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Introduction

ăe reent yers ve witnesse  revolution in onense mtter pysis. It onsiste
in isoverin  welt o new pses o mtter tt re not istinuise y roken
symmetries, ut rom te topoloy o te wve-untions esriin te system 1–3].
ăe tremenous work rom reent yers s  strtin point in te teoretil proposl
o two-imensionl Z2 topoloil insultors (te quntum spin Hll insultors) 4, 5]
n te rpi experimentl isovery in He/Ce quntum wells 6]. oon ĕer, it
ws unerstoo tt te 2D quntum spin Hll insultor is ut n instne o possile
topoloil insultors n superonutors. enerle penomen su s te ok-
ley sure sttes 7], te topoloil exittions in te u-rieĈer-Heeer polymer
in 8], te inteer quntumHll eĈet 9], nmny oters, were ll put toeter s
piees o  reter piture; tese penomen ruilly epen on te presene o ee
sttes tt re mniesttions o topoloil pses in  ppe ulk.

ăe topoloil insultors n superonutors sre te sme intriuin eture:
te presene o roust ee sttes in te ulk p. For exmple, te ee sttes re not re-
move uner te tion o wek isorer wi oes not lose te ulk p. Hene te
persistene o tese sttes nnot e ttriute to tepoint roup symmetries, wi n
e estroye in te presene o isorer. In te sene o point roup symmetries, one
is leĕ wit t lest two si isrete symmetries: time-reversl symmetry () n
re onjution or prtile-ole symmetry (H). ăey orm te sis or te ls-
siđtion o non-intertin ppe Hmiltonins in ritrry imensions 10]. ăis
llowe to roup te Hmiltonins into ten lsses in e sptil imension.

ore preisely, te time-reversl n re onjution tin on  Hmiltonin
mtrix, in  sis o retion n nniiltion opertors, re represente y te nti-
unitry opertors,T n C, tt n squre to±1 11]. ăen, ountin lso te possiil-
ity tt te system is not invrint uner tese symmetries, tere re 9 possile lsses. A
tir irl or sulttie symmetry (L) is represente y  unitry opertorS = TC.
ăe vlue o S is entirely etermine y te evior o C n T, exept in te prti-
ulr se were L is  symmetry o te system wen ot  n H re roken.
ăis se rises te numer o symmetry lsses to 10 11]. ăe resultin lssiđtion
is represente in . 1.
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ystem Crtn nomenlture  H L d = 1 d = 2 d = 3

stnr A (unitry) 0 0 0 - Z -
(iner-Dyson) AI (ortoonl) +1 0 0 - - -

AII (sympleti) −1 0 0 - Z2 Z2

irl AIII (irl unit.) 0 0 1 Z - Z

(sulttie) BDI (irl orto.) +1 +1 1 Z - -
CII (irl sympl.) −1 −1 1 Z - Z2

BG D 0 +1 0 Z2 Z -
C 0 −1 0 - Z -

DIII −1 +1 1 Z2 Z2 Z

CI +1 −1 1 - - Z

le 1: Clssiđtion o ree ermioni ppe Hmiltonins s  untion o sym-
metries: , H n L. ăe imensionlity is enote y d. ăe present tesis
toues lmost exlusively moels elonin to te lsses mrke in re. (le tken
rom e. 13].)

Furtermore, not ll ppe roun sttes or  iven lss re ientil. Five lsses
in every imension ve ppe roun sttes tt re ivie into topoloil setors.
ăe Hmiltonins in tese lsses orm te topoloil insultors n superonu-
tors 11–14]. ote rom . 1 tt tey ve ssoite  esriptor, Z or Z2. ăis
enotes te topoloil invrint tt esries te roun stte o te system n is
use trouout to ientiy te type o topoloil insultor (superonutor). ăe in-
vrint ounts ow mny istint ppe pses re in  speiđ lss: only two, Z2, or
 numerle inđnity o pses, Z. Alwys one o te ppe pses is trivil in te sense
tt it n e itilly onnete to te vuum. ssin rom  ppe pse to n-
oter requires losin te ulk p 12]. Connetin two topoloilly istint ppe
pses o topoloil insultors (superonutors) retes n interewere ee sttes
pper. ăis enerl result is lle te ulk-ounry orresponene 15, 16] n is
te sis o te pysis rown roun te sujet o topoloil insultors (superon-
utors). ăe robust ee sttes re  onsequene o onnetin roun sttes wit
iĈerent vlues o te topoloil invrint. Ain  wek perturtion tt oeys te
symmetries speiđ to  lss, nnot estroy tese sttes.

From  prtil perspetive te roustness o ee sttes onstitutes  entrl moti-
vtion to stuy te topoloil mterils. For exmple in 2D n 3D, te ees ror
quntize metlli sttes tt re roust wit respet to isorer n oul rry ur-
rent witout issiption. A prime exmple re te inteer quntum Hll ee sttes.
ăey elon to  2D Z insultor in lss A tt is esrie y n inteer topoloil
invrint, te đrst Cern numer C. ek isorer oes not estroy te ee sttes
n, urtermore, tey re quntize; tey rry urrent n ve  Hll onutne
proportionl to C 17–19].

ăere re đve non-intertin topoloil insultors n superonutors in e
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imension. everteless, not ll o tem ve oun n experimentl reliztion. ăis
poses  ontinuous llene to onensemtter pysis; rom te experimentl point
o view, it is to đn or enineer systems tt will support topoloil pses o mtter
n, o ourse, to etet tese exoti sttes o mtter. ăe teoretiin nees to pro-
pose possile nites, imine etetion semes n oo quntities to mesure.
Furtermore, te ro e is not entirely mppe. At te moment, it still remins to
ve  systemtil view o te topoloil mtter in te ontext o intertin systems.
Alrey te lssiđtion semes or ree Hmiltonins nee to e revise in tis new
lit 20–22].

In this thesis
ăe present tesis will not well on te strt mtters onernin te lssiđtion
o topoloil insultors n superonutors. It is pplie entirely to non-intertin
topoloil insultors n superonutors s te ones lssiđe in . 1. ăe tle
soul e use to pinpoint te ojet o te present stuy in  more enerl ontext.

ăe tesis is ivie into two prts. E one will reeive  more etile introu-
tion t its respetive einnin. It suċes ere to rw te min iretions o reser.

ăe đrst prt o te tesis is ouse mostly on 2D topoloil insultors in lss
A. ăe most mous initnt ws lrey nme: te inteer quntum Hll eĈet
(IHE). Here  is roken trou n externl mneti đel. However,  iĈer-
ent possiility exists, tt ws đrst illustrte yHlne 23]. ăeoretilly te IHE
pysis n rise in te sene o n externl đel, y in Ĕuxes t te sle smller
tt te ell size, ut wi nel overll. ăus  is still roken, n one oul ex-
pet issiptionless urrent t zero mneti đel. u  moel i not ve n exper-
imentl ulđllment, ut ws entrl in iminin te đrst Z2 insultor in rpene 4].
Due to its onnetion to IHE, te Z insultor ws nme quntum nomlous Hll
(AH) insultor. ăe topoloil invrint rterizin te 2D AH insultors re-
mins  Cern numer.

ăe present stuy ouses mostly on miniml two-n moels o AH insultors
n investites te onitions or te proution o ns wit i Cern numer.
ăe nontrivil spet o te reser is tt te i Cern numer is not otine y
multiplyin te ns, ut y retin  single n wit  i Cern numer. ăis is
reĔete s usul in  multiplition o te ee nnels.

Cp. 1 is onerne entirely wit te ulk rteriztion o AH insultors in
 tit-inin ormultion. It is sown ow one n simpliy te tretment o tese
moels to te stuyo systemswitDirpoints. usequently, prouinierCern
numer reues in tis se to te requirement tt te noes in te ispersion or p-
lessmoels remultiplie trou ition o oppin terms etween istnt sites. ăe
teory is đrst put to test in te ontext o n enoenous rtiđilmoelwit đveCern
pses, n, seonly, y moiyin te AH Hlne moel.

Cp. 2 ontensmostlywit numeril n nlytil solutions or ee-sttewve
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untions in  moel wit Cern |C| = 2. oreover,  ew extensions to our-n
moels re nlyze usin te metos evelope in te previous pter, n teir
topoloil pse irm is etermine.

ăe seon prt o te tesis is entere roun te stuy o jorn ermions in
 spin-orit ouple semionutin wire in te proximity o n s-wve superonu-
tor 24, 25]. ăis pysil system relizes  one-imensionl topoloil superonu-
tor in lss D (see . 1) tt supports prtiulr ee sttes: te jorn ermions.
An introution to tese sintin (qusi)prtiles is oĈere in Cp. 3.

InCp. 4 te system is reonsiere in te presene oDresselus spin-orit inter-
tion. It is sown tt te spin o te eletroni erees o reeom o te zero-enery
eemoes respons to rtio etween te s nDresselus spin-orit ouplin.
ăere is n opposite spin-polriztion o te ee moes, in  iretion trnsverse to 
mneti đel, wi oul e essile trou tunnelin spetrosopy. ăe ollow-
in pter (5) onsiers yri strutures o te types: superonutor-norml n
superonutor-norml metl-superonutor uilt upon te orementione system.
Furtermore, it investites rin eometries, uner te tion o  uniorm superon-
utin pse rient, wi in ertin onition nemppe to  eterostru-
ture. ăe entrl interest lies in te extene nture o jorn ermions tt evelop
in te norml prt o te eterostrutures.

Finlly, Cp. 6 nes ers n toues upon jorn ermions in  two-n
tit-inin BDI lss superonutor. ăe interest lies in te t tt te system is
esriey Z topoloil invrint n supports severaljorn ermions t its ee
(see . 1). It is importnt to note te onnetion wit te Z insultors trete in te
đrst prt. ăe sme menism, i.e. ition o ouplin terms etween istnt sites, is
responsile or retin multiple zero moes. Conlusion n possile perspetives re
ontine in te đnl pter.
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Chapter 1
õuantum anomalousHall phases in a
two-dimensional Chern insulator

1.1 Introduction

ăe quntum spin Hll (H) insultor tt eute te reent exitement in te
đel o topoloil insultors (n superonutors) 1–3] s one importnt preur-
sor wi is te sujet o te đrst prt o tis tesis. It is te quntum nomlous Hll
(AH) insultor tt reeive đrst teoretil reliztion in teworkoHlne 23].
It is  Z insultor tt s irl ee sttes similr to tose o inteer quntum Hll e-
et (IHE) wit te ruil iĈerene tt tey exist in zero mneti đel. A AH
insultor in two imensions exists only in lss A, wi lks , H or te sult-
tie symmetry (see . 1). It will e lso reerre in te ollowin s  Cern insultor
ue to te t tt it is esrie y Cern topoloil invrint C. Beuse it requires
no prtiulr isrete symmetry, one expets tt ee stte o tis system re extremely
roust, similrly to te ones in IHE 9]. Furtermore, it quires  quntize Hll
onutivity proportionl to te Cern inex, σH = C × e2/h.

ăe Hlne tit-inin moel is trete in more etil in e. 1.4. It suċes to
sy tt it esries spinless eletrons n te  is roken trou urrents inue
t  sle smller tt te ell size. ore enerlly, in  spinul system su pysis oul
e use ymneti orerin in te presene o spin-orit intertion 23, 26]. ăeo-
retil proposls to relizeAH invoke eĈets o isorer inmetlli erromnets 26]
ormneti opin oH insultors 27]. However, to tismoment, tere is no inis-
putle pysil reliztion o te AH insultor, n only reently experimentlists
lim etetion in mneti topoloil insultors 28]. By ontrst, te H eĈet
ws ostensily investite in He/Ce quntum wells 6]. ăe irt o te H
insultor is relte to te insit tt ominin AH insultor wit its time reversl
opy proues  time-reversl invrint (I)Z2 insultor tt n ve spin-polrize
irl ee sttes 4].
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ăequestion tt rives te đrst prt o te tesis is ow to etermine eċiently te
topoloil invrint or te se o  two-n non-intertin Cern insultor (see
e. 1.2). oreover, ow n one multiply te topoloil pses in te system wile
keepin only twons? Equivlently, own tere e  sinle nwit  lreCern
numer? ote tt witout te two-n onstrint, te nswer must ollow te sme
lines o te IHE; te numer o ee nnels ismultiplie y vinmore ns 29,
30]. ăe ser or ns wit i Cern numers in AH insultors s reently
intersete wit te stuy o Ĕt n topoloil moels in wi it is expete to
enounter rtionl quntum Hll eĈet 31–33]. In tis ontext, te ser or i
Cern numers wsmotivte y te nee to isover pysis ove te lowest Lnu
level 34–37].

ăe sort enerl nswer tt is elorte in te present tesis lims:  sinle n
n inrese its Cern numer y in istnt-site oppins in te system 38]. (ăe
sme question ws nswere in te ontext o Ĕt-n topoloil moels y sowin
tt  multi-n system n e projete to  two-n moel wit eĈetive istnt-
neior oppins 37].) In prtiulr, tese questions re iven  more onrete n-
swer y uilin  moel wit đve Cern pses in e. 1.3 n y retin i Cern
pses in te Hlne moel in e. 1.4. ăis question n e seen s  rie to te
seon prt o te tesis, were ouplins etween istnt sites n proue severl
jorn moes t  sinle ee. ăere te time-reversl n irl symmetries ensure
tt tey o not yriize to orm reulr eletroni sttes (see Cp. 6). ăe seon
pter trets mostly te ee pysis in  moel AH insultor. ăere te question is
ow to etermine nlytilly n numerilly te ee sttes in  moel wit |C| = 2.
Finlly, te pter ontins two extensions tt sow wys in wi te nlytil e-
termintion o te Cern numer n e use in ses o our-n moels. e. 2.3
trets  our-n I Z2 moel. Here te ee sttes rom |C| = 2 re ppe y I
one-prtile perturtion. In e. 2.4 teCern numer is use to preit newmetlli
sttes tt pper in  “stripe” topoloil insultor.

1.2 Bulk characterization of a Chern insulator

1.2.1 Topological invariant
Chern number for a class A insulator in 2D

ăis susetion ontins  esription o te topoloil invrint tt rterizes 
two-imensionlZ topoloil insultor in lss A.ăis insultin system s no irl
symmetry or ny o te nti-unitry symmetries:  nH. usequently it is r-
terize y  Cern numer. ăemin rument vne ere is tt te topoloil
invrint n reeive  isrete ormultion tt llows to rw  iret prllel wit te
pysis o Dir ermions. ăe isrete ormultion o te topoloil invrint s te
e interest tt ives n eċient wy to ompute n isriminte te topoloilly
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insultin pses o  two-n insultors.
ăe tit-inin Hmiltonin or  ree ermion teory is written in  site sis

H =
∑

i

εi|i〉〈i|+
∑

ij

tij|i〉〈j|. (1.1)

ăe on-site enery is iven y εi n te oppin interls etween iĈerent neior
sites re iven y tij . In te ollowin, only systems witout isorer re onsiere.
ăereore te system is invrint uner  trnsltion wit  Brvis lttie vetor. A
Fourier trnsorm llows to express te Hmiltonin in reiprol spe

H =
∑

k∈BZ
H(k)|k〉〈k|, (1.2)

were |k〉 re Blo sttes. Beuse tere re no nti-unitry symmetries impose, te
Hmiltonin H is enerlly  mtrix inHerm(n), te set o n × nHermitin mtries
wit omplex oeċients. ăere re n ns tt n e ue to te presene o iĈer-
ent oritls per site n nonequivlent toms in  unit ell. ote tt te vrile k is
ontinuous n te Brillouin zone is  mniol,  torus T 2. o e point in te B,
H(k) ssoites  vlue, n tereore it is  mppin rom te torus to te prmeter
spe oH

H : T 2 → Herm(n). (1.3)

opoloy enters te isussion wit te ollowin question: wen re two Hmil-
tonins H equivlent? ăey re equivlent i te untions n e smootly eorme
into e oter. From  topoloil point o view tey re omotopilly equivlent.

ăeCernnumer inexes te lsses o omotopilly equivlent untionsH. For
te multin system it n e eđne usin te notion o projetor on te oupie
ns. I tere is  p etween te vlene n onution n, ten te pses re
inexe y

C =
i

2π

∫

BZ
r(dP ∧ PdP ), (1.4)

were P is te projetor on te oupie ns 39].
A non-zero Cern numer n e unerstoo s n ostrution to  lol ue

oie or te wve untion on te B. ysilly tis penomenon is iretly relte
to te quntiztion o teHll onutivity σH = C×e2/h, were C orrespons to te
numer o ee sttes 17, 40].

In te ollowin, te ous is lmost entirely on two-n n trnsltion invrint
Hmiltonins (n = 2). Hene te momentum spe Hmiltonin n enerlly e
eompose in  sis o uli mtries

H =
3

∑

µ=0

hµ(k) · σµ. (1.5)
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ăe σ ulimtries re not iven  pysil interprettion or temoment. ăeymit
reer to  spe o two oritls on  site or two nonequivlent sites in te unit ell. ăe
term h0σ0 just siĕs ientilly te enery ns n oes not moiy te topoloy o
te Hmiltonin. It is nelete in te ollowin, n tereore teHmiltonin res

H(k) = h(k) · σ. (1.6)

ăis orm is reminisent o  eemn Hmiltonin or  spin 1/2 prtile in  mneti
đel, exept tt te “đel” h(k) is eđne in momentum spe. ăere re two enery
ns iven y

E± = ±|h|. (1.7)

For n insultin system, tere is lwys  p etween te ns. ăereore te
tree vetor omponents o h(k) never vnis simultneously, wen k vries in te B.
ăen it ollows tt te unit vetor Hmiltonin ĥ

ĥ = h/|h| (1.8)

is well eđne. ner te simpliđtion o vin only two ns, te Cern numer
will inex pses o ĥ

ĥ : T 2 → S2, (1.9)

rom te B to te Blo spere. ăe ns o ĥ orrespon to  Ĕttenin o te ns
pertinin to te oriinl Hmiltonin. ăis iti Ĕttenin preserves te p n
tus preserves te topoloy or te Hmiltonin 12]. ăis oservtion mounts to sy
tt te tret spe o h, i.e. R\{(0, 0, 0)}, is omotopi equivlent to S2. ăen ĥ n
e tout o s  omposition ĥ = proj ◦ h, were

proj : R3\{(0, 0, 0)} → S2 (1.10)

is te entrl projetion to te unit spere.
All untions h tt n e smootly trnsorme into e oter, wile preservin

te spetrl p, orm  omotopy lss. In Z insultors tere is  inteer inex is-
tinuisin te iĈerent pses (i.e. te iĈerent omotopy lsses) o h, te Cern
numer C. A iĈerent wy to express tis ie is to sy tt te omotopy roup o
te mppin ĥ is te roup o inteers Z. itout elortin on tese issues tt o
eyon te sope o te present setion, it is noteworty to point out tt Cern num-
ers inex mppins etween -speres, ere S2 → S2, n te omotopy roup is
π(Sd, Sd) ≡ πd(S

d) = Z. However, te omotopy roup o te torus is equivlent to
tt o te spere,

π(T 2, S2) = π2(S
2) = Z. (1.11)
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ăen K numers use to inex te inteer Hll pses 17, 41] re inee Cern
numers 42].

ăese onsiertions exten to te se o te n-n systems wit noneenerte
ns were te topoloil invrint is iven y  vetor o Cern numer o imen-
sion n− 1

π2(Herm(n)) =
n−1
⊕

i=1

Z. (1.12)

Ens n ssoite invrint, su tt te sumoCernnumers or te entire
system is zero. ăe n− 1 imension o te vetor ollows euse te invrint or ny
one o te ns is entirely etermine y te sum o te oter invrints 42].

Chern number as a đnite sum

Let us ome k to te two-n se in orer to đn  workle ormul or te topo-
loil invrint. ăe projetor on te oupie n in terms o ĥ res

P =
1

2
(σ0 − ĥ · σ). (1.13)

ăe sustitution o P in Eq. (1.4) yiels immeitely te expression or te đrst Cern
numer or te oupie n

C =
1

4π

∫

BZ
d2k ĥ · (∂kxĥ× ∂ky ĥ). (1.14)

ăe ove ormul sows tt te Cern numer is  winin numer tt ounts
ow mny times oes te sure tre y h wrp roun te oriin (0, 0, 0) wen k
vries in te B 43]. ăe only prtil iċulty in eterminin te Cern numer
lies in perormin te intertion in Eq. (1.14). ăe min point o tis setion is tt
C n e ompute usin  isrete summtion y eterminin iretly te Brouwer
eree o te mp ĥ 44, 45] (eđne elow).

ăe onition to lulte te eree o ĥ re met: T 2 n S2 re orientle mn-
iols witout ounry n ve te sme imension, T 2 is ompt n S2 is on-
nete. In te enerl se, or  point k in T 2 one eđnes te erivtive mp etween
tnent vetor spes

dĥ(k) : TkT 2 → TzS
2. (1.15)

Let sn dĥ(k) stn or te sin o te orresponin Join tk. ăenCernnumer
C is equl to te Brouwer eree o ĥ t  reulr point z on te unit spere

C =
∑

k∈ĥ−1(z)

sn dĥ(k). (1.16)
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ăe Cern numer n e ompute lso in terms o h in te ollowin wy. For
onveniene, letM enote te ime o te B trou h

h(T 2) = M ⊂ R
3\{(0, 0, 0)}. (1.17)

Consier te set Y = M∩ proj−1(z). ăen one s

C =
∑

y∈Y

∑

k∈h−1(y)

sn[(∂kxh× ∂kyh) · n], (1.18)

were te n is te unit vetor towrs z. ăis expression is just te enerliztion o te
lultion o te winin numer or  lose urve in 2D wrppin roun  point
p 45, 46].

ăe ormul in Eq. (1.18) n e urter simpliđe y n pproprite oie o te
point z. ăe entrl projetion proj mps ny intersetion point etween M n  ry
oriintin t (0, 0, 0) to z. I tis ry oes not ross te sure M tre y h, ten it
ollows tt te sure oes not wrp roun te oriin n te Cern numer is zero.
For  point z on S2, one n immeitely otin  set o points on M tt projet to z
trou proj. ine te expression (1.16) oes not epen on z, te oie o te ltter
n e uie y onveniene. For instne, one n onsier z lyin t  oorinte
xis. Let us oose or exmple te σ3-xis wi intersets M in  set o points. ăis
is equivlent to sy tt te omponents on te oter xes re zero. i iĈerently, te
intersetion o M wit te σ3-xis re imes o te n touins oriintin rom
te simpliđe Hmiltonin σ1h1 + σ2h2. Consequently, inste o intertin over te
entireB, oneonly nees to onsier te n touins o te simpliđeHmiltonin.
ote tt i h3 is lso zero t tese points, ten te system is not in  ppe pse.

It only remins to ount or te orienttion o te sure t te intersetion points
wit σ3-xis. ăis n e one y stuyin te projetion o te sure norml vetor
on te σ3-xis (∂kxh× ∂kyh)3. en h3 > 0, ssume tt te orienttion is (+1) wen
te sin o te projetion is positive n, (−1), wen te sin is netive; te onverse
is true wen h3 < 0. ăen đnin te Cern numer mounts to  omputtion o 
đnite sum. ine te entire σ3-xis ws onsiere, inste o  ry, te sum yiels twie
te vlue o te Cern numer.

ăe ove rument n e enerlize n summrize in te ollowin ormul
or Cern numers esriin 2-n systems

C =
1

2

∑

k∈Di

sn
(

∂kxh× ∂kyh
)

i
sn(hi). (1.19)

were i is n ritrry xis osen in (pseuo-)spin spe. ăereore te interl over
moment k in te B eomes  đnite sum over k in te set o Dir points Di or
HmiltoninsH[hi = 0] (wereH is te oriinlHmiltoninh·σ). ote tt ivision
y two is require euse te entire xis ws onsiere, inste o  ry oriintin in
(0, 0, 0).
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Fi. 1.1: An exmple o  isrete lultion o Cern numer. ăe topoloil invri-
nt is lulte t sinle point z on te Blo spere. Here it s two preime points
on te B, P1 n P2. ner ĥ,  sis t P2 nes orienttion wen oin to z. ăen
t z tere re two topoloil res nelin to ive  zero Cern numer.

Discussion

ăe topoloil invrint or n insultin system ws onnete to  simpler nly-
sis or pless two-n system tt possess Dir points. ne te Dir points were
ientiđe, it is immeite to ompute teir irlity χ

χi(κ) = sn[
(

∂kxh× ∂kyh
)

i
]|κ. (1.20)

ăequntityχ inites i teBerry pse iney tewve untion roun teDir
point is ±π. usequently te system is ppe y hi, wi is te so lle mss term.
ăen mss sin hi n te irlity χi re suċient to etermine te Cern numer C
wi inexes te insultin pse o te Hmiltonin. ote tt ue to te enerl
ruments me ove, tere is no intrinsi menin or te mss term n ny ompo-
nent o h n ply te mss role.

ăere is n importnt vet to te ove ormul ttnees toe resse: it is not
lwys true tt preime points or te intersetions o xis wit te Blo spere re
Dir points or te pless systems. ăey n orrespon to nonliner n touins
su tt te sin o te Join t te n touin κ is not eđne. ăis sitution
rises wen te n touin is ue to merin oDir points. ăen te đrst eriv-
tives o h vnis, lein to χ = sn[0]. ote tt tese ses orrespon to  olin
o te mniol M extly on te spin xes (see Fi. 1.2). However te Eq. (1.19) re-
mins useul. ăe đrst solution to mintinin its pertinene, is to oose  iĈerent
xis in orer to voi te iolil points wereM ols. ăe seon solution, wi
is illustrte in e. 1.4, onsists in eterminin C rom n nlysis o irlities pertin-
in to onverin Dir points. ăe ie rests on te t tt te merin solutions
requires tunin te onverene o multiple Dir points n it is enerlly unstle to
perturtions. ăen  smll perturtion in te prmeters o te Hmiltonin ( per-
turtion tt oes not use  topoloil trnsition) splits temerin point into  set
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Fi. 1.2: Exmples o situtions tt risewen omputin teCernnumerC s  đnite
sum. Here te privilee xis is σ3 n tereore h1σ1 + h2σ2 is  pless Hmiltonin.
ăe sure tre y te ullh,M, s  ol tσ3-xis, su tt te preime o z ives
 n touin wit qurti ispersion or te pless moel. ăis is n exmple o
 iolil point on te Blo spere tt must e voie in orer to etermine te
insultin pses o te ull moel, usin Eq. (1.19). At te oter pole, tere is te usul
se o  well-eve point w, tt s  Dir point s  preime. en tere re
only Dir points s preimes o z nw, te topoloil invrint is resolve s  sum
over teir irlities usin te đnite sum ormul.

o Dir points. Furtermore, it ws sown tt te topoloil re ssoite to 
n touin wit ier ispersion is onserve n equls te sum over te irli-
ties o te Dir points 47, 48]. ăen te iolil points n e trete s limit ses
or te sme system lose to te merin point n wit multiple Dir ermions.

Let us suppose or te moment tt te privilee xis is σ3 n te poles ve only
Dir points s preimes in B. ăere re  ew interestin onsequenes tt ensue.

ăe sum over te irlities o Dir points is lwys zero. ăis is seen y in 
lre onstnt mss term su tt tere is zero Cern numer. Equivlently te Blo
spere is trnslte on te σ3 xis su tt te oriin (0, 0, 0) is no loner inlue in
te spere. ăen te sin o te mss n e tore out, n uner te onstrint
C = 0, te sum over irlities must yiel zero.

Also note tt in orer to et  nonzero Cern numer, te mss term must ne
its sin t lest one. ăis ives  menin to te requirement o “inverte p” in orer
to ve nontrivil pses.
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1. AH ĽĵĮŁĲŁ ĶĻ Į 2D CĵĲŀĻ ĶĻŁŃĹĮłļŀ

ăere is n equl numer o Dir ermions wit χ = 1 s tose wit χ = −1,
euse te sum over irlities is zero,. It ollows tt tere is lwys n even numer
o Dir ermions. ăis ċrmtion rees wit te preite oulin o ermions on
 lttie 49]. However, n o numer o Dir ermions re permitte wen te ull
Hmiltonin h is onsiere. ăis is te se t n intere etween two Z insultors
were te Cern numer nes y n o inteer.

Finlly, or  iven moel tere is lwys  limit to te lrest possile Cern pse
n it mniestly epens on te minimum numer o Dir points. Let us suppose
tt te numer is 2n euse tere is n even numer o Dir ermions (n ∈ Z). ăen
te lrest Cern numer pse s |C| = n n it orrespons to ppin ll Dir
ermions wit  mss term tt nes sin etween te Dir points. ore preisely,
te prout etween te irlity o  Dir ermions n te sin o te mss tt
ps must remin onstnt. ăis oservtion opens te ro to te present pter tt
essentilly explores te notion o retin lre Cern topoloil pses in moel Z
insultors in lss A.

1.2.2 Examples

ăeeċieny o Eq. (1.19) to isriminte te topoloil pses is exempliđe ere on
 ouple o populr moels o topoloil insultors: te Hlne moel 23] n te
Bernevi-Hues-n 5] (BH) “spin up” Hmiltonin or te He/Ce qun-
tum wells. ăey will e trete t  orml level, only s n illustrtion o te tenique.

Haldane model

Let us strt y onsierin te primtiHlnemoel 23]. Amore etile nl-
ysis is unertken in e. 1.4. Here suċes to oserve tt it n e seen s  moiđ-
tion on te rpene tit-inin system. ăe ltter lives on  exonl lttie uilt
out o two inter-penetrtin trinulr su-ltties wit A n B toms. It is usully p-
proximte s vin only nerest-neior () eletron oppin wit te oppin
interl t1. ăe Hlne moel ontins lso next-nerest-neior () oppin
t2, su tt wen te oppin is perorme lokwise in te unit ell te eletron ins
 pse φ. However, te overll pse on te unit ell is zero; tere is no net mneti
Ĕux. Let te vetors (a1, a2, a3)esrie te isplements romBtoms toAtoms
n bi =

1
2
ǫijk(aj−ak) vetors reltin sites (see Fi. 1.3). ăe time-reversl sym-

metry n prtile-ole symmetry is roken y te presene o te Ĕux φ. It lso s
n on-site enery ±M tt s  sin lterntin etween te A n B sites. ăis term
estroys te irl symmetry o te lttie n tereore orin to te lssiđtion
o non-intertin, ppe, ermion systems, te Hlne moel s insultin pses
esrie y  Cern numer.
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1.2 BŃĹĸ İĵĮŀĮİłĲŀĶŉĮłĶļĻ ļĳ Į CĵĲŀĻ ĶĻŁŃĹĮłļŀ

ăe Blo Hmiltonin res

H(k) =
3

∑

i=1

{

2t2 os(φ) os(k · bi)σ0 + t1[os(k · ai)σ1 + sin(k · ai)σ2]

+
[M

3
− 2t2 sin(φ) sin(k · bi)

]

σ3
}

. (1.21)

a1a2

a3

b3

b1 b2

Fi. 1.3: emti representtion o te
Hlne moel. ăe A (B) sites re repre-
sente ywite (lk) ullets, ◦ (•). Alon
te se lines n eletron ins  pse φ
in te iretion o te re rrows. ăe ve-
tors a n b re te  n, respetively,
 isplement vetors.

ăe term σ3h3 is osen s te mss
term, n tereore te pless sumoel
is te rpene Hmiltonin (M → 0
n t2 → 0). ăe Dir points in
rpene re positione t time-reverse
pointsK nK′ = −K onB,wereK =
(

4π
3
√
3
, 0
)

. ăe irlity o teDir points
is reily etermine rom Eq. (1.20)

χ(±K) = ±1. (1.22)

In orer to lulte te Cern num-
er, one must lso onsier te mss sin
t te Dir points,M± := h3(±K),

M± =M ∓ 3
√
3t2 sin(φ). (1.23)

ăereore, usin Eq. (1.19) one reovers
Hlne result or te Cern numer

C =
1

2
(snM− − snM+). (1.24)

ăe trnsition rom  topoloil in-
sultor to  norml insultor is mrke y
 semi-metl stte, were te p loses
t lest t one Dir point wen M =
±3

√
3t2 sin(φ). In te norml insultin pse Dir points ve ientil ssoite

mss sin, su tt C vnises.

BHZ model

ăe Cern numer lultion n e exempliđe in te se o te reently isovere
Z2 insultors su s te 2D He/Ce quntum wells 5]. ăe low enery Blo
Hmiltonin is written in  sis o our sttes |E1,mJ = 1/2〉, |H1,mJ = 3/2〉,
|E1,mJ = −1/2〉, |H1,mJ = −3/2〉 n it s te orm

H̃ =

(

H(k) 0
0 H∗(−k)

)

. (1.25)
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1. AH ĽĵĮŁĲŁ ĶĻ Į 2D CĵĲŀĻ ĶĻŁŃĹĮłļŀ

Dir points (0,0) (π,0) (0,π) (π,π) C
mss h3 M M − 4B M − 4B M − 8B
irlity + − − +
M < 0 − + + − 0
M ∈ (0, 4B) + + + − +
M ∈ (4B, 8B) + − − − −
M > 8B + − − + 0

le 1.1: Cern pses or  “spin-up” BH moel s  untion o system prmeters,
witB > 0.

ăe systemrespets time reversl symmetry n relizes Z2 topoloil insultor. How-
ever it is ssemle out o two Cern insultors: H(k) n its time reverse opy, in-
exe y C n−C. I tere re no interlokmtrix elements, te topoloil invrint
n e etermine s  spin Chern number, expresse s C mo 2 50].

ăereore it is enou to pik one Cern insultor, n illustrte te omputtion
o C[H(k)].

H(k) = A sin(kx)σ1 + A sin(ky)σ2 + [M − 2B(2− os(kx)− os(ky))]σ3,
(1.26)

were A,B,M re mteril prmeters. Let us onsier in te sure tre y h
n oose σ3 s  speil xis. ăe points were te σ3-xis pieres te sure re iven
y te onition tt h1 n h2 vnis simultneously. ăt etermines our “Dir
points” (qx, qy) ∈ {(0, 0), (0, π), (π, 0), (π, π)}.

ăe irlity o e Dir point is iven y Eq. (1.20)

χ(q) = sn[os(qx) os(qy)] (1.27)

evlute t ll Dir points. ăemss term h3 s te ollowin expression t teDir
points, h3(0, 0) =M , h3(0, π) = h3(π, 0) =M − 2B n h3(π, π) =M − 4B.

ăe Cern numer n ten e esily ompute or iĈerent vlues o M n B
y summin over te Dir points. ăe results or te se B > 0 re summrize in
. 1.1.

From . 1.1 it ollows tt s M vries etween 0 n 8B, te Cern insultor
H(k) exiits two topoloilly nontrivil pses wit C = ±1. enM is outsie te
(0, 8B) reion tere is only  trivil insultor pse. ăereore nontrivil Cern pses
will yiel lso nontrivil Z2 (H) pses.
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1.2 ļıĲĹ įŃĶĹıĶĻĴ…

1.3 Model building of a topological insulator with large
Chern phases

1.3.1 General discussion
ăe ojetive o te present setion is to explore in more etil te question o ow to
imine two-n topoloil insultors wit iCern numer. It is rue tt un-
erstnin te topoloil invrint s  đnite sum in ition to te symmetry on-
strints is suċient to proue Hmiltonins wit lre Cern pses. In prtiulr,
ollowin teoretil onsiertions,  simple moel wi n e tune trou đve
insultin pses, C ∈ {0,±1,±2} is proue step y step.

ote tt wen more tn two ns re llowe, i Cern pses n ensue
reily y vin e oupie n ontriutin to te overll onutne. ăis is
inee te se o te inteer quntum Hll eĈet were te lres Hll onutne
is iven y te numer o ns. However te question pose ere is ow to rete 
single n wit  i Cern numer. Aruly, tere is  in in teoretil ontrol
o tis sitution, wit ll te insultin pses etermine nlytilly.

