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Introduction



2 INTRODUCTION

Il est une quéte interminable en géométrie riemannienne, qui consiste a tenter de dé-
montrer que I’objet le plus naturel d’une variété riemannienne, sa courbure, est assez puis-
sant pour pouvoir déterminer la structure de la variété sous-jacente, et en particulier sa
topologie.

Cette quéte pourrait avoir commencé par la découverte de la formule de Gauss-Bonnet,
qui exprime la caractéristique d’Euler d’une variété riemannienne uniquement a 1’aide de
sa courbure, et a certainement été influencée par le théoréme fondamental suivant :

Théoréme 0.1. Si (M™, g) est une variété riemannienne compléte a courbure sectionnelle
constante égale a 1, 0 ou —1, alors elle est respectivement isométrique a un quotient de
S™, R™ ou H"™ munis de leur métrique standard.

La “méthode de Bochner” a révélé de nombreux exemples de situations dans lesquelles
la géométrie détermine la topologie des variétés riemanniennes. Elle est nommée d’apres
S. Bochner, qui a démontré en 1948 que la dimension du premier groupe de cohomologie
d’une variété riemannienne, compacte, de dimension n, a courbure de Ricci positive ou
nulle, est plus petite que n. Si, de plus, la courbure de Ricci est strictement positive en un
point de la variété, alors son premier groupe de cohomologie s’annule.

Le résultat de S. Bochner a été étendu aux groupes de cohomologie d’ordre plus grand
lorsqu’un certain opérateur de courbure est positif, et en 1975 S. Gallot et D. Meyer ont
démontré que les nombres de Betti d’une variété riemannienne compacte a opérateur de
courbure positif ou nul sont inférieurs a ceux du tore de méme dimension ([GM75]). Si de
plus I’opérateur de courbure est strictement positif en un point, alors ils s’annulent tous.

Le théoréme de la sphére pour les variétés a courbure 1/4-pincée, conjecturé par
H. Rauch en 1951, constitue un autre exemple emblématique des liens qui existent en-
tre la topologie et la géométrie des variétés riemanniennes. Il affirme qu’une variété rie-
mannienne compacte ayant toutes ses courbures sectionnelles dans I'intervalle |1/4, 1] est
difféomorphe & un quotient de la sphere. W. Klingenberg, M. Berger et H. Rauch ont dé-
montré qu’une telle variété est homéomorphe a un quotient de la sphere, et la conjecture
complete est une conséquence d’un résultat de S. Brendle et R. Schoen ; en 2007, ils ont
montré qu’une variété dont la plus petite courbure sectionnelle est, en chaque point, stricte-
ment positive et supérieure a un quart de la plus grande courbure sectionnelle, admet une
métrique a courbure sectionnelle constante et strictement positive.

La preuve de ce dernier résultat utilise le flot de Ricci, introduit en 1982 par R. Hamil-
ton. Dans [Ham82], R. Hamilton a montré que le flot de Ricci normalisé, partant d’une
variété riemannienne compacte a courbure de Ricci strictement positive, existe pour tous
temps, et converge vers une métrique a courbure sectionnelle constante et positive. Il s’en-
suit que toute variété compacte de dimension trois qui admet une métrique a courbure de
Ricci strictement positive est difféomorphe & un quotient de la sphere.

Le flot de Ricci est devenu un outil fondamental en géométrie riemannienne, et le ré-
sultat de [Ham82] a été étendu aux dimensions plus grandes, pour différentes notions de
positivité de la courbure. Par exemple, R. Hamilton a démontré qu’en dimension quatre,
le flot de Ricci normalisé partant d’une métrique & opérateur de courbure strictement posi-
tif converge vers une métrique a courbure sectionnelle constante et positive. Ce résultat a
récemment été étendu a toutes les dimensions par C. Bohm et B. Wilking. En particulier, il
complete le théoreme de S. Gallot et D. Meyer lorsque 1’opérateur de courbure est stricte-
ment positif ; la variété est alors non seulement une sphere homologique (c.-a-d. que tous
les groupes de cohomologie sont triviaux), mais est de plus difféomorphe a un quotient de
la sphere.

Pour démontrer de tels résultats de rigidité pour des variétés a courbure pincée avec le
flot de Ricci, la stratégie consiste a prouver que le pincement est préservé le long du flot
a ’aide du principe du maximum, et que dans un certain sens, le pincement s’améliore le
long du flot. On montre alors que le flot existe pour tous temps positifs et converge vers une



INTRODUCTION 3

métrique a courbure sectionnelle constante. Cette stratégie a été appliquée avec succes pour
différentes hypotheses de pincement, en invoquant des arguments de plus en plus élaborés.

Afin d’énoncer d’autres généralisations du théoreme de R. Hamilton, on rappelle la
décomposition orthogonale suivante de 1’opérateur de courbure agissant sur les 2-formes
d’une variété riemannienne (M", g) :

Rmg =Wy + 2,4+ S,
ol W, est la courbure de Weyl, Z, ne dépend que de la partie sans trace de la courbure de
Ricci : )
Ricy = Ricg — —Ry g,
« o

et S, est un multiple de la courbure scalaire R, que multiplie 1’opérateur identité. On a de
plus les identités suivantes :

2 1 o 2 2 1 2
Z4|"= —— |Ric et |Sy|'=—F—""F<R
124 n—2| q 1S5l 2n(n—1)"%
les normes étant prises en considérant les opérateurs de courbure comme des opérateurs
symétriques sur les formes différentielles. On a par exemple, en utilisant la convention de
sommation d’Einstein,

1 . .
W= ZWWWW et |Ric|*= Ric;jRic".

La partie sans aucune trace W, s’annule systématiquement en dimensions deux et
trois, et elle s’annule en dimension n > 4 si et seulement si la métrique est localement
conformément plate. Une métrique pour laquelle la partie sans trace de la courbure de Ricci
s’annule est appelée métrique d’Einstein. De plus, une métrique est a courbure sectionnelle
constante si et seulement si elle est a la fois d’Einstein et localement conformément plate,
donc si et seulement si elle vérifie

Wy =24=0.
En 1985, G. Huisken a démontré le résultat de rigidité suivant ([Hui85]) :

Théoréme 0.2. Si (M™,g) est une variété riemannienne compacte a courbure scalaire
strictement positive telle que pour tout point x € M™,

‘Wg(x)|2 + |Zg(33)|2< On \Sg(x)\2,

avec 0, une constante explicite (par exemple §, = % ), alors le flot de Ricci normalisé
partant de g existe pour tous temps positifs et converge en topologie C'°° vers une métrique
a courbure sectionnelle constante et positive.

En particulier; M™ est difféomorphe a un quotient de la sphére S™.

En 1998, C. Margerin a amélioré la constante § en dimension quatre, obtenant le
théoreme optimal suivant ([Mar98]) :

Théoréme 0.3. Si (M*,g) est une variété riemannienne compacte & courbure scalaire
strictement positive telle que pour tout point © € M*,

0.1) (Wo(@)” + 124(2)]< |Sy ()],

alors le flot de Ricci normalisé partant de g existe pour tous temps positifs et converge en
topologie C'*° vers une métrique a courbure sectionnelle constante et positive.
En particulier, M* est difféomorphe a la sphére S* ou a Iespace projectif réel RP2.

Ce théoréme est optimal ; les seules variétés pour lesquelles 1’égalité est atteinte dans
(0.1) sont isométriques & CP? muni de la métrique de Fubini-Study, ou a un quotient du
produit riemannien S x S!.

Tous ces résultats on en commun d’apporter une information d’ordre topologique sur
les variétés qui admettent une métrique dont la courbure satisfait a un certain pincement



4 INTRODUCTION

en chaque point. Certains de ces théorémes sont en fait toujours vrais si 1’on suppose
seulement le pincement “en moyenne”, ¢’est-a-dire en remplacant le pincement ponctuel
par un pincement intégral. On remplace alors I’hypothese de courbure scalaire strictement
positive par celle, plus faible, de constante de Yamabe strictement positive. La constante de
Yamabe d’une variété riemannienne compacte (M", g) peut se définir de la fagon suivante :

1
Y M’ = inf . .5 3o R" dU” 3
(M. lg)) = Inf) {Vol(M7 g /M I g}

ou [g] = {e*/g, f € C°°(M)} est la classe conforme de g. Elle est strictement positive
si et seulement si il existe une métrique § = e/ ¢ dans la classe conforme de ¢ dont la
courbure scalaire est strictement positive. De plus, on peut toujours trouver une métrique

g € [g] telle que
1

Une telle métrique est appelée métrique de Yamabe. Sa courbure scalaire est constante et
égale a
_ Y(M,[g))
Vol(M, g)=
En utilisant ’inégalité de Holder, on remarque qu’on a toujours

Y(M, [g]) <[|Ryll 3,

avec égalité si et seulement si g est une métrique de Yamabe.

Un exemple de ces résultats de pincement intégral est une généralisation du théoréeme
de Bochner en dimension quatre, démontrée par M. Gursky dans [Gur98] et [Gur00], et
qui peut s’énoncer de la manicre suivante :

g

Théoreme 0.4. Soit (M*, g) une variété riemannienne compacte et orientée & constante
de Yamabe positive.

i) Sila partie sans trace de la courbure de Ricci satisfait a
1

2
02 12,1122 5 ¥ (M2, [g])
— soit son premier nombre de Betti by (M*) s’annule,
— soit I’égalité est atteinte dans (0.2), by = 1, g est une métrique de Yamabe
et (M*, g) est conformément équivalente & un quotient du produit riemannien
S? x R.
ii) Sila courbure de Weyl satisfait a
1
2
03) Wyl o3 YO, [g))%,

— soit son second nombre de Betti by(M*) s’annule,
— soit I'égalité est atteinte dans (0.3), by = 1 et (M*, g) est conformément dif-
féomorphe a CP? muni de la métrique de Fubini-Study.

En dimension quatre, sur une variété compacte (M 4 g), la formule de Gauss-Bonnet
affirme que
2 2 2
Wollz2 = 124172 + 1872 = 8m°x (M),
ot Y(M*) est la caractéristique d’Euler de M*. On peut donc réécrire le pincement intégral
2 2 2
(0.4) IWllLz + 1261172 < 1Sl

et le remplacer par

2 2
W72 < 4m"x (M),
qui lui est équivalent et qui est invariant par changement conforme. Ainsi, si une variété
compacte orientée de dimension quatre a constante de Yamabe strictement positive satisfait
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au pincement (0.4), on peut supposer que g est une métrique de Yamabe, et le Théoréme 0.4
permet d’affirmer que ses groupes de cohomologie sont triviaux.

Dans [CGYO03], A. Chang, M. Gursky et P. Yang ont démontré qu’une variété qui
satisfait a ces conditions est en fait difféomorphe a un quotient de la sphere ; ils ont prouvé
I’extension suivante du Théoréme 0.3 :

Théoréme 0.5. Si (M*, g) est une variété riemannienne compacte & constante de Yamabe
strictement positive telle que

2 2 2
(0.5) Wallz2 + 11261172 < 1Sl 72
alors elle est difféomorphe a la sphére S* ou a Iespace projectif réel RP*.

De plus, ce théoréme est optimal, puisque les seules variétés pour lesquelles 1’égalité
est atteinte sont conformément équivalentes 2 CP? muni de la métrique de Fubini-Study,
ou 2 un quotient du produit riemannien S* x R.

Les preuves de ces résultats de pincement intégral reposent sur des arguments de
géométrie conforme. L’idée générale est qu’en effectuant un bon changement conforme
sur la métrique, on peut retrouver un pincement ponctuel de la courbure. On peut ensuite
appliquer une technique de Bochner ponctuelle pour obtenir le Théoreme 0.4, et le résultat
ponctuel de C. Margerin (Théoréme 0.3) permet d’obtenir le Théoreme 0.5.

L’ objet de cette these est d’explorer de nouvelles approches pour obtenir des résultats
de rigidité sur les variétés a courbure intégralement pincée.

On étudie tout d’abord une classe de flots de courbure d’ordre quatre, qui contient les
flots de gradient de fonctionnelles quadratiques en la courbure. Une propriété essentielle
de ces flots de gradient est qu’ils préservent, et améliorent, des pincement intégraux de la
courbure. Comme application de cette étude, nous présentons une nouvelle preuve d’une
partie du Théoreme 0.5 (c.-a-d. avec une hypothese de pincement plus restrictive), qui
repose entierement sur 1’étude d’un flot géométrique, et qui ne dépend pas de la version
ponctuelle du théoreme, due a C. Margerin.

On obtient ensuite des résultats de pincement intégral en combinant une formule de
Weitzenbock avec 1’inégalité de Sobolev induite par la positivité de la constante de Ya-
mabe. Nous appliquons ce principe général pour démontrer un résultat de rigidité pour les
singularités de nos flots d’ordre quatre. Grace a cela, nous démontrons la convergence de
ces flots sous une hypothese de pincement intégral sur la métrique initiale.

Dans un travail en collaboration avec G. Carron, nous appliquons également cette
méthode de Bochner intégrale pour généraliser les théoremes classiques de Bochner-Weitzen-
bock aux variétés dont la courbure est intégralement pincée, et en particulier, nous redé-
montrons et étendons le Théoreme 0.4 aux degrés et dimensions supérieurs.
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1. From curvature pinching to topological information

There is a never ending quest in Riemannian geometry, which consists in trying to
prove that the most natural object of a Riemannian manifold, its curvature, is powerful
enough as to determine the structure of the underlying manifold, and especially its topol-
ogy.

The quest may have been initiated by the discovery of the Gauss-Bonnet formula,
which determines the Euler characteristic of a Riemannian manifold only by means of its
curvature, and has certainly been marked by the following fundamental theorem:

Theorem 0.1. If a complete Riemannian manifold (M™, g) has constant sectional curva-
ture 1, 0 or —1, then it is respectively isometric to a quotient of the standard S™, R™ or
H"™.

The so-called “Bochner technique” has led to several examples of situations where the
curvature determines the topology of Riemannian manifolds. It is named after S. Bochner,
who proved in 1948 that the dimension of the first cohomology group of a closed n-
dimensional Riemannian manifold with nonnegative Ricci curvature is smaller than n.
And if furthermore the Ricci curvature is positive somewhere, then its first cohomology
group must vanish.

S. Bochner’s result has been extended to higher-order cohomology groups when some
curvature-related operator is nonnegative, and in 1975, S. Gallot and D. Meyer proved
that the Betti numbers of a closed n-dimensional Riemannian manifold with nonnegative
curvature operator are smaller than those of the torus of dimension n ([GM75]). If in
addition the curvature operator is positive somewhere, then they must all vanish.

The sphere theorem for 1/4-pinched Riemannian manifolds, conjectured by H. Rauch
in 1951, is another emblematic example of the deep connections between the topology
and the geometry of Riemannian manifolds. It asserts that a closed Riemannian manifold
whose sectional curvatures lie in (1/4,1] is diffeomorphic to a quotient of the sphere.
W. Klingenberg, M. Berger and H. Rauch proved that such a manifold is homeomorphic to
a quotient of the sphere, and the full conjecture is a consequence of a result of S. Brendle
and R. Schoen: in 2007, they proved that if at each point the lowest sectional curvature
is positive and larger than one quarter of the largest sectional curvature, then the manifold
carries a metric of positive constant sectional curvature.

Their proof uses the Ricci flow, introduced in 1982 by R. Hamilton. In [Ham82] he
proved that the normalized Ricci flow starting on a closed three-dimensional Riemannian
manifold with positive Ricci curvature exists for all time and converges to a metric of
positive constant sectional curvature. Therefore, any closed three-dimensional manifold
carrying a metric of positive Ricci curvature is diffeomorphic to a quotient of the sphere.

The Ricci flow has become a very powerful tool in Riemannian geometry, and the re-
sult of [Ham82] has been extended to higher dimensions and to various notions of positive
curvature. For instance, R. Hamilton proved that in dimension four, the normalized Ricci
flow starting from a metric of positive curvature operator converges to a metric of positive
constant sectional curvature. This result has been recently extended to all dimensions by
C. Bohm and B. Wilking. In particular, it completes the theorem of S. Gallot and D. Meyer
when the curvature operator is positive: the manifold is not only an homological sphere
(i.e. all its cohomology groups vanish), but is actually diffeomorphic to a quotient of the
sphere.

The strategy to prove rigidity results for manifolds with pinched curvature by using the
Ricci flow consists in proving with the maximum principle that the pinching is preserved
along the flow, and that in some sense, it becomes better and better along the flow. Then
one proves that the normalized flow exists for all time and converges to a metric of constant
sectional curvature. This has been done for different pinching assumptions by using more
and more elaborate arguments.
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There have been other generalizations of R. Hamilton’s result. To state them, we recall
the following orthogonal decomposition of the curvature operator, acting on the 2-forms of
a Riemannian manifold (M™, g):

Rmg =Wy + 25+ S,

where W, is the Weyl curvature, Z, only depends on the traceless part of the Ricci curva-
ture

° 1
Ricy = Ricy — ﬁRg g,

and S, is a multiple of the scalar curvature R, times the identity operator. Moreover, we
have
2
2 1 M 2 1 2

Z4|"= —— |Ric and |Sy|"= ———=R;.

| _l]| n_2| 5]| |g| 27’L(7’L—1) g
The norms are taken by considering curvature operators as symmetric operators on differ-
ential forms. For instance, with the Einstein summation convention, we have

1 . ..
W= ZWWWW and |Ric|>= Ricq;Ric?.

The totally trace-free part W, always vanishes in dimension 2 and 3, and in dimension
n > 4, it vanishes if and only if the metric is locally conformally flat. A metric for which
the traceless Ricci part Z; vanishes is called an Einstein metric. Moreover, a metric has
constant sectional curvature if and only if it is both Einstein and locally conformally flat,
therefore if and only if
Wy =24,=0.
In 1985, G. Huisken proved the following rigidity result ([Hui85]):

Theorem 0.2. If (M™, g) is a closed Riemannian manifold with positive scalar curvature
such that for all x in M™,

Wy (@)* + 124(2)* < 60 ()|,

with d,, an explicit constant, e.g. 04 = % then the solution of the normalized Ricci flow
starting from g exists for all time and converges as t goes to +o0 to a metric of positive
constant curvature in the C'* topology.

In particular, M™ is diffeomorphic to a quotient of the sphere.

In 1998, C. Margerin improved the constant in dimension four, and obtained the fol-
lowing optimal theorem ([Mar98]):

Theorem 0.3. If (M*, g) is a closed Riemannian manifold with positive scalar curvature
such that for all x in M4,

0.6) Wy (@) + | Z4(2)]” < Sy (),

then the solution of the normalized Ricci flow starting from g exists for all time and con-
verges as t goes to +00 to a metric of positive constant curvature in the C° topology.

In particular, M* is diffeomorphic to the sphere S* or to the real projective space
RP4,

The theorem is optimal as the only manifolds for which equality holds in (0.6) are
isometric either to CP? with the Fubini-Study metric or to a quotient of the Riemannian
product S x S*.

The common feature of all those results is to give topological information on a man-
ifold that carry a metric whose curvature satisfy a certain pinching at each point. It has
appeared that some of those theorems are still true if one only requires the curvature to be
pinched in an “average” sense, that is when replacing the pointwise pinching by an integral
pinching. In these results, the assumption of positive scalar curvature will be replaced by
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the weaker one of positive Yamabe constant. The Yamabe constant of a closed Riemannian
manifold (M™, g) can be defined by

1
Y(M,[g]) = inf  ————— [ Rydv, b,
(M, lg]) §€[g]{Vol(M,§)1_n /M I q}

where [g] = {leg, f € C>(M)} is the conformal class of g. It is positive if and only
if there exists a metric § = e2/¢ in the conformal class of g which has positive scalar
curvature.

Moreover, we can always find a metric § € [g] such that

),
_ R;dv; =Y (M, .
Vol(M,g)lf% [P (M, [g])
Such a metric is called a Yamabe minimizer, and has a constant scalar curvature equal to
_ Y(M,[g)
Vol(M, §)=
Using the Holder inequality, we see that we always have
Y (M, [g]) <l Rgll, 3

with equality if and only if g is a Yamabe minimizer.

One example of these integral pinching results is a generalization of the Bochner the-
orem in dimension four proven by M. Gursky in [Gur98] and [Gur00], and can be stated
as follows:

g

Theorem 0.4. Assume that (M*, g) is a closed oriented Riemannian manifold with posi-
tive Yamabe constant.

i) If the traceless part of the Ricci curvature satisfies
1
0.7) |25172< 57 Y(M*, [9))*,
— either its first Betti number by (M*) vanishes,
— or equality holds in (0.7), by = 1, g is a Yamabe minimizer and (M*, g) is
conformally equivalent to a quotient of the Riemannian product S® x R.
ii) If the Weyl curvature satisfies
1
(0.8) Wl < 55 Y™, [9)%,
— either its second Betti number by(M*) vanishes,

— or equality holds in (0.8), by = 1 and (M*, g) is conformally equivalent to
CP? endowed with the Fubini-Study metric.

On a four-dimensional closed manifold (M*, g), the Gauss-Bonnet formula asserts

that
2 2 2
IWallz2 = 126l 72 + [1Sgll72= 87x(M?),
where x(M*) is the Euler characteristic of M*. Consequently, the integral pinching
2 2 2
0.9) Wl + 112172 < Sl L2
is equivalent to the conformally invariant one
Wyl 72 < 4m*x(M).

Therefore, if a closed oriented four-dimensional manifold with positive Yamabe constant
satisfies (0.9), we can suppose that g is a Yamabe minimizer, and it follows from Theo-
rem (.4 that its cohomology groups must vanish.

In [CGYO03], A. Chang, M. Gursky and P. Yang proved that a manifold which sat-

isfy these conditions is actually diffeomorphic to a quotient of the sphere; they gave the
following extension of Theorem 0.3:
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Theorem 0.5. If (M*, g) is a closed Riemannian manifold with positive Yamabe constant
such that

2 2 2
(0.10) IWollzo + 129122 < ISl
then it is diffeomorphic to the sphere S* or to the real projective space RP*.

Moreover, this theorem is optimal, as the only manifolds for which equality holds are
conformally equivalent to CP? endowed with the Fubini-Study metric or to a quotient of
the Riemannian product S? x R.

The proofs of those integral pinching results are based on conformal geometry argu-
ments. The general idea is to show that a good conformal change can be made on the
metric in order to recover a pointwise pinching on the curvature. Then, one can apply a
pointwise Bochner method to obtain Theorem 0.4, and the pointwise result of C. Margerin
(Theorem 0.3) leads to Theorem 0.5.

The purpose of this thesis is to explore other approaches to obtain rigidity results for
manifolds with integral pinched curvature.

We first study a class of fourth-order curvature flows, which contains the gradient flows
of quadratic curvature functionals. An essential feature of those gradient flows is that they
are defined in such a way that they preserve, and actually improve integral pinchings on the
curvature. As an application of this study, we give a new proof of a part of Theorem 0.5 (i.e.
with a stronger pinching assumption), which is entirely based on the study of a geometric
flow, and doesn’t rely on the pointwise version of the theorem, due to C. Margerin.

