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Le système nerveux central

Les principaux types cellulaires du SNC sont :

• les neurones,

• les cellules gliales :

‣ les astrocytes,

‣ les oligodendrocytes, 

‣ les épendymocytes,

‣ la microglie

astrocyte astrocytome
oligodendrocyte oligodendrogliome
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gliomes : 2%
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Les gliomes
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gliome de grade I

gliome de grade II :
- oligodendrogliomes

- astrocytomes
- oligoastrocytome

gliome de grade IV

gliomes de bas grade gliomes de haut grade

bénin

<10 ans

<5 ans

<2 ans

gliome de grade III
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l’évolution d’un GBG

phase asymptomatique

rayon moyen

révélation clinique

transformation maligne

prise de contraste
effet de masse
nécrose

décès

épilepsie aggravée
déficits neurologiques

phase symptomatique

gliome de grade IIIgliome de grade II

épilepsie
déficits cognitifs

temps
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Quelques caractéristiques 
du gliome de bas grade

• âge médian de 35 ans à la découverte de la tumeur,

• déficit cognitif,

• incurable : transformation maligne (survie à 5 ans 50%),
 
• très infiltrant → problème de visibilité à l’imagerie
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Problème de la sensibilité de l’imagerie

Harpold HL et al (2007) J. Neuropathol Exp Neurol. 1, 1–9.

Hypothèse pour le glioblastome : le seuil au T2 C* = 2% de la concentration max
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gliome de grade IV :
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distance

diamètre au T1

diamètre au T2

présence de cellules non détectées
concentration < seuil de détection

densité



• Diagnostiquer un gliome :

‣ les symptômes (épilepsie inaugurale)

‣ l’imagerie (IRM multimodale, scanner, TEP, ...)

‣ la biopsie

• Traiter un gliome :

‣ chirurgie en première intention

‣ sinon chimiothérapie et/ou radiothérapie
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Prise en charge du gliome de bas grade
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modélisation 
informatique

modélisation de la radiothérapie
pour des patients

données cliniques/analyse de 
coupes histo

cas général
profils de densité

recherche de données pour le modèlephysique théorique

applications à 
des cas réels

prise en compte 
de l’oedème 

article 2

article 1

article 3

nouveau modèle

modélisation des profils de 
densité
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Partie I
un modèle bio-

mathématique classique



La tumeur : un système complexe
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niveau clinique
imagerie médical

molécules gènes
protéines

niveau
subcellulaire

cellule tissus
tumeur organe

10-9 m 10-2 m
Longueur

Temps
10-1 s 10 ans = 108 s

10-5 m

biologie

+ les traitements,  l’angiogenèse, le système immunitaire, ...

modèle simple
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Modèle existant : 
modèle diffusion-prolifération

€ 

C(r,t) =
N0

(4πDt)3 / 2
eκte−r

2 / 4Dt
symétrie sphérique :

large 

€ 

κ
D

small 

⇥C(⇤r, t)

⇥t
= r(D(⇤r, t)rC(⇤r, t)) + �(⇤r, t)C(⇤r, t)

⇥C(r, t)

⇥t
= Dr2C(r, t) + �C(r, t)

Cook J et al. (1995) J Neurooncol. 24, 131
Burgess PK et al (1997) J Neuropathol Exp Neurol. 56, 704

Si D et κ sont uniformes et constants

€ 

κ
D
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Le modèle diffusion-prolifération

⇒ vitesse radiale constante

la vitesse permet de remonter à 2√κD                                 

r(t) =

s

4Dt(�t+ ln(
N0

C⇤(4⇥Dt)3/2
))

r(C⇤, t ! 1) =
p
4D�t

Postulat : R(t) = courbe d’isodensité de cellules tumorales C*
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1

R(t) =[DDMB+87, Mur07, TCW+95, JMD+05, CSB+05, GPG+12, GPD+, SRA07, Pre86]
1

R(C⇤, t � ⇥) =[DDMB+87, Mur07, TCW+95, JMD+05, CSB+05, GPG+12, GPD+, SRA07, Pre86]
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Données cliniques

Mandonnet E et al (2003) Ann Neurol 53, 524–528
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• évolution linéaire dès R=15mm
• <vrayon>=2mm/an

continuously during their premalignant phase and do
so at a relatively constant, and hence predictable rate.

Our intent was to focus on the natural history of the
low-grade gliomas that may be followed up during sev-
eral years before a treatment is needed,4,5 and our results
therefore are valid only in this subset of patients before
anaplastic transformation. Even in such a favorable
group, evidence of relentless growth over time contrasts
with the clinical impression that these tumors often sta-
bilize for years before evidence of progression is identi-
fied. A probable explanation for this discrepancy is that a
minor increase of tumor diameter is very difficult to
identify by simple visual comparison of consecutive MRI
without careful measurements, although these changes
have important consequences in terms of tumor volume.
For example, an increase of mean tumor diameter from
3 cm to 3.4 or 3.8 cm will lead to an increase of tumor
volume of 45 and 100%, respectively.

Our data also indicate that the growth of the mean
tumor diameter is apparently linear. According to the
model developed by Swanson and colleagues,6 glioma
growth does not obey an exponential evolution because
many newly produced tumor cells diffuse into the sur-
rounding parenchyma and their density does not reach
the minimal threshold required to appear on MRI. In
this situation, measuring the volumetric doubling time
is not appropriate to describe the growth curves; rather,
one can expect a linear evolution of mean diameter
over time. Our results are compatible with this model.

Interestingly, despite the limitations of manual mea-
surements and the large variation of mean tumor di-
ameters at diagnosis, ranging from 2.1 to 7 cm, the
curves of individual patients appear grossly parallel sug-
gesting a common law of tumor growth. Indeed, a lin-
ear regression of diameter versus time using a mixed
model shows that the average slope of the evolution of

mean diameter over time, !, is 0.00113cm/day (" #
0.00005), corresponding to an increase of 4.1mm per
year with a narrow CI (95% CI, 3.8–4.4mm/year).

Note again that this mean line of growth was ob-
tained in untreated patients followed up for a minimal
period of 2 years, excluding rapidly progressing patients
who required earlier treatment, and ceased to be valid in
case of anaplastic transformation. Our results are never-
theless relevant for a substantial group of low-grade oli-
godendrogliomas or mixed gliomas and indicates that
the dynamic properties of these tumors are most often
comparable between various patients. The underlying bi-
ological processes that determine tumor growth therefore
should be similar, although still unknown.

Modeling radiological growth could be useful for the
clinician. First, it would help to predict future MRI
changes. Second, the observation that these tumors do
not stabilize and that an important increase of tumor
volume often is required to be easily detected in the
clinical setting could support the authors who propose
an early surgical approach when safe macroscopically
complete resection is possible at the onset.7–9 Indeed,
the “wait and see” policy10–12 often is based on the
assumption that the tumor size may remain unchanged
for prolonged periods. Third, patients whose evolution
clearly differ from the mean line could be identified
early, eventually leading to a “dynamic classification”
of low-grade gliomas. Treatment guidelines then could
be adapted accordingly. Finally, this model could be
used to study the role of slowly acting or cytostatic
treatment whose main effect would be to shift down
the slopes of the growth curves.

We thank P. Broët for helpful discussions about statistical analysis
and J. Hildebrand for his critical review of the manuscript.
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Fig 3. Tumors diameter evolution after time adjustment. For
each patient, the mean tumor diameter is plotted against his
size-adjusted time. By eliminating the lead-time bias, this pro-
cedure shows that the evolution of mean tumor diameters is
comparable among all of the patients.
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posterior axis and perpendicular transverse axis were mea-
sured on T2-weighted images.

In the sagittal plane, only a T1-weighted image was avail-
able and was used to measure the largest diameter along the
vertical axis. The mean diameter was obtained as the geo-
metric mean of the three diameters, that is the cube root of
their product.

Statistical Analysis
To estimate the average slope of the growth curve of the
mean diameter, we performed a linear regression.

However, because patients had various tumor sizes at the
time of diagnosis (lead-time bias), a different starting point
(intercept) for each patient was allowed, and a linear mixed
model was used with random intercept that can be expressed
as

Dij ! " # $i # % & tij # 'ij

where Dij denotes the mean diameter for Patient i at
time of observation j, ! " #i is the intercept for the
ith patient, $ is a fixed effect parameter representing
the slope of the diameter evolution, tij is the time of
observation j for the ith patient, and εij is the residual
term for the ith patient at the jth time.

All analyses were performed with the SAS software
(SAS Institute, Cary, NC).

Results

Clinical Data
Twenty-seven patients (12 women and 15 men) ful-
filled the eligibility criteria. The median age at onset of
symptoms was 33 years (range, 23–58 years) and 35
years at first MRI (range, 23–59 years). The primary
tumor location was frontal in 9 cases, parietal in 3
cases, insular in 10 cases, and temporoparietal in 5
cases. Tumors involved the left hemisphere in 13 pa-
tients and the right in 14 patients. At the time of ra-
diological diagnosis, 3 patients were asymptomatic, 2
patients suffered from chronic headaches, and 22 pa-
tients had seizures. Only two patients had associated
slight focal neurological deficits.

Histology
Histological diagnoses included 22 oligodendrogliomas
and 5 mixed gliomas (oligoastrocytomas) according to
the WHO classification. No astrocytomas met the in-
clusion criteria.

During the follow-up period, five patients experi-
enced anaplastic transformations (two oligodendroglio-
mas, and three mixed gliomas), and left the study at a
median time from onset of symptoms of 6 years
(range, 3.25–16.9 years). In these patients, the data
collected from diagnosis until the point of transforma-
tion were included in the analysis.

Magnetic Resonance Imaging Follow-up
Overall, 137 full MRI examinations were available.
The median number of MR studies per patient was 4
(mean, 5; range, 3–16). The median duration of radio-
logical follow-up was 4.75 years (mean, 4.55; range,
2.0–7.4 years), with a median interval between MR
examinations of 336 days (range, 30–1,800 days).

Growth Curves
The evolution of the mean diameter over time for each
patient is presented in Figure 2. Three observations can
be made. (1) The mean diameter of tumor on the first
MRI varies considerably among patients, from 2.1 to
6.7cm (mean, 4.0cm; median, 4.1cm). (2) The mean
tumor diameter of these tumors grow inexorably dur-
ing the follow-up period in a grossly linear fashion. (3)
The curves of individual patients appear grossly paral-
lel, suggesting a relative homogeneity of growth rates.

To test this last suggestion, we performed a linear
regression of diameter versus time using a mixed
model. The average slope of evolution of the mean di-
ameter over time, $, was 0.00113cm/day (% &
0.00005), corresponding to 4.1mm/year (95% CI,
3.8–4.4mm/year). To graphically account for the lead-
time bias, we plotted each patient’s tumor progression
curve against the size-adjusted time.

tij ! tij # $i/%

In this way, all curves are aligned along the common
average regression line D & ! " $ t, and variations
from this average behavior are shown in Figure 3.

Discussion
This study indicates that untreated low-grade oligoden-
drogliomas or mixed gliomas (WHO grade II) grow

Fig 2. Evolution of the mean tumor diameters over time in
the 27 patients. Each curve starts at the first magnetic reso-
nance image (MRI) obtained at diagnosis and ends at the last
follow-up MRI (or last MRI before anaplastic transformation).
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Quelques exemples avec le modèle DP
• 1995, Tracqui, Murray : gliome de haut grade et chimiothérapie

bonne reproduction des résultats cliniques et in vitro

12 paramètres libres, I seul patient

• années 2000, Swanson : gliome de haut grade
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+
-

1 an 3 ans

Tracqui et al. (1995) Cell Proliferation, 28(1):17–31
http://depts.washington.edu/krslab/wp-content/uploads/2010/07/brainslides.gif
Jbabdi et al (2005) Magnetic Resonance in Medicine, 54(3):616–624
Clatz et al (2005) IEEE Transactions on Medical Imaging, 24(10):1334–1346

• 2005, Jbabdi, Clatz : gliome de haut grade, prise en compte de l’hétérogénéité des tissus/
effet de masse

Glioma growth and difSusion 21 
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Figure 2. The  simulated time evolution of the tumour area at each of the considered brain levels. The  
mathematical model is solved numerically on a two-dimensional grid which takes into account the different 
brain and ventricle boundaries at each level. An optimization routine determines the parameters which give 
the best least-squares fit of the simulated tumour area to the CT scan data. The  effect of the chemotherapies 
on each level is also shown. 

on the results: not only do the boundaries contribute towards a higher tumour cell density due to 
the accumulation of cells within a restricted area, but also there is clearly a maximum value for the 
tumour area, which is the brain area without the ventricles. 

The evolution of the tumour area simulated by the model is in good agreement with the 
experimental data. A good fit is obtained for all three levels, which is encouraging for the model 
validity considering the wide variations in the data points observed in the latter part of the 
experimental curves, that is, during the second chemotherapy (see Figure 1). It is also encouraging 
to see (Table 1) that very similar values are obtained for the model parameters for each of the 
three levels considered, as expected if no specific differences in cell behaviour and properties 
between the different levels are assumed. Larger inter-level variations are observed for the 
parameters k ,  and k, measuring the efficiency of the chemotherapies. However, the saw-tooth-like 
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• Nos questions:
‣ connaitre l’âge moyen des patients à l’apparition de la tumeur
‣ déterminer l’erreur due à l’approximation linéaire

• Nos postulats :
‣ que des cellules cancéreuses
‣ isotropie dans l’espace
‣ pas de communication entre cellules

Objectif :
naviguer dans le temps pour comprendre l’évolution du gliome.
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continuously during their premalignant phase and do
so at a relatively constant, and hence predictable rate.

