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Résumé

La correspondance de Howe géométrique modérément ramifiée
pour les paires duales de type II dans le cadre du programme de
Langlands géométrique

Dans cette thése on s’intéresse a la correspondance de Howe géométrique pour les paires duales
réductives de type II (G = GL,,, H = GL,,) sur un corps local non-Archimédien F' de caracté-
ristique différente de 2, ainsi qu’a la fonctorialité de Langlands géométrique au niveau Iwahori.
Notons S la représentation de Weil de G(F') x H(F') et Iy, I des sous groupes d’Iwahori de
H(F) et G(F). On considére la version géométrique de la représentation ST¢*1# des algebres de
Hecke-Iwahori Hy,, et Hj, sur laquelle agissent les foncteurs de Hecke. On obtient des résultats
partiels sur la description géométrique de la catégorie correspondante.

Nous proposons une conjecture décrivant le groupe de Grothendieck de cette catégorie comme
module sur les algebres de Hecke affines étendues de G et de H. Notre description est en
termes d’un champ attaché aux groupes de Langlands duaux dans le style de I'isomorphisme de
Kazhdan-Lusztig. On démontre cette conjecture pour toutes les paires (GL1, GL,,).

Plus generalemen‘c étant donné deux groupes réductifs connexes G et H et un morphisme
G x SLy — H de groupes de Langlands duaux, on suggere un bimodule sur les algebres de
Hecke affines étendues de G et de H qui pourrait conjecturalement réaliser la fonctorialité de
Langlands géométrique locale au niveau Iwahori.

Classification MSC : 22E57, 14D24, 32560, 16G60, 14D23, 19147, 14L30.

Mots Clefs : Programme de Langlands géométrique, correspondance de Howe, algébre de Hecke-
Iwahori, variété de Steinberg, faisceaux pervers, variété de drapeaux affine.






Abstract

Tamely ramified Howe correspondence for dual reductive pairs
of type II in terms of geometric Langlands program

In this thesis we are interested in the geometric Howe correspondence for the dual reductive pair
of type II (G = GL,, H = GL,,) over a non-Archimedean field F' of characteristic different from
2 as well as in the geometric Langlands functoriality at the Iwahori level. Let S be the Weil
representation of G(F')x H(F') and I, I be Iwahori subgroups in H(F') and G(F'). We consider
the geometric version of the representation ST#*G of the Iwahori-Hecke algebras H;,,, Hip,,, it
is acted on by Hecke functors. We obtain some partial results on the geometric description of
the corresponding category.

We propose a conjecture describing the Grothendieck group this category as a module over the
affine Hecke algebras for G and H. Our description is in terms of some stack attached to the
Langlands dual groups in the style of Kazhdan-Lusztig isomorphism. We prove our conjecture
for the pair (GL1, GL,,) for any m.

More generally, given tow reductive connected groups GG, H and a morphism G x SLy — H of
Langlands dual groups, we suggest a bimodule over the affine Hecke algebras for H and G that
should realize the local geometric Langlands functoriality on the Iwahori level.

MSC classification: 22E57, 14D24, 32560, 16G60, 14D23, 19147, 14L30.

Key words: Geometric Langlands program, Howe correspondence, Iwahori-Hecke algebra,
Steinberg variety, perverse sheaves, affine flag variety.
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Introduction

Introduction francaise

Motivation générale

Le travail dans cette these s’inscrit dans le cadre de la théorie géométrique des représentations.
Plus précisément, le but principal est d’étudier la correspondance de Howe pour les paires ré-
ductives duales de type II et la fonctorialité de Langlands au niveau Iwahori et ses liens avec le
programme de Langlands géométrique.

Correspondance de Howe

On fixe un corps fini k = F, de caractéristique différente de 2, on se place sur F' = k((t)) et on
note O = k[[t]] 'anneau des entiers de F. Toutes les représentations considérées sont supposées
lisses et sont définies sur Qy, ot1 £ est un nombre premier différent de la caractéristique de k.

Les notions de base de la correspondance de Howe du point de vue classique ont été présentées
dans [MVW8T]. Soit (G(F'), H(F')) une paire réductive duale dans un certain groupe symplec-
tique Sp(W)(F), ¥ un caractere additif de F' et Sp(W)(F) le groupe métaplectique qui est un
revétement & deux feuillets du groupe symplectique Sp(W)(F'). On dispose d’une représentation
lisse irréductible de dimension infinie de %(W)(F ) attachée au caractere 1) appelée représen-
tation de Weil. On suppose que le revétement Sp(W)(F) — Sp(W)(F) admet une section au
dessus de G(F) et H(F), ce qui est toujours vérifié pour les paires réductives duales de type II
auxquelles nous nous intéressons. La correspondance de Howe devient alors une correspondance
entre deux familles de représentations de G(F') et H(F).

Il est du plus grand intérét de connaitre la correspondance de Howe de maniére explicite et de
savoir si cette correspondance entraine la fonctorialité de Arthur-Langlands. Le cas des représen-
tations cuspidales a été tres tot résolu par Kudla dans [Kud86], mais le cas des représentations
générales reste toujours ouvert. Mceglin a donné dans [Maeg89] une description de la dualité de
Howe pour certains groupes orthogonaux et symplectiques dans le cas Archimédien en termes de
parametres de Langlands-Vogan. Il semble que si les groupes ont des rangs similaires et si I’'on
se restreint aux représentations tempérées, la correspondance de Howe respecte la fonctorialité
de Langlands. D’une certaine maniere, ces hypothéeses fournissent les cas les plus simples de
la fonctorialité aussi bien sur un corps Archimédien que non-Archimédien. Hormis le cas des
groupes GL résolu par Minguez [Min08], les parameétres de Langlands ne peuvent étre conservés
dans cette correspondance sauf si les rangs sont quasi égaux. Une explication possible pour ce
phénomene est que les paquets de Langlands ne sont pas adaptés; et il faudrait considérer plutot
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les paquets plus larges dont 'existence a été conjecturée par Arthur dans [Art84]. En utilisant
le formalisme d’Arthur, Adams [Ada89] a suggéré une formule générale.

D’apres les conjectures d’Arthur et Adams, si G (resp. H ) est le groupe dual de Langlands de G
(resp. H) sur Q, ’homomorphisme  : G — H devrait étre remplacé par un homomorphisme
o de G x SLy dans H ; il faut donc prendre en considération les paquets d’Arthur au lieu des
L-paquets usuels. Sous certaines hypotheéses, on s’attend a ce que si 7 est une représentation
irréductible de G(F') apparaissant dans la représentation de Weil et si 7 est la représentation de
H(F) associé a la représentation 7 sous la correspondance de Howe, alors la représentation 7
appartiendrait a 'image du paquet d’Arthur de 7 sous le morphisme o. Pour plus de détails sur
ce sujet nous renvoyons le lecteur aux articles suivants [Moeg89],[Moeg09a],[Moeg09b], [Ral82],
[Kud86], [Art84].

On s’attend depuis le départ a ce que cette formule d’Adams couvre des cas ou les groupes
sont de rang tres différent. Cependant, comme annoncé par Adams lui méme, cette conjecture
ne s’applique pas en toutes circonstances. La premiere difficulté est qu'une représentation quel-
conque d’un des groupes considérés n’a pas de raison d’étre dans un paquet d’Arthur; et qu’il
n’est pas vrai en général que si (m, 71/) est dans I'image de la correspondance de Howe et si I'une
des représentations est dans un paquet d’Arthur, alors 'autre I’est aussi. L’autre difficulté est
qu’une représentation 7 fixée peut figurer dans plusieurs paquets d’Arthur et la formule d’Adams
peut s’appliquer pour certains paquets contenant 7 mais pas pour tous.

Dans la suite de cette partie on se restreint aux paires réductives duales de type II. Plus précisé-
ment, soit Ly (resp. Up) un k espace vectoriel de dimension n (resp. m) avec n < m, G = GL(Lg)
et H = GL(Uy). Notons II(F) = Lo ® Up(F) et S(II(F)) 'espace de Schwartz des fonctions
localement constantes & support compact sur II(F) & valeur dans Q. Cet espace réalise la res-
triction de la représentation de Weil a G(F') x H(F'). D’apres les travaux de Minguez [Min08] on
sait que la correspondance de Howe associe & une représentation lisse irréductible m de G(F') une
unique représentation non nulle lisse irréductible de H(F'), notée 6, (), telle que m ® O, ()
soit un quotient de la restriction de la représentation de Weil a& G(F') x H(F'). De plus, cette
correspondance est décrite explicitement en termes de parametres de Langlands.

Différentes classes de représentations peuvent étre considérées pour 1’étude explicite de la cor-
respondance de Howe. On dit qu’une représentation de G(F') est non ramifiée si elle admet
un vecteur G(O)-invariant non nul. Une premiere possibilité est de considérer la catégorie des
représentations non-ramifiées. Dans ce cas la correspondance de Howe se traduit en termes de
modules sous 'action des algébres de Hecke sphériques. On est alors ramené a étudier la struc-
ture de module de ST(O)*H(O)(TI(F)) sous I'action des algebres de Hecke sphériques de G et H.
D’aprés les travaux non publiés de Howe (cf. [Min06, Appendice]) on sait que SE(O)*H(O)(I1(F))
est engendré par une certaine fonction sg sous 'action de l'algebre de Hecke sphérique Heg o)
de G et l'algébre de Hecke sphérique Hpy (o) de H. Rappelons que d’aprés I'isomorphisme de Sa-
take, I'algebre de Hecke sphérique He(o) est isomorphe au groupe de Grothendieck K (Rep(é))
de la catégorie des représentations de G sur Qy. Dans le cadre de la fonctorialité de Langlands
non-ramifiée au niveau classique, on dispose du théoréme suivant démontré par Rallis [Ral82] :
le morphisme de Hg(p) dans SCEOXHO)TI(F)) envoyant h sur hsy est un isomorphisme de
Ha(o)-module et il existe un homomorphisme « : Hyo) — Heg(o) tel que l'action de Hy (o)
sur SCOXHONTL(F)) se factorise par k. Si n = m ’homomorphisme x provient du foncteur
de restriction Rep(H) — Rep(G) correspondant & l'isomorphisme entre G et H. Si n < m,
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I’homomorphisme k provient du foncteur de restriction Rep(fvf ) — Rep(é x Gp) correspon-
dant a ’homomorphisme G x G — H. Quand m > n, la restriction de cet homomorphisme
a G, est non triviale. Remarquons qu’ici Gy, est le tore maximal du SLo d’Arhtur. La version
géométrique de ce théoreme a été démontrée par Lysenko [Lysl1, Proposition 4].

La seconde classe de représentations intéressante a considérer pour I’étude de la correspondance
de Howe est la classe des représentations modérément ramifiées. Une représentation de G(F') est
appelée modérément ramifiée si 'espace des invariants sous 'action d’un sous groupe d’Iwahori
I de G(F) est non nul. La catégorie des représentations modérément ramifiées est une sous ca-
tégorie pleine de la catégorie des représentations lisses de longueur finie dont tout sous quotient
irréductible est modérément ramifié. Considérons le foncteur qui envoie toute représentation
modérément ramifiée V' de G sur son espace V¢ des invariants sous I’action de Ig. Ce dernier
est naturellement un module sous 'algebre de Hecke-Iwahori H;, de G. D’aprés [Bor76, Théo-
réme 4.10] ce foncteur est une équivalence de catégorie entre la catégorie des représentations
modérément ramifiées de G et la catégorie des Hj,-modules de dimension finie. De plus, il est
exact sur la catégorie des représentations lisses d’apres [IM]. Par conséquent on peut interpréter
la correspondance de Howe en termes de modules sous ’action des algebres de Hecke-Iwahori.
L’espace ST#*16(TI(F)) des Iy x Ig-invariants dans I’espace des fonctions de Schwartz S(II(F))
est naturellement un module sous I'action des algebres de Hecke-Iwahori de G et H. On souhai-
terait comprendre cette structure de module a I’aide d’outils géométriques. La géométrisation de
la correspondance Howe (et plus généralement de la correspondance theta) a été introduite dans
[LLO9] et [Lys11] ou les auteurs étudient le cas non ramifié pour les paires duales (Spy,,, SO2y,)
et (GL,, GL,,). Dans la continuation de ces deux articles on développe dans cette these la cor-
respondance de Howe modérément ramifiée géométrique pour la paire (GL,,, GL,,) et on étend
les résultats de [Lys11] dans le cas modérément ramifié.

Programme de Langlands géométrique

Une série de conjectures sur le programme de Langlands géométrique (en particulier au niveau
Iwahori) a été formulé dans [FGO6], plus récemment dans des travaux non publiés de Bezru-
kavnikov, V. Lafforgue et dans [E.12]. Ces conjectures ont motivé la construction du bimodule
réalisant la fonctorialité de Langlands géométrique dans cette thése. On rappelle brievement
cette motivation. On se place sur un corps algébriquement clos k de caractéristique p et on
note D* = Speck((¢)). On considére un groupe réductif connexe G sur k. Frenkel et Gaitstgory
conjecturent I'existence d’une catégorie notée Cg au dessus du champ LSy (D*) des é—systémes
locaux sur D* munie d’une action de G(F'). La construction de cette catégorie dans le cas général
semble hors de portée mais le cas Iwahori e§t plus accessible. Notons N le cone nilpotent de G
et N la résolution de Springer de N. Un G-systeme local est dit modérément ramifié s’il admet
une singularité réguliére a I’origine avec monodromie unipotente. On rappelle que le champ quo-
tient Né / G peut étre vu comme le champ des é—systémes locaux modérément famiﬁés. Notons
Cé,m’lp la catégorie obtenue a partir de Cx par le changement de la base Nz /G — LSx (D).
Si on note Ig un sous groupe d’Iwahori de G(F'), alors Frenkel et Gaitsgory [FG06, (0.20)]
conjecturent ’existence d’un isomorphisme

K(cgfmlp):ffwé /G) (0.0.1)

ol le membre de gauche est le groupe de Grothendieck des Ig-invariants dans la catégorie C nilp

et celui de droite est le groupe de Grothendieck de la catégorie des faisceaux cohérents sur le
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champ /\~/'G / G. De plus, cet isomorphisme devrait étre compatible avec 'action de ’algebre de
Hecke affine de G.

Dans l'esprit des ces conjectures, considérons les groupes G = GL, et H = GL,,. Nous
conjecturons l'existence d’un morphisme o : G X Gn — H et dun isomorphisme (apres
spécialisation et en utilisant I'isomorphisme de Kazhdan-Lusztig) entre K (DPy, x1,(II(F)))
et K(X) = K(Wg/(G % Gm)) X s1x,) Wi/ (H % Gm))), o K(DPry x5 (I(F))) est le
bimodule sous I’action des deux algebres de Hecke affines étendues de G et H (muni d’une ac-
tion de Gy, par décalage cohomologique). Les objets de la catégorie D Py, «1,(II(F')) sont des
sommes directes des objets de P, xi,(II(F')) décalés cohomologiquement, ces derniers étant
les faisceaux pervers I x Ig-équivariants sur II(F'). On démontre cette conjecture dans le cas
n =1et m > 1. Ceci implique que le bimodule réalisant la correspondance de Howe provient
du bimodule réalisant la fonctorialité de Langlands géométrique pour le morphisme o. Il est
important de remarquer que ce théoréme dans le cas n = 1 et m > 1 est nouveau méme dans
le cadre classique sur un corps fini. La description explicite de Minguez pourrait étre améliorée
afin de donner une description du bimodule lui-méme en termes du champ X attaché au mor-
phisme o : G x SLy — H. Ceci fournit de nouvelles perspectives pour les autres paires duales.
Particulierement, il serait tres intéressant d’obtenir un résultat similaire pour la paire duale
(Spay,, SO2yy,) ainsi que de donner une approche conceptuelle différente des calculs effectués dans
[Aub91]. Un autre développement possible serait de donner une description de la catégorie dé-
rivée Dy, x 1, (II(F')) en termes de catégorie dérivée des faisceaux cohérents D(X') sur le champ
X dans le style de la théorie de Bezrukavnikov [AB09].

Esquisse des résultats

Dans toute la section on fixe k un corps algébriquement clos de caractéristique différent de 2
et on pose F' = k((t)). On note O l'anneau des entiers k[[t]] de F. D’apres la philosophie de
Grothendieck ’équivalent géométrique de la notion de fonction sur les k-points d’une variété V'
est la notion de complexe de faisceaux f-adiques sur V. On peut associer a tout complexe de
faisceaux f-adiques K une fonction dont la valeur en un point fermé T est la somme alternée des
traces du Frobenius Frz opérant sur les faisceaux de cohomologie locale H!(Kz). Ce foncteur
échange les opérations naturelles sur les complexes de faisceaux avec celles sur les fonctions. Il
est préférable de travailler avec la catégorie des faisceaux f-adiques pervers qui est en particulier
stable par la dualité de Verdier. Par exemple la version géométrique de l'algebre de Hecke-
Iwahori de G est la catégorie P, (Flg) des faisceaux pervers Ig-équivariants sur la variété affine
de drapeaux Flg. Suivant cette idée, la version géométrique de I'espace des invariants par Iy X Ig
de l'espace de Schwartz des fonctions sur II(F') est la catégorie des faisceaux pervers Iy X Ig-
équivariants sur II(F). Au niveau des fonctions, I'espace ST#*16(II(F)) est naturellement un
module sous 'action de I'algebre de Hecke-Iwahori de G (resp. H). Cette action par convolution
se géométrise et définit une action de la catégorie Py, (Flq) (resp. Pr, (Flg)) sur Pr,, x 1, (II(F))
(de facon un peu plus générale une action sur la catégorie Dy, xr, (II(F))).

On définit une stratification de 'espace II(F') par les H(O) x Ig-orbites et on décrit les objets
irréductibles de la catégorie Pp(o)xr, (II(F)) des faisceaux pervers H(O) x Ig-équivariants sur
II(F) qui sont indexés par le réseau des cocaracteres de G. Notons Grg la Grassmannienne
affine G(F')/G(O). Le premier résultat de cette these affirme qu’il existe un isomorphisme entre
le groupe de Grothendieck de la catégorie Pr(o)xr. (II(F)) et le groupe de Grothendieck de
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la catégorie Pr,(Grg) munie d'une action a gauche de K(Pj,(Flg)) et une action de la ca-
tégorie Rep(H) via le foncteur de restriction Rep(H) — Rep(G x Gy,) correspondant a un
homomorphisme G x G, — H.

Le second résultat consiste & décrire les éléments irréductibles de la catégorie Pr, x 1, (I1(F'))
qui sont indexés par Xg X Sy, ou Xg est le réseau des cocaracteres de G et Sy, est un
ensemble fini. Quand n = m, on calcule I'action des objets irréductibles de Py, (Flg) sur un
objet spécifique, et on construit une équivalence de catégorie entre Pr,(Flg) et Pr, (Flg) qui
nous permet d’échanger I’action de Pr,(Flg) et Pr, (Flg). Ce foncteur réalisant 1’équivalence
de catégories provient d’une anti-involution du groupe G(F) sur lui méme. Parmi les résultats
partiels obtenus, pour tout n < m, on définit une graduation sur Py, (Flg) qui est compatible
avec le produit de convolution sur Py, (Flg). De plus, on définit une filtration sur Py, x 1., (II(F'))
qui est compatible avec cette graduation et par conséquent avec I’action de Py, (Flg). Ceci nous
permet de controler 'action de Py, (Flg) sur Py, x 1, (II(F)).

Quand n < m, le calcul de l'action géométrique des éléments irréductibles de Py, (Flg) sur les
objets irréductibles de la catégorie Pr,, « 1., (II(F)) semble difficile, toutefois on peut calculer cette
action sur des objets plus simples (les faisceaux obtenus par extension par zéro) qui se traduit
au niveau classique de fagon suivante. On construit un sous module © dans K (Dj, 1, (II(F)))
et on montre que c’est un module libre de rang C}’ sous l'action de I’algebre de Hecke-Iwahori
H;., de G en construisant une base explicite de ce module. On définit entierement l’action de
I'algebre de Hecke-Iwahori Hy,, de H sur cette base et on obtient une description complete de
la structure de module de ©.

Le troisieme résultat est de montrer que le bimodule © est isomorphe a une induite parabo-
lique d’une sous algebre parabolique de Hj,, . Pour simplifier, la réponse est rédigée plutdt au
niveau des groupes de Grothendieck méme si la plupart de nos calculs sont faits au niveau des
catégories dérivées. Quand n = 1 et m > 1, les éléments irréductibles sont indexés par Z et la
situation géométrique est plus simple a décrire : on peut calculer entierement ’action géomé-
trique de Py, (Flg) sur les objets irréductibles de Pr, x1,(II(F)). On démontre que le groupe
de Grothendieck de D Py, x 1, (TI(F)) est un module libre de rang m sous I'action de R(G x G
et on explicite une base de ce module.

Dans le dernier chapitre, on définit une conjecture générale sur la fonctorialité de Langlands
géométrique au niveau Iwahori. Etant donné deux groupes réductifs connexes G et H ainsi
qu’un homomorphisme o : G x Gn — H, (ou G et H sont les groupes de Langlands duaux
respectifs de G et H sur Q,), on construit un champ X et on conjecture que le groupe de
Grothendieck de ce champ est le bimodule, sous l'action des deux algebres de Hecke affines
étendues de G et de H, réalisant la fonctorialité de Langlands géométrique au niveau Iwahori
pour ’homomorphisme o.

On regarde explicitement cette conjecture pour G = GL, et H = GL,, et pour un o spéci-
fique. En reliant cette conjecture avec la correspondance de Howe géométrique pour la paire
(GL,,, GL,,), on conjecture que le bimodule K(X) sous 'action des algebres de Hecke af-
fines étendues de G et de H est isomorphe apres spécialisation au groupe de Grothendieck
K(DPy,, x1,(II(F)) de la catégorie D Py, x 1, (II(F)).

Dans le cas o m = 1 et m > 1, on obtient une description plus simple du champ X. En effet,
K (X) dans ce cas est isomorphe a la K-théorie G x Gm-équivariante de la fibre de Springer B i

au dessus d’un élément nilpotent sous-régulier x du cone nilpotent de H. Finalement, on obtient
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le résultat le plus important de la these qui consiste a démontrer cette conjecture dans le cas
n = 1 et m > 1. Plus précisément, on démontre que la K-théorie G x Gm-équivariante de B 172 €St
isomorphe apres spécialisation & K (D Pr,, x 1, (II(F')) en tant que module & gauche sous I’action de
I’algebre de Hecke affine étendue de H. Les deux membres de cet isomorphisme sont des modules
libres de rang m sous l'action de ’anneau des représentations R(é x Gp) de G X Gy, et 'anneau
des représentations de H agit via le morphisme de restriction Res? : R(I:I ) — R(é X G)-

Contenu détaillé de la these

Cette these est constituée de quatre chapitres. Dans le premier chapitre on présente des rappels
ainsi que des résultats déja connus. Les chapitres deux et trois sont consacrés a la géométrisation
et a I’étude de la correspondance de Howe au niveau Iwahori pour la paire réductive duale
(GL,, GL,,). L’objet du chapitre quatre est la construction et 1’étude de la conjecture sur la
fonctorialité de Arthur-Langlands géométrique au niveau Iwahori.