We then obtain integral pinching results by combining a Weitzenbock formula with
the Sobolev inequality induced by the positivity of the Yamabe constant. We apply this
general principle to prove a rigidity theorem for the singularities of our fourth-order flows.
This is what allows us to prove the convergence of the flows under a pinching assumption
on the initial metric.

In a joint work with G. Carron, we also applied this integral Bochner method to gener-
alize classical Bochner-Weitzenbock theorems to manifold with integral pinched curvature,
and in particular, we reprove and extend Theorem 0.4 to higher degrees and dimensions.

2. On some fourth-order curvature flows

According to [Per02], the Ricci flow can be seen as the gradient flow for a modified
Einstein-Hilbert functional

F™(g) = / R™dm,
M

where m is a fixed measure on M and R, is a scalar curvature modified by the measure.
Moreover, the critical points of F™ are gradient Ricci solitons, which are the manifolds
arising when performing a blow-up at a singular time. An essential property of the Ricci
flow is that it is invariant (up to diffeomorphisms) by a change of measure m. This fact
combined with the monotonicity of ™ leads to the noncollapsing result of G. Perelman.
In order to preserve integral pinchings on the curvature, we will consider gradient
flows for quadratic curvature functionals, linear combination of:
(0.11)

Frm(9) :/ |ng|2 dvg, Fric(g) =/ |Ricg|2 dvg and Fr(g) :/ R;dvg,
M M M

or equivalently of
(0.12)

P
]—"W(g):/ (W,|? duy, Fo (g):/ |Ricy| dv, and ]-"R(g)z/ RZdv,.
M ic M M

These gradient flows involve four space derivatives of the metric, and therefore do not
share as much properties as an heat equation like the Ricci flow does. For example, the
maximum principle doesn’t apply.
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Several other higher-order geometric gradient flows have been successfully carried
out during the last decade, among which the Calabi flow on surfaces in [Chr91], general
gradient flows on curves and surfaces in [Pol96, Pol97], the Willmore flow in [SimO1,
KSO01, KS02], flows of fourth and higher-order on immersed hypersurfaces in [Man02], a
fourth-order equivalent of the Yamabe conformal flow introduced in [Bre03], the Calabi
flow on Kéhler manifolds in [CHOS].

As for the gradient flows of the quadratic functionals we are interested in, Y. Zheng
has considered the gradient flow of Fg;. in dimension three in [Zhe03], and J. Streets has
studied the gradient flow of Fg,, in dimension four in [Str08]. They both proved short-
time existence and integral estimates for their respective flows. In [Str09] and [Str10b],
J. Streets proved long-time existence and convergence for his flow when it starts from a
metric with a curvature very close to a constant one (in the L? sense). He proved similar
results in dimension three in [Str12]. Unfortunately, the number ¢ which quantify how
close the metric should start is non-explicit and results in a intricate way from a number of
curvature estimates.

The first difficulty in the study of these fourth-order flows is that the metric could a
priori collapse with bounded curvature at a singularity. It is a very classical fact about the
Ricci flow that the curvature must blow up at a singular time. Indeed, if the curvature could
stay bounded, then all the derivatives of the curvature would be bounded, and the solution
would extend beyond the singular time. This fact results either from pointwise estimates
on the curvature, obtained by the maximum principle, or as it was done in [Ham82], by
remarking that a bound on the curvature induces a bound on the time derivative of the
metric 0;g, which implies that the Sobolev constant stays bounded. Then, one can prove
pointwise estimates from integral estimates by Sobolev inclusions.

For fourth-order curvature flows, neither does the maximum principle apply, nor does
a curvature bound induce a control on the metric or on a Sobolev constant. Therefore,
the fact that the curvature must blow-up at a singular time becomes non-trivial, and was
only proven by J. Streets in [Str11], by showing pointwise curvature estimates using a
contradiction argument.

The second difficulty arises when one wants to make a blow-up analysis at a singular
time. Since the curvature blows up, one can define a sequence of normalized flows with
bounded curvature. The existence of a limit for a subsequence of those manifolds comes
from classical precompactness results when the injectivity radius is uniformly bounded
from below by a positive constant. Whether such a lower bound exists or not depends on
a noncollapsing property, which was proved for the Ricci flow by G. Perelman ([Per02]),
but remains unattainable in general for fourth-order flows.

In this thesis, we deal with this issue by controlling the Yamabe constant. When we
assume a positive lower bound on it, we can prove a noncollapsing property similar to the
one of G. Perelman. As a consequence, we can always find a sequence of manifolds near a
singular time which converges to a “singularity model”.

Given a Riemannian manifold (M™, go), the evolution equations we consider are given

by:
dg = P(g)
E
{mm%, rlo0)
where P : §2 (M) — S*(M) is a smooth map of the form
(0.13) P(g) = 60Rm, + aAR,g + bV*R, + Rm, x Rmy,

with a and b two real numbers.

The notation §?(M) denotes the space of symmetric (2, 0)-tensors, S7 (M) the space
of metrics, and S % T" denotes any linear combination (with coefficients independent of the
metric) of terms obtained from S ®T by taking tensor products with g and g~!, contracting
and permuting indices. The operators § and § are defined in Appendix B. In particular we
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have
55Rmij = VaVﬁRm,-ajﬁ,

and we recall that
. 1
§0Rmy = V*VRic, + 5v2Rg + Rm, * Rmy.

The gradient flows for most of the quadratic functionals generated by those in (0.11)
or (0.12) are of this type (see Section 2 of Chapter 2 for details).
We first prove short-time existence for this class of flows when a < ﬁ Since
P is invariant by diffeomorphisms, it is not elliptic. We can proceed as for the Ricci
flow, and apply the DeTurck trick to obtain an equation that doesn’t possess that geometric
invariance. We show in Section 1 of Chapter 2 that it is possible to make P become strongly
1

elliptic if and only if a < =Ty In that case, the flow exists and is unique on a small time

interval, thus we obtain:

Theorem A (Short-time existence). Let (M, go) be a closed Riemannian manifold. When
a < m, there exists a unique maximal solution (g;) of Ep(go) defined on some time

interval [0,T'), with T positive.

In the sequel of the introduction, we will assume that P is a smooth map of the form
(0.13), with a < ﬁ The next step is to show that the curvature must blow up at
the time 7' of maximal existence, by proving curvature estimates. In [BoulO] we prove
pointwise estimates on the curvature from integral one when the Yamabe constant remains
uniformly positive along the flow. Here, we will use the method of [Str11], which doesn’t
need this hypothesis. Moreover, we improve the method of J. Streets with a point selection
argument to prove local estimates when the curvature is locally bounded. In particular, we
obtain the following property at a singular time:

Theorem B (Curvature blow-up). Let (M™, go), n > 3, be a closed Riemannian manifold
and let g(t), t € [0,T) be the maximal solution of Ep(go). If T < oo, then the curvature
blows up at T':
m Hngt
t—=T

|| /.00 = 00.

. 1 .
Moreover, if T' < oo, the curvature blows up faster than V= forany q < 1: we can

find sequences ti, — T and xi, € M such that
k

When in addition we have a uniform positive lower bound on the Yamabe constant,
we obtain local estimates when the curvature is locally bounded in LP with respect to the
space variable, and in L? with respect to the time variable, with 2’—; + % = 1 (Theorem 2.7).
In particular we obtain the following result when p = % and q = oo, which shows that the

|Rmgey| (zx) >

curvature must concentrate in the L"/2 sense at a singularity:

Theorem C. Forall « > 0, k € N and n > 3, there exists a constant €(c, k,n, P) such
that if g(t), t € [0,T), are complete metrics on a manifold M™ which are solution to Ep,
that satisfy

[g}jﬁ] Y (M, [g:]) > 0,

and such that for some xo € M and 0 < r < T'/4

sup / |Rmy|? dv, | <e,
[0.7] \VBg(xo,7)
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then for all t € (0,T] and x € Byy)(zo, §)

k
> |Vijg|%j§ a (12 + 1) .
=0 oVt

When the Yamabe constant remains uniformly positive along the flow, we can also
obtain a model of the singularity by taking a limit of dilations of the metric near a singular
time and a singular point. More precisely, if we take sequences of times ¢; — 7" and points
x; € M such that the curvature at (z;,¢;) blows up, and if we renormalize the metric at
time ¢; such that the curvature is bounded by 1, a subsequence of these dilated metrics
converges. Hence, we obtain the following general behavior of the flows E'p:

Theorem D. Let (M™, go), n > 3, be a closed Riemannian manifold. Let g(t), t € [0,T)
be the maximal solution of Ep(go). Suppose that [(i)njf) Y (M, [g:]) > 0. Then one of the

following situations occurs:
1) The flow exists for all time with uniform C* curvature bounds and a uniform lower
bound on the injectivity radius.

2) A finite or infinite time singularity occurs, where the curvature blows up:

T || Ry | = oc.

In that case, there exist sequences t; — T and x; € M such that |ng(ti) (z;) ’—) 00
and the renormalized metrics

(M, |Rmgy ()] g(ti), )
converge to a non-flat complete Riemannian manifold in the pointed C* topology.

The situation is particularly interesting in dimension four, which is the only dimension
for which the functionals in (0.11) and (0.12) are scale-invariant. Moreover, in dimension
four, thanks to the Gauss-Bonnet formula, a positive lower bound on the Yamabe constant
exists as soon as the Yamabe constant is positive and the mean Q-curvature is positively
bounded from below (where the Q-curvature is defined by Q, = AR+ 1S, = 12,1
We show that these conditions are satisfied for the gradient flows of a number of quadratic
functionals, when assuming a bound on the initial energy. More precisely, for A > 0, we
consider the functionals

]:)\(9) =(1- /\)/ |Wg|2 dvg + /\/ |Zg|2 dvg,
M M
and the corresponding gradient flows:

Og = —2VF(g)
g (0) = 9o,

on a closed Riemannian manifold (M*, go). Short-time existence is supplied by Theo-

rem A as soon as A > 0, and according to the Gauss-Bonnet formula, the case A\ = 1

corresponds to the gradient flow of %}" Rm.-

For that class of gradient flows, and when the initial value of the functional F A s
less than (1 — \)872x (M), we prove that blow-up sequences possess a converging subse-
quence, and it happens that the limit is critical for the given functional, and is actually a
complete Bach-flat (i.e. critical for the functional 7°) manifold with zero scalar curvature:

Theorem E. Let \ be in (0,1). Let (M*,go) be a closed Riemannian manifold with
positive Yamabe constant such that

(0.14) FMgo) < (1= N)8x°x(M).

If g(t), t € [0,T) is the maximal solution of E*(go), then one of the following situations
occurs:

El\(go)
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1) The flow exists for all time and for any sequence t; — oo, a subsequence of g(t;)
converges in the C™ topology to a metric g, which is critical for F.

2) A finite or infinite time singularity occurs, where the curvature blows up:
lim [|Rm o = Q.
Tn || Rmg |,

In that case, there exist sequences t; — T and x; € M such that ‘ng(ti)(mi)‘% o,
and the renormalized metrics

(M, ng(ti)(fﬂz‘)’ g(t:), z;)
converge to a non-flat complete non-compact Riemannian manifold in the pointed C*°
topology, which is Bach-flat and scalar-flat.

Remarks 0.6. 1) The condition (0.14) is equivalent to the following integral pinching
between the scalar curvature and the traceless Ricci tensor:

2 2
1290172 (1 =) [|Sgo I 72 -

2) When A = 1, the theorem remains true but becomes useless, as the assumption (0.14)
is only satisfied by Einstein metrics, which are critical for the functional.

To show long-time existence and convergence for the flow, we prove a rigidity result
for those non-compact Bach-flat manifolds modeling the singularity. This is done by using
an integral Bochner technique, and is explained in the next section. It allows us to rule out
the formation of singularities when the initial energy is less than an explicit bound.

3. An integral Bochner technique

When some tensor satisfies an elliptic equation (an harmonic form, a Killing vector
field, an harmonic curvature tensor, the curvature of critical metrics of a given functional),
a Weitzenbock formula often implies that the norm of the tensor satisfy a certain elliptic
inequality depending on a curvature term.

When the curvature term satisfies a pointwise pinching, the classical Bochner tech-
nique consists in applying the maximum principle to show that the tensor must vanish.

When the curvature term satisfies the right integral pinching with some Sobolev con-
stant, we can integrate the inequality over the manifold to show that the tensor vanishes.

This technique has been used by E. Hebey and M. Vaugon in [HV96] to prove rigidity
results for closed manifolds with harmonic Weyl curvature which satisfy an integral pinch-
ing with the Yamabe constant, or by G. Carron in [Car99] to prove the vanishing of L?
cohomology groups on complete manifolds.

In Section 3 of Chapter 1, we present a general pinching theorem based on this idea.
When we apply it to manifolds with harmonic curvature, we recover a number of results of
[HV96], and extend them to non-compact manifolds. We also apply it to critical metrics
for quadratic curvature functionals in dimension four, in order to rule out singularities of
fourth-order flows, and to harmonic forms, in order to prove the vanishing of Betti numbers
under optimal integral pinchings.

3.1. Application to critical metrics. We prove the following rigidity result for the
singularity models of our flows:

Theorem F. Let (M*, g) be a complete Riemannian manifold with positive Yamabe con-
stant and let \ be in [0,1]. Suppose that R, is in L*(M). If X = 0, suppose that R, is
constant.
If g is a critical metric of F> with
1 1
(0.15) IWollZa +5 1Z6ll72< g YOM: [9])*,
then g is of constant sectional curvature.
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As a consequence, no singularity can occur along the flow when the initial value of the
functional is less than a given constant. Indeed, the bound on the functional is preserved
along the flow, and correspond to an integral pinching on the curvature, satisfied by every
metric in the flow. Since the singularity model is obtained as limit of dilated metrics at a
singular time, this limit manifold also satisfies some integral pinching on the curvature. For
the right value of the initial bound, this integral pinching is exactly (0.15), and Theorem F
implies that the manifold modeling the singularity must be flat. This implies that there is
actually no singularity. As a consequence, the flow exists for all time, and converges to a
metric which is critical for the functional, and satisfies (0.15), hence to a spherical space
form.

Theorem G. Let \ be in (0,1). If (M*, go) is a closed Riemannian manifold with positive
Yamabe constant such that

4 A > i
A< = >
— 13 or ég
.7:)‘(90) < 2)\7rzx(M) ]-')‘(go) < 5(1 - )\)7r2x(M)7

then the solution of E* (go) exists for all time and converges in the C™ topology to a metric
of constant positive curvature. In particular, M* is diffeomorphic to the sphere S* or the
real projective space RP*,

If we take A\ = % in the previous theorem, then according to the Gauss-Bonnet for-
mula we obtain the following result:

Corollary H. If (M*, go) is a closed Riemannian manifold with positive Yamabe constant
such that

2 |9 2 1 2
Waollze +3 1200ll1z2< 5 1Sg0lLe

then the flow of F*/3 exists for all time and converges to a metric of constant positive

curvature. In particular, M* is diffeomorphic to the sphere S* or the real projective space
RP*.

Under those stronger hypotheses, it provides an alternative proof of Theorem 0.5.

3.2. Application to harmonic forms (with G. Carron). This integral Bochner tech-
nique can also be applied to harmonic differential forms. With G. Carron, we prove in
[BC12] an integral Bochner-Weitzenbock theorem. Thanks to this, we deduce the van-
ishing of Betti numbers under integral pinching assumptions in several situations, and we
characterize the equality cases.

The first example of these integral pinching results is an integral version of the Bochner-
Weitzenbock theorem of S. Gallot and D. Meyer ([GM75]). If we let —p, be the lowest
eigenvalue of the traceless curvature operator W, + Z, of a Riemannian manifold (M", g),
this Bochner-Weitzenbock theorem can be stated as follows:

Theorem 0.7. If a closed Riemannian manifold (M™, g) has a nonnegative curvature op-
erator, i.e. if
1

(0.16) Pg < m

Ry,

thenforalll <k < Z,
— either its k" Betti number by,(M™) vanishes,
— or equality holds in (0.16), 1 < by, < (Z) and every harmonic k-form is parallel.

We prove that a large part of the theorem remains true if we only make the assumption
in an integral sense:
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Theorem L. If (M™, g), n > 4, is a closed Riemannian manifold such that

1
0.17 < ——Y(M"
( ) ||p£]||L2— TL(’I’L—l) ( 7[9})7
then forall1 <k < ans ork =3,
— either its k' Betti number by,(M™) vanishes,
— or equality holds in (0.17) and (up to a conformal change in the case k = %) the
1

pointwise equality pg = mRQ holds, 1 < by, < (Z), every harmonic k-form is

parallel and g is a Yamabe minimizer.
Remark 0.8. In Theorem I, as well as in the other theorems of this section, the two cases

are not mutually exclusive, i.e. equality can hold in (0.17) while a number of Betti numbers
vanish.

We also obtain an alternative proof of Theorem 0.4, and several generalizations of
this result to higher dimensions and higher degrees. In particular, we prove the following
extension to higher dimensions of the first part of Theorem 0.4:

Theorem J. If (M™,g), n > 5, is a closed Riemannian manifold with positive Yamabe
constant such that
1

n(n—1)(n —2)
— either its first Betti number by (M™) vanishes,

— or equality holds in (0.18), by = 1, and there exists an Einstein manifold (N" =1, h)
with positive scalar curvature such that (M™, g) is isometric to a quotient of

(N1 xR, h + (dt)?).

(0.18) [E=A s Y(M™,[g])%,

We prove an analogue of the second part of Theorem 0.4 in dimension 6:

Theorem K. If (M5, g) is a closed Riemannian manifold with positive Yamabe constant
such that
1
2

019 IW,l13< 5 YO°, [g))%

— either its third Betti number bs(M®) vanishes,

— or equality holds in (0.19), bs = 2, and there exist two positive numbers a and b

such that (M5, g) is conformally equivalent to a quotient of

(SS x S% agss + bggs) .

These rigidity results with a pinching involving the norm of a curvature tensor are
deduced from an integral Bochner-Weitzenbock theorem with a pinching on the lowest
eigenvalue of the traceless Bochner-Weitzenbock curvature. We characterize the situations
were such pinching theorems based on the norm of curvature tensors can be obtained,
and prove the following result (the constants a,, ; and b, ; are defined in Section 2.1 of
Chapter 4):

Theorem L. If (M™, g) is a closed Riemannian manifold with positive Yamabe constant
such that for some integer 1 < k < 3, k # "7*1 the following pinching holds:

o 21\ 2 _
(0.20) <ak W% +bnk ||Rz'c”n) < Kn=k)
2 2 nin—1)

— either its k' Betti number by,(M™) vanishes,
or n = 4 and equality holds in Theorem 0.4,
— or k = 1 and equality holds in Theorem J,

—ork=2,n2>T7and (M"™, g) is isometric to a quotient of: a <82 X LS”72).

n—>5
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— or k = 3, n = 6 and equality holds in Theorem K.
Finally, we prove an extension of Theorem J to non-compact manifolds:

Theorem M. Let (M™, g), n > 4, be a complete non-compact Riemannian manifold
with positive Yamabe constant. Assume that the lowest eigenvalue of the Ricci curvature
satisfies Ric_ € LP for some p > 5, and assume that the scalar curvature is in L. If

(0.21) | Ricy||,,5 + ", [9);

n—4 n 1
—— ||Ry||, < ———=Y(M
4y/n(n —1) 1l 2 < 4/n(n—-1) (

— either HX(M,Z) = {0} and in particular M has only one end,

— or equality holds in (0.21), and there exists an Einstein manifold (N"~', h) with
positive scalar curvature and o > 0 such that (M™, g) or one of its two-fold cover-
ings is isometric to

(NI xR, « cosh?(t) (h+ (dt)?)).

In particular, this theorem gives interesting information on the singularities of the
gradient flows E* in dimension four. Indeed, it implies that a complete non-compact
Bach-flat manifold (M*, g) with zero scalar curvature which satisfies the pinching

2 1
|2l1%2< 55 Y™, [5))?
has only one end. Under the additional assumption

W72 < 4n,

the Gauss-Bonnet formula shows that (M*, g) is simply connected at infinity. Then, ac-
cording to the work of G. Tian and J. Viaclovsky ([TVO05]) and of J. Streets ([Str10a]),
(M*, g) can be conformally compactified to a smooth Bach-flat manifold by adding a
point at infinity.



CHAPTER 1

The Yamabe constant and the Bochner technique
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Dans ce chapitre, on montre un certain nombre de résultats liés a la constante de Ya-
mabe, qui seront utilisés dans les chapitres suivants. En particulier, on introduit un invariant
de Yamabe modifié, on explicite le lien entre la positivité de la constante de Yamabe, les
inégalités de Sobolev et le non-effondrement des variétés riemanniennes, et on démontre
une version abstraite de la méthode de Bochner intégrale utilisée dans les chapitres trois et
quatre.

1. The Yamabe constant

The Yamabe constant can be defined by

Jar (4(n_1) |dul + Rgu2) dvg

n—2
Y(M,q)= inf
(M, g) e

2n n
u#0 ( Jyun—2 dvg)
It is conformally invariant: if f is a smooth function, then

Y(M,9) =Y (M,e*yg),

n—2

thus it only depends on the conformal class [g] of the metric g.
According to the work of H. Yamabe, N. Trudinger, T. Aubin and R. Schoen, when M
is closed, there always exists a positive smooth function w such that

4(n—1 n
(1.1 / M|du|2+Rgu2 dvg =Y (M,[g]), and / u%dvg =1
M n—2 M

Moreover, since C§° is dense in H 12 (M) (see [Aub98]), the infimum defining the Yamabe
constant can also be taken over HZ(M ), and any function u € H? (M) with ||uHL2%L2 =1

attaining the infimum is smooth, positive and solution to the Yamabe equation

4(7’L — 1 nt2
M= D A+ Ryu = YO, gy

(see [Aub98]). We can also write that equation

(1.2)

Ly(u) = Y(M, [g))u=2,

where L, denotes the conformal laplacian

4(n—1)

L =
g n—2

Ay + Ry,
and satisfies the following conformal covariance property: if g = gm%? g with ¢ a smooth

positive function, then

o2 Lg(u) = Lg(pu).
It follows in particular that

n+2 4(n — 1)

pr2 Ry = ——5"Agp + Ry,

Therefore, if u is a positive smooth solution of (1.2), then the metric g = uJ%2 gisa
Yamabe minimizer.

1.1. The modified Yamabe constant. For 5 > 0, we introduce the modified Yamabe
constant

(1.3) Yy(8)= inf fM<% 'd“|2+5R9“2)d“g
: o(8) = .

n—2
ueC§e (M) 2n n
u0 (fMu"*2 dvg)
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In particular, for 8 = 1, this modified Yamabe constant is the Yamabe constant:
Y,4(1) =Y(M,g]).

