( 7,'&%( 7/#1#%'( -( 1#

>,';(

dz

dt
= s(y)Az +Bu

y = Cz,
? )@AB

,C z(t) ∈ R
n
(& y(t) ∈ R (7& 1# ;(7.'() D,.7 7.$$,7,+7 E.( s (7& .+( >,+/&%,+

'=(11( 7&'%/&(;(+& /',%77#+&( E.% -=$(+- -( 1# 7,'&%( 7/#1#%'( y (& E.( s(0) = 0) D,.7

7.$$,7,+7 (+ $1.7 E.( 1# $#%'( (A,C) (7& ,67('8#61(F /( E.% 7%<+%G( E.( 1( '#+< -( 1#

;#&'%/( (C,CA, . . . , CAn−1)T (7& =<#1 0 n)

*1 (7& =8%-(+& -( /,+7&#&(' E.( 1# -9+#;%E.( ? )@B (7& .+ /#7 $#'&%/.1%(' -( ? )@ABF

/#' (11( $(.& H&'( =/'%&( /,;;( 7.%&

dz

dt
=

z1
vx

(
0 −a

0 0

)
z +

(
b

0

)
u

y =
(
1 0

)
z,

? )@@B

,C z = (z1, z2)
T
F A =

(
0 −a

0 0

)
F B =

(
b

0

)
(& C =

(
1 0

)
) 4# >,+/&%,+ s(y) = z1/vx =

y/vx (& %1 (7& /1#%'( E.( s(0) = 0) 2#' #%11(.'7F 1# $#%'( (A,C) (7& ,67('8#61( /#' 1(

'#+< -( (C,CA)T (7& =<#1 0 2)

I#+7 .+ /#7 $1.7 /,;$1(J( ,C 15KLM +5(7& $#7 /,+7&#+&F 1( ;,-:1( -5.+( ',.( (7&

-=/'%& $#' .+( -9+#;%E.( -. &',%7%:;( ,'-'( ?8,%' M(/&%,+ N)O) B /,;;( 7.%&

dz

dt
=

z1
vx



0 −a 0

0 c 1

0 0 0


 z +



b

0

0


u

y =
(
1 0 0

)
z,

? )@ B

,C z = (z1, z2, z3)
T
) !( +5(7& $#7 -%P/%1( 0 8='%G(' E.( /(&&( -9+#;%E.( #$$#'&%(+&

#.77% 0 ? )@AB) Q,&%8= $#' 1( >#%& E.( 1( $',61:;( -( 15,67('8#&%,+ -( ? )@B (7& '=7,1.

-#+7 1# $'=/=-(+&( 7(/&%,+F +,.7 +,.7 -(;#+-,+7 7% .+ ,67('8#&(.' 7%+<.1%(' /,;;.&=

$(.& (+/,'( H&'( /,+7&'.%& $,.' ,67('8(' ? )@AB)
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56($ ,++6)$ $(2'&% +, 171% 8&6*9-(&% *611% -,)$ +, :%*/26)  !;! 86(& *6)$/&(2&%

+<6#$%&',/%(& 86(& = !;> ! "#$% &'()#*&+ ,#$- .#,-%*$/-#,- 0'#)-1*2(%1$* 1, ,#$- )(3

-(,% -$* 01 4#&501 ./3&1--#$-

dẑ

dt
= s(y)(Aẑ +K(s(y))(y − Cẑ)) +Bu, 67!89 

:$/ &#,,1 $,1 1**1$* e = z − ẑ :$/ -(%/-;(/%

de

dt
= s(y)(A−K(s(y))C)e. 67!8< 

=(* 0( ;#,.%/#, *>1001 s(y) ?#$**(/% @%*1 ?#-/%/21 #$ ,>A(%/21+ ,#$- &>B,/--#,- 0(

,#$21001 >.C1001 &1 %14?- τ .#441 -$/%

τ(t) :=

∫ t

0

|s(y(σ))|dσ, 67!8D 

?#$* (--$*1* :$1 dt/dτ ≥ 0+ /,&>?1,&(441,% &$ -/A,1 &1 s(y)! E#$- *(??10#,- :$1

0( ,#$21001 >.C1001 &1 %14?- τ 1-% &/%1 *>A$0/5*1 -/ 0( ;#,.%/#, -.(0(/*1 s ,'1-% F(4(/-

,$001 1% -/,A$0/5*1 -/ 1001 ?1$% &/-?(*(G%*1! H(,- 01 .(- -/,A$0/1*+ 0( &I,(4/:$1 &'1**1$*

&1 0'#)-1*2(%1$* &12/1,%

de

dτ
=

{
A+e = (A−K+C)e -/ J s(y) > 0

A−e = (−A+K−C)e -/ J s(y) < 0,
67!8K 

#L

K(s(y)) =

{
K+

-/ J s(y) > 0

K−
-/ J s(y) < 0.

67!8M 

N(0A*> :$1 0( ,#$21001 >.C1001 &1 %14?- 1-% -/,A$0/5*1+ 0'#)-1*2(%1$* ?1$% 1,.#*1

@%*1 .#,-%*$/% &(,- 0'>.C1001 &1 %14?- &'#*/A/,1+ -( &I,(4/:$1 &>?1,& &1 0( .#43

4(,&1 u(t)! O/ 0( .#44(,&1 P .1% /,-%(,% 1-% >A(01 P Q>*#+ 0'#)-1*2(%1$* *1-%1*( ?#$*

%#$F#$*- &(,- 0'1-?(.1 /,2(*/(,% :$/ -1 .(*(.%>*/-1 ?(* y(t) = 0! RB, &'>2/%1* .1 ?*#3

)0541+ ,#$- -$??#-#,- :$1 u(t) 6= 0 0#*-:$1 y(t) = 0! S,&>?1,&(441,% &$ -/A,1

&1 0( .#44(,&1+ 0( &I,(4/:$1 &1 0'#)-1*2(%1$* 1-% &#,. %#$F#$*- %*(,-21*-(01 ($

-#$-31-?(.1 .(*(.%>*/-> ?(* y(t) = 0!

T, *>-$4>+ 01 ?*#)0541 A>,>*(0 &1 0( -I,%C5-1 &'#)-1*2(%1$*- ?#$* 01- -I-%541-

,#, 0/,>(/*1- -/,A$0/1*- >%$&/>- &(,- 0( U(*%/1 S ?1$% @%*1 *>-$4> ./3(?*5- J



 ! "#$%&'()  * +,'(-./0'&-, 1 2$ 3$('&) + 4 56-78)(9$'&-, .)8 8:8';<)8 8&,=/2&)(8

 !"#$%&' (# )* +*,%&# - . >'$,' .-,,? /,) .:,$<&@/) ,-, 2&,?$&() -78)(9$72) )'

8&,=/2&;() $9)0 /,) 8-('&) 80$2$&() 0-<<) A *BCDE <-,'()( @/6&2 )8' '-/F-/(8 %-88&72)

.) '(-/9)( .)8 =$&,8 .) 26-78)(9$')/( ')28 @/) 26-78)(9$')/( 0-<</'? A *BGD )8'

/,&H-(<?<),' )I%-,),'&)22)<),' 8'$72)*

 ! !" #$%&'()$*+*,- ./*01'2&

J$,8 0)'') 8)0'&-,E ,-/8 $22-,8 )I%2&@/)( 2$ ($&8-, %-/( 2$@/)22) A *BCD ,) %)/'