ăe nswer to te entrl question ws lrey mentione rieĔy in te previous
setion. It omes own to te wy Z insultor ws unerstoo y eomposin it into
 pless moel wit Dir ermions n  mss term tt ps tem 38].

For  system wit trnsltion symmetry, te pplition o Blo teorem llows to
write  enerl Hmiltonin in k-spe

H = h · σ, (1.28)

were te ientity h0σ0 ws roppe out euse it oes not wei on te topoloil
properties o te moel. ăe uli mtries represent  pseuo-spin eree o reeom
ue to te presene o two oritls on  site or two sites in te unit ell.

o đx ies, te h3(k)σ3 is osen s te mss term trouout te setion. Hene
te pless moelH12 res

H12 = h1(k)σ1 + h2(k)σ2. (1.29)

ăe Cern numer rom Eq. (1.19) res

C =
1

2

∑

k∈kerH12

sn
(

∂kxh× ∂kyh
)

3
sn(h3). (1.30)

ăe kernel oH12 ontins ll te vlues o k or wi h1 n h2 vnis simultneously.
ăey re n touins o te te pless moel H12 n, in enerl, tey re Dir
points wit irlity iven y χ = sn

(

∂kxh× ∂kyh
)

3
.

ăen  neessry onition to otin  Cern insultor wit lre Cern pses is
to rete multiple Dir points. ăe lrest Cern pse n e otine y tunin 

18



1. AH ĽĵĮŁĲŁ ĶĻ Į 2D CĵĲŀĻ ĶĻŁŃĹĮłļŀ

mss term su tt te prout o te irlity n te ppin term is onstnt or ll
Dir points. ăereore, i tere re 2nDir points te lrest Cern numer is n.

Beuse h is perioi on B, te omponents hi n e Fourier nlyze to ive

hi(k) = c
(i)
00 +

∑

m,n

c(i)m,n os(k · (ma1 +na2))+
∑

m,n

s(i)m,n sin(k · (ma1 +na2)), (1.31)

werem n n re inteers n never ot equl to zero. ăe vetors a1 n a2 re te
Brvis lttie vetors re . Ain oeċients s n c orrespons to in oppin
terms etween oritls. ăen multiplyin te Dir points or H12 requires prou-
in istnt-neior oppin termswi ontin sinusoil omponents tt osillte
ster n ster s m n n row. ăt results in n enery ispersion wi quires
more noes wen istnt-neior oppins re inlue.

ăe requirement o istnt-neior oppin terms to proue lre Cern pses
poses  prolem rom  pysil point o view. ăe wve untions in te tit-inin
moel re lolize n presene o istnt-neior intertion n e usully nelet-
e. However it ws lrey sown tt low-enery moels o multi-n system n e
mppe to two-n systems wit lre Cern numer 37]. erless o te pysil
reliztion, te inlusion o ier rmonis (or istnt-neior oppin terms) is
te unvoile requirement to prouin  lre topoloil invrint.

o omplete te isussion it is neessry to exmine te symmetries, or lk tereo,
or te Z topoloil insultor in two imensions. In orer to ve  Cern insultor
in lss A it is neessry to rek te time reversl, te prtile-ole n te irl (or
sulttie) symmetries (see . 1).

ăe symmetries n impose nerl onstrints on te omponents o h to te eĈet
o  vnisin Cern numer. For exmple, te  n te H re represente y
nti-unitry opertors tt will relte opposite moment on te B.ăereore tey will
impose prity onstrints on te omponents o h. A rule o tum to eliminte tese
symmetries is to mix o n even untions in n ritrry omponent o h. ăe su-
lttie symmetry is represente y n unitry Hermitin opertor S n it is roken
y in oppin terms etween te equivlent sites (oritls). ăis orrespons to
estroyin te iprtite nture o te system 51].

Let us elorte on te exmple o te. For spinless eletronmoels onsiere
ere, te time-reversl opertor oes not t on oritl or site spe n ene it is simply
te omplex onjutionK require to reverse te momentum iretion. Demnin
time-reversl invrine n Hermitiity yiels

h1(k) = h1(−k),
h2(k) = −h2(−k), (1.32)
h3(k) = h3(−k).

Hene in  I system te Cern numer vnises euse te intern in equ-
tion (1.14) is n o untion o k,

ĥ · (∂kxĥ× ∂ky ĥ) = 0. (1.33)
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1.3 ļıĲĹ įŃĶĹıĶĻĴ…

Generlly, i  symmetry imposes tt eiter extly one o te omponents o h is
n o untion, or tt ll omponents re o, ten te Cern vnises uner te
sme rument s ove. ăe H will not e o onern in te ollowin euse y
onstrution tere re no superonutin pirin terms.

1.3.2 Amodel with đve Chern phases
ăe ojetive is to rete  toy moel o  spinless Cern insultor wit |C| = 2. It is
sownere tt temoel n e retewit tmost nerest-neior oppin terms.
u moel serves s  proo o priniple or te ormo n insultorwit  lreCern
numer n it will e o use lter, wen te interest siĕs to te investition o ee
solutions in  Z insultor.

First  pless moel wit our Dir points is propose s  prerequisite. eonly,
teDir points re ppey mss term tt ne lolly tune so tt teHmilto-
nin psses trou ll possileCern pses {0,±1,±2}. ăe eometril enineerin
o te insultors tkes ple in momentum spe. At te en o te setion,  rel-spe
implementtion o te moel on  trinulr lttie is isusse.

Topological phases for momentum space Hamiltonian

Let us strt wit te pless moel tt serves s  templte or te onstrution o te
insultor. o ve |C| = 2, it is neessry to ve our Dir points. ne o te most
simple moel s only  oppin (m < 1 or n < 1) in te Fourier series (1.31).
Coosin even untions h1 n h2, it ollows tt

H12 = h1(k)σ1 + h2(k)σ2
= 2t1[os(kx)σ1 + os(ky)σ2]. (1.34)

ăe enery ispersion res

E = ±2t1

√

os2(kx) + os2(ky), (1.35)

wit our Dir points t q = (±π/2,±π/2).
ote tt to ve time reversl invrine in  spinless moel, h2 must e n o

untion. Hene te oie os(ky) ensures tt te  is roken.
ăe irlity oresponin to Dir points is iven y te sin o te Join

χ(q) = sn[sin(qx) sin(qy)]. (1.36)

ăis etermines te irlity χ o te our Dir points s summrize in . 1.2.
ote tt te points t q n −q ve te sme irlity. ăey will e reerre in

te ollowin s  pir o Dir points.
o otin  Cern insultor one nees to   mss term. As one n see rom Eq.

(1.30), te Cern inex epens on ot te irlities o teDir points n te sin
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χ + − − +

le 1.2: Cirlity χ o te our iĈerent Dir points.

o te mss term in teir viinity. Let us   mss term o te orm h3(q)σ3. ine h3
is  perioi untion on te B, in te enerl se, its zeros orm  set o lose lines
on te two-imensionl torus. ăe đrst onition in orer to p te initil system is
tt tese lines must not pss trou te Dir points. ăus te lines o zeros elimit
reions, R1 n R2, were te mss term s te sme sin. For  proper oie o te
p term, it is somewt simpler to see te prolem rom  eometril point o view.
In orer to mximize |C|, one nees tt te lines o zeros seprte te pairs o Dir
points su tt  pir o points o  iven irlity re ontine in  reion o positive
mss, wile pir o points o opposite irlity re ontine in  reion o netivemss
reion. In sort, e pair oDir points re ple in reions were temss term s
iĈerent vlues. n te ontrry, i  pir o Dir points is “roken” (su tt one is
in reion R1 n te oter in reion R2), ten te topoloil res will nel out
s n e iretly inerre rom Eq. (1.30).

Let us đrst relize topoloil pses wit C = ±2, were e pir o Dir points
is in  iĈerent reion R. ăe irlity is n even untion; ene keepin te prout
o irlity n mss sin onstnt is omplise y n even untion h3. A simple
solution is te perioi untion

h3 ∝ os(kx + ky) (1.37)

wit lines o zeros iven y ky = −kx + 2n+1
2
π. ăe reionsR1 nR2 or tis term re

represente in Fi. 1.4(). ăe mss term is netive in reionR1 n positive in reion
R2. ăe lowest Cern numer C = −2 is otine or tis moel. Let us onsier tt
te term orrespons to  oppin term wit n mplitue t2. Hene, te insultin
Hmiltonin wit |C| = 2 res

H(1)(k) = 2t1 os(kx)σ1 + 2t1 os(ky)σ2 + 2t2 os(kx + ky)σ3. (1.38)

ăe Cern numer is reily etermine

C(1) = −2sn[t2]. (1.39)

Intuitively tis is unerstoo s  oule overin o te Blo spere y h(1) ue to te
t tt os(kx + ky) s twie te requeny o os(kx,y).

ăe Hmiltonin in Eq. (1.38) lks trivil insultin pses or Cern pses wit
C = ±1. o proue  trivil pse wit C = 0, it suċes to   lre, “stere
potentil”mσ3, su tt ll Dir points re ppe ientilly. ăen euse te sum
over irlities is zero, C vnises. ote tt sine uli mtries n t on ny eree
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(a) (b)

Fi. 1.4: DiĈerentmss terms, h3, p iĈerently teDir points on te B to te eĈet
o nin te Cern numer. ăe soli irles represent Dir points o te initil
pless system; te orresponin irlities re mrke y te sins witin. Dse
lines re te zeroes o te mss term, wile R1 n R2 enote reions wit opposite
sin or te mss term. () h3 = os(kx + ky). ăe mss term nes its sin n o
numer o times etween Dir points o iĈerent irlity, tereore C = ±2. ()
h3 = sin(kx) + sin(ky). ses wit C = ±1 re possile ĕer te reminin Dir
points,⊖, re ientilly ppe.

o reeom, te term “stere” oul or instne reer to te t tt two sites in 
ell or two oritls on  site ve n ssoite±m onstnt enery.

ăereore te Hmiltonin nes rom H(1) to H(2) = H(1) + mσ3, n, onse-
quently, te Cern numer eomes

C(2) = sn[−m− 2t2] + sn[m− 2t2]. (1.40)

Hene, or  lre enerym, |m| > 2|t2|, te system enters  trivil pse n  trnsition
etween  C = ±2 pse to  C = 0 pse tkes ple.

o rete Cern pses wit C = ±1, it is neessry to p, wit te sme p sin,
 pir o Dir points, wile  seon pir s its respetive mss nin sin etween
te Dir points. Beuse te irlity is n even untion, te mss term s to e n
o untion in orer to et n o untion or te prout etween irlity nmss
sin. ăe simplest oie woul e to  te term proportionl to sin(kx) + sin(ky).
ăemss or one pir o Dir points is unne, wile, or te pir (q,−q)wit q =
(π/2, π/2), te mss nes. I only sin(kx) + sin(ky) is present in te mss term, ten
te system is not n insultor, euse tere re n touins t q = ±(π/2,−π/2)
(see Fi. 1.4()). However in smll even untions in temss ps ientilly tese
Dir points n C = ±1 pses ollow.
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Fi. 1.5: se irm o te system or t2 = 1. E reion is enote y te orre-
sponin Cern numer n represents n insultin topoloil pse. ăe oun-
ries o te reions represent topoloil trnsitions were te system eomes pless.

Ain ll terms toeter ives te ollowin omplete Blo Hmiltonin or 
moel tt s Cern pses in te set {0,±1,±2}

H = 2t1 os(kx)σ1+2t1 os(ky)σ2+[m+2t2 os(kx+ky)+2t3(sin(kx)+sin(ky))]σ3.
(1.41)

ăere re our ree prmeters (m, t1, t2, t3) in te moel. Let us ssume tt ll
prmeters re rel. All te pses n e ree y vryin (m, t2, t3)wile keepin t1
đxe. ăe Cern numer or te đnl moel res

C = sn(−m− 2t2) +
1

2
[sn(m− 2t2 + 4t3) + sn(m− 2t2 − 4t3)]. (1.42)

ăe expression or C yiels immeitely te pse irm ssoite wit te sys-
tem esrie y te Hmiltonin in Eq. (1.41). ote tt te prmeter t1 oes not
enter in te etermintion o te pses, ut mniestly nees to e đnite in orer to
ve non-vnisin σ1 n σ2 omponents in te moel. ăe ormul (1.42) n e il-
lustrte y te pse irm in te Fi. (1.5). ăis irm ontins only our pses
o te moel; te pse wit C = 2 nees t2 < 0.

Direct space realization

ntil now te system ws esrie strtly in momentum spe. However it will e
o uture interest to investite te struture o its ee n tereore it is neessry to
propose  lttie implementtion or te moel.
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(i+ 1, j)

(i+ 1, j + 1)

(i, j)
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a1

a2
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−m

Fi. 1.6: Diret spe reliztion o temoel (1.41), see Eq. (1.43). (i, j) enotes lttie
sites. ăe Brvis lttie vetors re enote y a1/2, n • (◦) represents oritls wit
enerym (−m). ăe vertil xis represents te on-site enery iĈerene etween te
two nonequivlent oritls. Blk lines represent t1 oppins, lue lines, t2 oppins,
n re lines, t3 oppins. An rrow on  link inites tt n eletron oppin in te
orresponin iretion ins  π/2 pse. imilrly  oule line inites  π pse
in.

ăe system oul e relize on  trinulr lttie wit two oritls on e site.
ăe prmeters re interprete s kx,y = k · a1,2 wit a1 n a2, te two Brvis vetors.
ăen te uli mtries re opertin in te spe o two oritls A n B wit enery
±m.

ăe Hmiltonin (1.41) n e rewritten in iret spe

H =
∑

ij

[

c
†
ij

m

2
σ3cij + c

†
i+1j(t1σ1 + it3σ3)cij + c

†
ij+1(t1σ2 + it3σ3)cij

+ c
†
i+1j+1t2σ3cij +H..

]

, (1.43)

were te Fourier trnsormtion or te nniiltion opertor res

ck =
1√
N

∑

rij

cije
−ik·rij . (1.44)
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ăe position o sites on te lttie is iven y rij = ia1 + ja2, wit a1 n a2 s Brvis
vetors mkin n nle 2π/3 etween tem (see Fi (1.6)). ăe lttie onstnt ws set
to one, a = 1.

ăe moel is represente in Fi. 1.6. n e site tere re two iĈerent oritls
wit enery ±m. ăe Hmiltonin (1.43) esries trou t-terms te overlp e-
tween (non)equivlent oritls.

ote tt tere is no net Ĕux perpeniulr to te two imensionl plne. But te
 is roken, euse or ertin lose pts involvin te oppin term t1σ2, or te
eletron movin etween two nonequivlent oritls tere is  in o  pse ±π/2.
However or e pt wit  pse in o π/2 tere is one wit −π/2 n tereore
tere is no net mneti Ĕux over te entire ell. u  system relizes  IHE in te
sene o sene o n externl mneti đel. ăereore it relizes  Cern insultor
in te sme lss wit te Hlne moel 23].
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1.4 Large Chern phases in the Haldane model
ăe đrst teorize Cern insultor is te Hlne moel. It onsists o  simple tit-
inin moel or spinless eletrons on  exonl lttie.

ăe moel n e unerstoo s n unerlyin  (nerest-neior) rpene
wit itionl mss terms tt p te system. First tere is n on-site enery ±M
on te two nonequivlent toms in te unit ell, A n B. ăis term reks inversion
symmetry n retes  p. eonly, tere re 2 (next-nerest-neior) oppins
were n eletron ins  pse φ. ăis term reks  n is lso lle te Hlne
mss term. ăe Hmiltonin o te system res

H =
∑

m

Mmc
†
mcm +

∑

〈m,n〉
t1c

†
mcn +

∑

〈〈m,n〉〉
eiφmnt2c

†
mcn. (1.45)

ăe sumruns over ll te sites on teexonl lttie, n 〈. . .〉 represent nerest nei-
ors n 〈〈. . .〉〉 next-nerest neiors. ăe oppin interls re enote y tj . ăe
inex o te oppin interl siniđes te orer o te (non)equivlent neiors. ăe
pse or  lokwise oppin rom n tom is φmn = φ n, −φ, or ntilokwise op-
pin. ăe on-site enery isMm =M , wenm enotes n A tom, n−M , in se o 
B tom.

Due to temss terms (M n t2), te system is enerlly  n insultor. ote tt
trouout te pter,  system is onsiere n insultor i its ns n e Ĕttene
su tt te Fermi sure rests in te p (n not s usully, i.e. i te Fermi enery
is etween te onutne n vlene n). ăe essentil eture o te moel rests
in te t tt tere is no net mneti Ĕux per unit ell. ăereore su  moel n
e envise in zero externl mneti đel. However, one n đn pts in rel spe
were te eletron ins  pse.

Even tou tere is no net mneti đel, Hlne sowe tt tere re Cern
numers tt inex te insultin pses o te Hmiltonin. en te system is im-
plemente on  đnite eometry, tere will e re trnsporte on te ee nnels.
ore preisely tere will e  quntize onutne tt is proportionl to te Cern
numer C. ăe onutivity is iven similrly to te inteer quntum Hll eĈet y
σH = e2/h× C. In tis wy, te moel is  reliztion o  Hll eĈet witout n exter-
nl mneti đel.

Altou it ws only  teoretil moel, its importne or te evolution o te
sujet o topoloil insultors nnot e unerstte. ăe đrst proposl orHE in
rpene is inspire iretly rom teHlnemoel 4, 52]. ăe spin-orit intertion
opens  p in rpene n e spin relizes  opy Hlne wit opposite Cern
numer. ăereore it ws preite tt te ppe rpene oul ost irl n
spin resolve ee sttes.

eturnin rom H insultor to te oriinl Hlne moel, note tt te mxi-
mumCern numer is |C| = 1, n tus tere n e tmost one ee stte. In ontrst,
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in te IHE, one n inrese te numer o ee sttes y đllin more Lnu levels.
ăen  nturl wy to inrese te ee onutne in te Hlne moel, woul e
to rete  multi-n system rom  stk o two imensionl Hlne moels, su
tt te ee sttes o every lyer ve te sme irlity.

However, tere is n lterntive route to ument te numer o possile ee n-
nels. ăe system n e eompose in  pless moel n  mss term. Generlly te
n touins o te pless moel re Dir ermions. ăen  neessry onition to
ve  Cern numer |C| = n is to ve 2n Dir points. ăe Cern numer will e
etermine entirely rom te irlity o te Dir ermions n te sin o te mss
term tt ps tem.

ăe Hlne moel is  prtiulrly interestin pltorm on wi to test tis ie
euse it is eompose in nunerlyin rpenemoel n mss term tt ontins
te pse φ epenene.

First susetion ouses on te stuyo  rpene-likemoelwitistnt-neior-
oppin interls inlue. ăe solution or ll Dir points re stuie up to 7
(next×6-nerest-neior-oppin) rpene. ăeir evolution in prmeter spe s
prtiulr points tt re lle super-merins were ll Dir points meet to rete
 n touin wit ier tn liner ispersion reltion. ăese re unstle points
tt re rterize owever y  smll topoloil re.

eon susetion onsiers ppin te Dir ermions y te mss term. ăis
will ve te eĈet o retin topoloil insultin pses wit lre Cern num-
er. It is equivlent to sy tt more ee nnels n e rete or te đnite sys-
tem. At te topoloil trnsitions etween te pses te system eomes metlli
n te exne in Cern numer n e seen in te numer o Dir ermions tt
re orme.53]

1.4.1 Distant-neighbor hopping in graphene
o nlyze te topoloil properties o te moel it is vnteous to o in momen-
tum spe were te topoloil inex is reily eđne. ăe two-n Blo Hmil-
tonin is evelope in  sis o uli mtries σ in te AB site spe

H =
3

∑

µ=0

hµσµ. (1.46)

For ressin te topoloil properties, one n trow wy te term h0σ0 tt reks
prtile-ole symmetry n siĕs (topoloilly) trivilly te ns. Let us lso oose
te Brvis lttie vetors a1 n a2, wit a1 =

(

√
3
2
, 3
2

)

a n a2 =
(

−
√
3
2
, 3
2

)

a; a is te
lttie onstnt n it is set to one in te ollowin. ăen te Hmiltonin res

H = t1[1 + os(k · a1) + os(k · a2)]σ1 + t1[sin(k · a1) + sin(k · a2)]σ2
+ [M − 2t2 sinφ[sin(k · a2)− sin(k · a1) + sin(k · (a1 − a2))]σ3. (1.47)
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hopping physical chemical neighbors gndistance distance
t1 1 1 3 1 + e−ik·a1 + e−ik·a2

t3 2 2 3 2 cos(a1 − a2) + e−ik·(a1+a2)

t4
√
7 2 6 eik·a1 + eik·a2 + e−2ik·a1 + e−2ik·a2 + eik·(a1−2a2) + eik·(a2−2a1)

t7
√
13 3 6 cos(2k · (a1 − a2)) + e−ik·a1 cos(2k · a2) + e−ik·a2 cos(2k · a1)

le 1.3: Hoppin terms etween AB toms. ăe pysil istne is ounte in units
o lttie onstnt a. ăe emil istne is te smllest numer o ons pssewen
oppin etween two sites. In te olumn “neiors” it is ounte te numer o sites
situte t te sme pysil istne rom te entrl site.

ăe unerlyin rpene-like moel ontins only te h1(k) n h2(k) terms. ăe
Dir points o temoel re otine rom te zeros o te untion f(k) = h1(k)σ1−
ih2(k)σ2. ăe Dir points re positione in te B t K(′) = (± 4π

3
√
3
, 0). ăe interest is

to keep te system two-n n to simultneously inrese te numer oDir points.
ăe lim is tt tis n e relize y inluin istnt-neior-oppin terms.

Let us enerlize te rpenemoel y inluinn (next×(n−1) nerest nei-
or) oppin terms. ăe AA n BB terms will ontriute only to te ientity term
h0σ0. Beuse tey will not ve n impt on te topoloil inex, tey re roppe
out rom te Hmiltonin. By ontrst, te oppin etween iĈerent sites, AB, on-
triutes to h1(k) n h2(k) terms.

ăe Hmiltonin res

H =

(

0 f(k)
f ∗(k) 0

)

(1.48)

wit

f(k) =
∑

n

tngn(k). (1.49)

ăe ontriutions gn rom te istnt-neior oppins re tulte to đrst or-
ers in . 1.3. Here re trete ses up to 7 rpene or wi one n otin
irly stritorwr nlytil solutions or te Dir points. ăereore te only op-
pin terms tt pper in f re t1, t3, t4 n t7. In te ollowin te oppin interls
re onsiere in units o t1, su tt tere re 3 ree prmeters leĕ or eterminin
te position o Dir points.

o etermine te position o te zeroes, one n keep on te i symmetry line
etween K n K′. ner te  o te moel n C3 symmetry o te Γ point, ll
te oter solutions reily ollow. ne o te linesKK′ lies t ky = 0. ăen te eqution
f(k) = 0 epens only on te prmeter kx. I os(

√
3kx/2) is enote y x, it ollows

tt te n touins re iven y te eqution

(1 + 2x)(8t7x
3 + 4t4x

2 + 2(t3 − 4t7)x+ 1− t3 − 2t4 + 2t7) = 0. (1.50)
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t1

t2
t3

t4
t5

t6 t7

t8
t9

Fi. 1.7: ăe possile oppins in rpene 9 moel. From  entrl B tom, te
neiors re rrne in onentri irles. Hoppin interls etween istnt sites
is enote y ti were i rows wit te istne to te neior.

Eq. (1.50) s lwys  solution t x = −1/2. It orrespons to te reulrK nK′

points in te  rpene. ăis solution ue to te symmetry o te exonl lttie
is enerl n exists or ny istnt-neior-oppin moel s lon s it respets te
oriinl symmetries o te lttie. ăereore tere will lwys e n touins t tese
points in te rpene-like moel.

I ll solutions re rel n istint, ten tey orrespon toDir points. However,
i  solution s multipliity ier tn one, ten tey esrie points wit nonliner
ispersion. In t one n tink o tem s merins o Dir ermions. ăey will pose
some oneptul prolem or our meto s te irlity

χ(κ) = sn(∂kxh× ∂kyh)3
∣

∣

κ

, (1.51)

is not eđne t te merin points. ăese re points were te đrst erivtives vnis
n χ = sn(0) is not well-eđne. However te topoloil re o te merin
points is just te sum o te irlities or te Dir points tt re onverin to it.
ăis st lultion o re ssoite to  n touin will e reerre to s te
sum rule 48].

ote tt eqution (1.50) s te numer o ree prmeters equl to te orer o
te eqution. ăis inites tt tere mit e  solution mximlly eenerte. ăis
unique point in prmeter spe is lle  super-merin.

Let us suppose or te moment tt ll solutions re istint, su tt tey repre-
sent Dir points. ăe spetrum is symmetri uner rottions wit 2π/3 roun te
enter Γ o te Brillouin zone. ăereore or e solution ner one o te points, two
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more ollow roun te entrl one. ner te ,  mirror triplet is sure to exist t
te opposite orner o te B. In onlusion, e x 6= −1/2 solution rries 6 n
touins. Let us tret in etil te ses wit more istnt oppins.

N3 Graphene

ăe 3 rpene ws lrey investite in e. 54]. Here te presene o  stron
t3 oppin interl ws sown to proue tree more satellite points “oritin” roun
e reulr Dir point. olvin Eq. (1.50) ives  possile n touin ner K:

κ =
2
√
3

3
ros

(

t3 − 1

2t3

)

× (1, 0). (1.52)

ăe solution is rel only wen t3 oeys

t3 − 1

2t3
∈ (−1, 1). (1.53)

ăen or  lre oppin t3 ∈ (−∞,−1) ∪ (1/3,∞), tese stellites pper n move
lon te i-symmetry lines etween te reulr Dir points wit te vrition o
t3. Due to te I (time reversl invrine) n C3 symmetry o te spetrum it is
enou to ollow te motion o  sinle stellite Dir point in te B. Coosin te
one in Eq. (1.52), it is seen in Fi. 1.8 tt wen t3 vries rom −∞ to −1 te stellite
points pper t mi istne (point Σ) etween K(K′) points n te enter Γ o te
B, n move to nniilte t Γ. en t3 vries rom 1

3
to∞, te stellite Dir points

pper tM point n vnis t Σ.
It is noteworty tt urin te evolution o  stellite point, tere is  prtiulr

vlue o t3 or wi te stellite points mere wit te reulr Dir points t K(K′).
At t3 = 1/2, tere re tree Dir points merin wit te ssoite reulr Dir
points to orm  point wit qurti ispersion. A merin point, were ll stellites
ollie into te entrl Dir point, is lle  super-merin. It will e sown tt up
to 7 rpene te super-merin is unique.

ăe reminin stellites n e otine y pplyin rottions o 2π/3 rounK n
K′. For exmple, tere re two stellites roun K, enote or nottion simpliity lso
y κ

κ = ros
(

t3 − 1

2t3

)

×
(

−
√
3

3
,±1

)

. (1.54)

ner time-reversl symmetry tere re itionl Dir points t κ′ = −κ.
ăe irlity χ o  Dir point ple t k on B is reily etermine y omput-

in te sin o te Join

χ(κ) = sn(∂kxh× ∂kyh)3
∣

∣

κ

. (1.55)
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Γ K MK
′

Σ

Fi. 1.8: In lue we represent te evolution o  stellite point in B, wen t3 vries rom
−∞ to−1 n in re, wen it vries rom 1/3 to∞.

Dir points K 3× κ K′ 3× κ
′

χ 1 −1 −1 1

le 1.4: Cirlity o te Dir points in 3 rpene.

ăe symmetries o te system llow one to reily reue te prolem to tt o đnin
te irlity o only twoDir points:  reulr one n  stelliteDir point ssoite
to it. I one is ple t κ, ten its time reverse prtner exists t −κ n s opposite
irlity. tellite Dir points tt re otine uner  rottion y 2π/3 roun Γ
sre te sme irlity.

As mentione eore, tere re notle exeptions were ormul (1.51) ils or
t3 tune t te merin o stellite points t K(′). ăis is euse te merin point
s  qurti ispersion n te ormul is uneđne. However, ner te merin
point tree stellite points o  iven irlity onvere to  reulr Dir point o op-
posite irlity. u  senrio ws trete eore 47, 48] n ws sown to yiel 
n touin point wit qurti ispersion in ot iretions. ăe irlity sum-
mtion rule ±(1 − 3) is still pplile n inites tt te merin point t K(′)

is rterize y  irlity ±2. Comprle ses re lso enountere in ilyer
rpene 47, 55, 56].

ăe topoloil re−2 o te n touin tK n e eqully re y expn-
in in smll moment (qx, qy) roun te merin point

k = K+ q. (1.56)

In tis se, te untion f in te eĈetive Hmiltonin t in K-vlley is proportionl
to z2, wit z = qx + iqy. ăe power inites  Berry pse o−2π pike y  ermion
mkin one ounter-lokwise revolution roun temerin pointK. ăeotermer-
in point is t K′ n will ve  topoloil re 2.
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rpene uper-merin
f(K+ q) re

t1 t3 t4 t7
 1 0 0 0 z̄ 1
3 1 1/2 0 0 z2 −2
4 1 2/5 1/5 0 zz̄2 1
7 1 7/12 1/4 1/12 z3z̄ −2

le 1.5: uper-merin rteristis t K. ăe untion f rom te eĈetive low-
enery Hmiltonin Heff = 1

2
fσ+ + H.. is written s  untion o smll moment

z = qx + iqy n up to  multiplitive onstnt wi is nelete.

N4 Graphene

In te se o 4 rpene, tere re two itionl solutions possile t

x± = − 1

4t4
[t3 ± (t23 + 8t24 + 4t3t4 − 4t4)

1/2]. (1.57)

ăereore te mximum numer o stellites roun K n row up to six. ăe epen-
ene on two prmeters mkes it rer to đn te existene onitions or te stel-
lites. It is owever esy to etermine te prmeters or wi tere is  super-merin
solution. Imposin  triply eenerte solution, x = −1/2 in Eq. 1.50, it ollows tt
te super-merins evelop t

t3 =
2

5
, t4 =

1

5
. (1.58)

By perturin te prmeters roun te super-merin points, one n see in Fi. 1.9
 reulr Dir point n te two triplets o stellites ssoite to it.

Expnin te Hmiltonin in smll moment q roun K revels tt te super-
merin s  ui ispersion,

feff(K+ q) ∝ zz̄2. (1.59)

ote tt ltou teispersion is ui, tepower ountin ives  topoloil re
o one. ăis inites tt te Berry pse ine y n eletron is only π. ăis is ue
to te t tt te super-merin is ue to two sets o stellites wit iĈerent irl-
ity. ăen te sum rule yiels orinly te irlity o te n touin t K :
1− 3 + 3 = 1.

N7 Graphene and beyond

In 7 pene te position o te itionl n touins is iven y  ui equ-
tion. It is tereore rer to nlyze te solution tt ollows. ăou it esier to visu-
lize it rom te super-merin point, wi n e etermine rom te onition tt
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−π −π/2 0 π/2 π−π

−π/2

0

π/2

π

Fi. 1.9: ăe zero lines o h1 (in reen) n h2 (in re) in 4 rpene. A smll pertur-
tion (+0.001) o t4 t te merin point t3 = 2/5, t4 = 1/5 retes 6 Dir points
roun te stle Dir points K. In te inset tere is  zoom roun K. ăe Dir
points re represente y ull irles, •; tere is  entrl K Dir point in lk, n 2
sets o stellite Dir points, in lue n re.

x = −1/2 is our time eenerte solution to te eqution (1.50). ăe super-merin is
unique t

t3 =
7

12
, t4 =

1

4
, t7 =

1

12
, (1.60)

su tt  perturtion will proue  mximum o 9 Dir points roun  reulr
Dir point. ăe eĈetive Hmiltonin sows now  qurti ispersion ner K

feff(K+ q) ∝ z3z̄. (1.61)

Ain, ltou tere is  i-orer ispersion, te low topoloil re is expline
y te lterntin irlity or te 3 sets o stelliteDir points ner te super-merin.

ăere re no loner unique super-merin points or rpene m, wit m > 7.
ăis is ue to te t tt lrey n touins in8 rpene ve n eqution tt
remins ui in x. ăereore tere is no sinle unique oie o prmeters or wi
te solution x = −1/2 s multipliity our. ăereore, even i  more istnt-neior
oppin will  one orer to te eqution, te orer o te eqution will never mt
in te numer o oeċients.

Ftorin out te trivil solution t x = −1/2, te eqution or Dir points in 8
rpene res

8(t7+ t8)x
3+4(t4− t8)x

2+2(t3−4t7− 3t8)x+1− t3−2t4+2t7+3t8 = 0 (1.62)
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oppin pysil istne emil istne
t2

√
3 2

t5 3 4
t6 2

√
3 4

le 1.6: First oppin interls etween equivlent sites.

ăere re still super-merin points possile, ut tey re no loner unique. ote tt
it is possile to ve prtil merin points were tere re solutions wit i multi-
pliity. erless, s te orer o te polynomil rows n te spe o prmeters
eomes lrer, we onjeture tt it will lwys e possile to đn solutions tt re ll
rel n smller tn one in solute vlue. ăt will le to  multiplition o triplets
o stellite Dir points.

1.4.2 Phases of the Haldane model
ăeoriinlHlnemoel is uilt on te exonl lttie orrpene y in
2 oppin t2, su tt wen oppin is perorme lokwise in te unit ell n ele-
tron ins  pse φ. It is enou to onsier te mss term h3σ3 n trow wy te
ientity term, wi just reks te prtile-ole symmetry n siĕs (topoloilly)
trivilly te ns.

ăe mss term, h3σ3, wi reks time reversl n inversion symmetry, res

h3 =M − 2t2 sinφ[sin(k · a2)− sin(k · a1) + sin(k · (a1 − a2))]. (1.63)

en oppin etween istnt sites is llowe, te enerlize mss term res

h3 =M −
∑

n

2t(n) sin(nφ)[sin(nk · a2)− sin(nk · a1)

+ sin(nk · (a1 − a2))], (1.64)

were n is n inteer tt inites tt oppin tkes ple etween AA or BB sites
situte t  istne o n

√
3a. nly te đrst two terms in tis expression re onsi-

ere in te ollowin; tey orrespon to  mximl two-unit-ell oppin. ăe term
ontinin te oppin interl t5 multiplies te ientity uli mtrix n is nelete
in te ollowin. Interestin or te topoloy o te prolems re oppins lon te
links were te eletrons in te pse φ. ăe đrst two omponents o te mss term
wi ve tis property re te t2 n t6 terms.

Gppin 2nDir points n yielCern numer pses n. In te ollowin suse-
tions, ses were iĈerent mss term ps te system re stuie or iĈerent unerly-
in rpene moels.
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Fi. 1.10: se irm or te Hlne Hmiltonin s  untion o te on-site en-
eryM , ivie y te oppin interl t2, n te Ĕux φ. ăe topoloilly nontrivil
insultin pses re olor-ientiđe n ve te topoloil inex enote insie te
respetive reions. ăe topoloilly insultin reions, C = 0, re wite.

