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Abstract

The present thesis is devoted to the investigation of certain aspects of the large time behavior of the
solutions of two nonlinear Schrédinger equations in dimension three in some suitable perturbative
regimes.

The first model consist in a Schrédinger equation with a concentrated nonlinearity obtained con-
sidering a point (or contact) interaction with strength «, which consists of a singular perturbation
of the Laplacian described by a selfadjoint operator H,, and letting the strength a depend on the
wave function: z’% = Hyu, a = a(u). It is well-known that the elements of the domain of a point
interaction in three dimensions can be written as the sum of a regular function and a function
that exhibits a singularity proportional to |z — x| ™!, where x¢ is the location of the point inter-
action. If ¢ is the so-called charge of the domain element u, i.e. the coefficient of its singular part,
then, in order to introduce a nonlinearity, we let the strength a depend on u according to the
law o« = —v|q|?, with v > 0. This characterizes the model as a focusing NLS with concentrated
nonlinearity of power type. In particular, we study orbital and asymptotic stability of standing
waves for such a model. We prove the existence of standing waves of the form u(t) = e™“!®,,
which are orbitally stable in the range o € (0, 1), and orbitally unstable for o > 1. Moreover,

we show that for o € (0, %) U (%, \fjil) every standing wave is asymptotically stable, in the
following sense. Choosing an initial data close to the stationary state in the energy norm, and
belonging to a natural weighted LP space which allows dispersive estimates, the following resolu-
tion holds: u(t) = @t d, 4 U, % o + Too, where U, is the free Schrédinger propagator,
Woo > 0 and Yoo, 7o € L*(R3) with ||recz2 = O(t™P) as t — +oo, p = 5, 1 depending on
o € (0,1/V/2), o € (1/v/2,1), respectively, and finally I(¢) is a logarithmic increasing function

that appears when o € (%, o*), for a certain o* € (L V3+1

27 2V/2

the admitted nonlinearities for which asymptotic staf)ﬁity\(g solitons is proved, are subcritical in
the sense that it does not give rise to blow up, regardless of the chosen initial data.
The second model is the energy critical focusing nonlinear Schrédinger equation i% = —Au —
|u|*u. In this case we prove, for any v and g sufficiently small, the existence of radial finite
energy solutions of the form u(t, ) = e ONV2()W (A(t)x) + eAC* + 071 (1) as t — +00, where
alt) =aolnt, \(t) =t¥, W(z) = (1+ %]a:|2)_1/2 is the ground state and ¢* is arbitrarily small in
H.

} . Notice that in the present model

Keywords
Nonlinear Schrodinger equation, soliton, asymptotic stability, energy critical, focusing, radial
solution.
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Résumé

Cette thése est consacrée a 'étude de certaine aspects du comportement en temps longs des
solutions de deux équations de Schrodinger non-linéaires en dimension trois dans des régimes
perturbatives convenables.

Le premier modéle consiste en une équation de Schrodinger avec une non-linéarité concentrée
obtenue en considérant une interaction ponctuelle de force «, c’est-a-dire une perturbation sin-
guliére du Laplacien décrite par un opérateur autoadjoint H,, ou la force a dépend de la fonction
d’onde : i‘é—? = Hyu, o = «(u). 1l est bien connu que les éléments du domaine d'une interac-
tion ponctuelle en trois dimensions peuvent étre décrits comme la somme d’une fonction réguliére
et d’'une fonction ayant une singularité proportionnelle a |z — x9|~!, ot ¢ est I’emplacement
du point d’interaction. Si q est la charge d’un élément du domaine w, c’est-a-dire le coeffi-
cient de sa partie singuliére, alors pour introduire une non-linéarité, on fait dépendre la force
a de u selon la loi @ = —v|q|?, avec v > 0. Ce modeéle est défini comme une équation de
Schrédinger non-linéaire focalisant de type puissance avec une non-linéarité concentrée en x.
Notre étude porte sur la stabilité orbitale et asymptotique des ondes stationnaires de ce modéle.
Nous prouvons l'existence d’ondes stationnaires de la forme u(t) = e™!®,,, qui soient orbitale-
ment stables pour o € (0,1) et orbitalement instables quand o > 1. De plus nous montrons que
si o € (0, %) U (%, 1), alors chaque onde stationnaire est asymptotiquement stable, a savoir
que pour des données initiales proches d’un état stationnaire dans la norme d’énergie et appar-
tenant & un espace LP pondéré ou les estimations dispersives sont valides, I'affirmation suivante
est vérifiée : il existe weo > 0 et Yo € L2(R3) tel que Yoo = Or2(t7P) quand t — +oo0, tel que
1

u(t) = et 4 U, % 1o + 7o, 00 U; est le propagateur de Schrédinger libre, p = %, I

respectivement en fonction de o € (0,1/v/2), 0 € (%7 \fjil)’ et [(t) est une fonction a croissance

logarithmique qui apparait quand o € ( %, o*),ou o* € (%, ‘fj;} Notons que dans ce modéle

les non-linéarités pour lesquelles on a la stabilité asymptotique sont sous-critiques dans le sens ol
quelle que soit la donnée initiale il n’y a pas de solutions explosives.

Quant au deuxiéme modéle, il s’agit de ’équation de Schrodinger non-linéaire focalisant & énergie
critique : i% = —Au — |ul*u. Pour ce cas, nous prouvons, pour tout v et ag suffisamment petits,
I’existence de solutions radiales & énergie finie de la forme u(t, z) = e/ *OXV/2()W (A(t)x)+e 2+
oy (1) tout t — +o0, ol at) = aoInt, A(t) =t, W(z) = (14 3|z|*)71/? est I'¢tat stationnaire
et (* est arbitrairement petit en H'.

Mots clés
Equation de Schrédinger, soliton, stabilité asimptotique, energie critique, focalisant, solution
radiale.
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Introduction

The purpose of this thesis is to understand certain aspects of the large time behavior of the
solutions to some nonlinear Schrodinger (NLS) equations of the form

(1) z% = —Au— f(z,|ul?)u, r € R3,

Let us note that it is also possible to consider abstract equations with other self-adjoint operators
in place of the Laplacian. Anyway, the local and global well-posedness of the associated Cauchy
problem have been largely investigated for a wide family of nonlinearities in dimension three as
well as in the generic Euclidean space R", n > 1 (for example see [24], [25], [26], [12] and references
therein). In particular, under suitable hypotheses on f, this equation has a unique solution once
an initial datum is fixed.

Broadly speaking, the evolution turns out to be a competition between the linear part of the
equation (which tends to disperse the solution) and the nonlinear part (which can either focus
or defocus the solution depending on the sign of the nonlinear function f). Therefore, one might
expect the dynamics to be a combination of three phenomena. The first one is a linearly dominated
behavior which occurs when the effects of the linear part dominate those of the nonlinear one.
In such a case, the solution is global and at large times converges to a solution to the linear
Schrédinger equation that is known to disperse to zero. One can also have a nonlinear dominated
behavior when the nonlinear effects are stronger than the linear ones. In this situation, if equation
is focusing (as will be in this thesis), then the solution can develop singularities at finite times.
Finally, the linear and nonlinear effects may be in balance. In the focusing case one of the most
classical manifestations of this regime is the existence of soliton type solutions.

To be more precise in the definition of soliton let us notice that the inhomogeneity given by the x
dependence of f in destroys the translation invariance but the dynamics still enjoys the phase
shift invariance. As a consequence, it is well known that under suitable assumptions equation ([1))
admits a branch of non-trivial solutions of the form

U(t, .’E) = €th(I)w(l'),
with w in some interval and ®,, satisfying
—AdD, + wd, — f(xa ’q)w‘Q)q)w =0.

Existence and uniqueness as well as the properties of the solutions of this equation, which are
called solitary waves or solitons, have been largely inspected, see for example [7] and [12].

Solitons appear in a wide class of nonlinear dispersive partial differential equations such as the
wave equation, the Korteweg-de Vries equation or the Klein-Gordon equation. Omne could believe
that when the nonlinear effects are not strong enough to produce finite time blow up, solutions with
generic initial data should eventually resolve into a superposition of a radiation component (which

ix



x Introduction

behaves like a solution to the linear Schrodinger equation) plus a finite number of modulated
nonlinear bound states. This statement is known as soliton resolution conjecture.

As far as NLS type equations are concerned, the only case where this conjecture is proved rigor-
ously is the cubic NLS in dimension one, that can be integrated by means of the inverse scattering
method. In the non-integrable case the conjecture is in general widely open. However, there are
certain important perturbative regimes that are accessible to the analysis.

Two examples of such perturbative regimes are considered in this thesis both of them being
related to small initial perturbations of a single solitary wave. More precisely, in part || we
study the orbital and asymptotic stability of solitary waves of some three-dimensional NLS with
concentrated nonlinearities opportunely defined, and in part [[If we exhibit some "exotic" regimes
in the vicinity of the ground state of the NLS in the energy critical regime.

Orbital and asymptotic stability for standing waves of a NLS equa-
tion with concentrated nonlinearity in dimension three

The first part of this work is devoted to the analysis of orbital and asymptotic stability of the
solitary waves of a Schrédinger equation with concentrated nonlinearity in dimension three. Such
a model was proposed and constructed by Adami, Dell’Antonio, Figari, and Teta in [I] and [2].
For the analogous one-dimensional model constructed by Adami and Teta in [5] these stability
properties are studied by Buslaev, Komech, Kopylova, and Stuart in [§] and [33].

By Schrédinger operator with concentrated nonlinearity is meant a dynamical generator whose
nonlinear part is localized at one point. More precisely, the considered model is defined through
the nonlinear operator H, defined on a suitable subspace of L?(R"), n = 1, 2, 3, where « is a fixed
functional acting on the element domain precisely defined below. The action of the operator H,
when restricted to regular functions vanishing in 0 is that of the Laplacian. On the other hand,
when « is a constant one gets a family of operators known as pointwise interaction (the topic is
treated in the book of Albeverio et alii [6]). In [37], Noja and Posilicano give a general definition
of concentrated nonlinearities in the case n = 3 that is considered here. In this particular case,
the subspace of L?(IR?) which turns out to be the operator domain of H,, is

D(H,) = {u e LX(R3) : u(z) = ¢(x) + q47rlm with ¢ € H2.(R3), Ap € L*(R?),

. 1 -
qc Cailg(l) <U($) - QW> = 04(“)‘1} )

while the action of the operator is described by

Hou = —Adg.
The complex number q is sometimes called charge. In particular we consider the case
(2) alu) = —v|q*?, v>0,0>0.

For this nonlinearity local and global well-posedness of the dynamics and blow up properties of
the equation

du
3 — =
(3) i

have been studied by Adami, Dell’Antonio, Figari, and Teta in [1] and [2].

H,u, u € D(H,),
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The solitary waves (or standing waves) of Equation exist if and only if w > 0 and their analytic
expression is known (see Section [1.2.2).

Notice that equation is phase shift invariant (but not translationally invariant since this
symmetry is broken by the pointwise interaction): this prevents the solitons from being stable in
the sense of Lyapunov.

Hence, the natural notion to be used in this context is that of orbital stability, which roughly
speaking, is Lyapunov stability up to symmetries. More precisely, one can define the orbit of a
soliton ®,, as O(®,) = {?®,(x), 6 € [0,27)}. Thus, by definition, the state @, is orbitally
stable in the future if for every € > 0 there exists § > 0 such that

|lu(0) — dully <6 = d(u(t),0(®,)) <e Vt>0,

where
d(u, O(dy,)) = inf |ju—o|y,
(0.0(®.) = _inf [lu=vlly
and | - ||y is the norm in the energy space. A stationary state is said to be orbitally unstable if it

is not orbitally stable. This type of investigations can be done following two different approaches:
the first one is based on variational and compactness argument (see the paper of Cazenave and
Lions [13] for details), while the second one is based on the idea of constructing a sort of Lyapunov
function (see the paper of Weinstein [53], [52] and those of Grillakis, Shatah and Strauss [2§],
[29]). In our setting one can observe that the hypotheses of the results of Weinstein [53] and of
Grillakis, Shatah, and Strauss [28] are satisfied then we prove the following theorem.

Theorem 0.1. (Orbital stability) Consider equation (3)) with concentrated power nonlinearity
, then for all w > 0

(a) the standing wave @, is orbitally stable when 0 < o < 1,

(b) the standing wave D, is orbitally unstable when o > 1.

Finally, in the case 0 = 1 instability by blow up is proved exploiting the additional pseudoconfor-
mal transformation. Roughly speaking, for each solitary wave ®,, in any neighbourhood of initial
data there is a (non global) solution of equation (3)) whose charge diverges as the time goes to
infinity. Hence the standing wave is orbitally unstable.

A more challenging and subtle task is the study of asymptotic stability. One says that a soliton
is asymptotically stable if it has a neighbourhood of initial data such that the corresponding
solutions converges in some suitable weighted Lebesgue space to some soliton which is in general
different from the initial one. Hence, one expects that the solution to the NLS equation (3)) can
be decomposed as

u(t, ) = e ((I)w(t) (z) + x(t, l‘)) )

where the real functions w(t) ~ ©(t) behave as a precise constant as the time goes to infinity, while
the function x(t) disperses. This implies that, for large times, the solution u(t) is approximated
by a soliton which might not be the initial one. Under some restriction on the nonlinearity,
asymptotic stability of solitary waves of equation in some fixed dimension were proved by
Soffer and Weinstein [42], [43], and Buslaev and Perelman [9], [I0]. In the cited papers the
techniques nowadays classical in dealing with this type of problems are also developed . These
results have been extended to higher dimension; in this direction some meaningful works are
(14, 48], 511, B0), 22 23, [15].

The first step in the asymptotic stability analysis is the study of the spectrum of the operator L
which comes out linearizing the NLS equation around the solitary wave ®,,. Exploiting the
explicit expression of the resolvent of the linearization L the spectrum o(L) satifies:
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if 0 =1, then L has just the eigenvalue 0 with algebraic multiplicity 4,

if o € (1,4+00), then L has two simple real eigenvalues +p = +20v/0? — 1w and the eigen-
value 0 with algebraic multiplicity 2.

In the case 0 = 1/ V2 the endpoints of the essential spectrum +iw are resonances for the linearized
problem.

The second fundamental ingredient for the study of asymptotic stability consists in the so-called
modulation equations that describe the evolution of the parameter w(t), of the phase O(t), and,
in case of presence of the purely imaginary eigenvalues, of the coefficients of the corresponding
eigenfunctions. Such equations are obtained constructing a solution u(¢) of the NLS equation
close to the stationary wave @, for all £ > 0 and such that the reminder u(t) — Q) 18
symplectically orthogonal to the generalized kernel of the linearized operator L(t) at every positive
time.

In order to obtain information about the asymptotic behavior of the solution of the NLS, we are
interested in determine the behavior of the solutions of the modulation equations as t — +o0. To
this purpose, one studies the behavior of the propagator of the operator L. In particular, some
dispersive estimates for the propagator of L are proved. As it often happens in establishing such
estimates, the structure of the resolvent of the linearized operator (in this case it is explicitly
known) imposes to chose the initial data in some suitable weighted L'(R?). Let us denote this
weight by w.

In the thesis only the spectral cases o € (0,1/v/2) and o € (%, \f\/gl) are studied. The first case
correspond to the absence of non-vanishing eigenvalues while in the second case purely imaginary
eigenvalues +i€ with the condition 26 > w appear. We do not consider the case o = % where

there is a resonance at the endpoint of the continuous spectrum. In the first case the steps
described above lead to the following result.

Theorem 0.2. (Asymptotic stability in case the point spectrum only consists in the
etgenvalue 0) Assume that u(t) € C(RT, V) is a solution to with concentrated power non-
linearity where o € (0,1/+/2). Moreover, suppose that u(0) = ug € V N LL (R?). Denoting

d = |luo — ™ Py lynry,

w

for some wo > 0 and 6y € R, then, provided d is sufficiently small, the solution u(t) can be
asymptotically decomposed as

u(t) = e“=td,, 4+ Up % oo + Too(t),
where Woo > 0 and Yoo, Too € L*(R3) with

1700 ()| L2 = O(f5/4) as t — 400,
in L?(R3).

1 VB4l
V2’ 2v2
eigenvalues slows down the speed of decay of the reminder ro,. This slower decay can be observed

by the behavior of the parameters whose evolution is described by the modulation equations.
Hence, in order to deal with the modulation equations, it is necessary to consider also the quadratic
and the cubic terms of the nonlinearity and, later, to exploit a change of variables to have a normal
form of the modulation equations to proceed with the dispersive estimates and the asymptotic
behavior analysis. This makes more complicate the study of the properties of ¥ and r.

In order to formulate the last result we denote by Wi, Uy the eigenfunctions corresponding to the
purely complex eigenvalues, and by zy the associated coefficient in the initial datum.

Finally, in the second spectral case (o € ( )), the presence of the two purely imaginary
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Theorem 0.3. (Asymptotic stability in the case of purely imaginary eigenvalues)
Assume that u(t) € C(R1,V) is a solution to (3) with concentrated power nonlinearity where

o€ (%,a*), for a certain o* € (%, \éﬁj;] Moreover, suppose that the initial datum

U(O) =ug = eiwo-i—’yoq)wo + eiwo-‘rvo[(zo + 270)\111 + i(Z(] — ZT))\I/Q] + foeVn L}U(R?’),
with wo > 0, 70, 20 € R, and fo € L2(R3) N LL (R3) is close to a stationary wave, i.e.
20l <€ and || follzy, < c€¥/?,

where ¢, € > 0.
Then, provided € is sufficiently small, the solution u(t) can be asymptotically decomposed as

u(t) = eweottibilogltehoct) | 4 1, s 4hog + 1o (t),
where Weo, €koo >0, by €R, and Yoo, Too € L*(R3) such that
[7oo(t)|l 2 = O™ Y4 as t — +oo,

in L?(R3).

Nondispersive vanishing and blow up at infinity for the energy crit-
ical nonlinear Schrodinger equation in R?

In the second part of the thesis we study the equation (also called energy critical NLS equation)

) gAY - lul*u e R?
u(0) = ug € H'(R?) '

This Cauchy problem is known to be locally well-posed: for any initial datum wug € H H(R3)
there exists a unique solution u defined on a maximal interval of definition I = (7_, T ) such that
u e C(I, H (R?)NL(Z x R3) for any compact interval Z C I. If Ty < +o0 (or T_ > —00), then
|l 100, )xr8) = +00 (respectively |[ullzi0(1_ 0)xrs) = +00), and one says that the solution
blows up in finite time.

During their lifespan the solutions to satisfy the conservation of energy

1

/ lu(t, z)|°dz = E(u(0)).
RS

Bu(t)) = = [ IVu(t.)de — g

2
Both the energy and the equation are invariant under the scaling

t x
tox) — AV 5, T YA > 0.
u(t, x) uly2y )

The existence of this invariance is the reason of the name "energy critical NLS".
If the initial data are sufficiently small, the solution is global and scatters as ¢t — oco. For large
data, the exitence of finite time blow up solution can be proved by mean of the viral identity

d? 16

G [Pt o)Pde =8B - 3 [ Ju(t.)°ds
dt? R3 3 R3

which shows that localized initial data with negative energy must break down in finite time.
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Moreover, equation admits a stationary state in H'(R?), namely a solution of
—AW — |[W|*W = 0.

A particular solution to the above equation is the so-called Talenti-Aubin solution

we = (1)

which belongs to H*(R?) but not to L*(R?).
In [31], Kenig and Merle show that the energy of the ground state W is critical in the following
sense: for any u(t) a radial solution to such that E(u(0)) < E(W) one has

if [|w(0)[| 1 < [[W |1, then the solution is global and scatters as t — oo;
if ||u(0)|| g1 > [W]lz and u(0) € L?(R3), then the solution blows up in finite time.

The behavior of radial solutions with critical energy was classified by Duyckaerts and Merle in
[19]. In this case, in addition to finite time blow up and scattering to zero (and W itself), one
has solutions that as t — co converge in H'(R3) to a rescaled ground state. In the case where
E(u(0)) > E(W) the dynamics is expected to be richer and to include the solution that as t — oo
behave as a modulated ground state eia(t))\%(t)W()\(t)x) with fairly general a(t) and A(t).

For a closely related model of the critical wave equation, the solutions of this type with A(¢) — oo
as t — oo (blow up at infinity) and A(¢) — 0, tA(t) — oo as t — oo (non-dispersive vanishing)
were recently constructed by Donninger and Krieger (see [I7]). The goal of the second part of
this thesis is to prove an analogous result for the NLS equation . More precisely we show the
following theorem.

Theorem 0.4. There exists fo > 0 such that for any v, ag € R with [v| + |ag| < Bo and any
§ > 0 there exist T > 0 and a radial solution u € C([T,+o00), H' N H?) to of the form:

(5) u(t,z) = e ONOW(A()e) + (¢, ),
where A(t) = t¥, a(t) = agInt, and ((t) verifies:

SO g <6,
(6) 1CH) || e < CE 57,
| < Az > C(t)|| e < O3,

for allt > T. The constants C here and below are independent of v, oy and 9.
Furthermore, there exists (* € H®, Vs > % — v, such that, as t — 400, ((t) — e*A¢* — 0 in

H'n H?2.

As mentioned above, a similar result is obtained for the energy critical wave equation by Donninger
and Krieger in [I7]. Their construction was inspired by the previous work of Krieger, Schlag,
and Tataru [35] where the case of finite time blow up was considered. Both these papers and
the references therein have been a source of inspiration for parts of the techniques to construct
solutions to equation as in the previous theorem.

The first step in proving this kind of results is to construct an approximate solution to the NLS
equation (4) with an error that decay sufficiently fast in time. In order to do that it is useful to
split the space R? in three regions related to three different space scales: the inner region with the
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scale t“|z| < 1, the self-similar region where |z| = O(t!/2), and, finally, the remote region where
|| = O(t). In the inner region the solution will be constructed as a perturbation of the profile
gloovIntyv/ 2W (tVz). While, the self-similar and remote regions are the regions where the solution
is small and described essentially by the linear equation i% = —Au.

The second step consists in considering the linearization of around W and prove the bound-
edness of the propagator of the linearized operator along its essential spectrum in the H'(R3).
To achieve this result we use the distorted Fourier transform and some of its properties. In such
arguments, some of the techniques are from Buslaev and Perelman [9)], and Krieger and Schlag
[34].

Finally, in the third and last step the results of the previous steps are exploited in order to prove,
by a fixed point argument, the existence of an exact solution on the NLS equation that satisfies
the properties claimed in the theorem.

The results presented here form the core of three papers:

e R. Adami, D. Noja, and C. O., Orbital and asymptotic stability for standing waves of a
NLS equation with concentrated nonlinearity in dimension three, to appear in Journal of
Mathematical Physics, avaible at arxiv.org/pdf/1207.5677.

e R. Adami, D. Noja, and C. O., Orbital and asymptotic stability for standing waves of a NLS
equation with concentrated nonlinearity in dimension three. I, in preparation.

e C. O., G. Perelman, Nondispersive vanishing and blow up ot infinity for the energy critical
nonlinear Schridinger equation in R3, to appear in St. Petersburg Mathematical Journal.
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Introduction

Le but de cette thése est de comprendre certains aspects du comportement en temps longs des
solutions des équations de Schrédinger non-linéaires (NLS) de la forme

(7) i— = —Au— f(z,|u|*)u, r € R3.

Notons qu’on peut aussi considérer des equations abstraites avec des opérateurs autoadjoints
autre que le Laplacien. L’existence locale et globale pour le probléme de Cauchy associé a été
amplement examinée pour une grand famille de nonlinéarités (pour exemple voir [24], [25], [26],
[12] et leur références). En particulier, sous des hypothéses convenables sur f, cette équation a
une solution unique une fois que la donnée initiale est fixée.
De maniére générale, I’évolution se révéle étre une compétition entre la partie linéaire de ’équation
(qui tend a disperser la solution) et la partie non-linéaire (qui peut étre soit focalisante, soit
défocalisante en fonction du signe de la fonction f). On pourrait ainsi penser que la dynamique se
caractérise par la combinaison de trois phénoménes. Le premiér est un comportement linéairement
dominé qui apparait quand les effets de la partie linéaire dominent ceux de la non-linéarité. Dans
ce cas, la solution est globale et en temps longs elle converge vers une solution de 1’équation de
Schrédinger linéaire qui nous le savons, se disperse vers zero. Si les effets non-linéaires sont plus
forts que les effets linéaires, on peut avoir un comportement complétement non-linéaire. En ce
cas, si l’équation est focalisante (cas étudié dans cette thése), alors la solution peut développer
des singularités en temps fini. Enfin les effets linéaires et non-linéaires peuvent étre en équilibre.
Dans le cas focalisant une des manifestations les plus classiques de ce régime est l'existence de
solutions solitoniques.
Pour définir d’une fagon plus précise la notion de soliton on observe que la non-homogénéité,
qui vient de la dépendance de f en x dans I’équation , détruit l'invariance par rapport aux
translations mais la dynamique est toujours invariante par rapport a la variation de phase. Par
conséquent, il est bien connu que, sous des hypothéses convenables, 1’équation admet une
famille de solutions de la forme

u(t,r) = e, (z),

avec w appartenant a un intervalle et ®,, satisfaisant
~AD, + wd, — f(,]Dy]?) P, = 0.

L’existence, I'unicité et les propriétés des solutions de cette équation, qui sont appelées ondes
solitaires ou solitons, ont été largement inspectées (voir par example [7] et [12]).

Les solitons apparaissent dans une large classe d’équations aux dérivées partielles non-linéaires
dispersives comme 1’équation des ondes, ’équation de Korteweg-de Vries ou 1’équation de Klein-
Gordon. On peut penser que si les effets non-linéaires ne sont pas assez forts pour produire
des solutions explosives en temps fini, les solutions avec des données initiales générales devront
finalement se réduire & une superposition d’un composant de radiation (qui se comporte comme
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une solution de I’équation de Schrédinger linéaire) plus un nombre fini des étas liés non-linéaires
modulés. Cette affirmation est connue sous le nom de conjecture de résolution en solitons .
Pour des équations du type Schrédinger non-linéaire le seul cas ol cette conjecture est rigoureuse-
ment démontrée est celui de 'équation de Schrédinger non-linéaire cubique en dimension un, qui
peut étre intégrée par la méthode du scattering inverse. Dans les cas non-intégrables, la conjecture
est généralement largement ouverte. Il existe cependant certains régimes perturbatifs importants
accessibles & I'analyse.

Dans cette thése nous considérons deux exemples de ces régimes perturbatifs, tous les deux cor-
respondant & de petites perturbations initiales d’une seule onde solitaire.Nous étudirons tout
d’abord la stabilité orbitale et asymptotique des ondes stationnaires pour certaines équations de
Schrodinger non-linéaires avec des non-linéarités concentrées (définies opportunément) en dimen-
sion trois et dans une seconde partie nous exposerons des régimes "exotiques" dans le voisinage
de ’état fondamental de I’équation de Schrédinger non-linéaire & énergie critique.

Stabilité orbitale et asymptotique des ondes stationnaires pour des
I’équations de Schrodinger avec des non-linéarités concentrése en
dimension trois

La premiére partie de cette thése est dédiée a ’analyse de la stabilité orbitale et asymptotique des
ondes solitaires de ’équation de Schrodinger avec des non-linéarités concentrées en dimension trois.
Ce modeéle a été introduit par Adami, Dell’Antonio, Figari et Teta (|I] et [2]). Les propriétés de
stabilité du modéle analogue en dimension un, construit par Adami et Teta ([5]), ont été étudiées
par Buslaev, Komech, Kopylova et Stuart ([8] et [33]).

Un opérateur de Schrédinger & non-linéarité concentrée est un générateur de dynamique dont
la partie non-linéaire est localisée en un point. Plus précisément, le modéle considéré est défini
A Taide de I'opérateur non-linéaire H, défini sur un sous-espace appropri¢ de L?(R"), n = 1,
2, 3, ol « est une fonctionnel fixée agissant sur un élément du domaine défini précisément ci-
dessous.. Dans le cas n = 3 (cas étudié dans cette thése) une définition générale des non-linéarités
concentrées a été donnée par Noja et Posilicano [37]. Dans ce cas, le domaine de l'opérateur H,,
est le sous-espace suivant de L?(R3) :

D(H,) = {u e LX(R3) : u(z) = ¢(x) + q47rlm‘ avec ¢ € H2.(R3), A¢p € L*(R?),

. 1

I’action de l'opérateur étant décrite par

Hou = —Adg.
Le nombre complexe ¢ est parfois appelé charge. Dans cette thése on considére le cas
(8) a(u) = —v|q|*, v>0,0>0.

Pour cette non-linéarité I’existence locale et globale de la dynamique ainsi que les propriétés des
solutions explosives pour ’équation

d
9) z’d—? = Hou, ue D(H,),
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ont éteé étudiée par Adami, Dell’Antonio, Figari, and Teta en [1] et [2].

Les ondes solitaires (ou ondes stationnaires) de I'Equation (9) existent si et seulement si w > 0 et
leur expression analytique est alors connue (voir Section .

Notons que ’'Equation @D est invariante par changements de phase ce qui '’empéche la stabilité
des solitons au sens de Lyapounov.

Un état @, est dit orbitalement stable dans le futur si pour tout € > 0 il existe § > 0 tel que

[u(0) — Bulv <8 = d(u(t),0(®,)) <e V>0,

ot || - ||y est la norme dans l'espace d’énergie, O(®,) = {e®,(z), 6 € [0,27)} est L'orbite de
®, et d(u,0(Py)) = infyeo@,) llu — v||v,. Un état stationnaire est dit orbitalement instable
s’il n’est pas orbitalement stable. L’étude de la stabilité orbitale peut étre mené selon deux
approches différentses : le premiére est basé sur des arguments variationnels dans l'esprit des
travaux pionniéres de Cazenave et Lions [I3], et la seconde repense sur le construction d’une
fonction de Lyapounov (voir Weinstein [53], [52] et Grillakis, Shatah et Strauss [28], [29]). Les
résultats obtenus par ces derniers s’appliquent bien au modéle ici considéré et nous permettent
de démontrer le théoréme suivant.

Theorem 0.5. (Stabilité orbitale) Considérons l’équation (9)) avec non-linéarité puissance con-
centrée , alors pour tout w > 0

(a) Uonde stationnaire ®,, est orbitalement stable s1 0 < o < 1,
(b) Uonde stationnaire ®,, est orbitalement instable si o > 1.

Finalement pour le cas o = 1 l'instabilité par explosions se démontre en exploitant la transfor-
mation pseudo-conforme.

Une tache plus difficile et délicate est I'analyse de la stabilité asymptotique. On dit qu’un soliton
est asymptotiquement stable s'il existe un voisinage de données initiales tels que les solutions
correspondantes convergent dans un espace de Lebesgue convenablement pondéré vers un soliton
qui généralement est différent du soliton initial dont les paramétres sont proches des parameétres
initiales. Plus précisément la solution de I’équation de Schrédinger non-linéaire @ se décompose
comme

u(tvm) = eie(t) ((I)w(t) (:ﬁ) + X(ta :E)) )

ou les fonctions réeles w(t) ~ O(t) converge vers une constante précise quand ¢t — +o0, tandis que
la fonction x(t) se disperse. Sous quelques restrictions sur la non-linéarité la stabilité asymptotique
de I'équation en certain dimension fixée est démontrée par Soffer et Weinstein en [42], [43],
et par Buslaev et Perelman en [9], [I0]. Les techniques développées dans ces articles aujourd’hui
sont considérées comme classiques pour ces type de problémes. Ces résultats ont aussi été prouvés
en dimensions supérieurs (|14}, 48] 511, 30, 22], 23| 15]).