Our intent was to focus on the natural history of the
low-grade gliomas that may be followed up during sev-
eral years before a treatment is needed,4,5 and our results
therefore are valid only in this subset of patients before
anaplastic transformation. Even in such a favorable
group, evidence of relentless growth over time contrasts
with the clinical impression that these tumors often sta-
bilize for years before evidence of progression is identi-
fied. A probable explanation for this discrepancy is that a
minor increase of tumor diameter is very difficult to
identify by simple visual comparison of consecutive MRI
without careful measurements, although these changes
have important consequences in terms of tumor volume.
For example, an increase of mean tumor diameter from
3 cm to 3.4 or 3.8 cm will lead to an increase of tumor
volume of 45 and 100%, respectively.

Our data also indicate that the growth of the mean
tumor diameter is apparently linear. According to the
model developed by Swanson and colleagues,6 glioma
growth does not obey an exponential evolution because
many newly produced tumor cells diffuse into the sur-
rounding parenchyma and their density does not reach
the minimal threshold required to appear on MRI. In
this situation, measuring the volumetric doubling time
is not appropriate to describe the growth curves; rather,
one can expect a linear evolution of mean diameter
over time. Our results are compatible with this model.

Interestingly, despite the limitations of manual mea-
surements and the large variation of mean tumor di-
ameters at diagnosis, ranging from 2.1 to 7 cm, the
curves of individual patients appear grossly parallel sug-
gesting a common law of tumor growth. Indeed, a lin-
ear regression of diameter versus time using a mixed
model shows that the average slope of the evolution of

mean diameter over time, !, is 0.00113cm/day (" #
0.00005), corresponding to an increase of 4.1mm per
year with a narrow CI (95% CI, 3.8–4.4mm/year).

Note again that this mean line of growth was ob-
tained in untreated patients followed up for a minimal
period of 2 years, excluding rapidly progressing patients
who required earlier treatment, and ceased to be valid in
case of anaplastic transformation. Our results are never-
theless relevant for a substantial group of low-grade oli-
godendrogliomas or mixed gliomas and indicates that
the dynamic properties of these tumors are most often
comparable between various patients. The underlying bi-
ological processes that determine tumor growth therefore
should be similar, although still unknown.

Modeling radiological growth could be useful for the
clinician. First, it would help to predict future MRI
changes. Second, the observation that these tumors do
not stabilize and that an important increase of tumor
volume often is required to be easily detected in the
clinical setting could support the authors who propose
an early surgical approach when safe macroscopically
complete resection is possible at the onset.7–9 Indeed,
the “wait and see” policy10–12 often is based on the
assumption that the tumor size may remain unchanged
for prolonged periods. Third, patients whose evolution
clearly differ from the mean line could be identified
early, eventually leading to a “dynamic classification”
of low-grade gliomas. Treatment guidelines then could
be adapted accordingly. Finally, this model could be
used to study the role of slowly acting or cytostatic
treatment whose main effect would be to shift down
the slopes of the growth curves.

We thank P. Broët for helpful discussions about statistical analysis
and J. Hildebrand for his critical review of the manuscript.

References
1. WHO Classification of Tumours. Pathology and genetics. Tu-

mours of the nervous system. Kleihues P, Cavenee WB, eds.
Lyon: IARC Press, 2000.

2. Woodward DE, Cook J, Tracqui P, et al. A mathematical
model of glioma growth: the effect of extent of surgical resec-
tion. Cell Prolif 1996;29:269–288.

3. Swanson KR, Alvord Jr EC, Murray JD. A quantitative model
for differential motility of gliomas in grey and white matter.
Cell Prolif 2000;33:317–329.

4. Celli P, Nofrone I, Palma L, et al. Cerebral oligodendroglioma:
prognostic factors and life history. Neurosurgery 1994;35:
1018–1034; discussion, 1034–1035.

5. Piepmeier J, Christopher S, Spencer D, et al. Variations in the
natural history and survival of patients with supratentorial low-
grade astrocytomas. Neurosurgery 1996;38:872–878; discus-
sion, 878–879.

6. Swanson KR, Alvord Jr EC, Murray JD. Virtual brain tumors
(gliomas) enhance the reality of medical imaging and highlights
inadequacies of current therapy. Br J Cancer 2002;86:14–18.

7. Berger MS, Deliganis AV, Dobbins J, et al. The effect of extent
of resection on recurrence in patients with low grade cerebral
hemisphere gliomas. Cancer 1994;74:1784–1791.

Fig 3. Tumors diameter evolution after time adjustment. For
each patient, the mean tumor diameter is plotted against his
size-adjusted time. By eliminating the lead-time bias, this pro-
cedure shows that the evolution of mean tumor diameters is
comparable among all of the patients.

Mandonnet et al: Kinetics of Grade II Gliomas 527

temps0

10

20

30

40

rayon (mm)

17



t (yr)

seuil de détection = 2% du max

trtb

∆T

tangente à R=15mm
vitesse asymptotique v=2√ Dκ

t (yr)

tl

de
ns

ité
 d

e 
ce

llu
le

s
 t

um
or

al
es

ra
yo

n 
à 

l’I
R

M
 (

m
m

)

temps (années)

temps (années)

Introduction    Modèle 1    Histologie    Modèle II    Conclusion

CHAPITRE 4. ÉTAT DE L’ART 57

Le front de visibilité à l’imagerie

La comparaison du modèle avec des données cliniques nécessite une grandeur commune. Les
techniques actuelles d’imagerie permettent de visualiser le contour de la tumeur, ce qui correspond
d’après la littérature [SBM+03] à une courbe d’isodensité de cellules tumorales. On appelle ⇥� la
densité cellulaire à la limite du contour (la densité « seuil »). Par la suite, nous appelerons « rayon
de la tumeur » R(⇥, t) la distance r telle que ⇥(r = R, t) = ⇥�.

R(⇥�, t) =

⌃

4D(t+ t0) ·
⇤
�t� 3

2
ln

�
⇥�

t+ t0
t0

⇥⌅
(4.4)

Aux temps longs, lorsque t ⇧ ⌃, R(⇥�, t) ⇥ 2
⌥
�Dt donc la vitesse devient constante

v =
⇤R

⇤t
= 2

⌥
�D (4.5)

La fonction R(⇥�, t) connait une première phase invisible quand la partie sous la racine est
négative, c’est à dire quand

f(t) = �t� 3/2 ln

�
⇥�

t+ t0
t0

⇥
< 0

Deux conditions sont nécessaires pour obtenir ce comportement. La première condition est que le
minimum de f(t) doit avoir lieu pour t > 0 ; ce qui signifie tmin = 3/(2�) � t0 > 0 soit encore
�t0 < 3/2.

La deuxième condition est que f(tmin) doit être négatif, ce qui signifie :

�t0 < (3⇥�2/3/2) exp(2�t0/3� 1)

Pour la gamme de paramètres � et D que nous avons étudiés et pour r0= 1 cellule = 0,02 mm,
la condition �r0/v <

⇧
3/4 est toujours satisfaite.

Comme cmax = c(0) , le temps pour atteindre le seuil de visibilité est le temps au bout duquel
⇥(0) > ⇥� :

⇥�
t+ t0
t0

= exp(2/3�t). (4.6)

Avec notre modèle, t0 ⇤ 1, donc on a toujours t ⌅ t0. Dans ce cas, l’équation (4.6) devient
⇥�t/t0 = exp(2/3�t).

Comme t0 dépend uniquement de r0 et de D, la durée de la phase silencieuse décroît quand �
croît et croît avec D.

4.1.3 Caractéristiques de l’équation di�usion-prolifération-saturation (DPS)
Le modèle di�usion-prolifération dans lequel le terme de prolifération est de type exponentiel

peut être analysé analytiquement mais n’est pas physiquement satisfaisant parce qu’il n’est pas
réaliste dans le cas d’un gliome de bas grade. Un petit ajustement permet de limiter la densité
cellulaire à ⇥ = 1 grâce à une croissance logistique.

⇤⇥

⇤t
= �⇥(1� ⇥) +D�2⇥ (4.7)
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Figure 1.1 – Simulation de l’évolution d’un gliome anaplasique traité par chimiothérapie et comparaison avec
l’imagerie d’après [26].

net des cellules tumorales (il prend en compte la prolifération et la mort cellulaire - par apoptose ou par suite des
traitements).

⌅c

⌅t
= �c+⇤(D⇤c) (1.2)

C’est une équation aux dérivées partielles du second ordre à deux variables indépendantes (t et x). Elle est de
type parabolique puisque qu’il n’y a pas de dérivée partielle croisée ni de dérivée seconde par rapport au temps.

1.1.2 Caractéristiques de l’équation de di�usion-prolifération
L’équation de di�usion-prolifération simple est soluble analytiquement par changement de variable.

La concentration de cellules

Dans le cas de conditions initiales du type gaussienne ou pic de Dirac, la résolution de l’équation di�usion-
prolifération peut se faire par l’intermédiaire de la fonction de Green. La densité de cellules en un point r à un
instant t :

c(r, t) =
N0

(4⇥Dt)3/2
exp(� r2

4Dt
+ �t)

N0 est la quantité initiale de cellules tumorales au point r = 0 (pic de Dirac).
Cela signifie que quelque soit l’instant t > 0, le profil de la concentration est gaussien, d’écart-type 2

⇥
Dt.

La densité de cellules

En connaissant le profil de la concentration cellulaire en fonction du temps et de l’espace, on peut en déduire le
profil de la densité de cellules en posant ⇤ = c/cmax tel que

cmax =
N0

(4⇥Dt0)3/2
exp(�t0)

où t0 = r20/4D avec r0 le rayon initial de la tumeur.

⇤(r, t) = (
t0

t+ t0
)3/2 exp(� r2

4Dt
+ �t) (1.3)
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Figure 1.1 – Simulation de l’évolution d’un gliome anaplasique traité par chimiothérapie et comparaison avec
l’imagerie d’après [26].

net des cellules tumorales (il prend en compte la prolifération et la mort cellulaire - par apoptose ou par suite des
traitements).

⌅c

⌅t
= �c+⇤(D⇤c) (1.2)

C’est une équation aux dérivées partielles du second ordre à deux variables indépendantes (t et x). Elle est de
type parabolique puisque qu’il n’y a pas de dérivée partielle croisée ni de dérivée seconde par rapport au temps.

1.1.2 Caractéristiques de l’équation de di�usion-prolifération
L’équation de di�usion-prolifération simple est soluble analytiquement par changement de variable.

La concentration de cellules

Dans le cas de conditions initiales du type gaussienne ou pic de Dirac, la résolution de l’équation di�usion-
prolifération peut se faire par l’intermédiaire de la fonction de Green. La densité de cellules en un point r à un
instant t :

c(r, t) =
N0

(4⇥Dt)3/2
exp(� r2

4Dt
+ �t)

N0 est la quantité initiale de cellules tumorales au point r = 0 (pic de Dirac).
Cela signifie que quelque soit l’instant t > 0, le profil de la concentration est gaussien, d’écart-type 2

⇥
Dt.

La densité de cellules

En connaissant le profil de la concentration cellulaire en fonction du temps et de l’espace, on peut en déduire le
profil de la densité de cellules en posant ⇤ = c/cmax tel que

cmax =
N0

(4⇥Dt0)3/2
exp(�t0)

où t0 = r20/4D avec r0 le rayon initial de la tumeur.

⇤(r, t) = (
t0

t+ t0
)3/2 exp(� r2

4Dt
+ �t) (1.3)
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Figure 4.2: Un exemple de croissance d’une tumeur selon le modèle di�usion-prolifération avec
l’équation sans terme de saturation. Les cellules ont toujours un profil de type gaussien dont la
demi-largeur augmente comme 2

⇤
Dt.

L’une des grandeurs que nous suivrons particulièrement est le rayon de la tumeur visible à
l’imagerie qui est défini par une densité de cellules au-dessus d’un certain seuil. L’évolution de ce
front peut être étudiée grâce au modèle de di�usion-prolifération simple puisque le problème des
grandes densités ne joue pas à l’avant du front. L’évolution des fronts avec et sans le terme de
saturation sont identiques.

Le profil de la concentration de cellules

Dans le cas de conditions initiales du type gaussienne ou pic de Dirac, la résolution de l’équation
di�usion-prolifération peut se faire par l’intermédiaire de la fonction de Green. La densité de cellules
en un point r à un instant t :

c(r, t) =
N0

(4⇥Dt)3/2
exp(� r2

4Dt
+ �t)

où N0 est la quantité initiale de cellules tumorales au point r = 0 (pic de Dirac).
Cela signifie que quelque soit l’instant t > 0, le profil de la concentration est gaussien, d’écart-

type 2
⇤
Dt (figure 4.2).

