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1. Contexte scientifique

1 Contexte scientifique

Cette these porte sur I'analyse mathématique de problemes d’évolution nonlinéaires et plus préci-
sément sur I’étude de modeles de réaction-dispersion. La forme générale de ces équations de réaction-

dispersion est la suivante :

O ) = Dw)(t,2) + S, ult,2), 10, 2 € R )

Ces équations interviennent dans des domaines trés variés comme la combustion [27, 189, 194], la
chimie [32], la biologie ou I’écologie [103, 70, 135]. Elles modélisent généralement I’évolution d’entités
qui interagissent entre elles et se déplacent. En particulier, dans le domaine de la dynamique des
populations ou la génétique des populations, la quantité u(t,x) représente la densité de population
a l'instant ¢ et a la position z. Le terme de réaction f(z,u) correspond au taux de croissance de la
population. Il permet de modéliser les interactions entre les individus et les caractéristiques de ’habitat
ou du milieu. Ce terme de réaction dépend d’une part de la densité u et d’autre part du milieu dans
lequel évolue la population au travers de la variable d’espace z. Le mouvement des individus est décrit
grace a 'opérateur de dispersion D. Suivant le mode de déplacement des individus, cet opérateur sera
local ou non-local.

L’objectif de la these est de comprendre I'influence du terme de réaction f, de l'opérateur de
dispersion D, et de la donnée initiale ug sur la propagation des solutions u de I’équation de réaction-
dispersion (1).

Nous nous intéresserons principalement a deux types d’équations de réaction-dispersion : les équa-
tions de réaction-diffusion et les équations intégro-différentielles. Les équations de réaction-diffusion
sont des équations aux dérivées partielles paraboliques nonlinéaires. L’opérateur de dispersion D est

un opérateur différentiel elliptique du second ordre. Les premieres équations de réaction-diffusion du

type
2
%(t,x) = %(t,x) + f(u(t,z)), t >0, x € R, (2)
ont été introduites a la fin des années 30 dans les articles de Fisher [72] et Kolmogorov, Petrovsky, et
Piskunov [112], pour des modeles de génétique des populations.
Dans ces premiers modeéles, la nonlinéarité f est indépendante de la variable d’espace x. Le milieu
est dit homogéne. Dans ce cas homogene, nous considérons des nonlinéarités f régulieres, f € C'*([0,1]),

et s’annulant en 0 et 1

Les fonctions p_ = 0 et p™ = 1 sont alors des états stationnaires de I'équation (2). En outre, les

nonlinéarités étudiées vérifient I'une des trois propriétés suivantes :

(A) Monostable : f est de type monostable si
F(0)>0, f(1)<0 et f>0sur]o,1].

Dans ce cas, le terme de croissance f(u) est toujours strictement positif sur |0, 1[. L’exemple le plus
classique de terme monostable est f(u) = u(1 —u)(1+ au), avec a > 0. Si a < 1, le taux de croissance
par individu f(u)/u (défini par f'(0) en u = 0) est décroissant sur I'intervalle [0, 1] ce qui correspond &

un terme de réaction du type KPP, pour Kolmogorov, Petrovsky, et Piskunov [112] (voir figure 1(a)).
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(a) Nonlinéarité KPP (b) Nonlinéarité monostable & effet Allee faible

FIGURE 1 — Nonlinéarités de type monostable (A)

f(u)
1 4

FIGURE 2 — Nonlinéarité de type bistable (B)

Par contre, si a > 1, le maximum du taux de croissance par individu n’est plus atteint en ©u = 0. En

écologie, ceci correspond a un effet Allee faible [175](voir figure 1(b)).
(B) Bistable : f est de type bistable si
1
[#e)1ds>0. ro) <0, f1)<o
0

et il existe p €]0,1] tel que f < 0 sur |0, p[ et f > 0 sur |p, 1].

Le taux de croissance f(u) est donc négatif a faible densité, ce qui correspond a un effet Allee fort [118,
175]. Le parameétre p est appelé «seuil de leffet Allee» en dessous duquel le taux de croissance devient
négatif. Les fonctions cubiques f(u) = u(1 — u)(u — p), avec p dans ]0,1/2[, sont des nonlinéarités de
type bistable. La condition de signe sur l'intégrale de f traduit le fait que ’état 1 est plus stable que
Iétat 0.

(C) Ignition : f est de type ignition si

(1) <0 et il existe p €]0,1] tel que f =0 sur ]0,p[ et f > 0 sur |p,1].

Cette nonlinéarité intervient souvent en combustion. Dans ce cas u est la température de la flamme
et p est la température d’ignition [27, 29, 152].
Ces trois types de nonlinéarités interviennent dans des contextes variés et ont une influence forte sur

le comportement des solutions de (2). En effet, si la nonlinéarité f est monostable (A), toute solution
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1. Contexte scientifique

FIGURE 3 — Nonlinéarité de type ignition (C)

bornée du probléeme de Cauchy associé a 1’équation (2), avec une donnée initiale 0 < ug < 1 telle que
ug # 0, convergera localement uniformément vers 1’état stationnaire 1 [10, Théoréeme 3.1]. On dira
dans ce cas que la solution survit et se propage dans le milieu. Par contre, lorsque la nonlinéarité f est
de type bistable (B) ou ignition (C), nous verrons dans le chapitre 3 que les solutions initialement trop
confinées ou trop petites tendent vers I'extinction, c’est-a-dire qu’elles convergent uniformément vers
I’état 0, alors que celles initialement assez étendues ou assez grosses «survivronty, c’est-a-dire qu’elles
convergent localement uniformément vers une quantité strictement positive [9, 58, 195, GHR12].

Revenons sur la nature des équations de réaction-diffusion. Reprenant le cadre de la dynamique
des populations, ces équations sont en fait une approximation «locale» dans laquelle on suppose que
les individus a l'instant t et a la position x ne se diffusent que vers leurs voisins immédiats.

Cette approche réaction-diffusion devient peu précise lorsque 1'on étudie des espéces dont les indi-
vidus peuvent se déplacer a longue distance. Ces événements de dispersion & longue distance jouent un
role essentiel dans de nombreux phénomenes comme la pollinisation de certains végétaux ou la propaga-
tion d’épidémies. Ils sont souvent dus a des vecteurs extérieurs (humains, animaux, ... ) qui favorisent le
transport d’individus ou de virus trés loin de leur lieu d’origine. Une maniére de prendre en compte ces
phénomenes de dispersion a longue distance est d’utiliser des équations intégro-différentielles [44, 132]

de la forme

ou

2 t0) = /RJ(L’E — ylult, y)dy — u(t, z) + fult,z), t >0 ct o € R. 3)

ot le terme de diffusion 0?u est remplacé par un opérateur intégral de la forme J « u — u, avec J une
densité de probabilité. Le terme J est appelé noyau de dispersion et 'expression J(|x — y|) représente
la probabilité qu’un individu provenant du point y arrive en x.

Ces deux types d’équations ont des natures totalement différentes, I'une (2) est locale alors que
Pautre (3) est non-locale. Cependant, suivant le type de noyau de dispersion J et le terme de réaction
f, le comportement qualitatif des solutions peut rester semblable.

On distingue dans la suite deux types de noyaux de dispersion J : les noyaux exponentiellement
bornés et les noyaux non-exponentiellement bornés. Lorsque le noyau de dispersion J décroit plus
rapidement qu’une exponentielle, il est dit exponentiellement borné ou a «queue légere». Les trois
exemples classiques de tels noyaux sont les noyaux a support compact J(x) o 1|, () avec a > 0,

—2%/20% of Jes noyaux exponentiels J(z) x el avec A > 0 (voir

les noyaux gaussiens J(z) x e
figure 4(a)). Ces noyaux exponentiellement bornés sont utilisés pour modéliser des phénomenes de

dispersion a courte distance, donc proche de phénomenes de diffusion. Les travaux récents de Carr et



J(z) = Ce~olel/(+n(|z]))

Q(r) = Ceolel

ZB TN J(@) = (1 +[a])~3
J(x) =11 1)(2)

i €T
0 . . 0 . .
(a) Noyaux exponentiellement bornés (b) Noyaux non exponentiellement bornés
FIGURE 4 — Exemples de noyaux de dispersion J : (a) exponentiellement bornés; (b) non-

exponentiellement bornés

Chmaj [38] et Coville et Dupaigne [47] ont montré que le modeéle intégro-différentiel (3) avec un noyau
exponentiellement borné se comporte de la méme maniére que le modele de réaction-diffusion (2). Plus
précisément, ces deux modeles avec des termes de réaction de type monostable (A), bistable (B) ou
ignition (C) posseédent des solutions de type fronts, en translation uniforme reliant I’état d’équilibre
u=pt =1 (en —o00) al'état d’équilibre u = p_ = 0 (en +00) [10, 29, 71, 112, réaction-diffusion] [38, 47,
intégro-différentiel]. Elles permettent de décrire I'invasion & vitesse et profil constant d’un espace vierge
par une population. Ces solutions sont de la forme wu(t,x) = U(x — ct), ou c est la vitesse du front et
U est le profil du front connectant les deux états stationnaires p™ et p_ de '’équation. Le profil U du

front vérifie alors I’équation elliptique nonlinéaire suivante :

DU)(y) +cU'(y) +fU) =0, yeR,
U(-o0) =1, U(+00)=0 et 0<U < 1surR,

ou l'opérateur de dispersion D correspond dans le cas d’équations de réaction-diffusion au Laplacien
O2u et & Popérateur intégral J x u — u dans le cas d’équations intégro-différentielles. Dans tous les
cas, le profil U associé & une vitesse ¢ est une fonction décroissante et unique & translation pres (cf.
figure 5). L’existence de fronts met en évidence un paralléle fort entre les deux types d’équations,
réaction-diffusion et équations intégro-différentielles avec noyaux exponentiellement bornés et montre
qu’une diffusion locale ou une dispersion a courte distance ont le méme effet sur la propagation des
solutions.

Cependant, on peut se demander si les fronts progressifs qui apparaissent dans les équations de
réaction-diffusion et dans les équations intégro-différentielles sont de méme nature. Stokes [172] a été
I'un des premiers a distinguer différents types de fronts. Dans le cadre des équations de réaction-
diffusion homogenes avec des termes de réaction monostables (A), il a classé les fronts de vitesse
minimale en deux catégories : les fronts tirés et les front poussés. Cette dichotomie porte sur des
critéres liés a la vitesse des fronts. Un front de vitesse minimale (¢*,U) est tiré si sa vitesse est la
méme que celle du probléme linéarisé autour de 1’état stationnaire 0, i.e. ¢* = 2,/f’(0). En terme
biologique, un tel front de colonisation est tiré par la population la plus en avant. A Dlinverse, un
front de vitesse minimale est dit poussé si ¢* > 2,/f7(0). Dans ce cas, la vitesse de propagation est
déterminée par toute la population et pas seulement par la population la plus en avant. Le front est
donc poussé par l'intérieur de la population. L’interprétation en dynamique des populations de cette
classification montre une différence dans la dynamique interne des fronts. Un des premiers axes d’étude
de la these a été de comprendre la nature des fronts des équations de réaction-diffusion par ’analyse
de leur dynamique interne. Cette nouvelle approche des fronts tirés/poussés, plus intuitive, a aussi des

conséquences importantes en génétique des populations, comme nous le verrons dans la suite.
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1. Contexte scientifique

u(t,x) = U(x — ct)

0

FIGURE 5 — Solution de (1) de type front progressif u(t,z) = U(z — ct) a des temps successifs : le
front se déplace de gauche a droite a vitesse ¢ et conserve un profil constant U connectant les états

stationnaires 0 et 1.

Si les équations intégro-différentielles avec des noyaux exponentiellement bornés peuvent se rap-
procher des équations de réaction-diffusion, une divergence de comportement apparait lorsque ’'on
s’intéresse a des noyaux non-exponentiellement bornés, c’est-a-dire des noyaux qui décroissent plus
lentement que n’importe quelle exponentielle. Les principaux exemples de tels noyaux dits aussi a

21" avec a €]0,1[ et les noyaux 2

«queue lourde» sont les noyaux exponentielle-puissance J(z) o e~
décroissance algébrique J(x) oc (14 2™)~1, avec n > 2 (voir figure 4(b)). Dans ce cas, on observe une
différence qualitative puisque ces équations intégro-différentielles avec noyaux non-exponentiellement
bornés ne possédent pas de fronts progressifs [191]. Cette négation reste cependant peu précise et
ne donne aucun renseignement sur la vitesse a laquelle les solutions se propagent ni méme sur leurs
comportements asymptotiques.

Ainsi, un des axes d’étude de cette theése a été de comprendre 'influence des noyaux de dispersion
non-exponentiellement bornés sur la wvitesse de propagation et le profil asymptotique des solutions.
La vitesse de propagation d’une solution u de I’équation de réaction-dispersion (1), si elle existe,
correspond a la plus grande vitesse c¢* telle que dans tout repere mobile de vitesse ¢ < ¢* la solution

converge vers 1 en temps grand,
u(t,z + ct) — 1 localement uniformément lorsque ¢t — 400, pour tout ¢ < c*.

Elle correspond aussi a la plus petite vitesse c¢* telle que dans tout repére mobile de vitesse ¢ > c*, la

solution converge vers 0 en temps grand,
u(t,z + ct) — 0 localement uniformément lorsque ¢ — +o0o0, pour tout ¢ > ¢*,

lorsque la donnée initiale a un support compact.

Dans le cadre des équations de réaction-diffusion homogenes ou des équations intégro-différen-
tielles avec des noyaux exponentiellement bornés, les solutions partant d’une donnée initiale a support
compact ont toujours une vitesse de propagation finie et majorée par la plus petite vitesse des fronts
progressifs (cf. figure 6). Nous verrons que cette propriété de propagation des solutions a vitesse finie
n’est pas conservée par toutes les équations de réaction-dispersion, notamment lorsque le noyau de
dispersion est non-exponentiellement borné. Cette propriété peut également étre aussi sensible a la

donnée initiale. Par exemple, Hamel et Roques [88] ont mis en évidence des phénomenes d’accélérations
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FIGURE 6 — Propagation a vitesse ¢* dans les deux directions d’une solution u de (1), partant a ¢ = 0

d’une donnée initiale uy a support compact.

des solutions d’équations de réaction-diffusion partant de données initiales qui décroissent lentement
a linfini.

D’autres facteurs comme la structuration spatiale de I’environnement peuvent aussi modifier consi-
dérablement cette vitesse. En écologie, les ressources sont rarement distribuées de maniere uniforme et
homogene dans ’espace ce qui crée des zones plus ou moins favorables a la survie de ’espece considé-
rée. Ces fluctuations du milieu peuvent accélérer ou au contraire ralentir sa propagation. Une maniére
de prendre en compte les hétérogénéités de I’habitat est de faire dépendre le taux de croissance f non
seulement de la densité u mais aussi de la variable d’espace z, f := f(z,u).

En général, 'analyse mathématique de 'effet des hétérogénéités spatiales sur la vitesse d’expansion
d’une solution de (1) reste un probléme difficile. Dans le cas des équations de réaction-diffusion,
quelques cas particuliers ont déja été traités [cf. 18, 190, pour une revue complete]. Citons par exemple
les milieux périodiques [19, 23, 25, 74, 168, 186], pour lesquels la nonlinéarité f(x,u) est périodique
en la variable d’espace x. Pour ces environnements et pour des nonlinéarités f de type type KPP,
la vitesse de propagation se caractérise grace aux valeurs propres principales de familles d’opérateurs

elliptiques de la forme )

Ly:@— % - ng—i + (p2 + %(m,O))ap.
La généralisation de ces notions de valeurs propres a des opérateurs elliptiques plus complexes et sur
des domaines non-bornés, ont permis d’appréhender des problemes plus réalistes et plus complexes.
Ces outils ont notamment permis d’obtenir des estimations sur la vitesse d’expansion dans des milieux
hétérogenes généraux [22, 28]. Cependant, ils ne suffisent pas en général a caractériser cette vitesse,
notamment lorsque la vitesse d’expansion n’est pas unique mais oscille dans un intervalle de valeurs,

comme nous le verrons dans le Chapitre 4.

2 Résultats

L’objectif de cette these est d’analyser et de comparer les modeles mathématiques de la forme (1)
pour différents types de dispersion D, de termes de réaction f et de données initiales, afin de com-
prendre 'influence de ces composantes sur la propagation des solutions des modeles associés. Dans une
premiere partie, nous nous intéressons aux équations de réaction-diffusion dans des milieux homogenes.
L’étude de ces modeles trés simples nous a permis de mieux comprendre les mécanismes qui créent
la propagation, grace a une nouvelle caractérisation plus intuitive des fronts progressifs. Ces résultats
ont des conséquences importantes en génétique des populations. Ils permettent également de mieux

comprendre I'influence de l'effet Allee, correspondant & une diminution de la fertilité & faible densité,
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2. Résultats

lors d’une colonisation. La seconde partie est dédiée a 1’étude des équations de réaction-diffusion en
milieu hétérogene. L’objectif est de comprendre comment la fragmentation du milieu modifie la vitesse
de propagation des solutions. Nous nous intéressons aussi a un probléme inverse afin de mieux cerner
les liens entre les sorties du modeéle et les parametres hétérogenes. La troisieme et derniére partie sera
consacrée a I’analyse des équations intégro-différentielles. L’objectif est de décrire I'influence du mode

de dispersion sur la propagation des solutions.

2.1 Equations de réaction-diffusion homogénes : caractérisation des fronts et effet Allee

Dans cette section nous proposons dans un premier temps une nouvelle approche concernant les
notions de fronts progressifs tirés et poussés associés a 1’équation de réaction-diffusion (2). Ensuite
nous présentons les conséquences de ce travail en génétique des populations. Enfin, nous analysons
Peffet de la fragmentation de la donnée initiale sur I’évolution de la solution du probleme de Cauchy

associé a (2).

1.1 Dynamique interne des fronts : une nouvelle approche des fronts tirés et poussés [GGHR12]

Les équations de réaction-diffusion homogenes sont tres utilisées dans la modélisation d’especes en
expansion, en grande partie parce qu’elles posseédent des solutions de type front de la forme wu(t,z) =

U(x — ct), ou c est la vitesse du front et U son profil vérifiant 1’équation elliptique suivante :

U'(y) +cU'(y) + f(U(y) =0, y€R,

(4)
U(—o0) =1, U(+o0)=0 and 0<U <1onR.

Plus précisément, si f est une nonlinéarité monostable de type (A), il existe une vitesse minimale
c* > 21/f(0) > 0 telle que 1’équation (4) admet des solutions U si et seulement si ¢ > c¢*. La solution
de vitesse minimale est appelée front critique et celles de vitesse ¢ > ¢* fronts sur-critiques. Si f est
une nonlinéarité bistable (B) ou de type ignition (C), il existe une unique vitesse ¢ > 0 telle que
I’équation (4) admette une solution.

Depuis les articles de Fisher [72] et Kolmogorov et al. [112], la majorité des travaux d’analyse des
fronts portent sur leur existence, leur unicité, leur vitesse d’expansion, leur profil ou leur stabilité. En
particulier, I’étude de stabilité, menée par Stokes [172] dans le cadre de nonlinéarités monostables (A),
a permis de classer les fronts monostables en deux types : les fronts tirés et les fronts poussés. Cette
classification repose sur les propriétés de la vitesse ¢ des fronts. Elle est résumée dans les deux défini-

tions suivantes.

Définition 1 (Front tiré [172]). Un front tiré est soit un front critique dont la vitesse minimale c*
vérifie ¢ = 2,/ f'(0), soit n’importe quel front sur-critique (¢ > c*).

Définition 2 (Front poussé [172]). Un front poussé est un front critique dont la vitesse minimale c*

vérifie ¢* > 24/ f'(0).

Le terme tiré vient du fait que les fronts critiques tirés ont la méme vitesse de propagation que
le probleme linéarisé autour de 1’état stationnaire 0, donc la vitesse du front est déterminée par le
taux de croissance des individus les plus & I'avant du front. Le front est donc tiré par ses individus
pionniers. A Dinverse, la vitesse d’un front critique poussé est déterminée par toute la population. Le

front est poussé de 'intérieur par toute la population.



FIGURE 7 — Représentation schématique d’un front u, solution de (4), composé de six fractions. Chaque

k a une couleur différente et son épaisseur en chaque point z, correspond & sa densité.

composante v

Bien que l'interprétation de cette terminologie se base sur la dynamique interne des fronts, 1’évo-
lution de la «structure interne» des fronts restait jusqu’alors inconnue. Dans cette these nous avons
choisi une nouvelle approche totalement différente de celle de Stokes [172] pour comprendre la nature
des fronts. Cette approche plus intuitive se base sur I'analyse directe de la dynamique interne des
fronts.

Nous nous sommes inspirés des travaux de Hallatschek et Nelson [82, 83] et Vlad et al. [181]. L’idée
consiste & décomposer le front u(t,z) = U(x — ct) en plusieurs composantes v*(t,z) et & étudier le
comportement de ces composantes a 'intérieur du front. Plus précisément, on suppose que le front est

initialement composé de différents groupes (vf§(z))res vérifiant

uo(x) == u(0,z) = Z v (x), avec vl >0 pour tout k € I.
k>1
avec I C N (voir figure 7). Ces composantes v* ne différent que par leur taille et leur position initiale
a lintérieur du front u. Elles partagent les mémes caractéristiques d’évolution que le front dans le sens
ou elles diffusent et croissent de la méme maniere que le front u. Ainsi leur coefficient de diffusion est

égal & 1 et leur taux de croissance par individu g(u) dépend uniquement de la population totale u :

fu(t, z))

tx)) = tout t > 0 et € R.
g(u(t,x)) lt.z pour tout t > 0 et =
Par conséquent, ces groupes v* vérifient 1’équation suivante :
ovk 0%k &
E(ta$) = W(ta$) +v (t,$) g(u(t,x)), t> Oa T e Ra (5)
v (0,2) = of(x), zeR.

Puisque toutes les composantes v* ont les mémes caractéristiques de croissance et de dispersion, il
suffit de regarder I’évolution d’un seul groupe, que ’on notera v, pour comprendre le comportement
de tous les autres. Ce phénomene contraste fortement avec les systémes compétitifs plus classiques
comme le modele de compétition entre une population résidente et une population invasive, mentionné
par Kawasaki et Shigesada [103, Section 7.2]. Dans ce modele, une des populations prend toujours le
dessus sur l'autre, en un certain sens. Ainsi la propagation est dirigée par un seul groupe.

De plus, méme si I"équation (2) est homogene en espace et si le systéme (5) est linéaire, le sys-
téme (5) est hétérogeéne en espace et en temps puisque le taux de croissance par individu g(u(t, z))
dépend de t et z. En outre, cette hétérogénéité ne remplit aucun critere de périodicité ni de monotonie,

ce qui rend le probleme totalement hétérogene et donc plus difficile a traiter.
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2. Résultats

Structure interne des fronts

Suivant la nonlinéarité f et la donnée initiale vg, la composante v se comporte de deux maniéres
différentes. On s’intéresse tout d’abord & des nonlinéarités f de type monostable (A) et & des fronts
tirés (c,U).

Théoréme 1 (Cas des fronts tirés). Un groupe v, initialement localisé d ’intérieur d’un front mono-

stable tiré, au sens ou :

“+o0o
/ e v (x) dr < o0, (6)
0
vérifie
lim sup( max v(t,x)) — 0 lorsque o — +o0. (7)
t—+4o00 x>avt

En d’autres termes, les composantes des fronts monostables tirés qui décroissent plus vite que le
profil du front U au sens de (6), ne peuvent pas suivre 'avancée du front. En particulier, si on se place

dans une fenétre mobile avancant a la vitesse ¢ du front, la formule (7) implique
v(t,x + ct) — 0 uniformément sur tout compact lorsque ¢t — +oc0.

Ainsi, seuls les composantes les plus en avant du front contribuent a faire avancer le front. Cette
caractérisation est en accord avec la Définition 1 de Stokes [172] et montre que les fronts critiques tirés
et les fronts sur-critiques partagent la méme dynamique interne.

De manieére plus générale, le résultat (7) implique que les composantes ne peuvent se propager vers
la droite avec une vitesse strictement positive.

De plus si les composantes sont tres confinées, on obtient le résultat suivant :

Proposition 1. Les composantes v des fronts monostables tirés, initialement confinées au sens ou vy
satisfait (6) et :

vo(x) — 0 lorsque x — —o0, ou vy € LP(R) pour un certain p € [1,400),

vérifient

v(t,-) = 0 uniformément sur R lorsque t — +oc.

Ainsi, les composantes tres localisées, comme celles de couleur sur la figure 7, tendent & I’extinction
en se diffusant autour de leur lieu d’apparition comme on le voit sur la figure 8.
Dans le cas des fronts monostables poussés, bistables ou de type ignition le comportement des

composantes est totalement différent.

Théoréme 2 (Cas des fronts poussés). Tout groupe v, dans un front (¢,U) monostable poussé, bis-
table (B) ou de type ignition (C), vérifie

lim sup ( max_|v(t,x) — p(vo)U(z — ct)\) — 0 lorsque o — +o0,
t——+o00 J:Za\/i

ot p(vg) est la proportion finale du groupe v dans le front U. Elle est donnée par la formule suivante :

/Uo(x) U(z)e™ dx
pleg) = B €lo.1) )
/RU (x) e dx
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FIGURE 8 — Cas tiré : évolution de la densité d’une fraction v(t,z) (région verte) a lintérieur de la
population totale u(t,z) (région grise) a des temps successifs t = 0, ¢ = 20 et ¢ = 40. La courbe en

pointillé représente la solution de I’équation de la chaleur partant de la fraction initiale vg.

80 100 120

FIGURE 9 — Cas poussé : évolution de la densité d’une fraction v(¢,z) (région verte) a l'intérieur de la
population totale u(t, z) (région grise) a des temps successifs ¢t = 0, t = 100 et ¢ = 200. La courbe en

pointillé représente la proportion finale p(vg) de la fraction v.

Ces résultats contrastent fortement avec ceux du Théoreme 1. En effet, toutes les composantes
d’un front monostable poussé, bistable ou de type ignition, suivent l'avancée du front (voir figure 9),

dans le sens ou
v(t,z + ct) — p(vo) U(x) > 0 uniformément sur tout compact lorsque ¢ — +oo. 9)

Ainsi en temps grand, toute composante v, présente initialement dans le front, est représentée dans
la proportion p(vg) a 'avant du front. En d’autres termes le front est poussé de l'intérieur par toutes

ses composantes.

Une définition plus générale des fronts poussés et des fronts tirés

Ces résultats permettent de distinguer deux classes de fronts a partir de la dynamique de leurs
composantes. Cette classification coincide avec la terminologie poussé/tiré introduite par Stokes [172]
pour des nonlinéarités monostable de type (A). Nos résultats indiquent aussi que les fronts bistables
ou de type ignition partagent la méme dynamique interne que les fronts monostables poussés. Cette
remarque nous a permis de proposer une nouvelle définition de la notion de front poussé et front tiré
dans un cadre plus général que celui des équations de réaction-diffusion homogenes. On s’intéresse
ici aux solutions de type fronts des équations de réaction-diffusion homogenes ou hétérogenes et des
équations intégro-différentielles homogenes. En d’autres termes, on traite des solutions de type fronts

de I’équation générale (1), ou l'opérateur de dispersion est soit le Laplacien, D(u) = 02(u), soit
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2. Résultats

Popérateur intégral D = J xu — u, et la nonlinéarité f peut dépendre de la variable z. Dans ce cadre

général, si u est un front de vitesse ¢ > 0, ses composantes v* vérifient ’équation suivante :
8Uk k k
E(tam) = D(U )(t,.%')+U (t,x)g(m,u(t,m)), t>0, z €R, (10)
v*(0,2) = of(z), zeR.

ou g(x,u) := f(x,u)/u. Ainsi, on définit les deux notions suivantes :

Définition 3 (Front tiré). Un front u de vitesse ¢ € R est dit tiré si pour tout groupe v vérifiant (10)
et

vo @ support compact, 0 < vy < u(0,-) et vy Z 0, (11)

on a

v(t,x +ct) = 0 uniformément sur tout compact lorsque t — ~+o0.

Définition 4 (Front poussé). Un front u de vitesse ¢ € R est dit poussé si pour tout groupe v

vérifiant (10)-(11) il existe un compact K tel que

lim sup (Sup v(t,z + ct)) > 0.
t—+oo “zek
Dans le Chapitre 1, nous proposons des définitions qui qui peuvent étre appliquées aux fronts
de transition tres généraux introduis par Berestycki et Hamel [21]. En outre, ces nouvelles notions
de fronts tirés et poussés basées sur la dynamique interne des fronts plutdét que sur leur vitesse de
propagation ont 'avantage de s’adapter a des modeéles plus complexes qui ne posseédent pas forcément
de solutions de type front. Par exemple, nous pouvons désormais envisager d’étudier la nature poussée

ou tirée des solutions :

(i) d’équations intégro-différentielles comportant des événements de dispersion a longue distance

dont les solutions sont accélérées [Gall, 113];

(ii) d’équations de réaction-diffusion hétérogenes en espace possédant des fronts pulsatoires ou des
fronts de transition [21, 130, 136, 139, 167, 190];

(iii) d’équations de réaction-diffusion avec une vitesse forcée, utilisées dans 'article de Berestycki

et al. [17] pour étudier l'effet du changement climatique sur la dynamique d’espeéces biologiques.

1.2 L’effet Allee favorise la diversité génétique a l'intérieur d’un front de colonisation [RGHK12]

L’étude de la dynamique interne des fronts a de nombreuses conséquences, notamment en génétique
des populations. Elle montre en particulier la mise en place d’une structure génétique spatiale au cours
d’une colonisation. Les travaux présentés dans cette section s’appuient sur nos résultats obtenues
dans [GGHR12]. Dans certains cas nous proposons des preuves différentes. En outre nous donnons
une interprétation de ces résultats, du point de vue des applications en génétique des populations,
destinée a un lectorat plus large.

De nombreuses études écologiques ont montré que I’expansion de l'aire de répartition d’une popu-
lation entraine souvent une perte de la diversité génétique le long du front de colonisation [52, 94, 148,
160, 162]. Cette perte de diversité génétique est principalement due & la dérive génétique, c’est-a-dire

au fait que seul un échantillon de la population totale colonise de nouveaux habitats [127]
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Cependant, dans certains cas, la diversité génétique se maintient au cours de la colonisation. C’est
par exemple le cas pour le méleze Lariz Decidua dans les Alpes [145]. Ce maintien de la diversité géné-
tique peut s’expliquer grace & divers phénomenes environnementaux ou endogenes. En effet, des études
numériques ont mis en évidence le role de la géométrie du milieu envahi [31, 174, 184], 'importance
des événements de dispersion a longue distance et de la forme du noyau de dispersion [11, 68, 96],
Peffet de la démographie locale [110] ou encore I'impact de 'existence d’une phase juvénile [11] sur le
maintien de la diversité.

L’existence d’un effet Allee est un autre facteur déterminant dans la dynamique d’une population
en expansion. Cet effet Allee est caractérisé par une diminution du taux de croissance par individu
a faible densité [7]. On distingue deux types d’effet Allee : l'effet Allee faible et l'effet Allee fort.
Lorsque le taux de croissance par individu n’est pas maximal pour les faibles densités mais reste
positif, on parlera d’effet Allee faible. Il est souvent modélisé par des nonlinéarités f monostables (A)
dont le graphe ne reste pas sous sa tangente a l'origine, voir figure 1(b), ou des nonlinéarité de
type ignition (C), voir figure 3. Lorsque le taux de croissance devient négatif a faible densité, on
parlera d’effet Allee fort. On utilise souvent des nonlinéarités bistables (B) pour prendre en compte
un effet Allee fort dans les modéles (voir figure 2). L’existence d’un effet Allee a été observé chez de
nombreuses populations [53, 114, 179]. Il est connu que sa présence ralentit la vitesse de propagation
de la population [13, 118].

Une étude numérique proposée par Hallatschek et Nelson [82] a montré que la présence dun effet
Allee rend possible le phénomene de «surfy», c’est-a-dire qu'un gene va pouvoir se propager a la méme
vitesse que le front de colonisation. Plus précisément, en utilisant une approche «backward», c’est-a-
dire en remontant le temps, ils ont étudié la position initiale d’un géne qui a réussi a surfer sur le front
et ont noté de grandes différences en fonction de la présence ou non d’un effet Allee. En utilisant le
cadre des équations de réaction-diffusion, ils ont pu relier leurs résultats numériques a des formules
analytiques. Continuant dans cette voie et réutilisant le cadre de travail mathématique développé dans
la section précédente, nous nous sommes intéressés a I'impact de l'effet Allee sur la structure génétique
durant un processus de colonisation.

On consideére une population de génes ou d’individus haploides dont la densité de population u est
modélisée par 1’équation de réaction-diffusion unidimensionnelle (2). Depuis les travaux de Skellam
[169], cette équation (2) a souvent été utilisée pour étudier une population en expansion. Cependant,
peu de travaux théoriques ont analysé I’évolution de la structure interne des solutions du modele (2)
(hormis les travaux présentés dans la section précédente [GGHR12]).

Pour ce type d’équations, si le terme de croissance f vérifie 'une des trois hypotheéses monostable
KPP (A), bistable (B) ou ignition (C), et si la population initiale ug ressemble a un front (¢, U) pour
des x positifs grands, alors la solution u du probléme de Cauchy associé a (2) converge vers ce front de
vitesse ¢ et de profil U [9, 33, 69, 71, 116]. Ces solutions de type front décrivent I'invasion & vitesse et
profil constant d’un espace vierge. Dans la suite, la population u sera prise a ’équilibre de propagation,
c’est-a-dire que u sera une solution de type front de la forme u(t,x) = U(x — ct). On suppose que cette
population est composée de plusieurs fractions de génes neutres. L’étude proposée précédemment sur la
structure interne des fronts va nous permettre d’étudier 1’évolution spatio-temporelle de ces fractions
correspondant & des genes neutres a l'intérieur de la population u, et de répondre aux questions

suivantes :

(i) comment les différentes fractions évoluent a l'intérieur d’un front de colonisation généré par un
modele de type KPP ;

14



2. Résultats

(ii) la présence d’un effet Allee modifie-t-elle les proportions des diverses fractions présentes dans le
front 7 A-t-on une augmentation ou une perte de diversité a 'intérieur de ces fronts de colonisa-

tion ?

(iii) les proportions des différentes fractions évoluent-t-elles rapidement apres le passage du front ?

Les dynamiques des fronts, présentées dans les Théorémes 1, 2 et la Proposition 1, nous renseignent
sur la mise en place d’une structure génétique spatiale au cours d’une colonisation. Elles montrent
aussi que l'inclusion d’un effet Allee dans les modeles (2) conduit a des différences fondamentales dans
la composition des fronts. Dans un souci de clarté, I'effet Allee est modélisé dans notre étude par des

nonlinéarités bistables cubiques de la forme :
fw)=u(l—u)(u—p) pour tout u €]0,1[, (12)

ou p correspond au seuil de leffet Allee en dessous duquel le taux de croissance devient néga-
tif [105, 118]. Le taux de croissance par individu g(u) = f(u)/u est négatif & faible densité, ce qui
correspond & un effet Allee fort. On oppose ces termes avec effet Allee aux nonlinéarités de type
KPP (cf. définition (A)), pour lesquelles le taux de croissance par individu est toujours positif et
devient maximal lorsque la densité u est nulle, i.e. pas de diminution du taux de croissance per capita

a faible densité.

Dynamique d’un géne neutre dans la population

On se focalise sur la dynamique d’un géne neutre a 'intérieur de la population totale u. La densité
v du geéne neutre a Uintérieur du front u vérifie 'équation (5) de la section précédente. D’apres les
résultats précédents on obtient les deux types de comportements, suivant que la population subit ou

non un effet Allee.

Proposition 2 (Cas KPP, sans effet Allee).
(i) Dynamique dans le repére mobile de vitesse c : si la densité initiale vy converge vers 0 plus
rapidement que le front U lorsque x — 400, alors

max v(t,x +ct) = 0 lorsque t — 400, pour tout A € R.
z€[A,+00)

(ii) Dynamique dans le repére fixe : si la densité initiale vy est a support compact alors
v(t,z) = 0 wuniformément sur R lorsque t — +00.

Dans ce cas, aucune fraction, initialement peu représentée a I’avant du front, ne peux se propager a
la méme vitesse que la population totale.

Notons que les hypothéses concernant le donnée initiale vy du (i) de la Proposition 2 sont lége-
rement différentes de celles du Théoréme 1. On demande ici que la fonction z — e“*/?v(x) soit dans
L(]0, +00[) alors que I'on demandait que cette fonction soit dans L?([0,+oc[) dans le Théoréme 1.
Ceci tient au fait que la preuve de la Proposition 2 utilise une méthode spécifique au cas KPP, plus
directe que celle du Théoréme 1.

Hallatschek et Nelson [82] avaient indiqué que le phénomeéne de «gene surfingy, c’est-a-dire qu'un

géne envahit lavant du front, était impossible avec un terme de croissance logistique, i.e. f(u) =

—+ o0
1. C’est a dire / e vo(y)dy < oo.
0
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u (1 — u). Pour des fractions initialement & support compact, nos résultats sont cohérent avec leurs
conclusions puisque aucune fraction initialement a support compact ne peut surfer. Ces fractions
initialement localisées restent a leur place d’origine et se diffusent autour de celle-ci (voir figure 8
et 11(b)). La disparition de ces fractions dans la population totale se fait de maniére trés lente par
rapport a la propagation du front. Le front de colonisation se déplace a vitesse ¢ donc le phénomene
de propagation est de I’ordre de t, alors que le phénomene de diffusion se fait lui en /¢ comme indiqué
par la figure 8.

Cependant le phénomeéne de surf peut se produire pour des données initiales dont le support initial
n’est pas compact, méme dans le cas d’une croissance logistique. Considérons par exemple la fraction
v" la plus a droite dans le front : a ¢ = 0, on a vj == U - 14,5, OU L[4 ) est la fonction indicatrice
de lintervalle [a, c0), pour un certain o € R. La fraction correspondant au reste de la population
vérifie vlo = U - 1 (o) €t satisfait les hypotheses de la premiere partie de la Proposition 2. Comme
u(t,r) = Uz — ct) = v!(t,x) + v"(t,x), les résultats précédents montrent que v" (¢, x) converge vers
U(z — ct) dans n’importe quelle demi-droite [A 4 ct,00) avangant & vitesse c. Par conséquent, la
fraction v", initialement la plus en avant du front, réussit a surfer sur le front de colonisation (voir

portion en gris clair sur la figure 11(b)).

Proposition 3 (Cas avec effet Allee, voir [GGHR12)).
Dynamique dans le repére mobile de vitesse c : toute fraction v converge vers une proportion

du front u, dans le sens ot

max |v(t,x + ct) — p(vo)U(z)| = 0 lorsque t — +o0, pour tout A € R.
T€[A,+00)

La proportion finale p(vg) de la fraction v est donnée par (8).

Ainsi, toute fraction initialement présente a I'intérieur du front contribue a la colonisation & hauteur de
p(vo) qui dépend de la donnée initiale vy (voir figure 9 et 11(c)). La formule (8) donne des informations
a posteriort sur la position initiale des genes composant le front en temps grand. En effet, considérons
la fraction la plus a gauche définie par vf) = U - 1(_,a) Pour a € R. La proportion finale de cette
fraction dans le repére mobile de vitesse ¢ est donnée par p(a) := p[v)]. Sa dérivée p’(a) correspond &

la contribution finale des génes initialement positionnés en « :
+oo
P (a) =U%a)e/ </ U?(z) ecxdac) .
—00

Pour des nonlinéarités cubiques de la forme (12), la formule explicite du profil U et de la vitesse ¢

nous permettent de montrer que p’ atteint son unique maximum & la position :

1-2
OémaX:\/iln(l_i_zg).

Cette valeur correspond a la meilleure position pour étre le mieux représenté dans le front en temps
grand. On observe que amax est une fonction décroissante de p et que amax(1/2) = —oo. L'effet Allee
avantage donc les fractions qui se situent loin du front de colonisation : plus 'effet Allee est fort, plus
les geénes loin du front contribuent significativement & I'avancée du front. Au contraire, lorsque effet
Allee est faible, avec p = 0 ce qui correspond & une nonlinéarité de type monostable avec une vitesse
minimale ¢* > 2./f7(0), les génes au centre du front, c’est-a-dire & la position o = 0, sont ceux qui

contribuent le plus significativement & ’avancée du front.
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2. Résultats

FIGURE 10 — Comportement de p’(a) pour différentes valeur du seuil de effet Allee p : en bleu p = 0.1,
en vert p = 0.3 et en rouge p = 0.45.

Les simulations numériques présentées en figure 11 montrent que I'effet Allee conduit a une structu-
ration horizontale de la diversité, ce qui correspond a une absence de différentiation génétique spatiale.
A Dinverse, en I'absence d’effet Allee on obtient une population trés structurée en espace.

Nos résultats montrent que I'inclusion d’un effet Allee dans les modeles conduit a des différences
fondamentales en terme de structuration génétique et de diversité génétique. L’effet Allee permet un
maintien de la diversité génétique au cours de la colonisation (voir figures 11). L’effet Allee ralentit la

colonisation mais favorise le maintien de la diversité génétique.

0 20 40 60 80 100 120 -20 0 20 40 60 80 100 0 -40 20 0 20 40 60 80 100 120
X X X

(a) Donnée initiale (b) Colonisation sans effet Allee  (c) Colonisation avec effet Allee

FIGURE 11 — Evolution des fractions v* (bandes de couleur sur (a)) & l'intérieur du front de colonisa-
tion : (b) en absence d’effet Allee et (c) en présence d’effet Allee.