%$8 K'() '($,8H-(<?) ), 2$ H-(<) .6-78)(9$7&2&'? /,&H-(<)* L$&8 $9$,' .) H$&() 0)2$E

,-/8 ($%%)2-,8 &0& @/)2@/)8 0-,0)%'8 02$88&@/)8* "-,8&.?(-,8 /, 8:8';<) .) 0-,'(M2)

$N,) 1 ),'(?) /,&@/) )' 1 8-('&) /,&@/) .) 2$ H-(<) OP$/'#&)( BQRBS

dz

dt
= f(z) + g(z)u

y = h(z),
A *BRD

-T z ∈ R
n
E u ∈ R )' y ∈ R* +2 )8' 8/%%-8? @/) f )' g 8-,' .)8 0#$<%8 .) 9)0')/(8 C∞

4

2&88)8 0-<%2;')8 8/( R
n
E )' h )8' /,) H-,0'&-, (?)22) C∞

* U& 2) 8:8';<) A *BRD )8'

/,&H-(<?<),' -78)(9$72)E %$( /, 0#$,=)<),' $%%(-%(&? A2-0$2D .) 0--(.-,,?)8 ξ =

φ(z)E &2 %)/' K'() '($,8H-(<?) ),  !"#$ %&!'($")*'+,+-. /0+ !"#$ OP$/'#&)( BQRBS

dξ1
dt

= ξ2 + g1(ξ1)u

*

*

*

dξn−1

dt
= ξn + gk−1(ξ1, . . . , ξn−1)u

dξn
dt

= fn(ξ1, . . . , ξn) + gn(ξ1, . . . , ξn)u

y = ξ1.

A *BQD

+0&E 26$.F)0'&H /0+ !"#$ 8) (?H;() 1 26&,.?%),.$,0) .) 26-78)(9$7&2&'? .) A *BRD %$(

($%%-(' 1 2$ 0-<<$,.) u* >, )V)'E 1 %$('&( .) 2$ 0-,,$&88$,0) .) u )' y = ξ1
,-/8 %-/9-,8 .?')(<&,)( ξ2E 1 %$('&( .) 2$ 0-,,$&88$,0) .) uE y )' ξ2 ,-/8 %-/9-,8

.?')(<&,)( ξ3E )' )'0***

U)2-, OP$/'#&)( BQRBS A9-&( $/88& OW)8%-,.)X  CC S $,. OY$<<-/(&  CCZSDE 2)8

0-,.&'&-,8 ,?0)88$&()8 )' 8/N8$,')8 %-/( A *BRD .6$.<)''() 2-0$2)<),' 1 '-/' z 2$

H-(<) .6-78)(9$7&2&'? /,&H-(<) A *BQD 8-,' @/) (a) .&< 8%$, {dh, . . . , dLn−1

f h} = n )'

@/) (b) .$,8 2) 9-&8&,$=) .) z

[Dj, g] ⊂ Dj, A * CD

%-/( '-/' 1 ≤ j ≤ nE -T Dj = X)({dh, . . . , dLn−1

f h}* 5) ')(<) Lfh ()%(?8),') 2$

.?(&9?) .) 5&) .) 2$ H-,0'&-, 2&88) h %$( ($%%-(' $/ 0#$<% .) 9)0')/(8 2&88)8 f E @/&
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'-$ &4:23 ;.55'

Lfh(z) = dh(z) · f(z) =
n∑

i=1

∂h

∂zi
f(z), < ! =>

'$

Lk
fh = Lf (L

k−1

f h). < !  >

?.1* (' @*./(A5' &' ()./-'*0%$3.2 &)12 -B-$A5' &' (% C.*5' < !=D> E13 @'1$ F$*'

;.20'*$3 -.1- (% C.*5' < !=G>H %1 (3'1 &' ;.2-$*13*' &3*';$'5'2$ 12 ./-'*0%$'1* /%-4

-1* < !=D>H .2 ;.2-$*13$ ()./-'*0%$'1* /%-4 -1* (% C.*5' &)./-'*0%/3(3$4 123C.*5' < !=G>

'$ @13- .2 (' *'$*%2-C.*5' %1I ;..*&.224'- &).*3J32' '2 %@@(3E1%2$ z = φ−1(ξ)!

,)32$4*F$ &' ;'$$' %@@*.;K' '-$ E1' (% ;.20'*J'2;' %-B5@$.$3E1' &' ()./-'*0%$'1* 2'

@'1$ F$*' J%*%2$3' E1' -3 (' J%32 &' ()./-'*0%$'1* '-$ ;K.3-3 -1L-%55'2$ J*%2&! M'$$'

54$K.&'H ;'@'2&%2$H '-$ @*32;3@%('5'2$ 1$3(3-4' E1%2& 3( 2)B % @%- &' /*13$ &%2- (%

&B2%53E1'H 23 -1* ('- ./-'*0%$3.2-! ?.1* @(1- &' &4$%3(- &' ;'$$' 54$K.&'H (' (';$'1*

'-$ @*34 &' -' *'@.*$'* N O7.*2%*& =GG=PH OQ%1$K3'* =GG P %2& OQ%1$K3'* =GGRP!

S2 ;.2-$%$' E1' (% ;(%--' &' -B-$A5'- < !=T> '-$ 12' ;(%--' -@4;3%(' &' < !=D> %0';

f(z) = s(y)Az, g(z) = B '$ h(z) = Cz. < ! ">

U2 .1$*'H ;' 2)'-$ @%- &3L;3(' &' 0.3* E1' (% ;.2&3$3.2 (a) 2)'-$ @%- -%$3-C%3$'

(.*-E1' y = 0! U2 'V'$H (' C%3$ E1' y = 0 35@(3E1' E1' s(y) = 0H %(.*-

&35 -@%2{dh, . . . , dLn−1

f h} = &35 -@%2{C,CAs(y), . . . , CAn−1s(y)} = 1 < n.

< ! R>

W32-3H < !=T> 2)'-$ @%- 123C.*545'2$ (.;%('5'2$ ./-'*0%/(' N y = 0! S2 &3$ E1'

< !=T> '-$ -32J1(3'* E1%2& y = 0! U2 *%3-.2 &' ;'$$' -32J1(%*3$4H 3( 2)'-$ @%- @.--3/('

&' ;.2;'0.3* ()./-'*0%$'1* @.1* < !=T> '2 1$3(3-%2$ (% 54$K.&' 5'2$3.224' ;3X&'--1-!

M'(% ;(%*3:' (% 5.$30%$3.2 @.1* 2.$*' *';K'*;K' + (% ;.2-$*1;$3.2 &)12 ./-'*0%$'1*

@.1* < !=T> E13 C.2;$3.22' 5F5' &%2- (' ;%- -32J1(3'*!