Le profil de la densité de cellules

La concentration maximale est atteinte en x = 0 quelque soit le moment t et vaut :

cmax =
N0

(4⇥Dt0)3/2
exp(�t0)

En posant t0 = r20/4D avec r0 ⇥ 1 le rayon initial de la tumeur.
On peut exprimer la densité de cellules ⇤ = c/cmax :

⇤(r, t) = (
t0

t+ t0
)3/2 exp(� r2

4Dt
+ �t) (4.3)

Modèle diffusion-prolifération-saturation
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Application du
modèle diffusion-prolifération-saturation

• Nos critères:
‣ Rlin < 15 mm
‣ saturation < 5 ans
‣ ttum < âge patient

• Application aux patients :
‣ 120 patients 
‣ âge, rayon et vitesse connus
‣ plage de (k,D) par patient

seuil de détection = 2% du max

tangente à R=15mm
vitesse asymptotique v=2√ Dκ
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données initiales

Gerin C, et al. (2012) Cell Proliferation, 45(1):76–90
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20

tumour segmentation. Difference in mean tumour diame-
ter between the two methods is around 3 mm (i.e. 7%),
leading to an error on the estimate of the diametric veloc-
ity of 0.8 mm ⁄year (i.e. 20%).

The error on the measurement of the diameters
becomes predominant when number of different scans is
low and when scans are close in time. We therefore
decided to exclude patients with two scans and with too
short follow-up, for which relative error in velocity was
larger than 20%.

We selected patients presenting diametric velocity of
expansion between 1 and 8 mm ⁄year, since, as shown
in previous publications of some of the present authors,
for velocities in this range, radius evolves linearly with
time (34). Moreover, as explained in (35), despite absence
of histological criteria of anaplastic transformation,
clinical evolution of tumours with high rate of evolution
(velocities larger than 8 mm ⁄year) is closer to that of ana-
plastic gliomas. To have a population as homogeneous as
possible, we excluded these patients.

Distributions of ages and radii of the 144 selected
patients at time of first MRI examination are represented
in Fig. 3. In this distribution, and the ones that follow,
we give mean values of distribution as well as correspond-
ing standard deviation, denoted r. We classified patients
into two groups according to diametric velocity: one is
1–4 group that contains all patients with diametric veloc-
ity between 1 and 4 mm ⁄year and the other is the 4–8
group that gathers all patients with a velocity between 4
and 8 mm ⁄year (as we will see later, in some distribu-
tions, two peaks corresponding to these two groups do
appear). In all figures, the blue histogram is distribution
for all patients, the red corresponds to distributions for
the 4–8 group and the green histogram corresponds to
distributions for the 1–4 group. The 4–8 group contains

63 patients (age: mean = 36.1 years, r = 11 years), 1–4
group contains 81 patients, slightly older than in the previ-
ous group (age: mean = 39.8 years, r = 10 years).

We analysed data of patients using the model intro-
duced in the previous sections, in the following way. For
each patient, diffusion–proliferation equation was numeri-
cally solved for proliferation coefficients j between 0.1
and 10 ⁄year. As the diametric velocity of tumour growth
is given for each patient, one value of the proliferation
coefficient j leads to a unique value of the diffusion coef-
ficient D and thus a unique solution for evolution of radius
of the tumour as a function of time. We imposed several
constraints and if one of them was not satisfied, the value
of j was rejected:

1 biological birthdate of the tumour, estimated with the
proliferation–diffusion model, should not precede the
birthdate of the patient.

2 required linearity for evolution of tumour radius for
radius values larger than 15 mm by comparing value of
the slope at 15 mm with half the theoretical value of
the velocity. If value of the slope was larger than 1.2
times half the theoretical value of velocity, value of the
proliferation coefficient was rejected (value of 20%
variation for velocity was chosen, consistent with
experimental error).

3 cell density should not have reached saturation more
than 5 years earlier than time of first MRI examination
of each patient (tumour being saturated when density at
centre of the tumour exceeds 0.99). This is justified
because we were dealing with grade II gliomas, charac-
terized by absence of definite contrast enhancement on
T1-enhanced image and thus absence of angiogenesis
(42). The value of 5 years is arbitrary, but this
constraint was not very restrictive. Imposing this

Patient ages at time of MRI (year)

#

# #

Tumour radii at time of MRI (mm)

30

20

20

10
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0
0 20 40 60 80

0
0 10 20 30 40 50

Figure 3. Patients ages and tumour radii at the time of the MRI examination (clinical data). Left: Distribution of patient ages at the time of the
MRI examination for all patients (blue histogram, mean = 37.4 years, r = 10.0 years), for patients with diametric velocities between 1 and 4 mm ⁄ year
(green histogram, mean = 39.8 years, r = 11.0 years) and for patients with velocities between 4 and 8 mm ⁄ year (red histogram, mean = 36.2 years,
r = 10.0 years). Right: Distribution of tumour radii at the time of the MRI examination for all patients (blue histogram, mean = 20.9 mm,
r = 5.7 mm), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 20.8 mm, r = 5.1 mm) and for patients with velocities
between 4 and 8 mm ⁄ year (red histogram, mean = 22.1 mm, r = 6.0 mm).

! 2011 Blackwell Publishing Ltd, Cell Proliferation, 45, 76–90.
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• 120 patients adultes, v < 8mm/an

v<4mm/an
v>4mm/an
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to patients with a velocity between 4 and 8 mm ⁄year
(mean = 11.5 years, r = 3.7 years).

Distribution of patient ages at onset of the tumour is
represented in Fig. 5, left. This distribution also exhibits
two peaks corresponding to the two groups of velocities

[for the 4–8 group distribution (red), mean = 24.7 years,
r = 9.4 years, for the 1–4 group distribution (green),
mean = 14.9 years, r = 9.9 years]. Distribution of values
of the proliferation coefficient j (mean = 2.8 ⁄year,
r = 2.2 ⁄year, maximum of distribution corresponding to
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Figure 5. Left: Distribution of model-obtained age of the patient at the onset of the tumour for all patients (blue histogram, mean = 18.1 years,

r = 9.6 years), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 14.9 years, r = 9.9 years) and for patients with veloci-

ties between 4 and 8 mm ⁄ year (red histogram, mean = 24.7 years, r = 9.4 years). Right: Distributions of model-obtained age of tumour at the time of

MRI examination of all patients (blue histogram, mean = 17.6 years, r = 9.6 years), for patients with velocities between 1 and 4 mm ⁄ year (green histo-

gram, mean = 24.8 years, r = 9.8 years) and for patients with velocities between 4 and 8 mm ⁄ year (red histogram, mean = 11.5 years, r = 3.7 years)

Figure 6. Top, left: Distribution of values of D for all patients (blue histogram, mean = 0.6 mm2
⁄ year, r = 0.3 mm2

⁄ year), for patients with velocities

between 1 and 4 mm ⁄ year (green histogram, mean = 0.4 mm2
⁄ year, r = 0.1 mm2

⁄ year) and for patients with velocities between 4 and 8 mm ⁄ year

(red histogram, mean = 0.8 mm2
⁄ year, r = 0.3 mm2

⁄ year). Top, right: Distribution of values of j for all patients (blue histogram, mean = 2.7 ⁄ year,

r = 2.2 ⁄ year), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 1.3 ⁄ year, r = 0.7 ⁄ year) and for patients with velocities

between 4 and 8 mm ⁄ year (red histogram, mean = 3.9 ⁄ year, r = 2.2 ⁄ year). Bottom left: distribution of the time difference tl ) tb between the tumour

onset predicted by the linear approximation and the biological onset of the tumour predicted by the proliferation–diffusion model for all patients (blue

histogram, mean = 6.1 years, r = 3.8 years), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 8.9 years, r = 3.6 years)

and for patients with velocities between 4 and 8 mm ⁄ year (red histogram, mean = 3.7 years, r = 1.6 years). Bottom right: Distribution of patient ages

at the time of detection of the tumour for all patients (blue histogram, mean = 28.4 years, r = 9.5 years), for patients with velocities between 1 and

4 mm ⁄ year (green histogram, mean = 26.4 years, r = 9.3 years) and for patients with velocities between 4 and 8 mm ⁄ year (red histogram,

mean = 30.0 years, r: 9.0 years).
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Figure 5.10: A gauche, la distribution de l’âge du patient en moment de la naissance biologique
pour tous les patients en bleu, pour les vitesses faibles (0,5-2 mm/an) en vert et les vitesses élevées
en rouge (2-4 mm/an). On remarque que plus la tumeur naît tôt et plus elle croît lentement. A
droite, la distribution de l’âge de la tumeur au moment du diagnostic prédit par le modèle avec
les mêmes jeux de couleur [GPG+12].

tumeurs les plus rapides sont les plus jeunes. Le modèle permet une meilleure compréhension de
la croissance tumorale mais n’apporte pas d’information plus forte.

Les valeurs de D les plus probables sont situées autour de 0,5 mm2/an ce qui est plus faible
que les valeurs présumées par Swanson qui étaient comprises entre 1 et 7 mm2/an (respectivement
substance grise et blanche).

Pour quantifier l’impact de la vitesse sur les di�érentes grandeurs, les patients ont été répartis
en 5 groupes selon leur vitesse. Les groupes ont été crées de manière à tous posséder au moins
30 patients.Les groupes sont ]0,5-1,5], ]1,5-2,25], ]2,25-3], ]3-4] mm/an et on a ajouté un groupe de
vitesses comprises entre 4 et 10 mm/an.

La figure 5.12 montre la moyenne de l’âge des patients à la naissance de la tumeur (ronds)
de l’âge de la tumeur au moment du diagnostic (étoiles), et la correction (losanges). Les tumeurs
rapides apparaissent plus tardivement que les lentes mais sont détectées plus tôt. On peut imaginer
que le cerveau ayant moins de temps pour s’adapter, les premiers symptômes arrivent plus vite
que dans le cas des tumeurs lentes.

Les découvertes fortuites
La grande majorité des IRM ont été réalisé suite à des symptômes chez le patient. Néanmoins,

il arrive que la découverte ait lieue par hasard, alors que le patient consulte pour une autre raison
(traumatisme crânien, visite de contrôle, ....). C’est assez rare : sur les 151 patients utilisés dans
cette étude, seuls 7 sont fortuits. Dans ces cas, le patient ne présente pas encore de symptomes
(il est dit asymptomatique) et le rayon de sa tumeur est légèrement plus petit que dans les cas
symptomatiques.
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to patients with a velocity between 4 and 8 mm ⁄year
(mean = 11.5 years, r = 3.7 years).

Distribution of patient ages at onset of the tumour is
represented in Fig. 5, left. This distribution also exhibits
two peaks corresponding to the two groups of velocities

[for the 4–8 group distribution (red), mean = 24.7 years,
r = 9.4 years, for the 1–4 group distribution (green),
mean = 14.9 years, r = 9.9 years]. Distribution of values
of the proliferation coefficient j (mean = 2.8 ⁄year,
r = 2.2 ⁄year, maximum of distribution corresponding to
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Figure 5. Left: Distribution of model-obtained age of the patient at the onset of the tumour for all patients (blue histogram, mean = 18.1 years,

r = 9.6 years), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 14.9 years, r = 9.9 years) and for patients with veloci-

ties between 4 and 8 mm ⁄ year (red histogram, mean = 24.7 years, r = 9.4 years). Right: Distributions of model-obtained age of tumour at the time of

MRI examination of all patients (blue histogram, mean = 17.6 years, r = 9.6 years), for patients with velocities between 1 and 4 mm ⁄ year (green histo-

gram, mean = 24.8 years, r = 9.8 years) and for patients with velocities between 4 and 8 mm ⁄ year (red histogram, mean = 11.5 years, r = 3.7 years)

Figure 6. Top, left: Distribution of values of D for all patients (blue histogram, mean = 0.6 mm2
⁄ year, r = 0.3 mm2

⁄ year), for patients with velocities

between 1 and 4 mm ⁄ year (green histogram, mean = 0.4 mm2
⁄ year, r = 0.1 mm2

⁄ year) and for patients with velocities between 4 and 8 mm ⁄ year

(red histogram, mean = 0.8 mm2
⁄ year, r = 0.3 mm2

⁄ year). Top, right: Distribution of values of j for all patients (blue histogram, mean = 2.7 ⁄ year,

r = 2.2 ⁄ year), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 1.3 ⁄ year, r = 0.7 ⁄ year) and for patients with velocities

between 4 and 8 mm ⁄ year (red histogram, mean = 3.9 ⁄ year, r = 2.2 ⁄ year). Bottom left: distribution of the time difference tl ) tb between the tumour

onset predicted by the linear approximation and the biological onset of the tumour predicted by the proliferation–diffusion model for all patients (blue

histogram, mean = 6.1 years, r = 3.8 years), for patients with velocities between 1 and 4 mm ⁄ year (green histogram, mean = 8.9 years, r = 3.6 years)

and for patients with velocities between 4 and 8 mm ⁄ year (red histogram, mean = 3.7 years, r = 1.6 years). Bottom right: Distribution of patient ages

at the time of detection of the tumour for all patients (blue histogram, mean = 28.4 years, r = 9.5 years), for patients with velocities between 1 and

4 mm ⁄ year (green histogram, mean = 26.4 years, r = 9.3 years) and for patients with velocities between 4 and 8 mm ⁄ year (red histogram,

mean = 30.0 years, r: 9.0 years).
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Figure 5.11: En haut, les distributions des paramètres D et � pour les patients. En bas, la correc-
tion de l’approximation linéaire est aux alentours de 5-7 ans; elle est plus faible pour les tumeurs
rapides (rouge). En bas à droite, l’âge des patients au moment de l’apparition des gliomes. En
moyenne, les tumeurs précoces sont lentes (vert). Cela est en accord avec l’idée que les glioblas-
tomes, encore plus rapides, apparaissent encore plus tard.

