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!)'-/%, -/ 0 *0)% )%*$.



  !"!#$% &'"()!&*&! "#$ % &#'%() *+, -#.)&%$(,/ #" 0+(
+ %$, +23,$34%),/ )#$'%4 *# % 
##$&()%*, %5(/6 $,
*%)74,/8d = 29 #$ $,
*%)7.4%$ 3%$%44,4,3(3,&/ 8d = 39 8*+, "%
,/ #" 0+(
+6 #" 
#.$/,6 %$, *+,) %4/# ),
,//%$(42)#$'%4 *# % 
##$&()%*, %5(/9:;2 E %)& E(K) 0, &,)#*, *+, /,* #" %44 (d−1)!"%
,/ σ #" *+, ',/+ %)& #" *+, ,4,',)* K ∈M $,/3,
*(<,42:=+, /,* #" ,&7,/ ()
4.&,& () *+, -#.)&%$2 #" Ω (/ &,)#*,& -2 Eext %)& *+, /,* #" ()*,$)%4 #),/ 8 !"! E \Eext9(/ &,)#*,& -2 Eint > % "%
, σ ∈ Eint /,3%$%*()7 *+, 
,44/ K %)& L (/ &,)#*,& -2 σ = K|L: =+, #.*0%$&)#$'%4 <,
*#$ *# % "%
, σ #" K (/ &,)#*,& -2 nK,σ: ?#$ K ∈M %)& σ ∈ E 6 0, &,)#*, -2 |K| *+, ',%/.$,#" K %)& -2 |σ| *+, (d− 1)!',%/.$, #" *+, "%
, σ: ?#$ 1 ≤ i ≤ d6 0, &,)#*, -2 E(i) ⊂ E *+, /.-/,* #" *+,"%
,/ #" E 0+(
+ %$, 3,$3,)&(
.4%$ *# *+, ith .)(* <,
*#$ #" *+, 
%)#)(
%4 -%/(/ #" Rd:=+, /3%
, &(/
$,*(@%*(#) (/ /*%77,$,&6 ./()7 ,(*+,$ *+, A%$B,$!C)& D,44 8ACD9 /
+,', EFG6 FH℄6 #$ )#)!
#)"#$'()7 4#0!#$&,$ J)(*, ,4,',)* %33$#5('%*(#)/6 )%',42 *+, K%))%
+,$ %)& =.$,B ,4,',)* 8K=9 EHL℄"#$ M.%&$(4%*,$%4 #$ +,5%+,&$(
 ',/+,/6 #$ *+, D$#.@,(5!K%<(%$* 8DK9 ,4,',)* ENN℄ "#$ /('34(
(%4 ',/+,/:?#$ %44 *+,/, /3%
, &(/
$,*(@%*(#)/6 *+, &,7$,,/ #" "$,,&#' "#$ *+, 3$,//.$,6 *+, &,)/(*2 %)& *+, ()*,$)%4,),$72 %$, %//#
(%*,& *# *+, 
,44/ #" *+, ',/+ M6 %)& %$, &,)#*,& -2 O
{
pK , ρK , eK , K ∈M

}
.P,* ./ *+,) *.$) *# *+, &,7$,,/ #" "$,,&#' "#$ *+, <,4#
(*2:!  !""!
$%&'()&%* #$ +&,)-%./' !0.!&1 &(/
$,*(@%*(#)/ Q =+, &,7$,,/ #" "$,,&#' "#$ *+, <,4#!
(*(,/ %$, 4#
%*,& %* *+, 
,)*,$ #" *+, "%
,/ #" *+, ',/+6 %)& 0, 
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(*2 *+$#.7+ % "%
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{uσ,i, σ ∈ E , 1 ≤ i ≤ d}.! 23+ &(/
$,*(@%*(#) Q =+, &,7$,,/ #" "$,,&#' "#$ *+, ith 
#'3#),)* #" *+, <,4#
(*26 &,J),& %* *+,
,)*$,/ #" *+, "%
, σ ∈ E(i)6 %$, &,)#*,& -2 O
{
uσ,i, σ ∈ E(i), 1 ≤ i ≤ d

}
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+,',/6 0, ),,& % &.%4 ',/+ 0+(
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$%&'()&%* #$ +&,)-%./' !0.!&1 &(/
$,*(@%*(#)/ Q ?#$ *+, K= #$ DK &(/
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#'3#),)*/: R+,) K ∈ M (/ % /('34,56 % $,
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,/#" *+, ',/+6 ,%
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#),6 /()
,6 (" K (/ "%$ "$#' % 3%44,4#7$%'6 (* '%2 )#*-, 3#//(-4, *# -.(4* % 
#), +%<()7 σ %/ -%/(/6 *+, #33#/(*, <,$*,5 42()7 () K %)& % <#4.', ,M.%4*# |K|/m: =+, <#4.', DK,σ (/ $,",$$,& *# %/ *+, +%4"!&(%'#)& 
,44 %//#
(%*,& *# K %)& σ:?#$ σ ∈ Eint6 σ = K|L6 0, )#0 &,J), *+, &(%'#)& 
,44 Dσ %//#
(%*,& *# σ -2 Dσ = DK,σ ∪DL,σ >"#$ %) ,5*,$)%4 "%
, σ ∈ Eext ∩ E(K)6 Dσ (/ S./* *+, /%', <#4.', %/ DK,σ:



 ! "#$%&'(()*+' *,&#-&#%)
 /,0)'&12-#3'( '45,-)#6( 7  !" !"#
%&'"()'"*+ , -*% '.& /01 #
.&2&3 '.& !4)5 2&#. !&6&+!# *+ '.& 
*26*+&+' *7 '.&8&5*
"'9: -*% &)
. *7 '.&23 "'# !&;+"'"*+ !"<&%# 7%*2 '.& => *% 1= *+& *+59 ?9 '.& 
.*"
& *7 '.&.)57 !")2*+! 
&553 @."
.3 7*% K ∈ M )+! σ ∈ E(K)3 "# +*@ '.& %&
')+A5& *7 ?)#"# σ )+! *7 2&)#4%&
|DK,σ| &B4)5 '* .)57 '.& 2&)#4%& *7 K:C& !&+*'& ?9 |Dσ| '.& 2&)#4%& *7 '.& !4)5 
&55 |Dσ|3 )+! ?9 ε = Dσ|Dσ′ '.& 7)
& #&6)%)'"+A '@* !")2*+!
&55# Dσ )+! Dσ′ D#&& -"A4%& EF:

Dσ

Dσ′

σ′ = K|MK

L

M

|σ|σ
=
K
|L

ε = D
σ |D

σ ′

 !"# E , G%"2)5 )+! !4)5 2&#.&# 7*% '.& =)++)
.&% >4%&H )+! 1%*4(&"I =)8")%' &5&2&+'#:
 !"#$%&''()*& )+%",%"$(
 .+/(&%01,"2&' &34+,("5'>.& )!!%&##&! 6%*?5&2 "+ '."# #&
'"*+ %&)!# J

∂tρ+ div(ρu) = 0, DE)F
∂t(ρu) + div(ρu⊗ u) + ∇p− div(τ (u)) = 0, DE?F
ρ = ℘(p), DE
F@.&%& t #')+!# 7*% '.& '"2&3 ρ3 u )+! p )%& '.& !&+#"'93 8&5*
"'93 )+! 6%&##4%& "+ '.& K*@3 τ (u) #')+!#7*% '.& #.&)% #'%&## '&+#*%3 )+! '.& 74+
'"*+ ℘ "# '.& &B4)'"*+ *7 #')'&: >.& 6%*?5&2 "# #466*#&! '* ?&6*#&! *8&% Ω×(0, T )3 @.&%& (0, T ) "# ) ;+"'& '"2& "+'&%8)5: >."# #9#'&2 24#' ?& #4665&2&+'&! ?9 #4"')?5&?*4+!)%9 
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*+!"'"*+# 7*% ρ )+! u3 '.& "+"'")5 
*+!"'"*+ 7*% ρ ?&"+A #466*#&! 6*#"'"8&:>.& 
5*#4%& %&5)'"*+ 7*% τ (u) "# )##42&! '* ?& J

τ (u) = µ(∇u + ∇
tu)− 2µ

3
divu I,@.&%& µ #')+!# 7*% ) +*+ +&A)'"8& 6)%)2&'&%3 6*##"?59 !&6&+!"+A *+ x: C.&+ '.& 8"#
*4# '&%2 τ (u)8)+"#.&#3 '.& #9#'&2 DEF ?&
*2&# .96&%?*5"
:



  !"!#$% &'"()!&*&!"# $% &"'(#" )* Ec #+" ,-'"#-
 "'"/0* Ec = 1
2 ρ |u|21 23,-'0 #+" -''"/ 4/(&$
# (5 67)8 )* u *-"9&%: 35#"/5(/;39 
(;4(%-#-('% (5 43/#-39 &"/-<3#-<"% 3'& $%-'0 6738 =

∂tEc + div
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Ec u
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+ ∇p · u = div
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τ (u)

)
· u. 6>82+-% /"93#-(' -% /"5"/"& #( 3% #+" ,-'"#-
 "'"/0* )393'
"1!"# $% '(? &"@'" #+" 5$'
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∂tS + div
(
(S + p)u

)
− div

(
τ (u) u

)
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∫

Ω
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δt = tn+1 − tn >,2 n = 0, 1, . . . , N − 1 4. +-. 
,#)+$#+ +"/. )+.(<A. 4.*"# 5"+- +-. 0")
2.+"B$+",# ,> +-. /$)) 4$%$#
. .86$+",# 9E$;< !,2 4,+- +-. LMG $#0 NH ,2 GN0")
2.+"B$+",#)' %.+ 6) 0.#,+. 4& un+1

σ · nK,σ +-. ,6+5$20 #,2/$% ?.%,
"+& +, +-. >$
. σ ,> K' 5-"
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(ρn+1
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∑

σ∈E(K)

FK,σ = 0, 5"+- FK,σ = |σ| un+1
σ · nK,σ ρ̃n+1

σ , 9O;$#0 5-.2. ρ̃n+1
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2.+. (2.))62. *2$0".#+ $+ +-. >$
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. .86$+",# =
|Dσ|
δt

(ρn+1
σ un+1

σ,i − ρnσ unσ,i) +
∑

ε∈E(Dσ)

Fn+1
σ,ε un+1

ε,i

+|Dσ|(∇pn+1)σ,i − |Dσ|(divτ(un+1))σ,i = 0,

9P;>,2 1 ≤ i ≤ d' $#0 >,2 σ ∈ E \ED "# +-. 
$). ,> +-. NH ,2 GN 0")
2.+"B$+",#)' $#0 σ ∈ E(i) \ED "# +-. 
$).,> +-. LMG )
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  !"!#$% &'"()!&*&
σ !" "#$% tn+1 !&' tn (%)*%
"#,%-. /01#
1 $2)" &3" 4% 
3&52)%' 0#"1 "1% 2*)"(%!$ '%&)#". ρ̃σ 2)%' #&"1% $!)) 4!-!&
%67 Fn+1

σ,ε #) "1% '#)
(%"% $!)) 829 "1(32:1 "1% '2!- 5!
% ε 32"0!(' Dσ7 !&' un+1
ε,i )"!&')53( !& !**(39#$!"#3& 35 un+1

i 3& ε 01#
1 $!. 4% 
13)%& %#"1%( 
%&"(%' 3( 2*0#&';<1% =&#"% %-%$%&" '#)
(%"#>!"#3& 35 "1% i?"1 
3$*3&%&" 35 "1% *(%))2(% :(!'#%&" "%($ (%!') @
|Dσ|(∇pn+1)σ,i = −

∑

M∈M

∫

M

pn+1 divϕ(i)
σ dx,0#"1 ϕ

(i)
σ (%!') ϕ

(i)
σ = ϕσe

(i)7 01%(% ϕσ #) "1% =&#"% %-%$%&" )1!*% 52&
"#3& !))3
#!"%' "3 σ !&' e(i))"!&') 53( "1% ith ,%
"3( 35 "1% 
!&3&#
!- 4!)#) 35 Rd; A#&
% "1% *(%))2(% #) *#%
%0#)% 
3&)"!&"7 2)#&: "1%'%=&#"#3& 35 "1% B< 3( CB )1!*% 52&
"#3&)7 !& %!). 
3$*2"!"#3& .#%-') 53( !& #&"%(&!- 5!
% σ = K|L @
|Dσ|(∇pn+1)σ,i = |σ| (pn+1

L − pn+1
K ) nK,σ · e(i),!&'7 53( !& %9"%(&!- 5!
% σ ∈ E(K) ∩ Eext \ ED @

|Dσ|(∇pn+1)σ,i = −|σ| pnK nK,σ · e(i).<1%)% %9*(%))#3&) 
3#&
#'% 01#
1 "1% '#)
(%"% :(!'#%&" #& "1% DEC '#)
(%"#>!"#3&;<1% =&#"% %-%$%&" '#)
(%"#>!"#3& 35 "1% ,#)
32) "%($ (divτ(un+1))σ,i7 !))3
#!"%' "3 σ !&' "3 "1% 
3$*3&%&"
i7 (%!') @

|Dσ|(divτ(un+1))σ,i = −µ
∑

K∈M

∫

K

∇un+1 · ∇ϕ(i)
σ − µ

3

∑

K∈M

∫

K

div un+1 div ϕ(i)
σ .<1% DEC '#)
(%"#>!"#3& 35 "1#) )!$% ,#)
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∀σ ∈ Eint,
|Dσ|
δt

(ρn+1
σ − ρnσ) +

∑

ε∈E(Dσ)

Fn+1
σ,ε = 0. /N6<1#) :3,%(&) "1% 
13#
% 53( "1% '%=&#"#3& 35 "1% '%&)#". !**(39#$!"#3& ρσ !&' "1% $!)) 829%) Fσ,ε; <1%'%&)#". ρσ #) '%=&%' 4. ! 0%#:1"%' !,%(!:% @ ∀σ ∈ Eint7 σ = K|L7 |Dσ| ρσ = |DK,σ| ρK + |DL,σ| ρL !&'

∀σ ∈ Eext \ ED7 σ ∈ E(K)7 ρσ = ρK ; K3( ! '2!- %':% ε #&
-2'%' #& "1% *(#$!- 
%-- K7 "1% 829 Fσ,ε #)
3$*2"%' !) ! -#&%!( 
3$4#&!"#3& /0#"1 
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3%O
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K,σ )σ∈E(K) !**%!(#&: #& "1% '#)
(%"% $!))4!-!&
% /P6; Q% '3 &3" :#,% 1%(% "1#) )%" 35 
3%O
#%&")7 !&' (%5%( "3 FL7 R 7 GS℄ 53( ! '%"!#-%' 
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 '&'*+, #-.-&
'/ '.-0(%
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% %I2!"#3&; T%" δup 4% ! 
3%O
#%&" '%=&%' 4.

δup = 1 #5 !& 2*0#&' '#)
(%"#>!"#3& #) 2)%' 53( "1% 
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"#3& "%($ #& "1% $3$%&"2$ 4!-!&
% %I2!"#3&



 ! "#$%&'(()*+' *,&#-&#%)
 /,0)'&12-#3'( '45,-)#6( 7 !" #$% δup = 0 &$ '() 
)$')+)% 
#,)- .&'( '(&, $/'#'&/$0 '() 1/1)$'21 3#4#$
) )52#'&/$ +)#%, 6
|Dσ|
δt

(ρn+1
σ un+1

σ,i − ρnσunσ,i) +
∑

ε=Dσ |Dσ′

1

2
Fn+1
σ,ε (un+1

σ,i + un+1
σ′,i )

+ δup
∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i ) + |Dσ| (∇pn+1)σ,i − |Dσ|(divτ(un+1))σ,i = 0.7#8&$9 '() &$$)+ :+/%2
' /; '(&, )52#'&/$ <&'( '() 
/++),:/$%&$9 =)4/
&'> 2$8$/<$0  !"! un+1

σ,i 0 >&)4%,
T conv
σ,i + T up

σ,i + T p,τσ,i = 00 <&'( 6
T conv
σ,i =

[ |Dσ|
δt

(
ρn+1
σ un+1

σ,i − ρnσunσ,i
)

+
∑

ε=Dσ |Dσ′

1

2
Fn+1
σ,ε (un+1

σ,i + un+1
σ′,i )

]
un+1
σ,i ,

T up
σ,i = δup

[ ∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )

]
un+1
σ,i ,

T p,τσ,i = |Dσ| (∇pn+1)σ,i un+1
σ,i − |Dσ|(divτ(un+1))σ,i un+1

σ,i .?)11# -@-A0 #::4&)% /$ '() %2#4 1),(0 >&)4%, 6
T conv
σ,i =

1

2

|Dσ|
δt

[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)2
]

+
1

2

∑

ε=Dσ |Dσ′

Fn+1
σ,ε un+1

σ,i un+1
σ′,i

+
|Dσ|
2 δt

ρnσ
(
un+1
σ,i − unσ,i

)2
.?)' 2, %)B$) Rn+1

σ,i 3> '() ,21 /; T up
σ,i #$% '() 4#,' ')+1 /; T conv

σ,i 6
Rn+1
σ,i =

1

2

|Dσ|
δt

ρnσ
(
un+1
σ,i − unσ,i

)2
+ δup

[ ∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )

]
un+1
σ,i .  CD".&'( '(&, $/'#'&/$0 <) '(2, /3'#&$ '() ;/44/<&$9 +)4#'&/$ 6

1

2

|Dσ|
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[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)2
]

+
1

2

∑

ε=Dσ |Dσ′

Fn+1
σ,ε un+1
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σ′,i
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σ,i − |Dσ|(divτ(un+1))σ,i un+1

σ,i = −Rn+1
σ,i .  CC".) +)
/9$&E) #' '() 4);'F(#$% ,&%) # %&,
+)') 8&$)'&
 )$)+9> 3#4#$
)0  !"! # +)#,/$#34) %&,
+)'&E#'&/$ /;G52#'&/$  A"0 <&'( # 
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∑
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]
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σ · nK,σ = −Rn+1

K ,  CA"<&'( 6
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1
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|K|
δt
H′′(ρn,n+1

K )(ρn+1
K − ρnK)2 − 1
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∑
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 !  !"!#$% &'"()!&*&"#$%$ &#$ '()*&+&, ρn,n+1
K ∈ [min(ρn+1

K , ρnK),max(ρn+1
K , ρnK)] )*-. /0% )*, /)
$ σ ∈ E(K). ρn+1

σ ∈
[min(ρn+1

σ , ρn+1
K ),max(ρn+1

σ , ρn+1
K )]23'()&+0* 4 56 +7 ) 8*+&$ 90:(;$ -+7
%$&+<)&+0* 0/ &#$ 4*0* 
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 =0&$*&+): >):)*
$ 4?6."+&# ) *0* =07+&+9$ %$7+-(): &$%;. &#)*@7 &0 &#$ /)
& &#)& &#$ /(*
&+0* H +7 
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$2B#$ 7&)>+:+&, 0/ &#$ 7
#$;$ +7 &#$* 0>&)+*$- >, 7(;;+*C D

(i) 3'()&+0* 4  6 09$% &#$ 
0;=0*$*&7 i )*- &#$ /)
$7 σ ∈ E /0% &#$ EB 0% FE -+7
%$&+<)&+0*7. )*-09$% i )*- σ ∈ E(i) /0% &#$ GHF 7
#$;$.
(ii) 3'()&+0* 4 56 09$% K ∈M.
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∑
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0*-. "$ 7(==07$ &#)& 47$$ K$
&+0* L6 D
∑

i,E

|Dσ| (divτ(un+1))σ,i un+1
σ,i ≥ 0.B#+%-. %$0%-$%+*C &#$ 7(;;)&+0*7 ,+$:-7. /0% &#$ =)%& 0/ &#$ %$;)+*-$% 0/ &#$ ;0;$*&(; >):)*
$ $'()&+0*)770
+)&$- &0 &#$ (="+*-+*C D

∑

i,E

T up
σ,i = δup

∑

i,Ē (ε=Dσ |Dσ′ )

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )2 ≥ 0,"#$%$ &#$ *0&)&+0* ∑

i,Ē (ε=Dσ |Dσ′ )
;$)*7 &#)& "$ =$%/0%; &#$ 7(; 09$% i )*- &#$ /)
$7 0/ &#$ -(): ;$7#)770
+)&$- &0 &#$ 
0;=0*$*& i 0/ &#$ 9$:0
+&,. )*- &#)&. /0% ) /)
$ ε +* &#$ 7(;. &#$ &"0 )-M)
$*& -():
$::7 )%$ -$*0&$- >, Dσ )*- D′σ2 J+*)::,. 7+*
$ &#$ 
0*7$%9)&+9$ N(A$7 9)*+7# +* &#$ 7(;;)&+0*. "$ &#(7C$& D

1

2

∑

i,E

|Dσ|
δt

[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)2
]

+
∑

K∈M

|K|
δt

(H(ρn+1
K )−H(ρnK)) ≤ 0, 4 ?6"#+
# +7 ) -+7
%$&$ )*):0C($ &0 4O62 !"!
 $%&&'() *+ *,- .'/'* '( *,- &
,-/- 0"1 
%&-2P$ /0
(7 +* &#+7 7$
&+0* 0* &#$ +*9+7
+-  Q /0%; 0/ R%0>:$; 4 6. )*- 7#0" &#)&. +/ ) 7$'($*
$ 0/ 70:(&+0*7+7 
0*&%0::$- +* 7(+&)>:$ *0%;7 )*- 
0*9$%C$7 &0 ) :+;+&. &#+7 :)&&$% *$
$77)%+:, 7)&+78$7 ) 4=)%& 0/ &#$6"$)@ /0%;(:)&+0* 0/ &#$ 
0*&+*(0(7 =%0>:$;2I$& (M(m), δt(m))m∈N >$ ) 7$'($*
$ 0/ ;$7#$7 )*- &+;$ 7&$=7. 7(
# &#)& &#$ &+;$ 7&$= δt(m) )*- &#$ 7+<$

h(m) 0/ &#$ ;$7# M(m). -$8*$- >, D
h(m) = sup

K∈M(m)

-+);(K),



 ! "#$%&'(()*+' *,&#-&#%)
 /,0)'&12-#3'( '45,-)#6( 77 !"#  $ %!&$ '( m→∞)*! ρ(m)+ p(m) '"# u(m) ,!  -! ($./ 0$" 102!" ,3  -! (
-!5! 60 -  -! 5!(- M(m) '"#  -!  05! ( !7
δt(m)+ $&+ 5$&! 7&!
0(!.3 (7!'80"1+ ' 9: 2!&(0$" $;  -! (
-!5! 6-0
- 5'3 ,! $, '0"!# ,3  '80"1  -!<=> 2'&0'" + $".3 $"! -$&0%$" '. ( &07! $; 5!(-!(+ (/77$(0"1  -'  -! 2!& 0
'. 
$57$"!" $;  -! 2!.$
0 3? -! #!1&!! $; ;&!!#$5 $; 6-0
- '&! .$
' !# $"  -!  $7 '"# ,$  $5 ,$/"#'&0!(@ 2'"0(-!(+ '"#  -'  -!5!'(/&! $;  -! ;'
!( 0( !A/'.  $ 9) B$  -! #0(
&! ! /"8"$6"(+ 6! '(($
0' ! 70!
!60(! 
$"( '" ;/"
 0$"($"  05! 0" !&2'.( '"# $" 7&05'. $& #/'. 5!(-!(+ ($  -! #!"(0 3 ρ(m)+  -! 7&!((/&! p(m) '"#  -! 2!.$
0 3
u(m) '&! #!C"!# '.5$( !2!&36-!&! $" Ω× (0, T ) ,3 D

ρ(m)(x, t) =

N−1∑

n=0

∑

K∈M

(ρ(m))nK XK X(n,n+1), p(m)(x, t) =

N−1∑

n=0

∑

K∈M

(p(m))nK XK X(n,n+1),

u(m)(x, t) =
N−1∑

n=0

∑

σ∈E

(u(m))nσ XDσ
X(n,n+1),6-!&! XK + XDσ

'"# X(n,n+1) ( '"# ;$&  -! 
-'&'
 !&0( 0
 ;/"
 0$" $; K+ Dσ '"#  -! 0" !&2'. (tn, tn+1)&!(7!
 02!.3)E! (/77$(! ' /"0;$&5 
$" &$. $"  -!  &'"(.' !( 0" (7'
! '"#  05! $;  -! (!A/!"
! $; ($./ 0$"(+ 6-0
- 6!"$6 ( ' !) F$& #0(
&! ! ;/"
 0$" q '"# v #!C"!# $"  -! 7&05'. '"# #/'. 5!(-+ &!(7!
 02!.3+ 6! #!C"! '#0(
&! ! L1
(
(0, T ); BV(Ω)

) "$&5 ,3 D
‖q‖T ,x,BV =

N∑

n=0

δt
∑

σ∈E, σ=K|L

|qnL − qnK |, ‖v‖T ,x,BV =

N∑

n=0

δt
∑

ε∈Ē, σ=Dσ |D′σ

|vnσ′ − vnσ |,'"# ' #0(
&! ! L1
(
Ω; BV((0, T ))

) "$&5 ,3 D
‖q‖T ,t,BV =

∑

K∈M

hK

N−1∑

n=0

|qn+1
K − qnK |, ‖v‖T ,t,BV =

∑

σ∈E

hσ

N−1∑

n=0

|vn+1
σ − vnσ |,6-!&!+ ;$& σ = K|L+ hσ = (hK + hL)/2) E! (/77$(!  -! ;$..$60"1 /"0;$&5 ,$/"#( $;  -! (!A/!"
! $;($./ 0$"( 60 - &!(7!
  $  -!(!  6$ "$&5( D

‖ρ(m)‖T ,x,BV + ‖p(m)‖T ,x,BV + ‖u(m)‖T ,x,BV ≤ C, ∀m ∈ N, ?9G@'"# D
‖u(m)‖T ,t,BV ≤ C, ∀m ∈ N. ?9H@= 6!'8 ($./ 0$"  $  -! 
$" 0"/$/( 7&$,.!5 (' 0(C!(+ ;$& '"3 ϕ ∈ C∞c

(
[0, T )× Ω

) D
−

∫

Ω×(0,T )

[
ρ ∂tϕ+ ρ u ∂xϕ

]
dxδt−

∫

Ω

ρ(x, 0)ϕ(x, 0) dx = 0, ?9I'@
−

∫

Ω×(0,T )

[
ρ u ∂tϕ+ (ρ u2 + p) ∂xϕ

]
dxδt−

∫

Ω

ρ(x, 0)u(x, 0)ϕ(x, 0) dx = 0, ?9I,@
ρ = ℘(p). ?9I
@J$ !  -'  -!(! &!.' 0$"( '&! "$ (/K
0!"  $ #!C"! ' 6!'8 ($./ 0$"  $  -! 7&$,.!5+ (0"
!  -!3 #$ "$ 057.3 '"3 -0"1 ',$/  -! ,$/"#'&3 
$"#0 0$"() L$6!2!&+  -!3 '..$6  $ #!&02!  -! M'"80"!NL/1$"0$ 



 !  !"!#$% &'"()!&*&
#$%&'&#$( ) (#* &+ ,- (.#, './' '.-0 /1- (/'&(2-% 30 '.- 4&5&' #+ / (-67-$
- #+ (#47'&#$( '# '.- %&(
1-'-81#34-5* '.&( &584&-(* 4##(-40 (8-/9&$:* './'  !" #
!"%" 
&%'( "#  !" )*+! #!&
,#* ,.&
. &( '.- 1-(74' ,-/1- (--9&$:; <' &( ('/'-% &$ '.- +#44#,&$: '.-#1-5; !"#$"% &'&(=-' Ω 3- /$ #8-$ 3#7$%-% &$'-1>/4 #+ R; =-' (M(m), δt(m))m∈N 3- / (-67-$
- #+ 5-(.-( /$% '&5-('-8(* (7
. './' h(m) /$% δt(m) '-$% '# ?-1# /( m '-$%( '# &$2$&'0; =-' (
ρ(m), p(m), u(m)

)
m∈N

3- '.-
#11-(8#$%&$: (-67-$
- #+ (#47'&#$(; @- (788#(- './' '.&( (-67-$
- (/'&(2-( A BC /$% A DC /$% 
#$>-1:-(&$ Lr
(
(0, T )× Ω

)3* +#1 1 ≤ r <∞* '# (ρ̄, p̄, ū) ∈ L∞
(
(0, T )× Ω

)3;E.-$ '.- 4&5&' (ρ̄, p̄, ū) (/'&(2-( '.- (0('-5 A FC /$% '.- -$'1#80 
#$%&'&#$ ABC; !""# E.- 8/((/:- '# '.- 4&5&' &$ '.- -67/'&#$( #+ '.- (
.-5- &( '-
.$&
/4* 37' &$>#9-( 1/'.-1 ('/$%/1%/1:75-$'(;G3'/&$&$: '.- -$'1#80 
#$%&'&#$ &( 5#1- &$'1&
/'-; @- $--% '# 8/(( '# '.- 4&5&' &$ '.- 9&$-'&
 -$-1:03/4/$
- A  C /$% &$ '.- -4/('&
 8#'-$'&/4 3/4/$
- A !C (&574'/$-#7(40; E# '.&( 8718#(-* +#1 ϕ ∈ C∞c
(
[0, T )×

Ω
)* ,- %-2$- ',# &$'-18#4/'-( H #$- &( %-2$-% #>-1 '.- %7/4 
-44( /$% &( 7(-% /( / '-(' +7$
'&#$ +#1 A  C/$% '.- (-
#$% #$- &( %-2$-% #>-1 '.- 81&5/4 
-44(* /$% &( 7(-% /( / '-(' +7$
'&#$ +#1 A !C; @- '.-$ 8/(( '#'.- 4&5&' &$ '.- I%&J-1-$'&/4 '-15(I #+ '.-(- %&(
1-'- -67/'&#$(* /$% %&(1-:/1% '.- $#$K$-:/'&>- 1-(&%7/4(A/' '.- 4-+'K./$% (&%-C; L 81#34-5 &( 8#(-% 30 '.- 1-(&%7/4 /((#
&/'-% '# '.- 78,&$%&$:* ,.&
. 1-/%( H

Rσ =
[ ∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )

]
un+1
σ,i , !" #$% &'(! )* +$'
$ '& -!.!)+!/ 0) (%#  ! '!#-'#')! )* $)+ #) "% 1 +'#$ #$'& #%234 1%# -& 2%3 2. #$ #'# 3 5 6% &%%!  &  "'&
2%#%  ! 1)(-% #)  "'7-&')! #%23 −µ∆u u +'#$  !-3%2'
 1 8'&
)&'#5 µ #%!"'!(#) 9%2)  & #$% &: 
% &#%:/ ;%# -& !)+ 
)3: 2% #$'& #%23 #) µ|∇u|24 '! #$% &%!&% )* "'&#2'6-#')!&/ <)2 ψ  2%(-1 2 *-!
#')! +'#$  
)3: 
# &-::)2#4 2%3 2.'!( #$ # −µu∆u− µ|∇u|2 = −div(µu∇u)4 +% (%# =

∫ T

0

∫

Ω

[
−µu∆u− µ|∇u|2

]
ψ dxδt =

∫ T

0

∫

Ω

µu∇u ·∇ψ dxδt ≤ Cψ ‖u‖L∞ ‖u‖W 1,1µ, !" #$%2%*)2%4 '* ‖u‖L∞  !" ‖u‖W 1,1  2% 6)-!"%"4 #$% "'7%2%!
% 6%#+%%! −µu∆u  !" µ|∇u|2 6%$ 8%& 1'.%
µ/ >%#-2!'!(  # #$% "'&
2%#% 1%8%14 #$'& 
)3:-# #')! &-((%&#& #$ # Rσ 6%$ 8%&  # #$% 1'3'#  &  "'&&': #')!#%23 ? !"!  "'&
2%#% %@-'8 1%!# )* µ|∇u|2A4 #$% &'(! )* +$'
$ '& (- 2 !#%%"/ 0$% & 3%  2(-3%!# '& -&%" '! "'7%2%!# + 5 '! #$% !)!B6 2)#2):'
 
 &% = #$% C8'&
)-& #%23C Rσ '& 
)3:%!& #%" '! #$% '!#%2! 1 %!%2(56 1 !
% 65  C"'&&': #')! #%23C ?&%% D%
#')! E/FA/ �#"$%&' ( )*+,-&+. +/ -0" -&%,1.%-"12G! #$%  &&-3:#')!& )* #$% #$%)2%3 /H/F4 +% 
 ! &$ 2:%! ?FIA  !" ?FEA/ G!"%%"4 #) :2)8% #$ # #$% 1'3'# '& +% . &)1-#')!4 '# '& &-J
'%!# #) $ 8% =

lim
m→+∞

h(m)
[
‖ρ(m)‖T ,x,BV + ‖p(m)‖T ,x,BV + ‖u(m)‖T ,x,BV

]
= 0.G!  ""'#')!4 #$'& %&#'3 #% 3 5 6% :2)8%! ? !" !)# &-::)&%"A 65  ""'!( #) #$% &
$%3%  !-3%2'
 1 "'7-&')!&
 1%" 65 (h(m))β 4 +'#$ 0 < β < 2/ 0) )6# '! #$ # #$% 1'3'# '& #$% %!#2):5 +% . &)1-#')!4 #$% *)11)+'!( &&-3:#')! '& &-J
'%!# =

lim
m→+∞

δt
[
‖u(m)‖T ,t,BV

]
= 0.