 !" #$%$ &' ()%*$ + ,'- ./-'*0%$'1*- 2.2 (324%3*'- '$

()'-$35%$3.2 &' ()678

 !"!# $%& '(&%)*+,%-)& ./01+/)%&

,% ;.22%3--%2;' &' ()4$%$ &1 -B-$A5' '-$ 24;'--%3*' @.1* *4-.1&*' @(1-3'1*- @*.X

/(A5'- &' ;.2$*Y(' $'(- E1' (% -$%/3(3-%$3.2H ().@$353-%$3.2 .1 &'- @*./(A5'- &' &4;.1X

@(%J'! Z%2- &' 2.5/*'1I ;%- @*%$3E1'-H ;'@'2&%2$H $.1- ('- 4$%$- &1 -B-$A5' 2' -.2$

@%- %;;'--3/('- &'@13- ('- 5'-1*'- &3*';$'-! Z%2- &' $'(('- -3$1%$3.2-H 12' %@@*.I35%X

$3.2 *%3-.22%/(' &'- 4$%$- 2.2 5'-1*%/('- '-$ 24;'--%3*'! [2 &3-@.-3$3C E13 *';.2-$*13$

12' %@@*.I35%$3.2 &' ()4$%$ &1 -B-$A5' /%-4 -1* -'- '2$*4'- '$ -.*$3'- 5'-1*-4'- '-$



 ! "#$%&'()  * +,'(-./0'&-, 1 2$ 3$('&) + 4 56-78)(9$'&-, .)8 8:8';<)8 8&,=/2&)(8

$%%)2> /, -78)(9$')/( .6>'$'* 5) <-.;2) .6/, -78)(9$')/( )8' ':%&?/)<),' .>(&9>

.) 0)2/& ./ 8:8';<)* 3$( $&22)/(8@ /, ')(<) .) 0-(()0'&-, )8' #$7&'/)22)<),' $A-/'>

.$,8 2$ .:,$<&?/) .) 26-78)(9$')/( $B, .6$<>2&-()( 8-, '$/C .) 0-,9)(=),0)* 3$(

0-,8>?/),'@ 26-78)(9$')/( )8' 0$%$72) .) ()0-,8'(/&() 2)8 9$(&$72)8 .6>'$' ./ 8:8';<)

%2/8 9&') ?/) 2$ .:,$<&?/) ./ 8:8';<)*

5) %(-72;<) .) 26-78)(9$'&-, .)8 8:8';<)8 2&,>$&()8 $ .6$7-(. >'> (>8-2/ %$(

D5/),7)(=)( EF!GH* I$,8 26-78)(9$')/( .) 5/),7)(=)(@ 2) ')(<) .) 0-(()0'&-, )8' 2)

%(-./&' .6/,) <$'(&0) .) =$&, )' .) 2$ .&J>(),0) ),'() 2)8 9($&)8 8-('&)8 <)8/(>)8 )'

2$ 9$2)/( .) 2$ 8-('&) )8'&<>) 1 %$('&( .) 26-78)(9$')/(* 5) '$/C .) 0-,9)(=),0) .)

26-78)(9$')/( )8' (>=2> %$( 0)'') <$'(&0) .) =$&,* K-/8 9-/.(&-,8 0#-&8&( 2) =$&, .6-74

8)(9$')/( $/88& =($,. ?/) %-88&72) $B, .) L$&() ?/) 26)(()/( .6-78)(9$')/( 0-,9)(=)

($%&.)<),' 9)(8 M>(-* 56-78)(9$')/( .)9&),'@ .$,8 0) 0$8@ 8),8&72) $/C %)('/(7$'&-,8

N2)8 7(/&'8 .) <)8/() %$( )C)<%2)O* P2-(8@ /, 7-, 0-<%(-<&8 ),'() 2$ 8'$7&2&'> )' 2$

%(>0&8&-, .)9($&' Q'() %(&8 ), 0-<%') .$,8 2) 0#-&C ./ =$&, .6-78)(9$')/(* 5) B2'() .)

R$2<$, )8' /, <-:), .) =>()( 0) 0-<%(-<&8* ") B2'() %)/' Q'() 0-,8&.>(> 0-<<)

/, -78)(9$')/( 5/),7)(=)( $9)0 /, =$&, 9$(&$,' .$,8 2) ')<%8 ?/& )8' 0#-&8& .$,8 2)

7/' .) <&,&<&8)( 26)(()/( .6-78)(9$')/( DS)(,$(.  TT H*

I$,8 /, 0-,')C') 2-0$2@ 2$ '#>-(&) .6-78)(9$')/( 2&,>$&() %)/' Q'() /'&2&8>) %-/(

0-,8'(/&() /, -78)(9$')/( 0-,9)(=),' 2-0$2)<),' %-/( 2)8 8:8';<)8 ,-, 2&,>$&()8* U&

2) 8:8';<) ,-, 2&,>$&() )8' 0-,,/ %-/( L-,0'&-,,)( .$,8 2) 9-&8&,$=) .6/, >'$' BC)@ -,

%)/' 2) 2&,>$(&8)( $/'-/( .) 0)'') 0-,.&'&-, .6)C%2-&'$'&-,@ %/&8 -, 0-,V-&' /, -78)(9$4

')/( 5/),7)(=)( %-/( )8'&<)( 2-0$2)<),' 26>'$' ./ 8:8';<)* I$,8 2) 0$8 -W 2) 8:8';<)

,-, 2&,>$&() ,) L-,0'&-,,) %$8 .$,8 2) 9-&8&,$=) .6/, >'$' BC)@ 26>'$' ./ 8:8';<) %)/'

'-/A-/(8 Q'() )8'&<> %$( /,) <>'#-.) 2&,>$&() ?/& )8' 2) B2'() .) R$2<$, >'),./

NXRYO* 5) XRY )8' 7&), 0-,,/ %$( 8$ 8&<%2&B> )' 8)8 %)(L-(<$,0)8 ($&8-,,$72)8* 5)

8:8';<) ,-, 2&,>$&() )8' 2&,>$(&8> $/ %-&,' .) L-,0'&-,,)<),' $0'/)2 )' 2) XRY )8'

),8/&') 0-,8'(/&' %-/( 0) 8:8';<) 2&,>$(&8> DY:Z#-J EF[GH* \$2#)/()/8)<),'@ ), ($&4

8-, .) 2$ 2&,>$(&8$'&-,@ 2) XRY 0-,9)(=) 8)/2)<),' 8& 26)(()/( .6)8'&<$'&-, &,&'&$2) )8'

8/]8$<),' %)'&') )' 2) %(-0)88/8 )8' 0-(()0')<),' <-.>2&8>* I$,8 2) <Q<) )8%(&' ?/)

2) XRY@ ^)&'M $ %(-%-8> /, -78)(9$')/( 5/),7)(=)( >'),./ 7$8> 8/( /,) ')0#,&?/)

.) 2&,>$(&8$'&-, 2-0$2) $/'-/( .) 26>'$' ()0-,8'(/&' D^)&'M EF_[H*

 !"! #$% &'%$()*+$,(% '*%-% %,( #.*/,0&) $+ 1$% &'%$()*+$,(%

2 3(*04 3*50

5) %(-72;<) .) 2$ 0-,0)%'&-, .6-78)(9$')/( ,-, 2&,>$&() $ ()V/ /,) $''),'&-, 0-,8&4

.>($72) .$,8 2$ 2&''>($'/()* K>$,<-&,8@ &2 ,6)C&8') %$8 .) 8-2/'&-, $/ %(-72;<) .) 2$

0-,0)%'&-, .6-78)(9$')/( ,-, 2&,>$&() .$,8 '-/') 8$ =>,>($2&'> D`)8%-,.)Z  TTGH* Y,

L-,0'&-, .)8 %(-%(&>'>8 .6/, 8:8';< ,-, 2&,>$&()@ -, %)/' 0#-&8&( /, <-:), $%%(-%(&>

%-/( 0-,0)9-&( 8-, -78)(9$')/(*

5)8 %()<&)(8 (>8/2'$'8 .$,8 2$ 0-,0)%'&-, .6-78)(9$')/(8 ,-, 2&,>$&()8 8-,' 7$4
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-4- -1* &'- $:4.*;5'- &1 $<=' ,<%=12.0 >?@:%1 AB9"C '$ ?D.1 AB9ECF! G.55' &%2-