1.3 L’impact de Ueffet Allee sur le succés d’une invasion biologique [GHR12]

Bien que leffet Allee semble favorable a la persistance de la diversité génétique d’une population
lors de sa phase d’expansion, il peut avoir des conséquences néfastes, voir létales pour la population
notamment au début d’une invasion biologique.

En effet, une invasion biologique démarre généralement par I'introduction d’une population réduite
d’individus dans un nouveau milieu. C’est la phase d’arrivée. Suit la phase d’installation, durant
laquelle la population fondatrice essaie de se reproduire pour créer une colonie. Si cette étape réussit,
c’est-a-dire si la colonie prolifére, elle se propage et envahit le nouveau milieu. La phase d’installation
est la plus sensible, puisque la quantité d’individus est souvent faible. Son succes est souvent la
conséquence de multiples introductions [150, 182]. L’existence d’un effet Allee, qui correspond a une
diminution de la fertilité a faible densité, est une des causes de I’échec de 'installation puisqu’il favorise
lextinction de populations de faible densité [56, 117, 193].

Dans la suite, nous analysons l'effet de la distribution spatiale de la population fondatrice, c’est-

a~dire la répartition de la population initiale en sous-groupes, sur le succes de l'installation de la
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de 0

bassin
d’attraction Passin d’attraction

FIGURE 12 — Solutions de 'équation différentielle N = f(N) = N(1 — N)(N — p), avec p = 0.3,
partant de différentes données initiales Ny € {0.2,0.4,0.7,1.2}.

population. Cette étude est tres différente des précédentes puisqu’ici la population totale v n’est pas
en expansion comme dans les sections précédentes. Notre analyse se base sur des modeles d’équations
de réaction-diffusion adaptés a I’étude de la persistance et de la propagation d’espéces biologiques [118,
175]. Les premiéres modeles de réaction-diffusion introduits par Fisher [72] et Kolmogorov, Petrovsky,
et Piskunov [112] ne prenaient pas en compte l'existence d’un effet Allee. Dans ces modeles de type
Fisher-KPP, la survie de la population ne dépend pas de la donnée initiale, méme lorsque le milieu est
hétérogene [22, 24, 26]. Par conséquent, la majorité des études sur ces modeles s’intéressent a 'effet
de la structure de I'environnement sur la survie et la propagation [24, 45, 103] plutot qu’a leffet de la
donnée initiale. A linverse, dans notre analyse qui prend en compte un effet Allee, nous avons supposé
que le milieu était homogene pour isoler 'effet de la structure spatiale de la population initiale. Pour
ce type de modele, d’autres parametres comme la géométrie du domaine [39] peuvent aussi modifier
la propagation.

Dans le cadre des équations de réaction-diffusion, comprendre 'effet de la donnée initiale sur la
survie ou l'extinction de la solution revient a étudier les bassins d’attractions des deux états station-
naires p_ = 0 et p™ = 1 du probléme. Comme dans la section précédente I'effet Allee est modélisé par
une nonlinéarité f de type bistable (B) [69, 175].

Dans le cadre des Equations Différentielles Ordinaires autonomes (EDO), I’équation N’ = f(N),
avec f de type bistable (B), i.e. f(IN) < 0, lorsque N est en dessous du seuil p, est un cas simple
de modele avec effet Allee. Dans ce cas, si la donnée initiale Ny est en dessous du seuil p, la solution
N tend vers 0 en temps grand, alors que si Ng > p, N tend vers 1. Il est donc facile dans ce cas de
déterminer les bassins d’attraction des solutions stationnaires stables 0 et 1 (voir figure 12).

Dans le cadre des équations de réaction-diffusion, les deux solutions p_ = 0 et p™ = 1 sont des
états stables de I’équation (2), mais il est difficile de trouver leur bassin d’attraction puisque l’espace
des données initiales est beaucoup plus vaste et complexe que dans le cas des EDO. En se restreignant
a des familles de données initiales a 1-parametre, Aronson et Weinberger [10], Fife et McLeod [71],
puis Du et Matano [58], Polacik [146] et Zlatos [195] ont réussi a caractériser les ensembles w—limites
de l’équation (2) dans le cas unidimensionnel. Leur parameétre caractérise uniquement la taille initiale
de la population puisque son support est supposé connexe. Dans ces études, la répartition spatiale de
la donnée initiale n’est pas prise en compte. Or, dans le cadre des invasions biologiques, une méme
population fondatrice peut étre répartie de plusieurs manieéres différentes sur le domaine d’invasion.
Ainsi suivant la répartition et la taille des groupes, l'effet Allee entraine ou non l'extinction de la
population.

Notre étude s’attache & montrer qu’en présence d’un effet Allee, la répartition spatiale initiale de la
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2. Résultats

population fondatrice joue un réle important sur le succes de la phase d’installation. On s’est d’abord
intéressé au probléme unidimensionnel avec des données initiales ug dont le support est formé de deux

intervalles de taille L/2, L > 0, distants d’une longueur a > 0 :

uo(2) = L (a/2+1/2),—a/2) (%) + Lja/2,0/241/2/(x) pour tout z € R,

ou 1 est la fonction caractéristique de J pour tout ensemble J C R, (voir figure 13). La fragmentation
du support de ug est entiérement définie par «. Les résultats de Du et Matano [58] montrent que
pour chaque degré de fragmentation «, il existe une taille critique de la population, notée L*(«),
telle que si L > L*(«), la population survit, alors que si L < L*(«), la population s’éteint. Nos
résultats analytiques et numériques montrent que la taille critique dépend contintiment du parametre
de fragmentation « et tend & croitre avec «, au moins lorsque « est assez grand (voir figure 14). Ces
résultats mettent en évidence I’aspect néfaste de la fragmentation.

ug(x)
L/2 L/2

1
2 2
/2] a2

(a2 4 L/2) —a/2 0 a2 a/2+ L2

FIGURE 13 — Donnée initiale du probléme unidimensionnel caractérisé par un degré de fragmentation

« et un indice d’abondance L.

Qoot

FIGURE 14 — Evolution de la taille critique L*(«) en fonction de la fragmentation « et du degré de

Veffet Allee p. Pour chaque valeur de p, la ligne pointillée correspond au seuil 2 L*(0).

Afin d’analyser, dans des conditions plus réalistes, l'effet de la fragmentation du support de la
population fondatrice, nous avons construit des données initiales binaires bidimensionnelles du mo-

dele (2) sur R2. Elles sont caractérisées par deux indices : un indice d’abondance p et un indice de
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FIGURE 15 — Données initiales bidimensionnelles ug pour différentes valeurs de I'abondance p et de la

fragmentation fr.

fragmentation fr (cf. figure 15). Ces données initiales sont générées par un algorithme stochastique,
comparable au modele d’Ising. Une des difficultés a été de définir rigoureusement un indice de frag-
mentation d’une part basé sur les parameétres du modele stochastique et d’autre part indépendant de
I'indice d’abondance p. On définit le taux de fragmentation d’une donnée initiale uy et d’abondance
p(uo) par

s(uo)

Blp(uo)]’

ou s(ug) correspond au nombre de voisin de chaque case ou la fonction uy vaut 1 puisque I'espace est

fr(ug) =1-

discrétisé et B[p(up)] est le maximum de s sur I'ensemble des données initiales d’abondance p(uyg).
Notre étude qui repose sur cette nouvelle définition rigoureuse du taux de fragmentation (mesuré par
I'indice fr € [0,1]), a permis de décrire complétement les bassins d’attractions des états stationnaires
p— =0 et pt = 1 grace aux indices p et fr. Ces bassins apparaissent clairement sur la figure 16 : la
région bleue correspond au bassin d’attraction de p_ = 0 et la région rouge a celui de p™ = 1. Cette
description a conduit & plusieurs constatations non triviales quant a l'effet de la fragmentation du

support de la donnée initiale sur le succes de I'étape d’installation lors d’une invasion biologique :

(i) le succes de la phase d’installation dépend presque uniquement des deux indices p et fr et non
des autres caractéristiques géométriques du support de la donnée initiale : la zone d’incertitude,
en jaune sur la figure 16, est trés étroite. En effet, cette zone oscille entre un succes presque siir

et un échec presque siir;

(ii) on observe l'existence d’un seuil critique de fragmentation ou ’abondance minimale nécessaire
au succes de l'installation augmente de facon importante. De part et d’autre de ce seuil, le succes

de la phase d’installation dépend peu de I'indice de fragmentation ;

(iii) Deffet de la fragmentation est renforcé lorsque le seuil de l'effet Allee p augmente.

Finalement, la fragmentation du support de la population fondatrice ug a un effet néfaste sur le succes

de la phase d’installation dans un environnement homogene.
2.2 Equations de réaction-diffusion en milieu hétérogéne : vitesse de propagation et
problémes inverses

La section précédente a mis en évidence l'effet croisé du terme de croissance et de la structuration
spatiale de la donnée initiale sur la propagation et la persistance des solutions du modele de réaction-

diffusion (2), dans le cas d’un milieu homogene.
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2. Résultats
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(c) p=10.45

FIGURE 16 — Probabilité de succes de la phase d’installation en fonction de la force de Deffet Allee
(caractérisée par p > 0), de I'indice de fragmentation de la donnée initiale fr et de I'indice d’abondance

p de cette population.

En écologie, les ressources environnementales sont rarement distribuées de maniere uniforme et
homogene. Le paysage comporte souvent des zones plus ou moins favorables a la survie de ’espece
considérée. Ces variations du milieu favorisent ou au contraire ralentissent la propagation de ’espéce.
Afin de mieux comprendre l'effet des hétérogénéités spatiales, les modeles ont été adaptés et la non-
linéarité f(u) a été remplacée par une fonction dépendant de lespace f(x,u). Skellam [169], puis
Shigesada, Kawasaki, et Teramoto [168] ont été les premiers a étendre le modele de réaction-diffusion
de type KPP, ou la nonlinéarité f vérifiait f(u) = pu — yu® avec p et v € R, & un milieu hétérogene :

ou d%u

E(t,x) = @(t,x) + p(2)u(t, z) — y(x)u®(t,x), t >0 et z € R.

La nonlinéarité hétérogéne f(z,u) := p(x)u — v(z)u? posseéde des coefficients p(x) et v(x) qui dé-
pendent de la position z. La fonction p correspond au taux de croissance intrinseéque de la population
et v représente la compétition intraspécifique. Ainsi, les régions associées aux fortes valeurs de p
correspondent aux régions favorables, alors que celles associées aux valeurs faibles ou négatives de p
correspondent aux régions défavorables. De maniere plus générale, les modeles de réaction-diffusion

dans un milieu excitable hétérogene s’écrivent de la maniere suivante :

2
%(t,x) = %(f,x) + f(z,u(t,z)), t >0et xR, (13)
ou f(x,u) représente le taux de croissance de la population a la position x.

Dans un premier temps, nous nous intéressons a l’effet des hétérogénéités spatiales du milieu sur la
vitesse de propagation des solutions de (13) partant d’une donnée initiale & support compact. Dans un
second temps, nous étudions des problémes inverses liés a la reconstruction de parametres hétérogenes
du modele (13), par exemple u et 7, grace & un minimum d’observations de la solution. Ce sont
nos connaissances du comportement des solutions en milieu hétérogene qui vont nous permettre de

retrouver le milieu dans lequel évolue notre solution.

2.1 Effet du milieu sur la vitesse de propagation des solutions [GGN12]

Dans un milieu hétérogéne apparaissent des zones plus ou moins favorables a la croissance de la
solution. Ainsi dans les régions favorables au développement, la solution va pouvoir se propager plus

facilement et donc plus rapidement que dans les zones moins favorables voire défavorables. On s’attend
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donc a ce que la solution ait une vitesse minimale de propagation w, dans les régions défavorables et
une vitesse maximale de propagation w* dans les régions favorables. On définit pour toute solution u
du probléme de Cauchy associé a (13), partant d’une donnée initiale ug & support compact, les deux

vitesses de propagation vers la droite suivantes :

wy = sup{c>0| ltiglJrinf i[I(l)f t]u(t,x) > 0},
o x€|0,c
w'* = inf{c>0| sup wu(t,z)— 0 quand t — +oo}.
z€[ct,+00)

Dans le cas d’un milieu homogene, c’est-a-dire lorsque f ne dépend pas de x, Aronson et Weinberger
[10] et Fife et McLeod [71] ont montré que si la solution se propage, sa vitesse de propagation est unique
et vérifie w, = w* = ¢*, ou1 ¢* est la vitesse minimale des fronts pour des nonlinéarités monostable (A),
bistable (B) ou de type ignition (C).

Il en va de méme lorsque le milieu est périodique en espace. En effet, Freidlin et Géartner [74] ont
montré que w, = w* lorsque f est de type KPP et périodique en x. En outre, ils ont caractérisé
cette vitesse grace aux valeurs propres principales périodiques A, de la famille d’opérateurs elliptiques

linéaires £, suivants :

0% dy 5 Of
cors 22 9pYP g/ .
Ly:¢ 52~ Py + (p + 5 (x,O))ap

Plus précisément, dans le cas ou la fonction f est périodique et vérifie les hypotheses suivantes :

(A’) KPP hétérogene : f est de type KPP hétérogéne si

f(x,0)=0, f(z,1) =0, %(ﬁ,@) >0, pour tout z € R
et 0< f(z,u) < %(m,O)u pour tout (z,u) € Rx]0, 1],
la vitesse de propagation est donnée par :
wy =w" = I;1>ig1 %. (14)

De plus, Berestycki et al. [22] et Weinberger [186] ont montré que cette vitesse asymptotique de
propagation est égale a la vitesse minimale des fronts pulsatoires, qui est la généralisation de la
notion de front aux milieux périodiques. L’existence d’une unique vitesse de propagation, w* = w,
et la caractérisation (14) sont également valables dans le cas d’hétérogénéités transversales [125],
périodiques en temps et en espace ou perturbations a support compact de problémes homogenes [22].

Dans tous ces cas, I'opérateur £, est d’inverse compact et la notion de valeur propre principale
est bien définie. Mais lorsque la dépendance de f en x est plus générale, cette notion de valeur propre
principale n’est pas toujours bien définie et on doit faire appel aux diverses définitions des valeurs
propres généralisées, ce qui complique la caractérisation. De plus, dans des milieux tres hétérogenes la
propagation n’a pas toujours lieu a vitesse unique, c’est-a-dire que 'on peut avoir w, < w*. Ce type
de comportement a été mis en évidence uniquement dans des milieux périodiques en temps [28] ou
pour des données initiales & support non compact [87] mais pas encore pour des milieux hétérogenes
en espace avec des données initiales a support compact.

Pour mettre en avant ce phénomene, nous avons étudié un milieu totalement hétérogene qui res-
semble a un milieu périodique dont la période augmente de plus en plus lorsque = tend vers 4oo.

Ce probléme s’inspire de travaux récents sur des milieux périodiques lentement oscillants. Pour de
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2. Résultats

0 x
FIGURE 17 — Exemple d’une fonction de croissance intrinséque p := 19(¢) qui oscille de plus en plus
lentement & 'infini : po(x) = 0.5cos(x) + 0.7 et ¢(x) = /x.

tels milieux, Hamel et al. [86, 89] ont donné une formule explicite de la vitesse minimale des fronts
pulsatoires lorsque la période tend vers l'infini.

Nous définissons notre milieu hétérogéne f de plus en plus lentement oscillant de la maniére
suivante : f = f(z,u) est réguliere en x et u, et vérifie 'hypotheése de KPP hétérogene (A’). L’exemple
classique d’une telle fonction est f(z,u) = p(x)u(l — u), avec p une fonction continue, strictement
positive et bornée de R. De plus, on suppose que le taux de croissance intrinseque p défini par

w(x) == %(m,O) pour tout z € R,

vérifie les hypothéses suivantes : il existe g € CO(R) et ¢ € CH(R) tels que

() = po(@(x)) pour tout « € R,

0 < min pg < ma et est 1-périodique,
O Ho < X o Ho p q (15)

¢'(z) >0, xgrfoo é(x) = +o00 et lim ¢'(z) = 0.

T—>+00

L’environnement ainsi créé est totalement hétérogene puisqu’il ne vérifie aucune hypothese de pério-
dicité ou d’ergodicité. Cependant, il ressemble au milieu périodique, défini par pg, dont la période
augmente a U'infini grace a ¢ (voir figure 17).

L’objectif de notre étude est de montrer que suivant la déformation de la période induite par ¢, la
vitesse de propagation va étre ou non unique.

Plus précisément, lorsque la période augmente rapidement, i.e. ¢ augmente lentement, la fonction
1o approche ses valeurs extrémales sur des intervalles de plus en plus grands. Ainsi, la solution u passe
un temps de plus en plus long dans chacun de ces intervalles. La vitesse de propagation alterne donc
entre les valeurs qu’elle prendrait si le milieu était homogene correspondant aux valeurs extrémales.
Dans ce cas la vitesse de propagation n’est pas unique, w, < w*. Nous montrons rigoureusement
dans [GGN12] le résultat suivant :

Théoreme 3. Si ¢ croit sous-logarithmiquement, dans le sens ot

1
z¢'(z)

— C lorsque © — +00, avec C' € (0,+00] assez grand, (16)

alors

wy < wr.

C’est le premier cas a notre connaissance d’une nonlinéarité f(x,u), uniquement hétérogene en

espace, dont les vitesses minimale et maximale de propagation w, et w* ne sont pas égales. En outre,
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la propriété (16) caractérise la maniere dont doit croitre la période pour obtenir des vitesses de
propagation différentes.

A Dinverse, lorsque la période augmente lentement, i.e. ¢ croit rapidement, la vitesse de propagation
devient unique w, = w*. De plus, on obtient une caractérisation de cette vitesse grace au probleme
limite de période infinie étudié par Hamel et al. [89]. Cette vitesse limite ¢’ se caractérise par :

) i) kB

c. := min = min -
p2j(M) P k=M j(k)

)

ou M := maxyer pto(z) > 0 et j: [M,+00) — [j(M),+00) est définie par :

(k) = /01 Sk — o(x)de.

Théoréme 4. Si ¢ croit sur-logarithmiquement, dans le sens ot

/! T " T
z(i); —0 et z/(;); — 0 lorsque x — 400 (17)
alors
w, = w* = k.

Les hypotheses (17) sur la croissance de ¢ impliquent en particulier que 1/(z¢'(x)) — 0 lorsque

T — 400, ce qui rend ce résultat complémentaire du précédent.

Notre étude a d’abord permis d’exhiber de nouvelles dynamiques entierement dépendantes de
I’hétérogénéité du milieu. La fonction ¢ controle la maniere dont la période augmente, c’est-a-dire
dont la fragmentation du milieu diminue. Ainsi, si la fragmentation du milieu diminue lentement, par

exemple :

(i) si ¢ croit logarithmiquement : ¢(x) = In(x)® pour z > 0 suffisamment grand, avec a > 1,
(ii) si ¢ croit en puissance : ¢(z) = 2% avec « €]0, 1],
(iii) si ¢ est de la forme : ¢(z) = x/In(z)* avec o > 0,

on a toujours ¢"/¢%(z) — 0 et ¢ /¢"*(x) — 0 lorsque x — +o00. Le Théoréme 4 implique w, = w* =

clo. A Ulinverse, si la fragmentation diminue rapidement, par exemple :
(iv) si ¢ croit en logarithme puissance : ¢(x) = In(z)* pour x > 0 suffisamment grand, avec « €]0, 1],

alors 1/(z¢(z)) = In(x)'=%/a — +o0 lorsque x — +00. Le Théoréme 3 implique w, < w*.

Ce travail nous a permis de développer et d’utiliser des méthodes spécifiques a 1’étude des phéno-
menes de propagation dans des milieux hétérogenes non-périodiques. Nos résultats mettent en évidence
un comportement qui n’avait jamais été observé dans les problemes hétérogenes a savoir la non-unicité

de la vitesse de propagation.

2.2 Reconstruction de paramétres hétérogénes pour des équations de réaction-diffusion hétérogénes [CGHR12]

La section précédente a montré que le comportement de la solution u du modele hétérogene (13)
dépend de la forme précise des coefficients de la nonlinéarité f. Plus précisément, les variations du
taux de croissance intrinseque p défini par (15) modifient la vitesse de propagation des solutions.

Ainsi, D'utilisation empirique de ces modeles nécessite une connaissance précise des coefficients qui
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2. Résultats

le constituent. Malheureusement, en pratique, il est difficile de mesurer directement ces parametres
car ils sont souvent le résultat d’effets croisés de plusieurs facteurs. Par conséquent, ces coefficients
sont généralement déterminés grace a des mesures de la densité u(t,z) [170]. Dans la plupart des
cas pratiques, les mesures de la densité u ne peuvent s’effectuer que sur des sous-régions, souvent
restreintes, du domaine global [188] que nous notons Ja,b[C R. De plus, les méthodes d’inférence
souvent utilisées pour déterminer ces coeflicients hétérogenes sur le domaine tout entier, consistent
généralement a comparer les valeurs de la solution u, mesurée sur les sous-régions, a celles de solutions
obtenues pour des coefficients hypothétiques [171]. La précision de ces méthodes repose sur le fait que
pour chaque valeur de la solution u sur ces sous-régions, il existe un unique jeu de coefficients. Cette
hypothese d’unicité n’est pas vérifiée en général.

Dans la suite, on s’intéresse aux équations de réaction-diffusion hétérogenes de la forme :

X)Uu X, U our X a
It ) D) — k ) , P ) s YUl
sur un intervalle borné ]a,b[ de R. Les N > 1 fOnCtiOnS — inconnues — Mk(l’), k = 1, e ,N sont

réguliéres. On montre des résultats d’unicité du probleme inverse constituant a déterminer ces N
coefficients hétérogenes uy(x), k =1,..., N, représentant la partie polynomiale du terme de réaction,

a partir de mesure de u(t,z). Plus précisément, on a le résultat suivant

Théoréme 5. Soient N € N*, (ug)1<h<n et (fix)1<h<n deuz familles de coefficients réguliers. Soient (ud)1<i<n
N fonctions positives deuz & deux distinctes sur ]a,b]. Pour chaque 1 < i < N, on note u; et 4; les
solutions de (18) respectivement pour les (uy.) et les (fi) et partant des données initiales ul. Supposons

que pour xg €la,b[ et € > 0, u; et u; vérifient :

ui(t,zo) = @t xo),
Ou; I pour tout t € (0,¢) et touti € {1,--- N}
—(t = '(t
8.%'( 71'0) 8.%'( ,.%'0),

Alors py, = fi, sur [a,b] pour tout k€ {1,...,N}, et par conséquent u; =u; sur [0,T[x[a,b] pour tout

i€{l,...,N}, ou T > 0 est le temps de vie mazimal des solutions u; et ;.

Nos résultats donnent une condition suffisante pour déterminer de maniére unique les coefficients
i a partir d’observations localisées. Cette condition suffisante porte sur une mesure ponctuelle de
la solution u(t,zg) et de sa dérivée spatiale du/0z(t,z¢) en un unique point zy, pendant un petit
intervalle de temps (0,¢) partant de N données initiales différentes u, i = 1,..., N.

Les différences fondamentales entre nos résultats et les résultats antérieurs sont

(i) la taille de la région d’observation, réduite ici & un seul point;
(ii) le nombre N de coefficients pouvant étre reconstitués, qui est arbitrairement grand ;

(iii) la diversité des nonlinéarités que l'on peut traiter.

En effet, la majorité des résultats sur ce type de problémes inverses sont basés sur des estimations
de type Carleman [35, 109]. Ces méthodes permettent d’obtenir, en plus de 'unicité, des résultats de
stabilité. Cependant, elles requierent en plus d’une mesure ponctuelle durant un petit intervalle de
temps, une mesure de la solution u(f,z) a un instant # > 0 et pour tous les x du domaine |a, b| [voir
15, 48, 76, 97, 192].

D’autre part, toutes les conditions définies dans le Théoréme 5 sont des conditions nécessaires,

comme nous le détaillons dans la section 4 du Chapitre 5. En particulier, pour obtenir les conclusions
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du Théoréme 5, il faut que le nombre de mesures du couple (u,du/dx)(t,zo) soit au moins égal au
degré N de la partie polynomiale inconnue.

D’un point de vue pratique, ces mesures peuvent étre obtenues par un controle de la donnée
initiale. Cependant, en I'absence d’inégalités de stabilité assurant que deux jeux de mesures proches
proviennent de coefficients proches, la reconstruction des coefficients inconnues g, a partir des mesures
ponctuelles, n’est pas automatique. Nos résultats numériques indiquent cependant que dans le cas de
N =2 et N = 3 coefficients, ces mesures ponctuelles permettent d’obtenir de bonnes approximations

numeériques de ces coefficients inconnus (voir figure 18).

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T

(a) Reconstruction de 2 coefficients (b) Reconstruction de 3 coefficients

FIGURE 18 — Reconstruction numérique de N = 2 et N = 3 coefficients de (18) & partir de mesures
ponctuelles : Traits pleins : exemples de fonctions p; (rouge), po (bleu) et us (noir).

Traits pointillés : les fonctions p} (rouge), ud (bleu) et pj (noir) obtenues en minimisant des fonction-
nelles basées sur la norme L2(0,¢) de (u — u*) et O(u — u*)/0z, ot u* est la solution de (18) calculé

avec les pj.

2.8 Equations intégro-différentielles avec noyaux de dispersion non-exponentiellement

bornés : accélération des solutions [Gall]

Les deux sections précédentes ont montré les effets croisés des interactions entre les individus et
du milieu, c’est-a-dire l'influence de la nonlinéarité f, ainsi que des effets de la donnée initiale et de
sa structure, sur la propagation de la solution.

Dans cette partie, nous nous intéressons au mode de dispersion. Jusqu’a présent la dispersion a été
modélisée par un terme de diffusion D(u) = §%u/dx2. Cette approche locale suppose que les individus
présents a un instant ¢ a la position x ne peuvent diffuser que vers leurs voisins immédiats. Cette dis-
persion de proche en proche n’est pas adaptée a toutes les situations, notamment lorsque les individus
peuvent étre déplacés a longue distance. Le célebre paradoxe de Reid [149], sur la migration rapide
d’arbres en Europe, en est une illustration. En étudiant les paléorelevés de la distribution des arbres
en Europe (notamment du chéne) depuis la derniére glaciation, Reid a observé une contradiction entre
les vitesses de colonisation élevées déduites des relevés et les vitesses plutét faibles qui peuvent étre
déduites de simulations. En particulier, il estime que la colonisation de I’Europe par le chéne, qui a
commencé apres la derniére glaciation, c’est-a-dire il y a 10 000 ans, aurait dii mettre quelques millions

d’années pour arriver au stade actuel si on se base sur les taux de dispersion potentiels mesurés par
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2. Résultats

I'expérience. Les deux explications possibles de cette recolonisation rapide sont 'apparition d’événe-
ments rares de dispersion a longue distance durant la recolonisation, qui modifient la migration et
augmentent le taux de migration, et ’existence de refuges cryptiques en Europe, qui auraient per-
mis de faire le relais et d’accélérer la recolonisation [157]. Kot et al. [113], Clark [43] et Clark et al.
[44] ont proposé des modeles d’équations intégro-différentielles, avec des noyaux a queue lourde ou

non-exponentiellement bornés, de la forme :

ou

Sta) = /RJ(|:U —yDult, y)dy — ult,z) + f(u(t,z)), t > 0 et z € R,

pour prendre en compte les événements de dispersion a longue distance. Le noyau de dispersion J
modélise la maniere dont les individus peuvent se déplacer dans ’espace. Plus précisément, le terme
J(|x — y|)dy représente la probabilité pour un individu provenant d’un point y d’arriver en un point
2 par unité de temps. Ainsi la proportion d’individus qui migrent vers la position x durant un pas de
temps est donnée par [p J(|z — y|)u(t,y)dy. La variation temporelle du d’individus provoquée par la

dispersion est donc donnée par :

du(t,x) = /RJ(\&U —yPu(t,y)dy — u(t, z).

La nature non-exponentiellement bornée est ’hypothese fondamentale qui conduit a des comportement
qualitativement tres différents de ceux attendus pour des équations de réaction-diffusion ou d’équation
intégro-différentielles avec noyau de dispersion exponentiellement borné, partant de données initiales
a support compact. Ces résultats avaient déja été mis en évidence dans le cadre des processus de
contact [60, 131, 132, 133, 138|.

Dans [Gall], on s’intéresse aux solutions u de (3) partant d’une donnée initiale uy & support
compact. La nonlinéarité f est réguliére et de type monostable (A) et le noyau de dispersion J est une

densité de probabilité réguliere, symétrique et de premier moment fini :

JECOR), J>0, J(z) = J(—z), /

J(x)dr =1 et / |z|J (z)dx < oo,
R R

dont la décroissance est lente, au sens ou :
pour tout n > 0, il existe z,, € R, tel que J(x) > e dans [z, 00).

Ce type de noyau est appelé noyau non-exponentiellement borné. Les exemples les plus classiques de

ce type de noyau sont :

(i) les fonctions J a décroissance logarithmique sous linéaire, c’est-a-dire
J(z) = Ce= o2/ m21) hour |2| assez grand, (19)
avec o > 0, C > 0;
(ii) les fonctions J qui décroissent en exponentielle-puissance, c¢’est-a-dire
J(z) = Ce P1¥I" pour |z| assez grand, (20)
avec « €]0,1], 8, C > 0;
(iii) les fonctions J & décroissance algébrique, c’est-a-dire
J(x) = Clz|™® pour |x| assez grand, (21)
avec a > 2, C' > 0.
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Cette hypothése de noyau non-exponentiellement borné contraste avec les hypotheses de la plu-
part des travaux sur les équations intégro-différentielles [8, 47, 54, 173, 185, 186] ou les équations
d’intégro-différences [122, 123]. En effet, ces études consideérent généralement des noyaux de disper-
sion J exponentiellement bornés, dans le sens ou :

il existe n > 0 tel que /RJ(x)e"‘x‘ < 0.
Pour ce type de noyaux, Weinberger [185] a montré que les solutions de (3), avec f monostable (A),
partant de données initiales & support compact se propagent asymptotiquement a vitesse finie ¢*
(voir figure 19(b)). Nous rappelons que cette propriété de propagation a vitesse finie des solutions est
aussi partagée par les solutions d’équations de réaction-diffusion en milieu homogene [9, 10, 72, 112].
L’existence d’une unique vitesse de propagation finie reste vraie dans la plupart des équations intégro-
différentielles avec un noyau de dispersion exponentiellement borné [8, 54, 173, 185].

A l'inverse, les solutions des équations intégro-différentielles avec noyaux de dispersion non-exponentiellement
bornés se comportent totalement différemment. Tout d’abord, ces équations ne possedent pas de solu-
tions de type front, se propageant a vitesse constante et profil constant [191]. D’autre part, les études
numériques et les calculs formels menés par Kot et al. [113] sur les équations intégro-différentielles li-
néaires et par Medlock et Kot [129] sur les équations d’intégro-différences, montrent que la présence de
noyaux de dispersion non-exponentiellement bornés entraine une vitesse asymptotique de propagation
infinie et une accélération des solutions.

Notre objectif est d’une part de proposer des résultats théoriques venant corroborer ces études
et d’autre part de comprendre le réle de la queue de distribution du noyau de dispersion dans le
phénomene d’accélération. Notre approche s’inspire de celle utilisée par Hamel et Roques [88], gréace
a laquelle ils ont montré que les solutions de modeles de réaction-diffusion homogenes, avec des non-
linéarités monostables (A), partant de données initiales non-exponentiellement bornées, accélerent au
cours du temps et ont une vitesse de propagation infinie. Plus précisément, nous nous intéressons
a I’évolution au cours du temps des ensembles de niveaux F)(t),\ €]0,1], de la solution u de (3).
Rappelons que par le principe du maximum, si la donnée initiale ug est dans [0, 1], la solution u reste
dans cet ensemble pour tous les temps. Ainsi, pour chaque valeur A €]0, 1], on peut définir pour tout

temps ¢ suffisamment grand, 'ensemble de niveau A, noté E\(t) :
E\(t) :={x € R, tels que u(t,z) = A},

I’ensemble des points = € R tels que la solution u soit égale a A\ a l'instant ¢. On obtient les résultats
suivants :

Théoréme 6. Soit u une solution de (3), avec J un noyau non-exponentiellement borné. Si u part
d’une donnée initiale ug : R — [0,1] (ug # 0), d support compact, alors

(i) Vitesse de propagation infinie :

pour tout ¢ > 0, ‘n‘lin u(t,x) = 1 lorsque t — oo.
z|<ct

(ii) Estimations de l’évolution des E) : il existe p > f'(0), tel que pour tout X €]0,1] et ¢ €
(0, £7(0)), il existe Ty > 0 tel que pour tout t > T, :

Ex(t) ¢ J7H{]0,e” O] (22)
et
Ex(t) cJ7H{ e, J(0)]} (23)
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2. Résultats

Le premier résultat implique que la vitesse asymptotique de propagation des lignes de niveau est
infinie, dans le sens ou :
min { E) () N [0, 4+o00[} —max { E)(t)N] — 00, 0]}

lim = lim = 400,
t——+00 t t——+00 t

pour tout A €]0, 1]. Cette accélération des lignes de niveaux est illustrée sur la figure 19(a). On observe
que pour un pas de temps fixé entre les différentes courbes, I’écart augmente contrairement au cas
d’un noyau de dispersion exponentiellement borné illustré par la figure 19(b). De plus, on observe un
aplatissement de la solution. Il indique que les lignes de niveaux s’écartent les unes des autres. En
d’autres termes les lignes de niveaux associées a un A petit vont plus vite que celle associées a un
A proche de 1. Cette déformation de la solution a aussi été observée et démontrée dans les travaux
de Hamel et Roques [88].

30.5
S
—18000 -5000 5)7 5000 10000
(a) Accélération de la solution
1- _
<05 -
0 |
-100 -50 0 ., 50 100
(b) Propagation & vitesse finie constante
FIGURE 19 — La solution u(t,z) du modele (3) a des temps successifs ¢ = 0,3,...,30 : (a) avec un

noyau a queue lourde, (b) avec un noyau a queue légere.

Le second résultat nous donne des estimations de la position des ensembles F)(t) pour des temps
grands. Les inclusions (22) et (23) montrent que tout élément x)(t) € E)(t) vérifie en temps grand les

inégalités suivantes :
min (Jfl (e*(fl(o)*e)t) N [0,+oo)) < Jza(t)] < max (Jfl (e*pt) N [0,+oo)).

En particulier, en reprenant les exemples précédents (i)-(iii), on obtient les estimations suivantes :

(i) si J décroit logarithmiquement de maniere sous-linéaire, au sens de (19), alors les lignes de

niveaux avancent sur-linéairement en temps ¢ et on a pour tout A €]0,1[ et € €]0, f/(0)[

, —
7‘]0 ©) —e tin(t) < |zA(t)] < Btln(t) pour t assez grand ;
o a
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(ii) si J décroit en exponentielle-puissance, au sens de (20), alors les lignes de niveaux avancent

algébriquement en temps ¢ et on a pour tout A €]0,1[ et € €]0, f/(0)[

1y _ =\ Ve l/a
(f (0; ’5) tHe < Ja(t)] < (%) tY/® pour ¢ assez grand ;

Cet exemple est illustré sur la figure 20.
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FIGURE 20 — Trait plein : position z2(t) de la ligne de niveau Epo(t) de la solution de (3) avec
fu) = u(l — u), up(xr) = max((1 — (x/10)?),0) et le noyau de dispersion non exponentiellement
borné J(z) = (1/4)6_\/m. Cette position xg2(t) est encadrée par les deux courbes en pointillés
t J e 'O = (t —In(4))? et J~ (e~ OF1/2)) = (3¢/2 —In(4))? pour des temps ¢ assez grands.

(iii) si J décroit algébriquement, au sens de (21), alors les lignes de niveaux avancent exponentielle-
ment en temps ¢ et on a pour tout A €]0,1[ et £ €]0, f/(0)[
% t < In(Jza(t)]) < g t pour t assez grand .

Nos résultats, obtenus avec des données initiales a support compact et des noyaux de dispersion
non exponentiellement bornés, sont comparables a ceux décrits par Hamel et Roques [88]. Leurs don-
nées initiales a décroissance non-exponentiellement bornée deviennent a support compact dans nos
résultats, donc localisées, alors que leur mode de dispersion local, diffusif, devient non-local et non-
exponentiellement borné dans notre étude. Comme nous I’avons souligné précédemment, ces résultats
similaires ont des interprétations écologiques totalement différentes. Dans le contexte d’une colonisa-
tion post-glaciaire, la décroissance non-exponentiellement bornée de la donnée initiale correspond a
Iexistence de refuges cryptiques alors qu'un noyau de dispersion non-exponentiellement borné modélise
I’apparition de phénomenes de dispersion a longue distance.

D’un point de vue mathématique, bien que les approches soient analogues, la nature non-locale
de Topérateur de dispersion D(u) = J * u — u oblige, notamment dans la construction de sur- et
sous-solutions, & tenir compte de toute la solution dans les estimations. Par exemple, le fait que le
maximum de deux sous-solutions soit une sous-solution, est plus difficilement applicable par rapport
au cas d’un opérateur local comme le Laplacien, D(u) = 0%u/0x2. En outre, contrairement au cas
de I’équation de la chaleur classique, le noyau de la chaleur p(t,x), associé a l'opérateur non-local
D(u) = J *u—u, vérifiant dyp = D(p), n’est pas connu explicitement. Chasseigne et al. [40] ont donné
des estimations de cette solution mais elles ne sont pas assez précises pour étre utilisées dans notre

étude.
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3. Perspectives

Dans un autre contexte, Cabré et Roquejoffre [36, 37| ont obtenu des estimations plus précise
que (22) et (23) pour les lignes de niveaux de solutions d’équations de réaction-diffusion non-locales
de la forme, Oyu = Au + f(u), avec des nonlinéarités f concaves, i.e. vérifiant I’hypothese KPP, des
données initiales a support compact ou de type Heaviside et un opérateur A générateur d’un semi-
groupe de Feller. L’exemple classique de tels opérateurs est le Laplacien fractionnaire A := —(—A)?,

avec « €]0, 1[, défini pour des fonctions u réguliéres et bornées par

(—A)* = ca/ |:c |1+2a dy, pour tout z € R,

oll ¢, est une constante telle que le symbole de (—A)® soit |€]2* et Iintégrale est au sens de la valeur
principale de Cauchy. Dans leur cas, 'accélération des solutions vient de la décroissance algébrique

—(14209) as50cié & Popérateur A. Par exemple, pour o = 1/2,

du noyau de dispersion J,(z) = |z
f(u) = u(l —u) et des données initiales & support compact, ils obtiennent les encadrements suivants

pour toutes les lignes de niveaux A €]0, 1[:

—Che'’? < xy (t) < —iet/Z et iet/Z <zi(t) < Cxe'’? pour t assez grand
O Cx
avec Cy > 1, et xy (t) = inf{z : u(t,z) = A} et 2} (t) = sup{z : u(t,z) = A} représentent les éléments
de 'ensemble de niveau F)(t) les plus en avant et les plus en arriére. Ces bornes, plus précises que
celles présentées dans nos résultats, sont obtenues grace a des estimations treés fines du noyau de la
chaleur associé a l'opérateur A. Elles leur permettent en particulier de construire des sur- et sous-
solutions trés précises de leur probléeme. Notons que le noyau J, de 'opérateur A est singulier en 0
contrairement a nos noyaux de dispersion J réguliers et qu’il est a décroissance algébrique alors que

le noyau J peut décroitre plus rapidement.

3 Perspectives

3.1 Fronts tirés, fronts poussés et génétique des populations

Dans la premiere partie, nous avons montré que les notions de fronts tirés et poussés peuvent
étre définies a partir du comportement interne des solutions. En outre, cette définition coincide avec
celle proposée par Stokes [172] basée sur la vitesse d’expansion des fronts. Notre nouvelle définition,
plus intuitive, a ’avantage de s’adapter & des modeles variés et complexes qui ne possedent pas
nécessairement de fronts progressifs. Une perspective de ce travail est de déterminer la nature poussée

ou tirée des solutions des problémes suivants :

(i) les équations intégro-différentielles prenant en compte la dispersion a longue distance et les

phénomenes d’accélération [Gall, 113];

(ii) les équations de réaction-diffusion en milieu hétérogene possédant des fronts pulsatoires ou des
fronts généralisés [19, 21, 190];

(iii) les équations de réaction-diffusion a vitesse forcée, utilisées par Berestycki et al. [17] pour étudier

I'effet d’un changement climatique sur la dynamique d’espéeces biologiques ;

(iv) les équations de réaction-diffusion avec retard en temps, utilisées en écologie pour prendre en

compte l'existence d’une phase juvénile [95, 111, 165].
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Ces différentes équations modélisent des processus fréquemment étudiés en écologie, mais dont les
effets sur la diversité génétique ne sont pas ou peu connus et demandent donc une attention toute

particuliere.

3.2 Effet de la fragmentation de la donnée initiale en habitat hétérogéne

Dans la section 1.3 de la premieére partie, nous avons montré que la fragmentation du support de
la donnée initiale a un effet négatif sur la survie de la solution en habitat homogene et en présence
d’un effet Allee. On peut se demander si cet effet néfaste persiste en milieu hétérogene. Prenons par

exemple le probleme hétérogeéne suivant :

%(t,x) = %(t,x) + f(u(t,z)) + v(z)u(t,z), t >0, x € R?
u(0,x) = wp(x), © € R%

ou le terme v(x) correspond a leffet de 'environnement sur le taux de croissance de la population.
Dans ce cas, 'effet négatif de la fragmentation du support de ug peut étre compensé par le fait qu’'un
support fragmenté a plus de chance d’intersecter les zones favorables de I’habitat. On s’attend donc &

un effet croisé du degré d’hétérogénéité du milieu et de la fragmentation du support de wuyg.