Haldane t2 model

 rpene wit  oppin t2 onstitutes te oriinl Hlne moel. ăe pse i-
rm is otine y oservin tt h3 nes sin etween te Dir points (K(′)) o
rpene. ăereore te Hmiltonin exiits tree topoloil pses;  trivil insu-
ltin pse n two |C| = ±1AH pses. Eq. (1.30) yiels in tis se

C =
1

2
(snM+ − snM−), (1.65)

were M± = M ∓ 3
√
3t2 sinφ is te mss term t K′, n K respetively. ăe pse

irm is represente in Fi. 1.10. ăe lines M± = 0 represent topoloil trnsition
lines were te ulk p loses t lest t one o te K n K′ points.

Lrer Cern pses eome possile wen te unerlyin moel is 3 rpene.
ăemss term s te sme sin or  reulr Dir point n its stellites, n opposite
sin t te time reverse points. ăereore, wen te stellites exist, te ppe pses
will e inexe y Cern numer, |C| = 2.

omentum κ
(′) lotes ny stellite point o K(′) n, mniestly, te expression or

χ(κ(′)) ols in te rne o existene o stellite points.
Let us eđne te mss t te reulr Dir pointsM± = M

(

∓ ( 4π
3
√
3
, 0)

)

. ăe mss
t te stellite Dir points is enote ym+(−), i it is ssoite to te reulr Dir
point K′ (K). ăen it ollows rom Eq. (1.30) n . 1.4 tt

C =
1

2

[

(snM− − snM+)− 3(snm− − snm+)

]

, (1.66)
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Fi. 1.11: se irm or te3HlneHmiltonin. ăe oppin prmeters re
t2 = 1/3 n t3 = 0.35 in units o t1.

were te mss o te Dir points res

M± =M ∓ 3
√
3t2 sinφ,

m± =M ∓ 2
t2

t3
(1 + t3)

√

1−
(

1− t3

2t3

)2

sinφ. (1.67)

Eq. (1.66) yiels tepse irm or te systemwenll eitDirpoints re present.
en tere re no stellite Dir points (t3 ∈ (−1, 1/3)), te topoloy o te system is
in t ientil to te oriinl system t3 = 0 n tereore it s te pse irm rep-
resente in Fi. 1.10. en t3 is vrie to o outsie te reion (−1, 1/3), two pses
o ier Cern numer evelop roun teM = 0 line. A typil pse irm or
te se were stellite Dir points exist is represente in Fi. 1.11. For exmple, rom
Eqs. (1.67), it ollows tt tM = 0  reulr Dir point n its stellites will ve te
sme mss. ăereore te Cern numer reues to C = snM+ − snM−. ăis yiels
topoloil pses inexe y±2. By inresin |M |, one rosses  trnsition line were
teHlnemss o ll stellite points in te system eomes ientil, wile it remins
iĈerent or te reulr Dir points. ăis trnsition is iven y

m± = 0. (1.68)

ăis reion extens up to te te lst topoloil trnsition line iven y M± = 0. In
tis reion te Cern numer reues in to te oriinl se (t3 = 0) wit C =
1/2(snM−− snM+). enM is inrese even urter, ll Dir points re ppe
ientilly n tereore tis is te topoloilly trivil reion.

ote tt te C = ±1 pses ompletely vnis t te merin point t3 = 1/2, n
te pse C = ±2 woul ve mximl re elimite yM = ±3

√
3t3 sinφ. ăen, t
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Fi. 1.12: Enery ispersion or te Hlne t2 moel on 3 rpene t  topoloil
trnsition etween two AH pses (t φ = π/2 n t2 = 1/3). (a) opoloil trn-
sition etween C = −2 n C = 0 pses t te merin point etween te reulr K′

n its tree stellites κ′ in 3 rpene. ăe enery ispersion in 3 Hlne sows
 qurti n touin t K′ orM =

√
3, t3 = 0.5. (b) opoloil trnsition e-

tween C = 1 n C = −2 pses. ăree Dir ones orm t te stellite points o K′

or t3 = 0.35 nM ≈ 0.95, initin  ne o te Cern numer y 3 units t te
topoloil trnsition.

te topoloil trnsition rom |C| = 2 pse to te trivil insultor, tere is  qurti
n touin tt is represente in Fi. 1.12().

ăe pse irm in 3 Hlne moel (see Fi. 1.11) s te nie eture tt it
ommotes lines o trnsition were Cern numer nes y 3 units. ăis is rel-
ize y te ormtion o tree Dir points t te topoloil trnsition. ăese n
touins ome rom te vnisin o te Hlne mss t te tree stellite Dir
points previously oun in 3 rpene. For exmple, let us tke prmeters t1 = 1,
t2 = 1/3 n t2 = 0.35 rom te pse irm in Fi. 1.11. ăen đxin φ = π/2, tere
re two trnsition points etween C = −2 n C = 1 pses nerK orK′. In prtiulr,
ner K′, te Dir points orm t te stellites werem+ = 0. ăe enery ispersion t
te topoloil trnsition is illustrte in Fi. 1.12().

imilrly, one n tke s unerlyin moel te 4 rpene moel wi ontins
te t3 oppin. In Fi. 1.13 re represent te AH pses tt n pper or  prti-
ulr oie o prmeters.

Haldane t6 model

ăe existene o 2n Dir points or  sumoel ontinin only two sim mtries
llows in priniple to uil topoloil insultors wit Cern pses C = n. ăe 3
rpenemoel wit eit Dir points n present  lre Cern numer, C = ±4. o
tulize ll possile topoloil pses it is suċient to   t6 mss term. It s te
eĈet to proue osilltions in te pse-epenent Hlne mss, su tt te term
nes sin etween  reulr rpene Dir point n its stellites in 3 rpene.
As expete, ll pses re ttinle uner tis moiđtion o te Hmiltonin.
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Fi. 1.13: se irm sowin te existene o 2 sets o stellite Dir points. ăe
prmeters re t1 = 1, t2 = 1/3 t3 = 0.59 n t4 = 0.4.

ăe mss term eomes

h3 =M − 2t2 sinφ)[sin(k · a2)− sin(k · a1) + sin(k · (a1 − a2))]
− 2t6 sin(2φ)[sin(2k · a2)− sin(2k · a1) + sin(2k · (a1 − a2))]. (1.69)

ăenewpse irm is ompute y onsierin temss term (1.69) t te eit
3 rpene Dir points. ăen te topoloil trnsition lines re iven y te zeroes
o te newmss terms,M′

±,m
′
±, expresse s  untion o te previousmss terms rom

Eq. (1.67)

M′
± = M± ± 3

√
3t6 sin 2φ

m′
± = m± ∓ 2t6 sin 2φ(2 sin 2κ− sin 4κ), (1.70)

were κ = ros[(t3 − 1)/(2t3)] ols in te omin o existene or stellite Dir
points in 3 rpene.

ăe epenene o temss term on sin 2φ llows lreCern numer pses, |C| =
±4. Beuse te mss n now ne sin not only etween  reulr Dir point n
its time-revereprtner, ut lso etween te reulr one n its stellites (see Fi. 1.15).
ăereore, wen systemprmeters re vrie,6Hlnemoel n present ll Cern
pses etween −4 n 4. A pse irm tt illustrtes tis point is represente in
Fi. 1.14().
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Fi. 1.14: (a)All AH pses possile or 3 rpene eome ville in Hlne t6
moel. se irm or te oie t1 = 1, t2 = 1/3, t3 = 0.35, n t4 = 0.26. (b)
Hlne moel rom 4 rpene wit  t6 mss term. Hoppin interls re t1 = 1,
t2 = 1/3, t3 = 0.43, t4 = 0.3, t6 = 0.35 n t7 = 1/3.
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Fi. 1.15: ADir point tt is represente y • (◦) s irlity+ (−). ăe olore lines
represent lines o zeros or h1 (reen), h2 (re), n temss term h3 (lue). ăe reulr
Dir points ple t

(

± 4π
3
√
3
, 0
)

re ppe y  Hlne mss tt s opposite sin.
Also te mss term nes sin etween te reulr Dir point n its stellites. For
prmeters t1 = 1, t2 = 1/3, t3 = 0.35, t6 = 0.26, M = 0 n φ = π/8 te pse is
C = −4.

Let us onsier sortly te se o4 n7 rpenewit t6 mss term. ăere re
two new ree prmeters t4 n t7. ăe prmeters spe eomes quite lre to esrie
nlytilly te ynmis o teDir points n to trk t te sme time te sin o te
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mss t te Dir points. ăe enerl tesis remins owever orret: lrer n lrer
AH pses eome possile. In te se o 4 rpene tere is  mximum o six
Dir points ner K point; or 7 rpene tere re nine possile Dir points. ăis
inites tt wit  proper mss term one n ve te lrest Cern pses |C| = 7
(in 4 rpene) or |C| = 10 (in 7 rpene). In Fi. 1.14(), it is represente  se
wit lre C = 5 pses.

1.5 Discussion
ăe polynomil wose zeroes etermines te position o te Dir ermions eomes
quikly o too i eree or nlytil preension. everteless, wt trnspire ere
is tt truly te topoloil pses wit i Cern numer n e inee inue
trou ition o istnt-neior oppin. As  sie result,  moel or rpene
ws stuie n ws sown tt in istnt-neior oppins inreses te num-
er o Dir points. ăey move uner  vrition o prmeters n tere re unique
super-merin points in prmeter spe were ll itionl Dir points mere wit
te K n K′ rom te reulr rpene. ăey orm points wit  i-orer enery
ispersion. However, te solute vlue o te topoloil re ssoite to te
super-merin never rows lrer tn two euse te stellite points lwys ome in
triplets wit opposite res. nortuntely te stuy is mostly emi n serves s
 proo o priniple. ăeeree o ontrol require to relize te super-merins n te
presene o extreme istnt-neior oppin remin rter prolemti. However it
woul e possile to đn multi-lyer mterils wi re e mppe to two-n mo-
els wit eĈetive-lon rne oppin. ăese systems oul use te metos evelope
in tis pter to nlytilly rt teir topoloil pse irm 37].
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Chapter 2
Edge states in aChern two insulator

ăe present pter ouses on te toy moel rom e. 1.3. It ws sown previously
tt tis moel supports topoloil pses wit Cern numer |C| = 2. ăe pse
irm o te system ws etermine y onsierin only ulk properties. en te
system is relize on  đnite eometry, tere will e ees were te system onnets
wit  trivilly ppe pse, ere te vuum. As  onsequene tere will e ee
sttes equl in numer to te Cern inex 15].

ăe question pose ere is wt quntum numer iĈerentites te two ee sttes
tt n pper in te moel. Here it is sown trou iĈerent numeril n nlyt-
il teniques tt it is  vlley numer tt emrtes te ee (es. 2.1 n 2.2).
oreover, te moel is extene y in spin erees o reeom, su tt it is on-
verte in  time-reversl invrint Z2 insultor. ăe ee sttes rom te |C| = 2 pse
re expliitly ppe y one-prtile I perturtions (e. 2.3). ăis onđrms tt
evenCernnumers proue trivilZ2 pses 52, 57, 58]. In teđnl e. 2.4, tere re
n inđnite numer o interes enineere etween two lterntin topoloil pses
o te smeHmiltonin. It is possile to eue te topoloil pse o overll moel
rom knowlee o te Cern numer o te onstituent stripes.

ăe momentum spe Hmiltonin o te moel 1.41 res

H = 2t1 os(kx)σ1+2t1 os(ky)σ2+[m+2t2 os(kx+ky)+2t3(sin(kx)+ sin(ky))]σ3
(2.1)

wit  topoloil invrint iven y

C = sn(−m− 2t2) +
1

2
[sn(m− 2t2 + 4t3) + sn(m− 2t2 − 4t3)]. (2.2)

ăeHmiltonin (2.1) is implemente on  yliner n, susequently, ee sttes orm
t te ottom n top sies o te yliner were te lttie termintes ruptly. ăe
ollowin setions investite te ee stte wve untions n teir respetive enery
ispersion.
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2.1 ŃĺĲŀĶİĮĹ ĲŇĽĲŀĶĺĲĻłŁ

2.1 Numerical experiments
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Fi. 2.1: i-z ee enery ispersionwen teulkHmiltonin is iniĈerentCern
pses. ăe simultion is one or te system on  yliner wit eit o 40 sites n
irumerene o 180 sites. ăe numer o ee sttes is 2 × |C| euse tere re two
ees. Enery ispersions or () t3 = 0.4 (C = −2), () t3 = 0.85 (topoloil pse
trnsition t losin ulk p), () t3 = 1.6 (C = −1). ăe oter prmeters re t1 = 1,
t2 = 1,m = −1.4. () ăe representtion o osen points on te pse irm.

ăe đnite eometry osen or te numeril stuy is  yliner. It is onstrute out
o  pt o te lttie vin te spe o  prllelorm wit Brvis vetors a1 n
a2 s ees. usequently te ees prllel to a2 re lue toeter to otin te te
đnl ylinril spe. Beuse trnsltionl invrine is mintine in te iretion
prllel to a1, kx remins  ooquntumnumer. ăereore, one nđxkx n onsier
te resultin one-imensionl prolem. Let us write te one-prtile solutions o te
orresponin sttionry röiner eqution s

|ψ(kx, j)〉 =
∑

kx

ψj(kx)c
†
kx,j

|0〉, (2.3)
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were j enotes te lyers o sites in a2 iretion, n ψj is  spinor ue to te t tt
tere re two oritls in te prolem.

ăen or  iven qusi-momentum kx, te röiner eqution res

Γ1ψj + Γ2ψj+1 + Γ†
2ψj−1 = Eψj, (2.4)

were

Γ1 = mσ3 + 2t1 os(kx)σ1 + 2t3 sin(kx)σ3,
Γ2 = t1σ2 + (t2e

ikx − it3)σ3. (2.5)

ăe yliner s te ees t j = 1 n j = Ly. ăere re r wll ounry on-
itions, to te eĈet tt te mplitues ψ0, ψLy+1 must vnis. ăe enery ispersion
s  untion o kx is otine y numerilly solvin Eq. (2.4) or te iven ounry
onitions n or iĈerent oies o te prmeters (see Fi. 2.1). In our numeril
experiments te yliner irumerene is Lx = 180 sites n wit eit Ly = 40 sites.
All te eneries re mesure in units o t1.

ăe ulk-ee orresponene is illustrte y smplin severl reions o te pse
irm in Fi. 1.5. In non-trivil topoloil reions, ee sttes pper roun te
ens o te yliner. ăe numer o ee sttes t  iven en equls te solute vlue
o te Cern numer. For exmple, tree sets o prmeter vlues lon te onstnt
m = −1.4 line re tken su tt te trnsition etween te C = −1 n C = −2
pses is explore (see Fi. 2.1()).

ile te ulk remins insultin tere re sttes rossin te p. ăese re te
ee sttes n teir totl numer is 2× |C| sine te yliner s two ees. ote tt
te ee sttes t zero enery, ross te p t kx = ±π/2. At ny topoloil trnsition
te ulk loses t lest in one o te speil points kx = ±π/2. A trnsition nin
te Cern numer y two requires tt te p loses t ot points, wile or  ne
o one, only one Dir one orms.

2.2 Analytical solution
A reter insit into te moel is ine y solvin Eq. (2.4) nlytilly. In tis wy,
te pless sttes re lerly ientiđe s ee sttes n teir penetrtion lent into te
ulk is etermine. ăe ee stte ispersion lw n e oun eiter y iretly solv-
in te röiner eqution or iniretly y stuyin te ulk Hmiltonin trou
 meto esrie in e. 59]. Bot pproes re explore in te enerl settin o
te moel n re exempliđe or  prtiulr oie o prmeters orresponin to
te pse C = −2.

2.2.1 Edge states from bulk Hamiltonian
As it ws elently prove in e. 59], te onition o existene n ee stte is-
persion n, uner ertin provisions, e oun rom  simple nlysis o ulk Blo
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Hmiltonins. ăe meto evelope y te utors pplies wen n inđnite rion
or  yliner is ut out o te inđnite 2D system. ăe iretion o te ut must ollow 
Brvis lttie vetor. In tis se te momentum prllel to te ut k‖ is onserve n
te system splits into  set o 1D Hmiltonins esriin te motion o te eletron
etween te lyers o sites prllel to te ut. ăe đnl prerequisite to pply temeto
is tt tere re only nerest-neior lyer oppin terms. Eq. (2.4) sows tt it is
inee te se in te present moel wit k‖ = kx.

ăe key inormtion out te ee sttes n e revele y stuyin te urves
tre y h s  untion o k⊥ wit đxe k‖. For te se wit only nerest-neior
lyer oppin llowe, tese urves re plnr (tully tey re ellipses). ăereore, h
n e eompose in two prts, h⊥ perpeniulr to te ellipse plne n h‖ te in-
plne omponent. E omponent yiels some importnt piee o inormtion out
te ee sttes. mely, te ee stte wit  iven k‖ exists i n only i te ellipse
treyh‖ enloses teprojetiono teoriinonto teplneo te ellipse. ăeenery
o te stte is equl to±|h⊥|.

In te present se k‖ = kx n k⊥ = ky. ăis yiels

h‖ = (0, 2t1 os(ky), 2t2 os(kx) os(ky)+2(t3−t2 sin(kx)) sin(ky)+m+2t3 sin(kx)).
(2.6)

For  đxe kx, te eqution (2.6) esries n ellipse prmetrize y ky ∈ [0, 2π). ăe
onition tt te ellipse enloses te oriin res

|m+ 2t3 sin(kx)| < 2|t3 − t2 sin(kx)|. (2.7)

ăis eqution etermines te rne in kx were ee sttes exist. ăe enery o te stte
is±2t1 os(kx).

Altou te ee ispersion is etermine, it still remins to resolve te wve-
untion or te ees sttes. Also te existene onition or |C| = 2 pse must llow
our ee sttes, n tereore it is leĕ to đn te extension in kx or e ee solution
seprtely. ăese limittions o te ove meto emn  more pplie stuy o te
ee sttes.

2.2.2 Edge states from the Schrödinger equation
ăe eqution rterizin te wve untion mplitues or te ee sttes ve te
orm o  reurrene reltion. ăen one n đn  solution usin te meto o te
enertin untions. Here te solution ollows losely te meto use in e. 60].
It involves eterminin te enery ispersion y stuyin te poles o te enertin
untion ssoite to te ee sttes. usequently, tis is ollowe y onstrutin
te eienvetors o te röiner eqution yielin lolize wve untions t two
ees o te yliner. It is sown tt te solutions lwys ross t speiđ points in te
B n, susequently, n ve n ssoite “vlley” quntum numer.
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Let us write te röiner eqution or te ee sttes, omplete wit te oun-
ry onitions. For te moment, ssume tt tere is only one ee n te oter one
is puse to inđnity. ăt is enou to đn te enery ispersion n “spinor” wve
untion or te ee sttes.

ăe roöiner eqution rom Eq. (2.4) wit expliit ounry onition t te
ee, j = 1, res

0 = (Γ1 − E)ψj + Γ2ψj+1 + Γ†
2ψj−1, j > 1,

0 = (Γ1 − E)ψ1 + Γ2ψ2, (2.8)

were

Γ1 = mσ3 + 2t1 os(kx)σ1 + 2t3 sin(kx)σ3,
Γ2 = t1σ2 + (t2e

ikx − it3)σ3. (2.9)

ultiply te jth eqution y zj , were z is  omplex numer. ummin te equ-
tions it ollows tt

∞
∑

j=1

zj−1[Γ†
2ψj + (Γ1 − E)ψj+1 + Γ2ψj+2] = 0. (2.10)

Let us introue te enertin untion

G(z) =
∞
∑

j=1

zj−1ψj. (2.11)

ăen usin te ounry onition in Eq. (2.10), it ollows tt te röiner
eqution res

[z2Γ2 + z(Γ1 − E) + Γ2]G(z) = Γ†
2ψ1. (2.12)

Ee sttes exist only i its poles ve ll  moulus reter tn one 60]. I ll poles
o te enertin untion ve moulus less ten one, ten tey orrespon to wve
untion mplitues tt row in te ulk. For n exponentilly lolize untion t
te ee, ll poles must e reter tn one.

ăe enertin untion is iven y

G(z) = [z2Γ2 + z(Γ1 − E) + Γ2]
−1Γ†

2ψ1. (2.13)

Let us enote or onveniene α = 2t1 os(kx), β = m+ 2t3 sin(k), γ = t2e
ikx − it3

n Γ2ψ1 =
(

φ1

φ2

)

. ăe enertin untion res

G(z) = N(z)/D(z),

N(z) =

(

z2(γ∗φ1 − it1φ2) + z((E + β)φ1 + αφ2) + γφ1 − it1φ2

z2(−γ∗φ1 + it1φ2) + z((E − β)φ2 + αφ1)− γφ2 + it1φ1

)

.
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ăeenomintorD(z) is  polynomil o orer our in z. ăereore it s our enerlly
omplex roots. It s te property tt i z1 is  solution, ten lso 1/z∗1 is  solution. Let
us ssume tt z1,2 re solutions wit |z1,2| < 1. ăen  lolize ee solution exists,
i te roots z1,2 re simpliđe wit te roots o te numertor. ăt is equivlent to
sy tt te two omponents o N(z) re linerly epenent n ot proportionl to
(z − z1)(z − z2).

ăereore te oeċient o z2 n z0 re proportionl, yielin te enery inepen-
ent reltion etween te omponents

(γ∗ − γ)(φ2
1 − φ2

2) = 0. (2.14)

ăe solution γ∗ = γ is uneptle euse te iète reltions require

|z1z2| = 1. (2.15)

ăis oes inst te premise tt ot ve moulus smller tn one. ăereore it
leves to impose φ2

1 = φ2
2. Hene te ee sttes ψ1 n e osen to e proportionl to

eiensttes o σ1

|x±〉 = 1√
2

(

1
±1

)

. (2.16)

ăe enery o te ee stte n e etermine y returnin in N(z) n pplyin
in te liner epenene onition wit te onstrint tt φ1 = ±φ2. ăis yiels
te enery ispersion or ees lolize t j = 1

E± = ±2t1 os(kx), or |x±〉. (2.17)

Let us rete noter ee t j = N . ăe system is now ylinerwit ottomt j =
1 n top t j = N . ăere re rwll ounry onitions or tewve untions, n
ene tere re vnisin mplitues ψ0 n ψN+1. ăe ee sttes lolize t N will
e similrly eiensttes o σ1 wit respetive eneries, E± = ±2t1 os(kx). However,
it remins to etermine in te ollowin te ey o te ee wve untion in te
ulk, n teir extension inmomentum spe. ăe ltter is ressewen ssessin te
existene onitions or te solutions. Beuse te numer o ee solutions epens
on te Cern pse, tere re solutions tt must vnis wen moel prmeters re
vrie.

o onstrut te ee wve untion use te Anstz

ψj = zj|x±〉. (2.18)

ote tt te eqution in te ulk o te yliner res

[z2Γ2 + z(Γ1 − E±) + Γ†
2]|x±〉 =

(

0
0

)

(2.19)
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For te |x+〉, n, respetively, |x−〉 it ollows tt

z2(∓it1 + t2e
ikx − it3) + z[m+ 2t3 sin(kx)] + (∓it1 + t2e

−ikx + it3) = 0. (2.20)

ote tt i z1 n z2 re solutions or te eqution orresponin to eiensttes
|x+〉, ten 1/z∗1 n 1/z∗2 re solutions or te eqution orresponin to |x−〉.

ăen t e ee tere n e tmost two solutions one orresponin to |x+〉 n
one to |x−〉. However to onstrut te wve untion solution is neessry to pply te
ounry onition. ăis is exempliđe in te ollowin or  solution orresponin
to |x+〉 tt is lolize t te ottom ee, j = 1.

Beuse tere re two eienmoes z1,2 ssoite to  “spinor”, te wve untion
res

ψj = (c1z
j
1 + c2z

j)|x+〉, (2.21)

were c1,2 re oeċients. ăe ounry onition, ψT
0 = (0, 0), onstrins te oeċ-

ients c+ := c2 = −c1. ăe oeċients c+,− orrespon to |x±〉 eiensttes. ăey re
đxe y pplyin ounry onitions t te ees o te yliner, ut tey re not o
onern ere.

ăus i tere is n ee stte solution, its orm n enery re

ψ
+b(t)
j = c+(z

j
1 − z

j
2)|x+〉, E = 2t1 os(kx),

ψ
−b(t)
j = c−(z

∗−j
1 − z

∗−j
2 )|x−〉, E = −2t1 os(kx), (2.22)

were te inex b (t) enotes n ee stte lolize ner te ottom (top) o te ylin-
er. ăe eienmoes re etermine rom te qurti Eq. (2.20)

z1,2 =
−b±

√
b2 − 4ac

2a
, (2.23)

wit

a = −it1 + t2e
ikx − it3,

b = m+ 2t3 sin(kx),
c = −it1 + t2e

−ikx + it3. (2.24)

It is mniest tt te moel n ve zero, one or two solutions t n ee. For
onreteness, let us exmine te sttes lolize t yliner’s ottom (j = 1). I te
eienmoes |z1,2| = 1, ten te solutions (2.22) esrie extene ulk solutions. ăere
re no ee solutions, i or ny kx,

|z1| < 1 < |z2|, or
|z2| < 1 < |z1|. (2.25)
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Fi. 2.2: Enery spetrum s  untion o momentum kx on  ylinril eometry
(eit 40 sites n irumerene 180 sites). wo ee sttes lote ner j = 1 re
represente in lue, n two t j = 40 in reen. ăe position n irlity o te ees
is semtilly represente in te inset.

In tis se ll solutions (2.22) ivere or j > 1. niestly, te sme onlusions pply
to te top ee.

Ee solutions n exist wen ot z1 n z2 re simultneously smller or reter
tn one. ote owever tt it is not possile to enounter  lolize solutionψ+b n
ψ−b in te sme rne o kx. ăis is euse i one is lolize, ten te oter one s
iverin eienmoes z. ăis inites tt i ψ±b is  lolize solution in  iven kx
rne, ten ψ∓t is  lolize top solution.

Hene tere re  mximum o two wve untion solutions or  iven ee. For
C = 1, only one o te solutions ψ±b ols in te B n te oter is iverin wy
rom te ee. For C = 2, ot solutions ψ±b re possile in istint rnes o kx.

ote tt te enery ispersion lwys rosses te zero enery t kx = ±π/2. At
 iven ee, i tere re two solutions, ten tey re ssoite eiter to kx = π/2 or
kx = −π/2. ăis nswers te question: wt quntum numer istinuises te ee
stte solutions or |C| = 2? Any ee stte n e inexe  “vlley” quntum numer
±K orresponin to  zero rossin t±π/2.

ăe existene onitions n te respetive vli ee wve untions re iven y
te ollowin inequlities:

|z1| < 1, |z2| < 1, ψ+b
j n ψ−t

j ,

|z1| > 1, |z2| > 1, ψ−b
j n ψ+t

j . (2.26)

Let us illustrte te ove results or  speil point t1 = 1, t2 = 1, t3 = 0,m = 0
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o te pse irm in Fi. 1.5. ăis point orrespons to te “enter” o te C = −2
pse n is rterize y te lrest p n Ĕttest ns or te spetrum o te
ulk sttes. ne n expet two ee sttes t eiter eno te yliner. ăeeienmoes
z re etermine rom Eq. (2.20)

z1,2 = ±i
√

(−i+ eikx)(−i+ e−ikx)

−i+ eikx
. (2.27)

ăe penetrtion lent or te ee sttes is iven y

ξ = −1/ ln(|z1,2|),

=
4

ln[1 + sin(kx)]− ln[1− sin(kx)]
. (2.28)

In tis se te ee sttes ve mximl extension n over te entire B, euse
te existene onition (2.26) is lwys respete exept t points kx = 0 n kx = π.
At tese prtiulr points te ee sttes enter te ulk.

ăe ove ruments llow to reily otin te our ee stte solutions in te C =
−2 pse or t1 = t2 = 1 n m = t3 = 0. ăe wve untions n te respetive
eneries re

ψ−Kb
j = c+(1− (−1)j)ρj1|x+〉, E = 2 os(kx), kx ∈ (−π, 0),
ψKb
j = c−(1− (−1)j)ρ∗−j

1 |x−〉, E = −2 os(kx) kx ∈ (0, π),

ψKt
j = c+(1− (−1)j)ρj1|x+〉, E = 2 os(kx), kx ∈ (0, π),

ψ−Kt
j = c−(1− (−1)j)ρ∗−j

1 |x−〉, E = −2 os(kx), kx ∈ (−π, 0). (2.29)

ăe inies t n b inite weter te ee sttes live lose to te top (j = Ly) or te
ottom (j = 1) prt o te yliner. ăe inex ±K esintes ees sttes rossin te
zero enery t±π/2 or, equivlently in tis se, weter te solutions extene in te
rit, respetively leĕ, l o te ([−π, π]) B. ăe oeċients c± re normliztion
oeċients wi re not o interest ere. ăe ee sttes’ enery ispersion (2.29) re
plotte in Fi. 2.2 toeter wit te numeril solution in orer to sow teir peret
reement.

2.3 Extension: Edges in a Z2 insulator
ăelssA topoloil insultor ttws onstrute in te previous susetions n e
esily trnsorme into Z2 topoloil insultor in te sympleti lssAII y imposin
time-reversl symmetry (see. 1). In te ollowin, spin erees o reeomre e
n Hmoel is rete rom two opies o teZ insultor. ăeojet o te present
susetion is to ollow te te o te two irl ee stes otine t te intere o
|C| = 2 pses wit te vuum. Cruilly, tese sttes re not roust wit respet to
ritrry one-prtile, time-reversl invrint perturtions.
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ăemost stritorwr route to rete teZ2 insultor is te one tken ine. 4].
A I moel is onstrute rom  Z insultor moel n its time-reversl opy, wit
opposite Cern numer. I tere re no terms ouplin te two moels, ten ny ee
stte preite rom one o te moels will ve  prtner wit opposite irlity rom
te oter one. Let us  spin Ĕvor n ensure tt te spin s3 uli mtrix ommutes
wit te Hmiltonin. E o te spinless Z moel, now represents  polrize spin
up, respetively own moel, n e ee stte is spin polrize.

uppose tt te spin up omponent is esrie y Eq. (1.41), wile te spin own
one represents its time reverse opy. ăis yiels te ollowin 4-n Hmiltonin:

H(k) = 2t1 os(kx)σ1 + 2t1 os(ky)σ2s3
+ [m+ 2t2 os(kx + ky)]σ3 + 2t3[sin(kx) + sin(ky)]σ3s3, (2.30)

were s uli mtries represent eletroni spin, n σ, te oritl erees o reeom.
Beuse te spin Hmiltonin is rete rom two opies o te spinless Hmilto-

nin, wit no spin mixin terms, te onitions or te enery p re not ne.
ăt mens te previously oun insultin pses remin insultin or te our-n
moel.

n  ylinril eometry, tere re ee sttes ormin roun te ees o te
yliner. Beuse tere re no spin mixin terms, te enery spetrum is trivilly o-
tine y “oulin” te spetr lrey oun or te spinless Hmiltonin. ore pre-
isely it is otine rom te union o te spinless (now spin up)Hmiltonin spetrum
n its reĔetion out kx = 0 uner.ăereore te numer o ee sttes will lso
oule su tt e oriinl ee stte will et  Krmers prtner.

Altou every previously nontrivil Cern pse will sow ee sttes in te spin-
ul moel, not ll o tem re roust. Inee, te H insultor onstrute rom o
te spinless moel wit |C| = 2 llows one-prtile I perturtions tt estroys te
ee sttes 6, 61].

A smll I perturtion ps te ee sttes t te rossin point kx = ±π/2.
Hene it is suċient to nlyze te system ner te rossins to đn su  pertur-
tion. ăe low-lyin ee sttes re esrie y n eĈetive Hmiltonin, otine y
linerizin te solutions (2.29) ner rossins kx = ±π/2. At  iven ee, or te pse
wit |C| = 2, tis yiels:

Heff(qx) = Ψ†
KR↑vqxΨKR↑ +Ψ†

−KR↑vqxΨ−KR↑

−Ψ†
−KL↓vqxΨ−KL↓ −Ψ†

KL↓vqxΨKL↓, (2.31)

were Fermi veloity res v = 2t1. ăe inies o te ermioni retion n nniil-
tion opertorsΨ† nΨ esrie te vlley (±K), te iretion o motion (L orR) n
tt o spin (↑ or ↓). ote lso tt te đrst two terms inHeff esrie te ynmis o
spin up eletrons, n tereore orrespon to te oriinl 2-n Hmiltonin, wile
te spin own terms stem rom o time reversl opertor T; TΨKR↑T

−1 = Ψ−KL↓. ăe
lokin etween te iretion o te spin n tt o motion mens ttHeff esries
 elil liqui 61].
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ăeee sttes ove renot roust euse one n rete te ollowinone-prtile,
I, lol perturtion tt will p te ee elil liqui in Eq. (2.31) (lolmenin
tere is no inter-ee stterin)

Ψ†
KR↑ΨKL↓ −Ψ†

−KR↑Ψ−KL↓ +H... (2.32)

It is possile to uilmnyperturtions t te tit-inin level yielin te ove
orm t low enery. It is noteworty to oserve tt tey ll rek te spin s3 symmetry.
An exmple o  perturtion in te tit-inin ormultion is

t4 sin(kx)σ3s1. (2.33)

For te pses wit |C| = ±1 no one-prtile, lol, I perturtion n result
in kstterin o te ee sttes. ăe ove exmple rees wit te sttement tt
moels wit n even numer o Krmers pirs o ee sttes re Z2-trivil 62].

2.4 Extension: Stripes of a Z insulator
ăere re still wys in wi te Cern numer ompute nlytilly or  two-n
moel ontinues to e useul in multin systems. Amon te more simple ones is te
“stripe” topoloil insultor explore in te ollowin.

Generlly wen two insultin pses wit iĈerent Cern numer re put in on-
tt, tere re eemoes tt orm etween te pses. Consier now tt one retes
stripes rom te sme systemwitwit o te orer o te lent o te unit ell. ăere
re only two type o stripes, iĈerentite y prmeter vlues (m, ti). A new 2D system
is onstrute y lterntin te two stripes, tus retin interes everywere in te
volume.

ăenturl suppositionwoul e tt i te prmeters re ssoitewit iĈerent
Cern pses ten tere re ee sttes ormin everywere in te moel. ăis turns
out to e orret; te system eomesmetlli wit trnsport everywere in te ulk in
te iretion o te ees. Let us stuy inmore etil ow te pses n e etermine
rom n nlysis o te pse irm or e stripe Hmiltonin seprtely.

