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❧✬■◆❙❆ ❏❡❛♥✲▼❛#❝ ❡" ❈②#✐❧✱ ? ❧✬➱◆❙ ❋#-❞-#✐❝ ❡" ❈❧❛✉❞✐♥❡ ❀ ❛✐♥,✐ ;✉❡ ❧❡, ♥♦♠❜#❡✉①

-"✉❞✐❛♥", ♣❛,,✐♦♥♥-, ;✉❡ ❥✬❛✐ ❡✉ ❧❛ ❝❤❛♥❝❡ ❞✬❛✈♦✐# ❡" ;✉✐ ♠✬♦♥" ,♦✉✈❡♥" ❡♥❝♦✉#❛❣-

❞❛♥, ♠❡, #❡❝❤❡#❝❤❡,✳ ❏✬❛✐ ✈✉ ❞❛♥, ❧❡✉#, ②❡✉① ✐♥❝#-❞✉❧❡, ❡" ❛♠✉,-, ❧❛ #❛✐,♦♥ ❞❡

✐✐✐



✐✈

❢❛✐$❡ ❝❡ ♠()✐❡$✳

❖♥) ()( ❞❡ ❧❛ ♣❛$)✐❡ )♦✉2 ❧❡2 ❝♦♣❛✐♥2 ❞♦❝)♦$❛♥)2 ♦✉ ❥❡✉♥❡2 ❞♦❝)❡✉$2 4 ❧✬■◆❙❆ ✿

▲❛♠✐❛✱ ◆❣❛✱ ❋❧♦$❡♥)✐♥❛✱ ❑❤❛❧❡❞✱ ▼♦❤❛♠❡❞✱ ▼❛♠❛❞♦✉✱ ▼❛♥❤ ❀ 4 ❧✬➱◆❙ ✿ ❈❧❛✐$❡✱

❆❞$✐❡♥✱ ❈②$✐❧❧❡ ❀ ❛✐❧❧❡✉$2 ✿ ❏✉❛♥✱ ▼❛)❤✐❡✉✱ ▼✉$✐❡❧ ❡) ❧❡ )$G2 ❢❛♠❡✉① ❣$♦✉♣❡ ❞✉ ❈■❊❙

●$❛♥❞✲❖✉❡2) ✿ ❏❡❛♥✲❇❛♣)✐2)❡ ✭①✷✮✱ ❍❛❞$✐❡♥✱ ▼❛)❤✐❧❞❡✱ ▲♦Q❝✱ ❈❛$♦❧✐♥❡✱ ❋❛♥♥②✱

❈❛$❧♦ ❀ )♦✉2 ❧❡2 ❝♦♣❛✐♥2 R✉✐ ♥❡ ❝♦♥♥❛✐22❡♥) ♣❛2 S❛ ❡) ♥❡ 2❛✈❡♥) ♣❛2 ❝❡ R✉✬✐❧2

$❛)❡♥) ✿ ❚❤(♦✱ ❈❧(♠❡♥)✱ ❈♦❧✐♥✱ ▼❛①✐♠❡✱ ❆$♥❛✉❞✱ ❚❛♠❜❛✳ ▼❡$❝✐ ❛✉22✐ 4 ❘(❥❛♥❡

❡) ❙❛♠♠②✳

❏❡ $❡♠❡$❝✐❡ ❧❡2 ♣❡$2♦♥♥❡2 R✉✐ ♥❡ ♠✬♦♥) ♣❛$ ❞❡♠❛♥❞( ❞❡2 ♥♦✉✈❡❧❧❡2 ❞❡ ♠❛ )❤G2❡

4 ❝❤❛R✉❡ ❢♦✐2 R✉✬❡❧❧❡2 ♠❡ ❝$♦✐2❛✐❡♥) ❞❛♥2 ❧❛ $✉❡✳

▲❛$& ❜✉& ♥♦& ❧❡❛$&✱ ❥❡ $❡♠❡$❝✐❡ ♠❛ ❢❛♠✐❧❧❡✳



■♥"#♦❞✉❝"✐♦♥

❈♦♠♠❡♥%♦♥& ♣❛) *♥♦♥❝❡) ✉♥❡ -❛✉-♦❧♦❣✐❡ ✿ ✉♥ ♣❤*♥♦♠3♥❡ ♥❛-✉)❡❧ ❡&- ❞✐- ❞❡

)*❛❝-✐♦♥✲❞✐✛✉&✐♦♥ ❧♦)&7✉✬✐❧ ❝♦♠❜✐♥❡ )*❛❝-✐♦♥ ❡- ❞✐✛✉&✐♦♥ ✦ ▲❛ )*❛❝-✐♦♥ ♣❡✉- <-)❡

❡♥-❡♥❞✉❡ ❞❛♥& &♦♥ &❡♥& ♣)❡♠✐❡) ❞❡ )*❛❝-✐♦♥ ❝❤✐♠✐7✉❡ ✿ ♣❧✉&✐❡✉)& ❡&♣3❝❡& ♦✉

♠♦❧*❝✉❧❡& ✭❧❡&  !❛❝$❛♥$&✮ &❡ )❡♥❝♦♥-)❡♥- ❡- )*❛❣✐&&❡♥- ♣♦✉) ❡♥ ❝)*❡) ❞❡ ♥♦✉✈❡❧❧❡&

✭❧❡& ♣ ♦❞✉✐$& ❞❡ ❧❛ )*❛❝-✐♦♥✮✳ A♦✉) 7✉❡ ❝❡--❡ )❡♥❝♦♥-)❡ ❛✐- ❧✐❡✉✱ ✐❧ ❢❛✉- 7✉❡ ❧❡&

&✉❜&-❛♥❝❡& ❝♦♥&✐❞*)*❡& &❡ ❞*♣❧❛❝❡♥-✳ ❈❡ ❞*♣❧❛❝❡♠❡♥- ♥✬❡&- ♣❛& ✐♥-❡♥-✐♦♥♥❡❧✱ ✐❧

❡&- ❧❡ ❢)✉✐- ❞❡ ❧✬❛❣✐-❛-✐♦♥ -❤❡)♠✐7✉❡ ❛✉ ♥✐✈❡❛✉ ♠✐❝)♦&❝♦♣✐7✉❡✳ ▲❛ ❞✐✛✉&✐♦♥ )❡♥❞

❝♦♠♣-❡ ❞❡ ❝❡--❡ -❡♥❞❛♥❝❡ ♥❛-✉)❡❧❧❡ ❞❡& ❡&♣3❝❡& ♦✉ ♠♦❧*❝✉❧❡& D &❡ ❞*♣❧❛❝❡) ❞❛♥&

❧❡ ♠✐❧✐❡✉ ♦✉ ❧✬❡&♣❛❝❡ ❝♦♥&✐❞*)* ✭❧✬✐♠❛❣❡ ❝❧❛&&✐7✉❡ ❡&- ❝❡❧❧❡ ❞✬✉♥❡ ❣♦✉--❡ ❞✬❡♥❝)❡

❞❛♥& ✉♥ ✈❡))❡ ❞✬❡❛✉✮✳ ▲❡& ♠♦❞3❧❡& ❞❡ )*❛❝-✐♦♥✲❞✐✛✉&✐♦♥ )❡♥❞❡♥- ❝♦♠♣-❡ ❞❡ ❧❛

✈❛)✐❛-✐♦♥ ❞❡& ❝♦♥❝❡♥-)❛-✐♦♥& ❛✉ ❝♦✉)& ❞✉ -❡♠♣&✳

❉❡ -❡❧& ♣❤*♥♦♠3♥❡& ❛❜♦♥❞❡♥- ❞❛♥& ❧❛ ♥❛-✉)❡✱ ❞*♣❛&&❛♥- ❧❛)❣❡♠❡♥- ❧❡ ❝❛❞)❡ ❞❡ ❧❛

❝❤✐♠✐❡✳ ❈✬❡&- ❛✐♥&✐ 7✉❡ ❝❡& ♠♦❞3❧❡& &✬❛♣♣❧✐7✉❡♥- D ❞✬❛✉-)❡& ❜)❛♥❝❤❡& ❞❡& &❝✐❡♥❝❡&✱

❡♥ ❛❞❛♣-❛♥- ❧❛ ♦✉ ❧❡& ✈❛)✐❛❜❧❡& ❝♦♥&✐❞*)*❡&✳ ❊♥ -❤*♦)✐❡ ❞❡ ❧❛ ❝♦♠❜✉&-✐♦♥✱ ❝✬❡&-

❧❛ -❡♠♣*)❛-✉)❡ ❀ ❡♥ ❣*♥*-✐7✉❡✱ ❧❛ ♣)*✈❛❧❡♥❝❡ ❞✬✉♥ ❣3♥❡ ❛✉ &❡✐♥ ❞✬✉♥❡ ♣♦♣✉❧❛-✐♦♥ ❀

❡♥ *♣✐❞*♠✐♦❧♦❣✐❡✱ ❧❡ -❛✉① ❞✬✐♥❢❡❝-✐♦♥✱ ❡-❝✳

❈✬❡&- ❛✉ ❞*❜✉- ❞✉ ✈✐♥❣-✐3♠❡ &✐3❝❧❡ 7✉✬✉♥❡ -❤*♦)✐❡ ♠❛-❤*♠❛-✐7✉❡ ❛ ✈✉ ❧❡ ❥♦✉)✱

♣)♦♣♦&❛♥- ❞❡ ♠♦❞*❧✐&❡) ❝❡& ♣❤*♥♦♠3♥❡& ❞❡ )*❛❝-✐♦♥✲❞✐✛✉&✐♦♥✳ ❙❡& ❣)❛♥❞& ❝♦♥-)✐✲

❜✉-❡✉)& ❤✐&-♦)✐7✉❡& &♦♥- ❋✐&❤❡)✱ ❑♦❧♠♦❣♦)♦✈✱ A❡-)♦✈&❦✐✐✱ A✐&❝♦✉♥♦✈✱ ❩❡❧❞♦✈✐❝❤✱

❋)❛♥❦✲❑❛♠❡♥❡-&❦② ❞❛♥& ✉♥ ♣)❡♠✐❡) -❡♠♣&✳ ▲❡ ♣)❡♠✐❡) ❛ ❥❡-* ❧❡& ❜❛&❡& ❡♥ ❣*♥*✲

-✐7✉❡ ❞❡& ♣♦♣✉❧❛-✐♦♥&✳ ▲❡ -)✐♦ 7✉✐ &✉✐- ❛ -)❛✈❛✐❧❧* ❞❡ ♠❛♥✐3)❡ ♣❛)❛❧❧3❧❡ ❡- &❡♠❜❧❡✲-✲✐❧

✐♥❞*♣❡♥❞❛♥-❡ &✉) ✉♥ ♣)♦❜❧3♠❡ ♣)♦❝❤❡✳ ■❧ ❢❛✉- ❝✐-❡) ❛✉&&✐ ❧❡ -)❛✈❛✐❧ ❞❡ ❘❛&❤❡✈&❦②

❞❛♥& ❝❡ &❡♥&✳ ◗✉❛♥- D ❩❡❧❞♦✈✐❝❤ ❡- ❋)❛♥❦✲❑❛♠❡♥❡-&❦②✱ ✐❧& ♦♥- *❧❛❜♦)* ✉♥ ♠♦❞3❧❡

✉-✐❧✐&* ❡♥ -❤*♦)✐❡ ❞❡ ❧❛ ❝♦♠❜✉&-✐♦♥✳

■❧ ② ❡✉- ❡♥&✉✐-❡ ✉♥❡ ✐♥-❡♥&❡ ❛❝-✐✈✐-* ❞❛♥& ❝❡ ❞♦♠❛✐♥❡ ❛♣)3& ❧❛ &❡❝♦♥❞❡ ❣✉❡))❡

♠♦♥❞✐❛❧❡✱ ❛✈❡❝ ❚✉)✐♥❣✱ ❍♦❞❣❦✐♥✱ ❍✉①❧❡②✱ ❋✐-③❍✉❣❤✱ ◆❛❣✉♠♦✱ ❑❛♥❡❧ ❡- ❞✬❛✉-)❡&✳

❆❧❛♥ ❚✉)✐♥❣✱ ❧✬✉♥ ❞❡& ♣3)❡& ❞❡ ❧✬✐♥❢♦)♠❛-✐7✉❡✱ ❛ *-✉❞✐* D ❧❛ ✜♥ ❞❡ &❛ ✈✐❡ ❧✬❛♣✲

♣❛)✐-✐♦♥ ❞❡& ❢♦)♠❡& ❧♦)& ❞✉ ❞*✈❡❧♦♣♣❡♠❡♥- ❞❡& ❡♠❜)②♦♥&✳ ❈❡ ♣)♦❝❡&&✉& ❡&- ❧✬✉♥

❞❡& -)♦✐& ❛&♣❡❝-& ❢♦♥❞❛♠❡♥-❛✉① ❞❡ ❧❛ ❜✐♦❧♦❣✐❡ ❞✉ ❞*✈❡❧♦♣♣❡♠❡♥- ❛✈❡❝ ❧❛ ❝)♦✐&✲

&❛♥❝❡ ❝❡❧❧✉❧❛✐)❡ ❡- ❧❛ ❞✐✛*)❡♥-✐❛-✐♦♥ ❝❡❧❧✉❧❛✐)❡✳ ▼❡♥-✐♦♥♥♦♥& 7✉❡ ❝❡ -)❛✈❛✐❧ ❡&-

♣❛)❢♦✐& ❝♦♥&✐❞*)* ❝♦♠♠❡ ❢♦♥❞❛-❡✉) *❣❛❧❡♠❡♥- ❡♥ -❤*♦)✐❡ ❞✉ ❝❤❛♦&✳ ❆❧❛♥ ▲❧♦②❞

❍♦❞❣❦✐♥ ❡- ❆♥❞)❡✇ ❍✉①❧❡②✱ ❡♥ ✶✾✺✷✱ ♦♥- *-❛❜❧✐ ✉♥ ♠♦❞3❧❡ ❞*❝)✐✈❛♥- ❧✬✐♥✐-✐❛-✐♦♥

❡- ❧❛ ♣)♦♣❛❣❛-✐♦♥ ❞❡& ♣♦-❡♥-✐❡❧& ❞✬❛❝-✐♦♥ ❞❛♥& ❧✬❛①♦♥❡ ❣*❛♥- ❞✉ ❝❛❧♠❛)✱ ❝❡ 7✉✐

❧❡✉) ✈❛✉❞)❛ ❧❡ ♣)✐① ◆♦❜❡❧ ♦♥③❡ ❛♥♥*❡& ♣❧✉& -❛)❞✳ ❈❡ ♠♦❞3❧❡ ❛ ✐♥✐-✐* ❧❛ -❤*♦)✐❡

✈



✈✐ ❈❤❛♣✐&'❡ ✳ ■♥&'♦❞✉❝&✐♦♥

❞❡ ❧✬2❧❡❝&'♦♣❤②4✐♦❧♦❣✐❡ ✿ ❧❡4 ❝♦♠♠✉♥✐❝❛&✐♦♥4 ❝❛'❞✐❛8✉❡4 ♦✉ ♥❡✉'❛❧❡4 ✐♥❞✉✐&❡4 ♣❛'

❞❡4 4✐❣♥❛✉① 2❧❡❝&'✐8✉❡4 ♦✉ ❞❡4 '②&❤♠❡4 ♥❡✉'❛✉①✳ ❘✐❝❤❛'❞ ❋✐&③❍✉❣❤ ❡& ❏✐♥✲■❝❤✐

◆❛❣✉♠♦ ❡♥ ♣'♦♣♦4A'❡♥& ✉♥❡ ✈❡'4✐♦♥ 4✐♠♣❧✐✜2❡ ❞2❝'✐✈❛♥& ✉♥ 4②4&A♠❡ ❡①❝✐&❛❜❧❡✳

❊♥ ✶✾✸✼✱ ❝❡&&❡ &❤2♦'✐❡ ♥❛J& ❞✬✉♥❡ 4✐♠♣❧❡ ❡①&❡♥4✐♦♥ ❞❡ ❧✬28✉❛&✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉'✳

❊❧❧❡ ❞❡✈✐❡♥& ✈✐&❡ ✉♥❡ ❜'❛♥❝❤❡ K ♣❛'& ❡♥&✐A'❡ ❞❡4 28✉❛&✐♦♥4 ❛✉① ❞2'✐✈2❡4 ♣❛'&✐❡❧❧❡4 ✿
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■♥ "❤✐% ✐♥"&♦❞✉❝"✐✈❡ ❝❤❛♣"❡&✱ ✇❡ ♠❛❦❡ ❛ %✉♠♠❛&② ♦❢ "❤❡ ❦♥♦✇♥ &❡%✉❧"%

✐♥ ❤♦♠♦❣❡♥❡♦✉% %✐"✉❛"✐♦♥%✳ ❚❤❡ ❝❛%❡% ✇❡ ❝♦♥%✐❞❡& ❛&❡ "❤♦%❡ ♦❢ ❛

❜✐%"❛❜❧❡ &❡❛❝"✐♦♥ "❡&♠✱ ❛♥❞ ❛ ♠♦♥♦%"❛❜❧❡ ♦♥❡✳ :❛&"✐❝✉❧❛& ❛""❡♥"✐♦♥

✐% ❞❡✈♦"❡❞ "♦ ❡①♣❧✐❝✐" %♦❧✉"✐♦♥%✱ ♥❛♠❡❧② ❍✉①❧❡② ❢&♦♥" ❛♥❞ ❆❜❧♦✇✐"③

❢&♦♥"✳

❘("✉♠(

◆♦✉% &❛♣♣❡❧♦♥% ❞❛♥% ❝❡ ❝❤❛♣✐"&❡ ❧❡% &@%✉❧"❛"% ❝♦♥♥✉% ❡♥ ♠✐❧✐❡✉ ❤♦✲

♠♦❣B♥❡ ♣♦✉& ❧❡% @C✉❛"✐♦♥% ❞❡ &@❛❝"✐♦♥✲❞✐✛✉%✐♦♥✳ ▲❡% ❝❛% "&❛✐"@% %♦♥"

❝❡✉① ❞✬✉♥ "❡&♠❡ ❞❡ &@❛❝"✐♦♥ ❜✐%"❛❜❧❡ ❡" ❞✬✉♥ "❡&♠❡ ❞❡ &@❛❝"✐♦♥ ♠♦✲

♥♦%"❛❜❧❡✳ ❯♥❡ ❛""❡♥"✐♦♥ ♣❛&"✐❝✉❧✐B&❡ ❡%" ♣♦&"@❡ ❛✉① %♦❧✉"✐♦♥% ❡①♣❧✐✲

❝✐"❡% ❞❡ ❝❡% @C✉❛"✐♦♥%✱ &❡%♣❡❝"✐✈❡♠❡♥" ❧❡ ❢&♦♥" ❞❡ ❍✉①❧❡② ❡" ❧❡ ❢&♦♥"

❞✬❆❜❧♦✇✐"③✳

❙♦♠♠❛✐%❡

■✳✶ ❊♥ ❝♦♠♣❛❣♥✐❡ ❞❡ ❋✐/❤❡1✱ ❑♦❧♠♦❣♦1♦✈✱ ❙❦❡❧❧❛♠✳✳✳ ✸

■✳✷ ❉;✜♥✐=✐♦♥/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

■✳✸ ❆/♣❡❝= ♣1♦❜❧A♠❡ ❞❡ ❈❛✉❝❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹ ➱H✉❛=✐♦♥ ❜✐/=❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹✳✶ ➱%❛%' '%❛%✐♦♥♥❛✐+❡' ❡% '%❛❜✐❧✐%/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹✳✷ ❙♦❧✉%✐♦♥' ♣+♦❣+❡''✐✈❡' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

■✳✹✳✸ ❆♥❛❧②'❡ ❞❡ '%❛❜✐❧✐%/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

■✳✹✳✹ ❋+♦♥% ❡①♣❧✐❝✐%❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

■✳✹✳✺ ➱A✉❛%✐♦♥ ♥♦♥ ❛❞✐♠❡♥'✐♦♥♥/❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

■✳✺ ➱H✉❛=✐♦♥ ❞❡ ❋✐/❤❡1✕❑JJ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶



✷ ❈❤❛♣✐&'❡ ■✳ ❚❤,♦'✐❡ ❞❡/ ,0✉❛&✐♦♥/ ❞❡ ',❛❝&✐♦♥✲❞✐✛✉/✐♦♥

■✳✺✳✶ ➱%❛%' '%❛%✐♦♥♥❛✐+❡' ❡% '%❛❜✐❧✐%/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

■✳✺✳✷ ❙♦❧✉%✐♦♥' ♣+♦❣+❡''✐✈❡' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

■✳✺✳✸ ❆♥❛❧②'❡ ❞❡ '%❛❜✐❧✐%/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

■✳✺✳✹ ❊①✐'%❡♥❝❡ ❞✬✉♥ ❢+♦♥% ♣+♦❣+❡''✐❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

■✳✺✳✺ ❊①✐'%❡♥❝❡ ❞✬✉♥❡ ✐♥✜♥✐%/ ❞❡ ❢+♦♥%' ♣+♦❣+❡''✐❢' ❀ ✈✐✲

%❡''❡ ❝+✐%✐C✉❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

■✳✺✳✻ ❋+♦♥%' ♣❛+%✐❝✉❧✐❡+' ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

■✳✺✳✼ ➱C✉❛%✐♦♥ ♥♦♥ ❛❞✐♠❡♥'✐♦♥♥/❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷



■✳✶✳ ❊♥ ❝♦♠♣❛❣♥✐❡ ❞❡ ❋✐/❤❡1✱ ❑♦❧♠♦❣♦1♦✈✱ ❙❦❡❧❧❛♠✳✳✳ ✸

■✳✶ ❊♥ ❝♦♠♣❛❣♥✐❡ ❞❡ ❋✐/❤❡1✱ ❑♦❧♠♦❣♦1♦✈✱ ❙❦❡❧❧❛♠✳✳✳

◆♦✉/ ❝♦♠♠❡♥;♦♥/ ♣❛1 ❞♦♥♥❡1 ✉♥ ❤✐/<♦1✐=✉❡ ❞❡/ >=✉❛<✐♦♥/ ❞❡ 1>❛❝<✐♦♥✲❞✐✛✉/✐♦♥✳

❋✐/❤❡1✱ ❡♥ ✶✾✸✼ ❬❋✐/✸✼❪✱ ><✉❞✐❡ ✉♥❡ ♣♦♣✉❧❛<✐♦♥ ❞✐/<1✐❜✉>❡ ✉♥✐❢♦1♠>♠❡♥< ❞❛♥/ ✉♥

❤❛❜✐<❛< ❧✐♥>❛✐1❡ <❡❧ =✉✬✉♥❡ ❧✐❣♥❡ ❝H<✐I1❡✱ ❡< ❧❛ ❢❛;♦♥ ❞♦♥< ✉♥❡ ♠✉<❛<✐♦♥ ❛✈❛♥✲

<❛❣❡✉/❡ /❡ 1>♣❛♥❞ ♣❛1♠✐ ❝❡<<❡ ♣♦♣✉❧❛<✐♦♥✳ ❆✈❡❝ ❧✬>❧>❣❛♥❝❡ ❜1✐<❛♥♥✐=✉❡ =✉✐ ❧❡

❝❛1❛❝<>1✐/❡✱ ❋✐/❤❡1 ><❛❜❧✐< ❡♥ =✉❡❧=✉❡/ ❧✐❣♥❡/ ✉♥❡ >=✉❛<✐♦♥ 1❡/<>❡ ❝>❧I❜1❡✳

▲❡< p ❜❡ <❤❡ ❢1❡=✉❡♥❝② ♦❢ <❤❡ ♠✉<❛♥< ❣❡♥❡✱ ❛♥❞ q <❤❛< ♦❢ ✐</ ♣❛✲

1❡♥< ❛❧❧❡❧♦♠♦1♣❤✱ ✇❤✐❝❤ ✇❡ /❤❛❧❧ /✉♣♣♦/❡ <♦ ❜❡ <❤❡ ♦♥❧② ❛❧❧❡❧♦♠♦1♣❤

♣1❡/❡♥<✳ ▲❡< m ❜❡ <❤❡ ✐♥<❡♥/✐<② ♦❢ /❡❧❡❝<✐♦♥ ✐♥ ❢❛✈♦✉1 ♦❢ <❤❡ ♠✉<❛♥<

❣❡♥❡✱ /✉♣♣♦/❡❞ ✐♥❞❡♣❡♥❞❡♥< ♦❢ p✳ ❙✉♣♣♦/❡ <❤❛< <❤❡ 1❛<❡ ♦❢ ❞✐✛✉/✐♦♥

♣❡1 ❣❡♥❡1❛<✐♦♥ ❛❝1♦// ❛♥② ❜♦✉♥❞❛1② ♠❛② ❜❡ ❡=✉❛<❡❞ <♦ −k ∂p
∂x

❛< <❤❛<

❜♦✉♥❞❛1②✱ x ❜❡✐♥❣ <❤❡ ❝♦✲♦1❞✐♥❛<❡ ♠❡❛/✉1✐♥❣ ♣♦/✐<✐♦♥ ✐♥ <❤❡ ❧✐♥❡❛1

❤❛❜✐<❛<✳ ❚❤❡♥ p ♠✉/< /❛<✐/❢② <❤❡ ❞✐✛❡1❡♥<✐❛❧ ❡=✉❛<✐♦♥

∂p

∂t
= k

∂2p

∂x2
+ mpq ,

✇❤❡1❡ t /<❛♥❞/ ❢♦1 <✐♠❡ ✐♥ ❣❡♥❡1❛<✐♦♥/✳ ❚❤❡ ❝♦♥/<❛♥< k ✐/ ❛ ❝♦❡✣❝✐❡♥<

♦❢ ❞✐✛✉/✐♦♥ ❛♥❛❧♦❣♦✉/ <♦ <❤❛< ✉/❡❞ ✐♥ ♣❤②/✐❝/✳ ■</ ✉/❡ /❤♦✉❧❞ ❜❡

❛♣♣1♦♣1✐❛<❡ ✐♥ ♠❛♥② ❝❛/❡/✳

❋✐/❤❡1 ♣1>❝✐/❡ ❡①♣❧✐❝✐<❡♠❡♥< =✉❡ /❡✉❧/ ❞❡✉① ❛❧❧I❧❡/ /♦♥< ♣1>/❡♥</✱ ❝❡ =✉✐ ❧✐❡ p ❡<

q ♣❛1 ❧❛ 1❡❧❛<✐♦♥ p + q = 1✳

▲❛ ♠Q♠❡ ❛♥♥>❡✱ ♣❛1 ❧✬✉♥ ❞❡ ❝❡/ ❤❛/❛1❞/ =✉❡ 1❡❝I❧❡ ❧✬❤✐/<♦✐1❡ ❞❡/ /❝✐❡♥❝❡/✱

❑♦❧♠♦❣♦1♦✈✱ R❡<1♦✈/❦✐✐ ❡< R✐/❦✉♥♦✈ ♣✉❜❧✐❡♥< ✉♥ ❛1<✐❝❧❡ ✐♥<✐<✉❧> ➱!✉❞❡ ❞❡ ❧✬'(✉❛✲

!✐♦♥ ❞❡ ❧❛ ❞✐✛✉/✐♦♥ ❛✈❡❝ ❝2♦✐//❛♥❝❡ ❞❡ ❧❛ (✉❛♥!✐!' ❞❡ ♠❛!✐42❡ ❡! /♦♥ ❛♣♣❧✐❝❛!✐♦♥

6 ✉♥ ♣2♦❜❧4♠❡ ❜✐♦❧♦❣✐(✉❡ ❬❑RR✸✼❪✳ ■❧ ❝♦♠♠❡♥❝❡ ❛✐♥/✐ ✿

❋♦1 <❤❡ /❛❦❡ ♦❢ /✐♠♣❧✐❝✐<② ✇❡ ❝♦♥/✐❞❡1 <❤❡ <✇♦✲❞✐♠❡♥/✐♦♥❛❧ ❞✐✛✉/✐♦♥

❡=✉❛<✐♦♥

∂v
∂t

= k
(
∂2v
∂x2

+ ∂2v
∂y2

)

, k > 0, ✇❤❡1❡ x ❛♥❞ y ❛1❡ <❤❡

❝♦♦1❞✐♥❛<❡/ ♦❢ ❛ ♣♦✐♥< ✐♥ <❤❡ ♣❧❛♥❡✱ t ✐/ <✐♠❡ ❛♥❞ v ✐/ <❤❡ ❞❡♥/✐<②

♦❢ /✉❜/<❛♥❝❡ ❛< <❤❡ ♣♦✐♥< (x , y) ❛< <✐♠❡ t✳ ❲❡ ♥♦✇ ❛//✉♠❡ <❤❛<

❞✐✛✉/✐♦♥ ✐/ ❛❝❝♦♠♣❛♥✐❡❞ ❜② ✐♥❝1❡❛/❡ ✐♥ <❤❡ ❛♠♦✉♥< ♦❢ /✉❜/<❛♥❝❡ ❛<

❛ 1❛<❡ ✇❤✐❝❤ ❞❡♣❡♥❞/ ♦♥ <❤❡ ❞❡♥/✐<② ❛< <❤❡ ❣✐✈❡♥ ♣♦✐♥< ❛♥❞ <✐♠❡✳

❲❡ <❤❡♥ ♦❜<❛✐♥ <❤❡ ❡=✉❛<✐♦♥

∂v

∂t
= k

(
∂2v

∂x2
+

∂2v

∂y2

)

+ F (v)

❉❡ ♠❛♥✐I1❡ /②♥<❤><✐=✉❡✱ ❡< ♥>❛♥♠♦✐♥/ ❣>♥>1❛❧❡✱ ♥♦✉/ >❝1✐1♦♥/ ❞❛♥/ ❧❛ /✉✐<❡ <♦✉<❡

>=✉❛<✐♦♥ ❞❡ 1>❛❝<✐♦♥✲❞✐✛✉/✐♦♥ ❡♥ ✉♥❡ ❞✐♠❡♥/✐♦♥ /♦✉/ ❧❛ ❢♦1♠❡ ✿

∂tu = d ∆u + s R(u)

♦V d ❞>♥♦<❡ ❧❡ ❝♦❡✣❝✐❡♥< ❞❡ ❞✐✛✉/✐♦♥ >❣❛❧❡♠❡♥< ❛♣♣❡❧> ❞✐✛✉/✐✈✐<> ❡< s ✉♥ ❝♦❡❢✲

✜❝✐❡♥< =✉❡ ❧✬♦♥ ♣❡✉< ♥♦♠♠❡1 1>❛❝<✐✈✐<> ✭♣♦✉1 ❞❡/ 1❛✐/♦♥/ ❧✐>❡/ Y ❧✬♦1✐❣✐♥❡ ❞❡ ❝❡



✹ ❈❤❛♣✐&'❡ ■✳ ❚❤,♦'✐❡ ❞❡/ ,0✉❛&✐♦♥/ ❞❡ ',❛❝&✐♦♥✲❞✐✛✉/✐♦♥
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❯♥❡ ❛✉(%❡ ❢❛L♦♥ ❞❡ ✈♦✐% ❝❡❧❛ ❡#( ❞❡ ❝♦♥#✐❞-%❡% 0✉❡ U ′ ♥✬❡#( ♣❛# #✐❣♥✐✜❝❛(✐❢ ❛✉

✈♦✐#✐♥❛❣❡ ❞❡ ±∞✱ ♦M U ✈❛✉( ul ♦✉ ur ✳

▲❛ ♣❧✉♣❛%( ❞❡# ❢%♦♥(# ❝♦♥#✐❞-%-# ♣♦##=❞❡♥( ❞❡# #②♠-(%✐❡#✱ ♣%-❝✐#-♠❡♥( ♦♥ ❛

#②♠-(%✐❡ ❝❡♥(%❛❧❡ ♣❛% %❛♣♣♦%( 6 (z0,
ul+ur

2 ) ✿ U(z0 + z) = ul + ur − U(z0 − z)✳
❖♥ ❞-✜♥✐( ❞♦♥❝ ❧❛ ❧❛%❣❡✉% ❞✬✉♥ (❡❧ ❢%♦♥( ❞❡ ❧❛ ♠❛♥✐=%❡ ✭❛%❜✐(%❛✐%❡✮ #✉✐✈❛♥(❡ ✿

❉-✜♥✐(✐♦♥ ✹ ✭▲❛%❣❡✉%✮ ✿ ❙♦✐( ✉♥ #❡✉✐❧ η ❝♦♠♣%✐# ❡♥(%❡ 0 ❡(

ul−ur
2 #(%✐❝(❡♠❡♥(✳

❖♥ ❞-✜♥✐( ❧❛ ❧❛"❣❡✉" y ✭♦✉ ❧❛ η✲❧❛"❣❡✉" #✬✐❧ ❡#( ♥-❝❡##❛✐%❡ ❞❡ ♣%-❝✐#❡%✮ ❞✬✉♥

❢%♦♥( U ✭#(%✐❝(❡♠❡♥( ❞-❝%♦✐##❛♥(✱ %❡❧✐❛♥( ul 6 ur ❡( #②♠-(%✐0✉❡ ♣❛% %❛♣♣♦%( 6 #❛

♣♦#✐(✐♦♥ ❝❡♥(%❛❧❡ z0✮ ♣❛% ❧✬✉♥❡ ♦✉ ❧✬❛✉(%❡ ❞❡# %❡❧❛(✐♦♥# ✭-0✉✐✈❛❧❡♥(❡#✮ #✉✐✈❛♥(❡# ✿

U(z0 + y) = ul+ur
2 − η ♦✉ U(z0 − y) = ul+ur

2 + η✳

◆♦✉# ❛✈♦♥# ❞♦♥❝ ✉♥ ❝❤♦✐① ✈✐❛ ❝❡ ♣❛%❛♠=(%❡ η✱ ❝❤♦✐① 0✉❡ ♥♦✉# ✉(✐❧✐#❡%♦♥# ✦

♣

♣ ♣



■✳✸✳ ❆$♣❡❝( ♣)♦❜❧-♠❡ ❞❡ ❈❛✉❝❤② ✼

■✳✸ ❆$♣❡❝( ♣)♦❜❧-♠❡ ❞❡ ❈❛✉❝❤②

◆♦✉$ )❛♣♣❡❧♦♥$ ✉♥ )8$✉❧(❛( ♣)8❧✐♠✐♥❛✐)❡ ❝♦♥❝❡)♥❛♥( ❧❡ ♣)♦❜❧-♠❡ ❞❡ ❈❛✉❝❤②

$✉✐✈❛♥( ✿ {

∂tu = ∆u + s R(u)

u(·, 0) = u0
✭■✳✼✮

◆♦✉$ $✉♣♣♦$♦♥$ >✉❡ f : R 7→ R ❡$( ❞❡ ❝❧❛$$❡ C1 ❡( >✉❡ u0 ❡$( ❝♦♥(✐♥✉❡✳ ❆❧♦)$

♦♥ ♣❡✉( 8♥♦♥❝❡) ❧❛ ♣)♦♣♦$✐(✐♦♥ $✉✐✈❛♥(❡ ✿

?)♦♣♦$✐(✐♦♥ ✶ ✭❊①✐$(❡♥❝❡ ❡( ✉♥✐❝✐(8 ❧♦❝❛❧❡ ♣♦✉) ✭■✳✼✮✮ ✿ ■❧ ❡①✐$(❡ ✉♥❡ ✉♥✐>✉❡ $♦❧✉✲

(✐♦♥ ❝❧❛$$✐>✉❡✱ ♠❛①✐♠❛❧❡✳

❖♥ ♣❡✉( $❡ )8❢8)❡) G ❬❈❍✾✵❪ ♦✉ ❬◗❙✵✼❪✳

♣
♣ ♣

■✳✹ ➱7✉❛(✐♦♥ ❜✐$(❛❜❧❡

❈♦♠♠❡ ♥♦✉$ ❧✬❛✈♦♥$ ❡①♣❧✐>✉8✱ ♥♦✉$ ❝♦♥$✐❞8)♦♥$ ❞✬❛❜♦)❞ ❧✬8>✉❛(✐♦♥ ❜✐$(❛❜❧❡

G ❞✐✛✉$✐✈✐(8 ❡( )8❛❝(✐✈✐(8 ✉♥✐(❛✐)❡$ ✿

∂tu = ∆u + u(1− u)(u − a) ✭■✳✽✮

♦R a ❡$( ✉♥❡ ❝♦♥$(❛♥(❡ ♣♦$✐(✐✈❡ >✉❡ ♥♦✉$ ♣)❡♥♦♥$ ❝♦♠♣)✐$❡ ❡♥()❡ 0 ❡( 1 $()✐❝(❡✲

♠❡♥(✳

■✳✹✳✶ ➱%❛%' '%❛%✐♦♥♥❛✐+❡' ❡% '%❛❜✐❧✐%/

❊♥ )8❣✐♠❡ $(❛(✐♦♥♥❛✐)❡✱ ❧❛ ❢♦♥❝(✐♦♥ u ✈8)✐✜❡

∆u + u(1− u)(u − a) = 0.

❈❡❧❛ ❡$( ❡♥ ♣❛)(✐❝✉❧✐❡) ❧❡ ❝❛$ ❧♦)$>✉❡ u ≡ 0✱ u ≡ a ♦✉ u ≡ 1✳ ◆♦✉$ ❛♣♣❡❧♦♥$

❝❡$ 8(❛($ ❧❡$ 8(❛($ $(❛(✐♦♥♥❛✐)❡$ ❞❡ ❧✬8>✉❛(✐♦♥ ❡( ✈♦✉❧♦♥$ ♠❛✐♥(❡♥❛♥( )❡❣❛)❞❡)

❧❡✉) $(❛❜✐❧✐(8✳ ➱❝)✐✈♦♥$ ♣♦✉) ❝❡❧❛ u = u∗ + v ✱ ♦R u∗ ❡$( ❧✬✉♥ ❞❡$ ()♦✐$ 8(❛($

$(❛(✐♦♥♥❛✐)❡$✱ ❡( v ✉♥❡ ♣❡(✐(❡ ✈❛)✐❛(✐♦♥ ❛✉(♦✉) ❞❡ ❝❡( 8(❛(✳ ❊♥ )❡♠♣❧❛V❛♥( ❞❛♥$

❧✬8>✉❛(✐♦♥✱ ✐❧ ✈✐❡♥(

∂tv = ∆v + Rb(u
∗ + v)

❖♥ ❡♥ 8❝)✐( ✉♥ ❞8✈❡❧♦♣♣❡♠❡♥( ❧✐♠✐(8 Rb(u
∗ + v) = Rb(u

∗) + R ′b(u
∗)v + O(v2)

❡( ♦♥ ♦❜(✐❡♥( ❞♦♥❝

∂tv = ∆v + R ′b(u
∗)v + O(v2)

❊♥ ♣)❡♠✐-)❡ ❛♣♣)♦①✐♠❛(✐♦♥✱ ♦♥ ❛ ∂tv = ∆v +R ′b(u
∗)v ✳ ❯♥❡ ❢❛♠✐❧❧❡ ❞❡ $♦❧✉(✐♦♥$

❞❡ ❝❡((❡ 8>✉❛(✐♦♥ ❧✐♥8❛✐)❡ ❡$( ❞♦♥♥8❡ ♣❛) vk(x , t) = exp(ikx+ωt) ♣♦✉) k ∈ R✱ ♦R



✽ ❈❤❛♣✐&'❡ ■✳ ❚❤,♦'✐❡ ❞❡/ ,0✉❛&✐♦♥/ ❞❡ ',❛❝&✐♦♥✲❞✐✛✉/✐♦♥

♦♥ ❞♦✐& ❛✈♦✐' ω = −k2+R ′b(u
∗) ❡& ❞♦♥❝ vk(x , t) = exp(ikx +(−k2+R ′b(u

∗))t)
♣♦✉' k ∈ R✳ ▲❛ ❢♦♥❝&✐♦♥ vk ♥✬❡①♣❧♦/❡ ♣❛/ //✐ R ′b(u

∗) < k2✳ ❆✐♥/✐✱ ❧✬,&❛& ❡/& /&❛❜❧❡

/✐ ❡& /❡✉❧❡♠❡♥& /✐ R ′b(u
∗) < 0✳ ❖' ♦♥ ❛

R ′b(u) = −a+ 2u(1 + a)− 3u2,

❡& ❞♦♥❝ R ′b(0) = −a < 0✱ R ′b(a) = a(1− a) > 0 ❡& R ′b(1) = a − 1 < 0✳ ❆✐♥/✐ 0
❡& 1 /♦♥& /&❛❜❧❡/ ❡& a ❡/& ✐♥/&❛❜❧❡✱ ❝❡ 0✉✐ ❡/& ❧❛ '❛✐/♦♥ ♣♦✉' ❧❛0✉❡❧❧❡ ❝❡ &❡'♠❡ R

❡/& ❛♣♣❡❧, ❜✐/&❛❜❧❡✳

■✳✹✳✷ ❙♦❧✉(✐♦♥+ ♣-♦❣-❡++✐✈❡+

◆♦✉/ ❢❛✐/♦♥/ ❧✬❤②♣♦&❤C/❡ 0✉✬✉♥❡ ♦♥❞❡ ♣'♦❣'❡//✐✈❡ ❡①✐/&❡ ❡& ♥♦✉/ ❧✬,❝'✐✈♦♥/

u(x , t) = U(z), z = x − ct

♦E c ❡/& ❧❛ ✈✐&❡//❡ ❞❡ ♣'♦♣❛❣❛&✐♦♥✳ ❈❡&&❡ ❤②♣♦&❤C/❡ ❡/& ❢♦♥❞❛♠❡♥&❛❧❡✱ ❡& ♥♦✉/

/❡'✈✐'❛ ❝♦♥/&❛♠♠❡♥& ❞❛♥/ ❧❛ /✉✐&❡ ❞❡ ❧✬❡①♣♦/,✳ ❊♥ /✉❜/&✐&✉❛♥& u ♣❛' U ❞❛♥/

❧✬,0✉❛&✐♦♥✱ ♥♦✉/ ♦❜&❡♥♦♥/ 0✉❡ ❧❛ ❢♦♥❝&✐♦♥ U ✈,'✐✜❡

U ′′ + cU ′ + U(1− U)(U − a) = 0

❯&✐❧✐/❛♥& ✉♥❡ &❡❝❤♥✐0✉❡ ❝❧❛//✐0✉❡✱ ♥♦✉/ &'❛✈❛✐❧❧♦♥/ ❞❛♥/ ❧✬❡/♣❛❝❡ ❞❡/ ♣❤❛/❡/ ❡♥

✐♥&'♦❞✉✐/❛♥& V = U ′ ❡& (U,V ) ❡/& /♦❧✉&✐♦♥ ❞✉ /②/&C♠❡

{

U ′ = V

V ′ = −cV − U(1− U)(U − a)
✭■✳✾✮

▲❡/ &'❛❥❡❝&♦✐'❡/ ❞❛♥/ ❧✬❡/♣❛❝❡ ❞❡/ ♣❤❛/❡/ /♦♥& ❛❧♦'/ ❧❡/ /♦❧✉&✐♦♥/ ❞❡

dV

dU
=
−cV − U(1− U)(U − a)

V
,

/♦✐& ❡♥❝♦'❡ ✿

dV

dU
=

U(U − a)(U − 1)

V
− c .

❖♥ '❡♠❛'0✉❡ ❧❡ 'N❧❡ ❥♦✉, ♣❛' (0, 0)✱ (a, 0) ❡& (1, 0) ❀ ❝❡ /♦♥& ❧❡/ ,&❛&/ /&❛&✐♦♥♥❛✐'❡/
♣',❝,❞❡♠♠❡♥& ,&✉❞✐,/✳ ■❧ ❢❛✉& ♣'♦❝,❞❡' P ✉♥❡ ❛♥❛❧②/❡ ❞❡ /&❛❜✐❧✐&, ❛✉&♦✉' ❞❡

❝❤❛0✉❡ ,0✉✐❧✐❜'❡✳

■✳✹✳✸ ❆♥❛❧②+❡ ❞❡ +(❛❜✐❧✐(7

▲❡ /②/&C♠❡ ❞✐✛,'❡♥&✐❡❧ ✭■✳✾✮ ❡/& ❞❡ ❧❛ ❢♦'♠❡

{

U ′ = fZ (U,V )

V ′ = gZ (U,V )



■✳✹✳ ➱$✉❛'✐♦♥ ❜✐,'❛❜❧❡ ✾

▲❛ ♠❛'2✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❡♥ ✉♥ ♣♦✐♥' (u0, v0) ✈❛✉'

J(u0,v0) =

(
∂fZ
∂U

∂fZ
∂V

∂gZ
∂U

∂gZ
∂V

)

(u0, v0)

❡' ♦♥ ❝♦♥,✐❞82❡ ❞♦♥❝ ❧❛ ♠❛'2✐❝❡ ❥❛❝♦❜✐❡♥♥❡

J(0,0) =

(
0 1
a −c

)

♣♦✉2 ❧❡ ♣♦✐♥' (0, 0)✱ ❧❛ ♠❛'2✐❝❡ ❥❛❝♦❜✐❡♥♥❡

J(a,0) =

(
0 1

a(a− 1) −c

)

♣♦✉2 ❧❡ ♣♦✐♥' (a, 0) ❡' ❧❛ ♠❛'2✐❝❡ ❥❛❝♦❜✐❡♥♥❡

J(1,0) =

(
0 1

1− a −c

)

♣♦✉2 ❧❡ ♣♦✐♥' (1, 0)✳ ❖♥ ♦❜'✐❡♥' ❧❡, ✈❛❧❡✉2, ♣2♦♣2❡, λ ❡' ✈❡❝'❡✉2, ♣2♦♣2❡, e

,✉✐✈❛♥', ✿

(0, 0) : λ =
1

2

(

−c ±
√

c2 + 4a
)

❡' e =

(

1,
1

2

(

−c ±
√

c2 + 4a
))

(a, 0) : λ =
1

2

(

−c ±
√

c2 + 4a(a− 1)

)

❡' e =

(

1,
1

2

(

−c ±
√

c2 + 4a(a− 1)

))

(1, 0) : λ =
1

2

(

−c ±
√

c2 + 4(1− a)

)

❡' e =

(

1,
1

2

(

−c ±
√

c2 + 4(1− a)

))

❘❛♣♣❡❧♦♥, $✉❡ 0 < a < 1✳ ▲❡, ♣♦✐♥', (0, 0) ❡' (1, 0) ,♦♥' ❞♦♥❝ ❞❡, ♣♦✐♥', ,❡❧❧❡,✳

=♦✉2 ❧❡ ♣♦✐♥' (a, 0)✱ ✐❧ ❡,' ♥>❝❡,,❛✐2❡ ❞❡ 2❡❣❛2❞❡2 ❞❡ ♣❧✉, ♣28, ✿ ,✐ c2 < 4a(1−a)✱
❛❧♦2, (a, 0) ❡,' ✉♥❡ ,♣✐2❛❧❡ ,'❛❜❧❡ ❀ ,✐♥♦♥ ❝✬❡,' ✉♥ ♥B✉❞ ,'❛❜❧❡✳

■✳✹✳✹ ❋$♦♥' ❡①♣❧✐❝✐'❡

◆♦✉, ✈♦✉❧♦♥, ♠❛✐♥'❡♥❛♥' 2❡❧✐❡2 ❧❡, ♣♦✐♥', ,✐♥❣✉❧✐❡2, ♣❛2 ❞❡, '2❛❥❡❝'♦✐2❡, ♣❤②,✐✲

$✉❡♠❡♥' 2>❛❧✐,'❡,✳ ◆♦✉, ,✉✐✈♦♥, ❡♥ ❝❡❧❛ ❧❛ ❞>♠❛2❝❤❡ ❞❡ ❍✉①❧❡②✳ ❙✉♣♣♦,♦♥, ❞♦♥❝

❧✬❡①✐,'❡♥❝❡ ❞✬✉♥❡ '❡❧❧❡ '2❛❥❡❝'♦✐2❡✱ ♣❛2 ❡①❡♠♣❧❡ ✉♥❡ '2❛❥❡❝'♦✐2❡ $✉✐ 2❡❧✐❡ ❧❡ ♣♦✐♥'

(0, 0) ❛✉ ♣♦✐♥' (1, 0)✳ ◆♦✉, ❢♦2♠✉❧♦♥, ✉♥❡ ,❡❝♦♥❞❡ ❤②♣♦'❤8,❡ ✿

V = C0U(U − 1) ✭■✳✶✵✮

❝❡ $✉✐ ✐♠♣❧✐$✉❡

dV
dU

= C0(2U − 1)✳

=2>❝>❞❡♠♠❡♥' ❧❡ ❝❛❧❝✉❧ ❛ ❞♦♥♥>

dV
dU

= U(U−a)(U−1)
V

− c ❡' ❞♦♥❝ ✐❝✐

dV

dU
=

U − a

C0
− c .



