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(1, 1, 2, 3, 5, ..., Fk−1 , Fk, Fk+1, ...)3!$.$ Fk+1 = Fk−1 + Fk2 F0 = 12 "/) F1 = 1 L>)&$. '( &)*2 DMME℄9O-!"//$% P$1&$. CDFEDGDQRIJ " S$.,"/ ,"(!$,"(++"/ "/) "%(.-/-,$. 3"% (!$ ;.%( 3!--8%$.#$) (!$ $=+%($/$ -0 <+8-/"+ /*,8$.% +/ 1&"/(%9 T$ 3"% %1$+"&&7 +/($.$%($) +/ /*,8$.;#$ L>)&$. '( &)*2 DMME2 U!+1,"/ '( &)2 HIIF℄9 T$ -8%$.#$) (!"( (!$ ."(+- -0 (3- -/%$*(+#$$&$,$/(% -0 <+8-/"+ %$K*$/$ -/#$.4$% "/) !$ -/&*)$) (!"(V

lim
k→∞

Fk+1

Fk
= φ,3!$.$ φ (*./% -*( (- 8$ (!$ 4-&)$/ ."(+-2 φ = (
√
5 + 1)/2 ≈ 1.618033999 :!$ 4-&)$/ ."(+--..$%1-/)% (- " )+#+%+-/ -0 " &+/$ +/(- (3- %$4,$/(% %*! (!"( (!$ ."(+- -0 (!$ &$/4(! -0 (!$ &+/$(- (!$ &$/4(! -0 (!$ 8+44$. %$4,$/( +% $K*"& (- (!$ ."(+- -0 (!$ &$/4(! -0 (!$ 8+44$. %$4,$/( (- (!$&$/4(! -0 (!$ %,"&&$. %$4,$/( LW--5$2 HIIQ2 B+#+-2 HIIH2 X+(!+%-/ '( &)*2 DMEE℄2 %$$ <+4*.$ D9D9
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 !" φ = AB
AC

= AC
CB

 #" φ = AB
BD

= BD
BC

 " φ = a+b
a

= a
b!"#$%& '(') *+, -./0&1 2&4".1 "2 + /"1& 0"5"0&0 "14. 46. 2&#7&1428 49& %+4". .: 49& /&1#49 .: 49&/"1& 4. 49& /&1#49 .: 49& ;"##&% 2&#7&14 "2 &<$+/ 4. 49& %+4". .: 49& /&1#49 .: 49& ;"##&% 2&#7&144. 49& /&1#49 .: 49& 27+//&% 2&#7&148 49& %+4". "2 +//&0 #./0&1 %+4".( *;, -./0&1 %&4+1#/& 0%+61:%.7 49& #./0&1 2&4".1 ACB8 49& %+4". .: 49& /&1#49 .: 49& /.1#&% 2"0& 4. 49& /&1#49 .: 49&29.%4&% 2"0& "2 &<$+/ 4. #./0&1 %+4".( =: 6& 0%+6 49& /+%#&24 >.22";/& 2<$+%& 6"49"18 49& %&7+"1"1#%&4+1#/& "2 +/2. + #./0&1 %&4+1#/&( *, =: 6& 0"5"0& 49& "%$7:&%&1& .: + "%/& "14. 46. +%282$9 49+4 49& %+4". .: 49& /&1#49 .: 49& /+%#&24 +% 4. 49& /&1#49 .: 49& 27+//&% +% "2 &<$+/ 4.49& %+4". .: "%$7:&%&1& 4. 49& /&1#49 .: 49& /+%#&24 +%8 49& 27+//&% .: 49& 46. +1#/&2 %&+4&0"2 +//&0 #./0&1 +1#/&28 θ = 360◦ − 360◦

φ ≈ 137.5◦( ! !" #$%&&'()(+ ,)((-./0=1 >/+142 0"?&%&14 4@>&2 .: >9@//.4+4" >+44&%12 +1 ;& "0&14"A&0( B1& .: 49& 9+%+4&%"24"2.: 49& >9@//.4+4" >+44&%12 "2 49& 1$7;&% .: .%#+12 "1"4"+4"1# +4 49& 2+7& 1.0& 69"9 "2 +//&0 !"#% .% &'()* +,-. CD&+1 ./ #*08 'EEF8 G7"49 ./ #*08 HIIJ℄( D$#+@ "2 0&1.4&0 ;@ j "1 49& :./L/.6"1#( =: .1/@ .1& .%#+1 +>>&+%2 +4 + 4"7& *j = 1,8 49& >+44&%1 "2 +//&0 $1"M$#+4&( N1.49&%<$+14"4+4"5& 9+%+4&%"24" .: >+44&%128 "2 49& 1,2.)".3. #3"*.( =1 +2& .: $1"M$#+4& >9@//.4+O"249& 0"5&%#&1& +1#/& "2 49& +1#/& ;&46&&1 46. 2$&22"5& .%#+12 +10 "2 +>>%.O"7+4&/@ .124+14(=: 49& 0"5&%#&1& +1#/& "2 &<$+/ 4. 180◦ 49& >+44&%1 "2 +//&0 1,+/,'(!+8 ": 49& 0"5&%#&1& +1#/&"2 0"?&%&14 :%.7 180◦8 49& >+44&%1 "2 +//&0 +4,)#*( G>"%+/ >+44&%12 +%& 49& 7.24 :%&<$&14 >+4L4&%12 .;2&%5&0 "1 >/+142 CD&+1 ./ #*08 'EEF℄( G$1P.6&%8 4.;+.8 +10 49& 7.0&/ >/+14 5)#6,1(4+,+/'#*,#3# 9+5& 2>"%+/ >9@//.4+O"2 CQ&"19+%04 ./ #*08 HII'℄8 2&& !"#$%& '(H( =1 2>"%+/ >/+1428 /"1RL"1# .%#+12 "1 49&"% .%0&% .: "1"4"+4".1 %&+4&2 + $%5& 49+4 "2 +//&0 ".3.)#/,2. +4,)#*( S9& 4"7&;&46&&1 "1"4"+4".1 .: 46. 2$&22"5& .%#+12 "2 +//&0 4*#+/(')(3( T+9 .%#+1 9+2 1&"#9;.$%"1#.%#+12 +//&0 "42 (3/#/+( U.11&4"1# 49& .%#+12 4. 49& .14+42 %&+4&2 2&.10+%@ 2>"%+/2 *"1/.R6"2& +10 .$14&%/.R6"2& .%"&14+4".1, +//&0 4#)#+/,',.+( S9& 1$7;&% .: >+%+24"9"&2 +%&.:4&1 .12&$4"5& &/&7&142 .: 49& !";.1+" 2&<$&1& +10 2$9 +%%+1#&7&142 +%& +//&0 !";.1+"
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!"#$%& '()* +,"%-. ,/0..12-3"4 "5  !"#$%&'($( )*"+$","6 2/& 7"8&%#&5& -5#.& "4 -,,%13":-2&.0
137.5◦6 2/& #1.7&5 -5#.&(,-22&%546 4&& !"#$%& '(;( </& 4,"%-. ,/0..12-3"4 "4 /-%-2&%"=&7 >0 2/& 5$:>&% 1? ,-%-42"/"&4(@5 2/& 42$70 1? ,/0..12-2" ,-22&%546 $4$-..0 2A1 5&-%&42 152-24 B.&-7"5# 21 2A1 ,-%-42"/"&45$:>&%4C -%& 154"7&%&76 4"5& 2A1 ,-%-42"/"&4 -%& &51$#/ 21 /-%-2&%"=& 4,"%-. ,-22&%54(
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 !"##$%&'() &% *&+,$)+$ (+ )+&#-  

!"#$%& '()* +&,%&-&./0/"1. 12 /3& -,"%04 ,0//&%. 0.5 ,40/13%1. %0/"1( 73& .$89&%- 1%%&-,1.5/1 1%5&% 12 1%#0. "."/"0/"1.: ; 1%%&-,1.5- /1 /3& <1$.#&-/ 1%#0.( 73& 0%%1=- ".5"0/& 41>="-&0.5 1$./&%41->="-& -,"%04-( 73& ,40-/13%1. %0/"1 "- /3& %0/"1 12 5"-/0.&- 12 /=1 1.-&$/"?&1%#0.- 2%18 /3& &./&%: 21% &@08,4& /3& 5"-/0.& 12 /3& 1%#0. .$89&% AB 2%18 /3& &./&% 5"?"5&59< /3& 5"-/0.& 12 /3& 1%#0. .$89&% A) 2%18 /3& &./&%( C"/$%& 2%18 DE"/3"-1.  ! "#$: 'F  ℄(H&/ Pi 0.5 Pi+1 9& /=1 1.-&$/"?& ,%"81%5"0 ". #&.&%0/"?& -,"%04 0.5 di 0.5 di+1 9& /3&5"-/0.&- 12 /3& ,%"81%5"0 Pi 0.5 Pi+1 2%18 8&%"-/&8 &./&%: /3& ,40-/13%1. %0/"1 IPRJ "-*
PR =

di+1

di
.C3<441/0/" ,0//&%.- 0. 9& 30%0/&%"K&5 9< PR( L3&. PR "- 41-& /1 ': /3& ,40./ #&.M&%0/&- 3"#3 ,0%0-/"3"&- .$89&%-: 21% &@08,4& -$.N1=&% 0. #&.&%0/& $, /1 IBB: OFJ I41>M="-&: 1$./&%41>="-& 1% ?"& ?&%-0J -,"%04- DP&0.  ! "#$: 'FF): +&".30%5/  ! "#$: A;;'℄( L3&%&0-/3& ,1/0/1 30- PR = 1.3 0.5 #&.&%0/&- IA: QJ I41>="-&: 1$./&%41>="-& 1% ?"& ?&%-0J -,"M%04- D+&".30%5/  ! "#$: A;;'℄( C0//&%.- ="/3 3"#3 .$89&%- 12 ,0%0-/"3"&- 0%& 044&5 3"#3 1%5&%,0//&%.-(73&%& 0%& -&R$&.&- ". =3"3 /&%8- 0%& /3& -$8 12 /=1 ,%&&5".# 1.&- 0- /3& !"91.0"-&R$&.&-: 9$/ /3& S%-/ /&%8- 12 /3& -&R$&.& 0%& 5"T&%&./ 2%18 /3& S%-/ /&%8- 12 /3& !"91.0"-&R$&.&( U -&R$&.& 9&#"..".# 9< ' 0.5 p ". =3"3 &03 /&%8 "- /3& -$8 12 /=1 ,%&?"1$- /&%8-"- 044&5 (p− 2)/3 " &&'() -&R$&.& DP&0.  ! "#$: 'FF): V8"/3  ! "#$: A;;W℄*

(1, p, p + 1, ..., ak−1, ak, ak+1, ...), ak+1 = ak−1 + ak.



  !"#$$%&' ()*$$!+,-%. ,+ "%//#0#&+ .1,$#.2 , .+,+# !/ ,0+!"# $%&' (#&&*%+ &#,-#.# (1, 3, 4, 7, 11, ...) /& (0&* (00#1 2-(& &#,-#.#34 &#,-#.# *.&'%-'#1 /. '"# &(5# 6(+7 8#9/../.9 8+ : (.1 2q + 17 q > 17 /& (00#1  !"# $%"&' ;<#(. ()  %*7 =>>?7 @5/'" ()  %*7 :AAB℄D
(2, 2q + 1, 2q + 3, ..., ak−1, ak, ak+1, ...), ak+1 = ak−1 + ak.E. (11/'/*. '* 1/&'/"*-& (.1 &F/%(0 F"+00*'('/ F(''#%.&7 '"#%# (0&* #G/&'& 6"*%0#1 (.1 5-0H'/I-9('# F(''#%.&3 E. 6"*%0#1 (.1 5-0'/I-9('# F(''#%.& &#J#%(0 *%9(.& /./'/('# (' '"# &(5# .*1#3!"/& 5#(.& '"(' '"# I-9(+7 j7 K1#$.#1 (& '"# .-58#% *L *%9(.& (FF#(%/.9 (' '"# &(5# .*1#M

j ≥ 23 E. 6"*%0#1 F"+00*'('/ (%%(.9#5#.'& j *%9(.& (FF#(% (' '"# &(5# 6"*%0 (' (.90#& 360◦/jL%*5 #(" *'"#%3 !"# *%9(.& *L '"# .#G' 6"*%0 /./'/('# /. '"# &F(#& (' '"# #.'%# *L '"# &F(#&8#'6##. '"# *%9(.& *L '"# F%#J/*-& 6"*%03 !"# 1/J#%9#.# (.90# 8#'6##. (. *%9(. *L ( 6"*%0 (.1'"# .#(%#&' *%9(. *L '"# .#G' 6"*%0 /& θ = 180◦/j3 !"# 1/J#%9#.# (.90# θ (. 8# &5(00#% '"(.
180◦/j3 E. '"/& (&#7 ( &F/%(0 (%%(.9#5#.' (. 8# *8&#%J#1 (.1 /& (00#1 5-0'/I-9('#3 N-0'/I-9('#F(''#%.& (%# "(%('#%/O#1 8+ '"# .-58#% *L F(%(&'/"/#& 6"/" (%# 5-0'/F0#& *L '"# .-58#% *LF(%(&'/"/#& *L -./I-9('# F(''#%.&7 &## P/9-%# =3Q3 E. 5-0'/I-9('# F(''#%.&7 '"# I-9(+ KjθM (.1 '"#.-58#% *L *%9(.& /./'/('/.9 &/5-0'(.#*-&0+ KjM (& L*00*6&D

jU1 :

{1/&'/"*-&, /L θ = 180◦,&F/%(0, /L θ 6= 180◦,

j ≥ 2 :

{6"*%0#1, /L θ = 180◦/j,5-0'/I-9('#, /L θ 6= 180◦/j.!"# '%(.&/'/*. L%*5 1#-&&('# F"+00*'(G/& '* &F/%(0 *.# (. 8# *8&#%J#1 /. 5(.+ F0(.'&3P*% #G(5F0#7 0#(J#& *L 4%(8/1*F&/& (' $%&' (%# (%%(.9#1 6/'" ( 1/J#%9#.# (.90# 0*&# '* 90◦9#.#%('/.9 ( 1#-&&('# F(''#%.3 4%(8/1*F&/& 9%(1-(00+ 9#.#%('#& &F/%(0 F"+00*'(G/& (& /' 1#J#0*F&L%*5 J#9#'('/J# 9%*6'" '* V*6#%/.93 !"# &/0/,-#& K/3#3 4%(8/1*F&/& L%-/'&M L*%5 ( &F/%(0 F"+00*'(G/&6/'" ( 1/J#%9#.# (.90# 0*&# '* 137.5◦3



 !"##$%&'() &% %!* +*,()%*+ )-&#*. /"0&+(-&# +$/*#)  

!"#$%& '()* +",$#-.& !"/01-" 3-..&%1 (j = 2)( 45"6 #7810-97"$8 5-6 3-%-6."57 1$8/&%6
(10, 16) = 2(5, 8) :5"5 -%& .:0 016&$.";& &9&8&1.6 0< 2 × (1, 2, 3, 5, 8, 11, ...). =".$%& <%08>:::(8-.5(68".5(&?$@357990℄(

!"#$%& '(B* C50%9&? 3-..&%1 D.%"$6-..&E( =".$%& <%08 >:::(8-.5(68".5(&?$@357990℄℄ 3%0306&? - %$9& ?&6%"/"1# .5& "1"."-."01 0< - 1&: 0%L#-1( O& 6$##&6.&? .5-. .5& 1&: 0%#-1 "1"."-.&6 3&%"0?"-997 D"(&( .5& 39-6.05%01 "6 %&#$9-%E-. .5& 9-%#&6. -;-"9-/9& 63-& 9&<. /7 09?&% 0%#-16( P10: -1? P10: >P10:  ! "#$G ' Q'℄ <$%.5&%"1;&6."#-.&? .5"6 "?&- /7 6$%#"-997 "609-."1# .5& 6".& 0< -1 "1"3"&1. 3%"80%?"$8( R1 "1"3"&1.3%"80%?"$8 D0% 80%& #&1&%-997 -1 "1"3"&1. 0%#-1E "6 - 3%"80%?"$8 "1 ".6 S%6. 6.-#&6 0< ?&;&9L038&1.E( 450$#5 .5& 1&I. 3%"80%?"$8 :-6 <0%8&? -. .5& &I3&.&? 306"."01 :".5 - ?";&%#&1&-1#9& 906& .0 137.5◦G .5& 6&01? 1&I. 3%"80%?"$8 -33&-%&? 906&% .0 .5& "609-.&? 3%"80%?"$8.5-1 $6$-9 D:".5 - ?";&%#&1& -1#9& -/0$. 165◦EG 6&& !"#$%& '(N( P10: -1? P10: $6&? .5& ?"6L39-&8&1. 0< .5& 1&I. 6&01? 3%"80%?"$8 -6 -1 &;"?&1& .0 3%0306& - %&'! "(")#"*# 8&5-1"68"1 :5"5 -1 0%#-1 -33&-%6 :5&1 .5&%& "6 - 8"1"8$8 -;-"9-/9& 63-& 01 .5& J-1K 0< 8&%"6.&8



 !  !"#$$%&' ()*$$!+,-%. ,+ "%//#0#&+ .1,$#.2 , .+,+# !/ ,0+

"#$%&'  ()* +-'./0 12 3-45516/6# 3/66'&70( "1& '/- 3/66'&78 9%$/4 j /7: :#;'&$'7' /7$5' θ/&' $#;'7( "1& :'0&#36#17 0'' 6-' 6'<6( =#6%&' 2&1. >+.#6-  ! "#$8 ?!!@℄(



 !"##$%&'() &% %!* +*,()%*+ )-&#*. /"0&+(-&# +$/*#)   

!"#$%&  '() *,&-./ 01 2,& &34&%"-&52 01 *506 .57 *506' 8,& "5"4"&52 4%"-0%7"$- I1 "/"/09.2&7 :; .5 "5"/"05' 8,& 5&32 4%"-0%7"$- I2 "5"2".2&/ 6"2, . 7"<&%#&5& .5#9& 90/& 20 137.5◦=2,& /&057 5&32 4%"-0%7"$- L3 "5"2".2&/ 6"2, . 7"<&%#&5& .5#9& 01 165◦ 90/&% 2,.5 $/$.9 20 I1'6"2, . -"5"-$- 7"/2.5& 1%0- 097&% 0%#.5/' 8,"/ -&,.5"/- "/ >$"2& /"-"9.% 20 2,.2 01 ?01-&"/@2&% &3&42 2,& 4&%"07" "5"2".2"05 "-40/&7 :; 2,& ?01-&"/2&% -&,.5"/-= 6,", "/ .:/&52 "5 2,&4%040/"2"05 01 *506 .57 *506'80 &349."5 2,& 4,;9902.2" 4.22&%5/= 02,&% -&,.5"/-/ 6&%& .9/0 4%040/&7' A502,&% :"04,;/".9-&,.5"/- "/ :./&7 05& 2,& 7"B&%&52".9 #%062, :&26&&5 2,& 0$2&% 9.;&%/ 01 2,& *AC .57 2,&"52&%5.9 9.;&% 01 2,& *AC' D5 2,"/ -&,.5"/- 2,& 0$2&% 9.;&%/ #%06 1./2&% 2,.5 2,& "52&%5.9 9.;&%6,", 9&.7/ :$E9"5# .2 2,& /$%1.&= %&/$92"5# "5 0%#.5 10%-.2"05 FG%&&5=  HHI= G%&&5=  HHJ℄'D5  H L= *,0$2& 4%040/&7 . 2,&0%; 20 7&2&%-"5& 2,& 49.& 01 "5"2".2"05 01 0%#.5/' A0%7"5# 20,"/ 2,&0%;= . 4%"-0%7"$- 4%07$&/ . ,&-".9 "5,":"20% 2,.2 4%&<&52/ 2,& 10%-.2"05 01 5&6 0%#.5/5&.%:;' 8,"/ "7&. "/ E5065 ./ M"5,":"20%; N&97 2,&0%;M' A0%7"5# 20 2,"/ 2,&0%;= 4%"-0%7". .572,& -&%"/2&- /$--"2 .%& /$%%0$57&7 :; "5,":"20%; N&97/ 2,.2 .5 :& #%.7"&52/ 01 5$2%"&52/ 0%/"#5.99"5# -09&$9&/' 8,& N&97/ #&5&%.2&7 :; 097&% 4%"-0%7". 4%&<&52/ "5"2".2"05 01 . 5&6 0%#.5'O0$.7; .57 P0$7&% FO0$.7;  ! "#$=  HHJQ.R= O0$.7;  ! "#$=  HHJQ:R= O0$.7;  ! "#$=  HHJQR℄



 !  !"#$$%&' ()*$$!+,-%. ,+ "%//#0#&+ .1,$#.2 , .+,+# !/ ,0+ !"! #$%&'( )*$)$(&% +, -$./%, /0% 1$.%&*"# $ %&'(&% )* +,'&& -$-&'% ./)0$12  ! "#$3  4456$73 /)0$12  ! "#$3  4456873/)0$12  ! "#$3  44567℄ /)0$12 $#1 ;)01&' '&<(%(+&1 +,& (1&$% )* =)*>&(%+&' .=)*>&(%+&'3  ?5?℄$#1 @#)A $#1 @#)A .@#)A  ! "#$3  4B!℄ *)' +,& *)'>$+()# )* $ #&A )'C$#D E,&2 -')-)%&1 +A)12#$>($F >)1&F% +) '&-')10& -,2FF)+$+( -$++&'#%D E,& G'%+ )#& (% 8$%&1 )# +,& )#1(+()#%)* (#(+($+()# )* $ #&A )'C$# -0+ *)'A$'1 82 =)*>&(%+&' $#1 +,& %&)#1 )#& (% 8$%&1 )# +,&)#1(+()#% -')-)%&1 82 @#)A $#1 @#)AD !"#$ %&'()* "(+!#!$!,- $.( ./0&$.(#(# 0"&0&#(' 1/ 2&3%(!#$("/)0$12 $#1 ;)01&' '&H&I$>(#&1 +,& ,2-)+,&%&% )* =)*>&(%+&' .=)*>&(%+&'3  ?5?℄ $#1 '&-')10&1%-('$F $#1 1(%+(,)0% -$++&'#% (# $ -,2%(% &I-&'(>&#+ $% A&FF $% (# #0>&'($F %(>0F$+()#% )* $12#$>($F >)1&FDJ)'1(#C +) +,& ,2-)+,&%&% -')-)%&1 82 =)*>&(%+&'3 $# )'C$# $--&$'% -&'()1($FF23 A(+, $GI&1 +(>& -&'()1 T 6(D&D +,& -F$%+),')#& (% '&C0F$'73 $+ +,& -&'(-,&'$F K)#& )* >&'(%+&> (# +,&F$'C&%+ %-$& F&*+ 82 )F1&' )#&%D L&$0%& )* +,& C')A+,3 +,& )'C$#% >)<& $A$2 '$1($FF2 *')> +,&&#+'& )* +,& @JM A(+, $ <&F)(+2 V (r)3 rcD N0+%(1& +,(% '&C()# +,& 1')-F&+% A&'& +)) *$' *')> &$, )+,&'+) (#+&'$+ $#1 +,&2 )#F2 1'(*+&1 $A$2 '$1($FF2 *')> +,& &#+&'D E,& $0+,)'% %,)A&1 +,$+ +,&-$++&'#% -')10&1 A&'& )#+')FF&1 82 $# $1(>&#%()#$F -$'$>&+&' G = V0T/Rc A,&'& V0 A$% +,&$1<&+()# <&F)(+2 A,(, (% )#+')FF&1 82 >$C#&+( G&F1D E,&2 $F%) %,)A&1 +,$+ G = ln(PR)3A,&'& PR (% +,& -F$%+),')#& '$+()D



 !"##$%&'() &% %!* +*,()%*+ )-&#*. /"0&+(-&# +$/*#)  !

 !" #$%&$()*% +),-  ." /0$1!2 +),-  " /0$1!2 +),- )3 ($4(-1 )1,-1"#$%&'  ()* +#,'&'-. /01223.4.# /4..'&-6 37.4#-'8 71 .0' '9/'&#:'-.( ;4< +#6.#03%6 :38'=8#>'&$'-' 4-$2' #6 180◦ ;7< ?/#&42 :38' @#.0 /4&46.#01 -%:7'&6 ; = A<( B0' $'-'&4.#>' 6/#&42#6 &'/&'6'-.'8 71 .0' 8460'8 2#-'( ;< ?/#&42 /4..'&- 3C 0#$0'& 3&8'& @#.0 /4&46.#01 -%:7'&6 ;D=E<( F#.%&' C&3: G+3%481  ! "#$=  ))H;4<℄( !"#$J46'8 3- .0' 473>' :'-.#3-'8 01/3.0'6'6= +3%481 4-8 K3%8'& /&3/36'8 4 3:/%.4.#3-42 :38'2(L- .0#6 :38'2= .0' 616.': @46 C%&.0'& 6#:/2#M'8 71 6%//36#-$ .04. .0' ?NO @46 /24-4& 4-83&$4-6 @'&' #&2'6 3C &48#%6 d0( B3 :4P' .0' 3&$4-6 4//'4& #- .0' 24&$'6. 6/4' 2'C. 71 328'&3-'6= #. #6 466%:'8 .04. 328'& 3&$4-6 '9'&.'8 4 &'/%26#>' C3&' 3- #-#/#'-. 3&$4-6( B0#6 4- 7'>#'@'8 46 4 6#:/2' @41 .3 :38'2 6/4' 3%/4.#3- 3C 3&$4-6(O3&' /&'#6'21= #- .0#6 :38'2 3&$4-6 4//'4&'8 3- 4 #&2' C @#.0 &48#%6 R0 @#.0 4 .#:'/'&#38##.1 3C T 3- 4 /24-4& :'&#6.':( B0'1 :3>'8 4@41 C&3: .0' '-.'& @#.0 >'23#.1 V (r)(Q40 3&$4- &'4.'8 4 &'/%26#>' '-'&$1= E(d)= @0'&' d #6 .0' 8#6.4-' 7'.@''- .0' /&#:3&8#%:4-8 4 64:/2#-$ /3#-. S 3- .0' #&2' C= 6'' "#$%&'  ( R( B0' &'/%26#>' '-'&$1 &'/&'6'-.6 .0'#-0#7#.3&1 M'286 /&'>#3%621 :'-.#3-'8( S'. {P1, ..., Pl} 7' .0' 6'. 3C '9#6.#-$ /&#:3&8#4= .0'3:7#-'8 &'/%26#>' '-'&$1 h 3- .0' /3#-. S #6 $#>'- 71*
h(S) =

l
∑

i=1

E(d(Pi, S)), ; ( <@0'&' d(Pi, S) #6 .0' 8#6.4-' 7'.@''- .0' /3#-. S 4-8 .0' /&#:3&8#4 Pi= 1 ≤ i ≤ l( B0' C%-.#3-6
E(d) .04. @'&' %6'8 #- .0' 6#:%24.#3-6 @'&' 1/d= 1/d3 3& exp(−d/l)( +3%481 4-8 K3%8'& &'/3&..04. .0'6' C%-.#3-6 $'-'&4.'8 T%42#.4.#>'21 .0' 64:' /4..'&-6(B3 8'.'&:#-' .0' 234.#3- 3C 4 -'@ /&#:3&8#%: 3- #&2' C= .0' C%-.#3- h #6 42%24.'8 C3& 48#6&'.' 6'. 3C /3#-.6 3- #&2' C( N- 3&$4- 4//'4&6 4. '40 /'&#38 T 4. .0' /3#-. C3& @0#0 .0'C%-.#3- h #6 :#-#:%:( N6 :'-.#3-'8 7'C3&'= .0' 6#:%24.#3-6 3C .0#6 :38'2 $'-'&4.'8 8#6.#03%64-8 6/#&42 /01223.49#6( ?#-' 3-21 3-' 3&$4- 4//'4&6 4C.'& '40 .#:' #-.'&>42 T = .0' :38'2 3%28-3. $'-'&4.' @03&2'8 /01223.4.# /4..'&-6(



 !  !"#$$%&' ()*$$!+,-%. ,+ "%//#0#&+ .1,$#.2 , .+,+# !/ ,0+

"#$%&'  ( )* +-'./ 01 2-' 34/5/& .06'4 01 2-' +78( 9-' #5#3#'52 0&$/5 01 5%.:'& n #;&'3&';'52'6 #5 :4/<( 9-' 30;#2#05 01 2-' 0&$/5 5%.:'& n #; / 1%52#05 01 30;#2#05; 01 3&'=#0%;05';> n − 1> n − 2> ((( ( ?2 #; 6'@5'6 :A 2-' 6#='&$'5' /5$4' θ> /56 2-' &/2#0 01 2-'#& 6#;2/5';20 2-' '52'&>  !"#$%'(%)* ("$+%( 9-' 0&$/5; .0=' &/6#/44A 1&0. '52'& B#2- / ='40#2A 01 V (r)>
r :'#5$ 2-' 6#;2/5' 1&0. 2-' '52'&( 9-' #5-#:#20&A @'46 4#5'; 01 302'52#/4 E(d) /&' ;-0B5 /2'/- 0&$/5( 9-' &'6 6022'6 4#5' &'3&';'52; 2-' $'5'&/2#=' ;3#&/4( !#$% &#%!'( )!*+,+-+$. -/! /01#-/!,!, 1)#1#,!% 20  $#3 4$%  $#3+50B /56 +50B C+50B *$ "!,>  DEF℄ 3&030;'6 / .06#@/2#05 20 2-' ;'2 01 -A302-';'; 3%2 10&B/&6:A H01.'#;2'&( 9-'A ;#.34A &'.0='6 2-' 2#.' 3'&#06##2A 01 #5#2#/2#05 01 0&$/5; /56 ;%$$';2'62-/2 2-' #5#2#/2#05 01 /5 0&$/5 2/<'; 34/' /2 2-' 3'&#3-'&/4 I05' 01 2-' +78 B-'&' /56 B-'52-'&' #; '50%$- ;3/' 10& #2; 10&./2#05( +#.#4/& 20 2-' -A302-';'; 01 H01.'#;2'&> 0&$/5; .0='6/B/A B#2- / &/6#/4 ='40#2A 01 V (r)( 9-' /5$%4/& 30;#2#05; 01 3&#.0&6#/ 6#6 502 -/5$' 0='& 2#.'0%2;#6' 01 / &'$#05 01 &/6#%; R0(J/;'6 05 2-#; 5'B ;'2 01 -A302-';'; K0%/6A /56 L0%6'& 3&030;'6 / ;'056 .06'4 #5 B-#-2-'A /;;%.'6 2-/2 2-' ;-/3' 01 2-' +78 #; 3/&/:040#6/4 /56 3&#.0&6#/ -/=' /I#.%2-/44A '405M$/2'6 ;-/3'( K0%/6A /56 L0%6'& 200< 2-';' /;;%.32#05; #520 /0%52 :A / #52&06%#5$ /;%334'.'52/&A 3/&/.'2'& /44'6 2-' 05##2A( +#.#4/& 20 2-' @&;2 .06'4> '/- 3&#.0&6#%. &'M/2'6 / &'3%4;#=' '5'&$A E(d) /56 2-' 0.:#5'6 &'3%4;#=' '5'&$A h 05 2-' 30#52 S $'5'&/2'6 :A2-' 'N#;2#5$ 3&#.0&6#/ {P1, ..., Pl} #; $#='5 :A 2-' OP%/2#05  ( (90 @56 B-'&' / 5'B 3&#.0&6#%. /33'/&;> 2-'A /4%4/2'6 052#5%0%;4A 2-' =/4%' 01 2-'1%52#05 h 05 2-' ;/.34#5$ 30#52;( 7 5'B 3&#.0&6#%. /33'/&; /2 2-' 30#52 10& B-#- 2-'



 !"##$%&'() &% %!* +*,()%*+ )-&#*. /"0&+(-&# +$/*#)  !