The function 3 — Y4(/3) is an infimum of affine functions of 3, hence it is concave and
for all 8 € [0, 1] we obtain

(1=5)Y4(0) +BY(M,[g]) < Y4(B).
When (M, g) is closed, Y ,(0) = 0 and we have:

Proposition 1.1. If (M™, g) is a closed Riemannian manifold, then

(1.4) BY(M,[g]) < Y,4(B).

If B € (0, 1), then equality holds in this inequality if and only if g is a Yamabe minimizer,
and the only functions attaining the infimum in (1.3) are constant functions.

Proof. Since 8 — Y 4(B) is concave, it is equal to its chord 8 Y (M, [g]) at an interior
point 8 € (0, 1) if and only if it is affine. Then, if for some v and some 5 € (0, 1), equality
is attained in (1.3), the affine function of 3 corresponding to u is above the function Y,
and is equal to Y ,(3) at 3, hence it must be equal to Y, on [0, 1]. Therefore the function
u realizes the infimum in (1.3) for all 5 € [0, 1]. Taking 3 = 0 yields [}, |dul? dvy =0,
hence w is constant. Then, taking S = 1 shows that g is a Yamabe minimizer. O

1.2. The Yamabe constant on complete non-compact manifolds. We still define
the Yamabe constant by

/ (4(:7:1) |du|* +R u2) dv
Y(M, g) = inf z : :]72 ’
weCS (M) on =
u#0 (fMu"*2 dvg)

and we still have for any smooth function f:
Y(M,g) =Y (M, e g).
The Yamabe functional
S (% |dul? —|—Rgu2) dvg
=z

( f M unss dvg) "
is also well-defined when R, is in L% (M, g), u is in L7~ (M, g) and du is in L2(M, g).
Moreover, when g is complete, C§° (M) is dense in the space
H={ue L (M,qg), |dule L*(M, g)}.

Therefore, we also have

Fglu) =

Y(M, g]) = inf .
and any function in H with ||U||L% = 1 attaining the infimum is a weak solution to the

Yamabe equation (1.2). If in addition u is in C%%, then by classical regularity theorems u
is smooth, and by maximum principle it is positive (see [Aub98]).

2. Yamabe, Sobolev and noncollapsing
We recall the following definition:

Definition 1.2. We say that a Riemannian manifold (M™, g) is x-noncollapsed if every
ball B of radius r such that | Rm,|< - on B, has volume at least rr".

We easily see that the property of being «-noncollapsed is scale invariant. If we scale a
r-noncollapsed metric so that the curvature is bounded by 1, then according to the follow-
ing lemma, its injectivity radius is bounded from below by some positive constant §(n, ):
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Lemma 1.3 (Cheeger, see [Pet98], Lemma 4.5). For all C' > 0 and k > 0 there exists
d(n,C, k) > 0 such that the following property is true:
If (M™, g) is a complete Riemannian manifold such that Vol(B(z, 1)) > & for all ©
in M and sup |Rmgy|< C, then injy(M) > 6.
M

Therefore, the class of pointed k-noncollapsed manifolds with curvature bounded by
1 is precompact in the pointed C'“ topology.
We now prove the following proposition:

Proposition 1.4. Any complete Riemannian manifold (M™, g), n > 3, with positive Ya-
mabe constant is k-noncollapsed, where

- ()’

If (M",g), n > 3, is a complete Riemannian manifold, and U C M™ is an open set,
we define the Sobolev constant of U by

59(U) = inf{C € R, [[u 20, < C([|dull 2 + |[ull =), Vu € CF(U)},
with the convention inf()) = +oco. When M is closed, we always have the inclusion
H?(M) C L= (M), hence s, (M) < oc.

Lemma 1.5. If (M", g), n > 3, is a complete Riemannian manifold with positive Yamabe
constant, then for all open set U C M™

9 1 4(n—1)
sg(U)” < mmax (Sl(}p |Rg|, n—2> .

Proof. Letu be in C§°(U). By definition of the Yamabe constant, we have
2 1 4(TL - 1) 2 2
n <
lull 22, < Y(M,[g) \ n—2 leullzz + MR"” dvg

1 4(n—1) 5 )
Y (M, [g]) ( m—g ldulzz + IIRgIILwHum)

<

IN

We recall the following lemma:

Lemma 1.6 (G. Carron, see [Heb96], Lemma 3.2). Let (M™, g) be a complete Riemannian
manifold. For any ball B C M™ of radius 1,
Vol (B) > (24 +25,(B))

—n

We can now prove Proposition 1.4. Let (M, g) be a complete manifold with positive
Yamabe constant and B a ball of radius 7 such that | Rmg|< %2 on B. If we consider the
metric § = r~2g, which has the same Yamabe constant as g (since the Yamabe constant
is conformally invariant, thus also scale invariant), we can suppose that » = 1, and that
|Rmgy|< 1 on B. Then, according to Lemma 1.5, we have

. 2 #max n(n — 4n —1) :2n(n_1)
(8" < gy (20t - 052557 ) = T

and according to Lemma 1.6, we obtain

2 1 Y (M, [g])
6 n > >
Voly(B)™ 2 5o, (B = 2 on(n — 1)
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Therefore
Vol,(B) > kr™.

O
We finally recall the following fact:

Lemma 1.7. If (M, g) is a complete Riemannian manifold such that the volume of unit
balls is uniformly bounded from below:

inf Vol,(B(z,1
inf Vol (B, 1)) > 0
then M is compact if and only if (M, g) has finite volume.

Proof. If M is compact, it has finite volume. Suppose that M is not compact and choose
2 in M. We can find a sequence of points (zj) such that zj is in B(z, k + 1) \ B(z, k).
Then the balls B(z35y, 1) are two by two disjoint, and thus

Volg(M) > > Volg(B(zsp, 1)) = 0.
k>0

And we prove the following Lemma, inspired by [CHO02, Proposition 2.3]:

Lemma 1.8. If (M, g) is a complete non-compact Riemannian manifold with positive Ya-
mabe constant and scalar curvature in L=, then it has infinite volume and satisfies the
following Sobolev inequality:

2 2
(15) Il 2a, < C lldil22.
for some C > 0 and for all p € C§°(M).

Proof. Let fix some ball B(zg,r) C M. Since Y (M, [g]) > 0 and by using the Holder
inequality, for any smooth functions with support outside the ball B(xq, ), we have

) 1 4(n—1) 5 / /2 Coe
2 2n_ < dtp + R dv ) 2n
el 2=, Yarg) | n-2 ldel|72 e | Ry g el 2,

Since R, isin L2 (M, g), we can take r such that

2
n -Y- M
/ ‘Rg|n/2 dvg < ( 7[9])7
M\B(zo,r) 2

and we obtain the Sobolev inequality on M \ B(xq, 7).

According to Lemma 1.6, there exists a uniform bound from below on the volume of
any ball B(y, 1) € M \ B(xq,7). And since B(z¢, ) is compact, it is true for any unit ball
in M. According to Lemma 1.7, the volume of (M, g) is infinite.

Therefore, according to [Car98, Proposition 2.5], there exists C” such that the Sobolev
inequality (1.5) holds on M. (]

3. Integral Bochner technique: a general setting
We consider a tensor 7" satisfying a condition of the following type:
(1.6) (V*VT | T) AR, |T]*< a |T[?,

for some A € Rand a € C*°(M).
When T is solution of a second-order elliptic equation, a Weitzenbock formula often
provides a linear equation on 7" of the following form

(1.7) V*VT + A(T) = 0.
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In that case, we get (1.6) with —a the lowest eigenvalue of
A—- AR 1d.
The classical Kato inequality asserts that for any smooth tensor 7" on a Riemannian mani-
fold (M™, g),
d|T|*<IVT[* .
When T is in the kernel of an elliptic operator of degree one, this Kato inequality can often
be refined to

(1.8) (1+36) |d |T|[*<|VT[,
for some 6 > 0.

By combining the Weitzenbock formula with the Sobolev inequality induced by the
positivity of the Yamabe constant, we obtain:

Theorem 1.9. Let (M™, g) be a closed Riemannian manifold and let T' be a tensor which
satisfy (1.6) and (1.8) for some a € C°(M), A >0and § > 0. If0 < A\(1 —0) < 4&7121)
and if

(1.9) lall 3 < AY(M, [g]),

then
— either T vanishes on M,
— or equality holds in (1.9), g is a Yamabe minimizer, T is parallel and the pointwise
inequality a = ARy holds on M.

In the proof, we use the modified Yamabe invariant Y, (5) with 3 = A\(1 — 6)%.

When 5 = 1,1i.e. when A(1 —4) = 4(7;;21) , we cannot apply Proposition 1.1, and we don’t

get such a strong characterization of the equality case:

Theorem 1.10. Ler (M™, g) be a closed Riemannian manifold and let T be a tensor which
satisfy (1.6) and (1.8) for some a € C=°(M), 0 < 6 < land A = -1 2=2< If

1-5 4(n—1)
(1.10) lall, 2 < XY (M, [g]),

then
— either T vanishes on M,

— or equality holds in (1.10) and the metric § =|T| XD g is a Yamabe minimizer.

However, when § = 1, the vanishing result can be extended to non-compact mani-
folds:

Theorem 1.11. Let (M™, g) be a complete Riemannian manifold and let T be a tensor
which satisfy (1.6) and (1.8) for some a € C=<(M), 0 < 6 < 1 and A = 1+ 2=2

1-6 4(n—1)"
Suppose that for some xo € M we have Vol(zg, R)? = O(R) when R — . If
(1.11) lall 3 < AY(M, [g]),
then

— either T vanishes on M,
— or equality holds in (1.11), and if furthermore R is either nonnegative or in L3,

1 .
then u =|T|>=D is in L™'?(M,g) and the metric §j = Wg has constant
L’L

scalar curvature equal to Y (M, [g]).
Remark 1.12. According to [Gal88, Theorem 1], the assumption on the growth of balls is
in particular satisfied when the lowest eigenvalue Ric_ of the Ricci curvature is in L? for
some 2 <p < 3.
When the Yamabe constant is positive, and when the curvature is in L% and satisfies
an elliptic equation
V*VRmg = Rmg * Rmg,
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(for instance when the curvature is harmonic, i.e. when 6Rm, = 0), then according to
Lemma 1.8 and by De Giorgi-Nash-Moser iterative scheme, the curvature is uniformly
bounded. The curvature is therefore in L2 N L, hence it is in LP for all % <p< oo

By a refinement of the method, the same is true if the curvature satisfies and elliptic
equation

V*VRicys = Rmyg * Ricg,

for instance if the metric is critical for a quadratic curvature functional and has constant
scalar curvature (see [And05, TVO05]).

We now prove Theorems 1.9, 1.10 and 1.11. The general idea is the following: we
multiply the Weitzenbdck inequality (1.6) by some power of |T'| and integrate over the
manifold. When the power of |T'| is well chosen, the left size of the inequation, which
involves the derivative of |T'|, can be interpreted as the value for the function |T'| 179 of the
functional involved in the definition of the modified Yamabe invariant Y (5) (see (1.3)).
By using this fact, we obtain an inequality between Y (53) and |laf, 5 -

For € > 0 we introduce
fe=VIT|? + &%

Elementary computations lead to
feAfe= |df-P=(V*VT | T) = |VT|",
and for 0 < p < 2 we get
Af? =pf27 (feAfe = (p = Ddfe]?)
=pff™* ((V'VT,T) = |VT* + (2 - p)ldf:|*)
< pft2 ((V'VI,T) = (1+6) [dIT|]* + 2 - p)ldf.?)

Note that we have )
T 1d|T]

df.|*> = < |d|T||*.
af-f2 = Ty < T
Therefore if 0 < 6 < 1, by takingp =1 —Jd,and 8 = A(1 — 6)%, we obtain
-2
(1L12) AL f e RS O TS (1= 0)ag O T
n—

If (M, g) is closed, by multiplying this inequality by f}~° and integrating over M, we
obtain
2

/ jdf2 =" dvg + 8 / Ry [ |T[* dvg < (1 —6) / a [ |T[* dv,.
M ’ 4 D Ju ’ M ’

We define v :|T\176. Since f2° |T|2§|T|2(175), by Fatou’s Lemma we see that v is in
HZ2(M), and by letting ¢ go to zero, we get by Lebesgue’s dominated convergence theorem
that

n —

(n

2 n — 2 2 2
- = < (1-— .
/ |dv| dvg+ﬂ4(n 1)/ Ryv*dv, < ( 5)/ av-dog
Consequently, if 0 < g < 1, i.e. if
n—2
< A(1— < —
0<X 5)_4(71—1)’

we have )
n— 9 ,
ng(ﬂ) ||U||L%§ (1 *5)/Mav dvg,

then according to the Holder inequality,

n—2 2
ng(ﬁ) [v]f 20, < (1= 6) [la]

2
UHLn',zfé ’

n
L2
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Therefore, either v vanishes on M, or

n—2
—Y <(1-96 n
Ty Yo(®) < (1=3) lal
According to Proposition 1.1, in that case we obtain
n—2
——Y(M <(1-=9 n
81— YOl < (1= 0) a5

hence
lall 2> AY(M,[g]).

If inequality (1.9) holds and v doesn’t vanish on M, then equality must hold everywhere.
In particular, when A(1 — J) < 4(7;7:21), then 0 < 5 < 1, we have Y4(8) = Y (M, [g]),
and the function v attains the infimum in (1.4). According to Proposition 1.1, g is a Yamabe
minimizer and v is constant, hence 7" has constant norm. Since equality must hold in the
Kato inequality, 7" must be parallel. According to (1.6), the pointwise inequality AR, < a
holds on M, and as Ha||L 2= AY(M, [g]), the equality ARy = a holds on M.

When \ = 6 4(n 21) , i.e. 8 = 1, the function v is a minimizer for the Yamabe
functional, hence 1t is a smooth positive solution of the Yamabe equation
4(TL —1 n+

2
-2 )AQU + Rgv =Y (M, [g])v=,
and the metric g = vz g is a Yamabe minimizer.

If M is complete, but not compact, and if x is a Lipschitz function with compact
support and u a smooth function, we have the integration by parts formula

/ \d (xu)|? dvg = / [|dx|2 u? + x2ulu| dv,.

M M

By multiplying inequality (1.12) by x? f1~? and integrating over M, we obtain

-2
d 1-9 2d ni/ R —24 T2 2d
AI’ (st )| ’U9+B4(n_1) M Qfs | | X U!J
<(-0) [ afe® o + [ i 20V,
M M

If we define v :|T\1_5 and we let € go to zero, we get by Fatou’s Lemma and Lebesgue’s
dominated convergence theorem that

(1.13)
d(xv)|? dvﬁi/ Ry(xv)2dv, < (1— 5)/ a(xv)deng/ |dx|? vdu,.

M 4( _1) M M

hence

n—2

2 9 2 o
o1 YOL o)) Il ey < (1= 0) / alvo)do, + /M ldx[? v?dv,,
and according to the Holder inequality,

n—2

2
2 n n v 9
Ty YOI Il < 1 =0) | e a0y)" ol o,

+ [ldx ] 2 ||T||L2 ;

thus

(1.14) (AY(M,M)—(/ |a|’5dvg)">||xv|j,;_g (1 - 0) x5 ITIEE".
x>0
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For R > 0, we introduce the functions

1 on [0, R
¢r(t) =¢2—% on[R,2R]
0 on [2R, c0)

and yr(z) = ¢r(d(zo, z)) where xg € M is a fixed point. Then
1
2
ldxrl; 2 < ﬁVol(B(mo,QR))‘s.
If we let R go to oo, we see that if v doesn’t vanish, then
(AY(M, [g])~ [lall 3 ) <O.

We now characterize the equality case. We first prove that visin L»-2. For 0 < 2r < R,
we introduce the functions

0 on [0, 7]
-1 on[r2r]
orr(t) =<1 on [2r, R]
2—% onlR,2R]
0 on [2R, 00)

and x, r(z) = ¢r r(d(zo,x)). Then
1
ldxr r]1% 2 < — Vol(B(zo, 2r))° + — Vol(B(z, 2R))°.

Since a is in L%, we can take » > 0 such that

2
/ lal? dv, | < AY(M,[g]).
M\B(zq,r)

From the assumption on the growth of the volume of balls, we get that
s 2 1
T dxe,ll? 3 < 5 Vol(B(wo, 2r)".

Therefore, according to (1.14) and by Fatou’s Lemma, v is in L»-2.

Then, [, a(xrv)*dv, goes to [, av?dv, according to Li:besgue’s dominated con-
vergence theorem. If we suppose that R, is nonnegative or in L=, then by Fatou’s Lemma
or Lebesgue’s dominated convergence theorem, we obtain from (1.13) that the function v
satisfies

n—2
d|* dv, + ———— | Ryvdv, < 1—5/ 2dv,.
/M| V| vg+4(n71) /M U dvg < ( ) Mav Vg

We can now proceed as in the compact case. If equality holds and v doesn’t vanish, then
v is a minimizer of the Yamabe functional, hence W satisfies the Yamabe equation
L

2n
n—2
_4
n—2

and since v € C%'~? it is smooth and positive. Then the metric § = ( |U|“2) g
L

has constant scalar curvature equal to Y (M, [g]).
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Dans ce chapitre, on étudie une classe de flots de courbure d’ordre quatre. On montre
en particulier I’existence en temps court et des estimées sur la courbure.

1. Short-time existence

On a Riemannian manifold (M™, go), we consider the following class of evolution

equations:
drg = P(9)
9(0) = go,
where P : 87 (M) — 8*(M) is a smooth map of the form
P(g) = 65ng + a/ARgg + bszg + ng * ng7

with a and b two real numbers.

We show that we can prove short-time existence by using the DeTurck trick if and

onlyifa < ﬁ In particular, we prove:

Ep(g0)

Theorem A. Let (M, go) be a closed Riemannian manifold. When a < 2(T1_1) there
exists a unique maximal solution (g:) of Ep(go) defined on some time interval [0,T), with

T positive.

As it is invariant by diffeomorphisms, the differential operator P is not elliptic. We
use the DeTurck trick to fill the n-dimensional subspace in the kernel of 0’53; induced by
this geometric invariance.

We use the notation 7> 9 M for the space of (p, ¢)-tensors. We will sometimes raise
or lower indices in the following way:

to identify 7(®+1 9 M and TP 9+ M.

We denote the Lie derivative along some vector field X by L x. By extension, if V' is a
section of T* M, we denote by Ly the Lie derivative along the vector field VV# associated
to V. We recall that the Lie derivative of the metric g is given by

(ng)ij =ViV; +V;Vi.

We say that a differential operator I : S2 (M) —7 (P9 M is geometric if it is invari-
ant by diffeomorphisms, i.e. if for all metrics g and all diffeomorphisms ¢ : M — M,

F(¢"g) = ¢"F(g).

This is in particular the case for the curvature operators and their derivatives with
respect to the Levi-Civita connection.

We recall that if L : h + Li(V*h) + - + Lo(h) is a linear differential operator of
order k, its principal symbol o¢ L is defined for all £ in T M by

oeL(h) = L({® - @@ h).

We say that L is elliptic if o¢ L is an isomorphism for all £ # 0.

We say that L is strongly elliptic if k¥ = 2k’ and (—1)’“/+105L is uniformly positive,
1.e. if there exists > 0 such that for all h,

’ k)2
(=1 {oeL(h) | h)> o [€]7|R[" .

If g is a metric and & is in 7% M, let define

Re(g) =¢@¢&- ¢l g.

If g and g are two metrics, let define

1 (0%
(Vg,90)i = 5989 ﬂ(riﬁ(g) - FiB(QO))'
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Proposition 2.1. Let P : S (M) — S?(M) be smooth map of the form
P(g) = 60Rmgy + aARyg + bV2Ry + Rmy * Rmy,
and let V : S2(M) — T*M be defined by Vy = —N*Vg 9o + 2=U=L4R, . Then

1
oe(P—Ly), = ~3 |€|" Tds2(ary + a (Re | -) Re,

- Ifa< 2( Ty then P — Ly is strongly elliptic.
= 2(n71)’ then P — Lyy is not elliptic, for any W : S1(M) — T* M.
- Ifa> ﬁ then P — Lyy is not strongly elliptic, for any W : 83 (M) — T*M.

Proof. Since §Rm = —DRic (Proposition B.1) and dD(R, g) = AR, g+ DDR,, (Propo-
sition B.2), we see that

P —_ LV = —6DRZC + LV*V’Y,,gO-‘r%dR + aéD(R ),

then Proposition A.3 shows that
1
o¢(P —Lv)y = —5 €] Ms2an +a (Re | ) R
Let compute
|Rel*=l¢* -2 (€@ ¢ | |e* g) +n lél'= (n = 1) J¢]"
Moreover, for all W : 83 (M) — T* M, the image of o¢ (L )}, lies in RJ-
(oe(Lwy | Re) =(£ @ oWy + 0eWy 0 € | @€~ ¢ g)

=2 [¢l(¢ | oeW]) =2 [€](¢ | o0cW))
=0.

Ifa< then

2m-1) 1)’
1
— (0e(P = Lv)y(h) [ h) = 5 I)E|4\h|2 —a |[(Re | h)[?

(1 —2at(n—1)) [¢]"|Al*,

N)\»—l

and P — Ly is strongly elliptic.
Ifa= ﬁ, then ¢ (P — LV) is the orthogonal projection on R5 In particular,

(0¢(P — Lw);(h) | Re) =(o¢(P — Lv ), (h) | Re) + (o¢(Lv—_w),(h) | Re)
1
= 5 [64(Re | B) —a |6 | Re*(Re | 1)
=0,
i.e. thei 1mage of o¢(P — Lw )y is included in R5 , therefore P — Lyy is not elliptic.

Ifa> 2n= 1),thenf0r§7é0

— (0e(P = Lw)}(Re) | Re) = — (0¢(P — Lv),(Re) | Re) + (o¢(Lv-w)y(Re) | Re)

1
= 5(1—2a(n—1)) €*| Re/”
< 0.
Consequently, P — Lyy is not strongly elliptic. U

According to Proposition A.2, we obtain short-time existence and uniqueness of a
solution of Ep as soon as a < 2(717171)
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2. Gradient flows for geometric functionals

IfT:S%(M) —T 9 M is smooth map, we define the functional

2
Frlo) = [ 1) dv,
M

and if F : 83 (M) — R is a smooth functional, its gradient VF is defined by

Foy(h) =(VF(g) | 1) -
Then we define the gradient flow of F starting from gg by the following evolution equation:

dig = —2V.F(9)
9(0) = go.

As we immediately get 0, F (g¢) = =2 [, I[VF(g¢) K dvg,, we see that F decreases along
the flow.
We recall that the curvature tensor has the following orthogonal decomposition:

1 ° 1
R =W, —q.Ri — R, g.
My g+n—2g ZngL2n(n—1) 999

where u.v is the Kulkarni-Nomizu product of u and v in S?(M) defined by
(W)l = WikVj1 + WjiVik — UigVjk — UjkVil-
It follows that

1
Frm(9) = Fw(g) + ——SF o

1
(9) + 2n(n —1)

The gradients of the quadratic curvature functionals are given by (see [Bes87], chapter
4.H)

Fr(9)-

< 1 1
VFrm = —00Rm — iRm V Rm + 3 |Rm|? g,
1 < 1 o 1 1
V(Fric = 3 Fr) = —06Rm — Rico (Ric — 5 Rg) — Rm(Ric) + §(|Ric|2 el

- 1 (o) o
VFw = =00W — —— W (Ric) — 5 (W Vv W- WP g).