 ! "#$%&'(()*+' *,&#-&#%)
 /,0)'&12-#3'( '45,-)#6( 7  !" # $%&''(%& 
*%%&
+,*- '
.&/& !"!# $%& '
%&)& ! "#$% %&
"$(!) *& +&,$-& "#& .,&%%/,& 
(,,&
"$(! %
#&0& 1,(0 "#& $0.2$
$" %
#&0&3 4#& 5,%" %"&.) 6% /%/62)$% "( 
(0./"& 6 "&!"6"$-& -&2(
$"7 87 %(2-$!9 "#& 0(0&!"/0 8626!
& &:/6"$(! *$"# "#& 8&9$!$!9;(1;%"&..,&%%/,&3 4#&!) "#& -&2(
$"7 $% 
(,,&
"&+ 6!+ "#& ("#&, -6,$682&% 6,& 6+-6!
&+ $! "$0&) $! "#& %(;
622&+
(,,&
"$(! %"&.3 <(, %"68$2$"7 ,&6%(!%) (,) $! ("#&, *(,+%) "( 8& 682& "( +&,$-& 6 =$!&"$
 &!&,97 8626!
&) *&!&&+ "#6" "#& 06%% 8626!
& (-&, "#& +/62 
&22% >?@ #(2+% A %$!
& "#& 06%% 8626!
& $% !(" 7&" %(2-&+ *#&!.&,1(,0$!9 "#& .,&+$
"$(! %"&.) "#$% 2&6+% /% "( +( 6 "$0& %#$1" (1 "#& +&!%$"7 6" "#$% %"&.3 ! "#& "$0& %&0$;+$%
,&"& %&""$!9) "#& .,(.(%&+ 629(,$"#0 ,&6+% BC ; *+&'',+& +&-.+)#/01#20.- '2&3 D E(2-& "#& 1(22(*$!9 &22$."$
 .,(82&0 1(, p̃n+1 B
div

[ 1

ρn
∇p̃n+1

]
= div

[ 1

(ρn ρn)1/2
∇pn

] >CF@G ; *+&40
20.- '2&3 D E(2-& "#& 1(22(*$!9 %&0$;+$%
,&"& 2$!&6,$H&+ 0(0&!"/0 8626!
& &:/6"$(! 1(, ũn+1 B
ρn ũn+1 − ρn−1 un

δt
+ div(ρn ũn+1 ⊗ un) + ∇p̃n+1 − div(τ (ũn+1)) = 0. >CI@J ; 5.++&
20.- '2&3 D E(2-& >%$0/2"6!/(/%27@ "#& 1(22(*$!9 !(! 2$!&6, &:/6"$(!% 1(, pn+1) un+1 6!+

ρn+1 B
ρn

un+1 − ũn+1

δt
+∇(pn+1 − p̃n+1) = 0, >C?6@

ρn+1 − ρn
δt

+ div(ρn+1 un+1) = 0, >C?8@
ρn+1 = ℘(pn+1). >C?
@4#& %(2/"$(! (1 E"&. J $% .&,1(,0&+ 87 
(08$!$!9 &:/6"$(!% >C?6@ 6!+ >C?8@) "#&,&1(,& (8"6$!$!9 6 !(!;2$!&6, &22$."$
 .,(82&0 1(, "#& .,&%%/,&) *#$
# ,&6+% $! "#& "$0& %&0$;+$%
,&"& %&""$!9 B

℘(pn+1)− ρn
δt2

− div
[ ρn+1

ρn
∇(pn+1 − p̃n+1)

]
= − 1

δt
div(ρn+1ũn+1).4#& 1/227 +$%
,&"& &:/6"$(!% 6,& (8"6$!&+ 1,(0 "#& $0.2$
$" %
#&0& 87 6 0&,& 
#6!9& $! "$0& 2&-&2%) &K
&."1(, L:/6"$(!% >CF@ 6!+ >C?6@) *#$
# 6,& !&*3 4#& 5,%" (!& $% (8"6$!&+ 87 /%$!9 "#& +$%
,&"& 9,6+$&!" 6!++$-&,9&!
& (.&,6"(,% 62,&6+7 $!",(+/
&+) 6!+ ,&6+% B

∀K ∈M,
∑

σ=K|L

1

ρnσ

|σ|2
|Dσ|

(
p̃n+1
K − p̃n+1

L

)
=

∑

σ=K|L

1√
ρnσ ρ

n−1
σ

|σ|2
|Dσ|

(pnK − pnL) .M&26"$(! >C?6@ $% +$%
,&"$H&+ %$0$26,27 "( "#& 0(0&!"/0 8626!
& >I@)  !"! 6 5!$"& -(2/0& "&
#!$:/& $%/%&+ 1(, "#& /!%"&6+7 "&,0 $! 8("# "#& NOP) M4 6!+ PM +$%
,&"$H6"$(!% B
|Dσ|
δt

ρnσ (un+1
σ,i − ũn+1

σ,i ) + |Dσ|
[
(∇pn+1)σ,i − (∇p̃n+1)σ,i

]
= 0,1(, 1 ≤ i ≤ d) 6!+ 1(, σ ∈ E \ ED $! "#& 
6%& (1 "#& M4 (, PM +$%
,&"$H6"$(!%) 6!+ σ ∈ E(i) \ ED $! "#&
6%& (1 "#& NOP %
#&0&3



 !  !"!#$% &'"()!&*& !"!# $%&#'('%) &*+ ,'*-%'
 -*-/0) #&(&*
- -12&%'3*"# $#%#&' '(# %$)
#++ '(&' ,# -)..),#/ -)$ '(# 01%.0
0' +
(#1#2 ') %$)3# '(# +'&40.0'5 )- '(# +
(#1# &6//#$03# & /0+
$#'# 706#'0
 #6#$85 4&.&6
# #9:&'0)6; <) '(0+ %:$%)+#2 ,# 1:.'0%.5 '(# 3#.)
0'5 %$#/0
'0)6#9:&'0)6 45 '(# 
)$$#+%)6/068 /#8$## )- -$##/)1 )- '(# %$#/0
'#/ 3#.)
0'5 ũn+1
σ,i 2 ') )4'&06 =

|Dσ|
δt

(
ρnσũ

n+1
σ,i − ρn−1

σ unσ,i
)

ũn+1
σ,i +

∑

ε∈Ē(Dσ)

Fnσ,εũ
n+1
ε,i ũn+1

σ,i

+ |Dσ| (∇p̃n+1)σ,i ũn+1
σ,i − |Dσ|(divτ(un+1))σ,i ũn+1

σ,i = 0. >?@A"# '(#6 ,$0'# '(# 3#.)
0'5 
)$$#
'0)6 #9:&'0)6 &+ =
[ |Dσ|
δt

ρnσ

]1/2

un+1
σ,i +

[
|Dσ| δt

]1/2

(ρnσ)1/2
(∇pn+1)σ,i =

[ |Dσ|
δt

(ρnσ

]1/2

ũn+1
σ,i +

[
|Dσ| δt

]1/2

(ρnσ)1/2
(∇p̃n+1)σ,i,&6/ +9:&$# '(0+ $#.&'0)62 +:1 ,0'( >?@A &6/ 8#'2 &%%.5068 B#11& ;C;? >&8&06 )6 '(# /:&. 1#+(A ') '(#D$+' ',) '#$1+ )- >?@A =

1

2

|Dσ|
δt

[
ρnσ(un+1

σ,i )2 − ρn−1
σ (unσ,i)

2
]

+
1

2

∑

ε=Dσ |Dσ′

Fnσ,ε ũn+1
σ,i ũn+1

σ′,i + |Dσ| (∇pn+1)σ,i un+1
σ,i

− |Dσ|(divτ(un+1))σ,i ũn+1
σ,i +

|Dσ| δt
ρnσ

[
|(∇pn+1)σ,i|2 − |(∇p̃n+1)σ,i|2

]
= Rn+1

σ,i , >? A,(#$# Rn+1
σ,i '&7#+ '(# +&1# #E%$#++0)6 &+ 06 '(# 01%.0
0' 
&+# > !"! 0+ 803#6 45 F9:&'0)6 > @AA2 $#%.&
068

un+1 45 ũn+1; G:11068 H#.&'0)6 >? A )3#$ '(# 
)1%)6#6'+ &6/ #/8#+2 H#.&'0)6 > ?A )3#$ '(# 
#..+ &6/D6&..5 '(# ',) $#+:.'068 #9:&'0)6+ ')8#'(#$ 50#./+ =
1

2

∑

i,E

|Dσ|
δt

[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)
2
]

+
∑

K∈M

|K|
δt

(H(ρn+1
K )−H(ρnK))

+
∑

i,E

|Dσ| δt
ρnσ

[
|(∇pn+1)σ,i|2 − |(∇p̃n+1)σ,i|2

]
≤ 0,,(0
( ,):./ 4# & /0+
$#'# &6&.)8:# ') >IA2 :% ') & /#'&0. = ') )4'&06 & /0J#$#6
# )- '(# +&1# 9:&6'0'5'&7#6 &' ',) 
)6+#
:'03# '01# +'#%+2 ,# 6##/ ') 
(&68# ρnσ |(∇p̃n+1)σ,i|2 ') ρn−1

σ |(∇pn)σ,i|2; <(0+ 0+ '(#%:$%)+# )- '(# %$#++:$# $#6)$1&.0K&'0)6 +'#%2 ,(0
( ,&+ &.$#&/5 06'$)/:
#/ 06 L?M℄ O ,# D6&..5 8#' =
1

2

∑

i,E

|Dσ|
δt

[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)
2
]

+
∑

K∈M

|K|
δt

(H(ρn+1
K )−H(ρnK))

+
∑

i,E

|Dσ| δt
[ 1

ρnσ
|(∇pn+1)σ,i|2 −

1

ρn−1
σ

|(∇pn)σ,i|2
]
≤ 0.P)'# '(&' '(0+ 06#9:&.0'5 50#./+ & 
)6'$). )6 >δt '01#+A & H1 /0+
$#'# +#10Q6)$1 )- '(# %$#++:$#2 
)6-)$'068'(# $)4:+'6#++ )- '(# +
(#1#2 4:' &.+) 06
$#&+068 0'+ /0++0%&'0)6; R6 ):$ 6:1#$0
&. #E%#$01#6'+2 '(#%$#++:$# $#6)$1&.0K&'0)6 +'#% /0/ 6)' &%%#&$ ') (&3# & +0860D
&6' 06S:#6
# )6 '(# $#+:.'+2 &6/ ,&+ '(#6+5+'#1&'0
&..5 )10''#/;
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 $%&&'() *+ *,- .'/'* '( *,- &
,-/- 012 
%&-3 ! "#$%&' (") $*! +)!,,-)! 
"))!
$&"' ,
*!/! )!,-0$, 1*&
* %)! ,&/&0%) $" $*! &/+0&
&$ ,
*!/! "'!,2 3*!4%)! ,$%$!5 &' $*! ("00"1&'6 $*!")!/2 !"#$"% &'&(7!$ Ω #! %' "+!' #"-'5!5 &'$!)8%0 "( R2 7!$ (M(m), δt(m))m∈N #! % ,!9-!'
! "( /!,*!, %'5 $&/! ,$!+,:,-
* $*%$ h(m) %'5 δt(m) $!'5 $" ;!)" %, m $!'5, $" &'<'&$42 7!$ (
ρ(m), p(m), u(m), ũ(m)

)
m∈N

#! $*!
"))!,+"'5&'6 ,!9-!'
! "( ,"0-$&"',2  ! ,-++",! $*%$ $*&, ,!9-!'
! ,%$&,<!, $*! 
"'$)"0 "8!) $*! $&/!%'5 ,+%
! !,$&/%$!, 6&8!' #4 =>?@: =>A@ %'5 B
‖ũ(m)‖T ,x,BV ≤ C, ∀m ∈ N. ! %,,-/! &' %55&$&"' $*%$ &$ 
"'8!)6!, &' Lr

(
(0, T )×Ω

)4: (") 1 ≤ r <∞: $" (ρ̄, p̄, ū, ¯̃u) ∈ L∞
(
(0, T )×

Ω
)423*!' 1! *%8! ¯̃u = ū: %'5 $*! $)&+0!$ (ρ̄, p̄, ū) ,%$&,<!, $*! ,4,$!/ =>C@ %'5 $*! !'$)"+4 
"'5&$&"' =A@2 !"!4 56/-7'
%. -89-7'/-(*& ! '"1 5!,
)&#! $*! #!*%8&"-) "( $*! +)!,,-)! 
"))!
$&"' ,
*!/! (") % D&!/%'' +)"#0!/:  !"! %' &'8&,
&5/"'"5&/!',&"'%0 +)"#0!/: $*! &'&$&%0 
"'5&$&"' "( 1*&
* 
"',&,$, &' $1" -'&(")/ 0!($ =7@ %'5 )&6*$ =D@,$%$!,: ,!+%)%$!5 #4 % 5&,
"'$&'-&$4: 0"
%$!5 #4 
"'8!'$&"' %$ $*! ")&6&' x = 02 3*! $1" &'&$&%0 
"',$%'$,$%$!, %)! 6&8!' #4 B

(
ρ

u

)

L

=

(
1

0

)
,

(
ρ

u

)

R

=

(
0.125

0

)
,%'5 $*! !9-%$&"' "( ,$%$! &, 6&8!' #4 p = ρ2 3*! +)"#0!/ &, +",!5 "8!) $*! &'$!)8%0 (−2, 3)2 3*! ,"0-$&"'"( $*&, +)"#0!/ 
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)!$&;%$&"': %'5 %++04&'6+!)(!
$ ,0&+ #"-'5%)4 
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error (L1 norm)

 !"# D # $%& '(%
* +,-. /0%-1.2 # 3.4+0.& '
(.2. # L1 4%02 %9 +(. .00%0 -.+:..4 +(. 4,2.08
71 '%1,+8%474& +(. .67
+ '%1,+8%4 7+ t = 1E 7' 7 9,4
+8%4 %9 +(. 2.'( A%0 +82.B '+./E 9%0 3;<=1> ?.1%
8+@ A1.9+B 74&/0.'',0. A08C(+B> !"#$%&''()*& +,-(&%./0"1&' &23,0("4'F. 4%: 7&&0.'' +(. 
%2/0.''8-1. G7H8.0I$+%*.' .J,7+8%4' A""B>
∂tρ+ div(ρu) = 0, A""7B
∂t(ρu) + div(ρu⊗ u) + ∇p− div(τ (u)) = 0, A""-B
∂t(ρE) + div(ρE u) + div(pu) + div(q) = div(τ (u) · u), A""
B
ρ = ℘(p, e), E =

1

2
|u|2 + e, A""&B



 ! "#$%&'(()*+' ,-.)'&/01#2'( '34-1)#5( 67 !"#" E $%& e $#" '!" '('$) "%"#*+ $%& ,%'"#%$) "%"#*+ ,% '!" -( . $%& q /'$%&/ 0(# '!" !"$' 
(%&2
',(%-23. $//24"& '( 5" *,6"% 5+ 7
q = −λ∇e, ,'! λ ≥ 08 9" /2::(/" '!$' '!" ";2$',(% (0 /'$'" 4$+ 5" /"' 2%&"# '!" 0(#4 p = ℘(ρ, e)  ,'! ℘(·, 0) = 0$%& ℘(0, ·) = 08 <!,/ /+/'"4 42/' 5" 
(4:)"4"%'"& 5+ /2,'$5)" 5(2%&$#+ 
(%&,',(%/ $%& ,%,',$) 
(%&,',(%/0(# u. ρ $%& e.  !,
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∂t(ρe) + div(ρeu) + p div(u) = τ (u) : ∇u. @ABC?,%
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(i) '!" 6,/
(2/ &,//,:$',(% '"#4 τ (u) : ∇u ,/ %(%D%"*$',6".

(ii) '!$%=/ '( '!" 4$// 5$)$%
" ";2$',(%. '!" E#/' ' ( '"#4/ 4$+ 5" #"
$/' $/ $ '#$%/:(#' (:"#$'(# 7
∂t(ρe) + div(ρeu) = ρ [∂te+ u ·∇e].

(iii) $%&. E%$))+. 5"
$2/". 0#(4 '!" $//24:',(% (% '!" ";2$',(% (0 /'$'". '!" :#"//2#" 6$%,/!"/  !"%
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#"',H,%* @ABC ,%/'"$& (0 '!" '('$) "%"#*+ 5$)$%
" @AA
C ,/ $ #"$/(%$5)"
!(,
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C (6"# Ω +,")&/ $ /'$5,),'+ "/',4$'" 0(# '!" /()2',(%.  !,
! #"$&/. ,0  " /2::(/"0(# /!(#' '!$' u ,/ :#"/
#,5"& '( H"#( (% '!"  !()" 5(2%&$#+ ∂Ω. $%& '!$' '!" /+/'"4 ,/ $&,$5$',
.  !"!

∇q · n = 0 (% ∂Ω 7
d

dt

∫

Ω

[1
2
ρ |u|2 + ρe

]
dx ≤ 0, @AKC$%&  "  (2)& ),=" @$% $%$)(*2" (0C '!,/ /'$5,),'+ "/',4$'" '( !()& $' '!" &,/
#"'" )"6")8F% 0$
'. '!" 5#,&*" 5"' ""% '!" &,/
#"',H$',(% (0 @ABC $%& '!,/ )$''"# ,%";2$),'+ ,/ (%
" $*$,% '!" =,%"',
"%"#*+ 5$)$%
" ";2$',(%. $%& '!" '(()/ &"6")(::"& ,% '!" :#"6,(2/ /"
',(%/  ,)) #"$&,)+ +,")& '!" &"/,#"&/'$5,),'+ #"/2)'. ,0. $' '!" &,/
#"'" )"6"). " $#" $5)" 7

(i) '( ,&"%',0+ '!" ,%'"*#$) (0 '!" &,//,:$',(% '"#4 $' '!" #,*!'D!$%& /,&" (0 '!" &,/
#"'" 
(2%'"#:$#'(0 @ABC  ,'!  !$' ,/ (5'$,%"& 0#(4 '!" @&,/
#"'"C L2 ,%%"# :#(&2
' 5"' ""% '!" 6")(
,'+ $%& '!"&,L2/,(% '"#4 ,% '!" &,/
#"'" 4(4"%'24 5$)$%
" ";2$',(% @AA5C8
(ii) '( :#(6" '!$' '!" #,*!'D!$%& /,&" (0 @ABC ,/ %(%D%"*$',6" ,% (#&"# '( :#"/"#6" '!" :(/,',6,'+ (0 '!",%'"#%$) "%"#*+8



 !  !"!#$% &'"()!&*&"#$% &'#&('$)(* +'( ,-)$( .+$-'+/ 0#' 1.)$( (/(2(.$ 3)*
'($)5+$)#.*6 7-$ 2+8 7( .#$ *# (+*8 $# #7$+). 0#'$%( 9:; *
%(2( < 0#' $%)* /+$$(' 
+*(6 + =+8 $# 7-)/3 +. +&&'#>)2+$)#. #0 $%( ?)*
#-* +.3 3)**)&+$)#.$('2* $# @($ $%)* &'#&('$8 )* &'#&#*(3 ). ;%+&$(' A B *(( +/*# CD℄FGH=# -.
#.3)$)#.+//8 *$+7/( *
%(2(* 0#' $%( 
#2&'(**)7/( I+?)('JK$#L(* (,-+$)#.* +'( 7-)/$6 #. $%( 7+*)* #0$%(*( +'@-2(.$* B;%+&$(' AF M $%( 1'*$ #.( )* )2&/)
)$6 +.3 $%( *(
#.3 #.(6 -*(3 ). &'+
$)
(6 )* + &'(**-'(
#''(
$)#. *
%(2(G N( #./8 3(*
')7( %('( $%)* /+$$('6 =%)
% '(+3* M !"##$!" !"%&!'()*+(,*&% #,"- O K#/?( 0#' p̃n+1 M
∀K ∈ M,

∑

σ=K|L

1

ρnσ

|σ|2
|Dσ|

(
p̃n+1
K − p̃n+1

L

)
=

∑

σ=K|L

1√
ρnσ ρ

n−1
σ

|σ|2
|Dσ|

(pnK − pnL) , BDP+F !".*
,*&% #,"- O K#/?( 0#' ũn+1 MQ#' 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) ). $%( 9:; 
+*(,
∀σ ∈ E #$%('=)*(6

|Dσ|
δt

(ρnσũ
n+1
σ,i − ρn−1

σ unσ,i) +
∑

ε∈Ē(Dσ)

Fnσ,εũ
n+1
ε,i + |Dσ| (∇p̃n+1)σ,i

−|Dσ| (divτ(ũn+1))σ,i = 0,

BDP7F0&!!"
,*&% #,"- O K#/?( 0#' ρn+16 pn+16 en+1 +.3 un+1 MQ#' 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) ). $%( 9:; 
+*(,
∀σ ∈ E #$%('=)*(6

|Dσ|
δt

ρnσ (un+1
σ,i − ũn+1

σ,i ) + |Dσ|
[
(∇pn+1)σ,i − (∇p̃n+1)σ,i

]
= 0, BDP
F

∀K ∈ M,
|K|
δt

(ρn+1
K − ρnK) +

∑

σ∈E(K)

Fn+1
K,σ = 0, BDP3F

∀K ∈ M,

|K|
δt

(ρn+1
K en+1

K − ρnKenK) +
∑

σ∈E(K)

Fn+1
K,σ e

n+1
σ + |K|

(
pn+1 divũn+1

)
K

−div(λ∇e)K = |K|
(
τ (ũn+1) : ∇ũn+1

)
K
,

BDP(F
∀K ∈ M, pn+1

K = (γ − 1) ρn+1
K en+1

K . BDP0FH%( 
#.*$'-
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#.?(
$)#. #&('+$#' e 7→ ∂t(ρe) + div(ρeu) )* -&=).3 B !"! en+1
σ =
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K,σ ≥ 0 "#$ en+1
L %&'()* +(, "#$ &' + %-()"&%) +"& +.(+ " 
%#+ +&(#
0 -)%-()&0 * &' &'(1"++ 2"3"#
( ∂tρ+ div(ρu) = 0 *' 
' 1"0 2( +&"&($ "+ &'( !"
& &'"&  & 4"# +'(+  ! e  + 
%#+&"#&56' + -)%-()&0  +7 %! 
%8)+(7 #(
(++")0 !%) "# %-()"&%) &% +"& +!0 " $ +
)(&( 1"9 181 -) #
 -3(:
%#+&"#&+ ")( #(
(++") 30 +%38& %#+ &% "# (;8"& %# %2(0 #< " 1"9 181 -) #
 -3(5 5 5, =  &  + "3+%
3"++ 
"330 +'%*# >?@℄ &% 2( +8B
 (#&5C +(
%#$7 &'(  #&()#"3 (#()<0 2"3"#
(  + 
%8-3($ &% &'( "3<%) &'1  # +8
' " *"0 &'"& &'( -)(++8)(  #&'( $ +
)(& D"& %# %! &'( &()1 p divu %2(0+ &'( (;8"& %# %! +&"&(7 "#$ &'8+7  # -")& 
83") 4"# +'(+*'(# e < 0 :+(( >?E℄ !%) "#%&'() -)(++8)(C
%))(
& %# "3<%) &'1 8+ #< &'( +"1( 
%8-3 #<,56'( &(
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|K|
(
pn+1 divũn+1

)
K

= ℘(ρn+1
K , (en+1

K )+)
∑

σ∈E(K)

|σ| ũn+1
σ · nK,σ, :GH,*'()( (en+1

K )+ +&"#$+ !%) &'( -%+ & 4( -")& %! en+1
K 7  !"! (en+1

K )+ = max(en+1
K , 0)5 6(+& #< &'(# &'(  #&()#"3(#()<0 2"3"#
( 20 &'( #(<"& 4( -")& %! en+1

K 7 $(+ <#($ 20 (en+1
K )− = −min(en+1

K , 0)7 "#$ +811 #< %4()
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∑

K∈M
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δt

(
ρn+1
K en+1

K − ρnKenK
)

+
∑

σ∈E(K)

Fn+1
K,σ e

n+1
σ

]
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−1

δt

∑

K∈M

̺n+1
K
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]2 − ̺nK
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∑
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∑
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,%'$%1,12 3!4!3/ 5)- "! .,+5)33- ,"')$%!6 )2 .,33,&27 8!'
ψ "! ) +!#13)+ .1%
'$,% .+,5 (0,+∞) ', R 9 '(!% :
ψ′(ρ) C(ρ) = ψ′(ρ) ∂t(ρ) + ψ′(ρ)u ·∇ρ+ ψ′(ρ) ρ divu

= ∂t(ψ(ρ)) + u ·∇ψ(ρ) + ρψ′(ρ) divu,2, )66$%# )%6 21"'+)
'$%# ψ(ρ) divu -$!362 :
ψ′(ρ) C(ρ) = ∂t

(
ψ(ρ)

)
+ div

(
ψ(ρ)u

)
+

(
ρψ′(ρ)− ψ(ρ)

)
divu. ;<=>?"')$%$%# ) *+,,. ,. '($2 3)2' $6!%'$'-/ $% ) &!)@ 2!%2! )%6 &$'( 5$%$5)3 +!#13)+$'- )2215*'$,%2 .,+ ρ)%6 u )%6 $%
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' ,. '(! '(!,+- ,. +!%,+5)3$B!6 2,31'$,%27 C(! .,33,&$%#3!55) 2')'!2 ) 6$2
+!'! )%)3,#1! ', ;<=>7 !""# $%$&8!' K ∈ M7 8!' ρ∗K )%6 ρK "! '&, *,2$'$4! +!)3 %15"!+27 D,+ σ ∈ E(K)/ 3!' Fσ "! ) E1)%'$'- )22,
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! σ )%6 '(! 
,%'+,3 4,315! K/ 6!F%!6 "-
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[ |K|
δt
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∑

σ∈E(K)

Fσ

]
ψ
′

(ρK) =
|K|
δt

[
ψ(ρK)− ψ(ρ∗K)

]
+

∑

σ∈E(K)

ψ(ρσ) Vσ

+
[
ρKψ

′

(ρK)− ψ(ρK)
] ∑

σ∈E(K)

Vσ +Rσ,δt ;<H>&(!+!
Rσ,δt =
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2

|K|
δt
ψ
′′

(ρK)(ρK − ρ∗K)2 − 1

2

∑

σ∈E(K)

Vσ ψ
′′(ρσ)(ρσ − ρK)2, ;<I>)%6/ ∀σ ∈ E(K)/ ρK ∈ [min(ρK , ρ

∗
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∗
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!'(! )2215*'$,% ∂tρ+ div(ρu) = 0 :
ψ′(z) Cρ(z) = ψ′(z)

[
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+ div
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 >.08/9/.7 &'./)0.&' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1,  !"!? @0''/56 .< .%& 9/)/. /5 .%& '
%&)& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1"  !, ?%/00(%/ 
&%%/
$*&# 0
1/7/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! @A  !A!# $%& '
%&)& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BC  !A!, -'./)0.&' ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B#  !A!? @0''/56 .< .%& 9/)/. /5 .%& '
%&)& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B?



  !"  #$%&'(
$*&# !" #$%&'"( )**$"+"* ,- .!,+ #)#"$ ,+ .!" +/+."( %0 .!" +%1
)''"* &)$%.$%#,
 
%(#$"++,&'" 3)4,"$15.%6"+"78).,%-+9 :!,
! $")*+ ; ∣∣∣∣∣∣∣∣∣∣∣

∂ ρ

∂t
+ div(ρ u) = 0

∂

∂t
(ρ u) + div(ρ u⊗ u) +∇p = 0

p = ργ

<==>?@:!"$" t +.)-*+ 0%$ .!" .,("9 ρ9 u )-* p )$" .!" <)4"$)A"@ *"-+,./9 4"'%
,./ )-* #$"++8$" ,- .!" B%:>  !".!$"" )&%4" "78).,%-+ )$" $"+#"
.,4"'/ .!" ()++ &)')-
"9 .!" (%("-.8( &)')-
" )-* .!" "78).,%- %0+.)." %0 .!" B8,* C γ > 1 ,+ ) 
%"D
,"-. +#"
,E
 .% .!" B8,* 
%-+,*"$"*>  !" #$%&'"( ,+ *"E-"* %4"$ )-%#"- &%8-*"* 
%--"
."* +8&+". Ω %0 R9 )-* ) E-,." .,(" ,-."$4)' [0, T )>  !+ ,-./-. 0#' (#1#&2#.F".M &" ) *"
%(#%+,.,%- %0 .!" *%(),- Ω9 +8##%+"* .% &" $"A8')$ ,- .!" 8+8)' +"-+" %0 .!" E-,." "'"("-.',."$).8$" < !" GH℄@>  !" 
"''+ ()/ &" ;1 0%$ ) A"-"$)' *%(),- Ω9 ",.!"$ 
%-4"J 78)*$,')."$)'+ <d = 2@ %$ !"J)!"*$) <d = 3@ %$ +,(#',
"+9&%.! ./#" %0 
"''+$ &",-A #%++,&'/ 
%(&,-"* ,- ) +)(" ("+!91 0%$ ) *%(),- .!" &%8-*)$,"+ %0 :!,
! )$" !/#"$#')-"+ -%$()' .% ) 
%%$*,-)." )J,+9 $"
.)-A'"+<d = 2@ %$ $"
.)-A8')$ #)$)''"'"#,#"*+ <d = 3@ <.!" 0)
"+ %0 :!,
!9 %0 
%8$+"9 )$" .!"- )'+% -"
"++)$,'/-%$()' .% ) 
%%$*,-)." )J,+@>K/ E )-* E(K) :" *"-%." .!" +". %0 )'' (d−1)10)
"+ σ %0 .!" ("+! )-* %0 .!" "'"("-. K ∈ M $"+#"
.,4"'/> !" +". %0 "*A"+ ,-
'8*"* ,- .!" &%8-*)$/ %0 Ω ,+ *"-%."* &/ Eext )-* .!" +". %0 ,-."$-)' %-"+ <#" " E \Eext@,+ *"-%."* &/ Eint C ) 0)
" σ ∈ Eint +"#)$).,-A .!" 
"''+ K )-* L ,+ *"-%."* &/ σ = K|L>  !" %8.:)$*-%$()' 4"
.%$ .% ) 0)
" σ %0 K ,+ *"-%."* &/ nK,σ> L%$ K ∈ M )-* σ ∈ E 9 :" *"-%." &/ |K| .!" (")+8$"%0 K )-* &/ |σ| .!" (d− 1)1(")+8$" %0 .!" 0)
" σ> L%$ 1 ≤ i ≤ d9 :" *"-%." &/ E(i) ⊂ E .!" +8&+". %0 .!"0)
"+ %0 E :!,
! )$" #"$#"-*,
8')$ .% .!" ith 8-,. 4"
.%$ %0 .!" 
)-%-,
)' &)+,+ %0 R
d> !" +#)
" *,+
$".,M).,%- ,+ +.)AA"$"*9 8+,-A ",.!"$ .!" N)$6"$1O-* P"'' <NOP@ +
!"(" GQR9 QS℄9 %$ -%-1
%-0%$(,-A '%:1%$*"$ E-,." "'"("-. )##$%J,().,%-+9 -)("'/ .!" T)--)
!"$ )-*  8$"6 "'"("-. <T @ GSU℄0%$ 78)*$,')."$)' %$ !"J)!"*$,
 ("+!"+9 %$ .!" P$%8M",J1T)4,)$. <PT@ "'"("-. G??℄ 0%$ +,(#',
,)' ("+!"+>L%$ )'' .!"+" +#)
" *,+
$".,M).,%-+9 .!" *"A$""+ %0 0$""*%( 0%$ .!" #$"++8$"9 .!" *"-+,./ )-* .!" ,-."$-)'"-"$A/ )$" )++%
,)."* .% .!" 
"''+ %0 .!" ("+!M9 )-* )$" *"-%."* &/ ;

{
pK , ρK , eK , K ∈ M

}
.F". 8+ .!"- .8$- .% .!" *"A$""+ %0 0$""*%( 0%$ .!" 4"'%
,./>1  !""!
$%&'()&%* %$ +&,)-%./' !0.!&1 *,+
$".,M).,%-+ V  !" *"A$""+ %0 0$""*%( 0%$ .!" 4"'%1
,.,"+ )$" '%
)."* ). .!" 
"-."$ %0 .!" 0)
"+ %0 .!" ("+!9 )-* :" 
!%%+" .!" 4"$+,%- %0 .!" "'"("-.:!"$" .!"/ $"#$"+"-. .!" )4"$)A" %0 .!" 4"'%
,./ .!$%8A! ) 0)
">  !" +". %0 *"A$""+ %0 0$""*%(



   !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,) !"#$ %
{uσ,i, σ ∈ E , 1 ≤ i ≤ d}.&  !" #'$
 !)'*")'+, - ./! #!0 !!$ +1 1 !!#+2 1+ )/! ith 
+23+,!,) +1 )/! 4!5+
')67 #!8,!# ") )/!
!,) !$ +1 )/! 1"
! σ ∈ E(i)7 " ! #!,+)!# 96 %
{
uσ,i, σ ∈ E(i), 1 ≤ i ≤ d

}
.  !" #$%& '&()*+( ,(($
.,+&/ +$ 01.+& 2$*)%& 
$12&
+.$1 $3&',+$'(:! 0")/! ', )/'$ $!
)'+, $+2!  !$;5)$ 
+,
! ,',0 )/! #'$
 !)'*")'+, 96 )/! 8,')! 4+5;2! 2!)/+# +1 )<+
+,4!
)'+, +3! ")+ $ %& )/! 8 $) +,!  !"#$7 ") )/! 
+,)',;+;$ 5!4!57 ρ→ C(ρ) = ∂tρ+ div(ρu)7 </! ! u $)",#$ 1+ " 0'4!,4!5+
')6 8!5#7 </'
/ '$ ,+) "$$;2!# )+ $")'$16 ",6 #'4! 0!,
! 
+,$) "',)7& )/! $!
+,# +,! '$ z → Cρ(z) = ∂t(ρz) + div(ρzu)7 </! ! ρ ",# u $)",#$ 1+ )<+ 0'4!, $
"5" ",#4!
)+ 8!5#$7 </'
/ " ! $;33+$!# )+ $")'$16 ∂tρ+ div(ρu) = 0=>;5)'356',0 )/!$! +3! ")+ $ 96 1;,
)'+,$ #!3!,#',0 +, )/! ;,?,+<, '$ 
;  !,)56 ;$!# )+ +9)"', 
+,4!
)'+,+3! ")+ $ "
)',0 +4! #'@! !,) 4" '"95!$7 3+$$'956 <')/  !$'#;"5 )! 2$ % +,! 2"6 )/',?7 1+ ',$)",
!7 )+)/! )/!+ 6 +1  !,+ 2"5'*!# $+5;)'+,$ A1+ )/! 8 $) +,!B7 + 7 ', 2!
/",'
$7 )+ )/! #! '4")'+, +1 )/! $+&
"55!#?',!)'
 !,! 06 ) ",$3+ ) '#!,)')6 A1+ )/! $!
+,# +,!B= ./!  !$;5)$ 3 +4'#!# ', )/'$ $!
)'+, " ! #'$
 !)!4" '",)$ +1 $;
/  !5")'+,$=:! 9!0', <')/ " 3 +3! )6 +1 C7 </'
/7 ") )/! 
+,)',;+;$ 5!4!57 2"6 9! 1+ 2"556 +9)"',!# "$ 1+55+<$= C!)