✶✵ ❈❤❛♣✐'(❡ ■✳ ❚❤-♦(✐❡ ❞❡0 -1✉❛'✐♦♥0 ❞❡ (-❛❝'✐♦♥✲❞✐✛✉0✐♦♥

◆♦✉0 ✈♦✉❧♦♥0 ❞♦♥❝ -❣❛❧✐0❡( ❝❡0 ❞❡✉① ❡①♣(❡00✐♦♥0 ✿

C0(2U − 1) =
U − a

C0
− c

❈❡ 0♦♥' ❞❡0 ❡①♣(❡00✐♦♥0 ❛✣♥❡0 ❞❡ U ❡' ❞♦♥❝ ♥♦✉0 -❣❛❧✐0♦♥0 ❧❡0 ❝♦❡✣❝✐❡♥'0 ❝❛(

U ♥✬❡0' ♣❛0 ❝♦♥0'❛♥'❡✱ ❝❡ 1✉✐ ❞♦♥♥❡







2C0 = 1/C0

−C0 = −
a

C0
− c

▲❛ ♣(❡♠✐B(❡ (❡❧❛'✐♦♥ ❞♦♥♥❡ C0 = ± 1√
2
❡' ❧❛ 0❡❝♦♥❞❡ ❞♦♥♥❡ ❡♥0✉✐'❡ c = ±1−2a√

2
✳

◆♦✉0 ❝❤♦✐0✐00♦♥0 ✉♥❡ ❢♦✐0 ♣♦✉( '♦✉'❡0 ❧❛ 0♦❧✉'✐♦♥ ❛✈❡❝ ✉♥ +✱ 1✉✐ ♥♦✉0 ♣❡(♠❡'

❞✬❛✈♦✐( ✉♥❡ ✈✐'❡00❡ ♣♦0✐'✐✈❡ ✭♣♦✉(✈✉ 1✉❡ a < 1
2✮✱ ❝❡ 1✉✐ ❡0' ♣❧✉0 ♣❛(❧❛♥' ❞✬✉♥

♣♦✐♥' ❞❡ ✈✉❡ ♣❤②0✐1✉❡ ✿

C0 =
1√
2
, c =

1− 2a√
2

◆♦✉0 ♣♦✉✈♦♥0 ❞♦♥❝ ❝♦♥'✐♥✉❡( ❧❡ ❝❛❧❝✉❧ ♣✉✐01✉❡ U ′ = V ✱ ♦♥ ♦❜'✐❡♥'

U ′ =
U(U − 1)√

2

1✉❡ ❧✬♦♥ ♣❡✉' ✐♥'-❣(❡( ♣❛( 0-♣❛(❛'✐♦♥ ❞❡0 ✈❛(✐❛❜❧❡0 ✿

U ′

U − 1
− U ′

U
=

1√
2
,

❞✬♦H ✿

ln (U − 1)− lnU =
z√
2
+ ln (−C1),

❡♥ ♥♦'❛♥' ❞❡ ♠❛♥✐B(❡ ❛0'✉❝✐❡✉0❡ ln (−C1) ❧❛ ❝♦♥0'❛♥'❡ ❞✬✐♥'-❣(❛'✐♦♥ ❀ ♣✉✐0

U − 1

U
= −C1 exp(

z√
2
)

0♦✐' ✜♥❛❧❡♠❡♥' ✿

U(z) =
1

1 + C1 exp( z√
2
)

❡' ❝❡❧❛ 0✬❡①♣(✐♠❡ ♣♦✉( ❧❛ ❢♦♥❝'✐♦♥ u ✐♥✐'✐❛❧❡

u(x , t) =
1

1 + exp( x−ct√
2
)

❝❛( ♥♦✉0 ♣(❡♥♦♥0 C1 = 1 ♣♦✉( 0✐♠♣❧✐✜❡( ❧❡0 ❞-✜♥✐'✐♦♥0 ❝✐✲❞❡00♦✉0✳ ❈❡❧❛ ❡0'

(❡♠❛(1✉❛❜❧❡ ♣♦✉( '(♦✐0 ❝❤♦0❡0✳



■✳✹✳ ➱$✉❛'✐♦♥ ❜✐,'❛❜❧❡ ✶✶

✕ 12❡♠✐42❡♠❡♥'✱ ♥♦✉, ♦❜'❡♥♦♥, ✉♥❡ ❢♦2♠❡ ❡①♣❧✐❝✐'❡ ♣♦✉2 ❧❛ ,♦❧✉'✐♦♥ $✉✐ ❡,'

❞❡ ♣❧✉, ✉♥❡ ❢♦♥❝'✐♦♥ ♣❤②,✐$✉❡♠❡♥' 2=❛❧✐,'❡✱ > ,❛✈♦✐2 ✉♥ ❢2♦♥' '❡❧ $✉❡ ❞=✜♥✐

♣❧✉, ❤❛✉'✳ ◆♦✉, ❧❡ ♥♦'♦♥,

U(z) = 1
1+exp(z) ✱

❡♥ ❝❤❛♥❣❡❛♥' ❞❡ U ♣❛2 2❛♣♣♦2' > ❝❡❧✉✐ ✉'✐❧✐,= ❞❛♥, ❧❡ ❝❛❧❝✉❧✳ ❈❡ ❝❤❛♥❣❡♠❡♥'

❞❡ ❞=✜♥✐'✐♦♥ ❡,' ✉'✐❧❡ ♣♦✉2 ❢❛✐2❡ ❛♣♣❛2❛D'2❡ ♥❛'✉2❡❧❧❡♠❡♥' ❧❛ ❧❛2❣❡✉2 ❞✉

❢2♦♥'✳

✕ ❈❡ ❢2♦♥' ❡,' ,'2✐❝'❡♠❡♥' ❞=❝2♦✐,,❛♥'✱ ❞❡ ❧✐♠✐'❡, 1 ❡♥ −∞✱ 0 ❡♥ +∞✳ ❙❛

♣♦,✐'✐♦♥ ❝❡♥'2❛❧❡ z0 ❡,' 0 ❡' ✐❧ ❡,' ,②♠='2✐$✉❡ ♣❛2 2❛♣♣♦2' > ❝❡❧❧❡✲❝✐✳ ◆♦✉,

❞=✜♥✐,,♦♥, ,❛ ❧❛2❣❡✉2 ❡♥ ♣2❡♥❛♥' η = 1
2 − 1

1+e
✱ ❝❡ $✉✐ ❢❛✐' $✉❡ ♥♦✉, ❛✈♦♥,

y = 1✳ 1♦✉2 u ❝❡, ❞=✜♥✐'✐♦♥, ,❡ '2❛♥,♣♦,❡♥' ❛✐♥,✐ ✿ x0 ❧❛ ♣♦,✐'✐♦♥ ❝❡♥'2❛❧❡

❡,' ct ❡' w ❧❛ ❧❛2❣❡✉2 ❡,' =❣❛❧❡ >

√
2✳ ❆✐♥,✐✱ ❝❡ ❢2♦♥' ♣♦,,4❞❡ ❧❛ ♣2♦♣2✐='=

❢♦♥❞❛♠❡♥'❛❧❡ ❞✬J'2❡ ❡♥'✐42❡♠❡♥' ❞=✜♥✐ ❞4, ❧♦2, $✉✬♦♥ ❝♦♥♥❛D' ,❛ ♣♦,✐'✐♦♥

❝❡♥'2❛❧❡ ❡' ,❛ ❧❛2❣❡✉2✳

✕ ❈❡ ❢2♦♥' ✈=2✐✜❡ ❧❛ ♣2♦♣2✐='=

U ′ = U(1− U),

♣2♦♣2✐='= ✉'✐❧❡ ♣♦✉2 ❧❡ ❝❛❧❝✉❧✳ ❉❡ ♣❧✉,✱ ,❛ ❞=2✐✈=❡ ❡,' > ❞=❝2♦✐,,❛♥❝❡ 2❛♣✐❞❡

❛✉ ✈♦✐,✐♥❛❣❡ ❞❡ ❧✬✐♥✜♥✐✳

✕ ◆♦✉, ❝♦♥♥❛✐,,♦♥, ❧❛ ✈✐'❡,,❡ ❞❡ ❧✬♦♥❞❡ ♣2♦❣2❡,,✐✈❡ ❡' ❝❡❧❧❡✲❝✐ ❡,' 2❡❧✐=❡ ❛✉

♣❛2❛♠4'2❡ ❞❡ ❧✬=$✉❛'✐♦♥ ✿

c = 1−2a√
2

✳

❈❡❧❧❡✲❝✐ ❡,' ♣♦,✐'✐✈❡ ,✐ a < 1
2 ✱ ♥✉❧❧❡ ,✐ a = 1

2 ❡' ♥=❣❛'✐✈❡ ,✐ a > 1
2 ✳ ❈❡❧❛ ❡,'

❝♦❤=2❡♥' ❛✈❡❝ ❧✬✐♥'❡2♣2='❛'✐♦♥ ♣❤②,✐$✉❡ ♦✉ ❜✐♦❧♦❣✐$✉❡ ❞✉ '❡2♠❡ ❞❡ 2=❛❝'✐♦♥

❜✐,'❛❜❧❡✳

❊♥ ❝♦♥'2❡♣❛2'✐❡✱ ♥♦✉, ❞❡✈♦♥, ♥♦✉, ,♦✉✈❡♥✐2 $✉❡ ❝❡, 2=,✉❧'❛', ,♦♥' ♦❜'❡♥✉, ❛✉

♣2✐① ❞❡, ❞❡✉① ❤②♣♦'❤4,❡, ✭■✳✺✮ ❡' ✭■✳✶✵✮✳

▼❛✐♥'❡♥❛♥' $✉❡ ❧❛ ✈✐'❡,,❡ c ❞❡ ♥♦'2❡ ♦♥❞❡ ❡,' 2❡❧✐=❡ ❛✉ ♣❛2❛♠4'2❡ a ❞❡

❧✬=$✉❛'✐♦♥ ❜✐,'❛❜❧❡✱ ♦♥ ♣❡✉' ❡①♣❧✐❝✐'❡2 ❧❡, ❝♦♥❞✐'✐♦♥, ♦❜'❡♥✉❡, ❡♥ ■✳✹✳✸✳ 1♦✉2 ❧❡

♣♦✐♥' (a, 0)✱ ❧❛ ❝♦♥❞✐'✐♦♥ c2 < 4a(1− a) 2❡✈✐❡♥' > 12a2 − 12a+ 1 < 0✱ ❡' ❞♦♥❝

'♦✉, ❝❛❧❝✉❧, ❢❛✐', >

3−
√
6

6 < a < 3+
√
6

6 ✳ ❖♥ ♣❡✉' ❞♦♥❝ ❡♥ '✐2❡2 ✉♥ ❜✐❧❛♥ ✿ ,✐

0 < a ≤ 3−
√
6

6
≈ 0, 09 ♦✉ 0, 91 ≈ 3 +

√
6

6
≤ a < 1,

❛❧♦2, (a, 0) ❡,' ✉♥ ♥T✉❞ ❡♥'♦✉2= ♣❛2 ❧❡, ❞❡✉① ♣♦✐♥', ,❡❧❧❡, (0, 0) ❡' (1, 0)✳ ❙✐

0, 09 ≈ 3−
√
6

6
< a <

3 +
√
6

6
≈ 0, 91,

❛❧♦2, (a, 0) ❡,' ✉♥❡ ,♣✐2❛❧❡ ❡♥'♦✉2=❡ ♣❛2 ❧❡, ❞❡✉① ♣♦✐♥', ,❡❧❧❡, (0, 0) ❡' (1, 0)✳
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■✳✹✳✺ ➱%✉❛(✐♦♥ ♥♦♥ ❛❞✐♠❡♥/✐♦♥♥0❡

◆♦✉0 ❡①❛♠✐♥♦♥0 ✐❝✐ ❧❡ ❝❛0 ♦; ❧❛ (-❛❝'✐✈✐'- s ❝♦♥0'❛♥'❡ ❡0' ❝♦♥0❡(✈-❡ ❞❛♥0

❧✬-1✉❛'✐♦♥ ✿

∂tu = ∆u + s u(1− u)(u − a). ✭■✳✶✶✮

◆♦✉0 ❢❛✐0♦♥0 ❧❡ ❝❤❛♥❣❡♠❡♥' ❞❡ ✈❛(✐❛❜❧❡

{

t ′ = αt,

x ′ = βx ,

❝❡ 1✉✐ ❞♦♥♥❡

α∂t′u = β2∆x ′u + s u(1− u)(u − a).

❋❛✐0❛♥' ❧✬❤②♣♦'❤F0❡ 1✉❡ s ♥✬❡0' ♣❛0 ♥✉❧✱ ✐❧ ✈✐❡♥'

α

s
∂t′u =

β2

s
∆x ′u + u(1− u)(u − a)

❡' ❞♦♥❝✱ ♣(❡♥❛♥' α = s ❡' β =
√
s✱ ♦♥ 0❡ (❛♠F♥❡ H ❧✬-1✉❛'✐♦♥ ✭■✳✽✮✳ ▲❡0 (-0✉❧'❛'0

♣(-❝-❞❡♥'0 0✬❛♣♣❧✐1✉❡♥' ❞♦♥❝✱ ❡' ♥♦'❛♠♠❡♥' ♦♥ ❛ ✿

u(x , t) = ũ(x ′, t ′)

=
1

1 + exp( x
′−c ′t′√

2
)

=
1

1 + exp( x
√
s−c ′ts√
2

)

=
1

1 + exp(
√

s
2(x − ct))

❛✈❡❝

c =
√
s c ′ =

√
s

2
(1− 2a),

❡'

w =
w ′√
s
=

√

2

s
,

♦; ❧❡0 ♣(✐♠❡0 ❞-♥♦'❡♥' ❧❡0 ✓❛♥❝✐❡♥♥❡0✔ 1✉❛♥'✐'-0✳

◆♦✉0 ♣♦✉✈♦♥0 -❣❛❧❡♠❡♥' (-0♦✉❞(❡ ✭■✳✶✶✮ 0❛♥0 ❝❤❛♥❣❡♠❡♥' ❞❡ ✈❛(✐❛❜❧❡✳ ❊♥

❡✛❡'✱ ❧❡ ❝❛❧❝✉❧ ❡✛❡❝'✉- ❡♥ 0♦✉0✲0❡❝'✐♦♥ ■✳✹✳✹ 0❡ ♠♦❞✐✜❡ ❝♦♠♠❡ 0✉✐' ✭❞F0 ❧♦(0

1✉✬♦♥ ❝❤♦✐0✐' C0 > 0 ❝❡ 1✉✐ ❡0' ✉♥ ❝❤♦✐① ♥♦♥ (❡0'(✐❝'✐❢✮ ✿

C0 =

√
s

2

c =

√
s

2
(1− 2a)

✭■✳✶✷✮
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❈❡❧❛ ❞♦♥♥❡ ✜♥❛❧❡♠❡♥'

u(x , t) =
1

1 + exp
(√

s
2(x − ct)

)

❈❡''❡ ❢♦✐.✱ ❧❛ ❧❛0❣❡✉0 ❞✉ ❢0♦♥' ❡.'

w =

√

2

s
✭■✳✶✸✮

❡' ❧❛ ♣♦.✐'✐♦♥ ❝❡♥'0❛❧❡ 0❡.'❡ ct✳ ❖♥ ♣❡✉' 0B.✉♠❡0 ❝❡❧❛ ❞❡ ❧❛ ♠❛♥✐C0❡ .✉✐✈❛♥'❡ ✿







U(z) =
1

1 + exp(z)
z0 = 0 y = 1

u(x , t) =
1

1 + exp
(√

s
2(x − ct)

) x0 = ct w =

√

2

s
c =

√
s

2
(1− 2a)

■❧ ② ❛ ❧✐❡✉ ❞✬❡①❛♠✐♥❡0 ❧❡. ❝❛.✲❧✐♠✐'❡. ✿

✕ s ≪ 1 ❝♦00❡.♣♦♥❞ J ✉♥ ❢0♦♥' ❧❛0❣❡ ❡' ❧❡♥'✱

✕ s ≫ 1 J ✉♥ ❢0♦♥' 0❛✐❞❡ ❡' 0❛♣✐❞❡✳

■❧ .❡0❛ ✐♥'B0❡..❛♥' ❞✬B'✉❞✐❡0 ❧❡. ❝❛. ♦K s ✈❛0✐❡✱ ❝❡ $✉✐ ❡.' ❢❛✐' ❛✉ ❝❤❛♣✐'0❡ ■■■✳

♣
♣ ♣
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◆♦✉. B'✉❞✐♦♥. ❞❛♥. ❝❡''❡ .❡❝'✐♦♥ ❧✬B$✉❛'✐♦♥ J ❞✐✛✉.✐✈✐'B ❡' 0B❛❝'✐✈✐'B ✉♥✐✲

'❛✐0❡. ✿

∂tu = ∆u + u(1− u). ✭■✳✶✹✮

■✳✺✳✶ ➱%❛%' '%❛%✐♦♥♥❛✐+❡' ❡% '%❛❜✐❧✐%/

❊♥ 0B❣✐♠❡ .'❛'✐♦♥♥❛✐0❡✱ ❧❛ ❢♦♥❝'✐♦♥ u ✈B0✐✜❡

∆u + u(1− u) = 0.

❈❡❧❛ ❡.' ❡♥ ♣❛0'✐❝✉❧✐❡0 ❧❡ ❝❛. ❧♦0.$✉❡ u ≡ 0 ♦✉ u ≡ 1✳ ◆♦✉. ❛♣♣❡❧♦♥. ❝❡. B'❛'. ❧❡.

B'❛'. .'❛'✐♦♥♥❛✐0❡. ❞❡ ❧✬B$✉❛'✐♦♥ ❡' ✈♦✉❧♦♥. ♠❛✐♥'❡♥❛♥' 0❡❣❛0❞❡0 ❧❡✉0 .'❛❜✐❧✐'B✳

➱❝0✐✈♦♥. ♣♦✉0 ❝❡❧❛ u = u∗ + δu✱ ♦K u∗ ❡.' ❧✬✉♥ ❞❡. ❞❡✉① B'❛'. .'❛'✐♦♥♥❛✐0❡.✱

❡' δu ✉♥❡ ♣❡'✐'❡ ✈❛0✐❛'✐♦♥ ❛✉'♦✉0 ❞❡ ❝❡' B'❛'✳ ❊♥ 0❡♠♣❧❛Q❛♥' ❞❛♥. ❧✬B$✉❛'✐♦♥✱ ✐❧

✈✐❡♥'

∂tδu = ∆δu + Rm(u
∗ + δu).

❖♥ ❡♥ B❝0✐' ✉♥ ❞B✈❡❧♦♣♣❡♠❡♥' ❧✐♠✐'B Rm(u
∗ + δu) = Rm(u

∗) + R ′m(u
∗)δu +

O(δu2) ❡' ♦♥ ♦❜'✐❡♥' ❞♦♥❝

∂tδu = ∆δu + R ′m(u
∗)δu + O(δu2)



✶✹ ❈❤❛♣✐'(❡ ■✳ ❚❤-♦(✐❡ ❞❡0 -1✉❛'✐♦♥0 ❞❡ (-❛❝'✐♦♥✲❞✐✛✉0✐♦♥

❊♥ ♣(❡♠✐9(❡ ❛♣♣(♦①✐♠❛'✐♦♥✱ ♦♥ ❛

∂tδu = ∆δu + R ′m(u
∗)δu,

❡' ❞♦♥❝ ❧✬-'❛' ❡0' 0'❛❜❧❡ 0✐ ❡' 0❡✉❧❡♠❡♥' 0✐ R ′m(u
∗) < 0✳ ❖( ♦♥ ❛

R ′m(u) = 1− 2u,

❡' ❞♦♥❝ R ′m(0) > 0 ❡' R ′m(1) < 0✳ ❆✐♥0✐ 0 ❡0' ✐♥0'❛❜❧❡ ❡' 1 ❡0' 0'❛❜❧❡✱ ❝❡ 1✉✐

❥✉0'✐✜❡ ❞✬❛♣♣❡❧❡( ❝❡ '❡(♠❡ ❞❡ (-❛❝'✐♦♥ ♠♦♥♦0'❛❜❧❡✳

■✳✺✳✷ ❙♦❧✉(✐♦♥+ ♣-♦❣-❡++✐✈❡+

◆♦✉0 ♣(♦❝-❞♦♥0 ❞❡ ❧❛ ♠D♠❡ ♠❛♥✐9(❡ ✿ 0✐ ✉♥❡ ♦♥❞❡ ♣(♦❣(❡00✐✈❡ ❡①✐0'❡✱ ❡❧❧❡

♣❡✉' 0✬-❝(✐(❡

u(x , t) = U(z), z = x − ct

♦H c ❡0' ❧❛ ✈✐'❡00❡ ❞❡ ♣(♦♣❛❣❛'✐♦♥✳ ❈❡❧❛ ❡0' ♥♦'(❡ ❤②♣♦'❤90❡ ❢♦♥❞❛♠❡♥'❛❧❡ ✭■✳✺✮✳

❊♥ 0✉❜0'✐'✉❛♥' u ♣❛( U ❞❛♥0 ❧✬-1✉❛'✐♦♥✱ ♥♦✉0 ♦❜'❡♥♦♥0 1✉❡ ❧❛ ❢♦♥❝'✐♦♥ U ✈-(✐✜❡

❧✬-1✉❛'✐♦♥ ❞✐✛-(❡♥'✐❡❧❧❡ ♦(❞✐♥❛✐(❡

U ′′ + cU ′ + U(1− U) = 0

❯'✐❧✐0❛♥' ✉♥❡ '❡❝❤♥✐1✉❡ ❝❧❛00✐1✉❡✱ ♥♦✉0 '(❛✈❛✐❧❧♦♥0 ❞❛♥0 ❧✬❡0♣❛❝❡ ❞❡0 ♣❤❛0❡0 (U,V )
♦H V ❡0' 0✐♠♣❧❡♠❡♥' ✉♥❡ ♥♦'❛'✐♦♥ ♣♦✉( U ′✳ ❆❧♦(0 ♦♥ ♦❜'✐❡♥' ❧❡ 0②0'9♠❡ ❞✐✛-✲

(❡♥'✐❡❧ 0✉✐✈❛♥' {

U ′ = V

V ′ = −cV − U(1− U)
✭■✳✶✺✮

▲❡0 '(❛❥❡❝'♦✐(❡0 ❞❛♥0 ❧✬❡0♣❛❝❡ ❞❡0 ♣❤❛0❡0 0♦♥' ❛❧♦(0 ❧❡0 0♦❧✉'✐♦♥0 ❞❡

dV

dU
=
−cV − U(1− U)

V
,

0♦✐' ✿

dV

dU
=

U(U − 1)

V
− c .

■✳✺✳✸ ❆♥❛❧②+❡ ❞❡ +(❛❜✐❧✐(7

▲❡ 0②0'9♠❡ ❞✐✛-(❡♥'✐❡❧ ✭■✳✶✺✮ ❡0' ❞❡ ❧❛ ❢♦(♠❡

{

U ′ = fF (U,V )

V ′ = gF (U,V )

▲❛ ♠❛'(✐❝❡ ❥❛❝♦❜✐❡♥♥❡ ❡♥ ✉♥ ♣♦✐♥' (u0, v0) ✈❛✉'

J(u0,v0) =

(
∂fF
∂U

∂fF
∂V

∂gF
∂U

∂gF
∂V

)

(u0, v0)
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.♦✐'

J(0,0) =

(
0 1
−1 −c

)

♣♦✉0 ❧❡ ♣♦✐♥' (0, 0) ❡'

J(1,0) =

(
0 1
1 −c

)

♣♦✉0 ❧❡ ♣♦✐♥' (1, 0)✳ ❊❧❧❡. ♣♦..8❞❡♥' 0❡.♣❡❝'✐✈❡♠❡♥' ❧❡. ✈❛❧❡✉0. ♣0♦♣0❡. λ ❡'

✈❡❝'❡✉0. ♣0♦♣0❡. e .✉✐✈❛♥'. ✿

(0, 0) : λ =
1

2

(

−c ±
√

c2 − 4
)

❡' e =

(

1,
1

2

(

−c ±
√

c2 − 4
))

(1, 0) : λ =
1

2

(

−c ±
√

c2 + 4
)

❡' e =

(

1,
1

2

(

−c ±
√

c2 + 4
))

▲❡ ♣♦✐♥' (0, 0) ❡.' ❞♦♥❝ ✉♥ ♥>✉❞ .'❛❜❧❡ .✐ c2 ≥ 4 ❡' ✉♥❡ .♣✐0❛❧❡ .'❛❜❧❡ .✐ c2 < 4✳

❈✬❡.' ❞♦♥❝ '♦✉❥♦✉0. ✉♥ ♥>✉❞ ❡♥ 0❛✐.♦♥ ❞❡. 0C.✉❧'❛'. D ✈❡♥✐0 ✦ ▲❡ ♣♦✐♥' (1, 0) ❡.'

❛✉ ❝♦♥'0❛✐0❡ ✉♥ ♣♦✐♥' .❡❧❧❡✳ ❈❡❧❛ ❡.' D ❝♦♠♣❛0❡0 ❛✉① 0C.✉❧'❛'. ♦❜'❡♥✉. ❡♥ ■✳✺✳✶✳

■✳✺✳✹ ❊①✐'(❡♥❝❡ ❞✬✉♥ ❢0♦♥( ♣0♦❣0❡''✐❢

■❧ ② ❛ ♣❧✉.✐❡✉0. ❢❛I♦♥. ❞❡ ❞C♠♦♥'0❡0 ❧✬❡①✐.'❡♥❝❡ ❞✬✉♥ ❢0♦♥' ♣0♦❣0❡..✐❢ ♣♦✉0

❧✬C$✉❛'✐♦♥ ❞❡ ❋✐.❤❡0✕❑33✳ ▲✬✉♥❡ ✉'✐❧✐.❡ ♣❛0 ❡①❡♠♣❧❡ ❧❡ ♣❧❛♥ ❞❡ ♣❤❛.❡ ❬❆❲✼✽❪✳

❉✬❛✉'0❡. ♦♥' 0❡❝♦✉0. D ❞❡. ♠C'❤♦❞❡. ❞C0✐✈C❡. ❞✉ ♣0✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠✱ ❝♦♠♠❡

❧❡. ♠C'❤♦❞❡. ♠♦♥♦'♦♥❡.✳ ❈❡''❡ .♦✉.✲.❡❝'✐♦♥ ❡.' ❛✐♥.✐ ❜❛.C❡ .✉0 ❞❡. ♥♦'❡. ❞❡

●✉✐❧❧❡♠❡''❡ ❈❤❛♣✉✐.❛' ♣♦✉0 ✉♥ ❝♦✉0. ❞♦♥♥C D ❧✬❊◆❙ ❞❡ ❈❛❝❤❛♥ ❬❈❤❛✶✵❪✳ ❆✉..✐

✉'✐❧❡. ❢✉0❡♥' ❧❡. ♥♦'❡. ❞✬❍❡♥0✐ ❇❡0❡.'②❝❦✐ ❬❇❡0✵✾❪✳

❖♥ ❞♦♥♥❡ .❛♥. ❞C♠♦♥.'0❛'✐♦♥ ❧❛ ♣0♦♣♦.✐'✐♦♥ .✉✐✈❛♥'❡ ✿

30♦♣♦.✐'✐♦♥ ✷ ✭❊①✐.'❡♥❝❡ ❞❡ .♦❧✉'✐♦♥ ❡♥'0❡ .✉0✲ ❡' .♦✉.✲.♦❧✉'✐♦♥.✮ ✿ ❙♦✐' R : R→
R ✉♥❡ ❢♦♥❝'✐♦♥ ❞❡ ❝❧❛..❡ C1 '❡❧❧❡ $✉❡ R ′ ∈ L∞✳ ❙♦✐❡♥' b✱ l1✱ l2✱ d1 ❡' d2 ∈ R✳

❖♥ ❝♦♥.✐❞80❡ ❧✬C$✉❛'✐♦♥ ❞✐✛C0❡♥'✐❡❧❧❡

{

u′′ + bu′ + R(u) = 0 .✉0 ]l1, l2[,

u(l1) = d1, u(l2) = d2.
✭◆▲✮

❙✬✐❧ ❡①✐.'❡ ✉♥❡ .♦✉.✲.♦❧✉'✐♦♥ u ∈ C2 ❞❡ (NL)✱ ❝✬❡.' D ❞✐0❡ $✉❡ u ✈C0✐✜❡

{

u′′ + bu′ + R(u) ≥ 0 .✉0 ]l1, l2[

u(l1) ≤ d1, u(l2) ≤ d2,

❡' ✉♥❡ .✉0✲.♦❧✉'✐♦♥ u ∈ C2 ❞❡ (NL)✱ ❝✬❡.' D ❞✐0❡ $✉❡ u ✈C0✐✜❡

{

u′′ + bu′ + R(u) ≤ 0 .✉0 ]l1, l2[

u(l1) ≥ d1, u(l2) ≥ d2,

'❡❧❧❡. $✉❡ u ≤ u .✉0 [l1, l2]✱ ❛❧♦0. (NL) ❛❞♠❡' ❛✉ ♠♦✐♥. ✉♥❡ .♦❧✉'✐♦♥ u $✉✐ ✈C0✐✜❡

u ≤ u ≤ u✳



✶✻ ❈❤❛♣✐'(❡ ■✳ ❚❤-♦(✐❡ ❞❡0 -1✉❛'✐♦♥0 ❞❡ (-❛❝'✐♦♥✲❞✐✛✉0✐♦♥

❉❛♥0 ❝❡''❡ ♣❛('✐❡✱ ♦♥ 0✬✐♥'-(❡00❡ : ❧✬❡①✐0'❡♥❝❡ ❞❡ ❢(♦♥' ♣(♦❣(❡00✐❢✳ ■❧ 0✬❛❣✐' ❞❡

'(♦✉✈❡( ✉♥ ❝♦✉♣❧❡ (U, c)✱ ❛✈❡❝ U : R→ R ❡' c ∈ R✱ 0♦❧✉'✐♦♥ ❞❡

{

U ′′ + c U ′ + R(U) = 0

U
−∞−−→ 1, U

+∞−−→ 0.
✭FPc✮

❝❡ 1✉❡ ❧✬♦♥ ♥♦♠♠❡ ♣❛(❢♦✐0 ♣(♦❜❧D♠❡ 0♣❡❝'(❛❧✳

▲❛ ❞-♠♦♥0'(❛'✐♦♥ ❞❡ ❝❡ (-0✉❧'❛' ❡0' ❝♦♥0'(✉❝'✐✈❡✱ ❡' ❝♦♠♠❡♥❝❡ ♣❛( (-0♦✉❞(❡

❧❡ ♣(♦❜❧D♠❡ 0♣❡❝'(❛❧ 0✉( ✉♥ ❞♦♠❛✐♥❡ ❜♦(♥-✳

F(♦♣♦0✐'✐♦♥ ✸ ✿ ❙♦✐❡♥' a > 1 ❡' c ∈ R ✜①-0✳ ▲❡ ♣(♦❜❧D♠❡







u′′ + cu′ + R(u) = 0 0✉( ]− a, a[

u(−a) = 1, u(a) = 0

0 ≤ u ≤ 1

✭FPc
a ✮

❛❞♠❡' ✉♥❡ ✉♥✐1✉❡ 0♦❧✉'✐♦♥ ❞❡ ❝❧❛00❡ C2✱ ♥♦'-❡ uca ❞❛♥0 ❧❛ 0✉✐'❡✳ ❉❡ ♣❧✉0✱

✶✳

duca
dx

< 0✱

✷✳ c 7→ uca ❡0' ❝♦♥'✐♥✉❡ ❡' 0'(✐❝'❡♠❡♥' ❞-❝(♦✐00❛♥'❡ ❞❡ R ❞❛♥0 L∞([−a, a])✳
▲❡♠♠❡ ✹ ✿ ❙♦✐❡♥' u ❡' v ❞❡✉① 0♦❧✉'✐♦♥0 ❞❡ (FPc

a )✳ ❙♦✐' h ∈ [0, 2a]✳ F♦✉( x ∈
Ih = [−a, a− h]✱ ♦♥ ♣♦0❡ vh(x) = v(x + h)✳
❆❧♦(0 vh ≤ u 0✉( Ih✳

❉!♠♦♥%&'❛&✐♦♥ ❞✉ ❧❡♠♠❡✳ ❈♦♠♠❡ u(−a) = 1 ❡' v2a(−a) = v(a) = 0✱ ♦♥ ❛

❜✐❡♥ vh ≤ u 0✉( Ih = {−a}✳ ❖♥ ♣❡✉' ❞♦♥❝ ❞-✜♥✐(

h∗ = inf{h ≥ 0|∀h̄ ∈ [h, 2a] vh̄ ≤ u}.

F♦✉( ❞-♠♦♥'(❡( ❧❡ ❧❡♠♠❡✱ ✐❧ ❢❛✉' ♣(♦✉✈❡( 1✉❡ h∗ = 0✳ ❙✉♣♣♦0♦♥0 ♣❛( ❧✬❛❜0✉(❞❡
1✉❡ h∗ > 0✳ ❆❧♦(0 ♣❛( ❞-✜♥✐'✐♦♥ ❞❡ ❧❛ ❜♦(♥❡ ✐♥❢-(✐❡✉(❡ ❡' ❝♦♥'✐♥✉✐'- ❞❡ v ✱ vh∗ ≤ v ✳

❉❡ ♣❧✉0✱ ♠♦♥'(♦♥0 1✉✬✐❧ ❡①✐0'❡ x∗ ∈]− a, a− h∗[ '❡❧ 1✉❡ vh∗(x∗) = u(x∗)✳
❖♥ (❛✐0♦♥♥❡ ♣❛( ❧✬❛❜0✉(❞❡✳ ❈♦♠♠❡ vh∗(−a) < 1 = u(−a) ❡' vh∗(a − h∗) =

0 < u(a − h∗)✱ ♦♥ ❛✉(❛✐' vh∗ < u 0✉( Ih∗ ✳ F❛( ❝♦♠♣❛❝✐'- ❞❡ Ih∗ ✱ ✐❧ ❡①✐0'❡(❛✐'

δ > 0 '❡❧ 1✉❡ vh∗ + δ ≤ u✳ ❖( vh∗ ❡0' ✉♥✐❢♦(♠-♠❡♥' ❝♦♥'✐♥✉❡ ❣(O❝❡ ❛✉ '❤-♦(D♠❡

❞❡ ❍❡✐♥❡ ❞♦♥❝ ✐❧ ❡①✐0'❡ ε > 0 '❡❧ 1✉❡ ♣♦✉( '♦✉' |h| < ε✱ |vh − v | < δ✳ ❆❧♦(0 ♦♥
❛✉(❛✐' vh∗−h ≤ u ♣♦✉( '♦✉' |h| < ε ❝❡ 1✉✐ ❝♦♥'(❡❞✐' ❧❛ ♠✐♥✐♠❛❧✐'- ❞❡ h∗✳

❖♥ ♣♦0❡ ❞♦♥❝ w = u−vh∗ ✳ ❖♥ ❛ w ≥ 0✱ w(x∗) = 0 ❡' w ′′+cw ′+g(x)w = 0

♦Q g(x) =
R(u(x))−R(vh∗ (x))

u(x)−vh∗ (x)
∈ L∞ ❝❛( R ❡0' C1✳ F❛( ❛♣♣❧✐❝❛'✐♦♥ ❞✉ ♣(✐♥❝✐♣❡ ❞✉

♠❛①✐♠✉♠ ❢♦('✱ ♦♥ ❛ ❞♦♥❝ w ≡ 0✳ ❈❡♣❡♥❞❛♥' w(−a) > 0✱ ❝❡ 1✉✐ ♥❡ 0❡ ♣❡✉'✳

❉♦♥❝ h∗ = 0 ❡' ❧❡ ❧❡♠♠❡ ❡0' ❞-♠♦♥'(-✳

❉!♠♦♥%&'❛&✐♦♥ ❞❡ ❧❛ ♣'♦♣♦%✐&✐♦♥ ✸✳ ▲✬❡①✐0'❡♥❝❡ ❞✬✉♥❡ 0♦❧✉'✐♦♥ ❡0' ❞♦♥♥-❡ ♣❛( ❧❛

♣(♦♣♦0✐'✐♦♥ ✷ ❝❛( 0 ❡0' ✉♥❡ 0♦✉0✲0♦❧✉'✐♦♥✱ 1 ❡0' ✉♥❡ 0✉(✲0♦❧✉'✐♦♥ ❡' 0 ≤ 1✳
❉❡ ♣❧✉0✱ 0✐ u ❡0' ✉♥❡ 0♦❧✉'✐♦♥ ❞❡ (FPc

a ) ❛❧♦(0 0 < u < 1 0✉( ] − a, a[✳ ❊♥

❡✛❡'✱ u ✈-(✐✜❡ u′′ + cu′ + R(u)
u

u = 0 ❡' ❝♦♠♠❡ u ∈ [0, 1]✱ ♣❛( ❤②♣♦'❤D0❡ 0✉( R ✱
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❧❛ ❢♦♥❝'✐♦♥ x 7→ R(u(x))
u(x) ❡.' ❜♦0♥:❡✳ ▲❡ ♣0✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❢♦0' .✬❛♣♣❧✐$✉❡ ✿ .✬✐❧

❡①✐.'❡ x0 ∈]− a, a[ '❡❧ $✉❡ u(x0) = 0 ❛❧♦0. u ≡ 0 ♠❛✐. u(a) = 1 ❞♦♥❝ u > 0 .✉0

]− a, a[✳ ❊♥ ❢❛✐.❛♥' ❞❡ ♠B♠❡ ❛✈❡❝ 1− u✱ ♦♥ ❛ u < 1 .✉0 ]− a, a[✳
▲✬✉♥✐❝✐': ❡' ❧❛ ❞:❝0♦✐..❛♥❝❡ ♣0♦✈✐❡♥♥❡♥' ❞✉ ❧❡♠♠❡ ✹✳ ❊♥ ❛♣♣❧✐$✉❛♥' ❧❡ ❧❡♠♠❡

❛✈❡❝ h = 0✱ ♦♥ ♦❜'✐❡♥' ❜✐❡♥ ❧✬✉♥✐❝✐': ❞❡ ❧❛ .♦❧✉'✐♦♥ ❞❡ (FPc
a )✱ ♣✉✐. ❡♥ ❛♣♣❧✐$✉❛♥'

❧❡ ❧❡♠♠❡ ❛✈❡❝ u = v = uca ♦♥ ♦❜'✐❡♥' ❧❛ ❞:❝0♦✐..❛♥❝❡ ❞❡ uca ❞♦♥❝

duca
dx
≤ 0✳ ❖0

v = duca
dx

❡.' .♦❧✉'✐♦♥ ❞❡ v ′′+ cv ′+R ′(uca )v = 0 ❡' ♦♥ ♣❡✉' ❛♣♣❧✐$✉❡0 ❧❡ ♣0✐♥❝✐♣❡

❞✉ ♠❛①✐♠✉♠ ❢♦0' ♣♦✉0 ❡♥ ❞:❞✉✐0❡

duca
dx

< 0✳

▲❛ ❝♦♥'✐♥✉✐': ❞❡ c 7→ uca ♣❡✉' .❡ ❞:♠♦♥'0❡0 ❛✈❡❝ ❞❡. 0:.✉❧'❛'. .✐♠✐❧❛✐0❡. ❛✉

'❤:♦0G♠❡ ❞❡ 0:❣✉❧❛0✐': ❡' .❡0❛ ❛❞♠✐.❡ ✐❝✐✳ ■❧ 0❡.'❡ I ♠♦♥'0❡0 ❧❛ .'0✐❝'❡ ❞:❝0♦✐..❛♥❝❡

❞❡ ❝❡''❡ ❛♣♣❧✐❝❛'✐♦♥✳

❙♦✐' c1 < c2✳ ❖♥ ♥♦'❡ ✐❝✐ u1 = uc1a ❡' u2 = uc2a ✳ ▲❛ ❢♦♥❝'✐♦♥ u1 ✈:0✐✜❡

u′′1 + c2u
′
1 + R(u1) = (c2 − c1)u

′
1 ≤ 0 ❞♦♥❝ u1 ❡.' .✉0✲.♦❧✉'✐♦♥ ❞❡ (FPc2

a )✱ ✵ ❡.'

✉♥❡ .♦✉.✲.♦❧✉'✐♦♥ ❡' 0 ≤ u1✳ 3❛0 ♣0♦♣♦.✐'✐♦♥ ✷ ❞✬❡①✐.'❡♥❝❡ ❞❡ .♦❧✉'✐♦♥✱ ✐❧ ❡①✐.'❡

❞♦♥❝ ✉♥❡ .♦❧✉'✐♦♥ u $✉✐ ✈:0✐✜❡ 0 ≤ u ≤ u1 ❡' ♣❛0 ✉♥✐❝✐': ❞❡ ❧❛ .♦❧✉'✐♦♥ u = u2✳

❉♦♥❝ u2 ≤ u1✳ ❊♥ ❛♣♣❧✐$✉❛♥' ❡♥.✉✐'❡ ❧❡ ♣0✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❢♦0' I u1− u2✱ ♦♥

♦❜'✐❡♥' ❜✐❡♥ u2 < u1✳

■❧ 0❡.'❡ ♠❛✐♥'❡♥❛♥' I ❢❛✐0❡ a → +∞ ❡' I ✈:0✐✜❡0 $✉❡ uca ❝♦♥✈❡0❣❡ ❜✐❡♥ ✈❡0.

✉♥❡ .♦❧✉'✐♦♥ ❞❡ (FPc)✳ ❚♦✉'❡❢♦✐.✱ .✐ c ❡.' ❝❤♦✐.✐ ❞❡ ❢❛Q♦♥ $✉❡❧❝♦♥$✉❡✱ ✐❧ ② ❛

❞❡ ♥♦♠❜0❡✉.❡. ❝❤❛♥❝❡. $✉❡ uca → 0 ♦✉ uca → 1✱ $✉✐ ♥❡ .♦♥' ♣❛. ❞❡. ❢0♦♥'.

♣0♦❣0❡..✐❢.✳ 3♦✉0 ❡♠♣B❝❤❡0 ❝❡❧❛✱ ✐❧ ❢❛✉' ✜①❡0 ❧❛ ✈✐'❡..❡ c ❞❡ ❢❛Q♦♥ ♣0:❝✐.❡✳

30♦♣♦.✐'✐♦♥ ✺ ✿ ❙♦✐' δ ∈]0, 1[✳ ❙♦✐' η > 0 '❡❧ $✉❡ ♣♦✉0 s ∈ [0, η] R(s) > (1−δ)s✳
❙♦✐' θ ∈]0, η2 [ ✜①"✳

$♦✉' (♦✉( a ≥ − ln θ✱ ✐❧ ❡①✐-(❡ ✉♥❡ ✉♥✐/✉❡ ✈✐(❡--❡ ca ∈]0, 2] (❡❧❧❡ /✉❡ ucaa (0) =
θ✳

❉!♠♦♥%&'❛&✐♦♥✳ $❛' ❝♦♥(✐♥✉✐(" ❡( -('✐❝(❡ ❞"❝'♦✐--❛♥❝❡ ❞❡ c 7→ uca (0)✱ ✐❧ -✉✣( ❞❡

♠♦♥('❡' /✉❡ u0a(0) > θ ❡( uca (0) < θ -✐ c > 2✳
• $♦✉' c = 0✱ ♦♥ ♣♦-❡ h(x) = η a−x

2a ✳ ❆❧♦'- h′′+R(h) = R(h) ≥ (1−δ)h ≥ 0
❝❛' h(x) ∈ [0, η]✳ ❉❡ ♣❧✉-✱ h(−a) = η ≤ 1 ❡( h(a) = 0 ❞♦♥❝ h ≤ 1 ❡-( ✉♥❡

-♦✉-✲-♦❧✉(✐♦♥ ❞❡ (FP0
a ) ❡( ♣❛' ✉♥✐❝✐(" ❞❡ ❧❛ -♦❧✉(✐♦♥✱ ♦♥ ❛ h ≤ u0a ≤ 1✳ ❉♦♥❝ ❡♥

♣❛'(✐❝✉❧✐❡'✱ u0a(0) ≥ h(0) = η
2 > θ ♣❛' ❤②♣♦(❤<-❡ -✉' θ✳

• ❙♦✐( c > 2✳ ❙♦✐( z ❧❛ -♦❧✉(✐♦♥ ❞❡

{

z ′′ + cz ′ + z = 0 -✉' ]− a, a[,

z(−a) = 1, z(a) = 0.

❖♥ ♣❡✉( ❝❛❧❝✉❧❡'

z(x) =
er+(x−a) − er−(x−a)

e−r+2a − e−r−2a
♦? r± =

−c ±
√
c2 − 4

2
.

❆❧♦'- z ′′ + cz ′ + R(z) = R(z)− z ≤ 0 ❞<- ❧♦'- /✉❡ R ❡-( ❞❡ (②♣❡ ❋✐-❤❡'✕❑$$✳

❆✐♥-✐ z ❡-( -✉'✲-♦❧✉(✐♦♥✱ z ≥ 0 ❡( ❞♦♥❝ ♣❛' ✉♥✐❝✐(" ❞❡ ❧❛ -♦❧✉(✐♦♥ uca ≤ z ✳ ❊♥

♣❛'(✐❝✉❧✐❡'✱ uca (0) ≤ z(0) = 1
e−r+a+e−r

−
a ≤ e−

c
2
a < θ ♣❛' ❤②♣♦(❤<-❡ -✉' θ✳



✶✽ ❈❤❛♣✐'(❡ ■✳ ❚❤-♦(✐❡ ❞❡0 -1✉❛'✐♦♥0 ❞❡ (-❛❝'✐♦♥✲❞✐✛✉0✐♦♥

◗✉✐''❡ 8 ❡①'(❛✐(❡ ✉♥❡ 0♦✉0✲0✉✐'❡✱ ♦♥ ♣❡✉' ❞♦♥❝ ♠❛✐♥'❡♥❛♥' ❢❛✐(❡ a → +∞
'♦✉' ❡♥ ❝♦♥'(=❧❛♥' ucaa ✳

?(♦♣♦0✐'✐♦♥ ✻ ✿ ■❧ ❡①✐0'❡ ✉♥❡ 0✉✐'❡ an → +∞ '❡❧ 1✉❡ can ❝♦♥✈❡(❣❡ ✈❡(0 ✉♥❡

❝♦♥0'❛♥'❡ c∗ ∈ [0, 2] ❡' u
can
a ❝♦♥✈❡(❣❡ ❞❛♥0 C2 0✉( '♦✉' ❝♦♠♣❛❝' ✈❡(0 ✉♥❡ ❢♦♥❝'✐♦♥

U 0♦❧✉'✐♦♥ ❞❡ (FPc∗)✳ ❉❡ ♣❧✉0 U ′ < 0✳

❉!♠♦♥%&'❛&✐♦♥✳ ❈♦♠♠❡ ca ❡0' ❜♦(♥-✱ ♣❛( ❝♦♠♣❛❝✐'-✱ ♦♥ ❛ ❧✬❡①✐0'❡♥❝❡ ❞❡ an ❡'

❞❡ c∗ '❡❧ 1✉❡ can → c∗✳ ?✉✐01✉❡ ❧❡0 can 0♦♥' ❜♦(♥-0✱ ❧❡ '❤-♦(G♠❡ ❞❡ (-❣✉❧❛(✐'-

❞♦♥♥❡ ✉♥❡ ❜♦(♥❡ 0✉( u
can
an ❞❛♥0 C2,α ♣♦✉( ✉♥ α ∈]0, 1[ ❡' ♣❛( ❆0❝♦❧✐✱ ♦♥ ❛ ❧❛

❝♦♥✈❡(❣❡♥❝❡ ❞❛♥0 C2 ❞❡ u
can
an ✈❡(0 U✳ ■❧ (❡0'❡ 8 ✈-(✐✜❡( 1✉❡ U ❡0' ❜✐❡♥ 0♦❧✉'✐♦♥

❞❡ (FPc∗)✳ ?❛( ♣❛00❛❣❡ 8 ❧❛ ❧✐♠✐'❡ ❞❡0 ✐♥-❣❛❧✐'-0✱ ♦♥ ❛ U ′′ + c∗U ′ + R(U) = 0✱
0 ≤ U ≤ 1✱ U(0) = θ ❡' U ′ ≤ 0✳ ?❛( ♣(✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❢♦(' ❛♣♣❧✐1✉- 8 U

♣✉✐0 8 1 − U✱ ♦♥ ♦❜'✐❡♥' 0 < U < 1 ❡' ♣❛( ♠♦♥♦'♦♥✐❡ ❞❡ U✱ l± = lim±∞ U(x)
❡①✐0'❡♥'✳ ❉❡ ♣❧✉0 l− ≥ θ ≥ l+✳

■❧ (❡0'❡ 8 ✈-(✐✜❡( 1✉❡ l− = 0 ❡' l+ = 1✳ ❈♦♠♠❡ U ′′ = −c∗U ′ − R(U) ❡'

U ′ ≤ 0✱ ♦♥ ♣❡✉' ✉'✐❧✐0❡( ❧❡ '❤-♦(G♠❡ ❞❡0 ❛❝❝(♦✐00❡♠❡♥'0 ✜♥✐0 ♣♦✉( ♣(♦✉✈❡( 1✉❡

♥-❝❡00❛✐(❡♠❡♥'✱ U ′ → 0 ❡♥ ±∞ ❡' R(l±) = 0✳ ▲❡0 0❡✉❧❡0 0♦❧✉'✐♦♥0 0♦♥' ❞♦♥❝

l− = 1 ❡' l+ = 0✳ ▲❛ ❢♦♥❝'✐♦♥ U ❡0' ❞♦♥❝ ❜✐❡♥ ✉♥ ❢(♦♥' ♣(♦❣(❡00✐❢✳

❊♥✜♥✱ ❡♥ ❛♣♣❧✐1✉❛♥' ❧❡ ♣(✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❢♦(' 8 −U ′✱ ♦♥ ❛ ❜✐❡♥ U ′ <
0✳

?✉✐01✉❡ ❝❡''❡ 0♦❧✉'✐♦♥ U ❡0' 0'(✐❝'❡♠❡♥' ❞-❝(♦✐00❛♥'❡✱ ❡❧❧❡ (❡0'❡ 0'(✐❝'❡♠❡♥'

❝♦♠♣(✐0❡ ❡♥'(❡ 0 ❡' 1✳ ❊❧❧❡ ❝♦♥0'✐'✉❡ ❞♦♥❝ ✉♥❡ 0♦❧✉'✐♦♥ ✐♥'-(❡00❛♥'❡ ❞✬✉♥ ♣♦✐♥'

❞❡ ✈✉❡ ❜✐♦❧♦❣✐1✉❡✳

❉❛♥0 ❧❛ 0♦✉0✲0❡❝'✐♦♥ 0✉✐✈❛♥'❡✱ ♦♥ ❝❤❡(❝❤❡ '♦✉0 ❧❡0 ❝♦✉♣❧❡0 (U, c) 0♦❧✉'✐♦♥0

❞❡ (FPc) ✈-(✐✜❛♥' ❝❡''❡ ♣(♦♣(✐-'-✳

■✳✺✳✺ ❊①✐&'❡♥❝❡ ❞✬✉♥❡ ✐♥✜♥✐'/ ❞❡ ❢1♦♥'& ♣1♦❣1❡&&✐❢& ❀ ✈✐'❡&&❡ ❝1✐✲

'✐8✉❡

◆♦'(❡ ♣(♦♣♦0 ❡0' ❞❡ ❝❤❡(❝❤❡( ❞❡0 0♦❧✉'✐♦♥0 (-❛❧✐0'❡0 ❞✬✉♥ ♣♦✐♥' ❞❡ ✈✉❡ ❜✐♦❧♦✲

❣✐1✉❡ ♦✉ ♣❤②0✐1✉❡✱ ❞❡ '❡❧❧❡ 0♦('❡ 1✉❡ ❧✬♦♥ ❝❤❡(❝❤❡ 8 ❛✈♦✐( 0 ≤ U ≤ 1✳

?(♦♣♦0✐'✐♦♥ ✼ ✿ ?♦✉( c < 2✱ ✐❧ ♥✬❡①✐0'❡ ♣❛0 ❞❡ 0♦❧✉'✐♦♥ u ❞❡ (FPc) ✈-(✐✜❛♥'

0 ≤ u ≤ 1✳

❉!♠♦♥%&'❛&✐♦♥✳ ❙♦✐' c < 2✳ ❖♥ 0✉♣♣♦0❡ ♣❛( ❧✬❛❜0✉(❞❡ 1✉❡ u ❡0' ✉♥❡ 0♦❧✉'✐♦♥ ❞❡

(FPc) ❛✈❡❝ 0 ≤ u ≤ 1✳ ?❛( ♣(✐♥❝✐♣❡ ❞✉ ♠❛①✐♠✉♠ ❢♦('✱ 0 < u < 1✳

❙♦✐' δ ∈]0, 1[ '❡❧ 1✉❡ c2 − 4(1 − δ) < 0✳ ❈♦♠♠❡ u
+∞−−→ 0✱ ✐❧ ❡①✐0'❡ A ∈ R

'❡❧ 1✉❡ u ✈-(✐✜❡

u′′ + cu′ + (1− δ)u = (1− δ)u − R(u) < 0 0✉( [A, +∞[.
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❙♦✐' ζ = r + iω = c
2 + i

√
4(1−δ)−c2

2 ✉♥❡ 0❛❝✐♥❡ ❞❡ X 2 − cX + 1 − δ✳ ❆❧♦0.