1
2
1
VFr = 20D(Rg) — 2R(Ric — ZRg),
where for a symmetric (2, 2) double-form 7" and an endomorphism u we wrote

(TVT)ij = Tapi Ty and  (Tu)yy = Tuipju®”

If we note Ay = Ricy — R, g the Weyl-Schouten tensor, and

_ 1
2(n—1)

1 9 2
o2(4y) = Lltr(A,)2 |4,?)

the second symmetric function of the eigenvalues of A,, we define the functional

Falg) = /M 02(Ag)dvg.

‘We have
n

1
m]ﬁz(g) - §fRic(9)7

Fa(g) =

and its gradient is given by
n—4

1 10 o
— _26DA+ ~W(Ric) + ———
VF; 25 + 2I/V(ch) + 3 —2)

1
(Ao (Ric— iRg) + 029).
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From the relations between the derivatives of the curvature given in Propositions B.1
and B.2, it follows that for 3 in [0, 1], the gradient flow of the functional

1-8 ;i 1

a
Tme+§(]:Ric—Z]:R)—Z«FR

is of the form E'p with

P(g) = 60Rmgy + aARyg + aV2Ry + Rmg * Rim,,.

As aresult, short-time existence is assured for these flows when a < ﬁ (Theorem A).

For n > 4, we can also write that for 3 in [0, 1], the gradient flow of the functional

BFw —(1—08)F2+

n—2
2(n—3)

is of the form F'p with

a
8(n — 1)fR

P(g) = 66Rm, + (AR, g + V2R,) + Rmgy * Rm,.

—«
2(n—1)
Short-time existence is assured when « is positive.

In low dimensions, additional relations between the curvature tensors allow us to write
it in an easier way:
In dimension 3: We have

1
]—'W(g) =0 and me = le'C — ZfR.

The gradient flow of —F5 + 1%.7: R 1s of the form E'p with
~ 1-—
P(g) = 66Rmy, + T“(ARQ g+ V2R,) + Rmy + Rmy,

and the flow exists for a short-time as soon as « is positive.
In dimension 4: We have

1 1
]:2 o ﬁ]:R B 5]:Roic,
and the Gauss-Bonnet formula gives us the following relation between the functionals:
Frm(9) = F o (9) = Fw(g) + Fa(g) = 877x(M).
It follows that

1
v]:Rm = V(FRic -

Z}—R) and VFw(g) = =V Fa(g).

The gradient flow of Fyr + ﬁ}" R 1s the same as the gradient flow of
A
A (1 Z
Fr=01-NFw+ 2]:R0ic’
and is of the form E'p with
~ 1-A
P(g) = 60Rmg + T(ARQ g+ V?R,) + Rm, * Rm,.

Theorem A supplies short-time existence when A is positive.
Moreover, since W V W— |I/V|2 g = 0 (see [Bes87]), the gradient of the Weyl
functional JFyy, which is called the Bach tensor, takes the following shorter form:

~ 10 o
VFw = —VFy = —66W — §W(Ric),
and can also be written
@.1) VFw = 286WF — Wi (Ricy) = 250W~ — W, (Ric,),

where W = W™ + W~ is the orthogonal decomposition of the Weyl tensor with respect
to the splitting of A27* M into self-dual forms and anti-self-dual forms.
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On a four-dimensional manifold of positive Euler characteristic, we have the following
control on the Yamabe constant when the functional 7 = (1 — \)Fy + %./—"Ro_ is not too
c

large:

Lemma 2.2 (M. Gursky, [Gur94], see also [Str10b]). Let (M*, g) be a closed Riemannian
manifold. For all X > 0

Y(M, [g])* = 24 (1 = N)8rx (M) — F(g)) -

Proof. If § € [g] is a Yamabe metric, it has constant scalar curvature and we get
2
Y (M, [3])* = Volg (M)~ (/ Rgdvg) = / R3dvg
M M

> 21 (3,70(@) - 3, @) =21700)

Since Y (M, [g]) and F; are conformal invariants, it follows that the inequality is still true
for g. Then

Y (M, [g])* > 24 Fo(g)
= 24(A Fa(g) + (1 — N)(872x (M) — Fuw (9)))
> 24((1 — N)872x (M) — F(9)).
O

We finally prove the following proposition, which shows that we can use Theorem F
when the energy F* is not too large:

Proposition 2.3. Let (M*,g) be a closed Riemannian manifold and let \ be in (0,1). If
there exists € > 0 such that

4 A > i
A< — >
— 13 or 5133
FXg) < 2M(#*x(M) — €) FAg) < gl - M) (w2 x (M) — e),
then g satisfies
1 1
~Fo < Y 2_
Fulg) + 17 ,5,(0) < 557 YOM,[g)* — ¢
Proof. It XA < 1%, then 1% > ﬁ, so using the assumption on JF A we can write:
9 2 4 8
— ZF. < —F < — M) —e).
Wt T S Sl -9

In the same way, if A > -, then ﬁ > 35, and using the assumption on F?, it
follows that

9 2 9 L8

= ~F. <—— _F < — —€).

Bt TR S naoy’ S -9
Consequently,

1 1
Fw(9) + 77 e (9) < (87 X(M) = Fw (9)) — €
1
Y 2
< g1 YM,[gD)" — ¢

according to Lemma 2.2 with A = 0. U
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3. Bando-Bernstein-Shi estimates

Let P : 83 (M) — 8*(M) be a smooth map of the form

P(g) = 55qu + a/ARgg + bszg + ng * ng7

Witha<ﬁandbeR.

In this section, we prove the following estimates:

Theorem 2.4. Let 0 < s < 2. If (¢:), t € [0,T), are solution of Ep(go) on a manifold
M™ and if p € C5°(M, [0, 1]) is a function with compact support which satisfy

sup (|ldgl% + [Vdpll, ) <6 and  sup  (|Rmy| %) < B
(0,77 [0,T]x {x>0}

then for all k € N, there exists a constant ¢(n, k, 3, P,T) such that for all t € (0, T,

/ |V’“ng|2 @22+ gy < ik sup </ |Rmy|? (pQdeg> .
M ©>0

t2 [0,7]
For tensors T', 11, . .., T} and nonnegative integers j and k, let write
PonlTy,. ., T) = > VRTixx VT,
k:1++k]:m
Poni(Tr,. . T) = Y VRTix o« VT,
ki+--+kj=m
ki,...,k; <k
and
PRT)= ), VATx-x VT,
ki+-+kj=m
PO = 3 VMTx.x VT
ki4-+kj=m
K1k <k

We write lot(gk) (¢) for terms in the linear span of

/ Pézlz,mz(ng) ¢ dvg, / Pé?k(ng) ¢ dvg,
(2.2) M M

/M Péili’a,kH(ng) *Vpdv, and /M PZ(i)JrQ,k+2(Rm9) «V2¢ dvg.

Those terms can be controlled by | M |Vk+2ng |2 ¢ dvg (see Proposition 2.6) and all the
lower order terms appearing in the integral estimates on the curvature are of this form:

Proposition 2.5. For all integers k > 0, we have

!/
([ 198 o) s [ (19452 Rm [ = 9452, ) g, = ),
M g M
!/

(/ |V’“R|2 ¢dv> (P,) + (1 —2a(n — 1))/ ]v'€+21~zg|2 P dvg = LotV (),
M g M

where the coefficients of the lower-order terms only depend on n, k and P.
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Proof. We have

9 li
(/ |V*Rm)| gbdv) (P,) = 2/ ((VFRm),(P,) | VFRmyg) ¢ dv,
M g M
1
+/ (V¥Rmg « V¥*Rmy | Py) ¢dvy + 5/ [VE Ry | tr(Py)é du,,
M M
/
2
(/ |V* Rm)| ¢>dv) (P,) = 2/ ((V*Rm),(Py) | V*Rmyg) ¢ dvg + lotx(g).
M g M
According to Proposition B.2, we have
aARyg + VR, = adD(R,g) + (b — a)DDR,,.
According to Proposition C.7, we have
/M <(kam);(asng) | kamg> ¢ dv,
_ _/ (V22 R, | VERimy ) 6 dv, + Loty (g),
M
= _/ |V 2Rmg | ¢ dvg — 2/ (VM2 Rmgy | Vo @ V1 Rmy) du,
M M
—/ (VFT2Rmg | V¢ @ VP Rmy) dvg + loty(g),
M
= —/ |Vk+2ng|2 ddvg + loti(g).
M
We also have
A ) ((VFRm),(6D(Ry9)) | VFRmy) ¢ du,
_ / (9-(DV*V*HIBR,) | V*Rimy ) 6 dvg + Lot (g),
M
:/ <DV*Vk+1I5Rg | VkRicg> ¢ dvg + loty(g),
M
_ / (VHHIBR, | VOV*Ric, ) ddv, + loti(g).
M
By commuting V and § (see (C.12)), we have
5k Ri kSR (2) Lok (2)
V*Ricy = V76 Ricg+ P (Rmg)= —§V DRy+ P~ (Rmy) .
Therefore
1 n 2
/M {((VFRm),(6D(Ryg)) | V*Rmy) ¢ dvg = _5/M ’v‘f“DRg) ¢ dvy + loty(g),
1
= ——/ |v’f+21~zg|2 ¢ dv, + loty(g).
2 M
And we have

/M <(kam)/9(DDRg) | Vkng> ¢ dvy = loty(g).
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Finally, according to Proposition C.7,
!
2
(/ |V*R| ¢dv> (P,) = 2/ ((VFR),(Py) | V*Ry) ¢ dvg + lotk(g)
M g M
—(1—2a(n — 1))/

s (V2R | TER, ) ddu, + loti(g)

—(1 = 2a(n —1)) /M |vk+2}zg]2 ¢ dv, + loty(g).
O

Proposition 2.6. Let0 < s < 2. If (M*, g) is a Riemannian manifold and ¢ € C§° (M, [0, 1])
is a function which satisfy

ldgll3 + |Vdp|l < B and  sup (|[Rmy|¢*) <
{¢>0}

then for all k € N, there exist a constant cy, such that

1
lOt!(Jk) ((P (k+2+s)) / |vk+2Rm | 2(k+2+s)dvg + Ck6k+2 / |ng‘2 Q02Sd'Ug.
»>0

Moreover, the constant c, only depends on the coefficients in the linear combination defin-
ing lot_gk) (@?k+2+3)Y and on the dimension n.

Proof. We use Corollary D.8 and Lemma D.6 to estimate each term in (2.2). There exist
constants Cy(n, k), ..., Cs(n, k) such that

3 s
/M ‘P2(k)+2,k:+2(ng)’ @2(k+2+ )dvg
3 s
< /M ‘Pz(k)+27k+2(ng)‘ ‘P2k+2+3 dvg

1
< */ |vk+2ng|2 902(k+2+5)d1’g +(1+Cy) 5k+2/ |ng‘2 ¥°dog,
2 M ©>0

/ ’7)21@ R (Rm )’ <P2(k+2+s)dvg

M
< 73(4) R 2k+4sd
=y 2k,k+2( mg)| ¢ Vg

1
< 5/ |vk+2ng|2 Sﬁz(k+2+s)d1’g +(1+Ca) ﬂk+2/ |ng‘2 @°dug,
M ©>0

2 s
ldeo|| /M ’732(,6)1;3)%2(ng)’ 2hH+2 dv,

1
< f/ |V* 2 Rm, | 2k248) gy 4 (14 C )ﬂk+2/ |Rmy|? ©*du,,
2 M ©>0

IVdple | [P pa(Ring)| 2454251,

2h+2+2
< 5/ ‘P2k+2 k+2 )‘ R *dvg

<= / |V* 2 Rm, | 2kt245) gy +(1+0)5k+2/ |Rmy|? ©*du,,
>0
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2 s
el [ [P salFm)] 201,

1
<3 / V52 Ry |* 25429 du, 4 (1 4 C5) 84+ / |Rmy|” ¢ du,.
M ©>0

0

We can now prove Theorem 2.4. Let define a curvature term of order &, which involves
the full Riemann tensor and an additional scalar curvature term:

_ k 2 2(kt2+e) g ay / kg |2 p2(kt24s) g
where a; = max(a, 0), and let define the constant
1-2 -1
o= 12202 ]) (n=1)

There exists ¢}, (n, P) such that for all integers k > 0,

(k) (Py) + cadrya(g) < cB5+2 /

o |ng‘2 ©°dug.
p>

Indeed, we can write
(Ar)y(Py) + caAri2(9)
2
= _(1 _ Ca)/ |Vk+2ng| <p2(k+2+s)dvg
M

1 2 . .
- §(a+ —a) /M [VEH2R, | P22 gy, lotgk)((pz(k+2+ ))

1
< 3 /M |Vk+2ng|2 @2(k+2+s)dvg + lotgk)(¢2(k+2+s))

< ¢, prt? / |ng|2 ¢*dvg according to Proposition 2.6.
©>0

Now, if we define the polynomial
k

It
fe®) =" 7;.! Asj(gt),
j=0
we see that it satisfies the following differential inequation:
k=1 -
clt cktk
fe(t) = Z T ((Az;)s, (Pg,) + caAsjia(ge)) + W(AQk);t (Pg,)
=0
b Cj tj : 2
< I C/Zjﬁ2(]+l) / |Rmyg|” ¢°dug
j=0 ]' ©>0

<14t / Ry |2 o du,,
©>0

with ' = C'(n, k, 3, P). It follows by integration that

2
/ ‘v?kng‘ s02(2k+2+s)dvg < A2k (gt)
M

k!
< c’;?fk(t)

C 2 s
tk/>0 |[Rmgy|” ¢*du,.
©

IN
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And using Corollary D.3 with ¢ = 2 and € = ¢7 ||V||, ., we have

1
(/M ‘Vkng’2 ¢2(k+2+s)dvg> < +i (/M ‘vk+1ng’2 ¢2(k+3+s)dvg>

1 1
I Cc(1 +T: ||d<P||Loe) </ ‘kalng|2 @2(k+1+3)dvg) ’ ,
M

hence the result is also true for k odd. O

Al

4. Local estimates on the curvature
Let P : 83 (M) — 8*(M) be a smooth map of the form
P(g) = 60Rmgy + aARyg + bV Ry + Rmy * Rmy,
1

with a < mandbeﬂ%.

In this section, we prove the following local estimates for solutions of Ep:

Theorem 2.7. Forall « > 0, k € Nand n > 3, there exist a constant €(c, k,n, P) such
that if g(t), t € [0,7%], are complete metrics on a manifold M™ which are solution of
Ep(go) and satisfy one of the following conditions:

i) for some xo € M andr > 0

T4
/ sup |ngt|2 dt <e,
0 Bgf, (IDaT)

ii) [inf Y (M, [g¢]) > 0 and for some xo € M and r > 0,

0,74]
sup / |ng|% dvg | <,
[07T4] Bg(a:l))r)

iii) [énﬁ]Y(M, [g:]) > 0 and for some xo € M, r > 0andp > 1,

p—1

T4 np ﬁ 2p
/ / |[Rmg,| = du,, dt <k,
0 B.qt (1017")

then for all t € (0,7*] and x € By (z0, §),
k 2
Z | V7 Ry |77 <

=0

<

It implies:

Theorem C. Forall « > 0, k € N and n > 3, there exists a constant €(a, k,n, P) such
that if g(t), t € [0, T), are complete metrics on a manifold M™ which are solution to Ep,
that satisfy

inf Y (M, >0,

onf (M, [g:])

and such that for some xo € M and 0 < r < T'/4

(2.3) sup / |ng|% dvg | <,
[0,7] \/Bg(zo,)
then for all t € (0,T] and x € By (2o, 5)
k ) 2 1 1
24 IRm, "< o=+ — ).
(2.4) Z‘Vng’ a<r2+\/f>

=0
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Proof. The assumption (2.3) remains true on any subinterval of [0, T]. We can hence apply
Theorem 2.7 on subintervals of [0, 7] of length 74,
On (0, 7’4], the result is a direct consequence of Theorem 2.7, since the assumption ii)

is satisfied and since
a _ < 1 N 1)
— < al—+—=].
VET O\t r?

Then, for any t, between 0 and 7' — r*, we apply Theorem 2.7 to g(to + t) for ¢ in
[0, 7%]. For z in B(zo, r) and t in (0, 7], we obtain

k . 2 Q
> [V Rmg(ag1| 77 < =,
i=0 Vi
which gives at time ¢ = r*
k
J 2%—7 < @
; ‘V ng(t0+r4)’ S 7’72
Since t is arbitrary, we obtain (2.4) for ¢ in [, T]. O

It also implies the following global estimates:

Corollary 2.8. Forall o > 0, k € N and n > 3, there exists a constant B(c, k,n, P)

such that if g(t), t € [0, T, are complete metrics on a manifold M™ which are solution of
Ep(go) and satisfy

(2.5) sup |Rmy|< K,
[0,T]x M

then for all t € (0,T)

k
. == [0}
VIRmg, |t | < — K.
sup > |V Rmy| ,\/EJMB

Proof. We proceed in the same way: the curvature assumption (2.5) remains true on sub-
sets of [0,T] x M. We apply Theorem 2.7 i) on balls of radius r and time intervals of
length 4, with r well chosen.

Let take 4 = %z in Theorem 2.7. We have for all x € M

7,4
/ sup |ng|2 dt <e,
0 By (z,r)

hence we have on M x [0, ]

Jj=0

k
Z |V'7ng|fjS

Jj=0

(0%
\/'E’

and in particular, if we take 5 = % we obtain at time ﬁ:

k 2
> [VRm,|™ (55) < K.
§=0

But this is also true for g(to + ), solution of Ep(gy,) for ¢ in [0, 355], thus we have on
M x [4=,T7:
k . 2
S VR | < g

Jj=0
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If g(t) is an evolving metric defined on M x [0, r%], we define for 1 < p < oo:

7 2 =
NP (Rm,) = / Rmy|| " dt ,
L (Rm,) ( IRl

1 o n
Nw,T(RmQ) N [?)3’1‘3] <||ng||L7(By(f)(z’T))) ’

forp = 1:

and for p = oo:
’I"4
N5 (Rmyg) = / sup  |Rmy|* | dt.
0 Bg(t) (I,T‘)
Those quantities are invariant under a rescaling of the flow: if §(t) = a g (%), then
Ny Jar(Bmg) = N (Rmy).
We will need the following Lemma:

Lemma 2.9. Let M be a smooth manifold, let xgo € M and p > 0. If g(t), t € I, is a
smooth family of metrics on M such that

< A,

sup  [0rgel,, <

tel
z€By (1) (x0,p)

then for all s,t € I and p > 0,
By, (0. e~217%1p/2) C By, (20,).
Proof. Let fix s € I and let consider
J={telVrelts], B, (a:o,efglt*slp/Q) C By, (z0,p)}.

J is an interval containing s. Let prove that it is open and closed. If ¢ belong to the closure
of J, then for all » € (¢, s],

By, (wo,e™#1"%1p/2) € By, (20, p),

hence on By, (xo, e‘g|t—3|p/2> x (t, s|, we have [Org¢|, < A. Using Lemma A4, we
can prove that

By, (w0,e”#117"1p/2) By, (20,p/2),
Indeed, if z is in the first ball, and if 7 is a geodesic from zy to x of length less than

e‘é‘t_s‘p/2 for g, then it is of length less than p/2 for g;. Therefore, we see that a
neighborhood of ¢ is in J. Then J is open and closed in I, thus I = J. U

We will now prove Theorem 2.7. We can suppose that £ > 3. By taking

mw:%gww,

we can also suppose that r = 1. We define

k
, 2
e =3 |V Rmy |7 .
3=0
We will prove that for all = € B (2o, 1),

0l S T

where 74y () = dgr) (w0, 2).
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Suppose that there exists g;(t) complete solutions of Ep on manifolds M; and points
x; € M; such that
1
N (ngz) < E
and that
(k) @
2.6) max ((1 (@)’ VIC!), (@ )) > 2.

t€0,1]
zeﬁyim (fEi,l)
Let take ¢; € (0, 1] and y; € By, (¢)(z4, 1) for which the maximum is attained. Then for all

te 4, t]andz € By, (yi, 1*Tgfm(y)),

L—70 W)\
() P s 0N (k)
ot < (T2 ) 7 e
<4v2cl, (i)

We define \; = c®

() (y;) and the renormalized flows

R t
gi(t) = Nigi (tz' + )\2) .

Then g; are complete solutions of F,, satisfy C: (k) 5:(0) (yi) = 1 and for all ¢ € [—\?t;,0] and

forall x € By, 1) (yi, Vi 17«9#“)(3“)), we have the following control on the curvature:

k
2.7) C (2) < AV2.

Moreover, according to (2.6), we have
Xi(1 = 7,0 () >Vt >
hence
9 «

/\i(l — Tgi(t)(yi)) > Z and )\i\/t: > Z
0] and 2 € By, 1 (ym @) According
to Lemma 2.9, we can find 6(«) such that for all ¢ € [fff—;, 0],
Ve

5 )

Inequality (2.7) is in particular true for ¢ € [—‘f—é,

By.0) (4i,9(a)) C By, ) (yz‘,

Furthermore, we can take 6 () < 7%(;71). Then, according to the Rauch comparison
theorem, the exponential map expg, (o) is a covering map from B = Bg» (O, d(a)) to
By, (0) (¥i, (). Hence we can lift the evolving metrics to B and obtain

gi(t) = wp;i(o)éi(t)
on [—‘f—; 0] x B which are solution of Ep, satisfy Céf()o) (O) = 1 and the bound

(k)

Corln () < 4v2.

According to R. Hamilton’s result [Ham95, Corollary 4.11], up to reducing J, all the met-
rics g;(0) satisfy

1 ~
(28) igeucl S g’L(O) S 2geucl'

And according to Lemma A .4, there exists a constant C'(«) such that for all ¢ € [—?—Z, 0]
andi € N,

(29) e_cgeucl S gz(t) S ecgeucl-
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Now, if we take a cut-off function ¢ € C§°(R™, [0, 1]) such that

{QDEO on R"\ B
=1 on %B,

by Lemma A.5, there exists 3(«) such that

sup (lldglZ, + Vgl ) < 8.
[~ 55-0)

Moreover, by the Bishop-Gromov comparison theorem, the volume of B is bounded by
a constant depending only on n. Hence, according to the estimates of Theorem 2.4, the
metrics §;(t) have their curvature bounded in H,"* (i), uniformly on [—g—;, 0], for all
2 < s < 4andall £ € N. And because of (2.9), the Sobolev constants s, of all the
metrics §;(t) are uniformly bounded. Hence, by the Sobolev inequalities Proposition E.1,
all derivatives of the curvature of the metrics g;(t), t € [— (g—;, 0] are uniformly bounded on
1B.