3.3 Vitesse d’expansion en milieu hétérogéne

En utilisant nos résultats obtenus dans [GGN12], nous espérons montrer l'existence de fronts de
propagation d’une nature plus générale que les fronts étudiés classiquement dans les milieux homo-
genes ou périodiques. Plus précisément, en s’appuyant sur la définition des fronts généralisés proposée
par Berestycki et Hamel [21], une perspective serait de montrer que les solutions de notre probléme (13)
convergent vers un front généralisé au sens de [21]. Une telle affirmation exhiberait d’une part des fronts
de transition qui vont a la vitesse ¢}, vitesse du probléme périodique de période infinie. D’autre part,
elle permettrait de construire des fronts dont la vitesse de propagation n’est pas asymptotiquement

constante en temps grand, dans le cas ou w, < w*.

3.4 Dispersion a longue distance

Dans la troisiéme partie, nous nous sommes principalement intéressés a la propagation des solutions
de modeles intégro-différentiels avec noyau de dispersion non-exponentiellement borné. Nous avons
montré que ces solutions accélerent. Une perspective est de décrire le profil avec lequel ces solutions
se déplacent. Plus précisément, on peut se demander si ces solutions convergent vers un front accéléré
de la forme u(t,z) = U(xz — c(t)), ou ¢(t) serait une fonction sur-linéaire du temps ¢. Mes simulations
numériques suggerent que la réponse est négative puisque le profil de la solution s’aplatit au cours du
temps (cf. figure 19(a)). Les simulations laissent aussi penser que les solutions ne sont pas des fronts
de transition au sens de Berestycki et Hamel [20, 21]. Un résultat similaire a été prouvé par Hamel et
Roques [88] pour des solutions de I’équation de réaction-diffusion homogene (2), partant d’une donnée
initiale non-exponentiellement bornée. Dans notre cas, une telle preuve semble plus compliquée car

Popérateur de dispersion D(u) : u — J * u — u n’est pas un opérateur différentiel.
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3. Perspectives

Plan de la thése

Cette these se décompose en trois parties. La premiere est consacrée a I’étude des équations de
réaction-diffusion en milieu homogene. Le Chapitre 1 est consacré aux notions de fronts tirés et poussés
décrites dans la section 1.1. Les résultats exposés dans ce chapitre ont été publiés dans le Journal de
Mathématiques Pures et Appliquées. Le Chapitre 2 présente les conséquences bénéfiques de effet
Allee sur la diversité génétique durant une phase de colonisation. Ces travaux sont publiés dans les
Proceedings of the National Academy of Sciences of the United States of America. Enfin le dernier
chapitre de cette partie, le Chapitre 3, présente les effets de la répartition initiale de la donnée initiale
sur le succes de la phase d’installation d’une invasion biologique. Ces résultats ont été publiés dans le
Bulletin of Mathematical Biology.

Le seconde partie traite des équations de réaction-diffusion en milieu hétérogene. Le premier cha-
pitre de cette partie, le Chapitre 4, développe les résultats obtenus sur la vitesse de propagation des
solutions d’équations de réaction-diffusion dans un milieu de plus en plus lentement oscillant. Ces
résultats ont été publiés dans le Journal of Dynamics and Differential Equations. Le Chapitre 5 décrit
des résultats d’unicité des coefficients hétérogenes de problemes de réaction-diffusion. Ils sont publiés
dans les Communications on Pure and Applied Analysis.

La troisiéme et derniére partie est consacrée aux problemes intégro-différentiels en milieu homogene.
Le Chapitre 6 expose les résultats d’accélération des solutions des problemes intégro-différentiels avec
noyaux de dispersion non-exponentiellement bornés. Ce travail a été publié dans SIAM Journal on

Mathematical Analysis.
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Deuxieme partie

Les modeéles de réaction-diffusion en
milieu homogene : effet Allee et

structuration spatiale
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Chapitre 1. Inside dynamics of pulled and pushed fronts

1.1 Introduction

In this chapter, we explore the spatial structure of traveling wave solutions of some reaction-

diffusion equations. Namely, we consider the following one-dimensional reaction-diffusion model :
dpu(t,r) = d*u(t,z) + flu(t,z)), t>0, z € R, (1.1)

where u(t, z) € [0, 1]. This equation arises in various scientific domains of application, namely, popula-
tion dynamics where the unknown quantity u typically stands for a population density [34, 45, 79, 103,
135], chemistry [32, 70], and combustion [27]. In the context of population dynamics, f(u) corresponds

to the population’s growth rate. The nonlinear growth term f in (1.1) is assumed to satisfy

Fect o), JO=1m=0, [ fis)ds >0 (1.2)

and to be either of the monostable, bistable or ignition type :

(A) Monostable f is monostable if it satisfies (1.2), f/(0) > 0, f/(1) <0 and f > 0in (0,1).
In this case, the growth rate f(u) is always positive on (0,1). A classical monostable example
is f(u) = w(l —u)(1 + au), with @ > 0. If a < 1, the per capita growth rate f(u)/u (defined
by f'(0) at u = 0) is decreasing over the interval [0,1] which means that f is of the KPP (for
Kolmogorov-Petrovsky-Piskunov [112]) type. On the other hand, if @ > 1, the maximum of the
per capita growth rate is not reached at v = 0. In population dynamics, this corresponds to a
so-called weak Allee effect [175].

(B) Bistable f is bistable if it satisfies (1.2), f'(0) < 0, f/(1) < 0 and there exists p € (0,1) such
that f < 0in (0,p) and f > 0 in (p, 1).
This hypothesis means that the growth rate f(u) is negative at low densities, which corresponds
to a strong Allee effect [118, 175]. The parameter p corresponds to the so-called “Allee threshold"
below which the growth rate becomes negative. For instance, the cubical function f(u) = u(1 —
u)(u — p), where p belongs to (0,1/2), is a bistable nonlinearity.

(C) Ignition f is of ignition type if it satisfies (1.2), f'(1) < 0 and there exists p € (0,1) such that
f=01in (0,p) and f > 0 in (p,1). This reaction term occurs in combustion problems, where u

corresponds to a temperature and p is the ignition temperature [27, 29, 152].

The equation (1.1) has been extensively used to model spatial propagation of elements in interac-
tion, in parts because it admits traveling wave solutions. These particular solutions keep a constant
profile U and move at a constant speed c. Aronson and Weinberger [9, 10] and Kanel [101] have
proved that equation (1.1) with monostable, bistable or ignition nonlinearities admits traveling waves
solutions of the form u(t,x) = U(x — ct), where ¢ € R and the profile U is a C*(R) function which

satisfies the following nonlinear elliptic equation :

(1.3)

U'(y) +cU'(y) + f(U(y)) =0, y€R,
U(—o0) =1, U(+o0)=0 and 0<U <1onR.

On the one hand, if f is of the monostable type (A), there exists a minimal speed ¢* > 2,/f/(0) > 0
such that equation (1.3) admits a solution if and only if ¢ > ¢*. The solution associated to the minimal
speed c¢* is called the critical front, while those associated to speeds ¢ > ¢* are called super-critical

fronts. On the other hand, if f is of the bistable (B) or ignition (C') types there exists a unique speed
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1.1. Introduction

¢ > 0 such that equation (1.3) admits a solution. In all cases, if the front (c,U) exists, the profile U
is a decreasing function and it is unique up to shift [see e.g. 10, 29, 71]. The asymptotic behavior of
U(y) as |y| — 400 is also known (see Section 1.2).

The sensitivity of the fronts to noise or a fixed perturbation has also been extensively studied, [see
e.g. 33,61, 71, 116, 163, 164, 177]. In the monostable case, the stability studies lead to a classification of
the fronts into two types : “pulled” fronts and “pushed” fronts [161, 172, 178]. A pulled front is either
a critical front (c*,U) such that the minimal speed c* satisfies ¢* = 2,/f7(0), or any super-critical
front. In the critical case the name pulled front comes from the fact that the front moves at the same
speed as the solution of the linearized problem around the unstable state 0, which means that it is
being pulled along by its leading edge. This denomination is not so immediate for super-critical fronts.
A pushed front is a critical front (c*,U) such that the minimal speed c¢* satisfies ¢* > 2,/f’(0). The
speed of propagation of a pushed front is determined not by the behavior of the leading edge of the
distribution, but by the whole front. This means that the front is pushed from behind by the nonlinear
growth rate in the nonlinear front region itself. A substantial analysis which is not restricted to the
monostable case and which relies on the variational structure and the exponential decay of the fronts
for more general gradient systems has been carried out in [121, 134].

In the present chapter, we use a completely different and new approach, which we believe to be
simpler and more intuitive, by analyzing the dynamics of the inside structure of the fronts. The results
we obtain on the large-time behavior of the components of the fronts in the moving frame and in the
whole real line (the precise statements will be given below) shed a new light on and are in keeping with
the pulled/pushed terminology in the monostable case as well as with the fact that the bistable or
ignition fronts can be viewed as pushed fronts. Even if more general equations or systems could have
been considered, we present the results for the one-dimensional equation (1.1) only, for the sake of
simplicity and since this simple one-dimensional situation is sufficient to capture the main interesting
properties of the spatial structure of the fronts (however, based on the results of the present chapter
and on some recent notions of generalized transition waves, we propose in Section 2.2 some definitions
of pulled and pushed transition waves in a more general setting).

Let us now describe more precisely the model used in this chapter. Following the ideas described
in [82, 83, 181], we assume that the fronts are made of several components and we study the behavior

of these components. Namely, we consider a traveling wave solution
u(t,z) =U(x — ct)

of (1.1), where the profile U satisfies (1.3) and c is the front speed, and we assume that u is initially
composed of different groups (vj(z))ies such that, for every i € I,

vy #0 and 0 < vj(z) < U(z) for all 2 € R, (1.4)
where [ is a subset of N and

u(0,2) =U(x) = Zvé(m) for all z € R.
iel

Moreover, all groups v are assumed to share the same characteristics in the sense that they diffuse
and grow with the same manner inside the front u(t, z), [see 82, 83, 181]. This means that the diffusion

coeflicient of each group is equal to 1 and that the per capita growth rate of each group depends only
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Chapitre 1. Inside dynamics of pulled and pushed fronts

on the entire population and is the same as that of the global front, namely

fu(t, z))

forallt > 0 and x € R.
u(t, x)

g(u(t, z)) :=
In other words, the groups (vi(t,z));cr satisfy the following equation :
dwiltr) = 2i(t2)+ glult, )it a), 130, zER,
v(0,2) = vi(z), z €R.

Of course it follows from the uniqueness of the solution that

u(t,x) = Zvi(t,x) for all £ > 0 and z € R,
iel
which implies that the per capita growth rate g(u(t,z)) = g(>;c;v'(t,z)) could be viewed as a

coupling term in the system (1.5). The following inequalities also hold from maximum principle
0 < vi(t,z) <u(t,z) <1 forallt >0, z€Randie I (1.6)

Because the components v in (1.5) have identical growth and dispersal characteristics, we only
have to focus on the behavior of one arbitrarily chosen component v — we call it v in the sequel — to
understand the behavior of all the components. This is in sharp contrast with standard competitive
systems such as the model of competition between a resident species and an invading species for large
open space mentioned in [103, Section 7.2], where usually one of the elements is in some sense stronger
than the other one and thus governs the propagation.

Even if the equation (1.1) is homogeneous and the system (1.5) is linear, one of the main difficulties
in our study comes from the fact that a space-time heterogeneity is present in the per capita growth
rate g(u(t,z)) of each element. It turns out that this heterogeneity does not fulfill any periodicity or
monotonicity property. Comparable problems have been studied in [30, 84, 85]. In these papers, the
authors have considered a reaction term of the form f(z — ct,v), where the function v — f(z,v) is of
the monostable or bistable type for every x and is nonpositive for v large enough uniformly in z. These
properties are not fulfilled here by the function (t,z,v) — g(u(t,z))v. For instance, if the reaction
term f is of type (A), then g(u(t,z)) is always positive. Actually, we prove that the behavior of the
groups v' mainly depends on the type of f, as well as on the initial condition.

The next section is devoted to the statement of our main results. We begin by recalling some
asymptotic properties of the solution U(y) of (1.3), as y — +oo. Then, the evolution of the density
of a group v solving (1.5) is described in two theorems. Theorem 1 deals with the monostable pulled
case and Theorem 2 deals with the monostable pushed case and the bistable and ignition cases. These
results show striking differences between the composition of the fronts in the pulled and pushed cases.
They lead us to propose new notions of pulled and pushed transition waves in a general setting. The

proofs of our results are detailed in Sections 1.3 and 1.4.

1.2 Main Results

Let u(t,x) = U(x—ct) be a traveling wave solution of (1.1) associated to a front (¢, U) solving (1.3),
where f is either of type (A), (B) or (C). In order to understand the dynamics of a component v
solving (1.4)-(1.5), inside the traveling wave solution, it is natural to make the following change of
variables :

u(t,x) =v(t,x 4+ ct) for allt >0 and z € R.
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1.2. Main Results

The function @ corresponds to the solution v in the moving reference at speed ¢ and it obeys the

following equation :

1.7
(0, z) (1)

oyii(t,r) = 02u(t,x) + cou(t,x) + g(U(z))i(t,z), t>0, x €R,
UO(:C)’ T € R.

Thus, the equation (1.5) which contains a space-time heterogeneous coefficient reduces to a the
reaction-diffusion equation with a spatially heterogeneous coefficient g(U(z)), which only depends
on the profile U of the front. As we will see, the leading edge of U, and therefore its asymptotic
behavior as © — 400, plays a central role in the dynamics of the solutions of (1.7). Before stating our
main results, we recall some useful known facts about the asymptotic behavior of the fronts.

Monostable case (A). On the one hand, a pulled critical front (¢*,U), whose speed c¢* satisfies
c* = 2/f7(0), decays to 0 at +oo as follows [9, 10] :

c*y

Uly) = (Ay + B)e™ =

+0 (e(%w)y) as y — +0o0o, (1.8)

where § > 0, A >0, and B > 0if A =0. If f is of the particular KPP type (that is g(s) = f(s)/s <
7/(0)) then A > 0. On the other hand, a pushed critical front (¢*,U), whose speed ¢* is such that
c¢* > 2./f(0), satisfies the following asymptotic property :

U(y) — Ae—)x+(c*)y + ) (e—()\+(c*)+5)y) as y — +00, (19)

where 6 > 0, A > 0 and A\ (¢*) = (¢ ++/(c*)? — 4f7(0))/2 > ¢* /2. Thus, the asymptotic behavior of a
monostable critical front does depend on its pulled /pushed nature. Lastly, a super-critical front (¢, U),

where ¢ satisfies ¢ > ¢*, also decays at an exponential rate slower than ¢/2 :
Uly)=Ae 4+ 0 (ef()“(c)J”S)y) as y — 400, (1.10)

where § > 0, A > 0 and A_(c) = (¢ — /¢ —4f(0))/2 < ¢/2.

Bistable case (B). If follows from [9, 10, 71] that the unique front decays to 0 at +o0o as follows :
Uly)=Ae " 4+0 (e_(“+5)y) as y — 400, (1.11)

where § > 0, A > 0, and p = (c+ /2 —4f'(0))/2 > ¢ > ¢/2.

Ignition case (C). The unique front decays to 0 at +o00 as follows :
U(y) = Ae Y for y > 0 large enough, (1.12)

where A > 0.
We notice that the asymptotic behaviors as y — 400 of the fronts in the monostable pushed
critical case and the bistable and ignition cases are quite similar. In all cases, the exponential decay

rate is faster than ¢/2, where ¢ is the speed of the front. Let us now state our main results.

2.1 The inside structure of the fronts

We first investigate the case where the nonlinearity f is of the monostable type (A) and (¢,U) is
a pulled front.
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Chapitre 1. Inside dynamics of pulled and pushed fronts

Theorem 1 (Pulled case). Let f be of the monostable type (A), let (¢,U) be a pulled front, that is
either ¢ = ¢* = 2y/f'(0) or ¢ > ¢*, and let v be the solution of the Cauchy problem (1.5) with the

initial condition vy satisfying (1.4) and
+oo
/ e v (x) dr < +oo. (1.13)
0

Then

lim sup ( max U(t,x)) — 0 as a — +00.2 (1.14)
t—+oo Nz>avt

In other words, any single component v of the pulled front u, which initially decays faster than
the front itself, in the sense of (1.13), cannot follow the propagation of the front. In particular, the
formula (1.14) implies that

v(t,z + ct) — 0 uniformly on compacts as t — +oc. (1.15)

The conclusion of Theorem 1 holds if vy is of the type vg = Ul (_ 4 or more generally if vg
satisfies (1.4) and its support is included in (—oo, a) for some a € R. This means that the propagation
of the traveling wave u(t,z) = U(x — ct) is due to the leading edge of the front. This characterization
agrees with the definition of pulled fronts proposed by Stokes [172]. It is noteworthy that pulled critical
fronts and super-critical fronts share the same inside structure.

Note that (1.14) also implies that v cannot propagate to the right with a positive speed, in the
sense that

max v(t,x) — 0 as t — +00
r>et

for all € > 0. Actually, under some additional assumptions on vg, which include the case where vg is

compactly supported, a stronger uniform convergence result holds :

Proposition 2. Under the assumptions of Theorem 1, and if vy satisfies the additional condition
vo(z) = 0 as © — —oo, or vy € LP(R) for some p € [1,400), (1.16)

then
v(t,-) — 0 uniformly on R as t — +oo. (1.17)

In the pushed case, the dynamics of v is completely different, as shown by the following result :

Theorem 2 (Pushed case). Let f be either of type (A) with the minimal speed ¢* satisfying c¢* >

2:/f"(0), or of type (B) or (C). Let (¢,U) be either the critical front with ¢ = ¢* > 2,/f'(0) in
case (A) or the unique front in case (B) or (C). Let v be the solution of the Cauchy problem (1.5)
with the initial condition vy satisfying (1.4). Then

lim sup ( max_|v(t,z) — p(vo)U(x — ct)|) — 0 as a = 400, (1.18)

t——4o00 mza\/z

where p(vg) € (0,1] is given by

/ vo(z)U(x) e dx
plug) = L2 . (1.19)
/ U%(z) e da
R
Moreover,
ltanJ:&f (a\/gsringr;ﬁctv(t,x)) >0 for all « € R and xp € R. (1.20)

2. Notice that the max in (1.14) is reached from (1.6) and the continuity of v(t,-) for all ¢ > 0.
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From (1.9), (1.11) and (1.12), p(vp) is a well defined positive real number. Theorem 2 is in sharp
contrast with Theorem 1. Indeed, formula (1.18) in Theorem 2 implies that any small group inside a

pushed front is able to follow the traveling wave solution in the sense
v(t,z + ct) — p(vo) U(z) uniformly on compacts as t — +o0. (1.21)

The conclusion (1.21) holds even if vg is compactly supported. This formula means that an observer
who moves with a speed ¢ will see the component v approach the proportion p(vg) of the front U.
Thus, at large times, the front is made of all its initial components v defined in (1.4), each one with
proportion p(vj). In other words the front is pushed from the inside. Theorem 2 also shows that the
inside structure of the pushed monostable critical fronts and of the bistable and ignition fronts share
the same dynamics.

The second formula (1.20) in Theorem 2 shows that the left spreading speed of the group v inside
the front is at least equal to 0 in the reference frame. More precisely, the group spreads over intervals
of the type (avt,xg + ct) for all & € R and zy € R. In fact, the next proposition proves that, if the
initial condition vg is small at —oo, then the solution v spreads to the left with a null speed in the
reference frame in the sense that v is asymptotically small in any interval of the type (—oo, a/t) for

—a > 0 large enough :

Proposition 3. Under the assumptions of Theorem 2, if vy satisfies the additional assumption (1.16),
then

lim sup( max v(t,x)) — 0 as a = —o0. (1.22)
t——+o00 mga\/f

Notice that without the condition (1.16), the conclusion (1.22) may not hold. Take for instance
vo = U, then v(t,x) = U(z —ct) for all t > 0 and = € R, and sup, ., ;v(t,x) =1 for all @ € R and
t>0.

Remark 1. a) One can observe that in the pulled case the function z — U(z)e®*/? does not belong
to L2(R), from (1.8) and (1.10). Thus, we can set p(vg) = 0 for any compactly supported initial
condition vy satisfying (1.4). From Theorems 1 and 2, we can say with this convention that for any
monostable reaction term f and any compactly supported vy fulfilling (1.4), the solution v of (1.5) is
such that v(t,z+ct) — p(vg)U(z) uniformly on compacts as t — +oo, where p(vg) is defined by (1.19)
if x> U(z)e®/? is in L*(R) (the pushed case) and p(vg) = 0 otherwise (the pulled case).

b) Let us consider the family of reaction terms (f;),>0 of the monostable type (A), defined by

fa(u) = u(l —u)(1 + au) for all u € [0,1] and a > 0.
The minimal speed ¢ is given by [80]

2 if0<a<2,
¢ = D)
e \/i‘i‘\/E 1fa>2
a 2

Thus, if a € [0, 2], the critical front U, associated with f, is pulled (¢ =2 = 2,/f/(0)) while if a > 2
the critical front is pushed (¢} > 2 = 2,/f/(0)). Up to shift, one can normalize U, so that U,(0) = 1/2
for all @ > 0. A direct computation shows that if a > 2 then the profile of U, is then given by

1

Valt) = T

for all x € R,
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Chapitre 1. Inside dynamics of pulled and pushed fronts

where ko, = \/a/2. It is easy to check that, if a > 2, then the function z — Uy (z)e%®/? is in L*(R) (a
general property shared by all pushed fronts) and [ U2(z) €% dx > (kg — t; )71 /4. Then, consider
a fixed compactly supported initial condition v satisfying (1.4) and whose support is included in
[-B, B] with B > 0. Let p(vo, a) be defined by (1.19) with a > 2, U = U, and ¢ = c. It follows that

/ () Uy(z) ea® dx:

Vo
R
/ U2(x) e%a® da
R

B | N
< Afka — ’ill)/ UZ(x) e” da < 8(ka — kg ) cosh (¢ B)

0 < p(vg,a) = . -
- a

Finally, since k, — 17 and ¢} — 27 as a — 27, we get that p(vg,a) — 0 as a — 2. Thus, with
the convention p(vg) = 0 in the pulled case, this shows the proportion p(vg, a) is right-continuous at

a = 2, which corresponds to the transition between pushed fronts and pulled fronts.

2.2 Notions of pulled and pushed transition waves in a more general setting

Our results show that the fronts can be classified in two categories according to the dynamics
of their components. This classification agrees with the pulled/pushed terminology introduced by
Stokes [172] in the monostable case and shows that the bistable and ignition fronts have same inside
structure as the pushed monostable fronts. This classification also allows us to define the notion
of pulled and pushed transition waves in a more general framework. Let us consider the following

reaction-dispersion equations :
owu(t,x) = D(u(t,x)) + f(t,z,u(t,z)), t>0, v €R, (1.23)

where f(t,x,u) is assumed to be of class C® (with 8 > 0) in (t,) locally in u € [0, 400), locally
Lipschitz-continuous in u uniformly with respect to (¢,z) € (0,400) x R, f(-,-,0) = 0, and D is a
linear operator of dispersion. The classical examples of D are the homogeneous diffusion operators
such as the Laplacian, D(u) = Dd?u with D > 0, the heterogeneous diffusion operators of the form
D(u) = 9, (a(t, r)0,u) where a(t, ) is of class C1P((0, +-00) x R) and uniformly positive, the fractional
Laplacian, and the integro-differential operators D(u) = J * u —u where J xu(z) = [p J(z — y)u(y)dy
for all x € R and J is a smooth nonnegative kernel of mass 1. Before defining the notion of pulled
and pushed waves, we recall from [21] the definition of transition waves, adapted to the Cauchy
problem (1.23). Let p* : (0,400) x R — [0, +00) be a classical solution of (1.23). A transition wave
connecting p~ = 0 and p*t is a positive solution u of (1.23) such that 1) u # p*, 2) there exist
n € N and some disjoint subsets (Qf);~o and (I't)>0 = ({zl,...,27"})i>0 of R where I'; = 90F,
Q, UQSUT, =R and sup {d(z,I;) | z € Q; } =sup{d(x,T})| z € Qf } = +oo for all t > 0, and 3)
for all € > 0 there exists M > 0 such that

for all ¢ € (0, +00) and x € Q_fc, (d(x,Ft) > M) = (\u(t,x) —pr(t,z)| < 8),

where d is the classical distance between subsets of R. The wave u for problem (1.23) is also assumed
to have a limit u(0,-) at ¢ = 0 (usually, it is defined for all + € R, and f and p* are defined for all
t € R as well). In the case of Theorems 1 and 2, the travelling front u(t,z) = U(x — ct) is a transition
wave connecting 0 and pt = 1, the interface I'y can be reduced to the single point I'y = {z;} = {ct}
and the two subsets Q0 can be defined by Q; = (x, +00) and Q = (—o0,z;) for all ¢ > 0.
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1.8. The description of pulled fronts

Definition 1 (Pulled transition wave). We say that a transition wave u connecting 0 and p* is pulled

if for any subgroup v satisfying

U(O,l’) - UO(x)a T €R, .
where g(t,x,s) = f(t,z,s)/s and
v is compactly supported, 0 < vy < u(0,-) and vy Z 0, (1.25)

there holds
sup  v(t,z) = 0 ast — +oo for all M > 0.
d(m7rt)SM
Definition 2 (Pushed transition wave). We say that a transition wave u connecting 0 to p™ is pushed
if for any subgroup v satisfying (1.24)-(1.25) there exists M > 0 such that

limsup( sup U(t,x)) > 0.
t—=400 N d(z,I't)<M

1.3 The description of pulled fronts

We first prove the annihilation of v in the moving frame, that is property (1.15). Then we prove
the result (1.14) of Theorem 1 and the result (1.17) described in Proposition 2 under the additional
assumption (1.16). The proof of (1.15) draws its inspiration from the front stability analyzes in [163,
164, 178] and especially from the paper of Eckmann and Wayne [61]. It is based on some integral
estimates of the ratio r = @/U in a suitable weighted space. The proofs of (1.14) and (1.17) are based
on the convergence result (1.15) and on the maximum principle together with the construction of

suitable super-solutions.

3.1 Local asymptotic extinction in the moving frame : proof of (1.15)

Let f be of type (A) and let (c,U) denote a pulled front satisfying (1.3), that is ¢ is such that
either ¢ = ¢* = 2,/f7(0) or ¢ > ¢*. Let v be the solution of (1.4)-(1.5) satisfying the condition (1.13)
and let us set @(t,z) = v(t,x + ct) for all ¢ > 0 and = € R. The function u solves (1.7), while (1.6)
implies that

0<a(t,x) <U(x) <1lforallt>0andzeR. (1.26)

Then, let us define the ratio

a(t, )

r(t,x) = U0

forallt >0 and x € R. (1.27)

The function r is at least of class C! with respect to t and of class C? with respect to z in (0, +00) x R.

It satisfies the following Cauchy problem :

or(t,x) + Lr(t,z) = 0, t>0, reR,
_ wola) (1.28)
r(0,z) = Uz)’ z € R,

where

L=-0?—9'(2)0, and ¢(x) = cx+2In(U(x)) for all z € R.
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Chapitre 1. Inside dynamics of pulled and pushed fronts

Lemma 1. There exists a constant k > 0 such that
[ (@) + [¢" (x)| <k for all z € R.

Proof. The proof uses standard elementary arguments. We just sketch it for the sake of completeness.
If we set ¢ = U and p = U, then ¢/ = ¢+ 2p/q and " = —2¢p/q — 2(p/q)* — 29(q). Here we use that
¢ =pandp’ = —cp—g(q)q. Clearly g(q) is bounded. Thus we only need to bound p/q. Proposition 4.4
of [10] implies that either p/q — —c/2 at +o0 if ¢ = ¢* = 2,/f/(0), or p/q — —A_(c) at +o0 if ¢ > c*.
Moreover, since p/q — 0 at —oo and p/q is continuous, we conclude that p/q is bounded, which proves

Lemma 1. ]
Let us now define a weight function o as follows :
o(z) = U?(z)e™ for all z € R.

Since U satisfies the asymptotic properties (1.8) or (1.10), one has liminf, ,, o(x) > 0. A direct
computation shows that
o' (z) — ' (z)o(x) =0 for all x € R. (1.29)

In order to lighten the proof, we introduce some norms associated to the weight function o :

1/2
fulls = ( [ ot@)w@fde) " and fjull = suplate)u(a)],

where the supremum is understood as the essential supremum, and we define the standard L?(R) and

L*°(R) norms as follows :

1/2
lw|y = (/ w(x)2 dx) and |w|s = sup|w(x)]|.
R R

xe

Notice that the hypothesis (1.13) implies that (0, ) is in the weighted space
L2(R) = {w € L*(R) | ||wl|z < oo},
which is a Hilbert space endowed with the inner product
(w,w) = /Rw(m) w(x)o(z)dx for all w, @ € L2(R).

Lemma 2. The solution r of the linear Cauchy problem (1.28) satisfies the following properties :

d

pr (%Hr(t, )H%)) = —||0x7(t, )3 for allt >0 (1.30)

and, for any constant K satisfying K > [¢"|s + 1,

d (K 1
G (I + 510 (e )1 ) < = (10ar (6 ) B + 0206, )IE) for all ¢ >0,

Proof. We first set some properties of the operator £ in the Hilbert space L2(R). We define its domain
D(L) as
D(L)=H}(R) = {w e L;(R) | v, w" € LZ(R)},
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1.8. The description of pulled fronts

where w’ and w” are the first- and second-order derivatives of w in the sense of distributions. The
domain D(L) is dense in L2(R) and since C°(R) is also dense in H2(R) (with the obvious norm in

H2(R)), it follows that
(Lw,w) = —/w”wa—/ P'w'wo = /w'(wa)'—/ Y'w'wo = /(w')20—|—/ w'w(o’ —'a) = |5 >0
R R R R R R
for all w € D(L), that is £ is monotone. Furthermore, £ is maximal in the sense that
VfeLiR), 3w e D(L), w+ Lw=f.

This equation can be solved by approximation (namely, one can first solve the equation w,, + Lw,, = f
in H%(—n,n) N H(—n,n), then show that the sequence (llwnll 2 (=n,n) )nen is bounded and thus pass

to the limit as n — +o00 to get a solution w). Moreover, the operator £ is symmetric since
(Lw,w) = / w'(wo) — / Yw'wo = / w'w'o = (w, L)
R R R

for all w, w € D(L). Since £ is maximal, monotone and symmetric, it is thus self-adjoint. Then, since
vp is in L2(R), Hille-Yosida Theorem implies that the solution 7 of the linear Cauchy problem (1.28)
is such that

r € C*((0,400), H.(R)) NC([0, +00), L2(R)) for all k,1 € N, (1.31)

where H' (R) is the set of functions in L2(R) whose derivatives up to the /—th order are in L2(R).

We can now define two additional functions W and Z. First we set,
1 2 1 2
W(t) = 5/ o)t x)de = S (e, )3 for all £ > 0.
R
Let K be a positive constant satisfying K > [¢)”|, + 1. We define the function Z as follows :
Z(t)=KW(t)+ 5/ o(x) (0yr)°(t,z)dx = EHT(t, Iz + §||8xr(t, J|lz for all ¢ > 0.
R

The functions W and Z are of the class C* on (0,400) and W is continuous on [0, +00). Since r
satisfies (1.28) and (1.31) and o obeys (1.29), we get that

1d

W) = 5 (31 IB) = 5 [ o)) de = —(Lr(e, ),r(6,) = (e, IR

for all ¢ > 0. On the other hand, since r satisfies (1.31), there holds

Z'(t) = KW'(¢) + %% / o(2) (Bar)2(t, x) de = KW'(1) + / 0, (00sr)(t,2) Lr(t,x) de (1.32)
R R
for all ¢ > 0. One can also observe that, for all ¢ > 0,
— [ ouo0unt0) et 0y de = = [ o) @rP(a)de = [ o@)0u(@r)P)t, ) da
R R R

L
_ /R o(w) (O (t, ) di + /R o' (@) (872 (t, ) dz
and
~ [ (002} t2) ' (2) D1 (1, 2) o
1 / / /
" [ @@ 0@ 0y dz — [ o'(@) ¢/ (@) (@)t 2) do
> [ @@ @) de - [ o'@) /(@) 0.t 0) do.
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Chapitre 1. Inside dynamics of pulled and pushed fronts

Notice that all above integrals exist and all integrations by parts are valid from the density of C°(R)
in H2(R) and from Lemma 1 and (1.29) (in particular, o’/ and ¢” /o are bounded). Moreover, it
follows from (1.29) that

SO0 (@) — o' @) (&) + 50"(2) = o ()" (@) < o @)oo

for all x € R. Thus, the last integral in (1.32) is bounded from above by

/R(%(U@xr)(t,x) Lr(t,z)dz < _/

o(z) (02r)2(t, ) dx + |1/)”|OO/ o(z) (0,7)%(t, z) de.
R R

Then, for all ¢t > 0,
2) < = [ o) @At de - (K = |¢']) [ o@) @) (ta)da,
- / o(z) (92r)2(t, x) do — / o(z) (,r)2(t, ) dx,
R R

IN

from the choice of K. The proof of Lemma 2 is thereby complete. g

Proof of property (1.15). We are now ready to state some convergence results for the function v. Note
first that W (t) > 0 and W’(¢t) < 0 for all ¢ > 0. Thus W(¢) converges to Wy > 0 as t — +o0.
Similarly, Z(t) converges to Zo, > 0 as t — +oo, which implies that ||0;r(¢,-)||2 also converges as
t — +o0. From (1.30) and the convergence of ||r(¢,-)||2 and ||0z7(¢t,)||2 to finite limits, it also follows
that

|0:7(t,*)]]2 = 0 as t — +oo.

On the other hand, for all ¢ > 0, there holds
1 1
P2t e < 5 [ 10(or?) o)l de < [ o)t )]0, )| da + 5 [ 10'(@)|*0w) o (1.3)
R R R

Using Cauchy-Schwarz inequality, we can see that the first term goes to 0 as t — +oo since ||0,7(¢,-)||2
goes to 0 and [|r(t,-)||2 is bounded. If ¢’ were nonnegative on R, we could drop the modulus in the se-
cond term and then, integrating by parts, we would get as above that [|r2(t, ) ||leo < 2||7(¢, )||2]|0x7(t, )2
for all ¢ > 0.

However, the function ¢’ may not be nonnegative on R. Let us now prove that ||r2(¢,-)| s still

goes to 0 as t — +oo in the general case. First, since ¢’ is bounded from Lemma 1 and o(z) ~ e as
x — —00, there holds ¢/(z) = ¢/(z)o(z) — 0 as x — —oo. Moreover, if ¢ = ¢* = 2,/f/(0), it follows
from the asymptotic property (1.8) that

o(z) = (Az + B)? 4+ 0(1) as & — 400 if U(z) = (Az + B)e “ "2+ 0 (e_(c*/”‘s)x) as ¢ — +00
with 6 >0, A>0and B € R, or
o(z) = B> >0as x — 400 if U(z) =Be ¢ %24+ 0 (e_(c*/2+5)$) as © — +00,

where § > 0 and B > 0. On the other hand, if ¢ > ¢*, it follows from (1.10), (1.29) and the proof of
Lemma 1 that
o'(z) —» +o0 as x — +oo.

Finally, in all cases it is possible to construct a constant S > 0 and a function p € C}(R) such that
P >0on R and
So(z) < p(x) < o(x) for all z € R.
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1.8. The description of pulled fronts

The norms associated to p are equivalent to those defined by ¢. Then, denoting

1/2
fullpe = ( [ s @ids)  and w0 =sup lp(e)u(o)],
R zeR
and applying equation (1.33) to these norms, one infers that
Slir?(t Moo < Mlr2(t, Mipoo < 207t )lp2llOer(t p2 < 2llr(t, )l2lloer ()2
for all t > 0. Since ||r(¢,-)||2 is bounded and ||0,7(t,-)|]2 — 0 as t — +o0, it follows that

lim (sup (O‘(J?)T‘Q(t,x))) =0. (1.34)

t—+00 zE€R

Moreover, (1.27) implies that
0 <alt,z) = (UX@)r?(t,2) " = (a(2)r?(t,2)) e/
for all t > 0 and « € R. Then, for any compact set X, one has

_ ~ < —cz/2 2 1/2
max v(t, T + ct) max a(t,z) < (rélealéc e ) X (21615 (o(x)r (t,z)) )
Finally, equation (1.34) implies that @ converge to 0 uniformly on compacts as ¢ — 400, which
yields (1.15). One can also say that

tLleroo (r;l;ic v(t,z + ct)) = tilgrnoo (xgljicctv(t, ﬂ:)) = 0. (1.35)

for all A € R, where we recall that the maxima in (1.35) are reached from (1.6) and the continuity of
v(t,-) for all £ > 0. O

3.2 Extinction in (a\/t,+o0) and in R : proofs of Theorem 1 and Proposition 2

Before completing the proof of Theorem 1 and Proposition 2, let us first state two auxiliary lemmas.
They provide some uniform estimates of v in intervals of the type (ay/t, A+ ct) or the whole real line
R when bounds for v(t,-) are known at the positions A + ct, in the intervals (A4 + ct, +00) and/or at
—o00. These two lemmas will be used in all cases (A4), (B) and (C).

Lemma 3. Let f be of type (A), (B) or (C), let (¢,U) be a front satisfying (1.3) and let v solve (1.5)
with vy satisfying (1.4). Let p € [0,1] and Ag € R be such that limsup;_, ., v(t, A+ ct) < p (resp.
liminf; , o v(t,A+ct) > p) for all A < Ag. Then, for all € > 0, there exist ag > 0 and A < Ag such
that

lim sup ( max U(t,x)) <p+e forall o> a, (1.36)
t——4oo Navi<z<A+ct

resp.

lim inf min v(t,z)) > p—e forall a > ap.
t—+00 (CV\/ESIL'SA+Ct ( )) K f 0

Lemma 4. Let f be of type (A), (B) or (C), let (c¢,U) be a front satisfying (1.3) and let v solve (1.5)
with vy satisfying (1.4). Let A and p € [0, 1] be such that either limsup,_,_ . vo(x) < X ormax (vg — A,0) €
LP(R) for some p € [1,4+00), and limsup,_, , o (maxz>aye v(t,2)) < p for all A € R. Then

lim sup (sup u(t, x)) < max (A, p). (1.37)
t—+oo “zeR
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Chapitre 1. Inside dynamics of pulled and pushed fronts

The proofs of Lemmas 3 and 4 are postponed at the end of this section.

End of the proof of Theorem 1. Let v be the solution of (1.5) with vy satisfying (1.4) and (1.13). To
get (1.14), pick any £ > 0 and observe that property (1.15) and Lemma 3 with ¢ = 0 (and an arbitrary
Ap) yield the existence of ag > 0 and A € R such that

lim sup ( max U(t,x)) < ¢ for all @ > «p.
t—+oo Navi<z<A+ct

Property (1.14) follows then from (1.35). This proves Theorem 1. O

End of the proof of Proposition 2. We make the additional assumption (1.16). Notice that the as-
sumptions of Lemma 4 are fulfilled with A = p = 0, from (1.16) and (1.35). It follows that the
inequality (1.37) holds with A = p = 0, which implies that v(¢,z) — 0 uniformly on R as t — 4o0.
The proof of Proposition 2 is thereby complete. O

The proofs of Lemmas 3 and 4 are based on the construction of explicit sub- or super-solutions
of (1.5) in suitable domains in the (¢,2) coordinates, and on the fact that the coefficient g(u(t,z)) =

g(U(x — ct)) in (1.5) is exponentially small when z — ¢t — —c0.

Proof of Lemma 3. Let us first consider the case of the upper bounds. Let p € [0,1] and Ay € R be as
in the statement and pick any ¢ € (0,1). Let j. be the positive function defined on (—o0,0) by

1
Je(y) =€ (1 - q) for all y < 0. (1.38)

The functions j. and j7 are negative on (—oc,0) and —j”(y) — cj(y) ~ ec/y? as y — —oo. We recall

the asymptotic behavior of U at —oo :
Uly)=1-Be" +0 (e(”+6)y) as y — —00, (1.39)

where 6 > 0, B > 0 and v = (—c+ /c¢2 —4f'(1))/2 > 0. This property (1.39) and the negativity of
f(1) yield the existence of a real number A < min(Ag,0) such that

0<g(Uy) < _jg(y;;;jé(y) for all y € (—oo0, A. (1.40)

From the assumptions made in Lemma 3, there is ¢y > 0 such that
v(t,A+ct) < p+e forall t > tg.
Now, let us define the function T by
v(t,x) = h(t — to,x — A — cty) + je(x — ct) for all t >ty and = € [A + ctg, A + ct],

where h solves the heat equation
Oth(t,x) = 02h(t,x), t>0, x€R,
h(O, x) = 2 ]l(—oo,O)(x) + (,U + 6)]1(074_00) (x), z € R.

Let us check that T is a supersolution of (1.5) in the domain ¢ > ¢y and x € [A + cto, A + ct]. Firstly,
observe that
pw+e<v(t,z)<2+¢ (1.41)
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for all t > tg and x € [A+cty, A+ ct] since p+¢e < 2and 0 < j. < e on (—00,0). It follows from (1.26)

that

2
u(t, A+ cto) <1< % — h(t — to,0) < T(t, A + cto) for all ¢ > to.