ϕ(x) = erx sin(ω(x − A)) ✈;0✐✜❡







ϕ′′ − cϕ′ + (1− δ)ϕ = 0 .✉0 ]A,A+ π
ω
[,

ϕ(A) = ϕ(A+ π
ω
) = 0,

ϕ′(A) > 0, ϕ′(A+ π
ω
) < 0.

❊♥ ✐♥';❣0❛♥' ❞❡✉① ❢♦✐. ♣❛0 ♣❛0'✐❡.✱ ♦♥ ❛ ❞♦♥❝

∫ A+ π

ω

A

(u′′ + cu′ + (1− δ)u)ϕ

︸ ︷︷ ︸

<0

=

∫ A+ π

ω

A

u(ϕ′′ − cϕ′ + (1− δ)ϕ
︸ ︷︷ ︸

=0

)+u(A)ϕ′(A)−u(A+π

ω
)ϕ′(A+

π

ω
) > 0

❆✐♥.✐ ♦♥ ❛❜♦✉'✐' D ✉♥❡ ❝♦♥'0❛❞✐❝'✐♦♥✱ ❡' ❧❛ ♣0♦♣♦.✐'✐♦♥ ❡.' ❞;♠♦♥'0;❡✳

❈♦0♦❧❧❛✐0❡ ✽ ✿ ❖♥ ❛ ❞♦♥❝ c∗ = 2✳

30♦♣♦.✐'✐♦♥ ✾ ✿ 3♦✉0 c ≥ c∗✱ ✐❧ ❡①✐.'❡ ✉♥ ❢0♦♥' ♣0♦❣0❡..✐❢ U .♦❧✉'✐♦♥ ❞❡ (FPc)✳

❉!♠♦♥%&'❛&✐♦♥✳ ❙♦✐' c > c∗✳ ❖♥ ♥♦'❡0❛ u∗ ❧❡ ❢0♦♥' ♣0♦❣0❡..✐❢ ❛..♦❝✐; D c∗✳ 3♦✉0

r ∈ R ❡' a ≥ 1✱ ♦♥ ❝♦♥.✐❞J0❡ ❧❡ ♣0♦❜❧J♠❡ .✉✐✈❛♥' ✿

{

u′′ + cu′ + R(u) = 0 .✉0 ]− a, a[

u(−a) = u∗(−a+ r), u(a) = u∗(a+ r).

❆❧♦0. ❧❛ '0❛♥.❧❛';❡ u∗(. + r) ❡.' ✉♥❡ .✉0✲.♦❧✉'✐♦♥ ❡' ✵ ❡.' ✉♥❡ .♦✉.✲.♦❧✉'✐♦♥ ❛✈❡❝

0 ≤ u∗✳ ❖♥ ❛ ❞♦♥❝ ❧✬❡①✐.'❡♥❝❡ ❞✬✉♥❡ .♦❧✉'✐♦♥ ura D ❝❡ ♣0♦❜❧J♠❡✳ ❉❡ ♠O♠❡ $✉✬D

❧❛ ♣0♦♣♦.✐'✐♦♥ ✸✱ ♦♥ ♣❡✉' ♣0♦✉✈❡0 $✉❡ ❧❛ .♦❧✉'✐♦♥ ❡.' ✉♥✐$✉❡ ♣❛0♠✐ ❧❡. ❢♦♥❝'✐♦♥.

✈;0✐✜❛♥' 0 ≤ u ≤ u∗✱ $✉❡

dura
dx

< 0 ❡' $✉❡ r 7→ ura ❡.' ❝♦♥'✐♥✉❡ ❞❡ R ❞❛♥. L∞✳ ❖0

♣♦✉0 r → −∞✱ u∗(−a+r) ❡' u∗(a+r) '❡♥❞❡♥' ✈❡0. ✶ ❞♦♥❝ ura ❝♦♥✈❡0❣❡ ✈❡0. ✶ ❡'

♦♥ ♣❡✉' ♠♦♥'0❡0 ❧❛ ❝♦♥✈❡0❣❡♥❝❡ ✉♥✐❢♦0♠❡ ❛✈❡❝ ✉♥ '❤;♦0J♠❡ ❞❡ ❉✐♥✐✳ ❉❡ ♠O♠❡✱

♣♦✉0 r → +∞✱ ura ❝♦♥✈❡0❣❡ ✈❡0. ✵ ✉♥✐❢♦0♠;♠❡♥'✳ ❖♥ ♣❡✉' ❞♦♥❝ ❝❤♦✐.✐0 ra '❡❧

$✉❡ uraa (0) = θ✳ ❖♥ ♣0♦❝J❞❡ ❡♥.✉✐'❡ ❞❡ ♠O♠❡ $✉✬D ❧❛ ♣0♦♣♦.✐'✐♦♥ ✻ ❡♥ ❡①'0❛②❛♥'

✉♥❡ .♦✉.✲.✉✐'❡ (an) '❡❧ $✉❡ u
ran
an ❝♦♥✈❡0❣❡ ✈❡0. ✉♥❡ ❢♦♥❝'✐♦♥ U ❞❛♥. C2 ❡' U ❡.'

❜✐❡♥ ✉♥ ❢0♦♥' ♣0♦❣0❡..✐❢ ❞❡ ✈✐'❡..❡ c ✳

■✳✺✳✻ ❋%♦♥() ♣❛%(✐❝✉❧✐❡%)

◆♦✉. ❛✈♦♥. ♠♦♥'0; $✉❡ ❧❡. ❢0♦♥'. ♣0♦❣0❡..✐❢. ♦♥' ✉♥❡ ✈✐'❡..❡ ❛✉ ♠♦✐♥. ;❣❛❧❡ D

2✳ ❘;❝✐♣0♦$✉❡♠❡♥'✱ ♣♦✉0 '♦✉' c ≥ 2 ❞♦♥♥;✱ ✐❧ ❡①✐.'❡ ✉♥ ❢0♦♥' .❡ ♣0♦♣❛❣❡❛♥' D ❧❛

✈✐'❡..❡ c ❡' .♦❧✉'✐♦♥ ❞❡ ❧✬;$✉❛'✐♦♥✳ ▲❛ ✈✐'❡..❡ ♥✬❡.' ❞♦♥❝ ♣❛. ✜①;❡✱ ❝❡ $✉✐ ❝♦♥.'✐'✉❡

✉♥❡ ❞✐✛;0❡♥❝❡ ♥♦'❛❜❧❡ ♣❛0 0❛♣♣♦0' ❛✉ ❝❛. ❜✐.'❛❜❧❡✳ ■❝✐✱ ✐❧ ② ❛ ✉♥ ❝♦♥&✐♥✉✉♠ ❞❡



✷✵ ❈❤❛♣✐'(❡ ■✳ ❚❤-♦(✐❡ ❞❡0 -1✉❛'✐♦♥0 ❞❡ (-❛❝'✐♦♥✲❞✐✛✉0✐♦♥

✈✐'❡00❡0 ❛❞♠✐00✐❜❧❡0 [2, +∞[✱ ❛❧♦(0 1✉✬✐❧ ② ❛ ✉♥❡ ✉♥✐#✉❡ ✈✐'❡00❡ ❞❡ ♣(♦♣❛❣❛'✐♦♥

❞❛♥0 ❧❡ ❝❛0 ❜✐0'❛❜❧❡✳

▲✬-✈♦❧✉'✐♦♥ ✈❡(0 ✉♥ ❢(♦♥' ❞❡ ✈✐'❡00❡ c ≥ 2 ❞♦♥♥-❡ ❡0' ❝♦♥❞✐'✐♦♥♥-❡ ♣❛( ❧✬-'❛'

A t = 0✳ ◆♦✉0 ❝♦♥❝❡♥'(♦♥0 ♥♦'(❡ -'✉❞❡ 0✉( ❞❡✉① ❢(♦♥'0 ♣❛('✐❝✉❧✐❡(0✳ D♦✉( ❝❤❛1✉❡

c ≥ 2✱ ✐❧ ② ❛ ❞♦♥❝ ✉♥ ✉♥✐1✉❡ ❢(♦♥' ✭A '(❛♥0❧❛'✐♦♥ ♣(F0✮ 0❡ ♣(♦♣❛❣❡❛♥' A ✈✐'❡00❡

c ✳ ◆♦✉0 ❞♦♥♥♦♥0 ❝✐✲❛♣(F0 ❞❡0 ❞-'❛✐❧0 ❝♦♥❝❡(♥❛♥' ❞❡✉① ❞❡ ❝❡0 ❢(♦♥'0✱ ♣♦✉( ❧❡0

✈✐'❡00❡0 2 ❡'

5√
6
✳ ▲❛ ❥✉0'✐✜❝❛'✐♦♥ ❡♥ ❡0' ❜✐❡♥ ❞✐✛-(❡♥'❡✳

✕ D♦✉( ❧❛ ✈✐'❡00❡ ♠✐♥✐♠❛❧❡✱ ✐❧ ❡0' ❧-❣✐'✐♠❡ ❞❡ ❧✬-'✉❞✐❡(✱ ❝❛( ❧❡ ❢(♦♥' 0❡ ♣(♦♣❛✲

❣❡❛♥' A ✈✐'❡00❡ 2 ❡0' ❧❛ ❧✐♠✐'❡ ♥❛'✉(❡❧❧❡ ❞✬✉♥ ❣(❛♥❞ ♥♦♠❜(❡ ❞❡ ❝♦♥❞✐'✐♦♥0

✐♥✐'✐❛❧❡0 ♥❛'✉(❡❧❧❡0✳ ❆✐♥0✐✱ '♦✉'❡ ❝♦♥❞✐'✐♦♥ ✐♥✐'✐❛❧❡ ❞❡ ❞-(✐✈-❡ A 0✉♣♣♦(' ❝♦♠✲

♣❛❝'✱ ❞❡ '②♣❡ ❢(♦♥'✱ ✈❛❧❛♥' 1 ❛✉ ✈♦✐0✐♥❛❣❡ ❞❡ −∞ ❡' 0 ❛✉ ✈♦✐0✐♥❛❣❡ ❞❡ +∞
-✈♦❧✉❡ ✈❡(0 ❧❡ ❢(♦♥' ❞❡ ✈✐'❡00❡ ♠✐♥✐♠❛❧❡✳

✕ D♦✉( ❧❛ ✈✐'❡00❡

5√
6
✱ ♥♦✉0 ❛❧❧♦♥0 ✈♦✐( 1✉❡ ❧❡0 ❝❛❧❝✉❧0 0♦♥' ❡①♣❧✐❝✐'❡0 ✭❝♦♠♠❡

❞❛♥0 ❧❡ ❝❛0 ❜✐0'❛❜❧❡✮✳ ❉❡ ♣❧✉0✱ ✐❧ ② ❛ ❥✉0'❡♠❡♥' ✉♥❡ ❢♦('❡ ❛♥❛❧♦❣✐❡ ❞❡ ❧❛

0♦❧✉'✐♦♥ ❛✈❡❝ ❝❡❧❧❡ ❞✉ ❝❛0 ❜✐0'❛❜❧❡✳ ❊♥✜♥✱

5√
6
≈ 2, 04 1✉✐ ❡0' '(F0 ♣(♦❝❤❡

❞❡ 2✳

❋!♦♥$ ❞❡ ✈✐$❡))❡ ♠✐♥✐♠❛❧❡

❇✐③❛((❡♠❡♥'✱ ❛❧♦(0 1✉❡ ❧❡ '❡(♠❡ ❞❡ (-❛❝'✐♦♥ ❡0' ♣❧✉0 0✐♠♣❧❡ 1✉❡ ❞❛♥0 ❧❡ ❝❛0

❜✐0'❛❜❧❡✱ ♥♦✉0 ♥❡ 0♦♠♠❡0 ♣❛0 ❡♥ ♠❡0✉(❡ ❞❡ ♠❡♥❡( ✉♥ ❝❛❧❝✉❧ ❝♦♠♠❡ ♥♦✉0 ❧✬❛✈♦♥0

❢❛✐' ❡♥ ■✳✹✳✹ ♣♦✉( ❧✬-1✉❛'✐♦♥ ❞❡ ❋✐'③❍✉❣❤✲◆❛❣✉♠♦✳ ◆♦✉0 ♥✬❛✈♦♥0 ❞♦♥❝ ♣❛0 ❞❡

❢♦(♠❡ ❡①♣❧✐❝✐'❡ ♣♦✉( ❧❡ ❢(♦♥' ❞❡ ✈✐'❡00❡ 2✳

❋!♦♥$ ❞✐$ ❞✬❆❜❧♦✇✐$③

❈❡ ❢(♦♥' ❛ -'- ♦❜'❡♥✉ ♣❛( ❆❜❧♦✇✐'③ ❡' ❩❡♣♣❡'❡❧❧❛ ❬❆❩✼✾❪ ❞❡ ❧❛ ❢❛Y♦♥ 0✉✐✈❛♥'❡✳

❈❤❡(❝❤♦♥0 ❞✬❛❜♦(❞ 1✉❡❧ '②♣❡ ❞❡ ♣Z❧❡ ✉♥❡ 0♦❧✉'✐♦♥ ♣❡✉' ❛✈♦✐(✳ ❙✐ U(z) ∼ kz−α✱
❛❧♦(0 ❧❡0 '❡(♠❡0 ❡♥ U ′′ ❡' ❡♥ U2

❞♦✐✈❡♥' 0✬-1✉✐❧✐❜(❡(✳ ❉✬♦\

U ′′ ∼ kα(α+ 1)z−α−2 = k2z−2α ∼ U2.

❈❡❧❛ ❞♦♥♥❡ α = 2 ❡' k = 6 ♣♦✉( ✉♥❡ 0♦❧✉'✐♦♥ ♥♦♥✲'(✐✈✐❛❧❡✳ ❖♥ ❝❤❡(❝❤❡ ❞♦♥❝ U

0♦✉0 ❧❛ ❢♦(♠❡

U(z) =
6

z2
+

a−1
a

+
∑

i∈N
ai z

i

❊♥ 0✉❜0'✐'✉❛♥' ❝❡''❡ ❤②♣♦'❤F0❡ ❞❛♥0 ❧✬-1✉❛'✐♦♥✱ ♦♥ '(♦✉✈❡ ❞❡ ♣(♦❝❤❡ ❡♥ ♣(♦❝❤❡

a−1, a0, a1, a2, a3 ❝♦♠♠❡ ❢♦♥❝'✐♦♥0 ❞❡ c ✳ ❯♥ ♣(♦❜❧F♠❡ ❛♣♣❛(❛_' ❝❡♣❡♥❞❛♥' ❧♦(0✲

1✉✬♦♥ ❝❤❡(❝❤❡ a4✳ ▲✬-1✉❛'✐♦♥ ❡0'

0× a4 +
100

40

(c

5

)2
− 720

8

(c

5

)6
= 0,
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❞✬♦7 c = 5√
6
✳ 3♦✉0 ❝❡''❡ ✈✐'❡..❡✱ ❧❡. ✈❛❧❡✉0. ♣0♦♣0❡. ❞❡ ❧✬=$✉❛'✐♦♥ ❧✐♥=❛0✐.=❡ ❛✉

✈♦✐.✐♥❛❣❡ ❞❡ (0, 0) .♦♥' λ1 =
−2√
6

❡' λ2 =
−3√
6
✱ ❞✬♦7 ❧✬❡①♣0❡..✐♦♥ ❞❡ U ✿

U(z) =

+∞∑

n=2

an exp

(
nz√
6

)

❖♥ '0♦✉✈❡ ❡♥.✉✐'❡ ❧❡. an ♣❛0 0=❝✉00❡♥❝❡✱ ❝❡ $✉✐ ❞♦♥♥❡

U(z) =
1

(

1 + C1 exp
(

z√
6

))2
.

❈❡''❡ .♦❧✉'✐♦♥ ❡①♣❧✐❝✐'❡ ❡.' ❧❛ .❡✉❧❡ ❝♦♥♥✉❡ ♣♦✉0 ❧✬=$✉❛'✐♦♥ ❞❡ ❋✐.❤❡0✕❑33✳

◆♦✉. ❞♦♥♥♦♥. ❝✐✲❞❡..♦✉. ✉♥ ❛✉'0❡ ♠♦②❡♥ ❞❡ '0♦✉✈❡0 ❝❡''❡ .♦❧✉'✐♦♥ ❡①♣❧✐❝✐'❡

❞❡ ❧✬=$✉❛'✐♦♥ ❞❡ ❋✐.❤❡0✕❑33✱ G ❧❛ ❝♦♥❞✐'✐♦♥ ❞❡ ♣♦✉✈♦✐0 ❥✉.'✐✜❡0 ❧✬❤②♣♦'❤J.❡

V = C0U(
√
U − 1), ✭■✳✶✻✮

♦♥ ♦❜'✐❡♥'

dV

dU
= C0

(
3

2

√
U − 1

)

.

30=❝=❞❡♠♠❡♥' ❧❡ ❝❛❧❝✉❧ ❛ ❞♦♥♥=

dV

dU
=

U(U − 1)

V
− c ,

❡' ❞♦♥❝ ✐❝✐ ✐❧ ✈✐❡♥'

dV

dU
=

U − 1

C0(
√
U − 1)

− c .

◆♦✉. ✈♦✉❧♦♥. ❞♦♥❝ =❣❛❧✐.❡0 ❝❡. ❞❡✉① ❡①♣0❡..✐♦♥. ✿

C0

(
3

2

√
U − 1

)

=
U − 1

C0(
√
U − 1)

− c ,

.♦✐' ❡♥❝♦0❡

3C0

2

√
U − C0 =

1

C0
(
√
U + 1)− c .

❈❡ .♦♥' ❞❡. ❡①♣0❡..✐♦♥. ❛✣♥❡. ❞❡

√
U ❡' ❞♦♥❝ ♥♦✉. =❣❛❧✐.♦♥. ❧❡. ❝♦❡✣❝✐❡♥'.✱ ❝❡

$✉✐ ❞♦♥♥❡ 





3C0

2
=

1

C0

−C0 =
1

C0
− c

▲❛ ♣0❡♠✐J0❡ 0❡❧❛'✐♦♥ ❞♦♥♥❡ C0 = ±
√

2
3 ❡' ❧❛ .❡❝♦♥❞❡ ❞♦♥♥❡ ❡♥.✉✐'❡ c = ± 5√

6
✳

◆♦✉. ❝❤♦✐.✐..♦♥. ❧❡. .✐❣♥❡. + ❡' ❝♦♥'✐♥✉♦♥. ❧❡ ❝❛❧❝✉❧✳ 3✉✐.$✉❡ U ′ = V ✱ ♦♥ ♦❜'✐❡♥'

U ′ = −
√

2

3
U(1−

√
U)



✷✷ ❈❤❛♣✐&'❡ ■✳ ❚❤,♦'✐❡ ❞❡/ ,0✉❛&✐♦♥/ ❞❡ ',❛❝&✐♦♥✲❞✐✛✉/✐♦♥

0✉❡ ❧✬♦♥ ♣❡✉& ✐♥&,❣'❡' ❡♥

U(z) =
1

(

1 + C1 exp
(

z√
6

))2

❡& ❝❡❧❛ /✬❡①♣'✐♠❡ ♣♦✉' ❧❛ ❢♦♥❝&✐♦♥ u ✐♥✐&✐❛❧❡

u(x , t) =
1

(

1 + C1 exp
(
x−ct√

6

))2
.

<♦✉' ❧❛ ❝♦♠♠♦❞✐&, ❞❡/ ❝❛❧❝✉❧/ ✉❧&,'✐❡✉'/ ❡& ♣❛' ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡ ❝❛/ ❜✐/&❛❜❧❡✱

♥♦✉/ ❛✐♠❡'✐♦♥/ ❞,✜♥✐' ❧❛ ♣♦/✐&✐♦♥ ✭❝❡♥&'❛❧❡✮ ❝♦♠♠❡ ,&❛♥& ,❣❛❧❡ C ct ♣♦✉' u✱ /♦✐&

0 ♣♦✉' U✳ <♦✉' ❝❡❧❛✱ ✐❧ ❡/& ♥,❝❡//❛✐'❡ ❞✬✉&✐❧✐/❡' ❧❛ ❝♦♥/&❛♥&❡ C1✳ ❙✐ ❧✬♦♥ ♥❡ /✬❡♥

/♦✉❝✐❡ ♣❛/ ✲ ❡♥ ❧❛ ✜①❛♥& C 1 ♣❛' ❡①❡♠♣❧❡ ✲ ❧❡ ❝❛'', /✐&✉, ❛✉ ❞,♥♦♠✐♥❛&❡✉' ❢❛✐&

0✉❡ U ✈❛✉&

1
4 ❡♥ 0 ❡& ♥♦✉/ ♥❡ ♣♦✉''✐♦♥/ ♣❛/ ❞,✜♥✐' 0 ❝♦♠♠❡ ❧❡ ❝❡♥&'❡ ❞✉ ❢'♦♥&✳

❆✐♥/✐✱ ♥♦✉/ ♣'❡♥♦♥/ C1 =
√
2− 1✱ ❞❡ &❡❧❧❡ /♦'&❡ 0✉❡

U(z) =
1

(
1 + (

√
2− 1) exp (z)

)2

▲❡ ❧❡❝&❡✉' ♣'❡♥❞'❛ ❣❛'❞❡ ❛✉ ❢❛✐& 0✉❡ ♥♦✉/ ❛✈♦♥/ ❝❤❛♥❣, ❞❡ U ♣❛' '❛♣♣♦'& C ❝❡❧✉✐

✉&✐❧✐/, ❞❛♥/ ❧❡ ❝❛❧❝✉❧✱ ❝❤❛♥❣❡♠❡♥& 0✉✐ ✈❛ ♥♦✉/ ♣❡'♠❡&&'❡ ❞❡ ❞,✜♥✐' ✉♥❡ ❧❛'❣❡✉'

&♦✉& C ❢❛✐& ♥❛&✉'❡❧❧❡✳ ▲✬❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡ ❝❛/ ❜✐/&❛❜❧❡ ❡/& ❣'❛♥❞❡✱ ❡& ♥♦✉/ ',/✉♠♦♥/

❧❡/ ♣'♦♣'✐,&,/ ❞❡ ❝❡ ❢'♦♥& ❞❛♥/ ❧❛ ❧✐/&❡ /✉✐✈❛♥&❡✳

✕ ❈❡ ❢'♦♥& ❡/& ❛✉//✐ /&'✐❝&❡♠❡♥& ❞,❝'♦✐//❛♥&✱ ❞❡ ❧✐♠✐&❡/ 1 ❡♥ −∞✱ 0 ❡♥ +∞ ❀

/❛ ♣♦/✐&✐♦♥ ❝❡♥&'❛❧❡ z0 ❡/& 0 ❡& ✐❧ ❡/& /②♠,&'✐0✉❡ ♣❛' '❛♣♣♦'& C ❝❡❧❧❡✲❝✐✳

◆♦✉/ ❞,✜♥✐//♦♥/ /❛ ❧❛'❣❡✉' ❡♥ ♣'❡♥❛♥& η = 1
2 − 1

(1+(
√
2−1)e)2 ✱ ❝❡ 0✉✐ ❢❛✐&

0✉❡ ♥♦✉/ ❛✈♦♥/ ✐❝✐ ❛✉//✐ y = 1 ✭♦♥ ✈♦✐& 0✉✬✐❧ ✐♠♣♦'&❡ ♣❡✉ 0✉❡ ❧❛ ✈❛❧❡✉' ❞❡

η /♦✐& ❝♦♠♣❧✐0✉,❡✱ ❝❛' ❝✬❡/& y 0✉✐ ❛ ❞✉ /❡♥/✮✳

✕ <♦✉' u ❝❡/ ❞,✜♥✐&✐♦♥/ /❡ &'❛♥/♣♦/❡♥& ❛✐♥/✐ ✿ x0 ❧❛ ♣♦/✐&✐♦♥ ❝❡♥&'❛❧❡ ❡/& ct

❡& w ❧❛ ❧❛'❣❡✉' ❡/& ,❣❛❧❡ C

√
6✳

✕ ▲❡ ❢'♦♥& U ❛ ✉♥❡ ❞,'✐✈,❡ C ❞,❝'♦✐//❛♥❝❡ '❛♣✐❞❡ ❛✉ ✈♦✐/✐♥❛❣❡ ❞❡ ❧✬✐♥✜♥✐✳

✕ ■❝✐ ❡♥❝♦'❡✱ &♦✉&❡ ❧✬✐♥❢♦'♠❛&✐♦♥ /✉' ❧❡ ❢'♦♥& ❡/& ❝♦♥&❡♥✉❡ ❞❛♥/ ❧❛ ❝♦♥♥❛✐/✲

/❛♥❝❡ ❞❡ /❛ ♣♦/✐&✐♦♥ ❝❡♥&'❛❧❡ ❡& ❞❡ /❛ ❧❛'❣❡✉'✳

■✳✺✳✼ ➱%✉❛(✐♦♥ ♥♦♥ ❛❞✐♠❡♥/✐♦♥♥0❡

◆♦✉/ ❡①❛♠✐♥♦♥/ ✐❝✐ ❧❡ ❝❛/ ♦L ❧❛ ',❛❝&✐✈✐&, s ❝♦♥/&❛♥&❡ ❡/& ❝♦♥/❡'✈,❡ ❞❛♥/

❧✬,0✉❛&✐♦♥ ✿

∂tu = ∆u + s u(1− u) ✭■✳✶✼✮

❈❡❧❛ ✈❛ ♥♦✉/ ♣❡'♠❡&&'❡ ❞✬♦❜&❡♥✐' ❞❡ ❧❛ ♠O♠❡ ♠❛♥✐P'❡ ❧❡/ ❞,♣❡♥❞❛♥❝❡/ ❡♥ s ❞❡/

♣❛'❛♠P&'❡/ ♣♦/✐&✐♦♥ ❡& ✈✐&❡//❡✱ ❡♥ ❢❛✐/❛♥& ❧❡ ❝❤❛♥❣❡♠❡♥& ❞❡ ✈❛'✐❛❜❧❡

{

t ′ = αt,

x ′ = βx ,
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❝❡ $✉✐ ❞♦♥♥❡

α∂t′u = β2∆x ′u + s u(1− u).

❋❛✐.❛♥' ❧✬❤②♣♦'❤;.❡ $✉❡ s ♥✬❡.' ♣❛. ♥✉❧✱ ✐❧ ✈✐❡♥'

α

s
∂t′u =

β2

s
∆x ′u + u(1− u)

❡' ❞♦♥❝✱ ♣0❡♥❛♥' α = s ❡' β =
√
s✱ ♦♥ .❡ 0❛♠;♥❡ ? ❧✬@$✉❛'✐♦♥ ✭■✳✶✹✮✳ ▲❡. 0@.✉❧'❛'.

♣0@❝@❞❡♥'. .✬❛♣♣❧✐$✉❡♥' ❞♦♥❝✱ ❡' ♥♦'❛♠♠❡♥' ♦♥ ❛ ✿

u(x , t) = ũ(x ′, t ′)

= Ũ(x ′ − c ′t ′)

= Ũ
(
x
√
s − c ′ts

)

= Ũ
(√

s(x − ct)
)

= U(x − ct),

❛✈❡❝

c = c ′
√
s,

♦G c ′ ❞@.✐❣♥❡ ❧✬✓❛♥❝✐❡♥♥❡✔ ✈✐'❡..❡✱ ❡' c ❧❛ ✓♥♦✉✈❡❧❧❡✔✳ 3♦✉0 ❧❛ ❧❛0❣❡✉0✱ ♦♥ ❛ ❧❛

❢♦0♠✉❧❡

w =
w ′√
s
.

❉❛♥. ❧✬❡①❡♠♣❧❡ ❞✉ ❢0♦♥' ❞✬❆❜❧♦✇✐'③✱ ♦♥ '0♦✉✈❡ ✿

u(x , t) =
1

(
1 + (

√
2− 1) exp

(√
s
6(x − ct)

))2

❛✈❡❝

c = 5

√
s

6
. ✭■✳✶✽✮

▲❛ ❧❛0❣❡✉0 ❞✉ ❢0♦♥' ❡.' ✿

w =

√

6

s
. ✭■✳✶✾✮

❖♥ ♣❡✉' 0@.✉♠❡0 ❝❡❧❛ ❞❡ ❧❛ ♠❛♥✐;0❡ .✉✐✈❛♥'❡ ✿







U(z) =
1

(
1 + (

√
2− 1) exp (z)

)2
z0 = 0 y = 1

u(x , t) =
1

(
1 + (

√
2− 1) exp

(√
s
6(x − ct)

))2
x0 = ct w =

√

6

s
c = 5

√
s

6

▲❡. ❝❛.✲❧✐♠✐'❡. .♦♥' .✐♠✐❧❛✐0❡. ✿

✕ s ≪ 1 ❝♦00❡.♣♦♥❞ ? ✉♥ ❢0♦♥' ❧❛0❣❡ ❡' ❧❡♥'✱

✕ s ≫ 1 ? ✉♥ ❢0♦♥' 0❛✐❞❡ ❡' 0❛♣✐❞❡✳

■❧ .❡0❛ ✐♥'@0❡..❛♥' ❞✬@'✉❞✐❡0 ❧❡. ❝❛. ♦G s ✈❛0✐❡✱ ❝❡ $✉✐ ❡.' ❢❛✐' ❛✉ ❝❤❛♣✐'0❡ ■❱✳
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❲❡ "❤♦✇ ✐♥ (❤✐" ❝❤❛♣(❡, ♦✉, ♠♦❞❡❧✱ ❛♥❞ ♦✉, ♥✉♠❡,✐❝❛❧ ♠❡(❤♦❞"✳

❚❤❡♥ ✇❡ ♣,❡"❡♥( (❤❡ ♠❛✐♥ ,❡"✉❧( ♦❢ (❤✐" (❤❡"✐"✱ ❛ ❝♦♥✈❡,❣❡♥❝❡ ,❡"✉❧( ♦❢

❛♥② "♦❧✉(✐♦♥ (♦ (❤❡ ❣❡♥❡,❛❧✐③❡❞ (,❛✈❡❧❧✐♥❣ ✇❛✈❡✳ ❚❤❡ ❛♥❛❧②"✐" ✐" ❜❛"❡❞

♦♥ ❜❛❧❛♥❝❡ ❧❛✇"✱ ❛♥❞ ❣✐✈❡" (❤❡ ❡✈♦❧✉(✐♦♥ ♦❢ ❝♦❧❧❡❝(✐✈❡ ❝♦♦,❞✐♥❛(❡"✳

❘("✉♠(

✶

❉❛♥" ❝❡ ❝❤❛♣✐(,❡✱ ♥♦✉" ❝♦♠♠❡♥;♦♥" ♣❛, ❞♦♥♥❡, ✉♥ ❛♣❡,;✉ ❞❡" ♠♦✲

(✐✈❛(✐♦♥" =✉✐ ♥♦✉" ✐♥❝✐(❡♥( > ?(✉❞✐❡, ❧❡" ♠✐❧✐❡✉① ❤?(?,♦❣A♥❡"✳ ◆♦✉"

♣♦"♦♥" ✉♥❡ ♣,♦❜❧?♠❛(✐=✉❡ ❡( ❥✉"(✐✜♦♥" ❧❡ ❜❡"♦✐♥ ❞✬✉♥❡ ♠♦❞?❧✐"❛✲

(✐♦♥ ✐❞♦✐♥❡✳ ◆♦✉" ❞♦♥♥♦♥" ✉♥ (❡❧ ♠♦❞A❧❡✱ ❛✈❛♥( ❞❡ ❝♦♠♠❡♥❝❡, "♦♥

?(✉❞❡✱ ♥✉♠?,✐=✉❡ ❡( ❛♥❛❧②(✐=✉❡✳ ❉❛♥" ✉♥ ♠♦❞A❧❡ "(❛♥❞❛,❞✐"?✱ ❞❡"

❧♦✐" ❞✬?=✉✐❧✐❜,❡ "✐♠♣❧❡" ❢♦✉,♥✐""❡♥( ❧✬?✈♦❧✉(✐♦♥ ❞❡" ❝♦♦,❞♦♥♥?❡" ❝♦❧✲

❧❡❝(✐✈❡"✳

❙♦♠♠❛✐%❡

■■✳✶ ❈❤♦✐① ❞✉ ♠♦❞+❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

■■✳✷ ➱1❛❜❧✐44❡♠❡♥1 ❞✉ ♠♦❞+❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

■■✳✷✳✶ ❉%❢❛✉) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

■■✳✷✳✷ ❈♦♥❞✐)✐♦♥0 ✐♥✐)✐❛❧❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

■■✳✷✳✸ ➱❝❤❡❧❧❡0 ❡♥ ❥❡✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✶✳ ❈❡$%❛✐♥) $*)✉❧%❛%) ❞❡ ❝❡ ❝❤❛♣✐%$❡ ❡% ❞✉ )✉✐✈❛♥% ♦♥% *%* ♣✉❜❧✐*) ❞❛♥) ❬❈❙✶✶❪ ✿ ❘❡❛❝$✐♦♥✲

❞✐✛✉,✐♦♥ ❢.♦♥$ ❝.♦,,✐♥❣ ❛ ❧♦❝❛❧ ❞❡❢❡❝$✱ ❏✳●✳ ❈❛♣✉%♦ ❡% ❇✳ ❙❛$❡❧)✱ <❤②)✳ ❘❡✈✳ ❊ ✽✹✱ ✵✹✶✶✵✽

✷✺



✷✻ ❈❤❛♣✐'(❡ ■■✳ ➱-✉❛'✐♦♥1 ❞❡ (3❛❝'✐♦♥✲❞✐✛✉1✐♦♥ ❞❛♥1 ❞❡1 ♠✐❧✐❡✉① ❤3'3(♦❣;♥❡1

■■✳✷✳✹ $%♦❣%❛♠♠❡ ✿ ❢♦%♠✉❧❡/ 0 ❣1♥1%❛❧✐/❡%✱ ❝❛/ 0 ❝♦♥/✐❞1%❡% ✸✷

■■✳✸ ▼$%❤♦❞❡* ♥✉♠$.✐0✉❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

■■✳✸✳✶ ❘1/♦✉❞%❡ ✉♥❡ 1:✉❛;✐♦♥ ❞❡ %1❛❝;✐♦♥✲❞✐✛✉/✐♦♥ ❡♥ ✉♥❡

❞✐♠❡♥/✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

■■✳✸✳✷ ❆♣♣%♦❝❤❡% ❧❡ ❢%♦♥; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

■■✳✹ ❙%❛♥❞❛.❞✐*❛%✐♦♥ ❞✉ ♠♦❞4❧❡ ✿ ❛♥❛❧②*❡ ❡♥ ❝♦♦.❞♦♥✲

♥$❡* ❝♦❧❧❡❝%✐✈❡* ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

■■✳✹✳✶ ❯♥❡ ♣(❡♠✐+(❡ ❛♣♣(♦❝❤❡ ✿ ❡12✐♠❛2✐♦♥ ❞❡ ❧❛ ✈✐2❡11❡ ✳ ✸✻

■■✳✹✳✷ ❘❛✣♥❡♠❡♥2 ✿ ♣♦1✐2✐♦♥ ❡2 ❧❛(❣❡✉( ❞✉ ❢(♦♥2 ✳ ✳ ✳ ✳ ✳ ✸✽

■■✳✹✳✸ ?(❡♠✐+(❡ ❧♦✐ ❞✬AB✉✐❧✐❜(❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

■■✳✹✳✹ ❉❡✉①✐+♠❡ ❧♦✐ ❞✬AB✉✐❧✐❜(❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

■■✳✹✳✺ ❆✉2(❡1 ❧♦✐1 ❞✬AB✉✐❧✐❜(❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

■■✳✹✳✻ ❊①♣❧✐❝✐2❛2✐♦♥ ❞❡1 AB✉❛2✐♦♥1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

■■✳✹✳✼ ●A♥A(❛❧✐1❛2✐♦♥ L ❞✬❛✉2(❡1 ❞A❢❛✉21 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹



■■✳✶✳ ❈❤♦✐① ❞✉ ♠♦❞+❧❡ ✷✼

■■✳✶ ❈❤♦✐① ❞✉ ♠♦❞+❧❡

0♦✉1 12♣♦♥❞1❡ ❛✉① 6✉❡78✐♦♥7 7♦✉❧❡✈2❡7 ❞❛♥7 ❧✬✐♥81♦❞✉❝8✐♦♥✱ ❧❛ ♣1❡♠✐+1❡ 28❛♣❡

❞✉ 81❛✈❛✐❧ ❡78 ❧❛ ♠♦❞2❧✐7❛8✐♦♥ ❞✉ ♣1♦❜❧+♠❡✳ 0♦✉1 8❡♥✐1 ❝♦♠♣8❡ ❞❡ ❧✬❤2821♦❣2✲

♥2✐82 ❞❡ ❧✬❡♥✈✐1♦♥♥❡♠❡♥8✱ ♣❧✉7✐❡✉17 ♣♦77✐❜✐❧✐827 ❞❡ ♠♦❞2❧✐7❛8✐♦♥ ❡①✐78❡♥8✳ ◆♦✉7

❡♥ ♣127❡♥8♦♥7 ❞❡✉① ✿ ❧❡7 ♠♦❞+❧❡7 ❝♦♠♣❛18✐♠❡♥8❛✉① ❡8 ❧❡7 ♠♦❞+❧❡7 ❡①♣❧✐❝✐8❡♠❡♥8

7♣❛8✐♦✲❞2♣❡♥❞❛♥87✳

❉❛♥7 ✉♥ ♠♦❞+❧❡ ❝♦♠♣❛18✐♠❡♥8❛❧✱ ❧❡ ❞♦♠❛✐♥❡ ❝♦♥7✐❞212 ❡78 ❞2❝♦✉♣2 ❡♥ 12❣✐♦♥7

Ωi , i = 1, ... ,N 8❡❧❧❡7 6✉❡ ∪iΩi ❢♦1♠❡ ✉♥❡ ♣❛18✐8✐♦♥ ❞✉ ❞♦♠❛✐♥❡✳ ❉❛♥7 ❝❤❛6✉❡

12❣✐♦♥ ♦♥ 7❡ ❞♦♥♥❡ si ❡8 di ❞❡7 ❝♦♥78❛♥8❡7✱ ❡8 ♦♥ ❛

∂tui = di ∆ui + si Ri (ui ), ✭■■✳✶✮

❛✐♥7✐ 6✉❡ ❞❡7 ❝♦♥❞✐8✐♦♥7 ❛✉① ❜♦1❞7✳ ❈❡7 ❞❡1♥✐+1❡7 ♣❡✉✈❡♥8 F81❡ ✈❛1✐2❡7✱ 8♦✉8❡✲

❢♦✐7 ❧❡7 ♠♦❞+❧❡7 ✐♥821❡77❛♥87 ♣♦7❡♥8 ❞❡7 ❝♦♥❞✐8✐♦♥7 ❞❡ ❝♦♥8✐♥✉✐82 ♣♦✉1 u ♦✉ 7❛

❞21✐✈2❡ 7♣❛8✐❛❧❡✳ ❊♥ ✉♥❡ ❞✐♠❡♥7✐♦♥✱ ♦♥ ❛ 8②♣✐6✉❡♠❡♥8 Ω1 =] − ∞, x1[, Ωi =
]xi−1, xi [, ΩN =]xN−1, +∞[ ✭❛✈❡❝ (xi ) ✉♥❡ 7✉✐8❡ ❞❡ 12❡❧7 781✐❝8❡♠❡♥8 ❝1♦✐77❛♥8❡✮

❡8 ❧❡7 ❝♦♥❞✐8✐♦♥7 ❛✉① ❜♦1❞7 7✬2❝1✐✈❡♥8 ✿

{

ui (x
−
i , t) = ui+1(x

+
i , t) ∀t ∈ R+ ∀i ∈ I

∂xui (x
−
i , t) = ∂xui+1(x

+
i , t) ∀t ∈ R+ ∀i ∈ J

❛✈❡❝ (I , J) ✉♥❡ ♣❛18✐8✐♦♥ ❞❡ {1, ... ,N − 1}✳ ❈❡7 26✉❛8✐♦♥7 7❡ 127♦❧✈❡♥8 ♥❛8✉1❡❧❧❡✲

♠❡♥8 12❣✐♦♥ ♣❛1 12❣✐♦♥✱ ❞❛♥7 ❧❡ 7❡♥7 ❞❡ ♣1♦♣❛❣❛8✐♦♥✳

❉❛♥7 ✉♥ ♠♦❞+❧❡ 7♣❛8✐♦✲❞2♣❡♥❞❛♥8✱ ♦♥ ❛✉8♦1✐7❡ ❧❡7 ♣❛1❛♠+81❡7 I F81❡ ❞❡7

❢♦♥❝8✐♦♥7 ✿

∂tu = d(x) ∆u + s(x) R(u, x). ✭■■✳✷✮

❆✐♥7✐✱ ❝❡ 8②♣❡ ❞❡ ♠♦❞+❧❡ ❡78✲✐❧ ♣❧✉7 ✜♥ 6✉❡ ❧❡ ♠♦❞+❧❡ ♣12❝2❞❡♥8 ❡♥ ❝❡ 6✉✐ ❝♦♥❝❡1♥❡

❧❡7 ✈❛1✐❛8✐♦♥7 ❞❡7 ♣❛1❛♠+81❡7✳ ■❧ 2✈✐8❡ 2❣❛❧❡♠❡♥8 ❞❡ 7❡ ♣♦7❡1 ❧❡7 6✉❡78✐♦♥7 ❞❡7

❝♦♥❞✐8✐♦♥7 ❛✉① ❜♦1❞7 ✐♥821✐❡✉17✳ ▲❡ ♠♦❞+❧❡ 7♣❛8✐♦✲❞2♣❡♥❞❛♥8 ❡78 ❞♦♥❝ ♣12❢212

❞❛♥7 ❧❛ ♠❛❥♦1✐82 ❞❡7 ❝❛7 ♣1❛8✐6✉❡7✳ ▲✬✉8✐❧✐7❛8✐♦♥ ❞✬✉♥ ♠♦❞+❧❡ ❝♦♠♣❛18✐♠❡♥8❛❧ ❡78

8♦✉❥♦✉17 ❥✉78✐✜2❡ ♣❛1 ❞✬❛✉81❡7 ❝♦♥7✐❞21❛8✐♦♥7 ❬◆❙❙✾✼❪✳

♣

♣ ♣

■■✳✷ ➱0❛❜❧✐33❡♠❡♥0 ❞✉ ♠♦❞+❧❡

❘❡❣❛1❞♦♥7 ❞✬❛❜♦1❞ ❧❡ ❝❛7 ♦S ❧❡ 8❡1♠❡ ❞❡ 12❛❝8✐♦♥ R ❞2♣❡♥❞ ❞❡ ❧✬❡7♣❛❝❡✳ ❉❛♥7

❧✬❡①❡♠♣❧❡ ❞❡ ❋✐7❤❡1✕❑00✱ 7✐ ❧✬♦♥ ✈❡✉8 ❝♦♥7❡1✈❡1 ❧✬❛❧❧✉1❡ ❞❡ R ✱ ♦♥ ♣❡✉8 ✐♠❛❣✐♥❡1

✉♥❡ ❝♦11❡❝8✐♦♥ ❞✉ 8②♣❡

R(u) = u(1 + ε(x)− u),



✷✽ ❈❤❛♣✐'(❡ ■■✳ ➱-✉❛'✐♦♥1 ❞❡ (3❛❝'✐♦♥✲❞✐✛✉1✐♦♥ ❞❛♥1 ❞❡1 ♠✐❧✐❡✉① ❤3'3(♦❣;♥❡1

♣♦✉( (❡♣(31❡♥'❡( ✉♥ ❝❤❛♥❣❡♠❡♥' ❞❡ ❧❛ ❝❛♣❛❝✐'3 ❞✬❛❝❝✉❡✐❧ ❞3✜♥✐❡ ❡♥ ■✳✶✳ ❉❛♥1

❧✬❡①❡♠♣❧❡ ❞❡ ❋✐'③❍✉❣❤✲◆❛❣✉♠♦✱ 1✐ ❞❡ ❧❛ ♠E♠❡ ♠❛♥✐;(❡ ♦♥ ❣❛(❞❡ ❧✬❛1♣❡❝' ❞❡ R ✱

♦♥ ❡11❛✐❡ ♥❛'✉(❡❧❧❡♠❡♥' ✉♥❡ ♥♦♥✲❧✐♥3❛(✐'3 ❞✉ '②♣❡

R(u) = u(1− u)(u − a(x)),

♦G ❧✬♦♥ ❥♦✉❡ ❝❡''❡ ❢♦✐1 1✉( ❧❡ ③3(♦ ✐♥'❡(♠3❞✐❛✐(❡ ❡♥'(❡ 0 ❡' 1 ❬❘❛1✰✵✽❪✳

▲♦(1-✉❡ ❧✬♦♥ ❢❛✐' ♣♦('❡( ❧✬❤3'3(♦❣3♥3✐'3 ✉♥✐-✉❡♠❡♥' 1✉( ❧❡1 ♣❛(❛♠;'(❡1 ❞❡

❧✬3-✉❛'✐♦♥ ✭■■✳✷✮ ✭❞♦♥❝ 1❛♥1 ❢❛✐(❡ ♣♦('❡( ❧✬❤3'3(♦❣3♥3✐'3 1✉( ❧❡1 ♣❛(❛♠;'(❡1 ❞✉

♠♦❞;❧❡ ❛✈❛♥' ❛❞✐♠❡♥1✐♦♥♥❡♠❡♥' ❡' ❝❤❛♥❣❡♠❡♥' ❞✬3❝❤❡❧❧❡✮✱ ♦♥ ♦❜'✐❡♥' ❧✬3-✉❛'✐♦♥

∂tu = d(x) ∆u + s(x) R(u). ✭■■✳✸✮

❈❡''❡ 3-✉❛'✐♦♥ ❛11❡③ 1②♠3'(✐-✉❡ ❡1' '(;1 ♥❛'✉(❡❧❧❡✳ ❘❡♠❛(-✉♦♥1 ✐❝✐ -✉❡ ❧❡ ❝❤❛♥✲

❣❡♠❡♥' ❞✬3❝❤❡❧❧❡ -✉✬♦♥ 1❡(❛✐' '❡♥'3 ❞✬✐♥'(♦❞✉✐(❡ ♣♦✉( 1❡ ❞3❜❛((❛11❡( ❞❡ ❧✬✉♥ ♦✉

❧✬❛✉'(❡ ❞❡1 ❝♦❡✣❝✐❡♥'1 3❝❤♦✉❡ ❝❛( ❛❧♦(1 ✉♥ '❡(♠❡ ❡♥ ∂xu 1✉(❣✐' ✿

∂2u

∂x2
=

∂2u

∂x ′2

(
dx ′

dx

)2

+
∂u

∂x ′

(
d2x ′

dx2

)2

▲✬3-✉❛'✐♦♥ ❞❡ (3❛❝'✐♦♥✲❞✐✛✉1✐♦♥ ❞❡✈✐❡♥' ❞♦♥❝ ✉♥❡ 3-✉❛'✐♦♥ ❞❡ '(❛♥1♣♦('✲(3❛❝'✐♦♥✲

❞✐✛✉1✐♦♥✳ ■❧ ♥✬❡1' ♣❛1 ❞❡ ♥♦'(❡ ♣(♦♣♦1 ❞✬3'✉❞✐❡( 1❡♠❜❧❛❜❧❡ 3-✉❛'✐♦♥✱ ❝❡♣❡♥❞❛♥'

♥♦✉1 ♣❡♥1♦♥1 -✉❡ ❧❡1 (31✉❧'❛'1 1❡(❛✐❡♥' 1✐♠✐❧❛✐(❡1✳

▲❡ ❜✐❧❛♥ ❞❡ ❝❡''❡ ❞✐1❝✉11✐♦♥ ❡1' -✉❡ ♥♦✉1 ♥♦✉1 (❡1'(❡✐♥❞(♦♥1 W ❢❛✐(❡ ✈❛(✐❡( d

♦✉ s✱ ♠❛✐1 ♣❛1 ❧❡1 ❞❡✉①✳ ◆♦✉1 ❢❛✐1♦♥1 ❧❡ ❝❤♦✐① ❞❡ ❢❛✐(❡ ✈❛(✐❡( s✱ ❞✬♦G ❧✬3-✉❛'✐♦♥ ✿

∂tu = d ∆u + s(x) R(u), ✭■■✳✹✮

❡' ❡♥✜♥ ❧❛ ❝♦♥1'❛♥'❡ d ♣❡✉' E'(❡ ❡♥❧❡✈3❡ ✭-✉✐''❡ W ❢❛✐(❡ ❧❡ ❝❤❛♥❣❡♠❡♥' ❞✬3❝❤❡❧❧❡

(t ′ = t, x ′ = x√
d
)✮ ✿

∂tu = ∆u + s(x) R(u), ✭■■✳✺✮

◆♦✉1 (33❝(✐✈♦♥1 ♠❛✐♥'❡♥❛♥' ❧❡ ♣(♦❜❧;♠❡ ❡♥ '❡♥❛♥' ❝♦♠♣'❡ ❞❡1 ❝♦♥❞✐'✐♦♥1

✐♥✐'✐❛❧❡1 ❡' ❞❡1 ❝♦♥❞✐'✐♦♥1 ❛✉① ❧✐♠✐'❡1 ❞✉ ❞♦♠❛✐♥❡✳ ❊♥ ✉♥❡ ❞✐♠❡♥1✐♦♥ ❞✬❡1♣❛❝❡✱

♥♦'(❡ ❞♦♠❛✐♥❡ 1❡(❛ ❞❡ ❧❛ ❢♦(♠❡ ] − A,A[✱ ❛✈❡❝ A 3✈❡♥'✉❡❧❧❡♠❡♥' ✐♥✜♥✐✳ ▲❡ ❝❛1

♦G ❧✬♦♥ ❝♦♥1✐❞;(❡ R '♦✉' ❡♥'✐❡( ❡1' ❧❡ ♣❧✉1 1✐♠♣❧❡✱ 3❝(✐✈♦♥1✲❧❡ ❞♦♥❝ ❡♥ ♣(❡♠✐❡( ✿

(P) :

{

∂tu = ∆u + s(x) R(u)

u(x , 0) = u0(x) ∀x ∈ R.
✭■■✳✻✮

❉❛♥1 ❧❡ ❝❛1 ♦G A ❡1' ✜♥✐✱ ✉♥❡ -✉❡1'✐♦♥ ♣❡('✐♥❡♥'❡ 1❡ ♣♦1❡ -✉✐ ❡1' ❞❡ 1❛✈♦✐( -✉❡❧❧❡1

❝♦♥❞✐'✐♦♥1 ❡♠♣❧♦②❡( ❛✉① ❧✐♠✐'❡1 ❞✉ ❞♦♠❛✐♥❡✳ \♦✉( ❧✬✐♥1'❛♥'✱ ♥♦✉1 ♥❡ (3♣♦♥❞♦♥1

♣❛1 W ❝❡''❡ -✉❡1'✐♦♥✱ ❡' ❞♦♥❝ ♥♦✉1 3❝(✐✈♦♥1 ❞❡✉① ♣(♦❜❧;♠❡1 ❞✐✛3(❡♥'1✳ ▲❡ ♣(❡♠✐❡(

✉'✐❧✐1❡ ❞❡1 ❝♦♥❞✐'✐♦♥1 ❞❡ ❉✐(✐❝❤❧❡'✱ ❡' 1✬3❝(✐' 1♦✉1 ❧❛ ❢♦(♠❡ ✿

(P)(CD) :







∂tu = ∆u + s(x) R(u)

u(x , 0) = u0(x) ∀x ∈ [−A,A]
u(−A, t) = 1 ∀t ∈ R+

u(A, t) = 0 ∀t ∈ R+,

✭■■✳✼✮



■■✳✷✳ ➱$❛❜❧✐))❡♠❡♥$ ❞✉ ♠♦❞0❧❡ ✷✾

▲❡ )❡❝♦♥❞ ✉$✐❧✐)❡ ❞❡) ❝♦♥❞✐$✐♦♥) ❞❡ ◆❡✉♠❛♥♥✱ ❡$ )✬7❝8✐$ )♦✉) ❧❛ ❢♦8♠❡ ✿

(P)(CN) :







∂tu = ∆u + s(x) R(u)

u(x , 0) = u0(x) ∀x ∈ [−A,A]
∂xu(−A, t) = 0 ∀t ∈ R+

∂xu(A, t) = 0 ∀t ∈ R+.