? Finally, according to [Ham95, Corollary 4.11], all space derivatives of the metrics
§:(0) with respect to the euclidean metric are uniformly bounded for the euclidean metric,
then by Lemma A.6, it is actually true on [—‘;—;, 0] x %B. Since the metrics are solution
of Ep, their time derivatives are uniformly bounded as well. Therefore, we can extract a
subsequence converging in C’oo([fg‘—;, 0] x $B) to alimit goo (¢).

If p = oo, the lifted metrics §;(t) satisfy the bound

NGis(a)(Bmg,) < %7
hence the limit metric must be flat, which is in contradiction with the fact that
k
Céh()o)(O) =L
If p € [1,00) and if Y(M, [g;(¢)]) > Yo > 0, then the renormalized metrics also satisfy
Y (M, [§:(t)]) > Yo > 0. According to Proposition 1.4 and Lemma 1.3, the injectivity
radius of §;(0) is uniformly bounded from below by some positive constant dg. We can
assume that §(c) < do, then expy, (o) is an isometry on B and the lifted metrics g;(t)

satisfy the bound

1
NG oy (Bimg,) < o

hence the limit metric must be flat, and we obtain the same contradiction. O
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Dans ce chapitre, on étudie les singularités pouvant apparaitre le long des flots de
courbure introduits dans le chapitre précédent. On prouve en particulier des résultats de
rigidité pour les métriques modélisant ces singularités, et on en déduit la convergence de
flots de gradients lorsque la courbure de la métrique initiale est intégralement pincée.

1. Compactness results

In order to perform a “blow-up” at a singular time, we need a compactness result for
solutions of our equations. Once we have the estimates of Corollary 2.8, we can proceed
as R. Hamilton in [Ham95] and use the following theorem:

Theorem 3.1 (R. Hamilton, [Ham95]). Let (M;, g;, x;)ic1 be a sequence of pointed com-
plete Riemannian manifolds with uniform C° bounds on all the derivatives of the curvature.
If the injectivity radius of g; at x; is uniformly bounded from below by a positive constant,
we can find a converging subsequence in the pointed C* topology.

We can prove a version of [Ham95, Theorem 1.2] for solutions of Ep:

Theorem 3.2. Let (g;(t), z;) be pointed solutions of Ep on a Riemannian manifold M
and a time interval (—a,w] containing 0. Suppose that the curvature of the metrics g;
are uniformly bounded on (—«a,w| X M and that the injectivity radius of ¢;(0) at x; are
uniformly bounded from below by a positive constant. Then there exists a subsequence of
(M, g;(t), z;) which converges in the pointed C™ topology to a pointed complete solution
(Mes, 9o (t), zc) of Ep.

Proof. We proceed exactly as in [Ham95]. By a diagonalization argument, we can suppose
that > —oo. Then according to Corollary 2.8, all the derivatives of the curvature are
bounded on (—a + ¢, w]. According to Theorem 3.1 we can find a convergent subsequence
of (M;, g:(0), x;) to a complete manifold (M, goo, Too ). Then, we can define the metrics
gr on M, by the diffeomorphisms. All the derivatives of the curvature of g; are bounded
for g;, hence also for a fixed metric g, according to Lemma A.6. Therefore we can find a
subsequence converging smoothly to a limit go (¢) on (—a+e€, w] X Mo,. A diagonalization
argument provides the converging subsequence on (—a, w]| X M. The convergence being
smooth, the limit metrics g, () satisfy the equation E'p. Finally, according to Lemma 2.9,

we see that the balls at time ¢ # 0 are precompact, hence the metrics g (t) are complete.
O

Remark 3.3. If we only assume a bound on the curvature, and no bound from below on the
injectivity radius, we still have a weaker precompactness result. Indeed, as it was pointed
out by J. Streets in [Str11], the precompactness results of D. Glickenstein [Gli03, Theorem
3] andJ. Lott [Lot07, Theorem 1.4] only use the Ricci flow through the curvature estimates
it brings, and thus extend to our flows. A sequence of solutions with such an assumption
can collapse, and will subconverge to a metric space which is not necessarily a manifold.

2. Understanding singularities
In this section, we prove Theorems B, D and E.

2.1. Curvature blow-up and concentration of the curvature at a singular time.
Theorem 2.7 implies that the curvature must blow up at a singular time, and that it must
blow up at least at a certain rate: if in a neighbourhood of some time 7, the curvature
satisfies the following condition for some 0 < ¢ < 1:

1
R oo:O q )
Il = 0 (77 )

then for all z € M and sufficiently small r, the solution g(T — 74 + t) satisfy
N5 (Rmyg) < e,
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hence all the derivatives of the curvature of g(t) are bounded on [T — /2, T]. According
to Lemma A.6, all the space and time derivatives of g(¢) are bounded with respect to a
fixed metric. Hence the solution extend beyond 7'

Consequently, if 7 is a singular time, then we can find sequences t;, — 1" and x, € M
such that
k

11
(VT —ty) *

If the Yamabe constant remains uniformly positive along the flow, then the same is
true if the curvature satisfies for some % <p<occand0 < qg<1-— i the following

condition:
1
R =0(—— 1.
Il = 0 (=)

Moreover, according to Theorem C, there is a concentration phenomenon in the L®
sense: there exist € > 0 and sequences of times t;, — T and x; — o € M such that

|Rmg(y)| (x1) >

/ . |ng(tk)|5 dvg(tk) 2 €
By (

Tksg

2.2. Blow-up at a singular time. If ¢(¢) is a solution of Ep(gg) on a compact man-
ifoldif and a time interval [0, T"), with 0 < T' < oo, and if the curvature blows up at T,
i.e. tlirr% Hng(t) H oo = 09, then we can choose a sequence ¢; — T such that

—

| Rmg(,) — 0.

‘Lm: tsgtp ||Rm9(t)||L°C and Hng(ti) |L°°

Let define \; :Hng(ti and the rescaled flows

t
gi(t) = \ig (ti + )\2> .

Then for all i € N, g; is a solution of Ep on [—A?t;, \?(T — t;)).

Let choose any o > 0. For ¢ big enough, g; is a solution of Ep on [—a«, 0]. Moreover,
it has been rescaled in such a way that its curvature is uniformly bounded by 1 on M x
[—a, 0], and that it satisfies || Rmy, (o) ||LOQ= 1.

If the Yamabe constant of the initial flow is uniformly bounded from below by a posi-
tive constant:

)HLoo

Y(M, [g:]) = Yo >0,

then as the Yamabe constant is scale invariant, the same is true for the rescaled flows g;(t).
According to Proposition 1.4 and Lemma 1.3, the injectivity radii of g;(¢) are uniformly
bounded from below by a positive constant.

We take x; € M such that ’ng(ti)(xiﬂ: i, and we can apply the compactness
theorem 3.2 to show that a subsequence of (M, g;(t),z;) converges in the pointed C*>°
topology to a complete pointed solution (M, goo (t), Too )» t € [—av, 0]. By a diagonaliza-
tion argument, g, (t) is actually defined on (—o0, 0], and if T' = 00, goo(t) is defined on
R. Moreover, since | Rmy__ (0)(2oo)|= 1, the limit manifold (M, goo (0)) is not flat.

If no singularity occurs, i.e. if the flow exists for all time with a uniform bound on the
curvature, then according to Corollary 2.8, all the derivatives of the curvature are bounded
on M x [0, 00), and since the Yamabe constant is uniformly positive, the injectivity radius
has a positive lower bound on M x [0,00). According Theorem 3.2 for any sequences
t; — ooand z; € M, the sequence of pointed flows (M, ¢;(t), ;) (where g;(t) = g(t;+t))
defined on M x (—t;,c0) has a subsequence converging to a limit flow (Muo, goo (1), Too)
defined on M., x R.
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2.3. Blow-up analysis for gradient flows in dimension four. For a closed Riemann-
ian manifold (M, go), we consider g(t), t € [0, T), the maximal solution of E*(go).

If F2(go) < (1 — A)872x (M) then the inequality remains true on [0, T'), since F* is
decreasing along its negative gradient flow. If moreover Y (M, [go]) > 0, then according
to Lemma 2.2, Y(M, [g¢]) > Yp, with

o= (2 (- Vse ) - Plan)) ) o0

If equality holds: F*(go) = (1 — \)8n2x(M), since
2
hF(gr) = _2/ |VFMge)|” dvg,,
M

either g is a critical point of F*, and the solution of E*(gj) is constant, or the inequality
becomes immediately strict for £ > 0 and we can replace gy by g. for a small €.
For all ¢ in [0, T"), we have

t
[ IV @l ds = 70 - 7a)
therefore
T 9 \
/ IV FN )|, ds < FA(go) < oo
0

If g; are rescaled flows:

t
3.1 gi(t) = \ig <ti + )\2> )

K2

then by a change of variable, we obtain

0 9 t; 5
[ 9P a= [ 9P e

a7
7

and since || VF*(g(t))|| . is in L? ([0,T)), if \; — oo and t; — T, then

0 2
/_ |[VF(gi(1)]] 2 dt = 0.

By Fatou’s Lemma, this implies that the limit of rescaled flows at a singular time is critical
for the functional F*, and in particular is a constant flow.
Note that the volume remains constant along the flow:

1
0y Voly(M) = / —tr(Py)dvg =0,
M2

hence, the volume of rescaled flows satisfies Vol,, (M) = /\f Vol, (M) and goes to infin-
ity. Moreover, according to Lemma 1.4 there exists a positive constant x > 0 such that for
all7 € N,

i ) >
mlngw Volg, (B(x,1)) > &,

hence the same is true for (M, goo ). According to Lemma 1.7, the volume of (M, goo )
is infinite. Therefore, the limit manifold cannot be compact, since it would be diffeomor-
phic to M by the definition of the pointed C*° topology, and of infinite volume.

Now, by taking the trace of VI (g (0)) = 0, since tr(VF*) = 2 AR, we see that
the scalar curvature of g, is harmonic. Since it has a bounded L2 norm by Fatou’s Lemma,
it has to be constant (see [Yau76, Theorem 3]), and as (M, goo) has infinite volume, the
limit manifold is scalar-flat. Then V.F* (g0 (0)) = VFw (goo(0)), 50 guo is also Bach-flat.
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On the other hand, if no singularity occurs, then for any sequence ¢; — oo, let take
Ai = 1in (3.1). Since ||[VF*(g(t))|| . is in L? ([0, 00)), we obtain

0
[ ||V]:A(9i(t))||iz dt — 0.

Therefore, if we note g;(¢t) = g(t; + t), the limit of the pointed flows (M, g;(t), x;) is
critical for the functional F2.

Moreover, the limit manifold (M, goo ) has finite volume, thus is compact according
to Lemma 1.7. This implies that M, is diffeomorphic to M.

3. Rigidity results for critical metrics

In this section, we apply the results of Section 3 of Chapter 1 to prove pinching re-
sults for manifolds whose curvature satisfy an elliptic condition. In particular, we prove
a rigidity result in dimension four for manifolds which are critical for a functional F*
(Theorem F). We also obtain a number of pinching results for manifolds with harmonic
curvature, that were already known in the compact case ((HV96, Gur00]).

Lemma 3.4. [f (M™, g), n > 3, is a Riemannian manifold with constant scalar curvature,
then

)

o o 1 o 7 N N\ o 1 o 2
6D Ric, = V*VRic, + —— R, Ric, - (W, + gzg) (Ricy) + 5 |Ricy| g.
Proof. According to Proposition B.2, we have
o 1~ o o o
0DRicy; = V*V Ricy + §DDR9 + Ricg o Ricg — Rmg(Ricy)

= V*VR;cg + Ricg o R;cg - R’;)T’Lg (R;cg),

as we assumed R4 constant. Using the relation

[e]

(gu)v=(u|v) g+ (trv)u —uov —vou,

we easily get that

° ° S 2 ° ° 1 ° 1 °
Rm(Rch) = W(RZCQ) - mR’LCg o R’ch + m |Rlcg| g — ngR’LCg,
and we obtain the result by writing
(g-Ricy) (Ricy) =|Ricy| g — 2Ricy o Ricg.
O

Corollary 3.5. If (M*, g) is a Riemannian manifold with constant scalar curvature, then
A ! vonl. T\ (ne 1o 2 " 2-X_ o
VFg) = §V VRicy — (Wy + Z4)(Ricy) + 1 |Ricg| g+ TRQRZCQ'

Proof. We recall that F* = (1—\)Fyy + %]—"Ro_ . According to the Gauss-Bonnet formula,
we can also write F* = Fy + 2:Fr — A8w2x(M). Consequently (see Section 2 of
Chapter 2),
N % 10 ° A A °
VFNg) = —00Wy — §W9(chg) + E(SD(RQ g) — ERQRZCQ’

and we obtain the formula since R, is constant and §W, = —1DA, = —1DRic, (Propo-

sition B.1). U

We will use the following estimate, which is very close to Lemma 3.4 in [Hui85]:
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Lemma 3.6. On a Riemannian manifold (M", g), fore € {+,—, }and o € R, we have

[Bin—2) , o 2[5 2n-2) , o 2\*
< ﬁ|chg| (|Wg|2 —|—To¢2 ‘chg|> .

Proof. Let write the orthogonal decomposition

(Wg + ag.Ricy | Ricg.Ricy)

Ricg.Ricg =T +V + U,

where
U= ¥tr2(R§c Ric )g.g = __ |R§c |2
C2n(n—1) 9+ 1C9) 99 = n(n—1) gl 99
1 o o 1 o o
V= 9 (tr(Ricg.Ricg) - Etr2 (Ricg.Ricg)g>
2 o o 1 o 2
—t (Ricg o Ricy — - ‘Ricg’ g) .
Then

2 2

= <VVQE + ag.Ricy | T+ V)
=|(we 2 gRicy | T+ /v
=|( , T 9 icg | T + 5 )
2 ’ 2
e 2 n
<|Wy + oz\/;g.chg ’T—I— \/;V

g2 2(n—2)a? | o 2 n
= (’Wg\ +———— [Ric,| (|T|2 +3 |V|2)~

<W; + aRicg.g | Ricg.Ricy)

2

Using the fact that |u.v|*=|u|*[v]> + (u | v)*> =2 (uou | v o v), we obtain

o o 2 o 4 o o
|Ricg.Ricy| =2 |Ricy| —2 |Ricy o Ricy

)

2 2 o 4
UP = —=— |Ri
U] n(n—1)| zcg|,
2 4 o o 2 1 o 4
V] =3 |Ricg o Ricy| _E‘chg’ .
Therefore
2 4
2 M2 S 5o n—2 9 2_2(n—2) °
[T —1—5 |V|"=|Ricg.Ricy| +72 VI° = |U|I"= — |Ricg|

O

If a four-dimensional manifold satisfies (5Wg+ = 0, it satisfies the following Weitzen-
bock formula:

Lemma 3.7 (Derdzifiski ([Der83])). Let (M*, g) be a complete oriented Riemannian man-
ifold with SW™* = 0. Then

(VWS W) 45 Ry Wy < VG Wy |

with equality if and only if the spectrum of W is {—v, —v, 2v}.
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Proof. We have the Weitzenbock formula (see [Bes87], 16.73):
1 2 2 1 2
+]2_ + + +
A W= VWVIT +5 Ry [WT[7 —18det W
And since the maximum of A1 Ao A3 under the constraints
AMF+A+A3=0
MA+A+A=1

is obtained for —A\; = —\y = 2)3 = % and is equal to ﬁ, we get

« 1 1
(VIWH W)= A W oW LRy [y e

We can hence apply Theorem 1.10 or Theorem 1.11 to W; and obtain:

Proposition 3.8. Let (M*, g) be a complete oriented Riemannian manifold with constant
scalar curvature and SW+ = 0. If

1
W[5 < 55 Y(M. 1)),
then W5 = 0.

Remark 3.9. In the compact case, M. Gursky proved a slightly better result in [Gur00] by
using the same technique, but with a modified Yamabe constant.

Proof. We have the refined Kato inequality (see [GL99]):
5
O | WP
According to (2.1)

466W = 200W + W,f (Ricy) — W, (Ricy),

and if the scalar curvature is constant, then since W = féliAg = féﬁRicg (Proposi-

tion B.1) and EDRicg = 0DRicy = V*V Ric+ Rm * Ric (Proposition B.2), we obtain
V*VRic+ Rm * Ric = 0.

The result then comes from Theorem 1.10 and Theorem 1.11 with § = %, A= 3 and
a=+6|Wt|. O

1

Using Lemma 3.4 and Lemma 3.6, we can apply the same technique to Ric, and
obtain:

Proposition 3.10. Let (M*, g) be a complete oriented Riemannian manifold with constant
scalar curvature and SW+ = 0. If

1

1
WA, + 12 o

Y (M, [g]),

then Ricy = 0.

Proof. Since ¢ VV;r = 0 and the scalar curvature is constant, we have the following refined
Kato inequality (see [TV0S5, Lemma 5.1]):

3 o 2 o 2
3 ’V ’chgH S‘Vchg‘ .

And we have

0 =406W" = 266W + W, (Ricy) — W, (Ric),

g
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hence, writing that SéWg =4 f)Ricg = 0D Ricy and with Lemma 3.4,

0 = 6DRic, — W, (Ricy) + W, (Ric,)

o

o 1 o o o 1 o 2
= V*VRicy + 3 RyRicy — (W; + g.Rz’cg> (Ricg) + 5 |Ricg| g

Finally, according to Lemma 3.6, and since (T'u | v)=(T" | u.v), we have

o e 1 o 2 _ 2 2 o 2\P oo 2
<V*Vchg | chg> +§Rg |chg| < ﬁ <|W;’ + ‘chg’ > ‘chg’ .

The result follows by taking § = § and A = O

W

By combining the two last propositions, and taking a two sheeted covering if (M, g)
is not orientable, we obtain:

Proposition 3.11. Let (M*, g) be a complete Riemannian manifold with harmonic curva-
ture. If
2 2 1 2
1Wollze + [120[l72< 55 Y, La])*,
then (M 4 g) is of constant nonnegative sectional curvature.

In dimension n > 5, we recover the following result ((HV96, Theorem 2]):

Proposition 3.12. Let (M™,g), n > 5, be a closed Riemannian manifold with harmonic
curvature. If
2 n 2 1 9
||WQHL% +§ HZQHL% < Q(Tl — 1)(77, — 2) Y (M, [gD )
then Ricy = 0.
If equality is attained, then the metric is a Yamabe minimizer and the Ricci curvature
is parallel.

Proof. The Weitzenbock formula comes from Lemma 3.4 and Lemma 3.6, and we can
apply the refined Kato inequality for Codazzi tensors [HV96, Lemma] and take § = % U

n—2

Tnom) We obtain:

For non-compact manifolds, by taking 6 = 0 and A =

Proposition 3.13. Let (M™, g), n > 5, be a complete Riemannian manifold with harmonic
curvature and zero scalar curvature. If

2 n 2
Wslls +5 11241175 < Y (M, [g])?,

1
2(n—1)(n —2)
then Ricy = 0.

We finally prove:

Theorem F. Let (M*, g) be a complete Riemannian manifold with positive Yamabe con-
stant and let X be in [0,1]. Suppose that Ry is in L*(M). If X\ = 0, suppose that R is
constant.
If g is a critical metric of F> with
1
2 2
[Well 22 +§ 1Z4ll72<

1 2
mY(]W [9])”,

then g is of constant sectional curvature.
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We know that according to the Gauss-Bonnet formula, VF* = VFy + ﬁV}' R.
Consequently,

tr(VF?) = %tr(vJ‘fR)

A
= Etr(éD(Rgg)) (see Section 2 of Chapter 2)

A .
= Etr(ARgg + DDRy) (according to Proposition B.2)

A
- ZARQ

Hence, if A # 0 and if g is a critical point of F A then R, is harmonic. If M is
compact, then Ry is a positive constant (since Y (M, [g]) > 0). If M is not compact,
since 1%, is harmonic and in LQ(M ), it is also constant (see [Yau76], Theorem 3). As
Y (M, [g]) > 0, it is nonnegative.

According to Corollary 3.5,

1 o o o 1 o 2 2 —\ o
VFNg) = 5V VRicy — (W, + Zy)(Ricy) + 7 |Ricy| g+ 5 BoeRicy,
and since (T | v)=(T' | w.v), we have
0 =(VF*(g) | Ricy)
| ° 1 o °o o 2\ o 2
=3 (V*VRicy | Ricg) — (Wy + ichg.g | Ricg.Ricg) +TRQ |Ricg| ,
hence

o o] o] 2 o o o
(V*VRicy | Ricy) +%Rg |Ricg| <2 (W, + %Ricg.g | Ricg.Ricy)
4 9 1 ° 2 % ° 2
< S (W g IRic] ) [Ricy|

Therefore, with § = 0 and \' = % in Theorems 1.10 and 1.11, we obtain that Ric, = 0.

Then the curvature is harmonic, thus of constant nonnegative sectional curvature according
to Proposition 3.11.

4. Integral pinching results
In this section, we use the rigidity result for critical manifolds (Theorem F) to prove:

Theorem G. Let X\ be in (0,1). If (M*, go) is a closed Riemannian manifold with positive
Yamabe constant such that

4
4 A> —
< = =
A or é?’
F(go) < 2Am?x(M) Fg0) < §(1 — N 7x (M),

then the solution of E*(go) exists for all time and converges in the C™ topology to a metric
of constant positive curvature. In particular, M* is diffeomorphic to the sphere S* or the
real projective space RP*.

We begin with the following lemma:

Lemma 3.14. If (M;, g;, z;) converges to (Moo, oo, Too) in the pointed C* topology,
then o
Y (M, [gec]) = lim Y (M, [gi]).
1—> 00
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Proof. There exists diffeomorphisms ¢; : U; C Mo, — V; C M;, with {U;} an exhaus-
tion of M, such that ¢ g; converges to goo.

Let u be in C§° (M) with [, |u|"2%b2 dvg,, = 1. Since it has compact support,
supp(u) C U; for i big enough. Let define w; € H?(M) by u; = wo ¢;* on V; and 0

outside V.
Then,
4(71 — 1) 2
/sz n—2 |du $*gi +R¢*9iu2dv¢*g7‘,
4(’]7, — 1) 2 2
= — 2 |du, R, uidv,,
/M n_29 | u‘gi—’_ gi Ui Vg,
2n_ n:LQ
> YOL o) ([0l dv,)
M
om 71;2
—YOL) ([l dugy) T
M
therefore

/]Voo ﬁ |du\gm —i—nguzdvgw Z ill)IEoY(M, [gi])7

and since C§° (M) is dense in HZ (M., goo ), it follows that
Y(M, [goo]) > Tim Y(M, [gi)).
1—00
]
Since F*(g) is decreasing along its gradient flow, if the initial metric satisfies the
hypotheses of Theorem G, then all the manifolds (M, g;) satisfy the bound
4
FAgt) < Fgo) < 20" x(M) =€) A< =

or

4
Fg) < Flgo) < AN =) ifA> =
for some € > 0.

Then, according to Proposition 2.3, all the manifolds (M, ¢;) satisfy the inequality

Y(M, [g:])? — e,

1
— 8x24
and since Fyy, .FROM and Y are scale invariant, if T is a singular time, then the rescaled
manifolds (M, g;) satisfy the same inequality.
Consequently, according to Lemma 3.14, the limit manifold (M, g0 ) satisfy

1
Fw(ge) + Z}—R?c(gt) <

1 . 1
Fivl) + 17, (0) < I (Fiv(a) + 17,5 (00)

i—00

/1
< i . 12 _
< i (g5egg YO 0)? - o)
< Y (M, [goo])2 — €.