ψ 9! "  !0;5" 1;,
)'+, 1 +2 (0,+∞) )+ R D )/!, %
ψ′(ρ) C(ρ) = ψ′(ρ) ∂t(ρ) + ψ′(ρ)u ·∇ρ+ ψ′(ρ) ρ divu

= ∂t(ψ(ρ)) + u ·∇ψ(ρ) + ρψ′(ρ) divu,$+ "##',0 ",# $;9) "
)',0 ψ(ρ) divu 6'!5#$ %
ψ′(ρ) C(ρ) = ∂t

(
ψ(ρ)

)
+ div

(
ψ(ρ)u

)
+

(
ρψ′(ρ)− ψ(ρ)

)
divu. AEE=FBG9)"',',0 " 3 ++1 +1 )/'$ 5"$) '#!,)')67 ', " <!"? $!,$! ",# <')/ 2','2"5  !0;5" ')6 "$$;23)'+,$ 1+ ρ",# u ",# ',
 !"$',0 3 +3! )'!$ +1 ψ '$ )/! +9H!
) +1 )/! )/!+ 6 +1  !,+ 2"5'*!# $+5;)'+,$= ./! 1+55+<',05!22" $)")!$ " #'$
 !)! ","5+0;! )+ AEE=FB= !""# $$%&%'C!) K ∈ M= C!) ρ∗K ",# ρK 9! )<+ 3+$')'4!  !"5 ,;29! $= I+ σ ∈ E(K)7 5!) Fσ 9! " J;",)')6 "$$+
'")!#)+ )/! 1"
! σ ",# )/! 
+,) +5 4+5;2! K7 #!8,!# 96

∀σ ∈ E(K), Fσ = ρσ Vσ.</! ! ρσ ",# Vσ " ! " 3+$')'4!  !"5 ,;29! ",# "  !"5 ,;29!  !$3!
)'4!567 9+)/ "$$+
'")!# )+ )/! !#0!
σ= C!) ψ 9! " )<'
! 
+,)',;+;$56 #'@! !,)'"95! 1;,
)'+,7 #!8,!# +4! (0,+∞)=



  !"! #$%& '&()*+( ,(($
.,+&/ +$ 01.+& 2$*)%& 
$12&
+.$1 $3&',+$'( 45 !"# $!" %&''&()#* )+"#$)$, !&'+- .
[ |K|
δt

(ρK − ρ∗K) +
∑

σ∈E(K)

Fσ

]
ψ
′

(ρK) =
|K|
δt

[
ψ(ρK)− ψ(ρ∗K)

]
+

∑

σ∈E(K)

ψ(ρσ) Vσ

+
[
ρKψ

′

(ρK)− ψ(ρK)
] ∑

σ∈E(K)

Vσ +Rσ,δt /00123(!"4"
Rσ,δt =

1

2

|K|
δt
ψ
′′

(ρK)(ρK − ρ∗K)2 − 1

2

∑

σ∈E(K)

Vσ ψ
′′(ρσ)(ρσ − ρK)2,5#+6 ∀σ ∈ E(K)6 ρK ∈ [min(ρK , ρ

∗
K),max(ρK , ρ

∗
K)] 5#+ ρσ ∈ [min(ρσ, ρK),max(ρσ, ρK)]1 0% (" -788&-"$!5$ $!" %7#
$)&# ψ )- 
&#:"; 5#+ $!5$ ρσ = ρK 5- -&&# 5- Vσ ≥ 06 $!"# $!" 4"-)+75' Rσ,δt )- #&#<#"*5$):"1 !""# ="$ >" 5 $()
" 
&#$)#7&7-', +)?"4"#$)5>'" %7#
$)&#6 +"@#"+ &:"4 (0,+∞)6 5#+ K ∈M1 A" !5:" .

[ |K|
δt

(ρK − ρ∗K) +
∑

σ∈E(K)

Fσ

]
ψ
′

(ρK) =
|K|
δt

(ρK − ρ∗K) ψ
′

(ρK) +
∑

σ∈E(K)

ψ(ρσ) Vσ

+
∑

σ∈E(K)

[
ρσψ

′

(ρK)− ψ(ρσ)
]
Vσ.B, $!" 4"*7'54)$, 5--7C8$)&# %&4 ψ6 (" C5, (4)$"  5,'&4 ";85#-)&#- &% ψ $& &>$5)# $!5$ $!"4" ";)-$- 4"5'-#7C>"4- ρK ∈ [min(ρK , ρ

∗
K),max(ρ∗K , ρ

∗
K)] 5#+6 %&4 5'' $!" %5
"- σ ∈ E(K)6 ρσ ∈ [min(ρσ, ρK),max(ρσ, ρK)]-7
! $!5$ .

(ρK − ρ∗K)ψ
′

(ρK) = ψ(ρK)− ψ(ρ∗K) +
1

2
ψ
′′

(ρK)(ρK − ρ∗K)2,

ρσψ
′

(ρK)− ψ(ρσ) = ρKψ
′

(ρK)− ψ(ρK)− 1

2
ψ′′(ρσ)(ρσ − ρK)2,(!)
! ,)"'+- $!" 4"-7'$1 �A" #&( $74# $& $!" -"
&#+ &8"45$&46 %&4 (!)
! (" !5:"6 5$ $!" 
&#$)#7&7- '":"' 5#+ %&4C5'',6 7-)#* $()
"$!" 5--7C8$)&# ∂tρ+ div(ρu) = 0 .

ψ′(z) Cρ(z) = ψ′(z)
[
∂t(ρ z) + div(ρ z u)

]
= ψ′(z)ρ

[
∂tz + u ·∇z

]

= ρ
[
∂tψ(z) + u ·∇ψ(z)

]
= ∂t

(
ρψ(z)

)
+ div

(
ρψ(z)u

)
. 5D)#* %&4 z 5 
&C8&#"#$ &% $!" :"'&
)$, @"'+6 $!)- 4"'5$)&# )- $!" 
"#$45' 54*7C"#$ 7-"+ $& +"4):" $!"D)#"$)
 "#"4*, >5'5#
"1  !" %&''&()#* '"CC5 -$5$"- 5 +)-
4"$" 
&7#$"4854$ &% $!)- )+"#$)$,1 !""# $$%&%'="$ K ∈ M1 ="$ ρ∗K 5#+ ρK >" $(& 8&-)$):" 4"5' #7C>"4-1 E&4 σ ∈ E(K)6 '"$ Fσ >" 5 F75#$)$, 5--&
)5$"+$& $!" %5
" σ6 -7
! $!5$ $!" %&''&()#* )+"#$)$, !&'+- .

|K|
δt

(ρK − ρ∗K) +
∑

σ∈E(K)

Fσ = 0. /001G3



 ! !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,)"#$ u∗K %&' uK (# $)* +#%, &-.(#+/0 %&'0 $* #%
2 σ ∈ E(K)0 )# %//*
3%$# % +#,% &-.(#+ uσ4 "#$ ψ (# %$)3
# 
*&$3&-*-/,5 '36#+#&$3%(,# 7-&
$3*&0 '#8&#' *9#+ (0,+∞)4 :2#& $2# 7*,,*)3&; +#,%$3*& 2*,'/ <
[ |K|
δt

(
ρK uK − ρ∗K u∗K

)
+

∑

σ∈E(K)

Fσ uε

]
ψ′(uK)

=
|K|
δt

[
ρK ψ(uK)− ρ∗K ψ(u∗K)

]
+

∑

σ∈E(K)

Fσ ψ(uσ) +RK,δt =>>4?@)2#+# <
RK,δt =

1

2

|K|
δt
ρ∗K ψ′′(uK)(uK − u∗K)2 − 1

2

∑

σ∈E(K)

Fσ ψ
′′(uσ) (uσ − uK)2,)3$20 uK ∈ [min(uK , u

∗
K),max(uK , u

∗
K)] %&'0 ∀σ ∈ E(K)0 uσ ∈ [min(uσ, uK),max(uσ, uK)]4 >7 )# /-AA*/#$2%$ $2# 7-&
$3*& ψ 3/ 
*&9#B %&' $2%$ uσ = uK %/ /**& %/ Fσ ≥ 00 $2#& $2# +#/3'-%, Rσ,δt 3/ &*&C&#;%$39#4>7 )# &*) $%D# 7*+ ψ $2# 7-&
$3*& ψ(s) = s2/2 %&' )+3$#0 ∀σ ∈ E(K)0 uσ = (uK + u

K |
σ
·)/2 =*+0 3& *$2#+)*+'/0 '#8&# u

K |
σ
· %/ uK |

σ
· = 2 uσ − uK@0 )# ;#$ $2# 7*,,*)3&; 3'#&$3$5 <

[ |K|
δt

(
ρK uK − ρ∗K u∗K

)
+

∑

σ∈E(K)

Fσ uε

]
uK

=
1

2

|K|
δt

[
ρK u

2
K − ρ∗K (u∗K)2

]
+

∑

σ∈E(K)

Fσ uK u
K |
σ
· +RK,δt, =>>4 @)3$2 RK,δt =

1

2

|K|
δt
ρ∗K (uK − u∗K)24 !""# "#$ ψ (# % $)3
# 
*&$3&-*-/,5 '36#+#&$3%(,# 7-&
$3*&0 '#8&#' *9#+ (0,+∞)4 E/3&; FG-%$3*& =>>4H@0)# *($%3& <

TK =
[ |K|
δt

(ρKuK − ρ∗Ku∗K) +
∑

σ∈E(K)

Fσ uσ

]
ψ′(uK) =

[ |K|
δt

ρ∗K (uK − u∗K) +
∑

σ∈E(K)

Fσ(uσ − uK)
]
ψ′(uK).I5 % :%5,*+ #BA%&/3*& *7 ψ0 $2#& $2#+# #B3/$/ % +#%, &-.(#+ uK ∈ [min(u∗K , uK),max(u∗K , uK)] /-
2 $2%$ <

ψ′(uK)
(
uK − u∗K

)
= ψ(uK)− ψ(u∗K) +

1

2
ψ′′(uK)

(
uK − u∗K

)2:2#&0 -/3&; *&
# %;%3& =>>4H@0 )# 2%9# <
TK =

|K|
δt

ρ∗K
(
ψ(uK)− ψ(u∗K)

)
+

1

2

|K|
δt
ρ∗K ψ

′′(uK) (uK − u∗K)2 +
∑

σ∈E(K)

Fσ (uσ − uK)ψ′(uK)

=
|K|
δt

(
ρKψ(uK)− ρ∗Kψ(u∗K)

)
+

∑

σ∈E(K)

Fσ
[
ψ(uK) + ψ′(uK)(uσ − uK)

]

+
1

2

|K|
δt
ρ∗K ψ

′′(uK) (uK − u∗K)2.



  !"! #$ %&'(%
%* +
,-&- ./ !
# $%$&! '( $ )$(*+, #-.$!/&+! +0 ψ1 0+, $!( 0$
# σ ∈ E(K)1 23#,# #-&/2/ $ ,#$* !45'#, uσ ∈
[min(uσ, uK),max(uσ, uK)] /4
3 23$2 6

ψ(uK) + ψ′ (uK)(uσ − uK) = ψ(uσ)−
1

2
ψ′′(uσ) (uσ − uK)2.7#!
# 6

TK =
|K|
δt

ρ∗K
(
ψ(uK)− ψ(u∗K)

)
+

∑

σ∈σ(K))

Fσ ψ(uσ) +RK,δt,83#,# RK,δt &/ %&9#! '( 23# #-.,#//&+! %&9#! &! 23# /2$2#5#!2 +0 23# *#55$: )3&/ (&#*;/ 23# <,/2 $//#,2&+!+0 23# *#55$ = 23# *$/2 28+ +!#/ $,# /2,$&%320+,8$,; 
+!/#>4#!
#/ +0 23&/ #>4$*&2(: �  !" #$ %&'(%
%* +
,-&-  !"!# $%& '
%&)&?#2 4/ 
+!/&;#, $ 4!&0+,5 .$,2&2&+! 0 = t0 < t1 < . . . < tN = T +0 23# 2&5# &!2#,9$* (0, T )1 $!;*#2 δt = tn+1 − tn 0+, n = 0, 1, . . . , N − 1 '# 23# 
+!/2$!2 2&5# /2#.: @# 
+!/&;#, $! &5.*&
&2A&!A2&5#!45#,&
$* /
3#5#1 83&
3 ,#$;/ &! &2/ 04**( ;&/
,#2# 0+,5 6
∀K ∈ M,

|K|
δt

(ρn+1
K − ρnK) +

∑

σ∈E(K)

Fn+1
K,σ = 0, BCC:D$EF+, 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) &! 23# GHI 
$/#,
∀σ ∈ E +23#,8&/#1

|Dσ|
δt

(ρn+1
σ un+1

σ,i − ρnσunσ,i) +
∑

ε∈Ē(Dσ)

Fn+1
σ,ε un+1

ε,i + |Dσ| (∇pn+1)σ,i = 0, BCC:D'E
∀K ∈ M, pn+1

K = ℘(ρn+1
K ) = (ρn+1

K )γ BCC:D
EJ>4$2&+! BCC:D$E &/ +'2$&!#; '( ;&/
,#2&K$2&+! +0 23# 5$// '$*$!
# +9#, 23# .,&5$* 5#/31 $!; Fn+1
K,σ /2$!;/0+, 23# 5$// L4- $
,+// σ +428$,; K1 %&9#! '( 6

∀σ ∈ Eint, σ = K|L, Fn+1
K,σ = |σ| ρ̃n+1

σ un+1
σ · nK,σ.C! 23&/ ,#*$2&+!1 23# !+2$2&+! un+1

σ ·nK,σ /2$!;/ 0+, 23# $..,+-&5$2&+! +0 23# !+,5$* 9#*+
&2( 2+ 23# 0$
#
σ +428$,; K: F+, 23# GHI ;&/
,#2&K$2&+!1 23&/ >4$!2&2( &/ %&9#! B4.1 .+//&'*(1 2+ $ 
3$!%# +0 /&%!E '(23# 9#*+
&2( ;#%,## +0 0,##;+5 *+
$2#; $2 23# 0$
# = 0+, 23# M) $!; IM ;&/
,#2&K$2&+!/1 &2 &/ 
+5.42#; '(2$N&!% 23# &!!#, .,+;4
2 +0 23# B9#
2+, 9$*4#;E 9#*+
&2( +! σ1 un+1

σ 1 $!; 23# +428$,; !+,5$* 9#
2+, nK,σB !"! ;+&!% #-$
2*( 83$2 23# !+2$2&+! /$(/E: )3# ;#!/&2( $2 23# 0$
# σ = K|L1 ρ̃n+1
σ 1 &/ $..,+-&5$2#; '(23# 4.8&!; 2#
3!&>4# 6

ρ̃n+1
σ =

∣∣∣∣∣∣

ρn+1
K &0 un+1

σ · nK,σ ≥ 0,

ρn+1
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2' 4' 2A9$@ () -, ") (#2 /4'
;2(2 9%&%)1%'8 12 $'')
4$(2 E42
214'2 
)%'($%( :9%
(4)%')% (472 4%(2;?$@' $%/ )% E;47$@ ); /9$@ 72'#2'8 ') (#2 /2%'4(C ρ(m)8 (#2 E;2''9;2 p(m) $%/ (#2 ?2@)
4(C

u(m) $;2 /2D%2/ $@7)'( 2?2;C1#2;2 )% Ω× (0, T ) 3C 5
ρ(m)(x, t) =

N−1∑

n=0

∑

K∈M

(p(m))nK XK X(n,n+1), lp(m)(x, t) =
N−1∑

n=0

∑

K∈M

(ρ(m))nK XK X(n,n+1),



  !"! #$ %&'(%
%* +
,-&- ./
u(m)(x, t) =

N−1∑

n=0

∑

σ∈E

(u(m))nσ XDσ
X(n,n+1), !"#" XK $ XDσ

%&' X(n,n+1) ()%&' *+# )!" 
!%#%
)"#-()-
 *.&
)-+& +* K$ Dσ %&' )!" -&)"#/%0 (n, n + 1)#"(1"
)-/"0234" (.11+(" )!%) )!" ("5."&
" (
ρ(m), p(m), u(m)

)
m∈N


+&/"#6"(37  "%8 (+0.)-+& )+ )!" 
+&)-&.+.( 1#+90": (%)-(;"($ *+# %&2 ϕ ∈ C∞c
(
(0, T )× Ω

) <
−

∫

Ω×(0,T )

[
ρ ∂tϕ+ ρ u ∂xϕ

]
dx = 0, =>>3?@%A

−
∫

Ω×(0,T )

[
ρ u ∂tϕ+ (ρ u2 + p) ∂xϕ

]
dx = 0, =>>3?@9A

p = ργ . =>>3?@
AB+)" )!%) )!"(" #"0%)-+&( %#" &+) (.C
-"&) )+ '";&" %  "%8 (+0.)-+& )+ )!" 1#+90":$ (-&
" )!"2 '+ &+)-:102 %&2)!-&6 %9+.) )!" -&-)-%0 %&' 9+.&'%#2 
+&'-)-+&(3 D+ "/"#$ )!"2 %00+ )+ '"#-/" )!" E%&8-&"FD.6+&-+) 
+&'-)-+&( G (+$ -*  " (!+ )!%) )!"2 %#" (%)-(;"' 92 )!" 0-:-) +* % ("5."&
" +* (+0.)-+&( )+)!" '-(
#")" 1#+90":$ )!-( -:10-"($ 0++("02 (1"%8-&6$ )!%)  !" #
!"%" 
&%'( "#  !" )*+! #!&
, -".&
* *"#$ !-
! -( )!" #"(.0)  " %#" ("%#
!-&6 *+#3 >) -( ()%)"' -& )!" *+00+ -&6 )!"+#":3 !"#$"% &&'(')H") Ω 9" %& +1"& 9+.&'"' -&)"#/%0 +* R3 H") (M(m), δt(m))m∈N 9" % ("5."&
" +* :"(!"( %&' )-:"()"1($ (.
! )!%) h(m) %&' δt(m) )"&' )+ I"#+ %( m )"&'( )+ -&;&-)23 H") (
ρ(m), p(m), u(m)

)
m∈N

9" )!"
+##"(1+&'-&6 ("5."&
" +* (+0.)-+&(3 4" (.11+(" )!%) )!-( ("5."&
" 
+&/"#6"( -& Lp
(
(0, T ) × Ω

)4$ *+#
1 ≤ p <∞$ )+ (ρ̄, p̄, ū) ∈ L∞

(
(0, T )× Ω

)43J!"& )!" 0-:-) (ρ̄, p̄, ū) (%)-(;"( )!" (2()": =>>3?@A3 !""# H") (Mm, δtm)m∈N 9" % ("5."&
" +* :"(!"( %&' )-:" ()"13 H") ϕ ∈ C∞c (Ω × [0, T ))$  " '";&"
ϕnK %&' ϕnσ 92 <

ϕnK = ϕ(xK , t
n) %&' ϕnσ = ϕ(xσ , t

n). -)! )!+(" &+)%)-+&(  " '";&" )!"(" '-(
#")" *.&
)-+&( ϕmM, ϕmE , ðtϕ
m
M, ðtϕ

m
E , ðxϕ

m
M, ðxϕ

m
E 92 <

ϕmM =

N−1∑

n=0

(
∑

K∈M

ϕnK1K

)
1[tn,tn+1], ϕmE =

N−1∑

n=0

(
∑

σ∈E

ϕnσ1Dσ

)
1[tn,tn+1].

ðtϕ
m
M =

ϕn+1
K − ϕnK

δt
+/"# "%
! K × [tn, tn+1], ðtϕ

m
E =

ϕn+1
σ − ϕnσ
δt

+/"# "%
! Dσ × [tn, tn+1]

ðxϕ
m
M =

ϕn+1
L − ϕn+1

K

|dσ|
+/"# "%
! Dσ × [tn, tn+1], ðxϕ

m
E =

ϕn+1
σ − ϕn+1

σ′

|dσ,σ′ |
+/"# "%
! K × [tn, tn+1].4" :.0)-102 )!" ;#() "5.%)-+& +* )!" (
!":" 92 δt ϕnK $ %&' (.: )!" #"(.0) +& n ∈ {0, ..., N − 1} %&'

K ∈ M$ )+ +9)%-& <
N∑

n=0

∑

K∈M

|K|(ρn+1
K − ρnK)ϕnK

︸ ︷︷ ︸
Tm
1

+

N∑

n=0

δt
∑

K∈M

∑

σ∈E(K)

Fn+1
K,σ ϕ

n
K

︸ ︷︷ ︸
Tm
2

= 0.



 ! !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,)"# $#%&' $( )*+,( Tm1 -
Tm1 = −

N∑

n=1

δt
∑

K∈M

|K| ρn+1
K

ϕn+1
K − ϕnK

δt
−

∑

K∈M

|K| (ρ0)K (ϕ0)K

Tm1 = −
N∑

n=1

∑

K∈M

∫ tn+1

tn

∫

K

ρmðtϕ
m
M −

∑

K∈M

∫

K

(ρ0)m (ϕ0)mM = −
∫ T

0

∫

Ω

ρmðtϕ
m
M −

∫

Ω

(ρ0)m (ϕ0)mM

= −
∫ T

0

∫

Ω

ρm∂tϕ−
∫

Ω

(ρ0)mϕ
0 +

∫ T

0

∫

Ω

ρm(∂tϕ− ðtϕ
m
M) +

∫

Ω

(ρ0)m(ϕ0 − (ϕ0)mM)

︸ ︷︷ ︸
Rm*./'0) *1 *.# 2/
* *./* ρm ∈ L1(Ω× [0, T ]) /', ϕ ∈ C∞c (Q)4 5# 1$*/&' -

|Rm| ≤‖ ρm ‖L1(Ω×[0,T ])‖ ∂tϕ− ðtϕ
m
M ‖L∞(Ω×[0,T ]) + ‖ (ρ0)m ‖L1(Ω×[0,T ])‖ ϕ0 − (ϕ0)mM ‖L∞(Ω×[0,T ]),6/))&'% *1 *.# 7&8&* &' Tm1 5# 1$*/&'

Tm1 −→ −
∫ T

0

∫

Ω

ρ∂tϕ−
∫

Ω

ρ0 ϕ0 /) m→∞."# '15 )*+,( Tm2
Tm2 =

N∑

n=0

δt
∑

σ=K|L

|Dσ|ρ̃n+1
σ un+1

σ · nK,σ
(ϕnK − ϕnL)

|dσ|

ρ̃n+1
σ 
/7
+7/*#, $( *.# +65&', *.#
.'&9+#4 5# 
/' *1 
.11)# *.# 1:&#'*/*&1' 12 nK,σ )+
. *./* ρ̃n+1

σ = ρK1' *.# 1*.#: ./', 5# ./;# |Dσ| = |K|
2 + |L|

2 4 )1 *./* -
Tm2 =

N∑

n=0

δt
∑

σ=K|L

( |K|
2
ρn+1
K +

|L|
2
ρn+1
L

)
un+1
σ · nK,σ

(ϕnK − ϕnL)

|dσ|

+

N∑

n=0

δt
∑

σ=K|L

|L|
2

(
ρn+1
K − ρn+1

L

)
un+1
σ · nK,σ

(ϕnK − ϕnL)

|dσ|<.#:#21:#
Tm2 =

N∑

n=0

δt
∑

σ=K|L

|Dσ|ρn+1
σ un+1

σ · nK,σ
(ϕnK − ϕnL)

|dσ|

+
N∑

n=0

δt
∑

σ=K|L

|L|
2

(
ρn+1
K − ρn+1

L

)
un+1
σ · nK,σ

(ϕnK − ϕnL)

|dσ|
,5.&
. 8/( $# 5:&**#' -

Tm2 = −
N∑

n=0

∑

σ

∫ tn+1

tn

∫

Dσ

ρm umðxϕ
m
E

︸ ︷︷ ︸
Tm
2,1

+

N∑

n=0

δt
∑

σ=K|L

|L|
2

(ρn+1
K − ρn+1

L ) un+1
σ · nK,σ

(ϕnK − ϕnL)

|dσ|
︸ ︷︷ ︸

Rm

.=#* +) >:)* )*+,( Tm2,1 -
Tm2,1 = −

∫ T

0

∫

Ω

ρmum∂xϕ+

∫ T

0

∫

Ω

ρmum(∂xϕ− ðxϕ
m
E ).



  !"! #$ %&'(%
%* +
,-&- .. !"#$ %&' ()
% %&)% ρmum ∈ L1(Ω× [0, T ])+ )#, -)!!"#$ %. %&' /"0"% "# Tm2,1+ 1' .2%)"# 3
Tm2,1 −→ −

∫ T

0

∫

Ω

ρu∂xϕ )! m→∞.4'% 5! #.1 !%5,6 Rm7
| Rm | ≤ Cϕ

N∑

n=0

δt
∑

σ=K|L

|Dσ| | ρn+1
K − ρn+1

L | | un+1
σ |

≤ Cϕ
√
h

N∑

n=0

δt







∑

σ=K|L

|σ|
∣∣un+1
σ

∣∣ ∣∣ρn+1
K − ρn+1

L

∣∣2



1/2 


∑

σ=K|L

|Dσ|
∣∣un+1
σ

∣∣



1/2




≤ Cϕ
√
h ‖ um ‖

1
2

L1([0,T ),L1(Ω))




N∑

n=0

δt
∑

σ=K|L

|σ|
∣∣un+1
σ

∣∣ ∣∣ρn+1
K − ρn+1

L

∣∣2



1
2

−→ 0 )! m→∞.8&'9'(.9'+ 1' .2%)"# 3
Tm2 −→ −

∫ T

0

∫

Ω

ρu∂xϕ )! m→∞.:.1 05/%"-/6 ;<5)%".# =>>7?2@ .( %&' !
&'0' 26 δt ϕnσ + )#, !50 %&' 9'!5/% .# n ∈ {0, ..., N − 1} )#,
σ = K|L A 1' .2%)"# 3

N−1∑

n=0

δt
∑

σ

|Dσ|(ρn+1
σ un+1

σ − ρnσunσ)ϕnσ
︸ ︷︷ ︸

Tm
1

+
N−1∑

n=0

δt
∑

σ

∑

ε∈E(Dσ)

Fn+1
σε un+1

ε ϕnσ

︸ ︷︷ ︸
Tm
2

+

N−1∑

n=0

δt
∑

σ

|Dσ|
pn+1
L − pn+1

K

dσσ′
ϕnσ

︸ ︷︷ ︸
Tm
3

= 0.4'% 5! B9!% !%5,6 Tm1  
Tm1 = −

N∑

n=0

δt
∑

σ

|Dσ|ρn+1
σ un+1

σ

ϕn+1
σ − ϕnσ
δt

−
∑

σ

|Dσ|(ρ0)σ(u
0)σ(ϕ

0)σ

= −
N∑

n=1

∑

σ

∫ tn+1

tn

∫

Dσ

ρmumðtϕ
m
E −

∑

σ

∫

Dσ

(ρ0)m(u0)m (ϕ0)mE

= −
∫ T
0

∫
Ω
ρmumðtϕ

m
E −

∫
Ω
(ρ0)m(u0)m (ϕ0)mE .!"#$%&#$

Tm1 = −
∫ T

0

∫

Ω

ρmum∂tϕ−
∫

Ω

(ρ0)m(u0)mϕ
0

+

∫ T

0

∫

Ω

ρmum(∂tϕ− ðtϕ
m
E ) +

∫

Ω

(ρ0)m(u0)m(ϕ0 − (ϕ0)mE )

︸ ︷︷ ︸
Rm

.



 ! !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,)"# $%&# ρmum ∈ L1(I × [0, T ])' %() *$#+#,-+#' Rm −→ 0 %. m→∞ %() /
Tm1 −→ −

∫ T

0

∫

Ω

ρu∂tϕ−
∫

Ω

ρ0u0ϕ0 %. m→∞0#* 1. (-2 .*1)3 Tm3 4
Tm3 = −

N∑

n=0

δt
∑

K

|K|pn+1
K

ϕn
σ′
− ϕnσ
|K| = −

N∑

n=1

∑

K

∫ tn+1

tn

∫

K

pmðxϕ
m
M = −

∫ T

0

∫

Ω

pmðxϕ
m
M

= −
∫ T

0

∫

Ω

pm∂tϕ+

∫ T

0

∫

Ω

pm(∂xϕ− ðxϕ
m
M)

︸ ︷︷ ︸
Rm

.5$%(6. *- *$# ,%
* *$%* pm ∈ L1(Ω× [0, T ])' Rm −→ 0 %. m→∞' %() *$1. /
Tm3 −→ −

∫ T

0

∫

Ω

p∂xϕ %. m→∞.89(%::3' 2# .*1)3 2# +#-+)#+ *$# .1; 9( Tm2 4 "# $%&#
Fn+1
σ,ε =

Fn+1
σ′ ,K

− Fn+1
K,σ

2
%() un+1

ε =
un+1
σ + un+1

σ′

2
.5$#+#,-+#'

Tm2 = −1

4

N∑

n=0

δt
∑

K

(Fn+1
K,σ − Fn+1

σ′ ,K
)(un+1

σ + un+1
σ′

)(ϕnσ − ϕnσ′ )

= −1

4

N∑

n=0

δt
∑

K

(|σ| ρ̃n+1
σ un+1

σ + |σ′ | ρ̃n+1
σ′

un+1
σ′

)(un+1
σ + un+1

σ′
)(ϕnσ − ϕn

σ′
)

= −
N∑

n=0

δt
∑

K

|K|ρn+1
K

(un+1
σ )2 + (un+1

σ′
)2

2

(ϕnσ − ϕnσ′ )
dσσ′

︸ ︷︷ ︸
Tm
2,1

+Rm,2$#+# σ = K|L, σ′ = M |K %() Rm +#%). /
Rm = −1

4

N∑

n=0

δt
∑

K

|σ|
[
(ρ̃n+1
σ un+1

σ + ρ̃n+1
σ′

un+1
σ′

)(un+1
σ + un+1

σ′
)

−2ρn+1
K

(
(un+1
σ )2 + (un+1

σ′
)2
)]

(ϕnσ − ϕnσ′ ).0#* 1. .*1)3 Tm2,1'
Tm2,1 = −

N∑

n=1

∑

K

∫ tn+1

tn

∫

K

ρmu
2
mðxϕ

m
M = −

∫ T

0

∫

Ω

ρmu
2
mðxϕ

m
M

= −
∫ T

0

∫

Ω

ρmu
2
m∂xϕ+

∫ T

0

∫

Ω

ρmu
2
m(∂xϕ− ðxϕ

m
M)

︸ ︷︷ ︸
R′m

.