Gerin C, et al. (2012) Cell Proliferation, 45(1):76–90
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• ttum= (10+RIRM)/v

• âge radio ≈ 30ans
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un cas fortuit
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Figure 5.14: Le cas fortuit de [PFD+10] pour deux valeurs de � (�=1,5/an pour le trait fin et
�=5,7/an pour le trait épais). Sur cette figure, tMRI 1 représente le moment où le patient a réalisé
une IRM susceptible de révéler la tumeur si celle-ci était déjà visible mais sans rien détecter et
tMRI 2 représente le moment où la tumeur a été détecté avec un rayon de 14 mm.

ne permet pas un suivi régulier d’une cohorte asymptomatique.

rayon IRM (mm)

Gerin C, et al. (2012) Cell Proliferation, 45(1):76–90
d’après les données de Pallud et al. (2011)  Acta Neurochir 153(3):473-7
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âge du patient (années)
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Conclusion
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• 2 populations de tumeurs selon la vitesse 
• date de naissance différente → sens biologique ? 

from radiological diagnosis was 96, 80, and 68% at 5,
10, and 15 years, respectively, for the LR group and
was 57% at 5 years for the HR group. The median
survival was 5.16 years in the HR group and was
greater than 15 years in the LR group.

In univariate analysis, there is an inverse correlation
between IGR and survival: the higher the IGR, the
lower the length of survival (p ! 0.001; Fig 2). Re-
garding the risk factors commonly admitted,5,6 histo-
logical diagnosis (p " 0.415), tumor volume (cutoff at
6cm in diameter; p " 0.063), age at radiological diag-
nosis (cutoff at 40 years; p " 0.822), presence of neu-
rological deficit (p " 0.087), and the Ki-67 prolifera-
tion index (cutoff at 5%; p " 0.862) did not reach
statistical significance. In multivariate analysis, IGR
(p ! 0.0001) and tumor volume (p " 0.034) proved
to be independent prognostic factors significantly asso-
ciated with survival.

Discussion
This study indicates that IGR measurements before
treatment of supratentorial grade II gliomas are predic-
tive of prognosis. Survival times for patients with an
IGR 8mm/year or more are indeed significantly re-
duced compared with those with an IGR less than
8mm/year.

The biological diversity of grade II gliomas results in a
great heterogeneity of prognosis, both within and be-

tween series.7–13 European Organisation for Research
and Treatment of Cancer (EORTC) prospective ran-
domized studies have allowed to define five risk factors
(age #40 years, histological diagnosis of astrocytoma,
largest tumor diameter #6cm, presence of a neurological
deficit, midline crossing) independently correlated to a
worsened prognosis.5 When these five risk factors are
present, the median survival is dramatically decreased at
1 year and survival times of such grade II gliomas are
similar to those of high-grade gliomas. This heterogene-
ity of prognosis could be explained, at least in part, by
the limitations of the histological diagnosis. Indeed, the
method relies on a “static” analysis at the cellular scale of
an often limited part of the tumor, especially on biopsy
or partial resection specimen. Anaplastic areas may be
missed, leading to an “undergrading” of the tumor.
Hence, analyses on both microscopic and macroscopic,
static and dynamic, scales are required to refine the
prognostic evaluation, and thus to overcome this even-
tual undergrading. Indeed, immunohistochemical and
molecular analyses are known to add a prognostic
value6,14–16 to the WHO classification. Moreover, com-
bination of histology and imaging is known to be more
informative than the sole histological analysis in the
grading of oligodendrogliomas.17,18 A multiscale ap-
proach is thus the only way to circumvent the diagnostic
limitations of the sole histological examination.

The aim of this study was to determine whether tu-
mor growth, a dynamic macroscopic parameter mea-
sured before any treatment, could be contributive to
the prognostic evaluation of patients who harbor a
grade II glioma. In this study, only 15.5% of patients
presented an IGR of 8mm/year or more. This group
had a statistically significant lower length of survival
than the group with IGRs less than 8mm/year. We ar-
gue that, despite the absence of histological criteria of
anaplastic transformation, the clinical evolution of the
HR group is closer to that of anaplastic gliomas with a
median survival at 5.16 years.

The results suggest the strong statistical influence of
IGR on survival in this selected population. The ab-
sence of statistical significance for several known risk
factors5,6 may be due to the small size of the studied
population. Thus, IGR measurements may be useful to
overcome biological diversity of grade II gliomas.

Conclusion and Perspectives
In this study, we have shown that the clinical outcomes
of histologically proved grade II gliomas growing faster
than 8mm/year are similar to those of anaplastic glio-
mas. On a practical view, estimation of IGR from only
two MRIs is probably not systematically reliable. Nev-
ertheless, tumor segmentation allows a more precise de-
tection of small increases of tumor size over a short
period.19 As a direct consequence, we recommend to

Fig 2. Kaplan–Meier estimates of survival by individual ra-
diological tumor growth rates (low-rate group !8mm/year
[solid line] vs high-rate group of !8mm/year [dashed line]).

382 Annals of Neurology Vol 60 No 3 September 2006

Pallud, J., et al (2006)  Annals of Neurology, 60(3):380–383.
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Conclusion
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• mais même âge à la détection IRM
• plage de paramètres en accord avec K. Swanson et al

• des patients dont la vitesse est faible (v < 0,5 mm/an) sans solution
• le seuil C* paramètre caché inconnu

mais

Pallud, J., et al (2006)  Annals of Neurology, 60(3):380–383.
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Les limites du modèle
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 La décroissance longue de la radiothérapie 
est mal modélisée...
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• RT en 1ère intention 
• traitement pendant 6 semaines
• 60 Gy
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Partie II
Analyse histologique
corrélation micro/macroscopique



histologie des gliomes
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• 1940, Scherer : observation spatiale, tri, début de modèle

• 1987, Kelly, Daumas-Duport : infiltration du tissu sain

• 2010, Pallud : étude quantitative

27

Scherer (1940) Brain, 63(1):1
Kelly et al (1987) Journal of Neurosurgery, 66(6):865–874
Pallud et al (2010) Neurology, 74(21):1724

organisation microscopique



Que détecte l’IRM ?

• l’IRM est sensible à l’«eau libre».

• 1994, Tovi : l’oedème

‣ oedème = perte de tissus et vacuolisation

‣ oedème → lames H&E pâles 

➡ quantifions l’oedème pour vérifier

Introduction    Modèle 1    Histologie    Modèle II    Conclusion
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Les données cliniques

Quantitative characterization of the limits of low-grade gliomas 13
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Figure 2. Right: MRI scan of one of the patients, showing the biopsy trajectory
and the di�erent samples along the trajectory and their position from the limit of the
signal. (the samples beyond the equatorial plane of the tumour have been removed).
Left: Profile of the grey level along the biospy trajectory. The limit of the signal has
been defined as the position where the grey level in the tumour is equal to the mean
value of the grey level in the cortex. inverser L-R la figure de droite

• Un exemple de patient :
‣ 1 biopsie
‣ 1 trajet
‣ 4 prélèvements

Introduction    Modèle 1    Histologie    Modèle II    Conclusion

• Sélection des 9 patients
‣ adultes
‣ biopsie stéréotaxique fondée sur l’IRM 
‣ suivis à Sainte-Anne entre 1992 et 2001
‣ pas de traitement antérieur à la biopsie
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Lien histologie-imagerie

Quantitative characterization of the limits of low-grade gliomas 13
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Figure 2. Right: MRI scan of one of the patients, showing the biopsy trajectory
and the di�erent samples along the trajectory and their position from the limit of the
signal. (the samples beyond the equatorial plane of the tumour have been removed).
Left: Profile of the grey level along the biospy trajectory. The limit of the signal has
been defined as the position where the grey level in the tumour is equal to the mean
value of the grey level in the cortex. inverser L-R la figure de droite
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Évolution de nos méthodes...

2h/lame 5min/lame

env. 200 lames colorées en H&E
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Apprentissage

sélection de la substance blanche



Les données initiales

CHAPITRE 7. NOTRE ANALYSE HISTOLOGIQUE 104

(a) P2 : parenchyme loin de l’hy-
persignal (sain)

(b) P4 : substance blanche au ni-
veau de la limite de l’hypersignal
T2

(c) P5 :à l’intérieur de l’hypersi-
gnal

Figure 7.1: Di�érents prélèvements d’un même patient le long d’un trajet de biopsie. On remarque
que plus on avance dans la tumeur (de gauche à droite), plus le parenchyme s’éclaircit jusqu’à
former de grosses vacuoles.

7.2 La méthode de travail

7.2.1 Le travail préliminaire
La numérisation des lames

Les lames ont été numérisé à l’aide d’un scanner Hammamatsu NanoZoomer C9600-12 à l’Hô-
pital Saint-Louis grâce à l’équipe de pathologie de Philippe Bertheau. Les lames ont été numérisées
au 400X, soit 4,4 pixels/µm. Ce travail automatisé permet une luminosité uniforme sur les lames
(pas de gradient sur une lame ni de di�érences entre les lames). C’est aussi un gros gain de temps
de travail humain.

A raison d’environ 15 lames par patient et de 13 patients, cela représente environ 200 lames
soit 16h de numérisation. Les fichiers crées étant de type exploitable mais propriétaire (ndpi),
Christophe Deroulers a mis en place un script permettant de les ouvrir automatiquement afin de
récupérer l’image au 400X 1. Il a ensuite fallu du temps pour apprendre à “lire” les lames.

La segmentation des IRM

Les problèmes rencontrés Chaque anomalie de signal a été segmentée à la main par le neu-
rochirugien J. Pallud. Mais cette méthode est assez peu reproductible (2,5 mm en moyenne de
di�érence pour une même IRM contourée par un même neurochirugien et jusqu’à 9 mm pour un
patient que nous avons retiré de l’étude). Il existe de nombreux moyens de segmentation auto-
matique mais les IRM que nous avons utilisé sont souvent de mauvaise qualité. De plus, nous ne
disposions pas de toutes les informations concernant le fenêtrage des IRM, ni même de l’ensemble
des IRM réalisées. Dans certains cas, nous n’avions accès qu’à un seul plan de coupe.

Notre méthode de segmentation Nous avons donc proposé une méthode de segmentation per-
fectible mais su⇥sante pour notre étude et qui pallie ces problèmes de fenêtrage. Les informations
concernant les autres plans de coupe sont malheureusement perdues.

Pour déterminer les contours de la tumeur, nous avons supposé que :

1. http ://www.imnc.in2p3.fr/pagesperso/deroulers/index.html.fr

tissu sain tissu tumoral
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description d’une image numérique

• un pixel = un triplet (R,V,B)

• Une composante va du noir (0) au blanc (255) en passant par toutes les intensités

• Exemple de coloration d’une lame (rouge = bleu = 135)

Introduction    Modèle 1    Histologie    Modèle II    Conclusion
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Gerin et al (2013?) Quantitative characterization of the imaging limits of diffuse low-grade gliomas, soumis
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Quantification de l’oedèmeConfronting histology, imaging and modeling of low-grade gliomas 15
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Profil de densité d’oedème
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Figure 4. Left: edema fraction for all 9 patients, versus the position of the sample
along the biopsy trajectory (the origin of the axis has been set at the limit of the
MRI abnormality). The gray rectangle indicates the area inside the limit of the MRI-
defined abnormalities. Right: edema fraction at the limit of the MRI abnormality for
all patients.
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Figure 2. Right: MRI scan of one of the patients, showing the biopsy trajectory
and the di�erent samples along the trajectory and their position from the limit of the
signal. (the samples beyond the equatorial plane of the tumour have been removed).
Left: Profile of the grey level along the biospy trajectory. The limit of the signal has
been defined as the position where the grey level in the tumour is equal to the mean
value of the grey level in the cortex. inverser L-R la figure de droite

37

seuil IRM

seuil=20% d’oedème



Introduction    Modèle 1    Histologie    Modèle II    Conclusion

Quantitative characterization of the imaging limits of di�use low-grade gliomas 17

0 20 40 60 800

1000

2000

3000

4000

5000
corrected cell concentration vs edema

−20 −10 0 10 20 30

400

800

1200

1600

2000

cell concentration

−20 −10 0 10 20 300

2000

4000

6000

8000

10000

12000

14000
cell corrected

C
el

l c
on

ce
nt

ra
tio

n 
(#

 c
el

l/m
m

2 )

0

1.2 104

8 103

4 103

x (mm)

1
2
3

5
4

7
6

8
9

0

C
or

re
ct

ed
 c

el
l c

on
ce

nt
ra

tio
n 

(#
 c

el
l/m

m
2 )

x (mm)

C
or

re
ct

ed
 c

el
l c

on
ce

nt
ra

tio
n 

(#
 c

el
l/m

m
2 )