ăe moel |C| = 2 insultor in Eq. (1.41) is onsiere in. o simpliy te pro-
lem, eliminte te |C| = 1 pse y orin t3 = 0. ăen te Hmiltonin res

H = 2t1 os(kx)σ1+2t1 os(ky)σ2+[m+2t2 os(kx+ky)+2t3(sin(kx)+sin(ky))]σ3.
(2.34)

ăe Cern numer tt inexes te insultin pses res

C = sn[−m− 2t2] + sn[m− 2t2]. (2.35)

In orer to rete te stripes, n lterntin vlue or t2 is introue etween two
jent unit ells. In Fi. 2.3 re represente two o te ells n te stripe moel
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Fi. 2.3: ăe stripe moel wit lterntin t2 n t′2 oppin term. ăe re ontour in-
ites te oriinl unit ell. Aĕer te ition o t′2, te unit ell oules its volume
to te lue ontour. ăe two oritls wit iĈerent on-site enery ±m re not repre-
sente; te uli mtries σ inite te oppin interls etween oritls lon te
tree iretions in te moel.

wi is otine y repetin to inđnity te pttern. ăe ne is equivlent to ou-
lin te size o te unit ell, wi now ontins t2 n t′2 oppin terms. Hene in
te stripe moel tere re our oritls in te unit ell. A new set o o uli mtries τ
re introue to enote  “ell” eree o reeom.

ăen te new Hmiltonin in momentum spe res

H = 2t1 os
(

kx

2

)

σ1τ1 + 2t1 os(ky)σ2τ1

+

[

m+ (t2 + t′2) os
(

kx

2
+ ky

)]

σ3τ0 + (t2 − t′2) os
(

kx

2
+ ky

)

σ3τ3.

(2.36)

ăereore te enery ispersion res

E = a2 + b2 + c2 ± 2
√

(a2 + b2)c2, (2.37)

wit

a = 2t1

√

os2(kx/2) + os2(ky), b = m+ (t2 + t′2) os(kx/2 + ky),

c = (t2 − t′2) os2(kx/2 + ky)). (2.38)

ote tt euse te unit ell is oule, te Brillouin zone srinks y  tor
o two. However, ere kx ws resle su it ontinues to run rom π to −π. Due
to te olin o te B tere re trivil solutions were te enery oes to zero, i.e.
(kx, ky) ∈ {(0,±π/2), (π,±π/2)}. ăese points orrespon to te ees o temetlli
reion. ăey orrespon tom = ±2t2 nm = ±2t′2. But tis lines in prmeter spe
orrespon extly to te topoloil trnsitions etween te topoloil pses or te
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Fi. 2.4: () uperimpose pse irm or e o te two stripe-Hmiltonin (one
wit t2, te oter wit t′2) ives te omplete pse irm or te system. ăe Cern
numers inex te (non)trivil pses orin to Eq. 2.35. In rey is represente te
metlli pse, were Cern numer is exne t every stripe ee in temoel. ()
umeril Cern numer lultion or te reen line on te pse irm (), wit
(t2 = 0.5, t′2 = 1) nm vryin in [−3, 3]. en te line rosses temetlli pse te
Cern numer is not eđne; ere tis is seen s C tkin rtionl vlues etween te
well-eđne C = 0 n C = −2 pses.

ulk Hmiltonin orresponin to te two stripes (see Eq. (2.35)). ăis solution in-
ites tt, in orer to etermine te pse irm o te moel, it suċes to know
te pse irm or te two sumoels.

en te two stripes re in te sme onnete topoloil pse, ten no ee
stte re expete to pper etween tem. ăereore teoverll systemstys in te sme
ppe topoloil pse. everteless, or isonnete pses esrie y te sme
inex (or exmple, seprte y  iĈerent pse), ee sttes mit pper, renerin
te system metlli. In every se were  Cern numer is exne t te intere,
ee nnels will orm, renerin te systemmetlli. ăen te pse irm n n
e seen y superposin te pse irms or te sumoels (see Fi. 2.4())

ăe ove result is đrst teste y numerilly omputin te enery spetrum. ăis
onđrms te presene ometlli pses in te extwinowpreitey te superposi-
tion rument tt rout te irm in Fi. 2.4(). A more isernin investition
involves omputin te Cern numer or iĈerent prmeters o te Hmiltonin.

At l-đllin, tere re two oupie (inexe y n) n two unoupie ns
(inexe y n′). ăen te Cern numer is etermine numerilly 17, 41]

C =
1

2π

∫

BZ
d2kΩxy(k), (2.39)

53



2.5 DĶŁİŃŁŁĶļĻ

in terms o Berry urvture, Ωxy, or te oupie ns

Ωxy(k) = −2
∑

n occ.

∑

n′ unocc.

Im[(vx)nn′(vy)n′n]

(En − En′)2
, (2.40)

were (vx)nn′ is expettion vlue o te veloity opertor etween one oupie n
one unoupie n

(vx)nn′ = 〈n|∇kxH|n′〉. (2.41)

For exmple, t2 n t′2 re đxe, nm is vrie in Fi. 2.4() to yiel te expete
vlues or te Cern numer. ote tt te Cern numer is not well-eđne in te
metlli reion. ăis is reĔete in spurious rtionl vlues etween well-eđne in-
teer vlues (in te Fi. 2.4(), C = 0 n C = −2).

In onlusion, te our-nmoel pses n e entirely etermine rom te ori-
inl two-n moel. ăis is not  surprise s te stripe topoloil insultors is o-
tine rom oulin te oriinl moel. In te se o te Z2 insultor, te oulin
o temoel kept ll te ps in te oriinl moel. However, in te stripe topoloil
insultors, i  ee stte orms etween two stripes s  onsequene o isonnete
topoloil pses, ten te entire 2D moel eomes metlli.

2.5 Discussion
ăenlytilmetos in stuyin te ee sttes in topoloil insultors nee urter
evelopment. ăe enompssin enerlity in te esription o ulk pses ontrsts
te sort-siteness o ee stte investitions. For exmple, ot metos use to
ompute te ee stte solution took vnte o te t tt te 1D röiner
eqution tt esries te system onnets only ner-neior sites in te iretion
trnsverse to te ee. ăis is n rtit o te speiđ wy in wi te ee ws ut.
An open question remins ow to equtely esrie generic ee sttes in topoloil
insultors. ăe eomposition eĈete in Cp. 1 o two-n moels into pless
systemplus mss term ives ope tt tis oul e use to esrie su eneri sttes.
In perspetive, it woul tke n extension o metos evelope to stuy enerl ee
sttes in rpene 63, 64] y onsierin now te role o te mss term.

A đnl wor o ution is in orer. Ee sttes n lso exist etween zones wit
ientil Cern numer. For exmple, in topoloilly trivial ppe rpene, ee
sttes orm t  omin wll ue to  ne in te on-site enery 65, 66]. ăe sme
eĈet ws oserve in simultions rrie in e. 2.4, n le to te pprition ometl-
li pses wen te stripes re rete out o isonnete topoloil pses wit te
sme Cern numer. ăis surprisin eĈet nees urter investition to ek te ro-
ustness o te ee sttes. oreover it s  new level o iċulty in esriin te
pysis o te ee sttes, euse it rstilly mens te rule o tum tt equls
te numer o ee solutions to te vrition o te Cern numer ross n intere.
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Chapter 3
Introduction

ăis introutory pter ontins  primer to jorn ermions. First tey re pre-
sente s rel solutions to te Dir eqution. eonly tey emere s qusiprtiles
in iĈerent onense mtter reliztions. Amon tese, two one-imensionl systems
re prtiulrly relevnt in te ontext o tis tesis n tereore re presente inmore
etil: te Kitev moel 67] n te spin-ouple semionutin wire supportin
jorn ermions in proximity o n s-wve superonutor 24, 25]. Finlly, te
pter lso inlues  presenttion o te onept ojorn polriztion s n orer
prmeter to esrie  topoloil trnsition.

3.1 Majorana fermion primer

3.1.1 Dirac equation and theMajorana condition
A ermioni prtile tt is its own ntiprtile is  jorn ermion 68]. For  so-
lution, Ψ, to te Dir eqution, it is possile to eđne te ntiprtile solution, Ψc,
otine uner te re onjution opertion. en te two re equl, tey orre-
spon to  jorn prtile.

Let us etil te re onjution opertion y ollowin e. 69]. ăe tree-
imensionlDir eqution or  spin-1/2 prtile in te presene o n eletromneti
đelAµ res

(iΓµ(∂µ − ieAµ)−m)Ψ = 0. (3.1)

ăe Greek inies run over te sptil (1, 2, 3) n temporl (0) omponents, wile te
omn inies run only over te sptil ones. ăe Γs re te 4 × 4 Dir mtries n
re onventionlly osen s

Γ0 = σ0 ⊗ τ3, Γj = iσj ⊗ τ2, (3.2)
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wereσ n τ re te usul 2×2ulimtries. ăeΓmtries oey teCliĈor ler

{Γµ,Γν} = 2ηµν , (3.3)

wit ηµν te inkowski metri tensor, i(1,−1,−1,−1).
ăe re onjute solutionΨc will oey te sme Dir eqution (3.1), ut wit

opposite re −e. ăt llows one to eđne te re onjution opertor C, tt
yiels te eqution

C(iΓµ(∂µ − ieAµ)−m)Ψ = (iΓµ(∂µ + ieAµ)−m)CΨ,

= 0, (3.4)

were CΨ = Ψc. ote tt te opertor C is nti-unitry n tereore must ontin
te omplex onjution opertorK . It must lso ontin te only iminry Γmtrix
su tt [C, iΓµ] = 0. Hene te re onjution opertor n e represente up to
 lol pse y

C = Γ2K. (3.5)

Let us now onsier te ulđlle jorn onition, tt  prtile is ientil to
its ntiprtile

Ψc ≡ CΨ = Ψ. (3.6)

Cruilly tis onition is Lorentz invrint n it is tereore vli in ny reerene
rme 70]. oreover, it is immeite rom eqution (3.1) tt only  neutrl spin-1/2
ermion n oey te onition, e = 0. ăereore ot Ψ n Ψc re solutions to te
sme Dir eqution

(iΓµ∂µ −m)Ψ(c) = 0. (3.7)

ăe oriinl Dir spinor Ψ is  omplex our-omponent spinor. Hene it is e-
srie y eit ree rel prmeters. ner te jorn onition our re đxe. For
exmple, i te Dir spinor is written sΨT = (φT , χT ), wit φ n χ two-omponent
spinors, ten te uner jorn onition

Ψ =

(

φ

σ2φ
∗

)

. (3.8)

Beuse φ is enerlly omplex, jorn ermion s only our rel omponents. n-
er  unitry trnsormtion one n otin purely rel jorn ermions, were e
o its our omponents is rel. ăis ppens in  jorn representtion, were ll te
Γ mtries, not only Γ2, re iminry. Here te re onjution eomes omplex
onjution n jorn onition emeres s  strit relity onition

Ψ = Ψ∗. (3.9)
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A possile oie or  jorn sis is

Γ0 = σ2 ⊗ τ1, Γ1 = iσ3 ⊗ τ0, Γ2 = −iσ2 ⊗ τ2, Γ3 = −iσ1 ⊗ τ0, (3.10)

wit Γs tt ontinue to oey te CliĈor ler.
Altou jorn prtiles re teoretilly vli solutions to te Dir eqution,

tey ve never een oun mon te unmentl prtile. o tis moment te neu-
trino remins n open possiility s  mssive jorn prtile.

3.1.2 Particle-hole symmetry
In reent yers, te ie o  jorn ermion ws resurrete in te ontext o on-
ense mtter were it oul e relize s  qusiprtile in  superonutor 71].
Intuitively it is nturl to ser in  superonutor euse qusiprtile exittions
ontin ot prtile n ole erees o reeom. A ole is simply te “ntiprtile”
o n eletron.

In te lnue o retion n nniiltion opertors, te re onjution op-
ertion isusse previously is simply te opertion o tkin te Hermitin onjute.
ăt ollows euse retin n eletron is ientil to estroyin  ole wit opposite
momentum.

At men đel level, te Hmiltonin or  superonutor in te seon quntiđ-
tion res 13]

H =
1

2
C†HC, (3.11)

wit C† = (c†, c) n c is  row (or olumn, epenin on ontext) vetor omprisin
te nniiltion opertors t ll te lttie sites in  superonutor, eventully wit 
spin inex (c↑ or c↓). ăe “đrst-quntize’’ Booliuov-e Gennes Hmiltonin res

H =

(

H0 ∆
∆† −H∗

0

)

, (3.12)

were ∆ is te mtrix ontinin te superonutin orer prmeters. ăe tion o
te re onjution trnsormtion is to onvert  prtile into  ole n vie vers

CcC−1 = c†. (3.13)

ăe Hmiltonin exiits te re onjution symmetry

[C, H] = 0. (3.14)

oeter wit te Hermitiity o H, it is suċient to etermine te onsequenes o
re onjution symmetry on te BG Hmiltonin,

CHC
−1 = τ1Hτ1 = −H∗, (3.15)
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were τ re te usul uli mtries tin in prtile-ole spe. ăis llows to eđne
 prtile-ole symmetry represente y n nti-unitry opertor C′ tt ntiommutes
wit te Hmiltonin. ote tt it is not  proper symmetry, ue to te ntiommut-
tion

{C′,H} = 0, wit C
′ = τ1K, (3.16)

nK te omplex onjution opertor. ăe onsequene o tis property is tt ny
eienstte o te BG Hmiltonin s  prtile-ole onjute wit opposite enery.
ăt is, te presene o te H immeitely reĔets itsel s reunny in te solu-
tions to te BG equtions. For exmple, tke te röiner eqution

HΨ = EΨ, ΨT = (uT , vT ), (3.17)

wereu (v) stns or te prtile (ole) omponent o tewve untion. ăe solutions
esrie te qusiprtiles exittions ove te BC roun stte. ăen i (uT , vT ) is
te solution wit eneryE, ten (v†, u†) is te prtile-ole onjute wit enery−E.
In ontrst,  qusiprtile solution is jorn ermion i it is equl to its ownprtile-
ole onjute (nti-qusiprtile), at the same energy. ăis implies tt  jorn
ermion n e relize only t zero enery.

A solution to te men-đel eqution n lso e represente y  qusiprtile re-
tion opertor

γ
†
E =

∑

j

uj,Ec
†
j + vj,Ecj, (3.18)

were j runs over ll te sites (oritls, n spins) in te superonutor. ăen te
prtile-ole n jorn onitions n lso e onisely expresse s

γE =

{

γ
†
−E, H onition,
γ
†
E, jorn onition.

(3.19)

rivilly ot onitions re stisđe t zero enery or uj,0 = v∗j,0.
It is not lwys possile to impose te jorn onitions or te zero moes in

superonutors. In  spin-sinlet superonutor, n exittion s te struture 72]

γ†α =
∑

j

uj,αc
†
j,α + vj,−αcj,−α, (3.20)

were α is  spin inex ↑ / ↓. ow j runs only over te site n oritl erees o
reeom. ăe jorn onition res γ†α = γα, n te qusiprtile n te nti-
qusiprtile ontin iĈerent eletron n ole retion opertors. Hene, no mt-
ter te vlue o te oerene tors (ujα, vjα), it is not possile to rete  jorn
ermion.
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In onlusion,  spin-sinlet superonutor oes not llow nturlly te orm-
tion o jorn ermions. everteless, tere re wys to rete jorn ermions
usin spin-sinlet superonutivity in onert wit iĈerent inreients tt will e
enumerte ĕerwrs. However up to now, te presene o superonutivity stns
out s  neessry onition or đnin jorn ermions in onense mtter. ăe
menism involves lwys đnin  qusiprtile tt is its own ntiprtile.

By invertin te reltion (3.20), one n express te reulr retion n nniil-
tion opertors in terms ojorn ermions. ăis eomposition is enerlly ville
n resemles te representtion o  omplex numer usin two rel numers, its im-
inry n rel prts. ărouout tis tesis te ollowin representtion o  retion
opertor is use

c† =
eiθ/2√

2
(γ1 − iγ2), (3.21)

were te nle θ is n ritrry eree o reeom in eđnin te jorn ermions.
ăereore te jorn ermions oey te CliĈor ler

{γA, γB} = δA,B, (3.22)

were δA,B is te Kroneker symol n A,B re jorn inies, 1 or 2. oreover,
unlike omplex ermions, jorns o not squre to zero, ut γ21,2 = 1

2
.

Let us ouple two jorn ermions, γ1 n γ2. orkin in te sis o te eien-
sttes o γ1 n γ2, te ouplin 2iγ1γ2 will t s  uli σ2 mtrix wit eienvlues
±1 73]. ăe ouption numer o te ermioni opertor rete rom tejorns
ten res

c†c =
1

2
+ iγ1γ2. (3.23)

ăereore te ouption numer c†c is eiter 0 or 1. In te limit o  very wek ou-
plin ε etween tejorn ermions (or exmple tey n e lote r wy), tey
n still rete  nonlol ermioni stte tt is eiter ull or empty. For vnisin ou-
plin, ε→ 0, te roun stte is eĈetively eenerte, n it osts ε to đll or empty te
ermioni stte. ăereore i te system ontins Nγ1 n Nγ2 jorns, te roun
stte eenery will ten e 2N . ystems wit su  ily eenerte stte were pro-
pose ine. 71], were tejorn ermions re trppe in vortex ores o 2D p+ip
superonutor. oreover, internin te jorn ermions trou  ontinu-
ous iti proess enertes  iĈerent roun stte wve untion tt epens on
te preise trjetory tken y te vorties. ăis epenene on te topoloy o pts
tken y te vorties inites te non-Aelin rter o te roun stte.

ne o te min interest in đnin jorn ermions lies in usin te ily e-
enerte roun stte to store inormtion. ăen omputtions n e relize on it y
tkin vnte o its non-Aelin rter n te protetion ojorn ermions.
ăe tlo o opertions on te roun stte orm  representtion o te ri roup
74]. ăe ol o tis reser is to đnlly relize  topoloil quntum omputer 73].
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3.2 CļĻıĲĻŁĲı ĺĮłłĲŀ ŀĲĮĹĶŉĮłĶļĻŁ

3.2 Condensedmatter realizations

3.2.1 Overview
ăe reer is reerre to exellent reviews tt provie  oo pnorm o te reser
onjorn ermions in onensemtter systems 75, 76]. Here it suċes tomention
 ew milestone in te evolution o te đel.

As seen eore, in onense mtter pysis jorn ermions n e relize s
qusiprtiles in spinless or triplet-pirin superonutors. ăey re possile s zero
enery exittions in systems wit prtile-ole symmetry.

turlly tey were đrst propose in 2D p + ip superonutors 71], were tey
oul e relize s ounmoes in te vorties o te superonutor. A 1D vrition
ws soon ĕer trete y Kitev 67], were jorn sttes in  spinless tit-inin
moel pper s oun sttes t te ens o te wire. DiĈerent proposls ollowe tese
two pts: ounry sttes in p-wve superonutors or Croli-e Gennes-trion
sttes 77], were tejorn ermion pperwen  mneti Ĕux penetrtes  type
II p-wve superonutor. ter mterils in wi jorn ermions re tout to
pper re 2D eletron ses in te rtionl Hll reime t 5/2 đllin tor 78], n
two-imensionl strontium rutente, r2u4 79] (n 80] or experiments). ăey
were lso propose to orm in p-superĔuis in ultrol tom ses 81, 82]

ăe prolem wit te 2D p-wve superonutors is tt tey re rre mterils.
oreover, or te se ojorn sttes oun to vorties, tere remore exite sttes
witin te ulk p renerin rile te protetion o te zero moes 76].

A revolution o te đel me wen it ws relize tt one n reple te p-wve
superonutors wit s-wve superonutors n one n ve n eĈetive p-wve su-
peronutin pirin meite trou s-wve pirin. ăe đrst exmple ws pro-
pose in e. 83]. ăere jorn en sttes pper in  2D topoloil insultor
eposite on n orinry s-wve superonutor. ăe irl ee sttes in te topo-
loil insultor n e ouple trou te s-wve pirin su tt insie te p
one n ve  pir o Fermi points (or more preisely n o numer in l te B)
n n eĈetive p-wve pirin. umerous proposls ve ollowe wi re usin
topoloil insultors n superonutors s  si setup or retinjorn exit-
tions 84, 85]. ome o te experiments ollowin te teoretil proposls re reporte
in e. 86].

everteless, topoloil insultors remin exoti mterils. ore reently, propos-
ls ve emere were topoloil insultors re reple y reulr semionutin
wires wit  stron-spin orit ouplin uner  mneti đel 24, 25, 87]. ăey re
one o te min sujets o te tesis n tey will e esrie in more etil in te
next setions. everl rtiles expne on tis iretion, in semionutin quntum
wells 88], or in multin spin-orit ouple wires 89, 90]. Experiments in tese
iretions were pursue y severl roups 91, 92]. ăere re lso vritions to tese
systems wi ispense wit te spin-orit ouplin 93, 94].

Let us đnlly note te preition o jorn ermions in non-entrosymmetri su-
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(a)

(b)

Fi. 3.1: wo topoloil pses o te Kitev moel. ăe re n lue enote two
jorn ermions tt ompose  reulr omplex ermion, represente in lk. ()
rivil pse were te jorns re ouple insie e site. () ontrivil pse
were jorn in jent sites yriize to orm  omplex eletron. npire zero
moes re leĕ t te en o te wire.

peronutors 95, 96] n or in ultrol tomi ses wit s-wve superonutiv-
ity 97].

For te etetion o te jorn moes te prinipl iretions re: intererome-
try 98, 99], mesurin nonlol tunnelin 100, 101], rtionl Josepson eĈet 67,
102], te etetion o zero is onutne pek 103, 104], et.

3.2.2 Kitaev model
ăe present tesis is limite to te stuy o penomen relte to jorn ermions
risin in one imensionl systems. ăe ollowin Kitev moel inesply rises s
 prim or 1D systems supportin jorn ermions. ăereore it is worty to
proe it in more etil.

ăe moel ws propose in e. 67] n it is pture y te tit-inin Hmil-
tonin

H =
N
∑

j=1

(

1/2− c
†
jcj

)

µ+ (−tc†jcj+1 +∆cjcj+1 +H..), (3.24)

were j runs over ll te sitesN o  Ėnite lttie. It is  1D toymoel esriin spinless
eletrons tt experiene  superonutin pirin∆, trete t temen-đel level; µ
is te emil potentil n t is te oppin strent. It ws rue tt su system
n present jorn, zero enery sttes oun t te two ens o te wire. ăis work
ws motivte y te ser o  quit tt is protete wit respet to perturtions.
ăe quit is orme y te two entnle jorn sttes. everteless, te interest in
te ollowin will e entere on te onitions n te esription o te topoloil
pse.

ăe jorn ermions exist s qusiprtile exittions n tt explins te nee
or superonutivity. ăe system is spinless, yielin essentilly  p-wve superonu-
tor, wit te qusiprtiles γ oeyin te relity (jorn) onition γ = γ†. ore-
over te system s  ulk p tt protets eventul zero enery moes.
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ărou  ue trnsormtion, te pse o te superonutin prmeter n e
sore in te eđnition o te retion n nniiltion opertors. For ∆ = |∆|eiϕ
te omplex superonutin, te new opertors re osen su tt

cje
iϕ/2 → cj. (3.25)

ăen, witout loss o enerlity,∆ is osen ere to e  rel positive quntity.
Any ermioni Hmiltonin supports  rewritin in terms o jorn ermions:

γ1 =
1√
2
(c† + c),

γ2 =
i√
2
(c† − c). (3.26)

ăus ny omplex ermion is ormlly split into two jorn ermions.
ăen te Hmiltonin s te orm

H = i

N
∑

j=1

µγ
j
2γ

j
1 +

[

(∆− t)γj1γ
j+1
2 + (∆ + t)γj2γ

j+1
1

]

. (3.27)

ăe resultin tit-ininHmiltonin n present oun sttes tt onsist in vin
 zero moe jorn ermion trppe t e ee. For exmple,  limit se ollows
or µ = 0 n∆ = t, wen te Hmiltonin reues to

H = 2it
N
∑

j=1

γ
j
2γ

j+1
1 , (3.28)

njorn ermions re ouple only etween neiorin sites. ăen twounpire
jorn ermions remin t te ens o te in, γ11 n γN2 (see Fi. 3.1()). ăey
re ompletely lolize t te extremity sites n ve zero enery s tey re eou-
ple rom te Hmiltonin. However tere will e  resiul intertion etween te
en moes, rpily eresin wit te lent aN o te wireO(e−aN/ξ), were ξ is te
superonutin oerene lent n a = 1, te lttie onstnt. ote tt in te
sene o te oppin t n te superonutin pirins ∆, te Hmiltonin ou-
ples only jorns on te sme site. ăis ltter limit se represents  trivilly ppe
system, n tomi insultor.

ăe zeromoes, protete y te ulk p n te H, susist t zero enery wen
prmeters ein to vry rom te vlues set ove. ăey will strt to exten, ut tey
will remin jorn ermions. ăe topoloil pse n e empirilly trke y
knowinwere te ulk p loses in prmeter spe n i tere re su exoti oun
sttes in etween two ulk losins.

ăe topoloil psews rterize y Z2 topoloil invrint enote yM
in e. 67]. I te wire supports jorn ermions, ten M = −1, n, i te system
is in  trivil ppe pse, tenM = 1. en te ulk p loses,M is uneđne.
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Any ree ermioniHmiltonin n e written in te sis ojorn ermions s

H =
i

2

∑

m,n

Am,nγ
m
1 γ

n
2 , (3.29)

were A is  rel, nti-symmetri mtrix (ue to te ntiommuttion o jorn er-
mions). ăewy to rterize te topoloil properties o te system involves (nti)-
perioizin te system in  rin orm. ăen te topoloil invrint ws sown 67]
to e iven y

M(H) = sn([Ap][Aa]), (3.30)

wereAp,a represents te systemwitperioi, respetively ntiperioi, ounry on-
itions n  enotes te ċn o te mtrix.

ăere is n lterntive wy to rterize te topoloy o te system. ote tt te
system is time-reversl invrint in te lss o irl one-imensionl BDI systems (see
. 1). As su, te system eqully supports  rteriztion y  winin numer
w.

ăe system is me inđnite su tt tere is trnsltionl invrine. Hene mo-
mentum k remins  oo quntum numer. ăe Hmiltonin is Fourier trnsorme
in momentum spe, so tt in te sis C†

k = (c†k, c−k) it res

H =
1

2

∑

k

C
†
kHCk. (3.31)

ăe BG Hmiltonin witout te onstnt
∑

j µ/2 tkes te orm

H =

(

−µ− 2t os k −2i∆ sin k
2i∆ sin k µ+ 2t os k

)

. (3.32)

ăe ulk enery ispersion res

E± = ±
√

(µ+ 2t os k)2 + 4|∆|2 sin2 k. (3.33)

ăereore te ulk p loses or k = 0 n µ = −2t, or k = π n µ = 2t.
ăe Hmiltonin n e expne in  sis o prtile-ole uli mtries τ

H = h2τ2 + h3τ3, (3.34)

wit h2 = 2∆ sin k n h3 = −µ − 2t os k. ote tt te system oeys te ,
represente y te opertor o omplex onjutionK n te irl symmetry, repre-
sente y te opertor τ1. Also note tt te unit vetor Hmiltonin, ĥ, is  mppin
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rom te one imensionl torus T 1 to te irle S1. ăereore te evior o h n e
rterize y  winin numer w (see lso e. 6.1.2)

w = −1

2

∑

k∈{0,π}
sn[h3∂kh2],

=
1

2
(sn[2t− µ] + sn[2t+ µ]), (3.35)

were te sum ws perorme over te noes o te ispersion (k = 0 n k = π). ăe
winin numer is eiter zero, or |µ| > 2|t|, n tere re no ee sttes insie te p,
or one, or |µ| < 2|t|, n it is  jorn oun stte insie te p.

ăis llows to relte te winin numer to teM topoloil inex:

M =

{

−1, |µ| < 2|t|,
1, |µ| > 2|t|,

(3.36)

were M = 1 enotes tt te trivil stron-pirin pse n M = −1, te wek-
pirin pse (te topoloil pse) 76].

ote tt euse te system is esrie y  Z invrint, it oul sustin multi-
ple jorn moes t  iven ee. ăe t tt tere tere re only two topolo-
il pses is entirely ue to te t tt it involves only nerest-neior ouplins.
Cp. 6 trets n extension o te Kitev moel in te BDI lss, wit istnt-neior
ouplins, wi exempliđes  se wit winin numer ier tt one, |w| = 2 n
two jorn moes t  iven ee.

A iĈerent evlution o te topoloil invrintM is iven y 24, 67]

M = (−1)ν(π)−ν(0), (3.37)

were ν(k) is te numer o netive eienvlues oH t te k point. Here [0, π] is l
te B n ten ν(π) − ν(0) is te numer (mo 2) o Fermi points in l-B. ăis
eđnition relies on te existene o te H symmetry tt ensures tt te oter l
o te B s te sme numer o Fermi points.

ăereore te onitions to ve jorn ermions in te system re, up to now:
vin  spinless or spin-triplet superonutor,  ulk p, n n onumer o Fermi
points in l te B.

3.2.3 1D spin-coupled semiconductingwire in proximity to an s-wave
superconductor

ăe Kitev toy moel nees to e implemente in  more relisti settin. Amon i-
erent proposls  speil ttention is iven in te present tesis to one wi uses  1D
spin-ouple semionutin wire in te proximity to n s-wve superonutor n
uner te eĈet o mneti đel to relizejorn enmoes 24, 25]. umoel

66



3. IĻłŀļıŃİłĶļĻ

Fi. 3.2: emti setup or  1D system supportinjorn ermions. emionut-
in wire (lk) wit stron spin-orit ouplin eposite on  s-wve superonutor
(lue). A mneti đelBz ts in z iretion, perpeniulr to te wire.

s reeive  lot o ttention in te experimentl ommunity ue to te use o te sim-
plest inreients. Inste unonventionl superonutors, it nees te more ville
s-wve sinlet superonutors. oreover, y usin semionutors, inste o topo-
loil insultors, it n tke vnte o te tremenous experimentl know-ow in
te rition n mnipultion o semionutin wires.

ăe re to experimentlly isoverjorn ermionsws purportely enewen
 zero-is onutne sinture ws etete in  superonutor-norml system tt
is se on te orementione moel 91]. However, reent outs ve een rise,
limin tt  roust zero-is sinture n e ue to te presene o isorer 105,
106] or Kono resonnes 107].

In te present setion, te system n its pses will e presente more on  pe-
nomenoloil level. ăe next pter trets  iret extension o te moel wen 
Dresselus spin-orit ouplin is inlue. ăt will e te ple or  more etile
nlytil n numeril tretment.

ăe system is esrie y te Hmiltonin (see lso 108])

H =

∫

dx

[

ψ†
(

p2

2m
− µ+ αpσ2 +Bzσ3

)

ψ + (∆ψ↑ψ↓ +H..)
]

, (3.38)

were σ re te uli spin mtries. ăis Hmiltonin moels  1D semionutin
wire extene in te x-iretion t emil potentil µ (see Fi. 3.3). ăe wire experi-
enes  proximity eĈet ue to te presene o te s-wve superonutor. ăese les
to superonutin orreltions insie te wire, wi re expresse t men-đel level
y te presene o te superonutin prmeter ∆. ăere is lso s spin-orit
ouplin α wi tens to lin te spins in te y-iretion. Finlly tere is  mneti
đelBz perpeniulr to te spin-orit đel. All tese elements re neessry to repro-
ue t low enery te Kitev moel. First it is neessry to liĕ te spin eenery to
llow or te possiility o n o numer o Fermi points. Let us see ow tis ppens
y stuyin te ulk enery ispersion.

Due to te presene o te nomlous pirins ψ↑ψ↓ one n write te Hmiltonin
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in  BG orm

H =
1

2

∫

Ψ†HΨdx, Ψ† = (ψ†
↑, ψ

†
↓, ψ↓,−ψ↑),

H =

(

p2

2m
− µ+ αpσ2

)

τ3 +Bzσ3 −∆τ1, (3.39)

were τ re te ulimtries in prtile-ole spe. By squrin twie teHmiltonin
H it ollows tt te ulk enery res

E2 = ξ2p + α2p2 +B2
z +∆2 ± 2(ξ2pα

2p2 + ξ2pB
2
z +∆2B2

z )
1/2, (3.40)

wit ξp = p2/2m − µ. Due to te prtile-ole symmetry, ny stte t enery E s 
ounterprt t −E. Also ny stte wit momentum p s  ounterprt wit te sme
enery n opposite momentum. Beuse o tis reunny, it suċes to nlyze te
đrst qurnt (E > 0 n p > 0) o te ispersion in Eq. (3.40). itout loss o
enerlity µ n e set to zero in te ollowin.

For vnisin mneti đel n superonutin orreltions, Bz = ∆ = 0, te
spin y sttes |y±〉 re oo eiensttes o te system. Hene te spin-orit ouplin
yiels two siĕe prols or te ispersion or te two spins (see Fi. 3.3()). How-
ever te system still nees to e ppe. ăe superonutin p is not suċient to
enerte jorn ermions. ăis is euse te system remins time-reversl invrint
n tereore te ps t p = 0 n p = pF (Fermi momentum) re ientil. ăen or
every enery, tere will e n even numer o Fermi points or p ∈ [0,∞). ăereore it
is neessry to rek te time reversl invrine y in  mneti đel Bz , wi
ps te system t p = 0 (see Fi. 3.3()).

ote tt tere re two ps in te system. ne t Fermi momentum, wi is pro-
portionl to te inue p∆(pF ) ∝ ∆, n  p t p = 0,∆(0) = Bz−

√

(µ2 +∆2).
Cruilly te p t p = 0 n ne its sin. en te eemn enery omintes te
superonutin p, te p t p = 0 n te p t pF re o o opposite type. ăis is
te onition or te presene o jorn ermions

B2
z > µ2 +∆2. (3.41)

ăe ove onition is otine riorously rom n nlysis o topoloil invrints
in te next pter. It suċes to sy tt i |∆| < |Bz| tere is  rne o µ or wi
te system is in te topoloil pse. ăis quntity n e ne y tin n one
wises to ve  winow s lre s possile in te emil potentil. However te
eemn đel nnot e inrese ad lib s it tens to estroy teCooper pirs y polr-
izin te eletrons in z-iretion. oreover, te rekin o te time reversl symmetry
mkes te system suseptile to isorer, wi in turn n lose te ulk p 109]. A
lre C is neee to omt te eĈet o te mneti đel y enorin te nti-
linment o eletron spin wit opposite momentum. However, te ownsie is tt 
lre C suppresses te eletron moility 76, 110].
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Fi. 3.3: A representtion o te enery ispersion in te đrst qurnt or iĈerent
vlues o mneti đel Bz n inue superonutin p ∆. ăe mss m n te
s C α re set to 1, te emil potentil µ = 0. () iĕe prols ue
to te C. ăe enery eiensttes ve  ler spin iretion: lue ↑ n re ↓. ()
onvnisin mneti đel opens  p t momentum p = 0 llowin te possiility
o n o numer o Fermi points. () opoloil trnsition t p = 0 etween two
ppe pses, ∆ = 0.3 nontrivil, ∆ = 0.5 trivil, trou losin o te p wen
Bz =

√

∆2 + µ2, orresponin to∆ = 0.4.