Chapitre 1 : Dans ce chapitre on effectue des rappels (systéme de racines, algebre de Hecke,
faisceaux pervers, Grassmannienne et variété de drapeaux affines) et on introduit les notations
utilisées dans les chapitres suivants.

Chapitre 2 : Ce chapitre est formé des quatre sections suivantes :

§2.1 Cette section est consacrée a rappeler la correspondance de Howe classique (au niveau
des fonctions) pour les paires duales de type I et II. Dans le cas des paires duales de type
II, on traduit cette correspondance en langage de modules sous 'action des algebres de Hecke
sphériques (dans le cas non ramifié) et des modules sous 'action des algebres de Hecke-Iwahori
(dans le cas modérément ramifié).

§2.2 Cette section est consacrée a la géométrisation des objets classiques. Dans la sous section
2.1.1 on introduit les différentes catégories utilisées ultérieurement. En particulier, on construit
la catégorie Pr,, x 1, (II(F')) des faisceaux pervers Iy x Ig-équivariants sur II(F') qui est I’analogue
géométrique de l'espace des Iy X Ig-invariants dans I'espace des fonctions de Schwartz S(II(F)).

Dans la sous section 2.2.2 on introduit les opérateurs de Hecke notés H c(,) et Hy(,) définissant
l'action des catégories Pr,(Flg) et Pr,(Flg) sur la catégorie dérivée Dy, 1, (II(F)) des fais-
ceaux (-adiques Iy X Ig-équivariants sur II(F'). Dans la sous section 2.2.4 on explique la relation
entre notre action géométrique et I’action dans le cas classique des fonctions : pour toute fonction
f dans ST6(II(F)) et pour tout g dans G(F), I'action géométrique est équivalente & I’action au
niveau des fonctions donnée pour tout z dans II(F) par : g.f(z) = | det(g)|~/2f(¢ ).

§2.3 Dans cette section on étudie la catégorie Pp(o)x ., (II(F)) des faisceaux pervers H(O) x Ig-
équivariants sur II(F'). Dans la sous section 2.3.1 on décrit les objets irréductibles de cette
catégorie qui sont indexés par le réseau des cocaractéres X de G. Notons par II) la strate
indexée par A sous 'action de H(O) x Ig dans II(F'). La sous section 2.3.2 est consacrée a
I’étude de la structure de module de P oy 1, (IL(F)) sous I'action de Py, (Grg) et de la catégorie
Rep(H ) des représentations de H. Notons A* le faisceau d’intersection de cohomologie du I-
orbite passant par t*G(0) dans Grg et Iy le faisceau pervers constant sur II. On obtient alors
le premier résultat de cette these soit 0 : G X Gy — H un homomorphisme fixé (comme dans
[Lys11]) et soit Res” : Rep(H) — Rep(G x Gy,) le foncteur de restriction géométrique associé
ao.
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Théoréme 1 (Théoreme 2.3.15 et Corollaire 2.3.17, Chapitre 2). Pour tout A\ dans Xq et T
dans Pgo)(Gry) on a l'isomorphisme suivant

H (T, 1C(T1y)) == H(A* * gRes?(T), Ip).

Le foncteur Dy, (Grg) — Dyoyxi,(IL(F)) envoyant A sur Eg(A, Iy) définit un isomorphisme
au niveau des groupes de Grothendieck K (P, (Gra))——K(Pgo)yx1,IL(F))) commutant avec
les actions de K(Py0)(Gru)) et K(Prg(Flg))-

§2.4 Dans cette section on définit les objets irréductibles de la catégorie Py, x ., (II(F')). Ceci est
fait en deux étapes. Dans un premier temps, on regarde dans la sous section 2.4.1 le cas n = m
et on démontre que les éléments irréductibles de Py, 7, (II(F")) sont indexés par le groupe de
Weyl affine étendu WG de G. Dans la sous section 2.4.2, on considére ensuite le cas général
n < m et on obtient le second résultat de cette these. Notons Sy, ,,, 'ensemble des couples (s, I)
avec Iy un sous-ensemble a n éléments de {1,...,m} et s une bijection de I, dans {1,...,n}.
Par ailleurs rappelons que Iy, = t~NTI/t"II ou N et r sont des entiers tels que N +r > 0.

Théoréme 2 (Théoreme 2.4.8, Chapitre 2).

Les éléments irréductibles de la catégorie Py, x 1, (I1(F')) sont indexés par X X Sy m. Pour chaque
élément w = (X, s) dans X X Spm, l'objet irréductible associé est le faisceau d’intersection de
cohomologie de la Iy x Ig-orbite 11§, . dans Iy, indexée par (A, s).

Chapitre 3 : Ce chapitre est formé de six sections suivantes :

§3.1 Dans cette section on regarde le cas n = m et on souhaite définir action des éléments
irréductibles de Py, (Flg) (vesp. P, (Fly)) sur un objet irréductible particulier Z%', ot wy

est I’élément le plus long du groupe de Weyl fini W de G. On constate que Hg(Ly1,Z"") (la

—

définition de L., est donnée dans § 1.5.3) est canoniquement isomorphe & T%%0" et H gLy, Z%°")
a P! ot w — W est une anti-involution sur Wg [Définition 3.1.7].

§3.2 On construit une filtration par Z sur la catégorie Py, x 1. (II(F')) valable pour tout n < m.
On définit une graduation sur P, (Flg) par Z en considérant les composantes connexes de Flg
qui sont indexées par Z. Cette graduation est compatible avec le produit de convolution sur
P (Flg) et la filtration sur P, x 1, (II(F')) est compatible avec I'action de Py (Flg). Ceci nous
permettra de contrdler I'action des catégories Pr,(Flg) sur Pr, 1, (II(F)).

§3.3 On se restreint au cas n = m et on compléte la description du module engendré par Z%o'
sous laction des deux algébres de Hecke-Iwahori associées & G et H. A D'aide de cette étude
on construit une équivalence de catégorie entre Py, (Flg) et Pr, (Fly) qui au niveau classique
définit un anti-isomorphisme d’algeébre entre Hy, et Hy,, .

Théoréme 3 (Théoreme 3.3.6, Chapitre 3). Sin = m, il existe une équivalence de catégories
o entre Pr,(Flg) et Pr,(Flg) envoyant tout objet irréductible L., [Définition donnée dans §
1.5.3] sur Lyyww,- De plus ce foncteur vérifie les propriétés suivantes : pour tout w et w' dans
Wa on a

Ho(Lo, T%) == Hy(0(Ly), T) et 0(Ly* Ly) = o(Ly) *xa(Ly).
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Le foncteur o provient d’'une anti-involution sur le groupe G(F) envoyant g sur wp'gwg. On
remarque aussi qu’en composant cette anti-involution avec I’anti-involution envoyant g sur g~ *,
on obtient une involution qui préserve le groupe d’Iwahori Iz et induit un isomorphisme au
niveau des algebres de Hecke-Iwahori. Cette involution sera utilisée plus loin pour la construction
du bimodule Sy quand on considérera l'action & droite de Py, (Flg) au lieu de son action a

gauche.

§3.4 On considere le cas général n < m. Dans un premier temps, on considére dans la sous
section 3.4.1, un sous module © de K, « 1, (II(F)) sous 'action de K (Pr,(Flg)) engendré par les
éléments 7, ou I . parcourt tout les sous ensembles a n élément dans {1,...,m}. On démontre
que ce sous module est un module libre de rang C]"* sous l'action de ’algebre de Hecke-Iwahori
Hj, de G et on le munit d’une base formée des éléments "' ou (0, 1) est un élément de
X xSpm- Dans la sous section 3.4.2, en une série de propositions, on calcule I’action géométrique
de Hj,, sur les éléments 7#. Finalement on décrit la structure complete de module de © sous
l’action de ‘Hy, et Hy,,.

§3.5 Le but de cette section est de démontrer que le sous-module © est un module sous I'action
a droite de K(Pr, (Flu)) et que © est obtenu par une induction parabolique pour un certain
sous groupe parabolique de H. Dans cette sous section on travaille plus au niveau des groupes de
Grothendieck mais on essaie le plus possible de formuler nos résultats au niveau des catégories
dérivées. Afin de pouvoir munir ce sous module d’une structure de Hy,-module on considere
'action & droite de Hy,, qui est liée & I'action & gauche par le morphisme envoyant w sur w™!.
Pour w dans Wg notons par S le sous espace de K (Drgx1y (IL(F))) @ Qp engendré par les
éléments Z(Ww0)' ol w . wy a été défini dans [Définition 2.4.10], sur Q,. On rappelle qu’ici un
élément w = t*r de WG peut étre considéré comme un élément (A, 7) de Xg X Sy, m. De cette
fagon wy est un élément de X¢g x S, ,, en supposant que le composant sur X s’annule. Le
sous espace Sy est un module libre de rang un sous I'action de Hj,. Dans la sous section 3.5.1
on définit 'action des éléments irréductibles correspondants aux éléments du groupe de Weyl
fini de G et de H sur Sy. Dans la sous section 3.5.2 on considere le sous groupe de Levi M
de H correspondant a la partition (n,m — n) de m et on rappelle brievement la construction
de l'algebre de Hecke-Iwahori de Levi ‘Hy,, de Hy, ainsi que quelques unes de ses propriétés
figurant dans [Pra05]. Dans la sous section 3.5.3 on muni Sy d’une action & droite de Hy,, et on
obtient les résultat suivants :

Théoréme 4 (Théoreme 3.5.22, Chapitre 3).
Le sous espace Sy est un sous module de K(Dy,x1,, (II(F))) ® Q, sous laction a droite de Hy,, .

Théoréme 5 (Théoreme 3.5.23, Chapitre 3). Le morphisme « : Sy @y, Hiy — Slaxle(T1(F))
obtenu par adjonction est un morphisme injectif de Hy, -modules a droite et de Hj,-modules a
gauche dont l’image est égale o © ® Q.

Le sous groupe de Levi M considéré plus haut est isomorphe a GL,, x GL,,_,. Dans la suite
de cette sous section on démontre que 'action de I'algebre de Hecke-Iwahori associée au facteur
GL,, du sous groupe de Levi M est liée a I'action de Hj, via l'anti-involution définie dans
Théoreme 3. L’action de I'algébre de Hecke-Iwahori du facteur GL,,_, est par décalage par
[—¢(w)] ou £ est la fonction longueur définie sur le groupe de Weyl affine étendu.
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§3.6 Cette section est consacrée a I’étude du cas n =1 et m > 1. Comme dans le cas général on
définit les objets irréductibles de la catégorie Pr,, x 1. (II(F')) qui sont indexés par Z. Contraire-
ment au cas général, on peut définir ’action compléte des éléments irréductibles de la catégorie
Pr,, (Flg) sur les éléments irréductibles de Py, « 1, (II(F')). On définit d’abord I’action des objets
correspondants aux réflexions simples dans le groupe de Weyl fini de H, puis ’action de I'unique
réflexion simple affine et enfin on définit ’action des éléments de longueur zéro sur les objets
irréductibles de la catégorie Pr, i, (II(F)). On affirme que tous les objets irréductibles de la
catégorie Pr, 1, (II(F)) peuvent étre obtenus par 'action des éléments de longueur zéro. Dans
la suite de cette section on construit un bimodule, encore noté Sy, sous ’action a gauche de Hy,,
et de l'action a droite de Hp,,.

On définit la catégorie D Py, (II(F')) dont les objets sont les sommes directes des objets
de Pr,x1,(II(F))[i] quand i parcourt Z. On définit I’action du groupe multiplicatif Gy, sur
DPy «1, (II(F)) par décalage cohomologique —1. Notons ¢ la représentation standard de G.
Pour tout entier j la représentation ¢/ envoie chaque élément irréductible IC* sur IC*~™/. De
cette maniére, on munit le groupe de Grothendieck de la catégorie D Py, «,, (II(F')) d’une action
de I'anneau des représentations R(é X Gp) de G X Gy et on montre qu’il est un module libre
de rang m en explicitant une base de ce module.

On montre aussi que les actions de centres respectifs de Py, (Flq) et Pr, (Flg) sont compatibles.
Plus précisément, on a :

Théoréme 6 (Théoréme 3.6.15, Chapitre 3). L’action du centre de Pry (Flg) et laction du
centre de Pj.(Flg) sont compatibles. La catégorie Rep(H) des représentations de H sur Q,
agit via le foncteur de restriction géométrique Res” Rep(ﬁ) — Rep(G X Gm) sur les objets
irréductibles ICF pour tout k dans Z.

Chapitre 4 : Ce chapitre est consacré a I’étude de la fonctorialité de Arthur-Langlands géo-
métrique. On y démontre que la correspondance de Howe dans un cas particulier provient de la
fonctorialité au niveau Iwahori.

§4.1 La sous section 4.1.1 consiste & construire un bimodule conjectural réalisant la fonctorialité
de Langlands géométrique au niveau Iwahori. Plus précisément, on considere deux groupes
réductifs G et H connexes et on note leurs groupes Langlands dual sur Q, par G et H. On
suppose de plus que les groupes dérivés respectlfs de G et H sont simplement connexes. On se
donne un homomorphisme o : G x Gm — H. Pour construire ce bimodule on utilise le langage
K-théorique. On rappelle que d’apres I'isomorphisme de Kazhdan—Lusztlg, l'algebre de Hecke
affine étendue Hy associée & H est isomorphe & la K-théorie H x Gu-équivariante KH*Cm ™ (Zy)
de la variété de Steinberg Z N XN, N associée & H. On utilise les résultats et les notations
de [CGI7]. Le premier énonce de cette section est la conjecture suivante :

Conjecture 1 (Conjecture 4.1.6, Chapitre 4). Le bimodule sous l’action de l’algebre de Hecke
affine KGXGm(Né X N NG) de G et de Ualgébre de Hecke affine K*Gm (/\7H XN, /\7H) de
H réalisant la fonctorialité de Langlands géométrique au niveau Iwahori pour le morphisme
0: G x Gy — H s’identifie avec K(X) ot X est le champ quotient

(Ng/(é x Gm)) XNH/(HxGm) (NH/(H X Gm)).
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Dans la sous section 4.1.2 on donne différentes descriptions du champ X.

§4.2 Dans cette section on étudie la conjecture énoncée dans la section précédente sous les
hypotheses suivantes : G = GL, et H = GL,, et le morphisme o est obtenu par la composition :
GL, xGn — GL,, xSLy — GL,, x GL,,—,, — GL,, ou GL,, (resp. GL,,) est considéré comme
le groupe de Langlands dual de G (resp. H) sur Qy, et le dernier morphisme est 'inclusion de sous
groupe de Levi standard associé a la partition (n, m—n) de m et le morphisme £ : SLy — GL,,_,
correspond & l'orbite principale unipotente. On peut conjecturalement relier le bimodule K (X) a
la K-théorie de la catégorie D Py, 1, (II(F)), définissant la correspondance de Howe. On obtient
alors la conjecture suivante :

Conjecture 2 (Conjecture 4.2.1, Chapitre 4). Le bimodule K(X) sous chacune des algébres de
Hecke affines K&*Cn (N XN Ng) et KHXCm (A XN, Njp) est isomorphe apres spécialisation
@ K(DPryxiq(II(F))).

Nous avons déja étudié la structure de module d’un des membres de cette conjecture, a savoir la
structure de module de K (D Py, «1,(II(F'))) sur les algebres de Hecke affines de G et H. Dans la
suite de cette section on définit une stratification sur X et une filtration sur K (X) qui pourrait
étre compatible avec celle sur K (D Py, « 1, (II(F))) sous l'action des algebres de Hecke affines de
G et H apres spécialisation.

§4.3 Dans la sous section 4.3.1 on regarde le cas particulier de Conjecture 4.2.1 quand n =1 et
m > 1. Dans ce cas le bimodule K(X) est isomorphe & K“*Cm (B ), ol Bj;  est la fibre de

Springer dans N, 7 au dessus d’un élément nilpotent sous régulier x de H. On démontre que cette
fibre de Springer est une configuration de m — 1 droites projectives avec m points marqués et en
utilisant le Lemme de la fibration cellulaire de Chriss-Ginzburg [CG97, Lemme 5.5] on montre
que KG*Gm (Bg ) est un R(G x G)-module libre de rang m et que la structure de R(H)-module

sur K G*Gn (B ,) provient du foncteur de restriction géométrique Res” : R(H) — R(G x Gy,)

correspondant au morphisme o : Gx Gy — H. Le résultat majeur de cette these est le théoréme
suivant :

Théoréme 7 (Théoreme 4.3.3, Chapitre 4). Supposons G = GLy et H = GLy, avec m>1. Le
bimodule KGXG'”(BHJ) est isomorphe aprés spécialisation a K (D Pr, x1,(IL(F))) comme module
a gauche sous l'action de l’algébre de Hecke affine Hy. Ces deux bimodules sont des R(é X Gm)-
modules libres de rang m et R(H) agit via le foncteur de restriction Res® : R(H) — R(G x Gy,)
correspondant au morphisme o.

Ce théoréme relie les calculs de la section 3.6 du chapitre trois et la conjecture du chapitre quatre
dans le cas ot n = 1 et m > 1. Il montre que la correspondance de Howe géométrique provient
de la fonctorialité de Arthur-Langlands géométrique au niveau Iwahori pour le morphisme o :
GL; x G,, — GL,,. La sous section 4.3.2 est consacrée a la démonstration de Théoreme 7.
La stratégie de la preuve consiste & construire une base de K“*Cn (B i1..) de sorte que I'action
de 'algebre de Hecke affine de H sur cette base soit compatible avec 'action géométrique déja
calculée au chapitre trois.

Appendices : Dans I'appendice A, on fait des rappels sur le produit de convolution en K-théorie.
Dans I'appendice B, on présente un analogue géométrique des foncteurs de Jacquet au niveau
Iwahori et on démontre que ces foncteurs commutent avec 'action des faisceaux de Wakimoto.
On démontre aussi qu’ils préservent les faisceaux pervers de poids zéro.
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English introduction

General motivations

This thesis deals with problems in the geometric theory of representations of reductive groups.
More precisely, our aim is to study the Howe correspondence for dual reductive pairs of type II
and the Langlands functoriality at the Iwahori level in the framework of the geometric Langlands
program.

The Howe correspondence

Let k be a finite field F, of characteristic different from 2. We will work over the field F' = k((t)),
and we will denote by O = k{[[t]] the ring of integers of F. All representations will be assumed to
be smooth and will be defined over Q,, where £ is a prime number different from the characteristic
of F.

The basic notions of the Howe correspondence from the classical point of view have been pre-
sented in [MVWS87]. Let (G(F),H(F)) be a dual reductive pair in some symplectic group
Sp(W)(F), 1 be an additive character of F, and Sp(W)(F) be the metaplectic group which
is the twofold topological covering of the symplectic group Sp(W)(F'). There exists a smooth
irreducible representation of Sp(W)(F) attached to the character ¥ called the Weil represen-
tation. We assume that the metaplectic cover Sp(W)(F) — Sp(W)(F) admits a section over
G(F) x H(F). This is always verified for dual pairs of type II which are the pairs we are in-
terested in. Hence, the Howe correspondence becomes a correspondence between two classes of
representations of G(F') and H (F).

It is of great interest to understand this correspondence explicitly and figure out whether or
not it implicates the Arthur-Langlands functoriality. The case of the cuspidal representations
has been solved quite early by Kudla in [Kud86], but the case of general representations is still
open. Moeglin has given in [Moeg09a] a description of the Howe duality for certain symplectic and
orthogonal groups in the Archimedean case in terms of Langlands-Vogan parameters. It seems
that if the groups are of similar rank and if we restrict ourselves to the case of the tempered
representations, the Howe correspondence respects functoriality. In some way, these hypothesis
provide the simplest cases of functoriality in the Archimedean as well as the non-Archimedean
case. Except for the linear case solved by Minguez in [Min08], the Langlands parameters can not
be preserved by the Howe correspondence unless the groups are of almost equal rank. A possible
explanation for this phenomenon is that the Langlands packets are not the correct notion here;
we should rather consider larger packets whose existence has been conjectured by Arthur in
[Art84]. By using Arthur’s formalism, Adams in [Ada89] suggested a general formula.

According to Arthur and Adam’s conjectures, if G (resp. H ) is the Langlands dual group of
G (resp. H) over Qy, the homomorphism & : G — H should be replaced by a homomorphism
from G x SLy to H; thus we should take in consideration the Arhtur’s packets instead of usual
L-packets. Under some assumptions, it is expected that if 7 is an irreducible representation of
G(F) appearing in the Weil representation and 7 is the corresponding representation of H(F)
under the Howe correspondence then the Arthur packet of 7 is the image of the Arthur packet
of m by the map o. For more details we refer the reader to the following papers on this subject:
[Moeg89],[Maeg09al,[Moeg09b], [Ral82], [Kud86], [Art84].
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We expect from the beginning that Arthur’s formula cover the cases where the groups are of
very different ranks. However, like Adams explained himself, this conjecture does not apply in
all circumstances. The first difficulty is that a given representation of one of the members of
the dual pair need not to be in any Arthur packet; and in general it is not true that if (7, 7)
are in the image of the Howe correspondence and if one of the representations is in some Arthur
packet then the other one is too. The other difficulty is that a given representation can appear
in several packets and Adam’s formula may be applied to some packets but not to all of them.

In the sequel we will restrict ourselves to the dual reductive pairs of type II. More precisely,
let Lo (resp. Up) be a n-dimensional (resp. m-dimensional) k-vector space with n < m, and
let G = GL(Lg) and H = GL(Up). Denote by II(F) the space (Uy ® Lo)(F) and S(II(F)) the
Schwartz space of locally constant functions with compact support on II(F'). This space realizes
the restriction of the Weil representation to G(F) x H(F). According to Minguez [Min0§],
we know that the Howe correspondence associates to any smooth irreducible representation of
G(F) appearing as a quotient of the restriction of the Weil representation a unique smooth
irreducible non-zero representation of H(F'), denoted by 6, ,,,(m), such that © ® 6y, ,,,(7) is a
quotient of the restriction of the Weil representation to G(F') x H(F). Moreover, he describes
this correspondence explicitly in terms of Langlands parameters.

