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�?B?B?v�ný9JL�ÄC�A@D�A�ü�Á�KB?B>@?ÃF¼A@D#Á�JLÀ��¤KK% A@�ÄMLJ	Å�?B>@?ÃF¼½NDÄJLÀ�D�A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D#Å�A@D�Á��ÄJ	>@A@DÄDÄÀ�DNÅ�A¹����EZ�JvÂ�3nF¼A@¾ZÁ�Dy>@JLC&F¼?BC�À¢7�<	JL?ÃF

(Xt, t ≥ 0)
À�CZÁ��ÄJ	>@A@DÄDÄÀ�D9Å�A4¹����EZ�JvÂ|Å�A0û�JLC�>�F¼?BJLC

*



Å�A�F¼�¼��C�DÄ?ÃF¼?BJLC
(P t, t ≥ 0)

7)�ÇC(DÄÀ�Á�Á�JLDÄA.¿�À�A
(Xt, t ≥ 0)

��Å�¾ZA�FÇÀ�C�A.Á��ÄJM�²����?BKB?ÃF¼½?BC&Â����Ä? ��C&F¼A
π
7²È K�D+% ��ML?ÃF���KBJL�ÄD0Å�A;Å�½�F¼A@�Ä¾Z?BC�A@�0Å�A@D0û�JLC�>�F¼?BJLC�D

r
A�F
g
F¼A@KBKBA@D0¿�À�A

r(t)‖P t(x, ·) − π(·)‖ ≤ g(x),JM� ‖ · ‖ A@D F4À�C�A;C�JL�Ä¾ZA;��Á�Á��ÄJLÁ��Ä?B½@AnÅ�½e&²C�?BA;DÄÀ���KK% A@C�DÄA@¾4��KBAnÅ�A@DEÁ��ÄJM�²����?BKB?ÃF¼½@D@7ú�A@DÇ?BC�½@M&��KB?ÃF¼½@DEÅ�A�Å�½�Â	? �»F¼?BJLC�D4DÄJLC&F;Å)% À�CWML�¼��C�ÅN?BC&F¼½@�E6�FnA@C(F¼I�½@JL�Ä?BA.>@JL¾Z¾ZA�A@C(Á��¼�8�F¼?B¿�À�A�7�·yKBKBA@DbDÄJLC&F9À�Ck¾ZJ7;LA@CZÁ�JLÀ��bÅ�½@¾ZJLC&F¼�ÄA@� >@A@� F���?BC�DyF¼I�½@JL�E(@¾ZA@D KB?B¾Z?ÃF¼A@D+*�C�J�F���¾Z¾ZA@C&FK �UKBJL?�û�JL� F¼A�Å�A@DÌML�¼��C�Å�DäC�JL¾4���ÄA@DäÂ	? �UKBA�KBA@¾Z¾ZA¤Å�AWý9JL�ÄA@Knþ���C&F¼A@KBKB?ó7U�EJLÀ�DäÀ�F¼?BKB?BDÄJLC�D
Å)% ��?BKBKBA@À��ÄDZ>@ANû���?ÃFä��À!>�I²��Á�?ÃF¼�ÄA��,Á�JLÀ��ä>@JL¾ZÁ�KB½�F¼A@�kK �UKBJL?�û�JL� F¼A�Å�A@DÌML�¼��C�Å�DäC�JL¾4���ÄA@D½�F�����KB?BA,Á²���  À';LJLC,+ �M�.-ó74·yKBKBA@D�Á�A@�Ä¾ZA�FÄF¼A@C&FN½@M&��KBA@¾ZA@C&FNÅ)% ½�F�����KB?B�#Å�A@DN>@JLC&ÂLA@�ÄMLA@C�>@A@D
,�DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D�-kA@CPÁ��ÄJM�²����?BKB?ÃF¼½@D+*~JLÀ�F¼?BKBD�A@DÄDÄA@C&F¼?BA@KBD.Á�JLÀ��.KK% JM��F¼A@C&F¼?BJLC Å�ÀPÁ��Ä?BC��>@?BÁ�A�Å�A0Å�½�Â	? �»F¼?BJLC�D`¾ZJ	Å�½@�Ä½@A@DyÁ�JLÀ��`KBA@D`¾k��� F¼?BC�M&��KBA@D:
�C�JLÀ�Dy�ÄA�Â	?BA@C�Å��ÄJLC�DbÁ�KBÀ�D`KBJL?BC.DÄÀ��yK �
>@JLC&ÂLA@�ÄMLA@C�>@A/,�DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA9-�A@CäÁ��ÄJM�²����?BKB?ÃF¼½0A�F�DÄJLCkKB?BA@Ck�rÂLA@>ÇKBA4�b¶n¹ Å�A@D9¾k�����F¼?BC�M&��KBA@D���7»þ9A û���?ÃFH>@JLC�D F¼?ÃF¼À²�EÅ)% ��?BKBKBA@À��ÄD~Á�JLÀ��HC�JLÀ�D{K ��¾ZJ�F¼?ÃÂ��»F¼?BJLCnÁ��ÄA@¾Z?[(@�ÄA Á�JLÀ��HKK% ½�F¼À�Å�AÅ�A@Dy?BC�½@M&��KB?ÃF¼½@DHÅ�A�Å�½�Â	? �»F¼?BJLC�DHû���?ÃF¼A9?B>@?ó7L�EJLÀ�D`½�F�����KB?BDÄDÄJLC�D`A�FyÀ�F¼?BKB?BDÄJLC�DH?BC&F¼A@C�DÄ?ÃÂLA@¾ZA@C&Fy>@A@D?BC�½@M&��KB?ÃF¼½@D���À	üÌ>�I²��Á�?ÃF¼�ÄA@D/�.A�F/�'*��L&²C#Å)% JM��F¼A@C�?B�0K ��>@JLC&ÂLA@�ÄMLA@C�>@A�,�DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA9-
A@CäÁ��ÄJM�²����?BKB?ÃF¼½�Å�A4>@A@� F���?BC�A@D DÄJL¾Z¾ZA@D Á��ÄJLÁ��ÄA@¾ZA@C&F9C�JL�Ä¾k��KB?BDÄ½@A@DbA�F9Å�A@D9A@D F¼?B¾k�»F¼A@À��ÄD Å�A@D¾ZJ	Å	(@KBA@DH¿�À�A�C�JLÀ�D`½�F¼À�Å�?BJLC�D@7L¹���?BD+*»>�% A@D FyD¼��C�D`Å�JLÀ�F¼A9Å²��C�D`KBA Å�JL¾k��?BC�A Å�A9K �ED F��»F¼?BD F¼?B¿�À�A
,�C�JLC�����D2;	¾ZÁ�F¼J�F¼?B¿�À�A9- ¿�À�A0>@A@Dy?BC�½@M&��KB?ÃF¼½@D�F¼�ÄJLÀ�ÂLA@C&FbKBA@À��{Á�KBÀ�D`ML�¼��C�Å�A9À�F¼?BKB?ÃF¼½ Å²��C�D`K �EÁ��¼�8�F¼?B¿�À�A�7~·yC,AeTuA�F>*�A@CWF¼I�½@JL�Ä?BA|Å�A|KK% A@D F¼?B¾k�»F¼?BJLC�Á²���;A�ü�A@¾ZÁ�KBA�*¢û�JLÀ��ÄC�?B�ÇÅ�A@D�?BC&F¼A@� Â���KBKBA@DÇÅ�A>@JLC'&=��C�>@A�C�JLCW��D2;	¾ZÁ�F¼J�F¼?B¿�À�A�*u>�% A@D F2��38� Å�?B�ÄA�C)% À�F¼?BKB?BD¼��C&F4Á²��DÇÀ�C(F¼I�½@JL�E(@¾ZA�KB?B¾Z?ÃF¼A�*²Á�A@À�F
D+% �rÂL½@�ÄA@�.F¼�E(@D.À�F¼?BKBA|¿�À²��C�ÅPKK% ½@>�I²��C&F¼?BKBKBJLC,Å�JLC&F.JLC Å�?BDÄÁ�JLDÄAkA@D F�Å�AkÁ�A�F¼?ÃF¼AZF���?BKBKBA�*¢JLÀ Å�AF���?BKBKBAE?BC�DÄÀ'1ZD¼��C&F¼AnÁ�JLÀ��0��Á�Á�KB?B¿�À�A@��KBA4F¼I�½@JL�E(@¾ZAÇKB?B¾Z?ÃF¼A�A@C#¿�À�A@D F¼?BJLC¢7²¶Ç��C�D0Å�AnÁ²���ÄA@?BKBKBA@DDÄ?ÃF¼À²�»F¼?BJLC�D+*uKBA@Dn?BC�½@M&��KB?ÃF¼½@D4Å�A�Å�½�Â	? �»F¼?BJLC�DnDÄJLC&FnF¼�E(@DV��?BA@C,��Å²��Á�F¼½@A@D;Å²��C�DnK �ä¾ZA@DÄÀ��ÄA|JM�KBA@D���JL�ÄC�A@DÇ¿�À)% A@KBKBA@D4û�JLÀ��ÄC�?BDÄDÄA@C&FnÅ�½@Á�A@C�Å�A@C&F;A�ü�Á�KB?B>@?ÃF¼A@¾ZA@C&FÇÅ�A.KK% JL�ÄÅ��ÄA�Å�A.ML�¼��C�Å�A@À��ÇÅ�A
KK% ½@>�I²��C&F¼?BKBKBJLC�½�F¼À�Å�?B½�7�ú�A@Db?BC�½@M&��KB?ÃF¼½@D`Å�AEÅ�½�Â	? �»F¼?BJLC�DyJLC&F ½�F¼½EK ���ÄMLA@¾ZA@C&Fy½�F¼À�Å�?B½@A@D Å²��C�D K �KB?ÃFÄF¼½@�¼�»F¼À��ÄA�7�ú�% ?BC�½@M&��KB?ÃF¼½EÅ�A;Å�½�Â	? �»F¼?BJLC�D�K ��Á�KBÀ�D0>@½@K[(+���ÄAnA@D F�>@A@� F���?BC�A@¾ZA@C&F�KK% ?BC�½@M&��KB?ÃF¼½�Å�AGH>�I�A+��;	>�I�A�Â�7²ý9A@C�C�A�FÄF A�F ÿEJ	AeTuÅ�?BC�M	*/+ � �0-K*1+ Ú�ñ0-K*&JLC&Fb½�F�����KB?�Å�A@Db?BC�½@M&��KB?ÃF¼½@D{Å�A�Å�½�Â	? �»F¼?BJLC�DA�ü�Á�JLC�A@C&F¼?BA@KBKBA@D+*`¿�À�?�Á�JL� F¼A@C&F|KBA@À��ÄD�C�JL¾ZD+*`Á�JLÀ��.Å�A@D|DÄJL¾Z¾ZA@D.Å�AÌÂ����Ä? ����KBA@D.��KB½r�»F¼JL?B�ÄA@D
��JL�ÄC�½@A@Dn?ó7 ?ó7 Å¢7u�yKBÀ�D4F����ÄÅ)*u¸�<@À�¾k�2+ �.-y�ä½�F�����KB?HÅ�A@Dn?BC�½@M&��KB?ÃF¼½@DEÅ�A�Å�½�Â	? �»F¼?BJLC�D4A�ü�Á�JLC�A@C��F¼?BA@KBKBA@D9Á�JLÀ���Å�A@D�¾k��� F¼?BC�M&��KBA@DD3.Å�?}Tu½@�ÄA@C�>@A@D���JL�ÄC�½@A@D@7=ú~��F¼A@>�I�C�?B¿�À�A;¿�À�AnC�JLÀ�D0À�F¼?BKB?BDÄJLC�D
Å²��C�D�>@A�FÄF¼AEF¼I	(@DÄAnÁ�JLÀ�� ½�F�����KB?B�bC�JLD�?BC�½@M&��KB?ÃF¼½@DbÅ�A4Å�½�Â	? �»F¼?BJLC�D A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D�
�>�I²��Á�?ÃF¼�ÄA@D
�4A�FU���~A@D FyF¼�E(@DyÁ��ÄJ	>�I�A0Å�A0>@A@KBKBA9À�F¼?BKB?BDÄ½@A9Á²���`>@A@DyF¼�ÄJL?BD`��À�F¼A@À��ÄD@7&�HJLÀ��y½�F�����KB?B�{KBA@D`?BC�½@M&��KB?��F¼½@D`Å�A0Å�½�Â	? �»F¼?BJLC�DHC�JLC�A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D`Å�À�>�I²��Á�?ÃF¼�ÄA���*�C�JLÀ�D`C�JLÀ�D`DÄA@� ÂLJLC�DbÅ�A�KK% ��Á�Á��ÄJ	>�I�A
>@K ��DÄDÄ?B¿�À�A�À�F¼?BKB?BDÄ½@A;Á�JLÀ��4Å�½@¾ZJLC&F¼�ÄA@�4KK% ?BC�½@M&��KB?ÃF¼½nÅ�A�GH>�I�A+��;	>�I�A�Â�7?�EJLÀ�D4C)% ����JL�ÄÅ�JLC�D4Á²��DÅ²��C�D�>@A�FÄF¼A4F¼I	(@DÄAnK ��¿�À�A@D F¼?BJLCÌÅ)% ?BC�½@M&��KB?ÃF¼½@D Å�AÇ>@JLC�>@A@C&F¼�¼�»F¼?BJLCäÁ�KBÀ�D9ML½@C�½@�¼��KBAS
y3�K �Zø�¹¤>9�¶4? ���Ä¾Z?BÅ3+ Ú�Ø.-K*�ú�A@Å�JLÀ	ü4+ ÚL�.-K*~ú�A@Å�JLÀ	üWA�F;G{��K ��ML�¼��C�Å5+ ÚM��-bÁ²���ÇA�ü�A@¾ZÁ�KBA7�9*�C�JLÀ�DnK ��?BDÄDÄJLC�D
>@A�F4��DÄÁ�A@>�FEÁ�JLÀ���Å�A@D0F¼�¼�rÂ���À	üÌû�À�F¼À��ÄD@7
�EJLÀ�Dä�rÂLJLC�DäDÄ?BMLC²��KBA@��F���C&FG��FkA@C5¿�À�A@K4DÄA@C�DäKBA@Dk?BC�½@M&��KB?ÃF¼½@D|Å�A�Å�½�Â	? �»F¼?BJLC�DZÁ�A@À�ÂLA@C&F

��?BÅ�A@��3NJM��F¼A@C�?B�.Å�A@D|�b¶n¹¤D@79¹���?BD.¿�À)% A@D FZ¿�À�AÌ>�% A@D FZA�ü���>�F¼A@¾ZA@C&FZÀ�CQ�b¶n¹Ð.��EJ�F¼JLC�D
F¼JLÀ�FbÅ)% ����JL�ÄÅ|¿�À�A0F¼A@>�I�C�?B¿�À�A@¾ZA@C&F9Á²���ÄK ��C&F>*�À�CZ�b¶n¹ÔA@D F)�ÄÀ�D F¼A�À�C|Á��Ä?BC�>@?BÁ�A�Å�A�ML�¼��C�Å�A@DÅ�½�Â	? �»F¼?BJLC�DV
��  ¶iA@C������Ä½@ML½7��7²�HJLÀ��0DÄA�&�ü�A@��KBA@D�?BÅ�½@A@D+*²>@JL¾Z¾ZA@C	�@JLC�D0Å�JLC�>nÁ²���0Å�½e&²C�?B�
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>@A�¿�À)% JLC(A@C&F¼A@C�Å,Á²���4Á��Ä?BC�>@?BÁ�A�Å�A�ML�¼��C�Å�A.Å�½�Â	? �»F¼?BJLC�D@7uú�A@DÇÅ�½e&²C�?ÃF¼?BJLC�DÇDÄJLC&Fn?BDÄDÄÀ�A@DnÅ�ÀKB?ÃÂ	�ÄA�Å�A|¶4A@¾4��JÌA�F87uA@?ÃF¼JLÀ�C�?9+ ���0-ó7�<	JL?ÃF
S
À�CWA@DÄÁ²��>@A�¾Z½�F¼�Ä?B¿�À�A.>@JL¾ZÁ�KBA�FÇA�FnDÄ½@Á²���¼����KBA


�A@DÄÁ²��>@A�Á�JLKBJLC²��?BD��b¾.À�C�?¢Å�AnD¼�
σ
����KBMM(+���ÄA$��JL�Ä½@KB?BA@C�C�A S 7²GHJLÀ�F4��À#KBJLC�M�Å�An>@A�FÄF¼AnF¼I	(@DÄA�*C�JLÀ�DEA@C&F¼A@C�Å��ÄJLC�D4Á²���0Â	?ÃF¼A@DÄDÄA�À�C�A�DÄÀ�?ÃF¼A;�Ä½@A@KBKBA;Á�JLDÄ?ÃF¼?ÃÂLAn>@�ÄJL?BDÄD¼��C&FEÂLA@�ÄDEKK% ?BC'&²C�?ó7�GHJLÀ�F¼A@DKBA@D#DÄÀ�?ÃF¼A@D¤Å�AWÂ����Ä? ����KBA@D¤��KB½r�»F¼JL?B�ÄA@Dä¿�À�AUC�JLÀ�D¤>@JLC�DÄ?BÅ�½@�ÄJLC�D¤Å²��C�D¤>@A�FÄF¼AP<	A@>�F¼?BJLC�DÄJLC&FÅ�½e&²C�?BA@D�DÄÀ���À�C¤A@DÄÁ²��>@A�Á��ÄJM�²����?BKB?BDÄ½

(Ω,F ,P)
7

§Ì¬�ü`®HªvÕ�ª��® Ô/:yÔ/:yÔ/:<; xBf>=>iLxBpelyrKiLxw~qf�l a�k@?�f�nelNk�xBf�a9h�h5o©rKpGa�lyrKiLx
I : S → [0,+∞]

n7fe_�rBA
p�iLxjlyrvxjkjfCrvxC=>zed9rKfek�dGfe_cfexjlvg�pju f�nelDA�E@A2~�rvdGfC~qiLxjlDo[f�nSfex'n7fe_GF+o[f�nC~qfCxjrv{�fGa�k {x : I(x) ≤ α}hjiLk�d

α ∈ [0,∞)
n7iLxjl�~qf�n�h	a�d9lyrKf�nH=>fed9_cz�f�n�~qf

S
|JINiLdGn>t+kjf�o[f�n�fex'n7fe_GF+o[f�nc~qfcxjrv{�fGa�k

n7iLxjl�p�iL_�h	aqpelvn�gDiLx´~�rvl:t+kjf
I
f�nelUk�xBf<F9iLxjxBfK=>iLxBpelyrKiLx�~qfVl a�k@?q|

§Ì¬�ü`®HªvÕ�ª��® Ô/:yÔ/:[Þ�:2; xBfcnek�rvlmf
(Zn)

~qfw{La�d9ryaLF+o[f�n�a�o[zGa�lmiLrvdGf�n�~qz·sPxjrKf�nSnek�dwk�xöf�nmh	aqp�f
h5dGi F�aLF+rvo©r[n7z

(Ω,F ,P)
felME�{La�o[fek�dGnS~�a�x'n

S
n>a�lyr[nN=+a�rvl&Ewk�x�OQPJRÝ~qf4{7rvlmf�n�n7f

(vn)
felI~qf=>iLxBpelyrKiLx�~qfQl a�k@?

I(·) ner�oEu iLx�a8g)hjiLk�dVlmiLk�l A ∈ S g

− inf
x∈A◦

I(x) ≤ lim inf
n→∞

1

vn
log P (Zn ∈ A) ≤ lim sup

n→∞

1

vn
log P (Zn ∈ A) ≤ − inf

x∈Ā
I(x),

i.S
A◦ fel Ā ~qz�nerUT�xBfexjl�dGf�nmhjf�pelyrv{�fe_cfexjlPoEu rvxjlmzed9rKfek�d4felUoEu a�~0VjzedGfexBp�fQ~qf�^Q|
6EC(�b¶n¹ A@D FnÀ�C(�Ä½@DÄÀ�KÃF��»FÇ?BC&F¼A@�Ä¾Z½@Å�? ��?B�ÄA;A@C&F¼�ÄA�À�CNF¼I�½@JL�E(@¾ZA�>@A@C&F¼�¼��K`KB?B¾Z?ÃF¼A�
�GEþ�úA@C������Ä½@ML½7��A�FEÀ�C��  ¶�7u<	À�Á�Á�JLDÄJLC�D�¿�À�A

Zn = Sn/vn
>@JLC&ÂLA@�ÄMLA�A@C¤Á��ÄJM�²����?BKB?ÃF¼½4ÂLA@�ÄD�ñA�FE¿�À�A √

vnZn = Sn/
√
vn
>@JLC&ÂLA@�ÄMLA�A@C¤KBJL?uÂLA@�ÄDEÀ�C�A;KBJL?uC�JL�Ä¾k��KBAÇ>@A@C&F¼�Ä½@A�7

§Ì¬�ü`®HªvÕ�ª��® Ô/:yÔ/:[ò�:
(Zn)

n>a�lyr[nN=+a�rvlJE�k�xSh5d9rvxBper hjf�nV~qfQ~qze{7rya�lyrKiLx'n�_ci>~qzedGz�f�nV~�a�x'n
S
~qf

{7rvlmf�n�n7f
(an)

fel:~qf�=>iLxBpelyrKiLx�~qfVl a�k@?
I(·) nerW an = o(vn)

felCo}a�nek�rvlmf
(
√
vn/anZn) = (Sn/

√
anvn)

n>a�lyr[nN=+a�rvl<E"k�xXOQPJR ~qf
{7rvlmf�n�n7f

(an)
fel:~qf�=>iLxBpelyrKiLx�~qfVl a�k@?

I(·) |
�EJLÀ�DZÀ�F¼?BKB?BDÄA@�ÄJLC�D.F¼�E(@DZDÄJLÀ�ÂLA@C&FäKK% ����À�DZÅ�A¤K ��C�M&��MLA�,

(
√
vn/anZn) = (Sn/

√
anvn)D¼�»F¼?BD û���?ÃF�À�CN�b¶n¹gÅ�A;Â	?ÃF¼A@DÄDÄA

(an)
A�F4Å�Anû�JLC�>�F¼?BJLC¤Å�A;F���À	ü

I(·) -;Á�JLÀ���Å�?B�ÄA;¿�À�A$, (Zn)D¼�»F¼?BD û���?ÃF9À�C¤�b¶n¹ Å�A4Â	?ÃF¼A@DÄDÄA
(an)

A�F0Å�AÇû�JLC�>�F¼?BJLCäÅ�A4F���À	ü
I(·) -�7	¸/&²C#Å)% 6�F¼�ÄAn>@JL¾ZÁ�KBA�F>*Å�½e&²C�?BDÄDÄJLC�DE>@A;¿�À)% JLC�A@C&F¼A@C�Å�Á²����>@JLC&ÂLA@�ÄMLA@C�>@A�,�DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA9-Ç¿�À�A�C�JLÀ�DE�rÂLJLC�D

Á��Ä½@>@½@Å�A@¾Z¾ZA@C&F4½�ÂLJ	¿�À�½@A�7
§Ì¬�ü`®HªvÕ�ª��® Ô/:yÔ/: ì :ZY r

d
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Å)% À�C�A0>@A@KBKBÀ�KBA A@D FyÅ�JLC�C�½@A0Á²���{KK% F�MLA9Å�A�DÄJLC.Â	?BA@À	ü.Á5�LKBA�*���À.DÄA@C�DyÅ�À�C�JL¾4���ÄA�Å�A�Å�?ÃÂ	?BDÄ?BJLC�DÅ�A@Á�À�?BDnKBA@DÄ¿�À�A@KBKBA@DÇ>@A.Â	?BA@À	ü(Á5�LKBA.A�ü�?BD F¼A�7�ú�% JM�q�ÄA@>�F¼?ÃûP&�ü�½�Á²���  À';LJLCW½�F���?ÃFÇÅ�A�¾ZJLC&F¼�ÄA@�¿�À�A�KBA@DE>@A@KBKBÀ�KBA@D�Å�A�Fm;	Á�A4ñ|>@�ÄJL?BDÄA@C&FÇÁ�KBÀ�D�Â	?ÃF¼A�¿�À�A�KBA@DE>@A@KBKBÀ�KBA@D�Å�A;Fm;	Á�A � 7=¸e>@A�FÄF¼AQ&²C)*
 À';LJLCX� ¸4K�+ ��Ú0-0JLC&FZÁ��ÄJLÁ�JLDÄ½#KBAÌ¾ZJ	Å	(@KBAäM&��À�DÄDÄ?BA@C[DÄÀ�?ÃÂ���C&Fr7yú~�W>@A@KBKBÀ�KBAä?BC�?ÃF¼? ��KBAZA@D FÅ�½@DÄ?BMLC�½@A|Á²��� � 7�ú�A@D�&²KBKBA@DÇÅ�A�K �ä>@A@KBKBÀ�KBA�Å)% ?BC�Å�?B>@A

n
DÄJLC&F;Å�½@DÄ?BMLC�½@A@D;Á²���

2n
��K �ä>@A@KBKBÀ�KBA

&²KBKBA4Å�AnFm;	Á�AVñ�A�F
2n+ 1

�yK �.>@A@KBKBÀ�KBA/&²KBKBAÇÅ�AÇFm;	Á�A � 7=<	JL?ÃF
Xn

KBA4F���À	üÌÅ�A;>@�ÄJL?BDÄD¼��C�>@AnÅ�AKK% ?BC�Å�?ÃÂ	?BÅ�À
n
7²¸4KBJL�ÄD0KBA@D

Xn
ÂL½@�Ä?}&²A@C&FEK ���ÄA@K �»F¼?BJLC

L(X1) = ν, et ∀n ≥ 1,





X2n = α0Xn + β0 + ε2n

X2n+1 = α1Xn + β1 + ε2n+1,


 � 7½�	7 � �

JM�
ν
A@D F#À�C�A(¾ZA@DÄÀ��ÄA(Å�ANÁ��ÄJM�²����?BKB?ÃF¼½¤DÄÀ��

R � α0, α1 ∈ (−1, 1) � β0, β1 ∈ R
A�F

(
(ε2n, ε2n+1), n ≥ 1

) A@D FnÀ�C�A�DÄÀ�?ÃF¼A�Å�A�ÂLA@>�F¼A@À��ÄDnM&��À�DÄDÄ?BA@C�D���?BÅ�?B¾ZA@C�DÄ?BJLC�C�A@KBD�?BC�Å�½@Á�A@C��Å²��C&F¼D+*=>@A@C&F¼�Ä½@DEA�FEÅ�A;¾k�»F¼�Ä?B>@AÇÅ�A;>@JvÂ����Ä? ��C�>@A

Γ = σ2

(
1 ρ
ρ 1

)
, σ2 > 0, ρ ∈ (−1, 1).

�EJ�F¼JLC�D�¿�À�AäKBAZÁ��ÄJ	>@A@DÄDÄÀ�D.Å�½e&²C�?9Á²����
 � 7½�	7 � �nA@D F�À�C A�ü�A@¾ZÁ�KBAZFm;	Á�AkÅ�AÌþ0¹�ý�*`��Á�Á�A@KB½Á��ÄJ	>@A@DÄDÄÀ�DC��?Ãû�À��Ä>r��C&F���À�F¼JL�Ä½@ML�ÄA@DÄDÄ?Ãû�Å)% JL�ÄÅ��ÄA � 
�ý9¸Ç:C
 � �4Á�JLÀ���,m&²�ÄD F;JL�ÄÅ�A@�V��?Ãû�À��Ä>r�»F¼?BC�M��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA4Á��ÄJ	>@A@DÄD�-2��7�¸/&²CkÅ�A4D¼�rÂLJL?B�9DÄ?=K ��Å';	C²��¾Z?B¿�À�AEÅ�A@D F���À	ükÅ�A4>@�ÄJL?BDÄD¼��C�>@A4Å�A@D>@A@KBKBÀ�KBA@D0Å�AnFm;	Á�AQñ�A@D F4Å�?}Tu½@�ÄA@C&F¼A;Å�A;>@A@KBKBAÇÅ�A@DE>@A@KBKBÀ�KBA@D�Å�AnFm;	Á�A � *�?BK¢>@JLC&Â	?BA@C&F�ø
� Å)% A@D F¼?B¾ZA@�0KBA@D0Á²���¼��¾�(�F¼�ÄA@D θ = (α0, β0, α1, β1)

*
σ2 A�F ρ *� Å�A�F¼A@D F¼A@�ÇKK% I�;	Á�J�F¼I	(@DÄA.C�À�KBKBA H0 = {(α0, β0) = (α1, β1)}

>@JLC&F¼�ÄA.DÄJLC(��KÃF¼A@�ÄC²�»F¼?ÃÂLA
H1 = {(α0, β0) 6= (α1, β1)}

7¸4?BC�DÄ?K*v�ÄAm�ÄA�F¼A@�
H0
�ÄA�Â	?BA@C�Å��¼��?ÃF�3E��Å�¾ZA�FÄF¼�ÄAb¿�À�A9K �0Å';	C²��¾Z?B¿�À�A Å�A >@�ÄJL?BDÄD¼��C�>@A Å�A@D{>@A@KBKBÀ�KBA@DÅ�A;Fm;	Á�A4ñ|A@D F4Å�?}Tu½@�ÄA@C&F¼A�Å�A�>@A@KBKBA;Å�A@DE>@A@KBKBÀ�KBA@D�Å�A;Fm;	Á�A � 7uþ9A@>@?~�ÄA�Â	?BA@C�Å��¼��?ÃFE½@M&��KBA@¾ZA@C&F

3Z��Å�¾ZA�FÄF¼�ÄAnK �.C�J�F¼?BJLC#Å�AnÂ	?BA@?BKBKB?BDÄDÄA@¾ZA@C&F�>@A@KBKBÀ�K ��?B�ÄA�7�ú�% ½�F¼À�Å�A���D2;	¾ZÁ�F¼J�F¼?B¿�À�A;�Ä?BMLJLÀ��ÄA@À�DÄAÅ�A@DyA@D F¼?B¾k�»F¼A@À��ÄD{Å�A
θ
*
ρ
A�F
σ
*L��?BC�DÄ?	¿�À�A0Å�A@D{F¼A@D F¼DyÅ)% I�;	Á�J�F¼I	(@DÄA�Á�A@�Ä¾ZA�FÄF���C&F`Å�A�Å�½�F¼A@>�F¼A@�KBA;Â	?BA@?BKBKB?BDÄDÄA@¾ZA@C&F�>@A@KBKBÀ�K ��?B�ÄA�*²�Z½�F¼½.Å�A@Á�À�?BD4KBJL�ÄD�KBA�Á��Ä?BC�>@?BÁ²��K~Á�JL?BC&FEÅ�A�¾ZJ�F¼?ÃÂ��»F¼?BJLC#Á�JLÀ��

KK% ½�F¼À�Å�A;Å�A@D4þ0¹�ý9D@7
¸/&²CWÅ)% ?BC&F¼�ÄJ	Å�À�?B�ÄA�Á�KBÀ�D4û�JL�Ä¾ZA@KBKBA@¾ZA@C&FÇKBA@D;þ0¹�ý9D+*�Å�JLC�C�JLC�D;��ÀWÁ��Ä½r��K ����KBA�¿�À�A@KB¿�À�A@D

C�J�F��»F¼?BJLC�D@7
<	JL?ÃF

T
À�C#���E���ÄA$��?BC²��?B�ÄAE�Ä½@MLÀ�KB?BA@�$
 ÂLJL?B�08{?BMLÀ��ÄA � 7½�M��7'�EJLÀ�D9ÂLA@�Ä�ÄJLC�D

T
>@JL¾Z¾ZA4½�F���C&FKK% A@C�DÄA@¾4��KBA(Å�A(F¼JLÀ�F¼A@D¤KBA@DÌML½@C�½@�¼�»F¼?BJLC�DÌÅ)% À�C�A,Á�JLÁ�À�K �»F¼?BJLC5Å�JLC�C�½@A�74þ9I²��¿�À�A,>@JLKBJLC�C�A

Å�A
T
�ÄA@Á��Ä½@DÄA@C&F¼A#��KBJL�ÄD�À�C�AkML½@C�½@�¼�»F¼?BJLC Å²��C�D�K �¤Á�JLÁ�À�K �»F¼?BJLC¢7Hþ9I²��¿�À�Aä?BC�Å�?ÃÂ	?BÅ�À,Å�AäK �Á�JLÁ�À�K �»F¼?BJLCPA@D F|Â	À/>@JL¾Z¾ZAÌÀ�C[A@C&F¼?BA@�|C²�»F¼À��ÄA@K�C�JLC[C�À�Kó7yú�% ?BC�Å�?ÃÂ	?BÅ�ÀQ?BC�?ÃF¼? ��K A@D F � *yA�F

n ≥ 1
A@D F#K �U¾�(@�ÄANÅ�A

2n
A�F

2n + 1
7��ÇC!C�J�F¼A

Gq = {2q, 2q + 1, · · · , 2q+1 − 1}KK% A@C�DÄA@¾4��KBA¤Å�A@Dk?BC�Å�?ÃÂ	?BÅ�À�DZÅ�A¤K �,¿M� ?[(@¾ZA#ML½@C�½@�¼�»F¼?BJLC/A�F
Tr = ∪rq=0Gq

KBA¤DÄJLÀ�D������E���ÄA>@JLC�D F¼?ÃF¼À�½EÅ�A@D �q� � Á��ÄA@¾Z?[(@�ÄA@DbML½@C�½@�¼�»F¼?BJLC�D@7�ú�A@À��ÄD >r���ÄÅ�?BC²��À	üZ�ÄA@DÄÁ�A@>�F¼?Ãû�D DÄJLC&F |Gq| = 2qA�F |Tr| = 2r+1−1
7�ú~�0ML½@C�½@�¼�»F¼?BJLCnÅ)% À�C;?BC�Å�?ÃÂ	?BÅ�ÀnÅ�JLC�C�½

n
A@D F

Grn

JM�
rn = blog2 nc

* bxcÅ�½@DÄ?BMLC²��C&FbK �ÇÁ²��� F¼?BA0A@C&F¼?[(@�ÄA�Å�À|�Ä½@A@K
x
7��ÇC|Á�A@À�Fb>@JLC�D F��»F¼A@�b¿�À�A�K �ÇML½@C�½r��KBJLML?BA�Å�AE·07 þ9JLKB?

�]�



�

�

�

  ¡
�
¡�

¡
¢ �

£
¤

¥

G0 G1 G2 G
rnr�sut�v �xw �KyH¦1� � �[§0� � §8\ �.� \ � �

T
� �[� ��} \ ¨ª© ~«� ¨ �[�.������� � {¬�® �

A@D F`A@C&F¼?[(@�ÄA@¾ZA@C&F`Å�½@>@�Ä?ÃF¼A Á²���
T
7��HJLÀ��HÀ�C.?BC�Å�?ÃÂ	?BÅ�À

n ∈ T
*�JLC�D+% ?BC&F¼½@�ÄA@DÄDÄAI3�À�C�A9¿�À²��C&F¼?ÃF¼½��KB½r�»F¼JL?B�ÄA

Xn

 F���À	ü�Å�A�>@�ÄJL?BDÄD¼��C�>@A�*�F���?BKBKBA�*rÁ�JL?BÅ�D@7Ã7Ã7½�9*�3�Â���KBA@À��ÄD{Å²��C�D{À�C.A@DÄÁ²��>@A�¾Z½�F¼�Ä?B¿�À�A

S
¾.À�C�?¢Å�AnD¼�

σ
����KBMM(+���ÄA���JL�Ä½@KB?BA@C�C�A S 7=¶Ç��C�D0KBAÇ¾ZJ	Å	(@KBA�
 � 7½�	7 � � Á²���0A�ü�A@¾ZÁ�KBA�* S = R

7
�ÇC5DÄÀ�Á�Á�JLDÄA�¿�À�AN>@A�FÄF¼A�¿�À²��C&F¼?ÃF¼½�C�A�Å�½@Á�A@C�Å!Å�A�>@A@KBKBA#Å�A�DÄA@DÌ��C�>+6�F¼�ÄA@Dä¿�À)% 3,F¼�¼�rÂLA@�ÄD
>@A@KBKBAäÅ�AäD¼�(¾�(@�ÄA�7{¸/&²CQÅ�AÌÅ�½@>@�Ä?B�ÄAä>@A�FÄF¼A#D F¼�ÄÀ�>�F¼À��ÄAÌÅ�AÌÅ�½@Á�A@C�Å²��C�>@A�*y?BC&F¼�ÄJ	Å�À�?BDÄJLC�D.K �
Á��ÄJM�²����?BKB?ÃF¼½4Å�AnF¼�¼��C�DÄ?ÃF¼?BJLCÌDÄÀ�?ÃÂ���C&F¼A�7
�HJLÀ���F¼JLÀ�F.A@C&F¼?BA@�

p ≥ 2
*HJLCP¾.À�C�?ÃF

Sp
Å�AÌK �

σ
����KBMM(+���ÄAkÁ��ÄJ	Å�À�?ÃF Sp 7«�ÇCQ��Á�Á�A@KBKBA

T
� Á��ÄJM�²����?BKB?ÃF¼½4Å�AnF¼�¼��C�DÄ?ÃF¼?BJLCäF¼JLÀ�F¼A���Á�Á�KB?B>r�»F¼?BJLC

P : S × S2 → [0, 1]
F¼A@KBKBAÇ¿�À�A

� P (·, A)
A@D FE¾ZA@DÄÀ��¼����KBA;Á�JLÀ���F¼JLÀ�F

A ∈ S2 *� P (x, ·) A@D FEÀ�C�A;¾ZA@DÄÀ��ÄA;Å�A;Á��ÄJM�²����?BKB?ÃF¼½4DÄÀ�� (S2,S2)
Á�JLÀ���F¼JLÀ�F

x ∈ S
7<	JL?BA@C&F

x, y, z ∈ S
7
P (x, dy, dz)

Å�JLC�C�AÌK ��Á��ÄJM�²����?BKB?ÃF¼½Z¿�À�A#KBAä>@JLÀ�Á�KBAäÅ�A@D|¿�À²��C&F¼?ÃF¼½@DKB?B½@A@D9��À	üc&²KBKBA@D DÄJL?ÃF9Å²��C�D�À�CkÂLJL?BDÄ?BC²��MLAEÅ�A
y
A�F�Å�A

z
*�D¼��>�I²��C&F0¿�À�AÇK ��¿�À²��C&F¼?ÃF¼½4KB?B½@A�3�K �¾�(@�ÄA;A@D FE½@M&��KBAV3

x
7

���



�HJLÀ��nÀ�C�A
T
� Á��ÄJM�²����?BKB?ÃF¼½�Å�A.F¼�¼��C�DÄ?ÃF¼?BJLC

P
*uDÄJL?BA@C&F

P0
*
P1
A�F
Q
KBA@DÇÁ��ÄJM�²����?BKB?ÃF¼½@D4Å�AF¼�¼��C�DÄ?ÃF¼?BJLC�D�Å�½e&²C�?BA@DEDÄÀ��

S × S Á²���nø
∀B ∈ S, P0(·, B) = P (·, B × S), P1(·, B) = P (·, S × B)

A�F
Q = (P0 + P1)/2.¶Ç��C�DÌKBA�¾ZJ	Å	(@KBA�Å�AN>@�ÄJL?BDÄD¼��C�>@A(Å�A(·07 þ9JLKB?4Å�½@>@�Ä?ÃFÌÁ��Ä½@>@½@Å�A@¾Z¾ZA@C&F>*
P0
Á�A@À�Fw6�F¼�ÄANÂ	À

>@JL¾Z¾ZA9½�F���C&FyK �EF¼�¼��C�DÄ?ÃF¼?BJLC�KB?B½@A���À	ü.>@A@KBKBÀ�KBA@D{Å�A9Fm;	Á�AIñ'*»F���C�Å�?BD{¿�À�A
P1
A@D FbK ��F¼�¼��C�DÄ?ÃF¼?BJLCKB?B½@An��À	ü#>@A@KBKBÀ�KBA@D0Å�AnFm;	Á�A � 7�HJLÀ��#F¼JLÀ�F

p ≥ 1
*�JLCVÅ�½@DÄ?BMLC�AUÁ²��� B(Sp)


��ÄA@DÄÁ¢7 Bb(Sp) * C(Sp)
* Cb(Sp) �ÌKK% A@C��DÄA@¾4��KBA,Å�A@D¤û�JLC�>�F¼?BJLC�D¤C�À�¾Z½@�Ä?B¿�À�A@D�Å�½e&²C�?BA@D�DÄÀ��

Sp
¿�À�?�DÄJLC&F>* Sp � ¾ZA@DÄÀ��¼����KBAÍ
��ÄA@DÄÁ¢7

Sp � ¾ZA@DÄÀ��¼����KBA@D0A�F/��JL�ÄC�½@A@D+*�>@JLC&F¼?BC�À�A@D+*=>@JLC&F¼?BC�À�A@DEA�F/��JL�ÄC�½@A@D���7��HJLÀ�� f ∈ B(S3)
*²KBJL�ÄD��¿�À)% A@KBKBAnA�ü�?BD F¼A�*²JLC¤Å�½@DÄ?BMLC�A;Á²���

Pf
K ��û�JLC�>�F¼?BJLC#Å�½e&²C�?BA;Á²���

x 7→ Pf(x) =

∫

S2

f(x, y, z)P (x, dy, dz).

�EJLÀ�D9DÄJL¾Z¾ZA@DD3�Á��Ä½@DÄA@C&F0A@Cä¾ZA@DÄÀ��ÄAEÅ�AEû�JLÀ��ÄC�?B�bÀ�C�A4Å�½e&²C�?ÃF¼?BJLCk�Ä?BMLJLÀ��ÄA@À�DÄAEÅ�A4>@A4¿�À)% JLCA@C&F¼A@C�Å�Á²���Eþ0¹�ý47
§Ì¬�ü`®HªvÕ�ª��® Ô/:[Þ�:yÔ/:QY iLrvl

(Xn, n ∈ T)
k�xBfCnek�rvlmf�~qf�{La�d9ryaLF+o[f�n�a�o[zGa�lmiLrvdGf�n�~qz·sPxjrKf�nVnek�d

k�x¶f�nmh	aqp�f�h5dGi F�aLF+rvo©r[n7z:sPo©lydGz
(Ω,F , (Fr, r ∈ N),P)

felQE�{La�o[fek�dGn�~�a�x'n
(S,S)

| Y iLrvl
νk�xBf$h5dGi F�aLF+rvo©rvlmzCnek�d

(S,S)
| Y iLrvl

P
k�xBf

T
A[h5dGi F�aLF+rvo©rvlmz�~qfSlydEa�x'nervlyrKiLx�nek�d

(S,S2)
|(¯:x

~�rvl:t+kjf
(Xn, n ∈ T)

f�nelUk�xBf
(Fr)

AEpqV	a@°vxBfC~qf²±�a�dg³�iL{GF+r =9k�dGpGa�xjlmfµ´ ^ ±�¶ª·�iLk
P
A ^ ±�¶

~qf4~�r[nelyd9rDF+k�lyrKiLx�rvxjrvlyrya�o[f
ν
fel:~qf

T
A[h5dGi F�aLF+rvo©rvlmzC~qfQlydEa�x'nervlyrKiLx

P
ner

W Xn

f�nel Frn

Am_cf�nek�dEaLF+o[f:hjiLk�d�lmiLk�l
n ∈ T

g
W L(X1) = ν

g
W hjiLk�dVlmiLk�l r ∈ N

felAhjiLk�dVlmiLk�lmf�=+a�_�rvovo[f
(fn, n ∈ Gr) ⊆ Bb(S3)

E

[∏

n∈Gr

fn(Xn, X2n, X2n+1)
∣∣∣Fr

]
=
∏

n∈Gr

Pfn(Xn).

þ9A@>@?4DÄ?BMLC�?}&²A�¿�À�A�*�½�F���C&FÌÅ�JLC�C�½@A@DÌKBA@Dk¿�À²��C&F¼?ÃF¼½@D
(Xn, n ∈ Tr)

KB?B½@A@Dä��À	ü5?BC�Å�?ÃÂ	?��Å�À�DÇÅ�A@DÇML½@C�½@�¼�»F¼?BJLC�D$ñ�3
r
*=KBA@D4¿�À²��C&F¼?ÃF¼½@DÇKB?B½@A@DÇ��À	ü�?BC�Å�?ÃÂ	?BÅ�À�DEÅ�A.K �ZML½@C�½@�¼�»F¼?BJLC

Gr+1DÄJLC&Fn>@JLC�D F¼�ÄÀ�?ÃF¼A@DÇA@C�F¼?B�¼��C&F
2r
>@JLÀ�Á�KBA@D4?BC�Å�½@Á�A@C�Å²��C&F¼D

(X2n, X2n+1)
DÄÀ�?ÃÂ���C&F

P (Xn, ·)
*

n ∈ Gr
7E<���À�û�¾ZA@C&F¼?BJLC�>@JLC&F¼�¼��?B�ÄA�*�K ��&²KÃF¼�¼�»F¼?BJLC5?B¾ZÁ�KB?B>@?ÃF¼A@¾ZA@C&FkÀ�F¼?BKB?BDÄ½@ANDÄA@�¼� Fr =

σ(Xi, i ∈ Tr)
7$�EJ�F¼JLC�DN¿�À�APÁ�JLÀ��

f ∈ Bb(S3)
*

E [f(Xn, X2n, X2n+1)|Frn]
DÄAP�Ä½9�Å�À�?ÃF�3!À�CX>@JLC�Å�?ÃF¼?BJLC�C�A@¾ZA@C&F(Á²���(�¼��Á�Á�JL� F�3!K �/Â����Ä? ����KBA

Xn
*ÇÅ�APF¼A@KBKBAUDÄJL� F¼AQ¿�À�A

E [f(Xn, X2n, X2n+1)|Frn] = E [f(Xn, X2n, X2n+1)|Xn]
7&þ9A@>@?�DÄ?BMLC�?}&²A ¿�À�A0>�I²��¿�À�A

XnÅ�½@Á�A@C�Å|Å�À�Á²��DÄDÄ½0DÄA@À�KBA@¾ZA@C&FU3EF¼�¼�rÂLA@�ÄDbK �E¿�À²��C&F¼?ÃF¼½0KB?B½@AD3ÇK �4¾�(@�ÄA�7L6EC�A�>@JLC�DÄ½@¿�À�A@C�>@AEÅ�A>@A�FÄF¼AnÅ�½e&²C�?ÃF¼?BJLCäA@D F�¿�À�A;>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBA@¾ZA@C&FD3 Frn

*�KBA@D9F¼�Ä?BÁ�KBA�F¼D {(Xi, X2i, X2i+1), i ∈
Grn}

DÄJLC&F.?BC�Å�½@Á�A@C�Å²��C&F¼D � >@AZû���?ÃF;A@D F.?BC&F¼A@C�DÄ?ÃÂLA@¾ZA@C&F.À�F¼?BKB?BDÄ½|��ÀU>�I²��Á�?ÃF¼�ÄA��#Á�JLÀ��;Å�½9�¾ZJLC&F¼�ÄA@�0KBA@D�?BC�½@M&��KB?ÃF¼½@D9Å�A;Å�½�Â	? �»F¼?BJLC�D0A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D@7
¶Ç��C�DNKBA���À�F(Å)% ½�F¼À�Å�?BA@�NKBA@D�A@D F¼?B¾k�»F¼A@À��ÄDNÅ�A@DNÁ²���¼��¾�(�F¼�ÄA@DN�Ä½@DÄÀ�KÃF���C&F¼DNÅ�Ài¾ZJ	Å	(@KBA


 � 7½�	7 � �9*b?BK0>@JLC&Â	?BA@C&FäÅ�A¤Å�½e&²C�?B�ZÅ�A@Dk¾ZJ7;LA@C�C�A@DkA@¾ZÁ�?B�Ä?B¿�À�A@DZKB?B½@A@D�3,KK% JM��DÄA@� Â��»F¼?BJLC[Å�A@D
�¼�



½�F��»F¼DnÅ)% À�C�AZþ0¹�ý
(Xn, n ∈ T)

7�<	JL?ÃFÇÅ�JLC�>
f ∈ B(S)

A�F
I
À�CWDÄJLÀ�D�� A@C�DÄA@¾4��KBA4&²C�?{Å�A

T
7=�HJLDÄJLC�D

MI(f) =
∑

i∈I f(Xi)
A�F
M I(f) = |I|−1MI(f)

*�JM� |I| Å�½@DÄ?BMLC�AnKBAn>r���ÄÅ�?BC²��KÅ�A
I
7~¶Ç��C�D�KBA�>r��D;JM�

f ∈ B(S3)
*�Å�½@DÄ?BMLC�JLC�D;Á²���

∆i = (Xi, X2i, X2i+1)
K �ä¿�À²��C&F¼?ÃF¼½

��DÄDÄJ	>@?B½@A#��ÀPF¼�Ä? ��C�MLKBAZ¾�(@�ÄA9� &²KBKBA@D
(i, 2i, 2i + 1)

7`·`F|Á�JLDÄJLC�D
MI(f) =

∑
i∈I f(∆i)

A�F
M I(f) = |I|−1MI(f)

7¢�yKBÀ�DÄ?BA@À��ÄD;¾ZJ7;LA@C�C�A@D;A@¾ZÁ�?B�Ä?B¿�À�A@DnÁ�A@À�ÂLA@C&F���?BC�DÄ?«6�F¼�ÄA|>@JLC�DÄ?BÅ�½9��Ä½@A@D@7
� �ÇCZÁ�A@À�F ¾ZJ7;LA@C�C�?BDÄA@�bDÄÀ��bK �n��� ?[(@¾ZA�ML½@C�½@�¼�»F¼?BJLC)*L>�% A@D F2��38� Å�?B�ÄA�*LJLCZ>r��KB>@À�KBA MGr(f)

7
� �ÇCkÁ�A@À�F�¾ZJ7;LA@C�C�?BDÄA@�9DÄÀ��9KBA@D r+1

Á��ÄA@¾Z?[(@�ÄA�ML½@C�½@�¼�»F¼?BJLC)*�>�% A@D F2��38�`Å�?B�ÄAEJLCk>r��KB>@À�KBA
MTr(f)

7
�ÇCZÁ�A@À�F���À�DÄDÄ?²ÂLJLÀ�KBJL?B�y¾ZJ7;LA@C�C�?BDÄA@� DÄÀ�� KBA@D

n
,�Á��ÄA@¾Z?BA@�ÄD�-0?BC�Å�?ÃÂ	?BÅ�À�D+*&>�% A@D F2��38� Å�?B�ÄA0>r��KB>@À��

KBA@�
n−1

∑n
i=1 f(Xi)

7�¹���?BD0>@A@Á�A@C�Å²��C&F>*=?BKuC)% A�ü�?BD F¼A�Á²��DE��Á��Ä?BJL�Ä?¢À�C#JL�ÄÅ��ÄA;C²�»F¼À��ÄA@K�Å²��C�DK � Á�JLÁ�À�K �»F¼?BJLC¢7�·yC|AeTuA�F>*&Á�JLÀ��`À�C�A�Á�JLÁ�À�K �»F¼?BJLC�Å)% ·07 þ9JLKB?�Á²���yA�ü�A@¾ZÁ�KBA�*LJLC|C�A0Á�A@À�FbÅ�½9�F¼A@�Ä¾Z?BC�A@� ¿�À�A@KBKBA�>@A@KBKBÀ�KBA�DÄAÇÅ�?ÃÂ	?BDÄAEA@CäÁ��ÄA@¾Z?BA@�+*&KBA@D Å�?ÃÂ	?BDÄ?BJLC�D Á�JLÀ�Â���C&FD6�F¼�ÄA4DÄ?B¾.À�KÃF���C�½@A@D@7�HJLÀ��;�Ä½@DÄJLÀ�Å��ÄA|>@A|Á��ÄJM��K[(@¾ZA�*u?BK{>@JLC&Â	?BA@C&F�Å�A|>@�Ä½@A@�;À�CWJL�ÄÅ��ÄA|��KB½r�»F¼JL?B�ÄA�Å²��C�D;K �äÁ�JLÁ�À��K �»F¼?BJLC,¿�À�? �ÄA@DÄÁ�A@>�F¼AäKK% JL�ÄÅ��ÄAZML½@C�½r��KBJLML?B¿�À�A�7H·`F.A@C Á�KBÀ�D�>@A�F.JL�ÄÅ��ÄAkÅ�JL?ÃFC6�F¼�ÄAk>@JLC�D F¼�ÄÀ�?ÃF
Å�AÇF¼A@KBKBA4DÄJL� F¼AÇ¿�À�A�*²KBA4>@JL¾ZÁ�JL� F¼A@¾ZA@C&F���D2;	¾ZÁ�F¼J�F¼?B¿�À�AÇÅ�A@D0¾ZJ7;LA@C�C�A@D�A@¾ZÁ�?B�Ä?B¿�À�A@D�?BDÄDÄÀ�A@DÅ�AZ>@A�FÄF¼Ak>@JLC�D F¼�ÄÀ�>�F¼?BJLC,>@JL?BC�>@?BÅ�AZ�rÂLA@>kKBA|>@JL¾ZÁ�JL� F¼A@¾ZA@C&F���D2;	¾ZÁ�F¼J�F¼?B¿�À�A|Å�A

MGr(·)
A�F

MTr(·)
7²ú~��DÄJLKBÀ�F¼?BJLCÌA@D F4Å�JLC�C�½@A;Á²���0K ��>@JLC�D F¼�ÄÀ�>�F¼?BJLC#DÄÀ�?ÃÂ���C&F¼A�7¶4½@DÄ?BMLC�JLC�D�Á²���

G
KK% A@C�DÄA@¾4��KBAÇÅ�A4F¼JLÀ�F¼A@D0KBA@D�Á�A@�Ä¾.À�F��»F¼?BJLC�D9Å�A

N∗ ¿�À�?¢K ��?BDÄDÄA@C&F0?BC&Â��8��Ä? ��C&F�>�I²��¿�À�A
Gr
7²È C�Å�½@Á�A@C�Å²��¾Z¾ZA@C&FEÅ�A

X = (Xn, n ∈ T)
*²F¼?B�ÄJLC�D0À�C�?Ãû�JL�Ä¾Z½@¾ZA@C&F�À�C�AÁ�A@�Ä¾.À�F��»F¼?BJLC

Π
Å²��C�D

G
7Lþ9A@>@?��ÄA�Â	?BA@C&F�3�F¼?B�ÄA@�HÀ�C�?Ãû�JL�Ä¾Z½@¾ZA@C&FHK �E�ÄA@D F¼�Ä?B>�F¼?BJLC�Å�A

Π
DÄÀ��

GrÁ²���Ä¾Z?�KBA@D
2r!
Á�A@�Ä¾.À�F��»F¼?BJLC�D¢Å�A

Gr
7v·yC;Á²��� F¼?B>@À�KB?BA@�+*

(Π(2r),Π(2r + 1), · · · ,Π(2r+1 − 1))
*Á�A@À�F�6�F¼�ÄA;Â	À�>@JL¾Z¾ZAnÀ�C¤F¼?B�¼��MLAnD¼��C�D4�ÄA@¾Z?BDÄAnÅ�A@D4½@KB½@¾ZA@C&F¼D�Å�A

Gr
7
Π
Á�A@�Ä¾ZA�F4��?BC�DÄ?�Å�A

Å�½e&²C�?B��À�C¤JL�ÄÅ��ÄA���KB½r�»F¼JL?B�ÄA4DÄÀ��
T
¿�À�?�Á��ÄA@DÄA@� ÂLA�KK% JL�ÄÅ��ÄAnML½@C�½r��KBJLML?B¿�À�A�7²¶4½@DÄ?BMLC�JLC�D4��KBJL�ÄDÁ²���

(Π(i), 1 ≤ i ≤ n)
KK% A@C�DÄA@¾4��KBA.Å�A@D

n
,�Á��ÄA@¾Z?BA@�ÄD�-�?BC�Å�?ÃÂ	?BÅ�À�D4Å�A

T
7~¹¤J7;LA@C�C�?BDÄA@�;DÄÀ��

KBA@D
n
,�Á��ÄA@¾Z?BA@�ÄD�-Ç?BC�Å�?ÃÂ	?BÅ�À�D0�ÄA�Â	?BA@C&F4��KBJL�ÄDI3�>r��KB>@À�KBA@�

M
Π

n (f) = n−1MΠ
n (f)

*²JM�

MΠ
n (f) =

n∑

i=1

f(∆̃Π(i)),

�rÂLA@>
f(∆̃Π(i)) = f(∆Π(i))

DÄ?
f ∈ B(S3)

A�F
f(∆̃Π(i)) = f(XΠ(i))

DÄ?
f ∈ B(S)

7
�EJLÀ�DÇû�A@�ÄJLC�D;DÄJLÀ�ÂLA@C&F�À�D¼��MLA|Å�A�K �c&²KÃF¼�¼�»F¼?BJLC

(Hn)n≥0

Å�½e&²C�?BA�Á²��� H0 = σ(X1)
A�F

Hn = σ
(
∆Π(i),Π(i+ 1), 1 ≤ i ≤ n

) 7
:�A�ÂLA@C�JLC�D�À�C�?BC�D F���C&F���À�¾ZJ	Å	(@KBAWý9¸Ç:C
 � �äÅ�½@>@�Ä?ÃF¤>@?�� Å�A@DÄDÄÀ�D"
 � 7½�	7 � ��7�<	À�Á�Á�JLDÄJLC�D¿�À)% JLCNJM��DÄA@� ÂLA.KBA@D

r + 2
Á��ÄA@¾Z?[(@�ÄA@DEML½@C�½@�¼�»F¼?BJLC�D@7�¸4KBJL�ÄD+*=�rÂLA@>.KBA@DEC�J�F��»F¼?BJLC�D�>@?�� Å�A@DÄDÄÀ�D+*KK% A@D F¼?B¾k�»F¼A@À��EÅ�A@DÇ¾ZJL?BC�Å��ÄA@DE>r���Ä�Ä½@D��0¿�À�?{Å²��C�DÇ>@A.>r��Å��ÄA.>@JL?BC�>@?BÅ�A��rÂLA@>�KK% A@D F¼?B¾k�»F¼A@À���Å�À

¾k��ü�?B¾.À�¾eÅ�A0Â	�¼��?BDÄA@¾4��K ��C�>@A9�
θ̂r =

(
α̂r0, β̂

r
0 , α̂

r
1, β̂

r
1

) Å�ÀZÁ²���¼��¾�(�F¼�ÄA
θ = (α0, β0, α1, β1)

� �



A@D FEÅ�JLC�C�½�Á²���+*�Á�JLÀ��
η ∈ {0, 1}





α̂rη =
|Tr|−1

∑
i∈Tr

XiX2i+η−
(
|Tr |−1

∑
i∈Tr

Xi

)(
|Tr |−1

∑
i∈Tr

X2i+η

)

|Tr|−1
∑

i∈Tr

X2
i −
(
|Tr |−1

∑
i∈Tr

Xi

)2

β̂rη = |Tr|−1
∑
i∈Tr

X2i+η − α̂rη|Tr|−1
∑
i∈Tr

Xi.


 � 7½�	7½�M�

ú�A@D�A@D F¼?B¾k�»F¼A@À��ÄD Å�AÇK �nÂ����Ä? ��C�>@A4>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBA
σ2 A�F�Å�A4K ��>@JL�Ä�Ä½@K �»F¼?BJLCZ>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBAA@C&F¼�ÄA�KBA@D0DE];À��ÄD

ρ
DÄJLC&FEÅ�JLC�C�½@DEÁ²���





σ̂2
r = 1

2Tr

∑
i∈Tr

(ε̂2
2i + ε̂2

2i+1)

ρ̂r = 1
σ̂2

r

∑
i∈Tr

ε̂2iε̂2i+1,


 � 7½�	7 ���

JM�¤KBA@D0�Ä½@DÄ?BÅ�À�D�DÄJLC&FEÅ�½e&²C�?BD�Á²���
ε̂2i+η = X2i+η − α̂rηXi − β̂rη

*=�rÂLA@>
η ∈ {0, 1} 7¶4A@D{F¼I�½@JL�E(@¾ZA@D{KB?B¾Z?ÃF¼A@D~Á�JLÀ��HKBA@D{¾ZJ7;LA@C�C�A@DyA@¾ZÁ�?B�Ä?B¿�À�A@D

MGr(f)
*
MTr(f)

A�F
M

Π

n (f)JLC&F9½�F¼½E½�F�����KB?BDyÁ²���  À';LJLC2+ �M�0-�DÄJLÀ�D Å�?ÃÂLA@�ÄD I�;	Á�J�F¼I	(@DÄA@D�Å�AE�Ä½@MLÀ�K ���Ä?ÃF¼½0DÄÀ��
f
*���?BC�DÄ?=¿�À�A

Å)% A@�ÄMLJ	Å�?B>@?ÃF¼½ÇÅ�A;K �.>�I²�L� C�AnÅ�A�¹����EZ�JvÂ#Å�AnF¼�¼��C�DÄ?ÃF¼?BJLC
Q
7�È K�D+% ��ML?ÃF0C�J�F���¾Z¾ZA@C&F0Å�A;K �.KBJL?Å�A@D�ML�¼��C�Å�D�C�JL¾4���ÄA@D+*{��?BC�DÄ?y¿�À�AäÅ�À,F¼I�½@JL�E(@¾ZAk>@A@C&F¼�¼��KBAZKB?B¾Z?ÃF¼A�7u¸/&²C Å�Ak�¼��Á�Á�A@KBA@�;>@A@D�Ä½@DÄÀ�KÃF��»F¼D+*²?BC&F¼�ÄJ	Å�À�?BDÄJLC�D���À¤Á��Ä½r��K ����KBAÇ¿�À�A@KB¿�À�A@DEC�J�F��»F¼?BJLC�D@7²¶4½@DÄ?BMLC�JLC�DEÁ²���

(Yr, r ∈ N)K �;>�I²�L� C�AEÅ�An¹����EZ�JvÂZDÄÀ��
S
Å�A4Á��ÄJM�²����?BKB?ÃF¼½�Å�AEF¼�¼��C�DÄ?ÃF¼?BJLC

Q
*	�rÂLA@>

Y0 = X1
7	ú~�;>�I²�L� C�A

(Yr, r ∈ N)
>@JL�Ä�ÄA@DÄÁ�JLC�Å�D9��À	ü.Â���KBA@À��ÄD`Å)% À�C�A�KB?BMLC�½@A0��KB½r�»F¼JL?B�ÄA9Á��Ä?BDÄA0Å²��C�DyK �ÇÁ�JLÁ�À�K �»F¼?BJLC¢7

¶4½@DÄ?BMLC�JLC�D�Á²���;ø
� f ⊗ g

KK% ��Á�Á�KB?B>r�»F¼?BJLC
(x, y) 7→ f(x)g(y),� Qp K �nÁ�À�?BDÄD¼��C�>@A p � ?[(@¾ZA0Å�A Q Å�½e&²C�?BAE�Ä½@>@À��ÄDÄ?ÃÂLA@¾ZA@C&F0Á²���bKBA@Dbû�JL�Ä¾.À�KBA@D Q0(x, ·) =

δx
A�F
Qp+1(x,B) =

∫
S
Q(s, dy)Qp(y, B)

Á�JLÀ���F¼JLÀ�F
B ∈ S � Qp A@D F4À�C�A�Á��ÄJM�²�8���?BKB?ÃF¼½4Å�AnF¼�¼��C�DÄ?ÃF¼?BJLCÌDÄÀ��

(S,S).� νQ A@D F�K �ÌÁ��ÄJM�²����?BKB?ÃF¼½�DÄÀ��
(S,S)

Å�½e&²C�?BAZÁ²���
νQ(B) =

∫
S
ν(dx)Q(x,B) � νQpA@D FEK ��KBJL?uÅ�A

Yp
*

� (Qf)(x) =
∫
S
f(y)Q(x, dy)

¿�À²��C�Å¤A@KBKBAnA@D FEÅ�½e&²C�?BA �� (νf)
JLÀ

(ν, f)
KK% ?BC&F¼½@ML�¼��KBA ∫

S
fdν

¿�À²��C�Å¤A@KBKBAnA@D FEÅ�½e&²C�?BA�7<	JL?ÃF
F
À�C¤DÄJLÀ�D�� A@DÄÁ²��>@A;ÂLA@>�F¼JL�Ä?BA@K�Å�A B(S)

F¼A@K�¿�À�A

�I¢7 ?v�

F
>@JLC&F¼?BA@C&FEKBA@D�û�JLC�>�F¼?BJLC�D0>@JLC�D F���C&F¼A@D+*


�I¢7 ?B?v�
F 2 ⊂ F

*

�I¢7 ?B?B?v�

F ⊗ F ⊂ L1(P (x, .))
Á�JLÀ��0F¼JLÀ�F

x ∈ S
*²A�F

P (F ⊗ F ) ⊂ F
*


�I¢7 ?ÃÂ	��?BK=A�ü�?BD F¼AÇÀ�C�AÇÁ��ÄJM�²����?BKB?ÃF¼½
µ
DÄÀ��

(S,S)
F¼A@KBKBAE¿�À�A

F ⊂ L1(µ)
A�F

lim
r→∞

Ex

[
f(Yr)

]
=

(µ, f)
Á�JLÀ���F¼JLÀ�D

x ∈ S
A�F
f ∈ F

*

�I¢7 Â	��Á�JLÀ���F¼JLÀ�F

f ∈ F
*�?BK¢A�ü�?BD F¼A

g ∈ F
F¼A@K�¿�À�A�Á�JLÀ���F¼JLÀ�F

r ∈ N
* |Qrf | ≤ g

*

�I¢7 Â	?v�

F ⊂ L1(ν),

� �



JM�!JLC�� À�F¼?BKB?BDÄ½�KBA@DäC�J�F��»F¼?BJLC�D
F 2 = {f 2/f ∈ F} * F ⊗ F = {f ⊗ g/f, g ∈ F}A�F

PE = {Pf/f ∈ E} DÄ? P ��ML?ÃFkDÄÀ��
E
7:�EJ�F¼JLC�Dä¿�À�A(Å²��C�DäKBA�>r��DäJM�!K �,>�I²�L� C�AÅ�Ak¹����EZ�JvÂ

(Yr, r ∈ N)
A@D F�A@�ÄMLJ	Å�?B¿�À�A=
�>�% A@D F2��38� Å�?B�ÄA.DÄ?/
�I¢7 ?ÃÂ	�4A@D FnÂL½@�Ä?}&²½@AZÁ�JLÀ��4F¼JLÀ�F¼A

û�JLC�>�F¼?BJLCÌ>@JLC&F¼?BC�À�A���JL�ÄC�½@A
f
�9*���KBJL�ÄD+*�KBA@D0I�;	Á�J�F¼I	(@DÄA@D4
�I¢7 ?v� �e
�I¢7 Â	?v�bDÄJLC&FED¼�»F¼?BD û���?ÃF¼A@D�Á�JLÀ��

F = Cb(S)
7

¶Ç��C�D9KBAE>r��Å��ÄAEÅ�Àä¾ZJ	Å	(@KBAC
 � 7½�	7 � �9*�DÄJL?ÃF Cpol(R)
KK% A@C�DÄA@¾4��KBAEÅ�A@D9û�JLC�>�F¼?BJLC�Db>@JLC&F¼?BC�À�A@DA�F�3Q>@�ÄJL?BDÄD¼��C�>@AWÁ�JLK};	C�JL¾Z? ��KBA�*2>�% A@D F2��38� Å�?B�ÄAWKK% A@C�DÄA@¾4��KBA(Å�A@D#û�JLC�>�F¼?BJLC�D >@JLC&F¼?BC�À�A@D

f : R → R
F¼A@KBKBA@D�¿�À)% ?BKBD0A�ü�?BD F¼A@C&F

c ≥ 0
A�F
m ∈ N

F¼A@KBD�¿�À�A�*²Á�JLÀ��0F¼JLÀ�F
x ∈ R

*

|f(x)| ≤ c(1 + |x|m).

¸4KBJL�ÄD Cpol(R)
ÂL½@�Ä?}&²A|KBA@DnI�;	Á�J�F¼I	(@DÄA@Dw
�I¢7 ?v� �e
�I¢7 Â	��7�¶4A|Á�KBÀ�D+*¢DÄ?

ν
��Å�¾ZA�F;Å�A@D;¾ZJL¾ZA@C&F¼D

&²C�?BD�Å�AnF¼JLÀ�F�JL�ÄÅ��ÄA�*=��KBJL�ÄD Cpol(R)
ÂL½@�Ä?}&²A���À�DÄDÄ?�KK% I�;	Á�J�F¼I	(@DÄA�
�I¢7 Â	?v��7

ú�AnF¼I�½@JL�E(@¾ZA�¿�À�?~DÄÀ�?ÃF�D2;	C&F¼I�½�F¼?BDÄA�KK% A@C�DÄA@¾4��KBA;Å�A@D4Á��Ä?BC�>@?BÁ²��À	üÌ�Ä½@DÄÀ�KÃF��»F¼DE½�F�����KB?BD0Á²���
 À';LJLC¢7
�Cä~¬�=´�³	«Uµ Ô/:[Þ�:[Þ�:HY iLrvl

F
{�zed9r sDa�xjlUo[f�nQV"¸�hjiLlBVjb�n7f�nG´DV	|[r ·.A\´DV	|[{7r ·M|

´�a\·¹OIiLk�d�lmiLk�l
f ∈ F

gAo[f�n�lydGiLr[nI_ci.¸�fexjxBf�n�fe_�h5rvd9ryt+kjf�n
MGr(f)

g
MTr(f)

fel
M

Π

n (f)p�iLxj{�fed[TqfexjlP{�fedGn
(µ, f)

fex@_ci.¸�fexjxBfQt+k	a�~�dEa�lyryt+kjf>|´)F)· Y iLrvl
f ∈ B(S3)

lmfeo�t+kjf
Pf

fel
Pf 2

f]?Mr[nelmfexjlIfelIa9h�h	a�d9lyrKfexjxBfexjl�E
F
|N^�o[iLdGnCo[f�n

lydGiLr[nc_ci.¸�fexjxBf�n�fe_�h5rvd9ryt+kjf�n
MGr(f)

g
MTr(f)

fel
M

Π

n (f)
p�iLxj{�fed[Tqfc{�fedGn

(µ, f)fex�_ci.¸�fexjxBfCt+k	a�~�dEa�lyryt+kjf>|´2pº· Y iLrvl
f ∈ F

| Y k7h�hji7n7iLx'nCt+k�u rvo�f]?Mr[nelmf
h ∈ F

lmfeo?t+kjf

P

(∑

r∈N

|Qr(f − (µ, f)) ⊗Qr(f − (µ, f))|
)

≤ h.

 � 7½�	7 �q�

^�o[iLdGnSo[f�n�_ci.¸�fexjxBf�ncfe_�h5rvd9ryt+kjf�n
MGr(f)

fel
MTr(f)

p�iLxj{�fed[Tqfexjl�h5dGf�n>t+kjf4nx»�dGfxA
_cfexjlP{�fedGn

(µ, f)
|´�~\· Y iLrvl

f ∈ B(S3)
lmfeoNt+kjf

Pf
fel
Pf 2

f]?Mr[nelmfexjl:felDa9h�h	a�d9lyrKfexjxBfexjlJE
F
| Y k7h�hji7n7iLx'n

t+k�u rvo�f]?Mr[nelmf
h ∈ F

lmfeo?t+kjf

P

(∑

r∈N

|Qr(Pf − (µ, Pf))⊗Qr(Pf − (µ, Pf))|
)

≤ h.

 � 7½�	7½�M�

^�o[iLdGnSo[f�n�_ci.¸�fexjxBf�ncfe_�h5rvd9ryt+kjf�n
MGr(f)

fel
MTr(f)

p�iLxj{�fed[Tqfexjl�h5dGf�n>t+kjf4nx»�dGfxA
_cfexjlP{�fedGn

(µ, Pf)
|´2fº· Y iLrvl

f ∈ B(S3)
lmfeo$t+kjf

Pf
g
Pf 2

fel
Pf 4

f]?Mr[nelmfexjl�felSa9h�h	a�d9lyrKfexjxBfexjl`E
F
|

^�o[iLdGn�g
n−1/2MΠ

n (f −Pf)
fel |Tr|−1/2MTr(f −Pf)

p�iLxj{�fed[TqfexjlPfex�o[iLrN{�fedGn�o}a4o[iLr
xBiLd9_�a�o[f N (0, s2)

g�i.S
s2 = (µ, Pf 2 − (Pf)2)

|

� *



6EC�An>@JLC�Å�?ÃF¼?BJLCäDÄÀ'1ZD¼��C&F¼A�Á�JLÀ����rÂLJL?B�V
 � 7½�	7 �q� A�FC
 � 7½�	7½�M� A@D FEKK% A�ü�?BD F¼A@C�>@AnÅ)% À�C�Anû�JLC�>9�F¼?BJLC
c ∈ F

A�F�À�C�A�DÄÀ�?ÃF¼AnÅ�A;C�JL¾4���ÄA@D�Á�JLDÄ?ÃF¼?Ãû�D
(κr, r ∈ N)

F¼A@KBKBA@D�¿�À�A
∑

r∈N

κr <∞ A�F ∀x ∈ S, ∀r ∈ N, |Qrf(x)| ≤ c(x)κr.

 � 7½�	7 ���

¶Ç��C�DZKBAÌ>r��Å��ÄA#Å�À[¾ZJ	Å	(@KBA�
 � 7½�	7 � �9*`K �(>@JLC�Å�?ÃF¼?BJLCµ
 � 7½�	7 ����A@D F|ÂL½@�Ä?}&²½@A��rÂLA@>
κr = αr

*
JM�

α = max{|α0|, |α1|}
*9Á�JLÀ��äKBA@Dä½@KB½@¾ZA@C&F¼DäÅ�A C1

pol(R)
*9KK% A@C�DÄA@¾4��KBANÅ�A@Däû�JLC�>�F¼?BJLC�D

f : R → R
Å�A;>@K ��DÄDÄA C1 F¼A@KBKBA@D0¿�À�A |f | + |f ′| A@D F���JL�ÄC�½nÁ²����À�C#Á�JLK};	C	�L¾ZA�7·yCN��Á�Á�KB?B¿�À²��C&F�A@C�DÄÀ�?ÃF¼A�>@A@D4�Ä½@DÄÀ�KÃF��»F¼D�DÄÀ��EKBA;¾ZJ	Å	(@KBA�
 � 7½�	7 � �9*  À';LJLCN�|Á�À�¾ZJLC&F¼�ÄA@�

¿�À�A4KBA@D A@D F¼?B¾k�»F¼A@À��ÄD
θ̂r
*
σ̂2
r

A�F
ρ̂r
Å�½e&²C�?BD9A@C�
 � 7½�	7½�M�`A�FV
 � 7½�	7 ���`DÄJLC&F9û�JL� F¼A@¾ZA@C&F¼D >@JLC&ÂLA@���MLA@C&F¼D.¿�À²��C�Å

r
F¼A@C�ÅUÂLA@�ÄD.KK% ?BC'&²C�?ó7�È K �N��À�DÄDÄ? ¾ZJLC&F¼�Ä½ZK �¤C�JL�Ä¾k��KB?ÃF¼½|��D2;	¾ZÁ�F¼J�F¼?B¿�À�AZÅ�A

θ̂r − θ
7

�EJLÀ�Dy>@JL¾ZÁ�KB½�F¼JLC�D`A�Fb½�F¼A@C�Å�JLC�Db>@A@Db�Ä½@DÄÀ�KÃF��»F¼Db��À|>�I²��Á�?ÃF¼�ÄA/�4DÄJLÀ�DbÅ)% I�;	Á�J�F¼I	(@DÄA@D Å)% A@���
MLJ	Å�?B>@?ÃF¼½nML½@JL¾Z½�F¼�Ä?B¿�À�A�
�À�C�?Ãû�JL�Ä¾ZAnA�FÇC�JLC�� À�C�?Ãû�JL�Ä¾ZA7�9Å�A�K �|>�I²�L� C�A�Å�A.¹����EZ�JvÂ

(Yr, r ∈
N)
7=�yKBÀ�D0Á��Ä½@>@?BDÄ½@¾ZA@C&F�ø
• ¶Ç��C�DÇK �ä<	A@>�F¼?BJLC@�	7½��*�A@CNÁ�KBÀ�D4Å�A@DÇI�;	Á�J�F¼I	(@DÄA@D�
�I¢7 ?v� �e
�I¢7 Â	?v�9*²C�JLÀ�D4û���?BDÄJLC�DEKK% I�;	Á�JL�F¼I	(@DÄA�DÄÀ�?ÃÂ���C&F¼A|ø
¼]½ Ôk¾ <	À�Á�Á�JLDÄJLC�D;¿�À�A�Á�JLÀ��ÇF¼JLÀ�F¼A.û�JLC�>�F¼?BJLC

f ∈ F
F¼A@KBKBA.¿�À�A

(µ, f) = 0
*u?BK{A�ü�?BD F¼A

g ∈ F
F¼A@KBKBA�¿�À�A�Á�JLÀ��EF¼JLÀ�F

r ∈ N
A�FnÁ�JLÀ��EF¼JLÀ�F

x ∈ S
* |Qrf(x)| ≤ αrg(x)

Á�JLÀ��4À�C
α ∈ (0, 1)

7
<	JLÀ�DEKBA@DEI�;	Á�J�F¼I	(@DÄA@DS
�I¢7 ?v� �e
�I¢7 Â	?v�9A�F ¼]½ Ôk¾ *²C�JLÀ�D4>@JL¾Z¾ZA@C	�@JLC�D�Á²���E½�F�����KB?B�0À�C�A�?BC��½@M&��KB?ÃF¼½`Å�A@D~¾ZJL¾ZA@C&F¼D�Á�JLÀ��~K ��¾ZJ7;LA@C�C�A A@¾ZÁ�?B�Ä?B¿�À�A

MGr(f)
*
f ∈ B(S)

78�EJLÀ�D~¾ZJLC&F¼�ÄJLC�D��KBJL�ÄD0KBAÇF¼I�½@JL�E(@¾ZAnDÄÀ�?ÃÂ���C&Fr7
�Cä~¬�=´�³	«Uµ Ô/:[Þ�:[ò�:¿Y iLk�nwo[f�nµV"¸�hjiLlBVjb�n7f�nÀ´DV	|[r ·.A\´DV	|[{7r ·�felÂÁ)Ã ¾@Ä g$n7iLrvl

f ∈ F
lmfeoIt+kjf

(µ, f) = 0
|A^�o[iLdGn�g)hjiLk�dVlmiLk�l

r ∈ N

E

[(
MGr(f)

)4] ≤





c
(

1
4

)r ner
α2 < 1

2

cr2
(

1
4

)r ner
α2 = 1

2

cα4r
ner

α2 > 1
2


 � 7½�	7½ÚM�

i.S=o}a�p�iLx'nel a�xjlmf:hji7nervlyrv{�f
c
~qzmhjfex5~�~qf

α
fel
f
|

ú~�;Á��ÄA@À�ÂLAÇÅ�ÀkG0I�½@JL�E(@¾ZA � 7½�	7 �;�ÄA@Á�JLDÄA4A@DÄDÄA@C&F¼?BA@KBKBA@¾ZA@C&F9DÄÀ��9Å�A@À	ükÁ�JL?BC&F¼D�ø�À�Cä>r��KB>@À�KA�ü�Á�KB?B>@?ÃF¼A(Å�ÀV¾ZJL¾ZA@C&F#Å)% JL�ÄÅ��ÄA´�QÅ�A
MGr(f)

Â	? �QÅ�A@D¤>@JLC�Å�?ÃF¼?BJLC�C�A@¾ZA@C&F¼D#DÄÀ�>@>@A@DÄDÄ?Ãû�D
A�F.À�C >@JLC&F¼�E�LKBAkÅ�A@D�Å�?}Tu½@�ÄA@C&F¼D�F¼A@�Ä¾ZA@D.��Á�Á²���¼��?BDÄD¼��C&F�Å²��C�D.>@Ak>r��KB>@À�KK*�Â	? �¤KK% À�F¼?BKB?BD¼�»F¼?BJLCÅ�A@D4I�;	Á�J�F¼I	(@DÄA@D�
�I¢7 ?v� �e
�I¢7 Â	?v�9A�F ¼]½ Ôk¾ 7=�HJLÀ��EKBA;>r��KB>@À�K�A�ü�Á�KB?B>@?ÃF¼AnÅ�À�¾ZJL¾ZA@C&FEÅ)% JL�ÄÅ��ÄAQ�Å�A

MGr(f)
*=C�JLÀ�D4À�F¼?BKB?BDÄJLC�D0?BC&F¼A@C�DÄ½@¾ZA@C&FS
��rÂLA@>.À�C�A�KB½@MM(@�ÄA�¾ZJ	Å�?}&²>r�»F¼?BJLCÌF¼JLÀ�F¼A�û�JL?BD���KBA
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>r��KB>@À�K`A�ü�Á�KB?B>@?ÃF¼A.Å�ÀW¾ZJL¾ZA@C&FnÅ)% JL�ÄÅ��ÄA�Å�A@À	üWÅ�A
MGr(f)

û���?ÃFÇÁ²���  À';LJLC¢7A�EJ�F¼JLC�D;¿�À�AK ��¾Z½�F¼I�J	Å�A;¿�À�A�C�JLÀ�DEÀ�F¼?BKB?BDÄJLC�D0Á�JLÀ���>@A�>r��KB>@À�K�ML½@C�½@�¼��KB?BDÄAÇF¼�E(@D/��?BA@C¤>@A@KBKBA;À�F¼?BKB?BDÄ½@AnÁ²���
 À';LJLC¢7=¶4A�Á�KBÀ�D+*²?BK¢A@D F4Á�JLDÄDÄ?[��KBAnÁ²����C�J�F¼�ÄA;Á��ÄJ	>@½@Å�½�Å�A;>r��KB>@À�KBA@�0KBA@D�¾ZJL¾ZA@C&F¼D0Å)% JL�ÄÅ��ÄA
DÄÀ�Á�½@�Ä?BA@À��C
���À#Á��Ä? ü#Å)% ½@C�JL�Ä¾ZAn>r��KB>@À�KBD0>@A@� F¼A@D���7
þ9JL¾Z¾ZAÇ>@JLC�DÄ½@¿�À�A@C�>@A.Å�À¤G0I�½@JL�E(@¾ZA � 7½�	7 �'*�C�JLÀ�DE�rÂLJLC�DEKBAn>@JL�ÄJLKBK ��?B�ÄAEDÄÀ�?ÃÂ���C&Fr7

Å =´��±�±�°²ª�´�µ Ô/:[Þ�: ì :HY k7h�hji7n7iLx'nVo[f�nQV"¸�hjiLlBVjb�n7f�nG´DV	|[r ·.A\´DV	|[{7r ·cfel²Á)Ã ¾@Ä {�zed9r s:z�f�n>|´ r ·¹OIiLk�dVlmiLk�l
f ∈ F

g)hjiLk�dVlmiLk�l
δ > 0

felAhjiLk�dVlmiLk�l
r ∈ N

g�iLx�a

P

(∣∣MTr(f) − (µ, f)
∣∣ > δ

)
≤





c
δ4

(
1
4

)r+1 ner
α2 < 1

2

c
δ4
r2
(

1
4

)r+1 ner
α2 = 1

2

c
δ4
α4(r+1)

ner
α2 > 1

2
,i.S=o}awp�iLx'nel a�xjlmf�hji7nervlyrv{�f

c
~qzmhjfex5~c~qf

α
fel
f
|´ rvr · Y iLrvl

f ∈ B(S3)
lmfeojt+kjf

Pf
g
Pf 2

fel
Pf 4

f]?Mr[nelmfexjl�fel�a9h�h	a�d9lyrKfexjxBfexjlmE
F
|'^�o[iLdGn

hjiLk�dVlmiLk�l
δ > 0

felAhjiLk�dVlmiLk�l
r ∈ N

g�iLx�a

P

(∣∣MTr(f − Pf)
∣∣ > δ

)
≤ c

δ4

(
1

4

)r+1

i.S=o}awp�iLx'nel a�xjlmf�hji7nervlyrv{�f
c
~qzmhjfex5~c~qf

α
fel
f
|

ú�A�G0I�½@JL�E(@¾ZA � 7½�	7 �äC�JLÀ�D;Á�A@�Ä¾ZA�FnÁ²���nK �äDÄÀ�?ÃF¼A.Å)% ½�F�����KB?B�ÇÀ�C�A�KBJL?Hû�JL� F¼A.Å�A@D;ML�¼��C�Å�D
C�JL¾4���ÄA@DnÁ�JLÀ��nK �k¾ZJ7;LA@C�C�A|A@¾ZÁ�?B�Ä?B¿�À�A

M
Π

n (f)
KBJL�ÄDÄ¿�À�A

f ∈ B(S)
7A�EJLÀ�Dn>@JL¾ZÁ�KB½�F¼JLC�D��?BC�DÄ?�KBA@D0�Ä½@DÄÀ�KÃF��»F¼D�Å�A  À';LJLC¤JM�¤K ��KBJL?uû�JL� F¼AnÅ�A@DEML�¼��C�Å�DEC�JL¾4���ÄA@D�C)% �rÂ���?ÃF�½�F¼½�Å�JLC�C�½@A¿�À�A�Á�JLÀ��

MGr(f)
A�F
MTr(f)

7P�EJLÀ�DZ½�F�����KB?BDÄDÄJLC�Dk��À�DÄDÄ?�Å²��C�DZK �(û�JLÀ�KB½@A�*P3,KK% ��?BÅ�AÌÅ�A>@A�FÄF¼A¤KBJL?�Å�A@DZML�¼��C�Å�D|C�JL¾4���ÄA@D+*bÀ�C�A#KBJL?�Å�À/KBJLM&���Ä?ÃF¼I�¾ZAk?ÃF¼½@�Ä½ÌA�FkÀ�CQF¼I�½@JL�E(@¾ZA#Å�A¤K �
KB?B¾Z?ÃF¼A.>@A@C&F¼�¼��KBAkÁ��ÄA@DÄ¿�À�AÌDER��ÄAZû�JLC�>�F¼?BJLC�C�A@KBKBA|Á�JLÀ��

MΠ
n (f − Pf)

KBJL�ÄDÄ¿�À�A
f ∈ B(S3)

7þ9A@DE�Ä½@DÄÀ�KÃF��»F¼D0DÄJLC&F4>@JLC&F¼A@C�À�DEÅ²��C�D�KBAÇF¼I�½@JL�E(@¾ZA;DÄÀ�?ÃÂ���C&Fr7
�Cä~¬�=´�³	«Uµ Ô/:[Þ�: × :HY k7h�hji7n7iLx'nQt+kjf

F
{�zed9r s:fVo[f�nQV"¸�hjiLlBVjb�n7f�nG´DV	|[r ·.A\´DV	|[{7r ·cfel:t+kjfQoEu V"¸.A

hjiLlBVjb�n7fÂÁ)Ã ¾@Ä f�nel�n>a�lyr[nN=+a�rvlmfCa�{�f�p
α ∈ (0, 4

√
8/2)

|A^�o[iLdGn8Æ
´ r ·¹OIiLk�d�lmiLk�l

f ∈ F
g
M

Π

n (f)
p�iLxj{�fed[TqfQh5dGf�n>t+kjfcnx»�dGfe_cfexjl�{�fedGn

(µ, f)
t+k	a�x5~

nlmfex5~c{�fedGnVoEu rvx>sPxjry|´ rvr ·¹OIiLk�d�lmiLk�l
f ∈ B(S3)

lmfeoUt+kjf
Pf
g
Pf 2

fel
Pf 4

f]?Mr[nelmfexjl�fel�a9h�h	a�d9lyrKfexjxBfexjl(E
F
g:iLx´a

lim sup
n→∞

MΠ
n (f − Pf)√
2n log logn

=
√

(µ, Pf 2 − (Pf)2) a.s.

´ rvrvr ·ÇOIiLk�d4lmiLk�l
f ∈ B(S3)

lmfeo�t+kjf
Pf
g
Pf 2

fel
Pf 4

f]?Mr[nelmfexjl/fel/a9h�h	a�d9lyrKfexjxBfexjlME
F
g
MΠ

n (f − Pf)
{�zed9r s:f4k�x´lBVjz�iLdGbe_cfS~qf4o}awo©rv_�rvlmfSp�fexjlydEa�o[f/h5dGf�n>t+kjfQnx»�dGf9=>iLxBpxA

lyrKiLxjxBfeovo[fCt+k	a�x5~
n
lmfex5~c{�fedGnVoEu rvx>sPxjry|>ÈDxch	a�d9lyrKpek�o©rKfedGg)hji7n7iLx'n

s2 = (µ, Pf 2 − (Pf)2).

� _



^�o[iLdGn

lim
n→+∞

1

log(s2n)

n∑

k=1

1

k + 1
δ{MΠ

k
(f−Pf)

s
√

k

} = N (0, 1) p.s.,

 � 7½�	7 î��

i.S N (0, 1)
f�nel«o}a�o[iLrNxBiLd9_�a�o[fInel a�x5~�a�dE~Cnek�d

R
gUfel«o}acp�iLxj{�fed[TqfexBp�fVf�nel«o}acp�iLxj{�fed\ATqfexBp�f4zelydGiLrvlmf4~qf�nV_cf�nek�dGf�n�nek�d

R
|

�äµ	«U°�´Là)�~µ Ô/:[Þ�:[ô�:(Y iLrvl
(Mn, n ≥ 0)

k�xBf�_�a�d9lyrvx"T�a�o[fCdGz�feovo[f�p�fexjlydGz�f>|H¯:x´xBiLlmf
F
n>a

sPo©lydEa�lyrKiLx"x5a�lyk�dGfeovo[f>|
(Mn, n ≥ 0)

{�zed9r s:fSk�x"lBVjz�iLdGbe_cfc~qfSo}a=o©rv_�rvlmf�p�fexjlydEa�o[f$h5dGf�n>t+kjf
nx»�dGf8=>iLxBpelyrKiLxjxBfeovo[fwner<ÆUhjiLk�d�k�xBf=nek�rvlmf´pedGiLr[n�n>a�xjlmf

(Vn)n≥0

~qf�{La�d9ryaLF+o[f�n�a�o[zGa�lmiLrvdGf�n
F
A[h5dGze{7r[nerDF+o[fCfelAhjiLk�d:h5dGf�n>t+kjfQlmiLk�l

ω
gPo[f�nQ_cf�nek�dGf�nCa�o[zGa�lmiLrvdGf�n:hjiLx5~qzedGz�f�n8Æ

WN(ω, •) = (log V 2
N)−1

N∑

n=1

(
1 − V 2

n

V 2
n+1

)
δ{Ψn(ω)∈•}

a8n�n7i7perKz�f�nQa�k@?Qh5dGi7p�f�n�nek�n4p�iLxjlyrvxjk�n
Ψn(ω) = {Ψn(ω, t), 0 ≤ t ≤ 1} ~qz·sPxjr[nDh	a�d8Æ

Ψn(ω, t) = V −1
n {Mk + (V 2

k+1 − V 2
k )−1(tV 2

n − V 2
k )(Mk+1 −Mk)},o[iLdGn>t+kjf

V 2
k ≤ tV 2

n < V 2
k+1

g
0 ≤ k ≤ n− 1

p�iLxj{�fed[TqfexjlUzelydGiLrvlmfe_cfexjl�{�fedGn�o}a�_cf�nek�dGfQ~qfÉ rKfexBfed$nek�d C([0, 1],R)
|

�äµ	«U°�´Là)�~µ Ô/:[Þ�:³ý:
´)Ê\·¹Ë�a9h�hjfeo[iLx'nStYu k�xBf4nek�rvlmfc~qf�_cf�nek�dGf�n:sPxjrKf�n

(νn)n∈N

nek�d
(S,S)

p�iLxj{�fed[TqfczelydGiLrBA
lmfe_cfexjlU{�fedGnVk�xBfQ_cf�nek�dGf�sPxjrKf

ν
nek�d

(S,S)
ner

∫

S

fdνn →
n→+∞

∫

S

fdν

hjiLk�dVlmiLk�lmf�=>iLxBpelyrKiLx�dGz�feovo[f�p�iLxjlyrvxjkjf8F9iLd9xBz�f
f
nek�d

S
|´ÍÌ�·¹IAa�o©rv_�rvlmfµ´)Ê�|«Ì�|ÏÎx·$hjfek�l�fexBp�iLdGf<ÐelydGfQdGz�z�ped9rvlmf$n7iLk�nQo}aH=>iLd9_cf

lim
n→+∞

1

log(s2n)

n∑

k=1

1

k + 1
1{MΠ

k (f−Pf)≤sx
√
k} = Φ(x) p.s.,

i.S
Φ(x) = 1√

2π

∫ x
−∞ exp(− t2

2
)dt

f�nel/o}a�=>iLxBpelyrKiLx pek�_�k�o}a�lyrv{�fc~qfSo}a=o[iLr�xBiLd9_�a�o[f
nel a�x5~�a�dE~�|

Ñ K ��&²CQÅ�A#K �W<	A@>�F¼?BJLC¶�	7½��*`C�JLÀ�D|½�F�����KB?BDÄDÄJLC�D�Å�A@D|?BC�½@M&��KB?ÃF¼½@D�Å�A#Å�½�Â	? �»F¼?BJLC�D�
�C�JLC
A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D�� Á�JLÀ��0KBA@D�¾ZJ7;LA@C�C�A@D�A@¾ZÁ�?B�Ä?B¿�À�A@D

MGr(f)
*
MTr(f)

A�F
M

Π

n (f)
7²þ9A@D�?BC��

½@M&��KB?ÃF¼½@D.C�JLÀ�D�DÄJLC&F|À�F¼?BKBA@D.Á²����K ��DÄÀ�?ÃF¼AÌÁ�JLÀ���¾ZJLC&F¼�ÄA@�.À�C[�b¶n¹ Á�JLÀ��
M

Π

n (f − Pf)KBJL�ÄDÄ¿�À�A
f ∈ B(S3)

7)�EJLÀ�DÇÀ�F¼?BKB?BDÄJLC�D4À�C�A.?BC�½@M&��KB?ÃF¼½�Å�A|¹����EZ�JvÂN>@K ��DÄDÄ?B¿�À�A�Á�JLÀ��4½�F�����KB?B�
KBA@D�?BC�½@M&��KB?ÃF¼½@D;Å�AäÅ�½�Â	? �»F¼?BJLC�D@7��EJLÀ�D�C�JLÀ�D.DÄJL¾Z¾ZA@D��ÄA@D F¼�ÄA@?BC&F¼D�3�À�C >@JLC&F¼�E�LKBAkÅ�A@D.¾ZJL�¾ZA@C&F¼DyÅ)% JL�ÄÅ��ÄA/�	7&ú~�n�¼��?BDÄJLC.Á��Ä?BC�>@?BÁ²��KBA9Á�JLÀ��y>@A@K �4û�À�Fb¿�À�A0C�JLÀ�DbC�JLÀ�Dy�ÄA@C�Å'� ¾ZA@Dy>@JL¾ZÁ�F¼A
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¿�À�A.KK% À�F¼?BKB?BD¼�»F¼?BJLCäÅ�A@DÇ¾ZJL¾ZA@C&F¼DEÅ)% JL�ÄÅ��ÄA@D4DÄÀ�Á�½@�Ä?BA@À��ÄDÇC)% ��¾Z½@KB?BJL�¼��?ÃF0Á²��D4K ��Â	?ÃF¼A@DÄDÄA.Å²��C�DKBAk�b¶n¹,7b¹���?BD;F¼JLÀ�F¼A�û�JL?BD+*HKBAZÁ��ÄJ	>@½@Å�½ä¿�À�AäC�JLÀ�D.�rÂLJLC�D.Å�½�ÂLA@KBJLÁ�Á�A@�.Á�JLÀ���>r��KB>@À�KBA@��KBA@D¾ZJL¾ZA@C&F¼D;Å�A
MGr(f)

Á�A@À�FC6�F¼�ÄAZÀ�F¼?BKB?BDÄ½�Á�JLÀ�����¾Z½@KB?BJL�ÄA@�nK �Ì¿�À²��KB?ÃF¼½|Å�A@D�?BC�½@M&��KB?ÃF¼½@DnÅ�A
Å�½�Â	? �»F¼?BJLC�D�KBJL�ÄDÄ¿�À�A

f ∈ B(S)
7j�EJLÀ�D0D2;	C&F¼I�½�F¼?BDÄJLC�D�Å²��C�D0KBA4F¼I�½@JL�E(@¾ZAÇ¿�À�?¢DÄÀ�?ÃF0¿�À�A@KB¿�À�AÀ�C¤Å�A;>@A@DE�Ä½@DÄÀ�KÃF��»F¼D@7

�Cä~¬�=´�³	«Uµ Ô/:[Þ�: í :HY iLk�nQo[f�nQV"¸�hjiLlBVjb�n7f�nG´DV	|[r ·.A\´DV	|[{7r ·cfel²Á)Ã ¾@Ä iLx�aÇÆ´ r ·¹OIiLk�dVlmiLk�l
f ∈ F

g)hjiLk�dVlmiLk�l
δ > 0

felAhjiLk�dVlmiLk�l
n ∈ N

g

P

(∣∣MΠ

n (f) − (µ, f)
∣∣ > δ

)
≤





c
δ2

(
1
2

)rn+1 r =
α2 < 1

2

c
δ2
rn
(

1
2

)rn+1 r =
α2 = 1

2

c
δ2
α2(rn+1)

r =
α2 > 1

2
,

i.S=o}awp�iLx'nel a�xjlmf�hji7nervlyrv{�f
c
~qzmhjfex5~c~qf

α
fel
f
|´ rvr · Y iLrvl

f ∈ B(S3)
lmfeo�t+kjf

Pf
g
Pf 2

fel
Pf 4

f]?Mr[nelmfexjlSfel�a9h�h	a�d9lyrKfexjxBfexjl<E
F
|Y iLrvl

(bn)
k�xBf�nek�rvlmfQpedGiLr[n�n>a�xjlmf�~qf$xBiL_GF+dGf�dGz�feo nUhji7nervlyr =Gn�lmfeovo[fVt+kjf √

n = o(bn)
fel

bn = o(
√
n log n)

| Y r

lim sup
n→∞

n

b2n
log

(
n ess sup

1≤k≤c−1(bn+1)

P

(∣∣(f − Pf)
(
∆Π(k)

) ∣∣ > bn

∣∣∣Hk−1

))
= −∞,

i.S
c−1(bn+1) := inf

{
k ∈ N : k

bk
≥ bn+1

} g�a�o[iLdGn (
MΠ

n (f − Pf)/bn

) n>a�lyr[nxA
=+a�rvl/k�xÒO�RQ±Å~�a�x'n

R
~qf�{7rvlmf�n�n7f

b2n/n
fel$~qfÓF9iLxjxBf&=>iLxBpelyrKiLxJ~qf�l a�k@?

I(x) =
x2

2(µ, Pf 2 − (Pf)2)

|
�äµ	«U°�´Là)�~µ Ô/:[Þ�:«��:�Y iLk�o©rUT�xBiLx'n�t+kjf�o}a�~�rKpqVjiLlmiL_�rKfwa�k�lmiLk�d�~qf�o}a�{La�o[fek�d

α2 = 1/2
g´�Ô�Vjz�iLdGbe_cf�Ê�|«Ì�|ÏÕwfel²Ô�Vjz�iLdGbe_cf¿Ê�|«Ì�|ÏÎx·7gUa9h�h	a�dEa@°vl�x5a�lyk�dGfeovo[fe_cfexjlU~�a�x'n�o[f�n4pGa�o[pek�o n>|�ÈDovo[f

f�nelUo©rKz�f8Eco}aSnelyd9kjpelyk�dGf<F+rvx5a�rvdGfC~�k�h5dGi7p�f�n�nek�n>|
• �EJLÀ�D4AeTuA@>�F¼À�JLC�DÇÅ²��C�DÇK �k<	A@>�F¼?BJLC��	7 �ZKBA�¾�6@¾ZA;F¼�¼�rÂ���?BK�¿�À)% 3äK ��&²CNÅ�A�K �ä<	A@>�F¼?BJLC�	7½��* >�% A@D F2��38� Å�?B�ÄA¤C�JLÀ�Dk½�F�����KB?BDÄDÄJLC�DZÅ�A@Dä?BC�½@M&��KB?ÃF¼½@D|Å�A�Å�½�Â	? �»F¼?BJLC�Dk��?BC�DÄ?�¿�À)% À�C��b¶n¹,7

¹���?BD4>@A�FÄF¼A�û�JL?BD+*�C�JLÀ�D4F¼�¼�rÂ���?BKBKBJLC�D��rÂLA@>�Å�A@D4û�JLC�>�F¼?BJLC�D���JL�ÄC�½@A@DS
���Á�Á²��� F¼A@C²��C&FV3 Bb(S)JLÀ�3 Bb(S3)
��7��EJLÀ�D DÄÀ�Á�Á�JLDÄJLC�D9A@CkÁ�KBÀ�D ¿�À�AEK �;>�I²�L� C�AEÅ�AÇ¹����EZ�JvÂ

(Yr, r ∈ N)
A@D F�À�C�?��û�JL�Ä¾Z½@¾ZA@C&F{ML½@JL¾Z½�F¼�Ä?B¿�À�A@¾ZA@C&FHA@�ÄMLJ	Å�?B¿�À�A�7��yKBÀ�DHÁ��Ä½@>@?BDÄ½@¾ZA@C&F>*�C�JLÀ�DHû���?BDÄJLC�D~KK% I�;	Á�J�F¼I	(@DÄADÄÀ�?ÃÂ���C&F¼A�7

¼]½ Þ�¾ È K`A�ü�?BD F¼A.À�C�A�¾ZA@DÄÀ��ÄA�Å�A.Á��ÄJM�²����?BKB?ÃF¼½
µ
DÄÀ��

(S,S)
F¼A@KBKBA�¿�À�A�Á�JLÀ��4F¼JLÀ�F

f ∈
Bb(S)

*�?BK¢A�ü�?BD F¼A;À�C�A;>@JLC�D F���C&F¼A�Á�JLDÄ?ÃF¼?ÃÂLA
c
F¼A@KBKBAn¿�À�A

|Qr(f)(x) − (µ, f)| ≤ cαr
Á�JLÀ��0À�C

α ∈ (0, 1)
A�FEÁ�JLÀ���F¼JLÀ�F

x ∈ S.

�Ä�



�EJLÀ�Dn�¼��Á�Á�A@KBJLC�Dn¿�À�A|Å²��C�Dn>@A@D;>@JLC�Å�?ÃF¼?BJLC�D+* Bb(S)
ÂL½@�Ä?}&²A�KBA@DnI�;	Á�J�F¼I	(@DÄA@D�
�I¢7 ?v� �e
�I¢7 Â	?v��7<	JLÀ�D0KK% I�;	Á�J�F¼I	(@DÄA ¼]½ Þ�¾ *�C�JLÀ�D0JM��F¼A@C�JLC�D���KBJL�ÄD�Å�A@D�?BC�½@M&��KB?ÃF¼½@D9Å�AnÅ�½�Â	? �»F¼?BJLC�D�A�ü�Á�JLC�A@C��

F¼?BA@KBKBA@D`Á�JLÀ��yKBA@Db¾ZJ7;LA@C�C�A@D A@¾ZÁ�?B�Ä?B¿�À�A@D
MGr(f)

*
MTr(f)

A�F
M

Π

n (f)
*���?BC�DÄ?�¿�À)% À�Ck�b¶n¹

Á�JLÀ��
M

Π

n (f − Pf)
KBJL�ÄDÄ¿�À�A

f ∈ Bb(S3)
7?�ÇCU�#Á�KBÀ�D;Á��Ä½@>@?BDÄ½@¾ZA@C&F�KBA|�Ä½@DÄÀ�KÃF��»F;Á²��� F¼?BA@KDÄÀ�?ÃÂ���C&Fr7

�Cä~¬�=´�³	«Uµ Ô/:[Þ�:yÔqó>: ¯:x�nek7h�hji7n7fVoEu V"¸�hjiLlBVjb�n7fÂÁ)Ã�Ö Ä n>a�lyr[nN=+a�rvlmf>|´ r ·¹OIiLk�dVlmiLk�l
f ∈ Bb(S)

felAhjiLk�dVlmiLk�l
δ > 0

iLx�a
P

(
M

Π

n (f) − (µ, f) > δ
)

≤





exp (c′′δ) exp (−c′δ2n) , ∀n ∈ N,
ner
α < 1

2
,

exp (2c′δ(rn + 1)) exp (−c′δ2n) , ∀n ∈ N,
ner
α = 1

2

g

exp (−c′δ2n) , ∀n ∈ N
lmfeo?t+kjf

rn > r0,
ner 1

2
< α <

√
2

2
,

exp
(
−c′δ2 n

rn+1

)
, ∀n ∈ N

lmfeo?t+kjf
rn > r0,

ner
α =

√
2

2
,

exp
(
−c′δ2 1

α2(rn+1)

)
, ∀n ∈ N

∗ lmfeo?t+kjf rn > r0 − 2,
ner
α >

√
2

2
,i.S

r0 := log
(
δ
c0

)
/ log(α)

g�fel
c0
g
c′
fel
c′′
n7iLxjl:~qf�n�p�iLx'nel a�xjlmf�n�hji7nervlyrv{�f�n4~qzmhjfex/A

~�a�xjlvnC~qf
α
g ‖f‖∞ fel

c
|´ rvr · Y iLrvl

(bn)
k�xBf�nek�rvlmf�pedGiLr[n�n>a�xjlmfC~qfQxBiL_GF+dGf�nDhji7nervlyr =GnQdGz�feo nVlmfeovo[f4t+kjf

W bn√
n
−→ +∞,W ner α2 < 1

2

gUo}aSnek�rvlmf
(bn)

f�nelUlmfeovo[fCt+kjf
bn/n −→ 0

g
W ner α2 = 1

2

gUo}aSnek�rvlmf
(bn)

f�nelUlmfeovo[fCt+kjf
(bn log n)/n −→ 0

g
W ner α2 > 1

2

gUo}aSnek�rvlmf
(bn)

f�nelUlmfeovo[fCt+kjf
(bnα

rn+1)/
√
n −→ 0.^�o[iLdGn�gNhjiLk�dQlmiLk�l

f ∈ Bb(S3)
g (
MΠ

n (f − Pf)/bn

) n>a�lyr[nN=+a�rvl&E�k�x2O�RQ± ~�a�x'n
S

~qfV{7rvlmf�n�n7f
b2n/n

fel:~qf<F9iLxjxBfª=>iLxBpelyrKiLx�~qfQl a�k@?
I(x) =

x2

2(µ, Pf 2 − (Pf)2)

|
�EJ�F¼JLC�D�¿�À�A�KBA@DE?BC�½@M&��KB?ÃF¼½@D�JM��F¼A@C�À�D4Á�JLÀ��

MGr(f)
A�F
MTr(f)

DÄJLC&F4Å�À�¾�6@¾ZA;D Fm;	KBA¿�À�AÇ>@A@KBKBA@D JM��F¼A@C�À�A@D�Å²��C�D9KBAEG0I�½@JL�E(@¾ZA � 7½�	7 � ñ�7	ú�A@D9�Ä½@DÄÀ�KÃF��»F¼D9JM��F¼A@C�À�D�Å²��C�D9>@A�FÄF¼An<	A@>9�F¼?BJLC|DÄJLC&F9C�A�FÄF¼A@¾ZA@C&F9¾ZA@?BKBKBA@À��ÄD{¿�À�AE>@A@À	ükÅ�A�K ��<	A@>�F¼?BJLC��	7½�	7	¹���?BDbKBA0Á��Ä? ü�3nÁ²�>;LA@�9Á�JLÀ��>@A�FÄF¼A#��¾Z½@KB?BJL�¼�»F¼?BJLC(A@D F|KK% ?BC&F¼�ÄJ	Å�À�>�F¼?BJLC,Å)% I�;	Á�J�F¼I	(@DÄA@D�û�JL� F¼A@D�
�A@�ÄMLJ	Å�?B>@?ÃF¼½ZML½@JL¾Z½�F¼�Ä?B¿�À�AÀ�C�?Ãû�JL�Ä¾ZA�*�û�JLC�>�F¼?BJLC�C�A@KBKBA@D���JL�ÄC�½@A@D���7~ú~�ÌÁ��ÄA@À�ÂLA|Å�A|K �kÁ²��� F¼?BA=
�?v��Å�À,G0I�½@JL�E(@¾ZA � 7½�	7 � ñÀ�F¼?BKB?BDÄA;?BC&F¼A@C�DÄ?ÃÂLA@¾ZA@C&FnKK% ?BC�½@M&��KB?ÃF¼½ÇÅ)% ¸�<@À�¾k�8��ý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�M	*=KBA;û���?ÃF4¿�À�A�>@JLC�Å�?ÃF¼?BJLC��
C�A@KBKBA@¾ZA@C&FI3 Frn

KBA@D�F¼�Ä?BÁ�KBA�F¼D {(Xi, X2i, X2i+1), i ∈ Grn}
DÄJLC&FE?BC�Å�½@Á�A@C�Å²��C&F¼DC
�>@A@>@?~A@D FÀ�C�A¤>@JLC�DÄ½@¿�À�A@C�>@ANÅ�A#K �(Á��ÄJLÁ��Ä?B½�F¼½ÌÅ�AN¹����EZ�JvÂ	��A�FZÅ�A@DZ>@JLC�Å�?ÃF¼?BJLC�C�A@¾ZA@C&F¼D|DÄÀ�>@>@A@DÄDÄ?Ãû�DÁ�JLÀ��9>@JLC&F¼�E�LKBA@� KBA@D9¾ZJL¾ZA@C&F¼D A�ü�Á�JLC�A@C&F¼?BA@KBD9Å�A@D�DÄJL¾Z¾ZA@D
MΠ

n (f)
7	�HJLÀ��9K ��Á��ÄA@À�ÂLAÇÅ�AÇK �
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Á²��� F¼?BA�
�?B?v�9*²C�JLÀ�DÇÀ�F¼?BKB?BDÄJLC�D�KBA;û���?ÃFE¿�À�A
(MΠ

n (f − Pf))
A@D FnÀ�C�A.¾k��� F¼?BC�M&��KBA�7j�EJLÀ�DÇ��Á��Á�KB?B¿�À�JLC�D���KBJL�ÄD9KBA@D��Ä½@DÄÀ�KÃF��»F¼D�>@JLC�C�À�D�DÄÀ���KBAn�b¶n¹ Å�A@D0¾k��� F¼?BC�M&��KBA@DH+ ���@-K*�+ �Mî.-K*�+ �M� �0-ó7�ú�AÁ�JL?BC&F9A@DÄDÄA@C&F¼?BA@K¢?B>@?=A@D F0Å�AÇ¾ZJLC&F¼�ÄA@� K ��>@JLC&ÂLA@�ÄMLA@C�>@A;DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA4Å�Àä>@�ÄJ	>�I�A�F0Å�A

K �Z¾k��� F¼?BC�M&��KBA�7=þ9A�FÄF¼A.>@JLC&ÂLA@�ÄMLA@C�>@A|A@D FÇJM��F¼A@C�À�AS3ZKK% ��?BÅ�A�Å�A@DÇ?BC�½@M&��KB?ÃF¼½@D�Å�A�Å�½�Â	? �»F¼?BJLC�DÅ�A;K ��Á²��� F¼?BAS
�?v��7
�äµ	«U°�´Là)�~µ Ô/:[Þ�:yÔYÔ/:µ; xBfK=>iLr[nQ~qf:h5o©k�n�gvn7iLk�o©rUT�xBiLx'nVt+kjfVo}a�~�rKpqVjiLlmiL_�rKfVa�k�lmiLk�dC~qf�n�{La@A
o[fek�dGn

α = 1/2
fel
α2 = 1/2

g`´�Ô�Vjz�iLdGbe_cfÂÊ�|«Ì�|BÊ�×q·7g�a9h�h	a�dEa@°vl�x5a�lyk�dGfeovo[fe_cfexjlV~�a�x'nco[f�n
pGa�o[pek�o n>|>ÈDovo[f�f�nelUo©rKz�f8Eco}a�nelyd9kjpelyk�dGf`F+rvx5a�rvdGfC~�k�h5dGi7p�f�n�nek�n>|

• ¶Ç��C�DÌK �P<	A@>�F¼?BJLCµ�	7 �	* C�JLÀ�D#��Á�Á�KB?B¿�À�JLC�DZF¼JLÀ�Dä>@A@DÌ�Ä½@DÄÀ�KÃF��»F¼DÌ��À!>r��DÌÁ²��� F¼?B>@À�KB?BA@�Å�A@DnÁ��ÄJ	>@A@DÄDÄÀ�D;ý9¸Ç:C
 � ��7B�EJLÀ�D4F¼�¼�rÂ���?BKBKBJLC�D�Å²��C�DÇÅ�A@À	ü(>r��Å��ÄA@D@7�¶Ç��C�DÇKBA�Á��ÄA@¾Z?BA@�+*�C�JLÀ�DDÄÀ�Á�Á�JLDÄJLC�D4¿�À�A�KBA;Á��ÄJ	>@A@DÄDÄÀ�Dný9¸Ç:C
 � ��A@D FÇÅ�½e&²C�?H>@JL¾Z¾ZA�
 � 7½�	7 � �9*=>�% A@D F2��38� Å�?B�ÄA��rÂLA@>�À�C
���ÄÀ�?ÃF�M&��À�DÄDÄ?BA@C¢7�¶Ç��C�D�KBA4Å�A@À	ü�?[(@¾ZA�*�C�JLÀ�D�DÄÀ�Á�Á�JLDÄJLC�D0¿�À�AÇK ��DÄÀ�?ÃF¼A4Å�A$���ÄÀ�?ÃF¼D+*���?BC�DÄ?u¿�À�AK �#Â���KBA@À���?BC�?ÃF¼? ��KBA

X1
DÄJLC&FS3�Â���KBA@À��ÄD�Å²��C�D.À�CPA@C�DÄA@¾4��KBAä>@JL¾ZÁ²��>�F � >@A�FÄF¼AÌI�;	Á�J�F¼I	(@DÄAA@C&F¼�¼�L� C�A;>@K ��?B�ÄA@¾ZA@C&F�¿�À�A�KBAnÁ��ÄJ	>@A@DÄDÄÀ�D

(Xn, n ∈ T)
A@D F/��JL�ÄC�½�7=¶Ç��C�DEKBA@D�Å�A@À	ü¤>r��Å��ÄA@D+*

C�JLÀ�D�¾ZJLC&F¼�ÄJLC�Dn¿�À�AZKBA@D;A@D F¼?B¾k�»F¼A@À��ÄD
θ̂r
A�F

(σ̂2
r , ρ̂r)

Å�½e&²C�?BD;Á²���;KBA@D;½@¿�À²�»F¼?BJLC�Dc
 � 7½�	7½�M�A�F�
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θ̂r − θ
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χ(1)
r =

|Tr|
2σ̂2

r

{
(α̂r0 − α̂r1)

2(µ̂2
2,r − µ̂2

1,r) +
(
(α̂r0 − α̂r1)µ̂1,r + β̂r0 − β̂r1

)2
}
,



µ̂2,r µ̂1,r
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σ̂2
r
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H0 = {(α0, β0) = (α1, β1)}
A�F|DÄJLC/��KÃF¼A@�ÄC²�»F¼?ÃÂLA

H1 =
{(α0, β0) 6= (α1, β1)}
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p ∈ N∗ 7²�HJLÀ��0F¼JLÀ�F n ≥ 2p−1 *

{
X2n = a0 +

∑p
k=1 akXb n

2k−1 c + ε2n

X2n+1 = b0 +
∑p

k=1 bkXb n

2k−1 c + ε2n+1,
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(a0, a1, · · · , ap)
A�F

(b0, b1, · · · , bp)
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n ≥ 2p−1 * {

X2n = AXn + η2n

X2n+1 = BXn + η2n+1,
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Xn =

(
Xn, Xbn

2
c, · · · , Xb n

2p−1 c

)t *
η2n = (a0 + ε2n)e1

*
η2n+1 = (b0 + ε2n+1)e1

*	�rÂLA@>
e1 = (1, 0, · · · , 0)t ∈ Rp 7 A A�F B Å�½@DÄ?BMLC�A@C&F4KBA@D0¾k�»F¼�Ä?B>@A@D0>@JL¾ZÁ²��MLC�JLC�D

A =




a1 a2 · · · ap
1 0 · · · 0
0 . · · · .

0

777
1

777


 et B =




b1 b2 · · · bp
1 0 · · · 0
0 . · · · .

0

777
1

777


 .
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β = max(||A||, ||B||) < 1,
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M t * ‖M‖ A�F Tr(M)
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T
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Tn,p = {k ∈ Tn, k ≥ 2p} KBA.DÄJLÀ�D������E���ÄA�>@JLC�D F¼?ÃF¼À�½.Å�A.F¼JLÀ�DnKBA@Dn?BC�Å�?ÃÂ	?BÅ�À�D4Å�A�K �kML½@C�½9��¼�»F¼?BJLC
p
3kK �kML½@C�½@�¼�»F¼?BJLC

n
7A�ÇC(Á�A@À�F;JM��DÄA@� ÂLA@�n¿�À�A�*¢Á�JLÀ��4F¼JLÀ�F

n ≥ 1
*
Tn,0 = Tn

A�FÁ�JLÀ���F¼JLÀ�F
p ≥ 1

*
Tp,p = Gp

7�<	JL?ÃF

θ =




a0 b0
a1 b1777 777
ap bp
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n ≥ 2p−1 *{DÄJLÀ�D.K �#û�JL�Ä¾ZA¾k�»F¼�Ä?B>@?BA@KBKBA

Zn = θtYn + Vn,

 � 7 ��7 �q�

JM�
Zn =

(
X2n

X2n+1

)
, Yn =

(
1

Xn

)
, Vn =

(
ε2n

ε2n+1

)
.

·yCäDÄÀ�Á�Á�JLD¼��C&F�¿�À)% JLCäJM��DÄA@� ÂLA4F¼JLÀ�D KBA@D ?BC�Å�?ÃÂ	?BÅ�À�DB�ÄÀ�DÄ¿�À)% 3�K �;ML½@C�½@�¼�»F¼?BJLC
n
*�>�% A@D F2��38� Å�?B�ÄA

¿�À)% JLC¤JM��DÄA@� ÂLA�A@C&F¼?[(@�ÄA@¾ZA@C&FEKBAnDÄJLÀ�D4���E���ÄA
Tn
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θA@D FEÅ�JLC�C�½�Á²���
θ̂n = S−1

n−1

∑

k∈Tn−1,p−1

YkZ
t
k,
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p+ 1
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Sn =
∑

k∈Tn,p−1

YkY
t
k =

∑

k∈Tn,p−1

(
1 Xt

k

Xk XkX
t
k

)
.
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θ
A�F
θ̂n
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vec(θ) =




a0777
ap
b0777
bp




et vec(θ̂n) =




â0,n777
âp,n
b̂0,n777
b̂p,n




,

JLC¤JM��F¼?BA@C&F�A@C¤À�F¼?BKB?BD¼��C&FV
 � 7 ��7½�M�

θ̂n = Σ−1
n−1

∑

k∈Tn−1,p−1

vec(YkZ
t
k) = Σ−1

n−1

∑

k∈Tn−1,p−1




X2k

XkX2k

X2k+1

XkX2k+1


 ,


 � 7 ��7½ÚM�

JM�
Σn = I2 ⊗ Sn

* ⊗ �ÄA@Á��Ä½@DÄA@C&F���C&FEKBA4Á��ÄJ	Å�À�?ÃF�Å�A�On�ÄJLC�A@>�Z�A@��Å�A@D0¾k�»F¼�Ä?B>@A@D@7	È KuD+% A@C�DÄÀ�?ÃF>*A@C¤À�F¼?BKB?BD¼��C&FQ
 � 7 ��7 �q�9*�¿�À�A

θ̂n − θ = Σ−1
n−1

∑

k∈Tn−1,p−1




ε2k

ε2kXk

ε2k+1

ε2k+1Xk


 .


 � 7 ��7 î��

<	JL?ÃF
F = (Fn)

K �=&²KÃF¼�¼�»F¼?BJLC,C²�»F¼À��ÄA@KBKBAk��DÄDÄJ	>@?B½@AÌ��ÀPÁ��ÄJ	>@A@DÄDÄÀ�D|ý9¸Ç:C
�ÁY�9*{>�% A@D F2��38� Å�?B�ÄA�*
Fn = σ{Xk, k ∈ Tn}

7²<	À�Á�Á�JLDÄJLC�D�¿�À�AÇK ��DÄÀ�?ÃF¼AÇÅ�A$���ÄÀ�?ÃF {(ε2n, ε2n+1), n ∈ N∗} ÂL½@�Ä?}&²AKBA@D�I�;	Á�J�F¼I	(@DÄA@DEDÄÀ�?ÃÂ���C&F¼A@D@7

�I¢7 È2��È KyA�ü�?BD F¼A

σ2 > 0
F¼A@Ky¿�À�A�*�Á�JLÀ��ÇF¼JLÀ�F

n ≥ p − 1
A�F�Á�JLÀ��4F¼JLÀ�F

k ∈ Gn+1
*
εk��Á�Á²��� F¼?BA@C&F/3

L2 �rÂLA@>
E [εk|Fn] = 0

A�F
E
[
ε2
k|Fn

]
= σ2 Á¢7 D@7


�I¢7 ÈÄÈ2��È K�A�ü�?BD F¼A |ρ| < σ2 F¼A@K¢¿�À�A�*=Á�JLÀ���F¼JLÀ�F n ≥ p− 1
A�F�Á�JLÀ���F¼JLÀ�F

k 6= l ∈ Gn+1�rÂLA@> bk/2c = bl/2c *
E [εkεl|Fn] = ρ

Á¢7 D@7

�I¢7 ÈÄÈÄÈ2���HJLÀ��0F¼JLÀ�F

n ≥ p− 1
A�F�Á�JLÀ��0F¼JLÀ�F

k ∈ Gn+1
*
εk ∈ L4 A�F

sup
n≥p−1

sup
k∈Gn+1

E
[
ε4
k|Fn

]
<∞ Á¢7 D@7


�I¢7 È XV��È KbA�ü�?BD F¼A
τ 4 > 0

A�F
ν2 < τ 4 F¼A@Kb¿�À�A�*HÁ�JLÀ��nF¼JLÀ�F n ≥ p − 1

A�F�Á�JLÀ��;F¼JLÀ�F
k 6= l ∈ Gn+1

�rÂLA@> bk/2c = bl/2c *

E
[
ε4
k|Fn

]
= τ 4 A�F

E
[
ε2
kε

2
l |Fn

]
= ν2 Á¢7 D@7

� �




�I¢7 XV���HJLÀ��0F¼JLÀ�F
n ≥ p− 1

A�FEÁ�JLÀ���F¼JLÀ�F
k ∈ Gn+1

*
εk
��Á�Á²��� F¼?BA@C&F/3

L8 �rÂLA@>
sup
n≥p−1

sup
k∈Gn+1

E
[
ε8
k|Fn

]
<∞ Á¢7 D@7

·yC�DÄÀ�Á�Á�JLD¼��C&FÇA@C�>@JL�ÄA�¿�À)% JLC�JM��DÄA@� ÂLA�A@C&F¼?[(@�ÄA@¾ZA@C&FEF¼JLÀ�DEKBA@D�?BC�Å�?ÃÂ	?BÅ�À�D0Å�A
Tn
*=KBA@D�A@D F¼?��¾k�»F¼A@À��ÄD

σ̂2
n

A�F
ρ̂n
Å�A

σ2 A�F ρ DÄJLC&FEÅ�JLC�C�½@D�Á²���

σ̂2
n =

1

2|Tn−1|
∑

k∈Tn−1,p−1

||V̂k||2 =
1

2|Tn−1|
∑

k∈Tn−1,p−1

(ε̂2
2k + ε̂2

2k+1),

 � 7 ��7 Ø��

JM�¤Á�JLÀ���F¼JLÀ�F
n ≥ p− 1

A�FEÁ�JLÀ���F¼JLÀ�F
k ∈ Gn

*
V̂ t
k = (ε̂2k, ε̂2k+1)

t �rÂLA@>
{
ε̂2k = X2k − â0,n −

∑p
i=1 âi,nXb k

2i−1 c

ε̂2k+1 = X2k+1 − b̂0,n −
∑p

i=1 b̂i,nXb k

2i−1 c,A�F
ρ̂n =

1

|Tn−1|
∑

k∈Tn−1,p−1

ε̂2kε̂2k+1.