Edema fraction

Figure 5. Top, left: cell concentration versus the position of the sample along
the biopsy trajectory (the origin of the axis has been set at the limit of the MRI
abnormality) for all patients. Top, right: corrected cell concentration versus the
position of the sample along the biopsy trajectory: the concentration has been
calculated with respect to the surface of tissue (i.e. the total surface of the sample
minus the surface occupied by edema), for all patients. The gray rectangles indicate
areas inside the limit of the MRI-defined abnormalities. Bottom, left: Correlation
between the corrected cell concentration and the edema fraction. The equation of the
linear regression is y = 40.0 x+ 635.2 and the determination coe⇥cient is R2 = 0.78.
Bottom, right: A BS of patient 2 (situated at x = �16mm, with IDH1 immunostaining,
in order to measure the maximum surface of cells. The cytoplasm of IDH1 positive
cells appears brown.
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Figure 2. Right: MRI scan of one of the patients, showing the biopsy trajectory
and the di�erent samples along the trajectory and their position from the limit of the
signal. (the samples beyond the equatorial plane of the tumour have been removed).
Left: Profile of the grey level along the biospy trajectory. The limit of the signal has
been defined as the position where the grey level in the tumour is equal to the mean
value of the grey level in the cortex. inverser L-R la figure de droite
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Connaitre la densité de cellules 
grâce à l’oedème
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Figure 5. Top, left: cell concentration versus the position of the sample along
the biopsy trajectory (the origin of the axis has been set at the limit of the MRI
abnormality) for all patients. Top, right: corrected cell concentration versus the
position of the sample along the biopsy trajectory: the concentration has been
calculated with respect to the surface of tissue (i.e. the total surface of the sample
minus the surface occupied by edema), for all patients. The gray rectangles indicate
areas inside the limit of the MRI-defined abnormalities. Bottom, left: Correlation
between the corrected cell concentration and the edema fraction. The equation of the
linear regression is y = 40.0 x+ 635.2 and the determination coe⇥cient is R2 = 0.78.
Bottom, right: A BS of patient 2 (situated at x = �16mm, with IDH1 immunostaining,
in order to measure the maximum surface of cells. The cytoplasm of IDH1 positive
cells appears brown.
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Les cellules en cycle
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Figure 6. Top, left: MIB positive cell concentration versus the position of the sample
along the biopsy trajectory (the origin of the axis has been set at the limit of the
MRI signal) for all patients. Top, right: corrected MIB-1positive cell concentration
versus the position of the sample along the biopsy trajectory: the concentration has
been calculated with respect to the surface of tissue (i.e. the total surface of the
sample minus the surface occupied by oedema). Bottom: Ratio of the MIB positive cell
concentration to the di�erence between the cell concentration and the cell concentration
outside the tumour. This quantity represents the fraction of tumour cells that are in
proliferation.
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Figure 6. Top, left: MIB positive cell concentration versus the position of the sample
along the biopsy trajectory (the origin of the axis has been set at the limit of the
MRI signal) for all patients. Top, right: corrected MIB-1positive cell concentration
versus the position of the sample along the biopsy trajectory: the concentration has
been calculated with respect to the surface of tissue (i.e. the total surface of the
sample minus the surface occupied by oedema). Bottom: Ratio of the MIB positive cell
concentration to the di�erence between the cell concentration and the cell concentration
outside the tumour. This quantity represents the fraction of tumour cells that are in
proliferation.
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• concentration supérieure dans le signal
• pourtour actif
• en accord avec les modèles diffusion-prolifération

intérieur extérieur intérieur extérieur
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les cellules en cycle : le modèle DPS
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Conclusion de l’histologie

• L’oedème est responsable du signal IRM-T2

• Étendue de la tumeur à l’imagerie non significative

• Présence de beaucoup de cellules en cycle proche de la frontière 
de l’anomalie de signal

Introduction    Modèle 1    Histologie    Modèle II    Conclusion
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Partie III
Nouveau modèle

Radiothérapie



Un modèle de radiothérapie : Rockne et al
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• gliome de grade IV
• modèle diffusion-prolifération-saturation
• modèle pour la RT: linéaire quadratique

Rockne et al (2010) Physics in Medicine and Biology, 55(12):3271–3285
44

CHAPITRE 8. ÉTAT DE L’ART 131

Le taux de décroissance R(⌅, t) peut s’exprimer selon le modèle de Sachs (sachs2001) :

R(⌅, t) =

⇧
�dt + 2⇥dt

ˆ
dt0 exp (�µ(t� t⇥)) dt⇥

⌃
c

où � et ⇥ sont les paramètres de radiosenbilité, dt est la part de la dose au temps t, et µ la
moitié du temps de réparation des dégâts occasionnés à l’ADN : µ = ln 2/Th où Th est le temps
de demi-réparation (suivant le modèle de la désintégration nucléaire). Ce terme de décroissance
signifie qu’une certaine quantité de cellules touchées par la radiothérapie ne subissent pas les e�ets
tout de suite mais plus tard, lorsqu’elles entrent en division. Il y a donc un e�et de retard, plus ou
moins long selon la valeur de Th. D’après Powathil [PKS+07], Th = 2, 2 heures [WSS79, NNN+99].

Plusieurs modèles ont étendu le modèle pour inclure la prolifération cellulaire, le cycle cellulaire
et la réoxygénation pendant la radiothérapie fractionnée [PKS+07, BHH+95, O’D97, WCW00].

Si de nombreux modèles étudient les e�ets des di�érentes stratégies thérapeutiques, rares sont
ceux qui discutent de l’optimisation de la répartition de la dose ou de la combinaison de di�é-
rents traitements [KSO06]. Dans cet article, Kohandel et al [KSO06] commentent les conséquences
d’une radithérapie fractionnée et hyperfractionnée à partir d’un modèle linéaire quadratique et ils
reviennent sur la possibilité de l’utiliser pendant ou avant une chimiothérapie. D’après Powathil et
al [PKS+07] l’hyperfractionnement de la dose ne modifie pas la survie si la dose totale est conser-
vée. Néanmoins l’hyperfractionnement réduit la radiotoxicité et permet d’administrer des doses
totales plus importantes.

Nous reviendrons sur l’optimisation du traitement dans la section 10.3.4.

Le modèle de Swanson et al

Nous allons étudier un modèle linéaire quadratique en particulier, le modèle de Swanson et al
[RRM+10] dans lequel R prend une expression simple.

R(⇧x, t,Dose(⇧x, t)) =

⌥
0

1� S(�, ⇥,Dose(⇧x, t))
⇥ t ⇤ radiothérapie
t ⇤ radiothérapie

où la probabilité de survie S d’une cellule est donnée par l’expression

S = exp
�
�[�Dose(⇧x, t) + ⇥Dose(⇧x, t)2]

⇥
(8.2)

� et ⇥ sont les paramètres du modèle linéaire quadratique et sont exprimés respectivement en
Gy�1 et Gy�2, sachant qu’un gray est définit par l’énergie reçue par unité de masse (J.kg�1).

Le rapport �/⇥ est conservé constant à 10 Gy [RARS09, SHH01, JD95, EAC+06, HG05].
Comme la dose totale est fractionnée, on peut poser Dose = nd où d est la dose quotidienne et

n le nombre de jours de traitement. L’expression 8.2 peut alors se réécrire :

S = exp

⇧
��nd(⇧x) ·

⇤
1 +

d(⇧x)

�/⇥

⌅⌃
(8.3)

Tous les paramètres sont connus sauf �.
Ce modèle suppose que les rayonnements ionisants et leurs e�ets sont instantanés, déterministes

et sont liés à la probabilité cellulaire de survie. Pour les faibles densités, les e�ets de la radiothérapie
se manifestent par une fraction des cellules tuées. En revanche, pour les fortes densités cellulaires,
l’e�et sature de la même manière que la prolifération. Cette hypothèse repose sur les connaissances
en radiobiologie que nous avons vu à la section 8.1. La formulation du terme R date de 1972 et a

3278 R Rockne et al
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Figure 2. Spherically symmetric, radial tumor growth and XRT for patient 7 for six values of α
ranging from zero (no effect) to 0.018/Gy (high effect) in 0.003/Gy increments, with XRT interval
denoted by thick black lines (∼day 30–day 75). We see that the optimal value of α on T2 lies
between the fourth and fifth curves from the top. Two pre-XRT and one post-XRT observations are
shown. The asterisk indicates data point used to calculate an optimal value for α using a regression
with α and the error between simulated and actual target radius.

Calculation of the patient-specific radiation response parameter

After the establishment of clinical day zero within the simulation, surgery to whatever extent
was modeled, and then XRT was simulated to precisely follow the patient’s individual treatment
plan and time course relative to clinical day zero. Additionally, the day of the week on which
treatment began was recorded in order to simulate therapy taking place only on weekdays.
In order to estimate the value of the radiation model parameter α (Gy−1) (equation (2a))
for each patient, a range of values for α are chosen and XRT is simulated for each, with the
difference between the simulated T1Gd and T2 radii and the observed recorded for each patient
(figure 2). The first post-XRT MRI is considered as the ‘XRT target date’, with its
associated ‘target radius’. Increasing α decreases the probability of glioma cells surviving,
S (equation (2b)), and therefore increases the probability of XRT-induced glioma cell death.
Therefore, for fixed growth kinetics D and ρ, simulations using a large α correspond to a
large ‘effect’, or deviation from model-predicted untreated growth, while the values of α near
zero correspond to minimal to no deviation from the model-predicted untreated pattern of
growth. We therefore consider α as a quantification of the degree of response to XRT. Since
the relationship between D, ρ and α is nonlinear and spatially variable according to the patient-
specific dose distribution and schedule, XRT was simulated several times, with a wide range
of α values, yielding a relationship between α and the simulated imageable XRT response
unique to the patient. Regression was then performed to yield a value of α that minimized
the difference between the simulated and actual target radius, the accuracy of which is limited
only by the resolution of the in silico computational grid, which is 0.12 mm—far beyond
the most highly resolved MRIs considered in this study. To determine if there was any bias
in choosing either of the MRI-defined abnormalities as the target, optimal values for α were

Mais
impossible de reproduire la longue 
décroissante des gliomes de bas grade



Un modèle de radiothérapie : Ribba et al
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according to his or her individual pretreatment MTD data.
At least 2 pretreatment data points are required to estimate
this growth parameter. The initial conditions P0 and Q0

were assigned using the actual MTD observation at diagno-
sis (corresponding to P0 þ Q0) and assuming that the
proliferative tissue constitutes 10% of the whole tumor size
(18). As shown in Fig. 5 (right), there was good correlation
between the predicted and the observed MTD time courses
in these 6 patients (r2 ¼ 0.86, P < 0.001 for the 6 patients,
representing 52 predictions). This suggests that the model
might be used to predict treatment efficacy on the basis of
population parameter estimates combined with individual
estimations of the tumor growth rate parameter. The 6
individual prediction profiles are presented in the Supple-
mentary data (Supplementary Fig. S5).

Discussion
We have developed a TGI model that successfully repro-

duces tumor size dynamics of LGG patients treated with
chemotherapy (PCV or TMZ) or radiotherapy. The slow
growth of LGGs and the ongoing response that is frequently
observed after treatment termination led us to formulate a
model that wasmore complex than the existing TGImodels
for NSCLC and colorectal cancer, which use linear (2) or
exponential functions (4) to model tumor growth. Those
simple models would be insufficient to reproduce our data,
and specifically, they would be unable to capture the pro-
longed response of the tumor following cessation of treat-
ment. We provide a biological interpretation for this pro-
longed response, attributing it to delayed treatment action
on quiescent cells as compared with proliferative cells, and

represent it in our model by incorporating both prolifer-
ative (P) and quiescent cell populations. These populations
respond differently to the therapeutic modalities typically
used in the treatment of LGG, which all function by dam-
aging the DNA of both cells in both populations (9).

The model is composed of 4 ordinary differential equa-
tions and incorporates 6 parameters and 2 initial condi-
tions. Two parameters (lP and kPQ) are considered to
be tumor-specific parameters, as in the absence of treatment
the complexity of themodel shrinks to a system regulatedby
these 2 parameters alone. The remaining 4 parameters are
considered to be treatment-related parameters.

Importantly, independent analyses of patients treated
with PCV chemotherapy, TMZ chemotherapy, or radiother-
apy produced similar estimates of tumor-specific para-
meters (lP and kPQ). Estimated parameters were also con-
sistent with known biological characteristics of LGG. For
example, according to the model, LGGs mostly consist of
quiescent cells. Estimates indicated that the initial prolifer-
ative tissue represented 2% of the tumor in the TMZ series,
9% in the radiotherapy series, and 15% in the PCV chemo-
therapy series (see Table 1). In LGG, the proliferative tissue,
as measured by Ki-67 labeling, is typically less than 5%;
however, Ki-67 labeling indices of up to 10% have been
observed (18). Furthermore, the Ki-67 labeling indexmight
underrepresent the quantity of proliferative tissue (19), and
studies using MCM2 labeling have shown that approxi-
mately 9% of the LGG may be proliferative tissue (20).
Indeed, MCM2 stains not only cycling cells but also cells
that are licensed for DNA replication. Biologic validation of
the model will require an investigation of the correlation

Figure 4. MTD observed (circles),
individual predictions (solid line), and
population predictions on the basis
of mean parameter values (dashed
line) for 3 individuals in each study
(top, PCV; middle: TMZ; bottom, RT)
selected on the basis of their typical
residual error magnitude (the
individual's average absolute weight
residual is at the population median).
Included is the 90% confidence
interval around the individual
predictions obtained by simulation
using the SEs of the empirical Bayes
estimates.
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reproduit assez bien les données

reproduit l’effet retard

Mais

6 paramètres/2 conditions initiales

pas d’aspect spatial

pas de migration cellulaire

lien entre concentration cellulaire et 
IRM ?