Une premiére étape dans ’analyse de la stabilité asymptotique consiste en ’étude du spectre de
lopérateur L provenant de la linéarisation de I’équation de Schrédinger non-linéaire @ autour
d’une onde stationnaire ®,,. Exploitant ’expression explicite de la résolvante de 'opérateur L on
peut montrer que :

si 0 = 1, alors L a seulement une valeur propre 0 avec multiplicité algébrique 4 ;

si o € (1,+400), alors L a deux valeurs propres réels +u = +20v/02 — 1w et la valeur propre
0 avec multiplicité algébrique 2.
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Danslecaso =1/ V/2 les extrémités du spectre essentiel +iw sont des résonances pour le probleme
linéarisé.

Le deuxiéme ingrédient fondamental pour 1’étude de stabilité asymptotique en I’établissent des
équations de modulation qui décrivent I’évolution de paramétre w(t), de la phase O(t) et, dans le
cas ot les valeurs propres purement imaginaire sont présentes, des coefficientsdes fonctions propres
correspondantes. Ces équations sont obtenues a partir de la décomposition u(t) = eie(t)i)w(t)—kx(t)
avec x(t) symplectiquement orthogonal au noyau généralisé de 'opérateur linéarisé L.

L’étude du comportement asymptotique des solutions des équations de modulation et donc du
comportement asymptotique de ’équation de Schrédinger non-linéaire repose sur les propriétés
dispersives du propagateur de L restreint au spectre essentiel. Lors de ’établissent des estimations
dispersives, le structure de le résolvant de 'opérateur linéarisé (explicite dans notre cas) impose
sauvent de choisir les données initiales dans un espace L!(R?) pondéré convenablement. Dénotons
ce poids par w.

Dans cette thése on étudie seulement les cas spectraux o € (0,1/v/2) et o € (%, ‘f\%l), c'est-a-

dire les cas non-résonants ol on a la stabilité orbitale et en présence de valeurs propres purement
imaginaires +i¢ la condition 2§ > w est satisfaite.. Dans le premier cas la stratégie exposée
ci-dessus permet d’établir le résultat suivant.

Theorem 0.6. (Stabilité asymptotique quand le spectre ponctuel se compose seulement
de la valeur propre 0) Soit o € (0,1/v/2). Soit w € C(R*,V) une solution de ©) avec
uw(0) = ug € VN LL(R3) et wy > 0, 6y € R. On note d = |Jug — ewotl)wOHVlelU. Alors, si d est
suffisamment petit, la solution u(t) se décompose en somme

u(t) = eiwootcpwoo + Ut * oo + Too(t),
01 Woo > 0 et oo € L2(R3) et le reste roo(t) vérifie
|roe(®)|lf2 = O™*)  quand t — +oc.

Dans le deuxiéme cas spectral (o € (%, \fj;)), la présence de deux valeurs propres purement

imaginaires ralentit la vitesse de décroissance du reste ro,. Cette décroissance plus lente peut étre
observée a travers le comportement des paramétrés dont ’évolution est décrite par les équations
des modulation. Pour étudier les équations de modulation il est, dans ce cas, nécessaire de tenir
compte des termes quadratiques et cubiques de la non-linéarité et exploiter un changement de
variables, afin de réduire les équations a une forme normale, ce qui permet ensuite, & l'aide des
estimations dispersives, de procéder a ’analyse du comportement asymptotique. Cela complexifié
I’étude des propriétés de Yo €t roo.

Afin de formuler le dernier résultat notons Wi, W5 les fonctions propres correspondantes aux
valeurs propres purement complexes et zg le coeflicient dans la donnée initiale.

Theorem 0.7. (Stabilité asymptotique en présence de valeurs propres purement imag-
inaires) Soit o € (%,0*), ot o* € (%, ‘fj;] Soit u(t) € C(RT,V) une solution de (9) avec

u(0) =ug € VN LL de la forme

u(0) = ug = e“0T0P,, + e“0T0[(29 + Z5) U1 +i(20 — Z0) Vo] + fo € V N Ly (R?),
ot wo >0, Y0, 20 € R, et fo € L2(R3) N LL(R3) sont tels que

1/2

0] < e and —||folly, < 2,

avec ¢, € > 0.
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Alors, si € est suffisamment petit, la solution u(t) se en somme
u(t) = ewettibe log(lJrekoot)(I)woo Uy %o+ (), as t— 400,
0T Weo, koo >0, by ER et oo € L2(R3) et 7o (t) vérifie
700 ()| 22 = O(t_1/4) quand t — 400,
en L?(R3).

Relaxation non-dispersive et explosion & I’'infini pour ’équation de
Schrodinger non-linéaire & énergie critique en dimension trois

Dans la deuxiéme partie de cette thése nous étudierons I'équation (appelée équation de Schrodinger
non-linéaire a énergie critique)

iccll—? = —Au—|u*u zecR3

(10) w(0) = uo € H(R3)

Ce probléme de Cauchy est bien posé localement en temps : pour tout donnée initiale ug € H H(R3)
il existe une unique solution u définie sur un intervalle maximal de définition I = (T_,T%) tel que
uwe O(I, H (R?))NL'Y(Z x R?) pour tout intervalle compact Z C I. Si Ty < +o0 (ou T > —o0),
alors [|ul|p10((0,1,)xr3) = +00 (respectivement [lu|f10((7 0)xr3) = +00) et on dit que la solution
explose en temps fini.

Pendant sa durée de vie la solution de conserve I’énergie :

Eu(t)) = ;/RS Vu(t, 2)|%dz — é /RS lu(t, @) °dz = E(u(0)).

L’énergie et I’équation sont toutes les deux invariantes par changement d’échelle

t x
u(t, x —s A2y —,= |, YA > 0.
( ) )\2 )\
Si les données initiales sont suffisamment petites, la solution est globale et se disperse quand
t — oco. Pour des données grandes on peut démontrer I'existence de solutions explosives en temps
fini & ’aide de l'identité de viriel
d2

16

2 2 4
o == E - T

% /3 |z|“u(t, z)|“dx = 8E(u) 3 /3 lu(t, z)| dx,

qui montre que le solutions avec des données initiales localisés avec énergie négative ne peuvent
pas vivre qu'un temps fini.
De plus I'équation (10) admet un état stationnaire en H'(R3), c’est-a-dire une solution de

—AW — [W['W = 0.
Une solution particuliére de I’équation ci-dessus est la solution de Talenti-Aubin

o - (14 42)™

qui appartient & H'(R3) mais non a L2(R?3).
En [31], Kenig et Merle montrent que I’énergie de I’état stationnaire W est critique au sens suivant
: pour chaque u(t) solution radiale de tel que E(u(0)) < E(W) on a



xxii Introduction

si [[u(0)|| g1 < [[W]| 1, alors la solution est globale et se disperse pour ¢ — 00 ;
si [|[u(0)]l 1 > Wiz et u(0) € L(IR?), alors la solution explose en temps fini.

Le comportement des solutions radiales & énergie critique a été classifié par Duyckaerts et Merle
[19]. Dans ce cas, en plus de I’explosion en temps fini et dispersion a zéro (et & W méme), on a des
solutions qui quand ¢ — oo convergent dans H' (R3) vers un état stationnaire re-écaillé. Quand
E(u(0)) > E(W), on s’attende a ce que la dynamique soit plus riche et inclue des solutions qui
quand ¢ — oo se comportent comme un état stationnaire modulé eio‘(t))\%(t)W()\(t)m) avec o(t)
et A(t) assez généraux.

Pour le modéle trés proche de I’équation des ondes critique les solutions de ce type ont été récem-
ment construites par Donninger et Krieger (voir [17]) avec A(t) — oo quand ¢ — oo (explosion a
I'infini) et A(t) — 0, tA(t) — oo pour t — oo (relaxation). Le but de la deuxiéme partie de cette
thése est de démontrer un résultat similaire pour I’équation de Schrédinger non-linéaire . Plus
précisément on prouvera le théoréme suivant.

Theorem 0.8. Il existe By > 0 tel que pour tout v, ag € R avec |v| + |ag| < Bo et tout § > 0, il
existe T > 0 et une solution radiale u € C([T, +00), H' N H?) de de la forme :

(11) u(t,x) = e ONZOWA(B)) + (¢, ),
ot A(t) =t¥, a(t) = aglnt, et ((t) vérifie:
IO g < 0,

(12) 1CH) || e < CE 27,
| < Az >~ ()|l < CE1737,

pour tout t > T. Les constantes C ici el dessous sont indépendantes de v, ag et J.
De plus il existe (* € H®, Vs > % — v, tel que, quand t — +oo, ((t) — e*A¢* — 0 dans H' N H?.

Comme mentionné ci-dessus, un résultat similaire pour ’équation des ondes & énergie critique a été
obtenu par Donninger et Krieger [17]. Cette construction a été inspirée par 'article précédent de
Krieger, Schlag et Tataru [35], ou le cas d’explosions en temps fini a été traité. Ces deux articles,
ont été une source d’inspiration pour partie des techniques employées dans la démonstration du
théoréme précédent.

Les résultés présentés ici vont a former trois publications :

e R. Adami, D. Noja, C. O., Orbital and asymptotic stability for standing waves of a NLS
equation with concentrated nonlinearity in dimension three, accepté par Journal of Mathe-
matical Physics, disponible sur arxiv.org/pdf/1207.5677.

e R. Adami, D. Noja, C. O., Orbital and asymptotic stability for standing waves of a NLS
equation with concentrated nonlinearity in dimension three. II, en préparation.

e C. O., G. Perelman, Nondispersive vanishing and blow up at infinity for the energy critical
nonlinear Schridinger equation in R3, accepté par St. Petersburg Mathematical Journal.
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ORBITAL AND ASYMPTOTIC STABILITY
FOR STANDING WAVES OF A NLS
EQUATION WITH CONCENTRATED

NONLINEARITY IN DIMENSION THREE






Chapter 1

Absence of nonvanishing eigenvalues

1.1 Introduction

In this chapter we begin a systematic analysis of the stability of solitary waves for a nonlinear
Schrédinger equation with a nonlinearity concentrated in space dimension three. In particular,
we show that the standing waves of the model are asymptotically stable in the sense that at large
times, the evolution decomposes as the sum of a standing wave (possibly with different parameters
from those of the reference initial soliton), a free linear wave, and a small remainder with a spatial
decay stronger than the linear dispersive one.

An analogous study concerning the NLS equation with a concentrated nonlinearity in dimension
one was given in [8] and [33]. These papers have been a source of inspiration for the present work,
in particular for what concerns the general scheme of analysis and for some proofs. However, the
one and the three-dimensional models are different, in particular the latter is strongly singular and
its energy space is not contained in H'(R?). This fact prevents us from following step by step the
techniques and the results of the cited papers; in particular, no formal manipulations with delta
distributions are possible, and the full definition of a delta interaction as a point perturbation of
the Laplacian is needed in the analysis. We shall comment on that along the paper.

We start by giving a presentation of the model. According to [I], we construct a Schrodinger
equation with concentrated nonlinearities in dimension three by starting from the standard three-
dimensional linear Schrédinger operator with a so-called point or delta interaction ([6]). Point
interactions are widely used in Quantum Mechanics as models of contact or zero-range interac-
tions and they are intended to describe strongly concentrated potentials at a point. In order to
rigorously define a delta interaction located at the origin of R? we first consider the Laplacian
restricted to the set C5°(R3\ {0}) and obtain a symmetric non selfadjoint operator with deficiency
indices (1,1). Second, by the classical Von Neumann-Krejn theory there exists a one-parameter
family of selfadjoint extensions, which we denote by H,. The operator H, is defined on the
domain

D(H,) = {u € L*(R?) : u(z) = ¢(x) + ¢Go(z) with ¢ € L} (R3) ,V¢ € L*(R?) ,A¢ € L*(R?),

(1.1) g € C, lim (u(z) — qGo(z)) = ag},

where Gg is the Green’s function of the Laplacian in three dimensions, i.e.

1

- Ar|z|’

(1.2) Go(x)

3
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and the action is given by Hou(z) = —A¢(x), x € R3. To summarize, any element of the domain
decomposes in a regular part ¢ and a singular (Coulombian) part; the coefficient ¢ of the singular
part is conventionally called charge, and the boundary condition imposes a relation between the
charge and the value of the regular part at the origin depending on the so-called strength a of the
point interaction, which is the parameter that fixes the selfadjoint extension.

An alternative equivalent and perhaps more direct construction, which better justifies the inter-
pretation and the physical meaning of H,, can be given by defining H, as a suitable scaling
limit (in norm resolvent sense) of a family of Schrodinger operators of the form —A + V,, where
Ve is a short range potential that approximates a delta distribution as € — 0. Performing such
limit requires a rescaling procedure in order to yield a non-trivial result, and the parameter «
appearing in the above definition characterizes the particular selfadjoint extension and is related
to zero energy resonances of the approximating operators. For details and further information see
[6].

Whatever the definition given to the operator H, is, we recall that, for a > 0 (repulsive delta
interaction), H, is positive and its spectrum is purely absolutely continuous and coincides with
[0,+00), while for @ < 0 (attractive delta interaction) an isolated simple negative eigenvalue
A\ = —(4ma)? appears, corresponding to a bound state. A second property relevant to the physical
interpretation of the model and related to the value of « is that the scattering length of a delta
interaction of strength « is given by —(4wa)~! . The closed and lower bounded quadratic form
associated to H,, is

(13 Ha(w) = [ Vo) Pda + alaf

defined on the domain of finite energy states

(1.4)  V={uc L*R?: ulz) = ¢(x) + q.Go(z), with ¢ € LL (R?), V¢ € L*(R?), ¢ € C},
which is a Hilbert space endowed with the norm

(1.5) lull¥ = IVl 2 + lal*.

Note that for a generic element u of the form domain the charge ¢ and its regular part ¢ are
independent of each other. determined by u; for example, the relation between the element u
and its charge is given by Note also that the energy domain is strictly larger than H'(R3). So,
the linear problem cannot be considered as a small perturbation of the standard free problem
in the sense of the quadratic forms (at variance with the one-dimensional case). An equivalent
representation of the energy space is obtained, fixed A > 0, by

—Alz|
(1.6) V= {u = ¢)\ —i—qG,\, With¢)\ S Hl(RS), q < C R G)\(m) = ZH} s

m|x
and one can define an equivalent energy norm by

lull} = IVrllZe +laf*, VueV.

Notice that G € L*(R3) and ¢, € H'(R?), while in the representation the regular part was
just in the homogeneous Sobolev space D'(R3) only.

Following [1], the nonlinear model can be defined by allowing the strength « to depend on u as
a(u) = —v|q|?, with v > 0,0 > 0, so that

D(H,) = {u € L*(R?) : u(z) = ¢(z) + ¢Go(z) with ¢ € HE (R?), Ap € L*(R?),
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q € C,iig%(u(ar) — qGo(z)) = —v|q[*q},

and Hou = —A¢. In the following sections, we often omit the notation Hy(,) in favour of H,
if no risk of confusion exists between the linear and the nonlinear operator. We stress that the
nonlinearity we are considering is focusing. It can be interpreted as modeling the action of a
defect in a medium which exerts a nonlinear response to the propagation. We remark that a
more general definition of concentrated nonlinearities (with applications to the case of the wave
equation) is given in [37].

We consider the evolution generated by the nonlinear operator He ), 1.€.

(L.7) z% = Hu.

In the present literature, there is some physical and numerical analysis of Schrédinger dynamics in
presence of nonlinear defects, mainly focused on the milder one-dimensional case ([36],[45],[18]).
The more technical construction of the three-dimensional problem has hindered extended modeling
study, numerical work as well as rigorous analysis. Moreover, a certain amount of literature is
devoted to NLS equation with nonhomogeneous (i.e. z-dependent and decaying) nonlinearities,
yet with a relatively low decay at infinity (see [20], 23] and references therein).

Local (for any o > 0) and global (for o < 1) well-posedness of the Cauchy problem associated to
the nonlinear Schrédinger equation ((1.7) in the space V have been established in [1] and [2]. In
particular, admits two conserved quantities called mass and energy, defined as

M(u(t)) = u®)llf2;  E(u(t)) = 3IVo@)I7: — 355la®)+.

In Section we prove that equation (1.7) admits standing waves, i.e. solutions of the form
u(z,t) = et (2) , where the profile or amplitude ®,, up to a phase factor € is given by

@) 36 o—Volal

dmv 47|z |

(1.8) B,(z) = <

The set of standing waves is called the solitary manifold M, and the main concern of this chapter
consists in the study of the large-time evolution of initial data in the vicinity of M. A first
result concerns stability and instability of standing waves. Stability has to be intended as orbital
stability, i.e. Lyapunov stability up to symmetries of the equation, in this case up to gauge (U(1))
invariance. The orbit of ®,, is then &(®,) = {€®,(z), 6 € R}. Thus, by definition, the state
®,, is orbitally stable if for every € > 0 there exists § > 0 such that

d(¥(0), 0(®,)) <6 = d¥(t),0(P,)) <e  Vi>0,

where d(i, 0(®y)) = inf,co@,) [ — ully. A stationary state is said to be unstable if it is not
stable. Then, we have the following result, proved in Section

Theorem (Orbital Stability) Let us consider (1.7). Then, for every w > 0,

(a) if 0 < 0 < 1, then the state ®,, is orbitally stable

(b) if o > 1, then ®,, is orbitally unstable.

The result directly follows from Weinstein [53] and Grillakis-Shatah-Strauss [28] theory for the
case o # 1, while for the case 0 = 1 the pseudoconformal invariance of the equation gives the
instability by blow-up.

The core of the chapter is devoted to the study of the asymptotic stability of the family of sta-
tionary states. Asymptotic stability means, loosely speaking, that the solution u(t) corresponding
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to an initial datum w(0) close to the family of orbits, approaches some element of the family of
orbits as t — co. The analysis makes use of the representation

(1.9) u(t, ) = 0 (D, (2) + x(t, 7)),

where O(t fo s)ds 4+ y(t), and ~(t) is a suitable phase. Namely, the solution is represented
at every tlme as a modulated solitary wave, with time dependent parameters, up to a fluctuating
remainder y which has to be controlled. Asymptotic stability of the family of standing waves
means that the modulating parameters w(t) and (¢) have a limit as t — 0o, and the fluctuation
X is in some sense a small and decaying dispersive correction; the radiation damping through
dispersion is responsible for the "dissipative" asymptotic behavior of the solution u around the
family of relative equilibria &'(®,,) . Notice that, however, in general the solution does not converge
to the solitary wave to which it was close initially.
The subject of asymptotic stability of solitary waves was pioneered by Soffer and Weinstein ([42],
[43]), and Buslaev and Perelman ([9], [10]), who developed the main strategies and techniques,
nowadays classical; a more recent presentation is contained in [IT]. Many relevant later contribu-
tions refining and enlarging the hypotheses in the original papers, as well as concerning the kind
of initial admitted data and nonlinearities, are contained in [14] 48], 51|, 30}, 22} 23, 15]. According
to this consolidated analysis, one must preliminarily indagate the spectrum of the linearization of
equation around the solitary solution. Writing u = e™(®,, + R) and identifying R with the
vector of its real and imaginary part, we obtain that it satisfies the canonical system

dR Hy +w 0

J =

=D
di 0 H,, 4w |F=PE

where H,; are (linear) delta interaction hamiltonian operators with fixed strength «; that depend
on the stationary state ®,, (through its charge) and on the parameters of the model v, o (see eq.
(1.17)). So the dynamics of the linearization of the NLS equation around the standing wave
®,, is controlled by the nonselfadjoint (Hamiltonian) matrix operator L = JD. The explicit
characterization of the spectrum of the linearization L is possible due to the detailed knowledge
of the properties of operators H,;. Such feature is infrequent and allows to avoid further spectral
assumptions. The complete result is given in Section Theorem Here it is sufficient
to recall that in this chapter we study asymptotic stability of standing waves in the range o €
(0,1/+/2) only, which corresponds to L having no eigenvalues different from zero and no resonances
at the threshold of the essential spectrum. The following chapter will treat the case o € (1/v/2,1),
where two simple eigenvalues +i20+/1 — 02w appear.

Let us notice that the representation amounts in fact to a change of coordinates from the
original global u to the new set {w,~y, x}, with a finite dimensional component given by {w,~},
that describes the solitary manifold and an infinite dimensional one described by x. However, the
representation is not unique, because any choice of w,y gives a corresponding choice of x such
that u given by is a solution of ; so one has to restrict in some way the behavior of
the new parameters {w,~y, x} of the solution. To this end, we exploit the fact that the solitary
manifold can be naturally endowed with a symplectic structure (see Section and it turns
out that its tangent space T, coincides with the generalized kernel of the linearization L. The
generalized kernel is in turn non trivial, so the propagator e~** has a component growing in time.
A parametrization of the running approximate solitary wave in the neighborhood of the solitary
manifold suitable for asymptotic analysis is hence obtained through a symplectic splitting in a
component along the solitary manifold and a component transversal (symplectically orthogonal)
to it. Requiring that the infinite dimensional component y is purely transversal, i.e. projecting
to zero on the directions of the generalized kernel of the linearization, provides the set of the
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so called modulation (coupled) equations for the parameters w(t) and v(t), as well as a partial
differential equation for x (see [2I] for an enlightening description of the symplectic projection
method). The goal is to establish the asymptotic behavior of the solutions to the modulation
equations with a simultaneous control of the decay of the nonlinear part x, through the so-called
majorant’s method (see [9) 10, 11]).

The main result of this chapter is the following, and it is proven in Section

Theorem (Asymptotic stability) Assume o € (0,1/v/2). Let u € C(R*,V) be a solution of
equation ([L.7) with u(0) = ug € V N L. and denote d = |lug — (3”‘90@)%HvﬁLllu7

for some wy > 0 and 6y € R. If d is sufficiently small, then the solution w(t) decomposes
asimptotically as follows

u(t) = e ®,, + Up * Uso + oo, t — +00,

where weo > 0 and e, 7oo € L2(R3) with ||reo|/2 = O(t™%/*) as t — +oo.

In the previous statement, L} is defined in Section and is a weighted space of integrable
functions. The weight guarantees the validity of the dispersive estimates needed in order to
control the decay of the transversal evolution, and it seems at present unavoidable in view of the
singularity of finite energy states. Moreover, it imposes a certain localization on the the admitted
initial data, which seems to be a technical requirement.

Concerning the treatment of the modulation equations, one of the main additional difficulties with
respect to standard models, and in particular with the case of concentrated nonlinearities in one
dimension treated in [§] and [33], is that the equations controlling the evolution of the transversal
part x have domains that change with time. This fact forced us to make use of the variational
formulation (i.e. in terms of quadratic forms) instead of the traditional strong formulation (i.e.
in terms of operators). The same problem propagates to the proof of the asymptotics given in the
above theorem. A last remark concerns the seemingly anomalous value of the nonlinearities where
asymptotic stability is proven; this because in the typical situations, when standard NLS with or
without potential is treated, it is difficult to have information about subcritical nonlinearities (but
see the notably exception in [32]), and in particular pure power. On the other hand, the present
model corresponds to an inhomogeneous (space dependent and strongly singular) nonlinearity;
this seems to indicate that the analysis of specific models can give results not accessible to general
theory, at least at present.

1.2 Preliminaries
1.2.1 Hamiltonian structure
We consider L?(R3,C) as a real Hilbert space endowed with the scalar product

(1.10) (u,v)ngRe/ uvdx:/ (RevReu + ImvImu)de.
R3 R3

It is sometimes convenient to shift from the complex valued representation of u to the vector
real valued one through the identification u = Reu + iIlmu — (Reu,Imu) = (uj,u2). As a
consequence, H*(R3, C) = H*(R3 R?), while multiplication by i is equivalent to multiplication
by the matrix —J, where

(1.11) J= { Y ]
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The space L?(R3) is also a symplectic manifold when endowed with the symplectic form
(1.12) Qu,v)=Im [ wvdr = / (RevImu — Imv Rewu)dr = / (ugv1 — ujva)de.
RS R3 RS

Along the chapter we often shift between real and complex representation when no ambiguity
occurs.
In our model the Hamiltonian functional coincides with the total energy and it is given by

1
(1.13) () = 3196l — 551" =0+ aGo € V
Correspondingly, the NLS equation (|1.7) takes the hamiltonian form
d /
(1.14) Yy =T E () .

dt
1.2.2 Standing waves

Standing waves are solutions of the form u(z,t) = e™!®, () € V. It immediately follows that if
a standing wave exists, then the amplitude ®,, satisfies the following nonlinear equation in weak
form

(1.15) Ho®y, + wdy, = 0.

Proposition 1.1. Standing waves for equation (1.7) exist if and only if v > 0. In such a case
the set of solitary waves is given by the two-dimensional manifold

(1.16) M=1{e®d,,w>0,0€c(0,21)},

where the function ®, reads

o @\ 2 e Velal
o(®) = <47r1/> Ar|z|

and the parameters w and © play the role of local coordinates.

Proof. Recall that the function Gg defined in satisfies the equation —AGy =6

where § is the Dirac’s delta distribution centred at x = 0. Hence, for x # 0 equation is
equivalent to —A®,(x) + wd,(z) = 0. Consider the corresponding equation in spherical coordi-
nates, namely

Pu 20u 1 0% cos¢p Ou 1 0%u

S92 ror 12 02%¢ r2sin¢67¢ r2s1n2¢829

+ wu =0,

and exploit the spherical harmonics expansion of the solution u(r, 0, ¢) = "% Zngl ug(r)Y1;(0, ),

where Y ; denotes the set of spherical harmonics which is an orthonormal basis of L%([0, 7] x
[0, 27], sin 8dOd¢p). Since

82le7j i COSQZ)(?YZJ i 1 82)/27]'
02 sing 99  sin?¢ 062

=AY, for some X\ € C,

one has that A belongs to the set {\; :={(I+1), I € N}, and so the functions w;,; solves —u;;(r) —
%uf,j(r) + (w - %) u,j(r) = 0. Then, from formula 8.491.6 in [27],

W) = =7 s (),
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where Z,, is a generic Bessel’s function. By the asymptotic expansions 8.443 and 8.451.1 in [27]
one immediately has that if A # 0, then u;; cannot belong to L2(R™,r2dr). Hence, we fix A =0
and denote &, (x) = ugr), r = |z|. Thus u has to be a L?(R*, 72dr) solution of u” (r) —wu(r) = 0,
and

—Vwlz|
qe
b,(z) = ——
«(@) Ar|z|
for some ¢ € C and w > 0.
Writing (1.15]) in weak form and separating regular and singular part of the test function, one
obtains /i
w
EQ% =0,
for all ¢, € C which coincides with the boundary condition for H,. Supposing v # 0 one obtains

lq|* = Ve This requires v > 0, so

 Anv
- ()

4y 4|z

—v|q|* qgs +

which, up to a phase factor, gives the stated result. In the case v = 0, from boundary condition
we get ¢ =0 or w = 0. If ¢ = 0, then the function u vanishes. If w = 0, then one has u(x) = ﬁm,
which is the resonance function of the delta interaction with vanishing strength, but it is not an
element of the operator domain, and it does not solve the stationary equation . So forv =10

standing waves do not exist. O

1
In the following we denote ¢, = (ﬁ) o

4mv

Remark 1.2. From the proof above, it turns out that a finite energy standing wave is in fact an
element of D(H,).

1.2.3 Linearization of H,(, around ¢,

The linearization of equation around a stationary solution is not completely obvious, due
to the fact that the nonlinearity is embodied in the domain of the operator H(,) and not in the
action of the operator itself. Nevertheless, we can consider the Hamiltonian associated to equation
given by formula and notice that the nonlinearity no longer appears in the domain V'
but directly in the Hamiltonian functional. So we derive the linear operator which approximates
H(yy from the quadratic form which approximates E(®,) and obtain the following result.

Proposition 1.3. The Hessian E"(®,,) of the functional E can be represented as E"(®,)(h, k) =
(Ho,Lin h, k), where Hy Lin is the operator given by

H 0
Ha,Lin = |: - :| )

0 H,

where Hy, and H,, are the selfadjoint operators on L*(R3) defined in the introduction (see (1.1))),
and

2 1
LG ae= v = -V
m

Hy, 1in 1s selfadjoint with respect to the real scalar product in L2(R3,(C) .
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Proof. The first Gateaux derivative of F(u) reads
d -
(1.18) E'(u)[h] = &{E(u—i— €h)}e=o = Re/ Vou(z) - Vu(x)dr — v|q.)* Re(qu@n) Yu,h €V,
R3

while the second Gateaux derivative at ®,, reads

9?2 v

62
OeO\ { 20 + 2

Ded\ ¢l 1%} eco0=0 -

[B(Du + eh + M) becorm = Ro /R Vonle) - Von(a)dz -

The last term gives, after some calculation, the contribution (here h = (hq, he), k = (k1,k2))

9?2 (- v
0edN = 20 +2

10u|* Y emon=0 = —V|qw|*[(20 + 1)aqn, qry + Qnydr,] -

So E"(®,) is given by the direct sum of two quadratic forms: one is acting on the real part
of the functions h and k, and the other on the imaginary part. The term related to the real
part is a lower bounded quadratic form whose corresponding selfadjoint operator is H,,, while
the quadratic form related to the imaginary part corresponds to the operator H,, (a1 and as
have been defined in (1.17))). Then, the operator H, 1, that represents the entire quadratic form
E"(®,) is self-adjoint and the proof is complete. O

Now, to get the linearized equation set u(t) = ¢! (®,, + R(t)) and obtain

%R = J(E'(®,,) + w®,) + J(E" () + w)R + higher order terms ~ J(Hu,Lin +w)R .

Summing up, the linearized equation (|1.7)) becomes

dR
1.1 — =JD
(119 = JDR,
| Ly O .
where D = [ 0 Ly ] , with
(1.20) Lj=Ha, +w,
j =1, 2. Notice that the operator
o 0 Lo
(1.21) JD.—L—{_Ll 0 ],

is not selfadjoint nor skew adjoint. Nevertheless, a standard application of Hille-Yosida theorem
and a simple analysis of the resolvent of L which takes into account the factorized structure
L = JD with D s.a. shows that it generates a semigroup of linear operators with (at most)
exponential growth in time. A more precise analysis of the resolvent of the operator L will be
given in Theorem and in the appendix we will prove that the semigroup has in fact a
linear growth (see Theorem in the case here interesting, i.e. o € (0,1/v/2).
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1.3 Orbital stability

In order to prove the orbital stability of the stationary solutions to equation (1.7)), we apply
Grillakis-Shatah-Strauss theory, and in particular Theorem 2 in [28]. As a first step, we recall the
following known fact proved in [6].

Proposition 1.4. If a(u) = o where a < 0 is a constant, then
(1.22) o(Hy,) = {—(4ra)*} U0, 4+00).

Thanks to the last proposition one can prove the following lemma which implies the spectral
properties needed to verify Assumption 3 in [2§].

Lemma 1.5. The spectrum of the operator D is

o(D)={-40(c + 1)w,0} U [w, +00),

and ker(D) = span { < %w > } .