  !"! #$ %&'(%
%* +
,-&- ./ ! "#$! ρmu2
m ∈ L1(Ω× [0, T ])% &' R′m −→ 0 #& m→∞ (")& *

Tm2,1 −→ −
∫ T

0

∫

Ω

ρu2∂xϕ #& m→∞ ! +', &()-. Rm/ 012#+-3+4 ("! 5)#+(3(. 2ρn+1
K

(
(un+1
σ )2 + (un+1

σ′
)2
) 6. ("! 7#
( ("#( 2(a2 + b2) =

(a+ b)2 + (a− b)2% (")& ("! (!9: Rm 9!#-& *
Rm = −1

4

N∑

n=0

δt
∑

K

|σ|
[(

(ρ̃n+1
σ − ρn+1

K )un+1
σ + (ρ̃n+1

σ′
− ρn+1

K )un+1
σ′

)
(un+1
σ + un+1

σ′
)
]
(ϕnσ − ϕnσ′ )

︸ ︷︷ ︸
Rm1

+
1

4

N∑

n=0

δt
∑

K

|σ| ρn+1
K (un+1

σ − un+1
σ′

)2 (ϕnσ − ϕnσ′ )
︸ ︷︷ ︸

Rm2;39&( ,! &()-. Rm1 *
Rm1 =

N∑

n=0

δt
∑

K

|σ|
[(

(ρn+1
L − ρn+1

K ):3+(un+1
σ , 0)

+(ρn+1
M − ρn+1

K ):#1(un+1
σ′

, 0)
)

(un+1
σ + un+1

σ′
)
]
(ϕnσ − ϕnσ′ )<"!9!7'9! *

|Rm1 | 6 Cϕ

N∑

n=0

δt
∑

σ=K|L

|ρn+1
K − ρn+1

L ||un+1
σ |

(
|K||un+1

σ |+ |K||un+1

σ′
|+ |L||un+1

σ |+ |L||un+1

σ′′
|
)

6 Cϕ

N∑

n=0

δt
∑

σ=K|L

|Dσ||ρn+1
K − ρn+1

L ||un+1
σ |

(
|un+1
σ |+ |un+1

σ′
|+ |un+1

σ′′
|
)
.<"!9!7'9!% 6. ("! =#)
".>?
"#9@ 3+!5)#A3(.% ,! 4!( ("#( *

|Rm1 | 6
√
hCϕ ‖ um ‖

3
2

L3([0,T ],L3(Ω))




N∑

n=0

δt
∑

σ=K|L

|σ||un+1
σ |

∣∣ρn+1
K − ρn+1

L

∣∣2




1
2

.B', 3( 3& !#&. (' &!! ("#(
|Rm2 | 6 h2 Cϕ




N∑

n=0

δt
∑

K

|K|ρn+1
K

(
un+1
σ − un+1

σ′

dσ,σ′

)2



6 h2 Cϕ ‖ ρm ‖L∞([0,T ]×Ω))‖ um ‖2L2([0,T ],H1(Ω))

6 h2− d
p Cϕ ‖ ρm ‖Lp([0,T ]×Ω))‖ um ‖2L2([0,T ],H1(Ω)) .;3+#AA.% ,! 
'+
A)-! ("#( *

Rm −→ 0 #& m→∞.

�



 ! !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,) !"#$"% &&'('("#$ Ω %# &' ()#' %(*'+#+ ,'$#-.&/ (0 R1 "#$ (M(m), δt(m))m∈N %# & 2#3*#'
# (0 5#26#2 &'+ $,5#2$#)27 2*
6 $6&$ h(m) &'+ δt(m) $#'+ $( 8#-( &2 m $#'+2 $( ,'9',$:1 "#$ (
ρ(m), p(m), u(m)

)
m∈N

%# $6#
(--#2)('+,'; 2#3*#'
# (0 2(/*$,('21 <# 2*))(2# $6&$ $6,2 2#3*#'
# 
('.#-;#2 ,' Lp
(
(0, T ) × Ω

)47 0(-
1 ≤ p <∞7 $( (ρ̄, p̄, ū) ∈ L∞

(
(0, T )× Ω

)41=6#' $6# /,5,$ (ρ̄, p̄, ū) ,2 &' #'$-(): 2(/*$,(' (0 $6# 
('$,'(*2 )-(%/#5 >??1@A ,' $6# 0(//(B,'; B#&C 2#'2# D
−

∫ T

0

∫

Ω

S ∂tϕ−
∫ T

0

∫

Ω

(S + u) p ∂xϕ−
∫

Ω

S0 ϕ0 ≤ 0B6#-# S ,2 $6# #'$-(): (0 $6# 2:2$#5 >??1@A7 ,2 ;,.#' %: D
S =

1

2
ρu2 + ρP (ρ), P (.) ,2 $6# E#/&2$,
 )($#'$,#/E B,
6 2&$,29#2 P ′(z) =

ργ

ρ2
. !""# B# 5*/$,)/: $6# +,2
-#$ #3*&$,(' >??1@@A %: δtϕnσ &'+ 2*55,'; (.#- $6# #+;#2 σ &'+ n7 ,' ($6#-6&'+ B# 5*/$,)/: $6# +,2
-#$ #3*&$,(' >??1@FA %: δtϕnK 7 &'+ 2*55,'; (.#- $6# )-,5&/ 5#26 K &'+ n1G*55,'; %($6 -#2*/$2 &'+ B# $#'+ m $( ,'9',$: B# (%$&,' D

−
∫ T

0

∫

Ω

S ∂tϕ−
∫ T

0

∫

Ω

(S + u) p ∂xϕ−
∫

Ω

S0 ϕ0 ≤ 0B6#-# S ,2 $6# #'$-(): (0 $6# 2:2$#5 >??1@A7 ,2 ;,.#' %: D
S =

1

2
ρu2 + ρP (ρ).

�  !" #$%&&'$% 
)$$%
*+), &
-%.%  !"!# $%& '
%&)&<# +#-,.# ,' $6,2 2#
$,(' & )-#22*-# 
(--#
$,(' '*5#-,
&/ 2
6#5# 0-(5 $6# ,5)/,
,$ 2
6#5# >??1HA1 =6# 9-2$2$#)7 ,2 & -#'(-5&/,8&$,('(0 $6# )-#22*-# $6# ,'$#-2#$ (0 B6,
6 ,2 
/&-,9#+ ('/: %: $6# 2$&%,/,$: &'&/:2,21=6# '#I$ 2$#)7 &2 *2*&/7 ,2 $( 
(5)*$# & $#'$&$,.# .#/(
,$: %: 2(/.,'; $6# 5(5#'$*5 %&/&'
# #3*&$,('B,$6 $6# %#;,',';J(0J2$#) )-#22*-#1 =6#'7 $6# .#/(
,$: ,2 
(--#
$#+ &'+ $6# ($6#- .&-,&%/#2 &-# &+.&'
#+ ,'$,5#7 6#-#7 B6,
6 ,2 /#22 2$&'+&-+7 %: & 2,';/# 
(*)/#+ 2$#) K $6,2 ,2 5($,.&$#+ %: 2$&%,/,$: -#&2('2 +#$&,/#+,' LF!℄1 G$,// 0(- 2$&%,/,$: -#&2('27 (-7 ,' ($6#- B(-+27 $( %# &%/# $( +#-,.# & C,'#$,
 #'#-;: %&/&'
#7 B#'##+ $6&$ $6# 5&22 %&/&'
# (.#- $6# +*&/ 
#//2 >??1NA $( 6(/+ K 2,'
# $6# 5&22 %&/&'
# ,2 '($ :#$ 2(/.#+B6#' )#-0(-5,'; $6# )-#+,
$,(' 2$#)7 $6,2 /#&+2 *2 $( )#-0(-5 & $,5# 26,0$ (0 $6# +#'2,$: &$ $6,2 2$#)1



  !"! #$%&&'$% 
)$$%
*+), &
-%.% /0 !" #$%&'()!* '"#+, - !"#$%&'()&*(#" +*!, . /&$0" 1&' ũn+1 -2&' 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) (3 )!" 456 
#,",
∀σ ∈ E &)!"'8(,"9

∑

σ=K|L

1

ρnσ

|σ|2
|Dσ|

(
p̃n+1
K − p̃n+1

L

)
=

∑

σ=K|L

1√
ρnσ ρ

n−1
σ

|σ|2
|Dσ|

(pnK − pnL) , :;;<=>#?-$!.(
*(#" +*!, . /&$0" 1&' p̃n+1 -2&' 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) (3 )!" 456 
#,",
∀σ ∈ E &)!"'8(,"9

|Dσ|
δt

(ρnσũn+1
σ,i − ρn−1

σ unσ,i) +
∑

ε∈Ē(Dσ)

Fnσ,εũ
n+1
ε,i + |Dσ| (∇pn)σ,i = 0, :;;<=>@?0#$$!
*(#" +*!, . /&$0" 1&' ρn+19 pn+19 en+1 #3+ un+1 -2&' 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) (3 )!" 456 
#,",
∀σ ∈ E &)!"'8(,"9

|Dσ|
δt

ρnσ (un+1
σ,i − ũn+1

σ,i ) + |Dσ|
[
(∇pn+1)σ,i − (∇pn)σ,i

]
= 0, :;;<=>
?

∀K ∈M,
|K|
δt

(ρn+1
K − ρnK) +

∑

σ∈E(K)

Fn+1
K,σ = 0, :;;<=>+?

∀K ∈M, pn+1
K = (ρn+1

K )γ . :;;<=>"?  !"!# $%&'()&*% !"#"$%&%"' (()*)+A") γ ≥ 1, (un)06n6N #3+ (ρn)06n6N @" # ,&$B)(&3 )& )!" ,
!"*"< A") P @" #3 "$#,)(
 C&)"3)(#$ ,B
!)!#) - P ′(z) = zγ−2( !"!P (z) = 1
γ−1z

γ−1 (1 γ > 1 #3+ P (z) = log(z) (1 γ = 1?<  !"39 1&' γ > 1 :

1

γ − 1

∑

K∈M

|K| pnK +
1

2

∑

σ∈E

|Dσ| ρnσ |un+1
σ |2 +

1

2

∑

n

∑

σ∈E

|Dσ|ρnσ
[
ũn+1
σ − unσ

]2

+
γ

2

∑

n

δt

[
∑

σ∈E

|σ| ρn+1
σ,γ |un+1

σ | |ρn+1
K − ρn+1

L |2
]

+ δt2
∑

σ∈E

|Dσ|
ρnσ

(
pn+1
L − pn+1

K

dσ

)2

≤ 1

2

∑

σ∈E

|Dσ| ρ0
σ |u0

σ|2 +
∑

K∈M

|K| ρ0
KP (ρ0

K),



 ! !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,)"#$ %&' γ = 1 :

1

2

∑

σ∈E

|Dσ| ρnσ |un+1
σ |2 +

1

2

∑

n

∑

σ∈E

|Dσ|ρnσ
[
ũn+1
σ − unσ

]2

+
γ

2

∑

n

δt

[
∑

σ∈E

|σ| ρn+1
σ,γ |un+1

σ | |ρn+1
K − ρn+1

L |2
]

+δt2
∑

σ∈E

|Dσ|
ρnσ

(
pn+1
L − pn+1

K

dσ

)2

≤ 1

2

∑

σ∈E

|Dσ| ρ0
σ |u0

σ|2 +
∑

K∈M

|K| ρ0
KP (ρ0

K) +
|Ω|
e
.()*'* ρn+1

σ,γ = +,# (
(ρn+1
K )γ−2, (ρn+1

L )γ−2
)
. !""# -&' "#. γ ≥ 1/ 0*1 φ(z) = zP (z) 2* " 
&#1,#4&450. 1(,
*6$,7*'*#1,"20* %4#
1,&# %'&+ (0,∞) 1& R81)*'* *9,515 " '*"0 #4+2*' ρn+1

σ,γ ∈ [+,#(ρn+1
K , ρn+1

L ),+"9(ρn+1
K , ρn+1

L )] 54
) 1)"1 :
∑

K∈M

|K|
δt

[
ρn+1
K P (ρn+1

K )− ρnKP (ρnK)
]

+
∑

K∈M

pn+1
K

∑

σ∈E(K)

|σ|un+1
σ · nK,σ

+
1

2

∑

σ=K|L

|σ|φ′′ (ρn+1
σ,γ )|un+1

σ ||ρn+1
K − ρn+1|2 ≤ 0. ;<<8= >?401,@0.,#A 1)* +&+*#14+ 2"0"#
* *B4"1,&# &% 1)* 5
)*+* 2. 1)* 
&''*5@&#$,#A 4#C#&(# &% 1)* 1)*D*0&
,1. &# 1)* 
&''*5@&#$,#A *$A* "#$ 54++,#A &D*' 1)* *$A*5/ (* &21",# :

∑

σ∈E

ũn+1
σ


 |Dσ|

δt
(ρnσ ũ

n+1
σ − ρn−1

σ unσ) +
∑

ε∈E(Dσ)

Fnσ,ε ũ
n+1
ε


−

∑

K∈M

p̃n+1
K

∑

σ∈E(K)

|σ|ũn+1
σ · nK,σ = 0E. F*++" <<8G8= (* A*1 :

1

2

∑

σ∈E

|Dσ|
δt

[
ρnσ |ũn+1

σ |2 − ρn−1
σ |unσ|2

]
+

1

2

∑

σ∈E

|Dσ|
δt

ρn−1
σ

[
ũn+1
σ − unσ

]2

−
∑

K∈M

p̃n+1
K

∑

σ∈E(K)

|σ|ũn+1
σ · nK,σ 6 0 ;<<8=H>IB4"',#A 1)* @'*554'* 
&''*
1,&# *B4"1,&#/ +401,@0.,#A 2. δt

2 ρnσ
"#$ 54++,#A &D*' 1)* *$A*5/ (* A*1 :

1

2

∑

σ∈E

|Dσ|
δt

ρnσ |un+1
σ |2 −

∑

K∈M

pn+1
K

∑

σ∈E(K)

|σ|un+1
σ · nK,σ +

1

2

∑

σ∈E

δt |Dσ|
1

ρnσ

(
pn+1
L − pn+1

K

dσ

)2

=
1

2

∑

σ∈E

|Dσ|
δt

ρnσ |ũn+1
σ |2 −

∑

K∈M

p̃n+1
K

∑

σ∈E(K)

|σ|ũn+1
σ · nK,σ +

1

2

∑

σ∈E

δt |Dσ|
1

ρnσ

(
p̃n+1
L − p̃n+1

K

dσ

)2;<<8!J>K5,#A 1)* *B4"1,&# ;<<8=H> ,# ;<<8!J>/ (* A*1 :
1

2

∑

σ∈E

|Dσ|
δt

[
ρnσ |un+1

σ |2 − ρn−1
σ |unσ|2

]
+

1

2

∑

σ∈E

|Dσ|
δt

ρn−1
σ

[
ũn+1
σ − unσ

]2

+
1

2

∑

σ∈E

δt |Dσ|
1

ρnσ

[(
pn+1
L − pn+1

K

dσ

)2

−
(
p̃n+1
L − p̃n+1

K

dσ

)2
]
−
∑

K∈M

pn+1
K

∑

σ∈E(K)

|σ|un+1
σ · nK,σ 6 0



  !"! #$%&&'$% 
)$$%
*+), &
-%.% /0 !"#$ %&' #'(% ')*+%",# ,- %&' ./'!!*/' 
,//'
%",# !
&'1'2 3' !&,3 %&+% 4
∑

σ∈E

δt |Dσ|
1

ρnσ

(
p̃n+1
L − p̃n+1

K

dσ

)2

≤
∑

σ∈E

δt |Dσ|
1

ρn−1
σ

(
pnL − pnK
dσ

)25&'#
1

2

∑

σ∈E

|Dσ|
δt

[
ρnσ |un+1

σ |2 − ρn−1
σ |unσ|2

]
+

1

2

∑

σ∈E

|Dσ|
δt

ρn−1
σ

[
ũn+1
σ − unσ

]2

+
1

2

∑

σ∈E

δt |Dσ|
[

1

ρnσ

(
pn+1
L − pn+1

K

dσ

)2

− 1

ρn−1
σ

(
pnL − pnK
dσ

)2
]

6
∑

K∈M

pn+1
K

∑

σ∈E(K)

|σ|un+1
σ · nK,σ67789:;5&+#<! %, 6778:=; +#> 67789:; 3' ,?%+"# 4

∑

K∈M

|K| ρnKP (ρnK) +
1

2

∑

σ∈E

|Dσ| ρnσ |un+1
σ |2 +

1

2

∑

n

∑

σ∈E

|Dσ|ρn−1
σ

[
ũn+1
σ − unσ

]2

+
γ

2

∑

n

δt

[
∑

σ∈E

|σ| (ρn+1
σ,γ )γ−2 |un+1

σ | |ρn+1
K − ρn+1

L |2
]

+
1

2
δt2

∑

σ∈E

|Dσ|
ρnσ

(
pn+1
L − pn+1

K

dσ

)2

≤ 1

2

∑

σ∈E

|Dσ| ρ0
σ |u0

σ|2 +
∑

K∈M

|K| ρ0
KP (ρ0

K)@'% ρn+1
σ,γ = 1"# (

(ρn+1
K )γ−2, (ρn+1

L )γ−2
)2 %&*! ρn+1

σ,γ ≤ (ρn+1
σ,γ )γ−22 -,/ γ > 1 3' ,?%+"# 4

1

γ − 1

∑

K∈M

|K| pnK +
1

2

∑

σ∈E

|Dσ| ρnσ |un+1
σ |2 +

1

2

∑

n

∑

σ∈E

|Dσ|ρnσ
[
ũn+1
σ − unσ

]2

+
γ

2

∑

n

δt

[
∑

σ∈E

|σ| ρn+1
σ,γ |un+1

σ | |ρn+1
K − ρn+1

L |2
]

+ δt2
∑

σ∈E

|Dσ|
ρnσ

(
pn+1
L − pn+1

K

dσ

)2

≤ 1

2

∑

σ∈E

|Dσ| ρ0
σ |u0

σ|2 +
∑

K∈M

|K| ρ0
KP (ρ0

K)-,/ γ = 1, zP (z) = z log(z) > − 1
e %&*! 4

1

2

∑

σ∈E

|Dσ| ρnσ |un+1
σ |2 +

1

2

∑

n

∑

σ∈E

|Dσ|ρnσ
[
ũn+1
σ − unσ

]2
+
γ

2

∑

n

δt

[
∑

σ∈E

|σ| ρn+1
σ,γ |un+1

σ | |ρn+1
K − ρn+1

L |2
]

+δt2
∑

σ∈E

|Dσ|
ρnσ

(
pn+1
L − pn+1

K

dσ

)2

≤ 1

2

∑

σ∈E

|Dσ| ρ0
σ |u0

σ|2 +
∑

K∈M

|K| ρ0
KP (ρ0

K) +
|Ω|
e
.

�  !"!# $%&&'() *+ *,- .'/'* '( *,- &
,-/- !"#$"% &&'(')@'% Ω ?' +# ,.'# ?,*#>'> "#%'/A+B ,- R8 @'% (M(m), δt(m))m∈N ?' + !')*'#
' ,- 1'!&'! +#> %"1'!%'.!2 !*
& %&+% h(m) +#> δt(m) %'#> %, C'/, +! m %'#>! %, "#D#"%E8 @'% (
ρ(m), p(m), u(m)

)
m∈N

?' %&'
,//'!.,#>"#$ !')*'#
' ,- !,B*%",#!8 F' !*..,!' %&+% %&"! !')*'#
' 
,#A'/$'! "# Lp
(
(0, T ) × Ω

)42 -,/
1 ≤ p <∞2 %, (ρ̄, p̄, ū) ∈ L∞

(
(0, T )× Ω

)485&'# %&' B"1"% (ρ̄, p̄, ū) !+%"!D'! %&' !E!%'1 6778:G;8



 ! !"#$%&' (()  *+,$,%'+% ,%"--'&'. ,
!'0', 1*& 
*0#&',,$23' 4*5, 6 7"&% ( 8 2"&*%*#$
 9":$'&;<%*=', '>?"%$*+,) !""# "# $%& '(# )*#$$%*# 
,**#
'-,. #/%0'-,. 0.1 '(# &,&#.'%& 2030.
# #/%0'-,. ,4 $
(#&# 5#,2'0-. 6
|Dσ|

ρnσu
n+1
σ − ρn−1

σ unσ
δt

+
∑

ε∈E(Dσ)

Fnσ,εũ
n+1
ε + |Dσ|

pn+1
L − pn+1

K

dσ
−hα

∑

ε=D
σ
′ |Dσ

|ε|
ũn+1
σ − ũn+1

σ′

dσσ′
= 0. 7889::;<,5 5# &%3'-)3= '(# #/%0'-,. 889:: 2= δt ϕnσ> 0.1 $%& '(# *#$%3' ,. n ∈ {0, ..., N − 1} 0.1 σ = K|L> 5#,2'0-. 6

N−1∑

n=0

∑

σ

|Dσ|(ρnσun+1
σ − ρn−1

σ unσ)ϕ
n
σ

︸ ︷︷ ︸
Tm
1

+

N−1∑

n=0

δt
∑

σ

∑

ε∈E(Dσ)

Fnσεũ
n+1
ε ϕnσ

︸ ︷︷ ︸
Tm
2

+

N−1∑

n=0

δt
∑

σ

|Dσ|
pn+1
L − pn+1

K

dσσ′
ϕnσ

︸ ︷︷ ︸
Tm
3

= 0?-*$' 5# $'%1= Tm1
Tm1 =

N−1∑

n=0

∑

σ

|Dσ|(ρn+1
σ un+1

σ − ρnσunσ)ϕnσ
︸ ︷︷ ︸

Tm
1,1

+
N−1∑

n=0

∑

σ

|Dσ|
[
unσ(ρ

n
σ − ρn−1

σ )− un+1
σ (ρn+1

σ − ρnσ)
]
ϕnσ

︸ ︷︷ ︸
Rm0$ 4,* '(# -&)3-
-' $
(#&# 5# $(,5 '(0' 6

Tm1,1 −→ −
∫ T

0

∫

Ω

ρu∂tϕ−
∫

Ω

ρ0u0ϕ0 0$ m→∞,

Rm =
N−1∑

n=0

∑

σ

|Dσ|un+1
σ (ρn+1

σ − ρnσ)(ϕn+1
σ − ϕnσ)

︸ ︷︷ ︸
Rm

2

+
∑

σ

|Dσ|u0
σ(ρ

0
σ − ρ−1

σ )ϕ0
σ

︸ ︷︷ ︸
Rm

1

|Rm1 | ≤ Cϕ

N−1∑

n=0

δt
∑

σ

|Dσ| |un+1
σ | |ρn+1

σ − ρnσ|

6
√
δt Cϕ




N−1∑

n=0

δt
∑

σ=K|L

|Dσ| |un+1
σ |





1
2



N−1∑

n=0

∑

σ=K|L

|Dσ| |un+1
σ | |ρn+1

σ − ρnσ|2




1
2@,, Rm1 −→ 0, 0$ m→∞

Rm2 = −δt
∑

σ∈E

∑

ε∈E(Dσ)

F 0
σε u

0
σ ϕ

0
σ −→ 0, 0$ m→∞0$ 4,* '(# -&)3-
-' $
(#&# 5# $(,5 '(0' 6

Tm3 −→ −
∫ T

0

∫

Ω

p∂xϕ 0$ m→∞.<,5 5# $'%1= Tm2
Tm2 = −1

4

N−1∑

n=0

δt
∑

K

(
FnK,σ − FnK,σ′

)(
ũn+1
σ + ũn+1

σ′

) (
ϕnσ − ϕnσ′

)

= −1

4

N−1∑

n=0

δt
∑

K

(
|σ|ρ̃nσunσ + |σ′ |ρ̃n

σ′
un
σ′

)(
ũn+1
σ + ũn+1

σ′

) (
ϕnσ − ϕnσ′

)

= −
N∑

n=0

δt
∑

K

|K| ρnK
unσ ũ

n+1
σ + un

σ′
ũn+1
σ′

2

(ϕnσ − ϕnσ′ )
dσσ′

︸ ︷︷ ︸
Tm
2,1

+Rm



  !"! #$%&&'$% 
)$$%
*+), &
-%.% /" !"#" σ = K|L, σ′ = M |K $%& Rm #"$&' (
Rm = −1

4

N∑

n=0

δt
∑

K

|σ|
[
(ρ̃nσu

n
σ + ρ̃n

σ′
un
σ′

)(ũn+1
σ + ũn+1

σ′
)− 2ρnK

(
unσ ũ

n+1
σ + un

σ′
ũn+1
σ′

)]
(ϕnσ − ϕnσ′ ).)*#'+  " '+,&- Tm2,1.

Tm2,1 = −
N∑

n=1

∑

K

∫ tn+1

tn

∫

K

ρmu
2
mðxϕ

m
M

= −
∫ T

0

∫

Ω

ρmu
2
mðxϕ

m
M = −

∫ T

0

∫

Ω

ρmu
2
m∂xϕ+

∫ T

0

∫

Ω

ρmu
2
m(∂xϕ− ðxϕ

m
M)

︸ ︷︷ ︸
R′m

./" !$0" ρmu2
m ∈ L1(Ω× [0, T ]). '1 R′m −→ 0 $' m→∞ +!,' (

Tm2,1 −→ −
∫ T

0

∫

Ω

ρu2∂xϕ $' m→∞/" %1 '+,&- Rm2 345$%&*%6 +!" 7,$%+*+- 2 ρnK

(
unσ ũ

n+1
σ + un

σ′
ũn+1
σ′

) 8- +!" 9$
+ +!$+
2 (a b + c d) = (a+ c)(b + d) + (a− c)(b− d). +!,' +!" +"#; Rm #"$&' (

Rm = −1

4

N∑

n=0

δt
∑

K

|σ|
[(

(ρ̃nσ − ρnK)unσ + (ρ̃n
σ′
− ρnK)un

σ′
)
(ũn+1
σ + ũn+1

σ′
)
]
(ϕnσ − ϕnσ′ )

︸ ︷︷ ︸
Rm

1

+
1

4

N∑

n=0

δt
∑

K

|σ| ρnK (unσ − unσ′ )(ũ
n+1
σ − ũn+1

σ′
) (ϕnσ − ϕnσ′ )

︸ ︷︷ ︸
Rm

2

.)*#'+  " '+,&- Rm1 (
Rm1 =

N∑

n=0

δt
∑

K

|σ|
[(

(ρnL − ρnK);*%(unσ, 0) + (ρnM − ρnK);$4(un
σ′
, 0)

)
(ũn+1
σ + ũn+1

σ′
)
]
(ϕnσ − ϕn

σ′
)

|Rm1 | 6 Cϕ

N∑

n=0

δt
∑

σ=K|L

|ρnK − ρnL||unσ|
(
|K||ũn+1

σ |+ |K||ũn+1
σ′
|+ |L||ũn+1

σ |+ |L||ũn+1
σ′′
|
)

6 Cϕ

N∑

n=0

δt
∑

σ=K|L

|Dσ||ρnK − ρnL||unσ|
(
|ũn+1
σ |+ |ũn+1

σ′
|+ |ũn+1

σ′′
|
)

6
√
hCϕ




N∑

n=0

δt
∑

σ=K|L

|σ||unσ| |ρnK − ρnL|2



1
2



N∑

n=0

δt
∑

σ=K|L

|Dσ||unσ|
(
|ũn+1
σ |+ |ũn+1

σ′
|+ |ũn+1

σ′′
|
)2




1
2

6
√
hCϕ ‖ um ‖

3
2

L3([0,T ],L3(Ω))




N∑

n=0

δt
∑

σ=K|L

|σ||unσ | |ρnK − ρnL|2



1
2

.
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|Rm2 | 6 h2 Cϕ




N∑

n=0

δt
∑

K

|K|ρnK

(
unσ − unσ′
dσ,σ′

)2



1
2



N∑

n=0

δt
∑

K

|K|ρnK

(
ũn+1
σ − ũn+1

σ′

dσ,σ′

)2



1
2

6 h2 Cϕ ‖ ρm ‖L∞([0,T ]×Ω)‖ um ‖2L2([0,T ],H1(Ω))

6 h2−d
p Cϕ ‖ ρm ‖Lp([0,T ]×Ω)‖ um ‖2L2([0,T ],H1(Ω)) .,%-)..*/ $( 
#-
.12( &+)& 3

Rm −→ 0 )' m→∞

�



 !"#$%&'    ! "!
$!%&'&$!())* +'(,)-./-++"/- 
$//-
'&$! +
0-1- 2$/
$1./-++&,)- 3(4&-/56'$7-+-8"('&$!+

I
 !"#$ %&%'( )' %('$' ! & %('$$*(' 
,(('
!#, $
"'-' )"#
" #$ & '.!' /$#, !, !"' 0*11 
,-%('$$#21' 3&4#'(/5!,6'$ '7*&!#, $ ,0 & $
"'-' )"#
")&$ ('
' !18 # !(,9*
'9 0,( !"' 
,-%('$$#21' 2&(,!(,%#
 3&4#'(/5!,6'$'7*&!#, $ :;<℄ & 9 0,( !"' 9(#0!/>*. -,9'1 :;?℄ @ A"' $%&
' 9#$
('!#B&!#, #$$!&CC'('9D *$# C '#!"'( !"' E&(6'(/F 9 G'11 HEFGI $"'-' ,( &  , 
, 0,(-# C1,)/,(9'( J #!' '1'-' ! &%%(,.#-&!#, K C' '(&1 7*& 9(& C*1&( ,( !(#& C*1&(-'$"'$ -&8 !"*$ 2' 
, $#9'('9@ A"' %('$$*(' 
,(('
!#, $
"'-' #$ $",) !,%('$'(4' !"' $!&2#1#!8 %(,%'(!#'$ ,0 !"' 
, !# *,*$ %(,21'-D #(('$%'
!#4'18 ,0 !"'$%&
' & 9 !#-' $!'%$@ A, ' $*(' !"' %,$#!#4#!8 ,0 !"' ' '(C8D & 6'8 # C('9#' !#$ !, 
,*%1' !"' -&$$ & 9 ' '(C8 2&1& 
' # !"' %(,L'
!#, $!'%@ A"' '.#$!' 
',0 & $,1*!#, !, '&
" $!'% ,0 !"' $
"'-' #$ %(,4' @

 !