Different classes of representations may be considered for an explicit study of the Howe corre-
spondence. A representation of G(F) is called unramified if it admits a non-zero fixed vector
under G(O). The first possibility is to consider the class of unramified representations and
translate the Howe correspondence in the language of modules over spherical Hecke algebras.
In this case we are reduced to study the module structure of S(II(F))¢(©)*H(©O) ynder the
action of the spherical Hecke algebras of G and H. According to unpublished work of Howe
(cf. [Min06, Appendix]) we know that S(II(F))&(©)*H(O) is generated by some function sg
under the action of each spherical Hecke algebra Hg(o) and Hp(p). Let us recall that, ac-
cording to Satake’s isomorphism, the spherical Hecke algebra Hg (o) of G is isomorphic to the
Grothendieck group of the category of representations of G over Q. In the Langlands functori-
ality framework, we have the following result due to Rallis in [Ral82]: the morphism from Hg (o)
to S(II(F))G(©O)*H(©O) gending h to hsg is an isomorphism Ha(o)-modules and there exists a
homomorphism « : Hy o) — Hg(o) such that the action of the spherical algebra H (o) factors
through . If n = m, the homomorphism & comes from the restriction functor Rep(H) — Rep(G)
corresponding to the isomorphism between G and H. If n < m, then the homomorphism x comes
from the restriction Rep(H) — Rep(G X Gy) corresponding to the homomorphism from G x Gy,
to H. When m > n, the restriction of this homomorphism to G, is non trivial. Let us remark
that the factor Gy, above is the maximal torus of the Arthur’s SLy . The geometric version of
this result has been proved by Lysenko in [Lysl1l, Proposition 4]. In the geometric setting, the
G, factor appears in a natural way.

The second interesting class of representations to be considered for the study of the Howe cor-
respondence is the class of tamely ramified representations. A representation of G(F) is said to
be tamely ramified if it admits a non zero vector fixed under a Iwahori subgroup I of G(F').
Let us consider the functor sending any tamely ramified representation V' of G(F') to its space
of invariants V'¢ under I5. Then, the latter is naturally a module over the Iwahori-Hecke
algebra Hj,. According to [Bor76, Theorem 4.10] this functor is an equivalence of categories
between the category of tamely ramified admissible representations of G and the category of
finite-dimensional modules over Hj,. Moreover, according to [IM], this functor is exact over
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the category of smooth representations of G(F'). Hence, in this case, we can interpret the
Howe correspondence in the language of modules over the Iwahori-Hecke algebras. The space
SlexIu(T1(F)) of Ig x Iy-invariants in the Schwartz space S(II(F)) is naturally a module over
each Iwahori-Hecke algebra H;, and Hj,. We would like to understand this module structure
by geometric means. The geometrization of the Howe correspondence (more generally of theta
correspondence) has been initiated in [LL09] and [Lys11] , where the authors study the unram-
ified case for dual reductive pairs (Spy,, SO2,) and (GLy, GLy,). In the continuation of these
two articles, we develop in this thesis the geometric tamely ramified Howe correspondence for
dual pairs (GL,,, GL,,) and we extend the results in [Lysl11] in the tamely ramified case.

The geometric Langlands program

A series of conjectures on geometric Langlands program (in particular in the Iwahori case) has
been formulated in [FGO06] and more recently in unpublished works of Bezrukavnikov, and V.
Lafforgue and in [E.12]. These conjectures have motivated the construction of the bimodule
realizing the geometric Langlands functoriality at the Iwahori level in this thesis. Let us briefly
recall these motivations. We fix an algebraically closed field k of characteristic p and we denote
by D* = Speck((t)). Let G be a connected reductive group over k. Frenkel and Gaitsgory
conjectured the existence of a category Cpx over the stack LSx(D*) of G-local systems on D*
endowed with an action of G(F'). The construction of this category in the general case seems out
of reach but the Iwahori case i§ more tractable. Denote by ./\/'é the nilpotent cone of G and by
N its Springer resolution. A G-local system is said to be tamely ramified if it admits a regulavr
singularity at the origin with unipotent monodromy. Let us recall that the stack quotient Ny /G
can be viewed as the stack of tamely ramified G-local systems. Denote by Cé,m’lp the category
obtained from Cp by the base change N/ G — LSy (D*). If Ig denotes a Iwahori subgroup of
G(F), then Frenkel and Gaitsgory in [FGO06, (2.20)] conjectured the existence of an isomorphism

K(céfmlp):f((/\*fé/é), (0.0.2)

where the left hand side is the Grothendieck group of Ig-invariants of the category of Cg nilp and
the right hand side is the Grothendieck group of the category of coherent sheaves on the stack
N¢/G. Moreover, this isomorphism should be compatible with the action of the affine Hecke

algebra.

In the spirit of these conjectures consider G = GL, and H = GL,, we conjecture the existence
of a morphism ¢ : G x Gy — H and an isomorphism (after specialization by a character of Gy, in
Q¢) between K (D Py« 1, )(IL(F)) and K (X) = K ((Ng /(G x Gy)) XN (G (Nyz/(H X Gw))),
where K(DPi,x1,)(II(F)) is a bimodule under the action of the two affine Hecke algebras of
G and H equipped with an action of Gy, by cohomological shift. The objects of the category
DPy, «1, (II(F)) are direct sums of the objects of Pr.xr, (II(F")) shifted cohomologically, the
latter being the category of Iy x Ig-equivariant perverse sheaves on II(F'). We prove this con-
jecture in the case m = 1 and m > 1. This implies that the bimodule realizing geometric
Howe correspondence comes from the bimodule realizing geometric Langlands functoriality for
the map o in this special case. We underline the theorem in the case n = 1 and m > 1 is
new even in the classical setting over a finite field. The idea is that the explicit description of
the Howe correspondence obtained for the pair (G = GL,,, H = GL,,) by Minguez could be
upgraded for a finer description of the bimodule itself in terms of a stack X attached to the map
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G x SLy — H. This opens an important perspective, as the same description should also hold
for other dual pairs. Especially, it would be interesting to obtain a similar result for the dual
pair (Spy,,, SO9,) and thus provide a conceptually new approach to the calculation of Aubert
[Aub91]. Another perspective is a hope that the whole derived category Dy, (II(F')) could
possibly be described in terms of the derived category of coherent sheaves D(X) on X in the
style of Bezrukavnikov theory in [AB09].

Summary of results

In the entire section we will assume that k is an algebraically closed fields of characteristic dif-
ferent from 2 and F' = k((¢)). According to Grothendieck’s philosophy the equivalent geometric
notion of a function on the k-points of a variety V' is the notion of complex of /-adic sheaves on
V. We can associate to any complex of f-adic sheaf I a function whose value at a closed point
7 is the alternating sum of traces of Frobenius Frz acting on local cohomology sheaves H!(Kz).
This functor intertwins the natural operations on complexes of f-adic sheaves and ones on the
functions. It is better to work with the category of ¢-adic perverse sheaves, which is stable
under Verdier duality. For instance, the geometric version of the Iwahori-Hecke algebra Hj, of
G is the category P, (Flg) of Ig-equivariant perverse sheaves on the affine flag variety Flg.
Following this idea, the geometric version of the space of Iy X Ig-invariants of the Schwartz
space S(II(F)) is the category of Iy x Ig-equivariant perverse sheaves on II(F'). At the level of
functions the space S'#*1¢(T[(F)) is naturally a module over the Iwahori-Hecke algebras of G
and H. This action by convolution geometrizes and defines an action of the category Pr,(Flg)
(resp. Pr, (Flg)) on Pr, 1, (II(F)) and more generally on the derived category Dy, x 1, (IL(F)).

Denote by Grg the affine Grassmannian G(F)/G(O). We define a stratification of the space
II(F) by H(O) x Ig-orbits and describe the irreducible objects of the category Pr(o)x 1, (II(F))
of H(O) x Ig-equivariant perverse sheaves on II(F'), which are indexed by the lattice of cochar-
acters of G. The first result of this thesis affirms that there exists an isomorphism between the
Grothendieck group of the category Pp(o)xr, (II(F')) and the Grohtendieck group of the cate-
gory Pr.(Grg) equipped with a left action of K (Py,(Flg)). The category Rep(H) acts on both
sides via the restriction functor from Rep(H) to Rep(G x Gy corresponding to a homomorphism
G x Gm — H.

The second result consists in describing the irreducible elements of the category P, x 1, (II(F))
which are indexed by X X S;, ., where X is the lattice of cocharacters of G and Sy, is a
finite set. When n = m, we can calculate the action of the irreducible elements of Py, (Flg) on a
specific object, and we construct an equivalence of categories between Pr . (Flg) and Pr,, (Flg).
This enables us to exchange the action of Py, (Flg) and Pr, (Flg). The functor realizing this
equivalence of categories comes from an anti-involution on the group G(F) itself. Among our
partial results, for n < m, we define a grading on Py, (Flg) which is compatible with the
convolution product on Py, (Flg). Moreover, we define a filtration on Py« (II(F')) which is
compatible with the previous grading and hence with the action of Py, (Flg) . This enables us
to control the action of the category P, (Flg) on Pr, 1, (II(F)).

When n < m, the computation of the geometric action of the irreducible elements of P, (Flg)
on the irreducible elements of the category Pr, i, (II(F')) seems complicated, however we can
compute this action on some simple objects (the extensions by zero) which can be translated at
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the level of functions: we construct a submodule © in K(Dy,, 1., (II(F'))) and we prove that it is
a free module of rank C7}, over the Iwahori-Hecke algebra H;j, of G' by constructing an explicit
basis of this module. We define entirely the action of the Iwahori-Hecke algebra Hy, of H on
this basis and we obtain a complete description of the module structure of this submodule.

The third result consists in showing (at least at the level of Grothendieck groups) that the
submodule © is isomorphic to a module induced from a parabolic subalgebra of Hj,. The
answer is formulated rather at the level of Grothendieck groups for simplicity, however most
of our computations are done at the level of derived categories. When n = 1 and m > 1, the
irreducible elements of Py, x 1., (II(F')) are indexed by Z and the geometric situation is simpler to
describe: we can compute entirely the geometric action of Py, (Flg) on the irreducible elements
of Pr,, 1. (II(F')). We show that the Grothendieck group of D Py, « 1, (II(F)) is a free module of
rank m over R(é x Gp) and we explicit a basis.

In the last chapter, we define a general conjecture on the geometric Langlands functoriality
at the Iwahori level. We fix two connected reductive groups G and H and a homomorphism
o: G x Gy — H , where G and H are the respective Langlands dual groups of G and H over
Qy. We construct a stack X and conjecture that the Grothendieck group of this stack, which is
a bimodule under the natural action of the two affine Hecke algebras of G and H, realizes the
geometric Langlands functoriality at the Iwahori level for the homomorphism o.

We consider this conjecture explicitly when G = GL,, and H = GL,, and for a specific 0. By
relating this conjecture with the geometric Howe correspondence for the pair (GL,, GL,,), we
conjecture that the bimodule K(X) under the action of affine Hecke algebras of G and H is
isomorphic after specialization to the Grothendieck group K (D Py, x 1, (II(F))) of the category
DPryxiq (IL(F)).

In the case of n =1 and m > 1, we obtain a simpler description of the stack X. In fact, in this
case K (X) is isomorphic to the G x Gp-equivariant K-theory of the Springer fibre B, = over a

nilpotent subregular element x of H.F inally, we get the most important result of this thesis:
the G x Gm-equivariant K-theory of the Springer fibre B i 18 isomorphic after specialization
to K(DPr,x1,(II(F))) as a left module under the action of the affine Hecke algebra of H.
Both members of this isomorphism are free modules of rank m over the ring of representations
R(G X Gy) of G X Gy, and the ring of representations of H acts via the restriction morphism
Res” : R(H) — R(G X Gy).

Detailed content of the thesis

This thesis consists of four chapters. In the first chapter we present some remindings as well as
some already known results. Chapter two and three are devoted to geometrization and to the
study of the Howe correspondence at the Iwahori level for the dual reductive pair (GL,, GL,,).
In chapter four we establish a conjecture on the geometric Langlands functoriality at the Iwahori
level.

Chapter 1 : In this chapter we give some remindings (root datum, Hecke algebras, perverse
sheaves, affine Grassmannian and affine flag variety), and we introduce some notation which will
be used in the next chapters.



28 INTRODUCTION

Chapter 2 : This chapter is formed by the four following sections :

§2.1 This section consists of remindings on the classical Howe correspondence (at level of func-
tions), and of an interpretation of this correspondence in the language of modules over spherical
Hecke algebras (in the unramified case) and modules over Iwahori-Hecke algebras (in the tamely
ramified case).

§2.2 This section is devoted to the geometrization of the classical objects. In subsection
2.1.1 we introduce different categories used afterwards. Especially, we construct the category
Pr,x1,(II(F)) of Iy x Ig-equivariant perverse sheaves on II(F) which is the geometric analog
of the space of Iy X Ig-invariants in the space of Schwartz functions S(II(F)). In the subsection
2.2.2 we define the geometric action of the categories Py, (Flg) and Pr, (Flm) on the category
Pr, <1, (II(F)), and more generally on the derived category D, x 1, (II(F')). These Hecke func-

tors are denoted by Hg(,) and H #(,). In the subsection 2.2.4 we explain the relation between
the geometric action and the classical action at the level of functions. Indeed, for any function
f in S'6(II(F)) and for any g in G(F) then the geometric action is equivalent to the action of
G(F) on S'e(II(F)) given for any = in II(F) by g.f(z) = |det(g)|"Y2f (g 'z).

§2.3 In this section we study the category Pg(o)xi. (II(F)) of H(O) x Ig-equivariant perverse
sheaves on II(F'). In subsection 2.3.1 we describe the irreducible objects of this category which
are parameterized by the lattice of cocharacters X of G. We denote by II the stratum of II(F")
under the action of H(Q) x I indexed by A. The subsection 2.3.2 is devoted to the study of the
module structure of P o)« (II(F)) under the action of Py, (Grg) and Rep(H). Denote by A
the constant perverse sheaf of the Ig-orbit passing through t*G(0) in Grg and denote by Iy the
constant perverse sheaf of II. We obtain the first result of this thesis: let o : GxGn— Hbea
fixed homomorphism (cf. [Lys11]) and denote by Res : Rep(H) — Rep(G X Gy) the geometric
restriction functor corresponding to o.

Theorem 1 (Theorem 2.3.15 and Corollary 2.3.17, Chapter 2). For any A in Xg and T in
Pr(0y(Gry) we have the following isomorphism

H (T, IC(I1y)) = He (A x gRes (T), Iy).

Moreover, the functor Di,(Gra) — Dgoyxig(IL(F)) given by A — Eg(A, Iy) yields an iso-
morphism at the level of Grothendieck groups K(Pi,(Gra)) = K(Proyxi,(II(F))) commuting
with the above actions of K(Pg0)(Gru)) and K (P, (Flg)).

§2.4 We give a description of the irreducible objects of the category Pr,, x 1, (IL(F)). This is done in
two steps. First, in subsection 2.4.1, we consider the case n = m and we show that the irreducible
objects are parameterized in this case by the affine extended Weyl group Wg. Let Sy,m be the
set of pairs (s, I5), where I is a subset of n elements of {1,...,m} and s : I — {1,...,n} is
a bijection. Denote by Iy, = t~NTI/t"11, where N and r are two integers such that N +r > 0.
Then in subsection 2.4.2 we consider the general case n < m and we obtain the second principal
result of this thesis:

Theorem 2 (Theorem 2.4.8, Chapter 2). The irreducible objects of the category Pr,, x 1, (I1(F))
are parameterized by Xg X Spm. For any element w = (X, s) in Xg X Spm, the irreducible object
of Pryxi1q(IL(F)) indexed by w is the intersection cohomology sheaf of the orbit 11y . indexed by
w in ;.



INTRODUCTION 29

Chapter 3 : This chapter is formed by the six following sections:

§3.1 In this section we restrict ourselves to the case n = m. First, we would like to compute
the action of the irreducible objects of Pr.(Flg) and Py, (Flz) on some particular object 70,

where wy is the longest element of the finite Weyl group of G. We observe that Hg(Ly,, Z%0")
is isomorphic to Z%%"' where w — W is an anti-involution defined over the affine extended Weyl
group Wg of G.

§3.2 For any n < m, we define a filtration by Z on the category Pr, x1,(II(F')). We also define
a grading on P, (Flg) by Z by taking in consideration the connected components of the flag
variety Flg. This grading is compatible with the convolution product on Pj,(Flg) and the
filtration is compatible with the action of P, (Flg). This enables us to control the action of
Pr;(Fla) on Pry s (IL(F)).

§3.3 We reconsider the case n = m and complete the description of the module generated by
Z%0' under the action of the Iwahori-Hecke algebras of G and H. By using this study, we
construct an equivalence of categories between Py, (Flg) and Pr, (Fly) which defines at the
level of functions an anti-involution of Iwahori-Hecke algebras Hj, and Hj,. Moreover, this
equivalence of categories enables us to exchange the action of Py, (Flg) and Py, (Flp) while the
groups are of the same rank.

Theorem 3 (Theorem 3.3.6, Chapter 3). Assume n = m. There ezists an equivalence of cate-
gories o from Pr,(Flg) to Pr, (Flu) sending Ly, (see Definition 1.5.3) to Luygmuw,, where w runs
through We. Additionally it verifies the following properties: for any w and w' in Wg we have

H (Lo, T) "= H 1 (0/(Lay ), T%) and o (Lo % L) = o(L.1) % 0(Ly).

The functor o comes from an anti-involution of G(F) sending an element g of G(F) to wg'gwg. Re-
mark that we obtain a true involution by composing this anti-involution with the anti-involution
of G(F) sending g to g~!. This involution is used further in the construction of the bimodule
Sp when we consider the right action of Py, (Flp) instead of the usual left action.

§3.4 In this section we consider the general case n < m. First, in subsection 3.4.1, we consider a
submodule © over K (P, (Flg)) of K(Dy,x1,(II(F))) generated by the elements Z#, where I,
runs through all possible subsets of n elements in {1,...,m}. We show that the module O is free
of rank C? over K (P;.(Flg)). The elements Z* form a basis of this module over K (P (Flg))-
In subsection 3.4.2, by a series of propositions, we compute the action of H;, on Z# and we
obtain a complete description of the module structure of © over H;, and Hyp,,.

§3.5 The purpose of this section is to show that © is a submodule with respect to the right
K(Pr, (Flg))-action in K (Dy, <1, (II(F'))) introduced in Remark 2.2.12 and identify © as the
induced representation from a parabolic subalgebra of Hy,,. The considerations in this subsection
are essentially on the level of Grothendieck groups (we formulate them at the level of derived
categories however when this is possible, one may assume that we work over a finite field with
pure complexes only). In order to be able to endow this module with an action of Py, (Flg),
one should consider the right action which is related to the left action via the map sending any
clement g of G(F) to g~!. For w in Wg we compute the action of the irreducible objects Ly,
(see Definition 1.5.3) on Z%'. Let Sy be the Q-subspace of K(Dj.x1, (II(F)) ® Q, generated

| —~

by the elements Z(***0)' [see Definition 2.4.10], where w runs through Wg. The module Sy is
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a free module of rank one over Hy,. In subsection 3.5.1 we define the action of the irreducible
objects indexed by the finite Weyl group of G and H on &y. Let us remind that an element
w = t*w of WG is considered as (A, 7) in Xg X Sp . In this way the element wyg is viewed
as an element of Xg x Sy, ,, whose first component vanishes. In subsection 3.5.2 we consider
the standard Levi subgroup M of H corresponding to the partition (n,m — n) of m and we
recall briefly the construction of the subalgebra Hj,, of the Iwahori-Hecke algebra Hy, and
some properties according to [Pra05]. In subsection 3.5.3, we endow Sy with a right action of
H;,, and by parabolic induction we construct an induced module. We obtain the two following
results:

Theorem 4 (Theorem 3.5.22, Chapter 3).
The space Sy is a submodule of K(Dy,x1, (IL(F))) ® Q; for the right action of Hi,,.

Theorem 5 (Theorem 3.5.23, Chapter 3). The adjunction map o : So®w,, Hi, — Slaxle(T1(F))

is injective and its image equals © ® Q.

The standard Levi subgroup M defined above is isomorphic to GL,, X GL;;,_,. In the rest of
this subsection we show that the action of the Iwahori-Hecke algebra of the factor GL,, of M
identifies with the action of Hy, via the anti-involution defined in Theorem 3. The action of the
Iwahori-Hecke algebra of GL,,_y, is by shifting by [—¢(w)], where ¢ denotes the length function
on Wq.

§3.6 This section is devoted to an explicit study of the case n = 1 and m > 1. Similar to
the general case we define the irreducible objects of the category Pr, x 1, (II(F')) which are pa-
rameterized in this case by Z. Unlike the general case, we are able here to define the action of
Pr, (Flp) geometrically. First we define the action of objects corresponding to simple reflections
in the finite Weyl group of H, then the action of the unique affine simple reflection, and at last
the action of elements of length zero. Moreover, we will observe that any irreducible object of
the category Pr, x1(II(F)) is obtained by the action of some length zero element.

Let DPr, «1,(II(F)) be the category whose objects are the direct sums of the objects of the cat-
egory Pr, «1.(II(F))[i], where i runs through Z. We define an action of the multiplicative group
Gm on DPyy, «1,(II(F')) by cohomological shift —1. Denote by g the standard representation of
G. For any integer j, the representation ¢’ sends each irreducible element IC* to IC*~™J. In
this way, we endow the Grothendieck group of the category D Py, 1. (II(F')) with an action of
the ring of representations R(G X Gy) of G X Gy, and we show that it is a free module of rank m
over this ring. We also show that the action of the respective centers of Py, (Flg) and Py, (Fly)
are compatible.

Theorem 6 (Theorem 3.6.15, Chapter 3). The action of respective centers of Pr, (Flg) and
P, (Flg) are compatible. More precisely, Rep(ﬁ) acts via the geometric restriction functor
Res® on irreducible objects IC* for all k in Z.

Chapter 4: This chapter is devoted to the study of the geometric Langlands functoriality at
the Iwahori level. We prove that the geometric Howe correspondence in a particular case comes
from the functoriality at the Iwahori level.
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§4.1 The subsection 4.1.1 consists on the construction of a conjectural bimodule realizing the
geometric Langlands functoriality at the Iwahori level for some homomorphism o. More pre-
cisely, we consider two connected reductive groups G and H and we denote by G and H their
respective Langlands dual groups over Q,. We assume that the respective derived groups of G
and H are simply connected. We fix a homomorphism o : G x G — H. For constructing the
bimodule, we will use the equivariant K-theory. Let us recall that the affine Hecke algebra asso-
ciated with H is isomorphic to the H x Gpy-equivariant K-theory K*Cm(Z 47) of the Steinberg
variety Z 5 = N xn, Ny of H. We use the notation and results of [CG97]. The first conjecture
of this section is the following conjecture:

Conjecture 1 (Conjecture 4.1.6, Chapter 4). The bimodule over the affine Hecke algebras
KGxGn (N, XN Ng) and KHXGm (N XN {\/H) realz'zz'ilg the local geometric Langlands func-
toriality at the Twahori level for the map o : G X Gy — H identifies with K(X'), where

X = (Ng/(G x Gp)) XA (X Gon) (N /(H x Gp)).

In subsection 4.1.2 we give some different descriptions of the stack X.

§4.2 In this section we study the above conjecture under the following hypothesis: G = GL,,
H = GL,;;, and the morphism o is obtained by the composition: GL,, x Gy — GL,, x SLy —
GL, x GL,,—, — GL,,, where GL,, (resp GL,,,) are considered as dual Langlands groups over
Qy, the last morphism is the inclusion of the standard Levi subgroup associated to the partition
(n,m — n) of m, and the morphism ¢ : SLy — GL,,_,, corresponds to the principal unipo-
tent orbit. We can conjecturally relate the bimodule K(X) and the K-theory of the category
DPy,, <1, (II(F)), defining the Howe correspondence. We obtain the following conjecture:

Conjecture 2 (Conjecture 4.2.1, Chapter 4). The bimodule K(X) over each affine Hecke al-
gebra KOG (N x ., Nig) and KH*Cm (N x . Ny) is isomorphic after specialization to
K(DPryy 1 (I(F))).