Finlly, it is neessry to lriy ow n n s-wve superonutin pirin∆mei-
te p-superonutivity. For tt one works in te winow provie y te topoloil
onition in Eq. (3.41) 24]. Assumin tt te superonutin prmeter ∆ is very
smll in omprison toBz , one n ionlize te Hmiltonin (3.38) to yiel enery

E± = ξp ±
√

B2
z + α2p2, (3.42)

n te two eienvetors re

ψ± =
1

N±

(

Bz ±
√

B2
z + α2p2

iαp

)

, (3.43)

were N± re osen to normlize te spinors. ăe Fermi enery is etween te two
ns. ăen te Hmiltonin wit te superonutin pirin term n e projete
on te lower n, n ten one s ess to te pysis t te Fermi momentum. ăe
Hmiltonin projete on te oupie n res

H =

∫

dpE−ψ−(p)ψ−(p) +
[

∆−(p)ψ−(p)ψ−(−p) +H..
]

,

∆−(p) =
iαp∆

2
√

B2
z + α2p2

. (3.44)

ăeeĈetive pirin is n o untion in temomentum p, pirin prtiles in te sme
n wit opposite momentum. ăus one s eĈetive p-wve symmetry or spinless
eletrons inue trou n s-wve superonutin pirin.
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3.3 ĮķļŀĮĻĮ ĽļĹĮŀĶŉĮłĶļĻ

3.3 Majorana polarization
ăisđnl introutory setion vnes te notionojorn polriztion 111]. ăe
onept tries to nswer te nee or  local orer prmeter tt n equtely esrie
te topoloil trnsition rom  trivil ppe pse to  jorn supportin ppe
stte. It will e use in te next pters s  mens to ientiy zero moes in spinul
topoloil superonutors s jorn sttes.

In sort, te jorn polriztion mounts to vin  mesure o te eree o
nomlous triplet pirin in te system. As it ws sown in te previous setions, tis
unonventionl pirin n e eĈetively proue even in semionutin systems in
proximity to  spin-sinlet superonutor. Here superonutivity is trete only t
temenđel level. I t te Fermi enery te system is eĈetively  triplet superonu-
tor n tere re zero moes protete y  ulk p, ten tey re jorn ermions.
In tis sense, jorn polriztion is n neessry (ut not suċient) onition or
vin jorn ermions.

ăe Hmiltonin or  spinul 1D superonutor (or in proximity to  superon-
utor) is iven y

H =
1

2

∫

dxΨ†HΨ, Ψ†(x) = (ψ†
↑(x), ψ

†
↓(x), ψ↓(x),−ψ↑(x)), (3.45)

were ψ†
α is  retion opertor or n eletron wit spin α. ăe Booliov-e Gennes

eqution t  prtiulr point in  1D system res

HΦ(x) = EΦ(x), Φ† = (u↑, u↓, v↓, v↑)
∗ (3.46)

wit u, v mplitues or te eletron, respetively ole, omponents o te wve un-
tion.

ăeBGeqution is mtrix equtionwere tere re our erees o reeom: spin
↑, ↓, prtile n ole. Generlly tere re our eienvetors n eienvlues solutions
to Eq. (3.46).

In tis prtiulr sis te H opertor, wi ntiommutes wit te Hmilto-
nin, is represente y σ2τ2K . ărouout σ re te uli mtries in te spin spe n
τ in te prtile-ole spe. ner te tion o te prtile-ole opertor te wve-
untion trnsorms s

σ2τ2Φ
∗(E) = Φ(−E). (3.47)

ăen te jorn onition res

σ2τ2Φ
∗(E) = Φ(E). (3.48)

ne n ompute lolly te overlp etween ny eienvetor n its prtile ole on-
jute t te same enery to see ow lose te wve untion respets tejorn on-
ition. However, te prtile ole opertor is eđne up to  pse wi is not esily
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etermine in prtil situtions. Hene te ous is on te rel prt o te overlp
ΦTσ2τ2e

−iθΦ∗, wi is enerlly  omplex numer. Let us onsier tis quntity s 
vetor tt n e eompose on te “jorn” x-xis (θ = 0) n y-xis (θ = π/2).
ăen to ientiy te jorn ermions one n tke te rel n iminry prts o
te overlp s polriztions lon te two xis. ăe jorn x- n y-polriztions re
eđne s

PMx
(x) = e[ΦT (x)σ2τ2Φ

∗(x)],

PMy
(x) = Im[ΦT (x)σ2τ2Φ

∗(x)]. (3.49)

ăe jorn polriztion vetor is ten eđne s te solute vlue o te jorn
polriztion vetor

PM(x) = |(PMx
, PMy

)|. (3.50)

Here te normliztion rom  jorn solution is onventionlly osen su tt
te overlp interte over te reion were te zero moe is extene res

∫

dxPM(x) =
1

2
, (3.51)

wi eoes te prtiulr squrin o  jorn ermion, γ2 = 1
2
.

Expliitly, in terms o te wve untion omponents, te jorn polriztion
omponents re

PMx
= 2e[u↓v∗↓ − u↑v

∗
↑],

PMy
= 2Im[u↓v

∗
↓ − u↑v

∗
↑]. (3.52)

ote tt te eđnitions involve pirin o eletrons n oles wit te sme spin, in-
itin  spin-triplet pirin in te moel. ăen  iĈerent wy to tink out te
jorn polriztion is to see it s  mesure o spin-triplet pirin in te moel. ote
tt it is possile to ve non-zerojorn polriztion, ut jorn ermion exists
only wen itsjorn ensity intertes to 1/2 (see Eq. 3.51) In te 1D spinul system
tt will ppen t zero enery.

It is well suite to ompre te jorn polriztion wit usul opertors use to
investite te lol struture o wve untion. Let us nelet or te moment te ole
erees o reeom. ăenone n eđne milir onepts s te lol eletroni ensity
o sttes opertor ρ̂(x) n te lol spin polriztion opertor Ŝ(x) t  iven eneryE
s

ρ̂(x,E) =
4

∑

n=1

Ψ†
n(x)

(

σ0 ⊗
τ0 + τ3

2

)

Ψn(x)δ(E − En), (3.53)

n

Ŝ(x,E) =
4

∑

n=1

Ψ†
n(x)

(

σ ⊗ τ0 + τ3

2

)

Ψn(x)δ(E − En) (3.54)
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3.3 ĮķļŀĮĻĮ ĽļĹĮŀĶŉĮłĶļĻ

were n inexes te eienvlue n te respetive eienuntion. ote tt Ŝ s  ve-
tor struture wit omponents in x, y n z-spin iretion.

In nloy te jorn polriztion opertors n e eđne rom Eq. (3.52)

P̂Mx
(x,E) =

∑

n

Ψ†
n(x)σ2 ⊗ τ2Ψn(x)δ(E − En), (3.55)

P̂My
(x,E) =

∑

n

Ψ†
n(x)σ2 ⊗ τ1Ψn(x)δ(E − En). (3.56)

ote in tt n eletron (or ole) will lwys ve zero jorn polriztion.
Eq. (3.52) sows tt te sme is te se wit wve untions wit spin-sinlet pirin
o te type (u↑, 0, v↓, 0). ăis rinsmore support to te ie ttjorn polriztion
mesures  eree o spin-triplet pirin in te system.

jorn polriztion n ensity re not pysil quntities tt one n mesure,
ut tey n e use to ive  piture o jorn exittions t zero enery. wo zero
moes wit opposite jorn polriztions provie  ler illustrtion to te t tt
tey re moes tt n e “omine” to orm  jorn unpolrize eletron (or
ole). wo jorn moes wit te sme polriztion n oexist nery, ut ten to
yriize n orm reulr eletroni sttes i teir polriztion is opposite. A rottion
o jorn polriztion mit e ue to te vrition o pysil prmeters s spin-
oit ouplin or te superonutin pse. ăese ses n pose  prolem s te nle
o rottion n e lolly epenent n iċult to interpret. ăen te solute vlue
o te polriztion vetor, tejorn ensity (3.50) woul emore suite to ientiy
 wve untion s jorn.
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Chapter 4
Topological semiconducting wire with Rashba
andDresselhaus spin-orbit coupling

ăis pter reonsiers te 1D spin-orit ouple semionutin wire rome. 24,
25] wit n itionl Dresselus spin-orit intertion. ăe wire supports jorn
moes tt present  prtiulr spin texture. ăe eletroni erees o reeom o te
jorn ermionsve  trnsverse polriztion to temneti đel tt is entirely e-
termine y te iretion o te spin-orit ouplin vetor. ăey re lwys opposite t
te two ens o te semionutinwire. Alreyjornmoes or twoimensionl
spin-triplet topoloil superonutors s een sown to exiit n Isin-like spin
ensity tt my llow teir etetion vi ouplin to  mneti impurity 112, 113].
In te sme vein it is sueste tt te spin texture in te 1D superonutor mit e
etete in  spin-polrize snnin tunnelin mirosopy experiment.

Furtermore, te jorn polriztion eđne in e. 3.3 is sown to e  oo
orer prmeter to esrie te topoloil trnsition in te moel.

4.1 Model Hamiltonian
Let us onsier  semionutin wire oriente lon te x-iretion, n in proximity
to n s-wve superonutor. Due to ulk inversion symmetry, semionutin wires
n exiit lon wit te s  intertion nlyze in es. 25, 87, 108], 
Dresselus  intertion 114].

In te present se, Dresselus I to đrst orer inmomentum p in te x-iretion
lon te wire tkes te orm βpσ1. ăe ouplin β n e o te sme orer o mni-
tue wit te s C (∼ 0.1 eÅ) 115]. ăeHmiltonin esriin te system
res

H =

∫

dx

[

ψ†
(

p2

2m
− µ+ αpσ2 + βpσ1 +Bzσ3

)

ψ + (∆ψ↑ψ↓ +H..)
]

. (4.1)
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4.1 ļıĲĹ HĮĺĶĹłļĻĶĮĻ

ăe uli mtries σ represent spin. ăe ientity mtries n te spin inex or te
ermioni đel re implie wen sent. ăe emil potentil is enote y µ, Bz is
te eemn đel,∆ is te inue superonutin pirin n α (β) rterizes te
mnitue o te s (Dresselus)  intertion.

Let us onsier or te moment  purely rel superonutin prmeter∆. Due to
te presene o superonutin orreltions, te Hmiltonin n e eqully ste in
 Booliuov-e Gennes orm

H =
1

2

∫

dxΨ†HΨ, Ψ† = (ψ†
↑, ψ

†
↓, ψ↓,−ψ↑),

H =

(

p2

2m
− µ+ αpσ2 + βpσ1

)

τ3 +Bzσ3 −∆τ1. (4.2)

uli mtries τ t in te prtile-ole spe. ăe prouts o uli mtries tt live
in iĈerent spes soul e unerstoo s  tensor prouts. ăe BG representtion
is prtiulrly useul s it llows ionliztion o te Hmiltonin in  sis o qusi-
prtile exittions.

ăe spin-orit intertion tens to orient te spins in (x, y) plne wit n in-plne
iretion nxy, wile te mneti đel remins perpeniulr to te plne. Bot Dres-
selus n s I ten to split te enery ns or sttes wit opposite spins
|nxy+〉 n |nxy−〉. For vnisinBz n∆, |nxy±〉 re oo eiensttes o te Hmil-
tonin

H|nxy±〉 = ξp ±
√

α2 + β2p|nxy±〉, (4.3)

were ξp = p2

2m
− µ.

ăemneti đel s te eĈet to open  p t zeromomentum. en te Fermi
enery is in tis p te system eomes eĈetively “spinless”. Finlly, wen superon-
utin proximity eĈet is onsiere, n lose to Fermi enery, te system n e
mppe to te Kitev moel. ăe s-wve pirin ∆ s te eĈet o openin ps t
Fermi momentum n to meite p-wve pirin or te spinless moel.

ăe presene o te Dresselus term only trivilly moiđes te spetrum or te
trnsltion invrint system25]. ăeeneryotiney squrin twie teBGHmil-
tonin res

E2 = ξ2p + (α2 + β2)p2 + B2
z +∆2 ± 2[ξ2p(α

2 + β2)p2 + ξ2pB
2
z +∆2B2

z ]
1/2. (4.4)

A numeril nlysis requires implementin te BG Hmiltonin in Eq. (4.2) on 
lttie. ărouout te setion, te lttie onstnt a n ~ re set to 1. ăe quntities
n e expresse in enery units o t = 1

m
. ăe usul sustitutions

∫

dx→ L
∑

j

, ψ(x) → 1√
L
cj, ∂xψ(x) →

cj+1 − cj−1

2
√
L

, (4.5)
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4. ļĽļĹļĴĶİĮĹ ŁĲĺĶİļĻıŃİłĶĻĴ…

were L is te size o te system, llow to write te iret spe lttie BG Hmilto-
nin:

H =
∑

j

C
†
j [(t− µ)τ3 +Bzσ3 −∆τ1]Cj −

1

2

[

C
†
j (t+ iασ2 + iβσ1)τ3Cj+1 +H..

]

,

Cj = (c†j↑, c
†
j↓, cj↓,−cj↑). (4.6)

ăe lttie Hmiltonin reproues te ontinuum Hmiltonin t low enery.

4.2 Topological invariant

ăe omputtion o te topoloil invrint n e rrie out extly in te se o
te lttieHmiltonin. ăe lultion will sow tt te topoloil onition is not
inĔuene y te Dresselus C β.

Any one-prtile ermioni Hmiltonin supports  representtion in  jorn
sis 67]. Let us onsier on-site rel qusiprtile exittionopertors (tejorns)

γ
(j)
1,α =

1√
2
(cj,α + c

†
j,α),

γ
(j)
2,α =

1

i
√
2
(cj,α − c

†
j,α). (4.7)

ăe jorn ermions oey te nti-ommuttion reltion

{γ(i)Aα, γ
(j)
Bβ} = δijδαβδAB, (4.8)

were, (i, j), (α, β), n (A,B) re site, spin, n respetivelyjorn inies. ăen in
te jorn sis ΓT

j =
(

γ
(j)
1↑ , γ

(j)
2↑ , γ

(j)
1↓ , γ

(j)
2↓
)

te lttie version o Hmiltonin (4.1)
is written

H =
∑

j

(t− µ) +
i

2

∑

i,j

ΓT
i AijΓj (4.9)

wereAij is n nti-symmetri relmtrix. ăe onstnt termoes not Ĉet teHmil-
tonin topoloy n n e nelete. ăemtrixAij enoes only on-site n nerest-
neior oppin terms. ăereore one n express teHmiltonin in  smll numer
o 4× 4 lok mtries, A(i− j), wi ontin only spin n jorn inies. ote
tt ue to nti-symmetry

A(i− j) = −A(j − i)T . (4.10)
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4.3 ĮķļŀĮĻĮ ŅĮńĲ ĳŃĻİłĶļĻ ŁļĹŃłĶļĻŁ

ăen, witout te onstnt term, te Hmiltonin res

H =
i

2

∑

j

[ΓT
j A(0)Γj + 2ΓT

j+1A(1)Γj],

A(0) = is2((t− µ) + Bzσ3) + i∆s1σ2,

A(1) = −1

2
[s2(it+ ασ2)− iβσ1]. (4.11)

ăe uli mtries s re pseuo-spin mtries representin te jorn (1, 2) eree
o reeom. ote tt te mtriesA(0) nA(1) re rel.

IH s  p, ten one n etermine i zero-enery jorn ermions live t te
ee o te 1D system y omputin  topoloil inex. A. Kitev s prove 67] tt
tey n exist only wen te jorn numerM is netive

M(H) = sn([Ã(0)])([Ã(π)]). (4.12)

Here Ã is te Fourier trnsorm o Aij ompute t two exeptionl points 0 n π in
te B. In te present se, wit only on-site n  terms

A(0/π) = A(0)± [A(1)− AT (1)]. (4.13)

ote tt ot spin-orit ouplin terms re symmetri in jorn n spin inies,
n tereore tey rop out rom te topoloil inex.

ăen te topoloil invrint res

M(H) = sn(µ2 − B2
z + |∆|2)sn((2t− µ)2 − B2

z + |∆|2). (4.14)

ăe onitions or te existene o te topoloil pse supportinjorn ermions
re unĈete y te Dresselus  intertions. As expete rom te experimentl
onsiertions, te nwit t is mu lrer tn te oter prmeters o te sys-
tem, (∆, Bz, α). Hene te seon term is lwys positive, n tus  topoloil pse
ontinues to exist or

B2
z > ∆2 + µ2. (4.15)

It is interestin to note owever tt jorn oun sttes n exist even in te -
sene o te s term, wen only Dresselus  intertions re present. Dressel-
us term s  similr eĈet s te s term in removin te spin eenery o te
enery ns.

4.3 Majorana wave function solutions
oiretly see te eĈet o teDresselus C it is opportune to stuy tewve un-
tions or te jorn ermions. It s een sown tt jorn oun sttes n
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Fi. 4.1: jorn ermions, represente in re, orm t te intere wit te topoloi-
lly trivil sttes wen te emil potentil retes  omin wll.

rise t te intere etween trivil n topoloil reions o  one-imensionl wire
y onsierin or exmple  position-epenent emil potentil 25]. imilrly, 
moel wire is ivie ere in tree reions wit vrile emil potentil. ăe emi-
l potentil n e ne trou tin su tt it tkes te vlue µ1 in te entrl
reion [0, L] n µ0 outsie

µ2
1 < B2

z −∆2, x ∈ [0, L],

µ2
0 > B2

z −∆2, x /∈ [0, L]. (4.16)

Hene  topoloil reion is orme in te entrl reion n jorn ermions re
expete t te ounry wit te outer, trivilly ppe reions.

ăe inđnite system exiits ps t p = 0 n  superonutin p t te Fermi
momentum pF 6= 0. ăe p t zeromomentum is∆−

√

B2
z − µ2, wile te p t pF is

te inue superonutin p ∆. o solve te system nlytilly, one ssumes tt
emil potentils µ1,2 re osen su tt te p t p = 0 is mu smller tn te
superonutin p. Equivlently, i te inue p ∆ is lose in mnitue to te
eemn enery, it is neessry only  smll ne in te emil potentil to swit 
reion rom  trivilly ppe pse to  topoloilly nontrivil pse. Hene te low
enery solutions n e otine y linerizin te BG Hmiltonin (4.2) in p.

H = (αpσ2+βpσ1)τ3+Bzσ3−∆τ1−
∑

j∈{0,1}
µj[θ

(

x(2j−1)
)

+θ
(

(x−L)(2j−1)
)

]τ3,

(4.17)

were θ is te Hevisie step untion.
ăe jorn wve untion is etermine y serin or zero enery solutions

oun to te ens o te topoloil reion. I te lent o te topoloil reion is
very lre, L ≫ 1, te lolize jorn sttes re oun inepenently t te two
ens. ăey ve te orm o our omponent spinors, n te mplitue o te wve
untion must ey wy rom te intere. For exmple, te Anstz or te lolize
untion t x = 0 is ψ0,1 ∝ e±k0,1x, wit wve vetors k0,1 > 0 n 0, 1, enotin te
leĕ (topoloilly trivil), respetively, te rit (topoloilly nontrivil) sie o te
intere.

ăe llowe wve vetors or te omplete system re otine y solvin or te
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zero enery eienvlues t e intere

k±j =
∆±

√

B2
z − µ2

j
√

α2 + β2
, j ∈ {0, 1}. (4.18)

ăe omplete solutions re orme y mtin te wve untions ross e in-
tere. er te interes, x = 0, L te wve untions re iven y

ψ(x ∼ 0) =







κu1(µ1)e
k−1 x, x > 0,

κ
2

[

(1 + tanφ1

tanφ0
)u1(µ0)e

k−0 x + (1− tanφ1

tanφ0
)u2(µ0)e

k+0 x

]

, x < 0,
(4.19)

n

ψ(x ∼ L) =







κu3(µ1)e
−k−1 (x−L), x < L,

κ
2

[

(1 + tanφ1

tanφ0
)u3(µ0)e

−k−0 (x−L) + (1− tanφ1

tanφ0
)u4(µ0)e

−k+0 (x−L)

]

, x > L.

(4.20)

ăe spin-orit vetor is

eiϑ =
(α + iβ)
√

α2 + β2
(4.21)

n te nles φj re eđne s

eiφj =
1√
2

(
√

1 + µj/Bz + i

√

1− µj/Bz

)

. (4.22)

ăe jorn eienvetors re iven y

u1(µj)
T = (osφje

iϑ,− sinφj, sinφje
iϑ, osφj),

u2(µj)
T = (osφje

iϑ, sinφj,− sinφje
iϑ, osφj),

u3(µj)
T = −(osφje

iϑ, sinφj, sinφje
iϑ,− osφj), (4.23)

u4(µj)
T = (− osφje

iϑ, sinφj, sinφje
iϑ, osφj).

ote tt te otine wve untions re inee jorn ermions respetin te
relity onition trou te pse oie (ϑ+π)/2 or te omplex oeċient κ. ăe
mnitue o κ is etermine rom te normliztion onitions o te wve untions
n is o te orer o (

√

B2
z − µ2

1 −∆/
√

α2 + β2)1/2.
ăewve untions llowone to ompute te spinpolriztiono tejornwve

untion n re iretly te inĔuene o te Dresselus C. ăe spin polriztion
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is reore ere only or te eletroni erees o reeom in te jorn wve un-
tion. It is ompute y tkin te zero enery expettion vlue

s(x) = ψ†(x)

(

σ ⊗ τ3 + τ0

2

)

ψ(x). (4.24)

For tejornwve untions romEqs. (4.19) n (4.20) extly t te intere,
x = 0, L, it ollows tt

s(0) = |κ|2
2

(

− sin(2φ1) osϑ, sin(2φ1) sinϑ, os(2φ1)
)

,

s(L) = |κ|2
2

(

sin(2φ1) osϑ,− sin(2φ1) sinϑ, os(2φ1)
)

. (4.25)

ăe ove results sow tt te wve untions ve te sme spin polriztion in z-
iretion, wi is ue to te tion o te eemn đelBz . However, tey ve equl
in mnitue, ut opposite trnsverse spin polriztions. In t, te iretion o te
spin polriztion t ot interes is iven entirely y te reltive weit o te s
n Dresselus C

s2

s1
= −β

α
. (4.26)

ăe jorn polriztion vetors or te jorn wve untions re lso reily
ville, PM = (PMx

, PMy
)

PM(0) = −PM(L) = −|κ|2(osϑ, sinϑ os(2φ1)). (4.27)

ăey re lso opposite or te two en jorn ermions. ăis ruly llows us to
ll te twomoes s “iĈerent”jorns. en te twomoes re rout toeter,
tey orm  reulr ermion wit zero jorn polriztion.

For đxe prmeters µ, ∆ n Bz , PMx
is proportionl to s1, wile PMy

is propor-
tionl to s2. ăus, wen only s/Dresselus C is present, te totl trnsverse
spin polriztion is proportionl to te jorn polriztion, wit  proportionlity
onstnt wi epens on te emil potentil potentil n te pplie eemn
đel. en ot omponents o te C re present, te jorn polriztion n
te trnsverse spin polriztion vetors re no loner olliner.

Eq. (4.26) inites tt te lol spin ensity or te jorn eletroni erees
o reeom soul rotte in trnsverse iretion uner te inĔuene o te Dresselus
term. It is importnt to stress tt tere is no trnsverse polriztion o te system. ăis
sttement remins true i one onsiers te entire jorn untion or i one puts to-
eter n eletron rom its “rtionlize” omponents t te two ens.
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4.4 Numerical study
ăe numeril stuy supports te nlytil stuy unertken in te previous setion.
ăe moel BG Hmiltonin is iven in Eq. (4.6), n is implemente in  100-site
system.

As mentione eore, te spin-orit ouplins or te pysil system n e ex-
pete to e o orer 0.1 e Å (~ = 1) or α ∼ β ∼ 104 m/s. Hene te spin-orit ou-
plin enery,mα2, is o te orer 1 K. ăe eemn enery n e o te orer∼ 100K,
wile te superonutin proximity eĈet n rete ps o orer∆ ∼ 1− 10K. ăe
oppin strent t = ~

2

ma2
is o te orer o te nwit ∼ 104 K 76, 108, 115]. In

te numeril simultions, te lttie onstnt a n te reue lnk onstnt ~ re
imensionless n equl to one, a = ~ = 1. All te pysil quntities re mesure in
units o te oppin strent t = 1. Due to đnite size eĈets on te 100-site system, it
is r to visulize te pysis o te jorn system or smll Bz n ∆ wit respet
to te oppin strent t. ăereore,Bz,∆, α re rtiđilly enne in te ollowin,
wile mintinin tem smller tn t. ăe reerene vlues or te rest o te simul-
tions re ∆ = 0.3, Bz = 0.4, α = 0.2 n µ = 0, n ny evition rom tese vlues is
expliitly note.

Ext ionliztion o BG Hmiltonin in Eq. (4.6) provies te lol ensity
o sttes, n te lol spin-polrize ensity o sttes lon te x, y, n z iretions.
For exmple te lol (site n) eletroni i-spin polriztion ensity t  iven enery E
is eđne ere s

sn(E) =
4N
∑

j=1

Ψ†(j)
n

(

σ ⊗ τ0 + τz

2

)

Ψ(j)
n δ(E − Ej), (4.28)

were N is te numer o sites in te system, Ej is te jth eienvlue o H n Ψ
(j)
n is

te site n omponent o te jth eienvetor,Ψ†
n

(j)
= (u

(j)
n↑ , u

(j)
n↓ , v

(j)
n↓ , v

(j)
n↑ ). imilrly, it is

possile to ompute te lol jorn polriztions s  lttie version o Eqs. (3.52)

PMx,n =
4N
∑

j=1

2e[u(j)n↓v
∗(j)
n↓ − u

(j)
n↑v

∗(j)
n↑ ]δ(E − Ej). (4.29)

ăe Dir elt untions re implemente s Gussins o wit∼ 10−4
~vF/a.

ăe x n z omponents o te spin polriztion, s well s te jorn polriz-
tion, in  system witout Dresselus C, re represente in Fi. 4.2. ăe nlytil
solution orretly preits tt tere is no y-spin polriztion, wile te zero oun
sttes ve opposite eletroni x-spin polriztion t te two ens. Due to te eemn
mneti đel, ot en moes re ientilly z-spin polrize. ăe zero-enery jo-
rn wveuntions re extene over  smll numer o ee sites, n exiit stronly
mpe sptil osilltions.
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Fi. 4.2: ăe spin polriztion lon () te z n () x iretions, n () te jorn po-
lriztion PMx

, s  untion o enery n position, ∆ = 0.3, Bz = 0.4, α = 0.2, β = 0 n
µ = 0.

ote tt te nlytil result in Eq. (4.25) preits tt te z-polriztion vnises
or µ1 = 0,

os(2φ1) = 0. (4.30)

ăis is not te se seen in te numeril simultions, were tere is  ppreile z-
spin polriztion o jorn moes (see Fi. 4.2()). However te nlyti result ws
otine y neletin te kineti term in te Hmiltonin rom Eq. 4.1. o lein
orer, te qurti term ontriutes wit n eĈetive µ

〈p2〉 ≈ O((∆−Bz)
2), (4.31)

wi retes  negative eĈetive potentil in qulittive or wit te numeril re-
sults. oreover, tis eĈetive emil potentil is responsile or te sptil (quikly
mpe) osilltions o te spin polriztion oserve numerilly. Altou tese os-
illtions re not pture y te ontinuum limit lultions, or ny site i te rtio
s2,i/s1,i epens only on te spin-orit ouplins in reement wit Eq. (4.25).

Fi. 4.3 exempliđes te se were only Dresselus C is present. ăe lol en-
sity o sttes revels tt zeromoes oun t te ens o tewire ontinue to e present
(see Fi. 4.3()). jorn n spin polriztion support te nlytil đnins. ăe
moes re entirely polrize on te y-iretion, i.e. ortoonl to te se α 6= 0 n
β = 0. For exmple,  plot o te jorn polriztion PMy

ientiđes te zero moes
s jorn sttes in Fi. 4.3().

ăe numeril results or tejorn polriztion presente in Fi. 4.2 lso ollow
loselyEq. (4.27). ăevlues o tejornpolriztion re lwys opposite t te two
ens o te wire. en te Dresselus term is non-vnisin, te moes in  PMy

omponent. itout Dresselus C, PMx
is proportionl in tis se to te x-spin

polriztion. However, in enerl tere is  ruil iĈerene romte spin-polriztion.
ăe jorn polriztion vetor rottes in te trnsverse iretion rom site to site.
en ot te s n Dresselus C omponents re present, te jorn
polriztion inEq. (4.27)epens on te os(2φ1) n, susequently, te rtioPMy

/PMx

n vry on te en sites over wi te jorn moe is extene, in ontrst to te
spin se. ăe preession o jorn polriztion mkes it more vorle to reister
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4.4 ŃĺĲŀĶİĮĹ ŁłŃıň
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Fi. 4.3: () Lol ensity o sttes n () jorn polriztion PMy
t∆ = 0.3,Bz =

0.4, µ = 0, α = 0, n β = 0.2. jorn oun sttes re present t te ens o  wire
ontinin only Dresselus C.
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Fi. 4.4: () Lowest-enery eienvlues n te l-wire interl o te jorn polriztion
PMx

(inset) s  untion o Bz . () jorn polriztion PMx
o te lowest-enery stte s 

untion o position nBz . rmeters: ∆ = 0.3, µ = 0, β = 0, n α = 0.2

te jorn polriztion ensity (3.50) n prove tt it is 0.5 or  zero enery moe
oun t te wire extremities.
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Fi. 4.5: () ăe lowest-enery eienvlues n te l-wire jorn polriztion PMx

interl (inset) re plotte s  untion o µ. In te seon pnel te jorn polr-
iztion PMx

o te lowest-enery stte is plotte s  untion o position n µ. ăe
prmeters onsiere re∆ = 0.3,Bz = 0.4, α = 0.2, n β = 0.

In te ollowin, te lim tt jorn polriztion is  oo orer prmeter to
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rterize te topoloil trnsition reeives more numeril support. ăis is one
y vryin e o te prmeters (∆, Bz, µ) to rive te system in  trivil pse. In
Fi. 4.4(),Bz is vrie n it is sown tt te systemeomes trivilly ppe (no-
jorn oun sttes) or Bz ≤ ∆. ăe inset esries te epenene o te l-wire
interl o tejorn polriztion or one o te lowest-enery sttes s  untion o
Bz (n interl o 0.5 is equivlent to  “ull” jorn stte). ăe jorn polriz-
tion ereses smootly to zero elow te ritil vlue o Bz . ăe sme penomenon
n e oserve in Fi. 4.4(), were te sptil istriution o te jorn polriz-
tion is plotte s  untion o Bz . ăe trnsition eomes srper or n inresin
system size. ăe sme qulittive etures re otine wen ∆ n µ re vrie ross
te topoloil trnsition. For exmple, te vrition o te emil potentil is repre-
sente in Fi. 4.5.

Discussion
ăe present pter s sown tt te jorn polriztion (n ensity) is  oo
lol orer prmeter to ientiy te topoloil trnsition t B2

z = ∆2 + µ2. Furter-
more, it ws sown tt tere is  spin texture in te trnsverse plne to te mneti
đel n it epens on te reltive strent o Dresselus n s spin-orit ou-
plin. ăe eletroni erees o reeom o tejorn wve untion t te two ens
o te wire re polrize in opposite iretions on te trnsverse plne. ăis oul e in
priniple etete trou  ontt to n impurity 112, 113]. However it is neessry
to etil su lim. How is it possile to ve ess only to te eletroni prt o te
wve untion?

ote tt te system remins spin unpolrize t zero enery, n tt oul e re-
lize only i tere is  ompenstion or te spin polriztions t te two extremities o
te wire. ăen te explntion or te reistere spin-texture must invoke  onserv-
tion o te polriztion in te trnsverse iretion. However, it remins in perspetive
to unerstn in more etil te pysil resons or tis prtiulr spin-texture.
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Chapter 5

ExtendedMajorana states in Josephson
junctions

ăe one-imensionl topoloil superonutor supportin jorn ermions ws
sown in te previous pters to mit  pertinent implementtion in  eterostru-
ture onstrute rom  spin-orit ouple semionutin wire in proximity to n s-
wve superonutor. Detetion semes o jorn ermions oĕen require uilin
on tis si struture. In prtiulr, or trnsport mesurements, te eterostruture
n e onnete to  norml metl reion, tus ormin  “superonutor”-norml
metl () juntion. ăey were reently investite experimentlly in e. 91] n
 zero-is onutne pek tout to e ssoite wit jorn ermions 103,
104, 116–118] ws etete trou tunnelin spetrosopy. A iĈerent system n e
onstrute y ouplin two topoloil superonutors trou  normlmetl su
tt jorn ermions orm in te norml reion. ăe presene o jorn ermions
in tese “superonutor”-norml metl-“superonutor” () juntions ives rise
to  rtionl Josepson urrent wit  4π perioiity 67, 102, 119–121].

In te present pter, severl moels or one-imensionl  n  juntions
re investite numerilly. ăe interest lies in ollowin te evior o te jo-
rn sttes in tese new eometries. ăe essentil property quire y te jorn
ermions ue to te ouplin to  norml metl is tt tey n eome extene sttes
(see e. 5.1 n es. 76, 118, 122, 123]) In te se o te  juntion, tis s te
prtiulr eĈet tt te norml reion supports two extenejorns (see e. 5.3).
ăis ppens only t  pse iĈerene π etween te two superonutors; oterwise
te jorn sttes yriize n orm Anreev oun sttes t ier eneries. ăe
two extenejorn ermions re reonize y rein  totl intertejorn
polriztion o one over te norml reion. Finlly, in e. 5.4.2, te ormtion ojo-
rn ermions is stuie in liner n rin eometries uner  uniorm superonutin
pse rient.? ] ăe rin eometry is o prtiulr interest s te twistin o te pse
llows te ormtion zero enery oun sttes in  norml reion, similr to te reulr
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(a) (b)

Fi. 5.1: emti representtions o () superonutor-norml n () superon-
utor-norml-superonutor juntions. ăey re rete y vin te spin-orit
ouple semionutin wire e on top o n s-wve superonutor (S). A per-
peniulr mneti đelBz ts on te wire.

 juntion.

5.1 Superconductor-normal junctions
Let us onsier đrst te  juntion tt is semtilly represente in Fi. 5.1(). ăe
system onsists o  spin-orit ouple semionutin wire in proximity to n s-wve
superonutor. However, te wire sits only prtilly on te superonutor. ăere-
ore it is ssume tt te superonutin proximity eĈet oes not Ĉet te entire
wire. ăis is moele y vin  onstnt inue p ∆ only onN sites. A vrition
onsiere susequently is tt o  eyin inue p, wi n e ssoite to 
penetrtion lent o Cooper pirs in te norml reion.

ăe Hmiltonin o te system is n menment to te moel in Eq. (4.6) wit
emil potentil µ, inue p∆, mneti đelBz n only te s spin-orit
ouplin α

H =
L
∑

j=1

C
†
j [(t− µ)τ3 +Bzσ3 −∆τ1θ(N − j)]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1 + H..