(' H%- (324%3*'I ('- %1$'1*- H.2-$*13-'2$ '2H.*' ()./-'*0%$'1* 2.2 (324%3*' '2 H.=3%2$

(' -<-$;5' 2.2 (324%3*' '$ %J.1$'2$ 12 $'*5' &' H.**'H$3.2! K2-13$'I (% $:4.*3' &'

-$%/3(3$4 &' ,<%=12.0 '-$ 1$3(3-4' =.1* =*.10'* (% -$%/3(3$4 &' (% &<2%53L1' &)'*M

*'1* &)./-'*0%$'1*! N2 H%&*' =(1- %0%2H4 % 4$4 32$*.&13$ =%* @-323%-I L13 =.1*-13$

12 ./-'*0%$'1* %2%(.O1' &'- P.2H$3.2- &' H.2$*Q(' &' ,<%=12.0 '$ ('- 1$3(3-' =.1*

(% H.2H'=$3.2 &)12 *'$.1* &' (% -.*$3' >?@-323%- ABRBC '$ ?@-323%- ABB"CF! 73'2 L1'
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z1ẑ2 + bu+

k1(z1)

vx
z1(z1 − ẑ1)
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.V ẑi 9.-' 3)9 ?'$'9 /) 37.89)(:$')0( )' kiW %.0( 1 ≤ i ≤ 3W 9.-' 3)9 >$&-9 /7.89)(:$')0(+

K.'() %(&-1&%$3 (?903'$' )9' %(?9)-'? /$-9 3) '#?.(<=) 90&:$-' F0& /.--) /)9 1.-/&5

'&.-9 90( 3)9 >$&-9 /7.89)(:$')0( $R- /7$990()( 3$ 9'$8&3&'? $9;=%'.'&F0) >3.8$3) /)

3$ /;-$=&F0) /7)(()0( /7.89)(:$')0( /) 1.==0'$'&.- 2 1.-/&'&.- F0) 3)9 1.==05

'$'&.-9 9.-' 3)-')9+ 6$ %()0:) /0 '#?.(<=) )9' .8')-0) 2 37$&/) /0 Y#?.(<=) ! /)

LZ)9%$-#$ *[[!P+

 !"!##$%"&' '())!#!"# *(& +&# $,!-#  !".-$-!"# #(-/%"$&# #!"$ #%$-#0%-$&#
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 !" #$ %$&'!() *) +$!,- K+ =
(
k+

1 k+

2 k+

3

)
-$&!-.$!&

k+

1 > c, k+

2 < −
c

a
k+

1 , )& −
(ck+

1 + ak+

2 )(c− k+

1 )

a
< k+

3 < 0. 6 ! 78

 !!" #$ %$&'!() *) +$!,- K− =
(
k−

1 k−

2 k−

3

)
-$&!-.$!&

k−

1 < c, k−

2 < −
c

a
k−

1 , )& 0 < k−

3 < −
(ck−

1 + ak−

2 )(c− k−

1 )

a
. 6 !498

 !!!" #)- %$&'!()- *) +$!,- K+
/ K−

-$&!-.0,&

(c− k−

1 )

ak−

3

=
(c− k+

1 )

ak+

3

> 0 )& (ck+

1 + ak+

2 ) = (ck−

1 + ak−

2 ) < 0. 6 !4:8

1,-2!&)/ 340'!+!,) *) 3$ *5,$%!62) *4)'')2'- $--0(!7) 8 *)- -5-&9%)-  :;:<" )&  :;:="

)-& +30>$3)%),& 2,!.0'%7%),& )?@0,),&!)33)%),& -&$>3)/ 8 (0,*!&!0, 62) 3) -!+,$3 *)

(0%%2&$&!0, $*%)& 2, &)%@- *) -7A02' -&'!(&)%),& @0-!&!.;

;'-% &'()+(-'(% /<$& 0/ </0+1/)+'( 1$ 0=',%$*</)$-* )*+1+>$(%+'(($0? &$ @-+ $%)

&'(%)*-+) %-+)$ /- )AB'*C>$ .*B&B1$()? %-* 1$% 1'((B$% .*'<$(/() 1- 1+%.'%+)+D $E.BF

*+>$()/0 0/F*'-$F1/(%F0/F,'-&0$ 1$ GH I$J)? /&@-+%$% 1/(% 0$ &/1*$ 1$ 0/ *$&A$*&A$

1$ 0=KLM NO$*/*1  9: P! ;'-% >'()*'(% $( Q+R-*$ 5! 0/ &'>./*/+%'( $()*$ 0=SLM

$%)+>B ./* 0=',%$*</)$-* )*+1+>$(%+'(($0 $) 0/ </0$-* )AB'*+@-$ ',)$(-$ T ./*)+* 1-

)/-E 1$ R0+%%$>$() 1$ 0/ *'-$ $) 0/ 1B*+<B$ 1$ 0/ &/*/&)B*+%)+@-$ 1- .($-!

U)/() 1'((B @-$ 0$% &'(1+)+'(% *'-)+C*$% %'() RB(B*/0$>$() +(&'((-$% .'-* 0$%

%V%)C>$% KLM .*/)+@-$%? ('-% 1'(& .*B%$()'(% 1/(% 0/ M$&)+'( 5!" -($ 1V(/>+@-$

SLM T @-/)*$ 1+>$(%+'(%! #=+1B$ .*+(&+./0$ 1$**+C*$ &$))$ >'1B0+%/)+'( $%) 0/ ./F

*/>B)*+%/)+'( 1- >'1C0$ 1$ L-*&WA/*1) ./* 1$% $E.'($()+$00$% XE$%? &$ @-+ / B)B

.*'.'%B$ 1/(% NG/($00+  997P $) N1$ Y/%)*'  9: P! I/(% (')*$ )*/</+0? ('-% .*'.'%'(%

-( /..*'E+>/)+'( 1- >'1C0$ 1$ L-*&WA/*1) ./* 1$-E $E.'($()+$00$% XE$ $) -( )$*>$

1B.$(1/() 0+(B/+*$>$() 1- )/-E 1$ R0+%%$>$()! #$% &'$Z&+$()% 1- >'1C0$ /..*'E+>/F

)+D .$-<$() [)*$ +1$()+XB% $( -)+0+%/() -($ $%)+>/)+'( 1$% >'+(1*$% &/**B%? >/+% 0$-*%

</0$-*% 1B.$(1$() 1$% &'(1+)+'(% 1$ 0/ *'-)$! G'-) &'>>$ .'-* 0$ >'1C0$ L-*&WF

A/*1)? ('-% .'-<'(% /-%%+ D'*>-0$* -($ *$0/)+'( $()*$ 0$% )*'+% .*$>+C*$% 1B*+<B$%

1$ 0/ &/*/&)B*+%)+@-$ /..*'E+>/)+<$ 1- .($-! O*\&$ T &$))$ *$0/)+'( $) 1BX(+%%/() 1$

('-<$00$% </*+/,0$% 1=B)/)? ('-% .'-<'(% D'*>-0$* -($ 1V(/>+@-$ 1$ 0=SLM T @-/)*$

1+>$(%+'(%! Y$))$ 1V(/>+@-$ .$-) [)*$ &'(%+1B*B$ &'>>$ -($ RB(B*/0+%/)+'( 1$ 0/

1V(/>+@-$ T )*'+% 1+>$(%+'(% $) $00$ / -($ .*'.*+B)B )*C% +>.'*)/()$ ] )'-% 0$% ./F

*/>C)*$% %'() &'((-% $) ($ 1B.$(1$() ./% 1$% &'(1+)+'(% 1$ 0/ *'-)$! Y$&+ $E.0+@-$

0$ D/+) @-$ &$) ',%$*</)$-* 1'(($*/ 0$% </0$-*% $%)+>B$% 1$ 0=SLM? +(1B.$(1/>>$()