 !"# $% &'"()*+, ---   !"  #$%&'(
$*&# ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! +,   !- ./01/0 2#' (#3#&4#0 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,5   !6 71/ $*8/9*8:;*
*$ #(8/%*
2; 0
1/8/ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-   !"!# $%&'()'*
,%-% ./01,'-2& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 34   !"!4 52% 67//8 )'*
,%-% ./01,'-2& .9) '-* :,*- ;,1;%,-'%* ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3"   !"!4!. <.** =./.9
% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3"   !"!4!= <1&%9-7& =./.9
% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3>   !"!4!
 ?9%,08 =./.9
% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3@   !"!4!) A'*
,%-% ?B$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 3C   !"!4!% ?D'*-%9
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   !"  #$%&'(
$*&# !" #$%& '()"
+ ', +!%- .$."/ %- +' -+012 +!" ("!$3%'0/ ', $ ./"--0/" 
'//"
+%'& -
!"#" ,'/ +!" ,044
'#./"--%(4" 5$3%"/67+'8"- "90$+%'&-: ;%+! $ 4'; '/1"/ <&%+" "4"#"&+6 <&%+" 3'40#" 1%-
/"+%=$+%'& '/;%+! +!" >?@ -
!"#"A B& .$/+%
04$/: ;" ;%-! +' 1"-%C& $ -
!"#" ,'/ ;!%
! ;" $/" $(4" +' ./'3" +!""D%-+"&
" ', $ -'40+%'& $+ "$
! -+". ', +!" -
!"#": $&1 -0
! +!$+ +!" $../'D%#$+" 1"&-%+2 $&1 %&+"/&$4"&"/C2 +!0- '(+$%&"1 $/" &'&6&"C$+%3" $&1 +!" $../'D%#$+" +'+$4 "&"/C2 %- 
'&+/'4"1A E"+ 0- 
'&-%1"/ +!"
'#./"--%(4" 5$3%"/67+'8"- "90$+%'&-: ;!%
! #$2 (" ;/%++"& $- F
∂tρ+ div(ρu) = 0, GBBBAH$I
∂t(ρu) + div(ρu⊗ u) + ∇p− div(τ (u)) = 0, GBBBAH(I
∂t(ρE) + div(ρE u) + div(pu) + div(q) = div(τ (u) · u), GBBBAH
I
E =

1

2
|u|2 + e, GBBBAH1I

ρ = ℘(p, e). GBBBAH"I;!"/" t -+$&1- ,'/ +!" +%#": ρ: u: p: E $&1 e $/" +!" 1"&-%+2: 3"4'
%+2: ./"--0/": +'+$4 "&"/C2 $&1 %&+"/&$4"&"/C2 ', +!" J';: τ (u) -+$&1- ,'/ +!" -!"$/ -+/"-- +"&-'/: ;!%
! -$+%-<"-
τ (u) : u ≥ 0, ∀u ∈ R

d, GBBBAKI
q -+$&1- ,'/ +!" !"$+ 1%L0-%'& J0D: $&1 +!" ,0&
+%'& ℘ %- +!" "90$+%'& ', -+$+" GMN7IA  !" ./'(4"# %--0..'-"1 +' (" .'-"1 '3"/ Ω × (0, T ): ;!"/" Ω %- $& '."& ('0&1"1 
'&&"
+"1 -0(-"+ ', Rd: d ≤ 3 $&1
(0, T ) %- $ <&%+" +%#" %&+"/3$4A  !%- -2-+"# #0-+ (" -0..4"#"&+"1 (2 -0%+$(4" ('0&1$/2 
'&1%+%'&-: %&%+%$4
'&1%+%'&- $&1 
4'-0/" /"4$+%'&-A O'/ +!" -$8" ', -%#.4%
%+2: ;" -!$44 $--0#" +!$+ u %- ./"-
/%("1 +' ="/' '&+!" ;!'4" ('0&1$/2 ∂Ω: $&1 +!$+ +!" -2-+"# %- $1%$($+%
:  !"! ∇q ·n = 0 '& ∂ΩA  !" %&%+%$4 
'&1%+%'&-,'/ ρ: e $/" $--0#"1 +' (" .'-%+%3" P <&$442: +!" 
4'-0/" /"4$+%'&- ,'/ τ (u) $&1 ,'/ q: $/" C%3"& (2 F

τ (u) = µ(∇u + ∇
tu)− 2µ

3
divu I, q = −λ∇e, GBBBAQI;!"/" λ $&1 µ $/" +;' .'-%+%3" .$/$#"+"/-: .'--%(42 1"."&1%&C '& xA B& +!" -"90"4: ;" -!$44 $--0#" λ = 1,'/ +!" -$8" ', -%#.4%
%+2A E"+ 0- -0..'-": $C$%& ,'/ +!" -$8" ', -%#.4%
%+2: +!$+ u %- ./"-
/%("1 +' ="/' '&+!" ;!'4" ('0&1$/2 ∂Ω: $&1 +!$+ +!" -2-+"# %- $1%$($+%
:  !"! ∇q · n = 0 '& ∂ΩAR".4$
%&C +!" +'+$4 "&"/C2 E (2 %+- "D./"--%'& GBBBAH1I %& +!" +'+$4 "&"/C2 "90$+%'& GBBBAH
I: ;" '(+$%& F

∂t(ρe) + div(ρeu) + p divu + div(q) +
1

2
∂t(ρ |u|2) +

1

2
div(ρ |u|2 u) + ∇p · u = div(τ (u).u). GBBBASI5'+%&C +!$+ ;" !$3" F

1
2∂t(ρ |u|2) + 1

2div(ρ |u|2 u) = |u|2

2 [∂t(ρ) + div(ρu)] + ρu · ∂t(u) + ρ |u|2div(u)

= [ρ∂t(u) + ∂t(ρ)u + div(ρu)u + ρdiv(u)u] · u

= [∂t(ρu) + div(ρu⊗ u)] · u



 ! !"#$%&' ((() *+ ,+
.+/$%$.+"001 2%"30' #&'22,&' 
.&&'
%$.+ 2
!'4' 5.& 
.4#&'22$30' 6"7$'&89%.:'2 ';,"%$.+2"# $#% &'() %*# %(%+, #-#'$. #/0+%1(- 2333456 +-7 &'() %*# )()#-%0) 8+,+-
# #/0+%1(- 23334:86 ;
∂t(ρe) + div(ρeu)−△e+ p div(u) = τ (u) : ∇u. 23334<6=(')+,,.> %+?1-$ %*# 1--#' @'(70
% (& 23334:86 "1%* u +-7 1-%#$'+%1-$ (A#' Ω> 1-%#$'+%1-$ 23334<6 (A#' Ω>+-7 B0))1-$ 8(%* '#,+%1(-B .1#,7B %*# B%+81,1%. #B%1)+%# ;

d

dt

∫

Ω

[1
2
ρ |u|2 + ρe

]
dx ≤ 0. 23334C6D1-
# "# +BB0)# %*# 1-1%1+, 
(-71%1(- &(' ρ %( 8# @(B1%1A#> %*# )+BB 8+,+-
# 23334:+6 &(')+,,. 1)@,1#B %*+%%*# 7#-B1%. ρ '#)+1-B @(B1%1A#4E# +BB0)# %*+% %*# #/0+%1(- (& B%+%# 23334:#6 1B B0
* %*+% %*#'# #F1B%B + &0-
%1(- f ; R2 → R B0
* %*+%

p = f(ρ, e) "1%* f(·, 0) = 0 +-7 f(0, ·) = 0> "*1
* "# @'(,(-$ 8. 
(-%1-01%. %( ;
p = f(ρ, e) "1%* f(ρ, e) = 0 ∀ρ ≤ 0 (' e ≤ 0. 23334G6H/0+%1(- 23334<6 %*#- 1)@,1#B 2%*+-?B %( 23334I66 %*+% %*# 1-%#'-+, #-#'$. e '#)+1-B @(B1%1A# 2+$+1- +% ,#+B%&(')+,,.6> +-7 B( 23334C6 .1#,7B + 
(-%'(, (- %*# 0-?-("- u4 J1)1
?1-$ %*1B 
()@0%+%1(- +% %*# 71B
'#%#,#A#, -#
#BB1%+%#B %( 
*#
? B()# +'$0)#-%B> +)(-$ %*#) ;

(i) + 71B
'#%# 
(0-%#'@+'% %( %*# '#,+%1(- ;
∫

Ω

[
∂t(ρu) + div(ρu⊗ u)

]
· u dx =

d

dt

∫

Ω

1

2
ρ |u|2 dx.

(ii) %*# #/0+,1%. (& %*# 1-%#$'+, (& %*# 71BB1@+%1(- %#') +% %*# '1$*%K*+-7 B17# (& %*# 71B
'#%# 
(0-%#'@+'%(& 23334<6 +-7 %*# 271B
'#%#6 L2 1--#' @'(70
% 8#%"##- %*# A#,(
1%. +-7 %*# 71L0B1(- %#') 1- %*#71B
'#%# )()#-%0) 8+,+-
# #/0+%1(- 23334:M64
(iii) %*# -(-K-#$+%1A1%. (& %*# '1$*%K*+-7 B17# (& 23334<6 1- ('7#'> %( @'#B#'A# %*# @(B1%1A1%. (& %*#1-%#'-+, #-#'$.4N*# @(1-% (i) 1B #F%#-B1A#,. 71B
0BB#7 1- OI<℄ 2B## +,B( OMQ℄6> +-7 "1,, -(% 8# %'#+%#7 *#'#4   !" #$%&$% '() *(+(,-(%R#%M 8# + 71B
'#%1S+%1(- )#B* (& %*# 7()+1- Ω 
(-B1B%1-$ (& 71B
'#%1S+%1(- 
#,,B "*1
* +'# #1%*#' 
(-A#F/0+7'1,+%#'+,B 2d = 26 (' *#F+*#7'+ 2d = 36> (' B1)@,1
#B4 3& %*# B*+@# (& Ω +,,("B> "# "*+,, 
(-B17#''#
%+-$0,+' 
#,,B 2d = 26 (' '#
%+-$0,+' @+'+,,#,#@1@#71
 
#,,B 2d = 364 T. E +-7 E(K) "# 7#-(%# %*#B#% (& +,, #7$#B σ (& %*# )#B* +-7 (& %*# #,#)#-% K ∈ M '#B@#
%1A#,.4 N*# B#% (& #7$#B 1-
,07#7 1- %*#8(0-7+'. (& Ω 1B 7#-(%#7 8. Eext +-7 %*# B#% (& 1-%#'-+, #7$#B 2 !"! E \ Eext6 1B 7#-(%#7 8. Eint4 N*#)#B* M 1B B0@@(B#7 %( 8# '#$0,+' 1- %*# 0B0+, B#-B# (& %*# U-1%# B#,#)#-% ,1%#'+%0'# 2#4$4 O ℄6> +-7> 1-@+'%1
0,+'> 1% B+%1BU#B %*# &(,,("1-$ @'(@#'%1#B ; 4I

Ω̄ =
⋃
K∈M K̄&(' K, L ∈ M, %*# 1-%#'B#
%1(- K̄ ∩ L̄ 1B #1%*#' '#70
#7 %( %*# #)@%. B#%> (' %( + A#'%#F 1& d = 2+-7 + B#$)#-% 1& d = 3> (' #,B# 1% 1B 2%*# 
,(B0'# (&6 + 
())(- (d− 1)K#7$# (& K +-7 L> 7#-(%#7 8.

K|L4



   !"! #$%&$% '() *(+(,-(% ./ !" #$
& '()#"($* #+,# !- )&# .#/& σ = K|L0 nKL /)$(+/ -!" )&# (!".$* 1#
)!" )! σ0 !"'#()#+ -"!. K )!
L2 3&# !4)5$"+ (!".$* 1#
)!" )! $ -$
# σ !- K '/ +#(!)#+ 67 nK,σ2  !" K ∈ M $(+ σ ∈ E 0 5# +#(!)#67 |K| )&# .#$/4"# !- K $(+ 67 |σ| )&# (d− 1)8+'.#(/'!($* .#$/4"# !- )&# -$
# σ2  !" $(7 K ∈M $(+
σ ∈ E(K)0 5# +#(!)# 67 dK,σ )&# 94
*'+#$( +'/)$(
# 6#)5##( )&# 
#()#" xK !- )&# .#/& $(+ )&# #+,#
σ2  !" $(7 σ ∈ E 0 5# +#:(# dσ = dK,σ + dL,σ0 '- σ ∈ Eint $(+ dσ = dK,σ '- σ ∈ Eext2  !" $(7 σ $(+ σ′#*#.#()/ !- E 0 5# +#(!)# 67 dσσ′ )&# 94
*'+#$( +'/)$(
# 6#)5##( σ $(+ σ′ 23&# /;$
# +'/
"#)'<$)'!( '/ /)$,,#"#+0 4/'(, #')&#" )&# =$">#"8?(+ @#** A=?@B /
&#.# CDE0 DF℄0 !" (!(8
!(-!".'(, *!58!"+#" :(')# #*#.#() $;;"!H'.$)'!(/0 ($.#*7 )&# I$(($
&#" $(+ 34"#> AI3B #*#.#() CFJ℄-!" K4$+"'*$)#"$* !" &#H$&#+"'
 .#/&#/0 !" )&# @"!4<#'H8I$1'$") A@IB #*#.#() CLL℄ -!" /'.;*'
'$* .#/&#/2 !" $** +'/
"#)'<$)'!(/ A=?@0 I3 $(+ @IB0 )&# +#,"##/ !- -"##+!. -!" )&# ;"#//4"#0 )&# +#(/')7 $(+ )&#'()#"($* #(#",7 $"# $//!
'$)#+ )! )&# 
#**/ !- )&# .#/&M2 3&# +#,"##/ !- -"##+!. $"# )&#"#-!"# M

{
pK , ρK , eK , K ∈ M

}
.3&# $;;"!H'.$)# +#(/')70 ;"#//4"# $(+ '()#"($* #(#",7 )&#"#-!"# 6#*!(, )! )&# /;$
# Lh !- ;'#
#5'/#
!(/)$() -4(
)'!(/ M

Lh =
{
qh ∈ L2(Ω) : qh|K = 
!(/)$(), ∀K ∈M

}
. !" 1 ≤ i ≤ d0 )&# +#,"##/ !- -"##+!. -!" )&# ith 
!.;!(#() !- )&# 1#*!
')7 $"# $//!
'$)#+ )! $ /46/#) !-

E 0 +#(!)#+ 67 E(i) ⊂ E 0 $(+ $"# +#(!)#+ 67
{
uσ,i, σ ∈ E(i)

}
.3&# +#:(')'!( !- )&# /#)/ E(i) +#;#(+/ !( )&# 
&!'
# !- )&# +'/
"#)'<$)'!( MN  !" #$%
'()$*+)$,-. O( )&'/ 
$/# )&# /#) E(i) '/ )&# /#) !- #+,#/ )&$) $"# !")&!,!($* )! )&# i8)&6$/'/ 1#
)!" e(i)2N /0 +-# "/ #$%
'()$*+)$,-. O( )&'/ 
$/# )&# /#) E(i) '/ )&# 5&!*# /#) Eint0 $(+ )&# +#,"##/ !--"##+!. uσ,i $"# )&# 
!.;!(#()/ !- )&# 1#*!
')'#/ 5')& "#/;#
) )! )&# :(')# #*#.#() /&$;# -4(
)'!(/2=!"# ;"#
'/#*7 MP 3&# "#-#"#(
# #*#.#() K̂ -!" )&# I$(($
&#"834"#> "!)$)#+ 6'*'(#$" #*#.#() '/ )&# 4(')

d8
46# A5')& #+,#/ ;$"$**#* )! )&# 
!!"+'($)# $H#/B2 3&# +'/
"#)# -4(
)'!($* /;$
# !( K̂'/ Q̃1(K̂)d0 5&#"# Q̃1(K̂) '/ +#:(#+ $/ -!**!5/ M
Q̃1(K̂) = span

{
1, (xi)i=1,...,d, (x2

i − x2
i+1)i=1,...,d−1

}
.P 3&# "#-#"#(
# #*#.#() -!" )&# @"!4<#'H8I$1'$") '/ )&# 4(') d8/'.;*#H $(+ )&# +'/
"#)#-4(
)'!($* /;$
# '/ )&# /;$
# P1 !- $Q(# ;!*7(!.'$*/23&# .$;;'(, -"!. )&# "#-#"#(
# #*#.#() )! )&# $
)4$* !(# '/0 -!" )&# I$(($
&#"834"#> #*#.#()0)&# /)$(+$"+ Q1 .$;;'(, $(+0 -!" )&# @"!4<#'H8I$1'$") #*#.#()0 )&# /)$(+$"+ $Q(# .$;;'(,2 3&#+'/
"#)# /;$
# Wh '/ )&#( +#:(#+ $/ -!**!5/ M

Wh = {u ∈ (L2(Ω))d : u|K ∈W (K)d, ∀K ∈ M,
∫

σ

u|K dγ =

∫

σ

u|L dγ ∀σ = K|L ∈ Eint $(+ ∫
σ

udγ = 0, ∀σ ∈ Eext }.
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.4#&'22$30' 6"7$'&89%.:'2 ';,"%$.+2"#$%$ W (K) &' (#$ ')*
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$44 *'',
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Dσ

Dσ′

σ′ = K|MK

L

M

|σ|σ
=
K
|L

ε = D
σ |D

σ ′

 !"# :::7G I >*//*
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K

(en+1
K )−

︸ ︷︷ ︸
E4

.@1 >/")'$ !+ A$((% 888-B-9= )*$ C"&) )$"( E1 
%2 <$ $&)/(%)$4 %& +!,,!#& ?
E1 ≥

1

2

∑

K∈M

|K|
δt

[
ρn+1
K ((en+1

K )−)2 − ρnK((enK)−)2
]

=
1

2

∑

K∈M

|K|
δt
ρn+1
K ((en+1

K )−)2.D*%2E& )! 7888-F;= #$ *%>$ E3 = 0 %24 )*%2E& )! 7888-:F;= #$ *%>$ E4 ≤ 0- G$!"4$"/23 )*$ &'( /2 )*$)$"( E2= #$ !<)%/2 ?
E2 = −

∑

σ=K|L

|σ|
dσ

[en+1
K − en+1

L ][(en+1
K )− − (en+1

L )−].H/2
$ )*$ +'2
)/!2 x 7→ x− /& 2!2I/2
"$%&/23= #$ !<)%/2 )*%) E2 ≥ 0 J K%)*$"/23 %,, )*$ )$"(&= #$ !<)%/2 ?
0 ≤ 1

2

∑

K∈M

|K|
δt
ρn+1
K ((en+1

K )−)2 ≤ 0#*/
* &*!#& )*%) (en+1
K )− = 0= +!" %,, K ∈M J )*/& 
!2
,'4$& )*$ 0"!!+- �$$$%&%'%( )*+
!-.- /01 /2%,,1= )*$ $6'%)/!2 !+ &)%)$ 7888-:$; /& $%&/,1 4/&
"$)/L$4 <1

ρnK = ℘(pnK , e
n
K), ∀K ∈ M, ∀n ∈ N. 7888-9B;$$$%&%'%- /2*+.-3
- "# 4 +"56.*"3 ." .7- #6558 (*+
!-.- +
7-9-M$ "$
%,, )*$ +!,,!#/23 )*$!"$(= #*/
* /& % 
!2&$6'$2
$ !+ )*$ )!0!,!3/
%, 4$3"$$ )*$!"1= &$$  !"! N:B℄= %24#*/
* /& % >$"1 0!#$"+', )!!, +!" )*$ 0"!!+ !+ $P/&)$2
$ !+ 2!2 ,/2$%" &1&)$(& %"/&/23 +"!( )*$ 4/&
"$)/L%)/!2!+ 2!2 ,/2$%" 0%")/%, 4/Q$"$2)/%, $6'%)/!2& 7&$$ N:R℄ +!" !)*$" $P%(0,$& !+ /)& '&$;- !"#$"% &&&'(') *+,,-.
01.#2 #3 1!" 1#,#-#4.
0- 5"4$""6 3.2.1" 5.%"27.#20- 
07"8A$) V <$ % C2/)$ 4/($2&/!2%, >$
)!" &0%
$ !2 R= ‖.‖ % 2!"( !2 V = ,$) f <$ % 
!2)/2'!'& +'2
)/!2 +"!( V)! V %24 ,$) R > 0- A$) '& %&&'($ )*%) )*$"$ $P/&)& % 
!2)/2'!'& +'2
)/!2 F : V × [0, 1]→ V &%)/&+1/23 ?

(i) F (., 1) = f =



 ! !"#$%&' ((() *+ ,+
.+/$%$.+"001 2%"30' #&'22,&' 
.&&'
%$.+ 2
!'4' 5.& 
.4#&'22$30' 6"7$'&89%.:'2 ';,"%$.+2
(ii) ∀α ∈ [0, 1]" #$ v ∈ V #% %&
( )(*) F (v, α) = 0 )(+, v ∈ BR = {v ∈ V ; ‖v‖ < R}"
(iii) )(+ )-.-/-0#
*/ 1+02++ -$ F (., 0) 3#)( 2+%.+
) )- 0 *,1 BR #% +4&*/ )- d0 6= 056(+, )(+ )-.-/-0#
*/ 1+02++ -$ F (., 1) 3#)( 2+%.+
) )- 0 *,1 )- BR #% */%- +4&*/ )- d0 6= 0 7 
-,%+4&+,)/8")(+2+ +9#%)% *) /+*%) * %-/&)#-, v ∈ BR %&
( )(*) f(v) = 05 !"#$"% &&&'(') *+,-./"0
" #2 3 .#45/-#0 /# /!" -%64-
-/ .
!"%"7:,1+2 *%%&;.)#-, <===5>? *,1 <===5@?" *%%&;+ )(*) ρ0

K > 0 *,1 e0K > 0" $-2 *// K ∈ M5 6(+2+ +9#%)% *%-/&)#-, (ρnK ,u
n
K , e

n
K)K∈M, n≤N )- )(+ #;./#
#) %
(+;+ <===5 ?A<===5B ?" <===5@B?A<===5@@? 3(#
( %*)#%C+%

ρnK > 0" enK > 0 $-2 *// K ∈M *,1 n ≤ N " *,1 %&
( )(*) )(+ $-//-3#,0 #,+4&*/#)8 (-/1% $-2 *// n ≤ N D
∑

K∈M

|K| ρnKenK +
1

2

∑

σ∈Eint

|Dσ| ρnσ |unσ|2 ≤
∑

K∈M

|K| ρ0
Ke

0
K +

1

2

∑

σ∈Eint

|Dσ| ρ0
σ |u0

σ|2. <===5@E? !""#F+) &% C2%) %(-3 )(*) &,1+2 )(+ *%%&;.)#-,% -$ )(+ )(+-2+;" #$ )(+ $*;#/8 (ρnK ,u
n
K , e

n
K)K∈M, n≤N %*)#%C+%<===5 ?A<===5B ?" <===5@B?A<===5@@?" )(+, )(+ #,+4&*/#)8 <===5@E? (-/1%5 G&/)#./8#,0 )(+ 1#%
2+)+ ;-;+,)&;H*/*,
+ +4&*)#-, <===5BI? H8 )(+ 
-22+%.-,1#,0 &,J,-3, -$ )(+ K+/-
#)8 un+1

σ,i *,1 %&;;#,0 -K+2 )(++10+% *,1 )(+ 
-;.-,+,)% i" H8 K#2)&+ -$ )(+ %)*H#/#)8 -$ )(+ 1#%
2+)+ *1K+
)#-, -.+2*)-2 <===5BL? *,1 )(++4&*/#)8 <===5@M? *,1 <===5B!? 3+ -H)*#, D
1

2

∑

σ∈Eint

|Dσ|
δt

[
ρn+1
σ |un+1

σ |2 − ρnσ |unσ |2
]
−

∑

K∈M

|K|pn+1
K (div(un+1))K

+
∑

K∈M

|K|
(
τ (un+1) : ∇un+1

)
K
≤ 0. <===5@N?O-)#,0 )(*)" H8 
-,%+2K*)#K#)8" FK,σ = −FL,σ $-2 σ = K|L" *,1 )(*)

∑

K∈M

∑

σ∈E(K)
σ=K|L

|σ|e
n+1
K − en+1

L

dσ
= 0,*,1 %&;;#,0 <===5@N? 3#)( )(+ %&; -$ )(+ 1#%
2+)+ #,)+2,*/ +,+208 +4&*)#-, <===5@B? -K+2K ∈M" 3+ 0+) D

∑

K∈M

|K|
[
ρn+1
K en+1

K − ρnK enK
]
+

1

2

∑

σ∈Eint

|Dσ|
[
ρn+1
σ |un+1

σ |2 − ̺nσ |unσ|2
]
≤ 0,3(#
( 
-,
/&1+% )(+ .2--$ -$ <===5@E?5F+) &% ,-3 %(-3 )(+ +9#%)+,
+ -$ * %-/&)#-, )- )(+ %(+;+ <===5 ?A<===5B ?" <===5@B?A<===5@I?5 P-2 α ∈ [0, 1]*,1 * C9+1 n ∈ N" 3+ 
-,%#1+2 )(+ $-//-3#,0 1#%
2+)+ %+) -$ +4&*)#-,%" $-2 K ∈ M *,1 EinEint5 P-2

α = 0" #) #% *, #,K+2)#H/+ /#,+*2 %8%)+;" *,1 $-2 α = 1" #) #% )(+ $&//8 1#%
2+)+ %
(+;+ <===5 ?A<===5B ?"<===5@B?A<===5@I?5



   !"! #$%&&'$% 
)$$%
*+), &
-%.% //
|K|
δt

(ρn+1
K − ρnK) + α

∑

σ∈E(K)

Fn+1
K,σ = 0,

|Dσ|
δt

(ρn+1
σ un+1

σ,i − ρnσunσ,i) + α




∑

ε∈Ē(Dσ)

Fn+1
σ,ε un+1

ε,i .+ |Dσ| (∇pn+1)(i)σ − |Dσ| (divτ(un+1))(i)σ


 = 0,

|K|
δt

(ρn+1
K en+1

K − ρnKenK) + α




∑

σ∈E(K)

Fn+1
K,σ e

n+1
σ +

∑

σ∈E(K)
σ=K|L

|σ|e
n+1
K − en+1

L

dσ
+ |K|pn+1

K (div(un+1))K




= α|K|
(
τ (un+1) : ∇un+1

)
K
, ∀K ∈M,

ρn+1
K = ℘(pn+1

K , en+1
K ). ! "#$ %&'$ &(&)!%*% "#&" +$ ,$-./-'$0 ./- "#$ %"10! /. "#$ %
#$'$ 3444567834445967: 34445;97834445;<7: &(!.&'*)! (ρn+1

K )K∈M &(0 (en+1
K )K∈M %&"*%.!*(= "#$ &>/?$ %
#$'$ *% %1
# "#&" ρn+1

K &(0 en+1
K &-$ ,/%*"*?$./- &)) K5 @/-$/?$-: "#$ 
/(%$-?&"*?*"! /. "#$ '&%% >&)&(
$ 0*%
-$"*A&"*/( !*$)0% "#&"

∑

K∈M

|K|ρn+1
K =

∑

K∈M

|K|ρnK+#*
# !*$)0% &( L∞ >/1(0 /( "#$ .&'*)! (ρn+1
K )K∈M B C(&))!: "#$ &>/?$ %"&>*)*"! -$%1)" 344459D7 &)%/ #/)0% B+$ "#1% #&?$ &( 1(*./-' 
/("-/) /?$- "#$ .&'*)*$% /. -$&) (1'>$-% (ρK)K∈M: (ρKeK)K∈M &(0 ?$
"/-%

(ρσuσ)σ∈Eint
5 E/- α = 0: "#$ %!%"$' *% )*($&- &(0 *(?$-"*>)$ +*"# -$%,$
" "/ "#$%$ 1(F(/+(%5 G$ 
/(
)10$"#&(F% "/ & "/,/)/=*
&) 0$=-$$ &-=1'$("5 �   !" #$%&&'$% 
)$$%
*+), &
-%.%   !"!# $%&'()'*
,%-% ./01,'-2&H ,-$%%1-$ 
/--$
"*/( (1'$-*
&) %
#$'$ *% />"&*($0 >! 
/',)$'$("*(= "#$ %
#$'$ ,-$%$("$0 *( "#$ ,-$
$I0*(= %$
"*/( >! &( *(
-$'$("&) ,-/J$
"*/( '$"#/05 G-*"*(= "#*% &)=/-*"#' *( & %$'*I0*%
-$"$ "*'$ %$""*(=:"#*% !*$)0% "#$ ./))/+*(= "#-$$ %"$,% K9 I %/)?$ ./- p̃n+1

div

(
1

ρn
∇p̃n+1

)
= div

(
1

√
ρn

√
ρn−1

∇pn

) 34445;D7; I L/)?$ ./- ũn+1 K
ρn ũn+1 − ρn−1 un

δt
+ div(ρn un ⊗ ũn+1) + ∇p̃n+1 − divτ(ũn+1) = 0 34445;M7



 !! !"#$%&' ((() *+ ,+
.+/$%$.+"001 2%"30' #&'22,&' 
.&&'
%$.+ 2
!'4' 5.& 
.4#&'22$30' 6"7$'&89%.:'2 ';,"%$.+2" # $%&'( )%* pn+1+ un+1+ ρn+1 ,-. en+1 /
ρn

un+1 − ũn+1

δt
+ ∇(pn+1 − p̃n+1) = 0 0111234,5

ρn+1 − ρn
δt

+ div(ρn+1 un+1) = 0 011123465
ρn+1 en+1 − ρn en

δt
+ div(ρn+1 en+1 un+1)−△en+1 + pn+1 div(un+1) = τ (ũn+1) : ∇ũn+1 0111234
5

pn+1 = ℘(en+1, ρn+1). 0111234.589( :*;< ;<(= >; , *(-%*?,&>@,<>%- %) <9( =*(;;A*( B9>
9 >; A;(. >- <9( ;<,6>&><C ,-,&C;>;289( ;(
%-. ;<(= >; , 
&,;;>
,& ;(?>#>?=&>
>< ;%&A<>%- %) <9( ?%?(-<A? 6&,-
( (DA,<>%- <% %6<,>- , =*(#.>
<(. '(&%
><C2E>-,&&C <9( &,;< ;<(= >; ,- %*>F>-,& -%-&>-(,* =*(;;A*( 
%**(
<>%- ;<(=+ B9>
9 
%A=&(; <9( ?,;; 6,&,-
((DA,<>%- 011123465 B><9 <9( >-<(*-,& (-(*FC 6,&,-
( (DA,<>%- 0111234
52 89>; 
%A=&>-F >; >?=%*<,-< <%(-;A*( <9( =%;><>'><C %) <9( (-(*FC / >-.((.+ >- <9( =*%%) %) G(??, ,1112"2"+ B( A;(. <9( ),
< <9,< <9(=*(;;A*( ',->;9(; >- <9( <(*? pn+1 div(un+1) B9(- en+1 >; -(F,<>'(2   !"!# $%&
()*) +,-.(%*/089( ;=,
( .>;
*(<>@,<>%- >; ,F,>- ;<,FF(*(.+ A;>-F (><9(* <9( H,*I(*JK-.JL(&& 0HKL5 ;
9(?(+ %* -%-#
%-)%*?>-F &%B#%*.(* :-><( (&(?(-< ,==*%M>?,<>%-;289( :-><( (&(?(-< .>;
*(<>@,<>%- )%* <9( =*(;;A*( =*(.>
<>%- ;<(= ,< <9( >-<(*-,& ),
( σ = K|L *(,.; /
∑

K∈M

∫

K

1

ρn
∇p̃n+1 · ∇ϕ(i)

σ dx =
∑

K∈M

∫

K

1
√
ρn
√
ρn−1

∇pn · ∇ϕ(i)
σ dxB9>
9 
%>-
>.(; B><9 <9( HKL .>;
*(<>@,<>%- ,-. ?,C 6( *(B*><<(- ,; )%&&%B; /

∀K ∈M,
∑

σ=K|L

|σ|2
|Dσ|

1

ρnσ
(p̃n+1
K − p̃n+1

L ) =
∑

σ=K|L

|σ|2
|Dσ|

1√
ρnσ ρ

n−1
σ

(pnK − pnL) 011123N589( .>;
*(<>@,<>%- %) =*%O(
<>%- (DA,<>%- 0111234,5 >; 
%-;>;<(-< B><9 <9,< %) <9( ?%?(-<A? 6,&,-
(011123P5 +  !"! B( A;( , ?,;; &A?=>-F <(
9->DA( )%* <9( A-;<(,.C <(*? >- 6%<9 
,;(; ,-. , ;<,-.,*. :-><((&(?(-< )%*?A&,<>%- )%* <9( F*,.>(-< %) <9( =*(;;A*( >-
*(?(-< >- <9( :-><( (&(?(-< 
,;( /
∀σ ∈ Eint, )%* 1 ≤ i ≤ d,

|Dσ|
δt

ρnσ (un+1
σ,i − ũn+1

σ,i )−
∑

K∈M

∫

K

(pn+1 − p̃n+1) ∇ · ϕ(i)
σ dx = 0,B9>
9 
,- 6( *(B*><<(- ,; )%&&%B; /

∀σ ∈ Eint, σ = K|L, |Dσ|
δt

ρnσ (un+1
σ − ũn+1

σ )+ |σ|
[
(pn+1
L − p̃n+1

L )− (pn+1
K − p̃n+1

K )
]
nKL = 0 01112"!5Q( ?,C <9(- B*><( <9( F(-(*,& )%*? %) <9( )A&&C .>;
*(<( <% <9( =*(;;A*( 
%**(
<>%- ;
9(?( /



   !"! #$%&&'$% 
)$$%
*+), &
-%.% /0/ ! "#$%&'()*+(,*%$ -,#. / ∀K ∈M, 0
∑

σ=K|L

|σ|2
|Dσ|

1

ρnσ
(p̃n+1
K − p̃n+1

L ) =
∑

σ=K|L

|σ|2
|Dσ|

1√
ρnσ ρ

n−1
σ

(pnK − pnL) 122234 56 ! 7#)%
*,9 .&#:*
,*%$ -,#. / ;%& 1 ≤ i ≤ d, ($: ;%& ($9 σ ∈ E(i)
int0

|Dσ|
δt

(ρnσũ
n+1
σ,i − ρn−1

σ unσ,i) +
∑

ε∈Ē(Dσ)

Fnσ,εũ
n+1
ε,i + |Dσ| (∇p̃n+1)(i)σ − |Dσ| (divτ(ũn+1))(i)σ = 0, 12223465<=#&# Fnσ,ε *- ,=# :>() #:?# '(-- @>A34 ! B&%C#
,*%$ -,#. /

|Dσ|
δt

ρnσ (un+1
σ,i − ũn+1

σ,i ) + |σ|
[
(pn+1
L − p̃n+1

L )− (pn+1
K − p̃n+1

K )
]
nKL = 0,;%& 1 ≤ i ≤ d ($: σ = K|L ∈ E(i)

int ,
1222344(5

|K|
δt

(ρn+1
K − ρnK) +

∑

σ∈E(K)

Fn+1
K,σ = 0, ∀K ∈M, 1222344D5

|K|
δt

(ρn+1
K en+1

K − ρnKenK) +
∑

σ∈E(K)