 � 7 ��7 � ñ��

·yCÌÀ�F¼?BKB?BD¼��C&F K �;F¼I�½@JL�Ä?BA4Å�A@D0¾k��� F¼?BC�M&��KBA@DyA�F0DÄJLÀ�D�KBA@D9I�;	Á�J�F¼I	(@DÄA@DC
�I¢7 È2� �e
�I¢7 XV�9*�ý9A@�Ä>@À¹�
¸4Ka+ � î.-�JLC&F�¾ZJLC&F¼�Ä½E¿�À�AÇKBA@D9A@D F¼?B¾k�»F¼A@À��ÄD

θ̂n
*
σ̂2
n

A�F
ρ̂n
DÄJLC&F9û�JL� F¼A@¾ZA@C&F¼D9>@JLC�DÄ?BD F���C&F¼D@7�È KBD

JLC&F4½@M&��KBA@¾ZA@C&F4½�F�����KB?�K �|C�JL�Ä¾k��KB?ÃF¼½n��D2;	¾ZÁ�F¼J�F¼?B¿�À�A�Å�A
θ̂n − θ

*
σ̂2
n − σ

A�F
ρ̂n − ρ

7��yKBÀ�DÁ��Ä½@>@?BDÄ½@¾ZA@C&F>*&Á�JLÀ��bÀ�C�A�>@A@� F���?BC�A�¾k�»F¼�Ä?B>@A�D2;	¾Z½�F¼�Ä?B¿�À�A�Å�½e&²C�?BA�Á�JLDÄ?ÃF¼?ÃÂLA
Λ
*L?BKBD`JLC&F ½�F�����KB?KBA@D��Ä½@DÄÀ�KÃF��»F¼D0DÄÀ�?ÃÂ���C&F¼D@7

�Cä~¬�=´�³	«Uµ Ô/:[ò�:yÔ/:�Y k7h�hji7n7iLx'n�t+kjf
(εn)

n>a�lyr[nN=+a�rvl�a�k@?<V"¸�hjiLlBVjb�n7f�n<´DV	|ÛÚÍ·.A\´DV	|ÛÚ]Ú]ÚÍ·M|'^�o[iLdGn
θ̂n
g
σ̂2
n

fel
ρ̂n
p�iLxj{�fed[TqfexjlPdGf�nmhjf�pelyrv{�fe_cfexjlAh5dGf�n>t+kjf$nx»�dGfe_cfexjlD{�fedGn

θ
g
σ2
fel
ρ
|zR4f�h5o©k�n�g

ner
(εn)

n>a�lyr[nN=+a�rvl:a�k@?ZV"¸�hjiLlBVjb�n7f�n$nek7h�h5o[ze_cfexjl a�rvdGf�nG´DV	|ÛÚkÜk·.A\´DV	|qÜk·7gDa�o[iLdGn4iLx�a
|Tn−1|1/2(θ̂n − θ)

L−→ N (0,Λ),

|Tn−1|1/2(σ̂2
n − σ)

L−→ N (0,
τ 4 − 2σ4 + ν2

2
),

fel
|Tn−1|1/2(ρ̂n − ρ)

L−→ N (0, ν2 − ρ2).
�EJLÀ�DkÁ��ÄJLKBJLC�MLA@JLC�D|>@A@Dä�Ä½@DÄÀ�KÃF��»F¼Dk��À�þ9I²��Á�?ÃF¼�ÄA��,Å�A�>@A�FÄF¼A¤F¼I	(@DÄANA@C/½�F¼À�Å�? ��C&FäKBA@D

?BC�½@M&��KB?ÃF¼½@D�Å�A Å�½�Â	? �»F¼?BJLC�D~A�F{À�C.�b¶n¹åÁ�JLÀ��
θ̂n−θ

*»��?BC�DÄ?&¿�À�A9Å�A@D~Â	?ÃF¼A@DÄDÄA@D`A�ü�Á�JLC�A@C&F¼?BA@KBKBA@DÅ�A0>@JLC&ÂLA@�ÄMLA@C�>@A�A@C|Á��ÄJM�²����?BKB?ÃF¼½bÁ�JLÀ��`KBA@D`A@D F¼?B¾k�»F¼A@À��ÄD
σ̂2
n

A�F
ρ̂n
7L�yKBÀ�D`Á��Ä½@>@?BDÄ½@¾ZA@C&F>*LDÄJLÀ�DÅ�A@D�I�;	Á�J�F¼I	(@DÄA@D|��Á�Á��ÄJLÁ��Ä?B½@A@D.DÄÀ��.KBAc���ÄÀ�?ÃF {(ε2n, ε2n+1), n ∈ N∗} *{JLCP�NKBA|F¼I�½@JL�E(@¾ZADÄÀ�?ÃÂ���C&F@
nÁ�JLÀ��|À�C�A¤Â	?ÃF¼A@DÄDÄA

(b2n)
Å�½@Á�A@C�Å²��C&FäÅ�A@DZI�;	Á�J�F¼I	(@DÄA@DÌA�FkÁ�JLÀ��|À�C�A�>@A@� F���?BC�A¾k�»F¼�Ä?B>@AÇ?BC&ÂLA@�ÄDÄ?[��KBA

Λ
��7

�Cä~¬�=´�³	«Uµ Ô/:[ò�:[Þ�:
� *



´ r ·¹IAa²nek�rvlmf (√|Tn−1|(θ̂n − θ)/b|Tn−1|

)
n≥1

n>a�lyr[nN=+a�rvlSk�x�O�RQ± ~�a�x'n
R2(p+1)

~qf
{7rvlmf�n�n7f

b2|Tn−1|
fel:~qf<F9iLxjxBfª=>iLxBpelyrKiLx�~qfQl a�k@?

Iθ(x) =
1

2
xtΛ−1x

|
´ rvr ·

σ̂2
n

superexp
=⇒
b2|Tn−1 |

σ2 fel
ρ̂n

superexp
=⇒
b2|Tn−1|

ρ.

ú~��Á��ÄA@À�ÂLA�Å�À��b¶n¹ À�F¼?BKB?BDÄAÇÀ�C�A���Á�Á��ÄJ	>�I�A;¾k��� F¼?BC�M&��KBA�7�þ9JL¾Z¾ZAnC�JLÀ�D�KK% �rÂLJLC�D0Å�½m�G3¾ZA@C&F¼?BJLC�C�A@�+*»K ��F¼A@>�I�C�?B¿�À�A�>@JLC�DÄ?BD F¼A�3Eû���?B�ÄA À�C�A9F¼�ÄJLC�>r�»F¼À��ÄA9A�FP3EÀ�F¼?BKB?BDÄA@�HKBA@D{�Ä½@DÄÀ�KÃF��»F¼D{Å�A�yÀ�I²��KBDEZ�?B?=DÄÀ��9K �;Á²��� F¼?BAI��JL�ÄC�½@A � JLCk¾ZJLC&F¼�ÄAEA@C�DÄÀ�?ÃF¼AEK �;C�½@MLKB?BMLAr����?BKB?ÃF¼½9Å�A4K �;Á²��� F¼?BA�C�JLC��JL�ÄC�½@A���À¤DÄA@C�DEÅ�A@DEML�¼��C�Å�A@DEÅ�½�Â	? �»F¼?BJLC�D@7=ú�A;Á�KBÀ�D�ML�ÄJLD�Å�À�Á��ÄJM��K[(@¾ZAn�ÄA�Â	?BA@C&FEF¼JLÀ8�ÄJLÀ��ÄD
3Ì¾ZJLC&F¼�ÄA@�nK �ä>@JLC&ÂLA@�ÄMLA@C�>@AkDÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA�Å�À,>@�ÄJ	>�I�A�F�Å�A|¾k��� F¼?BC�M&��KBA@D@7u�HJLÀ��;KBAû���?B�ÄA�*bC�JLÀ�Dä�rÂLJLC�Dä½�F�����KB?�Å�A@Dk?BC�½@M&��KB?ÃF¼½@D|Å�A�Å�½�Â	? �»F¼?BJLC�DZÁ�JLÀ��kÅ�A@DkDÄJL¾Z¾ZA@DZ>@JLC&ÂLA@C²�8�
��KBA@¾ZA@C&F�C�JL�Ä¾k��KB?BDÄ½@A@D�Å�A@D.Â����Ä? ����KBA@D.��KB½r�»F¼JL?B�ÄA@D

(εan, n ∈ T)
A�F

(βrnεan, n ∈ T)
*y�rÂLA@>

a ∈ [1, 4 + ε)
*=Á�JLÀ���À�C

ε > 0
7�þ9A@D4?BC�½@M&��KB?ÃF¼½@D0Å�A�Å�½�Â	? �»F¼?BJLC�D0Á�A@À�ÂLA@C&F�6�F¼�ÄAnÂ	ÀN>@JL¾Z¾ZAÀ�C�AN��Å²��Á�F��»F¼?BJLC[Å�A@Dk?BC�½@M&��KB?ÃF¼½@D|Å�A�ÿEJ	AeTuÅ�?BC�MUÅ²��C�DkKBA#>r��DkJM�5K �WDÄÀ�?ÃF¼A¤Å�A¤Â����Ä? ����KBA@D��KB½r�»F¼JL?B�ÄA@D�A@D FZ?BC�Å�A�ü�½@AÌÁ²����KBA@D�Å�JLC�C�½@A@D|Å)% À�C[���E���ÄAw��?BC²��?B�ÄA�7`·yCQÁ�KBÀ�D�Å�AÌK ��>@JLC&ÂLA@���MLA@C�>@A�DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA0Å�ÀZ>@�ÄJ	>�I�A�F Å�A�K �Ç¾k��� F¼?BC�M&��KBA�*»>@A@D >r��KB>@À�KBD`C�JLÀ�DbÁ�A@�Ä¾ZA�FÄF¼A@C&F

��À�DÄDÄ?EÅ)% JM��F¼A@C�?B�|Å�A@Dk?BC�½@M&��KB?ÃF¼½@D�Å�A¤Å�½�Â	? �»F¼?BJLC�D|Á�JLÀ��
θ̂n − θ

7 ú~�,>@JLC&ÂLA@�ÄMLA@C�>@ANDÄÀ�Á�A@���A�ü�Á�JLC�A@C&F¼?BA@KBKBA|Å�AZK �#Á²��� F¼?BA�
�?B?v�EÅ�À G0I�½@JL�E(@¾ZA � 7 ��7½�ÌD+% JM��F¼?BA@C&F�ML�GF�>@Ac3#K �Ìû�JL�Ä¾.À�KBA�Å�AG{�>;	KBJL����ú~��ML�¼��C�MLA@
�K �
δ
� ¾Z½�F¼I�J	Å�A7��A�F�3NK �N>@JLC&ÂLA@�ÄMLA@C�>@A¤DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBAÌÅ�ÀQ>@�ÄJL�>�I�A�FnÅ�A�K �Z¾k��� F¼?BC�M&��KBA�7Y�ÇCNÁ�A@À�FÇÅ�JLC�>�>@JLC�D F��»F¼A@�4¿�À)% ?B¾ZÁ�KB?B>@?ÃF¼A@¾ZA@C&F>*�KBA@D4?BC�½@M&��KB?ÃF¼½@D�Å�AÅ�½�Â	? �»F¼?BJLC�D?�ÄJLÀ�A@C&FEA@C�>@JL�ÄA;À�C¤�E�LKBAnÅ�½�F¼A@�Ä¾Z?BC²��C&F�Á�JLÀ��0JM��F¼A@C�?B�0>@A;�Ä½@DÄÀ�KÃF��»Fr7

Ô/:[ò�:yÔ ¥�´�Yç{±�³	«Uµ��.5�Aß�µ�´7Õ8�|µ�Õ�ëyµ�´L�+ëyµ�è�Õ�ªvß�µ��
·yC >@JLC�DÄ?BÅ�½@�¼��C&F�KBAk¾ZJ	Å	(@KBAký9¸Ç:C
 � �9*HK �¤¿�À�A@D F¼?BJLC ¿�À�?9DÄAÌÁ�JLDÄAkA@D F�>@A@KBKBAkÅ�AkD¼�rÂLJL?B�¿�À�A@KBKBA9A@D FyKBA9>@JL¾ZÁ�JL� F¼A@¾ZA@C&F`Å�À.Á�JL?BC&F`Å�A9Â	À�Å�A@D`Å�½�Â	? �»F¼?BJLC�D{¾ZJ	Å�½@�Ä½@A@D{Å�A@DyA@D F¼?B¾k�»F¼A@À��ÄD

Å�A
a1
A�F
b1
Å²��C�D.KBAä>r��DV,�A�ü�Á�KBJLDÄ?Ãû�-@
�>�% A@D F2��38� Å�?B�ÄAk¿�À²��C�Å |a1| > 1

JLÀ |b1| > 1
�	.#·yCD+% ?BC�DÄÁ�?B�¼��C&F�Å�A@D;F¼�¼�rÂ���À	ü,Å�A|ùUJL�Ä¾ZDG+ �M� �0-K*�C�JLÀ�D��rÂLJLC�D�ML�¼��C�Å,A@DÄÁ�JL?B�;Å)% ��Á�Á�JL� F¼A@�;À�C�A�Ä½@Á�JLC�DÄAC3�>@A�FÄF¼A;¿�À�A@D F¼?BJLC¤Å²��C�D�Å�A@D�F¼�¼�rÂ���À	üÌû�À�F¼À��ÄD@7

6EC�A4��À�F¼�ÄAE¿�À�A@D F¼?BJLCäÅ)% ?BC&F¼½@�E6�F9A@D F9Å)% ½�F¼À�Å�?BA@�9KBA�>@JL¾ZÁ�JL� F¼A@¾ZA@C&F9��D2;	¾ZÁ�F¼J�F¼?B¿�À�A�*	��?BC�DÄ?
¿�À)% À�C��b¶n¹ Á�JLÀ��äKBA@DäA@D F¼?B¾k�»F¼A@À��ÄDäÅ�A@DÌÁ²���¼��¾�(�F¼�ÄA@DäÅ�À�¾ZJ	Å	(@KBANý9¸Ç:C
 � �ZKBJL�ÄDÄ¿�À)% JLCDÄANF¼�ÄJLÀ�ÂLA�3UK �UKB?B¾Z?ÃF¼A#Å�À!>r��DäD F�����KBA�70þ9A@K �U�ÄA�Â	?BA@C&F=3U>@JLC�DÄ?BÅ�½@�ÄA@�ÌÁ²���äA�ü�A@¾ZÁ�KBAN¿�À�A
a1 = a1(n) = 1 − a/kn

A�F
b1 = b1(n) = 1 − b/kn

*uJM�
a
A�F
b
DÄJLC&F;Å�A@Dn�Ä½@A@KBDÇÁ�JLDÄ?ÃF¼?Ãû�DA�F

(kn)n∈N

A@D FÇÀ�C�A.DÄÀ�?ÃF¼A�>@�ÄJL?BDÄD¼��C&F¼A�>@JLC&ÂLA@�ÄMLAr��C&FnÂLA@�ÄDnKK% ?BC'&²C�?�Á�KBÀ�D4KBA@C&F¼A@¾ZA@C&FÇ¿�À�A
n
7

<	JLÀ�KB?BMLC�JLC�DE¿�À�A.Å²��C�DÇKBA�>r��DÇÅ�A@DÇ¾ZJ	Å	(@KBA@D4¸Ç:C
 � �9*�Å�A@DÇÁ��ÄJM��K[(@¾ZA@D4DÄ?B¾Z?BK ��?B�ÄA@D0JLC&FÇÅ�½m�G3½�F¼½;½�F¼À�Å�?B½@DC
 ÂLJL?B��+ îMî.-�Á�JLÀ���Á�KBÀ�D0Å�A;Å�½�F���?BKBD���7
¶4A@�ÄC�?[(@�ÄA@¾ZA@C&F>*�¶4AZ<���Á�JL� F��Â��¸4K&+ � � -yJLC&FnÁ��ÄJLÁ�JLDÄ½.À�CW¾ZJ	Å	(@KBA.ý9¸Ç:C
 � �4�rÂLA@>|Å�A@D>@J	Ae1Z>@?BA@C&F¼DÇ��KB½r�»F¼JL?B�ÄA@D�A�F4Á��ÄA@C²��C&FÇA@CN>@JL¾ZÁ�F¼A�KBA@DEÅ�JLC�C�½@A@DÇ¾k��C�¿�À²��C&F¼A@D@7�È KBD�JLC&FÇÁ�JLÀ��>@A@K �;¾ZJ	Å�½@KB?BDÄA@�yKBA@D Å�JLC�C�½@A@D9Å�?BDÄÁ�JLC�?[��KBA@DU3;KK% ��?BÅ�A0Å)% À�CÌ���E���ÄAEÅ�A  ��KÃF¼JLC���ù �»F¼DÄJLC¢7&¶Ç��C�D

KBAn¾ZJ	Å	(@KBA$��?BJLKBJLML?B¿�À�A4Å�½@>@�Ä?ÃF�Á�JLÀ���·07�þ9JLKB?¢Á²���0A�ü�A@¾ZÁ�KBA�*�Á��ÄA@C�Å��ÄA�A@C¤>@JL¾ZÁ�F¼AnKBA@D0Å�JLC��C�½@A@D{¾k��C�¿�À²��C&F¼A@DH�ÄA�Â	?BA@C&Fj�ÄÀ�D F¼AD3�>@JLC�DÄ?BÅ�½@�ÄA@�HK �0Á�JLDÄDÄ?[��?BKB?ÃF¼½`Á�JLÀ��~À�C�A >@A@KBKBÀ�KBAyÅ�A ¾ZJLÀ��Ä?B�@7
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JM�

α′
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(ε′2n, n ∈ T)
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A@D F�À�C�AnDÄÀ�?ÃF¼AÇÅ�AÇÂ����Ä? ����KBA@D���KB½r�»F¼JL?B�ÄA@D?ó7 ?ó7 Å)*�Å�A;KBJL?¢M&��À�DÄDÄ?BA@C�C�A;>@A@C&F¼�Ä½@A�A�FEÅ�AnÂ����Ä? ��C�>@A
σ2
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S
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σ
����KBMM(+���ÄAA@C�MLA@C�Å��Ä½EÁ²��� S A�F ∂ 7�<	JL?ÃF P ∗ À�C�A T

� Á��ÄJM�²����?BKB?ÃF¼½9Å�A�F¼�¼��C�DÄ?ÃF¼?BJLC�Å�½e&²C�?BA�DÄÀ��
S×S F¼A@KBKBA¿�À�A

P ∗(∂, {(∂, ∂)}) = 1.

 � 7 ��7 ���

¶Ç��C�D�KBAk¾ZJ	Å	(@KBA���?BJLKBJLML?B¿�À�A|Á��Ä½@>@½@Å�A@C&F>* � 7 ��7 ��DÄ?BMLC�?}&²Ak¿�À�AäDÄA@À�K�À�C²6�F¼�ÄAkÂ	?ÃÂ���C&F.Á�A@À�FF¼�¼��C�DÄ¾ZA�FÄF¼�ÄA;K ��Â	?BA�7j�EJLÀ�D4�rÂLJLC�DE��KBJL�ÄD0K �.Å�½e&²C�?ÃF¼?BJLC#DÄÀ�?ÃÂ���C&F¼A�7
§Ì¬�ü`®HªvÕ�ª��® Ô/: ì :yÔ ¼ Å âX� �>�~´S�H®P°�´8çH´�µ�ã~µ�ø�ù á)ß��ª�´Çñ òYòkòº¾0:�Y iLrvl

X = (Xn, n ∈
T)
k�xBf

P ∗ A ^ ±�¶ nek�d
(S,S)

gPa�{�f�p
P ∗ {�zed9r sDa�xjl�´)Ê�| ó5|ÏÕx·M|Y^�o[iLdGn�g�o[fUh5dGi7p�f�n�nek�n (Xn, n ∈

T∗)
gQa�{�f�p

T∗ = {n ∈ T : Xn 6= ∂} g4f�nelQa9h�hjfeo[z�k�xBf ^ ±�¶Wnek�dwk�x a�d�F+dGf=~qfÀP É |IAa
P ∗ A ^ ±�¶Wf�nel/~�rvlmfQnmh	a�lyrya�o[fe_cfexjlJVjiL_cigTqbexBfÂ´2iLk�nerv_�h5o[fe_cfexjl�VjiL_cigTqbexBfº·Sner

p1,0 =
P ∗(x, S×S)

g
p0 = P ∗(x, S×{∂}) gPfel p1 = P ∗(x, {∂}×S)

xBf$~qzmhjfex5~qfexjl	h	a8n$~qf
x ∈

S
| ; xBf

P ∗ A ^ ±�¶ôVjiL_cigTqbexBfQf�nelD~�rvlmf$nek�d\AEped9rvlyryt+kjf$ner
m > 1

gDi.S
m = 2p1,0 + p1 + p0

|
ú�A�C�JL¾ÔÅ�A�þ0¹�ýVDÄÀ��Ç���E���ÄA�Å�A  ù Â	?BA@C&FÇÅ�À�û���?ÃFE¿�À�A�K �|>@JLC�Å�?ÃF¼?BJLC � 7 ��7 �ZA�FÇKK% I�JL�¾ZJLML½@C�½@?ÃF¼½nDÄÁ²�»F¼? ��KBAÇA@C&F¼�¼�L� C�An¿�À�A

T∗ A@D FEÀ�C����E���ÄA;Å�A  ùX7<	JL?BA@C&F
P ∗

0

A�F
P ∗

1

KBA@D �ÄA@D F¼�Ä?B>�F¼?BJLC�D Å�A4K �;Á��ÄA@¾Z?[(@�ÄA�A�F�Å�A4K �;DÄA@>@JLC�Å�AÇ¾k���ÄML?BC²��KBA�Å�A
P ∗DÄÀ��

S
*²>�% A@D F2��38� Å�?B�ÄA

P ∗
0 = P ∗

(
·,
(
·
⋂

S
)
× S̄

) A�F
P ∗

1 = P ∗
(
·, S̄ ×

(
·
⋂

S
))

.

¶4½@DÄ?BMLC�JLC�D�Á²���
(Yn, n ∈ N)

K ��>�I²�L� C�AÇÅ�An¹����EZ�JvÂäDÄÀ��
S
Å�AEÂ���KBA@À��9?BC�?ÃF¼? ��KBA

Y0 = X1
A�F

Å�A;Á��ÄJM�²����?BKB?ÃF¼½4Å�AnF¼�¼��C�DÄ?ÃF¼?BJLC
Q = 1

m
(P ∗

0 + P ∗
1 )
7�HJLÀ��0F¼JLÀ�F�DÄJLÀ�D�A@C�DÄA@¾4��KBA

J ⊂ T
*²DÄJL?ÃF

J∗ = J ∩ T
∗ = {j ∈ J : Xj 6= ∂}

KBAEDÄJLÀ�D9A@C�DÄA@¾4��KBAEÅ�A@D9>@A@KBKBÀ�KBA@DyÂ	?ÃÂ���C&F¼A@D9Å²��C�D
J
A�F |J | KBA�>r���ÄÅ�?BC²��K=Å�A J 7	¸/&²CkÅ)% ½�F¼À�Å�?BA@�KBA@D�A@D F¼?B¾k�»F¼A@À��ÄD�Å�A@D4Á²���¼��¾�(�F¼�ÄA@D�KB?B½@DE��À¤¾ZJ	Å	(@KBA;ý9¸Ç:C
 � �0�rÂLA@>�Å�JLC�C�½@A@D4¾k��C�¿�À²��C&F¼A@D+*Å�½e&²C�?BDÄDÄJLC�D`KBA@DH¿�À²��C&F¼?ÃF¼½@D`DÄÀ�?ÃÂ���C&F¼A@D{KB?B½@A@D{��À	ü�þ0¹�ý9D`DÄÀ��{À�C����E���ÄA Å�A  ùX7»�HJLÀ��

i ∈ T
*

DÄJL?ÃF
∆i = (Xi, X2i, X2i+1)

7=�HJLÀ���À�C#DÄJLÀ�DEA@C�DÄA@¾4��KBA�&²C�?
J ⊂ T

*²Á�JLDÄJLC�D

MJ(f) =





∑
i∈J

f(Xi)
Á�JLÀ��

f ∈ B(S̄)
*

∑
i∈J

f(∆i)
Á�JLÀ��

f ∈ B(S̄3)
* 
 � 7 ��7 �q�

���



�rÂLA@>ÇK ��>@JLC&ÂLA@C&F¼?BJLCÌ¿�À)% À�C�AÇDÄJL¾Z¾ZAEDÄÀ��9À�CäA@C�DÄA@¾4��KBAEÂ	?BÅ�A4A@D F�C�À�KBKBA�7	¶4½e&²C�?BDÄDÄJLC�D���À�DÄDÄ?KBA@D�¾ZJ7;LA@C�C�A@DEÅ�A
f
DÄÀ��

J
DÄÀ�?ÃÂ���C&F¼A@D;ø

MJ(f) =
1

|J |MJ(f)
DÄ? |J | > 0

A�F
M̃J(f) =

1

E [|J |]MJ(f)
DÄ?

E [|J |] > 0.

 � 7 ��7½�M�

:�A�ÂLA@C�JLC�DZÀ�CQ?BC�D F���C&F|DÄÀ���KBAÌ¾ZJ	Å	(@KBAäý9¸Ç:C
 � �.�rÂLA@>#Å�JLC�C�½@A@DZ¾k��C�¿�À²��C&F¼A@D|Å�½e&²C�?���ÀÅ�½+��À�FEÅ�A;>@A�FÄF¼A.<	A@>�F¼?BJLC¢7=<	JL?ÃF
θ = (α0, β0, α1, β1, α

′
0, β

′
0, α

′
1, β

′
1).


 � 7 ��7 ���
¸~ÂLA@>.KBA@D4C�J�F��»F¼?BJLC�DE>@?�� Å�A@DÄDÄÀ�D+*uDÄÀ�Á�Á�JLDÄJLC�DÇ¿�À)% JLCNJM��DÄA@� ÂLA.KBA@D

r + 2
Á��ÄA@¾Z?[(@�ÄA@D4ML½@C�½@�¼�8�

F¼?BJLC�D@7&<	JL?BA@C&F
T

0,1
r

K �EDÄJLÀ�DyÁ�JLÁ�À�K �»F¼?BJLC�Å�A
T
∗
r

>@JLC�D F¼?ÃF¼À�½@A0Å�A@Dy>@A@KBKBÀ�KBA@D{¿�À�?�JLC&FyÅ�A@À	ü4&²KBKBA@DÂ	?ÃÂ���C&F¼A@D+*
T0
r


��ÄA@DÄÁ¢7
T1
r

��K �kDÄJLÀ�DÇÁ�JLÁ�À�K �»F¼?BJLC�Å�A
T∗
r

>@JLC�D F¼?ÃF¼À�½@A.Å�A@DÇ>@A@KBKBÀ�KBA@D4Å�JLC&FnDÄA@À�KBAK �C&²KBKBAnÅ�AnFm;	Á�A;C�JLÀ�ÂLAr��À²
��ÄA@DÄÁ¢7=��C�>@?BA@CY��Á5�LKBAÇA@D F�Â	?ÃÂ���C&F¼A|ø
T

1,0
r =

{
i ∈ T

∗
r : ∆i ∈ S3

}
, T

0
r = {i ∈ T

∗
r : ∆i ∈ S2 × {∂}} A�F

T
1
r = {i ∈ T

∗
r : ∆i ∈ S × {∂} × S} 7¸4KBJL�ÄD�KK% A@D F¼?B¾k�»F¼A@À��9Å�A@D�¾ZJL?BC�Å��ÄA@D�>r���Ä�Ä½@D+*?
�¿�À�?¢Å²��C�D�>@An>r��D0>@JL?BC�>@?BÅ�A;�rÂLA@>;KK% A@D F¼?B¾k�8�F¼A@À���Å�À¤¾k��ü�?B¾.À�¾åÅ�AnÂ	�¼��?BDÄA@¾4��K ��C�>@A7�9*
θ̂r = (α̂r0, β̂

r
0, α̂

r
1, β̂

r
1, α̂

′r
0 , β̂

′r
0 , α̂

′r
1 , β̂

′r
1 )

Å�A
θ

 � 7 ��7 ���9*�A@D FEÅ�JLC�C�½;Á²���+*²Á�JLÀ��

η ∈ {0, 1} *

α̂rη =

|T1,0
r |−1

∑

i∈T
1,0
r

XiX2i+η −


|T1,0

r |−1
∑

i∈T
1,0
r

Xi




|T1,0

r |−1
∑

i∈T
1,0
r

X2i+η




|T1,0
r |−1

∑

i∈T
1,0
r

X2
i −


|T1,0

r |−1
∑

i∈T
1,0
r

Xi




2 ,

β̂rη = |T1,0
r |−1

∑

i∈T
1,0
r

X2i+η − α̂rη|T1,0
r |−1

∑

i∈T
1,0
r

Xi,

α̂′r
η =

|Tη
r |−1

∑

i∈T
η
r

XiX2i+η −


|Tη

r |−1
∑

i∈T
η
r

Xi




|Tη

r |−1
∑

i∈T
η
r

X2i+η




|Tη
r |−1

∑

i∈T
η
r

X2
i −


|Tη

r |−1
∑

i∈T
η
r

Xi




2 ,

β̂ ′r
η = |Tη

r |−1
∑

i∈T
η
r

X2i+η − α̂′n
η |Tη

r |−1
∑

i∈T
η
r

Xi.

È K`A@D Fnû���>@?BKBA�Å�A.ÂLJL?B�Ç¿�À�A
(|G∗

k|, k ∈ N)
A@D F�À�CWÁ��ÄJ	>@A@DÄDÄÀ�D;Å�A  ùçÅ�JLC&F;KBA.C�JL¾4���ÄA¾ZJ7;LA@CPÅ)% A@C�û���C&F�Å)% À�CP?BC�Å�?ÃÂ	?BÅ�À,A@D F

m
7{È K A@D F���?BA@C >@JLC�C�À)*HÂLJL?B�Â+ �0-K*H¿�À�AÌÅ²��C�D�KBAk>r��D

� �



DÄÀ���� >@�Ä?ÃF¼?B¿�À�A�*«
�>�% A@D F2��38� Å�?B�ÄA
m > 1

�9*u?BKHA�ü�?BD F¼A.À�C�A.Â����Ä? ����KBA���KB½r�»F¼JL?B�ÄA�Á�JLDÄ?ÃF¼?ÃÂLA
W
F¼A@KBKBA¿�À�A

m−q|G∗
q| →W

Á¢7 D@7²¿�À²��C�Å
q → ∞.


 � 7 ��7½ÚM�
¶4A@DÇKBJL?BD0Å�A�ML�¼��C�Å�DEC�JL¾4���ÄA@D4Á�JLÀ��EKBA@DE¾ZJ7;LA@C�C�A@D � 7 ��7½��*��rÂLA@>

J = G∗
r

A�F
J = T∗

r

*=JLC&F
½�F¼½9½�F�����KB?BA@DHÁ²���{¶4A@KB¾k��DHA�Fb¹����ÄD¼��KBKBAH+ �M�.-u7»�yKBÀ�D{Á²��� F¼?B>@À�KB?[(@�ÄA@¾ZA@C&F>*vKBA �Ä½@DÄÀ�KÃF��»F{DÄ?B¾ZÁ�KB?}&²½DÄÀ�?ÃÂ���C&F�3�½�F¼½;Å�½@¾ZJLC&F¼�Ä½�7
�Cä~¬�=´�³	«Uµ Ô/: ì :[Þ�:(Y iLrvl

(Xi, i ∈ T
∗)
k�xBf

P ∗ A ^ ±�¶÷nmh	a�lyrya�o[fe_cfexjl�VjiL_cigTqbexBf�felUnek�d\A
ped9rvlyryt+kjf�nek�d�k�x¢a�d�F+dGf²~qf�P É | Y iLrvl

f ∈ Bb(S)
´ dGf�nmh)|

f ∈ B(S3)
·M| Y k7h�hji7n7iLx'n

t+k�u rvo n�f]?Mr[nelmfexjlVk�xBf�p�iLx'nel a�xjlmf�dGz�feovo[f�nelyd9rKpelmfe_cfexjl:hji7nervlyrv{�f
c
gVk�xBf=_cf�nek�dGf=~qf4h5dGi F�a@AF+rvo©rvlmz

µ
nek�d

(S,S)
g�fel�k�xBf�nek�rvlmf´~qf@xBiL_GF+dGf�n�dGz�feo n�hji7nervlyr =Gn

(ar, r ∈ N)
lmfeovo[f´t+kjf

∑
r∈N

a2
r < ∞ g�fel�hjiLk�d�lmiLk�l x ∈ S

fel
r ∈ N

g |Qrf(x) − 〈µ, f〉| ≤ car
´ dGf�nmh)|

|Qr(P ∗f)(x) − 〈µ, P ∗f〉| ≤ car
·M|N^�o[iLdGn4o[f�nQnek�rvlmf�n

(M̃G∗
q
(f), q ∈ N)

fel
(M̃T∗

r
(f), r ∈

N)
p�iLxj{�fed[TqfexjlNh)|�n>|�{�fedGn 〈µ, f〉W ´ dGf�nmh)| 〈µ, P ∗f〉W ·7g/i.S

W
f�nelI~qz·sPxjrAh	a�dÂ´)Ê�| ó5|Íõ�·zö

fel�o[f�n�nek�rvlmf�n
(MG∗

q
1{|G∗

q |>0}, q ∈ N)
fel

(MT∗
r
1{|G∗

r |>0}, r ∈ N)
p�iLxj{�fed[TqfexjlUh)|�n>|�{�fedGn

〈µ, f〉1{W 6=0}
´ dGf�nmh)| 〈µ, P ∗f〉1{W 6=0}

·M|
�EJ�F¼JLC�DN¿�À�AUF¼JLÀ�F¼AUû�JLC�>�F¼?BJLC

f
Å�½e&²C�?BA@D(DÄÀ��

S
A@D F(Á��ÄJLKBJLC�ML½@AUDÄÀ��

S
A@CiÁ�JLD¼��C&F

f(∂) = 0
7`<	JLÀ�D.Å)% I�;	Á�J�F¼I	(@DÄA@DZ>@JLC&ÂLA@C²����KBA@D+*`C�JLÀ�D.Á��Ä½@>@?BDÄJLC�D|��ÀQþ9I²��Á�?ÃF¼�ÄA��	*HKK% JL�ÄÅ��ÄAÅ�A4>@JLC&ÂLA@�ÄMLA@C�>@AÇÅ²��C�D9KBA�G0I�½@JL�E(@¾ZA � 7 ��7½�;Á²��� KK% JM��F¼A@C&F¼?BJLC|Å�A@D�?BC�½@M&��KB?ÃF¼½@DyÅ�AEÅ�½�Â	? �»F¼?BJLC�D

Á�JLÀ���KBA@D�¾ZJ7;LA@C�C�A@D
M̃G∗

r
(f)
*
M̃T∗

r
(f)
*
MG∗

r
(f)

A�F
MT∗

r
(f)
7H�yKBÀ�D�Á��Ä½@>@?BDÄ½@¾ZA@C&F>*HC�JLÀ�Dû���?BDÄJLC�D0KBA@D�I�;	Á�J�F¼I	(@DÄA@DEDÄÀ�?ÃÂ���C&F¼A@D@7


 ½ ò�¾G÷ È K�A�ü�?BD F¼A4À�C�AÇ¾ZA@DÄÀ��ÄAÇÅ�A4Á��ÄJM�²����?BKB?ÃF¼½
µ
DÄÀ��

(S,S)
F¼A@KBKBAE¿�À�AÇÁ�JLÀ�� F¼JLÀ�F

f ∈ Bb(S)ÂL½@�Ä?}&=��C&F 〈µ, f〉 = 0
*�?BK�A�ü�?BD F¼A

c > 0
F¼A@K�¿�À�A0Á�JLÀ��{F¼JLÀ�F

k ∈ N
A�FyÁ�JLÀ��{F¼JLÀ�F

x ∈ S
*

|Qkf(x)| ≤ cαk
*=�rÂLA@>

α ∈ (0, 1)
7

¼]½ ì ¾G÷
m >

√
2
7

¼]½ × ¾G÷
p1,0 + p0 + p1 = 1

7
Å�½@DÄ?BMLC�JLC�DbÁ²���

Hr
KK% À�C|Å�A@D A@C�DÄA@¾4��KBA@D

Gr
JLÀ

Tr
7��HJLDÄJLC�D

hr = (m2/2)r
DÄ?

Hr = GrA�F
hr = (m2/2)r+1 DÄ? Hr = Tr

7=�HJLDÄJLC�DE½@M&��KBA@¾ZA@C&F
tr := E [|T∗

r|]
7²È K¢A@D FEû���>@?BKBAÇÅ�AnÂLJL?B�

¿�À�A
tr =

mr+1 − 1

m− 1
.

¸4KBJL�ÄD+*�DÄJLÀ�D�KBA@D0I�;	Á�J�F¼I	(@DÄA@D�
 ½ ò � �e
 ½ ×Y� JLC���>@A;¿�À�?�DÄÀ�?ÃFr7
�Cä~µ�=´�µ	« Ô/: ì :[ò�: OIiLk�dQlmiLk�l

f ∈ Bb(S)
gAhjiLk�dQlmiLk�l

δ > 0
g
a > 0

felNhjiLk�dQlmiLk�l
b > 0

� �



lmfeo n4t+kjf
b < a/(δ + 1)

g�iLx�a

P

(
M̃H∗

r
(f) − 〈µ, f〉W > δ

)
≤




exp (c′′δ) exp (−c′δ2hr) + Ar, ∀r ∈ N,
ner
mα < 1,

exp (c′′δ) exp (−c′δ2(m2/2)r) + Ar, ∀r ∈ N,
ner
αm = 1

fel
Hr = Gr,

exp (c′′δ(r + 1)) exp (−c′δ2(m2/2)r+1) + Ar, ∀r ∈ N,
ner
αm = 1

fel
Hr = Tr

exp (−c′δ2hr) + Ar, ∀r ∈ N
lmfeo?t+kjf

r > r0,
ner

1 < mα <
√

2
g

exp
(
− c′δ2hr

r

)
+ Ar, ∀r ∈ N

lmfeo?t+kjf
r > r0,

ner
mα =

√
2,

exp
(
− c′δ2

α2r

)
+ Ar, ∀r ∈ N∗ lmfeo?t+kjf r > r0,

ner
mα >

√
2
g

i.S�g
W hjiLk�dVlmiLk�l r ∈ N,

Ar =

{
c′ exp

(
−c′′δ2/3(m1/3)r

) ner
Hr = Gr

exp
(
c′δ2/3

)
exp

(
−c′′δ2/3 (tr/(r + 1)2)

1/3
) ner

Hr = Tr,

W r0 := log
(
δ
c0

)
/ log(α) − k0,

a�{�f�p
k0 ∈ {0, 1},W c0, c′ a�x5~ c′′ n7iLxjl:~qf�n4p�iLx'nel a�xjlmf�n:hji7nervlyrv{�f�nCt+k�rU~qzmhjfex5~qfexjlD~qf α g m gIfel c |fel

P

(
MH∗

r
(f) − 〈µ, f〉 > δ

∣∣∣W ≥ a
)

≤





exp (c′′δb) exp (−c′(δb)2hr) +Br, ∀r ∈ N,
ner
mα < 1,

exp (c′′δb) exp (−c′(δb)2(m2/2)r) +Br, ∀r ∈ N,
ner
αm = 1

a�x5~
Hr = Gr,

exp (2c′δb(r + 1)) exp (−c′(δb)2(m2/2)r+1) +Br, ∀r ∈ N,
ner
αm = 1fel

Hr = Tr

exp (−c′(δb)2hr) +Br, ∀r ∈ N
lmfeo?t+kjf

r > r0,
ner

1 < mα <
√

2
g

exp
(
− c′(δb)2hr

r

)
+Br, ∀r ∈ N

lmfeo?t+kjf
r > r0,

ner
mα =

√
2
g

exp
(
− c′(δb)2

α2r

)
+Br, ∀r ∈ N

∗ lmfeo?t+kjf r > r0,
ner
mα >

√
2,

� �



i.S�g
W hjiLk�dVlmiLk�l r ∈ N,

Br =

{
c′ exp

(
−c′′(δb)2/3(m1/3)r

) ner
Hr = Gr

exp
(
c′(δb)2/3

)
exp

(
−c′′(δb)2/3 (tr/(r + 1)2)

1/3
) ner

Hr = Tr,

W r0 := log
(
δb
c0

)
/ log(α) − k0

g:a�{�f�p
k0 ∈ {0, 1},W c0, c′ a�x5~ c′′ n7iLxjl:~qf�n4p�iLx'nel a�xjlmf�n:hji7nervlyrv{�f�nCt+k�rU~qzmhjfex5~qfexjlD~qf α g m g a g:fel c |ú~��Á��ÄA@À�ÂLA Å�À;G0I�½@JL�E(@¾ZA � 7 ��7 ��À�F¼?BKB?BDÄA{K ��¾�6@¾ZA`¾Z½�F¼I�J	Å�JLKBJLML?BAH¿�À�AbK ��Å�½@¾ZJLC�D F¼�¼�»F¼?BJLCÅ�A@D4?BC�½@M&��KB?ÃF¼½@D�Å�A�Å�½�Â	? �»F¼?BJLC�D�A�ü�Á�JLC�A@C&F¼?BA@KBKBA@D4Å�À(þ9I²��Á�?ÃF¼�ÄA��	7u¹���?BD�F¼JLÀ�F¼A�û�JL?BD+*=A@KBKBAnû���?ÃFA@C.Á�KBÀ�D{��Á�Á�A@K���À	ü�?BC�½@M&��KB?ÃF¼½@D~Å�A9Å�½�Â	? �»F¼?BJLC�D~Á�JLÀ��HKBA@DH>�I²�L� C�A@D{Å�A  ��KÃF¼JLC���ù �»F¼DÄJLC¢7�¶Ç��C�DK �k<	A@>�F¼?BJLC���7 �'*=>@A@DÇ�Ä½@DÄÀ�KÃF��»F¼DEDÄJLC&FnÀ�F¼?BKB?BDÄ½@D�Á�JLÀ��EJM��F¼A@C�?B�EÅ�A@DÇ?BC�½@M&��KB?ÃF¼½@D0Å�A�Å�½�Â	? �»F¼?BJLC�D

Á�JLÀ��
θ̂r−θ *�JM� θ A@D FyÅ�JLC�C�½0Á²���I
 � 7 ��7 ���9*»A�F θ̂r A@D FbKK% A@D F¼?B¾k�»F¼A@À��HÅ�A@Dy¾ZJL?BC�Å��ÄA@D{>r���Ä�Ä½@DyÅ�A

θ
7'�EJLÀ�D F¼�¼�rÂ���?BKBKBJLC�DyÁ��Ä?BC�>@?BÁ²��KBA@¾ZA@C&F DÄJLÀ�D�À�C�A4I�;	Á�J�F¼I	(@DÄAÇA@C&F¼�¼�L� C²��C&F�¿�À�AÇKBAEÁ��ÄJ	>@A@DÄDÄÀ�Dý9¸Ç:C
 � ���rÂLA@>�Å�JLC�C�½@A@DE¾k��C�¿�À²��C&F¼A@DEA@D F�3.Â���KBA@À��ÄD0Å²��C�D�À�C¤A@C�DÄA@¾4��KBA;>@JL¾ZÁ²��>�Fr7
�äµ	«U°�´Là)�~µ Ô/: ì : ì :¿; xBf=>iLr[n�~qf?h5o©k�n�g�IAaQ~�rKpqVjiLlmiL_�rKf:a�k�lmiLk�dI~qf�n:{La�o[fek�dGn

mα =
√

2
fel

mα = 1
a9h�h	a�dEa@°vl�x5a�lyk�dGfeovo[fe_cfexjlP~�a�x'n�o[f�nQpGa�o[pek�o n>|�ÈDovo[fCf�nel�o©rKz�f�ESo}a4nelyd9kjpelyk�dGf8F+rvx5a�rvdGf

~�k�h5dGi7p�f�n�nek�n>|

Ô/: ì :yÔ ¥�´�Yç{±�³	«Uµ��.5�Aß�µ�´7Õ8�|µ�Õ�ëyµ�´L�+ëyµ�è�Õ�ªvß�µ��
þ9JL¾Z¾ZA�Á�JLÀ��4KBA�>r��DnÅ�A@D;þ0¹�ý9D+*�KBA@D4?BC�½@M&��KB?ÃF¼½@DEÅ�A.Å�½�Â	? �»F¼?BJLC�DÇDÄJLC&FnJM��F¼A@C�À�A@Dn?B>@?«3KK% ��?BÅ�A4Å�A@D0I�;	Á�J�F¼I	(@DÄA@D0û�JL� F¼A@D@7	�EJLÀ�D0A@C&Â	?BD¼��MLA@JLC�D0Å²��C�D�Å�A@D�F¼�¼�rÂ���À	üäû�À�F¼À��ÄD�Å)% ��DÄDÄJLÀ�Á�KB?B�

>@A@D I�;	Á�J�F¼I	(@DÄA@D@7��EJ�F���¾Z¾ZA@C&F>*LC�JLÀ�DbA@DÄD¼�>;LA@�ÄJLC�D9Å)% JM��F¼A@C�?B�yÅ�A@Db?BC�½@M&��KB?ÃF¼½@D{Å�A�Å�½�Â	? �»F¼?BJLC�D�rÂLA@>�Å�A@D�û�JLC�>�F¼?BJLC�D�ú�?BÁ�DÄ>�I�?ÃFG<@?BA@C�C�A@D@7
�EJLÀ�D|�rÂLJLC�D�½@M&��KBA@¾ZA@C&F�DÄÀ�Á�Á�JLDÄ½#¿�À�A

m >
√

2
7yú�Aä>r��D

1 < m ≤
√

2
C)% A@D F|Á²��DF¼�¼��?ÃF¼½n?B>@?ó7

6ECN��À�F¼�ÄA�Á��ÄJM��K[(@¾ZA�Å)% ?BC&F¼½@�E6�FÇA@D FÇKK% JM��F¼A@C&F¼?BJLC¤Å)% À�CNÁ��Ä?BC�>@?BÁ�A�Å�A�Å�½�Â	? �»F¼?BJLC�DE¾ZJ	Å�½9�
�Ä½@A@D.Á�JLÀ��

MT∗
r
(f)
7{þ9JL¾Z¾ZAZC�JLÀ�D�KK% �rÂLJLC�D.Å�½m�G3�DÄ?BMLC²��KBA@�+*�KK% À�F¼?BKB?BD¼�»F¼?BJLC(Å�A@D�¾Z½�F¼I�J	Å�A@D>@K ��DÄDÄ?B¿�À�A@D+*=Å�A�¾�6@¾ZA;¿�À�A�Å�A@D4¾Z½�F¼I�J	Å�A@D�Å�½�ÂLA@KBJLÁ�Á�½@A@D4Å²��C�DE>@A�FÄF¼A�F¼I	(@DÄA�½@>�I�JLÀ�A@C&Fr7¢ú~�

>r��À�DÄANÁ��Ä?BC�>@?BÁ²��KBA#½�F���C&Fä¿�À�ANKBA@Dk¿�À²��C&F¼?ÃF¼½@DäÅ)% ?BC&F¼½@�E6�Fä>@JLC&ÂLA@�ÄMLA@C&FÌÂLA@�ÄDäÅ�A@Dä¿�À²��C&F¼?ÃF¼½@D
��KB½r�»F¼JL?B�ÄA@D@7
���[ø +.��i&���`���)i&���)ù�'(hú%(hTRß'H!knÇ�)�&à�á �`�ki"#��
¶Ç��C�D�À�C¤¾ZJ	Å	(@KBAÇÅ)% ��À�F¼JL�Ä½@ML�ÄA@DÄDÄ?BJLC¤>@K ��DÄDÄ?B¿�À�A;JLC¤�

Xn = θXn−1 + εn,JM�
(Xn)

Å�½@DÄ?BMLC�A;À�C�A�DÄÀ�?ÃF¼A�Å�A;¿�À²��C&F¼?ÃF¼½@D4��KB½r�»F¼JL?B�ÄA@D0JM��DÄA@� Â�����KBA@DEA�F
(εn)

À�C�A�DÄÀ�?ÃF¼A;Å�AÂ����Ä? ����KBA@DÇ��KB½r�»F¼JL?B�ÄA@DE?ó7 ?ó7 ÅNC�JLC(JM��DÄA@� Â�����KBA@D@7~¹���?BDEF¼�E(@DnDÄJLÀ�ÂLA@C&F>*�?BK{���Ä�Ä?ÃÂLA.¿�À�A�KBAC���ÄÀ�?ÃF
�x�



(εn)
DÄJL?ÃFy��À�DÄDÄ?²��À�F¼J	>@JL�Ä�Ä½@KB½�*»>�% A@D F2��38� Å�?B�ÄA9¿�À)% ?BK	ÂL½@�Ä?}&²A���À�DÄDÄ?�À�C�A0½@¿�À²�»F¼?BJLC.Å)% ��À�F¼JL�Ä½@ML�ÄA@D��DÄ?BJLCc
�Å)% JL�ÄÅ��ÄA � Á�JLÀ���DÄ?B¾ZÁ�KB?}&²A@����7@ú~��¿�À�A@D F¼?BJLC�¿�À�?&DÄAbÁ�JLDÄAbA@D F`��KBJL�ÄD`øv>@JL¾Z¾ZA@C&F~Å�½�F¼A@>�F¼A@�¿�À�A0KBA:���ÄÀ�?ÃFyML½@C�½@�¼�»F¼A@À��yÅ)% À�C|¾ZJ	Å	(@KBA9Å)% ��À�F¼JL�Ä½@ML�ÄA@DÄDÄ?BJLC�A@D F ��À�F¼J	>@JL�Ä�Ä½@KB½N.�6EC�A0�Ä½@Á�JLC�DÄA

3Z>@A�FÄF¼A�¿�À�A@D F¼?BJLCNÁ�A@À�F�6�F¼�ÄA�JM��F¼A@C�À�A�A@C�AeTuA@>�F¼À²��C&FÇÅ�A@DEF¼A@D F¼D4Å�A�¶4À��E��?BC���ù �»F¼DÄJLC¢7�ú�A@DF¼A@D F¼DÇÅ�A�¶4À��E��?BC���ù �»F¼DÄJLC��ÄA@Á�JLDÄA@C&F;DÄÀ��4K �ZD F��»F¼?BD F¼?B¿�À�A�Å�A.¶4À��E��?BC���ù �»F¼DÄJLC)*�?BC&F¼�ÄJ	Å�À�?ÃF¼A��À[¾Z?BKB?BA@À Å�À/DÄ?[(@>@KBA#Å�A@�ÄC�?BA@�|Á²���Z¶4À��E��?BC[A�F|ù �»F¼DÄJLCû+ ��ñ0-K*M+ � � -K*M+ �M�0-K*yÁ�JLÀ��|Å�½�F¼A@>�F¼A@�K �¤Á��Ä½@DÄA@C�>@A#Å)% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC,DÄ?BMLC�?}&²>r�»F¼?ÃÂLAkÅ²��C�D.KBA@D��Ä½@DÄ?BÅ�À�D�?BDÄDÄÀ�D.Å)% À�C�Aä�Ä½@ML�ÄA@DÄDÄ?BJLC
KB?BC�½r��?B�ÄA4>@K ��DÄDÄ?B¿�À�A�7
¸/&²C�Å)% ?BC&F¼�ÄJ	Å�À�?B�ÄAy>@A�FÄF¼A D F��»F¼?BD F¼?B¿�À�A�*v?BC&F¼½@�ÄA@DÄDÄJLC�D{C�JLÀ�D�3�KK% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC4�Ä½@DÄ?BÅ�À�A@KBKBAÅ)% À�C ¾ZJ	Å	(@KBA|��À�F¼JL�Ä½@ML�ÄA@DÄDÄ?Ãû0Å)% JL�ÄÅ��ÄA � 
�¸Ç:C
 � �E��7~ú�AZ¾ZJ	Å	(@KBA|A@D F.Å�JLC�C�½�*HÁ�JLÀ��

n ≥ 1
*Á²���

{
Xn = θXn−1 + εn

εn = ρεn−1 + Vn,


 � 7½�	7 � �

JM�
X0
A�F
ε0
DÄJLC&F0���E��?ÃF¼�¼��?B�ÄA@¾ZA@C&Fb>�I�JL?BDÄ?BD9A�F9Å�A4>r���Ä�Ä½4?BC&F¼½@ML�¼����KBA�7��EJLÀ�D9DÄÀ�Á�Á�JLDÄJLC�D�¿�À�A

|θ| < 1
A�F |ρ| < 1

*�>@A.¿�À�?y��DÄDÄÀ��ÄA.K �kD F�����?BKB?ÃF¼½;Å�À(¾ZJ	Å	(@KBA�7�ú~�kDÄÀ�?ÃF¼A {Vn, n ∈ N
∗} A@D FÀ�C�AkDÄÀ�?ÃF¼AkÅ�AZÂ����Ä? ����KBA|��KB½r�»F¼JL?B�ÄA|?ó7 ?ó7 Å)*�>@A@C&F¼�Ä½@A@D.A�F.Å�AZÂ����Ä? ��C�>@AZD F¼�Ä?B>�F¼A@¾ZA@C&F�Á�JLDÄ?ÃF¼?ÃÂLA�7·yC(DÄÀ�Á�Á�JLD¼��C&F;¿�À�A.KBA@DÇ¿�À²��C&F¼?ÃF¼½@D {Xk, 0 ≤ k ≤ n} DÄJLC&FnJM��DÄA@� ÂL½@A@D+*~KK% A@D F¼?B¾k�»F¼A@À��EÅ�A@D¾ZJL?BC�Å��ÄA@D0>r���Ä�Ä½@D

θ̂n
Å�À¤Á²���¼��¾�(�F¼�ÄA

θ
A@D FEÅ�JLC�C�½;Á²���

θ̂n =

∑n
k=1XkXk−1∑n
k=1X

2
k−1

.

 � 7½�	7½�M�

ú�% A@D F¼?B¾k�»F¼A@À��
ρ̂n
Å�ÀQÁ²���¼��¾�(�F¼�ÄAäÅ)% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC

ρ
A@D FZJM��F¼A@C�À[A@C[>@JLC�D F¼�ÄÀ�?BD¼��C&F|KBA

�Ä½@DÄ?BÅ�À¤A@¾ZÁ�?B�Ä?B¿�À�A
ε̂k = Xk − θ̂nXk−1

Á�JLÀ��
1 ≤ k ≤ n.�ÇC��|��KBJL�ÄD

ρ̂n =

∑n
k=1 ε̂kε̂k−1∑n
k=1 ε̂

2
k−1

.

 � 7½�	7 ���

·yC'&²C)*=K �.D F��»F¼?BD F¼?B¿�À�AnÅ�A�¶4À��E��?BC���ù �»F¼DÄJLC#A@D F4Å�½e&²C�?BA�*²Á�JLÀ���F¼JLÀ�F
n ≥ 1

*²Á²���

D̂n =

∑n
k=1(ε̂k − ε̂k−1)

2

∑n
k=0 ε̂

2
k

.

 � 7½�	7 �q�

ú~��Â���KBA@À��9Å�A
D̂n

Â����Ä?BA4A@C&F¼�ÄAVñ.A�F:��7�6EC�A4Â���KBA@À�� F¼�E(@D0Á��ÄJ	>�I�AÇÅ�AQ���Ä½�ÂM(@KBAÇÀ�C�A;����DÄA@C�>@A
Å)% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC¢7�6EC�A|Â���KBA@À��;Á��ÄJ	>�I�AkÅ�Acñ¤DÄ?BMLC�?}&²A|K �#Á��Ä½@DÄA@C�>@AäÅ)% À�C�Aä��À�F¼J	>@JL�Ä�Ä½@K �8�F¼?BJLC(�rÂLA@>�À�C(Á²���¼��¾�(�F¼�ÄA�Å)% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC¤Á�JLDÄ?ÃF¼?Ãû�7�6EC�A�Â���KBA@À��4Á��ÄJ	>�I�A.Å�A��ä?BC�Å�?B¿�À�A
À�C�AZ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC(�rÂLA@>ZÀ�C,Á²���¼��¾�(�F¼�ÄA�Å)% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLCNC�½@M&�»F¼?Ãû�7�6EC�A|KB?ÃFÄF¼½@�¼�»F¼À��ÄA����JLC�Å²��C&F¼A.A@D FnÅ�?BDÄÁ�JLC�?[��KBA;DÄÀ��ÇK �ZÁ�À�?BDÄD¼��C�>@A.Å�ÀNF¼A@D FÇÅ�A�¶4À��E��?BC���ù �»F¼DÄJLCNÁ²���4�¼��Á�Á�JL� F��À	ü/��À�F¼�ÄA@DZÁ��ÄJ	>@½@Å�À��ÄA@DkÅ�A¤Å�½�F¼A@>�F¼?BJLC[Å)% ��À�F¼J	>@JL�Ä�Ä½@K �»F¼?BJLC)*`JLC[Á�A@À�Fk>@?ÃF¼A@�|A@C&F¼�ÄA���À�F¼�ÄA+ � ñ���-K*�+ ØMî0-K*K+ �L�@-ó7�:�½@>@A@¾Z¾ZA@C&F>*�ý9A@�Ä>@À,A�F��y�ÄJ@ü ��+ � Ø.-yJLC&F;Á�ÀW¾ZJLC&F¼�ÄA@�ÇÁ²���nÅ�A@D;DÄ?B¾.À�K �8�F¼?BJLC�D C�À�¾Z½@�Ä?B¿�À�A@D9¿�À�AÇKBA@DbF¼A@D F¼D�Å�AÇ¶4À��E��?BC���ù �»F¼DÄJLCkDÄJLC&F�DÄÀ�Á�½@�Ä?BA@À��ÄD���À	üZF¼A@D F¼D�À�F¼?BKB?BDÄ½@D

� �



�Ä½@MLÀ�KB?[(@�ÄA@¾ZA@C&F�Á²����KBA@D�½@>@JLC�JL¾�(�F¼�ÄA@Dw
�KBA@D;F¼A@D F¼D�Å�Aäú��ÄÀ�C�ML��ý9JrüUA�F�Å�Aäý9Jrüq���y?BA@�Ä>@A7��7HÈ KBDJLC&F0½@M&��KBA@¾ZA@C&F0¾ZJLC&F¼�Ä½�*�A@CÌÀ�F¼?BKB?BD¼��C&F9K ��F¼I�½@JL�Ä?BAÇÅ�A@D0¾k��� F¼?BC�M&��KBA@D+*�>@A@� F���?BC�A@D�Á��ÄJLÁ��Ä?B½�F¼½@DÅ�AÌ>@JLC&ÂLA@�ÄMLA@C�>@A#û�JL� F¼AäA�F�Å�AÌC�JL�Ä¾k��KB?ÃF¼½Z��D2;	¾ZÁ�F¼J�F¼?B¿�À�AäÁ�JLÀ��.KBA@D.A@D F¼?B¾k�»F¼A@À��ÄD�
 � 7½�	7½�M�9*

 � 7½�	7 ����A�FS
 � 7½�	7 �q��7�¸/&²CNÅ�A.�¼��Á�Á�A@KBA@�4KBA@À��ÄD4�Ä½@DÄÀ�KÃF��»F¼D+*�û���?BDÄJLC�DEKBA@D4C�J�F��»F¼?BJLC�D4DÄÀ�?ÃÂ���C&F¼A@D@7
�ÇC¤Á�JLDÄA|ø

θ∗ =
θ + ρ

1 + θρ
,


 � 7½�	7½�M�

σ2
θ =

(1 − θ2)(1 − θρ)(1 − ρ2)

(1 + θρ)3
,


 � 7½�	7 ���
ρ∗ = θρθ∗,


 � 7½�	7½ÚM�
σ2
ρ =

(1 − θρ)

(1 + θρ)3

(
(θ + ρ)2(1 + θρ)2 + (θρ)2(1 − θ2)(1 − ρ2)

)
,


 � 7½�	7 î��

Γ =

(
σ2
θ θρσ2

θ

θρσ2
θ σ2

ρ

)
.


 � 7½�	7 Ø��
�ÇC��|��KBJL�ÄD�KBAÇF¼I�½@JL�E(@¾ZA;DÄÀ�?ÃÂ���C&Fr7
�Cä~¬�=´�³	«Uµ Ô/: × :yÔ/: ¯:x�a�o}awp�iLxj{�fed[TqfexBp�fDh5dGf�n>t+kjf$nx»�dGf4~qf�n4f�nelyrv_�a�lmfek�dGn4fel:~qfVo}aSnel a@A
lyr[nelyryt+kjf4~qf²RVk�d�F+rvx/A É a�lvn7iLx�Æ

lim
n→∞

θ̂n = θ∗, lim
n→∞

ρ̂n = ρ∗, lim
n→∞

D̂n = D∗ ��7 D@7
R4f:h5o©k�n�g�ner

E[V 4
1 ] <∞ g�iLx�aco}a�xBiLd9_�a�o©rvlmzCa8nx¸L_�h5lmiLlyryt+kjf

√
n
(
θ̂n − θ∗

) L−→ N
(
0, σ2

θ

)
,

√
n
(
ρ̂n − ρ∗

) L−→ N
(
0, σ2

ρ

)
,

√
n

(
θ̂n − θ∗

ρ̂n − ρ∗

)
L−→ N

(
0,Γ
)
,

√
n
(
D̂n −D∗

) L−→ N
(
0, σ2

D

)
,

a�{�f�p
σ2
D = 4σ2

ρ

|
¸4À�þ9I²��Á�?ÃF¼�ÄA@��*9C�JLÀ�DäÅ�JLC�C�JLC�DÌÀ�C�ANÂLA@�ÄDÄ?BJLC!Á�KBÀ�DäÁ��Ä½@>@?BDÄA�7:�EJLÀ�DÌ½�F�����KB?BDÄDÄJLC�DkÀ�CÁ��Ä?BC�>@?BÁ�A�Å�A�Å�½�Â	? �»F¼?BJLC�DE¾ZJ	Å�½@�Ä½@A@D4Á�JLÀ��EKBA@D4A@D F¼?B¾k�»F¼A@À��ÄDEÅ�½e&²C�?BD4A@CJ
 � 7½�	7½�M�0A�FS
 � 7½�	7 ���9*��?BC�DÄ?=¿�À�AÇÁ�JLÀ�� K �;D F��»F¼?BD F¼?B¿�À�AEÅ�AÇ¶4À��E��?BC���ù �»F¼DÄJLCkDÄJLÀ�D9Å�?ÃÂLA@�ÄD�I�;	Á�J�F¼I	(@DÄA@D�DÄÀ��9KBA/���ÄÀ�?ÃF

(Vn)
A�F;DÄÀ��nKBA@DÇ>@JLC�Å�?ÃF¼?BJLC�D4?BC�?ÃF¼? ��KBA@D

X0
A�F
ε0
7��yKBÀ�DÇÁ��Ä½@>@?BDÄ½@¾ZA@C&F>*¢DÄJL?ÃF

(bn)
À�C�A|DÄÀ�?ÃF¼AÅ�A;C�JL¾4���ÄA@D��Ä½@A@KBD�Á�JLDÄ?ÃF¼?Ãû�D9ÂL½@�Ä?}&=��C&F

1 = o(b2n)
A�F
b2n = o(n)

7
� ¶Ç��C�D K ��<	A@>�F¼?BJLCw�	7½��*&C�JLÀ�D DÄÀ�Á�Á�JLDÄJLC�D9¿�À�A4KBAI���ÄÀ�?ÃF (Vn)

A@D F�M&��À�DÄDÄ?BA@C¢7��EJLÀ�D DÄÀ�Á��
Á�JLDÄJLC�DyA@CZÁ�KBÀ�Dy¿�À)% ?BK�A�ü�?BD F¼A

t > 0
F¼A@K�¿�À�A

E

[
exp(tε2

0)
]
<∞ *�A�F

E

[
exp(tX2

0 )
]
<

∞.� ¶Ç��C�D.K ��<	A@>�F¼?BJLCJ�	7 �'*~C�JLÀ�D.DÄÀ�Á�Á�JLDÄJLC�D.Å�A@D.I�;	Á�J�F¼I	(@DÄA@D�Å�AZFm;	Á�A#þ9I�A@C���ú�A@Å�JLÀ	üu7�yKBÀ�D�Á��Ä½@>@?BDÄ½@¾ZA@C&F>*²Á�JLÀ��
a = 2

A�F
a = 4

*�C�JLÀ�DEDÄÀ�Á�Á�JLDÄJLC�D�¿�À�A

lim sup
n→∞

1

b2n
log nP

(
|V1|a > bn

√
n
)

= −∞ * |ε0|a
bn
√
n

superexp
=⇒
b2n

0
A�F |X0|a
bn
√
n

superexp
=⇒
b2n

0
7

��*



�EJLÀ�D�¾ZJLC&F¼�ÄJLC�D���KBJL�ÄD0KBA@D0�Ä½@DÄÀ�KÃF��»F¼D�DÄÀ�?ÃÂ���C&F¼D@7
�Cä~¬�=´�³	«Uµ Ô/: × :[Þ�:HY iLk�nQo[f�nQV"¸�hjiLlBVjb�n7f�n4perBA2~qf�n�nek�n�gPo[f�n$nek�rvlmf�n
(√

n

bn

(
θ̂n − θ∗

))

n≥1

,

(√
n

bn

(
ρ̂n − ρ∗

))

n≥1

fel (√
n

bn

(
D̂n −D∗

))

n≥1

n>a�lyr[nN=>iLxjl�E�k�xðO�RQ± ~�a�x'n
R
~qfV{7rvlmf�n�n7f

b2n
fel:~qf8F9iLxjxBfK=>iLxBpelyrKiLx�~qfQl a�k@?�dGf�nmhjf�pelyrv{�f

Iθ(x) =
x2

2σ2
θ

, Iρ(x) =
x2

2σ2
ρ

fel
ID(x) =

x2

2σ2
D

,

i.S
σ2
θ

g
σ2
ρ

n7iLxjlD~qiLxjxBz�n:h	a�dZ´)Ê�|Bý�|Nþq·�fel(´)Ê�|Bý�|ÏÎx·�fel
σ2
D = 4σ2

ρ

|
þ9JL¾Z¾ZAk��À	üPþ9I²��Á�?ÃF¼�ÄA@D��¤A�F��'*HC�JLÀ�D�À�F¼?BKB?BDÄJLC�D;A@C�>@JL�ÄAäÀ�C�AÌ��Á�Á��ÄJ	>�I�Ak¾k��� F¼?BC�M&��KBAÁ�JLÀ��EÅ�½@¾ZJLC&F¼�ÄA@�E>@A@D4�Ä½@DÄÀ�KÃF��»F¼D@7=¶Ç��C�D4KBA;>r��Å��ÄA�M&��À�DÄDÄ?BA@C�Å�A�K �k<	A@>�F¼?BJLC��	7½��*=K ��>@JLC&ÂLA@���MLA@C�>@AÇDÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBAEÅ�Àk>@�ÄJ	>�I�A�F0Å�A@D9Å�?}Tu½@�ÄA@C&F¼A@D�¾k��� F¼?BC�M&��KBA@DyA@D F�JM��F¼A@C�À�A4ML�GF�>@A

��ÀUG0I�½@JL�E(@¾ZAZÅ�Aäþ9�¼��¾ZA@��A�F.��À	ü,?BC�½@M&��KB?ÃF¼½@DnÅ�AZÁ��ÄJM�²����?BKB?ÃF¼½@DnA�ü�Á�JLC�A@C&F¼?BA@KBKBA@D;½�F�����KB?BA@DÁ²���0ý9A@�Ä>@À#A�F0GHJLÀ²�»F¼?K+ ��ñ0-ó7j�EJLÀ�D�À�F¼?BKB?BDÄJLC�D9A@C�DÄÀ�?ÃF¼AÇKBAn�b¶n¹ Å�A@D0DÄ½@�Ä?BA@D0�Ä½@ML�ÄA@DÄDÄ?ÃÂLA@D�½�F��8�
��KB?�Á²���.ùUJL�Ä¾ZDÇ+ �M� �0-0Á�JLÀ���JM��F¼A@C�?B��C�J�F¼�ÄA#�b¶n¹,7b¶Ç��C�D|KBAÌ>r��Å��ÄA#JM�QKBA����ÄÀ�?ÃF�ÂL½@�Ä?}&²AÅ�A@D0I�;	Á�J�F¼I	(@DÄA@D�Å�A4Fm;	Á�AI,Äþ9I�A@C���ú�A@Å�JLÀ	üq-�*�C�JLÀ�D�À�F¼?BKB?BDÄJLC�D K ��¾�6@¾ZAÇ��Á�Á��ÄJ	>�I�AÇ¿�À�AÇ>@A@KBKBA
Å�À,þ9I²��Á�?ÃF¼�ÄA4�'*�¾k��?BDE>@A�FÄF¼A�û�JL?BD+*=K �Z>@JLC&ÂLA@�ÄMLA@C�>@A|DÄÀ�Á�A@��� A�ü�Á�JLC�A@C&F¼?BA@KBKBA�Å�ÀN>@�ÄJ	>�I�A�F;Å�A@DÅ�?}Tu½@�ÄA@C&F¼A@DE¾k��� F¼?BC�M&��KBA@D�A@D F4JM��F¼A@C�À�A43|KK% ��?BÅ�AÇÅ�A@D4?BC�½@M&��KB?ÃF¼½@D�Å�A�ý9A@�Ä>@À�A�FEGHJLÀ²�»F¼?J+ ��ñ0-ó7ú�A@D9�Ä½@DÄÀ�KÃF��»F¼D9¿�À�A4C�JLÀ�D9JM��F¼A@C�JLC�D�Å²��C�D9>@A4>�I²��Á�?ÃF¼�ÄAEÁ�A@�Ä¾ZA�FÄF¼A@C&F0��ÀäÁ²��DÄD¼��MLA4Å)% ½�F¼A@C�Å��ÄA>@A@À	üNJM��F¼A@C�À�D4Á²���Iï9JL�Ä¾ZD8+ �M� �0-K*���À�>r��D4JM��KBAV���ÄÀ�?ÃF4Å�À�¾ZJ	Å	(@KBA���À�F¼JL�Ä½@ML�ÄA@DÄDÄ?ÃûyÅ)% JL�ÄÅ��ÄA
� A@C¤Å�?B¾ZA@C�DÄ?BJLC � ÂL½@�Ä?}&²AnÀ�C�A;>@JLC�Å�?ÃF¼?BJLCÌÅ�AnFm;	Á�A�,�>�I�A@C���ú�A@Å�JLÀ	üq-�7�<	?BMLC²��KBJLC�D�¿�À�A;Å²��C�D+ �M� ��-K*²KBAn>r��D0F¼�¼��?ÃF¼½nA@D FE>@A@KBÀ�?�JM�#KBA����ÄÀ�?ÃF�A@D FEDÄJLÀ�D�� M&��À�DÄDÄ?BA@C¢7
Ô/: × :yÔ ¥�´�Yç{±�³	«Uµ��.5�Aß�µ�´7Õ8�|µ�Õ�ëyµ�´L�+ëyµ�è�Õ�ªvß�µ��
¶Ç��C�DbKBA�>r��Å��ÄA0M&��À�DÄDÄ?BA@C)*&C�JLÀ�DyÁ�A@C�DÄJLC�D ¿�À)% ?BK�A@D Fb>@A@� F���?BC�A@¾ZA@C&FbÁ�JLDÄDÄ?[��KBA�Å�A�¾ZJLC&F¼�ÄA@�À�CT�  ¶ÖÁ�JLÀ��#K �PD F��»F¼?BD F¼?B¿�À�AWÅ�AU¶4À��E��?BC���ù �»F¼DÄJLC¢7�·yCVD+% ?BC�DÄÁ�?B�¼��C&F¤Å�A@D#F¼�¼�rÂ���À	ü�Å�AùUJL�Ä¾ZDe+ �M� �0-�A�F¤>@A@À	üVÅ�AUý9A@�Ä>@À�+ � Ú0-K*0C�JLÀ�D¤C�JLÀ�D�;��»FÄF¼A@KBKBA@�ÄJLC�DÌÅ²��C�D¤C�JLD#F¼�¼�rÂ���À	üû�À�F¼À��ÄD@7

���Dÿ )e#K!$�(h�h��0�Ç�����u���khV�8#�'H!Q���Nh�!$Ù�#&%4���u������%(h>iU�(!$#0�h>i"i"'(iÒ%(h�\]�K!�à
j�#ml

GH�ÄJLÀ�ÂLA@�`Å�A@D���JL�ÄC�A@D`A�ü�Á�KB?B>@?ÃF¼A@DHÁ�JLÀ��`KK% A@�ÄMLJ	Å�?B>@?ÃF¼½bÅ�A@D`Á��ÄJ	>@A@DÄDÄÀ�DyÅ�A�¹����EZ�JvÂ�3EF¼A@¾ZÁ�DÅ�?BDÄ>@�ÄA�F4A�F4>@JLC&F¼?BC�À¤A@D FÇÅ�A�ÂLA@C�À)*u��À�>@JLÀ��ÄDEÅ�A�>@A@D4Å�A@À	ü¤Å�A@�ÄC�?[(@�ÄA@DEÅ�½@>@A@C�C�?BA@D4À�C�A@C8�ÄA@À	ü
¾k�7�ÄA@À���A@C#F¼I�½@JL�Ä?BA;Å�A@DEÁ��ÄJM�²����?BKB?ÃF¼½@D@7²þ9A@>@?~A@D F4Å	R)*²Á�JLÀ���KBA@D�>r��DEÅ�?BDÄ>@�ÄA�F�3|KK% À�F¼?BKB?BD¼�»F¼?BJLCÅ�A@Db>�I²�L� C�A@DbÅ�AE¹����EZ�JvÂ�Å²��C�DbKBA@Dy¾Z½�F¼I�J	Å�A@DyC�À�¾Z½@�Ä?B¿�À�A@D�
���KBMLJL�Ä?ÃF¼I�¾ZA@D`¹Nþ0þ0¹,7Ã7Ã7½�M+ ��î0-K*+ ØMØ.-ó7�¶Ç��C�DäKBA�>r��Dä>@JLC&F¼?BC�À)*9>@A@>@?ÇA@D F#A@C!Á²��� F¼?BA�Å	Rö3UKK% À�F¼?BKB?BD¼�»F¼?BJLCPÅ�A@DÌÅ�?}TuÀ�DÄ?BJLC�DkÅ�A
ú~��C�MLA�Â	?BC(Á�JLÀ��4KBA@DÇDÄ?B¾.À�K �»F¼?BJLC�DEÅ�A|¹¤JLC&F¼AZþ����ÄKBJ�+ Ø���-ó7�ú�% JM��F¼A@C&F¼?BJLCNÅ�A@Dn?BC�½@M&��KB?ÃF¼½@DEÅ�A

�x6



Å�½�Â	? �»F¼?BJLC�DyÁ�JLÀ��bKBA@Dy>�I²�L� C�A@D Å�A4¹����EZ�JvÂS��?Ãû�À��Ä>r��C&F¼A@D C�JLÀ�D �;>@JLC�Å�À�?ÃFU3;C�JLÀ�Db?BC&F¼½@�ÄA@DÄDÄA@���À	ü=��JL�ÄC�A@DEA�ü�Á�KB?B>@?ÃF¼A@D�Á�JLÀ���KK% A@�ÄMLJ	Å�?B>@?ÃF¼½ÇÅ�A@D4Á��ÄJ	>@A@DÄDÄÀ�D4Å�A.¹����EZ�JvÂ�7u·yC�AeTuA�F>*�>@JL¾Z¾ZAC�JLÀ�DEKK% �rÂLJLC�DEÅ�½m�G3ZDÄ?BMLC²��KBA@�+*²>@A@D4?BC�½@M&��KB?ÃF¼½@D�Å�A�Å�½�Â	? �»F¼?BJLC�D�DÄJLC&FÇÅ)% ��À�F���C&F4Á�KBÀ�D�Á��Ä½@>@?BDÄA@D
¿�À�A¤KBA@D���JL�ÄC�A@DZÁ�JLÀ���KK% A@�ÄMLJ	Å�?B>@?ÃF¼½kÅ�A¤K �N>�I²�L� C�A#Å�A�¹����EZ�JvÂQ?BC�Å�À�?ÃF¼AÌDÄJLC&FZA�ü�Á�KB?B>@?ÃF¼A@D@7�yKBÀ�DÄ?BA@À��ÄD���À�F¼A@À��ÄD�JLC&F;F¼�¼�rÂ���?BKBKB½�DÄÀ��;KK% A@�ÄMLJ	Å�?B>@?ÃF¼½�*uA�ü�Á�KB?B>@?ÃF¼A�JLÀWC�JLC,Å�A@D�Á��ÄJ	>@A@DÄDÄÀ�D�Å�A¹����EZ�JvÂ5*=JLC#Á�A@À�FE>@?ÃF¼A@�0A@C&F¼�ÄA���À�F¼�ÄA@D¿+ �qÚ0-K*>+ Ø��0-K*m+ �M�.-K*m+ ��î0-K*m+ �M��-K*m+ ���.-K*>+ Ø��0-ó7j�EJLÀ�DE��KBKBJLC�DC�JLÀ�Db�»FÄF����ÄÅ�A@�y?B>@?�DÄÀ��bKBA@D{F¼�¼�rÂ���À	ü�Å�AE:�JM��A@� F¼D���:�JLDÄA@C&F¼I²��K>+ Ø���-²A�FbÅ�A�¶4JLÀ�>9��8²JL� F2�  À�?BKBKB?BC+ ���.-K*v¿�À�?�>@JLC�D F¼?ÃF¼À�A@C&F{K ���²��DÄA Å�A C�J�F¼�ÄAbF¼�¼�rÂ���?BKó7@GHJLÀ�FHÅ)% ����JL�ÄÅ)*�>@JL¾Z¾ZA@C	�@JLC�D~Á²���~Å�JLC�C�A@�¿�À�A@KB¿�À�A@DEÅ�½e&²C�?ÃF¼?BJLC�D0A�FEC�J�F��»F¼?BJLC�D@7
<	JL?ÃF

(Ω,F , (Ft)t≥0, (Xt)t≥0, (Px)x∈X)
À�C�A`û���¾Z?BKBKBAHÅ�A ¹����EZ�JvÂnÅ�½e&²C�?BAyDÄÀ��~À�C;A@DÄÁ²��>@A¾Z½�F¼�Ä?B¿�À�ANDÄ½@Á²���¼����KBANA�FÌKBJ	>r��KBA@¾ZA@C&Fk>@JL¾ZÁ²��>�F

X
*9¾.À�C�?4Å�AND¼�

σ
����KBMM(+���ÄA���JL�Ä½@KB?BA@C�C�A

B(X)
ø
(Ω,F)

A@D F�À�CäA@DÄÁ²��>@AÇ¾ZA@DÄÀ��¼����KBA�*
(Xt)t≥0

A@D F�À�CäÁ��ÄJ	>@A@DÄDÄÀ�D�Å�An¹����EZ�JvÂkDÄÀ��
XÁ²���b�¼��Á�Á�JL� FD3;K ��&²KÃF¼�¼�»F¼?BJLC

(Ft)t≥0
A�F

Px

��ÄA@DÄÁ¢7

Ex
�`Å�½@DÄ?BMLC�AEK �nÁ��ÄJM�²����?BKB?ÃF¼½�>r��C�JLC�?B¿�À�A


��ÄA@DÄÁ¢7~KK% A@DÄÁ�½@�¼��C�>@A7�n��DÄDÄJ	>@?B½@AZ��ÀWÁ��ÄJ	>@A@DÄDÄÀ�D�Å�Ak¹����EZ�JvÂWÅ�A|KBJL?`?BC�?ÃF¼? ��K
δx
*�K �ä¾k��DÄDÄA|Å�A¶4?B�¼��>9A@C

x
7M�EJLÀ�D`DÄÀ�Á�Á�JLDÄJLC�Dy¿�À�A

(Xt)t≥0
A@D FyÀ�C�Á��ÄJ	>@A@DÄDÄÀ�DbÅ�A�¹����EZ�JvÂ�û�JL� F`I�JL¾ZJLMM(@C�AA�F�3ZF¼�¼�7�ÄA@>�F¼JL?B�ÄA@D4>>3�Å�K³3�M�7B�ÇCNÅ�½@DÄ?BMLC�A�Á²���
(P t)t≥0

K �|û�JLC�>�F¼?BJLC�Å�A�F¼�¼��C�DÄ?ÃF¼?BJLC���DÄDÄJ	>@?B½@ADÄÀ��
(X,B(X))

7��HJLÀ��9À�C
t ≥ 0 P t ��ML?ÃF9DÄÀ��9KBA@D û�JLC�>�F¼?BJLC�D9¾ZA@DÄÀ��¼����KBA@DD��JL�ÄC�½@A@D f A�F0KBA@D¾ZA@DÄÀ��ÄA@D

σ
� &²C�?BA@D

µ
DÄÀ��

X
Â	? �.KBA@D0û�JL�Ä¾.À�KBA@D

P tf(x) =

∫

X

P t(x, dy)f(y), µP t(A) =

∫

X

µ(dx)P t(x,A).

6EC�A;¾ZA@DÄÀ��ÄA;Å�A;Á��ÄJM�²����?BKB?ÃF¼½
π
DÄÀ�� B(X)

A@D FEÅ�?ÃF¼An?BC&Â����Ä? ��C&F¼AÇDÄ?
π = πP t ∀t ≥ 0.

ú�A;Á��ÄJ	>@A@DÄDÄÀ�DEÅ�A�¹����EZ�JvÂ
(Xt)t≥0

A@D F
φ
� ?B�Ä�Ä½@Å�À�>�F¼?[��KBAÇÁ�JLÀ��0À�C�A;¾ZA@DÄÀ��ÄA

σ
� &²C�?BA

φ
DÄ?K*

φ(A) > 0 ⇒ Ex

[∫ ∞

0

1A(Xs)ds

]
> 0∀x ∈ X.

6ECWÁ��ÄJ	>@A@DÄDÄÀ�D
φ
� ?B�Ä�Ä½@Å�À�>�F¼?[��KBA�Á�JLDÄDE(@Å�A|À�C�A�¾ZA@DÄÀ��ÄA�Å)% ?B�Ä�Ä½@Å�À�>�F¼?[��?BKB?ÃF¼½;¾k��ü�?B¾k��KBA

ψ
*���À

DÄA@C�DnJM��F¼JLÀ�F¼A���À�F¼�ÄA.¾ZA@DÄÀ��ÄA.?B�Ä�Ä½@Å�À�>�F¼?[��KBA
ϕ
A@D F�����DÄJLKBÀ�¾ZA@C&F4>@JLC&F¼?BC�À�A�Á²���4�¼��Á�Á�JL� F�3

ψ
7
ú�AnÁ��ÄJ	>@A@DÄDÄÀ�D

(Xt)t≥0
A@D F4ÿ4���Ä�Ä?BD�� �Ä½@>@À��Ä�ÄA@C&FEDÄ?K*�Á�JLÀ��0À�C�A;¾ZA@DÄÀ��ÄA

σ
� &²C�?BA

µ
*

µ(A) > 0 ⇒
∫ ∞

0

1A(Xs)ds = ∞ Px
� Á��ÄA@DÄ¿�À�A�Á²��� F¼JLÀ�F ∀x ∈ X.

6EC#Á��ÄJ	>@A@DÄDÄÀ�D4ÿ4���Ä�Ä?BD�� �Ä½@>@À��Ä�ÄA@C&F0A@D F�F¼�Ä?ÃÂ	? ��KBA@¾ZA@C&F
φ
� ?B�Ä�Ä½@Å�À�>�F¼?[��KBA � Å�AnÁ�KBÀ�D�+ ��Ø.-K*�D+% ?BK¢A@D F

>>3�Å�K³3�M	*&?BK=��Å�¾ZA�F9À�C�A4¾ZA@DÄÀ��ÄAE?BC&Â����Ä? ��C&F¼A
π � DÄ? π A@D F�À�C�A4Á��ÄJM�²����?BKB?ÃF¼½�?BC&Â����Ä? ��C&F¼A�*	��KBJL�ÄDKBA.Á��ÄJ	>@A@DÄDÄÀ�D;A@D FnÅ�?ÃF;ÿ4���Ä�Ä?BD�� �Ä½@>@À��Ä�ÄA@C&FnÁ�JLDÄ?ÃF¼?Ãû�7�¶4?}Tu½@�ÄA@C&F¼Dn>@�Ä?ÃFG(@�ÄA@DÇÁ�JLÀ��ÇÀ�CWÁ��ÄJ	>@A@DÄDÄÀ�DÅ)% 6�F¼�ÄA�ÿ4���Ä�Ä?BD0�Ä½@>@À��Ä�ÄA@C&F4Á�JLDÄ?ÃF¼?ÃûHJLC&F�½�F¼½;Å�JLC�C�½@D8+ î��0-K*>+ îM�.-ó7

� _



ú�AZÁ��ÄJ	>@A@DÄDÄÀ�D
(Xt)t≥0

A@D F.A@�ÄMLJ	Å�?B¿�À�AZD+% ?BKbA�ü�?BD F¼AkÀ�C�Ak¾ZA@DÄÀ��ÄAZÅ�AkÁ��ÄJM�²����?BKB?ÃF¼½�?BC&Â��8��Ä? ��C&F¼A
π
A�F

lim
t→∞

‖P t(x, ·) − π(·)‖TV = 0, ∀x ∈ X,

JM�¤K �.C�JL�Ä¾ZAnA@C#Â����Ä? �»F¼?BJLCkF¼J�F���KBAÇÅ)% À�C�A�¾ZA@DÄÀ��ÄA;DÄ?BMLC�½@A
µ
A@D FEÅ�JLC�C�½@A�Á²���

‖µ‖TV = sup
A∈B(X)

µ(A) − inf
A∈B(X)

µ(A).

�EJ�F¼JLC�D ¿�À)% À�CÌÁ��ÄJ	>@A@DÄDÄÀ�D0ÿ4���Ä�Ä?BD�� �Ä½@>@À��Ä�ÄA@C&F9Á�JLDÄ?ÃF¼?ÃûuC)% A@D F�Á²��D û�JL�Ä>@½@¾ZA@C&F9A@�ÄMLJ	Å�?B¿�À�A�7	·yC
AeTuA�F>*&Å�A@D >@JLC�Å�?ÃF¼?BJLC�DyDÄÀ�Á�Á�KB½@¾ZA@C&F���?B�ÄA@DbDÄÀ��bKBA0Á��ÄJ	>@A@DÄDÄÀ�D9DÄJLC&F C�½@>@A@DÄD¼��?B�ÄA@D9Á�JLÀ��yJM��F¼A@C�?B�KK% A@�ÄMLJ	Å�?B>@?ÃF¼½�7�¶4AkÁ�KBÀ�D+*~Á�JLÀ��;KBA@D�DÄ?B¾.À�K �»F¼?BJLC�DnC�À�¾Z½@�Ä?B¿�À�A@D+*H>@JLC�C²�L�BF¼�ÄA�3¤¿�À�A@KBKBA�Â	?ÃF¼A@DÄDÄA
P t >@JLC&ÂLA@�ÄMLAnÂLA@�ÄD π A@D F0Å)% À�C�An?B¾ZÁ�JL� F���C�>@A4>r��Á�?ÃF���KBA�7��yKBÀ�D�Á��Ä½@>@?BDÄ½@¾ZA@C&F>*�A@CÌDÄÀ�Á�Á�JLD¼��C&F¿�À�A4KBAEÁ��ÄJ	>@A@DÄDÄÀ�D�A@D F�A@�ÄMLJ	Å�?B¿�À�A�*�JLCkDÄJLÀ�I²��?ÃF¼A@�¼��?ÃF Å�½�F¼A@�Ä¾Z?BC�A@� Å�A@À	üZû�JLC�>�F¼?BJLC�D

g : X →
[0,∞)

A�F
r : [0,+∞) → (0,+∞)

*�>r��KB>@À�K ����KBA@D�A�ü�Á�KB?B>@?ÃF¼A@¾ZA@C&F>*�F¼A@KBKBA@D0¿�À�A

‖P t(x, ·) − π(·)‖TV ≤ g(x)

r(t)
∀x ∈ X.


 � 7 ��7 � �
ú�JL�ÄDÄ¿�À�A

r(t) = ρt
�rÂLA@>

ρ > 1
*=JLC�Á²���ÄKBA;Å)% A@�ÄMLJ	Å�?B>@?ÃF¼½;A�ü�Á�JLC�A@C&F¼?BA@KBKBA;JLÀ�ML½@JL¾Z½�F¼�Ä?B¿�À�A�7

<	?
r(t)

A@D FÌÀ�C!Á�JLK};	C	�L¾ZA�*bJLC5Á²���ÄKBA¤Å)% A@�ÄMLJ	Å�?B>@?ÃF¼½¤Á�JLK};	C�JL¾Z? ��KBA�7bþ9A�FÄF¼ANÅ�A@�ÄC�?[(@�ÄA�û���?ÃFÁ²��� F¼?BAkÅ)% À�C�AÌ>@K ��DÄDÄAäÁ�KBÀ�D.ML�¼��C�Å�Aä¿�À)% JLCQ��Á�Á�A@KBKBAkA@�ÄMLJ	Å�?B>@?ÃF¼½ZDÄJLÀ�D�� ML½@JL¾Z½�F¼�Ä?B¿�À�A�7«�EJLÀ�D��KBKBJLC�DP3�Á��Ä½@DÄA@C&F0½@C�JLC�>@A@�9KBA@Db�Ä½@DÄÀ�KÃF��»F¼D9JM��F¼A@C�À�D9Á²���9:�JM��A@� F¼D A�F�:�JLDÄA@C&F¼I²��Kz+ Ø��0-�DÄÀ��9KBA@D
��JL�ÄC�A@D0A�ü�Á�KB?B>@?ÃF¼A@D0Á�JLÀ���KK% A@�ÄMLJ	Å�?B>@?ÃF¼½4A�ü�Á�JLC�A@C&F¼?BA@KBKBAÇÅ�A@D�Á��ÄJ	>@A@DÄDÄÀ�D�Å�A�¹����EZ�JvÂ�3�F¼A@¾ZÁ�D
>@JLC&F¼?BC�À¢7�þ9JL¾Z¾ZA@C	�@JLC�D0Á²����KBA@D0Å�½e&²C�?ÃF¼?BJLC�D0DÄÀ�?ÃÂ���C&F¼A@D@7
§Ì¬�ü`®HªvÕ�ª��® Ô/:[ô�:yÔ ¼ ¡n®?�@µ	«@ç{±�µ��r«U°²±�±�á~¡n®?�@µ	«@ç{±�µ�ëyµ�Õ�ªvÕvµ ¾0:¯:xÐ~�rvlct+k�u k�xön7iLk�nxAEfex'n7fe_GF+o[f�xBiLx {7ry~qf

C ⊆ X
f�nel

(t∗, ε)
AKne_�a�ovo¿´2iLkÍnerv_�h5o[fe_cfexjl

ne_�a�ovo ·7gUhjiLk�d�k�x¶lmfe_�hjncnelyd9rKpelmfe_cfexjlDhji7nervlyr =
t∗
fel
ε > 0

g�nju rvoIf]?Mr[nelmf�k�xBfw_cf�nek�dGf=~qf
h5dGi F�aLF+rvo©rvlmz

Q(·) nek�d X {�zed9r sDa�xjlUo}awp�iLx5~�rvlyrKiLx�~qfV_�rvxBiLdEa�lyrKiLx

P t∗(x, ·) ≥ εQ(·) ∀x ∈ C.

 � 7 ��7½�M�

INfVn7iLk�nxAEfex'n7fe_GF+o[f
C
f�nel

νa
A[hjfelyrvlmfÇ´2iLk�nerv_�h5o[fe_cfexjlAhjfelyrvlmfº·Snju rvo nSf]?Mr[nelmfexjlDk�xBfC_cf�nek�dGf

~qf/h5dGi F�aLF+rvo©rvlmz
a
nek�d4o}a

σ
A2a�o TqbCF+dGf`F9iLdGzeo©rKfexjxBf�~qf

[0,+∞)
fel:k�xBf�_cf�nek�dGf

σ
A½sPxjrKfCxBiLx

lyd9rv{7rya�o[f
νa
nek�d B(X)

lmfeovo[f�n4t+kjf
∫ ∞

0

P t(x, ·)a(dt) ≥ νa(·) ∀x ∈ C.

�ÇCÌÂL½@�Ä?}&²A���?BDÄ½@¾ZA@C&FE¿�À�AnF¼JLÀ�F�A@C�DÄA@¾4��KBA;DÄ¾k��KBK¢A@D FEÁ�A�F¼?ÃF¼A�76EC(JLÀ�F¼?BK{A@DÄDÄA@C&F¼?BA@KyÁ�JLÀ��nKK% JM��F¼A@C&F¼?BJLCNÅ�A@D���JL�ÄC�A@D;A�ü�Á�KB?B>@?ÃF¼A@D4A@D F�KBA.>@JLÀ�Á�K ��MLA�*u>�% A@D F2�
38� Å�?B�ÄAnK ��>@JLC�D F¼�ÄÀ�>�F¼?BJLC¤>@JLC8�ÄJL?BC&F¼A;Å�A�Å�A@À	ü¤Á��ÄJ	>@A@DÄDÄÀ�D4Å�A.¹����EZ�JvÂ#Å�JLC&F4KBA@D�¾k���ÄML?BC²��KBA@D
Å�A�Â	�ÄJLC&F4DÄA;>@JL¾ZÁ�JL� F¼A@�0>@JL¾Z¾ZAÇK ��KBJL?uÅ�À¤Á��ÄJ	>@A@DÄDÄÀ�DE?BC�?ÃF¼? ��Kó7

�xb



Ô/:[ô�:yÔ Å �®?�eÕv´L�?è�Õ�ª��®Íã?�ÍèL5�Në{±�°	Ö=µ
<	À�Á�Á�JLDÄJLC�D�¿�À�A

C ⊆ X
A@D F

(t∗, ε)
� DÄ¾k��KBKó7�<	JL?ÃF

(Xt)
A�F

(X ′
t)
Å�A@À	ü,Á��ÄJ	>@A@DÄDÄÀ�D.¿�À�A

C�JLÀ�DE��KBKBJLC�D9>@JLC�D F¼�ÄÀ�?B�ÄAnÁ²���0>@JLÀ�Á�K ��MLA�7��`F���C&F�Å�JLC�C�½;À�C�A;DÄÀ�?ÃF¼AnÅ�AÇÂ����Ä? ����KBA@D0��KB½r�»F¼JL?B�ÄA@D?ó7 ?ó7 Å
Z1, Z2, ...

*
Zi ∼ B(1, ε)

*�JLC¤>@JLC�D F¼�ÄÀ�?ÃF
(Xt, X

′
t)
A�F�KBAÇF¼A@¾ZÁ�D�Å)% ���Ä�E6�F4��KB½r�»F¼JL?B�ÄA

T̃ = inf

{
τ̃ t

∗
i + t∗,

(
Xτ̃ t∗

i
, X ′

τ̃ t∗
i

)
∈ C × C,Zi = 1

}
.

<	JL?ÃF
τ̃ t

∗
C×C = inf

{
t ≥ t∗, (Xt, X

′
t) ∈ C × C

}
, τ̃ t

∗
1 = τ̃ 0

C×C ,A�F
τ̃ t

∗
i = inf

{
t ≥ τ̃ t

∗
i−1 + t∗, (Xt, X

′
t) ∈ C × C

}
, i ≥ 2.

�HJLÀ���>�I²��¿�À�AnF¼A@¾ZÁ�D
τ̃ t

∗
i

*²DÄ?
Xt
A�F
X ′
t

C)% JLC&F�Á²��D�A@C�>@JL�ÄA;½�F¼½n>@JLÀ�Á�KB½@D+*=��KBJL�ÄD�JLC#Á��ÄJ	>+(@Å�A
>@JL¾Z¾ZAnDÄÀ�?ÃF;ø
� 7`DÄ?

Zi = 1
*�JLC¤Á�JLDÄA

Xτ̃ t∗
i +t∗ = X ′

τ̃ t∗
i +t∗ ∼ Q(·),A�FEJLC¤Å�½@>@K ���ÄA;¿�À�A�KBA@D�Á��ÄJ	>@A@DÄDÄÀ�D4JLC&FE½�F¼½�>@JLÀ�Á�KB½@D+*=A�FEÁ²����K ��Å�½e&²C�?ÃF¼?BJLC#Å�À#F¼A@¾ZÁ�DÅ�A;>@JLÀ�Á�K ��MLA�*�JLC¤�

Xτ̃ t∗
i +t∗ = X ′

τ̃ t∗
i +t∗

*
�	7`DÄ?

Zi = 0
*�JLC¤Á�JLDÄA

Xτ̃ t∗
i +t∗ ∼

1

1 − ε

(
P t∗(Xτ̃ t∗

i
, ·) − εQ(·)

)

A�F
X ′
τ̃ t∗
i +t∗ ∼

1

1 − ε

(
P t∗(X ′

τ̃ t∗
i
, ·) − εQ(·)

)

>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBA@¾ZA@C&F�?BC�Å�½@Á�A@C�Å²��C&Fr7
¶Ç��C�DyKBA@D`Å�A@À	ü�>r��D+*�JLC��ÄA@¾ZÁ�KB?ÃF{KBA@D{Â���KBA@À��ÄD

Xt
A�F
X ′
t

Á�JLÀ��
τ̃ t

∗
i < t < τ̃ t

∗
i +t∗

>@JLC�Å�?ÃF¼?BJLC��C�A@KBKBA@¾ZA@C&F ?BC�Å�½@Á�A@C�Å²��C&F¼A@D+*�A@CkÀ�F¼?BKB?BD¼��C&FbKBA@D KBJL?BDy>@JLC�Å�?ÃF¼?BJLC�C�A@KBKBA@Db��Å²��Á�F¼½@A@D9Å�A@D9Å�JLC�C�½@A@D
Xτ̃ t∗

i

*
X ′
τ̃ t∗
i

*
Xτ̃ t∗

i +t∗
*
X ′
τ̃ t∗
i +t∗

7
T̃
A@D F�KBA.F¼A@¾ZÁ�DnÅ�A|>@JLÀ�Á�K ��MLA�7¢È KyA@D F;û���>@?BKBA.Å�A�ÂLJL?B�n¿�À�A

(Xt)
A�F

(X ′
t)
DÄÀ�?ÃÂLA@C&FÌ¾k���ÄML?BC²��KBA@¾ZA@C&F|KBA@DZÁ��ÄJM�²����?BKB?ÃF¼½@D|Å�A¤F¼�¼��C�DÄ?ÃF¼?BJLC�D

P t(·, ·) 
 ÂLJL?B�:�JM��A@� F¼D���:�JLDÄA@C&F¼I²��K�+ Ø���*jØ��@-v��7
�ÇC#����KBJL�ÄD9KBA4�Ä½@DÄÀ�KÃF��»F0DÄÀ�?ÃÂ���C&F0¿�À�?¢Å�JLC�C�AnÀ�C�A$��JL�ÄC�AnA�ü�Á�JLC�A@C&F¼?BA@KBKBA4A�ü�Á�KB?B>@?ÃF¼A4Å�AnK �

Å�?BD F���C�>@A;A@C#Â����Ä? �»F¼?BJLCkF¼J�F���KBAÇA@C&F¼�ÄA L(Xt)
A�F�K ��Á��ÄJM�²����?BKB?ÃF¼½4?BC&Â����Ä? ��C&F¼A

π(·) 7�Cä~¬�=´�³	«Uµ Ô/:[ô�:[Þ�:HY k7h�hji7n7iLx'nQt+kjfQo[f:h5dGi7p�f�n�nek�nC~qfQ±�a�dg³�iL{
(Xt)t≥0

a�~�_cfelPk�xBf�h5dGi.AF�aLF+rvo©rvlmzCrvxj{La�d9rya�xjlmf
π(·) | Y k7h�hji7n7iLx'n�t+kjf C ⊂ X

f�nel
(t∗, ε)

AKne_�a�ovo gAhjiLk�dQk�x´lmfe_�hjn
t∗nelyd9rKpelmfe_cfexjl�hji7nervlyr =�fel

ε > 0
| Y k7h�hji7n7iLx'n�fexwh5o©k�n�t+k�u rvoPf]?Mr[nelmf

δ > 0
fel�k�xBf�=>iLxBpelyrKiLx

h : X ×X → [1,∞)
lmfeo n4t+kjf

Ex,y [exp (δτC×C)] ≤ h(x, y), (x, y) /∈ C × C,

 � 7 ��7 ���

� �



i.S
τC×C = inf{t ≥ 0, (Xt, X

′
t) ∈ C × C} g (Xt)

fel
(X ′

t)
n7iLxjl�~qz·sPxjr[nSp�iLx��>iLrvxjlmfe_cfexjl

p�iL_�_cf8E�o}a�p�iLx'nelyd9kjpelyrKiLx´~�k�p�iLk7h5o}a�Tqf8Ê�|NþM|BÊ�|>OIi7n7iLx'n
A = sup

(x,y)∈C×C
Ex,y [h(Xt∗ , X

′
t∗)]

fel�nek7h�hji7n7iLx'nCt+kjf
A <∞ |)^�o[iLdGn�hjiLk�d

t > 0
felAhjiLk�dVlmiLk�l

0 < r < 1/t∗
g

‖L(Xt) − π(·)‖TV ≤ (1 − ε)brtc + exp (−δ(t− t∗))Abrtc−1
E [h (X0, X

′
0)] .6EC�AnÅ�A@D�Á��Ä?BC�>@?BÁ²��KBA@D�Å�?}1Z>@À�KÃF¼½@D0Å²��C�D0KK% ��Á�Á�KB?B>r�»F¼?BJLCkÅ�An>@AnF¼I�½@JL�E(@¾ZAnA@D FEK ��ÂL½@�Ä?}&²>r�8�F¼?BJLC�Å�A�K �E>@JLC�Å�?ÃF¼?BJLCw
 � 7 ��7 ����7L�EJLÀ�D`�ÄA�Â	?BA@C�Å��ÄJLC�D`Á�KBÀ�DHF����ÄÅ.DÄÀ��`À�C�A�>@JLC�Å�?ÃF¼?BJLC�DÄÀ'1ZD¼��C&F¼AÁ�A@�Ä¾ZA�FÄF���C&F4Å�A�KK% JM��F¼A@C�?B�@7=ú~�|Á��ÄA@À�ÂLA.Å�A�>@A�F¼I�½@JL�E(@¾ZA��ÄA@Á�JLDÄA�A@CNML�¼��C�Å�A�Á²��� F¼?BA;DÄÀ��4KBA

>@JLC&F¼�E�LKBAnÅ�À#F¼A@¾ZÁ�D�Å�A;>@JLÀ�Á�K ��MLA
T̃
Å�½e&²C�?BA;Å²��C�D�K �.>@JLC�D F¼�ÄÀ�>�F¼?BJLC¤Á��Ä½@>@½@Å�A@C&F¼A�7

¶Ç��C�D KBA�>r��D JM�ZK �n>@JLC&ÂLA@�ÄMLA@C�>@AÇÅ�A
P t(x, ·) ÂLA@�ÄD π(·) A@D F9DÄJLÀ�D�� A�ü�Á�JLC�A@C&F¼?BA@KBKBA�*�¶4JLÀ�>9�8²JL� F2�  À�?BKBKB?BC + ���.-ÇJLC&FäÅ�JLC�C�½NÅ�A@Dw��JL�ÄC�A@DäC�JLC5A�ü�Á�KB?B>@?ÃF¼A@DkÁ�JLÀ�� ‖P t(x, ·) − π(·)‖TV

7
þ9JLC�DÄ?BÅ�½@�ÄJLC�D�K ��>@JLC�Å�?ÃF¼?BJLCÌÅ�A;Å�½@�Ä?ÃÂLA;DÄÀ�?ÃÂ���C&F¼A;Á�JLÀ��0À�C¤A@C�DÄA@¾4��KBA;Á�A�F¼?ÃF¼A

C
7

D(C,V, φ, b)
øuÈ K{A�ü�?BD F¼A.À�CWA@C�DÄA@¾4��KBA.Á�A�F¼?ÃF¼A

C
*uÀ�C�A.û�JLC�>�F¼?BJLCN>>3�Å�K³3�M

V : X −→
[1,∞)

*�À�C�A.û�JLC�>�F¼?BJLC
φ : [1,∞) −→ (0,∞)

>@�ÄJL?BDÄD¼��C&F¼A�*¢Á�JLDÄ?ÃF¼?ÃÂLA�*u>@JLC�>r�rÂLA�*�Å�½@�Ä?ÃÂ�����KBAA�FEÀ�C�A;>@JLC�D F���C&F¼A
b <∞ F¼A@KBD0¿�À�A;Á�JLÀ��0F¼JLÀ�D

s ≥ 0
*
x ∈ X

*

Ex

[
V (Xs)

]
+ Ex

[∫ s

0

φ ◦ V (Xu)du

]
≤ V (x) + bEx

[∫ s

0

1C(Xu)du

]
.


 � 7 ��7 �q�
�EJ�F¼JLC�D�¿�À�Ac
 � 7 ��7 �q�9A@D FE½@¿�À�?ÃÂ���KBA@C&F�3�K �.>@JLC�Å�?ÃF¼?BJLCÌ¿�À�A�K ��û�JLC�>�F¼?BJLC�C�A@KBKBA

s 7−→ V (Xs) − V (X0) +

∫ s

0

φ ◦ V (Xu)du− b

∫ s

0

1C(Xu)du

A@D FEÀ�C�A
Px
� DÄÀ��Ä¾k��� F¼?BC�M&��KBA4Á²���0�¼��Á�Á�JL� F/3|K �C&²KÃF¼�¼�»F¼?BJLC

(Ft)t≥0
Á�JLÀ���F¼JLÀ�F

x ∈ X
7ú~��D F�����?BKB?ÃF¼½�A�F�K ��>@JLC&ÂLA@�ÄMLA@C�>@A;DÄJLÀ�D�� A�ü�Á�JLC�A@C&F¼?BA@KBKBA4JLC&F0½�F¼½Ç½�F¼À�Å�?B½@A@D�Å²��C�D²+ ���0-¢DÄJLÀ�D

KK% I�;	Á�J�F¼I	(@DÄAZÁ��Ä?BC�>@?BÁ²��KBA
D(C,V, φ, b)

7u�yKBÀ�D;Á��Ä½@>@?BDÄ½@¾ZA@C&F>*H¶4JLÀ�>G�ß��KyJLC&F�¾ZJLC&F¼�Ä½�>@A¿�À�?�DÄÀ�?ÃFr7
�Cä~¬�=´�³	«Uµ Ô/:[ô�:[ò ¼ ñ©ì òkò á{¥�´�Yëy5�rªvÕ�ª��® ò�:«� µ�Õk�Cä~¬�=´�³	«Uµ ò�:yÔqó¾0:Y k7h�hji7n7iLx'n

D(C,V, φ, b)
fel

supC V <∞ |'^�o[iLdGnIo[f�h5dGi7p�f�n�nek�n�f�nel��Va�d9d9r[n�dGz�pek�d9dGfexjl
hji7nervlyr =/a�{�f�p�o}aQ_cf�nek�dGf�~qf«h5dGi F�aLF+rvo©rvlmzIrvxj{La�d9rya�xjlmf

π
lmfeovo[f�t+kjf

π(φ◦V ) <∞ | Y rN~qf«h5o©k�n
k�xBf4pqV	a@°vxBf/n>t+kjfeo[felylmf4f�nelPrvd9dGzG~�kjpelyrDF+o[fCfel

lim+∞ φ′ = 0
gDa�o[iLdGn�g�rvoNf]?Mr[nelmf�k�xBf4p�iLx'nel a�xjlmf

c
sPxjrKfVlmfeovo[f4t+kjf�hjiLk�d�lmiLk�l

t > 0
felUlmiLk�l

x ∈ X
g

φ ◦H−1
φ (t)‖P t(x, ·) − π(·)‖TV ≤ cV (x)


 � 7 ��7½�M�
i.S=o}aH=>iLxBpelyrKiLx

Hφ

f�nel:~qz·sPxjrKf:h	a�d

Hφ(u) =

∫ u

1

ds

φ(s)
∀u ≥ 1.

� �



�äµ	«U°�´Là)�~µ Ô/:[ô�: ì : Ë�a9h�hjfeo[iLx'n@t+kjfShjiLk�d
m > 0

g4o}a
m
AKn>t+kjfeo[felylmf�~�k´h5dGi7p�f�n�nek�n@~qf±�a�dg³�iL{

(Xt, t ≥ 0)
f�nelQo}aJpqV	a@°vxBf�~qfÇ±�a�dg³�iL{eE�lmfe_�hjn�~�r[n7pedGfel

(Xkm, k ∈ N)
g4~qf

h5dGi F�aLF+rvo©rvlmz�~qf$lydEa�x'nervlyrKiLx
Pm

|ÈDxÂT�dGi7n�g�o}a
m
AKn>t+kjfeo[felylmfV~qf

(Xt, t ≥ 0)
p�iLd9dGf�nmhjiLx5~8n$a�k

h5dGi7p�f�n�nek�n
(Xt, t ≥ 0)

z�pqV	a�xjlyrvovo[iLxjxBzQa�k@?�rvx'nel a�xjlvn
m
g
2m
g
3m
g · · · |þ9JL¾Z¾ZA(Á�JLÀ���
 � 7 ��7 ���9*�K �P>@JLC�Å�?ÃF¼?BJLC!Å�A,Å�½@�Ä?ÃÂLA

D(C,V, φ, b)
C)% A@D F�Á²��DÌû���>@?BKBA�3

JM��F¼A@C�?B�@7bÈ KEA@D FÌ��KBJL�ÄD|?B¾ZÁ�JL� F���C&FZÅ�A#û�JLÀ��ÄC�?B�ZÅ�A@Dk>@JLC�Å�?ÃF¼?BJLC�D|DÄÀ'1ZD¼��C&F¼A@DÌA�FÌ��?BDÄ½@¾ZA@C&F¾k��C�? ����KBA@DÇ¿�À�?bÁ�A@�Ä¾ZA�FÄF¼A@C&F�Å�A�ÂL½@�Ä?}&²A@��>@A@D�Å�A@À	ü,>@JLC�Å�?ÃF¼?BJLC�D@7N�ÇCU����A@DÄJL?BC,Á�JLÀ��;>@A@K �Å�A�¿�À�A@KB¿�À�A@D4C�J�F��»F¼?BJLC�D@7=<	JL?ÃF D(A)
KK% A@C�DÄA@¾4��KBA;Å�A@DEû�JLC�>�F¼?BJLC�D0¾ZA@DÄÀ��¼����KBA@D

f : X → R�>;&��C&F4K ��Á��ÄJLÁ��Ä?B½�F¼½;DÄÀ�?ÃÂ���C&F¼AZø²?BK¢A�ü�?BD F¼A�À�C�A;û�JLC�>�F¼?BJLC#¾ZA@DÄÀ��¼����KBA
h : X → R

F¼A@KBKBAn¿�À�AK �¤û�JLC�>�F¼?BJLC
t 7→ h(Xt)

A@D F�?BC&F¼½@ML�¼����KBA
Px
� Á��ÄA@DÄ¿�À�AÌÁ²��� F¼JLÀ�F�Á�JLÀ���F¼JLÀ�F

x ∈ X
A�F�KBA

Á��ÄJ	>@A@DÄDÄÀ�D
t 7→ f(Xt) − f(X0) −

∫ t

0

h(Xs)ds

A@D F�À�C�A
Px
� ¾k��� F¼?BC�M&��KBA�KBJ	>r��KBA.Á�JLÀ��ÇF¼JLÀ�F

x ∈ X
7N�ÇCW½@>@�Ä?ÃF���KBJL�ÄD

h = Af *¢A�F�JLCWÅ�?ÃF¿�À�A
f
A@D FEÅ²��C�D�KBAnÅ�JL¾k��?BC�AÇÅ�À¤ML½@C�½@�¼�»F¼A@À���½�F¼A@C�Å�À�A

(A,D(A))
7

§Ì¬�ü`®HªvÕ�ª��® Ô/:[ô�: × ¼	� �®?è�Õ�ª��®?��ã~µ�
K��°	ë��H®~�ß ¾0:´ r ·Ø¯:x´~�rvlItYu k�xBfJ=>iLxBpelyrKiLx
V : X → [1,+∞)

a9h�h	a�d9lmfex5a�xjl&E D(A)
f�nelDk�xBfJ=>iLxBpxA

lyrKiLx�~qfHIa¸Ma9h5k�xBiL{�nju rvo nQf]?Mr[nelmfexjl«k�x�fex'n7fe_GF+o[fPhjfelyrvlmf
C
gP~qf�nQp�iLx'nel a�xjlmf�n

λ > 0
fel

b <∞ lmfeovo[f�n4t+kjf
AV (x) ≤ −λV (x) + b1C(x), ∀x ∈ X.


 � 7 ��7 ���
´ rvr · Y iLrvl

Φ : [1,∞) → (0,∞)
k�xBf>=>iLxBpelyrKiLx=pedGiLr[n�n>a�xjlmf�g�p�iLxBpGa�{�f�g?~qzed9rv{LaLF+o[f�fel?lmfeovo[f

t+kjf
limt→+∞ φ(t) = +∞ g limt→+∞ φ′(t) = 0

g
log φ(t)/t ↓ 0

t+k	a�x5~
t → +∞ |¯:xÍ~�rvlQt+k�u k�xBfQ=>iLxBpelyrKiLx

V : X → [1,+∞)
a9h�h	a�d9lmfex5a�xjl�E D(A)

f�nel�k�xBf
Φ
A=>iLxBpelyrKiLxS~qfKIa¸Ma9h5k�xBiL{Unju rvo n:f]?Mr[nelmfexjl5k�xcfex'n7fe_GF+o[fBhjfelyrvlmf

C
g5k�xBf�p�iLx'nel a�xjlmf

b <∞lmfeo n4t+kjf
AV (x) ≤ −Φ ◦ V (x) + b1C(x), ∀x ∈ X.


 � 7 ��7½ÚM�
ú�A@Dy>@JLC�Å�?ÃF¼?BJLC�D`Å�A�ú);&��Á�À�C�JvÂ=
 � 7 ��7 ���HA�F�
 � 7 ��7½ÚM�HDÄJLC&F KBA@D`Á�KBÀ�DyÀ�F¼?BKB?BDÄ½@A@D`Å²��C�DyK �ÇKB?ÃFÄF¼½9��¼�»F¼À��ÄAnÁ�JLÀ���ÂL½@�Ä?}&²A@��KBA@D0>@JLC�Å�?ÃF¼?BJLC�DV
 � 7 ��7 ���9A�F

D(C,V, φ, b)
7j�ÇC¤��Á�KBÀ�D0Á��Ä½@>@?BDÄ½@¾ZA@C&Fr7

�Cä~¬�=´�³	«Uµ Ô/:[ô�:[ô ¼ ñ �YÞkò Å =´��±�±�°²ª�´�µ�ìUµ�Õðñ©ì ò$ò �Cä~¬�=´�³	«Uµ ò�:yÔYÔk¾0:´ r · Y iLrvl
C
k�xÍfex'n7fe_GF+o[f

(t∗, ε)
AKne_�a�ovo}| Y k7h�hji7n7iLx'n�o}a´p�iLx5~�rvlyrKiLxß´)Ê�|NþM|Nþq·wn>a�lyr[nN=+a�rvlmf

a�{�f�p
V
g
λ
fel
b
|/^�o[iLdGn�g�fex"hji7n>a�xjl

B = infx/∈C V (x)
gSiLx aJt+kjf�o}a p�iLx5~�rvlyrKiLx´)Ê�|NþM|ÏÕx·�f�nelU{�zed9r s:z�fQa�{�f�p

h(x, y) = 1/2(V (x) + V (y))
fel
δ = λ− b/B

|´ rvr · Y iLrvl
C
k�x²fex'n7fe_GF+o[fIhjfelyrvlmf9=>fed9_cz>| Y k7h�hji7n7iLx'nCo}a=p�iLx5~�rvlyrKiLx4´)Ê�|NþM|Íõ�·Sn>a�lyr[nN=+a�rvlmf

a�{�f�p
Φ
g
V
g
λ
fel
b
|N^�o[iLdGnVo}a�p�iLx5~�rvlyrKiLx

D(C,V,Φ, b)
f�nelU{�zed9r s:z�f>|

�EJLÀ�DkDÄA@�ÄJLC�DÌ>r��Á²����KBAN��À5>@JLÀ��ÄDäÅ�A�>@A�FÄF¼A�F¼I	(@DÄA�*�Å�AN>@JLC�D F¼�ÄÀ�?B�ÄA�Å�A@Dkû�JLC�>�F¼?BJLC�DkÅ�Aú);&��Á�À�C�JvÂZÁ�JLÀ�� Å�A@D Á��ÄJ	>@A@DÄDÄÀ�D�>@JLÀ�Á�KB½@D+*�>@AE¿�À�?�DÄA@�¼��K �n>@KB½EÁ�JLÀ��bJM��F¼A@C�?B�bC�JLD �Ä½@DÄÀ�KÃF��»F¼D@7
�EJ�F¼JLC�D4¿�À)% ?BK~A�ü�?BD F¼A.À�CNKB?BA@C)*�
�¿�À�A.C�JLÀ�D4C)% ����JL�ÄÅ�JLC�D4Á²��D4?B>@?v�9*=A@C&F¼�ÄA.KBA@D4>@JLC�Å�?ÃF¼?BJLC�D

Å�AUú);&��Á�JLÀ�C�JvÂ�A�F¤KBA@D#?BC�½@M&��KB?ÃF¼½@Dkû�JLC�>�F¼?BJLC�C�A@KBKBA@D�
��HJL?BC�>r���Ä½�*E�HJL?BC�>r���Ä½(û���?[��KBA7��7:�EJLÀ�D�ÄA@C&ÂLJ7;LJLC�D$3�+ î0-~Á�JLÀ��0Á�KBÀ�D�Å�A;Á��Ä½@>@?BDÄ?BJLC�D0DÄÀ���>@A;DÄÀ8�ÄA�Fr7
� �



�EJ�F¼JLC�D�¿�À�A�K ��>@JLC�D F���C&F¼A
c
¿�À�?{��Á�Á²���¼�L�BF�Å²��C�DEKK% A@¿�À²�»F¼?BJLC�
 � 7 ��7½�M��C)% A@D F4Á²��DEÅ�½�F¼A@���¾Z?BC�½@A�7	·yCäDÄÀ�?ÃÂ���C&F�KBA@D9?BÅ�½@A@D9Å�AÇ:�JM��A@� F¼D���:�JLDÄA@C&F¼I²��Ka+ Ø��0-�A�F�Å�An¶4JLÀ�>9��û�JL� F2�  À�?BKBKB?BCÇ+ ���0-K*C�JLÀ�D C�JLÀ�DbÁ��ÄJLÁ�JLDÄJLC�D+*	��Àäþ9I²��Á�?ÃF¼�ÄA/�;Å�A�>@A�FÄF¼A�F¼I	(@DÄA�*	Å�A�û�JLÀ��ÄC�?B�`À�Ck>@JLC&F¼�E�LKBA�A�ü�Á�KB?B>@?ÃF¼A

Å�A ‖L(Xt)−π(·)‖TV
DÄJLÀ�D`Å�A@D{I�;	Á�J�F¼I	(@DÄA@DyA@C&F¼�¼�L� C²��C&F{KK% A@�ÄMLJ	Å�?B>@?ÃF¼½yDÄJLÀ�D`A�ü�Á�JLC�A@C&F¼?BA@KBKBA@DÅ�À�Á��ÄJ	>@A@DÄDÄÀ�DyÅ�A�¹����EZ�JvÂ

(Xt)t≥0
ÂLA@�ÄD`D¼�Ç¾ZA@DÄÀ��ÄA�Å�A�Á��ÄJM�²����?BKB?ÃF¼½yÅ)% ½@¿�À�?BKB?[���ÄA

π(·) 7»�yKBÀ�DÁ��Ä½@>@?BDÄ½@¾ZA@C&F>*&DÄJL?BA@C&F
Φ : [1,∞) → (0,∞)

À�C�A�û�JLC�>�F¼?BJLC�>@�ÄJL?BDÄD¼��C&F¼A�*&>@JLC�>r�rÂLA�*�Å�½@�Ä?ÃÂ�����KBAA�F�F¼A@KBKBAÇ¿�À�A
limt→+∞ φ(t) = +∞ *

limt→+∞ φ′(t) = 0
*
log φ(t)/t ↓ 0

¿�À²��C�Å
t→ +∞A�F

HΦ(·) K �.û�JLC�>�F¼?BJLC#Å�½e&²C�?BA;Á²��� HΦ(u) =
∫ u
1

ds
Φ(s)

∀u ≥ 1
7�<	JL?ÃF

C ∈ X
À�C¤A@C�DÄA@¾4��KBA

(t∗, ε)
� DÄ¾k��KBK�Á�JLÀ��0À�C#F¼A@¾ZÁ�D�D F¼�Ä?B>�F¼A@¾ZA@C&F�Á�JLDÄ?ÃF¼?Ãû

t∗
A�F
ε > 0

7²¸4KBJL�ÄD0C�JLÀ�DE�rÂLJLC�D
�Cä~¬�=´�³	«Uµ Ô/:[ô�:³ý:� l a�xjlP~qiLxjxBz�k�x�h5dGi7p�f�n�nek�n�~qfM±�a�dg³�iL{

(Xt)t≥0

~qfPh5dGi F�aLF+rvo©rvlmz�n�~qf
lydEa�x'nervlyrKiLx

(P t(x, ·)) g�nek7h�hji7n7iLx'nQo}a�p�iLx5~�rvlyrKiLx´~qf²Ia¸Ma9h5k�xBiL{GÊ�|NþM|Íõ4{�zed9r s:z�f4a�{�f�p
Φ
g
Cfel

V
lmfeo?t+kjf

supC V <∞ | Y iLrvl
π
o}a�h5dGi F�aLF+rvo©rvlmzVrvxj{La�d9rya�xjlmf>| Y r

π(V ) <∞ gDa�o[iLdGn

||L(Xs) − π||TV ≤
∑

0≤n,s≥nt∗
(1 − ε)nÃ1

H−1
Φ (λÃ0n)

H−1
Φ (λ(s− t∗))

≤ Ã1Ãε,Φ

H−1
Φ (λ(s− t∗))

i.S
Ã0 =:

2

λΦ(1)
sup
x∈C

{
V (x) − 1 +

b

φ(1)

∫ t∗

0

φ ◦H−1
φ (λs)ds)

}
<∞,

Ã1 = max





E

[
V (X0)

]
+ π(V ) − 2

H−1
Φ (λÃ0)

, 1



 ,

Ãε,Φ =
supn≥1

H−1
Φ (λÃ0n)

( 1−aε
1−ε

)n

aε
∀0 < aε < ε

fel
d0 = inf

x/∈C
V (x), 0 < λ ≤ 1 − b

Φ(d0)
.