"#$%&'  (  ) *&+,-'. +/ 01' &'2%-.#3' '4'&$5 /%40#+4 E(d)7 89%:0#+4 ; (<=7 /+& d0 = 1 :4>
α ∈ {1, 3, 5, 7, 9}( ?. α #4&':.'. 01' %&3' @'+A'. .0''2'& ;α = 1 #. 01' &#$10A+.0 %&3' :4>
α = 9 01' -'/0A+.0=(/%40#+4 h #. A#4#A%A B1'4'3'& 01' 3:-%' +/ /%40#+4 h #. @'-+B : '&0:#4 01&'.1+-> ES (C1' /%40#+4 E(d) %.'> #4 01' .'+4> A+>'- #.

E(d) =
−1 +

(

tanh α d
d0

)−1

−1 + (tanh α)−1
, ; (<=B1'&' tanh #. 01' 152'&@+-# 0:4$'40 :4> α &'2&'.'40. 01' .0#D4'.. +/ 01' #40'&:0#+47 .'' "#$E%&'  (  ( C1' /%40#+4 #. : >'&':.#4$ /%40#+4 +/ >#.0:4' :4> 01' 1#$1'& #. α 01' .0#D'& :&'#40'&:0#+4.(C1' :%01+&. .1+B'> 01:0 01' .0:0' +/ 01' .5.0'A :4 @' >'.&#@'> @5 01' /+--+B#4$ 2:&:A'0'&)

Γ = d0/R0. ; (F=G/ 01' +4##05 #. 0:H'4 #40+ :+%40
Γ = l1/R0,B1'&' l1 = d0/N

1/2 #. 01' +&01+&:>#:- .#I' +/ 2&#A+&>#:7 1/N &'2&'.'40#4$ 01' +4##05( J''"#$%&'  ( < #4 B1#1 01' @#/%&:0#+4 >#:$&:A +/ >#3'&$'4' :4$-'. :. : /%40#+4 +/ Γ #. 2&'.'40'>(8:1 2+#40 #4 01' >#:$&:A +&&'.2+4>. 0+ : .0':>5 3:-%' +/ >#3'&$'4' :4$-'. +@0:#4'> #4 .#AE%-:0#+4.( ?. +4' :4 +@.'&3' #4 01' ,$%&'7 01' A+>'- &'2&+>%'. >#D'&'40 .0':>5 215--+0:0#2:00'&4. 1:&:0'&#I'> @5 Γ(K#+-+$#:- &'-'3:4' +/ 01' #41#@#0+&5 ,'->. #. 4+0 A'40#+4'> #4 01' A+>'-. 2&+2+.'> @5 L+%:>5:4> M+%>'&( C1'5 +4-5 +4.#>'&'> :4 :@.0&:0 /+&A +/ .%1 ,'->.( C1'&'/+&'7 A%1 &'.':&1.#4' 01'4 1:. +4.#>'&'> :-0'&4:0#3' /+&A. +/ #41#@#0+&5 ,'->.7 :. B' .%AA:&#I' 4+B7 :. B'-- :.A+&' +A2-'N A+>'-. #4-%>#4$ .%@E'--%-:& 2&+'..'.7 :. >'.&#@'> #4 01' 4'N0 .'0#+4(



 !  !"#$$%&' ()*$$!+,-%. ,+ "%//#0#&+ .1,$#.2 , .+,+# !/ ,0+

"#$%&'  ( )* +#,$&,- ./ 0#1'&$'2' ,2$4' θ ,5 , /%26#.2 ./ Γ( 78#&,4 8,66'&25 ,&' 4,9:'44'0 :; 6<' 2%-:'& ./ 4.=>#5' ,20 .%26'&4.=>#5' 8,&,56#<#'5 (m,n)( ?<.&4'0 8,696'&25 ,&' 4,:'44'0 :; 6<' 2%-:'& .&$,25 ,6 ',< ><.&4 (j, j)( 1/N = 3@ ,20 α = 8( "#$%&'/&.- A+.%,0;  ! "#$@  BB!C:D℄(7-#6<  ! "#$ A7-#6<  ! "#$@ )FF!℄ 8&.8.5'0 , -.0'4 #2 ><#< 6<' 58,6#,4 0#56&#:%6#.2 ,20 ,$' ./.40'& .&$,25 0'6'&-#2' 6<' #2#6#,6#.2 84,' ./ , 2'> .&$,2( 7#-#4,& 6. 6<' 5'.20 -.0'4 8&.8.5'0:; +.%,0; ,20 G.%0'&@ 6<' 8&'9'H#56#2$ .&$,25 &',6'0 &'8%45#1' '2'&$; -.0'44'0 :; ,2 #2<#:#96#.2 /%26#.2( I2 .&$,2 ,88',&'0 ><'&' ,20 ><'2 6<' 5%- ./ #2<#:#6.&; #2J%'2' ./ 8&'9'H#56#2$.&$,25 >,5 :'4.> , 8&'0'K2'0 6<&'5<.40 Es( L. &'8&.0%' ><.&4'0 ,20 -%46#M%$,6' 8,66'&25 ,5#-%4,6#.2 -.0'4 >#6< 6>. #2<#:#6#.2 /%26#.25 >,5 8&.8.5'0( N.6< /%26#.25 &'8&'5'26'0 6<'#2<#:#6.&; .26&#:%6#.2 ./ .40'& 8&#-.&0#, :; 6,=#2$ #26. ,.%26 6<'#& 58,6#,4 0#56&#:%6#.2 ,206<'#& ,$'( O2 ,00#6#.2@ #2 .2' ./ 6<' /%26#.25@ 6<' #2<#:#6.&; 'P'6 ./ 2'>4; #2#6#,6'0 .&$,25 #29&',5'5 $&,0%,44; .1'& 6#-'( L<#5 ,44.>'0 6. &',6' 8<;44.6,6# 8,66'&25 #2 ><#< 5'1'&,4 .&$,25#2#6#,6' 5#-%46,2'.%54; #2 , &.:%56 -,22'&(Q.&' 8&'#5'4;@ 4'6 {P1, ..., Pl} :' 6<' 5'6 ./ 'H#56#2$ .&$,25 ,20 ti :' 6<' ,$' ./ .&$,2 C8&#9-.&0#%-D Pi@ 1 ≤ i ≤ l@ 6>. #2<#:#6#.2 /%26#.25 ,&' 0'K2'0 ,5*
h1(S) = (1.0− e−bdti)

l
∑

i=1

1

d(Pi, S)
e−b1ti , C (RD

h2(S) =

l
∑

i=1

1

d(Pi, S)
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 !"#$%&"($! ! "#$%&'( )* +' #$,' -''! &#$& %.$!& /0(%#01'!'-2-* $!3 %#4..0&$52- 2! %$(&27.$(* $! 8'$!$.4-'3 $& 329'('!& -$.'-* :(0/ '..7.$( %(0'--'- &0 &#' 0(1$!2;$&20! 0: &#' -&'/<  : %#4..0&$52-#$- 8''! -&732'3 :0( '!&7(2'-* /0-&.4 $& /$(0-0%2 -$.'-* 2& 2- 0!.4 2! &#' )=>?@- &#$& &#'%(2!2%.' 0: 1'!' ('17.$&20! #$- 8''! A(-& 7!3'(-&003 BC$08  ! "#$* )=>)℄
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 !  !"#$%&%'!(&) "!*+))'(, !- ,+(+%' &(* .'! /+"' &) (+%0!123

 !" #$%$&!' (&!)*,-(,.) /!(.&* !) &$01'!($ ! *,)0'$0$)$2  3" 4&!)*&,-(,.) /!(.&* /.&5 .5-'$6$* !)7 3,)7 (.&$01'!(.&8 &$0,.)2
 " 9:; -.'85$&!*$ 3,)7* (. (<$ .7,)0 &$0,.)2  7" 9:; -.'85$&!*$ (&!)*&,3$* (<$ =:; (. 59:;2"#$%&' ()*+ ,'-' &'$%./0#1- 20'32) 4#0%&' /6/30'6 7&18 9:1;'&  ! "#$< (!!*℄)8/>'2 #0 /- #6'/. 816'. 1&$/-#28 71& 20%6?#-$ 3./-0 6'@'.138'-0) A0 /- B' '/2#.? %.0%&'6 #-28/.. 23/'2 C-'/&.? *!!! #-6#@#6%/. 3'& 2D%/&' 8'0&'E) A0 #2 2'.7F31..#-/0'6< ;G#G /..1;2 013&16%' 20&/#-2 ;#0G 8%.0#3.' 8%0/0#1-2 9AHIJ ;'B3/$'℄

A+B −→ C.LG#2 &'/0#1- /- B' 816'..'6 %2#-$ 0G&'' @/&#/B.'2+ 0G' 1-'-0&/0#1-2 17 A< B /-6 C) H1; ;'#8/$#-' 0G/0 ;' 816'. #0 #- 23/' B? /22%8#-$ 0G/0 A /-6 B /&' 3&16%'6 /0 '&0/#- .1/0#1-2#- 23/' /-6 6#O%2' 7&''.?) A- 1-2'D%'-'< 0G'#& 1-'-0&/0#1- G/-$'2 #- 23/') LG#2 G#$G.?



 !"#$%&#'(!%)"* (%+'**$,- ",+  $(.*"#$%,  !

"#$%&' ()(* +,-'. /.012  !"#$%&'($( )*"+$",") 340$' 5&,4 3678 9': /0$' ;3678 9':/0$'℄)#1&'0>'> 2?' 1%4:'& ,5 @0&#0:.'> #1 >#4%.02#,1>) A'2 N :' 2?' 1%4:'& ,5 /,#12> 5,& 9?#? 9' 1''-2?' .,0. ,1'12&02#,1>B 2?' 1%4:'& ,5 @0&#0:.'> &#>'> 2, 3N ) 31 502 2?'&' ,%.- :' 1, .#4#2 2, 2?'1%4:'& ,5 /,#12> #1 >/0' 01- ,1' 4#$?2 :' #12'&'>2'- #1 >/02#0. /022'&1> #1 ,1'12&02#,1> C'.->)D0E#1$ #1C1#2'.F 401F /,#12> #> #1 502 ,1>#-'&#1$ 2?' >F>2'4 0> 0 &,)$,../) "%&2?'&4,&'B2?' &'02#,1> ?0//'1#1$ 02 -#G'&'12 /,#12> #1H%'1' '0? ,2?'& 2?&,%$? -#G%>#,1 ,5 AB B 01-
CB ,& ,2?'& 5,&4> ,5 2&01>/,&2 I')$) 0%J#1 2&01>/,&2 ;K&%/#1>E# 0) "+1B (L!L℄M ,& >#$10..#1$ I')$)N%J20&#1' >#$10..#1$ ;O9'1 0) "+1B !PPP℄



 !  !"#$%&%'!(&) "!*+))'(, !- ,+(+%' &(* .'! /+"' &) (+%0!123 !"#$$%&' ()*#'!+%#,"#$%&'$ ()%* $+,%),- ,./ %&'+01,- +10+&1%)&$ ,. 3& ,%&401)5&/ ). $&6&1,- (,#$ ,01/).4 %0%*&)1 *,1,%&1)$%)$7 "3,-5,1).) 8"3,-5,1).)9 !::;℄℄7 Y&1& (& +1&$&.% , 4&.&1,-06&16)&( 0C %*& &M)$%).4 ,++10,*&$7 B-- C01',-)$'$ ,1& .0% ).->/&/ ). %*)$ 06&16)&(9 (& 1,%*&1C0>$ 0. %*& C01',-)$'$ %*,% $&&' %0 3& '01& )'+01%,.% ,./ '01& >$&C>- C01 0>1 (01G7 D*&/)@&1&.% -,$$&$ 0C '0/&-$ +1&$&.%&/ *&1&,C%&1 ,1& 0C 0>1$& .0% )./&+&./&.%9 ,./ (& ()-- %1# %0>./&1-).& %*& 0..&%)0.$ %*,% &M)$% 3&%(&&. %*&' ,-0.4 %*& (,#7



 !"#$%&'# "()&(* ! +(,( "(+-%$.!"/ ,(.*!"0'   

 !" #$%&(&) *%!+,-  ." #$%&(&) ,/+&%*%!+,-!"#$%& '( ) *+, -"%&/&0 #%+12 %&1%&3&4/"4# + #&4& %&#$5+/6%7 4&/86%9: V = {g1, g2, g3}: E =

{(g1, g1,−), (g1, g2,−), (g1, g3,+), (g3, g1,+), (g3, g2,−)} ( *;, -"%&/&0 271&%#%+12 "55$3/%+/"4#+ #&4& %&#$5+/6%7 4&/86%9 8"/2 661&%+/"<& "4/&%+/"643( =2& &0#&3 +%& %&1%&3&4/&0 ;7 #%&&4460&3( V = {g1, g2, g3}: E = {(g1, [g1], [−]), (g1, [g2], [−]), (g1, [g3], [+]), (g3, [g1, g2], [+,−])}( =2&15$3: +: +40 >"4$3: −: 37>;653 36>&/">&3 +%& 6>"//&0 +40 +%& %&15+&0 ;7 → +40 ⊣ &0#&3:%&31&/"<&57( !"!# $%&'()&+,% -()./=2& 3">15&3/ 8+7 /6 %&1%&3&4/ #&4& "4/&%+/"643 >"#2/ ;& + #%+12 82&%& <&%/"&3 6%%&31640 /6/2& #&4&3 +40 &0#&3 %&1%&3&4/ "4/&%+/"643 ;&/8&&4 /86 6% >6%& #&4&3( ?643"0&% + 0"%&/&0 #%+12
G = (V,E): 82&%& V = {g1, ..., gn} "3 /2& 3&/ 6@ <&%/"&3 +40 E = {e1, ..., em}: "3 /2& 3&/ 6@ &0#&382&%& ek ∈ E: ek = (gi, gj , sk): 1 ≤ k ≤ m: 1 ≤ i, j ≤ n: sk ∈ {+,−}( V 6%%&316403 /6 /2& 3&/6@ n #&4&3: +40 E 6%%&316403 /6 /2& 3&/ 6@ "4/&%+/"643 ek = (gi, gj , sk) 3$2 /2+/ ek = (gi, gj ,+)*ek = (gi, gj ,−) %&31&/"<&57, "40"+/&3 /2+/ /2& #&4& gi "3 +/"<+/&0 *"42";"/&0 %&31&/"<&57, ;7#&4& gj (A71&% #%+123 +4 ;& $3&0 /6 1%&3&4/ 661&%+/"<"/7 6@ /%+43%"1/"64 @+/6%3 /6 %&#$5+/& #&4&&B1%&33"64( C4 /2"3 +3&: /2& &0#&3 +4 ;& 0&D4&0 ;7 ek = (gi,Gj , Sk) 82&%& G %&1%&3&4/3 + 5"3/6@ #&4&3 /2+/ %&#$5+/& gi +40 Sk "3 + 5"3/ 6@ 3"#43 "40"+/"4# /2& %&#$5+/6%7 "4E$&4&3 6@ #&4&3 "4
Gj : 3&& !"#$%& '( (F4& "4/&%+/"64 #%+12 6@ + #&4& %&#$5+/6%7 4&/86%9 "3 3&/ $1: "/ +4 ;& $3&0 /6 >+9&1%&0"/"643 +;6$/ /2& %&#$5+/6%7 4&/86%9( G"33"4# %&#$5+/6%7 "4/&%+/"643 6% %&0$40+47 +4 ;&0&/&/&0 ;7 3&+%2"4# 1+/23 ;&/8&&4 #&4&3( !&&0;+9 4&/86%93 +4 ;& 0&/&/&0 ;7 "0&4/"@7"4#75&3 +40 /2& 3/%$/$%& 6@ /2& #%+12 +4 #"<& "4@6%>+/"64 +;6$/ 6@ #&4&3( ?5$3/&%"4# +5#6%"/2>3+4 ;& $3&0 /6 "0&4/"@7 6H%&#$5+/&0 #&4&3 +3 8&55 +3 "0&4/"@7"4# #&4&3 >+4"@&3/"4# /2& 3+>&



 !  !"#$%&%'!(&) "!*+))'(, !- ,+(+%' &(* .'! /+"' &) (+%0!123"#$%&'() %(""#'* +,#*-.&'  ! "#$/ 0111℄℄3K#" X = (x1, ..., xn) ∈ {0, 1}n '#%'#5#*" "9# 5"("# &8 ( <#*# '#<@)("&'? 5?5"#$ &$%':5:*< n#)#$#*"5 B9#'# xi ∈ {0, 1}/ 1 ≤ i ≤ n/ :5 "9# 5"("# &8 #)#$#*" i3 L:>#* "9# 5"("# &8 "9# 5?5"#$ ("":$# t/ X(t)/ "9# 5"("# &8 "9# 5?5"#$ (" ":$# t+ 1/ X(t+ 1) :5M
X(t+ 1) = F (X(t)), NO30PB9#'# F (X(t)) = (f1(X(t)), ..., fn(X(t)))/ fi/ 1 ≤ i ≤ n :5 ( ,&&)#(* 8@*":&*3 E9# 5"("# 5%(#&8 ( 5?5"#$ &8 n >(':(C)#5 9(5 2n 5"("#5/ "9#'#8&'# "9#'# ('# 22

n %&55:C)# )&<:() 8@*":&*53E9# 5"("# &8 "9# 5?5"#$ (* C# #D%'#55#= C? ( !%&!' !"(# B9:9 5%#:6#5 "9# *#D" 5"("# 8&'#(9 @''#*" 5"("# N()) "&<#"9#' 2n 5"("#5 8&' ( 5?5"#$ &8 n #)#$#*"5P3 E'@"9 "(C)#5 (*= ,&&)#(*8@*":&*5 ('# #Q@:>()#*"/ "9(" :5 8'&$ ,&&)#(* 8@*":&*5 B# (* 5#" @% "9# "'@"9 "(C)#/ (*=>:# >#'5(/ 8&' (* #D($%)# 5## E(C)# O303 4 ,&&)#(* *#"B&'7 (* C# ()5& '#%'#5#*"#= C? )&<:()<("#5 =:(<'($5 B9:9 ('# 5@:"(C)# 8&' ()@)(":*< "9# "'(*5:":&*5 C#"B##* 5"("#5/ 5## R:<@'# O3!3E9# C&&)#(* $&=#) 8&'$():5$ ?:#)=5 ( @*:Q@# &@"%@" 8&' (* :*%@"/ "9@5 :" :5 ) ! %*+,+-!+3 E&()@)("# "9# 5"("# &8 "9# 5?5"#$ (" ":$# t+1/ "9# ,&&)#(* 8@*":&*5 ('# #>()@("#= -+*&#!", /&-#0 S5@9 5?5"#$5 ('# ())#= -0,'%/,/&-34 ,&&)#(* 8@*":&* (* 9(># =:I#'#*" 8&'$() #D%'#55:&*53 T# (* 5:$%):8? "9# ,&&)#(*#D%'#55:&*5 @5:*< H('*(@<9 $(%5 +E9&$(5  ! "#$/ 011F℄



 !"#$%&'# "()&(* ! +(,( "(+-%$.!"/ ,(.*!"0'  !
X(t) X(t+ 1)"#$ #$ #% "#$ &$ &%"#$ #$ &% "&$ #$ &%"#$ &$ #% "&$ &$ &%"#$ &$ &% "&$ #$ &%"&$ #$ #% "#$ #$ &%"&$ #$ &% "&$ #$ #%"&$ &$ #% "&$ #$ &%"&$ &$ &% "&$ #$ #%

x1(t+ 1) = x2(t) '( x3(t),
x2(t+ 1) = x1(t) )'( x3(t),
x3(t+ 1) = x1(t) )*)+ x3(t).

,*-./ 01&2 3''./*) )/45'(6 /7*89./: 4(;4< 4*-./ *)+ '((/>9')+?)@ 3''./*) A;)4?')1 X(t) =
(x1(t), x2(t), x3(t)) *)+ X(t + 1) = (x1(t + 1), x2(t + 1), x3(t + 1))1 B// C?@;(/ 01D 4' >// 4</'((/>9')+?)@ 5?(?)@ +?*@(*81

C?@;(/ 01D2 E'@?*. @*4/> +?*@(*8 '((/>9')+?)@ 4' 4</ 3''./*) )/45'(6 ?) ,*-./ 01&1 ,</ @*4/>&$0$ *)+  *(/ +/F)/> 4</ x1$ x2$ *)+ x3 ?) 4</ /7*89./1



 !  !"#$%&%'!(&) "!*+))'(, !- ,+(+%' &(* .'! /+"' &) (+%0!123
f "" "# ## #" x1, x2" • • • •# • • • •
x3

f "" "# ## #" x1, x2"" • • • •"# • • • •## • • • •#" • • • •
x3, x4$%&'( )*)+ ,-. /0.(( %12 3-4. 5%.6%&'(7 /0( 6184/ -3 9%.1%4:0 ;%8< %.( 6''4</.%/(2* =( 4<( -1(341/6-1 f 8(. ;%8* $0( &4''(/< 8-61/< %1 &( (6/0(. ?"@ -. ?#@*

,6:4.( )*A+ B 9%.1%4:0 ;%8 (C%;8'(* $0.(( :.-48< -3 ?#@< %.( ;%.D(2* $0( :.-48< %.(-15(./(2 61/- &--'(%1 (C8.(<<6-1< 61 ) </(8* ,6.</7 63 % 5%.6%&'( %12 6/< 615(.<( %.( 61 /0(<%;( :.-487 /0(E %.( .(;-5(2* $06< '(%2< /- /0.(( :.-48< -3 5%.6%&'(< {x1, x̄3}7 {x1, x̄2}7 %12
{x2, x3, x̄4}* $0( ;-</ -;8%/ (C8.(<<6-1 3-. 341/6-1 f 6< /0( <4; -3 /0( 8.-24/< -3 .(;%6161:5%.6%&'(< 61 (%0 :.-487 /0%/ 6< f(x1, x2, x3, x4) = x1.x̄3 + x1.x̄2 + x2.x3.x̄4 F0(.( ? .@7 ?+@7 %12 ?
¯@ .(8.(<(1/ /0( %127 -. %12 1-/ G--'(%1 -8(.%/-.<*

• ,6.</7 63 % 5%.6%&'( %12 6/< 615(.<( %.( -1/%61(2 61 /0( <%;( :.-487 /0(E %.( .(;-5(2*
• H(-127 (%0 :.-48 6< -15(./(2 61/- % 8.-24/ -3 .(;%6161: 5%.6%&'(7 /0( &--'(%1 (C8.(<<6-16< /0( <4; -3 /0( 8.-24/<*,-. %1 (C%;8'( <(( ,6:4.( )*A*I1( % &--'(%1 ;-2(' 0%< &((1 <8(6J(27 3-. 61</%1( 4<61: % /.4/0 % /%&'( -. % 9%.1%4:0;%8 %< %&-5(7 -1( 6< 4<4%''E 61/(.(</(2 61 /0( 2E1%;6< 6/ 2(<.6&(<* $0( J.</ 6;8-./%1/ 1-/6-1 6</0%/ -3 %  !"#$ &!' + :65(1 %1 616/6%' </%/( 5(/-. X07 /0( /.%K(/-.E -3 X0 6< /0( <(.6(< (XN )N∈N-3 6/(.%/(< 412(. 6/(.%/6-1< -3 /0( 341/6-1 F 7 LM4%/6-1 N)*#O+

X1 = F (X0), ... XN = F (XN−1) = FN (X0), N ∈ NG(%4<( /0( </%/( <8%( {0, 1}N 6< J16/(7 %12 /0( 2E1%;6< 6< 2(/(.;616</67 (%0 /.%K(/-.E 6<61 3%/ J16/(7 ()$) 6/ ;4</ (12 48 F6/0 % 8(.6-26 <(M4(1(* $06< %1 &( <((1 3-. 61</%1( &E-1<62(.61: /0( (2n + 1)/0 6/(.%/(7 3-. %1 %.&6/.%.E 616/6%' -126/6-1 X0+ &(%4<( (%0 8-61/ 0%<% 416M4( <4(<<-. N6/< 6;%:( &E F O7 X2n+1 ;4</ &( (M4%' /- -1( -3 /0( Xj 7 3-. j < 2n + 17 %12/04< /0( /.%K(/-.E -1/%61< % E'(*



 !"#$%&'# "()&(* ! +(,( "(+-%$.!"/ ,(.*!"0'  !"#$ %&'()+,&' &-$ ./ 0).,.1)&, )#($'$-( )- (2&( ./ 3,$- ./ ,$#1(2 45 6.'$ .66.#,3 &,,$7 !"# $%&'()5 .' "*+&,&-.&+/ )(0("8 9#7$$75 (2$-$ %.)#(- .''$-%.#7 (. -($&73 -(&($- ./ (2$ #$(:.';5:2)2 &'$ #.( 6.7)<$7 03 (2$ 73#&6)-8 9# 1$#$'&, & 0..,$&# #$(:.'; 6&3 2&=$ -$=$'&, ./ (2$-$<>$7 %.)#(-5 &#7 )( 2&- 0$$# -+11$-($7 (2&( (2$3 .+,7 0$ )#($'%'$($7 &- 7)?$'$#( $,, (3%$- )#&# .'1&#)-6 @A&+?6&#5 4BB ℄8 D)(2 (2$ #.().# ./ ('+(2 (&0,$ &0.=$5 $E+),)0')+6 -(&($- &# 0$.#=$#)$#(,3 )7$#()<$7 &- (2.-$ ,)#$- )# (2$ (&0,$ :2$'$ X(t) = X(t+ 1)8F2$ 0')$/ %'$-$#(&().# :$ 2&=$ G+-( 6&7$ .#$'#- (2$ ,&-- ./ -3#2'.#.+- 0..,$&# #$(:.';-50$&+-$ &,, =&')&0,$- &'$ +%7&($7 -)6+,(&#$.+-,3 &( $&2 ()6$ -($%5 &#7 =&')&0,$- &'$ 0..,$&#8H,(2.+12 %.:$'/+,5 &#7 ,$&7)#1 (. 0).,.1)&, )#($'%'$(&().#- &- :$ G+-( $>$6%,)<$75 (2$-$ 6.7$,-'$,3 .# =$'3 -('.#1 -)6%,)/3)#1 &--+6%().#-8 9# -.6$ &-$- 2.:$=$' -.6$ $>($#-).#- 2&=$ 0$$#%'.%.-$7 (. '$,&> (2$-$ .#-('&)#(-8H 1$#$'&,)I$7 ,.1)&, 6.7$, 2&- 0$$# %'.%.-$7 @F2.6&- "( 0,15 4B! 5 F2.6&- "( 0,15 4BBJ℄:2$'$ =&')&0,$- 6&3 2&=$ 6+,()%,$ 7)-'$($ =&,+$- K&,,$7 ,.1)&, =&')&0,$-L &#7 ('&#-)().#- 0$M(:$$# -(&($- &# 0$ &-3#2'.#.+-8 9# (2$-$ 6.7$,-5 =&')&0,$- (&;$ & <#)($ #+60$' ./ =&,+$-5./($# )#($'%'$($7 &- 7)-'$()I$7 =&,+$- x̂i ./ & .#$#('&().# =&')&0,$5 xi8 9/ $,$6$#( i ./ (2$ 1$#$'$1+,&(.'3 #$(:.';- '$1+,&($- pi .(2$' =&')&0,$-5 )( 6)12( 2&=$ &( 6.-( pi (2'$-2.,7-N
θ
(1)
i < ... < θ

(pi)
i .F2$# x̂i )- 7$<#$7 &- /.,,.:-N

x̂i = k − 1, )/ xi < θ
(k)
i .F2$'$/.'$ x̂i ∈ {0, ..., pi−1}8 9( /.,,.:- (2&( (2$ -(&($ -%&$ )- #. ,.#1$' 0..,$&#5 0+( (2$ %'.7+(./ <#)($ -$(- ∏i{0, ..., pi − 1}8 F2$ /+#().# F /'.6 OE+&().# KP84L )- (2+- 7$<#$7 .# (2)- #$:-&($ -%&$8F2$ &-3#2'.#.+- 2&'&($' ./ (2$-$ 6.7$,- (&;$- (2$ /.,,.:)#1 /.'6N &( $&2 ()6$ -($% .#,3.#$ ./ (2$ =&')&0,$- )- +%7&($75 -&3 =&')&0,$ x̂i5 +-)#1 (2$ ..'7)#&($ /+#().# fi8 Q)?$'$#( 6$(2M.7- 2&=$ 0$$# %'.%.-$7 (. -$,$( :2)2 =&')&0,$ -2.+,7 0$ +%7&($7 &( $&2 ()6$ -($%8 F2$ 6.-(.66.# &'$ $)(2$' (. <> &# .'7$' .# (2$ =&')&0,$-5 &#7 +%7&()#1 (2$6 -+$--)=$,3 )# (2&( .'7$'5.' (. $#7.: $=$'3 =&')&0,$ :)(2 & 7$,&35 .' &# )#($'#&, ,.; K&1"1 & -&,&' /+#().# ./ ()6$L5 &#7+%7&()#1 (2$ =&')&0,$- :2.-$ ,.; 2&- (2$ ,.:$-( =&,+$ &( & 1)=$# ()6$ -($% @F2.6&- "( 0,15 4B! ℄8 !"!" #$%&'&()$*+ &,-*)$.(/"'7)#&'3 7)?$'$#()&, $E+&().#- &'$ .#$ ./ (2$ 6.-( :)7$-%'$&7 /.'6&,)-6- (. 7$-')0$ (2$ 0$M2&=).+' ./ & 73#&6) -3-($6 )# -)$#$8 F2$3 &'$ &,-. +-$7 (. 7$-')0$ (2$ ()6$ $=.,+().#./ $,$6$#(- )# 1$#$ '$1+,&(.'3 -3-($6-8 9# (2)- &-$5 (2$ -(&($ ./ (2$ -3-($6 )- & ,)-( ./ .#M$#('&().#- ./ (2$ $,$6$#(-5 &#7 (2$ $E+&().#- &'$ 0+),( 0&-$7 .# (2$ (2$.'3 ./ 0).2$6)&,



 !  !"#$%&%'!(&) "!*+))'(, !- ,+(+%' &(* .'! /+"' &) (+%0!123"#$%&#() *%+% ,% -+%(%$& . /%$%+.0 12+3 12+ &4#( &5-% 21 %67.&#2$(8 9.(%: 2$ +%;#%,( 127$:  !"!#$ <=02$8 >??@8 A2,%+  # $%!8 >??B8 C#9(2$  # $%!8 >??B8 :% D2$/8 >??>℄F%& 7( 2$(#:%+ . +%/70.&2+5 $%&,2+" #$07:#$/ n %0%3%$&( .$: X = (x1, ..., xn) 9% &4% (&.&%21 &4% (5(&%3 #)%) . ;%&2+ 21 2$%$&+.&#2$( 21 &4% %0%3%$&() = 12+370.&#2$ 12+ &4% &#3% %;207&#2$21 &4% (5(&%38 ,4#4 /%$%+.0#G%( 32(& %H#(&#$/ 32:%0(8 #( .( 12002,(I
dX

dt
= G(X) − ΓX, J>)>K,4%+% G(X) = (g1(X), ..., gn(X)) #( . -+2:7&#2$ +.&%8 .$: Γ #( :#./2$.0 3.&+#H ,#&4 Γi,i > 08+%-+%(%$&#$/ &4% :%/+.:.&#2$ +.&% 21 xi <:% D2$/8 >??>℄)L4% 17$&#2$ gi(X) : Rn

≥0 → R≥0 #( 7(7.005 :%M$%: .(I
gi(X) =

∑

j∈J

κij bij(X), J>) K,4%+% κij > 0 #( . +.&% -.+.3%&%+8 J #( . (%& 21 +%/70.&#$/ &%+3(8 .$: &4% 17$&#2$ bij(x) .+%7(7.005 -+2:7&( 21 &%+3( 21 &4% 12+3 h±(xl; θli, kli)8 ,#&4 h± 9%#$/ ;%+5 21&%$ &4% &'%% ()*#',*8
h+ 12+ .&#;.&#2$ .$: h− 12+ #$4#9#&#2$I

h+(xl; θ, k) =
xkl

xkl + θk
, h−(xl; θ, k) =

θk

xkl + θk
= 1− h+(xl; θ, k).L4% -2(#&#;% -.+.3%&%+( θ .$: k +%-+%(%$& +%(-%&#;%05 . &4+%(420: 21 &4% 2$%$&+.&#2$ 21 %0%3%$&

l 12+ &4% +%/70.&#2$ 21 %0%3%$& i8 .$: . (&%%-$%(( -.+.3%&%+8 (%% N#/7+% >)O) P4%$ k = 18 ,%4.;% Q#4.%0#(RQ%$&%$ %67.&#2$ ,4#4 #( &4% +.&% 21 &4% 12002,#$/ +%.&#2$ (4%3. <S%+2$8 >??@℄I
F +D ⇋ F : D → F +R,,4%+% F #( &+.$(+#-&#2$ 1.&2+8 D #( +%/70.&2+5 +%/#2$ 21 /%$%8 F : D #( &4% 23-0%H 21 F .$:

℄8 0%.:#$/ &2 &4% .9(&+.& 12+3I
dxi
dt

= gi(x1(t− τi1), ..., xn(t− τin))− Γii xi,,4%+% 1 ≤ i ≤ n8 .$: τi1, ..., τin > 0 +%-+%(%$& &4% :#(+%&% &#3% :%0.5()



 !"#$%&'# "()&(* ! +(,( "(+-%$.!"/ ,(.*!"0'  !