Proof. Since D is the direct sum of the operators L; and Lo acting on L?(R3) @& L?(R3), its
spectrum is given by the union of o(L;) and o(Ls). From (1.22]) follows

0(Hay) = {~(20 +1)’w} U[0,+00), 0(Ha,) = {~w} U0, +00).
Then
o(L1) = 0(Hay) +w ={-40(0 + Yw} U w,+00), 0o(L2) = 0(Ha,) +w = {0} U[w, +00).
Hence, ker(L;) = {0} and ker(Ly) = span{®,}, which concludes the proof. O

We can now prove the following

Theorem 1.6. (Orbital stability) For each w > 0, if 0 < o < 1, then D, is orbitally stable. If
o > 1, then ®,, s orbitally unstable.

Proof. Well-posedness and existence of a branch of standing waves, i.e. Assumptions 1 and 2 in
[28], are proved in [I] and [2] and in the previous section, while Assumption 3 is true thanks to
Lemma H Hence, from Theorem 3 in [28] we have orbital stability if L |®,(z)[|2, > 0 and
orbital instability if --[|®,,(z)||2,) < 0. In order to inspect the sign of -L||®,,(z)||2,, we compute

1
0,2 = (Y2} L
L drv ) 8my/w’

1 I_—leggd, which concludes the proof. O

hence & |90 (2) |2 = grsr7e o

1.3.1 Thecase o =1

Since Theorem 3 in [28] does not give information about orbital stability of the stationary state
e“'®,, when %||<I>w(:c)||%2 = 0, we need to inspect the case o = 1 apart. In such case, equation
(1.7) exhibits one additional symmetry (see [2]).
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Remark 1.7. Equation ([1.7) is invariant under the pseudoconformal transformation

=
P T 1l
t,x) = :
et 2) = o —yar \ T T -

In [I] it is proved that equation (1.7)) may have some non global solutions which blow up, in the
following sense: the solution u(t) of equation (1.7)) blows up (in the future) at time 7' < 400 if

limsup | V|2 = +o0,
t—=T—
where ¢ is the regular part of the function u according to decomposition . Due to the
conservation of the energy this condition is equivalent to limsup,_,;— |gu(t)| = +o0.
Thanks to the pseudoconformal invariance we prove that in any neighbourhood (in energy norm)
of each standing wave there are initial data of a blow up solution.

Theorem 1.8. Fiz 0 =1 and w > 0. For any § > 0 there exists a blow up solution u(t) € V
such that ||u(0) — Oy ||y < 0.

Proof. Applying the pseudoconformal transformation to the solitary wave e™!®g one gets that
for any T" > 0, the function

N I LA TP s e 22

ug(t,x) = e'T-1 —IT—5)
ar(he) VArv dn/T |:E\

~ f\w\
5 oY e

is a solution to equation ([1.7)). Thus, for any 7' > 0, the initial datum up(x) = €'

e

VArv Any/T — t|z|

gives rise to a solution that blows up at time 7. Now, let & depend on T as & = wT?, so that
|z |?

ur(x) = e it Oy, (z).

We prove the theorem by showing that ||(e ™" 47 — 1)®,,||y — 0 as T" — +o00. Indeed, noting that

L2

the function (e~"47 — 1)@, belongs to H'(R?),
-2 L2

ik 1 1
I(e™" 1 =)@y |y = [[V((e™" T —1)@y)|| 2 < ﬁ|||"q)w”L2+EH|'|2V(I)w“L2 —0, T — +o0.

O

1.4 Spectral and dispersive properties of linearization L

Here we study the long time behaviour of equation (1.19)), that is the linearization of (1.7} around
the stationary solution e™“!®,,.
The generalized kernel of the operator L (see (L.21)) is defined as Ny(L) = U ker(LF).

keN
In what follows let us denote

_dP, 1 Vw ) 20 e~ Vel 1 Vw ) 20 e~ Vwla|
cpw(a?) - T;(‘r) ~ dow (H) e47r|:r\ 2v/w (R) < dr
o—Valzl
9o () = \/m| |,
. i 1 e~ Vwlz| 1 e—Vwlzl \flT\ 1 2 e~ Vwlz|
() = fm(‘ﬁ%emm 5wt sl + R

In Appendix we prove the following theorem.
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P

Theorem 1.9. If the nonlinearity power o is different from 1, then Ny(L) = span { < S{)) ) , < 0
w

. o - 0 ng O hw
Moreover, if o =1, thenNg(L)—span{< o, ),(0 ),(gw >,<0 >}

In the following section we provide an explicit description of the spectrum of the non-selfadjoint
operator L and the dispersive estimates for the action of the propagator e~** upon the absolutely
continuous subspace.

1.4.1 The resolvent and the spectrum of the linearized operator

The purpose of this section is to prove an explicit formula for the resolvent of the linearized
operator. For later convenience we denote

etV —wFiA|z|

(123) Gw:l:i)\(x) = 47T|l’|

w>0,\eC,

with the prescription Im+/—w £ i\ > 0.
Furthermore, we make use of the notation (g, ) := [ps g(x)h(x) dx.
We prove the following

Theorem 1.10. The resolvent R(\) = (L — X))t of the operator L defined in ([1.21)) is given by

_ [ MG —Dax ] dm L [A i
(1.24) R(A)—[ Tyos —Agv*] W' | —iS1 As

where

W(X?) = 32n°cnag — dim(c + ) (\/—w +id+V-w— z’A) — 2V —w iAW —w — i),
and formula (1.24) holds for all A\ € C\{N € C: W(A\?) =0, or Re(\) =0 and |Im()\)| > w}.
Furthermore, the symbol = in (1.24]) denotes the convolution and

1 1

2 (Go—in(z) — Guyin(z)), Dy(z)==

(1.25) G2 (z) = 5

(Go—ir(z) + Gurin(?)) .

Finally, the entries of the second matriz are finite rank operators whose action on f € L*(R3)
reads

(1.26) A f =[iANArag — iV —w +iX)(Gy2, f) — (Amar — iV —w + iX)(Dyz, f)]Gorint

+Hid(Arag — iV —w — iX)(Gye, [) + (dmar — iV —w — iA)(Dy2, f)]Guin,
Aof = [iNA4maq — iV —w +iN) (G2, f) — (dmag — iV —w 4+ iIA)(Ty2, [)]Gurint

Hid(dmar — iV —w — iIA)(Gx2, f) + (dmag — iv—w —iA)(Tae, )] Guin,
Sif = —[id(draz — ivV=w +iA){Gxe, ) — (dmar — iV —w +iX) (Tyz, /)] Gupirt
+lid(Amag — ivV—w —iX)(Gyz, f) + (dmaq — ivV—w — iX)(Dyz, )] Guir,
Sof = —[iA4rar —ivV=w +iA) (G, f) — (4mas — ivV—w + XDz, )] Gurirnt

(

+HiX(dmag — iV —w — i) (G2, ) + (dmaz — iV —w — iA)(Ty2, [)]Gy—ir-
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The spectrum of the operator L can be decomposed into an essential and a discrete part,
(1.27) 0(L) = Gess(L) U aa(L),
where the essential spectrum is
Oess(L) = C4UC_ = {A € C: Re(A) =0and Im(\) > w}U{X € C: Re(\) = 0and Im(\) < —w},
and the discrete spectrum depends on the paremeter o as follows:
(a) if o € (0,1/\/2], then the only eigenvalue of L is 0 with algebraic multiplicity 2.

(b) if o € (1/v/2,1), then L has two simple eigenvalues +i20v/1 — 02w and the eigenvalue 0
with algebraic mulliplicily 2.

(c) if o =1, then the only eigenvalue of L is O with algebraic multiplicity 4.

(d) if o € (1,4+0), then L has two simple eigenvalues +20v/ 0% — 1w and the eigenvalue 0 with
algebraic multiplicity 2.

Before giving the proof, we need two preliminary lemmas.
Lemma 1.11. For any u € C, w > 0, the Green’s function G,, of the operator H,, defined by
D(H,) =H R?), H,=p+(—-L+w)?,
reads
1

2i /11
Proof. By definition of Green’s function, G, solves the equation [u + (—A + w)?]G,(z) = 6(x).
Taking the Fourier transform, one gets

(1.28) Gul() = 57— (Gumiy(@) = Guriy(@))

- 1 1 P I
k) = = Gu—i k) — Gy k)],
where the function G4, Vi Was defined in ({1.23]). The proof is complete. [

Remark 1.12. The function G, is an element of H*(R?) for any s < 7/2.

Let us denote
Hil =p+ LoLy,

where Ly and L; were defined in (1.20). Applying elementary rules on composition of operators,
one can easily see that the domain of the operator Hil, which coincides with the domain of LolLq,
is given by

(129)  D(LyLy) = {u € L*(R%) : u =&+ pGariyz + aGuiyp with € € HA(R®), p,q € C,

—w =i/ wt i/l

£(0) +ip=— L = ai(p +4q),
(=54 )e0) + vV gV i - p>} .

In the following lemma the inverse operator of Hil is constructed.
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Lemma 1.13. For each u € C, the inverse of the operator Hil 15 given by
(1.30) (M) ™ L2(R%) = D(H)  f = Gux f +0(F)Guviym + () Gomiym,

where the functionals p,q : L>(R3) — C act as

P(f) = s livadmon — iy/=0 F i) Gy ) — (mon — iy/~w + iy/i) (T £)]

(1.31) 0(f) = e liv/A(dmas — iy/=w = /i) (G, f) + (4mas — /=0 = 1/B) (T, £)],

3

with G, and T, are given by (1.25), and

W) = 2(47)%ayan — dim(og + o) <\/—w +i/1+ \/—w — z\/ﬁ> — 2\/—w + i\/ﬁ\/—w — i/t
Proof. First we show that the definition of the functionals p and ¢ ensures
Gu* [ +(f)Goriyi + a(/)Gu—iyp € DH.') = D(LyLy)

for all f € L?(R3). Indeed, p(f) and ¢(f) solve the algebraic system given by the bounday
condition in the definition of the domain ([1.29), namely

(G, f) +ip¥V—s q~ —oq(p+q)
(T >+\/ﬁp—v4ﬂ—f VIR — i

q— D).

Now, denote by ﬁo the operator that acts as the Laplacian on the subspace of the Schwartz
functions in R? that vanish in a neighbourhood of the origin. It is well-known (see [6]), that
both selfadjoint operators H,, and H,, defined in Proposition are restrictions of ﬁg (i.e. the
adjoint of Hy as an operator in L?(R3)), whose action on Gutip yields

(1.32) [+ (HE + w)?Goriyq = 0
Recalling that G, € H*(R3), it follows, for any f € L*(R3),
H2H (G F4D(F)Curriyata(£)Guciyi) = (et (Hy+w)?) (G f+P(F) Gt i+ 2(F) Gurmiy) =

=+ (A +w))(u+ (~A+w)?) =1

To conclude the proof one has to show
Gux (M )+ p(H )Gy + 4(H )Gy = |

for any f € D(Ha1). To this purpose let us set f =&+ aGuiyp+ Gy for some § € H*(R3)
and a, b € C such that the boundary condition in (1.29)) are satisfied, then, by (1.32)

Hilf = [u+ (—A+w)’e

and, by system (|1.31])

The proof is complete. O
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Remark 1.14. The inverse of the operator H}f = u+ L1Ls s obtained exchanging a1 and as in
the expression of (H2')™'.

Now we can turn to the proof of Theorem [1.10]
Proof. We preliminarily observe that

e /—w+i/p|x| + eV —w—iy/pz|

8m|x|

L) = (=4 +w)Gu(z) =

1
=3 (Gw—i\/ﬁ(x) + Gw+i\/ﬁ(ﬂf)) :
As proven in Appendix [[.10] the following identity holds:

R(\) = (L-XI)"! =

“AA? + LoL1)™t —Lo(N +LiLo) " | _ [ —A(H3)™Y —La(H)3) ™
o L1<)\2 + L2L1>71 —)\(>\2 + Lng)il o L -1 ’

1(HE) ™ AR

with A in the resolvent set of L, to be specified.

In order to find the explicit expressions for Ay and As given in , one sets A = /i1 and then
applies Lemma Remark , and uses the definition of p and ¢ given in (1.31)). Besides, the
operators X1 and Y5 can be obtained applying L; and Lo to (’H?\%)_l and (H,3) !, respectively,
and using some trivial algebra.

The statement about the essential spectrum of L is a consequence of Weyl’s theorem (Theorem
XII1.4 in [40]). On the other hand, the eigenvalues of L are given by the poles of the resolvent
, or equivalently by the complex roots of the function W (\); these can be computed through
a lengthy but elementary calculation, here omitted. O

Remark 1.15. As a by-product, the previous analysis of the complex roots of W () reveals the

presence of a resonance at the endpoints of essential spectrum for the case o0 = —=.

V2

1.4.2 Dispersive estimates for the linearized problem in the case o € (0,1/v/2)

In this section we focus on the case o € (0,1/v/2) and study the behaviour for large ¢ of the
propagator e~ restricted to the subspace associated to the essential spectrum of the operator L.
In order to achieve an effective estimate, the following weighted LP spaces are needed

LL(R3) = {f ‘R® > C: /]R3 w(zx)|f(z)|de < —i—oo},

and

< (R?) = {f ‘R¥ = C: esssqp(w(x))*l\f(x)\ < —i—oo} ,
z€R3

where w(z) = 1+ ﬁ The use of such spaces is due to the singularity of the elements of (I.1)).
A similar choice was made in [16] for the sake of deriving dispersive estimates in the case of N
delta interactions in R3.

Theorem 1.16. There ezists a constant C > 0 such that

Njw

% /[Rg /C+UC_ (R(A+0) = RO\ = 0))(2)e™ f(y) d/\dy‘ <C <1 + 1) £

kd

L () 1w

Cy={AeC: Re(A) =0and Im(A\) >w}, C_={Ae€C: Re(\) =0and Im(\) < —w} .

for any f € LL(R3), where
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Proof. One can compute the propagator e * as the inverse Laplace transform of the resolvent of

L. In particular, by Theorem and applying the residue theorem, it follows that for ¢ > 0

1 1
e M= — }MA)e_”dA-—_]/ R(A)e MdA+
21 iR+0 271 IA|

1

RO 0))e M
2wzJ£+uc (ROA+0) — R(A—0))e—Md,

with r € (0,w) and R(A £0) = lim,_,o+ R(A £ ¢).

We show the computations only for the component R;1(X) of the resolvent whose analytic ex-
pression is given in (1.24)) and (1.26)), since the other components can be handled in the same
way.

Recalling the definition of a; and ap given in equation (L1.17), R; 1 () can be written as an integral
kernel, namely

etV —wtiA |lz—y| — V-w—i Az—y|
(1.33) Ria(Nzy) =1 +

8|z —y|
" —0o\JweV W=yl giv—wtidlz] 4 (0 + 1)@ + iv/—w + in|etY —w—iA(zl+yD
8|z||y|[(20 + Dw +i(0 + 1)vw (V—w — A+ V—w +iX) — V—w — iAV/—w + z)\]
» [(O‘ + 1)\/(; +iv—w i)\]ei\/—w+iA(\x|+\y|) _ U\/Eei\/—w+i>\\y|ei\/—w—i)\|m\
87|z|[y|[(20 + Dw +i(0 + 1)yw (V—w — iX + V—w + iX) — V—w — iAV—w + i\
Since from equation ((1.33) it is clear that the computation of the integral on C4 and on C_ are

analogous, we treat the cut C4 only. On C4, v/ —w + @A is continuous while, by the prescription
Im(v/—w £ 4A) > 0, considering € as a real parameter, one has

lim \/—w—i(A+¢€) =— lim \/—w—i(A—€) = —V—w — i\

e—0t e—0t

Performing the change of variable k = v/ —w — i\, one can write

“+oo

/ (Rl,l()\ + O) — Rl,l()\ — O)) —)\td)\ —zwt/ F(k)2k6_itk2dk’
Cyt _

o0

where F' is the function R(A + 0) — R(A — 0) expressed in the variable k.
The function Ry ; defined in (|1.33]) is the sum of a convolution summand R, ; ; and a multiplication
summand R,, 11, where

etV —wtHiA|z— y| — eV—w—i Az—y|

. A

fetaiey) = 87|z —y|

and

(1.34)

R ()\‘x y) . —U\/>ez\/—w M\y|ez\/ wti|z] + [(J+ 1)\/>+Z\/T—|—Z)\] iV —w—ix(|z|+]y])
’I’)’L,].,l ] L) —_—

i8w[w\]y\[(20+1)w+z(a+ Dvw (V—w —id+ V-w +iX) — V—w —iAv/— w+z)\]

(0 + 1)@ + iv—w + ix]etY @ tiMlzltly]) — o, fgeiv/ —wtidlylgiv—w—iAlz|
—1 .
87|z||y|[(20 + Dw + i(o + 1)vw (V—w — X + V—=w + iX) — V—w — iAV/—w + )]

Then we can define

F*(k) = R*7171<)\ + 0) — R*’Ll()\ — O), and Fm(k}) = Rm7171()\ + 0) — Rm,ljl(k — 0).
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One can easily compute F, and gets F,(k) = —%. Thus, by formula 3.851 in [27],

+o0 ) 1 . o2
/OO F(k)2ke ™" dl; = sin(|a — y|k)dk — 1163;7536243,

for any t > 0. Hence

1 +oo 1 s
= F*(k;y)dkf(y)dy‘ <=t [ Iy

Let us estimate fj;o F,(k)2ke™ " dk. One can notice that F,(k) is the sum of terms of the
form mg(k)eﬂks, where g(k) is a rational function of k& and v —2w — k? possibly multiplied

by eV=2=Fs and s can be 0, ||, |y| or |x| + |y|. Let us consider the term

(1.35)

_ (O' -+ 1)\/& + i\/ —2w — kQ e*ik(|m|+|y\)
(20 + V)w +i(o + 1)yVw(V—2w — k* — k) + kv —2w — k? ’

which results from the second term in (1.34) referred to Ry, 1,1(A + 0).

Notice that g € C'(R,C) and |g(k)| ~ 7z as k — +o0, hence g € L?(R). Moreover,

dg ik .
dk [(20 w0+ Dya(vV—2w — k2 — k) + kvV/—2w — kﬂ V2w k2

B (0 +1)yw+iv—2w — k?
[(20 4+ 1w+ i(o 4+ 1)y/w(V—2w — k? — k) + kv —2w — k?]?
i(o+1)ywk k2 )
N+ D)V + V2w -k —— ],
( vV —2w — k? ( Ve vV —2w — k?
which belongs to L?(R) too, so ¢ is an element of H!(R), and as consequence § € L'(R), where §

is the inverse Fourier transform of g. Furthermore, one can compute the inverse Fourier transform
of 2ke~ ik ag

L[ ik ik L
U(s) = — 2ke e "dk = —g e 1.
210 ) oo (4mit)2

From the last identity it follows

1 +OO Z ‘kJ 211.2
1 k(o +lyl) g —ith? gp _
i Sl 7 ke dkf “’)dy’

vo o 1 [ W)
/Rg / iUl |yr>duf<y>dy]sc|$,t /Rs\m dy,

where the last inequality follows from Holder inequality and C' > 0. The other terms in F,, (k)
are handled in an analogous way so we do not give details.
Summing up, let f € LL(R3?). Then

(1.36) =

27i /Rg /QUC(R(AJF(’) R(A-0)) dAf(y)dy‘g
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=
< —
_27T<R3

+/RS / (R(A+0) = R(A - 0))6)‘td)\f(y)‘ dy> = %(I-f— I).

Let us estimate the integral I. Thanks to the estimates and (| one has

-
R3

+00 ‘ +°O
/ F,(k)2ke™ ™ dk f(y)’ dy+ ’ / k) 2ke R dk‘ dy <

<
L
o (e )2 o e Lo 2o

The integral 11 can be estimated in the same way, which completes the proof. O

/C (RN +0) — R(A — 0))e dA f(y)’ dy+

/ - F(k)%e“’*dkf(y)‘ dy <

—00

Remark 1.17. Evaluating the propagator e at t = 0 one gets

1 1
1=— R(N)d\ + — RA+0)—RA—=0))d\= Py + P..
iy B 5 [ (ROH0) = RO 0)

From Lemma it will follow that the operators Py and P, are symplectic projectors onto the
subspaces associated to generalized kernel and to the continuous spectrum respectively. Finally,
let us note that explicitly integrating the resolvent around its poles it turns out that the dynamics
along the generalized kernel grows linearly in time. This fact is proved in Appendiz|[1.11]

1.5 Modulation equations

In this section we restrict to the case o € (0,1/4/2), summarize the main technical steps and
give some preliminary results towards the proof of asymptotic stability of standing waves. In
particular, we write the so-called modulation equations that rule the evolution of a perturbed
standing wave when splitted in a solitary component and a fluctuating one. We recall once more
that the scalar product we adopt is the real scalar product on the Hilbert space L?(R3,C) defined
in . In order to make the reading easier, let us give a brief outline of the strategy to be
employed. We follow the roadmap of the classical papers [42],[43],[9],[10], [11], also adopted for
the model with concentrated nonlinearity in dimension one in [8] and [33]. More specifically, we
decompose the dynamics in the neighbourhood of the solitary manifold in a "longitudinal" and
a "transversal" component with respect to the generalized kernel Ny(L), given in Theorem
of the linearized operator L. In order to perform the required analysis, we exploit the symplectic
structure introduced in Section [1.2.1] Let us begin by noticing that the solitary manifold M
defined in is a symplectic submanifold of (L?*(R3,C), (), invariant under the flow of (L.7).
Its tangent space at the standing wave ®,, is two-dimensional and is generated by the vectors
d%{eiefbw}gzo and %{(I)w}wzo, in real representation given by

d 10 _ 0 d _ P
@{e Dyto—0 — €1 = ( ‘I)W> and %{CI)W} ey = ( 0 > ,

where ¢, = %@w was defined in Section H However, when no confusion arises, we use the
shorthand expressions @, and ¢, with the meaning of the corresponding real representative
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vectors (second component vanishing). As already remarked the couple of vectors {ej,es} is a
basis for Ny(L). It is immediately seen that Q(eq,e2) = %%H(I)wHQ # 0, thanks to the condition
o € (0,1/y/2) guaranteeing orbital stability. So the symplectic form is nondegenerate on the
solitary manifold M, which is a symplectic submanifold. By its very definition, M is invariant
for the flow of .

The following lemma establishes the relation between the spectral projection Py introduced in
Remark and the symplectic projection onto the solitary manifold.

Lemma 1.18. Let A = %%HCI)MH%Q, then for any f € L*(R3)

(1.37) Pyf = %Q (F, 00) TPy — %Q (F, TDu) oo |

where Q(-,-) was defined in (1.12)).

Proof. The explicit expression of the spectral projection Py = 2%” f‘ A=r R(A\)dA can be recovered
by Appendix|1.11] and the equivalence with the r.h.s. follows by straightforward calculations. O

Notice that the given representation of Py is well defined thanks to the fact that A > 0,
again as a consequence of the choice o € (0,1/+/2). Moreover, Py is a symplectically orthogonal
projection, in the sense that given a couple {(, f} with ( € Im Py and f € Ker Py, one has
Q(¢, f) =0 . In particular, it is useful to note that due to the definition of symplectic form 2, a
state f with vanishing component along the continuous spectrum of L is orthogonal to the vectors
Jei and Jes, or in complex notation, to &, and i%@w = 1QVy-

After these preliminaries, as anticipated in formula , we write the solution to as

(1.38) u(t,z) = €90 (D () + x(t,2)), OF) = /O w(s)ds + (1),

with the final goal of proving that the solution decomposes in the sum of a solitary component
and a dispersive one.

The local splitting of the invariant symplectic manifold (L?(R?,C),Q) in two symplectically
orthogonal manifolds, the finite dimensional solitary manifold M and the infinite dimensional
range of the spectral projection on the continuous spectrum, suggests to symplectically project
the flow according to this decomposition (see also Remark , in order to obtain the so called
modulation equations. The projection along M ("longitudinal") gives rise to two ordinary differ-
ential equations for the frequency w and the phase v of the solitary wave, depending parametrically
on the fluctuating component x; while the projection on the continuous spectrum ("transversal")
gives a partial differential equation for the remainder x (with coefficients depending on 7 and
w). The solution to the equation for the x component will be shown to decay in time in suitable
norms. As a consequence, one has the asymptotic behavior of the solutions for the parameters w
and « of the solitary wave, to be shown in Section 6, and finally asymptotic stability, which will
be the subject of Section 7.

To deduce the modulation equations it proves convenient to make use of the variational formulation
of equation (1.7)

(1.39) <i‘$(t>,v) - E'lu(®)](v) Vv eV

To begin with, we replace in the previous equation the Ansatz ([1.38]).
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By equation (I.15) and Proposition [1.3] equation (1.39) can be rephrased as

(1.40)

d
(1% 0.0) = Qe 0.0+ 0@+ (00 + 500 (-0 JER(CRORS
for any v € V.

Here Qq,Lin is the quadratic form of the operator D defined in (1.19) and acting as

Qa,Lin(X,'U) = (qux, V¢,U)L2 — @

w
i Re(qy @) — 0\2/7: ReqyReqy +w(x,v)r2 ,

and the nonlinear remainder N(gy, gy) is given by

N(Qx> QU) = _V’qX"HIw‘QU Re((Qx+Qw)%)+V(20+l)‘Qw‘20 Re qx Re QU+V’%J’20 Im dx Im QU+V|QW|20 Re(Qw%);

1
where, according to Section [1.2.2] ¢, = (ﬁ) .

4y

Remark 1.19. The remainder N(qy,qy) depends nonlinearly on x (and w) and it is real linear
in v; so, by Riesz representation theorem and with a slight abuse of notation, there exist a vector
N(qy) such that N(qy,q,) = ReN(qy)q. The dependence just on the charges of x and v is a
peculiarity of this model. Moreover, by its very definition, the remainder is the difference between
the action of the complete vector field and its linear part at the solitary wave, and so it is quadratic
m q, near X = 0.

Corresponding expressions can be given with obvious modification in purely real form, which we
omit for the sake of brevity. Since w, v and x are all unknown the Ansatz makes the problem
underdetermined, and a supplementary condition is needed to give a unique representation of
the solution; a way to close the system for w, v and y is to require that the y component is
decoupled from the discrete spectrum, i.e. FPyx = 0, or equivalently to project equation (|1.40))
onto the symplectically orthogonal complement of the generalized kernel of L. The corresponding
modulation equations take different forms according to the way one writes the projection and
we give two of them for future reference. In the following we denote by @ the bilinear form
associated to the linear nonselfadjoint operator L.

Theorem 1.20. (Modulation equations I) Let x be a solution to equation (1.40) such that
Pox(t) = 0 for all t > 0, and let the functions w and ~y belong to C*(R); then w and v solve the
equations

Re (JN(ax)qp; @o1x)

(1.41) W= —
(Sow - TL«?X7 (I)w + X)L2

9

and

Re (JN(qX)qJ(@w dPgy ))

dw X

(% — 4Ry, by, + x) L

(1.42) y =

Proof. We adapt the reasoning in [II]. Equation (1.40) is equivalent to

(1.43) <jt(<1>w + X),U>L2 =Qr(x,v) +7 (J(Pw + x),v) 2 + Re(JN(qy)Gw) Yv eV .
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Set v = P§(®,+x) where Pj is the adjoint in L?(R3) of the operator Py; notice that differentiating
in time Pyy = 0, one has

d . dP,
PO&(‘% +Xx)=w < - de) ,

where expressions such as %X are computed from the representation given in (1.37)).
Moreover, one immediately has the identities

QL Py (w4 X)) = QL(Pox, (Pw + X)) =0

and, using PyJ = JFy,
(J(@e + X), P (P + X)) 2 = (T (B + X), ()2 (s + X)) 12 = (JPg (B + X), B @y + X)) 12 = 0.

So one remains with

d
(Podt(‘bw +x), Pu + X) = Re(JN(¢x)7pP; (@0 1))
L2
from which the equation for w follows.
Now let us consider the test function J PO%((PW + Xx), and notice the following facts, in which use
is made of JPy = Py J.

(cﬁ(‘I’W+X)vJP0(‘I’w+x)> = <dt(<1>w+x),JP§(‘1>w+x)) = (Podt(<1>w+x),JPo(<1>w+x)) —0:
L? L2 L2

d

It follows from the weak equation ([1.43)

. d
Y <(I)w + X, P()*((I)w + X))

y = Re(JN(QX)%

L2
and hence, after substituting the expression of PO%((IDW + x) determined above and cancellation
of w the equation for 4 follows. This ends the proof. O

Two properties of the modulation equations which will be useful in the subsequent analysis are
the following.

Corollary 1.21. Under the hypotheses of Theoremll.Qq, and if it is known that | x||py s suffi-
ciently small, the right hand sides of (1.41) and (1.42) are smooth and there exists a continuous
function R = R(w, |[x|lz) such that, for any t >0,

()] < Rlax @ and  [5(t)] < Rlax(t)*.

The proof of the previous result is a consequence of two facts. In the first place (¢, ®u)r2 =
%% |®,||? > 0 by condition o € (0,1/+/2) which gives orbital stability; secondarily, the nonlinear
part in actually depends only on the charges ¢, and ¢,; provided that |g,| < ¢, there exists
a positive constant C' > 0 such that the denominators in (1.41]) and (1.42) are strictly away from

zero and

IN(qy)| < Clayl?, Vx eV

The second property concerns the compatibility of the orthogonality condition of the fluctuating
part x with arbitrary choices of initial data. The following lemma assures in fact that the orthog-
onality condition Pyx = 0 can be satisfied at the initial time in the neighbourhood of the solitary
manifold without loss of generality.
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Lemma 1.22. Let u € C(R™, V) be a solution to equation (1.7) with u(0) = ug € VN L. and
assume

d = ||uo — eiaoq’onme}u <1,

for some wy > 0 and 6y € R. -
Then, there exists a stationary wave e%0®g , and xo(z) with Py(@o)xo = 0 such that ug(x) =
e’ (g, (2) + x0(2)) , and |Ixollvazy, = O(d) asd — 0.

The result is commonly stated as a preliminary step in the analysis of modulation equations (see
for example [30],[32] and [§]). The proof is an application of the implicit function theorem making
use again of the condition 4||®,|? # 0; we omit details and refer to the cited references. As a
consequence of the previous lemma, in all proofs in the rest of the chapter we can assume FPyxo =0
where xo = x(0).

An equivalent form of the modulation equations for the soliton parameters w and - can be obtained
exploiting the characterization of the condition Pyx = 0 through the (Hilbert) orthogonality
(x,Pw)rz = 0 = (X,ipw)r2. In some respects they are more transparent and we give them
making use of the complex writing.