We have already studied in chapter three the module structure of one of the members of this
conjecture, namely the module structure of K(DPr, «1,(II(F))). In the remaining part of this
section we define a stratification on X and a filtration on K(X) which we suspect to be com-
patible to the one defined on K(DPy,, «1,(II(F))) under the action of the affine Hecke algebras
of G and H.

§4.3 In subsection 4.3.1, we deal with Conjecture 2 when n = 1 and m > 1. In this case it is easier
to explicit the bimodule K (X). Indeed, this bimodule is isomorphic to the G x Gm-equivariant
K-theory K&*C¢m(B i, ) of the Springer fibre of H over a subregular nilpotent element z of
Ny;. We show that the Springer fibre B fa is a configuration of m — 1 projective lines with m
marked points and (by using the cellular fibration lemma [CG97, Lemma 5.5]) we prove that
KG*xGm (Bp; ) is a free module of rank m over R(G x Gyp). We affirm that the R(H)-module

structure on KG*Cn (Bj ) comes from the functor Res” : R(H) — R(G x G,y,) corresponding

to the homomorphism o : G x Gy — H. The major result of this thesis is the following theorem:

Theorem 7 (Theorem 4.3.3, Chapter 4). Assume G = GL1 and H = GL,, with m > 1. The
modules K&*%~ (B, ) and K(D Py, 1, (II(F))) are free of rank m over R(G X Gy,), and R(H)
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acts via Res? : R(ﬁ) — R(éxGm). Moreover, the morphism 7y induces an isomorphism of Hpz-

modules between K*C~(By ) and K(DPy, «i,(IL(F))), where the Z[s,s™']-module structure

on Qy is given by the character sending s to g2

This theorem relates the computations of section 3.6 in chapter three and the conjecture of chap-
ter four in the case where n = 1 and m > 1. It shows that the geometric Howe correspondence
comes from the geometric Langlands functoriality at the Iwahori level for the homomorphism
o. The subsection 4.3.2 is devoted to the proof of the Theorem 7. Our strategy consists in con-
structing an adequate basis of K%*®m (B 71..) on which the action of the affine Hecke algebra
of H is the same as the one in the geometric. The latter action has already been computed in
section 3.6 of chapter three. Surprisingly this basis is different from the basis constructed by
Lusztig in [Lus02].

Appendix: In Appendix A, we remind some generalities on the convolution actions. In Ap-
pendix B, we present a geometric analog of Jacquet functors in the Iwahori case and we prove
that they are compatible with the action of Wakimoto objects. We also show that they preserve
pure perverse sheaves of weight zero.



Chapter 1
Remindings

Throughout this chapter we will assume that k is an algebraically closed field of characteristic
p except in § 1.5.3, where k is assumed to be finite. Let F" be k((¢)) and O be k[[¢]], the ring of
integers of F'. Let £ be a prime number different from p.

1.1 Root datum, finite, affine and affine extended Weyl group

The notion of root datum is a slight generalization of the notion of root system, which is quite
useful for the theory of reductive groups. For the theory of root system we refer to [Hum?78]. For
the theory of root datum and reductive groups, the references are [Lus89], [Spr79] and [Bou02].
Let G be a connected reductive group over k and T be a maximal torus in G. Denote by
(X, R, X, R) the root datum associated with (G, T). Here and throughout we denote by X the
characters of T and X denotes the cocharacter lattice of T. The set R is the set of roots and R
is the set of coroots.

A choice of a Borel subgroup B containing T defines a unique ordering of R. It follows that
one can associate to the triple (G, B,T), a set of positive and negative roots as well as a basis
formed by simple roots denoted A. The reductive group G associated with the dual root datum
is called the Langlands dual group of G. We will consider it as a reductive group over Q.

Denote by sg in Aut(X) the reflection corresponding to the root ¢&. Sometimes we write s, for
Sg. The subgroup of Aut(X) generated by sg is the finite Weyl group of (G, T'). We denote it by
We. It is a Coxeter group with respect to the set of simple reflections corresponding to a fixed
choice of simple roots A in R. The finite Weyl group, W¢ of the root datum (G,T) naturally
identifies with the quotient Ng(T")/T', where Ng(T') is the normalizer of T inside G.

Let t be a fixed symbol. Let f/IV/G be the semi-direct product W x X, where W acts on X in
a natural way. Its elements are wt® (w € Wg,x € X) with multiplication given by
wtx.w/t“/ = ww/twlil(x)ﬂ/.

We will assume additionally that the root datum is irreducible (this is always true in our cases
of interest). Then there exists a unique highest root. Let Sqrr = {salo € A} U {50}, where
59 = t7%0s4,, Where cg the unique highest root. Then the subgroup W,r; of W generated
by S.rs is the affine Weyl group associated with the root datum. Moreover, (W,sf, Sqfy) is a
Coxeter system.
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There is a length function £ defined on the Coxeter group W,s. It extends to a length function
on Wg in the following way.

Definition 1.1.1. [Lus89, 1.4] We define £ : Wg — N by
wt®) = Xgepr w@yei- 1 @) + 1+ Bgcpr ayein+ (@ )|

We have £(w) = £(w™) for all w in W and the length function verifies the following properties
for all z in X and avin A :

1. If (x, &) > 0 then £(s4t") = £(t*) + 1 and £(t"sq) = £(t7) — 1.
2. If (z,&) < 0 then £(s,t") = £(t*) — 1 and £(t*s,) = £(t7) + 1.
3. If (z,&) = 0 then £(sot") = £(t") + 1 and £(t"s) = £(17) + 1.

We define the set of dominant elements in X as follows:
Xt ={z € X|Va € A, (z,&) >0}
={r € X|Va € A, l(sot") = £(t") + 1}.

By the definition of dominant elements and the length function, for w in W and z in X,
one gets £(t%) = X _py (v, &) and £(wt®) = {(w) + £(t*). Additionally, we deduce that for z, z

dominant cocharacters, K(tm.tml) =0(t") + E(tzl).

Let @ denote a subgroup of X generated by coroots. One has Wy ~ Wg x Q. The subgroup
Wy is normal in W and admits a complementary subgroup

Q = {w € Wg|t(w) = 0},

the elements of length zero. It is well known that 2 is an abelian group isomorphic to X/Q.
Additionally we have the following exact sequence

l—>Waff—>Wg—>X/Q—>1.

Thus the affine extended Weyl group WG is isomorphic to Wy ¢ x Q. The algebraic fundamental
group 71 (G) of G is exactly Q.

Consider G = GL, the linear algebraic group over k. Let T" be the maximal torus T' of diagonal
matrices and B the Borel subgroup of G containing T" consisting of upper triangular matrices.
We have B = TU, where U is the subgroup of upper triangular unipotent matrices in GL,,. The
set of characters X*(T') = Zé1 @ - - - @ Zéy, and cocharacters X, (1) = Zm & ...Zn,, where §;
is the i*" projection of T onto k* and n;(t) is the diagonal matrix, whose i*! entry is ¢ and the
other entries are 1. So we have (&;,7;) = (53 . Hence the lattice of cocharacters is identified with
7" and the finite Weyl group with &,, the symmetric group of n elements. The set of roots Ris
{& — &;]1 < i # j < n} and the set of coroots R is {n; —n;|1 <i # j < n}. This defines a root
datum of GL,,. The reflection corresponding to the root & — €; (resp. to the coroot n; —n;) is
the permutation who exchanges € and ¢; (resp. 7; and n;). The subgroup 2 is isomorphic to Z.

Denote by G(F) the set of F-points of G. Consider the natural surjection G(O) — G(k)
(evaluation at ¢ = 0). The inverse image of the Borel subgroup B in G(O) is called the Iwahori
subgroup of G(F') denoted by I;. Denote by U the unipotent radical of the Borel subgroup B and
let U™ be the subgroup such that its Lie algebra u™ is the sum of root subspaces corresponding
to the negative roots. Thus one has B = TU. Let I, = Ic NU~(F) and I, = I N U(F) then
one has the Iwahori factorization: I = I;T(0)I} = IS T(0)I;.
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1.2 Hecke algebras

1.2.1 Finite Hecke algebra

The references for this section are [Lus89|, [Lus83a], [Pra05], [Ber84], [IM], [CG97]. Let v be
an indeterminate. Let G be a connected reductive group over k and T a maximal torus in G.
Let (W, S) be the Coxeter group associated with the root datum defined on G, where W is the
finite Weyl group and S the set of simple reflections (if there is no ambiguity we will omit the
subscript G in Wg).

Definition 1.2.1. [Lus89, 3.2/[CG97, 7.1.1] The Hecke algebra of the Coxeter group (W,S) is
a Z[v=t, v]-algebra Hyy with generators Ts, s € S, subject to the following relations:

1. Ts, Tsy Ty oo =Tsy Ts, Tsy ..., m(a, B) factors.
2. (Ts, + 1)(Ty, —v) = 0.

In the above definition m(«, ) is the order of s,s3 in the Coxeter group. When v = 1, these
relations specialize to the relations in the Coxeter group (W,S). Thus one can think of Hyy
as a v-analogue of Z[W]. This characterization of the Hecke algebra is due to Lusztig but it is
hardly used because the verification of the braid relation is rather a hard task. There is another
characterization of this algebra in the following way:

Proposition 1.2.2. [Bou02, Chapter IV, sec.2, Ex 34] [CG97, 7.1.2] The Hecke algebra Hyy
has a free Z[v=t, v]-basis {Ty,w € W} such that the following rules hold:

1. (Ts+1)(Ts —v) =0 if s € S is a simple reflection.
2. Ty Ty = Tyw if L(yw) = L(y) + L(w).

These rules define completely the ring structure of Hyy thus any algebra satisfying the properties
of the proposition is isomorphic to the Hecke algebra Hyy .

1.2.2 Affine extended Hecke algebra

Denote by Rep(é) the category of finite-dimensional representations of G over Qy, and denote
by R(é) the ring of representations of G. The group algebra Z[X] is isomorphic to R(T ), the
representation ring of the dual torus to 7. We will write e* for the element of R(T) corresponding
to the coweight A in X. The affine extended Hecke algebra associated with G was introduced
by Bernstein [Ber84] (it first appeared in [Lus83b]) and is isomorphic to the so-called Iwahori-
Hecke algebra of a split p-adic group with connected center. The latter was introduced in [IM]
and reflects the structure of C.(Ig\G(F')/Ig) the space of locally constant compactly supported

Q-valued functions on G(F') which are bi-invariant under the action of I, where k is assumed
to be a finite field.

Definition 1.2.3. [CG97, 7.1.9][Affine extended Hecke Algebra] The extended affine Hecke
algebra Hg is a free Z[v, v~ ]-module with basis { T,,|w € W, X € X}, such that:

1. The {T} span a sub-algebra of H¢ isomorphic to Hyy.

2. The {e*} span a Z[v,v=-sub-algebra of He isomorphic to R(T)[v™1,v].

3. For any sq € S with (\,&) = 0 we have Ty, e = Ty, .

4. For any sq € S with (\,&) = 1 we have Ty, e *MNT, = ve.

[e3
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The properties (3),(4) together are equivalent to the following useful formula

6)\ — eSa N\

Tsaesa()\) _ eATSa = (1 _ 0)17704’
— €

(1.2.4)

where « is a simple coroot, s, the corresponding simple reflection and A € X. The properties
(1) and (2) give us two canonical embeddings of algebras

R(T)[v™!,v] = Hg and Hy — Hg.
The multiplication in Hg gives rise to a Z[v~!, v]-module isomorphism
He ~ R(T)[v ™", 0] ®@zp-1,) Hiv.
This is a v-analogue of the Z-module isomorphism
ZWe) ~ R(T) ®z Z[We).

The center of the extended affine Hecke algebra Hg is isomorphic to R(T)W[v~1,v] [CGOT,
7.1.14]. Hence the center is generated by sums of elements e* over the Weyl-orbits of cocharacters

A

1.2.3 Iwahori-Hecke Algebra

Assume temporary that the ground field k is the finite field F,. Consider C.(Ic\G(F')/Ig), the
space of locally constant, I-bi-invariant compactly supported Q,-valued functions on G(F). We
fix a Haar measure dz on G(F') such that Ig be of measure 1. This space endowed with the
convolution product is an algebra and is called the Iwahori-Hecke algebra of G' denoted by Hy,,.
For any two functions fi, f2 in Hj, the convolution product is defined by:

fiedole) = [ @) faa g

geG(F)

There are two well-known presentations of this algebra by generators and relations. The first is
due to Iwahori-Matsumoto [IM] and the second is by Bernstein in [Lus89] and [Lus83a].

Denote by Ty, the characteristic functions of the double cosets Iqwlg for w € WG and according
to Iwahori — Matsumoto presentation the set {T,|Jw € W} forms a basis of Hj,. For A in
X we will denote by T}, the characteristic function of the double coset IatM .

For \ in X, let T}» equal q_f(tk)/ 2T, the normalized characteristic function of the double coset
Iqt* . We define a new function in the Iwahori-Hecke algebra:

Ox = T Tixt

tA2

where A = A} — A2 and \; is dominant for ¢ = 1,2. The set {0)\T|A € X, w € W} forms a basis
of Hy,. The elements ¢y verify the following Bernstein relations: for a a simple coroot, s, the
corresponding simple reflection and A in X,

Ox — 05,00

TSQHSQ()\) - GATSQ = (1 - q) 1— 9
—Q
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One sees that the Bernstein relations are the analogue of the relation 1.2.4 in the affine Hecke
algebra when v is specialized. This is the Bernstein presentation of the Iwahori Hecke algebra.
The elements ¢ generate a commutative subalgebra of Hy,. The Bernstein presentation reflects
the description of Hj, as an equivariant K-theory of the associated Steinberg variety [CG97,
Chapter 5], which plays a role in the classification of the representations of Hy,. We will use
the K-theoretic description in Chapter 4. The Bernstein presentation has the advantage that
one can construct a basis for the center of H;, by summing the elements ¢, over the Weyl-
orbits of cocharacters A. These functions are called the Bernstein functions. One can write each
Bernstein function and as a consequence the center of Hj, as an explicit linear combination of
the Iwahori-Matsumoto basis elements T, for w € Wg. In the notation of Definition 1.2.3, the
functions @) correspond to e*. These are the classical Wakitomo objects, the geometric version
of these ones is defined in § 1.5.3. By specializing v, we get the following isomorphism

Hi, ~ Ha ®zp-1,] Qo

Another way of defining the Iwahori-Hecke algebra is to consider the category Pi.(Flg) of
Ig-equivariant perverse sheaves on the affine flag variety Flg of G. This category endowed
with the geometric convolution is a geometric realization of Hy,,, i.e., Hj, is isomorphic to the
Grothendieck group of this category tensored with Q,.

Denote by Hgyp, the space of compactly supported G(O)-bi-invariant Q-valued functions on
G(F) with the product defined by convolution. The spherical Hecke algebra Hpy, is a subalgebra
of Hj,. By a theorem of Bernstein [Ber84] the center of the Iwahori-Hecke algebra Z(Hj,,) is
isomorphic to Hgypp,.

The classical Satake isomorphism states that

Hsph = K(Rep(é)) ® @Z

where K denotes the Grothendieck group. The spherical Hecke algebra H,,, has a geometric
interpretation as well. This is realized by considering G(QO)-equivariant perverse sheaves on
affine Grassmannian Grg of G.

Denote by Hy the subalgebra of H;, consisting of functions which are extensions by zero from
G(0), that is, C.(Ic\G(O)/Ig). It is an algebra with respect to the convolution product and
generated by {T,,|w € Wg}. This subalgebra identifies with C.(B(k)\G(k)/B(k)). By specializ-
ing v one gets,

Hy = Hy Qzp0-1] Qu-

1.3 Perverse sheaves

Most of our results hold over any algebraically closed fields of characteristic p. For results
involving weights or purity, we assume our field to be an algebraic closure of F;, denoted by F.
Let F'rq be the geometric Frobenius in Gal(F/F,) which is the inverse of the arithmetic Frobenius
sending = to x9.

Let X be a scheme of finite type defined over a finite field F,. We refer to [BBD82],[Del80]
and also [KWO01, Chapter 3], [FK88] for the definitions of the bounded category D%(Xg, Q) of
constructible complexes of Q-sheaves. One may also refer to the complete survey [dCMO09)].
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These categories are stable under the usual operations f*, fi, f', fi, derived Hom and tensor
product, duality, vanishing and nearby cycles. The standard and the middle perverse t-structure
are also defined, and one obtains the category P(Xy, Q) of perverse sheaves on Xy. If X is the
F-scheme of finite type obtained from X by extending the scalars to IF, then we obtain in the
same way the categories D%(X,Q,) and P(X,Qy).

Suppression of the index — denotes the extension of scalars from [, to F. For example, if Fj is
a Qy-sheaf on Xy, then we denote its pull-back to X by F. Let D be the Verdier duality functor.
The category of constructible f-adic perverse sheaves P(X,Qy) is a full subcategory of the
constructible derived category D%(X,Qy).

Proposition 1.3.1 (Intermediate extension). [KW01]

1. Let U be an open subscheme of X and Y be the complement of U in X. We denote by
iy (resp. j) the closed (resp. open) embedding of Y (resp. U) in X. Then for every
perverse sheaf B on U there erists an extension B of B in P(X,Qy) such that B has
neither quotients nor subobjects of type i, A for A in P(Y,Q,). This extension is unique
up to a unique isomorphism and is denoted by j1.(B). It defines a functor ji. : P(U, Q) —
P(X, Q).

2. More generally if Z is a locally closed subscheme of X and the immersions

iy Z 2572 X,
the functor iz : P(Z,Qp) — P(X,Qy) is defined by iz = iz, ji.
We recall the theorem describing the structure of simple perverse sheaves.

Theorem 1.3.2. [KW01] A perverse sheaf B on X is simple if and only if there exists a smooth
d-dimensional irreducible locally closed subscheme Z of X as well as an irreducible Q,-local
system L on Z such that if iz is the immersion of Z in X then B is isomorphic to iz.(L)[d],
where iz, is defined in Proposition 1.3.1.

Simple perverse sheaves associated with the trivial rank one Q,-local systems on locally closed
subschemes of X form an important class of perverse sheaves:

Definition 1.3.3. Let Z be a smooth d-dimensional irreducible locally closed subscheme of X
and i : Z — X be the corresponding immersion, the intersection cohomology sheaf (IC-sheaf for
short), 1C(Z) is the perverse sheaf iz1.(Qp)[d].

The category P(X,Qy) is Abelian, Noetherian and Artinian. Hence every perverse sheaf is a
finite iterated extension of simple perverse sheaves. In the notation of [BBD82], we denote
PD<0(X) (resp. PDZ°(X)) the objects of D(X) whose perverse cohomology sheaves vanishes in
degree > 1 (resp. < —1).

1.3.1 Weights and purity

Let Fy be a Qg-sheaf on Xj. Over F, we have the Frobenius morphism Frq: X — X (evaluation
to the ¢"" power) and an isomorphism F; : Fr}(F)=—=F. For any n > 1, let Fren = (Fry)" and
denote by Fyn : FrynF' — F the isomorphism induced by iteration of F/. The fixed points of
Frgn are exactly the points x of X defined over Fy». For any fixed point x of F'rgn denote by F,
the stalk of F' at z, then F» is an automorphism of F.
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Definition 1.3.4 (Pointwise pure and mixed sheaves). [KWO01, Chapter I, Definition 2.1]

1. A Qq-sheaf Fy on Xq is called pointwise pure of weight w (w € Z) if, for every n > 1 and
every point x of Xo(Fyn), the eigenvalues of the automorphism Fyn on Fy are algebraic

numbers such that all of their complex algebraic conjugates have absolute value ¢™*/2.

2. A Qu-sheaf Fy on X is mized if it admits a finite filtration with pointwise pure successive
quotients. The weights of a mized Fy are the weights of the non-zero quotients.

Definition 1.3.5 (Mixed and pure complexes). [KW01, Chapter I, § 2]
The category DP (Xo,Qp) of mired complexes is the full subcategory of D%(Xo,Q,) given by
complexes whose cohomology sheaves are mized. A complex Ky in D?n(X[),@g) is pure of weight

w if the cohomology sheaves H'(Ky) are pointwise pure of weights < w + i and the same is true
for its Verdier dual DKy of K.

We will denote by P,,(Xo,Qy) the category of mixed perverse sheaves.

Theorem 1.3.6 (Mixed and simple is pure). [BBD82, Corollary 5.3.4] Let P be a mized simple
perverse Qq-sheaf of weight w in P,(Xo,Qy), then P is pure of weight w.

Theorem 1.3.7 (Purity and decompositions). [BBD82, Theorem 5.4.1, 5.4.5 , 5.4.6, and Corol-
lary 5.3.8]

1. Let Ko in Db (Xo0,Qy) then Koy is pure of weight w if and only if each PH'(Ky) is a pure
perverse sheaf of weight w14 and there is an isomorphism between K and @;czPH' (K )[—i]
in D2(X,Qy).

2. Let Fy be a pure perverse Q;-sheaf on Xg. The pull-back F of Fo to X splits in P(X,Qy)
as a direct sum of intersection cohomology complexes associated with smooth irreducible
Qy-local systems on irreducible smooth locally closed subschemes of X.

Remark that the splittings above do not necessarily hold over Xj.

We denote by PH? the i*-perverse cohomology sheaf. We will denote the category of pure
perverse sheaves of weight 0 on X by P(X, Q).

Equivariant perverse sheaves [KWO01, I11.15] Let X be a scheme of finite type over k. We
will work with the bounded derived category D(X) of Qs-sheaves on X and the category of
perverse sheaves P(X) inside D(X) (we will omit ® and ).

Let G be a connected algebraic group acting on X. The action map is denoted by a : Gx X — X.
Let p be the projection to the second factor G x X — X. An object F € P(X) is said to be
G-equivariant if the following properties are verified:

1. There exists an isomorphism ¢ : a*F ~ p*F.
2. The pull backs by id x a and m x id of the isomorphism ¢ are related by the equation

Paspo(idg xa)* ¢ = (mxidx)*¢, where m is the multiplication on G and pe3 : GXGx X —
G x X is the projection along the first factor.

3. Plexx =id, and F = a*Flexx—p*Flexx = F, where e denotes the unit of G.

Remark 1.3.8. Condition 3) in the definition above is superfluous and is only given for con-
venience. Indeed, it can be deduced from 1) and 2) as follows. Restricting the equality in 2)
to e x e X X, one finds ¢lexx © dlexx = Glexx. Since ¢lexx is an isomorphism, this yields
¢’e><X = 1d.
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We denote by Pg(X) the full subcategory of P(X) consisting of equivariant perverse sheaves.
The derived category of G-equivariant Q-sheaves on X is denoted by Dg(X).