ú~�4Á��ÄA@À�ÂLA�Å�À�G0I�½@JL�E(@¾ZA � 7 ��7½ÚE�ÄA@Á�JLDÄA0A@C�ML�¼��C�Å�A�Á²��� F¼?BA9DÄÀ��yKBA9>@JLC&F¼�E�LKBA�Å�A�K �4¿�À�A@À�AÅ�À#F¼A@¾ZÁ�D�Å�A;>@JLÀ�Á�K ��MLAnÅ�½e&²C�?~��À¤Á²���¼��ML�¼��Á�I�A � 7 ��7 � 7
ú~�kDÄÀ�?ÃF¼A�Å�A.>@A�FÄF¼A.F¼I	(@DÄA|A@D F;>@JLC�D F¼?ÃF¼À�½@A.Å�A�>@?BC�¿¤>�I²��Á�?ÃF¼�ÄA@D+*uû���?BD¼��C&FÇ>�I²��>@À�C,KK% JM�q�ÄA�F

Å)% À�CÌ��� F¼?B>@KBA�DÄJLÀ�¾Z?BD$
�JLÀkA@CäÁ²��DÄDÄAÇÅ�A4KK% 6�F¼�ÄA7�yÅ²��C�D9À�C�AÇ�ÄA�Â	À�A4?BC&F¼A@�ÄC²�»F¼?BJLC²��KBA�7	þ9A@>@?��ÄÀ�D��F¼?}&²AEC�J�F���¾Z¾ZA@C&F KBA0û���?ÃF ¿�À�A4KBA@D Å�?}Tu½@�ÄA@C&F¼D >�I²��Á�?ÃF¼�ÄA@D9DÄJLC&F��Ä½@Å�?BML½@D A@CkK ��C�MLÀ�AE¸4C�MLK ��?BDÄA�7¸4À¤>@JLÀ��ÄDEÅ�À�Å�½@�ÄJLÀ�KBA@¾ZA@C&F�Å�A�C�J�F¼�ÄAnF¼I	(@DÄA�>@A@� F���?BC�D�Å�A;>@A@DE>�I²��Á�?ÃF¼�ÄA@DEJLC&FE½�F¼½�¾ZJ�F¼?ÃÂL½@D
Á²��� Å)% ��À�F¼�ÄA@D@7�¸4?BC�DÄ?K*&KBA4þ9I²��Á�?ÃF¼�ÄA����;¾ZJ�F¼?ÃÂL½�KK% ½�F¼À�Å�AEÅ�ÀÌþ9I²��Á�?ÃF¼�ÄA/�;A�F9Å�ÀÌþ9I²��Á�?ÃF¼�ÄA���7
ú�AÇþ9I²��Á�?ÃF¼�ÄA�����¾ZJ�F¼?ÃÂL½�KK% ½�F¼À�Å�A4Å�ÀÌþ9I²��Á�?ÃF¼�ÄA$�	7��E½r��C�¾ZJL?BC�D+*�K �;KBA@>�F¼À��ÄAEÅ�A@D9Å�?}Tu½@�ÄA@C&F¼D>�I²��Á�?ÃF¼�ÄA@D�Á�A@À�F/6�F¼�ÄAnû���?ÃF0Å�Anû����@JLC#F¼J�F���KBA@¾ZA@C&F0?BC�Å�½@Á�A@C�Å²��C&F¼A�7
¸~Â���C&F�Å�A,>@KBJL�ÄAW>@A,>�I²��Á�?ÃF¼�ÄA,?BC&F¼�ÄJ	Å�À�>�F¼?Ãû�*�C�JLÀ�D���KBKBJLC�DÌÅ²��C�D¤K �[<	A@>�F¼?BJLCV¿�À�?;DÄÀ�?ÃF

Á��Ä½@DÄA@C&F¼A@�E¿�À�A@KB¿�À�A@D��Ä½@DÄÀ�KÃF��»F¼D�û�JLC�Å²��¾ZA@C&F���À	üÌDÄÀ��0KBAÇÁ��Ä?BC�>@?BÁ�AÇÅ�AnÅ�½�Â	? �»F¼?BJLC�D�¾ZJ	Å�½@�Ä½@A@D
Á�JLÀ��0Å�A@DÇ¹���� F¼?BC�M&��KBA@D@7

� �



��� ^ �5'(h��)ù�'(h>i�!��>i"'4�����`�kiÀpq#��(%4����h>� ����'��,i"'H!U�)h512!��)�4�u� �8h %(h�%4��à
l0���`���)#��(i���#&%4��!��>h>i �8#�'H!4%(h>i��º�K!	���)�(Ùb�b�)h>i

�EJLÀ�DÇ��KBKBJLC�D�3kÁ��Ä½@DÄA@C&F;½@C�JLC�>@A@�ÇÅ�A@DÇ�Ä½@DÄÀ�KÃF��»F¼DÇ¿�À�A.C�JLÀ�DÇÀ�F¼?BKB?BDÄA@�ÄJLC�D��Ä½@MLÀ�KB?[(@�ÄA@¾ZA@C&FÅ²��C�D`>@A�FÄF¼A�F¼I	(@DÄA�7&ú�A�Á��ÄA@¾Z?BA@�{C�JLÀ�D`Å�JLC�C�A0À�C�A�>@JLC�Å�?ÃF¼?BJLC�C�½@>@A@DÄD¼��?B�ÄA0A�FyDÄÀ'1ZD¼��C&F¼A�Á�JLÀ��
¿�À)% À�C�A9DÄJL¾Z¾ZAbC�JL�Ä¾k��KB?BDÄ½@A`Å�AbÂ����Ä? ����KBA@DH��KB½r�»F¼JL?B�ÄA@D¢?BC�Å�½@Á�A@C�Å²��C&F¼A@D{D¼�»F¼?BD û���DÄDÄA À�C.�b¶n¹,7¶Ç��C�D9F¼JLÀ�F¼AÇK ��DÄÀ�?ÃF¼A4Å�A4>@A�FÄF¼A�<	A@>�F¼?BJLC)*

(bn)
A@D F0À�C�AÇDÄÀ�?ÃF¼A4>@�ÄJL?BDÄD¼��C&F¼AÇÅ�AÇC�JL¾4���ÄA@D9�Ä½@A@KBDF¼A@KBKBAÇ¿�À�A

bn√
n
↑ ∞ A�F bn

n
↓ 0.


 � 7½Ú	7 � �
�Cä~¬�=´�³	«Uµ Ô/:³ý:yÔ ¼ ¡nªyèLä~µ	±y�+çH°jèLä~µ�´Zµ�Õ�
���ê.µ3ñ}× ò$òº¾0:MY iLrvl

(Xi)i≥1

k�xBf�nek�rvlmf�~qfQ{La@A
d9ryaLF+o[f�nCa�o[zGa�lmiLrvdGf�nVry|[ry|v~�|>INf�n�h5dGi�hji7nervlyrKiLx'n�nek�rv{La�xjlmf�n�n7iLxjl:zGt+k�rv{La�o[fexjlmf�n8Æ

W INf�nQ{La�d9ryaLF+o[f�nQa�o[zGa�lmiLrvdGf�n
(Xi)

n>a�lyr[nN=>iLxjl
E [X1] = 0

fel

lim sup
n→∞

n

b2n
log (nP (|X1| > bn)) = −∞.


 � 7½Ú	7½�M�

W IAa�nek�rvlmf
( 1
bn

∑n
i=1Xi)

n>a�lyr[nN=+a�rvlAk�xGO�RQ± ~qf�{7rvlmf�n�n7f
(b2n/n)

fel�~qf(F9iLxjxBf=>iLxBpelyrKiLx
~qfVl a�k@?

I(x) =
x2

2E [X2
1 ]
.

�äµ	«U°�´Là)�~µ Ô/:³ý:[Þ�:
W IAa�p�iLx5~�rvlyrKiLx3´)Ê�|Íõ8|«Ì�·cf�nel:a9h�hjfeo[z�f��Kp�iLx5~�rvlyrKiLx@~qfQlD¸�hjf ^ Vjfex/A[INfG~qiLk@?��·|
W IAaSp�iLx5~�rvlyrKiLx�~qf/lD¸�hjf ^ Vjfex/A[INfG~qiLk@?Â´)Ê�|Íõ8|«Ì�·4fexjlydEa@°vxBf�t+kjf

E [X2
1 ] <∞.

INfGÔ�Vjz�i.A
dGbe_cf8Ê�|Íõ8|BÊ�aw~qiLxBp8F+rKfex�k�x�n7fex'n>|

�EJLÀ�D���KBKBJLC�DC3NÁ��Ä½@DÄA@C&F|?BC&F¼�ÄJ	Å�À�?B�ÄAkÅ�A@À	ü F¼I�½@JL�E(@¾ZA@D�û�JLC�Å²��¾ZA@C&F���À	ü À�F¼?BKBA@D43NKK% JM���F¼A@C&F¼?BJLCQÅ�À[�b¶n¹ Á�JLÀ��.KBA@D�¾k��� F¼?BC�M&��KBA@D@7{ú�AÌÁ��ÄA@¾Z?BA@�.A@D F|À�C�AÌÂLA@�ÄDÄ?BJLCQDÄ?B¾ZÁ�KB?}&²½@AkÅ�ÀF¼I�½@JL�E(@¾ZAnÅ�A��yÀ�I²��KBDEZ�?B?ª+ Ø � -K*�A�F�KBAnDÄA@>@JLC�Å¤A@D FEÀ�C�AÇÂLA@�ÄDÄ?BJLC¤DÄ?B¾ZÁ�KB?}&²½@A4Å�ÀÌF¼I�½@JL�E(@¾ZAnÅ�A¶��ÄA@KBKBJLÀ�FM+ �Mî0-ó7��EJLÀ�DbC�A0Å�JLC�C�JLC�Db¿�À�A�KBA@D`ÂLA@�ÄDÄ?BJLC�DyDÄ?B¾ZÁ�KB?}&²½@A@D`Å�A0>@A@Db�Ä½@DÄÀ�KÃF��»F¼Dy>r���y>�% A@D F
DÄJLÀ�D�>@A@D�û�JL�Ä¾ZA@D0¿�À�A�C�JLÀ�D�KBA@D0À�F¼?BKB?BDÄA@�ÄJLC�D�Å²��C�D�>@A�FÄF¼A;F¼I	(@DÄA�7
�Cä~¬�=´�³	«Uµ Ô/:³ý:[ò ¼ ¥C�?ä~°²±y�+é�ª�ªÇñ �AÔLòº¾0:¿Y iLrvl

(mn
j )1≤j≤n

k�x l aLF+o[fGa�k lyd9rya�x"T�k�o}a�rvdGf�~qf
~�r �$zedGfexBp�f�nI_�a�d9lyrvx"T�a�o[f�nQE4{La�o[fek�dGn$~�a�x'n

Rd
gjh	a�d/dEa9h�hjiLd9lKECo}aDsPo©lydEa�lyrKiLx

(Fn)n≥1

| Y k7h�A
hji7n7iLx'nCt+kjf<Æ

�¥ Ô � Ú9o?f]?Mr[nelmfVk�xBfQ_�a�lyd9rKp�f$nx¸L_czelyd9ryt+kjf�fel�n7fe_�rBA2~qz·sPxjrKfDhji7nervlyrv{�f

Q
gUlmfeovo[f4t+kjf

1

n

n∑

k=1

E

[
mn
k(m

n
k)

′∣∣Fk−1

]
superexp
=⇒
b2n/n

Q,


�¥ Þ � Ú9oVf]?Mr[nelmf�k�xBf"p�iLx'nel a�xjlmf
c > 0

lmfeovo[f�t+kjf�g$hjiLk�d�pqV	a�t+kjf
1 ≤ k ≤ n

g
|mn

k | ≤ c n
bn

Á¢7 D@7
,

� �




�¥ ò � OIiLk�dVlmiLk�l
a > 0

g:iLx´aco}awp�iLx5~�rvlyrKiLx�~qfQI�rvx5~qfCF9fed[Twf]?ehjiLxBfexjlyrKfeovo[f
1

n

n∑

k=1

E

[
|mn

k |2I{|mn
k |≥a

n
bn
}
∣∣Fk−1

]
superexp
=⇒
b2n/n

0.

^�o[iLdGn�g
(
∑n

k=1m
n
k/bn)n≥1

n>a�lyr[nN=+a�rvl/k�xÒO�RQ± nek�d
Rd

~qf�{7rvlmf�n�n7f
b2n/n

fel�~qf&=>iLxBpelyrKiLx
~qfQl a�k@?

Λ∗(v) = sup
λ∈Rd

(
λ′v − 1

2
λ′Qλ

)
.

ÈDxch	a�d9lyrKpek�o©rKfedGg«ner
Q
f�nelUrvxj{�fedGnerDF+o[f�g

Λ∗(v) = 1
2
v′Q−1v.�Cä~¬�=´�³	«Uµ Ô/:³ý: ì ¼ §��@µ	±�±�5�AÕûñ ò í òº¾0:<Y iLrvl

(Mn)n∈N

k�xBf�_�a�d9lyrvx"T�a�o[f´~qf"pGa�d9dGz�rvx/A
lmzÍT�dEaLF+o[f�g<E�{La�o[fek�dGn�~�a�x'n

R
g4a�~�a9h5lmz�fðE�k�xBfVsPo©lydEa�lyrKiLx

(Fn)n∈N

felQxjk�ovo[f@fexô×M| Y iLrvl
c(n) :=

√
n
bn

|�¯:x�~qz·sPxjrvlPo}aH=>iLxBpelyrKiLx�dGz�per h5dGi>t+kjf
c−1(t)

h	a�d

c−1(t) := inf{n ∈ N : c(n) ≥ t}.Y iLk�nQo[f�nQV"¸�hjiLlBVjb�n7f�n$nek�rv{La�xjlmf�n

�§ Ô � rvoDf]?Mr[nelmf

Q ∈ R
∗
+

lmfeoDt+kjf 〈M〉n
n

superexp
=⇒
b2n/n

Q
gVi.S 〈M〉n

~qz�nerUT�xBf�o[f�pedGi7pqVjfel$~qfco}a
_�a�d9lyrvx"T�a�o[f

Mn

ö

�§ Þ �

lim sup
n→+∞

n

b2n
log

(
n ess sup

1≤k≤c−1(bn+1)

P(|Mk −Mk−1| > bn|Fk−1)

)
= −∞;


�§ ò � hjiLk�dVlmiLk�l
a > 0

g 1

n

n∑

k=1

E

(
|Mk −Mk−1|21{|Mk−Mk−1|≥a n

bn
}

∣∣∣Fk−1

)
superexp
=⇒
b2n/n

0;

(Mn/bn)n∈N

n>a�lyr[nN=+a�rvlDk�x2O�RQ± ~�a�x'n
R

~qfC{7rvlmf�n�n7f
b2n/n

felI~qfJ=>iLxBpelyrKiLx´~qfCl a�k@?
I(x) = x2/2Q

|
�äµ	«U°�´Là)�~µ Ô/:³ý: × : INf�n$p�iLx5~�rvlyrKiLx'n ¹�� fel�� � n7iLxjl«a9h�hjfeo[z�f�n�p�iLx5~�rvlyrKiLx�~qf�I�rvx5~qfed�F9fed[T
f]?ehjiLxBfexjlyrKfeovo[f>|KIAa�{�zed9r s:pGa�lyrKiLxJ~qf�oEu V"¸�hjiLlBVjb�n7f ¹�¾ ´2p�iLxj{�fed[TqfexBp�fCnek7hjfed\AEf]?ehjiLxBfexjlyrKfeovo[f
~�kcpedGi7pqVjfelÛ·Cf�nel =>iLx5~�a�_cfexjl a�o[f?hjiLk�d/zel aLF+o©rvd:o[f�nJO�RQ±=n/~qf�n�_�a�d9lyrvx"T�a�o[f�n>|kOIiLk�d:o[f�n�_�a�d\A
lyrvx"T�a�o[f�n¿E�~�r �$zedGfexBp�f�n�F9iLd9xBz�f�nDh	a�dCf]?�fe_�h5o[f�g�o[f�n(V"¸�hjiLlBVjb�n7f�n ¹ Ö"fel ¹�� n7iLxjlDa�k�lmiL_�a@A
lyryt+kjfe_cfexjl:{�zed9r s:z�f�n�g:~qfClmfeovo[fQn7iLd9lmf�t+kjf/hjiLk�dC_ciLxjlydGfedQk�x�O�RQ±=gDrvoAnek�� lI~qfC_ciLxjlydGfed
o}a@p�iLxj{�fed[TqfexBp�fQnek7hjfed\AEf]?ehjiLxBfexjlyrKfeovo[f�~�k"pedGi7pqVjfelvg$pju f�nelDA�E@A2~�rvdGf ¹�¾ | ; x iLk�lyrvo5hjiLk�d�~qzxA
_ciLxjlydGfedCp�felylmfCp�iLxj{�fed[TqfexBp�f�nek7hjfed\AEf]?ehjiLxBfexjlyrKfeovo[f�~�k�pedGi7pqVjfelDf�nel)h	a�dCf]?�fe_�h5o[fV~Nu zel aLF+o©rvd
~qf�n/rvxBzÍT�a�o©rvlmz�n�~qf$~qze{7rya�lyrKiLx'g«pju f�nel«a�rvx'ner?t+kjf/xBiLk�n�h5dGi7p�zG~qiLx'n«h	a�d$f]?�fe_�h5o[f�a�k ^ V	a9h5rvlydGfÌ�fel:a�k ^ V	a9h5rvlydGf¿Õq|
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C�½@MLKB?BMLAr����KBAÇ��À¤DÄA@C�DEÅ�A@D�Å�½�Â	? �»F¼?BJLC�D0¾ZJ	Å�½@�Ä½@A@D:E��Á�Á�A@KBJLC�DP3nÁ��Ä½@DÄA@C&F9À�C�A�DÄÀ�?ÃF¼A0Å�A��Ä½@DÄÀ�KÃF��»F¼D`û�JLC�Å²��¾ZA@C&F���À	ü|Å�A�K �4F¼I�½@JL�Ä?BA0Å�A@DbML�¼��C�Å�A@DÅ�½�Â	? �»F¼?BJLC�D0A�FE¿�À�A;C�JLÀ�D�À�F¼?BKB?BDÄJLC�D�?BC&F¼A@C�DÄ?ÃÂLA@¾ZA@C&F4��À	ü#>�I²��Á�?ÃF¼�ÄA@D���*Y��A�F$�	7

·yC�F¼I�½@JL�Ä?BA9Å�A9K �E>@JLC&ÂLA@�ÄMLA@C�>@A�û���?[��KBA�*�KBAbF¼I�½@JL�E(@¾ZA9Å�A9>@JLC&F¼?BC�À�?ÃF¼½�
[,�>@JLC&F¼?BC�À�JLÀ�D{¾k��Á��
Á�?BC�M�F¼I�A@JL�ÄA@¾�- A@C.��C�MLK ��?BD��uÁ�A@�Ä¾ZA�F{Å�AbF¼�¼��C�DÄÁ�JL� F¼A@�HÀ�C�A9Á��ÄJLÁ��Ä?B½�F¼½ Å�A >@JLC&ÂLA@�ÄMLA@C�>@A0Å)% À�CA@DÄÁ²��>@A4ÂLA@�ÄD0À�CÌ��À�F¼�ÄA�Â	? ��À�C�AEû�JLC�>�F¼?BJLCk>@JLC&F¼?BC�À�A�7�ú�% ��C²��KBJLMLÀ�AEÅ�A4>@A4F¼I�½@JL�E(@¾ZAEÅ²��C�D�K �F¼I�½@JL�Ä?BAÇÅ�A@D�ML�¼��C�Å�A@D0Å�½�Â	? �»F¼?BJLC�D�A@D F�KBAÇÁ��Ä?BC�>@?BÁ�A4Å�An>@JLC&F¼�¼��>�F¼?BJLC)*>+ ����-�G0I�½@JL�E(@¾ZA���7½�	7 � 7�yKBÀ�D�Á��Ä½@>@?BDÄ½@¾ZA@C&FEJLC¤�
�Cä~¬�=´�³	«Uµ Ô/:³ý:[ô�:8Y iLrKfexjl

S
fel
S ′ ~qfek@?¶f�nmh	aqp�f�n4hjiLo[iLx5a�r[n>| Y iLrvl f : S → S ′ k�xBf=>iLxBpelyrKiLx´p�iLxjlyrvxjkjf>| Y r«k�xBf�nek�rvlmf4~qfV{La�d9ryaLF+o[f�nCa�o[zGa�lmiLrvdGf�n

(Zn)
n>a�lyr[nN=+a�rvl9E�k�xðOQPJR ~qfF9iLxjxBfK=>iLxBpelyrKiLx�~qfVl a�k@?

I
fel�ner�xBiLk�n4~qz·sPxjr[n�n7iLx'n

I ′(y) = inf {I(x) : x ∈ S, y = f(x)} ,a�o[iLdGn
(f(Zn))

n>a�lyr[nN=+a�rvlUk�xðOQPJR�nek�d
S ′ ~qf8F9iLxjxBfK=>iLxBpelyrKiLx�~qfQl a�k@?

I ′
|

�Ç�Ä?BML?BC�A@KBKBA@¾ZA@C&F�½�F�����KB?�Á²����X ���¼��Å�I²��CÒ+ � ñ�Ú0-K*²KBA;G0I�½@JL�E(@¾ZA � 7½Ú	7 �Z�|>@JLC�C�ÀNÁ�KBÀ�DÄ?BA@À��ÄDA�ü	F¼A@C�DÄ?BJLC�D<+ ����-K*z+ îMØ0-J+ ØMñ.-K*z+ �L�.-K*z+ �0-K*z+ �M�0-ó75�EJLÀ�DE�ÄA@C&ÂLJ7;LJLC�D$3�+ �MÚ0-~Á�JLÀ���À�C�A�Å�?BDÄ>@À�DÄDÄ?BJLC
��À�F¼JLÀ��0Å�AnF¼JLÀ�F¼A@DE>@A@D�A�ü	F¼A@C�DÄ?BJLC�D@7
ú�A0�Ä½@DÄÀ�KÃF��»FyDÄÀ�?ÃÂ���C&F>*LÅ	R�3ÇùUJL�Ä¾ZD&+ �M� �0-²DÄA�Å�½@¾ZJLC&F¼�ÄA0A@C|Á²��� F¼?BA�3nKK% ��?BÅ�A9Å�À|Á��Ä?BC�>@?BÁ�AÅ�A|>@JLC&F¼�¼��>�F¼?BJLC(>@?�� Å�A@DÄDÄÀ�D@7~È K`C�JLÀ�D;DÄA@�¼�ÌF¼�E(@D;À�F¼?BKBA�Á�JLÀ��nÅ�½@¾ZJLC&F¼�ÄA@�;KBA��b¶n¹ Á�JLÀ��nKBA@D¾ZJ	Å	(@KBA@D���?Ãû�À��Ä>r��C&F¼D���À�F¼JL�Ä½@ML�ÄA@DÄDÄ?Ãû�Dc
óþ9I²��Á�?ÃF¼�ÄAc�ÌA�F4���9*~��?BC�DÄ?y¿�À�AZÁ�JLÀ��;K �ÌD F��»F¼?BD F¼?B¿�À�AÅ�A�¶4À��E��?BC���ù �»F¼DÄJLC�
óþ9I²��Á�?ÃF¼�ÄAC�M��7

�Cä~¬�=´�³	«Uµ Ô/:³ý:³ý ¼ ñ ÔYÔ�òkò 
bµ	« «UµQì :yÔk¾0:ªY iLrKfexjl
(Mn)

k�xBfPnek�rvlmfI~qfD_�a�lyd9rKp�f�a�o[zGa�lmiLrvdGf
~qf�l a�rvovo[f

p × d
g
C
k�xBf�_�a�lyd9rKp�f�~qf=p�iL{La�d9rya�xBp�f

p × p
~qzelmfed9_�rvxjr[nelmf�rvxj{�fedGnerDF+o[f�g

(vn)fel
(an)

~qf�nQ{7rvlmf�n�n7f�nVlmfeovo[f�n�t+kjf
an = o(vn)

gIfel
(Cn)

k�xBf�nek�rvlmf�~qfQ_�a�lyd9rKp�f�n4a�o[zGa�lmiLrvdGf�n
nx¸L_czelyd9ryt+kjf�n�felUrvxj{�fedGnerDF+o[f�n

p× p
lmfeovo[fCt+kjf
Cn
vn

superexp
=⇒
an

C.

W ^�o[iLdGn4iLx´a�a�k�n�ner
vnC

−1
n

superexp
=⇒
an

C−1.

^�rvx'ner[g«ner
Mn/vn

superexp
=⇒
an

0
gDa�o[iLdGn

C−1
n Mn

superexp
=⇒
an

0
|

W Y iLrvl
I(·) k�xBf²=>iLxBpelyrKiLxö~qf=l a�k@?´nek�d

Rpd
| Y r�o}a@nek�rvlmf (

vecMn/
√
anvn

)
n≥1

n>a@A
lyr[nN=+a�rvlME�k�x�OQPJRÝ~qfC{7rvlmf�n�n7f

(an)
felI~qfJ=>iLxBpelyrKiLx�~qfCl a�k@?

I(·) g�a�o[iLdGnCo}a�nek�rvlmf(√
vn/anvec(C

−1
n Mn)

)
n≥1

n>a�lyr[nN=+a�rvlaEQk�xGOQPJR»~qf�_µÐe_cf�{7rvlmf�n�n7f$fel�~qf�=>iLxBpelyrKiLx
~qfVl a�k@?

I ′(x) = I(vec(Cmatx)).

� *



�äµ	«U°�´Là)�~µ Ô/:³ý: í : Ë�a9h�hjfeo[iLx'nwo[f�nwxBiLl a�lyrKiLx'n�nek�rv{La�xjlmf�n>|¿¯:xÍxBiLlmf Mp,d

oEu fex'n7fe_GF+o[f
~qf�n4_�a�lyd9rKp�f�nS~qf�l a�rvovo[f

p × d
gHE�p�i7f�� perKfexjlvn4dGz�feo n>| ; xJzeo[ze_cfexjl

M ∈ Mp,d

hjfek�l(ÐelydGf
a8n�nerv_�rvo[zC~qfV_�a�xjrKbedGfVx5a�lyk�dGfeovo[f8Eck�x@{�f�pelmfek�dC~qf

Rpd
g:t+kjfQoEu iLx�xBiLlmf

vecA = (A11, · · · , Ap1, A12, · · · , Apd)t.Ú9xj{�fedGn7fe_cfexjlvg¿E�k�xÍ{�f�pelmfek�d
Ā = (Āk)1≤k≤pd ∈ Rpd

g4iLxöa8n�n7i7perKf�o}a´_�a�lyd9rKp�f
matĀ~qz·sPxjrKf:h	a�d

(matĀ)ij = Āi+(j−1)p

|
ú�A@D|�Ä½@DÄÀ�KÃF��»F¼D|¿�À�?�DÄÀ�?ÃÂLA@C&F>*bA@DÄDÄA@C&F¼?BA@KBKBA@¾ZA@C&FZKBAÌG0I�½@JL�E(@¾ZA���7½�	7 � �WA�FZKBAÌG0I�½@JL�E(@¾ZA

��7½�	7 � �äÅ�A|¶4A@¾4��J#A�F87uA@?ÃF¼JLÀ�C�?�+ ���0-K*uF¼�¼��?ÃF¼A@C&FnÅ�A�KK% ½@¿�À�?ÃÂ���KBA@C�>@A.A�F;Å�A|KK% ��Á�Á��ÄJrü�?B¾k�»F¼?BJLC��À�DÄA@C�D¤Å�A@D¤ML�¼��C�Å�A@D#Å�½�Â	? �»F¼?BJLC�D@7�¸/&²C�Å�AWKBA@D#½@C�JLC�>@A@�+*0Å�JLC�C�JLC�D#Å�A@D¤Å�½e&²C�?ÃF¼?BJLC�D´
A@DÄDÄA@C&F¼?BA@KBKBA@¾ZA@C&F�K �¤¶4½e&²C�?ÃF¼?BJLC���7½�	7 � ñ#A�F�K �¤¶4½e&²C�?ÃF¼?BJLC���7½�	7 � �¤Å�Aä¶4A@¾4��J�A�F`7uA@?ÃF¼JLÀ�C�?+ ���0-v��7
§Ì¬�ü`®HªvÕ�ª��® Ô/:³ý:«��: Y iLrvl

d
k�xBfC~�r[nel a�xBp�fVdGfex5~�a�xjl

S
p�iL_�h5o[fel | Y iLrvl

(vn)
k�xBfQ{7rvlmf�n�n7f>|

W R4fek@?wnek�rvlmf�nc~qf�{La�d9ryaLF+o[f�n�a�o[zGa�lmiLrvdGf�n
(Zn)

fel
(Z ′

n)
E={La�o[fek�dGn�~�a�x'n

S
n7iLxjl�~�rvlmf�n

f]?ehjiLxBfexjlyrKfeovo[fe_cfexjlDzGt+k�rv{La�o[fexjlmf�n:hjiLk�d�o}ac{7rvlmf�n�n7f
(vn)

ner
d(Zn, Z

′
n)

superexp
=⇒
vn

0. iLk�nQk�lyrvo©r[n7fedGiLx'nQoEu aLF+dGze{7rya�lyrKiLx�nek�rv{La�xjlmf�hjiLk�dCp�felylmfQxBiLlyrKiLxeÆ
Zn

superexp∼
vn

Z ′
n.

W ; xBf�nek�rvlmf�~qf@{La�d9ryaLF+o[f�n@a�o[zGa�lmiLrvdGf�n
(Zn,R)n∈N,R∈R+

EJ{La�o[fek�dGn�~�a�x'n
S
f�nel�k�xBf

a9h�h5dGi�?Mrv_�a�lyrKiLx�f]?ehjiLxBfexjlyrKfeovo[fe_cfexjlJF9iLxjxBfC~qf
(Zn)

hjiLk�dVo}a�{7rvlmf�n�n7f
(vn)

ner

lim
R→∞

lim sup
n→∞

1

vn
log P (d(Zn, Zn,R) > δ) = −∞.

�Cä~¬�=´�³	«Uµ Ô/:³ý:yÔqó>:oY iLrvl
d
k�xBf�~�r[nel a�xBp�fIdGfex5~�a�xjl

S
p�iL_�h5o[fel |/INf�n:nek�rvlmf$~qf/{La�d9ryaLF+o[f�n

a�o[zGa�lmiLrvdGf�n4p�iLx'nery~qzedGz�f�n�n7iLxjl�Ec{La�o[fek�dGnC~�a�x'n
S
|

W Y r
(Zn)

fel
(Z ′

n)
n7iLxjl�f]?ehjiLxBfexjlyrKfeovo[fe_cfexjlvnCzGt+k�rv{La�o[fexjlvn�hjiLk�dQo}ac{7rvlmf�n�n7f

(vn)
felPner

(Zn)
n>a�lyr[nN=+a�rvlDk�x2OQPJRú~qf`F9iLxjxBf�=>iLxBpelyrKiLx´~qfCl a�k@?

I(·) g�a�o[iLdGn (Z ′
n)
n>a�lyr[nN=+a�rvlDo[f

_µÐe_cfQOQPJRC|
W Y k7h�hji7n7iLx'nDt+kjf

(Zn,R)n∈N,R∈R+

f�nelBk�xBf:a9h�h5dGi�?Mrv_�a�lyrKiLx�f]?ehjiLxBfexjlyrKfeovo[fe_cfexjlF9iLxjxBf
~qf

(Zn)
fel�t+kjf�hjiLk�d�lmiLk�l

R > 0
g
(Zn,R)n∈N

n>a�lyr[nN=+a�rvl�k�xeOQPJRÙ~qf�=>iLxBpelyrKiLx²~qf
l a�k@?

IR(·) | Y iLrvl I(·) o}aH=>iLxBpelyrKiLx�~qfVl a�k@?�~qz·sPxjrKf:h	a�d
I(x) = sup

δ>0
lim inf
R→∞

inf
y∈Bx,δ

IR(y),

i.S
Bx,δ

~qz�nerUT�xBfQo}a�F9iLk�o[f {y : d(x, y) < δ} | Y k7h�hji7n7iLx'n�t+kjf I(·) f�nel:k�xBfGF9iLxjxBf=>iLxBpelyrKiLx�~qfVl a�k@?�fel:t+kjf:hjiLk�dVlmiLk�lIfex'n7fe_GF+o[fª=>fed9_cz
A
g

inf
y∈A

I(y) ≤ lim sup
R→∞

inf
y∈A

IR(y).

^�o[iLdGn
(Zn)

n>a�lyr[nN=+a�rvlPk�xðOQPJR ~qf<F9iLxjxBfK=>iLxBpelyrKiLx@~qfQl a�k@?
I(·) |
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Å�?}TuA@�ÄA@C&F�û��ÄJL¾úñ'*�DÄA@A�8{?BMLÀ��ÄAQ�	7 � 7b8²JL�
r ∈ N

*�KBA�F

Gr =
{

2r, 2r + 1, · · · , 2r+1 − 1
}
, Tr =

r⋃

q=0

Gq,

ï�I�?B>�I|Å�A@C�J�F¼A��ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};.F¼I�A
r
��F¼I�>@JLKBÀ�¾ZC|��C�Å�F¼I�A:&²�ÄD F

(r+1)
>@JLKBÀ�¾ZC�D`J�û�F¼I�A�F¼�ÄA@A�7G0I�A@C)*�F¼I�An>r���ÄÅ�?BC²��KB?ÃFm; |Gr|

J�û
Gr
?BD

2r
��C�ÅÌF¼I²�»F0J�û

Tr
?BD |Tr| = 2r+1 − 1
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?BD

Grn

ï�?ÃF¼I
rn = blog2 nc

*jï�I�A@�ÄA bxc Å�A@C�J�F¼A@DEF¼I�A�?BC&F¼A@MLA@��Á²��� FJ�ûHF¼I�A;�ÄAr��K�C�À�¾4��A@�
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*&F¼I�A0>@JLKBÀ�¾ZC

Gr
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 À';LJLCe��¸4Kó7�
�+ ��Ú0-K*�+ �M�0-v�4Á��ÄJLÁ�JLDÄA@Å(F¼I�A.û�JLKBKBJ7ï�?BC�MkKB?BC�Ar���  ��À�DÄDÄ? ��C(¾ZJ	Å�A@KHF¼JÌÅ�A9�DÄ>@�Ä?[��A�F¼I�A�A�ÂLJLKBÀ�F¼?BJLC¤J�û`F¼I�A�ML�ÄJ7ï0F¼IN�¼�»F¼A�J�û`F¼I�A�Á�JLÁ�À�K �»F¼?BJLC#J�ûy>@A@KBKBDEÅ�A@�Ä?ÃÂLA@Å�û��ÄJL¾ ��C?BC�?ÃF¼? ��K�?BC�Å�?ÃÂ	?BÅ�À²��K

L(X1) = ν, and ∀n ≥ 1,





X2n = α0Xn + β0 + ε2n

X2n+1 = α1Xn + β1 + ε2n+1,


K�	7 � 7 � �

ï�I�A@�ÄA
Xn

?BD0F¼I�A�ML�ÄJ7ï0F¼I��¼�»F¼A�J�û`?BC�Å�?ÃÂ	?BÅ�À²��K
n
*
n
?BD0F¼I�A�¾ZJ�F¼I�A@��J�û

2n

 F¼I�A�C�AeïiÁ�JLKBA

Á��ÄJLMLA@C�;Z>@A@KBKv�b��C�Å
2n+1


 F¼I�AEJLKBÅkÁ�JLKBA�Á��ÄJLMLA@C�;Z>@A@KBKv�9*
ν
?BD9��Å�?BD F¼�Ä?[��À�F¼?BJLCZÁ��ÄJM�²����?BKB?ÃFm;JLC

R
*
α0, α1 ∈ (−1, 1) � β0, β1 ∈ R

��C�Å (
(ε2n, ε2n+1), n ≥ 1

) û�JL�Ä¾ZD��#DÄA@¿�À�A@C�>@AÌJ�û?ó7 ?ó7 Åw��?ÃÂ����Ä? �»F¼AÇ�¼��C�Å�JL¾åÂ����Ä? ����KBA@D:ï�?ÃF¼I#K �>ï N2(0,Γ)
*'ï�I�A@�ÄA

Γ = σ2

(
1 ρ
ρ 1

)
, σ2 > 0, ρ ∈ (−1, 1).

G0I�ANÁ��ÄJ	>@A@DÄDÄA@D
(Xn)

Å�Ae&²C�A@Å ��;Ð
K�	7 � 7 � �|���ÄA�Fm;	Á�?B>r��KEA�ü���¾ZÁ�KBA@DkJ�û;ý0¹Nþ ï�I�?B>�I!���ÄA>r��KBKBA@ÅÌF¼I�A�&²�ÄD FEJL�ÄÅ�A@�I��?Ãû�À��Ä>r�»F¼?BC�M|��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA;Á��ÄJ	>@A@DÄDÄA@D�
�ý9¸Ç:C
 � �E��7yG0I�A�ý9¸Ç:C
 � �Á��ÄJ	>@A@DÄDÄA@D¤���ÄA(��C���Å²��Á�F��»F¼?BJLC5J�û���À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLAWÁ��ÄJ	>@A@DÄDÄA@D+*/ï�I�A@C!F¼I�A(Å²�»F��UI²�rÂLA,�
��?BC²���2;#F¼�ÄA@A.D F¼�ÄÀ�>�F¼À��ÄA�7;G0I�Ae;�ï9A@�ÄA4&²�ÄD Fn?BC&F¼�ÄJ	Å�À�>@A@Å���;Wþ9J7ï���CW��C�Å,<�F���À�Å�F¼AÇ+ ��î0-{û�JL�>@A@KBK	KB?BC�Ar��MLAbÅ²�»F��Iï�I�A@�ÄA�Ar��>�I.?BC�Å�?ÃÂ	?BÅ�À²��K&?BC�JLC�A9MLA@C�A@�¼�»F¼?BJLC�ML?ÃÂLA@D{�Ä?BDÄAbF¼JEFmï9JnJ�TuDÄÁ��Ä?BC�MLD
?BC�F¼I�A�C�A�ü	FnMLA@C�A@�¼�»F¼?BJLC¢7ÇùUACï�?BKBKHC�J�FnÅ�?BDÄ>@À�DÄDnI�A@�ÄA.A�ü	F¼A@C�DÄ?BJLC�DÇF¼JÌ¾������2;#F¼�ÄA@A�*Bï�I�?B>�Iû�JLKBKBJ7ï�DE¾ZJL�ÄA�JL�4KBA@DÄDEû��ÄJL¾SF¼I�A.D¼��¾ZA�¾ZA�F¼I�J	Å)*�JL�n¹����EZ�JvÂN>�I²��?BC�D4JLC  ��KÃF¼JLC���ù �»F¼DÄJLCF¼�ÄA@A@D�F¼I²�»F�ï9A�DÄI²��KBK¢D F¼À�Å';Ì?BC#>�I²��Á�F¼A@�/��7È C2+ �M�0-K*  À';LJLC)*��»û F¼A@� A@D F�����KB?BDÄI�?BC�MnF¼I�A/&²�ÄD F9�ÄA@DÄÀ�KÃF¼D JLCZF¼I�A�F¼I�A@JL�2;ZJ�û�ý0¹Nþ�*	Á��ÄJvÂLA@D
K �>ï�D�J�û�K ���ÄMLA`C�À�¾4��A@�ÄDH��C�Å�>@A@C&F¼�¼��K&KB?B¾Z?ÃF�F¼I�A@JL�ÄA@¾Vû�JL�uF¼I�AbKBAr��D F2� DÄ¿�À²���ÄAbA@D F¼?B¾k�»F¼JL�ÄD

θ̂r =

(α̂r0, β̂
r
0, α̂

r
1, β̂

r
1)
J�ûuF¼I�A/�L� Å�?B¾ZA@C�DÄ?BJLC²��K�Á²���¼��¾ZA�F¼A@�

θ = (α0, β0, α1, β1)
*)
�DÄA@AÇ<	A@>�F¼?BJLCw�	7 �û�JL�Ç�ä¾ZJL�ÄA�Á��ÄA@>@?BDÄA�Å�Ae&²C�?ÃF¼?BJLCY��7nÿEA���KBDÄJäML?ÃÂLA@DÇDÄJL¾ZA.D F��»F¼?BD F¼?B>r��K�F¼A@D F¼D$ï�I�?B>�I,��KBKBJ7ïTF¼J>�I�A@>�ZN?ÃûyF¼I�A�¾ZJ	Å�A@KH?BDÇD2;	¾Z¾ZA�F¼�Ä?B>�JL�4C�J�F�
��ÄJLÀ�MLI�K};

α0 = α1
JL�4C�J�F9�9*���C�Å(?ÃûyF¼I�A�C�AeïÁ�JLKBA���C�Å¤F¼I�A�JLKBÅ¤Á�JLKBAnÁ�JLÁ�À�K �»F¼?BJLC�D����ÄA�A�ÂLA@CNÅ�?BD F¼?BC�>�FE?BC¤¾ZAr��C)*jï�I�?B>�IN��KBKBJ7ï�D�I�?B¾ßF¼J

>@JLC�>@KBÀ�Å�AÇ��D F��»F¼?BD F¼?B>r��K²A�Â	?BÅ�A@C�>@AÇ?BCä��ML?BC�M�?BCä·07�þ9JLKB?ó7`ú�A�F�À�D���KBDÄJ�¾ZA@C&F¼?BJLCð+ � î.-K*qï�I�A@�ÄAý9A@�Ä>@ÀÀ� ¸4Kó74À�DÄ?BC�MkF¼I�A.¾k��� F¼?BC�M&��KBA;��Á�Á��ÄJ&��>�I(ML?ÃÂLA.��D2;	¾ZÁ�F¼J�F¼?B>.��C²��K};	DÄ?BDEJ�ûyF¼I�A.KBAr��D F
DÄ¿�À²���ÄA@D4A@D F¼?B¾k�»F¼JL�ÄD0J�û{F¼I�A;À�C	Z�C�J7ï�CNÁ²���¼��¾ZA�F¼A@�ÄD�J�ûy�|MLA@C�A@�¼��KH��D2;	¾Z¾ZA�F¼�Ä?B>

p
F¼I�� JL�ÄÅ�A@�ý9¸Ç:TÁ��ÄJ	>@A@DÄDÄA@D@7

È C;F¼I�?BD~>�I²��Á�F¼A@�+*8ï9APï�?BKBKLML?ÃÂLAb¾ZJ	Å�A@�¼�»F¼AyÅ�A�Â	? �»F¼?BJLC;Á��Ä?BC�>@?BÁ�KBAI
ó¹�¶Ç�U�¢û�JL��F¼I�?BD�A@D F¼?B¾k�8�
F¼JL�`��C�Å�F¼I�A�D F��»F¼?BD F¼?B>r��K&F¼A@D F¼D`Å�JLC�AD��;  À';LJLC¢7HùUAUï�?BKBK	��KBDÄJ4ML?ÃÂLA�Å�A�Â	? �»F¼?BJLC�?BC�A@¿�À²��KB?ÃF¼?BA@D
û�JL�

θ̂r − θ
*5ï�I�?B>�IW���ÄA�?B¾ZÁ�JL� F���C&F�û�JL�Ç�k�Ä?BMLJL�ÄJLÀ�D4
�C�JLC(��D2;	¾ZÁ�F¼J�F¼?B>7�0D F��»F¼?BD F¼?B>r��K~D F¼À�Å';L7G0I�?BDUï�?BKBKY��AÇÅ�JLC�AÇ?BCZFmï9J�>r��DÄA@D@øyF¼I�A  ��À�DÄDÄ? ��Cä>r��DÄAn��D�Å�A@DÄ>@�Ä?[��A@Å#����JvÂLAn��C�ÅkF¼I�AÇ>r��DÄA

ï�I�A@�ÄA�F¼I�A�C�JL?BDÄA���C�Å¤F¼I�A�?BC�?ÃF¼? ��KuD F��»F¼A
X1

���ÄA���DÄDÄÀ�¾ZA@Å¤F¼JZF���Z�A;Â���KBÀ�A@DE?BC��Z>@JL¾ZÁ²��>�FDÄA�Fr7��EJ�F¼A;F¼I²�»FEF¼I�A�K �»FÄF¼A@��>r��DÄA�?B¾ZÁ�KB?BA@D�F¼I²�»FEF¼I�A.ý9¸Ç:C
 � �0Á��ÄJ	>@A@DÄD4Å�Ae&²C�A@Å@��;"
K�	7 � 7 � �Â���KBÀ�A@Å#?BC#>@JL¾ZÁ²��>�F�DÄA�Fr7
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Þ�:yÔ/:[Þ §Ìµ�ü`®HªvÕ�ª��®?�
8²JL�Z��C/?BC�Å�?ÃÂ	?BÅ�À²��K

n ∈ T
*Dï9AN���ÄA#?BC&F¼A@�ÄA@D F¼A@Å5?BCQF¼I�A¤¿�À²��C&F¼?ÃFm;

Xn

�?ÃFZ¾k�>;²��A#F¼I�A

ï9A@?BMLI&F>*�F¼I�A|ML�ÄJ7ï0F¼I,�¼�»F¼A�* · · · �/ï�?ÃF¼I(Â���KBÀ�A@Dn?BC(F¼I�A|¾ZA�F¼�Ä?B>.DÄÁ²��>@A S A@C�Å�J7ï9A@Å´ï�?ÃF¼IW?ÃF¼Dý9JL�ÄA@K
σ
� &²A@KBÅ S 7§Ìµ�ü`®HªvÕ�ª��® Þ�:yÔ/:yÔ ¼

T
åEÕv´�°²®?�rªvÕ�ª��® ëH´�YçH°	ç{ª�±�ªvÕ\�Yá«�@µ�µ ¼ ñ ôYôkòº¾C¾0: É fSpGa�ovo

T
AmlydEa�x'nervlyrKiLx

h5dGi F�aLF+rvo©rvlD¸ca�x/¸�_�a9h�h5rvx"T
P : S × S2 → [0, 1]

nekjpqV�lBV	a�l
• P (., A)

r[nV_cfGa8nek�dEaLF+o[fK=>iLdCa�ovo
A ∈ S2

g
• P (x, .)

r[n4a�h5dGi F�aLF+rvo©rvlD¸�_cfGa8nek�dGf4iLx
(S2,S2)

=>iLdCa�ovo
x ∈ S

|
8²JL�9�

T
��F¼�¼��C�DÄ?ÃF¼?BJLCkÁ��ÄJM�²����?BKB?ÃFm;

P
JLC

S ×S2 *�ï9AnÅ�A@C�J�F¼A$��; P0
*
P1
��C�Å

Q
�ÄA@DÄÁ�A@>9�F¼?ÃÂLA@K};äF¼I�AV&²�ÄD FÇ��C�Å¤F¼I�A�DÄA@>@JLC�ÅN¾k���ÄML?BC²��KuJ�û

P
*=��C�Å¤F¼I�A�¾ZAr��C¤J�û

P0
��C�Å

P1
*²F¼I²�»FE?BD

P0(x,B) = P (x,B × S)
*
P1(x,B) = P (x, S × B)

û�JL����KBK
x ∈ S

��C�Å
B ∈ S ��C�Å

Q =
P0 + P1

2

7
8²JL�

p ≥ 1
*�ï9AÌÅ�A@C�J�F¼A���; B(Sp)


��ÄA@DÄÁ¢7 Bb(Sp)
�9*yF¼I�AÌDÄA�FZJ�û4��KBK Sp � ¾ZAr��DÄÀ��¼����KBA
��ÄA@DÄÁ¢7 Sp � ¾ZAr��DÄÀ��¼����KBAZ��C�Å"��JLÀ�C�Å�A@ÅY�;¾k��Á�Á�?BC�MLD f : Sp → R

7¤8²JL�
f ∈ B(S3)

*?ï9AÅ�A@C�J�F¼AV��;
Pf ∈ B(S)

F¼I�Anû�À�C�>�F¼?BJLC

x 7→ Pf(x) =

∫

S2

f(x, y, z)P (x, dy, dz), when it is defined.

§Ìµ�ü`®HªvÕ�ª��® Þ�:yÔ/:[Þ ¼ ��ª·æm�~´LèL°'Õ�ª�®NÖ�âi°�´8é=�ß Å ä~°²ª�®?��áP�@µ�µ ¼ ñ ôYôkòº¾C¾0: INfel
(Xn, n ∈ T)F9f@aÂ=+a�_�rvoÛ¸Ji)=

S
Am{La�o©kjfG~�dEa�x5~qiL_ {La�d9ryaLF+o[f�n@~qf·sPxBfG~JiLx a�sPo©lmfedGfG~=h5dGi F�aLF+rvo©rvlD¸�nmh	aqp�f

(Ω,F , (Fr, r ∈ N),P)
|ØINfel

ν
F9f=ach5dGi F�aLF+rvo©rvlD¸�iLx

(S,S)
a�x5~

P
F9f�a

T
AmlydEa�x'nervlyrKiLx

h5dGi F�aLF+rvo©rvlD¸M| É f�n>a@¸²lBV	a�l
(Xn, n ∈ T)

r[n´a
(Fr)

A�F+r =9k�dGpGa�lyrvx"TÒ±�a�dg³�iL{JpqV	a�rvxDC�rvlBV
rvxjrvlyrya�oN~�r[nelyd9rDF+k�lyrKiLx

ν
a�x5~

T
AmlydEa�x'nervlyrKiLx�h5dGi F�aLF+rvo©rvlD¸

P
r =

• Xn

r[n Frn

Am_cfGa8nek�dEaLF+o[fK=>iLdQa�ovo
n ∈ T

g
• L(X1) = ν

g
• =>iLdQa�ovo

r ∈ N
a�x5~M=>iLdCa�ovo@=+a�_�rvoÛ¸

(fn, n ∈ Gr) ⊆ Bb(S3)

E

[∏

n∈Gr

fn(Xn, X2n, X2n+1)
∣∣∣Fr

]
=
∏

n∈Gr

Pfn(Xn).

È C,F¼I�AZû�JLKBKBJ7ï�?BC�M	*Aï�I�A@C À�C�Á��ÄA@>@?BDÄA@Å)*`F¼I�A�&²KÃF¼�¼�»F¼?BJLCW?B¾ZÁ�KB?B>@?ÃF¼K};¤À�DÄA@Å"ï�?BKBK���A Fr =
σ(Xi, i ∈ Tr)

7`ùUAÇÅ�A@C�J�F¼A$��;
(Yr, r ∈ N)

F¼I�A;¹����EZ�JvÂä>�I²��?BCÌJLC
S
ï�?ÃF¼I

Y0 = X1
��C�ÅF¼�¼��C�DÄ?ÃF¼?BJLC�Á��ÄJM�²����?BKB?ÃFm;

Q
7;G0I�A.>�I²��?BC

(Yr, r ∈ N)
>@JL�Ä�ÄA@DÄÁ�JLC�Å�DÇF¼JÌ�ä�¼��C�Å�JL¾ KB?BC�Ar��MLA

F���Z�A@C�?BCäF¼I�A;Á�JLÁ�À�K �»F¼?BJLC¢7
ùUAEÅ�A@C�J�F¼A/��;

G
F¼I�AEDÄA�F9J�û���KBK�Á�A@�Ä¾.À�F��»F¼?BJLC�DbJ�û

N∗ F¼I²�»F KBAr�rÂLA@D9Ar��>�I Gr
?BC&Â����Ä? ��C&Fr7

ùUAkÅ��¼�>ïå�¤Á�A@�Ä¾.À�F��»F¼?BJLC
Π
À�C�?Ãû�JL�Ä¾ZK};NJLC

G
*`?BC�Å�A@Á�A@C�Å�A@C&F¼K};,J�û

X = (Xn, n ∈ T)
7
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¶4�¼�>ï�?BC�M
Π E À�C�?Ãû�JL�Ä¾ZK}; E JLC G

¾ZAr��C�D9Å��¼�>ï�?BC�M�F¼I�AÇ�ÄA@D F¼�Ä?B>�F¼?BJLCkJ�û
Π
JLC

Gr
À�C�?Ãû�JL�Ä¾ZK};��¾ZJLC�M.F¼I�A

(2r)!
Á�A@�Ä¾.À�F��»F¼?BJLC�D�J�û

Gr.
È C¤Á²��� F¼?B>@À�K ���+*

(
Π(2r),Π(2r + 1), · · · ,Π(2r+1 − 1)

)

>r��C���A�Â	?BAeï9A@Åä��D �;�¼��C�Å�JL¾ºÅ��¼�>ï�?BC�M�J�û¢��KBK�F¼I�AEA@KBA@¾ZA@C&F¼DbJ�û
Gr
ï�?ÃF¼I�JLÀ�Fb�ÄA@Á�K ��>@A@¾ZA@C&Fr7

�EJ�F¼?B>@A`F¼I²�»F
Π
��KBKBJ7ï�DuF¼J�Å�Ae&²C�A9�0�¼��C�Å�JL¾VJL�ÄÅ�A@��JLC

T
ï�I�?B>�I�Á��ÄA@DÄA@� ÂLA@DHF¼I�AyMLA@C�Ar��KBJLML?B>r��KJL�ÄÅ�A@�@7y8²JL�`A�ü���¾ZÁ�KBA�*

(Π(i), 1 ≤ i ≤ n)
Å�A@C�J�F¼A@DyF¼I�A�DÄA�FbJ�û�F¼I�A E &²�ÄD F E n ?BC�Å�?ÃÂ	?BÅ�À²��KBD{J�û

T. Π
ï���Dy?BC&F¼�ÄJ	Å�À�>@A@ÅS��;  À';LJLC|?BC.JL�ÄÅ�A@�`F¼JnD¼��¾ZÁ�KBA�JvÂLA@�yF¼I�AU,m&²�ÄD F2-

n
?BC�Å�?ÃÂ	?BÅ�À²��KBD@7~¸4D

¾ZA@C&F¼?BJLC�A@Å.?BCÂ+ �M�.-K*�F¼I�?BD{>�I�JL?B>@A�J�û
Π
��KBKBJ7ï�D~F¼JÇÁ��ÄA@DÄA@� ÂLA�F¼I�A�D¼��¾ZA���D2;	¾ZÁ�F¼J�F¼?B>D��A@I²�rÂ	?BJL�û�JL�bF¼I�AEA@¾ZÁ�?B�Ä?B>r��K�¾ZAr��C�D �ÄA@DÄÀ�KÃF¼?BC�M;û��ÄJL¾ºF¼I�A4D¼��¾ZÁ�KB?BC�M;JvÂLA@��
�D¼�>;	�yF¼I�A

r
F¼IkMLA@C�A@�¼�»F¼?BJLC)*F¼I�AC&²�ÄD F

(r + 1)
MLA@C�A@�¼�»F¼?BJLC�DÇJL�EF¼I�AQ,m&²�ÄD F2-

n
?BC�Å�?ÃÂ	?BÅ�À²��KBD@7ÇÈ C(MLA@C�A@�¼��KK*�F¼I�A�>�I�JL?B>@A.J�û��C�J�F¼I�A@� Á�A@�Ä¾.À�F��»F¼?BJLCZÅ�J	A@D C�J�F9Á��ÄA@DÄA@� ÂLA4F¼I�AÇ��D2;	¾ZÁ�F¼J�F¼?B>I��A@I²�rÂ	?BJL� J�ûuF¼I�A@DÄA4A@¾ZÁ�?B�Ä?B>r��K

¾ZAr��C�D@7yùUAn�ÄA�û�A@�0F¼Jð+ �M�0-{<	A@>�F¼?BJLC��	7½��*�û�JL�0¾ZJL�ÄAnÅ�A�F���?BKBD@7
È C���KBK�F¼I�A;>�I²��Á�F¼A@�+*	ï9AVï�?BKBKuÅ�A@C�J�F¼AQ��;�ø
• f ⊗ g

F¼I�A;¾k��Á�Á�?BC�M
(x, y) 7→ f(x)g(y),

• Qp F¼I�A p F¼IZ?ÃF¼A@�¼�»F¼A@Å|J�û Q �ÄA@>@À��ÄDÄ?ÃÂLA@K};|Å�Ae&²C�A@Åc��;�F¼I�A0û�JL�Ä¾.À�K ��D Q0(x, ·) = δx
��C�Å

Qp+1(x,B) =
∫
S
Q(s, dy)Qp(y, B)

û�JL�b��KBK
B ∈ S � Qp ?BDb�nF¼�¼��C�DÄ?ÃF¼?BJLC�Á��ÄJM�²����?BKB?ÃFm;?BC

(S,S).

• νQ
F¼I�AkÅ�?BD F¼�Ä?[��À�F¼?BJLCWJLC

(S,S)
Å�Ae&²C�A@Å"��;

νQ(B) =
∫
S
ν(dx)Q(x,B) � νQp ?BDF¼I�A;K �>ïVJ�û

Yp
*

• (Qf)(x) =
∫
S
f(y)Q(x, dy)

ï�I�A@C¤?ÃF�?BD0Å�Ae&²C�A@Å �
• (νf)

JL�
(ν, f)

F¼I�A;?BC&F¼A@ML�¼��K ∫
S
fdν

ï�I�A@C�?ÃF0?BD0Å�Ae&²C�A@Å¢7
8²JL�Ç��KBK

i ∈ T
*5ï9A�DÄA�F

∆i = (Xi, X2i, X2i+1)
7EùUA.?BC&F¼�ÄJ	Å�À�>@A�F¼I�A�û�JLKBKBJ7ï�?BC�M|A@¾ZÁ�?B�Ä?B>r��K¿�À²��C&F¼?ÃF¼?BA@D@ø





MGr(f) = 1
|Gr|

∑
i∈Gr

f(∆̃i),

MTr(f) = 1
|Tr |

∑
i∈Tr

f(∆̃i),

M
Π

n (f) = 1
n

n∑
i=1

f(∆̃Π(i)),


K�	7 � 7½�M�

ï�I�A@�ÄA
f(∆̃i) = f(∆i) = f(Xi, X2i, X2i+1)

?Ãû
f ∈ B(S3)

��C�Å
f(∆̃i) = f(Xi)

?Ãû
f ∈ B(S)

7
 À';LJLC|?BC¹+ �M�0-²D F¼À�Å�?BA@Å|KB?B¾Z?ÃFHF¼I�A@JL�ÄA@¾ZDyJ�û=F¼I�A0A@¾ZÁ�?B�Ä?B>r��K	¾ZAr��C�D/
K�	7 � 7½�M�9*LC²��¾ZA@K};�F¼I�AK �>ï/J�ûuK ���ÄMLA�C�À�¾4��A@�ÄD$


L2 ��C�Åk��KB¾ZJLD F`DÄÀ��ÄA�ÂLA@�ÄDÄ?BJLC�D��y��C�Å�F¼I�A�>@A@C&F¼�¼��K²KB?B¾Z?ÃFHF¼I�A@JL�ÄA@¾ZDû�JL�:
K�	7 � 7½�M�)ï�I�A@C
f ∈ B(S3)

��À�F{>@A@C&F¼A@�ÄA@ÅS��;;F¼I�A9>@JLC�Å�?ÃF¼?BJLC²��K&A�ü�Á�A@>�F��»F¼?BJLC��¼�»F¼I�A@�~F¼I²��C
��;ÌF¼I�A;KB?B¾Z?ÃF9¾ZAr��C¢7y¸4C¤A�ü	F¼A@C�DÄ?BJLC¤J�û{F¼I�A�ý0¹Nþ�I²��DI��A@A@C�Á��ÄJLÁ�JLDÄA@Å¤?BCe+ �M�0-K*²?BCwï�I�?B>�I
F¼I�A;��À�F¼I�JL�ÄD0D F¼À�Å�?BA@Å¤�.¾ZJ	Å�A@KuJ�û{ý0¹Nþ ï�?ÃF¼IÌ¾Z?BDÄDÄ?BC�M.Å²�»F���7yGHJ.F���Z�A;?BC&F¼J|��>@>@JLÀ�C&F0F¼I�AÁ�JLDÄDÄ?[��?BKB?ÃFm;�û�JL� �;>@A@KBK²F¼J�Å�?BA�*�F¼I�A4��À�F¼I�JL�ÄD ?BCð+ �M�0-�À�DÄA  ��KÃF¼JLC���ù �»F¼DÄJLC�F¼�ÄA@AE?BC�D F¼Ar��ÅZJ�û~�

* �



�ÄA@MLÀ�K ����F¼�ÄA@A�7{¸4C�Å�F¼I�Ae;�ML?ÃÂLA9��ï9Ar��Z�K �>ï J�û²K ���ÄMLAbC�À�¾4��A@�+*L��C�?BC&Â����Ä? ��C�>@AbÁ��Ä?BC�>@?BÁ�KBAb��C�ÅF¼I�A0>@A@C&F¼�¼��K²KB?B¾Z?ÃFH�ÄA@DÄÀ�KÃF`û�JL�{F¼I�AE�rÂLA@�¼��MLA0JvÂLA@�bJLC�A0MLA@C�A@�¼�»F¼?BJLC�JL�`À�Á�F¼JnJLC�A0MLA@C�A@�¼�»F¼?BJLC¢7¸4DyÁ��ÄA�Â	?BJLÀ�DÄK};�¾ZA@C&F¼?BJLC�A@Å)*LF¼I�?BD`DÄA�FÄF¼?BC�M$ï�?BKBK���A0>@JLC�DÄ?BÅ�A@�ÄA@Å|?BC.>�I²��Á�F¼A@�P��7��ÇC�A0>r��C|��KBDÄJ
¾ZA@C&F¼?BJLC�F¼I�A�ï9JL�EZ�J�û�¶4AÇ<���Á�JL� F����V¸4Kó7�+ ����-=Å�Ar��KB?BC�M�ï�?ÃF¼IS��?Ãû�À��Ä>r�»F¼?BC�M;��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLAÁ��ÄJ	>@A@DÄDÄA@D�ï�?ÃF¼I�¾Z?BDÄDÄ?BC�M|Å²�»F��Z?BC#F¼I�A�A@D F¼?B¾k�»F¼?BJLC#Á��ÄJ	>@A@Å�À��ÄA�J�û{F¼I�A�Á²���¼��¾ZA�F¼A@�ÄDEJ�û{F¼I�A��D2;	¾Z¾ZA�F¼�Ä?B>�ý9¸Ç:XÁ��ÄJ	>@A@DÄD@7EG0I�Ae;�À�DÄA.�ZFmï9JkFm;	Á�A  ��KÃF¼JLC���ù �»F¼DÄJLC#Á��ÄJ	>@A@DÄD4F¼Jk¾ZJ	Å�A@KF¼I�AÇMLA@C�Ar��KBJLM�;k��C�ÅÌML?ÃÂLAÇ>@JLC&ÂLA@�ÄMLA@C�>@A���C�Å#��D2;	¾ZÁ�F¼J�F¼?B>4C�JL�Ä¾k��KB?ÃFm;�J�û�F¼I�A@?B�9A@D F¼?B¾k�»F¼JL�ÄD@7
È�FE?BD0?B¾ZÁ�JL� F���C&F9F¼JZ�ÄA@¾k���EZZF¼I²�»F0F¼I�A;C�JLC�����D2;	¾ZÁ�F¼J�F¼?B>ÇD F¼À�Å';#J�û{Å�A�Â	? �»F¼?BJLCÌ?BC�A@¿�À²��KB?ÃF¼?BA@DI²��D�C�J�FI��A@A@C�>@JLC�DÄ?BÅ�A@�ÄA@Å��»FE��KBK¢?BCäF¼I�A@DÄAVï9JL�EZ�D+*=Å�A@DÄÁ�?ÃF¼AnF¼I�A@?B�0Á��¼��>�F¼?B>r��K¢?BC&F¼A@�ÄA@D Fr7
Þ�:yÔ/:[ò F ç��@µ�è�Õ�ªvß�µ��
�ÇÀ���JM�q�ÄA@>�F¼?ÃÂLA@DE?BCäF¼I�?BD0>�I²��Á�F¼A@�4���ÄA�ø

• F¼J.ML?ÃÂLA4DÄJL¾ZA4KB?B¾Z?ÃFyF¼I�A@JL�ÄA@¾ZD û�JL��ý0¹Nþ/F¼I²�»F�>@JL¾ZÁ�KBA�F¼A�F¼I�JLDÄAÇÅ�JLC�AÇ?BC�+ �M�0-P
�ú~úN�Q*
ú�È�ú�*Ã7Ã7Ã7½� �

• F¼J,ML?ÃÂLA#Á��ÄJM�²����?BKB?ÃFm; ?BC�A@¿�À²��KB?ÃF¼?BA@D|��C�Å[Å�A�Â	? �»F¼?BJLC[?BC�A@¿�À²��KB?ÃF¼?BA@D�û�JL��F¼I�A¤A@¾ZÁ�?B�Ä?B>r��K¾ZAr��C�DQ
K�	7 � 7½�M�9*�?ó7 A�7`û�JL�
f ∈ B(S)

��C�Å���KBK
x > 0

P
(
MTr(f) − (µ, f) ≥ x

)
≤ e−C(x,r)

ï�I�A@�ÄA
C(x, r)

ï�?BKBKH>@�ÄÀ�>@? ��KBK};¤Å�A@Á�A@C�Å�D;JLC(JLÀ��nDÄA�F;J�û9��DÄDÄÀ�¾ZÁ�F¼?BJLC�DÇJLC
f
��C�ÅWJLC

F¼I�A;A@�ÄMLJ	Å�?B>ÇÁ��ÄJLÁ�A@� Fm;ÌJ�û
Q
��À�F�Â���KB?BÅäû�JL�Q
�C�Ar���ÄK};	����KBK

r �
• F¼JÌD F¼À�Å';N¾ZJ	Å�A@�¼�»F¼A.Å�A�Â	? �»F¼?BJLCNÁ��Ä?BC�>@?BÁ�KBAw
ó¹�¶Ç�U�Eû�JL�ný0¹Nþ�*¢?ó7 A�7;û�JL�4DÄJL¾ZA��¼��C�MLAJ�ûyDÄÁ�A@A@Å √

r � br � r

�Å�A@Á�A@C�Å�?BC�MäJLCN��DÄDÄÀ�¾ZÁ�F¼?BJLC�D��E��C�Å�û�JL�

f ∈ Cb(S3)
ï�?ÃF¼I

Pf = 0
b2|Tr |
|Tr|

log P

(
1

b|Tr |
M|Tr |(f) ≥ x

)
∼ − x2

2σ2
;

• F¼J�JM��F���?BC|F¼I�AÇ¹�¶Ç�Q��C�ÅkÅ�A�Â	? �»F¼?BJLC|?BC�A@¿�À²��KB?ÃF¼?BA@D`û�JL�yF¼I�A4A@D F¼?B¾k�»F¼JL�yJ�û)��?Ãû�À��Ä>r�»F¼?BC�M��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA;Á��ÄJ	>@A@DÄD+*jï�I�?B>�I����ÄA;?B¾ZÁ�JL� F���C&F9û�JL�����Ä?BMLJL�ÄJLÀ�D0D F��»F¼?BD F¼?B>r��KuD F¼À�Å';L7
¸4KBK�F¼I�A@DÄAn�ÄA@DÄÀ�KÃF¼DDï�?BKBK5��AnJM��F���?BC�A@ÅäÀ�C�Å�A@�0I�;	Á�J�F¼I�A@DÄ?BD0J�ûHMLA@JL¾ZA�F¼�Ä?B>4A@�ÄMLJ	Å�?B>@?ÃFm;ZJL��À�C�?��
û�JL�Ä¾ MLA@JL¾ZA�F¼�Ä?B>�A@�ÄMLJ	Å�?B>@?ÃFm;M*~¾ZAr��C�?BC�M#F¼I²�»F

Qr >@JLC&ÂLA@�ÄMLA@D�
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A�ü�Á��ÄA@DÄDÄ?BJLC�J�û
E

[ (
MGr(f)

)4 ] 7
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ï�I�?B>�I���Á�Á�Ar����?BCäF¼I�A;A�ü�Á��ÄA@DÄDÄ?BJLC�J�û
E

[ (
MGr(f)

)4 ] ø
• ú�A�F f ∈ F

DÄÀ�>�IQF¼I²�»F
(µ, f) = 0.

G0I�A@CQû��ÄJL¾ 
�?v� �e
 Â	?v����C�ÅQI�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾ *F¼I�A@�ÄA;A�ü�?BD F¼DE��Á�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F
c
DÄÀ�>�I¤F¼I²�»F ∀ l, m, n ∈ N

*
νQlP (Qmf ⊗Qnf) ≤ αm+nνQlP (g ⊗ g) ≤ cαm+n,

ï�I�A@�ÄA
g
?BD0ML?ÃÂLA@C¤?BC#I�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾ 7

È CNF¼I�A�DÄA@¿�À�A@K
c
Å�A@C�J�F¼A@Dn�kÁ�JLDÄ?ÃF¼?ÃÂLA�>@JLC�D F���C&F$ï�I�?B>�I(Å�A@Á�A@C�Å�DnJLC
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��C�Å

c1
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α
79G0I�A�>@JLC�D F���C&F¼D

c
��C�Å

c1
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K�	7½�	7½�M�9*'ï9A;I²�rÂLA

E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣E2
0

]
× P

(
E2

0

)
≤ c1cα

4r.¼ ç ¾ 8²JL�9F¼I�A�&�û F¼I#F¼A@�Ä¾S��Á�Á�Ar���Ä?BC�M�?BC�
K�	7½�	7½�M�9*'ï9A�I²�rÂLA
E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Er
4

]
× P

(
Er

4

)
≤ c

(
1

2

)3r

,
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 Â	�0��C�Å�
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c
?BD0DÄÀ�>�I¤F¼I²�»F

νQrf 4 < c
*¼ è ¾ 8²JL��F¼I�Anû�JLÀ�� F¼IÌF¼A@�Ä¾S��Á�Á�Ar���Ä?BC�M�?BC�
K�	7½�	7½�M�9*'ï9A�I²�rÂLA

E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Er
3

]
× P

(
Er

3

)
≤ cc1α

r

(
1

4

)r r−1∑

p=0

(
1

2α

)p
,
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c
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p, q ∈ N

max
(
νQpP

(
Qqf 3 ⊗ g

)
, νQpP

(
g ⊗Qqf 3

))
< c,

��C�Å#û��ÄJL¾ßI�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾ *
g
?BD0DÄÀ�>�I¤F¼I²�»F0û�JL����KBK

p ∈
{
1, · · · , r − 1

}

Qr−p−1f ≤ αr−p−1g.
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*	ï9A;JM��F���?BCÌF¼I²�»F

E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Er
3

]
×P
(
Er

3

)
≤





c1c
((

α
4

)r
+
(

1
23

)r) ?Ãû
α 6= 1

2

c1cr
(

1
23

)r ?Ãû
α = 1

2
.
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Ar :=
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p=2

E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Ep+1
0 , Ep

2

]
× P

(
Ep

2 ∩ Ep+1
0

)
.

<	JSï9A;I²�rÂLA
Ar ≤ c1c

((
1

4

)r
+ α4r

r−1∑

p=2

(
1

4α4

)p)
,
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c
?BD0DÄÀ�>�I¤F¼I²�»F

û�JL����KBK
p ∈ {2, · · · , r − 1} * q ∈ {0, · · · , r − 1} * l ∈ {0, · · · , p− 1}

max
(
νQqP

(
Qr−q−1

⊗ f 2
)
, νQlP

(
Qp−l−1

⊗ P (g ⊗ g)
))

< c,
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g
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α
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• ?Ãû α2 6= 1
2

F¼I�A@C
Ar ≤ c1c

((
1

4

)r
+ α4r

)
;

• ?Ãû α2 = 1
2

F¼I�A@C
Ar ≤ c1c (r − 1)

(
1

4

)r
.

¼ µ ¾ 8²JL��F¼I�A;DÄA@>@JLC�Å¤F¼A@�Ä¾S��Á�Á�Ar���Ä?BC�M�?BC�
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p = r

• ?Ãû α = 1
2
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E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Er
1

]
× P

(
Er

1

)
≤ c1c

(
1

4

)r
;

• ?Ãû α 6= 1
2G ?Ãû α2 = 1

2
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E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Er
1

]
× P

(
Er

1

)
≤ c1(r − 1)

(
1

4

)r
;

G ?Ãû α2 6= 1
2

F¼I�A@C

E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Er
1

]
× P

(
Er

1

)
≤ c1c

((
α2

2

)r
+

(
1

4

)r)
,
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c
?BD0DÄÀ�>�I¤F¼I²�»F0û�JL����KBK

l ∈ {2, · · · , r − 1} * q ∈ {0, · · · , l − 1} *
max

(
νQqP

(
Ql−q−1P (g ⊗ g) ⊗Qr−q−1f 2

)
,

νQqP
(
Ql−q−1P

(
g ⊗Qr−l−1f 2

)
⊗ g
))
< c,
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p 6= r

�9*�KBA�F�À�D�Å�A@C�J�F¼AV��;Wø

Br :=

r−1∑

p=2

E

[
f(XIr)f(XJr)f(XKr)f(XLr)

∣∣Ep+1
0 , Ep

1

]
× P

(
Ep

1 ∩ Ep+1
0

)
.

<	JSï9A;I²�rÂLA
• ?Ãû α = 1

2

F¼I�A@C
Br ≤ c1c

(
1

4

)r
;

• ?Ãû α 6= 1
2

G ?Ãû α2 = 1
2

F¼I�A@C
Br ≤ c1cr

2

(
1

4

)r
;

G ?Ãû α2 6= 1
2

F¼I�A@C
Br ≤ c1c

(
α4r +

(
α2

2

)r
+

(
1

4

)r)
,
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MTr(f)
��C�Å

M
Π

n (f)
7

Å =´��±�±�°�´�� Þ�:[Þ�:[Þ�: INfel
F
n>a�lyr[nN=\¸4´ r ·.A\´ {7r ·M|XINfel

f ∈ F
nekjpqVJlBV	a�l

(µ, f) = 0
| É f

a8n�nek�_cfVlBV	a�lKV"¸�hjiLlBVjf�ner[nµ´DÃ ¾ ·�r[nK=9k�o sPovo[fG~�|ZÔ�Vjfex8=>iLdCa�ovo
r ∈ N

a�x5~
n ∈ N

E

[ (
MTr(f)

)4 ] ≤





c
(

1
4

)r+1 r =
α2 < 1

2
,

cr2
(

1
4

)r+1 r =
α2 = 1

2
,

cα4(r+1)
r =

α2 > 1
2
,
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E

[ (
M

Π

n (f)
)4 ]

≤





c
(

1
4

)rn+1 r =
α2 < 1

2
,

cr2
n

(
1
4

)rn+1 r =
α2 = 1

2
,

cα4(rn+1)
r =

α2 > 1
2
,
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c
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α
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�äµ	«U°�´8é Þ�:[Þ�:[ò�: ÚB=

f ∈ B(S3)
r[n�nekjpqV�lBV	a�l

Pf 2
a�x5~

Pf 4
f]?Mr[nel�a�x5~�F9feo[iLx"T�lmi

F
gC�rvlBV

Pf = 0
gUlBVjfex�CDf²V	a�{�fK=>iLdQa�ovo

r ∈ N
a�x5~M=>iLd$n7iL_cf:hji7nervlyrv{�f4p�iLx'nel a�xjl

c

E

[ (
MGr(f)

)4 ] ≤ c

|Gr|2
.
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MGr(f) =
∑
i∈Gr

f(∆i)
| É f²V	a�{�f

E

[
(MGr(f))4

]
= E

[
MGr(f

4)
]

+ 6E

[
∑

i6=j∈Gr

f 2(∆i)f
2(∆j)

]

+ 4E

[
∑

i6=j∈Gr

f 3(∆i)f(∆j)

]
+ 12E

[
∑

i6=j 6=k∈Gr

f 2(∆i)f(∆j)f(∆k)

]

+24E

[
∑

i6=j 6=k 6=l∈Gr

f(∆i)f(∆j)f(∆k)f(∆l)

]

= E

[ ∑
i∈Gr

Pf 4(Xi)

]
+ 6E

[
∑
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Pf 2(Xi)Pf
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,
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a�x5~�k�nervx"TSlBVjfª=+aqpel
lBV	a�l
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E

[ (
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1
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∑
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]
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1
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Pf 4(Xi)
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|Gr|3 E
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]
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Pf 4
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F
gC�rvlBV

Pf = 0
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E
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(
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∥∥
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XΠ(i)

)
f
(
XΠ(j)

)
]


K�	7½�	7 Ø��

+
12

n4
E

[
n∑

i,j,k=2rn ;i6=j 6=k
f 2(XΠ(i))f(XΠ(j))f(XΠ(k))

]

+
24

n4
E

[
n∑

i,j,k,l=2rn ;i6=j 6=k 6=l
f
(
XΠ(i)

)
f
(
XΠ(j)

)
f
(
XΠ(k)

)
f
(
XΠ(l)

)
]
.

ùUAcï�?BKBKy>@JLC&F¼�ÄJLK9Ar��>�I F¼A@�Ä¾Ö��Á�Á�Ar���Ä?BC�M�?BC,F¼I�AäÅ�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLCÍ
K�	7½�	7 Ø���7�8²JL��F¼I�A�&²�ÄD FF¼A@�Ä¾Ö?BC,F¼I�Aä�Ä?BMLI&F�I²��C�Å DÄ?BÅ�AkJ�ûC
K�	7½�	7 Ø��9*{À�DÄ?BC�MJ
�?B?v�9*:
 Â	����C�Åö
 Â	?v�$ï9AÌI²�rÂLAkû�JL��DÄJL¾ZAÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F
c

E

[
n∑

i=2rn

f 4
(
XΠ(i)

)
]

= (n− 2rn + 1)νQrnf 4 ≤ c(n− 2rn + 1),

ï�I�?B>�I¤?B¾ZÁ�KB?BA@D F¼I²�»F
1

n4
E

[
n∑

i=2rn

f 4
(
XΠ(i)

)
]

= O
( 1

n3

)
.


K�	7½�	7 � ñ��
:�A@>r��KBKuF¼I�Anû�JLKBKBJ7ï�?BC�M�øHû�JL�

i, j, k
��C�Å

l ∈ {2rn, · · · , n}
• ?Ãû i 6= j

*&F¼I�A@C
rn ≥ 1

7`È C�Å�A@Á�A@C�Å�A@C&F¼K};ZJLC
(X,Π)

*	Å��¼�>ï5Fmï9J�?BC�Å�A@Á�A@C�Å�A@C&F�?BC�Å�?B>@A@D
Irn
��C�Å

Jrn
À�C�?Ãû�JL�Ä¾ZK};�û��ÄJL¾

Grn

7HG0I�A@C�F¼I�AbK �>ïUJ�û
(Π(i),Π(j))

?BD¢F¼I�Ab>@JLC�Å�?ÃF¼?BJLC²��KK �>ïVJ�û
(Irn, Jrn)

ML?ÃÂLA@C {Irn 6= Jrn} �
• ?Ãû i 6= j 6= k

*.F¼I�A@C
rn ≥ 2

7 È C�Å�A@Á�A@C�Å�A@C&F¼K};eJLC
(X,Π)

*�Å��¼�>ï©F¼I��ÄA@A[?BC��
Å�A@Á�A@C�Å�A@C&F¤?BC�Å�?B>@A@D

Irn , Jrn
��C�Å

Krn

À�C�?Ãû�JL�Ä¾ZK};Pû��ÄJL¾
Grn

7eG0I�A@C�F¼I�A(K �>ï J�û
(Π(i),Π(j),Π(k))

?BD�F¼I�A�>@JLC�Å�?ÃF¼?BJLC²��K�K �>ïiJ�û
(Irn , Jrn, Krn)

ML?ÃÂLA@C {Irn 6= Jrn 6=
Krn} �

• ?Ãû i 6= j 6= k 6= l
*0F¼I�A@C

rn ≥ 2
7TÈ C�Å�A@Á�A@C�Å�A@C&F¼K};!JLC

(X,Π)
*�Å��¼�>ïÔû�JLÀ��k?BC��Å�A@Á�A@C�Å�A@C&FZ?BC�Å�?B>@A@D

Irn, Jrn, Krn

��C�Å
Lrn

À�C�?Ãû�JL�Ä¾ZK};(û��ÄJL¾
Grn

7WG0I�A@CPF¼I�AÌK �>ï
J�û

(Π(i),Π(j),Π(k)),Π(l))
?BDÇF¼I�A�>@JLC�Å�?ÃF¼?BJLC²��K{K �>ïeJ�û

(Irn, Jrn , Krn, Lrn)
ML?ÃÂLA@C

{Irn 6= Jrn 6= Krn 6= Jrn}
7

6�*



�EJ7ï¢ï9AZI²�rÂLA|F¼J#>@JLC&F¼�ÄJLK`F¼I�A|DÄA@>@JLC�Å ��C�Å(F¼I�?B�ÄÅ(F¼A@�Ä¾ J�û�
K�	7½�	7 Ø���7.ùUA|I²�rÂLA|F¼J#>�I�A@>�ZF¼I²�»F
1

n4
E

[
n∑

i,j=2rn ;i6=j
f 2
(
XΠ(i)

)
f 2
(
XΠ(j)

)
]

= O
( 1

n2

)
,


K�	7½�	7 �M� �
��C�Å

1

n4
E

[
n∑

i,j=2rn ;i6=j
f 3
(
XΠ(i)

)
f
(
XΠ(j)

)
]

= o
( 1

n2

)
.


K�	7½�	7 � �M�
È C�Å�A@A@ÅZû��ÄJL¾XF¼I�A�Á��ÄA�Â	?BJLÀ�Dy�ÄA@¾Z?BC�Å�A@�y��C�Å�
�?v� �e
 Â	?v�9*Lï9A�I²�rÂLA0û�JL�`DÄJL¾ZA0Á�JLDÄ?ÃF¼?ÃÂLA0>@JLC�D F���C&F
c

E

[
n∑

i,j=2rn ;i6=j
f 2
(
XΠ(i)

)
f 2
(
XΠ(j)

)
]

=
(n− 2rn)(n− 2rn + 1)

(1 − 2−rn)

rn−1∑

p=0

2−p−1νQpP
(
Qrn−p−1

⊗ f 2
)

≤ c(n− 2rn)(n− 2rn + 1),
ï�I�?B>�IU?B¾ZÁ�KB?BA@DS
K�	7½�	7 �M� ��7|È C,F¼I�AZD¼��¾ZA�ï��>;,��C�ÅUÀ�DÄ?BC�M#?BCU��Å�Å�?ÃF¼?BJLC(I�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾
ï9A�JM��F���?BCäF¼I²�»F

E

[
n∑

i,j=2rn ;i6=j
f 3
(
XΠ(i)

)
f
(
XΠ(j)

)
]

=
(n− 2rn)(n− 2rn + 1)

(1 − 2−rn)

rn−1∑

p=0

2−p−2νQpP
(
Qrn−p−1f 3 ⊗Qrn−p−1f

+Qrn−p−1f ⊗Qrn−p−1f 3
)

≤





c 2−rn(n− 2rn)(n− 2rn + 1)
?Ãû

α < 1
2

c rn2
−rn(n− 2rn)(n− 2rn + 1)

?Ãû
α = 1

2

c αrn(n− 2rn)(n− 2rn + 1)
?Ãû

α > 1
2
,

ï�I�?B>�I¤?B¾ZÁ�KB?BA@D�
K�	7½�	7 � �M��7yú�A�FEÀ�D�Å�Ar��K)ï�?ÃF¼IÌF¼I�A;�ÄA@¾k��?BC�?BC�M�F¼A@�Ä¾âJ�û�
K�	7½�	7 Ø��
1

n4
E

[
n∑

i,j,k=2rn ;i6=j 6=k
f 2(XΠ(i))f(XΠ(j))f(XΠ(k))

]

=
(n− 2rn − 1)(n− 2rn)(n− 2rn + 1)

P(Irn 6= Jrn 6= Krn) × n4

×E

[
f 2
(
XIrn

)
f
(
XJrn

)
f
(
XKrn

)
1{Irn 6=Jrn 6=Krn}

]
.

G0I�A@C)*�ï9A9MLA�F`��C�A�ü�Á�KB?B>@?ÃFHA�ü�Á��ÄA@DÄDÄ?BJLC�û�JL��F¼I�A K ��D F{A�ü�Á�A@>�F��»F¼?BJLC�DÄ?B¾Z?BK ���uF¼J�F¼I²�»F{JM��F���?BC�A@Å
?BC�Á²��� F ¼ ã ¾ J�û�F¼I�AW>r��KB>@À�KBÀ�DÌJ�û

E

[
(MGr(f))4

] ï�?ÃF¼I��PDÄKB?BMLI&FÌ¾ZJ	Å�?}&²>r�»F¼?BJLC5J�û�F¼I�A
6x6



û�À�C�>�F¼?BJLC�D@7 þ���KB>@À�K �»F¼?BC�M.F¼I�A;�¼�»F¼AnJ�ûHF¼I�?BD0A�ü�Á��ÄA@DÄDÄ?BJLC)*jï9A�JM��F���?BC
∞∑

n=4

1

n4
E

[
n∑

i,j,k=2rn ;i6=j 6=k
f 2(XΠ(i))f(XΠ(j))f(XΠ(k))

]

≤ c

∞∑

n=1

1

n
α2rn + c

∞∑

n=1

rn−1∑

p=2

p−1∑

l=0

1

n

1

2p
1

2l+1
α2rn−2p

+c

∞∑

n=1

rn−1∑

p=2

p−1∑

l=0

1

n

1

2p
1

2l+1
α2rn−p−l,

û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLA
c
7U�EJ7ïT?ÃF0?BD0C�J�FEI²���ÄÅÌF¼JZDÄA@AnF¼I²�»F�F¼I�A;�Ä?BMLI&F0I²��C�Å¤DÄ?BÅ�A;?BD:&²C�?ÃF¼A�78{?BC²��KBK};M*&F¼JZ>�I�A@>�ZäF¼I²�»F�F¼I�A;DÄA@�Ä?BA@D�J�û{MLA@C�A@�¼��K¢F¼A@�Ä¾

1

n4
E

[
n∑

i,j,k,l=2rn ;i6=j 6=k 6=l
f
(
XΠ(i)

)
f
(
XΠ(j)

)
f
(
XΠ(k)

)
f
(
XΠ(l)

)
]

?BD/&²C�?ÃF¼A�*�?ÃF4?BDEA@C�JLÀ�MLI)*���>@>@JL�ÄÅ�?BC�MZF¼JkF¼I�A�>r��KB>@À�K �»F¼?BJLC#J�ûb�¼�»F¼A@D/ï9A.I²�rÂLA�Å�JLC�A�?BC�¥Ç°�´7Õ
Þ J�ûyF¼I�A�Á��ÄJ	J�ûbJ�ûyG0I�A@JL�ÄA@¾ �	7½�	7 � *=F¼Jä>�I�A@>�Z¤F¼I²�»F ∞∑

n=1

α4rn < ∞ *5ï�I�?B>�IN?BDEF¼I�A.>r��DÄA.?Ãû
α ∈

(
0,

4√8
2

) ��C�Å#F¼I�?BD0A@C�Å�D�F¼I�A;Á��ÄJ	J�û{J�û{G0I�A@JL�ÄA@¾Û�	7½�	7½�	7
�äµ	«U°�´8é Þ�:[Þ�:[ô�:  iLlmf´lBV	a�lSlBV�r[n�lBVjf�iLdGfe_ pGa�x F9f�rv_�h5dGiL{�fG~8gÇF+k�l�lBVjf�h5d9rKp�f�lmi@h	a@¸
r[n�fexBiLd9_ciLk�n=p�iL_�h5k�l a�lyrKiLx'nwdGfeo}a�lmfG~@lmi�lBVjf�pGa�o[pek�o}a�lyrKiLx i)=GV�rUT0Vjfedc_ciL_cfexjlvn>|ÒÚB=

f
r[nF9iLk�x5~qfG~8gPlBV�r[nQdGf�nek�o©lUr[nQlyd9kjf�=>iLd4fe{�fed\¸

α ∈ (0, 1)
a8nQCDfRC�rvovo5n7f�fVrvx�n7f�pelyrKiLx2Ì�|ÏÕq|

Þ�:[Þ�:[ò 
b°�ê YæIÕ8ä~µNªvÕvµ�´�°'Õvµ�ã5±�YÖ=°�´»ªvÕ8äH« ¼ 
b�S
 ¾
6EDÄ?BC�M.F¼I�A�ú�È�ú(û�JL�0¾k��� F¼?BC�M&��KBA@D$
�DÄA@A;G0I�A@JL�ÄA@¾Û�	7 ý47 �.J�ûy<�F¼JLÀ�F0?BCäF¼I�An¸4Á�Á�A@C�Å�? ü��	7 ý��9*
ï9A|���ÄA�MLJL?BC�MZF¼JäÁ��ÄJvÂLA|�äú�È�ú û�JL�EF¼I�A�ý0¹Nþ47¢G0I�?BD/ï�?BKBKN��A.Å�JLC�ACï�I�A@C

f
Å�A@Á�A@C�Å�DnJLC

F¼I�A|¾ZJ�F¼I�A@��� Å²��À�MLI&F¼A@�ÄDÇF¼�Ä? ��C�MLKBA
(∆i)

7.ùUA�À�DÄA|F¼I�A|C�J�F��»F¼?BJLC�D
MΠ

n (f) =
n∑
i=1

f(∆Π(i))��C�Å
MTr(f) =

∑
i∈Tr

f(∆i)
7

�Cä~µ�=´�µ	« Þ�:[Þ�:³ý: INfel
F
n>a�lyr[nN=\¸Ò´ r ·.A\´ {7r ·M|¹INfel

f ∈ B
(
S3
) nekjpqV´lBV	a�l

Pf = 0
g
Pf 2a�x5~

Pf 4
f]?Mr[nelPa�x5~ZF9feo[iLx"TClmi

F
| É fVa8n�nek�_cf�lBV	a�lmV"¸�hjiLlBVjf�ner[n<´DÃ ¾ ·4r[na=9k�o sPovo[fG~�|<Ô�Vjfex

lim sup
n→∞

MΠ
n (f)√

2〈MΠ(f)〉n log log〈MΠ(f)〉n
= 1

a�|�n>|
^�x5~�rvxch	a�d9lyrKpek�o}a�d

lim sup
r→∞

MTr(f)√
2|Tr| log log |Tr|

=
√

(µ, Pf 2) a.s.

6 _



ODdGi7i)=+| ùUAcï�?BKBKy>�I�A@>�ZUF¼I�AkI�;	Á�J�F¼I�A@DÄ?BD.J�û4<�F¼JLÀ�F.G0I�A@JL�ÄA@¾=% DS�	7 ý47 ��7Nú�A�F
f ∈ B

(
S3
) 7ùUA|?BC&F¼�ÄJ	Å�À�>@A.F¼I�A.û�JLKBKBJ7ï�?BC�Mc&²KÃF¼�¼�»F¼?BJLC

(Hn)n≥0
Å�Ae&²C�A@Å���; H0 = σ(X1)

��C�Å Hn =
σ
(
∆Π(i),Π(i+1), 1 ≤ i ≤ n

) 7{ú�A�F (
MΠ

n (f)
)
n≥0

Å�Ae&²C�A@ÅQ��;
MΠ

0 (f) = 0
��C�Å

MΠ
n (f) =

n∑
i=1

f(∆Π(i))
7HG0I�A@C�DÄ?BC�>@A

Pf = 0
* (
MΠ

n (f)
) ?BD~� Hn

� ¾k��� F¼?BC�M&��KBANï�?ÃF¼I
E

[
MΠ

1 (f)
]

= 0
7

G0I�AQ���¼��>�Z�A�F4J�ûHF¼I�A�����JvÂLA;¾k��� F¼?BC�M&��KBA4?BD0ML?ÃÂLA@C���;

〈MΠ(f)〉n =

n∑

i=0

Pf 2(XΠ(i)) = MΠ
n (Pf 2).

ùUA;I²�rÂLA;F¼I�Anû�JLKBKBJ7ï�?BC�M.Å�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLC
〈MΠ(f)〉n

n
= M

Π

n (Pf 2) =
rn−1∑

q=0

2q

n
MGq(Pf

2) +
1

n

n∑

i=2rn

Pf 2(XΠ(i)).

<	?BC�>@A

∀q ≤ rn − 1,
2q

2rn+1
≤ 2q

n
≤ 2q

2rn
��C�Å 1

n

n∑

i=2rn

Pf 2(XΠ(i)) ≤MGrn
(Pf 2),

ï9A�Å�A@Å�À�>@A;F¼I²�»F
rn−1∑

q=0

2q

2rn+1
MGq(Pf

2) ≤M
Π

n (Pf 2) ≤
rn∑

q=0

2q

2rn
MGq(Pf

2).

8²�ÄJL¾ F¼I�AZD F¼�ÄJLC�M�K �>ïºJ�û�K ���ÄMLA�C�À�¾4��A@�ÄD�J�û
MGq(Pf

2)

�DÄA@A2+ �M�.-K*`þ9JL�ÄJLKBK ���2; � �M�n��C�Åû��ÄJL¾âú�A@¾Z¾k�S�	7½��J�û�+ ����-K*	ï9A�?BC�û�A@�9F¼I²�»F

rn−1∑

q=0

2q

2rn+1
MGq(Pf

2)
a.s−→(µ, Pf 2)

2

��C�Å rn∑

q=0

2q

2rn
MGq(Pf

2)
a.s−→2(µ, Pf 2).

6EDÄ?BC�MEF¼I�A@DÄA9�ÄA@DÄÀ�KÃF¼D+*Lï9A F¼I�À�D{Å�A@Å�À�>@A9F¼I²�»F 〈MΠ(f)〉n = O(n)
��C�Å

n = O
(
〈MΠ(f)〉n

)

��7 D@7Ã7bG0I�?BD�?B¾ZÁ�KB?BA@D9?BCÌÁ²��� F¼?B>@À�K ���9F¼I²�»F 〈MΠ(f)〉n −→
n→∞

∞ ��7 D@7
�EJ7ïTKBA�F

Kn =
√

2√
log log(n)

?BC#G0I�A@JL�ÄA@¾Ù�	7 ý47 �'*'ï9A�I²�rÂLA

R :=

∞∑

n=1

2 log log〈MΠ(f)〉n
K2
n〈MΠ(f)〉n

E

[
f 2(∆Π(n))1{

f2(∆Π(n))>
K2

n〈MΠ(f)〉n
2 log log〈MΠ(f)〉n

}
∣∣∣Hn−1

]

≤
∞∑

n=1

4(log log〈MΠ(f)〉n)2

K4
n(〈MΠ(f)〉n)2

Pf 4(XΠ(n)) a.s.,

6xb



DÄ?BC�>@A 〈MΠ(f)〉n = O(n)
��7 D@7bDÄJ�F¼I²�»F�û�JL�

R <∞ ��7 D@7}*²?ÃF�?BD0A@C�JLÀ�MLI#F¼J|>�I�A@>�ZÌF¼I²�»F
∞∑

n=1

Pf 4(XΠ(n))

nδ
<∞ ��7 D@7 ï�?ÃF¼I¤��C�;

1 < δ < 2
7 
K�	7½�	7 � ���

�EJ7ïV*=��>@>@JL�ÄÅ�?BC�M.F¼J=
 Â	�0��C�Å�
 Â	?v�9*	F¼I�A@�ÄA;A�ü�?BD F¼D���Á�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F���C&F
c
DÄÀ�>�I¤F¼I²�»F�û�JL����KBK

n ≥ 1
*
E

[
Pf 4

(
XΠ(n)

) ]
= νQrnPf 4 ≤ c

*���C�Å²
K�	7½�	7 � ��� û�JLKBKBJ7ï�D@79¸4Á�Á�K};	?BC�M|G0I�A@JL�ÄA@¾
�	7 ý47 �'*'ï9A�I²�rÂLA

lim sup
n→∞

MΠ
n (f)√

2〈MΠ(f)〉n log log〈MΠ(f)〉n
= 1

��7 D@7
�EJ7ïV*�û�JL�

n = |Tr|
ï9A�I²�rÂLAnF¼I�Anû�JLKBKBJ7ï�?BC�M

MTr(f)√
2〈MΠ(f)〉|Tr| log log〈MΠ(f)〉|Tr|

=

√√√√ |Tr| 〈M
Π(f)〉|Tr |
|Tr |

2 log log〈MΠ(f)〉|Tr|
× MTr(f)

|Tr| 〈M
Π(f)〉|Tr |
|Tr |

��C�Å�DÄ?BC�>@A 〈MΠ(f)〉|Tr |
|Tr | = MTr(Pf

2) −→
r→∞

(µ, Pf 2)
��7 D@7Q
�DÄA@A�G0I�A@JL�ÄA@¾ � îZ?BCÒ+ �M�0-v��*jï9A

MLA�F
lim sup
r→∞

MTr(f)√
2|Tr| log log |Tr|

=
√

(µ, Pf 2)
��7 D+*

ï�I�?B>�I¤A@C�Å�D�F¼I�A;Á��ÄJ	J�û�7
�äµ	«U°�´8é Þ�:[Þ�: í : INfel$k�ncxBiLlmfclBV	a�l$k�nervx"T4Ô�Vjf�iLdGfe_ Ì�|«Ì�|Bý8gTCDf�pGa�x�h5dGiL{�f�lBV	a�l$r =`V"¸.A
hjiLlBVjf�ner[nG´DÃ ¾ ·�r[n�=9k�o sPovo[fG~UC�rvlBV

α ∈
(
0,

4√8
2

) lBVjfex'g

lim sup
n→∞

MΠ
n (f)√

2n log log n
=
√

(µ, Pf 2) a.s.,

a�x5~ {7ryaJlBVjf²p�iL_�h5k�l a�lyrKiLx÷i)=
2k

AmlBV iLdE~qfed@_ciL_cfexjlvn�i)=
MGr(g)

g�C�rvlBV
k > 2

a�x5~
g ∈ B(S)

gSrvl4r[nShji7n�nerDF+o[f�lmi=h5dGiL{�f=lBVjf�o}a�lylmfed�=>iLd�a�ovo
α ∈ (0, 1)

|û¶Ik�lvgca8n@a�o©dGfGa�~@¸
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F¼I�A�¸n<�8Hþ�ú	GQû�JL�{Å�?BDÄ>@�ÄA�F¼A�F¼?B¾ZA ¾k��� F¼?BC�M&��KBA�7�ùUA��ÄA�û�A@�{F¼JnG0I�A@JL�ÄA@¾`�	7 ý47 �nJ�ûuþ9I²�L���²��C�A?BCÌF¼I�A;¸4Á�Á�A@C�Å�? ü��	7 ý5û�JL��F¼I�A;Å�Ae&²C�?ÃF¼?BJLC#J�û`��C#¸n<�8Hþ�ú	Gn7
�Cä~µ�=´�µ	« Þ�:[Þ�:«��: INfel

F
n>a�lyr[nN=\¸Ø´ r ·.A\´ {7r ·M|2INfel

f ∈ B(S3)
nekjpqV�lBV	a�l

Pf = 0
g
Pf 2a�x5~

Pf 4
f]?Mr[nelIa�x5~�F9feo[iLx"T�lmi

F
| É fSa8n�nek�_cf4lBV	a�l9V"¸�hjiLlBVjf�ner[nÂ´DÃ ¾ ·wr[n9=9k�o sPovo[fG~XC�rvlBV

α ∈
(
0,

4√8
2
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MΠ

n (f)
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n
Tqi7f�nVlmi ∞.

6 �



ODdGi7i)=+| ùUA;À�DÄA;G0I�A@JL�ÄA@¾Ù�	7 ý47 ��7bú�A�F
(Hn)n∈N

��AÇF¼I�A�&²KÃF¼�¼�»F¼?BJLCäÅ�Ae&²C�A@ÅN��D0?BC#DÄÀ	��DÄA@>9�F¼?BJLC��	7½�	7 ��7`G0I�A@C
(MΠ

n (f))
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n ≥ 1

*�KBA�F
Vn = s

√
n
ï�I�A@�ÄA

s2 = (µ, Pf 2)
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F¼J|G0I�A@JL�ÄA@¾Ù�	7½�	7½�
〈MΠ(f)〉n

V 2
n

= V −2
n MΠ

n (Pf 2) −→
n→∞

1
��7 D@7

ú�A�F
ε > 0

7`ùUA;I²�rÂLA
∑

n≥1

1

V 2
n

E

[
f 2(∆Π(n))1{|f(∆Π(n))|>εVn}

∣∣∣Hn−1

]
≤ 1

ε2s4
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n≥1

Pf 4
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E
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f 2(∆Π(n))1{|f(∆Π(n))|>εVn}
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)
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f ∈ B
(
S3
) nekjpqVQlBV	a�l

Pf
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Pf
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n→∞
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R
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a�x5~�lBVjfQdEa�lmf�=9k�xBpelyrKiLx

I(x) =
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o©rKf�n�rvx"lBVjfc{�fed9r s:pGa�lyrKiLx i)=¹´ÍÌ�|«Ì�|BÊ Îx·M|  iLlmf`VjiICDfe{�fed�lBV	a�l�rvx²lBVjf�dEa�x"Tqf�i)=4nmhjf�fG~@p�iLx/A
nery~qfedGfG~�rvl4r[n�nek�� perKfexjlClmiÀV	a�{�fwn7iL_cf�k�xjr =>iLd9_ p�iLxjlydGiLoIrvx

Xi

i)=wn7iL_cf�_ciL_cfexjl�i)=
f(Xi, X2i, X2i+1)

p�iLx5~�rvlyrKiLx5a�ovoÛ¸@iLx
Xi

gTCaV�rKpqV´o[fGa�~8n�lmi�p�iLx5~�rvlyrKiLx¶i)=SlBVjfclD¸�hjf
P |f |kF9iLk�x5~qfG~M=>iLd$n7iL_cf

k ≥ 2
|�Ú9lUr[n4i)=4p�iLk�dGn7fQlBVjf4pGa8n7fQr =

f
r[n8F9iLk�x5~qfG~�|

�äµ	«U°�´8é Þ�:[Þ�:yÔ'ý: Ú9x�lBVjfQnmhjf�perya�o�pGa8n7f�i)=Q_ci>~qfeoJ´ÍÌ�|BÊ�|BÊ\·7g^CDf¿V	a�{�fÂ´yn7f�f Y f�pelyrKiLxÀÌ�| ó@·7g=>iLd
f
nekjpqV=lBV	a�l

Pf = 0
a�x5~M=>iLdCa�ovo

k

E

[
exp

(
λ
bn
n
f
(
∆Π(k)

)) ∣∣∣∣Hk−1

]
= exp

(
b2n
n

(
λ2Pf 2

2n

)(
XΠ(k)

))
.

Ô�V�r[n�p�iLx5~�rvlyrKiLxÍrv_�h5o©rKf�n�lBV	a�l�a�±�RQO r[nwn>a�lyr[n·s:fG~Z=>iLd
(MΠ

n (f)/bn)
| Ú9x5~qf�fG~8gCr =�lBV�r[n

dGfeo}a�lyrKiLx�r[n�n>a�lyr[n·s:fG~8g�CDfVlBVjfexðV	a�{�fVlBV	a�l1=>iLd
λ ∈ R

lBVjf4t+k	a�xjlyrvlD¸

Gn(λ) =
λ2

2n

n∑

k=1

Pf 2(XΠ(k)) =
λ2

2
M

Π

n (Pf 2)

r[nca�x�k7h�hjfedSa�x5~=o[iICDfed�pek�_�k�o}a�xjl�´yn7f�f�f>|ÛTUJ)ÊLÊ Õ_LÍ·7g�a�x5~.CDf�_�a@¸=a9h�h5oÛ¸eP�`�d9lyxBfed\A[ÈDovo©r[n
lD¸�hjfV_cfelBVji>~qiLo[igT@¸M|9Ú9x�a�~�~�rvlyrKiLx'gU~�kjf�lmi�´ÍÌ�|«Ì�|BÊLý\·�a9h�h5o©rKfG~Slmi

Pf 2 − (µ, Pf 2)
gZCDf(V	a�{�f=>iLd

λ ∈ R

Gn(λ)
superexp
=⇒
b2n/n

λ2(µ, Pf 2)

2
,

CaV�rKpqV�rv_�h5o©rKf�n�lBV	a�l (
MΠ

n (f)/bn

) n>a�lyr[n·s:f�nVa8±�RQOörvx
R
C�rvlBVwlBVjf/nmhjf�fG~

b2n/n
a�x5~SlBVjf

dEa�lmf�=9k�xBpelyrKiLx
I(x) =

x2

2(µ, Pf 2)

|

c&� _  ��0�8#��(h>� �����b�Z%(h�l0���`���)#�� �)�(h>ù�'4�b�������)h>iXpq#K!!),\ 3 ���(% �#��(i"h�à
ù�'(h>�4�h>i

ùUA4ML?ÃÂLAEI�A@�ÄA4D F¼�ÄJLC�MLA@�9Å�A�Â	? �»F¼?BJLCZ?BC�A@¿�À²��KB?ÃF¼?BA@DyF¼I²��CZF¼I�A4JLC�A4JM��F���?BC�A@Åk?BC|F¼I�A4Á��ÄA�Â	?BJLÀ�D
DÄA@>�F¼?BJLC)*0C²��¾ZA@K};[A�ü�Á�JLC�A@C&F¼? ��KEÅ�A�Â	? �»F¼?BJLC/?BC�A@¿�À²��KB?ÃF¼?BA@D@7 �4ûn>@JLÀ��ÄDÄA�*�?ÃFk�ÄA@¿�À�?B�ÄA@Dä¾ZJL�ÄAD F¼�Ä?BC�MLA@C&F4��DÄDÄÀ�¾ZÁ�F¼?BJLC�D@7

_ �



Þ�:[ò�:yÔ ¡�ÿAëy�®~µ	®5Õ�ª�°²±:ã~µ�ß~ª�°'Õ�ª��®/ª�®~µ�à)�~°²±�ªvÕ�ª�µ��
ú�A�FEÀ�D�>@JLC�DÄ?BÅ�A@�0F¼I�Anû�JLKBKBJ7ï�?BC�M.I�;	Á�J�F¼I�A@DÄ?BD@7

¼]½ Þ�¾ G0I�A@�ÄA�A�ü�?BD F¼D;�äÁ��ÄJM�²����?BKB?ÃFm;
µ
JLC

(S,S)
DÄÀ�>�IWF¼I²�»F>*uû�JL�n��KBK

f ∈ Bb(S)
ï�?ÃF¼I

(µ, f) = 0
*�F¼I�A@�ÄA;A�ü�?BD F¼DE��Á�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F

c
DÄÀ�>�I¤F¼I²�»F

|Qrf(x)| ≤ cαr
û�JL�0DÄJL¾ZA

α ∈ (0, 1)
��C�Å#û�JL����KBK

x ∈ S.

�ÇC�A0>r��C|Ar��DÄ?BK};�>�I�A@>�Z.F¼I²�»F>*&À�C�Å�A@�yI�;	Á�J�F¼I�A@DÄ?BD ¼]½ Þ�¾ * Bb(S)
û�À�K}&²KBKBDHI�;	Á�J�F¼I�A@DÄ?BD�
�?v� �e
 Â	?v�J�ûHF¼I�A;Á��ÄA�Â	?BJLÀ�D�DÄA@>�F¼?BJLC¢7

6EC�Å�A@�#F¼I�?BD���DÄDÄÀ�¾ZÁ�F¼?BJLC)*�ï9A´ï�?BKBKnÁ��ÄJvÂLAUA�ü�Á�JLC�A@C&F¼? ��K;Å�A�Â	? �»F¼?BJLC�?BC�A@¿�À²��KB?ÃF¼?BA@Däû�JL�
MGr(f)

*
MTr(f)

��C�Å
M

Π

n (f)
ï�I�A@C

f ∈ Bb(S)
ï�?ÃF¼I

(µ, f) = 0

��ÄA@DÄÁ¢7

f ∈ Bb
(
S3
)

ï�?ÃF¼I
(µ, Pf) = 0

��7
�Cä~µ�=´�µ	« Þ�:[ò�:yÔ/: INfel

f ∈ Bb(S)
nekjpqV lBV	a�l

(µ, f) = 0
|`^�n�nek�_cf@lBV	a�l ¼]½ Þ�¾ r[n

n>a�lyr[n·s:fG~�|ZÔ�Vjfex�CDfQV	a�{�fK=>iLdCa�ovo
δ > 0

P

(
MGr(f) > δ

)
≤




exp (c′′δ) exp (−c′δ2|Gr|) , ∀r ∈ N,
r =
α ≤ 1

2
,

exp (−c′δ2|Gr|) , ∀r ∈ N
nekjpqV=lBV	a�l

r > r0,
r = 1

2
< α <

√
2

2
,

exp
(
−c′δ2 |Gr|

r

)
, ∀r ∈ N

nekjpqV=lBV	a�l
r > r0,

r =
α2 = 1

2
,

exp
(
−c′δ2 1

α2r

)
, ∀r ∈ N

nekjpqV=lBV	a�l
r > r0,

r =
α2 > 1

2
,


K�	7 ��7 � �

P

(
MTr(f) > δ

)
≤




exp (c′′δ) exp (−c′δ2|Tr|) , ∀r ∈ N,
r =
α < 1

2
,

exp (2c′δ(r + 1)) exp (−c′δ2|Tr|) , ∀r ∈ N,
r =
α = 1

2
,

exp (−c′δ2|Tr|) , ∀r ∈ N
nekjpqV�lBV	a�l

r > r0 − 1,
r = 1

2
< α <

√
2

2
,

exp
(
−c′δ2 |Tr |

r+1

)
, ∀r ∈ N

nekjpqV=lBV	a�l
r > r0 − 1,

r =
α =

√
2

2
,

exp
(
−c′δ2 1

α2(r+1)

)
, ∀r ∈ N∗ nekjpqV=lBV	a�l r > r0 − 3,

r =
α >

√
2

2
,


K�	7 ��7½�M�

_g�



a�x5~

P

(
M

Π

n (f) > δ
)
≤





exp (c′′δ) exp (−c′δ2n) , ∀n ∈ N,
r =
α < 1

2
,

exp (2c′δ(rn + 1)) exp (−c′δ2n) , ∀n ∈ N,
r =
α = 1

2

g

exp (−c′δ2n) , ∀n ∈ N
nekjpqV=lBV	a�l

rn > r0,
r = 1

2
< α <

√
2

2
,

exp
(
−c′δ2 n

rn+1

)
, ∀n ∈ N

nekjpqV=lBV	a�l
rn > r0,

r =
α =

√
2

2
,

exp
(
−c′δ2 1

α2(rn+1)

)
, ∀n ∈ N∗ nekjpqV�lBV	a�l rn > r0 − 2,

r =
α >

√
2

2
,


K�	7 ��7 ���

CaVjfedGf
r0 := log

(
δ
c0

)
/ log(α),

a�x5~
c0, c

′ a�x5~ c′′ a�dGfPhji7nervlyrv{�f$p�iLx'nel a�xjlvnKCaV�rKpqV�~qfmhjfex5~iLx
α
a�x5~

f
a�x5~�~�r �$fed�o©rvxBf<F�¸�o©rvxBfG´yn7f�fVlBVjf�h5dGi7i)=GnK=>iLdVlBVjfC~qfmhjfex5~qfexBp�fº·M|

ODdGi7i)=+| G0I�A;Å�A�F���?BKBD9J�û~F¼I�AnÁ��ÄJ	J�ûH���ÄAÇ?BC¤<	A@>�F¼?BJLC=�	7 ¸�7 �.?BCäF¼I�An¸4Á�Á�A@C�Å�? ü=�	7 ¸�7yÈ�F0�ÄA@KB?BA@D¾k��?BC�K};ÇJLC.DÄÀ�>@>@A@DÄDÄ?ÃÂLA0>@JLC�Å�?ÃF¼?BJLC�?BC�M	*�À�DÄ?BC�M4>r���ÄA�û�À�KBK};nF¼I�A9À�C�?Ãû�JL�Ä¾TMLA@JL¾ZA�F¼�Ä?B> A@�ÄMLJ	Å�?B>@?ÃFm;��DÄDÄÀ�¾ZÁ�F¼?BJLCÌF¼J|MLA�FE�Ä?BÅÌJ�ûHF¼I�A;>@JLC�Å�?ÃF¼?BJLC�?BC�M�7
G0I�A4>@JLC�Å�?ÃF¼?BJLCk����JLÀ�F

α
KBA@DÄD F¼I²��C

1/2
JL� ML�ÄAr�»F¼A@� ?BD J�û�>@JLÀ��ÄDÄAÇKB?BC	Z�A@ÅZF¼J�F¼I�A���?BC²���2;

D F¼�ÄÀ�>�F¼À��ÄA�J�û²F¼I�A�F¼�ÄA@A�7`G0I�A0A�ü	F¼A@C�DÄ?BJLC�F¼J
m− ���2;�F¼�ÄA@A:ï�?BKBK�û�JLKBKBJ7ï û��ÄJL¾XF¼I�A0D¼��¾ZA�?BÅ�Ar��D@7�Cä~µ�=´�µ	« Þ�:[ò�:[Þ�: INfel

f ∈ Bb
(
S3
) nekjpqV lBV	a�l

(µ, Pf) = 0
| ^�n�nek�_cf=lBV	a�l ¼]½ Þ�¾

r[nCn>a�lyr[n·s:fG~�|�Ô�VjfexPCDf¿V	a�{�f4lBVjfCn>a�_cf�p�iLxBpeo©k�nerKiLx'n�g�=>iLdClBVjf�lBV�dGf�fcfe_�h5rvd9rKpGa�o«a�{�fedEa�Tqf�n
MGr(f)

g
M

Π

n (f)
a�x5~

MTr(f)
gDa8nQrvx�lBVjf¹Ô�Vjf�iLdGfe_oÌ�|ÏÕq|BÊ�|

ODdGi7i)=+| <	A@A�DÄA@>�F¼?BJLC��	7 ¸�7 �Z?BCäF¼I�A;¸4Á�Á�A@C�Å�? ü��	7 ¸�7
�EJ7ïV*²À�DÄ?BC�MZý9JL�ÄA@KHþ���C&F¼A@KBKB?uG0I�A@JL�ÄA@¾Ô��C�Å"
K�	7 ��7 ���9*'ï9A;D F��»F¼A;Ar��DÄ?BK};kF¼I�Anû�JLKBKBJ7ï�?BC�M

Å =´��±�±�°�´�� Þ�:[ò�:[ò�: INfel
f ∈ Bb(S)

nekjpqV¶lBV	a�l
(µ, f) = 0

´ dGf�nmh)|
f ∈ Bb(S3)

a�x5~
(µ, Pf) = 0

·M|U^�n�nek�_cf�lBV	a�l ¼]½ Þ�¾ r[nDn>a�lyr[n·s:fG~�|<Ô�Vjfex
M

Π

n (f)
a�o©_ci7nelBnek�dGfeoÛ¸4p�iLxj{�fed[Tqf�n

lmi
0
a8n
n

Tqi7f�nQlmi ∞ |
�äµ	«U°�´8é Þ�:[ò�: ì : ¯=²p�iLk�dGn7f´k�xjr =>iLd9_ fed[Tqi>~�rKpervlD¸7g�a�x5~ßF9iLk�x5~qfG~¶lmf�nelH=9k�xBpelyrKiLx'n²a�dGf
nek�dGfeoÛ¸"a´{�fed\¸@nelydGiLx"T@n7fel�i)==a8n�nek�_�h5lyrKiLx'n�F+k�lQrvlQr[n�xBiLl�n7i�~�r � pek�o©lVlmi´{�fed9r =\¸�r =�lBVjf±�a�dg³�iL{SpqV	a�rvx'nV~�a�k T0V�lmfedGn�o©rKf�rvx�a�p�iL_�h	aqpel�n7fel | É fQa�dGfQp�iLxj{7rvxBp�fG~�lBV	a�lPrvl�r[nDhji7n�nerDF+o[f
lmiCp�iLx'nery~qfedUlBVjfJTqf�iL_cfelyd9rKpIfed[Tqi>~�rKp/pGa8n7fIa�x5~�F9iLk�x5~qfG~�lmf�nel =9k�xBpelyrKiLx'nMF+k�lAlmi$lBVjf�h5d9rKp�f/i)=
lmfG~�rKiLk�n4pGa�o[pek�o}a�lyrKiLx'n$lBV	a�l�CDfaC�rvovoqh5k�dGnekjfVrvx�a�x�iLlBVjfedTCDiLdg³M| É faC�rvovoAa�o n7i�rvxj{�f�nelyrUT�a�lmf
lBVjfCk�n7fSi)=QlydEa�x'nmhjiLd9l a�lyrKiLx�rvxBfGt+k	a�o©rvlyrKf�n�gDo[fGa�~�rvx"Tclmiw~qfe{7rya�lyrKiLx@rvxBfGt+k	a�o©rvlD¸H=>iLd²I�r hjn7pqV�rvlbV
lmf�nel =9k�xBpelyrKiLx'n:k�x5~qfedPn7iL_cf É a8n�n7fedGnelmfervx�p�iLxjlydEaqpelyrKiLx�h5dGi�hjfed9lD¸a=>iLd:lBVjfJ³�fed9xBfeo

P
gNrvx�lBVjf

_ *



nmh5rvd9rvl/i)=ClBVjfðÔ�Vjf�iLdGfe_Cn¿Ì�|Bý�iLd¿Ì�|BÊLÊwrvx.JÏó�Ê_LÂ´ lBV	a�l:r[n
W d

1 (P (x, ·), P (x̃, ·)) ≤ rd(x, x̃)=>iLdSfe{�fed\¸
x
g
x̃
rvx
S
g=>iLd�n7iL_cf

r < 1
a�x5~

d
aw_cfelyd9rKpSiLx

S
·M|ÂP:rv{�fex�lcCDiQh5dGi F�aLF+rvo©rvlD¸

_cfGa8nek�dGf�n
ν1

a�x5~
ν2

iLx
(S,S)

g�CDfQdGf�pGa�ovo)lBV	a�l
W d

1 (ν1, ν2) = sup
f :‖f‖Lip≤1

∣∣∣∣
∫
fdν1 −

∫
fdν2

∣∣∣∣
a�x5~ ‖f‖Lip = sup

x6=y

|f(x) − f(y)|
d(x, y)

.

Þ�:[ò�:[Þ âiAã~µ�´�°'Õvµ�ã~µ�ß~ª�°'Õ�ª��® ëH´»ª�®?è&ª·ë{±�µ�æ�=´Ì��â Å
ùUA;?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M���DÄDÄÀ�¾ZÁ�F¼?BJLC#JLCÌF¼I�A;DÄÁ�A@A@Å�J�ûHF¼I�A�¹�¶Ç�H7
¨w�>�>�H«�ëNÕ�ª��® Ô/: INfel

(bn)
F9f�a�x�rvxBpedGfGa8nervx"TSn7fGt+kjfexBp�f�i)=�hji7nervlyrv{�fQdGfGa�oNxjk�_GF9fedGnVnekjpqV

lBV	a�l
bn√
n
−→ +∞,

a�x5~
• r = α2 < 1

2

gUlBVjf$n7fGt+kjfexBp�f
(bn)

r[n$nekjpqV=lBV	a�l
bn/n −→ 0

g

• r = α2 = 1
2

gUlBVjf$n7fGt+kjfexBp�f
(bn)

r[n$nekjpqV=lBV	a�l
(bn log n)/n −→ 0

g

• r = α2 > 1
2

gUlBVjf$n7fGt+kjfexBp�f
(bn)

r[n$nekjpqV=lBV	a�l
(bnα

rn+1)/
√
n −→ 0.6EDÄ?BC�M�F¼I�A�¹�¶Ç�/û�JL�0¾k��� F¼?BC�M&��KBAIï�?ÃF¼I���JLÀ�C�Å�A@Å4�ÄÀ�¾ZÁ�DC
�DÄA@A;A�7 Mð+ ���.-K*m+ �Mî0-v�9*	ï9A;>r��CC�J7ïTD F��»F¼AnF¼I�Anû�JLKBKBJ7ï�?BC�M

�Cä~µ�=´�µ	« Þ�:[ò�: × : INfel
f ∈ Bb(S3)

nekjpqV lBV	a�l
Pf = 0

| ^�n�nek�_cf"lBV	a�l ¼]½ Þ�¾ r[n
n>a�lyr[n·s:fG~�| INfel

(bn)
F9f�a²n7fGt+kjfexBp�f�i)=�dGfGa�o$xjk�_GF9fedGn�n>a�lyr[nN=\¸Lrvx"TJlBVjf�^�n�nek�_�h5lyrKiLx Ê8g

lBVjfex (
MΠ

n (f)/bn

) n>a�lyr[n·s:f�n�ae±�RQOúrvx
S
C�rvlBV¶lBVjf�nmhjf�fG~

b2n/n
a�x5~"dEa�lmf¿=9k�xBpelyrKiLx

I(x) =
x2

2(µ, Pf 2)

|
ODdGi7i)=+| G0I�AEÁ��ÄJ	J�ûuAr��DÄ?BK};�û�JLKBKBJ7ï�D{û��ÄJL¾ F¼I�A�Á��ÄA�Â	?BJLÀ�DbA�ü�Á�JLC�A@C&F¼? ��K²Á��ÄJM�²����?BKB?ÃFm;�?BC�A@¿�À²��KB?��
F¼?BA@Dy��C�Å.F¼I�A�¹�¶Ç�Wû�JL�`¾k��� F¼?BC�M&��KBA�ï�?ÃF¼I4��JLÀ�C�Å�A@Å��ÄÀ�¾ZÁ�DI
�DÄA@A0A�7 MZ+ ���.-K*1+ �Mî0-K*1+ �M� �0-v��7
�äµ	«U°�´8é Þ�:[ò�:[ô�: ÔYa0³Lrvx"T/h	a�d9lyrKpek�o}a�d9oÛ¸

n = |Tr|
gUa�x5~

(bn)
F9fQa4n7fGt+kjfexBp�fQi)=$dGfGa�oBxjk�_`A

F9fedGn4n>a�lyr[nN=\¸Lrvx"T�lBVjf4^�n�nek�_�h5lyrKiLx3Ê8gKCDf8TqfelIlBV	a�lm=>iLd�a�ovo
f ∈ Bb(S3),

(
MTr(f)/b|Tr|

)

n>a�lyr[n·s:f�n/a²±�RQO rvx
R
C�rvlBVSlBVjf:nmhjf�fG~

b2|Tr |/|Tr|
a�x5~QlBVjfIdEa�lmf>=9k�xBpelyrKiLx

I(x) = x2

2(µ,Pf2)

|

_ 6



c&�NÝ -/�4�Ç�����u�`���)#��.�#Yk�º!$i&��#K!$%(h�!(),�)pq'H!��u�`���)�(Ù���'��k#K!$h>ÙK!$h>i"i	�ºl�h �(!$#aà
�h>i"i"h>i

È C.F¼I�?BD{DÄA@>�F¼?BJLC)*Lï9A0DÄA@A+Z�F¼Jn��Á�Á�K};nF¼I�A��ÄA@DÄÀ�KÃF¼D`J�û²F¼I�A9Á��ÄA�Â	?BJLÀ�D`DÄA@>�F¼?BJLC�D{F¼J4F¼I�A û�JLKBKBJ7ï�?BC�M
��?Ãû�À��Ä>r�»F¼?BC�M|��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA;Á��ÄJ	>@A@DÄDIï�?ÃF¼I#¾ZA@¾ZJL�2; � Å�Ae&²C�A@Å���;

L(X1) = ν, and ∀n ≥ 1,





X2n = α0Xn + β0 + ε2n

X2n+1 = α1Xn + β1 + ε2n+1,


K�	7 ��7 � �

ï�I�A@�ÄA
α0, α1 ∈ (−1, 1) � β0, β1 ∈ R

* (
(ε2n, ε2n+1), n ≥ 1

) û�JL�Ä¾ZDE�ZDÄA@¿�À�A@C�>@A.J�ûy?ó7 ?ó7 Å¢7
��?ÃÂ����Ä? �»F¼AÇ�¼��C�Å�JL¾åÂ����Ä? ����KBA@D���C�Å

ν
��Á��ÄJM�²����?BKB?ÃFm;k¾ZAr��DÄÀ��ÄA;JLC

R
7

<	A�ÂLA@�¼��KuA�ü	F¼A@C�DÄ?BJLC�D0J�û�F¼I�AÇ¾ZJ	Å�A@K�I²�rÂLA���A@A@CÌÁ��ÄJLÁ�JLDÄA@Å#��C�ÅkÂ����Ä?BJLÀ�D9A@D F¼?B¾k�»F¼JL�ÄD9���ÄAD F¼À�Å�?BA@Å[?BCPF¼I�AÌKB?ÃF¼A@�¼�»F¼À��ÄAkû�JL�.F¼I�A#À�C	Z�C�J7ï�C/Á²���¼��¾ZA�F¼A@�ÄD+* DÄA@AÌû�JL��?BC�D F���C�>@Ae+ � �.-K*«+ � ñ0-K*+ �M� -K*>+ � �0-K*m+ � �.-K*m+ � �0-ó7 <	A@Aµ+ � î0-�û�JL�0�ÄA@KBA�Â���C&F��ÄA�û�A@�ÄA@C�>@A@D@7È CN��KBKuF¼I�?BDEDÄA@>�F¼?BJLC)*jï9A.��DÄDÄÀ�¾ZA;F¼I²�»F�F¼I�A�Å�?BD F¼�Ä?[��À�F¼?BJLC
ν
I²��DI&²C�?ÃF¼A;¾ZJL¾ZA@C&F¼D�J�ûb��KBK

JL�ÄÅ�A@�ÄD@7È C#F¼I�AnDÄA@¿�À�A@KK*jï9AVï�?BKBKuD F¼À�Å';�
K�	7 ��7 � � ?BCÌFmï9JZDÄA�FÄF¼?BC�MLD@ø
• F¼I�A  ��À�DÄDÄ? ��C#DÄA�FÄF¼?BC�M�ï�I�?B>�I¤>@JL�Ä�ÄA@DÄÁ�JLC�Å�D�F¼J�F¼I�A;>r��DÄA�ï�I�A@�ÄA

(
(ε2n, ε2n+1), n ≥ 1

)

û�JL�Ä¾ZD0�|DÄA@¿�À�A@C�>@A�J�û{?ó7 ?ó7 Åw��?ÃÂ����Ä? �»F¼AÇ�¼��C�Å�JL¾åÂ����Ä? ����KBA@DDï�?ÃF¼I¤K �>ï N2(0,Γ)
ï�?ÃF¼I

Γ = σ2

(
1 ρ
ρ 1

)
, σ2 > 0, ρ ∈ (−1, 1);


K�	7 ��7½�M�

• F¼I�AV��JLÀ�C�Å�A@Å¤DÄA�FÄF¼?BC�M�ï�I�?B>�I¤>@JL�Ä�ÄA@DÄÁ�JLC�Å�D�F¼J�F¼I�A;>r��DÄA�ï�I�A@�ÄA X1
��C�Å

(
(ε2n, ε2n+1), n ≥ 1

)
,

ï�I�?B>�I�û�JL�Ä¾ZDÇ�kDÄA@¿�À�A@C�>@A|J�ûb>@A@C&F¼A@�ÄA@ÅW?ó7 ?ó7 Å¢7/��?ÃÂ����Ä? �»F¼A��¼��C�Å�JL¾SÂ����Ä? ����KBA@D+*=Â���KBÀ�A@Å?BCN�k>@JL¾ZÁ²��>�FÇDÄA�Fr7nú�A�FnÀ�DÇC�J�F¼A�F¼I²�»FÇ?BC�F¼I�?BD4>r��DÄA�*
(Xn, n ∈ T)

F���Z�A@Dn?ÃF¼DEÂ���KBÀ�A@D?BC#�|>@JL¾ZÁ²��>�F�DÄA�Fr7
�ÇÀ��E¾k��?BC#MLJ&��K�?BD0F¼JkML?ÃÂLA;Å�A�Â	? �»F¼?BJLC¤?BC�A@¿�À²��KB?ÃF¼?BA@D���C�ÅN¹�¶Ç�5û�JL�0F¼I�A�A@D F¼?B¾k�»F¼JL�0J�û{F¼I�A
�L� Å�?B¾ZA@C�DÄ?BJLC²��KHÀ�C	Z�C�J7ï�C,Á²���¼��¾ZA�F¼A@�

θ = (α0, β0, α1, β1)
��C�Å(û�JL�ÇF¼I�A�D F��»F¼?BD F¼?B>r��KHF¼A@D F

Å�Ae&²C�A@Å�?BCe+ �M�0-ó7GHJ;A@D F¼?B¾k�»F¼A�F¼I�A/�L� Á²���¼��¾ZA�F¼A@�
θ = (α0, β0, α1, β1)

*	��D�ï9A@KBK=��D
σ2 ��C�Å ρ *	��DÄDÄÀ�¾ZA�ï9AJM��DÄA@� ÂLA;��>@JL¾ZÁ�KBA�F¼AEDÄÀ	��F¼�ÄA@A

Tr+1
7yG0I�A4KBAr��D F�DÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�

θ̂r =
(
α̂r0, β̂

r
0, α̂

r
1, β̂

r
1

)

_x_



J�û
θ
?BD0ML?ÃÂLA@C=��;´
�DÄA@Aµ+ �M�0-v�9*�û�JL�

η ∈ {0, 1}




α̂rη =
|Tr|−1

∑
i∈Tr

XiX2i+η−
(
|Tr |−1

∑
i∈Tr

Xi

)(
|Tr |−1

∑
i∈Tr

X2i+η

)

|Tr|−1
∑

i∈Tr

X2
i −
(
|Tr |−1

∑
i∈Tr

Xi

)2

β̂rη = |Tr|−1
∑
i∈Tr

X2i+η − α̂rη|Tr|−1
∑
i∈Tr

Xi.