 !" h+(xj , θj , k)  #" h−(xj , θj , k)"#$%&' ()*+ &'$%,-.#/0 1%0.#/03+ 4-5 6#,, %&7' 1%0.#/0 h+ ./ '89&'33 -.#7-.#/0) 4:5 h− = 1−h+./ '89&'33 #0;#:#.#/0) θ = 0.5< kλ 9;-$' 3J#.;< J' >/ 0/. ;-7' B%-0.#.-.#7'#01/&D-.#/0 -:/%. E#0'.# 9-&-D'.'&3 /1 .;' 'B%-.#/03) C;'&' -&' 3'7'&-, J-@3 ./ '3.#D-.'9-&-D'.'&3 /1 .;' D/>', N6/;D  ! "#$< (OO!℄+4#5 G>K%3.#0$ .;' 9-&-D'.'& 7-,%'3 :@ ;-0> 3%; .;-. .;' D/>', &'9&/>%' .;' B%-,#.-.#7':';-7#/%& NQR033/0  ! "#$< (OOI℄)4##5 S.%>@#0$ .;' 3@3.'D -0-,@.#-,,@ -0> .&@#0$ ./ T0> #0>#-.#/03 ./ ;//3' 9-&-D'.'&3 $#7#0$.;' >'3#&'> :';-7#/%& NU/;  ! "#$< V!!W℄



℄9 =-+- 5-/+-'-*( (2- &-*-+0% <$+19C2- &-*-+0% -830(#$*' $< (2- 1$,-% #' #,-*(#0% ($ SG9GT) 5#(2 (2- =#%% <3*(#$*' +-/%0-, "6=-0;#'#,- <3*(#$*' s+ 0*, s−9 C2- <3*(#$*' s+ 0*, s−) 0* "- $"(0#*-, "6 (0U#*& (2- %#1#( $<(2- ->/$*-*( /0+01-(-+ k #* =#%% <3*(#$*') 0*, 0+- ,-.*-, "6V
s+(xj ,θj)=

{

1, #< xj > θj

0, #< xj < θj0*, s−(xj , θj) = 1− s+(xj , θj℄9Y%% (2- 1$,-%' /+-'-*(-, #* (2#' '-(#$* 0+- "0'-, $* ,-'+#/(#$* $< (2- ,6*01#' $< &-*-+-&3%0(#$* #* 0 '#*&%- -%%9 =$5-;-+) -%%' #* 0 %#;#*& $+&0*#'1 ->20*&- #*<$+10(#$* "6 ;0+#$3'1-0*') 0 <0( (20( #' /0+(#3%0+%6 #1/$+(0*( #* (2#' (2-'#'9 Y' 1-*(#$*-, #* &-*-+0% (-+1' #*Z-(#$* G9G) (2-+- ->#'(' ,#A-+-*( <+01-5$+U' <$+ 1$,-%%#*& '/0(#0% #*(-+0(#$*' "-(5--* ,6*01B#0% -%-1-*('9 @* (2- $*(->( $< ,-;-%$/1-*(0% "#$%$&6 0*, (2- 10(2-10(#0% 1$,-%' $< &-*-



℄1 )44'$ )*"8)*-+ )#$ "#5"<"*-+ ,%&0(%1+'. )#$ 5' /)"$ *5)* 5"/ 0-$'4 ;)/8'+B *5'-+'*")46 A-;'8'+1 #-; *5' )()<"4"*B -. ?%+"#, 0-$'4/ *- ,'#'+)*' <"-4-,")4 ()**'+#/5)/ <''# %/'$ "# #%0'+-%/ /*%$"'/ CG-5 +"  -31 !DD 1 H%++)B1 !DID1 H%++)B1 EJJK℄6?%+"#, 0-$'4 "# "*/ 0-/* ,'#'+" .-+0 )# <' ;+"**'# )/L














∂A

∂t
= DA∇2A+ f(A,B)

∂B

∂t
= DB∇2B + g(A,B),

ME6 NME6:N;5'+' A )#$ B )+' *5' -#'#*+)*"-#/ -. 0-+(5-,'#/1 DA )#$ DB )+' *5' $"3%/"-# -'O"'#*/-. A )#$ B +'/('*"8'4B1 )#$ ∇2 "/ P)(4)' -('+)*-+6 ?5' )<-8' 'Q%)*"-#/ )+' "# .)* *;-$"3%/"-# 'Q%)*"-#/ -%(4'$ 8") *;- #-#24"#')+ +')*"-# *'+0/ f )#$ g6 ?5' .%#*"-#/ f )#$ g)# 5)8' $"3'+'#* .-+0/ .-+ 'R)0(4' *5' S+)B2T-** 0-$'4 CS+)B +"  -31 !DIK1 S+)B +"  -31 !DI 1S+)B +"  -31 !DI:℄1 *5' S"'+'+2H'"#5)+$* 0-$'4 CS"'+'+ +"  -31 !DUE1 G-5 +"  -31 !DD ℄ )#$ *5'=+%//'4)*-+ 0-$'4 CV+",-,"#' +"  -31 !DWI℄6X# *5' .-44-;"#,1 ;' (+'/'#* *;- 'R)0(4'/ -. +')*"-#2$"3%/"-# /B/*'0/1 *5' S"'+'+2H'"#5)+$*0-$'4 CS"'+'+ +"  -31 !DUE℄ )#$ =+%//'4)*-+ 0-$'4 CV+",-,"#' +"  -31 !DWI℄6 X# 5)(*'+ :1 ;'(+'/'#* ) ,'#' ()**'+# 0-$'4 *5)* %/'/ =+%//'4)*-+ 0-$'46?5' S"'+'+2H'"#5)+$* 0-$'4 "/ )# 'R)0(4' -. )*"8)*-+2"#5"<"*-+ 0-$'4 $'/+"<'$ <B *5'.-44-;"#, 'Q%)*"-#/L














∂A

∂t
= DA∇2A+ ρA

A2

(1 + κAA2)B
− δAA+ σA,

∂B

∂t
= DB∇2B + ρBA

2 − δBB + σB ,

ME6WNME6UN  ! "#$%&#'( )*+ ,!)-)#!,". #, )*#" /#""+0)-)#!, 1+ 2"+ )*+ "-$+ "($3!& '!0 - *+$#-& "23")-,+ -,/ #)"!,+,)0-)#!,5



 !  !"#$%&%'!(&) "!*+))'(, !- ,+(+%' &(* .'! /+"' &) (+%0!123"#$%$ A &' (#$ )(&+)(,% )-. B &' (#$ &-#&/&(,% 0 DA )-. DB )%$ .&12'&,- ,$3&$-('0 δA )-. δB)%$ .$4%).)(&,- %)($'0 ρA )-. ρB (#$ %,''5%$)(&,- ,$3&$-('0 σA )-. σB )%$ /)'& 6%,.2(&,-($%7'0 )-. κA &' ) ')(2%)(&,- ,-'()-(8 9#$ ($%7 A2

(1+κAA2)
&-(%,.2$' )- $:6;&&( ;&7&()(&,- ,<(#$ )(&+)(,% A /= '266,'&-4 (#)( (#$ 6%,.2(&,- ,< )(&+)(,% 7&4#( ')(2%)($ >A ')(2%)($' &<

A2 ≈ κA?8 @= -,( ,-'&.$%&-4 (#$ ')(2%)(&,-0 (#$ ($%7 A2

(1+κAA2)B
&' %$6;)$. /= A2

B 0 )-. &- )7,%$ 4$-$%); <%,7 /= Ar

Bs 0 )-. '&7&;)%;= (#$ ($%7 ρBA
2 )- /$ %$6;)$. /= ρB At

Bu 8 9#$ )2(#,%''#,"$. (#)( (#$ <,;;,"&-4 ,-.&(&,- 72'( /$ %$'6$($. (, 4$-$%)($ ) -,-5#,7,4$-$,2' ',;2(&,-0&8$8 ) 6)(($%-A
st

u+ 1
> r − 1.B- (#$ CD2)(&,-' >!8E? )-. >!8F? r = t = 2 0 u = 00 s = 189#$ &-#&/&(,% '#,2;. .&12'$ <)'($% (#)- (#$ )(&+)(,%0 (#$%$<,%$ DB >> DA8 G,% κA = 0 (#$'='($7 %$)($' &%%$42;)%;= )%%)-4$. 6$)H' )-. <,% κA > 0 (#$ '='($7 )- %$6%,.2$ '(%&6$ ;&H$6)(($%-'89#$ @%2''$;)(,% 7,.$; (#)( "$ 6%$'$-( -," /$;," ")' .$+$;,6$. /= I,/$; 6%&J$ "&--$% B;=)K%&4,4&-$ &- @%2''$;'8 9#&' 7,.$; ,%%$'6,-.' (, #$7&); %$)(&,-' )' <,;;,"'A

U → A

V +A→ B +X

2A+B → 3A

A→ Y,"#$%$ A )-. B )%$ ,-$-(%)(&,-' ,< #$7&); '2/'()-$' (#)( +)%= '6)(&);;= )-. ($76,%);;=89#$ ,-$-(%)(&,-' ,< U 0 V 0 X0 )-. Y )%$ H$6( ,-'()-(8 L$ )- .$%&+$ 7)(#$7)(&); $D2)(&,-',%%$'6,-.&-4 (, (#$ )/,+$ %$)(&,-' 2'&-4 7)'' )(&,- ;)" "#&# /= &-;2.&-4 (#$ .&12'&,- ;$).(, (#$ @%2''$;)(,% 7,.$;A
∂A

∂t
= DA∇2A+ U − (V + 1)A +A2B

∂B

∂t
= DB∇2B + V A−A2B,

>!8M?>!8N?B- );; <,%7' ,< %$)(&,-5.&12'&,- 7,.$;'0 (#$ /)'& 6%&-&6;$ (#)( ;$).' (, '6)(&); 6)(($%-&-4)/&;&(&$' )- /$ &-<,%7);;= $:6;)&-$. &- ) <$" ",%.'0 )-. ")' )( (#$ #$)%( ,< 92%&-4O' ,%&4&-);6%,6,'); P92%&-40 QNR!℄



 !"#$"% !"##&'( )*'+"#$*( ,$#- '&".#$*( /$))0 $*(  1 #&+  !"#$%& '( ') *+))',-$ (+ *$./+.0 1 -'%$1. )(1,'-'(2 1%1-2)') +/ (#') $34'-',.'40&  !"! (+ )(452 '()6.)( +.5$. .$)*+%)$ (+ )01-- *$.(4.,1('+%)7 8) 4)41- 9:'.)# "# $%!& <== & "4.'%>& ?@A<℄℄78) 1 .$01.N (#1( G'-- ,$ 4)$/4- /+. O#1*($. A& -$( 4) 4%5$.-'%$ (#$ /1( (#1( (#$ 01P+.'(2+/ .$1('+%I5'F4)'+% 0+5$-) /+4%5 '% (#$ -'($.1(4.$ 1.$ )(45'$5 +% 1 <Q 5+01'%7 E% *1.('4-1.&(#$ (2*$) +/ *1(($.%) G$ P4)( 0$%('+%$5 5+ %+( >$%$.1-'R$ )(.1'>#(/+.G1.5-2 '% !Q7 S+. '%)(1%$&(#$ )*+( -'N$ *1(($.%) 1.$ 1( (#$ ,1)') +/ 1 0+5$- (#1( 4)$) H.4))$-1(+. $341('+%) (+ >$%$.1($ 1*1(($.% 0'0'N'%> (#$ $%(.1- R+%$ +/ 1 )#++( 1*'1- 0$.')($0 9TU%))+% "# $%!& <==A℄7 "#') #+'$01N$) )$%)$ +% 1 *-1%1. 5+01'%& G#$.$ 1 )'%>-$ )*+( 012 '%5$$5 ,$ .$0'%')$%( +/ (#$ )*+(-'N$ )#1*$ +/ (#$ DVW 5+01'%7 :+G$C$.& '% !Q& %40$.'1- )'04-1('+%) )#+G *1(($.%) +/ (#$H.4))$-1(+. G#'# 1.$ 5'F$.$%( /.+0 (#$ >$%$ $X*.$))'+% *1(($.%) '% (#$ $%(.1- R+%$ 7Y$01.N 1-)+ (#1( G$ #1C$ *.$)$%($5 ZQ[ 0+5$-) '% (#') )$('+%& 1 /1( (#1( ') 01($.'1-'R$5 ,2(#$ ∇2 ($.0) '% (#$ $341('+%)7 D#$% 5$1-'%> G'(# ('))4$) 1( 1 $--4-1. .$)+-4('+%& (#$ ++.5'%1($)'% *#2)'1- )*1$ 1.$ %+ -+%>$. +%('%4+4)& ,4( 5').$($ '%5'$) /+. $--)7 E% (#') 1)$& ∇2 ')%1(4.1--2 +%)'5$.$5 1) (#$ 4)41- 5').$($ C$.)'+% +/ (#$ \1*-1'1%& 1%5 (#$ ZQ[ ,$+0$ +.5'%1.25'F$.$%('1- $341('+%) G'(# 1) 01%2 C1.'1,-$) 1) (#$.$ 1.$ $--) '% (#$ ('))4$ /+. $1# ,'+#$0'1-)4,)(1%$7 "#') G'-- ,$ 015$ $X*-''( '% O#1*($. A7 "#$ -$C$- +/ >$%$.1-'(2 +/ (#$ 5')4))'+%1,+C$ ') )4# (#1( 1-- 0$%('+%$5 /1() .$01'% (.4$ '% (#') +%($X(& G#'# ') '% /1( 1-)+ +%)'5$.$5'% "4.'%>]) *1*$. 9"4.'%>& ?@A<℄



℄℄℄< Y.). (. 2).$.+" % 4."*'/ 'C $#47&%"#+- ).%"#'+9/#:7$#'+ $5$".4$ 7$#+- 1?<=*. IZ7%"#'+$ >F< @ %+/ >F<3@ /.J+./ "*. =7)#+- ).%"#'+9/#:7$#'+ 4'/.& (*#* *%/ "('4')2*'-.+$< [.%"#'+9/#:7$#'+ $5$".4$ %+ #+&7/. %+5 +748.) 'C *.4#%& $78$"%+.$ %+/ #+"*.#) -.+.)%& C')4 %+ 8. ()#"".+ %$\
ẋi = Di∇2xi + fi(x1, ..., xn), >F<MG@(*.). xi #$ '+.+")%"#'+0 1 ≤ i ≤ n0 %+/ n #$ "*. +748.) 'C *.4#%& $78$"%+.$ 'C "*. $5$".4<

Di #$ "*. /#:7$#'+ '.]#.+" 'C xi< =*. C7+"#'+$ fi %). +'+9&#+.%)< =*. %8'A. .Z7%"#'+ #$ "*.-.+.)%& C')4 'C "*. =7)#+- 4'/.& %$ 2).$.+"./ #+ IZ7%"#'+$ >F< @ %+/ >F<3@<^$#+- .&&7&%) %7"'4%"% "' $#47&%". ).%"#'+9/#:7$#'+ $5$".4$ '+$#$"$ #+ /#$)."#S#+- "*.$2%. #+ ).-7&%) .&&$ %+/ /#$)."#S#+- "*. "#4. #+ ).-7&%) "#4.$ $".2$< !+ 1? "*. $"%". 'C.%* .&& #$ %&$' /#$)."#S./< =*. $"%". 'C "*. $5$".4 %" "#4. t + ∆t #$ %&7&%"./ 8%$./'+ "*. $"%". 'C "*. .&& %+/ $"%".$ 'C #"$ +.#-*8'7)$ %" "#4. t< =*#$ '+$#$"$ #+ "*)..



 !" #$%&!"  !"#$%" &'$()*+, -../, '$()*+, 01102*3, '$()*+, 0110243℄6 7+"# #8 *%%+89()*#$ :(;<"(8=, >$ *@A<@*#$ * "<) 8B 8=$=#+*#(8=" (= =$(CD48<+"E FD$=, >$ *:: #D$ +$*#(8= #$+)", *=: 7=*@@G >$+8<=: (#E FD$"$ "#$%" *+$ B8+)<@*#$: 4G #D$ B8@@8>(=C $H<*#(8="E I*D $H<*#(8= 8++$"%8=:" #88=$ "#$%6
x̄(t,  ) =

∑ ∗∈N a( ∗)x(t,  +  ∗) 20E--3
x̂(t,  ) =

1

c
(x̄(t,  )) + ∆t f(x̄(t,  )) 20E-03

x(t+∆t, r) = R[x̂(t,  )], 20E-J3>D$+$  C(K$" #D$ %8"(#(8= (= "%*$, N :$7=$" #D$ =$(CD48<+D88:, B8+ $9*)%@$ B8+ "$K$=%8(=# L*%@*(*= N = (0, 0, 0), (±1, 0, 0), (0,±1, 0), (0, 0,±1), a( ∗) *+$ L*%@*(*= 8$M($=#"E c(" <"$: #8 )*N$ #D$ 8$M($=#" #*N$ (=#$C$+ K*@<$"E FD$ IH<*#(8= 20E-03 *::" ∆t f(x̄) #8 #D$*%%+89()*#$: :(;<"(8= #$+)E 'D$= ∆t (" #88 4(C, ∆t f(x̄) *= 4$ +$%@*$: 4G * #$+) 84#*(=$:4G <"(=C D(CD$+ 8+:$+ =<)$+(*@ (=#$C+*#(8= &'$()*+, 01102*3℄E R (" * +8<=:(=C 8%$+*#8+ *=: ("<"$: #8 8=K$+# x̂(t, r) #8 * :("+$#$ K*@<$E FD$+$ *+$ :(;$+$=# #G%$ 8B +8<=:(=C", $ECE +8<=:(=C:$#$+)(=("#(*@@G #8 #D$ =$9# :("+$#$ K*@<$ &'$()*+, -..O℄EP= $@@<@*+ *<#8)*#* #D$ "#$%" :$"+(4$: 4G IH<*#(8=" 20E-03 *=: 20E-J3 *+$ ()%@$)$=#$: *" *#*4@$ @88N<%E x̄ (= IH<*#(8= 20E--3 #*N$" K*@<$" (= * 7=(#$ "$#, "(=$ x *= 4$ (= * 7=(#$ =<)4$+ 8B"#*#$"E '$ *@<@*#$ #D$ +$"<@# 8B IH<*#(8=" 20E--3 *=: 20E-03 B8+ $*D %8""(4@$ K*@<$ 8B x̄ *=: >$"#8+$ (# (= * @88N<% #*4@$E Q# +<=#()$ >$ 8=@G =$$: #8 *@<@*#$ #D$ "<) (= IH<*#(8= 20E--3 *=:#D$= >$ +$#+($K$ x̂ *=: x B+8) @88N<% #*4@$"E FD$ "*K(=C" (= "()<@*#(8= #()$ *= 4$ "(C=(7*=#"(=$ #D$ B<=#(8=" fi *+$ 8=@G $K*@<*#$: >D$= >$ 8="#+<# #D$ @88N<% #*4@$"E FD$+$B8+$, #D$"()<@*#(8= #()$ 4$8)$" (=:$%$=:$=# 8B #D$ =8=A@(=$*+ fi B<=#(8="E '$ <"$: $@@<@*+ *<#8)*#*#8 "()<@*#$ * +$*#(8=A:(;<"(8= )8:$@E '$ "()<@*#$: 8=$ 8B #D$ )8:$@" %+8%8"$: 4G RS=""8=  !"#$ &RS=""8=  ! "#$, 011!℄
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 !"#$%& '
 !"#$$%&' (&" )&($*+%+ !, -#./0.1(/%!&-(//#.&+ %& 23%.($ -4*$$!/(5%+6)33$%(/%!& /!  !"# 80/(&/ %&$% &'()"*'* +! ,' - 
℄:;#' ,&$&2,&2$/ 5'&#0-, $(' $%%/2'- &0 &#' 5$(32!$/ -2,&(27<&20! 06 $!3/', *2&#0<& &$@2!3 2!&0$0<!& &#' ,<',,20! 06 $!3/', $!- &#'2( /0$/ -'%'!-'!2',: I'(&<(7$&20!, 2! &#' %#.//0&$9&2 %$&&'(!, #$+' $/,0 7''! 07,'(+'- 2! $ ,&<-. $70<& &($!,2&20!, 7'&*''! -2J'('!& %#.//0&$&250-', 2! ('$/ %/$!&, B"0<-'(> )KKL℄: ! &#2, #$%&'( *' ,&<-. &#' %'(&<(7$&20!, 06 2! %#.//0&$12, 0!,2-'(2!3 70&# *2/-9&.%' $!-$ %#.//0&$&2 5<&$!&: I#.//0&$&2 5<&$!&, 0J'( 2!&'(',&2!3 %'(,%'&2+',> !0&$7/. 7'$<,' &#'.2!-2$&' ,%'2M 3'!', $, %0&'!&2$/ ('3</$&0(, 06 %#.//0&$12,: A<(&#'( 2!+',&23$&20!, 06 &#',' 3'!',6<!&20! *2// &#'! #'/% <, <!-'(,&$!- &#' 720/032$/ 5'#$!2,5, &#$& /2' $& &#' 7$,2, 06 %#./9/0&$12,:  ! 0&#'( *0(-,> ,&<-.2!3 %'(&<(7$&20!, $!- $7!0(5$/ '+'!&, 2, ('N<2('- &0 <!-'(,&$!-FK



℄◦1 23 ).# '0# +, .($.&* -#")%"9#5 :%)'3) (35(8(5%'&06 7#%0#5 ' -+0)#"(+"( +%" :+5#& )+ 0#&#) ).# :+0) &(A#&* 0-("'& +"(#3)')(+31 ># 0)%5(#5 7(&5=)*-#'35 .869 :%)'3) ).') 9#&+3$ )+ ).# 0':# [+&%:9(' #+)*-#6 '35 ).%0 0.'"# ).# 0':# $#3#)(



 !"#$%&'$%( &)&#(*+*  !"#%&'()*+, -)' +#.# /0. (*/1/./ (2 /)0//130 +130'&0*0 #*&40/ (2 56 714+8.9:0 :4#*./ #*+ 5; !"# <).#*./, =4.(&0.>0'  66? #*&40/ 70'0 <0#/)'0+ @6A? #*&40/ 2(' 714+8.9:0 #*+ 65! 2(' !"# <).#*.B,

C1&)'0 D,!E F0+1#.0+ +0310 .( <0#/)'0 +130'&0*0 #*&40/, G. 1/ 1*/:1'0+ 2'(< :'031()/ /.)+810/ HI0#)0440 $%  &'J 6??KJ L#&*1 $%  &'J 6??5℄ #*+ 1/ ")14. "9 C#"'10 N0/*#'+ #*+ O03# P0'*()Q2'(< RST U9(*, !" #$%&'()*'(+ ),)&+-.-O>0 <0#/)'0+ +130'&0*0 #*&40 /0V)0*0/ .((% <(/. (2 .>0 .1<0 .>0 2('< (2 # "#/041*0 7>0'0 /)80//130 <0#/)'0+ #*&40/ W).)#.0/ #'()*+ #*(*1#4 C1"(*#1 #*&40 137.5◦ 1*.0'/:0'/0+ "9 /)"8/0V)0*0/ (2 *(*8#*(*1#4 #*&40/ @1,0, +1X0'0*. 2'(< 137.5◦BJ /00 C1&)'0 D,D , O>0 *(*8#*(*1#4#*&40/ 1*+1#.0 :0'.)'"#.1(*/ (2 .>0 :>944(.#Q1/ @/00 .>0 >1/.(&'#< (2 <0#/)'0+ #*&40/ 1* C1&8)'0 D,6B, T)':'1/1*&49J :>944(.#Q1/ (2 714+8.9:0 :4#*./ 70'0 2'0V)0*.49 >1&>49 :0'.)'"0+, I'031()/#*#49/1/ #4/( '0:('.0+ .>0 ()''0*0 (2 *(*8#*(*1#4 #*&40/ 1* 714+8.9:0 () *+,-".+. :4#*./HI0#)0440 $%  &'J 6??KJ L#&*1 $%  &'J 6??5℄, Y(7030'J .>0/0 /.)+10/ 1*.0':'0.0+ 1. #/ '030'/#4 1*.>0 ('10*.#.1(* (2 .>0 &0*0'#.130 /:1'#4J 7>1> 7()4+ :'(+)0 /0&<0*./ (2 360◦−137.5◦ = 222.5◦,O>1/ 1*.0':'0.#.1(* +1+ *(. /00< .( Z. ()' +#.#J #/  !"# :4#*./ >#+ <)> <('0 +020./ 1* :>9484(.#Q1/J 71.> >1&>0' 2'0V)0*10/ (2 *(*8#*(*1#4 #*&40/ +1X0'0*. 2'(< 222.5◦ /00 C1&)'0 D,6,C(' # &130* :4#*.J 40. α +0*(.0 .>0 #*(*1#4 +130'&0*0 #*&40J 1* #/0 (2 C1"(*#1 :>944(.#Q1/
α = 137.5◦J 7>0'0#/ α = 99.5◦ 1* #/0 (2 U)#/ :>944(.#Q1/, =* 1+0#4 /0V)0*0 71.>(). #*9



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 

"#$%&' ()!* +#,-&#.%-#/0 /1 2'3,%&'4 4#5'&$'0' 30$7',) 8- 7'3,- 1/%& 73,,', 3&' 3993&'0-)
α = 137.5◦9'&-%&.3-#/0 :/%74 ,#297; .' 3 &'9'-#-#/0 /1 -<' 30/0#37 30$7'= /1 -<' 1/&2 (α,α, ..., α))><' '?97/&3-/&; 3037;,#, /1 /%& 2'3,%&'4 30$7', <#$<7#$<-'4 -:/ <3&3-'&#,-#, /1 -<' 2'3@,%&'4 4#5'&$'0' 30$7' ,'A%'0',*

• ><' 2'3,%&'4 4#5'&$'0' 30$7', /5'&'4 372/,- 377 -<' 9/,,#.7' 537%', B.'-:''0 C 304 360◦D:#-< <#$<',- 1&'A%'0#', 3&/%04 -<' 30/0#37 "#./03# 30$7'= #)') 137.5◦) 8- 7'3,- 1/%&73,,', /1 4#5'&$'0' 30$7', :'&' 3993&'0- .%- -<'; :'&' 0/- :'77 ,'93&3-'4 ,'' "#$%&' ()!)
• E%.@,'A%'0', /1 0/0@30/0#37 4#5'&$'0' 30$7', :'&' #4'0-#F'4 37/0$ 2'3,%&'4 ,'A%'0',304 :'&' 2/&' 1&'A%'0- #0 -<' 2%-30-) ><'; ,''2'4 -/ .' <#$<7; ,-&%-%&'4 B#)') 0/0&304/2 &'9'3-'4 4#5'&$'0' 30$7',D)G0 93&-#%73&= 3 2/-#1 /&&',9/04#0$ 399&/?#23-'7; -/ (2α, −α, 2α) :3, 1&'A%'0-7; /.,'&5'4#0 :#74@-;9' 304 '5'0 2/&' /1-'0 #0 2%-30-, ,'' "#$%&' ()() ><#, 2/-#1= :<#< :3, 37&'34;/.,'&5'4 #0 HI/%4'&= JKKL℄= 30 .' ,#297; '?973#0'4 3, -<' &',%7- /1 3 9'&2%-3-#/0 /1 -:/ /0@,'%-#5' /&$30, /0 -<' ,-'2= :#-</%- <30$#0$ -<'#& 30$%73& 9/,#-#/0, ,'' "#$%&' ()!) ><#, 7'4%, -/ <;9/-<',#N' -<3- -<' ,'$2'0-, /1 0/0@30/0#37 30$7', /%74 .' '?973#0'4 .; 9'&2%-3-#/0,#05/75#0$ ! /& 2/&' /0,'%-#5' /&$30,)
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"#$%&' !(!) *+',-#.0-#1, 12 345607'+ 81-#25 1&&'571,+#,$ -1 #5190-'+ :47'&8%-0-#1,5( ;6'7'&-%&<'+ 5'$8',-5 0,,1- <' '05#9= '>790#,'+ 1, -6' 8%-0,- #,+#?#+%09( α = 137.5◦℄A 0951 B,1C, 05 -6'#&%90& E0%55#0, +#5-&#<%-#1,A #5 0 %,#?0&#0-' E0%55#0,49#B' 7'&#1+# +#5-&#<%-#1, 21& 0 ?0&#0<9'
x ∈ [0, 360◦)( Y' %5'+ -6' '5-#80-'+ 6#++', .&5-41&+'& 30&B1? 60#, -1 17-#8099= 90<'9 -6'8'05%&'+ 5'S%','5(