Theorem 1.23. (Modulation equations II) Let x be a solution to equation (1.40)) such that
Pox(t) =0 for all t > 0, and let the functions w and ~y belong to C1(R); then w and v satisfy the
equations

(X, 0w) 2 + (w, Pw) 2) N (X, 1Pw) — (X, 1®y) 2 N (X, ¢u)

1.44 w =
(1.44) (00 825 — ()

((X7 (Pw)LQ - (Spcw (I)w)L2)N(X7 @w) + (X?i%SDW)LQN<X7 iq)w)
(Y, @w)%z - (X ‘Pw)%p

(1.45) 4 =

Proof. Differentiating in time the orthogonality conditions (x, ®u)r2 = 0 = (X, i9w) 2, it easily
follows that
(X, 1Pu)r2 = —w(X, Qu)r2, (X, Qw)r2 =W (wd%> :
w 2
So testing the weak equation for x with i®,, and ¢ and taking into account properties of operators
L, and Ly and orthogonality conditions again, one obtains the system

w((X? ‘Pw)LZ - ((I)wa @w)LQ) + ;7/(X7 i(I)w)L2 = _N(X7iq)w)

: d :
o (xomte) = H(@arpin + (tpadiz) = M)
w .2

The thesis follows solving for w and 4.
O

Notice that to this second form of modulation equations apply similar remarks to the ones made
for the first form. In particular, if a priori estimates on smallness of x are known, the modulation
equations are well defined thanks to the condition %H(I%JHQ > 0, and the analogous of Lemma
holds true.
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1.6 Time decay of weak solutions

The goal of this section is to provide the time decay of the transversal component x of the solution
u (see (31)) to equation (1.7)); the result we achieve shows that y is in fact not only a fluctuation,
but also a decaying dispersive remainder and it paves the way to the proof of asymptotic stability
of standing waves, that is given in the next section. To this end we follow the idea developed in
[9],[10],[11] for the standard NLS and applied in [8] to the case of 1-d concentrated nonlinearities.
For any T > 0, define preliminarily the so-called majorant

(1.46) M(T) = sup [+ 0@z, + 0+ O]+ L))

We aim at proving that the majorant is uniformly bounded in T by a constant M = O(d), where d
is the size of the dispersive component x. The proof of such bound is the content of the following
theorem.

Theorem 1.24. Let u € C(RT, V) be a solution to equation with u(0) = up € VN LY and
define d = ||lup — ewo‘bonVngua for some wy > 0 and 6y € R. Then, if d is sufficiently small,
there are w,y € CY(RY) which satisfy —, and such that the solution u can be written
as in .

Moreover, there is a positive constant M > 0, depending only on the initial data, such that, for
any T > 0, one has M(T) < M and M = O(d) as d — 0. In particular

(1.47) IX(@)llzee, < (14 8)7%? vt >0,
(1.48) ()| + o) < M (1 41)73 vt > 0.

The previous theorem is implied by the following proposition that is proven in Section by
using the results given in Sections and and the dispersive properties of the linearization
operator L given in Section

Proposition 1.25. Under the hypotheses of the previous theorem, assume that there exist some
t1 > 0 and p > 0 such that M(t1) < p. Then there are two positive numbers di and p1, independent
of t1, such that if d = ||xollvnry, < di and p < p1, then M(t1) < §.

Indeed, if Proposition were true, then Theorem would follow from the next argument:
let Z C [0, +00) be defined as

T={t; >0: w,y€CY0,t1]), M(t1) < p}.

7 is obviously relatively closed in [0, +00) with the topology induced by considering it as a subspace
of R with the standard Euclidean topology. On the other hand, the thesis of Proposition and
the estimates of Corollary imply that Z is also relatively open. Hence, the uniform estimate
of Theorem follows from the fact that supZ = +o0.

1.6.1 Frozen linearized problem

Note that the equation ([1.40]) is non autonomous. In order to make its study simpler, it is useful
to exploit a further reparametrization of the solution x(¢). We fix a time ¢; > 0 and denote
w1 = w(t1) and 73 = y(t1). Now define (in vector notation; we recall that J corresponds to —i)

(1.49) e 70U (t,x) = e TOWy(t,z) , where O(t) = wit+ 71 .
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The function 7 satisfies the equation

(eJ(Qé)illZ,v> = QL(e‘](Gfé)n,v) + (w1 —w)(JIn,v) 2 + (I Py, v) 12
L2

dd 5

—w (w,v> + JN(eJ(Qfe)qn)qT] YveV
dw L2

We need a further manipulation which allows to rewrite the previous equation in a form which

makes the role of reparametrization clear. To this end we need the following identities, which can

be obtained from straightforward computations

o Jej(@—é) — ¢J(©-0) .

- Y

N N 1 N
° QL(e‘](@_G)u, v) —eJ(e_e)QL(u, v) = (J—;)\/{; sin(© — 0)03q,qy, for any u, v € V', where
T

o — 1 0
ST lo -1
Making use of the previous identities, one rewrites the equation for n as

dn

~ Q)w
(1.50) () =<w1—w><Jn,v>Lz+QL<n,v>+(e—J<@—@> (mw—wd )) ;
dt .2 dw L2

~ 1 ~ ~ _
+€_J(@_@)(a+27r)\/a sin(© — ©)03¢,qv + e_J(e_@)JN(eJ(G_e)qn)qTJ, YoeV .

Let us define the linearization frozen at time t; as L; = L(wy), and observe that for all u, v € V/

VG - o
47

Qr(u,v) — Qr,(u,v) = 7&11,]1,%% — (w1 —w)(Ju,v) 2,

0 -1 .
where T = [ % +1 0 ] . Hence, equation (1.50) becomes
dn
(151) Evv :QL1(777U)+NI(757W,%7%) VoeV
L2

where, for all v € V, the time dependent nonlinear remainder (including now “dragging" terms
due to reparametrization) is given by

= dd,, —\/
. It7w7Q7q’U = e B 7 w_wi , U +7mqu7’U
1.52) N . J6-0) (379 Ve ,
dw 12 47

(1.53) + eJ(@@)(U—;?\/w sin(© — ©)03¢,q + ¢ /OO IN(’®¢,)g .
The gain in changing from original for the dispersive component to equation is that
the latter is still non autonomous, but now the generator of the evolution is (in weak form) a
sum of a fixed linear vector field (the frozen linearization L;) and a nonlinear time dependent
perturbation (see also [9]). This allows to use the known dispersive properties of linearization
operator L described in [1.4.2]
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1.6.2 Duhamel’s representation

In this subsection we write the equation in Duhamel’s representation to better exploit
the dispersive properties of the propagator e“*. This is not a completely trivial task since our
frozen equation is a variational equation and cannot be written in strong form. In order to reach
our purpose, we consider separating in the test function v the regular and singular part
accordingly to . So we begin by setting v = qf)i‘ € H'(R3). We get

(d”< ) %) — (L) + f1(8), ) e,

dw

where f(t) = e~ (0(H)-6(1) ( (t)J Py — w(t) ) Hence, by Duhamel’s principle one gets

t
(0, ¢)) 12 = (eLf%m«+b/“eLf“-6>f1@ﬂds,¢i>
0

If one considers the same equation with v = ¢, G where ¢, € C, one has

L2

(4. quA) = (L) + 11(0) + 91(0), 0.

where
g1(t) = e~ ©O=80) (4/X(0 1 1) /a0 sin((1) — B(1)) 75 (1) +
+87rﬁJN(eJ(G(t)’é(t))qn(t))G,\> + 2VA(Vw(t) — ) Tgy(H)Ga,
where g, is the charge of the function 1. And hence,
t
(e Ga)iz = (Him [ B 6) 4 01(6))ds. .65 )
0 L2

Summing up, for any v € V, the solution to equation (1.51)) can be written as

t t
(ﬁaU)L2=(LIt770+ / eLf<t—8>f1<s>ds,v> +< / eLI“—S)gI(s)ds,quQ |
0 L2 0 L2

In what follows we will use the following estimate on the function gj.

Lemma 1.26. Under the hypotheses of Proposition [1.25] there exists a constant C > 0 such that

lar@llvazy, < C(lanl + plag)),
for any t < ty.

Proof. First of all let us notice that it is possible to chose ¢; in such a way that w(t) > ¢ > 0 for
any 0 <t <tq, then

t1 t1
[Vw(t) — vwr| < Clw(t) w1|<C'/ s)lds < C sup [(1+t)3|w(t)]]/t (1+s)3ds < Cp,

0<t<ty

and

t1 31 t!
1©( </ / ]des—i-/ I9(s)|ds < Cp/ / (1+7) 3d7-d3+(]p/ (1+s)3ds < Chp.

The result follows since

lgr@®llvar, < C(1O) = OWllay()] + [vw(t) — Verllay ()] + lan(®))-
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We end the section with a technical result that allows to transfer dispersive estimates on the
frozen fluctuating component P.(L;)n = P.(w1)n into estimates on 7. This is needed because 7
appears in the integral Duhamel’s equation where estimates have to be done, but the dispersive
behavior is at our disposal for P.(wq)n. This is stated in the following lemma (see for analogous
construction, for example, [22] and [§]).

Lemma 1.27. Let the hypotheses of Proposition hold true and suppose that the quantity

sup (|w(t) —wn| +|0() = O(1)) =0
0<t<ty
is sufficiently small; then, for any t € [0,t1] there is a bounded linear operator II(t) : P.(w1)(V N
LX) = VNLX.,, and a positive constant C = C(§,w1) > 0 such that n(t) = I(t)h(t), and

O, w1) Hlhllvaze, < lInllvaze, < C(@6,wi)llhllvare., -

Proof. We give only a sketch of the standard proof, referring for details to the literature cited
above. Set 1(t) = Py(w1)n + Pe(w1)n = ik1(t)Pw, + kg(t)%tﬁwl + h(t) . The condition Pyx =0
makes time dependent functions k; and ko to satisfy a linear system with a source term depending
on h; the coefficient matrix has an inverse uniformly bounded in ¢ and ¢; thanks to the conditions
(P, d%l‘bm)L? > const > 0 and (P,,,, %fbw)Lz > const > 0 valid for |w —wy| small enough. This
gives a representation of k1 and ko in terms of h and as a consequence the required bound on the
finite dimensional component. Now define II(¢)h(t) = n(t) — ik Py, — kgﬁ@wl and the complete
bound follows. O

1.6.3 Proof of Proposition [1.25|
Estimate of |¥|+ |w]|.

Lemma 1.28. Ifn € V N LS., then the charge q, of the function n satisfies |q,| < 47 ||nl|Le= ..

w—l}

|| q 1
a1 20(®) + Tt | 2 2wl

Proof. Since n € L2, (R?) then |||~ = sup,cgs

From the last lemma and Corollary one gets
O]+ @] < gy < erln®)llze | < ea(L+87ME)?, V€ [0,4],

with ¢; independent of ¢;. Hence, one can choose p? < i and get (1 +t)3(|5(t)] + |w(t)]) <
ap? <4, Vtelo,t].

Estimate of |7z .

As explained in thewprevious section, for any ¢ € [0,¢1] we have n(t) = Po(w1)n(t) + Pe(wi)n(t) (for
the definitions of Py and P. see Remark and thanks to Lemma we have n(t) = ITh(t)
where II(t) : Pe(w1)(V N L) — VN LY, is bounded.

In order to estimate HUHLZOA we make use of the equation for h. For all v € V', h is a solution to

dh
<dt ’U> = Qr;(h,v) + (Pe(w1) fr,v) 12 + (Pe(w1)gr, goGA) 2 »
12

where fr and g; were defined at the beginning of Section hence, for any v € V', h satisfies

0 0

t t
(hyv) 2 = (eLﬂhw / eLf“—S)Pc(wl)fI(s)ds,v) +( / eLf<t—S>Pc<w1>g1<s>ds,quA) |
L2 L2
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In addition let us assume that v € V' N L, hence by Hélder inequality

> vl 2 +
viLe

HQHG)\HL}JJ'
vaLe.,

/t eL’(t*s)Pc(wl)f[(s)ds

0

(h,'l))LQ S (HeLIth()HVmL?i_l +‘

t
+ /GLI(t_S)Pc(OJl)g[(S)dS

0

Now we can apply the dispersive estimate proved in Theorem and get
||6L’th0||mef_1 < c(1+ )| hollvnry < c(1+1)7%,

where d was defined in the statement of the present proposition. Furthermore, again by Theorem

<o [@rt=a BB+ aEDds <e [ 1+ t= 9 2l ds

Analogously, using Lemma and Theorem

‘ t
/ 1= P, (wy) f1(s)ds < C/ L+t —5)"2)fr(s)lyrpy ds <
0

0

vaLe
w

¢ t
/ P19 Py(wi)gi (s)ds < C/ (141t —5)")g1(s)llvrry,ds <
0

0

VL=
w

t
< C/O (141 - 8)_3/2(”?7(8)!!%3_1 +plln(s)llLee_, )ds.

Let us define

m(t) = sup (1+ 5)*|n(s)||ze .
s€[0,t] w

Now, using the above inequalities, Lemma 1.25, and exploiting the duality paring defined by the
inner product in L?, it holds

(n(t),v)ee _
Ly

w

(L+ 622t |, = (1+8)** sup
® 0#veLl, [|v]

t
/eL’(t‘S)Pc(wl)g](s)ds

t
<c <||€L’th0HVﬂL°°_1 4 H/ eL’(t*S)Pc(wﬂf](S)ds
w 0 0

.

<
VAL

<c (d + m2(t) /t(l + 1321+ )31+t — 5) 73 2ds + pm(t) /t(l + 1321+ )21+t — S)_3/2d8> .
0 0

vnLe
w

t
<o [ @rt=9 B, + ol )ds

Observe that the constant ¢ and both integrals appearing in the last inequality are bounded
independently of ¢, and this implies that for any ¢ € [0,¢1] we have

m(t) < e(d+m>(t1) + pm(t1)) < e(d + p?) < cod,

provided d and p are small enough. Since the constant ¢y does not depend on ¢;, we can choose
d < ££- and finally get

concluding the proof of Proposition [1.25]



1.7.  Asymptotic stability 29

1.7 Asymptotic stability

Now we are in the position to prove the asymptotic stability result as stated in the next theorem.

Before formulating the result, let us denote by U; the integral kernel which defines the propagator
j |z

of the free Laplacian in R?, namely Uy (z) = (4mit)~3/2e"ar .

Theorem 1.29. Assume o € (0,1/v/2). Let u € C(R*,V) be a solution to equation (L.7) with

uw(0) = ug € VN LY and denote d = |Jug — ewo@onme}U, for some wy > 0 and 0y € R. Then, if
d is sufficiently small, the solution u can be decomposed as follows

(1.54) u= e, + Up* oo + T'oo,
where Weo > 0 and Voo, Too € L*(R3), with ||7eo||z2 = O(t5/4) as t — 4o0.

Proof. Along the proof we assume that Py(ug —e'%®,,,) = 0, and we recall from Lemma that
there is no loss of generality in this choice. First of all let us notice that Theorem implies
w(t) = Woo, and O(t) — woot — 0, as t — +oo. Next, let us define the modulated soliton as

s(t,x) = eie(t)fbw(t) (x),
and the function
(1.55) 2(t,z) = u(t,x) — s(t, x).
By equation and one has that, for any v € V, 2(t) is also a solution to

d - d
(iz, v) = Re Vo, - Vo,dr — uRe((|qu|2"qu — |qs|2"q3)q7,) + <7s — iw—s, v) .
dt L2 R3 dw .2

As one can verify by direct differentiation, the solution of the last equation can be expressed as

(1.56) z(t,x) = Uy * zo(x) + i/o Ui—r(x)q.(T)dT — Z'/o Ui—r x f(s(7))dT,

where we denoted f(s) = 15—2'@5—; and, according to (3.77), ¢.(t) = qu(t) — qs(t). Let us consider
the last integral in formula (1.56])

/Ot Upr % f(s(7))dr = Uy % /Ooo U f(s(7))dr — /too Us_s % f(s(r))dr.

and note that the regularity of s(t, ) implies 11 (z) = [° U_rxf(s(7))dT € L*(R3), and 71 (¢, 2) =
— [ Ui—r % f(s(7))d7 € L*(R3). Moreover, from Theorem and the unitarity of the evolution
group of the free Laplacian we have ||r1(t)||;2 = O(t™2), t — +o0.

To conclude the proof it is left to prove a similar asymptotic decomposition for the first integral
in the formula (1.56). As before, one can write

First of all one needs to show that ¥o(z) = [~ U_r(2)q.(7)dr belongs to L*(R?). To this aim,

let us observe that g(z) = W}z (%), with h(y) = [;° e~ W/Tr=3/2¢ (1) dr, hence

2 1 [e’s) 7.2
ollzz = (47T)2/o ’h <4>

2
r2dr =

o | Vi
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From the first and the last terms one gets 1o € L%(R?) if and only if h € L?(R™, Vydy). On the
other hand, one can perform the change of variable u = % in the integral function h and get

© 1 1 R | 1
h — —1yu72 Z)du = _WU,Z = d,
=" () au= [ (3) v
ud/2

where we set y = %. Then E(u) = %qz (%) Moreover, by Theorem (1.24) |%qz (%) ‘2 Vu < Arar
then h € L2(R*, \/udu) and hence, by Plancherel’s identity i € L2(R™, Vdy)-

Finally, let us denote ro = [”° Uy—r(2)q.(7)dr. As before, we have ro(z) = g <§), with g(y) =

I e~ W/(=7)(t — 7)73/2q, (1) dr. Moreover, we can set y = % exploit the change of variables

u = —% in order to get
-7

0o g 1
o) = [Ty, (t+) Vidu.
0 u u

Again, Theorem implies that g(u) = %qz (t+ %) € L*(R*,\/udu), for any ¢t > 0. In particu-
lar,
u3/2

o0
2 ~
ol van < | T
for any t > 0, with ¢, ¢ > 0 independent of time. Summing up, Plancherel’s identity allows us to

conclude ||rol[ 2 = O(t=%/*) as t — +oo.
Hence the theorem follows with ¥ = 20 + ¥ + ¢1, and 7o, = 19 + 1. O

du < e(1+t)7°/2,

1.8 Appendices

1.9 The generalized kernel of the operator L

The aim of this appendix is to provide the proof or Theorem

Proof. 1t is easy to see that ¢®,,, with ¢ € C, is the unique family of distributional solutions to
the equation
—Au+wu = 0.

Furthermore, ®,, belongs to D(H,,) but not to D(H,,) since the boundary condition is not

satisfied. Hence
ker(L) = span { < E{))w > } .

12— [ —Lolq 0 ]

Let us now consider the operator

0 —L1 L,
Since the operator L; is invertible, the following holds
u € ker(L1L2) < u € ker(Ly), then ker(L;Ly) = span{®,},

u € ker(LoLy) < Ju € D(H,,) such that Liu = .
Solving the former equation one gets that ker(L;L2) = span {¢,}. From this follows

e -m(3,)-()}
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Proof of the resolvent formula

1.10.
The operator L? has the following form
13— 0 —LoLy Ly
LiLyL,y 0
As before
u € ker(L1LoLy) < Liu € ker(L1Lo) = span {®,} < ker(LiLoL1) = span {p,},
or Lou € ker(LaL1) = span {¢,}.

u € ker(LoLiLy) < u € ker(Lg) = span {®,}
—Au+ wu = @,

Let us notice that the equation
has a unique family of distributional solutions given by
1
u(z) = Ve 2+ 55 +— +
Ay 2y/w 1602w 4|z 2y/w 4|z
e_ﬁ‘xl + ( ]_ 1 ) e_\/(;kr‘
8ow? 8w 4m .

o
——|x
8w 47
Notice that one must impose that u belongs to D(H,,) which means that u € L?(R?) and satisfies
the boundary condition. This is equivalent to ask the following algebraic conditions to be verified

Therefore, if o # 1, then ker(LoL;Ls) = span {®,}. Hence
ker(L3) = ker(L?),

which concludes the first part of the theorem.
In the case 0 = 1 we get ker(LoL1Lo) = {®y, g, }, then
0
ker(L?) = span , Po , )}
= {5, ) (5) (5
With analogous computations one can prove that
0 0 h
4\ _ 5\ __ P W

ker(L*) = ker(L )-span{( o, ),(0 ),(gw )’(O )},

O

which concludes the proof.

1.10 Proof of the resolvent formula
In this appendix we prove that the operator (L — AI)~! is given by

—)\()\2 + L2L1)71 —LQ()\2 -+ LlLQ)fl

—)\()\2 + L1L2)_1

R()‘) = L1(>\2—|—L2L1)_1
for the resolvent of the linear operator L. More precisely, we prove the following proposition.
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Proposition 1.30. If A € C\o(L), then R(A\)(L—A)u =wu, Yu € D(L), and (L=M)R\)f=f
for any f € (L3(R3))2.

Before proving the former proposition, let us prove the following lemma.
Lemma 1.31. For any A € C\ o(L) the following identities hold

1 N+ LoLy) 'Ly = LY (02 + Ly Lo) 7Y,

2. (N2 + L1Ly)~' = (WAL + Lo) 'L,

9. (A4 LiLp) 'Ly =Ly (A2 + Laly)7,

where ivg is the restriction of the operator Lo to the projection of its domain onto the subspace of
L?(R3) associated to the continuous spectrum of Lo.

Proof. First of all, let us notice that all the inverse operators are well defined since A is not
allowed to be a spectral point of L, Lq is invertible and Lo is restricted to a subspace on which it
is invertible too.

In order to prove [I} we prove the following claim

(N + LoLy) 'Lt = (\2Ly 4+ L1Lo L)t = LT (A2 + Ly Lo) 7
To this purpose, let us take any ¢ € L?(R?), then one has
(M2 + LoLy) 'L € D(LoLy) and L€ € D(Ly).
Hence, the following chain of identities holds
(NLy + Ly Lo Ly ) (N’ + LyLy) 'Ly = Ly(N? + LoLy ) (A + LoLy) 'Ly Y = L L' = €.

On the other hand, let us take n € D(L1L2L1), and observe that, in particular, n € D(LaLy).
This justifies the following identities

(A4 LoLy) 'Ly (N2Ly + Ly LoLy )y =

= (AN + LoL) 'Ly Ly(N2 + LoLy)n = (A + LoL1) "' (A2 + Lo Ly)n = 1,
which concludes the proof of the first identity of the claim. The second one is proved in the same
way. s
The proof of can be done in the same way exganging L; with Ly and Ly with L.
It is left to prove[2]. To do that, let € be in L*(R3), then (\2L7 '+ Lo) "' L7'¢ € D((\2Ly ' + L»))
and Ly'¢ € D(L;). Hence, we have

(A2 + L1 Lo)(N2Ly 4 Lo) 'Ly e = Ly VLT + Lo) (VLT + Lo) PL N = ¢

On the other hand, for any n € D(L;Ly) one has n € D(Lg) C L*(R%) = D(L;'), which justifies

ALY 4+ L) 'L N2+ LiLo)p = (VLT 4 Lo) YL Ly (V2L 4 Lo)n = 1.

We can now prove the proposition.
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Proof. T step: proof of the first identity.
Let us recall that for v € D(L) holds

R\)(L — M)u =
[ AN+ LoLy) ™t —Lo(N2+ LyLo) ™! ] [ N 2 ] ( uy > B ( wy )
T | LN+ LoL)t —AA2 4 LiLy) ! —L -\ uy )\ wy )7
where
wy = N2\ 4 LoLy) " Yug + La(A2 + L1Ly) " Liug — A2 + LoLy) ' Loug + ALa(A2 4 L1 Lo) "usy,
and
wy = N2(A2 4 LyLo) Yug + Li(A2 + LoL1) ' Loug + AA2 + LiLy) Y Lyuy — AL1(A2 4 LoLy) tuy.

We will concentrate on the first component w;, because the second one can be treated in the same
way.
The spectrum of the selfadjoint operator Lo is ([6])

o(Ls) = {0} U [w, +00),

where 0 is a simple eigenvalue and ker(Lg) = span{®,,}. Hence, any us € D(L2) can be decom-
posed as

uz = a®y, + g2,
where a € C and g2 belongs to the projection of D(Ly) onto the continuous spectrum of Lo.
Moreover, since Lo®,, = 0, one gets ®,, € D(L1Ly) and

1
Y
which is equivalent to (A2 + L1Lo)~'®,, € ker(Ls).

1
b, ()\2 + Lng)CI)w = ()\2 + L1L2) <)\2(I)w> ,
As a consequence, since Ly and Lo are invertible on their domains, one has
wy = N(N? + LoLy) 'Ly Lyug + Lo(\? + L1Lo) ' Lyug +
—_— —_— —_— —_— ~—]~

—AA* 4 LoL1) ' Laga + ALa(N* + L1L3) 'Ly Laga,

hence, by lemma it follows
—_— —_— ~—~——1 —_— —_—
w = (N L7+ Lo) (A2 4 L1Lo) ' Lyus — A(A* 4+ LoL1) 'Logs + ALaLy (A2 + LoLy) 'Logs =
= (N?LyY + L) (VLM 4 Lo) L Ly = .

Summing up, we proved

RN (L—X)u=u Yué€ D(L).

IT step: proof of the second identity.
First of all let us recall that for f € (L?(R3))? one has

(A2 4 LoLy) 7' f1 € D(LoLy) and (A2 4 LyLo) ™' fo € D(LyLo).
Hence, the following identities hold

[ -x L AN+ LoLy) ™t —Lo(N + LiLa) ™' ] [ f1 ) _
(L=ADRNf = [ L, —QA} [ L2 4 LoLy) A+ LrLy)! ] ( 3 > -

. < ()\2+L2L1)()\2+L2L1)71f1 > . f
T\ W+ LiLy) (N + LiLy) My )

which concludes the proof. O
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1.11 The dynamics generated by L along the generalized kernel

In this appendix we estimate the behaviour of the propagator of L around the eigenvalue 0. This
is achieved in the following theorem in which it is proved that the dynamics has a linear growth
in time along the generalized kernel.

Theorem 1.32. For any r € (0,w) the following identity holds

1
— Rz, y)e Md\ =
211 |\|=r
VB e—Valel+lu)
B EW(%WM—U 0
o w3 g e~ Vellzl+lyl) Vw e=Vvw(lzl+lyl)
e 126 oty (20VWlyl—1)

for any z,y € R3.

Proof. Since the convolution term of the resolvent R(\) is continuous in zero it suffices to compute
the integral of the multiplication term. First of all, let us note that the function

67/\25

W(2)

FO) = G e =

' [(4mz —iV—w FiA)elV Al |+’ |(4|m2 — iV —w — iX)eV et (eim\m _ ei\/T—i)\M) n
8m|z||y

L —lman —iv—w+ iNe w“'x; J|r (|4m1 —iV—w —iA)elV et (eim\m i ez\/T—i)\M)
8m|x||y

i il _
——e

|:2(47T042 + Vw)e Vel (i@e_‘/my)\ + 0()\2)> + 8raje Vel < velel ) 4 0(/\2)> +
w

~ 8fally| w

2w

1 1— -
+2ie” Vel <<ﬁ + ]:E|> e~ Velrly 4 0(A2)>] (U)\Q + 0()\4)> ~
Vo eVl

(4ras + Vw)|y| + (dray + Vw)|z| + 1]%.

as A — 0. Hence the function f(\) has a pole of order one in zero. Then, by the Cauchy theorem
one gets

T 10 2rfzfly|

1 Ari Nz e—Vw(lzl+y)

— A (Ve Mdr = —

= (4maz + V&)ly| + (4man + V) o] +1] =

I—o 2nlally]

Vo e—Valal+)
=15 ol [—20v/w|z| + 1.

Switching a; to as and vice versa, it follows

1 i i e—valal+)

270 Jjyj=r W(A2)

Az(Ne M = [(4may + Vw)lyl + (dmas + V)2 + 1] =

1-0 2nlalyl

—Vw(lz|+y])
w €
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On the other hand, the function

477
Z -\t
W(A2) 1(A)e

is the sum of a continuous function and a function with a pole of second order in zero, namely
g(\e ™ =

_ (rag —iv—w fid)e’ ‘“"iz'z')ﬂL (‘87’7’07 —iv/—w — i)Vl e IR Y
W (A4)4r|z||y

Note that g(\) = Y125 ap A\ with

w _Amen + VW el )

a_o =1 , a—1 =0,
l—o 2|yl
then, by residue theorem,
. 3
L igzlme—*m _ W AT VO ey g 209 (el
2mi Jinj=r W(A?) 1—0 x|yl (1 —o)mlz[ly|

In the same way
1 4

— —— Mo (Ne MdA =0,
211 IX=r W()\Q)

which concludes the proof. O






Chapter 2

Presence of purely imaginary
eigenvalues

2.1 Introduction

In the previous chapter we have studied the asymptotic stability of standing waves for a nonlinear
Schrédinger equation with a nonlinearity concentrated at the origin in the case in which the
discrete spectrum of the linearized operator is made just by the eigenvalue 0 with algebraic
multiplicity 2. We recall that this component of the discrete spectrum exists in any case due to
the U(1) invariance of the dynamics, related through Noether Theorem to mass (or L?mnorm)
conservation. Here we go on with the analysis of the asymptotic stability in the case in which a
couple of two purely imaginary simple eigenvalues i€ is present in the spectrum of the linearized

operator with the further condition that +2i¢ belongs to the continuous spectrum. This case
corresponds to the nonlinearities where o € (%, \fj;

achieved following the outline of [II] and [33]. In particular, in [33] the same problem for the
analogous one-dimensional model is studied.

). The asymptotic stability result is

Nevertheless, the three-dimensional case presents some differences. The first one is that, as
explained in Chapter [I] the concentrated nonlinearity imposes to develop the analysis at the form
level. This means that the estimates on the evolution of the initial data are more delicate.

The second main difference is the faster decay of the propagator of the free Laplacian. This allows
to develop the the analysis using just the structural weight w = 1 + El‘ which arises from the
dispersive estimate (once again see the previous chapter) instead of introducing new weighted
spaces as done in the one-dimensional case.

Finally, the eigenfunctions associated to the purely imaginary eigenvalues do not have any oscil-
lating term as in the one-dimensional case but they exponentially decrease as |x| — +oo. This
fact will be very useful in order to get the decay in time of the radiation term.

On the other hand, comparing with the case in Chapter [I and in parallel with the already
known one-dimensional case, the presence of the two purely imaginary eigenvalues slows down
the speed of decay of the remainder. This slower decay can be observed from the behavior of
the parameters whose evolution is described by the modulation equations; these include an extra
equation describing the evolution of the coefficients of the eigenfunctions associated to the purely
imaginary eigenvalues. Hence, in order to deal with the modulation equations, it is necessary to
consider also the quadratic and the cubic terms of the nonlinearity and, later, exploit a change
of variables to have a normal form of the modulation equation to go on with the estimates. This
makes more complicate the analysis of the integrability and of the decay of the terms in the

37
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asymptotic decomposition. Denoting by Na(q,q) the quadratic terms coming from the Taylor
\Ifl (wo)
‘112 (wo)
operator associated to i£y. Usually, when investigating asymptotic stability in presence of purely
imaginary eigenvalues, one assumes that the following non-degeneracy condition holds:

expansion of the nonlinearity, and by ¥(wp) = ( ) the eigenfunction of the linearized

(2.1) I N2 (q9(wo)» Q0 (wo)) T (2igo) 7 0

where W (2i&)) is the generalized eigenfunction associated to +2i&y. The previous condition can
be considered as a nonlinear version of the Fermi Golden Rule (see for example [42], [43], [41],
[44], [50], [51], [49], [10], and [11]). It is necessary to guarantee a time decay of the normal
modes related to the discrete spectrum of the linearization; the decay is due to coupling with the
continuous spectrum given by FGR, and consequent dispersion. Thanks to the explicit character
of our model, we are able to directly verify that the decay of the discrete modes holds for ¢ in

the range (%, a*), for a certain o* € (L ﬁ“] (see Section [2.3.4). The numerical evidence is

V2' 2v2
that this is true on the whole interval (%, \f\);) Eventually, we proved the following result.

Theorem (Asymptotic stability in the case of purely imaginary eigenvalues) Assume

that u(t) € C(RT,V) is a solution to with concentrated power nonlinearity where o €

L o in o* 1 B+l
(\/5,0 ), for a certain o E(\/i’ o

|. Moreover, suppose that the initial datum

U(O) =ug = eiwo-i—’yoq)wo + eiwo-‘rvo[(zo + ZT))\IH + i(Z(] — ZT))\I/Q] + foeVn L%U(R?’),

with wo > 0, 70, 20 € R, and fo € L2(R3) N L} (R3) is close to a stationary wave, i.e.