1$% &'(1+)+'(% *'-)+C*$%! #/ %)/,+0+)B 1$ 0=',%$*</)$-* T @-/)*$ 1+>$(%+'(% .$-) [)*$

',)$(-$ %-+)$ T 0/ >[>$ /..*'&A$ &'>>$ .'-* 0$ )AB'*C>$ 1+) &+F1$%%-%! #$% %+>-0/F
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 !"#$ #%&'(!)%*$ $"# +(!$*$ +"%(  *$ *( ,-*./0/! ' 1* ,-"2$*(30 *%( 10#$ %# $/'#0(!"

1*$ /40#5*&*# $ !#/"##%$ 1* /"#1! !"#$ ("% !6(*$7



 !"#$%&' (

 !"#$%&'"($! ) *+ ,+#"(-   . /+

'$01-!2+"($! %-2 #-"+#%2 1$&# *-2

232"40-2 *(!5+#(2+6*-2

 !""# $%&' (#  )%*+,-# ./ &!0' 1!""#&2!&' %3#1 0& '+"*(# *-!4(5"# $%&'

(#' '6',5"#' 789 : (% 1!"*#&'%,+!& $0 -#,%-$ $# (;%1,+!&&#0-/ $%&' (# 1!&,#<,# $0

1!&,-=(# $# (;%11>(>-%,+!& $# (% -!0#? @!0' ->'!(3!&' 1# *-!4(5"# #& *-!*!'%&, 0&#

(!+ $# 1!""%&$# A0+ #', 4%'># '0- (% *->$+1,+!& $# (;>,%, $0 '6',5"#/ 1# A0+ #',

+"*(>"#&,># #& ,!0,# '>10-+,> *%- 0&# +&,>B-%,+!& #<*(+1+,#/ 3+% A0%$-%,0-#'/ $;0&#

>A0%,+!& $+C>-#&,+#((# -#,%-$># ',%4(#? D& >(%-B+''%&, &!,-# +$>#/ (;!4E#1,+F *-+&1+*%(

$# (% G%-,+# HH #', $# ->'!0$-# (# *-!4(5"# $# 1!"*#&'%,+!& $0 -#,%-$ $# (;#&,-># *!0-

0&# 1(%''# *%-,+10(+5-# $# '6',5"#' &!& (+&>%+-#' #& F!-"# ,-+%&B0(%+-#? I&# '6&,)5'#

$# A0#(A0#' ->'0(,%,' ->1#&,' *!0- $#' '6',5"#' J -#,%-$ $%&' (% (+,,>-%,0-# #', #&'0+,#

*->'#&,>#? D&K&/ &!0' '!0(+B&!&' &!' *-+&1+*%(#' 1!&,-+40,+!&'?

 !" #$ %&'($)*+,-&) ./ 0$,+0. .$ 12+%,-&))$/0 .$

30$-)

L% "+'# #& M03-# 1!&1-5,# $# *(0'+#0-' ',-%,>B+#' ,)>!-+A0#'

789 % >,> 1!&F-!&,># J 1#-,%+&#' $+N10(,>' B>&>->#' *%- *(0O

'+#0-' *)>&!"5&#' #<*>-+"#&,%0</ #& *%-,+10(+#- (#' -#,%-$' P3!+-/ *?

#<?/ Q9!(6!" .RRST/ Q9!(6!" .RRUT/ QV+#&)WF#- .RRXT/ QY#-%-$ .RZ.T #, Q[+((#- .RZST\?

L# K(,-%B# $#' "#'0-#'/ (% $6&%"+A0# $0 *&#0 #, (#' (+"+,#' $# (;%1,+!&&#0- !&,

>,> +$#&,+K>' 1!""# (#' *-+&1+*%(#' '!0-1#' $# 1#' -#,%-$' QY#-%-$ .RZ.T? ];%+((#0-'/

*0+'A0# $#' %(B!-+,)"#' 789 %1,0#(' '!&, *-!F!&$>"#&, (+>' J (% &%,0-# )6$-%0(+A0#

$#' %1,+!&&#0-' $;%0E!0-$;)0+ Q8!'1) .RRUT/ %(!-' (;%$%*,%,+!& $# 1#' %(B!-+,)"#' J

$;%0,-#' %1,+!&&#0-'/ 1!""# 1#0< $#' 3>)+10(#' J "!,#0-'O-!0#' >(#1,-+A0#' P%3#1 0&

,#"*' $# ->*!&'# *(0' -%*+$#\ !0 $#' 1%"+!&' (!0-$' P%3#1 0&# ->*!&'# *(0' (#&,#\

% *!-,> 0&# 1#-,%+&# %,,#&,+!& %0 1!0-' $#' $#-&+5-#' %&&>#'? ]%&' 1#,,# '#1,+!&/

&!0' %((!&' #<%"+&#- (% 1!"*#&'%,+!& $#' -#,%-$' +&$0+,' *%- $#' (+"+,%,+!&' $#'

%1,+!&&#0-' $%&' (#' '6',5"#' 789?

@!0' -%**#(!&' +1+ (# "!$5(# $;%11>(>-%,+!& $# (% -!0# P.?Z\ $>EJ +&$+A0> J (%

9#1,+!& .?Z?Z/ "%+' &!0' *-#&!&' #& 1!"*,# 0& -#,%-$ 1!&',%&, h > 0 $%&' (# 1!0*(#



 ! "#$%&'()  * +,'(-./0'&-, 1 2$ 3$('&) ++ 4 5$ 0-6%),7$'&-, .) ()'$(.

.) 8()&,$9) u(t)* ":)7'

dz1
dt

= −
a

vx
z1(t)z2(t) + bu(t− h)

dz2
dt

= 0.