On the other hand,
v(t,A+ct) < p+e < h(t—to,c(t—ty)) <v(t, A+ ct) for all t > ty.
Lastly, from (1.40) and (1.41), the function T satisfies, for all t > to and = € (A + cty, A + ct),

o(t, ) — %v(t,x) — g(U(x — ct))v(t, )

= —ji(z —ct) = cji(x — ct) — g(U(x — ct))v(t, x)
—g(U(x — ct)) (2 +¢) — jZ (z — ct) — cjl(x — ct)
0.

(1.42)

v

v

The maximum principle applied to (1.5) implies that
v(t,x) <T(t,x) for all t >ty and = € [A + cty, A + ct].

Fix ag > 0 so that
2—p—¢e [T/

NI
Let a > ag and t; > tg be such that A + ctg < ay/t < A+ ct for all t > t;. Since h(t,-) is decreasing
for all ¢t > 0, there holds, for all ¢t > tq,

2
e “dz<e.

max  vu(t,z) < max  U(t,x)
oa/t<z<A+ct aVt<z<A+ct
= max  (h(t —to,z — A — cto) + je(x — ct))
aVt<z<A+ct
< h(t—tg,avt — A —cty) +¢

2—p—¢ (—av/t+A+cto) /A/4(t—to)

NI

e_dey.

IN

w2+

Hence, for all a > ay,

2_M_6 —a/2

N N

Since € > 0 is arbitrarily small, the conclusion (1.36) follows.

lim sup ( max  v(t, x)) <pu+2e+ e*dey < p+3e.

t—+oo Navt<z<A+ct

As far as the lower bounds are concerned, with the same type of arguments as above and since
g(U(y)) is nonnegative near —oo, one can show that for any e € (0,1), there exist A < Ag and t9 > 0
such that

v(t,x) > h(t —to,x — A — ctp) for all t >ty and = € [A + cty, A + ct],
where h solves the heat equation in R with initial condition A(0,-) = —1(_s o) + (1 — €)1 (0 400)- It
follows that

lim inf min v(t,x)) > pu — 2¢ for a > 0 large enough.
t—4o00 (aﬂgst_’_ct ( )) H 8 &

The proof of Lemma 3 is thereby complete. U
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Proof of Lemma 4. Let A € [0,1] and p € [0,1] be given as in the statement and pick any £ > 0. Let
Je be the function defined as in (1.38) and let A < 0 be such that

—32 (y) — city)
max(max (A, u) +¢,1) +¢

0<g(U(y)) < for all y € (—o0, A]. (1.43)

The assumptions made in Lemma 4 yield the existence of tg > 0 such that
v(t,x) < p+eforall t >ty and x € [A + ct, +00). (1.44)

If vg satisfies limsup,_, ., vo(x) < A, then the comparison with the heat equation and the equality
g(1) = 0 imply that limsup,_, . v(¢,2) < A for all ¢ > 0. On the other hand, if w solves (1.5) with an
initial condition wy in LP(R) for some p € [1,+00), then heat kernel estimates and the boundedness
of g(U(x — ct)) imply that w(t,-) is also in LP(R) for all ¢ > 0, while w(t,-) is uniformly continuous
on R from standard parabolic estimates. Finally, w(¢t,z) — 0 as x — —oo for all ¢ > 0. Now, if
max (vg — A, 0) € LP(R) for some p € [1,+00), then by writing vg < A + max (vg — A, 0), the previous
arguments and the linearity of (1.5) imply that limsup,_,_ . v(¢t,z) < X for all ¢ > 0. In any case, at
time ¢ = tg, there exists B < A such that

v(tp,x) < A+¢€ for all x € (—o0, B + cty]. (1.45)
Now, let us define the function © by
v(t,x) = h(t — to,z) + je(z — ct) for all t >ty and z € (—o0, A + ct],
where h solves the heat equation

ath(t,CC) 8§h(t,$), t>0, z€eR,
h(0,z) = max(max(A,u)+e,v(tg,x)), = €R.

(1.46)

Let us check that T is a supersolution of (1.5) in the domain ¢t > ¢ty and x < A + ct. Firstly, observe
that

max (A, 1) + ¢ <o(t,z) < max(max (A, u) +¢,1) + ¢ (1.47)

for all ¢ > tg and = < A + ¢t, from (1.26), (1.38) and the maximum principle applied to the heat
equation (1.46). Then, from equation (1.44), we get that

v(t,A+ct) <pu+e<o(t, A+ ct) for all t > ty.
Moreover, by definition of T(tp, ), there holds
v(to, x) < max(max (A, u) + &, v(tg, x)) < T(tg, ) for all x € (—o0, A + cto].
Finally, from (1.43) and (1.47), T satisfies the following inequality, for all ¢ > ¢y and x € (—oo0, A+ ct),

o(t, ) — %v(t,x) — g(U(x — ct))v(t, )

= —je(@—ct) = ¢ji(z —ct) — g(U(x — ct))o(t, z)
—g(U(x — ct))(max(max(\, p) +¢,1) + &) — j(x — ct) — cjl(x — ct)
0.

v

v
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The maximum principle applied to (1.5) implies that
v(t,z) <T(t,z) for all t > tg and x € (—o0, A + ct]. (1.48)
Next, we claim that
U(t,x) — je(xr — ct) — max (A, u) + € uniformly on (—oo, A + ct] as t — +o0.

Indeed, since v(tp,-) satisfies (1.44) and (1.45), the initial condition A(0,-) of h is the sum of the
constant max (A, u) + ¢ and a nonnegative compactly supported continuous function. By linearity and
standard properties of the heat equation on R, it follows that h(t,-) — max (A, u) + € uniformly on
R as t — +oo. Hence, U(t,z) — jo(xr — ¢t) — max (A, i) + € uniformly on (—oo0, A + ct] as t — +oo.
From (1.48), we get that

lim sup ( sup  o(t, ﬂ:)) <max (A, pu) +e+  sup Je(y) = max (A, p) + 2e.
t—+00 N ze(—o00,A+ct] y€(—00,4]

Then, from equation (1.44) we get that

lim sup (sup u(t, :U)) < max (A, u) + 2e.
t—+oo “zeR

Since € > 0 is arbitrary, the conclusion (1.37) follows and the proof of Lemma 4 is complete. O

Remark 2. If the initial condition vy of (1.5) is such that vo(xz) — A € [0,1] as z — —oo, then, as
already noticed, v(t,z) — X as ¢ — —oo for all ¢ > 0, since g(1) = 0. In particular, supg v(t,-) > A
for all ¢ > 0. Therefore, if vy satisfies (1.4), (1.13) and limg_,_ o vo(z) = A € [0,1], then the proof of
Lemma 4 shows that supg v(t,-) — X as t — +o0.

1.4 The description of pushed fronts

This section is devoted to the proofs of Theorem 2 and Proposition 3. We begin by proving
formula (1.21). The proof of this formula draws its inspiration from the front stability analysis [163, 164]
and especially from the lecture notes of Gallay [77]. It is based on some properties of the self-adjoint

Schrédinger operator £ defined by

L=-0?+ (% - g(U(:U))) (1.49)

with domain H?(R), where g(s) = f(s)/s, f satisfies the hypotheses of Theorem 2, and (¢, U) is either
the pushed critical front in case (A) when ¢ = ¢* > 2,/f/(0), or the unique front satisfying (1.3) in
case (B) or (C). The properties of the semigroup generated by —L play an essential role in the large
time behavior of the solution @ of the Cauchy problem (1.7). Indeed, the function v* defined by

w*(t,x) = /2 a(t,x) for all t > 0 and z € R (1.50)

satisfies the Cauchy problem

ow*(t,x) + Lu*(t,z) = O, t>0, z R,
{ hu*(t, ) (t,x) (151)

u (0,2) = wvo(z)e®?, xR

The main spectral properties of £ are stated in Section 4.1. Then, Section 4.2 is devoted to the proof

of formula (1.21). The proofs of Theorem 2 and Proposition 3 are given in Section 4.3.
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4.1 Preliminary lemmas

Let X/, be the weighted space defined by

X, = {w € 12 (R)| /RwQ(x) € 4y < oo} . (1.52)

Lemma 5. If the front U solving (1.3) with ¢ > 0 belongs to X9, then the operator L defined by (1.49)
satisfies the following properties :
i) The essential spectrum o¢(L) of L is equal to [¢® /4 — max (f'(0),0), +0o0).
i) The point spectrum of L is included in [0, c? /4—max (f'(0),0)). Moreover, A = 0 is the smallest
eigenvalue of L and the function x — ¢(x) = U(z) e“*/? spans the kernel of L.
iii) The following spectral decomposition of L*(R) holds :

L*(R) = Im(P) @ ker(P), (1.53)

where the operator P : L?>(R) — L?(R) is the spectral projection onto the kernel of L, that is
P(w) = (Jgpw) ¢ for allw € L*(R) with ¢ = ¢/l 12(w)-

Proof. It uses standard results and it is just sketched here for the sake of completeness.

i) The coeflicients of the operator £ are not constant but converge exponentially to two limits
as x — Z+oo. It follows that £ is a relatively compact perturbation of the operator Ly defined by
Lo=—02+ (c?/4 — goo(x)), where

{90 =£0) ite<,
g”(x)_{ g1)=0  ifz>0.

Then, Theorem A.2 in [93] implies that the essential spectrum o.(L) of the operator L is equal to the
spectrum o (Lg) of the operator Lg. Since Ly is self-adjoint in L?(R), we get

0e(L) = o(Lo) = [?/4 — max (f'(0),0), +o0).

i) The operator L is a self-adjoint operator in L?(R), so the eigenvalues of £ are in R. Moreover,
since (c,U) satisfies equation (1.3) and U belongs to X5, one has necessarily that 2 > 4f'(0)
(whatever the sign of f/(0) be) and the function z — ¢(z) = U(x)e*/? is in L*(R) (and then in
H?(R) by adapting the arguments used the proof of Lemma 1). Furthermore, ¢ is an eigenvector of
L associated to the eigenvalue A = 0, that is L¢ = 0, and the eigenvalue is simple, from elementary
arguments based on the exponential behavior at +00. On the other hand, since ¢ is positive, Sturm-
Liouville theory implies that A = 0 is the lowest value of the spectrum of L. Together with 1), we
finally get that the point spectrum of £ is a discrete subset of the interval [0, c?/4 — max(f’(0),0)).

ii1) The function ¢ = ¢/[|¢[|2(r) is a normalized eigenvector of £ associated to the eigenvalue 0.
Since L is self-adjoint, the operator P : L?(R) — L?(R) defined as in Lemma 5 is the spectral projection
onto the kernel of £. Then, the spectral decomposition (1.53) holds, where Im(P) = {B¢, 8 € R} and
ker(P) = {w € L*(R)| [z ow = 0}. O

Let us come back to the Cauchy problem 0w 4+ Lw = 0. From Lemma 5, the semigroup (e_tﬁ)po

generated by —L satisfies the following properties :

Lemma 6. If the front U solving (1.3) with ¢ > 0 belongs to Xcj2, then there exist two constants
C >0 and n > 0 such that

le " w|oe < Ce ™ |w|s for all t >0 and w € ker(P) N L®(R). (1.54)
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1.4. The description of pushed fronts

Proof. From Lemma 5, the decomposition (1.53) is stable by £. Moreover, the restriction of £ to the
space ker(P) is a sectorial operator whose spectrum is included in {z € C|Re(z) > n} for some small
n > 0. The conclusion (1.54) follows from [93, 142]. O

4.2  Proof of formula (1.21)

Let f satisfy the assumptions of Theorem 2 and let (¢,U) be either the pushed critical front when
c = c* > 2/f(0) in case (A) or the unique front satisfying (1.3) in cases (B) and (C). Let v be
the solution of the Cauchy problem (1.4)-(1.5) and let @ be defined by (¢, x) = v(t,z + ct). First of
all, @ solves (1.7) and from the maximum principle the comparison (1.26) still holds. Moreover, since
U satisfies (1.9), (1.11) or (1.12), U and 4(t,-) — for all ¢ > 0 — belong to the weighted space X,/
defined by (1.52). Next, let u* be defined by (1.50). Since (¢, ) is in X, o for all ¢ > 0, the function
u*(t,-) belongs to L?(R), for all ¢ > 0. Furthermore, ¢ and u*(0,-) belong to L*°(R) from (1.9), (1.11)
and (1.12). From (1.51) and Lemma 5, the initial condition u*(0,-) can be split in L?(R) as follows :

where
: : WU( )
P(u*(0,-)) = /go(s)u (0,s)ds )¢ and ¢(z for all z € R,
R 2 ecs 1/2
/ U“( ds
w=u"(0,-) — P(u*(0,-)) € ker(P) N L= (R).
Since Ly = 0, it follows that
u*(t,-) = P(u*(0,-)) + e ¥w for all t > 0. (1.55)
Lemma 6 yields the existence of C' > 0 and i > 0 such that
[u*(t,-) — P(u*(0,-))]oo = |& ¥ w|oo < Ce " |w|s for all t > 0. (1.56)

Equation (1.55) and the definition (1.50) of w* imply then that, for all ¢ > 0 and x € R,
at,x) = e (P (0,))(x) + (efww) (z))
e—w/2 (/ (s ) + e/ (e L) (z)
= p(uo)U(z) +e “/2(6 Fw) (),

where p(vg) € (0, 1] is given in (1.19). It follows from (1.56) that v(t, z+ct) —p(vo)U () — 0 uniformly
on compacts as t — 400 and even uniformly in any interval of the type [A, +00) with A € R. This
proves (1.21). O

Under an additional assumption on vg, the following lemma holds :

Lemma 7. Under the assumptions of Theorem 2, if vy satisfies the additional assumption

lim sup vp(z) < p(vg), or max (vy — p(vp),0) € LP(R) for some p € [1,400), (1.57)

T—r—00

then
supv(t, ) = p(vg) as t — +oo. (1.58)
R
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Chapitre 1. Inside dynamics of pulled and pushed fronts

Proof. The proof of (1.58) is a consequence of (1.21) and Lemma 4. More precisely, let € be any positive
real number in (0, 1) and let A be any real number. From the previous paragraph there is ¢y > 0 such
that

v(t,z) < p(ve)U(x —ct) + e < p(vg) +¢€ for all t >ty and = > A+ ct.

Lemma 4 applied with A = p = p(vp) implies that

lim sup (sup U(t,x)) < p(v).
t—+4o0 “zeR

On the other hand, since liminf;,~ (supgv(t,-)) > p(vo) from (1.21) and U(—o0) = 1, we get that
supg v(t,-) = p(vg) as t — 4o0. O

Remark 3. As in Remark 2, the above proof implies that if vy satisfies (1.4) and vo(z) — A € [0, 1]
as ¢ — —oo, then supg v(t, ) — max (A, p(vg)) as t — +oo.

4.8 Spreading properties inside the pushed fronts : proofs of Theorem 2 and Proposi-

tion 3

The previous section 4.2 shows that, in the pushed case, the right spreading speed of v in the

reference frame is equal to ¢, in the sense that
c=inf{y > 0| v(t,- +~t) = 0 uniformly in (0,+00) as t — +oo}.

In this section, we prove that in the pushed case the left spreading speed of v is actually at least
equal to 0. More precisely, we prove that the solution v moves to the left in the reference frame, at
least at a sublinear rate proportional to v/¢, in the sense that lim infy o0 v(t, oz\/z) >0forall a <0
(and, in fact, for all @ € R). This corresponds to formula (1.20) in Theorem 2. We also obtain some
estimates, which are more precise than (1.21), on the asymptotic profile of the solution v in sets of
the type (av/t, +00) with o > 0 large enough. Lastly, we prove Proposition 3, which shows that the
solution v cannot spread to the left with a positive speed if vy is small near —oco, in the sense of (1.16).
The proofs of the pointwise estimates stated in Theorem 2 are based on formula (1.21) and on the

construction of explicit sub- and super-solutions of (1.5) in the reference frame.

3.1 Description of the right spreading speed and the asymptotic profile of solutions : proof of Theo-

rem 2

Let f fulfill the assumptions of Theorem 2 and let (¢,U) be either the pushed critical front in
the monostable case (A) with speed ¢ = ¢* > 2,/f/(0), or the unique front in the bistable (B) and
ignition (C) cases. First, as in the first inequality of (1.40), since g(U(y)) — 0" as y — —oo, there is
A € R such that

g(U(y)) > 0 for all y € (—o0, A]. (1.59)

Let v be the solution of problem (1.5) with initial condition vy satisfying (1.4). Theorem 2 implies that
v(t, A + ct) — p(vg)U(A) > 0 as t — +o0. Choose any real number v such that 0 < v < p(vg)U(A)
and let tg > 0 be such that

v(t, A+ ct) > v for all t > t.

Now, let us construct a subsolution v of the problem (1.5) in the domain ¢ > tp and = < A + ct.
Let v be defined by

v(t,z) = h(t —tg,x — A — ctg) for all t >ty and x < A + ct,
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where h is the solution of the heat equation d;h = 92h with initial condition h(0,-) = (g o) in R.
On the one hand, there holds

v(t,A+ct) <suph(t —to,") <v<wv(t,A+ct) forall t >t
R

and
v(to, ¥) = V19 100) (T — A — ctg) = 0 < v(to, x) for all x € (—o00, A + cto),

while, on the other hand, it follows from (1.59) that
dw(t,x) — O2u(t,z) — g(U(x — ct))u(t,z) <0

for all t > ¢ty and = € (—o0, A + ct). Then the maximum principle applied to (1.5) implies that
v(t,xz) > v(t,x) for all t >ty and = < A + ct.

Lastly, let a be any fixed real number. There exists t; > tg such that, for all ¢ > ¢;, one has
av't < ct+ A and

v(t,x) > v(t,x) = h(t — tg,x — A — ctp) for all x € [aV't,ct + Al

Since h(t,-) is increasing in R for all ¢ > 0, we get, that for all ¢ > ¢; and x € [an/t, ct + A],

+00 9
e ¥ dy.

14
v(t, @) 2 h(t = to, avt — A = cto) = ﬁ/( Vit Ateto) /1)
e cto 0]

Therefore,
+00

. . 14 a2
lginﬁ&f (aﬁgclanHAU(t,x)) > NG /_a/2 e Y dy >0,
which together with (1.21) yields (1.20).

Let us now turn to the proof of property (1.18). Let € be any positive real number less than
2p(vg). From (1.21) and U < U(—o0) = 1, Lemma 3 applied with @ = p(vg) (upper bound) and with
p = p(vg) —e/2 (lower bound) yields the existence of ap > 0, A € R and #; > 0 such that av/t < A+ct
for all t > ¢; and

p(vo) —e < wlt,x) <plvg) +e forallt>t, x € [aVt, A+ ct] and o > ay.

Even if it means decreasing A, one can assume without loss of generality that p(vo)(1 — U(A4)) < e.
This implies that, for all ¢ > ¢; and o > «ay,

max  |o(t,a) - puo)U@ — )| < max  [o(t,x) - p(vo)] + p(vo) (1 — U(A)) < 2e.
on/t<z<A+ct o/t<z<A+ct

From property (1.21) (and the fact that v(¢,z+ct) —p(vo)U(x) — 0 as t — +oo uniformly in [A4, +00),
as observed at the end of the proof of (1.21)), we also know that there exists to > ¢; such that for all
t > o,

t,x) — Uz —ct)| <e.
Jax [u(t,z) —p(vo)U(z —ct)] < e

Remember that, in the above formula, the supremum is a maximum, from (1.26) and the continuity
of U and v(t,-) for all ¢ > 0. We conclude that

lim sup ( max_|v(t,z) — p(vo)U(x — ct)\) < 2¢ for all o > «y.

t—4o00 z>an/t

Since € > 0 is arbitrarily small, this completes the proof of Theorem 2. O
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Chapitre 1. Inside dynamics of pulled and pushed fronts

3.2 Description of the left spreading speed : proof of Proposition 3

In addition to (1.4), we assume that vy satisfies (1.16). As already observed in the proof of Lemma 4,
this implies that v(¢,2) — 0 as x — —oo for all ¢ > 0. Let £ be any real number in (0, 1) and let j. be
the function defined on (—o00,0) by (1.38). Let A < 0 be such that (1.40) holds. Since v(1,z) — 0 as
x — —00, one can assume without loss of generality that v(1,z) < ¢ for all z < A.

As in the proof of Lemmas 3 and 4, let us now construct a super-solution T of (1.5) in the domain

t > 1 and x < A. More precisely, let us set
U(t,x) =h(t —1,x — A) + je(x — ct) for all t > 1 and = < A,
where h solves the heat equation

Qih(t,x) = OZh(t,x), t>0, z€R,
h(0,2) = el 0)(®) +2L0400)(7), T€ER

There holds v(1,z) < e <T(1,x) for all x < A, while v(t,A) <1< (2+¢)/2=h(t—1,0) <7T(t,A)
for all t > 1 from (1.26) and (1.38). Furthermore,

oo(t,x) — 020(t,x) — g(U(x — ct))T(t,x) >0 forall t > 1 and 2 < A,
as in (1.42). It follows from the maximum principle applied to (1.5) that
v(t,x) <T(t,x) for all t > 1 and = < A.

For any fixed a < 0, and ¢ > 0 large enough so that a/t < A, the maximum of v(¢,-) on (—o0, av/]

is reached since v > 0 and v(t, —o0) = 0, and there holds

max v(t,r) < sup (h(t — 1,z — A) + jo(x —ct)) < h(t — 1,aV/t — A) +¢
z<an/t z<avt

since h(t,-) is increasing in R for all ¢ > 0. Thus, for any fixed o < 0,

9 ¢ [too
max v(t,z) < 2e + c / eV dy

z<an/t VT —(A+avt)//A(t—1)

for ¢ large enough, whence

lim sup( max v(t,x)) <3¢ foralla <ap<0
t—+oo “z<ayt

with |ag| large enough. Since e can be arbitrarily small, the proof of Proposition 3 is thereby com-
plete. O

Remark 4. The proof of the lower bound of v given in Subsection 3.1 implies immediately that,
under the assumptions of Theorem 2, liminf; o v(t,x) > p(vg)/2 locally uniformly in x € R.
Furthermore, for any € > 0, an adaptation of the above proof given in the present subsection implies
that, under the assumptions of Proposition 3, there are A < 0 negative enough, ty > 0 positive
enough and B < min(A + ctg,0) negative enough such that v(t,z) < h(t — tg,x) + je(z — ct) for all
t > tg and @ < ct + A, where h solves the heat equation d;h = 9>h with initial condition h(0,-) =
el (_oo,B) + L(Betg+a) + (P(V0) + €)1 (cty+4,400)- Therefore, since e > 0 can be arbitrarily small, it
follows that, under the assumptions of Proposition 3, limsup;_, | ., v(t,z) < p(vp)/2 locally uniformly

in z € R, and finally v(t,z) — p(vo)/2 as t — 400 locally uniformly in z € R.
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Chapitre 2. Allee effect promotes diversity in traveling waves of colonization

2.1 Introduction

Rapid increases in the number of biological invasions by alien organisms [50] and the movement
of species in response to their climatic niches shifting as a result of climate change have caused a
growing number of empirical and observational studies to address the phenomenon of range expansion.
Numerous mathematical approaches and simulations have been developed to analyze the processes of
these expansions [103, 175]. Most results focus on the rate of range expansion [92], and the genetic
consequences of range expansion have received little attention from mathematicians and modelers
[65]. However, range expansions are known to have an important effect on genetic diversity [52, 94]
and generally lead to a loss of genetic diversity along the expansion axis due to successive founder
effects [162]. Simulation studies have already investigated the role of the geometry of the invaded
territory [31, 174, 184], the importance of long distance dispersal and the shape of the dispersal
kernel [11, 68, 96], the effects of local demography [110] or existence of a juvenile stage [11]. Further
research is needed to obtain mathematical results supporting these empirical and simulation studies,
as such results could determine the causes of diversity loss and the factors capable of increasing or

reducing it.

In a simulation study using a stepping-stone model with a lattice structure, Edmonds et al. [62]
analyzed the fate of a neutral mutation present in the leading edge of an expanding population.
Although in most cases the mutation remains at a low frequency in its original position, in some
cases the mutation increases in frequency and propagates among the leading edge. This phenomenon
is described as “surfing" [110]. Surfing is caused by the strong genetic drift taking place on the edge of
the population wave [65, 66] because the local growth rate of the low density individuals on the edge of
the expanding wave is typically higher than the growth rate for the bulk of the population [110]. The
existence of surfing events has a significant impact on the subsequent genetic patterns of the population
after expansion [81] and their occurrence can be influenced by the existence of long distance dispersal

events [68], local demography [110] or selection [174].

The existence of an Allee effect is another critical factor affecting the dynamics of the leading edge
of a population expansion. The Allee effect is characterized by a decrease in the per capita growth
rate at low densities, and this can be due to increased damage from bioagressors, increased mortality
due to interspecific competition or reduced fitness due to suboptimal mating opportunities [16]. This
dynamic has been observed in many populations [53, 114, 179]. The Allee effect is known to affect the
rate of spread of a population [13, 118] and is expected to modify genetic drift on the edge of that
population. Using simulation models with stochastic demography, Hallatschek and Nelson [82] provided
a numerical analysis of the surfing phenomenon in the presence of an Allee effect. More precisely,
using a backward-time approach, they analyzed the initial position of successful surfers in the wave.
Significant differences in the probability distributions of the successful surfers were found between
populations that experience an Allee effect and populations that do not. Using the framework of
reaction-diffusion equations, they were able to connect their numerical findings to analytical formulas.
Among other things, they concluded that surfing is not possible in deterministic reaction-diffusion,
KPP type models [72, 112], i.e., without an Allee effect. The goal of our study is to investigate how
the Allee effect determines genetic diversity in a colonization front and to do so in a context broader

than that considered in the surfing phenomenon.

Following the framework provided by Hallatschek and Nelson [82] and Vlad et al. [181], we focus
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2.2. The model, main hypotheses and classical results

on one-dimensional reaction-diffusion equations of the form :
O = Oggu+ f(u), t >0, x € (—00, +00), (2.1)

where u = u(t, x) is the density of the population (of genes or haploid individuals) at time ¢ and space
position z. It evolves in time under the joint effects of local dispersal accounted for by the diffusion
term and local reproduction described by the growth function f. Since Skellam’s work [169], these
models have commonly been used to explore population range expansions. However, little is known
regarding the evolution of the inside structure of these models’ solutions, that is, the dynamics of the
components through which the structure of a population is determined.

Under some assumptions on the function f and the initial population ug, the solutions of (2.1)
converge to traveling wave solutions [9, 71, 112]. These solutions describe the invasion of the unoccupied
region with a constant speed ¢ and a constant density profile U and the population density can be
written as u(t,x) = U(z — ct). In this study, we focus on such traveling wave solutions, and our aim
is to study the evolution of their inside structure depending on the growth term f.

Assuming that a population is initially composed of several neutral fractions, we provide a ma-
thematical analysis of the spatio-temporal evolution of these fractions, i.e., of the proportion of each
fraction at each position in the colonization front. Our mathematical analysis of the models investi-
gates the following questions : (i) how do the proportions of the different fractions evolve in a traveling
wave generated by a classical KPP model; (ii) does the presence of an Allee effect modify the pro-
portions of the different fractions in a traveling wave, i.e., does it enhance or reduce diversity in the
colonization front ; and (iii) do the proportions of the different fractions at a particular location evolve

rapidly after the traveling wave has passed, i.e., is the diversity determined by the front durable.

2.2 The model, main hypotheses and classical results

We assume that the population is composed of genes or haploid individuals. Its total density w
satisfies the equation (2.1). This population is made of several neutral fractions v* ; see Fig. 2.1. In

particular, at time ¢t = 0 :

uo(x) :=u(0,2) = Z vk (z), with vf >0 for all k> 1.
k>1

We assume that the genes (or the individuals) in each fraction only differ by their position and their
allele (or their label), while their dispersal and growth capabilities are the same as the total population

u, in the sense that the density of each fraction verifies an equation of the form :

(2.2)

ok = O F +uFg(u), t >0, x €R,
0*(0,z) vi(z), © €R.

¥ is equal to the per capita

with g(u) = f(u)/u. Thus, the per capita growth rate g(u) of each fraction v
growth rate of the total population. Also note that each fraction v* is positive everywhere at positive
times, and that, as expected, the sum of the fraction densities verifies (2.1). Given the uniqueness of
the solution to the initial value problem associated with (2.1), this sum is equal to u(t, x).

Note that for diploid populations, the system (2.2), which governs the dynamics of the allelic
densities, can also be derived from a weighted sum of the equations governing the genotype densities,

such as those given in [9].
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Chapitre 2. Allee effect promotes diversity in traveling waves of colonization

FIGURE 2.1 — A schematic representation of a traveling wave solution u(t,z) of (2.1) made of six
fractions. Each fraction is depicted with a different color and with a thickness which corresponds, at

each position z, to the density v* of the fraction.

2.1 Growth functions

We assume that f is continuous, continuously differentiable and vanishes at 0 and 1, with f/(1) < 0.
Under the above assumptions, 0 and 1 are stationary states of the main equation (2.1). When u = 0,
the species is not present, and when v = 1, the environment is fully colonized.

The first type of growth functions that we consider are of KPP type.

Definition 1. A growth function is said to be of KPP type if, in addition to the above assumptions,
it satisfies
0< f(u) < f(0)u, forallue (0,1). (2.3)

Under this assumption, the per capita growth rate g(u) = f(u)/u always remains smaller than its
value at u = 0, i.e., f'(0). This means that higher densities result in lower individual reproductive
success, i.e., that the individuals compete with each other and that there is no cooperation between
them. A typical example of function f satisfying the KPP assumption is the logistic function defined
by f(u) =u (1 — u), which was used in [82] and [181].

The second type of growth function that we consider is a cubical polynomial that does not verify
the KPP assumption.

Definition 2. A growth function is said to be of the Allee type if it satisfies, for some p € (0,1/2),
fw)=u(l —u)(u—p) for allu e (0,1). (2.4)

In this case, the per capita growth rate g(u) = f(u)/u is negative for low values of the density
u, which corresponds to a strong Allee effect. The parameter p corresponds to the so-called “Allee
threshold", below which the growth rate becomes negative [9, 105, 118]. Other functions f could have
been considered that may not be cubical polynomials and have an f'(0) value that is still negative.
We chose to address only functions of the type (2.4) for the sake of simplicity, as the profile of the

unique global front is known and the subsequent calculations are explicit.

2.2 Traveling wave solutions

The traveling wave solutions verify wu(t,x) = U(x — ct), for the speeds ¢ > 0 precised below.
Substituting this expression into (2.1), it follows that the profiles U of the traveling waves satisfy the

following ordinary differential equation :
U'+cU + f(U)=0inRand U(—o0) =1 and U(+cc) = 0.
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2.83. Results : how the fractions propagate

Such traveling waves propagate from left to right and describe the invasion of an environment where
the species is not present with a constant speed ¢ and a constant density profile U.

The existence of such solutions has been proved in [72, 112] for KPP growth functions and in
[9, 71] for growth functions of the Allee type. These studies show that, starting from a step-function
(ug(z) = 1 for x < 0 and up(z) = 0 for > 0), the solution of the equation (2.1) converges to a
traveling wave. In the KPP case, this traveling wave propagates at the speed ¢ = 2/f'(0) [112].

Under the Allee assumption, the profile U (up to shifts in ) and the speed c of the traveling wave
are known :

U(z) = b and ¢ = ——— (2.5)

In the KPP case, the traveling wave with minimal speed ¢ = 2/ f/(0) propagates at the same

speed as the solution of the linear equation :
O = Opzu + f'(0) u. (2.6)

This corresponds to a pulled wave [172], where the wave is pulled by the leading edge of the population
distribution. Under the KPP assumption, other waves propagating at speeds ¢ > 2+/f’(0) are known
to exist, and Stokes [172] defines them as being pulled. When the Allee effect is present, there is a
unique traveling wave, given by (2.5). Its speed ¢ = (1 — 2p)/v/2 is strictly positive, whereas the
solution of the linear equation (2.6) converges uniformly to 0. The corresponding wave is called a
pushed wave [172, 161].

The results shown in the next sections provide a new and intuitive explanation of these notions of

pushed and pulled waves.

2.3 Results : how the fractions propagate

We consider an arbitrarily chosen fraction v* that satisfies (2.2) ~we call it v in the sequel- and we
study the evolution of the density v(¢,z). From our assumptions, the total population u(¢,z) verifies
that u(t,z) = U(x — ct). Thus, the density of the fraction satisfies :

0w = O +vg(U(x —ct)), t >0, z €R. (2.7)

Moreover, when t = 0, ug(z) = U(z) and vy(x) = v(0, x) corresponds to a fraction of the quantity U(z),
thus 0 < vg(z) < U(z) for all x € R. From the stability properties of the traveling waves, considering
the initial condition ug(z) = U(x) is equivalent to defining the fractions inside a population which has
already reached its stationary profile. Biologically, this means that we consider the spatio-temporal
evolution of the diversity distributed at a given time in an ongoing wave of colonization.

Using the properties of the growth function f and the subsequent properties of the profile U and
of the speed ¢, we can describe the evolution of v in a moving interval with speed ¢, as well as behind

the waves.

3.1 Ewvolution of the density v of the fraction in a moving frame

In this section, we study the evolution of the density v of the fraction in an interval moving at the
same speed ¢ as the total population. Two situations may occur herein. Either the fraction is able to
follow the total population and spreads with the same speed ¢, or the fraction is not able to follow the

total population.
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Chapitre 2. Allee effect promotes diversity in traveling waves of colonization

Our first result is concerned with the KPP case and is valid under general assumptions on the
initial density vy of the fraction. These assumptions include the particular case of compactly supported
initial fractions (i.e., vo(x) = 0 outside a bounded set) and are verified by all the fractions depicted in

Fig. 2.1, with the exception of the rightmost (light grey) one.

Result 1a (KPP case, see proof in Appendix A) : If the initial density vy of the fraction
converges to 0 faster than U as x — +00,3 then, for any A € R, the density v(t,x) of the fraction

converges (ast — o0) to 0 uniformly in the moving half-line [A + ct, 00).

This result shows that under the KPP assumption any fraction v whose initial density vg(z) is 0
for large x cannot expand with the total population.

It was stated in [82] that gene surfing was not possible for the logistic growth function f(u) =
u (1 — u). If by gene surfing we mean that the wave tends to be made of a single fraction, then our
result also shows that surfing is not possible for fractions with compactly supported initial densities.
However, the surfing of fractions that are not initially compactly supported can occur, even with
logistic growth functions. Consider the rightmost fraction v" (the light grey fraction in Fig. 2.1) : at
t =0, vy = U - 1} o), where 1, ) denotes the indicator function of the interval [a, c0), for some
«a € R. The fraction corresponding to the remaining part of the population verifies Ué =U 1w
as well as the assumption of Result la. Because u(t,x) = U(x — ct) = v!(t,x) + v"(t,z), this result
shows that v"(¢,z) converges to U(z — c¢t) in any moving half-line [A + ct,00). This means that the

fraction v" manages to “surf" on the wave.

Result 2a (Allee case, see proof in Appendix B) : For any A € R, the density v of the fraction
converges (as t — o0) to a proportion plvg]| of the total population u(t,z) in the moving half-line
[A + ct,00), that is v(t,x) — plvolu(t,x) = v(t,x) — plvo]U(x — ct) — 0 as t — oo, uniformly in
[A 4+ ct,00). The proportion plvg] can be computed explicitly :

/+oo vo(z)U(x)e“® dx
plvo] = =5 € [0,1]. (2.8)
U?(x) " da

—00

This result shows that any fraction v with a non-zero initial density v follows the total population.
Moreover, in the interval moving with speed ¢, the profile v(t,ct + -) of the fraction tends to resemble
the profile U of the total population, with a scaling factor p[vg] dependent on the initial density vg.
Note that the integral terms in the expression of p are well-defined, and this can be easily checked
using the formulas (2.5). This would not be true under the KPP assumption [9].

The formula (2.8) provides precise information regarding the origin of the individuals that compose
the wave at large times. Let us again consider the “leftmost" fraction defined by vlo =U-1(_s,q for
a € R. The asymptotic proportion of this fraction in any moving half-line with speed ¢ is p(a) := p[v].

Differentiating p(«) with respect to o, we obtain a quantity p/(«) that can be interpreted as the relative

c

ofd

+oo
3. This means that / €2 vo(y)dy < oco.
0
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2.83. Results : how the fractions propagate

contribution to the wave of the individuals with an initial position « :

+o00
P () =U%a)e/ (/ UQ(x)e”dx) .
—o0
Using a similar formula, and replacing U with the solution of a stochastic simulation model incorpora-
ting an Allee effect, Hallatschek and Nelson [82] obtained a good fit of the probability of gene surfing
in their model.
Here, the density profile U is known explicitly. Using formula (2.5), we observe that p/(+00) = 0

and that p’ reaches a unique maximum at

1-2p
=21 . 2.9
omax \/_H(1+2p) (2.9)
Interestingly, amax is a decreasing function of p, with amax(0) = 0, corresponding to the position of
the inflexion point of the profile U, and amax(1/2) = —oo. This formula emphasizes the advantageous
role of the Allee effect for the fractions situated deep in the core of the population ; the stronger the

Allee effect, the more these individuals will contribute to the wave.

3.2 FEwvolution of the density v of the fraction behind the wave

The aim of the previous section was to analyze the behavior of an arbitrarily chosen fraction in a
moving interval [A+ct, 00), with speed ¢ equal to the spreading speed of the total population. Here, we
analyze the evolution of the density of the fraction in the remaining part of the space : (—oo, A 4 ct).

We assume that the initial density vo(z) of the fraction converges to 0 as x — —oo.

Result 1b (KPP case, see proof in Appendix C) : If the initial density vy of the fraction
converges to 0 faster than U as x — 400, ' then for any A € R, the density of the fraction converges
(as t — 00) to 0 uniformly in the moving half-line (—oo, A + ct).

This result, together with Result 1a, implies that the density v(t, z) of the fraction converges to 0
uniformly in R as ¢ — oco. Thus, under the KPP assumption, any compactly supported fraction will
vanish in the sense that, at large times, its density becomes negligible at any point of the space, as a

result of dilution.

Result 2b (Allee case, see proof in Appendix D) : For any speed ¢ € (0,¢) and any A € R,
the density v(t,x) of the fraction converges (ast — oco) to the proportion plvg]u(t,x) in a set of the
form (d't, A+ ct). Besides, for any € > 0 and B > 0, p[vg]/2 — e < v(t,x) < plvg] + € in the set
[-B,A+ct) fort >0 and —A > 0 large enough.

Result 2a shows that, in any moving half-line [A + ct,00), the density v of the fraction tends to
resemble a proportion p[vg] of the total population u when the Allee effect is present. Result 2b shows
that this is actually true in (¢'t,+00), for any ¢ > 0. This result also indicates that the fraction
v propagates to the right with the same speed as the total population, but also propagates in the
opposite direction, given that B can be chosen arbitrarily large. Moreover, this result implies that the

fraction centroid moves to the right at a speed lesser or equal to ¢/2.
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Chapitre 2. Allee effect promotes diversity in traveling waves of colonization

2.4 Numerical computations

Our analytical results were derived for a front-like initial condition ug(x) = U(x), corresponding
to an already established traveling wave. We investigate numerically whether these results remain
qualitatively true when wy is a compactly supported step function (Fig. 2.2 a) which has not yet reached
a traveling wave profile. We assume that the population is made of N = 9 fractions v* which verify,
at t =0, v} = L —40,—21), vlg = 1(gy_ 2 for k=2,... N for the sequence r1 < z2 < ... <y =0
of evenly spaced points. We numerically solved equation (2.2) with KPP and Allee growth terms. In
both cases, we observed that the solution u(t, z) rapidly converges to a traveling wave profile (dashed

curves in Fig. 2.2).

4.1 KPP case

The figure 2.2 b shows the evolution of the spatial structure of the solution u(t,x) of (2.1) with
a KPP growth term. As predicted by Results la and 1b, only the rightmost fraction follows the
propagation to the right of the total population. The mass of the rightmost fraction, which was
initially small, increases linearly with time. This could be interpreted as a form of surfing. We can
observe that this fraction slowly diffuses into the bulk of the population, but with a null speed (i.e.,
sublinearly).

We observe that the spatial structure of the population has a “vertical pattern', meaning that the
population is highly spatially structured. Fig. 2.2 b shows that the evolution of this pattern is slow
compared to the rate at which the population propagates. Actually, since the growth term v* g(u) in
(2.2) is always positive, the density of the fractions 2,..., N — 1 cannot decrease to 0 faster than the

solution of the heat equation dyv = 9,,v, i.e., cannot decrease faster than the order 1/ V.

4.2 Allee case

With the Allee growth function (2.4), the numerical results of Fig. 2.2 ¢ and Fig. 2.2 d show
that the theoretical predictions of Results 2a and 2b remain qualitatively true when ug is compactly
supported. In particular, the stronger the Allee effect is, the more the fractions situated deep in the
core of the population contribute to the wave.

The rightmost fraction remains the most represented in the colonization front. However, contrary
to the KPP case, all the other fractions are conserved in the colonization front, leading to a spatial

structure of the population with a “horizontal pattern".

2.5 Discussion

Using a mathematical model commonly recognized in the literature as a robust descriptor of a
population colonizing an empty space [92, 103, 175], we showed that the presence of an Allee effect
drastically modifies genetic diversity in the colonization front. When an Allee effect is present, all of
the fractions of a population are conserved in the colonization front, even if their proportions differ
according to their initial distribution. In the absence of an Allee effect, only the furthest forward
fraction in the initial population eventually remains in the colonization front, indicating a strong
erosion of diversity due to the demographic advantage of isolated individuals ahead of the colonization

front. Under this classical KPP model, any fraction except that located at the head of the front
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FIGURE 2.2 — Evolution of the spatial structure of the solution u(t,z) of (2.1). (a) : initial distribution
of the fractions; (b) : spatial structure of the colonization wave u(t,z) with the KPP growth term
fu) =u(l—wu); (c) and (d) : spatial structure of the colonization wave u(t,z) with the growth term
fu) =u(l—u)(u—p). In each case, the dashed black curve corresponds to the profile U of the stable

traveling wave solution of (2.1).
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Chapitre 2. Allee effect promotes diversity in traveling waves of colonization

vanishes progressively ; this shows that the “enhanced transport" of neutral fractions described by
Vlad et al. [181] for similar equations is only a transient phenomenon.