Y2 and  [lfollny, < ce¥?

’Zg‘ S €
where ¢, € > 0.
Then, provided e is sufficiently small, the solution u(t) can be asymptotically decomposed as

u(t) = eweottibilogitehoct) L ], % tho + 100, as t — +00,
where weo, €koo > 0, by € R, and oo, 700 € L?(R3) such that
Irosllzz = O™ %) as t — 400,

in L2(R3).

Notice that the range of the admitted nonlinearities o implies that £2i£ is in the essential spectrum
of the linearized operator.

A last comment of general nature is in order. As in the one dimensional case studied by Buslaev,
Komech, Kopylova, and Stuart in [§] and Komech, Kopylova, and Stuart in [33], and the three
dimensional model analyzed in the previous chapter, the analysis of a specific model allows to
obtain asymptotic stability of standing waves without a priori assumptions. In particular the
nonlinearity is fixed, of power type and subcritical, no smallness of initial data is required (in the
sense that we give results for every standing wave of the model and initial data near the family
of standing waves). Moreover, while Komech, Kopylova, and Suart find a link between the Fermi
Golden Rule and the decay of normal modes, here such decay is directly verified. This fact seems
to indicate that some of these assumptions or hypotheses are in fact unnecessary when enough
information about the model is known.
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For the sake of completeness, in this chapter we will repeat proofs requiring some modifications
because of the facts mentioned above; on the contrary, where the arguments hold unchanged, just
a reference will be given.
Recall that we are considering the following nonlinear evolution problem associated to the operator
H,,ie.
du

2.2 1— = U,

(22) W,
with an initial datum u(0) = ug. The action of the operator H, is defined in Section and the
existence of the solitary waves manifold

M:{%(x):c@);’fﬁx' €eD: w>0}.

4y 47|z

is proved in Section Furthermore, in Section we describe some spectral properties of the
linearized operator
0 L
L B [ 2 ] ’

-L; 0
where L; = H,,; +w for j = 1,2, where oy = —(20 + 1))4/—? and ag = —}4/—?.
Let us stress that in the case o € (1/v/2,1) the discrete spectrum of L consist in the eigenvalue
0 with algebraic multiplicity 2 and two purely imaginary eigenvalues £ with

(2.3) £=20V1-0%w.

As it is proved in Appendix [2.6.1] the eigenfunction ¥ associated to the eigenvalue i€ can be
chosen such that its first component is real and its second component is purely imaginary. Hence,
one gets that the eigenfunction associated to —i¢ is

* \Ill
(%),

As a consequence, the domain of the operator L can be decomposed in three symplectic subspaces,
more precisely
D(L)=X"® X' X¢,

where X9 X' and X¢ are the generalized kernel, the eigensubspace corresponding to the eigen-
functions ¥ and ¥*, and the continuous spectral subspace respectively.
The projection operators from L?(R?) onto X, X! and X¢ are

2 dd 2 dd
Plr=—20(f=2)Jd,+ -0 b)) —2. A= 4|,
r=-30(£52) e+ 20000 T2 A= Lo,
Plf: Q(fa\ll)qj+9(f7\lj )\I/*, KZ:Q(\I/,\I/*),

Pef=f- PPy

respectively. Moreover, we denote with II* the projections onto the branches C+ of the continuous
spectrum separately.

Finally note that the dispersive estimate in Theorem still holds true since there are no embed-
ded eigenvalues nor threshold resonances and the eigenvalue 0 has the same algebraic multiplicity

: 1
as in the case (0, ﬁ)
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2.2 Modulation equations

Since the operators we are dealing with are all different in domain while the forms associated to
them have all the same domain, namely

V = {u=¢x+qGy, with¢) € D'(R?), ¢ € C},

it makes sense to do the following computations at the form level as done in Section In order
to do that let us recall that the variational formulation of equation (2.2)) is

(2.4) <icj;:(t), v) L = Qa(u(t),v) YveW.

Note that the last equation makes sense because V is independent on the positive parameter A
and it is a Hilbert space with the norm

Jull} = IVeall72 + g, VueV.

In order to inspect the asymptotic stability of equation (2.2)) it is useful to solve it with the ansatz

(2.5) u(t, ) = 0 (D, (2) + x(t, 7)),
where
(2.6) x(t,x) = 2()WU(t,x) + () U*(t,z) + f(t,z) = Y(t,z) + f(t, ),

with ¢ € X!, f € X¢, and
t
o(t) = / w(s)ds + (1),
0

with w(t), v(t) to be chosen in a suitable way.

Hence, we are constructing a solution of equation close at each time to a solitary wave. Let
us notice that the solitary wave does not need to be the same at every time, which means that
the parameters w(t) and ©(t) are free to vary in time.

As in the case in which o € (0, %) (see Section the function x solves

27) (15500) | = Qussax(8).0) +3(00e + x(0).0) o+

+w(t) (—qu)w(t) v> + N(qy(t), qv)
dw 9 12 X y 4V )

for all v € V, where N(gy(t),qv) is the nonlinear part of the variational formulation of equation
defined together with Qq, rin(x(t),v) in Section

Since w(t), v(t), and x(x,t) are unknown and the propagator grows in time along the directions
of the generalized kernel of the operator L, the idea is to get a determined system requiring the
function x(t) to be orthogonal to the generalized kernel of L at any time ¢ > 0. Hence, one obtains
that w, v, z, and f must solve the following system of equations.



2.2.  Modulation equations 41

Theorem 2.1. (Modulation equations) If x(t) is a solution of equation (2.7) such that
Pox(t) =0 for all t > 0 and w(t) and y(t) are continuously differentiable in time, then w and
are solutions of

Re (JN(qx)Tp; (@o4x))
dP,
(C‘D“ T X et X) L2

(2.8) W=

)

Re (JN(qX)qJ( dPO ))

(2.9) v =
(ww — 42X, Dy + x) L2

)

and z and f satisfy

(2.10) (W,JU)p2(%2 —i€z) = Re(JN(qy)qyw) +w [(f, J?) <Z¢ JW) :| +(x, W) 2
W 2 W L2
(2.11) (Z{’U>L2 =Qr(f,v)+ ( <zPC(ji\II + Pcdd\lf*> + ;YPCJX=U>L2 +

+(8TVAPCIN ()G, 4uGy) 12,
forallveV.

Proof. Equations (2.8) and (2.9) can be proved with the same argument exploited in the case

s (0, 7
Equation Q-D can be obtained taking v = JW¥ as test function and noting that

o K= +30" +0 (28 +z4) + &
(¥, J¥) g2 =0,

(40 00) =0

o (§.0v)  ==i(f.I%),, and

*w (dlp* J\I])L2 == (‘1]*7J%)L2

dw

Finally, equation (2.11)) follows taking the projection onto the continuous spectrum P€¢ of both
side of equation (2.7)) and recalling that f € X°¢. O

2.2.1 Frozen spectral decomposition

The goal of this subsection is to get an autonomous linearized equation for the component f, as
done in Section [[.6.1]
Let us fix some T > 0, then for any t € [0,7] one can decompose f(t) € X¢ = X(t) as

f=g+h with ge X%=X%a® Xk he X5,

where the subscript 7" means that the time is fixed at ¢t = T.
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Denote P4 = P + Pl and wy = w(T). Moreover, let us define
LT = L(wT),

then

)= VT gy

Qr(u,v) — Qr,(u,v Tquqy) — (wr — w)(Ju,v) 2,

0 -1
T_[Qa—i-l 0 ]

Hence, observing that P°¥ = 0, the equation (2.11]) for f is equivalent to

for all u, v € V, where

dP¢
Y+ P Jx, v) +
dOJ L2

(%.0) = Qutror+ ((w-wni+a
L2

+ <8mﬂ (Wqu + PCJN(qX)> GA,qUGA> ,
47 12
for all v e V.
Since our dispersive estimate holds only on the continuous spectral subspace, we need to prove
that it is enough to estimate the symplectic projection of x(¢) onto that subspace. This is stated
in the following lemma where we denote, with a slight abuse, as R(a) R(a, b) bounded continuous
real valued functions vanishing as a, b — 0, and

Ri(w) = R(|lw = wollcogo,m))-

Lemma 2.2. If |w — wp| is small enough, then the function g can be estimated in terms of h as
follows:

lgllze , < Ra(@)lw —wrllhllz .

The last lemma can be proved following the proof of Lemma 3.2 in [33].
As a consequence, one can apply the operator Pf. to both sides of the equation for f and obtain

C

(2.12) (Ccilftl’l))Lg = Qr,(h,v)+ <P79 {(w—wT)Jf+ng;

P +"yPCJx] ,v) +
L2

+ (877\5\1[’% (% g + PCJN(QX)) quvGA) ;
.2

for any v € V.

2.2.2 Asymptotic expansion of dynamics

In order to prove the asymptotic stability of the ground state we need to show that for large times
z and h are small. For this purpose, the goal of this section is to expand the inhomogeneous terms
in the modulation equations.

In what follows we denote

(¢,p) = q1p1 + q2p2, Vp,q € C2.
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&

>1/<2o>

N

<

7y

With an abuse of notation in what follows we denote by q, = ( (
0

. q)w
func‘mon( 0 >

As a preliminary step, we expand the nonlinear part of the equation (2.7) N(q,) as

) the charge of the

(2.13) N(gy) = Na(qy) + N3(ax) + Nr(ay),

where Na and N3 are the quadratic and cubic terms in ¢, respectively, while Ng is the remainder.
Exploiting the Taylor expansion of the function F(t) = t° around |q,|?, one gets

Re(N2(qy)@) = Re((016w 2™V qy 2 q0+20100 > (0w, 0 ) 2y +2(0 = 1) 0|00 272 (g, 44) % q0) ),

and
Re(N3(qy)T) = Re((0]gw ]2 V]gy2ay + 2(0 — 1)0]60 > (qu, 4 ) 2o+

4 _ _
~(0—2)(0 — 1)0]qu]* ™ (qu, 4y )2 00)T),

+2(0 — 1)0]qu? " (qw, ¢x) 2y ) *qw + 3

for any ¢, € C. For later convenience, let us define the following symmetric forms
Na(q1,42) = olau* (a1, 92)gw + 01007 (g0, 1) g2 + (9w, @2) 1]+

+2(O’ — 1)O'|qw‘2(g_2) (qo.;, Ch)(%.n QQ)Qwa

and
3 1 3
Ns(q1,q2,q3) = *alq PO (@ apas + 5 (0 = Dol D 7 (g ) (0w, a)a+
Z»Jvkzl lzjzkzl

3
1 4 _
+3(0 1ol P72 " (qu ai) qjan)qw+§(J_2)(U_1)O|QW|2(J (s 1) (G 32) (4> G3) G-
1,5,k=1

In order to prove the asymptotic stability result, we shall prove in Section 2.4, the following
asymptotics

_ _1 _1
(2.14) 1@z, ~t78  2(t) ~ 72, @)l ~ 172,
as t — +oo.

Remark 2.3. As in [33], the first step in proving these expected asymptotics is to separate
leading terms and remainders in the right hand sides of the modulation equations (2.§] -,
- Basically, in the next subsections, we will expand the expression for w, 7, and Z up to and
including the terms of order t~3/2, and for h up to and including ¢!

Remark 2.4. Note that since the nonlinearity depends only on the charges the same holds for
its Taylor expansion.
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Equation for w

Substituting the expansion for the nonlinear part N given in (2.13]) in equation ([2.8) and consid-
ering the asymptotics (2.14) one gets

1 1 dd,,
= — Re((JNa(qy) + 2 Na(qy, qr) + IN3(qp))qw) + -5 (s —— ] Re(JN2(gy)qw) + Ok,
A A dw 2

where A = %%H(I)UJH%Q and the remainder Qp is estimated by
1Qr| < R(w, |2] + HfHLf;_l)(’Z’Q + HfHL;f_I)Q-
Recalling that ¥ = 2¥ + ZU*, one can rewrite the former equation for w as
(2.15) & = Qo02°+ Q11224+ Q27" +Q302° + Qo1 222+ Q12227+ Qo3z° +2(qr, Vo) +2(qr, 1) +Qr-
Remark 2.5. Since the second component of the vector g, equals 0, one has
Q1 =2 AR@(JNQ((]\I/)Q\I}*) = 0.

This fact will turn out to be useful in writing the canonical form of the modulation equations.

Equation for ~

As in the previous subsection the equation for 4 (2.9) can expanded as

1 1 o,
= — Re((JNa(qy) +2J Na(qy, q) + I N3(qp) )T aee) + 5 | U5 I —5— |  Re(JNa(gy)qw) +Tr,
A dw A d w 1.2

where the remainder I'g is estimated by
Tl < Rw, |21 + 1 fllz=, )12 + 1 f ).
As before, the equation for 4 shall be written in the form
(216) ’y = FQ()ZZ + F112§F0252 + FSOZS + F212’2E+ F12222 + F03§3 + Z(q]f, F,IO) +§((Jf, Fé)l) —+ FR.

Remark 2.6. In this case I'1; does not vanish as in equation (2.15]).

Equation for z

Exploiting the results of the previous subsections, equation (2.10) can be expanded as

¢ —ifz = 2Re(JNa(gy)qr) + £ Re((JN2(gy) + I N3(gy))77w)+
Alﬁ (flf, J\If) , Re(TN2(a0)aw) + 25 (v, W) 12 Re(INa(gy)q 082) + Z,

where kK = —(¥, J¥) 2 and
ZR] < R(w, 2] + I fllzee )2 + [ f 1z, )2
With the same notation as before, the previous equation can be written in the form
(2.17) . _
z= ZfZ—f—ZQ()ZZ+ZHZ§+Z()2§2+Z3023+Z21223+2122§2+Z()3§3+Z Re(quZb)‘f'ERe(QfZél)-i-ZR,
and it turns out that
(2.18)
Zi1 = 2Re(JNa(qw, qu+)qw), Z2o = %RG(JNz(qq/)qw) Zoz = 1 Re(J N2 (qu+ )@,
Zn = 2Re(JN3(qu~,qu, q0)70) + o= [ (45 7V) > Re(J N2 (qw)Tia, )+
— (W7, ) 2 Re(J Np(qu)es) — 2| |2, Re(INa(qu-, qu)7a) |
gl — 2JN2CN/)
01 — " .

r JN2(qu*,qw)
ZlO = 2=

3 )
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Equation for h
In order to expand asymptotically the equation (2.12)) for h, the following remark will be useful.

Remark 2.7. For any f € L?(R3) the following holds
PEPEf = PR(I— PYYf = PR(P§ + P — P f = PRf + PE(PR — PY)J.
Let us denote
p(t) = w(t) —wr + (1),
then equation (2.12)) can be rewritten as

dh
(%0) | = Qurlho) + (PRI ) + (SEPEINa(a)G G+
L2

dP¢
+ (P [l aPe 0+ plg + 3P PO )
L2

+ (87T\5P7‘3 <\/(;_ LT+ PEIN () JNQ(Q¢)> G, qUGA> ,

47'1' 12
for any v € V.
Denote
, o | . dP° e . d d
Hp = Pr de¢+7PJ¢+ﬂJ9+7(PT—P)Jf ;
and

HY, = 8mVAPs (WT%« + PCJN(qy) — JNz(qw)> G

The next lemma will justify what follows.

Lemma 2.8. There exists a constant C > 0 such that for each h € X% holds
| [PfT —i(TF — H})]hHLb < COflhllpes, -

The proof is in Appendix for any ¢ > 0. Finally, let us define

(2.19) Lar(t) = Ly +ip(t) (1] — I17),
then the previous equation becomes

dh ~
(2.20) —., v = QLM(h7U) + (87TP16~JN2(Q¢)G>\, qu)\)LQ + (HR,U)LQ + (Hﬁ, qu)\)Lz,
dt 12

for any v € V, where we have denoted
Hp = Hp + p[P§J — (I — I17)]A.
Finally, let us expand the second summand in the right hand side of (2.20)), getting

dh ~
(dt’ U> = Qr,, (h,v) + (2*Hao + 2ZHy1 + Z2Hoo) G + (Hp, v) 12 + (HE, ¢uGA) L2,
L2
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for any v € V, where

Hyy = (gnﬁPj‘iJNg(q\p)Gm G2,
Hyy = 2(87VAPEI No(qw, qu+ )G, G 12,
Hyz = (87VAP$ T N2 (qu+ )Gy, Gy) 2.

Thanks to the estimates done for the other equations and Lemma [2.8, one can estimates the
remainders in the following way:

1H R, < € (12101 + 1) + Ra @)l = wrl + [l £l ,) ) <

< R, |2l + 1 lz,) (128 + 2l e, + 11 | + o = wrllf s, )

hence
(221)  [Hrlly, < Ralw el + 1fllze,) (12 + 12l e, + 1713, + o = wrll e, )

and
(2.22)

1H s, < R el + 1l ) (122 + 120 e, + 113, + o = wrl(l2f? + 1 laee ) -

Remark 2.9. In the same way one could directly expand the equation for the function f getting

d _
(2.23) (C;;,’U> = Qr(f,v) + (#*Foo + 2ZF11 + Z2F02) G + (Fr,v) 12 + (Fp, 4Gy 2,
L2

for any v € V, where

oy = (SW\AJNQQ\I/)GMG)\)L?’
i1 = 287V AT N2 (qu, qu= )G, G)) 2,
Foo = (8mVAJINa(qu+)Gr, G)) 2.

and

dP°¢
¥+ APy + 4 (PE— PY)JF,

Fr=q
R wdw

W — /W
Fjy = 87V <Tqu + P°JN(gy) JN2(qw)> Gx.

Furthermore, the L. norms of the remainders ]53 and Fp; can be estimated by the corresponding
norms of the remainders Hr and HY,.

2.3 Canonical form of the equations
In this section we would like to use the technique of normal coordinates in order to transform the

modulation equations for w, 7, z, and h to a simpler canonical form. We will also try to keep the
estimates of the remainders as much close as possible to the original ones.
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2.3.1 Canonical form of the equation for A

Our goal is to exploit a change of variable in such a way that the function h is mapped in a new

function decaying in time at least as t=3/2. For this purpose one could expand h as
(2.24) h=hi+k+ki,
where

k= CLQ()Z2 +a1122 + CL0252,

with some coefficients a;; = a;;(x,w) such that a;; = aj;, and

ki = —exp ( /O t LM(s)ds> 1(0).

Note that hi(0) = h(0), since k1(0) = —k(0).

Proposition 2.10. There exist a;j € Lzo_l(R?’), fori, 7 =0, 1, 2, such that the equation for hy
has the form

dh -~
(225) <dt17 U> = QLM(hla U) + (HR7 U)L2 + (Hgb QUG)\)L2>
L2
for allv € V', where ETR = ﬁR + Hp with
_ d d d
(2.26) Hp=-— [w <§jozz + %zé%— ;2222) + (2a20z + a112) (2 — i&rz)+

+(a11z + 2@205) (2 + Zsz) — p(H; — HE)k] .
Proof. The thesis is proved substituting (2.24) into (2.20)) and equating the coefficients of the
quadratic powers of z which leads to the system

Qrr(a0,v) + Re(H20qy) — (2i€ra20,v) 2 = 0
(2.27) Qry(a11,v) + Re(Hugy) = 0 ;
Qr,(ao2,v) + Re(HoaGy) + (2i€rap2,v)r2 =0

for all v € V. The former system admits the solution
ajn = —Ly Hip
as) = —(LT — 2i§T — O)_IHQ()
apz = aoz = —(L + 2i&p — 0) ' Hop
O
Remark 2.11. From the explicit structure of the remainder H r it follows that it still satisfies
estimate ([2.21]).

We will need to apply the next lemma which can be proved as Proposition 2.3 in [33].

Lemma 2.12. If o € (%, ‘f\;;) and f € VN L. then there exists some constant C > 0 such
that for any t > 0

le™ ™ (Ly + 2iér — 0) ' Pl < C(L+0)7| fl| 1y,
Remark 2.13. Let us note that
h = P;h = Pphy + Prk + Prky,
hence, in order to estimate the decay of ”hHLffl’ it suffices to estimate the decay of

[1Prhal[pee s [Pkl and  [[Prkif| e .
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2.3.2 Canonical form of the equation for w

Since Q11 = 0, we can exploit the method by Buslaev and Sulem in [11], Proposition 4.1 and get
the following proposition.

Proposition 2.14. There ezist coefficients b;j = b;j(w), withi, j =0, 1, 2, 3, and vector functions
bi; = bi;(x,w), with i, j =0, 1, such that function

W] =w + b2022 + b112Z + b02§2 + 63023 + b21z22 + b122§2 + b0323+

+2(f,b10) 2 + Z(f, bor ) 12,

solves a differential equation of the form
w1 = Qpg,
for some remainder Qp.

Proof. Substituting the equations (2.15), (2.17)), and (2.23) into the derivative with respect to

time of the expression for w; and equating the coefficients of 22, 2%, Z2, z, and Z one gets the

following system

[ Qg + 2i€byg = 0

Qo2 — 2ibo2 = 0

Q30 + 3i€b3o + 2Z20b20 + Re(Faoqy; ) = 0

Qo3 — 3i€boz + 2Zo2bo2 + Re(Foaqy,,) =0

Qo1 + i€ba1 + 2Z11b2o + 2Z20bo2 + Re(Fi1qy;, + Faoqy,, ) =0
Q19 — 1€b1a + 2Z11bgs + 2Z59bog + Re(FH% + FQO%) =0
(g5, ) +i8(f, brg) 2 + QL(f, b)) =0

(Qf7 Q61) + Z€(f7 b{)l)L2 + QL(f7 b61) =0

The last two equations of this system can be solved in a way similar to the ones system (2.27)),
and the proof follows. O

Remark 2.15. From the proof of the previous proposition it also follows that the remainder O R
can be estimated as g, namely

Qg < R(w, |2l + || fllzee (217 + [ fllze, ).

In the next lemma we prove a uniform bound for |wr — w| on the interval [0,7]. For later
convenience let us denote

Rati o] + 1 lz) = (g, bor = ol gna 1+ 1) )

Remark 2.16. Let us note that |w| < |wo| + |wo — wr| + |w — wr|, then

g R el + ) = R (g or = ol g 11+ 11,)) -

The next lemma can be proved as in Section 3.5 of [33].

Lemma 2.17. For any t € [0,T] we have
T
for —ul < Ratislel + 1f1z.,) | [ Qa0+ 150, Pt
t

ezl + I frlize )? + (2l + [ £z, )?| -
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2.3.3 Canonical form of the equation for v

Equations (2.16]) for v and (2.15) for w differ just because in general I'1; # 0. But we can perform
the same change of variable in the previous subsection, namely

Y1 =7 + dooz? + dpaZ® 4 d302® 4 do12°Z + d1227° + dosZ> + 2(f, dig) 12 + Z(f, dby) 12,

for some suitable coeflicients d;; = d;j(w), with 4, j = 0, 1, 2, 3, and vector functions d;j =
dgj (z,w), with 7, 7 = 0, 1. Then the function 7, solves the differential equation

Y1 =T11(w)zz + g,
for some remainder fR, which can be estimated as I'g, i.e.

ICr| < R(w, [zl + I flzee ) (12 + 1 fllz,)?.

2.3.4 Canonical form of the equation for z

Exploiting the change of variable (2.24)) used to obtain the canonical form of equation (2.20) for
h, one can prove the following proposition.

Proposition 2.18. There exist coefficients c;j = c;j(w), with i, j =0, 1, 2, 3, such that function
21 =2+ 62022 + c112Z2 + 60252 + 6302’3 + 021225 + 00353,

solves a differential equation of the form

(2.28) 7 = i€z 4+ iK|21 |22 + Zg,

where ) . .
. . ) T, 21,9
1K = Zo1 + 25 + EZQOZH - EZH - 3*§Z027

with the coefficient Z;;, i, j = 0,1,3, defined in , and
Zr = (9+ PShy + P§k1, Zio)z + (9 + Pehy + Péky, Zh)Z + Zn.
The proof is a matter of calculation, but we give it explicitly to stress the role of the functions
aijs i, § =0, 1, 2.
Proof. Substituting in the equation the differential equation for z becomes
(2.29) b= ilz + Zop2® + Z112% + Z02Z + Z302° + Zo12°Z + Z1227° + Zo3Zo+
+2507° + 231 2°% + 21527 + Z0y7° + Zn,

where o
ZéO = Re(anO Z{O),

263 = Re(qaozzi(l)l),
Zél = Re(anZin) + Re(thoZi(l)l%
Zi? - Re(qallZi(’n) + Re(qG()zZiiO):

and the remainder Z R is as in the statement of the proposition.
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Inserting equation (2.29)) into the time derivative of the expression for z; and equating the coef-

ficients of 22, 2z, Z2, 23, 272, and Z° one obtains the system
) ) ) ) ) y

1€cop + Zog =0

—iécnn + 211 =0

—3i€co2 + Zp2 =0

2i€c30 + Z30 + Zhy + 2c20Z20 4 c11Z20 = 0

Zhg + Zig + 2¢20Z20 + c11(Z11 + Zo2) + 2¢02Z11 — 2i€ci2 = 0
—4icos + Zog + Zjz + c11Zo2 =0

The theorem follows from the fact the the above system is solvable and in particular

c20 = =220, C11=—=211, and co2 = 5=Zo2.

§ § 3¢
U

Remark 2.19. For later convenience let us note that, since Zo1, Zoy, Z11, and Zyo are purely
imaginary, one has

Re(iK) = Re(Z},).

Moreover, we need the following lemma.

Lemma 2.20. There exists c* € (%, \f\}%l} such that if o € (%,O'*), then

Re(Zél) < 0,
Yw belonging to an open neighbourhood of wy.

Proof. First of all recall that &7 = 20v/1 — 02wy, then one can compute

1 (VI—o2 —1)2 1 >

i
- Amyfor <\/1 —20y1— o2 o’ 1+ 201 — o2
i o*V1+20V1—02—(V1-02-1)2/1-20V1— 02
47 fwp 02(20%2 — 1) '

Since k is purely imaginary with positive imaginary part and L;12P§1J is self-adjoint, for the first
summand in the expression for Re(Z),) one gets

(2.30) &= (U, J)

UL712P8 I N (g g )? V2 (40 Q0+)

Re(qallfb) = —2Re -

=0.

Hence,

asod N2 (qw)
Re(Z5) = =2 R, azo V219 .
e(Zy) e( o

By direct computations one has

L 2% 0N~ H Aeim‘xl 1 e VTerTETl
azo(x) = (L — (2i§7 +0))” Hzo = M(—z) 47r\x]<@>7
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with

A= —F(((20 + 1)y/oor —iv=wr + 2r)(Hao)1 + (iy/er + v=wr + 267) ()2l
C = 2[((20 + 1)y/wr — vwr + 287)(Hao)1 — (i/wr — ivwr + 287)(Hao)o] '

where d = 2i(20+1)wp+2(0+1)\/wryv/—wr + 2&r—2i(0+1)/wrvwr + 2Ep—2/wr + 28/ —wr + 2&7.

From which follows

_ 4 [( (iv/—wr + 267 — Vwr + 267) (Hao)1 >+
oo =g (20 4+ 1)/wr — Vwr + 267 — /—wr + 2&7) (Hao)1

n < —i(2y/wr + Vwr + 261 + in/—wr + 2&7) (H2o)2 )}
(=Vwr + 281 +iv/—wr + 2&7) (Hao)2 '
Hence
(2.31)
Re((gaso)1) = %[i(fbo)l( (o + 1) ywrvwr + 26rv/—wr + 287 + ((0 + Dwr + &p)V/—wr + 287)+
(Ha0)2(— ()2(0 + 1)ér + (20 + Dwr)/wr + (§r + (20 + Dwr)Vwr + 267)]
(

Im((qa%)g) = %[Z‘(HQO 1((2(0’ -+ 1) wr + fT)\/ —wrp + 267 — (30’ + 2)\/LTT\/OJT + 2§T\/—wT + QST)-F
W%+ (0 + Vwr — &r)Vear + 267)].

=+
m
)
+
\’__)

Moreover, by (2.13) one gets

_ —20]qur |27 (qw)1(qw)2 B
(232) Thalaw) = < 01don P71 (3(q0)? + (09)2) + 20(0 — 1)|gur 27" (gu)? ) -

B ( 2o )gu, P77 (1 - VL) (14 =) )

20|y |27 (1 _ \/1—02—1>

o

which implies

(2.33) Hyy = (87\/wr PrJNo(qw)Gup, Gup) 12 =
_ ~ (IN2(qw))1lgur| (1 1
= JN2(qw) 16w Aw3/? o ! 0 *

+

_ 1 _ V1-02-1 1 2
Vwr ( (JNa2(qw))2 (\/wagTﬂ/uTT o \/WT+£T+\/UTT)2 _
(

P 1 Vi—o2-1 1
JN2(Q‘I/))1<\/WT_§T+\/0TT+ o \/UJT+§T+\/“TT)

Let us notice that (2.32) and (2.33)) imply

i(H20)1i(JNa(qw))1 = —5:7(JNa(qu))i+ )
w - .
o (e~ I ) iUV (@) (T Na(aw)
(H20)2i(JN2(qw))1 = (JNa(qw))2i(JN2(qw))1+ ,
_Jwr 1 V1i—o2-1 1
47rm (\/UJT —&r+or + o \/UJT+§T+\/E> (JNQ(q\IJ))l
i(H20)1(JNa(qw))2 = 57=1i(J Na(qw))1(J Na(qw))a+ ,
VT 1 _ V1—o2-1 1
+47rm (\/wT*£T+\/oTT o \/“JT+§T+\/&TT> (JN2(q\If))2
(H20)2(JNa(qw))2 = (JNa(quw))3+ ,
w —o2— .
i (Ve + P e (UNe(aw)) (T Ne(ae)
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then by (2.30)) and (2.31)) it follows

(Re((daso)1)i(J N2(qw))1 + T ((qasg )2) (S N2(qw))2) =

Re(Z},) = —2Re | dezoN2law) ) _ 2
2 K K

3/2 _ 2
1287w g [ 2 (1 VI 1) #(o)

ik|d|? o

with

f(o) = ((2(1 o)+ 201 — 02) \/—1 tdov/1— 02—(2—|—30)\/—1 t4ov/1— 02\/1 +dov/1— o2+

+ (1 + _1% 1_02> <(—1 —0)v/—1 1+ 1602 — 160 + (1 +a+2UM) \/—1 +4a\/ﬁ)> :

2
1  14V1o?