; *<=

"-66) .$,7 >?)($(. @A<@BC ,-/7 .DE,&77-,7 2:-FG)0'&8 .) 0-,'(H2) 0-66) 2) 7/&I&

.) 2:$00D2D($'&-, .) 2$ (-/) z1(t) 1 /,) (D8D(),0) .-,,D) z∗1 * J' ,-/7 7/%%-7-,7 K/)

.$,7 ; *<=C 2$ I$2)/( z2 .) 2:LMN )7' 0-,,/)* N& ,-/7 7/%%-7-,7 K/) z2 )7' 1 2$ 8-&7

0-,,/) )' 0-,7'$,')C %-/( /,) I&')77) .-,,D)C 0) 7O7'P6) %)/' Q'() D0(&'

ẋ(t) = cx(t) + bu(t− h), ; *@=

-R c = (−aµ′(λ))/vx )' µ′(λ) )7' 2:LMN* S-/7 -F7)(I-,7 K/) ; *@= %)/' Q'() 7'$F2)

-/ &,7'$F2)C 7)2-, K/) 2) %,)/ )7' .$,7 7-, .-6$&,) 7'$F2) -/ &,7'$F2)*

N$,7 2) ()'$(. hC 2) %(-F2P6) .) 7/&I& %-/( ; *@= )7' /,) 'T0#) '(&I&$2)* U, %)/'

8$0&2)6),' .DE,&( 2$ 0-66$,.) 0-66) 7/&'

u(t) =
1

b

(
− cx(t)− α(x(t)− x∗(t)) + ẋ∗(t)

)
, ; * =

-R 2) 9$&, .) 0-,'(H2) α )7' /,) 0-,7'$,') %-7&'&I)*

J, %(D7),0) .) hC 2) %(-F2P6) .) 0-,'(H2) .)I&),' %2/7 .D2&0$' 0$( 2$ 0-66$,.) u

.-&' 0-6%),7)( 2) ()'$(. h $E, .:$77/()( 2) 7/&I& .) x(t)* 3-/( 0-6%),7)( 2)7 )V)'7

./ ()'$(.C 2$ 0-66$,.) u .-&' /'&2&7)( 2)7 I$2)/(7 8/'/()7 .) 2:D'$' x $&,7& K/) 2$

(D8D(),0) x∗
1 2:&,7'$,' t + hC 0) K/& ,:)7' %$7 '-/G-/(7 .&7%-,&F2)* 3$( )W)6%2)C

2$ '($G)0'-&() .) (D8D(),0) %-/(($&' Q'() &,0-,,/) 1 2:$I$,0)C 0$( )22) %-/(($&' Q'()

0$20/2D) ), ')6%7 (D)2* 3$( 0-,7DK/),'C $/ 2&)/ .) 8$&() 2:$00D2D($'&-, .) 2$ (-/) x(t)

.) 7/&I() .) 2$ (D8D(),0) x∗(t)C ,-/7 .)I(&-,7 2$ 8$&() 0-,I)(9)( I)(7 x∗(t − h)* 3$(

$&22)/(7C %-/( 2)7 I$2)/(7 8/'/()7 .) xC ,-/7 ,:$I-,7 %$7 .:$/'() 0#-&W K/) .) 2)7

)7'&6)(* S-/7 &,'(-./&7-,7 xP (t, h)C 0) K/& )7' $%%)2D) 2$  !"#$%&$'( #)"&*&C 0-66)

2:)7'&6$'&-, .) 2:D'$' x(t+ h) 0$20/2D) 1 2:&,7'$,' t* S-/7 $%%2&K/-,7 1 ; *@= 2$ 2-& .)

0-66$,.) 7/&I$,')

u(t) =
1

b

(
− cxP (t, h)− αe(t) + ẋ∗(t)

)
, ; *X=

-R 2:)(()/( .) 7/&I& e(t) )7' .DE,&) 0-66)

e(t) := x(t)− x∗(t− h), ; *Y=



 !"! #$ %&'($)*+,-&) ./ 0$,+0. .$ 12+%,-&))$/0 .$ 30$-)  4

&) &5,-$), +-)*- 1$ *6*,7'$ $) 5&/%1$ 3$0'8$

ė(t) = −αe(t− h) + c
(
x(t)− xP (t− h, h)

)
. 9 !:;

<- 1+ (08.-%,-&) .28,+, xP
$*, $*,-'8$ (+03+-,$'$),= %$ >/- *-?)-@$ >/$ xP (t, h) =

x(t+h) $, $) %&)*8>/$)%$ xP (t−h, h) = x(t)= )&/* &5,$)&)* /)$ .6)+'->/$ .2$00$/0

-.8+1$

ė(t) = −αe(t− h), 9 !A;

>/- $*, $B(&)$),-$11$'$), *,+51$ *- 1$ ?+-) .$ %&),0C1$ α *+,-*3+-, 1+ %&).-,-&) 0 <

α < π/2h!

D/*>/2E (08*$),= )&/* )2+F&)* (+* $)%&0$ .-*%/,8 %&''$), )&/* (&/F&)* $*,-G

'$0 xP (t, h)! H$/0$/*$'$),= )&/* *+F&)* >/$ *- xP (t, h) $*, (+03+-,$'$), $*,-'8$=

)&/* (&/00-&)* &5,$)-0 /)$ .6)+'->/$ .2$00$/0 $B(&)$),-$11$'$), *,+51$ 9 !A; >/$

)&/* +(($1&)* 1+  !"#$%&'(  ( )*(++('+ ,%-)(! I/-*>/$ 9 !A; $*, *,+51$= +1&0* *- )&/*

12-),8?0&)* )&/* (&/F&)* &5,$)-0 1$* F+1$/0* 3/,/0$* .$ 12$00$/0 .$ */-F- E 12-)*,+), t!

J&/* +00-F&)* .&)% E 12-.8$ */-F+),$ K 1+ (08.-%,-&) .28,+, xP (t, h) $*, %+1%/18$ -).-0$%G

,$'$), (+0 12-),$0'8.-+-0$ .$* F+1$/0* 3/,/0$* .$ 12$00$/0 .$ */-F- >/- *&), %+1%/18$*

+F+),! J8+)'&-)*= 1+ .6)+'->/$ .$ 12$00$/0 08$11$ 9 !:; $*, ?8)80+1$'$), .-L80$),$ .$

1+ .6)+'->/$ %-51$ 9 !A;! I+0 %&)*8>/$),= /) ,$0'$ -),8?0+1 .$F0+-, M,0$ +N&/,8 E 1+

(08.-%,-&) .$ 12$00$/0 .$ */-F- +@) .$ %&'($)*$0 128%+0, $),0$ 1+ .6)+'->/$ .2$00$/0

%-51$ $, 08$11$! O %P+>/$ -)*,+), ,= )&/* .8@)-**&)* 1+ .+/ %,0%1"  *(++('+ %&''$

eP (t, s) := e(t)− α

∫ t+s

t

e(τ − h)dτ − β

∫ t+s

−∞

p(τ − h)dτ, 9 !Q;

(&/0 s ∈ [0, h]! R) .8)&,$ p(t) %&''$ 1$ -%#%2  ( .+/ %,0%1" >/- $*, 1+ .-L80$)%$ $),0$

1+ (08.-%,-&) .2$00$/0 eP (t− h, h) E 12-)*,+), t− h $, 1+ F0+-$ $00$/0 e(t)

p(t) := eP (t− h, h)− e(t). 9 !4;

S+-),$)+),= +F$% 1+ .8@)-,-&) .$ 12$00$/0 .$ */-F- 9 !T;= &) ($/, 3+%-1$'$), $*,-'$0 1+

(08.-%,-&) .28,+, xP (t, s) E %P+>/$ -)*,+), .$ ,$'(* t F-+ 1+ (08.-%,-&) .2$00$/0 eP (t, s)

$) (0$)+),

xP (t, s) := x∗(t+ s− h) + eP (t, s), ∀ s ∈ [0, h]. 9 !"U;

O (+0,-0 .$ 9 !T;= 9 !4; $, 9 !"U;= )&/* &5,$)&)*

xP (t− h, h) = x∗(t− h) + eP (t, h) + x(t)− x(t)

= −e(t) + eP (t, s) + x(t)

= p(t) + x(t).