These results diversify the commonly held perspective that the Allee effect possesses net adverse
consequences. This perspective is inherited from demographic studies of range expansion, which de-
monstrate that an Allee effect reduces the speed of colonization [118, 119] and can even stop it in
heterogeneous environments [13]. Reducing the growth rate of the individuals ahead of the coloniza-
tion front simultaneously reduces the speed of colonization and enables a diversity of genes coming
from the core of the population to remain on the front, as demonstrated by Result 2a and formula
(2.9). Other mechanisms that reduce the growth rate of the individuals ahead of the front should
also result in greater conservation of the genetic diversity of a population. For instance, Pluess [145]
demonstrated how a retreating glacier limited the spread of a population of European larch, thereby
functioning as an extreme Allee effect where all of the seeds falling on the icecap die. Given our results,
this should lead to high genetic diversity in the colonization front, which was actually observed [145].
The Allee effect could be a partial or alternative explanation to the argument of long-distance mixing
of genes advanced in [145]. Our results are also consistent with the findings in [12] which showed that
the existence of a juvenile phase (i.e., a non-reproductive life-stage) in the life-cycle of an organism
can lead to higher levels of genetic diversity. Although the juvenile phase does not generate an Allee
effect in the strictest sense, it slows down the colonization process in a similar way, thus enabling an
accumulation of genetic diversity in the colonization front.

The Allee effect also affects the spatial distribution of diversity. As Fig. 2.2 ¢ and Fig. 2.2 d
illustrate, this effect leads to a “horizontal pattern" of genetic diversity (i.e., an absence of genetic
differentiation in space), and Result 2b shows that, after the population has reached its maximum
capacity, this pattern diffuses in the opposite direction within the core of the population. Conversely,
we observed a “vertical pattern" of genetic diversity in the absence of an Allee effect (i.e., a strongly
structured spatial distribution of population fractions; see Fig. 2.2 b). This genetic structure eventually
attenuates due to diffusion in the saturated population and each fraction becomes negligible. However,
in both cases the diffusion in the saturated population occurs at a much lower rate than the rate of
colonization (sublinear diffusion vs. linear propagation). These two time-scales are consistent with the
results obtained in [11] with a stepping-stone model.

Genetic drift is not taken into account in our forward-time approach, and this is an important
difference between this study and [82]. In [82], the dominant role of genetic drift eventually leads
to the fixation of a single gene in the colonization front, leading to a total loss of diversity. However
consistent results are obtained from their backward-time approach. In the absence of stochastic genetic
drift, the deterministic evolution of the allelic densities does not depend on the distribution of the
alleles within and among diploid individuals [91]. Our results can therefore be applied to the dynamics
of genetic diversity in haploid as well as diploid populations.

Our forward-time approach also underlines the ambiguity in the definition of the surfing pheno-
menon. Surfing can be associated with either (i) a rare gene becoming drastically dominant in the
front or, (ii) with a gene initially present on the front being propagated alongside others present in
the front. These two definitions lead to contradictory results, as with definition (i), gene surfing is
only possible without an Allee effect and for the furthest forward fraction of the front, and definition
(ii) dictates that gene surfing is promoted by the Allee effect. In the presence of an Allee effect, the
centroid of any fraction of the front is propagated at speed ¢/2, which is consistent with the fact that

any fraction spreads between its initial location and the leading point of the front [62, 65].
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From a mathematical standpoint, our study contributes a new perspective to the extensively stu-
died topic of reaction-diffusion equations. One of the main features of these equations is their exhibition
of traveling wave solutions that keep a constant profile. Earlier approaches were concerned with the
dynamics of the total waves, making our study the first, to our knowledge, to mathematically analyze
the dynamics of the inside structure of these waves. Our results show that these dynamics are strongly
dependent on the type of growth function f, and seem to be determined by the pulled-pushed nature
of the waves. Conversely, our observations show that the notions of pulled and pushed solutions can be
defined based on the inside structure of the solutions rather than on their speed of propagation. This
new conceptualization of pushed and pulled solutions, whose mathematical definitions will be given
in a future work, has the advantage of being intuitive and adaptable to more complex models that
do not necessarily admit traveling wave solutions. For instance, we should now be able to determine
the pushed-pulled nature of the solutions of (i) integro-differential equations including long distance
dispersal events and resulting in accelerating waves [Gall, 113], (ii) reaction-diffusion equations with
spatially heterogeneous coefficients that lead to pulsating or generalized transition waves [21, 190],
(iii) reaction-diffusion equations with forced speed, which have been used in [17] to study the effects
of a shifting climate on the dynamics of a biological species. These processes are known in ecology to
be determinants of the colonization patterns of many organisms [52, 103] and their effects on genetic

diversity require further investigation [65].

2.6 Appendices

6.1 Appendix A : Proof of Result 1a

The main idea of the proof is to compare the equation verified by v with a homogeneous linear
equation, and to compute explicitly the solution of the linear equation.

Recall that v satisfies (2.7). From the KPP assumption, we know that g(U(z—ct)) < f/(0). Thus, a
comparison argument implies that v is smaller than the solution w of the equation : 9w = 9w + w f/(0),
with the same initial condition w(0, z) = vo(z). This function w can be computed explicitly. Fix A € R
and consider an element xg + ct in the moving half-line [A + ct, 00). Since ¢ = 2/f’(0), we have :

—xoc

\/477

too oy
Finally, since 2o > A and / e2 vy(y)dy < oo, we get :
—0o0

(@o—)2

e T at  dy.

w(t, xg + ct) =

w(t,zo+ ct) < e2v0 )Ydy — 0 ast — oo,

\/47‘(’
and the above convergence is uniform in xg € [A, +00). Since 0 < v(t,z) < w(t,x), this implies the

assertion in Result 1a.

6.2 Appendix B : Proof of Result 2a

In the moving frame with speed ¢, the fraction density can be written (¢, z) = v(t,z+ct). In order

to remove the advection terms which appear in the equation verified by i, we set v*(t, ) = a(t, z) e¢*/2.

Then, we can check that the function v* is a solution of a linear equation without advection term :
2

Bpv* = Dppv® + 0* [g(U(:ﬂ)) - cﬂ , (2.10)
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with the initial condition v*(0,z) = vo(z) e®®/2. In the remaining part of the proof, we show that v*
can be written as the sum of a stationary function and of a function which converges to 0 exponentially
fast as t — oo.

Note that ¢(z) = e*/2 U(z) is a positive eigenfunction of the operator which appears in the right
hand side of (2.10), and that the associated eigenvalue is 0. The Sturm-Liouville theory implies that
0 is the largest eigenvalue of this operator, the remaining part of the spectrum being located at the

left of some negative constant —u. Thus, we can write :

v(t,x) = pp(zr) + 2(t, x), (2.11)

e}

where p € R and z is “orthogonal" to ¢ in the sense that / z(t,x)p(x) dz =0, for each t > 0.

(e}

Moreover, |z(t,z)] < K e #!, for some constant K > 0. Multiplying the expression (2.11) at t = 0 by
¢ and integrating, we get the expression (2.8) for p.

Finally, we have [v*(t,z) — po(x)| < K e *t and therefore a(t,z) — pU(x)| < K e #t=¢%/2, This
shows that a(t,z) converges to pU(x) uniformly in any moving half-line [A — ¢ ¢, +00) with ¢ €
[0,2 /). In particular, taking ¢ = 0 and using v(t,x) = a(t,x — c¢t) we obtain that, for any A € R,
the fraction density converges to a proportion p of the total population u(t,xz) = U(x — c¢t), uniformly
in the moving half-line [A + c¢t,4+00).

6.3 Appendix C : Proof of Result 1b

Take any € > 0. From Result la, we already know that for any A < 0 there exists a time t4 > 0
such that 0 < v(t, A + ct) < &/2 for all t > t4. Again, we place ourselves in the moving frame with
speed ¢ : u(t,x) = v(t,x + ct) satisfies 0 < a(t, A) < /2 and verifies the equation :

Ohit = Oyl + cOpii + g(U(2))ii, t >0, x € R, (2.12)

By constructing a super-solution to (2.12) close to the solution of the heat equation, we are going to
show that @ — 0 in (—oo0, A] as t — oo.

The assumption vo(z) — 0 as x — —oco implies that, for any ¢ > 0, u(t,2) — 0 as z — —o0. In
particular, there exists a point x4 < A such that @(t4,2) < &/2 for all x < z4. Thus, in the interval

(—00, A], and for times larger than ¢4, @ is smaller than the solution @ of :

Ot = Opau+ cOu+ f(U(x)), t >ta, <A,
a(t,A) =¢/2, t >ty

(s, ) 1 if v € (za,A),
u(ta,x) =
A e/2 ifz<my.

(2.13)

Consider the auxiliary problem

Ou' = 0yt + cO0,ut, t>ta, x €R,
T (g z) = 1 ifx € (xa,A), (2.14)
e/2 ifx<xzyorx>A.
Then, @' is simply the solution of the heat equation with an advection term and can be computed
explicitly. In particular, we have max,cr @' (t,z) < €/2 + C/+/t for some constant C' > 0. Setting
j(z) = —ex/(1 — x) for * < 0, we observe that —j” — cj’ is positive and decreases like ce/x?
as ¢ — —oo. Under the KPP assumption, it is known [10] that the profile U(x) of the traveling
wave converges exponentially to 1 as z — —oo. Using f(1) = 0 and f/(1) < 0, this implies that

70



2.6. Appendices

f(U(zx)) converges exponentially to 0 as & — —oo. Thus, if A is chosen negative enough, f(U(x)) <
—j"(x)—cj'(x) in (—o0, A]. The parabolic maximum principle then shows that @* (¢, z)+j(z) > (t, z)
in (—oo, A], for all t > t4. We finally get :

e+ C/VEt>Tt(tx) + j(x) > alt,x) > alt, z), (2.15)

for all t > t4, x € (—o0, A]. Thus, v(t,z) < e+ O/t in (—oo, A+ ct] for all t > t4.

6.4 Appendix D : Proof of Result 2b

From Result 2a, we know that for any A € R there exists a time ¢ 4 such that |v(¢, A+ct)—pU(A)| <
g/4 for all t > t4. Thus, if A is negative enough, since U(—oc0) = 1, we have |v(t, A + ct) — p| < ¢/3
for t > t4. Using the same arguments as in the proof of Result 1b, we can show that v (¢, x) is smaller
than p + € in the half-line (—oo, A + ct] for t large enough.

In order to construct a lower bound for v, we construct an appropriate sub-solution. First, one can
choose A < 0 such that f(U(x)) > 0 for all x < A. Then, setting

atﬂ = 8:13:13@"’ Camﬂ, t>1ta, € R’

t02) 0 if z < A, (2.16)
u(ta, ) =
b p—e¢/2 ifxz> A,

a comparison argument implies that @(t, z) = v(t,z+ct) is larger than u(t, x) for all ¢t > t4 and z < A.
Again, the equation (2.16) simply corresponds to the heat equation with an advection term and its
solution can be computed explicitly. For any ¢ > t4, the function w(¢,-) is increasing and therefore
u(t +ta,x) > ut+ta,d(t+ta) —ct—B) foralt>0,B>0and x> (t+ta) — ct — B, which

gives :

p—¢e/2 [ 2
u(t +tq,x) > /A i e dz.
—B—c/(t+t 4)
NZS ABcliity)

As a consequence, if 0 < ¢ < ¢, v(t,x) is larger than p — e in (¢'t, A+ ct) for ¢ large enough. We also

observe (with ¢ = 0) that v(¢,x) is larger than p/2 — ¢ in [-B, A + ct) for t large enough.
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Chapitre 3. Effect of the spatial distribution of the founding population on establishment

3.1 Introduction

Over the last decades, the number of biological invasions by alien organisms has increased expo-
nentially [50], in large part because of human activities such as trade and travel. These biological
invasions are characterized by a rapid expansion of the invasive organism’s range. They are usually as-
sociated with biodiversity losses [98, 99, 107] and often cause significant harm to ecosystem functioning
[150, 180], socio-economic values [106] and human health [151, 180] in the invaded regions.

The typical sequential stages of a successful invasion process begin with the introduction of a
small founding population (that is, arrival), followed by the establishment and spread stages [55, 182].
During the establishment stage, the individuals in the founding population reproduce and increase in
number to form a colony that is self-perpetuating. The spread corresponds to the expansion of the
species range into its new habitat.

Successful establishment often requires multiple introductions [150, 182]. The success of the esta-
blishment phase indeed depends on the size of the founding population as well as on several endogenous
and exogenous factors. Understanding the intertwined roles of these factors is of critical importance to
slow down the rate at which biological invasions occur. In this chapter, we investigate the interactions
between founding population characteristics (namely, size and spatial distribution) and the profile of
the growth function associated with the population.

Environmental factors such as resource availability, spatial heterogeneity [24, 45, 67, 156, 159] and
climate conditions [158, 182] can play an important role in the persistence of the newly introduced
population. Additionally, because of the typically small size of the founding population, it is widely
accepted that the Allee effect plays a critical role in the success of establishment [56, 117, 193]. The
Allee effect can be seen in many species [7, 53, 114, 179] ; it indicates that the per capita growth rate of
individuals decreases at low densities. This effect may result from several processes that can co-occur
[16], such as diminished chances of finding mates at low densities [128], demographic stochasticity
[115] or fitness decreases due to consanguinity.

In the present work, we analyze the effect of the spatial distribution of the founding population —
that is, the repartition of the initial population into subgroups — on the success rate of an invasion. The
relationships between successful establishment, the size of the founding population and the Allee effect
have already been investigated in empirical (references above) and theoretical studies [10, 58, 118, 135,
175, 195]. The influence of the corrugation of the edge of the founding population on the invasion speed
has also been studied by Lewis and Kareiva [118]. However, the effect of the spatial distribution of
the founding population has received less attention. Considering a closely related problem based on
a stochastic reaction-diffusion equation with successive random immigration events, Drury et al. [57]
have shown the important role of the spatial distribution of the immigration events on the invasion
risks. This suggests that the spatial distribution of the founding population, and in particular its rate
of fragmentation, also plays an important role.

Because they draw on well-developed mathematical theory, reaction-diffusion models have been
the main analytical framework to study the persistence and spread of biological organisms since
the early work of Skellam [169]. One of the most frequent reaction-diffusion models is the Fisher-
Kolmogorov-Petrovsky-Piskunov (FKPP) [72, 112] equation, which was first intended to describe the
propagation of advantageous genes inside a population. However, this equation does not take the
Allee effect into account. Thus, in FKPP models, the persistence of the population does not depend

at all on the characteristics of the initial population, even in heterogeneous environments [22, 24, 26].
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As a consequence, most studies that use FKPP-like models focus on the effects of environmental
characteristics on persistence and spread [24, 45, 103] rather than on the effect of the initial condition.
In contrast, we assume in this work that the underlying environment is homogeneous to isolate the
effects of the characteristics of the initial population.

In the differential equations framework, the spatially homogeneous equation N’ = f(N), with
f(N) < 0 for N below some threshold p, is a very simple example of a model involving an Allee
effect. In this case, the dependence on the initial condition is obvious. In reaction-diffusion models,
the Allee effect is typically modeled through bistable nonlinear terms [69, 175]. The dependence of the
behavior of such models on initial conditions was first investigated by Aronson and Weinberger [10]
and Fife and McLeod [71], and then by Zlatos [195] and Du and Matano [58] for one-dimensional
models. In particular, for one-parameter families of initial conditions ug(L) that are strictly monotone
with respect to the parameter L, it is shown in [58] that there is a unique critical threshold L = L*
between extinction and propagation (see Section 3.3 for more details).

In this chapter, the effect of the spatial structure of the founding population wug (i.e., the initial
condition in the model) is investigated for one-dimensional (1D) and two-dimensional (2D) models
presented in Section 2.1. In both 1D and 2D cases, the initial conditions that we consider are binary
functions which can only take the values 0 (absence of the species) and 1 (presence of the species).
Because of their simple nature, these initial conditions are completely determined by their support,
i.e., the regions where the species is present at ¢ = 0. This allows us to focus on the effect of the
geometrical properties of the support, namely its size and its fragmentation rate, on the outcome of
the invasion. In the 1D case, to derive analytical computations, we consider a simple class of initial
conditions which include the initial conditions which have been considered by Zlatos [195]. Their
support is made of two intervals of the same length L/2, separated by a distance «, as described in
Section 2.1. This distance is understood as a measure of the rate of fragmentation of ug. In the 2D
case, we consider more general, stochastically generated initial conditions, and we give a new rigorous
definition of the rate of fragmentation in Section 2.2. Results are provided in Section 3.3. In the 1D
case, the effects of fragmentation on the success of establishment and spread are investigated through
analytical and numerical computations. In the 2D case, we carry out a statistical analysis of the
probability of successful establishment, depending on the size of the support and the fragmentation

rate of the initial condition.

3.2 DMaterials and methods

2.1 The reaction-diffusion model

Throughout this chapter, we assume that the population density u(t,x) is driven by the following

reaction-diffusion equation :

up=DAu+ f(u), fort>0andzeR" (3.1)
u(0,x) = up(z), for € R", '
withn=1orn=2and D > 0.
The non-linear growth term f(u) in (3.1) is assumed to satisfy :
1
f € CY(R), f'is Lipschitz-continuous, f(0) = f(1) = 0 and / f(s)ds > 0. (3.2)
0
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In addition, we assume that the function f takes a strong Allee effect into account :
There exists p € (0,1) such that f < 0in (0,p) and f > 0 in (p,1). (3.3)

This hypothesis means that the growth rate f(u) is negative at low densities, which corresponds to
a strong Allee effect. The parameter p corresponds to the so-called “Allee threshold", below which
the growth rate becomes negative. It therefore measures the strength of the Allee effect. Under these
assumptions, the solution to (3.1) may have several behaviors, depending on f and the initial density
at ¢ = 0. To provide a biological interpretation of these possible behaviors, we make the following

definitions :

Definition 3 (Founding population). The founding population corresponds to the initial population

att =0: up(x) =u(0,2) € [0,1] for x € R™, which is assumed to be compactly supported.

Definition 4 (Successful establishment). We say that the establishment is successful if u(t,x) converges

to a positive stationary state as t — oo.

Definition 5 (Successful invasion). We say that the invasion is successful if u(t,z) converges to the

stationary state 1 as t — oo.

Definition 6 (Establishment failure). We say that the establishment phase has failed if u(t, ) converges

to the stationary state O uniformly in x as t — oo.

Remark 5. Note that successful establishment without successful invasion is possible but rare (see
Section 3.1). In the 1D case, when the invasion is successful in the sense of Def. 5, then

min u(t,x) - 1 ast — oo for each 0 < ¢ < ¢y,

lz|<ct

lrrllax u(t,x) = 0 ast — oo for each ¢ > cy.
x|>c't

Note that co > 0 is the unique speed of the traveling front ¢(x — cot) connecting 0 to 1 at +o00 and —oo
respectively [10].

For real populations, successful establishment without invasion can occur [several examples are given
in 50, 51]. This corresponds to steady state populations with finite range. The existence of such steady
states can be a consequence of environmental heterogeneity [e.g. the location of the species bioclimatic
envelop, see Section 3.2 in 86]. In such heterogeneous environments, even when the population can
adapt to its local conditions, gene flow can cause maladaptation of the peripheral groups and lead to

finite range populations [108].

2.2 Initial conditions

Depending on the founding population ug, establishment failure or establishment success can occur.
To study this dependence, we consider particular types of initial binary conditions, namely ug = 1 or
0 almost everywhere. Note that support may vary in size and shape; we focus in particular on the
fragmentation of this support.

2.1 One-dimensional case

To derive analytical computations in the case n = 1, we consider a simple case of fragmentation.
uo(T) = X[—(a/2+L/2),—a/2] (T) + X[ay2,a/2+1/2) (z) for z € R. (3.4)
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L/2 L/2

FIGURE 3.1 — An initial condition ug as defined by (3.4).

Note that for any set J C R, x; is the characteristic function of J, that is, xs(z) = 1 if x € J and
XJ(z) = 0 otherwise.

This corresponds to an initial population density, whose support is split into two equal parts of
length L/2 > 0 separated by a distance « (see Fig. 3.1). Problem (3.1) with “aggregated" initial
conditions (i.e., with uo = X[_r/2,1/2], that is, a = 0) has been investigated by several authors
102, 195].

Remark 6. The problem (3.1), with n =1 and initial condition (3.4), is equivalent to the Neumann
problem.
up = Dugy + f(u) fort >0 and x > 0,
uz(t,0) =0 fort >0, (3.5)
u(0,7) = X(a/2,a/2+1/2) (¥) for x> 0.
Indeed, if u solves (3.1), (3.4), then u(t,—x) also solves (3.1), (3.4). By uniqueness, we obtain that
u(t,x) = u(t,—x) for allt > 0 and x € R. Thus, u also satisfies (3.5). Conversely, by uniqueness

of the solution of (3.5) and by extending it by symmetry on (—o0,0], we obtain equivalence between

(3.1), (3.4) and (3.5).

2.2  The two-dimensional case, the notion of abundance and the measure of fragmentation

The effect of the spatial distribution of the founding population can also be assessed in the two-
dimensional case n = 2 through the numerical investigation of the behavior of the model solution (3.1)
over a large number of stochastically generated initial conditions.

As in the 1D case, we assume the initial conditions ug to be binary functions, where
at each point (z,y) in R?, ug(z,y) either takes the value 0 or 1. (3.6)
We furthermore assume that the support of ug is included in a closed square C' :
for all (z,y) € R%, u(z,y) = 0 if (x,y) & C. (3.7)

To build samples of functions uy with various spatial distributions, we used a model developed by
Roques and Stoica [159] and inspired by statistical physics. In this model, the square C' is divided
into no closed equi-measurable subsquares C;, with interiors being pairwise disjoint. The obtained

functions wug satisfy :
for all i = 1,...,n¢, ug is constant over the interior of C;. (3.8)
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F1GURE 3.2 — The four-neighborhood system : an element C; of C and its four neighbors.

As key properties, this stochastic model allows exact control over the population abundance level

1
() = 15 /C wo(z, y) dady,

and leads to configurations with different levels of fragmentation. The notion of fragmentation is
defined as follows.
The lattice made of cells C; is equipped with a four-neighborhood system V(C;) (Fig. 3.2). For

each function wug, constant on the subsquares C;, we define

stu) =5 XX H{un(Cy) = ua(C) = 1),
C;CC CieV(Cy)

the number of pairs of neighbors (C;j, C;) such that uy takes the value 1 on C; and C;. Then 1{-}
denotes the indicator function, namely, 1{P} = 1 if property P is satisfied and 0, otherwise. As already
observed in the literature [153, 154, 159], the value s(ug) is directly linked to fragmentation. Assuming
abundance p(ug) is fixed, the higher s(ug) is, the more aggregated the region {ug = 1} is.

We define pattern fragmentation by comparing the value of s(ug) with the maximum possible value
of the index s among functions with a given abundance p. This maximum value B[p| can be computed

explicitly as an immediate consequence of the results of Harary and Harborth [90] on polyominoes.

Lemma 8 (Harary and Harborth [90]). Choose p € [0,1] such that p X nc € N and
Up = {ug satisfying (3.6)-(3.8), and p(up) = p}.

We have
Blp] :== max s(ug) = 2n4 — [2\/ny],

uo€lUp

where ny = p X nc and [2,/n| is the smallest integer that is greater than or equal to 2,/nx.

Then, we set

Friug) =1 — %. (3.9)

The index fr belongs to [0, 1]. Whatever the abundance p is, the most aggregated configurations (in
the sense s(ug) = B[p]) verify fr(up) = 0, whereas the most fragmented configurations (in the sense
s(up) = 0) verify fr(up) = 1. In the sequel, fr(ug) is referred to as the fragmentation rate of wy.
Samples of functions uy obtained with the model from [159] with various values of fr(ug) and p(ug)

are shown in Fig. 3.3.

Remark 7. There exist several ways of generating binary patterns. The most common are neutral
models, originally introduced by Gardner et al. [78]. They can include parameters that regulate frag-

mentation [104]. The model that we use here is also a neutral model in the sense that it is a stochastic
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FIGURE 3.3 — Initial conditions ug in the two-dimensional case : examples of patterns with different
abundance and fragmentation rates. Note that C' = [-30,30] x [—30, 30] and nc = 3600.

model of pattern generation. The abundance p and the number of pairs s are controlled during the pro-
cess of pattern generation ; this allows for good sampling over the parameter space (fr,p) € [0,1]x[0,1]
(see Fig. 3.5).

3.3 Results

In this section, we present analytical and numerical results on the effect of the spatial distribution

of the founding population ug on the outcome of the invasion modeled by equation (3.4).

3.1 Analytical result in the one-dimensional case

We first mention some results in [58] that prove the existence of a threshold value for the size of
the support of ug such that establishment fails (i.e., u(¢t,z) — 0 as t — oo) if and only if the size of
the support is below this threshold, and invasion is successful (i.e., u(t,z) — 1 as t — oo) if and only
if the size of the support is above this threshold. The symmetry of the problem (3.1), (3.4) together
with the uniqueness of its solution imply that the solution is symmetrical with respect to {z = 0} for
all ¢ > 0.

Theorem 3 (case o = 0 : Zlatos [195], case a > 0 : Du and Matano [58]). Let a > 0. Assume that f
satisfies (3.2-3.3). Then, there exists L*(«) > 0 such that :

i For any L < L*(«), the solution to (3.1), (3.4) converges to 0 as t — oo, uniformly in R.

ii For any L > L*(«), the solution to (3.1), (3.4) converges to 1 as t — oo, uniformly on compacts.

iii If L = L*(«), the solution to (3.1), (3.4) converges to a positive stationary solution @ uniformly in R

o
ast — +o00, where @ verifies —D@"” = f(u), @(0) = p1 := sup {p’ € (0,1) such that / f(s)ds < O}
0
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and @' (0) = 0. Moreover, @ is symmetrically decreasing, i.e., u(z) = u(—z) and @'(z) < 0 for all
x> 0.

The next result analyzes the effect of fragmentation by studying the dependence of the threshold

value L*(a) with respect to the size («) of the gap between the two components of the support of ug.

Theorem 4. Let « > 0 and L*(«) be defined by Theorem 3. Then the function o — L*(«) is
continuous on [0, +00). Furthermore, L*(a)) < 2 L*(0) for all « > 0 and

L*(a) = 2L*(0) as o — oc. (3.10)

This result highlights the global detrimental effect of fragmentation on the success of establishment
and invasion. Indeed, when the gap a between the two components of the support of ug is large, the
minimal viable size L*(«) of support of the founding population tends to become twice as large as if the
individuals were gathered in a single group. However, the strict sign in the inequality L*(«) < 2 L*(0)
shows that, whatever the distance « separating the two groups, there is at least some cooperation
between them. Moreover, the result of Theorem 4 implies that the amplitude of variation of the
threshold L*(«) is at least equal to L*(0). Thus, the spatial structure of the support of the founding
population uy plays an important role on invasion success. The proof of Theorem 4 is presented in
Appendix 5.1.

In the next section, we use numerical computations to study whether there is an increasing rela-

tionship between L*(a) and the distance a.

3.2 Numerical results

We carried out numerical computations in one- and two-dimensional space. We refer to Appen-
dix 5.2 for some details on the numerical method that was used for solving equation (3.1). In these

numerical computations, the function f in (3.1) was assumed to be of the following cubical form :

0-re(-5) ()

with p € (0,K/2). Such a growth function is a typical example of a reaction term involving an
Allee effect [105, 118, 158]. Without loss of generality, with the substitutions v(¢,z) = u(t,z)/K and
w(t,z) = v(t/r,x\/D/r) into equation (3.1), we can assume that K =r = D = 1 and p € (0,1/2).
Thus,

fs) = s(1=s)(s = p)- (3.11)
1

Since p € (0,1/2), the quantity / f(s)ds is positive. The function f defined by (3.11) therefore fulfils
0
the assumptions (3.2-3.3).

2.1 The one-dimensional case

The aim of this section is (i) to study the relationship between the minimum viable population size
L*(«) and the distance « and (ii) to study the effect of the Allee threshold p on the above relationship.
The value of L*(«), as defined in Theorem 3, has been computed for a € [0, 16] and several values of
the parameter p.

The results of these computations are depicted in Fig. 3.4. As expected from Theorem 4, L*(a) —
2L*(0) for large values of « : for each value of p, L*(a) is very close to 2L*(0) when a = 16.
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This justifies the choice of the study interval a € [0, 16]. Moreover, Fig. 3.4 shows an increasing trend
between the threshold L*(«) and «, at least when « is not too small. This increasing relationship means
that the more fragmented the founding population is, the larger it needs to be for the invasion to be
successful. Additionally, the dependence between L*(«) and « is nonlinear ; the curves corresponding
to L*(«) have a steeper slope for intermediate values of .

However, we observe that for small values of o, L*(«) slightly decreases with «. This phenomenon
can be clearly seen on Fig. 3.4 for p > 0.4; the numerical simulations indicate that it is also true for
smaller values of p. In particular, L*(«) can reach values smaller than L*(0). Roughly speaking, this
means that when « is very small, the gap between —«/2 and «/2 is filled by diffusion at a time (of the
order a?) which is much smaller than the time it takes for the interfaces at the positions —(a/24 L/2)
and (o/2 + L/2) to move.

Qoo+t

FIGURE 3.4 — Value of the critical threshold L*(«) in terms of the distance o and the Allee threshold

p. For each value of p, the dotted line corresponds to the associated value of 2 L*(0).

Regarding the effect of p, we observe that L*(«) tends to increase with p. This is an obvious
consequence of the parabolic maximum principle ; for any o« > 0, L > 0 and p € (0,1/2), let us denote
the solution to (3.1), (3.4) by uﬁvo‘(t,x), where f is defined by (3.11). We thus have the following

lemma :

Lemma 9. Let 0 < p; < ps < 1/2. For all >0 and L > 0,

uﬁl’a(t,x) > uFL)Q’a(t,x) forallt >0, z € R.

The proof of this lemma is given in Appendix 5.1. According to the definition of L*(«), L*(«)
is an increasing function of p. In particular, L*(0) is an increasing function of p. Thus, the result of
Theorem 4 together with the monotonic trend between o and L*(«) imply that the amplitude of the
variation of the critical size L*(«) (that is, the quantity sup, L*(a) — inf, L*(«)) tends to increase
as p increases. In other words, the effect of fragmentation tends to increase with the strength of the
Allee effect.
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2.2 The two-dimensional case

The aim of this section is to study the effect of spatial fragmentation of the founding population’s
support in more realistic scenarios than those studied in the 1D case.

The model (3.1), with the function f defined by (3.11), was solved using stochastically generated
initial conditions ug that satisfy the conditions (3.6)-(3.8), as described in Section 2.2. Those conditions
ug are characterized by two indices, namely, an abundance index p(ug) € [0,1] and a fragmentation
rate fr(ug) € [0,1]. For our computations, we assumed that the support of the initial conditions was
included in the set C' = [-30,30] x [—30, 30], which was divided into n¢ = 60 x 60 subsquares C;, on
which the functions ug are constant.

Using the stochastic model described in Section 2.2, we derived 1.5 - 10* functions Uk, b =
1...1.5-10% with various abundance indices and fragmentation rates. Then, (3.1) was solved with
each ug as initial condition. The computations were carried out with several values of the Allee
threshold, including p = 0.1, 0.3 and 0.45. Some details on the numerical method which was used to
solve this equation are given in Appendix 5.2.

The results of these computations are presented in Fig. 3.5. Each point in the figure is attached to
a certain behavior of the model, namely, successful establishment or establishment failure. It appears
that for each value of p, there are two distinct regions in the parameter space (fr, p), one corresponding
to successful establishment and the other one to establishment failure. These regions are separated by
a narrow interface in which the two behaviors are possible. In this narrow interface, and in the sur-
rounding regions of the parameter space, the proportion of successful establishment cannot be directly

inferred from Fig. 3.5. This proportion corresponds to the probability of successful establishment.

Remark 8. In the region of the parameter space (fr,p) where p > 0.5, establishment was always

successful. Thus, this region is not represented in Fig. 3.5.

FIGURE 3.5 — Establishment success for the initial conditions ug s, K =1...1.5- 104, in terms of the
fragmentation rate fr(ugj) and abundance p(ugy), for three values of the Allee threshold p. Red

crosses correspond to successful establishment and blue crosses correspond to establishment failure.

To study the probability of successful establishment in terms of the values of fr and p, we defined
a function Y such that Y'(ugy) = 1 if the initial condition wugj leads to successful establishment and
Y (uor) = 0, otherwise. We then applied a smoothing regression to the data ( fr(uo), p(uox), Y (uok))-
More precisely, the data were fitted with an algorithm to replace each point with the average of the

closest points surrounding it (i.e., in a rectangular neighborhood of size 0.1 x 0.05). That is, Y was
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fitted by the estimator Y, which is defined over [0,1] x [0,1] :

> Y (fr(uox), p(uok))
||(fr(uo,k%P(Uo,k))—ifnp)||<5
Y(fr,p) = h=1.1510 : (3.12)
> 1

(7 (uo,x ,p(uo,k))*gfr,p)||<6

Thus, to each point (fr, p) in [0,1]x[0, 1] is attached a value of Y (fr, p) which measures the probability
of successful establishment. This function f/( fr,p) is depicted in Fig. 3.6, for p = 0.1, 0.3, and 0.45.

An analysis of Fig. 3.6 reveals that for each fixed value of p, the probability of successful esta-
blishment decreases with the fragmentation rate fr. Moreover, the interface in which the probability
37( fr,p) is neither close to 0 nor to 1 is narrow in the parameter space (that is, the region where
?(fr,p) € (0.1,0.9) occupies approximately 1/40, 1/16, 1/12 of the parameter space [0, 1] x [0, 1] for
p = 0.1, 0.3 and 0.45, respectively). Thus, the behavior of the solution of (3.1) with an initial condition
ug satisfying (3.6)-(3.8) is almost completely determined by fr and p.

For each fr € [0,1], let us define P;/5(fr) as the minimum abundance such that establishment
is successful with probability 1/2. The yellow curves in Fig. 3.6 correspond to a probability 1/2 of
successful establishment). We observe that for each value of the Allee threshold p, P /5(1) is much
larger than P /5(0). Thus, the minimum required abundance for the establishment to be successful
is much larger for fragmented founding populations as compared to aggregated ones. Furthermore,
the relationship fr — Pp/o( fr) is comparable to the dependence o — L*(«), which was observed
in the 1D case (Section 2.1). This dependence is highly nonlinear. On the one hand, for aggregated
initial conditions (i.e., with small values of fr(ug)) as well as very fragmented initial conditions (i.e.,
with values of fr(ug) close to 1), this dependence is almost flat. On the other hand, for intermediate
values of the fragmentation rate, we observe a sudden increase in Py /5(fr), especially when p = 0.3
and p = 0.45. For p = 0.3, we have P,;3(0.6) — P2(0.52) = 0.15, and for p = 0.45, we have
Py5(0.5) — P /2(0.36) = 0.23. Note that the probability of successful establishment decreases with p,
especially for a fragmented initial condition. This property is the counterpart in the two-dimensional

case of the monotonicity of L*(«) with respect to p mentioned in Section 2.1 (see Lemma 9).

0 0.2 0.4 0.6 0.8 1

0 0.2 0.4 0.6 0.8 1
fr

(¢) p=0.45

FIGURE 3.6 — Probability of successful establishment measured through Y, in terms of the fragmen-

tation rate fr and the abundance p of the founding population.
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Remark 9. e We note in Fig. 3.6 that the minimum abundance Py(fr) such that establishment
probability
}A/(fr, Py(fr)) is equal to 1 converges to a value close to p in the three cases considered here as
fr — 1. This is the case for p=0.1: P;(1) = 0.11, for p = 0.3 : P;(1) = 0.31 and for p = 0.45 :
Py(1) = 0.47. An explanation of this fact is as follows. Let @ be the solution of the following
problem.
= Au+ f(a) fort >0, z € C,
4 satisfies Neumann conditions on the boundary of C for t > 0, (3.13)
u(0,x) = ug(z) for x € C,

with f satisfying (3.2) and (3.3) and ug satisfying (3.6), (3.8) and fr(ug) = 1. We conjecture
that as the number nc of subsquares C; converges to +00o, the behavior of 4 (i.e., convergence
to 0 or to 1 ast — oo) becomes similar to the behavior of a homogenized problem in which

1
ug 1s replaced with the constant initial condition Ty = @/ uo(s)ds = p(ug), which in turn is
C

equivalent to the ordinary differential equation N' = f(N) with initial condition N(0) = p(up).
Thus, in this asymptotic regime, we would obtain @(t,z) — 1 in C if and only if p(ug) > p.
The comparison principle implies that if the problems (3.1) and (3.13) are solved with the same
initial condition ug, we have u < 4 fort > 0 and x € C. As a consequence, we finally obtain
the inequality Py (1) > p, for adequately large nc.

e Using a formula by [118] we can compute the minimum abundance for successful establishment

when the initial condition is ball-shaped :

I
PE= 51012 = p)

For p = 0.1, we get pg = 31073, for p = 0.3, we have pg = 0.01 and for p = 0.45, we obtain
pp = 0.17. We can observe in Fig. 3.6 that these values of pp are not too far from the values
of the minimum abundances Py(fr) for small values of fr. This is not surprising when fr is

close to 0 since the initial condition consists in a single aggregated group [90].

3.4 Discussion

We have analyzed the role of the spatial distribution of the initial condition in reaction-diffusion
models of biological invasions. These models incorporate reaction terms that take the Allee effect into
account.

In many simplified models, the Allee effect is not taken into account. The initial conditions therefore
do not play an important role. This is probably why a number of recent studies have focused on the
effect of environmental heterogeneities rather than on the role of initial conditions. However, the Allee
effect is known to occur in many invasive species. In such cases, the precise shape of the initial (or
founding) population is of crucial importance when predicting successful invasion, as emphasized in
our study.

Our first result is an analytical result. In the 1D case, we considered schematic examples of founding
populations that were made of two identical groups separated by a distance «.

We have shown that the minimum size L*(«) of the support of the founding population for suc-
cessful establishment and invasion is a continuous function of the distance «. Moreover, when this

distance becomes large, L*(«) becomes twice as large as if the individuals were assembled in a single
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group. This result shows that the spatial structure of the founding population indeed has an effect on
the success of an invasion. Moreover, it is a first indication of the adverse effect of fragmentation. This
adverse effect is confirmed by our numerical simulations. As illustrated in Fig. 3.4, the minimum viable
size L*(«) tends to increase with the distance « that separates the two subgroups, at least for not
too small values of . The amplitude of variation of the minimum viable size with respect to « (that
is, the quantity sup, L*(«) — inf, L*(«)) also tends to increase with the strength of the Allee effect
as measured by the Allee threshold p. It should nevertheless be noted that for small values of «, the
minimum viable size decreases slightly with a. Thus, the breaking apart of the founding population
into two subgroups may have a beneficial effect on the success of the invasion when these subgroups
are very close to each other. From a mathematical standpoint, the proof of the non-monotonicity of
the function o — L*(«) is a challenging open problem.

In the 2D case, we considered much more realistic examples of founding populations. Using a
stochastic model of pattern generation, we constructed a large number of initial conditions with
various abundances (measured by the index p € [0,1]) and fragmentation rates. Using a new, rigorous
definition of the fragmentation rate (measured by the index fr € [0,1]; see eq. (3.9)), we were able to
describe the outcome of an invasion in terms of two attributes of the founding population ug, namely,
p(up) and fr(ug). Interestingly, the outcome of the invasion is indeed almost completely determined
by the values of p(ug) and fr(ug); for each value of the Allee threshold p, we obtained two distinct
regions in the parameter space (fr,p). One region corresponds to successful establishment, and the
other one corresponds to establishment failure. The interface between these regions corresponds to a
narrow region in the parameter space (Figs. 3.5 and 3.6). In our computations, we also observed that
the set of initial conditions leading to successful establishment without successful invasion was very
small (see also Remark 5 and Theorem 3 in the 1D case).

The results of Section 2.2 also show that the minimum abundance p required for successful establish-
ment tends to increase with the fragmentation rate fr. As in the 1D case, the effect of fragmentation
is enhanced as the Allee threshold p is increased. In addition, the relationship between the minimum
abundance and the fragmentation rate is highly nonlinear and steep, threshold-like. Indeed, there is
threshold value, say fr*, where the minimum abundance for successful establishment dramatically
increases. On both sides of this threshold, establishment success is almost independent on fr. On the
one hand, if the rate of fragmentation is higher than fr*, then the behavior of the model is close to
the behavior of a homogenized problem (see first point in Remark 9). On the other hand, if the rate
of fragmentation is lower than fr*, the model almost behaves as if the initial condition was replaced
by a single ball-shaped group (see second point in Remark 9). The existence of such a threshold fr*
implies that small changes in the fragmentation rate can therefore drastically modify the outcome of
an invasion if fr is close to fr*.

Finally, we have shown that the fragmentation of the support of a founding population ug tends
to have a negative effect on invasion success in a homogeneous environment. We might wonder what

would happen in heterogeneous environments. That is, instead of (3.1), consider the following model

ug = DAu+ f(u) +v(z)u, for t >0 and x € R",
u(0,2) = up(z), for z € R™.