• équations différentielles ordinaires
• modèle pour le cancer colorectal
• 2 populations cellulaires : proliférantes 
et quiescentes
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Proposition d’un nouveau modèle

Chapitre 9

Notre modèle de la radiothérapie

9.1 Le modèle de croissance libre
Présentation du modèle

Nous sommes partis du modèle continu précédant (partie II) mais nous l’avons adapté aux
observations faites sur les lames de biopsie. En particulier, nous avons supposé que l’hypersignal
visible à l’IRM est créé par l’œdème. Nous avons donc ajouté une équation di�érentielle (9.2) qui
régit le comportement de l’œdème dont la densité est notée E.

⇧⌅(⌃r, t)

⇧t
= D�⌅(⌃r, t) + ⇥⌅(⌃r, t) · [1� ⌅(⌃r, t)] (9.1)

⇧E(⌃r, t)

⇧t
= ⇤⌅(⌃r, t) · [1� E(⌃r, t)]� µE(⌃r, t)� (9.2)

L’équation (9.1) reprend les termes de l’équation di�usion-prolifération vue à la partie II ; c’est à
dire que la variation temporelle de la densité de cellules est proportionnelle à un terme de di�usion
des cellules avec le paramètre D et un terme de prolifération cellulaire avec le paramètre ⇥. Nous
avons estimé que les cellules et l’œdème connaissent un phénomène de saturation.

La variation dans le temps de la densité d’œdème E est proportionnelle à :
– sa production due à la présence de cellules tumorales avec un paramètre de production ⇤ et

le phénomène de saturation
– son drainage naturel avec un paramètre µ. Comme le drainage est un processus complexe

encore mal compris, nous avons opté pour une modélisation phénoménologique dans laquelle
l’exposant � qui est compris dans l’intervalle ]0 ;1] et qui représente un “curseur” qui permet
de se placer entre un drainage constant et un drainage proportionnel à la quantité d’œdème.
Le fait de prendre � ⇥= 0 permet d’éviter les valeurs négatives de la densité E.

Nous avons testé un modèle prenant en compte la densité de cellules saines avec, par exemple, un
œdème qui croit avec ⌅⌅saines mais ce n’était pas concluant et ajoutait trop de paramètres inconnus.

Les paramètres ⇤, µ et le rapport ⇥/D sont inconnus et ne sont pas facilement accessibles à
l’expérience. Nous allons donc étudier leur influence et leur intervalle de confiance.

Caractéristique de notre modèle

Les di�érences majeures avec le modèle de Rockne et al [RARS09] sont les suivantes :
– le signal T2 est provoqué uniquement par l’œdème,
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oedème :

production drainage

cellules :

production

Introduction    Modèle 1    Histologie    Modèle II    Conclusion

46



Effets de la radiothérapie
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– la décroissance du rayon n’est causée que très indirectement par la mort cellulaire (ce qui
explique l’e�et de retard et la durée de la décroissance).

9.2 Notre modèle de la radiothérapie
Nous avons simulé l’action de la radiothérapie par un modèle très simple car le phénomène réel

est encore mal compris et les données biologiques sont di⇥ciles à obtenir (il faudrait des biopsies
post-RT échelonnées dans le temps).

L’e�et sur les cellules

La radiothérapie est particulièrement létale pour les cellules en division donc elle touche très
peu le centre de la tumeur qui est déjà saturé. Nous avons supposé qu’il n’a aucune action directe
sur l’œdème.

Au moment ponctuel de la radiothérapie, on applique la transformation suivante à la densité
de cellules :

c(⌅r, t) =

⇤
⇧

⌅
c(⌅r, t) ·

�
1� r

R0

⇥2

si r < R0

0 si r > R0

(9.3)

où nous avons posé que R0 est la longueur d’e⇥cacité de la radiothérapie. Toutes les cellules
situées au-delà de R0 sont éliminées et une certaine quantité de cellules situées en deça sont tuées,
majoritairement les cellules situées juste avant R0, c’est à dire dans la zone de forte prolifération.
Ce modèle permet de sélectionner prioritairement les cellules les plus radiosensibles ; celles qui sont
en division.

Pour comparer facilement les tumeurs de tailles di�érentes, nous avons introduit le paramètre
d’e⇥cacité r0 tel que R0 = r0 ·R(Ttt) où R(Ttt) est le rayon visible à l’IRM au moment du début de
la radiothérapie. Plus r0 est petit, plus la cible de la radiothérapie est large et plus elle est e⇥cace.
Un exemple d’e�et de la radiothérapie est présenté dans la figure 9.1.

Ce paramètre r0 peut être rapproché du coe⇥cient � du modèle de Swanson et al [RARS09]
vu à la section 8.3 car ils représentent la même caractéristique physique : la sensibilité des tissus
aux rayonnements ionisants.

L’e�et sur le signal T2

La décroissance du rayon à l’imagerie est provoquée par la décroissance de l’œdème puisque le
drainage n’est plus contrebalancé par la création d’œdème jusqu’à ce que les cellules tumorales se
remettent su⇥samment à croître.

9.2.1 L’influence des paramètres
Nous avons commencé par étudier l’action de chaque paramètre indépendemment ; ce qui nous

a permis de remarquer que chacun joue un rôle bien déterminé à un moment donné. Seuls deux
couples de paramètres sont impossibles à dissocier : ⇥ et D d’une part et ⇤ et µ d’autre part.
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1

r0 = R0/RRT [DDMB+87, Mur07, TCW+95, JMD+05, CSB+05, GPG+12, GPD+, SRA07, Pre86, RRM+10]

R0
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• seuil fixé par l’oedème
• μ = μ(vd, λ)
• Rlin < 15 mm si v < 4mm/an

3
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r0 contrôle la durée de la décroissance
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Figure 9.3: La figure de gauche montre en 3 dimensions l’influence sur la vitesse de décroissance
du rayon à l’IRM des paramètres ⇥ et � à µ fixé. Puisque la vitesse de croissance 2

�
�D est fixée

à 1,83 mm/an, modifier � revient à changer le profil de densité de cellules. Le graphe de droite
montre la même chose avec une représentation en 2 dimensions où � est représenté par une couleur.
La vitesse de décroissance peut atteindre 30 mm/an pour les très grands �. En d’autres termes,
une grande vd signifie forcément un grand � (pour vd>20 mm/an, il faut �>5/an).
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Figure 10.1: Quelques exemples de croissance de tumeur avec le temps en abscisse et le rayon de la
tumeur en ordonnée. Les gros points rouges sont les données expérimentales extraites de l’imagerie.
La courbe continue bleue est l’une des possiblités du modèle. On remarque des dynamiques très
di�érentes qui vont de la décroissance très rapide à très lente, d’une réponse forte à faible. Pour
tous les patients, � = 0, 2/an.

• 25 patients
• grande variété de comportements
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Les plages de paramètres 
du modèle II

drainage

production 
d’oedème

drainagedrainage

efficacité de 
la radiothérapie

51



R 

Analyse des cliniciens

• coeff prolif κ élevé → mauvais pronostic

• rayon initial  élevé → mauvais pronostic

• vitesse de décroissance élevée → mauvais pronostic

Introduction    Modèle 1    Histologie    Modèle II    Conclusion

✓

✘
✓

Soffietti R et al. (2010)  Eur J Neurol. 17:1124–1133.
Pallud J, et al. (2012)  Neuro-Oncology, 14(4):1-10

et contrôle du modèle

R (mm)

... en cours...
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Conclusion

Modèle simple avec seulement 3 paramètres libres

Un nouveau modèle en accord avec les données/la littérature

Ce modèle explique l’origine du signal T2

La densité de cellules est saturée depuis longtemps chez la plupart 
des patients

Possibilité de prédire la réponse aux traitements ?

Introduction    Modèle 1    Histologie    Modèle II    Conclusion
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Conclusion générale

• Oedème pour faire avancer la compréhension du signal IRM

• Profils de concentration ➔ contrôle des modèles

• Possibilité d’estimer l’âge de la tumeur

• Existence de deux types de tumeur ? Génotype ?

• Tumeurs détectables vers 30 ans ➔ dépistage ?

• Nouveau modèle pour les traitements

Introduction    Modèle 1    Histologie    Modèle II    Conclusion
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• À court terme :

‣ Le modèle avec oedème est à continuer

‣ Valider les modèles existants grâce aux données histologiques

• À long terme :

‣ développer le modèle pour la chimiothérapie

‣ obtenir des données plus récentes

‣ prendre en compte le volume de l’oedème

Perspectives

Introduction    Modèle 1    Histologie    Modèle II    Conclusion
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Histoire du gliome

• 1940 : Scherer

observation spatiale, tri, début de modèle

• années 1980 : Daumas-Duport

lien imagerie/histologie, recommande la prudence avec l’imagerie

• années 1980: Murray

premiers modèles mathématiques
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Scherer J. (1940)  The forms of growth in gliomas and their practical significance. Brain part1, vol 63
Daumas-Duport  et al (1988)  Serial stereotactic biopsies and CT scan in gliomas : correlative study in 100 astrocytomas, oligo-astrocytomas and oligodendrocytomas. Journal 
of Neuro-Oncology, 4(4):317–328, 1987.
Murray J.D. Mathematical Biology : I. An Introduction (Interdisciplinary Applied Mathematics). Springer, 3rd édition
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IDH2) mutations have been found in more than two-
thirds of low-grade gliomas and anaplastic gliomas, and 
in secondary glioblastoma; however, these mutations 
have only very rarely been found in primary glioblastoma 
(<10%).25 An IDH1 mutation is a favourable predictor of 
outcome whatever the histological type and grade.26,27 
Conversely, some alterations are strongly linked to high-
grade anaplastic gliomas and glioblastoma; these alter-
ations are primarily chromosome 10 loss, CDKN2A 
deletion, and an EGFR amplifi cation that occurs in up to 
45% of primary glioblastoma. In 50% of cases, EGFR 
amplifi cation is associated with the expression of a 
constitutively active mutant of EGFR, termed EGFRvIII, 
that is characteristic of primary glioblastoma.28 Although 
primary and sec ondary glioblastoma share identical 
morph ological aspects and some similar molecular 
abnormalities, they also have distinct natural history and 
genomic features (fi gure 3).29–31 Except for the complete 
1p-19q co-deletion, in which the functional consequences 
remain unknown, most alterations found in gliomas 
target signalling pathways involved in invasion, signal 

transduction (Ras–MAPK and PI3K–Akt–mTOR path-
ways), cell-cycle control (TP53 and RB signalling 
pathways), angiogenesis (vascular endothelial growth 
factor [VEGF] pathway),32 and cell metabolism 
(IDH mutations).33

 The availability of high-throughput methods that 
enable a genome-wide analysis of tumour samples at 
the genomic, epigenetic, and gene-expression levels 
has triggered major eff orts to establish a molecular 
classifi  cation of gliomas.25,28,34–36 A compre hensive mo-
lecular character isation of glioblastoma is being done 
within the Cancer Genome Atlas project.28 In the near 
future, the integration of histological and molecular 
approaches will result in a more clinically relevant 
histomolecular classifi cation of gliomas.

Clinical prognostic factors
In addition to phenotype (oligodendrogliomas have a 
better prognosis than do mixed gliomas, which have a 
better prognosis than do astrocytomas) and tumour 
grade, the most important favourable clinical prognostic 

Figure 3: Gene and genomic regions involved in the biology of diff use gliomas
The blue, orange, pink, and purple squares indicate gene(s) involved in the TKGFR signalling pathway, the p53 signalling pathway, the RB signalling pathway, and the cell 
metabolome, respectively. The green and white squares indicate frequent chromosome imbalances in gliomas and MGMT promoter methylation. A2=WHO grade 2 
astrocytoma. A3=WHO grade 3 astrocytoma. O2=WHO grade 2 oligodendroglioma. M2=WHO grade 2 mixed glioma. M3=WHO grade 3 mixed glioma. O3=WHO grade 3 
oligodendroglioma. TKGFR=tyrosine kinase growth factor receptor, including epidermal growth factor receptor (EGFR) and platelet-derived growth factor receptor α 
(PDGFRα). NF1=neurofi bromin 1. PTEN=phosphatase and tensin homologue. PI3K=phosphoinositide-3-kinase. MDM2=mdm2 p53 binding protein homologue (mouse). 
amp=high-level amplifi cation. TP53=tumour protein p53. CDKN2A/B=cyclin-dependent kinase inhibitor 2A/B. CDK4=cyclin-dependent kinase 4. RB1=retinoblastoma 1. 
CHR=chromosome. MGMT=O6-methylguanine-DNA methyltransferase. meth=methylation. IDH1=isocitrate dehydrogenase 1. IDH2=isocitrate dehydrogenase 2. 
mt=mutation. *Gain of function through high-level amplifi cation or mutation. †Homozygous deletion or mutation. 