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 

 !" #$%&$'$ )* +,-$./$'$ !'/0$12(α, α, α, α, α)  3" #$%&$'$ )* +,-$./$'$ !'/0$12 (α, 2α,−α, 2α, α)"#$%&' ()!* +-'./ 01 02#3#4#/4#03 01 450 0&$/36 7'/8#3$ 40 / 92:'&.%4/4#03 03 .'&#64'.) ;3 </=4-' 0&$/36 /&' #3#4#/4'8 /4 0364/34 "#>03/# 8#?'&$'3' /3$7' (α = 137.5◦)) ;3 <>= 4-' 0&$/36 (/38 ! /&' #3#4#/4'8 6#.%74/3'0%67@) A-' 02#3#4#/4#03 /3 7'/8 40 / :'&.%4/4#03 01 0&$/36 ( /38! 03 4-' 64'.) A-' :'&.%4/4#03 7'/86 40 4-' (2α,−α, 2α) .04#1 #3 4-' 6'B%'3' 01 8#?'&$'3'/3$7'6) C04' 4-/4 αD 2α /38 −α 0&&'6:0386 40 137.5◦D 275◦D /38 360◦ − 137.5◦ = 222.5◦&'6:'4#?'7@);3 / 6'038 64':D 4-' .'.0&#'6 01 / ?/&#/>7'20&8'& E/&F0? -/#3 5'&' 0:4#./77@ 6'7'4'8GH6#6IJ& ,- ./0D 9KKL℄) +'' N::'38#O H 10& 10&./7 8'P3#4#03 01 ?/&#/>7'20&8'& E/&F0? -/#36 /38-#88'3 ?/&#/>7'20&8'& E/&F0? -/#3 /38 N::'38#O Q 10& 4-' :&#3#:7' 01 4-' 6'7'4#03 01 .'.0&#'6)A-#6 /3 >' #34'&:&'4'8 /6 / 5/@ 40 #8'34#1@ 70/7 8':'38'3#'6 >'45''3 6%'66#?' /3$7'6) A-'6'038 64': 7'8 %6 40 #8'34#1@ 1&'B%'34 :/44'&36 0&&'6:038#3$ 40 :'&.%4/4#036 /66%.:4#03* ')$)
(2α,−α, 2α) 0&&'6:0386 40 4-' 0&$/3 0&8'& R ( 9 !D /38 (2α,−α, 3α,−α, 2α) 0&&'6:0386 40 4-'0&$/3 0&8'& R ( 9  ! L) A-' 7/44'& :/44'&3 0&&'6:0386 40 450 6%'66#?' :'&.%4/4#036);3 / 4-#&8 64':D / -#88'3 ?/&#/>7'20&8'& E/&F0? -/#3 5/6 '64#./4'8 5-'&' 4-' %38'&7@#3$?/&#/>7'20&8'& E/&F0? -/#3 -/6 4-' .'.0&#'6 :&'?#0%67@ 6'7'4'8) A-' 0:4#./77@ 7/>'77'8 8#?'&2$'3' /3$7' 6'B%'3' 5/6 4-'3 0.:%4'8 10& '/- 0>6'&?'8 6'B%'3' %6#3$ 4-' '64#./4'8 -#88'3?/&#/>7'20&8'& E/&F0? -/#3 6'') "0& .0&' 8'4/#76 />0%4 4-'6' 64':6 6'' GS'1/-# ,- ./0D 9KRK℄)A-' 4-#&8 64': /7705'8 %6 40 #.:&0?' 4-' B%/7#4@ 01 7/>'77#3$) T3' 6-0&40.#3$ 01 4-#6 /::&0/-#6 4-/4 60.' .%74#:7'6 01 4-' /303#/7 8#?'&$'3' /3$7' 5-#- 0%& &/&'7@ <,01) 4α, 5α= /65'77 /6 /74'&3/4#?' :-@7704/O#6 <')$) U%/6 5#4- / /303#/7 8#?'&$'3' /3$7' 01 99.5◦= /3304 >'.08'77'8) V'4 /304-'& 6#$3#P/34 0%40.' 01 4-' 4-#&8 64': #6 4-/4 8#6/&8#3$ 7/>'76 1&0. 4-'4&/36#4#03 $&/:- 01 4-' '64#./4'8 -#88'3 E/&F0? -/#3 /38 &'64&#4#3$ #4 40 4-' .08'77#3$ 01 92



 !"!# !#$"% &'()%%#*+   !"#$%&'&()*+ ,("-.+ &) ' /*(&" +&'&" '%&)$'&)* &0'& )##"+!)*.+ &) &0" -'*2%'2" )3"# &0")#"&('-'*2-"+ (*.%". 4, 56!"#$%&'&()*+ )7 )#2'*+ +"" 8(2%#" 9: :





k = {0, ..., k}4 5 6/789151-:0 σ :; Tk -3 5 <-=/1-./ ;901-:0
σ : Tk → Tk? %0/ 8-@21 3// 5 6/789151-:0 σ 53 50 :7A/7/A 7/57750@/8/01 :; 12/ /B/8/013 -0 TkC2/7/ σ(i) -3 12/ /B/8/01 -0 6:3-1-:0 i? )/7/5;1/7 C/ C-BB A/0:1/ σ(i) <D σi?>'3 07 #) %6#/,1% 3% 2%(-*0% +"% *)+.*+*') +"#+ 9.*2%2 .( +"-'.9" +"% 8'-/#1*(#+*') '8 +"%/'2%14*+,-./! '()( '966:3/ 1251 12/ 3/E9/0/ (0, 1, 2, 4, 3, 5, 6) -3 5 3/E9/0/ :; :7@503 :7A/7 -0 C2-212/ :7@503 098</7 3 50A 098</7 4 57/ 6/7891/A? (2-3 3/E9/0/ :; :7@503 :7A/7 :77/36:0A31: 12/ 3/E9/0/ :; A-./7@/0/ 50@B/3 S = (α,α, 2α,−α, 2α,α)? α -3 12/ 50:0-5B A-./7@/0/50@B/ 53 3151/A </;:7/?  3 C/ 50 3//4 12/ A-./7@/0/ 50@B/3 57/ 89B1-6B/3 :; α? #; C/ 5B9B51/12/ 3/E9/0/ :; 5<3:B91/ 50@B/3 50A C/ 5AA 0 1: 12/ </@-00-0@ :; 12/ 3/E9/0/4 C/ :<15-0 12/3/E9/0/ (0, α, 2α, 4α, 3α, 5α, 6α)? "D A-.-A-0@ 12/ /B/8/013 :; 12/ B511/7 3/E9/0/ <D α4 C/ :<15-0
(0, 1, 2, 4, 3, 5, 6) C2-2 19703 :91 1: </ 12/ -0-1-5B 3/E9/0/ :; :7@503 :7A/7?>'3 *) +"% 8'11'3*)9? 3% 8'-/#1*(% +"% *)+.*+*') '8 #0'$% %6#/,1%4 @%+ S = (µ1, ..., µℓ) 0% #(%A.%)% '8 2*$%-9%)% #)91%(4 ;8 ,%-/.+#+*')( '.-? #11 +%-/( *) +"% (%A.%)% S #-% '8 +"% 8'-/

µj ∈ αZ∗ = {iα | i ∈ Z, i 6= 0}.B% 2%=)% +"% '--%(,')2*)9 #0('1.+% #)91%( #( 8'11'3(C
v0 = 0, vi =

i
∑

j=1

µj, V (S) = (v0, ..., vℓ), i ∈ {1, ..., ℓ}. D:4EF<-'/ V 3% 2%=)% # (%A.%)% ')+#*)*)9 +"% '-2%- '8 #,,%#-#)% '8 '-9#)( +"% =-(+ 0%*)9 04 B%)#/% *+ :7A/7 -0A/F 3/7-/3 '8 S? 2%)'+%2 07 U(S)? '- (*/,17 U = (u0, u1, ..., uℓ) 3"%) S *( 1%#-8-'/ +"% ')+%6+C
ui =

1

α
(vi − vJ), 0 ≤ i ≤ ℓ where J = arg min

j∈{0···ℓ}
vj. D:4GF



 !"#$%&'!($&) "!*+) ,!("-)&'$!%  !
U "# "$ % &"'(*"+( ,(-%*".$#/"0 1"*/ */( #(23($(# .4 5"+(,6($( %$6-(#78,.9 */( 5(:$"*".$ "* "# -(%, */%* "4 J > 0 */($ vJ < 0 #"$( v0 = 07 ;/"# 9%< .3, 1/($*/( #(23($( #*%,*# 1"*/ 0(,93*(5 .,6%$#= % 4%* ,(-%*(5 *. */( -(4* *,3$%*".$ .4 %$ .&#(,+(5#(23($( 1"*/ ,(#0(* *. .90-(*( #(23($(= #(( >(*".$ ?7@7 A4 */( #(23($( S 4.--.1# % #0",%-0/<--.*%B"#= "7(7 S = (α, ..., α)= 1( /%+(

ui = i, ∀i ∈ {0, ..., ℓ}.A$ % 0(,93*(5 #(23($( 1( %,( "$*(,(#*(5 "$ #0("%- &-.C#= %--(5 #/3D(5 &-.C#7 !"#$%$&# '()(  !"#$ % &#'()*%*!+$ σ +, {0, ..., ℓ}- (σj , ..., σj+k) !. %00#1 % .2)3#1 40+5 +,.!6# (k + 1) !,7
{σj , ..., σj+k} = {j, ..., j + k}.8$ +*2#' 9+'1.- (σj, ..., σj+k) !. % &#'()*%*!+$ +, {j, ..., j + k}: !"#$%$&# '('( ; &#'()*%*!+$ !. !$1#+(&+.%40#- !, %$1 +$0< !, $+$# +, !*. &'#=>#. !. % .2)3#140+5:*+,-./! '()(  !"#$ σ = (2, 1, 0, 5, 3, 4)- *2# *2'## .2)3#1 40+5. %'#7 (2, 1, 0)- (5, 3, 4) %$1

(2, 1, 0, 5, 3, 4): ;(+$?.* *2#( (2, 1, 0) %$1 (5, 3, 4) %'# !$1#+(&+.%40#:A$5(.90.#%&-( 0(,93*%*".$# 1(,( "$*,.53(5 &< E.9*(* FE.9*(*= @G!H= E.9*(*= @G!I℄7 K(*
Ii 5($.*(# */( #(* .4 "$5(.90.#%&-( 0(,93*%*".$# .4 -($6*/ i7 E.9*(* 0,.+(5 */%* pi = |Ii| L"7(7*/( %,5"$%- $39&(, .4 InM /%# */( 4.--.1"$6 6($(,%*"$6 43$*".$ N

f(t) = 1− 1
∑∞

n−1 i!t
i
,%$5

lim
i→∞

pi/i! = 1. L?7?M83,*/(,9.,(= O"$6 FO"$6= HPPQ℄ 0,.+(5 */%* ∀i ≥ 1, pi/i! ≥ 1/2.A$ FE.9*(*= @G!I℄ E.9*(* 5(,"+(# */( %#<90*.*" #(,"(# 4., */(#( $39&(,#
pi = i!(1− 2i−1 − (i(i − 1))−1 − 4(i(i − 1)(i − 2))−1 +O(i−4))1/(,( i "# */( -($6*/ .4 "$5(.90.#%&-( #(23($(7 ;/( :,#* *($ (-(9($*# .4 */( #(23($( %,(
i @ H ? I  Q ! R G @P
pi @ @ ? @? !@ IQ@ ?II! HGPG? H!??I? HRHG?H   !"#"$%&'#! ()#&'+# ', (+$-%. /+0"$ ,"$'", 01+," +"2'"#&, !'3" '#(+$-%&'+# %4+)& % ,"5)"#" +( #)-4"$,6 (+$-%. /+0"$ ,"$'", %# 4" +#,'7"$"7 %, % /+.8#+-'%. 0'&1 '#9#'&".8 -%#8 &"$-,6



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + "#$% %&'(&)& $% +&,$%-&+&. $) "#& /)01$)& 2)3456&.$7 58 9)-&,&+ :&'(&)&% ;/29:< 7). $%+&8&+&)&. =3 >??@@ABC D#&+& E7+$5(% 6+56&+-$&% 7). +&47-&. %&'(&)&% 7+& ,$E&)F 17-&+ D& (%&
pi -5 &)(G&+7-& %6&$H %&'(&)&% -#7- D& 744 n07.G$%%$=4& %&'(&)&%F I& 744 7 %&'(&)& S 58.$E&+,&)& 7),4&% n07.G$%%$=4& $8 7 H)$-& )(G=&+ 58 6&+G(-7-$5)%C 7664$&. -5 .$%J5$)- =45K% 587- G5%- n %(&%%$E& 5+,7)%C +&%(4-% $) -#& 5+.&+ $).&L %&+$&% (0, ..., ℓ)F !"#$%$&# '()(  ,-./-0- S = (µ1, ..., µℓ) ∈ (αZ∗)ℓ 2, n34562,,278-9 2: 405 ;08< 2: =>- 64?26/6,2@- ;: 205-;6A;,478- ,>/B-5 78;C, ;: 2=, 4,,;24=-5 ;D5-D 205-? ,-D2-, 2, n9 n ∈ {1, ..., ℓ + 1}EF;D- AD-2,-8< S 2, n34562,,278- :;D ,;6- n ∈ {1, ..., ℓ + 1}9 2: 405 ;08< 2: 2=, 4,,;24=-5 ;D5-D205-? ,-D2-, U ,4=2,G-,H
∀i ∈ {0, 1, ..., ℓ}, ui 6= i ⇒ ∃j, k ∈ {0, 1, ..., ℓ}, j ≤ i ≤ k, k − j + 1 ≤ n9 (uj , ..., uk) 2, 4 ,>/B-578;CEM5-& -#7- n 7) =& 7- G5%- ℓ+ 1C %$)& n $% -#& )(G=&+ 58 5+,7)% $)E54E&. $) 6&+G(-7-$5)%F98 7 %&'(&)& $% n07.G$%%$=4& $- $% m07.G$%%$=4& 85+ m > nF*+&,!+%- '(.( #: S 2, n34562,,278-9 =>-0 U 2, 4 A-D6/=4=2;0 ;: (0, ..., ℓ)E (>- ;0I-D,- >;85,;08< :;D 4 -D=420 n ∈ {1, ..., ℓ}E
U 2, 4 A-D6/=4=2;0 ;: (0, ..., ℓ) ⇐⇒ ∃n ∈ {1, ..., ℓ + 1} ,E=E S 2, n34562,,278-E/012,3! '('( (>- ,-./-0- S = (−α, 2α, 3α,−α,−α, 3α) 2, 334562,,278-9 7/= 0;= 234562,,278-E#05--59 2=, 47,;8/=- 40J8-, 4D- V = (0,−α,α, 4α, 3α, 2α, 5α)E )-0- vJ = v1 = −α9 405
U = (1, 0, 2, 5, 4, 3, 6)E (>-09 (u0, u1) = (1, 0) 405 (u3, u4, u5) = (5, 4, 3) 4D- ,>/B-5 78;C, ;:8-0J=> 4= 6;,= 39 405 ,/K- =; D-;0,=D/= =>- 40;0248 ,-./-0- (0, 1, 2, 3, 4, 5, 6)EN$E&+,&)& 7),4&% 58 n07.G$%%$=4& %&'(&)&% 5)43 =&45), -5 7 H)$-& %(=%&- 58 αZ∗O*+&,!+%- '(4( (>- 52I-DJ-0- 40J8-, ;: 40 n34562,,278- ,-./-0- =4C- I48/-, 20H

Dn = {iα | (1− n) ≤ i ≤ (2n− 1), i 6= 0} .&D;;:E P6 -5 -#& G(4-$64$7-$E& 5)%-7)- αC S $% -#& H+%-05+.&+ .$Q&+&)&. %&'(&)& 58 U F 1&-
µi =& 7 .$E&+,&)& 7),4& $) 7) n07.G$%%$=4& %&'(&)&C D& K)5D 8+5G 2'(7-$5) ;@FA<0;@FR< -#7-
µi = (ui − ui−1)αF "#&+& 7+& 85(+ 65%%$=4& 7%&% 85+ ui−1 7). uiOAF M&$-#&+ ui−1 )5+ ui 7+& $) 7)3 %#(S&. =45KC %5 ui−1 = (i− 1), ui = i 7). µi = αFRF ui−1 $% $) 7 %#(S&. =45K =(- ui $% )5- $) 7 %#(S&. =45KC %5 ui = iC 7). ui−1 ∈ {(i −

n), ..., (i − 2)} -#&) µi ∈ {2α, ..., nα}F  !!"#$$%&'()%*+$



 !"#$%&'!($&) "!*+) ,!("-)&'$!%  !"# ui−1 $% &'( $& ) %*+,-. /0'2 /+( ui $% $& ) %*+,-. /0'23 %' ui−1 = (i − 1) )&. ui ∈
{i+ 1, ..., (i + n− 1)} (*-& µi ∈ {2α, ..., nα}#4# 5'(* ui−1 )&. ui )6- $& ) %*+,-. /0'2#

• ui−1 )&. ui )6- $& (*- %)7- %*+,-. /0'2 %' ui, ui−1 ∈ {j, ..., (n + j − 1)}3 8'6 %'7-
j < i− 1# 9-&- µi ∈ {(1− n)α, ..., (n − 1)α}\{0}#

• ui−1 )&. ui )6- $& (:' .$;-6-&( /+( *)$&-. %*+,-. /0'2% %' ui−1 ∈ {(i−n), ..., (i−
2)}3 ui ∈ {i+ 1, ..., (i + n− 1)} (*-& µi ∈ {3α, ..., (2n − 1)α}#

<& (*- 8'00':$&=3 :- 6-8-6 (' Dn→ Dn( Dn +, &*$ ,$& -. &*$-'$&+"!"01!$,( +, "!!$% "0 n2"%3+,,+#!$ &'$$ +. "!! !$"4$, *"4$ " -33-0 %$5&* ℓ ∈ N( "0% $4$'6 5"&*.'-3 &*$ '--& &- " !$". +, !"#$!!$% #6 "0 n2"%3+,,+#!$ ,$78$0$9 !"!# $%&'(%)*(+ &, -./01*++*23( +(45(-(+<& (*$% %-($'& :- .-%6$/- *': nJ).7$%%$/0- %-H+-&-% )6- );-(-. /A '@-6)($'&% %+* )% '6.-6$&B-6%$'&% '6 '&)(-&)($'&# E*-A :$00 /- +%-. )8(-6:)6.% (' .-%$=& )0='6$(*7%#<( :$00 /- +%-8+0 $& (*- 0)%( %-($'& (' %)& %-H+-&-% /)2:)6.# K&- %*)00 (*-& 6-0A '&6-B-6%$/$0$(A '8 nJ).7$%%$/0- %-H+-&-%L*+&,&-$%$&# '(.( :$& S = (µ1, ..., µℓ) #$ " ,$78$0$ -. %+4$'1$0$ "01!$,9 S +, n2"%3+,,+#!$ +."0% -0!6 +. &*$ '$4$',$ ,$78$0$ S′ = (µℓ, ..., µ1) +, n2"%3+,,+#!$9;'--.9 I-( U(S) = (u0, u1, ..., uℓ) /- (*- '6.-6 $&.-? %-6$-% '8 S3 :- 2&': (*)( S = ((u1 −
u0)α, ..., (uℓ − uℓ−1)α) )&. S′ = ((uℓ − uℓ−1)α, ..., (u1 − u0)α)# >'6.$&= (' M6'@-6(A "#N :-*)B- max(ui) = ℓ# O'6-'B-6 :- 2&': (*)(

V (S′)/α = (0, (uℓ − uℓ−1), (uℓ − uℓ−2), ..., (uℓ − u0)) = uℓ − (uℓ, ..., u0))&. (*- 7$&$7)0 -0-7-&( '8 (*$% %-H+-&- $%L



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 
v′J ′/α = min

i∈{0,··· ,ℓ}
(uℓ − ui) = uℓ − max

i∈{0,··· ,ℓ}
(ui) = uℓ − ℓ, i ∈ {0, 1, ..., ℓ}."#$%

U(S′) = uℓ − (uℓ, ..., u0)− (uℓ − ℓ) = ℓ− (U(S))′&#$'$ (U(S))′ = (uℓ, ..., u0) () *#$ '$+$')$, -',$' (%,$. )$'($) -/ S0 1* () 3$4' *#4* *#$ 34**$' 4%5$ ,$-67-)$, (%*- )#89$, 53-:) -/ 3$%;*# ≤ n (< U(S) (*)$3/ 4%0 =(%$ U(S′) () )$$% 45-+$*- 5$ 4 *'4%)34*(-% -/ *#() '$+$')$, )$>8$%$ (* 43)- )#4'$) *#() 7'-7$'*?0
n@4,6())(53$ )$>8$%$) 4'$ *#$ )$>8$%$) -/ ,(+$';$%$ 4%;3$) 5$*&$$% -%)$8*(+$ -';4%)/'-6 5-**-6 *- *-70 "#$ '$+$')$ -/ )$>8$%$ -/ ,(+$';$%$ 4%;3$) 4% 5$ (%*$'7'$*$, 4) ,(+$';$%$4%;3$) 5$*&$$% -%)$8*(+$ -';4%) /'-6 *-7 *- ,-&%0A-& 3$* 8) (%+$)*(;4*$ *#$ -%4*$%4*(-% -/ n@4,6())(53$ )$>8$%$)0 B$* S 4%, P 5$ *&-)$>8$%$) -/ ,(+$';$%$ 4%;3$)0 1% 4,,(*(-% 3$* S 5$ n@4,6())(53$0 C/*$' *&- 7'$3(6(%4'? 7'-7-@)(*(-%) &$ )#-& *#4* *#$ -%4*$%4*(-% -/ S 4%, P 4% 5$ n@4,6())(53$ 8%,$' )-6$ -%,(*(-%)0 !"#"$%&%"' ()*) *,- S = (µ1, ..., µℓ) ., n/0123443.5, 061 V (S) 061 U(S) ., -7, 4,89,6, ;<0.4;59-, 06=5,4 061 -7, ;>1,> 361,? 4,>3,4 >,4@,-3A,5BC (7,6 J < n 061 0 ≤ −vJ < nαD E7,>, J34 1,F6,1 04 36 G890-3;6 HICJKC&>;;<C D(')* &$ 7'-+$ *#4* J < n0 E? -%)*'8*(-% -/ -',$' (%,$. )$'($) &$ :%-& *#4* uJ =

(vJ − vJ)/α = 001/ J = 0 *#$% J < n0 F$ )877-)$ *#4* J 6= 0G *#$'$/-'$ uJ 6= J 4%, 5? H$I%(*(-% J0KG
∃j, k ∈ {0, 1, ..., ℓ}, j ≤ J ≤ k, k− j+1 ≤ nG uJ = 0 ∈ {uj ...uk} = {j...k}0 1* /-33-&) *#4* j = 0G4%, k − j + 1 = k + 1 ≤ n0 L$%$ J ≤ k < n0A-& &$ 7'-+$ 0 ≤ −vJ < nα0 =(%$ u0 = −vJ/α ≥ 0 5? ,$I%(*(-%G *#() 46-8%*) *- 0 ≤ u0 < nG(% &#(# -%3? *#$ )$-%, 74'* '$64(%) *- 5$ 7'-+$,0 1* #-3,) -5+(-8)3? /-' u0 = 00 M*#$'&()$G
u0 () 74'* -/ 4 )#89$, 53-: {uj ...uk} = {j...k}G &#$'$ j = 0G 4%, k < nG &#$%$ u0 < n0"#$ -',$' (%,$. )$'($) -/ *&- -%4*$%4*$, )$>8$%$) ,-$) %-* 43&4?) 5$;(% &(*# *#$ -',$'(%,$. )$'($) -/ *#$ I')* )$>8$%$0 !"#"$%&%"' ()() *,- S = (µ1, ..., µi)D P = (µi+1, ..., µi+k) ., 4,89,6,4 ;< 13A,>=,6, 06=5,436 Dn 061 U(S) = (u0, ..., ui) 061 U(P ) = (u′0, u

′
1, ..., u

′
k) ., -7, ;>1,> 361,? 4,>3,4 ;< S 061 P>,4@,-3A,5BC '9@@;4, -70- S 34 n/0123443.5, 061 u′0 = 0C #< i ≥ nD -7,6 U(S) 34 @>,F? ;< U(S ·P )E7,>, S · P = (µ1, ..., µi+k) 1,6;-,4 -7, ;60-,60-3;6 ;< S 061 P C



 !"#$%&'!($&) "!*+) ,!("-)&'$!%  ! !""#$ "#$ V (S) = (v0, ..., vi)% V (P ) = (v′0, ..., v
′
k)& '()* $+# ,-./$0)1 23&!4 5# 61)5 $+/$

V (S · P ) = (v0, ..., vi, v
′
0 + vi, ..., v

′
k + vi) /17 $+.8 V (S) 08 9(#:; )< V (S · P )& "#$ J % J ′ /17 J ′′7#1)$# $+# 017#;#8 )< *010*.* #=#*#1$8 )< V (S)% V (P ) /17 V (S · P ) (#89#$0?#=@ /8 7#:1#7 01,-./$0)1 23&A4& U(S) 08 / 8.B8#-.#1# )< U(S · P ) 0< /17 )1=@ 0< vJ = vJ ′′ & u′0 = v′0 − vJ ′ =

0 − vJ ′ % u′0 = 0 +#1# vJ ′ = 0& '()* ,-./$0)1 23&!4 5# 61)5 $+/$ vJ ′′ = min(vJ , (vJ ′ + vi)) =

min(vJ , vi) = vJ & !"#"$%&%"' ()*) %&' S = (µ1, ..., µi)( )*+ P = (µi+1, ..., µi+k) ,& -&./&*&- "# +12&!3&*&)*34&- )*+ U(S) = (u0, ..., ui) )*+ U(P ) = (u′0, u
′
1, ..., u

′
k) ,& '5& "!+&! 1*+&6 -&!1&- "# S )*+ P!&-7&'12&48$ 9/77"-& '5)' S 1- n:)+;1--1,4&( i ≥ n )*+ u′0 = 0$<5&*( '5& "*)'&*)'&+ -&./&*& S · P = (µ1, ..., µi+k) 1- n:)+;1--1,4& 1=

P |ui

.
=

(

µi+1+(ui − i)α, µi+2, ..., µi+k

)

is n:)+;1--1,4&. 23&C4 !""#$ D# .8# /E/01 $+# 07#1$0$@ µi = α(ui − ui−1)&"#$ U = U(S ·P ) = (u0, ..., ui+k) 7#1)$# $+# )(7#( 017#; 8#(0#8 S ·P & F01# <()* G()9)80$0)1 3&35# 61)5 $+/$ U(S) 08 / 8.B8#-.#1# )< U(S ·P )% 5# /1 #/80=@ 8+)5 $+/$ U(S ·P ) = U(S) · (u′1+
i, ..., u′k + i)& '()* G()9#($@ 3&! 5# 61)5 $+/$ {u0, ...ui} = {0, ..., i}& F01# S 08 nH/7*0880B=# /17
u′0 = 0 $+#1 0$ 08 =#/( $+/$ S ·P 08 nH/7*0880B=# 0< /17 )1=@ 0< (ui+1, ..., ui+k) 08 / 9#(*.$/$0)1 )<
(i+1, ..., i+k) $+/$ /1 B# 7#)*9)8#7 01$) 708I)01$ 8+.J#7 B=)68 )< =#1E$+ ≤ n% )( #-.0?/=#1$=@<)( (ui+1−i, ..., ui+k−i) /17 (1, ..., k)& K1 )$+#( 5)(78% S ·P 08 nH/7*0880B=# 0L (ui+1−i, ..., ui+k−i)08 $+# )(7#( 017#; 8#(0#8 )< /1 nH/7*0880B=# 8#-.#1#& '()* $+# 010$0/= (#*/(6% $+# 70?#(E#1#/1E=# 8#-.#1# =#/701E $) $+08 )(7#( 017#; 8#(0#8 /1 B# 5(0$$#1 /8

α
(

ui+1 − i, (ui+2 − i)− (ui+1 − i), ..., (ui+k − i)− (ui+k−1 − i)
)

= α
(

ui+1 − i, ui+2 − ui+1,..., ui+k − ui+k−1

)

,5+#(# $+# *.=$09=0/$0)1 B@ α 08 /99=0#7 $) #/+ )*9)1#1$& M+#1% $+# 8/*# (#*/(6 /E/018+)58 $+/$ $+08 8#-.#1# 08 #;/$=@ P |ui
&+,-.#/0 ()*) S = (α,α, 2α,−α) )*+ P = (2α,α, α) )!& '>" -&./&*&- "# +12&!3&*& )*34&-$%&' U(S) = (u0, u1, u2, u3, u4) = (0, 1, 2, 4, 3) ,& '5& "!+&! 1*+&6 -&!1&- "# S$ S 1- 2:)+;1--1,4&$?&*"'1*3 P = (µ′1, µ

′
2, µ

′
3) >& +&@*& P |u4 = ((µ′1 + (u4 − 4)α), µ′2, µ

′
3) = (α,α, α)$ P |u4 1- 2:)+;1--1,4&$ S · P = (α,α, 2α,−α, 2α,α, α) 1- 2:)+;1--1,4&$ AU(P |u4) = (0, 1, 2, 3)( U(S · P ) =

(0, 1, 2, 4, 3, 5, 6, 7)B$



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# +  !"! #$%&$'()+, -(%-$('. %/ n0+1&)22)3,$ 2$45$6$2"#$ $% &'()#*+% - .)#.#/&(&#' 0#) #)*%) &'*%1 /%)&%/ #0 n2-*3&//&45% /%6+%'%/7 8-(%) &( -' 4%+/%* (# .)+'% (9% /%( #0 (9%#)%(&-5 -':5%/ #))%/.#'*&': (# - 3%-/+)%* -':5%7 !"#"$%&%"' ()*) *,- S = (µ1, ..., µℓ) ., /0 n1/234554.6, 5,78,0, /02 U = (u0, ..., uℓ) ., -:,;<2,< 402,= 5,<4,5 ;> S? (:,0 |ui − i| < n, 0 ≤ i ≤ ℓ?&<;;>? S -' 4% *%#3.#/%* &'(# /9+;%* 45#</7 =9&/ .)#.#/&(&#' 9#5*/ 0#) %5%3%'( #0 -'>/9+;%* 45#<7 ?&'% 0)#3 @%A'&(&#' B7C - /9+;%* 45#< (uj , ..., uk) &/ - .%)3+(-(&#' #0 {j, ..., k}/+9 (9-( k − j + 1 ≤ n7D&E%' S - /%6+%'% #0 *&E%):%'% -':5%/F #'% -' )%.)%/%'( &(/ #)*%) &'*%1 /%)&%/ U(S) =

(u0, ..., uℓ) 4> - /%( #0 .#&'(/ $&(9 ##)*&'-(%/ (i, ui) &' G-)(%/&-' .5-'%7 H#)*&': (# (9% 5-((%).)#.#/&(&#' (9% .#&'(/ -//#&-(%* $&(9 -' n2-*3&//&45% /%6+%'% #0 5%':(9 ℓ 3+/( 4% $&(9&' (9%-)%- *%A'%* 4>I
{(x, y)|x, y ∈ {0, ..., ℓ}, x < y + n, x > y − n}.?%% J&:+)% B7 7+,-.!/ ()0) (:, ;024-4;0 5-/-,2 40 -:, &<;@;54-4;0 A?B 45 / 0,,55/<C ;024-4;0 >;< n1/234554.464-C? (:, ;0D,<5, ;> -:, &<;@;54-4;0 A?B 45 0;- -<8, 40 E,0,</6?  5 / ;80-,< ,=/3@6,F6,- U = (0, 1, 3, 5, 2, 4) ., -:, ;<2,< 402,= 5,<4,5 ;> 5;3, n−admissible 5,78,0,? ∀i ∈ {0, 1, ..., 5}F

|ui − i| < 3 .8- -:, 5,78,0, 45 0;- 31/234554.6,?=9% #'E%)/% #0 (9% K)#.#/&(&#' B7L &/ ()+% $9%' n = 27 J#) n > 2 (9% #'*&(&#' .)%/%'(%*&' (9% .)#.#/&(&#'F &/ 0-) 0)#3 4%&': /+M&%'(7 !"!" 765&$(+')%6 %/ 60+1&)22)3,$ 2$45$6$2N' (9% .)%%*&': /+4/%(&#'/F $% &'()#*+%* n2-*3&//&45% /%6+%'%/ -'* $% *&/+//%* .)#.%)(&%//+9 -/ )%E%)/&4&5&(> -'* #'-(%'-(&#'7 N' (9&/ /%(&#' $% /(+*> (9% .)#4-4&5&(> #0 - )-'*#3/%6+%'% #0 *&E%):%'% -':5%/ (# 4% n2-*3&//&45%7 =# -9&%E% (9&/ -&3 $% A)/( %'+3%)-(% n2-*3&//&45% /%6+%'%/7 !"#"$%&%"' ()1) *,- N ℓ
n = {S = (µ1, ..., µℓ) |S 45 n1/234554.6,} /02 Lℓ+1

n = {U(S)|S ∈ N ℓ
n}?(:,0 N ℓ

n ⊆ N ℓ
i F ∀i ≥ n /02 |N ℓ

n| = |Lℓ+1
n |?&<;;>? H' n2-*3&//&45% /%6+%'% &/ i2-*3&//&45%F ∀i ≥ n 9%'% N ℓ

i ⊆ N ℓ
n7 U &/ 4&O%(&E% (9%)%0#)%

|N ℓ
n| = |Lℓ+1

n |7



 !"#$%&'!($&) "!*+) ,!("-)&'$!%  !