8 x 24
But (M, goo) is non-flat, Bach-flat, scalar-flat, and satisfies

Y, ga]) > T Y(M, [0]) > o > 0
1— 00
and .
| o, <200 + 17 ),

so Theorem F with A = 0 asserts that it is flat, a contradiction.
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Therefore, the flow exists for all time, and for all sequences ¢;, a subsequence of
(M, g;,) converges to (M, g ), with go. a critical metric for 7> such that

Y (Mo, [950])? — €,

1
- o <
]:W(goo) + 4fRic(goo) =S

and
Y(M,[9so]) = lim Y (M, [g;]) > Yy > 0.
71— 00

According to Theorem F, g, is a metric of positive constant curvature (since its Yamabe
constant is positive). Let (N, h) be the the sphere of volume Voly, (M) if x(M) = 2, or
the real projective space of volume Volg, (M) if x(M) = 1, endowed with its standard
metric. Then (M, go.) is isometric to (N, h).

We have proven that for any sequence ¢;, a subsequence of (M, g;,) converges to
(N, h) in the C* topology. Hence (M, g;) converges to (N, h) as t — oo.
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Dans ce chapitre, on applique la méthode de Bochner intégrale aux formes différen-
tielles harmoniques des variétés riemanniennes. On en déduit plusieurs théoremes de type
Bochner-Weitzenbdck, et on caractérise les cas d’égalité.

1. The Bochner-Weitzenbock formula

Let (M™, g) be a Riemannian manifold, and & be a smooth k-form. If £ is harmonic,
i.e. closed and co-closed:

d§ =d*§ =0,
then it satisfies the Bochner-Weitzenbock formula
4.1 V*VE+ RrE =0,

where the Bochner-Weitzenbdck curvature

Ri(x): AT M — A*Tr M
is a symmetric operator which can be expressed by using the curvature operator. The trace
of Ry, is given by
k(n —k)
n(n—1)
We let —r; be the lowest eigenvalue of the traceless part of the Bochner-Weitzenbock
curvature. Then, since the nonnegativity of Ry, is equivalent to

< k(n—k)

r

P =1

the classical Bochner-Weitzenbdck theorem can be stated as follows:

Theorem 4.1. Let (M", g), n > 2, be a closed Riemannian manifold. If

k(n —k)
“4.2) rg < m 9>

tr (Ry,) = (dim A*T M) R,.

then
— either its k' Betti number by,(M™) vanishes,
— or equality holds in (4.2), 1 < by, < (Z) and every harmonic k-form is parallel.

We will prove the following integral version of Theorem 4.1:
Theorem 4.2. If (M™, g), n > 4, is a closed Riemannian manifold such that for some
integer 1 <k < ans or k = 5 the following pinching holds:
k(n—k)

(43) H?"k| LS m

Y (M, [g]),

then
— either its k" Betti number by,(M™) vanishes,
— or equality holds in (4.3) and (up to a conformal change in the case k = %) the

pointwise equality r, = i((z:l;; Ry holds, 1 < b, < (2) every harmonic k-form is

parallel and g is a Yamabe minimizer.
According to [GM75], for all 1 < k < n — 1, we have r, < k(n — k)pg, thus
Theorem I is a direct consequence of this result.
In dimension four, if we let w:{ be the largest eigenvalue of the self-dual part W; of

the Weyl curvature and bé" be the dimension of the self-dual harmonic 2-forms, we obtain
the following result, which was already obtained by M. Gursky in [Gur00]:

Theorem 4.3. If (M*, g) is a compact oriented Riemannian manifold such that

1
(44) g [l .= 5 Y (M2, [9)).

then
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— either b (M*) =0,
— or equality holds in (4.4), 1 < bj < 3 and for every self-dual harmonic 2-form w,
there is a Yamabe minimizer § in [g] such that w is Kdhler for .

Conversely, according to [Der83], for any metric conformally equivalent to one which
is Yamabe and Kihler, equality holds in (4.4).

1.1. Examples of manifolds for which equality holds in (4.3). Equality holds in
(4.3) for any metric with nonnegative R, which is a positive Yamabe minimizer, as soon as
br, > 1. According to [GM75], we can construct examples of manifolds with nonnegative
R, by taking products of manifolds with nonnegative curvature operators. According to
[BES7, IV.2], if the product is an Einstein manifold, it will be a Yamabe minimizer.

Let (M™, g) be a product of round spheres and projective spaces

(S™,g1) x --- x (8", g,) x (CP™ hy) x --- x (CP™4, hy),

with n; > 2. Then (M, ¢) has a nonnegative curvature operator. For (M, g) to be Einstein,
we have to take Ry, = a2 and Rj,, = o224 for some a > 0.
If for some 0 < p’ < pand 0 §m; <m;

' q
Z n; + 2 Z my =k,
i=1 j=1

then by, > 1 and equality holds in (4.3). Hence, for all £ > 2, there exist manifolds for
which equality holds in (4.3).

For k = 1, according to [Sch89], the quotients of S"~! x R by a group of transforma-
tions generated by isometries of S™~! and a translation of parameter 7' > 0 are Yamabe
minimizing if and only if 72 < %. For those manifolds, equality holds in (4.3) and in
(0.18).

1.2. The integral Bochner-Weitzenbock Theorem. We will now prove Theorem 4.2
and Theorem 4.3. Let (M™, g) be a Riemannian manifold. From (4.1), we get that any har-
monic k-form & satisfies

k(n —k)
4.5 V*V —
5) (VeI + )
Moreover, for k € [0,n/2], the Kato inequality can be refined as
n+1—k 2 2
Tk ldIg|]” < [VE]7,
n

(see [Bou90], and [Bra00, CGHOO] for the computation of the refined Kato constant).

We take § = L, A = ]:L((Z:Ig and 3 = %, and we have

Ry €< ri €7

(4.6)

0<B8<1 when 1§k§”T_3,

— _ n—2 _n
=1 when k= "3=ork =3,
g>1 when k:%.

hence if k # ”T_l, we can apply Theorem 1.9 or Theorem 1.10 and obtain that if £ is a
non-trivial harmonic k-form, then

k(n—k)

(4.7) 17kl 2> mY(M, [9])-

If furthermore equality holds and 1 < k < ”T’S, then g is a Yamabe minimizer and
k(n —k)
n(n—1)

By Theorem 4.1, every harmonic k-form is parallel and by, < (})).

T =

R,.
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If equality holds and k& = %, then g =|¢ |% g is a Yamabe minimizer. Moreover, the
form £ is still harmonic for g but has constant g—length

|§|g: 1.

And since the traceless Bochner-Weitzenbdck curvature Wz only depends on the Weyl
curvature (see (B.1)), the pinching is conformally invariant and equality also holds for g.

Then, since equality must hold in the Kato inequality, £ must be parallel. According

to (4.5), the pointwise inequality 7, /2(§) < T Y (M, [g]) holds on M, and as
n

[172/2(9) || /2= mY(M, 9,

the equality 7, /5(g) = R; holds on M. By Theorem 4.1, every g-harmonic n/2-

4(n 1)
form is g-parallel and b,, /> < (n /2)

For the middle degree n/2 when n/2 is even, the Hodge star operator * induces a
parallel decomposition Az T*M = A T* M@A? T* M. And since the traceless Bochner-

Weitzenbock curvature Wz commutes with *, it admits a decomposition
Wz = Wi eWs.
2 2

If £ is a non-trivial harmonic self-dual form, (i.e. *¢ = &), and if —r:/Q is the lowest
eigenvalue of W;” /2> We get

n

(V*VE | €) +ng

2 2
|£‘ < T:/Q |£‘

Hence Theorem 1.10 yields
n

+ -
HTTI/QHLTL/2Z 4(7?/—1) Y(M’ [g])
In dimension 4, this inequality becomes

1

1
(4.8) [ ]| .= ) Il 2> gY(M’ o),

and if equality holds, then there is a Yamabe minimizer § € [g] such that ¢ is g-parallel
with |£ \2: 2. Consequently, ¢ is a Kéhler form on (M, §).

2. Pinching involving the norm of the curvature

In this section, we prove theorems 0.4, J, K and L.

2.1. Comparison between the first eigenvalue and the norm of curvature opera-
tors. In order to obtain estimates on 7, we will use the following lemma:

Lemmad4.d. If A: E — E is a traceless self-adjoint endomorphism on a Euclidean space
E of dimension d, then its lowest eigenvalue a satisfies

d—1
2< 2 AP
a _ d | | ?
and equality holds if and only if the spectrum of A is {—v, ﬁu} withv > 0 and ﬁy of
multiplicity d — 1.

Proof. By a simple Lagrange multiplier argument, we see that

d d 2 do1
<1nf{A1,§ A=1and > Ai:0}> =
i=1 1=1
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Forl <k < " , let define the constants a,, ;, and by, ;, by

w1\ B = B 4 = 1)n — k1)
“"”“:(('ﬂ) VoD e
) k(n — k)
(=)

—k (n—2k)
n—1) (n—2)?

b = ((7) -
Lemma 4.5. If1 < k < %L, then

o 2
12 < ange W)+, |Ric|
and equality holds if and only if there exists a k-form u and a real number \ such that
Ri = Ald —u ® u.

Proof. We apply Lemma 4.4 to Wy, + Zj, and use the fact that for a traceless operator T’

on k-forms . .
J 1, .4 — 2k
2 af- LB ()
J: J: J: J
O
When k& = n/2 we can refine this inequality by using the fact that the Hodge star
operator commutes with R, /5 and the fact that the square of the Hodge star operator on
n/2-forms is (—1)"/21d.
Let An/ 2T*M be the eigenspaces of the Hodge star operator and R ,, /2 be the re-

striction of the Bochner-Weitzenbdck curvature to A"/ 2 T M.

We define
Gz = M—E%_(éj—a) (o) —2) ifn/2iseven
| S0 ((u)2) —2)  ifn/2is odd.
Lemma 4.6.
(4.9) 12y < gz W2

and equality holds if and only if
— when n/2 is odd: there exists a n/2-form u and a real number A such that

Rpje = Ald —u®@u — *u @ *u,
— when n/2 is even: there is € € {—,+} such that W—¢ = 0 and there exists a
n/2-form w such that xu = eu and a real number \ such that
Repnse =Ald —u ® u.
Proof. When n/2 is odd, all the eigenspaces of the Bochner-Weitzenbock curvature are

stable by the Hodge star operator hence they come with an even multiplicity. And when
n/2 is even we obtain that r,, /5 is less than the lowest eigenvalue of R ,, /5. O

2.2. Characterization of the equality case. An important feature of the Bochner-
Weitzenbock curvature is that it satisfies the first Bianchi identity. Seeing once again Ry
as a symmetric operator

Ri: AFTEM — AT M
the first Bianchi identity asserts that if (6;); is an orthonormal basis of (T M, g) then

Vo€ AFTITEM, Y 60; ARy (6: Aa) = 0.

We now assume that there exists a real number A and a k-form v € A*T* M such that
Ri =Ald—u® u.
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We get that for any orthonormal basis (e;);, if we let (6;); be its dual basis, then (see
[Kul72])

ZU/\ei®€i\_U:0.

We introduce the orthogonal decomposition T, M = V @& V+ where
Vi = {v,oiu = 0},
and choose an orthonormal basis (e;); of T, M diagonalizing the quadratic form
v Joiul?,
and such that (e;)1<;<¢ is a basis of V. Then {e;_u}1<;<¢ is an orthogonal family of
AFIT M.
From the identity
Zu/\&i ® e;Lu =0,

we deduce thati € {1,...,¢} = u A 60; =0. Hence ¢ = k and
u=u|l01 A...0F = |uldvoy.

We can go one step further. Indeed if k& € [2, "7’1], the curvature operator is uniquely de-
termined by the Bochner-Weitzenbock curvature: the components of the curvature operator
can be expressed by taking contractions of Ry, (see [Lab06, Theorem 4.4]).

We first see that if T,M =V @ V' and v = dvy then

tr(u @ u) = *y gy,

where tr is the contraction operator defined in [Lab05], gy is the metric on V' viewed as a
double (1,1)-form on V and

xy A(lfl)v* N A(k*l,kfl)v*

is the Hodge star acting on double forms of V. The computations of [Lab06, theorem 4.4]
imply that the traceless part of tr*~!(R},) is proportional to the traceless part of the Ricci
curvature, hence the Ricci curvature is a linear combination of gy and gy 1 ; we also get
that tr*=2(R},) is a linear combination of g.Ric, of g? and of the curvature operator. Hence
in our case, we easily get that there are numbers o« = «(z), 8 = B(x) and v = ~(x) such
that the curvature operator at x is

2 2 2
gl gy 1 gf
asg +5 5 TS5
Hence, using the orthogonal decomposition
k
AT M = P ATV e N (V)
§=0

we find that the eigenvalues of the Bochner-Weitzenbock curvature R are

aj(k = j) + Bi(n —k —j) + vk(n — k),
with multiplicity (I;) (";k), where j € {0, ..., k}. But the assumption asserts that R, has
only two eigenvalues and that the lowest one has multiplicity 1. The only possible case is
k = 2and o = (n — 5)8. Moreover, § > 0, since the lowest eigenvalue of the traceless

part of Ry, is a negative multiple of 5. Consequently we have:

Proposition 4.7. [f there is a non-zero k-form u such that
Ri(z) =AMd—-—u®u

then k = 2 and T, M has an orthogonal decomposition

T,M=VaVv:
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with V+ = {v,v_u = 0} of codimension 2. Moreover, u is colinear to the volume form of
V., and the curvature operator is of the form
2 2 2
9v Jyo g
—5382¥ JvL A
(n=35)8 + 8=~ +775
with 3 > 0.
When n/2 is odd, we use the complex structure given by the Hodge star operator on
n/2-forms and obtain:

Proposition 4.8. Ifn/2 is odd and if there is a non-zero n/2-form u such that
Rpj2 = Ald —u ® u — *u ® *u,
then T, M has an orthogonal decomposition
T.M=VaoVvt

withV = {v,v Au =0} and V+ = {v,viu = 0} of dimension n /2.

Moreover, u is colinear to the volume form of V' and *u is colinear to the volume form
of VL.

Indeed, with the same orthogonal decomposition T, M =V & V- as before, with

V= {v,oLu = 0},
we get that for any vector w € V =+,
w’ A su = *(wLu) = 0.

Hence there is a (£ — n/2)-form 1) € A*~"/2V* such that *u = ¢ A dvy 1 and u = *y-1).

The Bianchi identity implies that

4 4
0= sy A @eixyy £ Y % Advys N @ e (¥ Advys).

i=1 i=1
Because (e;L*yt)1<i<e U {e;L (¥ A dvy1))1<i<e is an orthogonal family, we conclude
that/ =n/2 and ¢ = 1.

And when n/2 is even, we have:

Proposition 4.9. Assume that n/2 is even, that for ¢ € {—,+} we have W~ = 0 and
that there is a non-zero n/2-form u such that xu = eu and

Repns2 = Ald —u ® u.
Then n = 4 and w is colinear to g(J.,.) where J is an unitary complex structure on T, M.

Indeed, we obtain that the Bianchi operator applied to u®w is a multiple of the Bianchi
operator applied to the Hodge star operator. But the Bianchi operator applied to the Hodge
star operator is a multiple of the Hodge star operator. Hence, if (e;) is a orthonormal basis
of T, M then (e;Lu); is a basis of A"/~ 1T M.

This can only occur when n = 4 and when u = |ulg(J.,.), where J is an unitary
complex structure on 7, M.

2.3. The pinching results. On a closed manifold, according to (4.7) and the inequal-
ities of Section 2.1, if by # 0, we have

o 2 _
Y o el ) 2l ez S

(4.10) (an’k |W
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We will now characterize the equality case in (4.10).

For one-forms in dimension greater than 5. If b; # 0 and if

° 1
HRZCHLE n(n = 1) Y (M, [g]),
then according to Theorem 4.2, Ric, is nonnegative with by zero eigenvalues which corre-
spond to by parallel vector fields. According to the DeRham splitting theorem, the universal
cover of (M, g) splits as a Riemannian product (N"~%1 x R h 4 (dt)?). But according
to Lemma 4.5, Ricy has only two distinct eigenvalues, hence b; = 1 and (N, h) is Einstein
with positive scalar curvature.

For one-forms in dimension 4. If equality holds, equality must also hold in the refined
Kato inequality for . Then according to Proposition F.1, M possess a normal cover

M=N®xR
with a warped product metric
g=mn’(t)h + (dt)*,
where for some T' > 0, 7 is a T-periodic function and the deck transformation group is
generated by
V(x,t) = (¢(z),t +T),
with ¢: N — N a h-isometry.
We can write that § is isometric to § = e~2/(*)(h + ds?). Then,

ROng = Roich + %(1 — = (f"? (h _ 3d32) .

o
Since equality holds in the inequality between the first eigenvalue and the norm of Ricg,
we have

° 1
Ricg = re”2f (ds2 — 3h) ,

then
o 1
Rich = (’r‘162f + 5(1 - f” - (f/)2)) (3d$2 - h)
and by taking the trace on TN C TM, we see that it must vanish. Thus (N3, h) is Einstein
hence of constant sectional curvature, and (M, g) is conformally equivalent to a quotient

of S3 x R. We recover Theorem 0.4 i).

Remarks 4.10. i) If the translation parameter 7" is too large the the product metric can-
not be a Yamabe minimizer. Indeed the second variation of the Yamabe functional has a
negative eigenvalue at the product metric when

47%(n — 1)
T? > —— 2
Rh
Conversely, on S*~! x S!, the product metric is a Yamabe minimizer as soon as
4 2
@.11) T2 < 21
n—2

(cf. [Sch89]). Therefore, in dimension 4, if b; # 0, equality holds in (0.7) if and only
if (M, g) is conformally equivalent to a quotient of S® x R with translation parameter
satisfying (4.11).

ii) If (M, g) satisfies the pinching

°o 1
/ ‘chg’ dvg < E/ Rﬁdvg
M M
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which is conformally invariant according to the Gauss-Bonnet formula, we can suppose
(up to a conformal change) that g is a Yamabe minimizer and satisfies (0.7).

For two-forms in dimension 4. If equality
1

2V6
holds and b, # 0, then by taking a two-fold covering if M is not orientable and choosing
the right orientation, we have equality in (4.8), b3 (M) = 0 and W, = 0. Hence (M, g)
is conformally equivalent to a Kidhler self-dual manifold with constant scalar curvature.
According to [Bou81,Der83], (M, g) is conformally equivalent to CP? endowed with the
Fubini-Study metric, and we recover Theorem 0.4 ii).

Woll 2= 5= Y (M, [g]),

In degree k € [2, 252] when n > 7. If equality holds in (4.10) and if there exists a

non-trivial harmonic k-form, then according to Proposition 4.7 we must have k = 2.

When n > 7, we have £ < "7_3, and according to Theorem 4.2, the metric ¢ is a
Yamabe minimizer and £ is parallel. According to Proposition 4.7, we obtain a parallel
decomposition T*M = V @ V+, and the universal cover of (M, g) splits as a Riemannian
product

T M=X, x Xy > M

where X has dimension 2 and 7*¢ is colinear to Advy,. Still from Proposition 4.7, we
see that v = 0, that X5 has constant positive sectional curvature, that we can normalize to
be 1, and that X has constant sectional curvature, hence is a 2-sphere of curvature n — 5.

For 2-forms in dimension 6. We consider a closed manifold (M, g) with by # 0 which

satisfies
4

15 YO [g)

72l s =
and
o 2
|T2|2 = ae,2 |VV|2 +b6,2 ‘R’LC‘ .
In this case, there is an harmonic 2-form & for which equality holds in the refined Kato
inequality, and the curvature operator is

2 2 2
5<g‘/+gVL>+»}/g

2 2 27

where at each point

T,M=VaVv:
Following the computations done in [Carl10], we introduce a local orthonormal frame
(€1,€2,€3,...,¢) and its dual frame (91, ..., 0%), with V = Vect(e1, e2). We can write

that
dig| = plel0* and € = |¢|0* A 02,
The computation leads to

1 .
velg = p§7 v62£ - 0 and ve]vg = _Zp|§|9'7 /\ 927

for j > 3. Hence, writing 2 = %, we obtain V., Q =V, Q =0,
R(61»€2)Q = (ﬁ + ’7)9 and R(617 62)9 = _v[€1,62]Q'

This implies that
[e1, e2] € V = Vect(eq, e2).
Hence V¢, ¢,€2 = 0 and thus 3 + v = 0. However, the scalar curvature of g is

R, = 1483 + 30y = —168.
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This is not possible, since 8 > 0 and since we have assumed that the Yamabe constant of
(M, g) is positive.

The middle degree. We consider a closed manifold (M", g) with bz # 0 and such that
the following equality holds

- n
L2 4 (n — 1)

If n/2 is even, by Proposition 4.9 we must have n = 4 and (M, g) conformally equiv-
alent to CP? endowed with the Fubini-Study metric.

If n/2 is odd, then according to Section 1.2, up to a conformal change § = |¢|# g on
the metric, we can suppose that g is a Yamabe minimizer and that £ is parallel.

According to Proposition 4.8, the universal cover of (M, g) splits as a Riemannian
product X; x X5 where X; and X5 have dimension n/2. Moreover, in the orthogonal
decomposition

/2 [[Wyl Y (M, [g]).

N3

A%T* (Xl X X2) = @ AjT*Xl ® AgijT*XQ,
j=0
the Bochner-Weitzenbock curvature has the decomposition

w3

Ry = (R%ng © iz x, +1d, g5y ®RJXz) .

3=0
Hence for j € {0,...,%2}, R?,E&j
R)%(L 5 and Rg("’ are multiple of the identity, and by [Tac73] or [Lab06], it implies that X3

and X5 have constant sectional curvature.
Moreover, the eigenvalues of Rz are

i(5-9) %
n/2

2
with multiplicity ("/%)", where j € {0, ..., 5 }. The only possibility to have 2 eigenvalues
is when n = 6. Then X; and X5 are two round spheres.

and R;{Q are multiple of the identity. In particular

Remark 4.11. If X; and X5 are two round spheres of the same radius, then the product is
Einstein. According to [BE87] it is a Yamabe minimizer, and thus equality really holds in
(0.19).