9 !"";



 ! "#$%&'() *+ ,-'(./01'&.- 2 3$ 4$('&) ,, 5 6$ 1.7%)-8$'&.- /) ()'$(/

9.08 ()7%3:.-8 ;*+<<= /$-8 ;*+>=? 3$ /@-$7&A0) /B)(()0( /.-1 /)C&)-'

ė(t) = −αe(t− h)− cp(t). ;*+<D=

E- /&FG()-1&$-' ;*+H= )' 0'&3&8$-' ;*+I= )' ;*+<D=? -.08 .J')-.-8 3$ /@-$7&A0) /0

J&$&8 /) %(G/&1'&.-

ṗ(t) =
deP (t− h, h)

dt
−

de(t)

dt

= −βp(t− h) +
de(t− h)

dt
−

de(t)

dt
− αe(t− h) + αe(t− 2h)

= −βp(t− h) + c
(
p(t)− p(t− h)

)
.

;*+<*=

,3 %)0' K'() %(.0CG %$( 0-) $%%(.1#) /) 6@$%0-.C5L($8.CMNO& A0) 3$ /@-$7&A0) ;*+<*=

)8' P3.J$3)7)-' )Q%.-)-'&)33)7)-' 8'$J3) %.0( 3)8 C$3)0(8 $%%(.%(&G)8 /0 P$&- β+ 4$(

$&33)0(8? 3)8 /)0Q GA0$'&.-8 ;*+<D= )' ;*+<*= 8.-' )- 1$81$/)? 1B)8' %.88&J3) $088& /)

7.-'()( A0) ;*+<D= $ 3$ 8'$J&3&'G )-'(G)5G'$' 2 %$('&( /) 3B)-'(G) p(t)+

 !" #$ %&'()*+$,-&* ./ 0),$0. .) 12)*,03) (&/0 1)+

+4+,5')+ *&* 1-*3$-0)+

E- '$-' A0B0-) G'$%) C)(8 3$ PG-G($3&8$'&.- /)8 &/G)8 %(G8)-'G)8 /$-8 3$ 8)1'&.-

%(G1G/)-')? -.08 1.-8&/G(.-8 7$&-')-$-' 3) 1$8 /B0- 8@8'R7) /0 /)0Q&R7) .(/()

ẋ1(t) = f1
(
x1(t)

)
+ x2(t)

ẋ2(t) = f2
(
x(t)

)
+ u(t− h),

;*+< =

.S x(t) := [x1(t) x2(t)]
> ∈ R

2
)' y(t) = x1(t) )8' 3$ 8.('&)+ 6B.JT)1'&U /) 1.-'(V3) )8'

'.0T.0(8 3) %(.J3R7) /) 80&C& /) 3$ 8.('&)? 1) A0& )8' y(t) = x1(t) → y∗(t−h) = x∗

1(t−h)

$8 t → ∞+ 9.08 $%%3&A0.-8 3$ 7K7) $%%(.1#) %.0( 1.7%)-8)( 3) ()'$(/ /) 3B)-'(G)+

W0&') 2 3$ %(.1G/0() /) J$1M8')%%&-P 13$88&A0)? .- %)0' 1.-8&/G()( A0) x2(t) )8' 0-

1.-'(V3) C&('0)3 2 3$ GA0$'&.- /) ẋ1+ 4$( 1.-8GA0)-'? $X- /B$'')&-/() 3B.JT)1'&U /)

1.-'(V3)? 1) 1.-'(V3) C&('0)3 /.&' 1.-C)(P)( C)(8 3) ')(7) 80&C$-'

x∗

2(t) := −f1(x
P
1 (t, h))− α1e1(t) + ẋ∗

1(t), ;*+<Y=

.S xP
1 (t, h) /G-.') 3$ %(G/&1'&.- /) x1(t+ h) 1$3103G) 2 3B&-8'$-' t )' 3B)(()0( e1(t) )8'

/GX-&) 1.77)

e1(t) := x1(t)− x∗

1(t− h). ;*+<>=

W& -.08 /GX-&88.-8

e2(t) := x2(t)− x∗

2(t− h), ;*+<Z=
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1) %&*,081) u(t− h) .&-, $++/0)0 9/)

lim
t→∞

e2(t) = 0. : !7;<

=&/0 1) >$-0)? *&/+ .3@*-++&*+ 1) %&*,081) %&'') +/-,

u(t) := −f2(x
P
1 (t, h), x

P
2 (t, h))− α2e2(t) + ẋ∗

2(t), : !7A<

&B xP
2 (t, h) .3*&,) 1$ (03.-%,-&* .) x2(t+ h) %$1%/13) C 12-*+,$*, t!

D&'') (03%3.)'')*,? %2)+, 3E-.)*, 9/) +- 1$ (03.-%,-&* .) x(t+ h) )+, ($0>$-,)?

1$ .4*$'-9/) .) 12)00)/0 %-F1) ()/, G,0) 3%0-,) +&/+ /*) >&0') %$+%$.)

ė1(t) = −α1e1(t− h) + e2(t)

ė2(t) = −α2e2(t− h),
: !"H<

#) %$1%/1 .) 1$ (03.-%,-&* .23,$, xP (t, h) )+, .&*% F$+3 +/0 : !"H<! #$ ,I%J) 0)+,$*,)

)+, .) ,0&/E)0 1)+ K$-*+ .) %&*,081) α1 ), α2 ,)1+ 9/) 12&FL)%,-> .) %&*,081) )+, +$,-+>$-,!

M&/+ $E&*+ (/? .$*+ 1) DJ$(-,0) N? K3*30$1-+)0 %)+ -.3)+ (&/0 /*) %1$++) .) +4+O

,5')+ *&* 1-*3$-0)+ $E)% /* 0),$0. .) 12)*,03) %&*+,$*, 9/- ()/, G,0) ,0$*+>&0'3) )*

/*) >&0') ,0-$*K/1$-0)

ẋ1(t) = f1
(
x1(t)

)
+ x2(t)

ẋ2(t) = f2
(
x1(t), x2(t)

)
+ x3(t)

!

!

!

ẋn−1(t) = fn−1

(
x1(t), . . . , xn−1(t)

)
+ xn(t)

ẋn(t) = fn
(
x(t)

)
+ u(t− h),

: !"7<

&B x(t) := [x1(t) · · · xn(t)]
> ∈ R

n
), y(t) = x1(t) )+, 1$ +&0,-) ./ +4+,5') (&/0

1$9/)11) *&/+ $E&*+ 1$ 03>30)*%) y∗(t)!
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&/0&-0$ 0/ .*91+&)+'( 1=9)/) $( -)+0+%/() 0/ .*91+&)+'( 1=$**$-* ',)$(-$! G( )$0 %&E97/

1$ .*91+&)+'( $%) %+7.0$ $) %)/,0$! H'-% 19&*+8'(% 0$% 19)/+0% 1$ (')*$ %&E97/ 1$

.*91+&)+'( I 0/ J$&)+'( K!L! 30 &'(8+$() 1$ 7$()+'(($* <-$; I &E/<-$ +(%)/() t; ('-%

&/0&-0'(% 0/ .*91+&)+'( 1=$**$-* .'-* &E/<-$ +(%)/() 1/(% 0=+()$*8/00$ [t, t+h] I 0=/+1$

1$% 8/0$-*% ./%%9$% 1$ )'-)$ $**$-* 1/(% 0=+()$*8/00$ [t−h, t]! ?( '-)*$; /F( 1=/7'*)+*

0$% .$*)-*,/)+'(% .*'8$(/() 1$ 0=+(&'E9*$(&$ $()*$ 0/ 15(/7+<-$ 1$ 0=$**$-* +19/0$

$) *9$00$; '( /M'-)$ -($ +()9@*/0$ 1- ,+/+% 1$ .*91+&)+'( 1/(% 0/ .*91+&)+'( 1=$**$-*!