1 B 14vV1-20V1-02  ot+o\/1420v/1—02 N
1420 (-14+vI=0?)?

1
V1-20v1-02  o2\/1+20vV/1-02

+(1+J+<1+0—20\/1—O‘2)\/1+4O’ 1— o024
_ ST 2
+<1+W> <—1—2O‘+(—4O‘—40‘2) 1—02+(1+20+20\/1—02>\/1—!—40\/1—02))-

g

2
1 NS ERV e
. 14vV1-20V/1-02  ot+o\/1+20v/1—02

1 _ (m1+vi=a?)?
V1-20v1—02  02y/1420v/1—02

Notice that one has f(o) — f> 0,d— c?;é 0, and ix — —o0 as o — 1/4/2; this implies

3/2 2v/2-2
128+/2 W =~ L. 1 -
lim Re(Z5) = V2uy lq2 r! f lim —=0".
o—=1/v2 |d| o—1/V2 UK

Hence there is a neighborhood of % where Re(Z),) is strictly negative. A Mathematica plot of

the function f(o) in the range (i ﬁ“) is given in figure [2.19,

V2’ 2v2
Summing up, one can conclude that there exists o* € (%, \ég\;;} such that Re(Z4;) < 0 for
1 *
o Ec (E,U ) O

Remark 2.21. The following reformulation on the equation for z; will turn out to be useful.
First of all, if we denote K7 = K (wr), then the ordinary differential equation for z; becomes

#1 = i€z + iKp|z1|? 21 + Zr,

for some remainder Zp.
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Figure 2.1: f(o)

Secondly, let us notice that 2 is oscillating while y = |21|? decreases at infinity. Hence, it is easier
to deal with the variable y, which satisfies the equation

(2.34) y = 2Re(iK7)y* + Yg,
where Yg is some suitable remainder.
Remark 2.22. From Lemma 2.2] we have
(g + Pihy + Py, Zig) < R@)(lgllze | + [ Pshllzs | + [ Pokallze ) <

< Ru(w)(lwr — wll[hllze, + [Prhallree, + [|Prkillze ),

hence R
Yg| = |Zgl|2| = |Zr + i(K — K7)|21]21]]2] <

< Ra(w, |2l + [ llzee = l(2 + 1 fllzee ) + |2llwr — wl (2] + Az, )+
+lzl|Prkillzee, + [2ll|Prha e, ]

2.4 Majorants

In this section we exploit the so-called majorant method to prove large time asymptotic for the
solutions of the modulation equations. Preliminary, we need some assumptions on the initial
conditions.

2.4.1 Initial conditions

Let us fix some € > 0 to be chosen subsequently to control uniformly estimates. Then we assume
that

(2.35)

where ¢ > 0 is some positive constant.
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From the definition of z; one has
21 — 2 = R(w)|z%
Then the following estimate holds
y(0) = 21(0)]* < [2(0)]* + R(w, [2(0))]2(0)|* < €+ R(w, |2(0)])e*/2.
We also want an estimate for the initial datum of the function h(t), for this purpose recall that
h=f+ (P¢— P%)f. Hence,
12Oy, < 1Oy, + I(PT = PEFO)|1y, < e + Ra(w)|wr — wl[fO)]z=,

for some constant ¢ > 0.
Thanks to the former estimates, one can prove the following lemma.

Lemma 2.23. Let us assume conditions (2.35)) on the initial data. Then

2(0)? ce
Piki||pee <
|| T 1”Lw,1 —C(1+t)3/2 — (1_|_t)3/27

for all t > 0.
Proof. Let us denote ¢ = fg p(T)dr
From the definition of the exponential and the idempotency of the projections one gets
T = ITEei€ + I + Py,
Then it follows
lIE—T1r) — (T 4+ T + PY) (e + ITH + P§) = IThe' + e + P,

The lemma follows from the fact that Ly commutes with the projectors HjTE, the definition (2.19))
of the operator Ljs and the decay of the evolution of the functions Pra;j;, i, j = 0, 1, 2, stated in
Lemma [2.12] namely

w Zofl

= ||eLTtPj':w(eiCl'L}r + e_iCH; + P%)(CLQOZQ(O) +a112(0)2(0) + aogz( ) )HLoo <

20 ce
(L41)3/2 = (141)3/2

<c

2.4.2 Definition of the majorants

We are now in the position to define the majorants:

-1
€

(2.36) Mo(T) = max |wr —w |(1+et)
—-1/2

2. My(T) =

(2:37) HT) = e |=( )
-3/2

(2.38) Mz(T)zorg%HPThl Mz < >

We denote
(2.39) M = (My, My, M>).
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Remark 2.24. From the estimates on ¢, k1 and the definitions of the majorants follows

£z, =llg + Pfh1 + Pfk + Piki |z | <

€ C
< Ri(w) <|WT — |+ |2 + (1+t)3/2HPTh1HLfU°1> <

€ 2 1/2
< — + .
<7 etRl(w)(Ml €/“Mo)

From the assumptions (2.35) on the initial data one obtains
y(0) < e + R(V2M)e3/? < e(1 4+ R(eV/2M)e?),

1h(0) | 11 < ce®*R(eY2M)* Mo(1 + M7 + €'/2My).

2.4.3 The equation for y

We want to study the asymptotic behavior of the solution of equation (2.34) for the variable y
introduced in Remark 2.18. To do that we need the following lemma which is the analogous of
Lemma 4.1 in [33].

Lemma 2.25. The remainder Yg in equation (2.34) satisfies the estimate

(5/2

il <RI a7 D'

Hence, equation (2.34)) is of the form
(2.40) y = 2Re(iK7)y* + Yg,
with

Re(iKT) < 0,

y(0) < eyo, /

<~ E5 2
YR| < Y(1+et)2¢a’

where yp and Y > 0 are some constants. Then we can apply Proposition 5.6 in [I1] and get the
next lemma.

Lemma 2.26. Assuming the initial condition and the source term of equation (2.34) as above,
the solution y(t) is bonded as follows for any t > 0
3/2
< v :
14et

y(0)

t) —
y(t) 1+ 2Im(K7)yot

where ¢ = c(yo, Im(K7)).
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2.4.4 The equation for Pfh,

As a first step let us estimate the remianders in the equation (2.25)) for hy. This is done in the
next two lemmas.

Lemma 2.27. The remainders ﬁR and H}% can be estimated as

N 3/2
HP;HRH%gR(wM)( ) (1 4+ M) + /21 + [M])Y),

and
€

14 et

3/2
HP%H%HL%USR(eWM)( ) (14 M) + (1 + MY,

Proof. From the estimate (2.21) on Hp one has
IPFHRI 11, < Ra(w, [l + I flzoe_ )2 + (2] + lwr — w)(|21* + | PRkallze_, +

PRz ) + (2P + | Pkl | + [ Pfhalzee )] <

e N\,
<1+6t) Mi+
€ 1/2 € € € € 3/2
+ <<1+et) Myt 1+an°> <1+de+ A+02 " (1 +et> M2> +

€ 9 € € 3/2
M M || <
\17a 1+(1+t)3/2+<1+6t) )=

€
1+et

The bound for H}, follows in the same way from the estimate (2.22)). O

< R(¢'/2M)

3/2
< R(Y2M) < > (14 M3 + €721 + M.

In the next lemma we get a estimate the evolution under the linear operator L of the remainder
PS¢Hp.

Lemma 2.28. For any t, s > 0 the following estimate holds

€
1+4es

B , 32 )
“eLTtP%HR(S)“L?;_l(l + t)5/2 < R(61/2M) ( > (]Mi3 + 61/2(1 + ‘MD‘S)

Proof. From the analytic expression (2.26) of H g and the estimates of the evolution of the func-
tions agg, a11, and ape stated in Lemma [2.12] one has

le" T PEH R(s)l|z, (1 + 6)*2 <

< Ra(w, 2| + [ fllzee, zlllzllor — wl + (2] + [k1llzee, + [1hallzee_ )] <

" . 1/2 . 3/2
< -
< R(e7°M) <1+es) My <1+63) MoMi+
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. 1/2 . . 3/2 2
M M <
+<<1+es> SNCESEE <1+es) 2) B

< R(Y2M) <€

3/2
i) A ),

From the two previous lemmas we can get the following result.

Lemma 2.29. Let us consider the equation for Prhy

dPShy
dt

7U> = QLM (P’%hlv U) + (Pﬂc“ﬁRv U)L2 + (P%H;'%a QUGA)L27
L2

with initial condition and source terms satisfying
1h1(0)[| 1 < €¥/%hq,

ﬁR:ﬁR—FH}é,

NET
"\11e ’

. \3/2
2 1+ et ’

€
14 es

such that

IN
&

|1 PrHR|l Ly,

IA
&

IPFHEI L,

B B 32
HeLTtPfZC‘HR@)HLZO,l(l+t)3/2 < H3 ( ) (Mf—i-el/?(l"‘r ’M‘)?’)

for some positive constant ho, Hi, Ho and Hs. Then its solution is bounded as follows

3/2
€ -
Pihi||pe <c|—— ho+ Hi+Ho+ H
Pl < (1oyy) (ot T4 o 4 T,
where ¢ = c(wr) > 0.

Proof. By the Duhamel representation (see Section [1.6.2]) one has

t t t ~
(P%h17 'U)LZ — <ef() L]\l(T)dThl (0) + / efs L]M(T)dTPf]c*HR(S)dS, 'U> +
0 L2

t
n ( /0 ¥ Lt () pe () s, qvak> ,

L2
forallveV.

Then from the dispersive estimate in Theorem and the estimates on the remainders proved

above in the duality paring defined by the inner product L?, one has

PSh
IPgh || = sup M
v 0#veLl, ||U||VngJ

1

< c(wr) <(1+t

t
1 c 17 c
BE [h1(0) |y, Jr/0 W(HPTHR(S)”L}U + | PFHE(s)| 1 )ds+
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t
+/(; ||eLT(t_S)PYC“HR(S)”LZ)O1d8> <

c 3/2 t 1 € 2
< H H H .
< ¢(wr) <l—|—et> ho+/0 A1i—s) <1+€S> ds(Hy+ H2 + H3)

The lemma follows from the fact that

¢ 1 ¢ \3/2 e \3/2
<
/0 (1+t—s)3/2 <1+68> ds_c(l—i—et) ’

for some constant ¢ > 0. O

2.4.5 Uniform bounds for the majorants

To prove that the majorants are uniformly bounded, the following lemma will be useful.

Lemma 2.30. For any T > 0 the majorants My, My, and Ms satisfy the following inequalities

Mo(T) < R('M)[(1 + M)* + (1 + |M])?],
(Mi(T))? < R(M2M)[1 + €'/2(1 + |M])?],
My(T) < R(Y2M)[(1+ M7)3 + €/2(1 + |M])%).

Proof. Tt follows form Lemma and as Lemma 4.6 in [33], but we give the proof for sake
of completeness.
Step 1. Let us begin noting that

|2 + (1 fllzoe, < Ra(w, [z + I flree ) (12 + | PRkallzee_, + [PRhallz ) <

w—l —

3/2
< R(eV2M ‘ C M2 ‘ M,y | <
S R(¢7°M) G+032 1Tra T \Tra 2] =

€
1+et
Then by the definition of My and the bound on |wr — w|:

(1 j et)_lR(el/QM) (/tT <1 ;T)Q (14 M (7)%+

2
> (1+M?+ 61/2M2>2>

< R(¢'/2M) (14 M? + €'/2My).

My(T) <
of )—o?%}%

+€e'/2My(7))%dr + < <

1+ et

< R(EPM)[(1 4 My)* + (1 + [M])?).

Step 2. Since y = |21]?, we can exploit the inequality proved in Lemma [2.26] the fact that
Y = R(e'2M)(1 + |M|])® and y(0) < eyo, one gets

. e \3/2 .
1+|M°| .
1+et+<1+et> (1+1M])

y < R(e'/2M)

From which follows
2> <y + R(w)|2® <
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< R(e'2M)

3/2 3/2
€ € €
14 | M| M3 | < R(EZM)[1+Y2 (14| M|)3].
1+6t+<1+et> (1+] ’)+<1+et> 1]_ (e/2M)[1+e/2 (14 M])°]

Step 3. Recall that

1R(0)[| s, < ce**R(e"/*M)e* My (1 + M7 + €'/%Ms),

Hi = R(VPM)((1 4 My)? + €21 + | MY,
Hy = R(eV2M)((1 + My)? + €/2(1 + | M])*),
Hs = R(e!2M) (M} + €/2(1 + |M|)%).

Hence from Lemma 229 follows
. \32
Pl , < RPN (1) (@ 30+ 24 )

which implies the inequality for Mos. O

We are now in the position to prove the uniform boundedness of the majorants.

Proposition 2.31. If € > 0 is sufficiently small, there exist a positive constant M independent
of T and € such that

|M(T)| < M,
for all'T > 0.

Proof. From the previous lemma follows
IM|? < R(eV2M)[(1 + Mp)® + /2(1 + | M|)¥] < R(¢/2M)(1 + ¢/2F (M),

where in the last inequality we have replaced the estimate for M?, and F(M) is a suitable
polynomial function.

Furthermore, M (0) is small and M(T) is a continuous function. Hence it follows that |M| is
bounded independent of € < 1. O

The last proposition gives a summary of the behavior of the functions w(t), 2(t), Pfhi(t), and

f(t).

Corollary 2.32. There exists a finite limit ws for the function w(t) as t — +oo. Moreover the
following holds for all t > 0

w—l — 1+et
1)l , < My

1Pz, <M (rg)
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2.5 Large time behavior of the solution and scattering asymptotics

2.5.1 Large time behavior of the solution of equation ({2.2)

The results of the previous section lead us to the following theorem.

Theorem 2.33. Let u(t) be a solution of equation (2.2)) with initial datum uo € V N LY of the
form ‘
up(x) = P d,, (z) + 200 (x) + 200" (z) + fo(z),
where 0g € R, wy > 0, 29 € C with
2O <2 N folloy, < ec®?,

for some €, ¢ > 0. Then, provided € is small enough, there exist w(t), ¥(t), 2(t) € C([0, +0))
solutions of the modulation equations (2.8)-(2.10), and two constants we, M > 0 such thal
Woo =, ligl w(t) and for all t > 0

—+00

ult, z) = el w(®ds+1(t) (cpw(t) (z) + 2()W(t, z) + 2() 0 (¢, 7) + f(t, :z:)) ,

where

1/2
—wl < M DIl < M t o <M
lwoo —w(t)] < 1+ et 2(t)] < <1 et> ) Hf()”wal—

Proof. Let us recall that the decomposition of the function f as

14 et

f=g9g+hi+k+k

depends on the quantity w(7"). On the other hand Corollary claims that the function w(t)
converges to some we, > 0 as t — +o0.

As a consequence, one can reformulate the decomposition by choosing T' = 400. Moreover, all the
estimates obtained before for finite T can be extended to T' = +oo without modification. Hence
the theorem. O

The next goal is to construct precise asymptotic expressions for w(t), v(t), and z(¢). For later
convenience let us define (recall that £ depends explicitly on w, see (2.3); and similarly for K, see

(2.28) and subsequent, and +)

oo = §(Woo),
VYoo = 7(w00)7
Ky = K(weo).

Lemma 2.34. Under the assumption of Theorem[2.35 the functions w(t), v(t), and z(t) have the
following asymptotic behavior as t — +o00:

_ q a2 —3/2
t) = Woo 2ot log(1 + ekoot t73/2),
w(t) = woo t T T gy C08(2ot + ar log(1 + ekoot) + az) + O(E7)

Y(t) = Yoo + by log(1 + €koot) + O(t71),
eif(f &(r)dr

€ERo

where

+o0 . rs —1
2o = 21(0) + / e~Ho &mdr(q 4 ekoos)lT&Zl (s)ds,
0

€koo = 2Im(Ko)yo, 6 = Eﬁggzg, and q1, @2, a1, as, by are constants.
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Proof. We will prove just the asymptotics for z(t); the formulas for w(t) and v(¢) can be deduced
as in Sections 6.1 and 6.2 of [11].
In order to do that let us recall the equation for z;1(¢) can be written as

21 = ile + iKoo’21|221 + ZR,

moreover Remark and the inequalities satisfied by the majorants in Lemma [2.30] justify the

following estimates on Zp
|Zr] < Ra(w, [zl + I f oo (2 + 1 iz, )? + [zllwr — wl (12 + (IRl 2o, )+

+lPrkallLee, + 12l Prhaflee ] <

62

< R(el/QM)m(l + Y = 0(t72),

as t — +o00. On the other hand, Lemma [2.26]implies

y(t) = 5 n 2In?j((?<)oo)y(0)t +O0@t3?), ast— +oo.

Let us note that |z1| satisfies the same bound of |z|, namely

o c 1/2
<M
|zl| - (1—1—675) ’

then the equation for z;(t) can be rewritten in the formulas

y(0)
1+ 2Im(K)y(0)t

7 =il + Ko

21+ 21,

where Z1 = O(t72) as t — +o0. '
Since y(0) = eyo, one has eKoyo = 5€koo(1 —40) and the equation for z1(¢) becomes

)

1= |16 — =€koo(l —i0) ——— Z1.

Z1 <z§ 5€ (1l —1 )1+€koot> 2+ 4
Hence, one gets

i [Le(r)dr s ﬂ. i [Le(r)dr
z1(t) = LM <z1(0) + / eflfo%(T)dT(l + ekoos)lzéds> = zm% + 2R,
(14 €koot) 2 0 (14 €koot) 2
where 7, 18 as in the statement of the lemma and
+0o0 ftg( )d 1+€]€OOS %
= — s S\mer | ——— Z1(s)ds.
R /t ¢ <1 —|—ek:oot) 1(s)ds

The bound on Z; implies zg = O(t~!). Therefore z(¢) has the asymptotic behavior as t — 400
stated in the lemma because
ei fg &(r)dr

2(t) =21t +O(t™) = 20— +O(t7H).
(14 ekoot) 2
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2.5.2 Scattering asymptotics
Let us make the following ansatz

u(t, x) = s(t, z) + C(t, x) + f(t, 2),

where
S(tv l‘) = ei@(t) cbw(t) (':C)v

is the modulated soliton and
C(t @) = e CO[(=(t) + 2(0) Wi (2) +i(2(t) — 2(1)) V2 ()]
is the fluctuating component. Recall that the functions ®,,, ¥ and ¥y satisfy
wd, = —H,P,,
w¥ = —ifWy — Hy, V1,
wWy =iV — H,, Vs.
Therefore from equation one gets

. o o =
<’Ld];,’v> , Qo(f,v) = v(|qul* qu — 1457 ¢s — 14z 12pw, — @24z —2)w, T+
L

+(¥(s+¢) — iw%(s +¢) —ieO](2 —i€2) (W1 +iWg) + (2 — i62)(¥1 — i¥2)], v) 12,

for all v € V, where Q) is the quadratic form of the free Laplacian. Hence, as in [I], the solution
f(t) can be formally expressed as

t t
flt,x) = U * fo(x) + z/ Ut_T(l')Qf(T)dT — z/ Ui—r x G(7)dr,
0 0
where we have denoted

G(t) = () (s(t) + (1) — iw@)%(«ﬂ(f) +¢()+

—ie" OO [(2(t) — i€z(1) (W1 (t) +iWa(t)) + (2(t) — i€2()) (Wa(t) — iWa(1))]

2

.|z

and Uy(z) = (46:”.% is the propagator of the free Laplacian in R3.
In order to prove the asymptotic stability result we need the two following lemmas.

Lemma 2.35. If the assumptions of Theorem [2.33 hold true, then
t +o00 +o0
/ Ui—r(x)qp(T)dT = Uy % / U_r(x)qs(T)dr — / Ui—r(x)qp(7)dT = Uy % g + 10,
0 0 t

where ¢g € L*(R3) and ro = O(t~/4) as t — +oo in L*(R3).
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Proof. One can proceed as it is done in the case o € (0,1/+v/2) (see the proof of Theorem |1.29):

since ¢p(x) = ﬁ&o (%), for some function ¢g : Rt — C, one gets

(4mi
2
b0 (2 )

1 [t 2
[ p— /
L (47T)2 0

Hence ¢g € L2(R3) if and only if ¢g € L2(RT, Vydy). On the other hand, one can make the
change of variables u = % in the integral function ¢¢ and get

~ too  q 1
do(y) = /0 6_”/“;%‘ <u> Vudu,

then 50 = %qf (%) Moreover, by corollary [2.32| one has

= teo 1
2 P E— —
ool = [ o (3)

for some constant C' > 0, hence the Plancherel identity implies

do € L2(RY, \/ydy).

In the same way, for any ¢ > 0 the following holds

+oo
r2dr = (2;)2 / 1Bo(w)I2 /5y

< <
ﬁdu_c/o (u+€)2du_0,

1|1 1\ |2 1

2

T =—— |- t+ — <C ,

Irollz: (2m)? uf ( U) L2(R+,y/udu) 1+et

for some constant C > 0 independent of ¢. Which concludes the proof. O

The analogous result for the integral function fg Ui—r x G(7)dTt requires different tools.

Lemma 2.36. Assume that the assumptions of Theorem hold true, then
t +o0 +o0
/ Ui—r x G(1)dT = Ut*/ U_T*G(T)dT—Ut*/ U_; *G(T)dr = Uy % ¢p1 + 11,
0 0 t

where ¢1 € L*(R3) and ry = O(t~Y/?) as t — +oo in L*(R3).

Proof. We exploit the idea used in [33] to prove Lemma 5.5.
Step 1: restriction to the leading terms.
From the expansions (2.15)), and for w(t), 4(t) and 2(t) — i€z(t) follow that the
function G(t) is made by a quadratic part consisting in the terms multiplied e’©(*)22  ¢®©®)z 52
or ¢z |2, with

pifoot

#o0 V1F ekoot’

which are of order t~! and a remainder of order t=3/2. The convergence and the decay of the

remainder is trivial from the unitarity of U;. Furthermore, from the analytic definition of G it
follows that it is a complex linear combination of functions of the form

_ 2
Q(SU) =€ Valel ) QA= Woo, Woo T Voo Woo — Voo-

Hence it suffices to prove the lemma for the functions II(¢)Q(z), where II(¢) is one between
ez@(t)zgo’ 616(15)%2 and ez@(t)‘ZOO‘Q.
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Step 2: decomposition of U;x ().
Let us note that we can rewrite the convolution product as follows

a2 |z
el ar i@y e’ ar i@y, ll?
Ut*QZW/Rge 2 Q(y)dy+(4mf)3/2/Rs€ 2 (e = 1)Q(y)dy =
2.41 =——Q (—) — (*) :
(2:41) (2#)3/2@ 2t)  ityr @5

where Q;(y) = (ei% - 1)Q(y).

Since |e® — 1| < # and the function G(y) is exponentially decaying as |y| — 400, the L? norm of
the second term of (2.41) can be estimated in the following way for any ¢ > 1

1@ ()

for some constant C' > 0. Hence, recalling that I1(7) < (1 + €koom) ™!, we obtain

o 1 1/2 C
o= 1@00e < 4 ([ wiewpa) <<,

/+OO I(r)U, * Qudr € LA(R?),
0

and

/m (7)Uy % Qedr = O(t™1),
t

as t — +oo in L2(R3).
Step 3: Analysis of the first term in (2.41) in a particular case.
Let us first show how to treat the terms with the phase ©(t) replaced by wot.

Note that .
Qz) = ot

Hence, in the case of the summands with |zs|? it suffices to prove the integrability of the function

— > i(me—ﬁ) \/F =
I(z) /0 ¢ AT b (0 1 dar?) T

= A(x) /Oooei(wooT—jf) (( VT A T )>d7-+

14 €koot)  €koo (|2]? + 4at?

+2a A @) / el VT 1)+ h(),
€ 0

and the decay of

0o a2 \/;
T _ t(Woo T 7_) dr =
() /t € T T ekoor) (22 1 20T

= A(z) /tooez'(wooT—jf) (( VT Ao T )>d7-+

14 €kooT)  €koo (|2]? + 4at?

4o > |22 VT
o Z(wOOT— T )— —
- Ale) /t ‘ ' (Jz[? + 4aT?) A= Dlz) + fael),
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e2k2
where A(.’L‘) = W

For the function I3(z) one has
da > VT Al@) _ 1903
I < A ——————dr = (C—= € L*(R”).
(o) < A || iyt = O € E )
With the same estimate it is trivial to prove
Ly(x) = O™

as t — +oo, in L?(R3).
In order to treat I; note that

VT 4oy T 1 ||

(14 ekoot)  €hoo (|22 +4072)  €hoo/T(1 + €kooT) * koo/T(|2]? + 4aT?)’

Since m = O(t™3/%) as t — 400, is integrable on (0, +00) and A(z) € L*(R?) one has
to prove
‘:L,|2A(x) /+OO ei(woo’r—%) 1
ko Jo VT(|z]? + 4at?)
+oo . |22 1 +oo |2 73/2
— A 7‘“"’0(7—_4w007—) dr — 4a A / WWooT—"47) d L2 RS ]
(x)/o e 7 T — 4daA(x) ; e 1 (PE+ a2 T € L°(R”)

From formulas 3.871.3 and 3.871.4 in [27] one has

A( >/+Oo et L 2 € e € 12 (®9)
€T e Woo T T = xT)\x e i .
0 T /TWoo

It remains to handle with the second integral in the former sum which can be done integrating
by parts in the following way

+oo ( \w\Q) 73/2
A YWooT— 47 —
(‘”C)/O ¢ TP 4a72)dT

_ OOT*? -
(‘T) /0 ¢ dr (’$|2 + 40[7’2)(|-T|2 + 4woo7—2) i
oo +5/2 A(z)
s dr < L*(R%).
<C (1:)/0 (]2 + 4 min{a, weo }72)2 TS C\/m € L7 (R”)

Then we are done.
In order to estimate the decay of I ; it suffices to study the decay of

2 +oo 212
|| A(ff)/ pilweor— 122 1 dr —
koo . VT (|z)? + 4at?)

3/2

+oo | |2 +oo 212
= A(x)/ e (T duncr) ! d7-—4aA(:B)/ gilwoe=57) T dr,
¢ VT t

T (|z]? + 4at?)
which can be done integrating by parts as before. Let us do that for the second term (the
computation for the first one are analogous and simpler):

+o0 ( 7@) 7_3/2
A(;U)/t e ar —(\x|2+4a72)d7— =
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=4A(x)

dr

<

/ % ity & il

' dr | (|z|2 + 4a71?)(|z|? + dweoT2)
1/ +00 7_5/2

< CA t~ dr| <

- (@) +/t (|22 + 4 min{a, weo }72)2 =

1
CAx) [ 1 —1/2,
< ()(—i—\/m)t

The case of the summands with zgo is analogous, while the case of Zog? is more difficult because
|7|? + 4(woo — 2£00)72 = 0 for

; |z|
T=1 = .
2¢/2800 — Weo

Let g : R™ — R™ be a continuous function with the properties:
0<g(t*)<t* Vt*>0, and  A(x)g(t") € L*(R?).

It follows that g(t*)

= O(|z|) as || — +oo. Hence, one can represent (0,+00) =
(0,87 = g(t)] U (t* — g(t"

gt U (t* 4 g(t*), +00). Integrating by parts once more one has

tr) =

+

/-t —g(t*) z (oo 200} ‘27‘2) 753/2 )
|z|2 + 4aT? -

t*—g(t*) £5/2

(I2[? + dar?)||z]? + d(woo — 2600) 77|

< CA(z) ((t* —g(t)~? +/ dr+
0

t*—g(t*) t9/2
+/0 (!$\2+4a72)2\\$!2+4(wm—2§oo)T2ldT+
t*—g(t*) t9/2
+ dr | <
/0 (lz? + 4a7?)||z]* + 4(woo — 2600) 7?2 ) —
< CA@)((t* = g(t) 72 4 (1 — g(t9)*/®) e LA (R?),

where the last inequality follows from formula 3.194.1 in [27]. In the same way (exploiting formula
3.194.2 instead of 3.194.1 in [27]), one has

STy P S
A(x) e\ \Woo™2600 )T 4 5 5dT

< CA)((¢" +g(t") 73 + (¢ + g(t*) 7% + (" — g(t7))7'/?) € L*(R?).
Finally,

_g(t*) |z]? + 4aT?

tg(tt) .2 3/2
Az) / eillom—26)r=50) 107 dT' <
t

t*+g(t*) 1 A *
< CA(:U)/ —dr < C’M e L3(R3).
t*—g(t*) \/’F t* - g(t*)

Summing up, the integrability of the integral function

+oo
/ II(7)U; x Qdr
0
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is achieved. It is left to study the decay of

+00 (( 9.0 ‘1‘2) t3/2
Alx e\\Woe 800 T ) T,
( )/t |z|? + dar? 4
First of all, let us note that integrating by parts one obtains

((m—2e)r— 22y £
A(z) et e T e dr | <
(0,£% —g(£)]N[t,+-00) 22 + daT

» —g(t) | 4 47/2
< .
s “?Z dr (2 T 4ar?) (a2 + 4(orme — 2600)7?)

£ —g(t*) t*—g(t*)
< CA(z) [¢t1/? +/ ﬁd¢+/ VT dr+
t t |2 + 4(

|z|? + 4at? Woo — 2800) T2

dr <

t*—g(t*) +9/2
+ / 2 IR 5207 | -
¢ (lzf? + 4a7?)[[x]? + 4(weo — 2800) 77|
The three integrals in the last inequality can be estimated in the following way:

(1) ft**g(t*) VT dr < Cf;‘oo 7'73/2d7' < Ct*1/2;

|z|24+4aT?
) ) Nz _ et Vi
(i) J; |z\2+4(?50§—w00)72 dr = |, (\x\+2\/2§oofwoo‘r)\|z|72\/2§oofwoc‘r|dT
—1/2 t*—g(t* 1 —1/2.
< (Ct 0 ||:B\—2\/2£oo—wooT|dT < (Ot ;
*—g(t™) r9/2 —1/2 [t*—g(t") T
(iif) J; e iz < G2 g e avem st 4T

< Ct7V2(1 4+ In||z] — 2v/wee — 280 (t* — g(t"))]).
Hence, since A(x)In ||z] — 2v/weo — 2800 (t* — g(t*))| € L?(R3), one can conclude

|
L

Ax/ eillwm—2e)r=t0) T g 412
(@) (0,6 —g(t*Y]N[t,+00) 2|2 + 4at? ( )

as t — +oo, in L%(R3).
Let us now observe that

(w2672 17
A(x) e oo R 4T ﬁdT
(£ —g(t*),+00)[t,+00) |z + dar

400 7/2
< CA(x) / d t
t

dr (|22 4 4072) (|22 4+ 4(weo — 2600)72)
< B(x)A(x) (t_1/2 + /t+00 |x|2+\/7jlcw2d7—) < CB(z)A(x)t™'/? € L*(R?),

dr <

where B : R3 — R7 is a continuous bounded function.
Finally,
Jillom2eyr— 22y 12

b g
|z|2 + 4aT? T

mm/
(t*—g(t*),(t*+g(t*)]N[t,+o0)
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gCAx/ —dr < CA(z)g(t" )t~ € L*(R).
()t NG ()g(t") (R”)

Summing up, thanks to the unitarity of U;, we proved
+00
Uy / I(7)Uy * Qdr = O(t~/?),
t

as t — +oo, in L%(R3).

Step 4: conclusion of the proof.

The conclusions of the previous step hold true if the phase woot is replaced by ©(t). In fact,
the estimates which involve the integral of the absolute value are totally unaffected by change
of phase, then it is only left to adjust the argument involving integration by parts. This can be
done integrating by parts exactly as before, which leaves a factor ¢(®()~w=t) in the integrand.
Then, the boundary terms can be treated in the same way because \ei(@(t)*“mt)] = 1. Finally, the
extra contribution to the integrand can be estimated as it is done for the summand arising from

differentiation of ¢7/2 since |O(t) — weo| < HELM for all t > 0, where C is a positive constant. []

Summing up, we have proved the following asymptotic stability result.