Cancer stem cells
Derived from transformed neural stem cells
or de-differenciated mature neural cells

IDH1/IDH2 mt (>66%)

t(1;19)(q10;p10) (>66%)

MGMT meth (60%)

O2 or M2, 
median overall

survival 6–12 years

Primary glioblastoma,
median overall survival

1–2 years

Secondary glioblastoma,
median overall survival

1–2 years

A3, median 
overall survival

3 years

A2, median 
overall survival

6–8 years

IDH1/IDH2 mt (>66%)

t(1;19)(q10;p10) (>66%)
CHR 9p loss (33%)
CHR 10 loss (33%)

MGMT meth (70%)

O3 or M3, 
median overall

survival 3 to >10 years

TKGFR* (70%)
NF1† (20%)
PTEN† (33%)
PI3K* (15%)

MDM2 amp (15%)
TP53† (35%)

CDKN2A/B† (50%)
CDK4 amp (20%)
RB1† (10%)

CHR 7 gain (80%)
CHR 10 loss (80%)

MGMT meth (50%)

IDH1/IDH2 mt (70%)

TP53† (60%)

CHR 7 gain (50%)

MGMT meth (50%) IDH1/IDH2 mt (70%)

TP53† (50%)

CHR 7 gain (50%)
CHR 9p loss (50%)

MGMT meth (50%)
IDH1/IDH2† (70%)

TP53† (60%)

CDKN2A/B† (20%)

CHR 7 gain (50%)
CHR 9p loss (60%)
CHR 10 loss (60%)

MGMT meth (75%)



Données cliniques

La vitesse de croissance du rayon visible à l’IRM a une 
valeur pronostic.

Pallud J, et al. (2006) Prognostic value of initial magnetic resonance imaging growth rates for world health organization grade II 
gliomas. Annals of Neurology. 60, 380–383.

Mandonnet E et al (2003) Continuous growth of mean tumor diameter in a subset of grade II gliomas. Ann Neurol 53, 524–528
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• <v>=2mm/an
• évolution linéaire dès R=10mm 
⟹ modèle moins contraignant, Rmin=15mm

continuously during their premalignant phase and do
so at a relatively constant, and hence predictable rate.

Our intent was to focus on the natural history of the
low-grade gliomas that may be followed up during sev-
eral years before a treatment is needed,4,5 and our results
therefore are valid only in this subset of patients before
anaplastic transformation. Even in such a favorable
group, evidence of relentless growth over time contrasts
with the clinical impression that these tumors often sta-
bilize for years before evidence of progression is identi-
fied. A probable explanation for this discrepancy is that a
minor increase of tumor diameter is very difficult to
identify by simple visual comparison of consecutive MRI
without careful measurements, although these changes
have important consequences in terms of tumor volume.
For example, an increase of mean tumor diameter from
3 cm to 3.4 or 3.8 cm will lead to an increase of tumor
volume of 45 and 100%, respectively.

Our data also indicate that the growth of the mean
tumor diameter is apparently linear. According to the
model developed by Swanson and colleagues,6 glioma
growth does not obey an exponential evolution because
many newly produced tumor cells diffuse into the sur-
rounding parenchyma and their density does not reach
the minimal threshold required to appear on MRI. In
this situation, measuring the volumetric doubling time
is not appropriate to describe the growth curves; rather,
one can expect a linear evolution of mean diameter
over time. Our results are compatible with this model.

Interestingly, despite the limitations of manual mea-
surements and the large variation of mean tumor di-
ameters at diagnosis, ranging from 2.1 to 7 cm, the
curves of individual patients appear grossly parallel sug-
gesting a common law of tumor growth. Indeed, a lin-
ear regression of diameter versus time using a mixed
model shows that the average slope of the evolution of

mean diameter over time, !, is 0.00113cm/day (" #
0.00005), corresponding to an increase of 4.1mm per
year with a narrow CI (95% CI, 3.8–4.4mm/year).

Note again that this mean line of growth was ob-
tained in untreated patients followed up for a minimal
period of 2 years, excluding rapidly progressing patients
who required earlier treatment, and ceased to be valid in
case of anaplastic transformation. Our results are never-
theless relevant for a substantial group of low-grade oli-
godendrogliomas or mixed gliomas and indicates that
the dynamic properties of these tumors are most often
comparable between various patients. The underlying bi-
ological processes that determine tumor growth therefore
should be similar, although still unknown.

Modeling radiological growth could be useful for the
clinician. First, it would help to predict future MRI
changes. Second, the observation that these tumors do
not stabilize and that an important increase of tumor
volume often is required to be easily detected in the
clinical setting could support the authors who propose
an early surgical approach when safe macroscopically
complete resection is possible at the onset.7–9 Indeed,
the “wait and see” policy10–12 often is based on the
assumption that the tumor size may remain unchanged
for prolonged periods. Third, patients whose evolution
clearly differ from the mean line could be identified
early, eventually leading to a “dynamic classification”
of low-grade gliomas. Treatment guidelines then could
be adapted accordingly. Finally, this model could be
used to study the role of slowly acting or cytostatic
treatment whose main effect would be to shift down
the slopes of the growth curves.

We thank P. Broët for helpful discussions about statistical analysis
and J. Hildebrand for his critical review of the manuscript.
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Fig 3. Tumors diameter evolution after time adjustment. For
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lames d’un patient. On observe une petite di�érence mais la méthode est robuste.
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Effets de la radiothérapie
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– la décroissance du rayon n’est causée que très indirectement par la mort cellulaire (ce qui
explique l’e�et de retard et la durée de la décroissance).

9.2 Notre modèle de la radiothérapie
Nous avons simulé l’action de la radiothérapie par un modèle très simple car le phénomène réel

est encore mal compris et les données biologiques sont di⇥ciles à obtenir (il faudrait des biopsies
post-RT échelonnées dans le temps).

L’e�et sur les cellules

La radiothérapie est particulièrement létale pour les cellules en division donc elle touche très
peu le centre de la tumeur qui est déjà saturé. Nous avons supposé qu’il n’a aucune action directe
sur l’œdème.

Au moment ponctuel de la radiothérapie, on applique la transformation suivante à la densité
de cellules :

c(⌅r, t) =

⇤
⇧

⌅
c(⌅r, t) ·

�
1� r

R0

⇥2

si r < R0

0 si r > R0

(9.3)

où nous avons posé que R0 est la longueur d’e⇥cacité de la radiothérapie. Toutes les cellules
situées au-delà de R0 sont éliminées et une certaine quantité de cellules situées en deça sont tuées,
majoritairement les cellules situées juste avant R0, c’est à dire dans la zone de forte prolifération.
Ce modèle permet de sélectionner prioritairement les cellules les plus radiosensibles ; celles qui sont
en division.

Pour comparer facilement les tumeurs de tailles di�érentes, nous avons introduit le paramètre
d’e⇥cacité r0 tel que R0 = r0 ·R(Ttt) où R(Ttt) est le rayon visible à l’IRM au moment du début de
la radiothérapie. Plus r0 est petit, plus la cible de la radiothérapie est large et plus elle est e⇥cace.
Un exemple d’e�et de la radiothérapie est présenté dans la figure 9.1.

Ce paramètre r0 peut être rapproché du coe⇥cient � du modèle de Swanson et al [RARS09]
vu à la section 8.3 car ils représentent la même caractéristique physique : la sensibilité des tissus
aux rayonnements ionisants.

L’e�et sur le signal T2

La décroissance du rayon à l’imagerie est provoquée par la décroissance de l’œdème puisque le
drainage n’est plus contrebalancé par la création d’œdème jusqu’à ce que les cellules tumorales se
remettent su⇥samment à croître.

9.2.1 L’influence des paramètres
Nous avons commencé par étudier l’action de chaque paramètre indépendemment ; ce qui nous

a permis de remarquer que chacun joue un rôle bien déterminé à un moment donné. Seuls deux
couples de paramètres sont impossibles à dissocier : ⇥ et D d’une part et ⇤ et µ d’autre part.
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Gerin et al (2013?) Quantitative characterization of the imaging limits of diffuse low-grade gliomas, soumis
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Quantification de l’oedème II



Méthode

• essai n°1 : le maximum de vert

     dépend de la coloration -> nécessité de trouver une référence commune.

• essai n°2 : la différence rouge-vert

plus elle est faible, plus l’image est grise (contient de l’oedème non coloré); 
indépendamment de l’âge de la lame.  
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Modéliser ?

• La tumeur est un système complexe. On peut la modéliser de plusieurs 
manières :

‣ comme un système isolé (croissance, migration, mort des cellules),

‣ en interaction avec son environnement (communication avec les 
cellules saines, angiogenèse, système immunitaire, ...),

‣ comme un système couplé aux traitements (radiothérapie, 
chimiothérapie, ...).
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Pallud J, et al. (2012) Dynamic imaging response following radiation therapy predicts long-term outcomes for diffuse low-grade gliomas, Neuro-Oncology, 14(4):1-10

Calcul du rayon moyen

rayon moyen = MTD/2
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Results of variation of tl ) tb as a function of r0 are shown
in Fig. 1 bottom right (grey curve). These were obtained
from simulation of (5) with v = 2 mm ⁄year and
j = 2 ⁄year. We remark that variations can be quite appre-
ciable when r0 varies from 1 to 100, but since nothing jus-
tifies a choice of a large initial tumour size, in applications
that follow in the next section, we restrict ourselves to ini-
tial conditions corresponding to tumours of radius 1.

Clearly, parameters D and j appearing in the model
equation are also expected to play an important role in
determination of value of the correction. We represent
difference tl ) tb between time of biological tumour gene-
sis calculated with the diffusion–proliferation model and
with linear extrapolation, in (D, j) Fig. 2. There are two
frontier lines between the coloured area (where constraints
of linearity and maximum time evolution are satisfied)
and the grey area (where at least one condition is not
satisfied). The frontier at-large diffusion coefficient is
related to linearity constraint and its equation is:
j ⁄D = 1.3 ⁄mm2. Frontiers at small diffusion coefficient
values are related to radius of 15 mm not being reached
after maximum time of 50 years. Minimum value of
velocity that allows reaching a radius of 15 mm after evo-
lution of 50 years is 0.3 mm ⁄year, which roughly corre-
sponds to the equation of the second frontier. The diagram
that depicts difference tr ) tl between times of radiological
tumour genesis calculated with the diffusion–proliferation

model, and tumour onset estimated with linear extrapola-
tion, in the (D, j) diagram is very similar to diagram of
tl ) tb. Maximum is also reached for small values of j and
D, and its value is around 8 years, compared to 35 years
for tl ) tb (data not shown). We remark readily that time
difference tl ) tb on date of birth of the tumour increases
when the proliferation coefficient j decreases and can
exceed 25 years for j ! 0.25 ⁄year. On the other hand,
when j is equal to 10 ⁄year, tl ) tb is close to zero. When
the value of v is taken equal to 4 mm ⁄yr (mean diametric
velocity for low-grade gliomas), variations of tl ) tb
change between 1 year for j = 10 ⁄year and 7 years for
j = 1.2 ⁄year (at the limit of linearity).

Application to cases involving patients

Having established usefulness of estimation of tumour
genesis in a generic case, we now turn to applications to
cases where we deal with real-life patients. A series of
264 patients with grade II glioma is used, followed up
between 1992 and 2009 in a French glioma study group
[Réseau d’Etude des Gliomes (REG), France] and satis-
fying the following criteria (40): (i) adult patients, older
than 18 years at MRI scan; (ii) absence of definite con-
trast enhancement on T1-enhanced image, defined by
nodules of high intensity; (iii) histological diagnosis of
supratentorial hemispheric WHO grade II gliomas; and
(iv) MRI follow-up before treatment, allowing to esti-
mate diametric velocity of expansion of the tumour
(a minimum of two available scans). Patients were
excluded when oncological treatment was administered
(except for stereotactic biopsy) or when anaplastic trans-
formation had occurred, either proved histologically or
suspected, when a contrast enhancement appeared on
MRI. For each MRI, three diameters were manually mea-
sured always by the same neurosurgeon who was blind
to patient and examination data, and who did not partici-
pate in subsequent analysis of the data. In the axial
plane, the largest diameters of anterior–posterior axis and
perpendicular transverse axis were measured on T2-
weighted images. In the sagittal plane, only T1-weighted
image was available and was used to measure largest
diameter along the vertical axis. Mean diameter was
obtained as geometric mean of the three diameters, that
is cube root of their product. For each patient, the curve
providing velocity of expansion of mean tumour diame-
ter as function of time was fitted by linear regression.
Diametric velocity of expansion was obtained from the
slope of the linear regression.

An estimate of uncertainty of value of velocity has
been obtained in (41): mean tumour diameter measured as
geometric mean of three diameters and, on the other hand,
from volume of the tumour calculated from full 3D
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Figure 2. Time difference tl - tb between the tumour onset predicted
by the linear approximation and the biological onset of the tumour
predicted by the proliferation-diffusion model, represented in colour
levels, in the (D, j) plane. The grey zone corresponds to cases that do
not fulfil the constraints, i.e. either the evolution of the radius is not linear
at r = 15 mm or the radius r = 15 mm is not reached after 50 years of
tumour growth.
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Notably, all of these developments have used routine
clinical MRIs (5-mm slices with T1-Gd and T2 sequences).
Further advances can easily be incorporated, increasing the
resolution, but current technology is already adequate for
many practical purposes.