K�	7 ��7 ���

�EJ�F¼?B>@A�F¼I²�»FÇ?BC�F¼I�A  ��À�DÄDÄ? ��CN>r��DÄA�*uF¼I�?BD4KBAr��D FÇDÄ¿�À²���ÄA@DnA@D F¼?B¾k�»F¼JL�E>@JL�Ä�ÄA@DÄÁ�JLC�Å�D4F¼JkF¼I�A¾k��ü�?B¾.À�¾åKB?[Z�A@KB?BI�J	J	ÅäA@D F¼?B¾k�»F¼JL�@7ùUAE��KBDÄJ;C�A@A@ÅkF¼J;?BC&F¼�ÄJ	Å�À�>@A0F¼I�AEA@D F¼?B¾k�»F¼JL�ÄDyJ�ûuF¼I�A�>@JLC�Å�?ÃF¼?BJLC²��K�Â����Ä? ��C�>@A
σ2 ��C�Å|F¼I�A>@JLC�Å�?ÃF¼?BJLC²��KuDÄ?BD F¼A@��� DÄ?BD F¼A@�0>@JL�Ä�ÄA@K �»F¼?BJLC

ρ
7bG0I�A@DÄA�A@D F¼?B¾k�»F¼JL�ÄD����ÄAnC²�»F¼À��¼��KBK};kML?ÃÂLA@C=��;





σ̂2
r = 1

2Tr

∑
i∈Tr

(ε̂2
2i + ε̂2

2i+1)

ρ̂r = 1
σ̂2

r

∑
i∈Tr

ε̂2iε̂2i+1


K�	7 ��7 �q�

ï�I�A@�ÄA;F¼I�A;�ÄA@DÄ?BÅ�À�A@DE���ÄA;Å�Ae&²C�A@Å���;
ε̂2i+η = X2i+η − α̂rηXi − β̂rη

*'ï�?ÃF¼I
η ∈ {0, 1} 7

ú�A�F|À�D|Å�A@C�J�F¼A=��; Cpol(R)

��ÄA@DÄÁ¢7 Cpol(R3)

��F¼I�A#DÄA�FZJ�ûÇ��KBK9>@JLC&F¼?BC�À�JLÀ�D|û�À�C�>�F¼?BJLC�D
f : R → R


��ÄA@DÄÁ¢7
f : R3 → R

�EDÄÀ�>�IWF¼I²�»F |f | ?BD���JLÀ�C�Å�A@ÅU����JvÂLA���;(�äÁ�JLK};	C�JL¾Z? ��Kó78²�ÄJL¾�+ �M�.-K*'ï9AQZ�C�J7ïTF¼I²�»F Cpol(R)
û�À�K}&²KBKBD�I�;	Á�J�F¼I�A@DÄ?BDC
�?v� �e
 Â	?v��7

ùUAPï�?BKBKLF���Z�A
F = C1

pol(R)
F¼I�A DÄA�F`J�û²��KBK C1 û�À�C�>�F¼?BJLC�D f : R → R

DÄÀ�>�I.F¼I²�»F |f |+|f ′|?BD:��JLÀ�C�Å�A@Å#����JvÂLA���;Ì��Á�JLK};	C�JL¾Z? ��Kó7HG0I�A@C)*�JLC�AÇ>r��CÌ>�I�A@>�ZkF¼I²�»F
F
û�À�K}&²KBKBDbI�;	Á�J�F¼I�A@DÄ?BD


�?v� �e
 Â	?v��7y¹¤JL�ÄA@JvÂLA@�+*²û�JL����KBK
f ∈ F

*�I�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾ I�JLKBÅ�D:ï�?ÃF¼I
α = max(|α0|, |α1|)

7ú�A�F
µ
��A�F¼I�A�À�C�?B¿�À�A�D F��»F¼?BJLC²���2;ÌÅ�?BD F¼�Ä?[��À�F¼?BJLC#J�û`F¼I�A�?BC�Å�À�>@A@Å(¹����EZ�JvÂ�>�I²��?BC

(Yr, r ∈
N)
*²DÄA@AG+ �M�.-¢û�JL�0¾ZJL�ÄAnÅ�A�F���?BKBD@7ú�A�FZÀ�D|Å�A@C�J�F¼A���; C1

pol(R
3)
F¼I�A#DÄA�FkJ�ûÇ��KBK C1 û�À�C�>�F¼?BJLC�D f : R3 → R

DÄÀ�>�I[F¼I²�»F
|f | + |f ′| ?BD���JLÀ�C�Å�A@ÅN����JvÂLAQ��;¤�|Á�JLK};	C�JL¾Z? ��Kó7{ùUA;DÄI²��KBK�Å�A@C�J�F¼AQ��; x


��ÄA@DÄÁ¢7
x2 * xy

*
y · · · �9F¼I�A;A@KBA@¾ZA@C&F�J�û C1

pol(R
3)
Å�Ae&²C�A@Å���;

(x, y, z) 7→ x

��ÄA@DÄÁ¢7

x2 * xy * y * · · · ��7ùUAÌÅ�Ae&²C�A#Fmï9J,>@JLC&F¼?BC�À�JLÀ�D�û�À�C�>�F¼?BJLC�D
µ1 : Θ → R

��C�Å
µ2 : Θ × R∗

+ → R
��;

ï��Ä?ÃF¼?BC�M
(µ,x) = µ1(θ) and (µ,x2) = µ2(θ, σ

2),

K�	7 ��7½�M�

ï�I�A@�ÄA
θ = (α0, β0, α1, β1) ∈ Θ = (−1, 1) × R × (−1, 1) × R.GHJPDÄA@ML�ÄA@M&�»F¼A���A�Fmï9A@A@C

H0 = {(α0, β0) = (α1, β1)}
��C�Å�?ÃF¼DÌ��KÃF¼A@�ÄC²�»F¼?ÃÂLA

H1 =
{(α0, β0) 6= (α1, β1)}

*	ï9A;DÄI²��KBK¢À�DÄA;F¼I�AnF¼A@D FED F��»F¼?BD F¼?B>

χ(1)
r =

|Tr|
2σ̂2

r(1 − ρ̂r)

{
(α̂r0 − α̂r1)

2(µ̂2
2,r − µ̂2

1,r) +
(
(α̂r0 − α̂r1)µ̂1,r + β̂r0 − β̂r1

)2
}
,

ï�I�A@�ÄAVï9A�ï��Ä?ÃF¼A
µ̂1,r = µ1(θ̂

r)
��C�Å

µ̂2,r = µ2(θ̂r, σ̂r)
7

¸4DEÀ�DÄÀ²��K�F¼I�A  ��À�DÄDÄ? ��C¤DÄA�FÄF¼?BC�MZI²��DEDÄÁ�A@>@?}&²>�Á��ÄJLÁ�A@� F¼?BA@D0F¼I²�»F4��KBKBJ7ïVAr��DÄ?BA@��>r��KB>@À�K �8�F¼?BJLC�D���C�Å¤¾ZJL�ÄAÇMLA@C�A@�¼��K~��DÄDÄÀ�¾ZÁ�F¼?BJLC�D@7
_ b



Þ�: ì :yÔ �Cä~µ´øÌ°j�?�>�rª�°²®ö�@µ�Õ>Õ�ª�®NÖ
ùUA.?BC&F¼�ÄJ	Å�À�>@A�F¼I�A�û�JLKBKBJ7ï�?BC�MZ��DÄDÄÀ�¾ZÁ�F¼?BJLCNJLC�F¼I�A�DÄÁ�A@A@Å(J�ûyF¼I�A|¹�¶Ç�H7¢ú�A�F

(bn)
��A���C

?BC�>@�ÄAr��DÄ?BC�M|DÄA@¿�À�A@C�>@A�J�û{Á�JLDÄ?ÃF¼?ÃÂLAn�ÄAr��K�C�À�¾4��A@�ÄD�DÄÀ�>�I¤F¼I²�»F
bn√
n
−→ +∞ and

bn√
n logn

→ 0.

K�	7 ��7 ���

¥�´�Yëy5�rªvÕ�ª��® Þ�: ì :yÔ/: INfel
(bn)

F9f:aIn7fGt+kjfexBp�f�i)=PdGfGa�o�xjk�_GF9fedGn�n>a�lyr[nN=\¸Lrvx"T<´ÍÌ�| ó5|Nþq·M|¿Ô�Vjfex
θ̂r

superexp
=⇒
b2|Tr |
|Tr |

θ.

ODdGi7i)=+| ùUAIï�?BKBK	F¼�ÄAr�»FbF¼I�AE>r��DÄAEJ�û
α̂r0
ML?ÃÂLA@CZ?BC�
K�	7 ��7 ����7{G0I�AEJ�F¼I�A@�ÄD

β̂r0, α̂
r
1

��C�Å
β̂r1
ML?ÃÂLA@C

?BC�
K�	7 ��7 ���9¾k�>;���AnF¼�ÄAr�»F¼A@Å¤?BC#�|DÄ?B¾Z?BK ���Pï��>;L7D�EJ�F¼AÇF¼I²�»F
α̂r0 =

Cr
Br
,
ï�I�A@�ÄA

Cr = MTr(xy) −MTr(x)MTr(y)
��C�Å

Br = MTr(x
2) −MTr(x)2.

�EJ7ïV*²À�DÄ?BC�MZú�A@¾Z¾k�S�	7 ý47½����C�Å��y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�	7½�	7 � �	*�?ÃF�û�JLKBKBJ7ï�D9F¼I²�»F
α̂r0

superexp
=⇒
b2|Tr |
|Tr |

α0.

ùUAN�ÄA@>r��KBK�F¼I²�»Fä?BC/F¼I�A(ý9¸Ç:Ô¾ZJ	Å�A@K4
K�	7 ��7 � �9*:ï9A(À�DÄA
α = max{|α0|, |α1|}

*���C�Å
b := µ2(θ, σ

2) − µ1(θ)
2 */ï�I�A@�ÄA µ1

��C�Å
µ2
���ÄA(ML?ÃÂLA@C�?BC÷
K�	7 ��7½�M�9*EDÄJ²ï9A(I²�rÂLA(F¼I�Aû�JLKBKBJ7ï�?BC�M.Å�A�Â	? �»F¼?BJLCÌ?BC�A@¿�À²��KB?ÃFm;

¥�´�Yëy5�rªvÕ�ª��® Þ�: ì :[Þ�:�N iLdQa�ovo
δ > 0,

=>iLdQa�ovo
r ∈ N

a�x5~M=>iLdCa�ovo
γ < min

(
c1b
1+δ

, c1b

1+
√
δ
, c1b

1+
4√
δ

)
,
CaVjfedGf

c1
r[nSa4hji7nervlyrv{�f�p�iLx'nel a�xjlCaV�rKpqV�~qfmhjfex5~8nSiLx

µ1,CDf²V	a�{�f

P

(∥∥∥θ̂r − θ
∥∥∥ > δ

)
≤





c
γ4qδ4−p

(
1
4

)r+1 r =
α2 < 1

2
,

c
γ4qδ4−p r

2
(

1
4

)r+1 r =
α2 = 1

2
,

c
γ4qδ4−pα

4(r+1)
r =

α2 > 1
2
,


K�	7 ��7½ÚM�

CaVjfedGfVlBVjf�p�iLx'nel a�xjl
c
~qfmhjfex5~8n4iLx

α
g
µ1

g
µ2

a�x5~�~�r �$fedGnVo©rvxBf8F�¸�o©rvxBf�g
p = p(δ) ∈ {0, 2, 4} a�x5~ q = q(δ) ∈ {0, 1}.
�äµ	«U°�´8é Þ�: ì :[ò�: Ô�VjfS{La�o©kjf�nci)=

p
a�x5~

q
rvxÀODdGi�hji7nervlyrKiLxÒÌ�| ó5|«Ì�~qfmhjfex5~�iLx"lBVjf�iLdE~qfed

i)=
δ.
N iLdCf]?qa�_�h5o[f�g�r =

δ
r[n$ne_�a�ovo?fexBiLk T0V�g�CDf²V	a�{�f

p = 0
a�x5~

q = 0.ODdGi7i)=+| <	A@A�DÄA@>�F¼?BJLC��	7 ¸�7½��?BCäF¼I�A;¸4Á�Á�A@C�Å�? ü��	7 ¸�7
_ �



�äµ	«U°�´8é Þ�: ì : ì : Ô�VjfZODdGi�hji7nervlyrKiLx4Ì�| ó5|«Ì"pGa�xXF9f�rv_�h5dGiL{�fG~ÀF�¸´pGa�o[pek�o}a�lyrvx"T@lBVjf
2k

AmlBV
iLdE~qfed�_ciL_cfexjlvn�gTC�rvlBV

k > 2
gQa8ncrvx²lBVjfQh5dGi7i)=�i)=ÀÔ�Vjf�iLdGfe_ Ì�|«Ì�|BÊ�|2¶Ik�lvgQa8n\CDf`V	a�{�f

n>a�ry~8gPlBV�r[n�p�iL_cf�nCa�lUlBVjf�h5d9rKp�f4i)=CfexBiLd9_ciLk�n4p�iL_�h5k�l a�lyrKiLx5|
¥�´�Yëy5�rªvÕ�ª��® Þ�: ì : × : INfel

(bn)
F9f:aIn7fGt+kjfexBp�f�i)=PdGfGa�o�xjk�_GF9fedGn�n>a�lyr[nN=\¸Lrvx"T<´ÍÌ�| ó5|Nþq·M|¿Ô�Vjfex
(σ̂2

r , ρ̂r)
superexp
=⇒
b2|Tr |
|Tr |

(σ2, ρ).

ODdGi7i)=+| ú�A�FkÀ�D�&²�ÄD FkÅ�Ar��K�ï�?ÃF¼I
σ2
r

ML?ÃÂLA@C/?BC 
K�	7 ��7 �q��7/G0I�A�Á��ÄJ	J�ûÇ?BDS�²��DÄA@Å5JLC[F¼I�A
δ
�¾ZA�F¼I�J	Å¢7`ùUA;I²�rÂLA�
�DÄA@A;A�7 Mð+ �M�.-v�

σ̂2
r =

1

2
MTr(f(., θ)) +Dr

ï�I�A@�ÄA
f(x, y, z, θ) = (y − α0x− β0)

2 + (z − α1x− β1)
2 ��C�Å

Dr =
1

2|Tr|
∑

i∈Tr

(f(∆i, θ̂
r) − f(∆i, θ)).

ýU;ÌG{�>;	KBJL����ú~��ML�¼��C�MLA4û�JL�Ä¾.À�K �'*�ï9A�>r��Cw&²C�Å
g ∈ Cpol(R3)

DÄÀ�>�I¤F¼I²�»F4
�DÄA@AG+ �M�.-v�
|Dr| ≤

1

2
‖θ̂r − θ‖

(
1 + ‖θ‖ + ‖θ̂r − θ‖

)
MTr(g).

�EJ7ïV*=�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�	7½�	7 � �Z��C�Å¤�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�	7 ��7 � KBAr��Å#À�D0F¼J
σ̂2
r

superexp
=⇒
b2|Tr |
|Tr |

σ2.

G0I�A�Á��ÄJ	J�û~û�JL�
ρ̂r
ML?ÃÂLA@C¤?BC´
K�	7 ��7 �q�9?BD0DÄ?B¾Z?BK ���@7

¥�´�Yëy5�rªvÕ�ª��® Þ�: ì :[ô�: INfel
(bn)

F9f:aIn7fGt+kjfexBp�f�i)=PdGfGa�o�xjk�_GF9fedGn�n>a�lyr[nN=\¸Lrvx"T<´ÍÌ�| ó5|Nþq·M|¿Ô�Vjfex
lBVjf$n7fGt+kjfexBp�f (|Tr|(θ̂r − θ)/b|Tr |

) n>a�lyr[n·s:f�n�lBVjfQ±�RQO iLx
R4

C�rvlBV�lBVjf�nmhjf�fG~
b2|Tr |/|Tr|a�x5~�lBVjfQdEa�lmf�=9k�xBpelyrKiLx

I
T�rv{�fexÀF�¸

I(x) =
1

2
xt(Σ′)−1x,CaVjfedGf

Σ′ = σ2

(
K ρK
ρK K

) C�rvlBV
K =

1

µ2(θ, σ2) − µ1(θ)2

(
1 −µ1(θ)

−µ1(θ) µ2(θ, σ2)

)
.

ODdGi7i)=+| ùUA�&²�ÄD FEJM��DÄA@� ÂLA;F¼I²�»F
|Tr|
b|Tr |

(
θ̂r − θ

)
= M(Ar, Br).

U r(f)

b|Tr |

b �



ï�I�A@�ÄA
f = (f1, f2, f3, f4)

t = (xy,y,xz, z)t, U r(f) = MTr(f − Pf), Ar = MTr(x),
Br = MTr(x

2) −MTr(x)2 ��C�Å

M(Ar, Br) =




1
Br

−Ar

Br
0 0

−Ar

Br

Br+A2
r

Br
0 0

0 0 1
Br

−Ar

Br

0 0 −Ar

Br

Br+A2
r

Br


 .

8²JL�0F¼I�A�D¼��Z�A�J�û`DÄ?B¾ZÁ�KB?B>@?ÃFm;�ï9AQï��ÄJ�F¼A
Pf = (Pf1, P f2, P f3, P f4)

t,
ï�I�A@�ÄA

P
Å�A@C�J�F¼A@DF¼I�A

T− F¼�¼��C�DÄ?ÃF¼?BJLC�Á��ÄJM�²����?BKB?ÃFm;#��DÄDÄJ	>@? �»F¼A@Å¤F¼Jäý9¸Ç:C
 � ��Á��ÄJ	>@A@DÄD4?BC¤F¼I�A  ��À�DÄDÄ? ��CN>r��DÄA�*ï�I�?B>�I¤?BD0ML?ÃÂLA@C=��;

P (x, dy, dz) =
1

2πσ2(1 − ρ2)
exp

(
− 1

2

(
y − α0x− β0

z − α1x− β1

)t
Γ−1

(
y − α0x− β0

z − α1x− β1

))
dydz

ï�I�A@�ÄA
Γ
?BD�F¼I�A;>@JvÂ����Ä? ��C�>@A;¾k�»F¼�Ä? üäÅ�Ae&²C�A@Å�?BC´
K�	7 ��7½�M��7

�ÇCÌF¼I�A;JLC�A;I²��C�Å)*�û��ÄJL¾â�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�	7½�	7 � �
Ar

superexp
=⇒
b2|Tr |
|Tr |

a := µ1(θ) and Br
superexp
=⇒
b2|Tr |
|Tr|

b := µ2(θ, σ
2) − µ1(θ)

2,

DÄJ|F¼I²�»FI��;¤ú�A@¾Z¾k�S�	7 ý47½��*'ï9A�JM��F���?BC

M(Ar, Br)
superexp
=⇒
b2|Tr |
|Tr|

M(a, b) :=

(
K 0
0 K

)
.

�ÇC#F¼I�A;J�F¼I�A@�0I²��C�Å)*²KBA�F
λ = (λ1, λ2, λ3, λ4)

t ∈ R4 7 8²JL�0��KBK x ∈ R,
ï9A;I²�rÂLA;F¼I²�»F

P exp
(
λt(f − Pf)

)
(x) =

∫

R2

exp

( 4∑

i=1

λi(fi − Pfi)

)
(x, y, z)P (x, dy, dz)

=

∫

R2

exp


λ

t




xy − x(α0x + β0)
y − α0x− β0

xz − x(α1x+ β1)
z − α1x− β1





P (x, dy, dz)

= exp

(
−
(
α0x+ β0

α1x+ β1

)t(
λ1x + λ2

λ3x + λ4

))

×
∫

R2

exp

((
λ1x+ λ2

λ3x+ λ4

)t(
y
z

))
P (x, dy, dz).

b �



ùUAVZ�C�J7ïTF¼I²�»F
∫

R2

exp

((
λ1x + λ2

λ3x + λ4

)t(
y
z

))
P (x, dy, dz) = exp

((
α0x + β0

α1x + β1

)t (
λ1x + λ2

λ3x + λ4

))

× exp

(
1

2

(
λ1x+ λ2

λ3x+ λ4

)t
Γ

(
λ1x + λ2

λ3x + λ4

))
.

ú�A�F
Ξ(x)

Å�A@C�J�F¼A@DäF¼I�A(DÄ¿�À²���ÄA(¾k�»F¼�Ä? ü ï�?ÃF¼I5A@C&F¼�Ä?BA@D
(Pfifj − PfiPfj)(x)

* û�JL�
1 ≤ i, j ≤ 4

79<	J�ï9A�JM��F���?BCäF¼I²�»F

P exp
(
λt(f − Pf)

)
(x) = exp

(
1

2

(
λ1x + λ2

λ3x + λ4

)t
Γ

(
λ1x + λ2

λ3x + λ4

))

= exp

(
1

2

4∑

i,j=1

λiλj(Pfifj − PfiPfj)(x)

)

= exp

(
1

2
λtΞ(x)λ

)
.

:�A@>r��KBKuF¼I²�»F0F¼I�A�&²KÃF¼�¼�»F¼?BJLC
(Hn)n≥0

?BD0Å�Ae&²C�A@Å���;
H0 = σ(X1)

��C�Å Hn = σ
(
∆Π(i),Π(i+ 1), 1 ≤ i ≤ n

)
.G0I�A@�ÄA�û�JL�ÄA�*²û��ÄJL¾åF¼I�A;Á��ÄA�Â	?BJLÀ�D�>r��KB>@À�K �»F¼?BJLC�D+*�ï9A;Å�A@Å�À�>@A;F¼I²�»F�û�JL����KBK

k ∈ N
*

E

[
exp

(
λt(f − Pf)(∆Π(k))

) ∣∣∣Hk−1

]
= P

(
exp

(
λt(f − Pf)

))
(XΠ(k))

= exp

(
1

2
λtΞ(XΠ(k))λ

)
.

�EJ7ïV*��ÄA@>r��KBK�F¼I²�»F
(MΠ

n (f − Pf))n∈N

?BD4�
(Hn)−

¾k��� F¼?BC�M&��KBA;��C�Å���;¤D F¼�¼��?BMLI&FÄû�JL�2ï����ÄÅ
>r��KB>@À�K �»F¼?BJLC�D+*b?ÃF¼D�?BC�>@�ÄAr��DÄ?BC�MWÁ��ÄJ	>@A@DÄDZ?BD|ML?ÃÂLA@C ��; 〈MΠ(f − Pf)〉n =

n∑

k=1

Ξ(XΠ(k)).

8²�ÄJL¾åF¼I�Anû�JL�ÄA@MLJL?BC�M	*�ï9A�?BC�û�A@�9F¼I²�»F
(

exp

(
λtMΠ

n (f − Pf) − λt〈MΠ(f − Pf)〉nλ
2

))

n∈N?BD��
(Hn)

� ¾k��� F¼?BC�M&��KBA�7HÈ�F�F¼I�A@C#û�JLKBKBJ7ï�D9F¼I²�»F�û�JL����KBK
λ ∈ R4,

Gn(λ) =
1

2n
λt〈MΠ(f − Pf)〉nλ

?BDn��CWÀ�Á�Á�A@�;��C�Å(KBJ7ï9A@�n>@À�¾.À�K ��C&Fr7.¹¤JL�ÄA@JvÂLA@�+*�û��ÄJL¾ �y�ÄJLÁ�JLDÄ?ÃF¼?BJLC��	7½�	7 � �Ì��C�Å,ú�A@¾Z¾k�
�	7 ý47½�

Gn(λ)
superexp
=⇒
b2|Tr |
|Tr |

1

2
λtΣλ where Σ = σ2

(
K−1 ρK−1

ρK−1 K−1

)
.

b �



ùUA�F¼I�À�D Å�A@Å�À�>@A�F¼I²�»F$
�DÄA@AEA�7 Mµ+ �M� �.-v� (
MΠ

n (f)/bn
) D¼�»F¼?BD2&²A@D ��¹�¶Ç� JLC

R
4 ï�?ÃF¼I|DÄÁ�A@A@Å

b2n/n
��C�Å#F¼I�A;�¼�»F¼AÇû�À�C�>�F¼?BJLC

J(x) =
1

2
xtΣ−1x.


K�	7 ��7 î��
G{��Z�?BC�M

n = |Tr|
*�?ÃFyû�JLKBKBJ7ï�DyF¼I²�»F (

U r(f)/b|Tr |
) D¼�»F¼?BD2&²A@D9��¹�¶Ç�"ï�?ÃF¼IZDÄÁ�A@A@Å

b2|Tr |/|Tr|��C�Å�F¼I�A �¼�»F¼Abû�À�C�>�F¼?BJLC
J
ML?ÃÂLA@C�?BC�
K�	7 ��7 î���7{8{?BC²��KBK};M*vÀ�DÄ?BC�M�F¼I�A9>@JLC&F¼�¼��>�F¼?BJLC�Á��Ä?BC�>@?BÁ�KBA�
�DÄA@AA�7 Mð+ ����-v�0��D�?BC´
�+ �M� �0-v�9*'ï9A�MLA�F�F¼I�An�ÄA@DÄÀ�KÃFr7

ú�A�F�À�DEC�J7ïT>@JLC�DÄ?BÅ�A@�0F¼I�AÇF¼A@D F4D F��»F¼?BD F¼?B>�7
¥�´�Yëy5�rªvÕ�ª��® Þ�: ì :³ý: INfel

(bn)
aSn7fGt+kjfexBp�f�i)=QdGfGa�oAxjk�_GF9fedGnVn>a�lyr[nN=\¸Lrvx"T2´ÍÌ�| ó5|Nþq·M|µÔ�Vjfex

k�x5~qfed=lBVjf�xjk�ovo�V"¸�hjiLlBVjf�ner[n
H0 = {(α0, β0) = (α1, β1)}

g |Tr|1/2

b|Tr |
(χ

(1)
r )1/2

n>a�lyr[n·s:f�n@a
±�RQO÷iLx

R
C�rvlBVwnmhjf�fG~

b2|Tr |/|Tr|
a�x5~�lBVjfQdEa�lmf�=9k�xBpelyrKiLx

I ′(y) =

{
y2

2

r =
y ∈ R+

+∞ iLlBVjfed�C�r[n7f
.

; x5~qfedVlBVjf4a�o©lmfed9x5a�lyrv{�fQV"¸�hjiLlBVjf�ner[n
H1

i)=
H0

g�CDfQV	a�{�fK=>iLdCa�ovo
A > 0

lim sup
r→∞

|Tr|
b2

Tr

log P
(
χ(1)
r < A

)
= −∞.

ODdGi7i)=+| ùUA;I²�rÂLA
H0 = {g(θ) = 0} ï�I�A@�ÄA

g(θ) = (α0 − α1, β0 − β1)
t.

8²�ÄJL¾â�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�	7 ��7 �'*
(
|Tr|(θ̂r − θ)/b|Tr |

)

D¼�»F¼?BD2&²A@DE�k¹�¶Ç�/JLC
R4 ï�?ÃF¼I#DÄÁ�A@A@Å b2|Tr |/|Tr|

��C�Å#F¼I�A;�¼�»F¼AÇû�À�C�>�F¼?BJLC

I(x) =
1

2
xt(Σ′)−1x,

DÄJ[F¼I²�»F>*nÀ�DÄ?BC�MQF¼I�AUÅ�A@KÃF��Q¾ZA�F¼I�J	Å�û�JL�ÌF¼I�A ¹�¶Ç� 
�DÄA@AUA�7 Mû+ ���.-K*nG0I�A@JL�ÄA@¾ ��7 � �cï9A>@JLC�>@KBÀ�Å�AnF¼I²�»F (
|Tr|(g(θ̂r) − g(θ))/b|Tr|

)

D¼�»F¼?BD2&²A@DE�k¹�¶Ç�/JLC
R

2 ï�?ÃF¼I#DÄÁ�A@A@Å b2|Tr |/|Tr|
��C�Å#F¼I�A;�¼�»F¼AÇû�À�C�>�F¼?BJLC

J(y) = inf {I(x); y = g′(θ)x} .
È Å�A@C&F¼?}&²>r�»F¼?BJLC#J�ûHF¼I�?BD0�¼�»F¼Anû�À�C�>�F¼?BJLC���;ÌÀ�DÄÀ²��K�JLÁ�F¼?B¾Z?[<r�»F¼?BJLCä���ÄMLÀ�¾ZA@C&F�KBAr��Å�D�À�D0F¼J

J(x) =
1

2
xt(Σ′′)−1x, where Σ′′ = 2σ2(1 − ρ)K.


K�	7 ��7 Ø��
bx�



6EC�Å�A@�0F¼I�A;C�À�KBK�I�;	Á�J�F¼I�A@DÄ?BD
H0
*'ï9A�I²�rÂLA

g(θ) = 0
*�DÄJ|F¼I²�»F

(
|Tr|g(θ̂r)/b|Tr |

)

D¼�»F¼?BD2&²A@DE�k¹�¶Ç�/JLC
R2 ï�?ÃF¼I#DÄÁ�A@A@Å b2|Tr |/|Tr|

��C�Å¤�¼�»F¼AÇû�À�C�>�F¼?BJLC
J
ML?ÃÂLA@C¤?BC´
K�	7 ��7 Ø���7

�EJ7ïV*{DÄ?BC�>@A
K = K(θ, σ)

?BD��¤>@JLC&F¼?BC�À�JLÀ�D;û�À�C�>�F¼?BJLC,J�û
(θ, σ)


�DÄA@A2+ �M�0-v�9*{DÄJ¤F¼I²�»F>*
KBA�FÄF¼?BC�M

K̂r = K(θ̂r, σ̂r)
*4ú�A@¾Z¾k�"�	7 ý47½��*4�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC �	7 ��7 �P��C�Å��y�ÄJLÁ�JLDÄ?ÃF¼?BJLC �	7 ��7½�

A@C&F���?BKuF¼I²�»F
Σ̂′′
r = 2σ̂2

r(1 − ρ̂r)K̂r
superexp
=⇒
b2|Tr |
|Tr |

Σ′′.

È�F�û�JLKBKBJ7ï�D�À�DÄ?BC�M�F¼I�A;>@JLC&F¼�¼��>�F¼?BJLC#Á��Ä?BC�>@?BÁ�KBAS
�DÄA@A�A�7 M�+ �M� �0-v� F¼I²�»F
(
|Tr|Σ̂′′−1/2

r g(θ̂r)/b|Tr |

)

D¼�»F¼?BD2&²A@DE�k¹�¶Ç�/JLC
R2 ï�?ÃF¼I#DÄÁ�A@A@Å b2|Tr |/|Tr|

��C�Å#F¼I�A;�¼�»F¼AÇû�À�C�>�F¼?BJLC

J ′(y) =
‖y‖2

2
.

È C¤Á²��� F¼?B>@À�K ���+*
∥∥∥∥
|Tr|
b|Tr |

Σ̂′′−1/2

r g(θ̂r)

∥∥∥∥ =
|Tr|1/2
b|Tr |

√
χ

(1)
r

D¼�»F¼?BD2&²A@DE�Z¹�¶Ç�¶ï�?ÃF¼I#DÄÁ�A@A@Å
b2|Tr |/|Tr|

��C�ÅÌF¼I�A;�¼�»F¼Anû�À�C�>�F¼?BJLC
I ′
ML?ÃÂLA@C¤?BCäF¼I�A��y�ÄJLÁ�JL�DÄ?ÃF¼?BJLC=�	7 ��7½Ú	7

�EJ7ïV*²À�C�Å�A@�0F¼I�A���KÃF¼A@�ÄC²�»F¼?ÃÂLAnI�;	Á�J�F¼I�A@DÄ?BD
H1
*

χ
(1)
r

|Tr|
= g(θ̂r)tΣ̂′′−1

r g(θ̂r)
superexp
=⇒
b2|Tr |
|Tr |

g(θ)t(Σ′′)−1g(θ) > 0,

DÄJUF¼I²�»F
χ

(1)
r
>@JLC&ÂLA@�ÄMLA@D b2|Tr |

|Tr |
� DÄÀ�Á�A@�ÄA�ü�Á�JLC�A@C&F¼? ��KBK};Pû���D FZF¼J

+∞ 7!G0I�?BDk>@JLC�>@KBÀ�Å�A@DZF¼I�AÁ��ÄJ	J�û{J�ûHF¼I�A��y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�	7 ��7½Ú	7
Þ�: ì :[Þ Å �«�ëH°jè�ÕcèL°j�@µ ÷ Õ8ä~µ��H®Hª·æ�=´»« ±B�Qµ�´8Ö=AãHªyè��@µ�Õ>Õ�ª�®NÖ :
ùUAE�ÄA@>r��KBK²F¼I²�»FbF¼I�AE¾ZJ	Å�A@K²À�C�Å�A@�9D F¼À�Å';Z?BC|F¼I�?BDbDÄA@>�F¼?BJLCk?BDyF¼I�AE¾ZJ	Å�A@K?
K�	7 ��7 � �«ï�I�A@�ÄAIï9A��DÄDÄÀ�¾ZA4F¼I²�»F9F¼I�AÇC�JL?BDÄAn��C�Åä?BC�?ÃF¼? ��K²D F��»F¼A

X1
F���Z�A4F¼I�A@?B� Â���KBÀ�A@D9?BCÌ��>@JL¾ZÁ²��>�F�DÄA�Fr7bG0I�A�ÄA@DÄÀ�KÃF¼D�ï�?BKBKA��A.ML?ÃÂLA@C�ï�?ÃF¼I�JLÀ�F4Á��ÄJ	J�û�D+*uDÄ?BC�>@A�F¼I�A.Á��ÄJ	J�û�D4���ÄA�DÄ?B¾Z?BK ����F¼JkF¼I�JLDÄA.Å�JLC�A�?BC

F¼I�A|Á��ÄA�Â	?BJLÀ�DnDÄA@>�F¼?BJLC¢7�G0I�A|C�JvÂLA@KÃFm;WI�A@�ÄA|?BD4F¼I²�»FnF¼I�A|�¼��C�MLA�J�û9DÄÁ�A@A@Å,?BDn?B¾ZÁ��ÄJvÂLA@ÅW?BC
>@JL¾ZÁ²���Ä?BDÄJLC�F¼JäF¼I�A�Á��ÄA�Â	?BJLÀ�DnDÄA@>�F¼?BJLC¢7�ÿEJ7ï9A�ÂLA@�+*Nï9A|DÄÀ�Á�Á�JLDÄA�F¼I²�»FÇF¼I�A�Á��ÄJ	>@A@DÄDÇF���Z�A@D?ÃF¼D�Â���KBÀ�A@D�?BC#�|>@JL¾ZÁ²��>�F�DÄA�F>*	ï�I�?B>�I¤?BD0C�J�F0F¼I�A;>r��DÄA�?BCÌF¼I�A;Á��ÄA�Â	?BJLÀ�D�DÄA@>�F¼?BJLC¢7

b �



ùUA F���Z�A
F = C1

b (R)
F¼I�A9DÄA�F`J�û=��KBK C1 û�À�C�>�F¼?BJLC�D���JLÀ�C�Å�A@Å.JLC R

7{G0I�A@�ÄA�û�JL�ÄA�*LJLC�A9>r��CAr��DÄ?BK};Ì>�I�A@>�Z"
���DE?BCÒ+ �M�0-K*=Á��ÄJ	J�û`J�ûy�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC���î���F¼I²�»FEI�;	Á�J�F¼I�A@DÄ?BD�
 ½ Þ ��?BD�D¼�»F¼?BD2&²A@Å
ï�?ÃF¼I

α = max(|α0|, |α1|)
7`ùUA;À�DÄA;F¼I�A;D¼��¾ZAnC�J�F��»F¼?BJLC�D���D0?BCÌF¼I�A;Á��ÄA�Â	?BJLÀ�D�DÄA@>�F¼?BJLC¢7

ú�A�F4À�D/��A@ML?BC=��;#F¼I�A;û���>�F�F¼I²�»FEF¼I�A�A@D F¼?B¾k�»F¼JL�0J�û
θ
>@JLC&ÂLA@�ÄMLA@DÇDÄÀ�Á�A@�4A�ü�Á�JLC�A@C&F¼? ��KBK};û���D F�F¼J�F¼I�AnF¼�ÄÀ�A;Á²���¼��¾ZA�F¼A@�@7

¥�´�Yëy5�rªvÕ�ª��® Þ�: ì : í : INfel
(bn)

a�n7fGt+kjfexBp�f�i)=:dGfGa�o	xjk�_GF9fedGnDn>a�lyr[nN=\¸Lrvx"TVlBVjfD^�n�nek�_�h5lyrKiLxÊ�|GÔ�Vjfex�CDfQV	a�{�f
θ̂r

superexp
=⇒
b2|Tr |
|Tr |

θ.

ùUA;¾k�>;äC�J7ïT�ÄAe&²C�A;F¼I�?BD0�ÄA@DÄÀ�KÃFI��;#Á��ÄJvÂ	?BC�M|Å�A�Â	? �»F¼?BJLCÌ?BC�A@¿�À²��KB?ÃFm;L7
¥�´�Yëy5�rªvÕ�ª��® Þ�: ì :«��:�N iLdQa�ovo

δ > 0
a�x5~M=>iLdQa�ovo

γ < min

(
c1b

1 + δ
,

c1b

1 +
√
δ
,

c1b

1 +
4
√
δ

)

CaVjfedGf
c1
r[nCaVhji7nervlyrv{�f4p�iLx'nel a�xjl�CaV�rKpqV�~qfmhjfex5~8n4iLx

µ1,
a�x5~H=>iLd

r0 :=
log
(
γqδ1−p/2/c0

)

logα
,

CDf²V	a�{�f
P

(∥∥∥θ̂r − θ
∥∥∥ > δ

)
≤




c2 exp
(
c′′γqδ1−p/2) exp (−c′γ2qδ2−p|Tr|) , ∀r ∈ N,

r =
α < 1

2

c2 exp
(
c′γqδ1−p/2(r + 1) − c′γ2qδ2−p|Tr|

)
, ∀r ∈ N,

r =
α = 1

2

c2 exp (−c′γ2qδ2−p|Tr|) , ∀r > r0,
r = 1

2
< α <

√
2

2

c2 exp
(
−c′γqδ2−p |Tr |

r+1

)
, ∀r > r0,

r =
α =

√
2

2

c2 exp
(
−c′γ2qδ2−p 1

α2(r+1)

)
, ∀r > r0,

r =
α >

√
2

2
,


K�	7 ��7 � ñ��

CaVjfedGf
c2
r[nSaChji7nervlyrv{�f�p�iLx'nel a�xjlvg

c′
a�x5~

c′′
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lyrKiLxeÊ�|ZÔ�Vjfex�CDf²V	a�{�f

(σ̂2
r , ρ̂r)

superexp
=⇒
b2|Tr |
|Tr |

(σ2, ρ).
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a�n7fGt+kjfexBp�f4i)=QdGfGa�oAxjk�_GF9fedGn�n>a�lyr[nN=\¸Lrvx"TclBVjf�^�n�nek�_�h�A
lyrKiLx2Ê�|`Ô�Vjfex (|Tr|(θ̂r − θ)/b|Tr |

) n>a�lyr[n·s:f�n�lBVjfM±�RQO iLx
R4

C�rvlBV�lBVjfInmhjf�fG~
b2|Tr |/|Tr|a�x5~�dEa�lmf�=9k�xBpelyrKiLx

I(x) =
1

2
xt(Σ′)−1x,CaVjfedGf

Σ′ = σ2

(
K ρK
ρK K

) C�rvlBV
K =

1

µ2(θ, σ2) − µ1(θ)2

(
1 −µ1(θ)

−µ1(θ) µ2(θ, σ
2)

)
.
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lyrKiLxeÊ�|ZÔ�Vjfex�k�x5~qfedVlBVjfQxjk�ovo�V"¸�hjiLlBVjf�ner[n

H0 = {(α0, β0) = (α1, β1)}
g

|Tr|1/2
b|Tr |

(χ(1)
r )1/2

n>a�lyr[n·s:f�nCaZ±�RQO÷iLx
R
C�rvlBVwnmhjf�fG~

b2|Tr |/|Tr|
a�x5~�lBVjfQdEa�lmf�=9k�xBpelyrKiLx

I ′(y) =

{
y2

2

r =
y ∈ R+

+∞ iLlBVjfed�C�r[n7f
.; x5~qfedVlBVjf4a�o©lmfed9x5a�lyrv{�fQV"¸�hjiLlBVjf�ner[n

H1

i)=
H0

g�CDfQV	a�{�fK=>iLdCa�ovo
A > 0

lim sup
r→∞

|Tr|
b2|Tr |

log P
(
χ(1)
r < A

)
= −∞.
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f ∈ F
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(µ, f) = 0
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MGr(f)
*
M

Π

n (f)
��C�Å

MTr(f)
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MGr(f)
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δ > 0

P

(∣∣MGr(f)
∣∣ > δ

)
= P

(∣∣MGr(f)
∣∣2 > δ2

)
≤ 1

δ2
E

[
(MGr(f))2

]
.
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E

[
(MGr(f))2

]
=

r∑

p=0

2−p−1p<rνQpP
(
Qr−p−1f ⊗Qr−p−1f

)
.
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g ∈ F

��C�Å
α ∈ (0, 1)

DÄÀ�>�I(F¼I²�»FÇû�JL�Ç��KBK
p ∈

{
0, 1, · · · , r

}

νQpP (Qr−p−1f ⊗Qr−p−1f) ≤ α2(r−p−1)νQpP (g ⊗ g).
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DÄÀ�>�IF¼I²�»F0û�JL����KBK

p ∈
{
0, 1, · · · , r

}

α2(r−p−1)νQpP (g ⊗ g) ≤ cα2(r−p−1).
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E

[
(MGr(f))2

]
≤ c

r∑
p=0

2−p−1p<rα2(r−p−1)

=





c
(

1
2

)r
+ c

α2r−( 1
2)

r

2α2−1

?Ãû
α2 6= 1

2

cr
(

1
2

)r ?Ãû
α2 = 1

2
,


K�	7 ¸�7 � �

��C�Å#F¼I�A@�ÄA�û�JL�ÄAc
K�	7½�	7 � �q�bû�JLKBKBJ7ï�D@7
¥Ç°�´7Õ Þ�: ú�A�F`À�D{C�J7ïQ>@JLC�DÄ?BÅ�A@�

M
Π

n (f)
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δ > 0

P

(∣∣MΠ

n (f)
∣∣ > δ

)
= P

(∣∣MΠ

n (f)
∣∣2 > δ2

)

≤ 1
δ2

E

[(
M

Π

n (f)
)2
]

≤ 2
δ2

E

[(
rn−1∑
q=0

2q

n
MGq(f)

)2
]

+ 2
δ2

E

[(
1
n

n∑
i=2rn

f(XΠ(i))

)2
]
.
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Π

n (f) =

rn−1∑

q=0

2q

n
MGq(f) +

1

n

n∑

i=2rn

f(XΠ(i)).
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(
rn−1∑

q=0

2q

n
MGq(f)

)2

 =

∥∥∥∥∥
rn−1∑

q=0

2q

n
MGq(f)

∥∥∥∥∥

2

2

≤
(
rn−1∑

q=0

2q

n

∥∥MGq(f)
∥∥

2

)2

.
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rn−1∑

q=0

2q

n

∥∥MGq(f)
∥∥

2
≤





c

n

rn−1∑

q=0

(
√

2)q ≤ c

√
2
rn

n
,

?Ãû
α2 <

1

2
,

c

n

rn∑

q=0

q1/2
√

2
q ≤ c

r
1/2
n

√
2
rn

n
,
?Ãû
α2 =

1

2
,

c

n

rn−1∑

q=0

(2α)q ≤ cαrn,
?Ãû
α2 >

1

2
,
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(
rn−1∑

q=0

2q

n
MGq(f)

)2

 ≤





c
2rn

n2
≤ c

(
1

2

)rn+1

,
?Ãû
α2 <

1

2
,

c
rn

2rn+1
,

?Ãû
α2 =

1

2
,

cα2(rn+1),
?Ãû
α2 >

1

2
.
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(

1

n

n∑

i=2rn

f(XΠ(i))

)2

 ≤ n− 2rn + 1

n2
νQrnf 2

+
(n− 2rn)(n− 2rn + 1)

n2(1 − 2−rn)

rn−1∑

p=0

2−p−1νQpP (Qrn−p−1f ⊗Qrn−p−1f)
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n
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p=0

2−p−1α2rn−2p−2.
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1

n

n∑

i=2rn

f(XΠ(i))
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c
1

2rn+1
,

?Ãû
α2 <

1

2
,

c
rn

2rn+1
,

?Ãû
α2 =

1

2
,

cα2(rn+1),
?Ãû
α2 >

1

2
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Pf
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δ > 0

P

(∣∣MGr(f)
∣∣ > δ

)
≤ 1

δ2
E

[
(MGr(f))2

]

=
1

δ2
E

[
(MGr(Pf))2

]
+

1

δ2

1

|Gr|
E

[
MGr

(
Pf 2 − (Pf)2

) ]

≤ 1

δ2
E

[
(MGr(Pf))2

]
+

c

δ2

(
1

2

)r
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(

1

n

n∑

i=2rn

f(∆Π(i))

)2
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(

1

n

n∑

i=2rn
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n
E

[
1

n
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(
Pf 2 − (Pf)2

) (
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)
]
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MGr(f)
7{ùUAnI²�rÂLAnû�JL�0��KBK

λ > 0
��C�ÅÌû�JL�0��KBK

δ > 0

P(MGr(f) > δ) ≤ exp(−λδ|Gr|)E
[
exp

(
λ
∑

i∈Gr

f(Xi)

)]
,
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E

[
exp

(
λ
∑
i∈Gr

f(Xi)

)]
= E

[
E

[
∏

i∈Gr−1

exp(λ(f(X2i) + f(X2i+1) − 2Qf(Xi)))

× ∏
i∈Gr−1

exp(2λQf(Xi))
∣∣∣Fr−1

]]
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E
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∏
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exp(λ(f(X2i) + f(X2i+1) − 2Qf(Xi)))

× ∏
i∈Gr−1

exp(2λQf(Xi))
∣∣∣Fr−1

]]

= E
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∏

i∈Gr−1

exp (2λQf(Xi))

× ∏
i∈Gr−1

E

[
exp (λ(f(X2i) + f(X2i+1) − 2Qf(Xi)))

∣∣∣Fr−1

]]
.

�x�



6EDÄ?BC�M�F¼I�AÇ¸�<@À�¾k�8��ý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�M.?BC�A@¿�À²��KB?ÃF¼?BA@D(+ �.-K*�+ � �.-K*�+ Ú�ñ.-K*�ï9AnMLA�F���>@>@JL�ÄÅ�?BC�MF¼J�
 ½ Þ �9*�û�JL����KBK
i ∈ Gr−1

E

[
exp

(
λ(f(X2i) + f(X2i+1) − 2Qf(Xi))

)∣∣∣Fr−1

]
≤ exp

(
2λ2c2(1 + α)2

)
.

G0I�?BD�KBAr��Å�D0À�D0F¼J

E

[
exp

(
λ
∑

i∈Gr

f(Xi)

)]
≤ exp

(
λ2c2(1 + α)2|Gr|

)
E


 ∏

i∈Gr−1

exp (2λQf(Xi))


 .

¶4JL?BC�M�F¼I�A;D¼��¾ZAÇF¼I�?BC�M�û�JL�
E

[
∏

i∈Gr−1

exp (2λQf(Xi))

] ï�?ÃF¼I
Qf

�ÄA@Á�K ��>@?BC�M
f
*'ï9A�MLA�F

E


 ∏

i∈Gr−1

exp (2λQf(Xi))


 ≤ exp

(
2λ2c2(α+ α2)2|Gr|

)

× E


 ∏

i∈Gr−2

exp
(
22λQ2f(Xi)

)

 .

È�F¼A@�¼�»F¼?BC�M.F¼I�?BD0Á��ÄJ	>@A@Å�À��ÄA�*jï9A�MLA�F

E

[
exp

(
λ
∑

i∈Gr

f(Xi)

)]
≤ E

[
exp

(
2rλQrf(X1)

)]

×
r∏

k=1

exp
(
2k−1λ2c2(αk−1 + αk)2|Gr|

)
.

�ÇC�>@A���M&��?BC)*���>@>@JL�ÄÅ�?BC�M�F¼J�
 ½ Þ �9*'ï9A�I²�rÂLA
E

[
exp

(
λ
∑

i∈Gr

f(Xi)

)]
≤ exp

(
λcαr|Gr|

)

× exp
(
λ2c2(1 + α)2|Gr|

r∑

k=1

(2α2)k−1
)
.

ÿEA@C�>@A
• ?Ãû α2 6= 1

2

F¼I�A@C

E

[
exp

(
λ
∑

i∈Gr

f(Xi)

)]
≤ exp

(
λcαr|Gr|

)

× exp
(
λ2c2(1 + α)2 1 − (2α2)r

1 − 2α2
|Gr|

)
;

���



• ?Ãû α2 = 1
2

F¼I�A@C

E

[
exp

(
λ
∑

i∈Gr

f(Xi)

)]
≤ exp

(
λc(

√
2

2
)r|Gr|

)

× exp
(
λ2c2(1 + α)2r|Gr|

)
.

ùUAnF¼I�A@C¤>@JLC�DÄ?BÅ�A@�0F¼I��ÄA@A;>r��DÄA@D@7¼ ° ¾ È�û
α2 < 1

2

*uF¼I�A@C 1−(2α2)r

1−2α2 < 1
1−2α2

û�JL�n��KBK
r
7�G{��Z�?BC�M

λ = (1−2α2)δ
2c2(1+α)2

?BC 
K�	7 ¸�7½�M�
KBAr��Å�D0À�D�F¼J

P

(
MGr(f) > δ

)
≤ exp

(
−
((1 − 2α2)δ2

4c2(1 + α)2
− αr

(1 − 2α2)δ

2c(1 + α)2

)
|Gr|

)
.

• È�û α ≤ 1
2
,
F¼I�A@C

(2α)r ≤ 1
û�JL����KBK

r ∈ N.
ùUAnF¼I�A@C�I²�rÂLAnû�JL����KBK

r ∈ N.

P

(
MGr(f) > δ

)
≤ exp

(
(1 − 2α2)δ

2c(1 + α)2

)
exp

(
−(1 − 2α2)δ2|Gr|

4c2(1 + α)2

)
.

• È�û 1
2
< α <

√
2

2
,
F¼I�A@CQû�JL����KBK

r ∈ N
DÄÀ�>�IQF¼I²�»F

r > log
(
δ
4c

)
/ logα

*�ï9A#I²�rÂLA
(δ − 2cαr) > δ

2

��C�Å#?ÃF0F¼I�A@C#û�JLKBKBJ7ï�D9F¼I²�»F

P

(
MGr(f) > δ

)
≤ exp

(
−(1 − 2α2)δ2|Gr|

8c2(1 + α)2

)
.

¼ ç ¾ È�û
α2 = 1

2

7yG0I�A@C¤û�JL����KBK
λ > 0

*

P
(
MGr(f) > δ

)
≤ exp

((
−δλ + c2(1 + α)2rλ2

)
|Gr|

)
× exp

(
λc

(√
2

2

)r

|Gr|
)
.

G{��Z�?BC�M
λ = δ

2c2(1+α)2r
,
ï9A����ÄAnKBA@ÅÌF¼J

P
(
MGr(f) > δ

)
≤ exp

(
− δ|Gr|

4c2(1 + α)2r

(
δ − 2c

(√
2

2

)r))
.

8²JL�Ç��KBK
r ∈ N

DÄÀ�>�INF¼I²�»F
r > log

(
δ
4c

)
/ log

(√
2

2

)
,
ï9A.I²�rÂLA

(δ − 2c
(√

2
2

)r
) > δ

2

��C�Å
û�JL�0DÄÀ�>�I

r
*�?ÃF0û�JLKBKBJ7ï�D9F¼I²�»F

P
(
MGr(f) > δ

)
≤ exp

(
−δ

2|Gr|
18c2r

)
.

¼ è ¾ È�û
α2 > 1

2

7yG0I�A@C¤û�JL����KBK
λ > 0

�@�



P

(
MGr(f) > δ

)
≤ exp

(
− λδ|Gr|

)
× exp

(
λ2c2(1 + α)2 (2α2)r − 1

2α2 − 1
|Gr|

)

× exp
(
λcαr|Gr|

)

≤ exp

(
−|Gr|

(
λδ − λ2c2(1 + α)2

2α2 − 1
(2α2)r

))
× exp

(
λcαr|Gr|

)
.

G{��Z�?BC�M
λ = (2α2−1)δ

2c2(1+α)2(2α2)r

KBAr��Å�D�À�D0F¼J

P

(
MGr(f) > δ

)
≤ exp

(
− (2α2 − 1)δ

4c2(1 + α)2α2r
(δ − 2cαr)

)
.

�EJ7ïVû�JL����KBK
r ∈ N

DÄÀ�>�I¤F¼I²�»F
r > log

(
δ
4c

)
/ logα

*'ï9A�I²�rÂLA

P
(
MGr(f)

)
≤ exp

(
− (2α2 − 1)δ2

8c2(1 + α)2α2r

)
.

¥Ç°�´7Õ Þ�: ú�A�FEÀ�D�C�J7ïTÅ�Ar��K)ï�?ÃF¼I
MTr(f)

7`ùUA;I²�rÂLA;û�JL����KBK
λ > 0

��C�Å¤��KBK
δ > 0

P

(
MTr(f) > δ

)
≤ exp

(
− λδ|Tr|

)
E

[
exp

(
λ
∑

i∈Tr

f(Xi)

)]
.


K�	7 ¸�7 ���

ýU;ÌDÄÀ	��F¼�¼��>�F¼?BC�MZ��C�Å���Å�Å�?BC�M�F¼A@�Ä¾ZD+*'ï9A�MLA�F
E

[
exp

(
λ
∑

i∈Tr

f(Xi)

)]

= E


E


 ∏

i∈Gr−1

exp
(
λ
(
f(X2i) + f(X2i+1) − 2Qf(Xi)

))
×
∏

i∈Gr−1

exp
(
2λQf(Xi)

)

×
∏

i∈Tr−1

exp
(
λf(Xi)

)∣∣∣Fr−1






= E


E


 ∏

i∈Gr−1

exp
(
λ
(
f(X2i) + f(X2i+1) − 2Qf(Xi)

))

×
∏

i∈Gr−1

exp
(
λ(f + 2Qf)(Xi)

)
×
∏

i∈Tr−2

exp
(
λf(Xi)

)∣∣∣Fr−1






G0I�A0û���>�FbF¼I²�»F >@JLC�Å�?ÃF¼?BJLC²��KBK};;F¼JnF¼I�A
(r−1)

&²�ÄD F9MLA@C�A@�¼�»F¼?BJLC�D`F¼I�AEDÄA@¿�À�A@C�>@A {∆i, i ∈
Gr−1}

?BD��0DÄA@¿�À�A@C�>@A J�û	?BC�Å�A@Á�A@C�Å�A@C&FH�¼��C�Å�JL¾�Â����Ä? ����KBA@D¢��C�Å;¸�<@À�¾k�8��ý9A@C�C�A�FÄF2��ÿEJ	AeTuÅ�?BC�M
?BC�A@¿�À²��KB?ÃFm;�
�DÄA@A;KBA@¾Z¾k���	7 ý47 � ��KBAr��ÅÌÀ�D4��>@>@JL�ÄÅ�?BC�M.F¼J�
 ½ Þ�¾ F¼J

� �



E

[
exp

(
λ
∑

i∈Tr

f(Xi)

)]
≤ exp

(
2λ2c2(1 + α)2|Gr−1|

)

× E


 ∏

i∈Gr−1

exp
(
λ(f + 2Qf)(Xi)

) ∏

i∈Tr−2

exp
(
λf(Xi)

)

 .

¶4JL?BC�M.F¼I�A;D¼��¾ZAnF¼I�?BC�MLD�û�JL�

E


 ∏

i∈Gr−1

exp
(
λ(f + 2Qf)(Xi)

) ∏

i∈Tr−2

exp
(
λf(Xi)

)



ï�?ÃF¼I
f + 2Qf

�ÄA@Á�K ��>@?BC�M
f
ï9A;MLA�F

E

[
exp

(
λ
∑

i∈Tr

f(Xi)

)]
≤ exp

(
2λ2c2(1 + α)2|Gr−1|

)

× exp
(
2λ2c2(1 + 3α+ 2α2)2|Gr−2|

)

× E


 ∏

i∈Gr−2

exp
(
λ(f + 2Qf + 22Q2f)(Xi)

) ∏

i∈Tr−3

exp
(
λf(Xi)

)

 .

È�F¼A@�¼�»F¼?BC�M.F¼I�?BD0Á��ÄJ	>@A@Å�À��ÄA�KBAr��Å�D0À�D0F¼J

E

[
exp

(
λ
∑

i∈Tr

f(Xi)

)]
≤ exp


2λ2c2(1 + α)2

r∑

q=1

(
q−1∑

k=0

(2α)k
)2

|Gr−q|




× E

[
exp

(
λ
(
f + 2Qf + 22Q2f + · · ·+ 2rQrf

)
(X1)

)]
.

6EDÄ?BC�M�
 ½ Þ�¾ ï9A�MLA�F
E

[
exp

(
λ
∑

i∈Tr

f(Xi)

)]

≤ exp


λc

r∑

k=0

(2α)k + 2λ2c2(1 + α)2

r∑

q=1

(
q−1∑

k=0

(2α)k
)2

|Gr−q|


 .

�EJ7ïVû�JL�
α 6= 1

2

��C�Å
α2 6= 1

2

ï9A�I²�rÂLA

P

(
MTr(f) > δ

)
≤ exp

(
− λδ|Tr|

)
× exp

(
λc

1 − (2α)r+1

1 − 2α

)

× exp

(
2λ2c2(1 + α)2

(
2r − 1

(1 − 2α)2
− α(1 − αr)2r+1

(1 − 2α)2(1 − α)
+

2α2(1 − (2α2)r)2r

(1 − 2α)2(1 − 2α2)

))

� �



≤ exp

(
−|Tr|

(
λδ − λ2c2(1 + α)2

(1 − 2α)2

(
1 +

4α2(1 − (2α2)r)

1 − 2α2

)))

× exp

(
λc

1 − (2α)r+1

1 − 2α

)
.

G{��Z�?BC�M
λ =

δ
2c2(1+α)2

(1−2α)2

(
1 + 4α2(1−(2α2)r)

1−2α2

) KBAr��Å�D0À�D�F¼J

P

(
MTr(f) > δ

)
≤ exp

(
−|Tr| (1−2α)2δ2

4c2(1+α)2
(
1+ 4α2(1−(2α2)r)

1−2α2

)
)

× exp

(
(1−2α)2δ

2c(1+α)2
(
1+ 4α2(1−(2α2)r)

1−2α2

) 1−(2α)r+1

1−2α

)
.

• È�û α < 1
2

F¼I�A@C 1−(2α2)r

1−2α2 < 1
1−2α2

û�JL����KBK
r ∈ N.

P

(
MTr(f) > δ

)
≤ exp

(
1 − 2α

2c(1 + α)2
δ

)
× exp

(
−(1 − 2α2)(1 − 2α)2δ2

4c2(1 + α)2(1 + 2α2)
|Tr|

)
.

• È�û 1
2
< α <

√
2

2

F¼I�A@C 1−(2α2)r

1−2α2 < 1
1−2α2

û�JL����KBK
r ∈ N.

P
(
MTr(f) > δ

)
≤ exp

(
−(1 − 2α2)(2α− 1)2δ|Tr|

4c2(1 + α)2(1 + 2α2)

(
δ − 2c(1 − 2α2)αr+1

(2α− 1)(1 + 2α2)

))
,

�EJ7ï û�JL�ä��KBK
r ∈ N

DÄÀ�>�I�F¼I²�»F
r + 1 > log

(
(2α−1)(1+2α2)δ

4c(1−2α2)

)
/ logα,

ï9A(I²�rÂLA
δ − 2c(1−2α2)αr+1

(2α−1)(1+2α2)
> δ

2

DÄJ|F¼I²�»F0û�JL�0DÄÀ�>�I
r,
ï9A�I²�rÂLA

P
(
MTr(f) > δ

)
≤ exp

(
−(1 − 2α2)(2α− 1)2δ2|Tr|

8c2(1 + α)2(1 + 2α2)

)
.

• È�û α2 > 1
2

F¼I�A@C#û�JL����KBK
r ≥ 1,

ï9A;I²�rÂLA

P
(
MTr(f) > δ

)
≤ exp

(
−(2α− 1)2(2α2 − 1)δ

32c2(1 + α)2α2(r+1)

(
δ − 16α2cαr+1

(2α2 − 1)(2α− 1)

))
.

8²JL�Z��KBK
r ∈ N∗ DÄÀ�>�I5F¼I²�»F r + 3 > log

(
(2α2−1)(2α−1)δ

32c

)
/ logα,

ï9A�I²�rÂLA
δ −

16α2cαr+1

(2α2−1)(2α−1)
> δ

2

DÄJ|F¼I²�»F

P

(
MTr(f) > δ

)
≤ exp

(
−(1 − 2α)2(2α2 − 1)δ2

64c2(1 + α)2

(
1

α2

)r+1
)
.

� *



�EJ7ïT?Ãû
α = 1

2

*�F¼I�A@C r∑
q=1

q2

2q <
∞∑
q=1

q2

2q = 6
7bG0I�A@C#û�JL����KBK

λ > 0

P

(
MTr(f) > δ

)
≤ exp

(
−(λδ − 27c2λ2)|Tr|

)
× exp (λc(r + 1)) .

G{��Z�?BC�M
λ = δ

54c2

KBAr��Å�D�À�D0F¼J

P

(
MTr(f) > δ

)
≤ exp

(
− δ2

108c2
|Tr|

)
× exp

(
δ

54c
(r + 1)

)
.

8{?BC²��KBK};M*;?Ãû
α2 = 1

2
,
?BCiF¼I�APD¼��¾ZA"ï��>;e��D(Á��ÄA�Â	?BJLÀ�DÄK};M*�û�JL�W��KBK

r ∈ N
DÄÀ�>�IeF¼I²�»F

r + 1 > log
(

(
√

2−1)δ
4c

)
/ log

(√
2

2

)
,
ï9A�I²�rÂLA

P
(
MTr(f) > δ

)
≤ exp

(
− (

√
2 − 1)2δ2

4c2(1 +
√

2)2

|Tr|
r + 1

)
.

¥Ç°�´7Õ ò�: ·`ÂLA@C&F¼À²��KBK};M*²KBA�F�À�D�KBJ	JMZk�»F
M

Π

n (f)
7`ùUA;I²�rÂLA;û�JL����KBK

δ > 0

P

(
1

n
MΠ

n (f) > δ

)
≤ P


1

n

∑

i∈Trn−1

f (Xi) >
δ

2


+ P

(
1

n

n∑

i=2rn

f
(
XΠ(i)

)
>
δ

2

)
.

�ÇC#F¼I�A;JLC�AnI²��C�Å)*?
K�	7 ��7½�M�9KBAr��Å�D�À�D0F¼J

P


1

n

∑

i∈Trn−1

f (Xi) >
δ

2


 ≤





exp (c′′δ) exp (−c′δ2n) , ∀n ∈ N,
?Ãû
α < 1

2

exp (2c′δ(rn + 1)) exp (−c′δ2n) , ∀n ∈ N,
?Ãû
α = 1

2

exp (−c′δ2n) , ∀rn > r0,
?Ãû 1

2
< α <

√
2

2
,

exp
(
−c′δ2 n

rn+1

)
, ∀rn > r0,

?Ãû
α =

√
2

2
,

exp
(
−c′δ2 1

α2(rn+1)

)
, ∀rn > r0 − 2,

?Ãû
α >

√
2

2
, 
K�	7 ¸�7½ÚM�

ï�I�A@�ÄA
r0 := log

(
δ
c0

)
/ logα

��C�Å
c0, c

′ ��C�Å c′′ ���ÄA;Á�JLDÄ?ÃF¼?ÃÂLA;>@JLC�D F���C&F¼DIï�I�?B>�I¤Å�A@Á�A@C�ÅJLC
α
* ‖f‖∞ ��C�Å

c
7
c0, c

′ ��C�Å c′′ Å�?}TuA@�bKB?BC�AI��;|KB?BC�A�7��ÇC|F¼I�AEJ�F¼I�A@� I²��C�Å)*�û�JL� ��KBK λ > 0
*

P

(
1

n

n∑

i=2rn

f
(
XΠ(i)

)
>
δ

2

)
≤ exp

(
−λδ

2
n

)
E

[
exp

(
λ

n∑

i=2rn

f
(
XΠ(i)

)
)]

.

�EJ7ïTKBA�F
� 6



• Orn = {Π(2rn),Π(2rn + 1), · · · ,Π(n)} *
• O1

rn−1

F¼I�A|DÄA�F�J�û�?BC�Å�?ÃÂ	?BÅ�À²��KBDÇJ�û�MLA@C�A@�¼�»F¼?BJLC
Grn−1

ï�I�?B>�I ���ÄAZ��C�>@A@D F¼JL�ÄD�J�û9JLC�A?BC�Å�?ÃÂ	?BÅ�À²��K�?BC Orn

*
• O2

rn−1

F¼I�A|DÄA�F�J�û9?BC�Å�?ÃÂ	?BÅ�À²��KBDÇJ�û9MLA@C�A@�¼�»F¼?BJLC
Grn−1

ï�I�?B>�IU���ÄAZ��C�>@A@D F¼JL�ÄD�J�û Fmï9J
?BC�Å�?ÃÂ	?BÅ�À²��KBD9?BC Orn

*
• O′

rn

F¼I�A;DÄA�FEJ�û{?BC�Å�?ÃÂ	?BÅ�À²��KBD�J�û Orn

ï�I�JLDÄA�Á²���ÄA@C&F¼DI��A@KBJLC�M�F¼J O1
rn−1

7
• Orn−1 = O1

rn−1 ∪ O2
rn−1

7
ùUA;?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�MC&²KÃF¼�¼�»F¼?BJLC F̃r := σ(Fr,Π(i), i ∈ T)

7bG0I�A@C�ï9A�I²�rÂLA

E

[
exp

(
λ

n∑

i=2rn

f
(
XΠ(i)

)
)]

= E


exp


λ

∑

i∈O2
rn−1

2Qf (Xi) + λ
∑

i∈O1
rn−1

Qf (Xi)




× E


exp


λ

∑

i∈O′
rn

f (Xi) −Qf
(
X[ i

2
]

)


∣∣∣∣F̃rn−1




× E


exp


λ

∑

i∈O2
rn−1

f (X2i) + f (X2i+1) − 2Qf (Xi)



∣∣∣∣F̃rn−1






6EDÄ?BC�M|¸�<@À�¾k�8��ý9A@C�C�A�FÄF2��ÿEJ	AeTuÅ�?BC�M�?BC�A@¿�À²��KB?ÃFm;M*���D�?BC#¥Ç°�´7Õ Ô *	ï9A�MLA�F

E


exp


λ

∑

i∈O′
rn

f (Xi) −Qf
(
X[ i

2
]

)


∣∣∣∣F̃rn−1


 ≤ exp

(
λ2c2(1 + α)2

2
|O′

rn|
)
,

��C�Å

E


exp


λ

∑

i∈O2
rn−1

f (X2i) + f (X2i+1) − 2Qf (Xi)



∣∣∣∣F̃rn−1




≤ exp
(
2λ2c2(1 + α)2|O2

rn−1|
)
.

�EJ7ïV*	ï9A;I²�rÂLA

exp
(
λ2c2(1+α)2

2
|O′

rn|
)

+ exp
(
2λ2c2(1 + α)2|O2

rn−1|
)

= exp

(
λ2c2(1 + α)2

(
2|O2

rn−1| +
|O′

rn
|

2

))

≤ exp
(
λ2c2(1 + α)2n

)
.

� _



G0I�?BD�KBAr��Å�D0À�D0F¼J
E

[
exp

(
λ

n∑
i=2rn

f
(
XΠ(i)

))]

≤ exp
(
λ2c2(1 + α)2n

)
E

[
exp

(
λ

∑
i∈O2

rn−1

2Qf (Xi) + λ
∑

i∈O1
rn−1

Qf (Xi)

)]
.

�EJ7ïTKBA�F
• O1,1

rn−2

F¼I�AÇDÄA�F0J�û~?BC�Å�?ÃÂ	?BÅ�À²��KBDbJ�û
Grn−2

ï�I�?B>�I#���ÄAÇ��C�>@A@D F¼JL�ÄD0J�û~JLC�AÇ?BC�Å�?ÃÂ	?BÅ�À²��K²?BC
Orn−1

��C�Å¤JLC�A;?BC�Å�?ÃÂ	?BÅ�À²��K�?BC Orn

*
• O1,2

rn−2

F¼I�AÇDÄA�F0J�û~?BC�Å�?ÃÂ	?BÅ�À²��KBDbJ�û
Grn−2

ï�I�?B>�I#���ÄAÇ��C�>@A@D F¼JL�ÄD0J�û~JLC�AÇ?BC�Å�?ÃÂ	?BÅ�À²��K²?BC
Orn−1

��C�Å#Fmï9JZ?BC�Å�?ÃÂ	?BÅ�À²��KBD9?BC Orn

*
• O2,2

rn−2

F¼I�A.DÄA�F;J�û ?BC�Å�?ÃÂ	?BÅ�À²��KBDEJ�û
Grn−2

ï�I�?B>�I,���ÄA���C�>@A@D F¼JL�ÄDnJ�ûbFmï9J#?BC�Å�?ÃÂ	?BÅ�À²��KBD?BC Orn−1
��C�Å#Fmï9JZ?BC�Å�?ÃÂ	?BÅ�À²��KBD9?BC Orn

*
• O2,3

rn−2

F¼I�A.DÄA�F;J�û ?BC�Å�?ÃÂ	?BÅ�À²��KBDEJ�û
Grn−2

ï�I�?B>�I,���ÄA���C�>@A@D F¼JL�ÄDnJ�ûbFmï9J#?BC�Å�?ÃÂ	?BÅ�À²��KBD?BC Orn−1
��C�Å#F¼I��ÄA@A;?BC�Å�?ÃÂ	?BÅ�À²��KBD9?BC Orn

*
• O2,4

rn−2

F¼I�A.DÄA�F;J�û ?BC�Å�?ÃÂ	?BÅ�À²��KBDEJ�û
Grn−2

ï�I�?B>�I,���ÄA���C�>@A@D F¼JL�ÄDnJ�ûbFmï9J#?BC�Å�?ÃÂ	?BÅ�À²��KBD?BC Orn−1
��C�Å#û�JLÀ��0?BC�Å�?ÃÂ	?BÅ�À²��KBD9?BC Orn

*
• O′

rn−1

F¼I�A;DÄA�FEJ�û{?BC�Å�?ÃÂ	?BÅ�À²��KBD�J�û Orn−1
ï�I�JLDÄA�Á²���ÄA@C&F¼D/��A@KBJLC�M.F¼J O1,1

rn−2

*

• O′′
rn−1

F¼I�A;DÄA�FEJ�û{?BC�Å�?ÃÂ	?BÅ�À²��KBD�J�û Orn−1
ï�I�JLDÄA�Á²���ÄA@C&F¼D/��A@KBJLC�M.F¼J O1,2

rn−2

7
G0I�A@C=ï9A;I²�rÂLA

E


exp


λ

∑

i∈O2
rn−1

2Qf (Xi) + λ
∑

i∈O1
rn−1

Qf (Xi)




 = E

[
I1×I2×I3×I4×I5×I6×I7

]

ï�I�A@�ÄA
I1 = exp


λ ∑

i∈O1,1
rn−2

Q2f(Xi) + λ
∑

i∈O1,2
rn−2

2Q2f(Xi) + λ
∑

i∈O2,2
rn−2

2Q2f(Xi)

+λ
∑

i∈O2,3
rn−2

3Q2f(Xi) + λ
∑

i∈O2,4
rn−2

4Q2f(Xi)


 ,

I2 = E


exp


λ ∑

i∈O′
rn−1

Qf(Xi) −Q2f(X[ i
2
])



∣∣∣∣F̃rn−2


 ,

I3 = E


exp


2λ

∑
i∈O′′

rn−1

Qf(Xi) −Q2f(X[ i
2
])



∣∣∣∣F̃rn−2


 *

� b



I4 = E


exp


λ ∑

i∈O2,2
rn−1

Qf(X2i) +Qf(X2i+1) − 2Q2f(Xi)



∣∣∣∣F̃rn−2


 *

I5 = E


exp


λ

2

∑
i∈O2,3

rn−1

2Qf(X2i) +Qf(X2i+1) − 3Q2f(Xi)



∣∣∣∣F̃rn−2


 *

I6 = E


exp


λ

2

∑
i∈O2,3

rn−1

Qf(X2i) + 2Qf(X2i+1) − 3Q2f(Xi)



∣∣∣∣F̃rn−2


 *

I7 = E


exp


λ ∑

i∈O2,4
rn−1

2Qf(X2i) + 2Qf(X2i+1) − 4Q2f(Xi)



∣∣∣∣F̃rn−2


 7

6EDÄ?BC�M|¸�<@À�¾k�8��ý9A@C�C�A�FÄF2��ÿEJ	AeTuÅ�?BC�M�?BC�A@¿�À²��KB?ÃFm;M*�ï9A�MLA�F
I2 × I3 × I4 × I5 × I6 × I7

≤ exp

(
λ2c2(α + α2)2

(
|O′

rn−1|
2

+ 2|O′′
rn−1| + 2|O2,2

rn−1| +
9|O2,3

rn−1|
2

+ 8|O2,4
rn−1|

))

≤ exp
(
2λ2c2(α+ α2)2n

)
,

I�A@C�>@A

E

[
exp

(
λ

n∑

i=2rn

f
(
XΠ(i)

)
)]

≤ exp
(
λ2c2(1 + α)2n

)
exp

(
2λ2c2(α+ α2)2n

)
E

[
I1

]
.

�EJ7ïV*²?ÃF¼A@�¼�»F¼?BC�M.F¼I�?BD0Á��ÄJ	>@A@Å�À��ÄA�ï9A�MLA�F

E

[
exp

(
λ

n∑

i=2rn

f
(
XΠ(i)

)
)]

≤ exp

(
λ2c2(1 + α)2n

rn∑

p=0

(2α2)p

)
exp

(
λcαrnn

)
.

G0I�A@C�?ÃF�û�JLKBKBJ7ï�D0��D�?BC#¥Ç°�´7Õ Ô F¼I²�»F
P

(
1
n

n∑
i=2rn

f
(
XΠ(i)

)
> δ

2

)
≤





exp (c′′δ) exp (−c′δ2n) , ∀n ∈ N,
?Ãû
α ≤ 1

2
,

exp (−c′δ2n) , ∀n ∈ N
DÄÀ�>�I¤F¼I²�»F

rn > r0,
?Ãû 1

2
< α <

√
2

2
,

exp
(
−c′δ2 n

rn

)
, ∀n ∈ N

DÄÀ�>�I¤F¼I²�»F
rn > r0,

?Ãû
α2 = 1

2
,

exp
(
−c′δ2

(
1
α

)2rn)
, ∀n ∈ N

DÄÀ�>�I¤F¼I²�»F
rn > r0,

?Ãû
α2 > 1

2
,


K�	7 ¸�7 î��

ï�I�A@�ÄA
r0 := log( δ

c0
)/ log(α)

��C�Å�F¼I�A.Á�JLDÄ?ÃF¼?ÃÂLA�>@JLC�D F���C&F¼D
c0, c

′ ��C�Å c′′ Å�A@Á�A@C�ÅWJLC α *
δ
*
c
��C�Å¤Å�?}TuA@�0KB?BC�A4F¼J|KB?BC�A�7y8{?BC²��KBK};�
K�	7 ¸�7½ÚM����C�Å"
K�	7 ¸�7 î��9KBAr��Å#À�D0F¼J�
K�	7 ��7 ����7

���



Þ�: ¨ : ì ¥�´�¢Yæ�Yæ4�Cä~µ�=´�µ	« Þ�:[ò�:[Þ
ú�A�F

f ∈ Bb
(
S3
) DÄÀ�>�I¤F¼I²�»F

(µ, Pf) = 0
7

¥Ç°�´7Õ Ô/: ú�A�F�À�DI&²�ÄD FEÅ�Ar��K)ï�?ÃF¼I
MGr(f)

7`ùUA;I²�rÂLA;û�JL����KBK
δ > 0

��C�Å
λ > 0

*

P

(
MGr(f) > δ

)
≤ exp

(
− λδ|Gr|

)
E

[
exp

(
λ
∑

i∈Gr

f(∆i)

)]
.

þ9JLC�Å�?ÃF¼?BJLC�?BC�M���C�Å¤À�DÄ?BC�MZý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�M|?BC�A@¿�À²��KB?ÃFm;äML?ÃÂLAnÀ�D

E

[
exp

(
λ
∑

i∈Gr

f(∆i)

)]
≤ exp

(
2λ2‖f‖∞|Gr|

)
E

[
exp

(
λ
∑

i∈Gr

Pf(Xi)

)]
.

�EJ7ïV*���Á�Á�K};	?BC�M�F¼I�A4¥Ç°�´7Õ Ô J�û�F¼I�A4Á��ÄJ	J�û�J�û�F¼I�A4G0I�A@JL�ÄA@¾ú�	7 ��7 � F¼J
Pf
*qï9AÇMLA�FV
K�	7 ��7 � �û�JL�

f ∈ Bb
(
S3
) 7

¥Ç°�´7Õ Þ�: ú�A�F�À�DEC�J7ïVF¼�ÄAr�»F
MTr(f)

7`ùUA;I²�rÂLA;û�JL����KBK
δ > 0

P

(
MTr(f) > δ

)
≤ P

(
MTr(f − Pf) >

δ

2

)
+ P

(
MTr(Pf) >

δ

2

) 
K�	7 ¸�7 Ø��

�EJ7ïV*`DÄ?BC�>@A (
MΠ

n (f − Pf)
)
n≥1

?BD�� Hn
� ¾k��� F¼?BC�M&��KBACï�?ÃF¼I���JLÀ�C�Å�A@Å��ÄÀ�¾ZÁ�D+*{¸�<@À�¾k�

?BC�A@¿�À²��KB?ÃFm;�+ �0-K*²ML?ÃÂLA@D�À�D0û�JL�0DÄJL¾ZA;Á�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F���C&F
c′

P

(
MTr(f − Pf) >

δ

2

)
≤ exp

(
− c′δ2|Tr|

)
.

8²JL�~F¼I�A9DÄA@>@JLC�Å.F¼A@�Ä¾X?BC�F¼I�A��Ä?BMLI&F{I²��C�Å.DÄ?BÅ�A J�û�
K�	7 ¸�7 Ø��9*Lï9A�À�DÄA F¼I�A9?BC�A@¿�À²��KB?ÃF¼?BA@DD
K�	7 ��7½�M�
ï�?ÃF¼I

Pf
?BC�D F¼Ar��Å(J�û

f
7  �»F¼I�A@�Ä?BC�MäF¼I�A@DÄA|?BC�A@¿�À²��KB?ÃF¼?BA@D+*5ï9A|MLA�Fc
K�	7 ��7½�M��û�JL�n��KBK

r
K ���ÄMLAA@C�JLÀ�MLI¢7

¥Ç°�´7Õ ò�: G0I�A|Á��ÄJ	J�ûbû�JL�ÇF¼I�A�>r��DÄA
M

Π

n (f)
û�JLKBKBJ7ï�D4F¼I�A�D¼��¾ZA�KB?BC�A@D;��DÇF¼I�A|Á��ÄJ	J�û J�û

¥Ç°�´7Õ Þ�:
Þ�: ¨ : × ¥�´�¢Yæ�YæE¥�´�Yëy5�rªvÕ�ª��® Þ�: ì :[Þ
ùUA�ï�?BKBK�Á��ÄJvÂLAyF¼I�AbÅ�A�Â	? �»F¼?BJLCn?BC�A@¿�À²��KB?ÃFm;Eû�JL� |α̂r0−α0|

7HG0I�AbJ�F¼I�A@��Å�A�Â	? �»F¼?BJLCn?BC�A@¿�À²��KB?ÃF¼?BA@D
û�JL� |β̂r0 − β0|, |α̂r1 − α1|

��C�Å |β̂r1 − β1|
¾k�>;���AnF¼�ÄAr�»F¼A@Å¤?BC¤��DÄ?B¾Z?BK ���Pï��>;L7

�ÇC�A;Ar��DÄ?BK};k>�I�A@>�Z�D4F¼I²�»F

α̂r0 − α0 =

(
MTr(xy) −MTr(P (xy))

)
−
(
MTr(x)

) (
MTr(y) −MTr(P (y))

)

Br
.

ùUA;I²�rÂLA;û�JL����KBK
δ > 0

�]�x�



P

(∣∣∣α̂r0 − α0

∣∣∣ > δ
)
≤ P

(∣∣MTr(xy − P (xy))
∣∣

Br

>
δ

2

)
+

P

(∣∣MTr(x)
∣∣ ∣∣MTr(y − P (y))

∣∣
Br

>
δ

2

)
.

�ÇCÌF¼I�A;JLC�A;I²��C�Å)*�û�JL����KBK
γ1 > 0

ï9A;I²�rÂLA�*

P

(∣∣MTr(xy − P (xy))
∣∣

Br

>
δ

2

)
≤ P

(
Br < γ1

)
+ P

(∣∣MTr(xy − P (xy))
∣∣ > δγ1

2

)
.


K�	7 ¸�7 � ñ��
�EJ7ïV*�û�JL�

b = µ2(θ, σ
2) − µ1(θ)

2 *'ï�I�A@�ÄA µ1
��C�Å

µ2
���ÄAnML?ÃÂLA@C¤?BC�
K�	7 ��7½�M�9*'ï9A;I²�rÂLA

P

(
Br < γ1

)
≤ P

(
−MTr(x

2 − µ2) >
b− γ1

3

)
+ P

(∣∣MTr(x − µ1)
∣∣ >

√
b− γ1√

3

)

+P

(
MTr(x − µ1) >

b− γ1

6|µ1|

)
.

ùUA;>�I�J	JLDÄA

γ1 < min

{
2b

2 + 3δ
,
−4 +

√
48bδ2 + 16

6δ2
,

b

1 + 3δ|µ1|

}
,

DÄJ|F¼I²�»F
δγ1

2
< max

{
b− γ1

3
,

√
b− γ1√

3
,
b− γ1

6|µ1|

}
.

G0I�A@C=ï9A;I²�rÂLA
P (Br < γ1) ≤ P

(
MTr(µ2 − x2) >

δγ1

2

)
+ 2P

(∣∣MTr(x − µ1)
∣∣ > δγ1

2

)
,

��C�Å#F¼I�A@�ÄA�û�JL�ÄA�ï9A;MLA�F

P

(∣∣MTr(xy − P (xy))
∣∣

Br
>
δ

2

)
≤ 2P

(∣∣MTr(x − µ1)
∣∣ > δγ1

2

)

+ P

(
MTr(µ2 − x2) >

δγ1

2

)
+ P

(∣∣MTr(xy − P (xy))
∣∣ > δγ1

2

)
.

�ÇCÌF¼I�A;J�F¼I�A@��I²��C�Å)*	ï9A;I²�rÂLA

P

(∣∣MTr(x)
∣∣ ∣∣MTr(y − P (y))

∣∣
Br

>
δ

2

)

≤ P

(∣∣MTr(x − µ1)
∣∣ ∣∣MTr(y − P (y))

∣∣
Br

>
δ

4

)
+ P

(∣∣MTr(y − P (y))
∣∣

Br
>

δ

4|µ1|

)
.

�]���



G0I�A�K ��D FbF¼A@�Ä¾ºJ�û�F¼I�AEÁ��ÄA�Â	?BJLÀ�Db?BC�A@¿�À²��KB?ÃFm;.>r��C���A�Å�Ar��KÃF�ï�?ÃF¼I|?BC|F¼I�A�D¼��¾ZA�ï��>;�F¼I²�»F?BC�A@¿�À²��KB?ÃFm;�
K�	7 ¸�7 � ñ��9*�À�DÄ?BC�M
γ3 > 0

DÄÀ�>�I¤F¼I²�»F

γ3 < min





4b|µ1|
4|µ1| + 3δ

,
2|µ1|

(
−4 +

√
24bδ2

|µ1| + 16
)

3δ2
,

2b

2 + 3δ



 .

8²JL��F¼I�A;DÄA@>@JLC�Å¤F¼A@�Ä¾=*'ï9A;I²�rÂLA

P

(∣∣MTr(x − µ1)
∣∣ ∣∣MTr(y − P (y))

∣∣
Br

>
δ

4

)
≤ P

(
∣∣MTr(x − µ1)

∣∣ >
√
δ

2

)

+P

(∣∣MTr(y − P (y))
∣∣

Br
>

√
δ

2

)
.

ú�A�F
γ2 > 0

DÄÀ�>�I¤F¼I²�»F
γ2 < min

{
2b

2+3
√
δ
, −4+

√
48bδ+16
bδ

, b
1+3

√
δ|µ1|

}
,
?BC#DÄÀ�>�IN�4ï��>;ÌF¼I²�»F

ï9A�JM��F���?BC γ2
√
δ

2
< max

{
b−γ2

3
,
√
b−γ2√

3
, b−γ2

6|µ1 |

}
.
ùUAnF¼I�À�D�I²�rÂLA

P

(∣∣MTr(x − µ1)
∣∣ ∣∣MTr(y − P (y))

∣∣
Br

>
δ

4

)
≤ P

(
∣∣MTr(x − µ1)

∣∣ >
√
δ

2

)

+ P

(
∣∣MTr(x

2 − µ2)
∣∣ > γ2

√
δ

2

)
+ P

(
∣∣MTr(y − P (y))

∣∣ > γ2

√
δ

2

)

+ 2P

(
∣∣MTr(x − µ1)

∣∣ > γ2

√
δ

2

)
.

8²�ÄJL¾åF¼I�Anû�JL�ÄA@MLJL?BC�M	*�ï9A;Å�A@Å�À�>@A;F¼I²�»F�û�JL����KBK
γ > 0

DÄÀ�>�I¤F¼I²�»F
γ < min(γ1, γ2, γ3),

P

(
|α̂(r)

0 − α0| > δ
)
≤ 2P

(∣∣MTr(x − µ1)
∣∣ > δγ

2

)
+ P

(
MTr(µ2 − x2) > δγ

2

)

+ P
(∣∣MTr(xy − P (xy))

∣∣ > δγ
2

)
+ P

(∣∣MTr(x − µ1)
∣∣ >

√
δ

2

)

+ P

(∣∣MTr(x
2 − µ2)

∣∣ > γ
√
δ

2

)
+ P

(∣∣MTr(y − P (y))
∣∣ > γ

√
δ

2

)

+ 2P

(∣∣MTr(x − µ1)
∣∣ > γ

√
δ

2

)
+ 2P

(∣∣MTr(x − µ1)
∣∣ > δγ

4|µ1|

)

+ P

(∣∣∣MTr(µ2 − x2) > δγ
4|µ1|

∣∣∣
)

+ P

(∣∣MTr(y − P (y))
∣∣ > δγ

4|µ1|

)
.�EJ7ïV*²À�DÄ?BC�M�
K�	7½�	7½ÚM�Uï9A;MLA�F

P

(∣∣MTr(xy − P (xy))
∣∣ > δγ

2

)
≤ c

δ4γ4

(
1

4

)r+1

,

�]�@�



P

(∣∣MTr(y − P (y))
∣∣ > δγ

4|µ1|

)
≤ cµ4

1

δ4γ4

(
1

4

)r+1

,

��C�Å
P

(
∣∣MTr(y − P (y))

∣∣ > γ
√
δ

2

)
≤ c

δ2γ4

(
1

4

)r+1

.

ï�I�A@�ÄA;F¼I�A;>@JLC�D F���C&F
c
>r��C���Anû�JLÀ�C�Å���D�?BCÌ�ÄA@¾k���EZ��	7½�	7 �

8{?BC²��KBK};M*�F¼I�A0J�F¼I�A@�{F¼A@�Ä¾ZD+*LF¼I²�»Fy?BD{F¼I�A�F¼A@�Ä¾ZDy�ÄA@K �»F¼A@Å.F¼J
MTr(x

2−µ2)
��C�Å

MTr(x−
µ1),

>r��C=��A���JLÀ�C�Å�A@ÅN��D0?BC�þ9JL�ÄJLKBK ���2;w�	7½�	7½����C�ÅÌF¼I�?BD�A@C�Å�D0F¼I�A;Á��ÄJ	J�û�7
-/�4�8h>�(%4�e� c&� ) $&#���hô'(i"h>pq'4�<!$h>i"'4���ki
ú�A�FnÀ�DÇM&�»F¼I�A@�ÇI�A@�ÄA�û�JL�4F¼I�A.>@JLC&ÂLA@C�?BA@C�>@A|J�ûyF¼I�A.�ÄAr��Å�A@�ÄDÇÂ����Ä?BJLÀ�D4G0I�A@JL�ÄA@¾ZDÇÀ�DÄA�û�À�K{F¼J
A@D F�����KB?BDÄI¤ú�È�ú�*²¸n<�8Hþ�ú	GVJL�E¹�¶Ç�H78{?B�ÄD F>*�KBA�F�À�D�A@C�À�C�>@? �»F¼A;¸�<@À�¾k�8��ý9A@C�C�A�FÄF2��ÿEJ	AeTuÅ�?BC�M|?BC�A@¿�À²��KB?ÃFm;2+ �'* � ��*5Ú�ñ0-ó7

bµ	« «U° Þ�: � :yÔ/: INfel

X
F9f=a�dGfGa�oÛAm{La�o©kjfG~�a�x5~�p�fexjlmfedGfG~�dEa�x5~qiL_ {La�d9ryaLF+o[f�nekjpqV²lBV	a�l

a ≤ X ≤ b
a�|�n>|�g�C�rvlBV

a < b
|µÔ�Vjfex¿=>iLdCa�ovo

λ > 0
g�CDf²V	a�{�f

E [exp (λX)] ≤ exp

(
λ2(b− a)2

8

)
.


bµ	« «U° Þ�: � :[Þ�: INfel
(E, d)

a=_cfelyd9rKp4nmh	aqp�f>|ÂINfel
(Zn)

awn7fGt+kjfexBp�fci)=SdEa�x5~qiL_ð{La�d9rBA
aLF+o[f�n�{La�o©kjf�n�rvx

E
g

(vn)
a@dEa�lmf=a�x5~

g : DE ⊂ E → R
p�iLxjlyrvxjkjiLk�n>|ØINfel

z ∈ E
a

~qfelmfed9_�rvxjr[nelyrKpV{La�o©kjf>|

If Zn
superexp
=⇒
vn

z, then g(Zn)
superexp
=⇒
vn

g(z).

ODdGi7i)=+| 8²JL����KBK
δ > 0

*�F¼I�A@�ÄA;A�ü�?BD F¼DC
�DÄA@A�A�7 Mð+ � ñM�0-K*²Á��ÄJ	J�ûHJ�û`G0I�A@JL�ÄA@¾Û�	7 ���
α0(δ) > 0

P

(∣∣g(Zn) − g(z)
∣∣ > δ

)
≤ P

(
d(Zn, z) > α0(δ)

)
.


K�	7 ý47 � �
È C�Å�A@A@Å)*=DÄ?BC�>@A

g
?BD0>@JLC&F¼?BC�À�JLÀ�D+*�û�JL����KBK

δ > 0
*�F¼I�A@�ÄA;A�ü�?BD F¼D

α0(δ) > 0
DÄÀ�>�I¤F¼I²�»F

|g(x) − g(z)| ≤ δ
ï�I�A@C�A�ÂLA@�

d(x, z) ≤ α0(δ).

ùUAnF¼I�A@C¤I²�rÂLA
{ω : d(Zn(ω), z) ≤ α0(δ)} ⊂ {ω : |g(Zn(ω)) − g(z)| ≤ δ}

��C�ÅTF¼I�A@�ÄA�û�JL�ÄAP?BC�A@¿�À²��KB?ÃFm;�
K�	7 ý47 � ��7 �EJ7ïV*�F¼I�A �ÄA@DÄÀ�KÃF(J�û|F¼I�APKBA@¾Z¾k�Pû�JLKBKBJ7ï�D�DÄ?BC�>@A
Zn

superexp
=⇒
vn

z
7

�]� �



ú�A�F
M = (Mn,Hn, n ≥ 0)

��AZ�Ì>@A@C&F¼A@�ÄA@Å DÄ¿�À²���ÄAZ?BC&F¼A@ML�¼����KBA.¾k��� F¼?BC�M&��KBA�Å�Ae&²C�A@ÅJLC5�UÁ��ÄJM�²����?BKB?ÃFm; DÄÁ²��>@A
(Ω,H,P)

��C�Å
(〈M〉n)

?ÃF¼DS���¼��>�Z�A�Fr7�ùUA��ÄA@>r��KBK�DÄJL¾ZA¤KB?B¾Z?ÃFF¼I�A@JL�ÄA@¾ZD0û�JL�0¾k��� F¼?BC�M&��KBAEÀ�DÄA@Å�?BC&F¼A@C�DÄ?ÃÂLA@K};Ì?BCÌF¼I�?BD0>�I²��Á�F¼A@�@7
ùUA;�ÄA@>r��KBKuF¼I�Anû�JLKBKBJ7ï�?BC�M��ÄA@DÄÀ�KÃFEÅ�À�AnF¼J�ùX7=897=<�F¼JLÀ�F4
�G0I�A@JL�ÄA@¾Ý�|?BCe+ � ñ���-v��7

�Cä~µ�=´�µ	« Þ�: � :[ò�: INfel
(Mn)

nekjpqV=lBV	a�l
M0 = 0

|�ÚB= 〈M〉n → ∞ a�|�n>|$a�x5~
∞∑

n=1

2 log log〈M〉n
K2
n〈M〉n

E

[
(Mn −Mn−1)

2
1{

(Mn−Mn−1)2>
K2

n〈Mn〉
2 log log〈M〉n

}
∣∣∣Hn−1

]
<∞ a.s.

CaVjfedGf
Kn

a�dGf Hn−1

_cfGa8nek�dEaLF+o[fCa�x5~
Kn → 0

a�|�n>|�gUlBVjfex
lim sup

Mn√
2〈M〉n log log〈M〉n

= 1 a.s..

ùUA;�ÄA@>r��KBKuF¼I�Anû�JLKBKBJ7ï�?BC�M��ÄA@DÄÀ�KÃFEÅ�À�AnF¼JZ897=þ9I²�L���²��C�A�
óþ9JL�ÄJLKBK ���2;��	7½�.?BCe+ ���.-v��7
�Cä~µ�=´�µ	« Þ�: � : ì : INfel

(Vn)
F9f4a

(Hn)
A[h5dGfG~�rKpel aLF+o[f�rvxBpedGfGa8nervx"T�h5dGi7p�f�n�n$nekjpqV�lBV	a�l�QA�Ê

V −2
n 〈M〉n −→

n→∞
1,
a�|�n>|

�QAºÌZ=>iLdQa�ovo
ε > 0

g ∑
n≥1

V −2
n E

[
(Mn −Mn−1)

2
1|Mn−Mn−1|>εVn

∣∣Hn−1

]
<∞; a.s.

�QA)Õ`=>iLd�n7iL_cf
a > 1

g ∑
n≥1

V −2a
n E

[
(Mn −Mn−1)

2a
1|Mn−Mn−1|≤Vn

∣∣Hn−1

]
<∞,

a�|�n>|
Ô�Vjfex

Mn

n>a�lyr[n·s:f�n�a�x¶^ YYN ^ IKÔ)gVlBV	a�lCr[n�g�=>iLd�a�o©_ci7nel4a�ovo
ω
g�lBVjf1CDferUT0V�lmfG~�dEa�x5~qiL_

_cfGa8nek�dGf�n
WN (ω, •) = (logV 2

N)−1
N∑

n=1

(
1 − V 2

n

V 2
n+1

)
δ{ψn(ω)∈•}

a8n�n7i7perya�lmfG~�lmi�lBVjf�p�iLxjlyrvxjkjiLk�n:h5dGi7p�f�n�n7f�n
Ψn(ω) = {Ψn(ω, t), 0 ≤ t ≤ 1} ~qf·sPxBfG~µF�¸

Ψn(ω, t) = V −1
n {Mk + (V 2

k+1 − V 2
k )−1(tV 2

n − V 2
k )(Mk+1 −Mk)},CaVjfex

V 2
k ≤ tV 2

n < V 2
k+1

g
0 ≤ k ≤ n− 1

gZCDfGa0³LoÛ¸Sp�iLxj{�fed[Tqf�lmi4lBVjf É rKfexBfed�_cfGa8nek�dGfViLx
C([0, 1],R)

|
ú�A�F�À�D�A@C�À�C�>@? �»F¼A4F¼I�AEû�JLKBKBJ7ï�?BC�M�ï�I�?B>�IÌ>@JL�Ä�ÄA@DÄÁ�JLC�Å�D�F¼J�F¼I�AÇÀ�C�?BÅ�?B¾ZA@C�DÄ?BJLC²��K²>r��DÄAÇJ�û

G0I�A@JL�ÄA@¾ � ?BCe+ �Mî.-ó7
¥�´�Yëy5�rªvÕ�ª��® Þ�: � : × : INfel

(bn)
aSn7fGt+kjfexBp�f$n>a�lyr[nN=\¸Lrvx"T

bn
r[nQrvxBpedGfGa8nervx"T

,
bn√
n
−→ +∞,

bn
n

−→ 0,

nekjpqV�lBV	a�l
c(n) := n/bn

r[nVxBiLx/A2~qf�pedGfGa8nervx"T8gPa�x5~�~qf·sPxBfVlBVjfVdGf�per h5dGi7pGa�o@=9k�xBpelyrKiLx
c−1(t)F�¸

c−1(t) := inf{n ∈ N : c(n) ≥ t}.; x5~qfedVlBVjf�=>iLovo[iIC�rvx"T�p�iLx5~�rvlyrKiLx'nCÆ
�]� �



´ �V¾ ·�lBVjfedGf4f]?Mr[nelvn
Q ∈ R∗

+

nekjpqV�lBV	a�l 〈M〉n
n

superexp
=⇒
b2n/n

Q
ö

´ � Ö ·
lim sup
n→+∞

n

b2n
log

(
n ess sup

1≤k≤c−1(bn+1)

P(|Mk −Mk−1| > bn|Hk−1)

)
= −∞;

´ �T� ·8=>iLdQa�ovo
a > 0

1

n

n∑

k=1

E

(
|Mk −Mk−1|21{|Mk−Mk−1|≥a n

bn
}|Hk−1

)
superexp
=⇒
b2n/n

0
ö

(Mn/bn)n∈N

n>a�lyr[n·s:f�n�lBVjf2±�RQOÛrvx
R
C�rvlBV lBVjf�nmhjf�fG~

b2n/n
a�x5~²lBVjf�dEa�lmf<=9k�xBpelyrKiLx

I(x) =
x2

2Q
.

�]� *



�
	��� ��!/�$�gf
# É%$ÙÑAÄÐÏ=Ñ���� Ñ>�ËÉ'&)( Ä¢ÇAÑ5Ï=Ñ)ÉÍÌ Ä�� Ê Î �ÝÊËÉ¶Ó�ÄÐÏ�É
ÊËÉ%$ÙÑAÄÐÏ=Ñ���� Ì / �¢Ó ÉÍÌ�Ï=ÑAÎ ÄÐÏ¹�¢Ó�Ì � /
5ÈÄ»Ó�Ä¢Î ÉJÏ�É¶Ó�Ì Ñ>� ÆÈÑ / (ËÓ10JÄÐÏ=Ñ>���
Äh(ÙÏ¹�¢Ó=ÉX�¢Ó=ÉÍÌwÌwÑi$`É Î �ÝÊËÉÍÇAÌ

_ ��� \ #`���ºl{�`���)#�� ���(%Ô�#�� �kh����
ý9?Ãû�À��Ä>r�»F¼?BC�M;��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA4Á��ÄJ	>@A@DÄDÄA@D�
�ý9¸Ç:V*Lû�JL�bDÄI�JL� F9�y���ÄAE��Cä��Å²��Á�F��»F¼?BJLC�J�û���À�F¼JL�ÄA9�
ML�ÄA@DÄDÄ?ÃÂLAÌÁ��ÄJ	>@A@DÄDÄA@D+*�ï�I�A@CPF¼I�AkÅ²�»F���I²�rÂLA#����?BC²���2;WF¼�ÄA@AäD F¼�ÄÀ�>�F¼À��ÄA�7(G0I�Ae;�ï9A@�ÄA�&²�ÄD F?BC&F¼�ÄJ	Å�À�>@A@Å���;�þ9J7ï���C���C�Å�<�F���À�Å�F¼AG+ ��î.-¢û�JL�0>@A@KBK¢KB?BC�Ar��MLAÇÅ²�»F��4ï�I�A@�ÄA;Ar��>�I¤?BC�Å�?ÃÂ	?BÅ�À²��K?BC#JLC�A;MLA@C�A@�¼�»F¼?BJLCÌML?ÃÂLA@D��Ä?BDÄAnF¼J�Fmï9JZJ�TuDÄÁ��Ä?BC�M|?BCÌF¼I�A;C�A�ü	FEMLA@C�A@�¼�»F¼?BJLC¢7
È CZF¼I�A@?B� Á²��Á�A@�+*�F¼I�A4JL�Ä?BML?BC²��K²ý9¸Ç:!Á��ÄJ	>@A@DÄDDï���D9Å�Ae&²C�A@Å#��D û�JLKBKBJ7ï�D@7{G0I�A4?BC�?ÃF¼? ��K�>@A@KBK?BD.K ����A@KBKBA@Å

1
* ��C�ÅPF¼I�AäFmï9J,J�TuDÄÁ��Ä?BC�M(J�ûE>@A@KBK

k
���ÄAÌK ����A@KBKBA@Å

2k
��C�Å

2k + 1
7UÈ�û

XkÅ�A@C�J�F¼A@D;��C(JM��DÄA@� Â��»F¼?BJLC(J�û DÄJL¾ZA.>�I²���¼��>�F¼A@�Ä?BD F¼?B>�J�û ?BC�Å�?ÃÂ	?BÅ�À²��K
k
F¼I�A@CNF¼I�A4&²�ÄD FnJL�ÄÅ�A@�ý9¸Ç:TÁ��ÄJ	>@A@DÄD�?BD0ML?ÃÂLA@C)*�û�JL����KBK

k ≥ 1
*j��;

{
X2k = a+ bXk + ε2k

X2k+1 = a+ bXk + ε2k+1.G0I�AnC�JL?BDÄAnDÄA@¿�À�A@C�>@A
(ε2k, ε2k+1)

�ÄA@Á��ÄA@DÄA@C&F¼DEA@C&Â	?B�ÄJLC�¾ZA@C&F���KuAeTuA@>�F¼D+*	ï�I�?BKBA
a, b

���ÄAnÀ�C��
Z�C�J7ï�C#�ÄAr��KuÁ²���¼��¾ZA�F¼A@�ÄD+*'ï�?ÃF¼I |b| < 1

*��ÄA@K �»F¼A@ÅäF¼J.?BC�I�A@�Ä?ÃF¼A@ÅäAeTuA@>�F¼D@7bG0I�AnÅ��Ä?ÃÂLA@C#C�JL?BDÄA
(ε2k, ε2k+1)

ï���D4JL�Ä?BML?BC²��KBK};ZDÄÀ�Á�Á�JLDÄA@Å�F¼J���A�?BC�Å�A@Á�A@C�Å�A@C&Fn��C�Å�?BÅ�A@C&F¼?B>r��KBK};äÅ�?BD F¼�Ä?[��À�F¼A@Å
ï�?ÃF¼I(C�JL�Ä¾k��KHÅ�?BD F¼�Ä?[��À�F¼?BJLC¢7ný9À�FnDÄ?BC�>@A�Fmï9J#DÄ?BD F¼A@�Ç>@A@KBKBDn���ÄA.?BC�F¼I�A.D¼��¾ZA.A@C&Â	?B�ÄJLC�¾ZA@C&F�»F;F¼I�A@?B�V��?B� F¼I)*

ε2k
��C�Å

ε2k+1
���ÄAk��KBKBJ7ï9A@ÅWF¼J=��AZ>@JL�Ä�ÄA@K �»F¼A@Å)*~?BC�Å�À�>@?BC�M��#>@JL�Ä�ÄA@K �»F¼?BJLC

��A�Fmï9A@A@CNDÄ?BD F¼A@�0>@A@KBKBD+*�Å�?BD F¼?BC�>�F0û��ÄJL¾åF¼I�A;>@JL�Ä�ÄA@K �»F¼?BJLCÌ?BC�I�A@�Ä?ÃF¼A@ÅÌû��ÄJL¾åF¼I�A@?B�0¾ZJ�F¼I�A@�@7
<	A�ÂLA@�¼��KuA�ü	F¼A@C�DÄ?BJLC�D0J�û�F¼I�AÇ¾ZJ	Å�A@K�I²�rÂLA���A@A@CÌÁ��ÄJLÁ�JLDÄA@Å#��C�ÅkÂ����Ä?BJLÀ�D9A@D F¼?B¾k�»F¼JL�ÄD9���ÄA

D F¼À�Å�?BA@Å[?BCPF¼I�AÌKB?ÃF¼A@�¼�»F¼À��ÄAkû�JL�.F¼I�A#À�C	Z�C�J7ï�C/Á²���¼��¾ZA�F¼A@�ÄD+* DÄA@AÌû�JL��?BC�D F���C�>@Ae+ � �.-K*«+ � ñ0-K*+ �M� -K*>+ � �0-K*m+ � �.-K*m+ � �0-ó7 <	A@Aµ+ � î0-�û�JL�0�ÄA@KBA�Â���C&F��ÄA�û�A@�ÄA@C�>@A@D@7
�]� 6



:�A@>@A@C&F¼K};M*uF¼I�A@�ÄA.I²�rÂLA���A@A@CW¾k��C�;¤D F¼À�Å�?BA@DnJ�ûyF¼I�A���D2;	¾Z¾ZA�F¼�Ä?B>�ý9¸Ç:eÁ��ÄJ	>@A@DÄD+*¢F¼I²�»F?BD:ï�I�A@C#F¼I�An¿�À²��C&F¼?ÃF��»F¼?ÃÂLAn>�I²���¼��>�F¼A@�Ä?BD F¼?B>@D0J�ûHF¼I�AnA�ÂLA@CN��C�Å#J	Å�Å#DÄ?BD F¼A@�ÄDE���ÄA;��KBKBJ7ï9A@ÅäF¼JÅ�A@Á�A@C�Å¤û��ÄJL¾åF¼I�A@?B�0¾ZJ�F¼I�A@�+% D�F¼I��ÄJLÀ�MLI¤Å�?}TuA@�ÄA@C&FEDÄA�F¼D�J�û{Á²���¼��¾ZA�F¼A@�ÄD@7
 À';LJLCú+ �M�.-4Á��ÄJLÁ�JLDÄA@Dä��C5?BC&F¼A@�ÄÁ��ÄA�F��»F¼?BJLC/J�ûÇF¼I�A(��D2;	¾Z¾ZA�F¼�Ä?B>�ý9¸Ç:SÁ��ÄJ	>@A@DÄD#��Dä�

��?Ãû�À��Ä>r�»F¼?BC�M#¹����EZ�JvÂ(>�I²��?BC)*)ï�I�?B>�I,��KBKBJ7ï�DÇI�?B¾ÔF¼J#Å�A@�Ä?ÃÂLA�K �>ï�DnJ�û K ���ÄMLA.C�À�¾4��A@�ÄD;��C�Å>@A@C&F¼�¼��KuKB?B¾Z?ÃF`F¼I�A@JL�ÄA@¾ZD û�JL�bF¼I�A4KBAr��D F9DÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�ÄD J�û¢F¼I�A4À�C	Z�C�J7ï�C#Á²���¼��¾ZA�F¼A@�ÄDJ�ûuF¼I�AEÁ��ÄJ	>@A@DÄD@7yG0I�?BD�¹����EZ�JvÂZ>�I²��?BCk��Á�Á��ÄJ&��>�I�ï���D û�À�� F¼I�A@� Å�A�ÂLA@KBJLÁ�A@Åc��;Z¶4A@KB¾k��D ��C�Å
¹����ÄD¼��KBKBA²+ �M�.-K*�ï�I�A@�ÄA0F¼I�A�>@A@KBKBDb���ÄA���KBKBJ7ï9A@Å�F¼J;Å�?BA�7`G0I�Ae;�Å�Ae&²C�A@ÅZF¼I�A�MLA@C�Ar��KBJLM�;.J�û�F¼I�A>@A@KBKBDnF¼I��ÄJLÀ�MLIU�  ��KÃF¼JLC���ù �»F¼DÄJLC(Á��ÄJ	>@A@DÄD+*`D F¼À�Å';	?BC�M#F¼I�AZD¼��¾ZAZ¾ZJ	Å�A@KyJLCWF¼I�A  ��KÃF¼JLCù �»F¼DÄJLC#F¼�ÄA@A;?BC�D F¼Ar��Å#J�û`�S��?BC²���2;kF¼�ÄA@A�7
¸4C�J�F¼I�A@����Á�Á��ÄJ&��>�Iµ�²��DÄA@ÅTJLC�¾k��� F¼?BC�M&��KBA@DkF¼I�A@JL�2;öï���D¤Á��ÄJLÁ�JLDÄA@Å ��;Vý9A@�Ä>@À)*nÅ�A<���Á�JL� F��Ç��C�Å  ½@MLJLÀ�F2���HA�F¼?ÃF&+ � î.-K*�F¼JnDÄI²���ÄÁ�A@C�F¼I�A0��D2;	¾ZÁ�F¼J�F¼?B>���C²��K};	DÄ?BD`J�û  À';LJLC|À�C�Å�A@�

ï9Ar��Z�A@�N��DÄDÄÀ�¾ZÁ�F¼?BJLC�D@7âÈ�F¤¾.À�D F���A,Á�JL?BC&F¼A@Å�JLÀ�F#F¼I²�»F¤¾Z?BDÄDÄ?BC�MQÅ²�»F��[���ÄA,C�J�F¤Å�Ar��KÃF
ï�?ÃF¼I,?BC(F¼I�?BD�ï9JL�EZ=7äGHJ#F���Z�AZ?BC&F¼J���>@>@JLÀ�C&F�Á�JLDÄDÄ?[��K};N¾Z?BDÄDÄ?BC�M#Å²�»F��#?BC(F¼I�AZA@D F¼?B¾k�»F¼?BJLCÁ��ÄJ	>@A@Å�À��ÄA.Å�A�<���Á�JL� F��ZA�Fn��Kó7¿+ ���0-{À�DÄA��|Fmï9JL��Fm;	Á�A  ��KÃF¼JLC���ù �»F¼DÄJLC¤Á��ÄJ	>@A@DÄD4F¼Jk¾ZJ	Å�A@K
F¼I�A;MLA@C�Ar��KBJLM�;L7
�ÇÀ��0JM�q�ÄA@>�F¼?ÃÂLA�?BCäF¼I�?BD�>�I²��Á�F¼A@��?BD�F¼J|MLJZ�|D F¼A@Á#û�À�� F¼I�A@�I��;
• D F¼À�Å';	?BC�M0F¼I�Ay¾ZJ	Å�A@�¼�»F¼A`Å�A�Â	? �»F¼?BJLCÇÁ��Ä?BC�>@?BÁ�KBA�
ó¹�¶Ç�?*rû�JL�¢DÄI�JL� F9�uJ�û�F¼I�AyKBAr��D F~DÄ¿�À²���ÄA@DA@D F¼?B¾k�»F¼JL�ÄD�J�ûHF¼I�A;À�C	Z�C�J7ï�C�Á²���¼��¾ZA�F¼A@�ÄD0J�û`��MLA@C�A@�¼��K~��D2;	¾Z¾ZA�F¼�Ä?B>

p
F¼I�� JL�ÄÅ�A@����?��û�À��Ä>r�»F¼?BC�MW��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA#Á��ÄJ	>@A@DÄDÄA@D@75¹¤JL�ÄA#Á��ÄA@>@?BDÄA@K};�ï9A����ÄAÌ?BC&F¼A@�ÄA@D F¼A@Å[?BCPF¼I�A��D2;	¾ZÁ�F¼J�F¼?B>ÇA@D F¼?B¾k�»F¼?BJLC�D�J�û

P

(√
n

bn

(
Θn − Θ

)
∈ A

)

ï�I�A@�ÄA
Θn

Å�A@C�J�F¼A@DÌF¼I�ANA@D F¼?B¾k�»F¼JL�ZJ�û;F¼I�ANÀ�C	Z�C�J7ï�C�Á²���¼��¾ZA�F¼A@�äJ�û;?BC&F¼A@�ÄA@D F
Θ
*

A
?BD|�(ML?ÃÂLA@C[Å�JL¾k��?BCPJ�û4Å�A�Â	? �»F¼?BJLC)*

(bn > 0)
?BD�DÄJL¾ZAÌDÄA@¿�À�A@C�>@A�Å�A@C�J�F¼?BC�M(F¼I�A

DÄ>r��KBA�J�ûyÅ�A�Â	? �»F¼?BJLC¢7�ù�I�A@C
bn = 1

F¼I�?BDE?BDEA�ü���>�F¼K};#F¼I�A�A@D F¼?B¾k�»F¼?BJLC#J�û`F¼I�A�>@A@C&F¼�¼��KKB?B¾Z?ÃFÇF¼I�A@JL�ÄA@¾¤7#ù�I�A@C
bn =

√
n
*{?ÃFC��A@>@JL¾ZA@D�F¼I�A o}a�d[Tqfw~qfe{7rya�lyrKiLx 7#¸4C�Å�ï�I�A@C

1 � bn � √
n
*�F¼I�?BD0?BD9F¼I�A;DÄJ|>r��KBKBA@Å _ci>~qfedEa�lmfQ~qfe{7rya�lyrKiLx'n 7y6EDÄÀ²��KBK};M*²¹�¶Ç�/I²��DE�DÄ?B¾ZÁ�KBA@�y�¼�»F¼A�û�À�C�>�F¼?BJLCk?BC�I�A@�Ä?ÃF¼A@Å|û��ÄJL¾ºF¼I�AÇ��Á�Á��ÄJrü�?B¾k�»F¼A@Å  ��À�DÄDÄ? ��CZÁ��ÄJ	>@A@DÄD+*���C�ÅI�JLKBÅ�D�û�JL����K ���ÄMLA@��>@K ��DÄD�J�û{Å�A@Á�A@C�Å�A@C&FÇ�¼��C�Å�JL¾åÂ����Ä? ����KBA@D9F¼I²��C#F¼I�A�ú~¶Ç�H7

ú�A�F4À�D4C�J�F¼?B>@A;F¼I²�»F/ï9A.I²�rÂLA.C�J�FEû�JLÀ�C�Å�D F¼À�Å�?BA@D4A�ü���>�F¼K};¤JLC�F¼I�?BDE¿�À�A@D F¼?BJLC�?BC¤F¼I�A
KB?ÃF¼A@�¼�»F¼À��ÄA@D+*LA�ü�>@A@Á�F9F¼I�A��ÄA@>@A@C&FUï9JL�EZ.J�û¢ý9?ÃF¼A@DEZ�?²A�F9��Kó7�+ �M�0-ó7`ÿEJ7ï9A�ÂLA@�+*	F¼A@>�I�C�?B>r��KBK};M*
ï9A����ÄA;¾.À�>�I¤?BC�DÄÁ�?B�ÄA@ÅÌû��ÄJL¾åFmï9JZKB?BC�A@D0J�û{D F¼À�Å�?BA@D@ø
� 7HF¼I�A�ï9JL�EZ5J�û�ý9A@�Ä>@À�A�FN��Kó7 + � î0-;JLC�F¼I�A,��KB¾ZJLD FÌDÄÀ��ÄA,>@JLC&ÂLA@�ÄMLA@C�>@A J�û�F¼I�AA@D F¼?B¾k�»F¼JL�ÄD:ï�?ÃF¼IÌF¼I�A;¿�À²��Å��¼�»F¼?B>nD F¼�ÄJLC�MZK �>ïT��C�ÅÌF¼I�A;>@A@C&F¼�¼��K~KB?B¾Z?ÃF F¼I�A@JL�ÄA@¾ ��	7HF¼I�A$ï9JL�EZ�D�J�û{¶4A@¾4��J¹+ ���@-K*²��C�ÅäùUJL�Ä¾ZD²+ �M� �.-K*>+ �M� �0-K*�+ �M� �.-¢JLCÌF¼I�AÇJLC�AnI²��C�Å)*��C�Å(J�û`F¼I�A.Á²��Á�A@�ÄD4J�û �yÀ�I²��KBDEZ�?B?9+ Ø � -y��C�Å(¶��ÄA@KBKBJLÀ�F<+ �Mî0-{JLC�F¼I�A.J�F¼I�A@�4I²��C�Å)*
����JLÀ�F0F¼I�A�¹�¶Ç�/û�JL�0¾k��� F¼?BC�M&��KBA@D@7

�]� _



• ML?ÃÂ	?BC�M(Å�A�Â	? �»F¼?BJLCP?BC�A@¿�À²��KB?ÃF¼?BA@D�û�JL��F¼I�A#A@D F¼?B¾k�»F¼JL�.J�û���?Ãû�À��Ä>r�»F¼?BC�MW��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLAÁ��ÄJ	>@A@DÄDÄA@D+*Mï�I�?B>�I.���ÄA ?B¾ZÁ�JL� F���C&F�û�JL�{�E�Ä?BMLJL�ÄJLÀ�D~C�JLC.��D2;	¾ZÁ�F¼J�F¼?B>bD F��»F¼?BD F¼?B>r��K&D F¼À�Å';M*?ó7 A�7`û�JL����KBK
x > 0

P (||Θn − Θ|| ≥ x) ≤ e−Cn(x),ï�I�A@�ÄA
Cn(x)

ï�?BKBK�>@�ÄÀ�>@? ��KBK};UÅ�A@Á�A@C�Å�DkJLC[JLÀ��|DÄA�FkJ�ûÇ��DÄDÄÀ�¾ZÁ�F¼?BJLC�D@7[G0I�A¤À�Á�Á�A@�
��JLÀ�C�Å�DZ?BCQF¼I�?BD|?BC�A@¿�À²��KB?ÃFm; I�JLKBÅQû�JL�Z���E��?ÃF¼�¼���2;

n
��C�Å

x

�C�J�Fk�WKB?B¾Z?ÃF.�ÄA@K �»F¼?BJLC)*À�C�KB?[Z�A;F¼I�A�¹�¶Ç�!�ÄA@DÄÀ�KÃF¼D��9*uI�A@C�>@A�F¼I�Ae;����ÄA�¾.À�>�IN¾ZJL�ÄA;Á��¼��>�F¼?B>r��KD
�?BC�D F��»F¼?BD F¼?B>@D���7

¶4A�Â	? �»F¼?BJLCk?BC�A@¿�À²��KB?ÃF¼?BA@Dyû�JL� A@D F¼?B¾k�»F¼JL�ÄD J�û�F¼I�A4Á²���¼��¾ZA�F¼A@�ÄD���DÄDÄJ	>@? �»F¼A@Åcï�?ÃF¼IkKB?BC�Ar����ÄA@ML�ÄA@DÄDÄ?BJLC)*���À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA���C�Å����¼��C�>�I�?BC�MZÁ��ÄJ	>@A@DÄDÄA@Dn���ÄA�?BC&ÂLA@D F¼?BM&�»F¼A@Å=��;�ý9A@�Ä>@À��C�Å GHJLÀ²�»F¼?(+ ��ñ0-ó7�È C F¼I�Ak¾k��� F¼?BC�M&��KBA�>r��DÄA�*yÅ�A�Â	? �»F¼?BJLCU?BC�A@¿�À²��KB?ÃF¼?BA@Dnû�JL��DÄA@KÃû�C�JL���
¾k��KB?[<@A@ÅN¾k��� F¼?BC�M&��KBA�I²�rÂLAS��A@A@C,Å�A�ÂLA@KBJLÁ�A@Å���;(Å�A|K �Ì�HA ∼

n
�ÌA�F���Kó7Ç+ ��Ø.-ó7.ùUA|��KBDÄJ�ÄA�û�A@�EF¼JäF¼I�AQï9JL�EZ�J�û ú�A@Å�JLÀ	ü3+ ÚL�@-Hû�JL�4Á��ÄA@>@?BDÄA.>@�ÄA@Å�?ÃFn��C�Å(�ÄA�û�A@�ÄA@C�>@A@D@7;G0I�?BD4Fm;	Á�A

J�û�?BC�A@¿�À²��KB?ÃF¼?BA@D����ÄAäA@¿�À²��KBK};�ï9A@KBK9¾ZJ�F¼?ÃÂ��»F¼A@Å´��;UF¼I�A@JL�ÄA�F¼?B>r��K ¿�À�A@D F¼?BJLCQ��D4��;UC�À��¾ZA@�ÄJLÀ�D|��Á�Á�KB?B>r�»F¼?BJLC�D.?BCQÅ�?}TuA@�ÄA@C&FS&²A@KBÅ�D|?BC�>@KBÀ�Å�?BC�MNF¼I�A¤��C²��K};	DÄ?BD�J�ûÇ��KBMLJL�Ä?ÃF¼I�¾ZD+*¾k�»F¼I�A@¾k�»F¼?B>r��KuÁ�I�;	DÄ?B>@DÇ��C�Å�A@¾ZÁ�?B�Ä?B>r��KuÁ��ÄJ	>@A@DÄDÄA@D@7E8²JL��DÄJL¾ZA���Á�Á�KB?B>r�»F¼?BJLC�D0?BC#C�JLC��D2;	¾ZÁ�F¼J�F¼?B>Ç¾ZJ	Å�A@K¢DÄA@KBA@>�F¼?BJLC#Á��ÄJM��KBA@¾ZD:ï9A��ÄA�û�A@��F¼Jä¹���DÄD¼��� F8+ Ú�î.-ó7
G0I�?BDn>�I²��Á�F¼A@�n?BDnJL�ÄM&��C�?[<@A@ÅW��DÇû�JLKBKBJ7ï�D@7�8{?B�ÄD FÇJ�û���KBKK*u?BC,<	A@>�F¼?BJLC���7½��*)ï9A|?BC&F¼�ÄJ	Å�À�>@A

F¼I�A�ý9¸Ç:C

p
��
 F¼I²�»F�?BD

p
� JL�ÄÅ�A@����?Ãû�À��Ä>r�»F¼?BC�M���À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA7�0¾ZJ	Å�A@K¢��D�ï9A@KBK���D�F¼I�A;KBAr��D FDÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�ÄDÇû�JL�nF¼I�A|Á²���¼��¾ZA�F¼A@�ÄD;J�û�JM��DÄA@� ÂLA@ÅPý9¸Ç:C


p
�ÇÁ��ÄJ	>@A@DÄD���C�ÅUDÄJL¾ZA|�ÄA9�K �»F¼A@ÅUC�J�F��»F¼?BJLC,��C�Å I�;	Á�J�F¼I�A@DÄ?BD@7#È CQ<	A@>�F¼?BJLC"��7 �'*?ï9AkD F��»F¼AkJLÀ���¾k��?BCW�ÄA@DÄÀ�KÃF¼D�JLC,F¼I�AÅ�A�Â	? �»F¼?BJLCÌ?BC�A@¿�À²��KB?ÃF¼?BA@D0��C�Å�¹�¶Ç�/J�û{JLÀ��0A@D F¼?B¾k�»F¼JL�ÄD@7 <	A@>�F¼?BJLC=��7 �|?BD�Å�A@Å�?B>r�»F¼A@Å#F¼J�F¼I�ADÄÀ�Á�A@�ÄA�ü�Á�JLC�A@C&F¼? ��KE>@JLC&ÂLA@�ÄMLA@C�>@ANJ�ûÇF¼I�A¤¿�À²��Å��¼�»F¼?B>ÌÂ����Ä? �»F¼?BJLCQJ�û4F¼I�A¤¾k��� F¼?BC�M&��KBA�*yF¼I�?BD

DÄA@>�F¼?BJLC�>@JLC&F���?BC�DäA�ü�Á�JLC�A@C&F¼? ��KÇ?BC�A@¿�À²��KB?ÃF¼?BA@D�ï�I�?B>�I����ÄA(>@�ÄÀ�>@? ��KEû�JL�kF¼I�A(Á��ÄJ	J�û�J�û;F¼I�AÅ�A�Â	? �»F¼?BJLC|?BC�A@¿�À²��KB?ÃF¼?BA@D@7~G0I�AEÁ��ÄJ	J�û�DyJ�û�F¼I�AE¾k��?BC.�ÄA@DÄÀ�KÃF¼D ���ÄA�Á�JLD F¼Á�JLC�A@ÅZ?BC|DÄA@>�F¼?BJLCc��7½�	7

_ �[c �ô#`���`���)#��Ô���(% �kj��8#`�kd(h>i	�)i
È CN��KBKuF¼I�A�DÄA@¿�À�A@KK*�KBA�F

p ∈ N∗ 7 ùUA�>@JLC�DÄ?BÅ�A@��F¼I�A���D2;	¾Z¾ZA�F¼�Ä?B>�ý9¸Ç:C
 p �V
 p � JL�ÄÅ�A@�I��?Ãû�À����>r�»F¼?BC�MZ��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA7��Á��ÄJ	>@A@DÄDEML?ÃÂLA@C)*�û�JL����KBK
n ≥ 2p−1 *	��;

{
X2n = a0 +

∑p
k=1 akX[ n

2k−1 ] + ε2n

X2n+1 = b0 +
∑p

k=1 bkX[ n

2k−1 ] + ε2n+1,


y��7½�	7 � �
ï�I�A@�ÄA;F¼I�A;C�J�F��»F¼?BJLC

[x]
D F���C�Å�D�û�JL��F¼I�A;K ���ÄMLA@D F�?BC&F¼A@MLA@��KBA@DÄD0F¼I²��C¤JL�0A@¿�À²��K�F¼J�F¼I�A;�ÄAr��K

x
7bG0I�A;?BC�?ÃF¼? ��K�D F��»F¼A@D {Xk, 1 ≤ k ≤ 2p−1 − 1} ���ÄAÇF¼I�A���C�>@A@D F¼JL�ÄDIï�I�?BKBA (ε2n, ε2n+1)

?BDF¼I�A�Å��Ä?ÃÂLA@C|C�JL?BDÄA0J�û�F¼I�A�Á��ÄJ	>@A@DÄD@7yG0I�A�Á²���¼��¾ZA�F¼A@�ÄD
(a0, a1, · · · , ap)

��C�Å
(b0, b1, · · · , bp)���ÄA;À�C	Z�C�J7ï�C��ÄAr��KuÂLA@>�F¼JL�ÄD@7

G0I�AÇý9¸Ç:C

p
�bÁ��ÄJ	>@A@DÄD9>r��C���A4�ÄAeï��Ä?ÃFÄF¼A@Cä?BCZF¼I�AÇ���	���ÄA�Â	? �»F¼A@ÅkÂLA@>�F¼JL� û�JL�Ä¾�ML?ÃÂLA@C)*�û�JL���KBK

n ≥ 2p−1 *j��; {
X2n = AXn + η2n

X2n+1 = BXn + η2n+1


y��7½�	7½�M�

�]� b



ï�I�A@�ÄA¤F¼I�A��ÄA@ML�ÄA@DÄDÄ?BJLC[ÂLA@>�F¼JL�
Xn =

(
Xn, X[n

2
], · · · , X[ n

2p−1 ]

)t *
η2n = (a0 + ε2n)e1

*
η2n+1 = (b0 + ε2n+1)e1

*Yï�?ÃF¼I
e1 = (1, 0, · · · , 0)t ∈ Rp 7Ç¹¤JL�ÄA@JvÂLA@�+* A ��C�Å

B
���ÄA�F¼I�A

p× p
>@JL¾ZÁ²��C�?BJLCÌ¾k�»F¼�Ä?B>@A@D

A =




a1 a2 · · · ap
1 0 · · · 0
0 . . .
0 . 1 .


 and B =




b1 b2 · · · bp
1 0 · · · 0
0 . . .
0 . 1 .