Note that v(z) corresponds to the effect of the environment on the species local growth rate; this
model has been investigated for n = 1 in [86]. In this case, the negative effect of the fragmentation

of up may be compensated by the fact that fragmented supports may have more chances to intersect
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with favorable regions. Thus, we could expect nontrivial intertwined effects between the level of envi-
ronmental heterogeneity and the fragmentation of the initial condition. Other reaction-diffusion based
models enable evolution and adaption [108, 143]. In a recent study, [100] have shown that, for species
which can adaptively respond to overcome Allee effects, even small invading populations can survive.

In such cases, fragmentation may also have a different effect.

3.5 Appendices

5.1 Appendix A : Proofs of Theorem 4 and Lemma 9

Proof of Theorem 4. For all & > 0 and L > 0, we denote the solution of (3.1) with the initial
condition (3.4) by ul(t,z).

1. We first show that L*(«) < 2 L*(0) for all « > 0 and that L*(«) — 2L*(0) as a — oo.
Fix a > 0. Let € € (0,2 L*(0)), and set L® = L*(0) —¢&/2. Let v(t,z) = u*"O(t,x — L¢/2 — a/2) for
all t > 0 and € R. From Theorem 3(i), u**%(¢t,z) — 0 uniformly in R as ¢t — oo. Thus, we obtain

the existence of some t* > 0 such that
0 <wv(t,z) =ul"O%,z—LF/2 —a/2) < p/4 for all t > t* and = € R. (3.14)

Now, let w := u?~** —v. Then w(0, ) = X[—(a/2+Le),—ay2)- Since 0 < u(0,-),v(0,-),w(0,-) <1 and
f(0) = f(1) = 0, it follows from the parabolic maximum principle (Ch. 2 in Friedman [75] and Ch. 3
in Protter and Weinberger [147]) that u,v,w € [0, 1]. Moreover, w satisfies :

wy = Dwey + f(W?X5Y) = f(0) < Dwyy + K w, (3.15)

with K = || f'[| Lo (0,1)-
Let ¢ be the solution to the linear equation ¢ = D ¢, + K ¢ with the initial condition ¢(0,z) =
w(0,z). Then ¢(t*,0) — 0 as o — oo. Thus, for adequately large «, ¢(t*,0) < p/4. Since = — ¢(t*, x)

is decreasing in [0, 00), we obtain :
o(t*,z) < p/4 for all z > 0 and « large enough. (3.16)

Moreover, the maximum principle implies that w < ¢ in [0,00) x R. Then u?2* =v +w < ¢ + v in
[0,00) x R, and finally, using (3.14) and (3.16), we obtain

w5 (t* ) < p/2 for all z > 0 and o > 0 large enough.

Therefore, the evenness of u2™® implies that u?~>%(t*, ) < p/2 for all x € R and a > 0 large
enough. Comparing with the solution of the ODE N’ = f(N) with N(t*) = p/2, for « large enough,
we obtain that u?L™%(¢,z) — 0 uniformly in 2 € R as t — co. According to the definition of L*(«),
this implies that L*(«a) > 2 L°, i.e.,

2L*(0) —e < L*(«) for a > 0 large enough.
Since € > 0 can be arbitrarily small, we conclude that
im i * > *(0). .
ggli{.lofL (o) > 2L7%(0) (3.17)
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Let us now check that for all & > 0, L*(«) < 2L*(0). Let a > 0 be fixed. For all L > 0, we have
uh(0,-) > ul/29(0,- — a/2 — L/4). Thus, the parabolic maximum principle leads to

b (t, ) > ul?0(t,. — a2 — L/4) for all t > 0. (3.18)

Take L = 2 L*(0). Theorem 3 (iii) shows that u” (0(¢,. —a/2 — L*(0)/2) converges uniformly in R as
t — +00 to the stationary solution a(- — /2 — L*(0)/2) of (3.1), where @ verifies a(0) = p; > p > 0,

~/

@'(0) = 0 and @ is symmetrically decreasing. Thus, using (3.18), we get
w0 40 as t — +oo.

Theorem 3 (i) thus implies that L*(a) < 2 L*(0). Assume that L*(a) = 2 L*(0). Then, from Theorem

2L7(0). converges to @, uniformly in R as t — +oo. Using inequality (3.18), we

3 (iii), we know that u
obtain

a(z) > u(x — /2 — L*(0)/2) for all z € R.

In particular, we get @(a/2+ L*(0)/2) > a(0) which is impossible since @ is symmetrically decreasing.
Thus, we finally obtain
L*(a) < 2L%(0), (3.19)

and together with (3.17), this shows that L*(a) — 2L*(0) as a — +o0.

2. We prove that the function o — L*(«) is continuous on [0,00). For any 0 < a < [, we have
ul (@=B=8(0, ) < L7 (@(0,.) if L*(a) — (8 — @) > 0. Therefore, the parabolic maximum principle
together with Theorem 1 imply that

L*(B) > L*(a) — (B — ), forall 0 <a<g, (3.20)

whenever L*(«) — (8 — «) is positive or not. In other words, the function o« — L*(«) + « is non-
decreasing, which implies that the function « — L*(«) is right lower and left upper semicontinuous.
In order to complete the proof of Theorem 4, one is left to prove that the function o — L*(«v) is right

upper and left lower semicontinuous.

Step (i). We first show that the function o — L*(«) is right upper semicontinuous on [0, +00). Let
a >0, and set LT = lim Supg_,q+ L*(B). We deduce from (3.19) and (3.20) that LT € [L*(a),2 L*(0)].
Assume now that LT > L*(a) and set

Lt + L*(a)
5 :

f/:

From the definition of L+ we know that there exists a decreasing sequence (ay)n>0 such that a, €
(,a+ L) for all n >0, o, — a and L*(a,) — LT as n — oo. Since LT > L, there exists N > 0 such
that for all n > N, L*(ay,) > L. Then, from Theorem 3 Part (i), for all n > N, we have

u™%n(t,.) = 0 uniformly in R as t — oo, (3.21)
which in turn implies that

ub—(en=a)an (¢ .y 5 0 uniformly in R as t — oo (3.22)
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since 0 < L — (o, — a) < L. Then, define the family (¢y)x>0 as follows

uMEremN (0, for A € [0, L),
gb)‘() - Ao T
u™(0, ), for A > L.

This is a monotone increasing family in the sense of Theorem 1.3 in [58]. Since L > L*(a), it follows
from Theorem 3 Part (ii) that the solution ule of (3.1) with initial condition ¢; verifies ulo 1
uniformly on compacts as t — co. Besides, we know from (3.22) that the solution ul—(an—a)an of
(3.1) with initial condition ¢;_(, 4
it follows then from Theorem 1.3 in [58] that there exists A € (L — (any — ), L) such that for all A > A,
the solution of (3.1) with initial condition ¢, converges to 1 uniformly on compacts as ¢ — co. Thus,
for any N > N such that L — (o, — ) > A, the solution of (3.1) with initial condition Pi—(an

) converges to 0 uniformly in R as ¢ — oo. Since L— (ay—a) < L,

~ l_a)
converges to 1 uniformly on compacts as t — oo. This means that ub—(av —a)an, g uniformly on
compacts as t — oo and contradicts (3.22). Thus, we have shown that L+ = L*(a). This means that
the function o — L*(«) is right upper semicontinuous on [0, 400). As it is already known to be right

lower semicontinuous, it is then right-continuous.

Step (ii). We show that the function o — L*(«) is left lower semicontinuous in (0,+o0). Let
a >0, and set L~ = liminfg_,,- L*(B). The inequality (3.20) implies that L~ € [0, L*(a)]. Assume
by contradiction that L~ < L*(«) and set

L~ + L*(«)
—

L=

Let (ap)n>0 be a positive and increasing sequence such that o, — « and L*(ay,) — L~ as n — oo.
Since L~ < f), there exists N > 0 such that for all n > N, L*(«a,) < L and therefore, from Theorem
3 Part (ii), ubom (t,-) — 1 uniformly on compacts as t — oo. As a consequence, we also have, for all
n> N,

ulro—anon (t,-) — 1 uniformly on compacts as t — oo, (3.23)

since 0 < L < L + o — ay,. Let us define the family (¥a)a>0 by

oa() = uMAa=X0,)), for A€ [0,L +a),
A u™9(0,-), for A\ > L + .

The family (15)x>0 is monotone increasing. Furthermore, since L < L*(a), the solution ule of (3.1)
with initial conditior} ; converges to 0 uniformly in R as ¢ — oo. Conversely, we know (see eq. (3.23))
that the solution u®+t@=oN:@~ of (3.1) with initial condition (3 ta—ay converges to 1 uniformly on
compacts as t — oo. Thus, using again the result of Theorem 1.3 in [58], we obtain the existence of
A€ (L, L + o — ay) such that, for all A < A, the solution of (3.1) with initial condition 1y converges
to 0 as t — oo. Let N7 > N be such that L+a-— an, < \. The above result implies that the solution
of (3.1) with initial condition ¢ﬁ+04—04N1 converges to 0 as ¢ — oco. This contradicts (3.23). Thus, we
have proved that L~ = L*(«). This means that the function a — L*(«) is left lower semicontinuous
on (0,400). As it is already known to be left upper semicontinuous, it is then left-continuous.
Finally, we have shown that the function o — L*(«) is continuous on [0, +00) and the proof of

Theorem 4 is thereby complete. [
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Proof of Lemma 9. For any o > 0, L > 0 and p € (0,1/2), we denote the solution of (3.1), (3.4) by
uﬁvo‘(t,x), where f is defined by (3.11). Since f(0) = f(1) = 0 and uﬁ’o‘(O,x) € 10, 1], it follows from
the parabolic maximum principle that u[L,’O‘(t, x) € [0,1] for all t > 0 and = € R.

Let 0 < p1 < p2 < 1/2. Then, for all s € [0,1], s(1 — s)(s — p1) > s(1 — s)(s — p2). Since
ugéa(t,x) € [0,1] for all t > 0 and = € R, uﬁf‘ is a subsolution of the equation satisfied by uﬁl’a. It

. . . o . L, L,
follows from the parabolic maximum principle that ug* > u;®. U

5.2 Appendir B : Numerical solution of (3.1)

The equation (with n = 1 and n = 2) was solved using Comsol Multiphysics® time-dependent
solver, using second order finite element method (FEM). This solver uses a so-called lines approach
method incorporating variable-order variable-stepsize backward differentiation formulas. Nonlinearity
are treated using a Newton’s method.

In the 1D case, for the numerical computation of L*(«), we used a so-called “large" time (¢t = 50).
The solution of (3.1) was estimated by solving the problem on the bounded interval © = (—100, 100)
with Dirichlet boundary conditions. In the 2D case, we estimated the solution of (3.1) by solving the
problem on a bounded domain 2 = (=100, 100) x (=100, 100) with Dirichlet boundary conditions.

In both 1D and 2D cases, the outcome of the invasion was measured at t = 50 : the establishment
stage was considered to be successful if and only if 1;1618 u(50,z) > p, where p is the Allee threshold
defined in (3.3). Note that this definition can lead to overestimate the success rate of the establishment
stage if the time required for the population density to be uniformly below p is larger than 50. However,
in most cases except when p was very close to 1/2, we observed that the outcome of the establishment

stage was already clear at ¢t = 50.
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4.1 Introduction

1.1 Hypotheses

We consider the following reaction-diffusion equation in (0, +o00) x R :
Opu = Ogzu + f(x,u). (4.1)

We assume that f = f(x,u) is locally Lipschitz-continuous in u and of class C! in the neighborhood

of w = 0 uniformly with respect to x, so that we can define
() = f1(x,0).
Moreover, f is of the KPP type, that is
f(z,0) =0, f(z,1) <0, p(x) >0 and f(z,u) < p(x)u for all (z,u) € R x (0,1).

A typical f which satisfies these hypotheses is f(x,u) = u(x)u(1l—wu), where p is a continuous, positive
and bounded function.

The very specific hypothesis we make on f in this chapter is the following : there exist po € C°(R)
and ¢ € C*(R) such that

w(x) = po(o(x)) for all x € R,

0 < mi < d is 1-periodic,
r[1017llr]1/¢0 r[rolfaﬁ(uo and po is 1-periodic (4.2)

¢ (z) > 0, mgrfoo ¢(r) = 400 and lim ¢'(z) = 0.

r—r-+00

That is, our reaction-diffusion equation is strictly heterogeneous (it is not even almost periodic
or ergodic), which means that it can provide useful information on both efficiency of recently develo-
ped tools and properties of the general heterogeneous problem. But it also satisfies some periodicity
properties with a growing period near +o0co. We aim to look at the influence of the varying period
L(x) := z/¢(x) on the propagation of the solutions.

Note that we do not assume here that there exists a positive stationary solution of (4.1). We
require several assumptions that involve the linearization of f near u = 0 but our only assumption
which is related to the behavior of f = f(x,u) with respect to u > 0 is that f(x,1) < 0, that is, 1
is a supersolution of (4.1) (it is clear that, up to some change of variables, 1 could be replaced by
any positive constant in this inequality). It is possible to prove that there exists a minimal and stable
positive stationary solution of (4.1) by using this hypothesis and the fact that ug is positive [20], but

we will not discuss this problem since this is not the main topic of this chapter.

1.2 Definitions of the spreading speeds and earlier works

For any compactly supported initial condition ug with 0 < wg < 1 and ug # 0, we define the

minimal and maximal spreading speeds as :

wy, = sup{c>0] liminf inf wu(t,z)>0ast— +oo},
z€[0,ct]
w* = inf{e>0| sup wu(t,z) = 0ast— +oo}.
z€[ct,+00)
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Note that it is clear, from the strong maximum principle, that for any ¢ > 0 and = € R, one has

0 < u(t,x) < 1. One can also easily derive from the homogeneous case [10] that

2¢y/min pg < w, < w* < 2y/max pg.

The reader could also remark that we just require liminf; , . u(t,x + c¢t) > 0 in the definition of
wy. This is because we did not assume the existence of a positive stationary solution. Hence, we just
require u to “take off” from the unstable steady state 0.

The aim of this chapter is to determine if some of these inequalities are indeed equalities.

The first result on spreading speeds is due to Aronson and Weinberger [10]. They proved that
w* = wy = 2¢/f(0) in the case where f does not depend on z. More generally, even if f does not
satisfy f(u) < f'(0)u for all w € [0, 1], then w* = w, is the minimal speed of existence of traveling
fronts [10]. However, because of the numerous applications in various fields of natural sciences, the
role of heterogeneity has become an important topic in the mathematical analysis.

When f is periodic in z, Freidlin and Gartner [74] and Freidlin [73] proved that w, = w* using
probabilistic techniques. In this case, the spreading speed is characterized using periodic principal
eigenvalues. Namely, assume that f is 1-periodic in z, set uo(x) := f,,(z,0) and define for all p € R

the elliptic operator
Lpp = ¢" = 2p" + (0 + po())e. (4.3)

It is known from the Krein-Rutman theory that this operator admits a unique periodic principal
eigenvalue A,(up), defined by the existence of a positive 1-periodic function ¢, € C%(R) so that
Lpop = A\p(0)pp. The characterization of the spreading speed [74] reads

wy = w* = mig M. (4.4)
p>0

Such a formula is very useful to investigate the dependence between the spreading speed and the
growth rate ug. Several alternative proofs of this characterization, based on different techniques, have
been given in [22, 186]. The spreading speed w, = w* has also been identified later as the minimal
speed of existence of pulsating traveling fronts, which is the appropriate generalization of the notion of
traveling fronts to periodic media [19]. Let us mention, without getting into details, that the equality
w, = w* and the characterization (4.4) have been extended when the heterogeneity is transverse [125],
space-time periodic or compactly supported [22], or random stationary ergodic [74, 140]. In this last
case one has to use Lyapounov exponents instead of principal eigenvalues.

In all these cases (except in the random one), the operator L, is compact and thus principal
eigenvalues are well-defined. When the dependence of f with respect to x is more general, then classical
principal eigenvalues are not always defined, which makes the computation of the spreading speeds
much more difficult. Moreover, in general heterogeneous media, it may happen that w, < w*. No
example of such phenomenon has been given in space heterogeneous media, but there exist examples
in time heterogeneous media [28] or when the initial datum is not compactly supported [87].

Spreading properties in general heterogeneous media have recently been investigated by Berestycki,
Hamel and the third author in [22]. These authors clarified the links between the different notions
of spreading speeds and gave some estimates on the spreading speeds. More recently, Berestycki and
the third author gave sharper bounds using the notion of generalized principal eigenvalues [28]. These

estimates are optimal when the nonlinearity is periodic, almost periodic or random stationary ergodic.
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In these cases, one gets w, = w* and this spreading speed can be characterized through a formula which

is similar to (4.4), involving generalized principal eigenvalues instead of periodic principal eigenvalues.

4.2 Statement of the results

Before enouncing our results, let us first roughly describe the situation. As ¢/(z) — 0 as * — 400,
the function ¢ is sublinear at infinity and thus p(z) = po(¢(x)) stays near its extremal values max g
or min uo on larger and larger intervals. If these intervals are sufficiently large, that is, if ¢ increases
sufficiently slowly, the solution u of (4.1) should propagate alternately at speeds close to 2,/max fiy
and 2+/min juo. Hence, we expect in such a case that w* = 2,/max fig and w, = 2,/min p.

On the other hand, if one writes ¢(x) = x/L(z), then the reaction-term locally looks like an L(x)-
periodic function. Since L(xz) — +o0, as clearly follows from the fact that ¢'(z) — 0 as © — +oo,
one might expect to find a link between the spreading speeds and the limit of the spreading speed wy,
associated with the L-periodic growth rate pr(x) := po(z/L) when L — 4o00. This limit has recently
been computed by Hamel, Roques and the third author [89]. As yuy, is periodic, wy, is characterized
by (4.4) and one can compute the limit of wy, by computing the limit of A\,(pz,) for all p. This is how

the authors of [89] proved that

k
li = min — 4.
Jmwn = nin =, (4:5)

where M := maxger po(x) > 0 and j : [M,+00) — [j(M),+00) is defined for all k > M by

k) = /01 Ny (4.6)

If ¢ increases rapidly, that is, the period L(zx) increases slowly, then we expect to recover this type of
behavior. More precisely, we expect that w* = w, = ming>nr k/j(k).

We are now in position to state our results.

2.1 Slowly increasing ¢

We first consider the case when ¢ converges very slowly to +00 as x — 400. As expected, we prove

in this case that w, < w*.

Theorem . (i) Assume that — +00 as x — +oo. Then

1
z¢! (x)
wy = 2y/min py < w* = 2,/max jig.

1
(ii) Assume that W — C as x — +o0. If C is large enough (depending on ), then
x¢! (x

wy < w*.

This is the first example, as far as we know, of a space heterogeneous nonlinearity f(x,u) for which
the spreading speeds w, and w* associated with compactly supported initial data are not equal.

In order to prove this Theorem, we will first consider the particular case when g is discontinuous
and only takes two values (see Proposition 4 below). In this case, we are able to construct sub- and
super-solutions on each interval where p is constant, and to conclude under some hypotheses on the
length of those intervals. Then, in the general continuous case, our hypotheses on (z¢/(x))~! allow us
to bound g from below and above by some two values functions, and our results then follow from the

preliminary case.
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4.2. Statement of the results

Remark . Note that such a two values case is not continuous, so that our Theorem holds under more
general hypotheses. In fact, one would only need that pg is continuous on two points such that po attains
its maximum and minimum there, so that, from the asymptotics of ¢(x), the function pu(x) = po(p(x))

will be close to its maximum and minimum on very large intervals as x — 400.

2.2 Rapidly increasing ¢

We remind the reader that M := max,cg po(z) > 0 and j : [M, +00) — [j(M), +00) is defined by
(4.6). We expect to characterize the spreading speeds w, and w* using these quantities, as in [89].
Note that j(M) > 0 since min g < M. The function j is clearly a bijection and thus one can
define .
g (A .k
Woo := min O] = in S0 (4.7)

AZi(M) A J(k)

We need in this section an additional mild hypothesis on f :
3C > 0,7 > 0 such that f(z,u) > f.(x,0)u — Cul™ for all (x,u) € R x (0, +00). (4.8)
Theorem . Under the additional assumptions (4.8), ¢ € C3(R) and
¢"(x)/¢' () = 0, and ¢"(x)/¢' (x)* = 0, as z — +oo, (4.9)

one has

Wy = W = Weo.

Note that (4.9) implies (z¢/(x))™! — 0 as  — +o00. Hence, this result is somehow complementary
to Theorem . However, this is not optimal as this does not cover all cases. An interesting and open
question would be to refine those results to get more precise necessary and sufficient conditions for
the equality w, = w* to be satisfied. This could provide some insight on the general heterogeneous
case, where the establishment of such criteria is an important issue.

This result will mainly be derived from Theorem 2.1 of [28]. We first construct some appropriate
test-functions using the asymptotic problem associated with ur(x) = po(z/L) as L — +oo. This
will enable us to compute the generalized principal eigenvalues and the computation of the spreading

speeds will follow from Theorem 2.1 in [28].

2.3 FExamples

We end the statement of our results with some examples which illustrate the different possible

behaviors.

Example 1 : ¢(z) = B(Inx)®, with «, 8 > 0. This function clearly satisfies the hypotheses in (4.2).
e If a €(0,1), one has 1/(z¢'(z)) = (Inx)*~*/(Ba) — +00 as x — +oc. Hence, the assumptions
of case 1 in Theorem are satisfied and one has w, = 2y/min yo and w* = 2,/max .
o If @« =1, then x¢/(x) = B for all z and thus we are in the framework of case 2 in Theorem ,
which means that we can conclude that w, < w* provided that g is small enough.

e Lastly, if a > 1, then straightforward computations give
1
¢ (x) /¢ (x)? ~ —5—(ln:c)17°‘ — 0 as x — 400,
«@
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Chapitre 4. On the uniqueness of the spreading speed in heterogeneous media

" (x) ) (x)? ~ &%(ln )17 = 0 as z — 4o0.

Hence, the assumptions of Theorem are satisfied and there exists a unique spreading speed :

Wy = W = Weo.

Example 2 : ¢(x) = 2% a € (0,1). This function clearly satisfies the hypotheses in (4.2) since
a < 1. One has ¢"(x)/¢'(x)? = =L — 0 and ¢"'(z)/¢'(z)?> = la=l){e=2) _, 0 as 2 — +00. Thus, the

ar® axlto

assumptions of Theorem are satisfied and w, = w* = wyo.

Example 3 : ¢(x) = z/(Inz)*, « > 0. This function satisfies (4.2) and one has

, 1 o
¢(w) = (nz)®  (Inz)otl’
" —« ola+1
¢$'(z) = z(lnx)lte x(l(nm)oﬁL)Q’
" o ala+1)(a+2
¢ (z) = 22(Inz)+e (xZ(ln )x()““‘g :

It follows that ¢"(x)/¢'(x)? — 0 and ¢ (z)/¢' (x)?> — 0 as x — ~+oo since the terms in z will decrease

faster than the terms in In x. Thus, the assumptions of Theorem are satisfied and w, = w* = Weo.

Organization of the chapter : Theorem will be proved in Section 4.4. As a first step to prove
this Theorem, we will investigate in Section 4.3 the case where pg is not continuous anymore but only

takes two values py and p—. Lastly, Section 4.5 is dedicated to the proof of Theorem .

Acknowledgements : The authors would like to thank Francois Hamel and Lionel Roques for having
drawn their attention to the problems investigated in this chapter. The article associated with this
chapter was completed while the third author was visiting the Department of mathematical sciences

of Bath whose hospitality is gratefully acknowledged.

4.3 The two values case

We assume first that p is discontinuous and only takes two distinct values p—, uy € (0,4+00).
Moreover, we assume that there exist two increasing sequences (x,), and (y,), such that z,;q >

Yn > Ty for all n, limy, 400 , = +00 and

(z) = { py if € (zn,Yn), (4.10)

p— if x € (yn, Tpi1).
Proposition 4. We have :
(i) If yn/zn — +o00, then w* = 2,/ji7.
(ii) If Tpy1/yn — +00, then wy = 2,/1_.
K

(1i7) If yp/xn — K > 1, then w* > 2,/py .
(K = 1) + g /1o
: K+ Vg /p-
(v) If Tpi1/yn — K > 1, then w, < 2,/i- ———F—.
K+ /p—/pst

It is clear in part 3 (resp. 4) of Proposition 4 that the lower bound on w* (resp. upper bound on

wy) goes to 2,/1y (resp. 2,/p—) as K — +oo. Hence, for K large enough, we get the wanted result

wy < w*.
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4.8. The two values case

3.1 Maximal speed : proof of parts 1 and 3 of Proposition 4

1. We first look for a subsolution of equation (4.1) going at some speed ¢ close to 2,/u_. Let ¢p

be a solution of the principal eigenvalue problem :

Orzdr = ARYr  in B,

¢r =0 on 0Bg, (4.11)

¢r >0 in Bp.
We normalize ¢r by ||¢rllcc = 1. We know that Ag — 0 as R — +o00. Let ¢ < 2,/u_ and R large
enough so that —A\p < pi— — 2/4. Then v(z) = e 2 Pp(x) satisfies :

2
Oz + cOv + v = (,u, -7 +)\R)v > 0 in Bpg.

By extending ¢ by 0 outside Bg, by regularity of f and since f, (z,0) > u_ for any = € R, for some

small x, we also have in (0, +00) x R :
OpzkV + cOzkv + f(x + ct, kv) > 0.

Hence, w(t,z) := kv(x — ct) is a subsolution of (4.1). Without loss of generality, we can assume that
u(l,z) > w(l,z), thus for any ¢t > 1, u(t,x) > w(t,x). That is, for any speed ¢ < 2,/u_, we have
bounded u from below by a subsolution of (4.1) with speed c. In particular,

let ¢, := o+ R

, then u(t,,z) > w(t,,z) for all z € R,

which is positive on a ball of radius R around z,, + R.

2. Take an arbitrary ¢ < 2,/f1+ and let ¢ a solution of the principal eigenvalue problem (4.11) with
R’ such that —Ag < pq — 2/4. As above, there exists #(z) = k'e 2 ¢p(z) compactly supported
such that
Ope® + 0,0+ f(w+xp + R+, 0) >0, (4.12)
as long as © = 0 where f](z + z, + R+ t,0) # pu, that is
(—-R' +z,+ R+, R +x, + R+ t) C (n,yn),

which is true for R > R’ and
Yn — T — R — R
d '
As R could be chosen arbitrarily large, we can assume that the condition R > R’ is indeed satisfied.

0<t<

Moreover, as liminf,, s oo ypn /Ty > 1 and lim,,_, 4 o ©, = +00, we can assume that n is large enough so
that y, —x, > 2R and thus the second condition is also satisfied. Hence, @ (t,+t, x) := v(z—x,— R—'t)

is a subsolution of (4.1) for ¢t € (0, yn—on—R-F

&

) and = € R. We can take s’ small enough so that

le=c'|
K min >rle 2 I, 4.13
o min or(Y) (4.13)
For all © € B(ct,, R'), one has :
w(tn7 x) — e 7c(z;ctn) ¢R(x . ctn) > /{( min ¢R(y)) e *(C;C/) ({L’*Ctn)e_TCl(l'fctn)
B yEB(0,R’)
—le=c| 1 =¢
> k( min ¢p(y)) ez Fez @ctn)

(yEB(Oﬂ’) ( )) (4.14)

> H;/e%(:rfctn)

/ —c(z—ctpn)

Ke 2 ¢p(x—cty) =w0(tp, x),

v
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Chapitre 4. On the uniqueness of the spreading speed in heterogeneous media

since ct,, = x,, + R by definition. Moreover, u(t,,z) > w(t,,z) for all z € R. The parabolic maximum

principle thus gives

and z € R.

yn—xn—R—R’)

/

u(ty +t,x) > w(t, +t,x) forallt e (0,
c

3. We can now conclude. Indeed, for n large enough one has :

_ _ _ / _ _ _ /
u<tn+yn N R,yn—R’>zw<tn+yn N R,yn—R’)Z@(O)-

c/ c/

Since the construction of ¥ did not depend on n, the above inequality holds independently of n, which

implies that :
—x,—R—-R
In / ,yn—R'>>0.

inf u <tn + Yn
n c

If y,,/x,, — 400, we have

/ /
yn_R . yn—R ,
Yyn=2n—R—R = mp | yn—zn—R-R’ > C asn — +00.
tn + e Zn 4 -

&

It follows that w* > ¢ for any ¢ < 2,/uy. The proof of part 1 of Proposition 4 is completed.
If y,/x, — K, we have

Yn — R/ K
— R -3 o] asmn — “+o0.
tn + }%C/ E + g

As this is true for any ¢ < 2,/u and ¢ < 2,/u_, this concludes the proof of part 3 of Proposition 4.
O
3.2 Minimal speed : proof of parts 2 and 4 of Proposition j

Let Ay = /5 be the solution of )\i —2,/f+ A+ = —p4. One can then easily check, from the KPP
hypothesis, that the function

U(ta m) := min (17 ﬁe—AJr(w—Z\/ﬁt))

is a supersolution of equation (4.1) going at the speed 2\/liy, for any x > 0. Since ug is compactly
supported, we can choose  such that v(0,-) > ug in R. Thus, for any ¢t > 0 and z € R, u(t,z) < v(t,z).
In particular, the inequality holds for ¢ = ¢, the smallest time such that v(¢,y,) = 1. Note that
tn = yn/(2y/lix) + C where C is a constant independent of n. Then for all z € R,

W(tn,yn + ) < 0(tn, yn + ) = min (1, e_)‘”C) ,
We now look for a supersolution moving with speed 2,/n— locally in time around t,. Let us define
w(ty + t,yn 4+ x) == min (v(tn by + 1), efA—(xfzx/u—_w)

where A\_ = ,/i_. Note that A < Ay, thus u(tn, yn +2) < v(tn, Yn + ) = W(tn, yn + ).

We now check that w is indeed a supersolution of equation (4.1). We already know that v is a
supersolution and it can easily be seen as above from the KPP hypothesis that (¢, z) — e~ (@=2/A=1) jg
a supersolution only where f’(-,0) = p_. Thus, we want the inequality v(t,+t, yp+z) < e A= (@=2VE=1)
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to be satisfied if y, + = & (yn, Tn41). Recall that v(t, +t,y, +) = min ( A+ (2 2\/Wt)) forallt >0
and z € R. Thus, the inequality is satisfied if £ > 0 and z < 0 or if

Ay — A/
z>2°F ’;* Tt =200 A
+_ —

It follows that w(t, + t,y, + x) is indeed a supersolution of equation (4.1) in R as long as

and that u(t, +t,y, +x) < w(t, +t,y, + ) for any ¢ verifying the above inequality.
To conclude, let now 2,/iy > ¢ > 2./, and t], the largest ¢ satisfying (4.15), i.e
= L+l — Yn

"0 Al

The sequence (t}), tends to +00 as n — +o0o since iminf,, 4 oo Tpt1/yn > 1 and limy,—, 4o yn = +00.

Moreover, one has

Wty + 1, yn + cth) < w(tn +th, yn + ctl) — 0 as n — +o0

since ¢ > 2,/u_.

If Zpy1/yn — +00 as n — +00, as t, = yn/(2 /i1 )+ C, one gets t), /t, — +00 as n — +oo. Hence,
yn—i—c — cas n — +0o.
tn —i—t’

It follows that w, < ¢ for any ¢ > 2,/u_. This proves part 2 of Proposition 4.
If 241/yn — K as n — 400, we compute

Yn + cth, R 1+2(A o )(K_l)
tn—i-t, + K-1
" 2\/W 2(0++A-)
Hence, w, is smaller than the right hand-side. As ¢ € (2\/u_,2,/f+) is arbitrary, A_ = ,/u_ and

Ay = /11, we eventually get

as n — +oo.

K+ Vs /-
2\/_K+ Vi iy

which concludes the proof of part 4 of Proposition 4. O

4.4 The continuous case

4.1 Proof of part 1 of Theorem

We assume that g is a continuous and 1-periodic function. Let now € be a small positive constant

and define pu_ < p4 by :

M4 = max o — &,
p— = min pug.

We want to bound p from below by a function taking only the values p— and po, in order to apply
Theorem 4. Note first that there exist x_; € (0,1) and § € (0,1) such that ug(x) > py for any
x € (r_1,2_1 +9). We now let the two sequences (x,)nen and (yn)nen defined for any n by :

d(xn) = x_1+n,
d(yn) = z_1+n+0.
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Note that since ¢ is strictly increasing and ¢(400) = 400, then those sequences indeed exist, tend
to 400 as n — 400, and satisfy for any n, x, < yn < Tp41. It also immediately follows from their
definition that for all z € R,

pt if z € (T, yn),

x) > (x) where fi(z) =
p(x) = ) i) { pi— if © € (Yn, Tt

We now have to estimate the ratio y,,/z, in order to apply Proposition 4. Note that :

6= dlum) — dlan) = [ " ¢ ()da. (4.16)

Moreover, under the hypothesis z¢/(x) — 0 as * — 400, and since (n)n, (Yn)n tend to +oo as

[ @ = [* (at@) x 1 )do=o(n(22)) asn - 4o o

From (4.16) and (4.17), we have that 2> — +oc. To conclude, we use the parabolic maximum principle

n — +o0o :

and part 1 of Proposition 4 applied to problem (4.1) with a reaction term f < f such that
fi(z,0) = f(z) for all z € R.

It immediately follows that w* > 2,/max g — €. Since this inequality holds for any € > 0, we get

w* = 2,/max jig.
We omit the details of the proof of w, = 24/min pg since it follows from the same method. Indeed,
one only have to choose ¢’ ; and ¢’ in (0,1) such that ug(z) < minpg + € for any =z € (y'_1,y" 1 + )

and let two sequences such that
n) = yi+tm,
(ﬁ(xanrl) = yLl +n+5'

One can then easily conclude as above using part 2 of Proposition 4. O

4.2  Proof of part 2 of Theorem
As before, we bound pg from below by a two values function, that is, for all z € R,

ple) = fiw) where fiz) i= { e s = 2 B S ()
p— =minpy if © € (Y, Tnt1),
where ¢ a small positive constant and the two sequences (x, ), and (y, ), satisfy for any n :
Ty < Yn < Tptl,
() = x_1 +n,
d(yn) = v_1 +n+ 6(e) for some d(g) > 0,
T, — 400 and y, — +00.

Here, under the assumption that z¢/'(z) — 1/C, we get

5) = ) — dlen) = [ (@)de

Tn

_ /: (m'(x) x %) du
= éln (i—’;) +o0 (ln (i—i)) as n — +00.
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Hence,
Yn
Tn

)C

=960 a5 n — 400,

We can now apply the parabolic maximum principle and part 3 of Proposition 4 to get

eé(z—:)C

(@O 1) + /(max g — )/ mim g

Notice that the dependence of § on € prevents us from passing to the limit as ¢ — 0 as we did to prove

w* > 2y/max pip — € (4.18)

part 1 of Theorem . However, for any fixed £ > 0, one can easily check that the right-hand side in the
inequation (4.18) converges as C' — 400 to 2y/max g — €.

One can proceed similarly to get an upper bound on wy, that is :

§(e)C -
. e + /max jo/(min o + €)

<2y +e— , 4.19
Wy > min o 65 (E)C + \/(mln 110 T 8)/ max /1o ( )

where € can be chosen arbitrary small and ¢’(¢) is such that po(z) < min g + € on some interval of
length &’(g). It is clear that the right-hand side of (4.19) converges to 2/min pg + € as C' — +o00.
Therefore, by choosing ¢ < (max pp — min po)/2, one easily gets from (4.18) and (4.19) that for
C large enough, w, < w*. This concludes the proof of part 2 of Theorem . Moreover, note that the
choice of C' to get this strict inequality depends only on the function ug, by the intermediate of the
functions §(¢) and &' (¢). O

4.5 The unique spreading speed case

We begin with some preliminary work that will be needed to estimate the spreading speeds. The
proof of Theorem is then separated into two parts : the first part (Section 5.2) is devoted to the proof

that w* < w, while in the second part (Section 5.3) we prove that w, > wee.

5.1 Construction of the approximated eigenfunctions
For all p € R, we define

g7 pl) it |pl > 5(M),

. . (4.20)
Mo it [pl <j(M).

H(p) :Z{

The fundamental property of this function is given by the following result.

Proposition 5. (Propositions 3.1 and 3.2 in [89]) For all p € R, H(p) is the unique real number such

that there exists a continuous 1-periodic viscosity solution v of

(V'(y) —p)* + po(y) = H(p) over R. (4.21)

Next, we will need, as a first step of our proof, the function v given by Proposition 5 to be piecewise
C2. This is true under some non-degeneracy hypothesis on 9. We will check below in the second part
of the proof of Theorem that it is always possible to assume that this hypothesis is satisfied by

approximation.

Lemma 10. Assume that g € C3(R) and that
if po(wo) = max po, then 119 (z0) < 0. (4.22)

Then for all p € R, equation (4.21) admits a 1-periodic solution v, € W2(R) which is piecewise
C%(R).

103



Chapitre 4. On the uniqueness of the spreading speed in heterogeneous media

Proof. The proof relies on the explicit formulation of v,. Assume first that p > j(M) = j(||polc0)-
Then it is easy to check (see [89]) that

o@) = pr = [ \HE) = polw)dy (4.23)

satisfies (4.21). Then, the definition of j implies that v, is 1-periodic and, as pg € C}(R) and H(p) >
po(y) for all y € R, the function v, is C*(R). The case p < —j(M) is treated similarly.
Next, if |p| < j(M), let F define for all Y € [0,1] by :

FO) = pt [y oy~ [/ oty

Then F is continuous and, as |p| < j(M),

F(0) =p+/01 /M — po(y)dy = p+ (M) > 0.

Similarly, F'(1) = p — j(M) < 0. Thus, there exists X € [0, 1] so that F/(X) = 0. We now define :

T — M — d for all « € [0, X],
p /0\/ po(y)dy [0, X]

vp(z) = (4.24)

- X T
x — M — d+/ M — dy forall xze€|[X,1].
p /0 \ to(y)dy LV 1o (y)dy (X, 1]

From the definition of X, the function v, is 1-periodic. It is continuous and derivable at any point
xz € [0,1)\{X} with
, p— /M —po(x) forall =z€l0,X),
uplr) = { p++/M—po(x) forall =€ (X,1).

Hence, it satisfies (4.21) in the sense of viscosity solutions. Lastly, for all x € (0, X) so that pg(x) # M,

one has ,
’U”(CC) — MO('%') .
P 2y M — po(x)
If po(xpr) = M, then (4.22) implies that puo(x) < M for all z # xps close to xps and a Taylor expansion
gives
li "(x) =\ —pul 2.
R R AC)) pg(xar)/

Hence, v, can be extended to a continuous function over (0, X). Similarly, it can be extended over
(X, 1). It follows that v, is bounded over [0, 1] and that it is piecewise C%(R). O

For any p € R, define the elliptic operator :

Lyp == ¢" = 2p¢’ + (0 + no(¢(2)) -
Lemma 11. For allp € R, let
Up(¢(x)))_ (4.25)
If (4.22) holds and uo € C?(R), then @, is piecewise C*(R) and one has

Lppp(z) — H(p)pp(x)
op(T)

— 0 as x — +o0. (4.26)
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4.5. The unique spreading speed case

Proof. The function ¢, is piecewise C*(R) since v, is piecewise C*(R). For all x so that v, is C? in

T, we can compute

) = (o - ¢”x S0 o)
/! T /! T 2 /1 T
@) = (<z>' D) - Sk <¢<x>>+(2((‘f;,((x));3—(j,(i)§2>vp<¢<x>>> e
ar 2
+(splo) - (jf,(( S(00)) o).
This gives

Lptpp(l') - H(p)@P(x) _ ¢/(x) ”(@(Cﬂ)) — (b”(.%’) 1), (gb(:ﬂ)) + (2 ((2//(%))2 - ¢I”(x)2> Up(¢($))

() - ) ¥ @) @)
2 S w0 + (S uew)) +i6w)?
2p ((0(0)) = (S T000)) + 52+ a(6(e) — H(p)
— Sl - S o) + (2 L (j(;)i) p(6()
2 D) 00 + (0t
+2 5 60)

As vy, is periodic and W, v/ is bounded. It follows from (4.9) that

Lpapp(x) — H(p)app(x) — 0 as z — +oo.

ep(@)
O
Lemma 12. Define ¢, as in Lemma 11. Then
% — 0 as x — +o0. (4.27)
Proof. One has (@) ()
= & (@) for all z € R. (4.28)

The function z +— v,(¢(x)) is clearly bounded since v, is periodic. Hence, (4.9) gives the conclusion.

O

5.2 Upper bound for the spreading speed

Proof of part 1 of Theorem . We first assume that pg € C?(R). Let us now show that w* < we.
Let ¢ > wo and ¢1 € (Woo, ¢). We know that there exists p > j(M) > 0 such that

o= min H(p)/p = H(p)/p.
Weo = min ()/p (p)/p

Let k > M so that p = j(k) > 0, and ¢, defined as in Lemma 11. We know from Lemma 11 that there
exists X > 0 such that :

| Lpp(x) — kpp(2)] < (¢1 — woo)j(k)pp(x) for all 2 > X. (4.29)
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Let u be defined for all (¢,z) € [0,+00) x R by :
u(t,x) := min{1, gpp(QU)e—j(k)(w—h—clt)}7

where h € R is large enough so that ug(z) < @(0,z) for all z € R (this is always possible since ug is
compactly supported). Moreover, @(t, z) < 1 if and only if ¢, (z) < e/(F)@=h=e1t)
to x — vp(p())/(j(k)¢' (x)) > h+ c1t > h. Lemma 12 yields that the left hand-side of this inequality
goes to +00 as * — +00. Hence, we can always take h large enough so that u(t, z) < 1 implies x > X.