✭■■✳✽✮

◆♦✉) ✈♦②♦♥) ❞♦♥❝ @✉✬✉♥ ❝❤♦✐① )♦✉)✲❥❛❝❡♥$ ❛ 7$7 ❢❛✐$ ❞❛♥) ❧❡ ♣8♦❜❧0♠❡ (P)(CD)✱
F )❛✈♦✐8 ❝❡❧✉✐ ❞❡ ❝♦♥)✐❞78❡8 ✉♥✐@✉❡♠❡♥$ ❞❡) ❢8♦♥$) ❞7❝8♦✐))❛♥$)✱ ❛❧❧❛♥$ ❞❡ 1 ❡♥

−∞ F 0 ❡♥ +∞✳ G♦✉8 ❧❛ ❝♦❤78❡♥❝❡ ❞❡ ❝❡ ♣8♦❜❧0♠❡✱ ♥♦✉) ♥♦✉) 8❡)$8❡✐❣♥♦♥) F

❞❡) ❝♦♥❞✐$✐♦♥) ✐♥✐$✐❛❧❡) u0(x) ✈❛❧❛♥$ 1 ❛✉ ✈♦✐)✐♥❛❣❡ ❞❡ −∞ ❡$ 0 ❛✉ ✈♦✐)✐♥❛❣❡

❞❡ +∞✱ ❡$ ❝♦♥$✐♥✉❡)✳ ❈❡ ❝❤♦✐① ♥✬❡)$ ♣❛) 8❡)$8✐❝$✐❢✱ ❝❛8 ❞❛♥) ♥♦$8❡ 7$✉❞❡ ✐❧ ② ❛

✉♥❡ ❜✐❥❡❝$✐♦♥ 7✈✐❞❡♥$❡ ❡♥$8❡ ❧❡) ❢8♦♥$) ❝8♦✐))❛♥$) ✭❛✈❡❝ ✈✐$❡))❡ ♥7❣❛$✐✈❡✮ ❡$ ❧❡)

❢8♦♥$) ❞7❝8♦✐))❛♥$) ✭❛✈❡❝ ✈✐$❡))❡ ♣♦)✐$✐✈❡✮✱ )♦✉) ❞❡) ❤②♣♦$❤0)❡) 8❛✐)♦♥♥❛❜❧❡) )✉8

❧❛ ❢♦♥❝$✐♦♥ s✱ ❤②♣♦$❤0)❡) @✉❡ ♥♦✉) ❡①♣❧✐❝✐$❡8♦♥) ❡♥ ■■✳✷✳✶✳ ❊♥ ♣❛8$✐❝✉❧✐❡8✱ ♥♦✉)

♥❡ ♣♦✉88♦♥) ♣❛)✱ ❛✈❡❝ ❧❡) ❝♦♥❞✐$✐♦♥) ❛✉① ❧✐♠✐$❡) ❞♦♥♥7❡) ❞❛♥) (P)(CD) 7$✉❞✐❡8

❞❡) ❝♦♥❞✐$✐♦♥) ✐♥✐$✐❛❧❡) ❞❡ $②♣❡ ✓❜♦))❡)✔✳ ❈❡) ❝♦♥❞✐$✐♦♥) ✐♥✐$✐❛❧❡) )♦♥$ F 7$✉❞✐❡8

❞❛♥) ❧❡ ♣8♦❜❧0♠❡ (P)(CN)✳
❆✣♥❡♠❡♥$ ❞❡ ❧❛ ♣8♦❜❧7♠❛$✐@✉❡ ✿

✺✳ ❙✬❛❣✐))❛♥$ ❞✬✉♥❡ 7$✉❞❡ ❞❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧✬❡♥✈✐8♦♥♥❡♠❡♥$✱ ❢❛✉$✲✐❧ 8❡)$8❡✐♥❞8❡

❧❛ ❝❧❛))❡ ❞❡ ❢♦♥❝$✐♦♥) s✱ u0 ❄

✻✳ ◗✉❡❧❧❡) ❤②♣♦$❤0)❡) )✉8 s✱ u0 )♦♥$ ♥❛$✉8❡❧❧❡) ❄

■■✳✷✳✶ ❉%❢❛✉)

▲❛ ♠♦❞7❧✐)❛$✐♦♥ ❡♥ s(x) ✭♦✉ ❡♥ d(x)✮ ❡)$ ❛))❡③ 87♣❛♥❞✉❡ ❬❳✐♥✵✵❪✳ ▲❡ ❢❛❝$❡✉8

s(x) 8❡♣87)❡♥$❡ ❛❧♦8) ✉♥❡ ✐♥❤♦♠♦❣7♥7✐$7 ❞✬❡)♣❛❝❡ ✿ ❝❡8$❛✐♥❡) ③♦♥❡) )♦♥$ ♣❧✉)

❢❛✈♦8❛❜❧❡) F ❧❛ 87❛❝$✐♦♥✱ ❞✬❛✉$8❡) ♠♦✐♥)✳ ◆♦✉) ❧✬❛♣♣❡❧❧❡8♦♥) ❞❛♥) ❧❛ )✉✐$❡ ✐♥❞✐✛7✲

8❡♠♠❡♥$ ♦❜)$❛❝❧❡✱ ❞7❢❛✉$ ♦✉ ✐♥❤♦♠♦❣7♥7✐$7✳ ❈✐$♦♥) ♣❛8 )♦✉❝✐ ❞✬❡①❤❛✉)$✐✈✐$7 ❧❡)

❝❛) ❢87@✉❡♠♠❡♥$ 8❡♥❝♦♥$87) ✿

✕ ❧❡) ❞7❢❛✉$) ❛❧7❛$♦✐8❡)

✕ ❧❡) ❞7❢❛✉$) ♣78✐♦❞✐@✉❡) ❬❇❍❘✵✺❛❪

◆♦✉) ♣8♦♣♦)♦♥) ❧✬❛♥❛❧②)❡ ❞✬✉♥ ♥♦✉✈❡❛✉ $②♣❡ ❞❡ ❞7❢❛✉$) ♣❡✉ ❝♦♥)✐❞787) ❥✉)@✉✬F

♠❛✐♥$❡♥❛♥$ ✿ ❧❡) ❞7❢❛✉$) ❧♦❝❛❧✐)7) ✭❝✬❡)$✲F✲❞✐8❡ ❝♦♥)$❛♥$) ❡♥ ❞❡❤♦8) ❞✬✉♥ ❝♦♠✲

♣❛❝$✮✳ ❊♥ ✉♥ ❝❡8$❛✐♥ )❡♥)✱ ❝❡ $②♣❡ ❞❡ ❞7❢❛✉$ ❡)$ F ❧✬♦♣♣♦)7 ❞✬✉♥ ❞7❢❛✉$ ❛❧7❛$♦✐8❡

♦✉ ♣78✐♦❞✐@✉❡✳ ◆♦✉) ❛✈♦♥) ❞♦♥❝ ❧✬❤②♣♦$❤0)❡ ❢♦♥❞❛♠❡♥$❛❧❡ )✉✐✈❛♥$❡✱ @✉✐ ♥♦✉)

)❡8✈✐8❛ ❛✉ ❝♦✉8) ❞❡ ♥♦$8❡ 7$✉❞❡ F ♠❛✐♥$❡) 8❡♣8✐)❡) ✿

∃R > 0 $❡❧ @✉❡ |x | > R ⇒ s ′(x) = 0. ✭■■✳✾✮

G❛8❢♦✐) ❝❡$$❡ ❤②♣♦$❤0)❡ )❡8❛ ✈8❛✐❡ )♦✉) ✉♥❡ ❢♦8♠❡ ❛✛❛✐❜❧✐❡✱ F )❛✈♦✐8 @✉❡ s ′ )❡8❛

F ❞7❝8♦✐))❛♥❝❡ 8❛♣✐❞❡ ❛✉ ✈♦✐)✐♥❛❣❡ ❞❡ ❧✬✐♥✜♥✐ ✿

∀m ∈ N lim
|x |→∞

xm s ′(x) = 0.



✸✵ ❈❤❛♣✐'(❡ ■■✳ ➱-✉❛'✐♦♥1 ❞❡ (3❛❝'✐♦♥✲❞✐✛✉1✐♦♥ ❞❛♥1 ❞❡1 ♠✐❧✐❡✉① ❤3'3(♦❣;♥❡1

❙✐ ❧✬♦♥ (31✉♠❡ ❧❡1 ♣(♦♣(✐3'31 (❛✐1♦♥♥❛❜❧❡1 (❡-✉✐1❡1 ♣❛( ❧❡1 ❢♦♥❝'✐♦♥1 s(x)✱ ♥♦✉1
❛✈♦♥1 ✿

✕ ❧❛ ♣♦1✐'✐✈✐'3✳ ❊♥ ❡✛❡'✱ ♥♦✉1 ♥♦✉1 ✐♥'3(❡11♦♥1 E ❞❡1 ♠♦❞;❧❡1 (3❛❧✐1'❡1 ❞✬✉♥

♣♦✐♥' ❞❡ ✈✉❡ ♣❤②1✐-✉❡ ♦✉ ❜✐♦❧♦❣✐-✉❡✳ ❚♦✉'❡❢♦✐1✱ ❧♦(1-✉✬✉♥❡ ❣3♥3(❛❧✐1❛'✐♦♥

❡1' ♣♦11✐❜❧❡ E ❞❡1 ❞3❢❛✉'1 -✉❡❧❝♦♥-✉❡1 ✭3✈❡♥'✉❡❧❧❡♠❡♥' ♥3❣❛'✐❢1✮✱ ♥♦✉1 ❧❡

♣(3❝✐1❡(♦♥1✳

✕ ❧❛ ❝♦♥'✐♥✉✐'3✱ ❛✉ ♠♦✐♥1 ♣❛( ♠♦(❝❡❛✉①✱ ❡' 3✈❡♥'✉❡❧❧❡♠❡♥' ❧❛ ❞3(✐✈❛❜✐❧✐'3✱ ❛✉

♠♦✐♥1 ♣❛( ♠♦(❝❡❛✉①✳ ❆✐♥1✐✱ s ♥✬❡1' ✈(❛✐♠❡♥' ♣❛1 ❛❧3❛'♦✐(❡✳

✕ ❧❡ ❝❛(❛❝';(❡ ❧♦❝❛❧✐13✳ ❆✐♥1✐✱ s ♥✬❡1' ♣❛1 ♣3(✐♦❞✐-✉❡ ✭1❛✉❢ E K'(❡ ❝♦♥1'❛♥'❡

♣❛('♦✉'✱ ❝❡ -✉✐ ❡1' 1❛♥1 ✐♥'3(K'✮✳

L(♦✜'❛♥' ❞❡ ❧✬❛✐1❛♥❝❡ ❞✉ ❝❛❧❝✉❧ ♥✉♠3(✐-✉❡✱ ❥✬❛✐ '❡1'3 ❜❡❛✉❝♦✉♣ ❞❡ ❢♦♥❝'✐♦♥1 s

❧♦(1 ❞❡ ❝❡ '(❛✈❛✐❧✳ L❛(♠✐ ❝❡❧❧❡1✲❝✐✱ (❡'❡♥♦♥1 ✿

✶✳ ❉❡1 ❢♦♥❝'✐♦♥1 ❝♦♥1'❛♥'❡1 ♣❛( ♠♦(❝❡❛✉①✱ E ❝♦♠♠❡♥❝❡( ♣❛( ❧❡1 ♣❧✉1 1✐♠♣❧❡1

s(x) =

{

sl 1✐ x < 0

sr 1✐ x > 0.
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❞❛♥1 ❧❡ ❝❛❞(❡ ❞❡ ❧❛ ❝♦♠❜✉1'✐♦♥✳ ❯♥ ❝❡('❛✐♥ ♥♦♠❜(❡ ❞❡ (❡❝❤❡(❝❤❡1 1♦♥'

♠❡♥3❡1 ❛✈❡❝ ❞❡ '❡❧❧❡1 ❢♦♥❝'✐♦♥1 s✱ ❡' ❧❡ '❡(♠❡ ❛11♦❝✐3 ❞❛♥1 ❧❛ ❧✐''3(❛'✉(❡

❡♥ ❧❛♥❣✉❡ ❛♥❣❧❛✐1❡ ❡1' ♣❛'❝❤ ❬❆❈❑✵✽❪✳ ➱❣❛❧❡♠❡♥' ♥♦'❛❜❧❡ ❡1' ❧❡ ❝❛1 ❞❡1

❢♦♥❝'✐♦♥1

s(x) =







s0 1✐ x < 0

s0 + s1 1✐ 0 ≤ x ≤ x1

s0 1✐ x > x1.
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'✐♦♥1 ❞✉ '②♣❡

s(x) =







sl 1✐ x < xl

sr − sl

xr − xl
(x − xl) + sl 1✐ xl ≤ x ≤ rr

sr 1✐ x > xr .
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1❛♥'❡1 ✭♣❛( ❡①❡♠♣❧❡✮✳ ❚②♣✐-✉❡♠❡♥' ❞❡1 ❢♦♥❝'✐♦♥1 s -✉✐ 1✬3❝(✐✈❡♥'

s(x) = s0 + s1 exp

(−x2
2d

)
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s(x) = sl +
sr − sl

2

(

1 + tanh
x

d

)
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∀t ∈ [t1, t2], u(x , t) ≈ U(x − ct)
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✭❜✮ ❧❛ ❧❛(❣❡✉( ❝❛(❛❝'3(✐1'✐-✉❡ d ❞❡ ❧❛ ✈❛(✐❛'✐♦♥ ❞✉ ❞3❢❛✉' '❡❧❧❡ -✉❡ ❞3✜♥✐❡

❡♥ ■■✳✷✳✶✳

L♦✉( ✉♥ ❢(♦♥' ❞♦♥♥3✱ ❧❡ ❞3❢❛✉' ❡1' ❧❛"❣❡ ♦✉ %&"♦✐&✱ 1❡❧♦♥ ❧❛ ✈❛❧❡✉( ❞✉ (❛♣♣♦('

❞❡ ❝❡1 ❞❡✉① 3❝❤❡❧❧❡1 ✿ 1✐

w
d
≪ 1 ❧❡ ❞3❢❛✉' ❡1' ❧❛(❣❡ ✭♦♥ ❞✐(❛ ❛✉11✐ -✉❡ s ❡1'

D ✈❛(✐❛'✐♦♥ ❧❡♥'❡✮✱ 1✐

w
d
≫ 1✱ ❧❡ ❞3❢❛✉' ❡1' 3'(♦✐' ✭♦♥ ❞✐(❛ ❛✉11✐ -✉❡ s ❡1' D

✈❛(✐❛'✐♦♥ (❛♣✐❞❡✮✳

✷✳ ❡♥ (3❛❝'✐✈✐'3 ✿

✭❛✮ s0 ♦✉ sl ✱

✭❜✮ s1 ♦✉ |sl − sr |✳
❙❡❧♦♥ ❧❡ (❛♣♣♦(' ❞❡ ❝❡1 ❞❡✉① -✉❛♥'✐'31✱ ❧❡ ❞3❢❛✉' ❡1' ❣"❛♥❞ ✭s ❡1' D ✈❛(✐❛'✐♦♥

❢♦('❡✮ ♦✉ ♣❡&✐& ✭s ❡1' D ✈❛(✐❛'✐♦♥ ❢❛✐❜❧❡✮✳ ❈❡❧❛ 1❡ ❢❛✐' ♥❛'✉(❡❧❧❡♠❡♥' ❡♥

❝♦♠♣❛(❛♥' ❧❛ ✈❛(✐❛'✐♦♥ ❞❡ s D ❧✬✉♥❡ ❞❡ 1❡1 ✈❛❧❡✉(1 ❡♥ ❧✬✐♥✜♥✐✳

✭❛✮ L♦✉( ❧❡1 ❝❛1 1②♠3'(✐-✉❡1✱ D 1❛✈♦✐( ✭■■✳✶✶✮✱ ✭■■✳✶✸✮✱ ♦♥ (❡❣❛(❞❡

s1
s0

-✉❡

❧✬♦♥ ❝♦♠♣❛(❡ D 1✳

✭❜✮ L♦✉( ❧❡1 ❝❛1 ❛♥'✐1②♠3'(✐-✉❡1✱ D 1❛✈♦✐( ✭■■✳✶✵✮✱ ✭■■✳✶✷✮✱ ✭■■✳✶✹✮✱ ♦♥ (❡✲

❣❛(❞❡

|sl−sr |
sl

-✉❡ ❧✬♦♥ ❝♦♠♣❛(❡ D 1✳

■■✳✷✳✹ ./♦❣/❛♠♠❡ ✿ ❢♦/♠✉❧❡) 6 ❣7♥7/❛❧✐)❡/✱ ❝❛) 6 ❝♦♥)✐❞7/❡/

❉❛♥1 ❧❡ ❝❛1 ♠♦♥♦1'❛❜❧❡✱ ♦♥ 3'✉❞✐❡(❛ ♣❧✉1 ♣(3❝✐13♠❡♥' ❞❡✉① ❝❛1 ❞❡ ✜❣✉(❡✳

L(❡♠✐;(❡♠❡♥'✱ ❝❡❧✉✐ ❞✬✉♥ ❢(♦♥' 1❡ ♣(♦♣❛❣❡❛♥' D ❧❛ ✈✐'❡11❡ ♠✐♥✐♠❛❧❡ ✿

c = 2
√
s , w =

1√
s
,

❡' ❡♥1✉✐'❡✱ ❧❡ ❝❛1 ❞✉ ❢(♦♥' ❞✬❆❜❧♦✇✐'③ ✿

c = 5

√
s

6
, w =

√

6

s
.

❉❛♥1 ❧❡ ❝❛1 ❜✐1'❛❜❧❡✱ ✐❧ ♥✬② ❛ -✉✬✉♥ ❝❛1 D 3'✉❞✐❡(✳ ▲❡ ❝❛❧❝✉❧ ❡✛❡❝'✉3 ❡♥ ■✳✹✳✺ ♥♦✉1

❛ ❞♦♥♥3 ✿

c =

√
s

2
(1− 2a) , w =

√

2

s
.
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(PN)(CD)







u̇1 =
u2 − 2u1 + 1

h2
+ s1R(u1)

u̇k =
uk+1 − 2uk + uk−1

h2
+ skR(uk) ∀k ∈ {2, · · · , n − 1}

u̇n =
−2un + un−1

h2
+ snR(un)
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(PN)(CN)




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u̇1 =
u2 − u1

h2
+ s1R(u1)

u̇k =
uk+1 − 2uk + uk−1

h2
+ skR(uk) ∀k ∈ {2, · · · , n − 1}

u̇n =
−un + un−1

h2
+ snR(un)
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u(xk , .) = uk

s(xk) = sk
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♥♦✉1 '❡♥♦♥1 H ♠❡''(❡ ❡♥ ❣❛(❞❡ ❧❡ ❧❡❝'❡✉( 1♦✉❝✐❡✉① ❞❡ ❣3♥3(❛❧✐1❡( ❝❡''❡ ♠3'❤♦❞❡✳

❈♦♠♠❡ 1♦❧✈❡✉( ♣♦✉( ❧❡ 1②1';♠❡ ❞✬3-✉❛'✐♦♥1 ❞✐✛3(❡♥'✐❡❧❧❡1 ♦(❞✐♥❛✐(❡1 (PN)(CD)
♦✉ ♣♦✉( ❧❡ 1②1';♠❡ (PN)(CN)✱ ♥♦✉1 ✉'✐❧✐1♦♥1 ✉♥❡ ♠3'❤♦❞❡ ❞❡ ❘✉♥❣❡✲❑✉''❛

❞✬♦(❞(❡ ✹✲✺ H ♣❛1 ✈❛(✐❛❜❧❡ ✭♣❡(♠❡''❛♥' ❧❡ ❝♦♥'(P❧❡ ❞❡ ❧✬❡((❡✉(✮✳ ❈❡''❡ ♠3'❤♦❞❡ ❛
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❞✐(❡ -✉✬❡❧❧❡1 ✈❛(✐❡♥' ❛✈❡❝ ❧✬❡1♣❛❝❡✳ ◆♦✉1 ❝❤❡(❝❤❡(♦♥1 ❞♦♥❝ H ❞3✜♥✐( ✉♥❡ ✈✐'❡11❡

✐♥1'❛♥'❛♥3❡ ❞❡ ♣(♦♣❛❣❛'✐♦♥ ❡' ✉♥❡ ❧❛(❣❡✉( ✐♥1'❛♥'❛♥3❡✱ ♦✉ ❝❡ -✉✐ ❡1' 3-✉✐✈❛❧❡♥'

✉♥❡ ✈✐'❡11❡ ❡' ✉♥❡ ❧❛(❣❡✉( ❧♦❝❛❧❡1✳

◗✉❛♥❞ ❧❡ '❡(♠❡ ❞❡ (3❛❝'✐♦♥ ♥❡ ❞3♣❡♥❞ ♣❛1 ❞❡ ❧❛ ✈❛(✐❛❜❧❡ 1♣❛'✐❛❧❡ x ✱ ❧❛ ❢♦(♠❡

❞✉ ❢(♦♥' U ❡1' ✜①3❡✳ ❉❛♥1 ❧❡ ❝❛1 ❜✐1'❛❜❧❡✱ ❡❧❧❡ ❡1' ♠Y♠❡ ❝♦♥♥✉❡ ✲ ❝✬❡1' ❧❡ ❢(♦♥'

❞✬❍✉①❧❡② ✲ ❡' 3❣❛❧❡ H ✿

U1(z) =
1

1 + exp(z)
,

❛✈❡❝ z =
√

s
2(x − ct) ❡' c =

√
s
2(1− 2a)✳ ❉❛♥1 ❧❡ ❝❛1 ♠♦♥♦1'❛❜❧❡✱ ❧❛ 1✐'✉❛'✐♦♥

♥✬❡1' ♣❛1 ❛✉11✐ 1✐♠♣❧❡ ❝❛( ❧❛ ❢♦(♠❡ ❞✉ ❢(♦♥' ❞3♣❡♥❞ ❞❡ ❧❛ ❝♦♥❞✐'✐♦♥ ✐♥✐'✐❛❧❡✱ ❝♦♠♠❡

♥♦✉1 ❧✬❛✈♦♥1 ✈✉ ❡♥ ■✳✺✳ ❊❧❧❡ ♥✬❡1' ♣❛1 ❢♦(❝3♠❡♥' ❝♦♥♥✉❡ 1♦✉1 ✉♥❡ ❢♦(♠❡ ❡①♣❧✐❝✐'❡✳

❊❧❧❡ ❡1' 1❡✉❧❡♠❡♥' ❝♦♥♥✉❡ ♣♦✉( ❧❡ ❢(♦♥' ❞✬❆❜❧♦✇✐'③ ✿

U2(z) =
1

(1 + (
√
2− 1) exp(z))2

,
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❛✈❡❝ z =
√

s
6(x− ct) ❡% c = 5

√
s
6 ✳ ❊♥ %♦✉% ❝❛* ❧❛ ❢♦.♠❡ ❞✉ ❢.♦♥% ❡*% ✜①$❡ ❛✈❛♥%

❞✬❛❜♦.❞❡. ❧❡ ❞$❢❛✉%✱ ♣✉✐*0✉❡ *❡❧♦♥ ♥♦%.❡ ❤②♣♦%❤?*❡ ❢♦♥❞❛♠❡♥%❛❧❡ s ′ ❡*% @ *✉♣♣♦.%

❝♦♠♣❛❝%✱ ♦✉ ❛✉ ♠♦✐♥* @ ❞$❝.♦✐**❛♥❝❡ .❛♣✐❞❡ ❛✉ ✈♦✐*✐♥❛❣❡ ❞❡ ❧✬✐♥✜♥✐✳ ❖♥ ✈♦✐% ✐❝✐

0✉✬✐❧ ❡*% ❝.✉❝✐❛❧ 0✉❡ ♥♦✉* ❛②♦♥* ❞$✜♥✐ ✉♥❡ ♥♦%✐♦♥ ❞❡ ❢.♦♥% ✐♥❝✐❞❡♥%✳ ▲❛ %❤$♦.✐❡

❞$✈❡❧♦♣♣$❡ ✐❝✐ *✬❛♣♣❧✐0✉❡ ❞♦♥❝ ♣♦✉. ♥✬✐♠♣♦.%❡ 0✉❡❧ ❢.♦♥% ❞❛♥* ❧❡ ❝❛* ♠♦♥♦*%❛❜❧❡✱

0✉❡❧❧❡ 0✉❡ *♦✐% *❛ ✈✐%❡**❡✳ ◆♦✉* ✈❡..♦♥* @ ❧❛ *❡❝%✐♦♥ ■❱✳✷ ❝♦♠♠❡♥% ❝♦♥%♦✉.♥❡. ❧❛

❞✐✣❝✉❧%$ *♦✉❧❡✈$❡ ♣❛. ❧❛ ♣♦**✐❜❧❡ ❛❜*❡♥❝❡ ❞❡ ❢♦.♠❡ ❡①♣❧✐❝✐%❡ ♣♦✉. U✳

◆♦✉* ♦✉❜❧✐♦♥* ❧❛ ❞$♣❡♥❞❛♥❝❡ ❡♥ t ♣♦✉. ❧❛ ❝❧❛.%$ ❞❡ ❝❡% ❡①♣♦*$✱ ❡% ♥♦✉*

♥♦%♦♥* ♣♦✉. ❝❡%%❡ *❡✉❧❡ *♦✉*✲*❡❝%✐♦♥ ■■✳✸✳✷ u(x , t) = u(x)✳ ❆♥%✐❝✐♣❛♥% *✉. ❧❡*

❞$✈❡❧♦♣♣❡♠❡♥%* ❞❡ ■■✳✹✱ ♥♦✉* ❛✣.♠♦♥* 0✉✬✐❧ ❡*% ❧$❣✐%✐♠❡✱ 0✉❛♥❞ ❧❡ %❡.♠❡ ❞❡ .$✲

❛❝%✐♦♥ ❞$♣❡♥❞ ❞❡ ❧❛ ✈❛.✐❛❜❧❡ *♣❛%✐❛❧❡ x ✱ ❞❡ ❝❤❡.❝❤❡. @ ❛♣♣.♦❝❤❡. ❧❡ ❢.♦♥% u(x)
♣❛. ✉♥ ❢.♦♥% U

(
x−x0
w

)
@ ♣.♦✜❧ U ✜①$✱ $❣❛❧ ❛✉ ♣.♦✜❧ ❞✉ ❝❛* ❤♦♠♦❣?♥❡ ✭$✈❡♥✲

%✉❡❧❧❡♠❡♥% .❡❧❛%✐❢ @ ❧❛ ❝♦♥❞✐%✐♦♥ ✐♥✐%✐❛❧❡ ❝♦♥*✐❞$.$❡✮✳ ■❧ ❡*% ❛♣♣.♦♣.✐$ ❞❡ ❢❛✐.❡ ❝❡❧❛

♣♦✉. ❝❤❛0✉❡ ❢.♦♥% ❞♦♥♥$✱ ❝✬❡*%✲@✲❞✐.❡ ♣♦✉. ❝❤❛0✉❡ ✐♥*%❛♥% t✳ ▲❛ ❞$♣❡♥❞❛♥❝❡ ❡♥

%❡♠♣* ❡*% ❛❧♦.* .❡♣♦.%$❡ *✉. x0 ❡% w 0✉✐ ❞❡✈✐❡♥♥❡♥% ❞❡* ❢♦♥❝%✐♦♥* x0(t) ❡% w(t)✳
❈❡* ❢♦♥❝%✐♦♥* *♦♥% ❛♣♣❡❧$❡* ❝♦♦"❞♦♥♥%❡' ❝♦❧❧❡❝)✐✈❡'✳ ▲❛ ❞$♠❛.❝❤❡ ❡*% ❞♦♥❝ ❧❛

*✉✐✈❛♥%❡ ✿ @ ❝❤❛0✉❡ ✐♥*%❛♥% t✱ ❝❤❡.❝❤❡. @ ❛♣♣.♦❝❤❡. ❧❛ ❢♦♥❝%✐♦♥ x 7→ u(x) ♣❛.

❧❛ ♠❡✐❧❧❡✉.❡ ❢♦♥❝%✐♦♥ x 7→ U
(
x−x0
w

)
♣♦✉. (x0,w) ♣❛.❝♦✉.❛♥% ✉♥ ❡♥*❡♠❜❧❡ ❞❡

♣❛.❛♠?%.❡*✳ O♦✉. ❛♣♣.♦❝❤❡. u ♣❛. U✱ ♥♦✉* ❛❧❧♦♥* *✐♠♣❧❡♠❡♥% ✉%✐❧✐*❡. ❧❛ ♠%)❤♦❞❡

❞❡' ♠♦✐♥❞"❡' ❝❛""%'✳

◆♦✉* ❞$✜♥✐**♦♥* ✉♥❡ ❢♦♥❝)✐♦♥ ❡""❡✉" ♣❛. ✿

E (x0,w) =
1

n

n∑

k=1

(

u(xk)− U

(
xk − x0

w

))2

✭■■✳✶✼✮

❡% ♥♦✉* ❝❤❡.❝❤♦♥* ❧❡ ❝♦✉♣❧❡ (x0,w) 0✉✐ ♠✐♥✐♠✐*❡ E ✭♥♦✉* ❢❛✐*♦♥* ❝❡❧❛ @ ❝❤❛0✉❡

✐♥*%❛♥% t✮✳ O♦✉. ❝❡❧❛✱ ♥♦✉* ❝❤❡.❝❤♦♥* @ .$*♦✉❞.❡







∂E

∂x0
= 0

∂E

∂w
= 0

❝✬❡*%✲@✲❞✐.❡ ✿







−2

n

n∑

k=1

(

u(xk)− U

(
xk − x0

w

))

U ′
(
xk − x0

w

)
1

w
= 0

−2

n

n∑

k=1

(

u(xk)− U

(
xk − x0

w

))

U ′
(
xk − x0

w

)
xk − x0

w2
= 0

◆♦✉* ✉%✐❧✐*♦♥* ✉♥❡ ♠%)❤♦❞❡ ❞❡ ❣"❛❞✐❡♥) ❝♦♥❥✉❣✉%✱ ❝♦♠❜✐♥❛✐*♦♥ ❞❡* ♠$%❤♦❞❡*

❞❡ ❋❧❡%❝❤❡. ❡% ❘❡❡✈❡* ❞✬✉♥❡ ♣❛.%✱ O♦❧❛❦ ❡% ❘✐❜✐❡.❡ ❞✬❛✉%.❡ ♣❛.%✳ ❈❡%%❡ ♠$%❤♦❞❡

❛ $%$ ✐♠♣❧$♠❡♥%$❡ ❡♥ ❋❖❘❚❘❆◆ ✾✵✴✾✺ ♣❛. O.❡**✱ ❚❡✉❦♦❧*❦②✱ ❱❡%%❡.❧✐♥❣ ❡%

❋❧❛♥♥❡.② ❬O.❡✰✾✻❪✳ ❊❧❧❡ ✉%✐❧✐*❡ ❧❡* ❝❛❧❝✉❧* ❞❡ ❞$.✐✈$❡ ♣♦✉. ❝❤❛❝✉♥ ❞❡* U✱ ❝❛❧❝✉❧*
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❡①❛❝'1 ❞❛♥1 ❝❡ ❝❛1 ✿

U ′1(z) = −
exp(z)

(1 + exp(z))2

❡'

U ′2(z) = −
2 exp(z)(1 + (

√
2− 1) exp(z))

(1 + (
√
2− 1) exp(z))4

.

=♦✉( -✉❡ ❝❡''❡ ♣(♦❝3❞✉(❡ 1♦✐' ❡✣❝❛❝❡✱ ✐❧ ❢❛✉' ❛✈♦✐( ❞❡ ❜♦♥1 ❝❛♥❞✐❞❛'1 ♣♦✉(

❝♦♠♠❡♥❝❡(✳ =♦✉( x0✱ ✐❧ 1✉✣' ❞❡ ♣(❡♥❞(❡ ✉♥ ♣♦✐♥' x10 '❡❧ -✉❡ ❧❛ ✈❛❧❡✉( u(x10 ) 1♦✐'
♣(♦❝❤❡ ❞❡

1
2 ✳ =♦✉( w ✱ ✐❧ 1✉✣' ❞❡ ❝♦♥1'❛'❡( -✉✬✐❧ ❡①✐1'❡ ❞❡1 (❡❧❛'✐♦♥1 1✐♠♣❧❡1 ❡♥'(❡

❝❡('❛✐♥1 ♣♦✐♥'1 ♣❛('✐❝✉❧✐❡(1 ❞✉ ❢(♦♥'✳ ❆✐♥1✐✱ ❞❛♥1 ❧❡ ❝❛1 ❜✐1'❛❜❧❡✱ ♦♥ ❛ U(−1) =
1

1+e−1 = e
1+e

❡' U(1) = 1
1+e

✱ ♦♥ ♣❡✉' ❞♦♥❝ ♣(❡♥❞(❡ w1
'❡❧ -✉❡ ❧❛ ✈❛❧❡✉( ❞❡

u(x10+w1) 1♦✐' ♣(♦❝❤❡ ❞❡ 1
1+e

✳ ❉❛♥1 ❧❡ ❝❛1 ♠♦♥♦1'❛❜❧❡✱ ♣♦✉( ❧❡ ❢(♦♥' ❞✬❆❜❧♦✇✐'③✱

♦♥ ❛ U(−1) = 1
(1+(

√
2−1)e−1)2

❡' U(1) = 1
(1+(

√
2−1)e)2 ✱ ♦♥ ♣❡✉' ❞♦♥❝ ♣(❡♥❞(❡

w1
'❡❧ -✉❡ ❧❛ ✈❛❧❡✉( ❞❡ u(x10 + w1) 1♦✐' ♣(♦❝❤❡ ❞❡

1
(1+(

√
2−1)e)2 ✳

♣

♣ ♣

■■✳✹ ❙$❛♥❞❛(❞✐*❛$✐♦♥ ❞✉ ♠♦❞.❧❡ ✿ ❛♥❛❧②*❡ ❡♥ ❝♦♦(✲

❞♦♥♥5❡* ❝♦❧❧❡❝$✐✈❡*

❊♥ ❛♥'✐❝✐♣❛♥' 1✉( ❝❡''❡ 1❡❝'✐♦♥✱ ♥♦✉1 ❛✈♦♥1 ❛✣(♠3 ♣(3❝3❞❡♠♠❡♥' -✉✬✐❧ 3'❛✐'

❧3❣✐'✐♠❡ ❞❡ ❝❤❡(❝❤❡( I ❛♣♣(♦❝❤❡( ❧❡ ❢(♦♥' u(x , t) ♣❛( ✉♥❡ ❢♦♥❝'✐♦♥ U
(
x−x0(t)
w(t)

)

❞♦♥' ❧❡ ♣(♦✜❧ U ❡1' ✜①3 ❡' ❧❡1 ❝♦♦(❞♦♥♥3❡1 ❝♦❧❧❡❝'✐✈❡1 x0 ❡' w ✈❛(✐❛❜❧❡1✳ ◆♦✉1

❛✈♦♥1 ♣❛113 1♦✉1 1✐❧❡♥❝❡ ❧❡1 3'❛♣❡1 ❝♦♥❝❡♣'✉❡❧❧❡1 -✉✐ ❛♠;♥❡♥' I ❝❡''❡ ❝♦♥❝❧✉1✐♦♥✱

-✉❡ ♥♦✉1 ♣(31❡♥'♦♥1 ♠❛✐♥'❡♥❛♥' ❡♥ ❣✉✐1❡ ❞✬✐♥'(♦❞✉❝'✐♦♥ I ♥♦1 (31✉❧'❛'1✳ ❈❡''❡

♣(31❡♥'❛'✐♦♥ ♥♦✉1 ❛♠;♥❡(❛ I ❞3✜♥✐( ❞❡1 ♣❛"❛♠$%"❡' ✐♥'%❛♥%❛♥*' ❞❡1 ❢(♦♥'1✱ ♦✉

❞❡1 ♣❛(❛♠;'(❡1 ❧♦❝❛✉①✱ ❝❡ -✉✐ (❡✈✐❡♥' ❛✉ ♠L♠❡ ♣✉✐1-✉✬✐❧ ② ❛ ❞✉❛❧✐'3 ❡♥'(❡ ❧❡

'❡♠♣1 ❡' ❧✬❡1♣❛❝❡ ♣♦✉( ✉♥ ❢(♦♥' ♣(♦❣(❡11✐❢✳
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♣❛(❛♠;'(❡ c I ♣❛('✐( ❞❡ ❧✬3-✉❛'✐♦♥ ✭■■✳✺✮ ✿

∂tu = ∆u + s(x) R(u).

❊♥ ❡✛❡'✱ 1✉♣♣♦1♦♥1 -✉❡ ❧❛ 1♦❧✉'✐♦♥ ❡1' ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ✈❛"✐❛❜❧❡ "*❞✉✐%❡ z = x− ct

♦T ❧❛ ✈✐'❡11❡ c ❡1' ✉♥❡ ❢♦♥❝'✐♦♥ ❧❡♥%❡♠❡♥% ✈❛(✐❛❜❧❡ ❞✉ '❡♠♣1 ✿

u(x , t) = U(x − c(t)t). ✭■■✳✶✽✮
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▲❛ ✈✐$❡**❡ ❝❧❛**✐9✉❡♠❡♥$ ❝♦♥*$❛♥$❡ ❞✉ ❢(♦♥$ ♣(♦❣(❡**✐❢ ❞❡✈✐❡♥$ ❞♦♥❝ ✐❝✐ ✉♥❡ ✈✐$❡**❡

✐♥"#❛♥#❛♥%❡✳ ❉❛♥* ❝❡$$❡ ♣(❡♠✐.(❡ ❛♣♣(♦❝❤❡ $(✐✈✐❛❧❡✱ ♥♦✉* *✉♣♣♦*♦♥* 9✉❡ ċ(t) (❡*$❡

❢❛✐❜❧❡ ♣❛( (❛♣♣♦($ A $♦✉* ❧❡* ❛✉$(❡* $❡(♠❡* ❞✉ ❝❛❧❝✉❧✱ *✐ ❜✐❡♥ 9✉❡ ❧❡* $❡(♠❡* ❡♥

❢❛❝$❡✉( ❞❡ ċ(t) *♦♥$ ♥4❣❧✐❣4* ❡♥ ♣(❡♠✐.(❡ ❛♣♣(♦①✐♠❛$✐♦♥✳

❙♦②♦♥* ✉♥ ♣❡✉ ❛*$✉❝✐❡✉①✱ ❡$ ❢❛✐*♦♥* ❧❛ *✉❜*$✐$✉$✐♦♥ ❞❡ u ♣❛( U *❡✉❧❡♠❡♥$ ❛✉①

❡♥❞(♦✐$* ❛❞49✉❛$* ✭❝✬❡*$✲A✲❞✐(❡ ❛✉① ❡♥❞(♦✐$* ♦F ❧❡ ❝❛❧❝✉❧ ❡*$ ❢❛✐*❛❜❧❡✮ ❀ ✐❧ ✈✐❡♥$ ✿

−c(t)U ′(x − c(t)t) = U ′′(x − c(t)t) + s(x) R(u(x , t)).

■❧ *✉✣$ ❛❧♦(* ❞✬✐♥$4❣(❡( ❝❡$$❡ ❞❡(♥✐.(❡ 49✉❛$✐♦♥ ♣❛( (❛♣♣♦($ A ❧❛ ✈❛(✐❛❜❧❡ ❞✬❡*♣❛❝❡✱

❡$ ✐❧ ✈✐❡♥$ ✿

−c(t)
∫ +∞

−∞
U ′(x−c(t)t) dx =

∫ +∞

−∞
U ′′(x−c(t)t) dx+

∫ +∞

−∞
s(x) R(u(x , t)) dx ,

−c(t)
∫ +∞

−∞
U ′(z) dz =

∫ +∞

−∞
U ′′(z) dz +

∫ +∞

−∞
s(x) R(u(x , t)) dx ,

♣❛( ✉♥ *✐♠♣❧❡ ❝❤❛♥❣❡♠❡♥$ ❞❡ ✈❛(✐❛❜❧❡✳ ❯$✐❧✐*❛♥$ ❧❡ ❢❛✐$ 9✉❡ ❧❡ ❢(♦♥$ ❡*$ ♣❧❛$ ❧♦✐♥

❞✉ ❞4❢❛✉$✱ ❧✬✐♥$4❣(❛❧❡ ❞❡ U ′′ ✈❛✉$ 0 ❡$ ♦♥ ♦❜$✐❡♥$ ❡♥ ❢❛✐$ ✿

−c(t)
∫ +∞

−∞
U ′(z) dz =

∫ +∞

−∞
s(x) R(u(x , t)) dx

*♦✐$

c(t) = −
∫ +∞
−∞ s(x) R(u(x , t)) dx

∫ +∞
−∞ U ′(z) dz

❙✐ ❧✬♦♥ *❡ ♣❧❛❝❡ ❞❛♥* ❧❡ ❝❛❞(❡ ❞✬✉♥ ❢(♦♥$ ❛❧❧❛♥$ ❞❡ 1 ❡♥ −∞ A 0 ❡♥ +∞✱ ❧✬✐♥$4❣(❛❧❡

❞❡ U ′ ✈❛✉$ −1 ❡$ ♦♥ ❛ ❧❡ (4*✉❧$❛$ ✜♥❛❧ ✿

c(t) =

∫ +∞

−∞
s(x) R(u(x , t)) dx

❈❡ (4*✉❧$❛$ ♠♦♥$(❡ 9✉❡ ❧❛ ✈✐$❡**❡ ✈❛(✐❡ ❧♦(*9✉❡ ❧❡ ❢(♦♥$ ❛$$❡✐♥$ ✉♥❡ ③♦♥❡ ♦F s

✈❛(✐❡✳ N❛( ❝♦♥$(❡✱ ❧❡* ✈❛❧❡✉(* ❞❡ s ❧A ♦F u ❡*$ ♣(♦❝❤❡ ❞❡ 0 ♦✉ ❞❡ 1 ♥✬♦♥$ 9✉❡ ♣❡✉

✭♦✉ ♣❛*✮ ❞✬✐♥✢✉❡♥❝❡✳ ❙✐ ❧✬♦♥ ♥❡ ♥4❣❧✐❣❡ ♣❧✉* ❧❡* $❡(♠❡* ❡♥ ❢❛❝$❡✉( ❞❡ ċ(t)✱ ♦♥

♦❜$✐❡♥$ ✉♥❡ 49✉❛$✐♦♥ ✈4(✐✜4❡ ♣❛( c(t) 9✉✐ ❞♦♥♥❡ ❞❡* (❡♥*❡✐❣♥❡♠❡♥$* ♣❧✉* ♣(4❝✐*

❬◆❳✵✹❪ ♠❛✐* ❝❡❧❛ ♥✬❡*$ ♣❛* ❡♥❝♦(❡ $♦✉$ A ❢❛✐$ ❡①❛❝$✱ ❝❛( ❧❛ ❧❛(❣❡✉( ❞✉ ❢(♦♥$ ❞4♣❡♥❞

4❣❛❧❡♠❡♥$ ❞❡ s✱ ❝♦♠♠❡ ♦♥ ♣❡✉$ ❧❡ ✈♦✐( ❡♥ ✭■✳✶✸✮ ♦✉ ✭■✳✶✾✮✳

■❧ ❢❛✉$ ❞♦♥❝ ♣(♦❝4❞❡( A ✉♥❡ $(♦✐*✐.♠❡ ❞4✜♥✐$✐♦♥ ❞❡ ✈❛(✐❛❜❧❡ z ✿ z = x−x0(t)
w(t) ✳ ❙✉(

❧❡ ♠♦❞.❧❡ ❞❡* *$❛$✐*$✐❝✐❡♥*✱ ♥♦✉* ❛♣♣❡❧♦♥* ❝❡$$❡ ✈❛(✐❛❜❧❡ ❧❛ ✈❛(✐❛❜❧❡ "#❛♥❞❛(❞✐"%❡✳

❖♥ (4*✉♠❡ ❧❛ ❞4♠❛(❝❤❡ ❡♥ (❛♥❣❡❛♥$ ♣❛( ♦(❞(❡ ❞✬❛♣♣(♦①✐♠❛$✐♦♥ ❝(♦✐**❛♥$ ❧❡*

✈❛(✐❛❜❧❡* ✐♥$(♦❞✉✐$❡* ✿







z = x − ct

z = x − c(t)t = x − x0(t)

z =
x − x0(t)

w(t)
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❞❡ ❧❛ ♠❛♥✐;(❡ 1✉✐✈❛♥'❡ ✿ ❞❛♥1 ❧❡ ♣(❡♠✐❡( ❝❛1✱ ❧❡ (❡♣;(❡ (z , t)  ❡ ❞#♣❧❛❝❡ ( ✈✐+❡  ❡
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u(x , t) = U(z), z =
x − x0

w
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♦✉ ❝♦♥ +❛♥+❡✮✱ ❝❡++❡ ❤②♣♦+❤0 ❡ ❡ + ❧❛ ♣❧✉ ❣#♥#.❛❧❡✳ ◆♦✉  ✉♣♣♦ ♦♥ 6✉❡ ❧❡ ❢.♦♥+
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+.♦✉✈❡. ❞❡✉① #6✉❛+✐♦♥ .#❣✐  ❛♥+ ❧✬#✈♦❧✉+✐♦♥ ❞❡ x0 ❡+ w ✳

❉❛♥ ❞✬❛✉+.❡ ❝♦♥+❡①+❡ ✭♠#❝❛♥✐6✉❡ ❞❡ ✢✉✐❞❡ ✮✱ ♦♥ ✉+✐❧✐ ❡ ❧❡ ♣.♦♣.✐#+# 
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✭❛♣♣❡❧#❡ ❧♦✐ ❞❡ ❝♦♥ ❡.✈❛+✐♦♥✮✳ ■❝✐✱ ❞❡ +❡❧❧❡ ❧♦✐ ♥✬❡①✐ +❡♥+ ♣❛ ❡♥ ❣#♥#.❛❧✱ ❝❛.