Fn+1
K,σ e

n+1
σ −

∑

σ∈E(K),

σ=K|L

|σ|e
n+1
L − en+1

K

dσ

+|K|pn+1
K (div(un+1))K = |K|

(
τ (ũn+1) : ∇ũn+1

)
K
, ∀K ∈ M,

1222344
5
pn+1
K = ℘(en+1

K , ρn+1
K ), ∀K ∈M, 1222344:5<=#&# Fn+1

K,σ *- ,=# .&*'() #:?# '(-- @>A3   !"!# $%&'(%)*(+ &, )-( +
-(/( !"#$"% &&&'(') !"#" "$%&'& ( &)*+'%), ') '!" &
!"." /00012345/000122647 8!%
! &('%&9"& ρnK > 07 enK > 0 :)# (** K ∈ M(,6 n ∈ N7 (,6 &+
! '!(' '!" :)**)8%,; %,"<+(*%'= !)*6& >
∑

K∈M

|K| ρnKenK +
1

2

∑

σ∈Eint

|Dσ| ρn−1
σ |unσ|2 +

δt2

2
|pn|2ρn−1, M ≤

∑

K∈M

|K| ρ0
Ke

0
K +

1

2

∑

σ∈Eint

|Dσ| ρ−1
σ |u0

σ|2 +
δt2

2
|p0|2ρ−1, M,

/00012?48!"#"
|q|2ρ, M =

∑

σ=K|L

1

ρσ

|σ|2
|Dσ|

(pL − pK)2. !""# !" @)&%'%A%'= ): '!" 6",&%'= ρn+1
K (,6 '!" %,'"#,(* ","#;= en+1

K (,6 '!" "$%&'",
" ): ( &)*+'%), (#")B'(%,"6 B= #"@"('%,; (#;+.",'& &%.%*(# ') '!)&" %,A)C"6 %, '!" %.@*%
%'D%,D'%." &
!"."1  !"#" #".(%,&') @#)A" '!(' /00012?4 !)*6&1



 !" !"#$%&' ((() *+ ,+
.+/$%$.+"001 2%"30' #&'22,&' 
.&&'
%$.+ 2
!'4' 5.& 
.4#&'22$30' 6"7$'&89%.:'2 ';,"%$.+2#$%&'(%)'*+ &,- .'/
1-&- 232-*&$2 45%5*
- -6$5&'3* 78889:"; 4) &,- 
311-/(3*.'*+ $*<*3=* 3> &,-?-%3
'&) ũn+1
σ,i 5*. /$22'*+ 5*. &,- 
32(3*-*&/ i 5*. &,-'1 5//3
'5&-. -.+-/@ 4) ?'1&$- 3> &,- /&54'%'&)3> &,- .'/
1-&- 5.?-
&'3* 3(-15&31 78889 A; 5*. &,- -6$5%'&'-/ 78889"!; 5*. 78889 B; =- 34&5'* C

1

2

∑

σ∈Eint

|Dσ|
δt

[
ρnσ |ũn+1

σ |2 − ρn−1
σ |unσ|2

]
−
∑

K∈M

|K|p̃n+1
K (div(ũn+1))K

+
∑

K∈M

|K|
(
τ (ũn+1) : ∇ũn+1

)
K
≤ 0.D$22'*+ &,- .'/
1-&- '*&-1*5% -*-1+) -6$5&'3* 78889::
; 3?-1 &,- 
-%%/ K ∈ M 5*. ='&, &,- (1-?'3$/1-%5&'3*@ =- 34&5'* C

∑

K∈M

|K|
δt

[
ρn+1
K en+1

K − ρnK enK
]
+

1

2

∑

σ∈Eint

|Dσ|
δt

[
ρnσ |ũn+1

σ |2 − ρn−1
σ |unσ|2

]

+
∑

K∈M

|K|pn+1
K (div(un+1))K −

∑

K∈M

|K|p̃n+1
K (div(ũn+1))K ≤ 0

78889:E;F-31.-1'*+ &,- G1/& 1-%5&'3* 3> &,- (13H-
&'3* /&-( 78889::5; 5*. 2$%&'(%)'*+ 4) (ρnσ)
−1/2 =- 34&5'*@ >31

1 ≤ i ≤ d 5*. σ = K|L ∈ E(i)
int C

|Dσ|
δt

√
ρnσ u

n+1
σ,i + |σ| 1√

ρnσ
(pn+1
L − pn+1

K )nKL =
|Dσ|
δt

√
ρnσ ũ

n+1
σ,i + |σ| 1√

ρnσ
(p̃n+1
L − p̃n+1

K )nKLD6$51'*+ &,- (1-?'3$/ 1-%5&'3* 5*. 2$%&'(%)'*+ 4) δt/2|Dσ| 5*. /$22'*+ 3?-1 &,- -.+-/ 5*. &,- 
32I(3*-*& i@ =- 34&5'* C
1

2

∑

σ∈Eint

|Dσ|
δt

[
ρnσ |un+1

σ |2 − ρnσ |ũn+1
σ |2

]
−

∑

K∈M

|K|pn+1
K (div(un+1))K

+
∑

K∈M

|K|p̃n+1
K (div(ũn+1))K +

δt

2

∑

σ=K|L

1

ρnσ

|σ|2
|Dσ|

(pn+1
L − pn+1

K )2

− δt

2

∑

σ=K|L

1

ρnσ
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.** |Dσ|> )+, AB ε = Dσ|Dσ′ 30. 1)
. /.G)&)3'+I 3?2 ,')(2+,
.**/ Dσ )+, Dσ′ L/.. ='I-&.  !"#M"72 ()8. 30. ,'/
&.3':)3'2+ 21 30. 3'(. ,.&'<)3'<. 3.&( 
2(G*.3.> ?. (-/3 G&2<',. ) ,.@+'3'2+ 12& 30.
ρn+1
σ )+, ρnσ> ?0'
0 )GG&2;'()3. 30. ,.+/'3B 2+ 30. .,I. σ )3 3'(. tn+1 )+, tn &./G.
3'<.*B" 70.B )&.I'<.+ AB 30. 12**2?'+I ?.'I03., )<.&)I. N

∀σ ∈ Eint, σ = K|L, |Dσ| ρnσ = |DK,σ| ρnK + |DL,σ| ρnL. L !"OMK. +2? 3-&+ 32 30. 
2+<.
3'2+ 3.&(" 70. @&/3 3)/8 '/ 32 ,.@+. 30. ,'/
&.3. ()// P-; 30&2-I0 30. ,-)*.,I. ε 2-3?)&,Dσ> ,.+23., AB Fn+1
σ,ε > 30. I-',.*'+. 12& '3/ 
2+/3&-
3'2+ A.'+I 30)3 ?. +.., ) @+'3. <2*-(.,'/
&.3':)3'2+ 21 30. ()// A)*)+
. .J-)3'2+ 2<.& 30. ,')(2+, 
.**/ 32 02*, N

∀σ ∈ E , |Dσ|
ρn+1
σ − ρnσ
δt

+
∑

ε∈E(Dσ)

Fn+1
σ,ε = 0, L !"QM'+ 2&,.& 32 A. A. )A*. 32 ,.&'<. ) ,'/
&.3. 8'+.3'
 .+.&IB A)*)+
. L/.. R.
3'2+  !"S"T A.*2?M" =2& ) ,-)* .,I.

ε '+
*-,., '+ 30. G&'()* 
.** K> 30'/ P-; '/ 
2(G-3., )/ ) *'+.)& 
2(A'+)3'2+ L?'30 
2+/3)+3 
2.U
'.+3/> !"! '+,.G.+,.+3 21 30. .,I. )+, 30. 
.**M 21 30. ()// P-;./ 30&2-I0 30. 1)
./ 21 K>  !"! 30. J-)+3'3'./
(Fn+1
K,σ )σ∈E(K) )GG.)&'+I '+ 30. ,'/
&.3. ()// A)*)+
. L !"V)M" K. ,2 +23 I'<. 0.&. 30'/ /.3 21 
2.U
'.+3/>)+, &.1.& 32 W#> SX> TV℄ 12& ) ,.3)'*., 
2+/3&-
3'2+ 21 30'/ )GG&2;'()3'2+"



  !  !"#$%&' ()*  +,-$-%',% -%"..'&'/ -
!'1'- 2+& 
+1#&'--$34' 5+6- 7 8"&% (( 9 :;4'& '<;"%$+,-*"#$ %&'()*)+ un+1
ε,i ,)'(-, ./0 '( '110/2*3')*/( /. un+1

i /( ε 4*
# 3'+ 6$ 
#/,$( 
$()$0$- /0 &14*(-7,/7 ./0 ε = Dσ|Dσ′ 7 0$'-, 89$()$0$- 
',$ 8 un+1
ε,i = (un+1

σ,i + un+1
σ′,i )/2. :14*(- 
',$ 8 un+1

ε,i =

∣∣∣∣∣∣

un+1
σ,i *. Fn+1

σ,ε ≥ 0,

un+1
σ′,i /)#$04*,$."#$ ;',) )$03 (∇pn+1)σ,i ,)'(-, ./0 )#$ i<)# 
/31/($() /. )#$ -*,
0$)$ 10$,,&0$ =0'-*$() ') )#$ .'
$ σ74#*
# 0$'-, 8 ./0 σ ∈ Eint, σ = K|L, (∇pn+1)σ,i =

|σ|
|Dσ|

(pn+1
L − pn+1

K ) nK,σ · e(i).>*(';;+7 ?%&')*/( @ABCD
E *, ' '110/2*3')*/( /. )#$ *()$0('; 6';'(
$ /F$0 )#$ 10*3'; 3$,# KC "/ $(,&0$)#$ 1/,*)*F*)+ /. )#$ 
/(F$
)*/( /1$0')/0 GDH℄7 4$ &,$ '( &14*(-*(= )$
#(*%&$ ./0 )#*, )$03 8
en+1
σ =

∣∣∣∣∣∣

en+1
K *. Fn+1

K,σ ≥ 0,

en+1
L /)#$04*,$C"#$ -*F$0=$(
$ /. )#$ F$;/
*)+7 (div

(
un+1)

)
K
7 *, -*,
0$)*J$- '0 ./;;/4, 8

(div
(
un+1)

)
K

=
1

|K|
∑

σ∈E(K)

|σ| un+1
σ · nK,σ.K/)$ )#') )#*, -$L(*)*/( *31;*$, )#') )#$ -*,
0$)$ =0'-*$() '(- -*F$0=$(
$ /1$0')/0, '0$ -&'; 4*)# 0$,1$
))/ )#$ L2 *(($0 10/-&
) 8

∑

K∈M

|K| pK (div
(
u)

)
K

+
∑

E,i

|Dσ| uσ,i (∇pn+1)σ,i = 0,4#$0$ )#$ (/)')*/( ∑
E,i 3$'(, )#') )#$ ,&33')*/( *, 1$0./03$- ./0 1 ≤ i ≤ d '(-7 ./0 ' =*F$( *(-$2

i7 /( σ ∈ E(i) ./0 )#$ MN9 ,
#$3$ '(- /( σ ∈ E ./0 )#$ O" /0 9O -*,
0$)*J')*/(C "#$ 0*=#)<#'(- ,*-$7
Sn+1
K 7 *, -$0*F$- &,*(= 
/(,*,)$(
+ '0=&3$(), *( )#$ ($2) ,$
)*/(C !"#"$ %&' ()*
,'-' .)/'-)
 '/',01 2343/
' '563-)7/ 3/( -&' 
7,,'
-)8' *76,
'-',9*P$) δup 6$ ' 
/$Q
*$() -$L($- 6+ δup = 1 *. '( &14*(- -*,
0$)*J')*/( *, &,$- ./0 )#$ 
/(F$
)*/( )$03 *()#$ 3/3$()&3 6';'(
$ $%&')*/( '(- δup = 0 *( )#$ 
$()$0$- 
',$C R*)# )#*, (/)')*/(7 )#$ 3/3$()&36';'(
$ $%&')*/( 0$'-, 8
|Dσ|
δt

(ρn+1
σ un+1

σ,i − ρnσunσ,i) +
∑

ε=Dσ |Dσ′

1

2
Fn+1
σ,ε (un+1

σ,i + un+1
σ′,i )

+ δup
∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i ) + |Dσ| (∇pn+1)σ,i = 0. @ABCSE



 !"#" $% &'()&
&+ ,
-.'. //0 ! "!#$% &$'( )!*$+$%# , )$-
*!'! /$%!'$
 !%!*#0 ",1,%
! !23,'$4%5 64 '($- 73*74-!8 &! 931'$710 !23,'$4%:;<5=> "0 '(! 
4**!-74%)$%# +!14
$'0 3%/%4&% un+1
σ,i 8 &($
( 0$!1)- T conv

σ,i + T up
σ,i + T∇σ,i = 08 &$'( ?

T conv
σ,i =

[ |Dσ|
δt

(
ρn+1
σ un+1

σ,i − ρnσunσ,i
)

+
∑

ε=Dσ |Dσ′

1

2
Fn+1
σ,ε (un+1

σ,i + un+1
σ′,i )

]
un+1
σ,i ,

T up
σ,i = δup

[ ∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )

]
un+1
σ,i ,

T∇σ,i = |Dσ| (∇pn+1)σ,i u
n+1
σ,i .@!99, ;;5A5B 4C D(,7'!* B 0$!1)- ?

T conv
σ,i =

1

2

|Dσ|
δt

[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)2
]

+
1

2

∑

ε=Dσ |Dσ′

Fn+1
σ,ε un+1

σ,i un+1
σ′,i

+
|Dσ|
2 δt

ρnσ
(
un+1
σ,i − unσ,i

)2
.@!' 3- )!E%! Rn+1

σ,i "0 '(! -39 4C −T up
σ,i ,%) '(! 4774-$'! 4C '(! 1,-' '!*9 4C '($- !23,'$4% ?

Rn+1
σ,i = −1

2

|Dσ|
δt

ρnσ
(
un+1
σ,i − unσ,i

)2 − δup
[ ∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )

]
un+1
σ,i . $'( '($- %4','$4%8 &! '(3- 4"',$% '(! C4114&$%# *!1,'$4% ?

1

2

|Dσ|
δt

[
ρn+1
σ (un+1

σ,i )2 − ρnσ(unσ,i)2
]

+
1

2

∑

ε=Dσ |Dσ′

Fn+1
σ,ε un+1

σ,i un+1
σ′,i

+ |Dσ| (∇pn+1)σ,i u
n+1
σ,i = Rn+1

σ,i . :;<5F> ! *!
4#%$G! ,' '(! 1!C'H(,%) -$)! , 
4%-!*+,'$+! )$-
*!'! /$%!'$
 !%!*#0 ",1,%
!5 6(! %!I' -'!7 $- %4& '4)!,1 &$'( '(! *!-$)3,1 '!*9 ,' '(! *$#('H(,%) -$)!5 64 '($- 73*74-!8 43* #3$)!1$%! $- '4 *!
4+!* , 
4%-$-'!%')$-
*!'$G,'$4% 4C '(! '4',1 !%!*#0 ",1,%
!5 6(! E*-' $)!, '4 )4 '($- 
431) "! J3-' '4 -39 '(! :)$-
*!'!>/$%!'$
 !%!*#0 ",1,%
! &$'( '(! $%'!*%,1 !%!*#0 ",1,%
! ? &! -(4& $% KLF℄ '(,' $' $- $%)!!) 74--$"1! C4*, 
414
,'!) )$-
*!'$G,'$4% N3' (!*!8 &! C,
! '(! C,
' '(,' '(! /$%!'$
 !%!*#0 ",1,%
! $- ,--4
$,'!) '4 '(!)3,1 9!-(8 &($1! '(! $%'!*%,1 !%!*#0 ",1,%
! $- )$-
*!'$G!) 4% '(! 7*$9,1 4%!5 6(! &,0 '4 
$*
39+!%' '($-)$O
31'0 $- '4 *!9,*/ '(,' &! )4 %4' *!,110 %!!) , )$-
*!'! '4',1 !%!*#0 ",1,%
! P $% C,
'8 &! 4%10 %!!)'4 *!
4+!* :, &!,/ C4*9 4C> '($- !23,'$4% &(!% '(! 9!-( ,%) '$9! -'!7- '!%) '4 G!*45 64 '($- 73*74-!8&! 
(44-! Sn+1
K $% -3
( , &,0 '4 -49!&(,' 
497!%-,'! '(! '!*9- (Rn+1

σ,i ) ?
∀K ∈ M,

Sn+1
K =

1

2

∑

σ∈E(K)

|DK,σ|
δt

ρnK
(
un+1
σ − unσ

)2
+ δup

∑

ε∩K̄ 6=∅,

ε=D′σ |Dσ′′

αK,ε
|Fn+1
σ,ε |
2

(un+1
σ′ − un+1

σ′′ )2. :;<5QR>6(! 
4!O
$!%' αK,ε $- EI!) '4 1 $C '(! C,
! ε $- $%
13)!) $% K8 ,%) '($- $- '(! 4%10 -$'3,'$4% '4 
4%-$)!*C4* '(! S6 ,%) DS )$-
*!'$G,'$4%5 T4* '(! UVD -
(!9!8 -49! )3,1 !)#!- ,*! $%
13)!) $% '(! 7*$9,1 
!11-8



  !  !"#$%&' ()*  +,-$-%',% -%"..'&'/ -
!'1'- 2+& 
+1#&'--$34' 5+6- 7 8"&% (( 9 :;4'& '<;"%$+,-*"#$ %&'( )*( &+ $,(*- "&#+./-0 1 2&- ε "(*+3 *+ $,( )/$$(- 
/%(5 6( .(+&$( "0 Nε $,( %($ &2 
())% M %#
,$,/$ M̄ ∩ ε 6= ∅ 7$,( 
/-.*+/) &2 $,*% %($ "(*+3 /)6/0% 895 /+. 
&':#$( αK,ε "0 ;
αK,ε =

|K|∑
M∈Nε

|M | .<&- / #+*2&-' 3-*.5 $,*% 2&-'#)/ 0*().% αK,ε = 1/4=>,( (?:-(%%*&+ &2 $,( (Sn+1
K )K∈M *% @#%$*A(. "0 $,( :/%%/3( $& $,( )*'*$ *+ $,( %
,('( 72&- / &+(B.*'(+%*&+/) :-&")('9 :(-2&-'(. *+ C(
$*&+ DE=F=F= G&6(H(-5 *$% (?:-(%%*&+ '/0 "( /+$*
*:/$(.5 '/I*+3$,( 2&))&6*+3 -('/-I%= <*-%$5 6( +&$( $,/$ ;

∑

K∈M

Sn+1
K +

∑

E,i

Rn+1
σ,i = 0. 7DE=  9D+.((.5 $,( A-%$ :/-$ &2 SK 5 $,/+I% $& $,( (?:-(%%*&+ 7DE=J9 &2 $,( .(+%*$0 /$ $,( 2/
( ρσ5 -(%#)$% 2-&' /.*%:/$
,*+3 &2 $,( A-%$ :/-$ &2 $,( -(%*.#/) &H(- $,( $6& /.@/
(+$ 
())% ;

−1

2

|Dσ|
δt

ρnσ
(
un+1
σ,i − unσ,i

)2
= − 1

2

|DK,σ|
δt

ρnK
(
un+1
σ,i − unσ,i

)2

︸ ︷︷ ︸/K(
$(. $& L − 1

2

|DL,σ|
δt

ρnL
(
un+1
σ,i − unσ,i

)2

︸ ︷︷ ︸/K(
$(. $& M .<&- $,( %(
&+. :/-$ &2 $,( -('/*+.(- 7&- &2 Sn+1
K 95 / %$/+./-. -(&-.(-*+3 &2 $,( %#' 0*().% ;

∑

E,i

∑

ε=Dσ |Dσ′

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )

]
un+1
σ,i =

∑

Ē,i (ε=Dσ |Dσ′ )

1

2
|Fn+1
σ,ε | (un+1

σ,i − un+1
σ′,i )2,6,(-( $,( +&$/$*&+ ∑

Ē,i (ε=σ|σ′) '(/+% $,/$ 6( :(-2&-' $,( %#' &H(- $,( 
&':&+(+$% 1 ≤ i ≤ d /+. $,(2/
(% &2 $,( .#/) '(%, /%%&
*/$(. $& $,( 
&':&+(+$ i5 /+. $,/$ $,( .#/) 
())% %(:/-/$(. "0 / / 3(+(-*
.#/) 2/
( ε *+ $,( %#''/$*&+ /-( .(+&$(. "0 Dσ /+. Dσ′ =G&6(H(-5 6( '/0 6&+.(- 6,0 6( .& +&$ #%( *+ Sn+1
K $,( (?:-(%%*&+ &2 $,*% $(-' /% *$ *% 6-*$$(+ *+ $,(-('/*+.(-5 !"! 5 *+ &$,(- 6&-.%5 #%( $,( +#'(-*
/) .*K#%*&+ '#$*:)*(. "0 u *+%$(/. &2 $,( .*%%*:/$*&+= NA-%$ /+%6(- *% $,/$ 6( '*'*
I 6,/$ ,/::(+% /$ $,( 
&+$*+#&#% )(H() ; $,( $(-' 6,*
, /::(/-% *+ $,(I*+($*
 (+(-30 "/)/+
( *% div

(
τ (u)

)
· u /+. $,( 
&--(%:&+.*+3 $(-' *+ $,( *+$(-+/) (+(-30 "/)/+
( *%

τ (u) : ∇u= N '&-( *+H&)H(. /-3#'(+$ *% $,/$ $,( (?:-(%%*&+ *+ Sn+1
K :-&H*.(% / :&%*$*H( %&#-
( $(-' $&$,( *+$(-+/) (+(-30 "/)/+
(5 /+. 6( '/0 ,&:( $,/$ $,( .*K(-(+
( "($6((+ "&$, (?:-(%%*&+% $(+.% $& O(-&7"(
/#%( $,( +#'(-*
/) .*K#%*&+ $(+.% $& O(-&9 *+ $,( %(+%( &2 .*%$-*"#$*&+%= >& ,/H( /+ *+$#*$*&+ &2 $,*%2/
$5 )($ #% 
&+%*.(- $,( $&0 ())*:$*
 :-&")('5 :&%(. &H(- Ω ;

v − µ∆v = f,6,(-( µ *% / :&%*$*H( :/-/'($(- /+. f ∈ L2(Ω)= N%%#'*+3 ,&'&3(+(&#% P*-*
,)($ "&#+./-0 
&+.*$*&+%56( &"$/*+ "0 %$/+./-. H/-*/$*&+/) /-3#'(+$% ‖v‖L2(Ω) + µ1/2‖∇v‖ ≤ C5 6*$, C &+)0 .(:(+.*+3 &+ Ω/+. f = Q( $,#% 3($5 6*$, ϕ ∈ C∞c (Ω) ;
∫

Ω

[
µ(∆v)v + µ|∇v|2

]
ϕdx = µ

∫

Ω

div(v∇v)ϕdx = −µ
∫

Ω

v∇v ·∇ϕdx,/+. %&5 A+/))05 "0 $,( R/#
,0BC
,6/-O *+(S#/)*$0 ;
∣∣∣
∫

Ω

[
µ(∆u)u+ µ|∇u|2

]
ϕdx

∣∣∣ ≤ C‖∇ϕ‖L∞(Ω) µ
1/2.



 !"#" $% &'()&
&+ ,
-.'. //0 !"#
%&'& ()(*+,-& +. '/"# #"01*& 
+01-'('"+) "# -#&! '+ 1(## '+ '/& *"0"' ") '/& #
/&0& ") '/& )&2'#&
'"+) 34"'/ ( 
+)'%+* +) '/& -)5)+4) (##-0&! ()! )+' 1%+6&)789")
&: ") '/& &;-('"+) +. #'('&: '/& 1%&##-%& 6()"#/&# .+% e = 0: ()! '/(' Sn+1
K "# ( )+)<)&,('"6& 
+)'")-+-#.-)
'"+) +. '/& -)5)+4)# ρ: u ()! p: (!(1'"), '/& 1%++. +. =/(1'&% > '+ 
+1& 4"'/ '/"# (!!"'"+)(* '&%0:4& +?'(") '/(' '/& #
/&0& (!0"'# (' *&(#' +)& #+*-'"+): 4/"
/ #('"#@&# p ≥ 0: ρ ≥ 0 ()! e ≥ 08 A) (!!"'"+):B;-('"+) 3AC8DD7 #/+4# '/(' '/& #
/&0& 
+)#&%6&# '/& '+'(* &)&%,E8 !"#"# $%&&'() *+ *,- .'/'* '( *,- &
,-/-F/& +?G&
'"6& +. '/"# #&
'"+) "# '+ #/+4: ") '/& +)& !"0&)#"+)(* 
(#&: '/(': ". ( #&;-&)
& +. #+*-'"+)# "#
+)'%+**&! ") #-"'(?*& )+%0# ()! 
+)6&%,&# '+ ( *"0"': '/"# *(''&% )&
&##(%"*E #('"#@&# ( 31(%' +. '/&7 4&(5.+%0-*('"+) +. '/& 
+)'")-+-# 1%+?*&08H& #-11+#& ,"6&) ( #&;-&)
& +. 0&#/&# ()! '"0& #'&1# (M(m), δt(m))m∈N: #-
/ '/(' '/& '"0& #'&1 ()!'/& #"I& h(m) +. '/& 0&#/M(m): !&@)&! ?E J

h(m) = #-1K∈M(m) hK ,'&)! '+ I&%+ (# m→∞: 4/&%& hK #'()!# .+% '/& !"(0&'&% +. K8 K+'& '/(': #")
& 4& (%& !&(*"), 4"'/ (DL 1%+?*&0: hK = |K|8M&' ρ(m): p(m): e(m) ()! u(m) ?& '/& #+*-'"+) ,"6&) ?E '/& #
/&0& 3AC8N7 4"'/ '/& 0&#/ M(m) ()! '/&'"0& #'&1 δt(m): +%: 0+%& 1%&
"#&*E #1&(5"),: ( DL 6&%#"+) +. '/& #
/&0& 4/"
/ 0(E ?& +?'(")&! ?E '(5"),'/& O = 6(%"()': +)*E +)& /+%"I+)'(* #'%"1& +. 0&#/&#: #-11+#"), '/(' '/& 6&%'"
(* 
+01+)&)' +. '/&6&*+
"'E 3'/& !&,%&& +. .%&&!+0 +. 4/"
/ (%& *+
('&! +) '/& '+1 ()! ?+''+0 ?+-)!(%"&#7 6()"#/&#: ()!'/(' '/& 0&(#-%& +. '/& .(
&# "# &;-(* '+ D8 F+ '/& !"#
%&'& -)5)+4)#: 4& (##+
"('& 1"&
&4"#& 
+)#'()'.-)
'"+)# +) '"0& ")'&%6(*# ()! +) 1%"0(* +% !-(* 
&**#: #+ '/& !&)#"'E ρ(m): '/& 1%&##-%& p(m): '/& ")'&%)(*&)&%,E e(m) ()! '/& 6&*+
"'E u(m) (%& !&@)&! (*0+#' &6&%E4/&%& +) Ω× (0, T ) ?E J
ρ(m)(x, t) =

N−1∑

n=0

∑

K∈M

ρnK XK X(n,n+1), p(m)(x, t) =

N−1∑

n=0

∑

K∈M

pnK XK X(n,n+1),

e(m)(x, t) =
N−1∑

n=0

∑

K∈M

enK XK X(n,n+1), u(m)(x, t) =
N−1∑

n=0

∑

σ∈E

unσ XDσ
X(n,n+1),4/&%& XK : XDσ

()! X(n,n+1) #'()! .+% '/& 
/(%(
'&%"#'"
 .-)
'"+) +. K: Dσ ()! '/& ")'&%6(* (n, n + 1)%&#1&
'"6&*E: ()!: .+% #/+%': 4& /(6& !%+11&! '/& #-1&%#
%"1' (m) ") M(m): E(m): N (m) ()! ") '/& *+
(*6(*-&# +. '/& !"#
%&'& .-)
'"+)#8H& #-11+#& '/(' '/& #&;-&)
& (ρ(m), p(m), e(m), u(m)
)
m∈N

"# -)".+%0*E ?+-)!&! ") L∞
(
(0, T )×Ω

):  !"! J
|(ρ(m))nK |+ |(p(m))nK |+ |(e(m))nK | ≤ C, ∀K ∈M(m), .+% 0 ≤ n ≤ N (m), ∀m ∈ N, 3AC8DP7()! J

|(u(m))nσ| ≤ C, ∀σ ∈ E(m), .+% 0 ≤ n ≤ N (m), ∀m ∈ N. 3AC8D>7



 !"  !"#$%&' ()*  +,-$-%',% -%"..'&'/ -
!'1'- 2+& 
+1#&'--$34' 5+6- 7 8"&% (( 9 :;4'& '<;"%$+,-*#$ %&'( ')**('$ % )+,-(./ 
(+1.(& (+ 12$ 1.%+'&%1$' ,+ '*%
$ %+3 1,/$4 52,
2 5$ +(5 '1%1$6 7(. 3,'
.$1$-)+
1,(+ q %+3 v 3$8+$3 (+ 12$ *.,/%& %+3 3)%& /$'24 .$'*$
1,9$&:4 5$ 3$8+$ % 3,'
.$1$ L1
(
(0, T ); BV(Ω)

)+(./ ;: <
‖q‖T ,x,BV =

N∑

n=0

δt
∑

σ∈E, σ=K|L

|qnL − qnK |, ‖v‖T ,x,BV =

N∑

n=0

δt
∑

ε∈Ē, σ=Dσ |D′σ

|vnσ′ − vnσ |,%+3 % 3,'
.$1$ L1
(
Ω; BV((0, T ))

) +(./ ;: <
‖q‖T ,t,BV =

∑

K∈M

hK

N−1∑

n=0

|qn+1
K − qnK |, ‖v‖T ,t,BV =

∑

σ∈E

hσ

N−1∑

n=0

|vn+1
σ − vnσ |,52$.$4 -(. σ = K|L4 hσ = (hK + hL)/26 #$ ')**('$ 12%1 12$ '$=)$+
$ (- '(&)1,(+' '%1,'8$' 12$ -(&&(5,+>)+,-(./ ;()+3' 5,12 .$'*$
1 1( 12$'$ 15( +(./' <

‖ρ(m)‖T ,x,BV + ‖e(m)‖T ,x,BV + ‖u(m)‖T ,x,BV ≤ C, ∀m ∈ N. ?@A6 BC%+3 <
‖u(m)‖T ,t,BV ≤ C, ∀m ∈ N, ?@A6 DCE- 
().'$4 5$ %.$ +(1 %;&$ 1( *.(9$ 12$ $'1,/%1$' ?@A6 !CF?@A6 BC -(. 12$ '(&)1,(+' (- 12$ '
2$/$ G 2(5$9$.4')
2 ,+$=)%&,1,$' %.$ '%1,'8$3 ;: 12$ H,+1$.*(&%1,(+H ?-(. ,+'1%+
$4 ;: 1%I,+> 12$ 
$&& %9$.%>$C (- 12$'(&)1,(+ 1( % J,$/%++ *.(;&$/4 %+3 %.$ (;'$.9$3 ,+ 
(/*)1%1,(+' ?(- 
().'$4 %' -%. %' *('',;&$4  !"! 5,12% &,/,1$3 '$=)$+
$ (- /$'2$' %+3 1,/$ '1$*'C6K 5$%I '(&)1,(+ 1( 12$ 
(+1,+)()' *.(;&$/ '%1,'8$'4 -(. %+: ϕ ∈ C∞c

(
[0, T )× Ω

) <
−

∫

Ω×(0,T )

[
ρ ∂tϕ+ ρ u ∂xϕ

]
dx−

∫

Ω

ρ(x, 0)ϕ(x, 0) dx = 0, ?@A6 L%C
−

∫

Ω×(0,T )

[
ρ u ∂tϕ+ (ρ u2 + p) ∂xϕ

]
dx−

∫

Ω

ρ(x, 0)u(x, 0)ϕ(x, 0) dx = 0, ?@A6 L;C
−

∫

Ω×(0,T )

[
ρE ∂tϕ+ (ρE + p)u ∂xϕ

]
dx−

∫

Ω

ρ(x, 0)E(x, 0)ϕ(x, 0) dx = 0, ?@A6 L
C
p = (γ − 1)ρ e, E =

1

2
u2 + e. ?@A6 L3CM(1$ 12%1 12$'$ .$&%1,(+' %.$ +(1 ')N
,$+1 1( 3$8+$ % 5$%I '(&)1,(+ 1( 12$ *.(;&$/4 ',+
$ 12$: 3( +(1,/*&: %+:12,+> %;()1 12$ ;()+3%.: 
(+3,1,(+'6 O(5$9$.4 12$: %&&(5 1( 3$.,9$ 12$ J%+I,+$PO)>(+,(1
(+3,1,(+' G '(4 ,- 5$ '2(5 12%1 12$: %.$ '%1,'8$3 ;: 12$ &,/,1 (- % '$=)$+
$ (- '(&)1,(+' 1( 12$ 3,'
.$1$*.(;&$/4 12,' ,/*&,$'4 &(('$&: '*$%I,+>4 12%1 #$" %
$"'" 
(')*#"% #$" + ,$# %$(
-%4 52,
2 ,' 12$ .$')&1 5$'$$I6 @1 ,' '1%1$3 ,+ 12$ -(&&(5,+> 12$(.$/6 !"#$"% &'()(*Q$1 Ω ;$ %+ (*$+ ;()+3$3 ,+1$.9%& (- R6 Q$1 (M(m), δt(m))m∈N ;$ % '$=)$+
$ (- /$'2$' %+3 1,/$'1$*'4 ')
2 12%1 h(m) %+3 δt(m) 1$+3 1( R$.( %' m 1$+3' 1( ,+8+,1:6 Q$1 (