It follows that for all (t,z) € [0, +00) x R such that w@(¢,z) < 1, one has

which is equivalent

0t — Ozu — f(z,7)

v

O — Oz U — M(m’)ﬂ
J(R)erT — L) (gp) ()W mhmert

jk)eru — ku — (¢1 — wso)j(k)u

A2V

v

(j(k)weo — k)u = 0.

It follows from the parabolic maximum principle that @(t,z) > u(t,z) for all (¢,x) € [0,+00) x R.

Hence, for all given x € R,
u(t, z) < pp(x)e I®@E=h=et) for all ¢ > 0.

Let ¢ > 0 so that ¢ < j(k)(c — ¢1)/c. Lemma 12 yields that there exists R > 0 so that for all
z > R,In(pp(z)) <ex. Let T = R/c and take ¢t > T and x > ct. One has

In (igp(z)e I WE=h=ei) = In (g, (2)) — j(k) (@ — h — e1t)
(e —j(k)x + j(k)(h + c1t)

< (ee+i(k)(er — o))t +j(k)h

IN

—o0 ast — 400

1

since ec < j(k)(c — ¢1). Hence,

- —j(k)(@—h—c1t)) _
t—1>l+moo max (Lpp(x)e ) 0 as t — +o0,

which ends the proof in the case py € C*(R).

Lastly, if pp € C°(R) is an arbitrary 1-periodic function, then one easily concludes by smoothing
po from above. Indeed, one can find a sequence (1), € C?(R)YN converging uniformly to o, and such
that for all n € N and = € R, po(x) < pg(z).

It follows from the maximum principle that

tilgrnooglfggu(t xz) =0 forall w > rr>11nk/] (k),

1
where j" (k) = / \Vk— pg(z)dx > j(k) > 0. Letting n — +o00, one gets
0

lim maxu(t,z) =0 for all w > we,
t—+o00 r>ct

which concludes the proof. O
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4.5. The unique spreading speed case

5.3 Lower bound on the spreading speed

Proof of part 2 of Theorem . First, assume that uy € C?(R) satisfies (4.22). Let ¢, as in Lemma
11. For all 6 > 0, take R large enough so that Lyp, > (H(p) —0)pp at any point of (R, +00) where ¢,
is piecewise C2. It is easy to derive from the proof of Lemma 11 that gpfn /¢p is bounded and uniformly
continuous. Take C' > 0 so that |¢, ()| < Cpp(x) for all z € R.

We need more regularity in order to apply the results of [28]. Consider a compactly supported
nonnegative mollifier x € C*°(R) so that [p x = 1 and define the convoled function v, := exp (x *

Inp,) € C*(R). One has ¢, /¢, = x % (Lp;,/tpp). Hence, [, (z)] < Cipp(x) for all 2 € R and, as ¢),/¢p

and (gp{o / gpp)z are uniformly continuous, up to some rescaling of y, we can assume that

[ x> (%)\2 - \z—iFHw <4, [ (\j—ir?) - \j—irzum < 5 and [ p = plloo < 6.
We now compute

i !

E LT o (12 = o (D s (221 () 2 o (),

¥p Pp Pp Pp Pp Pp Pp
It follows that
Uy Pp o Pp “p
> —20 + x * (H(p) —u—5) + p(z)
> =36+ H(p) + p(z) — x * p(z)
> —46+ H(p)

in (R, +00). On the other hand, Lemma 12 yields ¢, € Apr, where Ag is the set of admissible test-

functions (in the sense of [28]) over (R, c0) :

Ar = { 9 € CY([R,00)) NC*((R, 0)),

] ] 1 (4.30)
V'[P € L((R,0)), ¢ > 0in [R,00), limy i 3y Inp(x) =0 }.
Thus, one has A\ (L, (R, +00)) > H(p) — 40, where the principal eigenvalue \; is defined by
A1 (Lp, (R,00)) := inf{\ | 3¢ € Ap such that L,¢ > A¢ in (R, 00)}, (4.31)

Hence, imp_ o0 A1 (Lp, (R, +00)) > H(p) for all p > 0.

In order to use Theorem 2.1 of [28], we need the nonlinearity to have two steady states and to be
positive between these two steady states. It is not the case here but we will bound f from below by
such a nonlinearity. As ming o > 0 and f is of class C! in the neighborhood of u = 0, we know that
there exists 6 € (0,1) so that

f(z,u) >0forallz € R and u € (0,0).

Let ¢ = ((u) a smooth function so that

0<¢(u)<1forallue(0,0), ((u)=0forallu>60 and ((u) =1 for all u € (0, g)
Define f(z,u) := ((u)f(z,u) for all (z,u) € R x [0,1]. Then
[<finRx[0,1] and [ (2,0) = f,(2,0) = po(¢(z)) for all z € R.
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Chapitre 4. On the uniqueness of the spreading speed in heterogeneous media

Let u the solution of (4.1) with nonlinearity f instead of f and initial datum wug. The parabolic
maximum principle yields u > u.

Since the function f satisfies the hypotheses of Theorem 2.1 in [28], we conclude that

H
lim min u(t,z)=1forallwe (O,min (p))
t—+00 z€[0,wi] p>0 p

It follows that
_Hp) .k
Wy > Min = min ——.
p>0 p k>M j(k)

Next, assume that ug € C?(R) does not satisfy (4.22). Let 7 € R so that ug(y) = max to(y). Take
ye

a 1-periodic function y € C*(R) so that x(0) = 0, x(y) > 0 for all y # 0 and x”(0) > 0. Define for all
neNandz e R:

o (y) == po(y) — %x(y - 7).

This 1-periodic function satisfies (4.22) for all n and one has 0 < uf < po for n large enough. It follows

from the maximum principle that

k
liminf min wu(¢,z) > 0 for all w € (0, min ,—),
t—+o0 0<z<wt k>M j7(k)

1
where j" (k) = / \V k= ul(x)dx > j(k) > 0 for all k > M. Letting n — 400, one has uf(y) — po(y)
uniformly in y € R and thus

1§Lnﬁ&f Ogrrmngnwtu(t,x) > 0 for all w € (0, weo),

which concludes the proof in this case.

Lastly, if po € C°(R) is an arbitrary 1-periodic function, then one easily concludes by smoothing

1o as in the previous step. O
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Chapitre 5. Uniqueness from pointwise observations in a multi-parameter inverse problem

5.1 Introduction

Reaction-diffusion equations arise as models in many fields of mathematical biology [135]. From
morphogenesis [176] to population genetics [72, 112] and spatial ecology [103, 169, 175], these partial
differential equations benefit from a well-developed mathematical theory.

In the context of spatial ecology, single-species reaction-diffusion models generally deal with polyno-
mial reaction terms. In a one-dimensional case, and if the environment is supposed to be homogeneous
they take the form :

ou 0%u
o Vo

where u = u(t, x) is the population density at time ¢ and space position z and D > 0 is the diffusion

= P(u), (5.1)

coefficient. The function P, which stands for the growth of the population, is a polynomial of order
N > 1. The Fisher-Kolmogorov, Petrovsky, Piskunov (F-KPP) equation is the archetype of such
models. In this model, we have P(u) = pu — yu?. The constant parameters p and v respectively
correspond to the intrinsic growth rate and intraspecific competition coefficients. In this model, the
lower the population density w, the higher the per capita growth rate P(u)/u. More complex models
can involve polynomial nonlinearities of higher order. Examples are those taking account of an Allee
effect. This effect occurs when the per capita growth rate P(u)/u reaches its maximum at a strictly
positive population density and is known in many species [7, 53, 179]. A typical example of reaction
term involving an Allee effect is [105, 118, 158] :

P(u) = ru (1 —u) (u—p),

with 7 > 0 and p € (0,1). The parameter p corresponds in that case to the “Allee threshold" below
which the growth rate becomes negative.

In the previous examples, the reaction terms were assumed to be independent of the space variable.
However, real world is far from begin homogeneous. In order to take the heterogeneities into account,
models have been adapted and constant coefficients have been replaced by space or time dependant
functions. In his pioneering work, Skellam [169] (and later, Shigesada, Kawasaki and Teramoto [168])
mentioned the following extension of the F-KPP model to heterogeneous environments :

ou 0%u 9

o~ D = nl@)u—y(a)u’. (5:2)

Here, the values of u(x) and ~y(x) depend on the position x. For instance, regions of the space asso-
ciated with high values of p(zx) correspond to favorable regions, whereas those associated with low or
negative values of p(z) correspond to unfavorable regions. As emphasized by recent works, the precise
spatial arrangement of these regions plays a crucial role in this model, since it controls persistence
and spreading of the population [24, 45, 64, 153, 156, 159, 103]. Models involving an Allee effect
can be extended as well to heterogeneous environments, as in [86, 158], where the effects of spatial
heterogeneities are discussed for models of the type :
O pOU )l — wu — ple) + v(a)]. (5.3)
ot Ox?
We also refer to [126] for an analysis of propagation phenomena related to a reaction-diffusion model

with an Allee effect in infinite cylinders having undulating boundaries.
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5.1. Introduction

In this chapter, we focus on reaction-diffusion models with more general heterogeneous nonlinea-

rities :

ou

Pu X
o~ Po ’ f 4
ot 02 + kz::l pr(z)u” + g(z,u), for t >0, x € (a,b), (5.4)

for some interval (a,b) in R.

Since the behavior of such models depends on the precise form of the coefficients, their empirical
use requires an accurate knowledge of the coefficients. Unfortunately, in applications, the coefficients
cannot be directly measured since they generally result from intertwined effects of several factors.
Thus, the coefficients are generally measured through the density w(¢,z) [170]. From a theoretical
viewpoint, if u(t,z) is measured at any time ¢ > 0 and at all points x in the considered domain, all
the coefficients in the model can generally be determined. However, in most cases, u(t,x) can only
be measured in some — possibly small — subregions of the domain (a,b) [188]. For reaction-diffusion
models as well as for many other types of models, the determination of the coefficients in the whole
domain (a,b) bears on inference methods which consist in comparing the solution of the model with
hypothetical values of coefficients fix, with the measurements on the subregions [171]. The underlying
assumption behind this inference process is that there is a one-to-one and onto relationship between the
value of the solutions of the model over the subregions and the space of coefficients. This assumption

is of course not true in general.

In this chapter, we obtain uniqueness results for the coefficients ux(x), & = 1,..., N, based on
localized measurements of the solution w(t,z) of (5.4). The major differences with previous works
dealing with comparable uniqueness results are (1) the size of the region, namely a singleton, where
u(t,z) has to be known in order to prove uniqueness, (2) the number of parameters we are able to

determine, and (3) the general type of nonlinearity we deal with.

Uniqueness of the parameters, given some values of the solution, corresponds to an inverse coeffi-
cient problem, which is generally dealt with — for such reaction-diffusion equations — using the method
of Carleman estimates [35, 109]. This method provides Lipschitz stability, in addition to the unique-
ness of the coefficients. However, this method requires, among other measurements, the knowledge of
the density u(6,x) at some time 6 and for all z in the domain (a,b) (see [15, 48, 76, 97, 192]). The
uniqueness of the couple (u, p(z)) satisfying the equation (5.2) given such measurements has been in-
vestigated in a previous work [49], in any space dimension. Uniqueness and stability results can also be
derived from boundary measurements. In particular, there is a huge literature on the determination
of nonlinear spatially homogeneous terms f(u) in reaction-diffusion equations from such boundary
measurements [42, 59, 63, 120, 137, 144].

In a recent work, Roques and Cristofol [155] have proved the uniqueness of the coefficient p(z)
in (5.2) when y(x) is known under the assumption that the density u(¢,zo) and its spatial derivative
%(t,xo) are known at a point xy in (a,b) for all ¢ € (0,e) and that the initial density u(0,z) is
known over (a,b). This result shows that the coefficient p(z) is uniquely determined in the whole
domain (a,b) by the value of the solution u(t,z) and of its spatial derivative at a single point xg. The
present work extends this result to the case of several coefficients py(x), k =1,..., N : given any point
xo in (a,b) we establish a uniqueness result for the N—uple (u1(x),...,un(z)) given measurements
of the N solutions u(t, z) of (5.4) and of their first spatial derivatives in (0,¢) x {zo}, starting with N

nonintersecting initial conditions.
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Chapitre 5. Uniqueness from pointwise observations in a multi-parameter inverse problem

5.2 Hypotheses and main result

Let (a,b) be a bounded interval in R. We consider, for some 7" > 0, the problem :

N
% - D% = kz::luk(x)uk +g(z,u), t€(0,T), x € (a,b),
aqu(t,a) — ﬁlg—Z(t, a)=0, t>0, (Pffk))
asu(t,b) + 528—5(75, b) =0, t>0,
u(0,z) = u’(z), z € (a,b),
for some N € N*| and for — unknown — functions uj which belong to the following space M :
M := {p € C%"([a,b]) s. t. ¢ is piecewise analytic on (a,b)}, (5.5)

for some 1 € (0,1]. The space C%" corresponds to Hélder continuous functions with exponent 7 (see
g. [75]). A function ¢ € C%"([a,b]) is called piecewise analytic if their exist n > 0 and an increasing

sequence (Kj)1<j<n such that k1 = a, k, = b, and

n—1
for all x € (a,b), ¢¥(x) = Z X[Hj,njﬂ)(ﬂ?)@j(x)’
j=1

for some analytic functions ¢;, defined on the intervals [k;, j41], and where X[k .kj41) ar€ the charac-
teristic functions of the intervals [k;, k;j41) for j = 1,...,n — 1. In particular, if ) € M, then, for each
x € [a,b) (resp. x € (a,b]), there exists r = r,, > 0 such that ¢ is analytic on [z, z+7] (resp. [z —r, z]).

The assumptions on the function g are :

{ 9(-,u) € C*([a,b]) for all u € R, g(x,-) € C'(R) for all z € [a,b], (5.6)

9(+,0) =0 in [a, b].
We also assume that the diffusion coefficient D is positive and that the boundary coefficients

satisfy :
o2 + 42> 0and a2+ 52 > 0. (5.7)

We furthermore make the following hypotheses on the initial condition :
u’ >0 in (a,b) and u° € C*"([a, b)), (5.8)

that is u° is a C? function such that (u?)” is Holder continuous. In addition to that, we assume the

following compatibility conditions :

ar1®(a) = B1(u¥) (@) = 0 and  —D (u%)"(a) = g(a,0) if By =0,

(5.9)
aou®(b) + Bo(u)' (b)) =0 and —D (u®)"(b) = g(b,0) if B = 0.

Under the assumptions (5.5)-(5.9), for each sequence (ux)1<x<ny € MY, there exists a time T&Ok) €
(0, +0o0] such that the problem (Pai)k)) has a unique solution u € Cf”g/Q([O,T&Ok)) X [a,b]) (ie. the
derivatives up to order two in = and order one in ¢ are Holder continuous). Existence, uniqueness and

regularity of the solution u are classical (see e.g. [141]).
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5.8. Proof of Theorem &

Our main result is a uniqueness result for the sequence of coefficients (px)1<k<n associated with
observations of the solution and of its spatial derivative at a single point z( in [a,b]. Consider N

ordered initial conditions u{ and, for each sequence (ux)1<k<n, let u; be the solution of (73( )) Our

0
result shows that for any finite subset Q C MY and any ¢ € (0, in ot 1 the foneron
() €Q,1<i<N  (HK)7"

Q — CY(0,e)*N
(tr)i<k<n = (wil-,20), 0u; /0x(-, 20))1<i<N

G:

)

is one-to-one. In other words, we have the following theorem :

Theorem 5. Let N € N*, (ur)1<k<n and (fix)1<k<n be two families of coefficients in M. Let (u )1<z<N
be N positive functions fulfilling (5.8) and (5.9) and such that u)(x) # uf(z) for all x € (a,b) and

all i # j. Let u; and ; be the solutions of (PELE ) and (szk)), respectively, on [0,T) X [a,b], with

0
T = minlgiSN{T&ik } We assume that w; and G; satisfy at some xo € (a,b), and for some

(Hk
€ (0,77 :
ui(t,xo) = ﬂi(t,xo),
du, Dl forallt € (0,¢) and alli € {1,--- ,N}. (5.10)
%(E%) = %(Exo)?

Then pg = fix on [a,b] for all ke{l,--- , N}, and consequently u;=1; in [0,T) X [a,b] for all i.

Remark 10. The conclusion of Theorem 5 is still valid when xy = a and By # 0 (resp. x9 = b and

B2 # 0) if the initial conditions u) are assumed to be positive in [a,b) (resp. (a,b]).

The main result in [155] was a particular case of Theorem 5. A similar conclusion was indeed proved
in the case N = 1 and for g(x,u) = —yu?. In such case, the determination of one coefficient p1(z)
only requires the knowledge of the initial condition u® and of (u(t,zo),du/dz(t, z0)) for t € (0,¢).
When N > 2, the above theorem requires more than the knowledge of the initial condition for the
determination of the coefficients : we need a control on the initial condition, which enables to obtain NV
measurements of the solution of (PE‘:}C)), starting from N different initial conditions. A natural question
is whether the result of Theorem 5 remains true when the number of measurements is smaller than

N. In Section 5.4, we prove that the answer is negative in general.

5.3 Proof of Theorem 5

For the sake of clarity, we begin with proving Theorem 5 in the particular case N = 2 (the proof
in the case N = 1 would be similar to that of [155], which was concerned with g(x,u) = —yu?). We
0 0
then deal with the general case of problems (P&k)) and (P?ﬁk)) with N > 1.

3.1 Proof of Theorem 5, case N = 2.

Let (u1,p2) and (fi1, fiz) be two pairs of coefficients in M. Let ul(x),u(x) be two functions
verifying (5.8) and (5.9) and such that u(z) # uY(z) in (a,b). Let u; and 7y be respectively the
solutions of (77,11 o) and (Pﬂll i,) and uz and @2 be the solutions of (77,; o) and (PHT fn)-

We set, for i = 1,2,

Ui == u; — U, my := p1 — fi1 and mg := pp — fig.
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Chapitre 5. Uniqueness from pointwise observations in a multi-parameter inverse problem

The functions U; satisfy :

oU; 0%U;
5 D o bi(t,x)U; + h(x,u;(t, z)), (5.11)

for t € [0,T) and x € [a, b], where

bilt,2) = fia(2) + fiz() (wi(t, @) + Tlt, 7)) + it ),

) —gle b))
(T -%') _ﬁi(t,l') f Z(t’ ) 7& Z(t7 )’ (5‘12)
(

h(z,s) = s (my(z) + ma(z)s),
and the boundary and initial conditions :

oU;
_ 61 __°

5
U (t,b) +ﬁ28—x’<t, b) =0, t >0,

Ui(0,z) =0, x € (a,b).

OélUi(t, a’) (ta a’) =0,t>0,

(5.13)

Let us set :
Ay = {x > xg s.t. my(y) = mo(y) =0 for all y € [xo,x]},

and
sup (Ay) if A4 is not empty,
xr1 =
xo if AL is empty.

If 1 = b, then my(z) = ma(z) =0 on [xg, b]. Let us assume on the contrary that x; < b.

Step 1 : We show that there exist 6 > 0, xg € (21,b) and j € {1,2} such that the function (t,x) —
h(z,u;(t,x)) has a constant strict sign on [0,0] x (x1,x2], i.e. h(z,u;(t,x)) > 0 or h(x,u;(t,x)) <0
in [0,0] X (1, x2].

To do so, let us define, for all z € [z1,b) :

mi(z) .
- f 0
mQ(x) 1 m2(x) 7& )
Aa) =9 g ™) i ma(@)=ma(r)=0 (5.14)
y—at ma(y) and mao(y)#£0 in a right neighborhood of z,
+00 otherwise.
Whenever ma(x) # 0, z(x) is a root of the polynomial h(z, -). Notice also that the limit lim,,_, .+ — 2;83

in the second case of the definition of z(z) is well defined since m; and mgy are analytic on [z,y] for
y —x > 0 small enough.

Since, uf(x1) # uy(x1), we have |[uf(z1) — z(z1)| > 0 for some j € {1,2}. Moreover, there exists
0 > 0 such that z1 + 0 < b and

|u9(:c) —z(z)| > r>0on [,z + 4], for some r > 0. (5.15)

Indeed, if z(x1) = £o0, we clearly have (5.15). If z(z1) # to0, from (5.14), z is continuous in a right

neighborhood of 1. As the function u? is also continuous in this neighborhood, we get (5.15).
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5.8. Proof of Theorem &

Moreover, u;(t, z) € Clz’:]’/z ([0,T) x [a,b]) . This implies that u; is continuous at (¢,z) = (0,z1). As

a consequence, there exists # > 0 small enough so that |u;(t,z) — u?(x1)| <r/4in [0,0] X [x1,21 + 0],
whence
lu;(t, z) — u?(w)] < g in (t,z) € [0,0] x [x1,21 + 0]. (5.16)

Finally, setting ¢’ = min{#, §}, we have, from (5.15) and (5.16) :

Ju(t,2) = 2(@)] > | Juj(t,2) — w(@)] — (@) — 2(@)| | > £ >0 (5.17)

N3

for all (t,z) € [0,0] x [x1, 21 + ¢'].
Now, the definition of x7 and the piecewise analyticity of m; and mo imply that there exists
8" € (0,4") such that :

for all € (z1,21 +§"], (5.18)
the polynomial function h(x,-) verifies h(z,-) # 0 in R.
Indeed, assume on the contrary that there is a decreasing sequence y,, — 21 such that h(y,,-) =0 in
R. Since the functions h(y,,-) are polynomial, we get mi(y,) = ma(y,) = 0 for all n € N. Besides, as
m1 and mg belong to M, for n large enough, m; and my are analytic on [z1,y,], which implies that
mi = mg = 0 on [z1,2,] for n large enough. This contradicts the definition of z; and we get (5.18).
From the expression (5.12) of h and using (5.18), we observe that for each z € (x1, 21 + "], either
s = 0 is the unique solution of h(z,s) = 0 or ma(x) # 0 and the equation h(z,s) = 0 admits exactly
two solutions s = 0 and s = z(z). Let us set x9 = 21+ 0" € (21,b). By continuity of u; in [0,T") x [a, b],
and since [z1,z2] C (a,b) and ug > 0 in (a,b), we have u;(t,z) > 0 in [0,0] x (x1,x2] for  small
enough. Thus, using (5.17) we finally get :

h(z,u;(t,x)) # 0 in [0,0] x (z1,x2].

This concludes the proof of step 1.

Step 2 : We prove that x1 = b.

From Step 1, let us assume in the sequel — without loss of generality — that (¢,z) — h(x,u;(t,x))
is positive on [0,6] x (x1,x2] (the case h(z,u;(t,z)) < 0 could be treated similarly). Then, from the
definition of 1, we deduce that h(z,u;(t,z)) is nonnegative for all (¢,z) € [0,6] x [zg, z2].

Since h(x2,u;(0,22)) > 0 and U;(0,-) = 0, it follows from (5.11) that

oU;
a—tJ(O,azg) = h(w2,u;(0,72)) > 0.

Thus, for ¢ € (0,0) small enough, U;(t,x2) > 0 for ¢ € (0,¢'). As a consequence, and from the
assumption of Theorem 5, U; satisfies :
oU; 0%U;
a—t] -D 8::32] —bj(t,z)U; >0, t € (0,), x € [xo,x2],
Uj(t,ﬁﬂo) =0 and Uj(t,ﬁﬂg) >0, 1te (0,6/),
Uj(0,2) =0, z € (w0, x2).

Moreover, the weak and strong parabolic maximum principles give that U;(t,z) > 0 in (0,€") X (zo, z2).

Since Uj(t, zo) = 0, the Hopf’s lemma also implies that

ou,

e (t,z0) > 0 for all t € (0,€").
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Chapitre 5. Uniqueness from pointwise observations in a multi-parameter inverse problem

This contradicts the assumption (5.10) of Theorem 5. Finally, we necessarily have 21 = b and therefore

my = mg = 0 on [xg, b].

Step 3 : We prove that mi; = mge =0 on [a,b].
Setting :
A_ = {x < zg s.t. mi(y) = ma(y) =0 for all y € [x,xo]},

and
{ inf (A_) if A_ is not empty,
Y1 =

x if A_ is empty,

we can prove, by applying the same arguments as above, that y; = a and consequently m; = mg =0
on [a, z).

Finally, m; = mo = 0 on [a, b] which concludes the proof of Theorem 5 in the case N = 2. U

Remark 11. Apart from the radially symmetric case, the extension of the above arguments to higher
dimensions is not straightforward. Indeed, let us replace the interval (a,b) by a bounded domain Q of
R?, with d > 2, and consider the simplest case N = 1 and ul > 0 in Q. Assume that u; = iy in a
set (0,e) X w where € > 0 and w C Q is a subset of Q. Then, one can check that my = py — i =0
in w. We may define Ay as the largest closed subset of 2, containing w, and such that mi; =0 on A,.
Define 6 > 0 such that u; > 0 in [0,0] x Q. Then, if Ay # Q, there exists a set Ay D Ay, such that
Ay # Ay and my has a constant strict sign in Ay \ Ay. Thus, instead of the result of Step 1 above,
we know that (t,x) — h(z,ui(t,z)) = ui(t,x) mi(z) has a constant strict sign on [0,0] x {A; \ A4}
We may try to use an argument similar to that of Step 2, with Ay = A1 \ w instead of [xg,x2].
However, Uy (t,x) = u; — Uy does not necessarily have a constant sign on the boundary of A, even for

small times t > 0. As a consequence, the above argument cannot be applied as such.

3.2 Proof of Theorem 5, general case N > 1.

We set for all i,k € {1,--- , N},

The functions U; satisfy :

, 277
oU; Da Ui

o — D55 = bt 2)Ui + hiz uit, ), (5.19)

for t € [0,T) and z € [a,b], where

(f—i—g)(x,ul(t,x)) — (f—i—g)(x,ﬂl(t,x))
bi(t,x) = I ui(t,x) — wi(t, x)
%(x,ui(t,x)) if ui(t,z) = a;(t, ),

N
h(z,s) = Z mk(:c)sk,
k=1

if u;(t, x) # w;(t, x),

and
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5.8. Proof of Theorem &

Moreover, the functions U; satisfy the following boundary and initial conditions :

oU;
aUi(t,a) — 5188—:6@,&) =0,t>0,
aU;(t,b) + B2 8% (t,b) =0, t >0, (5.20)

Ui(0,2) =0, x € (a,b).

Let us set

Al = {:UZQ:O s.t. mp =0 on [xg,z] for all k € {1,--- ,N}},

and
| sup(Ay) if Ay is not empty,
e { X0 if AL is empty.

If 21 = b, then for all k, my(x) = 0 on [zg, b]. Let us assume by contradiction that 1 < b. As in the case
N = 2, we prove, as a first step, that there exist 6 € (0,7, x2 € (x1,b) and j € {1,..., N} such that
the function (¢,z) — h(x,u;(t,2)) has a constant strict sign on [0,6] x (z1,z2], i.e. h(z,u;(t,z)) >0
or h(z,u;j(t,x)) <0in [0,6] x (x1,x2].

To do so, observe that, from the definitions of z; and M, there exists 6 > 0 such that 1 +6 < b

and all functions my, are analytic on [z1, 21 4 d] and not all identically zero. Therefore, the integer
p = max {p' eN, my(z) = O((x - xl)p/) asx — o] forall k € {1,... ,N}}
is well-defined. Furthermore, the function h can then be written as
h(z,s) = (x —x1)” x H(x,s) for all (z,s) € [z1,21 + 0] X R,

where

H(z,s) = My(z)s+--- 4+ My(z) s

and the functions My, ..., My are analytic on [z1,21 4+ ] and not all zero at the point 1 (namely,
there exists i € {1,..., N} such that M;(z1) # 0). In other words, the polynomial H(zy,-) is not
identically zero. Since its degree is not larger than N and since H(z1,0) = 0 and the real numbers

ul(z1),...,u%(x1) are all positive and pairwise different, there exists j € {1,..., N} such that

H(z, u?(xl)) # 0.

By continuity of H in [z, 21 4+ 0] x R and of u; on [0,T") X [a,b], it follows that there exist § € (0,T)
and zg € (x1,b) such that

H(z,u;(t,z)) # 0 for all (¢t,z) € [0,0] x [x1, z2].

Consequently,
h(z,u;(t,x)) # 0 for all (t,x) € [0,0] x (z1,z2].

The remaining part of the proof of Theorem 5 in the general case N > 1 is then similar to Steps
2 and 3 of the proof in the particular case N = 2. Namely, we eventually get a contradiction with
the assumption that %(t,xo) = 0 for all t € (0,¢), yielding x; = b and my = 0 on [zg,b] for all
ke€{1,...,N}. Similarly, my = 0 on [a, ] for all £ € {1,...,N}. O
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5.4 Non-uniqueness results

This section deals with non-uniqueness results for the coefficients (y) in (Péfk)) under assumptions
weaker than those of Theorem 5. These results emphasize the optimality of the assumptions of Theorem

5.

1-Number of measurements smaller than number of unknown coefficients.
We give a counter-example to the uniqueness result of Theorem 5 in the case where the number
of measurements is smaller than the number of unknown coefficients V.

Assume that the coefficients p1,. .., pun are constant, not all zero, and such that the polynomial

N
flau) = flu) =" meu
=1

admits exactly N — 1 positive and distinct roots z1,...,zxy_1. Assume furthermore that oy = as =0
(Neumann boundary conditions) and that g = 0. Then for each i = 1,..., N — 1, z; is a (stationary)
solution of (P(z;%)) Consider a similar problem with the coefficients fip = 7ur for 7 # 1 and k =
1,...,N. Then, again, for each i = 1,..., N — 1, z; is a solution of (P(Z}%)) In particular, assumption
(5.10) is fulfilled at any point xy € [a,b] for k € {1,...,N — 1}. However (pi(x),...,un(z)) #
(i (), ..., in(2)).

This shows that the determination of N coefficients (p1)1<k<n requires in general N observations

of the solution of (P(U:k)), starting from N different initial conditions.

2-Lack of measurement of the spatial derivatives.

We show that if hypothesis (5.10) in Theorem 5 is replaced with the weaker assumption :
u;(t, xo) = wi(t, zp), forall t € (0,¢) and all ¢ € {1,--- , N}, (5.21)

then the conclusion of the theorem is false in general.

Let (ug)i<k<y € MY and assume that oy = as = 0 (Neumann boundary conditions). Let
(u?)1<i<n satisfy the assumptions of Theorem 5 and assume furthermore that the functions u? and
g(-,u) are symmetric with respect to z = (a +b)/2, i.e.

{ (uM1<i<n (@) = (U )1<i<n (b — (z — a))

for all = € [a, b].
g9(z,-) = g(b—(z—a))
Let i := p(b— (z — a)) for all z € [a,b] and k € {1,--- ,N}.
0 0
Then, we claim that the solutions u; and @; of (P(U!Zk)) and (Pzgk)) satisfy (5.21) at zp = 22 and
for e small enough. Indeed, we observe that, for each ¢ € {1,--- N}, @;(t,b — (x — a)) is a solution of

0
(P&k))- By uniqueness, we have
wi(t,z) = U;(t,b—(z—a)), for all t € (0,T), all x € [a,b]and all i € {1,--- ,N}.

In particular, u;(t, GTH’) = a,(t, GTH’) fort € (0,7) and i € {1,--- ,N}.
This shows that the assumption (5.21) alone is not sufficient to determine the coefficients (y)1<k<n-

The above result is an adaptation of Proposition 2.3 in [155] to the general case N > 1.

3-Time-dependent coefficients.
We show here that the result of Theorem 5 is not true in general when the coefficients (u) are

allowed to depend on the variable t.
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5.5. Numerical determination of several coefficients

We place ourselves in the simple case N = 1 and g = 0, and we assume that a; = =0
(Neumann boundary conditions). We assume that (a,b) = (0,7), and we set u(t,r) = 1+t cos?(z)
and 7(t,z) = 1 +t sin?(2x).

Let us set

1 (0u 0%u o1 0%
plt z) =~ (E_D(? 2> (t,z) and fir(t,z) = (a—D@> (t,x)),

ie.,
(4Dt + 1) cos?(x) — 2Dt
1+t cos?(x)

(16Dt + 1) sin?(2x) — 8Dt
1+t sin?(2x)

pi(t, ) = and fi;(t,x) =

Then, for each ¢ € [0, +00), pi(t,-) and fi1(¢, ) belong to M. The functions u and @ are solutions of
(77(1“1)) and (73(1[“)), respectively, and they satisfy the assumption (5.10) of Theorem 5 at zyp = 7/2.

However, the conclusion of Theorem 5 does not hold since pq #Z fig.

4-Unknown initial data.

We show here that the result of Theorem 5 is not true in general if the functions u; and ;
are solutions of (73(“ )) and (P([?k))’ with uY # @9, This means that the coefficients () cannot be
determined, given only the measurements (u;(t,zo), 0u;/0x(t,z0))1<i<n for t € (0,¢), if the initial

conditions u

are unknown.
We build an explicit counter-example in the simple case N = 1 and g = 0, with a1 = a9 = 0.
Assume that (a,b) = (0,7), and let us set u(t,z) = (1 + cos?(z)) e?? for some p > 0, and a(t,r) =

(14 sin?(2z)) e”t. We furthermore set
1 (0u 0% 5 1 /{0u R
) =4 (5‘1?@) and fu(z) = 7 (a”w) )

(4D + p)cos®(z) +p—2D
1+ cos?(x)

ie.,
(16D + p)sin?(2z) + p — 8 D
1 + sin?(2z)

() = and fir (z) =

)

1+cos? (:1:)) and (Péjsin2(2:v))

thus 7 and fi; belong to M. Besides, u and 4 are solutions of (P, respectively,

and they satisfy the assumption (5.10) of Theorem 5 at xy = 7/2. However, we obviously have pq # fi.

5.5 Numerical determination of several coeflicients

In the particular case N = 1, it was shown in [155] that the measurements (5.10) of Theorem
5 are sufficient to obtain a good numerical approximation of a coefficient p(x). In this section, we
check whether the measurements (5.10) of Theorem 5 also allow for an accurate reconstruction of N

coefficients (pu)1<k<n in the cases N =2 and N = 3.

Given the initial data v and the measurements u;(t, zo) and %Q;Z (t,z0), for t € (0,e) and i €
{1,---, N}, we can look for the sequence (u1)1<k<n as a minimizer of some functional G(,, . Indeed,
for any sequence (ﬂk)1<k< N in MY, the distance between the measurements of the solutions w; of
(P(u )) and @; of (77( )) i€ {l,---,N} can be evaluated through the function :

Gul ({9112‘

G ( Z lui(-szo) — @il 2ol £2(0,6) + H ( ,T0) — %(',CUO)HL?(O,E)-

Then, G(,,)[(t)] = 0 and from Theorem 5 this is the unique global minimum of G, ) in MY,
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
T T

(a) Determination of 2 coefficients (b) Determination of 3 coefficients

FIGURE 5.1 — (a) Plain lines : examples of functions g (red line) and pg (blue line) in E.
Dashed lines : the functions pj (in red) and pj (in blue) obtained by minimizing G/, ., In
this case |1 — pillz20.0) + ez — #3120y = 015, and Gy o [(pi,3)] = 9 - 107 (b) Plain
lines : functions p; (red line), pg (blue line) and ps (black line) in E. Dashed lines : the

functions pi (in red), w3 (in blue), pj (in black) obtained by minimizing G| Here,

P15 02,42)
= 13l 20,0y + 2 = 131l 220,0) + s — B3l 2(0,1) = 0-38 and Gy g iy (11, 115, 183)] = 3 - 1072

In our numerical computations, we fixed (a,b) = (0,1), D = 0.1, ey = as =0 and 1 = 2 =1
(Neumann boundary conditions), g = 2/3 and ¢ = 0.3. Besides, we assumed the coefficients py to

belong to a finite-dimensional subspace £ C M :
E = {p e C®(0,1])|3 (h;)ocjen € R™Y,
plx) = Yo hy - J (0 =2) (x = ¢j)) on [0,1]},

(z -2z +2)*

with ¢; = ZL;_; and J(z) = 58

tions, the integer n was set to 10.

if z € (—2,2), and J(z) = 0 otherwise. In our computa-

Case N = 2 : 25 couples of functions (u1, p2) have been randomly sampled in E? : for k = 1 and

k = 2, the components h;? , in the expression
n
(@) = ST (0= 2) ( — ¢)),
=0

were randomly drawn from a uniform distribution in (=5, 5).
Starting from the initial data «{ = 0.1, and u§ = 0.2, the corresponding values of w(t,xq),
%(t, x0), ua(t,xo), %(t, 1) were recorded ?, which enabled us to compute G, .,)[(fi1, fiz)] for any

couple (fi1, fiz) in E?. The minimizations® of the functions G lead to 25 couples (u7, p3), each

H1,p42)

one corresponding to a computed minimizer of the function G, ,,).-

4. Numerical computation of v and @ were carried out with Comsol Multiphysics® time-dependent solver. We used a
second order finite element method (FEM) with 960 elements. This solver uses a method of lines approach incorporating

variable order and variable stepsize backward differentiation formulas.
5. The minimizations of the functions G/,,) were performed using MATLAB’s® fminunc solver. This optimization

algorithm uses a Quasi-Newton method with a mixed quadratic and cubic line search procedure. The stopping criterion

was based on the number of evaluations of the function G, ,,) which was set at 4 - 10°.
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5.6. Discussion

The average value of the quantity |1 — pillz2(0,1) + lt2 — #3l22(0,1), over the 25 samples of couples
(p1, p2) s 0.25. The corresponding average value of G/, ,,,) (11, #3) is 1.5-107°. Fig. 5.1 (a) depicts an
example of a couple (1, p2) in E, together with the couple (u7, ud) which was obtained by minimizing
G piz) -

Case N = 3 : in this case, the minimization of the function G, 4, ;) is more time-consuming. We
therefore focused on a unique example of a triple (u1, 12, #3) in E3. The initial data were chosen as
follows : u{ = 0.1, v = 0.2, and u} = 0.3. Fig. 5.1 (b) depicts the triple (1, 2, u3) in E, together
with the triple (u7, 3, p3) obtained by minimizing G, . us)-

5.6 Discussion

We have obtained a uniqueness result in the inverse problem of determining several non-constant
coefficients of reaction-diffusion equations. With a reaction term containing an unknown polynomial
part of the form chv:l pr(z) uF, our result provides a sufficient condition for the uniqueness of the
determination of this nonlinear polynomial part.

This sufficient condition, which is detailed in Theorem 5, involves pointwise measurements of the
solution u(t,zg) and of its spatial derivative du/0z(t,xg) at a single point x¢, during a time interval
(0,¢), and starting with N nonintersecting initial conditions.

The results of Section 5.4 show that most conditions of Theorem 5 are in fact necessary. In par-
ticular, the first counter-example of Section 5.4 shows that, for the result of Theorem 5 to hold in
general, the number of measurements of the couple (u,du/0x)(t, z¢) needs to be at least equal to the
degree (N) of the unknown polynomial term.

From a practical point of view, such measurements can be obtained if one has a control on the initial
condition. Nevertheless, since our result does not provide a stability inequality, the possibility to do a
numerical reconstruction of the unknown coefficients iy, on the basis of pointwise measurements, was
uncertain. In Section 5.5, we have shown in the cases N = 2 and N = 3 — which include the classical
models (5.2) and (5.3) — that such measurements can indeed lead to good numerical approximations of

the unknown coefficients, at least if they are assumed to belong to a known finite-dimensional space.
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Chapitre 6. Fast propagation in integro-differential equations

6.1 Introduction and main assumptions

In this chapter we study the large-time behavior of the solutions of integro-differential equations

with slowly decaying dispersal kernels. Namely, we consider the Cauchy problem :

- ~ R
{ut Jxu—u+ f(u), t>0, z € 6.1)

u(0,z) =up(z), r € R

where J(z) is the dispersal kernel and

(Iru)(ta) = [ (o= yult.y)dy

We assume that the nonlinearity f is monostable and that the initial condition ug is compactly
supported.

The equation (6.1) arises in population dynamics [70, 129] where the unknown quantity u typi-
cally stands for a population density. One of the most interesting features of this model, compared
to reaction-diffusion equations, is that it can take rare long-distance dispersal events into account.
Therefore, equation (6.1) and other closely related equations have been used to explain some rapid
propagation phenomena that could hardly be explained with reaction-diffusion models, at least with
compactly supported initial conditions. A classical example is Reid’s paradox of rapid plant migra-
tion [43, 44, 169] which is usually explained using integro-differential equations with slowly decaying
kernels or with reaction-diffusion equations with slowly decaying — and therefore noncompact — initial
conditions [157]. As we shall see in this chapter, the use of slowly decaying dispersal kernels is the
key assumption that leads to qualitative behavior of the solution of (6.1) very different from what is
expected with reaction-diffusion equations.

Let us make our assumptions more precise. We assume that the initial condition ug : R — [0, 1] is
continuous, compactly supported and not identically equal to 0.

The reaction term f : [0,1] — R is of class C! and satisfies :
f(0)=f(1) =0, f(s)>0 forall s€ (0,1), and f'(0) > 0. (6.2)

A particular class of such reaction term is that of Fisher-KPP type [72, 112]. For this class, the growth
rate f(s)/s is maximal at s = 0. Furthermore, we assume that there exist 6 > 0, sg € (0,1) and M >0
such that

f(s) > f'(0)s — Ms'*° for all s € [0, s). (6.3)

This last assumption is readily satisfied if f is of class C'19.
We assume that the kernel J : R — R is a nonnegative even function of mass one and with finite

first moment :
TeC'R), J>0, J(z)=J(—), /R J(z)dz = 1 and /R 2| J (2)dz < oo, (6.4)
Furthermore, we assume that .J(z) is decreasing for all > 0, J is a C' function for large 2 and
J (x) = o(J(x)) as |z| — +o0. (6.5)

This last condition implies that J decays more slowly than any exponentially decaying functions as

|z| — oo, in the sense that
Vn>0, 32, €R, J(x)>e " in [z,,00), (6.6)
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6.2. Main results

or, equivalently, J (ﬂv)e’7|m| — 00 as |z| — oo for all n > 0. We shall refer to functions J satisfying the
above assumptions (6.4), (6.5) as exponentially unbounded kernels.