BRAIN HETEROGENEITY:
MODELING CHEMOTHERAPY

Chemotherapy would seem to be the most likely way
to reach all tumor cells, both the local bulk and the diffusely
invading cells. However, the drugs must be able to penetrate
the normal blood-brain barrier. Even then, the heterogeneity
of the vascular density within the grey and white matter can
affect the results. Swanson et al showed that, although the
total number of tumor cells within the brain may be
decreasing with chemotherapy, the extent of invasion of
the tumor remains practically unaffected due to the continu-
ing motility of the tumor cells within the white matter (36).
Even though the tumor appears to be regressing on MRI,
extensively invaded tumor cells remain occult, below the
detection abilities of the MRI, primarily throughout the
white matter. Once treatment is stopped, diffuse recurrences
seem inevitable. This suggests a potential difficulty with the
design of clinical trials relying solely on MRI data as a
measure of success of treatment.

VISUALIZING THE RELATIONSHIPS OF D AND Q
Building on the mathematical model of the behavior of

gliomas based solely on their net rates of proliferation (Q)
and diffusion (D), one can construct a log-log graph of D vs
Q (Fig. 8B). One of the advantages of a log-log graph is that
both the products and ratios of D and Q can be expressed as
straight lines. In Figure 8B the diagonal between the point
D = 100 mm2/year and Q = 1/year and the point D = 10 mm2/
year and Q = 10/year represents all of the points where the
product DQ = 100 mm2/year2 and the square root of
the product DQ = 10 mm/year. Thus, using the Fisher
approximation of the velocity being twice this square root,
v = 20 mm/year. One can then add parallel lines represent-
ing any desired velocities (Fig. 8B).

Similarly, the other diagonal between the point D = 10
mm2/year and Q = 1/year and the point D = 100 mm2/year
and Q = 10/years represents all of the points where D/Q = 10
mm2 (Fig. 8A). Parallel lines can be added representing any
desired ratios of D/Q (Fig. 8A). Swanson has made
computerized simulations of glioma growth revealing that
at the average time of diagnosis, when the visible radius is
15 mm, the ratios D/Q of 1, 10, and 100 mm2 represent the
invisible portion to be about 4%, 50%, and 87% of the total
tumor cells (43). Thus, we can speak of the ratio D/Q as an
approximation of the ‘‘Invisibility Index.’’

These graphs could, of course, have been constructed
on a simple linear scale (Fig. 8D), but the products would
have been curved (hyperbolic) and the ratios diverging
straight lines, so that the relationships would have been
obscured rather than revealed.

One is now in a position to see where any particular
glioma fits in this scheme of things, where all of the lines are
superimposed, using a 3-cycle log-log format to include all
of the values so far found for low-and high-grade gliomas
(Fig. 9). Low-grade gliomas are in the bottom left, their
velocities averaging 2 mm/year (24); and high-grade gliomas
are in the top-right, enclosed within a rectangle defined by

FIGURE 8. (A) Log-log graph of D vs Q, with the diagonals
D/Q = 5, 10 and 20 mm2. Computer simulations reveal that
these represent an Invisibility Index with approximately 40%,
50%, and 60% of the glioblastoma at the time of diagnosis
remaining invisible, infiltrating the surrounding normal-
appearing tissue. (B) The opposite diagonal for QD = 100
mm2/year2 or the velocity v = 20 mm/year, with additional
lines for v = 10 and 40 mm/year. (C) Combining A and B onto
one log-log graph. (D) Linear graph of D vs Q, the hyperbolic
(curved) lines for QD = 25 (not labeled), 100 and 400 mm2/
year2 and radiating lines for D/Q = 5, 10, and 20 mm2.

FIGURE 9. A3-cycle log-log graph of D versus Q summarizing
the distribution of high- and low-grade gliomas found so far (24).
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obtained from analysis of time-lapse microscopy of these
progenitors migrating in acute slice cultures. Focusing on
the migration at the infiltrative edge of the tumour
(where there is no necrosis), we plotted individual cell
tracks to a common origin (figure 2d), and the mean-
squared distances (MSDs) travelled by the two progeni-
tor types (retrovirally transformed (c) and recruitable (r)
progenitors) were calculated and plotted against time
(figure 2c). The slope of the MSD versus time provides
an estimate of the equivalent diffusion coefficient D for
each progenitor cell population [4,22–24].

Time-lapse microscopy was also effective for obtaining
the proliferation rate parameter. This analysis showed
that approximately 2 per cent of progenitors at the infil-
trative margins of the tumour underwent mitosis every
hour (giving a cell cycle time of approx. 50 h). In vitro
studies have shown that PDGF-stimulated glial progeni-
tors can proliferate with cell cycle times as fast as 10–
20 h [25]. Since our observations were made at the invad-
ing edge of the tumour for clearer visualization of
individual cells and cellular proliferation rate is dose-
responsive to local PDGF levels [26], we have assumed

that the longer cycle time is likely owing to the decreased
PDGF level in this region. The overall result of having
such a dose–response relationship is that we have effec-
tive proliferation rates that are slower at lower PDGF
concentrations and reach maximal proliferation rates
only at saturating levels of PDGF, provided there is suf-
ficient space. Details regarding the modelling of PDGF
responsiveness to simulate local proliferation and diffu-
sion rates are in the electronic supplementary material,
figures S1 and S2, as are those on the parametrization
of the proliferation dose–response curve of PDGF
(electronic supplementary material, figure S3).

2.2. Radial expansion rates observed on
magnetic resonance imaging and predicted
by the proliferation–invasion–recruitment
model are consistent with human data

Gliomas do not have a well-defined outer ‘edge’ because
they are governed by diffusive growth processes [22,23].
Thus, to look at overall tumour expansion in the model
in comparison with that observed from imaging studies,
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Figure 1. PIR model. (a) Model schematic. The flow chart shows the main components of our model: c represents the population
of glial progenitor cells that are infected with the PDGF-expressing retrovirus, r represents the glial progenitors that are recruited
and do not have the retroviral infection, and p represents the free PDGF in the extracellular space (ECS). An injection of the
retrovirus initiates the c population [4,21]. These cells secrete p at rate hc into the ECS, and p is, in turn, taken up and consumed
by the c and r populations at rates qc and qr, respectively. Uptake of p by c and r results in increased net cellular proliferation
(rc and rr) and dispersal (Dc and Dr) in a dose-dependent manner. In addition to the paracrine stimulation from p, the infected
cells experience autocrine PDGF stimulation in concentration pautocrine. (b) Model equations. The equations for the infected
(c) and uninfected ‘recruitable’ (r) progenitor cells account for the movement and growth of the respective cell populations.
Their net rates of migration and proliferation, D and r, respectively, depend on the local concentration of PDGF ( p) and the
population density, at a given time point, of their own cell type, c or r (equation 1 and 2). Logistic scaling of the net proliferation
terms in these equations reflects the limits contact inhibition imposes on cell division when the total population approaches the
maximum possible density in the tissue. Equation 3 accounts for the secretion of PDGF (p) into the extracellular environment at
rate hc, and loss of p owing to consumption by the c and r progenitor cells at rates qc and qr, respectively, which are scaled by the
percentage of PDGF receptors that are activated (d), and, for infected progenitors only, the percentage of receptors that are not
already in use for autocrine signalling, but rather are available for binding-free PDGF, n. The final equation for the remaining
‘normal’ brain cells (n) (which includes, but is not restricted to, neurons and other white matter cells) reflects their proportionate
decrease in local density (via cell death, which may consist of either apoptosis or necrosis) as those of c and r increase and fill up/
compete for the available space (equation 4). Note that we do not model the dead cells. (Further details of model development,
including values of parameters and initial conditions, may be found in the electronic supplementary material.)
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Discrétisation du modèle

• méthode de Crank-Nicholson

• 2 conditions aux limites et 2 conditions initiales

• ∆r=0,02 mm et ∆t=0,01 an
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5.2.1 La méthode
La méthode des éléments finis est une technique courante pour la recherche de solutions ap-

prochées aux EDP. Elle consiste à résoudre un ensemble de relations discrètes liant les valeurs in-
connues en certains points aux valeurs très proches connues. Parmi les méthodes les plus connues,
on peut citer la discrétisation d’Euler qui est intuitive mais souvent instable.

Dans le cadre de notre problème, nous avons opté pour la méthode de Crank-Nicolson en raison
de sa stabilité et de sa rapidité [PTVF07]. Cette méthode a été créée en 1947 par la mathémati-
cienne Nicolson et le physicien Crank pour résoudre l’équation de la chaleur, problème très proche
du notre.

Pour la résolution de notre problème, nous avons posé xj = j ·�x et t = t ·�t donc la densité
de cellule au point j et au temps t devient ⇥tj = ut

j/xj.
Pour que la solution de l’équation di�érentielle ordinaire (EDO) soit unique, il est nécessaire

que le nombre de conditions initiales aux limites soit égal à l’ordre de l’EDO. Dans le cas d’une
équation aux dérivées partielles comme l’équation DPS, les conditions initiales ne su⇥sent plus à
assurer l’unicité de la solution. Il faut aussi fournir des conditions aux limites. Nous avons posé
que ut

0 = 0 (sinon il y aurait une divergence) et ut
⇥ = 0 (loin du centre de la tumeur, le tissu

est sain). La densité étant une fonction paire, u est une fonction impaire donc ut
�1 = ut

1. Lors de
la discrétisation, le terme u2 est remplacé par un+1un au lieu de u2

n pour éviter des oscillations
chaotiques [RGSW08, HA89].

Discrétisation de l’équation DP à trois dimensions en coordonnées sphériques

⇤⇥

⇤t
= D

⇤
⇤2⇥

⇤r2
+

2

r

⇤⇥

⇤r

⌅
+ �⇥(1� ⇥) (5.1)

En posant ⇥ = u/r :

⇤u

⇤t
= D

⇤2u

⇤r2
+ �u(1� u

r
) (5.2)

où u(r = 0, t) = 0 et �u
�r (r = 0, t) = ⇥(r = 0, t).

Cette équation n’est pas la même que l’équation de Fisher-KPP avec saturation à une dimension
puisque l’on voit apparaître un terme de courbure en u2/r au lieu du terme en u2.

ut+1 � ut

�t
= �

⇤
ut+1
n � ut+1

n ut
n

r

⌅
+D�t

⇤
ut+1
n+1 � 2ut+1

n + ut+1
n�1

(�x)2

⌅

ut+1
n

⇤
1� ��t+

��t

r
ut
n +

2D�t

(�x)2

⌅
� D�t

(�x)2
�
ut+1
n�1 + ut+1

n+1

⇥
= ut

n (5.3)

Le développement de la simulation est symétrique dans l’espace (le coe⇥cient devant ut+1
n�1 est

le même que devant ut+1
n+1).

5.2.2 Les paramètres
Le choix du pas de temps et du pas d’espace est un compromis entre temps de calcul et précision

souhaitée.
�t = 0, 01 an soit 3, 65 jours pour une durée simulée de 50 ans soit 5 000 pas de temps calculés

pour chaque simulation.

Press, W. H., Teukolsky, S. A., Vetterling, W. T. et Flannery, B. P. : Numerical Recipes 3rd Edition : The Art of Scientific Computing. Cambridge 
University Press, 3 édition, septembre 2007.
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Figure 8.1: les e�ets de la radiothérapie en fonction du temps. On peut remarquer que la durée
typique de remise en état du tissu est de l’ordre de la dizaine de mois ; comme le délai de recroissance
tumorale observé cliniquement pour le gliome.

Les e�ets moléculaires peuvent être :
– indirects : radiolyse de l’eau qui aboutit à la formation de radicaux libres OH. très réactifs.
– directs : perte ou gain d’électron par intéraction directe ou par transfert des charges formées

dans la couche d’hydratation proche. Cet e�et est d’autant plus important que l’énergie
déposée est élevée.

Ces e�ets moléculaires sont à l’origine de dommages biologiques irréversibles sur l’ADN :
– des troubles fonctionnels lors de la transcription,
– des pontages incompatibles avec la transcription et la réplication,
– des anomalies de la réplication bloquant le cycle cellulaire et empêchant la division cellulaire.

On estime qu’une dose de 1 Gy entraine entre 500 et 1000 ruptures simples brin par cellule et
environ 40 doubles ruptures.

Au niveau de la membrane, on observe des lésions des phospholipides (attaque par OH. et
réactions en chaîne avec les doubles liaisons des acides gras insaturés). Les conséquences sont
l’altération de la fluidité membranaire, ce qui entraine des perturbations fonctionnelles (transferts
ioniques, a⇥nités des récepteurs pour les ligands...) et des répercussions au niveau de l’organisme
entier (perturbation des communications intercellulaires).

La durée des réparations varie de quelques minutes à plusieurs heures ; ce qui entraine une
ralentissement de la croissance tumorale pendant ce temps. Le retard dans la division cellulaire
dépend de la phae du cyle cellulaire ; l’arrêt est d’autant plus long que la cellule est proche de la
division.

Des doses supérieures à 1 Gy réduisent considérablement la prolifération cellulaire dans un
tissu. Après un délai de quelques heures, les divisions cellulaires reprennent mais certaines d’entre
elles sont anormales et donnent naissance à des cellules qui dégénèrent. Les tissus à renouvellement
rapides présentent des e�et précoces puisque les cellules mutées restent viables pendant quelques
divisions.



Caractériser l’efficacité de la radiothérapie
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