Theorem 2.37. Let o € (%,G*), for a certain o* € (%, \éﬁ\/gl} and u(t) € C(R*,V) be a

solution of equation (2.2) with
U(O) = ug = eiwot-i-Vo(I)wo + eiwot_ﬁ_’m[(Zo + 270)\1/1 + i(Zo - 270)‘112] +foeVn L}U(RS),

for some wo > 0, Y0, 20 € R and fo € L*(R?) N LL(R3). Furthermore, assume that the initial

datum ug s close to a solitary wave, i.e.
2ol <€ and || follny, < e/,

where ¢, € > 0.
Then, if € is sufficiently small, the solution u(t) can be asymptotically decomposed as follows

u(t) — eiwoot+ib1 log(l-l—sk:oot)(I)WOC + Ut * ¢oo + Too(t)a as 1t — +00,
where Woo, €koo >0, by € R and ¢oo, Too(t) € L?(R?) with
[7oe(t)]| 12 = O M4 as t — +oo,

in L2(R3).

Remark 2.38. Numerical evidences (see Lemma [2.20)) suggest o* = % =~ 0, 96.

2.6 Appendices

2.6.1 Eigenfunctions associated to +i{ and generalized eigenfunctions
The eigenfunctions associated to +u£

Here we want to describe the eigenspaces associated to the simple purely imaginary eigenvalues
+ié = +i20V1 — o2w.

Let us start with the eigenvalue i£. The following proposition holds true.
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Proposition 2.39. The eigenspace associated to i€ is spanned by
a( Uy (z) e Veglzl /4 VI—o2—1 e Vetilal /4
x>:<%<x>):4wm<i>‘ o iz ()
Proof. In order to prove the proposition we need to solve the equation

LU = i¢T

in D(L). For z # 0, the previous equation is equivalent to the system

(=D 4+ w)?; — 2V =0
Uy = %(—A—kw)\lll ’

from which follows that ¥; must belong to L?(R?) and solve the equation
(A +w—=)(—A+w+ &Y =0.
Hence, the solutions in L2(R3) are of the form
{ U1 (z) = JeYEEel | pom Vel

4|z 4|z
Uy(z)

. —Vw—E|z| . —Vw+Elz|
= 1A~ Infz] iB* Inz]
for any A, B € C.
It is left to look for A, B € C such that ¥, € D(L;) for i =1, 2, i.e.
{ _Vefg YRR (95 4+ 1)Y2(A+ B)

Ry R A= ; RO (Y W 3 )

Exploiting the fact that £ = 20v/1 — 02w one can show that the two equations of the previous
system are linearly dependent and

VT — 2
B:—$A.

o
The thesis follows by setting A = 1. O

Let us note that in the previous proof we have chosen the constant in such a way that ¥;(z) € R
and Wa(z) € iR for any # € R3\ {0}. This fact will be used to prove the next proposition.

Proposition 2.40. The eigenspace associated to —i€ is spanned by

* Uy
()

Proof. In the previous proposition we proved that
LoWy =8V
—L1Uy =ifWy

with Uy real and Wy purely imaginary.
Taking the conjugate of both equations and recalling that the operators L;, ¢ = 1, 2 act on the
real and imaginary parts separately, one has
{ La(=Ws) = —ifV,y
—L1V) = —i{(—V3) ’
which is equivalent to
LU* = —i£U*,

because the operators L;, ¢ = 1, 2 are linear. The proof is complete. O
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The generalized eigenfunctions

Our goal is to compute the generalized eigenfunctions associated to the continuous spectrum. In
order to do that, we treat the two branches C; and C_ of the continuous spectrum separately.

Proposition 2.41. The generalized eigenfunctions associated to C4 are

Vo(z) =4 —i i i

e~ vwtnlz| ( 1 ) e~ iVn—wl|z| < 1 >+ eiVn—uwlz| < 1 >

47|z 4|z 4r|x|

for any n € [w, +00) and D € C, with

_ ov/w
A= Zm-teve D)

20+ 1D)w+(0+1) Vo (iy/i—w—/1Fe)—iy/n?—?
—(20+1)w+(o+1) Ve (iv/n=w+/TFw) —iy/n? —w?

Proof. For any n € [w, +00), we need to solve the system
LY, =in¥,y,

where U, € L®(R3) does not necessary belongs to L?(R3?). As in the computation for the
eigenfunction at +i&, if x # 0 the former equation is equivalent to the system

{ (A +w—-8(A+w+ (V)1 =0
(Ui)2 = ¢(=A+w) (Vi) ’

which leads to

e~ Vetnlzl /g evetnlzl /1 e—iWn—wlzl /1 etVn=wlel /g
U, (r)=A————— ) +B———— | . C—/7——| . — | . ],
47|z —i 47|z i 47|z i Ar|z| i

for some A, B, C, D € C. Since we require ¥, € L*(R3), we get B = 0. Moreover, the
boundary conditions in the domain of the operators L and Ly must be satisfied by (¥, ); and
(¥4 )a respectively. Then A, C, and D solve the system

4
Vg e o VIte - VB4 4 iC +iD) ’

{ R W R UE o A RUEY ) SRS CLand VT o I 5)

which concludes the proof. O
In the same way, one can prove the analogous result about C_.

Proposition 2.42. The generalized eigenfunctions associated to C_ are

U_(z)=

1 —1 —1

S (e () (5),

47 |x| 4|z 4|z

for any n € (—oo, —w|, where D € C and

— oVw
A= \/wfnf(UJrl)\/E(C - D)’

_ QotDwt (ot )Veliy/~(ntw) - V=) —iViP—w? o
—(204+1)w(o+1) @ (ir/— (n+w) +/TFw) —iy/n? —w?
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2.6.2 Proof of Lemma

In this appendix we prove Lemma [2.8] whose statement is recalled for the reader’s convenience.

Lemma 2.43. There exists a constant C > 0 such that for each h € X¢ holds
H[PCJ — (It — H*)]hHLllu < C”hHLf_l-
Proof. From the definitions of the operators P¢ and II* one gets
PCJ—i(IT =) =07 (J —il) + 1T~ (J +il) =

1 UC+(R(HO)_R(A_O))(J—mdﬂ/

T 2mi

(RA+0)—RAN—0))(J+ iI)d)\} .
We will estimate just the first integral because the second one can be handled in the same way.
Exploiting the explicit form of the resolvent (1.10) it follows that
N 1 = 4 A+ 29 Z(Al + 22) .
RO = il) = (AGy2 % + D) [ i1 ] Y [ CiAa 4+ %)) AgtE |
=R.(N)(J —il) + Rp(A\)(J — i),

where R, and R,, correspond to the convolution term of the resolvent and the multiplicative term.
Note that
ei\/7w+i)\\:pfy\

iINGy2(z —y) +Txe(z —y) =2G,_in(x —y) = oz — y|

is continuous on C. Hence, the integral on C4 of the convolution addends vanishes.
Let us now consider the multiplicative addends in the integral on C4. From the explicit formulas
for Ay and X5 given in Proposition [I.10] one can compute

(A1 +22)(z,y) = 8m(ae—01)Gy—in(¥) Gurin(z) +[8 (e +an) —4ivV —w — iIA]G—ix(y) Guw—ir(z) =

oIV —wFiNy| giv—w—iX|z| etV —wHiA(Jz|+]yl)
= dovw — [4(o + 1)Vw — 4iv—w — i) -~
Arly| 4r|z| (4m)?|z|y|

Denote
DL(X?) = D((A£0)?).

Then it follows
/C+ [(Ron(A +0) — Ron(A— 0))(J — il)]1.1d\ =

/ U\/aez’\/—w-i-i)\\me—z’\/—w—i/\|a:| +((0+1)yw—i /o — Z-)\)ei\/—w+i>\(|x\+ly|) i
= +
c+

mlz|ly[ Dy (A?)

_/ U\/aei\/—w—&—i)dy\ei\/—w—i)\\ﬂ —|—((a+1)\@+z /_w_i)\)ei\/—w+i)\(|z\+|y|) i
c+ | 2|ly|D-(A?)

If we compute the change of variable k = v/ —w — ¢\ in the first integral of the last equality, and
k = —v/—w — i\ in the second one, then one has

/CJ(R’”“ +0) = Rin(A = 0)(J — )] ,1dA| =
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4i +00 ke—\/mm Kl g +oo 012 e—vk2+2w(|w\+|y|)dk
_ e 7 —iklz ; <
et (L v gy e [t =
—V2uly| —V2wly| o—V2w|z|
SC’emin{l,e_mwl} SCe ¢ ,
lyl|z| || |y 2]

where the first inequality is obtained integrating by parts both integrals.
The integral of the other three elements of the matrix operator (R, (A+0) — Ry, (A —0))(J — i)
can be estimated in the same way and this implies the statement of the lemma. O
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Chapter 3

Nondispersive vanishing and blow up at
infinity for the energy critical nonlinear
Schrédinger equation in R?

3.1 Introduction

3.1.1 Setting of the problem and statement of the result

In this chapter we consider the energy critical focusing nonlinear Schrédinger equation
(3.1) dt

The Cauchy problem is locally well posed, which means that for any initial datum wug €
H'(R3) there exists a unique solution u defined on a maximal interval of definition I = (T_, T )
such that v € C(I, H(R3)) N L'%(Z x R3) for any compact interval Z C I. If T < 400 (or
T > —00), then |lul|f10(01, )xr3) = +00 (respectively [[ul|Lio(r_ g)xrs) = +00), and one says
that the solution blows up in finite time. Moreover, the solutions during their life span satisfy
conservation of energy:

1 1
(3.2) E(u(t)) = / \Vu(t, z)|*dx — / lu(t, 2)|® de = E(ug).
2 R3 6 R3
The problem is energy critical in the sense that (3.1) s well as (3.2) are invariant with respect

to the scaling u(t, z) — A/2u(Az, \2t), A € R,. For H' small data one has global existence and
scattering. In the case of large data blow up may occur. Indeed, the classical virial identity

d 16
a2 /W |z?|u(t, z)|?dz = 8E(u) — 3 /Rd lu(t, z)|%dx

shows that if zuy € L?(R3) and E(ug) < 0, the solution has to break down in finite time.
Furthermore, Equation (3.1)) admits an explicit stationary solution (ground state):

1
W(r) = (1+ §|$\2)*1/2, AW +W? =0,
so that scattering cannot always occur even for solutions that exist globally in time.

75



Chapter 3.  Nondispersive vanishing and blow up at infinity for the energy critical nonlinear
76 Schrédinger equation in R3

The ground state W is known to play an important role in the dynamics of (3.1]). It was proved
by Kenig and Merle [31] that E(W/) is an energy threshold for the dynamics in the following sense.
If wg is radial and E(ug) < E(W) then

(i) the solution of (3.1)) is global and scatters to zero as a free wave in both directions, provided
IVuollrz < VW] 123

(ii) the solution blows up in finite time in both direction, provided ug € L? and ||Vug| 2 >
VW2

The behavior of radial solutions with critical energy E(ug) = E(W) was classified by Duyckaerts
and Merle in [19]. In this case, in addition to the finite time blow up and scattering to zero, one
has the existence of solutions that converge as ¢ — oo to a rescaled ground state. In the case
of energy slightly greater than E(WW) the dynamics is expected to be richer and to include the
solutions that as t — oo behave like e’*®N/2(t)W (\(t)x) with fairly general o(t) and A(t). For
a closely related model of the critical wave equation, the existence of this type of solutions with
A(t) — oo (blow up at infinity) and A(t) — 0, tA(f) — oo (non-dispersive vanishing) was recently
proved by Donninger and Krieger [I7]. Our objective in this chapter is to obtain an analogous
result for NLS . More precisely, we prove the following.

Theorem 3.1. There exists fo > 0 such that for any v, ag € R with [v| + || < o and any
§ > 0 there exist T > 0 and a radial solution u € C ([T, +oc0), H' N H?) to (3.1) of the form:

(3.3) u(t, ) = “OAN2OW (A (b)z) + C(t, z),
where A(t) = t¥, a(t) = agInt, and ((t) verifies:

(SOl P
(3.4) 1CH) || e < CE 27,
| < A®)a > ()|l < O3,

for allt > T. The constants C here and below are independent of v, g and §.
Furthermore, there erists (* € H®, Vs > % — v, such that, as t — 400, ((t) — e*AC* = 0 in
H'nH?.

In order to prove the main Theorem , in Section 2 we construct (Proposition a sufficiently
good approximate solution of very much in the spirit of [17], [35], [39]. In Section 3 we
build up an exact solution by solving the problem for the small remainder with zero initial data
at infinity, the main technical tool of the construction being some suitable energy type estimates
for the linearized evolution. These estimates are proved in Section 4.

3.2 Approximate solutions
In this section we prove the following result.
Proposition 3.2. For any v and «g sufficiently small and any 0 < § < 1 there exists a radial

approximate solution u®’ € C’OO(R3,R*+) of (3.1) such that the following holds for t > T with
some T =T (v, ap,0) > 0.
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(i) u® has the form: u™(t,z) = eia(t))\l/Q(t)(W()\(t)x)+XaP(t7 A(t)z)), where YP(t,y), y = A(t)z,
verifies

) NP ()| g < COVHE12pv D) = q o,

) X (8)|| g < CE= 22,

) Iyl xP ()| L + | VXP(t)| g < O,

) |||y|_2xap(t)||Loo + |||y‘_1VyXap(t>||L°° < (v + |a0\)t_1_2y,

) IV2X (8)|| o < C(J¥] + o)t

W W W w w
© 0o ~1 o o

(3.
(3.
(3.
(3.
(3.

Furthermore, there exists C* € H®, for any s > %—I/, such that, ast — 400, e “OX/2(£) %P (t, \(t)-)—
etAC* — 0 in H N H2.
(ii) The corresponding error R = —i dt — Au® — |y 4y satisfies

(3.10) IR()| o < ¢~ CFR)AF20He041) g 1 9,

The construction of u®(t) will be achieved by considering separately the three regions that cor-
respond to three different space scales: the inner region with the scale t|z| < 1, the self-similar
region where || = O(t'/?), and, finally, the remote region where |z| = O(t). In the inner region
the solution will be constructed as a perturbation of the profile e?®0 ™ t¥/21 (tVz). The self-similar
and remote regions are the regions where the solution is small and is described essentially by the
linear equation z‘g; = —Au. In the self-similar region the profile of the solution will be determined
uniquely by the matching conditions coming out from the inner region, while in the remote region
the profile remains essentially a free parameter of the construction, only the limiting behavior at

the origin is prescribed by the matching procedure.

3.2.1 The inner region

We start by considering the inner region 0 < t/|x| < 10t1/2T¥=¢1 with 0 < ¢; < 1/2 + v to be
fixed later. Writing u(t, ) as u(t, z) = e *OXV2(t)ib(t, p), p = A(t)|z|, we get from (B.1)

(3.11) it—QV% — apt~ M)y 4wt <1+2”>(2 + pO,)p = —Lh — [ .
Write ¥ (t, p) = W(p) + x(t, p). Then X(t) = (;Eg) solves
.
(3.12) z‘ﬂ”d—)t( = HX +N(x),
where

01 1 0
H = —Aos —3W'os — 2Wos301, 01:<1 0)’ 03:(0 —1>’

Voo = (305 ) MO0 = B M)+ M),

No = ot 2I0W — it~ 2, Wy (p) = ( + pd,)W (p)
1
Nao(x) = =W + X2 (W + x) + W° + 3wy + 2wy,
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We look for a solution to (3.12) of the form

oo

(3.13) X(t,p) =D )y (p).
k=1

Substituting (3.13]) into (3.12)) and identifying the terms with the same powers of ¢ we get the
following system for {xx}x>1:

(3.14) HY) =Dy, k>1,

whereDk:< %),
—Ly

Dy = —agW + W7,
D,=D" 4+ DP  k>2

D,(:) and D,(f) being contributions of it*Q”% — Ni(x) and —Na(x) respectively:

. y 1
DY = —i(1+20)(k — 1)xp—1 — o1 + w(5 + pOp)Xk-1,

No(x) = — Zt—k(1+2y)Dl(€2)(p).
k=2

Note that Dy depends on x;, 1 <p <k —1 only:
Dy = Di(pixp, 1 Sp<k—1).
We subject (3.14)) to zero initial conditions at 0: x%(0) = d,xx(0) = 0.

Lemma 3.3. System has a unique solution {xj}r>1 verifying:

i) for any k > 1, xi is a C*° function that has an even Taylor expansion at p = 0 that starts at
order 2k;

i) as p — 400, Xk, k > 1, has the following asymptotic expansion

k
(3.15) @)=Y > almp)ly,

1=0 j<2k—21—1

with some coefficients O‘z(];) verifying algk%m =0 for all k,m. The asymptotic expansion (3.15|) can

be differentiated any number of times with respect to p.

Proof. Tt will be convenient for us to rewrite (3.14) as

(3.16) Livi =Gy, L_v, =G, k>1,
where N B
U = ReXk, U = Ika7
G} =Re Dy, G, =Im Dy,
Ly=—-NA—-5W* L_=-A-WH4

For k=1 (3.16) gives

(3.17) Livf = —aoW, L_v] =vWi.
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The homogeneous equation Ly f = 0 has two explicit solutions 4, ©4 given by

B0 = W) ©-()= (14 ’;)/ (5-1).

(3.18) P

p2 —3/2 1 p3
P (p) =Wilp), O4(p)=-2(1+ " - =2+ .
3 P 9
Therefore, solving (3.17) with zero initial conditions at the origin we obtain

o () = g fI 2014 () (5) — O (). (p)) W (s)ds

(3.19) vr (p) = —v I s2(O_(p)@—(5) — O_(5)®_(p))Wi(s)ds.

Since W, W1 are C'*° even functions, vf and v] are also C*° functions with even Taylor expansion
at p = 0 that starts at order 2. Furthermore, the asymptotic expansions of vf and v as p = +o00
can be obtained directly from (3.19)). As claimed, one has

- 1) 4 1 i—
vl (p) +ivg (o) = Y agyp’ + Y et p Mg, as p > oo,
J<1 J<0

We next proceed by induction. Let us consider £k > 1 and assume that we have found y;,
i=1,---,k— 1, that verify i), ii).Then one can easily check that Dy is an even C'*° function
with a Taylor series at 0 starting at order 2(k — 1) and as p — 400, Dy admits an asymptotic
expansion of the form

k—1
Diip) =" 3 dPmp)p + mp)t S dl)y,

1=0 j<2k—21-3 Jj<-5

where d(kZ) i—1 = 0 and a® = 0, Vm. Therefore, solving Livf: = GkjE with zero conditions

2m,k
at p = 0 we get a C™ even solution ’U,f which is O(p?*) at the origin. Finally, the asymptotic

expansion at infinity follows directly from the representation

o) == [ ROx(0)0:(6) - Ox(:)02(0)GE ().

Remark 3.4. Clearly, for any k, xx is a polynomial with respect to ag and v of the form

m.n. k
Xk = Z Qo vV Xm,n(p)7
1<m+n<k

where the coefficients Xﬁw are C* functions of p with an even Taylor expansion at 0 that starts
at order 2k. As p — +o0, Xﬁm,n’ admits an asymptotic expansion of the form (3.15)).

For any N > 2, define

N
XMt p) = t7F) (),
k=1
It follows from our construction that x™) verifies,

kot X (N)
(3.20) PO (it ==X A N ()| <

Cn gt~ NFDA+20) ) S 2N—1-1—k
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for any k,l € N, k+1<2N,0< p < 10t37V=4 ¢ > 1.
Fix N =27, ; = 352l and set
27
wap_W—i_in? X?’[IL):X( )7

dipiP 1
iﬁt — AP +a0t*1*2w$5—z‘uf1*”(2

As a direct consequence of Lemma and estimate (3.20) we obtain the following result.

Rin = —it > + pOp) Vi — U5y

Lemma 3.5. For any ag € R and any v > —% there exists T = T(a,v) > 0 such that fort > T
the following holds.

(i) The profile x;¥(t) verifies
< C(wl + Jaoht =7,

ap
(321) HXZ’rLHLOO O<p<10t2+l’ 51) —

(3.22) [t <CO(lv] + oDt 5%, 1<k+1<2,

Loo(0<p<10¢3+7—<1)

(3.23) [rarere | < O(|v] + Jag )t~ GHIEH=D) k4 <2,

L2(p2dp, o<p<10t?+” €1)
(ii) The error Rin(t) admits the estimate

< 73(42)/A=ai NHY/2) 4 <o

3.24 H kol R, t(
(3.24) P OpRin) L2(p2dp 0<p<10t3 7 =1) ~

3.2.2 The self-similar region

We next consider the self-similar region 5t~ < |z[t~1/2 < 10t°2, where 0 < e9 < 1/2 to be fixed
later. Write u(t, z) = e’ ™t=1/4y(t,y), y = t~1/2|z|. Then, w(t) solves

d
(3.25) thi: (L + ao)w — |w|*w

where £ =—A+ % (3 +y9,).
Note that in the limit p — +o00, y — 0 one has, at least, formally

W (p) + Yty (p) =

k>1
(3.26) —1/4 —L(2n41)(1+2v) 1 I (k) 2%—n—1
SN (ny + (5 +v)nt)' > oy, 1y :
n>00<I<2 K>l

where O‘l] , k # 0, are given by Lemma and al( ) come from the expansion of W (p) as p — oo:

Z O‘og =0 Vm € Z.
J<0
Equation (3.26)) suggests the following ansatz for w:
1
(3.27) =5 Y AN 1y (5+v)n ' Ani(y).

n>00<I<?

'This choice has no specific meaning here. To produce an approximate solution with an error verifying (3.10)
it is sufficient to require (2N + 3)e1 > 3(1 4+ 2v)/2, 0 < &1 < 32% see (3.24) and (3.45)), (3.46).

20
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As it will become clear later, to prove Proposition [3.2] it is sufficient to consider only three first
terms of expansion (3.27). Therefore, we look for an approximate solution of the form

w(t,y) =t~ 24 A o(y) +t730F20/4 4, 4 (y)

1
+ o)/ (A20(y) + (Iny + (5 +v)Int)A21(y)).

Substituting this ansatz into the expression —it% + (£ 4 ag)w — |w|*w one gets

dwi?

—it
(3.28) dt

+ (L + ag)wi — [wi | wip = =Gy o (y) + 17302/, o (y)

1
+ t_5(1+2y)/4(50,0(y) + (Iny + (5 +v)Int)S21(y)) + S(t,y),

where

n0(y) = (£+ ) Ano(y), n=0,1,
52 1) = (£ + p2) A (),
S20(y) = (£ + p2) Az0(y) — Az (y) — 20y A21(y) — AQ; — [Aoo(y)|*Ao0(y),
S(t.y) = —wsk (¢, y)|"wif (¢, y) + 224 Ag o (y) [ Ao (y)-

Here p, = ap + 4(2n +1)(1 + 2v).
We require that S,,; = 0, n = 0,1,2, [ = 0,1, which means that the corresponding A,,; have to
solve

(ﬁ + :u’n)An,O = 07 n= 07 17

(3.29) (£ +p2)A21=0 )
(L4 p2)Azp =ivAs; + %03,142,1 + 55+ | Ao 0|* 40,0

In addition, in order to have the matching with the inner region, A,,; have to satisfy

(3.30) =Y G o
k>l

Lemma 3.6. There exists a unique solution of (3.29) that as y — 0 admits an asymptotis
expansion of the form

(331) An,l(y) = Z dn,k:,ly2k_n_1a
>l

. 0 1 1
with do’o’o = Oz((]’)_l, d17170 = Oé((x()) and d27170 = a((),)—l‘

Proof. First of all note that the equation (£ + p)f = 0 has a basis of solutions e (y, u), e2(y, p)
such that: ‘
(i) e1(y, p) = 54- (n— g)é1(y, 1), where €1 is an entire function of y and y, odd with respect to y;

(ii) eo is a entire function of y and p, even with respect to y, and as y — 0, ea(y, 1) = 1 + O(y?).
Two first equations of (3.29)) together with (3.31) give

(3.32) Aoo(y) = ab re1(y, o), Aro(y) = ablea(y, m).

We next consider the remaining equations of - Equation (£ + p2)A21(y) = 0 and ( -
yield Az 1(y) = coe1(y, p2), with some constant cg. Then, for As ¢ we have (E + p2)Azo = F,
where

) 2 _
F =co(iv+ gay +y 2er(y, p2) + [Aoo|* Aop.
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As y — 0, F' has an asymptotic expansion of the form
F(y) = Z Hiy%_17
i>—2

with some coefficients r;, k_2 and k_1 + ¢ being independent of co.
Write Ago(y) = —% + A20(y). Then Ay solves

(3.33) (L + pg)Ag = F,

where F = F + 2L+ ug)y% has the following asymptotics as y — 0:
F(y) = Z Ryl Rl =R+,
i>—1

with mgl independent of ¢g. Take ¢y = —fi(ll. Then Equation (3.33) has a unique solution of the
form N
Az0(y) = a((f)_la(y, pe) +a C>odd function.

O]

Remark 3.7. By uniqueness, A, ; given by Lemma verify matching conditions (3.30). Note
also that all A,,; are entire functions of oy and v.

We next study the behavior of A,,; as y — 400. To this purpose notice that for any u € C,
equation (£ + p)f = 0 has a basis of solutions fi(y,u), f2(y, p) such that yfi, yfe are smooth
functions in both variables and as y — +00 one has

(3.34) Ay, ) =y 2201 0(y72), foly,p) = @'y~ 20(1 + O(y™2).

These asymptotics are uniform in g on compact subsets of C and can be differentiated any number
of times with respect to y.
Decomposing A1, A2, A21 in the basis fi, fa one gets

(3.35) Amo(y) = d?fl (yaﬂn) + dng(yaﬂn)> n=0,1,
A1 (y) = di fi(y, p2) + d5 fa(y, pa),

with some coeflicients d;‘, 7j=1,2,n=0,1,2. As a consequence, as y — +00, one has

Apo(y) = diy* 017 (14 O(y~2)) + de" /1y =2e0 2 (1 1+ O(y2)),
(3.36) Avo(y) = diy* 07273 (1 + O(y™2)) + dge™V [y=2100™ 183 (1 1+ O(y~2)),
Az (y) = diy? 037 (14 O(y~?)) + dge /1y =20t (1 4+ O(y ).

Asymptotics (3.36) can be differentiated any number of times with respect to y.
Let us now consider Ay and write it as

(3.37) Ago(y) = 2d3v Inyfi(y, p2) — 2(v + 1)d3 Iny fo(y, ) + Az0(y).
Then 2{2’0(1/) solves

(3.38) (£ + p2) Az = G,
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with G = d3G1 + Ga, where
G1=—d3(1+2v)(2y~ 10y +y = — i) faly, p2),
= \A0,0|4A0,0 + d%(l +20)(2y~ 10y + y ) fr(y, p2).

It follows from the asymptotics , ) that G, j = 1,2, has the following behavior as
Yy — +00,

Gl(y) — eiy2/4y72ia0G171(y)? GQ Z 6zmy /4 —2iapr(2m— DGQ,m(y);

m=—2
0LG11(y) = Oy 2o,
Ol Gam(y) = Oy~ P2~ Im=2)1) 5 < < 3,

for any [ > 0, provided v is sufficiently small.
Integrating (3.38]) one gets

(3.39) As0(y) = M fi(y, p2) + Ao fo(y, p2) + d3g1(y) + g2(y).

Here \;, i = 1,2, is a constant and g;, i = 1,2, is the solution of (£ 4 u2)g; = G;, with the
following behavior as y — +o0:

q1(y) = iy§/4y722"0‘0921,1(y)3
ga(y) = Yop__y €My /Ay~ Ricor@m=l g, L (y),
(3.40) 8’ v 91, 1( ) O(y_2+5”_l),
al 92 m( ) — O(y_5_5"_m(l_2l’)_l), m = 0’ 1
aQQQ’m(y) = O(y—7—5u—|m|(l—2u)—l)’ m = _27 _17 27 37
for any [ > 0.
Denote

(1, p) = ¢ (=122,

Xss( p) =¥si (L, p) = Wip),
Rss(t, P) _ t_5(1+2y)/45(t_(1+2y)/2p, t).

The next lemma is a direct consequence of (3.30), (3.34), (3.36)), (3.37)), (3.39) and (3.40).

Lemma 3.8. For any ag,v € R sufficiently small there exists T'(ag,v) > 0 such that for t >
T (g, v) the following holds.

(i) xs5(t) verifies

B4 IO, <ot

I+ trtegy =
L2t €1<p<10tf vrez)

—k ol —1-2v
(342) Hp 0 Xss( )H t%+u—€1§p§10t%+u+€2) S Ct ) k =+ l= 17

—k ol —1-2v
(343) I GXEO e 4 b cpeggybrorny < Cllaol + WD k=2,
(344)  [lo " ax(t)] <ot <<,

L2(p2dp, 1t2+” €1<p<10t2+”+62)
(ii) The error Rss(t) admits the estimate

—k ol —(24+ ) (142v)+5¢1 /2
(3.45) llp apRSS(t)||L2(p2dp,1—10t%+”_61Spglﬂt%+u+€2) <Ct (2+7)( )+5e1/ , 0<k+1<2
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(i) The difference V5¥ (p,t) — gk (¢, p) verifies

(3.46) O () — U (1))] < Cp2 (2 (g 4 H0F2/2 N
for any 1 >0 and 1 t2+” a<p< 10tz +v—a,

3.2.3 The remote region

We next consider the remote region |x| > %tl/ 2+e2  In this region we take as an approximate
solution to (3.1)) the following radial profile:

ugh (t, ) = v1(t, @) + va(t, x) + vs(t, x),

where

vi(t,a) = e IR f (y, o) + dit= IR fy(y, )],y =71 al,
va(t, ) = O (%) et [dYt=(H/2 £ (y, o) + dit= 32 fo (y, iy )+
¢ (3+5v)/2 (d%gl( ) — (d2(2u+ 1)In (\x|> _ )\2)f2(3/7,u2))} 7

95(6) = (%), © € C5°(BY) is radial, O(€) = { - E} S
Finally, vs(t, x) is given by
i1z
vs(t,x) = et;; U3 (%) . 03 = —1zABs — 2iVz - VOgy,

where
2(€) = dBJE[ 202 4 dhle] B0 — (@f(2w + 1)l fg] — Mg)fe[ o0t

It follows from the asymptotics (3.34]) that for t > T with some 7' = T'(§) > 0 and any [ > 0, one
has

1 1
/24 <
10 — ’x‘7

i1t1/2+€2 < || < 26t.
10

\Vlvl(t,m)\ < Cﬂ:r]il*l*”

(347) ‘l 2+v

l
‘v 02(t7:1:)‘ = t3/2 ’t

Furthermore, vy can be written as
va(t, x) = vo0(t, x) +v2,1(t, x),

(3.48) ei% T T e’ ‘i‘r T\ .
vao(t ) = W@d (;) z (?) ;o vt ) = B2 —373 95 (;) d21(t, ),

with 091 verifying, for any { > 0,

Ljyate o |lz| < 26t.