 .

È C�F¼I�A�DÄA@¿�À�A@KK*5ï9A�DÄI²��KBKH��DÄDÄÀ�¾ZA�F¼I²�»FEF¼I�A�¾k�»F¼�Ä?B>@A@D
A
��C�Å

B
D¼�»F¼?BD ûv;ÌF¼I�A�>@JLC&F¼�¼��>�F¼?BJLCÁ��ÄJLÁ�A@� Fm;

β = max(||A||, ||B||) < 1,

y��7½�	7 ���

ï�I�A@�ÄA|û�JL����C�;W¾k�»F¼�Ä? ü
M
F¼I�A|C�J�F��»F¼?BJLC

M t * ‖M‖ ��C�Å Tr(M)
D F���C�Å,û�JL�ÇF¼I�A|F¼�¼��C�D��

Á�JLDÄA�*bF¼I�A#·yÀ�>@KB?BÅ�Ar��CQC�JL�Ä¾ 
 F¼I²�»F|?BD ‖M‖ =
√
λmax(M tM)

�.��C�ÅPF¼I�AÌF¼�¼��>@AÌJ�û
M
*�ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};L7

�ÇC�A#>r��C[DÄA@AÌF¼I�?BDZý9¸Ç:C

p
��Á��ÄJ	>@A@DÄDk��DZ�

p
F¼I�� JL�ÄÅ�A@�Z��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA#Á��ÄJ	>@A@DÄDZJLC/�

��?BC²���2;kF¼�ÄA@A�*jï�I�A@�ÄA;Ar��>�I¤ÂLA@� F¼A�ü¤�ÄA@Á��ÄA@DÄA@C&F¼DÇ��C¤?BC�Å�?ÃÂ	?BÅ�À²��KuJL�0>@A@KBKK*	ÂLA@� F¼A�ü
1
��A@?BC�M�F¼I�AJL�Ä?BML?BC²��Ky��C�>@A@D F¼JL�@7N8²JL����KBK

n ≥ 1
*{Å�A@C�J�F¼AZF¼I�A

n
��F¼I MLA@C�A@�¼�»F¼?BJLC���;

Gn = {2n, 2n +
1, · · · , 2n+1 − 1}.È C|Á²��� F¼?B>@À�K ���+*

G0 = {1} ?BD`F¼I�A0?BC�?ÃF¼? ��K	MLA@C�A@�¼�»F¼?BJLCZ��C�Å G1 = {2, 3} ?BD`F¼I�A�&²�ÄD F MLA@C��A@�¼�»F¼?BJLC�J�ûuJ�TuDÄÁ��Ä?BC�MÇû��ÄJL¾eF¼I�A:&²�ÄD F9��C�>@A@D F¼JL�@7yú�A�F
Grn

��A0F¼I�A0MLA@C�A@�¼�»F¼?BJLC|J�û�?BC�Å�?ÃÂ	?BÅ�À²��K
n
*�ï�I�?B>�IP¾ZAr��C�D�F¼I²�»F

rn = [log2(n)]
7N:�A@>r��KBKbF¼I²�»F�F¼I�AZFmï9J(J�TuDÄÁ��Ä?BC�MNJ�û0?BC�Å�?ÃÂ	?BÅ�À²��K

n
���ÄA�K ����A@KBKBA@Å

2n
��C�Å

2n + 1
*0JL�Z>@JLC&ÂLA@�ÄDÄA@K};M*�F¼I�A�¾ZJ�F¼I�A@�ZJ�ûÇF¼I�A�?BC�Å�?ÃÂ	?BÅ�À²��K

n
?BD

[n/2]
7�¹¤JL�ÄA�MLA@C�A@�¼��KBK};M*=F¼I�A|��C�>@A@D F¼JL�ÄDnJ�ûb?BC�Å�?ÃÂ	?BÅ�À²��K

n
���ÄA

[n/2], [n/22], · · · , [n/2rn]
78²À�� F¼I�A@�Ä¾ZJL�ÄA�*�Å�A@C�J�F¼AV��;

Tn =
n⋃

k=0

Gk

F¼I�A9DÄÀ	��F¼�ÄA@A�J�û=��KBK�?BC�Å�?ÃÂ	?BÅ�À²��KBD¢û��ÄJL¾TF¼I�A9JL�Ä?BML?BC²��K&?BC�Å�?ÃÂ	?BÅ�À²��K&À�Á�F¼J4F¼I�A
n
��F¼I�MLA@C�A@�¼�»F¼?BJLC¢7

ùUAnÅ�A@C�J�F¼A���;
Tn,p = {k ∈ Tn, k ≥ 2p} F¼I�AnDÄÀ	��F¼�ÄA@A;J�ûH��KBK�?BC�Å�?ÃÂ	?BÅ�À²��KBD À�ÁÌF¼J.F¼I�A n F¼IMLA@C�A@�¼�»F¼?BJLC�ï�?ÃF¼I�JLÀ�F

Tp−1
7I�ÇC�A�>r��C�JM��DÄA@� ÂLA�F¼I²�»FQ*²û�JL�E��KBK

n ≥ 1
*
Tn,0 = Tn

��C�Å¤û�JL�
��KBK

p ≥ 1
*
Tp,p = Gp

7
G0I�A�ý9¸Ç:C


p
�9Á��ÄJ	>@A@DÄDE>r��C=��A;�ÄAeï��Ä?ÃFÄF¼A@C)*�û�JL����KBK

n ≥ 2p−1 *²?BCÌF¼I�A;¾k�»F¼�Ä? ükû�JL�Ä¾
Zn = θtYn + Vn

ï�I�A@�ÄA
Zn =

(
X2n

X2n+1

)
, Yn =

(
1

Xn

)
, Vn =

(
ε2n

ε2n+1

)
,

�]���



��C�Å#F¼I�A
(p+ 1) × 2

¾k�»F¼�Ä? ükÁ²���¼��¾ZA�F¼A@�
θ
?BD0ML?ÃÂLA@C=��;

θ =




a0 b0
a1 b1
. .
. .
ap bp



.

¸4D�?BCUý9A@�Ä>@ÀUA�F.��Kó7«+ � î�-K*?ï9AZ?BC&F¼�ÄJ	Å�À�>@A|F¼I�AZKBAr��D F�DÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�
θ̂n
J�û
θ
*Hû��ÄJL¾F¼I�A|JM��DÄA@� Â��»F¼?BJLCWJ�û0��KBK{?BC�Å�?ÃÂ	?BÅ�À²��KBDÇÀ�ÁWF¼JÌF¼I�A

n
��F¼I,MLA@C�A@�¼�»F¼?BJLCNF¼I²�»F�?BDÇF¼I�A|>@JL¾ZÁ�KBA�F¼ADÄÀ	����F¼�ÄA@A

Tn
*�û�JL����KBK

n ≥ p

θ̂n = S−1
n−1

∑

k∈Tn−1,p−1

YkZ
t
k,


y��7½�	7 �q�

ï�I�A@�ÄAnF¼I�A
(p+ 1) × (p+ 1)

¾k�»F¼�Ä? ü
Sn
?BD0Å�Ae&²C�A@ÅN��D

Sn =
∑

k∈Tn,p−1

YkY
t
k =

∑

k∈Tn,p−1

(
1 X

t
k

Xk XkX
t
k

)
.


y��7½�	7½�M�

ùUA���DÄDÄÀ�¾ZA�*5ï�?ÃF¼I�JLÀ�F4KBJLDÄD4J�ûbMLA@C�A@�¼��KB?ÃFm;M*²F¼I²�»F4û�JL�Ç��KBK
n ≥ p − 1

*
Sn
?BDE?BC&ÂLA@� F¼?[��KBA�7EÈ C

��KBK~F¼I²�»F4û�JLKBKBJ7ï�D+*5ï9A.DÄI²��KBK{¾k��Z�A.�äDÄKB?BMLI&FÇ����À�DÄA�J�ûbC�J�F��»F¼?BJLC���;�?BÅ�A@C&F¼?Ãûv;	?BC�M
θ
��D�ï9A@KBK

��D
θ̂n
F¼J

vec(θ) =




a0777
ap
b0777
bp




and vec(θ̂n) =




â0,n777
âp,n
b̂0,n777
b̂p,n




.

ú�A�F
Σn = I2⊗Sn

*�ï�I�A@�ÄA ⊗ D F���C�Å�Dyû�JL�{F¼I�A0¾k�»F¼�Ä? ü4On�ÄJLC�A@>�Z�A@�bÁ��ÄJ	Å�À�>�Fr7{G0I�A@�ÄA�û�JL�ÄA�*ï9A�Å�A@Å�À�>@A;û��ÄJL¾ 
y��7½�	7 �q� F¼I²�»F

θ̂n = Σ−1
n−1

∑

k∈Tn−1,p−1

vec(YkZ
t
k) = Σ−1

n−1

∑

k∈Tn−1,p−1




X2k

XkX2k

X2k+1

XkX2k+1


 .


y��7½�	7 ���

þ9JLC�DÄA@¿�À�A@C&F¼K};M*«
y��7½�	7½�M�U;	?BA@KBÅ�D�F¼J

θ̂n − θ = Σ−1
n−1

∑

k∈Tn−1,p−1




ε2k

ε2kXk

ε2k+1

ε2k+1Xk


 .


y��7½�	7½ÚM�

���]�



¶4A@C�J�F¼A���;
F = (Fn)

F¼I�AÇC²�»F¼À��¼��K5&²KÃF¼�¼�»F¼?BJLCk��DÄDÄJ	>@? �»F¼A@Å�ï�?ÃF¼IkF¼I�A;ý9¸Ç:C

p
�bÁ��ÄJ	>@A@DÄD+*

ï�I�?B>�IZ¾ZAr��C�DyF¼I²�»F Fn
?BDyF¼I�A

σ− ��KBMLA+���¼�nMLA@C�A@�¼�»F¼A@Åc��;�F¼I�A�?BC�Å�?ÃÂ	?BÅ�À²��KBD{À�ÁZF¼JnF¼I�A n � thMLA@C�A@�¼�»F¼?BJLC)*�?BC#J�F¼I�A@�:ï9JL�ÄÅ�D Fn = σ{Xk, k ∈ Tn}.8²JL�;F¼I�Aä?BC�?ÃF¼? ��K`D F��»F¼A@D+*b?Ãû:ï9AäÅ�A@C�J�F¼A���;
X1 = max

{
‖Xk‖, k ≤ 2p−1

} ï�?ÃF¼IUF¼I�A
>@JLC&ÂLA@C&F¼?BJLC¤F¼I²�»F

X0 = 0
*'ï9A�?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M.I�;	Á�J�F¼I�A@DÄ?BD@7

¼_l ° ¾ 8²JL��DÄJL¾ZA
a > 2

*�F¼I�A@�ÄA;A�ü�?BD F¼D
τ > 0

DÄÀ�>�I¤F¼I²�»F
E
[
exp

(
τX

a

1

)]
<∞.

G0I�?BDE��DÄDÄÀ�¾ZÁ�F¼?BJLC#?B¾ZÁ�KB?BA@D F¼I�A�ï9Ar��Z�A@�  ��À�DÄDÄ? ��C#?BC&F¼A@ML�¼����?BKB?ÃFm;Z>@JLC�Å�?ÃF¼?BJLC
¼_l Þ�¾ G0I�A@�ÄA;?BD

τ > 0
DÄÀ�>�I¤F¼I²�»F

E

[
exp

(
τX

2

1

)]
<∞.

8²JL�9F¼I�A;C�JL?BDÄA
(ε2n, ε2n+1)

F¼I�A���DÄDÄÀ�¾ZÁ�F¼?BJLC#¾k�>;���A;J�ûHFmï9J|Fm;	Á�A@D@7

� 7`È CWF¼I�A�&²�ÄD F�>r��DÄASï9ASï�?BKBK`��DÄDÄÀ�¾ZA|F¼I�A|?BC�Å�A@Á�A@C�Å�A@C�>@AkJ�û F¼I�A|C�JL?BDÄA�ï�I�?B>�I ��KBKBJ7ï�DÀ�D F¼J�?B¾ZÁ�JLDÄA�KBA@DÄD9�ÄA@D F¼�Ä?B>�F¼?ÃÂLA4>@JLC�Å�?ÃF¼?BJLC�D JLCZF¼I�A4A�ü�Á�JLC�A@C&F¼? ��K�?BC&F¼A@ML�¼����?BKB?ÃFm;.J�û¢F¼I�AC�JL?BDÄA�7
Å °j�@µ Ô/÷ ùUA,DÄI²��KBK;��DÄDÄÀ�¾ZAWF¼I²�»F

((ε2n, ε2n+1), n ≥ 1)
û�JL�Ä¾ZD¤�QDÄA@¿�À�A@C�>@A J�û?BC�Å�A@Á�A@C�Å�A@C&F4��C�Å¤?BÅ�A@C&F¼?B>r��KBK};ZÅ�?BD F¼�Ä?[��À�F¼A@Å���?���Â����Ä? �»F¼A4>@A@C&F¼A@�ÄA@Å��¼��C�Å�JL¾ßÂ����Ä? ����KBA@D

ï�?ÃF¼I#>@JvÂ����Ä? ��C�>@An¾k�»F¼�Ä? ü
Γ
��DÄDÄJ	>@? �»F¼A@Åwï�?ÃF¼I

(ε2n, ε2n+1)
*�ML?ÃÂLA@C=��;

Γ =

(
σ2 ρ
ρ σ2

)
,
ï�I�A@�ÄA

σ2 > 0
��C�Å |ρ| < σ2.


y��7½�	7 î��
8²JL�0��KBK

n ≥ p− 1
��C�Å#û�JL����KBK

k ∈ Gn
*	ï9A;Å�A@C�J�F¼A

E[ε2
k] = σ2, E[ε4

k] = τ 4, E[ε2kε2k+1] = ρ, E[ε2
2kε

2
2k+1] = ν2,

ï�I�A@�ÄA
τ 4 > 0

*
ν2 < τ 4 7�È C,��Å�Å�?ÃF¼?BJLC)*5ï9A|��DÄDÄÀ�¾ZA.F¼I²�»FÇF¼I�A�>@JLC�Å�?ÃF¼?BJLC ¼_l Þ�¾ JLCF¼I�A;?BC�?ÃF¼? ��K=D F��»F¼A;?BD0D¼�»F¼?BD2&²A@Å���C�Å

¼ ø Þ�¾ JLC�A�>r��C=&²C�Å
γ > 0

��C�Å
c > 0

DÄÀ�>�I�F¼I²�»FEû�JL�4��KBK
n ≥ p− 1,

û�JL�E��KBK
k ∈ Gn��C�Å#û�JL����KBK |t| ≤ c

E
[
exp t

(
ε2
k − σ2

)]
≤ exp

(
γt2

2

)
.

È CäF¼I�?BD9>r��DÄA�*'ï9An?B¾ZÁ�JLDÄAEF¼I�A4û�JLKBKBJ7ï�?BC�M�I�;	Á�J�F¼I�A@DÄ?BD0JLCäF¼I�AÇDÄ>r��KBAÇJ�û�F¼I�AnÅ�A�Â	? �»F¼?BJLC
�����



¼ ¯ Ôk¾
(bn)

ï�?BKBK�Å�A@C�J�F¼AE��C�?BC�>@�ÄAr��DÄ?BC�M;DÄA@¿�À�A@C�>@AEJ�û�Á�JLDÄ?ÃF¼?ÃÂLA0�ÄAr��K�C�À�¾4��A@�ÄDyDÄÀ�>�IZF¼I²�»F
bn ↑ +∞

��C�Å#û�JL�
β
ML?ÃÂLA@C=��;´
y��7½�	7 ���

• ?Ãû β ≤ 1
2

*�F¼I�A;DÄA@¿�À�A@C�>@A
(bn)

?BD0DÄÀ�>�I¤F¼I²�»F bn logn√
n

↓ 0
*

• ?Ãû β > 1
2

*�F¼I�A;DÄA@¿�À�A@C�>@A
(bn)

?BD0DÄÀ�>�I¤F¼I²�»F
(bn
√

log n)β
rn+1

2 ↓ 0.

�	7`È C|>@JLC&F¼�¼��D FUï�?ÃF¼I�F¼I�A�&²�ÄD Fb>r��DÄA�*	?BC�F¼I�A�DÄA@>@JLC�ÅZ>r��DÄA�*qï9A�ï�?BKBK�C�J�F ��DÄDÄÀ�¾ZA0F¼I²�»FyF¼I�ADÄA@¿�À�A@C�>@A
((ε2n, ε2n+1), n ≥ 1)

?BD9?ó7 ?ó7 Å¢7{G0I�A4Á��Ä?B>@AEF¼J.Á²�>;|û�JL�9ML?ÃÂ	?BC�M�À�ÁkF¼I�?BD9?ó7 ?ó7 Å¢7��DÄDÄÀ�¾ZÁ�F¼?BJLC ?BD�I�?BMLI�A@��A�ü�Á�JLC�A@C&F¼? ��K9¾ZJL¾ZA@C&F¼D@7(È C�Å�A@A@Å²ï9AÌC�A@A@ÅPF¼I�A@¾gF¼JN¾k��Z�AÀ�DÄA�J�û F¼I�AZ¹�¶Ç��û�JL�Ç¾k��� F¼?BC�M&��KBA�*�A@DÄÁ�A@>@? ��KBK};#F¼J#Á��ÄJvÂLA�F¼I�A|ú�?BC�Å�A+��A@�ÄMÌ>@JLC�Å�?ÃF¼?BJLC
Â	? ��ú);&��Á�À�C�JvÂ¤JLC�A�7
Å °j�@µ Þ�÷ ùUAWDÄI²��KBKÇ��DÄDÄÀ�¾ZA(F¼I²�»FÌû�JL�Ì��KBK

n ≥ p − 1
��C�Å!û�JL�Ì��KBK

j ∈ Gn+1
*

E[εj|Fn] = 0
��C�Å û�JL�.��KBKbÅ�?}TuA@�ÄA@C&F

k, l ∈ Gn+1
ï�?ÃF¼I

[k
2
] 6= [ l

2
]
*
εk
��C�Å

εl
���ÄA>@JLC�Å�?ÃF¼?BJLC²��KBK};�?BC�Å�A@Á�A@C�Å�A@C&F�ML?ÃÂLA@C Fn.

¸4C�Åwï9A$ï�?BKBK�À�DÄAÇF¼I�AÇD¼��¾ZAÇC�J�F��»F¼?BJLCÌ��D�?BCF¼I�A;>r��DÄA � ø`û�JL����KBK
n ≥ p− 1

��C�ÅÌû�JL����KBK
k ∈ Gn+1

E[ε2
k|Fn] = σ2, E[ε4

k|Fn] = τ 4, E[ε2kε2k+1|Fn] = ρ, E[ε2
2kε

2
2k+1|Fn] = ν2 a.s.

ï�I�A@�ÄA
τ 4 > 0

*
ν2 < τ 4 ��C�Å ï9A(À�DÄA,��KBDÄJ Γ

û�JL�kF¼I�A(>@JLC�Å�?ÃF¼?BJLC²��KE>@JvÂ����Ä? ��C�>@A¾k�»F¼�Ä? ü���DÄDÄJ	>@? �»F¼A@ÅCï�?ÃF¼I
(ε2n, ε2n+1)

7{È C.F¼I�?BDH>r��DÄA�*Mï9A0��DÄDÄÀ�¾ZA9F¼I²�»FHF¼I�A�>@JLC�Å�?ÃF¼?BJLC¼_l ° ¾ JLC�F¼I�A.?BC�?ÃF¼? ��K�D F��»F¼A�?BD4D¼�»F¼?BD2&²A@Å)*���C�Å�ï9A.DÄI²��KBKH¾k��Z�A�À�DÄA�J�ûyF¼I�A�û�JLKBKBJ7ï�?BC�MI�;	Á�J�F¼I�A@DÄA@D@ø
¼ ¡Ç° ¾ û�JL�4DÄJL¾ZA

a > 2
*=F¼I�A@�ÄA.A�ü�?BD F

t > 0
��C�Å

E > 0
DÄÀ�>�INF¼I²�»F4û�JL�4��KBK

n ≥ p − 1��C�Å#û�JL����KBK
k ∈ Gn+1,

E
[
exp

(
t|εk|2a

)
|Fn

]
≤ E <∞ a.s.

G0I��ÄJLÀ�MLI�JLÀ�FnF¼I�?BDÇ>r��DÄA�*Aï9A�?BC&F¼�ÄJ	Å�À�>@A.F¼I�A.û�JLKBKBJ7ï�?BC�MkI�;	Á�J�F¼I�A@DÄ?BD;JLCNF¼I�A�DÄ>r��KBA�J�û
F¼I�A;Å�A�Â	? �»F¼?BJLC

¼ ¯ Þ�¾
(bn)

ï�?BKBK�Å�A@C�J�F¼AE��C�?BC�>@�ÄAr��DÄ?BC�M;DÄA@¿�À�A@C�>@AEJ�û�Á�JLDÄ?ÃF¼?ÃÂLA0�ÄAr��K�C�À�¾4��A@�ÄDyDÄÀ�>�IZF¼I²�»F
bn ↑ +∞,

��C�Å#û�JL�
β
ML?ÃÂLA@C=��;´
y��7½�	7 ���

• ?Ãû β2 < 1
2

*�F¼I�A;DÄA@¿�À�A@C�>@A
(bn)

?BD0DÄÀ�>�I¤F¼I²�»F bn log n√
n

↓ 0
*

• ?Ãû β2 = 1
2

*�F¼I�A;DÄA@¿�À�A@C�>@A
(bn)

?BD0DÄÀ�>�I¤F¼I²�»F bn(logn)3/2

√
n

↓ 0
*

���¼�



• ?Ãû β2 > 1
2

*�F¼I�A;DÄA@¿�À�A@C�>@A
(bn)

?BD0DÄÀ�>�I¤F¼I²�»F
(bn log n)βrn+1 ↓ 0.

�äµ	«U°�´8é ò�:[Þ�:yÔ/: Ô�Vjf�p�iLx5~�rvlyrKiLx'n�iLx lBVjf�n7pGa�o[f´i)=�lBVjf´~qfe{7rya�lyrKiLxµrvx÷pGa8n7f2Ì¶r[n�o[f�n�n
dGf�nelyd9rKpelyrv{�f�lBV	a�xJrvx pGa8n7fÇÊ8g�nervxBp�f\CDfwa8n�nek�_cfc_ciLdGfcrvxjlmfÍT�dEaLF+rvo©rvlD¸�p�iLx5~�rvlyrKiLx'n>|�Ô�Vjf�n7f
p�iLx5~�rvlyrKiLx'nViLx=lBVjf/n7pGa�o[fVi)=�lBVjfV~qfe{7rya�lyrKiLx�x5a�lyk�dEa�ovoÛ¸�a9h�hjfGa�dm=9dGiL_¿lBVjfQpGa�o[pek�o}a�lyrKiLx'n<´yn7f�f
lBVjf�h5dGi7i)=4i)=QODdGi�hji7nervlyrKiLxÀÕq| ó5|BÊ\·M| Y hjf�per s:pGa�ovoÛ¸7gPlBVjf

log
lmfed9_ðp�iL_cf�nK=9dGiL_ÝlBVjfSpedGi7n�nervx"T

i)=VlBVjf:h5dGi F�aLF+rvo©rvlD¸wi)=QaSnek�_Ýlmi�lBVjf�nek�_Ùi)=:h5dGi F�aLF+rvo©rvlD¸M|
�äµ	«U°�´8é ò�:[Þ�:[Þ�:�N dGiL_mJÏó/ÌnL4iLd�Jqõgó�LGg�CDfC~qfG~�kjp�fQC�rvlBV ¼ ¡Ç° ¾ lBV	a�l

¼ ¦ Ôk¾ lBVjfedGfVr[n
φ > 0

nekjpqV�lBV	a�l1=>iLdQa�ovo
n ≥ p− 1

g/=>iLdQa�ovo
k ∈ Gn+1

a�x5~M=>iLdQa�ovo
t ∈ R

g

E

[
exp (tεk) |Fn

]
< exp

(
φt2

2

)
, a.s.

É f²V	a�{�fVlBVjf�n>a�_cf4p�iLxBpeo©k�nerKiLx�rvx�pGa8n7f8Ê\C�rvlBVjiLk�lUlBVjf4p�iLx5~�rvlyrKiLxjrvx"T8gPry|·f>|
¼ ø Ôk¾ lBVjfedGfVr[n

φ > 0
nekjpqV�lBV	a�l1=>iLdCa�ovo

n ≥ p− 1
g1=>iLdQa�ovo

k ∈ Gn

a�x5~M=>iLdCa�ovo
t ∈ R

g

E

[
exp(tεk)

]
< exp

(
φt2

2

)
.

�äµ	«U°�´8é ò�:[Þ�:[ò�: ^�d9_cfG~aC�rvlBVSlBVjf�dGf�p�fexjl?~qfe{�feo[i�h5_cfexjl)rvx�lBVjf�lBVjf�iLd\¸4i)=:lydEa�x'nmhjiLd9l a�lyrKiLx
rvxBfGt+k	a�o©rvlyrKf�n�g/f]?ehjiLxBfexjlyrya�oNrvxjlmfÍT�dEaLF+rvo©rvlD¸�a�x5~Q=9k�xBpelyrKiLx5a�o?rvxBfGt+k	a�o©rvlyrKf�nÂ´yn7f�f¿INfG~qiLk@?UJqõgó�LGgP/i�V+o}a�xHJ�þL×oL/a�x5~µP/i�V+o}a�x�a�x5~QINf�iLx5a�dE~pJ�þ ÊMLÍ·7gqCDf$pGa�xQh5dGiL{�f�lBV	a�l«a�nek�� perKfexjl«p�iLx5~�rvlyrKiLx=>iLd²V"¸�hjiLlBVjf�ner[n ¼ ø Þ�¾ lmiGVjiLo}~cr[nSf]?Mr[nelmfexBp�f�i)=

t0 > 0
nekjpqV�lBV	a�l�=>iLd4a�ovo

n ≥ p− 1
a�x5~=>iLdCa�ovo

k ∈ Gn

g
E [exp(t0ε

2
k)] <∞.

ùUA�C�J7ïTF¼À��ÄC�F¼J|F¼I�A�A@D F¼?B¾k�»F¼?BJLC#J�û`F¼I�A�Á²���¼��¾ZA�F¼A@�ÄD
σ2 ��C�Å ρ 7/�ÇC¤F¼I�A�JLC�A�I²��C�Å)*ï9A�Á��ÄJLÁ�JLDÄAnF¼J|A@D F¼?B¾k�»F¼A4F¼I�A;>@JLC�Å�?ÃF¼?BJLC²��K�Â����Ä? ��C�>@A

σ2 ��;

σ̂2
n =

1

2|Tn−1|
∑

k∈Tn−1,p−1

||V̂k||2 =
1

2|Tn−1|
∑

k∈Tn−1,p−1

(ε̂2
2k + ε̂2

2k+1)

y��7½�	7 Ø��

ï�I�A@�ÄA;û�JL����KBK
n ≥ p− 1

��C�Å���KBK
k ∈ Gn

*
V̂ t
k = (ε̂2k, ε̂2k+1)

t ï�?ÃF¼I
{
ε̂2k = X2k − â0,n −

∑p
i=1 âi,nX[ k

2i−1 ]

ε̂2k+1 = X2k+1 − b̂0,n −
∑p

i=1 b̂i,nX[ k

2i−1 ]

ùUA���KBDÄJ|?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M

σ2
n =

1

2|Tn−1|
∑

k∈Tn−1,p

(ε2
2k + ε2

2k+1).

y��7½�	7 � ñ��

��� �



�ÇC#F¼I�A;J�F¼I�A@�0I²��C�Å)*	ï9A�A@D F¼?B¾k�»F¼A4F¼I�A;>@JLC�Å�?ÃF¼?BJLC²��Ku>@JvÂ����Ä? ��C�>@A
ρ
��;

ρ̂n =
1

|Tn−1|
∑

k∈Tn−1,p−1

ε̂2kε̂2k+1

y��7½�	7 �M� �

ùUA���KBDÄJ|?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M

ρn =
1

|Tn−1|
∑

k∈Tn−1,p

ε2kε2k+1.

y��7½�	7 � �M�

È CUJL�ÄÅ�A@�;F¼J�A@D F�����KB?BDÄIWF¼I�Aä¹�¶Ç�i�ÄA@DÄÀ�KÃF¼D�J�û0JLÀ��;A@D F¼?B¾k�»F¼JL�ÄD+*Nï9AZDÄI²��KBKb¾k��Z�AZÀ�DÄAZJ�û��
¾k��� F¼?BC�M&��KBAÇ��Á�Á��ÄJ&��>�I¢7 8²JL�0��KBK

n ≥ p,
Å�A@C�J�F¼A

Mn =
∑

k∈Tn−1,p−1




ε2k

ε2kXk

ε2k+1

ε2k+1Xk


 ∈ R

2(p+1).

y��7½�	7 � ���

ùUA;>r��C¤>@KBAr���ÄK};k�ÄAeï��Ä?ÃF¼Ac
y��7½�	7½ÚM����D
θ̂n − θ = Σ−1

n−1Mn.

y��7½�	7 � �q�

ùUAPZ�C�J7ï û��ÄJL¾iý9A@�Ä>@À<�5��Kó7J+ � î0-&F¼I²�»F
(Mn)

?BDH�0DÄ¿�À²���ÄA ?BC&F¼A@ML�¼����KBAy¾k��� F¼?BC�M&��KBA`��Å²��Á�F¼A@ÅF¼J�F¼I�A�&²KÃF¼�¼�»F¼?BJLC
F = (Fn)

7bÈ�F¼D�?BC�>@�ÄAr��DÄ?BC�M�Á��ÄJ	>@A@DÄDE?BD0ML?ÃÂLA@C#û�JL����KBK
n ≥ p

��;

〈M〉n = Γ ⊗ Sn−1

ï�I�A@�ÄA
Sn
?BD0ML?ÃÂLA@C¤?BC�
y��7½�	7½�M����C�Å

Γ
?BD0ML?ÃÂLA@C#?BC�
y��7½�	7 î���7

ùUA.�ÄA@>r��KBK~F¼I²�»F4û�JL�Ç�kDÄA@¿�À�A@C�>@AZJ�ûb�¼��C�Å�JL¾SÂ����Ä? ����KBA@D
(Zn)n

JLC
Rd×p *Bï9A.D¼�>;�F¼I²�»F

(Zn)n
>@JLC&ÂLA@�ÄMLA@D

(b2n)−
DÄÀ�Á�A@�ÄA�ü�Á�JLC�A@C&F¼? ��KBK};|û���D F�?BCäÁ��ÄJM�²����?BKB?ÃFm;.F¼J.DÄJL¾ZA4�¼��C�Å�JL¾ Â����Ä?��

����KBA
Z
?Ãû�*�û�JL����KBK

δ > 0
*

lim sup
n→∞

1

b2n
log P

(
‖Zn − Z‖ > δ

)
= −∞.

G0I�?BD�A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@AQï�?ÃF¼I#DÄÁ�A@A@Å
b2n
ï�?BKBKB��A;DÄI�JL� F¼A@C�A@Å���D

Zn
superexp
=⇒
b2n

Z.

ùUA û�JLKBKBJ7ïÖ¶4A@¾4��J���C�Å�7uA@?ÃF¼JLÀ�C�?Â+ ����-.û�JL��F¼I�AQK ��C�MLÀ²��MLAUJ�û|F¼I�AQK ���ÄMLAUÅ�A�Â	? �»F¼?BJLC�D+*
F¼I��ÄJLÀ�MLI�JLÀ�FEF¼I�?BD�>�I²��Á�F¼A@�@7E8²JL��>@JL¾ZÁ�KBA�F¼A@C�A@DÄD+*�KBA�F4À�DE�ÄA@>r��KBK�F¼I�A�Å�Ae&²C�?ÃF¼?BJLC¤J�ûb�k¹�¶Ç�0øKBA�F

(bn)
��A���C#?BC�>@�ÄAr��DÄ?BC�M|DÄA@¿�À�A@C�>@A�J�û{Á�JLDÄ?ÃF¼?ÃÂLAn�ÄAr��K¢C�À�¾4��A@�ÄDEDÄÀ�>�I¤F¼I²�»F

bn ↑ ∞ and
bn√
n
↓ 0.


y��7½�	7 � �M�

��� �



ùUA4D¼�>;|F¼I²�»F9��DÄA@¿�À�A@C�>@AnJ�û¢>@A@C&F¼A@�ÄA@ÅÌ�¼��C�Å�JL¾ºÂ����Ä? ����KBA@D
(Mn)n

ï�?ÃF¼IZF¼JLÁ�JLKBJLML?B>r��K�D F��»F¼ADÄÁ²��>@A
(S,S)

D¼�»F¼?BD2&²A@D.��¹�¶Ç� ï�?ÃF¼I,DÄÁ�A@A@Å
b2n
��C�ÅU�¼�»F¼A�û�À�C�>�F¼?BJLC

I : S → R∗
+

?Ãû û�JL�Ar��>�I
A ∈ S *

− inf
x∈Ao

I(x) ≤ lim inf
n→∞

1

b2n
log P

(√
n

bn
Mn ∈ A

)

≤ lim sup
n→∞

1

b2n
log P

(√
n

bn
Mn ∈ A

)
≤ − inf

x∈A
I(x),

I�A@�ÄA
Ao
��C�Å

A
Å�A@C�J�F¼AnF¼I�A;?BC&F¼A@�Ä?BJL�0��C�Å¤>@KBJLDÄÀ��ÄA;J�û

A
�ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};L7

ý9A�û�JL�ÄAÇF¼I�A;Á��ÄA@DÄA@C&F��»F¼?BJLC#J�ûHF¼I�A;¾k��?BCÌ�ÄA@DÄÀ�KÃF¼D+*�KBA�F�À�D�&�ü#DÄJL¾ZAn¾ZJL�ÄAÇC�J�F��»F¼?BJLC¢7yú�A�F
a =

a0 + b0
2

, a2 =
a2

0 + b20
2

, A =
A+B

2

��C�Å
e1 = (1, 0, · · · , 0)t ∈ R

p.
ùUA

Å�A@C�J�F¼A

Ξ = a(Ip − A)−1e1,

y��7½�	7 � ���

��C�Å
Λ
F¼I�A;À�C�?B¿�À�A;DÄJLKBÀ�F¼?BJLCÌJ�ûHF¼I�A;A@¿�À²�»F¼?BJLC

Λ = T +
1

2
(AΛAt +BΛBt)


y��7½�	7 � ÚM�
ï�I�A@�ÄA

T =
(
σ2 + a2

)
e1e

t
1 +

1

2

(
a0

(
AΞet1 + e1Ξ

tAt
)

+ b0
(
BΞet1 + e1Ξ

tBt
))
,

y��7½�	7 � î��

ùUA���KBDÄJ|?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M.¾k�»F¼�Ä?B>@A@D
L
��C�Å

Σ
ML?ÃÂLA@C=��;

L =

(
1 Ξ
Ξ Λ

) ��C�Å
Σ = I2 ⊗ L.


y��7½�	7 � Ø��
�äµ	«U°�´8é ò�:[Þ�: ì : Ú9x�lBVjf�nmhjf�perya�o?pGa8n7f

p = 1
g�CDfQV	a�{�f

Ξ =
a

1 − b
,

a�x5~
Λ =

a2 + σ2 + 2Ξab

1 − b2
,

CaVjfedGf
ab =

a0a1 + b0b1
2

g
b =

a1 + b1
2

g
b2 =

a2
1 + b21

2

|

_ � _ \]�b�)� !$h>i"'4���ki
ú�A�FEÀ�D�Á��ÄA@DÄA@C&F4C�J7ïTF¼I�A;¾k��?BCä�ÄA@DÄÀ�KÃF¼D�J�ûHF¼I�?BD�>�I²��Á�F¼A@�@7bÈ C#F¼I�Anû�JLKBKBJ7ï�?BC�M�F¼I�A@JL�ÄA@¾=*'ï9A
ï�?BKBK{ML?ÃÂLA�F¼I�A|Å�A�Â	? �»F¼?BJLC(?BC�A@¿�À²��KB?ÃF¼?BA@DÇJ�û F¼I�A|A@D F¼?B¾k�»F¼JL�ÇJ�û F¼I�AZÁ²���¼��¾ZA�F¼A@�ÄD+*�À�DÄA�û�À�Kyû�JL�
C�JLC���D2;	¾ZÁ�F¼J�F¼?B>ÇD F��»F¼?BD F¼?B>r��K¢D F¼À�Å�?BA@D@7
�Cä~µ�=´�µ	« ò�:[ò�:yÔ/:

��� *



¼ ª ¾ Ú9x�pGa8n7f`ÊXCDf�V	a�{�f�=>iLd�a�ovo
δ > 0

g�=>iLd�a�ovo
b > 0

nekjpqV�lBV	a�l
b < ‖Σ‖/(1 + δ)

a�x5~=>iLdQa�ovo
n > c0

log((1−β)bδ)
log(β)

+ p− 1

P

(
‖θ̂n − θ‖ > δ

)
≤





c1 exp
(
− c2(δb)2

c3+(δb)
2n

(n−1)2

) r =
β < 1

2

c1(n− 1) exp
(

−c2(δb)2
c3+(δb)

2n

(n−1)2

) r =
β = 1

2

c1(n− 1) exp
(

−c2(δb)2
c3+(δb)

1
(n−1)βn

) r =
β > 1

2
,


y��7 ��7 � �

CaVjfedGfQlBVjf�p�iLx'nel a�xjlvn
c0
g
c1
g
c2
a�x5~

c3
~qfmhjfex5~�iLx

σ2, β, γ
a�x5~

φ
a�x5~�a�dGfVnekjpqV

lBV	a�l
c0 ∈ R∗ g c1, c2 > 0

g
c3 ≥ 0.¼ ª�ª ¾ Ú9x�pGa8n7f8Ì.CDf�V	a�{�f�=>iLd�a�ovo
δ > 0

g�=>iLd�a�ovo
b > 0

nekjpqV�lBV	a�l
b < ‖Σ‖/(1 + δ)

a�x5~=>iLdQa�ovo
n > c0

log((1−β)bδ)
log(β)

+ p− 1

P

(
‖θ̂n − θ‖ > δ

)
≤





c1 exp
(
− c2(δb)2

c3+c4(δb)
2n

(n−1)2

) r =
β <

√
2

2

c1 exp
(
− c2(δb)2

c3+c4(δb)
2n

(n−1)3

) r =
β =

√
2

2

c1 exp
(
− c2(δb)2

c3+c4(δb)
1

(n−1)2β2n

) r =
β >

√
2

2
,


y��7 ��7½�M�

CaVjfedGf�lBVjf�p�iLx'nel a�xjlvn
c0
g
c1
g
c2
g
c3
g$a�x5~

c4
~qfmhjfex5~�iLx

σ2, β, γ
a�x5~

φ
a�x5~�a�dGf

nekjpqV�lBV	a�l
c0 ∈ R∗ g c1, c2 > 0

g
c3, c4 ≥ 0

g
(c3, c4) 6= (0, 0).�äµ	«U°�´8é ò�:[ò�:[Þ�: ¯:xBf$pGa�x�xBiLlyrKp�f/lBV	a�l?lBVjf�f�nelyrv_�a�lmf¿´ºÕq|ÏÕq|«Ì�·Vr[n:nelydGiLx"Tqfed�lBV	a�x�f�nelyrv_�a�lmf´ºÕq|ÏÕq|BÊ\·M|<Ô�V�r[n�r[n�~�kjf�lmiClBVjfa=+aqpel�lBV	a�l�lBVjf�rvxjlmfÍT�dEaLF+rvo©rvlD¸Sp�iLx5~�rvlyrKiLx�rvx�pGa8n7f(ÌSr[nInelydGiLx"Tqfed

lBV	a�x@rvxjlmfÍT�dEaLF+rvo©rvlD¸�p�iLx5~�rvlyrKiLx�rvx�pGa8n7f8Ê�|
�äµ	«U°�´8é ò�:[ò�:[ò�: Ô�Vjf�k7h�hjfed�F9iLk�x5~8n�rvx"h5dGfe{7rKiLk�n�lBVjf�iLdGfe_ VjiLo}~µ=>iLd@a�d�F+rvlydEa�d\¸

n ≥
n0 + p − 1

gTCaVjfedGf
n0

pGa�x4F9f�p�iL_�h5k�lmfG~´f]?eh5o©rKpervlyoÛ¸Ø´ xBiLl�a�o©rv_�rvl�dGfeo}a�lyrKiLx'g$k�xjo©r«³�fclBVjfF9feo[iIC²dGf�nek�o©lvnº·M|�QfexBp�f�g«lBVjf�n7f�f�nelyrv_�a�lmf�n$a�dGf�_�kjpqV�_ciLdGf�h5dEaqpelyrKpGa�om´ rvx�xBiLx=a8nx¸L_�h5lmiLlyrKp
nel a�lyr[nelyrKp�nº·M|
È C#F¼I�AnC�A�ü	F4�ÄA@DÄÀ�KÃF>*'ï9AVï�?BKBKuÁ��ÄA@DÄA@C&FEF¼I�A�¹�¶Ç�5J�ûHF¼I�A;A@D F¼?B¾k�»F¼JL�

θ̂n
7

�Cä~µ�=´�µ	« ò�:[ò�: ì : Ú9x´pGa8n7f8Ê�iLdVrvx´pGa8n7f�Ì�gUlBVjf�n7fGt+kjfexBp�f
(√

|Tn−1|(θ̂n − θ)/b|Tn−1|

)
n≥1n>a�lyr[n·s:f�nVlBVjf²±�RQO÷iLx

R2(p+1)
C�rvlBVwnmhjf�fG~

b2|Tn−1|
a�x5~�dEa�lmf�=9k�xBpelyrKiLx

Iθ(x) = sup
λ∈R2(p+1)

{λtx− λ(Γ ⊗ L−1)λt} =
1

2
xt(Γ ⊗ L−1)−1x,


y��7 ��7 ���

��� 6



CaVjfedGf
L
a�x5~

Γ
a�dGf(T�rv{�fex�rvx5´ºÕq|«Ì�|BÊsr\·�a�x5~ð´ºÕq|«Ì�|ÏÎx·SdGf�nmhjf�pelyrv{�feoÛ¸M|

�äµ	«U°�´8é ò�:[ò�: × :�Y rv_�rvo}a�dIdGf�nek�o©lvnVaLF9iLk�l�~qfe{7rya�lyrKiLxwrvxBfGt+k	a�o©rvlyrKf�n$a�x5~¿±�RQOPg�a�dGf�a�o©dGfGa�~@¸
i F+l a�rvxBfG~$rvxRJÍÌLÌ	LGgArvx�a$dGf�nelyd9rKpelyrv{�fIpGa8n7fIi)=�F9iLk�x5~qfG~QiLd(PIa�k�n�nerya�xSxBiLr[n7f�a�x5~TCaVjfex

p = 1
gF+k�lUdGf�nek�o©lvnQlBVjfedGfervxðVjiLo}~M=>iLd(TqfexBfedEa�o�±�a�dg³�iL{4_ci>~qfeo nCa�o n7iM|

ú�A�F�À�DE>@JLC�DÄ?BÅ�A@�0C�J7ïTF¼I�AnA@D F¼?B¾k�»F¼?BJLCÌJ�ûHF¼I�A;Á²���¼��¾ZA�F¼A@�0?BCÌF¼I�A;C�JL?BDÄAnÁ��ÄJ	>@A@DÄD@7
�Cä~µ�=´�µ	« ò�:[ò�:[ô�: INfel

(bn)
a�x"rvxBpedGfGa8nervx"Twn7fGt+kjfexBp�f�i)=�hji7nervlyrv{�f�dGfGa�o«xjk�_GF9fedGn�CaV�rKpqV

n>a�lyr[nN=\¸ð´ºÕq|«Ì�|BÊLý\·M|9Ú9x´pGa8n7f<ÊwiLdVrvx�pGa8n7f�Ì�g
´)Ê\·�lBVjf�n7fGt+kjfexBp�f

(√
|Tn−1|(σ2

n − σ2)/b|Tn−1|

)
n≥1n>a�lyr[n·s:f�nVlBVjf²±�RQOÐiLx

R
C�rvlBV�nmhjf�fG~

b2|Tn−1 |
a�x5~�dEa�lmf�=9k�xBpelyrKiLx

Iσ2(x) =
x2

τ 4 − 2σ4 + ν2
.


y��7 ��7 �q�
´ÍÌ�·�lBVjf�n7fGt+kjfexBp�f

(√
|Tn−1|(ρn − ρ)/b|Tn−1|

)
n≥1n>a�lyr[n·s:f�nVlBVjf²±�RQOÐiLx

R
C�rvlBV�nmhjf�fG~

b2|Tn−1 |
a�x5~�dEa�lmf�=9k�xBpelyrKiLx

Iρ(x) =
x2

2(ν2 − ρ2)
.


y��7 ��7½�M�
�äµ	«U°�´8é ò�:[ò�:³ý:  iLlmfQlBV	a�lUrvx�lBV�r[n�pGa8n7fVlBVjfQ±�RQOßVjiLo}~8nK=>iLdQa�ovoAlBVjf$n7pGa�o[f�n

(bn)
{�fed9rBA=\¸Lrvx"T2´ºÕq|«Ì�|BÊLý\·HC�rvlBVjiLk�l�iLlBVjfedVdGf�nelyd9rKpelyrKiLx5|

�äµ	«U°�´8é ò�:[ò�: í : Ú9l�C�rvovomF9fV_ciLdGfQrvxjlmfedGf�nelyrvx"T�lmi�h5dGiL{�fVlBVjf²±�RQOe=>iLd
(√

|Tn−1|(σ̂2
n − σ2)/b|Tn−1|

)
n≥1

,CaV�rKpqV[C�rvovomF9fQlBVjf�pGa8n7fVr =CiLxBf�h5dGiL{�f�nK=>iLdCf]?qa�_�h5o[fVlBV	a�l
(√

|Tn−1|(σ̂2
n − σ2)/b|Tn−1|

)
n≥1

a�x5~ (√
|Tn−1|(σ2

n − σ2)/b|Tn−1|

)
n≥1a�dGf´f]?ehjiLxBfexjlyrya�ovoÛ¸JfGt+k�rv{La�o[fexjl4rvxölBVjf�n7fex'n7f�i)=�lBVjf�±�RQO�|ÂÔ�V�r[n�r[n�~qf�n7ped9rDF9fG~5F�¸²lBVjf=>iLovo[iIC�rvx"T�p�iLxj{�fed[TqfexBp�f

√
|Tn−1|
b|Tn−1|

(σ̂2
n − σ2

n)
superexp
=⇒
b2|Tn−1|

0.

Ô�Vjf�h5dGi7i)=Qr[nQ{�fed\¸clmf�pqV�xjrKpGa�o?a�x5~c{�fed\¸cdGf�nelyd9rKpelyrv{�fJ=>iLdVlBVjfVn7pGa�o[f�i)=QlBVjf�~qfe{7rya�lyrKiLx5|I^�pxA
lyk	a�ovoÛ¸\CDfCa�dGf�iLxjoÛ¸caLF+o[fVlmi�h5dGiL{�fQlBV	a�l

σ̂2
n − σ2

n

superexp
=⇒
b2|Tn−1|

0,

lBV�r[n�nek7hjfedGf]?ehjiLxBfexjlyrya�oNp�iLxj{�fed[TqfexBp�faC�rvovozF9f:h5dGiL{�fG~�rvx�Ô�Vjf�iLdGfe_oÕq|ÏÕq|tr�|
��� _



È C#F¼I�AÇû�JLKBKBJ7ï�?BC�M�F¼I�A@JL�ÄA@¾úï9A�ï�?BKBKuD F��»F¼AnF¼I�A;DÄÀ�Á�A@�ÄA�ü�Á�JLC�A@C&F¼? ��K~>@JLC&ÂLA@�ÄMLA@C�>@A�7
�Cä~µ�=´�µ	« ò�:[ò�:«��: Ú9x´pGa8n7f8Ê�iLdVrvx´pGa8n7f�Ì�g�CDfQV	a�{�f

σ̂2
n

superexp
=⇒
b2|Tn−1|

σ2.

Ú9x´pGa8n7f8Êcrvx'nelmfGa�~wi)= ¼ ø Þ�¾ gPr =aCDf4a8n�nek�_cfVlBV	a�l¼ ø Þ�uÏ¾ iLxBfSpGa�x�sPx5~
γ′ > 0

nekjpqV�lBV	a�l=>iLd4a�ovo
n ≥ p− 1,

=>iLd�a�ovo
k, l ∈ Gn+1

C�rvlBV
[k
2
] = [ l

2
]
a�x5~M=>iLdCa�ovo

t ∈] − c, c[
=>iLd$n7iL_cf

c > 0,

E [exp t (εkεl − ρ)] ≤ exp

(
γ′t2

2

)
,

a�x5~�rvx´pGa8n7f¿Ì�rvx'nelmfGa�~wi)= ¼ ¡Ç° ¾ gPr =aCDf4a8n�nek�_cfVlBV	a�l¼ ¡ Þ�uÏ¾ iLxBf�pGa�x�sPx5~
γ′ > 0

nekjpqV�lBV	a�l=>iLd�a�ovo
n ≥ p − 1,

=>iLd4a�ovo
k, l ∈ Gn+1

C�rvlBV
[k
2
] = [ l

2
]
a�x5~M=>iLdCa�ovo

t ∈ R

E [exp t (εkεl − ρ) |Fn] ≤ exp

(
γ′t2

2

)
, a.s.

lBVjfex�rvx�pGa8n7f8Ê�iLd�rvx�pGa8n7f�Ì�g�CDfQV	a�{�f
ρ̂n

superexp
=⇒
b2|Tn−1|

ρ.

ý9A�û�JL�ÄA4MLJL?BC�M;F¼J�F¼I�A4Á��ÄJ	J�û�D+*	KBA�F9À�D�M&�»F¼I�A@� I�A@�ÄA4û�JL�bF¼I�A4>@JLC&ÂLA@C�?BA@C�>@AnJ�û¢F¼I�AÇ�ÄAr��Å�A@�ÄDFmï9J�F¼I�A@JL�ÄA@¾ZD9À�DÄA�û�À�K�F¼J�A@D F�����KB?BDÄIÌ¹�¶Ç�Pû�JL� ¾k��� F¼?BC�M&��KBA@D ��C�ÅkÀ�DÄA@ÅÌ?BC&F¼A@C�DÄ?ÃÂLA@K};Z?BCZF¼I�?BD
>�I²��Á�F¼A@�@7b8²�ÄJL¾ F¼I�A@DÄA�Fmï9J�F¼I�A@JL�ÄA@¾ZD+*qï9AIï�?BKBK	��AE����KBA0F¼J�ML?ÃÂLAE�;D F¼�¼�»F¼A@M�;�û�JL�yF¼I�A�Á��ÄJ	J�û�7ú�A�F

M = (Mn,Hn, n ≥ 0)
��AZ�Ì>@A@C&F¼A@�ÄA@Å DÄ¿�À²���ÄAZ?BC&F¼A@ML�¼����KBA.¾k��� F¼?BC�M&��KBA�Å�Ae&²C�A@ÅJLC#��Á��ÄJM�²����?BKB?ÃFm;|DÄÁ²��>@A

(Ω,H,P)
��C�Å

(〈M〉n)
?ÃF¼DD���¼��>�Z�A�Fr7 ú�A�F

(bn)
��An��Cä?BC�>@�ÄAr��DÄ?BC�MDÄA@¿�À�A@C�>@A9J�û��ÄAr��K&C�À�¾4��A@�ÄDHD¼�»F¼?BD ûv;	?BC�MQ
y��7½�	7 � �M��7~G0I�Abû�JLKBKBJ7ï�?BC�M�Á��ÄJLÁ�JLDÄ?ÃF¼?BJLCÇ>@JL�Ä�ÄA@DÄÁ�JLC�Å�DF¼J�F¼I�A;À�C�?BÅ�?B¾ZA@C�DÄ?BJLC²��Ku>r��DÄA;J�û{G0I�A@JL�ÄA@¾ � ?BCe+ �Mî.-ó7

¥�´�Yëy5�rªvÕ�ª��® ò�:[ò�:yÔqó>: INfel
c(n) :=

√
n
bn

F9fCxBiLx/A2~qf�pedGfGa8nervx"T8gUa�x5~w~qf·sPxBfQlBVjfCdGf�per h5dGi7pGa�o=9k�xBpelyrKiLx
c−1(t)

F�¸
c−1(t) := inf{n ∈ N : c(n) ≥ t}.; x5~qfed�lBVjf�=>iLovo[iIC�rvx"Twp�iLx5~�rvlyrKiLx'nCÆ


�§ Ô � lBVjfedGf4f]?Mr[nelvn
Q ∈ R∗

+

nekjpqV�lBV	a�l 〈M〉n
n

superexp
=⇒
b2n/n

Q
ö


�§ Þ �
lim sup
n→+∞

n

b2n
log

(
n ess sup

1≤k≤c−1(
√
n+1bn+1)

P(|Mk −Mk−1| > bn
√
n|Hk−1)

)
= −∞;

��� b




�§ ò � =>iLdQa�ovo
a > 0

1

n

n∑

k=1

E

(
|Mk −Mk−1|21{|Mk−Mk−1|≥a

√
n

bn
}|Hk−1

)
superexp
=⇒
b2n/n

0;

(Mn/bn
√
n)n∈N

n>a�lyr[n·s:f�nClBVjf�±�RQO rvx
R
C�rvlBV=lBVjfVnmhjf�fG~

b2n
a�x5~�lBVjfCdEa�lmfJ=9k�xBpelyrKiLx

I(x) =
x2

2Q
.

ú�A�F�À�D¤?BC&F¼�ÄJ	Å�À�>@A,�[DÄ?B¾ZÁ�KB?}&²A@Å5ÂLA@�ÄDÄ?BJLCTJ�û��yÀ�I²��KBDEZ�?B?K% D#�ÄA@DÄÀ�KÃFÒ+ Ø � -���Á�Á�KB?BA@Å!F¼J5�DÄA@¿�À�A@C�>@A�J�û{¾k��� F¼?BC�M&��KBA4Å�?}TuA@�ÄA@C�>@A@D@7
�Cä~µ�=´�µ	« ò�:[ò�:yÔYÔ/: INfel

(mn
j )1≤j≤n

F9fca�lyd9rya�x"T�k�o}a�d�a�d9dEa@¸�i)=4_�a�d9lyrvx"T�a�o[f�~�r �$fedGfexBp�f�nC�rvlBVö{La�o©kjf�n�rvx
R
d
gXC�rvlBVödGf�nmhjf�pelSlmi lBVjf�sPo©lydEa�lyrKiLx

(Hn)n≥1

| ; x5~qfed�lBVjf`=>iLovo[iIC�rvx"T
p�iLx5~�rvlyrKiLx'n

�¥ Ô � lBVjfedGf4f]?Mr[nelvn4aSnx¸L_�_cfelyd9rKp:hji7nervlyrv{�f$n7fe_�rBA2~qf·sPxjrvlmf�_�a�lyd9ru?

Q
nekjpqV�lBV	a�l

1

n

n∑

k=1

E

[
mn
k(m

n
k)

′∣∣Hk−1

]
superexp
=⇒
b2n/n

Q,


�¥ Þ � lBVjfedGf�f]?Mr[nelvn/a4p�iLx'nel a�xjl
c > 0

nekjpqV�lBV	a�lvg�=>iLd/fGaqpqV
1 ≤ k ≤ n

g |mn
k | ≤ c

√
n
bn

��7 D@7
,


�¥ ò � =>iLdQa�ovo
a > 0

g�CDfQV	a�{�fVlBVjf�f]?ehjiLxBfexjlyrya�o�I�rvx5~qfCF9fed[TNu nCp�iLx5~�rvlyrKiLx
1

n

n∑

k=1

E

[
|mn

k |2I{|mn
k |≥a

√
n

bn

}
∣∣Hk−1

]
superexp
=⇒
b2n/n

0.

(
∑n

k=1m
n
k/(bn

√
n))n≥1

n>a�lyr[n·s:f�nCa�xð±�RQO÷iLx
Rd

C�rvlBVwnmhjf�fG~
b2n
a�x5~�dEa�lmf�=9k�xBpelyrKiLx

Λ∗(v) = sup
λ∈Rd

(
λ′v − 1

2
λ′Qλ

)
.

Ú9x�h	a�d9lyrKpek�o}a�dGgUr =
Q
r[nVrvxj{�fed9lyrDF+o[f�g

Λ∗(v) = 1
2
v′Q−1v.¸4D F¼I�A4�ÄAr��Å�A@�9>r��Ck?B¾k��ML?BC�A0C²�»F¼À��¼��KBK};�C�J7ïV*	F¼I�A4D F¼�¼�»F¼A@M�;ZJ�û¢F¼I�A4Á��ÄJ	J�û¢J�û¢F¼I�An¹�¶Ç�

>@JLC�DÄ?BD F¼D�?BCÌF¼I�Anû�JLKBKBJ7ï�?BC�M.D F¼A@Á�D�ø
• F¼I�A0DÄÀ�Á�A@�ÄA�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@AEJ�û=F¼I�A0¿�À²��Å��¼�»F¼?B>9Â����Ä? �»F¼?BJLC�J�û=F¼I�A0¾k��� F¼?BC�M&��KBA

(Mn)
7`G0I�?BD9D F¼A@ÁÌ?BDbÂLA@�2;k>@�ÄÀ�>@? ��K���C�ÅkF¼I�A�Z�Ae;Zû�JL�bF¼I�A4�ÄA@D F0J�û¢F¼I�A4>�I²��Á�F¼A@�@7yÈ�FDï�?BKBK

��A��ÄAr��KB?[<@A@Å���;N¾ZAr��C�D4J�ûbÁ�J7ï9A@� û�À�K{A�ü�Á�JLC�A@C&F¼? ��K{?BC�A@¿�À²��KB?ÃF¼?BA@D@7�G0I�?BDn��KBKBJ7ï�DEÀ�D4F¼J
JM��F���?BCäF¼I�A;Å�A�Â	? �»F¼?BJLCÌ?BC�A@¿�À²��KB?ÃF¼?BA@D9û�JL��F¼I�A;A@D F¼?B¾k�»F¼JL��J�ûHF¼I�A;Á²���¼��¾ZA�F¼A@�ÄD+*

• ?BC&F¼�ÄJ	Å�À�>@A,�PF¼�ÄÀ�C�>r�»F¼A@ÅV¾k��� F¼?BC�M&��KBA�ï�I�?B>�I�D¼�»F¼?BD2&²A@D#F¼I�A ¹�¶Ç�?*�F¼I²��C	Z�D#F¼JQF¼I�A>@K ��DÄDÄ?B>r��K¢G0I�A@JL�ÄA@¾ZD/��7 ��7 �M� *
• F¼I�AEF¼�ÄÀ�C�>r�»F¼A@Åä¾k��� F¼?BC�M&��KBA0?BD9��CäA�ü�Á�JLC�A@C&F¼? ��KBK};|MLJ	J	Åk��Á�Á��ÄJrü�?B¾k�»F¼?BJLC|J�û (Mn)

*	?BCF¼I�A;DÄA@C�DÄA�J�ûHF¼I�A;¾ZJ	Å�A@�¼�»F¼AnÅ�A�Â	? �»F¼?BJLC¢7
���Ä�
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(Mn)

*�Á��ÄJLÁ�A@�ÄK};ZC�JL�Ä¾k��KB?[<@A@Åk?BCÌJL�ÄÅ�A@�9F¼J�Á��ÄJvÂLAÇF¼I�A;¹�¶Ç�
J�û=F¼I�A0A@D F¼?B¾k�»F¼JL�ÄD@7HÈ�F¼DyÁ��ÄJ	J�û�?BDHÂLA@�2;.F¼A@>�I�C�?B>r��KK*M��À�Fb>@�ÄÀ�>@? ��K	û�JL�{F¼I�A0�ÄA@D FbJ�û=F¼I�A�>�I²��Á�F¼A@�@7G0I�?BDÇDÄA@>�F¼?BJLCN>@JLC&F���?BC�DÇ��KBDÄJäDÄJL¾ZA�Å�A�Â	? �»F¼?BJLC�?BC�A@¿�À²��KB?ÃF¼?BA@D0û�JL�4DÄJL¾ZA�¿�À²��C&F¼?ÃF¼?BA@D4C�A@A@Å�A@Å?BCÌF¼I�A;Á��ÄJ	J�û{K �»F¼A@�@7
¥�´�Yëy5�rªvÕ�ª��® ò�: ì :yÔ/: Ú9x�pGa8n7f8ÊwiLd4pGa8n7f�Ì�g�CDfQV	a�{�f

Sn
|Tn|

superexp
=⇒
b2|Tn|

L,

y��7 ��7 � �

CaVjfedGf
Sn
r[nQT�rv{�fex�rvx3´ºÕq|«Ì�|Bý\·ca�x5~

L
r[nQT�rv{�fex�rvx3´ºÕq|«Ì�|BÊsr\·M|

8²JL�yF¼I�AEÁ��ÄJ	J�ûBï9AEû�J	>@À�D JLCk>r��DÄA$�	7`G0I�AÇ�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC���7 ��7 � ï�?BKBK�û�JLKBKBJ7ï[û��ÄJL¾ �y�ÄJLÁ�JL�DÄ?ÃF¼?BJLC=��7 ��7 �Z��C�ÅN�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=��7 ��7 ����A@KBJ7ïV*	ï�I�A@�ÄAQï9A.��DÄDÄÀ�¾ZA;F¼I²�»F�F¼I�A�DÄA@¿�À�A@C�>@A
(bn)D¼�»F¼?BD2&²A@DnF¼I�A|>@JLC�Å�?ÃF¼?BJLC ¼ ¯ Þ�¾ 7|�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC@��7 ��7 � ñÌML?ÃÂLA@D;DÄJL¾ZA�?BÅ�Ar��D;J�û F¼I�A|Á��ÄJ	J�û ?BC>r��DÄA � 7

�äµ	«U°�´8é ò�: ì :[Þ�:Â; nervx"TwJÏó/ÌnLGg�CDfVrvxC=>fedª=9dGiL_ ¼ ¡Ç° ¾ lBV	a�lÍÆ
¼ ¦ Þ�¾ iLxBf�pGa�xSsPx5~

γ > 0
nekjpqV�lBV	a�l>=>iLd�a�ovo

n ≥ p − 1,
=>iLdSa�ovo

k ∈ Gn+1

a�x5~Q=>iLdSa�ovo
t ∈ R

E
[
exp t

(
ε2
k − σ2

)
|Fn

]
≤ exp

(
γt2

2

)
a.s.

¥�´�Yëy5�rªvÕ�ª��® ò�: ì :[ò�: ^�n�nek�_cf4lBV	a�l9V"¸�hjiLlBVjf�ner[n ¼ ¦ Þ�¾ a�x5~ ¼_l ° ¾ a�dGfQn>a�lyr[n·s:fG~�|�Ô�VjfexCDf²V	a�{�f
1

|Tn|
∑

k∈Tn,p

Xk
superexp
=⇒
b2|Tn|

Ξ,

CaVjfedGf
Ξ
r[nQT�rv{�fex�rvx3´ºÕq|«Ì�|BÊ�þq·M|

ODdGi7i)=+| ú�A�F
Hn =

∑

k∈Tn,p−1

Xk and Pn =
∑

k∈Tn,p

εk.

8²�ÄJL¾âý9A@�Ä>@À¤A�F4��Kó7M+ � î0-K*	ï9A;I²�rÂLA
Hn

2n+1
=

n∑

k=p−1

(A)n−k
Hp−1

2k+1
+

n∑

k=p

a(A)n−k
(

2k − 2p−1

2k

)
e1 +

n∑

k=p

Pk
2k+1

(A)n−ke1.


y��7 ��7½�M�

�¼�\�



<	?BC�>@A�F¼I�A�DÄA@>@JLC�ÅNF¼A@�Ä¾ ?BC¤F¼I�A��Ä?BMLI&F4I²��C�ÅNDÄ?BÅ�A�J�û`F¼I�?BD4A@¿�À²��KB?ÃFm;#?BDEÅ�A�F¼A@�Ä¾Z?BC�?BD F¼?B>���C�Å>@JLC&ÂLA@�ÄMLA@DEF¼J
Ξ
*�F¼I�?BD0Á��ÄJLÁ�JLDÄ?ÃF¼?BJLCcï�?BKBK)��AnÁ��ÄJvÂLA@Å�?Ãû?ï9A;DÄI�J7ïTF¼I²�»F

n∑

k=p−1

(A)n−k

2k
Hp−1

superexp
=⇒
b2|Tn|

0,

n∑

k=p

Pk
2k+1

(A)n−ke1
superexp
=⇒
b2|Tn|

0,

y��7 ��7 ���

ï�I�?B>�I5û�JLKBKBJ7ï�D|Á��ÄJ	>@A@A@Å�?BC�MP��Dk?BC[F¼I�ANÁ��ÄJ	J�ûnJ�û;�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC¶��7 ��7 �ö
�DÄA@A�F¼I�A�Á��ÄJ	J�ûnJ�û
�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC���7 ��7 ��û�JL�0¾ZJL�ÄAnÅ�A�F���?BKBD���7
¥�´�Yëy5�rªvÕ�ª��® ò�: ì : ì : ^�n�nek�_cf4lBV	a�l9V"¸�hjiLlBVjf�ner[n ¼ ¦ Þ�¾ a�x5~ ¼_l ° ¾ a�dGfQn>a�lyr[n·s:fG~�|�Ô�VjfexCDf²V	a�{�f

1

|Tn|
∑

k∈Tn,p

XkX
t
k

superexp
=⇒
b2|Tn|

Λ,

CaVjfedGf
Λ
r[n(T�rv{�fex�rvx5´ºÕq|«Ì�|BÊ$õ�·M|

ODdGi7i)=+| ú�A�F
Kn =

∑

k∈Tn,p−1

XkX
t
k

��C�Å
Ln =

∑

k∈Tn,p

ε2
k.


y��7 ��7 �q�
G0I�A@C�û��ÄJL¾W
y��7½�	7½�M�9*���C�Å��»û F¼A@�~D F¼�¼��?BMLI&FÄû�JL�2ï����ÄÅ�>r��KB>@À�K �»F¼?BJLC�DP
�DÄA@A(+ � î.-&û�JL�~¾ZJL�ÄAbÅ�A�F���?BKBD��9*
ï9A�MLA�F0F¼I²�»F

Kn

2n+1
=

1

2n−p+1

∑

C∈{A;B}n−p+1

C
Kp−1

2p
Ct +

n−p∑

k=0

1

2k

∑

C∈{A;B}k

CTn−kC
t,

ï�I�A@�ÄAEF¼I�A4C�J�F��»F¼?BJLC {A;B}k ¾ZAr��C�DbF¼I�A4DÄA�F�J�û���KBK²Á��ÄJ	Å�À�>�F¼D9J�û A ��C�Å B ï�?ÃF¼IkA�ü���>�F¼K};
k
F¼A@�Ä¾ZD@7yG0I�A�>r���ÄÅ�?BC²��KB?ÃFm;ZJ�û {A;B}k ?BD0JM�&Â	?BJLÀ�DÄK}; 2k

*²��C�Å

Tk =
Lk

2k+1
e1e

t
1 + a2

(
2k − 2p−1

2k

)
e1e

t
1 + I

(1)
k + I

(2)
k +

1

2k+1
Uk

ï�?ÃF¼I
a2 = (a2

0 + b20)/2
��C�Å

I
(1)
k =

1

2

(
a0

(
A
Hk−1

2k
et1 + e1

Hk−1

2k
At
)

+ b0

(
B
Hk−1

2k
et1 + e1

Hk−1

2k
Bt

))
,

y��7 ��7½�M�

I
(2)
k =


 1

2k

∑

l∈Tk−1,p−1

(a0ε2l + b0ε2l+1)


 e1e

t
1,


y��7 ��7 ���

Uk =
∑

l∈Tk−1,p−1

ε2l

(
AXle

t
1 + e1X

t
lA

t
)

+ ε2l+1

(
BXle

t
1 + e1X

t
lB

t
)
.
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bµ	« «U° ò�: ì : × : ^�n�nek�_cfQlBV	a�lKV"¸�hjiLlBVjf�ner[n ¼_l ° ¾ r[n�n>a�lyr[n·s:fG~�|ZÔ�Vjfex�CDfQV	a�{�f
1

2n−p+1

∑

C∈{A;B}n−p+1

C
Kp−1

2p
Ct superexp

=⇒
b2|Tn|

0,

y��7 ��7 î��

CaVjfedGf
Kp

r[n(T�rv{�fex�rvx5´ºÕq| ó5| ó@·M|
ODdGi7i)=+| ùUA;MLA�FEAr��DÄ?BK};

∥∥∥∥∥∥
1

2n−p+1

∑

C∈{A;B}n−p+1

C
Kp−1

2p
Ct

∥∥∥∥∥∥
≤ cβ2nX

2

1,

ï�I�A@�ÄA
β
?BD�ML?ÃÂLA@C¤?BC"
y��7½�	7 ���9*

X1
?BD�?BC&F¼�ÄJ	Å�À�>@A@Å¤?BC ¼_l ° ¾ ��C�Å

c
?BDE�|Á�JLDÄ?ÃF¼?ÃÂLA;>@JLC�D F���C&F

ï�I�?B>�IZÅ�A@Á�A@C�Å�D9JLC
p
7«�EA�ü	F>*�þ9I�A@�ÄC�J�T¤?BC�A@¿�À²��KB?ÃFm;.��C�ÅZI�;	Á�J�F¼I�A@DÄ?BD ¼_l Þ�¾ KBAr��Å|À�DbAr��DÄ?BK};F¼J�
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bµ	« «U° ò�: ì :[ô�: ^�n�nek�_cf�lBV	a�lHV"¸�hjiLlBVjf�ner[n ¼ ¦ Þ�¾ a�x5~ ¼_l ° ¾ a�dGf�n>a�lyr[n·s:fG~�|�Ô�Vjfex%CDfV	a�{�f
n−p∑

k=0

1

2k

∑

C∈{A;B}k

C
Ln−k
2n−k

e1e
t
1C

t superexp
=⇒
b2|Tn|

l,

y��7 ��7 Ø��

CaVjfedGf
Lk

r[nQT�rv{�fex�rvx�lBVjf�n7f�p�iLx5~�h	a�d9l�i)=Z´ºÕq| ó5| ó@·ca�x5~

l =
+∞∑

k=0

1

2k

∑

C∈{A,B}k

C(σ2e1e
t
1)C

t

r[nQlBVjfQk�xjryt+kjf$n7iLo©k�lyrKiLx�i)=�lBVjf�fGt+k	a�lyrKiLx
l = σ2e1e

t
1 +

1

2

(
AlAt +BlBt

)
.

ODdGi7i)=+| 8{?B�ÄD F>*�DÄ?BC�>@ACï9A.I²�rÂLA.û�JL�4��KBK
k ≥ p

F¼I�A�û�JLKBKBJ7ï�?BC�MZÅ�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLC¤JLCNJ	Å�Å(��C�ÅA�ÂLA@C�Á²��� F
∑

i∈Tk,p

(ε2
i − σ2) =

∑

i∈Tk−1,p−1

(ε2
2i − σ2) + (ε2

2i+1 − σ2),

ï9A�JM��F���?BCäû�JL����KBK
δ > 0

F¼I²�»F

P


 1

|Tk| + 1

∑

i∈Tk,p

(ε2
i − σ2) > δ


 ≤

1∑

η=0

P


 1

|Tk| + 1

∑

i∈Tk−1,p−1

(ε2
2i+η − σ2) >

δ

2


 .

ùUA�ï�?BKBK�F¼�ÄAr�»FEJLC�K};kF¼I�A;>r��DÄA
η = 0

7 þ9I�A@�ÄC�J�TW?BC�A@¿�À²��KB?ÃFm;äML?ÃÂLA@D�À�D0û�JL����KBK
λ > 0

�¼���



P


 1

|Tk| + 1

∑

i∈Tk−1,p−1

(ε2
2i − σ2) >

δ

2


 ≤ exp

(
−λδ

2
2k+1

)

× E


exp


λ

∑

i∈Tk−1,p−1

(ε2
2i − σ2)




 .

ùUA;JM��F���?BCäû��ÄJL¾ßI�;	Á�J�F¼I�A@DÄ?BD ¼ ¦ Þ�¾ *��»û F¼A@��>@JLC�Å�?ÃF¼?BJLC�?BC�M4��; Fk−1

E


exp


λ

∑

i∈Tk−1,p−1

(ε2
2i − σ2)




 ≤ exp

(
λ2γ|Gk−1|

)

× E


exp


λ

∑

i∈Tk−2,p−1

(ε2
2i − σ2)




 .
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E


exp


λ

∑

i∈Tk−1,p−1

(ε2
2i − σ2)




 ≤ exp

(
γλ2

k−1∑

l=p−1

|Gl|
)

≤ exp
(
γλ22k+1

)
.
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λ
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 1

|Tk| + 1

∑

i∈Tk−1,p−1

(ε2
2i − σ2) >

δ

2


 ≤ exp

(
−cδ2|Tk|

)
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c
ï�I�?B>�IWÅ�A@Á�A@C�Å�D�JLC

γ
7�¸4Á�Á�K};	?BC�MÌF¼I�A.û�JL�ÄA@MLJL?BC�MkF¼JÌF¼I�A�¼��C�Å�JL¾ßÂ����Ä? ����KBA@D −(ε2

i − σ2)
*'ï9A�JM��F���?BC

P


 1

|Tk| + 1

∣∣∣∣∣∣
∑

i∈Tk,p

(ε2
i − σ2)

∣∣∣∣∣∣
> δ


 ≤ 4 exp

(
−cδ2|Tk|

)
.
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n−p∑

k=0

1
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C∈{A,B}k

C
Ln−k
2n−k

e1e
t
1C

t − l =

n−p∑

k=0

1

2k

∑

C∈{A,B}k

C

(
Ln−k
2n−k

− σ2

)
e1e

t
1C

t

−
+∞∑

k=n−p+1

1

2k
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C∈{A,B}k

C(σ2e1e
t
1)C

t
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n−p∑

k=0

1

2k

∑

C∈{A,B}k

C

(
Ln−k
2n−k

− σ2

)
e1e

t
1C

t superexp
=⇒
b2|Tn|

0.
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∥∥∥∥∥∥

n−p∑

k=0

1

2k

∑

C∈{A;B}k

C

(
Ln−k
2n−k

− σ2

)
e1e

t
1C

t

∥∥∥∥∥∥

≤
n−p∑

k=0

1

2k

∑

C∈{A;B}k

∣∣∣∣
Ln−k
2n−k

− σ2

∣∣∣∣
∥∥Ce1et1Ct

∥∥

≤
n∑

k=p

β2(n−k)
∣∣∣∣

Lk
|Tk| + 1

− σ2

∣∣∣∣
��C�ÅÌû��ÄJL¾È
y��7 ��7 � ñ��9��Á�Á�KB?BA@Å�ï�?ÃF¼I

δ/((n− p+ 1)β2(n−k))
?BC�D F¼Ar��Å#J�û

δ
*	ï9A;MLA�F

P



∥∥∥∥∥∥

n−p∑

k=0

1

2k

∑

C∈{A;B}k

C

(
Ln−k
2n−k

− σ2

)
e1e

t
1C

t

∥∥∥∥∥∥
> δ




≤ P

(
n∑

k=p

β2(n−k)
∣∣∣∣

Lk
|Tk| + 1

− σ2

∣∣∣∣ > δ

)

≤
n∑

k=p

P

(∣∣∣∣
Lk

|Tk| + 1
− σ2

∣∣∣∣ >
δ

(n− p + 1)β2(n−k)

)

≤ c1

n∑

k=p

exp

(
−c2δ2 (2β4)k+1

n2β4n

)
.

�EJ7ïV*�û�JLKBKBJ7ï�?BC�M�F¼I�A;D¼��¾ZAnKB?BC�A@D���D0?BCÌF¼I�A;Á��ÄJ	J�û{J�û�
y��7 ��7 � ÚM�Pï9A�JM��F���?BC

P

(∥∥∥∥∥
n−p∑
k=0

1
2k

∑
C∈{A;B}k

C
(
Ln−k

2n−k − σ2
)
e1e

t
1C

t

∥∥∥∥∥ > δ

)

≤





c1 exp
(
−c2δ2 2n+1

n2

) ?Ãû
β4 < 1

2
,

c1n exp
(
−c2δ2 2n+1

n2

) ?Ãû
β4 = 1

2
,

c1 exp
(
−c2δ2 1

n2β4n

) ?Ãû
β4 > 1

2
,
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n−p∑

k=0

1

2k

∑

C∈{A;B}k

CI
(2)
n−kC

t superexp
=⇒
b2|Tn|

0,

y��7 ��7 � �M�

CaVjfedGf
I
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k
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n−p∑

k=0

1

2k

∑

C∈{A;B}k

CI
(1)
n−kC

t superexp
=⇒
b2|Tn|

Λ′,

y��7 ��7 � ���

CaVjfedGf
Λ′ =

+∞∑

k=0

1

2k

∑

C∈{A,B}k

C
(
T − (σ2 + a2)e1e

t
1

)
Ct

r[nQlBVjfQk�xjryt+kjf$n7iLo©k�lyrKiLx�i)=CfGt+k	a�lyrKiLx
Λ′ = T − (σ2 + a2)e1e

t
1 +

1

2
(AΛ′At +BΛ′B),

T
r[n(T�rv{�fex�rvx5´ºÕq|«Ì�|BÊ Îx·�a�x5~

I
(1)
k

r[n(T�rv{�fex�rvx5´ºÕq| ó5|Bý\·M|
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(1)
n
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a0

2
A
Hk−1

2k
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a0

2

n−p∑

k=0

1

2k

∑

C∈{A;B}k

CA
Hn−k−1

2n−k
et1C

t = T (1)
n + T (2)

n + T (3)
n

ï�I�A@�ÄA

T (1)
n =

a0

2

n−p∑

k=0

1

2k

∑

C∈{A;B}k

CA

{
A
n−k−pHp−1

2p
+

n−k−1∑

l=p

A
n−k−l−1Hp−1

2l+1

}
et1C

t,

T (2)
n =

a0

2

n−p∑

k=0

1

2k

∑

C∈{A;B}k

CA

{
n−k−1∑

l=p

A
n−k−l−1

a

(
2l − 2p−1

2l

)
e1e

t
1

}
Ct,
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T (3)
n =

a0

2

n−p∑

k=0

1

2k

∑

C∈{A;B}k

CA

n−k−1∑

l=p

A
n−k−l−1 Pl

2l+1
e1e

t
1C

t.
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‖T (3)
n ‖ ≤ c

n∑

k=p

βn−k
|Pk|
2k+1
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c
?BD��|Á�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&FEDÄÀ�>�I¤F¼I²�»F

c > |a0|1−β
n−l

1−β
û�JL����KBK

n ≥ l
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P

(
‖T (3)

n ‖ > δ
)
≤

n∑

k=p

P

( |Pk|
|Tk| + 1

>
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)
.
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Pk

|Tk| + 1
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2δ

cnβn−k

)
≤ exp

(
−c1δ2 (2β2)k+1

n2β2n
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P
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‖T (3)

n ‖ > δ
)
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exp
(
−c1δ2 2n+1

n2

) ?Ãû
β2 < 1

2
,

n exp
(
−c1δ2 2n+1

n2

) ?Ãû
β2 = 1

2
,

exp
(
−c1δ2 1

n2β2n
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β2 > 1

2
,
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T (3)
n

superexp
=⇒
b2|Tn|
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c X1
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β < 1

2
,

c X1√
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?Ãû
β = 1
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,

cβnX1
?Ãû
β > 1

2
,
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n
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k=0

1
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C
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1

2
a0AΞet1

)
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1
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2
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1
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∑
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1
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Vn =

n∑
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〈V 〉n = σ2
n∑

k=2p−1

X2
k ≤ σ2

n∑
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‖Xk‖2 ≤ σ2
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∑
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1 − β
Prn +

4α2

1 − β
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2

1Rrn,
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Prn =
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[ k
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∑
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2
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,
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Y2p−1

]
≤ 1
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B > 0
��C�Å

δ > 0
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P

(
Vn
2n

> δ

)
≤ P

( φ
2n

n∑

i=2p−1

X2
k > B

)
+ P

(
Yn > exp

(
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2

)
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)

≤ P

(
φ
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n∑
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X2
k > B

)
+ exp

((
−λδ +
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2
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> δ
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∑
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2

B
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P
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∣∣
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> δ
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≤ P
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|Tn| + 1

∑
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(
−δ

2

B
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)
.
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Pn��C�Å 4φα2
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< l2.
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δ > 0
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φ
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)
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δ1 =
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12φ
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, l′2 =
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δ
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P
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�EA�ü	F>*²û��ÄJL¾Sþ9I�A@�ÄC�J�TW?BC�A@¿�À²��KB?ÃFm;ä��C�Å¤I�;	Á�J�F¼I�A@DÄ?BD ¼_l Þ�¾ ï9A�MLA�F�Ar��DÄ?BK};

P

(
Rn−1X

2

1

|Tn| + 1
> δ3

)
≤





c1 exp
(
− c2δ2

n+1
) ?Ãû

β <
√

2
2

c1 exp
(
−c2δ 2n+1

n+1

) ?Ãû
β =

√
2

2

c1 exp

(
−c2δ

(
1
β2

)n+1
) ?Ãû

β >
√

2
2
,


y��7 ��7½�M�M�

û�JL�yDÄJL¾ZA�Á�JLDÄ?ÃF¼?ÃÂLA0>@JLC�D F���C&F¼D
c1
��C�Å

c2
7yú�A�FbÀ�DbC�J7ï/>@JLC&F¼�ÄJLK�F¼I�A:&²�ÄD FbF¼A@�Ä¾ J�û�F¼I�A0�Ä?BMLI&FI²��C�Å¤DÄ?BÅ�A;J�û�
y��7 ��7½��ñ���7� ª�´L�eÕ�èL°j�@µ : È�û

β = 1
2

*�û��ÄJL¾ + � î0-

Pn−1 =
n−1∑

k=p

(n− k)
∑

i∈Gk

ε2
i

��C�Å
l′1 = σ2.

ùUAnF¼I�À�DEI²�rÂLA
Pn−1

|Tn| + 1
− σ2 =

1

|Tn| + 1

n−1∑

k=p

(n− k)
∑

i∈Gk

(ε2
i − σ2) + σ2

(
n−1∑

k=p

n− k

2n+1−k − 1

)
.

È C���Å�Å�?ÃF¼?BJLC)*�ï9A���KBDÄJ|I²�rÂLA

σ2

(
n−1∑

k=p

n− k

2n+1−k − 1

)
≤ 0.

ùUAnF¼I�À�DEÅ�A@Å�À�>@A;F¼I²�»F

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤ P

(
1

|Tn| + 1

n−1∑

k=p

(n− k)
∑

i∈Gk

(ε2
i − σ2) > δ1

)
.

�ÇC#F¼I�A;JLC�AnI²��C�Å�ï9A�I²�rÂLA

P

(
1

|Tn| + 1

n−1∑

k=p

(n− k)
∑

i∈Gk

(ε2
i − σ2) > δ1

)

≤
1∑

η=0

P

(
1

|Tn| + 1

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i+η − σ2) > δ1/2

)
.

y��7 ��7½�����

�¼���



�ÇC#F¼I�A;J�F¼I�A@�0I²��C�Å)*�û�JL����KBK
λ > 0

*²��C���Á�Á�KB?B>r�»F¼?BJLCkJ�ûbþ9I�A@�ÄC�J�TW?BC�A@¿�À²��KB?ÃFm;�;	?BA@KBÅ�D

P

(
1

|Tn| + 1

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2) > δ1/2

)

≤ exp

(−δ1λ2n+1

2

)
× E

[
exp

(
λ

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2)

)]
.

8²�ÄJL¾ßI�;	Á�J�F¼I�A@DÄ?BD ¼ ¦ Þ�¾ ï9A�MLA�F
E

[
exp

(
λ

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2)

)]

= E

[
E

[
exp

(
λ

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2)

)∣∣∣Fn

]]

= E


exp

(
λ

n−3∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2)

) ∏

i∈Gn−2

E

[
exp

(
λ(ε2

2i − σ2)
) ∣∣∣Fn

]



≤ exp
(
λ2γ|Gn−2|

)
E

[
exp

(
λ

n−3∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2)

)]
.

È�F¼A@�¼�»F¼?BC�M.F¼I�?BD0Á��ÄJ	>@A@Å�À��ÄA�*jï9A�JM��F���?BC

E

[
exp

(
λ

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2)

)]
≤ exp

(
γλ2

n−p+1∑

k=2

k2|Gn−k|
)

≤ exp
(
cγλ22n+1

)
,

ï�I�A@�ÄA
c =

∞∑
k=1

k2

2k+2 .
�ÇÁ�F¼?B¾Z?[<@?BC�M.JLC

λ
*	ï9A����ÄA;KBA@Å)*�û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F

c1
F¼J

P

(
1

|Tn| + 1

n−2∑

k=p−1

(n− k − 1)
∑

i∈Gk

(ε2
2i − σ2) > δ1/2

)
≤ exp

(
−c1δ2|Tn|

)
.

8²JLKBKBJ7ï�?BC�M#F¼I�AÌD¼��¾ZAäKB?BC�A@D+*«ï9AÌJM��F���?BCUF¼I�AÌD¼��¾ZAä?BC�A@¿�À²��KB?ÃFm;Wû�JL��F¼I�AÌDÄA@>@JLC�ÅQF¼A@�Ä¾Ö?BC

y��7 ��7½������7yÈ�F0F¼I�A@C#û�JLKBKBJ7ï�D�F¼I²�»F

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤ c1 exp

(
−c2δ2|Tn|

)
,


y��7 ��7½�L�q�
û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F¼D

c1
��C�Å

c2. ¢µ�èL�®?ã èL°j�@µ : È�û
β 6= 1

2
,
F¼I�A@C#û��ÄJL¾�+ � î.-K*	ï9A;I²�rÂLA

l′1 = σ2

2(1−β)
.
<	?BC�>@A

σ2

(
n−1∑

k=p

1 − (2β)n−k

(1 − 2β)2n−k+1

)
≤ σ2

2(1 − β)
,

� � �



ï9A�Å�A@Å�À�>@A;F¼I²�»F

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤ P

(
1

|Tn| + 1

n−1∑

k=p

1 − (2β)n−k

1 − 2β

∑

i∈Gk

(ε2
i − σ2) > δ1

)
.

• È�û β < 1
2
,
F¼I�A@C#û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F

c
ï9A�I²�rÂLA

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤ P

(
1

|Tn| + 1

n−1∑

k=p

∑

i∈Gk

(ε2
i − σ2) > cδ1

)
.

�HA@� û�JL�Ä¾Z?BC�M�C�J7ïi��D�?BCÌF¼I�A;Á��ÄJ	J�ûHJ�û�
y��7 ��7 Ø��9*'ï9A�MLA�F

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤ c1 exp

(
−c2δ2|Tn|

)
,


y��7 ��7½�M�M�
û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F¼D

c1
��C�Å

c2
7

• È�û β > 1
2

*�F¼I�A@C#û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F
c
*	ï9A�I²�rÂLA

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤ P

(
1

|Tn| + 1

n−1∑

k=p

(2β)n−k
∑

i∈Gk

(ε2
i − σ2) > cδ1

)
.

�EJ7ïV*=û��ÄJL¾Ôþ9I�A@�ÄC�J�TU?BC�A@¿�À²��KB?ÃFm;M*²I�;	Á�J�F¼I�A@DÄ?BD ¼ ¦ Þ�¾ ��C�ÅN�»û F¼A@�EDÄA�ÂLA@�¼��K{DÄÀ�>@>@A@DÄDÄ?ÃÂLA>@JLC�Å�?ÃF¼?BJLC�?BC�M	*qï9A;MLA�F�û�JL����KBK
λ > 0

P

(
1

|Tn| + 1

n−1∑

k=p

(2β)n−k
∑

i∈Gk

(ε2
i − σ2) > cδ1

)

≤ exp
(
− cδ1λ2n+1

)
exp

(
γλ22n+1

n−p+1∑

k=2

(2β2)k

)
.

�EA�ü	F>*²JLÁ�F¼?B¾Z?[<@?BC�M�JvÂLA@�
λ
*'ï9A����ÄA;KBA@Å)*�û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F

c
F¼J

P

(
Pn−1

|Tn| + 1
− l′1 > δ1

)
≤





exp
(
− cδ2|Tn|

) ?Ãû 1
2
< β <

√
2

2
,

exp
(
− cδ2 |Tn|

n

) ?Ãû
β =

√
2

2
,

exp

(
−cδ2

(
1
β2

)n+1
) ?Ãû

β >
√

2
2
.


y��7 ��7½�����
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�EJ7ïV>@JL¾4��?BC�?BC�Mw
y��7 ��7 � Ø��9*A
y��7 ��7½��ñ��9*A
y��7 ��7½� � �9*A
y��7 ��7½�M�M�9*)
y��7 ��7½�L�q�9*³
y��7 ��7½�M�M� ��C�Å´
y��7 ��7½�����9*
ï9A�I²�rÂLA;F¼I�À�D�DÄI�J7ï9A@Å�F¼I²�»F

P

(
1

|Tn|+1

∣∣V|Tn−1|
∣∣ > δ

)

≤





c1 exp (−c2δ22n+1) + c1 exp (−c2δ2n+1)

+ exp
(

−δ2
δ+l1+l2

2n+1
) ?Ãû

β <
√

2
2
,

c1 exp
(
−c2δ2 2n+1

n+1

)
+ c1 exp

(
−c2δ 2n+1

n+1

)

+ exp
(

−δ2
δ+l1+l2

2n+1
) ?Ãû

β =
√

2
2
,

c1 exp

(
−c2δ2

(
1
β2

)n+1
)

+ c1 exp

(
−c2δ

(
1
β2

)n+1
)

+ exp
(

−δ2
δ+l1+l2

2n+1
) ?Ãû

β >
√

2
2
,


y��7 ��7½�MÚM�

ï�I�A@�ÄA;F¼I�A;Á�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F¼D
c1
��C�Å

c2
¾k�>;äÅ�?}TuA@��F¼A@�Ä¾ú��;ÌF¼A@�Ä¾¤7

�ÇC�An>r��C¤Ar��DÄ?BK};k>�I�A@>�ZÌF¼I²�»F0F¼I�An>@J	Ae1Z>@?BA@C&F¼DEJ�û~F¼I�A;¾k�»F¼�Ä? ü
Un
���ÄA;KB?BC�Ar���9>@JL¾4��?BC²�8�F¼?BJLC�DEJ�û`F¼A@�Ä¾ZD4DÄ?B¾Z?BK ���9F¼J

V|Tn−1|
*�DÄJkF¼I²�»F4Á�A@� û�JL�Ä¾Z?BC�MZDÄ?B¾Z?BK ����>r��KB>@À�K �»F¼?BJLC�DE��D/��A�û�JL�ÄA

û�JL�0Ar��>�I�J�ûHF¼I�A@¾=*'ï9A�Å�A@Å�À�>@A;F¼I�A;D¼��¾ZAnÅ�A�Â	? �»F¼?BJLCÌ?BC�A@¿�À²��KB?ÃF¼?BA@D9û�JL�
Un
��D0?BC�
y��7 ��7½�MÚM��7

�EJ7ï ï9A;I²�rÂLA

P




n−p∑

k=0

1

2k

∥∥∥∥∥∥
∑

C∈{A;B}k

C
Un−k

2n−k+1
Ct

∥∥∥∥∥∥
> δ




≤ P




n−p∑

k=0

1

2k

∑

C∈{A;B}k

1

2n−k+1

∥∥CUn−kCt
∥∥ > δ




≤ P

(
n∑

k=p

β2(n−k) 1

|Tk| + 1
‖Uk‖ > δ

)

≤
n∑

k=p

P

( ‖Uk‖
|Tk| + 1

>
δ

(n− p+ 1)β2(n−k)

)
.

� � �



8²�ÄJL¾ 
y��7 ��7½�MÚM�9*�ï9A�?BC�û�A@��F¼I�Anû�JLKBKBJ7ï�?BC�M

P




n−p∑

k=0

1

2k

∥∥∥∥∥∥
∑

C∈{A;B}k

C
Un−k

2n−k+1
Ct

∥∥∥∥∥∥
> δ




≤





c1
n∑
k=p

exp
(
−c2 δ

2(2β4)k+1

n2β4n

)
+ c1

n∑
k=p

exp
(
−c2 δ(2β

2)k+1

nβ2n

)

+ c1
n∑
k=p

exp
(
−c2 δ22k+1

(δ+nlβ2(n−k−1))nβ2(n−k−1)

) ?Ãû
β <

√
2

2
,

c1
n∑
k=p

exp
(
−c2 δ24n

n2(k+1)2k+1

)
+ c1

n∑
k=p

exp
(
−c2 δ2n

(k+1)n

)

+c1
n∑
k=p

exp
(
−c2 δ22k+1

(δ+nl2−(n−k−1))n2−(n−k−1)

) ?Ãû
β =

√
2

2
,

c1
n∑
k=p

exp
(
−c2 δ

2(2β2)k+1

n2β4n

)
+ c1

n∑
k=p

exp
(
−c2 δ

nβ2n

)

+c1
n∑
k=p

exp
(
−c2 δ22k+1

(δ+nlβ2(n−k−1))nβ2(n−k−1)

) ?Ãû
β >

√
2

2
,

ï�I�A@�ÄA
l = l1 + l2

��C�Å#F¼I�A;Á�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F���C&F¼D
c1
��C�Å

c2
¾k�>;äÅ�?}TuA@��F¼A@�Ä¾ú��;äF¼A@�Ä¾¤7

�EJ7ï
• È�û β < √

2
2

*�F¼I�A@C¤JLCÌF¼I�A;JLC�A;I²��C�Å)*
n∑

k=p

exp

(
−cδ

2(2β4)k+1

n2β4n

)

= exp

(
−cδ2β4 2n+1

n2

)(
1 +

n−1∑

k=p

(
exp

(−cδ2

n2

))(2β4)k+1β−4n(1−(2β4)n−k)
)

≤ exp

(
−cδ2β4 2n+1

n2

)(
1 + o(1)

)
,

ï�I�A@�ÄA0F¼I�AEK ��D Fy?BC�A@¿�À²��KB?ÃFm;�û�JLKBKBJ7ï�D{û��ÄJL¾eF¼I�A0û���>�FbF¼I²�»Fyû�JL�yDÄJL¾ZA�Á�JLDÄ?ÃF¼?ÃÂLA0>@JLC�D F���C&F
c1
*

(2β4)k+1β−4n(1 − (2β4)n−k) ∝ c1(2β
4)k+1β−4n.�ÇCÌF¼I�A;J�F¼I�A@��I²��C�Å)*�û�JLKBKBJ7ï�?BC�M�F¼I�AnD¼��¾ZA;KB?BC�A@D���D���A�û�JL�ÄA�*	ï9A�JM��F���?BC

n∑

k=p

exp

(
− δ22k+1

(δ + lnβ2(n−k−1))nβ2(n−k−1)

)
≤

n∑

k=p

exp

(
−cδ2 2k+1

n2β2(n−k−1)

)

≤ exp

(
−c δ22n+1

(δ + l)n2

)(
1 + o(1)

)
,

� �x�



��C�Å
n∑

k=p

exp

(
−cδ(2β

2)k+1

nβ2n

)
≤

n∑

k=p

exp

(
−cδ(2β

2)k+1

n2β2n

)

≤ exp

(
−cδ2n+1

n2

)(
1 + o(1)

)
.

ùUAnF¼I�À�D�Å�A@Å�À�>@A;F¼I²�»F

P

(
n−p∑
k=0

1
2k

∥∥∥∥∥
∑

C∈{A;B}k

C Un−k

2n−k+1C
t

∥∥∥∥∥ > δ

)
≤ c1 exp

(
−c2δ2 2n+1

n2

)

+c1 exp
(
−c2δ 2n+1

n2

)
,


y��7 ��7½��î��

û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F¼D
c1
��C�Å

c2
7

• È�û β =
√

2
2

*�F¼I�A@C#û�JLKBKBJ7ï�?BC�M�F¼I�AnD¼��¾ZA;KB?BC�A@D���D���A�û�JL�ÄA�*	ï9A�DÄI�J7ïVF¼I²�»F
n∑

k=p

exp

(
−cδ2 4n

n2(k + 1)2k+1

)
≤ exp

(
−cδ2 2n+1

n3

)(
1 + o(1)

)
,

n∑

k=p

exp

(
− δ22k+1

(δ + ln2−(n−k−1))n2−(n−k−1)

)
≤ exp

(
−c δ22n+1

n2(δ + l)

)(
1 + o(1)

)
,

n∑

k=p

exp

(
−cδ 2n

n(k + 1)

)
≤ exp

(
−cδ2n+1

n3

)(
1 + o(1)

)
.

È�F0F¼I�A@C#û�JLKBKBJ7ï�D�F¼I²�»F

P




n−p∑

k=0

1

2k

∥∥∥∥∥∥
∑

C∈{A;B}k

C
Un−k

2n−k+1
Ct

∥∥∥∥∥∥
> δ


 ≤ c1 exp

(
−c2δ2 2n+1

n3

)

+c1 exp

(
−c2

δ22n+1

n2(δ + l)

)
+ c1 exp

(
−c2δ

2n+1

n3

)
,


y��7 ��7½��Ø��
û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F¼D

c1
��C�Å

c2
7

• È�û β > √
2

2
,
JLC�>@A���M&��?BCäû�JLKBKBJ7ï�?BC�M�F¼I�A;Á��ÄA�Â	?BJLÀ�D0KB?BC�A@D+*'ï9A�MLA�F

P




n−p∑

k=0

1

2k

∥∥∥∥∥∥
∑

C∈{A;B}k

C
Un−k

2n−k+1
Ct

∥∥∥∥∥∥
> δ


 ≤ c1 exp

(
−c2δ2 1

n2β2n

)

+c1 exp

(
−c2

δ2

(δ + l)n2β2n

)
+ c1n exp

(
−c2

δ

n2β2n

) 
y��7 ��7 �Mñ��
û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F¼D

c1
��C�Å

c2
7
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ùUA;?BC�û�A@�9û��ÄJL¾ßF¼I�A;?BC�A@¿�À²��KB?ÃF¼?BA@D�
y��7 ��7½��î��9*N
y��7 ��7½��Ø�� ��C�Å�
y��7 ��7 �Mñ��bF¼I²�»F
n−p∑

k=0

1

2k

∑

C∈{A;B}k

C
Un−k

2n−k+1
Ct superexp

=⇒
b2|Tn|

0.
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ò�: × :[Þ ¥�´�¢YæEYæE�Cä~µ�=´�µ	« ò�:[ò�: ì
¸�FI&²�ÄD FIï9A�C�A@A@Å#F¼J|Á��ÄJvÂLA;F¼I�Anû�JLKBKBJ7ï�?BC�M
�Cä~µ�=´�µ	« ò�: × :yÔ/: Ú9x´pGa8n7f8Ê�iLdVrvx´pGa8n7f�Ì�gUlBVjf�n7fGt+kjfexBp�f

(
Mn/

(
b|Tn−1|

√
|Tn−1|

))
n≥1

n>a�lyr[n·s:f�nVlBVjf²±�RQO÷iLx
R2(p+1)

C�rvlBVwnmhjf�fG~
b2|Tn−1|

a�x5~�dEa�lmf�=9k�xBpelyrKiLx
IM(x) = sup

λ∈R2(p+1)

{λtx− λt(Γ ⊗ L)λ} =
1

2
xt(Γ ⊗ L)−1x.


y��7½�	7 ���

y �{z|z]}~z]}�����
�z»��
��������&�W�
�EJ7ïV*&��D{?BC�ý9A@�Ä>@À�A�Fy��Kó7J+ � î.-K*�Å�A@C�J�F¼AD��;

(Gn)n≥1
F¼I�A9DÄ?BD F¼A@�HÁ²��?B��� ï�?BDÄAP&²KÃF¼�¼�»F¼?BJLC)*vF¼I²�»F{?BD

Gn = σ{X1, (X2k, X2k+1), 1 ≤ k ≤ n}. ùUA;?BC&F¼�ÄJ	Å�À�>@AÇF¼I�A;û�JLKBKBJ7ï�?BC�M (Gn)
¾k��� F¼?BC�M&��KBA

Å�?}TuA@�ÄA@C�>@A;DÄA@¿�À�A@C�>@A
(Dn)

*²ML?ÃÂLA@C=��;

Dn = Vn ⊗ Yn =




ε2n

ε2nXn

ε2n+1

ε2n+1Xn


 .

ùUA;>@KBAr���ÄK};äI²�rÂLA
DnD

t
n = VnV

t
n ⊗ YnY

t
n.

� � �



<	J4ï9AÇJM��F���?BCkF¼I²�»F9F¼I�AÇ¿�À²��Å��¼�»F¼?B>EÂ����Ä? �»F¼?BJLCkJ�û�F¼I�A
(Gn)

¾k��� F¼?BC�M&��KBA
(Nn)n≥2p−1

ML?ÃÂLA@C
��;

Nn =

n∑

k=2p−1

Dk

?BD
〈N〉n =

n∑

k=2p−1

E(DkD
t
k|Gk−1) = Γ ⊗

n∑

k=2p−1

YkY
t
k .

�EJ7ïÙï9AW>@KBAr���ÄK};[I²�rÂLA
Mn = N|Tn−1|

��C�Å 〈M〉n = 〈N〉|Tn−1| = Γ ⊗ Sn−1.
8²�ÄJL¾�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC���7 ��7 � *²��C�Å¤DÄ?BC�>@A 〈M〉n = Γ ⊗ Sn−1

*'ï9A�I²�rÂLA
〈M〉n
|Tn|

superexp
=⇒
b2|Tn−1|

Γ ⊗ L.

y��7½�	7 �q�

ý9A�û�JL�ÄA�MLJL?BC�MnF¼J;F¼I�A�Á��ÄJ	J�û¢J�û�F¼I�AÇ¹�¶Ç� �ÄA@DÄÀ�KÃF¼D+*qï9AED F��»F¼A�F¼I�A�A�ü�Á�JLC�A@C&F¼? ��K�ú);&��Á�JLÀ�C�JvÂ>@JLC�Å�?ÃF¼?BJLCäû�JL�
(Nn)n≥2p−1

*'ï�I�?B>�I¤?B¾ZÁ�KB?BA@D9A�ü�Á�JLC�A@C&F¼? ��K~ú�?BC�Å�A+��A@�ÄMZ>@JLC�Å�?ÃF¼?BJLC)*	F¼I²�»F�?BD

lim sup
1

b2n
log P

(
1

n

n∑

k=2p−1

E

[
‖Dk‖21{‖Dk‖≥r

√
n

bn

}
]
≥ δ

)
= −∞,


�DÄA@A�A�7 M�+ �M� �.-¢û�JL�0¾ZJL�ÄAnÅ�A�F���?BKBD0JLCÌF¼I�?BD0?B¾ZÁ�KB?B>r�»F¼?BJLCY��7
�äµ	«U°�´8é ò�: × :[Þ�: ¶M¸wJÏó/Ì	LGg�CDfVrvxC=>fedª=9dGiL_ÝlBVjf�p�iLx5~�rvlyrKiLx ¼ ¡Ç° ¾ lBV	a�l

¼ ¦¤° ¾ iLxBf�pGa�x�sPx5~
γa > 0

nekjpqV�lBV	a�l=>iLd4a�ovo
n ≥ p− 1,

=>iLd4a�ovo
k ∈ Gn+1

a�x5~(=>iLd4a�ovo
t ∈ R,

C�rvlBV
µa = E(|εk|a|Fn)

a�|�n>|

E [exp t (|εk|a − µa) |Fn] ≤ exp

(
γat

2

2

)
a.s.

¥�´�Yëy5�rªvÕ�ª��® ò�: × :[ò�: INfel
(bn)

a�n7fGt+kjfexBp�fwn>a�lyr[nN=\¸Lrvx"T@^�n�nek�_�h5lyrKiLx ¼ ¯ Þ�¾ |ö^�n�nek�_cf
lBV	a�lKV"¸�hjiLlBVjf�n7f�n ¼ ¦¤° ¾ a�x5~ ¼_l ° ¾ a�dGf$n>a�lyr[n·s:fG~�|ZÔ�Vjfex�lBVjfedGf�f]?Mr[nelvn

B > 0
nekjpqV=lBV	a�l

lim sup
n→∞

1

b2n
log P


1

n

n∑

j=2p−1

E [‖Dj‖a|Gj−1] > B


 = −∞.

ODdGi7i)=+| ùUA����ÄA;MLJL?BC�M.F¼J|Á��ÄJvÂLA;F¼I²�»F

lim sup
n→∞

1

b2|Tn|
log P


 1

|Tn|

|Tn|∑

j=2p

E [‖Dj‖a|Gj−1] > B


 = −∞,


y��7½�	7½�M�

��C�Å��y�ÄJLÁ�JLDÄ?ÃF¼?BJLC�
y��7½�	7 ���Uï�?BKBKuû�JLKBKBJ7ï�Á��ÄJ	>@A@A@Å�?BC�Mk��D0?BC¤:�A@¾k���EZ���7 ��7 �M� 7`ùUA;I²�rÂLA
∑

j∈Tn,p

E [‖Dj‖a|Gj−1] ≤ cµa
∑

j∈Tn,p

(1 + ‖Xj‖a) ,

� � �



ï�I�A@�ÄA
c
?BD��|Á�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&FIï�I�?B>�I¤Å�A@Á�A@C�Å�DEJLC

a.
8²�ÄJL¾ 
y��7½�	7½�M�9*'ï9A�Å�A@Å�À�>@A;F¼I²�»F

∑

j∈Tn,p

‖Xj‖a ≤
c2

(1 − β)a−1
Pn +

c2αaQn

(1 − β)a−1
+ 2cRnX

a

1,

ï�I�A@�ÄA

Pn =
∑

j∈Tn,p

rj−p∑

i=0

βi|ε[ j

2i ]|a, Qn =
∑

j∈Tn,p

rj−p∑

i=0

βi, Rn =
∑

j∈Tn,p

βa(rj−p+1),

��C�Å
c
?BD��.Á�JLDÄ?ÃF¼?ÃÂLA4>@JLC�D F���C&Fr7U�EJ7ïV*�Á��ÄJ	>@A@A@Å�?BC�M���D�?BCkF¼I�AnÁ��ÄJ	J�û~J�ûH�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC���7 ��7 �	*À�DÄ?BC�M�I�;	Á�J�F¼I�A@DÄ?BD ¼ ¦¤° ¾ ��C�Å ¼_l ° ¾ ?BC�D F¼Ar��ÅUJ�û ¼ ¦ Þ�¾ ��C�Å ¼_l Þ�¾ ï9AäMLA�F�û�JL�

B
K ���ÄMLA

A@C�JLÀ�MLI

lim sup
n→∞

1

b2|Tn|
log P


 1

|Tn|
∑

j∈Tn,p

‖Xj‖a > B


 = −∞.


y��7½�	7 ���
�EJ7ï¢
y��7½�	7 ���`KBAr��Å�D9À�DbF¼Jw
y��7½�	7½�M�b��C�Åä���ÄMLÀ�?BC�M���D ?BCä:�A@¾k���EZS��7 ��7 �M� *�ï9A4JM��F���?BCk�y�ÄJLÁ�JL�DÄ?ÃF¼?BJLC���7½�	7 ��7
�äµ	«U°�´8é ò�: × : ì : Ú9x´pGa8n7f8Ê8g�CDf4peo[fGa�d9oÛ¸`V	a�{�fVlBV	a�l

(Xn, n ∈ T·,p−1),
CaVjfedGf

T·,p−1 =

∞⋃

r=p−1

Gr,

r[n=aÒF+r =9k�dGpGa�lyrvx"Tð±�a�dg³�iL{�pqV	a�rvx�C�rvlBV"rvxjrvlyrya�oPnel a�lmf
X2p−1 = (X2p−1 , X2p−2 , · · · , X1)

t.INfel
ν

F9f@lBVjf�o}a]CÛi)=
X2p−1 .

N dGiL_ V"¸�hjiLlBVjf�ner[n ¼_l Þ�¾ g\CDf´~qfG~�kjp�f@lBV	a�l
ν

V	a8n4sPxjrvlmf
_ciL_cfexjlvn�i)=�a�ovo)iLdE~qfedGn>| É f�~qfexBiLlmfQF�¸

P
lBVjf�lydEa�x'nervlyrKiLx4h5dGi F�aLF+rvo©rvlD¸�³�fed9xBfeoBa8n�n7i7perya�lmfG~

lmi
(Xn, n ∈ T·,p−1).

INfel
(Yr, r ∈ N)

lBVjfcfed[Tqi>~�rKpQnel aLF+o[f¿±�a�dg³�iL{wpqV	a�rvx"a8n�n7i7perya�lmfG~�lmi
(Xn, n ∈ T·,p−1).

Ô�V�r[n`±�a�dg³�iL{�pqV	a�rvx²r[n�~qf·sPxBfG~@a8nM=>iLovo[iIC�n�gInel a�d9lyrvx"T8=9dGiL_ÈlBVjf�dGi7iLl
Y0 = X2p−1

a�x5~=r =
Yr = Xn

lBVjfex
Yr+1 = X2n+ζr+1

=>iLdcawn7fGt+kjfexBp�f�i)=�rvx5~qfmhjfex5~qfexjl¶$fed9xBiLk�ovo©r/d+|[{L|
(ζq, q ∈ N∗)

nekjpqV²lBV	a�l
P(ζq = 0) = P(ζq = 1) = 1/2

|3INfel
µ
lBVjf

nel a�lyrKiLx5a�d\¸�~�r[nelyd9rDF+k�lyrKiLx a8n�n7i7perya�lmfG~=lmi
(Yr, r ∈ N).

N iLd�_ciLdGf�~qfel a�rvo n�iLx4F+r =9k�dGpGa�lyrvx"T±�a�dg³�iL{4pqV	a�rvx=a�x5~ClBVjf�a8n�n7i7perya�lmfG~Sfed[Tqi>~�rKp�nel aLF+o[f&±�a�dg³�iL{4pqV	a�rvx'gdCDf/dGfN=>fed/lmiTJ�þLþoL8´yn7f�f
a�o n7iRJÍÌLÌnLÍ·M|N dGiL_mJÍÌLÌnLGg�CDf4~qfG~�kjp�fVlBV	a�l1=>iLdCa�ovo)dGfGa�ozF9iLk�x5~qfG~M=9k�xBpelyrKiLx

f
~qf·sPxBfG~wiLx

(Rp)3,

1

b|Tn−1|
√
|Tn−1|

∑

k∈Tn−1,p−1

f (Xk,X2k,X2k+1)

n>a�lyr[n·s:f�nQa`±�RQOÐiLx
R
C�rvlBV�nmhjf�fG~

b2|Tn−1|
a�x5~SlBVjfVdEa�lmfK=9k�xBpelyrKiLx

I(x) = x2

2S2(f)
,
CaVjfedGf

S2(f) =< µ, P (f 2) − (Pf)2 > . iIC�g�o[fel
f

F9f�lBVjf`=9k�xBpelyrKiLx÷~qf·sPxBfG~ÍiLx
(Rp)3

F�¸
f(x, y, z) = ‖x‖2 + ‖y‖2 +

‖z‖2.
Ô�Vjfex'gCk�nervx"T´lBVjf�dGfeo}a�lyrKiLxú´ºÕq| ó5|BÊ\·@rvx4ODdGi�hji7nervlyrKiLx Õq| ó5|BÊ8gClBVjf�aLF9iL{�fµ±�RQO�=>iLd

� � �



dGfGa�oKF9iLk�x5~qfG~Q=9k�xBpelyrKiLx5a�o n�i)=ClBVjfGF+r =9k�dGpGa�lyrvx"Tµ±�a�dg³�iL{�pqV	a�rvx
(Xn, n ∈ T·,p−1)

a�x5~�lBVjf
lyd9k�xBpGa�lyrKiLx@i)=�lBVjfa=9k�xBpelyrKiLx

f
gZCDfPh5dGiL{�f<´ rvx=lBVjf/n>a�_cf�_�a�xjxBfed$a8n$lBVjfUh5dGi7i)=�i)=�o[fe_�_�aÕ�rvx É iLd9_CnKJ)ÊLÊ@ÌnLÍ·SlBV	a�l1=>iLdCa�ovo

r > 0

lim sup
R→∞

lim sup
n→∞

1

b2n
log P

(
1

n

n∑

j=2p−1

(
‖Xj‖2 + ‖X2j‖2 + ‖X2j+1‖2

)

× 1{||Xj ||+||X2j ||+||X2j+1||>R} > r

)
= −∞,

CaV�rKpqV4rv_�h5o©rKf�nDlBVjf=>iLovo[iIC�rvx"THI�rvx5~qfCF9fed[TCp�iLx5~�rvlyrKiLx�´ =>iLdD_ciLdGfI~qfel a�rvojiLxBf/pGa�x�n7f�fJODdGi�hji.A
nervlyrKiLx�Ì�rvx É iLd9_CnKJ)ÊLÊ@Ì	LÍ·

lim sup
n→∞

1

b2n
log P

(
1

n

n∑

j=2p−1

(
‖Xj‖2 + ‖X2j‖2 + ‖X2j+1‖2

)

× 1{||Xj ||+||X2j ||+||X2j+1||>r
√

n
bn

} > δ

)
= −∞,

=>iLd�a�ovo
δ > 0

a�x5~(=>iLd�a�ovo
r > 0.

 iLlyrKp�f4lBV	a�l�lBVjfSaLF9iL{�f�I�rvx5~qfCF9fed[T�p�iLx5~�rvlyrKiLx�rv_�h5o©rKf�n
h	a�d9lyrKpek�o}a�d9oÛ¸�lBVjf²I�rvx5~qfCF9fed[Twp�iLx5~�rvlyrKiLx´iLx�lBVjf�n7fGt+kjfexBp�f

(Xn).�EJ7ïV*Nï9Ak>@JL¾ZAS�²��>�Z(F¼J#F¼I�AZÁ��ÄJ	J�û9J�û�G0I�A@JL�ÄA@¾ ��7½�	7 � 7ZùUAZÅ�?ÃÂ	?BÅ�A�F¼I�AZÁ��ÄJ	J�û9?BC&F¼Jû�JLÀ��ED F¼A@Á�D@7ÇÈ C�F¼I�AQ&²�ÄD FÇJLC�A�*5ï9A.?BC&F¼�ÄJ	Å�À�>@A��ZF¼�ÄÀ�C�>r�»F¼?BJLC�J�û`F¼I�A�¾k��� F¼?BC�M&��KBA
(Mn)n≥0��C�ÅZÁ��ÄJvÂLA�F¼I²�»FyF¼I�A0F¼�ÄÀ�C�>r�»F¼A@ÅZ¾k��� F¼?BC�M&��KBA9D¼�»F¼?BD2&²A@DbDÄJL¾ZA4¹�¶Ç�,F¼I²��C	Z�DbF¼J��yÀ�I²��KBDEZ�?B?K% DG0I�A@JL�ÄA@¾Û��7 ��7 �M� 7yÈ C#F¼I�A;DÄA@>@JLC�Å¤Á²��� F>*	ï9A;DÄI�J7ïTF¼I²�»F0F¼I�AnF¼�ÄÀ�C�>r�»F¼A@Å�¾k��� F¼?BC�M&��KBAE?BDE��CA�ü�Á�JLC�A@C&F¼? ��KBK};#MLJ	J	ÅN��Á�Á��ÄJrü�?B¾k�»F¼?BJLC¤J�û

(Mn)
*uDÄA@A.A�7 M�7n¶4Ae&²C�?ÃF¼?BJLC���7½�	7 � �ä?BCØ+ ���0-ó7EùUA>@JLC�>@KBÀ�Å�AV��;ÌF¼I�An?BÅ�A@C&F¼?}&²>r�»F¼?BJLCÌJ�ûHF¼I�A;�¼�»F¼Anû�À�C�>�F¼?BJLC¢7

¥�´�¢YæEª�®¶èL°j�@µ Þ BÕvµqë Ô/: 8²�ÄJL¾iC�J7ï[JLC)*�?BC�JL�ÄÅ�A@�HF¼JÇ��Á�Á�K};��yÀ�I²��KBDEZ�?B?K% DH�ÄA@DÄÀ�KÃF&+ Ø � -A
��yÀ�I²��KBDEZ�?B?K% DHG0I�A9�JL�ÄA@¾Ù��7 ��7 �M� ��û�JL�EF¼I�A�¹�¶Ç�!û�JL�E¾k��� F¼?BC�M&��KBA@D+*	ï9A.?BC&F¼�ÄJ	Å�À�>@A�F¼I�A�û�JLKBKBJ7ï�?BC�M�F¼�ÄÀ�C�>r�»F¼?BJLCJ�ûHF¼I�A;¾k��� F¼?BC�M&��KBA
(Mn)n≥0

7 8²JL�
r > 0

��C�Å
R > 0

*

M (r,R)
n =

∑

k∈Tn−1,p−1

D
(r,R)
k,n .

ï�I�A@�ÄA�*�û�JL����KBK
1 ≤ k ≤ n

*
D

(r,R)
k,n = V

(R)
k ⊗ Y

(r)
k,n

*	ï�?ÃF¼I

V (R)
n =

(
ε
(R)
2n , ε

(R)
2n+1

)t
and Y

(r)
k,n =

(
1,X

(r)
k,n

)t
,

ï�I�A@�ÄA
ε
(R)
k = εk1{|εk|≤R} − E

[
εk1{|εk|≤R}

]
, X

(r)
k,n = Xk1

{
||Xk||≤r

√
|Tn−1|

b|Tn−1|

}.

� � �



ùUA;?BC&F¼�ÄJ	Å�À�>@A
Γ(R) F¼I�A;>@JLC�Å�?ÃF¼?BJLC²��Ku>@JvÂ����Ä? ��C�>@An¾k�»F¼�Ä? üÌ��DÄDÄJ	>@? �»F¼A@Å�ï�?ÃF¼I

(ε
(R)
2k , ε

(R)
2k+1)

t ��C�Å#F¼I�AnF¼�ÄÀ�C�>r�»F¼A@Å¤¾k�»F¼�Ä? üÌ��DÄDÄJ	>@? �»F¼A@Å�ï�?ÃF¼I Sn ø

Γ(R) =

(
σ2
R ρR
ρR σ2

R

)
and S(r)

n =
∑

k∈Tn,p−1

(
1 (X

(r)
k,n)

t

X
(r)
k,n X

(r)
k,n(X

(r)
k,n)

t

)
.

G0I�A >@JLC�Å�?ÃF¼?BJLC ¼ ¥ Þ�¾ ?BC��yÀ�I²��KBDEZ�?B?K% D~G0I�A@JL�ÄA@¾÷��7 ��7 �M� ?BD¢ÂLA@�Ä?}&²A@Å4��;nF¼I�Ab>@JLC�D F¼�ÄÀ�>�F¼?BJLCJ�û~F¼I�A4F¼�ÄÀ�C�>r�»F¼A@Å#¾k��� F¼?BC�M&��KBA�*LF¼I²�»F0?BD9û�JL�9DÄJL¾ZAÇÁ�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F���C&F
c
*'ï9AnI²�rÂLAÇF¼I²�»F�û�JL���KBK

k ∈ Tn−1

||D(r,R)
k,n || ≤ c

√
|Tn−1|
b|Tn−1 |

.