 !" #$!%&'!) $*%$*+*,-!-'., ./ .$0*$ ',0*1 +*$'*+ ', xy2%)!,*3  4" 5, *1!6%)* ./ $*%$*+*,-!-'., ./ .$0*$ ',0*1 +*2$'*+ ', xy2%)!,*3"#$%&' !( ) *&+,-#+/ &',&'0'12+2#31 34 3&5'& #15'6 0'&#'0 #1 xy7,/+1'( 8+9 U(S) +1 :' &',7&'0'12'5 :; + 0'2 34 ,3#120 <#2- 33&5#1+2'0 (i, ui) #1 xy ,/+1'( =-' ,3#120 >%02 :' <#2-#12-' +&'+ >+&?'5 :; &'5 3/3&( 8:9 @6+>,/' 34 + $&+,-#+/ &',&'0'12+2#31 34 3&5'& #15'6 0'&#'0
U = (0, 1, 3, 2, 4, 5, 7, 6) 3&&'0,3150 23 + 27+5>#00#:/' 0'A%'1' +15 #2 +1 :' &',&'0'12'5 #1
xy7,/+1'( =-' &'5 ,3#120 +&' /3+2'5 #1 2-' +&'+ >+&?'5 :; &'5 3/3&(B32' 2-+2 3&5'& #15'6 0'&#'0 34 +1 n7+5>#00#:/' 0'A%'1' 34 /'1$2- ℓC -+0 ℓ+1 '/'>'120C 2-+2#0 <-; #1 +:3D' ,&3,30#2#31 <' -+D' Lℓ+1

n ( !"#"$%&%"' ()*)  !" tℓ+1
n = |Lℓ+1

n |# $%! &'((')*+, -!/-0*1! -!(2"*'+0%*3 %'(405
tℓ+1
n =

n
∑

i=1

(pit
ℓ+1−i
n ))%!-! pi *0 "%! +/67!- '& *+4!'63'027(! 3!-6/"2"*'+0 '& (!+,"% i#8-''&# E; 5'F1#2#31 3&5'& #15'6 0'&#'0 34 +1 n7+5>#00#:/' 0'A%'1' :'$#10 :; +1 #15'3>,30+:/','&>%2+2#31 34 0#G' iC 1 ≤ i ≤ n( =-' &'%&0#D' 43&>%/+ #0 #1 4+2 2-' 0%> 34 1%>:'& 34 3&5'&#15'6 0'&#'0 :'$#11#1$ <#2- +1 #15'3>,30+:/' ,'&>%2+2#31 34 +// ,300#:/' /'1$2-("&3> H&3,30#2#31 !(I #2 #0 /'+& 2-+2 |N ℓ

n| = tℓ+1
n (J0 >'12#31'5 #1 H&3,'&2; !(K 2-' '/'>'120 34 Lℓ+1

n +&' ,'&>%2+2#310 34 (0, ..., ℓ)( =3 0''-3< /+&$' #0 2-' 0'2 34 n7+5>#00#:/' 0'A%'1'0 34 /'1$2- ℓ 3>,+&'5 23 2-' 0'2 34 ,'&>%2+2#31034 (0, ..., ℓ)C <' +/%/+2'5 tℓ+1
n /(ℓ+ 1)!C 0'' "#$%&'0 !(I +15 !(L( E'/3< <' $#D' 2-' D+/%'0 34

tℓ+1
n /(ℓ+ 1)! 43& n ∈ {1, 2, ..., 10} #1 2<3 2+:/'0 43& ℓ = 9 +15 ℓ = 349(



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 

"#$%&' ()*+ tℓ+1
n /(ℓ+ 1)! ,-& ℓ = 9) ./' &01#- #2 1 ,-& n = 10) 3-1' 1/01 n #2 1/' 405#4%4 6%47'&-, -&$062 #68-98': #6 0 ;'&4%101#-6 06: ℓ #2 1/' 6%47'& -, 06$9'2 -, n<0:4#22#79' 2'=%'6')

n ? @ ( ! A  * B C ?D
t10n /10! @)*'<D* @)!'<DA @)C'<D! ?)A'<D(  )@'<D( D)D? D)D( D)D* D)@ ?)D
n ? @ ( ! A  * B C ?D

t35n /35! C) '<!? ?)!'<(( ?) '<@C ?)?'<@ ?)B'<@! ?)@'<@@ !)?'<@? C)('<@D ?)B'<?B ?)C'<?*E2 F' 06 2'' #6 1/' G$%&'2 ()* 06: ()B 06: 07-8' 1079'2 1/' &01#- tℓ+1
n /(ℓ+ 1)! 7'-4'2 8'&H24099 F/'6 n ≪ ℓ) I'6' 1/' 2'1 -, -&:'& #6:'5 2'&#'2 -, n<0:4#22#79' 2'=%'6'2 #2 0 8'&H 240992%72'1 -, 1/' 2'1 -, ;'&4%101#-62 -, (0, 1, ..., ℓ) F/'6 n≪ ℓ) ./'&' #2 0 7#J'1#-6 7'1F''6 1/' 2'1-, -&:'& #6:'5 2'&#'2 06: 1/' 2'1 -, n<0:4#22#79' 2'=%'6'2) ./#2 2%$$'212 1/01 #, 0 2'=%'6' -,:#8'&$'6' 06$9'2 #2 /-2'6 &06:-49H #1 /02 #2 0 8'&H 24099 ;&-707#9#1H 1- 7' n<0:4#22#79') .-,%&1/'& :'8'9-; 1/#2 #:'0 F' #61&-:%' 0 1/'-&'4) !""# $%&% pℓ+1 = (ℓ+ 1)!− tℓ+1

ℓ ,&-../, 3-1' 1/01 Lℓ+1
ℓ+1 #2 1/' 2'1 -, 099 ;'&4%101#-62 -, {0, ..., ℓ} 2'' K&-;'&1H ()?) L6' 4#$/16-1#' 1/01 Iℓ+1 = Lℓ+1
ℓ+1\Lℓ+1

ℓ ) I'6' |Iℓ+1| = |Lℓ+1
ℓ+1| − |Lℓ+1

ℓ |) ./'&',-&'
pℓ+1 = (ℓ+ 1)! − tℓ+1

ℓ .'(!)*!" $%&% limℓ→∞ tℓ+1
n /(ℓ+ 1)! → 0, ∀n ≤ ℓ,



 !"!#"$%& %'( )$**$+$,$"- $% %.$*- *!/0!%#!*  !

"#$%&' ()*+ tℓ+1
n /(ℓ+ 1)! ,-& ℓ = 34. /0#0 #2 30' 45'&4$' 6'7$30 -, 8'42%&'9 2':%'7'2 -,9#5'&$'7' 47$6'2 -, -%& 9434 2'3) ;0' &43#- <'-8'2 5'&= 28466 /0'7 n≪ ℓ) !""#$ "&-8 >'884 ()? /' 9'9%' limℓ→∞

pℓ+1

(ℓ+1)! = 1 − limℓ→∞
tℓ+1
ℓ

(ℓ+1)! . "&-8 @:%43#-7 ()( /'30%2 045' limℓ→∞
t
(ℓ+1)!
ℓ

(ℓ+1)! ) "%&30'& 8-&' tℓ+1
n ≤ tℓ+1

ℓ . 1 ≤ n ≤ ℓ 2#7' Lℓ+1
n ⊆ Lℓ+1

ℓ ) ;0'&',-&'
limℓ→∞ tℓ+1

n /(ℓ+ 1)! → 0, ∀n ≤ ℓ) !" #$%$%'() (*+,-'..'/'0'%1 '( (2'.1 .$34$($.A7 B&'5#-%2 2'3#-72. nC498#22#<#6#3= #2 #73&-9%'9 479 #32 9#D'&'73 42B'32 4&' 3&'43'9) A7 30#22'3#-7 /' 9'5'6-B 47 46$-&#308 3- &'-$7#2' nC498#22#<6' 2':%'7'2) E7' 23'B ,%&30'&. /'B&-B-2' 47 46$-&#308 3- 9'3'3 nC498#22#<#6#3= #7 8'42%&'9 2':%'7'2 -, 9#5'&$'7' 47$6'2) ;0'2'#22%'2 4&' F&23 B&'2'73'9 42 B&-<6'82 30'7 30' 46$-&#3082 4&' B&-B-2'9) !"!# $%&'()*+ !"#$%& '()( %&'() * +(,-()( S "# /0("!(/&*1 2&'(!3()( *)31(+4 /0( /*+5 &+ /" 2(/(!6&)(70(/0(! S &+ n8*26&++&91($;0' ,-66-/#7$ #2 4 23&4#$03,-&/4&9 -<2'&543#-7 /0#0 #2 4 2B'#46 42' -, 6'884 ?G)( #7HI4&#94. JGG*℄) A3 /#66 <' %2'9 3- &'-$7#2' nC498#22#<6' 2':%'7'2)*%&&+ '(,( :(/ U 9( * ;(!6-/*/&") "# {0, ..., ℓ}$ <0() #"! *11 0 ≤ i < j ≤ ℓ4 {uj , ..., uk} =

{j, ..., k} &= min{uj , ..., uk} = j *)2 max{uj , ..., uk} = k$



   !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + !"#$ #%&# '( U ') "*+$* ',+$- )$*'$) "**$)/",+',0 #" &, n1&+2'))'34$ )$56$,$7 #%$ 34"8
{uj , ..., uk} = {j, ..., k} ') ', (&# & )%69$+ 34"8 "( 4$,0#% (k − j + 1): !"#$%& '()( *,- U = (0, 1, 3, 2, 4, 6, 7, 5, 8). /123456 -1 *,77/ 89:;

• {u2, u3} = {2, 3} ⇐⇒ (min{u2, u3} = 2. max{u2, u3} = 3)

• {u5, u6, u7} = {5, 6, 7} ⇐⇒ (min{u5, u6, u7} = 5. max{u5, u6, u7} = 7);*"34$2 <:= &, 3$ )$$, &) & )/$'&4 &)$ "( ',#$*>&4) /*"34$2 ?;&*'+&7 @AAB℄D*+,&-."%/ $-01%&#( <4=,5 / >,?@,5, U 15 45-,6,2> 0, 1, 2, ..., ℓ. I = [i, j] 4> /5 45-,2=/A 4B B12>17, l
{Ui, ..., Uj} = {l, l + 1, l + 2, ..., l + (j − i)}, i < j.(C, -/>D 4> -1 E53 /AA 45-,2=/A> I 15 U 9 !"#$%& '(2( <4=,5 U = (1, 0, 4, 3, 2). -C, B1@2 45-,2=/A> 45 U /2,;

• I0 = [0, 1] FC4C /5 G, @53,2A45,3 15 U /> 1, 0, 4, 3, 29
• I1 = [2, 3] FC4C /5 G, @53,2A45,3 15 U /> 1, 0, 4, 3, 29
• I2 = [2, 4] FC4C /5 G, @53,2A45,3 15 U /> 1, 0, 4, 3, 29
• I3 = [0, 4] FC4C /5 G, @53,2A45,3 15 U /> 1, 0, 4, 3, 29E%$*$ &*$ ',#$*>&4 $-#*&#'", &40"*'#%2) ?;&*'+&7 @AAB℄ #%&# &, $-#*&# ',#$*>&4) ("* & 0'>$,)$56$,$ U : F"G$>$*7 #%$ ;*"34$2 <:= ') 26% 2"*$ )/$'H #%&, ',#$*>&4) /*"34$2: E%$ $-')#',0',#$*>&4 $-#*&#'", &40"*'#%2) *$#6*, ',#$*>&4) #%&# &*$ ,"# ,$$))&*'4I ',+$"2/")&34$ )%69$+34"8): E%$*$("*$7 $-')#',0 ',#$*>&4 $-#*&#'", &40"*'#%2) G"64+ *$#6*, ',>&4'+ )631)$56$,$) ("*"6* /*"34$2 J("* $-&2/4$ I1 &,+ I3K7 G%$,$ #%$ ,$$+ ("* & 2"*$ )/$'H &40"*'#%2:E%$ ;*"34$2 <:= +$&4) G'#% #%$ )$56$,$) "( +'>$*0$,$ &,04$) G%")$ &,04$) &*$ ', Dn J)$$;*"/$*#I <:@K: L )#$/ ("*G&*+ G"64+ 3$ *$"0,')',0 n1&+2'))'3'4'#I ', 2$&)6*$+ )$56$,$) "(+'>$*0$,$ &,04$) G%")$ &,04$) &*$ ,"# /$*($# 264#'/4$) "( α J2"*$ /*$')$4I +" ,"# 3$4",0 #"

DnK7 36# &*$ &M$#$+ G'#% ,"')$: N$# xi 3$ & >&*'&34$ *$/*$)$,#',0 #%$ i#% &,04$ ', & )$56$,$
(x1, ..., xℓ) "( 2$&)6*$+ &,04$)7 &,+ Γ 3$ & 2&//',0 #%&# ("* $&% 2$&)6*$+ &,04$ /*"/")$) & )$#"( &,+'+&#$ #%$"*$#'&4 &,04$) &2",0 #%")$ ', DnD

Γ : [0, 360◦) −→ 2Dn

xi 7−→ Ci ⊂ Dn
J<:OK!"#$ #%&# )$>$*&4 #%$"*$#'&4 &,04$ &, 3$ &))'0,$+ #" & 2$&)6*$+ &,04$ J':$: |Ci| ≥ 1K: P,",)$56$,$7 0'>$, #%$ Γ (6,#'",7 & )$# "( 2$&)6*$+ &,04$) G'44 0$,$*&#$ & /"))'34I %'0% ,623$*"( &,+'+&#$ )$56$,$):



 !"!#"$%& %'( )$**$+$,$"- $% %.$*- *!/0!%#!*  ! !"#$%& '()(  !" x = (x1, ..., xℓ) ∈ [0, 360◦)ℓ #! $ %!&'!(! *+ ,!$%'-!. $(/0!%1 $(. C =
∏ℓ

i=1 Ci ⊂ Dℓ
n 23!-! Ci = Γ(xi) $(. ∏ℓ

i=1 Ci 4% "3! 5$-"!%4$( 6-*.'" *+ Ci 1 ≤ i ≤ ℓ7 83! "$%94% "* :(. $00 n;$.,4%%4#0! S = (µ1, µ2, ..., µℓ) 4( C7"# $%& '())(*+#,- $%& *& ./&0&#$ %(* $%& '1#$+(# Γ +0 3&4#&3 '(/ (1/ 35$5 0&$ (' 6&501/&35#,)&07 !"!# $%%&'()*(+ ,- +.*,/*+&12 1('2*% +, )*1%3/*4 1('2*%"# $%& ./&8+(10 0190&$+(# *& +#$/(31&3 5 ,&#&/5) '(/6 (' Γρ A%(0&# )(0& $( 1 +# ./5$+&B7C+8&# 5 ./(959+)+$; ρ- 65$%&65$+5) ./(.&/$+&0 (' $%& 8(# =+0&0 3+0$/+91$+(# 5))(* 10 $((6.1$& $%& 53&D15$& +#$&/85) *+3$% 50 5 61)$+.)& (' $%& (66(# 8(# =+0&0 0$5#35/3 3&8+5$+(#
ν7 E(/65));- $%& 65..+#, Γ +0 3&4#&3 50 '())(*0-

Γ(xi) = {µ ∈ Dn | µ− kν ≤ xi ≤ µ+ kν}, A?7 B*%&/& k +0 (6.1$&3 0( $%5$ $%& 161)5$+8& ./(959+)+$; ρ %50 $%& 3&0+/&385)1& F:9/56(*+$G !" $07- HI!J℄- 0&& E+,1/& ?7HJ7"# ./5$+& $%& 8(# =+0&0 3+0$/+91$+(# +0 3&4#&3 +# $&/60 (' 5 (#&#$/5$+(# .5/56&$&/ κ-'/(6 *%+% $%& +/1)5/ 0$5#35/3 3&8+5$+(# ν 5# 9& (6.1$&3 F=5/3+5 !" $07- LJJJ℄M
ν =

180
√

−2 log (I1(κ)/I0(κ))

π
,*%&/& I0(κ) 5#3 I1(κ) 5/& $%& 6(3+4&3 G&/( (/3&/ N&00&) '1#$+(# (' $%& 4/0$ O+#3 5#3 $%&6(3+4&3 4/0$ (/3&/ N&00&) '1#$+(# (' $%& 4/0$ O+#3 /&0.&$+8&); F:9/56(*+$G !" $07- HI!J℄7 <%&(66(# (#&#$/5$+(# .5/56&$&/ κ &0$+65$&3 9; $%& 0$5$+0$+5) 6(3&) (//&0.(#30 $( 5 +/1)5/0$5#35/3 3&8+5$+(# ν = 18.5◦7P0+#, $%+0 0$5$+0$+5) (#0$/1$+(# '(/ $%& 65..+#, Γ- *& 5# 5)0( 5)1)5$& 5 (#43&#&)&8&) '(/ &5% 500+,#6&#$ (' 5 $%&(/&$+5) 5#,)& $( 5 6&501/&3 5#,)&7 Q&$ 10 3&#($& ω(xi, µ) $%+0(#43&#& )&8&)7 R& 3&4#& +$ 50 $%& ./(959+)+$; (' $%& (//&0.(#3+#, 500+,#6&#$ +# $%& 6+@$1/& ('



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 
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"#$%&' ()*+ ,-' './#01/'2 345 6#.'. 2#./&#7%/#45. %.'2 84& /-' Γ 0199#5$)345 6#.'. 2#./&#7%/#45.: 71.'2 45 /-' -;94/-'.#. /-1/ /-' /-'4&'/#1= 15$='. 1&' , -./0./ '>%1==;9&4717=' ?%5#84&0 2#./&#7%/#45 1..%09/#45@: #)') /-'; 1&' 1== $#3'5 15 #2'5/#1= A'#$-/) B'/
g (xi ;µ, κ) =

1

360I0(κ)
exp

(

κ cos(xi − µ)
π

180

)2'54/' /-' 9&4717#=#/; 2'5.#/; 8%5/#45 48 /-' 345 6#.'. 2#./&#7%/#45 A#/- 91&10'/'&. µ  !"#$%&'")&*$+ #$% κ  *$"$)'#)&*$ ,#'#!")"'+ -"" .&/0'" 1232 45"$6 &$ /"$"'#76 )5" ,'*8#8&7&)9%"$-&)9 :0$)&*$ *: # !&;)0'" *: <*$ =&-"- %&-)'&80)&*$-  &$ %"/'""-+ >&)5 *!!*$ *$"$)'#)&*$,#'#!")"' κ &- /&<"$ 89?
f(xi) =

∑

µ∈Dn

ηµ g(xi;µ, κ),>5"'" )5" >"&/5)- ηµ = P (xi = µ) #'" -05 )5#) ∑

µ∈Dn
ηµ = 12 @$ *0' #-"6 )5" #--0!,)&*$*: 0$&:*'! >"&/5)- 7"#%- )* ηµ = 1/|Dn| = 1/(3n − 2) :*' #77 µ ∈ Dn6 Dn 8"&$/ %"A$"% &$B'*,"')9 12C45&- 0$&:*'! %&-)'&80)&*$ #--0!,)&*$ &- )5" !*-) $"0)'#7 #--0!,)&*$2 @$ :#)6 )5" :'"D0"$&"-*: *0''"$" *: )5" ,*--&87" #$/7"- #'" <"'9 %&E"'"$) &$ )5" *0' *!8&$#)*'&#7 !*%"7 #$% )5&-&!,7&&)79 >"&/5)- )5" #$/7"- &$ )5" *<"'#77 *!8&$#)*'&#7 !*%"72 F"$"6 &) >*07% 8" &''"7"<#$))* &$70%" ";,7&&) >"&/5)- ηµ >&)5 *$)'#-)"% <#70"- '"G")&$/ )5" :'"D0"$&"-2@$ -0!!#'96 :*' "#5 ,*--&87" )5"*'")&#7 µ ∈ Dn6 )5" ,*-)"'&*' ,'*8#8&7&)9 *: #--&/$&$/ µ )*

xi &-?
ω(xi, µ) =

g (xi;µ, κ)
∑

γ∈Dn
g (xi; γ, κ)

.  12H+
ω(xi, µ) #$ 8" #707#)"% #$% *!,#'"% >&)5 # ,'"%"A$"% )5'"-5*7%  )9,&#7 <#70" I2IJ+ )*%"&%" >5")5"' µ -5*07% 8" K",) *' '"L")"% #- # #$%&%#)" #$/7"2



 !"!#"$%& %'( )$**$+$,$"- $% %.$*- *!/0!%#!*  !

"#$%&' ()*+, -./'&012 1&3%.4 /5'3&'/#12 1.$2'78 µ = 137.5◦) 95' #./'&012 #7 %7'4 /3 4':.' Γ;%./#3.) !"! #$%&'()*+,"#&7/ <' =&3=37' 1. 12$3&#/5> /3 7320' ?&3@2'> ()*) !"#$%&&%'() "(*+,%-.$ !"#"#%&' n()!*%++%,-" +"./"&"+ 01 #2"03"#%)- !%4"3'"&")&'-"+95' 12$3&#/5> /51/ <' =&3=37' %7'7 ?1&#A5 >1==#.$ B?1&#418 C++D℄ /3 /'7/ {u0, ..., uℓ} =

{0, 1, ..., ℓ}) ?1&#A5 >1==#.$ >1=7 '15 <3&4 /3 1 0'/3& 3; .%>@'& 3; 3%&&'.'7 3; /5' 2'//'&7#. /5' <3&4) F'/ Σ @' 1. 12=51@'/ 3; 7#G' m ∈ N8
Σ = {σ1, σ2, · · · , σm}.H' 7%==37' >3&'30'& /51/ /5' 7I>@327 1&' 3&4'&'4, σ1 < σ2 < · · · < σm) "3& '15 <3&4

w ∈ Σ∗ 2'/ ψi @' /5' .%>@'& 3; 3%&&'.'7 3; σi #. w) ?1&#A5 >1==#.$ #7 1 ;%./#3.
Ψ : Σ∗ → Nm

Ψ(w) = (ψ1, ψ2, ..., ψm).56)*7-" 89:9  !" Σ = {a, b, c, d} #$"% "%! &'(%&)!"$&' +,-!,. &/- w = abad0 1%!/ Ψ(w) =

(2, 1, 0, 1)0



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 
"#$%&' ()**+ ,&-./#-1 &'.&'2'34-4#53 56 4/'  !"#$%&&%'() -1$5&#4/7) 8/' 2'9%'3' U #22-33': 65&7 1'64 45 &#$/4) ;/'3 ui 6= i< 4/' 53:#4#532 56 ='77- ()>< min{ui, ..., ui+h} = i<
max{ui, ..., ui+h} = i+ h< 1 ≤ h ≤ n< #2 /'?':)8/' -1$5&#4/7 %2'2 -3 -&&-@ Ψ = (ψ0, ..., ψℓ) A/'&' ψi< 0 ≤ i ≤ ℓ< #2 4/' 3%7B'& 56 5%&&'3'56 i #3 U = {u0, ..., uℓ}) U = {0, 1, ..., ℓ} #C Ψ = (ψ0, ..., ψℓ) = (1, 1, ..., 1)) D 2#3$1' 2-3 56 U6&57 1'64 45 &#$/4 -115A2 %2 45 57.%4' Ψ #3 1#3'-& 4#7')E3' %2#3$ F-&#?/ 7-..#3$ {u0, ..., uℓ} = {0, 1, ..., ℓ} #2 G'&#H':< 4/'3 4/' 2'9%'3' U #22-33': 6&57 1'64 45 &#$/4) ;/'&'G'& ui 6= i< 4/' 2'4 56 -4 7524 n 2%'':#3$ '1'7'342 #31%:#3$
ui< #)') {ui, ..., ui+h}< 1 ≤ h ≤ n< #2 /'?': -5&:#3$ 45 ='77- ()> I#)') min{ui, ..., ui+h} = i<
max{ui, ..., ui+h} = i+ hJ) K6 4/' 53:#4#532 -&' 354 2-4#2H':< 4/' 2'9%'3' #2 354 nL-:7#22#B1')8/#2 .&5':%&' 2-32 4/' 2'9%'3' 6&57 1'64 45 &#$/4 53'< 4/'&'65&' 4/' 4#7' 57.1'M#4@ 56 4/'-1$5&#4/7 #2 O(ℓ) A/'&' ℓ #2 1'3$4/ 56 4/' #3.%4 2'9%'3') !"#$%&&%'() "(*+,%-.$/% 01-/ n, S 1 S2 3 4567585 :; <58=>? ℓ 3 @AB:AB :C@:45D :; >?5:A5>B3< DBE5A=585 38=<54+1-01-/ 2++()" 3-,1) +, 4"(&)52)*% %4 S0  +- % Dn/,)-1, 6"(&) 1 4B85 (µi+1+(ui − i)α) B8 P |ui

B8 (A:@:4B>B:8 FGH +1(# ')  +- % Dn8+ &-,1- -.) +,#), % #)9 &),%)& U(S)%4 {u0, ..., uℓ} 6= {0, 1, ..., ℓ} : ,)-1, 6"(&) I 74B8= (3ABJ? C3@@B8=%/:;<.%() i ≤ ℓ :%4 ui 6= i :(+/:ui10/:ui=/:%>?<.%() -,1)/%4 j > ℓ :,)-1, 4"(&)



 !"!#"$%& %'( )$**$+$,$"- $% %.$*- *!/0!%#!*  ! ! " #  $ % # &'()*+(% !,-.)-/'01 %2uj , -/3+4'01,52uj , +43 ! 2-/ 0  3 6 2+4 0 "3' '0"7&8(),9 1 (ui, ..., uj) 234567 89:<"'0"7&)-.)'  '0 7& '0 7&()*+(% *(+) = >36 :?76? @A76B 26?@62 U(S) CA C92: 86 ?6>4?A67 @D A66767:%;"#$ $% &'#&#(% )* )+,#'-./0 .# (#+1% 2'#3+%0 4565%#,;1 .. 8-) *()) ,-</( *=1 !"#"#%&' n()!*%++%,%-%#. %& *")+/0"! +"1/"&"+"#$ $% )* 8%)+ $-./ 2'#3+%0 4565 9 *)-1% )+,#'-./0 $#:+8 #*(.':. )++ )*8-8).% (%;:%*%(
S ∈ ∏ℓ

i=1Ci< )*8 ./%* )&&+= ./% %#,;1 .. 8-) ,-</( *=15 >/% *:03%' #? )*8-8).% (%;:%*%(-( ∏ℓ
i=1 |Ci|< $/%'% ./% |Ci| -( ./% )'8-*)+-.= #? Ci5 @-*% Ci( )'% .=&-)++= *#. (-*,+%.#*(< |C|-*'%)(%( %A&#*%*.-)++= $-./ ℓ5 B% C*#$ ./). nD)80-((-3+% (%;:%*%( )* 3% 8%#0&#(%8 -*.#(/:E%8 3+#C(5 B% .)C% )81)*.),% #? ./-( &'#&%'.= )*8 $% &'#&#(% ) 3')*/ )*8 3#:*8 )+,#'-./0.# (#+1% 2'#3+%0 4565F%. x = (x1, ..., xℓ) 3% ./% -*&:. (%;:%*% #? 0%)(:'%8 )*,+%(5 >/% )+,#'-./0 ./). $% &'#&#(%0)-*.)-*( ) '##.%8 .'%% T -*-.-)+-(%8 3= root #? 8%&./ 05 G#' %)/ leaf #? 8%&./ d -* T < -?

d < ℓ< ) $-*8#$ #*(-(.-*, #? ). 0#(. HnD!I )*,+%(< (xd+1, ..., xd+h)< 1 ≤ h < n -( (%+%.%8?'#0 ./% -*&:. (%;:%*% #? 0%)(:'%8 )*,+%(5 >/% $-*8#$ #:+8 &#.%*.-)++= #''%(&#*8 .# )(/:E%8 3+#C #? ./%#'%.-)+ )*,+%(5 >/% %#,;1 .. 8-) ,-</( *=1 -( )&&+-%8 .# P |u(leaf) $/%'%
P ∈ Γ(xd+1) × ... × Γ(xd+h)5 P |u(leaf) -( #0&:.%8 )#'8-*, .# 2'#&#(-.-#* 45J5 K? P |u(leaf).:'*( #:. .# 3% nD)80-((-3+% ./%* ./% )+,#'-./0 )88( P .# leaf 5 K? ∄P ∈ Γ(xd+1)× ...×Γ(xd+h)<
1 ≤ h < n< (:/ ./). P |u(leaf) -( nD)80-((-3+%< ./% )+,#'-./0 '%.:'*( HT < >,-.)I5 >/-( 0%)*(./). *# ./%#'%.-)+ )*,+% )* 3% )L%.%8 .# xd+1 )*8 ./% )+,#'-./0 ?)-+( ). ./% )*,+% xd+1 5 B%)++ ./% )*,+% xd+1 )  ! "#$%&'( #) )*,+%5 >/% )+,#'-./0 '%.:'*( ./% '##.%8 .'%% HT < ?(+)I $/%*./% 8%&./ #? )++ +%)1%( #? T -( %;:)+ .# ./% +%*,./ #? -*&:. (%;:%*% ℓ5 @%% G-,:'% 45!6 ?#' ),')&/-)+ '%&'%(%*.).-#* #? ./% )+,#'-./05B/%* ./% )+,#'-./0 ?)-+( ). )*,+% xd+1< $% )* :(% ./% %#,;1 .. 8-) *()) ,-</( *=1 .#)*)+=(% (:3(%;:%*% ./% (xd+2, ..., xℓ)5