3. The non-compact case
We will prove the following result, which implies Theorem M:

Theorem 4.12. Let (M™,g), n > 4, be a complete non-compact Riemannian manifold
with positive Yamabe constant. Assume that the lowest eigenvalue of the Ricci curvature
satisfies Ric_ € LP for some p > %5, and assume that R, € L3 If

1

-4
“.12) Il s+ IRl < 3 YOMLLa)),

then
— either H!(M,Z) = {0} and in particular M has only one end.
— or equality holds in (4.12) and there exists an Einstein manifold (N"~* h) with
positive scalar curvature and o > 0 such that (M™, g) or one of its two-fold cover-
ing is isometric to

(N"! x R, a cosh®(t) (h + (dt)?)) .
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According to Lemma 1.8, there exists C' such that the following Sobolev inequality
holds:

(4.13) Vo € C(M) ¢l an, < C il Za -

Then, according to [CP04, Proposition 5.2], if H!(M,Z) # {0}, then M or one of its
two-fold covering has at least two ends.
If M has at least two ends, then according to [CSZ97, Theorem 2], we can find a
compact set K C M with
M\K=Q_UQ,,

and with both Q_ and . unbounded, and an harmonic function ®: M +— (—1,1) such

that d® € L2,
lim ®(z)=-1 and lim ®(z)=
Tr—r 00 Tr— 00
zeQ_ zeQ L

In particular ¢ = d® is an L? harmonic 1-form on (M, g).

If M has only one end and 7: M — M is a two-fold covering of M with at least two
ends, then (M, 7*g) satisfies the Sobolev inequality (4.13), and we can find a compact set
K C M such that @ = M \ K is connected and M \ 7~ (K) = Q_ U Q, with Q_
and Q unbounded. Then we can find an harmonic function ®: M — (—1,1) such that
dd e L2,

lim ®(z) =—1 and lim ®(z) =
r—00 T—00
z€Q_ z€Q4

Moreover this function is unique by maximum principle, hence the image of ® by a deck
transformation of 7: M — M is either ® or —®. In particular, the function |¢|=|d®| is
well defined on M and is in L?(M, g).

The harmonic 1-form & satisfies

1 -4
(V'VE|€) + Ry l€]°< ( + ”4nRg> €f*

and

Moreover, since Ric_ = —7’1—|— , Ric_ isin L™/ 2N LP for some p > n/2, and according
to [Gal88, Theorem 1], we have

Vol B(zo, R) = O (RQ(”‘U) .

Therefore, we can apply Theorem 1.11 and we obtain

(4.14) [rall, 2 ==

If furthermore equality holds, then the function v :|§|Z%1 isin L7z (M, g) and we can
suppose that ||’UHL 2n = 1. Then v satisfies the Yamabe equation

A =D Ao+ Ryo = Y(M, [g)o23.

n—2

Since equality must hold in the refined Kato inequality, according to Proposition F.1, M or
one of its two-fold covering is isometric to N x R endowed with a metric

G =n*(t)h + dt*.
If we take the new coordinate s = fg n~1(7)dr, we can write that

§=e YO (h+ds?),
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where s is in (s_, s ), with

s —/+00dt and s —/_Ooi
* o () - o n(t)’

Since v = e(™ =27 is a solution of the Yamabe equation for the metric §, the function
n—2 . . . . .
w = e = J is solution to the Yamabe equation for the metric h + (ds)?, hence satisfies

n—l n42

2w”(s) + Rpw(s) = Y(M, [g))w(s)—2.

(4.15) -4

In particular, we see that R;, only depends on s, hence is constant.
Moreover, since Ric_ is in L? for some p > n/2, and since

Algl < —Ric_[¢],

we get by DeGiorgi-Nash-Moser iterative scheme (see for instance [Yan92, Theorem B.1])
that £ is in L°°, and that

(4.16) lim |¢| = 0.
T—r0o0

We can now prove that s, = +o00. Recall that

€| = nl—n — e(n=1f _ wQZ:;

If s is finite, then because of (4.16), we get

lim w = 0.
S—>S+

The differential equation (4.15) implies that w’ must have a non-zero limit when s — s.
Hence there exists ¢ > 0 such that

w ~ c(sy—s).
S—S4 ( + )
. o a4 .
And since the metric § = w™ 72 (h + ds?) is complete, we must have
+

S
/ w(s)_ﬁds = +o00,
0
hence n = 4. But according to (1), when n = 4, the scalar curvature of § satisfies
1 1\" 1
—R;=-6(— —R
w3 Y (w) + w
hence R; goes to —12¢? when s — sy, and therefore is not in L"™/2(M, §). Consequently,
54 = 400, and the same argument shows that s_ = —oo0.
From (4.15), we deduce that there is a constant ¢ such that

n—1 n—2

—4 (w')? + Rpuw? = Y(M, [g)w== +ec.

n—2
Since lim;_, 4o w = 0, we must have ¢ = 0. Moreover, since Y (M, [g] is positive, and w
is a positive function we must also have R, > 0. Up to a change of time variable and a
scaling on ¢, we can suppose that

Ry, =(n—-2)(n-1).
Letp=cf = w72, We obtain
Y (M, [g])
AV 2 _ )
()" +e Tl —1)°

Therefore, for some sg, we have

Y(M, [g])

wls) = 4dn(n — 1)

cosh(s — sg) .
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Conversely, if (N"~1, h) is a closed manifold with positive scalar curvature
Ry =(n—2)(n—1),
and if
(M,g) = (N"' xR, awcosh®(t) (h + (dt)?)),

then
1

Ry = (n— 1)(n—4)m

Ricy = Ricn + 22 (h — (n — 1)ds?)
n

[e]
We see that the lowest eigenvalue of Ric, satisfies

1 2(n2)(n1))
r =— () + ——————= ),
10) = s (0 5
and thus we obtain
n—4 C
Irall s+ 1Rl 5= 5 Y(M, o)),

with

_nn—1) +dn(h) : dt \*
o=y vt (f i)

- dri(h) \ {Vol((N, k) Y(s™)
- (1 - 1)) ( Vol(§1) ) YN xR, [h +d7])

According to [ABO3, Proposition 2.12], we always have
2
VOI((N.)\T sy
Y(

Vol(S»—1) N xR, [h+dt?]) —
Hence, for C' to be equal to 1, 71 (h) must vanish, i.e. h must be Einstein. Then, according
to [Pet09, Corollary 1.3], we have

VoI((N, 7))\ * Y(8") _1
Vol(S»—1) Y(N xR, [h+dt?])
hence equality holds in (4.12). (]







APPENDIX A

Classical results about geometric flows

We first recall the first variation formula for metrics perturbated by an evolving dif-
feomorphism, on which the DeTurck trick is based:

Lemma A.1. Let (g:) be a smooth family of metrics and let (¢1) be a smooth family of
diffeomorphisms. Then

9(digt) = 01 (Oege + Lv, 9t),
where Vi, = 0y 0 ¢y .
Proof.
(07 9t)),, = Oe(D1,9¢)1,, + Or(P Gt0)1,,
= 67, (0r11,, ) + 7, (9101 0 001, )

= 91, (atgt\to + Lat%m oy} gt)-

|t0

O

Proposition A.2 (DeTurck trick). Ler (M, go) be a closed Riemannian manifold.
Let P: 83 (M) — S*(M) and V : 85 (M) — TM be geometric differential opera-
tors such that (P — Ly )y is strongly elliptic. Then
dg = P(g)
Ep(g0
{ 9(0) = g0 (90)

admits a unique maximal solution on an open interval [0,T), T positive.

Proof. Since (P — Ly ), is strongly elliptic, it follows from the theory of parabolic equa-
tions that

8.9 = Plg) —
{ I=PU I D)

9(0) = go

admits is a unique maximal solution §(t), t € [0,T") with T > 0 (see [MM10]).
Let ¢4, t € [0,T') be the flow of V'(g:):

{ e =V (Ge) © b,
¢o = Idp.
Let show that
(9t)tcjo,my) is asolution of Ep(gy) <= Ti1 <TandVt < [0,T1) g: = ¢; G-

It will gives short-time existence and uniqueness for Ep(go).
Let g, = ¢; Gt Then g(0) = go and by Lemma A.1, for all ¢ in [0, T"),

Org = ¢7(0:g + Lv,9) = ¢; P(g) = P(g)-
So g; is solution of Ep(go) on [0,T).
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Now, let g be a solution of Ep(go) on [0,T4). Let ¢y, t € [0, T1) be the flow of —V/,.
Then ¢} g; is solution of (DT'(go)) on [0,T}):

0t (i 9¢) = ¥ (Org — Lv, g)
= P(g) —¥{Lv,q)
= P(¥ig) — Lv,, ¥t 9.

Therefore, T} < T and for all ¢ in [0,7}), ¥fg: = Gt-
Moreover, for all ¢ in [0, T), ¥, " = ¢

8t(wt_1) = _1/):(_‘/%) Owt_l = V}h o¢15_17
and ¢y ' = Idpy, so ;" is the flow of Vj,. It follows that g; = &7 ;. 0
We now compute the principal symbols of the operators we will use. With
2
Re(g) =€ &€ g,
and )
(Vg90)i = 59i69"" (Tap(9) — Tap(90)):

2
we have:

Proposition A.3. For all metrics g and all & in T* M, we have
oe(Lv)g =@ 0eVy + 0cVy @,
ocRy =(Re | ),

. 1
o¢(Ric = Ly, )y = 5 6" Mdszqan),
0¢(0D(R-))y =(Re | ) Re.

, L
og(0DRic — LV*V’Y.,QOJ"%dR)/g =3 €17 Ids2(ar).-

Where the operators § and D are defined in Appendix B and V- Si(M) — T*M is any
differential operator of degree at least one,
Proof. We recall that the Lie derivative of a metric is given by
(Lvg)ij = ViV; +V; Vi,
then by Lemma C.5,
and as V is of degree at least one,
oe(Lv)y(h)ij = &ioeVy(h)j + &oeVy(h)i.
By Proposition B.4,
R, (h) = 06h + Atrh— (Ric | h),
then
ocRy(h) =( @& | h) — | trh =(Re | h),
therefore, as 6D(R, g) = AR, g + DDR,, (Proposition B.2),
o¢(OD(R-)) = £ @ Eoe Ry~ €] 0¢R, g =(Re | ) Re.
It follows of Lemma B.3 that
1., 1 1 o
(V-.g0)y ()i = §(V hai — ivitr h) — §gish B(Fiﬁ(g) - Fiﬂ(%)%

(o) (1) = =5 (6h + L Btrh) + o x (T(g) ~ T{gp)),
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and by Proposition B.4,
Ric,(h) = %(V*Vh — D(6h + %Dtrh)) — D(6h + %Dtrh) + h* Rm.
It follows that its principal symbol is
oeRicy(h) =~ 6* h+ £ @ oexy (1) + oy () O,
o)

, 1
o¢(Ric— L., ), = -3 €1 Ids2 (-

Finally,
oe(ARic),(h) = — |¢* o¢Ric, (h)

1
=5 € bt €@ (= [E]” o (h) + (= €l oeny(h) @&,
and then, since 6DRic, = V*V Ricy + %BDRg -+ Rm * Rm (Proposition B.2),

. N 1
0¢(0DRic — Lyegy s tar)y = 0s(V"VRic — Ly-vy)y = =5 €]* Idsz (-

We recall the following basic estimate:

Lemma Ad4. Let I € R be an interval and ¢(t), t € I be a smooth family of metrics
defined on some finite dimensional vector space.

sup |09t g, < A,
then for all s,t € I,
(A1) e Atolgy < gy < el ey,

This inequality is easily proved by integration (see for instance [CK04, Lemma 6.49]).
We can also estimate the C'2 norm of a fixed cut-off function ¢:

Lemma A.5. If g(t), t € I is a smooth family of metrics on a manifold M™ such that
sup [|0egellcr (ar,g,) < A
tel
and if o € C§° (M), then for all s,t € I,
||d90||C1(M,gS)§ V2l Hd90||cl(M,g,,)
Proof. We have
or (1dgl”) <Ionglldel’.

then ijga = 0;0;p — rng, hence according to Lemma B.3,

3
|5t(v290)|§ 3 IVOigl|del

and
o1 (IV2¢1") <2 9ugl|Viol* +3 [Vouglldel V|
therefore
o (1dgl* + [V2¢]*) < 24 (lagl* + [92¢]") .
and by integration, we obtain

2 —s 2
ldell s ar gy < 26*1 N Aol (ag,) -
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The following Lemma is an adaptation of [Ham95, Lemma 2.4] to higher-order cur-
vature flows:

Lemma A.6. Let (M, g) be a Riemannian manifold and let N,k € N. Let K denote a
compact subset of M and I C R a closed interval with 0 € 1. Let g; be a sequence
of metrics defined on open neighborhoods of I x K, and solutions to a (k + 2)"-order
equation
(A.2) Ovgr = > Vi Rmg, x---x Vi Rmy,,

0<ip <---<i; <k
If the following conditions are satisfied:

(i) There is a constant C so that the metrics g;(0) are uniformly equivalent to g on K,

ie.
(A3) e %9 < g;(0) <eY.
(ii) Forall 1 < j < N, the j*" g-derivative of g;(0) is uniformly bounded on K, i.e.
(Ad4) sup [V5(9:(0))],< G-

(iii) Forall1 < j < N +k, the jt" g;-derivative of Rmy, is bounded with respect to g;
onl x K, ie.

(A.5) sup |Vgi (Rmyg,)
IXK

1
gig Cj'

Then the metrics g; are uniformly equivalent to g on I x K, and for all 1 < j < N the j*"
g-derivative of g; is uniformly bounded on I x K, i.e.

sup Vi (90)] < e,

and the constants c; only depend on C, Cj the dimension, the length of I and the equation
(A.2).

Proof. According to Lemma A .4, for any 4, the metrics g;(t), t € I are uniformly equiv-
alent to ¢;(0), hence to g by (A.3). The bounds will be taken for any of these equivalents
metrics.

Since for any tensor 7" we have

VT =VgT+ Ly, =Tg) *T =V, T+ gi % Vyg(g:) * T,
we obtain by induction on 5 < N that
(A.6) Vg(@tgi) = Z Z V;lgi Kok Vngi * Vging,i Kok ngngi.

pg>1 0<i1,..;ip<j
0< 1 veriq Skt

Because of the bounds (A.5), there exists a polynomial () such that
10:75(90) | =[V5(219:)| < Q (Vg (90)l, . [V (90)]) -

Hence, by induction on j and integration on I, the derivatives Vg (gi)for j < N are uni-
formly bounded on I x K. (]



APPENDIX B

Operators on double-forms

We use the formalism of double-forms of Labbi (see [Kul72] and [Lab05, Lab06,
Lab08]). If for some r, £ = (T*M)" is the bundle of (r,0) tensors on M, we denote
by AP 9 () the bundle of (p, ¢) forms with values in £, i.e. A9 (€)= End(APT*M @
AIT*M, ). For example, symmetric endomorphisms of 7% M can be seen as real valued
(1,1)-forms and curvature operators as real valued (2, 2)-forms.

We define the contraction and the multiplication of a double-form by the metric (which
is a particular case of the Kulkarni-Nomizu product) as follows:

tr APTL D (&) AP D () by (4T = ¢*°T,

i1iplieda i1 ip B dg

L 2 o
If S and T are in AP 9)(E), we define their scalar product by

(S| T)= p,iq,gk gk il gl (8, Th i) -
In the space of double-forms, g. is the adjoint of tr for this scalar product.
The curvature tensor has the orthogonal decomposition
Rmg =Wy + 25+ S,
where

1 ° g
Zg = m g.RZCg, and Sg = m g.g.

The Bochner-Weitzenbock curvature Ry can be seen as a real valued (k, k)-form (see
[Bou81,Lab06]) and has the following orthogonal decomposition:

(B.1) R =Wy + Z + Sk
where for k € [2,n — 2],
k—2 k—1
g n—2k g ° k(n—k)
=-2—F=.W, Zy, = —.R Sy =—=R, Idprgens-
We k—2" "9 T T e O T Gy p) e AT M

On 1-forms, we have
° R
R1 = Ricy = Ricg + —Ag.
n

We also define the following differential operators (we point out that our definition of
D and D differs by a sign from that of [Lab08]):

6 APTLO(EYSAPD () by (6T)iy . iglgnoda = =V Ty iy ja>
§ AP (E) S AP D(E) by (ST)il..Ai,,ul...jq = =V, iplaji..jes
p
D AP D(E)=APTLD(E) by (DT)ig iylis. iy = (D Vi Ty i i ivas

>
Il
=)

(-1tv

[
NE

D :A(P-, q) (5)_>A(p7 q+1) (g) by (DT)i1~“ip|j0~~~jq jkTilmir"jO---jAkqu.

=
I
o
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In the space of double-forms, D is the formal adjoint of § and D is the formal adjoint of 5.
Moreover, we have:

(B.2) trdT = —otrT g9.DT = —D (9.7
(B.3) trD + Dtr = —§ trD + Dtr = —4,
(B.4) g.6 +d6g. = —D g + dg. = —D.
The second Bianchi identity leads to:
Proposition B.1.
. = 1
DRmg =DRmgy =0 0Ricg = _iDRQ’
x ~ -3
5Rm, = —DRic, 5w, = *Z —D4,.

(with A, = Ricy — ﬁRQ g the Weyl-Schouten tensor)
Proposition B.2.
6D(R, g) = AR, g + DDR,,
SDRic, = V*V Ric, + %DDRg + Rico Ric — Rm(Ric),
0DRic, = 6DRic, = 66Rm, = 66 Rm,.
Proof. For the first one, we have
oD(g.Ry) = —0(g-(DR,)) = ¢.(6DR,) + DDR,,
For the second one, in coordinates,
(DRic)ijix = ViRicj, — VjRicyy,
therefore,
(0DRic) i, = —V*VaRicj, + VUV Ricy)y,
= V*VRicj, — V;(6Ric), + Rm® ;" Ricy)s + Rm® j1” Ricy
= V*VRic;yj, + %vjka + (Rico Ric);, — Bm(Ric) .
Finally, 6DRic, = 6 DRicg since both Ric, and dDRic, are symmetric according the
above formula, and the other part results from Proposition B.1. (]
We recall that:
Lemma B.3. Forall g in S2(M) and h in S*(M),

1
dvy(h) = Etr(h)dvg,
(9) () = =",
1
Ty(h)iy = 59" (Vi hai + Vihaj = Vahij).
The first variation of the curvature tensors are given by:
Proposition B.4. For all g in S5 (M) and h in S*(M),
1 -
(B.5) Rm;(h)ij\kl = 7§(DDhij|kl + Rmijkahal + Rmijalhka),

. 1 e < : °
(B.6) Ricy(h) = 5(5Dh + DtrDh — Rico h — Rm(h)),
(B.7) R, (h) = troDh— (Ric | h)= d6h + Atrh— (Ric | h) .
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We can also write
1 1=x ~ o 1
Ric;(h) = i(V*Vh —D(6h + §Dtrh)) —D(6h + §Dtrh) + h x Rm.
Proof. The first one is proved in [Lab08, Lemma 4.1]. Then, by using the formulas (B.3)
and (B.4):
o 1 ~ o
Ricy(h) = trRm(h) — Rm(h) = —g(trDDh + Ricoh — Rm(h))

1 ~~ - o
(55h + DtrDh — Ric o h + Rm(h))

N = N

(35h — D6h — DBtrh — Rico h+ Rm(h))
and since DD(trh) = DD(trh) and V*V = 6D + D 4+ Rm - (see Lemma C.1),

Ricl,(h) = %(V*Vh —D(6h + %Dtrh)) — D(6n + %Dtrh) + h % Rm.

By tracing (B.6), we obtain
1 ~~ -
R, (h) = tr Ric;(h)— (Ric | h)= i(tréDh + trDtrDh)— (Ric | h)
= %(trgﬁh — 6trDh)— (Ric | h)
= trdDh— (Ric | h) .
And we also have
R, (h) = —6trDh— (Ric | h)
= 6Dtrh 4 66h— (Ric | h)
= Atrh + 66h— (Ric | h) .






APPENDIX C

Derivative commuting

A double-form T' € A(P>9) (£) can be seen as a p-form with values in AT M ® &, and
the operators D and ¢ are the classical differential operators defined on p-forms. It can also
be seen as a g-form with values in AYT'M ® & with the corresponding operators D and §.
We recover the following commuting formulas for tensor-valued forms:

Lemma C.1. On the space of double-forms, the following identities hold:

(C.1) D2 = Rmx-, D2 = Rmx-,
(C.2) 62 = Rm*-, 62 = Rmx-,
(C.3) V*V = 6D+ D6+ Rm*-, V*V = 6D + D6 + Rmx*-.

By commuting derivatives, we obtain:
Lemma C.2. For j, k € N and all tensors T,
(C.4) (VYT = (V)T T 4 Pryo;(Rm, T)
(C.5) (V*V)2T = (V*)2V2T+ Py(Rm, T) .
Proof. Let show that
V(V*V)T = (V*V)VT+ Py (Rm,T) .
Indeed, we have
Vi(V*V)T = V'V°V,T

=VOV'VoT + Rm« VT

= VOV, VT +V(Rm+T)+ Rm + VT

= (V*V)V'T+ P1(BRm,T) .

Then (C.4) holds by induction.
By contracting the two first indices of (C.4) for j = 0 and £ = 1, we obtain

V(V*V)T = (V*V)V*T+ P (Rm),
then we get (C.5) by applying this equality to V7. ]
By changing the order of derivatives, we also get the following formulas:

Lemma C.3. On the space of double-forms, the following identities hold:

(C.6) DD = DD + Rm *- 66 =56 + Rm*-
(C.7) D& = 6D + Rm - D& = 6D + Rm -
(C.8) VD =DV + Rm*- VD = DV + Rm -
(C.9) V6 =6V + Rmx*- V6 =46V + Rm -

(C.10)  (V*V)D =D(V*V)+ P (Rm,-) (V*V)D =D(V*V)+ Pi(Rm,-)
Then by induction we obtain:
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Lemma C.4. Forall k € N and all tensors T,

(C.11)

(V)**IDT = D(V) 1T+ Py (Rm, T)(V)*'DT = D(V)* ' T+ Py (Rm, T),
(C.12)

(V)T = 6(V)" T+ Pr(Rm, T) (V)T = §(V)* T+ Pro(Rm, T) .

And for the first variation of tensors, we have:
Lemma C.5. For all positive integers k and all tensors T,
(C.13) (VFT),(h) = VT (h)+ Pr_1(VH,T) .

Proof. In coordinates, we have

\v le -Jq _aile ZF J1 Ja Zrﬂ J1~~_Oé-~~Jq

i1.ep i tir g ialiy. iy
therefore,
VT3, = VT ZF’ 5;.._;?__1-,)+ZF’ W
= ViTy(h )Jlffqu + Vh«T,

then by induction, if (V*T), (h) = V*T}(h)+ Pr_1(Vh,T),

(VFHIT) (h) = V(V*T), (h) + Vh o+ V*T
= V") (h) + V Pi(h,T) +Vh = VT
= V") (h)+ Pe(VA,T) .