In the following we will also use a subcategory DP(S) of D(S) defined over any scheme or stack
S. The objects of DP(S) are the objects of @z P(S)[i], and for K, K € P(S) and 4, j € Z the
morphisms are:

o Hom K,K') ifi=j;
Homp ps) (K i), K[j]) :{ g e iz

1.4 Affine Grassmannian

The references for this section are [BD91], [BL94] and [Gor10].

1.4.1 Affine Grassmannian of GL, by lattices and in geometric terms

Consider the linear algebraic group GL,, over k. Denote by GL,(F) its F-points. For any
k-algebra R denote by R][[t]] the ring of formal power series over R and by R((t)) the ring of
Laurent series over R. In this subsection we will introduce the affine Grassmannain Grgr,
of GL, and we will give two different interpretations. The first interpretation is by means of
lattices and will enable us to show that Grgry, is an ind-scheme of ind-finite type, and the
second is in a geometrical way by means of vector bundles.

Proposition 1.4.1. [BLY/, Proposition 1.2] The functor sending a k-algebra R to GL,,(R][[t]])
is the group scheme denoted by GL,(O). The functor sending a k-algebra R to GL,,(R((t))) is
an ind-scheme that we denote by GL,,(F).

Definition 1.4.2. The affine Grassmannian Grgr, of GL, is defined as the quotient k-space
GL,(F)/GL,(0).

Remark 1.4.3. The quotient in the category of k-spaces is the sheafification of the presheaf
quotient R — GLy,(R((t)))/GLn(R][[t]]) in the fpgc-topology.

Definition 1.4.4 (Lattices). [Gor10, Definition 2.8] Let R be a k-algebra. A lattice L in R((t))"
is a R[[t]]-submodule such that there exists N € Z>q with

tNR[[t]|" ¢ L c t~VR][[t]]"
and the quotient t=V R[[t]]"/L is locally free of finite rank over R.

Proposition 1.4.5. [BL94, Proposition 2.3] The R-points of GL,(F)/GL,(O) are naturally
identified with the set of lattices in R((t))".

Now we want to describe GL,,(F)/GL,(O) in a geometrical way. Let X be a projective smooth
connected curve over the field k. Let x be a closed point in X and let X* be X —{x}. Denote by
O, the completion of the local ring of X at x and by F) its field of fractions. We choose a local
coordinate at the point x, denoted by ¢ and we may identify O, = k[[t]] and F, = k((t)). For
each k-algebra R we set Xp = X xi Spec(R) and Xj, = X* xi Spec(R). Let Dr = Spec(R][[t]])
and D5 = Spec(R(())).
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Proposition 1.4.6. [BL94] Consider the functor associating to a k-algebra R the isomorphism
classes of {(E, p)}, where E is vector bundle of rank n on Xgr and p is a trivialization of E over
X%. Then the affine Grassmannian Grgr, identifies canonically with this functor.

Let G be a linear algebraic group over k. The affine Grassmannian Grg associated with G is
the quotient k-space G(F)/G(O), see [Remark 1.4.3]. To establish the existence of the affine
Grassmannian as an ind-scheme in the general case, we will embed a given linear algebraic group
into a general linear group in a suitable way. We use the following lemma due to Beilinson and
Drinfeld.

Proposition 1.4.7. [BD91][Theorem 4.5.1] Let H C G be linear algebraic groups over k such
that the quotient U = G/H is quasi-affine. If Grg is represented by an ind-scheme of ind-finite
type then so is Gry. The morphism Grg — Grg is a locally closed immersion. If U is affine,
then this immersion is a closed immersion.

If the group G is reductive then Grg will be of ind-finite type. Indeed, choose an embedding
G — GL,, for some n then since G is reductive, the quotient G/GLy, is affine. In the general case
one shows that there exists an embedding G — GL,, x G,, such that the quotient is quasi-affine.

1.4.2 Stratification of Grg and convolution product

Let G be a connected reductive group over k and a 7' a maximal torus of G. Let B a Borel
subgroup of G containing 7" and let I denote the corresponding Iwahori subgroup. The group
scheme G(O) acts on the affine Grassmannian with finite-dimensional orbits. The G(O)-orbits
on Grg are parametrized by W-orbits in X. Denote by ¢ the image of ¢ under the map
A\ F* — G(F). Given X in X, the G(O)-orbit associated with Wg.\ is G(O).t* denoted by
Gr(.. Denote by Gr) the closure of the G(O)-orbit Gr. We have the Cartan decomposition of
G(F)

G(F)= |J GOoG(0).

AeX+

For any A and g in X, we have Grf, C Gré‘;, if and only if A — p is a sum of positive coroots
and we have
Grr = | | Gr.

n<A

1
For any A in X, the dimension of Gré is (29, A), where p is 3 > aei+ @, the half sum of positive
roots.
The Iwahori subgroup I acts on the affine Grassmannian Grg as well. The Ig-orbits are

parametrized by cocharacters A\ in X. Each orbit is an affine space. We have the decomposition

G(F) = | | Ist*G(0). (1.4.8)
reX
Let A be in X, each G(O)-orbit Grg decomposes into Ig-orbits which are parametrized by
W.A and the orbit Igt*G(O) is open in Grj. For any A in X denote by O* for the Ig-orbit
through t*G(0O) in Grg. Denote by O its closure. The scheme O is stratified by locally closed
subschemes O*, where p is in X. Remark that O* C O* does not necessarily imply g < .
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Proposition 1.4.9. /[BD91, Proposition 4.5.4] The set of connected components of Grg can
be identified with m (G), the algebraic fundamental group of G which is nothing but the elements
of length zero in the affine extended Weyl group of G.

Convolution product on Grg One may refer to [MVO07, § 4] for details.

Lemma 1.4.10. [Gai01, Appendiz] The space G(F) x (o) Grg is represented by the functor

classifying quadruplets (B, B, B, BY), where E and E' are G-bundles on D, B s an isomorphism
between E) . ~ E|1D* on D* and B is a trivialization of E' over D*.

The notion of the category of perverse sheaves is well-defined for an ind-scheme of ind-finite type.
Indeed let Y = lim_ Y;, we define the category of perverse sheaves on it as P(X) = 2lim, P(Y;),
where the functors P(Y;) — P(Yiy1) are the direct image functors. This is again an abelian
category since the functor of direct image under a closed embedding is exact. Similarly one
can define the derived category D(Y) = 2li_n)1Db(Y;) which is triangulated category due to
the exactness property mentioned above. This construction does not depend on the choice of
a presentation of Y as inductive limit of ¥; and P(Y) and D(Y') are intrinsically attached to
Y. We emphasize again that a perverse sheaf on an ind-scheme is by definition supported on a
closed subscheme of finite type. This means that this notion is essentially finite-dimensional. In
the same way one may define the category of equivariant perverse sheaves on an ind-scheme for
a nice action of an algebraic group on Y like the case of the affine Grassmannian stratified into
finite dimensional orbits under the action of G(O).

Consider the following diagram

Grg x Grg a G(F) x Grg 4, G(F) XG(o) Gra LS Grg. (1.4.11)

The subgroup G(O) acts on G(F) x Grg via the following formula: for (g,z) in G(F) x Grg
and h in G(O), we have h.(g,x) = (gh™', hx). The space G(F) X (o) Grg is the quotient of
G(F) x Grg by G(O) under the above action. The map p sends (g, z) to (¢G(O),x), the map
v is the quotient map and the map m is the multiplication.

One may define a geometric convolution product

* 1 Pg0)(Gra) X Pgo)(Gra) — Poo)(Gra).

Let F; and F; be two G(O)-equivariant perverse sheaves over Gr¢, the convolution product of
these two perverse sheaves is by definition Fj  Fo = my(F1XFy). The sheaf F1XF, is perverse
equipped with an isomorphism

p*(fl xfé):)q*(]—"lgfé). (1.4.12)

Since each perverse sheaf F; is supported over a subscheme of finite type, this definition makes
sense.

This convolution product at the level of the Grothendieck groups descends, of course, to the
usual convolution product on the spherical Hecke algebra Hyyy,. It follows from Lusztig’s work in
[Lus83a] that this convolution product preserves perversity and makes Pg(0)(Grg) a monoidal
category.

Moreover, the fact that the spherical Hecke algebra H,y,, is commutative can be lifted to the
categorical level. By interpreting the convolution product as a fusion product one can show that
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this makes Pg(0)(Grg) to be a symmetric monoidal category, see [MV07, § 5]. The geometric

%

Satake isomorphism establishes an equivalence of tensor categories P (0)(Grg) = Rep(G), where
the latter is the category of representations of the Langlands dual group over Q, and the product
is the tensor product of two representations on right hand side and convolution product on left
hand side [MV07, Theorem 14.1].

As at the end of Section 1.3, one may also consider the category D Pg(0)(Gra) = @i Pgo)(Gra)li]-
Sometimes, we will use an extension of the Satake equivalence

DPg0y(Grg) = Rep(G x G,). (1.4.13)

For K € Pg(0)(Grg) and i € Z this functor sends K[i] to Loc(K)®I®~", where I is the standard
representation of Gy, and Loc : Pg(o)(Gra) = Rep(G) is the Satake equivalence.

1.5 Affine flag variety
The references for this section are [Gai01], [Gorl0).

Definition 1.5.1. The affine flag variety Flg for G is the quotient k-space G(F)/Iq.

1.5.1 Affine flag variety of GL, by means of lattices

Definition 1.5.2. Let R be a k-algebra. A complete periodic flag of lattices inside R((t))" is a
flag

LiCclLyoCcLiC...

such that each L; is a lattice in R((t))"™, each quotient L;+1/L; is a locally free R-module of rank
one and Ly =t 1Ly, for any k in Z.

For 1 <i < n, set
Air = (@51t ' R[[t]]ej) ® (@1 R[[t]]e)-

For all i in Z, we set Aj1n g =t 'A; g. This defines the standard complete lattice flag
Afl,R C A(),R C Al,R cC...

denoted by Ae g in R((t))". Each point of GL,(R((t))) gives rise to a flag of lattices inside
R((t))™ by applying it to the standard lattice flag. The Iwahori subgroup I C GL,(k[[t]]) is
precisely the stabilizer of the standard lattice flag A, k. This leads to the following proposition:

Proposition 1.5.3. [Gor10, Proposition 2.13] For any k-algebra R, the set FlgL, (R) is natu-
rally in bijection with the set of complete periodic lattice flags in R((t))". Besides, Flgy, s an
ind-scheme.

By using this proposition together with Lemma 1.4.7, we obtain that the affine flag variety Flg
for any reductive group G is an ind-scheme. We can either give an embedding of G into GL,,,
or show that it is an ind-scheme by considering the natural projection of Fls onto Grg which
is a fibre bundle whose fibres are all isomorphic to the usual flag variety of G.
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1.5.2 Affine flag variety of a reductive group in geometric terms and convo-
lution product

Another interesting and important description of the affine flag variety of a reductive group G
can be given in terms of G-torsors. Let X be a smooth connected projective curve and z a
closed point in X. Denote by O, the completion of the local ring of X at x and by F} its field
of fractions. We choose a local coordinate at the point z, denoted by ¢ and we may identify
O, = k|[t]] and F, = k((t)). Let D = Spec(O,) and D* = Spec(k((t))). Then Flg is the
ind-scheme classifying the triples (Fg, 3, €), where F¢ is a G-torsor on D, (3 is a trivialization of
Fg on D* and € is a reduction of Fg|, to a B-torsor. There is a distinguished point 1z, that
corresponds to the triple (F2, 3%, €%), where (F2, 3) = 1gy, and €® corresponds to the chosen
Borel subgroup B in G.

Theorem 1.5.4. [Gor10, Theorem 2.18] The affine flag variety decomposes as a disjoint union
Fle= |J Iewlg/Ic.
’wéﬁ/c

The closure of each Schubert cell Icwlg/Ig is a union of Schubert cells and the closure relations
are given by the Bruhat order:

Igwlg/lc = | Iew'Ig/Ic.

wlgw
For any w € WG we will denote the Schubert cell Igwlg/Ig by FlE. It is isomorphic to Atw),

One can define the category Pr,(Flg) of Ig-equivariant perverse sheaves on Flg and the
bounded derived category Dy (Flg). One has a canonical isomorphism

K(Pig(Flg)) © Qp—Hig, (1.5.5)

where K (Pr,(Flg)) is the Grothendieck group of this category. One may define a convolution
product on Flg [Gai0l, § 1],

* 1 P, (Fle) x Prg(Flg) — D (Flg)

in the following way:

Convolution Product

The Iwahori subgroup I acts on G(F') x Flg via the following formula: for (g, z) in G(F) x Flg
and h in I, we have h.(g,x) = (gh~ !, hx). The space G(F) x 1, Flg is the quotient of G(F) x Flg
by I under the above action.

We have the following diagram

Flg x Flg & G(F) x Flg % G(F) x1, Flg & Fla,

where the map p sends (g,z) € G(F) x Flg to (9lg, ), the map ¢ is the quotient map, and the
map m is the multiplication map.

One can define the space G(F') x 1, Flg in a geometrical way. It is the ind-scheme classifying the
data of 6-tuples (fg,fé,,é,ﬂl, €, €'), where the objects (.7:0,.7:(1;,3,51) are as in Lemma 1.4.10
and e (resp., €!) is a reduction of F¢|, (resp., F4|z) to a B-torsor, [Gai01].
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For any perverse sheaf 7 on Flg and any Ig-equivariant perverse sheaf S on Flg, let TS be
the complex of sheaves equipped with an isomorphism

¢"(TRS)—=p (T K S).

This is an object in the derived category D(G(F') x, Flc) and we set the convolution of these
two perverse sheaves to be 7 « S = my(7XS). However, Lusztig’s theorem does not extend to
the case of affine flags: the convolution on the affine flag variety does not preserve perversity
and for two perverse sheaves &7 and S there is certainly no isomorphism between &1 x So and
So * S since the corresponding equality is not true, even at the Grothendieck group level (the
Iwahori-Hecke algebra Hp, is not commutative, see § 1.2.3).

1.5.3 Some properties of convolution product and Wakimoto sheaves

For w € W, denote by j,, the inclusion of Fl% in Flg, and let Ly, = ju,1.Qp[l(w)] (L(w)/2),
the IC-sheaf of Fi%. We write Ly = jiuQg[(w)](¢(w)/2) and Luyy = JusQp[l(w)](¢(w)/2) for
the standard and costandard objects. As j,, is an affine map, both L., and L., are perverse
sheaves. They satisfy (L) = Ly, where D denotes the Verdier duality. Remark that in the
notation of L, and L. we wrote the Tate twists. When working over an algebraically closed
field, we will forget the Tate twist.

Assume that k is finite. To G in Py (Flg) we attach a function [G] : G(F)/Ig — Qy given by
Gl(x) = Tr(Fry,Gs), for x a point in G(F')/Ig and where Fr, is the geometric Frobenius at

z. The function [G] is an element of H;,. In particular [L,,] = (—1)e(w)q;1/2Tw and [Ly. =
(—1)5(“’)%1,/ 2T1;_11, where ¢, = qé(w). Here T,, denotes the characteristic function of the double

coset Iqwlg.

In the following we will introduce the Wakimoto sheaves who are the geometrical version of
Bernstein functions, § 1.2.1.

Proposition 1.5.6. [AB09, § 3.2] We have the following two properties:

1. If wi, wy € Wg verify £(wyws) = £(wy) + £(ws) then we have a canonical isomorphism
Lups % Luoge == Loy g (1.5.7)

Under the same assumption and by duality, the same result is true for L.

2. Denote by e the identity element of WG then for any w € Wg, we have
Lw! *wal*:wal**Lw!:Le. (1.5.8)
Hence the perverse sheaf Ly, is an invertible object of Di,(Fla).

Corollary 1.5.9. [AB09, § 3.2] The map sending \ to Lyx,, for any X\ in Xt extends naturally
to a monoidal functor
R(T) — Dy, (Flg).

The image of A under the above functor is usually called a Wakimoto sheaf. There are two
conventions for defining the Wakimoto sheaves. The first convention is due to Bezrukavnikov in
[AB09]. We will use the convention due to Prasad in [Pra05] by letting © = L,n for A dominant
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and ©) = L. for A anti-dominant. In any case Wakimoto sheaves verify the following: A € X,
if A = A1 — A2 where \; are dominant for i = 1,2, then ©) ~ ©,, * O_),. According to [AB09,
Theorem 5], these are actually objects of the category Pr,(Flg) (a priori they are defined as
objects of the triangulated category Dy, (Flg)).



Chapter 2

Towards geometrical Howe
correspondence at the Iwahori level

2.1 Howe correspondence

2.1.1 Classical Howe correspondence

The standard reference for the Howe correspondence from the classical point of view is [MVW8T7].
One can also see the survey by Kudla [Kud86]. We are going to recall the construction of the
WEeil representation of the metaplectic group and the Howe correspondence also known as local
theta correspondence. We will overview the Howe conjecture and recall different already known
results. Then we will consider the special case of dual reductive pairs of type II and will restrict
ourselves to the class of the tamely ramified representations. We will translate the tamely
ramified case of the Howe correspondence in the language of representations of Iwahori-Hecke
algebras.

Fix a local non-Archimedean field F' of characteristic p > 2. Let W be a symplectic vector space
of dimension 2n over F. Let Sp(W) be the symplectic group and H (W) be the Heisenberg
group, H(W) =W @ F with the multiplication

1
(wlatl)(w27t2) == (wl + w27t1 + t2 + 5<'LU1,’LU2>),

where (,) is the symplectic form on W, w; € W and ¢; € F for i = 1,2. The symplectic group
Sp(W) acts as a group of automorphisms on H(W) by the rule 9(w,t) = (gw,t), where g is
an element of Sp(W). This action is trivial on the center of H(W). Fix a non-trivial additive
character ¢ of F' with values in C*. The key fact on the construction of the Weil representation
is the following result.

Theorem 2.1.1. [Stone, Von Neumann/[MVW87, § 1.2] Up to isomorphism, there is a unique
smooth irreducible representation (py,S) of H(W') with central character 1.

Since the action of Sp(W) is trivial on the center of H(W), the representation (9py,S) given
by 9py(h) = py(9h) for any h in H(W') again has central character ¢. So by Theorem 2.1.1 it is
isomorphic to (py, S). In particular, for each g in Sp(W), there is an automorphism A(g) : § — §
such that for any g, h in Sp(W),

A(g)py(R)A(g) ™" = py(“h). (2.1.2)
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The automorphism A(g) is unique up to a scalar in C*. The map g — A(g) defines a projective
representation of Sp(W). For such a projective representation, consider the fibre product

SP(W)w GIIS)
Sp(W) — GL(S5)/C*,

where

Sp(W), == {(g, A(g)) € Sp(W) x GL(S)| (2.12) holds}.

The group Sp(W),, is then a central extension of Sp(W),

1= T = Sp(W), — Sp(W) — 1.

—_——

such that A may be lifted to a linear representation wy, of Sp(W),, given by wy (g, A(g)) = A(g).
The central extension Sp(W) ., does not depend on ¢ [Kud86, Theorem 3.1], and is isomorphic to
a nontrivial twofold topological extension of Sp(W) called the metaplectic group. The existence
of a unique nontrivial twofold topological central extension of Sp(W) follows from [Gel76].

In the following we will omit the subscript ¥ in Sp(W)¢. We call the representation (wy,S)

e

of the metaplectic group Sp(W) the Weil representation. There are different models of Weil
representation. We will be interested in one of these models called the Schrédinger model,
[MVW87, Chapter 2, I1.6].

Let Y be a maximal isotropic subspace of W. Let X be another maximal isotropic subspace of
W such that W = X @Y. Such a decomposition is referred to as a complete polarization of W.
Denote by S(X) the space of C-valued locally constant functions on X with compact support.
Denote by (py,S(X)) the representation of H(W) on S(X) defined in [MVW87, Chapter 2,
I.4] and the corresponding model of the Weil representation of W ) again will be denoted by
(wy, S). This is the Schrodinger model of the Weil representation.

From now on we will replace the field of coefficients C by @, and consider our representations
over Q.

Definition 2.1.3. [MVW87, 1.17] A reductive dual pair (G,G") over F in Sp(W) is a pair of

closed subgroups G and G' of Sp(W) such that G and G’ are reductive groups over F and
Centg,wy(G) =G,  Centgyu(G) =G,

where Cent denotes the centralizer.

There is a classification of dual reductive pairs in [MVW87, Chapter 1]. There exists two types
of dual pairs: dual pairs of type I consisting of symplectic, orthogonal, unitary groups and dual
pairs of type II consisting of linear groups.

Fix a reductive dual pair (U, Us) in Sp(W) and for ¢ = 1,2, denote by U; the inverse image of

U; in Sp(W). For i = 1,2. we have the following exact sequences

1—>@z—>a—>Ul—>1
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The groups U and U are mutual commutators in %(W) [MVW8T7, Chapter 2, IIL.1].

Let (m, V') be a smooth irreducible representation of UT;/UQ such that

Hom -~ (5,V) # {0},

then there exists smooth irreducible representations (71, V1) and (mwa, Va) of U, and Us respec-
tively unique up to isomorphism such that 7 is obtained by factorization of the representation

T @y of (71 X (72 under the projection 171 X IA]; — U x Us. By abuse of notation we will denote
=1 & Ta.

Denote by R(i) the set of smooth irreducible representations of i appearing as quotients of
(wy, S) restricted to U;. Let similarly R(U; x Uy) be the set of smooth irreducible represen-

tations of Uy x Us appearing as quotients of (wy,S) restricted to Uy x Us. Then R(U; x Us)
identifies with a subset of R(Uy) x R(Us). Here is the Howe duality conjecture.

Conjecture 2.1.4. [MVW87, Chapter 2, II.2] [How79, Paragraph 6].
The set R(Uy x Us) is a graph of a bijection between R(U;) and R(Us).

We can give a more precise form of this conjecture. For a representation (7, V}) in R(IA];), let

S(m) = ﬂKer(f), fe Homﬁl(S, ).

Then S[m] = S/S(m) is the maximal quotient of S on which U; acts as a multiple of 7. We
refer to the representation S[m] as a maximal 7j-isotypical quotient of S. The space S(m1) is
stable under the action of Uy and the quotient S [m1] defines a representation of U1/>\</U2. Now
by Lemma [MVWS87, Chapter 2, III.4] there is a smooth representation O, of U, such that
S[mi] = m ® Oy,. The representation O, is unique up to isomorphism.

Theorem 2.1.5 (Howe duality). [MVW87, Chapter 3, III] For any representation 7 in R(ffvl),
there exists a unique irreducible quotient of ©r, denoted by 0r,. One similarly defines O, and
Or, for any representation my in R(Us). Then the map m — Or, is a bijection between R(Uy)
and R(Us).

It is of great interest to describe explicitly the bijection between 7 and 6r,. Let us mention
some known results on the Howe duality.

1. For dual reductive pairs of type I, this conjecture has been proved in [MVW87] and [Wal90]
for any p different from 2. The case of unramified representations is originally due to Howe
and can be found in [MVWS87, Chapter 5].