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 

"#$%&' ()*!+ ,&-./#-1 &'.&'2'34-4#53 56  !"#$%&&%'() *+)) "(,-+%*.$) "5& '-/ leaf 56 7'.4/
d #3 4&''8 - 9#3759 532#24#3$ 56 (xd+1, ..., xd+h)8 1 ≤ h < n8 #2 2'1'4'7 6&5: #3.%4 2';%'3'56 :'-2%&'7 -3$1'2) P ∈ Γ(xd+1) × ... × Γ(xd+h) #2 -77'7 45 leaf #6 P |u(leaf) #2 3<-7:#22#=1')>544'7 1#3'2 #37#-4' .-4/2 9#4/ .522#=1? 2'@'&-1 357'2)A2#3$ 4/' B&5.52#4#53 ()C8 n<-7:#22#=#1#4? #2 4'24'7 53 2%=<2';%'3'2 531?) D/' 4#:' 5:<.1'E#4? 56 4/' n<-7:#22#=1' 4&'' -1$5&#4/: #3&'-2'2 'E.53'34#-11? 9#4/ n 2#3' 4/' n<-7:#22#=#1#4?#2 4'24'7 53 -11 -37#7-4' 2';%'3'2 56 4/' 9#3759 #31%7#3$ -4 :524 n − 1 -3$1'2) F/'3 4/'&'4%&3'7 4&'' 534-#32 531? 53' n<-7:#22#=1' 2';%'3' G-2 #4 #2 564'3 4/' -2' #3 .&-4#'H8 #4 #2:5&' .&'#2'1? O(l × kn) 9/'&' k = max(|Ci|)) !"#$%&&%'() *+)) "(,-+%*.$/*) % 01*/ Γ2 n2 (x1, ..., xℓ) 1 2 3456474 9: ;4236<4= =>?4<@474 27@A43 9: A47@BC ℓ!) -1*01*/  !"#$%&&%'() *+))() 1 D>BC 79=43 A2E4AA4= EF E9BC =>?4<@474 27@A43 µi 27= 9<=4< >7=>43 uiC) 3),% I) T/4 {root}J) µ(root)/4 0 ) u(root)/4 0
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 !"#$%&' ()*+')',#%#(!,  !"#$%&%'( )$*(**,- "(%& *. ),/'(" /$% '*( /,0/1" %'($%2 )%$.%(,1 3' (4% )$*($/(*$- (43" *#,25% (* "*&% %6(%'( (4% *$373' *. 8#(#/(3*'"9 :'*(4%$ "*#$% *. '*3"% /' 5% 2#% (* 23;3"3*' *.&%$3"(%& "#$./%" 3' 23"$%(% %,," /" "&/,, "43.( *. *'% %,, 2#$3'7 *$7/' 3'3(3/(3*' /' )$*2#%/ 2%;3/(3*' #) (* 15◦ 3' &/(#$% *$7/'" <=#4,%&%3%$- >??@℄9B' *$2%$ (* C#/'(3.1 (43" 8#(#/(3*' 0% D$"( *&)#(%2 (4% 0%374(%2 &%/' /5"*,#(% 2%;3/(3*'5%(0%%' (4% /;%$/7% 5/"%,3'% "%7&%'( ,%;%, .*$ /' 3'23;32#/, /'2 (4% /'*'3/, /'7,%9 E%( xj =
(xj1, ..., x

j
ℓ) 5% (4% "%C#%'% *. &%/"#$%2 /'7,%" *. (4% 3'23;32#/, j /'2 Sj = (mj

1α, ...,m
j
ℓα) 5%(4% *$$%")*'23'7 "%C#%'% *. 23;%$7%'% /'7,%" 04%$% mj

i ∈ Dn, 1 ≤ i ≤ ℓ F"%% G$*)%$(1 !9>H9I4% "/&),% 0%374(%2 &%/' /5"*,#(% 2%;3/(3*'" 73;%' 51
∑

j

ωj|x̄j − 137.5|/
∑

j

ωj,04%$% x̄j 3" (4% &%/' *. 23;%$7%'% /'7,%" 03(43' 5/"%,3'% "%7&%'(" /'2 ωj 3" (4% #&#,/(3;%,%'7(4 *. (4% 5/"%,3'% "%7&%'(" .*$ (4% j(4 3'23;32#/,9 J% *5(/3' / &%/' /5"*,#(% 2%;3/(3*'*. 8.1◦ .*$ (4% 03,2K(1)%- 5.7◦ .*$ (4% &#(/'( /'2 7◦ .*$ (4% )**,%2 "/&),%" F&#(/'( /'2 03,2K(1)%H9 J% (4%' %"(3&/(%2 /'*'3/, 23;%$7%'% /'7,% .*$ %/4 "%C#%'% *. &%/"#$%2 23;%$7%'%/'7,%"9 E%( α̃ 5% (4% /'*'3/, 23;%$7%'% /'7,% *. xj 9 I4% 23"(/'% 5%(0%%' xj /'2 Sj "4*#,25% &3'3&/,- 3' *(4%$ 0*$2"L
α̃ = argmin

β

1

ℓ

ℓ
∑

i=1

|xji −mj
iβ|,04%$% β ∈ [0, 360)9 J% %"(3&/(%2 α̃ .*$ (4% 03,2 (1)% /'2  !"# &#(/'(9 I4% %"(3&/(%2 /'*'3/,23;%$7%'% /'7,%" .*$ 03,2 (1)% F/'2  !"# &#(/'( $%")%(3;%,1H 0%$% 137.5 ± 4 F /'2 137.5 ±



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# + 

"#$%&' ()*+, -./01234 35 42' $&/02#/7 %1'& #.4'&5/')

"#$%&' ()* , -./01234 35 42' $&/02#/7 3%40%41 35 42' #807'8'.4'9 1354:/&')



 !"#$""!%&  !"#$ %&'($ &*$ &+,-.+% -/&', 0122 3.+$% &4 &*$ -+* .% -5-.3-/3$ '+*$( 6$.3376 3.$+$ .+89$+:3$- ; : ,',&(.-3 .% -5-.3-/3$ &+3.+$ <&9$+-3$- =$/9->$℄ -+* =-% ($-,$* '%.+> @9#.+A!; !" #$%'%%$()B#.3$ +$-(3C -33 9$(,'(/$* %'/7%$D'$+$% -($ $A93-.+$* /C ,#$ E&*$3F ,#$ D'-3.,C &4 9($*.,.&+ &4,#$ E&*$3 .% *.G'3, ,& -%%$%% D'-+,.,-,.5$3C; :% =$ E$+,.&+$* /$4&($ -3,#&'># $-# .+*.5.*'-393-+, -+ /$ .+ >$+$(-3 >.5$+ - =$33 *$H+$* -+&+.-3 *.5$(>$+$ -+>3$F ., 5-(.$% 4(&E 137.5◦ =.,#- %,-+*-(* *$5.-,.&+ &4 8◦; "#.% *$5.-,.&+ 4(&E 137.5◦



 !  !"#$%&' ()$**+!,-% (./!"/0,!%+& %&  ! "#$%&'#' () *# +  !" #$%'()*$%"# $%&' %)*$+, -+ *,.*.'+/ ) 0./+1 )#/ )''.&)$+/ )12.,&$%0' $. /+)1 -&$% *+,$3,4)$&.#' .45'+,6+/ &# 0+)'3,+/ '+73+#+' .8 /&6+,2+#+ )#21+' 9:+8)%& ,- ./0; <=>>℄℄@ K+,+ -+ ,+*.,$ '3% *+,03$)$&.#' &# '*&,)1 *%B11.$)L&' .8 -&1/5$B*+ 4.56782969 -1./6.:.@ A%+ 8,+73+#B .8 *+,03$)$&.#' '322+'$' $%)$ *+,03$)$&.#' ),+ 6+,B .050.#@ M.3/+, 9G.3)/B ,- ./0; >HH!I)J℄℄



 !"#$%& '
 !"##$%&'() &% *+,()%+* )&#+.&))+))*+/% $0 & *$1+# $0 2+,%3,4&%($/
℄



℄ -" /%-% $%&( '&3-.-$&2$%& #"2-$-#". #* !))!'-$-#" #* #'4!". )+$ *#'/!'2 ,( H"#/ !"2 H"#/ E.&& 9%!)$&' @F6 I&'&/& '&!55 $%-. 1#2&56 ?" $%-. 1#2&58 $%& )'&;&J-.$-"4 #'4!". '&!$& <&52. $%!$ )'&3&"$ "&!',(*#'1!$-#" #* ! "&/ #'4!"6 K#'& )'&-.&5(8 -" $%& 1#2&5 $%& &L&$ #* <&52. 4&"&'!$&2 ,( l )'&;&J-.$-"4 #'4!".8 P1, ..., Pl8 #" ! .!1)5-"4 )#-"$ S #" $%& 1&'-.$&1 -. 4-3&" ,(M
h(S) =

l
∑

i=1

f(d(Pi, S)),/%&'& d(Pi, S) -. $%& 2-.$!"& ,&$/&&" #'4!" Pi8 1 ≤ i ≤ l !"2 $%& .!1)5-"4 )#-"$ S6 >%&*+"$-#" f -. !" -"%-,-$-#" *+"$-#" $%!$ '&)'&.&"$. $%& -"%-,-$#'( #"$'-,+$-#" #* #'4!". !"2 -.2&<"&2 !.M
f(d) =

−1 +
(

tanh α d
d0

)−1

−1 + (tanh α)−1
, EN6@F/%&'& tanh -. $%& %()&',#5- $!"4&"$ !"2 α '&)'&.&"$. $%& .$-L"&.. #* $%& -"$&'!$-#"6 O" #'4!"!))&!'. #" $%& P!"Q. #* $%& 1&'-.$&1 /%&'& !"2 /%&" $%& *+"$-#" h(S) -. ,&5#/ ! )'&2&<"&2$%'&.%#52 Es6 R"& !" #'4!" -. *#'1&2 $%&'& -. "# !"4+5!' '&#'4!"-S!$-#" #+$.-2& ! -'+5!''&4-#" #* '!2-+. R06 >%-. !" ,& #".-2&'&2 !. $%& .-S& #* &"$'!5 S#"&6 >%& !+$%#'. .%#/&2 $%!$$%& )%(55#$!$- )!$$&'" $%!$ !" ,& 4&"&'!$&2 ,( $%& 1#2&5 -. %!'!$&'-S&2 ,( ! 4&#1&$'-!5)!'!1&$&'

Γ =
d0
R0

, EN6TF/%&'& d0 -. $%& '!2-+. #* $%& #'4!".6 !"!" #$%&'()+$, $'+-. +$ %/. -.'$( 0'(.1?" 9%!)$&' :8 /& .%#/&2 $%!$ $%& 1&!.+'&2 2-3&'4&"& !"45&. #* ,#$% %&"'()*+,(, !-"#("." /-52;$()& !"2 "-+/ 1+$!"$ /&'& .+,U&$ $# "#-.& !"2 3!'-!$-#".6 >%& 1&!.+'&2 2-3&'4&"& !"45&./&'& 2-.$'-,+$&2 !'#+"2 $%& 4#52&" !"45& !"2 -$. 1+5$-)5&.6 >%-. #,.&'3!$-#" '!-.&. $%& =+&.$-#"#* %#/ .+% 3!'-!$-#". !" %!))&"6 ?" )!'$-+5!'8 /& %!3& .%#/" $%!$ 3&'( .$'+$+'&2 )!$$&'".



 !"#$% &'!&!%#" () "!*+") +," -!*"#'. '#-+$$  !"# $%&'()%* "&+,-. ,&/.% /- 0")1 )1% 2/3* )4$% ,-* )1% '(),-)5 2/)1 '"&% $%&'(),)/"-. /- )1%3,))%& ,.%783)1"(+1 $%&'(),)/"-. "# )2" "&+,-. 2%&% "0.%&9%* /- )1% '"*%3 $&"$".%* 04 :"(,*4 ,-*;"(*%& <:"(,*4  ! "#$5 =!!>?,@℄℄7 O1% '"*%3 $&"$".%* 04 :"(,*4 ,-* ;"(*%& 1,. )1% ,0/3/)4 )"+%-%&,)% '".) "# )1% K-"2- $1433"),)/ $,))%&-.7 C- , $&%3/'/-,&4 .)(*45 P,(../,- -"/.% )%&'.2%&% ,**%* )" )1&%% $,&,'%)%&.Q )1% ./R% d0 "# $&/'"&*/,5 )1% ./R% R0 "# )1% %-)&,3 R"-% ,-* )1%"&+,- /-/)/,)/"- )1&%.1"3* Es #"& )1% /-1/0/)"&4 D%3* ?=7=@7 C- )1% D&.) ,.%5 "-34 9%&4 $%&)(&0%*.%S(%-%. "(3* 0% #"(-*5 2/)1 -" .,)/.#,)"&4 &%.%'03,-% )" %B$%&/'%-),3 *,),7 O1/. 3%* )")1% /'$3%'%-),)/"- "# )2" '"*%3. )" .)(*4 )1% &"3% "# -"/.% /- $1433"),B/.5 )" 21/1 2% +/9%-,'%. -"2 )" %,.% )1% */.(../"-7 C- )1% D&.) '"*%35 , ."(&% "# -"/.% ,T%). Es5 )1% )1&%.1"3*"# '/-/'(' %-%&+4 #"& "&+,- /-/)/,)/"- ,-* /. ,33%* U$&/'"&*/(' -"/.%U5 *%-")%* .1"&)34 04/0.*(, 7 O1% .%"-* ."(&% "# -"/.% ,T%). )1% ./R% "# )1% %-)&,3 R"-% ?/7%7 R0@7 O1% 3,))%& /.,33%* U%-)&,3 R"-% -"/.%U ,-* /. *%-")%* 04 120.*(, 7 V%&%,#)%& )1% '"*%3 /- 21/1 )1% %-)&,3R"-% ./R% 9,&/%. /. *%-")%* 04 MCZ ,-* MP *%-")%. )1% '"*%3 /- 21/1 )1% Es /. ,T%)%* 04)1% -"/.%7C- $&,)/% )" ,3(3,)% )1% $"./)/"- "# , -%2 "&+,- /- '"*%3 MCZ , &,-*"' $,&,'%)%& ∆r/. *&,2- ,) %,1 )/'% .)%$5 (./-+ , P,(../,- */.)&/0()/"-7 O1% -%2 &,*/(. "# )1% %-)&,3 R"-%/. R0 ± ∆r5 .%% W/+(&% X7=7 I/'/3,&345 /- MP '"*%35 )" .%) )1% -%2 )1&%.1"3* #"& %,1 -%2$&/'"&*/(' , &,-*"' $,&,'%)%& ∆E /. *&,2-5 ,+,/- (./-+ , P,(../,- */.)&/0()/"-7 O1% -%2)1&%.1"3* "# "&+,- /-/)/,)/"- /. Es ±∆E7E7 F/&,0%) $%&#"&'%* , .%&/%. "# ./'(3,)/"-. #"& 0")1 )1%MP ,-*MCZ '"*%3.7 V% %B$3"&%**/T%&%-) $,&,'%)%& 9,3(%. #"& 0")1 '"*%3.Q 0")1 "# )1% $,&,'%)%&. α ,-* Γ ?.%% GS(,)/"-. ?X7=@,-* ?X7M@@ 2%&% 9,&/%*5 ,. 2%33 ,. )1% $,&,'%)%&. "# )1% P,(../,- */.)&/0()/"-. ,T%)/-+ R0 ,-*
Es7 O1% ./'(3,)/"-. 2%&% )/'%Y"-.('/-+ )1%&%#"&% 1% )%.)%* */T%&%-) $,&,'%)%& 9,3(%. )1,)+%-%&,)%* .%S(%-%. )1,) .%%'%* )1% 3".%.) )" &%,3 0/"3"+/,37 C- )1% %-* 1% .%3%)%* &,-+%. "#$,&,'%)%&. (α,Γ) ,-* #"& %,1 "# )1%.% 1% 9,&/%* )1% ,'$3/)(*% "# )1% -"/.%7 O1/. &%.(3)%* /- ,*,),.%) "# >NN .%S(%-%. ?,33 1,9/-+ =Z[ ,-+3%.@5 *%-")%* M sim

CZ ,-* M sim
P &%.$%)/9%347O1%.% .%). 2%&% *"(03%*5 ,"&*/-+ )" )1% #"33"2/-+ "0.%&9,)/"-7 :(% )" )1% -"/.%5 ."'% "&Y



 !  !"##$%&'() &% *+,()%+* )-&#+

"#$%&' ()*+ ,-&#-.#/0 /1 .2' '0.&-4 5/0' 6#5') 72' 0'8 &-9#%6 /1 .2' '0.&-4 5/0' #6 R0 + ∆r)72' 0'84: 1/&;#0$ /&$-0 0%;<'& n #6 &'=&'6'0.'9 #0 <4->) 72' 9/..'9 #&4' #6 82'&' .2' /&$-00%;<'& n−1 8-6 ?&6. 1/&;'9) @6 8' -0 6'' #0 .2' ?$%&' .2' /&$-0 0%;<'& n #6 1/&;#0$ 1%&.2'&1&/; .2' '0.&-4 5/0' .2-0 .2' /&$-0 0%;<'& n − 1) A'0' #0 Morder
CZ 6#;%4-.#/06 .2' /&$-00%;<'& n− 1 -=='-&6 <'1/&' .2' /&$-0 0%;<'& n)$-06 ;-: ';'&$' 1%&.2'& 1&/; '0.&-4 5/0' .2-0 .2' =&'B#/%6 /0'6 #0 .2' /%&6' /1 - 6#;%4-.#/0C6'' "#$%&' ()*) D0 .2#6 -6'C .8/ 2/#'6 -&' =/66#<4'+ '#.2'& .2' /&9'& /1 /&$-06 #6 4'1. %02-0$'9C/& .2': -&' 6/&.'9 -/&9#0$ ./ .2'#& 9#6.-0' 1&/; .2' '0.&') D0 .2' 6'/09 -6'C .2'6' 6#;%4-E.#/06 -&' &'1'&&'9 ./ -6  !"# $! !$ %&'()*+&#,% -09 -&' 9'0/.'9 <: Morder
CZ -09 Morder

P -/&9#0$./ .2' 0/#6' 6/%&'C 6'' "#$%&' ()*)F/&' =&'#6'4:C 1/& '#.2'& /1 .2' ;/9'46 MCZ -09 MP C 4'. (P1, ..., Pl) <' .2' $'0'&-.'9 6'EG%'0' /1 /&$-06 H=&#;/&9#-I 6%2 .2-. Pi #6 #0#.#-.'9 <'1/&' Pi+1C 1 ≤ i < lC (D1, ...,Dl) <' .2'6'G%'0'6 /1 9#6.-0'6 /1 /&$-06 1&/; .2' '0.&' H#)') Di #6 .2' 9#6.-0' /1 /&$-0 Pi 1&/; .2''0.'&I) D0 -99#.#/0 4'. xi <' .2' 9#B'&$'0' -0$4' <'.8''0 /&$-06 Pi -09 Pi+1) 72' 6'G%'0'&'.%&0'9 <: MCZ /& MP #6 (x1, ..., xl−1)) J' 9'?0' (P ′
1, ..., P

′
l )C -6 - ='&;%.-.#/0 /1 (P1, ..., Pl)C6%2 .2-. D′

i ≤ D′
i+1 HD′

i #6 .2' 9#6.-0' /1 .2' P ′
i



 !"#$%&%'"$%(# (& )*%+", %#-.+)%(#)  !

"#$%&' ()*+ ,#-./$&01 /2 03$4'- 2/& 0 .56#04 -%8-'. /2 .9' -#1%40.#/3- $'3'&0.': 85 MCZ 1/:'4);3' 6'0< 4/-' ./ 180◦ 03 8' /8-'&=':) >3 0::#.#/3 2/%& 1/:'- 4/-' ./ α = 137.5◦? −α = 222.5◦?
2α = 275◦? 03: −2α = 85◦ 08 8' /8-'&=':)6/-.@1'&#-.'10.# &'@0&&03$'1'3. #3 Morder

CZ 03: Morder
P ) A9' :#B'&'3' 8'.C''3 .9' /&:'& /2/&$03- /3 .9' -.'1 03: .9' /&:'& /2 6&#1/&:#0 #3#.#0.#/3 /3 .9' 1'&#-.'1 #3 M sim

CZ 03: M sim
P03 8' #3.'&6&'.': 0- 0 6/-.@1'&#-.'10.# 69'3/1'3/3) !" #$%&'()%'(+& +, -.(/%0 (&12/-(+&->3.&/:%#3$ .C/ -/%&'- /2 3/#-' 03: &'/&:'&#3$ .9' -'D%'3'- 4': %- ./ 2/%& -'.- /2 -#1%40.#/3-

Morder
CZ ? M sim

CZ ? Morder
P ? 03: M sim

p ) E' 0664#': .9' 04$/&#.91- #3.&/:%': #3 F906.'& G ./ .9'-'.- /2 -#1%40.#/3-? ./ 9'< C9'.9'& .9'5 /3.0#3': 3/3@.&#=#04 n@0:1#--#84' -'D%'3'-)"&/1 0 H&-. #3-6'.#/3 /2 .9' /%.6%.-? #. 066'0&': .90. .9' -#1%40.': -'D%'3'- :#: 3/.-''1 ./ 90=' 0 %3#D%' 6&':'H3': $'3'&0.#=' -6#&04 /&#'3.0.#/3) A9#- #164#'- 3/.0845 .90. .9':#-.&#8%.#/3 /2 :#='&$'3' 03$4'- 90=' .C/ 1/:'- 4/-' ./ 137.5◦ 03: 1360◦−137.5◦x1, ..., xℓ) 8' 0 -#1%40.': -'D%'3' M/2 /3' /2 .9' 1/:'4- M sim
CZ ? Morder

CZ ? M sim
P ? /&

Morder
P N) E' :'3/.' .9' -'D%'3' C#.9 /66/-#.' -6#&04 /&#'3.0.#/3 0- X̄ = (x̄1, x̄2, ..., x̄ℓ) C9'&'

x̄i = (360◦ − xi)? 1 ≤ i ≤ ℓ)



 !  !"##$%&'() &% *+,()%+* )-&#+"# $%#& '(# *+,-./'*0-/1 '**1% *2 '(# 30##&-.4 (/3'#0 /% 2*11*5%678 9(# n !"#$%%$&'( )*(( !'+,*$)-# 5/% /331-#& '* ,*'( X /.& X̄ 8 :. /%# *2 +$1'-31#/.&-&/'# %#;$#.#%< '(# +*%' 30*,/,1# 5/% %#1#'#& $%-.4 /%%*-/'#& 3*%'#0-*0 30*,/,-1-='-#%8 >#' S(X)< S(X̄) &#.*'# '(# 0#'$0.#& %#;$#.#% *2 '(#*0#'-/1 &-?#04#.# /.41#%8!8 @*0 .*.=#A31/-.#& /.41#%< 5# /331-#& '(# ,/B'0/B-.4 30*#&$0# &#%0-,#& -. %#'-*. C8D87<'* -.?/1-&/'# /11 '(# 30##&-.4 /.41#% 5(*%# '(#*0#'-/1 30#&-'-*. *$1& .*' ,# '0$%'#&8:.?/1-&/'#& /.41#% /% 5#11 /% '(# .*.=#A31/-.#& /.41#% /0# 0#31/#& ,E F?F -. '(# %#;$#.#%
S(X) /.& S(X̄)8>#' $% &#.*'# S(X) = (µ1, ..., µℓ) /.& S(X̄) = (µ̄1, ..., µ̄ℓ)< 5(#0# /11 µi /.& µ̄i ,#1*.4 '*

Dn ∪ {?}< /.& Dn -% '(# %#' *2 '(#*0#'-/1 /.41#% G%## H0*3#0'E C8! -. I(/3'#0 CJ8 K' '(-% %'/4#<#?#0E /.41# µi G*0 µ̄iJ 5/% #-'(#0 -. Dn< /.& '($% *.%-&#0#& /% #A31/-.#& ,E '(# 30*#&$0#< *0#;$/1 '* F?F8 "# &#L.#& / $.-;$# %#;$#.# W = (w1, ..., wℓ) ∈ {R,L,B, 0}ℓ /% 2*11*5%6
• wi = L -2 µi ∈ Dn /.& µ̄i = ”?”<  !"! µi -% *.1E #A31/-.#& -. 1*B5-%# *0-#.'/'-*.8
• wi = R -2 µi = ”?” /.& µ̄i ∈ Dn<  !"! µi -% *.1E #A31/-.#& -. *$.'#0=1*B5-%# *0-#.'/'-*.8
• wi = B -2 µi ∈ Dn /.& µ̄i ∈ Dn<  !"! µi -% #A31/-.#& 2*0 ,*'( *0-#.'/'-*.%8
• wi = 0 -2 µi = ”?” /.& µ̄i = ”?”<  !"! µi -% .#-'(#0 #A31/-.#& -. 1*B5-%# .*0 -. *$.'#0=1*B5-%# *0-#.'/'-*.8:' +/E (/33#. '(/' / 1*B5-%# *0-#.'#& %3-0/1 ,# #A31/-.#& ,E *+31#A 3#0+$'/'-*. 3/''#0.%-. '(# *$.'#01*B5-%# *0-#.'/'-*. G*0 ?-# ?#0%/J8 :. *.%#;$#.#< / 5#11=&#L.#& %3-0/1 5-'(*$'/.E -.?#0%-*.% -% #A3#'#& '* ,# *&#& ,E / 5*0& W -.?*1?-.4 *.1E B% /.& L%< *0 *.1E B% /.&

R8 K %#;$#.# -.?*1?#& -. 4#.#0/'-?# %3-0/1 -.?#0%-*.% %(*$1& *.'/-. ,*'( R /.& L %E+,*1%</.& '($% '(# /,*?# *&-.4 /. ,# $%#& /% / '**1 '* '0/B %#;$#.#% -.?*1?-.4 %3-0/1 -.?#0%-*.%89(# *$00#.# *2 0M% 5/% #A3#'#& '* ,# *00#1/'#& 5-'( '(*%# 3*0'-*.% *2 %#;$#.#% 2*05(-( '(# /14*0-'(+% 2/-1< -. 4#.#0/1 &$# '* '(# 2/' '(/' n=/&+-%%-,-1-'E &*#% .*' #.*+3/%% '(#'*'/1-'E *2 3#0'$0,/'-*.% 30#%#.' -. 3(E11*'/'- %#;$#.#% G%## /1%* I(/3'#0 CJ89* ;$/.'-2E '* 5(/' #A'#.' / %#;$#.# 2*11*5% / 5#11 &#L.#& %3-0/1< 5# *$.'#& '(# %E+,*1%
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"#$%&' ()*+ , -#.%/01'2 -'3%'4' 67 2#8'&$'4' 04$/'- 67 19' .62'/ M sim
CZ ) :9' -'3%'4' #-040/;-'2 %-#4$ 19' 166/- #41&62%'2 #4 <90=1'& >) :?6 -%@ -'3%'4'- ?96-' @0-'/#4'- 0&' 360◦−

137.5◦ = 222.5◦ 042 137.5◦sim
CZ 042 Morder

CZ $'4'&01'2 -'3%'4'- 1901 ?'&' 9#$9/; ='&1%&@'2) , 64-#2'&K0@/' 4%.@'& 67 04$/'- /6-' 16 180◦
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CZ %") M sim

P %") (*/'()*(*) +#,-&%$#'" +*$ (*8*(+ $' $A* +#,-&%$#'"+ Morder
CZ %")

Morder
P =:A* ,')*&+ M sim

p %") Morder
p B*"*(%$*) +*6-*"*+ +#,#&%( $' $A* ,*%+-(*) 4#&)/$92* +*/6-*"*+ '8  !"#$%&'($( )*"+$"," +$-)#*) #" $A* 2(*3#'-+ A%2$*(= C'4*3*(D $A* ,')*&+ B*"*(%$*)+#B"#E%"$&9 ,'(* %"B&*+ &'+* $' 180◦= F&$A'-BA A%"B*+ '8 $A* +2#(%& '(#*"$%$#'" %(* ';+*(3*)#" $A* +#,-&%$#'"+D $A*9 %(* ,-A &*++ 8(*6-*"$ $A%" #" $A* +*6-*"*+ B*"*(%$*) ;9 01/"'#+*;%+*) ,')*&= G* )*$*$*) '"&9 2/%),#++#;&* +*6-*"*+ %") "' A#BA*( '()*( n/%),#++#;#&#$9 4%+';+*(3*) #" +*6-*"*+=:A* :%;&* <=> +-,,%(#H*+ $A* %"%&9+#+= !" $A* 8'&&'4#"BD $4' +-; +*$#'"+ 4* B#3* ,'(*)*$%#&+ %;'-$ $A* +#,-&%$#'"+ MCZ %") MP D (*+2*$#3*&9= !"#$%&'G* %"%&9+*) $A* +#,-&%$#'"+ '8 $A* ,')*&M sim

CZ %")Morder
CZ = I#B-(* <=J +A'4+ % $92#%& A#+$'B(%,'8MCZ +#,-&%$#'"+= :A*(* #+ '"* 2*%K &'+* $' 180◦= I'-( &%(B* ,')*+ &'+* $' α = 137.5◦D −α =

222.5◦D 2α = 275◦D %") −2α = 85◦
MCZ B*"*(%$*+ +*6-*"*+ $A%$ %(* ',2&*$*&9 )#R*(*"$ 8(', $A* )%$%+*$ '8 ,*%+-(*) 4#&)/$92*%") "*'. ,-$%"$ +*6-*"*+ #" $*(,+ '8 B*"*(%$#3* +2#(%& '(#*"$%$#'"= :A*(*8'(*D 4* '"+#)*(
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"#$%&' ()*+ ,-#' #/0$'1 23 45' 67, 40&$'4 8044'&9 :';9': <= 09 '>8'&4 29 0&211 1'4#29 23 45' 4#11%'1 T1, T2, T3, T4 ?3&2/ -'34 42 &#$54@) A'--1 '>8&'11#9$ 67,0&' /0&B': <= &': 2-2&) C5' 1'41 23 '-- #9:'>'1 #9 67, '>8&'11#29 D29' 0&'
{242}, {133, 286}, {173, 234, 558}, {130, 217, 221, 498, 612, 674, 993}iG 1 ≤ i ≤ 4G 67, 8044'&91 F'&' :';9': 29 45'8&'':#9$ 4#11%'1 ?1'' 1%88-'/'940&= /04'&#0-1 23 R"'&909:'D  ! "#$G ST T℄@) C5' 67, 8044'&929 '05 4#11%' 2&&'1829:1 42 0 1'4 23 '-- #9:'>'1) P05 1'4 #1 :';9': 32& 0 4#11%' 09: 291#141 23'-- #9:'>'1 4504 0&' #9 45' 67, '>8&'11#29 D29' 23 45' 4#11%'G 1'' "#$%&' ()* 32& 09 #--%14&04#2923 45' 40&$'4 8044'&91)Q'4 Qi <' 45' 1'4 23 '-- #9:'>'1 F5#5 0&' #9 45' 67, 40&$'4 8044'&9 23 4#11%' TiG 1 ≤ i ≤ 4)6' :';9' 45' 40&$'4 8044'&9 Ŵ i ∈ {0, 1}Ni 32& 4#11%' Ti 01 32--2F1+
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Ŵ i
k = 1 #3 k ∈ Qi,

Ŵ i
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"#$%&' ()(* +,,%-.&/.#01 02 3 ,/4'&- 01 / &0-- -'.#01 02 .6' .#--%'- T1, T2, T3, T4 72&08 ,'2. .0&#$6.9) :',,- ;',01$#1$ .0 3 ,/4'& /&' 8/&<'= ;4 &'= 0,0&)
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dXi

dt
= F i(Xi;P i),

Xi(0;P i) = Xi
0,

7()N97() O9A6'&' Xi ∈ RnNi &'D&'-'1.- .6' 01'1.&/.#01 02 ','8'1.- #1 ',,-F n ;'#1$ .6' 1%8;'& 02
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RnNi 0' 0'-$-.:,0 &- &," '"& -8 $2&.0"' Rn×Ni + 4" 40## 1'" &," %-&2&0-% Xi

u,k &- ;"%-&" &,"-%"%&.2&0-% -8 u&, "#"$"%& 0% "## k+ 8-. 1 ≤ u ≤ n 2%; 1 ≤ k ≤ Ni)
Xi(0) = Xi(0;P i) '"&' &," 0%0&02# -%;0&0-% 2%; P i 0' &," '"& -8 :2.2$"&".' -8 &," $-;"# 8-.&0''1" Ti)<"& 1' 2''1$" &,2& 8-. 2 '"& -8 :2.2$"&".' P i 2%; 0%0&02# -%;0&0-% Xi