)
)
Proposition C.6.
~ 1 N
Ry (85 Rmg) = —2(V*V)? Ry + P (Rm,),
1 ~
Rm(y(0D(Ry9)) = —59.DD(AR,)+ P5” (Rm),
Rm!,(DDR,) =PS” (Rm,),
and
o 1
R, (65Rm,) = —5 A’Ry+ P (Rmy),

R, (6D(Ry9)) = (n— 1)A’R,+ P (Rm,),
R, (DDR,) =P§” (Rmy) .

Proof. Since Rm; = —%DD + Rmg* - (Proposition B.4), we obtain
~ 1
Rmy (60 Rmy) = —3 ~DD§SRm,+ 73(2)(ng)
1 .
= 7§D6D5R g+ 79(2)(ng) by commuting D and ¢

1
= —5V'VDsRm, + 6DD§ng+ P (Rmy,)
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(according to the Weitzenbock formula (C.3))

1 1 = o
= —5(V"V)*Rimg + S6DDsRm,+ P (Rmy) by (C.3) since DRmy = 0

1 -
—§(V*V)2ng+ P{? (Rmy) by commuting D and §, since DRm,, = 0.
Then we have

1 =
Rmiy(0D(Ryg)) = —5DDOD(Reg)+ P5” (Rmy)
1 _ =~
= §DD(5(g.DRg)+ PSQ)(ng) by commuting g. and D

1 .
= —;DD(4.(9DR,)) ~ ;DBODR,+ P (Rmyy)

1
2
(by using (B.4), since D2 = Rmsx-)
1 ~ ~
= —ig.DD(ARgg)—i— P§2)(ng) by commuting g. and D, D.

And
. 1 ~= ~
Rmi,(DDR,) = —3DBBDR, + Rm, + DDR, =P (Rmy,),

since D? = Rmg*-.
Using that R = 60 + Atr + Rm - (Proposition B.4), we find

Rl (86Rmg) = AtrédRmg+ P (Rmy) since 62 = Rmx-
— A8bRicy+ P (Rmy)
1
= —§A2Rg+ P (Rmy,) by the Bianchi identity (Proposition B.1).
and
R, (6D(Rgyg)) = AtrdD(Ryg)+ PSP (Rmy) since 62 = Rmx-
= ASDtr(Ryg) + AS3(Ryg)+ P82 (Rmy)
(by commuting tr and ¢ and using (B.3))
= (n—1)A2R,+ P (Rmy) .
and B o B
R, (DDR,) = tr§DDDR, + Rm, * DDR, =P§” (Rmy),
since D2 = Rmy*-. O
Proposition C.7. Forall k € N, we have
= 1
(VERm), (83Rm,) = =5V *VH2Rmg+ P2, (Rm,),
1 N ~
(VERm), (6D (R,g)) = 59.(DV* VDR, )+ Py (Bm,),
(VERm), (ODRy) =P (Brmy),

and

~ 1
(VFR) (86 Rm,) = —EV*2V’€+2R9+ P, (Rmy),

(VER)! (0D(Ry9)) = (n — )V**V*2R 4 P, (Rmy),
(V*R),(DDR,) =P, (Rm,) .
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Proof. According to Lemma C.5, we obtain
(VERm), (65 Rmy) = V* Rm! (63 Rmg)+ P2, (Rmy)
1
= _iv’“(v*vangr Plg-)2 (Rmyg) according to Proposition C.6

1
= _i(v*v)zkamg—k P,gi_)Q (Rmg) by commuting V and V*V (C.4)

1
= 5 (V)’V*2 R+ P, (Rmy) by (C.5),

and
(V*Rm), (8D(Ry9)) = V" B (0D(Ryg))+ Py (Brmy)
1 N
= —ig.(VkDDARg)—&- P,Ei)Q(ng) according to Proposition C.6
1 N
= —39.V'D(V'V)DR,+ P,y (Rmy)
(by commuting D and V*V (C.10))

1 .
= —ig.DVk(V*V)DRg by commuting V and D (C.11)

1 ~
= —ig.DV*VkHDRg by (C.5),

and also
(V¥ Rim), (BD(Ryg)) = V* Rl (DD(Ryg))+ Pyl (Rmg) =Py, (Rms)
Then, we have
(VFR)! (86Rmg) = V*(R,(85Rmy))+ Py (Rmy)
= —%Vk(V*V)QRg
= f%(V*V)zkang P]g_)2(ng) by commuting V and V*V (C.4)
1

= —5 (V' )PV*2 R+ Py (Rmy) by (C.5).

and
(V¥R),(5D(Ryg)) = VF(R. (6D(Reg))+ PL2y(Rmy)
= (n—1)VH(V*'V)’R,
= (n — 1)(V*)2V**2 R+ P, (Rmy),
and finally,
(V*R),(DD(Ryg)) = V¥R, (BD(Ry9))+ Py2y(Rmg)=P\y (Rimy) .



APPENDIX D

Interpolation inequalities

For ¢ € C§°(M) a nonnegative function and T" a tensor, we define the following
weighted semi-norms:

1
Tl os () =IT" o= (/ TP o d”ﬂ)
©>0

_ k k
TNy =NV T i + R IT
ITlmp ey =T gy + 1T g

We have the following interpolation inequalities:

Proposition D.1. Let k € N, p € [2,0], ¢ € [2,00) and s > 0. There exists a constant

C(n,k,p,q,s) > 0 such that for all tensors T and for all 0 < j < k,
1-4
7. <ClTE

-
» @Il

()

1-4 i
I3+ S € IT Nk ) T gy -

where N N
1 1—j j
1_1-4g/k_ j/k
Tj p q
The second one is a direct consequence of the first one and the usual Holder inequality.
We will now prove the first one by a method taken in [KSO1].

Lemma D.2. Let p € [1,00], ¢ € [1,00), 7 € [2,00) with 1 = % + iq and let s > 0.
There exists C(n,r,s) > 0 such that for all tensors T,

2
VTN Lrair < C T ooy (V2T parova + 1d@ll e 1V T M o)
Proof. Integrating by part, we obtain

IVl = [ (VT T2 V) o,
©>0

©>0

el [ TITTIVIIT et tan,)
>0

< O(ITe L, 92T 9T

+ ldel e 1T | o[ VT | L, [ VT 0|
= C Tl oo VT 20r (IV°T | s + N0l e VTl o) -

where we used the Holder inequality with
1 1 r—=2

p g r
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O

Corollary D.3. Let k € N, g € [2,00) and s > 0. There exists a constant c(n,q,s) > 0
such that for all tensors T and all € > 0,
(D.1)

1+
1l o [VET | e () S € IVET N i () = -

k+1
ldell o 1T as gy -
Proof. Applying Lemma D.2 with p = ¢ = r, we obtain
1 1
ldpll o IV Tl s < VE Nl IT1 ey (1927 s + il 19T )
e : - : :
< Ve ||dso||Loo||THLq v (19T + 1ol 19T )

< VT s g 1l VT s

c c 2
(g +5) 1ol

so we obtain (D.1) for k = 1:

C( €)

ldoll e IVl oo < € [ VT || g + ldel 7 1Tl e -

Let prove Corollary D.3 by induction on k. We apply the 1nequa1ity above to VFT, s + k
and £:
2

||d<pHi°° HvaHLq,SJrkv

We take ¢ = 16C and we can suppose that 4C' > 1. By the induction assumption with

2C(1 +
||d<pHL°° ’|vk+1THLq,s+k+1S % ’|vk+2T||Lq,s+k+2 +¥

€
4C(1+e)’
2 k € k41
Hd90||L°° Hv THLq,erkS m ||d(pHL°° Hv T|‘Lq,s+k+1
40(1 + E) k+2
20 Yl 2T
Combining the two last inequalities, we obtain (D.1) for k + 1. U

Lemma D4. Letk € N, p € [2,00], ¢ € [2,00) and s > 0. There exists a constant
C(n, k,p,q,s) > 0 such that for all tensors T,

1T < ClTl gy, 1T,

HEP ()

)

H” (0) (¥)
where % = ﬁ + i.
Proof. According to Lemma D.3, we have

||d‘p||L°° Hvk—i_lTHLq,SJrk+l < 2cF+1 ”T”I‘}q s

k+2

Therefore, Lemma D.2 applied to V*T gives

2
IV T < C VT 1T SOl g, ATl -
And by the Holder inequality, we have
TN E e IT M e Tllgas=<ITl g IT 5

k+2

Combining the two inequalities gives the result.

We can now apply the following Lemma to prove Proposition D.1:
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Lemma D.5 ([Ham82] Corollary 12.5). Let k be a positive integer:
Iff:{0,1,...,k} — Rsatisfies
YO<j<k f(G)SCFG-DYFG+DY
where C'is a constant, then
VOSji<k f) < CEDR0)TEF(R)E.
Let define
FG) =T

Lemma D.4 shows that there exists C'(n, k,p, g, s) such

O ris .
Hj] (‘p)

1 1
2Tj71 2’)"J'+1 ’

FG) <CFG=1D)"2 G+ 1Y,
then Lemma D.5 gives Proposition D.1.
Thanks to this, we can know estimate the integral of tensor products, such as the
lower-order terms appearing in the Bando-Bernstein-Shi estimates on the curvature. We
begin with the following Lemma:

Since + =
Tj
that

Lemma D.6. For all tensors of the form S x T, there exists a constant C depending only
on the dimension and the coefficients in the expression such that

|S«T|<C|S||T] .
Proof. By Cauchy-Schwarz inequality, the norm of a tensor with contracted indices is not
more than the norm of the tensor multiplied by a power of the dimension:
(9% Tap)? < nTugT*.
Then,
S+ TI< Cn) [S & T @ g% @ (g7)®*|< Cln)n™F |SIT]
d

Proposition D.7. Let j, k and m be positive integers and let F; : T — R be a map such
that for all tensors T,

F(T) =P(T) .
Let s >0, letp € [2,00] and q € [2, 00) such that
i —m/k k
j—m/k  mfk
p q
There exists a constant C(n, k, p, q, s, F') such that for all tensors T,

F,(T)| o™ 5dv, < C T 5 1T
| IR » < CITIEEITIE,

:1’

)
Proof. Let consider one term in F,(T'), that can be written V¥ T x - - -« Vi T with k; < k
and Ky + - -- + k; = m. By Lemma D.6 and the Holder inequality, we have
/ ‘Vle* *kaT‘ (Pm+jsd’l)g < C// |vk1T| ’vk‘,T| (Pm+jsd’l)g
M M

< Hvk1T| Leveti Hvk_7‘T|
SOl gryo - I1TN gry o
k.

k1

L7i stk

J

where

T p q

1 1-ki/k  k;i/k
1_1-k/k Rk
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with .
J .

1 —m/k k
Lo j—mfk  m/k_
il p q
According to Proposition D.1, we get

/ ‘V’“T % ek V’“a‘T‘ apm*’jsdvg <C ||T||Lp?(¢ ||T||
M so)

The result follows since F,(7T") is a linear combination of such terms. O

Corollary D.8. Let j, k and m be positive integers such that j > 2 and m < 2k, let s > 0
and let Fy : T — R be a map such that for all tensors T,

Fy(T) =P (T) .

There exists a constant C(n, k, s, F') such that for all tensors T and real number o. > 0,

2k
m S k—m 2
o [ IR @ ey < 5 IV, + (1ol 40 (2 ITH2) T ) I
Proof. According to Proposition D.7, we have

a/ |Fy(T)] ™% dvy < C'a | T3, 5 I % 2o
M H2 ()

. ik
with p = 227

:nmw and it follows that

m+js 1
o [ IRAD @, < 1 T, +Cas (T,

IN

1
guwuim (lldell} = +Cam TG ) IT s

L gk =y
5 IV T e + (Mol +Cam |TYZET ) T2
2

]




APPENDIX E

Weighted Sobolev inequalities

In this chapter, we will prove the following Sobolev inequality:

Proposition E.1. Let (M">3, g) be a Riemannian manifold. Let k € N and s > 0. There
exists C'(n, k, s) such that for all function p € C3°(M, [0, 1]) and all tensors T,

k n n/2
HV T”L"o*[?”’“““(wg C'sg HTHH[z%sHHNW '

We first give a proof of the following classical multiplicative Sobolev inequalities:

Proposition E.2. Let (M"23, g) be a complete Riemannian manifold and let ¢ > 2. There
exists C such that for all w € H{ (M),

1—
[ull o < Csg llll g™ (lldull Lo + [l

«
Lq) 3
with2 < m < p and

ifg<n pgﬂ and C =C(n,q),

ifg=n p<oo and C=C(m,p),
ifg>n p<oo and C=C(n,m,q)

and
_1
P

I _1.,.1°
m q+n

o =

Proof. Let consider the function u**7 for 7 > 0. We have du!*™ = (147)u" du, therefore
|du 7] < (1 +7) HuTHLLq2 ||dul| . It follows that
2

ety < 5 (L) Tl Nl + [ )

n—2
14
< (U )y (Nl 2ag dul o + Nl 1500
<(1+7)sg IIUIIL% [l g -
Hence we have

1+
(E.1) leall oy 2y, < (U 7)sg Ml 20 [l g

For all p # n, let define p* = #_pp

If g < n: We first suppose that ¢ > 2 and we choose

1 1
£4=2 373

2q %—%'
Then -
thr=ir= 4
q n
and by (E.1),

1+
lull o < (1 + 7) sg [|ull 70

U||Hf :
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It follows that
q*
lull o < 5o Nl g

which is also true when ¢ = 2. Then, as 1 = =2 4 (1 — 1) we have
p m q n

*
el o <[l o [l - < 2* g luall o i s -

If g > n: Let define

We define a sequence (73) by

Tozquq and 741 = Y(1 + 7).

Then, according to (E.1),

™%,

< (b m)? ull 8, sy llullzg -

27k

It follows by induction that

k41 A (Lty+F)
o™ (5o ey ) :

If = n: Then vy = 1, 7, = 79 + k, and it follows that

el ., < (1 ) (L)l

—5Tk+1

: k
ol < Tt 7o o sl

and thus

k+1 0k &
lull | 29, <7 HUHLm sg" llull g7

T —

Now choose a positive integer & such that p%—= 2 < r9+k<p,andletd = “Ea. Then
p < < Tk and

1 1-a 1-60 76 1-0 0
p  m  om mt, —m %Tk,
thus
1— Tk Tk
ull o <l g™ “flull * 2,
—3"k
kg1
<7 sl g el
<Py [lull gl gy

If g > n: Theny > 1, 7, = v* (79 + 777) — 577 and we can write

k k—j 'Yk+lTQ ivk+1—1
7 y—1" 7
el 28,y < (DL 705750 ) Tl (s falgrg) ™ 7

7=0

and since 73, ~ cy*, the product is convergent:

k
ln(H(1+7- 1+w) 7 ln (1+15) <Z—ln( (7'0—1—71)).

-
izo 0’

By letting £ — oo, we obtain

o
o F—1

ot y—1 PR
Jul < o) ol 277 (s ) ™77
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~k—J

where C(n,m,q) = [[72(1 + ;) 7 7% and we check that

-1 _ 1
To—i—ﬁ 1+m(%—%)

+

3=

1
m

Q3=

which gives the result when p = oo.
Finally, by the Holder inequality, we obtain

m 1—m
llull o <leell o l2ell oo™

3=
I

(S 1=

3

1
1— P

L1141 T
(so Il g ) *

|
Q[
|

=
+
3|

< C(n,m,q) |[ul

O

LemmaE.3. Letp > 2, s > 0 and j, k € N. There exists C(n,p, k, j, s) such that for all
tensor T and all nonnegative function ¢ € C§°(M),

k
(E2) (1+ lldel™) ”THHJ?“’S(¢) < Ol gy ¢

()

b ()

Proof. According to Proposition D.1, we have

k
TN )= € ITIEEE (o IR

hence

o k sk j
<1+||dso>||V-7T|\Lp,s+jw<c(j O P LA

<2 HT”Hzfj(cp)

To prove (E.3), we write

||VjT”H,f»”j(go):HkaTHLp,sHM(@) +(1+ ||d</7||k) ||VjTHprs+j(¢)’

According to (E.2),

k j k
A+ 1lde ) VT .oty < A+ llde ) 1Tl 2o ) < € I T e

()’
hence

99 g € (€ + 1) Wiy o

We now take ¢ € C§°(M, [0, 1]). We have the following Sobolev inequality:

LemmaE4. Let g > 2 and p € C§° (M, [0, 1]). There exists C such that for all tensor T,

n(p—q)

IT (| ot (o)< Csg ™ T Ml prave
withp > 2 and

ifg<n pgnﬂ and C =C(n,q,s),

ifg=n p<oo and C=C(n,p,s),
ifg>n p<oo and C=C(n,q,s)



88 E. WEIGHTED SOBOLEV INEQUALITIES

Proof. According to Proposition E.2 with ¢ = m and o = %, we have

1Tl sy =N T | o < Csg (VAT Dy + 1T 1)
and by the Kato inequality,
V(T o**H)] IV IT] ¢* ™ + (s + 1) T|de] ¢°
<|VT] " + (s + 1) [Ty ¢°,
hence we obtain
T evs gy < Csy (NIVTT 0| 1y +(5 +1) ldell o [T o + (| T* ] )
< (s+1)Csg [Tl sy

O

Lemma E.5. Let k,l € N and ¢ > 2 such that | < % and let p = n’iqlq. There exists
C(n, k, q, s) such that for all tensors T,

l
1Tl ety < CSh 1T g, -

Proof. According to Lemma E.4 with % == — % and (E.3), we have

1
q

||va||Lp,s+k+1(¢) < ng ||va||Hi1*s+k(go

< Csq 1Tl gy, ()

)

and we also have

1Tl oo ()< Csg 1T rooe )
therefore, according to (E.2),

k
(4 1l ) 1T s < €5 1T g,

By adding the two inequalities we get the result when | = 1. But we also have

T8 < )8 .

Tl g0y < O [Tl o

with % =1 _ 1 hence, with L = L we have £ = 1 — &L and the result holds by
¢ 7 P n P q n

induction on [. O

1
r

We can now prove Proposition E.1. From Lemma E.4, it follows that there exists
C4(n, s) such that

T[]} co.s+1141 < Cish/? ||T||an,s+[%] .
If n=21+1: Applying Lemma E.5 with ¢ = 2, we get C2(n, s) such that
!
||T||H12n,s+l S CQSg ||T||H1241,81 5

and since [ = [%], we obtain

3
n/2
HTHLoo,ngHlS ng ||T||H[2,%s]+1 .
If n=21+2: Applying Lemma E.4, we get
”VTHL%,SHH < CSS;/Q ||VT||H11,5+1+1

< ChsY? T e
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by (E.3), and
(14 ldell oo ) 1T p2mosrr < Casy> (14 [ldpll poe) (1T ] oo
< C&S}/z HT||H;L,s+l .
by (E.2). Hence we have
1/2
[VA SIS C'sy/ 1T || oot -
According to Lemma E.5 with ¢ = 2, we have
1"l
I e < €78}y [T g2

and since [ = [5] — 1, we obtain

2
I Tl corotr3161 < Csp/ ||T||H[2,%SH1 .

Finally, we get the result by applying this inequality to V*7T" and by using (E.3).
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APPENDIX F

The refined Kato inequality for 1-forms.

Assume that (M", g) is a complete Riemannian manifold and that { € C*°(T*M) is
an harmonic 1-form. The refined Kato inequality asserts that

n—1

(F.1) \d [¢]°< Ve .

n
Suppose that equality holds almost everywhere in (F.1). We can locally find a primitive ®
of &:

dd = €.
Then @ is an harmonic function and in this case, the refined Kato inequality is in fact
the Yau inequality for harmonic functions ([Yau75, Lemma 2]). Moreover, passing to the
normal covering 7 : M — M associated to the kernel of the homomorphism

’YEﬂl(M)H/§7
v

—

we have 7*¢ = d® for an harmonic function & € C°°(M) (see for instance [Hat02]). We
will review the proof of a result of P. Li and J. Wang ([LWO06]).

Proposition F.1. Assume that (M™,g) is a complete Riemannian manifold carrying a
non-constant harmonic function ® such that almost everywhere

n

—1
|Vd®|* .

|d|d®||* =
n

Then there exists a complete Riemannian manifold (N1, h) such that (M™, g) is isomet-
ric to N"~! x R endowed with a warped product metric n*(t)h + (dt)?. Moreover, there
are constants c1, co such that

todr
d(z,t) =c1 +c / _
S N O

Proof. We assume thaton U = {x € M™, d®(z) # 0}

n

-1
|Vd®|* .

|d|d®||* =
n

Moreover, we add a constant to ¢ such that the set
N ={zecU,®(zx) =0}

is not empty.
The equality case in the Yau’s inequality implies that there is a function a: U — R
such that if we let 7/ = %, then in the orthogonal decomposition T, M™ = ker(d®) &

R 7, we have
ald 0
Vd@( 0 —(n—l)a)'

Therefore, we see that
i € ker(d®) = dg (|d®|*) = 0.
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Hence the length of d® is locally constant on the regular level sets of ®. Moreover, we
have

Va(V) (Va(VO)— (Va(Ve) | D) 1),

1
N
and since Vz(V®) is in R, Vz(7) = 0 and the integral curves of the vector field o/ are
geodesics.

We consider the map £/: N x R — M™ given by

E(z,t) = exp,(t¥(x)).
Forz € N, and @ € 7+, VzE(z,t) is a Jacobi field along E(x,t), hence is orthogonal to

v for all t € R. Consequently, ®(E(x,t)) only depends on ¢ and there exists a function
¥: R — R such that /(0) = 0 and for all (z,t) € N x R,

O(E(z,t)) = ¢ (t).

We fix K C N a compact subset, and we let («,w) be the maximal open set containing 0
such that F: K X (o,w) — M™ is alocal diffeomorphism. Then, on K X (o, w), we have
E* (Vd®) = ¢"dt ® dt +'VdLt.

Consequently,
' =—(n—1)(aocE) and ¢'Vdt= (aoE)(E*g).
Hence a o E only depends on ¢, and the hypersurfaces K x {t} C (K X (a,w), E*g) are
totally umbilical. Therefore, we get that on K X (o, w),
E*g =n*(t)h + (dt)?,

with

7' bodr
(F.2) aoE == and wt:c/ —.
] =), ey
Now, if w is finite, then for some z € K, (E*g)(x, w) is not invertible, hence we must have
lim;_,,, n(t) = 0. According to (F.2), we also have lim;_,,, ' (t) = 0, thus n(¢) = o(w —t)

and w g
.
Y(w) = C/o T = o0,

which is not possible. Hence w = +o0o and the same argument shows that o = —o0.

Therefore, E: N x R — M™ is an immersion. Since d® is locally constant on the
level sets of @, N is a connected component of the closed set {x € M, ¢(x) = 0}, thus is
closed. Then, as F is a local isometry, E(N x R) is complete, hence closed in M™, and
open, thus F is a surjection.

Moreover, if E(xz,s) = E(y,t), then ¢(s) = (t) hence s = t, and following the
flow of —& from F(z,t) or E(y,t) for a time ¢, we see that x = y. Therefore, E is also
injective. (]
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