]

,

Cj = (c†j↑, c
†
j↓, cj↓,−cj↑), (5.1)

were L is te totl numer o sites in te system nN , te sites wit inue p. In
numeril simultions, te system sizeL is 100 sites nN is 80 sites. Hene te norml
reion extens over te lst 20 sites. nless expliitly speiđe, te moel prmeters
re osen te sme s in e. 4.4, Bz = 0.4, ∆ = 0.3, α = 0.2 n µ = 0, tus
plin te system uner te topoloil onition (3.41). ăe lttie onstnt a n
te reue lnk onstnt ~ re set to one; ll prmeters re expresse in units were
te oppin strent is one, t = 1. In ontrst to e. 4.4, te elt-untion enterin
te eđnition o LD n jorn polriztion re implemente s Gussins o
wit∼ 10−5

~vF/a.
ăe onition to ve jorn ermions remins te sme s te one inEq. (3.41)

B2
z > ∆2 + µ2. (5.2)

ăe ruil iĈerene is tt te rit jorn ermion rom te topoloil super-
onutor exten uniormly over ll sites o te norml reion. ăe interte -
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Fi. 5.2: esperesenttion o te jorn ensity s  untion o () te emil po-
tentil µ n () te mneti đel Bz . ăe topoloil trnsition were te jorn
ermion sttes ispper t µc ≃ 0.26 nBz = 0.3.

jorn ensity (3.50) (or lttie version (4.29)) over te norml reion is represente
in Fi. 5.2. ăe t tt it yiels te 1/2 inites tt tere is extly one jorn
ermion extene over te norml reion. Furtermore, te topoloil onition is
veriđe y vryin te prmeters o te system. Fi. 5.2() exempliđes te vrition o
te emil potentil µ, wile Fi. 5.2(), te vrition o te mneti đel Bz . In
ot ses te topoloil trnsition tkes ple t te vlues preite romEq. (3.41);
wen te oter prmeters re đxe, te ritil emil potentil is µc ≃ 0.26 n te
ritil eemn đel is (Bz)c = 0.3.
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Fi. 5.3: epresenttion o te zero-enery LD epenene on te oppin strent
tSN etween te superonutin n norml reion. A lolize jorn ermion
extens in te norml reion wen inresin ouplin to te ulk vlue t = 1.

ăe extenenture o tejorn ermions ne visulize y vryin smootly
te ouplin tSN etween te norml n superonutin reion. en te ouplin
is very wek, te superonutin reion is eĈetively onnete on te rit sie to
 trivil insultor. Hene jorn ermions remin lolize t te en o te super-
onutin reion. However, inresin te ouplin tSN les to extene zero enery
moes. ăis sitution is illustrte in Fi. 5.3 y reorin te zero-enery lol ensity
o sttes in te norml reion s  untion o tSN .
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Fi. 5.4: Low-enery jorn x-polriztion illustrtes te inresin loliztion o
ritjorn ermions wit te rowt o te superonutin reion y rmpin up
te penetrtion lent ξp. () ξp = 50, () ξp = 100, () ξp = 200.

Let us đnlly onsier  smoot ey o te superonutin p into te norml
reion. For  smll penetrtion lent ξp o Cooper pirs into te norml reion, te
system supports, s eore, extene jorn ermions. en te penetrtion lent
eomes lre, te topoloil superonutin reion is prolone into te norml
reion. ăereore te jorn ermions eome more n more lolize wit te
iminisin norml reion. In Fi. 5.4 is presente  limit se o te ove sitution.
ăe wire is onnete to  p-wve superonutor only t its leĕ ee n Cooper pirs
enter into tewire y proximity eĈet. In te sme sis s eore, teHmiltonin tt
moels te wire res

H =
L
∑

j=1

C
†
j [(t−µ)τ3+Bzσ3−∆e−j/ξp ]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1+H..

]

. (5.3)

Fi. 5.4 illustrtes seswit n inresin penetrtion lent. ote tt te penetrtion
lent n e seen s n estimte o te size o te topoloil superonutin reion
in te wire. As te penetrtion lent rows, te norml reion iminises n te
jorn ermions eome more n more lolize on te rit sie. ote in tt
jorn ermions t te two ens o te wire ve opposite jorn x-polriztion,
ut te extension o te rit jorn oes not wei on te t tt te interl
jorn polriztion in te norml reion yiels 1/2. Hene te “norml reion” osts
 sinle jorn ermion o vrile extension.

ăe ollowin setions remostly entere on te explortion ojorn ermions
in  juntions. ăe presene ojorns in te norml reion is ruilly isplye
in te rtionl Josepson eĈet. ăe essentil etures o tis prtiulr penomen
re presente next.

5.2 Fractional Josephson eĈect
A Josepson juntion is rete y rinin into proximity two superonutors (see
Fi. 5.5). Between tem n eiter e  wek metlli link, or n insultin rrier.
However, Cooper pirs n tunnel etween te two superonutors. ăis ives rise
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Fi. 5.5: emti piture o  Josepson juntion. itout loss o enerlity, one n
onsier tt te superonutin prmeter s equl solute vlue in te two super-
onutors. ăe leĕ superonutor is onventionlly onsiere rel, wile tere is 
superonutin pse φ in te rit wire. In te mile tere is n insultin rrier
or  metlli reion.

to te Josepson urrent, tt epens on te pse iĈerene etween te superon-
utors. Here te ous is on te DC Josepson eĈet 124], in wi tere is no volt-
e iĈerene ross te juntion n te pse etween superonutors is onsiere
đxe. ăis results in  iret urrent epenent on te pse iĈerene φ

IJ ∝ sin(φ). (5.4)

ăeremrkle eture o teoneimensionl systems supportinjorn ermions
is te presene o  Ěactional DC Josepson eĈet. ăe tunnelin etween te super-
onutin islns tkes ple y usinjorn ermions tt re lose on te leĕ n
rit sie o te juntion 67, 102]. ăis les to tunnelin events involvin sinle ele-
trons inste o Cooper pirs. ăe resultin urrent-pse reltion s te istintive
4π-perioiity

IJ ∝ sin(φ/2). (5.5)

o unerstn tis reltion, onsier  juntion rete usin te Kitev moel 76,
121]. ăe juntion is moele y te Hmiltonin

H = HL +HR +HT , (5.6)

were HL represents te Kitev moel (3.24) esriin te leĕ wire, wit rel super-
onutin orer prmeter, n, respetively,HR, te Kitev moel or te rit wire,
wit  enerlly omplex superonutin prmeter, vin  pse φ,∆ → ∆eiφ (see
Fi. 5.5). A sort juntion will ve te tunnelin HmiltoninHT iven y

HT = −Γc†RcL +H.., (5.7)

were Γ is te ouplin etween te superonutin islns. ăe opertors c†
R/L or-

respon to te ermion retion opertors on te rit n, respetively, on te leĕ sie
o te juntion.

Let us suppose tt leĕ n ritwires re in  topoloil pse, |µ| < 2|t|. ăen or
wires ple r wy rom e oter, tere re zero enery jorn ermions pinne
t te extremities o te two wires. en  juntion is orme y rinin toeter te
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two wires, te two en jorn ermions n ouple. Furtermore, t low enery, te
pysis is entirely etermine y te two en jorns. ăis is euse te wires re
ssume lon enou tt te inĔuene rom opposite en jorn ermions remins
neliile. oreover, ll te oter sttes re eneretilly seprte rom te jorn
ermions y te ulk superonutin p.

o unerstn te pysis o te Josepson juntion it is suċient to tret  limit
se, wen te jorn ermions re ompletely lolize t one extremity site (see
e. 3.2.2) or µ = 0 n∆ = t. ăen t low enery one uses Eqs. (3.26) to otin

cL → i√
2
γ2,

cR → 1√
2
γ1e

−iφ/2. (5.8)

ote tt in te ove low-enery sustitution, temissinjorn ermions rom te
eomposition o  omplex ermion yriize wit te jorn ermions rom j-
ent sites to rete ulk sttes. ăereore te low-enery Hmiltonin o te juntion
res

Heff = −iΓ os(φ/2)γ1γ2,

= −Γ

2
os(φ/2)(2c†c− 1). (5.9)

ăe seon equlity is otine y usin Eq. (3.23); te eĈetiveHmiltoninws writ-
ten s  untion o te ouption numer c†c o te eletroni stte ue to te usion
o te jorn ermions γ1 n γ2.

As expline in e. 76], one notes tt te ouption numer is trivilly  on-
serve quntity euse it ommutes witHeff. ăereore n oupie stte s enery
E = −Γ/2 t φ = 0 n oes to E = Γ/2 t φ = 2π. ăe pse φ nees to inrese
y noter 2π or  stte to ome k t te oriinl enery. ăis is te 4π-perioiity
o te enery spetrum rteristi to te rtionl Josepson eĈet. As nnoune,
te 4π-perioiity reĔets itsel lso in te Josepson urrent

IJ ∝ ∂〈Heff〉
∂φ

=
Γ

2
sin

(

φ

2

)

. (5.10)

ote tt t φ = π/2 tere re two eenerte zero enery sttes: te jorn
ermions. At tis nle tere is  pir o jorn ermions trppe t te juntion.
Awy rom φ = π/2, te enery sttes re liĕe rom zero n eome Anreev oun
sttes insie te superonutin p. ăe rest o te pter is evote to vrious in-
rntions o te rtionl Josepson eĈet in lon juntions.

90



5. EŇłĲĻıĲı ĮķļŀĮĻĮ ŁłĮłĲŁ…

γ1 γ2 γ1 γ2∆ ∆

γ1 ∆ γ2 −γ2 ∆e
iπ γ1

Fi. 5.6: A iĈerent view o rtionl Josepson eĈet. An  juntion is rete
y onnetin two topoloil superonutin reions wit jorn ermions t ex-
tremities. ăe rit reion n ve  omplex pse. en te wires re onnete
trou  metlli setion, two entrl jorn ermions exten insie n yriize.
However two entrl jorn ermions re ientil t φ = π n o not yriize.

5.3 Superconductor-normal-superconductor junction

ăe  juntion onsiere ere is semtilly presente in Fi. 5.1(). ăe wire is
ple on two s-wve superonutin islns. Due to te proximity eĈet, tese two
outer reions o te wire re mppe to topoloil superonutors. Conventionlly,
te leĕ reion s  rel superonutin orer prmeter, wile te rit reion s
 omplex superonutin orer prmeter wit  pse φ. ăe entrl reion o te
wire oes not experiene te superonutin proximity eĈet n orms te norml
reion o te juntion.

ăemin purpose o te pter is to illustrte te Josepson eĈet in tis eometry.
ken seprtely, e superonutin reion supports jorn ermions t its ens.
en tey re onnete trou te norml reion, te two en jorn ermions
n eome extene in te norml reion. ăis penomenon tkes ple t  pse
iĈerene φ = π etween te superonutin islns. For iĈerent vlues, te two
entrljorn ermions ormexteneAnreev sttes t eneries lower tn te ulk
superonutin p.

Here te jorn polriztion is use to illustrte te t tt jorn ermions
t te juntion re o te sme type orφ = π. ăis suests  iĈerentwy to look t te
Josepson eĈet. A rottion o te pse π in  superonutin reion mniests itsel
s  ne γ1 → −γ2 n γ2 → γ1. ăereore, t φ = π, te two jorn ermions
t te juntion re o sme type n o not ouple (see Fi. 5.6). For ny oter vlue in
[0, 2π] tere is  yriiztion into Anreev oun sttes. An nlysis o te jorn
polriztion ptures tis result, euse  rottion wit φ proues  rottion o te
polriztion vetor (PMx

, PMy
). At φ = 0 te vetor s only  PMx

omponent (see
Cp. 4). A ne o pse y π rottes te polriztion vetor y π. Hene t φ = π

tere re two zero moes wit te sme jorn polriztion in te juntion, n,
susequently, te norml reion will re  jorn ensity o one.

In te numeril stuy,  L = 100 site system is onsiere. ăe moel prme-
ters re osen s in te previous setion. ăe inue superonutin prmeter∆ is
moele s Hevisie step untion. I  smoot ey is onsiere inste, ten only
te extension o jorn ermions in te norml reion is Ĉete. ăe Hmiltonin
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Fi. 5.7: () jorn polriztion ensity view o te rtionl Josepson eĈet. At
nle φ = π tere re two jorn ermions ormin in te juntion. () Density o
sttes in te norml reion tφ = π. oustjornmoes re present in te juntion
wit te vrition o µ. ăe ritil emil potentil were te jorn moes re
estroye is preite y te topoloil onition (3.41, µc ≃ 0.26.

tt moels te system in Fi. 5.1() res

H =
L
∑

j=1

C
†
j [(t− µ)τ3 +Bzσ3]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1 +H..

]

−
N1
∑

j=1

C
†
j∆Cj −

L
∑

j=N2

C
†
j∆e

iφCj, (5.11)

were te norml reion extens etweenN1 nN2. Durin te simultions te nor-
ml reion s 20 sites,N1 = 40 nN2 = 60.

ăepysis o te rtionl Josepson eĈet is veriđe y vin wire tt respets
te topoloil onition,B2

z > ∆2+µ2. In Fi. 5.7() is represente tejorn po-
lriztion ensity interte over te norml reion s  untion o te superonut-
in pse. ăis illustrtes two essentil properties: tere re two jorn ermions in
te juntion (te ensity rees te vlue one) n tey exist only wen te pse is
equl to π. Aitionlly, te jorn ermions tt orm t te juntion re roust
wen nin te prmeters o temoel. ăis mens tt te topoloil onition
or te existene o jorn ermions remins vli. For exmple, in Fi. 5.7(), te
emil potentil µ is vrie. Consequently, te jorn ermions in te juntion
survive until rein te ritil emil potentil etermine rom te topoloil
onition (3.41), µc ≃ 0.26.

Finlly, te jorn polriztion piture o te rtionl Josepson eĈet is e-
tile in Fi. 5.8. For  zero pse iĈerene etween te superonutin islns, tere
re nojorn ermions ormin in te juntion. jorn ermions remin t te ex-
tremities o te wire euse te system sits in  topoloil pse (3.41). ăewoul-e
jorn sttes in te norml reion yriize n pper s Anreev oun sttes t
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Fi. 5.8: jorn x-polriztion, PMx
, t () φ = 0 n t () φ = π. ăe jorn

polriztion rottes wit te pse. At φ = π tere re two extenejorn ermion
ormin in te norml reion. () jorn polriztion PMx

(re) n PMx
(lue) or

te jorn ermion trppe t te rit extremity.

eneries lower tn te superonutin ulk p (see Fi. 5.7()). en te pse
vries rom φ = 0, te jorn ermion t te rit en o te wire respons y ro-
ttin its polriztion vetor. ăe Anreev sttes et rully loser to zero enery s
te pse pproes φ = π n itionlly ne teir polriztion. At φ = π te
Anreev sttes use to rete extene jorn ermions wit te sme polriztion
(see Fi. 5.7()). Hene n interte jorn ensity o 1 (i.e. 2 jorn ermions)
is reore in te norml reion. In Fi. 5.7() is represente te rottion o te polr-
iztion vetor or te rit enjorn ermion. It ws eke in e. 122] tt te
Anreev oun sttes, wen pproin zero enery, rully in  jorn polr-
iztion to ompenste te ne in polriztion o te rit en zero-oun enery
stte.

5.4 Ring with a uniform phase gradient
ăis setion evelops te previous numeril stuy o te  juntion to rin eome-
tries s te one semtilly illustrte inFi. 5.9(). ăe spin-ouple semionutin
wire is sione into  rin n ple Ĕt on n s-wve superonutor. ne setion
o te wire oes not tou te superonutor n, onsierin tt it oes not experi-
ene te superonutin proximity eĈet, orms te “norml” reion o te rin. ăe
rest o te rin relizes  topoloil superonutor. Even i te tewire prmeters re
osen su tt it lls uner te topoloil onition (3.41), tere will e no jo-
rn ermions t te intere etween te norml n superonutin reion. ăis is
euse te woul-e jorn ermions ormin t te two ens o te superonut-
in reion ommunite trou te norml reion n re liĕe rom zero enery.
everteless jorn ermions oul still orm i te pse o te superonutor is
llowe to vry lon te wire.

In e. 125], it ws sown tt superurrents in te ulk o te superonutor
oul e use in priniple to mnipulte te jorn ermions. ore preisely, it s
een sown tt  onstnt sptil rient in te pse o te superonutin prm-
eter n rive te system rom  topoloil pse supportin jorn ermions to 
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(a)
φ

x

0

π
(b)

Fi. 5.9: () in eometry were  uniorm pse rient vries te pse o te in-
ue superonutin prmeter rom 0 to φ in te superonutin reion S. ăe
norml reion () in te wire is represente y  se line. () rition o te su-
peronutin pse in  topoloil Cwire: te pseφ is set to zero in te leĕ reion,
n  onstnt rient is onsiere to e inue in te entrl reion y ulk super-
urrents (in re) su s tt te pse φ rees  vlue o π in te leĕ reion o te
wire.

trivil psewitout zero-enery ounmoes. ăis is te neessry inreient to orm
jorn ermions in te rin eometry.

Beore tklin te rin eometry, it is instrutive to investite đrst te liner eom-
etry in orer to unerstn te tion o te uniorm superonutin pse rient.
ăis stuy ws rrie out in e. 125] n it is illustrte ere in te ontext o  one-
imensionl tit-inin moel. ăe liner eometry is ientil to te one trete in
e. 3.2.3 wit te essentil justment tt te superonutin pse is llow to twist
lon te wire vi  uniorm pse rient. ne n lso sion  triprtite system
were te rient ts only on te entrl reion o te wire. A typil sptil epen-
ene o te pse is presente in Fi. 5.9(); tere re two outer reions o onstnt
pse, wit  entrl reion uniorm experienin  pse twist. ăe min interest lies
in đninweter te uniormpse vritionmy ive rise to similr pysis to te one
oserve in te  juntion. ăe question is i trou te tion o te pse r-
ient lone it is possile to rin te entrl reion in  “norml pse”. In te seon
susetion, te rin eometrywit uniormpse rient inFi. 5.9() is investite
in orer to ientiy te jorn ermions in te norml reion.

5.4.1 Constant phase gradient in a wire
Consier te system present in te previous setions wit te sme moel prmeters.
ăe system is ompose o tree prts wit  entrl reion tt experienes te uniorm
pse rient∇φ n is moele y te Hmiltonin

H =
L
∑

j=1

C
†
j [(t−µ)τ3+Bzσ3−∆e−iφj ]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1+H..

]

. (5.12)
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ote tt te pse o te superonutin prmeter, φj , is site-epenent. In te
entrl reion o te wire (etween sitesN1 nN2) tere is  pse rient∇φwi
ts y inresin te pse, φj = φj−1 +∇φ.

Beore lunin into  numeril nlysis o te tit-inin Hmiltonin in
Eq. (5.12), it is worty to onsier te eĈet o te onstnt pse rient on te topo-
loil invrint. It is not entirely surprisin tt te rient o te superonutinp-
rmeter n mke te system swit etween  topoloil trivil n nontrivil pse.
For  uniorm rient, tis n e reily unerstoo in te limit o n inđnite wire. As
sown in e. 125], te pse o te pirin term n e ue wy, wit te eĈet o
in  rient-epenent orretion to te nonil momentum n o renorml-
izin te oppin prmeter n te spin-orit ouplin. For n inđnite tit-inin
wire, te onition to ve  topoloil pse, ompute usin te meto presente
in e. 4.2, yiels
{[

µ− t

8
(∇φ)2

]2

−α2(∇φ)2

4
−V 2

z +|∆|2
}

×
{[

µ−2t− t

8
(∇φ)2

]2

−α2(∇φ)2

4
−V 2

z +|∆|2
}

< 0.

(5.13)

en te nwit t is lrer tn te oter prmeters o te system, te seon
term o te prout is lwys positive. ăus, or  zero emil potentil µ, te ritil
pse rient is te ext lttie nloue o te ontinuum expression etermine in
e. 125]:

(∇φ)c = 2
√
2

{(

α

t

)2

+

[

V 2
z −∆2

t2
+

(

α

t

)4]1/2}1/2

. (5.14)

A pse rient s  Cooper pir-rekin eĈet n n lose te superonutin
p t te Fermi momentum. ăis les to  seon ritil vlue or te pse ri-
ent (∇φ)gl ove wi te ulk p loses n te system enters  pless reime (see
Fi. 5.10). Its ext vlue is etermine y numerilly stuyin te losin o te p
or n inđnite system tt experienes  uniormpse rient∇φ. ăe stuy is rrie
ere on  momentum spe Booliuov-e Gennes Hmiltonin

H =
1

2

∑

k

C
†
kHCk, Ck = (c†k↑, c

†
k↓, c−k↓, c−k↑),

H = (t− µ)τ3 +Bzσ3 − |∆|τ1 (5.15)
− [t os(k) + α sin(k)σ2] os(∇φ/2)τ3 − [t sin(k)− α os(k)σ2] sin(∇φ/2).

For te system prmeters (Bz = 0.4,∆ = 0.3, α = 0.2, µ = 0), te rient or wi
te system enters te pless pse is (∇φ)gl ≃ 0.27, wile te topoloil onition
etermines  ritil pse rient (∇φ)c ≃ 1.57.

Let us enote te entrl reion wi experienes te uniorm pse rient s
G. ăe wire strts in  topoloil pse t zero rient n ene it supports two
jorn ermions t its extremities. ăequestion to e teste isweter newjorn
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Fi. 5.10: se irm o te spin-orit ouple semionutin wire in proximity to
 superonutor, uner  pse rient∇φ (tken rome. 125]). B is temneti
đel (Bz),∆ te inue superonutinprmeter,µ te emil potentil nu te
spin-orit ouplin onstnt (α). ăe system presents ppe topoloil pses ()
wi supportjorn ermions n trivil pses witoutjorn ermions. ăere
re lso pless pses (GL) (mniestly evoi ojorn ermions). Centrl to te
present stuy is te t tt strtin rom  topoloil pse () t zero rient it
is impossile to enter  trivilly ppe stte trou te tion o te rient lone;
te rient puses te system into  pless (nontopoloil) pse.

ermions n orm t te intere o te G wit te outer reions, or extene in te
G s in n  juntion. ote tt te ove onsiertions llow us to eliminte
te đrst possiility. Beuse (∇φ)c > (∇φ)gl, te system enters đrst  pless reime,
so tere is no ounry to  trivilly ppe pse t te ees o te G. Inspetin
te pse irm in Fi. 5.10 inites tt tis result is enerl in nture. Always
n inresin pse rient puses te system rom  topoloilly ppe pse to 
pless reime n tereore no lolize jorn oun sttes re expete.

I te trnsition tkes ple to  pless pse, ten it still remins open te possi-
ility tt jorn ermions oul orm s extene sttes in G. However te r-
ient s  prtile-ole rekin eĈet76, 125] n, moreover, losin te protetion
o te ulk p les to te estrution o jorn ermions even or pse rient
vlues ove (∇φ)c. In Fi. 5.11() te pse rient over te 20 entrl sites is π/20,
smller tn te (∇φ)gl vlue n te G remins topoloilly ppe. ăere is n
unique topoloil pse in te system n ene tere re only two jorn sttes
wi orm t te wire ens. Beuse o te reltive pse φ = π etween te two outer
reions, te jorn ermions ve ientil jorn polriztions. Inresin te
rient s te eĈet to pus te system in  pless reime n to rstilly iminis
te p to te đrst exite sttes in te G, owever no jorn ermions orm in te
G.
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Fi. 5.11: ()ăe pse o te superonutin prmeter is twiste y π over 20 entrl
sites. ăe entrl reions remins topoloilly nontrivil n jorn ermions wit
te sme polriztion orm only t te ens o te wire. () se in o 11π over 11
sites. wo jorn ermions orm in te G vin n opposite polriztion wit
respet to te en moes.

everteless, tere is one speil se in wi jorn ermions n orm in te
G. ăis sitution rises wen te G is onstrute s  series o Josepson juntions
wit pse inrese o (2n+1)π etween twoneiorin sites, witnein n inteer.
ăe G must onsist o n o numer o sites, to ensure  reltive pse iĈerene
(2n′+1)π etween te leĕ n rit reions. ăen extenejorn ermions orm in
te G. ăis sitution is exempliđe in Fi. 5.11(): two extene jorn ermions
orm or  pse iĈerene o φ = 11π over n 11-site G. Intertin te jorn
polriztion over te entrl reion yiels  totl vlue o one, sowin tt only two
jorn sttes orm in tis reion. ăis limit se is te only one were jorn
ermions re orme s extene sttes in te G. turlly it is iċult to expet tt
su stron rient n su prtiulr onitions n e oun in  pysil system.

It is noteworty to point te enerl t tt te system is invrint uner  ne
o 2π in te pse rient. Hene or n N -site G, tere is  2πN perioiity in te
totl reltive pse φ etween te leĕ n rit ens o te wire. In te speil se
wen te rient is over n o numer o sites wit jorn ermions ormin t
∇φ = (2n+ 1)π, te perioiity in te totl pse is 4πN (see in Fi. 5.12()).

5.4.2 Ring with a uniform phase gradient

Let us investite te presene o jorn ermions in te rin eometry rom
Fi. 5.9(). ăe pse o te superonutin pse is twiste wit  pse rient
∇φ. ăe question is uner wt onitions o jorn ermions orm in te norml
reion.
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Fi. 5.12: () Evolution o te đrst two positive eienvlues wit te pse iĈerene
φ or  11-site G. ăe onstnt zero-enery moe orrespons to n en jorn
stte. ăe enery o te otermoe evolves wit φ n rees zero only wen tere is 
(2n+ 1)π pse iĈerene etween two neiorin sites (tis ppens ere or n = 0
n n = 1, orresponin to φ = 11π n respetively φ = 33π). () Evolution o te
lowest-enery moes wit te pse iĈerene φ. ote te siĕ δφ rom te expete
ormtion o jorn ermions t π.

ăe tit-inin Hmiltonin esriin te system res

H =
∑

j∈	

{

C
†
j [(t− µ)τ3 +Bzσ3]Cj −

1

2

[

C
†
j (t+ iασ2)τ3Cj+1 + H..

]

}

−
N2
∑

j=N1

C
†
j∆e

−iφjτ1Cj. (5.16)

ăeđrst sum runs over te entire rin (	), wile te seon sum runs over te superon-
utin reion etween te sites N1 n N2. In te superonutin reion te pse
rows uner  uniorm rient φj = φj−1 +∇φ.

ile no jorn sttes re orme t φ = 0, or peulir vlues o te pse i-
erene umulte over te superonutin reion, n or pse rients tt re
not too lre, jorn ermions n orm in te norml reion. ăis n e seen in
Fi. 5.12(), were re plotte te low-enery eienvlues s  untion o te totl
pse iĈerene. In priniple, wen te umulte pse is π, te woul-e jo-
rn sttes re o opposite type n oul exist s extenemoes in te norml reion.
everteless, note tt in simultions tejorn ermions orm t  pse iĈerene
slitly lrer tnπ (see Fi. 5.12()). u evition rom π n e ttriute to đnite
size eĈets n to te ommunition o te zero moes trou te superonutin
reion.67] In numeril simultion,jorn ermions orm t π+δφ n te siĕ δφ
ereses wit system size. ăe jorn polriztion is plotte t tis prtiulr vlue
in Fi. 5.13(). Intertion o te polriztion sows tt te two zero enery moes
ve te sme polriztion, wi is in up to  vlue o one.

ăis 2(π+δφ)perioiity in te ormtionojorn ermions is preserve or r-
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Fi. 5.13: () jorn polriztion s  untion o enery n position or  rin wit
 totl pse iĈerene o π + δφ. ăe system is perioi wit site đrst n lst site
equivlent. Extene jorn moes orm over te entire norml reion. () First
two positive eienvlues or  eresin G lent. ăe totl pse iĈerene is kept
t φ = π, wile te numer o sites is vrie. Close to te ritil vlue o te rient
(∇φ)gl = 0.27 ≃ 11.6, te system psses into  pless reime. Due to đnite-size eĈets
te numeril nlysis reovers tis trnsition t  smller vlue tn te expete 11 or
12 sites.

ients smller tn te ritil pless trnsition rient (∇φ)gl = 0.27, orrespon-
in to  totl pse iĈerene o φ ≃ 21.6π. As esrie ove, lrer rients re
preite to rive te G to  pless reime. However, numeril simultions ini-
te tt wile lrer rient vlues o seem inee to tke te system into te pless
pse, jorn ermions my still orm or peulir rient vlues; t tis point we
o not unerstn te oriin o tis penomenon.

Anoter wy to illustrte te evolution o te systemwit te vlue o te pse r-
ient is to đx te totl pse in φ = π, n to stuy te evior o te low-enery
moes wit te numer o sites in te G ( lrer numer o sites is equivlent to 
smller pse rient). As it s een illustrte in Fi. 5.12(), ue to đnite size e-
ets, one s nminip or tewoul-ejorn sttes; te enery p or tismoe
eomes smller n smller wit inresin te numer o sites. en te numer o
sites is reue, te onstrint o onstnt totl pse φ rives te system to lrer n
lrer rients. ăus it is possile to ttin te ritil vlue o te pse rient tt
sinls te pssin o te system into te pless pse. For n inđnite system tis is
(∇φ)gl ≃ 0.27, orresponin to π/11.6. ăus  pse trnsition is expete wen G
rees te size o 11 − 12 sites. Inee  rossin o te ns n liĕin o te low-
enery moes ppens or  size o te G o out 9 sites (see Fi. 5.13()).

5.5 Discussion
ăepresent pter s stuie te evior ojornmoes in severl  n 
juntion onstrute rom semionutin spin-ouple wires in proximity to n s-
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5.5 DĶŁİŃŁŁĶļĻ

wve superonutor. ărouout, it ws sown tt ouplin jorn moes to 
norml metl n le to extene jorn moes in te ltter. ăe extension o te
moes is ontrolle y te penetrtion lent ξp o superonutivity in te norml re-
ion. Inresin te penetrtion lent les to  reution o te norml reion. In
te limit o  penetrtion lent lrer tn te norml reion size, te system eomes
eĈetively  topoloil superonutor wit lolize jorn ermions.

In te ontext o  juntion, it ws sownowjorn polriztion n e use
to illustrte te pysis o te rtionl Josepson eĈet. ăe superonutin pse
les to  rottion o jorn polriztion. In tis mnner, te extene jorn
ermions ormin t  pse iĈerene φ = π ve te sme polriztion n o not
yriize to orm Anreev oun sttes.

Finlly, ses wit  uniorm rient in te inue superonutin pse were
trete in liner n rin eometries. In te liner se,  topoloil superonutor in
 nontrivil pse   entrl reion sujete to  uniorm rient. However it ws
impossile to inue jorn ermions t te interes wit te outer reions. ăe
entrl reion oul not e turne into  trivilly ppe pse ue to te t tt te
system lwys enters đrst into  pless reime. Hene te possiility to ve lolize
jorn ermions t te intere is exlue. oreover, te rient s  Cooper
pir-rekin eĈet n witout te protetion o te ulk p tere re no extene
jorn ermions in te “norml” reion. Extene moes were sown to exist only
in te se were te totl pse in is n o multiple o π n, simultneously, te
rient nes y π rom site to site. ăen te system eves s  series o sort
Josepson juntion e t pse iĈerene φ = π.

In te se o te rin eometry rryin  “norml” reion, it ws sown tt te
uniorm rient n twist te pse in te topoloil superonutin reion su
tt its two ens ve  iĈerene o π. ăen te systemmps to  reulr  juntion
n extene jorn moes orm in te norml setion. Finite size eĈets proue
 siĕ δφ rom te iel vlue φ = π. It remins in te uture to investite te pres-
ene ojorn ermions t ier rient vlues ove te trnsition into te pless
reime; tese re not preite y te teory n o not seem to rise wit te perio-
iity 2(π + δφ).
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Chapter 6
MultipleMajorana fermions in a two-band
model

ăe spin-ouple semionutin wire stuie in te previous pters supports Z2

topoloil pses, were jorn moes pper ue to proximity eĈet to n s-wve
superonutor. ăe inexZ2 mens tejorn ermions re essentilly solitry zero
oun moes livin t te intere o te wire wit te vuum. ăey re liĕe rom
zero enery trou ouplin wit noter jorn ermion n tey orm  reu-
lr omplex ermion. Is it possile to ve multiple jorn livin in proximity to
e oter in  1D wire? ăis question s reently reeive  ler positive nswer. In
e. 126] it ws sown tt in te lss o irl topoloil superonutors BDI, one
n in priniple ve  system esrie y Z topoloil invrint (see . 1). ăere-
ore multiple jorn ermions oul e ommote t te ens o  wire. ăe
possiility ws me more onrete wen  simple two-n tit-inin superon-
utin moel or spinless ermions in te BDI lss ws sown to ol two jorn
moes 127].

In te present pter te moel propose in e. 127] is trete s n iel moel
on pr wit te Kitev moel. It is tully n extension o Kitev moel wit te ru-
il moiđtion tt tere re next-nerest-neior oppins n superonutin
prins in te moel. ărou simple ruments it is sown ere tt tis is enerlly
 suċient onition to llow or multiple jorn ermions lolize t n ee.

Furtermore, ere re investite te speiđ sinture ue to presene o mul-
tiple jorn ermions. For one te presene o severl jorn ermions t one
ee o te superonutin wire opens severl Anreev trnsport nnels in  jun-
tions n tereore te onutne n re te vlue 2e2/h × Q witQ ∈ Z 128].
However, te ous ere is on te question weter te rtionl Josepson eĈet, or
Josepson juntion onnetin wires wi support multiple jorns, survives n
te nomlous 4π-perioiity o te pse/urrent epenene is mintine.129]

Finlly, te possiility to rete newjornmoes trou te ition o  uni-
orm superonutin pse rient in te entrl reion o te 1D wire is explore.
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6.1 ļĽļĹļĴĶİĮĹ ĽŀļĽĲŀłĶĲŁ ļĳ Į łŅļ-įĮĻı BDI łļĽļĹļĴĶİĮĹ
ŁŃĽĲŀİļĻıŃİłļŀ

ăe rient n lolly pus te system in  non-trivil Z2 pse, wile te rest o
te system remins  topoloilly trivil Z2 (ut nontrivil Z). ăen new jorn
ermions orm t te interes wit te uniorm rient reion, wile multiple jo-
rn moes n susist t te en o te wire.

Beore nlyzin te properties o H, let us provie some enerl symmetry ru-
ments wi explin wy  enerl 1D Hmiltonin n sustin pses wit more tn
one jorn en sttes.

6.1 Topological properties of a two-bandBDI topological
superconductor

6.1.1 Symmetry constraints
A1Dsuperonutin system nvemultiplejorn oun sttes t its enswen
te system exiits prtile-ole symmetry n, ruilly is lso time-reversl invrint
(I) 126, 127]. For te two-n Booliuov-e Gennes (BG) Hmiltonin pre-
sente ere, tis n e seen rom te ollowin simple rument. A enerl two-n
BGHmiltoninH oeys Hy onstrution, n n ewritten in te prtile ole
sis s

H = h · τ , (6.1)

were τ s re te uli mtries in te prtile-ole spe. ote tt uner H symme-
try te omponents o te vetor Hmiltonin h oserve

h1(k) = −h1(−k),
h2(k) = −h2(−k),
h3(k) = h3(−k). (6.2)

ăe time reversl opertor or spinless ermions is just te omplex onjutionopertor.
Hene, i te system is I, te omponents o h oey te ollowin onstrints:

h1(k) = h1(−k),
h2(k) = −h2(−k),
h3(k) = h3(−k). (6.3)

rtile-ole n time-reversl symmetries impose te irl symmetry represente y
te opertor τ1 wi nti-ommutes wit te Hmiltonin

{H, τ1} = 0. (6.4)

I H oeys ll tese symmetries, ten it ollows tt h1 must vnis. Hene H s only
two reminin omponents n, tereore, ĥeđnes mppin rom teBrillouinone

102



6. ŃĹłĶĽĹĲ ĮķļŀĮĻĮ ĳĲŀĺĶļĻŁ…

(B) to te Blo “irle”

ĥ : T 1 → S1. (6.5)

Hene te mppin is rterize y  winin numer w wi is n inteer 126].
ăereore  two-n BG Hmiltonin elons to te topoloil BDI lss r-
terize y  Z topoloil invrint 11–13].