2. For dual pairs of type I, it has been proved by Kudla in [Kud86] and [MVW8&7, Chapter
3] that if 7y is cuspidal then the representation ©(m) is irreducible. Besides, for any
irreducible representation 7y the representation () is of finite length.

3. For dual reductive pairs of type II, Minguez in [Min08] proves this conjecture explicitly in
terms of Langlands parameters for any characteristic p.

4. For dual reductive pair (Spy,,, SOg;,), this conjecture has been proved in tamely ramified
case by Aubert in [Aub89].

5. For dual pair of type I, (O(V'), Sp,,,), some explicit partial results are known by Muic in
[Mui08b], [Mui08al.
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6. For dual pairs (U, U,,), where n and m are small, some explicit partial results can be
found in [Pan06].

We will assume that the metaplectic cover a splits over U; for i = 1,2. This is the case
for dual pairs of type II that we are interested in. We fix such a splitting and regard the
Weil representation as a representation of U; x Uz which defines the Howe duality between
representations of Uy and Us.

The theta correspondence in some special cases leads to the Langlands functoriality. We refer
to the work of Rallis [Ral82], where he proves the functoriality of the theta correspondence for
unramified representations. There are more general conjectures (and partial evidence for them)
in the paper [Ada89] by Adams. Moeglin in [Moeg89] gave a description of the Howe duality
correspondence for some orthogonal and symplectic groups in the Archimedean case in terms of
Langlands-Vogan parameters. It appears that, when the groups have similar rank and we restrict
our consideration to only tempered representations, then the Howe duality respects functoriality
and it is in certain sense the simplest possible for both Archimedean and non-Archimedean fields.

Later on we will discuss the geometric version of Langlands functoriality and we will give a
conjecture on the functoriality at the level of tamely-ramified representations in Chapter 4
which involves Arthur packets.

We will now discuss the case of dual reductive pairs of type II in details. Let k be a finite field
F,, and set F' = k((¢)) and O its ring of integers. When the dual pair is of type II, its Weil
representation is described as follows.

Howe duality for dual reductive pairs of type II, [MVW&87, Chapter 2, IT1.1]

Let Ly be a k-vector space of dimension n and Uy a k-vector space of dimension m. Let W
be equal to Lo ® Uy + (Lo ® Up)*. Let G = GL(Lp) and H = GL(Uy) and consider the dual
reductive pair (G(F), H(F)) in Sp(W). Let II(F) = Lo ® Up(F') and S(II(F’)) be the Schwartz
space of locally constant, compactly supported Q-valued functions on II(F). The metaplectic
extension splits over G(F') and H(F'). The restriction of the Weil representation to G(F') x H(F')
is the representation oy, , : G(F') x H(F) — GL(S(II(F'))) defined by

Tnmn (9, h)(¢)(x) = [ det g| "] det h|?¢(g~" © h™! (x) (2.1.6)
for g€ G(F), h€ H(F), x € II(F) and ¢ € S(II(F)).

Assume n < m. Let 7 be an irreducible smooth representation of G(F'). The Howe conjecture,
in this case, predicts that there exists a unique non-zero irreducible representation of H(F')
denoted by 6, ,,(7) such that 7 ® 6, p,(7) is a quotient of oy, ,,. Moreover,

dim(Homg(F)XH(F)(Un,m,W X en,m(ﬂ))) =L

A proof of this conjecture and a description of the correspondence in terms of Langlands pa-
rameters is given in [Min08].

2.1.2 Tamely ramified Howe Duality in the language of Hecke algebras

Let k = F,, F = k((t)) and O = k[[t]]. Let (G, H) be a (split) dual reductive pair in some
symplectic group over k. Let Bg (resp. Bp) be a Borel subgroup of G (resp. H). Denote
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by I and Iy the corresponding Iwahori subgroup of G(F') and H(F') respectively. Different
classes of representations may be considered for a explicit study of the Howe correspondence. We
say that a representation of G(F') is unramified if it admits a non-zero G(O)-invariant vector.
When we restrict ourselves to the class of unramified representations, Howe correspondence may
be translated in the language of modules over spherical Hecke algebras. Thus one may study
the representations of spherical Hecke algebras associated with a reductive group G instead
of studying unramified representations of the reductive group G(F'). For both dual pairs of
type I and II, this has been done by Howe. In the case of dual pair of type I, one may refer
[MVW87, Chapter 5, 1.10] and for dual pairs of type II refer to [Min06, Appendix]. Howe has
proved that the G(Q) x H(O)-invariant space S(O)*H(O) where S is the restriction of the Weil
representation to G(F) x H(F), is a free module of rank one over the spherical Hecke algebra
of one of the two groups, say G. Moreover, the action of the spherical Hecke algebra of H on
this space factors through a homomoprhism of algebras from the spherical Hecke algebra of H
to the spherical Hecke algebra of G.

The other class of representations we are interested in is the class of tamely ramified repre-
sentations. In this case we may interpret the correspondence in the language of modules over
Iwahori-Hecke algebras as follows. An irreducible smooth representation (w, V) of G(F) is called
tamely ramified if the space of invariants under Iwahori subgroup I is non zero. The category of
tamely-ramified representations is the full subcategory of smooth representations of finite length
consisting of those representations whose all irreducible subquotients are tamely ramified.

Consider the functor sending a tamely ramified representation V of G to V!¢, The space V¢ is
naturally a module over Hy,,. According to [Bor76, Theorem 4.10] this functor is an equivalence
between the category of tamely ramified representations of G(F') and the category of finite-

dimensional Hj,-modules. This functor is exact on the category of smooth representations
[IM].

Let G = GL(Lg) and H = GL(Up), we use the notation of § 2.1.1. Denote by S'¢*/u (II(F))
the space of Iy x Ig-invariants in the space of Schwartz functions S(II(F')). Remind that we
assume n < m.

Theorem 2.1.7 (Tamely ramified Howe correspondence). [Min08] Given an irreducible Hy,,-
module T, the mazximal m-isotypical quotient of S'¢*1H (TI(F)) is of the form n@® (), where ®()
is a non zero finite-dimensional representation of Hr,. There is a unique irreducible quotient
of ®(m) denoted ¢(m). Define ®(m2) and ¢(m2) similarly for an irreducible Hy, -module mo. The
map T — ¢(m) is an injection from the set of isomorphism classes of irreducible Hy,-modules
to the set of isomorphism classes of irreducible Hr, -modules. If 7 is an irreducible Hy,-module
then

dimH1H®H1G (SIGXIH (H(F))7 ™ (b(ﬂ)) = 1.

Our purpose is the study of the space of invariants S'¢*/# (II(F)) in the geometrical setting. In
the following sections we will define a geometric analogue of S'*/# (TI(F')) which will be the
category of Ig x Ip-equivariant f-adic perverse sheaves over II(F') denoted Py, 1, (II(F')) and
an action of Py, (Fly) and Pr,(Flg) on Dy, «1,(II(F)) by convolution, where Py, (Flg) (resp.
Pr,, (Flg)) denotes the category of Ig-equivariant (resp. Im-equivariant) perverse sheaves on
Flg (resp. Flp).
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2.2 Geometrization

2.2.1 Geometric analogue of the Schwartz space

Work over an algebraically closed field k of characteristic p > 2. Set O = k[[t]] and F' = k((?)).
Let G be a connected reductive group over k and assume M = My ®y O, where My is a given
finite-dimensional representation of G. Fix a maximal torus 7' in G and a Borel subgroup B
containing T'. Denote by I the corresponding Iwahori subgroup. The definitions of the derived
category D(M(F)) of (-adic sheaves on M (F') and the category P(M(F)) of f-adic perverse
sheaves on M (F') are found in [Lys11]. We remind the definition briefly.

For any two integers N,r > 0 with N +7 > 0 set My, = t=NM/t" M. Given positive integers
Nj > Nj, 11 > ro, we have the following Cartesian diagram

My , s M, (2.2.1)

g ip

M CﬁiMNl,TQ?

No,ro

where 7 is the natural closed immersion and p is the projection.

Definition 2.2.2. [KV04, Definition 4.2.1] Let A be a filtering poset and (Cy)aca be a inductive
system of categories labelled by A. In other words, for each oo < 3 we have a functor iqg : Co —
Cs and for any o < B3 < 7 a natural isomorphism igy o iag — fiay Satisfying the natural
compatibility conditions. The inductive limit 2lim Cq is the category whose objects are pairs
(o, zq), @ € A and z, € Ob(C,). The morphisms are

Hom((a,ma),(ﬁ,yg)): hi>n Homca(ia“{(wa)viﬁ’y(yﬂ))'
y2a.f

Consider the following functor

‘D(MNJ'Q) - D(MN,Tl)
K — p*K[dim rel(p)]. (2.2.3)

According to [BBD82, Proposition 4.2.5] the functor (2.2.3) is fully faithful and exact for the
perverse t-structure. The functor i, is fully faithful and exact for the perverse t-structure as
well. This yields a commutative diagram of triangulated categories:

D(M, Y- D(M, ) (2.2.4)

Na,r1 Ni.r1
p* [dim]T Tp* [dim)]
D(M, )5 D(M

Ng,r9 Nl,r2)'

The derived category D(M (F)) is defined as the inductive 2-limit of derived categories D(My ;)
as N,r go to infinity. Similarly, P(M(F')) is defined as the inductive 2-limit of the categories
P(Mpy,). The category P(M(F)) is a geometric analogue of the Schwartz space of locally
constant functions with compact support on M (F).
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Assume N + r > 0. The subgroup G(O) acts on My, via its finite-dimensional quotient
G(O/tN+70). Denote by I, the kernel of the map G(O) — G(O/t*O). The Iwahori subgroup
Ig acts on My, via its finite-dimensional quotient Ig/Inir. For s > 0 denote by K the
quotient Ig/I;.

Let 11 > N +r > 0, we have the projection K,, — Kpy4,. This leads to the following projection
between stack quotients
q: Km\MN,r - KN+7"\MN,T-

This gives rise to an equivalence of equivariant derived categories
DKN-{»T (MN,T') :DKrl (MN:T)'

This is also exact for perverse t-structures. Denote by Dy, (My ) the derived category of K, -
equivariant l-adic sheaves Dy, (My,) for any 1 > N + 1.

By taking the stack quotient of the diagram (2.2.1) by Ky, 4.,, we obtain

Dy, (M,,, ) Dr(My, ) (2.2.5)

Na,rq Ny,ry
p*[dimrel] T Tp* [dimrel]

DIG(]WNQM)(L> Dy, (MN177’2)7

where each arrow is fully faithful and exact for the perverse t-structure. Define Dy, (M (F'))
as the inductive 2-limit of Dj (M, ) as N,r go to infinity. Similarly we define the category
Pro (M(F)).

Since the Verdier duality D is compatible with the transition functors in both diagrams (2.2.1),
and (2.2.4) we have the Verdier duality self-functors D on Dy, (M (F)) and D(M (F)).

In order to define an action of the Hecke functors on Dy, (M (F')), let us first define the equiv-
ariant derived category Dy, (M (F') x Flg). Let s1,s2 > 0 and set
GF)={ge€GF)| t"M Cc gM C t *2M}. (2.2.6)

51,82

Then G(F) C G(F) is closed and stable under the left and right multiplication by G(O).

51,52

Further Flg =, ,,G(I")/1g is closed in Flg. For s1 > s1 and sy > s9, we have the closed

7 81,89
embedding s, s, Flg — S o Flq and the union of 4, 5, F/q is the affine flag variety Flg. The
1272
G(F) and  , G(F).
Assume M) is a faithful representation of G, then 4, ;, F¢g C Flg is a closed subscheme of finite
type.

map sending g to ¢! yields an isomorphism between o

182

Lemma 2.2.7. For any si1,s2 > 0, the action of G(O) on , . Fla factors through the quotient
G(O/t1ts2+10),

Proof. Choose a Borel B’ in GL(My) such that B = G N B'. Denote by

McMC---CM,=t'M
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the full flag preserved by B'. The Iwahori subgroup I consists of the elements g of G(F)
preserving M together with the flag M; above. Hence the map from Flg to Flgr ) sending a
point gl to the flag (¢gM C gM; C --- C gM,,) is a closed immersion. Thus o1.0, Flc 1s realized
as the closed subscheme in the scheme classifying a lattice M " such that t''M c M c t—2M
together with the full flag

M cMc---cM,=t"'M,
The action of G(O) on the latter scheme factors through G(O/t*152+10), O

The action of I on SI,SQFZG factors through K = I /I, for s > s1 + s + 1.
Let s > max{N + r,s1 + s2 + 1}, the group K acts on M, x _  Flg diagonally and the
X o, .pFlc) is well-defined. For s’ > s one has a canonical equivalence

DKS(M X Flg):DK,(MN X flG

N,r 81,89 ,T 51,89 )'

category D (M

N,r

Define Dy, (My,
So + 1}
Define Dy, (M(F) x Flg) as the inductive 2-limit of Dy, (M, x , . Flg) as N,r,s1,s2 go to

infinity. The subcategory Pr, (M (F) x Flg) C Dy, (M(F) x Flg) of perverse sheaves is defined
along the same lines.

Flg) as the category Dy, (M, x Flg) for any s > max{N +r,s; +

$1:52 $1+52

2.2.2 Hecke functors at the Iwahori level

Denote by 1 in X+ the character by which G acts on det(Mjy). The connected components of the
affine Grassmannian Grg are indexed by the algebraic fundamental group 71 (G) of G according
to Proposition 1.4.9 in Chapter 1. For @ a cocharacter in 71(G), choose A in X whose image
in 71 (G) equals 6. Denote by GT% the connected component of Grg containing Gré;.

The affine flag manifold Flg is a fibration over Grg with the typical fibre G/B. Hence the
connected components of the affine flag variety Flg are also indexed by 71(G). For 6 in m1(G),
denote by flg the preimage of Grg in Flg. Set ., FlY, = .7-"1% Ny Flc

Let us now define the convolution action of Py, (Flg) on Dy, (M(F')), denoted by
Hg : D1, (Flg) X Dig(M(F)) — D, (M(F)). (2.2.8)

Consider the following isomorphism

a: M(F) x G(F) — M(F) x G(F)

(v,9) (97 v, g).

Let (a,b) € I x I act on the source by (a,b).(v,g) = (av,agb) and act on an element of the
target (v',g") by (a,b).(v',¢') = (b7, ag'b). The map o is I x Ig-equivariant with respect to
these two actions. Hence this yields a morphism of stacks

M(F) x Flg — (M(F)/Ig) x Flg.

This enables us to define the following morphism of stack quotients
acty : IG\(M(F) x Flg) — (M(F)/1g) x (Ic\Fla),

where the action of I on M(F') x Flg is the diagonal one.



2.2. GEOMETRIZATION 55

Lemma 2.2.9. There exists an inverse image functor
acty : Dig(M(F)) x D1, (Flg) — Dio(M(F) x Flg)

which preserves perversity and is compatible with the Verdier duality in the following way: for
any K in Dy, (M(F)) and F in Dy, (Flg) we have

D(act’ (K, T))=Sacts(D(K), D(T)).

Proof. Given N,r,s1,s2 > 0 with r > s; and s > max{N + r,s; + s2 + 1}, one can define the
following commutative diagram

G(F) act MN+51,T751

qG qam
t
MN,T‘ m MN,T X sl,szflG o KS\MN-"-Sl,’I‘—Sl
actq,s
KS\MN,r a KS\(MN,r X sl,sgflG) 7 KS\ (sl,sgflG)'

The action map act sends the couple (v, g) to g~ !

The map g¢ sends the couple (v, g) to (v,glg). All the vertical arrows are stack quotients for
1.5y la and
the map act, is equivariant with respect to this action. This enables us to define the following
functor:

v. The maps pry, pro and pr are projections.

the action of the corresponding group. The group K, acts diagonally on My, x

temp

D1o(MN+ts,r—s1) X Dig(,, o, Fla) — Dig(Mn, %
sending (K, 7) to

Fla)

51,892

(acty (K) @ proT[dim(Ks) — ¢ + s1 dim Mo

where ¢ equals (6, 1) over 51752}"1%.

Consider 1 > ro and s > max{s; + s2, N + r1}. Then we have the diagram

actq,s

KN\(Myy %, Fla) == K\(MNs,r—s1) (2.2.10)
l actg. s l
KS\(MN,TQ X sl,SQFlG) — 8\(MN+81,T2*81)'

The functors temp and the transition functors in (2.2.10) are compatible. This gives rise to a
functor

tempn s,s; © D1, (Mns,) X D1 (,, ,,Fla) — Di (Mn %, ,, Fla),
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where My = t=NM.
Let Ny > N + sg then N < Nj —s3 < Nj+s; and one has the closed immersion My — My, 45, -
Thus we have

D[G(MN) X D[G( flg)c—> DIG(MN1+31) X D[G( flG) (2.2.11)

51,52 $1:52

ltempl\’hsmz

D]G (]\4]\71 X flg)

81,89

Dy (M(F) %, ., Fla),

51,52

where the first inclusion is the extension by zero under the closed immersion defined above. For
K in Dr,(My) and T in Dy, ,,Flc), the image of (K, 7) under the composition (2.2.11) does
not depend on Nj. So we get a functor

75677”01931752 : DIG (MN) X DIG( flg) — D]G (M(F) X flg)

81,89 81,82

! ! .
For any s; > s1, and s, > s2, we have the extension by zero functors

DIG (sl,SQflG) — 'DIG( 7 feG))

51,5‘2

which are compatible with our functor temps, s,, so this yields the desired functor

act’ : Dp_(M(F)) x Dy_(Flg) “™ Dr_(M(F) x Flg)
One checks that D(act; (K, T))——act,(D(K),D(T)), and act;, preserves perversity. O

To define the convolution action, for N,r, s1, sy > 0 with s > max{N + r, s + so + 1}, consider
the projection
pr: Ks\(MN,'r X SI,SQflG) — S\MN,ra

which gives us
pr DKs(MN,r X flg) — DKS(M

51,52 N,r)'

These functors are compatible with the transition functors in (2.2.10) and yield a functor

pr1: D, (M(F) x Flg) — Di,(M(F)).
For any K in Dy (M (F)) and 7 in D;_(Fl¢), the Hecke operator I?G (2.2.8), is defined by
He(T,K) = pri(act(K, T)).

Moreover, this functor is compatible with the convolution product on Dy, (Flg) defined in
§ 1.5.2 in Chapter 1. Namely, given 77,73 in Dj,(Flg) and K in Dy, (M (F)), one has naturally

Hq(T,Hq(T2,K))—Hg(T T2, K).

As at the end of § 1.3, one may also consider the category D Py, (Flg). Sometimes, we will also
use the Hecke functors in the form

He : DPy(Flg) x Diy(M(F)) — Dy (M(F))

defined by Ha(T i), K) = Ho(T, K)[i] for i € Z and T € Py (Flg).
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Remark 2.2.12. Let * : P, (Flg) = Pi,(Flg) be the covariant equivalence of categories in-
duced by the map G(F) — G(G), g +— g~'. Define FIG : D1, (Flg) x Di,(II(F)) — Dy, (II(F))
by ﬁg(T, K)=Hg(xT,K). We will use this right action in § 3.5.

2.2.3 Example

Let R,r > 0 and t'M C V C tBM be an intermediate lattice stable under Ig. Let K €
Py (Mg, ) be a shifted local system on V/t"M C t~2M /t" M. We are going to explain the above
construction explicitly in this case. Let 7 be in Dy, (,, ., Flc). Choose r1 > r +s1. If g is a
point in . Flg then t" M C gV. So we can define the scheme

(V/t"M) X, Fla
as the scheme classifying pairs (glg,m) such that glg is an element of o1, Flc and m is in
(gV)/(t"*M). For a point (m, g) of this scheme we have g~ 'm is in V/t"M. Assuming s > R+7r
we get the digram

Migsyr 2= (VIEM)R,, , Flo ™25 K\V/EM),
where p is the map sending (glg, m) to m. For gG(O) € Gr%, the virtual dimension of V/gV, is
(0, 1). The space (V/t"M)x,  F 1%, is locally trivial fibration over opsa 1%, with fibre isomorphic
to an affine space of dimension dim(V/t"* M) — (6, i1). Since K is a shifted local system, the tensor
product

act, K ® prj

is a shifted perverse sheaf. Let KT be the perverse sheaf acty K @ priT[dim]. The shift
[dim] in the definition depends on the dimension of the connected component and hence on
as explained above and is such that the sheaf act; (K ® pri7[dim] is perverse. Then

He(T,K) = p(KRT).

2.2.4 The relation between geometrical and classical convolution

Assume temporary that k = F,. As in last section, let My be a faithful representation of G.
Given K in Dy, (M(F)) we can associate with it the following function ax in the Schwartz
space S1¢(M(F)). If K is represented by the ind-pro-system Ky, in Dy, (My,) then for m in
t=N My(O) one has
ac(m) = Tr(Fro, Ky m)a

where d = dim My, the point m is the image of m in My ,, and F'ry is the geometric Frobenius
at m. For large enough r, this is independent of r. We will see that the Hecke functors on
Dy, (M(F)) defined in the previous section geometrize the action of the Hecke operators on
S'e(M(F)) corresponding to the following left action of G(F) on S(M(F)). If g a point in
G(F) and f a function in S(M (F)) then

g.f(m) = |detg| = f(g~'m),

for any m in M (F).
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As in § 1.5.3, to T € Py, (Flg) one can associate a function on G(F')/Ig given by ar(z) =
Tr(Fry,T;) for x in G(F')/Ig. For T; € P, (Flg) denote by f; the corresponding function then
we have
Tr(Fry (TixT)y) = [ fila) ol g)do,
z€G(F)
where x is the geometric convolution product on Flg defined in [1.5.2, Chapter 1] and dx is the
Haar measure on G(F') such that I is of volume 1.

Now if F is in Dy, (M(F)), let K = Eg(']', F) and denote by f the function associated to F,
then the function ayx associated to K is

ax(m) = / | det m\_%f(m_lm)af(x)da:,
z€G(F)
for any m in M (F).

From now on assume G = GL, and H = GL,,. According to the construction in § 2.2, we have
the well-defined category of Ig X Ig-equivariant perverse sheaves on II(F') inside the derived
category Dy, xr1, (II(F')) and two convolution functors corresponding to the actions of Py, (Flg)
and Pr,, (Flg) on Dy, xry (I(F)) -

Ha : Pig(Fla) % Digiy ((F)) — Digry (TI(F))

and

Hu : Pry(Fli) % Digty (I(F)) — Digur, (TI(F)).

2.3 The module structure of Py, (I1(F))

The following notation will be used till the end of the chapter: k is a algebraically closed field
of characteristic p > 2, F' is the field k((¢)) and O is the ring of integers of F'. Let Lo = k™ and
Uo =k™. Let G = GL(L()) and H = GL(U()). We put Ho = Uo & Lo, L= Lo(O), U= Uo(O),
and IT = IIp(O). For any O-module of finite rank M and any pair N,r of integers such that
N +7r >0, we set My, = t=NM/t"M. Let Tg (resp. Tg) be the maximal torus of diagonal
matrices in G (resp. in H). Let Bg (resp. Bp) be the Borel subgroup of upper-triangular
matrices in G (resp. H). Let Ig and Iy be the corresponding Iwahori subgroups. Denote by
W the finite Weyl group of G, X (resp. Xpr) the lattice of cocharacters of G (resp. H), and
X&' the lattice of dominant cocharacters of G. Let Iy denote the constant perverse sheaf on II.