♦♥ ♥❡ ❝♦♥♥❛P+ ♣❛ ❞❡ 6✉❛♥+✐+#  ❡ ❝♦♥ ❡.✈❛♥+✳ ❖♥ ❞✐ ♣♦ ❡ ♣❛. ❝♦♥+.❡ ❞❡ ❧♦✐'

❞✬12✉✐❧✐❜+❡✳ ■❧  ✬❛❣✐+ ❞♦♥❝ ❞❡ ♣.♦♣♦ ❡. ❞❡✉① +❡❧❧❡ ❧♦✐ ❡+ ❞✬❡♥ ❞#.✐✈❡. ❞❡ #6✉❛+✐♦♥ 

❞✬#✈♦❧✉+✐♦♥ ♣♦✉. x0 ❡+ w ✳

▲❛ ♣.❡♠✐0.❡ ❡ +  ✐♠♣❧❡♠❡♥+ ❧✬#6✉❛+✐♦♥ ❛✉① ❞#.✐✈#❡ ♣❛.+✐❡❧❧❡ ❞❡ ❞#♣❛.+ ✭■■✳✺✮ ✿

∂tu = ∆u + s(x) R(u)!

▲❛ ❞❡✉①✐0♠❡ ♣.♦✈✐❡♥+ ❞❡ ❝❡++❡ ♠T♠❡ #6✉❛+✐♦♥ ♠✉❧+✐♣❧✐#❡ ♣❛. u✱ ❝❡ 6✉✐ ❝♦♥ ✐ +❡

❡♥ ✉♥❡ ♠1(❤♦❞❡ ❞✬1♥❡+❣✐❡ ✿

u ∂tu = u ∆u + s(x) u R(u). ✭■■✳✷✵✮

▲❡ ❢♦♥❝+✐♦♥ U✱ x0 ❡+ w  ♦♥+ +♦✉+❡ +.♦✐ ❞❡ ❢♦♥❝+✐♦♥ ❞✬✉♥❡ ✈❛.✐❛❜❧❡ .#❡❧❧❡✱

+♦✉+❡❢♦✐ ❞❛♥ ✉♥  ♦✉❝✐ ❞❡ ❝❧❛.+#✱ ♥♦✉ ♥♦+♦♥ ❛✈❡❝ ✉♥ ♣♦✐♥+ ❧❡ ❞#.✐✈#❡ ♣❛.

.❛♣♣♦.+ ( t✱ ❡+ ❛✈❡❝ ✉♥ ♣.✐♠❡ ❧❡ ❞#.✐✈#❡ ♣❛. .❛♣♣♦.+ ( z ✳ ◆♦✉ ❛❧❧♦♥ ♠♦♥+.❡.

❞❛♥ ❧❡  ❡❝+✐♦♥ ( ✈❡♥✐. 6✉❡✱ ♣♦✉. ✉♥ +❡.♠❡ ❞❡ .#❛❝+✐♦♥ ❜✐ +❛❜❧❡✱ ♦♥ ❛ ❧❡ .# ✉❧+❛+

 ✉✐✈❛♥+ ✿
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8(♦♣♦*✐$✐♦♥ ✶✶ ✿ ❙♦✐$ ✉♥ ❞4❢❛✉$ ❧♦❝❛❧✐*4 s ✈4(✐✜❛♥$ ❧✬❤②♣♦$❤.*❡ ❢♦♥❞❛♠❡♥$❛❧❡

✭■■✳✾✮✳ ❆❧♦(* ✐❧ ❡①✐*$❡ x1 ∈ R $❡❧ C✉❡✱ C✉❡❧❧❡ C✉❡ *♦✐$ ❧❛ ❝♦♥❞✐$✐♦♥ ✐♥✐$✐❛❧❡ u0 ❞❡

$②♣❡ ✓❢(♦♥$✔ G *✉♣♣♦($ ❞❛♥* ]−∞, x1]✱ ✐❧ ❡①✐*$❡ ✉♥ ♣(♦✜❧ U ❡$ ❞❡* ❝♦♦(❞♦♥♥4❡*

❝♦❧❧❡❝$✐✈❡* x0 ❡$ w $❡❧* C✉❡

✶✳ U ❡*$ ❞❡ ❞4(✐✈4❡ G ❞4❝(♦✐**❛♥❝❡ (❛♣✐❞❡ ❛✉ ✈♦✐*✐♥❛❣❡ ❞❡ ❧✬✐♥✜♥✐

✷✳ x0 ❡$ w *♦♥$ (4❣✐❡* ♣❛( ❧❡ *②*$.♠❡ ❞✬4C✉❛$✐♦♥*







ẋ0

∫

R

U ′(z) dz + ẇ

∫

R

z U ′(z) dz + w

∫

R

s(w z + x0) R(U(z)) dz = 0,

ẋ0

∫

R

U(z) U ′(z) dz + ẇ

∫

R

z U(z) U ′(z) dz + w

∫

R

s(w z + x0) U(z) R(U(z)) dz

=
1

w

∫

R

U ′2(z) dz ,

✭■■✳✷✶✮

✸✳ ❧❛ *♦❧✉$✐♦♥ u ❞❡ ✭■■✳✻✮ ✈4(✐✜❡

∀t ∈ R, u(x , t) ≈ U

(
x − x0(t)

w(t)

)

.

◆♦✉* ♠♦♥$(❡(♦♥* 4❣❛❧❡♠❡♥$ C✉❡ ❝❡ (4*✉❧$❛$ ❡*$ ✈(❛✐ ❞❛♥* ❧❡ ❝❛* ❞✬✉♥ $❡(♠❡

❞❡ (4❛❝$✐♦♥ ♠♦♥♦*$❛❜❧❡✱ ❛✈❡❝ ✉♥❡ (❡*$(✐❝$✐♦♥ *✉♣♣❧4♠❡♥$❛✐(❡ *✉( ❧❡ ❞4❢❛✉$✳

❉4✜♥✐$✐♦♥ ✻ ✿ ❯♥❡ $❡❧❧❡ *♦❧✉$✐♦♥ ❞❡ ❧✬4C✉❛$✐♦♥ ❛✉① ❞4(✐✈4❡* ♣❛($✐❡❧❧❡* ❡*$ ❛♣♣❡❧4❡

❢!♦♥$ ♣!♦❣!❡((✐❢ ❣*♥*!❛❧✐(*✳

❈❡ (4*✉❧$❛$ ❛♣♣❡❧❧❡ ✉♥ ❝❡($❛✐♥ ♥♦♠❜(❡ ❞❡ (❡♠❛(C✉❡* ✿

✶✳ ■❧ ♠♦♥$(❡ C✉❡ ❧✬4✈♦❧✉$✐♦♥ ❞❡ x0 ❡$ w ❡*$ (4❣✐❡ ♣❛( ✉♥ *②*$.♠❡ ❞❡ ❞❡✉①

4C✉❛$✐♦♥* ❞✐✛4(❡♥$✐❡❧❧❡* ♦(❞✐♥❛✐(❡* ❞✉ ♣(❡♠✐❡( ♦(❞(❡✳

✷✳ 8✉✐*C✉❡ U ❡*$ ❞❡ ❞4(✐✈4❡ G ❞4❝(♦✐**❛♥❝❡ (❛♣✐❞❡ ❛✉ ✈♦✐*✐♥❛❣❡ ❞❡ ❧✬✐♥✜♥✐✱ ❝❡*

4C✉❛$✐♦♥* *♦♥$ ❜✐❡♥ ❞4✜♥✐❡* ❝❛( ❧❡* ✐♥$4❣(❛❧❡* C✉✐ ② ✐♥$❡(✈✐❡♥♥❡♥$ *♦♥$ ❜✐❡♥

❞4✜♥✐❡* ✦

✸✳ ❉❡ ♣❧✉*✱ ❝❡* 4C✉❛$✐♦♥* *♦♥$ ❛**❡③ *✐♠♣❧❡* ❀ ❧❡* ✐♥$4❣(❛❧❡* ❝♦♥*✐❞4(4❡* 4$❛♥$

❞❡* ♥♦♠❜!❡(✳

✹✳ ❙✉($♦✉$✱ ❝❡* 4C✉❛$✐♦♥* *♦♥$ $(.* ❣4♥4(❛❧❡*✱ ❝❛( ❧❛ ❢♦(♠❡ ❞❡ ❧❛ ♥♦♥✲❧✐♥4❛(✐$4

R ♥✬❡*$ ♣❛* *♣4❝✐✜4❡✳ ❖♥ ❞❡♠❛♥❞❡ *❡✉❧❡♠❡♥$ G ❝❡ C✉❡ R *✬❛♥♥✉❧❡ ❡♥ 0 ❡$

❡♥ 1✱ ❝❡ C✉✐ ♥✬❡*$ ♣❛* (❡*$(✐❝$✐❢ ✦ ◆♦✉* ♣❡♥*♦♥* C✉❡ ❝❡* 4C✉❛$✐♦♥* ♣❡✉✈❡♥$

V$(❡ $(❛♥*♣♦*4❡* G ❞✬❛✉$(❡* $②♣❡* ❞❡ ♥♦♥✲❧✐♥4❛(✐$4* C✉❡ ❝❡✉① 4$✉❞✐4* ❞❛♥*

❝❡$$❡ $❤.*❡ ✭♠♦♥♦*$❛❜❧❡ ❡$ ❜✐*$❛❜❧❡✮✳

✺✳ ❊♥ (4*✉♠4✱ ❞✐*♦♥* C✉❡ ❧❛ *❡✉❧❡ ✈(❛✐❡ ❤②♣♦$❤.*❡ ❢❛✐$❡ ❥✉*C✉✬✐❝✐ ❡*$ C✉❡ ❧❡

❞4❢❛✉$ s *♦✐$ ❧♦❝❛❧✐*4✳

✻✳ ◆♦✉* ✈❡((♦♥* ❞❛♥* ❧❡* ❝❤❛♣✐$(❡* ■■■ ❡$ ■❱ C✉❡ ❝❡* 4C✉❛$✐♦♥* ❢♦✉(♥✐**❡♥$

❞❡ $(.* ❜♦♥♥❡* ❛♣♣(♦①✐♠❛$✐♦♥* ❞❡* *♦❧✉$✐♦♥* ❞❡ ❧✬4C✉❛$✐♦♥ ❛✉① ❞4(✐✈4❡*

♣❛($✐❡❧❧❡* ✐♥✐$✐❛❧❡✳



✹✵ ❈❤❛♣✐'(❡ ■■✳ ➱-✉❛'✐♦♥1 ❞❡ (3❛❝'✐♦♥✲❞✐✛✉1✐♦♥ ❞❛♥1 ❞❡1 ♠✐❧✐❡✉① ❤3'3(♦❣;♥❡1

■■✳✹✳✸ $%❡♠✐)%❡ ❧♦✐ ❞✬./✉✐❧✐❜%❡

❯'✐❧✐1❛♥' ✭■■✳✶✾✮✱ ♥♦✉1 ❛✈♦♥1 ❧❛ ❢♦(♠✉❧❡ ❞❡ ❝❤❛♥❣❡♠❡♥' ❞❡ ✈❛(✐❛❜❧❡ 1✉✐✈❛♥'❡ ✿

U(z) = u (w(0)z + x0(0), 0) = u (w(t)z + x0(t), t) ∀t > 0,

-✉❡ ♥♦✉1 ♥♦'❡(♦♥1 ❞❡ ♠❛♥✐;(❡ ❛❜(3❣3❡ ✿

U(z) = u (w z + x0, t) .

❈❛❧❝✉❧♦♥1 ❞♦♥❝ ❧❡1 ❞3(✐✈3❡1 ♣❛('✐❡❧❧❡1 ❞❡ u ❡♥ ❢♦♥❝'✐♦♥ ❞❡1 ❞3(✐✈3❡1 ❞❡ U ✿

∂tu = − 1

w

(

ẋ0 +
ẇ(x − x0)

w

)

U ′
(
x − x0

w

)

∂xu =
1

w
U ′

(
x − x0

w

)

∆u =
1

w2
U ′′

(
x − x0

w

)

.

▲❛ ❞3♠❛(❝❤❡ ♣♦✉( ♦❜'❡♥✐( ❧❡1 ❧♦✐1 ❞✬3-✉✐❧✐❜(❡ ❡1' ❣3♥3(❛❧❡✱ ❡❧❧❡ ❝♦♥1✐1'❡ H ✐♥"#❣%❡%

❧❡1 3-✉❛'✐♦♥1 ❝♦♥1✐❞3(3❡1 ♣❛( (❛♣♣♦(' H ❧❛ ✈❛(✐❛❜❧❡ ❞✬❡1♣❛❝❡✳ ■❝✐✱ ♣♦✉( ✭■■✳✺✮✱ ❝❡❧❛

❞♦♥♥❡ ✿ ∫ +∞

−∞
∂tu dx

︸ ︷︷ ︸

= [∂xu]
+∞
x=−∞ +

∫ +∞

−∞
s(x)R(u) dx .

▲❡ '❡(♠❡ [∂xu]
+∞
x=−∞ ❡1' ♥✉❧✱ ❝❛( ❧❡ ❢(♦♥' ❡1' ♣❧❛' ❧♦✐♥ ❞✉ ❞3❢❛✉'✳ ◆♦✉1 ✐♥❥❡❝'♦♥1

❧❡1 '❡(♠❡1 ❝❛❧❝✉❧31 ♣❧✉1 ❤❛✉' ✿

︷ ︸︸ ︷
∫ +∞

−∞
− ẋ0

w
U ′

(
x − x0

w

)

dx −
∫ +∞

−∞

ẇ(x − x0)

w2
U ′

(
x − x0

w

)

dx

=

∫ +∞

−∞
s(x)R

(

U

(
x − x0

w

))

dx

◆♦✉1 ❝♦♥'✐♥✉♦♥1 ❧❡ ❝❛❧❝✉❧ ❡♥ ❢❛✐1❛♥' ❧❡ ❝❤❛♥❣❡♠❡♥' ❞❡ ✈❛(✐❛❜❧❡ x = w z + x0✱ ❡'

❝❡❧❛ ❞♦♥♥❡ ✿

−ẋ0
∫ +∞

−∞
U ′(z) dz − ẇ

∫ +∞

−∞
zU ′(z) dz = w

∫ +∞

−∞
s(w z + x0)R(U(z)) dz

❙♦✐' ✿

ẋ0J1 + ẇJ2 + wJ3 = 0

♦M

J1 =

∫ +∞

−∞
U ′(z) dz ✭■■✳✷✷✮

J2 =

∫ +∞

−∞
z U ′(z) dz ✭■■✳✷✸✮

J3 =

∫ +∞

−∞
s(w z + x0) R(U(z)) dz ✭■■✳✷✹✮



■■✳✹✳ ❙$❛♥❞❛(❞✐*❛$✐♦♥ ❞✉ ♠♦❞.❧❡ ✿ ❛♥❛❧②*❡ ❡♥ ❝♦♦(❞♦♥♥4❡* ❝♦❧❧❡❝$✐✈❡* ✹✶

❙✐ ❧✬♦♥ *✉♣♣♦*❡ ❝♦♠♠❡ ❝❡❧❛ ❛ 4$4 ❢❛✐$ ♣❧✉* ❤❛✉$ ;✉❡ ❧❡ ❢(♦♥$ ✈❛ ❞❡ 1 < 0✱ ♦♥ ❛

$♦✉❥♦✉(*

J1 = [U(z)]+∞−∞ = −1.
❈❡ ❝❛❧❝✉❧ 4$❛❜❧✐$ ❧❛ ♣(❡♠✐.(❡ ♣❛($✐❡ ❞✉ (4*✉❧$❛$ ■■✳✷✶✳

■■✳✹✳✹ ❉❡✉①✐(♠❡ ❧♦✐ ❞✬./✉✐❧✐❜1❡

❆✈❛♥$ ❞✬✐♥$4❣(❡( ❧✬4;✉❛$✐♦♥ ✭■■✳✺✮✱ ♥♦✉* ❧❛ ♠✉❧$✐♣❧✐♦♥* ❞✬❛❜♦(❞ ♣❛( u ✿

∫ +∞

−∞
u∂tu dx =

∫ +∞

−∞
u∆u dx

︸ ︷︷ ︸

+

∫ +∞

−∞
s(x)uR(u) dx

G✉✐* ♥♦✉* ✐♥$4❣(♦♥* ♣❛( ♣❛($✐❡* ✿

∫ +∞

−∞
u∂tu dx

︸ ︷︷ ︸

=

︷ ︸︸ ︷

[u∂xu]
+∞
x=−∞ −

∫ +∞

−∞
(∂xu)

2 dx +

∫ +∞

−∞
s(x)uR(u) dx

▲❡ $❡(♠❡ [u∂xu]
+∞
x=−∞ ❡*$ ♥✉❧ ♣♦✉( ❧❛ ♠I♠❡ (❛✐*♦♥ ;✉❡ ♣(4❝4❞❡♠♠❡♥$✳ ◆♦✉*

✐♥❥❡❝$♦♥* ❧❡* $❡(♠❡* ❝❛❧❝✉❧4* ♣❧✉* ❤❛✉$ ❡$ ❝♦♥$✐♥✉♦♥* ❧❡ ❝❛❧❝✉❧ ❡♥ ❢❛✐*❛♥$ ❧❡ ❝❤❛♥✲

❣❡♠❡♥$ ❞❡ ✈❛(✐❛❜❧❡ x = w z + x0 ✿

︷ ︸︸ ︷

−ẋ0
∫ +∞

−∞
U(z)U ′(z) dz − ẇ

∫ +∞

−∞
zU(z)U ′(z) dz

= − 1

w

∫ +∞

−∞
U ′2(z) dz + w

∫ +∞

−∞
s(w z + x0)U(z)R(U(z)) dz

❙♦✐$ ✿

ẋ0J4 + ẇJ5 + wJ6 =
1
w
J7

♦L

J4 =

∫ +∞

−∞
U(z) U ′(z) dz ✭■■✳✷✺✮

J5 =

∫ +∞

−∞
z U(z) U ′(z) dz ✭■■✳✷✻✮

J6 =

∫ +∞

−∞
s(w z + x0) U(z) R(U(z)) dz ✭■■✳✷✼✮

J7 =

∫ +∞

−∞
U ′2(z) dz ✭■■✳✷✽✮

■❝✐ ❛✉**✐✱ *✐ ❧✬♦♥ *✉♣♣♦*❡ ❝♦♠♠❡ ❝❡❧❛ ❛ 4$4 ❢❛✐$ ♣❧✉* ❤❛✉$ ;✉❡ ❧❡ ❢(♦♥$ ✈❛ ❞❡ 1 <

0✱ ♦♥ ❛ ✉♥❡ *✐♠♣❧✐✜❝❛$✐♦♥ ✿

J4 = [U2(z)]+∞−∞ = −1

2
.

❈❡ ❝❛❧❝✉❧ 4$❛❜❧✐$ ❧❛ ❞❡✉①✐.♠❡ ♣❛($✐❡ ❞✉ (4*✉❧$❛$ ■■✳✷✶✳



✹✷ ❈❤❛♣✐'(❡ ■■✳ ➱-✉❛'✐♦♥1 ❞❡ (3❛❝'✐♦♥✲❞✐✛✉1✐♦♥ ❞❛♥1 ❞❡1 ♠✐❧✐❡✉① ❤3'3(♦❣;♥❡1

■■✳✹✳✺ ❆✉&'❡) ❧♦✐) ❞✬/0✉✐❧✐❜'❡

■❧ 1❡♠❜❧❡ ❞♦♠♠❛❣❡ ❞❡ 1✬❛((>'❡( ❡♥ 1✐ ❜♦♥ ❝❤❡♠✐♥✱ ❡' ❞❡ 1❡ ❧✐♠✐'❡( @ ❞❡✉① ❧♦✐1

❞✬3-✉✐❧✐❜(❡✳ ❊♥ ❡✛❡'✱ ♦♥ ♣❡✉' ♦❜'❡♥✐( ❞✬❛✉'(❡1 ❧♦✐1 ❞✬3-✉✐❧✐❜(❡ ❡♥ ❝♦♠♣❧3♠❡♥' ❞❡1

❞❡✉① ❧♦✐1 ❞✬3-✉✐❧✐❜(❡ ❞3(✐✈3❡1 ❝✐✲❞❡11✉1✳ ❊♥ ♣(✐♥❝✐♣❡✱ ♥♦✉1 ♣♦✉✈♦♥1 ❛✉11✐ ♠✉❧'✐♣❧✐❡(

❧✬3-✉❛'✐♦♥ ❛✉① ❞3(✐✈3❡1 ♣❛('✐❡❧❧❡1 ❞❡ ❞3♣❛(' ♣❛( ∂xu✱ ♠❛✐1 ❝❡❧❛ ❞♦♥♥❡(❛✐' 3✈❡♥✲

'✉❡❧❧❡♠❡♥' ✉♥❡ ♠❛✉✈❛✐1❡ 3✈♦❧✉'✐♦♥ ❞❡1 ❝♦♦(❞♦♥♥3❡1 ❝♦❧❧❡❝'✐✈❡1✱ ♥♦'❛♠♠❡♥' 1✐ s

❡1' ❞✐1❝♦♥'✐♥✉❡✳ ◆♦✉1 ❧❡ ✈3(✐✜❡(♦♥1 ♣❧✉1 '❛(❞✱ ♠❛✐1 ♥♦✉1 ♣♦✉✈♦♥1 ❞;1 ♠❛✐♥'❡♥❛♥'

♠❡♥❡( ❧❡1 ❝❛❧❝✉❧1 ✿

∫ +∞

−∞
∂xu ∂tu dx =

[
(∂xu)

2

2

]+∞

x=−∞
+

∫ +∞

−∞
s(x)∂xuR(u) dx

❯♥❡ ❢♦✐1 ❡♥❝♦(❡ ❧❡ '❡(♠❡

[
(∂xu)2

2

]+∞

x=−∞
❡1' ♥✉❧ ❝❛( ❧❡ ❢(♦♥' ❡1' ♣❧❛' ❧♦✐♥ ❞✉ ❞3❢❛✉'✳

◆♦✉1 ✐♥❥❡❝'♦♥1 ❧❡1 '❡(♠❡1 ❝❛❧❝✉❧31 ♣❧✉1 ❤❛✉' ❡' ❝♦♥'✐♥✉♦♥1 ❧❡ ❝❛❧❝✉❧ ❡♥ ❢❛✐1❛♥' ❧❡

❝❤❛♥❣❡♠❡♥' ❞❡ ✈❛(✐❛❜❧❡ x = w z + x0 ✿

−ẋ0
w

∫ +∞

−∞
U ′2(z) dz− ẇ

w

∫ +∞

−∞
U ′2(z)z dz =

∫ +∞

−∞
s(w z+x0)U

′(z)R(U(z)) dz

❙♦✐' ✿

ẋ0J7 + ẇJ8 + wJ9 = 0 ✭■■✳✷✾✮

♦M

J8 =

∫ +∞

−∞
z U ′2(z) dz ✭■■✳✸✵✮

J9 =

∫ +∞

−∞
s(w(t)z + x0(t)) U

′(z) R(U(z)) dz ✭■■✳✸✶✮

◆♦✉1 ♣♦✉✈♦♥1 ❢❛✐(❡ ✉♥ ❝❡('❛✐♥ ♥♦♠❜(❡ ❞❡ (❡♠❛(-✉❡1 ✿

✶✳ ❇❡❛✉❝♦✉♣ ❞✬❛✉'(❡1 ❧♦✐1 ♣❡✉✈❡♥' >'(❡ ♦❜'❡♥✉❡1✳ ❯♥ ♣(❡♠✐❡( ❣(♦✉♣❡ ♣(♦✈✐❡♥'

❞❡ ❧❛ ♠✉❧'✐♣❧✐❝❛'✐♦♥ ❞❡ ❧✬3-✉❛'✐♦♥ ❛✉① ❞3(✐✈3❡1 ♣❛('✐❡❧❧❡1 ✐♥✐'✐❛❧❡ ♣❛( ❞❡1

❞3(✐✈3❡1 1✉❝❝❡11✐✈❡1 ❞❡ u ✿ ∂xxu✳✳✳ ❯♥ ❞❡✉①✐;♠❡ ❣(♦✉♣❡ ♣(♦✈✐❡♥' ❞❡ ❧❛

♠✉❧'✐♣❧✐❝❛'✐♦♥ ❞❡ ❧✬3-✉❛'✐♦♥ ♣❛( ❞❡1 ♣✉✐11❛♥❝❡1 1✉❝❝❡11✐✈❡1 ❞❡ x ✿ x , x2✳✳✳

✷✳ ❊①♣❧✐❝✐'♦♥1 ❧✬❡①❡♠♣❧❡ ❞✬✉♥❡ '❡❧❧❡ ❧♦✐ ❞✬3-✉✐❧✐❜(❡✳ ❊♥ ♠✉❧'✐♣❧✐❛♥' ❧✬3-✉❛'✐♦♥

✭■■✳✺✮ ♣❛( x ✱ ♦♥ ♦❜'✐❡♥' ✿

−ẋ0 w
∫

R

z U ′(z) dz−ẋ0 x0
∫

R

U ′(z) dz−ẇ w

∫

R

z2 U ′(z) dz−ẇx0

∫

R

z U ′(z) dz

=

∫

R

z U ′′(z) dz +
x0

w

∫

R

U ′′(z) dz

+w2

∫

R

z s(w z + x0) R(U(z)) dz +w x0

∫

R

s(w z + x0) R(U(z)) dz



■■✳✹✳ ❙$❛♥❞❛(❞✐*❛$✐♦♥ ❞✉ ♠♦❞.❧❡ ✿ ❛♥❛❧②*❡ ❡♥ ❝♦♦(❞♦♥♥4❡* ❝♦❧❧❡❝$✐✈❡* ✹✸

❙♦✐$✱ $♦✉* ❝❛❧❝✉❧* ❢❛✐$* ✿

ẋ0 x0 +
π2

3
ẇ w

= 1+w2

∫

R

z s(w z+x0) Rb(U1(z)) dz+w x0

∫

R

s(w z+x0) Rb(U1(z)) dz

❞❛♥* ❧❡ ❝❛* ❜✐*$❛❜❧❡✱ ❡$

− ẋ0 w + ẋ0 x0 +
π2

3
ẇ w − ẇx0

= 1+w2

∫

R

z s(w z+x0) Rm(U2(z)) dz+w x0

∫

R

s(w z+x0) Rm(U2(z)) dz

❞❛♥* ❧❡ ❝❛* ♠♦♥♦*$❛❜❧❡✳ ❈❡$$❡ 4;✉❛$✐♦♥ ♥✬❡*$ ♣❛* ❞✉ $♦✉$ ♣(❛$✐;✉❡ ✦ ❊❧❧❡

♥✬❡*$ ♣❛* (4*♦❧✉❡ ❡♥ x0 ♦✉ ❡♥ w ✳ @♦✉( ❝❡$$❡ (❛✐*♦♥✱ ♥♦✉* ♥✬✉$✐❧✐*❡(♦♥* ♣❛*

❞❡ $❡❧❧❡* ❧♦✐* ❞✬4;✉✐❧✐❜(❡✳

✸✳ ▲❡* ❝❛❧❝✉❧* ❝✐✲❞❡**✉* ♦♥$ 4$4 ♠❡♥4* ❡♥ $♦✉$❡ ❣4♥4(❛❧✐$4✳ ▲✬✐♥$4(D$ ❞❡ $❡❧*

❝❛❧❝✉❧* ❡*$ ;✉❡ ❧❛ ♠❛❥♦(✐$4 ❞❡* ✐♥$4❣(❛❧❡* ;✉✐ ❛♣♣❛(❛✐**❡♥$ ♥❡ ❢♦♥$ ✐♥$❡(✈❡♥✐(

;✉❡ U ❡$ *❡* ❞4(✐✈4❡*✱ ❝❡ *♦♥$ ❞♦♥❝ ❞❡* ♥♦♠❜(❡* (4❡❧*✳ ❈✬❡*$ ❧❡ ❝❛* ♣♦✉(

❧❡* ✐♥$4❣(❛❧❡* J1✱ J2✱ J4✱ J5✱ J7 ❡$ J8✳ ❙✐ U *✉✐$ ✉♥ ♣(♦✜❧ ❝♦♥♥✉✱ ❝❡* ❝❛❧❝✉❧*

♣❡✉✈❡♥$ D$(❡ ❡✛❡❝$✉4* ✉♥❡ ❢♦✐* ♣♦✉( $♦✉$❡*✱ ❝♦♠♠❡ ♥♦✉* ❧❡ ❢❡(♦♥* ❡♥ ■■■✳✶

❡$ ■❱✳✹✳ ◆♦✉* ✈❡((♦♥* ♠D♠❡ ;✉❡ ❧❡* (4*✉❧$❛$* *♦♥$ ❡①❛❝$*✱ ❝❛( ❧❡* ❢♦♥❝$✐♦♥*

❡♥ ❥❡✉ ❛❞♠❡$$❡♥$ ❞❡* ♣(✐♠✐$✐✈❡* ❝❛❧❝✉❧❛❜❧❡*✳

✹✳ ▲❡* ❛✉$(❡* ✐♥$4❣(❛❧❡* ❞4♣❡♥❞❡♥$ ❞❡ x0 ❡$ w ✳ ❊❧❧❡* ❢♦✉(♥✐**❡♥$ ❧❡*  ❡"♠❡$

$♦✉"❝❡$ ♣♦✉( ❧❡* 4;✉❛$✐♦♥* ❞✐✛4(❡♥$✐❡❧❧❡*✳ ❈✬❡*$ ❧❡ ❝❛* ❞❡ J3✱ J6 ❡$ J9✳

■■✳✹✳✻ ❊①♣❧✐❝✐*❛*✐♦♥ ❞❡0 12✉❛*✐♦♥0 ♣♦✉4 ❝❡4*❛✐♥0 ❞1❢❛✉*0

❆✈❛♥$ ❞❡ ❝❧♦(❡ ❝❡ ❝❤❛♣✐$(❡✱ ♥♦✉* ❛❧❧♦♥* ♠♦♥$(❡( ;✉❡❧;✉❡* "(❞✉❝ ✐♦♥$ ❞❡ ❝❡*

4;✉❛$✐♦♥* ♦❜$❡♥✉❡* ♣♦✉( ❝❡($❛✐♥* $②♣❡* ❞❡ ❞4❢❛✉$* ❛♥♥♦♥❝4* ❡♥ ■■✳✷✳✶✳ ❯♥ ❞4❢❛✉$

❝♦♥*$❛♥$✭ ✦✮ ❡*$ ❞❡ ❧❛ ❢♦(♠❡ s(x) ≡ s0✳ ❆❧♦(* ♦♥ ♣❡✉$ ❞✐(❡ ;✉❡

J3 = s0J10

J6 = s0J11

J9 = s0J12

❛✈❡❝ 





J10 =

∫ +∞

−∞
R(U(z)) dz

J11 =

∫ +∞

−∞
U(z) R(U(z)) dz

J12 =

∫ +∞

−∞
U ′(z) R(U(z)) dz .

✭■■✳✸✷✮
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▲❡0 2,✉❛&✐♦♥0 ✭■■✳✷✶✮✱ ✭■■✳✷✾✮ 0❡ 0✐♠♣❧✐✜❡♥& ❡♥ ✿







−ẋ0J1 − ẇJ2 = s0wJ10

−ẋ0J4 − ẇJ5 = −
1

w
J7 + s0wJ11

−ẋ0J7 − ẇJ8 = s0wJ12.

✭■■✳✸✸✮
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■❝✐ ❛✉00✐✱ ❧❡0 ✐♥&2❣'❛❧❡0 J10✱ J11 ❡& J12 0♦♥& ❝❛❧❝✉❧❛❜❧❡0 ❞:0 ❧♦'0 ,✉❡ R ❡& U
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❧❡ ♣❧✉0 ♣❛'&✐❝✉❧✐❡'✳

✶✳ ◆♦✉0 ❛✈♦♥0 ✉♥ 0②0&:♠❡ ❞✬2,✉❛&✐♦♥0 ✐♥❞2♣❡♥❞❛♥&❡0 ❞❡ U ❡& R ❡♥ ✭■■✳✷✶✮✳

✷✳ ❊♥ 0✉♣♣♦0❛♥& U ✜①2✱ 2❣❛❧ ♣❛' ❡①❡♠♣❧❡ ❛✉ ❢'♦♥& ❞✬❍✉①❧❡② U1 ♦✉ ❛✉ ❢'♦♥&

❞✬❆❜❧♦✇✐&③ U2✱ ♥♦✉0 ❛✈♦♥0 ✉♥ 0❡❝♦♥❞ 0②0&:♠❡ ❞✬2,✉❛&✐♦♥0✳

✸✳ ❊♥ ❛❥♦✉&❛♥& ❧❛ ❝♦♥♥❛✐00❛♥❝❡ ❞✉ &❡'♠❡ ❞❡ '2❛❝&✐♦♥✱ 2❣❛❧ Q Rb ❞❛♥0 ❧❡ ❝❛0

❜✐0&❛❜❧❡ ♦✉ Q Rm ❞❛♥0 ❧❡ ❝❛0 ♠♦♥♦0&❛❜❧❡✱ ♥♦✉0 ♦❜&❡♥♦♥0 ✉♥❡ ♥♦✉✈❡❧❧❡

0✐♠♣❧✐✜❝❛&✐♦♥✳

R'2❝✐0♦♥0 ,✉❡✱ ♣♦✉' ❧❡0 ❝❛0 ,✉❡ ♥♦✉0 2&✉❞✐♦♥0✱ ❝✬❡0& ❧❛ ❝♦♥♥❛✐00❛♥❝❡ ❞❡ R ,✉✐
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s(x) = s0 + s1 exp

(−x2
2d

)

♣❛' ✉♥❡ ❞✐0&'✐❜✉&✐♦♥ δ ❞❡ ❉✐'❛❝ ❛♣♣'♦♣'✐2❡ ✿

s(x) = s0 + s ′1 δ0(x)

❛✈❡❝ s ′1 = s1
√
2πd ❞❡ &❡❧❧❡ ♠❛♥✐:'❡ ,✉❡ ♥♦✉0 ❛②♦♥0 ❛❧♦'0 2❣❛❧✐&2 ❞❡0 ✐♥✲

&2❣'❛❧❡0 ❞❡0 ❞❡✉① ❞2❢❛✉&0✳ ❖✉❜❧✐♦♥0 ❧❡ ✓♣'✐♠❡✔ ♣♦✉' 2❝'✐'❡ ❞❡ ♠❛♥✐:'❡

❣2♥2'✐,✉❡

s(x) = s0 + s1δ0(x) ✭■■✳✸✹✮
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s(x) = sl +
sr − sl

2

(

1 + tanh
x

d

)

♣❛( ✉♥❡ ❢♦♥❝$✐♦♥ ❞❡ ❍❡❛✈✐*✐❞❡ ✿

s(x) = sl + (sr − sl)H(x) ✭■■✳✸✺✮

❈❡* ❞❡✉① ❞4❢❛✉$* ✭❞❡ ❧❛(❣❡✉( ❝❛(❛❝$4(✐*$✐:✉❡ ♥✉❧❧❡✮ ♣♦($❡(♦♥$ ♠✐❡✉① ❧❡ ♥♦♠

❞✬♦❜"#❛❝❧❡"✱ ❡$ (4♣♦♥❞❡♥$ I ❧❛ ❞✐*❝✉**✐♦♥ ❞✉ ❞4❜✉$ ❞❡ ❝❡ ❝❤❛♣✐$(❡✳ ❖♥ ♣❡✉$ ❛❧♦(*

❝♦♥$✐♥✉❡( I ❡①♣❧✐❝✐$❡( ❧❡* 4:✉❛$✐♦♥* ✭■■✳✷✶✮✱ ✭■■✳✷✾✮✳

❈❛" ❞✬✉♥ ❞'❢❛✉) ✓❉✐-❛❝✔

❙✉♣♣♦*♦♥* :✉❡ s(x) = s0 + s1δ0(x)✳ ❆❧♦(* ❧❡* 4:✉❛$✐♦♥* ✭■■✳✷✶✮✱ ✭■■✳✷✾✮ *❡ *✐♠✲

♣❧✐✜❡♥$ ❡♥ ✿







−ẋ0J1 − ẇJ2 = s0wJ10 + s1R

(

U

(−x0
w

))

−ẋ0J4 − ẇJ5 = −
1

w
J7 + s0wJ11 + s1U

(−x0
w

)

R

(

U

(−x0
w

))

−ẋ0J7 − ẇJ8 = s0wJ12 + s1U
′
(−x0

w

)

R

(

U

(−x0
w

))

.
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





−ẋ0J1 − ẇJ2 = slwJ10 + (sr − sl)w

∫ +∞

−x0
w

R(U(z)) dz

−ẋ0J4 − ẇJ5 = −
1

w
J7 + slwJ11 + (sr − sl)w

∫ +∞

−x0
w

U(z)R(U(z)) dz

−ẋ0J7 − ẇJ8 = slwJ12 + (sr − sl)w

∫ +∞

−x0
w

U ′(z)R(U(z)) dz .
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■■■✳✹✳✷ ❆++7) ❞✉ ❢+♦♥) ♣❛+ ✉♥ ❞%❢❛✉) ❛♥)✐9②♠%)+✐>✉❡ ✳ ✳ ✳ ✳ ✻✼
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❉❛♥( ❝❡ ❝❤❛♣✐/,❡✱ ♥♦✉( ./✉❞✐♦♥( ❧❡( ❝♦♥(.9✉❡♥❝❡( ❞❡( ,.(✉❧/❛/( ./❛❜❧✐( ❛✉

❝❤❛♣✐/,❡ ■■ ❧♦,(9✉❡ ❧❡ /❡,♠❡ ❞❡ ,.❛❝/✐♦♥ ❡(/ ❞❡ ❧❛ ❢♦,♠❡

R(u) = u(1− u)(u − a)

♣♦✉, 0 < a < 1
2 ✳

-0.02

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0  0.2  0.4  0.6  0.8  1

❋✐❣✉$❡ ■■■✳✶ ✕ ❚❡&♠❡ ❞❡ &)❛❝,✐♦♥ ❜✐1,❛❜❧❡✳ ■❝✐ ♦♥ ❛ ❝❤♦✐1✐ a = 0, 3✳

◆♦✉1 ❝♦♥1✐❞)&♦♥1 ❞♦♥❝ ❧✬)7✉❛,✐♦♥ 1✉✐✈❛♥,❡ ✿

∂tu = ∆u + s(x) u(1− u)(u − a). ✭■■■✳✶✮

■■■✳✶ ❆♥❛❧②(❡ ❡♥ ❝♦♦,❞♦♥♥.❡( ❝♦❧❧❡❝/✐✈❡(

▲♦&17✉❡ ❧❡ ,❡&♠❡ ❞❡ &)❛❝,✐♦♥ ✈❛✉, u(1−u)(u−a)✱ ✐❧ ❡1, ❧)❣✐,✐♠❡ ❞❡ ❝❤❡&❝❤❡&

U 1♦✉1 ❧❛ ❢♦&♠❡ U(z) = 1
1+exp(z) ✱ ♣✉✐17✉✬✐❧ 1✬❛❣✐, ♣&)❝✐1)♠❡♥, ❞❡ ❧❛ ✈❛❧❡✉& ❞❡ U

❡♥ ♠✐❧✐❡✉ ❤♦♠♦❣A♥❡✳ ❆❧♦&1 ♦♥ ♣❡✉, ❢❛✐&❡ ❧❡1 ❝❛❧❝✉❧1 ♣♦✉& ❧❡1 ✐♥,)❣&❛❧❡1 ✿







J1 =

∫ +∞

−∞
U ′(z) dz = −1

J2 =

∫ +∞

−∞
z U ′(z) dz = 0

J4 =

∫ +∞

−∞
U(z) U ′(z) dz = −1

2

J5 =

∫ +∞

−∞
z U(z) U ′(z) dz =

1

2

J7 =

∫ +∞

−∞
U ′2(z) dz =

1

6

J8 =

∫ +∞

−∞
z U ′2(z) dz = 0



✺✵ ❈❤❛♣✐'(❡ ■■■✳ ❈❛, ❜✐,'❛❜❧❡

❖♥ ❛ ❞❡ ♣❧✉, ✿







J10 =

∫ +∞

−∞
Rb(U(z)) dz =

1− 2a

2

J11 =

∫ +∞

−∞
U(z) Rb(U(z)) dz =

2− 3a

6

J12 =

∫ +∞

−∞
U ′(z) Rb(U(z)) dz =

2a− 1

12

▲❡, 56✉❛'✐♦♥, ,♦♥' ❞♦♥❝✱ ❡♥ '♦✉'❡ ❣5♥5(❛❧✐'5 ❝♦♥❝❡(♥❛♥' ❧❡ ❞5❢❛✉' ✿







ẋ0 = wJ3

ẇ =
1

3w
+ w(J3 − 2J6)

ẋ0 = −6wJ9

❙✐ ♥♦✉, (❡'❡♥♦♥, ✉♥✐6✉❡♠❡♥' ❧❡, ❞❡✉① ♣(❡♠✐?(❡, 56✉❛'✐♦♥,✱ ❡' ,✐ ♥♦✉, (❛♣♣❡❧♦♥,

❧❡, ❞5✜♥✐'✐♦♥, ❞❡ J3 ❡' J6✱ ♥♦✉, ♦❜'❡♥♦♥, ✿







ẋ0 = w

∫ +∞

−∞
s(wz + x0)Rb(U(z)) dz

ẇ =
1

3w
+ w

∫ +∞

−∞
s(wz + x0)(1− 2U(z))Rb(U(z)) dz

✭■■■✳✷✮

❆✉ ❝♦✉(, ❞❡ ♥♦'(❡ '(❛✈❛✐❧ ♥✉♠5(✐6✉❡✱ ♥♦✉, ❛✈♦♥, ✉'✐❧✐,5 ❝❡ ,②,'?♠❡✳ G❧✉, ❧♦✐♥✱

♥♦✉, ♠♦♥'(❡(♦♥, ❧❛ ❝♦♠♣❛(❛✐,♦♥ ❞❡, (5,✉❧'❛', ♦❜'❡♥✉, ♣❛( ,♦♥ ❡♥'(❡♠✐,❡ ❡' ❞❡,

(5,✉❧'❛', ♦❜'❡♥✉, ♣❛( ❧❛ (5,♦❧✉'✐♦♥ ❞❡ ❧✬56✉❛'✐♦♥ ❛✉① ❞5(✐✈5❡, ♣❛('✐❡❧❧❡, ❞❡ ❞5♣❛('

,✉✐✈✐❡ ❞❡ ❧❛ ♣(♦❝5❞✉(❡ ❞✬❛♣♣(♦❝❤❡ ♣❛( ♠♦✐♥❞(❡, ❝❛((5,✳

■■■✳✶✳✶ ❉$❢❛✉( ❝♦♥,(❛♥(

❆✈❛♥' ❞❡ (❡❣❛(❞❡( ❧❡, (5,✉❧'❛', ♦❜'❡♥✉, ♣❛( ♥♦'(❡ ♠5'❤♦❞❡ ❞❛♥, ❞❡, ❝❛, ❤5'5✲

(♦❣?♥❡,✱ ✐❧ ❡,' ❜♦♥ ❞❡ ✈5(✐✜❡( 6✉❡ ♥♦'(❡ ❞5♠❛(❝❤❡ ❡,' ❝♦♥,✐,'❛♥'❡✱ ❛✉'(❡♠❡♥' ❞✐'

6✉❡ ❧✬♦♥ (❡'(♦✉✈❡ ❞❡, (5,✉❧'❛', ❝♦♥♥✉, ❞❛♥, ❧❡ ❝❛, ❤♦♠♦❣?♥❡✳ ◆♦✉, ❝♦♥,✐❞5(♦♥,

❞♦♥❝ ❞❡, ✓❞5❢❛✉',✔ ❝♦♥,'❛♥',✱ ❞❡ ❧❛ ❢♦(♠❡ s(x) ≡ s0✳ ❆❧♦(, ♦♥ ♣❡✉' ❞✐(❡ 6✉❡

J3 = s0J10 =
s0(1− 2a)

2

J6 = s0J11 =
s0(2− 3a)

6

J9 = s0J12 =
s0(2a− 1)

12



■■■✳✶✳ ❆♥❛❧②(❡ ❡♥ ❝♦♦,❞♦♥♥.❡( ❝♦❧❧❡❝/✐✈❡( ✺✶

▲❡ (②(/4♠❡ ❞❡✈✐❡♥/ ✿







ẋ0 =
s0w(1− 2a)

2

ẇ =
1

3w
− s0w

6

ẋ0 =
s0w(1− 2a)

2

✭■■■✳✸✮

▲❛ /,♦✐(✐4♠❡ .:✉❛/✐♦♥ ❡(/ ,❡❞♦♥❞❛♥/❡ ✦ ▲♦,(:✉❡ ❧✬♦♥ ❝❤❡,❝❤❡ ẇ = 0 ✭✐❝✐ ❝❡❧❛

❡(/ ♥.❝❡((❛✐,❡✱ @ ❧❛ ❞✐✛.,❡♥❝❡ ❞❡ ■❱✳✹✳✶✮✱ ♦♥ /,♦✉✈❡ w =
√

2
s0

@ ❧✬❛✐❞❡ ❞❡ ❧❛

❞❡✉①✐4♠❡ .:✉❛/✐♦♥✱ ♣✉✐( ẋ0 =
√

s0
2 (1 − 2a)✳ ❖♥ ,❡/,♦✉✈❡ ❧❡( ✈❛❧❡✉,( ✭■✳✶✸✮ ❡/

✭■✳✶✷✮ ❞✉ ❝❤❛♣✐/,❡ ■✳

■■■✳✶✳✷ ❱✐&❡((❡ ❞❡ *❡&♦✉* - ❧✬01✉✐❧✐❜*❡

H❛,/❛♥/ ❞✉ (②(/4♠❡ ♣,.❝.❞❡♥/ ✭■■■✳✸✮✱ ♦♥ ♣,♦❝4❞❡ @ ✉♥❡ ❛♥❛❧②(❡ ❞✬✉♥❡ ♣❡,✲

/✉,❜❛/✐♦♥ ❛✉/♦✉, ❞❡ ❧✬.:✉✐❧✐❜,❡

(

ẋ0
∗ =

√
s0
2 (1− 2a),w∗ =

√
2
s0

)

✳ ■❧ ✈✐❡♥/ ❡♥ ❞✐❢✲

❢.,❡♥/✐❛♥/ ✿







δẋ0 =
s0(1− 2a)

2
δw

δẇ = − δw

3w∗2
− s0 δw

6
= −s0

3
δw

❉♦♥❝ ✿

(
δẋ0
δẇ

)

=

(

0 s0(1−2a)
2

0 − s0
3

)(
δx0
δw

)

❖♥ ,.(♦✉/ ❡♥ δw = e−
s0
3
t
✱ ♣✉✐( δx0 = (3a − 3

2)e
− s0

3
t
✳ ▲❡ /❡♠♣( ❝❛,❛❝/.,✐(/✐:✉❡

❞❡ ,❡/♦✉, @ ❧✬.:✉✐❧✐❜,❡✱ ✈❛✉/ ✐❝✐

3
s0

✳

■■■✳✶✳✸ ❉0❢❛✉& ❧❛*❣❡

❈♦♠♠❡ ✈✉ ❡♥ ■■✳✷✳✸✱ ❧❡( ❞.❢❛✉/( (♦♥/ ♥❛/✉,❡❧❧❡♠❡♥/ ❝❧❛((.( ❡♥ ❞.❢❛✉/( ❧❛"❣❡%

✭♦✉ ❧❡♥/(✮ ❡/ &'"♦✐'% ✭♦✉ ,❛♣✐❞❡(✮✳ ❉❛♥( ❧❡ ❝❛( ❞✬✉♥ ❞.❢❛✉/ ❧❛,❣❡✱ ❧❛ ♣❧✉( ❣,♦((✐4,❡

❛♣♣,♦①✐♠❛/✐♦♥ :✉❡ ❧✬♦♥ ♣✉✐((❡ ,.❛❧✐(❡, @ ♣❛,/✐, ❞❡ ✭■■■✳✷✮ ❝♦♥(✐(/❡ @ (✉♣♣♦(❡, :✉❡

s(x0 + wz) ≈ s(x0)✳ ❖♥ ❛ ❛❧♦,(







ẋ0 = ws(x0)J10

ẇ =
1

3w
+ ws(x0)(J10 − 2J11),

❝❡ :✉✐ ❞♦♥♥❡ ✿







ẋ0 =
(1− 2a)w

2
s(x0)

ẇ =
1

3w
− w

6
s(x0).