6.1.2 Winding number of a circuit and role of distant site couplings
ăeormo tewininnumerwill ive n insit toownone inrese tenumer
o jorn ermions y in istnt-site ouplin terms in te Hmiltonin. Let us
lriy te omputtion o te winin numer o  lose urve roun te oriin in
te 2D plne; te urve is  mppin f : T 1 → R

2\{0}. By omponents te urve res
f(t) = (x(t), y(t)). Let t prmetrize tis urve wit t ∈ [0, 2π). ăen te winin
numer w o te urve roun te oriin in R res

w =
1

2π

∫ 2π

0

dt
xẏ − ẋy

r2
, r2 = x2 + y2. (6.6)

ăe winin numer n e ompute usin te Brouwer eree o  urve 45].
In te se tt te kernel o untion x(t) s  đnite numer o points t, te winin
numer reues to

w = −1

2

∑

t∈kerx
sn

[

ẋ(t)y(t)
]

. (6.7)

An equivlent ormul or te winin numer n e proue were now one uses 
sum over te zeros o y(t).

In te se o  enerl I, BGHmiltonin presente in te previous susetion,
te winin numer is

w = −1

2

∑

k∈kerh2

sn[∂kh2h3]. (6.8)

ote rom te symmetry onstrints tt te kernel oh2 ontins t lest te speil B
points 0 n π. o rete more jorn oun sttes t one en, te winin numer
must stisy |w| > 1. ăis implies tt kerh2 must ontin oter points tn 0 n π.
ăis n ppen y enlrin te unit ell trou te ition o oppin n super-
onutin pir terms ouplin istnt sites. ăen new noes in te enery ispersion
evelop or k ∈ [0, π] n n le to ier winin numer. Hene te presene o
ier-orer oppin or pirin terms is  suċient onition to ve multiple jo-
rn oun sttes t te ens o  1D wire.
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Fi. 6.1: se irm or te Hmiltonin in Eq. (6.9). ăe insultin pses re sep-
rte y lk lines. E insultin pse is rterize y  winin numer w in
re. ăe numer o jorn ermions oun t one en is iven y |w|.

6.2 Model Hamiltonian and phase diagram

ăe moel propose in e. 127] is  two-n tit-inin moel or spinless ele-
trons. ăe Hmiltonin res

H =
∑

i

[

− (1− 2c†ici)µ− λ1(c
†
ici+1 + c

†
ic

†
i+1 +H..)

− λ2(c
†
i−1ci+1 + c

†
i+1c

†
i−1 +H.)

]

, (6.9)

were λ1 orrespons ot to te nerest-neior () oppin mplitue n to
te nerest-neior superonutin p wile λ2 enotes te next-nerest-neior
() oppin mplitue n next-nerest-neior superonutin p. In wt
ollows, λ1 is ssume positive. ăe emil potentil µ is set to one in te ollowin.
en λ2 = 0, te Hmiltonin in Eq. (6.9) orrespons to te Kitev moel 67].

ăe pse irm o H s een estlise in e. 127]. Here we reover tis
pse irm in  iĈerent mnner, y usin Eq. (6.8) to unmiuously rterize
e topoloil pse in te (λ1, λ2) plne. ăis pse irm is rwn or omplete-
ness in Fi. 6.1.

ăe pse irm ssoite wit H is rterize y pses wit w = 0, 1, 2.
Inee, or λ2 > 1 + λ1 or λ2 < −1 n λ2 < 1 − λ1, H n sustin  pse wit two
jorn zero moes lolize t e wire en 127].
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6.3 Transport in SN junctions
Beore nlyzin te pysis o Josepson juntions me wit wires supportin severl
jorn ermions, let us ous on n  juntion or  superonutor esrie y
te HmiltoninH in Eq. (6.9). For  juntion etween  wire wit one jorn en
stte n  normlmetl, it s een preite tt te iĈerentil onutne exiits
 zero-is pek o eit 2e2/h 103, 104]. A similr question or  juntion etween
 topoloil superonutin wire rterize y  topoloil inex w > 1 n 
norml metl s een reently resse in e. 128]. ăe utors ve sown tt
or su juntions te onutne G n re  vlue o G = |w| × 2e2/h. ăis pre-
ition is eke ere y onsierin  juntion etween  wire esrie y Eq. (6.9)
supportin 4jorn ermions, 2 t e o its extremities, n  norml wire.

ăe low-enery properties o su  system re etermine y te ouplin o te
two en jorn ermions wit te norml metl. ăis ouplin n e pture y
 2 × 2 yriiztion mtrix Γ. In orer to ompute te low-is trnsport proper-
ties o tis juntion, one n iretly use te S-mtrix ormlism evelope y Flens-
er 104], n notin tt te two wve-untions or te jorn ermions re or-
toonl 127], su tt tere is no inter-jorn ouplin term.

ăe resultin expression or urrent n e written s 104]

I =
e

h

∫

dωM(ω)[f(−ω + eV )− f(ω − eV )], (6.10)

wereM(ω) = r[GR(ω)ΓGA(ω)Γ(ω)], n GR(ω) = 2[ω1 + 2iΓ]−1 enotes te re-
tre Green’s untion. ăe iĈerentil onutne eomes

dI

dV
= −e

2

h

∫

dωM(ω)

[

df(−ω + eV )

dω
− df(ω − eV )

dω

]

. (6.11)

wi t T = 0 reues to
dI

dV
=

2e2

h
M(eV ). (6.12)

kin n expliit tre over te trnsmission mtrix, it ollows tt

dI

dV
=

8e2

h

8 et(Γ)2 + (eV )2r(Γ2)

[(eV )2 − 4 et(Γ)]2 + [2eVr(Γ)]2 , (6.13)

wi t zero is eomes
dI

dV
=

4e2

h
. (6.14)

ăe zero-is vlue o te iĈerentil onutne is tus te oule o tt ex-
pete or  juntion wit  sinle jorn ermion t te intere. ăis is onsistent
wit e intere jorn ontriutin  2e2/h to te totl onutne.
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6.4 Josephson junctions
In tis setion, it is nlyze ow te Jospeson eĈet is Ĉete y te presene o sev-
erl jorn zero moes. In prtiulr, only sort Josepson juntions re onsiere
etween two wires wi n sustin severl jorn en sttes. ăe moel Hmilto-
nin res

H = HL +HR +HT . (6.15)

ăe Hmiltonin or te leĕ wire, HL, is esrie y te HmiltoninH in Eq. (6.9)
rterize y prmeters (λL1 , λL2 ). ăe rit wire is rterize y HR, wi is
otine romHL y nin (c†ic

†
j → c

†
ic

†
je

iφ) in Eq. (6.9). ote tt te sme vrile
pseφ is tte to tenpirin terms. ăe seonwire is rterize
y te prmeters (λR1 , λR2 ). ăe tunnelin Hmiltonin n e moele s

HT = −(λL1 c
†
NcN+1 + λL2 c

†
N−1cN+1 +H..), (6.16)

were te juntion is me etween site N (lst o HL) n N + 1, (đrst o HR). By
onvention te oppin/pirin o te tunnelin Hmiltonin re tken ientil to
te ones in te leĕ wire.

E wire is lele y  topoloil inexwα = 0, 1, 2wit α = L,R. ăe solute
vlue o te winin numer inites te numer o jorn ermions t one en in
ewire, tken seprtely. It is useul to tink out te juntion s orme y rinin
itilly te wires toeter. ăe low-enery pysis o te juntion reues to n
nlysis o te ouplin o te severl jorn moes ross te juntion, s presente
in Fi. 6.2. In te đure re illustrte te vrious wL − wR juntions tt re ein
trete in te ollowin: te 1−1, 1−2 n 2−2 juntions. ăe numeril simultions
re me on  100-site system wit te juntion t site 50.

Beore nlyzin te Josepson eĈet in juntionsme romwires supportinmul-
tiple jorn ermions, one my sk i  omplex superonutin orer prmeter in
 topoloil superonutin wire n ve n eĈet on its pse irm. However,
wileHR(φ) is enerilly omplex, n uniorm pse φ n e ue wy, yielin 
rel Hmiltonin n te sme pse irm s te one epite in Fi. 6.1.

6.4.1 ăe 1− 1 Josephson junction
Let us onsier đrst  Josepson juntion etween two wires wit  topoloil inex
wα = 1. ăis type o juntion s een extensively stuie n te moel is eke
ere tt it is onsistent wit te known pysis. ăe moel prmeters re osen s
(λα1 , λ

α
2 ) = (1, 1). ur numeril results or te epenene o te enery levels o tis

juntion wit te pse iĈerene reover  4π perioiity onsistent wit te nom-
lous Josepson eĈet (see Fi. 6.3()).
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γ1 γ2

γ2 γ3

γ3

γ4γ1
φ0

Fi. 6.2: o orm Josepson juntions, wires rterize y winin numers 1 − 1,
1 − 2 n 2 − 2 re rout into ontt. itout loss o enerlity, te leĕ-n
sie superonutor s rel orer prmeters, wile on te rit-n sie tey ve
 superonutin pse φ. ăe low-enery Hmiltonin is ssume to ontin only
pse-epenent ouplin terms etween te jorn ermions.
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Fi. 6.3: () ăe epenene o te lowest-enery eienvlues on te superonutin
pse iĈerene etween te twowires. ()ăe eienvlue spetrum or tree iĈerent
vlues o φ = 0, π/2, π. ăe system exiits our zero-enery moes t φ = π. oel
prmeters re λ1 = 1 n λ2 = 1

In Fi. 6.3() it is plotte te eienvlue spetrum o te juntion or φ = 0, π/2, π.
nly or φ = π one reovers our zero-enery eienvlues wi orrespons to our
jorn ermions: one t e extremity n two t te juntion.

ăe 4π-perioiity n e unerstoo rom  simple eĈetive low enery Hmilto-
nin ollowin Kitev 67]. ăe overlp etween te wve untions o te two jo-
rn ermions t te extremitieswit tejorn ermions t te intere is nelete.
ăe simplest low-enery eĈetiveHmiltonin res 24, 67, 102, 119–121, 130, 131].

H1−1
eff = it12 os(φ/2)γ1γ2, (6.17)

were γ1 is  jorn ermion t te rit en o te đrst wire, n γ2,  jorn
ermion lolize t te leĕ en o te seon wire. Here t12 is te eĈetive tunnelin
mplitue (see Fi. 6.2). ne n ek tt te osine evior reproueswell te low
enery spetrum. It is wort empsizin tt iγ1γ2 is trivilly  onserve quntity o
H1−1

eff .
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Fi. 6.4: ()ăeepenene o te lowest-enery eienvlues on te Cpse iĈerene
etween te two wires. ăe enery rnes re lele usin te ouption numer
representtion or te two-ermion sttes orme rom usin ourjorns ross te
juntion. At low enery te two enery rnes re linerly đtte: E2−2

+ ± E2−2
− =

(d+ ± d−)|φ − π|/2 n te vlue oĈ oeċients d± is isplye. () ăe eienvlue
spetrum or tree iĈerent vlues o φ = 0, π/2, π. ăe system exiits eit zero-
enery moes t φ = π.

6.4.2 ăe 2− 2 Josephson junction
Let us now onsier  juntion etween two superonutin wires rterize y
winin numers wα = 2.

Analysis of the spectrum

ăe eienvlue spetrum or  2 − 2 juntion is ompute numerilly. ăe result is
sown inFi. 6.4(). ăeđrst importnt tin tonote is tt te nomlous4π-perioiity
still ols. ăe only iĈerene is tt tere re now our jorn ermions ormin t
te juntion wen te pse iĈerene is φ = π. At e extremity o te system tere
re lso two jorn ermions wi susist or ny vlue o φ, mkin te roun
stte eit-ol eenerte t φ = π (see Fi. 6.4()).

A low-enery Hmiltonin ple to esrie te numeril results presente in
Fi. 6.4 must involve our jorn ermions. Let us enote y γ1, γ2 te jorn
ermions on te leĕ sie o te juntion n y γ3, γ4 te jorn ermions on te
rit sie o te juntion. A enerl Hmiltonin involvin te our jorns n e
written s

H2−2
eff = iγ1(t13γ3 + t14γ4) os

φ

2
+ iγ2(t23γ3 + t24γ4) os

φ

2
+ it34γ3γ4 sinφ+ it12γ1γ2 sinφ. (6.18)

ăe pse epenene oH2−2
eff is đxe y enorin  2π-perioiity toeter wit

te onstrint tt or φ = 0 tere is no iret ouplin etween γ1 n γ2, nor etween
γ3 n γ4. ăe os(φ/2) is require y ue invrine. Here re ormlly inlue
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some iret-tunnelin terms etween te jorn ermions on te sme sie o te
juntions (t12 n t34), wi my e non-zero wen φ 6= 0, π (tis explins te sin(φ)).
However, one n rue tt su termsmust e less siniđnt sine tey re te result
o ier-oreroppinproesses etween te two superonutors. In t tese terms
turn out to e neliile or te esription o te low-enery spetrum.

Contrry to te 1−1 juntion, were terews n ovious quntity ommutinwit
te Hmiltonin or ll vlues o φ, or te 2− 2 juntion tis is not ovious or φ 6= π.
In te lter se, tere re our jorn ermions usin to orm two reulr ermions
c±. ăis n e seen rom te spetrl eomposition o te eĈetive Hmiltonin

H2−2
eff = E2−2

+ (2c†+c+ − 1) + E2−2
− (2c†−c− − 1), (6.19)

were

E2−2
± = d± os(φ/2), (6.20)

wit d± = 1
2
√
2

√

b±
√
b2 − 4a2 wit a = t14t23 − t13t24 n b = t213 + t214 + t223 + t224.

ote tt even i te f22 term inEq. (6.18)wsnelete, te ormo te c± ermions
s  untion o te oriinl jorn ermions remins omplite. For exmple, un-
er te resonle ssumption tt te ouplin strent etween jorn ermions
situte t te sme istne ross te juntion is ientil, t13 = t14, i ollows tt

c± =
1

√

2 + 2g2±
[γ4 + iγ1 + g±(γ3 + iγ2)], wit

g± =
1

2t13

[

t23 − t14 ±
√

4t213 + (t14 − t23)2
]

. (6.21)

However teHmiltonin n te ouption numers o te two ermionsn± = c
†
±c±

trivilly ommute mon e oter. ăe ouption numers or te two ermions re
onserve n one n use Eq. (6.19) to lel te enery rnes in te ouption
numer representtion o te two-prtile sttes, |n+n−〉 (see Fi. 6.4).ăe vlue oE2−2

±
n e oun numerilly rom  liner đt t low enery ner φ = π in Fi. 6.4. ost
importntly, te 4π perioiity o te DC Josepson eĈet is mintine.

Analysis of the Majorana polarization

Auseul tool to nlyze te evior ojorn ermions is tejorn polriztion,
 lol topoloil orer prmeter introue in e. 111] n relte to te eree
o nomlous pirin in  1D topoloil wire.

ăe existene o  jorn ermion is reore s  zero-enery jorn polr-
iztion ensity o 0.5. A jorn ermion n ve  x- n y-jorn polriztion.
en te Hmiltonin is rel t φ = 0 n φ = π, te y-jorn polriztion PMy

is 0. en te superonutin prmeter quires  pse, te polriztion lon te
y-iretion is enerlly nonzero.
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Fi. 6.5: ero-eneryjorn polriztion interte over te 40 sites roun te jun-
tion. Four jorn sttes orm t te juntion or φ = π yielin  x-jorn polr-
iztion o 2, n ompenstin te jorn polriztion o te our en oun stte.

Here, similr to e. 122], te enjorn ermions respon to te vrition o φ
y rottin teir jorn polriztion. ăis is ue to te superonutin prmeter
eomin omplex. However t φ = π te superonutin prmeter eomes rel
in n te zero-enery en sttes ve te smejorn polriztion. For tis pr-
tiulr vlue o te pse, our newjorn ermions orm t te juntion, two in e
wire, teir x-jorn polriztion ompenstin tejorn polriztion o te en
moes (see Fi. 6.5).

6.4.3 ăe 1− 2 Josephson junction
In te ollowin, te ous is on te reminin 1 − 2 juntion. ăis is  prtiulrly
interestin prolem sine two istint topoloil setors re rout into ontt vi 
Josepson juntion.

Analysis of the spectrum

ăe pysis o tis juntion is expete to e ominte y tree intertin jorn
ermions lolize t te intere. ne n sow tt or  winin numer iĈerene
o one etween te rit sie n te leĕ sie o te juntion, one jorn moe is
oun t te intere or ny oie o φ. oreover, t φ = π te system is six-ol
eenerte wit tree zero enery jorn in te juntion reion (see Fi. 6.6()).

Let γ1 enote tejorn ermion on te leĕ sie o te juntion, n y γ2, γ3 te
jorn ermions on te rit sie. ăe ue invrine o te Hmiltonin suests
tt te pse-epenent ouplins etween γ1 n γ2,3 re proportionl to os(φ/2)
to ompenste te sin ne. A low-enery Hmiltonin esriin te jorn
ouplin in te 1− 2 system n tus e written s

H1−2
eff = iγ1(t12γ2 + t13γ3) os

φ

2
+ it23γ2γ3 sinφ. (6.22)
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Fi. 6.6: () ăe epenene o te lowest-enery eienvlues on te superonutin
pse iĈerene etween te two wires. ăe otte line inite te đt o te lowest-
enery numeril eienvlue wit te nlytil orm in E+ rom Eq. (6.23). ăe đt
prmeter is a =

√

t212 + t213/4. () ăe eienvlue spetrum or tree iĈerent vlues
o φ = 0, π/2, π. ăe system exiits six zero-enery moes t φ = π.

ăis Hmiltonin s tree zero-enery eiensttes t φ = π. For  pse iĈerene o
φ 6= π, te eĈetive Hmiltonin (6.22) s one zero eienvlue (require y te nti-
symmetry o te 3× 3mtrix) n two non-zero eienvlues. ăe onstnt zero-enery
stte, wi is  jorn ee stte oun t te intere etween two topoloilly
nonequivlent reions, is te result o te iĈerene o one unity etween te topolo-
il inies o te two reions.

imilr to te 2− 2 juntion, i te lst term o Eq. (6.22) is nelete, te orm or
te two eienvlues eomes

E± = ±2a os(φ/2). (6.23)

ăe oppin epenent prmeter a = 1
4

√

t212 + t213 n e etermine rom  low-
enery đt o te numeril ispersion presente in Fi. 6.6(). ote tt tkin into
ount lso te term t23 improves te qulity o te đt, espeilly in te viinity o
te superonutin p. ote lso tt, wile te đt is urte up to eneries lose
to te superonutin p, te eĈetive HmiltoninH1−2

eff is exlusively  low-enery
eĈetiveHmiltonin n soul not e expete to reover te ull epenene o te
enery eienvlues on te superonutin pse iĈerene.

Analysis of the Majorana polarization

In te leĕ-sie wire, esrie y  winin numer w = 1, te superonutin p-
rmeter is osen to e rel n te sinle jorn ermion t te leĕ en is lwys
ully x-polrize. For te rit-n sie wire, t te rit en tere re two jo-
rn ermions tt respon to te twistin o te pse φ y inin  y-polriztion; in
Fi. 6.7() it is presente te evior o te x- n y-polriztions o tese moes.

Let us now nlyze wt ppens t te juntion etween te two wires. At φ = π

it is expete to ve 3 jorn ermions. For ny oter φ tere is lwys t lest one
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Fi. 6.7: () ăe jorn polriztion o te rit-en jorn ermions interte
over te lst 30 sites. ote te osilltory evior o te x- (re) n y- (lue) -
jorn polriztion omponents wit  totl onstnt jorn ensity o 2 × 0.5, or-
responin to two rottin jorn moes. () ero-enery ensity o sttes inte-
rte over te 40 sites roun te juntion point. () ero-enery jorn polr-
iztion interte over te 40 sites roun te juntion. ăe x−polriztion (re) n
te y−polriztion (lue). ăree jorn ermions vin te sme polriztion re
supporte t te juntion or φ = π.

jorn ermion stuk t te intere etween te two topoloilly nonequivlent
reions. ăis n e seen y plottin te zero-enery ensity o sttes, s well s te
zero-enery jorn polriztion, interte over te 40 sites roun te juntion. In
Fi. 6.7() it is plotte te interte zero-enery ensity o sttes. ote tt or φ 6= π

te ensity o sttes is onstnt n equl to 0.5 orresponin to  sinle jorn
moe oun t te juntion. ăe srp jump etween 0.5 n 1.5 t φ = π esries
te ontriution o te two extr jorn moes wi re zero enery t φ = π

(tese two extr zero-enery sttes pperin t φ = π n lso e seen in te spetrum
esrie in Fi. 6.6()). ăis is lso onđrme y  plot o te zero-enery jorn
polriztion, interte over te 40 sites roun te juntion, in Fi. 6.7(); te jump
in te x-jorn polriztion t φ = π n e unerstoo s omin rom te two
jorn moes tt evelop t zero enery. ăus, t φ = π tere re tree jorn
ermions t te two extremities o te wire (one t te leĕ en n two t te rit
en), ully x-polrize in te positive iretion. ăese ermions re ompenste y
tree jorn ermions wi orm in te juntion wi re ully x-polrize in te
opposite iretion.

6.5 Wireswithan inhomogeneous superconductingphase
As it ws sown in e. 127], te system exiits two jorn moes t e en,
provie tt te time-reversl n irl symmetries re not roken, nmely s lon s
te system remins in te BDI lss 12, 13]. Brekin time-reversl symmetry les to
te removl o te protetion or two jorn ermions sine te system now elons
to te D symmetry lss (see . 1). ăen te system n return to te more typil
stte wit t most one jorn ermion t e en.

Here it is explore  iĈerent wy to rek , i.e. y in  onstnt pse
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Fi. 6.8: Aonstnt pse rient over 40 sites twists te superonutin pse rom0
to π. () emti piture o te setup. uperurrent in te ulk ne te superon-
utor pse φ in te (lk) wire rom 0 to π. ()ăe onstnt pse rient removes
our B in te mile reion, levin two B t e en, ot x-polrize. ()
jorn moes orm t te ens o  40 site entrl reion riven in  nontrivil Z2

pse y  pse rient∇φ = 2.

rient. Let us tke  wire rterize y te topoloil inex w = 2. Inste o
n rupt ne in te superonutin pse, onsier  lon juntion omprisin 
reion in wi te pse n vry smootly wit  onstnt pse rient. n te
leĕ sie o tis lon juntion, te superonutin pse is ssume to e onstnt n
equl to 0 wile on te rit sie it is suppose to e onstnt n equl to φ = π.
ăe pse o te entrl reion is suppose to vry smootly rom 0 to π; su  uni-
orm pse rient n e inue or exmple y te presene o superurrents in
te ulk o te superonutor. ăis sitution is semtilly epite in Fi. 6.8().
ăe pse rient n e use to mnipulte te retion or estrution o jorn
ermions 125].

Due to te pse rient, te BG Hmiltonin ins  -rekin h1(k) o
omponent:

h1(k) = λ1 sin(k) sin(∇φ/2) + λ2 sin(2k) sin(∇φ)
h2(k) = −λ1 sin(k) sin(∇φ/2)− λ2 sin(2k) os(∇φ) (6.24)
h3(k) = 2− 2λ1 os(k) os(∇φ/2)− 2λ2 os(2k) os(∇φ),

were te rient ∇φ is te ne o pse over one site. ote tt  pse ri-
ent lso retes  non-vnisin h0 omponent tt multiplies te ientity uli mtrix.
Altou it is nelete in te ollowin, it inites te rekin o H n te ten-
eny o te rient to estroy Cooper pirs. ăis poses  oneptul prolem: ow
re te jorn ermions protete in se o  roken H? In t numeril simu-
ltions sow spurious zero moes tt pper wen te pse rient is present.

Let us nelet or te moment te rekin H, s h0 ≪ h3 wen te rient is
smll. ăe system is no loner rterize y  winin numer w ut inste y te
Kitev Z2 invrint 67]. Anlyzin te topoloil invrint revels tt te system is
in  topoloilly nontrivil pse i te onition

|1− λ2 os(∇φ)| < |λ1 os(∇φ/2)| (6.25)
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Fi. 6.9: Illustrtion o te đrst netive n te đrst two positive eienvlues in  100-
site superonutin wire sujete in its entirety to  pse rient tt vries rom
0 to 2π. niorm isorer wit  mnitue o ∼ 10% o te oppin strent λ1
removes spurious zero moes levin zero jorn moes in te winows preite
y te topoloil onition (6.25) (mrke wit se lines). λ1 = 1 n λ2 = −1.5.

is stisđe. ote tt t vnisin pse rient, one reovers te pse irm in
Fi. 6.1, wit te only ne tt w = 2 n w = 0 re ot trivil Z2 pses.

ăereore in  smll pse rient removes te jorn ermions t te ens
o te entrl reion. ăis is ue to te t tt lolly ot sies o te reion re
topoloillyZ trivil. However, t ot ens o tewire, in te reionswitout  pse
rient, twojornmoes ontinue to e present euse tey re lolly protete
y te time reversl symmetry.

In ontrst, one n rive te entrl reion to  topoloilly Z2 nontrivil stte,
y inresin te pse rient. ăis ppens wen te inequlity (6.25) is veriđe.
ăen te entrl reion is onnete to twoZ2 trivil reions n onejorn ermion
orms t e intere. ăepir ojorn ermions persist t te ens o tewire (see
Fi. 6.8()).

Due to te twist o tepse yπ, te twojorns t te ens re otx-jorn
polrize in te sme iretion.

It is noteworty to relize tt te vliity o te topoloil invrint n e ques-
tione in te se were H is roken. However one n see tt te topoloil in-
vrint ontinues to ol true. In numeril simultions,  100-site system, oriinlly in
te w = 2 topoloil pse, is sujete in its entirety to  uniorm superonutin
pse rient wire. In Fi. 6.9 one n see tt wen te rient is e te system
eomes  trivil Z2 topoloil insultor, mrke y te loss o te our-ol eener-
y ner ∇φ = 0. purious moes ner zero enery re remove y isorer, n two
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roust jorn moes evelop in te winow preite y te topoloil invrint.
At tis moment, we lk n explntion o te oriin o te spurious zero moes, or or
te perplexin eĈetiveness o te Z2 topoloil invrint in te sene o te H
symmetry. ăese prolems eserve urter reser.

6.6 Discussion
ăestuy o te Josepson eĈet etweenwires supportinmultiplejorn ermions
s revele tt te 4π nomlous perioiity is mintine in juntions rterize
y  srp ne o te superonutin pse. oreover,  smoot pse rient
n e use to estroy te Z pse n to rete jorn ermions t te intere e-
tween trivil n nontrivil Z2 pses. Also  onnetion ws me etween te work
on topoloil insultors wit lreCern numer nBDI lss topoloil superon-
utors. For te two-n moels stuie, it ws sown tt  suċient onition to
rete multiple zero-enery oun sttes t te ees o system is to  ouplin terms
etween istnt sites. Let us đnlly remrk tt te Z jorn moes tt pper
in tese system soul e rile wen onsiere in relisti systems s te spin-orit
ouple semionutin wire ue to te neessity o time-reversl symmetry. ăe rel-
iztion o jorn ermions ws sown to epen ruilly on te presene o  time-
reversl rekin mneti đels tt will nturlly t to estroy te i Z pses.
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Conclusion and Perspectives

opoloil insultors n superonutors orm  lss o mterils wit  ulk p in
te enery spetrum, inite y exoti ee sttes. A topoloil invrint rter-
izes te ulk properties o tese systems n it is susequently reĔete in te numer
o te ee sttes.

In te đrst prt o te tesis, te investitionws entere roun two-imensionl
tit-inin topoloil insultors inexe y  Cern numer. ăey re quntum
nomlous Hll insultors tt support n arbitrary numer o ee sttes. However,
lre Cern numer or, equivlently, multiple ee sttes re usully rete y sion-
in multin systems. It ws sown ere tt it is possile to vry te Cern numer
in simple two-n moels y in istnt-neior oppin terms.

ăekeyo te entire stuy lies inunerstnin tt te topoloil invrint mits
 isrete ormultion. ăis llows to see n insultor s  “sum” o  pless systemwit
Dir points plus  mss term. Cruely, te topoloil invrint reues to  đnite
sum over te Dir points weie y te sin o te mss term. ăereore  neessry
onition to inrese te numer o topoloil pses is to multiply te noes in te
enery ispersion. ăis n e relize y vin oppin terms etween istnt sites.
ăe onsequenes re explore in two moels:  new rtiđil moel wit đve Cern
pses n lso y in istnt-neior oppin in teHlnemoel. ăemeto
llows one to otin omplete topoloil pse irms or te moels.

ăere re two iretions in wi to exten te present stuy. ăe đrst onsists in
enerlizin to multin systems. Alrey two our-n moel extensions re is-
usse:  Z2 insultor uilt rom two Cern insultors n  “stripe” Z topoloil in-
sultor tt n ve lremetlli pses. ăe seon iretion is to ser or possile
pysil reliztions o te moel. ăe existene o extreme istnt-neior oppin
terms remins rter prolemti; owever multin systemsmit eĈetively mp to
su moels 37].

ile te ulk mits enerlmetos to esily isriminte etween te topoloi-
l pses, te ee-stte investitions et quiklymire in etils ssoite to te pr-
tiulr eometry o te ees. oreover, te t tt tere oul e severl ee sttes
t n intere s  new lyer o iċulty to nlytilly đnin te wve-untion so-
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lutions. Cp. 2 ontins  etile nlysis o  sitution inwi tere re tmost two
ee sttes t n intere. In perspetive, one nees to enerlize to ees o iĈerent
eometries. ost importntly, one s to lriy te nture o ee sttes wi orm
etween topoloilly ppe pses wit te sme Cern numer. Coneivly, te
eomposition o  topoloil insultor in  pless moel plus  mss term oul e
use to exten previous stuies o ee sttes in pless systems 63, 64] to topoloil
insultors.

ăe seon prt o te tesis revolves roun te sujet ojorn ermions rel-
ize s qusiprtiles in one-imensionl topoloil superonutors. ăere is  eep
nloy to te previous stuy o topoloil insultors. ăe jorn ermions re te
“ee sttes” o topoloil superonutor n n e preite rom  knowlee o
some ulk properties. ăey re preite to emere in  vriety o onense mtter
systems (see e. 3.2.1). However, Cps. 4 n 5 re ouse on  prtiulr teoreti-
l proposl istinuise y te simpliity o its inreients. ăe jorn ermions
re preite to pper s zero-enery exittions in  1D spin-orit ouple semion-
utin wire uner te eĈet o  mneti đel n in proximity to n s-wve super-
onutor 24, 25]. In Cp. 4,  Dresselus spin-orit ouplin term ws e n
it ws sown tt tere is  spin texture to te eletroni erees o reeom tt orm
tejorn qusiprtile. ăey re spin-polrize in opposite iretion in  trnsverse
plne to te mneti đel. ăe ext iretion is etermine y te reltive weits o
s nDresselus spin-orit ouplins. ăis inormtion oul e use to etet
jorn ermions trou te ouplin to mneti impurities. everteless, it still
remins to expliit tis ie in te orm o  omplete experimentl proposl.

Cp. 5 ontinue te stuy to superonutor-norml metl n lon superon-
utor-norml metl-superonutor () juntions uilt rom te semionutin
wire. ăejorn ermions n orm s extene sttes into te norml prt o te sys-
tem. It ws sown tt te extension o temoes n epen on te ouplin etween
te norml n superonutin reions n lso tt lekin o Cooper pirs into te
norml metl n urter lolize te jorn moes. In te  juntion te jo-
rn ermions orm only t pse iĈerene π etween te two superonutors, ot-
erwise woul-e jorn ermions yriize to orm extene Anreev oun sttes
in te norml reion. ăis penomenon is  slient eture o te rtionl Josepson
eĈet. An orer prmeter, te jorn polriztion, introue in e. 3.3 is use to
investite te extene zero-enery sttes in te juntion. Finlly, te stuy turne to
 rin ivie in two reions:  norml metl reion n  topoloil superonutin
one wit  superonutin pse rient. ăe system n e mppe in tis se to
n  juntion n injorn ermions rise in te norml reionwen te totl
pse twist is lose to π. It is ruil or uture stuies to unerstn in more etil te
tion o te rient. ăe pse rient s  Cooper pir-rekin eĈet wi n
le to pless pses in te superonutor. ăese re lre-rient pses evoi o
jorn ermions. However tere re peulir vlues were jorn ermions still
orm in te norml reion. ăese events re not preite y te teory n pose n
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open question or uture stuies.
ăe đnl Cp. 6 trets  prtiulr moel were te presene o time-reversl n

irl symmetries llows te ormtion o multiplejorn ermions t te sme ee
o  wire 127]. It is sown tt istnt-neior pirin terms ply te sme role s
in te 2D Z topoloil insultors stuie eore: tey ilittes te inrese o te
topoloil invrint n te multiplition o ee sttes. oreover, te presene o
severl jorn ermions llows to onstrut  juntions etween wires in iĈer-
ent topoloilly nontrivil pses. ăe rtionl Josepson eĈet still rterizes
te system n it mintins its sinture 4π-perioiity. Furtermore, te multiple -
jornmoes n e estroye y te ition o  pse rient, wi n trnsorm
te Z insultor into  Z2 insultor wit t most one jorn ermion t n ee. ăe
presene o  pse rient poses some serious prolems; euse rient tens to
rek te Cooper pirs, te presene o protete zero moes t i rient vlues
remins to e properly expline.

In perspetive, tis nlysis nees to e rrie over tomore relisti spinul systems
to ssess te viility o pses wit multiple jorn. For instne, te spin-ouple
semionutin wire stuie eore oes not seem to e  oo nite, euse te
mneti đel reks te  neessry to ve te Z insultor. A nturl nite
to relize topoloil Z superonutors woul e  eterostruture involvin time-
reversl invrint H insultors inste 83].

119





Bibliography

1] J. oore,ąe birth of topological insulators,Nature 464 (r, 2010)
194–198.

2] . . Hsn n C. L. Kne, Colloquium: Topological insulators, Rev. Mod.
Phys. 82 (ov, 2010) 3045–3067.

3] .-L. i n .-C. n, Topological insulators and superconductors, Rev. Mod.
Phys. 83 (t, 2011) 1057–1110.

4] C. L. Kne n E. J. ele,ŷuantum spin Hall ečect in graphene, Phys. Rev. Lett.
95 (ov, 2005) 226801.

5] B. A. Bernevi, . L. Hues, n .-C. n, ŷuantum spin Hall ečect and
topological phase transition in HgTe quantum wells, Science 314 (2006)
1757–1761.

6] . Köni, . iemnn, C. Brüne, A. ot, H. Bumnn, L. . olenkmp,
.-L. i, n .-C. n, ŷuantum spin Hall insulator state in HgTe quantum
wells, Science 318 (2007) 766–770.

7] . okley,On the surface states associated with a periodic potential, Phys. Rev.
56 (Au, 1939) 317–323.

8] . . u, J. . rieĈer, n A. J. Heeer, Solitons in polyacetylene, Physical
Review Letters 42 ( June, 1979) 1698–1701.

9] K. v. Klitzin, G. Dor, n . epper,Newmethod for high-accuracy
determination of the Ėne-structure constant based on quantized Hall resistance,
Phys. Rev. Lett. 45 (Au, 1980) 494–497.