Throughout this section we assume that n is smaller than or equal to m. Let us consider the
category Proyxi,(II(F)) of H(O) x Ig-equivariant perverse sheaves on II(#). The purpose
here is to understand the module structure of this category under the action of Py, (Flg) and
Py (0)(Gry). Remind that according to the Satake isomorphism, Py ) (Gry) is equivalent to
the category Rep(fvl ) of representations of the Langlands dual group H over Qy.
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2.3.1 Irreducible objects of Py, (I1(F))

Let U* denote the dual of U. A point v in II(F') may be seen as a O-linear map v : U* — L(F).
For v in Iy, let Uy, = v(U*) +t"L. Then U, , is a O-module in L(F). It is possible to identify
Grg with the ind-scheme of lattices in L(F'), see [§ 1.4.1, Chapter 1]. Then U, , may be viewed
as a point of the affine Grassmannian Grg.

Lemma 2.3.1. The set of H(O)-orbits on Iy, identifies with the scheme of lattices R such
that "L ¢ R C t~NL via the map sending v to U, .

Proof. Let M be a free O-module and M be any O-module. If f; and fo are two surjec-
tions from M to M’, then the kernel Ker(f;) of the map fi is a free O-submodule of M and
Ext! (M, Ker(f1)) = 0. Hence there is an O-linear endomorphism h of M such that f; o h = fo.
Let us now consider two elements v; and vy of Iy, such that U, , = U,,,. Adding to v; a
suitable element ¢"II, we may assume that both v; : U* — U, , are surjective for i = 1,2. Then
the previous argument implies that there exists h in H(O) such that v; o h = vy. Thus, for vy
and vy in Ily,, the H(O)-orbits through v; and vy coincide if and only if Uy, , = U, . It is
straightforward to see that lattices R such that "L C R C t VL are exactly of the form Uy, r
for some v in Iy, ]

Remark 2.3.2. The Ig-orbits on Grg are parametrized by the cocharacter lattice Xg. For any

—A
X in Xg we denote by O the Ig-orbit through t*G(O) in Grg and its closure by O see [§1.4.2,
Chapter 1].

Let ¢ = (1,0...,0) be the highest weight of the standard representation of G and let wy be
the longest element of the finite Weyl group Wg.

Lemma 2.3.3. The H(O) x Ig-orbits on Iy, are parametrized by elements X in X¢ such that
for any v in Wg. A
(v,an) <r and {(wo(v),w1) < N. (2.3.4)

Denote each orbit indexed by X as above by Il .. Each 1l , consists of points v such that U,
lies in It "G(O).

Proof. Any lattice R satisfying t"L C R C t~V L is of the form Uy, for some v in Iy ;.. Consider
the lattice U, , as a point in Grg. Then by Lemma 2.3.1 and Remark 2.3.2 the H(O) x Ig-
orbits on Iy, are exactly the locally closed subschemes (I ;) xex,, in IIn, such that X satisfies
(2.3.4). O

The closure of the orbit IIy , will always be denoted in the sequel by ﬁA”,.

Remark 2.3.5. For a given cocharacter X\, the condition (2.3.4) is verified for large enough r.
This defines a stratification of llx, by locally closed subschemes 11 ,.

For any A in Xg, the perverse sheaves IC(II) ;) in Py oyx1,(II(F)) are independent of the
choice of r provided by the condition (v,d1) < r for any v € WgA. Hence the resulting object
of Pr(o)xi, (II(F)) will be denoted by IC(I1y).

Proposition 2.3.6. The irreducible objects of Pr(oyxi,(IL(F)) are in bijection with Xg. The
irreducible object corresponding to a cocharacter A in Xqg is the intersection cohomology sheaf
IC(IIy) of the orbit 11, for a suitable r.
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v

2.3.2 The module structure of Py, (II(F)) under P, (Flg) and Rep(H)

For A in Xg denote by A* the IC-sheaf of O* which is an object of Pj.(Grg). The constant
perverse sheaf Io is an object of Dp(o)x i, (II(F)). As in § 2.2.2 one gets the Hecke functor

HG . D]G(GT‘G) X DH(O)XI(;(H(F)) — DH(O)XI(;(H(F))
It is normalized to commute with the Verdier duality as in Lemma 2.2.9.

Proposition 2.3.7. For any A in Xg, the complex HG(A)\,I(]) is canonically isomorphic to
IC(ILy). Hence any irreducible object of the category Pr(o)x i, (II(F)) is obtained by the action
of A* on Iy for some X\ in Xq.

The proof of this proposition will be presented in several steps. First remark that if ) is dominant
then A* is G(O)-equivariant. In this case Proposition 2.3.7 results from [Lys11, Proposition 5].
We use § 2.2.3 to give a concrete description of the complex Hg(A*, Iy). Choose two integers
~—A
N, r, with N+r > 0 such that for any v € Wg.\, the condition (2.3.4) be satisfied. Let Iy, xO
—A
be the scheme classifying pairs (v, gG(0O)), where gG(O) belongs to O and v is an O-linear
map from U* to gL/t" L. Let
~=A
w1, xO — Iy, (2.3.8)

be the map sending a pair (v,gG(O)) to the composition U* — gL/t"L— t~NL/t"L. This
= =

map is proper. The projection p : IIp,xO — O is a vector bundle of rank rnm — m(\, wy,),

where &, = (1,...,1). We obtain in this particular case an isomorphism

Hg (A, I)—=m(QRAY), (2.3.9)
where the complex Q,X.A* is normalized to be perverse, i.e.
QRAN=p* AMNdim rel(p)].

According to [Gai0l, Theorem 1] the category Pg(o)(Gra) acts on Pr,(Grg) by convolution
and this convolution product x preserves perversity. We want to use this result in order to give
a dimension estimate for the objects of Pr,(Grq). Let D = Spec(k[[t]]) and D* = Spec(k((t))).
Denote by E° the trivial G-torsor on D. Using the notation of § 1.4, the ind-scheme G(F) Xq(0)
Grg defined in Lemma 1.4.10 classifies quadruplets (E, E', 3, 3'). Let m be the multiplication
map G(F) xgo) Grg — Grg defined in [Diagram (1.4.11), Chapter 1]. For A in P(Grg) and
B in Pg0)(Gra), the convolution product m(AXB) of A with B is perverse.

For p in X/, let B* be the IC-sheaf associated with the G(O)-orbit t*G(O) in Grg. According
to [Gai01], for any cocharacter A\ in X the convolution product A* x B is perverse. For any
v in Xg, and any point (E!, 3') in O¥, let Y be the fibre of the map m over this point. The
fibre Y identifies with the affine Grassmannian Grg. For n in Xg and § in X, let Y7 be the
stratum of Y defined by the following two conditions:

1. the G-torsor E is in Ig-position n with respect to the trivial G-torsor EY.
2. the G-torsor E' is in G(O)-position § with respect to E.
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Note that the restriction of A*xBH to O sites in usual degrees smaller than or equal to — dim O,
and the restriction of AMXIB*|y.s is the constant complex sitting in usual degrees smaller than
or equal to — dim O" — dim Gr‘é.

Lemma 2.3.10. For any n, v in Xg and any § in Xér the following inequality holds:
2dim Y — dim O" — dim Grg, < — dim O”.

Proof. Let B%" (resp. A"') be the constant perverse sheaf on Grf, (resp.O") extended by zero
(in the perverse sense) on Grg. The extension by zero functor is right exact for the perverse ¢-
structure. Hence B%' (resp. A”’!) lies in non positive perverse degrees and so does the convolution
product A™' « B%'. The s-restriction of A?'XB% to Y is the extension by zero from Y9 to Y of
the constant complex. Hence this complex lies in degrees 2 dim Y9 —dim O" —dim Gr%—&—dim o”
and so we have the desired inequality. O

Proof of Proposition 2.3.7 : Let A be in Xg and consider the complex (@g@A)‘) appearing
in (2.3.9). For v in Xg, take a H(O) x Ig-orbit II, , in I ,. If v is in II, ., let Y, be the fibre

—A
of the map 7 over v defined in (2.3.8). The fibre Y}, is the scheme classifying ¢G(O) in O such
that U, is a sublattice of gL. If v is in II) , then Y, is just a point and so the map 7 is an
isomorphism over the open subscheme IIy,. On one hand this implies directly that IC(IL, )

appears with multiplicity one in the complex of sheaves H G(AA, Ip). On the other hand this
gives
dim(My ) = rnm — m(\, &) + dim O™

~—A
Let U be the open subscheme of Il , xO  consisting of pairs (v, gG(O)) such that gG(O) lies in
O* and v : U* — gL/t"L is surjective. The image of U by 7 is contained in IT, ;. So, 7 induces
a surjective proper map

=A =
7y o xO  — 11y,

For v in II, ,., we stratify Y, by locally closed subschemes Y,/ indexed by cocharacters 7 in X¢.
For any 7, the stratum Y;7 parametrizes elements gG(O) in O". The -restriction of Q,X.A* to
Y, lives in usual degrees smaller than or equal to — dim O"7 —rnm +m(n, &) and the inequality
is strict unless n = A\. We will show that

2dimY,! — dim O" — rnm + m(n, w,) < —dimII, , (2.3.11)

and that the inequality is strict unless v = A, this would imply our claim. Since we have
dim(II, ;) = rnm — m(v, w,) + dim O, the inequality (2.3.11) becomes

2dimY,! < m(v —n,dp) + dim O"7 — dim O". (2.3.12)

Considering the map m, : Ho,r>~<577 — ﬁn,r, we see that II, . C ﬁmr.
A dominant cocharacter § in Xg is called very positive if

§=(by > >by >0).

It is natural to stratify Y,/ by locally closed subschemes YU”";, where ¢ runs through very positive
cocharacters. For any such 0, the stratum Y79 consists of elements (v, gG(O)) such that the
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lattice U, is in G(O)-position § with respect to the lattice gL. For a point (v, gG(O)) of Y10
the formula of virtual dimensions dim(L/gL) + dim(gL/U,,) = dim(L/U, ) gives
(0+n—v,w,) =0.
Finally the equation (2.3.12) is equivalent to
2dim Y™ < n(6,&,) + dim O" — dim O”.

By using Lemma 2.3.10 we are reduced to show that for any very positive ¢, (J, no, —2pg) > 0.
To prove this inequality notice that

noy — 2pc = (1,3,5,...,2n — 1).

Thus nw, — 2pq is very positive and so for any very positive cocharacter § we have (J, nw, —
2pc) > 0. This proves the inequality (2.3.12). Moreover for any very positive § this inequality
is strict unless § = 0 which is the case if and only if v = 5. This finishes the proof. [J]

The module structure of P oyx(o)(IL(F)) under the action of the category Pp(o)(Gry) has
been described in [Lysll, § 5]. Let us recall this result.

Let Uy (resp. Usz) be the vector subspace of Up, generated by the first n basis vectors (resp.
by the last m — n basis vectors) of Uy. Thus, Uy = U; @ Us. Let P C H be the parabolic
subgroup preserving U;. Let M = GL(U;) x GL(Usz) the standard Levi factor in P and the
map k : G X Gm — H be the composition

1dX20GL(Uy)

GxGn — Y GxGLlUy)=M<— H. (2.3.13)

Write gRes™ : Py (0)(Gru) — DPg)(Grg) for the functor corresponding to the restriction
Rep(H) — Rep(G x Gy, with respect to k. We use the extended Satake equivalence (1.4.13).

Proposition 2.3.14. [Lys11, Proposition 4] The two functors Pyo)(GTu) — Droyxa(o) (IL(F))
given by
T — Hy(T, 1) and T — Hqg(gRes"(7), Ip)

are isomorphic.

Theorem 2.3.15. For any A in Xg and T in Pyo)(Gry) we have the following isomorphism

Hy(T,1C(IL)) = Ho( A x gRes™(T), Ip).

Proof. Since Pj,(Flg) and Pp(o)(Gru)-actions on Py o)« (II(F)) commute, we get from
Proposition 2.3.7 and [Lys11, Proposition 4]

Hy(T,IC(L)) = Hy(T, Ho(A 1))
= He(A Hy(T, 1))
= He(A Hal(gRes™(T), Iy))
= He(A xgRes"(T), Io).
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From Proposition 2.3.7 it also follows that the functor

Dy, (Gra) — Droyxi;(IL(F)) (2.3.16)

given by A — I:T (A, Iy) is exact for the perverse t-structures. It is easy to see that neither
of the categories P, (Grg) or Pr(o)xi, (II(F')) is semi-simple. The functor (2.3.16) commutes
with the actions of P (Flg) by convolutions on the left. Let P oy(Gry) act on Dy, (Grg)
via gRes"™ composed with the natural action of D¢ )(Gra) by convolutions on the right. Ac-
cording to Proposition 2.3.15, it is natural to expect that (2.3.16) commutes with the actions of
Pr(0y(Gry). From Proposition 2.3.7 and [Lys11, Proposition 4] one easily derives the following.

Corollary 2.3.17. The functor (2.3.16) yields an isomorphism at the level of Grothendieck
groups between K(Pr,(Grg)) and K(Pyoyxi,(II(F))) commuting with the above actions of
K(PH(O)(GTH)> and K(P[G(j:l(;)).

2.4 Description of irreducible objects of Pj, .. (II(F))

We use the same notation as in the previous section. Recall that for any cocharacter A in
X¢ satisfying (2.3.4), Lemma 2.3.3 defines an H(O) x Ig-orbit Il , on Ily,. Our goal is to
describe the irreducible objects of Pr, x 1, (II(F')). Remind that according to Proposition 2.3.6
the irreducible objects of Py o)« (II(F)) are in bijection with X and the irreducible object
corresponding to a cocharacter X in X is the intersection cohomology sheaf IC(II, ;) of the
orbit II) . To do so we study the Iy x Ig-orbits on II, ,.. It turns out that it is not necessary to
do the study for all cocharacters . Indeed if A = (aq,...,a,) we will restrict ourselves to the
case where all a;’s are strictly smaller than r. This will be sufficient for our purpose.

Let
Staby = {g € I | g(t*L) = t*L}

and
X}, = {vely, | Uy, = 'L+ t'L}.

Describing Iy x Ig-orbits on I, , is equivalent to describe Iy x Staby-orbits on X ])\‘M.

2.4.1 Case n=m
Lemma 2.4.1. The Iy x Staby- orbits on X])\‘,,r are in bijection with the finite Weyl group Weg.

Proof. Let {e1,es,...,e,} be the standard basis of the vector space Ly such that the Borel
subgroup B preserves the standard flag associated with the basis (e;)1<i<n. Let (uj,u3 ..., u})
be the standard basis of the dual space Ug. We identify Ly and Uy by sending e, —; to uj ; for

1=0,...,n—1. Let v be a point in X])\‘,,T and consider the induced map
T: U JtU* — Uy /(tUy, +t"L) = 'L/t L, (2.4.2)
where w, = (1,...,1). The map ¥ is an isomorphism and it may be considered as an element of

Aut(#*L/t“~+AL). Denote by
---CLiCLogcCcLiC...

the standard complete flag of lattices inside L(F') preserved by the Iwahori group /. Then for
any i in Z the images of L;\t*L in t* L /t“»+* L define a complete flag which is preserved by Stab.
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Thus the image of Staby in Aut(t*L/t“»T*L) is a Borel subgroup of G' but not necessary the
standard one. Hence the Iy x Staby-orbits on the set of isomorphisms (2.4.2) are parameterized
by the finite Weyl group Wg. By Lemma 2.4.3 below each I x Staby-orbit on X ])\‘,J is the
preimage of a Iy x Staby-orbit on the scheme of isomorphisms (2.4.2). Finally one gets that
I x Staby-orbits on X f\‘,ﬂn are exactly indexed by Wg. O

Hence by this Lemma, any Iy x Ig-orbit on II) , is parameterized by W under the assumption
that all a;’s are strictly smaller than r.

Lemma 2.4.3. Let p,q be two integers such that p < q. Let B be a free O-module of rank p and
A be a free O-module of rank q. Let v1,v9 : A — B be surjective O-linear maps such that for
i = 1,2 the induced maps U; : AJtA — B/tB coincide. Then there is h € GL(A)(O) with h =1
mod ¢t such that vy o h = v;.

Proof. Let A; be the kernel of v; for i = 1,2. These are free O-modules of rank ¢ — p. Choose
a direct sum decomposition A = A; ® W;, where W; is a free O-module of rank p. Then there
is a unique isomorphism a : Wy — W such that Wy 25 Wy -2 A coincides with Wy —2 A.
The images of A; ®o k in A ®@ k coincide, therefore there exists an isomorphism of O-modules
b: Ay — Aj such that b: Ay ®p k — A ®o k is identity. Then a @b is the desired map h. O

Lemma 2.4.4. Any element of w of WG defines an Iy x Ig-orbit on Iy, for large enough r
denoted by 11, .. More precisely if w = tA and X = (ay,...,a,), all values of r strictly bigger
than a;’s are admissible.

Proof. According to Lemma 2.4.1, we know that for any cocharacter A\ = (ay,...,ay,) in Xg
such that for all 4, a; is strictly smaller than r the set of Iy X Ig-orbits on II, , is indexed by
Wg. For any such A and any 7 in Wg, let w = t*r be the associated element of Wg. Then the
Iy x Ig-orbit passing through a point v of Il is given by

v(u;) =t"ie ;) for i=1,...,n.
For any w = t*r in WG we denote this orbit by Iy .. Remark that for a given w in WG of the
form t*7, the condition a; being strictly smaller than r, for i = 1,...,n is verified if r is large

enough. O

For any w in W denote by Z* the IC-sheaf of the Iy x Ig-orbit I . indexed by w, and by v
the constant perverse sheaf on Iy . extended by zero to Iy, As an object of Pr, 1, (II(F))
it is independent of r, so that our notation is unambiguous. We underline that this notation is
only introduced under the assumption a; < r for all i.

Proposition 2.4.5. If n equals m any irreducible object of Pr, x1,(IL(F)) is of the form I for
some w in Weg.

Proof. An irreducible object of Pr, x 1, (II(F')) is the IC-sheaf of an Iy x Ig-orbit J on II, , for
some integer r and for some cocharacter A satisfying (2.3.4). In particular all a;’s are smaller than
or equal to r. First we will show that we can restrict ourselves to the case where all a;’s are strictly
less than r. Assume that a; = r for some i. For s > r consider the projection ¢ : Iy ¢ — Iy,
Then the H(O) x Ig-orbit II 5 is open in qil(H)\,r). The map ¢ : II\ ; — II), is not surjective
but the sheaf IC()) is non-zero over the locus in ¢~'(IL) ;) of maps v : U* — ¢~V L/t" L whose
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geometric fibre of the image is of maximal dimension n. Hence the IC-sheaf of ) is a also an
IC-sheaf of some Iy x Ig-orbit on II) ;. Thus we are reduced to the case where all a; are strictly
less than r.

Next we are going to prove that each Iy x Ig-equivariant local system on Iy, is constant.
The map X]Aw — Isom(U*/tU* #*L/t’"“n L) given by v — © is an affine fibration. The group
Hom (U*, t**%n L /t" L) acts freely and transitively on the fibres of this map. So we are reduced to
show that any Bg x Bp-equivariant local system on any By x Bg-orbit on Uy ® Lg is constant.
Indeed this is true because the stabilizer in B¢ of a point in the double coset BowB¢/Bg for
any w in Wg is connected. O

Remark 2.4.6. If \ is dominant then the image of Staby in Aut(t)L/t’"“n L) is the standard
Borel subgroup of G. Thus when w = t* with \ being dominant we have that Ly, is an open
subscheme of Iy , and I% = IC(IIy ;).

2.4.2 Casen<m

Assume that n is smaller than or equal to m. In this case the map (2.4.2) is not an isomorphism
but only a surjection. We may consider the I x Staby-orbits on the set of surjections (2.4.2).
Let Sy be the set of pairs (s, I5), where I, is a subset of n elements of {1,...,m} and s: Iy, —
{1,...,n} is a bijection. Let Wy C Wy C --- C W,,, = U} be a complete flag preserved by Bpy.
We denote by W; for the image of W; under the map (2.4.2). Then Iy = {1 <i < m|dim W; >
dimWifl}.

Lemma 2.4.7. Any element of Xg X Spm defines an Iy X Ig-orbit on Iy, for large enough
r. More precisely if w = (A, s) and X\ = (a1,...,ay), all values of r strictly bigger than a;’s are
admissible.

Proof. 1t is sufficient to describe the Iy x Staby-orbits on the set X ﬁ,’r. By Lemma 2.4.3 each
Iy x Staby-orbit on X])\‘,’T is the preimage of a Iy x Staby-orbit on the set of surjections (2.4.2).
Let A = (a1,...,a,). If all a;’s are strictly less than r, the Iy x Staby-orbits on the set of
surjections (2.4.2) are indexed by the set S, ,,. Let w = (), s) be in X xS, , then the Iy x Ig-
orbit passing through v a point of Il , is given by

)

v(uy) = t%iey; fori € Ig;
v(uf) =0 for i ¢ I.

O]

We denote this orbit by IIy . and its closure by ﬁ%’r. For any w = (s,\) in X¢ X Sy m, where
Alsin X¢ and s is in Sy, denote by Z* the IC-sheaf of I}y .
The corresponding object of Dy, x 1., (II(F)) is well-defined and independent of N, r.

Theorem 2.4.8. Any irreducible object of Pr,x1,(IL(F)) is of the form I% for some w in
XG X Sn,m-

Proof. An irreducible object of Pr, x 1, (II(F')) is the IC-sheaf of an Iy x Ig-orbit Y on II, , for
some integer r and for some cocharacter A = (ay,...,a,) satisfying (2.3.4). As in the proof of
Proposition 2.4.5 we may assume that all a;’s are strictly less than r. Consider a Ify x Ig-orbit
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ITY . on Iy, passing through v as defined in Lemma 2.4.7. Let St(v) be the stabilizer of v in
Iy x Ig. We are going to show that St(v) is connected. This will imply that any Iy x Ig-
equivariant local system on Iy x Ig-orbit I . is constant.

The stabilizer St(v) of v is a subgroup of Iy x Staby. Let B, be the image of Staby in
Aut(tAL/t**n L) then B, is a Borel subgroup of Aut(t*L/t*T“n ). We define two groups Iy x
and Ip i by the exact sequences

1 — Iy — Staby — By — 1,

and
1—TIog — Iy — By — 1.