8²�ÄJL¾â�y�ÄJLÁ�JLDÄ?ÃF¼?BJLCw��7½�	7 �'*'ï9A���KBDÄJ|I²�rÂLAnû�JL����KBK
r > 0

*
1

|Tn−1|
∑

k∈Tn−1,p−1

XkI{||Xk||>r
√

|Tn−1|
b|Tn−1|

} superexp
=⇒
b2|Tn−1|

0;

y��7½�	7½ÚM�

��C�Å
1

|Tn−1|
∑

k∈Tn−1,p−1

XkX
t
kI
{
||Xk||>r

√
|Tn−1|

b|Tn−1 |

} superexp
=⇒
b2|Tn−1 |

0.

y��7½�	7 î��

8²�ÄJL¾ 
K�	7 ��7 îMñ�����C�Å�
y��7½�	7 î��9*'ï9A�Å�A@Å�À�>@A;F¼I²�»F0û�JL����KBK
r > 0

1

|Tn−1|
(
Sn−1 − S

(r)
n−1

)
superexp
=⇒
b2|Tn−1 |

0.

y��7½�	7 Ø��

G0I�A@C)*:ï9ANAr��DÄ?BK};PF¼�¼��C�D û�A@�|F¼I�A�Á��ÄJLÁ�A@� F¼?BA@D
(5.4.79)

F¼J,F¼I�A¤F¼�ÄÀ�C�>r�»F¼A@Å5¾k��� F¼?BC�M&��KBA
(M

(r,R)
n )n≥0

7`ùUA;I²�rÂLA;û�JL����KBK
R > 0

��C�Å���KBK
r > 0

*

〈M (r,R)〉n
|Tn−1|

= Γ(R) ⊗ S
(r)
n−1

|Tn−1|

= −Γ(R) ⊗
(
Sn−1 − S

(r)
n−1

|Tn−1|

)
+ Γ(R) ⊗ Sn−1

|Tn−1|
superexp
=⇒
b2|Tn−1 |

Γ(R) ⊗ L
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(M
(r,R)
n )n≥0

*
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(M
(r,R)
n )n≥0

7
ýU;ÌG0I�A@JL�ÄA@¾Û��7 ��7 �M� *	ï9A;Å�A@Å�À�>@A�F¼I²�»F

(M
(r,R)
n /(b|Tn−1|

√
|Tn−1|))n≥0

D¼�»F¼?BD2&²A@D4�Z¹�¶Ç�
JLC

R2(p+1) ï�?ÃF¼I#DÄÁ�A@A@Å b2|Tn−1|
��C�Å¤MLJ	J	ÅÌ�¼�»F¼Anû�À�C�>�F¼?BJLC#ML?ÃÂLA@C=��;

IR(x) =
1

2
xt(Γ(R) ⊗ L)−1x.
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¼ ¦ Ô � ¾ F¼I�A@�ÄAÇ?BD0��DÄA@¿�À�A@C�>@A
(κR)R>0

ï�?ÃF¼I
κR −→ 0

ï�I�A@C
R
MLJ	A@D9F¼J�?BC'&²C�?ÃFm;M*	DÄÀ�>�I#F¼I²�»Fû�JL����KBK

n ≥ p− 1,
û�JL����KBK

k ∈ Gn+1
*�û�JL����KBK

t ∈ R
��C�ÅÌû�JL�

R
K ���ÄMLAÇA@C�JLÀ�MLI

E
[
exp t

(
εk − εRk

)
|Fn

]
≤ exp

(
κRt

2

2

)
, a.s.
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û�JLKBKBJ7ï�?BC�M.>@JLC&ÂLA@�ÄMLA@C�>@A�*=û�JL����KBK

r > 0
��C�Å¤��KBK

δ > 0
*

lim sup
R→∞

lim sup
n→∞

1

b2|Tn−1|
log P

(
‖Mn −M

(r,R)
n ‖√

|Tn−1|b|Tn−1|
> δ

)
= −∞.

8²JL��F¼I²�»F>*'ï9A�DÄI²��KBK¢Á��ÄJvÂLA;F¼I²�»F0û�JL�
η ∈ {0, 1}

I1 =
1√

|Tn−1|b|Tn−1|

∑

k∈Tn−1,p−1

(
ε2k+η − ε

(R)
2k+η

)
superexp
=⇒
b2|Tn−1|

0,

y��7½�	7 �M� �

I2 =
1√

|Tn−1|b|Tn−1|

∑

k∈Tn−1,p−1

(
ε2k+ηXk − ε

(R)
2k+ηX

(r)
k,n

)
superexp
=⇒
b2|Tn−1|
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η = 0
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η = 1
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α > 0

��C�Å
R
K ���ÄMLAnA@C�JLÀ�MLI

E


exp


α

∑

k∈Tn−1,p−1

(ε2k − ε
(R)
2k )






= E


 ∏

k∈Tn−2,p−1

exp
(
α(ε2k − ε

(R)
2k )
)
× E


 ∏

k∈Gn−1

exp
(
α(ε2k − ε

(R)
2k )
) ∣∣∣Fn−1






= E


 ∏

k∈Tn−2,p−1

exp
(
α(ε2k − ε

(R)
2k )
)
×

∏

k∈Gn−1

E

[
exp

(
α(ε2k − ε

(R)
2k )
) ∣∣∣Fn−1

]



≤ E


 ∏

k∈Tn−2,p−1

exp
(
α(ε2k − ε

(R)
2k )
)

exp
(
|Gn−1|α2κR

)



≤ exp
(
|Tn−1|α2κR

)
.
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α = λb|Tn−1|/|Tn−1|
*	ï9A;JM��F���?BCÌû�JL����KBK

δ > 0

� �x�



P


 1√

|Tn−1|b|Tn−1|

∑

k∈Tn−1,p−1

(ε2k − ε
(R)
2k ) ≥ δ


 ≤ exp

(
−b2|Tn−1|

(
δλ− κRλ

2
))

.

�ÇÁ�F¼?B¾Z?[<@?BC�M�JLC
λ
*	ï9A;JM��F���?BC

1

b2|Tn−1|
log P


 1√

|Tn−1|b|Tn−1|

∑

k∈Tn−1,p−1

(
ε2k − ε

(R)
2k

)
≥ δ


 ≤ − δ2

4κR
.
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ε2kXk − ε
(R)
2k X

(r)
k,n =

(
ε2k − ε

(R)
2k

)
X

(r)
k,n + ε2k

(
Xk − X

(r)
k,n

)
,

ï9A�?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M.C�J�F��»F¼?BJLC
L(r)
n =

∑

k∈Tn−1,p−1

ε2k

(
Xk − X

(r)
k,n

)
and F (r,R)

n =
∑

k∈Tn−1,p−1

(
ε2k − ε

(R)
2k

)
X

(r)
k,n.
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y��7½�	7 � �M�9*'ï9A�ï�?BKBKuDÄI�J7ïTF¼I²�»F0û�JL����KBK
r > 0

L
(r)
n√

|Tn−1|b|Tn−1|

superexp
=⇒
b2|Tn−1 |

0,

y��7½�	7 � ���

��C�Å#û�JL����KBK
r > 0

��C�Å���KBK
δ > 0

lim sup
R→∞

lim sup
n→∞

1

b2|Tn−1|
log P

(
‖F (r,R)

n ‖
b|Tn−1|

√
|Tn−1|

> δ

)
= −∞.
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(L

(r)
n )
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L
(r)
n,1 =

∑

k∈Tn−1,p−1

ε2k

(
Xk −X

(r)
k,n

)
.
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λ ∈ R
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(Z

(r)
n,1)n≥p−1

Å�Ae&²C�A@Å���;

Z
(r)
n,1 = exp


λL(r)

n,1 −
λ2φ

2

∑

k∈Tn−1,p−1

X2
k1
{
‖Xk‖>r

√
|Tn−1|

b|Tn−1|

}
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b > 0
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A
(r)
n,1(b) =





1

|Tn−1|
∑

k∈Tn−1,p−1

X2
k1
{
‖Xk‖>r

√
|Tn−1|

b|Tn−1|

} > b



 .
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δ > 0

P

(
1

b|Tn−1 |
√
|Tn−1|

L
(r)
n,1 > δ

)

≤ P

(
A

(r)
n,1(b)

)
+ P

(
Z

(r)
n,1 > exp

(
δλb|Tn−1|

√
|Tn−1| −

λ2φ

2
b|Tn−1|

))

≤ P

(
A

(r)
n,1(b)

)
+ exp

(
−b|Tn−1 |

√
|Tn−1|

(
δλ− bφ

√
|Tn−1|

2b|Tn−1|
λ2

))
,
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(Gi)2p−1≤i≤|Tn−1|−1
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E


exp


λε2p

(
X2p−1 −X

(r)
2p−1

)
− λ2φ

2
X2

2p−11{
‖X2p−1‖>r

√
2p−1

b
2p−1

}



 ≤ 1,
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b > 0

lim sup
n→∞

1

b2|Tn−1|
log P

(
A

(r)
n,1(b)

)
= −∞,
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λ = δb|Tn−1|/(bφ

√
|Tn−1|)
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lim sup
n→∞

1

b2|Tn−1|
log P

(
L

(r)
n,1

b|Tn−1 |
√

|Tn−1|
> δ

)
≤ − δ2

2bφ
.
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r > 0

L
(r)
n,1

b|Tn−1|
√

|Tn−1|
superexp
=⇒
b2|Tn−1 |
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(F

(r,R)
n ).
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F

(r,R)
n,1 =

∑

k∈Tn−1,p−1

(ε2k − ε
(R)
2k )X

(r)
k,n

8²JL�
λ ∈ R

*	ï9A;>@JLC�DÄ?BÅ�A@�0F¼I�A;�¼��C�Å�JL¾âDÄA@¿�À�A@C�>@A (
W

(r,R)
n,1

)
n≥p−1

Å�Ae&²C�A@Å=��;

W
(r,R)
n,1 = exp


λ

∑

k∈Tn−1,p−1

(ε2k − ε
(R)
2k )X

(r)
k,n −

λ2κR
2

∑

k∈Tn−1,p−1

(X
(r)
k,n)

2
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B

(r)
n,1(b) =

{
1

|Tn−1|
∑

k∈Tn−1,p−1

(X
(r)
k,n)

2 > b

}
.
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δ > 0,

P

(
F

(r,R)
n,1

b|Tn−1|
√

|Tn−1|
> δ

)

≤ P

(
B

(r)
n,1(b)

)
+ P

(
W

(r,R)
n,1 > exp

(
δλb|Tn−1 |

√
|Tn−1| −

λ2κR
2

|Tn−1|b
))

≤ P

(
B

(r)
n,1(b)

)
+ exp

(
−b|Tn−1 |

√
|Tn−1|

(
δλ− bκR

√
|Tn−1|

2b|Tn−1|
λ2

)) 
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E

[
exp

(
λ
(
ε2p − ε

(R)
2p

)
X

(r)

2p−1 −
λ2κR

2

(
X

(r)

2p−1

)2
)]

≤ 1,
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B

(r)
n,1(b) ⊂

{
1

|Tn−1|
∑

k∈Tn−1,p−1

X2
k > b

}
,
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û�JL�
b
K ���ÄMLAÇA@C�JLÀ�MLI

lim sup
n→∞

1

b2|Tn−1|
log P

(
B

(r)
n,1(b)

)
= −∞,
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λ = δb|Tn−1 |/(κRb

√
|Tn−1|),
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δ > 0

lim sup
n→∞

1

b2|Tn−1|
log P

(
F

(r,R)
n,1

b|Tn−1 |
√

|Tn−1|
> δ

)
≤ − δ2

2κRb
.
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lim sup
R→∞

lim sup
n→∞

1

b2|Tn−1|
log P

(
F

(r,R)
n,1

b|Tn−1|
√

|Tn−1|
> δ

)
= −∞.
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√
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R
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Ĩ(x) = sup
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lim inf
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inf
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c.
�EJ7ïV*=��Á�Á�K};	?BC�M�F¼I�Anû�JL�ÄA@MLJL?BC�M.F¼J

f
(
X2k, θ̂

(0)
n

)
− f

(
X2k, θ

(0)
) ��C�Å

f
(

X2k+1, θ̂
(1)
n

)
− f

(
X2k+1, θ

(1)
)
,

ï9A�Å�A@Å�À�>@A�Ar��DÄ?BK};kF¼I²�»F
|σ̂2
n − σ2

n| ≤ c‖θ̂n − θ‖
(
1 + ‖θ‖ + ‖θ̂n − θ‖

) 1

|Tn−1|
∑

k∈Tn−1,p−1

(
1 + ‖Xk‖2

)
,

� * �



û�JL�0DÄJL¾ZAnÁ�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F
c
7b8²�ÄJL¾åF¼I�A�¹�¶Ç�5J�û

θ̂n − θ,
ï9A;?BC�û�A@��F¼I²�»F

‖θ̂n − θ‖ superexp
=⇒
b2|Tn−1|

0.

y��7½�	7 � Ø��

8²JL�Ä¾â�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC���7 ��7 ��ï9A;Å�A@Å�À�>@A;F¼I²�»F
1

|Tn−1|
∑

k∈Tn−1,p−1

(
1 + ‖Xk‖2

) superexp
=⇒
b2|Tn−1|

1 + Tr(Λ).

y��7½�	7½��ñ��

ùUAnF¼I�À�DE>@JLC�>@KBÀ�Å�AnÂ	? ��
y��7½�	7 � Ø�����C�Å"
y��7½�	7½��ñ��bF¼I²�»F
σ̂2
n − σ2

n

superexp
=⇒
b2|Tn−1|

0.

G0I�?BD;A@C�Å�D;F¼I�AZÁ��ÄJ	J�û û�JL�
σ̂n.

G0I�AZÁ��ÄJ	J�û û�JL�
ρ̂n
?BDnÂLA@�2;WDÄ?B¾Z?BK ���Ç��C�Å,À�DÄA@D�I�;	Á�J�F¼I�A@DÄ?BD¼ ø Þ�uÏ¾ ��C�Å ¼ ¦ Þ�uÏ¾ F¼J|MLA�FE?BC�A@¿�À²��KB?ÃF¼?BA@D9DÄ?B¾Z?BK ��� F¼J�
y��7 ��7 � ñ��9��C�Å"
y��7 ��7 � � ��7
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�ý0¹Nþ��9JLC  ��KÃF¼JLC���ù �»F¼DÄJLC�
  ù �bF¼�ÄA@An���ÄAn��CÌA�ü	F¼A@C�DÄ?BJLCJ�û4ý0¹Nþ F¼J  ù F¼�ÄA@AÌÅ²�»F���7UG0I�Ae;"ï9A@�ÄA#?BC&F¼�ÄJ	Å�À�>@A@Å²��;Q¶4A@KB¾k��D���C�Å[¹����ÄD¼��KBKBA�+ �M�0-
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�·07 >@JLKB?v�4�ÄA@Á��ÄJ	Å�À�>�F¼?BJLC,¾ZJ	Å�A@Kó7k·07 >@JLKB?y?BD��#�ÄJ	Å�� DÄI²��Á�A@Å��²��>�F¼A@�Ä?BÀ�¾ðï�I�?B>�IU�ÄA@Á��ÄJ	Å�À�>@A@D
��;¤Å�?ÃÂ	?BÅ�?BC�M|?BC#F¼I�A�¾Z?BÅ�Å�KBA�*�F¼I�À�D4Á��ÄJ	Å�À�>@?BC�M|Fmï9Jk>@A@KBKBD@7I�ÇC�AQï�I�?B>�I�I²��D�F¼I�A�C�AeïiÁ�JLKBAJ�û0F¼I�Aä¾ZJ�F¼I�A@�.��C�Å F¼I²�»FCï9AÌ>r��KBK C�AeïßÁ�JLKBAZÁ��ÄJLMLA@C�; >@A@KBKK*`��C�Å F¼I�AäJ�F¼I�A@�Cï�I�?B>�IPI²��D
F¼I�AZJLKBÅ,Á�JLKBA|J�û�F¼I�AZ¾ZJ�F¼I�A@����C�Å,F¼I²�»FQï9Ak>r��KBKyJLKBÅ,Á�JLKBA|Á��ÄJLMLA@C�;,>@A@KBKó7kÈ C,û���>�F>*{Ar��>�IÅ²��À�MLI&F¼A@�.>@A@KBK I²��D�Fmï9J(Á�JLKBA@D@7��ÇC�A�ï�I�?B>�IP?BD�C�AeïË
�C�AeïåÁ�JLKBA7�;��C�ÅUF¼I�AäJ�F¼I�A@�Qï�I�?B>�I��KB�ÄAr��Å';äA�ü�?BD F¼A@Å"
�JLKBÅÌÁ�JLKBA7��7`G0I�A���MLAnJ�û`�.>@A@KBK¢?BD0ML?ÃÂLA@C���;äF¼I�A���MLAnJ�ûH?ÃF¼D0JLKBÅÌÁ�JLKBAS
�?ó7 AF¼I�A�C�À�¾4��A@�yJ�û=MLA@C�A@�¼�»F¼?BJLC�D`?BC�F¼I�A�Á²��D FyJ�û=F¼I�A�>@A@KBK'��A�û�JL�ÄA9F¼I�A�JLKBÅ.Á�JLKBAUï���DyÁ��ÄJ	Å�À�>@A@ÅY��7
 À';LJLCð�e¸4K�+ ��Ú0-�Á��ÄJLÁ�JLDÄA@Å#F¼I�A;û�JLKBKBJ7ï�?BC�M�KB?BC�Ar���  ��À�DÄDÄ? ��C¤¾ZJ	Å�A@KuF¼J|Å�A@DÄ>@�Ä?[��AnF¼I�AA�ÂLJLKBÀ�F¼?BJLC�J�û�F¼I�A(ML�ÄJ7ï0F¼I��¼�»F¼AWJ�û�F¼I�A(Á�JLÁ�À�K �»F¼?BJLC!J�û�>@A@KBKBDäÅ�A@�Ä?ÃÂLA@Å�û��ÄJL¾ ��C�?BC�?ÃF¼? ��K

?BC�Å�?ÃÂ	?BÅ�À²��K

L(X1) = ν, and ∀n ≥ 1,





X2n = α0Xn + β0 + ε2n

X2n+1 = α1Xn + β1 + ε2n+1,


·��7 � 7 � �

ï�I�A@�ÄA
Xn

?BD0F¼I�A�ML�ÄJ7ï0F¼I��¼�»F¼A�J�û`?BC�Å�?ÃÂ	?BÅ�À²��K
n
*
n
?BD0F¼I�A�¾ZJ�F¼I�A@��J�û

2n

 F¼I�A�C�AeïiÁ�JLKBA

Á��ÄJLMLA@C�;Z>@A@KBKv�b��C�Å
2n+1


 F¼I�AEJLKBÅkÁ�JLKBA�Á��ÄJLMLA@C�;Z>@A@KBKv�9*
ν
?BD9��Å�?BD F¼�Ä?[��À�F¼?BJLCZÁ��ÄJM�²����?BKB?ÃFm;

JLC
R
*
α0, α1 ∈ (−1, 1) � β0, β1 ∈ R

��C�Å (
(ε2n, ε2n+1), n ≥ 1

) û�JL�Ä¾ZD��#DÄA@¿�À�A@C�>@AÌJ�û?ó7 ?ó7 Åw��?ÃÂ����Ä? �»F¼AÇ�¼��C�Å�JL¾åÂ����Ä? ����KBA@D:ï�?ÃF¼I#K �>ï N2(0,Γ)
*'ï�I�A@�ÄA

Γ = σ2

(
1 ρ
ρ 1

)
, σ2 > 0, ρ ∈ (−1, 1).


·��7 � 7½�M�
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G0I�A,Á��ÄJ	>@A@DÄDÄA@D
(Xn)

Å�Ae&²C�A@Å ��;¢
·��7 � 7 � �Ì���ÄA(Fm;	Á�?B>r��KnA�ü���¾ZÁ�KBAWJ�û�ý0¹NþÛï�I�?B>�IV���ÄA>r��KBKBA@ÅÌF¼I�A�&²�ÄD FEJL�ÄÅ�A@�I��?Ãû�À��Ä>r�»F¼?BC�M|��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA;Á��ÄJ	>@A@DÄDÄA@D�
�ý9¸Ç:C
 � �E��7yG0I�A�ý9¸Ç:C
 � �Á��ÄJ	>@A@DÄDÄA@D¤���ÄA(��C���Å²��Á�F��»F¼?BJLC5J�û���À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLAWÁ��ÄJ	>@A@DÄDÄA@D+*/ï�I�A@C!F¼I�A(Å²�»F��UI²�rÂLA,�
��?BC²���2;WF¼�ÄA@AÌD F¼�ÄÀ�>�F¼À��ÄA´
�DÄA@A#8{?BMLÀ��ÄA � ��7(G0I�Ae;�ï9A@�ÄAw&²�ÄD F�?BC&F¼�ÄJ	Å�À�>@A@Å²��;Pþ9J7ï���C[��C�Å<�F���À�Å�F¼A8+ ��î0-²û�JL�b>@A@KBK²KB?BC�Ar��MLA�Å²�»F���ï�I�A@�ÄAEAr��>�Ik?BC�Å�?ÃÂ	?BÅ�À²��K�?BCZJLC�A�MLA@C�A@�¼�»F¼?BJLC|ML?ÃÂLA@D �Ä?BDÄAF¼J�Fmï9JkJ�TuDÄÁ��Ä?BC�M�?BCÌF¼I�A;C�A�ü	FEMLA@C�A@�¼�»F¼?BJLC¢7È C�+ �M�.-K*  À';LJLC)*ÇÀ�DÄ?BC�MQF¼I�AWF¼I�A@JL�2;!J�û�ý0¹Nþ�*�M&�rÂLA,K �>ï�D#J�û.K ���ÄMLANC�À�¾4��A@�ÄD���C�Å
>@A@C&F¼�¼��K�KB?B¾Z?ÃF;F¼I�A@JL�ÄA@¾Öû�JL��F¼I�AÌKBAr��D F2� DÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�

θ̂r = (α̂r0, β̂
r
0, α̂

r
1, β̂

r
1)
J�û�F¼I�A

�L� Å�?B¾ZA@C�DÄ?BJLC²��K Á²���¼��¾ZA�F¼A@�
θ = (α0, β0, α1, β1)

7QÿEA#I²��D|��KBDÄJ���À�?BKÃF�DÄJL¾ZAÌD F��»F¼?BD F¼?B>r��KF¼A@D F¼DDï�I�?B>�IÌ��KBKBJ7ï/F¼J�F¼A@D F�?Ãû¢F¼I�A4¾ZJ	Å�A@K=?BD D2;	¾Z¾ZA�F¼�Ä?B>EJL� C�J�F>*���C�Åä?ÃûuF¼I�A4C�Aeï�Á�JLKBAE��C�ÅF¼I�A;JLKBÅ#Á�JLKBAnÁ�JLÁ�À�K �»F¼?BJLC�D0���ÄA;A�ÂLA@C�Å�?BD F¼?BC�>�F�?BC#¾ZAr��C¢7bG0I�?BD���KBKBJ7ï9A@Å#I�?B¾ßF¼J|>@JLC�>@KBÀ�Å�A
�ÌD F��»F¼?BD F¼?B>r��K`A�Â	?BÅ�A@C�>@AZ?BC,��ML?BC�MÌ?BC,·07Hþ9JLKB?ó7�ú�A�F�À�D���KBDÄJ#¾ZA@C&F¼?BJLC5+ � î.-K*Aï�I�A@�ÄAký9A@�Ä>@À�i¸4Kó7`À�DÄ?BC�M�F¼I�AÇ¾k��� F¼?BC�M&��KBA���Á�Á��ÄJ&��>�IÌML?ÃÂLAÇ��D2;	¾ZÁ�F¼J�F¼?B>4��C²��K};	DÄ?BD9J�û¢F¼I�AÇKBAr��D F�DÄ¿�À²���ÄA@DA@D F¼?B¾k�»F¼JL�kJ�û�F¼I�A(À�C	Z�C�J7ï�CVÁ²���¼��¾ZA�F¼A@�ÄDÌJ�û��PMLA@C�A@�¼��Kn��D2;	¾Z¾ZA�F¼�Ä?B>

p
F¼I�� JL�ÄÅ�A@�#ý9¸Ç:Á��ÄJ	>@A@DÄDÄA@D@7

ÿEJ7ï9A�ÂLA@�+*{?BCWF¼I�AZý0¹Nþe¾ZJ	Å�A@K`Á��ÄA@DÄA@C&F¼A@Å"��;  À';LJLC)*H>@A@KBKBD����ÄAZ��DÄDÄÀ�¾ZA@ÅWF¼J¤C�A�ÂLA@�Å�?BA�
���Å�Ar�»F¼I¤>@JL�Ä�ÄA@DÄÁ�JLC�Å�D�F¼J|C�J|¾ZJL�ÄAnÅ�?ÃÂ	?BDÄ?BJLCY��7`GHJ�F���Z�A�?BC&F¼J|��>@>@JLÀ�C&F4>@A@KBKBD+% D0Å�Ar�»F¼I)*¶4A@KB¾k��D9��C�Å#¹����ÄD¼��KBKBA8+ �M�0-K*�?BC�D F¼Ar��ÅäJ�û~���ÄA@MLÀ�K ���P��?BC²���2;|F¼�ÄA@A�*�À�DÄA@Å#�Q��?BC²���2;  ù F¼�ÄA@AF¼J#K ����A@K`>@A@KBKBD@7.È CWF¼I�A|DÄA@¿�À�A@KK*Nï9A�ï�?BKBK{?BC&F¼�ÄJ	Å�À�>@A.F¼I�A|¾ZJ	Å�A@K�ï�I�?B>�IU��KBKBJ7ï9A@Å(F¼I�A@¾ F¼J
D F¼À�Å';NF¼I�A���A@I²�rÂ	?BJL�ÇJ�ûbF¼I�A�ML�ÄJ7ï0F¼IW�¼�»F¼A�J�û >@A@KBKBD+*uF���Z�?BC�MÌ?BC&F¼J#��>@>@JLÀ�C&FnF¼I�A@?B�ÇÁ�JLDÄDÄ?[��KBAÅ�Ar�»F¼I¢7
ì :yÔ/:yÔ �Cä~µ(«UAã~µ	±
ú�A�F

T
��AZ����?BC²���2;N�ÄA@MLÀ�K ���ÇF¼�ÄA@A|?BC@ï�I�?B>�I,Ar��>�I,ÂLA@� F¼A�üU?BDnDÄA@A@C ��D��#Á�JLDÄ?ÃF¼?ÃÂLA�?BC&F¼A@MLA@�Å�?}TuA@�ÄA@C&F�û��ÄJL¾úñ'*�DÄA@A�8{?BMLÀ��ÄA���7 � 7b8²JL�

r ∈ N
*�KBA�F

Gr =
{

2r, 2r + 1, · · · , 2r+1 − 1
}
, Tr =

r⋃

q=0

Gq,

ï�I�?B>�I|Å�A@C�J�F¼A��ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};.F¼I�A
r
��F¼I�>@JLKBÀ�¾ZC|��C�Å�F¼I�A:&²�ÄD F

(r+1)
>@JLKBÀ�¾ZC�D`J�û�F¼I�A�F¼�ÄA@A�7

G0I�A@C)*�F¼I�An>r���ÄÅ�?BC²��KB?ÃFm; |Gr|
J�û

Gr
?BD

2r
��C�ÅÌF¼I²�»F0J�û

Tr
?BD |Tr| = 2r+1 − 1

7y¸i>@JLKBÀ�¾ZC
J�ûy�|ML?ÃÂLA@C¤?BC&F¼A@MLA@�

n
?BD

Grn

ï�?ÃF¼I
rn = blog2 nc

*jï�I�A@�ÄA bxc Å�A@C�J�F¼A@DEF¼I�A�?BC&F¼A@MLA@��Á²��� FJ�ûHF¼I�A;�ÄAr��K�C�À�¾4��A@�
x
7

G0I�A�MLA@C�Ar��KBJLM�;#J�û`F¼I�A�>@A@KBKBD�?BDEÅ�A@DÄ>@�Ä?[��A@Å���;¤F¼I�?BD�F¼�ÄA@A�7�È C�F¼I�A�DÄA@¿�À�A@K?ï9AQï�?BKBK¢F¼I�À�D
DÄA@A

T
��Db�nML?ÃÂLA@C�Á�JLÁ�À�K �»F¼?BJLC¢7HG0I�A@C|F¼I�A�ÂLA@� F¼A�ü

n
*&F¼I�A0>@JLKBÀ�¾ZC

Gr
��C�Å�F¼I�A:&²�ÄD F

(r+1)>@JLKBÀ�¾ZC�D
Tr
Å�A@DÄ?BMLC²�»F¼A.�ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};(?BC�Å�?ÃÂ	?BÅ�À²��K

n
*¢F¼I�A

r
��F¼I(MLA@C�A@�¼�»F¼?BJLC(��C�Å(F¼I�A4&²�ÄD F

(r + 1)
MLA@C�A@�¼�»F¼?BJLC�D@7;G0I�A|?BC�?ÃF¼? ��K�?BC�Å�?ÃÂ	?BÅ�À²��KH?BD4Å�A@C�J�F¼A@Å

1
7;G0I�A�¾ZJ	Å�A@K{Á��ÄJLÁ�JLDÄA@Å���;¶4A@KB¾k��D���C�ÅN¹����ÄD¼��KBKBA`+ �M�.-�?BD0Å�Ae&²C�A@ÅN��D0û�JLKBKBJ7ï�D@7`G0I�A�ML�ÄJ7ï0F¼I#�¼�»F¼A;J�û{>@A@KBK

n
?BD
Xn.

• ù�?ÃF¼I[Á��ÄJM�²����?BKB?ÃFm; p1,0, n
ML?ÃÂLA@D���?B� F¼IQF¼J,Fmï9J >@A@KBKBD

2n
��C�Å

2n + 1
ï�?ÃF¼I¶��J�F¼IÅ�?ÃÂ	?BÅ�A�7nG0I�A�ML�ÄJ7ï0F¼I(�¼�»F¼A.J�ûbF¼I�A.Å²��À�MLI&F¼A@�ÄD

X2n
��C�Å

X2n+1
���ÄA�F¼I�A@C(KB?BC	Z�A@ÅNF¼JF¼I�A;¾ZJ�F¼I�A@�+% D0JLC�AnF¼I��ÄJLÀ�MLI¤��À�F¼JL� �ÄA@ML�ÄA@DÄDÄ?ÃÂLA;A@¿�À²�»F¼?BJLC�DC
·��7 � 7 � ��7

� *x*
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G0 G1 G2 G

rnA \ � � � � � w �x��B��0� §8\ �.� � |&� � ���
T

• ù�?ÃF¼IPÁ��ÄJM�²����?BKB?ÃFm; p0,
JLC�K};,F¼I�AÌC�AeïâÁ�JLKBA

2n
Å�?ÃÂ	?BÅ�A@D@7UÈ�F¼D�ML�ÄJ7ï0F¼IQ�¼�»F¼A

X2n
?BDKB?BC	Z�A@ÅÌF¼J|?ÃF¼D0¾ZJ�F¼I�A@�+% D�JLC�A

Xn
F¼I��ÄJLÀ�MLIÌF¼I�A;�ÄA@K �»F¼?BJLC

X2n = α′
0Xn + β ′

0 + ε′2n,

·��7 � 7 ���

ï�I�A@�ÄA
α′

0 ∈ (−1, 1), β ′
0 ∈ R

��C�Å
(ε′2n, n ∈ T)

?BD.��DÄA@¿�À�A@C�>@A#J�û�?BC�Å�A@Á�A@C�Å�A@C&F>@A@C&F¼A@�ÄA@Å  ��À�DÄDÄ? ��C#�¼��C�Å�JL¾ßÂ����Ä? ����KBA@DDï�?ÃF¼IÌÂ����Ä? ��C�>@A
σ2

0 > 0.

• ù�?ÃF¼I#Á��ÄJM�²����?BKB?ÃFm; p1,
JLC�K};kF¼I�A�JLKBÅ¤Á�JLKBA

2n + 1
Å�?ÃÂ	?BÅ�A@D@79È�F¼DEML�ÄJ7ï0F¼I��¼�»F¼A

X2n+1?BD0KB?BC	Z�A@ÅÌF¼J|?ÃF¼D0¾ZJ�F¼I�A@�+% D�JLC�A
Xn

F¼I��ÄJLÀ�MLIÌF¼I�A;�ÄA@K �»F¼?BJLC
X2n+1 = α′

1Xn + β ′
1 + ε′2n+1,


·��7 � 7 �q�
ï�I�A@�ÄA

α′
1 ∈ (−1, 1), β ′

1 ∈ R
��C�Å

(ε′2n+1, n ∈ T)
?BDn�kDÄA@¿�À�A@C�>@AZJ�ûb?BC�Å�A@Á�A@C�Å�A@C&F

>@A@C&F¼A@�ÄA@Å  ��À�DÄDÄ? ��C#�¼��C�Å�JL¾ßÂ����Ä? ����KBA@DDï�?ÃF¼IÌÂ����Ä? ��C�>@A
σ2

1 > 0.

• ù�?ÃF¼I,Á��ÄJM�²����?BKB?ÃFm; 1 − p1,0 − p1 − p0,
ï�I�?B>�I ?BD;C�JLC�� C�A@M&�»F¼?ÃÂLA�*

n
ML?ÃÂLA@DQ��?B� F¼IWF¼J

Fmï9JZ>@A@KBKBD:ï�I�?B>�I¤Å�J|C�J�FEÅ�?ÃÂ	?BÅ�A�7

� *\6



• G0I�A�DÄA@¿�À�A@C�>@A@D ((ε2n, ε2n+1), n ∈ T), (ε′2n, n ∈ T)
��C�Å

(ε′2n+1, n ∈ T)
���ÄA�?BC�Å�A9�Á�A@C�Å�A@C&Fr7

G0I�A|Á��ÄJ	>@A@DÄD
(Xn)

Å�A@DÄ>@�Ä?[��A@ÅU����JvÂLA�?BD;�kFm;	Á�?B>r��K`A�ü���¾ZÁ�KBA.J�û�ý0¹NþiJLC  ù F¼�ÄA@A�7.È C+ ���0-K*�F¼I�?BDÇÁ��ÄJ	>@A@DÄDÇ?BDÇ>r��KBKBA@Å���?Ãû�À��Ä>r�»F¼?BC�Mä��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA�Á��ÄJ	>@A@DÄD�
�ý9¸Ç:���ï�?ÃF¼IN¾Z?BDÄDÄ?BC�M
Å²�»F���7�È�FÇ?BD4��CNA�ü	F¼A@C�DÄ?BJLCNJ�û���?Ãû�À��Ä>r�»F¼?BC�Mk��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA.Á��ÄJ	>@A@DÄD/ï�I�A@CNF¼I�A�Å²�»F��ZI²�rÂLA����?BC²���2;  ù F¼�ÄA@A�D F¼�ÄÀ�>�F¼À��ÄA�*�DÄA@AC&²MLÀ��ÄA4��û�JL��A�ü���¾ZÁ�KBA�J�û«��?BC²���2;  ù F¼�ÄA@A�70È C�Å�A@A@Å)*JLC�A|>r��CU��DÄDÄÀ�¾ZA�F¼I²�»F;F¼I�A|>@A@KBKBD$ï�I�?B>�I,Å�J¤C�J�F;Å�?ÃÂ	?BÅ�AZ��C�Å(F¼I�JLDÄASï�I�?B>�I,Å�J¤C�J�F;A�ü�?BD F���ÄA;¾Z?BDÄDÄ?BC�M.JL��Å�Ar��Å¢7
È C¹+ �M�0-K*�¶4A@KB¾k��D`��C�ÅZ¹����ÄD¼��KBKBA9À�DÄ?BC�M4F¼I�A@?B�{�ÄA@DÄÀ�KÃF¼D`û�JL�`ý0¹NþPJLC  ù F¼�ÄA@A�*&M&�rÂLA�K �>ï�DJ�ûHK ���ÄMLA4C�À�¾4��A@�ÄDE��C�ÅÌ>@A@C&F¼�¼��K¢KB?B¾Z?ÃFbF¼I�A@JL�ÄA@¾åû�JL�9F¼I�An¾k��ü�?B¾.À�¾�KB?[Z�A@KB?BI�J	J	ÅZA@D F¼?B¾k�»F¼JL�J�ûHF¼I�A;Á²���¼��¾ZA�F¼A@�

θ = (α0, β0, α1, β1, α
′
0, β

′
0, α

′
1, β

′
1).


·��7 � 7½�M�
È C F¼I�?BD.Á²��Á�A@�+*«ï9A�ï�?BKBKbML?ÃÂLAäÅ�A�Â	? �»F¼?BJLC ?BC�A@¿�À²��KB?ÃF¼?BA@D;û�JL��F¼I�AäKBAr��D F�DÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�J�ûbF¼I�A|Á²���¼��¾ZA�F¼A@�

θ,
?BC(>r��DÄA�F¼I�A�C�JL?BDÄA�DÄA@¿�À�A@C�>@Ak��C�Å(F¼I�A�?BC�?ÃF¼? ��K~D F��»F¼A

X1
Â���KBÀ�A@Å(?BC��>@JL¾ZÁ²��>�F.DÄA�Fr7��EJ�F¼AZF¼I²�»F.F¼I�?BD�?B¾ZÁ�KB?BA@DÇF¼I²�»F.F¼I�Aäý9¸Ç:åÁ��ÄJ	>@A@DÄDCï�?ÃF¼I ¾Z?BDÄDÄ?BC�M�Å²�»F��

Å�A@DÄ>@�Ä?[��A@D4����JvÂLA���KBDÄJ�Â���KBÀ�A@Å#?BC#>@JL¾ZÁ²��>�F�DÄA�Fr7ùUA.���ÄA�C�J7ïXMLJL?BC�MZF¼JkML?ÃÂLA��k�Ä?BMLJL�ÄJLÀ�D�Å�Ae&²C�?ÃF¼?BJLC�J�ûbý0¹NþVJLC  ù F¼�ÄA@A�7�ùUA��ÄA�û�A@�F¼J�+ �M�.-�û�JL�0¾ZJL�ÄAÇÅ�A�F���?BKBD@7
ì :yÔ/:[Þ §Ìµ�ü`®HªvÕ�ª��®?�
8²JL�Z��C/?BC�Å�?ÃÂ	?BÅ�À²��K

n ∈ T
*Dï9AN���ÄA#?BC&F¼A@�ÄA@D F¼A@Å5?BCQF¼I�A¤¿�À²��C&F¼?ÃFm;

Xn

�?ÃFZ¾k�>;²��A#F¼I�A

ï9A@?BMLI&F>*�F¼I�A|ML�ÄJ7ï0F¼I,�¼�»F¼A�* · · · �/ï�?ÃF¼I(Â���KBÀ�A@Dn?BC(F¼I�A|¾ZA�F¼�Ä?B>.DÄÁ²��>@A S A@C�Å�J7ï9A@Å´ï�?ÃF¼IW?ÃF¼Dý9JL�ÄA@K
σ
� &²A@KBÅ S 7§Ìµ�ü`®HªvÕ�ª��®¶ì :yÔ/:yÔ ¼

T
åEÕv´�°²®?�rªvÕ�ª��® ëH´�YçH°	ç{ª�±�ªvÕ\�Yá«�@µ�µ ¼ ñ ôYôkòº¾C¾0: É fSpGa�ovo

T
AmlydEa�x'nervlyrKiLx

h5dGi F�aLF+rvo©rvlD¸ca�x/¸�_�a9h�h5rvx"T8n
P : S × S2 → [0, 1]

nekjpqV=lBV	a�l
• P (., A)

r[nV_cfGa8nek�dEaLF+o[fK=>iLdCa�ovo
A ∈ S2

g
• P (x, .)

r[n4a�h5dGi F�aLF+rvo©rvlD¸�_cfGa8nek�dGf4iLx
(S2,S2)

=>iLdCa�ovo
x ∈ S

|
8²JL�

p ≥ 1
*�ï9A(Å�A@C�J�F¼A@��; B(Sp)


��ÄA@DÄÁ¢7 Bb(Sp)
* C(Sp)

* Cb(Sp) �|F¼I�ANDÄA�F#J�û���KBK
Sp � ¾ZAr��DÄÀ��¼����KBA�
��ÄA@DÄÁ¢7 Sp � ¾ZAr��DÄÀ��¼����KBA���C�Å¶��JLÀ�C�Å�A@Å)*�>@JLC&F¼?BC�À�JLÀ�D+*0>@JLC&F¼?BC�À�JLÀ�Dä��C�Å��JLÀ�C�Å�A@ÅY��¾k��Á�Á�?BC�M

f : Sp → R
7Ç8²JL�

f ∈ B(S3)
*5ï�I�A@CN?ÃF4?BDEÅ�Ae&²C�A@Å)*Bï9A.Å�A@C�J�F¼A4��;

Pf ∈ B(S)
F¼I�Anû�À�C�>�F¼?BJLC

x 7→ Pf(x) =

∫

S2

f(x, y, z)P (x, dy, dz).

§Ìµ�ü`®HªvÕ�ª��®¶ì :yÔ/:[Þ ¼ ��ª·æm�~´LèL°'Õ�ª�®NÖ�âi°�´8é=�ß Å ä~°²ª�®?��áP�@µ�µ ¼ ñ ôYôkòº¾C¾0: INfel
(Xn, n ∈ T)F9f@aÂ=+a�_�rvoÛ¸Ji)=

S
Am{La�o©kjfG~�dEa�x5~qiL_ {La�d9ryaLF+o[f�n@~qf·sPxBfG~JiLx a�sPo©lmfedGfG~=h5dGi F�aLF+rvo©rvlD¸�nmh	aqp�f

(Ω,F , (Fr, r ∈ N),P)
|ØINfel

ν
F9f=ach5dGi F�aLF+rvo©rvlD¸�iLx

(S,S)
a�x5~

P
F9f�a

T
AmlydEa�x'nervlyrKiLx

h5dGi F�aLF+rvo©rvlD¸M| É f�n>a@¸²lBV	a�l
(Xn, n ∈ T)

r[n´a
(Fr)

A�F+r =9k�dGpGa�lyrvx"TÒ±�a�dg³�iL{JpqV	a�rvxDC�rvlBV
rvxjrvlyrya�oN~�r[nelyd9rDF+k�lyrKiLx

ν
a�x5~

T
AmlydEa�x'nervlyrKiLx�h5dGi F�aLF+rvo©rvlD¸

P
r =

� * _



• Xn

r[n Frn

Am_cfGa8nek�dEaLF+o[fK=>iLdQa�ovo
n ∈ T

g
• L(X1) = ν

g
• =>iLdQa�ovo

r ∈ N
a�x5~M=>iLdCa�ovo@=+a�_�rvoÛ¸

(fn, n ∈ Gr) ⊆ Bb(S3)

E

[∏

n∈Gr

fn(Xn, X2n, X2n+1)
∣∣∣Fr

]
=
∏

n∈Gr

Pfn(Xn).

�EJ7ïV*'ï9A���Å�Å¤�.>@A@¾ZA�F¼A@�2;ÌÁ�JL?BC&F9F¼J
S
*
∂.
ú�A�F

S̄ = S ∪ {∂}, ��C�Å S̄ ��AÇF¼I�A σ− &²A@KBÅMLA@C�A@�¼�»F¼A@Å���; S ��C�Å {∂}. È C(F¼I�A�Á��ÄA�Â	?BJLÀ�D���?BJLKBJLML?B>r��K¢û��¼��¾ZAeï9JL�EZY* S >@JL�Ä�ÄA@DÄÁ�JLC�Å�DnF¼JF¼I�A�D F��»F¼A�DÄÁ²��>@A.J�û`F¼I�A�¿�À²��C&F¼?ÃF¼?BA@DE�ÄA@K �»F¼A@Å�F¼JkKB?ÃÂ	?BC�M|>@A@KBKBD+*u��C�Å
∂
?BD�F¼I�A�Å�A�û���À�KÃFEÂ���KBÀ�Aû�JL�0Å�Ar��Å¤>@A@KBKBD@7bú�A�F

P ∗ ��A�� T
��F¼�¼��C�DÄ?ÃF¼?BJLCÌÁ��ÄJM�²����?BKB?ÃFm;ZÅ�Ae&²C�A@Å�JLC

S̄ × S̄ DÄÀ�>�I¤F¼I²�»F
P ∗(∂, {(∂, ∂)}) = 1.


·��7 � 7 ���
È C�F¼I�A�Á��ÄA�Â	?BJLÀ�D���?BJLKBJLML?B>r��K�û��¼��¾ZAeï9JL�EZY*Y
·��7 � 7 ����¾ZAr��C�DHF¼I²�»F`C�JÇÅ�Ar��Å.>@A@KBK	>r��C.ML?ÃÂLAD��?B� F¼IF¼J��;KB?ÃÂ	?BC�M;>@A@KBKó7HùUAEÅ�A@C�J�F¼A/��;

P ∗
0

��C�Å
P ∗

1

F¼I�AE�ÄA@D F¼�Ä?B>�F¼?BJLCZJ�ûuF¼I�AI&²�ÄD F���C�Å|F¼I�AEDÄA@>@JLC�Å¾k���ÄML?BC²��K�J�û
P ∗ F¼J S *�F¼I²�»F�?BD@ø

P ∗
0 = P ∗

(
·,
(
·
⋂

S
)
× S̄

) ��C�Å
P ∗

1 = P ∗
(
·, S̄ ×

(
·
⋂

S
))

.

§Ìµ�ü`®HªvÕ�ª��®`ì :yÔ/:[ò ¼ ��â Å �®Ýø�ù Õv´�µ�µYáS�@µ�µ�ñ òYòkòº¾0: INfel
X = (Xn, n ∈ T)

F9f
a
P ∗ A[¶�± ^ iLx

(S̄, S̄),
C�rvlBV

P ∗ n>a�lyr[nN=\¸Lrvx"Tô´Ïó5|BÊ�|Nþq·M| É f"pGa�ovo
(Xn, n ∈ T∗),

C�rvlBV
T∗ = {n ∈ T : Xn 6= ∂}, a�¶�± ^ iLxûP É lydGf�f>|�Ô�Vjf

P ∗ A[¶�± ^ r[n�n>a�ry~�nmh	a�lyrya�ovoÛ¸VjiL_cigTqfexBf�iLk�n�r =
p1,0 = P ∗(x, S×S), p0 = P ∗(x, S×{∂}), a�x5~ p1 = P ∗(x, {∂}×S)~qiwxBiLl�~qfmhjfex5~�iLx
x ∈ S.

^¿nmh	a�lyrya�ovoÛ¸ÂVjiL_cigTqfexBf�iLk�n
P ∗ A[¶�± ^ r[nCn>a�ry~�nek7hjfed\AEped9rvlyrKpGa�o

r =
m > 1,

CaVjfedGf
m = 2p1,0 + p1 + p0.ùUA;Å�A@C�J�F¼AV��;
(Yn, n ∈ N)

F¼I�A�¹����EZ�JvÂ#>�I²��?BC¤JLC
S
ï�?ÃF¼I

Y0 = X1
��C�Å#F¼�¼��C�DÄ?ÃF¼?BJLCÁ��ÄJM�²����?BKB?ÃFm;

Q = 1
m

(P ∗
0 + P ∗

1 ).
�äµ	«U°�´8éJì :yÔ/: ì : • Ô�Vjf4x5a�_cf¿¶�± ^ iLxXP É lydGf�fcp�iL_cf�nJ=9dGiL_ÙlBVjf9=+aqpel�lBV	a�l/p�iLx/A

~�rvlyrKiLx3´Ïó5|BÊ�|Nþq·ca�x5~�nmh	a�lyrya�o�VjiL_cigTqfexBfervlD¸Srv_�h5oÛ¸SlBV	a�l
T∗ r[n4a2P É lydGf�f>|

• ^�ovo)lBV�dGiLk T0V=lBV�r[nRCDiLdg³7g�CDf$nqV	a�ovo?a8n�nek�_cfVlBV	a�lUlBVjf P ∗ A[¶�± ^ r[n$nek7hjfed\AEped9rvlyrKpGa�o}|
�EJ7ïV*�û�JL����C�;ÌDÄÀ	��DÄA�F

J ⊂ T,
KBA�F

J∗ = J ∩ T
∗ = {j ∈ J : Xj 6= ∂}

��AZF¼I�AZDÄÀ	��DÄA�F�J�û0KB?ÃÂ	?BC�M#>@A@KBKBD���¾ZJLC�M
J,
��C�Å |J | ��AZF¼I�Ak>r���ÄÅ�?BC²��KyJ�û J. G0I�AkÁ��ÄJ	>@A@DÄD

(|G∗
k|, k ∈ N) ,

?BD��  ù*Á��ÄJ	>@A@DÄD�ï�?ÃF¼I#F¼I�A;�ÄA@Á��ÄJ	Å�À�>�F¼?BJLC#MLA@C�A@�¼�»F¼?BC�M.û�À�C�>�F¼?BJLC
ψ(z) = (1 − p0 − p1 − p1,0) + (p0 + p1)z + p1,0z

2,

� *\b



�
� � �

���
�e�

� �
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� �e�

�e  �o�

�
��� �

��o�
�e¡  M¢

 n�
G

∗

0
G

∗

1
G

∗

2
G

∗

3
G

∗

4A \ � � � � � w ���/ì §8\ �.� � |Híaï � � ���ª�0�H�[�9�[�0� � �[� � ���0� � �q� \ �x��w�£o¤Q¥§¦�¨�©O¥«ª�¬e¬o®¨�¤°¯{¨�±	¨W¯{²I³{´Yµ�¶�¨�±{¬o©�·M¨�ªo¥§¦T¥t¸¥«¹i¸Z¨�¤°¯{¨�±	¨W¯{²I³{´ ©q¹º¦�¨W»e¦p·e¸{¥§¦�¯{¨�±	¨W¯x¬o�¥§¦�¨�©�¦¼³�½x½I¬M¤p¹�¨�¥§¦d½°ª�¸x·e³x·M¨�´ ¨�¥«¾
p1,0.

£o¤°¯{¨�±	¨W¯{²I³{´]¿O¶�¨�±{¬o©d·M¨�ªo¥§¦¥t¸Z¥«¹i¸¨�¤°¯{¨�±	¨W¯{²I³{´ ©O¹º¦�¨W»e¦T¸{¤I´ ¾À¸{¤°¬�Áb¥§¦¼¬d¤°¬M¹a½I¸{´ ¬tÂÀ¯{¨�±	¨W¯x¬o©e�¥§¦�¨�©�¦¼³�½x½I¬M¤a¹º¦�¨W»e¦�½°ª�¸x·e³x·M¨�´ ¨�¥«¾
p0.
£o¤°¯{¨�±	¨W¯{²I³{´Ãµ{¿¶�¨�±{¬o©�·M¨�ªo¥§¦p¥t¸^¥«¹i¸^¨�¤°¯{¨�±	¨W¯{²I³{´ ©Z¹º¦�¨W»e¦Q¯x¸¤°¸{¥�¯{¨�±	¨W¯x¬oi¥§¦�¨�©~¦¼³�½x½I¬M¤R¹�¨�¥§¦Z½°ª�¸x·e³x·M¨�´ ¨�¥«¾

1− p1,0 − p0 − p1.

��C�Å/F¼I�AN�rÂLA@�¼��MLANC�À�¾4��A@�kJ�û;Å²��À�MLI&F¼A@�ÄDÌ��KB?ÃÂLA#?BD
m.

È�Fä?BD�Z�C�J7ï�C)*EDÄA@ANA�7 M + �0-K*�F¼I²�»F
m−k|G∗

k|
>@JLC&ÂLA@�ÄMLA@Db?BC.Á��ÄJM�²����?BKB?ÃFm;ÇF¼J;�4C�JLC�� C�A@M&�»F¼?ÃÂLA��¼��C�Å�JL¾iÂ����Ä? ����KBA

W
7y¹¤JL�ÄA@JvÂLA@�+*

P(W > 0) = 1
?}T�F¼I�A@�ÄA�?BD0C�J|A�ü	F¼?BC�>�F¼?BJLC¢7`ùUA;I²�rÂLA;û�JL����KBK

r ≥ 0,

E [|G∗
r|] = mr ��C�Å

E [|T∗
r|] =

r∑

q=0

E
[
|G∗

q|
]

=
mr+1 − 1

m− 1
:= tr.


·��7 � 7½ÚM�
È�FE?BD�Z�C�J7ï�C)*=DÄA@AG+ �M�.-K*�F¼I²�»F

t−1
r |T∗

r|
>@JLC&ÂLA@�ÄMLA@D4?BC#Á��ÄJM�²����?BKB?ÃFm;|F¼J

W
��D:ï9A@KBKó78²JL�

i ∈ T,
DÄA�F

∆i = (Xi, X2i, X2i+1)
F¼I�A�¾ZJ�F¼I�A@��� Å²��À�MLI&F¼A@�ÄDy¿�À²��C&F¼?ÃF¼?BA@DyJ�ûu?BC&F¼A@�ÄA@D Fr78²JL���4&²C�?ÃF¼AnDÄÀ	��DÄA�F

J ⊂ T,
ï9A�DÄA�F

MJ(f) =





∑
i∈J

f(Xi)
û�JL�

f ∈ B(S̄),
∑
i∈J

f(∆i)
û�JL�

f ∈ B(S̄3),


·��7 � 7 î��

ï�?ÃF¼I[F¼I�A¤>@JLC&ÂLA@C&F¼?BJLC/F¼I²�»Fk�,DÄÀ�¾ JvÂLA@�ä��C[A@¾ZÁ�Fm;[DÄA�Fk?BDZC�À�KBKó7[ùUA���KBDÄJ,Å�Ae&²C�A¤F¼I�Aû�JLKBKBJ7ï�?BC�M�Fmï9Jk�rÂLA@�¼��MLA@DEJ�û
f
JvÂLA@�

J

MJ(f) =
1

|J |MJ(f)
?Ãû |J | > 0

��C�Å
M̃J(f) =

1

E [|J |]MJ(f)
?Ãû

E [|J |] > 0.

·��7 � 7 Ø��

� * �



ú�?B¾Z?ÃF F¼I�A@JL�ÄA@¾ZD�û�JL�0�rÂLA@�¼��MLA@D4
·��7 � 7 Ø�� I²�rÂLAV��A@A@C#D F¼À�Å�?BA@Å¤?BCÀ+ �M�0-¢û�JL�
J = G∗

n

��C�Å
J =

T∗
n,
��D
n
MLJ	A@DÇF¼J#?BC'&²C�?ÃFm;L7.6EC�Å�A@�;À�C�?Ãû�JL�Ä¾ MLA@JL¾ZA�F¼�Ä?B>.A@�ÄMLJ	Å�?B>@?ÃFm;���DÄDÄÀ�¾ZÁ�F¼?BJLC(û�JL�

Q
*

ï9A$ï�?BKBK=A@D F�����KB?BDÄIä?BCkF¼I�?BD9Á²��Á�A@�9Å�A�Â	? �»F¼?BJLCä?BC�A@¿�À²��KB?ÃF¼?BA@Dyû�JL� F¼I�?BD��rÂLA@�¼��MLA@D@7D�EJ�F¼?B>@AEF¼I²�»F
Å�A�Â	? �»F¼?BJLC.?BC�A@¿�À²��KB?ÃF¼?BA@DNï9A@�ÄA���KB�ÄAr��Å';�D F¼À�Å�?BA@Å�?BC�F¼I�A0C�JnÅ�Ar�»F¼I�>r��DÄA�+ �M��-K*LF¼I²�»Fy?BD

m = 2.ùUACï�?BKBK~û�JLKBKBJ7ïiA@DÄDÄA@C&F¼? ��KBK};#F¼I�A�D¼��¾ZA.��Á�Á��ÄJ&��>�I(F¼I²�»F4F¼I�A�K �»FÄF¼A@�EÁ²��Á�A@�4û�JL�4F¼I�A.Á��ÄJ	J�û�DJ�ûÇJLÀ��Z�ÄA@DÄÀ�KÃF¼D@7!ú�A�FkÀ�Dä��KBDÄJW¾ZA@C&F¼?BJLCô+ � � -K*Uï�I�A@�ÄA¤F¼I�AN��À�F¼I�JL�ÄD|A@D F�����KB?BDÄI/Å�A�Â	? �»F¼?BJLC?BC�A@¿�À²��KB?ÃF¼?BA@D�û�JL�EA@D F¼?B¾k�»F¼JL�ÄD�J�ûyÁ²���¼��¾ZA�F¼A@�ÄDEJ�û`F¼I�A
p
� JL�ÄÅ�A@�/��?Ãû�À��Ä>r�»F¼?BC�MZ��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA

Á��ÄJ	>@A@DÄD@7G0I�AZ�ÄA@D F�J�û9F¼I�?BD�>�I²��Á�F¼A@��?BD;JL�ÄM&��C�?[<@A@ÅU��D;û�JLKBKBJ7ï�D@7ZÈ CUDÄA@>�F¼?BJLC���7½��*Nï9AZD F��»F¼A@D�JLÀ��¾k��?BCU�ÄA@DÄÀ�KÃF¼D+*{F¼I²�»F.?BD�Å�A�Â	? �»F¼?BJLCU?BC�A@¿�À²��KB?ÃF¼?BA@Dnû�JL�.�rÂLA@�¼��MLA@D�
·��7 � 7 Ø��9*{û�JL�
J = G∗

n

��C�Å
J = T∗

n.
G0I�?BDIï�?BKBKA��A�Å�JLC�A�À�C�Å�A@�4À�C�?Ãû�JL�Ä¾SMLA@JL¾ZA�F¼�Ä?B>;A@�ÄMLJ	Å�?B>@?ÃFm;#��DÄDÄÀ�¾ZÁ�F¼?BJLC#û�JL�

Q,��C�ÅNDÄÀ�?ÃF�����KBA���DÄDÄÀ�¾ZÁ�F¼?BJLC�D4JLC�F¼I�AC��?BC²���2;  ù F¼�ÄA@A�74È CNDÄA@>�F¼?BJLC���7 �'*Yï9ACï�?BKBK~?BC&F¼A@�ÄA@D F
Á²��� F¼?B>@À�K ���ÄK};.F¼J�F¼I�A�&²�ÄD F�JL�ÄÅ�A@�:��?Ãû�À��Ä>r�»F¼?BC�M���À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLAÇÁ��ÄJ	>@A@DÄD:ï�?ÃF¼Ik¾Z?BDÄDÄ?BC�M�Å²�»F��Å�A@DÄ>@�Ä?[��A@Å¤?BC#DÄA@>�F¼?BJLC=��7 � 7 � 7 <	A@>�F¼?BJLC���7 �|?BD0Å�A@Å�?B>r�»F¼A@Å#F¼J�F¼I�A;Á��ÄJ	J�û�D0J�û{JLÀ����ÄA@DÄÀ�KÃF¼D@7
ÝH�[c \]�b�)� !$h>i"'4���ki
ùUA;>@JLC�DÄ?BÅ�A@�0F¼I�Anû�JLKBKBJ7ï�?BC�M.I�;	Á�J�F¼I�A@DÄ?BD@ø


 ½ Ôk¾0÷ G0I�A@�ÄAäA�ü�?BD F¼D.�¤Á��ÄJM�²����?BKB?ÃFm;(¾ZAr��DÄÀ��ÄA
µ
JLC

(S,S)
DÄÀ�>�I F¼I²�»F�û�JL����KBK

f ∈ Bb(S)ï�?ÃF¼I 〈µ, f〉 = 0,
F¼I�A@�ÄAÌ?BD

c > 0
DÄÀ�>�IPF¼I²�»F.û�JL����KBK

k ∈ N
��C�Å û�JL����KBK

x ∈ S,
|Qkf(x)| ≤ cαk.¼]½ Þ�¾0÷
m >

√
2
7

¼]½ ò�¾0÷
p1,0 + p0 + p1 = 1

*	ï�I�A@�ÄA
p1,0

*
p0
��C�Å

p1
���ÄAnÅ�Ae&²C�A@Å�?BC#DÄA@>�F¼?BJLC=��7 � 7 � 7

�äµ	«U°�´8é@ì :[Þ�:yÔ/: �Q¸�hjiLlBVjf�ner[n ¼]½ Ôk¾ rv_�h5o©rKf�n�lBV	a�l�lBVjf�±�a�dg³�iL{CpqV	a�rvx
Y
r[n$fed[Tqi>~�rKp�g?lBV	a�l

r[n>=>iLd/a�ovo
f ∈ Cb(S)

a�x5~�=>iLd/a�ovo
x ∈ S, lim

k→∞
Ex[f(Yk)] = 〈µ, f〉. ^�n�nek�_�rvx"TQV"¸�hjiLlBVjf�ner[n

Á)Ã �LÄ _cfGa�x'nVlBV	a�l�CDfRCDiLdg³�p�iLx5~�rvlyrKiLx5a�ovoÛ¸Slmi�lBVjfQxBiLx/AEf]?MlyrvxBpelyrKiLx5|
È C(F¼I�A�DÄA@¿�À�A@KK*

Hr
ï�?BKBKHÅ�A@C�J�F¼A�JLC�A�J�û F¼I�A�DÄA�F

Gr
JL�

Tr.
ùUA�DÄA�F

hr = (m2/2)r
?Ãû

Hr = Gr
��C�Å

hr = (m2/2)r+1 ?Ãû Hr = Tr
7�ùUAä>r��C C�J7ïåD F��»F¼AäJLÀ���¾k��?BCU�ÄA@DÄÀ�KÃF¼D@7

�EJ�F¼?B>@AÇF¼I²�»F4��C�;äû�À�C�>�F¼?BJLC
f
Å�Ae&²C�A@Å�JLC

S
?BD0A�ü	F¼A@C�Å�A@Å¤F¼J

S̄
��;ÌDÄA�FÄF¼?BC�M

f(∂) = 0.�Cä~µ�=´�µ	«Üì :[Þ�:[Þ�:e; x5~qfedðV"¸�hjiLlBVjf�ner[n ¼]½ Ôk¾ a�x5~ ¼]½ Þ�¾ g�o[fel
f ∈ Bb(S)

nekjpqVölBV	a�l

� 6 �



〈µ, f〉 = 0.
Ô�Vjfex�CDfQV	a�{�fK=>iLdCa�ovo

δ > 0

P

(
M̃H∗

r
(f) > δ

)
≤




exp (c′′δ) exp (−c′δ2hr) , ∀r ∈ N,
r =
mα < 1,

exp (c′′δ) exp (−c′δ2(m2/2)r) , ∀r ∈ N,
r =
αm = 1

a�x5~
Hr = Gr,

exp (c′′δ(r + 1)) exp (−c′δ2(m2/2)r+1) , ∀r ∈ N, Ä Å αm = 1 Æ_ÇÉÈ Hr = Tr

exp (−c′δ2hr) , ∀r ∈ N
nekjpqV�lBV	a�l

r > r0,
r =

1 < mα <
√

2
g

exp
(
− c′δ2hr

r

)
, ∀r ∈ N

nekjpqV�lBV	a�l
r > r0,

r =
mα =

√
2,

exp
(
− c′δ2

α2r

)
, ∀r ∈ N∗ nekjpqV�lBV	a�l r > r0,

r =
mα >

√
2.


·��7½�	7 � �

N k�d9lBVjfed9_ciLdGf�gPk�x5~qfedQa�~�~�rvlyrKiLx5a�o�V"¸�hjiLlBVjf�ner[n ¼]½ ò�¾ g�CDfQV	a�{�fK=>iLdCa�ovo
f ∈ Bb(S)

P

(
M̃H∗

r
(f) − 〈µ, f〉W > δ

)
≤




exp (c′′δ) exp (−c′δ2hr) + Ar, ∀r ∈ N,
r =
mα < 1,

exp (c′′δ) exp (−c′δ2(m2/2)r) + Ar, ∀r ∈ N,
r =
αm = 1a�x5~

Hr = Gr,

exp (c′′δ(r + 1)) exp (−c′δ2(m2/2)r+1) + Ar, ∀r ∈ N,
r =
αm = 1a�x5~
Hr = Tr

exp (−c′δ2hr) + Ar, ∀r ∈ N
nekjpqV=lBV	a�l

r > r0,
r =

1 < mα <
√

2
g

exp
(
− c′δ2hr

r

)
+ Ar, ∀r ∈ N

nekjpqV=lBV	a�l
r > r0,

r =
mα =

√
2,

exp
(
− c′δ2

α2r

)
+ Ar, ∀r ∈ N∗ nekjpqV=lBV	a�l r > r0,

r =
mα >

√
2
g


·��7½�	7½�M�

CaVjfedGf�g
• =>iLdQa�ovo

r ∈ N,

Ar =

{
c′ exp

(
−c′′δ2/3(m1/3)r

) r =
Hr = Gr

exp
(
c′δ2/3

)
exp

(
−c′′δ2/3 (tr/(r + 1)2)

1/3
) r =

Hr = Tr,

• r0 := log
(
δ
c0

)
/ log(α) − k0,

C�rvlBV
k0 ∈ {0, 1},

� 6 �



• c0, c
′ a�x5~ c′′ a�dGfQhji7nervlyrv{�f=p�iLx'nel a�xjlvn�CaV�rKpqVJ~qfmhjfex5~�iLx α g m g4a�x5~ c a�x5~@_�a@¸~�r �$fed�o©rvxBf8F�¸�o©rvxBf>|

G0I�A;C�A�ü	F4�ÄA@DÄÀ�KÃF¼D0>r��C=��A;DÄA@A@CN��DE��>@JLC�DÄA@¿�À�A@C�>@A�J�ûHF¼I�A;Á��ÄA�Â	?BJLÀ�D��ÄA@DÄÀ�KÃF¼D@7
�Cä~µ�=´�µ	« ì :[Þ�:[ò�: É fwa8n�nek�_cfclBV	a�lHV"¸�hjiLlBVjf�ner[n ¼]½ Ôk¾ å ¼]½ ò�¾ a�dGfSn>a�lyr[n·s:fG~�|�INfel

f ∈
Bb(S).

N iLd�a�ovo
δ > 0,

=>iLdSa�ovo
a > 0

a�x5~Q=>iLdSa�ovo
b > 0

nekjpqV@lBV	a�l
b < a/(δ + 1),

CDfV	a�{�f
P

(
MH∗

r
(f) − 〈µ, f〉 > δ

∣∣∣W ≥ a
)

≤





exp (c′′δb) exp (−c′(δb)2hr) + Ar, ∀r ∈ N,
r =
mα < 1,

exp (c′′δb) exp (−c′(δb)2(m2/2)r) + Ar, ∀r ∈ N,
r =
αm = 1a�x5~

Hr = Gr,

exp (2c′δb(r + 1)) exp (−c′(δb)2(m2/2)r+1) + Ar, ∀r ∈ N,r =
αm = 1

a�x5~
Hr = Tr

exp (−c′(δb)2hr) + Ar, ∀r ∈ N
nekjpqV=lBV	a�l

r > r0,r =
1 < mα <

√
2
g

exp
(
− c′(δb)2hr

r

)
+ Ar, ∀r ∈ N

nekjpqV�lBV	a�l
r > r0,

r =
mα =

√
2
g

exp
(
− c′(δb)2

α2r

)
+ Ar, ∀r ∈ N∗ nekjpqV�lBV	a�l r > r0,

r =
mα >

√
2,


·��7½�	7 ���

CaVjfedGf�g
• =>iLdQa�ovo

r ∈ N,

Ar =

{
c′ exp

(
−c′′(δb)2/3(m1/3)r

) r =
Hr = Gr

exp
(
c′(δb)2/3

)
exp

(
−c′′(δb)2/3 (tr/(r + 1)2)

1/3
) r =

Hr = Tr,

• r0 := log
(
δb
c0

)
/ log(α) − k0,

C�rvlBV
k0 ∈ {0, 1},

• c0, c
′ a�x5~ c′′ a�dGfDhji7nervlyrv{�fCp�iLx'nel a�xjlvnaCaV�rKpqV=~qfmhjfex5~ciLx α g m, a, a�x5~ c gDa�x5~S_�a@¸~�r �$fed�o©rvxBf8F�¸�o©rvxBf>|

ùUAbI²�rÂLA F¼I�Abû�JLKBKBJ7ï�?BC�M�A�ü	F¼A@C�DÄ?BJLC�J�û²����JvÂLAbF¼I�A@JL�ÄA@¾ZDAï�I�A@C
f
Å�J	A@DHC�J�FHJLC�K};ÇÅ�A@Á�A@C�Å

JLC���C#?BC�Å�?ÃÂ	?BÅ�À²��K
Xi,

��À�F�JLC#F¼I�A;¾ZJ�F¼I�A@��� Å²��À�MLI&F¼A@�ÄD�F¼�Ä? ��C�MLKBA
∆i.�Cä~µ�=´�µ	« ì :[Þ�: ì : INfel

f ∈ Bb(S3).
ÚB= 〈µ, P ∗f〉 = 0,

lBVjfex'g/k�x5~qfed<V"¸�hjiLlBVjf�ner[n2Á)Ã ¾@Ä
a�x5~�Á)Ã�Ö Ä g�CDf¹V	a�{�f�~qfe{7rya�lyrKiLxörvxBfGt+k	a�o©rvlyrKf�nÒ´Ïó5|«Ì�|BÊ\·Z=>iLd

M̃H∗
r
(f).

ÚB= 〈µ, P ∗f〉 6= 0,k�x5~qfed�a�~�~�rvlyrKiLx5a�o�V"¸�hjiLlBVjf�ner[nXÁ)Ã �LÄ g\CDfðV	a�{�f�~qfe{7rya�lyrKiLxµrvxBfGt+k	a�o©rvlyrKf�n3´Ïó5|«Ì�|«Ì�· =>iLd
M̃H∗

r
(f) − 〈µ, P ∗f〉W a�x5~ð´Ïó5|«Ì�|ÏÕx·&=>iLd

MH∗
r
(f) − 〈µ, P ∗f〉 |

� 6 �



ÝH� _ -/�4�Ç�����u�`���)#��.��Yk�º!$i&� #K!$%(h�! nÇ�)pq'H!��u�`���)�(Ù ��'��k#K!$h>ÙK!$h>i"i	�ºl�hß�(!$#aà
�h>i"i"h>iËÊQ���kdÌ�º�)i"i	�)�(Ù,%4�`���

ùUA >@JLC�DÄ?BÅ�A@��F¼I�A ��D2;	¾Z¾ZA�F¼�Ä?B>b��À�F¼JL� �ÄA@ML�ÄA@DÄDÄ?ÃÂLA Á��ÄJ	>@A@DÄDÄA@D{ML?ÃÂLA@C�?BC;DÄA@>�F¼?BJLCQ��7 � 7 � 7��EJ�F¼?B>@AF¼I²�»FkF¼I�A�Á��ÄJ	>@A@DÄD
(Xi, i ∈ T)

Å�Ae&²C�A@Å!?BC/DÄA@>�F¼?BJLCÍ��7 � 7 � *Dï�?ÃF¼I/F¼I�A�>@JLC&ÂLA@C&F¼?BJLC5F¼I²�»F
Xi = ∂

?ÃûuF¼I�A4>@A@KBK
i
?BD ¾Z?BDÄDÄ?BC�M	*&?BD9��DÄÁ²�»F¼? ��KBK};.I�JL¾ZJLMLA@C�A@JLÀ�D9ý0¹Nþ/JLCä�  ù F¼�ÄA@A�7`ùUA

ï�?BKBK���DÄDÄÀ�¾ZA
2p1,0+p1+p0 >

√
2
7{G0I�?BD`?B¾ZÁ�KB?BA@DHÁ²��� F¼?B>@À�K ���ÄK};ÇF¼I²�»F`F¼I�A0ý0¹NþPJLC  ù ?BDDÄÀ�Á�A@��� >@�Ä?ÃF¼?B>r��Kó70ùUAQï�?BKBKH��KBDÄJä��DÄDÄÀ�¾ZA�F¼I²�»F4F¼I�A�C�JL?BDÄA�DÄA@¿�À�A@C�>@A@D

((ε2n, ε2n+1), n ∈ T),
(ε′2n, n ∈ T)

��C�Å
(ε′2n+1, n ∈ T)

*���C�Å/F¼I�A�?BC�?ÃF¼? ��K�D F��»F¼A
X1

Â���KBÀ�A@Å/?BC5�U>@JL¾ZÁ²��>�F
DÄA�Fr7;G0I�A�K �»FÄF¼A@�E?B¾ZÁ�KB?BA@D�F¼I²�»F4F¼I�A.Á��ÄJ	>@A@DÄD

(Xi, i ∈ T)
?BD$��JLÀ�C�Å�A@Å¢7ÇùUA�Å�A@C�J�F¼A4��;

SF¼I�A|D F��»F¼AZDÄÁ²��>@AZJ�û
(Xi, i ∈ T)

7�ùUAk��DÄDÄÀ�¾ZA�ï�?ÃF¼I�JLÀ�F;KBJLDÄD;J�û9MLA@C�A@�¼��KB?ÃFm;�F¼I²�»F
S
?BD��>@JL¾ZÁ²��>�F�DÄÀ	��DÄA�F4J�û

R
7ú�A�F

T0,1
n

��A4F¼I�AnDÄÀ	��DÄA�F�J�ûH>@A@KBKBD�?BC
T∗
n

ï�?ÃF¼IäFmï9J|KB?ÃÂ	?BC�M�Å²��À�MLI&F¼A@�ÄD+*
T0
n


��ÄA@DÄÁ¢7
T1
n

�U��A
F¼I�A;DÄA�FEJ�û{>@A@KBKBD0J�û

T
∗
n

ï�?ÃF¼I#JLC�K};kF¼I�A;C�Aeï¿
��ÄA@DÄÁ¢7bJLKBÅY�9Á�JLKBAÇÅ²��À�MLI&F¼A@�E��KB?ÃÂLA�ø
T1,0
n = {i ∈ T∗

n : ∆i ∈ S3} , T0
n = {i ∈ T∗

n : ∆i ∈ S2 × {∂}}��C�Å
T1
n = {i ∈ T∗

n : ∆i ∈ S × {∂} × S}.ùUA;>@JL¾ZÁ�À�F¼AÇF¼I�A;KBAr��D F2� DÄ¿�À²���ÄA@D�A@D F¼?B¾k�»F¼JL�V
�úH<�·U�
θ̂n = (α̂n0 , β̂

n
0 , α̂

n
1 , β̂

n
1 , α̂

′n
0 , β̂

′n
0 , α̂

′n
1 , β̂

′n
1 )

J�û
θ
ML?ÃÂLA@C@��;²
·��7 � 7½�M�9*B�²��DÄA@ÅWJLC�F¼I�A.JM��DÄA@� Â��»F¼?BJLCNJ�û �äDÄÀ	����F¼�ÄA@A

T∗
n+1.

þ9JLC�DÄA@¿�À�A@C&F¼K};M*
ï9A�JM�&Â	?BJLÀ�DÄK};äI²�rÂLA;û�JL�

η ∈ {0, 1},

α̂nη =

|T1,0
n |−1

∑

i∈T
1,0
n

XiX2i+η −


|T1,0

n |−1
∑

i∈T
1,0
n

Xi




|T1,0

n |−1
∑

i∈T
1,0
n

X2i+η




|T1,0
n |−1

∑

i∈T
1,0
n

X2
i −


|T1,0

n |−1
∑

i∈T
1,0
n

Xi




2 ,

β̂nη = |T1,0
n |−1

∑

i∈T
1,0
n

X2i+η − α̂nη |T1,0
n |−1

∑

i∈T
1,0
n

Xi,

α̂′n
η =

|Tη
n|−1

∑

i∈T
η
n

XiX2i+η −


|Tη

n|−1
∑

i∈T
η
n

Xi




|Tη

n|−1
∑

i∈T
η
n

X2i+η




|Tη
n|−1

∑

i∈T
η
n

X2
i −


|Tη

n|−1
∑

i∈T
η
n

Xi




2 ,

β̂ ′n
η = |Tη

n|−1
∑

i∈T
η
n

X2i+η − α̂′n
η |Tη

n|−1
∑

i∈T
η
n

Xi.

�EJ�F¼?B>@A�F¼I²�»FÇF¼I�JLDÄA�úH<�·V���ÄA4�²��DÄA@ÅWJLC(Á�JLK};	C�JL¾Z? ��K¢û�À�C�>�F¼?BJLC�DÇJ�ûyF¼I�A�JM��DÄA@� Â��»F¼?BJLC�D@7<	J	*bDÄ?BC�>@AkF¼I�AÌK �»FÄF¼A@�.���ÄAw��JLÀ�C�Å�A@Å)*�ï9A#���ÄAÌ?BCUF¼I�Aäû�À�C�>�F¼?BJLC²��K9DÄA�FÄF¼?BC�M(J�û0F¼I�AÌ�ÄA@DÄÀ�KÃF¼D

� 6x�



J�ûnDÄA@>�F¼?BJLCÍ��7½�	7V:�A@>r��KBKB?BC�MWF¼I�A(¹����EZ�JvÂ/>�I²��?BC
(Yn, n ∈ N)

*0C�J�F¼?B>@A#F¼I²�»F
Yn
?BDZÅ�?BD��F¼�Ä?[��À�F¼A@Å,��D

Zn = a1a2 · · ·an−1anY0 +
∑n

k=1 a1a2 · · ·ak−1bk
*)ï�I�A@�ÄA

bn = b′n + snen
*

((an, b
′
n, sn), n ≥ 1)

?BD.�NDÄA@¿�À�A@C�>@A#J�û�?BC�Å�A@Á�A@C�Å�A@C&F|?BÅ�A@C&F¼?B>r��KBK};WÅ�?BD F¼�Ä?[��À�F¼A@Å �¼��C�Å�JL¾
Â����Ä? ����KBA@D+*�ï�I�JLDÄA�>@JL¾Z¾ZJLCÌÅ�?BD F¼�Ä?[��À�F¼?BJLCÌ?BD0ML?ÃÂLA@C���;M*²û�JL�

η ∈ {0, 1} *

P(a1 = αη, b
′
1 = βη, s1 = σ) =

p1,0

m

��C�Å
P(a1 = α′

η, b
′
1 = β ′

η, s1 = ση) =
pη
m
,

(en, n ≥ 1)
?BD �nDÄA@¿�À�A@C�>@AÇJ�û¢?BC�Å�A@Á�A@C�Å�A@C&F N (0, 1)

�¼��C�Å�JL¾ Â����Ä? ����KBA@D+*���C�ÅZ?BDb?BC�Å�A@Á�A@C��Å�A@C&F4J�û
((an, b

′
n, sn), n ≥ 1)

*²��C�Å=��J�F¼I¤DÄA@¿�À�A@C�>@A@DÇ���ÄA;?BC�Å�A@Á�A@C�Å�A@C&F4J�û
Y0
79¹¤JL�ÄA@JvÂLA@�+*?ÃF�?BD�Ar��D2;äF¼J�>�I�A@>�ZkF¼I²�»F�F¼I�AnDÄA@¿�À�A@C�>@A

(Zn, n ∈ N)
>@JLC&ÂLA@�ÄMLA���7 D@7yF¼J|�.KB?B¾Z?ÃF

Z
*'ï�I�?B>�I?B¾ZÁ�KB?BA@DyF¼I²�»F9F¼I�A;¹����EZ�JvÂk>�I²��?BC

(Yn, n ∈ N)
>@JLC&ÂLA@�ÄMLAn?BCäÅ�?BD F¼�Ä?[��À�F¼?BJLC|F¼J

Z
7{ùUAÇ�ÄA�û�A@�

F¼JÀ+ �M�0-K*�DÄA@>�F¼?BJLC��'*uû�JL�4¾ZJL�ÄA.Å�A�F���?BKBD@7;8²JLKBKBJ7ï�?BC�M|F¼I�A.Á��ÄJ	J�ûbJ�û9�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC@��î'*¢D F¼A@Á �?BC2+ �M�0-K*�ï9A4>�I�A@>�ZkI�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾ ï�?ÃF¼I
α = max(|α0|, |α1|, |α′

0|, |α′
1|) < 1

��C�Åcï�?ÃF¼I
µ
F¼I�A;Å�?BD F¼�Ä?[��À�F¼?BJLCÌJ�û

Z
7bú�A�F

µ1 = E [Z]
��C�Å

µ2 = E [Z2]
7yùUA;I²�rÂLA�
�DÄA@AG+ �M�.-v�

µ1 =
β

1 − α

��C�Å
µ2 =

2αββ/(1 − α) + β2 + α2

1 − α2
,

ï�I�A@�ÄA
α = E [a1]

*
α2 = E

[
a2

1

] *
β = E [b1]

*
β2 = E

[
b21
] *
αβ = E [a1b1]

��C�Å
σ2 =

E
[
s2
1

] 7
ùUAnF¼I�A@C¤I²�rÂLA;F¼I�Anû�JLKBKBJ7ï�?BC�M�Å�A�Â	? �»F¼?BJLC#?BC�A@¿�À²��KB?ÃFm;Zû�JL�

θ̂n − θ
7

¥�´�Yëy5�rªvÕ�ª��®Ýì :[ò�:yÔ/:ÍN iLd´a�ovo
δ > 0

gQ=>iLd�a�ovo
a > 0

gQ=>iLd´a�ovo
b > 0

a�x5~¹=>iLd´a�ovo
γ > 0

nekjpqV²lBV	a�l
b < a/(δ + 1)

a�x5~
γ < min

{
c1/(1 + δ), c1/

(
1 +

√
δ
)} gRCaVjfedGf

c1
r[n�a�hji7nervlyrv{�fcp�iLx'nel a�xjl�CaV�rKpqV´~qfmhjfex5~8nciLx

p1,0

g
p0

g
p1

g
µ1

a�x5~
µ2

g�a�x5~�=>iLd
n0 :=

(log (γqδpb/c0) / logα) − 1
g�CDf²V	a�{�f

P

(
‖θ̂n − θ‖ > δ|W ≥ a

)
≤





c2 exp (c′′γqδpb) exp
(
−c′ (γqδpb)2 (m2/2)

n+1
)

+ An + Cn

∀n ∈ N
r =
mα < 1,

c2 exp (c′′γqδpb(n + 1)) exp
(
−c′ (γqδpb)2 (m2/2)

n+1
)

+ An + Cn

∀n ∈ N
r =
mα = 1,

c2 exp
(
−c′ (γqδpb)2 (m2/2)

n+1
)

+ An + Cn

∀n > n0

r =
1 < mα <

√
2,

c2 exp
(
−c′ (γqδpb)2 (1/n) (m2/2)

n+1
)

+ An + Cn

∀n > n0

r =
mα =

√
2,

c2 exp
(
−c′ (γqδpb)2 α−2n

)
+ An + Cn ∀n > n0

r =
mα >

√
2,


·��7 ��7 � �

CaVjfedGf
� 6 �



Cn = c3P

(∣∣∣∣
|T1,0

n |
|T∗

n|
− p1,0

∣∣∣∣ > c4γ
qδpb

∣∣∣W ≥ a

)

+
1∑

η=0

c3P

(∣∣∣∣
|Tη

n|
|T∗

n|
− pη

∣∣∣∣ > c4γ
qδpb

∣∣∣W ≥ a

) g

An = c3 exp
(
c′ (γqδpb)2/3

)
exp

(
−c′′ (γqδpb)2/3 (tn/(n+ 1)2

)1/3) g
p ∈ {1/2, 1} g q ∈ {0, 1/2, 1} g
c2
g
c3
g
c4
g
c′
a�x5~

c′′
a�dGfDhji7nervlyrv{�fQp�iLx'nel a�xjlvnaCaV�rKpqV=~qfmhjfex5~ciLx

c
g
m
g
α p1,0

g
p0

g
p1

g
µ1a�x5~

µ2

|
�äµ	«U°�´8é¢ì :[ò�:[Þ�:  iLlyrKp�f�lBV	a�lQlBVjf�p�iLx'nel a�xjlvn

c2
g
c3
g
c4
g
c′
a�x5~

c′′
CaV�rKpqV¶a9h�hjfGa�d�rvxODdGi�hji7nervlyrKiLx�ó5|ÏÕq|BÊ�_�a@¸=~�r �$fedClmfed9_ F�¸�lmfed9_�|ÀÔ�Vjf�{La�o©kjf�n�i)=

p
a�x5~

q
~qfmhjfex5~�iLx�lBVjf

_�a�T�xjrvlyk	~qfQi)=
δ
a�x5~

γ
| N iLdVf]?qa�_�h5o[f�gk=>iLd

δ
a�x5~

γ
ne_�a�ovoNfexBiLk T0V�gOCDf(V	a�{�f

p = 1
a�x5~

q = 1
|

ÝH�NÝ 12!$#&#�pqi3#�p|�kd(hÎ�º�b�)� !$h>i"'4���ki
ì : ì :yÔ ¥�´�¢YæEYæE�Cä~µ�=´�µ	« ì :[Þ�:[Þ
ú�A�F

f ∈ Bb(S).
ùUA,���ÄANMLJL?BC�M F¼JPD F¼À�Å';!DÄÀ�>@>@A@DÄDÄ?ÃÂLA@K};

M̃H∗
r
(f)

û�JL�
Hr = Gr

��C�Å
Hr = Tr. BÕvµqë Ô/: ú�A�F.À�DQ&²�ÄD F�Å�Ar��KPï�?ÃF¼I

M̃G∗
r
(f).

ùUA�&²�ÄD F|��DÄDÄÀ�¾ZAZF¼I²�»F 〈µ, f〉 = 0.
ýU;þ9I�A@�ÄC�J�TW?BC�A@¿�À²��KB?ÃFm;M*'ï9A;I²�rÂLA;û�JL����KBK

δ > 0
��C�Å#û�JL����KBK

λ > 0

P

(
M̃G∗

r
(f) > δ

)
≤ exp (−λδmr) E


exp


λ

∑

i∈G∗
r

f(Xi)




 . 
·��7 ��7 � �

:�A@>r��KBKuF¼I²�»F0û�JL����KBK
i ∈ G∗

r−1

*

E
[
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗}|Fr−1

]
= mQf(Xi).ýU;¤DÄÀ	��F¼�¼��>�F¼?BC�Mä��C�ÅN��Å�Å�?BC�M|F¼A@�Ä¾ZDE?BC�A�ü�Á�A@>�F��»F¼?BJLC�J�û{F¼I�A��Ä?BMLI&FEI²��C�ÅNJ�ûI
·��7 ��7 � �9*���C�Å>@JLC�Å�?ÃF¼?BJLC�?BC�MCï�?ÃF¼I#�ÄA@DÄÁ�A@>�FEF¼J Fr−1,

ï9A;MLA�F

E


exp


λ

∑

i∈G∗
r

f(Xi)




 = E


exp


λ

∑

i∈G∗
r−1

mQf(Xi)


 
·��7 ��7½�M�

× E


exp


 ∑

i∈G∗
r−1

λ
(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

)


∣∣∣∣∣Fr−1




 .

�$��DÄA@� Â	?BC�M|F¼I²�»F
G∗
r−1

?BD Fr−1
¾ZAr��DÄÀ��¼����KBA�*=��C�Å¤À�DÄ?BC�M|F¼I�Anû���>�F�F¼I²�»FE>@JLC�Å�?ÃF¼?BJLC²��KBK};|F¼J

Fr−1
*bF¼I�A#F¼�Ä?BÁ�KBA�F¼D {(∆i), i ∈ Gr−1}

���ÄA#?BC�Å�A@Á�A@C�Å�A@C&F@
 F¼I�?BD�?BD|Å�À�AÌF¼JWF¼I�A�¹����EZ�JvÂ
� 6�*



Á��ÄJLÁ�A@� Fm;	�9*	ï9A�I²�rÂLA

E


exp


 ∑

i∈G∗
r−1

λ
(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

)


∣∣∣∣∣Fr−1





·��7 ��7 ���

=
∏

i∈G∗
r−1

E

[
exp

(
λ
(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

))
∣∣∣∣∣Fr−1

]
.

6EDÄ?BC�MÇ¸�<@À�¾k�8��ý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�ME?BC�A@¿�À²��KB?ÃFm;G+ �.-K*/+ � �.-K*$+ Ú�ñ.-K*�ï9A�MLA�Fy��>@>@JL�ÄÅ�?BC�MEF¼J ¼]½ Ôk¾ *û�JL����KBK
i ∈ G∗

r−1,

E

[
exp

(
λ
(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

))
∣∣∣∣∣Fr−1

]

≤ exp

(
c2λ2(2 +mα)2

2

)
.

8²�ÄJL¾ 
·��7 ��7 ���9*�F¼I�?BD0?B¾ZÁ�KB?BA@D F¼I²�»F

E


exp


 ∑

i∈G∗
r−1

λ
(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

)


∣∣∣∣∣Fr−1




≤ exp

(
c2λ2(2 +mα)2|G∗

r−1|
2

)

≤ exp

(
c2λ2(2 +mα)2|Gr−1|

2

)
,

ï�I�A@�ÄA�ï9AÇI²�rÂLAnÀ�DÄA@ÅäF¼I�A4û���>�F9F¼I²�»F |G∗
r−1| ≤ |Gr−1|

?BCZF¼I�AÇK ��D F9?BC�A@¿�À²��KB?ÃFm;L7y:�A@>r��KBK��?BC�M�
·��7 ��7½�M�9*'ï9A����ÄA;KBA@ÅÌF¼J

E


exp


λ

∑

i∈G∗
r

f(Xi)




 ≤ exp

(
c2λ2(2 +mα)2|Gr−1|

2

)

×E


exp


λ

∑

i∈G∗
r−1

mQf(Xi)




 .

� 6x6



:�A@Á��ÄJ	Å�À�>@?BC�M�F¼I�A;D¼��¾ZAn�ÄAr��DÄJLC�?BC�M�ï�?ÃF¼I
Qf

��C�Å
G∗
r−1

?BC�D F¼Ar��Å#J�û
f
��C�Å

G∗
r,
ï9A;MLA�F

E


exp


λm

∑

i∈G∗
r−1

Qf(Xi)




 ≤ exp

(
c2λ2m2(2α +mα2)2|Gr−2|

2

)

×E


exp


λm2

∑

i∈G∗
r−2

Q2f(Xi)




 .

È�F¼A@�¼�»F¼?BC�M�F¼I�?BD0Á��ÄJ	>@A@Å�À��ÄA�*	ï9A�MLA�F

E


exp


λ

∑

i∈G∗
r

f(Xi)




 ≤ exp

(
c2λ2

2

r−1∑

q=0

(
2αq +mαq+1

)2
m2q2r−1−q

)

× E

[
exp (λmrQrf(X1))

]

≤ exp

(
c2λ2(2 +mα)22r−1

2

r−1∑

q=0

(
α2m2

2

)q)
× exp (λc(αm)r) ,

ï�I�A@�ÄA#F¼I�A¤K ��D F|?BC�A@¿�À²��KB?ÃFm;"ï���DZJM��F���?BC�A@ÅQû��ÄJL¾ ¼]½ Ôk¾ 7[8²�ÄJL¾©F¼I�A#û�JL�ÄA@MLJL?BC�MW��C�Åû��ÄJL¾ 
·��7 ��7 � �9*'ï9A�Å�A@Å�À�>@A;F¼I²�»F

P

(
M̃G∗

r
(f) > δ

)
≤





exp

(
−λδmr +

c2λ2(2+mα)2(2r−(α2m2)r)
2(2−α2m2)

)

× exp (λc(αm)r)
?Ãû
α2m2 6= 2,

exp
(
−λδmr + c2λ2(2 +

√
2)2r2r−2

)
exp

(
λc(

√
2)r
)

?Ãû
α2m2 = 2.

�EJ7ïV*�F¼I�A0�ÄA@D FyÅ�?ÃÂ	?BÅ�A@D{?BC&F¼J4û�JLÀ��`>r��DÄA@D@7`È C.F¼I�A0DÄA@¿�À�A@K
c1
��C�Å

c2
ï�?BKBK	Å�A@C�J�F¼A�Á�JLDÄ?ÃF¼?ÃÂLA>@JLC�D F���C&F¼DIï�I�?B>�I¤Å�A@Á�A@C�Å�JLC

c
*
m
*=��C�Å

α
7

• È�û mα ≤ 1
*uF¼I�A@C)*uû�JL�Ç��KBK

r ∈ N
*
(mα)r < 1

��C�Å
2r − (α2m2)r < 2r

74ùUA�F¼I�A@CI²�rÂLA
P

(
M̃G∗

r
(f) > δ

)
≤ exp (cλ) exp

(
−λδmr + λ2c12

r
)
.G{��Z�?BC�M

λ = (δmr)/(2r+1c1)
*	ï9A����ÄAnKBA@ÅÌF¼J

P

(
M̃G∗

r
(f) > δ

)
≤ exp (c1δ) exp

(
−δ2c1

(
m2

2

)r)
.

• È�û 1 < mα <
√

2,
F¼I�A@C)*²DÄ?BC�>@A

2r − (α2m2)r < 2r
*	ï9A�I²�rÂLA

P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−λδmr + λ2c12

r
)
exp (λc(mα)r) .

G{��Z�?BC�M
λ = (δmr)/(2r+1c1)

*	ï9A����ÄAnKBA@ÅÌF¼J
P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−c2δ(m2/2)r(δ − 2cαr)

)
.

� 6 _



8²JL�0��KBK
r ∈ N

DÄÀ�>�I#F¼I²�»F
r > log(δ/4c)/ log(α),

ï9A;I²�rÂLA
δ − 2cαr > δ/2

��C�Å#?ÃF�F¼I�A@Cû�JLKBKBJ7ï�D9F¼I²�»F
P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−c2δ2(m2/2)r

)
.

• È�û mα =
√

2
*�F¼I�A@C�ï9A;I²�rÂLA

P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−λδmr + λ2c1r2

r−2)
)
exp

(
λc
(√

2
)r)

.

G{��Z�?BC�M
λ = (δmr)/(c1r2

r−1)
*	ï9A;I²�rÂLA;û�JL����KBK

r > log(δ/4c)/ log(
√

2/m)
*

P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−c2δ2(1/r)(m2/2)r

)
.

• È�û mα > √
2
*�F¼I�A@C�ï9A;I²�rÂLA

P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−λδmr + λ2c1(m

2α2)r
)
exp (λc(mα)r) .

G{��Z�?BC�M
λ = δ/(2c1(mα

2)r),
ï9A�I²�rÂLAnû�JL����KBK

r > log(δ/4c)/ logα
*

P

(
M̃G∗

r
(f) > δ

)
≤ exp

(
−c3δ2α−2r

)
.

G0I�?BD.A@C�Å�D.F¼I�AÌÁ��ÄJ	J�û�ï�I�A@C 〈µ, f〉 = 0
û�JL�

Hr = Gr.
�EJ7ïV*b?Ãû 〈µ, f〉 6= 0,

DÄA�F
g =

f − 〈µ, f〉. G0I�A@C)* 〈µ, g〉 = 0
��C�Å

M̃G∗
r
(f) = M̃G∗

r
(g) + (|G∗

r|/mr)〈µ, f〉. ùUA;I²�rÂLA

P

(
M̃G∗

r
(f) − 〈µ, f〉W > δ

)
≤ P

(
M̃G∗

r
(g) > δ/2

) 
·��7 ��7 �q�

+P

(∣∣∣∣
|G∗

r|
mr

−W

∣∣∣∣ >
δ

2|〈µ, f〉|

)
.

¸4D 〈µ, g〉 = 0,
F¼I�A0Á��ÄA�Â	?BJLÀ�Db>@JL¾ZÁ�À�F��»F¼?BJLC�D`ML?ÃÂLA�À�D ����JLÀ�C�Å�û�JL�{F¼I�A�&²�ÄD FyF¼A@�Ä¾ºJ�û��Ä?BMLI&F

I²��C�Å¤J�ûI
·��7 ��7 �q�9*�DÄ?B¾Z?BK ��� F¼J�
·��7½�	7 � ��7U�EJ7ïV*=À�C�Å�A@��I�;	Á�J�F¼I�A@DÄ?BD ¼]½ ò�¾ *'ï9A�Å�A@Å�À�>@A�*=û��ÄJL¾+ �@-~G0I�A@JL�ÄA@¾Û��*�F¼I²�»F

P

(∣∣∣∣
|G∗

r|
mr

−W

∣∣∣∣ >
δ

2|〈µ, f〉|

)
≤ c2 exp

(
−c3δ2/3mr/3

)
,

��C�Å#F¼I�?BD0A@C�Å�D�F¼I�A;Á��ÄJ	J�ûHJ�û�
·��7½�	7½�M�Uï�I�A@C
Hr = Gr

7
 BÕvµqë Þ�: ú�A�F�À�D�KBJ	JMZ|�»F

M̃T∗
r
(f).

8{?B�ÄD F>*qï9AnDÄÀ�Á�Á�JLDÄAÇF¼I²�»F 〈µ, f〉 = 0.
ýU;Ìþ9I�A@�ÄC�J�T?BC�A@¿�À²��KB?ÃFm;M*�ï9A�I²�rÂLA;û�JL����KBK

δ > 0
��C�ÅÌû�JL����KBK

λ > 0

P

(
M̃T∗

r
(f) > δ

)
≤ exp (−λδtr) E


exp


λ

∑

i∈T∗
r

f(Xi)




 . 
·��7 ��7½�M�

� 6xb



·{ü�Á�A@>�F��»F¼?BJLC�ï�I�?B>�I���Á�Á�Ar���ÄD�?BCäF¼I�A;�Ä?BMLI&F�I²��C�Å¤J�û�
·��7 ��7½�M�9>r��C=��A$ï��Ä?ÃFÄF¼A@C���D

E


exp


λ

∑

i∈T∗
r

f(Xi)




 = E


exp


λ

∑

i∈T∗
r−2

f(Xi)


 
·��7 ��7 ���

× exp


λ

∑

i∈G∗
r−1

(f +mQf)(Xi)




× E


exp


λ

∑

i∈G∗
r−1

(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

)


∣∣∣∣Fr−1




 .

�$��DÄA@� Â	?BC�M|F¼I²�»F
G∗
r−1

?BD Fr−1
¾ZAr��DÄÀ��¼����KBA�*=��C�Å¤À�DÄ?BC�M|F¼I�Anû���>�F�F¼I²�»FE>@JLC�Å�?ÃF¼?BJLC²��KBK};|F¼J

Fr−1
*�F¼I�A;F¼�Ä?BÁ�KBA�F¼D {(∆i), i ∈ Gr−1}

���ÄA;?BC�Å�A@Á�A@C�Å�A@C&Fn��C�Å¤¸�<@À�¾k�8��ý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�M?BC�A@¿�À²��KB?ÃFm;M*�ï9A�JM��F���?BC

E


exp


λ

∑

i∈G∗
r−1

(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

)


∣∣∣∣Fr−1




=
∏

iG∗
r−1

E

[
exp

(
λ
(
f(X2i)1{2i∈T∗} + f(X2i+1)1{2i+1∈T∗} −mQf(Xi)

)) ∣∣∣∣Fr−1

]

≤ exp

(
c2λ2(2 +mα)2|G∗

r−1|
2

)

≤ exp

(
c2(2 +mα)2|Gr−1|

2

)
,

ï�I�A@�ÄA�F¼I�A�K ��D Fk?BC�A@¿�À²��KB?ÃFm;"ï���DäJM��F���?BC�A@Å/À�DÄ?BC�MUF¼I�A¤û���>�FZF¼I²�»F |G∗
r−1| ≤ |Gr−1|

78²�ÄJL¾åF¼I�Anû�JL�ÄA@MLJL?BC�M|��C�Å#û��ÄJL¾ 
·��7 ��7 ���9*'ï9A;Å�A@Å�À�>@A;F¼I²�»F

E


exp


λ

∑

i∈T∗
r

f(Xi)




 ≤ exp

(
c2(2 +mα)2|Gr−1|

2

)

× E


exp


λ

∑

i∈T∗
r−2

f(Xi)


 exp


λ

∑

i∈G∗
r−1

(f +mQf)(Xi)






¶4JL?BC�M.F¼I�A;D¼��¾ZAnF¼I�?BC�M4ï�?ÃF¼I
(f +mQf)

��C�Å
G∗
r−1

?BC�D F¼Ar��Å#J�û
f
��C�Å

G∗
r,
ï9A;MLA�F

E


exp


λ

∑

i∈T∗
r−2

f(Xi)


 exp


λ

∑

i∈G∗
r−1

(f +mQf)(Xi)






� 6 �



= E


exp


λ

∑

i∈T∗
r−3

f(Xi)


× exp


λ

∑

i∈G∗
r−2

(f +mQf +m2Q2f)(Xi)




× E


exp


λ

∑

i∈G∗
r−2

(
(f +mQf)(X2i)1{2i∈T∗} + (f +mQf)(X2i+1)1{2i+1∈T∗}

− (mQf +m2Q2f)(Xi)

))∣∣∣∣Fr−1

]]

≤ exp

(
c2λ2(2 + 3mα +m2α2)2|Gr−2|

2

)

×E


exp


λ

∑

i∈T∗
r−3

f(Xi)


× exp


λ

∑

i∈G∗
r−2

(f +mQf +m2Q2f)(Xi)




 .

È�F¼A@�¼�»F¼?BC�M.F¼I�?BD0Á��ÄJ	>@A@Å�À��ÄA�*jï9A����ÄAnKBA@ÅÌF¼J

E


exp


λ

∑

i∈T∗
r

f(Xi)




 ≤ exp


c

2(2 +mα)2λ2

2

r∑

q=1

(
q−1∑

k=0

(mα)k

)2

2r−q




× E

[
exp

(
λ

r∑

q=0

mqQqf(X1)

)]

≤ exp


c

2(2 +mα)2λ2

2

r∑

q=1

(
q−1∑

k=0

(mα)k

)2

2r−q


 exp

(
λc

r∑

q=0

(mα)q

)
,

ï�I�A@�ÄA�F¼I�A|K ��D Fn?BC�A@¿�À²��KB?ÃFm;=ï���D;JM��F���?BC�A@ÅWÀ�DÄ?BC�M#I�;	Á�J�F¼I�A@DÄ?BD ¼]½ Ôk¾ 7�È CWF¼I�A|DÄA@¿�À�A@KK*
c0
*
c1
��C�Å

c2
ï�?BKBKyÅ�A@C�J�F¼AkDÄJL¾ZA|Á�JLDÄ?ÃF¼?ÃÂLA|>@JLC�D F���C&F¼DQï�I�?B>�I Å�A@Á�A@C�Å JLC

α
*
m
*`��C�Å

c
7G0I�Ae;¤¾k�>;ÌÅ�?}TuA@�0û��ÄJL¾âJLC�A;KB?BC�AÇF¼Jk��C�J�F¼I�A@�@7�8²JL�

mα 6= 1
��C�Å

mα 6=
√

2
*jï9A�Å�A@Å�À�>@Aû��ÄJL¾åF¼I�Anû�JL�ÄA@MLJL?BC�M|��C�Å#û��ÄJL¾ 
·��7 ��7½�M� F¼I²�»F

P

(
M̃T∗

r
(f) > δ

)
≤ exp (−λδtr) exp

(
λc(1 − (mα)r+1)

1 −mα

)

× exp

(
c2(2 +mα)2λ2

2(1 −mα)2

(
(2r − 1) − 2mα(2r − (mα)r)

2 −mα

+
(mα)2(2r − (m2α2)r)

2 − (mα)2

))

≤ exp

(
−λδtr +

c2(2 +mα)2λ2

2(mα− 1)2

(
(2r − 1) +

(mα)2(2r − (m2α2)r)

2 − (mα)2

))

× exp

(
λc(1 − (mα)r+1)

1 −mα

)
.

� _ �



G{��Z�?BC�M
λ =

δtr(mα− 1)2

c2(2 +mα)2
(
(2r − 1) + (mα)2(2r−(m2α2)r)

2−(mα)2

) *'ï9A����ÄAnKBA@Å#F¼J

P

(
M̃T∗

r
(f) > δ

)
≤ exp


− δ2(1 −mα)2t2r

2c2(2 +mα)2
(
2r − 1 + (mα)2(2r−(m2α2)r)

2−(mα)2

)




× exp


 δ(1 −mα)2tr

c(2 +mα)2
(
2r − 1 + (mα)2(2r−(m2α2)r)

2−(mα)2

) × 1 − (mα)r+1

1 −mα


 .

�EJ7ïV*�F¼I�A;�ÄA@D FEJ�ûHF¼I�A;Á��ÄJ	J�û{Å�?ÃÂ	?BÅ�A@D0?BC&F¼J�&�ÂLA�>r��DÄA@D@7
• È�û mα < 1

*�F¼I�A@C)*�û�JL����KBK
r ∈ N

*
(mα)r+1 − 1 ≤ mα− 1

��C�Å
2r − (mα)2r < 2r

7ùUAnF¼I�A@C¤Å�A@Å�À�>@A;F¼I²�»F
P

(
M̃T∗

r
(f) > δ

)
≤ exp (c2δ) exp

(
−c2δ2(m2/2)r+1

)
.

• È�û 1 < mα <
√

2
*�F¼I�A@C¤I²�rÂLA

P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
−c1δ2(m2/2)r+1

)
exp

(
c2δ

(mα)r+1 − 1

mα − 1

)

≤ exp
(
−δc2(m2/2)r+1(δ − c0α

r+1)
) 7

�EJ7ïV*�û�JL�~��KBK
r ∈ N

DÄÀ�>�I�F¼I²�»F
r+1 > log(δ/2c0)/ log(α),

ï9A I²�rÂLA
δ−c0αr+1 > δ/2

*?BC#DÄÀ�>�IN�4ï��>;ÌF¼I²�»F
P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
δ2c2(m

2/2)r+1
)
.

• È�û mα > √
2
*�F¼I�A@C#û�JL����KBK

r ∈ N
*
(m2α2)r > 2r

7yùUAnF¼I�A@C¤I²�rÂLA
P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
−c2δα−2r(δ − c0α

r+1)
)
.

�EJ7ïVû�JL����KBK
r ∈ N

DÄÀ�>�I¤F¼I²�»F
r + 1 > log(δ/c0)/ log(α),

ï9A�I²�rÂLA

P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
−c2δ

2

α2r

)
.

• È�û mα = 1
*�F¼I�A@C

P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
−λδtr + c12

rλ2
)
exp (λc(r + 1))

G{��Z�?BC�M
λ = δtr/c12

r+1 *	ï9A����ÄA;KBA@ÅÌF¼J

P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
c1δ

(r + 1)tr
2r+1

)
exp

(
−c2δ2(m2/2)r+1

)
.

• È�û mα =
√

2
*�F¼I�A@C

� _ �



P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
−λδtr + λ2c1(r + 1)2r

)
exp

(
λc1(

√
2)r+1

) 7
G{��Z�?BC�M

λ = δtr/(2c1(r + 1)2r)
*	ï9A����ÄA;KBA@ÅÌF¼J

P

(
M̃T∗

r
(f) > δ

)
≤ exp


− c2δ

r + 1

(
m2

2

)r+1

δ − c0

(√
2

m

)r+1



 .

�EJ7ïV*�û�JL����KBK
r ∈ N

DÄÀ�>�I¤F¼I²�»F
r + 1 > log(δ/c0)/ log(

√
2/m)

*	ï9A�MLA�F

P

(
M̃T∗

r
(f) > δ

)
≤ exp

(
− c2δ

2

r + 1

(
m2

2

)r+1
) 7

G0I�?BD�A@C�Å�D|F¼I�A#Á��ÄJ	J�û/ï�I�A@C 〈µ, f〉 = 0
û�JL�

Hr = Tr.
�EJ7ïV* û�JL�

f ∈ Bb(S),
DÄA�F

g = f − 〈µ, f〉. G0I�A@C)* 〈µ, g〉 = 0
��C�Å

M̃T∗
r
(f) = M̃T∗

r
(g) + (|T∗

r|/tr)〈µ, f〉
7{ùUA;I²�rÂLA

P

(
M̃T∗

r
(f) − 〈µ, f〉W > δ

)
≤ P

(
M̃T∗

r
(g) > δ/2

) 
·��7 ��7½ÚM�

+P

(∣∣∣∣
|T∗

r|
tr

−W

∣∣∣∣ >
δ

2|〈µ, f〉|

)
.

<	?BC�>@A 〈µ, g〉 = 0,
F¼I�AC&²�ÄD FÇF¼A@�Ä¾ J�ûbF¼I�A.�Ä?BMLI&F4I²��C�Å(J�û�
·��7 ��7½ÚM��>r��C@��A4��JLÀ�C�Å�A@ÅW��DÇ?BCF¼I�A�Á��ÄA�Â	?BJLÀ�D4>@JL¾ZÁ�À�F��»F¼?BJLC�D@7�6EC�Å�A@�4��Å�Å�?ÃF¼?BJLC²��K¢I�;	Á�J�F¼I�A@DÄ?BD ¼]½ ò�¾ *	ï9A�I²�rÂLA�*=û��ÄJL¾ + �.-G0I�A@JL�ÄA@¾Ù��*

P

(∣∣∣∣
|T∗

r|
tr

−W

∣∣∣∣ >
δ

2|〈µ, f〉|

)
≤

r∑

q=0

P

(
mq

tr

∣∣∣∣
|G∗

q|
mq

−W

∣∣∣∣ >
δ

2(r + 1)|〈µ, f〉|

)

=

r∑

q=0

P

(∣∣∣∣
|G∗

q|
mq

−W

∣∣∣∣ >
δtr

2(r + 1)|〈µ, f〉|mq

)

≤
r∑

q=0

c2 exp

(
−c3δ2/3

(
t2r

(r + 1)mq

)1/3
)

≤ c2 exp

(
−c3δ2/3

(
tr

(r + 1)2

)1/3
)(

1 + o(1)

)
,

��C�ÅÌF¼I�?BD0A@C�Å�D�F¼I�A;Á��ÄJ	J�û{J�û�
·��7½�	7½�M�Uï�I�A@C
Hr = Tr.

ì : ì :[Þ ¥�´�¢YæEYæE�Cä~µ�=´�µ	« ì :[Þ�:[ò
ú�A�F

f ∈ Bb(S)
7 ù�?ÃF¼I�JLÀ�F|KBJLDÄD�J�û4MLA@C�A@�¼��KB?ÃFm;M*�ï9A���DÄDÄÀ�¾ZAÌF¼I²�»F 〈µ, f〉 = 0.

8²JL�|��KBK
δ > 0

*�û�JL����KBK
a > 0

��C�ÅÌû�JL����KBK
b > 0

DÄÀ�>�I¤F¼I²�»F
b < a/(δ + 1),

ï9A�I²�rÂLA

P
(
MH∗

r
(f) > δ|W ≥ a

)
= P

(
MH∗

r
(f) > δ,

|H∗
r|

hr
> b|W ≥ a

)

� _ �



+ P

(
MH∗

r
(f) > δ,

|H∗
r|

hr
≤ b|W ≥ a

)

=
1

P (W ≥ a)

(
P

(
MH∗

r
(f) > δ,

|H∗
r|

hr
> b,W ≥ a

)

+ P

(
MH∗

r
(f) > δ,

|H∗
r|

hr
≤ b,W ≥ a

))

≤ paP
(
M̃H∗

r
(f) > δb

)
+ paP

(∣∣∣∣
|H∗

r |
hr

−W

∣∣∣∣ > W − b,W ≥ a

)

≤ paP
(
M̃H∗

r
(f) > δb

)
+ paP

(∣∣∣∣
|H∗

r |
hr

−W

∣∣∣∣ > δb

) *
ï�I�A@�ÄA

pa = P (W ≥ a) .
�EJ7ïV*�F¼I�A�&²�ÄD F~F¼A@�Ä¾TJ�û	F¼I�AbK ��D F�?BC�A@¿�À²��KB?ÃFm;Ç>r��CV��AP��JLÀ�C�Å�A@Å��D;?BC,G0I�A@JL�ÄA@¾ ��7½�	7½��*H��C�ÅWF¼I�A|DÄA@>@JLC�ÅUF¼A@�Ä¾ ?BDV��JLÀ�C�Å�A@ÅU��D�?BC(F¼I�A��eÕvµqë Ô ��C�ÅU��C�Å

�eÕvµqë Þ J�ûHF¼I�A;Á��ÄJ	J�û{J�û{G0I�A@JL�ÄA@¾Ý��7½�	7½�	7yG0I�?BD0A@C�Å�D�F¼I�A;Á��ÄJ	J�û�7
ì : ì :[ò ¥�´�¢YæEYæE�Cä~µ�=´�µ	« ì :[Þ�: ì
ú�A�F

f ∈ Bb(S3)
7

 BÕvµqë Ô/: ú�A�F�À�DU&²�ÄD F�Å�Ar��KYï�?ÃF¼I
M̃G∗

r
(f).

¸4DÄDÄÀ�¾ZAEF¼I²�»F 〈µ, P ∗f〉 = 0.
ýU;äþ9I�A@�ÄC�J�T?BC�A@¿�À²��KB?ÃFm;M*�ï9A�I²�rÂLA;û�JL����KBK

δ > 0
��C�ÅÌû�JL����KBK

λ > 0,

P

(
M̃G∗

r
(f) > δ

)
≤ exp (−λδmr) E


exp


λ

∑

i∈G∗
r

f(∆i)




 .

þ9JLC�Å�?ÃF¼?BJLC�?BC�M���; Fr,
��C�Å(À�DÄ?BC�M	*�>@JLC�Å�?ÃF¼?BJLC²��K�?BC�Å�A@Á�A@C�Å�A@C�>@A�J�ûyF¼�Ä?BÁ�KBA�F¼D {∆i, i ∈ Gr}ï�?ÃF¼I#�ÄA@DÄÁ�A@>�FEF¼J Fr

*�¸�<@À�¾k�8��ý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�M|?BC�A@¿�À²��KB?ÃFm;ä��C�Å ¼]½ Þ�¾ *�ï9A�JM��F���?BC

E


exp


λ

∑

i∈G∗
r

f(∆i)






= E


exp


λ

∑

iG∗
r

P ∗f(Xi)


E


exp


λ

∑

i∈G∗
r

(f(∆i) − P ∗f(Xi))



∣∣∣Fr






= E


exp


λ

∑

iG∗
r

P ∗f(Xi)


 ∏

i∈G∗
r

E

[
exp (λ(f(∆i) − P ∗f(Xi)))

∣∣∣Fr

]



≤ exp
(
2λ2‖f‖∞c1mr

)
E


exp


λ

∑

i∈G∗
r

P ∗f(Xi)




 .

ùUAE>@JLC&F¼�ÄJLK²F¼I�AEK ��D F A�ü�Á�A@>�F��»F¼?BJLCä��D ?BC|F¼I�An BÕvµqë Ô J�ûuF¼I�A4Á��ÄJ	J�û¢J�û¢G0I�A@JL�ÄA@¾W��7½�	7½��*��Á�Á�K};ZF¼J
P ∗f.

�EA�ü	F>*'ï9AnMLA�F0F¼I�An�ÄA@DÄÀ�KÃF0Å�?BDÄ>@À�DÄDÄ?BC�M|��D0?BCkF¼I�AnÁ��ÄJ	J�ûHJ�û~G0I�A@JL�ÄA@¾ú��7½�	7½�	7
� _ �



È�û 〈µ, P ∗f〉 6= 0,
ï9A�DÄA�F

g = f − 〈µ, P ∗f〉. G0I�A@C)*jï9A;I²�rÂLA

P

(
M̃G∗

r
(f) − 〈µ, P ∗f〉W > δ

)
≤ P

(
M̃G∗

r
(g) > δ/2

) 
·��7 ��7 î��

+P

(∣∣∣∣
G∗
r

mr
−W

∣∣∣∣ > δ/2|〈µ, P ∗f〉|
)
.

G0I�A=&²�ÄD FZF¼A@�Ä¾]J�ûÇF¼I�A¤�Ä?BMLI&FZI²��C�Å/J�ûS
·��7 ��7 î��.>r��C¶��A=��JLÀ�C�Å�A@Å5��DZÁ��ÄA�Â	?BJLÀ�DÄK};QDÄ?BC�>@A
〈µ, P ∗g〉 = 0.

G0I�A(DÄA@>@JLC�Å�F¼A@�Ä¾ >r��Cö��A���JLÀ�C�Å�A@Å���Dä?BC� BÕvµqë Ô J�ûnF¼I�A(Á��ÄJ	J�û;J�û
G0I�A@JL�ÄA@¾Ý��7½�	7½�	7yG0I�?BD0A@C�Å�D�F¼I�A;Á��ÄJ	J�ûHû�JL�

M̃G∗
r
(f). BÕvµqë Þ�: ú�A�FEÀ�DEC�J7ïiF¼�ÄAr�»F

M̃T∗
r
(f).

8{?B�ÄD F>*	ï9A���DÄDÄÀ�¾ZA;F¼I²�»F 〈µ, P ∗f〉 = 0.
8²JL�E��KBK

δ > 0,
ï9A;I²�rÂLA

P

(
M̃T∗

r
(f) > δ

)
≤ P


 1

tr

∑

i∈T∗
r

(f(∆i) − P ∗f(Xi)) > δ/2


+ P

(
M̃T∗

r
(P ∗f) > δ/2

)
.

ýU;Ì>�I�A@�ÄC�J�T,?BC�A@¿�À²��KB?ÃFm;M*�ï9A�I²�rÂLAnû�JL����KBK
λ > 0,

P


 1

tr

∑

i∈T∗
r

(f(∆i) − P ∗f(Xi)) > δ/2


 ≤ exp

(
−λδtr

2

)

×E


exp


λ

∑

i∈T∗
r

(f(∆i) − P ∗f(Xi))






þ9JLC�Å�?ÃF¼?BJLC�?BC�MWDÄÀ�>@>@A@DÄDÄ?ÃÂLA@K};¶ï�?ÃF¼I/�ÄA@DÄÁ�A@>�FäF¼J
(Fq)0≤q≤r,

À�DÄ?BC�MU>@JLC�Å�?ÃF¼?BJLC²��K0?BC�Å�A@Á�A@C��
Å�A@C�>@A�J�û²F¼�Ä?BÁ�KBA�F¼D {∆i, i ∈ Gq}

ï�?ÃF¼I��ÄA@DÄÁ�A@>�FyF¼J Fq
��C�Å|��Á�Á�K};	?BC�MÇDÄÀ�>@>@A@DÄDÄ?ÃÂLA@K};�¸�<@À�¾k�8�ý9A@C�C�A�F2��ÿEJ	AeTuÅ�?BC�MÌ?BC�A@¿�À²��KB?ÃFm;���C�Å(F¼I�A.û���>�FÇF¼I²�»F |G∗
q| ≤ |Gq|

û�JL�n��KBK
q ∈ {0, · · · , r} *ï9A�MLA�F

E


exp


λ

∑

i∈T∗
r

(f(∆i) − P ∗f(Xi))






= E


exp


λ

∑

i∈T∗
r−1

(f(∆i) − P ∗f(Xi))


E


exp


λ

∑

i∈G∗
r

(f(∆i) − P ∗f(Xi))



∣∣∣Fr






= E


exp


λ

∑

i∈T∗
r−1

(f(∆i) − P ∗f(Xi))


∏

i∈G∗
r

E

[
exp (λ(f(∆i) − P ∗f(Xi)))

∣∣∣Fr

]



≤ exp
(
2λ2‖f‖2

∞|Gr|
)

E


exp


λ

∑

i∈T∗
r−1

(f(∆i) − P ∗f(Xi))






� _g�



777
≤ exp

(
2λ2‖f‖2

∞|Tr|
)
.

�EA�ü	F>*²JLÁ�F¼?B¾Z?[<@?BC�M�JLC
λ
*'ï9A�JM��F���?BC

P


 1

tr

∑

i∈T∗
r

(f(∆i) − P ∗f(Xi)) > δ/2


 ≤ exp

(
−c1δ2

(
m2

2

)r+1
)
,

û�JL��DÄJL¾ZA;Á�JLDÄ?ÃF¼?ÃÂLAn>@JLC�D F���C&F
c1
7 G0I�A;F¼A@�Ä¾

P

(
M̃T∗

r
(P ∗f) > δ/2

) >r��C=��AV��JLÀ�C�Å�A@ÅN��D
?BCäF¼I�AÇÁ��ÄJ	J�û~J�ûHG0I�A@JL�ÄA@¾ú��7½�	7½��*���C�ÅäF¼I�?BD�A@C�Å�D�F¼I�AnÁ��ÄJ	J�ûAï�I�A@C 〈µ, P ∗f〉 = 0.

�ÇCäF¼I�A
J�F¼I�A@��I²��C�Å)*²?Ãû 〈µ, P ∗f〉 6= 0,

ï9A�I²�rÂLA

M̃T∗
r
(f) − 〈µ, P ∗f〉W = M̃T∗

r
(g) +

( |T∗
r|
tr

−W

)
〈µ, P ∗f〉.

ùUAnF¼I�A@C¤Á��ÄJ	>@A@A@Å���D0û�JL�Q
·��7 ��7 î��9*²��C�Å#F¼I�?BD0A@C�Å�D�F¼I�A;Á��ÄJ	J�û~û�JL�
M̃T∗

r
(f). BÕvµqë ò�: ·`ÂLA@C&F¼À²��KBK};M*5ï9A���JLÀ�C�Å

P
(
MH∗

r
(f) > δ − 〈µ, P ∗f〉 > δ

)
,
À�DÄ?BC�MN BÕvµqë Ô��C�Å( BÕvµqë Þ *=��D�?BCäF¼I�A;Á��ÄJ	J�û{J�û{G0I�A@JL�ÄA@¾Ý��7½�	7 ��7

ì : ì : ì ¥�´�¢YæEYæ�¥�´�Yëy5�rªvÕ�ª��® ì :[ò�:yÔ
ùUA����ÄA0MLJL?BC�MÇF¼JÇF¼�ÄAr�»F

α̂n0 −α0
7y¶4A�Â	? �»F¼?BJLC�?BC�A@¿�À²��KB?ÃF¼?BA@DHû�JL�

α̂n1 −α1
*
β̂nη −βη

*
α̂

′n
η −α′

η

*
β̂

′n
η −β ′

η

*
η ∈ {0, 1} *&>r��CS��A0F¼�ÄAr�»F¼A@ÅZ?BC.F¼I�A�D¼��¾ZA�ï��>;L7b:�A@>r��KBKB?BC�MEF¼I²�»FbF¼I�A�D F��»F¼A0DÄÁ²��>@AJ�û¢F¼I�A4Á��ÄJ	>@A@DÄD

(Xi, i ∈ T∗)
*	Å�A@C�J�F¼A@Å���;

S
*	?BD9��DÄDÄÀ�¾ZA@ÅkF¼JC��AÇ��>@JL¾ZÁ²��>�F9DÄÀ	��DÄA�F0J�û

R
7

ú�A�F
g1
*
g2
*
h1
��C�Å

h2
F¼I�Anû�À�C�>�F¼?BJLC�D0Å�Ae&²C�A@Å�JLC

S3 �ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};���;
g1(x, y, z) = (xy − x(α0x + β0)) 1S3(x, y, z)

*

g2(x, y, z) = (y − α0x− β0))1S3(x, y, z)
*

h1(x, y, z) = x1S3(x, y, z)
*

h2(x, y, z) = x21S3(x, y, z)
7

È�Fn?BDÇAr��D2;�F¼JÌDÄA@A.F¼I²�»F
P ∗g1(x) = 0

*
P ∗g2(x) = 0

*
P ∗h1(x) = p1,0x

��C�Å
P ∗h2(x) =

p1,0x
2 ï�I�A@�ÄA P ∗ Å�A@C�J�F¼A¤F¼I�A#F¼�¼��C�DÄ?ÃF¼?BJLC Z�A@�ÄC�A@K4��DÄDÄJ	>@? �»F¼A@Å[F¼J,F¼I�ANý9¸Ç:C
 � �.Á��ÄJ	>@A@DÄDï�?ÃF¼I#¾Z?BDÄDÄ?BC�M�Å²�»F���7`ù�?ÃF¼IÌF¼I�?BD0C�J�F��»F¼?BJLC)*�ï9A�>r��C¤�ÄAeï��Ä?ÃF¼A

α̂n0 − α0
��D

α̂n0 − α0 =
|T∗

n|−1|T1,0
n |
(
|T∗

n|−1
∑

i∈T∗
n
g1(∆i)

)

Bn

−

(
|T∗

n|−1
∑

i∈T∗
n
h1(∆i)

)(
|T∗

n|−1
∑

i∈T∗
n
g2(∆i)

)

Bn

*

� _ *



ï�I�A@�ÄA
Bn = |T∗

n|−1|T1,0
n |


|T∗

n|−1
∑

i∈T∗
n

h2(∆i)


−


|T∗

n|−1
∑

i∈T∗
n

h1(∆i)




2 7
:�A@>r��KBKB?BC�M�
·��7 � 7 î��9*'ï9AnF¼I�A@C¤I²�rÂLA;û�JL����KBK

δ > 0
��C�Å

a > 0

P (|α̂n0 − α0| > δ|W ≥ a) ≤ P

(
|T∗

n|−1|T1,0
n ||MT∗

n
(g1)|

|Bn|
>
δ

2

∣∣∣W ≥ a

) 
·��7 ��7 Ø��

+P

(
|MT∗

n
(h1)||MT∗

n
(g2)|

|Bn|
>
δ

2

∣∣∣W ≥ a

)
.

8²JL��F¼I�AC&²�ÄD FÇF¼A@�Ä¾ÔJ�ûyF¼I�A��Ä?BMLI&F4I²��C�Å(J�û�
·��7 ��7 Ø��9*�DÄ?BC�>@A |T∗
n|−1|T1,0

n | ≤ 1
*Yï9A�I²�rÂLA�û�JL���KBK

γ > 0

P

(
|T∗

n|−1|T1,0
n ||MT∗

n
(g1)|

|Bn|
>
δ

2

∣∣∣W ≥ a

)
≤ P (|Bn| < γ|W ≥ a)

+P

(
|MT∗

n
(g1)| >

δγ

2

∣∣∣W ≥ a

)
.