10] A. Altln n . . irnuer,Nonstandard symmetry classes in mesoscopic
normal-superconducting hybrid structures, Phys. Rev. B 55 ( Jn, 1997)
1142–1161.

121

http://dx.doi.org/10.1038/nature08916
http://dx.doi.org/10.1038/nature08916
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.82.3045
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/RevModPhys.83.1057
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1133734
http://dx.doi.org/10.1126/science.1148047
http://dx.doi.org/10.1103/PhysRev.56.317
http://dx.doi.org/10.1103/PhysRev.56.317
http://dx.doi.org/10.1103/PhysRevLett.42.1698
http://dx.doi.org/10.1103/PhysRevLett.42.1698
http://dx.doi.org/10.1103/PhysRevLett.45.494
http://dx.doi.org/10.1103/PhysRevB.55.1142
http://dx.doi.org/10.1103/PhysRevB.55.1142


BĶįĹĶļĴŀĮĽĵň

11] . yu, A. . nyer, A. Furuski, n A. . . Luwi, Topological
insulators and superconductors: tenfold way and dimensional hierarchy,New
Journal of Physics 12 ( June, 2010) 065010.

12] A. Kitev, Periodic table for topological insulators and superconductors, in
Advances inąeoretical Physics: LandauMemorial Conference, . Leeev n
. Feiel’mn, es., vol. 1134, pp. 22–30. AI, 2009. arXiv:0901.2686
[cond-mat.mes-hall].

13] A. . nyer, . yu, A. Furuski, n A. . . Luwi, ClassiĖcation of
topological insulators and superconductors in three spatial dimensions, Phys. Rev.
B 78 (ov, 2008) 195125.

14] G. Armovii n . Kluin, Cličord modules and symmetries of topological
insulators, International Journal of Geometric Methods in Modern Physics 09
(2012) 1250023, arXiv:1101.1054 [math-ph].

15] .-L. i, .-. u, n .-C. n,General theorem relating the bulk
topological number to edge states in two-dimensional insulators, Phys. Rev. B 74
( Jul, 2006) 045125.

16] A. . Essin n . Gurrie, Bulk-boundary correspondence of topological
insulators Ěom their respective Green’s functions, Phys. Rev. B 84 (ep, 2011)
125132.

17] D. J. ăouless, . Komoto, . . itinle, n . en ijs,ŷuantized
Hall conductance in a two-dimensional periodic potential, Phys. Rev. Lett. 49
(Au, 1982) 405–408.

18] . iu, D. J. ăouless, n .-. u,ŷuantized Hall conductance as a
topological inĂariant, Phys. Rev. B 31 (r, 1985) 3372–3377.

19] B. I. Hlperin,ŷuantized Hall conductance, current-carrying edge states, and the
existence of extended states in a two-dimensional disordered potential, Phys. Rev. B
25 (Fe, 1982) 2185–2190.

20] L. Fikowski n A. Kitev, Topological phases of fermions in one dimension,
Phys. Rev. B 83 (Fe, 2011) 075103.

21] E. n n .-G. en, Interaction ečects on 1D fermionic symmetry protected
topological phases, arXiv:1204.0520 [cond-mat.str-el].

22] .-C. Gu n .-G. en, Symmetry-protected topological orders for interacting
fermions – fermionic topological non-linear sigma-models and a group
super-cohomology theory, arXiv:1201.2648 [cond-mat.str-el].

122

http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1088/1367-2630/12/6/065010
http://dx.doi.org/10.1063/1.3149495
http://arxiv.org/abs/0901.2686
http://arxiv.org/abs/0901.2686
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1103/PhysRevB.78.195125
http://dx.doi.org/10.1142/S0219887812500235
http://dx.doi.org/10.1142/S0219887812500235
http://arxiv.org/abs/arXiv:1101.1054
http://dx.doi.org/10.1103/PhysRevB.74.045125
http://dx.doi.org/10.1103/PhysRevB.74.045125
http://dx.doi.org/10.1103/PhysRevB.84.125132
http://dx.doi.org/10.1103/PhysRevB.84.125132
http://dx.doi.org/10.1103/PhysRevLett.49.405
http://dx.doi.org/10.1103/PhysRevLett.49.405
http://dx.doi.org/10.1103/PhysRevB.31.3372
http://dx.doi.org/10.1103/PhysRevB.25.2185
http://dx.doi.org/10.1103/PhysRevB.25.2185
http://dx.doi.org/10.1103/PhysRevB.83.075103
http://arxiv.org/abs/1204.0520
http://arxiv.org/abs/1201.2648


BĶįĹĶļĴŀĮĽĵň

23] F. D. . Hlne,Model for a quantumHall ečect without Landau levels:
Condensed-matter realization of the ”parity anomaly”, Phys. Rev. Lett. 61 (t,
1988) 2015–2018.

24] . . Lutyn, J. D. u, n . Ds rm,Majorana fermions and a topological
phase transition in semiconductor-superconductor heterostructures, Phys. Rev. Lett.
105 (Au, 2010) 077001.

25] . re, G. eel, n F. von ppen,Helical liquids andMajorana bound
states in quantum wires, Phys. Rev. Lett. 105 (t, 2010) 177002.

26] . no n . os,ŷuantized anomalous Hall ečect in two-dimensional
ferromagnets: ŷuantumHall ečect in metals, Phys. Rev. Lett. 90 (y, 2003)
206601.

27] . u, . n, H.-J. n, .-C. n, . Di, n . Fn, ŷuantized
anomalous Hall ečect in magnetic topological insulators, Science 329 (2010)
61–64.

28] C.-. Cn, J.-. n, .-H. Liu, .-C. n, . Fen, K. Li, L.-L. n,
. Cen, . Di, . Fn, .-L. i, .-C. n, . n, K. He, .-C. ,
n .-K. ue, Carrier-independent ferromagnetism and giant anomalous Hall
ečect in magnetic topological insulator, arXiv:1108.4754
[cond-mat.mtrl-sci].

29] .-. Cen, .-. io, D.-. Ciou, n G.-. Guo,High Chern number
quantum anomalous Hall phases in single-layer graphene with Haldane orbital
coupling, Phys. Rev. B 84 (t, 2011) 165453.

30] H. Jin, . io, H. Liu, n . iu,ŷuantum anomalous Hall ečect with
tunable Chern number in magnetic topological insulator Ėlm, Phys. Rev. B 85
( Jn, 2012) 045445.

31] E. n, J.-. ei, n .-G. en,High-temperature Ěactional quantumHall
states, Phys. Rev. Lett. 106 ( Jun, 2011) 236802.

32] K. un, . Gu, H. Ktsur, n . Ds rm,Nearly ęatbands with nontrivial
topology, Phys. Rev. Lett. 106 ( Jun, 2011) 236803.

33] . eupert, L. ntos, C. Cmon, n C. ury, Fractional quantumHall
states at zero magnetic Ėeld, Phys. Rev. Lett. 106 ( Jun, 2011) 236804.

34] F. n n . n,Nearly ęat band with Chern number C = 2 on the dice
lattice, Phys. Rev. B 84 (De, 2011) 241103.

123

http://dx.doi.org/10.1103/PhysRevLett.61.2015
http://dx.doi.org/10.1103/PhysRevLett.61.2015
http://dx.doi.org/10.1103/PhysRevLett.105.077001
http://dx.doi.org/10.1103/PhysRevLett.105.077001
http://dx.doi.org/10.1103/PhysRevLett.105.177002
http://dx.doi.org/10.1103/PhysRevLett.90.206601
http://dx.doi.org/10.1103/PhysRevLett.90.206601
http://dx.doi.org/10.1126/science.1187485
http://dx.doi.org/10.1126/science.1187485
http://arxiv.org/abs/1108.4754
http://arxiv.org/abs/1108.4754
http://dx.doi.org/10.1103/PhysRevB.84.165453
http://dx.doi.org/10.1103/PhysRevB.85.045445
http://dx.doi.org/10.1103/PhysRevB.85.045445
http://dx.doi.org/10.1103/PhysRevLett.106.236802
http://dx.doi.org/10.1103/PhysRevLett.106.236803
http://dx.doi.org/10.1103/PhysRevLett.106.236804
http://dx.doi.org/10.1103/PhysRevB.84.241103


BĶįĹĶļĴŀĮĽĵň

35] .-F. n, H. o, C.-D. Gon, n D. . en, Fractional ŷuantumHall
Ečect in Topological Flat Bands with Chern Number Two, arXiv:1204.1697
[cond-mat.str-el].

36] . reser n E. J. Beroltz, Flat bands with higher Chern number,
arXiv:1205.2245 [cond-mat.str-el].

37] . n, .-C. Gu, K. un, n . Ds rm, Topological ęat band models with
arbitrary Chern numbers, arXiv:1205.5792 [cond-mat.str-el].

38] D. tilet, F. iéon, J.-. Fus, . Kluin, n . imon,Geometrical
engineering of a two-band Chern insulator in two dimensions with arbitrary
topological index, Phys. Rev. B 85 (Apr, 2012) 165456.

39] J. E. Avron, L. un, J. eert, n B. imon, Topological inĂariants in Fermi
systems with time-reversal inĂariance, Phys. Rev. Lett. 61 (ep, 1988)
1329–1332.

40] . Htsui, Edge states in the integer quantumHall ečect and the Riemann
surface of the Bloch function, Phys. Rev. B 48 (t, 1993) 11851–11862.

41] . Komoto, Topological inĂariant and the quantization of the Hall
conductance, Annals of Physics 160 (April, 1985) 343 – 354.

42] J. E. Avron, . eiler, n B. imon,Homotopy and quantization in condensed
matter physics, Phys. Rev. Lett. 51 ( Jul, 1983) 51–53.

43] . tone n . Golrt,Mathematics for Physics. Cmrie niversity
ress, 2009.

44] . ilnor, Topology Ěom a Dičerential Viewpoint. niversity ress o irini,
1965.

45] B. A. Durovin, A. . Fomenko, n . . ovikov,Modern Geometry-Methods
and Applications, vol. 2. priner, 1985.

46] . n, .-L. i, n .-C. n, Equivalent topological inĂariants of
topological insulators,New Journal of Physics 12 (2010) 065007.

47] G. olovik,Universe in a Helium Droplet. Clrenon ress, 2003.

48] G. E. olovik, Topology of quantum vacuum, arXiv:1111.4627 [hep-ph].

49] H. ielsen n . inomiy, Absence of neutrinos on a lattice: (I). Proof by
homotopy theory,Nuclear Physics B 185 (1981) 20 – 40.

124

http://arxiv.org/abs/1204.1697
http://arxiv.org/abs/1204.1697
http://arxiv.org/abs/1205.2245
http://arxiv.org/abs/1205.5792
http://dx.doi.org/10.1103/PhysRevB.85.165456
http://dx.doi.org/10.1103/PhysRevLett.61.1329
http://dx.doi.org/10.1103/PhysRevLett.61.1329
http://dx.doi.org/10.1103/PhysRevB.48.11851
http://dx.doi.org/10.1016/0003-4916(85)90148-4
http://dx.doi.org/10.1103/PhysRevLett.51.51
http://dx.doi.org/10.1088/1367-2630/12/6/065007
http://arxiv.org/abs/1111.4627
http://dx.doi.org/10.1016/0550-3213(81)90361-8


BĶįĹĶļĴŀĮĽĵň

50] D. . en, . . en, L. en, n F. D. . Hlne,ŷuantum spin-Hall
ečect and topologically inĂariant Chern numbers, Phys. Rev. Lett. 97 ( Jul, 2006)
036808.

51] E. H. Lie, Two theorems on the hubbard model, Phys. Rev. Lett. 62 (r, 1989)
1201–1204.

52] C. L. Kne n E. J. ele, Z2 topological order and the quantum spin Hall ečect,
Phys. Rev. Lett. 95 (ep, 2005) 146802.

53] D. tilet n F. iéon,Distant-Neighbor Hopping in Graphene and Haldane
Models, arXiv:1212.4046 [cond-mat.mes-hall].

54] C. Ben n L. imon,Dirac point metamorphosis Ěom third-neighbor couplings
in graphene and related materials, Phys. Rev. B 83 (r, 2011) 115404.

55] J. L. ñes, F. Guine, n . A. H. ozmeino, Existence and topological
stability of Fermi points in multilayered graphene, Phys. Rev. B 75 (Apr, 2007)
155424.

56] G. ontmux, F. iéon, J.-. Fus, n . . Goeri, A universal
Hamiltonian for motion and merging of Dirac points in a two-dimensional
crystal, European Physical Journal B 72 (De., 2009) 509–520.

57] A. . Essin n J. E. oore, Topological insulators beyond the Brillouin zone via
Chern parity, Phys. Rev. B 76 (t, 2007) 165307.

58] . oy, Z2 classiĖcation of quantum spin Hall systems: An approach using
time-reversal inĂariance, Phys. Rev. B 79 (y, 2009) 195321.

59] . . K. on n . ivmoi, Edge states and the bulk-boundary
correspondence in Dirac Hamiltonians, Phys. Rev. B 83 (r, 2011) 125109.

60] . . ersou n . . kovenko,ąe Shockley model description of the
surface states in topological insulators, arXiv:1202.5526 [cond-mat.str-el].

61] C. u, B. A. Bernevi, n .-C. n,Helical liquid and the edge of quantum
spin Hall systems, Phys. Rev. Lett. 96 (r, 2006) 106401.

62] C. L. Kne n E. J. ele, Z2 topological order and the quantum spin Hall ečect,
Phys. Rev. Lett. 95 (ep, 2005) 146802.

63] A. . Akmerov n C. . J. Beenkker, Boundary conditions for Dirac fermions
on a terminated honeycomb lattice, Phys. Rev. B 77 (Fe, 2008) 085423.

64] . Delple, D. llmo, n G. ontmux, Zak phase and the existence of edge
states in graphene, Phys. Rev. B 84 (ov, 2011) 195452.

125

http://dx.doi.org/10.1103/PhysRevLett.97.036808
http://dx.doi.org/10.1103/PhysRevLett.97.036808
http://dx.doi.org/10.1103/PhysRevLett.62.1201
http://dx.doi.org/10.1103/PhysRevLett.62.1201
http://dx.doi.org/10.1103/PhysRevLett.95.146802
http://arxiv.org/abs/1212.4046
http://dx.doi.org/10.1103/PhysRevB.83.115404
http://dx.doi.org/10.1103/PhysRevB.75.155424
http://dx.doi.org/10.1103/PhysRevB.75.155424
http://dx.doi.org/10.1140/epjb/e2009-00383-0
http://dx.doi.org/10.1103/PhysRevB.76.165307
http://dx.doi.org/10.1103/PhysRevB.79.195321
http://dx.doi.org/10.1103/PhysRevB.83.125109
http://arxiv.org/abs/1202.5526
http://dx.doi.org/10.1103/PhysRevLett.96.106401
http://dx.doi.org/10.1103/PhysRevLett.95.146802
http://dx.doi.org/10.1103/PhysRevB.77.085423
http://dx.doi.org/10.1103/PhysRevB.84.195452


BĶįĹĶļĴŀĮĽĵň

65] G. . emenoĈ, . emenoĈ, n F. ou,Domain walls in gapped graphene,
Phys. Rev. Lett. 101 (Au, 2008) 087204.

66] J. Li, I. rtin, . Büttiker, n A. F. orpuro,Marginal topological properties
of graphene: a comparison with topological insulators, Physica Scripta Volume T
146 ( Jn., 2012) 014021, arXiv:1110.1969 [cond-mat.mes-hall].

67] A. . Kitev,Unpaired Majorana fermions in quantum wires, Physics-Uspekhi 44
(t, 2001) 131, arXiv:0010440 [cond-mat].

68] E. jorn, Teoria simmetrica dell’elettrone e del positrone, Il NuoĂo Cimento
(1924-1942) 14 (1937) 171–184.

69] A. ee, ŷuantum Fieldąeory in a Nutshell. rineton niversity ress, r.,
2003.

70] . reniki,ŷuantum Fieldąeory. Cmrie niversity ress, Jn., 2007.

71] . e n D. Green, Paired states of fermions in two dimensions with breaking
of parity and time-reversal symmetries and the Ěactional quantumHall ečect,
Phys. Rev. B 61 (Apr, 2000) 10267–10297.

72] . G. De Gennes, Superconductivity Of Metals And Alloys. estview ress, r.,
1999.

73] C. yk, . H. imon, A. tern, . Freemn, n . Ds rm,Non-Abelian
anyons and topological quantum computation, Rev. Mod. Phys. 80 (ep, 2008)
1083–1159.

74] D. A. Ivnov,Non-Abelian statistics of half-quantum Ăortices in p-wave
superconductors, Phys. Rev. Lett. 86 ( Jn, 2001) 268–271.

75] C. . J. Beenkker, Search for Majorana fermions in superconductors,
arXiv:1112.1950 [cond-mat.mes-hall].

76] J. Alie,New directions in the pursuit of Majorana fermions in solid state systems,
Reports on Progress in Physics 75 ( June, 2012) 076501.

77] C. Croli, . D. Gennes, n J. trion, Bound fermion states on a Ăortex line in
a type II superconductor, Physics Letters 9 (1964) 307 – 309.

78] . e n G. oore, Fractional quantum hall ečect and nonabelian statistics,
Progress of ąeoretical Physics Supplement 107 (1992) 157–166.

79] . Ds rm, C. yk, n . ewri, Proposal to stabilize and detect
half-quantum Ăortices in strontium ruthenate thin Ėlms: Non-Abelian braiding
statistics of Ăortices in a px + ipy superconductor, Phys. Rev. B 73 ( Jun, 2006)
220502.

126

http://dx.doi.org/10.1103/PhysRevLett.101.087204
http://dx.doi.org/10.1088/0031-8949/2012/T146/014021
http://dx.doi.org/10.1088/0031-8949/2012/T146/014021
http://arxiv.org/abs/1110.1969
http://dx.doi.org/10.1070/1063-7869/44/10S/S29
http://dx.doi.org/10.1070/1063-7869/44/10S/S29
http://arxiv.org/abs/arXiv:0010440
http://dx.doi.org/10.1007/BF02961314
http://dx.doi.org/10.1007/BF02961314
http://dx.doi.org/10.1103/PhysRevB.61.10267
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/RevModPhys.80.1083
http://dx.doi.org/10.1103/PhysRevLett.86.268
http://arxiv.org/abs/1112.1950
http://dx.doi.org/10.1088/0034-4885/75/7/076501
http://dx.doi.org/10.1016/0031-9163(64)90375-0
http://dx.doi.org/10.1143/PTPS.107.157
http://dx.doi.org/10.1103/PhysRevB.73.220502
http://dx.doi.org/10.1103/PhysRevB.73.220502


BĶįĹĶļĴŀĮĽĵň

80] J. Jn, D. G. Feruson, . kryuk, . Bukin, . B. Cun, . .
Golrt, n . eno,Observation of half-height magnetization steps in
Sr2RuO4, Science 331 (2011) 186–188.

81] . Gurrie, L. ziovsky, n A. . Anreev,ŷuantum phase transitions across
a p-wave Feshbach resonance, Phys. Rev. Lett. 94 ( Jun, 2005) 230403.

82] . ewri, . Ds rm, C. yk, C. n, n . oller,ŷuantum
computation using Ăortices andMajorana zero modes of a px + ipy superęuid of
fermionic cold atoms, Phys. Rev. Lett. 98 ( Jn, 2007) 010506.

83] L. Fu n C. L. Kne, Superconducting proximity ečect andMajorana fermions at
the surface of a topological insulator, Phys. Rev. Lett. 100 (r, 2008) 096407.

84] A. Cook n . Frnz,Majorana fermions in a topological-insulator nanowire
proximity-coupled to an s-wave superconductor, Phys. Rev. B 84 (ov, 2011)
201105.

85] . Hosur, . Gemi, . . K. on, n A. iswnt,Majorana modes at the
ends of superconductor Ăortices in doped topological insulators, Phys. Rev. Lett.
107 (Au, 2011) 097001.

86] J. . illims, A. J. Bestwik, . Gller, . . Hon, . Cui, A. . Blei, J. G.
Anlytis, I. . Fiser, n D. Goler-Goron, Signatures of Majorana
fermions in hybrid superconductor-topological insulator devices,
arXiv:1202.2323 [cond-mat.mes-hall].

87] J. D. u, . . Lutyn, . ewri, n . Ds rm,Generic new platform for
topological quantum computation using semiconductor heterostructures, Phys. Rev.
Lett. 104 ( Jn, 2010) 040502.

88] J. Alie,Majorana fermions in a tunable semiconductor device, Phys. Rev. B 81
(r, 2010) 125318.

89] I. C. Ful, F. Hssler, A. . Akmerov, n C. . J. Beenkker, Scattering
formula for the topological quantum number of a disordered multimode wire,
Phys. Rev. B 83 (Apr, 2011) 155429.

90] . D. tnesu, . . Lutyn, n . Ds rm,Majorana fermions in
semiconductor nanowires, Phys. Rev. B 84 (t, 2011) 144522.

91] . ourik, K. uo, . . Frolov, . . lissr, E. . A. . Bkkers, n L. .
Kouwenoven, Signatures of Majorana fermions in hybrid
superconductor-semiconductor nanowire devices, Science 336 (2012) 1003–1007.

127

http://dx.doi.org/10.1126/science.1193839
http://dx.doi.org/10.1103/PhysRevLett.94.230403
http://dx.doi.org/10.1103/PhysRevLett.98.010506
http://dx.doi.org/10.1103/PhysRevLett.100.096407
http://dx.doi.org/10.1103/PhysRevB.84.201105
http://dx.doi.org/10.1103/PhysRevB.84.201105
http://arxiv.org/abs/1202.2323
http://dx.doi.org/10.1103/PhysRevLett.104.040502
http://dx.doi.org/10.1103/PhysRevLett.104.040502
http://dx.doi.org/10.1103/PhysRevB.81.125318
http://dx.doi.org/10.1103/PhysRevB.81.125318
http://dx.doi.org/10.1103/PhysRevB.83.155429
http://dx.doi.org/10.1103/PhysRevB.84.144522
http://dx.doi.org/10.1126/science.1222360


BĶįĹĶļĴŀĮĽĵň

92] A. Ds, . onen, . ost, . re, . Heilum, n H. trikmn, Evidence
of Majorana fermions in an Al – InAs nanowire topological superconductor,
arXiv:1205.7073 [cond-mat.mes-hall].

93] .-. Coy, J. . Ee, A. . Akmerov, n C. . J. Beenkker,Majorana
fermions emerging Ěommagnetic nanoparticles on a superconductor without
spin-orbit coupling, Phys. Rev. B 84 (ov, 2011) 195442.

94] . Kjerr, K. ölms, n K. Flenser,Majorana fermions in
superconducting nanowires without spin-orbit coupling, Phys. Rev. B 85 ( Jn,
2012) 020503.

95] . to n . Fujimoto, Topological phases of noncentrosymmetric
superconductors: Edge states, Majorana fermions, and non-Abelian statistics, Phys.
Rev. B 79 (r, 2009) 094504.

96] . Fujimoto, Topological order and non-Abelian statistics in noncentrosymmetric
s-wave superconductors, Phys. Rev. B 77 ( Jun, 2008) 220501.

97] . to, . ksi, n . Fujimoto,Non-Abelian topological order in s-wave
superęuids of ultracold fermionic atoms, Phys. Rev. Lett. 103 ( Jul, 2009) 020401.

98] L. Fu n C. L. Kne, Probing neutral Majorana fermion edge modes with charge
transport, Phys. Rev. Lett. 102 (y, 2009) 216403.

99] A. . Akmerov, J. ilsson, n C. . J. Beenkker, Electrically detected
interferometry of Majorana fermions in a topological insulator, Phys. Rev. Lett.
102 (y, 2009) 216404.

100] L. Fu, Electron teleportation via Majorana bound states in a mesoscopic
superconductor, Phys. Rev. Lett. 104 (Fe, 2010) 056402.

101] A. zunov, A. L. eyti, n . Eer, Coulomb blockade of
Majorana-fermion-induced transport, Phys. Rev. B 84 (t, 2011) 165440.

102] H.-J. Kwon, . . kovenko, n K. enupt, Fractional ac Josephson ečect in
unconĂentional superconductors, Low Temperature Physics 30 ( July, 2004)
613–619, arXiv:0401313 [cond-mat].

103] K. . Lw, . A. Lee, n . K. ,Majorana fermion induced resonant Andreev
reęection, Phys. Rev. Lett. 103 (De, 2009) 237001.

104] K. Flenser, Tunneling characteristics of a chain of Majorana bound states, Phys.
Rev. B 82 (ov, 2010) 180516.

105] D. Brets n A. Altln, Class D spectral peak in Majorana quantum wires,
arXiv:1206.0434 [cond-mat.mes-hall].

128

http://arxiv.org/abs/1205.7073
http://dx.doi.org/10.1103/PhysRevB.84.195442
http://dx.doi.org/10.1103/PhysRevB.85.020503
http://dx.doi.org/10.1103/PhysRevB.85.020503
http://dx.doi.org/10.1103/PhysRevB.79.094504
http://dx.doi.org/10.1103/PhysRevB.79.094504
http://dx.doi.org/10.1103/PhysRevB.77.220501
http://dx.doi.org/10.1103/PhysRevLett.103.020401
http://dx.doi.org/10.1103/PhysRevLett.102.216403
http://dx.doi.org/10.1103/PhysRevLett.102.216404
http://dx.doi.org/10.1103/PhysRevLett.102.216404
http://dx.doi.org/10.1103/PhysRevLett.104.056402
http://dx.doi.org/10.1103/PhysRevB.84.165440
http://dx.doi.org/10.1063/1.1789931
http://dx.doi.org/10.1063/1.1789931
http://arxiv.org/abs/arXiv:0401313
http://dx.doi.org/10.1103/PhysRevLett.103.237001
http://dx.doi.org/10.1103/PhysRevB.82.180516
http://dx.doi.org/10.1103/PhysRevB.82.180516
http://arxiv.org/abs/1206.0434


BĶįĹĶļĴŀĮĽĵň

106] J. Liu, A. C. otter, K. . Lw, n . A. Lee, Zero-bias peaks in spin-orbit
coupled superconducting wires with and without Majorana end-states,
arXiv:1206.1276 [cond-mat.mes-hall].

107] E. J. H. Lee, . Jin, . Auo, G. Ktsros, C. . Lieer, n . De
Frnesi, Zero-bias anomaly in a nanowire quantum dot coupled to
superconductors, arXiv:1207.1259 [cond-mat.mes-hall].

108] E. . touenmire, J. Alie, . A. tryk, n . . Fiser, Interaction ečects
in topological superconducting wires supporting Majorana fermions, Phys. Rev. B
84 ( Jul, 2011) 014503.

109] A. C. otter n . A. Lee, Engineering a p+ ip superconductor: Comparison of
topological insulator and Rashba spin-orbit-coupled materials, Phys. Rev. B 83
(y, 2011) 184520.

110] J. D. u, . ewri, n . Ds rm, Experimental and materials
considerations for the topological superconducting state in electron- and hole-doped
semiconductors: Searching for non-AbelianMajorana modes in 1D nanowires and
2D heterostructures, Phys. Rev. B 85 (Fe, 2012) 064512.

111] D. tilet, C. Ben, n . imon, Spin andMajorana polarization in topological
superconducting wires, Phys. Rev. Lett. 108 (r, 2012) 096802.

112] . inou, A. Furuski, n . os, ŷuantum impurity spin in Majorana
edge fermions, Phys. Rev. B 82 (ov, 2010) 180505.

113] . Žitko n . imon, ŷuantum impurity coupled to Majorana edge fermions,
Phys. Rev. B 84 (ov, 2011) 195310.

114] G. Dresselus, Spin-orbit coupling ečects in zinc blende structures, Phys. Rev.
100 (t, 1955) 580–586.

115] J. liemnn, J. C. Eues, n D. Loss,Nonballistic spin-Ėeld-ečect transistor,
Phys. Rev. Lett. 90 (Apr, 2003) 146801.

116] C. J. Bole n E. Demler,Observing Majorana bound states in p-wave
superconductors using noise measurements in tunneling experiments, Phys. Rev.
Lett. 98 ( Jun, 2007) 237002.

117] A. . Akmerov, J. . Dlus, F. Hssler, . immer, n C. . J.
Beenkker, ŷuantized conductance at the Majorana phase transition in a
disordered superconducting wire, Phys. Rev. Lett. 106 ( Jn, 2011) 057001.

118] L. Fikowski, J. Alie, . H. Linner, . . Lutyn, n . . A. Fiser,
Universal transport signatures of Majorana fermions in superconductor- Luttinger
liquid junctions, Phys. Rev. B 85 ( Jun, 2012) 245121.

129

http://arxiv.org/abs/1206.1276
http://arxiv.org/abs/1207.1259
http://dx.doi.org/10.1103/PhysRevB.84.014503
http://dx.doi.org/10.1103/PhysRevB.84.014503
http://dx.doi.org/10.1103/PhysRevB.83.184520
http://dx.doi.org/10.1103/PhysRevB.83.184520
http://dx.doi.org/10.1103/PhysRevB.85.064512
http://dx.doi.org/10.1103/PhysRevLett.108.096802
http://dx.doi.org/10.1103/PhysRevB.82.180505
http://dx.doi.org/10.1103/PhysRevB.84.195310
http://dx.doi.org/10.1103/PhysRev.100.580
http://dx.doi.org/10.1103/PhysRev.100.580
http://dx.doi.org/10.1103/PhysRevLett.90.146801
http://dx.doi.org/10.1103/PhysRevLett.98.237002
http://dx.doi.org/10.1103/PhysRevLett.98.237002
http://dx.doi.org/10.1103/PhysRevLett.106.057001
http://dx.doi.org/10.1103/PhysRevB.85.245121


BĶįĹĶļĴŀĮĽĵň

119] L. Fu n C. L. Kne, Josephson current and noise at a
superconductor/quantum-spin-Hall-insulator/superconductor junction, Phys. Rev.
B 79 (Apr, 2009) 161408.

120] . A. Ioselevi n . . Feiel’mn, Anomalous Josephson current via
Majorana bound states in topological insulators, Phys. Rev. Lett. 106 (Fe, 2011)
077003.

121] L. Jin, D. ekker, J. Alie, G. eel, . re, n F. von ppen,
UnconĂentional Josephson signatures of Majorana bound states, Phys. Rev. Lett.
107 (ov, 2011) 236401.

122] D. Cevllier, D. tilet, . imon, n C. Ben,Mutation of Andreev into
Majorana bound states in long superconductor-normal and
superconductor-normal-superconductor junctions, Phys. Rev. B 85 ( Jun, 2012)
235307.

123] J. Klinovj n D. Loss, Composite Majorana fermion wave functions in
nanowires, Phys. Rev. B 86 (Au, 2012) 085408.

124] B. Josepson, Possible new ečects in superconductive tunnelling, Physics Letters 1
(1962) 251 – 253.

125] A. omito, J. Alie, G. eel, n F. von ppen,Manipulating Majorana
fermions using supercurrents, Phys. Rev. B 85 ( Jn, 2012) 020502.

126] . ewri n J. D. u, Topological inĂariants for spin-orbit coupled
superconductor nanowires, arXiv:1111.6592 [cond-mat.mes-hall].

127] . iu, . B. Cun, C.-H. Hsu, I. nl, . u, n . Ckrvrty,
Majorana zero modes in a quantum Ising chain with longer-ranged interactions,
Phys. Rev. B 85 ( Jn, 2012) 035110.

128] . Diez, J. . Dlus, . immer, n C. . J. Beenkker, Andreev reęection
Ěom a topological superconductor with chiral symmetry, arXiv:1206.3079
[cond-mat.mes-hall].

129] D. tilet, C. Ben, n . imon, Josephson ečect in superconducting wires
supporting multiple Majorana edge states, arXiv:1211.3070
[cond-mat.mes-hall].

130] J. Alie, . re, G. eel, F. von ppen, n . . A. Fiser,Non-Abelian
statistics and topological quantum information processing in 1D wire networks,
Nature Physics 7 (Au, 2011) 412.

131] D. . Bine, . Houzet, n J. . eyer,Nonequilibrium Josephson ečect
through helical edge states, Phys. Rev. Lett. 107 (t, 2011) 177002.

130

http://dx.doi.org/10.1103/PhysRevB.79.161408
http://dx.doi.org/10.1103/PhysRevB.79.161408
http://dx.doi.org/10.1103/PhysRevLett.106.077003
http://dx.doi.org/10.1103/PhysRevLett.106.077003
http://dx.doi.org/10.1103/PhysRevLett.107.236401
http://dx.doi.org/10.1103/PhysRevLett.107.236401
http://dx.doi.org/10.1103/PhysRevB.85.235307
http://dx.doi.org/10.1103/PhysRevB.85.235307
http://dx.doi.org/10.1103/PhysRevB.86.085408
http://dx.doi.org/10.1016/0031-9163(62)91369-0
http://dx.doi.org/10.1016/0031-9163(62)91369-0
http://dx.doi.org/10.1103/PhysRevB.85.020502
http://arxiv.org/abs/1111.6592
http://dx.doi.org/10.1103/PhysRevB.85.035110
http://arxiv.org/abs/1206.3079
http://arxiv.org/abs/1206.3079
http://arxiv.org/abs/1211.3070
http://arxiv.org/abs/1211.3070
http://dx.doi.org/10.1038/nphys1915
http://dx.doi.org/10.1103/PhysRevLett.107.177002

	Acknowledgments
	Introduction
	I Topological insulators
	Quantum anomalous Hall phases in a two-dimensional Chern insulator
	Introduction
	Bulk characterization of a Chern insulator
	Topological invariant
	Examples

	Model building of a topological insulator with large Chern phases
	General discussion
	A model with five Chern phases

	Large Chern phases in the Haldane model
	Distant-neighbor hopping in graphene
	Phases of the Haldane model

	Discussion

	Edge states in a Chern two insulator
	Numerical experiments
	Analytical solution
	Edge states from bulk Hamiltonian
	Edge states from the Schrödinger equation

	Extension: Edges in a Z2 insulator
	Extension: Stripes of a Z insulator
	Discussion


	II Majorana fermions
	Introduction
	Majorana fermion primer
	Dirac equation and the Majorana condition
	Particle-hole symmetry

	Condensed matter realizations
	Overview
	Kitaev model
	1D spin-coupled semiconducting wire in proximity to an s-wave superconductor

	Majorana polarization

	Topological semiconducting wire with Rashba and Dresselhaus spin-orbit coupling
	Model Hamiltonian
	Topological invariant
	Majorana wave function solutions
	Numerical study

	Extended Majorana states in Josephson junctions
	Superconductor-normal junctions
	Fractional Josephson effect
	Superconductor-normal-superconductor junction
	Ring with a uniform phase gradient
	Constant phase gradient in a wire
	Ring with a uniform phase gradient

	Discussion

	Multiple Majorana fermions in a two-band model
	Topological properties of a two-band BDI topological superconductor
	Symmetry constraints
	Winding number of a circuit and role of distant site couplings

	Model Hamiltonian and phase diagram
	Transport in SN junctions
	Josephson junctions
	The 1-1 Josephson junction
	The 2-2 Josephson junction
	The 1-2 Josephson junction

	Wires with an inhomogeneous superconducting phase
	Discussion


	Conclusion and Perspectives
	Bibliography