ρ(m), p(m), e(m), u(m)
)
m∈N

;$12$ 
(..$'*(+3,+> '$=)$+
$ (- '(&)1,(+'6 #$ ')**('$ 12%1 12,' '$=)$+
$ '%1,'8$' ?@A6 !CF?@A6 BC %+3
(+9$.>$' ,+ Lr
(
(0, T )× Ω

)44 -(. 1 ≤ r <∞4 1( (ρ̄, p̄, ē, ū) ∈ L∞
(
(0, T )× Ω

)46S2$+ 12$ &,/,1 (ρ̄, p̄, ē, ū) '%1,'8$' 12$ ':'1$/ ?@A6 LC6
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& &!$& &!" '()(& (ρ̄, p̄, ū) *$&(*+"* ,-./01$2 $34 ,-./0152 (* 6789"3 (3 :!$6&"7 ;< =*(3>)('4"7 "*&()$&"* $34 
839"7>"3
" $**=)6&(83*/ ?3 &!" 8&!"7 !$34< &!" #$
& &!$& (ρ̄, p̄, ē, ū) *$&(*+"* &!""@=$&(83 8# *&$&" (* *&7$(>!&#87A$74< (3 9("A 8# &!" *=668*"4 
839"7>"3
"/ B" &!=* 83'C 3""4 &8 6789"&!$& (ρ̄, p̄, ē, ū) *$&(*+"* ,-./01
2/D"& ϕ ∈ C∞c (Ω × [0, T ))/ D"& m ∈ N< M(m) $34 δt(m) 5" >(9"3/ E7866(3> #87 *!87& &!" *=6"7*
7(6& (m)<A" 4"+3" ϕM $34 ϕE < $3 (3&"768'$&" 8# ϕ 83 &!" 67()$' $34 4=$' )"*! 7"*6"
&(9"'C< 5C F
ϕM =

N−1∑

n=0

∑

K∈M

ϕnK XK X(tn,tn+1), ϕE =
N−1∑

n=0

∑

σ∈E

ϕnσ XDσ
X(tn,tn+1), ,-./0G2A!"7"< #87 1 ≤ n ≤ N < K ∈ M $34 σ ∈ E < A" *"& F

ϕnK = ϕ(xK , t
n) $34 ϕnσ = ϕ(xσ, t

n),A(&! xK &!" )$** 
"3&"7 8# K $34 xσ &!" $5*
(**$ 8# &!" #$
" σ/ B" $'*8 4"+3" &!" &()" 4(*
7"&" 4"7(9$&(9"8# &!"*" 4(*
7"&" #=3
&(83* 5C F
ðtϕM =

N−1∑

n=0

∑

K∈M

ϕn+1
K − ϕnK

δt
XK X(tn,tn+1),

ðtϕE =

N−1∑

n=0

∑

σ∈E

ϕn+1
σ − ϕnσ
δt

XDσ
X(tn,tn+1),

,-./0H2$34 &!"(7 *6$
" 4(*
7"&" 4"7(9$&(9"* F
ðxϕM =

N−1∑

n=0

∑

σ∈E, σ=K<L

ϕnL − ϕnK
dσ

XDσ
X(tn,tn+1),

ðxϕE =

N−1∑

n=0

∑

K∈M, K=<σ,σ′>

ϕnσ′ − ϕnσ
hK

XK X(tn,tn+1),

,-./0I2A!"7" &!" 38&$&(83 σ = K < L )"$3* &!$& σ = K|L A(&! &!" 87("3&$&(83 xK < xL< K =< σ, σ′ > )"$3*&!$& K = (xσ, xσ′ )< A(&! xσ < xσ′ $34< #87 σ = K|L< dσ = (hK + hL)/2/ J(3$''C< A" 4"+3" ðϕM,E 5C F
ðxϕM,E =

N−1∑

n=0

∑

K∈M, K=<σ,σ′>

ϕnK − ϕnσ
hK/2

XDK,σ
X(tn,tn+1),+

ϕnσ′ − ϕnK
hK/2

XDK,σ′
X(tn,tn+1). ,-./;K2 !$3L* &8 &!" 7">='$7(&C 8# ϕ< &!" 6("
"A(*" 
83*&$3& #=3
&(83* ϕM< ϕE < ðtϕM< ðtϕE < ðxϕM< ðxϕE $34

ðxϕM,E 
839"7>" (3 Lr
(
Ω× (0, T )

)< #87 r ≥ 1 ,(3
'=4(3> r = +∞2< &8 ϕ< ϕ< ∂tϕ< ∂tϕ< ∂xϕ< ∂xϕ $34 ∂xϕ7"*6"
&(9"'C/?3 83" !$34< '"& =* )='&(6'C &!" 4(*
7"&" L(3"&(
 "3"7>C "@=$&(83 ,-./I2 5C δt ϕnσ $34 *=) 89"7 &!" "4>"*$34 &!" &()" *&"6*/ ?3 &!" 8&!"7 !$34< '"& =* )='&(6'C &!" 4(*
7"&" (3&"73$' "3"7>C "@=$&(83 ,-./M
2 5C
δt ϕnK < $34 *=) 89"7 &!" 67()$' 
"''* $34 &!" &()" *&"6*/ J(3$''C< '"& =* *=) &!" &A8 85&$(3"4 7"'$&(83*/



 !!  !"#$%&' ()*  +,-$-%',% -%"..'&'/ -
!'1'- 2+& 
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T

(m)
1 + T

(m)
2 + T

(m)
3 + T

(m)
4 + T

(m)
5 = R(m), '(%) &

T
(m)
1 =

1

2

N−1∑

n=0

δt
∑

σ∈E

|Dσ|
δt

[
ρn+1
σ (un+1

σ )2 − ρnσ(unσ)2
]
ϕnσ,

T
(m)
2 =

N−1∑

n=0

δt
∑

K∈M

|K|
δt

[
ρn+1
K en+1

K − ρnKenK
]
ϕnK ,

T
(m)
3 =

1

2

N−1∑

n=0

δt
∑

σ∈E

∑

ε∈Ē(Dσ), ε=Dσ |Dσ′

Fn+1
σ,ε un+1

σ′
un+1
σ ϕnσ,

T
(m)
4 =

N−1∑

n=0

δt
∑

K

∑

σ∈E(K)

Fn+1
K,σ e

n+1
σ ϕnK ,

T
(m)
5 =

N−1∑

n=0

δt
∑

σ∈E

|Dσ| (∇pn+1)σ u
n+1
σ ϕnσ +

N−1∑

n=0

δt
∑

K∈M

|K| pn+1
K (div(un+1))K ϕnK ,

R(m) =

N−1∑

n=0

δt
∑

σ∈E

Rn+1
σ ϕnσ +

N−1∑

n=0

δt
∑

K∈M

Sn+1
K ϕnK ."# *+,% ,%-./ T

(m)
1 0 1(2
# %)# ,-445+% 56 ϕ (, 
5748
% (2 Ω × (0, T )9 65+ ,48
# 82. %(7# ,%#4, ,78::#25-$) ;5+9 #<-(=8:#2%:/9 m :8+$# #25-$)>9 %)# (2%#+45:8%#, 56 ϕ =82(,) 65+ n = N 9 82.9 8% 82/ %(7#9 52%)# 
#::, 82. 68
#, :5
8%#. (2 8 2#($)?5-+)55. 56 %)# ?5-2.8+(#, @ '# ,-445,# %)8% (% (, %)# 
8,# 65+ %)##:#7#2% m 56 %)# ,#<-#2
# -2.#+ 
52,(.#+8%(529 65+ %)# %#+7 T

(m)
1 8, '#:: 8, 65+ %)# +#78(2.#+ 56 %)#4+5560 A#5+.#+(2$ 56 %)# ,-7, 82. %)#2 -,(2$ %)# .#*2(%(52 ;BC0D> 56 %)# .#2,(%/ 8% %)# #.$#,9 '# %)-,$#% &

T
(m)
1 = −1

2

N−1∑

n=0

δt
∑

σ∈E

|Dσ| ρn+1
σ (un+1

σ )2
ϕn+1
σ − ϕnσ
δt

− 1

2

∑

σ∈E

|Dσ| ρ0
σ (u0

σ)
2 ϕ0

σ

= −1

2

∫ T

0

∫

Ω

ρ(m) (u(m))2 ðtϕE dxδt− 1

2

∫

Ω

ρ(m)(x, 0) (u(m)(x, 0))2 ϕE(x, 0) dx.1(2
#9 ?/ 8,,-74%(529 %)# ,#<-#2
# 56 .(,
+#%# ,5:-%(52, 82. 56 (2%#+45:8%#, 
52=#+$# (2 Lr
(
Ω × (0, T )

)65+ r ≥ 19 82. ?/ .#*2(%(52 56 %)# (2(%(8: 
52.(%(52,9 '# $#% &
lim

m−→+∞
T

(m)
1 = −1

2

∫ T

0

∫

Ω

ρ̄ (ū)2∂tϕdxδt− 1

2

∫

Ω

ρ̄(x, 0) (ū(x, 0)2 ϕ(x, 0) dx.E/ 8 ,(7(:8+ 
574-%8%(529 '# $#% 65+ T (m)
2 &

T
(m)
2 = −

N−1∑

n=0

δt
∑

σ∈E

|K| ρn+1
K en+1

K

ϕn+1
K − ϕnK

δt
−

∑

σ∈E

|K| ρ0
K e0K ϕ0

K

= −
∫ T

0

∫

Ω

ρ(m) e(m)
ðtϕM dxδt−

∫

Ω

ρ(m)(x, 0) e(m)(x, 0)ϕM(x, 0) dx,82. %)#+#65+# &
lim

m−→+∞
T

(m)
2 = −

∫ T

0

∫

Ω

ρ̄ ē ∂tϕdxδt−
∫

Ω

ρ̄(x, 0) ē(x, 0)ϕ(x, 0) dx.
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-.'. /0# !" #$ %&' "#(% "& T (m)
3 ) *&( K =< σ, σ′ > +%, ε "-! ,#+. /+
! 1%
.#,!, 1% K2 "-! ,#+. 3+$$ 4#5 (!+,$ 6

Fn+1
σ,ε =

1

2
(Fn+1
K,σ′ − Fn+1

K,σ ). 789):;<=! "-#$ >!"2 (!&(,!(1%> "-! $#3$ 6
T

(m)
3 = −1

4

N−1∑

n=0

δt
∑

K∈M,K=<σ,σ′>

(
Fn+1
K,σ − Fn+1

K,σ′

)
un+1
σ′ un+1

σ

(
ϕnσ − ϕnσ′

)

= −1

4

N−1∑

n=0

δt
∑

K∈M,K=<σ,σ′>

(
ρ̃n+1
σ un+1

σ + ρ̃n+1
σ′ un+1

σ′ ) un+1
σ′ un+1

σ

(
ϕnσ − ϕnσ′

)

= −1

2

N−1∑

n=0

δt
∑

K∈M,K=<σ,σ′>

|K| ρn+1
K

(un+1
σ )3 + (un+1

σ′ )3

2

ϕnσ − ϕnσ′
hK

+R(m)
3 . !" #$ ,!%&"! ?@ T (m)

3 "-! A($" "!(3) =! -+B! 6
T (m)

3 = −1

2

∫ T

0

∫

Ω

ρ(m) (u(m))3 ðxϕE dxδt, $& lim
m−→+∞

T (m)
3 = −1

2

∫ T

0

∫

Ω

ρ̄ ū3 ∂xϕdxδt.C-! (!$1,#+. "!(3 R(m)
3 (!+,$ 6

R(m)
3 = −1

4

N−1∑

n=0

δt
∑

K∈M,K=<σ,σ′>[(
ρ̃n+1
σ un+1

σ + ρ̃n+1
σ′ un+1

σ′

)
un+1
σ′ un+1

σ − ρn+1
K

(
(un+1
σ )3 + (un+1

σ′ )3
)]

(ϕnσ − ϕnσ′) 789)::<D5E+%,1%> "-! F#+%"1"@ (un+1
σ )3 + (un+1

σ′ )3 "-+%G$ "& "-! 1,!%"1"@ a3 + b3 = (a + b)(ab + (a − b)2)2 +%,"-!% (!&(,!(1%> "-! $#3$2 '! &?"+1% R(m)
3 = R(m)

3,1 +R(m)
3,2 '1"- 6

R(m)
3,1 = −1

4

N−1∑

n=0

δt
∑

K∈M,K=<σ,σ′>

[
(ρ̃n+1
σ − ρn+1

K )un+1
σ + (ρ̃n+1

σ′ − ρn+1
K )un+1

σ′

]

un+1
σ un+1

σ′ (ϕnσ − ϕnσ′ )

R(m)
3,2 =

1

4

N∑

n=0

δt
∑

K

|σ| ρn+1
K (un+1

σ + un+1
σ′

) (un+1
σ − un+1

σ′
)2 (ϕnσ − ϕnσ′ )8% "-! "!(3 R(m)

3,1 2 "-! ,1H!(!%
!$ ρ̃n+1
σ − ρn+1

K +%, ρ̃n+1
σ′ − ρn+1

K !1"-!( B+%1$- &( 
&3E+(! "-! ,!%$1"@ 1%"'& +,I+
!%" 
!..$) =! "-#$ >!" 6
|R(m)

3,1 | ≤ hCϕ ‖u(m)‖3L∞ ‖ρ(m)‖T ,x,BV ,+%, R(m)
3,1 "!%,$ "& J!(& '-!% m "!%,$ "& +∞) K@ $131.+( +(>#3!%"$ 6

|R(m)
3,2 | ≤ hCϕ ‖ρ(m)‖L∞ ‖u(m)‖2L∞ ‖u(m)‖T ,x,BV ,+%, "-#$ R(m)

3,2 +.$& "!%,$ "& J!(& '-!% m "!%,$ "& +∞)D5E(!$$1%> "-! 3+$$ 4#5!$ +$ + /#%
"1&% &/ "-! #%G%&'%$ 1% T (m)
4 2 '! >!"2 
-&&$1%> /&( σ = K|L "-!&(1!%"+"1&% $#
- "-+" Fn+1

K,σ ≥ 02 $& ρ̃n+1
σ = ρn+1

K +%, en+1
σ = en+1

K 6
T

(m)
4 =

N−1∑

n=0

δt
∑

σ∈E, σ=K→L

|Dσ| ρn+1
K en+1

K un+1
σ nσ

(ϕnK − ϕnL)

|dσ|
,
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03;0.% T (m)
4 = T (m)

4 +R(m)
4 4 #,'$ <

T (m)
4 = −

N−1∑

n=0

δt
∑

σ∈E, σ=K→L

[
|DK,σ| ρn+1

K en+1
K + |DL,σ| ρn+1

L en+1
L

]
un+1
σ

ϕnL − ϕnK
dσ

nσ,

R(m)
4 =

N−1∑

n=0

δt
∑

σ∈E, σ=K→L

|DL,σ|
[
ρn+1
K en+1

K − ρn+1
L en+1

L

]
un+1
σ

ϕnK − ϕnL
dσ

nσ.9% $*6% <
T (m)

4 = −
∫ T

0

∫

Ω

ρ(m) e(m) u(m)
ðxϕM dxδt, .0 lim

m−→+∞
T (m)

4 = −
∫ T

0

∫

Ω

ρ̄ ē ū ∂xϕdxδt.=>;*+2,+7 '$% ()*+','- (ρn+1
K en+1

K − ρn+1
L en+1

L ) ,+ '$% &%.,2)*/ '%&3 R(m)
4 '$*+?. '0 '$% ,2%+','- 2(ab−

cd) = (a+ c)(b− d) + (b+ d)(a− c)4 #% 7%' <
|R(m)

4 | ≤ Cϕh ‖u(m)‖L∞
[
‖ρ(m)‖L∞ ‖e(m)‖T ,x,BV + ‖e(m)‖L∞ ‖ρ(m)‖T ,x,BV

]
,.0 '$*' R(m)

4 '%+2. '0 @%&0 #$%+ m '%+2. '0 +∞8A$% '%&3 T
(m)
5 &%*2. <

T
(m)
5 =

N−1∑

n=0

δt
∑

σ∈E

|Dσ| (∇pn+1)σ u
n+1
σ ϕnσ +

N−1∑

n=0

δt
∑

K∈M

|K| pn+1
K (div(un+1))K ϕnK

=

N−1∑

n=0

δt
[ ∑

σ∈E, σ=K<L

(pn+1
L − pn+1

K ) un+1
σ ϕnσ +

∑

K∈M,K=<σ,σ′>

pn+1
K (un+1

σ′ − un+1
σ ) ϕnK

]

=

N−1∑

n=0

−δt
∑

K∈MK=<σ,σ′>

pn+1
K (un+1

σ′ ϕnσ′ − un+1
σ ϕnσ) + pn+1

K (un+1
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T

(m)
5 = −

N−1∑

n=0

δt
∑

K∈M,K=<σ,σ′>

hK
2
pn+1
K un+1

σ

ϕnK − ϕnσ
hK/2

+
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2
pn+1
K un+1

σ′
ϕnσ′ − ϕnK
hK/2

= −
∫ T

0

∫

Ω

p(m) u(m)
ðxϕM,E dxδt.*+2 .0 <

lim
m−→+∞

T
(m)
5 = −
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∫

Ω
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c + R
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c =
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2

N−1∑

n=0
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σ∈E

−|Dσ| ρnσ (un+1
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∣∣Fn+1
σ,Dσ |Dσ′

∣∣ (un+1
σ − un+1

σ′ )
[
un+1
σ (ϕnK − ϕnσ) + un+1

σ′ (ϕnσ′ − ϕnK)
] ! "#$% 4!"? $%)*4 "#! ,!D*)")&* E;<0>FG &9 "#! 5(%% H$7!% (" "#! ,$(8 9(
!% +

|R(m)
up | ≤ hCϕ ‖ρ(m)‖L∞ ‖u(m)‖2L∞ ‖u(m)‖T ,x,BV ,/#)
# B)!8,% "#! ,!%).!, 
&*".&80I("#!.)*4 "#! !71.!%%)&* &9 "#! 8)5)"% &9 !(
# &9 "#! "!.5% T (m)

1 "& T (m)
5 (*, R(m) 
&*
8$,!% "#! 1.&&90

� !"# $ %&'(()&' 
+&&'
,-+. (
/'0' !"#"$ %&' (
&'*' ! ,!.)@! )* "#)% %!
")&* ( 1.!%%$.! 
&..!
")&* *$5!.)
(8 %
#!5! 9.&5 "#! )518)
)" %
#!5! E;<0JG0 3#!D.%" %"!1? (% $%$(8? )% "& 
&51$"! ( "!*"(")@! @!8&
)"B 'B %&8@)*4 "#! 5&5!*"$5 '(8(*
! !A$(")&* /)"# "#!'!4)*)*4K&9K%"!1 1.!%%$.!0 3#!*? "#! @!8&
)"B )% 
&..!
"!, (*, "#! &"#!. @(.)('8!% (.! (,@(*
!, )* ")5!?#!.!? /#)
# )% 8!%% %"(*,(.,? 'B ( %)*48! 
&$18!, %"!1 C "#)% )% 5&")@("!, 'B %"(')8)"B .!(%&*% ,!"()8!, )*L#(1"!. =0 :")88 9&. %"(')8)"B .!(%&*%? &.? )* &"#!. /&.,%? "& '! ('8! "& ,!.)@! ( M)*!")
 !*!.4B '(8(*
!? /!*!!, "#(" ( 5(%% '(8(*
! &@!. "#! ,$(8 
!88% E;<0NG #&8,% C %)*
! "#! 5(%% '(8(*
! )% *&" B!" %&8@!, /#!*1!.9&.5)*4 "#! 1.!,)
")&* %"!1? "#)% 8!(,% $% "& 1!.9&.5 ( ")5! %#)9" &9 "#! ,!*%)"B (" "#)% %"!10



 !"  !"#$%&' ()*  +,-$-%',% -%"..'&'/ -
!'1'- 2+& 
+1#&'--$34' 5+6- 7 8"&% (( 9 :;4'& '<;"%$+,-*#$% &'()*+,$- *%&./ 0 !"#$
&$'( )&"* 1 2)'3% 4)* ũn+1 05)* 1 ≤ i ≤ d,

∣∣∣∣∣∣

∀σ ∈ E(i) +6 ,$% 789 
&/%,
∀σ ∈ E ),$%*;+/%<

|Dσ|
δt

(ρnσũ
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]
, !" #$/( R(m)

3 #%!"( #1 @%31 0$%! m #%!"( #1 +∞*



 !"  !"#$%&' ()*  +,-$-%',% -%"..'&'/ -
!'1'- 2+& 
+1#&'--$34' 5+6- 7 8"&% (( 9 :;4'& '<;"%$+,-*#$%&''( )* +,-.( R(m)/ )0$
0 )* +2'$, $% R(m) = R
(m)
c +R

(m)
up / ,0* 34+, 2&4,/ %&5*'( R(m)

c / 6&,0*4$%6 ,0*,*45+ )0$
0 &4* %7, &++7
$&,*. ,7 ,0* -2)$%.$%6 8
R(m)
c = −1

2

N−1∑

n=0

∑

σ∈E

|Dσ|
[
ρn−1
σ (ũn+1
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R(m)
c =

1

2

N−1∑

n=0

∑

K∈M

∑

σ∈E(K)

|DK,σ|
[
ρn−1
K (ũn+1

σ − unσ)2 − ρnK (ũn+1
σ − un+1

σ )2
]

(ϕnK − ϕnσ),+7 8
|R(m)
c | ≤ hCϕ

N−1∑

n=0

∑

K∈M

∑

σ∈E(K)

|DK,σ|
∣∣∣ρn−1
K (ũn+1

σ − unσ)2 − ρnK (ũn+1
σ − un+1

σ )2
∣∣∣.<*=*'722$%6 8

ρn−1
K (ũn+1

σ − unσ)2 − ρnK (ũn+1
σ − un+1

σ )2 =

(ρn−1
K − ρnK) (ũn+1

σ − unσ)2 + ρnK (un+1
σ − unσ)(2ũn+1

σ − unσ − un+1
σ )($*'.+ 8

|R(m)
c | ≤ hCϕ ‖ρ(m)‖T ,t,BV

(
‖u(m)‖2L∞ + ‖ũ(m)‖2L∞

)

+ ‖ρ(m)‖L∞ ‖u(m)‖T ,t,BV
(
‖u(m)‖L∞ + ‖ũ(m)‖L∞

)
,&%. +7 R(m)

c ,*%.+ ,7 >*47 &+ m ,*%.+ ,7 +∞? @*2'&
$%6 u(m) A( ũ(m)/ ,0* ,*45 R
(m)
up ,&:*+ ,0* +&5**B24*++$7% &+ $% ,0* $52'$
$, 
&+*/ &%. +7 &'+7 ,*%.+ ,7 >*47? C&,0*4$%6 &'' ,0* '$5$,+ ($*'.+ ,0* 4*+-', )*&4* +**:$%6? � !"# $%&'()
+, -'.-.D% ,0$+ +*
,$7%/ )* &++*++ ,0* A*0&=$7-4 7; ,0* +
0*5* 7% & 7%* .$5*%+$7%&' @$*5&%% 247A'*5? E* 
077+*$%$,$&' 
7%.$,$7%+ +-
0 ,0&, ,0* +,4-
,-4* 7; ,0* +7'-,$7% 
7%+$+,+ $% ,)7 +07
: )&=*+/ +*2&4&,*. A( ,0*
7%,&
, .$+
7%,$%-$,(/ )$,0 +-F
$*%,'( +,47%6 +07
:+ ,7 &''7) ,7 *&+$'( .$+
4$5&,* A*,)**% 
7%=*46*%
*,7 ,0* 
744*
, )*&: +7'-,$7% 74 %7,? 90*+* $%$,$&' 
7%.$,$7%+ &4* ,07+* 24727+*. $% GHI/ 
0&2,*4 J℄/ ;74 ,0*,*+, 4*;*4*. ,7 &+ 9*+, L 8'*;, +,&,* 8 



ρL

uL

pL


 =




5.99924

19.5975

460.894


 4$60, +,&,* 8 



ρR

uR

pR


 =




5.99242

−6.19633

46.0950


90* 247A'*5 $+ 27+*. 7=*4 Ω = (−0.5, 0.5)/ &%. ,0* .$+
7%,$%-$,( $+ $%$,$&''( '7
&,*. &, x = 0?E* 7A,&$% & 7%* .$5*%+$7%&' +
0*5* A( +$52'( ,&:$%6 7%* 074$>7%,&' +,4$2* 7; 5*+0*+ M7; 
7%+,&%, +$>*N)$,0 ,0* OPQ .$+
4*,$>&,$7%/ &%. &22'($%6 2*4;*
, +'$2 A7-%.&4( 
7%.$,$7%+ &, ,0* ,72 &%. A7,,75
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%5 ,<6,&-4,#*. %$$&,..-#3  %&!*&!6-
 1!2. 7.,,=+%6*,& >: .+!2,$ *+%*/ %* 5,%.* 8!& !#, $-4,#.-!#%5 
!46"*%*-!#. 2-*+ .
+,4,. .-4-5%& *! *+, !#, "#$,&.*"$' +,&,/ -* 2%. #!* #,
,..%&' *! "., "62-#$-#3 -# *+, 4!4,#*"4  %5%#
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,#*,&,$ %66&!<-4%*-!# !8 *+, A,5!
-*' %* *+, $"%5 ,$3,.(B+, 
!46"*%*-!#. %&, 6,&8!&4,$ 2-*+ *+, !6,#C.!"&
, .!8*2%&, DEDE FGH℄/ $,A,5!6,$ %* DJEK !# *+,  %.-.!8 *+, .!8*2%&, 
!46!#,#* 5- &%&' %#$ 6&!3&%44-#3 ,#A-&!#4,#* ;LMD=)KE FNO℄(B+, $,#.-*' P,5$. ! *%-#,$ 2-*+ h = 1/2000 7!& % #"4 ,& !8 
,55. n = 2000: %* t = 0.035/ 2-*+ %#$2-*+!"* %..,4 5-#3 *+, 
!&&,
*-A, .!"&
, *,&4 -# *+, -#*,&#%5 ,#,&3'  %5%#
, (SK)K∈M/ *!3,*+,& 2-*+*+, %#%5'*-
%5 .!5"*-!#/ %&, .+!2# !# Q-3"&, DR(S( B+, $,#.-*' %#$ *+, 6&,.."&, ! *%-#,$/ .*-55 2-*+ %#$2-*+!"* 
!&&,
*-A, *,&4./ 8!& A%&-!". 4,.+,./ %&, 65!**,$ !# Q-3"&, DR(O %#$ DR(O &,.6,
*-A,5'( Q!& *+,.,
!46"*%*-!#./ 2, *%T, δt = h/20/ 2+-
+ '-,5$. % 
1 #"4 ,&/ 2-*+ &,.6,
* *! *+, 4%*,&-%5 A,5!
-*' !#5'/
5!., *! !#,( B+, P&.* 
!#
5".-!# -. *+%*  !*+ .
+,4,. .,,4 *! 
!#A,&3,/  "* *+, 
!&&,
*-A, *,&4 -.#,
,..%&' *! ! *%-# *+, 
!&&,
* .!5"*-!#( D# *+-. 
%.,/ 8!& -#.*%#
,/ 2, ! *%-# *+, 
!&&,
* -#*,&4,$-%*,.*%*, 8!& *+, 6&,.."&, %#$ A,5!
-*' "6 *! 8!"& $-3-*. -# *+, ,..,#*-%5 6%&* !8 *+, 
!&&,.6!#$-#3 U!#, V7%#%5'*-
%5: -#*,&4,$-%*, .*%*, V [
p∗

u∗

]
=

[
1691.65

8.68977

] 8!& x ∈ (0.028, 0.428)#"4,&-
%5 &,."5*. V ∣∣∣∣∣∣

p ∈ (1691.6, 1691.8)

u ∈ (8.689, 8.690)
8!& x ∈ (0.032, 0.417)W-*+!"* 
!&&,
*-A, *,&4/ !#, 
%# 
+,
T *+%* *+, ! *%-#,$ .!5"*-!# -. #!* % 2,%T .!5"*-!# *! *+, L"5,&.'.*,4 V -#$,,$/ *+, J%#T-#,CX"3!#-!* 
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%5 .!5"*-!# !#,/ 2+-5,*+, .%4, .+!
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 !"! #$% &'&(%) *+ 
*-&%./0(1*- 203& 0-4 1(& )0($%)0(1
02 5.*5%.(1%& "67 !" #$% &'&(%) *+ 
*-&%./0(1*- 203& 0-4 1(& )0($%)0(1
02 5.*65%.(1%& !" #$%"& '  ! "##$!%% &' ()&% %!
(&+' " ,+#!- .+$ (/+01)"%! 2+/% 3/&()+4( 1)"%! 
)"'5!67 /)&
)$!"#%7 &' ()! +'!0#&,!'%&+''"- 
"%! 8
∣∣∣∣∣∣∣∣∣∣∣∣

∂tρ+ ∂x(ρu) = 0,

∂t(ρu) + ∂x(ρu
2 + p) = 0,

∂t(ρy) + ∂x(ρyu) = 0,

39:;6/)!$! u %("'#% .+$ ()! 24&# <!-+
&(=7 p .+$ ()! 1$!%%4$!7 ρ .+$ ()! 24&# #!'%&(= "'# y %("'#% .+$ ()! 5"%,"%% .$"
(&+': >)&% %=%(!, ,4%( ?! 
+,1-!,!'(!# ?= "' !@4"(&+' +. %("(!7 /)&
) ("A!% ()! .+$, 8
ρ =

1
y

ρg
+

1− y
ρl

, 39:B6/)!$! ρg "'# ρl %("'# .+$ ()! 31)"%&
6 5"% "'# -&@4&# #!'%&(= $!%1!
(&<!-=:  ! "%%4,! ()"( ()! -&@4&##!'%&(= ρl &% 
+'%("'(7 "'# ()"( ()! 5"% 1)"%! +?!=% ()! 1!$.!
( 5"% -"/ ρg = p/(RT )7 /)!$! /)!$! R &%()! 5"% 
+'%("'( "'# T &% ()! "?%+-4(! (!,1!$"(4$!: >)&% "--+/% (+ 
+,14(! ()! 1$!%%4$! .$+, $!-"(&+'39:B67 &' +$#!$ (+ +?("&' "' !C1$!%%&+' +. ()! @4"'(&(= ∂xp "% " .4'
(&+' +. ()! 
+'%!$<"(&<! <"$&"?-!% 8
p =

RTρl (ρy)

ρl + (ρy)− ρ . 39:D6 ! #!E'! q = ρu7 z = ρy7 U = (ρ, q, z)t:  &() ()!%! #!E'&(&+'%7 ()! %=%(!, 39:;6 $!"#% 8
∂tU + ∂x

(
F (U)

)
= 0, /&() F (U) = (q,

q2

ρ
+ p(ρ, z), z)t, p(ρ, z) =

RTρlz

ρl + z − ρ . 39:F6 ! %411+%! ()"( ()! <"$&"?-! U ?!-+'5% (+ ()! 
+'<!C %4?%!( +. R3 3%+,!(&,!% $!.!$$!# (+ "% ()! %!( +.%("(!% +. ()! %=%(!,6 8
C =

{
(ρ, q, z) ∈ R

3, ρ > 0, 0 < z ≤ ρ, ρl + z − ρ > 0
}
,/)&
) !'%4$!% &' 1"$(&
4-"$ ()"( ()! !@4"(&+' +. %("(! ,"A!% %!'%!: G+$ " $!54-"$ %+-4(&+'7 H=%(!, 39:F6,"= ?! %!( &' '+'0
+'%!$<"(&<! .+$, 8

∂tU + ∂xF (U) = ∂tU +A(U) · ∂xU = 0,/&() 8
A =




0 1 0

− q
2

ρ2
+ ∂ρp

2q

ρ

q2

ρ2
+ ∂zp

−qz
ρ2

z

ρ

q

ρ



, 39:I6"'#7 ?= 39:D6 8

∂ρp =
RTρlz

(ρl + z − ρ)2 , ∂zp =
RTρl (ρl − ρ)
(ρl + z − ρ)2 .()*"+,$&-
-/)0 "-1"234&5"6 42% "-1"23"
/$+6 $7 /!" 6)6/"#



 !"  !!"#"  $ %&" '(")*!! +,-./") 0-, 1&" &-)"2"!"-34 )-5"/ !"#$#%#&$ #$ $ %&'()*+,-.
 (*,+-)012 !" C #! $% &'!% ()#(!" &* Rn+ ,! 
&%(./!0 "1! %&%2.%!$0 (3("!4 &* 
&%(!05$".&% 2$6( 7
∂tU +B(U) · ∂x

(
F (U, x, t)

)
= 0, x ∈ R, t > 0, %#$3261!0! U ∈ C .( $ 5!
"&0 *)%
".&% &* x $% t8 $%/ F ∈ Rn ("$%/( *&0 $ 0!9)2$0 5!
"&0 *)%
".&% /!'!%/.%9&% U $( 6!22 $(8 '&((.#238 &% x $%/ t+ ,! /!%&"! #3 A "1! n×n:4$"0.; $((&
.$"!/ "& "1! /.<!0!%".$2 &* F6."1 0!('!
" "& U = A /!'!%/( &% U $( 6!22 $(8 '&((.#238 &% x $%/ t+ >3("!4 %#$32 .( ($./ "& #! 13'!0#&2.
.*8 *&0 !$
1 x8 t $%/ U 8 $22 "1! !.9!%5$2)!( &* "1! 4$"0.; A #!2&%9 "& R 7

λ1(U) ≤ λ2(U) ≤ ... ≤ λn(U).?& !$
1 !.9!%5$2)! λk(U)8 6! $((&
.$"! $% !.9!%5!
"&0 rk(U) 7
A(U) · rk(U) = λk(U) rk(U).?1! kth 
1$0$
"!0.(".
 @!2/ .( ($./ "& #! 9!%).%!23 %&%2.%!$0 .* 7

Dλk(U) · rk(U) 6= 0, ∀U ∈ C,61!0! D ("$%/( *&0 "1! /.<!0!%".$2 &'!0$"&0 .% Rn A.+!+ Dλk ("$%/( *&0 "1! /!0.5$".5! &* λk 6."1 0!('!
""& UB+ ?1! kth 
1$0$
"!0.(".
 @!2/ .( ($./ "& #! 2.%!$023 /!9!%!0$"! .* 7
Dλk(U) · rk(U) = 0, ∀U ∈ C.4)56*7.789 5, :--);.:5) 7,5:5.,719 5, 7,7<
,71)*;:5.;) ;:*.:+-)19 5&) 0:5*.= # *):>1 ?