0+ &," '3'&"$ ."2,"' 2'&2=#" '&"2;3 '&2&" 4,0, 4" ;"%-&" =3 X̃i(P i))>0?"."%& 2::.-2,"' 2% =" 1'"; &- '"& &," 0%0&02# -%;0&0-% 0% @A12&0-% (B) C/) D '0$:#"423 &- '"& 0%0&02# -%;0&0-%' 0' &- -$0& ;0#1&0-% =3 2''1$0%* &,2& &," 0%0&02# -%"%&.2&0-% 0%;21*,&". "##' 0' &," '2$" 2' &," '&"2;3 '&2&" -%"%&.2&0-% 0% &," $-&,". "##+ 0% &," :."90-1'&0''1")E-4"9".+ "## 9-#1$" ,2%*" 2% =" 2% 0$:-.&2%& 82&-. 0% ,"$02# 50%"&0' 0% *.-40%* 2%;;090;0%* "##' FG24#-4'50  ! "#$+ HCCI℄ 2%; &,"."8-." ',-1#; =" &25"% 0%&- 2-1%&) K%" 423 &- ;-&,0'+ 0' &- '1::-'" &,2& 4,"% 2 $-&,". "## ;090;"' &," '1$ -8 $-#"1#"' 0% ;21*,&". "##' 0' "A12#&- &," $-#"1#"' -8 &," $-&,". "## ="8-." ;090'0-%+ 2%; $-#"1#"' 2." ,-$-*"%"-1'#3 ;0'&.0=1&";2$-%* ;21*,&". "##') L,0' 0$:#0"' &,2& 2## ;21*,&". "##' ,29" &," '2$" 0%0&02# -%"%&.2&0-%)M-.$2##3+ #"& j =" 2 "## 0%;"N 0% &0''1" Ti+ 1 ≤ i ≤ m−1+ &," 0%0&02# -%"%&.2&0-% -8 u&, "#"$"%&-8 &," ;21*,&". "## -8 0%;"N k 0% &0''1" Ti+1 2% =" 2#1#2&"; =3O
Xi+1

u,k (0;P
i) =

X̃i
jV

i
j

∑

h∈Lj
i
V i+1
h

, ∀k ∈ Lj
i , (B)  /4,"." V i

j 0' 9-#1$" -8 &," "## -8 0%;"N j 0% &0''1" Ti 2%; Lj
i 0' &," ;21*,&". "## 0%;"N"' -8 &,"$-&,". "## -8 0%;"N j) L," @A12&0-% (B)  / 2% =" -=&20%"; =3 '1::-'0%* &,2& &," -%"%&.2&0-%-8 2 *"%" 0% $-&,". "## $1#&0:#0"; =3 0&' 9-#1$" 0' "A12# &- &," '1$ -8 -%"%&.2&0-%' -8 &,"*"%" 0% ;21*,&". "##' $1#&0:#0"; =3 &,"0. 9-#1$"'O

X̃i
u,j × V i

j =
∑

h∈Lj
i

Xi+1
u,h (0;P

i)× V i+1
h ,4,"." X̃i

u,j 0' &," "N:."''0-% #"9"# -8 *"%" u 0% $-&,". "## j 0% &0''1" Ti 2& "A10#0=.01$+ V i
j 0'&," $-&,". "## 9-#1$" 0% &0''1" Ti+ Xi+1

u,h (0;P
i) 0' &," 0%0&02# -%"%&.2&0-% -8 ;21*,&". "## h 0%&0''1" Ti+1 2%; V i+1

h 0' &," ;21*,&". "## 9-#1$" 0% &0''1" Ti+1)P" 2#'- '1::-'" &,2& &," ;3%2$0' -8 "2, &0''1" 0' ;"'.0="; =3 &," '2$" '"& -8 ;0?"."%&02#"A12&0-%' "N":& &," '"& -8 :2.2$"&".' 2%; "## %1$=".' &,2& 2% ,2%*" 8.-$ -%" &0''1" &-2%-&,".) P" ."#3 -% &," 2''1$:&0-% &,2& *.-4&, ;3%2$0' 0' $1, '#-4". &,2% &," 0%&".2&0-%'-8 2 *"%" ."*1#2&-.3 %"&4-.5 '1, 2' ;0?1'0-% -. *"%" ."*1#2&0-% :.-"'') L,0' 0' '1::-.&"; =3&," 82& &,2& "## 3#"' 0% &," 6DQ -1. 2& 2 :".0-; 2::.-N0$2&"#3  H &- HI ,-1.' 4,"."2' *"%"



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# #$%&'()*+, (,- -*.&/*+, +&# +, ( )*1$ /('$ 2(#3*,% 4#+1 4$5 1*,&)$/ )+ (, 6+&# 78'+,9 !"":9;$--3  ! "#$9 !""<℄>8) )6*/ ?+*,) 5$ ?#$/$,)$- )6$ %$,$#(' 4+#1 +4 1+-$'/ )6() 5$ +,/*-$# *, )6*/ 6(?)$#9 (,-5$ 1$,)*+,$- )6$ &,-$#'3*,% (//&1?)*+,/> !"#$%& '()( %&' ( " )* +&,&!&- + . /&0! . ((T1, ..., Tm), (L1, ..., Lm−1))1 " .2+ # + 0/&4&(,!5 +6(".&0 46 2/+&("/6 +&7 / (!&"#  89"!&2(0 "0 &( :89"!&2(0 ;<$=> "(+ ;<$?@>1 "(+ X̂ =

(X̂1, ..., X̂m) "0 !5 )* !"/, ! A"!! /(1 B(+ A"/". ! /0 095 !5"! X̂ &0 "(  89&#&4/&9. A"!! /($@+)$ )6() %$,$#(''39 *) */ ?+//*A'$ )6() )6$ 1+-$' (,,+) #$?#+-&$ X̂ (/ (, $B&*'*A#*&1?())$#,> C6$#$4+#$9 +,$ 1*%6) ,$$- )+ D,- (, $B&*'*A#*&1 ?())$#, '+/$ )+ X̂> C+ D,- )6$ '+/$/)?())$#,9 5$ D#/) -$D,$ )6$ -*/)(,$ A$)5$$, X̂i (,- X̃i(P i) (/ )6$ D),$// 4&,)*+,> C6$ +?)*1('?(#(1$)$# 2('&$/ %$,$#()*,% '+/$/) ?())$#, /6+&'- 1*,*1*/$ )6$ D),$// 4&,)*+,E
P opt
i = argmin

P i
(|X̂i − X̃i(P i)|), FG> !H56$#$ | · | -$,+)$/ )6$ I&'*-$(, ,+#1 *, RnNi >C6$ (A+2$ $B&()*+, '$(-/ &/ )+ +?)*1(' ?(#(1$)$# 2('&$/ 4+# )*//&$ Ti )+ #$?#+-&$ )6$)(#%$) ?())$#,9 X̂i> J) )6&/ +##$/?+,-/ )+ ( /*)&()*+, 56$#$ )*//&$ Ti */ +,/*-$#$- +, *)/ +5,9*,-$?$,-$,)'3 4#+1 %#+5)6 (,- +)6$# )*//&$/>C6$ /3/)$1 (, A$ +?)*1*/$- 4+# ('' )6$ )*//&$/ ?&) )+%$)6$#9 (''$- )6$ <K -*%*)*L$- 1$#*/)$1>M$) X̂ = (X̂1, ..., X̂m)9 X̂ ∈ Rn(

∑
i Ni)9 A$ )6$ <K )(#%$) ?())$#,9 (,- X̃(P ) A$ )6$ $B&*'*A#*&1+4 )6$ /3/)$1 A$'+5E







































dX1

dt
= F 1(X1;P ),>>> >>>

dXm

dt
= Fm(Xm;P ),

(X1, ...,Xm)(0) = (X1
0 , ...,X

m
0 ).

FG> NHFG> <HC6$ +?)*1(' ?(#(1$)$#/ (, A$ +A)(*,$- 4+# )6*/ /3/)$1 A3E
P opt = argmin

P
(|X̂ − X̃(P )|), FG> GH56$#$ | · | -$,+)$/ ,+5 )6$ I&'*-$(, ,+#1 *, Rn(

∑
i Ni)>C6$ -*.$#$,$ A$)5$$, )6$ IB&()*+,/ FG> GH (,- FG> !H */ )6() *, IB&()*+, FG> !H 5$ D) )6$?(#(1$)$#/ 4+# $(6 )*//&$ 56$#$(/ *, IB&()*+, FG> GH )6$ ?(#(1$)$#/ (#$ D))$- 4+# ('' )*//&$/?&) )+%$)6$#> J, +)6$# 5+#-/ IB&()*+, FG> !H +##$/?+,-/ )+ ( /*)&()*+, 56$#$ ?(#(1$)$#/ (#$(''+5$- )+ 2(#3 (1+,% )6$ )*//&$/ 56*6 (, A$ -&$ )+ (, &,O,+5, ?#+$//> P, )6$ +)6$# 6(,-9



opt
i 7*0 "#$ ")22'$ Ti< 1 ≤ i ≤ m:#)1$ "#$ %&'(")*+ ,-. -/ A)$152 ( 2$" *7 ;1*8(11A *4")3(1 4(0(3$"$02 P opt. @"'5A)+; "#$ 2$" *7*4")3(1 4(0(3$"$02 7*0 $(# )+5)=)5'(1 ")22'$< ).$. P opt

i < (+5 "#$ 0$1(")*+ 8$":$$+ *4")3(1 2$"2 *72'$22)=$ ")22'$2< ).$. P opt
i (+5 P opt

i+1< 1 ≤ i < mh ' +53'4#!+* +, ()& !%5 +, ()& !#B*'6! Y '*" S 2#() ()4&!)+6" θ "&@*&! ()& A'6%&+, h ,%*(#+*S






























dW

dt
= kwh(S + Y, θ)− δwW,

dY

dt
= ky1L1 − δyY +Dy∇2Y,

dS

dt
= kS1stem − δSS +DS∇2S,

N0.-TPN0.-OPN0.-QP2)&4& h #! ' U&'A#!#"& ,%*(#+* h : R → [0, 1]S
h(x, θ) =

{

1, x < θ,

0, +()&42#!&.



̄ = δw
kw
W ; .$ 3>%&0-E

dW̄

dt
=
δw
kw

dW

dt
=
δw
kw

(kwh(Y + S, θ)− δwW ) = δw(h(Y + S, θ)− W̄ ).?$% W̃ >$ %#$ /&7=$ 34 W̄ &% $F=070>'0=9; 4'39 %#$ &>3/$ $F=&%03-1 .$ G-3. %#&% W̃ =

h(S + Y ): <$-$ W̃ 01 & >337$&- /$%3':H- %#$ 1&9$ .&D; >D #&-($ 34 /&'0&>7$1 Ȳ =
δy
ky
Y &-6 S̄ = δS

kS
S ; .$ 3>%&0-E

dȲ

dt
= δy[1L1 − Y ] +

δy
ky
Dy∇2Y,

dS̄

dt
= δS [1stem − S] +

δS
ks
DS∇2S.+0-$ ∇2 01 70-$&'; 1$$ IF=&%03- J@:KL; .$ #&/$E

dȲ

dt
= δy[1L1 − Ȳ ] +Dy∇2Ȳ ,

dS̄

dt
= δS [1stem − S̄] +DS∇2S̄.)$ &- 4='%#$' 109,704D %#$ 1D1%$9 >D #&-($ 34 %09$ 1&7$ τ = δytE

dȲ

dτ
=

1

δy

dȲ

dt
= 1L1 − Ȳ +

Dy

δy
∇2Y,

dS̄

dτ
=

1

δy

dS̄

dt
=
δS
δy

(1stem − S) +
DS

δy
∇2S,.#0# 7$&61 =1 %3 6$M-$ %#$ 43773.0-( ,&'&9$%$'1E

D̄y =
Dy

δy
, δ̄S =

δS
δy
, D̄S =

DS

δy
.CD 390%%0-( %#$ >&'1 43' 109,700%D &-6 -3%0-( t 0-1%$&6 34 τ .$ 3>%&0-















dY

dt
= 1L1 − Y +Dy∇2Y,

dS

dt
= δS(1stem − S) +DS∇2S.

J@: NLJ@:!OL



 !"#$%" &'( ()"*#"")+'  !"#$% L=̇mat(∇2) &'($( %)$ *+%,'- .$/0$. 12 ∇234 56, 789+%'60 &:(!;34 <$ )+=$>
dS

dt
= δS1stem + (DSL− δSId)S,<)$,$ Id '? %)$ '.$0%'%2 *+%,'-( @6%$ %)+% 12 60?%,9%'604 %)$ *+%,'- L )+? 0600$B+%'=$ $-%,+C.'+B60+D $D$*$0%?4 +0. +DD '%? ,6<? ?9* %6 E$,6( F,6* %)'?4 <$ +0 .$.9$ %)+% 56, +02 G6?'%'=$

δS 4 %)$ *+%,'- (−DSL+δSId) '? ?%,'%D2 .'+B60+DD2 .6*'0+0%4 +0. %)9? '0=$,%'1D$ +0. %)$ ?2?%$*)+? + 90'89$ ?%$+.2 ?%+%$( H% ?%$+.2 ?%+%$ <$ +0 <,'%$>
S̃ = −(DSL− δSId)

−1(δS1stem),

=
1

δS
(Id− DSL

δS
)−1(δS1stem),

= (Id− DSL

δS
)−1

1stem,<)$,$ Id '? %)$ '.$0%'%2 *+%,'- 65 ?'E$ 65 %)$ 09*1$, 65 $DD? '0 %'??9$( I$ .$/0$ D̄S = Ds

δS
(J'0$ %)$ .$+2 ,+%$ '?  '0 789+%'60 &:( K34 <$ +D?6 )+=$>

Ỹ = (Id− D̄yL)
−1

1L1.L2 6*'%%'0B %)$ 1+,? +B+'04 %)$ ?2?%$* +% ?%$+.2 ?%+%$ +0 1$ .$?,'1$. 12>














W̃ = h(S̃ + Ỹ , θ),

Ỹ = (Id−DyL)
−1

1L1,

S̃ = (Id−DSL)
−1

1stem.

&:(! 3&:(!!3&:(!"3M)'? ?%$+.2 ?%+%$ '? '0.$G$0.$0% 65 %)$ '0'%'+D 60.'%'60?( N$0$ <$ .6 06% )+=$ %6 60?'.$,789+%'60 &:(  3( H0 6%)$, 60=$0'$0% +?G$% '? %)+% %)$ ?%$+.2 ?%+%$ 65 %)$ +.'*$0?'60+D'E$.*6.$D '? 60%,6DD$. 12 60D2 %),$$ G+,+*$%$,?> (Dy,DS , θ)( M)$2 +0 1$ '0%$,G,$%$. '0 '0%9'%'=$%$,*? +? .'O9?'=$ ?%,$0B%)? 65 %)$ ?'B0+D? 5,6* %)$ # D+2$, &Dy3 6, %)$ ?%$* &DS34 +0. +??$0?'%'='%2 65 IPJ %6 %)$ ,$G,$??'=$ +%'60 65 %)$?$ ?'B0+D? &θ



℄`' =)+ &7' %)+2 '7 )$X/+' '1% 6)0);%'%0+ '7 ;)>% '1#+ 87&% $#+)66%)0 )' %M/#*#?0#/;, @*;7+' )**7. '1% 6)0);%'%0+ 0%)'%$ '1#+ 87&% )' '1% %M/#*#?0#/;F +%% G#:/0% D,a,@+ =% %56*)#&%$ ?%.70%F #& 0%60%++70 ;7$%* '=7 0%60%++#B% +#:&)*+ $#R/+% $7=&=)0$ .07; b *)2%0 )&$ /6=)0$+ .07; +'%;, <1%#0 :0)$#%&'+ #&.70; '1% #&'%0&)* *)2%0+ 7. ;%0#+'%; )?7/' '1%



 !"#$%" &'( ()"*#"")+'  !"

#$%&'( ")*+ ,$-( /&'0( 0$-&123$/4 /5 36( '(7'(00/' -/8(1 /4 2 36'((98$-(40$/421 8$%$3$:(8-('$03(-) ,6( ;%&'(0 $11&03'23( 36( '(123$<( /4(43'23$/4 /5 =>? /4 2 '/00 0(3$/4 /5 -('$03(-)?$-&123$/4 7'/((8(8 &43$1 (@&$1$A'$&-) ,6( /1/' /8$4% $0 8(;4(8 20 A1&(B-$4CD %'((4D E(11/FD'(8B-2GC) H2'2-(3(' <21&(0+ ky = 0.1D dy = 0.008,Dy = 0.009, kS = 0.1D dS = 0.002,DS =

0.052, Tw = 10.0, dw = 0.1, hw = 2.0, Twy = −10.0

#$%&'( ")I+ ,$-( /&'0( 0$-&123$/4 /5 '(7'(00/' -/8(1D 2 6/'$:/4321 <$(F /5 -('$03(-) #'/- 1(533/ '$%63 0$-&123$/40 F('( 8(<(1/7(8 &43$1 36( (@&$1$A'$&- F20 '(26(8) ,6( /1/' /8( $0 36(02-( 20 $4 #$%&'( ")*)



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# 





 !"#$%" &'( ()"*#"")+'  !"
#$%&'( )* +, -.( /0$1(23$42/5$6(0 140(5 42 / '47 48 (55:* -.( 374 '(;'(::$<( :$%2/5: Y /20 S(1/2/3( 8'41 3.( 5(8314:3 /20 '$%.314:3 (55:* =(55: 1/'>(0 ?@ '(0 454' '(/3( 3.( (A;'(::$42642( 48 BCD* W̄i,j 0(243(: 3.( BCD ;/33('2E i /20 j ?($2% 3.( $20(A(: 48 3.( 5(8314:3 /20 '$%.314:3 (55 $20(A(: $2 BCD ;/33('2 '(:;(3$<(5@*/20 42 3.( :3(1 '(:;(3$<(5@* -.&: 3.( 374 '(;'(::$<( :$%2/5: Y /20 S 4'$%$2/3( 8'41 3.( 5(8314:3/20 '$%.314:3 (55: '(:;(3$<(5@E :(( #$%&'( )* +*-.( /0$1(2:$42/5$6(0 '(;'(::4' 140(5 /3 :3(/0@ :3/3( /: ;'(:(23(0 $2 D(3$42 )*F $: 0(:'$?(0?@,















W̃ = h(S̃ + Ỹ , θ),

Ỹ = (Id−DyL)
−1

1L1,

S̃ = (Id−DSL)
−1

1stem.

G)*!FHG)*!)HG)*!IH#4' 3.$: :@:3(1 48 (55: $2 '47E 3.( 8&23$42: 1L1 /20 1stem $2 /?4<( (J&/3$42: /'(,
{

1L1(i) = 1 $8 i = 1,

1L1(i) = 0 43.('7$:(.
{

1stem(i) = 1 $8 i = N,

1stem(i) = 0 43.('7$:(,7.('( i $: (55 $20(A*B( /::&1( 3./3 84' 3.$: 42K%&'/3$42,


















Aij

dijVi
= 1, 1 ≤ i ≤ N, j ∈ Ni,

Aij

dijVi
= 0, 1 ≤ i ≤ N, j /∈ Ni,7.('( Ni = {i − 1, i + 1}E 2 ≤ i ≤ N − 1E N1 = {2}E NN = {N − 1}E Aij

dijVi
?($2% 0(K2(0 $2LJ&/3$42 G)* H* -.&: 3.( 1/3'$A LN×N $2 LJ&/3$42: G)*!)H /20 G)*!IH $:,

LN×N =















−1 1 0 0 ... 0 0
1 −2 1 0 ... 0 0
0 1 −2 1 0 ... 0*** ***
0 . . . 0 1 −1















.



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+#  !"#$%&' () *+!!,-&#$% Ψ &$ ' ()*%,-* %.'% '//-,'%$/ %.$ 012 3'%%$4* '% $5),6,&4,)7 %- $'. /$% -( 3'4'7$%$48'6)$/9
Ψ : R3 → {0, 1}N

(Dy,DS , θ) 7→ W̃ ,'*: Ỹi9 S̃i9 '*: W̃i :$*-%$ %.$ -*$*%4'%,-* -( Y 9 S9 012 ,* $66 -( ,*:$; i9 1 ≤ i ≤ N '%$5),6,&4,)7 4$/3$%,8$6<= >.$ %?- 4$34$//,8$ /,@*'6/9 Y '*: S9 '4$ :,A)/,*@ (4-7 $66/ -( ,*:$;$/ '*: N 4$/3$%,8$6<9 %.$4$(-4$ ?$ .'8$ Ỹi < Ỹj '*: S̃i > S̃j 9 i < j= B-*/$5)$*%6< -*6< ' /)&/$%-( {0, 1}N '* &$ @$*$4'%$: &< %.$ /</%$7 '/ 012 3'%%$4* '*: %.$ $66/ ,* 012 3'%%$4* 7)/%-*/,/% -( -*/$)%,8$ '*: -*%,@)-)/ $66/= C/ '* $;'736$ ,* %.,/ /$%,-*9 ?$ -*/,:$4$: ' 4-?-( N = 10 $66/9 /$$ D,@)4$ E=  =F-4$ 34$,/$6< (-4 ' @,8$* (Dy,DS , θ) %.$ G-*$ -( $;34$//,-* -( 012 '* &$ :$6,7,%$: &< %.$$66/ -( ,*:$;$/ i '*: j /). %.'%H
{

W̃k = 1 ,( i ≤ k ≤ j,

W̃k = 0 -%.$4?,/$ , IE=!JK?.$4$ 0 ≤ i ≤ j ≤ N = 0$ :$*-%$ %.,/ 3'%%$4* &< W̄i,j 9 /$$ D,@)4$ E= L= W0,0 *-%$/ %.$ $73%<3'%%$4*9 ,=$= W̃ = (0, ..., 0)=D4-7 %.$ '&-8$ -&/$48'%,-*9 ∀(Dy,DS , θ) ∈ R39 ∃i, j9 0 ≤ i ≤ j ≤ N 9 /). %.'%H
Ψ(Dy,DS , θ) = W̄i,j..-/*,-!$ 0121  !" M #! "$! %!" &' ()""!*+% "$)" )+ #! -!+!*)"!. #/ "$! %/%"!0 &+ ) *&1 &' N2.!+"2)3 !33% '&* )+/ 4)35! &' (Dy,DS , θ)6 1! $)4!7
|M | = N(N + 1)

2
+ 1.8*&&'9 #$% i &$ %.$ 6$(%7-/% $66 ,*:$; ,* ' *-* $73%< 012 3'%%$4*9 '*: j &$ %.$ 4,@.%7-/% $66,*:$; ,* 012 3'%%$4*= D4-7 M5)'%,-* IE=!JK ?$ N*-? %.'% j > i= j '* %'N$ N − i+ 1 8'6)$/=>.$ %-%'6 *)7&$4 -( /). i '*: j :$O*,*@ %.$ 012 3'%%$4* ,/ -&%',*$: &< /)77,*@ )3 N− i+1(-4 '66 8'6)$/ -( i= 0$ ':: 1 %- %'N$ ,*%- '-)*% %.$ $73%< 012 3'%%$4*9 W0,0 H

N
∑

i=1

(N + 1− i) + 1 =
N(N + 1)

2
+ 1.D-4 W̄i,j ∈M 9 1 ≤ i ≤ j ≤ N 9 Ψ−1(W̄i,j) ⊂ R3 ,/ %.$ /$% -( '66 3'4'7$%$4/ %.'% @$*$4'%$ %.$3'%%$4* W̄i,j = D4-7 %.$ P4-3$4%< E= ?$ N*-? $;'%6< %.$ *)7&$4 -( :,/%,*% 3'%%$4*/ %.'% '*&$ 4$34-:)$:= Q* 3'4%,)6'4 %.,/ *)7&$4 ,/ O*,%$9 ?.$4$'/ %.$ 3'4'7$%$4 /3'$ ,/ ' -*%,*))7=



 !"#$%" &'( ()"*#"")+'  !"

#$%&'( )*  + ,$-&./0$12 13 /4$-(25$12/.$6(4 -14(. 12 / '17 13  8 (..5* :;( 12(20'/0$125 130;( '(<'(55$=( 5$%2/.5 /0 (>&$.$?'$&- Ỹ @ S̃ /24 Ỹ + S̃ /'( <.100(4* A5 7( -1=( 31'7/'4 3'1- (..
1 01 (..  8@ 0;( 12(20'/0$12 13 Y '(4&(5 /24 /5 7( -1=( ?/B7/'45 3'1- (.. 2&-?(' 10 01(.. 2&-?('  0;( 12(20'/0$12 13 S '(4&(5* :;( CD, </00('2 $5 W̃ = (0, 0, 0, 0, 1, 1, 1, 0, 0, 0)*:;( </'/-(0(' =/.&(5 /'( Dy = 5.1@ DS = 1.5, θ = 0.1*



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# 

#$%&'( )* +, -.( /0$1(23$42/5$6(0 140(5 $2 (558 $2 5$2(* #4' Dy ∈ {5.1, 6.1, 7.1, 8.1, 9.1, 10.1}
Ỹ + S̃ $8 95433(0* :(558 $2 3.( ;<= (>9'(88$42 642( /'( 1/'?(0 @A 81/55 $'&5/' 1/%(23/9/'3$5(8* B$C('(23 D/5&(8 4E Dy %(2('/3( 3.( 8/1( ;<=:FGH 9/33('2* DS = 1.5, θ = 0.1

I2 428(J&(2(K / %$D(2 ;<= 9/33('2K W̄i,j K /2 @( %(2('/3(0 @A 0$C('(23 8(3 4E 9/'/1(3('8K $*(*
|Ψ−1(W̄i,j)| ≥ 1* I2 E/3K 3.(8( $2D('8( $1/%(8 /'( '(%$428 $2 9/'/1(3(' 89/( 3./3 423/$2 /2$2L2$3( 2&1@(' 4E 94$238* -.(A E4'1 / 9/'3$3$42 4E 9/'/1(3(' 89/( $234 041/$28 4E 9/'/1(3('D/5&(8 3./3 5(/0 34 /2 $0(23$/5 ;<= 9/33('2*#4' 4&'  " (55 (>/195(K M( 344? / 94$23 $2 9/'/1(3(' D/5&(8 89/(K /20 /5&5/3(0 3.(4''(89420$2% ;<= 9/33('2 &8$2% 3.( GJ&/3$428 N)*+OPK N)*+)PK /20 N)*+QP* ;( 3.(2 $2'(/8(03.( D/5&( 4E Dy @A L>$2% θ /20 DS * R3 841( '$3$/5 D/5&(8K 3.( $2'(/8( $2 Dy %(2('/3(0 2(M;<= 9/33('28 3./3 M('( 0$C('(23 E'41 3.( 9'(D$4&8 9/33('2 @A 42( (55K 8(( )* O* #4' /2 43.('94$23 4E D$(MK 8(( /584 #$%&'( )* +K M.('( 3.( 9'4L5( 4E 3.( Ỹ + S̃ '(9'(88$2% 8$%2/5 $8 140$L(0 @AD/'$/3$428 4E DyK M$3.4&3 140$L/3$42 4E W̃ * =$1$5/'5AK D/'A$2% 3.( 3.'(8.450 θ $2 #$%&'( )* !$55&83'/3(8 3.( '4@&832(88 4E 3.( W̃ M$3. '(89(3 34 3.$8 9/'/1(3('* F(2( E4' (/. 9/'/1(3('KM.(2 3.( 3M4 43.('8 /'( L>(0K 3.('( $8 / M.45( $23('D/5 4E D/5&(8 3./3 5(/0 34 3.( 8/1( W̃ 9/33('2K/20 423$%&4&8 $23('D/58 4''(89420 34 9/33('28 3./3 3A9$/55A 0$C(' @A 42( (55 425A*-.( $23('D/58 4E 9/'/1(3('8 S&83 0$8&88(0 4&50 ./D( @((2 /23$$9/3(0 42 /2 $23&$3$D( @/T8$8* U4D$2% 34 3.( E&55 9/'/1(3(' 89/(K 3.( 8./9( /20 4'%/2$6/3$42 4E '(%$428 /884$/3(0 34 3.(0$C('(23 W̃ 9/33('28 $8 14'( 0$V&53 34 E4'(8((* I2 9/'3$&5/'K /2 /2/5A3$/5 0(8'$93$42 M4&50@( 0$V&53 34 /.$(D(K 8$2( 3.( 83(/0A 83/3( 9/33('28 Ỹ /20 S̃ 3.(18(5D(8 04 243 ./D( / 8$195((>9'(88$42 $2 3('18 4E 3.( 9/'/1(3('8 (Dy,DS , θ)* I20((0K 3.( 8(3 4E 9/'/1(3(' D/5&(8 5(/0$2%



 !"#$%" &'( ()"*#"")+'  ! 

"#$%&' () !* +,' -.#/'01#20-3#4'. /2.'3 #0 '336 #0 3#0') Ỹ + S̃ -0. W̃ -&' 73211'.) 8'336 #01,' 9:; '<7&'66#20 420' -&' /-&='. >? 6/-33 #&%3-& /-$'01- 7-&1#3'6) @#A'&'01 B-3%'6 2C
θ ∈ {0.08, 0.1} $'0'&-1' 1,' 6-/' 9:; 7-11'&0)

"#$%&' () D* +,' 7-11'&06 &'-1'. >? B-&?#0$ Dy) +,' θ -0. DS -&' E<'.) F6 Dy #0&'-6'61,' 9:; 7-11'&0 ,-0$'6 12 - 7-11'&0 G,#, #6 .#A'&'01 C&2/ 1,' 7&'B#2%6 20' >? 20' '33)
Dy ∈ {0.08, 0.1, 0.4, 0.8, 2.8, 3.5}H DS = 7.0H θ = 0.1)



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# #$ % &'()* W̄i,j +%##),* '- .)/*). 01 #2) 3$44$5'*& 4'-# $3 N '*)67%4'#')-8
{

Ỹk(Dy) + S̃k(DS) > θ '3 i ≤ k ≤ j

Ỹk(Dy) + S̃k(DS) < θ $#2),5'-) , 9:;"<=52),) 3,$> ?67%#'$*- 9:;":= %*. 9:;"@= $*) %* .).7) #2%# )%2 #),> Ỹk(Dy, ) 9,)-+; S̃k(DS)=%* 0) )B+,)--). %- % ,%#'$*%4 37*#'$* $3 Dy 9,)-+; DS=C 52$-) +,)'-) 3$,> 3$44$5- 3,$> #2)>%#,'B '*(),-'$* %++)%,'*& '* #2)-) )67%#'$*-C %*. '- 67'#) 7>0),-$>);D2'- 4). 7- #$ % *7>),'%4 )B+4$,%#'$*C 52),) 5) $*-'.),). % &,'. $3 +%,%>)#), (%47)-
(Dy,DS , θ) #2%# 5%- /*) )*$7&2 #$ $0#%'* %44 #2) (10 × 11)/2 + 1 = 56 +$--'04) EFG +%##),*-3$, % ,$5 $3 10 )44-; D2'- )B2%7-#'() -)%,2 %44$5- 7- #$ 2%() % ('-7%4 ,)+,)-)*#%#'$* $3 #2).)$>+$-'#'$* $3 +%,%>)#), -+%) '*#$ ,)&'$*- $3 #2) 3$,> Ψ−1(W̄i,j)C 3$, %44 %.>'--'04) W̄i,j C -))H'&7,) :; :;

 !" #$% &!''()*+,  -" ./!*!) 1'+ 23 &!)!4('() +&!(H'&7,) :; :8 9%= I44 :@ EFG +%##),*- &)*),%#). 3$, % ,$5 $3  J )44- %,) '447-#,%#).; D2) EFG+%##),* '- >%,K). 01 04%K )44-; 90= H$, )%2 +$'*# '* +%,%>)#), (%47)- -+%)C % $4$7, '-%--$'%#). #2%# $,,)-+$*.- #$ $*) $3 #2) :@ .'-#'*# EFG +%##),*-; xL%B'-C yL%B'-C %*. zL%B'-$,,)-+$*. #$ DyC DS C %*. θ +%,%>)#),-C ,)-+)#'()41;D2'- +'#7,) $*41 &'()- % +%,#'%4 (')5 $3 #2) +%,%>)#), -+%) +%,#'#'$* '*.7). 01 $7, >$.)4C52'2 '- 7*)%-1 #$ ('-7%4'M) 0)%7-) '# '- #2,)) .'>)*-'$*%4; D2) #5$ .'>)*-'$*%4 -4') -2$5* '*H'&7,) :; @ '447-#,%#)- #2) -1>>)#,1 '* #2) -1-#)>C 52'2 '- .7) &)$>)#,'%441 #$ #2) -1>>)#,1$3 #2) ,$5 $3 )44- 5) 2%() 7-).C %*. #$ #2) '*(%,'%*) $3 ?67%#'$*- 9:;":= %*. 9:;"@= 7*.),+),>7#%#'$* $3 Y %*. S; N* >$,) +21-'%4 #),>-C %- Dy '*,)%-)- #2) 4)3#>$-# )44 $3 #2) EFG



 !"#$%" &'( ()"*#"")+'  !!