✭■■■✳✹✮



✺✷ ❈❤❛♣✐'(❡ ■■■✳ ❈❛, ❜✐,'❛❜❧❡

❈❡, /0✉❛'✐♦♥, ❥✉,'✐✜❡♥' 0✉❡ ❧✬♦♥ ♣✉✐,,❡ ♣❛(❧❡( ❞✬✉♥❡ ✈✐"❡$$❡ ❧♦❝❛❧❡ ❡' ❞✬✉♥❡ ❧❛)❣❡✉)

❧♦❝❛❧❡ ❞✉ ❢(♦♥'✳ ❊♥ ❡✛❡'✱ ❧❛ ❞/♣❡♥❞❛♥❝❡ ❞❡ ❝❡, ❝♦♦(❞♦♥♥/❡, ❝♦❧❧❡❝'✐✈❡, ❡♥ s

♥✬❛♣♣❛(❛>' 0✉❡ ✈✐❛ s(x0)✱ ❝✬❡,'✲@✲❞✐(❡ ✈✐❛ ❧❛ ✈❛❧❡✉( ❞❡ s ❡♥ ❧❡ ❝❡♥'(❡ ❞✉ ❢(♦♥' x0✱

❡' ❡♥ ❛✉❝✉♥ ❛✉")❡ ♣♦✐♥"✳ ▲♦(,0✉❡ s ❡,' ❝♦♥,'❛♥'❡✱ ♥♦✉, (❡'(♦✉✈♦♥, ❧❡, (/,✉❧'❛',

✭■✳✶✷✮✱ ✭■✳✶✸✮✳ ❘❡♠❛(0✉♦♥, ❞❡ ♣❧✉, 0✉✬✐❝✐✱ ✐❧ ♥✬② ❛ ♣❛, ❞✬♦❜❥❡❝'✐♦♥ @ ❝❡ 0✉❡ ❧❡ ❞/❢❛✉'

,♦✐' /'❡♥❞✉ ✈❡)$ ❧❛ ❞)♦✐"❡✳ ▲❛ ,❡✉❧❡ ❝♦♥❞✐'✐♦♥ (❡0✉✐,❡ ❡,' 0✉❡ ❧❡ ❢(♦♥' ✐♥❝✐❞❡♥' ,♦✐'

❡♥ (/❣✐♠❡ /'❛❜❧✐ ❛✈❛♥' ❞✬❛''❡✐♥❞(❡ ❧❡ ❞/❢❛✉' ✭♣❧✉, ♣(/❝✐,/♠❡♥' ❛✈❛♥' ❞✬❛''❡✐♥❞(❡

❧❛ ③♦♥❡ ♦K s ′ 6= 0✮✳ ◆♦✉, ♣(♦♣♦,♦♥, ❞✬❛♣♣❡❧❡( ❝❡ ❝❛, ❧❡ ❝❛, ❛❞✐❛❜❛"✐0✉❡✳

◆♦'♦♥, 0✉❡ ❝❡''❡ ❛♣♣(♦①✐♠❛'✐♦♥ ♣❡✉' N'(❡ ❛✣♥/❡ ❡♥ ✉'✐❧✐,❛♥' ✉♥ ❞/✈❡❧♦♣♣❡✲

♠❡♥' ❞❡ ❚❛②❧♦( ✿ s(x0+wz) ≈ s(x0)+wzs ′(x0)✳ ❆❧♦(, ❧❡, /0✉❛'✐♦♥, ❞❡✈✐❡♥♥❡♥' ✿







ẋ0 = ws(x0)J10 + w2s ′(x0)J13

ẇ =
1

3w
+ ws(x0)(J10 − 2J11) + w2s ′(x0)(J13 − 2J14).

♦K ♦♥ ❛ ❞/✜♥✐ ❞❡✉① ♥♦✉✈❡❧❧❡, ✐♥'/❣(❛❧❡, ✿

J13 =

∫ +∞

−∞
z Rb(U(z)) dz ✭■■■✳✺✮

J14 =

∫ +∞

−∞
z U(z) Rb(U(z)) dz ✭■■■✳✻✮

❚♦✉, ❝❛❧❝✉❧, ❢❛✐',✱ ✐❧ ✈✐❡♥' ✿







ẋ0 =
(1− 2a)w

2
s(x0)−

w2

2
s ′(x0),

ẇ =
1

3w
− w

6
s(x0) +

(1− 2a)w2

2
s ′(x0).

◆♦✉, ❛✈♦♥, ✉'✐❧✐,/ ❝❡ ,②,'T♠❡ ♥✉♠/(✐0✉❡♠❡♥'✳ ■❧ ❛♠/❧✐♦(❡ ❧❛ ♣(/❝✐,✐♦♥ ❞❡ ❧✬❡,'✐♠❛✲

'✐♦♥ ❞❡ x0 ❧♦(,0✉✬♦♥ ❝♦♠♣❛(❡ ❛✉① (/,✉❧'❛', ❞❡ ❧✬/0✉❛'✐♦♥ ❛✉① ❞/(✐✈/❡, ♣❛('✐❡❧❧❡,✱

♠❛✐, ♥✬❛♠/❧✐♦(❡ ♣❛, ❧✬❡,'✐♠❛'✐♦♥ ❞❡ w ✳ U♦✉( ❝❡''❡ (❛✐,♦♥✱ ♥♦✉, ❛✈♦♥, ❣❛(❞/ ❧❡

,②,'T♠❡ ✭■■■✳✹✮ ♣♦✉( ,❛ ,✐♠♣❧✐❝✐'/ ❞✬✉'✐❧✐,❛'✐♦♥✳

■■■✳✶✳✹ ❉%❢❛✉) %)*♦✐)

❈❛" ❞✬✉♥ ❞'❢❛✉) ✓❉✐-❛❝✔

▲❡ ♣(❡♠✐❡( ❞/❢❛✉' /'✉❞✐/ ❡♥ ❞/'❛✐❧ ❡,' ♠♦❞/❧✐,/ ♣❛( ✉♥❡ ❞✐,'(✐❜✉'✐♦♥ ❞❡ ❉✐(❛❝ ✿

s(x) = s0 + s1δ(x)✳ ❉❛♥, ❝❡ ❝❛,✱ ✭■■■✳✷✮ ❞♦♥♥❡ ✿







ẋ0 = s0w

(
1− 2a

2

)

+ s1Rb

(

U

(−x0
w

))

ẇ =
1

3w
− s0

w

6
+ s1

(

1− 2U

(−x0
w

))

Rb

(

U

(−x0
w

))
✭■■■✳✼✮



■■■✳✶✳ ❆♥❛❧②(❡ ❡♥ ❝♦♦,❞♦♥♥.❡( ❝♦❧❧❡❝/✐✈❡( ✺✸

▲❡(  ❡"♠❡$ $♦✉"❝❡$ (♦♥/ ❞♦♥♥.( ♣❛, ✿







R1(z) = Rb(U(z)) =
ez(1− a− aez)

(1 + ez)3

R2(z) = (1− 2U(z)) Rb(U(z)) =
ez(ez − 1)(1− a− aez)

(1 + ez)4
.

■❧( (♦♥/ ,❡♣,.(❡♥/.( ❡♥ ✜❣✉,❡ ■■■✳✷✳
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❋✐❣✉$❡ ■■■✳✷ ✕ ❚,❛❝.( ❞❡( /❡,♠❡( (♦✉,❝❡( ♣♦✉, ✉♥ ✓❉✐,❛❝✔ ✿

Rb(U(z)) ✭B ❣❛✉❝❤❡✮ ❡/ (1 − 2U(z)) Rb(U(z)) ✭B ❞,♦✐/❡✮ ❡♥ ❢♦♥❝/✐♦♥ ❞❡ ❧❛

✈❛,✐❛❜❧❡ z ✳ ■❝✐ ♦♥ ❛ ❝❤♦✐(✐ a = 1
4 ✳

❖♥ ♣❡✉/ ❢❛✐,❡ ✉♥ ❝❡,/❛✐♥ ♥♦♠❜,❡ ❞❡ ,❡♠❛,H✉❡( B ♣,♦♣♦( ❞❡ ❝❡( /❡,♠❡( (♦✉,❝❡(✳

❉✬❛❜♦,❞✱ ♥♦/♦♥( H✉❡ ❧❡( ❞❡✉① /❡,♠❡( Rb(U(z)) ❡/ (1−2U(z)) Rb(U(z)) ♥❡ (♦♥/

♣❛( (②♠./,✐H✉❡(✳ L✉✐(H✉❡ Rb(U(z)) ❡(/ ❧❛,❣❡♠❡♥/ ♣♦(✐/✐❢✱ ✉♥ ❞.❢❛✉/ ❝❛✉(❡ ✉♥❡

❛❝❝.❧.,❛/✐♦♥ ❞✉ ❢,♦♥/ ♣♦✉, s1 > 0✳ ❚♦✉/❡❢♦✐(✱ ❧✬❡①✐(/❡♥❝❡ ❞✬✉♥❡ ③♦♥❡ ♥.❣❛/✐✈❡

,❡♥❞ ♣♦((✐❜❧❡ ❧✬❛"") ❞✉ ❢,♦♥/✱ B ❧❛ ❢♦✐( ♣♦✉, s1 > 0 ❡/ ♣♦✉, s1 < 0✳ ❖♥ ❞♦♥♥❡,❛

♣❧✉( ❞❡ ❞./❛✐❧( B ❝❡ (✉❥❡/( ❡♥ (♦✉(✲(❡❝/✐♦♥ ■■■✳✹✳✶✳ ❊♥✜♥✱ ♦♥ ,❡♠❛,H✉❡ H✉❡ (1 −
2U(z)) Rb(U(z)) ❡(/ ❧❛,❣❡♠❡♥/ ♥.❣❛/✐❢✱ ❞❡ /❡❧❧❡ (♦,/❡ H✉❡ ❧❛ ❧❛,❣❡✉, ❞✉ ❢,♦♥/

✐♥❝✐❞❡♥/ ❞✐♠✐♥✉❡ ❧♦,(H✉❡ H✉❡ ❝❡ ❞❡,♥✐❡, ,❡♥❝♦♥/,❡ ✉♥ ❞.❢❛✉/ ❛✈❡❝ s1 > 0✳

❈❛" ❞✬✉♥ ❞'❢❛✉) ✓❍❡❛✈✐"✐❞❡✔

▲✬❛✉/,❡ ❞.❢❛✉/ ./,♦✐/ H✉❡ ♥♦✉( ./✉❞✐♦♥( ❡(/ ♠♦❞.❧✐(. ♣❛, s(x) = sl + (sr −
sl) H(x) ♦R H(x) ❡(/ ❧❛ ❢♦♥❝/✐♦♥ ❞❡ ❍❡❛✈✐(✐❞❡✳ ➚ ♣❛,/✐, ❞❡ ✭■■■✳✷✮✱ ❧❡ (②(/U♠❡

❞✬.H✉❛/✐♦♥( (❡ ,.❞✉✐/ B ✿







ẋ0 = slw

(
1− 2a

2

)

+ (sr − sl)w

∫ +∞

−x0
w

Rb(U(z)) dz

ẇ =
1

3w
− sl

w

6
+ (sr − sl)w

∫ +∞

−x0
w

(1− 2U(z))Rb(U(z)) dz

✭■■■✳✽✮



✺✹ ❈❤❛♣✐'(❡ ■■■✳ ❈❛, ❜✐,'❛❜❧❡

▲❡, '❡(♠❡, ,♦✉(❝❡, ,♦♥' ✐❝✐ ❛✉,,✐ ❝❛❧❝✉❧❛❜❧❡, ❞❡ ♠❛♥✐6(❡ ❡①♣❧✐❝✐'❡ ✿







S1(y) =

∫ ∞

y

Rb(U(z)) dz =
1− 2a(1 + ey )

2(1 + ey )2
,

S2(y) =

∫ ∞

y

(1− 2U(z)) Rb(U(z)) dz =
−1 + 3ey (1− 2a(1 + ey ))

6(1 + ey )3
.

❖♥ ❧❡, '(❛❝❡ ❡♥ ✜❣✉(❡ ■■■✳✸✳ ❘❡♠❛(>✉♦♥, >✉❡ R1✱ R2✱ S1 ❡' S2 ♣❡✉✈❡♥' ❝❤❛♥❣❡(

❞❡ ,✐❣♥❡✱ ♠❛✐, ♣❛, ♣♦✉( '♦✉'❡, ❧❡, ✈❛❧❡✉(, ❞❡ a✳ A❛( ❡①❡♠♣❧❡✱ ,✐ a ❡,' ♣(♦❝❤❡ ❞❡

1
2 ✱ ❧❛ ③♦♥❡ ♣♦,✐'✐✈❡ ❞❡ S2 ❞✐,♣❛(❛C'✳ S1✱ ❧✉✐✱ ❝❤❛♥❣❡ '♦✉❥♦✉(, ❞❡ ,✐❣♥❡ ❀ ♠❛✐, ♣❧✉,

a ❡,' ♣❡'✐'✱ ♠♦✐♥, ❧❛ ③♦♥❡ ♦F ✐❧ ❡,' ♥G❣❛'✐❢ ❡,' ♣(♦♥♦♥❝G❡ ✭❝❡❧❛ ❛ ✉♥ ❧✐❡♥ ❛✈❡❝ ❧❛

❢❛❝✐❧✐'G ❞✬❛((K'❡( ❧❡ ❢(♦♥'✱ ✈♦✐( ■■■✳✹✳✷✮✳
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❋✐❣✉$❡ ■■■✳✸ ✕ ❚(❛❝G, ❞❡, '❡(♠❡, ,♦✉(❝❡, ♣♦✉( ✉♥ ✓❍❡❛✈✐,✐❞❡✔ ✿

∫∞
y

Rb(U(z)) dz ✭S ❣❛✉❝❤❡✮ ❡'

∫∞
y

(1 − 2U(z)) Rb(U(z)) dz ✭S ❞(♦✐'❡✮ ❡♥

❢♦♥❝'✐♦♥ ❞❡ ❧❛ ✈❛(✐❛❜❧❡ y ✳ ■❝✐ ♦♥ ❛ ❝❤♦✐,✐ a = 1
7 ✳

▲❡, (❡♠❛(>✉❡, ❣G♥G(❛❧❡, ❢❛✐'❡, ♣❧✉, ❤❛✉' ,✉( ❧✬❛❝❝G❧G(❛'✐♦♥ ❞✉ ❢(♦♥' ❡' ❧❛

(G❞✉❝'✐♦♥ ❞❡ ,❛ ❧❛(❣❡✉( (❡,'❡♥' ✈❛❧❛❜❧❡,✳ ❘G,✉♠♦♥, ❞❛♥, ❧❡ ❞G'❛✐❧ ❝❡ >✉✐ ,❡ ♣❛,,❡

❧♦(,>✉✬✉♥ ❢(♦♥' (❡♥❝♦♥'(❡ ✉♥ '❡❧ ♦❜,'❛❝❧❡✳

✶✳ ❉❛♥, ✉♥ ♣(❡♠✐❡( '❡♠♣,✱ ✐❧ (❛❧❡♥'✐' ❡' ,❛ ❧❛(❣❡✉( ❞✐♠✐♥✉❡ ✿ ✐❧ ,❡  ❛♠❛##❡

♣♦✉( ❡,,❛②❡( ❞❡ ,❛✉'❡( ❧✬♦❜,'❛❝❧❡ ✭♣❤❛,❡ ❞❡ ♣ &♣❛ ❛'✐♦♥✮✳

✷✳ ❉❛♥, ✉♥ ❞❡✉①✐6♠❡ '❡♠♣,✱ ,✬✐❧ ♥✬❛ ♣❛, '(♦♣ (❛❧❡♥'✐ ❡' ,✬✐❧ ❛ ,✉✣,❛♠♠❡♥'

❛✈❛♥❝G✱ ✐❧ #❛✉'❡ ❧✬♦❜,'❛❝❧❡ ❡♥ ❛❝❝G❧G(❛♥' ❜❡❛✉❝♦✉♣ ❡' ❡♥ ,✬G❧❛(❣✐,,❛♥' ✉♥

♣❡✉✳

✸✳ A✉✐, ❞❛♥, ✉♥ '(♦✐,✐6♠❡ '❡♠♣,✱ ✐❧ ,❡ (❛✐❞✐' S ♥♦✉✈❡❛✉ ✉♥ '♦✉' ♣❡'✐' ♣❡✉ ❡♥

❝♦♥'✐♥✉❛♥' ❞✬❛❝❝G❧G(❡( ✭✷ ❡' ✸ ❝♦♥,'✐'✉❡♥' ❧❛ ♣❤❛,❡ ❞❡ #❛✉'✮✳

✹✳ ❉❛♥, ✉♥ >✉❛'(✐6♠❡ '❡♠♣,✱ ✐❧ ❛''❡✐♥' ❧❛ ♥♦✉✈❡❧❧❡ ③♦♥❡ S s ❝♦♥,'❛♥'✱ ❡' ✐❧

♣(❡♥❞ ❧❛ ❢♦(♠❡ ❝♦((❡,♣♦♥❞❛♥'❡ ✭♣❤❛,❡ ❞❡  &'❛❜❧✐##❡♠❡♥'✮✳
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)♦✉)❡, ❧❡, ,✐♠✉❧❛)✐♦♥, /✉❡ ♥♦✉, ♣.-,❡♥)♦♥,✳ F♦✉. ❝❡))❡ .❛✐,♦♥✱ ❧✬❛♣♣.♦❝❤❡

♣❛. ✉♥ ❢.♦♥) K ❧❛ ❢♦.♠❡ ✜①-❡ U ❡,) ).8, ❜♦♥♥❡✳

✹✳ ❉❡ ♣❧✉,✱ ♣♦✉. -✈✐)❡. ✉♥ ❜✐❛✐, ❞R ❛✉① ③♦♥❡, ♦T u ❡,) ♣.♦❝❤❡ ❞❡ 0 ♦✉ ❞❡ 1
✭❡) ♦T ❧✬❡..❡✉. ❡,) ❞♦♥❝ ❞❡ ❢❛❝)♦ ❢❛✐❜❧❡✮✱ ♥♦✉, ❛✈♦♥, ❝❤♦✐,✐ ❞❡ ❝❛❧❝✉❧❡. ❝❡))❡

❡..❡✉. ❡♥ .❡❞-✜♥✐,,❛♥) ✉♥❡ ③♦♥❡ ,♣❛)✐❛❧❡ ❛❞-/✉❛)❡✳ ❈❡))❡ ③♦♥❡ ,♣❛)✐❛❧❡ ❡,)

❞-✜♥✐❡ ❝♦♠♠❡ ❧❛ ③♦♥❡ ♦T ❧❡ ❢.♦♥) ✓✈❛.✐❡✔✱ ❝✬❡,)✲K✲❞✐.❡ ❝♦♠♠❡ ❧❛ ③♦♥❡ ♦T

u ❡,) ❝♦♠♣.✐, ❡♥).❡ ε ❡) 1− ε✱ ❛✈❡❝ )②♣✐/✉❡♠❡♥) ε = 10−3 ♦✉ ε = 10−2✳

❆✐♥,✐✱ ❧✬❡..❡✉. ♥✬❡,) ♣❛, ❛.)✐✜❝✐❡❧❧❡♠❡♥) ❢❛✐❜❧❡ ❣.X❝❡ K ❞❡, ♣♦✐♥), ❡♥ ❞❡❤♦.,

❞❡ ❝❡))❡ ③♦♥❡✱ ♣♦✐♥), ♣♦✉. ❧❡,/✉❡❧, ❧✬❛♣♣.♦①✐♠❛)✐♦♥ ❡,) ❢❛❝✐❧❡ ♠❛✐, ,❛♥,

✐♥)-.Y)✳

✺✳ ◆♦✉, ❞♦♥♥♦♥, ❞❛♥, ❧❡ )❛❜❧❡❛✉ ,✉✐✈❛♥) ❧❡ ♠❛①✐♠✉♠ ✭❧♦.,/✉❡ t ✈❛.✐❡✱ ♠❛✐,

✉♥❡ ❢♦✐, ♣❛,,- ❧❡ )❡♠♣, ❞✬-)❛❜❧✐,,❡♠❡♥)✮ ❞❡, ❡..❡✉., ❝♦♠♠✐,❡, ❡♥ ❛♣♣.♦✲

❝❤❛♥) ❧❛ ,♦❧✉)✐♦♥ ❡①❛❝)❡ ♣❛. ❧❡ ❢.♦♥) ❞♦♥♥- ♣❛. ❧❛ ♠-)❤♦❞❡ ❞❡ ❣.❛❞✐❡♥)

❝♦♥❥✉❣✉-✳

❙✐♠✉❧❛)✐♦♥ ✵✵✶✵✸✻

❚②♣❡ ❙②♠-).✐/✉❡ ❧❛.❣❡

❊..❡✉. 0, 312.10−4

❙✐♠✉❧❛)✐♦♥ ✵✵✶✵✺✻ ✵✵✶✵✺✺

❚②♣❡ ❙②♠-).✐/✉❡ -).♦✐) ♣❡)✐) ❙②♠-).✐/✉❡ -).♦✐) ❣.❛♥❞

❊..❡✉. 0, 348.10−4 0, 804.10−4

❙✐♠✉❧❛)✐♦♥ ✵✵✷✶✺✶ ✵✵✷✶✵✶

❚②♣❡ ❆♥)✐,②♠-).✐/✉❡ ❧❛.❣❡ ❆♥)✐,②♠-).✐/✉❡ -).♦✐)

❊..❡✉. 0, 112.10−4 1, 700.10−4

❚❛❜❧❡ ■■■✳✶ ✕ ❊..❡✉., ❝♦♠♠✐,❡, ❧♦., ❞❡ ❧✬❛♣♣.♦❝❤❡ ❞✉ ❢.♦♥) .-❡❧ ♣❛. ✉♥ ❢.♦♥) K

❧❛ ❢♦.♠❡ ✜①-❡ ✭❢.♦♥) ❞✬❍✉①❧❡②✮



✺✻ ❈❤❛♣✐'(❡ ■■■✳ ❈❛, ❜✐,'❛❜❧❡

/(0❝✐,♦♥, ❡♥✜♥ 5✉❡✱ ❞❛♥, ❧❡ ❜✉' ❞❡ ❣❛❣♥❡( ❡♥ ❝❧❛('0 ❞✬❡①♣♦,0✱ ♥♦✉, ❛✈♦♥, ❝❤♦✐,✐

❞❡ ✜①❡( ❧❡ '❡♠♣, ❞❡ ❝❡ ❝❤❛♣✐'(❡ ❧❛ ✈❛❧❡✉( ❞❡ a > 0, 3✳ ❉❡ '♦✉'❡ ❢❛A♦♥✱ ❧❡, (0,✉❧'❛',
5✉❡ ♥♦✉, ♣(0,❡♥'♦♥, ♥❡ ❞0♣❡♥❞❡♥' ♣❛, ❞❡ ❝❡''❡ ✈❛❧❡✉( ♣♦✉(✈✉ 5✉❡ a (❡,'❡ ❝♦♠♣(✐,

❡♥'(❡ 0 ❡'

1
2 ,'(✐❝'❡♠❡♥'✳

■■■✳✷✳✶ ❉%❢❛✉) *②♠%)-✐/✉❡

◆♦✉, ❝♦♥,✐❞0(♦♥, ❞✬❛❜♦(❞ ✉♥ ❞0❢❛✉' ❞✉ '②♣❡

s(x) = s0 + s1 exp

(−x2
2d

)

▲❛"❣❡

◗✉❛♥❞ ❧❡ ❞0❢❛✉' ✈❛(✐❡ ,✉( ✉♥❡ 0❝❤❡❧❧❡ ❞❡ ❧♦♥❣✉❡✉( ❣(❛♥❞❡ ♣❛( (❛♣♣♦(' > ❧❛

❧❛(❣❡✉( ❞✉ ❢(♦♥'✱ ❝❡ ❞❡(♥✐❡( ,❡ ❞0♣❧❛❝❡ ❡' ❛❞❛♣'❡ ,❛ ❧❛(❣❡✉( ❡' ,❛ ✈✐'❡,,❡ ❡♥

❛❝❝♦(❞ ❛✈❡❝ ❧✬❡♥✈✐(♦♥♥❡♠❡♥' ❧♦❝❛❧✳ ▲✬❡①❡♠♣❧❡ ❞✬✉♥ '❡❧ ❝❛, ❡,' ♠♦♥'(0 ❡♥ ✜❣✉(❡

■■■✳✹✳ ▲❡ ♣❛♥♥❡❛✉ ❞❡ ❣❛✉❝❤❡ ♠♦♥'(❡ ❧❡ ❢(♦♥' ✐♥❝✐❞❡♥' ❛✈❡❝ ❧❡ ❞0❢❛✉' ,②♠0'(✐5✉❡✱

❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ♣♦,✐'✐♦♥ x ✳ ▲❡ ♣❛♥♥❡❛✉ ❞❡ ❞(♦✐'❡ ♠♦♥'(❡ ❧❛ ✈✐'❡,,❡ ẋ0 ❡' ❧❛

❧❛(❣❡✉( w ❞✉ ❢(♦♥' ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ♣♦,✐'✐♦♥ ❝❡♥'(❛❧❡ x0✳ ▲❡ ❞0❢❛✉' s(x0) ❡,'

❛✉,,✐ (❡♣♦('0 ,✉( ❝❡ ❣(❛♣❤✐5✉❡✳ ▲❛ ✈✐'❡,,❡ ❡,' ❝❛❧❝✉❧0❡ ❡♥ ✉'✐❧✐,❛♥' ✉♥❡ ❞✐✛'(❡♥❝❡

+ ❣❛✉❝❤❡ > ♣❛('✐( ❞❡ ❧❛ ,0(✐❡ '❡♠♣♦(❡❧❧❡ (x0(tj)) ✿

ẋ0(tj) =
x0(tj)− x0(tj−1)

tj − tj−1

❖♥ ✈♦✐' 5✉❡ ❧❡ ❢(♦♥' ❛❝❝0❧I(❡ ❡' ,❡ (❛✐❞✐' > ♠❡,✉(❡ 5✉✬✐❧ (❡♥❝♦♥'(❡ ❧❡ ❞0❢❛✉'✳
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❋✐❣✉$❡ ■■■✳✹ ✕ ▼♦✉✈❡♠❡♥' ❛❞✐❛❜❛'✐5✉❡ ❞✬✉♥ ❢(♦♥'✳ ▲❡ ♣❛♥♥❡❛✉ ❞❡ ❣❛✉❝❤❡

♠♦♥'(❡ ❧❡ ❢(♦♥' ✐♥❝✐❞❡♥' u(x , 0) ❡♥ '(❛✐' ❝♦♥'✐♥✉ ✭(♦✉❣❡✮ ❛✈❡❝ ❧❡ ❞0❢❛✉' s(x)
❡♥ '(❛✐' ♣♦✐♥'✐❧❧0 ✭✈❡('✮✳ ▲❡ ♣❛♥♥❡❛✉ ❞❡ ❞(♦✐'❡ ♠♦♥'(❡ ❡♥ (♦✉❣❡ ❧❛ ✈✐'❡,,❡ ẋ0 ❡' ❡♥

✈❡(' ❧❛ ❧❛(❣❡✉( ♠✐,❡ > ❧✬0❝❤❡❧❧❡ w/10 ❞✉ ❢(♦♥' ❡♥ ❢♦♥❝'✐♦♥ ❞❡ ❧❛ ♣♦,✐'✐♦♥ ❝❡♥'(❛❧❡

x0✳ ▲❡ ❞0❢❛✉' ♠✐, > ❧✬0❝❤❡❧❧❡ s(x)/10 ❡,' (❛♣♣❡❧0 ❡♥ ❜❧❡✉✳ ▲❡, ♣❛(❛♠I'(❡, ,♦♥'

s0 = 0, 3✱ s1 = 0, 6 ❡' d = 30✳



■■■✳✷✳ ❙✐♠✉❧❛)✐♦♥, ♥✉♠-.✐/✉❡, ✺✼

➱!"♦✐!

❈♦♥#✐❞&'♦♥# ♠❛✐♥*❡♥❛♥* ❧✬❛✉*'❡ ❝❛# ❧✐♠✐*❡✱ ❝✬❡#*✲2✲❞✐'❡ ❧♦'#3✉❡ ❧❡ ❞&❢❛✉* ❡#*

♣❧✉# &*'♦✐* 3✉❡ ❧❡ ❢'♦♥* ✐♥❝✐❞❡♥*✱ ❝♦♠♠❡ ♠♦♥*'& ❞❛♥# ❧❡ ♣❛♥♥❡❛✉ ❣❛✉❝❤❡ ❞❡ ❧❛

✜❣✉'❡ ■■■✳✺✳ ■❝✐ ❛✉##✐ ❧❡ ❢'♦♥* ❡#* ❝❛♣❛❜❧❡ ❞❡ ❞&♣❛##❡' ❧✬♦❜#*❛❝❧❡✱ ❜✐❡♥ 3✉✬✐❧ ❞♦✐✈❡

 ❛❧❡♥%✐ ❛✈❛♥*✳ ■❧ ❛❝❝&❧>'❡ 2 ♥♦✉✈❡❛✉ ❛♣'>#✱ ❝♦♠♠❡ ♦♥ ❧❡ ✈♦✐* ❞❛♥# ❧❡ ♣❛♥♥❡❛✉

❞'♦✐* ❞❡ ❧❛ ✜❣✉'❡ ■■■✳✺✳ ❖♥ ♣❡✉* '❡♠❛'3✉❡' ❛✉##✐ ❧❛ ✜♥❡ ♠♦❞✉❧❛*✐♦♥ ❞❡ ❧❛ ❧❛'❣❡✉'✳
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❋✐❣✉$❡ ■■■✳✺ ✕ ▼♦✉✈❡♠❡♥* ❞✬✉♥ ❢'♦♥* ❛❧♦'# 3✉✬✐❧ '❡♥❝♦♥*'❡ ✉♥ ❞&❢❛✉* &*'♦✐*✳ ▲❡

♣❛♥♥❡❛✉ ❞❡ ❣❛✉❝❤❡ ♠♦♥*'❡ ❧❡ ❢'♦♥* ✐♥❝✐❞❡♥* ❛✈❡❝ ❧❡ ❞&❢❛✉* s(x)✳ ▲❡ ♣❛♥♥❡❛✉ ❞❡
❞'♦✐*❡ ♠♦♥*'❡ ❡♥ '♦✉❣❡ ❧❛ ✈✐*❡##❡ ẋ0 ❡* ❡♥ ✈❡'* ❧❛ ❧❛'❣❡✉' ♠✐#❡ 2 ❧✬&❝❤❡❧❧❡ w/10
❞✉ ❢'♦♥* ❡♥ ❢♦♥❝*✐♦♥ ❞❡ ❧❛ ♣♦#✐*✐♦♥ ❝❡♥*'❛❧❡ x0✳ ▲❡ ❞&❢❛✉* ♠✐# 2 ❧✬&❝❤❡❧❧❡ s(x)/10
❡#* '❛♣♣❡❧& ❡♥ ❜❧❡✉✳ ▲❡# ♣❛'❛♠>*'❡# #♦♥* s0 = 0, 3✱ s1 = 0, 6 ❡* d = 0, 3✳

➱!"♦✐! ❣"❛♥❞

❙✐ ❧✬❛♠♣❧✐*✉❞❡ ❞✉ ❞&❢❛✉* ❡#* ♣❧✉# ❣'❛♥❞❡✱ ❧❡ ❢'♦♥* ♣❡✉* D*'❡ '%♦♣♣*✱ ❝♦♠♠❡ ♦♥

❧❡ ✈♦✐* ❡♥ ✜❣✉'❡ ■■■✳✻✱ ♦F ❧❡ ❞&❢❛✉* ❛ ✉♥❡ ❛♠♣❧✐*✉❞❡ s1 = 7✳ ▲❡ ❣'❛♣❤✐3✉❡ ♠♦♥*'❡
❧❛ ❧❛'❣❡✉' ❡* ❧❛ ✈✐*❡##❡ ❞✉ ❢'♦♥*✳ ❈❡**❡ ❞❡'♥✐>'❡ ❞✐♠✐♥✉❡ ❥✉#3✉✬2 ❛**❡✐♥❞'❡ ③&'♦✱ ❡*

❧❛ ❧❛'❣❡✉' ♥✬&✈♦❧✉❡ ♣❧✉#✳ I♦✉' ♠♦♥*'❡' 3✉❡ ❝❡* ❡✛❡* ❡#* ✐♥*'✐♥#>3✉❡✱ ♥♦✉# ❛✈♦♥#

❢❛✐* ✈❛'✐❡' ❞❡ ♠❛♥✐>'❡ #②#*&♠❛*✐3✉❡ ❧❛  *'♦❧✉%✐♦♥ '♣❛%✐❛❧❡ ❞✉ ❝❛❧❝✉❧ ❞❡ N = 1000
2 N = 20000✳ I♦✉' *♦✉*❡# ❝❡# #✐♠✉❧❛*✐♦♥#✱ ❧❡ ❢'♦♥* #✬❡#* ❛''D*& ❛✉ ♠D♠❡ ❡♥❞'♦✐*✱
❡* ❧❡# ♣❛'❛♠>*'❡# 2 ❧✬❛''D* #♦♥* ❞♦♥♥&# ♣❛' ✿

x0 ≈ −2.73, w ≈ 1.80 ✭■■■✳✾✮

❈❡ ♣❤&♥♦♠>♥❡ ❡#* ❛✉##✐ ❛♣♣❡❧& ♣✐♥♥✐♥❣ ❞✉ ❢'♦♥* ❞❛♥# ❧❛ ❧✐**&'❛*✉'❡ ❛♥❣❧❛✐#❡
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(
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w
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▲❡ ♠✐♥✐♠✉♠ ❞❡ R1 ❝♦♠♠❡ ❢♦♥❝'✐♦♥ ❞❡ z ❡' ,♦♥ ❛(❣✉♠❡♥' zmin ♣❡✉✈❡♥'
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zmin = ln

(
1 + b1

a

)

min(R1) = R1(zmin) = −
a2(1 + b1)(a+ b1)

(1 + a+ b1)3
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s0 w (1− 2a)(1 + a+ b1)
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√
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√
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/②♠♣❛$❤✐6✉❡♠❡♥$ ❞%❝&♦✐//❛♥$❡ /✉& [0, 12 ]✱ ❛✈❡❝ ❧✐♠✐$❡ ✐♥✜♥✐❡ ❡♥ 0 ✭❜✐❡♥ /R&✱ ❡❧❧❡
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(

1−a+b1
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)

❈❡❧❛ &'❛❞✉✐& 6✉❡ ❧✬❛''8& ❞✉ ❢'♦♥& ❡+& &'<+ ❞✐✣❝✐❧❡ > '3❛❧✐+❡' ♣♦✉' a ♣❡&✐&✱ ❡&

❝❡ ❞✬❛✉&❛♥& ♣❧✉+ 6✉❡ ❧✬♦♥ +✬❛♣♣'♦❝❤❡ ❞❡ ③3'♦✳ ❆ ❝♦♥&'❛'✐♦✱ ❧✬❛''8& ❞✉ ❢'♦♥& ❡+&

♣♦++✐❜❧❡ ♣♦✉' a ♣'♦❝❤❡ ❞❡

1
2 ❝❛' ❝❡&&❡ ❢♦♥❝&✐♦♥ ♣'❡♥❞ ❞❡+ ✈❛❧❡✉'+ '❛✐+♦♥♥❛❜❧❡+

> ♣❛'&✐' ❞❡ 0, 3✳ ❆✐♥+✐✱ ♣♦✉' s0 = 0, 3✱ ♥♦&'❡ ❝'✐&<'❡ ✭■■■✳✶✸✮ ❞♦♥♥❡ s1c ≈ 5, 88
✭'❛♣♣❡❧♦♥+ 6✉❡ ❧✬♦♥ ❛ a = 0, 3✮✳ ▲❡+ ♣❛'❛♠<&'❡+ > ❧✬❛''8& ❞♦♥♥3+ ♣❛' ✭■■■✳✶✷✮

+♦♥& x0 ≈ −3, 47, w ≈ 1, 89✳ ▲❡+ ✈❛❧❡✉'+ ❞♦♥♥3❡+ ♣❛' ❝❡ ❝'✐&<'❡ +♦♥& ❡♥ ❜♦♥

❛❝❝♦'❞ ❛✈❡❝ ❧❡+ ❝♦♥+&❛&+ ❢❛✐&+ > ♣❛'&✐' ❞❡+ +♦❧✉&✐♦♥+ ❞❡ ❧✬36✉❛&✐♦♥ ❛✉① ❞3'✐✈3❡+

♣❛'&✐❡❧❧❡+✳ ❘❛♣♣❡❧♦♥+ 6✉✬♦♥ ♣❡✉& ✈♦✐' ✉♥ ❡①❡♠♣❧❡ ❞✬❛''8& ❞✉ ❢'♦♥& > ❧❛ ✜❣✉'❡ ■■■✳✻✳

◆✉♠3'✐6✉❡♠❡♥& ♥♦✉+ ❛✈✐♦♥+ &'♦✉✈3✱ ♣♦✉' ✉♥❡ ✈❛❧❡✉' ❣❛✉❝❤❡ ❞♦♥♥3❡ s0 = 0, 3
❡& ✉♥❡ ❧❛'❣❡✉' ❞❡ ❞3❢❛✉& ❞♦♥♥3❡ d = 0, 1✱ s1 ≈ 7, 80✱ ❝❡ 6✉✐ ❝♦''❡+♣♦♥❞ >

s1c ≈ 6, 18✳ N♦✉' ❝❡&&❡ ✈❛❧❡✉' ❝'✐&✐6✉❡✱ ❧❡ ❢'♦♥& +✬❛''8&❡ ❡♥ x0 ≈ −2, 73 ❡& ❛

✉♥❡ ❧❛'❣❡✉' ❛ ❧✬❛''8& ❞❡ w ≈ 1, 80✳ ▲❡+ ❡''❡✉'+ '❡❧❛&✐✈❡+ +♦♥& ❞❡ 5% ♣♦✉' ❧❡ +❡✉✐❧

s1c ❡& ❧❛ ❧❛'❣❡✉' w ✱ ❡& ❞❡ 21% ♣♦✉' ❧❛ ♣♦+✐&✐♦♥ x0✳ ❈❡&&❡ ♣❡'❢♦'♠❛♥❝❡ ♠3❞✐♦❝'❡

♣♦✉' ❧✬❡+&✐♠❛&✐♦♥ ❞❡ ❧❛ ♣♦+✐&✐♦♥ > ❧✬❛''8& ❡+& ♠♦✐♥+ ✐♠♣♦'&❛♥&❡ 6✉✬✐❧ ♥✬② ♣❛'❛P&

❛✉ ♣'❡♠✐❡' ❛❜♦'❞✱ ❝❛' ❞✬✉♥❡ ♣❛'& ❧✬❡+&✐♠❛&✐♦♥ ❞✉ +❡✉✐❧ ❡+& ♣❡'❢♦'♠❛♥&❡ ❡& ❞✬❛✉&'❡

♣❛'& ♥♦✉+ ❛✈♦♥+ ❞3❥> ✈✉ ❡♥ +❡❝&✐♦♥ ■■■✳✸ 6✉✬✐❧ ❡①✐+&❡ ✉♥ ❞3❝❛❧❛❣❡ ❞❡ ♣♦+✐&✐♦♥ ❧♦'+

❞❡+ ❝♦♠♣❛'❛✐+♦♥+ ❡♥&'❡ ❧❡ ♠♦❞<❧❡ ✐♥✐&✐❛❧ ❡& ❧❡ ♠♦❞<❧❡ +&❛♥❞❛'❞✐+3✳ ❈❡ ❞3❝❛❧❛❣❡ ❛

❧✬❛✈❛♥&❛❣❡ ❞✬8&'❡ +②+&3♠❛&✐6✉❡ ❡♥ ♦'✐❡♥&❛&✐♦♥ ❡& ❡♥ ✈❛❧❡✉'✱ ❡& ❛✐♥+✐ ✐❧ ❡+& ♣♦++✐❜❧❡

❞❡ ❝♦''✐❣❡' +❡+ ❡✛❡&+✳ ▲❛ 6✉❡+&✐♦♥ ❞❡ ❧✬♦'✐❣✐♥❡ ❞❡ ❝❡ ❞3❝❛❧❛❣❡ '❡+&❡ ❝❡♣❡♥❞❛♥&

♣♦+3❡✳
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✶✳ ❈♦♠♠❡ ♥♦✉+ ❧✬❛✈♦♥+ 3✈♦6✉3 ♣❧✉+ ❤❛✉&✱ ✉♥ &❡❧ ❝'✐&<'❡ ♣❡✉& 3❣❛❧❡♠❡♥& 8&'❡

♦❜&❡♥✉ ❞❛♥+ ❧❡ ❝❛+ ❞✬✉♥ ❞3❢❛✉& ✓❍❡❛✈✐+✐❞❡✔✳ ◆♦✉+ ❧✬3&✉❞✐♦♥+ ❞❛♥+ ❧❛ +♦✉+✲
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✷✳ ❯♥ ❛''8& ❞✉ ❢'♦♥& ❡+& ❛✉++✐ ♣♦++✐❜❧❡ ❛✈❡❝ s1 < 0 ✭&❛♥& 6✉❡ s1 > −s0 ♣♦✉'

6✉❡ s(x) '❡+&❡ ♣♦+✐&✐❢✮✳

✸✳ ❉❡ ♠❛♥✐<'❡ ❞✉❛❧❡✱ ✐❧ ❡+& ✉♥ ❛✉&'❡ &②♣❡ ❞❡ ❞3❢❛✉& +②♠3&'✐6✉❡ 6✉✐ ♣❡✉& ❞♦♥♥❡'
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s(x) =







s0 /✐ x < 0

s0 + s1 /✐ 0 ≤ x ≤ x1

s0 /✐ x > x1.

❞❛♥/ ❧❡ ❝❛/ ♣❛&$✐❝✉❧✐❡& ♦? s1 = −s0✳ ❆❧♦&/ ♦♥ ❛ ✉♥❡ ③♦♥❡ $❛♥$ &'❛❝)✐♦♥✱

❞♦♥$ ❧❛ ❧❛&❣❡✉& x1 ❞%❝✐❞❡ ❞✉ ♣❛//❛❣❡ ♦✉ ❞❡ ❧✬❛&&'$ ❞✉ ❢&♦♥$✳ ◆♦✉/ ❧✬%$✉❞✐♦♥/

❞❛♥/ ❧❛ /♦✉/✲/❡❝$✐♦♥ ■■■✳✹✳✸✳

❘❡♠❛&F✉♦♥/ F✉❡ ❧✬❛&&'$ ❞✉ ❢&♦♥$ ❡/$ ✉/✉❡❧❧❡♠❡♥$ ♦❜/❡&✈% ❞❛♥/ ❧❛ ✈❡&/✐♦♥

❞✐/❝&,$❡ ❞❡ ❝❡/ %F✉❛$✐♦♥/ ❞❡ &%❛❝$✐♦♥✲❞✐✛✉/✐♦♥ ❬❈❇✵✶❪✳ ▲❛ &❛✐/♦♥ ♣♦✉& ❧❛F✉❡❧❧❡

♥♦✉/ ❧❡ &❡♥❝♦♥$&♦♥/ ✐❝✐ ❞❛♥/ ♥♦$&❡ ♠♦❞,❧❡ ❝♦♥$✐♥✉ ❡/$ ❧❛ ❜&✐/✉&❡ ❞❡ ❧✬✐♥✈❛&✐❛♥❝❡

♣❛& )&❛♥$❧❛)✐♦♥ ❞O ❛✉ ❞%❢❛✉$ s(x)✳
❊♥ ❛♥$✐❝✐♣❛♥$ /✉& ❧❡ ❝❤❛♣✐$&❡ ■❱✱ ♥♦✉/ ♠❡$$♦♥/ ✐❝✐ ❡♥ ❡①❡&❣✉❡ F✉❡ ❧✬❛&&'$ ❞✉

❢&♦♥$ ♥✬❡/$ ♣❛/ ♣♦//✐❜❧❡ ❞❛♥/ ❧❡ ❝❛/ ♠♦♥♦/$❛❜❧❡✳ ❊♥ ❡✛❡$✱ ✐❧ ❛ %$% ❝&✉❝✐❛❧ ❞❛♥/ ❧❛

❞%♠♦♥/$&❛$✐♦♥ F✉❡ ❧❡ $❡&♠❡ /♦✉&❝❡ Rb(U(z)) ♣&'$❡♥)❡ ✉♥❡ ♣❛&)✐❡ ♥'❣❛)✐✈❡ ❞❛♥$

R+✱ ❝❡ F✉✐ ♥❡ /❡&❛ ♣❛/ ❧❡ ❝❛/ ♣♦✉& ❧❡ $❡&♠❡ /♦✉&❝❡ ✐//✉ ❞✉ $❡&♠❡ ❞❡ &%❛❝$✐♦♥

Rm(u) = u(1 − u)✳ ❯♥❡ ❛✉$&❡ ❢❛U♦♥ ❞❡ /✬❡♥ &❡♥❞&❡ ❝♦♠♣$❡ ❡/$ ❞❡ ✈♦✐& /✉& ❧❛

✜❣✉&❡ ■■■✳✶✹ ❧❛ ❧✐♠✐$❡ ✐♥✜♥✐❡ ❡♥ ③%&♦ %✈♦F✉%❡ ♣❧✉/ ❤❛✉$✳

X♦✉& $❡&♠✐♥❡& ❝❡$$❡ /❡❝$✐♦♥✱ ♥♦✉/ ♠❡♥$✐♦♥♥♦♥/ ❧❡/ ❡①✐/$❡♥❝❡/ ❞✬❛&&'$ ❞❡ ❢&♦♥$/

❝♦♥♥✉❡/ ❞❛♥/ ❧❛ ❧✐$$%&❛$✉&❡✳ ❆✐♥/✐✱ ❞❛♥/ ❞❡/ ❝♦♥$❡①$❡/ ❛✉//✐ ❞✐✛%&❡♥$/ F✉❡ ❧❛ ♣&♦✲

♣❛❣❛$✐♦♥ ❞❡ ✜//✉&❡/ ❞❛♥/ ❞❡/ ✐♥$❡&❢❛❝❡/ ♣❧❛♥❡/ ❬❉❇❱✵✾❪✱ ♦✉ ❧❡ ❞%♣❧❛❝❡♠❡♥$ ❞✬✉♥

♠%♥✐/F✉❡ ❞❛♥/ ✉♥ ❝❛♣✐❧❧❛✐&❡ ❬❉✐♦✰✵✽❪✱ ♦♥ ♦❜/❡&✈❡ ❧✬❛&&'$ ❞❡ ❢&♦♥$/✳ ❈❡❧❛ ♣♦✉&✲

&❛✐$ ✐♥❞✐F✉❡& F✉❡ ❧❡ /✐♠♣❧❡ ♠♦❞,❧❡ ❞❡ &%❛❝$✐♦♥✲❞✐✛✉/✐♦♥ ❜✐/$❛❜❧❡ ❛✈❡❝ ✉♥ $❡&♠❡

❞❡ ❞%❢❛✉$ s(x) ❡/$ ❡♥ ♠❡/✉&❡ ❞❡ ❞%❝&✐&❡ ♣❤%♥♦♠%♥♦❧♦❣✐F✉❡♠❡♥$ ❝❡/ /✐$✉❛$✐♦♥/✳

■■■✳✹✳✷ ❆%%&' ❞✉ ❢%♦♥' ♣❛% ✉♥ ❞/❢❛✉' ❛♥'✐1②♠/'%✐4✉❡

◆♦✉/ ❝♦♥/✐❞%&♦♥/ ❧❡ ❝❛/ ❞✬✉♥ ❞%❢❛✉$ ❛♥$✐/②♠%$&✐F✉❡ %$&♦✐$✱ ♠♦❞%❧✐/% ♣❛& ✉♥

❍❡❛✈✐/✐❞❡ ✿

s(x) = sl + (sr − sl)δ(x) = sl + s1 H(x)

◆♦✉/ $&❛✐$♦♥/ ❧❡ ❝❛/ s1 > 0✳ ◆♦✉/ &%/♦❧✈♦♥/ ❝❡ ♣&♦❜❧,♠❡ ❞✬✉♥❡ ♠❛♥✐,&❡ ❛//❡③
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✶✳ ➱❝"✐$✉"❡ ❞✉ (②($*♠❡ ❞✬-.✉❛$✐♦♥( ✈-"✐✜- ♣♦✉" ❧❛ ❤❛✉$❡✉" ❝"✐$✐.✉❡

X❛&$❛♥$ ❞✉ /②/$,♠❡ ✭■■■✳✽✮✱ ❡$ %❝&✐✈❛♥$ F✉❡ ❧❡ ❢&♦♥$ /✬❛&&'$❡ ✿

ẋ0 = 0, ẇ = 0

♦♥ ♦❜$✐❡♥$ ✿







slw

(
1− 2a

2

)

+s1w

∫ +∞

−x0
w

Rb(U(z)) dz = 0

1

3w
−sl

w

6
+s1w

∫ +∞

−x0
w

(1− 2U(z))Rb(U(z)) dz = 0
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slw

(
1− 2a

2

)

+s1wS1

(−x0
w

)

= 0 ✭■■■✳✶✹❛✮

1

3w
−sl

w

6
+s1wS2

(−x0
w

)

= 0 ✭■■■✳✶✹❜✮

❖♥ ♣❡✉' ❝♦♠♠❡♥❝❡( ♣❛( ,✐♠♣❧✐✜❡( ♣❛( w ❧❛ ♣(❡♠✐0(❡ 62✉❛'✐♦♥✱ ♣✉✐, (❡✲

♠❛(2✉❡( 2✉❡ ❧❡ '❡(♠❡ ❞❡ ❣❛✉❝❤❡ ❞✉ ♠❡♠❜(❡ ❞❡ ❣❛✉❝❤❡ ❞❡ ✭■■■✳✶✹❛✮ ❡,'

'♦✉❥♦✉(, ♣♦,✐'✐❢✳ ❉❛♥, ❧❡ '❡(♠❡ ❞❡ ❞(♦✐'❡✱ ♥♦✉, ❛✈♦♥, ,✉♣♣♦,6 s1 > 0✳ G♦✉(
❛((✐✈❡( H ❧✬62✉✐❧✐❜(❡ ❞❛♥, ❧✬62✉❛'✐♦♥✱ ✐❧ ❡,' ♥6❝❡,,❛✐(❡ 2✉❡ S1

(−x0
w

)
❝♦♥'(✐✲

❜✉❡ ♥6❣❛'✐✈❡♠❡♥'✳ ❈❡❧❛ ❡,' ♣♦,,✐❜❧❡ ❝❛( ❧❛ ❢♦♥❝'✐♦♥ S1 ❛❞♠❡' ✉♥ ♠✐♥✐♠✉♠

,'(✐❝'❡♠❡♥' ♥6❣❛'✐❢ ✭✈♦✐( ■■■✳✸✮✳

▲❡ ❢(♦♥' ,✬❛((L'❡ ❞♦♥❝ ,✐✱ ❡' ,❡✉❧❡♠❡♥' ,✐ ✿

sl

(
1− 2a

2

)

< −s1min(S1)

G♦✉( ❧❡ ❝❛, ❝(✐'✐2✉❡✱ ♥♦✉, ❛✉(♦♥, ❡①❛❝'❡♠❡♥' 6❣❛❧✐'6

sl

(
1− 2a

2

)

= −s1c min(S1) ✭■■■✳✶✺✮

❈❡❧❛ ♠♦♥'(❡ ❧✬❡①✐,'❡♥❝❡ ❞✬✉♥ ,❡✉✐❧ ❛✉✲❞❡❧H ❞✉2✉❡❧ ✐❧ ② ❛ ❛((L' ❞✉ ❢(♦♥'✱

❡' ❡♥✲❞❡OH ❞✉2✉❡❧ ❧❡ ❢(♦♥' ❝♦♥'✐♥✉❡ H ,❡ ♣(♦♣❛❣❡(✳ ▲❛ ,✐'✉❛'✐♦♥ ❡,' ❞♦♥❝

❡①❛❝'❡♠❡♥' ,✐♠✐❧❛✐(❡ H ❝❡❧❧❡ ❞❡ ❧❛ ,♦✉,✲,❡❝'✐♦♥ ♣(6❝6❞❡♥'❡✱ H ✉♥❡ ❞✐✛6(❡♥❝❡

♣(0, ✿ ❧❡ w ❛ ❞✐,♣❛(✉✱ ❝❡ 2✉✐ ✈❛ (❡♥❞(❡ ♣❧✉, ❢❛❝✐❧❡ ❧❛ (6,♦❧✉'✐♦♥✳

✷✳ ❘!"♦❧✉&✐♦♥

▲❡ ♠✐♥✐♠✉♠ ❞❡ S1 ❡' ,♦♥ ❛(❣✉♠❡♥' zmin ♣❡✉✈❡♥' L'(❡ ❝❛❧❝✉❧6, ❡①❛❝'❡♠❡♥' ✿

♣✉✐,2✉❡ S ′1(y) = −R1(y)✱ ❡' ♣✉✐,2✉❡ R1(y) = 0⇔ 1− a− aey = 0✱ ♦♥ ❛

zmin = ln

(
1− a

a

)

♣✉✐,

min(S1) = S1(zmin) =
1− 2a(1 + 1−a

a
)

2(1 + 1−a
a
)

= −a2

2

❈❡❧❛ ❞♦♥♥❡ ❛❝❝0, ❞✐(❡❝'❡♠❡♥' H ❧❛ ❤❛✉'❡✉( ❝(✐'✐2✉❡ ❣(R❝❡ H ✭■■■✳✶✺✮ ✿

s1c =
sl(1− 2a)

a2

❖♥ '(♦✉✈❡ ❡♥,✉✐'❡ ❧❛ ❧❛(❣❡✉( w H ❧✬❛((L' ❣(R❝❡ H ✭■■■✳✶✹❜✮✱ ❡♥ (❡♠♣❧❛O❛♥'

−x0
w

♣❛( ln
(
1−a
a

)
❡' s1 ♣❛( ❧❛ 2✉❛♥'✐'6 ♦❜'❡♥✉❡✳ ❆♣(0, ✉♥ ♣❡✉ ❞❡ ❝❛❧❝✉❧✱ ✐❧

✈✐❡♥' ✿

w =

√
2

sl

1
√

1 + (1− 2a)(3− 2a)
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❡$ ❡♥✜♥ ✿

x0 = −
√

2

sl

ln
(
1−a
a

)

√

1 + (1− 2a)(3− 2a)

❆♣♣❧✐❝❛$✐♦♥ ♥✉♠%&✐9✉❡✱ ❛✈❡❝ a = 0, 3 ❡$ sl = 1 ✿







s1c =
40

9
≈ 4, 44

w =

√

50

49
≈ 1, 01

x0 = −
√

50

49
ln

(
7

3

)

≈ −0, 86

■■■✳✹✳✸ ❆%%&' ❞✉ ❢%♦♥' ♣❛% ✉♥❡ ③♦♥❡ 1❛♥1 %2❛❝'✐♦♥

◆♦✉/ ❝♦♥/✐❞%&♦♥/ ♠❛✐♥$❡♥❛♥$ ❧❡ ❝❛/ ❞✬✉♥❡ ③♦♥❡ /❛♥/ &%❛❝$✐♦♥✱ ♠♦❞%❧✐/%❡ ♣❛&

✉♥ ❝&%♥❡❛✉ ✿

s(x) =







s0 /✐ x < 0

0 /✐ 0 ≤ x ≤ x1

s0 /✐ x > x1.