N.*6% 0=',)$()+'( 1$ 0/ .*91+&)+'( 1=9)/); '( .$-) &'(%)*-+*$ -($ 0'+ 1$ &'77/(1$

%+7.0$ <-+ &'7.$(%$ 0$% *$)/*1% 1$ 0=$()*9$ $) /))$+() 0$ %-+8+ 1$ 0/ %'*)+$ 1- %5%)67$!

D/(% 0=$%.*+) 1$ (')*$ %&E97/ 1$ .*91+&)+'( %+7.0$; ('-% &'(%+19*'(% 1/(% 0/ J$&O

)+'( K! 0$ .*',067$ 1$ %-+8+ 1$ 0/ %'*)+$ 1=-($ &0/%%$ ./*)+&-0+6*$ 1$ %5%)67$% /8$& 1$%

*$)/*1% 1$ 0=$()*9$ $( :'*7$ )*+/(@-0/+*$; '- $( 1=/-)*$% 7')%; 0/ &0/%%$ 1$ %5%)67$%

0+(9/*+%/,0$% ./* 0$ *$)'-* *$%)*$+() )$00$ <-$ .*9%$()9$ ./* P !LQR! H'-% %'77$% +(O

)9*$%%9% ./* &$))$ &0/%%$ 1$ %5%)67$% ./*&$ <-$ 0$% &'(1+)+'(% .'-* 0=$C+%)$(&$ 1=-($

)*/(%:'*7/)+'( @0',/0$ 1/(% &$))$ :'*7$ )*+/(@-0/+*$ %'() 1+%.'(+,0$% P8'+*; .! $C!;

SD/5/T/(%/ QUV4W $) SX$%.'(1$Y QUVKW Z '- SX$%.'(1$Y L[[LW .'-* -($ *9:9*$(&$ .0-%

*9&$()$R! H'-% %-+8'(% -($ .*'&91-*$ 1=+(8$*%+'( P-($ .*'&91-*$ 1$ ,/&Y%)$..+(@R

.'-* )*'-8$* 0=$()*9$ <-+ %-+) 0/ %'*)+$ 19%+*9$! \+$( %]*; -( )$0 %&E97/ 1=+(8$*%+'( $%)

*9/0+%/,0$ @*^&$ /-C 8/0$-*% :-)-*$% 1$ 0=9)/) 1- %5%)67$ <-+ %'() $%)+79$% ./* (')*$

%&E97/ 1$ .*91+&)+'( %+7.0$! H')*$ .*+(&+./0 *9%-0)/) $%) 0$ )E9'*67$ %-+8/()!

 !"#$"%&  !"#$%&'(' )( #*#+,-( )$"&.'$#./)( 0.' )( '(+!1' '(#+'($"+ 234567 (+ #100!8

#(' 91(: 0!1' ;<.91( 1 ≤ i ≤ n: $) (=$#+( γi +() 91(

|fi(z)− fi(y)| ≤ γi |z − y| , ∀ z, y ∈ R
i. P !LLR

> ;<.91( $"#+."+ t: 0!1' s ∈ [0, h]: ;!"#+'1$'( ). 0'&%$;+$!" %?(''(1' (" ;!--("@."+

0.'

ePn (t, s) = en(t)− αn

∫ t+s

t

en(τ − h)dτ − βn

∫ t+s

−∞

pn(τ − h)dτ P !L R



 ! "#$%&'() *+ ,-'(./01'&.- 2 3$ 4$('&) ,, 5 6$ 1.7%)-8$'&.- /) ()'$(/

 !" # $%&!'& ( i = n− 1 ) &* 1" %) +

ePi (t, s) = ei(t)− αi

∫ t+s

t

ei(τ − h)dτ − βi

∫ t+s

−∞

pi(τ − h)dτ

∫ t+s

t

+

∫ t+s

t

ePi+1(τ − h, h)dτ,

9*+: ;

,-

ei(t) = xi(t)− x∗

i (t− h), ∀ i ∈ {1, . . . , n}. 9*+:<;

 !

pi(t) = ePi (t− h, h)− ei(t). 9*+:!;

.,/*!&0'& 1% $&2('+!',/ (32!%!"  / +,44 /5%/! $%& x∗

1(t) = y∗(t)"  !" # $%&!'& ( i = 1

) &* n" %) +

xP
i (t, h) = x∗

i (t) + ePi (t, h), 9*+:=;

,-

x∗

i (t) = − fi−1(x
P
1 (t, h), . . . , x

P
i−1(t, h))− αi−1ei−1(t) + ẋ∗

i−1(t), 9*+:>;

 ! +,/*'(2& & 1 +,/!&61 0&

u(t) = −fn(x
P (t, h))− αnen(t) + ẋ∗

n(t). 9*+:?;

70'*" *,'! h∗ > 0" *' 1% /,&4 ( * 8%'/* ( +,/!&61 α  ! β *%!'*9%'!

αm ≥ 4 + αM(αM + 2)h∗
9*+*@;

βm ≥ 4γ + βM(βM + 2γ)h∗, 9*+*A;

13,&'8'/ (0 *:*!;4  / <,0+1 9 &42  *! 0/'9,&424 /! 81,<%1 4 /!  =$,/ /!' 11 >

4 /! *!%<1 $,0& +?%@0 h ∈ [0, h∗]A

,3 1.-B&)-' /) 7)-'&.--)( C0) 3$ /D-$7&C0) /0 8D8'E7) )- F.013) G)(7H) )8'

1.7%.8H) /) /)0I 8.0858D8'E7)8 )- F.013) G)(7H) J 1)33) /) 3$ %(H/&1'&.- /K)(()0( )'

1)33) /0 F&$&8 /) %(H/&1'&.-+ 40&8C0) 3$ /D-$7&C0) /0 8D8'E7) )- F.013) G)(7H) $

0-) 8'(01'0() )- 1$81$/)L 3$ %()0B) /0 '#H.(E7) %(H1H/)-' 1.7%') 80( 3$ %(.1H/0()

13$88&C0) %.0( H'$F3&( 3$ 8'$F&3&'H /)8 8D8'E7)8 /KHC0$'&.-8 /&MH()-'&)33)8 .(/&-$&()8

)- 1$81$/)+ N$-8 3$ O)1'&.- !+ L -.08 &3308'(.-8 3K)P1$1&'H /0 '#H.(E7) )- 0'&3&8$-'

0-) HC0$'&.- /0 %)-/03) C0& -K)8' %$8 3&-H$&() )' %)0' Q'() &-8'$F3)+