�EJ�F¼?B>@AÇF¼I²�»F
Bn − (p2

1,0µ2 − p2
1,0µ

2
1) = p1,0µ2

( |T1,0
n |

|T∗
n|

− p1,0

)
+

|T1,0
n |

|T∗
n|
MT∗

n
(h2 − p1,0µ2)

−
(
MT∗

n
(h1 − p1,0µ1)

)2 − 2p1,0µ1MT∗
n
(h1 − p1,0µ1)��C�Å

{|Bn| < γ} ⊂
{
|Bn − (p2

1,0µ2 − p2
1,0µ

2
1)| > |p2

1,0µ2 − p2
1,0µ

2
1| − γ

} 7
ùUAnF¼I�A@C¤I²�rÂLA;û�JL����KBK

0 < γ <
2|p2

1,0µ2 − p2
1,0µ

2
1|

2 + δ

*

P

(
|T∗

n|−1|T1,0
n ||MT∗

n
(g1)|

|Bn|
>
δ

2

∣∣∣W ≥ a

)

≤ P (|Bn| < γ|W ≥ a) + P

(
|MT∗

n
(g1)| >

δγ

2

∣∣∣W ≥ a

)

≤ P

(
|Bn − (p2

1,0µ2 − p2
1,0µ

2
1)| >

γδ

2

∣∣∣W ≥ a

)
+ P

(
|MT∗

n
(g1)| >

δγ

2

∣∣∣W ≥ a

)

≤ P

(
|MT∗

n
(g1)| >

δγ

2

∣∣∣W ≥ a

)
+ P

(
|MT∗

n
(h2 − p1,0µ2)| >

γδ

8

∣∣∣W ≥ a

)

+ P

(
|MT∗

n
(h1 − p1,0µ1)| >

√
γδ

2
√

2

∣∣∣W ≥ a

)
+ P

(∣∣∣∣
|T1,0

n |
|T∗

n|
− p1,0

∣∣∣∣ >
δγ

8p1,0µ2

∣∣∣W ≥ a

)

+ P

(
|MT∗

n
(h1 − p1,0µ1)| >

γδ

16p1,0µ1

∣∣∣W ≥ a

) 7

� _ 6



8²JL�9F¼I�A;DÄA@>@JLC�Å¤F¼A@�Ä¾âJ�ûHF¼I�A;�Ä?BMLI&F�I²��C�Å¤J�û�
·��7 ��7 Ø��9*'ï9A;I²�rÂLA

P

(
|MT∗

n
(h1)||MT∗

n
(g1)|

|Bn|
>
δ

2

∣∣∣W ≥ a

)
≤ P

(
|MT∗

n
(g2)|

|Bn|
>

δ

4p1,0µ1

∣∣∣W ≥ a

)

+ P

(
|MT∗

n
(g2)|

|Bn|
>

√
δ

2

∣∣∣W ≥ a

)
+ P

(
|MT∗

n
(h1 − p1,0µ1)| >

√
δ

2

∣∣∣W ≥ a

)

�EJ7ïV*�F¼I�A�&²�ÄD FÇ��C�ÅÌF¼I�A�DÄA@>@JLC�Å¤F¼A@�Ä¾âJ�ûHF¼I�A;�Ä?BMLI&F�I²��C�Å¤J�ûHF¼I�A�K ��D F�?BC�A@¿�À²��KB?ÃFm;k>r��C
��AnF¼�ÄAr�»F¼A@Å���D�F¼I�A�&²�ÄD F�F¼A@�Ä¾âJ�ûHF¼I�A;�Ä?BMLI&F�I²��C�Å#J�û�
·��7 ��7 Ø���7b8{?BC²��KBK};M*�F¼J|MLA�F�F¼I�An�ÄA@DÄÀ�KÃF>*
�ÄÀ�D F4��Á�Á�K};äG0I�A@JL�ÄA@¾Ý��7½�	7 ��F¼J�û�À�C�>�F¼?BJLC�D

g1
*
g2
*
h1
��C�Å

h2
7

� _x_
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ï�I�A@�ÄA F¼I�A9��KB¾ZJLD F�DÄÀ��ÄA9>@JLC&ÂLA@�ÄMLA@C�>@A0��C�Å�F¼I�Ab>@A@C&F¼�¼��K	KB?B¾Z?ÃFuF¼I�A@JL�ÄA@¾X���ÄA A@D F�����KB?BDÄI�A@Å;û�JL�
��J�F¼I.F¼I�A0KBAr��D FyDÄ¿�À²���ÄA@DbA@D F¼?B¾k�»F¼JL�ÄD`��C�Å.F¼I�A�¶4À��E��?BC���ù �»F¼DÄJLC�D F��»F¼?BD F¼?B>�7��ÇÀ��`�ÄA@DÄÀ�KÃF¼Dy���ÄAÁ��ÄJvÂLA@ÅÌÂ	? ����CäA�ü	F¼A@C�DÄ?ÃÂLAnÀ�DÄAÇJ�û¢F¼I�A4�ÄA@DÄÀ�KÃF¼D�J�û~¶4A@¾4��JÇ+ ���@-K*�¶4A@¾4��J���C�Å¹7uA@?ÃF¼JLÀ�C�?z+ ����-
��C�Å¤ùUJL�Ä¾ZD�+ �M� �.-K*z+ �M� �.-K*z+ �M� ��-HJLC#F¼I�A�JLC�A;I²��C�Å)*���C�Å�J�û{F¼I�A;Á²��Á�A@�EJ�ûy�yÀ�I²��KBDEZ�?B?�+ Ø � -��C�Å,¶��ÄA@KBKBJLÀ�FZ+ �Mî.-yJLC(F¼I�A�J�F¼I�A@�nI²��C�Å)*H����JLÀ�F;¾ZJ	Å�A@�¼�»F¼A.Å�A�Â	? �»F¼?BJLC�D4û�JL�n¾k��� F¼?BC�M&��KBA@D@7
È CÌJL�ÄÅ�A@� F¼J.?BC&F¼�ÄJ	Å�À�>@AEF¼I�An¶4À��E��?BC���ù �»F¼DÄJLCäD F��»F¼?BD F¼?B>�*qï9AÇDÄI²��KBK=û�J	>@À�D�JLÀ����»FÄF¼A@C&F¼?BJLCäJLCF¼I�A�&²�ÄD F2� JL�ÄÅ�A@�E��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA;Á��ÄJ	>@A@DÄDEML?ÃÂLA@C)*�û�JL����KBK

n ≥ 1
*j��;

{
Xn = θXn−1 + εn

εn = ρεn−1 + Vn


K�	7 � 7 � �

ï�I�A@�ÄA�ï9A,DÄI²��KBKn��DÄDÄÀ�¾ZA(F¼I²�»F#F¼I�AWÀ�C	Z�C�J7ï�CVÁ²���¼��¾ZA�F¼A@�ÄD |θ| < 1
��C�Å |ρ| < 1

F¼J
A@C�DÄÀ��ÄAZF¼I�AZD F�����?BKB?ÃFm;NJ�û9F¼I�Ak¾ZJ	Å�A@Kó7ZÈ C ��KBK{F¼I�AZDÄA@¿�À�A@KK*�ï9Ak��KBDÄJ���DÄDÄÀ�¾ZA|F¼I²�»F

(Vn)
?BD

� _ b



�|DÄA@¿�À�A@C�>@A.J�û{?BC�Å�A@Á�A@C�Å�A@C&Fn��C�Å¤?BÅ�A@C&F¼?B>r��KBK};kÅ�?BD F¼�Ä?[��À�F¼A@Å#�¼��C�Å�JL¾âÂ����Ä? ����KBA@DDï�?ÃF¼I=<@A@�ÄJ¾ZAr��C)*�Á�JLDÄ?ÃF¼?ÃÂLA�Â����Ä? ��C�>@A
σ2 ��C�ÅäD¼�»F¼?BD ûv;	?BC�M.DÄJL¾ZA4DÄÀ�?ÃF�����KBA4��DÄDÄÀ�¾ZÁ�F¼?BJLC�D@7yG0I�AÇDÄ¿�À²���ÄA9�?BC&F¼A@ML�¼����KBAÇ?BC�?ÃF¼? ��K²Â���KBÀ�A@D
X0

��C�Å
ε0
¾k�>;c��A����E��?ÃF¼�¼���Ä?BK};|>�I�JLDÄA@C¢7yùUA;I²�rÂLA;Å�A@>@?BÅ�A@Å#F¼J

A@D F¼?B¾k�»F¼A
θ
��;ÌF¼I�A;KBAr��D F�DÄ¿�À²���ÄA@DEA@D F¼?B¾k�»F¼JL�

θ̂n =

∑n
k=1XkXk−1∑n
k=1X

2
k−1

.

K�	7 � 7½�M�

G0I�A@C)*jï9A���KBDÄJ|Å�Ae&²C�A���DÄA�FEJ�û{KBAr��D F�DÄ¿�À²���ÄA@D4�ÄA@DÄ?BÅ�À²��KBD0ML?ÃÂLA@C)*�û�JL����KBK
1 ≤ k ≤ n

*j��;

ε̂k = Xk − θ̂nXk−1,

K�	7 � 7 ���

ï�I�?B>�I¤KBAr��Å�D�F¼J|F¼I�A;A@D F¼?B¾k�»F¼JL��J�û
ρ
*

ρ̂n =

∑n
k=1 ε̂kε̂k−1∑n
k=1 ε̂

2
k−1

.

K�	7 � 7 �q�

8{?BC²��KBK};M*�F¼I�A�¶4À��E��?BC���ù �»F¼DÄJLC#D F��»F¼?BD F¼?B>n?BD0Å�Ae&²C�A@Å)*²û�JL�
n ≥ 1

*²��D

D̂n =

∑n
k=1(ε̂k − ε̂k−1)

2

∑n
k=0 ε̂

2
k

.

K�	7 � 7½�M�

G0I�?BDUï9A@KBK��mZ�C�J7ï�CäD F��»F¼?BD F¼?B>Iï���D�?BC&F¼�ÄJ	Å�À�>@A@Å���;ZF¼I�A4Á�?BJLC�A@A@�Uï9JL�EZZJ�û~¶4À��E��?BCÌ��C�Åkù �»F2�
DÄJLC�+ ��ñ.-K*�+ � � -K*�+ �M�0-K*	?BCkF¼I�A4¾Z?BÅ�Å�KBA�J�û~K ��D F9>@A@C&F¼À��2;M*�F¼J�F¼A@D F9F¼I�AÇÁ��ÄA@DÄA@C�>@AnJ�û~��DÄ?BMLC�?}&²>r�8�F¼?ÃÂLAC&²�ÄD F;JL�ÄÅ�A@�ÇDÄA@�Ä? ��KH>@JL�Ä�ÄA@K �»F¼?BJLCN?BC�F¼I�A.�ÄA@DÄ?BÅ�À²��KBDÇJ�û �ä�ÄA@ML�ÄA@DÄDÄ?BJLCW��C²��K};	DÄ?BD@7n¸¢ï�?BÅ�A�¼��C�MLA�J�ûbKB?ÃF¼A@�¼�»F¼À��ÄA�?BDÇ�rÂ���?BK ����KBA;JLC�F¼I�A���D2;	¾ZÁ�F¼J�F¼?B>C��A@I²�rÂ	?BJL�4J�ûyF¼I�A�¶4À��E��?BC���ù �»F¼DÄJLCD F��»F¼?BD F¼?B>�*�û��ÄA@¿�À�A@C&F¼K};kÀ�DÄA@ÅÌ?BCä·y>@JLC�JL¾ZA�F¼�2;L7`ù�I�?BKBAE?ÃF���Á�Á�Ar���ÄA@ÅkF¼JCï9JL�EZZÁ��ÄA�FÄFm;�ï9A@KBK�?BC
F¼I�A.>@K ��DÄDÄ?B>r��KH?BC�Å�A@Á�A@C�Å�A@C&Fnû��¼��¾ZAeï9JL�EZY*�¹���KB?BC&Â���À�ÅØ+ Ú��.-`��C�Å��EA@�ÄKBJvÂLA���C�ÅNù ��KBKB?BD¿+ îM�0-JM��DÄA@� ÂLA@Å F¼I²�»F>*~û�JL��KB?BC�Ar���n�ÄA@ML�ÄA@DÄDÄ?BJLCU¾ZJ	Å�A@KBD;>@JLC&F���?BC�?BC�M¤K ��MLMLA@Å,Å�A@Á�A@C�Å�A@C&F.�¼��C�Å�JL¾Â����Ä? ����KBA@D+*�F¼I�A|¶4À��E��?BC���ù �»F¼DÄJLC(D F��»F¼?BD F¼?B>�¾k�>;���A���D2;	¾ZÁ�F¼J�F¼?B>r��KBK};���? ��DÄA@Å)*�Á�J�F¼A@C&F¼? ��KBK};KBAr��Å�?BC�MZF¼Jä?BC²��Å�A@¿�À²�»F¼A.>@JLC�>@KBÀ�DÄ?BJLC�D@7n¶4À��E��?BC5+ ��Ø0-`Á��ÄJLÁ�JLDÄA@ÅW��KÃF¼A@�ÄC²�»F¼?ÃÂLA�F¼A@D F¼D4F¼JÌÁ��ÄA9�ÂLA@C&FÇF¼I�?BD4¾Z?BDÄÀ�DÄA�*�DÄÀ�>�IW��DEF¼I�A V"Amlmf�nel ��C�Å�F¼I�A lDAmlmf�nel *�F¼I�A@CNDÄÀ	��D F���C&F¼? ��KH>@JLC&F¼�Ä?[��À�F¼?BJLC�D
ï9A@�ÄAw���ÄJLÀ�MLI&F���; È C�Å�A@�¹+ Ú � -K*UOn?BC�MN��C�Å ùUÀß+ ÚM�0-0��C�ÅP¾ZJL�ÄAk�ÄA@>@A@C&F¼K};Q<�F¼J	>�Z�A@�¹+ � ñ � -ó7ú~�»F¼A@K};M*��äDÄA�F;J�û �ÄA@DÄÀ�KÃF¼DÇI²�rÂLAS��A@A@CWA@D F�����KB?BDÄI�A@Å@��;(ý9A@�Ä>@À,��C�Å,�y�ÄJ@ü �k?BC5+ � Ø0-K*�?BCNÁ²�����F¼?B>@À�K �����¤F¼A@D F|Á��ÄJ	>@A@Å�À��ÄAÌ��D.Á�J7ï9A@� û�À�K0��D�F¼I�A V"Amlmf�nel *y��C�Å F¼I�Ae;�ï�?BKBKP��AäDÄÀ�¾Z¾k���Ä?[<@A@ÅF¼I�A@�ÄAr�»û F¼A@�E��DE���²��DÄ?BD0û�JL��F¼I�?BD0>�I²��Á�F¼A@�@7
G0I�A�>�I²��Á�F¼A@�n?BD4JL�ÄM&��C�?[<@A@ÅW��D4û�JLKBKBJ7ï�D@7;8{?B�ÄD FÇJ�û9��KBKK*Yï9A��ÄA@>r��KBKHF¼I�A.�ÄA@DÄÀ�KÃF¼Dn�ÄA@>@A@C&F¼K};

A@D F�����KB?BDÄI�A@ÅC��;�ý9A@�Ä>@À.��C�Å.�y�ÄJ@ü �¿+ � Ø.-ó7{È C�<	A@>�F¼?BJLC4�	7½��*Lï9A9Á��ÄJLÁ�JLDÄA ¾ZJ	Å�A@�¼�»F¼AbÅ�A�Â	? �»F¼?BJLCÁ��Ä?BC�>@?BÁ�KBA@Dbû�JL�bF¼I�AÇA@D F¼?B¾k�»F¼JL�ÄD J�û
θ
��C�Å

ρ
��C�Åkû�JL� F¼I�AÇ¶4À��E��?BC���ù �»F¼DÄJLCäD F��»F¼?BD F¼?B>�*�ML?ÃÂLA@C

��;�
K�	7 � 7½�M�9*j
K�	7 � 7 �q�H��C�Å=
K�	7 � 7½�M�9*LÀ�C�Å�A@�`F¼I�A�C�JL�Ä¾k��KB?ÃFm;;��DÄDÄÀ�¾ZÁ�F¼?BJLC.JLC.F¼I�A�Å��Ä?ÃÂLA@C|C�JL?BDÄA�7<	A@>�F¼?BJLCS�	7 �EÅ�Ar��KBD?ï�?ÃF¼I�F¼I�A9MLA@C�A@�¼��KB?[<r�»F¼?BJLC�J�û�F¼I�A9K �»FÄF¼A@�H�ÄA@DÄÀ�KÃF¼D`À�C�Å�A@�`�4KBA@DÄD{�ÄA@D F¼�Ä?B>�F¼?ÃÂLA
þ9I�A@C���ú�A@Å�JLÀ	ü(Fm;	Á�A|>@JLC�Å�?ÃF¼?BJLCNJLC

(Vn)
7�8{?BC²��KBK};M*u��KBK~F¼A@>�I�C�?B>r��K`Á��ÄJ	J�û�D;���ÄA.Á�JLD F¼Á�JLC�A@Å

F¼Jk<	A@>�F¼?BJLC��	7 ��7

� _ �




bµ	« «U°�× :yÔ/:yÔ/: É f&V	a�{�f/lBVjf�a�o©_ci7nelNnek�dGfVp�iLxj{�fed[TqfexBp�f$i)=IlBVjf�a�k�lmiLdGfÍT�dGf�n�nerv{�f�f�nelyrv_�a@A
lmiLdGg

lim
n→∞

θ̂n = θ∗
��7 D@7

CaVjfedGfVlBVjfQo©rv_�rvlyrvx"T�{La�o©kjf
θ∗ =

θ + ρ

1 + θρ
.


K�	7 � 7 ���
Ú9x�a�~�~�rvlyrKiLx'gDa8n�n7i7iLx�a8n

E[V 4
1 ] <∞ g�CDf4a�o n7i<V	a�{�fVlBVjf4a8nx¸L_�h5lmiLlyrKpQxBiLd9_�a�o©rvlD¸7g
√
n
(
θ̂n − θ∗

) L−→ N
(
0, σ2

θ

)

CaVjfedGfVlBVjf4a8nx¸L_�h5lmiLlyrKpQ{La�d9rya�xBp�f
σ2
θ =

(1 − θ2)(1 − θρ)(1 − ρ2)

(1 + θρ)3
.


K�	7 � 7½ÚM�


bµ	« «U°²× :yÔ/:[Þ�: É f�V	a�{�fQlBVjf�a�o©_ci7nelPnek�dGfSp�iLxj{�fed[TqfexBp�f4i)=QlBVjfVn7fed9rya�o«p�iLd9dGfeo}a�lyrKiLx�f�nxA
lyrv_�a�lmiLdGg

lim
n→∞

ρ̂n = ρ∗
��7 D@7

CaVjfedGfVlBVjfQo©rv_�rvlyrvx"T�{La�o©kjf
ρ∗ = θρθ∗.


K�	7 � 7 î��
±´iLdGf�iL{�fedGgDa8n�n7i7iLx�a8n

E[V 4
1 ] <∞ g�CDfQV	a�{�fVlBVjf4a8nx¸L_�h5lmiLlyrKpQxBiLd9_�a�o©rvlD¸7g
√
n
(
ρ̂n − ρ∗

) L−→ N
(
0, σ2

ρ

)

C�rvlBV=lBVjf4a8nx¸L_�h5lmiLlyrKpV{La�d9rya�xBp�f
σ2
ρ =

(1 − θρ)

(1 + θρ)3

(
(θ + ρ)2(1 + θρ)2 + (θρ)2(1 − θ2)(1 − ρ2)

)
.


K�	7 � 7 Ø��
¯:x�lmi�h²i)=VlBV	a�lvg�CDfQV	a�{�fVlBVjf��>iLrvxjl:a8nx¸L_�h5lmiLlyrKpVxBiLd9_�a�o©rvlD¸7g

√
n

(
θ̂n − θ∗

ρ̂n − ρ∗

)
L−→ N

(
0,Γ
)

CaVjfedGfVlBVjf�p�iL{La�d9rya�xBp�f�_�a�lyd9ru?
Γ =

(
σ2
θ θρσ2

θ

θρσ2
θ σ2

ρ

)
.


K�	7 � 7 � ñ��

� b �




bµ	« «U°=× :yÔ/:[ò�: É f&V	a�{�fIlBVjf$a�o©_ci7nel)nek�dGf�p�iLxj{�fed[TqfexBp�f�i)=IlBVjf&RVk�d�F+rvx/A É a�lvn7iLx�nel a�lyr[nxA
lyrKp�g

lim
n→∞

D̂n = D∗ ��7 D@7
CaVjfedGfVlBVjfQo©rv_�rvlyrvx"T�{La�o©kjf

D∗ = 2(1 − ρ∗).

K�	7 � 7 �M� �

Ú9x�a�~�~�rvlyrKiLx'gDa8n�n7i7iLx�a8n
E[V 4

1 ] <∞ g�CDf²V	a�{�fVlBVjf4a8nx¸L_�h5lmiLlyrKpVxBiLd9_�a�o©rvlD¸7g
√
n
(
D̂n −D∗

) L−→ N
(
0, σ2

D

)

CaVjfedGfVlBVjf4a8nx¸L_�h5lmiLlyrKpQ{La�d9rya�xBp�f
σ2
D = 4σ2

ρ.

K�	7 � 7 � �M�

ODdGi7i)=+| G0I�A.Á��ÄJ	J�û�DEJ�ûbú�A@¾Z¾k�c�	7 � 7 � *uú�A@¾Z¾k�c�	7 � 7½�Z��C�ÅNú�A@¾Z¾k�c�	7 � 7 �Z¾k�>;=��A;û�JLÀ�C�Å?BCe+ � Ø.-ó7
�ÇÀ���JM�q�ÄA@>�F¼?ÃÂLA¤?BD.F¼JWA@D F�����KB?BDÄI[�WDÄA�FZJ�û4¾ZJ	Å�A@�¼�»F¼AÌÅ�A�Â	? �»F¼?BJLCPÁ��Ä?BC�>@?BÁ�KBA@D�JLCPF¼I�A@DÄA

A@D F¼?B¾k�»F¼A@D0?BCÌJL�ÄÅ�A@��F¼J|MLA�FE����A�FÄF¼A@�E��D2;	¾ZÁ�F¼J�F¼?B>ÇÁ��ÄA@>@?BDÄ?BJLCäF¼I²��C#F¼I�An>@A@C&F¼�¼��K�KB?B¾Z?ÃF F¼I�A9�JL�ÄA@¾¤7`È C#��KBK=F¼I�AÇDÄA@¿�À�A@KK*
(bn)

ï�?BKBK�Å�A@C�J�F¼An�.DÄA@¿�À�A@C�>@A;J�ûH?BC�>@�ÄAr��DÄ?BC�M.Á�JLDÄ?ÃF¼?ÃÂLA4C�À�¾4��A@�ÄDD¼�»F¼?BD ûv;	?BC�M
1 = o(b2n)

��C�Å
b2n = o(n)

*�F¼I²�»FE?BD

bn −→ ∞,
bn√
n
−→ 0.


K�	7 � 7 � ���

�äµ	«U°�´8éA�[°²®?ãÔ¦¤jÕv°'Õ�ª��® : Ú9x lBVjf�CaVjiLo[f´pqV	a9h5lmfedGgH=>iLd@a�x/¸²_�a�lyd9ru?
M
g
M ′ a�x5~

‖M‖ nel a�x5~(=>iLdQlBVjfClydEa�x'nmhji7n7f�a�x5~�lBVjfSfekjpeo©ry~qfGa�x@xBiLd9_Ëi)=
M
g�dGf�nmhjf�pelyrv{�feoÛ¸M| N iLd4a�x/¸

n>t+k	a�dGfS_�a�lyd9ru?
M
g
det(M)

a�x5~
ρ(M)

a�dGf�lBVjfc~qfelmfed9_�rvx5a�xjl/a�x5~=lBVjfCnmhjf�pelydEa�o«dEa�~�rvk�n
i)=
M
g$dGf�nmhjf�pelyrv{�feoÛ¸M|¹±´iLdGf�iL{�fedGgpCDfUC�rvovo�nqVjiLd9lmfex K ���ÄMLA�Å�A�Â	? �»F¼?BJLCWÁ��Ä?BC�>@?BÁ�KBA F�¸ÇImRQO�|Ú9x�a�~�~�rvlyrKiLx'g$=>iLdQaSn7fGt+kjfexBp�fCi)=�dEa�x5~qiL_ú{La�d9ryaLF+o[f�n

(Zn)n
iLx

Rd×p g�CDf$n>a@¸SlBV	a�l (Zn)np�iLxj{�fed[Tqf�n
(b2n)−

nek7hjfedGf]?ehjiLxBfexjlyrya�ovoÛ¸�=+a8nel�rvx�h5dGi F�aLF+rvo©rvlD¸=lmi=n7iL_cf�dEa�x5~qiL_ {La�d9ryaLF+o[f
Zr =Gg1=>iLdQa�ovo

δ > 0
g

lim sup
n→∞

1

b2n
log P

(
‖Zn − Z‖ > δ

)
= −∞.

Ô�V�r[n A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@A C�rvlBV�nmhjf�fG~
b2n
C�rvovomF9f�nqVjiLd9lmfexBfG~�a8n

Zn
superexp
=⇒
b2n

Z.

Ô�Vjf A�ü�Á�JLC�A@C&F¼? ��K¢A@¿�À�?ÃÂ���KBA@C�>@A C�rvlBVwnmhjf�fG~
b2n

F9felcCDf�fex�lcCDi4n7fGt+kjfexBp�f�n4i)=�dEa�x5~qiL_ú{La�d9rBA
aLF+o[f�n

(Yn)n
a�x5~

(Zn)n
gHCaVji7n7f�h5dGf�per[n7f�~qf·sPxjrvlyrKiLxÍr[nÂT�rv{�fex rvxXR4f·sPxjrvlyrKiLxØó5|«Ì�|BÊ�×²i)=JºÕ�ý_LGg�C�rvovomF9f�nqVjiLd9lmfexBfG~�a8n

Yn
superexp∼

b2n

Zn.

� b �



ø&�[c O5�Ñ��#&%(h�!��`�khô%(h�l0���`���)#��(i5'(�(%(h�!Q�kd(h Þ!��'(i"i	����� �#��(%4�����)#��
È C(F¼I�?BD�&²�ÄD F;Á²��� F>*)ï9A.û�J	>@À�DnJLÀ��n�»FÄF¼A@C&F¼?BJLC(JLCW¾ZJ	Å�A@�¼�»F¼A�Å�A�Â	? �»F¼?BJLC�D4û�JL�4F¼I�A|¶4À��E��?BC��ù �»F¼DÄJLC�D F��»F¼?BD F¼?B>N?BC5F¼I�A(Ar��D2;5>r��DÄA@ï�I�A@�ÄA(F¼I�A(Å��Ä?ÃÂLA@C�C�JL?BDÄA

(Vn)
?BDäC�JL�Ä¾k��KBK};QÅ�?BD��F¼�Ä?[��À�F¼A@Å¢7�G0I�?BDE�ÄA@D F¼�Ä?B>�F¼?ÃÂLA���DÄDÄÀ�¾ZÁ�F¼?BJLCN��KBKBJ7ï�D0À�DEF¼JZ�ÄA@Å�À�>@A�F¼I�A�DÄA�F4J�ûyI�;	Á�J�F¼I�A@DÄ?BDEF¼JF¼I�A;A�ü�?BD F¼A@C�>@A�J�û

t > 0
DÄÀ�>�I¤F¼I²�»F

¼ ø :yÔk¾
E

[
exp(tε2

0)
]
<∞,

¼ ø :[Þ�¾
E

[
exp(tX2

0 )
]
<∞.

�Cä~µ�=´�µ	« × :[Þ�:yÔ/: ^�n�nek�_cfClBV	a�lDlBVjfedGfSf]?Mr[nelvn
t > 0

nekjpqV�lBV	a�l ¼ ø :yÔk¾ a�x5~ ¼ ø :[Þ�¾ a�dGf
n>a�lyr[n·s:fG~�|ZÔ�Vjfex'gPlBVjf�n7fGt+kjfexBp�f

(√
n

bn

(
θ̂n − θ∗

))

n≥1n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
R
C�rvlBVwnmhjf�fG~

b2n
a�x5~`Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

Iθ(x) =
x2

2σ2
θ


K�	7½�	7 � �
CaVjfedGf

σ2
θ

r[n(T�rv{�fexÀF�¸ð´)ý�|BÊ�|Íõ�·M|
�Cä~µ�=´�µ	« × :[Þ�:[Þ�: ^�n�nek�_cfClBV	a�lDlBVjfedGfSf]?Mr[nelvn

t > 0
nekjpqV�lBV	a�l ¼ ø :yÔk¾ a�x5~ ¼ ø :[Þ�¾ a�dGf

n>a�lyr[n·s:fG~�|ZÔ�Vjfex'gDa8n$n7i7iLx�a8n
θ 6= −ρ gDlBVjf�n7fGt+kjfexBp�f
(√

n

bn

(
θ̂n − θ∗

ρ̂n − ρ∗

))

n≥1n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
R2

C�rvlBVwnmhjf�fG~
b2n
a�x5~<Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

K(x) =
1

2
x′Γ−1x


K�	7½�	7½�M�
CaVjfedGf

Γ
r[nQT�rv{�fexÀF�¸ð´)ý�|BÊ�|BÊ�×q·M|9Ú9x�h	a�d9lyrKpek�o}a�dGgUlBVjf�n7fGt+kjfexBp�f

(√
n

bn

(
ρ̂n − ρ∗

))

n≥1n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
R
C�rvlBVwnmhjf�fG~

b2n
a�x5~`Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

Iρ(x) =
x2

2σ2
ρ


K�	7½�	7 ���
CaVjfedGf

σ2
ρ

r[n(T�rv{�fexÀF�¸ð´)ý�|BÊ�|tr\·M|
� b �



�äµ	«U°�´8éJ× :[Þ�:yÔ/: Ô�Vjf4p�iL{La�d9rya�xBp�f$_�a�lyd9ru?
Γ
r[n�rvxj{�fed9lyrDF+o[f�r =Va�x5~wiLxjoÛ¸�r =

θ 6= −ρ nervxBp�fiLxBf4pGa�x�n7f�f8F�¸�aSnelydEa�rUT0V�l =>iLd�CUa�dE~wpGa�o[pek�o}a�lyrKiLx�lBV	a�l
det(Γ) =

σ2
θ(θ + ρ)2(1 − θρ)

(1 + ρ2)
.

±´iLdGf�iL{�fedGgPrvx@lBVjf�h	a�d9lyrKpek�o}a�d4pGa8n7fQCaVjfedGf
θ = −ρ gDlBVjf�n7fGt+kjfexBp�f�n

(√
n

bn

(
θ̂n − θ∗

))

n≥1

a�x5~ (√
n

bn

(
ρ̂n − ρ∗

))

n≥1

n>a�lyr[nN=\¸`ImRQOÐiLx
R
C�rvlBV�nmhjf�fG~

b2n
a�x5~<Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx'nVdGf�nmhjf�pelyrv{�feoÛ¸<T�rv{�fexÀF�¸

Iθ(x) =
x2(1 − θ2)

2(1 + θ2)

a�x5~
Iρ(x) =

x2(1 − θ2)

2θ4(1 + θ2)
.

�Cä~µ�=´�µ	« × :[Þ�:[ò�: ^�n�nek�_cfClBV	a�lDlBVjfedGfSf]?Mr[nelvn
t > 0

nekjpqV�lBV	a�l ¼ ø :yÔk¾ a�x5~ ¼ ø :[Þ�¾ a�dGf
n>a�lyr[n·s:fG~�|ZÔ�Vjfex'gPlBVjf�n7fGt+kjfexBp�f

(√
n

bn

(
D̂n −D∗

))

n≥1

n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
R
C�rvlBVwnmhjf�fG~

b2n
a�x5~`Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

ID(x) =
x2

2σ2
D


K�	7½�	7 �q�
CaVjfedGf

σ2
D

r[n(T�rv{�fexÀF�¸ð´)ý�|BÊ�|BÊ@Ì�·M|
ODdGi7i)=+| G0I�A@JL�ÄA@¾ �	7½�	7 � *�G0I�A@JL�ÄA@¾ �	7½�	7½�,��C�Å5G0I�A@JL�ÄA@¾ �	7½�	7 �U���ÄA¤Á��ÄJvÂLA@Å!?BC!<	A@>�F¼?BJLC
��7
ø&� _ O5�Ò��#&%(h�!��`�kh %(h�l0���`���)#��(i,'(�(%(h�!º�kd(hg3ed(h>�&à»+<h>%(#�'��]�]j��8h

�#��(%4�����)#��
XÇ? �Z��C�A�ü	F¼A@C�DÄ?ÃÂLA.À�DÄA�J�ûb�yÀ�I²��KBDEZ�?B?K% D��ÄA@DÄÀ�KÃF>*jï9AQï�?BKBK�C�J7ïTû�J	>@À�DEJLÀ��4�»FÄF¼A@C&F¼?BJLC¤JLC¤F¼I�A¾ZJL�ÄAyMLA@C�A@�¼��KLû��¼��¾ZAeï9JL�EZ�ï�I�A@�ÄAbF¼I�AbÅ��Ä?ÃÂLA@C�C�JL?BDÄA

(Vn)
?BD~��DÄDÄÀ�¾ZA@Å;F¼JED¼�»F¼?BD ûv;ÇF¼I�A9þ9I�A@C��ú�A@Å�JLÀ	üäFm;	Á�An>@JLC�Å�?ÃF¼?BJLC¢7`¸0>@>@JL�ÄÅ�?BC�MLK};M*	JLC�AnDÄI²��KBK�?BC&F¼�ÄJ	Å�À�>@A4F¼I�AÇû�JLKBKBJ7ï�?BC�M�I�;	Á�J�F¼I�A@DÄ?BD+*

û�JL�
a = 2

��C�Å
a = 4

7
¼ Å 
 :yÔk¾ þ9I�A@C���ú�A@Å�JLÀ	üu7

lim sup
n→∞

1

b2n
log nP

(
|V1|a > bn

√
n
)

= −∞.

� bx�



¼ Å 
 :[Þ�¾
|ε0|a
bn
√
n

superexp
=⇒
b2n

0.

¼ Å 
 :[ò�¾
|X0|a
bn
√
n

superexp
=⇒
b2n

0.

�äµ	«U°�´8é¶× :[ò�:yÔ/: ÚB=�lBVjfQdEa�x5~qiL_ú{La�d9ryaLF+o[f
V1

n>a�lyr[n·s:f�n ¼ Å 
 :yÔk¾ C�rvlBV
a = 2

gPlBVjfex
lim sup
n→∞

1

b2n
log nP

( ∣∣V 2
1 − E[V 2

1 ]
∣∣ > bn

√
n
)

= −∞,

K�	7 ��7 � �

CaV�rKpqV�rv_�h5o©rKf�n4rvx�h	a�d9lyrKpek�o}a�dClBV	a�l X ���
(V 4

1 ) < ∞ |`±´iLdGf�iL{�fedGg�r =4lBVjf�dEa�x5~qiL_Ù{La�d9ryaLF+o[f
V1

V	a8n�f]?ehjiLxBfexjlyrya�oB_ciL_cfexjlvn�gPry|·f>|/r =VlBVjfedGf4f]?Mr[nelvn
t > 0

nekjpqV=lBV	a�l
E

[
exp (tV 2

1 )
]
<∞,

lBVjfex ¼ Å 
 :yÔk¾ r[n$n>a�lyr[n·s:fG~M=>iLdCfe{�fed\¸SrvxBpedGfGa8nervx"T4n7fGt+kjfexBp�f
(bn)

| N dGiL_mJºÕ	LGgqJ)ý Õ_LGg�p�iLx5~�rBA
lyrKiLx5´)ý�|ÏÕq|BÊ\·Sr[n4fGt+k�rv{La�o[fexjlPlmi�n>a@¸�lBV	a�lUlBVjf�n7fGt+kjfexBp�f

(
1

bn
√
n

n∑

k=1

(
V 2
k − E[V 2

k ]
))

n≥1n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
R
C�rvlBVwnmhjf�fG~

b2n
a�x5~`Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

I(x) =
x2

2
X ���

(V 2
1 )
.

�äµ	«U°�´8éö× :[ò�:[Þ�: ÚB=wCDf�pqVji7i7n7f
bn = nα

C�rvlBV
0 < α < 1/2

g ¼ Å 
 :yÔk¾ r[n�rv_�_cfG~�rya�lmfeoÛ¸
n>a�lyr[n·s:fG~�r =VlBVjfedGf�f]?Mr[nelvn

t > 0
a�x5~

0 < β < 1
nekjpqV�lBV	a�l

E

[
exp (tV 2β

1 )
]
<∞,CaV�rKpqV�r[n�peo[fGa�d9oÛ¸ca\CDfGa0³�fedQa8n�nek�_�h5lyrKiLx�lBV	a�x�lBVjf�f]?Mr[nelmfexBp�f4i)=

t > 0
nekjpqV�lBV	a�l

E

[
exp (tV 2

1 )
]
<∞,

rv_�hji7n7fG~�rvx�lBVjf�h5dGfe{7rKiLk�n$n7f�pelyrKiLx5|
�äµ	«U°�´8é × :[ò�:[ò�: ÚB= ¼ Å 
 :yÔk¾ r[n�n>a�lyr[n·s:fG~�=>iLd

a = 4
g�lBVjfex²rvl/r[nca�o n7i�n>a�lyr[n·s:fG~�=>iLdca�ovo

0 < b < a
|

�äµ	«U°�´8é × :[ò�: ì : Ú9x�lBVjfClmf�pqV�xjrKpGa�o	h5dGi7i)=GnClBV	a�lC�rvovoL=>iLovo[iIC�gUdEa�lBVjfedClBV	a�x ¼ Å 
 :yÔk¾ C�rvlBV
a = 4

gUlBVjfwCDfGa0³�f�nelDa8n�nek�_�h5lyrKiLx�dGfGa�ovoÛ¸cxBf�fG~qfG~wp�iLk�o}~ÇF9f�nek�_�_�a�d9rWV8fG~ÂF�¸�lBVjfSf]?Mr[nelmfexBp�f
i)=Ca�o}a�d[Tqf�p�iLx'nel a�xjl

C
nekjpqV�lBV	a�l

lim sup
n→∞

1

b2n
log P

(
1

n

n∑

k=1

V 4
k > C

)
= −∞.

� b �



�Cä~µ�=´�µ	«Å× :[ò�:yÔ/: ^�n�nek�_cfVlBV	a�l ¼ Å 
 :yÔk¾ g ¼ Å 
 :[Þ�¾ a�x5~ ¼ Å 
 :[ò�¾ a�dGf$n>a�lyr[n·s:fG~�|ZÔ�Vjfex'g
lBVjf�n7fGt+kjfexBp�f

(√
n

bn

(
θ̂n − θ∗

))

n≥1n>a�lyr[n·s:f�nVlBVjf²ImRQO÷iLx
R

T�rv{�fex�rvxXÔ�Vjf�iLdGfe_ ý�|«Ì�|BÊ�|
�Cä~µ�=´�µ	«Å× :[ò�:[Þ�: ^�n�nek�_cfVlBV	a�l ¼ Å 
 :yÔk¾ g ¼ Å 
 :[Þ�¾ a�x5~ ¼ Å 
 :[ò�¾ a�dGf$n>a�lyr[n·s:fG~�|ZÔ�Vjfex'g
a8n�n7i7iLx�a8n

θ 6= −ρ gUlBVjf�n7fGt+kjfexBp�f
(√

n

bn

(
θ̂n − θ∗

ρ̂n − ρ∗

))

n≥1

n>a�lyr[n·s:f�nVlBVjf²ImRQO÷iLx
R2

T�rv{�fex�rvx�Ô�Vjf�iLdGfe_ ý�|«Ì�|«Ì�|�Ú9x�h	a�d9lyrKpek�o}a�dGgUlBVjf�n7fGt+kjfexBp�f
(√

n

bn

(
ρ̂n − ρ∗

))

n≥1n>a�lyr[n·s:f�nVlBVjf²ImRQO÷iLx
R
a�o n7i8T�rv{�fex�rvx�Ô�Vjf�iLdGfe_ ý�|«Ì�|«Ì�|

�äµ	«U°�´8é"× :[ò�: × : É fHV	a�{�f�a�o©dGfGa�~@¸Vn7f�fex�rvxÂËIfe_�a�dg³`ý�|«Ì�|BÊ4lBV	a�l«lBVjfQp�iL{La�d9rya�xBp�f/_�a�lyd9ru?
Γ
r[n�rvxj{�fed9lyrDF+o[f�r =�a�x5~´iLxjoÛ¸�r =

θ 6= −ρ |�Ú9xJlBVjfVh	a�d9lyrKpek�o}a�d�pGa8n7fUCaVjfedGf
θ = −ρ gVlBVjfn7fGt+kjfexBp�f�n

(√
n

bn

(
θ̂n − θ∗

))

n≥1

a�x5~ (√
n

bn

(
ρ̂n − ρ∗

))

n≥1n>a�lyr[nN=\¸�lBVjf²ImRQOÐiLx
R

T�rv{�fex�rvx�ËIfe_�a�dg³µý�|«Ì�|BÊ�|
�Cä~µ�=´�µ	«Å× :[ò�:[ò�: ^�n�nek�_cfVlBV	a�l ¼ Å 
 :yÔk¾ g ¼ Å 
 :[Þ�¾ a�x5~ ¼ Å 
 :[ò�¾ a�dGf$n>a�lyr[n·s:fG~�|ZÔ�Vjfex'g
lBVjf�n7fGt+kjfexBp�f

(√
n

bn

(
D̂n −D∗

))

n≥1n>a�lyr[n·s:f�nVlBVjf²ImRQO÷iLx
R

T�rv{�fex�rvxXÔ�Vjf�iLdGfe_ ý�|«Ì�|ÏÕq|
ODdGi7i)=+| G0I�A@JL�ÄA@¾ �	7 ��7 � *�G0I�A@JL�ÄA@¾ �	7 ��7½�,��C�Å5G0I�A@JL�ÄA@¾ �	7 ��7 �U���ÄA¤Á��ÄJvÂLA@Å!?BC!<	A@>�F¼?BJLC
��7
ø&�NÝ 12!$#&#�pµ#�pZ�kd(hv�º�b�)� !$h>i"'4���ki
8²JL����¾k�»FÄF¼A@�0J�û{�ÄAr��Å²����?BKB?ÃFm;M*	DÄJL¾ZAnC�J�F��»F¼?BJLCÌ>@JL¾Z¾ZJLC�K};kÀ�DÄA@Å�?BCäF¼I�Anû�JLKBKBJ7ï�?BC�M.Á��ÄJ	J�û�DI²�rÂLA;F¼JS��A;?BC&F¼�ÄJ	Å�À�>@A@Å¢7b8{?B�ÄD F>*�û�JL����KBK

n ≥ 1
*�KBA�F

Ln =

n∑

k=1

V 2
k .


K�	7 ��7 � �

� b�*



G0I�A@C)*=KBA�F�À�D�Å�Ae&²C�A
Mn
*�û�JL����KBK

n ≥ 1
*²��D

Mn =

n∑

k=1

Xk−1Vk

K�	7 ��7½�M�

ï�I�A@�ÄA
M0 = 0

708²JL����KBK
n ≥ 1

*=Å�A@C�J�F¼AQ��; Fn
F¼I�A

σ
����KBMLA+���¼�.J�û{F¼I�A�A�ÂLA@C&F¼DÇJ	>@>@À��Ä�Ä?BC�MÀ�Á¤F¼J�F¼?B¾ZA

n
* Fn = σ(X0, ε0, V1, · · · , Vn)

7bùUA�?BC�û�A@��û��ÄJL¾
(5.4.2)

F¼I²�»F
(Mn)n≥0

?BDE�KBJ	>r��KBK};�DÄ¿�À²���ÄA9� ?BC&F¼A@ML�¼����KBA0�ÄAr��K�¾k��� F¼?BC�M&��KBAUï�?ÃF¼I|�ÄA@DÄÁ�A@>�F F¼JnF¼I�A�&²KÃF¼�¼�»F¼?BJLC
F = (Fn)n≥0ï�?ÃF¼IäÁ��ÄA@Å�?B>�F�����KBAE¿�À²��Å��¼�»F¼?B>�Â����Ä? �»F¼?BJLC|ML?ÃÂLA@C���; 〈M〉0 = 0

��C�ÅZû�JL����KBK
n ≥ 1

* 〈M〉n =
σ2Sn−1

*'ï�I�A@�ÄA
Sn =

n∑

k=0

X2
k .


K�	7 ��7 ���
¹¤JL�ÄA@JvÂLA@�+*

(Nn)n≥0
?BD0Å�Ae&²C�A@Å)*²û�JL����KBK

n ≥ 2
*=��D

Nn =
n∑

k=2

Xk−2Vk

K�	7 ��7 �q�

��C�Å
N0 = N1 = 0

7UÈ�F|?BD.C�J�F|I²���ÄÅPF¼J(DÄA@AÌF¼I²�»F
(Nn)n≥0

?BD���KBDÄJW�(KBJ	>r��KBK};WDÄ¿�À²���ÄA9�?BC&F¼A@ML�¼����KBA.�ÄAr��Ky¾k��� F¼?BC�M&��KBA�DÄI²���Ä?BC�MÌF¼I�A|D¼��¾ZA�Á��ÄJLÁ�A@� F¼?BA@DÇF¼I²��C
(Mn)n≥0

7Z¹¤JL�ÄA|Á��ÄA9�>@?BDÄA@K};M*	?ÃF¼DbÁ��ÄA@Å�?B>�F�����KBA�¿�À²��Å��¼�»F¼?B>�Â����Ä? �»F¼?BJLC�?BD ML?ÃÂLA@Cc��; 〈N〉n = σ2Sn−2
7`GHJ�>@JLC�>@KBÀ�Å�A�*KBA�F

P0 = 0
��C�Å)*�û�JL����KBK

n ≥ 1
*

Pn =

n∑

k=1

Xk−1Xk.

K�	7 ��7½�M�

ì :yÔ/: ¥�´�¢Yæ�Yæ4�Cä~µ�=´�µ	«Å× :[Þ�:yÔ/:
ý9A�û�JL�ÄA�D F���� F¼?BC�MäF¼I�A|Á��ÄJ	J�û J�û G0I�A@JL�ÄA@¾È�	7½�	7 � *)ï9A|C�A@A@ÅWF¼JÌ?BC&F¼�ÄJ	Å�À�>@A�DÄJL¾ZA.F¼A@>�I�C�?B>r��KF¼J	JLKBD@7y¶4A@C�J�F¼AQ��;

`
F¼I�A���KB¾ZJLD F�DÄÀ��ÄA�KB?B¾Z?ÃF9J�û

Sn/n
+ � Ø.-K*²ML?ÃÂLA@C���;

` =
σ2(1 + θρ)

(1 − θ2)(1 − θρ)(1 − ρ2)
.


K�	7 ��7 ���

bµ	« «U°�× : ì :yÔ/:Z; x5~qfed/lBVjf�a8n�nek�_�h5lyrKiLx'n�i)=ZÔ�Vjf�iLdGfe_ ý�|«Ì�|BÊ8gdCDfMV	a�{�f�lBVjfVf]?ehjiLxBfexjlyrya�o
p�iLxj{�fed[TqfexBp�f

Sn
n

superexp
=⇒
b2n

`

K�	7 ��7½ÚM�

CaVjfedGf
`
r[nQT�rv{�fexÀF�¸ð´)ý�| ó5|Nþq·M|

ODdGi7i)=+| ¸Eû F¼A@��D F¼�¼��?BMLI&FÄû�JL�2ï����ÄÅ#>r��KB>@À�K �»F¼?BJLC�D+*qï9A�MLA�F0F¼I²�»F�û�JL����KBK
n ≥ 2

*

Sn
n

− ` =
`

σ2

[(
Ln
n

− σ2

)
+ 2θ∗

Mn

n
− 2θρ

Nn

n
+
Rn

n

] 
K�	7 ��7 î��

� bx6



ï�I�A@�ÄA
Ln
*
Mn
*
Sn
��C�Å

Nn
���ÄAk�ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};UML?ÃÂLA@C²��; 
K�	7 ��7 � �9*�
K�	7 ��7½�M�9*I
K�	7 ��7 ���;��C�Å


K�	7 ��7 �q�9*
Rn = [2(θ + ρ)ρ∗ − (θ + ρ)2 − (θρ)2]X2

n − (θρ)2X2
n−1 + 2ρ∗XnXn−1 + ξ1,��C�Å�ï�I�A@�ÄAnF¼I�A;�ÄA@¾k��?BC�Å�A@��F¼A@�Ä¾

ξ1 = (1 − 2θρ− ρ2)X2
0 + ρ2ε2

0 + 2θρX0ε0 − 2ρρ∗(ε0 −X0)X0 + 2ρ(ε0 −X0)V1.

8{?B�ÄD F J�ûH��KBKK*
(Vn)

?BD���DÄA@¿�À�A@C�>@AnJ�û~?BC�Å�A@Á�A@C�Å�A@C&F���C�Åk?BÅ�A@C&F¼?B>r��KBK};�Å�?BD F¼�Ä?[��À�F¼A@Å  ��À�D��DÄ? ��CZ�¼��C�Å�JL¾eÂ����Ä? ����KBA@D«ï�?ÃF¼I�<@A@�ÄJ�¾ZAr��CZ��C�Å|Â����Ä? ��C�>@A
σ2 > 0

7`È�F ?B¾Z¾ZA@Å�? �»F¼A@K};;û�JLKBKBJ7ï�Dû��ÄJL¾Sþ9�¼��¾Z½@��� þ9I�A@�ÄC�J�T�% D�G0I�A@JL�ÄA@¾=*²A�ü�Á�JLÀ�C�Å�A@Å�A�7 M�7b?BCe+ ����-K*�F¼I²�»F0û�JL����KBK
δ > 0

*

lim sup
n→∞

1

n
log P

(∣∣∣∣
Ln
n

− σ2

∣∣∣∣ > δ

)
< 0.


K�	7 ��7 Ø��
<	?BC�>@A

b2n = o(n)
*�F¼I�A;K �»FÄF¼A@��>@JLC&ÂLA@�ÄMLA@C�>@A.KBAr��Å�D�F¼J

Ln
n

superexp
=⇒
b2n

σ2,

K�	7 ��7 � ñ��

A@C�DÄÀ��Ä?BC�MZF¼I�A�A�ü�Á�JLC�A@C&F¼? ��K~>@JLC&ÂLA@�ÄMLA@C�>@A.J�û
Ln/n

F¼J
σ2 ï�?ÃF¼I¤DÄÁ�A@A@Å b2n 7�¹¤JL�ÄA@JvÂLA@�+*=û�JL���KBK

δ > 0
��C�Å���DÄÀ�?ÃF�����KBA

t > 0
*'ï9A�>@KBAr���ÄK};kJM��F���?BCÌû��ÄJL¾S¹����EZ�JvÂ5% D4?BC�A@¿�À²��KB?ÃFm;ZF¼I²�»F

P

(
X2

0

n
> δ

)
≤ exp (−tnδ) E

[
exp(tX2

0 )
]
,

ï�I�?B>�I¤?B¾Z¾ZA@Å�? �»F¼A@K};|?B¾ZÁ�KB?BA@D9Â	? � ¼ ø :[Þ�¾ *
X2

0

n

superexp
=⇒
b2n

0,

K�	7 ��7 �M� �

��C�Å�ï9A�MLA�F�F¼I�A�A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@A�J�û
X2

0/n
F¼Jcñ4ï�?ÃF¼I¤DÄÁ�A@A@Å

b2n
7bG0I�A�D¼��¾ZA;?BDF¼�ÄÀ�AEû�JL�

V 2
1 /n

*
ε2
0/n

��C�Åä¾ZJL�ÄA�MLA@C�A@�¼��KBK};.û�JL�9��C�;Z?BDÄJLK �»F¼A@Å|F¼A@�Ä¾ J�û�JL�ÄÅ�A@�:�;?BCZ�ÄA@K �»F¼?BJLC

K�	7 ��7 î���ï�I�JLDÄA.C�À�¾ZA@�¼�»F¼JL�EÅ�JäC�J�FÇÅ�A@Á�A@C�ÅWJLC

n
7Çú�A�FÇÀ�DÇC�J7ïXû�J	>@À�D4JLÀ��Ç�»FÄF¼A@C&F¼?BJLCNJLC

X2
n/n

7bG0I�A;¾ZJ	Å�A@KP
K�	7 � 7 � �9>r��C=��An�ÄAeï��Ä?ÃFÄF¼A@C¤?BCÌF¼I�AnÂLA@>�F¼JL�Ä? ��Kuû�JL�Ä¾=*
Φn = AΦn−1 +Wn


K�	7 ��7 � �M�
ï�I�A@�ÄA

Φn =
(
Xn Xn−1

)′ D F���C�Å�D0û�JL��F¼I�A;K ��M.ÂLA@>�F¼JL�EJ�û{JL�ÄÅ�A@����*
Wn =

(
Vn 0

)′ ��C�Å

A =

(
θ + ρ −θρ

1 0

)
.


K�	7 ��7 � ���
È�F�?BD.Ar��D2;UF¼J(DÄI�J7ïåF¼I²�»F

ρ(A) =
¾k��ü

(|θ|, |ρ|) < 1
À�C�Å�A@�.F¼I�AäD F�����?BKB?ÃFm;W>@JLC�Å�?ÃF¼?BJLC�D@7¸0>@>@JL�ÄÅ�?BC�M|F¼JZ�y�ÄJLÁ�JLDÄ?ÃF¼?BJLCw��7 � J�û�+ �M� �0-K*

‖Φn‖2

n

superexp
=⇒
b2n

0,

� b _



ï�I�?B>�I¤?BD0>@KBAr���ÄK};äDÄÀ'1Z>@?BA@C&F�F¼JZÅ�A@Å�À�>@A;F¼I²�»F
X2
n

n

superexp
=⇒
b2n

0.

K�	7 ��7 � �q�

G0I�A(A�ü�Á�JLC�A@C&F¼? ��KE>@JLC&ÂLA@�ÄMLA@C�>@AWJ�û
Rn/n

F¼J²ñ�ï�?ÃF¼I5DÄÁ�A@A@Å
b2n
?BDä��>�I�?BA�ÂLA@Å!û�JLKBKBJ7ï�?BC�M

A�ü���>�F¼K};|F¼I�A4D¼��¾ZAEKB?BC�A@D@7`GHJ.>@JLC�>@KBÀ�Å�AEF¼I�AEÁ��ÄJ	J�û�J�û~ú�A@¾Z¾k�C�	7 ��7 � *	?ÃF9�ÄA@¾k��?BC�DyF¼J�D F¼À�Å';F¼I�AnA�ü�Á�JLC�A@C&F¼? ��K���D2;	¾ZÁ�F¼J�F¼?B>$��A@I²�rÂ	?BJL��J�û
Mn/n

7b8²JL�0��KBK
δ > 0

��C�Å#��DÄÀ�?ÃF�����KBA
y > 0

*

P

(
Mn

n
> δ

)
= P

(
Mn

n
> δ, 〈M〉n ≤ y

)
+ P

(
Mn

n
> δ, 〈M〉n > y

)
,

≤ exp

(
−n

2δ2

2y

)
+ P

(
〈M〉n > y

)
,


K�	7 ��7 � �M�
��;[��Á�Á�KB?B>r�»F¼?BJLC J�û4G0I�A@JL�ÄA@¾À��7 � J�û<+ ��ñ.-0?BCQ>r��DÄA¤J�ûÇ�  ��À�DÄDÄ? ��CQ¾k��� F¼?BC�M&��KBA�7UG0I�A@C)*
C�J�F¼?BC�M�F¼I²�»F�ï9A;I²�rÂLA;F¼I�Anû�JLKBKBJ7ï�?BC�M.?BC�A@¿�À²��KB?ÃFm;M*

Sn ≤ αX2
0 + βε2

0 + βLn
��7 D@7 
K�	7 ��7 � ���

ï�?ÃF¼I
α = 1+(1 − |θ|)−2 ��C�Å β = (1 − |ρ|)−2 (1 − |θ|)−2 *�ï9A�MLA�F`û�JL�y�ÇDÄÀ�?ÃF�����KBA t > 0

*

P

(
〈M〉n > y

)
≤ P

(
X2

0 >
y

3ασ2

)
+ P

(
ε2
0 >

y

3βσ2

)
+ P

(
Ln−1 >

y

3βσ2

)
,

≤ exp

( −yt
3ασ2

)
E

[
exp(tX2

0 )
]

+ exp

( −yt
3βσ2

)
E

[
exp(tε2

0)
]

+ P

(
Ln−1 >

y

3βσ2

)
,

≤ 3 max

(
exp

( −yt
3ασ2

)
E

[
exp(tX2

0 )
]
, exp

( −yt
3βσ2

)
E

[
exp(tε2

0)
]
,

P

(
Ln−1 >

y

3βσ2

))
.

ú�A�FEÀ�D�>�I�J	JLDÄA
y = nx

*=��DÄDÄÀ�¾Z?BC�M
x > 3βσ4 7bÈ�F0û�JLKBKBJ7ï�D9F¼I²�»F

1

b2n
log P

(
〈M〉n > nx

)
≤ log 3

b2n
+

1

b2n
max

(−nxt
3ασ2

+ log E

[
exp(tX2

0 )
]
,

−nxt
3βσ2

+ log E

[
exp(tε2

0)
]
, log P

(
Ln−1 >

nx

3βσ2

))
.

<	?BC�>@A
b2n = o(n)

��C�Å���;¤Â	?B� F¼À�A�J�û/
K�	7 ��7 � ñ��:ï�?ÃF¼I
δ = x/(3βσ2) − σ2 > 0

*Yï9A.JM��F���?BC
F¼I²�»F

lim sup
n→∞

1

b2n
log P

(
〈M〉n > nx

)
= −∞.
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δ > 0

*

lim sup
n→∞

1

b2n
log P

(
Mn

n
> δ

)
= −∞.
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Mn
��; −Mn

?BC�
K�	7 ��7 � î�� DÄ?BC�>@A
Mn

��C�Å −MnDÄI²���ÄAnF¼I�A;D¼��¾ZA;Å�?BD F¼�Ä?[��À�F¼?BJLC¢7{G0I�A@�ÄA�û�JL�ÄA�*jï9A�&²C�Å#F¼I²�»F
Mn

n

superexp
=⇒
b2n

0.
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¸�DÄ?B¾Z?BK ���`�ÄAr��DÄJLC�?BC�M�KBAr��Å�DbF¼J�F¼I�A4A�ü�Á�JLC�A@C&F¼? ��K=>@JLC&ÂLA@�ÄMLA@C�>@AnJ�û
Nn/n

F¼J4ñ'*�ï�?ÃF¼IkDÄÁ�A@A@Å
b2n
7y8{?BC²��KBK};M*�ï9A4JM��F���?BC�
K�	7 ��7½ÚM�{û��ÄJL¾Ù
K�	7 ��7 î��`F¼JLMLA�F¼I�A@�Pï�?ÃF¼I@
K�	7 ��7 � ñ��9*B
K�	7 ��7 �M� �9*5
K�	7 ��7 � �q���C�Å"
K�	7 ��7 � Ø��Pï�I�?B>�I���>�I�?BA�ÂLA@D�F¼I�A;Á��ÄJ	J�û{J�û`ú�A@¾Z¾k�S�	7 ��7 � 7
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Pn
n

superexp
=⇒
b2n

`1

K�	7 ��7½��ñ��

CaVjfedGf
`1 = θ∗`

|
ODdGi7i)=+| G0I�A.Á��ÄJ	J�ûyJ�û þ9JL�ÄJLKBK ���2;��	7 ��7½�|?BDE?B¾Z¾ZA@Å�? �»F¼A@K};äÅ�A@�Ä?ÃÂLA@ÅNû��ÄJL¾âF¼I�A�û�JLKBKBJ7ï�?BC�M|?BC��A@¿�À²��KB?ÃFm;M*

∣∣∣∣
Pn
n

− θ∗
Sn
n

∣∣∣∣ =

∣∣∣∣
1

1 + θρ

Mn

n
+

1

1 + θρ

Rn(θ)

n
− θ∗

X2
n

n

∣∣∣∣ ,

≤ 1

1 + θρ

|Mn|
n

+
1

1 + θρ

|Rn(θ)|
n

+ |θ∗|X
2
n

n


K�	7 ��7½� � �
ï�?ÃF¼I

Rn(θ) = θρXnXn−1 + ρX0(ε0 −X0)
7

ùUA����ÄA�C�J7ïX?BC#F¼I�A�Á�JLDÄ?ÃF¼?BJLCÌF¼JkÁ��ÄJvÂLA.G0I�A@JL�ÄA@¾Ë�	7½�	7 � 7�ùUA�DÄI²��KBK�¾k��Z�A�À�DÄA�J�û`F¼I�Aû�JLKBKBJ7ï�?BC�M.Å�A�Â	? �»F¼?BJLCÌÁ��Ä?BC�>@?BÁ�KBA4û�JL�0¾k��� F¼?BC�M&��KBA@D9A@D F�����KB?BDÄI�A@Å=��;äùUJL�Ä¾ZD�+ �M� �0-ó7
�Cä~µ�=´�µ	« × : ì :[ò ¼ ù =´»«"� ¾0: INfel

(Yn)
F9f�a�x a�~�a9h5lmfG~wn7fGt+kjfexBp�fUC�rvlBV´{La�o©kjf�n�rvx

R
p
g

a�x5~
(Vn)

aePIa�k�n�nerya�x´xBiLr[n7fÍC�rvlBV�{La�d9rya�xBp�f
σ2 > 0

| É fCnek7h�hji7n7fClBV	a�l
(Yn)

n>a�lyr[n·s:f�n�g=>iLdIn7iL_cf�rvxj{�fed9lyrDF+o[fIn>t+k	a�dGf�_�a�lyd9ru?
C
i)=�iLdE~qfed

p
a�x5~SaQnmhjf�fG~Qn7fGt+kjfexBp�f

(b2n)
nekjpqVclBV	a�l

b2n = o(n)
gUlBVjf4f]?ehjiLxBfexjlyrya�o?p�iLxj{�fed[TqfexBp�fª=>iLdCa�x/¸

δ > 0
g

lim
n→∞

1

b2n
log P

(∥∥∥∥∥
1

n

n−1∑

k=0

YkY
′
k − C

∥∥∥∥∥ > δ

)
= −∞.
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Ô�Vjfex'gPlBVjf�n7fGt+kjfexBp�f

(
Mn

bn
√
n

)

n≥1

� b �



n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
Rp

i)=$nmhjf�fG~
b2n
a�x5~<Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

I(x) =
1

2σ2
x′C−1x
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CaVjfedGf

(Mn)
r[nQlBVjfQ_�a�d9lyrvx"T�a�o[f(T�rv{�fexÀF�¸

Mn =

n∑

k=1

Yk−1Vk.

ODdGi7i)=+| G0I�A�Á��ÄJ	J�ûbJ�û G0I�A@JL�ÄA@¾ �	7 ��7 �k?BDÇ>@JLC&F���?BC�A@Å(?BC�F¼I�A.JLC�A.J�û G0I�A@JL�ÄA@¾ �kJ�ûH+ �M� ��-
ï�?ÃF¼I

d = 1
7

¥�´�¢Yæ�Yæ4�Cä~µ�=´�µ	« × :[Þ�:yÔ/: ú�A�F�À�D�>@JLC�DÄ?BÅ�A@�0F¼I�A;Å�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLC
√
n

bn

(
θ̂n − θ∗

)
=

√
n

bn

(
σ2

1 + θρ

)
Mn

〈M〉n
+

√
n

bn

(
1

1 + θρ

)
Rn(θ)

Sn−1
,
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Rn(θ)
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K�	7 ��7 �M� �9*�ï9A�JM��F���?BCäF¼I²�»F�û�JL����KBK
δ > 0

��C�Å#û�JL����DÄÀ�?ÃF�����KBA
t > 0

*

lim sup
n→∞

1

b2n
log P

(
X2

0

bn
√
n
> δ

)
≤ lim

n→∞

(
−tδ

√
n

bn

)
+ lim

n→∞

1

b2n
log E

[
exp(tX2

0 )
]
,

= −∞,

K�	7 ��7½�M�M�

DÄ?BC�>@A
bn = o(

√
n)
7y6EDÄ?BC�M�?BC�A@¿�À²��KB?ÃFm;

X0ε0 ≤ X2
0/2+ ε2

0/2
*�ï9AE>r��CkÁ��ÄJvÂLA4?BC|F¼I�AED¼��¾ZA

¾k��C�C�A@�EF¼I²�»F
X0ε0/bn

√
n

superexp
=⇒
b2n

0
7;¹¤JL�ÄA@JvÂLA@�+*¢À�C�Å�A@�4F¼I�A  ��À�DÄDÄ? ��C(��DÄDÄÀ�¾ZÁ�F¼?BJLCNJLC

F¼I�A;Å��Ä?ÃÂLA@C¤C�JL?BDÄA
(Vn)

*²?ÃF0?BD0C�J�FEI²���ÄÅÌF¼J|DÄA@A;F¼I²�»F
1

bn
√
n

max
1≤k≤n

V 2
k

superexp
=⇒
b2n

0.
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¸4DE��¾k�»FÄF¼A@�0J�ûHû���>�F>*�û�JL����KBK
δ > 0

��C�ÅÌû�JL����KBK
t > 0

*

P

(
max
1≤k≤n

V 2
k ≥ δbn

√
n

)
= P

(
n⋃

k=1

{
V 2
k ≥ δbn

√
n
})

≤
n∑

k=1

P

(
V 2
k ≥ δbn

√
n
)
,

≤ n exp
(
−tδbn

√
n
)

E

[
exp

(
tV 2

1

) ]
.

È C���Å�Å�?ÃF¼?BJLC)*���D0DÄJ	JLC���D
0 < t < 1/(2σ2)

*
E
[
exp(tV 2

1 )
]
<∞ 7 þ9JLC�DÄA@¿�À�A@C&F¼K};M*

1

b2n
log P

(
max
1≤k≤n

V 2
k ≥ δbn

√
n

)
≤ logn

b2n
− tδ

√
n

bn
+

log E

[
exp (tV 2

1 )
]

b2n
,

≤
√
n

bn


 log n

bn
√
n
− tδ +

log E

[
exp (tV 2

1 )
]

bn
√
n
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K�	7 � 7 � � F¼I²�»F

max
1≤k≤n

X2
k ≤ 1

1 − |θ|X
2
0 +

(
1

1 − |θ|

)2

max
1≤k≤n

ε2
k,


K�	7 ��7½�MÚM�
��D�ï9A@KBK~��D

max
1≤k≤n

ε2
k ≤

1

1 − |ρ|ε
2
0 +

(
1

1 − |ρ|

)2

max
1≤k≤n

V 2
k .
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K�	7 ��7½�����9*N
K�	7 ��7½�MÚM����C�Å�
K�	7 ��7½��î�� F¼I²�»F

1

bn
√
n

max
1≤k≤n

ε2
k

superexp
=⇒
b2n

0
��C�Å 1

bn
√
n

max
1≤k≤n

X2
k

superexp
=⇒
b2n

0,

ï�I�?B>�IäJ�û~>@JLÀ��ÄDÄAÇ?B¾ZÁ�K};.F¼I�A4A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@AnJ�û
X2
n/(bn

√
n)
F¼J�ñ'*qï�?ÃF¼IkDÄÁ�A@A@Å

b2n
7yG0I�A@�ÄA�û�JL�ÄA�*jï9A;JM��F���?BCÌF¼I²�»F

Rn(θ)

bn
√
n

superexp
=⇒
b2n

0.
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ùUA�?BC�û�A@�4û��ÄJL¾ ú�A@¾Z¾k�w�	7 ��7 � F¼JLMLA�F¼I�A@�$ï�?ÃF¼IWú�A@¾Z¾k�c��7 � J�ûQ+ �M� �0-`F¼I²�»FÇF¼I�A.û�JLKBKBJ7ï�?BC�M>@JLC&ÂLA@�ÄMLA@C�>@A�?BD0D¼�»F¼?BD2&²A@Å)*
n

Sn

superexp
=⇒
b2n

1

`


K�	7 ��7 �Mñ��
ï�I�A@�ÄA

` > 0
?BD0ML?ÃÂLA@C=��;�
K�	7 ��7 ����7 ¸0>@>@JL�ÄÅ�?BC�M|F¼J�
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√
n

bn

(
1

1 + θρ

)
Rn(θ)

Sn−1

superexp
=⇒
b2n

0.
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K�	7 ��7 �Mñ�� F¼I²�»F0F¼I�A;D¼��¾ZA;?BD�F¼�ÄÀ�AÇû�JL�
σ2

1 + θρ

Mn

bn
√
n

(
n

〈M〉n
− 1

σ2`

)
superexp
=⇒
b2n

0,
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DÄ?BC�>@A¤ú�A@¾Z¾k���	7 ��7 � F¼JLMLA�F¼I�A@�4ï�?ÃF¼IQG0I�A@JL�ÄA@¾ �	7 ��7 ��ï�?ÃF¼I
p = 1

Å�?B�ÄA@>�F¼K}; DÄI�J7ïâF¼I²�»F
(Mn/(bn

√
n))

D¼�»F¼?BD2&²A@D���C#ú~¶Ç�Jï�?ÃF¼IÌDÄÁ�A@A@Å
b2n
��C�ÅÌMLJ	J	Åä�¼�»F¼A4û�À�C�>�F¼?BJLCÌML?ÃÂLA@C)*�û�JL�0��KBK

x ∈ R
*j��;

J(x) =
x2

2`σ2
.


K�	7 ��7 �M���
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√
n

bn

(
θ̂n − θ∗

)
superexp∼

b2n

1

`(1 + θρ)

Mn

bn
√
n
,
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(
√
n(θ̂n− θ∗)/bn)
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Iθ(x)
ML?ÃÂLA@C���;�
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b2n
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Iθ(x) = J(`(1+θρ)x)
*

F¼I²�»F�?BD
Iθ(x) =

x2

2σ2
θ

,
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n ≥ 2
*�KBA�F

Qn =
n∑

k=2

Xk−2Vk.
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È C���Å�Å�?ÃF¼?BJLC)*	û�JL����KBK
n ≥ 1

*²Å�A@C�J�F¼A

Tn = 1 + θ∗ρ∗ −
(
1 + ρ∗(θ̂n + θ∗)

) Sn
Sn−1

+
(
2ρ∗ + θ̂n + θ∗

) Pn
Sn−1

− Qn

Sn−1
,
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ï�I�A@�ÄA
Sn

��C�Å
Pn

���ÄA��ÄA@DÄÁ�A@>�F¼?ÃÂLA@K};/ML?ÃÂLA@CÍ��;Ð
K�	7 ��7 ���|��C�Å÷
K�	7 ��7½�M��7�8{?BC²��KBK};M*bû�JL�ä��KBK
n ≥ 0

*²KBA�F
Jn =

n∑

k=0

ε̂ 2
k
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(ε̂n)
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Qn

n

superexp
=⇒
b2n

`2

CaVjfedGf
`2 = ((θ + ρ)θ∗ − θρ)`

|
ODdGi7i)=+| G0I�A�Á��ÄJ	J�ûHJ�ûyþ9JL�ÄJLKBK ���2;w�	7 ��7 �|?B¾Z¾ZA@Å�? �»F¼A@K};�û�JLKBKBJ7ï�D�û��ÄJL¾åF¼I�A;?BC�A@¿�À²��KB?ÃFm;M*

∣∣∣∣
Qn

n
− ((θ + ρ)θ∗ − θρ)

Sn
n

∣∣∣∣ =

∣∣∣∣θ∗
Mn

n
+
Nn

n
+
ξQn
n

∣∣∣∣ ,

≤ |θ∗| |Mn|
n

+
|Nn|
n

+
|ξQn |
n
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ξQn
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ξQn
n

superexp
=⇒
b2n

0,
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ξQn
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p�iLxj{�fed[TqfexBp�f

An
superexp
=⇒
b2n

ACaVjfedGf
An =

n

1 + θρ




1

Sn−1

0

Tn
Jn−1

−(θ + ρ)

Jn−1


 ,


K�	7 ��7 �MØ��

a�x5~
A =

1

`(1 + θρ)(1 − (θ∗)2)

(
1 − (θ∗)2 0
θρ + (θ∗)2 −(θ + ρ)

)
.


K�	7 ��7 ��ñ��
ODdGi7i)=+| XÇ? �=
K�	7 ��7 �Mñ��9*�ï9A�Å�?B�ÄA@>�F¼K};äJM��F���?BCäF¼I�A;A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@A�*

1

(1 + θρ)

n

Sn−1

superexp
=⇒
b2n

1

`(1 + θρ)
.


K�	7 ��7 � � �
G0I�An>@JL¾4��?BC²�»F¼?BJLCZJ�ûHú�A@¾Z¾k���	7 ��7 � *�þ9JL�ÄJLKBK ���2;c�	7 ��7½��*²þ9JL�ÄJLKBK ���2;c�	7 ��7 ����C�Å#ú�A@¾Z¾k�Q��7 �J�û�+ �M� �.-�DÄI�J7ï�D+*��»û F¼A@�E��DÄ?B¾ZÁ�KBAÇ>r��KB>@À�K �»F¼?BJLC)*�F¼I²�»F

Tn
superexp
=⇒
b2n

(θ∗)2 + θρ.

K�	7 ��7 �q�M�

¹¤JL�ÄA@JvÂLA@�+*
Jn
ML?ÃÂLA@C���;�
K�	7 ��7 ��ÚM� >r��C=��A;�ÄAeï��Ä?ÃFÄF¼A@C¤��D

Jn = Sn − 2θ̂nPn + θ̂ 2
n Sn−1,ï�I�?B>�I¤KBAr��Å�D+*�Â	? ��ú�A@¾Z¾k����7 � ?BCÀ+ �M� �.-K*�F¼J

Jn
n

superexp
=⇒
b2n

`(1 − (θ∗)2).

K�	7 ��7 �����

þ9JLC&ÂLA@�ÄMLA@C�>@A@DS
K�	7 ��7 �q�M�9��C�Å"
K�	7 ��7 �����9?B¾ZÁ�K};
(

n

1 + θρ

)
Tn
Jn−1

superexp
=⇒
b2n

(θ∗)2 + θρ

`(1 + θρ)(1 − (θ∗)2)
,


K�	7 ��7 �M�q�
��C�Å�&²C²��KBK};M*

(
n

1 + θρ

)
θ + ρ

Jn−1

superexp
=⇒
b2n

θ + ρ

`(1 + θρ)(1 − (θ∗)2)
.


K�	7 ��7 �q�M�
8{?BC²��KBK};M*P
K�	7 ��7 � � �EF¼JLMLA�F¼I�A@�Vï�?ÃF¼IÍ
K�	7 ��7 �M�q�Ç��C�ÅÍ
K�	7 ��7 �q�M�n��>�I�?BA�ÂLA|F¼I�AZÁ��ÄJ	J�û9J�û0ú�A@¾Z¾k�
�	7 ��7½�	7

�Ä� �



¥�´�¢Yæ�Yæ4�Cä~µ�=´�µ	« × :[Þ�:[Þ�: ùUAnDÄI²��KBK�¾k��Z�AnÀ�DÄA�J�ûHF¼I�A;Å�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLC
√
n

bn

(
θ̂n − θ∗

ρ̂n − ρ∗

)
=

1

bn
√
n
AnZn +Bn,


K�	7 ��7 �����
ï�I�A@�ÄA

An
?BD{ML?ÃÂLA@C���;w
K�	7 ��7 �MØ��9*

(Zn)n≥0
?BDHF¼I�AI�7� Å�?B¾ZA@C�DÄ?BJLC²��K&ÂLA@>�F¼JL�y¾k��� F¼?BC�M&��KBAyML?ÃÂLA@C

��;
Zn =

(
Mn

Nn

)
,


K�	7 ��7 �qÚM�
��C�Å�ï�I�A@�ÄAnF¼I�A;�ÄA@¾k��?BC�Å�A@��F¼A@�Ä¾

Bn =
1

(1 + θρ)

√
n

bn




Rn(θ)

Sn−1

Rn(ρ)

Jn−1


 .


K�	7 ��7 ��î��

G0I�AP&²�ÄD FH>@JL¾ZÁ�JLC�A@C&F
Rn(θ)

?BD~ML?ÃÂLA@C�?BCc
K�	7 ��7½� � �5ï�I�?BKBA
Rn(ρ)

*8ï�I�JLDÄA Å�Ae&²C�?ÃF¼?BJLC;¾k�>;$��Aû�JLÀ�C�Å|?BC�F¼I�A0Á��ÄJ	J�ûuJ�û�G0I�A@JL�ÄA@¾W��7½�Ç?BC¹+ � Ø.-K*&?BDy¾k��Å�A�J�ûu?BDÄJLK �»F¼A@Å.F¼A@�Ä¾ZD@7yþ9JLC�DÄA@¿�À�A@C&F¼K};M*

K�	7 ��7½�M�M����C�Å�
K�	7 ��7½��Ø������ÄAnDÄÀ'1Z>@?BA@C&FEF¼J|A@C�DÄÀ��ÄA;F¼I²�»F

Rn(θ)

bn
√
n

superexp
=⇒
b2n

0
��C�Å Rn(ρ)

bn
√
n

superexp
=⇒
b2n

0.

G0I�A@�ÄA�û�JL�ÄA�*jï9A;JM��F���?BCÌF¼I²�»F
Bn

superexp
=⇒
b2n

0.

K�	7 ��7 ��Ø��

È C���Å�Å�?ÃF¼?BJLC)*�?ÃFkû�JLKBKBJ7ï�DZû��ÄJL¾ ú�A@¾Z¾k�²�	7 ��7½�U��C�Å�G0I�A@JL�ÄA@¾ �	7 ��7 ��ï�?ÃF¼I
p = 2

F¼I²�»F
(Zn/(bn

√
n))

D¼�»F¼?BD2&²A@D4��CNú~¶Ç�5JLC
R2 ï�?ÃF¼I�DÄÁ�A@A@Å b2n ��C�Å�MLJ	J	Å#�¼�»F¼A;û�À�C�>�F¼?BJLC¤ML?ÃÂLA@C)*û�JL����KBK

x ∈ R2 *j��;
J(x) =

1

2σ2
x′Λ−1x,


K�	7 ��7½��ñ��
ï�I�A@�ÄA

Λ = `

(
1 θ∗

θ∗ 1

)
,


K�	7 ��7½� � �
DÄ?BC�>@A�ï9A�I²�rÂLAnF¼I�A;A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@A

〈Z〉n
n

superexp
=⇒
b2n

σ2Λ

K�	7 ��7½�M�M�

��;W��Á�Á�KB?B>r�»F¼?BJLC�J�û�ú�A@¾Z¾k�w�	7 ��7 � ��C�ÅUþ9JL�ÄJLKBK ���2;��	7 ��7½�	7��ÇC�A|JM��DÄA@� ÂLA@D;F¼I²�»F
det(Λ) =

`2(1 − (θ∗)2) > 0
?B¾ZÁ�K};	?BC�M�F¼I²�»F

Λ
?BD�?BC&ÂLA@� F¼?[��KBA�7`¸4DE�|>@JLC�DÄA@¿�À�A@C�>@A�*

1

bn
√
n

(An − A)Zn
superexp
=⇒
b2n

0,

K�	7 ��7½�����

�Ä� �



��C�Å�ï9A;Å�A@Å�À�>@A;û��ÄJL¾È
K�	7 ��7 �����bF¼I²�»F
√
n

bn

(
θ̂n − θ∗

ρ̂n − ρ∗

)
superexp∼

b2n

1

bn
√
n
AZn.


K�	7 ��7½�L�q�
G0I�?BD.J�û�>@JLÀ��ÄDÄAÌ?B¾ZÁ�KB?BA@DnF¼I²�»F���J�F¼I J�û0F¼I�A@¾©DÄI²���ÄAkF¼I�AäD¼��¾ZAÌú~¶Ç�H7{G0I�AÌ>@JLC&F¼�¼��>�F¼?BJLCÁ��Ä?BC�>@?BÁ�KBAÒ+ ����-ÇA@C²����KBA@DkÀ�DkF¼J >@JLC�>@KBÀ�Å�A�F¼I²�»FkF¼I�AN�¼�»F¼A¤û�À�C�>�F¼?BJLC/J�ûnF¼I�A(ú~¶Ç��JLC

R2ï�?ÃF¼I/DÄÁ�A@A@Å
b2n
��DÄDÄJ	>@? �»F¼A@Å ï�?ÃF¼I/A@¿�À�?ÃÂ���KBA@C�>@A"
K�	7 ��7½�L�q��?BDZML?ÃÂLA@C)*9û�JL�k��KBK

x ∈ R2 *���;
K(x) = J(A−1x)

*�F¼I²�»FE?BD
K(x) =

1

2
x′Γ−1x,

ï�I�A@�ÄA
Γ = σ2AΛA′ ?BDEML?ÃÂLA@C���;"
K�	7 � 7 � ñ��9*���C�Å=ï�I�A@�ÄAQï9A�DÄI²��KBK~DÄÀ�Á�Á�JLDÄA�F¼I²�»F θ 6= −ρF¼J�A@C�DÄÀ��ÄA;F¼I²�»F

A
?BD�?BC&ÂLA@� F¼?[��KBA�7`È C#Á²��� F¼?B>@À�K ���+*�F¼I�A;K �»FÄF¼A@�9�ÄA@DÄÀ�KÃFE��KBDÄJ.?B¾ZÁ�KB?BA@D F¼I²�»F�F¼I�AMLJ	J	Å��¼�»F¼A û�À�C�>�F¼?BJLC�J�û�F¼I�A�ú~¶Ç�(JLC

R
ï�?ÃF¼I�DÄÁ�A@A@Å

b2n
��DÄDÄJ	>@? �»F¼A@ÅQï�?ÃF¼I

(
√
n(ρ̂n−ρ∗)/bn)?BD0ML?ÃÂLA@C)*�û�JL����KBK

x ∈ R
*	��;

Iρ(x) =
x2

2σ2
ρ

,

ï�I�A@�ÄA
σ2
ρ

?BD�F¼I�A�K ��D F�A@KBA@¾ZA@C&FEJ�ûHF¼I�A�¾k�»F¼�Ä? ü
Γ
7 G0I�?BDE��>�I�?BA�ÂLA@DEF¼I�A�Á��ÄJ	J�û{J�û{G0I�A@JL�ÄA@¾

�	7½�	7½�	7

ì :[ò�: ¥�´�¢Yæ�Yæ4�Cä~µ�=´�µ	«Å× :[Þ�:[ò�:
8²JL�Ç��KBK

n ≥ 1
*uÅ�A@C�J�F¼A���;

fn
F¼I�A�A�ü�Á�KBJLDÄ?BJLCN>@J	Ae1Z>@?BA@C&F���DÄDÄJ	>@? �»F¼A@Å�ï�?ÃF¼I

Jn
ML?ÃÂLA@C���;


K�	7 ��7 ��ÚM�9*�F¼I²�»F�?BD
fn =

Jn − Jn−1

Jn
=
ε̂ 2
n

Jn
.


K�	7 ��7½�M�M�
È�F�û�JLKBKBJ7ï�D9û��ÄJL¾ßÅ�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLC´
óþ47 �q�9?BCe+ � Ø.-¢F¼I²�»F

√
n

bn

(
D̂n −D∗

)
= −2

√
n

bn

(
1 − fn

)(
ρ̂n − ρ∗

)
+

√
n

bn
ζn,


K�	7 ��7½�����
ï�I�A@�ÄA4F¼I�A4�ÄA@¾k��?BC�Å�A@�yF¼A@�Ä¾

ζn
?BD ¾k��Å�AEJ�û�?BDÄJLK �»F¼A@Å|F¼A@�Ä¾ZD@7`¸4DD��A�û�JL�ÄA�*qï9AÇ>@KBAr���ÄK};�I²�rÂLA

√
n

bn
ζn

superexp
=⇒
b2n

0
��C�Å

fn
superexp
=⇒
b2n

0.

¸4DE��>@JLC�DÄA@¿�À�A@C�>@A�*
√
n

bn

(
D̂n −D∗

)
superexp∼

b2n

−2

√
n

bn

(
ρ̂n − ρ∗

)
,


K�	7 ��7½�MÚM�
��C�ÅkF¼I�?BDb?B¾ZÁ�KB?BA@D`F¼I²�»FD��J�F¼IkJ�û¢F¼I�A@¾�DÄI²���ÄAEF¼I�A4D¼��¾ZA4ú~¶Ç�H7	G0I�A4>@JLC&F¼�¼��>�F¼?BJLCkÁ��Ä?BC�>@?BÁ�KBA+ ���0-~A@C²����KBA@D�À�D�F¼J|>@JLC�>@KBÀ�Å�A;F¼I²�»F0F¼I�A��¼�»F¼Anû�À�C�>�F¼?BJLC#J�û{F¼I�A�ú~¶Ç�5JLC

R
ï�?ÃF¼I¤DÄÁ�A@A@Å

b2n

�Ä� *



��DÄDÄJ	>@? �»F¼A@Å=ï�?ÃF¼I¤A@¿�À�?ÃÂ���KBA@C�>@A�
K�	7 ��7½�MÚM�9?BD�ML?ÃÂLA@C)*=û�JL�E��KBK
x ∈ R

*Y��;
ID(x) = Iρ(−x/2)

*F¼I²�»F�?BD
ID(x) =

x2

2σ2
D

,

ï�I�?B>�I���>�I�?BA�ÂLA@D�F¼I�A;Á��ÄJ	J�û{J�û{G0I�A@JL�ÄA@¾Ù�	7½�	7 ��7

ì : ì : ¥�´�¢Yæm�|YæE�Cä~µ�=´�µ	« × :[ò�:yÔ áy�Cä~µ�=´�µ	« × :[ò�:[Þ °²®?ã!�Cä~µ�=´�µ	« × :[ò�:[ò�:
ùUA9DÄI²��KBK�C�J7ï[Á��ÄJLÁ�JLDÄA���F¼A@>�I�C�?B>r��K�KBA@¾Z¾k�0A@C�DÄÀ��Ä?BC�M4F¼I²�»Fy��KBK��ÄA@DÄÀ�KÃF¼D`��KB�ÄAr��Å';;Á��ÄJvÂLA@Å

À�C�Å�A@�0F¼I�A  ��À�DÄDÄ? ��C¤��DÄDÄÀ�¾ZÁ�F¼?BJLC#D F¼?BKBKuI�JLKBÅ#À�C�Å�A@�0F¼I�A�þ9I�A@C���ú�A@Å�JLÀ	ü#Fm;	Á�A�>@JLC�Å�?ÃF¼?BJLC¢7

bµ	« «U°w× : ì :[ô�:<; x5~qfed ¼ Å 
 :yÔk¾ g ¼ Å 
 :[Þ�¾ a�x5~ ¼ Å 
 :[ò�¾ g«a�ovojf]?ehjiLxBfexjlyrya�ojp�iLxj{�fed[TqfexBp�f�n
i)=QINfe_�_�aÂý�| ó5|BÊ8g ^ iLdGiLovo}a�d\¸µý�| ó5|«Ì�g ^ iLdGiLovo}a�d\¸µý�| ó5| ó�a�x5~`INfe_�_�aÂý�| ó5|Bý�nelyrvovoVjiLo}~�|
ODdGi7i)=+| 6EC�Å�A@� ¼ Å 
 :yÔk¾ * ¼ Å 
 :[Þ�¾ ��C�Å ¼ Å 
 :[ò�¾ *���C�Å#û�JLKBKBJ7ï�?BC�M.F¼I�A�D¼��¾ZA;¾ZA�F¼I�J	Å�JLKBJLM�;��D0F¼I�A;JLC�A;À�DÄA@Å#F¼J|A@D F�����KB?BDÄI"
K�	7 ��7½��Ø��9*�ï9A�MLA�F

X2
n

bn
√
n

superexp
=⇒
b2n

0,

K�	7 ��7½��î��

��C�Å,þ���À�>�I�;�� <	>�I�ï����E<k?BC�A@¿�À²��KB?ÃFm;¤?B¾ZÁ�KB?BA@D�F¼I²�»FÇF¼I�?BDÇ?BDn��KBDÄJkF¼I�A�>r��DÄA.û�JL�n��C�;N?BDÄJLK �»F¼A@ÅF¼A@�Ä¾ J�û=JL�ÄÅ�A@�U��*LDÄÀ�>�IZ��D
XnXn−1/(bn

√
n)
7{G0I�?BDb��KBKBJ7ï�D{À�D{F¼Jn>@JLC&F¼�ÄJLK�Ar��>�I|�ÄA@¾k��?BC�Å�A@�F¼A@�Ä¾¤7D�EJ�F¼AnF¼I²�»F ¼ Å 
 :[Þ�¾ * ¼ Å 
 :[ò�¾ ��C�Å"
K�	7 ��7½��î������ÄA;JM�&Â	?BJLÀ�DÄK};äF¼�ÄÀ�Anû�JL�

ε4
0/n

*
X4

0/n
*

ε2
0/n

*
X2

0/n
��C�Å

X2
n/n

*�DÄ?BC�>@A
bn
√
n = o(n)

7 ¹¤JL�ÄA@JvÂLA@�+*²?Ãû�û�JLKBKBJ7ï�D û��ÄJL¾åG0I�A@JL�ÄA@¾Ý�	7½�J�û�+ ���.-�À�C�Å�A@� ¼ Å 
 :yÔk¾ ï�?ÃF¼I
a = 2

*�F¼I²�»F
Ln
n

superexp
=⇒
b2n

σ2.

K�	7 ��7½��Ø��

8²À�� F¼I�A@�Ä¾ZJL�ÄA�*~DÄ?BC�>@A
(Mn)

?BD;�#KBJ	>r��KBK};¤DÄ¿�À²���ÄAk?BC&F¼A@ML�¼����KBA�¾k��� F¼?BC�M&��KBA�*5ï9AZ?BC�û�A@�nû��ÄJL¾
G0I�A@JL�ÄA@¾Ù�	7 � J�û�+ ��ñ.-¢F¼I²�»F�û�JL����KBK

x, y > 0
*

P

(
|Mn| > x, 〈M〉n + [M ]n ≤ y

)
≤ 2 exp

(
−x

2

2y

)
,


K�	7 ��7 �Mñ��
ï�I�A@�ÄA|F¼I�A|Á��ÄA@Å�?B>�F�����KBA|¿�À²��Å��¼�»F¼?B>.Â����Ä? �»F¼?BJLC 〈M〉n = σ2Sn−1

?BD;Å�A@DÄ>@�Ä?[��A@Å,?BC¶
K�	7 ��7 �����C�Å#F¼I�AnF¼J�F���K¢¿�À²��Å��¼�»F¼?B>ÇÂ����Ä? �»F¼?BJLCä?BD0ML?ÃÂLA@C=��;
[M ]0 = 0

��C�Å)*�û�JL����KBK
n ≥ 1

*j��;

[M ]n =
n∑

k=1

X2
k−1V

2
k .


K�	7 ��7 � � �

�Ä� 6



¸0>@>@JL�ÄÅ�?BC�M|F¼J�
K�	7 ��7 �Mñ��9*'ï9A;I²�rÂLA;û�JL����KBK
δ > 0

��C�Å¤�|DÄÀ�?ÃF�����KBA
b > 0

*

P

( |Mn|
n

> δ

)
≤ P

(
|Mn| > δn, 〈M〉n + [M ]n ≤ nb

)
+ P

(
〈M〉n + [M ]n > nb

)
,

≤ 2 exp

(
−nδ

2

2b

)
+ P

(
〈M〉n + [M ]n > nb

)
,

≤ 2 max

(
P

(
〈M〉n + [M ]n > nb

)
, 2 exp

(
−nδ

2

2b

))
.

þ9JLC�DÄA@¿�À�A@C&F¼K};M*

lim sup
n→∞

1

b2n
log P

( |Mn|
n

> δ

)
≤ lim sup

n→∞

1

b2n
log P

(
〈M〉n + [M ]n > nb

)
.


K�	7 ��7 ���M�

ùUA;I²�rÂLA;û�JL����KBK
b > 0

*

P

(
〈M〉n + [M ]n > nb

)
≤ P

(
〈M〉n >

nb

2

)
+ P

(
[M ]n >

nb

2

)

≤ 2 max

(
P

(
〈M〉n >

nb

2

)
,P

(
[M ]n >

nb

2

))
.


K�	7 ��7 �M���
¹¤JL�ÄA@JvÂLA@�+*²û�JL����KBK

n ≥ 1
*²KBA�F0À�DEÅ�Ae&²C�A

Tn =

n∑

k=0

X4
k

��C�Å
Γn =

n∑

k=1

V 4
k ,

��C�Å¤C�J�F¼AÇF¼I²�»FIï9A;Ar��DÄ?BK};äI²�rÂLA;F¼I�Anû�JLKBKBJ7ï�?BC�M.?BC�A@¿�À²��KB?ÃFm;M*
Tn ≤ αX4

0 + βε4
0 + βΓn

��7 D@7 
K�	7 ��7 ���q�
ï�?ÃF¼I

α = 1 + (1 − |θ|)−4 ��C�Å β = (1 − |ρ|)−4(1 − |θ|)−4 7ÇG0I�?BDÇ?B¾ZÁ�KB?BA@D0F¼I²�»F>*�û�JL� nK ���ÄMLAnA@C�JLÀ�MLI)*²JLC�An>r��C�&²C�Å
γ > 0

DÄÀ�>�I¤F¼I²�»F
Tn ≤ γΓn

��7 D@7
>�I�J	JLDÄ?BC�M û�JL�äA�ü���¾ZÁ�KBA

γ = 3 max(α, β)
*�À�C�Å�A@� ¼ Å 
 :[Þ�¾ ��C�Å ¼ Å 
 :[ò�¾ û�JL�

a = 4
7¸0>@>@JL�ÄÅ�?BC�M,F¼J,G0I�A@JL�ÄA@¾ �	7½�(J�û`+ ���.-EÀ�C�Å�A@� ¼ Å 
 :yÔk¾ ï�?ÃF¼I

a = 4
*Uï9A���KBDÄJ,I²�rÂLA¤F¼I�A

A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@A�*
Γn
n

superexp
=⇒
b2n

τ 4,

K�	7 ��7 ���M�

ï�I�A@�ÄA
τ 4 = E[V 4

1 ]
*²KBAr��Å�?BC�M	*	Â	? �Zþ���À�>�I�;�� <	>�I�ï����E<.?BC�A@¿�À²��KB?ÃFm;ä��C�Å"
K�	7 ��7 ���q�9*�F¼J

lim sup
n→∞

1

b2n
log P

(
[M ]n
n

> δ

)
≤ lim sup

n→∞

1

b2n
log P

(
Γn
n
>

δ√
γ

)
,

= −∞,

K�	7 ��7 �M���

�Ä� _



ï�I�A@�ÄA
δ > τ 4√γ 7`·{ü�Á�KBJL?ÃF¼?BC�M�
K�	7 ��7 � ���{��C�Å�
K�	7 ��7½��Ø��9*LF¼I�A�D¼��¾ZA0�ÄA@DÄÀ�KÃFb>r��C���A���>�I�?BA�ÂLA@Åû�JL� 〈M〉n/n

À�C�Å�A@� ¼ Å 
 :yÔk¾ ï�?ÃF¼I
a = 2

��C�Å
δ > σ4γ

7Ç¸4Dn�k>@JLC�DÄA@¿�À�A@C�>@A�*~?ÃFEû�JLKBKBJ7ï�Dû��ÄJL¾ 
K�	7 ��7 �M���9*N
K�	7 ��7 �M������C�ÅÌF¼I�A;K �»FÄF¼A@�0�ÄA@¾k���EZZF¼I²�»F

lim sup
n→∞

1

b2n
log P

(〈M〉n + [M ]n
n

> b

)
= −∞,


K�	7 ��7 ��ÚM�
��D;DÄJ	JLC,��D

b > σ4γ + τ 4√γ 7�G0I�A@�ÄA�û�JL�ÄA�*�F¼I�A|A�ü�Á�JLC�A@C&F¼? ��Ky>@JLC&ÂLA@�ÄMLA@C�>@AZJ�û Mn/n
F¼J

ñ=ï�?ÃF¼I DÄÁ�A@A@Å
b2n
?BD�JM��F���?BC�A@ÅUÂ	? �²
K�	7 ��7 ���M����C�Åö
K�	7 ��7 ��ÚM�9*{F¼I²�»F.?BD+*{û�JL�.��KBK

δ > 0
��C�Å

b > σ4γ + τ 4√γ *
lim sup
n→∞

1

b2n
log P

( |Mn|
n

> δ

)
= −∞.


K�	7 ��7 �Mî��
G0I�A.D¼��¾ZA�JM�&Â	?BJLÀ�DÄK};¤I�JLKBÅ�DEû�JL�

Nn/n
7n8²JLKBKBJ7ï�?BC�M�F¼I�A.D¼��¾ZA�KB?BC�A@D4��DÇ?BC¤F¼I�A.Á��ÄJ	J�û�D4J�ûú�A@¾Z¾k�I�	7 ��7 � *Lþ9JL�ÄJLKBK ���2;��	7 ��7½��*�þ9JL�ÄJLKBK ���2;��	7 ��7 �E��C�Å�ú�A@¾Z¾k�/�	7 ��7½��*�I�;	Á�J�F¼I�A@DÄ?BD ¼ Å 
 :[Þ�¾��C�Å ¼ Å 
 :[ò�¾ ï�?ÃF¼I

a = 4
F¼JLMLA�F¼I�A@�/ï�?ÃF¼I�A�ü�Á�JLC�A@C&F¼? ��KH>@JLC&ÂLA@�ÄMLA@C�>@A@D�
K�	7 ��7½��î��9*�
K�	7 ��7½��Ø����C�Å"
K�	7 ��7 �Mî��9���ÄA;DÄÀ'1Z>@?BA@C&F�F¼Jk��>�I�?BA�ÂLAnF¼I�A;Á��ÄJ	J�û{J�û`ú�A@¾Z¾k�S�	7 ��7 ��7

ú�A�F�À�D¤?BC&F¼�ÄJ	Å�À�>@A,�[DÄ?B¾ZÁ�KB?}&²A@Å5ÂLA@�ÄDÄ?BJLCTJ�û��yÀ�I²��KBDEZ�?B?K% D#�ÄA@DÄÀ�KÃFÒ+ Ø � -���Á�Á�KB?BA@Å!F¼J5�DÄA@¿�À�A@C�>@A;J�û�¾k��� F¼?BC�M&��KBA0Å�?}TuA@�ÄA@C�>@A@D+*²��C�ÅkFmï9J.F¼A@>�I�C�?B>r��K�KBA@¾Z¾k��DyF¼I²�»F�DÄI²��KBK�I�A@KBÁkÀ�D9F¼JÁ��ÄJvÂLA�JLÀ��0�ÄA@DÄÀ�KÃF¼D@7
�Cä~µ�=´�µ	« × : ì :³ý ¼ ¥C�?ä~°²±y�+é�ª�ª ¾0: INfel

(mn
j )1≤j≤n

F9fCa�lyd9rya�x"T�k�o}a�dCa�d9dEa@¸�i)=V_�a�d9lyrvx"T�a�o[f
~�r �$fedGfexBp�f�nwC�rvlBV�{La�o©kjf�n4rvx

Rd
gÀC�rvlBV�dGf�nmhjf�pel:lmiwlBVjfDsPo©lydEa�lyrKiLx

(Fn)n≥1

|<INfel
(bn)

F9fSa
n7fGt+kjfexBp�f�i)=�dGfGa�o'xjk�_GF9fedGn:n>a�lyr[nN=\¸Lrvx"TG´)ý�|BÊ�|BÊ Õx·M| Y k7h�hji7n7fIlBV	a�lNlBVjfedGf$f]?Mr[nelvn/a�nx¸L_�_cfelyd9rKp
hji7nervlyrv{�fxAKn7fe_�ry~qf·sPxjrvlmf�_�a�lyd9ru?

Q
nekjpqV=lBV	a�l

1

n

n∑

k=1

E

[
mn
k(m

n
k)

′∣∣Fk−1

]
superexp
=⇒
b2n

Q.

K�	7 ��7 �MØ��

Y k7h�hji7n7fVlBV	a�lUlBVjfedGf�f]?Mr[nelvn4awp�iLx'nel a�xjl
c > 0

nekjpqV=lBV	a�lvg1=>iLd4fGaqpqV
1 ≤ k ≤ n

g

|mn
k | ≤ c

√
n

bn

��7 D@7 
K�	7 ��7½Ú�ñ��
Y k7h�hji7n7fCa�o n7iSlBV	a�lvg1=>iLdCa�ovo

a > 0
g�CDf²V	a�{�fVlBVjf�f]?ehjiLxBfexjlyrya�o1I�rvx5~qfCF9fed[TNu n4p�iLx5~�rvlyrKiLx

1

n

n∑

k=1

E

[
|mn

k |2I{|mn
k |≥a

√
n

bn

}
∣∣Fk−1

]
superexp
=⇒
b2n

0.

K�	7 ��7½Ú � �

Ô�Vjfex'gPlBVjf�n7fGt+kjfexBp�f
(

1

bn
√
n

n∑

k=1

mn
k

)

n≥1

�Ä� b



n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
Rd

C�rvlBVwnmhjf�fG~
b2n
a�x5~<Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

Λ∗(v) = sup
λ∈Rd

(
λ′v − 1

2
λ′Qλ

)
.

Ú9x�h	a�d9lyrKpek�o}a�dGgUr =
Q
r[nVrvxj{�fed9lyrDF+o[f�g

Λ∗(v) =
1

2
v′Q−1v.


K�	7 ��7½ÚM�M�
ODdGi7i)=+| G0I�A�Á��ÄJ	J�ûbJ�ûbG0I�A@JL�ÄA@¾È�	7 ��7½ÚZ?BD4>@JLC&F���?BC�A@Å(A�7 M�7;?BC�F¼I�A.Á��ÄJ	J�ûbJ�û G0I�A@JL�ÄA@¾Ë��7 �?BCe+ Ø � -ó7

bµ	« «U°²× : ì : í :Ç; x5~qfed ¼ Å 
 :yÔk¾ g ¼ Å 
 :[Þ�¾ a�x5~ ¼ Å 
 :[ò�¾ C�rvlBV

a = 2
gCDf�V	a�{�fJ=>iLd4a�ovo

δ > 0
g

lim sup
R→∞

lim sup
n→∞

1

n
log P

(
1

b2n

n∑

k=1

X2
k I{|Xk|>R} > δ

)
= −∞.

�äµ	«U°�´8éÐ× : ì :yÔ/: INfe_�_�a2ý�| ó5|ÏÎ�rv_�h5o©rKf�nSlBV	a�l�lBVjfwf]?ehjiLxBfexjlyrya�ozI�rvx5~qfCF9fed[TNu nwp�iLx5~�rvlyrKiLxT�rv{�fexÀF�¸ð´)ý�| ó5|Íõ0Ê\·Sr[n$n>a�lyr[n·s:fG~�|
ODdGi7i)=+| ùUA;?BC&F¼�ÄJ	Å�À�>@AÇF¼I�A;A@¾ZÁ�?B�Ä?B>r��K�¾ZAr��DÄÀ��ÄA���DÄDÄJ	>@? �»F¼A@Åwï�?ÃF¼IÌF¼I�AnMLA@JL¾ZA�F¼�Ä?B>ÇA@�ÄMLJ	Å�?B>
¹����EZ�JvÂ#>�I²��?BC

(Xn)n≥0
*

Λn =
1

n

n∑

k=1

δXk
,


K�	7 ��7½Ú����
ï�?ÃF¼IP?BC&Â����Ä? ��C&F.Á��ÄJM�²����?BKB?ÃFm;,¾ZAr��DÄÀ��ÄAÌÅ�A@C�J�F¼A@ÅJ��;

µ
7,È�F�?BDCï9A@KBK��mZ�C�J7ï�CPF¼I²�»F.F¼I�AÌDÄA9�

¿�À�A@C�>@A
(Λn)

D¼�»F¼?BD2&²A@D9F¼I�A4À�Á�Á�A@�:��JLÀ�C�ÅäJ�û�F¼I�AÇ¾ZJ	Å�A@�¼�»F¼AEÅ�A�Â	? �»F¼?BJLC�D+*	DÄA@AÇA�7 M�7M+ ��ñ.-�û�JL�¾ZJL�ÄAnÅ�A�F���?BKBD@7yú�A�FEÀ�D�Å�Ae&²C�A�*²û�JL�
f(x) = x2 *�F¼I�Anû�JLKBKBJ7ï�?BC�M�F¼�ÄÀ�C�>r�»F¼?BJLC�D+*

f (R)(x) = f(x) min
(
1,
(
f(x) − (R− 1)

)
+

) ��C�Å
f̃ (R)(x) = min

(
f (R)(x), R

)
.

G0I�À�D+*jï9A�I²�rÂLA
0 ≤ f(x)I{f(x)≥R} ≤ f (R)(x) ≤ f(x),��C�Å)*=��DE��>@JLC�DÄA@¿�À�A@C�>@A�*

0 ≤ Λn

(
f I{f≥R}

)
≤ Λn

(
f (R) − f̃ (R)

)
+ Λn

(
f̃ (R)

)
− µ

(
f̃ (R)

)
+ µ
(
f̃ (R)

)
.

ùUA���KBDÄJ|I²�rÂLA
f (R) − f̃ (R) =

(
f (R) − R

)
I{f(R)≥R} ≤

(
f − R

)
I{f≥R} = f −

(
f ∧ R

)
.

8²JL�
δ > 0

*uF¼I�A�û�À�C�>�F¼?BJLC�D
f̃ (R) ��C�Å f − (f ∧ R)

���ÄA.>@JLC&F¼?BC�À�JLÀ�Dn��C�Å@��JLÀ�C�Å�A@Å���;
fï�I�?B>�I#?BD

µ
� ?BC&F¼A@ML�¼����KBA�*���C�ÅäF¼I�Ae;ä>@JLC&ÂLA@�ÄMLAnF¼JSñ���D

R
MLJ	A@D9F¼J�?BC'&²C�?ÃFm;L7yýU;Ìú�A+��A@DÄMLÀ�A�% D

�Ä���



G0I�A@JL�ÄA@¾=*�F¼I�A@�ÄA�A�ü�?BD F¼D
R > 0

K ���ÄMLA A@C�JLÀ�MLI�DÄÀ�>�I�F¼I²�»F
µ(f̃ (R))+µ(f−(f∧R)) < δ/4.G0I�À�D+*

P

(
1

n

n∑

k=1

X2
kI{X2

k≥R} > δ

)
≤ P

(
Λn(f) − µ(f) > δ/4

)

+P

(
Λn(f ∧R) − µ(f ∧ R) > δ/4

)
+ P

(
Λn(f̃

(R)) − µ(f̃ (R)) > δ/4
)
.

K�	7 ��7½ÚL�q�

8²�ÄJL¾âú�A@¾Z¾k�S�	7 ��7 �'*'ï9A�I²�rÂLA;F¼I²�»F0û�JL����KBK
δ > 0

*

lim sup
n→∞

1

b2n
log P

(
Λn(f) − µ(f) > δ

)
= −∞.

ýU; F¼I�A¤À�Á�Á�A@�S��JLÀ�C�Å[J�û4F¼I�A#¾ZJ	Å�A@�¼�»F¼AÌÅ�A�Â	? �»F¼?BJLCQÁ��Ä?BC�>@?BÁ�KBAkû�JL�.F¼I�A#DÄA@¿�À�A@C�>@A
(Λn)ML?ÃÂLA@C¤?BCe+ ��ñ0-K*	ï9A;JM��F���?BCÌF¼I²�»F

lim sup
R→∞

lim sup
n→∞

1

b2n
log P

(
Λn(f ∧R) − µ(f ∧R) > δ

)
= −∞,

��C�Å
lim sup
R→∞

lim sup
n→∞

1

b2n
log P

(
Λn(f̃

(R)) − µ(f̃ (R)) > δ
)

= −∞,

ï�I�?B>�I)*uÂ	? �k?BC�A@¿�À²��KB?ÃFm;"
K�	7 ��7½ÚL�q�9*u��>�I�?BA�ÂLA@DÇF¼I�A.Á��ÄJ	J�ûbJ�û ú�A@¾Z¾k�w�	7 ��7 î�7��EJ�F¼A�F¼I²�»F;:�A9�¾k���EZ´�	7 ��7 � ?BD�?B¾Z¾ZA@Å�? �»F¼A@K};�Å�A@�Ä?ÃÂLA@Å û��ÄJL¾ F¼I�AkK �»FÄF¼A@�;Á��ÄJ	J�û�*{DÄA@AäA�7 M�7e+ �M� �.-bû�JL��¾ZJL�ÄAÅ�A�F���?BKBD@7

bµ	« «U°�× : ì :«��:Â; x5~qfed ¼ Å 
 :yÔk¾ g ¼ Å 
 :[Þ�¾ a�x5~ ¼ Å 
 :[ò�¾ gPlBVjf�n7fGt+kjfexBp�f

(
Mn

bn
√
n

)

n≥1n>a�lyr[n·s:f�nCa�xðImRQOÐiLx
R
C�rvlBVwnmhjf�fG~

b2n
a�x5~`Tqi7i>~�dEa�lmf�=9k�xBpelyrKiLx

J(x) =
x2

2`σ2


K�	7 ��7½ÚM�M�
CaVjfedGf

`
r[nQT�rv{�fexÀF�¸ð´)ý�| ó5|Nþq·M|

ODdGi7i)=+| 8²�ÄJL¾ C�J7ï�JLC)*H?BC,JL�ÄÅ�A@�;F¼J���Á�Á�K};,�yÀ�I²��KBDEZ�?B?K% D;�ÄA@DÄÀ�KÃF�û�JL�nF¼I�AZ¾ZJ	Å�A@�¼�»F¼A|Å�A�Â	?��
�»F¼?BJLC�DEû�JL�4¾k��� F¼?BC�M&��KBA@D+*jï9A.?BC&F¼�ÄJ	Å�À�>@A�F¼I�A�û�JLKBKBJ7ï�?BC�MZ¾ZJ	Å�?}&²>r�»F¼?BJLC#J�ûyF¼I�A.¾k��� F¼?BC�M&��KBA
(Mn)n≥0

*�û�JL�
r > 0

��C�Å
R > 0

*

M (r,R)
n =

n∑

k=1

X
(r)
k−1V

(R)
k


K�	7 ��7½Ú����
ï�I�A@�ÄA�*²û�JL����KBK

1 ≤ k ≤ n
*

X
(r)
k = XkI{|Xk|≤r

√
n

bn

} ��C�Å
V

(R)
k = VkI{|Vk|≤R

} − E

[
VkI{|Vk|≤R

}
]
.


K�	7 ��7½ÚMÚM�

�\�x�



G0I�A@C)*qï9AEI²�rÂLA�F¼J�Á��ÄJvÂLA�F¼I²�»Fyû�JL� ��KBK
r > 0

F¼I�A�DÄA@¿�À�A@C�>@A
(M

(r,R)
n )

?BD ��CZA�ü�Á�JLC�A@C&F¼? ��KBK};MLJ	J	ÅQ��Á�Á��ÄJrü�?B¾k�»F¼?BJLCUJ�û
(Mn)

��D
R
MLJ	A@D.F¼JW?BC'&²C�?ÃFm;M*yDÄA@A#A�7 M�7P¶4Ae&²C�?ÃF¼?BJLC²��7½�	7 � �(?BC+ ���0-ó7 G0I�?BDE��Á�Á��ÄJrü�?B¾k�»F¼?BJLC)*�?BC#F¼I�A;DÄA@C�DÄA�J�û{F¼I�A�K ���ÄMLAnÅ�A�Â	? �»F¼?BJLC�D+*�?BD�Å�A@DÄ>@�Ä?[��A@Å���;ÌF¼I�Aû�JLKBKBJ7ï�?BC�M.>@JLC&ÂLA@�ÄMLA@C�>@A�*=û�JL����KBK

r > 0
��C�Å¤��KBK

δ > 0
*

lim sup
R→∞

lim sup
n→∞

1

b2n
log P

(
|Mn −M

(r,R)
n |

bn
√
n

> δ

)
= −∞.


K�	7 ��7½Ú�î��

8²�ÄJL¾âú�A@¾Z¾k�S�	7 ��7 �'*²��C�Å¤DÄ?BC�>@A 〈M〉n = σ2Sn−1
*'ï9A�I²�rÂLA

〈M〉n
n

superexp
=⇒
b2n

σ2`.

K�	7 ��7½Ú�Ø��

8²�ÄJL¾âú�A@¾Z¾k�S�	7 ��7 �|��C�Å�:�A@¾k���EZw�	7 ��7 � *'ï9A���KBDÄJ�I²�rÂLA;û�JL����KBK
r > 0

*

1

n

n∑

k=0

X2
kI
{
|Xk|>r

√
n

bn

} superexp
=⇒
b2n

0.

K�	7 ��7 îMñ��

ùUA;?BC&F¼�ÄJ	Å�À�>@AÇF¼I�Anû�JLKBKBJ7ï�?BC�M.C�J�F��»F¼?BJLC)*

σ2
R = E

[
(V

(R)
1 )2

]
and S(r)

n =

n∑

k=0

(X
(r)
k )2.

G0I�A@C)*jï9A�Ar��DÄ?BK};kF¼�¼��C�D û�A@��Á��ÄJLÁ�A@� F¼?BA@D
(5.4.79)

��C�Å
(5.4.80)

F¼J�F¼I�AnF¼�ÄÀ�C�>r�»F¼A@Å�¾k��� F¼?BC��
M&��KBA

(M
(r,R)
n )n≥0

7yùUA;I²�rÂLA;û�JL����KBK
R > 0

��C�Å¤��KBK
r > 0

*

〈M (r,R)〉n
n

= σ2
R

S
(r)
n−1

n
= −σ2

R

(
Sn−1

n
− S

(r)
n−1

n

)
+ σ2

R

Sn−1

n

superexp
=⇒
b2n

σ2
R`

ï�I�?B>�IWA@C�DÄÀ��ÄA@D;F¼I²�»Fc
K�	7 ��7 �MØ��E?BDÇD¼�»F¼?BD2&²A@Å(û�JL�4F¼I�A|¾k��� F¼?BC�M&��KBA
(M

(r,R)
n )n≥0

7��EJ�F¼A���KBDÄJ
F¼I²�»FÇú�A@¾Z¾k���	7 ��7 �Z��C�ÅN:�A@¾k���EZ=�	7 ��7 � ï9JL�EZäû�JL��F¼I�A�¾k��� F¼?BC²��MLKBA

(M
(r,R)
n )n≥0

7�<	J	*²û�JL�
��KBK

r > 0
*	F¼I�A;A�ü�Á�JLC�A@C&F¼? ��K�ú�?BC�Å�A+��A@�ÄM	% D0>@JLC�Å�?ÃF¼?BJLCÌ��C�ÅÌF¼I�À�DQ
K�	7 ��7½Ú � �9���ÄAnD¼�»F¼?BD2&²A@ÅÌû�JL�

(M
(r,R)
n )n≥0

7kýU;(G0I�A@JL�ÄA@¾ �	7 ��7½Ú�*Aï9AZÅ�A@Å�À�>@A|F¼I²�»F
(M

(r,R)
n /bn

√
n)
D¼�»F¼?BD2&²A@D���CUú~¶Ç�

JLC
R
ï�?ÃF¼I#DÄÁ�A@A@Å

b2n
��C�Å#MLJ	J	Å#�¼�»F¼AÇû�À�C�>�F¼?BJLC

JR(x) =
x2

2σ2
R`
.


K�	7 ��7 î � �
È�F�ï�?BKBKV��AUÁ�JLDÄDÄ?[��KBA,F¼J5Å��Ä?ÃÂLA,F¼I�A ¾ZJ	Å�A@�¼�»F¼AUÅ�A�Â	? �»F¼?BJLC�D¤�ÄA@DÄÀ�KÃFNû�JL�¤F¼I�AU¾k��� F¼?BC�M&��KBA
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A@¾ZÁ�?B�Ä?B>r��K¢¾ZAr��CN��C�Å¤F¼I�A�A@¾ZÁ�?B�Ä?B>r��K¢>@JvÂ����Ä? ��C�>@A�À�C�Å�A@�EF¼I�A.þ9I�A@C���ú�A@Å�JLÀ	ü�Fm;	Á�A�>@JLC�Å�?��F¼?BJLCkJLCkF¼I�A4C�JL?BDÄA�7{ùUAÇMLA@C�A@�¼��KB?[<@A�F¼I�A4�ÄA@DÄÀ�KÃF¼D9J�û{¹���D���C�Å#¹¤A@C�C�A�F¼Ar��ÀÀ+ ÚMÚ0-K*²¹¤? ��J���C�Å<	I�A@C2+ î��@-K*�ï�I�A@�ÄAEF¼I�A�A�ü�Á�JLC�A@C&F¼? ��K=?BC&F¼A@ML�¼����?BKB?ÃFm;�J�û�F¼I�AEC�JL?BDÄA�?BDb?B¾ZÁ�JLDÄA@Å¢7��ÇC�AE>r��CZDÄA@AJLÀ��Ç�ÄA@DÄÀ�KÃF¼DÇ��Dn��C(A�ü	F¼A@C�DÄ?BJLCNF¼JkF¼I�A���À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA�>r��DÄA.J�ûyF¼I�A4��Ar��À�F¼?Ãû�À�KH>�I²���¼��>�F¼A@�Ä?��
<r�»F¼?BJLCkJ�û~¾ZJ	Å�A@�¼�»F¼AEÅ�A�Â	? �»F¼?BJLC�D û�JL� ?ó7 ?ó7 Å¢7`>r��DÄAÇJ�û~ú�A@Å�JLÀ	ü�+ Ú��.-K*�DÄA@An��KBDÄJ�þ9I�A@Ce+ �MÚ�-¢��C�Å·y?B>�I�A@KBDE�²��>�I�A@�4��C�Å¤ú�Ó7ï9Aµ+ ���.-ó7 þ9JLC�DÄ?BÅ�A@�0F¼I�A;KB?BC�Ar���0��À�F¼JL�ÄA@ML�ÄA@DÄDÄ?ÃÂLA�¾ZJ	Å�A@Ku?BC

R

Xn = θXn−1 + Vn
ï�I�A@�ÄA

θ
?BDZÀ�C	Z�C�J7ï�C)*

(Vn)n≥1
?BDk�,DÄA@¿�À�A@C�>@A(J�û

R
��Â���KBÀ�A@Å[>@A@C&F¼A@�ÄA@Å!?ó7 ?ó7 Å¢75�¼��C�Å�JL¾Â����Ä? ����KBA@D|�ÄA@Á��ÄA@DÄA@C&F¼?BC�MUF¼I�A�C�JL?BDÄA�7!G0I�?BDk?BDk�,Á²��� F¼?B>@À�K ����>r��DÄA�J�ûÇF¼I�A�¾ZJ	Å�A@KQ
K�	7 � 7 � �

ï�I�A@C�F¼I�AWDÄA@�Ä? ��KÇ>@JL�Ä�ÄA@K �»F¼?BJLC
ρ = 0

7 ÿEA@�ÄA�*�ï9A,���ÄA(?BC&F¼A@�ÄA@D F¼A@Å�?BC!F¼I�AW��D2;	¾ZÁ�F¼J�F¼?B>
��A@I²�rÂ	?BJL�0J�ûHF¼I�AnFmï9JkA@¾ZÁ�?B�Ä?B>r��Ku�rÂLA@�¼��MLA

Xn =
1

n

n∑

k=1

Xk, Cn =
1

n

n∑

k=1

X2
k .

¥�´�Yëy5�rªvÕ�ª��®¶× : ¨ :yÔ/:HY k7h�hji7n7fVlBV	a�lUlBVjf�=>iLovo[iIC�rvx"TC^�n�nek�_�h5lyrKiLx'n4a�dGf$n>a�lyr[n·s:fG~ÂÆ
lim sup
n→∞

1

b2n
log nP

(
V1 > bn

√
n
)

= −∞;

K�	7 ¸�7 � �

a�x5~
X0

bn
√
n

superexp
=⇒
b2n

0.

K�	7 ¸�7½�M�

Ô�Vjfex
(
√
nXn/bn)

n>a�lyr[n·s:f�n�lBVjfIo}a�d[Tqf/~qfe{7rya�lyrKiLxVh5d9rvxBper h5o[f�iLx
R
C�rvlBV4nmhjf�fG~

b2n
a�x5~VdEa�lmf=9k�xBpelyrKiLx

I(x) = (1 − θ)2 x2

2E(V 2
1 )
.
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�äµ	«U°�´8é¢× : ¨ :yÔ/: É Vjfex
bn = nα

C�rvlBV
0 < α < 1/2

gVlBVjf�^�n�nek�_�h5lyrKiLxô´)ý�|©^Q|BÊ\·@r[n
fGt+k�rv{La�o[fexjl�lmi=lBVjfedGf�f]?Mr[nelvn

δ > 0
a�x5~

0 < κ < 1
nekjpqV�lBV	a�l

E(eδV
κ
1 ) < ∞ gKCaV�rKpqV@r[nCDfGa0³�fed�lBV	a�x@lBVjf4a8n�nek�_�h5lyrKiLx

E(eδV1) <∞ rv_�hji7n7fG~�rvx�lBVjf�h5dGfe{7rKiLk�nQCDiLdg³7n>|
ODdGi7i)=+| ùUA;I²�rÂLA;F¼I�Anû�JLKBKBJ7ï�?BC�M.Å�A@>@JL¾ZÁ�JLDÄ?ÃF¼?BJLC

√
n

bn
Xn = (1 − θ)−1

√
n

bn
V n + θ(1 − θ)−1 1√

nbn
(X0 −Xn) ,

ï�I�A@�ÄA
V n = 1

n

∑n
k=1 Vk

7TýU;[F¼I�A�¾ZJ	Å�A@�¼�»F¼A�Å�A�Â	? �»F¼?BJLC�DZ�ÄA@DÄÀ�KÃFkû�JL�k¾ZAr��C�DkJ�û;?ó7 ?ó7 Å¢7�¼��C�Å�JL¾©Â����Ä? ����KBA@D.À�C�Å�A@��F¼I�A#¸4DÄDÄÀ�¾ZÁ�F¼?BJLC 
K�	7 ¸�7 � ��
�DÄA@AÌû�JL��A�ü���¾ZÁ�KBA#·y?B>�I�A@KBDE�²��>�I�A@���C�ÅÌú�Ó7ï9A<+ ���.-v�«ï9A4Å�A@Å�À�>@A4F¼I²�»F
(
√
nV n/bn)

û�JLKBKBJ7ï�DyF¼I�AEK ���ÄMLAEÅ�A�Â	? �»F¼?BJLCZÁ��Ä?BC�>@?BÁ�KBA�JLC
R
ï�?ÃF¼I(DÄÁ�A@A@Å

b2n
��C�Å(�¼�»F¼A�û�À�C�>�F¼?BJLC(ML?ÃÂLA@C@��;

I1(x) = x2

2E(V 2
1 )
.
È�Fn?BDÇAr��D2;�F¼JÌDÄA@A�F¼I²�»F

À�C�Å�A@��¸4DÄDÄÀ�¾ZÁ�F¼?BJLC"
K�	7 ¸�7 � ����C�Å�
K�	7 ¸�7½�M�
√
n

bn
Xn

superexp∼
b2n

(1 − θ)−1

√
n

bn
V n.

ýU;WF¼I�AZ>@JLC&F¼�¼��>�F¼?BJLCUÁ��Ä?BC�>@?BÁ�KBA=
�DÄA@AZû�JL��A�ü���¾ZÁ�KBAZ¶4A@¾4��J(��C�Å37uA@?ÃF¼JLÀ�C�?M+ ���0-v�9*Nï9AkMLA�FF¼I²�»F
(
√
nXn/bn)

û�JLKBKBJ7ï�D F¼I�AÇK ���ÄMLAEÅ�A�Â	? �»F¼?BJLCäÁ��Ä?BC�>@?BÁ�KBAEJLC
R
ï�?ÃF¼IÌDÄÁ�A@A@Å

b2n
��C�ÅÌ�¼�»F¼A

û�À�C�>�F¼?BJLC#ML?ÃÂLA@C=��;´
K�	7 ¸�7 ����7
¥�´�Yëy5�rªvÕ�ª��®�× : ¨ :[Þ�: ^�n�nek�_cf�lBV	a�lB^�n�nek�_�h5lyrKiLx'n ¼ Å 
 :yÔk¾ a�x5~ ¼ Å 
 :[ò�¾ a�dGfDn>a�lyr[n·s:fG~�|Ô�Vjfex

(
√
n(Cn − E(Cn))/bn)

n>a�lyr[n·s:f�nclBVjf�o}a�d[Tqfw~qfe{7rya�lyrKiLxÍiLx
R
C�rvlBV´nmhjf�fG~

b2n
a�x5~

dEa�lmf�=9k�xBpelyrKiLx
J(x) = (1 − θ2)2 x

2

2σ2
, where σ2 =

4θ2E(V 2
1 )2

1 − θ2
+ Var(V 2

1 ).

K�	7 ¸�7 �q�

ODdGi7i)=+| <	?BC�>@A
X2
k = θ2X2

k−1 + 2θXk−1Vk + V 2
k ,
ï9A;Å�A@Å�À�>@A�F¼I²�»F

Cn =
1

1 − θ2

1

n

n∑

k=1

(2θXk−1Vk + V 2
k − E(V 2

1 )) +
1

1 − θ2
E(V 2

1 ) +
θ2

1 − θ2

1

n
(X2

0 −X2
n)

ùUA;Å�A@C�J�F¼A
uk = 2θXk−1Vk + V 2

k − E(V 2
1 )
*²DÄJ

√
n

bn
(Cn − E(Cn)) =

1

1 − θ2

1

bn
√
n

n∑

k=1

uk +
θ2

1 − θ2

1

bn
√
n

(X2
0 −X2

n)

− θ2(1 − θ2n)

1 − θ2

1

bn
√
n

E(X2
0 ) +

θ2(1 − θ2n)

(1 − θ2)2

1

bn
√
n

E(V 2
1 ).