A =




0 1 0

∂ρp− u2 2u u2 + ∂zp

−uy y u


 . %#$@2A) >)7,5) +' a 5&) (,1.5.;) *):- 760+)* 16
& 5&:5 ?

a2 = ∂ρp+ y ∂zp =
RTρl z

(ρl + z − ρ)2 .B&.1 C6:75.5' a .1 *)D)**)> 5, :1 5&) 1,67> ;)-,
.5' ,D 5&) 0.=56*)$ B&) 0:5*.= A &:1 5&*)) ).8)7;:-6)19E&.
&9 E.5& 5&.1 7,5:5.,79 *):> ?
λ1(U) = u− a, λ2(U) = u, λ3(U) = u+ a,:7> 5&) 1'15)0 .1 5&61 &'()*+,-.
$ B&) 
,**)1(,7>.78 ).8)7;)
5,*1 :*) 8.;)7 +' ?

r1 =




1

u− a
y


 , r2 =




1

u

z/(ρ− ρl)


 , r3 =




1

u+ a

y


 .# 5)>.,61 +65 15*:.8&5D,*E:*> 
,0(65:5.,7 1&,E1 5&:5 5&) 
&:*:
5)*.15.
 F)->1 :11,
.:5)> 5, 5&) ).8)7;:<-6)1 λ1 :7> λ3 :*) 8)76.7)-' 7,7-.7):*9 E&.-) 5&) 
&:*:
5)*.15.
 F)-> :11,
.:5)> 5, λ2 .1 -.7):*-' >)8)7)*:5)$ !"##$% !%&$'!$%()
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*-&%./0(1*- 203& 0-4 1(& )0($%)0(1
02 5.*5%.(1%& "67 !"#$#%#&$  !"!# $%&'()** &*+),&)*-./ ! 1 ≤ k ≤ n" # $%!!&' ()*
&,!* W : C → R ,$ 
#--./ # k01,.%#** ,*2#3,#*& ,( ,& $#&,$4.$ 5
DW (U) · rk(U) = 0, ∀U ∈ C.6 k01,.%#* ,*2#3,#*& W ,$ 
!*$&#*& !* # 
)32. V : ξ ∈ R → V (ξ) ∈ Rn ,( 5

d

dξ
W (V (ξ)) = DW (V (ξ)).V ′(ξ) = 0, $ !0/7',
' '!-/$ ,( V ,$ #* ,*&.83#- 
)32. !( rk" ,9.9 $#&,$4.$ &'#& V ′(ξ) ,$ 
!-,*.#3 &! rk(V (ξ))9 :'.3. .;,$&-!
#--< (n− 1) =01,.%#* ,*2#3,#*&$ 7'!$. 83#/,.*&$ #3. -,*.#3-< ,*/.>.*/.*&91'- 2. *34 .'),
6 73, -6' %&'()** &*+),&)*-. )..3
&)-'8 37 -6' .9.-'( ':2)-&3* $ !"/!  

3,8&*; -3 -6'8'<*&-&3*  !"!#= 4' 6)+' -43 %&'()** &*+),&)*-. 73, ')
6 '&;'*+)>2' 37 A!? -6' "@%&'()** &*+),&)*-. ),' A

W1,1 = y, W1,2 = u+
√
RTy log(

ρ− z
ρl + z − ρ ). $ !B/? -6' #@%&'()** &*+),&)*-. ),' ;&+'* C9 A

W2,1 = u, W2,1 = p. $ !"D/? -6' E@%&'()** &*+),&)*-. ),' A
W3,1 = y, W3,2 = u−

√
RTy log(

ρ− z
ρl + z − ρ ). $ !""/ !"#$!
&'() *!+#, - F9.-'( $ !G/ .)-&.<'. -6' H,3H',-9 37 .'>7@.&(&>),&-9= ,9.9 &. &*+),&)*- 2*8',-6' -,)*.3,()-&3* t 7→ αt, x 7→ αx, α > 0! I7 -6' &*-&)> 8)-) 37 -6' H,3C>'( &. )>.3 &*+),&)*- 2*8', -6'-,)*.73,()-&3* x 7→ αx= 4' -62. 
3*
>28' -6)- ) ,';2>), .3>2-&3* -3 $ !G/ (2.- .)-&.79 U(x, t) = U(αx, αt)46)-'+', α > 0 ()9 C'= ,9.9 U(x, t) = U(x/t)= 73, t > 0! F2
6 ) $,';2>),/ .3>2-&3* &. 
)>>'8 ) ,),'7)
-&3*4)+'!1'- ξ = x/t= )*8 V (ξ) = U(x/t)= )*8 .2C.-&-2-' -6&. 'JH,'..&3* 73, U &* $ !G/= -3 3C-)&* A

A(V ) V ′(ξ) = ξ V ′(ξ).K' 8'82
' 73, -6&. ,'>)-&3* -6)- '&-6', V ′ &. L',3= 46&
6 
3,,'.H3*8. -3 -6' -,&+&)> 
).' 37 ) 
3*.-)*-.-)-'= 3, -6&. +'
-3, &. *'
'..),&>9 
3>&*'), -3 )* '&;'*+'
-3, rk(V ) 37 -6' ()-,&J A(V ) A
V ′(ξ) = β rk

(
V (ξ)

)
, λk

(
V (ξ)

)
= ξ. $ !"#/M6' ,),'7)
-&3* 4)+'. ),' )>4)9. )..3
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∂Ω = ∂ΩD ∪ ∂ΩN 9 )-* :" +8##%+" .!). .!" 4"'%
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"+9$"+#"
.,4"'/>  !" +". %0 "J."$-)' 0)
"+ Eext ,+ +#',. ,- EN )-* ED9 :!,
! +.)-* 0%$ .!" +". %0 .!" 0)
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 !"  !!"#" $% &'())"*"+ +,-
*"',/(',0!-1 2*"--3*" 
0**"
',0!- -
4"5"- (!+ (66 -2""+ 7(*0'*02,
 809-#$ #%&'$ σ = K|ext ()% *+ $,'$%+*- (*
$ σ )( K/ $0$+ &( '1&2 +)'*'&)+ &2 2)3$#1*' &+
)%%$
'/ 2&+
$ K 3*41*0$ 3)%$ '1*+ )+$ $,'$%+*- $56$7 81$ 3$21 M #&-- 9$ %$($%%$5 ') 1$%$*('$% *2 '1$ :;%&3*- 3$21:781$ )<'#*%5 +)%3*- 0$
')% ') * (*
$ σ )( K &2 5$+)'$5 94 nK,σ7 =)% K ∈ M *+5 σ ∈ E / #$ 5$+)'$ 94
|K| '1$ 3$*2<%$ )( K *+5 94 |σ| '1$ (d− 1)>3$*2<%$ )( '1$ (*
$ σ781$+/ ()% σ ∈ E *+5 K ∈ mesh 2<
1 '1*' σ ∈ E(K) ?&+ (*
'/ '1$ )+-4 
$-- &( σ ∈ Eext *+5 )+$ *3)+6'1$ '#) ;)22&9-$ )+$2 &( σ ∈ Eint@/ #$ 5$+)'$ 94 DK,σ * 2<90)-<3$ )( K 1*0&+6 σ *2 * (*
$ ?2$$ =&6<%$A7 @/ *+5 94 |DK,σ| '1$ 3$*2<%$ )( DK,σ7 =)% σ ∈ Eint, σ = K|L/ #$ 2$' Dσ = DK,σ ∪ DL,σ/ 2)
|Dσ| = |DK,σ|+ |DL,σ| ?2$$ =&6<%$ A7 @/ *+5 ()% σ ∈ Eext, σ = K|ext/ Dσ = DK,σ/ 2) |Dσ| = |DK,σ|7 81$2$' )( (*
$2 )( '1$ 5<*- 
$-- Dσ &2 5$+)'$5 94 Ē(Dσ)/ *+5 '1$ (*
$ 2$;*%*'&+6 '#) *5B*
$+' 5<*- 
$--2 Dσ*+5 Dσ′ &2 5$+)'$5 94 ε = σ|σ′7=)% 1 ≤ i ≤ d/ '1$ 5$6%$$ )( (%$$5)3 ()% '1$ ith 
)3;)+$+' )( '1$ 0$-)
&'4 *%$ *22<3$5 ') 9$ *22)
&*'$5') * 2<92$' )( E / 5$+)'$5 94 E(i) ⊂ E / *+5 *%$ 5$+)'$5 94 C

{
uσ,i, σ ∈ E(i)

}
.81$ 2$'2 )( &+'$%+*-/ $,'$%+*-/ D$<3*++ *+5 E&%&
1-$' (*
$2 *22)
&*'$5 ') '1$ 
)3;)+$+' i *%$ 5$+)'$594 E(i)

int/ E(i)
ext/ E(i)

N *+5 E(i)
D ?2)/ ()% &+2'*+
$/ E(i)

int = Eint ∩ E(i)@7 F$ 
)+2&5$% '1$ ()--)#&+6 *22<3;'&)+ C?G @ ()% 1 ≤ i ≤ d, ∀K ∈ M, ∪σ∈E(i)∩E(K)DK,σ = K*+5 ∑

σ∈E(i)∩E(K)

|DK,σ| = |K|,#1&
1 3$*+2 '1*' '1$ 0)-<3$2 DK,σ, σ ∈ E(i)/ *%$ 5&2B)&+'/ *+5 '1*'/ ()% 1 ≤ i ≤ d/ (Dσ)σ∈E(i) &2 *;*%'&'&)+ )( Ω7 81$ 2$'2 )( (*
$2/ &+'$%+*- (*
$2 *+5 D$<3*++ (*
$2 )( '1&2 5<*- 3$21 *%$ 5$+)'$5 94 Ē(i)/
Ē(i)
int *+5 Ē(i)

N %$2;$
'&0$-47F$ 2<;;)2$ '1*' '1$ 5$6%$$2 )( (%$$5)3 ()% '1$ ;%$22<%$ *+5 '1$ 5$+2&'4 *%$ *22)
&*'$5 ') ;%&3*- 
$--2/2) '1$4 %$*5
{
pK , K ∈M

}
,
{
ρK , K ∈ M

}
.F$ 5$+)'$ 94 V '1$ *;;%),&3*'&)+ 2;*
$ ()% '1$ 0$-)
&'4/ 94 V (i)/ 1 ≤ i ≤ d '1$ *;;%),&3*'&)+ 2;*
$2()% '1$ 0$-)
&'4 
)3;)+$+'2 *+5 94 Q '1$ *;;%),&3*'&)+ 2;*
$ ()% '1$ ;%$22<%$ *+5 '1$ 5$+2&'4/ *+5 #$&5$+'&(4 '1$ 5&2
%$'$ (<+
'&)+2 ') '1$&% 5$6%$$2 )( (%$$5)3 C

∀v ∈ V , vi ∈ V (i), 1 ≤ i ≤ d *+5 vi = (vσ,i)σ∈E(i) ; ∀q ∈ Q, q = (qK)K∈M.=)% '1$ 0$-)
&'4/ 2&+
$ '1$ 
)+
$%+$5 5$6%$$2 )( (%$$5)3 *' -)
*'$5 )+ '1$ 9)<+5*%4/ '1$ E&%&
1-$' 9)<+5*%4
)+5&'&)+2 *%$ $+()%
$5 &+ '1$ *;;%),&3*'&)+ 2;*
$ C=)% 1 ≤ i ≤ d, ∀σ ∈ E(i)
D , uσ,i =

1

|σ|

∫

σ

uD,i dγ,#1$%$ uD,i 2'*+52 ()% '1$ ith 
)3;)+$+' )( '1$ ;%$2
%&9$5 0$-)
&'47
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 !"#  !" # $%&'&(%)* +%, 
%)&,%. /%.012* ')3 3('1%)3 
2..*! !"!" #$% &
$%(%&42 )%5 ()&,%30
2 &62 +%..%5()7 )%&'&(%)* ')3 '**018&(%)* 9# +%, K ∈M ')3 σ ∈ E(K): ;< u ·nK,σ: 52 32)%&2 ') '88,%=(1'&(%) %+ &62 )%,1'. /2.%
(&< &% &62+'
2 σ %0&5',3 K:# +%, v ∈ V : 1 ≤ i ≤ d ')3 σ ∈ E(i): 52 32)%&2 ;< (divτ(v))
(i)
σ ') '88,%=(1'&(%) %+ &62 /(*
%0* &2,1'**%
('&23 &% σ ')3 &% &62 
%18%)2)& i: ')3 52 *088%*2 &6'& &62 +%..%5()7 '**018&(%) (* *'&(*>23 9?@AB d∑

i=1

∑

σ∈E(i)

|Dσ| (divτ(v))(i)σ vσ,i ≥ 0.# +%, q ∈ Q: 1 ≤ i ≤ d ')3 σ ∈ E(i): 52 32)%&2 ;< (∇q)
(i)
σ &62 
%18%)2)& i %+ &62 3(*
,2&2 7,'3(2)&%+ q '& &62 +'
2 σ: ')3 52 *088%*2 &6'& &62 +%..%5()7 '**018&(%) (* *'&(*>23 +%, ')< q ∈ Q ')3

v ∈ V 9 ?@CB d∑

i=1

∑

σ∈E(i)

|Dσ| (∇q)(i)σ vσ,i =
∑

K∈M

qK
∑

σ∈E(K)

|σ| v · nK,σ.4(&6 &62*2 )%&'&(%)*: 52 ',2 ';.2 &% 5,(&2 &62 72)2,'. +%,1 %+ &62 (18.(
(& *
6212 9
∀K ∈M,

|K|
δt

(ρK − ρ∗K) +
∑

σ∈E(K)

FK,σ = 0. ? !A'BD%, 1 ≤ i ≤ d, ∀σ ∈ E(i)
int ∪ E

(i)
N ,

|Dσ|
δt

(ρσuσ,i − ρ∗σu∗σ,i) +
∑

ε∈Ē(Dσ)

Fσ,εuε,i

+|Dσ| (∇p)
(i)
σ + |Dσ| (divτ(u))

(i)
σ = 0,

? !A;B
∀K ∈M, ρK = ℘(pK), ? !A
B562,2 FK,σ *&')3* +%, &62 1'** E0= .2'/()7 K &6,%076 σ: ρσ *&')3* +%, ') '88,%=(1'&(%) %+ &62 32)*(&<'& &62 +'
2: ')3 Fσ,ε (* ' 1'** E0= .2'/()7 Dσ &6,%076 ε! D%, &62 E0= FK,σ '& &62 ()&2,)'. 2372 σ = K|L:52 
6%%*2 ') 085()3 '88,%=(1'&(%) %+ &62 32)*(&< 9

FK,σ = |σ| u · nK,σ ρup
σ , 5(&6 ρup

σ = ρK (+ FK,σ ≥ 0, ρup
σ = ρL %&62,5(*2! ? !CB
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int ∪ E

(i)
N ,
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∑
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+|Dσ| (∇p∗)
(i)
σ + |Dσ| (divτ(ũ))

(i)
σ = 0,

?@:HA" C I033(
&+0$ *&(7 E F09.( =03 u ∈ V 2$) p ∈ Q B
∀K ∈M,

|K|
δt

(ρK − ρ∗K) +
∑

σ∈E(K)

FK,σ = 0. ?@:!2A;03 1 ≤ i ≤ d, ∀σ ∈ E(i)
int ∪ E
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δt
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(
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)(i)
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σ
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?@:KA5'(3( φ ∈ Q +* )(L$() /, φ = p−p∗: M0&( &'2& &'( *(
0$) 2$) &'+3) &(38* 2& &'( 9(=&C'2$) *+)( 900N 9+N(2 L$+&( .0918( )+*
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0$=038+$- L$+&((9(8($&*% $28(9, &'( I301O(+<CT2.+23& (9(8($& R  ℄ =03 *+879+
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&,8 &0 *00"
&*,%2 ," %*
6%23%1 0" E(i)
int = Eint1 4"! 1 ≤ i ≤ d9 :%, 1 ≤ i ≤ d ;% 3&+%/1 -%, e(i) ;% ,6% ith +%
,"! "4 ,6% 
*/"/&
*- ;*0&0"4 Rd */2 -%, #0 2%</% ϕ

(i)
σ ;8 =

ϕ(i)
σ = ϕσ e(i).>6%/ ,6% #0#*- </&,% %-%.%/, 2&0
!%,&$*,&"/ !%*201 4"! * 
"/0,*/, +&0
"0&,8 ?%@,"/&*/ A#&2 B0" 0#77"0&/3

divτ (u) = µ∆u + (µ/3)∇div(u)1 @&,6 µ ,6% +&0
"0&,8C =
(divτ (u))(i)σ =

∑

K∈M

µ

∫

K

∇u : ∇ϕ(i)
σ dx +

u

3

∫

K

divu divϕ(i)
σ dx.>6% 7!%00#!% 3!*2&%/, ,%!. *, ,6% &/,%!/*- 4*
% σ = K|L !%*20 =

(∇p)(i)σ =
∑

K∈M

∫

K

p divϕ(i)
σ dx = |σ| (pL − pK) nK,σ · e(i). !" #$% &'()*+*', *&&-% (./ 
1.&%2-%.
%& !"!# $ %&'()*)&+ ,-%.*& /0, &1- 
034-
&)03D, ,6% 
"/,&/#"#0 -%+%-1 -%, #0 *00#.% ,6*, ,6% .*00 ;*-*/
% ∂tρ + div(β) = 0 6"-201 @&,6 β * !%3#-*!+%
,"!(+*-#%2 4#/
,&"/9 >6%/1 4"! *-- 0
*-*! !%3#-*! 4#/
,&"/0 u */2 v1 @% 6*+% =

∫

Ω

[
∂t(ρu) + div(uβ)

]
v dx =

∫

Ω

[
∂t(ρu)−

1

2
(∂tρ)u

]
v dx + s(u, v) +

1

2

∫

∂ΩN

u vβ · ndγ BE9FC@6%!% s &0 ,6% 4"--"@&/3 0G%@(08..%,!&
 ;&-&/%*! 4"!. =
s(u, v) =

1

2

∫

Ω

vβ ·∇udx− 1

2

∫

Ω

uβ ·∇v dx.>*G&/3 u = v = ui */2 0#..&/3 "+%! i1 ,6% <!0, ,%!. 3&+%0 ,6% ,&.% 2%!&+*,&+% "4 ,6% G&/%,&
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!%,% .*00 ;*-*/
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%--0 *00"
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(i)
N ,

|Dσ|
δt
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#(/3 -#%& K @/+.% ;/' un+1 ∈ V *36 pn+1 ∈ Q H
∀K ∈M,

|K|
δt

(ρn+1
K − ρnK) +

∑

σ∈E(K)

Fn+1
K,σ = 0. >M1 T*?9/' 1 ≤ i ≤ d, ∀σ ∈ E(i)

int ∪ E
(i)
N ,

|Dσ|
δt

ρnσ (un+1
σ,i − ũn+1

σ,i ) + |Dσ|
(
∇(pn+1 − p̃n+1)

)(i)

σ
= 0,

>M1 T7?
∀K ∈M, ρn+1

K = ℘(pn+1
K ), >M1 T
?2$% *+=/'(#$) )0-# 7% (3(#(*+(D%6 74 #$% 6*#* /; u0 ∈ V : ρ−1 ∈ Q: ρ0 ∈ Q -*#(-;4(3= #$% 6(-
'%#%)*-- 7*+*3
% %C0*#(/3: *36 5(#$ #$% 
/''%-&/36(3= )*-- Q0O%- (F 0

K,σ)1 U &/--(7+% 5*4 #/ /7#*(3 #$%-%C0*3#(#(%- (- #/ %.*+0*#% u0 *36 ρ−1 ;'/) #$% (3(#(*+ 
/36(#(/3-: *36: *- * &'%+()(3*'4 -#%&: #/ -/+.% ;/'
ρ0 #$% )*-- 7*+*3
% %C0*#(/31
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%&'&( )*+ (,)-./.,0 &(,.'),&( 123 !" #$%&'(&') &' *!" (&+
-"*&./*&0' 01 *!" 2/++ 3/4/'
" "5#/*&0' !/+ 10- 
0'+"5#"'
" *!/* /'6 ("'+&*6/$$"/-&') &' *!" /4)0-&*!2 &+ $0+&*&7" 8$-07&("( *!/* *!" &'&*&/4 ("'+&*6 &+ $0+&*&7"9:  !" ";&+*"'
" /'(#'&5#"'"++ 01 / +04#*&0' *0 <*"$+ = /'( > &+ *!"' 
4"/- ? *!"+" /-" 4&'"/- $-034"2+ %&*! 
0"-
&7" 0$"-/*0-+810- <*"$ >@ *!/'A+ *0 *!" +*/3&4&*6 01 *!" 
0'7"
*&0' *"-29:  !" ";&+*"'
" 01 / +04#*&0' *0 <*"$ B 2/6 3"03*/&'"( 36 / C-0#%"- D;"( $0&'* /-)#2"'*@ #+&') *!" 1/
* *!/* *!" 
0'+"-7/*&7&*6 01 *!" 2/++ 3/4/'
"6&"4(+ /' "+*&2/*" 10- ρ@ +0 10- p@ /'( D'/446 10- u 8&' /'6 '0-2@ +&'
" %" %0-A 0' D'&*" (&2"'+&0'/4+$/
"+9:  !" /4)0-&*!2 &+ *!#+ %"44E$0+"(:F"* #+ '0% *#-' *0 *!" "'"-)6 "+*&2/*": G* *!" 
0'*&'#0#+ 4"7"4@ *!&+ -"4/*&0' &+ 03*/&'"( 10- *!" 3/-0*-0$&
H/7&"-E<*0A"+ "5#/*&0'+ 36 
!00+&') *!" 7"40
&*6 u &' *!" 7/-&/*&0'/4 10-2 01 *!" 202"'*#2 3/4/'
""5#/*&0'@ %-&*&') *!" 
0'7"
*&0' *"-2 /+ *!" *&2" ("-&7/*&7" 01 *!" A&'"*&
 "'"-)6@ /'( +"**&') *!" $-"++#-"%0-A@ '/2"46− ∫
Ω p div(u) dx@ #'("- / 
0'7"'&"'* 10-2:  !&+ &+ (0'" 36 *!" 10440%&') 10-2/4 
02$#*/*&0':F"* b(·) 3" / -")#4/- 1#'
*&0' 1-02 (0,+∞) *0 R@ /'( 4"* #+ 2#4*&$46 *!" 2/++ 3/4/'
" 36 b′(ρ) ?

b′(ρ)
[
∂tρ+ div(ρu)

]
= 0.I+&') ?

b′(ρ)div(ρu) = b′(ρ)[u ·∇ρ+ ρdiv(u)] = u ·∇b(ρ) + ρb′(ρ)div(u)

= div(b(ρ)u) +
[
ρb′(ρ)− b(ρ)

]
div(u),%" )"* ?

∂t
[
b(ρ)

]
+ div

[
b(ρ)u

]
+

[
ρb′(ρ)− b(ρ)

]
div(u) = 0.J!00+&') '0% *!" 1#'
*&0' b(·) &' +#
! / %/6 *!/* ρb′(ρ) − b(ρ) = ℘−1(p)@ &'*")-/*&') 07"- Ω /'( #+&')*!" 30#'(/-6 
0'(&*&0'+ 6&"4(+ ?

−
∫

Ω

p div(u) dx =
d

dt

∫

Ω

b(ρ) dx. !" 10440%&') 4"22/ K>L℄ +*/*"+ / (&+
-"*" 
0#'*"-$/-* 01 *!&+ 
02$#*/*&0': !""# $%&%'F"* b(·) 3" / -")#4/- 
0'7"; 1#'
*&0' 1-02 (0,+∞) *0 R@ /'( (ρ⋆K)K∈M 3" / $0+&*&7" 1/2&46 01 -"/4'#23"-+:  !"'@ %&*! *!" #$%&'( (&+
-"*&./*&0' 8C:B9 01 *!" 2/++ 3/4/'
" "5#/*&0'@ *!" 1/2&46 (ρK)K∈M&+ /4+0 $0+&*&7"@ /'( %" )"* ?
∑

K∈M

b′(ρK)
[ |K|
δt

(ρK − ρ∗K) +
∑

σ∈E(K)

FK,σ

]
≥ 1

δt

∑

K∈M

|K|
[
b(ρK)− b(ρ∗K)

]
.N" /-" '0% &' $0+&*&0' *0 +*/*" *!" 10440%&') +*/3&4&*6 -"+#4*:()!*+!" $%&%, !" +
!"2" 8C:=O9E8C:=P9 +/*&+D"+ *!" 10440%&') "'"-)6 &("'*&*6@ 10- 1 ≤ n ≤ N ?

d∑

i=1

∑

σ∈E
(i)
int

|σ| ρn−1
σ (unσ,i)

2 + δt

n∑

k=1

∑

σ∈E(i)

|Dσ| (divτ(uk))(i)σ ukσ,i

+
∑

K∈M

|K| b(ρnK) ≤
d∑

i=1

∑

σ∈E
(i)
int

|σ| ρ(−1)
σ (u0

σ,i)
2 +

∑

K∈M

|K| b(ρ0
K)
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#3$&'$$'!%)'#+ ) "1 τ (u) : ∇u 45- " τ (u) $)%+&$ ,#" )- $- %"$)" $$ ) +$#" %$$#
'%) & )# )- 2 6#
')7 8 6& u9: 5-'
- '$ $3';)%<6 ,#" )- %!!"#='1%)'#+ #, )-'$ ) "1 '+ % 
#+$ "2%)'#+  >3%)'#+ ,#" % $
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" )'*%)'#+  +A#7$ )- !"#! ")7 )-%) )- '+) B"%6 #2 " )- 
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&1%+23%+'$ '4 %51 (+00+63%+'$ %1&7 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ",, !"!# $%& '()*+,-&./,).01 
0/& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #33 !"!" 45'&./,). ') '%& '%6&&*+,-&./,).01 
0/& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! #37 !8 9 0%&'$: 
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 !" #$%&'()
%+'$ !" #$ 
&'$()!* "+! 
&,-*!$$(./! 012(!*34"&5!$ !6#1"(&'$7 8+(
+ ,19 .! 8*(""!' 1$ :
∂tρ+ div(ρu) = 0, ;<=>1?
∂t(ρu) + div(ρu⊗ u) + ∇p− div(τ (u)) = 0, ;<=>.?
∂t(ρe) + div(ρeu) + pdivu + div(q) = τ (u) : ∇u, ;<=>
?
ρ = ℘(p, e), ;<=>)?8+!*! t $"1')$ @&* "+! "(,!7 ρ7 u7 p 1') e 1*! "+! )!'$("97 2!/&
("97 -*!$$#*! 1') ('"!*'1/ !'!*A9 (' "+!B&87 τ (u) $"1')$ @&* "+! $+!1* $"*!$$ "!'$&*7 q @&* "+! "!,-!*1"#*! )(C#$(&' B#D7 1') "+! @#'
"(&' ℘($ "+! !6#1"(&' &@ $"1"!= E+($ $9$"!, &@ !6#1"(&'$ ($ -&$!) &2!* Ω × (0, T )7 8+!*! Ω ($ 1 )&,1(' &@ Rd7

d ≤ 3= E+($ $9$"!, ,#$" .! $#--/!,!'"!) .9 1 
/&$#*! *!/1"(&' @&* τ (u) 1') @&* q7 1$$#,!) "& .! :
τ (u) = µ(∇u + ∇

tu)− 2µ

3
divu I, q = −λ∇e, ;<=F?8+!*! µ 1') λ $"1') @&* "8& ;-&$$(./9 )!-!')('A &' x? -&$("(2! -1*1,!"!*$= !" #$ $#--&$!7 @&* "+! $15! &@ $(,-/(
("97 "+1" u ($ -*!$
*(.!) "& G!*& &' "+! 8+&/! .&#')1*97 1') "+1""+! $9$"!, ($ 1)(1.1"(
7  !"! ∇q ·n = 0 &' ∂Ω= E+!'7 @&*,1//97 "15('A "+! (''!* -*&)#
" &@ ;<=>.? 8("+ ū1') ('"!A*1"('A &2!* Ω7 ('"!A*1"('A ;<=>
? &2!* Ω7 1')7 H'1//97 $#,,('A .&"+ *!/1"(&'$ 9(!/)$ "+! $"1.(/("9!$"(,1"! :

d

dt

∫

Ω

[1
2
ρ |u|2 + ρe

]
dx ≤ 0. ;<=I?J@ 8! $#--&$! "+1" "+! !6#1"(&' &@ $"1"! ,19 .! $!" #')!* "+! @&*, p = f(ρ, e) 8("+ f(·, 0) = 0 1')

f(0, ·) = 07 K6#1"(&' ;<=>
? (,-/(!$ "+1" e *!,1('$ -&$("(2! ;$"(// 1" /!1$" @&*,1//9?7 1') $& ;<=I? 9(!/)$1 
&'"*&/ &' "+! #'5'&8'= L(,(
5('A "+($ 
&,-#"1"(&' 1" "+! )($
*!"! /!2!/ '!
!$$("1"!$ "& 
+!
5 $&,!1*A#,!'"$7 1,&'A "+!, :
(i) "& +12! 1" )($-&$1/ 1 )($
*!"! 
&#'"!*-1*" "& "+! *!/1"(&' :

∫

Ω

[
∂t(ρu) + div(ρu⊗ u)

]
· u dx =

d

dt

∫

Ω

1

2
ρ |u|2 dx.

(ii) "& ()!'"(@9 "+! ('"!A*1/ &@ "+! )($$(-1"(&' "!*, 1" "+! *(A+"3+1') $()! &@ "+! )($
*!"! 
&#'"!*-1*"&@ ;<=>
? 8("+ 8+1" ($ &."1('!) @*&, "+! ;)($
*!"!? L2 (''!* -*&)#
" .!"8!!' "+! 2!/&
("9 1') "+!)(C#$(&' "!*, (' "+! )($
*!"! ,&,!'"#, .1/1'
! !6#1"(&' ;<=>.?=
(iii) "& .! 1./! "& -*&2! "+1" "+! *(A+"3+1') $()! &@ ;<=>
? ($ '&'3'!A1"(2!7 "& -*!$!*2! "+! -&$("(2("9&@ "+! ('"!*'1/ !'!*A9=E+! -&('" (i) ($ !D"!'$(2!/9 )($
#$$!) (' MFN℄ ;$!! 1/$& MIP℄?7 1') 8(// '&" .! "*!1"!) +!*!= Q!$
*(.('A 18197 (,-/!,!'"!) (' "+! J4J4 @*!! $&@"81*! )!2!/&-!) 1" JR40 MST℄7 "& &."1(' "+! "8& &"+!* ($$#!$ 8("+"+! #$#1/ L1*5!* 1') <!// ;LU<? )($
*!"(G1"(&' MIV7 IW℄ ($ "+! &.X!
"(2! &@ "+($ -1-!*= Y! 
&,-/!"! "+!-*!$!'"1"(&' .9 $+&8('A +&8 (ii) ,19 1/$& .! #$!)7 (' $&,! ,&)!/ -*&./!,$7 "& -*&2! "+! 
&'2!*A!'
!(' L1 &@ "+! )($$(-1"(&' "!*,=
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