(3.49) |V 1 (t, )| < Ct = || 774, T

We next address v3. One has

! —5/2 5—4+1
||V /U3(t)||Loo(|z‘2T10tl/2+€2) < Clt / ) + +y’

(3.50)
Hvlvi‘](t) ”L2(|x\2%t1/2+52) < Clt715*5/2+l+1/,
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for any [ > 0 and ¢ > T'(6).
As a direct consequence of estimates (3.47)), (3.49)), (3.50), one obtains

—(Lig v
Huout<t)HL (| ‘>L0t%+62) S Ct (2+ 2)(1+ )’

1 —5/4
|||33| out(t)HLoo(' |>Lt%+€2) <Ct / >

IVt

5 4 _
out( )”Loo(l >L t2+52) < Ct™ / [=1,2,

(3.51)

! 1-1/2
Hv out( >HL2(‘3?|2T10t%+52) -~ Cdy+ / s l = 1,27

101 y
IV (ul®, (t) — ”270(75))”L2(\$|>it%+52) <Ot iGre) ) _q o
=10

out

1, a 11 y
||~ (ul®,(t) — v2’°<t)>”L2(|x\>Lt%+62) < Ct-3(Gre) (422
=10

provided % <egg < %, v is sufficiently small and ¢ > T'(9).
Denote
Uap(t,l') _ eioco lntt—1/4wap(t t_1/2|$|)

and consider the difference ugh (t,z) — ugh,(t, z). For & t1/2+52 < |z| < 10t1/2%22 one has

(352)  ul(t,x) — ugpy(t,x) = M CIIR((AR(1 + 20) In 2] + M) fiy, v2) + 62(y)),
which together with ({3.34) and (3.40) implies that

(3.53) IV (%2, — u®)| < Cy(| 1nt|t—(%+52)(3+5u+l) + 23—(%—1—62)(3—1—511-5-1))7

for any [ > 0 and %t””” < |z| < 10t1/2+e, provided 2 < ey < 3 and v is sufficiently small.
We next analyze the error Rpu(t) = —idﬁgt( t) — Augl () — [udl () [*uil (t). Tt has the form

Z-\x\?

Rout(t,x) = —69; [tvz 1(t, ) AO; ( ) + 2t2Viy 1(t,z) - VO; (%)

T 4
+AU3 (?)} ’uout ucolzt'

(3.54)

Combined with (3:47), (3-49), (3.50), representation (3.54) gives for 3 < &5 < 1 and v sufficiently

small,

(3.55) IV Rout (8)l| 2 afs £ /242 < ct~ 12 4> 7(s), 1=0,1,2.

3.2.4 Proof of Proposition

We are now in position to conclude the proof of Proposition . Fix €5 such that % <eg < % and
consider the radial profile u®(t, z) defined by

P(t,x) =0t P (t,2) + (1 - Ot V)t /2 2a)u (t, x)
+ (1 -0 V2 ) (t,x), = eR3

where ui?(t,x) = @0 mtt"/Q@/Jap(t t¥|z]). Write u® as u®(t,x) = ™0™ /2(W (y) + x(t,v)),

y = t’z. By Lemma (estimates (3.21)), (3.22))), Lemma (estimates (3.41)), (3.42), (3.43))
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and (3.51)) one has

(3.56) X (t) || oo < Ct= 212

(3.57) Iy X ()2 + [VXP ()| < O,

(3.58) 1y 72X ()] 2o + Iyl ™ Vyx P ()] pee < C(lv] + [ao])t 72,
(3.59) VX ()| < C(Jv] + Jao])t ™12,

All the estimates stated in this subsection are valid for v sufficiently small and ¢ > T'(ag, v, 9).
Furthermore, it follows from Lemma (estimate (3.23)), Lemma (estimate (3.43))) and two
last inequalities in (3.51)) that

Hleap(t)|‘L2(\y|§10t1/2+”+52) < Ct_(1+2y)(1_252)/47 [1=1,2,

(3.60) )
IV (X (t) — X0" )l 2y s 1/24v+e2) < Cct U =12,

where x(7(t,y) = e i mE=y/ 2y, o (¢ t7Vy).
Inequalities (3.60) imply, in particular,

VX ()| p2grey < Ct D H=2 0 = 2,
Moreover, introducing ¢*(x) = 7~ 3/2¢3m/4 Jgs d€e™€05(2€)2(2€) and observing that (* € H*(R3)

for any s > 1/2 — v, and ||V!(vg — eA¢* M r2(zj>¢) — 0 as t — +oo for any v > 322 and any
[ > 1, one obtains that

ONP(L D)) = B¢ =0 in H' NI as ¢ oo

This concludes the proof of the first part of Proposition [3.2]
We next consider the error R = —zdlétp Au®? — [y 4y It has the form

R=Fy+ Ey + E3+ FEjy.
where

By =i — 20t (ul(t,2) — w20, 2)0( /)
)

— ot EE (VP (t,x) — Vull(t,x)) - VOt /)
— R (Rt x) — w1, x)) AB(E ),

Ey =i( % + o)t (Wi (t, @) — ughy(t,2))O (%2 a)
— 2712 (YU (¢, 1) — Vu'®,(t, x)) - VO (/252

— R (U (8, @) — gy (1, 2)) AB(E P ),
0(§) = ¢-VO(s),
and Fj3, Fy4 are given by

B3 =0t /%1 0)Rin(t,2) + (1 — Ot/ 512)0(t7 /2752 2) Ry (t, 2)
+ (1 =0t Y27 228))Row(t, z),

By =00t V> 1 2) (|ug? | uf? — [u|*u)
+(1-er Y 2+%))@( TR (Jugk [t — )
+ (1= 0 2=20)) (jugh, [*ugh, — [u®[*u®).
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Here
Rin(t, z) = eV PR (6,7 ]2]),  Ras(t,x) = e MR (1,17 |2]).

First we adress ;. By lemma (iii) we have
61 E < O~ 9(142v) /A+v+5e1/2 < O (2435 (1+20)
(3.61) |1E1|| g2 < Ct Int <Ct .
Similarly, from (3.53)) we get for Es:
(3.62) |Ballge < Ct71-GHeGat® ing < o @r) 02,
Next, we consider E3. From Lemma [3.5] (i) , Lemma [3.8] (ii) and (3.53)) it is apparent that
(363) HE3HH2 < Ct—%(1+21/)+5€1/2 < Ct_(2+%)(1+2y).

Finally, applying Lemma[3.5] (estimates (3.21)), (3.22))), Lemma3.§| (estimates (3.41), (3.42)),(3.43),(3.46))
and (3.51)), (3.53)), it is not difficult to check that

(3.64) | Byl g2 < Ct730+2),

Combining (3.61), (3.62), (3.63), (3.64), we get (3.10]), which concludes the proof of Proposition
B2

3.3 Construction of an exact solution

We are now in position to prove Theorem Consider (3.1)) and write u(t, z) = e’ /2@ (1 ),

tl+2u

T3, - Further decomposing ¥ as

where y = tYz and 7 =
U(r,y) = U (r,y) + f(r,y), UP(r,y) = e "0yt x),

where u is the approximate solution of (3.1)) given by Proposition (3.2), we get the following
equation for the remainder f

(3.65) z% =H(Of+F(f)+r, f= <f>

where

H(r)=H+77'1,

H = Aoz — 3Wlo3 — 2Wo30y, [ = QVaj 703~ i2yy+ 1(% +y- V),
F
)= ("H5). F) = A+ R)

Fi(f) =Vi(r)f +Va(7)f,
) =3(W*— [UP(r)[h), WVa(r) =2(W* — (W% (7))* ¥ (7)[?),
Fy(f) = =% + fI* (U + f) + [QPROP + 3| WP f 4 2(T)2 |G|,

r= < I‘f ) ’ r(T, y) — t—5y/267ia0 lntR(t7 x)
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R being the error given by Proposition [3.2] Note that by Proposition [3.2] one has

(3.66) Vi) lwee sy < Cllaol + [W)) 7Y, 0= 1,2,
(3.67) [T (7) [l w200 (r3y < C,
(3.68) I (P) | g2 gy < CT275,

for any 7 > 79 with some 7y > 0.
Our intention is to solve (3.65)) with zero condition at 7 = +o0o by a fix point argument. To carry
out this analysis we will need some energy type estimates for the linearized equation i% = H(7) f

The required estimates are collected in the next subsection, their proofs being removed to Section
4.

3.3.1 Linear estimates

We start by recalling some basic spectral properties of the operator H (a more detailed discussion
and the proofs can be found, for example, in [19]). Since we are considering only radial solutions,
we will view H as an operator on L2  (R3;C?) with domain D(H) = (R3;C3). H satisfies
the relations

rad Tad

0‘3HO‘3:H*, 0‘1H0‘1:—H.

The essential spectrum of H fills up the real axis. The discrete spectrum of H consists of two
simple purely imaginary eigenvalues iAo, —iAog, Ag > 0. The corresponding eigenfunctions (4,
¢_ are in S(R?) and can be chosen in such a way that (. = 01(y = (y. Notice also that
HW(_l) = HW; (1) = 0. which means that H has a resonance at zero.

af

Consider the projection of the linearized equation i3> = H(7) f onto the essential spectrum of H:

df

(3.69) i

= PH(r)PY.
Here P is the spectral projection of H onto the essential spectrum given by

<, 0-3<:F >

P=I-P, — P, P = —19F~"
- < (i, 03( >

£

< -,- > is the scalar product in L?(R3 C?).
Let U(r, s) be the propagator associated to Equation (3.69). In Section 4 we prove the following
results.

Proposition 3.9. There exists a constant C' > 0 such that

Clar |+

[0 s)fl < € (2) g

forany s> 71 >0 and any f € Hfad. Here a; = v =

ag v
1427 14+2v -

3.3.2 Contraction argument

We now transforme ([3.65) into a fix point problem. Rewrite (3.65)) in the following integral form

(3.70) f(r) = J(H)(7),
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where

J()(7) = Jo(f)(7) + T+ () (7) + J-(f)(7),
+
z/ dsU(7,8)P(F1(f(s)) 4+ r(s)),

+00
dsero(7—s P+(]:2(f(5)) +7r(s)),

N
=
~—

\]

)= —i / dse 0T P_(Fy(£(s)) + r(s)).

F(f)+ s (P + P)f,
F(f)+ s 'S,

Fi(f)
Fa(f)

71 > max{7, 1} to be fixed later (slightly abusing notation we identify in ([3.70)) C? vectors of the

form (Ji) with their first component f).

f

Our intention is to view J as a mapping in the space C([r1, +00), H2 ,

) equipped with the norm

ANl = sup [1f (7 g7 10

T> ~T1

and to show that J is contraction of the unite ball |||f||| < 1 into itself provided |ag| + |v| is
sufficiently small and 7; is chosen sufficiently large. Indeed, by (3.67)), (3.66) one has, for any
frg€ H? with || fllgz <1, llgllme < 1,

1F1(f) = Fr(@llmz < CUIf gz + lgllaz + (laol + )T HIF = gllze,

1Ps(F2(f) = F2(o) | < CUf Iz + gl + (ol + DT DI = gll gz,
which together with (3.68) and Proposition [3.9| gives

I < 5 +Or, G = T@I < (G + 0 )If =~ gl

for any f,g € {|||h]|| < 1}, provided |ag| + |v| is sufficientlt small. This means that for 7
sufficiently large, J is a contraction of the unit ball ||| f]|| < 1 into itself and consequently, has a
unique fixe point f that satisfies

1F (g2 <77 17V18 ¥r > 7,

which together with Proposition [3.2] gives Theorem [3.1]

3.4 Linearized evolution

In this section we prove Proposition The proof will be achieved by combining the results
of [I9] with a careful spectral analysis of the operator H around zero energy. More precisely, in
subsection 1 we consider the operator H as before, restricted to the subspace of radial functions,
and construct a basis of Jost solutions for the equation H{ = FE(. In subsection 2 we study
the spectral decomposition of H near £ = 0. Finally, in subsection 3 we prove Proposition
by combining the results of the previous two subsections with the coercivity properties of H
established in [19].
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3.4.1 Solutions to the equation H{ = E(.

In this subsection we construct a basis of Jost solutions of the equation H{ = FE(, E € R. Since
the subject is completely standard we will only briefly sketch the proofs (see also [9], [34] for a
closely related construction in the context of energy subcritical NLS). Recall that

i W
Vo Vi )’

Vilp) = =3W*(p), Valp) = —2W*(p), Wi(p) = (1 +p°/3)7"/%.

H= —(Eﬂz + 2p_18p)03 +Vi(p), V= <

We emphasize that V(p) is a smooth function of p that decays as p~* as p — oco. Since o1 H =
—Ho it suffices to consider the case £ > 0, so we write £ = k2, k > 0. It will be convenient for
us to remove the first derivative in H. In order to do that set f = p(, then one gets

(3.71) Hf =Ef, H=-905+V(p).

We will consider the operator H on R, to recover the original radial R3 problem it suffices to
restrict H to the subspace of odd functions.
We start by constructing the most rapidly decaying solution to (3.71)).

Lemma 3.10. For all k > 0 there exists a real solution f3(p, k) of the equation
(3.72) Hf =kf,

such that f3(p, k) = e *Px3(p, k), where x3 is O function of (p, k) € R x R% wverifying x3(p, k) =
0
(1) + a’(p7 k);

0,01 alp, k)| < Cr < p > (14 k< p>)"""" m =0,1,
(3.73)

! 02 -1 -3
pokalp I < Cr<p> (k) P (o

forallp>0,k>0andl >0.
Proof. One writes the following integral equation for ys:

0
1

sir}{k’& 0 ke
K(& k)= 0 sinhke | € -
k

+oo
x3(p, k) = ( > — K(p—s,k)osV(s)xs(s, k)ds,
p

The statement of the lemma follows then from the estimate

‘§|l+1

[
‘8]6[(({7 k)’ < Cl< ké. >l+1’

£€<0, k>0,1>0
and the decay properties of V:
\65)V(p)\ <Cr<p>t peR, 1>0,

by standard Volterra iterations. O

We next construct the oscillating solutions to Equation (3.72).
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Lemma 3.11. For all k > 0 there exists a solution fi(p, k) of Equation (3.72)) such that fi is a
smooth function of (p,k) € R x R of the form fi(p, k) = eikp((é) + b(p, k)), where b verifies

b(p, k)| < C(< p>72 +ke™™),

|0pb(p, k)| < C(< p>73 +k%e ),

|Okb(p, k)| < C(< p>7" + < kp>e™™),
02.b(p, k)| < C(< p>72 +k < kp> e *P),

(3.74)

forall p> 0,0 <k < 1. In addition, one has

1

forall0<p<1,0<k<1.

Proof. To construct f1 we will reduce the order of the system ({3.72)) by means of the substitution

fi=z0fs+ = ((1)) Further setting zo = 2 f32, f3 = (2;), we get that z = (2) solves

— 2 —k*2 + Vinzr + Vigze = 0,

(3.75) ,
— 25+ kzo + Vo121 + Vagzg = 0.
Here
2
Viir=V1 — ‘/2@, Vie = —5—(f31f32 — f3.1[32),
13,2 ED)

1
Vor=Vo, Voo = —ﬁ(fé,z + kfs32).

)

By Lemma there exists R > 0 independent of k, such that the functions Vi;(p, k), i,5 = 1,2
are smooth in both variables for £ > 0 and p > R and verify for all [ >0, p > R, k > 0,

0 Vi(p, k) < Cr<p>"11 j=1,2,
0506 Vi1 (p k)| < Cp < p > I< kp >3,
1
l 52 —4-1 -3 L
(3.76) |8pak‘/11(pa k)| <C<p> <kp>""In (kp + 2> ,
L0 Via(p, k)| < Cp < p>"3Hm< fp 7l G =12 m=0,1,

1
0L02Vaa(p, k)| < Gy < p >~ T< kp >3 In (ch + 2) ,

Writing for z the following integral equation

) 1 0 sin k(p—s) 0 Vi Vi
_ ik _ — 1 Viz
z(p, k) =e p(0> /p ( 8 o~ H(sp) ( Vor Vo ) z(s, k)ds,

and taking into account (3.76)), one proves easily the existence of a smooth solution satisfying

\85)0,;”(6_ikpz1 -+ <p> ‘826;”(6_%’)22” <Cp<p>2Hmapp>s—lom o, =01,

3.77 , , 1
BT ot tva - ) ogaRe e < om (1 +2) =0,
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forallp> R, k>0,1>0.
To reconstruct fi, we set

P k +00
20(p, k) = (s k) ds—/ 22(5,0) ds.

r f32(s,k) r [f32(5,0) ’

Then, for p > R, the statement of Lemma follows directly from (3.77) and Lemma [3.10, To
cover the case x < R one can invoke the Cauchy problem with initial data at p = R. O

Note that since k* € R, fa(+, k) = fi(-, k) is also a solution of (3.72).

Remark 3.12. Recall that the equation ﬁf = 0 has a basis of explicit solutions p® (p) (ill), PO (p) (i11)7
with @4, ©4 given by (3.18]). Comparing the behavior of p®y, pO4, with the asymptotics of
f1(p,0), f3(p,0), one gets

(3.75) F1(p.0) = 5o(E(p) + &0(0)), Fo.0) = 50(E(0) ~ (o)),

where & = %W(fl), §1= —%Wl (})
Next, we construct an exponentially growing solution at 4oo.

Lemma 3.13. For any k > 0, there exists a solution fi(p, k) to (3.72) such that fy = e*’x4 with
X4 verifying

ohuato )~ (]

)) = O(p™"), p— +o0.

Proof. We construct fj4 by means of the following integral equation:

xalp, k) :@ + /:OO < 8 2(12 )VX4(s,k:)ds

p ek (5=P) sin k(p—s) 0
+ / k J2k(s=p) Vxa(s, k)ds.
R 0 ok

(3.79)

For k£ > 0 and R; sufficiently large (depending on k), the operator generating is small
on the space of bounded continuous functions. Therefore, has a solution x4 verifying
Ixa(p, k)| < C, p > R;. Iterating this bound one gets that xa(p, k) — (?) = Ok(p™3) as p — <.
Finally, the estimates for the derivatives can be obtained differentiating . O

We now briefly describe some properties of the solutions f;, j = 1,...,4 that we will need later.
Recall that the Wronskian w(f,g) = (f',g)g2 — (f,¢')g> does not depend on p if f and g are

solutions of (3.71)).
The estimates of Lemmas [3.10] [3.11] [3.13]lead to the relations:

(3.80) w(f1, f2) = 2ik, w(f1, f3) = w(f2, f3) =0, w(fs, fa) = =2k, k>0,

the three first relations being valid for k = 0 as well. Notice also that by Lemmas
Ok f1(p,0), Ok f3(p,0), are solutions of the equation H f = 0 verifying for p > 0,

|0kf1(p,0) — (lé))} <C, |05, fi(p,0) = (E))} = <p>2
0 C 0 C
@ﬁmm+gﬁs<p, W&W®+Q)§<mw
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As a consequence, one has

w(Ok f1lk=0, filk=0) = i,  w(Okf1|r=0, f3lk=0) = 0,
w(Ok f3lk=0, filk=0) = 0, w(Okf3|r=0, f3|r=0) = —1.

In addition to scalar Wronskian we will use matrix Wronskians. If F', G are 2 x 2 matrix solutions
of (3.72)), their matrix Wronskian

(3.81)

W(F,G)=F"G - F'¢&

is independent of p.

Set g;i(p, k) = fj(—=p,k), 7 = 1,...,4. Since the potential V is even, g;, j = 1,...,4 are again
solutions of which have the same asymptotic behavior as p — —o00 as f; as p — +o0.
Consider the matrix solutions F', G, defined by

F=(f1,f3), G=I(91,93)

Denote D(k) = W(F,G). It follows from Lemmas [3.10} that D is smooth for k£ > 0 and
admits the estimate

1
(3.82) |02D(k)| < C'ln (k + 1> , 0<kZ1.

In addition, by (3.78), (3.80), (3.81)), one has

(3.83) D(0) =0, 0D(0) = ( _0% g ) :

3.4.2 Scattering solutions and the distorted Fourier transform in a vicinity of
zero energy

Set
(3.84) Flp,k) = F(p, k)s(k),

where s(k) = thl(k)(Qék). By (3.82), (3.83)), s = (z;) is a smooth function of k for 0 < k < ko
(ko sufficiently small), continuous up to k = 0, verifying
81(0) = —1, 82(0) = 0,

3.85
(3.85) Ops(k)] < C|Ink|, 0<Ek < ko

By construction, one has
w(F,g1) = 2ik, w(F,gs) =0,

for any 0 < k < kg. As a consequence,

(3.86) Flp, k) =ri(k)g1(p, k) + g2(p, k) + r2(k)g3(p, k), 0 <k < ko,
with some coefficients r1(k), r2(k) that, by (3.78]), (3.85), verify
(3.87) r1(0) = r2(0) = 0.

Computing the Wronskians w(F, F) and w(F,G), where G(p, k) = F(—p, k), one gets

Isi (k)| + [r(k)|> =1, ri(k)si(k) +r(k)s1(k) =0, 0<Ek< k.
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One can write the following Wronskian representation for r;:

(3.88) ri(k) = sl(k:)w(gj}f) + 52(k)w, k0.

Using ([3.85) and the relations
w(g2, f3) k=0 = w(g2, f1)[k=0 = Fkw (g2, f1)[k=0,

one easily deduces from (3.88) that 71 is smooth for 0 < k < ko, continuous up to k = 0, and
verifies

(3.89) 01 (k)| < C|Ink|, 0<Fk < ko,

which in its turn, implies that r9 is smooth for 0 < k < kg, continuous up to k = 0 and admits a
similar estimate:

(3.90) |Opra(k)] < Cllnk|, 0<k < ko.
Introduce the following odd solution of :

e(p k) = F(=p, k) = F(p, k).
By (3.84), (3.86),

(3.91) e=aifi+ fo+azfs, aj=r;—s; j=12.

It follows from (3.85)), (3.87), (3.89), (3.90) that

(3.92) a1(0) =1, az(0) =0,
and
(3.93) |Okaj| < Cllnk|, 0<k<ky, j=1,2,

which together with Lemmas implies the following result.

Lemma 3.14. One has:

(i) e(p, k) = eo(p, k) +e1(p, k), where eq(p, k) = a1 (k)e*? ((1)) +e~the ((1)) and the remainder e1(p, k)
admits the estimates

e1(p, B)] < C(< p>2 +kInkle ™), p>0,

Bher(p, )] < ClInkl(< p >~ +e4/2), p>0,

ler(s Bl 2,y < C,

lpex (-, k)l 2.y + 10ker (- k)l 2,y < C™Y2| Ik,

(3.94)

for any 0 < k < kg.
(i) (p0, — kOk)e(p, k) = ei*? (é) kogai(k) + e2(p, k), with ea(p, k) verifying

lea(p, k)| < C(< p >~ +k|Inkle™*/2),  p>o0,

(3.95)
le2(s k)l L2ry) < C,

for any 0 < k < k.
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For 0 < k < ky, introduce the operators E, : L?(R,C?) — L%(R3,C?),
1
(Er®)(y) = —— | dkO.(K)E(y,k)®(k), @ € L*(Ry,C?),
23/271' Ry

where E(y, k) is a 2 X 2 matrix given by

Ey, k) = p~'(elp, k), o1e(p. k), p=lyl,

1 if |kl <1/4

0 if|k|>1/2 "

Since e(p, k) is a solution of the equation He = k?e, one has HE, = E k%03.

By Lemma (i), the operators E, are bounded uniformly with respect to x < ko. The action
of the adjoint operators EX : L?(R3,C?) — L*(R,C?) is given by

0.(k) = 0(k~'k), 0 is a C° even function verifying (k) = {

(B) () = 5= 0u(h) /R Ay (y, Ruly), we L(R,C)

Clearly,
(3.96) Eros(+ =0

for any 0 < k < ko.
The following relation is a standard consequence of the asymptotics given by Lemma (i),

(3.97) Er,03Ex 03 = O, (k)0 (K),
for any 0 < k1, ko < kg.

Remark 3.15. Notice that because of the presence of the cut off function 0., E. is bounded as
an operator from L?([0, ko) to H™(R3) for any m > 0, uniformly in x < ko.

We next introduce quasi-resonant functions h(y), 0 < k < ko, by setting
1
hi = V2E, o)

Lemma 3.16. For any 0 < k < kg, h, €<y >"1 L?(R?) and as k — 0, one has

(3.98) il pogrey = O(Y2),  |lyhellp2@s) = O(k™?),

(3.99) < heyo3(Eo+ &) >=4n+ Ok 2 Ink), < he,03(61 — &) >= O(k/?Ink).
Proof. Applying Lemma (i), we decompose h,; as follows:
hi(y) = hn,O(f‘/) + hml(y) + hi2(y),

heals) = oo rdlso) ).

(3100 hea ) = 5o [ ke (e ()~ 0.0 ).
hi2(y) ! dkb.(k)ei(p, k),

=30 s,
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where 0(p) = Jp €*P0(k)dk, p = y|.
Clearly, h,0 €<y >~1 L*(R?) and one has

(3.101) Il hwoll z2(rey < CKY2, lyhuollp2msy < Ck™Y2

Consider hy,;, i = 1,2. It follows from (3.92)), (3.93), (3.94) that

(3.102) I ill sy < Ch, lwhaillzeesy < CxY2 k], i=1,2,
which together with (3.101) leads to the estimates

(3.103) el poqrey < CY2 lyhul ogge) < Cr™ 2,

We next compute < hy, 03(&1 + &) >. By (3.101)), (3.102)), we have

< h, 03(61 £ &0) >=< hy,03(61 £ &) > +O(kY? In k),
(3.104) < hy,0,03(61 — &o) >= O(k),

< egs 03(E1 + &) >= Qﬂ/deé(/ip) + O(k) = 47 + O(k),

which gives (3.99). O

3.4.3 Proof of Proposition

We start by deriving some coercivity bounds for the operator H.

Lemma 3.17. There exists kg, 0 < kg < kg, and C > 0 such that
(3.105) (Hf,03f) > C||V [l 72

for any 0 < k < kg and any f € Hlad(R3,C2) verifying

T

(3.106) (f,03¢-) = (f,03C+) = (f,03hs) = (f,0301hs) = 0.

Remark 3.18. Notice that since (4, h, €<y >~1 L2(R3) the scalar products that appear in
(3-106]) are well defined for any f € H'.

Proof. The proof of Lemma is based on the following result which is due to Duyckaerts and
Merle:

Lemma 3.19. There exists cg > 0 such that
(Hf o3f) > ol VfIl72(zs),
for any f € Hﬁad(RS,Cz) verifying

(f,03¢-) = {f,03¢1) = (f, Abo) = (f, A&) =0,

see [19] for the proof.
Let f € H,}ad such that (3.106)) holds. One can write f as

f =&+ 11+ g,
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where )
(f, A;)

T lwe—e 1 > = 0711
V& L2 (ms)

;=
and g € Hﬁad verifies

(9,03¢-) = (9, 03C+) = (9, Ao) = (9, A&) = 0.
Therefore, by Lemma [3.19]
(3.107) (Hf,o3f) = (Hg,039) > 0| Vg7 (gs)-

Furthermore, since f verifies (3.106]), one has

10(00) = (il

o= (Gososhe) (&1, 05h)
Alx) = ( (hry0380)  — (hw, 0381) >

where

By (8.99),
A(k) = —27r< 1 _11 ) +0(k"?Ink), k—0.

Therefore, for x sufficiently small, one has
la1] + |as| < C[IVgll 2@l <y > hall2@sy < Cx™ 2|Vl 2.

As a consequence,
IV £l L2@sy < Cr™Y2|Vgl| L2

Combining this inequality with (3.107) we get (3.105). O
Next, we prove

Lemma 3.20. There exists k1, 0 < k1 < ko, and C > 0 such that for any 0 < k < K1 one has

c
| £1 e (rsy < ;vaHL?(R?')a

for all f € H! ,(R®) verifying EXf = 0.

Proof. By (3.92)), (3.93) and Lemma (i), EX f can be written as
(Exf) (k) = @o(k) + @ (K),

where
1

Do(k) = 537 On (R F(R),

f(k) =2 [zs dycos‘:'lylf(y), and the remainder ®, satisfies

12| 2,y < CKY2) fll 12 gy

Therefore, E, f = 0 implies

(3.108) ||f||L2(O,H/4) < C"il/2||f||L2(R3)-
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Notice also that for any f € H}ad and any 0 < k < 1 one has
Il @e) < CUIFllL2©ma) + 5 IV FllL2ge)-
Combining this inequality with (3.108)), we get

C
[ £l e sy < ;HVJCHL?([[@)a
provided & is sufficiently small. O

We finally combine Lemmas to derive the following result which will be in the heart of
the proof of Proposition

Lemma 3.21. There exists ko, 0 < ko < ko, and C > 0 such that for any 0 < k < Ko one has
109 H > CR¥| f1%n — = ||ELosf]|?
(3.109) (Hf,03f) 2 CKllflln — G osf T2y,

for any f € Hﬂad(R?’,(CQ) verifying (f,o3(+) = 0.
Proof. Write f = fi1 + fa, where fi = E 03K\ o3f and fa = f — f1. One clearly has
(3.110) | fill sy < ClESosflle@yys  1Hfill2@s) < CR(ELos fll 2@y,

for any 0 < x < ko.

Consider fy. It follows from ([3.96)), that for any ' < k/2,
o (f2,03¢x) = 0;
o Eo3fe =0;
o (f2,03h) = (fo,0301h) = 0.

Hence, by Lemmas one has

(3.111) (H f2,03f2) > CRBHfQH?{l(Ri‘)’

provided & is sufficiently small.

Combining (3.110)), (3.111}) one gets (3.109)).

We are now in the position to prove Proposition Consider the equation
du
X pH(r)Pu,
(3.112) Yar (7)Pu
u(s) = f,
where

1
H(T):H+T_1l, l:alag—iu1(§+y-V),

ai,v1 €R, s> 0and f € S(R?) verifying (f, 03¢+) = 0.
Fix k such 0 < k < k2 and consider the functional G1(7) = (Hu, 03u>+co||IE,’203uH%2(R+). Clearly,

(3.113) G1(7) < Cllu(r) | F1 zsy-
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Moreover, since (u(7),03(+) = 0, choosing cq sufficiently large we get:
(3.114) G1(7) = er|lu(r) 3 sy -

We next compute the derivative %Gl. One has
d 2i
i— (Hu,o3u) = —Im < lu,03Hu >,
dr T
which implies

C

d
(3.115) ‘dr (Hu,o3u)| < ?(\041’ + ’Vl‘)HVU<T)H%2(R3)-

Next, we address HEZUguH%Q(Rg). Denote ®(7) = Efosu(r). Then ®(7, k) solves

1
(3.116) i®, = k?03® 4+ Y,
-

where
Y =E}o3lu.

Integrating by parts and applying Lemma (ii), one can rewrite Y in the form
Y(Tv k) = }/0(7-3 k) + H(Ta k),

where

Yo(7, k) = i1 kOp @ (7, k),
and Yi(7, k) admits the estimate

V() 2@y < Cllaal + [ Dl[w(r) 2 rs)-

Therefore, (3.116) gives

C
< =
T

d
‘dT”q)(T)H%Q(R+) (Je ] + D ()12 ga) -
Combining this inequality with (3.116)) and taking into account (3.114]) one gets

d C c
(3.117) 2610 < Sl + D) ey < Gl + D610,

Integrating we obtain

s\ Clloa [+ )
< — <
Gﬂﬂ_C(J Gi(s), 0<r7<s,
which by (3.113]), (3.114)), leads to the bound
s\ Clloa [+l )
(3.118) 10 s)fllnges) < € (2) 11 rs).

for any 0 < 7 < s and any f € Hﬁad. To control the higher regularity, consider the functional

Ga(1) = (H?*u,03Hu) + c2G1(7). One has

C lull s sy < G2 < Cllull}s gs),
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provided co is chosen sufficiently large.
Computing the derivative % (H?u(7),03Hu(7)) and taking into account (3.117) we get

d C c
(3.119) 2620 < Sl 4 D) ey < Gl + Gt

which implies

)C(lalH-lVl

)
(3.120) 10, 8) ey < C ( 1z g

5
T
for any 0 < 7 < s.

The H? bounded stated in Proposition follows from (3.118]), (3.120) by interpolation.
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