È�FE?BD0Ar��D2;äF¼JZDÄA@AnF¼I²�»F>*²À�C�Å�A@�0F¼I�A;¸4DÄDÄÀ�¾ZÁ�F¼?BJLC�D ¼ Å 
 :yÔk¾ ��C�Å ¼ Å 
 :[ò�¾ *'ï9A�I²�rÂLA;F¼I²�»F
√
n

bn
(Cn − E(Cn))

superexp∼
b2n

1

1 − θ2

1

bn
√
n

n∑

k=1

uk.

�\� _



G0I�AEDÄA@¿�À�A@C�>@A
(Gn =

n∑

k=1

uk)n≥1
?BD �nDÄ¿�À²���ÄA9� ?BC&F¼A@ML�¼����KBA0¾k��� F¼?BC�M&��KBA�*Lï�?ÃF¼I|Á��ÄA@Å�?B>�F�����KBA

¿�À²��Å��¼�»F¼?B>ÇÂ����Ä? �»F¼?BJLCäML?ÃÂLA@C=��;

〈G〉n = 4θ2
E(V 2

1 )
n∑

k=1

X2
k−1 + 4θE(V 3

1 )
n∑

k=1

Xk−1 + nVar(V 2
1 ).

ùUA;>r��C¤DÄA@AnF¼I²�»F
1

n

n∑

k=1

Xk
superexp
=⇒
b2n

0 and
1

n

n∑

k=1

X2
k

superexp
=⇒
b2n

E(V 2
1 )

1 − θ2
.

<	JSï9A;JM��F���?BC
〈G〉n
n

superexp
=⇒
b2n

σ2 =
4θ2E(V 2

1 )2

1 − θ2
+ Var(V 2

1 ).

ùUAZû�JLKBKBJ7ï F¼I�AkD¼��¾ZAZD F¼A@Á�D���D�?BC,F¼I�AkÁ��ÄA�Â	?BJLÀ�D�DÄA@>�F¼?BJLC 
·��;UÀ�DÄ?BC�M¤F¼�ÄÀ�C�>r�»F¼?BJLCUJ�û�F¼I�A¾k��� F¼?BC²��MLKBA
(Gn)

��C�Å|�yÀ�I²��KBDEZ�?B?K% D{�ÄA@DÄÀ�KÃF9��F¼JÇÁ��ÄJvÂLA�F¼I²�»F
(Gn/bn

√
n)
D¼�»F¼?BD2&²A@D`F¼I�A�K ���ÄMLA

Å�A�Â	? �»F¼?BJLCWÁ��Ä?BC�>@?BÁ�KBA.JLC
R
ï�?ÃF¼IWDÄÁ�A@A@Å

b2n
��C�Å,�¼�»F¼A�û�À�C�>�F¼?BJLCWML?ÃÂLA@C´��;

J1(x) =
x2

2σ2
.<	A@AnF¼I�A;Á��ÄA�Â	?BJLÀ�D�DÄA@>�F¼?BJLC#û�JL�0¾ZJL�ÄAnÅ�A�F���?BKBD@7

�äµ	«U°�´8é"× : ¨ :[Þ�:`; x5~qfed/lBVjfI^�n�nek�_�h5lyrKiLx'n ¼ Å 
 :yÔk¾ a�x5~ ¼ Å 
 :[ò�¾ gdCDfVi F+l a�rvx�a�o n7iClBVjf
o}a�d[TqfD~qfe{7rya�lyrKiLx/h5d9rvxBper h5o[f/=>iLdPlBVjf�n7fGt+kjfexBp�f

(
∑n

k=1(XkXk+l−E(XkXk+l))/(bn
√
n))n≥1,=>iLdCa�ovo

l ≥ 0
|

�\� b
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ÿM��� � � �"!$#&%('4�=���)#�� ���(% %(h�ÚQ�4�����)#��(i
ú�A�F

(Ω,F , (Ft)t≥0, (Px)x∈X)
��A#�,¹����EZ�JvÂPû���¾Z?BK};WJLC[�(KBJ	>r��KBK};,>@JL¾ZÁ²��>�F�DÄA@Á²���¼����KBA¾ZA�F¼�Ä?B>9DÄÁ²��>@A

X
A@C�Å�J7ï9A@ÅSï�?ÃF¼I�?ÃF¼Dyý9JL�ÄA@K

σ
� &²A@KBÅ B(X)

ø�

Ω,F �~?BDy�Ç¾ZAr��DÄÀ��¼����KBA9DÄÁ²��>@A�*

(Xt)t≥0
?BD �.¹����EZ�JvÂZÁ��ÄJ	>@A@DÄDUï�?ÃF¼IZ�ÄA@DÄÁ�A@>�F9F¼J;F¼I�AI&²KÃF¼�¼�»F¼?BJLC

(Ft)≥0
��C�Å

Px

��ÄA@DÄÁ¢7

Ex
�Å�A@C�J�F¼A@D�F¼I�A#>r��C�JLC�?B>r��K�Á��ÄJM�²����?BKB?ÃFm;Í
��ÄA@DÄÁ¢7PA�ü�Á�A@>�F��»F¼?BJLCY�.��DÄDÄJ	>@? �»F¼A@ÅPF¼J(F¼I�A¤¹����EZ�JvÂÁ��ÄJ	>@A@DÄDPï�?ÃF¼I|?BC�?ÃF¼? ��K	Å�?BD F¼�Ä?[��À�F¼?BJLC.F¼I�A�Á�JL?BC&Fb¾k��DÄDb�»F

x
7`G0I��ÄJLÀ�MLI�JLÀ�FbF¼I�?BDy>�I²��Á�F¼A@�+*�F¼I�AÁ��ÄJ	>@A@DÄD�?BD���DÄDÄÀ�¾ZA@ÅäF¼JC��An�;F¼?B¾ZA9� I�JL¾ZJLMLA@C�A@JLÀ�D D F¼�ÄJLC�M|¹����EZ�JvÂkÁ��ÄJ	>@A@DÄDDï�?ÃF¼Iä>r��Å�� K ��M

Á²�»F¼I�D+*=��C�Å�ï9A;Å�A@C�J�F¼AQ��;
(Pt)t≥0

F¼I�A���DÄDÄJ	>@? �»F¼A@Å#DÄA@¾Z?BML�ÄJLÀ�Á#JLC
(X,B(X))

7G0I�A@�ÄA����ÄA4Fmï9JZ?B¾ZÁ�JL� F���C&F�C�J�F¼?BJLC�D�?BCäF¼I�AnD F¼À�Å';ÌJ�ûHKBJLC�M.F¼?B¾ZA���A@I²�rÂ	?BJL�0J�û`¹����EZ�JvÂÁ��ÄJ	>@A@DÄDÄA@D@ø(DÄ¾k��KBK�DÄA�F¼Dä��C�Å/I�?ÃFÄF¼?BC�M(F¼?B¾ZA@DZ��C�Å[F¼I�A@?B�|?BC&F¼A@ML�¼����?BKB?ÃFm;UÁ��ÄJLÁ�A@� F¼?BA@D@75È�Fk?BDK ���ÄMLA@K};�Å�À�A|F¼JÌF¼I�A�û�JLKBKBJ7ï�?BC�MäI�A@À��Ä?BD F¼?B>@D@ø��ÌDÄ¾k��KBK`DÄA�F�?BD;�#DÄA�FVï�?ÃF¼IU�ÌC�?B>@AS��A@I²�rÂ	?BJL�+*
?ó7 A�7y�.KBJ	>r��K²ÂLA@�ÄDÄ?BJLCÌJ�ûH�.¶4J	A+��KB?BCk>@JLC�Å�?ÃF¼?BJLC)*���C�Åä?BC&F¼A@ML�¼����?BKB?ÃFm;�J�û�F¼I�AÇI�?ÃFÄF¼?BC�M;F¼?B¾ZA@D9J�ûF¼I�?BDEDÄ¾k��KBK¢DÄA�FÇ¾ZAr��DÄÀ��ÄA@D�F¼I�A�DÄÁ�A@A@ÅNJ�û`�ÄA�F¼À��ÄCNJ�û{F¼I�A�Á��ÄJ	>@A@DÄD4F¼J|F¼I�?BDEC�?B>@A�DÄA�Fr7�ú�A�F4À�D
��A;¾ZJL�ÄAnÁ��ÄA@>@?BDÄA�ï�?ÃF¼IÌF¼I�Anû�JLKBKBJ7ï�?BC�M.Å�Ae&²C�?ÃF¼?BJLC�D@7
8²JL�4��C�;

t∗ > 0
��C�ÅN��C�;�>@KBJLDÄA@ÅNDÄA�F

C ∈ B(X)
*uKBA�F

τ t
∗
C = inf{t ≥ t∗, Xt ∈ C} ��AF¼I�A;I�?ÃFÄF¼?BC�M.F¼?B¾ZAÇJLC

C
Å�A@K �>;LA@Å=��;

t∗
7

ùUA�D¼�>;QF¼I²�»FÌ�,C�JLC�� A@¾ZÁ�Fm;[DÄÀ	��DÄA�F
C ⊆ X

?BD
(t∗, ε)

� DÄ¾k��KBKV
�JL�ZDÄ?B¾ZÁ�K};PDÄ¾k��KBKv�c*û�JL�n�äÁ�JLDÄ?ÃF¼?ÃÂLA�F¼?B¾ZA
t∗
��C�Å

ε > 0
*�?ÃûyF¼I�A@�ÄA�A�ü�?BD F¼D;�äÁ��ÄJM�²����?BKB?ÃFm;¤¾ZAr��DÄÀ��ÄA

Q(·) JLC XD¼�»F¼?BD ûv;	?BC�M�F¼I�A;¾Z?BC�JL�Ä?[<r�»F¼?BJLCk>@JLC�Å�?ÃF¼?BJLC

Pt∗(x, ·) ≥ εQ(·) ∀x ∈ C.

y��7 � 7 � �

8²JL�4>@JL¾ZÁ�KBA�F¼A@C�A@DÄD+*�KBA�FÇÀ�DnML?ÃÂLA���KBDÄJkF¼I�A�Å�Ae&²C�?ÃF¼?BJLCNJ�û �äÁ�A�F¼?ÃF¼A.DÄA�Fr7�G0I�A�DÄÀ	��DÄA�F
C?BD

νa
� Á�A�F¼?ÃF¼A�
�JL��DÄ?B¾ZÁ�K};kÁ�A�F¼?ÃF¼A7��?ÃûHF¼I�A@�ÄA;A�ü�?BD F¼D4�|Á��ÄJM�²����?BKB?ÃFm;k¾ZAr��DÄÀ��ÄA

a
JLC#F¼I�A�ý9JL�ÄA@K

σ
� &²A@KBÅ#J�û

[0,+∞)
��C�Å¤��C�JLC���F¼�Ä?ÃÂ	? ��K

σ
� &²C�?ÃF¼An¾ZAr��DÄÀ��ÄA

νa
JLC B(X)

DÄÀ�>�I¤F¼I²�»F
�\���



∫ ∞

0

Pt(x, ·)a(dt) ≥ νa(·) ∀x ∈ C.
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ï�?BKBKB��A�ú);&��Á�À�C�JvÂ#>@JLC�Å�?ÃF¼?BJLC�D���C�Å#DÄ¾k��KBKuDÄA�F4>@JLC�Å�?ÃF¼?BJLC�D@7ú�A�F�À�D�>@JLC�DÄ?BÅ�A@��F¼I�Aäû�JLKBKBJ7ï�?BC�M�ú);&��Á�À�C�JvÂµ
�JL�.Å��Ä?Ãû F9�;>@JLC�Å�?ÃF¼?BJLC,F¼J7ï����ÄÅ�D|�N>@KBJLDÄA@ÅÁ�A�F¼?ÃF¼AnDÄA�F

C
7ùUAcï�?BKBK D¼�>;UF¼I²�»F|�

Φ
��ú);&��Á�À�C�JvÂP>@JLC�Å�?ÃF¼?BJLCUI�JLKBÅ�D.?Ãû0F¼I�A@�ÄAÌA�ü�?BD FZ�N>@KBJLDÄA@ÅPÁ�A�F¼?ÃF¼A

DÄA�F
C
*{�¤>r��Å�� K ��MÌû�À�C�>�F¼?BJLC

V : X −→ [1,∞)
*H��CU?BC�>@�ÄAr��DÄ?BC�M¤Å�?}TuA@�ÄA@C&F¼? ����KBA�>@JLC�>r�rÂLAÁ�JLDÄ?ÃF¼?ÃÂLA.û�À�C�>�F¼?BJLC

Φ : [1,∞) −→ (0,∞)
��C�ÅU�Ì>@JLC�D F���C&F

b < ∞ DÄÀ�>�I,F¼I²�»F;û�JL�;��C�;
s ≥ 0

*
x ∈ X

*

Ex

[
V (Xs)

]
+ Ex

[∫ s

0

Φ ◦ V (Xu)du

]
≤ V (x) + bEx

[∫ s

0

1C(Xu)du

]
.


y��7 � 7½�M�
C�J�F¼AnF¼I²�»FC
y��7 � 7½�M�9?BD0A@¿�À�?ÃÂ���KBA@C&F0F¼J�F¼I�A;>@JLC�Å�?ÃF¼?BJLCäF¼I²�»F�F¼I�Anû�À�C�>�F¼?BJLC²��K

s 7−→ V (Xs) − V (X0) +

∫ s

0

Φ ◦ V (Xu)du− b

∫ s

0

1C(Xu)du

?BD�û�JL����KBK
x ∈ X

�
Px
� DÄÀ�Á�A@�Ä¾k��� F¼?BC�M&��KBA/ï�?ÃF¼I#�ÄA@DÄÁ�A@>�FEF¼J�F¼I�A�&²KÃF¼�¼�»F¼?BJLC

(Ft)t≥0
7

<�F�����?BKB?ÃFm;���C�ÅZDÄÀ	��MLA@JL¾ZA�F¼�Ä?B>0�¼�»F¼A@DyJ�ûu>@JLC&ÂLA@�ÄMLA@C�>@A4I²�rÂLA/��A@A@CZD F¼À�Å�?BA@ÅZ?BC�+ ���0-=À�C�Å�A@�F¼I�AE¾k��?BC|I�;	Á�J�F¼I�A@DÄ?BD9J�û��
Φ− ú);&��Á�À�C�JvÂk>@JLC�Å�?ÃF¼?BJLC¢7y¹¤JL�ÄAEÁ��ÄA@>@?BDÄA@K};M*�F¼I�Ae;|DÄI�J7ï9A@ÅäF¼I�Aû�JLKBKBJ7ï�?BC�M�7

¥�´�Yëy5�rªvÕ�ª��® ô�:yÔ/:yÔ ¼ ñ©ì òkò á`¥�´�Yëy5�rªvÕ�ª��® ò�:«� °²®?ã��Cä~µ�=´�µ	« ò�:yÔqó¾0:
^�n�nek�_cfDlBV	a�l?a

Φ− Ia¸Ma9h5k�xBiL{Vp�iLx5~�rvlyrKiLx<VjiLo}~8n�a�x5~
supC V <∞ |8Ô�Vjfex�lBVjfNh5dGi7p�f�n�n

r[n«hji7nervlyrv{�f^�Va�d9d9r[nIdGf�pek�d9dGfexjl~C�rvlBVca�x�rvxj{La�d9rya�xjl'h5dGi F�aLF+rvo©rvlD¸V_cfGa8nek�dGf
π
nekjpqVSlBV	a�l

π(Φ◦

�v�]�



V ) < ∞ |ZÚB=4_ciLdGf�iL{�fedVn7iL_cfCnq³�feo[felmiLxJpqV	a�rvx�r[n�rvd9dGfG~�kjperDF+o[f�a�x5~
lim+∞ Φ′ = 0

gIlBVjfex
lBVjfedGf�f]?Mr[nelvnCa/sPxjrvlmf4p�iLx'nel a�xjl

c
nekjpqV�lBV	a�l�=>iLdQa�ovo

t > 0
a�x5~�a�ovo

x ∈ X
g

Φ ◦H−1
Φ (t)‖Pt(x, ·) − π(·)‖TV ≤ cV (x)


y��7 � 7 ���CaVjfedGfVlBVjf�=9k�xBpelyrKiLx
HΦ

r[nC~qf·sPxBfG~ÂF�¸
HΦ(u) =

∫ u

1

ds

Φ(s)
∀u ≥ 1.

�EJ�F¼AZF¼I²�»F�F¼I�Aä?BC�A@¿�À²��KB?ÃFm;WJM��F���?BC�A@Å ?BC + ���0-�?BD�¾ZJL�ÄAkMLA@C�A@�¼��KbF¼I²��Cµ
y��7 � 7 ����7(¹¤JL�ÄAÁ��ÄA@>@?BDÄA@K};M*¢KBA�F
Λ0
Å�A@C�J�F¼A�F¼I�A.>@K ��DÄDÇJ�ûyF¼I�A.¾ZAr��DÄÀ��¼����KBA.��C�Å(C�JLC�� Å�A@>@�ÄAr��DÄ?BC�Mäû�À�C�>�F¼?BJLC�D

r : [0,+∞) → [2,+∞)
DÄÀ�>�IÌF¼I²�»F

log r(t)/t ↓ 0
��D
t→ +∞ 7yú�A�F Λ

Å�A@C�J�F¼A4F¼I�A4>@K ��DÄDJ�û{Á�JLDÄ?ÃF¼?ÃÂLAn¾ZAr��DÄÀ��¼����KBAÇû�À�C�>�F¼?BJLC�D
r
DÄÀ�>�I#F¼I²�»F�û�JL�0DÄJL¾ZA

r ∈ Λ0
*

0 < lim inf
t

r(t)

r(t)
≤ lim sup

t

r(t)

r(t)
<∞.

G0I�A@C¤F¼I�A@�ÄA;A�ü�?BD F¼DE�|Á�JLDÄ?ÃF¼?ÃÂLAÇ>@JLC�D F���C&F
c
DÄÀ�>�I¤F¼I²�»F�û�JL�

r(t) ≤ Φ ◦H−1
Φ (t)

r(t)‖Pt(x, ·) − π(·)‖f ≤ cV (x),
ï�I�A@�ÄA

r ∈ Λ
*�û�JL�4�kDÄ?BMLC�A@Å(¾ZAr��DÄÀ��ÄA

µ, ‖µ‖f = sup|g|≤f µ(g)
��C�Å

f : X → [0,∞)
�¾ZAr��DÄÀ��¼����KBAÇû�À�C�>�F¼?BJLC

f
KB?BC	Z�A@ÅÌF¼J|F¼I�An>�I�JL?B>@A;J�û

r

 Â	? �.?BC&ÂLA@�ÄDÄAnÆ JLÀ�C�M|û�À�C�>�F¼?BJLCY��7

6EC�û�JL� F¼À�C²�»F¼A@K};M*0F¼I�AN>@JLC�D F���C&F
c
ï�I�?B>�I���Á�Á�Ar���ÄDä?BC»
y��7 � 7 ���|?BDkC�J�FÌA�ü�Á�KB?B>@?ÃFr7»�ÇÀ��¾k��?BCäMLJ&��K�?BD9F¼I�À�D�F¼J�JM��F���?BCÌ¿�À²��C&F¼?ÃF��»F¼?ÃÂLA$��JLÀ�C�Å�D�û�JL� F¼I�AnDÄÀ	��MLA@JL¾ZA�F¼�Ä?B>Ç>@JLC&ÂLA@�ÄMLA@C�>@A�¼�»F¼A@D�J�û~F¼I�AÇÁ��ÄJ	>@A@DÄD�F¼J.?ÃF¼D9D F��»F¼?BJLC²���2;ZÁ��ÄJM�²����?BKB?ÃFm;|Å�?BD F¼�Ä?[��À�F¼?BJLC

π
7b¹¤JL�ÄAnÁ��ÄA@>@?BDÄA@K};M*	F¼JÅ�A�F¼A@�Ä¾Z?BC�AÇ��û�À�C�>�F¼?BJLC

g : X → [0,∞)
*qï�I�?B>�IÌ>r��Cw��A4>@JL¾ZÁ�À�F¼A@ÅÌA�ü�Á�KB?B>@?ÃF¼K};M*�DÄÀ�>�IÌF¼I²�»F

r(t)‖Pt(x, ·) − π(·)‖TV ≤ g(x) ∀x ∈ X,

y��7 � 7 �q�

ï�I�A@�ÄA
r ∈ Λ.
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Φ− ú);&��Á�À�C�JvÂ(>@JLC�Å�?ÃF¼?BJLC�?BDÇC�J�FnAr��D2;�F¼JäÅ�A@�Ä?ÃÂLA�7�È�Fn?BDEF¼I�À�D?B¾ZÁ�JL� F���C&FEF¼JÌÁ��ÄJvÂ	?BÅ�A|�äDÄÀ'1Z>@?BA@C&F;>@JLC�Å�?ÃF¼?BJLC�ï�I�?B>�IW?BDÇ¾ZJL�ÄA�F¼�¼��>�F�����KBA�7�8²JL�4F¼I�?BD+*5ï9A
À�DÄAZF¼I�AZÀ�DÄÀ²��K >@�Ä?ÃF¼A@�Ä? �w�²��DÄA@Å JLCUA�ü	F¼A@C�Å�A@ÅPMLA@C�A@�¼�»F¼JL�@7#ú�A�F D(A)

Å�A@C�J�F¼AZF¼I�AZDÄA�F.J�û¾ZAr��DÄÀ��¼����KBANû�À�C�>�F¼?BJLC�D
f : X → R

ï�?ÃF¼I!F¼I�A(û�JLKBKBJ7ï�?BC�MUÁ��ÄJLÁ�A@� Fm;�øPF¼I�A@�ÄAWA�ü�?BD F¼D¤�¾ZAr��DÄÀ��¼����KBA|û�À�C�>�F¼?BJLC
h : X → R

DÄÀ�>�IUF¼I²�»F�F¼I�AZû�À�C�>�F¼?BJLC
t 7→ h(Xt)

?BD�?BC&F¼A@ML�¼����KBA
Px−

��7 D@7yû�JL�0Ar��>�I
x ∈ X

��C�Å#F¼I�A;Á��ÄJ	>@A@DÄD

t 7→ f(Xt) − f(X0) −
∫ t

0

h(Xs)ds

?BD4�
Px−

KBJ	>r��K~¾k��� F¼?BC�M&��KBA4û�JL�4��KBK
x
7�G0I�A@C�ï9AQï��Ä?ÃF¼A

h = Af *���C�Å f ?BD�D¼��?BÅ¤F¼Jc��A�?BCF¼I�A;Å�JL¾k��?BCÌJ�ûHF¼I�A;A�ü	F¼A@C�Å�A@Å�MLA@C�A@�¼�»F¼JL�
(A,D(A))

7HùUAnF¼I�A@C¤I²�rÂLA�7
�v���



�Cä~µ�=´�µ	« ô�:yÔ/:[Þ ¼ ñ©ì ò"ò á9�Cä~µ�=´�µ	« ò�:yÔYÔk¾0: ^�n�nek�_cf4lBV	a�l:lBVjfedGfSf]?Mr[nelIa�peo[i7n7fG~Vhjfelyrvlmf
n7fel ^ g�a�pGa�~@Amo}a�T9=9k�xBpelyrKiLx

V : X → [1,+∞)
C�rvlBV

V ∈ D(A)
g
Φ ∈ C gPa�x5~Sa�p�iLx'nel a�xjl

b <∞ nekjpqV=lBV	a�l1=>iLdCa�ovo
x ∈ X

g

AV (x) ≤ −Φ ◦ V (x) + b1C(x).

y��7 � 7½�M�

lBVjfex´a
Φ− Ia¸Ma9h5k�xBiL{�p�iLx5~�rvlyrKiLx�VjiLo}~8n>|

G0I�A.ú);&��Á�À�C�JvÂ�>@JLC�Å�?ÃF¼?BJLC�DE���ÄA;F¼I�A�¾ZJLD F4À�DÄA�û�À�KHJLC�A�F¼JZÂLA@�Ä?Ãûv;#?BC�Á��¼��>�F¼?B>@A�*�A�ÂLA@C(?ÃûJ�û¢>@JLÀ��ÄDÄA�F¼I�Ae;|>r��Cc��A0F¼�Ä?B>�Z�;�F¼J;A�ü�I�?[��?ÃF$
�DÄA@A�û�JL�bA�ü���¾ZÁ�KBA�F¼I�AEJLDÄ>@?BKBK �»F¼JL�{>r��DÄA<+ �Mî0-v��7`È CÁ²��� F¼?B>@À�K ���+*�ï9A$ï�?BKBKY��An����KBAEF¼J.>@JLC�D F¼�ÄÀ�>�F�DÄÀ�>�I¤�.ú);&��Á�À�C�JvÂä>@JLC�Å�?ÃF¼?BJLC�D û�JL����>@JLÀ�Á�KB?BC�MÁ��ÄJ	>@A@DÄD�ï�I�?B>�I�ï�?BKBKA��A�F¼I�ACZ�Ae;�F¼J	JLK¢û�JL�4JLÀ��E¾k��?BC¤�ÄA@DÄÀ�KÃFr74¶4À�A�F¼JkF¼I�?BDEK ��D F4�ÄA@DÄÀ�KÃF/ï9A
ï�?BKBKyÀ�DÄAkC�J7ï F¼I�AZû�JLKBKBJ7ï�?BC�MÌû�JL�Ä¾k��KyÅ�Ae&²C�?ÃF¼?BJLC,A�ÂLA@CP?Ãû9F¼I�AkMLA@C�A@�¼�»F¼JL����Á�Á�KB?BA@ÅWF¼J¤F¼I�A
û�À�C�>�F¼?BJLCU¾k��Z�A@D�C�J�DÄA@C�DÄA�
��ÄA@¾ZA@¾4��A@�Ä?BC�M¤?BCWF¼I�?BD�>r��DÄAZF¼I²�»F�F¼I�AS&²�ÄD F.Å�Ae&²C�?ÃF¼?BJLC,?BD;?BC>�I²���ÄMLA7��ø

AV (x) ≤ −Φ ◦ V (x) + b1C(x).
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ï�I�?B>�I�ï�?BKBKB��A;À�DÄA�û�À�K�û�JL��F¼I�A;Á��ÄJ	J�ûHJ�û{JLÀ����ÄA@DÄÀ�KÃF¼D@7
�Cä~µ�=´�µ	« ô�:yÔ/:[ò ¼ ñ©ì ò"ò á��Cä~µ�=´�µ	« ò�:yÔk¾0: ^�n�nek�_cf�lBV	a�lCa

Φ− Ia¸Ma9h5k�xBiL{´p�iLx5~�rvlyrKiLxVjiLo}~8n>|
r · N iLdQa�ovo

x ∈ X
a�x5~

t∗ > 0
g

Ex

[∫ τ t∗
C

0

Φ ◦ V (Xs)ds

]
≤ V (x) − 1 + bt∗.

rvr · N iLdQa�ovo
x ∈ X

a�x5~
t∗ ≥ 0

g

Ex

[∫ τ t∗
C

0

Φ ◦H−1
Φ (s)ds

]
≤ V (x) − 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (s)ds.
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�ÄA@DÄÀ�KÃF¼D@7#G0I�?BD�?BC�>@KBÀ�Å�A@D�¿�À²��C&F¼?ÃF��»F¼?ÃÂLA���JLÀ�C�Å�D�J�û9F¼I�AkÅ�?BD F���C�>@AkJ�û L(Xt)
��C�ÅUA@�ÄMLJ	Å�?B>

�rÂLA@�¼��MLA�K �>ï�D ∫ t
0
P (Xs ∈ ·)ds F¼JWF¼I�A�D F��»F¼?BJLC²���Ä?ÃFm;L7!<	A@>�F¼?BJLCÍ��7 �,?BDZÅ�A�ÂLJ�F¼A@Å/F¼J,F¼I�AÁ��ÄJ	J�û9J�û9JLÀ��;¾k��?BC(�ÄA@DÄÀ�KÃF¼D@7k<	A@>�F¼?BJLC���7 �Ìû�J	>@À�DÄA@D�JLCWDÄJL¾ZA|A�ü���¾ZÁ�KBA@D@7|G0I�AZ��Á�Á�A@C�Å�? ü

?BD0Å�A@Å�?B>r�»F¼A@ÅÌF¼JZ��DÄI�JL� FEÁ��ÄJ	J�ûHJ�ûHF¼I�A;?BC&F¼A@ML�¼����?BKB?ÃFm;|J�û`ÿE?ÃFÄF¼?BC�M.F¼?B¾ZA@D�À�C�Å�A@�Eú);&��Á�À�C�JvÂ>@JLC�Å�?ÃF¼?BJLC�D@7

�v�¼�



ÿM�[c \]�b�)� !$h>i"'4���ki
ô�:[Þ�:yÔ ¦¤jÕv°'Õ�ª��®[°²®?ã!°´ëH´�µ	±�ª�« ª�®~°�´��Q±�µ	« «U°
ú�A�FEÀ�DI��A@ML?BC���;ÌDÄJL¾ZA;C�J�F��»F¼?BJLC¢7y¶4Ae&²C�A
C =

{
Φ : [1,∞) → R

+ : Φ
?BD0?BC�>@�ÄAr��DÄ?BC�M	*�Å�?}TuA@�ÄA@C&F¼? ����KBA�*�>@JLC�>r�rÂLA

, lim
t→+∞

Φ(t) =

+∞, lim
t→+∞

Φ′(t) = 0, log Φ(t)/t ↓ 0
��D
t→ +∞

} 7
ú�A�F4À�DEC�J�F¼?B>@A;F¼I²�»FEF¼I�A�>@JLC�Å�?ÃF¼?BJLC

log Φ(t)/t ↓ 0
��D
t → +∞ ?ÃFE?BD�J�ûy?B¾ZÁ�JL� F���C�>@A�*DÄ?BC�>@A�ï9A����ÄA$ï9JL�EZ�?BC�MZJLC#DÄÀ	��� A�ü�Á�JLC�A@C&F¼? ��K�A@�ÄMLJ	Å�?B>@?ÃFm;L78²JL�

Φ ∈ C *�KBA�F

HΦ(u) =

∫ u

1

ds

Φ(s)
, u ≥ 1.

È�F>% D�Ar��D2;äF¼JZDÄA@AnF¼I²�»F

(H−1
Φ )′ = Φ ◦H−1

Φ , (H−1
Φ )′′ = Φ′ ◦H−1

Φ · Φ ◦H−1
Φ , (lnΦ ◦H−1

Φ )′ = Φ′ ◦H−1
Φ ,

lim
s→+∞

lnH−1
Φ (s)

s
= lim

s→+∞

Φ ◦H−1
Φ (s)

H−1
Φ (s)

= lim
t→+∞

Φ′(t) = 0.

G0I�A@C
H−1

Φ

?BD0?BC�>@�ÄAr��DÄ?BC�M	*�>@JLC&ÂLA�üB*�DÄÀ	��� MLA@JL¾ZA�F¼�Ä?B>�7yýU;äF¼I�A;KBJLML� >@JLC�>r�rÂ	?ÃFm;äJ�û
Φ ◦H−1

Φ

*

z → Φ ◦H−1
Φ (z + s)

Φ ◦H−1
Φ (z)

?BD0C�JLC�� ?BC�>@�ÄAr��DÄ?BC�M.û�JL�
s > 0.

ú�A�FEÀ�D�&²�ÄD FED F��»F¼AnF¼I�Anû�JLKBKBJ7ï�?BC�M.A@KBA@¾ZA@C&F����2;äKBA@¾Z¾k��7

bµ	« «U° ô�:[Þ�:yÔ/:

H−1
Φ (λa) = H−1

λΦ(a)
g
H−1

Φ (a+ b) ≤ H−1
Φ (a)H−1

Φ (b)
g�=>iLdCa�x/¸

λ > 0
g

a ≥ 0, b ≥ 0
a�x5~�rvxjlmfÍTqfed

n ≥ 1
|

ô�:[Þ�:[Þ Û �~°²®5Õ�ªvÕv°'Õ�ªvß�µ��>�Nçyµ�ÿAëy�®~µ	®5Õ�ª�°²±�µ�´8Ö=AãHªyè&ªvÕ\�
ùUA����ÄA;C�J7ïT?BC#Á�JLDÄ?ÃF¼?BJLCkF¼J|Á��ÄA@DÄA@C&FÇJLÀ��0¾k��?BCÌ�ÄA@DÄÀ�KÃF¼D@7
�Cä~µ�=´�µ	« ô�:[Þ�:[Þ�: P:rv{�fex�a¿±�a�dg³�iL{:h5dGi7p�f�n�n

(Xt)
C�rvlBVSn7fe_�rUT�dGiLk7h

(Pt)
gPa8n�nek�_cfelBV	a�l�a

Φ− Ia¸Ma9h5k�xBiL{cp�iLx5~�rvlyrKiLx�VjiLo}~8nCa�x5~
supC V <∞ g Φ ∈ C g C ∈ X

r[n
(t∗, ε)

AKne_�a�ovo g/=>iLd
n7iL_cf:hji7nervlyrv{�fVlyrv_cf

t∗
g:a�x5~

ε > 0
g�nel a�lyrKiLx5a�d\¸c~�r[nelyd9rDF+k�lyrKiLx@r[n

π
gPlBVjfex@r =

π(V ) <∞

||L(Xs) − π||TV ≤
∑

0≤n,s≥nt∗
(1 − ε)nÃ1

H−1
Φ (λÃ0n)

H−1
Φ (λ(s− t∗))

≤ Ã1Ãε,Φ

H−1
Φ (λ(s− t∗))

�v� �



CaVjfedGf
Ãε,Φ

C�rvovozF9f(T�rv{�fex�o}a�lmfedCa�x5~
Ã0 =:

2

λΦ(1)
sup
x∈C

{
V (x) − 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (λs)ds)

}
<∞,

Ã1 = max





E

[
V (X0)

]
+ π(V ) − 2

H−1
Φ (λÃ0)

, 1



 ,

a�x5~
d0 = inf

x/∈C
V (x), 0 < λ ≤ 1 − b

Φ(d0)
, Ãε,Φ <∞.

Ú9x¹TqfexBfedEa�o�CDf²V	a�{�f�g
||L(Xx

s ) − L(Xy
s )||TV ≤ A(V (x) + V (y))

H−1
Φ (λ(s− t∗))=>iLd

A
T�rv{�fexÀF�¸

A = max

{
1

V (x) + V (y)
,

1

HΦ(λÃ0)

}
× Ãε,Φ.

Ú9x�h	a�d9lyrKpek�o}a�dGgUr =
π(V )

r[n�sPxjrvlmfQlBVjfex
||L(Xx

s ) − π||TV ≤ A(V (x) + π(V ))

H−1
Φ (λ(s− t∗))

.

�äµ	«U°�´8é ô�:[Þ�:[ò�: ¯:xBf²V	a8nSfGa8nervoÛ¸ck�nervx"TclBVjf�Ia¸Ma9h5k�xBiL{�p�iLx5~�rvlyrKiLx@lBV	a�l
π(Φ(V )) < ∞a�x5~

π(V )
r[n$xBiLlPp�iLxjlydGiLovo[fG~�|�QiICDfe{�fedGg«r =KCDfInek7h�hji7n7f�lBV	a�l

π(ψ(V )) <∞ ´2fe{�fexjlyk	a�ovoÛ¸
k�n7f

Φ
·M=>iLd

Φ(x) ≤ ψ(x) ≤ x
=>iLd�o}a�d[Tqf

x
a�x5~

ψ
p�iLxBpGa�{�f�gDiLxBf�pGa�x¹Tqfel

||L(Xx
s ) − π||TV ≤ A(V (x))

H−1
Φ (λ(s− t∗))

+ CR(s)

=>iLdUn7iL_cf�p�iLx'nel a�xjl
C
a�x5~

R
~qf�pGa@¸Lrvx"TVlmiKV8fedGiQa�x5~8F9fervx"T�n7iLo©k�lyrKiLxclmiVlBVjf�_�rvxjrv_�rWV7a�lyrKiLx

rvx
R
i)=

R

ψ(R)H−1
Φ (t)

+
1

ψ(R)
.

ú�A�F~À�D~D F��»F¼AyC�J7ïP�0�ÄA@DÄÀ�KÃF~�ÄA@K �»F¼A@ÅnF¼J�DÄI�?Ãû F2� >@JLÀ�Á�KB?BC�M²+ ØM�0-K*8ï�I�?B>�I;Á��ÄJvÂ	?BÅ�A@D�û�JL�A��JLÀ�C�Å�D
JLC#F¼I�A;A@�ÄMLJ	Å�?B>n�rÂLA@�¼��MLA@DEJ�û{Å�?BD F���C�>@A@D0F¼JZD F��»F¼?BJLC²���2;kÅ�?BD F¼�Ä?[��À�F¼?BJLC�D@7
�Cä~µ�=´�µ	« ô�:[Þ�: ì : P:rv{�fexwaQ±�a�dg³�iL{Ph5dGi7p�f�n�n

(Xt)
C�rvlBVCn7fe_�rUT�dGiLk7h

(Pt)
a�x5~�nel a�lyrKiLx5a�d\¸

~�r[nelyd9rDF+k�lyrKiLx
π(.)

gVa8n�nek�_cfclBV	a�l�a
Φ− Ia¸Ma9h5k�xBiL{@p�iLx5~�rvlyrKiLxÒVjiLo}~8n�a�x5~

supC V < ∞ g
C ∈ X r[n

(t∗, ε)
AKne_�a�ovo.=>iLd�n7iL_cf:hji7nervlyrv{�fVlyrv_cf

t∗
a�x5~

ε > 0
|ZÔ�Vjfex8=>iLd

t > 0
∥∥∥∥

1

t

∫ t

0

P(Xs ∈ .)ds− π(.)

∥∥∥∥ ≤ 1

t
(2t∗ + c + c′) ,

�v� �



CaVjfedGf
c = A1Aε,Φ

∫ +∞

t∗

1

H−1
Φ (s− t∗)

ds, c′ = A′
1Aε,Φ

∫ +∞

t∗

1

H−1
Φ (s− t∗)

ds,

C�rvlBV
A1 = max





E

[
V (X0)

]
− 1

H−1
Φ (A0)

, 1



 , A′

1 = max

{
Eπ

[
V
]
− 1

H−1
Φ (A0)

, 1

} a�x5~
Aε,Φ <∞.

ODdGi7i)=+| G0I�A@JL�ÄA@¾Û��7½�	7½����C�Å���7½�	7 �Z���ÄAnÁ��ÄJvÂLA@C�?BCÌF¼I�A;C�A�ü	FEDÄA@>�F¼?BJLC¢7
�ÇC�An?BC&F¼A@�ÄA@D F¼?BC�M�Á�JL?BC&F>*�>@JL¾ZÁ²���ÄA@ÅäF¼J.F¼I�AnJLC�AnJ�û9+ Ø��0-)ï�I�A@�ÄAÇF¼I�Ae;ÌJLC�K};ZF¼�ÄAr�»F¼A@ÅÌF¼I�AA�ü�Á�JLC�A@C&F¼? ��K{>r��DÄA�*¢?BD�F¼I²�»F�ï9A�JM��F���?BC¤F¼I�A�D¼��¾ZA�DÄÁ�A@A@Å)*¢?ó7 A�7

t−1 *B��À�F4Â���KB?BÅN��D4DÄJ	JLC(��D
1/H−1

Φ

?BDÇ?BC&F¼A@ML�¼����KBA��»F;?BC'&²C�?ÃFm;L7�ùUA�¾k�>;NC�J7ï �ÌKB?ÃFÄF¼KBAQ��?ÃFnû�À�� F¼I�A@�n?BCNF¼I�A|Å�A�F���?BKBDÇJ�ûF¼I�A;>@JLC�D F���C&F¼D4��Á�Á�Ar���Ä?BC�M�?BC#JLÀ��0¾k��?BCÌ�ÄA@DÄÀ�KÃF¼D@7
¡�ÿAë{±�ªyè&ªvÕ�èL�®?�eÕv°²®5Õ

Aε,Φ
¼
Ãε,Φ

¾
8²JL����C�;

0 < aε < ε
*�ùUA;>�I�J	JLDÄA

αc
*²DÄÀ�>�I¤F¼I²�»F

(1 − ε)nH−1
Φ (cn) ≤ αc(1 − aε)

n û�JL�
n ≥ 1.

È C#û���>�F>*'ï9A�>r��C¤>�I�J	JLDÄA
αc = supn≥1

H−1
Φ (cn)

( 1−aε
1−ε

)n <∞ 7yG0I�A@C=ï9A;I²�rÂLA
∞∑

n=0

(1 − ε)nH−1
Φ (cn) ≤ αc

∞∑

n=0

(1 − aε)
n =

αc
aε
.

<	JSï9A;>r��C¤MLA�F�¾ZJL�ÄAnA�ü�Á�KB?B>@?ÃF0A�ü�Á��ÄA@DÄDÄ?BJLC�D@ø

Aε,Φ =
supn≥1

H−1
Φ (A0n)

( 1−aε
1−ε

)n

aε
, Ãε,Φ =

supn≥1
H−1

Φ (λÃ0n)

( 1−aε
1−ε

)n

aε

�È2�

Φ(x) = xα
*
0 < α < 1

7
H−1

Φ (x) = ((1 − α)x+ 1)
1

1−α
*

Aε,Φ =
supn≥1

((1−α)A0n+1)
1

1−α

( 1−aε
1−ε

)n

aε

Ãε,Φ =
supn≥1

((1−α)λÃ0n+1)
1

1−α

( 1−aε
1−ε

)n

aε
.


�ÈÄÈ2�
Φ(x) = x

(ln x)α

*
α > 0

7
H−1

Φ (x) = exp((1 + α)x)
1

1+α
*u��C�Å=ï9A.MLA�F4F¼I�A�DÄ?B¾Z?BK ���

A�ü�Á��ÄA@DÄDÄ?BJLC�D@7
�v� *



ÿM� _ �ßi"h>pq'4�<!$h>i"'4���kiQ���(%Ô�(!$#&#�pµ#�pÂ#�'H!'�º�b�)� %�d(h>#K!$h~��i
ô�:[ò�:yÔ ¥�´�¢YæEYæE�Cä~µ�=´�µ	« ô�:[Þ�:[Þ
�ÇÀ��0Á��ÄJ	J�û{�ÄA@KB?BA@D�¾k��?BC�K};ZJLC#>@JLÀ�Á�KB?BC�M�¾ZA�F¼I�J	Å#��D�Á��ÄA@DÄA@C&F¼A@Å¤û�JL�0A�ü���¾ZÁ�KBAÇ?BC¤:�JM��A@� F¼D��
:�JLDÄA@C&F¼I²��KZ+ Ø���-ó7��4��¾ZA@K}; ï9A���À�?BKBÅ5Fmï9J/¹����EZ�JvÂ!Á��ÄJ	>@A@DÄDÄA@D�ï�I�?B>�I ï�?BKBK4I²�rÂLAWDÄJL¾ZA>@JLÀ�Á�KB?BC�M#Á��ÄJLÁ�A@� Fm;M*?ï�I�?B>�I ��D�À�DÄÀ²��KbML?ÃÂLA|DÄJL¾ZAZÀ�Á�Á�A@�Q��JLÀ�C�ÅUJLCWF¼I�A|F¼J�F���K`Â����Ä? �»F¼?BJLCC�JL�Ä¾ J�ûbF¼I�A�Å�?}TuA@�ÄA@C�>@A�J�ûyF¼I�A�K �>ïeJ�ûbF¼I�A�Fmï9J#Á��ÄJ	>@A@DÄDÄA@DnÂ	? �Ì�ä>@JLC&F¼�ÄJLK{J�ûbF¼I�A.F���?BKHJ�ûF¼I�A;>@JLÀ�Á�KB?BC�M.F¼?B¾ZA�7GHJ�>@JLC&F¼�ÄJLK�F¼I�?BD9>@JLÀ�Á�KB?BC�M�F¼?B¾ZAIï9AnC�A@A@ÅÌFmï9J�F¼J	JLKBD@7{G0I�An¾Z?BC�JL�Ä?[<r�»F¼?BJLCZ>@JLC�Å�?ÃF¼?BJLCk?BD
C�A@A@Å�A@ÅkF¼JnÂ���KB?BÅ²�»F¼A�F¼I�A�>@JLÀ�Á�KB?BC�M;>@JLC�D F¼�ÄÀ�>�F¼?BJLC¢7`G0I�AEDÄA@>@JLC�Åk?B¾ZÁ�JL� F���C&F`F¼J	JLK�?BD �;MLJ	J	Å>@JLC&F¼�ÄJLKyJ�û A�ü�Á�A@>�F��»F¼?BJLC,J�û DÄÀ	��A�ü�Á�JLC�A@C&F¼? ��Ky¾ZJL¾ZA@C&F¼DnJ�û F¼I�A�>@JLÀ�Á�KB?BC�MäF¼?B¾ZA�7�ùUA�ï�?BKBKDÄI�J7ïTF¼I²�»F�ï9A����ÄA;����KBAÇF¼J|Å�JZDÄJ|À�DÄ?BC�M|F¼I�A�ú);&��Á�À�C�JvÂ#>@JLC�Å�?ÃF¼?BJLC¢7ùUA�ï�?BKBK¢DÄI�J7ï &²�ÄD F>*�F¼JZDÄ?B¾ZÁ�KB?Ãûv;|F¼I�A����ÄMLÀ�¾ZA@C&F¼D+*=I�J7ïVF¼JZ>@JLC&F¼�ÄJLK¢F¼I�AnF���?BK¢J�û{�ÄA@MLA@C��
A@�¼�»F¼?BJLCNF¼?B¾ZA�J�û DÄJL¾ZA.Á��ÄJ	>@A@DÄD�ï�?ÃF¼IW�ä¾Z?BC�JL�Ä?[<r�»F¼?BJLC¤>@JLC�Å�?ÃF¼?BJLC)*¢��C�Å�ï9A|I�JLÁ�A�F¼I²�»F;?ÃF
ï�?BKBKuI�A@KBÁ#F¼I�A;�ÄAr��Å�A@�0F¼J|À�C�Å�A@�ÄD F���C�Å¤F¼I�A;Á��ÄJ	J�û~û�JL��F¼I�A;>@JLÀ�Á�KBA@Å¤Á��ÄJ	>@A@DÄD@7
���{ÜxÝÄ
�Þ�ß	z»�nàXÞxz]áºâ_ß �{ãºÞ�ß	äWz]áXÜ¼á��XÞxz]á°ß �{z]å�z]}�ß	��
aß	Ü¼äWå�z]}���
�æ�
�á�
@�{ÜÉß	äWz]á\ß	äW�|

C ∈ X

?BD
(t∗, ε)

� DÄ¾k��KBK`?BC
D(C,V,Φ, b)

*�F¼I²�»F�¾ZAr��C�D
P t∗(x, ·) ≥ εQ(·) û�JL� x ∈ C

7
ï9AnDÄI²��KBKuÀ�DÄAÇF¼I�A4û�JLKBKBJ7ï�?BC�M�>@JLC�D F¼�ÄÀ�>�F¼?BJLCÌ?BCkF¼I�?BD�>�I²��Á�F¼A@�+*'ï�I�?B>�I#?BD û��ÄJL¾ß:�JM��A@� F¼D0��C�Å:�JLDÄA@C&F¼I²��K$
�+ Ø��0-K*{Á��ÄJ	J�û�J�û�ú�A@¾Z¾k������7  ?ÃÂLA@C �¤DÄA@¿�À�A@C�>@AÌJ�û0?ó7 ?ó7 Å,�¼��C�Å�JL¾ Â����Ä? ����KBA@D
Z1, Z2, ...

*
Zi ∼ B(1, ε)

*�ùUAN>@JLC�D F¼�ÄÀ�>�F
Xt

��C�Å5F¼I�AN�¼��C�Å�JL¾ D F¼JLÁ�Á�?BC�M F¼?B¾ZA
T =

inf
{
τ t

∗
i + t∗, Xτ t∗

i
∈ C,Zi = 1

} 7{KBA�F
τ t

∗
1 = τ 0

C

*
τ t

∗
i = inf

{
t ≥ τ t

∗
i−1 + t∗, Xt ∈ C

}
, i ≥

2
7
• � 7{?Ãû

Z1 = 1
*
τ t

∗
1 = τ 0

C

?BD0F¼I�AQ&²�ÄD FEF¼?B¾ZAnF¼I�A�Á��ÄJ	>@A@DÄD {Xt}
?BDE?BC#F¼I�A�DÄA�F

C
*�DÄA�F

Xτ t∗
1 +t∗ ∼ Q(·) ��	7{?Ãû
Z1 = 0

*²DÄA�F
Xτ t∗

1 +t∗ ∼ 1
1−ε(Pt∗(Xτ t∗

1
, ·) − εQ(·)) 7?BC A@?ÃF¼I�A@�.>r��DÄAÌ����JvÂLA�*�&²KBK9?BC

Xt
û�JL�

τ t
∗

1 < t < τ t
∗

1 + t∗
û��ÄJL¾gF¼I�AÌ��Á�Á��ÄJLÁ��Ä? �»F¼A

>@JLC�Å�?ÃF¼?BJLC²��KuÅ�?BD F¼�Ä?[��À�F¼?BJLC�D@7
• DÄ?B¾Z?BK ���ÄK};M*`û�JL� i ≥ 2

*�?Ãû
Zi = 1

*�DÄA�F
Xτ t∗

i +t∗ ∼ Q(·) � J�F¼I�A@�2ï�?BDÄA Zi = 0
*�DÄA�F

Xτ t∗
i +t∗ ∼ 1

1−ε(Pt∗(Xτ t∗
i
, ·) − εQ(·)) 7

6EC�Å�A@��F¼I�?BD�>@JLC�D F¼�ÄÀ�>�F¼?BJLC)*Uï9A¤MLA�F�F¼I�A#Á��ÄJ	>@A@DÄD
Xt

û�JL�|��KBK F¼?B¾ZA@D
t > 0

ï�?ÃF¼IPF¼I�A
DÄA@¾Z?BML�ÄJLÀ�Á

(P t)
*²��C�Å����¼��C�Å�JL¾âD F¼JLÁ�Á�?BC�M�F¼?B¾ZA

T
ï�?ÃF¼I

XT ∼ Q(·)
bµ	« «U° ô�:[ò�:yÔ/: ^�n�nek�_cf�lBV	a�lQa
Φ− Ia¸Ma9h5k�xBiL{´p�iLx5~�rvlyrKiLx3VjiLo}~8n�a�x5~

supC V < ∞ g
Φ ∈ C g C ∈ X

r[n
(t∗, ε)

AKne_�a�ovo g =>iLdUn7iL_cf?hji7nervlyrv{�f�lyrv_cf
t∗
g É f/p�iLx'nelyd9kjpelNlBVjf�h5dGi7p�f�n�n7f�n

{Xt}
a�x5~�acdEa�x5~qiL_¿nelmi�h�h5rvx"T�lyrv_cf

T
a8n4aLF9iL{�f�g�lBVjfex�CDfQV	a�{�f

P(T > s) ≤
∑

0≤n,s≥nt∗
(1 − ε)n

A1H
−1
Φ (A0n)

H−1
Φ (s− t∗) ≤ A1Aε,Φ

H−1
Φ (s− t∗) ,


y��7 ��7 � �

�v� 6



CaVjfedGf
A0 =:

1

Φ(1)
sup
x∈C

{
V (x) − 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (s)ds)

}
<∞ g

A1 = max

{
E[V (X0)] − 1

H−1
Φ (A0)

, 1

} a�x5~
Aε,Φ <∞

ODdGi7i)=+| ùUA;Å�Ae&²C�A
Ns = max

{
i : τ t

∗
i ≤ s

} 7býU;äF¼I�A;>@JLC�D F¼�ÄÀ�>�F¼?BJLC�����JvÂLA�*

P
(
T > s

)
≤

∑

0≤n,s≥nt∗
P

(
T > s,Ns−t∗ ≤ n

)

=
∑

0≤n,s≥nt∗
P

(
T > s

∣∣Ns−t∗ ≤ n
)

P

(
Ns−t∗ ≤ n

)

≤
∑

0≤n,s≥nt∗
(1 − ε)nP

(
Ns−t∗ ≤ n

)

<	A�FÄF¼?BC�M
D1 = τ t

∗
1

��C�Å
Di = τ t

∗
i − τ t

∗
i−1

û�JL�
i ≥ 2

*�?ÃF>% D0Ar��D2;ÌF¼J|DÄA@AnF¼I²�»F>*
E

[
H−1

Φ (D1)
]

= E

[
H−1

Φ (τ t
∗

1 )
]
≤ E

[
V (X0)

]
− 1 (

��;ÌG0I�A@JL�ÄA@¾Û��7 � 7 �
(i))

û�JL�
i ≥ 2

*²KBA�F

A0 =:
1

Φ(1)
sup
x∈C

{
V (x) − 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (s)ds

}
<∞.

ùUA;I²�rÂLA

E

[
H−1

Φ (Di)
]

= E

[∫ τ t∗
i −τ t∗

i−1

0

Φ ◦H−1
Φ (s)ds

]

= E

[
E
X

τt∗
i−1

∫ τ t∗
C

0

Φ ◦H−1
Φ (s)ds

]

≤ E

[
V (Xτ t∗

i−1
) − 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (s)ds

]

≤ A0Φ(1)��C�Å

E
[
H−1

Φ

(
τ t

∗
i

)]
− E

[
H−1

Φ

(
τ t

∗
i−1

)]
= E

[∫ τ t∗
i

τ t∗
i−1

Φ ◦H−1
Φ (s)ds

]

= E

[∫ τ t∗
i −τ t∗

i−1

0

Φ ◦H−1
Φ

(
s+ τ t

∗
i−1

)
ds

]

≤ E

[∫ ∞

0

Φ ◦H−1
Φ (s)

(
Φ ◦H−1

Φ (τ t
∗
i−1)

Φ(1)

)
1s≤τ t∗

C ◦θ
τt∗
i−1

ds

]

�v� _



(
z → Φ ◦H−1

Φ (z + s)

Φ ◦H−1
Φ (z)

?BD0C�JLC�� ?BC�>@�ÄAr��DÄ?BC�M.û�JL�
s > 0

)

≤ E

[
Φ ◦H−1

Φ

(
τ t

∗
i−1

)

Φ(1)
E
X

τt∗
i−1

∫ τ t∗
C

0

Φ ◦H−1
Φ (s)ds

]

≤ E

[
Φ ◦H−1

Φ

(
τ t

∗
i−1

)

Φ(1)

(
V (Xτ t∗

i−1

)
− 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (s)ds)

]

(
��;#G0I�A@JL�ÄA@¾Ý��7 � 7 �

(ii))
≤ A0E

[
Φ ◦H−1

Φ

(
τ t

∗
i−1

)]

≤ A0Φ ◦ E
[
H−1

Φ

(
τ t

∗
i−1

)]
(
��;äF¼I�A;>@JLC�>r�rÂ	?ÃFm;#J�û

Φ)G0I�A@C�ï9A�MLA�F
E
[
H−1

Φ

(
τ t

∗
i

)]
≤ E

[
H−1

Φ

(
τ t

∗
i−1

)]
+ A0Φ ◦ E

[
H−1

Φ

(
τ t

∗
i−1

)]
.

6EDÄ?BC�M�F¼I�Anû�JLKBKBJ7ï�?BC�M.KBA@¾Z¾k�4��7 ��7½��*�C�J�F¼A
H−1
A1Φ

(n) = H−1
Φ (A1n)

*=��C�Å#KBA�F

A′ = A1 = max





E

[
V (X0)

]
− 1

H−1
Φ (A0)

, 1



 ,

ï9A�MLA�F
E
[
H−1

Φ (τ t
∗
n )
]
≤ A1H

−1
Φ (A0n),

û�JL�
n ≥ 2.8²JL�b��C�;�Á�JLDÄ?ÃF¼?ÃÂLA�?BC&F¼A@MLA@�

n ≥2
*Mï9A�>r��CZMLA�FyF¼I�A�A@D F¼?B¾k�»F¼?BJLC�û��ÄJL¾ ¹����EZ�JvÂ5% D9?BC�A@¿�À²��KB?ÃFm;M*

P

(
Ns ≤ n

)
= P

(
n∑

i=1

Di ≥ s

)

= P

(
H−1

Φ

(
n∑

i=1

Di

)
≥ H−1

Φ (s)

)

≤
E

[
H−1

Φ (
∑n

i=1Di)
]

H−1
Φ (s)

=
E

[
H−1

Φ

(
τ t

∗
n

) ]

H−1
Φ (s)

≤ A1H
−1
Φ (A0n)

H−1
Φ (s)G0I�?BD�A@D F¼?B¾k�»F¼?BJLCä>@JL¾4��?BC�A@Åwï�?ÃF¼IÌû�JL�Ä¾.À�K ����7 ��7½��*'ï9A�MLA�F

P(T > s) ≤
∑

0≤n,s≥nt∗
(1 − ε)n

A1H
−1
Φ (A0n)

H−1
Φ (s− t∗) .

�v� b



�EJ�F¼?BC�M.F¼I²�»F
lims→+∞

lnH−1
Φ (s)

s
= 0

*�F¼I�A@�ÄA;A�ü�?ÃF¼DE��>@JLC�D F���C&F
Aε,Φ

*²DÄÀ�>�I¤F¼I²�»F
∑

0≤n,s≥nt∗
(1 − ε)nH−1

Φ (A0n) ≤ Aε,Φ < +∞,

F¼I�A@C�ï9AV&²C�?BDÄIÌF¼I�A;Á��ÄJ	J�û{J�ûHF¼I�A;KBA@¾Z¾k��7

bµ	« «U° ô�:[ò�:[Þ�:

ϕ ∈ C gwr = an+1 ≤ cϕ(an) + an
g�CaVjfedGf {an}

r[n�aJxBiLx/AmxBfÍT�a�lyrv{�f
rvxBpedGfGa8nervx"T�n7fGt+kjfexBp�f�g�lBVjfex@lBVjfedGf�f]?Mr[nelvnCa�p�iLx'nel a�xjl

A′ ≥ 1
g«nekjpqV=lBV	a�l

an ≤ A′H−1
Φ (n)CaVjfedGf

Φ(x) = cϕ(x), HΦ(x) =
∫ x
1

1
Φ(s)

ds

�äµ	«U°�´8é ô�:[ò�:[ò�:
Φ
r[n/a�o n7iCp�iLxBpGa�{�f�g

Φ(A′x) ≤ A′Φ(x)
=>iLd

A′ ≥ 1
g
(H−1

Φ )
′
= Φ◦H−1

Φa�x5~
Φ ◦H−1

Φ (n) ≤ H−1
Φ (n+ 1) −H−1

Φ (n)ODdGi7i)=+| 7�È�FE?BDEAr��D2;ÌF¼JZ>�I�J	JLDÄA.�|>@JLC�D F���C&F
A′ ≥ 1

D@7 F
a1 ≤ A′H−1

Φ (1)
*Y��;#?BC�Å�À�>�F¼?BJLC¤?Ãû

an−1 ≤ A′H−1
Φ (n− 1)

*�F¼I�A@C
an ≤ cϕ(an−1) + an−1 = Φ(an−1) + an−1

≤ Φ(A′H−1
Φ (n− 1)) + A′H−1

Φ (n− 1)

≤ A′{Φ(H−1
Φ (n− 1)) +H−1

Φ (n− 1)}
≤ A′H−1

Φ (n)

����
QÞxz]ãÃçYåWäWáºæÍÞxz]áºâ_ß �{ãºÞ�ß	äWz]á
:�A@>r��KBK

C ∈ X
?BD

(t∗, ε)
� DÄ¾k��KBK9?BCPF¼I�A

Φ− ú);&��Á�À�C�JvÂ[>@JLC�Å�?ÃF¼?BJLC¢7  ?ÃÂLA@C[�WDÄA@¿�À�A@C�>@AJ�û0?ó7 ?ó7 Å,�¼��C�Å�JL¾ Â����Ä? ����KBA@D
Z1, Z2, ...

*
Zi ∼ B(1, ε)

*~ùUAk>@JLC�D F¼�ÄÀ�>�F
(Xt, X

′
t)
��C�Å,F¼I�A�¼��C�Å�JL¾âD F¼JLÁ�Á�?BC�M�F¼?B¾ZA

T̃ = inf

{
τ̃ t

∗
i + t∗,

(
Xτ̃ t∗

i
, X ′

τ̃ t∗
i

)
∈ C × C,Zi = 1

}
.

ú�A�F
τ̃ t

∗
C×C = inf

{
t ≥ t∗, (Xt, X

′
t) ∈ C × C

}
, τ̃ t

∗
1 = τ̃ 0

C×C ,��C�Å
τ̃ t

∗
i = inf

{
t ≥ τ̃ t

∗
i−1 + t∗, (Xt, X

′
t) ∈ C × C

}
, i ≥ 2.

8²JL�0Ar��>�I#F¼?B¾ZA
τ̃ t

∗
i

*�?Ãû
Xt, X

′
t

I²�rÂLA�C�J�FI;LA�FE>@JLÀ�Á�KBA@Å)*�F¼I�A@C�ï9A�Á��ÄJ	>@A@DÄDÄA@D4��D0û�JLKBKBJ7ï�D@ø
� 7`?Ãû

Zi = 1
*²DÄA�F

Xτ̃ t∗
i +t∗ = X ′

τ̃ t∗
i +t∗ ∼ Q(·),��C�ÅSï9A4Å�A@>@K ���ÄA0F¼I�AEÁ��ÄJ	>@A@DÄDÄA@D F¼J�I²�rÂLA4>@JLÀ�Á�KBA@Å)*	��C�Å|û��ÄJL¾ºF¼I�A�>@JLÀ�Á�KB?BC�MnF¼?B¾ZA�*&KBA�F

Xτ̃ t∗
i +t∗ = X ′

τ̃ t∗
i +t∗

*

�v�Ä�



�	7`?Ãû
Zi = 0

*²DÄA�F

Xτ̃ t∗
i +t∗ ∼ 1

1 − ε

(
P t∗(Xτ̃ t∗

i
, ·) − εQ(·)

) ��C�Å
X ′
τ̃ t∗
i +t∗ ∼

1

1 − ε

(
P t∗(X ′

τ̃ t∗
i
, ·) − εQ(·)

)

>@JLC�Å�?ÃF¼?BJLC²��KBK};|?BC�Å�A@Á�A@C�Å�A@C&F¼K};L7
È CWA@?ÃF¼I�A@�Ç>r��DÄA|����JvÂLA�*)ï9A4&²KBK{?BC

Xt
��C�Å

X ′
t

û�JL�
τ̃ t

∗
i < t < τ̃ t

∗
i + t∗

>@JLC�Å�?ÃF¼?BJLC²��KBK};Ì?BC��Å�A@Á�A@C�Å�A@C&F¼K};M*=À�DÄ?BC�M�F¼I�A;>@JL�Ä�ÄA@>�FE>@JLC�Å�?ÃF¼?BJLC²��KuÅ�?BD F¼�Ä?[��À�F¼?BJLC�D�ML?ÃÂLA@C
Xτ̃ t∗

i

*
X ′
τ̃ t∗
i

*
Xτ̃ t∗

i +t∗
*

X ′
τ̃ t∗
i +t∗

7
T̃
?BD;F¼I�Ak>@JLÀ�Á�KB?BC�M#F¼?B¾ZA�*`��C�Å´ï9AäD F¼?BKBKyI²�rÂLAäDÄ?B¾Z?BK ���nA@D F¼?B¾k�»F¼?BJLC,��D.ú�A@¾Z¾k�

��7 ��7 � 7;È�F;?BDÇAr��DÄ?BK};¤DÄA@A@CWF¼I²�»F
Xt
��C�Å

X ′
t

Ar��>�IW¾k���ÄML?BC²��KBK};ÌI²��DÇF¼I�A.F¼�¼��C�DÄ?ÃF¼?BJLC�Á��ÄJM�²�8�
��?BKB?ÃF¼?BA@D

P t(x, ·) 7
bµ	« «U° ô�:[ò�: ì : ^�n�nek�_cf/lBV	a�l�lBVjf
Φ− Ia¸Ma9h5k�xBiL{4p�iLx5~�rvlyrKiLx�´�þM|BÊ�|Bý\·Vr[n:n>a�lyr[n·s:fG~J=>iLdIlBVjfTqfexBfedEa�lmiLd=a8n�n7i7perya�lmfG~´lmi´lBVjfwn7fe_�rUT�dGiLk7h

(Pt)
gÍCDfðF+k�rvo}~²a´lcCDi.A2~�rv_cfex'nerKiLx5a�o�±�a�dg³�iL{

h5dGi7p�f�n�n
(Xt, X

′
t)
iLx

X × X
a8nwaLF9iL{�fUC�rvlBV�n7fe_�rUT�dGiLk7h

(P̃t)
gaCaV�rKpqV@n>a�lyr[n·s:f�n�lBVjfÇF+rBA

{La�d9rya�lmf²Ia¸Ma9h5k�xBiL{�p�iLx5~�rvlyrKiLx�Æ
ÃW (x, x′) ≤ −λΦ ◦W (x, x′) + 2b1C×C(x, x′)C�rvlBV

W (x, x′) = V (x) + V (x′) − 1
g
d0 = infx/∈CV (x)

g
0 < λ ≤ 1 − b

Φ(d0)ODdGi7i)=+| �EJ�F¼AnF¼I²�»F
Φ ◦ (V (x) + V (x′) − 1) − Φ ◦ V (x) ≤ Φ ◦ V (x′) − Φ(1)

*'ï9A�I²�rÂLA
ÃW (x, x′) = AV (x) + AV (x′)

≤ −Φ ◦ V (x) − Φ ◦ V (x′) + b1C(x) + b1C(x′)

≤ −Φ ◦ (V (x) + V (x′) − 1) − Φ(1) + b1C(x) + b1C(x′).G0I�A@C=ï9A;>r��C¤MLA�F�F¼I�A;�ÄA@DÄÀ�KÃF�Ar��DÄ?BK};L7

bµ	« «U° ô�:[ò�: × : ^�n�nek�_cfQlBV	a�lUlBVjf4~�d9r =9l�p�iLx5~�rvlyrKiLx3´�þM|BÊ�|Bý\·�r[n�n>a�lyr[n·s:fG~8gPlBVjfex�lBVjf
Φ− Ia¸Ma9h5k�xBiL{4p�iLx5~�rvlyrKiLxwr[n�n>a�lyr[n·s:fG~J=>iLd

Pt
a�x5~

(P̃t)
n>a�lyr[n·s:f�n�a

2Φ− Ia¸Ma9h5k�xBiL{4p�iLx5~�rBA
lyrKiLx�C�rvlBVJ=9k�xBpelyrKiLx

W (x, x′) = V (x)+V (x′)−1
g
d0 = infx/∈C V (x)

g
0 < λ ≤ 1− b

Φ(d0)

|
È C#F¼I�AnD¼��¾ZA�ï��>;#J�ûHF¼I�A;Á��ÄJ	J�ûHJ�û`ú�A@¾Z¾k����7 ��7 � *	ï9A;MLA�F
bµ	« «U° ô�:[ò�:[ô�: ^�n�nek�_cf�lBV	a�l/a

Φ− Ia¸Ma9h5k�xBiL{=p�iLx5~�rvlyrKiLx´r[nQn>a�lyr[n·s:fG~�a�x5~
supC V <

∞ g Φ ∈ C g C ∈ X
r[n

(t∗, ε)
AKne_�a�ovo gM=>iLd�n7iL_cf�hji7nervlyrv{�f�lyrv_cf

t∗
g�a�x5~

ε > 0
gUCDf

p�iLx'nelyd9kjpelUlBVjf�h5dGi7p�f�n�n
(Xt, X

′
t)
a�x5~�lBVjf�p�iLk7h5o©rvx"T�lyrv_cf

T̃
a8n4aLF9iL{�f�gPlBVjfex�CDf²V	a�{�f

P(T̃ > s) ≤
∑

0≤n,s≥nt∗
(1 − ε)nÃ1

H−1
Φ (λÃ0n)

H−1
Φ (λ(s− t∗))

≤ Ã1Ãε,Φ

H−1
Φ (λ(s− t∗))

,

CaVjfedGf
Ã0 =:

2

λΦ(1)
sup
x∈C

{
V (x) − 1 +

b

Φ(1)

∫ t∗

0

Φ ◦H−1
Φ (λs)ds

}
<∞,

���\�



Ã1 = max





E

[
V (X0) + V (X ′

0)
]
− 2

H−1
Φ (λÃ0)

, 1



 ,

a�x5~
d0 = inf

x/∈C
V (x), 0 < λ ≤ 1 − b

Φ(d0)
, Ãε,Φ <∞

¥�´�¢Yæ�Yæ4�Cä~µ�=´�µ	« ô�:[Þ�:[Þ
ùUAb>@JLC�D F¼�ÄÀ�>�FHF¼I�AbÁ��ÄJ	>@A@DÄDÄA@D

Xt
��C�Å

X ′
t

�ÄJL?BC&F¼K};Ç��D~?BCQ��7 ��7 � 7HýU;ÇF¼I�Ab>@JLÀ�Á�KB?BC�M�?BC�A@¿�À²��KB?ÃFm;
||L(Xt) − L(X ′

t)||TV ≤ P (T̃ > t)
*²KBA@¾Z¾k����7 ��7 �|��C�Å¤DÄA�FÄF¼?BC�M L(X ′

0) = π
*	ï9A�>r��C¤MLA�F

F¼I�AnF¼I�A@JL�ÄA@¾âÅ�?B�ÄA@>�F¼K};L7
ô�:[ò�:[Þ ¥�´�¢YæEYæE�Cä~µ�=´�µ	« ô�:[Þ�: ì
�ÇÀ��bÁ��ÄJ	J�ûu�ÄA@KB?BA@Dy¾k��?BC�K};�JLC�F¼I�AEDÄI�?Ãû F2� >@JLÀ�Á�KB?BC�MÇ¾ZA�F¼I�J	Å|Á��ÄA@DÄA@C&F¼A@Åkû�JL�yA�ü���¾ZÁ�KBA�?BC�+ ØM�0-

�DÄA@A���KBDÄJ¹+ � -K*m+ � ñM�0-K*m+ � ñ��.-v��7ùUA�>@JLC�D F¼�ÄÀ�>�F9�ÇDÄA@>@JLC�ÅZÁ��ÄJ	>@A@DÄD

(Yt)
ï�?ÃF¼I.F¼I�A0D¼��¾ZA�¾k���ÄML?BC²��K

Pt(x, ·)
7`8²�ÄJL¾¢��7 ��7 � *F¼I�A@�ÄA����ÄAnF¼?B¾ZA@D

T
��C�Å

T ′ DÄÀ�>�I¤F¼I²�»F L(XT ) = L(YT ′) = Q(.)ùUA;Å�Ae&²C�AnF¼I�AD�ÄJL?BC&F�Á��ÄJ	>@A@DÄD
(Xt, X

′
t)
��D0û�JLKBKBJ7ï�D





X ′
T ′ = XT ,

X ′
T ′+t = XT+t

û�JL�
t > 0

X ′
t = Yt

û�JL�
t < T ′.

È�F9?BD Ar��DÄ?BK};�DÄA@A@CkF¼I²�»F
X ′
t

D F¼?BKBK�û�JLKBKBJ7ï�D`F¼I�AEF¼�¼��C�DÄ?ÃF¼?BJLC|Á��ÄJM�²����?BKB?ÃF¼?BA@D
Pt(x, ·)

7{G0I�AEF¼?B¾ZA@D
T
��C�Å

T ′ ���ÄA|F¼I�AkDÄJL� >r��KBKBA@ÅWDÄI�?Ãû F2� >@JLÀ�Á�KB?BC�M#A@Á�J	>�I�D�û�JL� (Xt)
��C�Å

(X ′
t)
7#G0I�AkKBA@¾Z¾k�

��7 ��7 � ML?ÃÂLA@D�À�Á�Á�A@�I��JLÀ�C�Å�D�JLC
P (T > s)

��C�Å
P (T ′ > s)

7ýU;äF¼I�A;DÄI�?Ãû F2� >@JLÀ�Á�KB?BC�M.?BC�A@¿�À²��KB?ÃFm;)
�DÄA@AnA�7 Mð+ Ø��0-K*²�y�ÄJLÁ�JLDÄ?ÃF¼?BJLC=�M�9*'ï9A�I²�rÂLA
∥∥∥∥

1

t

∫ t

0

P(Xs ∈ .)ds− 1

t

∫ t

0

P(X ′
s ∈ .)ds

∥∥∥∥

≤ 1

t

(∫ +∞

0

P(T > s)ds+

∫ +∞

0

P(T ′ > s)ds

)

≤ 1

t

(
2t∗ +

∫ +∞

t∗
P(T > s)ds+

∫ +∞

t∗
P(T ′ > s)ds

)
.

G0I�A;�ÄA@DÄÀ�KÃF�F¼I�À�D0û�JLKBKBJ7ï�D:��;#?BC&F¼A@ML�¼�»F¼?BC�M.F¼I�A;À�Á�Á�A@�I��JLÀ�C�Å�D�J�û
P(T > s)

��C�Å
P(T ′ > s)

ML?ÃÂLA@C���;ÌF¼I�A;KBA@¾Z¾k�4��7 ��7 � ��C�Å#KBA�FÄF¼?BC�M L(X ′
0) = π(.)

7

���v�



ÿM�NÝ -/�4�Ç�����u�`���)#��(i
ô�: ì :yÔ �Cä~µN´�µ�ß�µ�´L�rª·ç{±�µ�èL°j�@µ
ú�A�F {Xt}

��A;�
n
� Å�?B¾ZA@C�DÄ?BJLC²��K�Å�?}TuÀ�DÄ?BJLC#Á��ÄJ	>@A@DÄD�Å�Ae&²C�A@Å���;

dXt = dBt +
1

2
∇ lnπ(Xt)dt


y��7 ��7 � �
ï�I�A@�ÄA

Bt
?BD���D F���C�Å²���ÄÅ

n
� Å�?B¾ZA@C�DÄ?BJLC²��K¢ý9�ÄJ7ï�C�? ��C#¾ZJ�F¼?BJLC¢7ùUA¤DÄÀ�Á�Á�JLDÄA�F¼I²�»F

π(x) = e−V (x) ï�I�A@�ÄA V (x) = (1 + |x|2)α
2
*

0 < α < 1
7!È�F?BD4Z�C�J7ïßF¼I²�»F

π
?BD�À�ÁPF¼JW�(C�JL�Ä¾k��KB?[<@?BC�M¤>@JLC�D F���C&F|F¼I�AÌÅ�A@C�DÄ?ÃFm;PJLC

Rn ï�?ÃF¼IP�ÄA@DÄÁ�A@>�FF¼J¤F¼I�Aäú�A+��A@DÄMLÀ�Ak¾ZAr��DÄÀ��ÄA�*{J�û�F¼I�AkÀ�C�?B¿�À�AZ?BC&Â����Ä? ��C&F�Á��ÄJM�²����?BKB?ÃFm;NÅ�?BD F¼�Ä?[��À�F¼?BJLCWJ�û�F¼I�AÁ��ÄJ	>@A@DÄD {Xt}

�DÄA@A.û�JL�ÇA�ü���¾ZÁ�KBAÇ+ î.-K*K+ �0-`JL�`+ �M�0-v��7�È C(F¼I�A.DÄA@¿�À�A@KK*

π
ï�?BKBKHÅ�A@C�J�F¼A|�»FÇF¼I�AD¼��¾ZAEF¼?B¾ZA�F¼I�AÇ?BC&Â����Ä? ��C&F9Á��ÄJM�²����?BKB?ÃFm;|��C�ÅäF¼I�A4Å�A@C�DÄ?ÃFm;kû�À�C�>�F¼?BJLC¢7P�ÇÀ�����?B¾ ?BD F¼J.D F¼À�Å';F¼I�A�A@�ÄMLJ	Å�?B>@?ÃFm;PJ�ûÇF¼I�A¤DÄJLKBÀ�F¼?BJLC[J�ûÇF¼I�A¤D F¼J	>�I²��D F¼?B>�Å�?}TuA@�ÄA@C&F¼? ��K0A@¿�À²�»F¼?BJLCÐ
y��7 ��7 � ��7!È C

ï�I²�»F4û�JLKBKBJ7ï�D+*	ï9AQï�?BKBK�D F¼À�Å';¤Å��Ä?Ãû FE>@JLC�Å�?ÃF¼?BJLC���C�Å�¾Z?BC�JL�Ä?[<r�»F¼?BJLC¢7 ¸�F4F¼I�A�A@C�Å)*5ï9AQï�?BKBK>@JL¾ZÁ�À�F¼A�F¼I�A.>@JLC�D F���C&Fn?BC�JL�ÄÅ�A@�4F¼Jä��Á�Á�K};¤G0I�A@JL�ÄA@¾Ë��7½�	7½�	7�ùUA.�ÄA@>r��KBK~F¼I²�»FÇMLA@C�A@�¼�»F¼JL�J�û9F¼I�AZÁ��ÄJ	>@A@DÄD�?BD;ML?ÃÂLA@C���;
L = 1

2
∆ + 1

2
∇ ln π(x) · ∇ 
vï�I�A@�ÄA|F¼I�AZÅ�J�F�Å�A@C�J�F¼AZDÄ>r��K ���Á��ÄJ	Å�À�>�F9��7

è à]ÜÉçYãºáºz�éX}bãºáºÞ�ß	äWz]á
ú�A�F

ι ∈]0, 1[
7`ùUA;Å�Ae&²C�A;F¼I�Anû�À�C�>�F¼?BJLC

W
��;

W (x) = eι(1+|x|2)
α
2

G0I�A@C
W ∈ D(A)

7`G0I�AEû�JLKBKBJ7ï�?BC�M;?BD9?BCkÁ²��� F9Å�A@Å�À�>@A@ÅÌû��ÄJL¾ F¼I�AEF¼I�A4>r��KB>@À�K �»F¼?BJLC�DbJ�û+ ���.-K*�DÄA@>�F¼?BJLC=��7 � � DÄA@A���KBDÄJ�+ î0-~DÄA@>�F¼?BJLC=��7 ��7
AW = LW =

1

2

{
ιαn

(
1 + |x|2

)α
2
−1

+ ια (α− 2) |x|2
(
1 + |x|2

)α
2
−2

+ ι2α2|x|2
(
1 + |x|2

)α−2 − ια2|x|2
(
1 + |x|2

)α−2
}
× eι(1+|x|2)

α
2

= −1

2

{
− αnι

2−α
α

(1 + |x|2)α
2

+
ι

2−α
α α(2 − α)|x|2
(1 + |x|2)1+ α

2

− ιι
2−α

α α2|x|2
1 + |x|2 +

ι
2−α

α α2|x|2
1 + |x|2

}

︸ ︷︷ ︸
g(x)

×
(

logW (x)
)−2 1−α

α × exp
(
ι(1 + x2)

α
2

)
.

ú�A�F
M
DÄÀ�>�IkF¼I²�»Fbû�JL� ��KBK |x| > M

*
g(x) > 0

7y<	À�>�I
M
A�ü�?BD F¼D DÄ?BC�>@AIï9A4>r��CZDÄA@AEF¼I²�»FF¼I�A�ML�¼��Á�I¤J�û

g
I²��DEF¼I�A�DÄI²��Á�A�J�ûb����J7ï�Kó7�KBA�F

C = B(0,M)
F¼I�A�>@KBJLDÄA@Å��²��KBK~>@A@C&F¼A@�ÄA@Å

�»F/ñZ��C�Å#�¼��Å�?BÀ�D
M
7�<	A�F

κ = 1
2

inf
x/∈C

g(x)
7b8²JL����KBK

a > 0
*'ï9A�I²�rÂLA

AW (x) ≤ −Φ ◦W (x) + b1C(x)

�����



ï�I�A@�ÄA
Φ(x) = κx

(
a+ log x

)−2 1−α
α

, b = sup
C

AW + sup
C

Φ ◦W.

W
?BDbF¼I�À�D0�.ú);&��Á�À�C�JvÂkû�À�C�>�F¼?BJLCkÀ�C�Å�A@�9F¼I�A4I�;	Á�J�F¼I�A@DÄ?BD9F¼I²�»F

C
ÂLA@�Ä?}&²A@D9F¼I�AÇ¾Z?BC�JL�Ä?[<r�8�F¼?BJLC#>@JLC�Å�?ÃF¼?BJLC¢7

�EJ7ï!?BC|JL�ÄÅ�A@�bF¼JQ��AIï�?ÃF¼I�?BC�F¼I�AE>@JLC&F¼A�ü	F9J�û���Á�Á�KB?B>r�»F¼?BJLC�J�û¢KBA@¾Z¾k����7 ��7 ����C�ÅkKBA@¾Z¾k�
��7 ��7½��ï9AE>�I�J	JLDÄA

d0 > 0
?BC|DÄÀ�>�Iä�$ï��>;�F¼I²�»F

Φ(d0) > b
��C�Å

M ′ =

√(
ln d0
ι

) 2
α − 1 > M
 F¼I�?BD;?BD;��K}ï��>;	D�Á�JLDÄDÄ?[��KBA�DÄ?BC�>@A�F¼I�A�û�À�C�>�F¼?BJLC

Φ
?BD;C�JLC�� Å�A@>@�ÄAr��DÄ?BC�M���C�Å

lim
x→+∞

Φ(x) =

+∞ ��7`ùUA;D F��»F¼A���M&��?BC C = B(0,M ′)
7yG0I�A@C=ï9A�I²�rÂLA���M&��?BC

AW (x) ≤ −Φ ◦W (x) + b1C(x)��C�Å
d0 = inf

x/∈C
W (x)

*
Φ(d0) > b

7

ê äWáºz»�{äWëxÜÉß	äWz]á�Þxz]á��ºä§ß	äWz]á
ùUAnÅ�Ar��K¢C�J7ïµï�?ÃF¼IäF¼I�An¾Z?BC�JL�Ä?[<r�»F¼?BJLCZ>@JLC�Å�?ÃF¼?BJLC¢7`È Cwï�I²�»F0û�JLKBKBJ7ï�D+*qï9A�ï�?BKBK�>�I�A@>�ZäF¼I²�»F
F¼I�A4I�;	Á�J�F¼I�A@DÄ?BD9J�û¢G0I�A@JL�ÄA@¾¿Ø�
�JL� G0I�A@JL�ÄA@¾ Ú;?BCZJLC�AEÅ�?B¾ZA@C�DÄ?BJLC²��K²>r��DÄA7�bJ�ûK+ Ø��0-�I�JLKBÅ�D@7GHJUF¼I�?BDkA@C�Å!KBA�FkÀ�Dä�ÄA@>r��KBK�F¼I�A�Å�Ae&²C�?ÃF¼?BJLC/J�û��UÁ�DÄA@À�Å�JPDÄ¾k��KBK�DÄA�Frø,�UDÄÀ	��DÄA�F

C
?BDä�

(t, ε)− Á�DÄA@À�Å�J¤DÄ¾k��KBK~DÄA�Fn?Ãûyû�JL�Ç��KBK x, y ∈ C
*�F¼I�A@�ÄA�A�ü�?BD F¼Dn�äÁ��ÄJM�²����?BKB?ÃFm;Ì¾ZAr��DÄÀ��ÄA

QxyDÄÀ�>�I¤F¼I²�»F
P t(x, ·) ≥ εQxy(·), P t(x, ·) ≥ εQxy(·).G0I�?BD�Å�Ae&²C�?ÃF¼?BJLC ?BD�¾ZJL�ÄAä>@JLC&ÂLA@C�?BA@C&F|û�JL��F¼I�AÌC�À�¾ZA@�Ä?B>r��K9>r��KB>@À�KBÀ�D.?BCPI�?BMLIPÅ�?B¾ZA@C�DÄ?BJLCF¼I²��C#F¼I�A;À�DÄÀ²��K�Å�Ae&²C�?ÃF¼?BJLCÌJ�û{DÄ¾k��KBK¢DÄA�Fr7

ú�A�F
C = B(0,M ′) =

n∏
i=1

[−M ′,M ′]
ï�I�A@�ÄA

M ′ ?BD4��DÇ����JvÂLA�7EùUA.Å�A@C�J�F¼AC��;N¶eF¼I�A
Å�? ��¾ZA�F¼A@��J�û

C
*y?ó7 A

D = 2
√
nM ′ 7,ú�A�F a > M ′ * S =

n∏
i=1

[−a, a] 7P<	A�F ∇ ln π(x) =

(µ1(x), · · · , µn(x))
ï�I�A@�ÄA

µi(x) = αxi

(1+|x|2)1−
α
2

79ú�A�F
c
��C�Å

d
DÄÀ�>�I�F¼I²�»F

c ≤ µi(x) ≤ dû�JL����KBK
x ∈ S

7 <	A�F
L =

√
n(d− c)

7G0I�A@C)*uML?ÃÂLA@C
t0 > 0

*=û�JL�Ç��KBK
t ≥ t0

*
C
?BD

(t, ε)
� Á�DÄA@À�Å�JL� DÄ¾k��KBKm
�DÄ¾k��KBKu?BC�JLC�A�Å�?B¾ZA@C��

DÄ?BJLC²��K¢>r��DÄA7�Dï�?ÃF¼I

ε = Ψ(−D−t0L√
4t0

) + e−
DL
2 Ψ( t0L−D√

4t0
)

−2nΨ(−(a−M ′)−t0c√
t0

) − 2ne−2(a−M ′)cΨ( t0c−(a−M ′)√
t0

)

−2nΨ(−(a−M ′)+t0d√
t0

) − 2ne2(a−M ′)dΨ(−t0d−(a−M ′)√
t0

)

ï�I�A@�ÄA
Ψ(s) =

∫ s
−∞

1√
2π
e−

u2

2 du.

��� �



�äµ	«U°�´8é ô�: ì :yÔ/: Ú9x�lBVjf�iLxBfC~�rv_cfex'nerKiLx5a�oNpGa8n7fQCDf²V	a�{�f
ε = Ψ(−D−t0L√

4t0
) + e−

DL
2 Ψ( t0L−D√

4t0
)

−Ψ(−(a−M ′)−t0c√
t0

) − e−2(a−M ′)cΨ( t0c−(a−M ′)√
t0

)

−Ψ(−(a−M ′)+t0d√
t0

) − e2(a−M ′)dΨ(−t0d−(a−M ′)√
t0

)

ODdGi7i)=+| <	A@A�
�+ Ø���-K*²G0I�A@JL�ÄA@¾ÙÚ���C�Å#G0I�A@JL�ÄA@¾ÛØ���7
¹¤JL�ÄA@JvÂLA@�+*Hû�JL�;JLC�A9� Å�?B¾ZA@C�DÄ?BJLC²��K{Å�?}TuÀ�DÄ?BJLC�D+*{:�JM��A@� F¼D���C�ÅUGNï9A@A@Å�?BAð+ Ø��0-bI²�rÂLAkÁ��ÄJL�Â	?BÅ�A@Å�F¼I�A�û�JLKBKBJ7ï�?BC�M|�ÄA@DÄÀ�KÃF�ï�I�?B>�INML?ÃÂLA@Dn�Z¾ZJL�ÄA���>@>@A@DÄDÄ?[��KBA�û�JL�Ä¾SF¼JkMLA�FÇ¾Z?BC�JL�Ä?[<r�»F¼?BJLC>@JLC�Å�?ÃF¼?BJLCÌ?BC#>@A@� F���?BC#DÄÁ�A@>@? ��K�>r��DÄA@D


bµ	« «U° ô�: ì :[Þ ¼ ñ � × ò á.±�µ	« «U° ô�:yÔk¾0: INfel
X

F9f�a´xBiLx/AEf]?eh5o[i7nerv{�f=iLxBf�~�rv_cfex'nerKiLx5a�o
~�r �Ik�nerKiLx=n>a�lyr[nN=\¸Lrvx"T�lBVjf Y RQÈ

dXt = dBt + ζ(Xt)dt,CaVjfedGf
Bt

r[n´a²nel a�x5~�a�dE~Ø¶IdGiIC�xjrya�xµ_ciLlyrKiLx5| Y k7h�hji7n7f@lBV	a�l
ζ
r[n´a xBiLx/AmrvxBpedGfGa8nervx"T=9k�xBpelyrKiLx5|ZÔ�Vjfex8=>iLd −∞ < c < a <∞ g [c, a] r[n (t∗, ε)

AKne_�a�ovo�C�rvlBV
ε = 2Φ

(
−a− c

2
√
t∗

)
,

CaVjfedGf
Φ
r[nVlBVjf�nel a�x5~�a�dE~wpek�_�k�o}a�lyrv{�fQxBiLd9_�a�oN~�r[nelyd9rDF+k�lyrKiLx8=9k�xBpelyrKiLx5|

ì z]ãºá��ºâäWáXÞxÜ¼âÄ
Qz]}�çYâÄ
�ã��ºz¼íeâ	��Ü¼åWå®âÄ
Sß	â
È C�F¼I�A�¾.À�KÃF¼?�� Å�?B¾ZA@C�DÄ?BJLC²��KL>r��DÄA�ï9A�I²�rÂLA�JM��F���?BC�A@Å|Á�DÄA@À�Å�JL� DÄ¾k��KBK�DÄA�F¼Db?BC�D F¼Ar��Å|J�û�DÄ¾k��KBK��DÄA�F¼D@7#G0I�Ak�ÄA@DÄÀ�KÃF¼DQï9A�ï�?BKBKyML?ÃÂLAZC�J7ï�ï�?BKBKyÁ�A@�Ä¾Z?ÃF�À�D;F¼J�I²�rÂLAZF¼I�AkD¼��¾ZA���JLÀ�C�Å ��D�?BCG0I�A@JL�ÄA@¾Û��7½�	7½�.?BC#>r��DÄAnF¼I�A;¾Z?BC�JL�Ä?[<r�»F¼?BJLCk>@JLC�Å�?ÃF¼?BJLCÌÅ�Ar��K)ï�?ÃF¼I#Á�DÄA@À�Å�JL� DÄ¾k��KBK¢DÄA�F¼D@7
�Cä~µ�=´�µ	« ô�: ì :[ò�: P:rv{�fexwaQ±�a�dg³�iL{Ph5dGi7p�f�n�n

(Xt)
C�rvlBVCn7fe_�rUT�dGiLk7h

(Pt)
a�x5~�nel a�lyrKiLx5a�d\¸

~�r[nelyd9rDF+k�lyrKiLx
π(.)

g�nek7h�hji7n7f
C ⊂ X r[n

(t∗, ε)
hjn7fek	~qi.AKne_�a�ovo g$=>iLd�n7iL_cf:hji7nervlyrv{�fVlyrv_cf

t∗a�x5~
ε > 0

| Y k7h�hji7n7fK=9k�d9lBVjfedQlBV	a�l:a
Φ− Ia¸Ma9h5k�xBiL{�p�iLx5~�rvlyrKiLx�VjiLo}~8nCa�x5~

supC V
VjiLo}~�|Ô�Vjfex

‖L(Xs) − π‖TV ≤
∑

0≤n,s≥nt∗
(1 − ε)nÃ1

H−1
Φ (λÃ0n)

H−1
Φ (λ(s− t∗))

≤ Ã1Ãε,Φ

H−1
Φ (λ(s− t∗))

,

CaVjfedGf
Ã0

g
Ã1

g
λ
g:a�x5~

Ãε,Φ
a�dGf4a8nVrvx�Ô�Vjf�iLdGfe_ þM|«Ì�|«Ì�|

ODdGi7i)=+| ùUA�>@JLC�D F¼�ÄÀ�>�FkF¼I�A�Á��ÄJ	>@A@DÄD
Xt

��C�Å
Yt
�ÄJL?BC&F¼K};Q��C�Å[F¼I�A�>@JLÀ�Á�KB?BC�M(F¼?B¾ZA

T
��D

?BCN
�+ Ø���-0G0I�A@JL�ÄA@¾Àî���7UG0I�AÌ�ÄA@DÄÀ�KÃF�F¼I�À�D�û�JLKBKBJ7ïW��;Q��Á�Á�K};	?BC�M�F¼I�AÌ>@JLÀ�Á�KB?BC�M(?BC�A@¿�À²��KB?ÃFm;��C�Å¤DÄA�FÄF¼?BC�M L(Y0) = π(.)
��D�?BC#G0I�A@JL�ÄA@¾Ý��7½�	7½�	7

��� �



î z]�HçYãÃß	ÜÉß	äWz]á\z]}�ß	��
QÞxz]áºâ_ß	Ü¼á°ß	â
G0I�?BD0DÄA@>�F¼?BJLC#Å�Ar��KBD:ï�?ÃF¼IäF¼I�An>r��KB>@À�K �»F¼?BJLCäJ�û~F¼I�An>@JLC�D F���C&F¼D�ï�I�?B>�I���Á�Á�Ar����?BCÌG0I�A@JL�ÄA@¾
��7½�	7½����C�Å¤G0I�A@JL�ÄA@¾Û��7 ��7 ������JvÂLA�78{?B�ÄD F:ï9A�I²�rÂLA;F¼I²�»F

H−1
Φ (x) = exp

((
κ

(
2 − α

α

)
x + a

2−α
α

) α
2−α

− a

)

ï�I�A@�ÄA
κ
?BD0ML?ÃÂLA@C¤����JvÂLA�7

d0 = inf
x/∈C

W (x)
��C�Å

Φ(d0)
���ÄAnû�JLÀ�C�Å���;ÌF¼I�A;�ÄA@DÄJLKBÀ�F¼?BJLCÌJ�û{A@¿�À²�»F¼?BJLC

Φ(d0) > b.

λ ∈
]
0, 1 − b

Φ(d0)

[
.

Ã0 = 2
λΦ(1)

sup
C

{
W (x) − 1 + b

Φ(1)

∫ t∗
0

Φ ◦H−1
Φ (λs)ds

}

= 2
λΦ(1)




d0 − 1 − b

λΦ(1)
+

b exp

((
κ( 2−α

α )λt∗+a
2−α

α

) α
2−α

)

exp(a)λΦ(1)




.

Ã1 = max





E

[
W (X0)

]
+ π(W ) − 2

H−1
Φ (λÃ0)

, 1





?BD�û�JLÀ�C�Å#û��ÄJL¾åF¼I�A;?BC�?ÃF¼? ��K�Å�?BD F¼�Ä?[��À�F¼?BJLCäJ�û{JLÀ���>�I²��?BC¢7<	A�F

n′
0 =



(
ln
(

1−aε

1−ε
)) 2−α

2(α−1)

(
κλÃ0

) α
2(α−1) (2−α

α

) −
α

(2 − α)κλÃ0




ï�I�A@�ÄA
[x]
?BD�F¼I�A;?BC&F¼A@MLA@��Á²��� F�J�û

x
7

G0I�A@C

Ãε,Φ =

exp

((
κ
(

2−α
α

)
λÃ0n0 + 1

) α
2−α − 1 − n0 ln

(
1−aε

1−ε
))

aεï�I�A@�ÄA
n0 = 1

?Ãû
n′

0

?BD0C�JLC�� Á�JLDÄ?ÃF¼?ÃÂLA�*�A@KBDÄA
n0
?BD0JLC�A;J�ûHF¼I�AnÂ���KBÀ�A@D

n′
0

JL�
n′

0 + 1
7

� ãº�|
@�{äWÞxÜ¼åiÞxÜ¼åWÞxãºåWãºâ
ùUA�ï�?BKBKHû�J	>@À�D;I�A@�ÄAZJLC(F¼I�A|JLC�A|Å�?B¾ZA@C�DÄ?BJLC²��K{>r��DÄA�7c�ÇC�A|Ar��DÄ?BK};�ÂLA@�Ä?}&²A@D;F¼I²�»FnF¼I�A|I�;��
Á�J�F¼I�A@DÄ?BD�J�û{KBA@¾Z¾k�4��7 ��7½�����ÄA;D¼�»F¼?BD2&²A@Å¢7ùUA;>�I�J	JLDÄA

α = 0.8
*
ι = 0.6

��� *



þ9I�J	JLDÄ?BC�M
M = 1.229915

��C�Å
a = (κ)

α
2−α
*Nï9AZF¼I�A@CUI²�rÂLA

κ = 1.18 × 10−4 ��C�Å
b = 0.438

7[ùUA¤F���Z�A
d0 = 15000

7[ùUA#F¼I�À�DkI²�rÂLA
M ′ = 32.05

*
λ ∈]0, 0.23[

��C�Å
C = B(0,M ′)

7
λ
?BD0>�I�J	JLDÄ?BC�MZ��D�Å�A@DÄ?B�ÄA@Å¤?BCÌF¼I�?BD0?BC&F¼A@� Â���KuF¼J|JLÁ�F¼?B¾Z?[<@A4F¼I�A;�ÄA@DÄÀ�KÃF¼D@7ùUA�>�I�J	JLDÄA

t∗ = 100
ï9A�F¼I�À�D;I²�rÂLA

ε = 0.001
7�ùUA�>�I�J	JLDÄA

aε = ε
4
.
ùUA.F¼I�À�D;MLA�F

Ã0 = 3 × 105 * n′
0 = 2 × 1010 * Ãε,Φ = exp(2.46×106)

aε
.

�EJ7ï�ï9Ak>�I�J	JLDÄA
t∗ = 1000

��C�Å
aε = ε

4
.
G0I�A@C�ï9AkMLA�F

ε = 0.31 � Ã0 = 3 × 105 *
n′

0 = 338
*
Ãε,Φ = exp(48.40)

aε
.

8{?BC²��KBK};M*+ï9Ab>�I�J	JLDÄA
t∗ = 106 ��C�Å aε = ε

4
.
G0I�À�DNï9A I²�rÂLA

ε = 0.974 � Ã0 = 3.78×105 *
n′

0 = 0
��C�Å

Ãε,Φ = exp(−0.491)
aε

.ùUA;�ÄA@>r��KBKuF¼I²�»F
Ã1
?BD�û�JLÀ�C�Å#û��ÄJL¾åF¼I�A;?BC�?ÃF¼? ��K�Å�?BD F¼�Ä?[��À�F¼?BJLCäJ�û{JLÀ���>�I²��?BC¢7

�ÇC�A;>r��C#JM��DÄA@� ÂLA�F¼I²�»F0F¼I�A@�ÄA;?BD�� E F¼�¼��Å�A9� J�T E ��A�Fmï9A@A@C¤F¼I�AnÂ���KBÀ�A@D�J�û t∗ ��C�Å Ãε,Φ.
ô�: ì :[Þ Å �«�ëH°�´»ªy�@�® êkªvÕ8ä æm�H®?è�Õ�ª��®~°²±�ª�®~µ�à)�~°²±�ªvÕ�ª�µ��.ª�® Õ8ä~µ�´�µ�ß�µ�´L�rª·ç{±�µ�èL°j�@µ
�ÇC�A�>@JL¾Z¾ZJLCCï��>;�F¼JÇA@D F�����KB?BDÄI.¿�À²��C&F¼?ÃF��»F¼?ÃÂLA�DÄÀ	�|A�ü�Á�JLC�A@C&F¼? ��K�>@JLC&ÂLA@�ÄMLA@C�>@A0F¼JnA@¿�À�?BKB?[����Ä?BÀ�¾ ?BDyF¼J�À�DÄAEû�À�C�>�F¼?BJLC²��K²?BC�A@¿�À²��KB?ÃF¼?BA@DyDÄÀ�>�I#��DPï9Ar��ZZ�HJL?BC�>r���Ä½E?BC�A@¿�À²��KB?ÃF¼?BA@D+*&JL�Ä?BML?BC²��KBK};
?BC&F¼�ÄJ	Å�À�>@A@Å���;�:�Ó	>�Z�C�A@����ù ��C�M2+ ØM�.-K*�?ó7 A�79û�JL�4��KBK�DÄ¾ZJ	J�F¼I=��JLÀ�C�Å�A@Å�û�À�C�>�F¼?BJLC

f

�D¼�>;¤?BC

H1 � F¼I�A@�ÄA�A�ü�?BD F¼DE��¾k��Á�Á�?BC�M β : [0, s0] → R+
Å�A@>@�ÄAr��DÄ?BC�MZDÄÀ�>�I¤F¼I²�»F

∫
(f − π(f)2dπ ≤ β(s)

∫
|∇f |2dπ + s‖f − π(f)‖2

∞

ï�I�?B>�I¤?B¾ZÁ�KB?BA@D F¼I²�»F
‖P tf − π(f)‖2

2 ≤ ψ(t)‖f − π(f)‖2
∞ï�?ÃF¼I

ψ(t) = 2 inf{s > 0; β(s) log(1/s) ≤ t} 7��ÇC�AÌC�J�F¼?B>@A@D�F¼I²�»F�F¼I�AÌ>@JLC&ÂLA@�ÄMLA@C�>@AJM��F���?BC�A@ÅÌ?BD0C�J�F0A�ü�Á��ÄA@DÄDÄA@ÅN?BCäF¼I�AnD¼��¾ZAÇC�JL�Ä¾¤7yÈ�F0?BD0I�J7ï9A�ÂLA@�EC�J�F0Å�?}1Z>@À�KÃF�F¼J|MLJ.û��ÄJL¾�4F¼J�F���K�Â����Ä? �»F¼?BJLCw
vï�I�?B>�I�>r��C���A�DÄA@A@CZ��Dy�
L1 >@JLC&ÂLA@�ÄMLA@C�>@A7�{F¼J;� L2 Fm;	Á�A0>@JLC&ÂLA@�ÄMLA@C�>@A�*?BC�Å�A@A@Å¤?Ãû

‖P t(x, ·) − π(·)‖TV ≤ cr(t)V (x)��C�Å
π(V ) <∞ F¼I�A@C�À�DÄ?BC�M�+ î'*�G0I¢7D�	7 � -�JLC�A;MLA�F¼D0F¼I²�»F

‖P tf − π(f)‖2
2 ≤ 8cr(t)π(V )‖f − π(f)‖∞.ùUAr��ZN�HJL?BC�>r���Ä½.?BC�A@¿�À²��KB?ÃFm;N���ÄA.I�J7ï9A�ÂLA@�;C�J�F;DÄJÌAr��D2;�F¼JÌ>�I²���¼��>�F¼A@�Ä?[<@A�¿�À²��C&F¼?ÃF��»F¼?ÃÂLA@K};M*ML?ÃÂLA@CN�|Á��ÄA@>@?BDÄA�Á��ÄJM�²����?BKB?ÃFm;k¾ZAr��DÄÀ��ÄA
π
*=A�ÂLA@CN?BC¤Å�?B¾ZA@C�DÄ?BJLC#JLC�A�ï�I�A@�ÄA.ÿ4���ÄÅ';5% DEFm;	Á�A

>@�Ä?ÃF¼A@�Ä?BJLC.>r��C���A0À�DÄA@Å¢7yÿEJ7ï9A�ÂLA@� ��C�?BC&F¼A@�ÄA@D F¼?BC�MÇû�Ar�»F¼À��ÄA�?BD{F¼I²�»F þ��»FÄF¼? ��À	ü
&
��K+ �M�0-�I²�rÂLAÅ�A�ÂLA@KBJLÁ�A@Å(�

Φ− ú);&��Á�À�C�JvÂ¤û�À�C�>�F¼?BJLC#F¼A@>�I�C�?B¿�À�A�F¼JkMLA�FE¿�À²��C&F¼?ÃF��»F¼?ÃÂLA�A@D F¼?B¾k�»F¼A@D�?BC#F¼I�Aï9Ar��Zä�HJL?BC�>r���Ä½n?BC�A@¿�À²��KB?ÃFm;L7`ú�A�F0À�D0�ÄA@>r��KBK�F¼I�A@?B�9�ÄA@DÄÀ�KÃF¼D@7b¸4DÄDÄÀ�¾ZA4F¼I²�»F��
Φ− ú);&��Á�À�C�JvÂ>@JLC�Å�?ÃF¼?BJLCÌI�JLKBÅ�D0JLC#F¼I�A;MLA@C�A@�¼�»F¼JL�

AV ≤ −Φ ◦ V + b1C

��� 6



��C�Å#F¼I�A;¾ZAr��DÄÀ��ÄA
π
D¼�»F¼?BD2&²A@D�DÄJL¾ZA;KBJ	>r��K¢�HJL?BC�>r���Ä½n?BC�A@¿�À²��KB?ÃFm;
∫

C

f 2dπ ≤ κC

∫
|∇f |2dπ +

1

π(C)
π(f1C)2

F¼I�A@C���ï9Ar��ZÌ�HJL?BC�>r���Ä½;?BC�A@¿�À²��KB?ÃFm;kI�JLKBÅ�D

β(s) =
(1 + bκC)

inf{u; π(Φ(V ) ≤ uV ) > s} ,û�JL�9DÄÀ'1Z>@?BA@C&F¼K};äDÄ¾k��KBK
s
7bú�J	JMZ�?BC�M�C�J7ïV�»F9F¼I�A$ï��>;ZF¼I�An�¼�»F¼A4J�û~>@JLC&ÂLA@�ÄMLA@C�>@A�?BD9Å�A@�Ä?ÃÂLA@Åû��ÄJL¾

β(s)
*�JLC�A�DÄA@A@D�F¼I²�»FEJLC�A;Å�?}1Z>@À�KÃFm;Ì?BCÌF¼I�?BDE��Á�Á��ÄJ&��>�I¤?BD0F¼I²�»F�A�ÂLA@�2;¤A@D F¼?B¾k�»F¼AnI²��D

��CW?B¾ZÁ�JL� F���C&Fn?B¾ZÁ²��>�FnJLC(F¼I�A|DÄÁ�A@A@ÅUJ�û9>@JLC&ÂLA@�ÄMLA@C�>@A�øQ�²��Å,A@D F¼?B¾k�»F¼?BJLCNJ�û
b
JL�nJ�û F¼I�AKBJ	>r��K{�HJL?BC�>r���Ä½�>@JLC�D F���C&F;I²��Dn�äÅ��¼��D F¼?B>�?B¾ZÁ²��>�F>*=û�JL�4A�ü���¾ZÁ�KBA�?BC�F¼I�A�DÄÀ	�(A�ü�Á�JLC�A@C&F¼? ��K>r��DÄA�A@D F¼?B¾k�»F¼A@ÅQC�À�¾ZA@�Ä?B>r��KBK}; ?BCQF¼I�A¤Á��ÄA�Â	?BJLÀ�DZDÄÀ	��DÄA@>�F¼?BJLC)*Dï�I�A@�ÄAr��Dk?BC[JLÀ��|>@JLÀ�Á�KB?BC�M��Á�Á��ÄJ&��>�I(F¼I�A|DÄÁ�A@A@Å,J�û >@JLC&ÂLA@�ÄMLA@C�>@Ak?BDÇ¿�À²��C&F¼?}&²A@Å´��;NF¼I�A|ú);&��Á�À�C�JvÂW>@JLC�Å�?ÃF¼?BJLCNJLC�K};

��À�F4C�J�F4JLC¤F¼I�A�KBJ	>r��K¢>�I²���¼��>�F¼A@�Ä?BD F¼?B>@D4J�û{F¼I�A�DÄ¾k��KBK¢DÄA�F
C
*jï�I�?B>�I(��Á�Á�Ar���ÄDEJLC�K};#?BC#F¼I�A¾.À�KÃF¼?BÁ�KB?B>r�»F¼?ÃÂLAy>@JLC�D F���C&Fr7{È�F`>r��C�I²�rÂLA0��C.?B¾ZÁ�JL� F���C&FH?B¾ZÁ²��>�FHJLC.DÄÀ	��A�ü�Á�JLC�A@C&F¼? ��K	DÄÁ�A@A@ÅJ�û{>@JLC&ÂLA@�ÄMLA@C�>@A�*u��C�Å¤>@JL¾ZÁ²���¼����KBAÇ?BCÌF¼I�A;Á�JLK};	C�JL¾Z? ��K�>r��DÄA�7

�4û�>@JLÀ��ÄDÄAäJLC�Akû�À�C�Å²��¾ZA@C&F���K9Á�JL?BC&F�?BD�F¼I²�»F.F¼I�Aä>@JLÀ�Á�KB?BC�MN��Á�Á��ÄJ&��>�IP¾k�>;�ï9JL�EZ,?BC
F¼I�A.C�JLCN�ÄA�ÂLA@�ÄDÄ?[��KBA.>r��DÄACï�?ÃF¼I�JLÀ�Fn��Å�Å�?ÃF¼?BJLC²��K�Å�?}1Z>@À�KÃFm;"
��»FÇKBAr��D FÇ?BC¤F¼I�A.D F¼�Ä?B>�F¼K};#A@KBKB?BÁ��F¼?B>:ï�?ÃF¼I���JLÀ�C�Å�A@ÅZÅ�?}TuÀ�DÄ?BJLC�>@J	Ae1Z>@?BA@C&F9�`A�ÂLA@Ck?Ãû=F¼I�A0?BC&Â����Ä? ��C&FyÁ��ÄJM�²����?BKB?ÃFm;q;�¾ZAr��DÄÀ��ÄA0?BDÀ�C	Z�C�J7ï�CQï�I�A@�ÄAr��D~ÂLA@�2;nû�AeïP�ÄA@DÄÀ�KÃF¼DH���ÄA�Z�C�J7ï�C�À�DÄ?BC�M0û�À�C�>�F¼?BJLC²��KL?BC�A@¿�À²��KB?ÃF¼?BA@DP
�DÄA@AbI�J7ï:�A�ÂLA@�`+ î.-Hû�JL�4��C(�»FÄF¼A@¾ZÁ�F4?BC¤F¼I�?BD4Å�?B�ÄA@>�F¼?BJLC�À�DÄ?BC�MZÂLA@�2;�Á²��� F¼?B>@À�K ���Eú);&��Á�À�C�JvÂ����HJL?BC�>r���Ä½
?BC�A@¿�À²��KB?ÃFm;	��7
ô�: ì :[ò £�ª�®~µ�Õ�ªyè � Yé)é=µ�´k¥�±�°²®?è8éQµ�à)�~°'Õ�ª��®
G0I�A�¾k��?BC;MLJ&��K�J�û�F¼I�?BDHDÄÀ	��DÄA@>�F¼?BJLC�?BD~F¼J4A@¾ZÁ�I²��DÄ?[<@A F¼I�A9Å�?}1Z>@À�KÃFm;;J�û²Å�A@MLA@C�A@�¼�»F¼A�¾ZJ	Å�A@KBDDÄÀ�>�Iä��DPZ�?BC�A�F¼?B>�8²JMZqZ�A@� �yK ��C�>�Z.A@¿�À²�»F¼?BJLC�DbJL�y¾ZJL�ÄA�Å�A@MLA@C�A@�¼�»F¼AE¾ZJ	Å�A@KBDy��Db?BC�F¼I�A�>�I²��?BCJ�û{JLDÄ>@?BKBK �»F¼JL�ÄD9>r��DÄA�7DOn?BC�A�F¼?B>n8²JMZqZ�A@�E�yK ��C�>�ZäA@¿�À²�»F¼?BJLC¤>r��C���A�ï��Ä?ÃFÄF¼A@C¤��D

{
dxt = vtdt

dvt =
√

2dBt − vtdt−∇F (xt)dtï�I�?B>�IUÅ�A@DÄ>@�Ä?[��A@D;F¼I�AZÁ�JLDÄ?ÃF¼?BJLCW��C�ÅWÂLA@KBJ	>@?ÃFm;(J�û0�#Á²��� F¼?B>@KBA�DÄÀ	��¾Z?ÃFÄF¼A@Å(F¼J#û��Ä?B>�F¼?BJLCW��C�Å>@JLC'&²C�A@¾ZA@C&Fr7�È�ûbû�JL�4C�?B>@A
F
*�ú);&��Á�À�C�JvÂN>@JLC�Å�?ÃF¼?BJLC�DÇ���ÄA.¿�À�?ÃF¼ACï9A@KBK{Å�A@DÄ>@�Ä?[��A@Å)*�DÄA@A.û�JL�A�ü���¾ZÁ�KBA²+ �M� �.-�û�JL�{F¼I�A�A�ü�Á�JLC�A@C&F¼? ��K²ú);&��Á�À�C�JvÂ�>@JLC�Å�?ÃF¼?BJLC�JL�&+ î.-²?BC.F¼I�A0DÄÀ	�ZA�ü�Á�JLC�A@C&F¼? ��K>r��DÄA�*�ÂLA@�2;�û�Aeï5�ÄA@DÄÀ�KÃF¼DbA�ü�?BD FbF¼J;MLA�F ¿�À²��C&F¼?ÃF��»F¼?ÃÂLA0DÄ¾k��KBK�DÄA�F9A@D F¼?B¾k�»F¼?BJLC�D`?BC.F¼I�?BDbDÄA�FÄF¼?BC�M	*DÄA@A�û�JL�kA�ü���¾ZÁ�KBAØ+ Ø.-4I�J7ï9A�ÂLA@�#I²���ÄÅ�K};[¿�À²��C&F¼?ÃF��»F¼?ÃÂLA�JL�ð+ ���0-���À�F�ï�I�?B>�I���Á�Á�KB?BA@DZJLC�K};û�JL�ÇÂLA@�2; E DÄ¾k��KBK E DÄ¾k��KBK`DÄA�F���C�ÅWF¼I�À�D;û�JL�ÇÂLA@�2;WÁ²��� F¼?B>@À�K ���ÇÅ��Ä?Ãû FÇû�À�C�>�F¼?BJLC F 7�GHJ#F¼I�?BD�ÄA@DÄÁ�A@>�F>*	F¼I�A4��Á�Á��ÄJ&��>�IZ?BC�?ÃF¼? �»F¼A@Å�û�JL�bA�ü���¾ZÁ�KBA���;SXÇ?BKBK ��C�?�+ � ñMØ0-�À�DÄ?BC�M;F¼I�AEA�ü�Á�KB?B>@?ÃFyû�JL�Ä¾J�û�F¼I�A(?BC&Â����Ä? ��C&FÌ¾ZAr��DÄÀ��ÄAWKB?BC	Z�A@Å5F¼JPF¼I�?BD¤<�¶Ç·â��C�ÅV�HJL?BC�>r���Ä½(?BC�A@¿�À²��KB?ÃFm;[û�À��ÄC�?BDÄI�A@D

A�ü�Á�KB?B>@?ÃFy>@JLC�D F���C&F¼D$
�DÄA@A¿+ �M� ñ.-�û�JL�`F¼I�A�DÄÀ	�ZA�ü�Á�JLC�A@C&F¼? ��K²>r��DÄA7��7`È�F DÄI�JLÀ�KBÅ�F¼I�A@C���A0�¼�»F¼I�A@�?BC&F¼A@�ÄA@D F¼?BC�M�F¼J|MLA�FEMLJ	J	ÅÌA�ü�Á�KB?B>@?ÃF���JLÀ�C�Å�D�û�JL�0DÄ¾k��KBKuDÄA�F¼D�?BCÌF¼I�?BD0DÄA�FÄF¼?BC�M�7
��� _
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�#��(%4�����)#��(i5!$h�l0�)i	���kh>%

È C(F¼I�?BDÇDÄA@>�F¼?BJLC)*Bï9AZ��?B¾ �»FnÁ��ÄJvÂ	?BÅ�?BC�M#�äDÄ?B¾ZÁ�KBA�Á��ÄJ	J�û J�ûbF¼I�A�?BC&F¼A@ML�¼����?BKB?ÃFm;ÌJ�û I�?ÃFÄF¼?BC�MF¼?B¾ZA@DCï�I�A@C[D F���� F¼?BC�MWJLÀ�F¼DÄ?BÅ�A#�N>�I�JLDÄA@C/DÄ¾k��KBK9DÄA�F>* Å�À�AÌF¼J5+ ���.-ó7 È�FZ��Á�Á�Ar���ÄD�&²�ÄD F|?BC
À�C�Á�À	��KB?BDÄI�A@Å¤>@JLÀ��ÄDÄA;C�J�F¼A;Å�JLC�AV��;ÌF¼I�AnF¼I�?B�ÄÅ#��À�F¼I�JL�@7
ú�A�FkÀ�DS&²�ÄD FäÁ��ÄA@DÄA@C&FÌ�,Á��ÄA@KB?B¾Z?BC²���2;UÁ��ÄJLÁ�JLDÄ?ÃF¼?BJLCQKB?BC	Z�A@Å[F¼J,>@JLC�>r�rÂLA�û�À�C�>�F¼?BJLC�DZJ�ûDÄA@¾Z?B¾k��� F¼?BC�M&��KBA@D+*�ï�I�JLDÄA�Á��ÄJ	J�û{?BD0ML?ÃÂLA@C#û�JL����D¼��Z�A�J�û{>@JL¾ZÁ�KBA�F¼A@C�A@DÄD

¥�´�Yëy5�rªvÕ�ª��® ô�: ¨ :yÔ/: INfel
(Yt)

F9f�awdGfGa�oN{La�o©kjfG~=pGa�~co}a�T�n7fe_�rv_�a�d9lyrvx"T�a�o[f4a�x5~�o[fel
Φ :

R+ × R → R
F9fwa8=9k�xBpelyrKiLx

C1
rvxJrvlvn/sPdGnel�a�d[T�k�_cfexjlvgVa�x5~

C2
a�x5~�p�iLxBpGa�{�f�rvx²rvlvn

n7f�p�iLx5~�a�d[T�k�_cfexjl |ZÔ�Vjfex�lBVjf�h5dGi7p�f�n�n
Φ(Yt) −

∫ t

0

Φ′(Ys−, s)dYs −
∫ t

0

∂tΦ(Ys−, s)ds

r[n4~qf�pedGfGa8nervx"T�|Y k7h�hji7n7fV_ciLdGf�iL{�fed
Φ′ ≥ 0

a�x5~�lBV	a�l
(Xt)

r[nCa�p�iLxjlyrvxjkjiLk�nQlyrv_cfQ±�a�dg³�iL{�h5dGi7p�f�n�nQC�rvlBVTqfexBfedEa�lmiLd A a�x5~�o[fel
F
a�x5~

G
F9f$nekjpqV=lBV	a�l

AF ≤ G.Ô�Vjfex�CDf²V	a�{�f
AΦ(F ) ≤ ∂tΦ + Φ′(F )G.ODdGi7i)=+| <	?BC�>@A

(Yt)
?BD4�ZDÄA@¾Z?B¾k��� F¼?BC�M&��KBA�*qï9A.>r��C�Å�A@>@JL¾ZÁ�JLDÄA�?ÃF4��D

Yt = At +Mt
ï�?ÃF¼I

(Mt)
�¤¾k��� F¼?BC�M&��KBA���C�Å

(At)
��&²C�?ÃF¼A|Â����Ä? �»F¼?BJLC(Á��ÄJ	>@A@DÄD@7¤6EDÄAkC�J7ï�È�FG�	% D�û�JL�Ä¾.À�K �äF¼JMLA�F

Φ(Yt) = Φ(Y0) +

∫ t

0

Φ′(Ys−, s)dYs +

∫ t

0

∂tΦ(Ys−, s)ds

+

∫ t

0

Φ′′(Ys−, s)d〈M〉ct +
∑

s∈[0,t]

(Φ(Ys+, s) − Φ(Ys−, s) − Φ(Ys−, s)∆Ys)

ï�I�A@�ÄA�*���D À�DÄÀ²��KK* 〈M〉ct
Å�A@C�J�F¼A@D F¼I�AE¿�À²��Å��¼�»F¼?B>0Â����Ä? �»F¼?BJLC�J�û¢F¼I�AE>@JLC&F¼?BC�À�JLÀ�D Á²��� F9J�û

M��C�Å
∆Ys

F¼I�AnDÄ?[<@AÇJ�û~F¼I�AU�ÄÀ�¾ZÁÌJ�û
(Yt)

�»F�F¼?B¾ZA
s
7yG0I�A�&²�ÄD F0Á²��� F0J�û~F¼I�An�ÄA@DÄÀ�KÃF�û�JLKBKBJ7ï�D��D 〈M〉ct

?BD���C¤?BC�>@�ÄAr��DÄ?BC�M|Á��ÄJ	>@A@DÄDE��C�Å#F¼I²�»F
Φ′′ ?BD0C�JLC#Á�JLDÄ?ÃF¼?ÃÂLA;��D Φ

?BD0>@JLC�>r�rÂLA�7
8²JL�ÇF¼I�A|DÄA@>@JLC�Å,Á²��� F>*~DÄA�F

Y − t = F (Xt, t)
7�È�Fnû�JLKBKBJ7ï�DÇû��ÄJL¾ F¼I�AZ��DÄDÄÀ�¾ZÁ�F¼?BJLC�DÇF¼I²�»FJLC�A;>r��C�ï��Ä?ÃF¼A

dYt = G(Xt, t)dt+ dNt + dMtï�I�A@�ÄA
(Mt)

?BD9�;>r��Å�K ��M�¾k��� F¼?BC�M&��KBA0��C�Å
N
?BD ��C�JLCk?BC�>@�ÄAr��DÄ?BC�M�Á��ÄJ	>@A@DÄD@7 6EDÄAEC�J7ï!F¼I�A

&²�ÄD FEÁ²��� F�J�ûHF¼I�A;Á��ÄJLÁ�JLDÄ?ÃF¼?BJLCäF¼J|MLA�F
dΦ(Yt) ≤ Φ′(Yt−, t)(G(Xt, t)dt+ dNt + dMt) + ∂tΦ(Yt−, t)dt.
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G0I�AÇ>@K ��?B¾ºF¼I�A@Cäû�JLKBKBJ7ï�Dyû��ÄJL¾ F¼I�A4û���>�F9F¼I²�»F
dNt

?BD���C�A@M&�»F¼?ÃÂLA4¾ZAr��DÄÀ��ÄAn��C�Å
Φ′ ?BD C�JLCC�A@M&�»F¼?ÃÂLA�7

G0I�A;?BÅ�Ar��?BD�F¼I�A@C#û�JLKBKBJ7ï�?BC�M�ø{KBJ	JMZ�?BC�M��»F0F¼I�A
Φ− ú);&��Á�À�C�JvÂ¤>@JLC�Å�?ÃF¼?BJLC

AV ≤ −Φ(V ) + b1C
F¼I²�»F�ï9A�¾k�>;äDÄ?B¾ZÁ�KB?Ãûv;M*	?Ãû

x ∈ Cc F¼J
AV ≤ −Φ(V ),

?ÃF�?BD0C²�»F¼À��¼��KuF¼J|>@JLC�DÄ?BÅ�A@�0F¼I�A;DÄJLKBÀ�F¼?BJLC
Φ
J�ûHF¼I�A;JL�ÄÅ�?BC²���2;äÅ�?}TuA@�ÄA@C&F¼? ��KuA@¿�À²�»F¼?BJLC

∂tΦ = −Φ ◦ Φ, Φ(v, 0) = v.

G0I�?BD��n¶Ç·/>r��C=��A;DÄJLKÃÂLA@Å¤A�ü�Á�KB?B>@?ÃF¼K};M*	?BC�Å�A@A@Å�ï9A�¾k�>;ä>�I�J	JLDÄA
Φ(v, t) = H−1

Φ (HΦ(v) − t).

ú�A�FEÀ�D�C�J7ïT�ÄA@>r��KBKuF¼I²�»F
Φ−1(x, t) = H−1

Φ (HΦ(v) + t),

∂xΦ
−1(x, t) =

∂tΦ
−1(x, t)

Φ(x)
=

Φ(Φ−1(x, t))

Φ(x)
.

¸4D
Φ
?BDÇ>@JLC�>r�rÂLA�*?ï9A|Ar��DÄ?BK};�Å�A@Å�À�>@A|F¼I²�»F

Φ−1 ?BDn?BC�>@�ÄAr��DÄ?BC�M#��C�Å,>@JLC�>r�rÂLAZ?BC(?ÃF¼D$&²�ÄD F���ÄMLÀ�¾ZA@C&F�û�JL�0A�ÂLA@�2;�&�ü�A@Å�Â���KBÀ�AnJ�û
t
796EDÄ?BC�M|F¼I�A;Á��ÄA�Â	?BJLÀ�DEÁ��ÄJLÁ�JLDÄ?ÃF¼?BJLC)*�ï9A�I²�rÂLA�F¼I²�»F

û�JL�
x ∈ Cc

AΦ−1(V (x), t) ≤ ∂tΦ
−1(V (x), t) + ∂xΦ

−1(V (x), t)AV
≤ ∂tΦ

−1(V (x), t) − Φ(V (x))∂xΦ
−1(V (x), t)

≤ 0.

È C&F¼�ÄJ	Å�À�>@A|C�J7ï
τ = inf{t ≥ 0, Xt ∈ C} *~��C�ÅNû�JL� x ∈ Cc *)ï9A�?B¾Z¾ZA@Å�? �»F¼A@K};#Å�A@Å�À�>@A�*À�DÄ?BC�M|È�FG�	% D0û�JL�Ä¾.À�K �'*���C�Å#F¼I�Anû���>�F0F¼I²�»F0û�JL����KBK

t < τ
*
Xt 6∈ C

*

Ex(H
−1
Φ (τ)) ≤ ExΦ

−1(V (Xτ ), τ) ≤ V (x)

ï�I�?B>�I¤?BD�F¼I�A;Å�A@DÄ?B�ÄA@Å¤?BC&F¼A@ML�¼����?BKB?ÃFm;ZJ�û{G0I�A@JL�ÄA@¾Û��7 � 7 ��7
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