◆♦✉/ ♣♦/♦♥/ ❧❛ 9✉❡/$✐♦♥ ❞❡ /❛✈♦✐& 9✉❡❧❧❡ ❧❛&❣❡✉& ♠✐♥✐♠❛❧❡ ♣❡&♠❡$ ❞❡ /$♦♣♣❡& ❧❡

❢&♦♥$✳ ◆♦✉/ ♥♦♠♠♦♥/ ❝❡$$❡ ❧❛&❣❡✉& ♠✐♥✐♠❛❧❡ x1c ✱ ❞❡ /♦&$❡ 9✉❡ ❧✬♦♥ ❛ ❧❛ ❞✐❝❤♦✲

$♦♠✐❡ /✉✐✈❛♥$❡ ✿

✕ /✐ x1 < x1c ✱ ❛❧♦&/ ❧❡ ❢&♦♥$ ♥✬❡/$ ♣❛/ ❛&&'$% ♣❛& ❧✬♦❜/$❛❝❧❡✳ ◆♦✉/ ❞✐&♦♥/ 9✉❡

❧❡ ❢&♦♥$ ♣❛//❡ ❧✬♦❜/$❛❝❧❡✱ ♦✉ 9✉✬✐❧ ❝♦♥$✐♥✉❡ E /❡ ♣&♦♣❛❣❡&✳

✕ /✐ x1 ≥ x1c ✱ ❛❧♦&/ ❧❡ ❢&♦♥$ ❡/$ ❛&&'$%✱ %♣✐♥❣❧% ❞❛♥/ ❧❛ ③♦♥❡ /❛♥/ &%❛❝$✐♦♥✳

▲❡ ❢&♦♥$ ♥❡ /❡ ❞%♣❧❛❝❡ ♣❧✉/✱ ♥✐ ❞❛♥/ ✉♥ /❡♥/ ♥✐ ❞❛♥/ ❧✬❛✉$&❡✱ ❛✉$&❡♠❡♥$

❞✐$ /❛ ✈✐$❡//❡ ❞❡ ♣&♦♣❛❣❛$✐♦♥ ❞%❝&♦G$ ❥✉/9✉✬E ❞❡✈❡♥✐& ♥✉❧❧❡✳ ❆✉ ❝♦✉&/ ❞❡ ❝❡

&❛❧❡♥$✐//❡♠❡♥$✱ ❧❡ ❢&♦♥$ /❡ ❞%❢♦&♠❡✳ ❆ ❧❛ ❧✐♠✐$❡✱ ❡♥ $❡♠♣/ ❣&❛♥❞✱ ❧❡ ❢&♦♥$

❛❞♦♣$❡ ✉♥ ♣&♦✜❧ ❛✣♥❡ ✭/♦❧✉$✐♦♥ ❞❡ ❧✬%9✉❛$✐♦♥ ❞❡ ❧❛ ❝❤❛❧❡✉& ❛✈❡❝ ❝♦♥❞✐$✐♦♥/

❞❡ ❉✐&✐❝❤❧❡$ ❛✉① ❜♦&❞/✮✳

◆♦✉/ &%/♦❧✈♦♥/ ❝❡ ♣&♦❜❧,♠❡ ❞✬✉♥❡ ♠❛♥✐,&❡ ❛//❡③ /✐♠✐❧❛✐&❡ E ❝❡❧❧❡ ❞❡ ❧❛ /♦✉/✲

/❡❝$✐♦♥ ■■■✳✹✳✶ ✿

✶✳ ➱❝"✐$✉"❡ ❞✉ (②($*♠❡ ❞✬-.✉❛$✐♦♥( ✈-"✐✜- ♣♦✉" ❧❛ ❧❛"❣❡✉" ❝"✐$✐.✉❡

O❛&$❛♥$ ❞✉ /②/$,♠❡ ✭■■■✳✷✮ ♠♦❞✐✜% ♣♦✉& ✉♥ $❡❧ ❞%❢❛✉$✱ ❡$ %❝&✐✈❛♥$ 9✉❡ ❧❡

❢&♦♥$ /✬❛&&'$❡ ✿

ẋ0 = 0, ẇ = 0

♦♥ ♦❜$✐❡♥$ ✿







w s0

(
∫ −x0

w

−∞
Rb(U(z)) dz +

∫ +∞

x1c−x0
w

Rb(U(z)) dz

)

= 0

1

3w
+w s0

(
∫ −x0

w

−∞
(1− 2U(z))Rb(U(z)) dz +

∫ +∞

x1c−x0
w

(1− 2U(z))Rb(U(z)) dz

)

= 0



✼✵ ❈❤❛♣✐'(❡ ■■■✳ ❈❛, ❜✐,'❛❜❧❡

,②,'0♠❡ 2✉❡ ♥♦✉, 6❝(✐✈♦♥, ♣♦✉( ♣❧✉, ❞❡ ❝❧❛('6 ✿







w s0

(

T1

(−x0
w

)

+ S1

(
x1c − x0

w

))

= 0

1

3w
+w s0

(

T2

(−x0
w

)

+ S2

(
x1c − x0

w

))

= 0

❖♥ ♣❡✉' ❞✐✈✐,❡( ❧❛ ♣(❡♠✐0(❡ 62✉❛'✐♦♥ ♣❛( w s0✱ ❡' ❧❡ ❢(♦♥' ,✬❛((?'❡ ❧♦(,2✉❡

❧❡, ❞❡✉① '❡(♠❡, ❞✉ ♠❡♠❜(❡ ❞❡ ❣❛✉❝❤❡ ,✬62✉✐❧✐❜(❡♥'✳ ❙✐ ❧✬♦♥ '(❛❝❡ T1✱ ♦♥

,❡ (❡♥❞ ❝♦♠♣'❡ 2✉✬✐❧ ❡,' '♦✉❥♦✉(, ♣♦,✐'✐❢ ∀a ∈ [0, 12 ] ✿

 0

 0.05

 0.1

 0.15

 0.2

 0.25

-10 -5  0  5  10

-0.18

-0.15

-0.12

-0.09

-0.06

-0.03

 0

-10 -5  0  5  10

❋✐❣✉$❡ ■■■✳✶✺ ✕ ❚(❛❝6, ❞❡, '❡(♠❡, ,♦✉(❝❡, T1 ❡! T2 ♣♦✉% ✉♥❡ ③♦♥❡ (❛♥( %*❛❝!✐♦♥ ✿

T1(y) =
∫ y

−∞ Rb(U(z)) dz ❡! T2(y) =
∫ y

−∞(1−2U(z))Rb(U(z)) dz ❡♥ ❢♦♥❝!✐♦♥

❞❡ ❧❛ ✈❛%✐❛❜❧❡ y ✳ ■❝✐ ♦♥ ❛ ❝❤♦✐(✐ a = 1
3 ✳

❈❡❧❛ ❡(! ❝❧❛✐% ❛✉((✐ ❞❛♥( ❧✬*❝%✐!✉%❡ (✉✐✈❛♥!❡ ✿







T1(y) =
ey (1 + (1− 2a)(1 + ey ))

2(1 + ey )2
≥ 0

T2(y) = −
ey (e2y + 3(1 + (1− 2a)(1 + ey ))

6(1 + ey )3
≤ 0

8✉✐(9✉❡ 0 < a < 1
2 ✱ ♦♥ ❛ T1 ≥ 0 ❡! T2 ≤ 0 ✭%❛♣♣❡❧♦♥( 9✉❡ ❧❡( 9✉❛!%❡

♣%❡♠✐❡%( !❡%♠❡( (♦✉%❝❡( R1✱ R2✱ S1 ❡! S2 ♣❡✉✈❡♥! ❝❤❛♥❣❡% ❞❡ (✐❣♥❡✮✳ 8♦✉%

❛%%✐✈❡% ? ❧✬*9✉✐❧✐❜%❡ ❞❛♥( ❧✬*9✉❛!✐♦♥✱ ✐❧ ❡(! ♥*❝❡((❛✐%❡ 9✉❡ S1
(
x1c−x0

w

)
❝♦♥!%✐✲

❜✉❡ ♥*❣❛!✐✈❡♠❡♥!✳ ❈❡❧❛ ❡(! ♣♦((✐❜❧❡ ✈✉ ❧❛ ❢♦%♠❡ ❞❡ S1 !%❛❝* ❡♥ ■■■✳✸✳ ❊♥

❡✛❡!✱ ❝❡!!❡ ❢♦♥❝!✐♦♥ ❛❞♠❡! ✉♥ ♠✐♥✐♠✉♠ (!%✐❝!❡♠❡♥! ♥*❣❛!✐❢✳ ❆✉ x1 ❝%✐✲

!✐9✉❡✱ ♦♥ ❛✉%❛

T1

(−x0
w

)

= −min S1

✷✳ ❖❜"❡♥"✐♦♥ ❞❡( )✉❛♥"✐",(

−x0
w
❡"

x1c−x0
w

❧♦.( ❞❡ ❧✬❛..0" ❞✉ ❢.♦♥"

◆♦✉( ❛✈♦♥( ❞*❥? *!✉❞✐* ❧❡( ✈❛%✐❛!✐♦♥( ❞❡ S1 ? ❧❛ (♦✉(✲(❡❝!✐♦♥ ♣%*❝*❞❡♥!❡✳

❘❛♣♣❡❧♦♥( 9✉❡ ❧✬♦♥ ❛ ✿

zmin = ln

(
1− a

a

)
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❡$

min(S1) = S1(zmin) =
1− 2a(1 + 1−a

a
)

2(1 + 1−a
a
)

= −a2

2

❖♥ ❛ ❞♦♥❝

x1c − x0

w
= zmin = ln

(
1− a

a

)

❡$ ♦♥ ♦❜$✐❡♥$ ❡♥/✉✐$❡ ❧✬❡①♣&❡//✐♦♥✱ ❡♥ ❢♦♥❝$✐♦♥ ❞❡ a ❡$ b2 =
√
1− 2a✱ ❞✉

&❛♣♣♦&$ ❞❡/ ❞❡✉① ❝♦♦&❞♦♥♥%❡/ ❝♦❧❧❡❝$✐✈❡/ = ❧✬❛&&'$ ❞✉ ❢&♦♥$ ♣♦✉& ❧❛ ✈❛❧❡✉&

❝&✐$✐>✉❡ ✿

x0

w
= − ln

(

−a+ a2 − 1 + b2

2a+ a2 − 1

)

,

❣&A❝❡ = ❧❛ ❞❡&♥✐,&❡ %>✉❛$✐♦♥✱ ❝❛& −min(S1) ❛ ✉♥ ✉♥✐>✉❡ ❛♥$%❝%❞❡♥$ ♣❛&

T1✳

✸✳ ❘!"♦❧✉&✐♦♥ ❞❡" !+✉❛&✐♦♥"

❊♥ &❡♠♣❧❛D❛♥$ ❧❡/ >✉❛♥$✐$%/

−x0
w

❡$

x1c−x0
w

♣❛& ❧❡✉&/ ✈❛❧❡✉&/ ❞❛♥/ ❧❛ /❡❝♦♥❞❡

%>✉❛$✐♦♥ ❞✉ /②/$,♠❡ ❝♦♥/✐❞%&%✱ ♦♥ ♣❡✉$ &%/♦✉❞&❡ ❡$ ♦❜$❡♥✐& ❧❛ ❧❛&❣❡✉& w

❞✉ ❢&♦♥$ ❧♦&/ ❞❡ /♦♥ ❛&&'$ ✿
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√
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ln

(
1− a

a

)

− ln
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J1 =

∫ +∞

−∞
U ′(z) dz = −1

J2 =

∫ +∞

−∞
z U ′(z) dz = 1

J4 =

∫ +∞

−∞
U(z) U ′(z) dz = −1

2

J5 =

∫ +∞

−∞
z U(z) U ′(z) dz =

11

12

J7 =

∫ +∞

−∞
U ′2(z) dz =

1

5

J8 =

∫ +∞

−∞
z U ′2(z) dz = −1

6
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





J10 =

∫ +∞

−∞
Rm(U(z)) dz =

5

6

J11 =

∫ +∞

−∞
U(z) Rm(U(z)) dz =

9

20

J12 =

∫ +∞

−∞
U ′(z) Rm(U(z)) dz = −1

6

▲❡2 56✉❛%✐♦♥2 2♦♥% ❞♦♥❝✱ ❡♥ %♦✉%❡ ❣5♥5;❛❧✐%5 ❝♦♥❝❡;♥❛♥% ❧❡ ❞5❢❛✉%✱ ❞♦♥♥5❡2 ❝✐✲

❛♣;>2✳ ❘❛♣♣❡❧♦♥2 ❡♥❝♦;❡ ✉♥❡ ❢♦✐2 6✉❡ ❝❡%%❡ ❞5♠❛;❝❤❡ ✈❛✉% ♣♦✉; ❧❡ ❢;♦♥% ❞✬❆❜❧♦✲

✇✐%③ ✭c = 5√
6
✮✱ ❡% 6✉✬✉♥ 56✉✐✈❛❧❡♥% ❡2% ♣♦22✐❜❧❡ ♣♦✉; ❧❡ ❢;♦♥% ❞❡ ✈✐%❡22❡ ♠✐♥✐♠❛❧❡✱

❛✈❡❝ ❞❡2 ❝❛❧❝✉❧2 ♥✉♠5;✐6✉❡2 ✭♥♦✉2 ❛♣♣❡❧♦♥2 ❝❡%%❡ ❞5♠❛;❝❤❡ ❧✬5%✉❞❡ ❛♣♣"♦❝❤&❡✮✳







ẋ0 =
12

25w
+

w

5
(11J3 − 12J6)

ẇ =
12

25w
+

6w

5
(J3 − 2J6)

5ẇ − 6ẋ0 = 30wJ9

❙✐ ♥♦✉2 ;❡%❡♥♦♥2 ✉♥✐6✉❡♠❡♥% ❧❡2 ❞❡✉① ♣;❡♠✐>;❡2 56✉❛%✐♦♥2✱ ❡% 2✐ ♥♦✉2 ;❛♣♣❡❧♦♥2

❧❡2 ❞5✜♥✐%✐♦♥2 ❞❡ J3 ❡! J6✱ ♥♦✉& ♦❜!❡♥♦♥& ✿







ẋ0 =
12

25w
+

w

5

∫ +∞

−∞
s(wz + x0) (11− 12U(z)) Rm(U(z)) dz

ẇ =
12

25w
+

6w

5

∫ +∞

−∞
s(wz + x0) (1− 2U(z)) Rm(U(z)) dz
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❆✉ ❝♦✉1& ❞❡ ♥♦!1❡ !1❛✈❛✐❧ ♥✉♠81✐9✉❡✱ ♥♦✉& ❛✈♦♥& ✉!✐❧✐&8 ❝❡ &②&!;♠❡✳ <❧✉& ❧♦✐♥✱

♥♦✉& ♠♦♥!1❡1♦♥& ❧❛ ❝♦♠♣❛1❛✐&♦♥ ❞❡& 18&✉❧!❛!& ♦❜!❡♥✉& ♣❛1 &♦♥ ❡♥!1❡♠✐&❡ ❡! ❞❡&

18&✉❧!❛!& ♦❜!❡♥✉& ♣❛1 ❧❛ 18&♦❧✉!✐♦♥ ❞❡ ❧✬89✉❛!✐♦♥ ❛✉① ❞81✐✈8❡& ♣❛1!✐❡❧❧❡& ❞❡ ❞8♣❛1!

&✉✐✈✐❡ ❞❡ ❧❛ ♣1♦❝8❞✉1❡ ❞✬❛♣♣1♦❝❤❡ ♣❛1 ♠♦✐♥❞1❡& ❝❛118&✳

■❱✳✹✳✶ ❉&❢❛✉* ❝♦♥.*❛♥*

❯♥ ❞8❢❛✉! ❝♦♥&!❛♥! ❡&! ❞❡ ❧❛ ❢♦1♠❡ s(x) ≡ s0✳ ❆❧♦1& ♦♥ ♣❡✉! ❞✐1❡ 9✉❡

J3 = s0J10 =
5s0
6

J6 = s0J11 =
9s0
20

J9 = s0J12 = −
s0

6
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





ẋ0 =
12

25w
+

113s0w

150

ẇ =
12

25w
− 2s0w

25
5ẇ − 6ẋ0 = −5s0w

❊♥ (❡♠♣❧❛:❛♥' ẋ0 ❡' ẇ ♣❛( ❧❡✉(- ✈❛❧❡✉(- ❞❛♥- ❧❛ '(♦✐-✐5♠❡ <=✉❛'✐♦♥✱ ♦♥ '(♦✉✈❡

12

5w
− 2s0w

5
− 72

25w
− 113s0w

25
= −5s0w ,

-♦✐'

−12

25
=

2s0w
2

25
,

❞✬♦@ w =
√

6
s0

♣✉✐- ẋ0 = 5
√

s0
6 ❡' ẇ = 0 ❡♥ (❡♣♦('❛♥' ❞❛♥- ❧❡- ♣(❡♠✐5(❡ ❡'

❞❡✉①✐5♠❡ <=✉❛'✐♦♥-✳ ❆ ♥♦'❡( =✉✬✐❧ ♥✬❡-' ❞♦♥❝ ♣❛- ♥<❝❡--❛✐(❡ ❞❡ -✉♣♣♦-❡( ẇ = 0
♣♦✉( ♣♦✉✈♦✐( (<-♦✉❞(❡ ❝❡- <=✉❛'✐♦♥- ✭E ❧❛ ❞✐✛<(❡♥❝❡ ❞❡ ❝❡ =✉❡ ❧✬♦♥ ❛ ❢❛✐' ❡♥

■■■✳✶✳✶✮✱ ♠❛✐- =✉✬❛✉ ❝♦♥'(❛✐(❡ ẇ = 0 ❡♥ ❡-' ✉♥❡ ❝♦♥-<=✉❡♥❝❡✳ ❖♥ (❡'(♦✉✈❡ ❧❡-

✈❛❧❡✉(- ❞✬❆❜❧♦✇✐'③ ✈✉❡- ❡♥ ■✳✺✳✻✳

■❱✳✹✳✷ ❱✐&❡((❡ ❞❡ *❡&♦✉* - ❧✬01✉✐❧✐❜*❡

N❛('❛♥' ❞✉ -②-'5♠❡ ♣(<❝<❞❡♥'✱ ♦♥ ♣(♦❝5❞❡ E ✉♥❡ ❛♥❛❧②-❡ ❞✬✉♥❡ ♣❡('✉(❜❛'✐♦♥

❛✉'♦✉( ❞❡ ❧✬<=✉✐❧✐❜(❡ (ẋ0
∗ = 5

√
s0
6 ,w

∗ =
√

6
s0
)✳ ■❧ ✈✐❡♥' ❡♥ ❞✐✛<(❡♥'✐❛♥'







δẋ0 = −
12

25w∗2
δw +

113s0δw

150
=

101s0
150

δw

δẇ = − 12

25w∗2
δw − 2s0δw

25
= −4s0

25
δw

❉♦♥❝

(
δẋ0
δẇ

)

=

(
0 101s0

150

0 −4s0
25

)(
δx0
δw

)

❖♥ (<-♦✉❞ ❡♥ δw = e−
4s0
25

t
✱ ♣✉✐- δx0 = −101

24 e
− 4s0

25
t
✳ ▲❡ '❡♠♣- ❝❛(❛❝'<(✐-'✐=✉❡ ❞❡

(❡'♦✉( E ❧✬<=✉✐❧✐❜(❡✱ ✈❛✉' ✐❝✐

25
4s0

✳ ■❧ ❡-' ✭✉♥ ♣❡✉ ♣❧✉- ❞❡✮ ❞❡✉① ❢♦✐- ♣❧✉- ❣(❛♥❞ =✉❡
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





ẋ0 =
12

25w
+

113w

150
s(x0)

ẇ =
12

25w
− 2w

25
s(x0)
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▲❡8 5❡♠❛5?✉❡8 ❢❛✐%❡8 ♣❧✉8 ❤❛✉% 5❡8%❡♥% ✈❛❧❛❜❧❡8✳
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❞✬❛%%❡✐♥❞5❡ ❧❡ ❞;❢❛✉% ✭♣❧✉8 ♣5;❝✐8;♠❡♥% ❛✈❛♥% ❞✬❛%%❡✐♥❞5❡ ❧❛ ③♦♥❡ ♦R s ′ 6=
0✮✳

◆♦%♦♥8 ?✉❡ ❝❡%%❡ ❛♣♣5♦①✐♠❛%✐♦♥ ♣❡✉% ❡♥❝♦5❡ T%5❡ ❛✣♥;❡ ❡♥ ✉%✐❧✐8❛♥% ✉♥ ❞;✲

✈❡❧♦♣♣❡♠❡♥% ❞❡ ❚❛②❧♦5 ✿ s(x0 + wz) ≈ s(x0) + wzs ′(x0)✳ ❆❧♦58 ❧❡8 ;?✉❛%✐♦♥8

❞❡✈✐❡♥♥❡♥% ✿ 





ẋ0 =
12

25w
+

113w

150
s(x0)−

w2

10
s ′(x0),

ẇ =
12

25w
− 2w

25
s(x0) +

9w2

10
s ′(x0).
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s(x) = s0 + s1δ(x)✳ ❉❛♥8 ❝❡ ❝❛8✱ ✭■❱✳✷✮ ❞♦♥♥❡ ✿







ẋ0 =
12

25w
+

113s0w

150
+

s1

5

(

11− 12U

(−x0
w

))

Rm

(

U

(−x0
w

))

ẇ =
12

25w
− 2s0w

25
+

6s1
5

(

1− 2U

(−x0
w

))

Rm

(

U

(−x0
w

))
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





(11− 12U(z)) Rm(U(z)) =
ez(2 + ez)(11(1 + ez)2 − 12)

(1 + ez)6
,

(1− 2U(z)) Rm(U(z)) =
ez(2 + ez)(−1 + 2ez + e2z)

(1 + ez)6
,

✭■❱✳✺✮
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E✉✐ ♠❡&&'♦♥& ❡♥ 2✈✐❞❡♥❝❡ ♥♦&❛♠♠❡♥& ❧❡, ❞✐✛2'❡♥❝❡, ♣❛' '❛♣♣♦'& ❛✉ ❝❤❛♣✐&'❡

■■■✳ ❉✬❛❜♦'❞✱ ♥♦&♦♥, E✉❡ ❧❡, ❞❡✉① &❡'♠❡, (11 − 12U(z)) Rm(U(z)) ❡& (1 −
2U(z)) Rm(U(z)) ♥❡ ,♦♥& &♦✉❥♦✉', ♣❛, ,②♠2&'✐E✉❡,✱ ❝❡♣❡♥❞❛♥& ❧❡ ♣'❡♠✐❡' ❧✬❡,&

♣!❡#$✉❡✳ L✉✐,E✉❡ (11−12U(z)) Rm(U(z)) ❡,& ❧❛'❣❡♠❡♥& ♣♦,✐&✐❢✱ ✉♥ ❞2❢❛✉& ❝❛✉,❡

✉♥❡ ❛❝❝2❧2'❛&✐♦♥ ❞✉ ❢'♦♥& ♣♦✉' s1 > 0✳ ▲❛ ③♦♥❡ ♥2❣❛&✐✈❡ ❡,& &'O, ♣❡&✐&❡✱ ❡& ❞❡

♣❧✉, ,❡ &'♦✉✈❡ ✉♥✐E✉❡♠❡♥& ❞❛♥, R−✱ ❞❡ &❡❧❧❡ ,♦'&❡ E✉❡ ❧✬❛!!)* ❞✉ ❢!♦♥* ♥✬❡#* ♣❛#

♣♦##✐❜❧❡✳ ■❧ ♥❡ ,✬❡,& ♣'♦❞✉✐& ❞❛♥, ❛✉❝✉♥❡ ❞❡ ♥♦, ,✐♠✉❧❛&✐♦♥,✳ ◗✉❛♥& ❛✉ ,❡❝♦♥❞

&❡'♠❡ ,♦✉'❝❡✱ ✐❧ ❡,& ♣'❡,E✉❡ ✐♠♣❛✐'✳ L♦✉' s1 > 0✱ ♦♥ ♦❜,❡'✈❡'❛ ✉♥❡ ❛✉❣♠❡♥&❛&✐♦♥

❞❡ ❧❛ ❧❛'❣❡✉' ❞✉ ❢'♦♥& ✐♥❝✐❞❡♥& ❛✈❛♥& ❧✬♦❜,&❛❝❧❡✱ ♣✉✐, ,❛ ❞✐♠✐♥✉&✐♦♥ ❛♣'O,✳

❈❛" ❞✬✉♥ ❞'❢❛✉) ✓❍❡❛✈✐"✐❞❡✔

▲✬❛✉&'❡ ❞2❢❛✉& 2&'♦✐& E✉❡ ♥♦✉, 2&✉❞✐♦♥, ❡,& ♠♦❞2❧✐,2 ♣❛' s(x) = sl + (sr −
sl)H(x) ♦Q H(x) ❡,& ❧❛ ❢♦♥❝&✐♦♥ ❞❡ ❍❡❛✈✐,✐❞❡✳ ➚ ♣❛'&✐' ❞❡ ✭■❱✳✷✮✱ ❧❡ ,②,&O♠❡

❞✬2E✉❛&✐♦♥, ,❡ '2❞✉✐& @ ✿







ẋ0 =
12

25w
+

113slw

150
+

(sr − sl)w

5

∫ +∞

−x0
w

(11− 12U(z))Rm(U(z))dz

ẇ =
12

25w
− 2slw

25
+

6(sr − sl)w

5

∫ +∞

−x0
w

(1− 2U(z))Rm(U(z))dz

✭■❱✳✻✮

▲❡, &❡'♠❡, ,♦✉'❝❡, ,♦♥& ✐❝✐ ❛✉,,✐ ❝❛❧❝✉❧❛❜❧❡, ❞❡ ♠❛♥✐O'❡ ❡①♣❧✐❝✐&❡ ✿







∫ ∞

y

(11− 12U(z)) Rm(U(z))dz =
113 + 5ey (125 + 11ey (11 + 3ey ))

30(1 + ey )5
,

∫ ∞

y

(1− 2U(z)) Rm(U(z))dz =
−2 + 5ey (2 + ey )(5 + 3ey )

30(1 + ey )5
.

✭■❱✳✼✮
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∫∞
y

(11− 12U(z)) Rm(U(z)) dz ✭B ❣❛✉❝❤❡✮ ❡%

∫∞
y

(1− 2U(z)) Rm(U(z)) dz ✭B

❞2♦✐%❡✮ ❡♥ ❢♦♥❝%✐♦♥ ❞❡ ❧❛ ✈❛2✐❛❜❧❡ z ✳

❈♦♥❝❡2♥❛♥% ❧❡1 ❝♦♠♣♦2%❡♠❡♥%1 ❛1②♠♣%♦%✐I✉❡1✱ ✐❧1 1♦♥% I✉❛❧✐%❛%✐✈❡♠❡♥% ❧❡1

♠K♠❡1 I✉❡ ❞❛♥1 ❧❡ ❝❛1 ❜✐1%❛❜❧❡✱ B 1❛✈♦✐2 I✉❡ ✭1✐ sr − sl > 0✮ ❧❛ ✈✐%❡11❡ ❛✉❣♠❡♥%❡

❡% ❧❛ ❧❛2❣❡✉2 ❞✐♠✐♥✉❡✳ ■❝✐✱ ❧✬7✈♦❧✉%✐♦♥ ❞❡ ❧❛ ✈✐%❡11❡ ❡1% ♣❧✉1 1✐♠♣❧❡✱ ❡% I✉❛1✐♠❡♥%

♠♦♥♦%♦♥❡ ✭♠K♠❡ 1✬✐❧ ② ❛ ✉♥ ❧7❣❡2 ❞7♣❛11❡♠❡♥% ❞❡ ❧❛ ✈❛❧❡✉2 ❧✐♠✐%❡ B ❞2♦✐%❡ ❛✈❛♥%

❞❡ ❧✬❛%%❡✐♥❞2❡✮✳ ▲✬7✈♦❧✉%✐♦♥ ❞❡ ❧❛ ❧❛2❣❡✉2 ❡1% %2N1 ❞✐✛72❡♥%❡ ❞✉ ❝❛1 ❜✐1%❛❜❧❡✱ ❝❛2

♦♥ ❛ ✉♥❡ ❢♦2%❡ ❛✉❣♠❡♥%❛%✐♦♥ ❛✈❛♥% ❞❡ ❞✐♠✐♥✉❡2✳ ❊♥✜♥✱ ❧✬❛22K% ❞✉ ❢2♦♥% ♥✬❡1% ♣❛1

♥♦♥ ♣❧✉1 ♣♦11✐❜❧❡ ❛✈❡❝ ❝❡ %②♣❡ ❞❡ ❞7❢❛✉% ✭❛❧♦21 I✉✬✐❧ ❧✬7%❛✐% ❞❛♥1 ❧❡ ❝❛1 ❜✐1%❛❜❧❡✮✳

■❱✳✹✳✺ ➱&✉❛)✐♦♥ ❞❡ ❋✐0❤❡2✕❑55 ❛✈❡❝ ❧❡ ❢2♦♥) ❞❡ ❍✉①❧❡②

▲❡ ❢❛✐% I✉❡ ♥♦%2❡ 271✉❧%❛% ✭■■✳✷✶✮ 1♦✐% ❞♦♥♥7 ✐♥❞7♣❡♥❞❛♠♠❡♥% ❞❡ U ✐♥❝✐%❡ B

❢❛✐2❡ ❞❡1 %❡♥%❛%✐✈❡1 ❞❡ ♣2♦✜❧ ♣♦✉2 ✉♥❡ 7I✉❛%✐♦♥ ❞♦♥♥7❡✳ ❆✐♥1✐✱ I✉❡ 1❡ ♣❛11❡✲%✲✐❧

1✐ ♦♥ ❣❛2❞❡ Rm(u) = u(1− u) ❡% I✉❡ ❧✬♦♥ ❡11❛②❡ U1(z) =
1

1+exp(z) ❄ ❖♥ ♦❜%✐❡♥%

♣♦✉2 ❧❡ ❝❛1 ❤♦♠♦❣N♥❡ ❧❡ 1②1%N♠❡ 1✉✐✈❛♥%







ẋ0 = w sJ10

ẇ =
1

3w
+ w s(J10 − 2J11)

1♦✐% ❡♥❝♦2❡ ✿ 





ẋ0 = w s

ẇ =
1

3w

❡% ❝❡❧❛ ♥❡ ♠❛2❝❤❡ ♣❛1 ❝❛2 ❛❧♦21 w ❞✐✈❡2❣❡✳ ❆%%❡♥%✐♦♥✱ J10 ❡% J11 ♥❡ 1♦♥% ♥✐ ❧❡1

✐♥%7❣2❛❧❡1 ❞✉ ❝❤❛♣✐%2❡ ■■■✱ ♥✐ ❝❡❧❧❡1 ❞❡ ❝❡ ❝❤❛♣✐%2❡✱ ♠❛✐1 ❡❧❧❡1 1♦♥% ♠✐①%❡1 ✿







J10 =

∫

R

Rm(U1(z)) dz =

∫

R

Rm

(
1

1 + exp(z)

)

dz

J11 =

∫

R

U1(z)Rm(U1(z)) dz =

∫

R

1

1 + exp(z)
Rm

(
1

1 + exp(z)

)

dz .
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



J10 = 1

J11 =
1

2
.
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■❱✳✻ ■♥%&'(% ❞✉ ♠♦❞-❧❡ 0%❛♥❞❛'❞✐0&

▲❡0 ❛✈❛♥%❛❣❡0 ;✉✐ 0♦♥% ❧❡0 ♠(♠❡0 ;✉❡ ❝❡✉① ❞✉ ❝❤❛♣✐%'❡ ♣'&❝&❞❡♥% 0♦♥%

✕ ❧❡ ❣❛✐♥ ❞❡ %❡♠♣0 ❞❡ ❝❛❧❝✉❧✱

✕ ❧❛ ❜♦♥♥❡ ♣'&❝✐0✐♦♥ ❞✬❛♣♣'♦①✐♠❛%✐♦♥ ✭;✉♦✐;✉❡ 0❡♥0✐❜❧❡♠❡♥% ✐♥❢&'✐❡✉'❡ I ❝❡❧❧❡

❞✉ ❝❛0 ❜✐0%❛❜❧❡✮✱

✕ ❧✬❡①♣❧✐❝✐%❛%✐♦♥ ❞❡0 ♣❛'❛♠-%'❡0 ❞❛♥0 ❧❡0 0②0%-♠❡0 ❞✬&;✉❛%✐♦♥0✱

✕ ❧❛ ❝♦♠♣'&❤❡♥0✐♦♥ ❞❡0 &✈♦❧✉%✐♦♥0 ❞❡ x0 ❡% w ❞✐✈✐0&❡0 ❡♥ ❝♦♥%'✐❜✉%✐♦♥0 ✐♥✲

%'✐♥0-;✉❡0 ❡% ❡①%'✐♥0-;✉❡0✳

▲❡ ♠♦❞-❧❡ 0%❛♥❞❛'❞✐0& ❞❛♥0 ❧❡ ❝❛0 ♠♦♥♦0%❛❜❧❡ 0❡ ♣'(%❡ ❛✉00✐ I ✉♥❡ '&0♦❧✉%✐♦♥ ❞❡

♣'♦❜❧-♠❡ ✐♥✈❡'0❡✳ ■❝✐✱ ✐❧ ♥✬② ❛ ❛✉❝✉♥❡ ❞✐✛&'❡♥❝❡ ❛✈❡❝ ❧❡ ❝❛0 ❜✐0%❛❜❧❡✱ ❡% ❞♦♥❝ ♥♦✉0

'❡♥✈♦②♦♥0 ❛✉ ❝❤❛♣✐%'❡ ■■■ ♣♦✉' ❧❡ ❞&%❛✐❧✳



✾✷ ❈❤❛♣✐'(❡ ■❱✳ ❈❛- ♠♦♥♦-'❛❜❧❡



❈❤❛♣✐%&❡ ❱

●!♥!#❛❧✐'❛(✐♦♥ ✿ ♣❧✉'✐❡✉#'

❞✐♠❡♥'✐♦♥'✱ ♣❧✉'✐❡✉#'

❝♦♠♣♦'❛♥('

❆❜"#$❛❝#

❲❡ "❤♦✇ ✐♥ (❤✐" ❝♦♥❝❧✉"✐✈❡ ❝❤❛♣(❡/ (✇♦ ❣❡♥❡/❛❧✐③❛(✐♦♥" ♦❢ ♦✉/ /❡"✉❧("✳

❋✐/"( ✐♥ ❤✐❣❤❡/ ❞✐♠❡♥"✐♦♥✱ ❛♥❞ (❤❡♥ ❢♦/ ♠✉❧(✐♣❧❡ ❝♦♠♣♦♥❡♥("✳ ❆" ❛

❝♦♥❝❧✉"✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ♦✉(❧✐♥❡ ♦❢ (❤❡ ✇♦/❦ ✐♥ ♣/♦❣/❡""✳

❘("✉♠(

❉❛♥" ❝❡ ❞❡/♥✐❡/ ❝❤❛♣✐(/❡✱ ♥♦✉" ♣/♦♣♦"♦♥" ❞❡✉① ❣<♥</❛❧✐"❛(✐♦♥" ❞❡

♥♦" /<"✉❧(❛("✳ ❚♦✉( ❞✬❛❜♦/❞✱ ❞❡ ♠❛♥✐@/❡ ❡""❡♥(✐❡❧❧❡♠❡♥( ❞❡"❝/✐♣(✐✈❡✱

❡♥ ❞✐♠❡♥"✐♦♥ ❞❡✉①✳ ❊♥"✉✐(❡ B ♣❧✉"✐❡✉/" ❝♦♠♣♦"❛♥("✱ ❡♥ ❞♦♥♥❛♥( ♥♦✲

(❛♠♠❡♥( ❧❡" <D✉❛(✐♦♥" ❞✬<✈♦❧✉(✐♦♥ ✐""✉❡" ❞❡" ❧♦✐" ❞✬<D✉✐❧✐❜/❡✳ ◆♦✉"

(❡/♠✐♥♦♥" ❡♥ ❞♦♥♥❛♥( D✉❡❧D✉❡" ♣❡/"♣❡❝(✐✈❡"✳

❙♦♠♠❛✐%❡

❱✳✶ ❊♥ ❞✐♠❡♥)✐♦♥ )✉♣-.✐❡✉.❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

❱✳✶✳✶ ❙✐♠✉❧❛)✐♦♥, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

❱✳✷ ▼♦❞3❧❡) ❙■❘ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✻

❱✳✷✳✶ ❆♥❛❧②,❡ ❡♥ ❝♦♦4❞♦♥♥6❡, ❝♦❧❧❡❝)✐✈❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼

✾✸



✾✹ ❈❤❛♣✐'(❡ ❱✳ ●-♥-(❛❧✐0❛'✐♦♥ ✿ ♣❧✉0✐❡✉(0 ❞✐♠❡♥0✐♦♥0✱ ♣❧✉0✐❡✉(0 ❝♦♠♣♦0❛♥'0

❱✳✶ ❊♥ ❞✐♠❡♥)✐♦♥ )✉♣-.✐❡✉.❡

◆♦✉0 ♣(♦♣♦0♦♥0 ❞❛♥0 ❝❡''❡ 0❡❝'✐♦♥ ❞❡ ♣(-0❡♥'❡( 0♦✉0 ✉♥❡ ❢♦(♠❡ ❡00❡♥'✐❡❧✲

❧❡♠❡♥' ❞❡0❝(✐♣'✐✈❡ ❧❡0 ❣-♥-(❛❧✐0❛'✐♦♥0 ❞❡ ♥♦0 (-0✉❧'❛'0 ♣♦✉( ❧❛ ❞✐♠❡♥0✐♦♥ ❞❡✉①✳

◆♦✉0 ❝♦♥0✐❞-(♦♥0 ❛✐♥0✐ ❧✬-?✉❛'✐♦♥ 0✉✐✈❛♥'❡ ✿

{

∂tu = ∆u + s(x) R(u), t > 0, u = u(x), x ∈ R
2,

u(x, 0) = u0(x).
✭❱✳✶✮

◆♦✉0 ♣(❡♥♦♥0 ❞❡0 ❝♦♥❞✐'✐♦♥0 ✐♥✐'✐❛❧❡0 u0 ❞❛♥0 ✉♥ ❡♥0❡♠❜❧❡ ❞❡ ❝♦♥❞✐'✐♦♥0 ❛❞♠✐0✲

0✐❜❧❡0✱ ♣❛( ❡①❡♠♣❧❡ ❞❡0 ❢♦♥❝'✐♦♥0 D 0✉♣♣♦(' ❝♦♠♣❛❝'✱ ♣♦0✐'✐✈❡0 ❡' ❜♦(♥-❡0 ♣❛(

1✳

▲✬-'✉❞❡ ♣❡✉' ❝♦♥0✐❞-(❡( ❛✉ ♠♦✐♥0 ❞❡✉① '②♣❡0 ❞❡ ❢(♦♥'0 ✐♥'-(❡00❛♥'0✱ ❧❡0 ❢(♦♥'0

0♣❤-(✐?✉❡0 ❡' ❧❡0 ❢(♦♥'0 ♣❧❛♥❛✐(❡0✳ ▲❡0 ♣(❡♠✐❡(0 0♦♥' ❢♦♥❝'✐♦♥0 ❞✉ (❛②♦♥ u(x, t) =
ũ(r , t) ♦G r ❡0' ❧❛ ♥♦(♠❡ ❡✉❝❧✐❞✐❡♥♥❡ ❞❡ x✱ ❧❡0 0❡❝♦♥❞0 0♦♥' ❢♦♥❝'✐♦♥0 ❞✬✉♥❡

❝♦♦(❞♦♥♥-❡✱ ♣❛( ❡①❡♠♣❧❡ x ❞❛♥0 ✉♥ (❡♣H(❡ ❜✐❡♥ ❝❤♦✐0✐ u(x, t) = ũ(x , t)✳ ◆♦✉0
♥♦✉0 ❧✐♠✐'♦♥0 ✐❝✐ ❛✉① ❢(♦♥'0 0♣❤-(✐?✉❡0✳

❱✳✶✳✶ ❙✐♠✉❧❛)✐♦♥,

I♦✉( ♥♦'(❡ -'✉❞❡ ♥✉♠-(✐?✉❡✱ ♥♦✉0 ❛✈♦♥0 ✉'✐❧✐0- ❧❡ ❧♦❣✐❝✐❡❧ ❞❡ (-0♦❧✉'✐♦♥ ♣❛(

-❧-♠❡♥'0 ✜♥✐0 ❞❡ 0②0'H♠❡0 ❞✬-?✉❛'✐♦♥0 ❛✉① ❞-(✐✈-❡0 ♣❛('✐❡❧❧❡0 ❈❖▼❙❖▲✳❊♥ ♣(❛✲

'✐?✉❡✱ ❧❡0 0✐♠✉❧❛'✐♦♥0 ♦♥' -'- ❢❛✐'❡0 ❞❛♥0 ✉♥ (❡❝'❛♥❣❧❡ ❛✈❡❝ ❞❡0 ❝♦♥❞✐'✐♦♥0 ❛✉①

❧✐♠✐'❡0 ❞❡ ◆❡✉♠❛♥♥✳ ▲❡ ♥♦♠❜(❡ ❞✬-❧-♠❡♥'0 ❡0' ❞✬❡♥✈✐(♦♥ 10000✳ ■❧ ❡0' D ♥♦✲

'❡( ?✉✬✉♥❡ ❜♦♥♥❡ ❞✐0❝(-'✐0❛'✐♦♥ 0♣❛'✐❛❧❡ ❡0' ❡00❡♥'✐❡❧❧❡ ♣♦✉( ♦❜'❡♥✐( ❞❡0 (-0✉❧'❛'0

✜❛❜❧❡0 ❞❛♥0 ❧❡ ❝❛0 ♠♦♥♦0'❛❜❧❡✳ ❈❡❝✐ ❡0' ♣(♦❜❛❜❧❡♠❡♥' ❞P D ❧✬✐♥0'❛❜✐❧✐'- ❞❡ ❧✬-'❛'

0✳

◆♦✉0 ❛✈♦♥0 (❡'(♦✉✈- ❧❡0 ❡✛❡'0 0♣-❝✐✜?✉❡♠❡♥' ❞P0 ❛✉① ❤-'-(♦❣-♥-✐'-0 -'✉✲

❞✐-0 ❛✉① ❝❤❛♣✐'(❡0 ♣(-❝-❞❡♥'0✱ D 0❛✈♦✐( ❧✬❛((R' ❞✉ ❢(♦♥' ♣♦✉( ❧❡ ❝❛0 ❜✐0'❛❜❧❡ ❡'