The assumption (6.5) is in contrast with the large mathematical literature on integro-differential
equations [8, 47, 54, 173, 185, 186] as well as integro-difference equations [122, 123], where the dispersal

kernels J are generally assumed to be exponentially bounded as |z| — oo, i.e. :
dn > 0 such that / J(2)e < . (6.7)
R

In this “exponentially bounded case", it follows from the results in [185] that, under our assumptions
on up and f, the solution of (6.1) admits a finite spreading speed c*. Thus, for any ¢, ¢ with
0 < ¢ < c¢* < cg < oo the solution u to (6.1) tends to zero uniformly in the region |z| > caof,
whereas it is bounded away from zero uniformly in the region |z| < ¢t for ¢ large enough. Thus, the
spreading properties of the solution of (6.1) when J is exponentially bounded are quite similar to that
of the solution of the reaction-diffusion equation u; = wuy, + f(u) with u(0,-) = wo [9, 10, 72, 112].
The existence of such a finite spreading speed is also true for other integro-differential equations with
exponentially bounded dispersal kernels [8, 54, 173, 185].

Let us come back to problem (6.1) with an exponentially unbounded kernel J. In this case, it is
known that equation (6.1) does not admit any traveling wave solution with constant speed and constant
(or periodic) profile [191]. Moreover, numerical results and formal analytic computations carried out
for linear integro-difference equations [113] and linear integro-differential equations [129] indicate that
exponentially unbounded dispersal kernels lead to accelerating propagation phenomena and infinite
spreading speeds. In this chapter, we prove rigorously such results for the solution w of (6.1) when the
kernel J is exponentially unbounded i.e. J satisfies (6.4) and (6.5).

Our approach is inspired from [88], where it was shown for a reaction-diffusion equation u; =
Uge + f(u) that exponentially unbounded initial conditions lead to solutions which accelerate and
have infinite spreading speed. Here, we get comparable results starting from compactly supported
initial data and with exponentially unbounded dispersal kernels. However, the interpretation of our
results as well as their proofs are very different from those in [88, 157]. These differences are mostly

due to the nonlocal nature of the operator v — Jxu — u, and to its lack of regularization properties.

6.2 Main results

Before stating our main results, we recall that from the maximum principle [185, 191] and from

the assumptions on ug, the solution u of (6.1) satisfies
0 <u(t,z) <1 forall ¢t >0 and z € R.
For any A € (0,1) and ¢ > 0 we denote by
E\(t) ={z € R, u(t,x) = A},
the level set of u of value A at time ¢. For any subset A C (0, J(0)), we set
JHAY = {2 R, J(z) € A},

the inverse image of A by J.
Our first result says that the level sets Ey(t) of all level values A € (0,1) (namely, the time-

dependent sets of real numbers z such that u(¢, ) = \) move infinitely fast as ¢ — oo.

127



Chapitre 6. Fast propagation in integro-differential equations

Theorem 6. Let u be the solution of (6.1) with a continuous and compactly supported initial condition
uo : R —[0,1] (ug # 0). Assume that J is an exponentially unbounded kernel satisfying (6.4) and (6.5).
Then,

Ve >0, min u(t,z) = 1 ast — o0 (6.8)
lz|<ct
and for any given X\ € (0,1), there is a real number ty > 0 such that Ex(t) is non-empty for all
t>1t\, and
min{ E,(£) 1[0, +00)} — max{Ex(t) N (~o0, 0]}

tilgrnoo t - tilgrnoo t = oo (69)

Our next result gives a “lower bound" for the level sets Ey(t) in terms of the behavior of J at oc.

Theorem 7. Under the same asumptions as in Theorem 6, for any X € (0,1) and € € (0, f(0)) there
exists T . >ty such that

V> The, By(t) € J7H{(0,em O] L (6.10)

In our next result, we will either assume :

Hypothesis 1. An exponentially unbounded kernel J satisfies Hypothesis 1 if and only if there exists
o > 0 such that |J'(x)/J(z)| is nonincreasing for all x > o and there exists gy € (0,1) such that

/ J(2)dz < 0. (6.11)
R

or

Hypothesis 2. An exponentially unbounded kernel J satisfies Hypothesis 2 if and only if

‘ J' ()
J ()

=0 (%) as |x| — oo. (6.12)

Under these additional assumptions on the kernel J, we are able to establish an “upper bound" for

the level sets F)\(t).

Theorem 8. Let u be the solution of (6.1) with a continuous and compactly supported initial condition
ug : R — [0,1] (up # 0). Assume that J satisfies either Hypothesis 1 or Hypothesis 2. Then, there
exists p > f'(0) such that for any A € (0,1) there is Ty >ty such that

vt > Ty, Ba(t) < g {7, J0)] }. (6.13)

Theorem 7 together with Theorem 8 provide an estimation of the position of the level sets E(¢)
for large time ¢. In particular the inclusions (6.10) and (6.13) mean that, for any A € (0,1) and any
element z(t) € E\(t), we have

min (Jfl (ef(f/(o)fe)t) N [0,—|—oo)) < Jza(t)] < max (Jfl (efpt) N [0,—|—oo)), (6.14)
for large t.
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6.3 Case studies

Let us apply the results of section 6.2 to several examples of exponentially unbounded kernels :

o Functions J which are logarithmically sublinear as |z| — oo, that is
J(z) = Celzl/m2D) for large |a), (6.15)

with a > 0, C > 0;

o Functions J which are logarithmically power-like and sublinear as |z| — oo, that is
J(z) = Ce P17 for large |z], (6.16)

with a € (0,1), 3, C > 0;

o Functions J which decay algebraically as |z| — oo, that is
J(x) = Clz|™® for large |z|, (6.17)

with a > 2, C > 0. .

First, if J satisfies (6.4) and (6.15) then J satisfies hypothesis 1 (but not hypothesis 2). Theorem 7
and 8 then imply that for any level value A € (0,1) and any € > 0, it exists p > f/(0) such that every
element x)(t) in the level set F)(t) satisfies :

!
0) —
fo=c tln(t) < |zx(t)| < Btln(t) for large ¢. (6.18)
e a
Now, if J satisfies (6.4) and (6.16) then J satisfies hypothesis 1 (but not hypothesis 2) and it

follows from Theorems 7 and 8 that the positions of the level sets F)(t) are asymptotically algebraic
and superlinear as t — +00, in the sense that for £ > 0, there is p > f’(0) such that

(M) v £ < aa(t)] < (2)1/a Y% for large t, (6.19)
p p
where x)(t) is any element of the level set E)\(t) (see Fig. 6.1).

Next, if J satisfies (6.4) and decays algebraically for large x as in (6.17), then J satisfies both
hypothesis 1 and 2 and it follows from Theorems 7 and 8 that the position of the level sets E(t) move
exponentially fast as ¢ — 400 in the sense that, for any A € (0,1) and € > 0, there is p > f’(0) such

e 1'(0) < p

— t < In(lza(t)]) < o t for large t, (6.20)

for any z(¢) in the level set E)(t). The profile of the solution u(t,z) of (6.1) with an algebraically
decreasing kernel is illustrated in Fig. 6.2 (a).

We can observe that the result of Theorem 8 does not enable us to obtain a ratio close to 1 between

the upper and the lower bound in (6.18)-(6.20). Indeed, as we shall see in the proof of the Theorem 8,

the constant p in the upper bound verifies p = m[foﬂi] f(s)/s+ K(J) for some positive constant K(.J)
sell,

which only depends on the kernel J. Therefore, if the function f is not of the KPP type, we have

m[%%] f(s)/s > f'(0) which in turns implies that p > f’(0). Moreover, even when f satisfies the KPP
se|0,
assumption, we are not able to take p close to f/(0), since the constant K (.J) cannot be taken as small

as we want independently of J. It seems reasonable to conjecture from Fig. 6.1 that the upper bound

in (6.14) is not optimal.

129



Chapitre 6. Fast propagation in integro-differential equations

FIGURE 6.1 — Plain line : position zg2(t) of the level set Ey2(t) of the solution of (6.1) with f(u)
u(1 — u), up(z) = max((1 — (x/10)2),0) and the exponentially unbounded kernel .J(z) = (1/4)e~VI7l.
Observe that xgo(t) remains bounded by ¢ — J =1 (e~ /'Ot = (+ —In(4))? and J (e~ (F"(O+1/2)t) —
(3t/2 —In(4))? (dashed lines) for large t.

In another framework, Cabré and Roquejoffre [37] were able to derive upper bound sharper than
that of (6.20) for the level sets of the solutions u of equations of the type u; = Au+ f(u), where f is
concave and therefore satisfies the KPP assumption, ug is compactly supported or monotone one-sided
compactly supported, and the operator A is the generator of a Feller semi-group. A typical example
is the fractional Laplacian A = —(—A)® with 0 < a < 1 : if u is smooth and decays slowly to 0 at
infinity,

o u(z) — u(y)
(—A) u(ﬂ?) = Cqo /R mdfy, for all = € R,

where ¢, is chosen such that the symbol of (—A)% is |¢[?®. In this case, the asymptotic exponential
spreading of the level sets also follows from the algebraic decay of the kernel J,(z) = |z|~ (112
associated with the operator A. For instance, if & = 1/2, N = 1, f(u) = u(l — u) and the initial
condition u(0,-) # 0 is compactly supported, then for A € (0,1), the functions ) (t) = inf{x :
u(t,z) = A} and z{ (t) = sup{z : u(t,z) = A} satisfy for some constant C), > 1 and for ¢ large
enough :

1 1
—Cye'l? < x, (t) < ——¢M? and —€!/? < zi(t) < Cre'l?.
Cy Cy

This bounds which are sharper than those in (6.20), could be derived because of the almost explicit
nature of the heat kernel p(t¢, x) associated with A and satisfying p; = Ap. This allowed the authors
of [37] to construct accurate supersolutions of u; = Au + f(u). Note that the kernel J, is singular at
x = 0 and does not satisfy the hypotheses of Theorems 7 and 8.

Lastly, let us consider the example of a function J satisfying (6.4),(6.5) and such that |J’/J| is not

monotone as || — oo, e.g.
J(x) = Clx — sin(z)|~* for large |z| (with o > 2).

Then J does not satisfies hypothesis 1, but still satisfies hypothesis 2. Thus, we can apply Theorems 7
and 8 which lead to the same estimates as (6.20).
In all above examples the positions of the level sets increase super-linearly with time. This illus-

trates the accelerating behavior of the solution of (6.1) for exponentially unbounded kernels. Coming
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FIGURE 6.2 — The solution u(t,z) of problem (6.1) at successive times ¢t = 0,3,...,30, with f(u) =
u(1 — u) and ug(z) = max((1 — (2/10)2),0) : (a) with an exponentially unbounded kernel J(x) =
(1 + |z[)~3; (b) with an exponentially bounded kernel J(z) = (1/2)e~ 7.

back to Fig. 6.2 (a), we indeed observe that the distance between level sets of the same level tends to
increase with time when time growths as t,, = an with a > 0 and when J is exponentially unbounded,
whereas it remains constant in the exponentially bounded case (Fig. 6.2 (b)). Moreover, in Fig. 6.2
(a), the solution tends to flatten as t — oo i.e. the lower the level A, the faster the level sets F)(t)
propagate. In particular, this implies that the solution does not converge to a traveling wave solution.
This is coherent with the fact that (6.1) does not admit traveling wave solutions when the kernel J is

exponentially unbounded [191].

6.4 Proofs of the Theorems

4.1 Proof of Theorem 6

We begin with proving that for any ¢ > 0, lir_r}iinf u(t,r) = 0. Let us define v(t,z) = v(t,x)e" for
xr o

all (t,z) € [0,00) x R, where 7 = sup (f(s)/s) > f'(0) > 0 and v satisfies the following problem :
5€(0,1]

{Ut:J*U—U,t>O7x€R7 (621)

v(0,2) = up(x), z € R.

Then ¥ verifies 7y = JxT—7+77 on (0,00) xR and (0, z) = ug(x). From the maximum principle [185,
191], we get 0 < u(t,z) <o(t,x) for all (t,z) € (0,00) x R.
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Moreover, since ug is compactly supported and the operator v — J xu — u is Lipschitz-continuous

on L*®(R)NL!(R), the Cauchy-Lipschitz theorem implies that the solution ¢ + v(t, -) of problem (6.21)

belongs to C1([0,00), L°°(R) N L' (R)). Integrating (6.21) over R and using (6.4), we get o)1) =

[uoll 1 (w)- This implies that u(t) belongs to L'(R) for all ¢ > 0. Since u(t,z) > 0 for any ¢ > 0 and
z € R, we have :

liminfu(t, ) = 0 and liminfu(¢,2) = 0 for each ¢ > 0. (6.22)

T——00 r—r-+00

Let us now prove that u(t,0) — 1 as t — oco. Let f satisfy (6.2), (6.3) and such that f < f in [0, 1],
f(s) < f'(0)s for all s € [0,1] and f is a nonincreasing function in a neighborhood of 1. We denote
by @ the solution of the Cauchy problem (6.1) with the nonlinearity f. From the maximum principle
u > on [0,00) x R.

Then, let us set g.(s) = f(s) —es in [0, 1], where € € (0, 1) is small enough such that ¢/(0) > 0. Set

Ae =sup{s > 0] g. >0in (0,s]} <1.
One can choose ¢ > 0 small enough so that g. < 0 on (A, 1]. From (6.4) we know that there exists

A. > 0 such that
Ac
DE:/ J(y)dy =1—ce.
_A.

Let v be the solution of the following Cauchy problem :

{ Ow = D.(J-xv—1) +g-(v), t >0, T €R, (6.23)

v(0,2) = uo(a), = € R,

where J. is a compactly supported kernel defined by :

Je(w) = 2D @)

J(y)dy
— A,
We have
Ow=(Jx L4 a))*v—v+f0) <Jxv—v+ f(v).

The maximum principle implies that 0 < v(t,z) < a(t,z) < u(t,z) (< 1) for all ¢ > 0 and = € R. From
Theorem 3.2 in [124], we know that v propagates with a finite speed ¢ > 0 d.e. for all ¢ € (0, c}),

sup |v(t,x) — Al = 0 as t — +oo. (6.24)
lz|<ct

. < . <
llm ’U(1 5 0) — >\€ llm u(t, 0) 1.

Since A\, — 1 as € — 0, we get
u(t,0) = 1 as t — oo.

It then follows that for any A € (0,1) there exists a time ¢y > 0 such that
u(t,0) > X for all ¢ > t,. (6.25)

Since the functions z — (¢, z) are continuous for all ¢ > 0, one concludes from (6.22) and (6.25) that

E\(t) is a non-empty set for all ¢ > t).
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Let us now prove (6.9). From [124], we know that the propagation speed ¢} is the minimal speed
of traveling wave solutions of problem (6.23). This speed verifies [38, 166] :

¢ =min {3 (De /R J.(2)ePdz — 1+ f’(0)> } (6.26)

n>0 | n

Let A > 0, A € (0,1), t > t) and x)(t) € E\(t). Since J is exponentially unbounded in the sense
of (6.6), ¢ — oco as ¢ — 0. Let us choose £ > 0 small enough such that A, > X\ and ¢ > A. Then,
it follows from (6.24) that |x)(t)| > At for ¢ large enough. Since this is true for any A > 0 and any
z)\(t) € Ex(t) we get (6.8) and (6.9). O

4.2 Proof of Theorem 7

This section is devoted to the proof of a lower bound for min{ E (¢)N(0, +00)} (resp. — max{E\(t)N
(—00,0)}). The proof is divided into three parts. We begin with showing that the solution of (6.1) at
time ¢ = 1 is larger than some multiple of J. Then, we construct an appropriate subsolution of (6.1)
which enables us to prove the lower bound for small values of A. Lastly, we show that the lower bound
remains true for any value of A € (0,1).

More precisely, let us fix A € (0,1) and € € (0, f/(0)). We claim that

Ex(t) c J7H{(0,e" @=L (6.27)

for ¢ large enough.
Step 1 : u(1,-) is bounded from below by a multiple of J(-)
Let us define
v(t,z) = (uo(x) + t(J *ug)(z))e .

Then it is easy to see that v is a subsolution of the following linear Cauchy problem :

{yt:J*g—g,t>0,m€R, (6.28)

u(0,z) = up(zx), = € R.
Indeed, v(0,z) = up(z) and for all (¢,x) € [0,00) x R :
v — Jxv4v=—te " (J*(J*up)) (z) <O0.
Since u is also a subsolution of the equation (6.1) verified by u, we get :
u(t,z) > v(t,x) for all (t,z) € [0,00) X R.

Moreover, v(1,x) = (ug(z) + (J * ug)(x))e~! for all # € R which implies that is exists C' € (0, 1) such
that v(1,2) > CJ(x) for all z € R. Finally,

u(l,z) > v(l,z) > CJ(zx) for all z € R. (6.29)

Step 2 : Proof of (6.27) for small values of A
We recall that there exist § > 0, so € (0,1) and M > 0 such that f(s) > f(0)s — Ms'*? for all
s € [0, sp).
Define p; > 0 by
p1=f'(0) —¢/2. (6.30)
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Since J satisfies (6.4) and (6.5), we can choose & > 0 such that for all |z| > &,
[T ()] < (£'/2) x J (@), (6.31)

where ¢’ > 0 satisfies .
6'/ J(z)zdz < e/2.
0

Let us set :
k= inf CJ=CJ() >0, s; =min(sg,k), (6.32)

(—&1,61)
5 é
M| ——
s M <1+5>

B =max | ] 18" (1+0)(f(0) —¢/2)

and

> 0. (6.33)

Let g be the function defined in [0, 00) by
g(s) = s — Bs'*°.

We observe that
g(s) <0 for all s > s1 and g(s) < s; for all s > 0.

Moreover, let 0 < s5 < s1 be such that ¢’(s2) = 0 and

_ _ _ -1/s
A2 = g(s2) = e 9(s) = 155 (A1 +0)B) 7. (6.34)
Let &y(t) > 0 be such that :
C J(&(t))ePt = sy for all t > 0. (6.35)

We can notice that for all t > 0, {y(t) > & and that £(¢) is continuous and increasing in ¢ > 0, since
J is continuous and decreasing in [0, 00).

Then, let us define u as follows :

(t.2) { g(CJ(x)efr?) for all |z| > &o(t)
u(t,z) =

A2 = g(s2) = g(CT(&(t))e") for all o < &o(t)
Observe that 0 < CJ(z)ePt < CJ(&(t))et = so < s1 when |z| > &y(t), whence u(t,z) > 0 for all

t > 0 and z € R. Let us check that u is a sub-solution of (6.1). Since J(x) is nonincreasing with

for all ¢t > 0. (6.36)

respect to |z| and u satisfies (6.29), we have

u(0,z) = CJ(z) — B(CJ(z))'*° < CJ(z) < u(l,z) for all |z| > &(0)

(6.37)
u(0,2) = o = g(CI(€(0))) < CJ(x) < u(L,) for all |2] < &(0).

Then, let us check that u is a subsolution of the equation satisfied by w in the region where u < As.
Let (t,z) be any point in [0,00) x R such that u(t,z) < A2.As already emphasized, one has 0 <
CJ(z)e't < sy, whence CJ(z) < s1 and |z| > & from (6.32). Furthermore,

0<u(t,z) < CJ(x)e”t <51 <9< 1. (6.38)
Thus, since f satisfies (6.3), we get
f(u(t,z)) > f(0) (CJ(x)emt - B(CJ(x))”‘Sepl(”‘S)t) — M(CJ(z))F0err(1+0)t (6.39)
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Let us now show that Jxu —u > —(g/2)u, for all t € [0,00) and |z| > &y(t). Let t € [0,00) and
x> &(t) > 0.

Remember that .J is decreasing on [0, +00) and that ¢ is decreasing in [0, s2] (which implies that u(t,y)

is nonincreasing with respect to |y|). Then

(Irw)ta) —ulta) = [ I —y)ult.y) - ut.)dy
> [ I@ ) )y
y_\iw
> [ -ty uta)dy+ [ I - ) wlty) - ut.)dy
> [ U= )+ T+ ) alty) - ult.)dy.
(6.40)
Observe that for all y > z,
0> u(t,y) —u(t,x) / Ozu(t, s)
Furthermore, for all ¢ > 0 and s > &y(t)
Oru(t,s) = CJ'(s)ef?! '(CJ eplt) CJ'(s)errt (1 —(140)B(CJ(s)) eplét)
Since s > &o(t) > &1 :
Dot ) < (/DCI()enty’ (CT(s)er)
< (£'/2)CJ(s)ert (1 - B(CJ(s))‘SePI‘”) = (&'/2)u(t, s)
< (€/2)ult,x).
Finally, for all y > x > &(¢t)
u(t,y) —u(t,z) > —('/2)(y — v)ult, z). (6.41)

Then, from equation (6.40) and (6.41), we get

(Tru)(ta) - ulta) > [ (a9 + I+ )uty) - ult.2)dy

> ([ - aw -+ [ - ody) o)
> —(£'/2) (/OOJZ zdz—l—/ooJ(Qx—i-z)zdz) u(t, x)

> —¢ (/ J(z zdz) (t,x)

> —(e/2)u(t,z).

(6.42)
The same property holds for x < —&y(t) by symmetry of J and w with respect to z. It follows
from (6.30), (6.33), (6.39) and (6.42) that, for all ¢ > 0 and |x| > &y(¢)

w(t, ) = (J*ult,z) —u(t,2)) — flut,z))
< pCJ(x)e”rt — pi(1+ 6)B(CJ(2)) e+t 4 ¢ /o0 (t, x)
—1/(0) (C(@)ert = B(CJ () Her H01) 4 M(C.J () Ho e O+
(p1 — f(0) +£/2) CJ(x)ePt + (M — Blpi(1 + 8) — f'(0) 4 ¢/2]) (CJ () Foerr(1F0)t

(M = B p1)(CJ (a)) e (1490
0.

(6.43)

IN AN A
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Let us now check that u is a subsolution of the equation satisfied by u, in the region where u = \s.
Let (t,z) be any point in [0, 00) x R such that u(t,z) = \o. The same arguments as above imply that
for any point (¢, ) satisfying u(t,z) = Aq, i.e. for all (¢,x) € [0,00) x [—&o(t), &o(t)], we get

(Jxm)to) —uto) = [ I —ylult.y) - ro)dy
= [ @ y)uty) - Ay
\yO|OZ£0(t)

= (J(z—y) + J(z +y))(ult,y) —ult, o(t)))dy

&o(t)
> —()2) ( L, =D =@+ [ I - §o(t))dy> Ao
> —('/2) (/OOO J(z+&(t) — x)zdz + /OOO Jz+z+ Eo(t))zdz> A2
> ¢ (/OOO J(z)zdz> A2
> —(g/2) Xa.

(6.44)
For all « € [0,&0(t)) it follows from (6.36) that w,(¢,xz) = 0. Let us show that this is also true when
x = &o(t). As already noticed, £y(t) is an increasing function of ¢. Thus, for all h > 0 &y(t) < &(t + h),
which implies that w(t + h, & (t)) = A2 = u(t,&o(t)). As a consequence,

u(t +h,&(t)) — ult, &(t))

h—0,h>0 h =0
Moreover,
— — — p1(t—h)
lim u(t, So(t) —u(t —h,&(t) _ I g(CJ(&o(1))e ).
h—0,h>0 h h—0,h>0 h

For all A > 0 small enough and using the definition (6.35) of £y(¢), we obtain :
9(CI (& (®)e” ™M) = Ko = pCI (Eo(1))g (s2)h + 0(h) = As + o(h).

This implies that
lim u(t, o(t)) — u(t —h,&(t))
h—0 h

w(t,&o(t)) = =0. (6.45)

Since w;(t,x) = 0 for all z € [0,&y(t)), the above equality and the symmetry of the problem imply
that :
w,(t,z) =0 for all |z| < &y(t). (6.46)

It follows from (6.33), (6.44) and (6.46) that for all t > 0 and |z| < &y (¢),

@t(tvx) - (J*Q(tw%') - @(tvx)) - f(u(tvx))
< (/2) 2 = (F1(0)h — MAT)

s (6.47)
“2a(f(0) - ¢/2) (1 - M ( 0 ) )

IN

(1+6)B(f'(0) —¢/2) \1+4+6
< 0

Using the above inequality together with (6.37) and (6.43), the maximum principle implies that
u(t —1,z) <wu(t,z) forall t > 1 and z € R. (6.48)
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Fix now any real number w small enough so that :
0<w< sy

This real number w does not depends on A but depends on ¢, as well as on J and f. Remember that
t, > 0 is such that E,(t) is a non-empty set for all ¢ > ¢,,. Since J is continuous and decreasing on
[0, 4+00), there exists then a time ¢, > max (¢, 1) such that for all ¢ > ¢, there exists y,,(t) € (£1,00)
such that

CJ (yo())ePr =D = o,

Furthermore, the function y,,(t) : [tw,00) — [£1,00) is increasing and continuous.
Lastly, let €2 be the open set defined by

Q= {(t,z) € Fu,+00) X R, |z] < yu(t)}.

We claim that
u(t—1,2) > g(w) >0 for all (t,x) € Q.

Indeed, if (t,x) € Q is such that C.J(x)e” 1) > sy then |z| < &(t — 1) and

ut —1,z) = Ay = g(s2) > g(w) > 0.
Otherwise, (t, ) is such that w < CJ(z)e” 1) < sy, whence |z| > &(t — 1) and

u(t —1,z) = g(CJ(z)e” ™)) > g(w) > 0.

Finally equation (6.48) implies that

u(t,z) > g(w) > 0 for all (¢,x) € Q. (6.49)
Thus, setting 0 = g(w), we get that if A € (0,0) and if x € E\(t) for ¢ > max(ty, ), then

|z = y(t) = &1 = &0 (0)
Since p; = f'(0) —e/2 > f’(0) — &, there exists then a time T) . > max(ty, %) such that,
Vi > The, Vi € By(1), J(x) < J(polt) = Lot < 0O, (6.50)

This proves (6.27) for A € (0,6).

Step 3 : Proof of (6.27) for any X € (0,1)
Assume that A € (0,1). Let gy be the function defined by

(1 — |z]) if |z| <1,
up () =
_9’0( ) { 0 if || > 1,

where 6 = g(w) is given in Step 2. Let us set f(s) = f(s) — (1 — Dy)s for all s € [0,1] with

&1
Dy = /6 J(y)dy € (0,1),
—Gq1

where £; is chosen large enough such that f/(0) > 0 and f(s) > 0 in (0, \].
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We consider the solution uy of the Cauchy problem :

{ 8tu9:D)\ (J)\*QG_QG)—F]?(@G% t>07 xeR? (651)

EG(OV%') = QG,O(£)7 T E R7
where J) is a compactly supported kernel defined by :

J)\(CC) = &Jiﬂ[_ghgl](x), z eR.

/ )y

It follows from (6.49) and the definition of y,, that for any time T > ¢, and any small shift X in the
sense that | X| < y,(T) — 1, the solution u satisfies

u(T,r) > upo(r — X), forallzecR.
Moreover, we have for all (¢,z) € (0,00) x R :

Orug(t, ) — (J *ug(t,z) — ug(t, =) — fluy(t,x))
< atﬂ@(tvx) - DAJ)\ *Qe(tvx) +Q€(t7x) - f(ﬂ@(tax))

< Oruy(t, ) — Dy (Ix x ug(t, 2) — ug(t, 2)) — f(ug(t, ))

0.

IN

The maximum principle implies that for any time 7" > t,, and any small shift X in the sense that
w(T +t,z) > up(t,z — X), forallt>0, and z € R. (6.52)

Moreover, we know from Theorem 3.2 in [124] that there exists ¢} > 0 such that

liminf inf wy(t,z) =sup{s >0 | f>0in (0,5)} > \.

l—oo |z|<clt

In particular, there exists T\ > 0 such that wuy(T\,z) > A for all |z| < ¢;T). Therefore, taking in
particular z = X in equation (6.52), we get that for any T' > t,, and |X| < y,(T) — 1,

W(T + Ty, X) > ug(T + Ty, 0) > A.

As a consequence, there exists Ty . > max (., + T, t)) such that for all £ > T, _ and for all 2 € E\(t),
one has |z| > y,(t —T)) — 1 and

welt (- J (Yo t—Ty) 1) —(f(0)—
J(@) < J(yy (t—Ty) — 1) = ——e T < e (f(0)—e)t 6.53
: J(s—1) .
since y,(t —T\) — oo as t — oo and NOR — 1 as s — oo, from (6.5). This implies (6.27) and

completes the proof of Theorem 7. O

4.3 Proof of Theorem 8

In this section, we prove an upper bound for max{E)(t)N(0, +o00)} (resp. — min{ E)(t)N(—00,0)}).
The proof of this upper bound is based on the construction of suitable supersolutions of (6.1). The

construction of such supersolutions strongly relies on Hypotheses 1 and 2.
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We shall prove that there exists p > 0 such that, for any A € (0,1),
E\(t) c J! {[e_pt, J(O)]} for large ¢. (6.54)

Since f € C1([0,1]), the “per capita growth rate" f(s)/s is bounded from above by r = sup (f(s)/s) >
s€(0,1]
0.

Proof of (6.54) under Hypothesis 1
Assume that J satisfies hypothesis 1. Then J'/J is negative and nondecreasing on [0, +00). The-

refore In(J) is a nonincreasing convex function on [0, +00). It is then possible to define a function

¢ [0,00) = [0,00) and 7 € [0, 0] such that ¢ is nondecreasing and concave and
©(0) =0, p(4+00) = +00, and p(z) = (59 — 1) In(J(z + 7)) on [0 — T, +00). (6.55)
By concavity, we have the following property, for all y > x > 0 :

p(y) —e(@) < ey — o). (6.56)
Thus, we claim that :
Vr>0,Vy eR, o(x) - o(lz —y|) < o(lyl). (6.57)

Even if it means increasing o, one can assume without loss of generality, that J < 1 on [0, 00). Indeed,
if y <0 then p(x) — (lz —y|) <0 < (ly]). If y > 0, since ¢ is nondecreasing and from (6.56), we
have p(|y — z|) > p(max(z,y)) — p(min(z,y)) > ¢(z) — ¢(y). Notice that (6.57) implies immediately
that

vz R, Wy € R, olll) - o(lz - ol) < p(ly)). (6.58)

Let us define
d(x) = e~?17D for all € R.

Using (6.58), we get :

(J*xd)(x) P(z —y)
O /717(2/)611/

_ /J Yl —ela=y) g, (6.59)

< /J esoly\dy_/J )/ o(y)

Moreover,
/J(y)/é(y)dy=/J(y)e*"('y‘)dy = / J(y)e? WD dy + I (y)e? W dy
R R ly|<o ly|=o
go—1
= /|< J(y )eso(\yl dy+/|> (%ﬁ) J(y)®dy < o,
y|<o o

(6.60)
Jy+71)
J(y)

Since wg is compactly supported, there exists o1 > 0 such that ¢(x) > ug(z), for all |z| > oy.

from hypothesis 1 and since — 1 as y — +oo from (6.5).

Finally, set
po = max {/ J(y)e? 1D dy, 1} -1+,
R
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and define w as follows :

V(t,z) € [0,+00) x R, u(t, z) = min (j((:l)) ePot, 1).

Observe that ug(z) < u(0,z) for all z € R. Let us now check that @ is a supersolution of the
equation (6.1) satisfied by w. Since u < 1,it is enough to check that @ is a supersolution of (6.1)
whenever T < 1. Note that since ¢(z) is nonincreasing with respect to |x|, u(¢,z) < 1 implies that
|z| > o1. Assume that (t,z) € [0, 4+00) X [07,00) and T(t,z) < 1, then it follows from (6.59) that

ePot

¢(o1)
P(x) ot
< s Aﬂww@@

:amwéﬂww@@

This implies that for all (¢, x) such that w(t,z) < 1

(Jxa)(t,z) < (Jxo)(x)

u(t,x) — (J *u)(t,x) + ult,z) — f(u(t,z))

> pou(t,x) — (J *u)(t,z) +u(t,z) — ru(t, x)

(6.61)
> (o= [ J)/6w)dy + 1= rt.a)
> 0,

from the definition of py. The parabolic maximum principle [185, 191] then implies that :
u(t,x) <a(t,z) < (p(zx)/p(or))e, for all (¢,z) € [0,00) x R.
For all t >ty (so that F)\(t) is not empty) and for all = € E)(t), there holds
(2] < o1) or (|2] > o1 and A = u(t, z) < (9(x)/d(01))e™") .
In all cases, we get that
Vt > ty, Vo € E\(t), ¢(z) > min (¢(o1), A (aq)e ).

Then, from the definition of ¢ for large z, and since J(s + 7)/J(s) — 1 as s — +oo for any p >
po/(1 — €o), there exists a time T > t, such that

Vt > Ty, Yo € Ex(t), J(z)>e ", (6.62)

which gives (6.54).

Proof of (6.54) under Hypothesis 2 Assume that J is satisfies hypothesis 2. Since J(z) is decrea-

sing with respect to |z|, we get the following inequality for any = > 0 :

Ui [ te ) +/ (—y d+/+°° I =)y
)’
51+Jm'
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From the symmetry of J, the inequality also holds for x < 0. Moreover, since J satisfies (6.12), there
exists g > 0, and Cy > 0 such that

() .

This implies that there exists K > 0 such that for all x € R,

J'(s)
J(s)

lz| ¢,
ds < / ?Ods = Cpln (2) for all |z| > zg.
|z]/2

(JxJ)(z)

OB 1+ K. (6.64)

Since ug is compactly supported, there exists o1 > 0 such that J(o1) < 1 and J(z) > wup(x), for all
|z| > 1. Then, set pg = r + K and for all (¢,z) € [0,4+00) x R :

u(t, r) = min (%emt, 1>.

Observe that ug(z) < w(0,z) for all z € R. Let us now check that @ is a supersolution of the
equation (6.1) satisfied by w. In the region (¢,z) such that u(¢,x) = 1, the same arguments as in

section 4.3 lead to :
u(t,x) — J *u(t,z) +u(t,x) — f(u(t,x)) >1—J*u(t,z) > 0.

Let us check that @ is also a supersolution of (6.1) when @ < 1. If ¢ > 0, |z| > o7 and u(t,z) < 1 then
it follows from (6.64) that

epOt
Jgal)
J(x
1+ K ot
1+ K) 7

(1 + K)a(t, z).

(Jxu)(t,x) < (JxJ)(z)

IN

<

IN

This implies that

u(t,x) — (J *u)(t,x) + ult,z) — f(u(t,z)) pou(t,x) — (J *u)(t,x) +u(t, =) — ru(t, )
(po—(1+K)+1—r)u(t,x) (6.65)

0.

(AVARAVARLY,

The parabolic maximum principle [185, 191] implies that :

J(x)
J(o1)

et for all (t,x) € [0,00) x R.

For all ¢t > t) (so that F)(t) is not empty) and all = € F)\(t), there holds

(lz| < o1) or <|£C| > o1 and A = u(t,z) < J() 6p0t> .
In all cases, one gets that
Yt > ty, Vo € Ex(t), J(x) > min (J(o1), \J(o1)e "),
Then, for any p > pg > f/(0) > 0, there exists a time T\ > t, such that
YVt > Ty, Yz € E\(t), J(x)>e ™, (6.66)

which proves (6.54). O

141



Chapitre 6. Fast propagation in integro-differential equations

6.5 Discussion

We have analyzed the spreading properties of an integro-differential equation with exponentially
unbounded or “fat-tailed” kernels. Since the pioneering work of Kot et al. [113], there have been
few mathematical papers on integral equations with exponentially unbounded kernels. However, such
slowly decaying kernels are highly relevant in the context of population dynamics with long distance
dispersal events [43, 44].

We proved that for kernels J which decrease to 0 slower than any exponentially decaying function
the level sets of the solution u of the problem (6.1) propagate with an infinite asymptotic speed.
This first result, which could also be derived from the results in the recent paper of Weinberger and
Zhao [187], shows the qualitative difference between dispersal operators with exponentially unbounded
kernels and dispersal operators with exponentially bounded kernel which are known to lead to finite
spreading speed [8, 54, 173, 185]. This result supports the use of “fat-tailed” dispersal kernels to model
accelerating propagation or fast propagation phenomena [43, 44, 169].

Moreover, we obtained lower and upper bounds for the position of any level set of u. These bounds
allowed us to estimate how the solution accelerates, depending on the kernel J : the slower the kernel
decays, the faster the level sets propagate. Through several examples, we have seen in section 6.2 that
the level sets of the solution of problem (6.1) move almost linearly when .J is close to an exponentially
bounded kernel (see example (6.15), J(z) = Ce~1#l/(2)) for |z| > 1) while the level sets move
exponentially fast when the kernel J has a very fat-tail (see example (6.17), J(x) = Clz|™® for
|z| > 1).

It is noteworthy that our results have been derived under assumptions more general than the KPP
assumption f(s) < f’(0)s. Indeed, results of Theorems 6, 7 and 8 hold with nonlinearities f which
may take a weak Allee effect into account : the maximum of the “per capita growth rate” f(s)/s is not
necessarily reached at s = 0. In ecological models, the Allee effect can occur for various reasons [7].
For instance, at low densities individuals may have trouble finding mates. Our spreading properties
in the case with a weak Allee effect are in agreement with the numerical results in [183] which show
that exponentially unbounded dispersal kernels can lead to infinite spreading speeds. The conclusion
is very different when the nonlinearity f takes a strong Allee effect into accounts, that is if f(s) <0
for small value of s. Indeed it is proved in this case that problem (6.1) admits traveling wave solutions
with constant speed [14, 41, 46]. Thus the solutions of problem (6.1) with such nonlinearities have a
finite speed of propagation.

One could wonder whether the solution of problem (6.1) with exponentially unbounded kernel
converges to some kind of “accelerated traveling wave solution”, that is a solution u(t,z) = ¢(x —c(t))
where ¢ is a superlinear function. Our numerical computations suggest that the answer is no (see
Fig. 6.2 (a)) since the solutions u becomes flat at large time. The computations also suggest that the
solution wu(t,z) is not a generalized transition wave in the sense of [21, 20]. Such a result has been
proved by Hamel and Roques [88] for the solution of a reaction-diffusion problem with an exponentially
unbounded initial condition. In our case, the proof seems to be more involved since the operator

u +— J xu — u is not a differential operator.
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Résumé

Cette theése porte sur 'analyse mathématique de modeles de réaction-dispersion de la forme dyu =
D(u) + f(z,u). L’objectif est de comprendre l'influence du terme de réaction f, de I'opérateur de
dispersion D, et de la donnée initiale uy sur la propagation des solutions de ces équations. Nous
nous sommes intéressés principalement a deux types d’équations de réaction-dispersion : les équations
de réaction-diffusion o 'opérateur de dispersion différentielle est D = 92 et les équations intégro-
différentielles pour lesquelles D est un opérateur de convolution, D(u) = J * u — u. Dans le cadre
des équations de réaction-diffusion en milieu homogene, nous proposons une nouvelle approche plus
intuitive concernant les notions de fronts progressifs tirés et poussés. Cette nouvelle caractérisation
nous a permis de mieux comprendre d’une part les mécanismes de propagation des fronts et d’autre
part I'influence de I'effet Allee, correspondant & une diminution de la fertilité a faible densité, lors d’une
colonisation. Ces résultats ont des conséquences importantes en génétique des populations. Dans le
cadre des équations de réaction-diffusion en milieu hétérogene, nous avons montré sur un exemple précis
comment la fragmentation du milieu modifie la vitesse de propagation des solutions. Enfin, dans le
cadre des équations intégro-différentielles, nous avons montré que la nature sur- ou sous-exponentielle
du noyau de dispersion J modifie totalement la vitesse de propagation. Plus précisément, la présence
de noyaux de dispersion a queue lourde ou & décroissance sous-exponentielle entraine ’accélération

des lignes de niveaux de la solution wu.

Mots-clés : réaction-diffusion ; fronts; probléemes inverses; milieu hétérogene ; intégro-diférentielles ;

dispersion a longue distance ; noyau de dispersion ; fragmentation ; monostable ; bistable
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Abstract

This thesis deals with the mathematical analysis of reaction-dispersion models of the form dyu =
D(u) + f(z,u). We investigate the influence of the reaction term f, the dispersal operator D and
the initial datum ug on the propagation of the solutions of these reaction-dispersion equations. We
mainly focus on two types of equations : reaction-diffusion equations (D = 9?) and integro-differential
equations (D is a convolution operator, D(u) = J » u — u). We first investigate the homogeneous
reaction-diffusion equations. We provide a new and intuitive explanation of the notions of pushed
and pulled traveling waves. This approach allows us to understand the inside dynamics the traveling
fronts and the impact of the Allee effect, that is a low fertility at low density, during a colonisation.
Our results also have important consequences in population genetics. In the more general and realistic
framework of heterogeneous reaction-diffusion equations, we exhibit examples where the fragmentation
of the media modifies the spreading speed of the solution. Finally, we investigate integro-differential
equations and prove that fat-tailed dispersal kernels J, that is kernels which decay slower than any

exponentially decaying function at infinity, lead to acceleration of the level sets of the solution wu.

Keywords : reaction-diffusion ; traveling waves; inverse problems; heterogeneous media; integro-

differential equations; long distance dispersal ; dispersal kernels ; fragmentation ; monostable ; bistable
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