"#$%&' () *+ ,-#' /0 12' 34&45'1'& 634' 34&1#1#/7 62/87 #7 "#$%&' () ( 9:;< 0/& θ̃ #6 #7 041 ://-'47 E4-%'=< 47= 12%6 477/1:' /71#7%/%6 94 0%71#/7 8#12 G7#1' E4-%'= &47$' #6 /71#7%/%6 #0 47= /7-A #0 #1 #6 /761471;)O-12/%$2 #71%#1#E'< #1 846 12%6 8/&12 /7G&5#7$ 12#6 041 /7 4 6#53-' 'B453-'+ 1/ &'41' 6#5#-4&-/6' 3411'&76 1/ 4 $#E'7 3411'&7 W̃ < /7' 47 'B3-/&' 12' 3/#716 4&/%7= 12' 34&45'1'& E4-%'6#7 Ψ−1(W̃ )) P/1' 2/8'E'& 1241 12#6 &'54&H 47 :' %6'= #7 4 2'%&#61# 5477'&< :%1 477/1 :'$'7'&4-#Q'= 61&4#$210/&84&=-A 1/ 4 6'&#'6 /0 1#66%'6 8#12 =#C'&'71 7%5:'&6 /0 '--6< 46 12' /7' 1/:' ='4-1 8#12 #7 12' 7'B1 6'1#/7) ! !" #$%&'()$*+ ),- (.$%-*/$0*('$1-. %0.-' 0* ( 23 .$+$)$1-. %-4$/)-%>/ 0%&12'& 'B3-/&' 12' 2A3/12'6#6 1241 12' $'/5'1&A /0 12' ,OR ='1'&5#7'6 12' ?@, 'B3&'6M6#/7 Q/7'< 8' 61%=A 12' 61'4=A 6141' /0 4=#5'76#/74-#Q'= &'3&'66/& 5/='- /7 12' ST =#$#1#Q'=5'&#61'5 1241 8' 'B3-4#7'= #7 ,'1#/7 ()U) >2' ST =#$#1#Q'= 5'&#61'5 3&/E#='6 %6 3&'#6' 6341#4-



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# #$%&'()*#&$ )+&,* *-. (.'#/*.(0 1-.'.+2 3. )$ #$5./*#6)*. 3-.*-.' +2 &$/#7.'#$6 *-. .8)*6.&(.*'#)9 #$%&'()*#&$: *-. '.;'.//&' (&7.9 )$ '.;'&7,. *-. <=> *)'6.* ;)**.'$ .8;9)#$.7#$ >.*#&$ ?0@0"0 !"#$#%&#"' ()*)+ ,- ).+ (/()+'A,' "B 7#6#*#C.7 (.'#/*.( #/ &(;&/.7 &% %&,' *#//,./ (T1, T2, T3, T4) )$7 *-. .99 9#$.)6./
(L1, L2, L3)0 D#5.$ ) /.* &% *-'.. ;)')(.*.' 5)9,./ P = {Dy,DS , θ}: 3. )$ )9,9)*. *-..E,#9#+'#,( &% *-. /2/*.( #$ *#//,. Ti ,/#$6 *-. FE,)*#&$/ G?0@ H: G?0@@H )$7 G?0@!HI















W̃ i = h(S̃i + Ỹ i, θ)

Ỹ i = (Id−DyL
i)−1

1
i
L1

S̃i = (Id−DSL
i)−1

1
i
stem,3-.'. 1

i
L1 )$7 1

i
stem )'. *-. #$7#)*&' %,$*#&$/ 7.J$#$6 .99/ #$ K 9)2.' )$7 .99/ /#*,)*.7 &$*-. /*.( './;.*#5.92 %&' *#//,. Ti: 1 ≤ i ≤ 4: /.. L#6,'./ ?0? )$7 ?0M0 1& #$7#)*. *-. /.*&% ;)')(.*.'/ ,/.7 #$ )9,9)*#$6 *-. .E,#9#+'#,(: P = {Dy,DS , θ}: 3. 7.$&*. *-. .E,#9#+'#,(/*)*. &% *#//,. Ti +2 W̃ i(P ): Ỹ i(P ) )$7 S̃i(P )01-. 69&+)9 .E,#9#+'#,( /*)*. &% *-. /2/*.(: #0.0 %&' )99 *#//,./ ;,* *&6.*-.' (T1, T2, T3, T4) %&') 6#5.$ /.* P = {Dy,DS , θ} #/ 7.J$.7 +2I



























W̃ (P ) =
(

W̃ 1(P ), W̃ 2(P ), W̃ 3(P ), W̃ 4(P )
)

,

Ỹ (P ) =
(

Ỹ 1(P ), Ỹ 2(P ), Ỹ 3(P ), Ỹ 4(P )
)

,

S̃(P ) =
(

S̃1(P ), S̃2(P ), S̃3(P ), S̃4(P )
)

.

G?0@NHG?0!OHG?0! HP&*. *-)* #$ )9,9)*#$6 *-. 69&+)9 .E,#9#+'#,( /*)*. &% /2/*.( )/ )+&5.: 3. #(;&/. *-. /)(./.* &% ;)')(.*.' 5)9,./ P = {Dy,DS , θ}
P opt
i = arg min

P={Dy,DS ,θ}
(|Ŵ i − W̃ i(P )|) G?0!@H



 !"#$%" &'( ()"*#"")+'  !"
T1 T2 T3 T4 (T1, T2, T3, T4)# %&&' () Ŵ i  * ! +  !

di ,  ,  -+!* !# .(/%0%)1 %&&' 2= di
23 ,  , ! 4# 561(78& 68087%1%0' !, 4 99  *,  *"# .(/%0%)1 :;< 6811%0)    * *=8>&% "-*? @8087%1%0 A8&B%' 561(7('81(5) 5) 1C% DE .(F(1(G%. 7%0('1%7- {T1, T2, T3, T4} ().(81%'1C% F&5>8& 'H'1%7-  "##$ %& Ŵ i ().(81%' 1C% )B7>%0 5I :;< %J60%''()F %&& () %8C 180F%16811%0)- di (' 1C% .('18)% >%1K%%) 1C% 180F%1 6811%0) 8). 1C% >%'1 '5&B1(5)-  '%(")"&* "##$().(81%' 1C% )B7>%0 5I %&&' () 180F%1 6811%0) 8). 1C% &5'%'1 6811%0) 5>18()%. >H '(7B&81(5)'K(1C .(/%0%)1 :;< %J60%''(5) 5)%)1081(5)-  +,*%-.# ,.).-"*")$ ().(81%' 1C% )B7>%0 5I.(/%0%)1 68087%1%0 A8&B%' 1C81 0%81%. 1C% &5'%'1 6811%0) 15 1C% 180F%1 6811%0)-  '%(")"&*/01 ,.**")& (' )B7>%0 5I .('1()1 :;< G5)%' 0%81%. >H 561(78& 68087%1%0'L '%% M(FB0% "- 4-

P opt = arg min
P={Dy,DS ,θ}

(|Ŵ i − W̃ (P )|) 2"-!!3B'()F 1C% 8>5A% %NB81(5)' K% 5>18() I5B0 '%1' 5I 561(78& 68087%1%0'L P opt
1 , P opt

2 , P opt
3 , P opt

4I50 1C% 1(''B%' T1, T2, T3, T4- M50 1C% F&5>8& 'H'1%7 B'()F 1C% ONB81(5) 2"-!!3 K% 5>18() 1C% '%15I 68087%1%0' P opt '%% M(FB0%' "- + 8). "- P-=5 ()A%'1(F81% C5K K%&& 1C% 75.%& 8) F%)%081% 180F%1 6811%0)L K% .%Q)%?
di = |Ŵ i − W̃ i(P )| 2"-!D3KC%0% 1 ≤ i ≤ 4 8). P ∈ P opt

i - di (' 1C% OB&(.%8) .('18)% >%1K%%) 1C% 180F%1 6811%0) 8). 1C%>%'1 65''(>&% 6811%0) 5>18()%. >H 561(7('()F 1C% 68087%1%0' I50 %8C 1(''B%- <()% 1C% 6811%0)'80% >55&%8)L di2 (' () I81 1C% )B7>%0 5I %&&' () Ŵ i 8). W̃ i(P opt) K(1C .(/%0%)1 :;< %J60%''(5)5)%)1081(5)-<(7(&80&H 15 ONB81(5) 2"-!D3 K% .%Q)%?
d = |Ŵ − W̃ (P )|, 2"-!"3KC%0% P ∈ P opt- d (' 1C% OB&(.%8) .('18)% >%1K%%) 1C% 180F%1 6811%0) 8). 1C% >%'1 65''(>&%6811%0) 5>18()%. I50 1C% F&5>8& 'H'1%7-=5 (76&%7%)1 ONB81(5)' 2"-!D3 8). 2"-!"3L K% 10(%. .(/%0%)1 561(7(G81(5) 05B1()%'L 8).Q)8&&H C5'% 1C% .5K)C(&& '(76&%J 8&F50(1C7L KC(C K8' 1C% I8'1%'1 8). 1C% 75'1 05>B'1 5)5B0 1%'1 '876&%- R87%&HL K% B'%. 1C% (76&%7%)181(5) 5I 1C(' 8&F50(1C7 605A(.%. () 1C% fminIB)1(5) I057 1C% <(6H &(>080H- =5 ()(1(8&(G% 1C% fmin IB)1(5) K% B'%. 8 F0(. 5I D4 ! 65()1'() 68087%1%0 '68% [1, 400] × [1, 400] × [0.1, 0.9] 2 + A8&B%' I50 %8C 68087%1%03 2(-%- D4 ! ()(1(8&
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#$%&'( )* +, -./$012 .1'10(/(' 312&(4 56' /7( $89$3$9&12 /$44&(4 189 122 /$44&(4 .&/ /6%(/7(':$*(*  !"#$! 4;4/(0<* =7( %26>12 6./$012 .1'10(/(' 189 6./$012 .1'10(/(' 312&(4 65 T4 1'( $8/7( 410( ?68( 189 064/ 65 /7(0 1'( 4&.('.64(9@ $*(* P opt
4 ≈ P opt * A4 68( 0$%7/ 86/$( /7(.1'10(/(' 312&(4 56' /7( /$44&(4 T1, T3, T4 189  !"#$! 4((0 /6 '(1/( ?68(4 $8 4.1( 266C$8% 2$C(>181814 /71/ 460(76D 56226D (17 6/7('@ (E(./ /7( .1'10(/(' 312&(4 65 T2* =7( 471.( 65 /7(4(6>F(/4 6&29 $8 .'$8$.2( >( .&/ $8 (G&1/$684 65 /7( 56'0 :)*HI<*



 !"#$%" &'( ()"*#"")+'  !"

#$%&'( )* +, -./$012 .1'10(/(' 312&(4 .'56(/(8 59 :; 4.1(* <=( 5./$012 .1'10(/(' 312&(45> /=( %25?12 4@4/(0 1'( 4&.('$0.54(8 59 /=( 5./$012 .1'10(/(' 312&(4 5> /$44&( T4A $*(* P opt
4 ≈

P opt* <=( B59( 5> 5./$012 .1'10(/(' 312&(4 5> /$44&( T2 85(4 95/ 255C 2$C( /=( B59(4 5> 5./$012.1'10(/(' 312&(4 5> T1, T3, T4*

#$%&'( )* D, -9( 5> /=( /E5 5./$012 .1//('94 >5&98 ?@ 5./$0$4$9% /=( .1'10(/(' 312&(4 >5'/$44&(4 T3* <=( (224 $9 FGH .1//('9 1'( 01'C(8 ?@ '(8 525'*



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# #$%&'( )* (Dy,DS , θ) ∈ ([1, 400] × [1, 400] × [0.1, 0.9]) $+' &(', -) ./.-.$%.0' -1' fmin *&/-.)/345' &(', 6$+$%%'% )76&-./8 )/ $ )76&-'+ 9.-1 " 6+)'(()+(4 :1' )76%'-' )6-.7.0$-.)/ -));$<)&- =" 1)&+(4>7)/8 -1' 6$+$7'-'+ #$%&'( +'-&+/', <? fmin *&/-.)/ @=A ! 6$+$7'-'+ #$%&'(B )/' *)+ '$16)./- ./ -1' 8+.,3B 9' ('%'-', -1' 6$+$7'-'+ #$%&'( -1$- +'$-', %)('(- 5CD 'E6+'((.)/ 0)/' -)-1' -$+8'- 6$--'+/(4 F)-' -1$- ,.G'+'/- 6$+$7'-'+ #$%&'( $/ 8'/'+$-' -1' ($7' 5CD 6$--'+/(('' -1' :$<%' H4I $/, J.8&+' H4 H4 >( )/' 7.81- /)-.' ./ -1' -$<%'B ,'(6.-' -1' (.76%..-?)* -1' 7),'%B *)+ -1' -.((&'( T1 $/, T3B 9' 7$/$8', -) $&+$-'%? K- -1' 6$+$7'-'+ #$%&'(B$/, +'6+),&' -1' -$+8'- 6$--'+/ 'E$-%?4 :1' ,.(-$/'( di @1 ≤ i ≤ 43 $/, d $%&%$-', <?LM&$-.)/( @H4!=3 $/, @H4!H3 +'(6'-.#'%? (1)9 -1$- -1' 8%)<$%%? )6-.7$% 6$+$7'-'+ #$%&'(B P optB,) /)- +'$-' -1' 6'+*'- 5CD -$+8'- 6$--'+/ *)+ -1' ./,.#.,&$% -.((&'(45' 6+)6)(' /)9 $/ 1?6)-1'(.( -1$- 9)&%, 'E6%$./ -1' ,.(-./- )6-.7$% 6$+$7'-'+( *)&/, *)+-1' (&'((.#' -.((&'(N -1' 6$+$7'-'+( )&%, ./ *$- <' (%)9%? '#)%#./8 *+)7 )/' (/$6(1)- -) -1'*)%%)9./84 O/ 6+./.6%'B -1' (%)9 '#)%&-.)/ )* 6$+$7'-'+( )&%, <' ,'(+.<', <? -1' *)%%)9./8'M&$-.)/(N
Ḋy = ǫH1(ρy),

ḊS = ǫH2(ρS),

θ̇ = ǫH3(ρθ),91'+' -1' *&/-.)/( H1B H2 $/, H3 $/, -1'.+ $+8&7'/-( ρyB ρS $/, ρθ $+' &/;/)9/ @-1'? $/<' +'%$-', -) -1' '%%&%$+ 8+)9-1 $/, 6+)%.*'+$-.)/3 $/, ǫ .( ./K/.-'%? (7$%% M&$/-.-?4 D./' ǫ ≈ 0B9' $/ (&66)(' -1$- DyB DS $/, θ $+' )/(-$/- *)+ '$1 -.((&' TiB 1 ≤ i ≤ 44 P)9'#'+B (./' ǫ .(./ *$- /)/Q0'+)B -1'(' 6$+$7'-'+ #$%&'( 7$? 1$/8' *+)7 -.((&' Ti -) -.((&' Ti+1B TiB 1 ≤ i ≤ 34:) ./#'(-.8$-' -1' '#)%&-.)/ )* ,?/$7.( )* -1' (?(-'7B 9' (-&,.', -1' ('-( )* )6-.7$% 6$Q+$7'-'+ #$%&'(B P opt
1 B P opt

2 B P opt
3 B P opt

4 B P opt4 5' /)-.', P opt
i ∩ P opt

j = ∅ $/, P opt
i ∩ P opt = ∅B

1 ≤ i, j ≤ 3 $/, P opt
4 ≈ P optB ('' J.8&+'( H4 R $/, H4 "4 :1' )6-.7$% 6$+$7'-'+ #$%&'( *)+ -1'-.((&'( T1, T2, T3, T4 (''7 -) +'$-' 0)/'( ./ (6$' %));./8 %.;' $+( 'E'6- -1' )6-.7$% 6$+$7'-'+#$%&'( )* T24 >- %'$(- #.(&$%%? .- (''7( -1$- θ +',&'( *+)7 )/' -.((&' -) -1' /'E-B 91'+'$(

DS $/, Dy (''7 -) ./+'$('4 :) <' *&%%? )/(.(-'/- 9.-1 $ )/-./&)&( '#)%&-.)/ )* 6$+$7'-'+(*+)7 )/' -.((&' -) -1' /'E-B 9' 9'+' %', -) 6+)6)(' $%-'+/$-.#' 5CD -$+8'- 6$--'+/( *)+ T24O/ )&+ 'E1$&(-.#' (-&,? )* 5CD 6$--'+/( )/ $ +)9 )* '%%( 9' (1)9', -1$- -1' %)(' 6$--'+/(,.G'+./8 *+)7 '$1 )-1'+ <? )/' '%% $+' 8'/'+$-', <? %)(' 6$+$7'-'+ #$%&'(4 :1.( ./(6.+', &(-) ./-'+6)%$-' 6$+$7'-'+ #$%&'( *)+ -.((&' T2 *+)7 P opt
1 $/, P opt

3 4S'- p = (Dy,DS , θ) ∈ P opt
1 9' ,'K/' -1' %)('(- 6)./- ./ P opt

3

P1,3(p) = arg min
P∈P opt

3

(|p − P|).



 !" #$%&!"  !"#$% p′ = (D′
y,D

′
S , θ

′) ∈ P1,3& '( )(*+( ,-( .+,(%/().0,( 1$.+, 2(,'((+ p 0+) p′3
p′′1,3 = λp+ (1− λ)p′ = λ(Dy,DS , θ) + (1− λ)(D′

y,D
′
S , θ

′),'-(%( 0 ≤ λ ≤ 14 5+ ,-( 60/( '07 8$% p = (Dy,DS , θ) ∈ P opt
3 '( )(*+(

P3,1(p) = arg min
P∈P opt

1

(|p − P|).#$% p′ = (D′
y,D

′
s, θ

′) ∈ P3,1& '( )(*+( ,-( .+,(%/().0,( 1$.+, 2(,'((+ p 0+) p′3
p′′3,1 = λp+ (1− λ)p′ = λ(Dy,DS , θ) + (1− λ)(D′

y,D
′
S , θ

′).9( 0;<;0,() .+,(%1$;0,() 10%0/(,(% =0;<(6 <6.+> 02$=( (?<0,.$+6 8$% λ ∈
{0.1, 0.2, 0.3, ..., 0.9}℄4 N-(6./<;0,.$+6 ;() <6 ,$ -71$,-(6.P( ,-0, ,-( >($/(,%.0; 6-01( $8 ,-( 6-$$, 01.0; /(%.6,(/ 0+
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#$%&'( )*+", -./('0123/(4 03'35(/(' 632&(7 81' /$77&( T2* 93; 01$./ $. 10/$532 03'35(/(' 632&(718 T1 $7 <1$.(4 /1 $/7 .(3'(7/ 01$./ $. 10/$532 03'35(/(' 632&(7 18 T3= >;('(37 /;( ?2&( 41//(42$.( <1$.7 10/$532 03'35(/(' 632&(7 18 /$77&( T3 /1 $/7 .(3'(7/ 01$./ $. 10/$532 03'35(/(' 632&(718 T1* @;( >;$/( 7A&3'(7 $.4$3/( $./('5(4$3/( 01$./7 81' λ = 0.5 3.4 ?23B 7A&3'(7 $.4$3/($./('5(4$3/( 01$./7 81' λ ∈ {0.1, 0.2, 0.3, ..., 0.9} 3.4 '(3/$.% CDE 03//('.7 1.7$7/$.% 18 3/517/ ) (227*
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"#$%&' ()* + ,-' ./0 1233'&4 &'23'6 78 #43'&19:23'6 12&2;'3'& <2:%'= >9& 3#==%' T2? λ = 0.6)0;2:: × =#$4= 9&&'=1946= 39 ':: '43&'= #4 3-' 3#==%' T2) ,-' '::= '43&'= 7':94$#4$ 39 ;24%2::86'@4'6 32&$'3 1233'&4 2&' ;2&A'6 78 &'6 3&#24$:'=) B&''4 3&#24$:'= 9&&'=1946 39 3-' ':: '43&'=#4 #43'&19:23'6 ./0 1233'&4) ,-' #43'&19:23'6 1233'&4 9432#4= ;9&' '::= 3-24 3-' 32&$'31233'&4)



 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# 
 !" #$% &!'()& *!&&)'+ ,- T1.

 /" 0+&)'*,1!&)2 #$% *!&&)'+ ,-
T1.#$%&'( )*""+ ,-. / '122 2(3$14 15 678 3-'%(3 9-33('4 15 T1 :(;4(: <-4&-==>* ,?. / '122 2(3$1415 678 9-33('4 -=&=-3(: 51' -4 $43('91=-3(: 2(3 15 9-'-<(3('2 51' T1* @A( (==2 $4 678 9-33('4-'( <-'B(: ?> '(: 1=1'* C4( <$%A3 413$( 3A-3 3A( $43('91=-3(: 9-33('4 $2 142$23(: 15 (==24($%A?1&'$4% 3A( (==2 15 3A( 3-'%(3 9-33('4* 8(( #$%&'( )*"D 51' - '(9'(2(43-3$14 15 (== (43'(215 3-'%(3 9-33('4 -4: $43('91=-3(: 9-33('4*143'1= 3A( 678 (E9'(22$14 :1<-$4* @1 5&'3A(' (E9=1'( 3A$2 A>913A(2$2F G( -:$<(42$14-=$H(:14( 15 3A( <1:(=2 9'1912(: ?> IJ42214  ! "#$ GA('( 3A('( -'( 3G1 :$K&2$L( 2$%4-=2 1'$%$4-3$4%5'1< M =->(' -4: (==2 2$3&-3(: 14 3A( 23(<* @A$2 -4 ?( - 2$<9=( G-> 15 3-B$4% $431 -1&431&' A>913A(2$2F 2$4( 3A( %'-:$(432 15 3A( 2$%4-=2 $451'< 3A( $43('4-= =->('2 15 <('$23(< -?1&33A( %(1<(3'> 15 (E3('4-= =->('2* @1 A-L( - ?(33(' $43&$3$14 -?1&3 3A( -:$<(42$14-=$H(: <1:(= G(-''$(: 1&3 - <-3A(<-3$-= 23&:> 15 3A( '(9'(221' <1:(= 14 - '1G 15 (==2* 6( 3A(4 (23$<-3(:3A( 9-'-<(3('2 15 3A( -:$<(42$14-=$H(: <1:(= 14 - 2('$(2 15 3A'(( :$<(42$14-= :$%$3$H(: <('$2N3(<2 1''(2914:$4% 31 24-92A132 15 - %'1G$4% -4: :$L$:$4% <('$23(<* 83'$B$4%=> G( 1?3-$4(:'-3A(' -&'-3( 678 (E9'(22$14 :1<-$42 ?> 2&9912$4% 3A-3 3A( 9-'-<(3('2 15 3A( <1:(= 2=1G=>(L1=L( 1L(' 3$<(* O> $43('91=-3$4% 3A( 193$<-= 9-'-<(3(' L-=&(2 G( 9'1912(: -4:$:-3( 6783-'%(3 9-33('4 :$K('(43 5'1< 3A( $4$3$-= 3-'%(3 9-33('4* @A( $4$3$-= 3-'%(3 9-33('4 G-2 <-4&-==>:(;4(: 51' 3A( =-23 <('$23(<* @A(4 &2$4% 3A( =$4(-%(2F 3A( 678 9-33('4 G-2 :(;4(: 51' 3A(;'23 3A'(( <('$23(<* P4 13A(' G1':2 G( 2&9912(: 3A-3 678 $2 (E9'(22(: $4 - <13A(' (== $43$22&( i−1F $5 $3 $2 (E9'(22(: $4 14( 15 $32 :-&%A3(' (==2 $4 3$22&( i* @A( -4:$:-3( 3-'%(3 9-33('43A-3 G( 9'1912(: 1''(2914: 31 - 2$3&-3$14 $4 GA$A 3A( 678 :1<-$4 $2 143'1==(: ?> %'-:$(43215 2$%4-=2 $4 3A( <('$23(<F $4:(9(4:(43=> 15 3A( =$4(-%(2 15 678 (E9'(22$4% (==2* @A$2 $<9=$(23A-3 - :-&%A3(' (== 15 - 678 (E9'(22$4% <13A(' (== <-> 413 (E9'(22 678 %(4(* @A$2 5-3 G-2
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#$%&'( )*+", -.( /01 2344('5 '(34(7 89 $54('2:;34(7 23'3<(4(' =3;&(> ?:' 4$>>&( T2* -.((;; (54'(> :? 4$>>&( T2 3'( 2'(>(54(7 89 ><3;; × >$%5>* -.( (;;> (54'(> 8(;:5%$5% 4: <35&3;;97(@5(7 43'%(4 2344('5 3'( <3'A(7 89 '(7 4'$35%;(>* B'((5 4'$35%;(> :''(>2:57 4: 4.( (;; (54'(>$5 $54('2:;34(7 /01 2344('5*











 !"  !"#$$%&' (#')$*+%!& !, -#&+(*$ .!&# !& /"  #(%0+# #%&' () *'+' ,'*-&%.(,/ +'.0(,1 .( #.-2/ .3' 4'3%+5#4 (+.,(&&5+* .3' #56' () 4',5#.'47 8+9%,.5-&%, .3' +'*%.5:' )''2;%1 +'.0(,1 ;'.0''+ <=>? @AB ? %+2 @ABC 5# .,'%.'2 %# .3' 5+.',D%.5(+# ;'.0''+ .3'#' *'+'# (+.,(& .3' #56' () '+.,%& 6(+'7 <' #54-&%.'2 % .3,'' 254'+#5(+%&549&'4'+.%.5(+ () % 4(2'& 9,(9(#'2 ;/ EF+##(+  ! "#$ GEF+##(+  ! "#$? HIIJ℄℄



 !" #$%&!"  !"#$%&' () *(&+#(,$-$'. +&($00$01 2#$ *$'#(30 '#%' 4$ .-'&(35$3 .- 6#%+'$& 78 %- 9$ 50$)5:'( 5-3$&0'%-3 '#.0 )$$39%;1 <'5%::=8 '#$0$ '((:0 %::(4 50 '( 3.0'.-,5.0# '#$ +%''$&-0 3$>-$39= $:: :.-$%,$0 )&(* '#(0$ '#%' %&$ 5-3$& (-'&(: () ,$(*$'&= %-3 +&(+(0$ %-3.3%'$ +%''$&-04#.#8 4$ #(+$8 4.:: 9$ (-)&(-'$3 4.'# $?+$&.*$-'%: 3%'% .- '#$ )5'5&$1
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#$%&'( )* + ,-./0123 24 31( %(-( '(%&5.32'6 -(372'8 0$9&5.32'* :1( 0$9&5.32' 1.0 .- $-3(%'.3(;372<;$9(-0$2-.5 =$(7(' 31.3 .- ?( &0(; 32 (@/52'( . AB 9('$03(9* ) 92;(5 ;(0'$?(; $- ./6312- C5( .- ?( 52.;(;* D- 31( '$%13 /.-( 31( /.'.9(3('0 24 31( 92;(5 .- ?( ;6-.9$.556=$(7(; .-; 92;$C(;* :1( 0$9&5.32' 0$9&5.3(0 31( 92;(5* :1( 0$9&5.3$2- .- ?( 0.=(; 2' 52.;(;*



 !!"#$%& ' !"#$%&' ()*+')',#%#(!, ! "#$%!#!&'!( ) $*+'+',$! +- '.+ ("#!&/"+&)% /"#0%)'+* +- 1!&! *!10%)'+*, &!'.+*2/ 0/"&1'3! !%%0%)* )0'+#)')5 6& )*'"7")% '.+ ("#!&/"+&)% '"//0! )& 8! *!)'!( )&( ("/*!'"9!( 0/"&13!:)1+&)% !%%/; /!! <"10*! =5>5 ?3! /"9! +- '"//0!; /"9! +- !%%/ )&( '"#! /'!$ )& 8! #+("7!(5?3! #+(!% '+ /"#0%)'! /3+0%( 8! (!/*"8!( "& ) @,'3+& 7%!5 A+%+0* $)%)'!/ )& 8! 0/!( '+*!$*!/!&' 1!&! +&!&'*)'"+& "& !%%/5

<"10*! =5>B C&)$/3+' +- '3! /"#0%)'+* +- 1!&! *!10%)'+*, &!'.+*2/ 0/"&1 !%%0%)* )0'+#)')5>D>
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 !!"#$%& ' !"#$%$&# &' ()$**!#+ ,-.$-/0!1&.*!.2-.3&4 )-$#6 ! "#$ %&''&()!*+ ($ ,-." )!"-&/0$ #)*#2&-/$- 34-5&6 #4)!.7 8#$!+ 64-)49'$2&-/$- 34-5&6#4)!. 4!/ #)//$! 34-5&6 :&/$'. 94.$/ &! ,-."2&-/$- 4!/ 64-)49'$2&-/$- 34-5&6 #4)!.7  !"#$ 4.$ &% 4! r"#2&-/$- 34-5&6 #4)! {St; t = 0, 1, . . .}+ "#$ &!/)")&!4' /)."-)90")&! &% St *)6$!
S0, . . . , St−1 /$;$!/. &!'< &! "#$ 64'0$. &% St−r, . . . , St−1 90" !&" %0-"#$- &! S0, . . . , St−r−1+

P (St = st|St−1 = st−1, . . . , S0 = s0) = P (St = st|St−1 = st−1, . . . , St−r = st−r) ! &0- &!"$="+ "#$ -4!/&: 64-)49'$ -$;-$.$!". "#$&-$")4' /)6$-*$!$ 4!*'$. 4!/ 4! "45$"#$ ,6$ ;&..)9'$ 64'0$. α+ 2α+ −α+ 3α 4!/ −2α7 8#$.$ ,6$ ;&..)9'$ 64'0$. &--$.;&!/ "& "#$34-5&6 #4)! ."4"$.7 > J2."4"$ r"#2&-/$- 34-5&6 #4)! #4. Jr (J − 1) )!/$;$!/$!" "-4!.)")&!;-&949)')")$.7 8#$-$%&-$+ "#$ !0:9$- &% %-$$ ;4-4:$"$-. &% 4 34-5&6 #4)! )!-$4.$. $=;&!$!")4''<()"# "#$ &-/$-7 ?$" "#$ "-4!.)")&! ;-&949)')")$. &% 4 .$&!/2&-/$- 34-5&6 #4)! 9$ *)6$! 9<
phij = P (St = j|St−1 = i, St−2 = h) ()"# ∑

j
phij = 1.8#$.$ "-4!.)")&! ;-&949)')")$. 4! 9$ 4--4!*$/ 4. 4 J2 × J :4"-)= (#$-$ "#$ -&(

(phi0, . . . , phiJ−1) &--$.;&!/. "& "#$ "-4!.)")&! /)."-)90")&! 4""4#$/ "& "#$ @."4"$ h+ ."4"$ i℄:$:&-<7  % %&- 4 *)6$! ."4"$ i 4!/ %&- 4'' ;4)-. &% ."4"$. (
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gj (xt;µj , κ) =
1

360I0 (κ)
exp

{

κ cos (xt − µj)
π

180

}
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