❧✬❛♣♣❛(✐'✐♦♥ ❞✬-❝❧♦0✐♦♥0 0❡❝♦♥❞❛✐(❡0 ♣♦✉( ❧❡ ❝❛0 ♠♦♥♦0'❛❜❧❡✳

❈❛" ❜✐"%❛❜❧❡

▲✬❛((R' ❞✉ ❢(♦♥' ❡0' (❡♥❞✉ ♣♦00✐❜❧❡ ♣❛( ✿

✶✳ ❞❡0 ❞-❢❛✉'0 0②♠-'(✐?✉❡0 ♦✉ ❛♥'✐0②♠-'(✐?✉❡0 -'(♦✐'0✱

✷✳ ❞❡0 ③♦♥❡0 0❛♥0 (-❛❝'✐♦♥✱ ❝❡ ?✉❡ ♥♦✉0 ✐❧❧✉0'(♦♥0 ❡♥ ✜❣✉(❡ ❱✳✶✳



❱✳✶✳ ❊♥ ❞✐♠❡♥)✐♦♥ )✉♣-.✐❡✉.❡ ✾✺

❋✐❣✉$❡ ❱✳✶ ✕ ▼♦✉✈❡♠❡♥4 ❞✬✉♥ ❢.♦♥4 7✉✐ .❡♥❝♦♥4.❡ ✉♥❡ ③♦♥❡ )❛♥) .-❛❝4✐♦♥ ❞❡

4②♣❡ ✓❜❛♥❞❡✔ ✿ 0 ≤ x ≤ d ✳ ▲❡) 7✉❛4.❡ ✜❣✉.❡) ♠♦♥4.❡♥4 ❧❡) ❧✐❣♥❡) ❞❡ ♥✐✈❡❛✉①

4.❛❝-❡) E ❞❡) 4❡♠♣) ❝.♦✐))❛♥4) ✿ t0 ❡♥ ❤❛✉4 E ❣❛✉❝❤❡✱ t1 ❡♥ ❤❛✉4 E ❞.♦✐4❡✱ t2 ❡♥

❜❛) E ❣❛✉❝❤❡ ❡4 t3 ❡♥ ❜❛) E ❞.♦✐4❡✳ ▲❡) ♣❛.❛♠H4.❡) )♦♥4 s0 = 0, 5 ❡4 d = 40✳

❖♥ ✈♦✐4 ❝❧❛✐.❡♠❡♥4 ❧❡ ❢.♦♥4 )✬❛..J4❡. ✿ ✐❧ ♥✬② ❛ ♣❛) ❞❡ ♣.♦♣❛❣❛4✐♦♥ ❞❛♥) ❧❛

.-❣✐♦♥ ❞❡ ❞.♦✐4❡✳

❈❛" ♠♦♥♦"&❛❜❧❡

▲♦.)7✉❡ ❧❡ 4❡.♠❡ ❞❡ .-❛❝4✐♦♥ ❡)4 ❞✉ 4②♣❡ ❋✐)❤❡.✕❑MM✱

✶✳ ✐❧ ♥✬② ❛ ❛✉ ❝♦♥4.❛✐.❡ ♣❛) ❞✬❛..J4 ❞✉ ❢.♦♥4✱

✷✳ ♠❛✐) ❞❡) -❝❧♦)✐♦♥) )❡❝♦♥❞❛✐.❡) ❞❛♥) ❧❡ ❝❛) ❞❡ ❞-❢❛✉4) -4.♦✐4) ❡4 ❣.❛♥❞)✳

◆♦✉) ❞♦♥♥♦♥) ✉♥❡ ✜❣✉.❡ ✐❧❧✉)4.❛♥4 ❝❡ ♣❤-♥♦♠H♥❡ ❡♥ ❱✳✷✳



✾✻ ❈❤❛♣✐'(❡ ❱✳ ●-♥-(❛❧✐0❛'✐♦♥ ✿ ♣❧✉0✐❡✉(0 ❞✐♠❡♥0✐♦♥0✱ ♣❧✉0✐❡✉(0 ❝♦♠♣♦0❛♥'0

❋✐❣✉$❡ ❱✳✷ ✕ ▼♦✉✈❡♠❡♥' ❞✬✉♥ ❢(♦♥' >✉✐ (❡♥❝♦♥'(❡ ✉♥ ❞-❢❛✉' ❛♥'✐0②♠-'(✐>✉❡

-'(♦✐'✳ ▲❡0 >✉❛'(❡ ✜❣✉(❡0 ♠♦♥'(❡♥' ❧❡0 ❧✐❣♥❡0 ❞❡ ♥✐✈❡❛✉① '(❛❝-❡0 D ❞❡0 '❡♠♣0

❝(♦✐00❛♥'0 ✿ t0 ❡♥ ❤❛✉' D ❣❛✉❝❤❡✱ t1 ❡♥ ❤❛✉' D ❞(♦✐'❡✱ t2 ❡♥ ❜❛0 D ❣❛✉❝❤❡ ❡' t3
❡♥ ❜❛0 D ❞(♦✐'❡✳ ▲❡0 ♣❛(❛♠F'(❡0 0♦♥' sl = 0, 3 ❡' sr = 0, 6✳

♣

♣ ♣

❱✳✷ ▼♦❞&❧❡) ❙■❘

▲❡ ♠♦❞F❧❡ ❙■❘ ❡0' ✉♥ ♠♦❞F❧❡ ❝❧❛00✐>✉❡ ✉'✐❧✐0- ❡♥ -♣✐❞-♠✐♦❧♦❣✐❡✳ ■❧ '✐(❡ 0♦♥

♥♦♠ ❞❡0 ❝❧❛00❡0 ❞❡ ♣♦♣✉❧❛'✐♦♥0 ❝♦♥0✐❞-(-❡0✱ ❧❡0  ✉0❝❡♣'✐❜❧❡0✱ ❧❡0 ✐♥❢❡❝'-0✱ ❡'

❧❡0 "-'❛❜❧✐0✳ ❉❛♥0 ✉♥ ❝❛0 0✐♠♣❧❡✱ ♦♥ ♣❡✉' ❝♦♥0✐❞-(❡( ❧❛ '❛✐❧❧❡ ❞❡ ❧❛ ♣♦♣✉❧❛'✐♦♥

❝♦♥0'❛♥'❡ ✭s + i + r = n✮ 0✐ ❜✐❡♥ >✉❡ ❧✬♦♥ -❝(✐' 0❡✉❧❡♠❡♥' ❧✬-✈♦❧✉'✐♦♥ ❞❡0 ❞❡✉①

♣(❡♠✐❡(0 ❝♦♠♣♦0❛♥'0 ✿

{

∂ts =− f (i , s)

∂t i =f (i , s)− βi ,
✭❱✳✷✮

-'❛♥' ❡♥'❡♥❞✉ >✉❡ ∂tr = βi ✳ ❖♥ ♣❡✉' ❛✈♦✐( f (i , s) = αsi ♣❛( ❡①❡♠♣❧❡✱ α ❡' β
-'❛♥' ❞❡0 ❝♦♥0'❛♥'❡0 ♣♦0✐'✐✈❡0✳

❙✐ ♦♥ ❛✉'♦(✐0❡ ❧❡0 ♣♦♣✉❧❛'✐♦♥0 D 0❡ ❞-♣❧❛❝❡( ✭❛✈❡❝ ♠N♠❡ ❞✐✛✉0✐✈✐'-✮✱ ♦♥ ♦❜✲



❱✳✷✳ ▼♦❞&❧❡) ❙■❘ ✾✼

/✐❡♥/ ❧❡ ♠♦❞&❧❡ )✉✐✈❛♥/ ✿

{

∂ts =∆s − f (i , s)

∂t i =∆i + f (i , s)− βi
✭❱✳✸✮

❙✐ ♠❛✐♥/❡♥❛♥/ ♦♥ ✈❡✉/ ❝♦♥)✐❞;<❡< ❞❡) ♠♦❞&❧❡) /❡♥❛♥/ ❝♦♠♣/❡ ❞❡ ❧✬❡♥✈✐<♦♥♥❡♠❡♥/✱

♦♥ ♣❡✉/

✕ ❞;❝♦✉♣❡< ❧❛ ♣♦♣✉❧❛/✐♦♥ ❡♥ ❝❧❛))❡) ❬❇♦❛✰✶✵❪ ❞❡ ❢❛H♦♥ )✐♠✐❧❛✐<❡ I ✭■■✳✶✮✳ ❖♥

❞♦♥♥❡ ✉♥ ❡①❡♠♣❧❡ )✐♠♣❧❡ ♣♦✉< ❞❡✉① ❝❧❛))❡) ✿







∂ts1 =− f1(i1, s1, i2)

∂t i1 =f1(i1, s1, i2)− βi1

∂ts2 =− f2(i2, s2, i1)

∂t i2 =f2(i2, s2, i1)− βi2

✭❱✳✹✮

❖♥ ♣❡✉/ ❛✈♦✐< f1(i1, s1, i2) = s1(α1i1+α2→1i2) ❡/ f2(i2, s2, i1) = s2(α2i2+
α1→2i1)✳

✕ ❢❛✐<❡ ❧❛ ♠M♠❡ ❝❤♦)❡ ❛✈❡❝ ❞❡) ❧❛♣❧❛❝✐❡♥)







∂ts1 =∆s1 − f1(i1, s1, i2)

∂t i1 =∆i1 + f1(i1, s1, i2)− βi1

∂ts2 =∆s2 − f2(i2, s2, i1)

∂t i2 =∆i2 + f2(i2, s2, i1)− βi2

✭❱✳✺✮

✕ ;❝<✐<❡ )✐♠♣❧❡♠❡♥/ ❧❡ ♠♦❞&❧❡ )✉✐✈❛♥/✱ P✉✐ )❡ <❛♣♣<♦❝❤❡ ❞❡ ♥♦/<❡ ;/✉❞❡ ❞❡)

❝❤❛♣✐/<❡) ■■✱ ■■■✱ ■❱ ✿

{

∂ts =∆s − f (i , s, x)

∂t i =∆i + f (i , s, x)− β(x)i
✭❱✳✻✮

❖♥ ♣❡✉* ❛✈♦✐/ f (i , s, x) = α(x)si ✳

❱✳✷✳✶ ❆♥❛❧②)❡ ❡♥ ❝♦♦-❞♦♥♥/❡) ❝♦❧❧❡❝0✐✈❡)

◆♦✉1 ❡12✉✐11♦♥1 ❞❛♥1 ❝❡**❡ 1❡❝*✐♦♥ ❧✬❛♥❛❧②1❡ 2✉❡ ❧✬♦♥ ♣❡✉* ♠❡♥❡/ 1✉/ ❧❡ 1②1✲

*:♠❡ ✭❱✳✻✮✳

❉❡ ♠❛♥✐:/❡ ❣=♥=/❛❧❡✱ ♦♥ ♣❡✉* 1✉♣♣♦1❡/ 2✉❡ ❧✬♦♥ ❛ ❜❡1♦✐♥ ❞❡ ❞❡✉① ♣♦1✐*✐♦♥1

❡* ❞❡ ❞❡✉① ❧❛/❣❡✉/1 ♣♦✉/ ❛♣♣/♦❝❤❡/ ✜♥❡♠❡♥* ❧❡1 ✈❛/✐❛*✐♦♥1 ❞✉ ❢/♦♥* ✿

s(x , t) = S

(
x − x0

w0

)

, i(x , t) = I

(
x − x1

w1

)

,

❝❡ 2✉✐ ❞♦♥♥❡ ❧❡1 ❢♦/♠✉❧❡1 ❞❡ ❝❤❛♥❣❡♠❡♥* ❞❡ ✈❛/✐❛❜❧❡ 1✉✐✈❛♥*❡1 ✿

S(z) = s (w0 z + x0, t) , I (z) = i (w1 z + x1, t) .



✾✽ ❈❤❛♣✐'(❡ ❱✳ ●-♥-(❛❧✐0❛'✐♦♥ ✿ ♣❧✉0✐❡✉(0 ❞✐♠❡♥0✐♦♥0✱ ♣❧✉0✐❡✉(0 ❝♦♠♣♦0❛♥'0

■❧ ♥♦✉0 ❢❛✉❞(❛ ❞♦♥❝  ✉❛#$❡ ❧♦✐0 ❞✬-;✉✐❧✐❜(❡ ♣♦✉( ♦❜'❡♥✐( ❧✬-✈♦❧✉'✐♦♥ ❞❡ ❝❡0 ;✉❛'(❡

❝♦♦(❞♦♥♥-❡0 ❝♦❧❧❡❝'✐✈❡0✳ ❉❡ ♠❛♥✐?(❡ 0✐♠✐❧❛✐(❡ ❛✉ ❝❤❛♣✐'(❡ ■■✱ ♦♥ ❝❛❧❝✉❧❡ ❧❡0 ❞-(✐✲

✈-❡0 ♣❛('✐❡❧❧❡0 ❞❡ s ❡' i ❡♥ ❢♦♥❝'✐♦♥ ❞❡0 ❞-(✐✈-❡0 ❞❡ S ❡' I ✿

∂ts = −
1

w0

(

ẋ0 +
ẇ0(x − x0)

w0

)

S ′
(
x − x0

w0

)

∂xs =
1

w0
S ′

(
x − x0

w0

)

∆s =
1

w2
0

S ′′
(
x − x0

w0

)

.

❡'

∂t i = −
1

w1

(

ẋ1 +
ẇ1(x − x1)

w1

)

I ′
(
x − x1

w1

)

∂x i =
1

w1
I ′
(
x − x1

w1

)

∆i =
1

w2
1

I ′′
(
x − x1

w1

)

.

◆♦✉0 ❞♦♥♥♦♥0 ❞✐(❡❝'❡♠❡♥' ❧❡0 (-0✉❧'❛'0 ♦❜'❡♥✉0 ♣♦✉( ❧❡ ♣(❡♠✐❡( ❣(♦✉♣❡ ❞❡ ❧♦✐0

❞✬-;✉✐❧✐❜(❡ ✭♣(♦✈❡♥❛♥' ❞❡0 -;✉❛'✐♦♥0 ✐♥❝❤❛♥❣-❡0✮✳ ❚♦✉' ❞✬❛❜♦(❞✱ ❡♥ ✐♥'-❣(❛♥' ❧❛

♣(❡♠✐?(❡ -;✉❛'✐♦♥ ❞❡ ✭❱✳✻✮ ✿

−ẋ0
∫ +∞

−∞
S ′(z) dz−ẇ0

∫ +∞

−∞
zS ′(z) dz = −w0

∫ +∞

−∞
α(w0 z+x0)S(z)I

(
w0

w1
z +

x0 − x1

w1

)

dz ,

♣✉✐0 ❡♥ ✐♥'-❣(❛♥' ❧❛ 0❡❝♦♥❞❡ ✿

− ẋ1

∫ +∞

−∞
I ′(z) dz − ẇ1

∫ +∞

−∞
zI ′(z) dz

= w0

∫ +∞

−∞
α(w0 z+x0)S(z)I

(
w0

w1
z +

x0 − x1

w1

)

dz−w1

∫ +∞

−∞
β(w1 z+x1)I (z) dz .

◆♦'♦♥0 ;✉✬✐❧ ❛ ❢❛❧❧✉ G'(❡ ❛0'✉❝✐❡✉① ❞❛♥0 ❧❡0 ❝❤❛♥❣❡♠❡♥'0 ❞❡ ✈❛(✐❛❜❧❡ ❛✉① 0❡❝♦♥❞0

♠❡♠❜(❡0✳ ❈❡0 ❧♦✐0 ❞✬-;✉✐❧✐❜(❡ 0♦♥' ♠♦✐♥0 0❛'✐0❢❛✐0❛♥'❡0 ;✉❡ ❝❡❧❧❡ ♦❜'❡♥✉❡ ❧♦(0;✉❡

♥♦✉0 ♥✬❛✈✐♦♥0 ;✉✬✉♥ ❝♦♠♣♦0❛♥'✳ ❊❧❧❡0 ♣(-0❡♥'❡♥' '♦✉'❡❢♦✐0 ✉♥ ✐♥'-(G' ❞❛♥0 ❞❡✉①

❝❛0 ♠❛❥❡✉(0 ✿

✶✳ '♦✉' ❞✬❛❜♦(❞✱ ❞❛♥0 ❧❡ ❝❛0 ❞❡ ❞-❢❛✉'0 ❜✐❡♥ ♣❛('✐❝✉❧✐❡(0 ;✉✐ 0✐♠♣❧✐✜❡(♦♥' ❧✬✐♥✲

'-❣(❛❧❡ ❧❛ ♣❧✉0 ❝♦♠♣❧✐;✉-❡ ✿

∫ +∞

−∞
α(w0 z + x0)S(z)I

(
w0

w1
z +

x0 − x1

w1

)

dz .

❯♥ ♦❜0'❛❝❧❡ ❉✐(❛❝ α(x) = α0 + α1δ0(x) ❞♦♥♥❡(❛✐' ♣❛( ❡①❡♠♣❧❡

α0w0

∫ +∞

−∞
S(z)I

(
w0

w1
z +

x0 − x1

w1

)

dz + α1w0S

(−x0
w0

)

I

(−x1
w1

)

.



❱✳✷✳ ▼♦❞&❧❡) ❙■❘ ✾✾

✷✳ ❡♥)✉✐1❡✱ )✐ ❧❡) )✐♠✉❧❛1✐♦♥) ♥✉♠56✐7✉❡) ♠♦♥16❡♥1 7✉❡ ❧✬♦♥ ♣❡✉1 ❢❛✐6❡ ❞❡)

)✐♠♣❧✐✜❝❛1✐♦♥) ✭♣❛6 ❡①❡♠♣❧❡ x0 = x1 1♦✉1 ❧❡ 1❡♠♣)✱ ❝❡ 7✉✐ ❡)1 16&) 6❛✐)♦♥✲

♥❛❜❧❡✮

◆♦✉) ❞♦♥♥♦♥) ♠❛✐♥1❡♥❛♥1 ❧❡) 65)✉❧1❛1) ♣♦✉6 ❧❡ )❡❝♦♥❞ ❣6♦✉♣❡ ❞❡ ❧♦✐) ❞✬57✉✐✲

❧✐❜6❡✳ ❊❧❧❡) ♣6♦✈✐❡♥♥❡♥1 ❞❡) 57✉❛1✐♦♥) ♠✉❧1✐♣❧✐5❡) ♣❛6 s ♦✉ i ✳ ▲❛ ♣6❡♠✐&6❡ ❡)1 ✿

− ẋ0

∫ +∞

−∞
S(z) S ′(z) dz − ẇ0

∫ +∞

−∞
zS(z) S ′(z) dz = − 1

w0

∫ +∞

−∞
S ′2(z) dz

− w0

∫ +∞

−∞
α(w0 z + x0)S

2(z)I

(
w0

w1
z +

x0 − x1

w1

)

dz ,

1❛♥❞✐) 7✉❡ ❧❛ )❡❝♦♥❞❡ ❡)1 ✿

− ẋ1

∫ +∞

−∞
I (z) I ′(z) dz − ẇ1

∫ +∞

−∞
zI (z) I ′(z) dz = − 1

w1

∫ +∞

−∞
I ′2(z) dz

+w0

∫ +∞

−∞
α(w0 z+x0)S(z)I

2

(
w0

w1
z +

x0 − x1

w1

)

dz−w1

∫ +∞

−∞
β(w1 z+x1)I

2(z) dz .

◆♦1♦♥) 7✉✬✐❧ ♣❡✉1 H16❡ ✉1✐❧❡ ♣♦✉6 ♦❜1❡♥✐6 ❞❡) )✐♠♣❧✐✜❝❛1✐♦♥) ❞❡ ♠✉❧1✐♣❧✐❡6 ♣❛6 s+ i

❝❛6 ♦♥ ❛ ❧✬57✉❛1✐♦♥ ❞✬5✈♦❧✉1✐♦♥ ∂t(s + i) = ∆(s + i)− βi ✳ ▲❛ ❞5♠❛6❝❤❡ ❡)1 ❛❧♦6)
✐❞❡♥1✐7✉❡ J ❝❡❧❧❡ ❞✉ ❝❤❛♣✐16❡ ■■✳

✶✳ ■❧ ❢❛✉1 ❞✬❛❜♦6❞ ✈❛❧✐❞❡6 ❝❡) 57✉❛1✐♦♥) ❞✐✛56❡♥1✐❡❧❧❡) ❞❛♥) ❧❡ ❝❛) ❤♦♠♦❣&♥❡

✭α ❡1 β ❝♦♥)1❛♥1)✮✳

✷✳ M♦✉6 ❝❡❧❛✱ ❡♥ ❧✬❛❜)❡♥❝❡ ❞❡ ❢♦6♠❡) ❡①♣❧✐❝✐1❡) ♣♦✉6 ❧❡) ❢6♦♥1)✱ ✐❧ ❢❛✉❞6❛ ♣6❛✲

1✐7✉❡6 ❧✬51✉❞❡ ❛♣♣6♦❝❤5❡ ✭❝♦♠♠❡ ❡♥ ■❱✳✷✮✳

✸✳ ❖♥ ♣❡✉1 ❡♥)✉✐1❡ )✬❛11❛7✉❡6 J ❞❡) ❞5❢❛✉1) )✐♠♣❧❡)✱ ❝♦♠♠❡ ❧❡ ❞5❥J ♠❡♥1✐♦♥♥5

❉✐6❛❝✱ ♦✉ ✉♥ ❍❡❛✈✐)✐❞❡✳
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❈♦♥❝❧✉&✐♦♥

◆♦✉# ❛✈♦♥# '(✉❞✐' ❞❛♥# ❝❡((❡ (❤.#❡ ❝♦♠♠❡♥( ❞❡# ❞'❢❛✉(# ❧♦❝❛❧✐%&% ✐♥✢✉❡♥❝❡♥( ❧❛

♣4♦♣❛❣❛(✐♦♥ ❞❡ ❢4♦♥(# ❞❡ 4'❛❝(✐♦♥✲❞✐✛✉#✐♦♥✳ ▲❛ ❝♦♥✈❡4❣❡♥❝❡ ❞✬✉♥❡ #♦❧✉(✐♦♥ ✈❡4#

✉♥ ♣4♦✜❧ ❞♦♥♥' ❡#( ✉♥ #✉❥❡( ❝❡♥(4❛❧ ❞❛♥# ❧❛ (❤'♦4✐❡ ❞❡ ❝❡# '=✉❛(✐♦♥#✳ ❉❛♥# ❝❡

(4❛✈❛✐❧✱ ♥♦✉# ❛✈♦♥# ♠♦♥(4' =✉✬✉♥ ❞'❢❛✉( ❧♦❝❛❧ ♣❡✉( ❛✈♦✐4 ✉♥ ✐♠♣❛❝( ❣❧♦❜❛❧ #✉4

❝❡((❡ ❝♦♥✈❡4❣❡♥❝❡✳

▲✬❛44A( ❞✉ ❢4♦♥( ❞❛♥# ❞❡# #✐(✉❛(✐♦♥# ❤'('4♦❣.♥❡# ❡#( ✉♥ #✉❥❡( ❛❝(✉❡❧ ❞❡ 4❡❝❤❡4❝❤❡✳

❈♦♠♠❡ ♥♦✉# ❧✬❛✈♦♥# ♠❡♥(✐♦♥♥' ❛✉ ❝❤❛♣✐(4❡ ■■■✱ ♥♦# 4'#✉❧(❛(# ✐♥❞✐=✉❡♥( =✉❡ ❧❡

#✐♠♣❧❡ ♠♦❞.❧❡ ❞❡ 4'❛❝(✐♦♥✲❞✐✛✉#✐♦♥ ❜✐#(❛❜❧❡ ❛✈❡❝ ✉♥ (❡4♠❡ ❞❡ ❞'❢❛✉( ♣❡✉( ❞'❝4✐4❡

♣❤'♥♦♠'♥♦❧♦❣✐=✉❡♠❡♥( ♥♦♠❜4❡ ❞❡ #✐(✉❛(✐♦♥# ♦D ❞❡# ❢4♦♥(# ♣4♦❣4❡##✐❢# #✬❛44A(❡♥(✳

▲❡# ❝4✐(.4❡# ❞✬❛44A( ♦❜(❡♥✉# #♦♥( ❛✐♥#✐ #✉#❝❡♣(✐❜❧❡# ❞✬❛♣♣❧✐❝❛(✐♦♥#✳ ➚ ❧✬✐♥✈❡4#❡✱ ❧❡

♠♦❞.❧❡ ❞❡ 4'❛❝(✐♦♥✲❞✐✛✉#✐♦♥ ♠♦♥♦#(❛❜❧❡ ❛✈❡❝ ✉♥ (❡4♠❡ ❞❡ ❞'❢❛✉( ❞'❝4✐( ❧✉✐ ❞❡#

#✐(✉❛(✐♦♥# ♦D ❞❡# '❝❧♦#✐♦♥# #❡❝♦♥❞❛✐4❡# ❛♣♣❛4❛✐##❡♥( ❡♥ ❛✈❛❧ ❞✉ ❢4♦♥( ♣4♦❣4❡##✐❢✳

❊♥✜♥ ❧❡# ❝♦♠♣♦4(❡♠❡♥(# ❞✐#(✐♥❝(# ❞❡# ❢4♦♥(# ❜✐#(❛❜❧❡# ❡( ♠♦♥♦#(❛❜❧❡# ♣♦✉4 ✉♥❡

③♦♥❡ #❛♥# 4'❛❝(✐♦♥ ♥♦✉# ♣❡4♠❡((❡♥( ❞❡ ❞✐#❝4✐♠✐♥❡4 ❡♥(4❡ ❧❡# ❞❡✉① ♣❛4 ❧✬♦❜#❡4✈❛✲

(✐♦♥✳

❈❡ (4❛✈❛✐❧ ♦✉✈4❡ ❞❡# ♣❡4#♣❡❝(✐✈❡# =✉❡ ♥♦✉# ❥✉❣❡♦♥# ✐♥('4❡##❛♥(❡#✳ ■❧ ② ❛ J ❢❛✐4❡ ❞❡#

#✐♠✉❧❛(✐♦♥# ♣♦✉4 ❧❡# ♠♦❞.❧❡# ❙■❘✱ ❛✐♥#✐ =✉✬✉♥❡ ❛♥❛❧②#❡ ❡♥ ❝♦♦4❞♦♥♥'❡# ❝♦❧❧❡❝(✐✈❡#

❡♥ ❞✐♠❡♥#✐♦♥ ❞❡✉①✳ ❈❡ #♦♥( ❞♦♥❝ ❧❡# ❞❡✉① ♣4❡♠✐.4❡# ♣✐#(❡# ♥❛(✉4❡❧❧❡# J ♣♦✉4#✉✐✈4❡✳

■❧ #❡4❛✐( ❡♥#✉✐(❡ ♣♦##✐❜❧❡ ❞❡ ✿

✕ ❋❛✐4❡ ❧❡ ❧✐❡♥ ❛✈❡❝ ❧❡# #✐(✉❛(✐♦♥# ❝♦♥❝4.(❡# ✲ ❢♦4❝'♠❡♥( ❤'('4♦❣.♥❡# ✲ ❡(

❛♣♣❧✐=✉❡4 ♥♦# 4'#✉❧(❛(#✳

✕ ➱(❛❜❧✐4 ❞❡# 4'#✉❧(❛(# ❞❡ ❝♦♥✈❡4❣❡♥❝❡ ♣❧✉# ❣'♥'4❛✉①✱ ❡( 4❛♣♣4♦❝❤❡4 ♥♦(4❡

❞'✜♥✐(✐♦♥ ❞❡ ❢4♦♥( ♣4♦❣4❡##✐❢ ❣'♥'4❛❧✐#' ❞❡ ❝❡❧❧❡# ❞'❥J ❡①✐#(❛♥(❡#✳

✕ ➱(✉❞✐❡4 ❞✬❛✉(4❡# ❞'♣❡♥❞❛♥❝❡# ❞❡ ❧❛ 4'❛❝(✐✈✐('✱ ♣❛4 ❡①❡♠♣❧❡ ✉♥❡ ❞'♣❡♥❞❛♥❝❡

❡♥ t ✭♣♦✉4 ❝♦✉✈4✐4 ❞❡# ♣❤'♥♦♠.♥❡# #❛✐#♦♥♥✐❡4#✮✱ ♦✉ ✉♥❡ ❞'♣❡♥❞❛♥❝❡ ❡♥

x−ct ✭♣♦✉4 ♠♦❞'❧✐#❡4 ❧❡ ❞'♣❧❛❝❡♠❡♥( ❞✬✉♥ ❤❛❜✐(❛( ❢❛✈♦4❛❜❧❡ J ✉♥❡ ✈✐(❡##❡

c✮✳

✕ ●'♥'4❛❧✐#❡4 ♥♦# 4'#✉❧(❛(# J ❞✬❛✉(4❡# (❡4♠❡# ❞❡ 4'❛❝(✐♦♥✱ ❝♦♠♠❡ ♣❛4 ❡①❡♠♣❧❡

❝❡❧✉✐ ❞❡ ❝♦♠❜✉#(✐♦♥✳

✶✵✶



✶✵✷ ❈❤❛♣✐()❡ ❱✳ ❈♦♥❝❧✉2✐♦♥



❇✐❜❧✐♦❣&❛♣❤✐❡

❬❆❉●✵✾❪ ▲❛♠✐❛ ❆❜❜❛#✱ ❏❛❝.✉❡1 ❉❡♠♦♥❣❡♦* ❡2 ◆✐❝♦❧❛1 ●❧❛❞❡✳ ✓ ❙②♥✲

❝❤=♦♥② ✐♥ =❡❛❝2✐♦♥✲❞✐✛✉1✐♦♥ ♠♦❞❡❧1 ♦❢ ♠♦=♣❤♦❣❡♥❡1✐1 ✿ ❛♣♣❧✐❝❛2✐♦♥1

2♦ ❝✉=✈❛2✉=❡✲❞❡♣❡♥❞❡♥2 ♣=♦❧✐❢❡=❛2✐♦♥ ❛♥❞ ③❡=♦✲❞✐✛✉1✐♦♥ ❢=♦♥2 ✇❛✈❡1✳ ✔

❉❛♥1 ✿  ❤✐❧♦%✳ ❚(❛♥%✳ ❘✳ ❙♦❝✳ ▲♦♥❞✳✱ ❙❡(✳ ❆✱ ▼❛4❤✳  ❤②%✳ ❊♥❣✳ ❙❝✐✳

✸✻✼✳✶✾✵✽ ✭✷✵✵✾✮✱ ♣✳ ✹✽✷✾✕✹✽✻✷✳ ❞♦✐ ✿ ✶✵✳✶✵✾✽✴&'(❛✳✷✵✵✾✳✵✶✼✵✳

❬❆❜❞✰✵✸❪ ❋❛2❦❤✉❧❧❛ ❑❤✳ ❆❜❞✉❧❧❛❡✈ ❡2 ❛❧✳ ✓ ❈♦♥2=♦❧❧✐♥❣ ❝♦❧❧❛♣1❡ ✐♥ ❇♦1❡✲

❊✐♥12❡✐♥ ❝♦♥❞❡♥1❛2❡1 ❜② 2❡♠♣♦=❛❧ ♠♦❞✉❧❛2✐♦♥ ♦❢ 2❤❡ 1❝❛22❡=✐♥❣ ❧❡♥❣2❤ ✔✳

❉❛♥1 ✿  ❤②%✳ ❘❡✈✳ ❆ ✻✼ ✭✶ ✷✵✵✸✮✱ ♣✳ ✵✶✸✻✵✺✳ ❞♦✐ ✿ ✶✵✳✶✶✵✸✴

-❤②'❘❡✈❆✳✻✼✳✵✶✸✻✵✺✳ ✉1❧ ✿ ❤((♣✿✴✴❧✐♥❦✳❛♣'✳♦&❣✴❞♦✐✴✶✵✳

✶✶✵✸✴-❤②'❘❡✈❆✳✻✼✳✵✶✸✻✵✺✳

❬❆❩✼✾❪ ▼❛=❦ ❏✳ ❆❜❧♦✇✐*③ ❡2 ❆♥2❤♦♥② ❩❡♣♣❡*❡❧❧❛✳ ✓ ❊①♣❧✐❝✐2 1♦❧✉2✐♦♥1

♦❢ ❋✐1❤❡=✬1 ❡.✉❛2✐♦♥ ❢♦= ❛ 1♣❡❝✐❛❧ ✇❛✈❡ 1♣❡❡❞ ✔✳ ❉❛♥1 ✿ ❇✉❧❧❡4✐♥ ♦❢

▼❛4❤❡♠❛4✐❝❛❧ ❇✐♦❧♦❣② ✹✶✳✻ ✭✶✾✼✾✮✱ ♣✳ ✽✸✺ ✕✽✹✵✳ ✐##♥ ✿ ✵✵✾✷✲✽✷✹✵✳

❞♦✐ ✿ ✶✵✳✶✵✶✻✴❙✵✵✾✷✲✽✷✹✵✭✼✾✮✽✵✵✷✵✲✽✳ ✉1❧ ✿ ❤((♣✿✴✴✇✇✇✳

'❝✐❡♥❝❡❞✐&❡❝(✳❝♦♠✴'❝✐❡♥❝❡✴❛&(✐❝❧❡✴♣✐✐✴❙✵✵✾✷✽✷✹✵✼✾✽✵✵✷✵✽

✭❝❢✳ ♣✳ ✷✵✮✳

❬❆❆❆✶✷❪ ❇✳❆♠❜1♦#✐♦ ❡2 ▼✳❆✳❆③✐③✲❆❧❛♦✉✐✳ ✓ ❙②♥❝❤=♦♥✐③❛2✐♦♥ ❛♥❞ ❝♦♥2=♦❧

♦❢ ❝♦✉♣❧❡❞ =❡❛❝2✐♦♥✕❞✐✛✉1✐♦♥ 1②12❡♠1 ♦❢ 2❤❡ ❋✐2③❍✉❣❤✕◆❛❣✉♠♦ 2②♣❡ ✔✳

❉❛♥1 ✿ ❈♦♠♣✉4❡(% ❛♥❞ ▼❛4❤❡♠❛4✐❝% ✇✐4❤ ❆♣♣❧✐❝❛4✐♦♥% ✭✷✵✶✷✮✳ ✐♥

♣=❡11✳ ✐##♥ ✿ ✵✽✾✽✲✶✷✷✶✳ ❞♦✐ ✿ ✶✵✳✶✵✶✻✴❥✳❝❛♠✇❛✳✷✵✶✷✳✵✶✳✵✺✻✳

✉1❧ ✿ ❤((♣✿✴✴✇✇✇✳'❝✐❡♥❝❡❞✐&❡❝(✳❝♦♠✴'❝✐❡♥❝❡✴❛&(✐❝❧❡✴

♣✐✐✴❙✵✽✾✽✶✷✷✶✶✷✵✵✵✼✼✻✳

❬❆❲✼✽❪ ❉✳●❆1♦♥#♦♥ ❡2 ❍✳❋❲❡✐♥❜❡1❣❡1✳ ✓ ▼✉❧2✐❞✐♠❡♥1✐♦♥❛❧ ♥♦♥❧✐♥❡❛=

❞✐✛✉1✐♦♥ ❛=✐1✐♥❣ ✐♥ ♣♦♣✉❧❛2✐♦♥ ❣❡♥❡2✐❝1 ✔✳ ❉❛♥1 ✿ ❆❞✈❛♥❝❡% ✐♥ ▼❛✲

4❤❡♠❛4✐❝% ✸✵✳✶ ✭✶✾✼✽✮✱ ♣✳ ✸✸ ✕✼✻✳ ✐##♥ ✿ ✵✵✵✶✲✽✼✵✽✳ ❞♦✐ ✿ ✶✵✳✶✵✶✻✴

✵✵✵✶✲✽✼✵✽✭✼✽✮✾✵✶✸✵✲✺✳ ✉1❧ ✿ ❤((♣✿✴✴✇✇✇✳'❝✐❡♥❝❡❞✐&❡❝(✳

❝♦♠✴'❝✐❡♥❝❡✴❛&(✐❝❧❡✴♣✐✐✴✵✵✵✶✽✼✵✽✼✽✾✵✶✸✵✺ ✭❝❢✳ ♣✳ ✶✺✮✳

❬❆❈❑✵✽❪ ❲✳ ❆1*✐❧❡#✱ a✳ ❈❛1✈❛❧❤♦ ❡2 ❘✳ ❑1❛❡♥❦❡❧✳ ✓ a❛2❝❤✲1✐③❡ ❛♥❞

✐1♦❧❛2✐♦♥ ❡✛❡❝21 ✐♥ 2❤❡ ❋✐1❤❡=✕❑♦❧♠♦❣♦=♦✈ ❡.✉❛2✐♦♥ ✔✳ ❉❛♥1 ✿ ❏♦✉(✲

♥❛❧ ♦❢ ▼❛4❤❡♠❛4✐❝❛❧ ❇✐♦❧♦❣② ✺✼ ✭✹ ✷✵✵✽✮✱ ♣✳ ✺✷✶✕✺✸✺✳ ✐##♥ ✿ ✵✸✵✸✲

✻✽✶✷✳ ❞♦✐ ✿ ✶✵✳✶✵✵✼✴'✵✵✷✽✺✲✵✵✽✲✵✶✼✹✲✷✳ ✉1❧ ✿ ❤((♣✿✴✴❞①✳

❞♦✐✳♦&❣✴✶✵✳✶✵✵✼✴'✵✵✷✽✺✲✵✵✽✲✵✶✼✹✲✷ ✭❝❢✳ ♣✳ ✸✵✮✳

✶✵✸



✶✵✹ ❇✐❜❧✐♦❣)❛♣❤✐❡
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9✐♦♥ ✔✳ ❉❛♥A ✿ ❇✐♦#②#%❡♠# ✹✶✳✶ ✭✶✾✾✼✮✱ ♣✳ ✶✼ ✕✷✼✳ ✐##♥ ✿ ✵✸✵✸✲✷✻✹✼✳

❞♦✐ ✿ ✶✵✳✶✵✶✻✴❙✵✸✵✸✲✷✻✹✼✭✾✻✮✵✶✻✺✾✲✵✳ ✉1❧ ✿ ❤00♣✿✴✴✇✇✇✳

4❝✐❡♥❝❡❞✐:❡❝0✳❝♦♠✴4❝✐❡♥❝❡✴❛:0✐❝❧❡✴♣✐✐✴❙✵✸✵✸✷✻✹✼✾✻✵✶✻✺✾✵

✭❝❢✳ ♣✳ ✷✼✮✳

❬◆❳✵✹❪ ❏❛♠❡A ◆♦❧❡♥ ❡9 ❏❛❝❦ ❳✐♥✳ ✓ ❱❛&✐❛9✐♦♥❛❧ ♣&✐♥❝✐♣❧❡ ❜❛A❡❞ ❝♦♠♣✉9❛✲

9✐♦♥ ♦❢ ❑== ❛✈❡&❛❣❡ ❢&♦♥9 A♣❡❡❞A ✐♥ &❛♥❞♦♠ A❤❡❛& ✢♦✇A ✔✳ ❉❛♥A ✿

▼❡%❤♦❞# ❆♣♣❧✳ ❆♥❛❧✳ ✶✶✳✸ ✭✷✵✵✹✮✱ ♣✳ ✸✽✾✕✸✾✽ ✭❝❢✳ ♣✳ ✸✼✮✳

❬◆●❙✵✺❪ ❏♦❤♥ ◆♦✈❡♠❜1❡✱ ❆❧✐A♦♥ = ●❛❧✈❛♥✐ ❡9 ▼♦♥9❣♦♠❡&② ❙❧❛-❦✐♥✳

✓ ❚❤❡ ●❡♦❣&❛♣❤✐❝ ❙♣&❡❛❞ ♦❢ 9❤❡ ❈❈❘✺ ❉❡❧9❛✸✷ ❍■❱✲❘❡A✐A9❛♥❝❡ ❆❧✲

❧❡❧❡ ✔✳ ❉❛♥A ✿ 1▲♦❙ ❇✐♦❧ ✸✳✶✶ ✭♦❝9✳ ✷✵✵✺✮✱ ❡✸✸✾✳ ❞♦✐ ✿ ✶✵✳✶✸✼✶✴

❥♦✉:♥❛❧✳♣❜✐♦✳✵✵✸✵✸✸✾✳ ✉1❧ ✿ ❤00♣✿✴✴❞①✳❞♦✐✳♦:❣✴✶✵✳✶✸✼✶✪

✷❋❥♦✉:♥❛❧✳♣❜✐♦✳✵✵✸✵✸✸✾ ✭❝❢✳ ♣✳ ✸✵✮✳

❬=&❡✰✾✻❪ ❲✐❧❧✐❛♠ ❍✳ 61❡## ❡9 ❛❧✳ ◆✉♠❡6✐❝❛❧ 6❡❝✐♣❡# ✐♥ ❋♦6%6❛♥ ✾✵✳ ❈❛♠❜&✐❞❣❡✱

✶✾✾✻ ✭❝❢✳ ♣✳ ✸✺✮✳

❬◗❙✵✼❪ =❛✈♦❧ ◗✉✐--♥❡1 ❡9 =❤✐❧✐♣♣❡ ❙♦✉♣❧❡-✳ ❙✉♣❡6❧✐♥❡❛6 ♣❛6❛❜♦❧✐❝ ♣6♦✲

❜❧❡♠# ✲ ❇❧♦✇✲✉♣ ❣❧♦❜❛❧ ❡①✐#%❡♥❝❡ ❛♥❞ #%❡❛❞② #%❛%❡#✳ ❇✐&❦❤K✉A❡&✱ ✷✵✵✼

✭❝❢✳ ♣✳ ✼✮✳

❬❘❛♦✵✾❪ ●✳ ❘❛♦✉❧✳ ✓ ❊9✉❞❡ i✉❛❧✐9❛9✐✈❡ ❡9 ♥✉♠j&✐i✉❡ ❞✬ji✉❛9✐♦♥A ❛✉① ❞j✲

&✐✈j❡A ♣❛&9✐❡❧❧❡A ✐AA✉❡A ❞❡A A❝✐❡♥❝❡A ❞❡ ❧❛ ♥❛9✉&❡ ✔✳ ❚❤GA❡ ❞❡ ❞♦❝9✳

➱❝♦❧❡ ◆♦&♠❛❧❡ ❙✉♣j&✐❡✉&❡ ❞❡ ❈❛❝❤❛♥✱ ✷✵✵✾✳

❬❘❛A✰✵✽❪ ❆✳ ❘✳ ❘❛#♠✉##❡♥ ❡9 ❛❧✳ ✓ ❆♥❛❧②9✐❝❛❧ ❛♥❞ ♥✉♠❡&✐❝❛❧ ♠♦❞❡❧✐♥❣ ♦❢

❢&♦♥9 ♣&♦♣❛❣❛9✐♦♥ ❛♥❞ ✐♥9❡&❛❝9✐♦♥ ♦❢ ❢&♦♥9A ✐♥ ♥♦♥❧✐♥❡❛& 9❤❡&♠♦✈✐A✲

❝♦✉A ✢✉✐❞A ✐♥❝❧✉❞✐♥❣ ❞✐AA✐♣❛9✐♦♥ ✔✳ ❉❛♥A ✿ ❆6❳✐✈ ❡✲♣6✐♥%# ✭✷✵✵✽✮✳

❛&❳✐✈ ✿✵✽✵✻✳✵✶✵✺ ❬♣❤②4✐❝4✳❢❧✉✲❞②♥❪ ✭❝❢✳ ♣✳ ✷✽✮✳

❬❘▼✵✸❪ ❱✳ ❘♦✉##✐❡1✲▼✐❝❤♦♥✳ ✓ ❙✉& ❧❛ A9❛❜✐❧✐9j ❞❡A ♦♥❞❡A A♣❤j&✐i✉❡A ❡9

❧❡ ♠♦✉✈❡♠❡♥9 ❞✬✉♥ ✢✉✐❞❡ ❡♥9&❡ ❞❡✉① ♣❧❛i✉❡A ✐♥✜♥✐❡A ✔✳ ❚❤GA❡ ❞❡

❞♦❝9✳ ❯♥✐✈❡&A✐9j ❞❡ =❛&✐A✲❙✉❞✱ ✷✵✵✸✳

❬❙❑●✵✽❪ ■❣♦& ❙❛③♦♥♦✈✱ ▼❛&❦ ❑❡❧❜❡1- ❡9 ▼✐❝❤❛❡❧ ❇✳ ●1❛✈❡♥♦1✳ ✓ ❚❤❡

❙♣❡❡❞ ♦❢ ❊♣✐❞❡♠✐❝ ❲❛✈❡A ✐♥ ❛ ❖♥❡✲❉✐♠❡♥A✐♦♥❛❧ ▲❛99✐❝❡ ♦❢ ❙■❘ ▼♦✲

❞❡❧A ✔✳ ❉❛♥A ✿ ▼❛%❤❡♠❛%✐❝❛❧ ▼♦❞❡❧❧✐♥❣ ♦❢ ◆❛%✉6❛❧ 1❤❡♥♦♠❡♥❛ ✸ ✭✵✹

✷✵✵✽✮✱ ♣✳ ✷✽✕✹✼✳ ❞♦✐ ✿ ✶✵✳✶✵✺✶✴♠♠♥♣✿✷✵✵✽✵✻✾✳

❬❙❝♦✵✸❪ ❆❧✇②♥ ❙❝♦--✳ ◆♦♥❧✐♥❡❛6 #❝✐❡♥❝❡✳ ❖①❢♦&❞✱ ✷✵✵✸ ✭❝❢✳ ♣✳ ✸✽✱ ✺✼✮✳

❬❙♠♦✽✸❪ ❏♦❡❧ ❙♠♦❧❧❡1✳ ❙❤♦❝❦ ✇❛✈❡# ❛♥❞ 6❡❛❝%✐♦♥✲❞✐✛✉#✐♦♥ ❡E✉❛%✐♦♥#✳ ❙♣&✐♥✲

❣❡&✱ ✶✾✽✸✳



✶✵✽ ❇✐❜❧✐♦❣)❛♣❤✐❡

❬❚0✵✷❪ ❘✳❚❡①✐❡$✲&✐❝❛$❞✳ ✓ 0)♦❜❧6♠❡8 ❞❡ ):❛❝<✐♦♥✲❞✐✛✉8✐♦♥ ❛✈❡❝ ❝♦♥✈❡❝✲

<✐♦♥ ✿ ❯♥❡ :<✉❞❡ ♠❛<❤:♠❛<✐D✉❡ ❡< ♥✉♠:)✐D✉❡ ✔✳ ❚❤68❡ ❞❡ ❞♦❝<✳

❯♥✐✈❡)8✐<: ❈❧❛✉❞❡ ❇❡)♥❛)❞✱ ✷✵✵✷✳

❬❳✐♥✵✵❪ ❏❛❝❦ ❳✐♥✳ ✓ ❋)♦♥< 0)♦♣❛❣❛<✐♦♥ ✐♥ ❍❡<❡)♦❣❡♥❡♦✉8 ▼❡❞✐❛ ✔✳ ❉❛♥8 ✿

❙■❆▼ ❘❡✈✐❡✇ ✹✷✳✷ ✭✷✵✵✵✮✱ ♣✳ ✶✻✶✕✷✸✵✳ ❞♦✐ ✿ ✶✵✳✶✶✸✼✴❙✵✵✸✻✶✹✹✺✾✾✸✻✹✷✾✻✳

✉$❧ ✿ ❤--♣✿✴✴❧✐♥❦✳❛✐♣✳♦6❣✴❧✐♥❦✴❄❙■❘✴✹✷✴✶✻✶✴✶ ✭❝❢✳ ♣✳ ✈✐✱

✷✾✮✳

❬❩❡❧✾✷❪ ❨❛✳ ❇✳ ❩❡❧❞♦✈✐❝❤✳ ❙❡❧❡❝$❡❞ ✇♦(❦* ♦❢ ❨❛❦♦✈ ❇♦(✐*♦✈✐❝❤ ❩❡❧❞♦✈✐❝❤

✲ ❱♦❧✉♠❡ ✶✳ 34✐♥❝❡6♦♥ ❯♥✐✈❡49✐6② 34❡99✱ ✶✾✾✷ ✭❝❢✳ ♣✳ ✹✮✳



❚❛❜❧❡ ❞❡& ♠❛(✐*+❡&

■♥"#♦❞✉❝"✐♦♥ ✈

■ ❚❤,♦#✐❡ ❞❡. ,/✉❛"✐♦♥. ❞❡ #,❛❝"✐♦♥✲❞✐✛✉.✐♦♥ ✶

■✳✶ ❊♥ ❝♦♠♣❛❣♥✐❡ ❞❡ ❋✐/❤❡1✱ ❑♦❧♠♦❣♦1♦✈✱ ❙❦❡❧❧❛♠✳✳✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸

■✳✷ ❉;✜♥✐=✐♦♥/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

■✳✸ ❆/♣❡❝= ♣1♦❜❧A♠❡ ❞❡ ❈❛✉❝❤② ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹ ➱H✉❛=✐♦♥ ❜✐/=❛❜❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹✳✶ ➱=❛=/ /=❛=✐♦♥♥❛✐1❡/ ❡= /=❛❜✐❧✐=; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼

■✳✹✳✷ ❙♦❧✉=✐♦♥/ ♣1♦❣1❡//✐✈❡/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

■✳✹✳✸ ❆♥❛❧②/❡ ❞❡ /=❛❜✐❧✐=; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

■✳✹✳✹ ❋1♦♥= ❡①♣❧✐❝✐=❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

■✳✹✳✺ ➱H✉❛=✐♦♥ ♥♦♥ ❛❞✐♠❡♥/✐♦♥♥;❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

■✳✺ ➱H✉❛=✐♦♥ ❞❡ ❋✐/❤❡1✕❑MM ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

■✳✺✳✶ ➱=❛=/ /=❛=✐♦♥♥❛✐1❡/ ❡= /=❛❜✐❧✐=; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

■✳✺✳✷ ❙♦❧✉=✐♦♥/ ♣1♦❣1❡//✐✈❡/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

■✳✺✳✸ ❆♥❛❧②/❡ ❞❡ /=❛❜✐❧✐=; ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

■✳✺✳✹ ❊①✐/=❡♥❝❡ ❞✬✉♥ ❢1♦♥= ♣1♦❣1❡//✐❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

■✳✺✳✺ ❊①✐/=❡♥❝❡ ❞✬✉♥❡ ✐♥✜♥✐=; ❞❡ ❢1♦♥=/ ♣1♦❣1❡//✐❢/ ❀ ✈✐=❡//❡ ❝1✐=✐H✉❡ ✶✽

■✳✺✳✻ ❋1♦♥=/ ♣❛1=✐❝✉❧✐❡1/ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

■✳✺✳✼ ➱H✉❛=✐♦♥ ♥♦♥ ❛❞✐♠❡♥/✐♦♥♥;❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

■■ ➱/✉❛"✐♦♥. ❞❡ #,❛❝"✐♦♥✲❞✐✛✉.✐♦♥ ❞❛♥. ❞❡. ♠✐❧✐❡✉① ❤,",#♦❣9♥❡. ✷✺

■■✳✶ ❈❤♦✐① ❞✉ ♠♦❞A❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

■■✳✷ ➱=❛❜❧✐//❡♠❡♥= ❞✉ ♠♦❞A❧❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼
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