Note that Iy is semi-direct product of Iy i and By. Let Sty(v) be the stabilizer of v in Iy i x Ip ».
By Lemma 2.4.3, the Iy g x Ipx-orbit through v on Xﬁar is the affine space of surjections
f:U* — t*L/t"L such that f = v mod t. Thus Stq(v) is connected. Let T : U*/tU* —
tAL /t*“n [, be the reduction of v mod t. The stabilizer St(7) of T in By x By, is connected. By
Lemma 2.4.3 the reduction map from St(v) to St(v) is surjective. Using the exact sequence

1 — Sto(v) — St(v) — St(v) — 1
we have St(v) is connected. O

Remark 2.4.9. In the above description of the irreducible elements of Pr,xi,(II(F')) above
we always assumed that a;’s are strictly less than r for all i. This was enough for defining the
irreducible elements but this will not give a description of all orbits. Indeed if we choose a bigger
r then the number of H(O) x Ig-orbits in the closure of Iy , in Iy, will go to infinity as r goes
to infinity. We have the same phenomenon for Iy x Ig-orbits.

We let the affine extended Weyl group WG of G act on the set X x S, , in the following way:

Definition 2.4.10. Let w = tM 7y be an element of WG and (X, s) in Xg X Spm then we define
a left action:

wa (A, s) =M +711(N),715),
where 115 is the composition I, —— {1,...,n} —= {1,...,n}.
This action will be used in the next chapter. The Wg—orbits on Xg X Syp,m are naturally in

bijection with the subsets of n elements in {1,...,m}. Namely to each orbit one associates the
subset I;.



Chapter 3

The module structure of
slrle(11(F))

We use the same notation as in [§ 2.3, Chapter 2]. Remind that the space ST#*1c(II(F)) is
naturally a module over the Iwahori-Hecke algebras H;, and Hy, of G and H. The action is
defined by convolution. The geometric analogue of the (M., H,, )-bimodule ST#*1¢ (II(F)) is
constructed in [§ 2.2.1, Chapter 2]. Recall that there are two Hecke functors

He : Pro(Flg) x Diyxio(L(F)) — Diyyxio (T1(F))

and
Hpy - PIH(‘/TZH) X DIHX]G(H(F)) - DIHXIc;(H(F))-

Our main purpose is to understand the corresponding module structure on Dy, x 1, (II(F)).

3.1 Description of the submodule generated by Z"°: (I)

We will assume n = m in the entire section.

Denote by wyg the longest element of We;. Let {e1, ..., e,} be the standard basis of Ly, {u1, ..., umn}
be the standard basis of Uy, and {uj,...,u),} be the dual basis of Uj over k. We identify Lg

and Uj via the isomorphism sending u; _; to e;y1, for alli =1,...,n — 1. Hence we can identify

Lo ® Uy with End(Lg). Denote by Z*° the IC-sheaf of the orbit qu”ﬂ. Let IIzwo be the affine

subspace of End(Lg) consisting of elements v in End(Lg) such that v preserves the standard flag

L; = Vect(eq,...,e;), for i = 1,... . n. The space Ilzw, is of dimension dim(B¢) and it is the

closure of the orbit Hf)‘ﬁ. Thus Z%° is the constant perverse sheaf on Ilzwo.

For any w in the finite Weyl group W, let us describe the complex E[ G (Lw,Z"0). The projection
pa : Flg — Grg is an affine fibration of typical fibre G/Bg. Further more the fibre of pg over 1 is
canonically isomorphic to G/Bg and filfg’; lies in this fibre. Thus it is the closure of BqwBg/Bg
in G/Bg.

For any point glg in .7-"7[8 and any integer 7 between 1 and n, we put L; = gL;. Let Ilzwo ifilic";
be the scheme classifying pairs (v, gBg), where gBg is in filgi and v is an endomorphism of Lg
such that v(L;) C L;, for i = 1,...,n. We have the diagram

o1 < Tzwo X FIG 25 FIZ, (3.1.1)
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where the projection pr is an affine fibration whose fibre is isomorphic to IIzwe ( which is an

affine space of dimension dim(B¢)). By definition of the Hecke functor H¢g we have

H (L, T%) = m(pr* L) [dim( Be)).
The restriction of this complex to the subspace GL(Lo) of End(Lg) identifies with Z**°|gy,r)-

For any w in affine extended Weyl group We, let us describe H (L, T%). Let w = t*r, where
7 is an element of the finite Weyl group Wg and A is in Xqg. Let N, r be two integers with
N + r > 0 such that the following condition is verified: for any v in Wg. A we have

(v,w1) <r and (—v,w;) < N. (3.1.2)

For any element gl of FI%, we put L' = gL and we equip L'/tL’ with the flag L, = gL;, for
i=1,...,n. Let IIzuwo , x FI% be the scheme classifying pairs (v, gl¢), where gl is in FI& and
v is a map from U* to L'/t"L such that the induced map

v U JtU* — L'JtL’ (3.1.3)

sends Vect(uy,...,u}_;) to Li , for i = 0,...,n — 1. Let m be the map induced by the first
projection

T ]._.[Iw077‘>2fl8 — N

The second projection projection pr : Izw , x FI& — FI& is a locally trivial fibration with
affine fibre. Let Q,XL,, be the constant perverse sheaf associated with pr* L,,, which is the shift
of pr*L,, by the relative dimension of pr. Then by definition

«—

He(Ly, T) —=m(Q,XLy,).

Lemma 3.1.4. Forw in Wg, the restriction of the complex H g (Lqy,, ") to the open subscheme
Iy, of Ily . is isomorphic to Z*"°.

Proof. Consider the map
™ HIwoJ,;(flg i HN,T

and choose a point v in IIy . Then the fibre of m over v is either empty or a single point. More
generally for any X in X¢, write 6 for the image of A in 71(G). If v is a point in Iy, and Gr% is
the connected component containing U, , then the fibre of m over v is either empty or a single
point.

Let V the open subscheme of HI/w07T>~<.7-" [ consisting of pairs (v,9lg) such that glg is in FI§
and that the map T defined in (3.1.3) is surjective. Then 7(V') is contained in II{"°. It follows
that the image of 7 is contained in ﬁ?\ﬁo Thus the restriction of Hg(Ly,Z") to ﬁ%io N1y,
identifies with Z%™o, O

. . . | .
The inclusion IIg < IlIzwe being an affine map Z*°" is a perverse sheaf.

Proposition 3.1.5. For any w in WG then the complex Hg(Ly, ") is canonically isomorphic
to TWwo'. Hence the sheaf TV appears in Hg(Ly,IM0) with multiplicity one.
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Proof. Let H%w07r>~<]:lg be the open subscheme of pairs (v, gl¢) in Hzwo » x FI& such that gl¢
is in FI% and that U is an isomorphism. For any points (v, gl¢) in this subscheme the map v is

an isomorphism between Vect(uj,...,us_;) and Lj , for i =0,...,n — 1. Let

70 H%wo’rgflg — N,

be the restriction of 7 to %, 7r>~<.7: l¢. Thus by definition we have

EG’(LthwO!):’WP(@Z‘ng)-

The image of 7¥ is equal to IV and the map 70 is an isomorphism onto its image. So one gets

Remark 3.1.6. Consider the submodule © in K (Dy,, «1.(TI(F))) generated by the objects T** for
w running through Wg. We see that it is a free module of rank one over the algebra K(Pr,(Flg))
generated by T%'. Actually, © ® Qq is strictly smaller than K (D, x1,(IL(F))) ® Q. There is
a finite filtration of K(Pr,,x1.(II(F))) ® Qp by submodules over both Iwahori-Hecke algebras for
G and H studied in [MVW87] such that this is the first term of this filtration.

Definition 3.1.7. For X in Xg and 7 in Wg, let w — w be the map WG — VT/G defined by
Pr Wy
This is an anti-automorphism of Wg. Note that wy = wy.

There is another anti-involution ¢ on WG sending an element t* to t~*7. The anti-involution ¢
is linked to the one in Definition 3.1.7 by the formula @ = t(w™1!).

Proposition 3.1.8. For w in W/H, the complex HH(ng,Z"‘“O!) is canonically isomorphic to

T Hence the sheaf T occurs in H (L, T%°) with multiplicity one.

Proof. Let w = t*r, where 7 is in the finite Weyl group Wy and A = (ai,...,ay) is a cocharacter
in Xp. Then 7(\) = (a;-1(1),---,07-1(n))- Since there is a symmetry between Lo and Up, by

Proposition ref Lw!Iw0 the have an isomorphism between PIH(LUJ!,IWOI) and 7% for some w’
in WH Let w be an element in Wg. The Iy x Ig-orbit H%T contains the point v : L* — gU/t"U
which induces an isomorphism v : L*/tL* — gU/t(gU) and preserves the corresponding flags
on both sides. If (€])i<i<n denotes the dual basis of (e;)1<i<p then v sends each vector e} to
t3rwo(d) g

ruwo(i)- L'he transpose of the map v is uj(i) — t7@Wey, ), that is

* aj )
u] — t eon—l(J).

Hence the desired w’ is t“07 ) (wor~1) = wwy. O

The following example shows that Hg(L,,,Z"°) is not always irreducible.
Lemma 3.1.9. Let1 < i < n. Letw be the transposition (i,i+1) in Wg, A = (0,...,0,1,0,...,0),
where 1 appears on the it position, and w' = t*wy. Then

«—

H (L T) =T 6 7
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Proof. The variety }_7% classifies lattices La endowed with a complete flag of lattices L’_l C
LE) C Lll C ... such that Lg_m =t~ 1L, for all 4, and L;» = Lj; unless j = ¢ mod n, where L; is
the standard flag on L(F). So, Fl% identifies with the projective space of lines in L;i1/Li—1.
Let {Wj}j=1..m be the flag on Uj preserved by By. Let Y; be the closed subscheme of IIj ;
given by v(W;) C L; for j # i. Note that Y; is an affine space. Define a closed subscheme Yil of

Y; consisting of elements v of Y; such that v(L;) C L;—1. Then Y;/ is also an affine space.

Let Iz X FIE be the scheme classifying pairs (v, gl¢), where gl is in FI% and v : U — Lo such
that v(W;) C gL;, for all 1 < j < n. We have the diagram

Y; o Hgx FIg 25 Fig.
By definition of the Hecke operators one has
Hg(Ly,T") = m(Q X Ly,).

For a point v in YZ\Y; the fibre of the map 7 over v is reduced to a point and the map = is
an isomorphism over Y;\Y; . The restriction of Hg(Ly,Z") to Y;\Y; is isomorphic to IC(Y;) =
Q¢[dim(Y;)]. On the other hand, the space ¥; identifies with II°. The fibre of 7 over a point

v of Yi/ is isomorphic to PL. Since Y/ is an affine space of codimension 2 in Y;. This proves the
lemma. O

3.2  Filtration on P, ;. (II(F)) and grading on P (Flg)

Assume that n < m in this section. The connected components of Grg and Flg are indexed by
m1(G) see [§ 1.4.9, Chapter 1]. This yields a grading @ger, (@) Pig (F1%) = P, (Flg). Denote
by @, the character by which the group G acts on det(Ly), i.e. @, = (1,...,1). We may
identify 7 (G) = Z via the map 0 — (6,w,). This grading is compatible with the convolution
product on Py, (Flg). There is also a graduation H’I“G, k € Z of the Iwahori-Hecke algebra
Hi,. Besides the isomorphism (1.5.5) becomes a graded isomorphism. More precisely, for any
integer 0, the graded piece of index € on the right hand side is isomorphic to the graded piece of
index (0, wy,) = k on the left hand side. Therefore, the two gradings are linked by the geometric
condition (0, w,) = k.

There exists a filtration on the category Py, «1, (II(F)) indexed by Z. Indeed, for an integer a in
Z, let Filt® be the full subcategory in Pr, « 1, (II(F")) defined as the Serre subcategory generated
by the objects Z%, where w = t*7 are elements of X¢g X Sy, satisfying (\,&,) > a. We are
going to show that this filtration is compatible with the action of Py, (Flg).

Let w = t*r and u = t*v be two elements in X X Sn.m- The condition that oy, lies in the
closure of I, . implies that (u,w,) > (A, wy). Indeed, for any point v of Ily ., the dimension of
Uy,r/t"L can only decrease under specialization. For the orbit Iy - lying in the closure of 1y,
the number (1, &) can be arbitrary large. This number depends on 7 is not uniformly bounded.

Lemma 3.2.1. Let w1 = t’\ln, and wy = t)‘ZTQ, be two elements in Xg X Sypm. Fori = 1,2
choose two integers N; and r; such that the following conditions are satisfied : for any

Ve WG)‘iu <V7J)1> S 1, <V7J)1> < r2, and <_V)(:)1> S NZ
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Let v be an element in sz\’é vy C gy and gl be an element in Flgt. Fori=1,2 let p; be a
dominant cocharacter lying in Wg;. Then there exists a cocharacter y smaller than or equal to
p1 + po such that gv belongs to IL,, v\ 4 ry.

Proof. The lattice U, , = v(U*) + t"2L lies in O*? C Gr}?. Thus g(U,,) lies in gO*?. Since
gG(0O) € O™ C Grf}, we have

It GO G(0)/G(O) C Grit e

and this implies the assertion. ]

Proposition 3.2.2. Let w; = M, and we = t*279, be two elements in Xq X Snm- Fori=1,2
choose two integers N; and r; such that the following conditions are satisfied : for any

veWaki, (v,1) <ry, (v,w1) <re, and (—v,w;) < N;.

Then He(Luw,, T lies in Filt? with d = (A + Aa, &n).

Proof. The sheaf 72 is the IC-sheaf of the orbit II}?, which is a subspace of II),,. In the
notation of [2.2.2, Chapter 2] we have FI5' C Tl,Nl]-'l(;. Choose r > r1 +rg and s > Ng + rs.
The space Iy, ., X Fl&t is the scheme classifying pairs (v, gl), where gl is in Fl&! and v is
in t~N2gI1/t"T1. We have the following diagram

4 o wr ACtas
HN1+N2,7" HNQ,?“QXJ:ZG 8\(HN277’2)7

where 7 is the projection sending (v, glg) to v. Let I“’Qng1 be the twisted exterior product

of I%2 and L, over Iy, », x FI5' which is normalized to be perverse. Then by definition
He (L, ) ==m (TN Ly, ).

In our case Z¥2XL,, is the IC-sheaf of act;;(ﬁ%;m). For a point v in Iy, 4N, ., let p be in
Xg such that U, , lies in O*. The part of the fibre of the map 7 over v that contributes to
(22X L, ) is

{9l¢c € J—"lgl|g’1v € ﬁju\gm}.

The latter scheme is empty unless (@, w,) > (A1 + A2, wy,). It follows that H (L, ,Z"?) lies in
Filt? with d = (A\; + A2, Op). O

Proposition 3.2.3. Assume n < m. The filtration Filt? on Pr,x1o(II(F)) is compatible with
the grading on Pr,(Flg) defined by the connected components. Namely set wy = M with T in
Snm, A1 in Xa, and let my = (A, &p). Then Hg(Ly,,.) sends an irreducible object of Filt? to
a direct sum of shifted objects of FiltT™1 .

Proof. We use the notation of Lemma 3.2.1. For glg in ngl, let L' = gL and equip L' with
the flag L; = gL; for i = 1,...,n. Let v be the map from U* to t*NQL//t’"L such that its
composition with

N L — N e
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lies in the closure of the orbit (Uny., ® L')*2. The latter scheme is the corresponding orbit on
Unyro @ L'. The relative dimension formula gives us

dim(L, L') + dim(L",v(U*) + t"2L") = dim(L, v(U*) 4 t"2L).
Moreover, we have
dim(L', v(U* + L") > (Aa, &)
and
dim(L, L") = (A, On).
This leads to dim(L, v(U* 4 t2L")) > (A1 + A2,&,). On the other hand we have t"L C t"2L’ so
dim(L, v(U*) + ¢"L) can not be strictly smaller than dim(L, v(U*) + ¢"2L"). O

As a consequence of this proposition P, i, (II(F)) is a filtered module over Hj,, so that
@deZFiltd/Filth is a left Hj,-module.

3.3 Description of the submodule generated by Z"°: (II)

Now we will go back the case n = m and the description of the submodule Z%°'. The Proposition
3.2.3 in the especial case of 7% yields the following:

Corollary 3.3.1. Let w = t*r, where \ in Xg and 7 is in Wg. Then if k = (A, Wn), there exists
K in Filt*™! such that Hg(Ly, I%°) is isomorphic to TV & K.

Proof. According to Proposition 3.2.3, we know that Hg(Ly,.) sends an irreducible object of
Filt? to a direct sum of shifted objects of Filt®*. The constant perverse sheaf Z%° is in Filt" /Filt!
and additionally by Proposition 3.1.4 we know that Z*"° occurs with multiplicity at least one

in the decomposition of H (L, Z"°). The assertion follows. O

When n = m, the space ®gezFilt? / Filt?*! is a free module of rank one over H I generated by
Iwo,

Proposition 3.3.2. The homomorphism of Hj-algebras Hy, — STH>16(II(F)) sending S to

Hg(S,I“’OI) is injective. The submodule generated by T"' is a free module of rank one over
each one of the Iwahori-Hecke algebra H;, and Hp,,.

Remark 3.3.3. The module generated by TV is strictly smaller than STH*1¢(TI(F)). Also
remark that T%" sits Filt® and that T%" and T%° have the same image in the first graded piece
Filt? /Filt!.

We may stratify Iy, in a slightly different way. Let 6 be any element of 71 (G) and let A be a
lift of 6 in X satisfying condition (2.3.4). We define a locally closed subscheme H?V’r of Iy,
as follows:

v:U* =t NL/t"L such that dim(U,,/t"L) = dim(t*L/t"L).

This definition is in fact independent of the lift A.

For a given w = tr in We, let 6 be the image of \ in 7 (G). Let Z% be the extension by zero
of Iw‘n?v on Il ,. Then we have the following result:
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Proposition 3.3.4. For any w in Wg, we have two canonical isomorphism
Hg(Ly, TN —=TY%  H Ly, T —=T7%,
where the anti-involution W is defined in Definition 3.1.7.

Proof. We show the assertion for E @, the case of I? g may be proved similarly. As in Proposition
3.1.5, consider the open subscheme H%wo,ri}"lg inside szo,rifilg’; given by the additional
condition that the map

v U JtU* — L' JtL

is an isomorphism. Thus the restriction
0 MGugr x FlE — 11
T ¢ H7wg,r X G N,r

of the map = is locally a closed immersion. Therefore by definition

«—

He(Ly, T =7 (Q,X L, ) —=Iww.

O

The map from G(F) to G(F) sending any element to its inverse induces an equivalence of
categories
*: Pr,(Fla)—=Pr,(Flg).

The similar equivalence of categories holds for Pr, (Flg). Hence for w in the affine extended
Weyl group, we have canonical isomorphisms

* (L) == Ly-1,  *(Ly)==Ly-11, % (Lus)==Ly-1,.
At the level of Iwahori-Hecke algebras i H 1 — M1, is an anti-isomorphism of algebras.

Definition 3.3.5. Assume that n < m. For any T in P, (Flg) and K in Pr,x1,(II(F)), we
define a right action functor Hy (T ,KC) of Pr, (Flu) acting on Pr, i, (IL(F)):

Hy(T,K) = Hg(x*(7),K).
Theorem 3.3.6. Assume n = m. There exists an equivalence of categories

[ P]G(Flg):P]H(j:lH)
Ly — Lyywwe (3.3.7)

Additionally it verifies the following properties: for any w and w' in WG we have
H (Lo, T%) == H gy (0/(Luy), T°°')

and
O'(Lw *Lw’) = U(Lw/) *J(Lw),

where * is the convolution product. Moreover, at the level of functions the functor o defines an
anti-isomorphism of algebras between Hy, and Hy,, .
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Proof. The anti-automorphism defined over f/IV/G in Definition 3.1.7 sending any w to w may be
extended to an anti-automorphism of the group G(F) itself. It suffices to take the morphism
sending any g an element of G(F) to its transpose lg. Denote by o the anti-involution defined
over G(F) sending g to wolgwg. This anti-involution preserves the Iwahori subgroup Ig and
induces an equivalence of categories (still denoted by o):

o: P (Flg)—Pr,(Flg).
According to Proposition 3.1.5 and 3.1.8 we have the following canonical isomorphisms
H( Ly, T =S Tw0! H ot (L, T =775,
By Proposition 3.3.4, we have that
He(Luy, T) ST H gy (Lo, T =177,

Combining these two results, our ¢ verifies the desired properties.
O

The two anti-isomorphisms ¢ and +* defined above commute and their composition is an algebra

isomorphism. We will denote this composition by &, i.e. for any ¢ in G(F) &(g) = wolg™ wo.

3.4 The module structure of S*¢(I[(F)) for n < m

We assume n < m for the whole section. Let us recall that the irreducible objects of Pr,, « 1, (IL(F))
are indexed by the set X¢ x Sy, where elements of S, ,, consist of pairs (s, ), I, being a
subset of {1,...,m} with n elements and s : Iy — {1,...,n} a bijection [§ 2.4.2, Chapter 2].

We will consider the affine extended Weyl group WG as a subset of Xg x Sy . More precisely
to a given w = t* we associate the element (\,7) in Xg X Sp,m with I = {1,...,n}. Let
I,, ={1,...,n} be a subset of {1,...,m} and wyg : I,,, — {1,...,n} be the longest element of
the Weyl group Wg, i.e. wo(l) = n,...,wp(n) = 1. By the above convention the element wy
becomes the element (0, wp) in Xg X Spm.

For any strictly decreasing map v from {1,...,n} to {1,...,m}, and by I, the image of v and
denote by p: I, — {1,...,n} the inverse of v. Thus ;1 can be viewed as an element of X¢g x Sy, m
by assuming that the corresponding term on X vanishes. Let ﬁg}l be the closure of Iy X Ig-
orbit IIf ; in Iy, IIj ; is an affine space. Denote by I the IC-sheaf of IIf, it is the constant
perverse sheaf on its support.

For i = 1,...,n let e; (resp. e ) be a basis of Ly (resp. of the dual space Lfj) and for
j = 1,...,m let u; (vesp. uj) be a basis of Uy (resp. of the dual space Uj). Denote by
Uy Cc Uy C -+ C Uy, = U the standard flag on U/tU. We consider Ilg; the space of maps
v: L* — U/tU such that the domain and the range are both equipped with a flag preserved by
v. Thus ﬁ&l is the space of maps v : L* — U/tU such that v(e;) lies in U, (;) for alli =1,...,n.
In other terms the map v sends Vect(e}, ... e _,) to Uy(n—s for alli =0,...,n—1. An element
v lies in Hfil if additionally the map sending Vect(ey,, ..., ey ;) t0 U, n—i)/Uy(n—i)—1 is non-zero
for all i = 1,...,n. We may also consider the element v in Ilp; as a map from U* to L/tL, so
v lies in ﬁ&l if and only if v sends Vect(u},,. .. ’“T+V(j)) to Lj_1 for all j =1,...,n. Moreover,

the map v lies in H&l if in addition v(u;(j)) ¢Lj_iforal j=1,...,n.
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3.4.1 The action of H;, on S#*lc(TI(F))

Let w = t*r be an element of W¢. Choose two integers N and r with N 4+ r > 0 such that for
any v in Wg. A the following condition is satisfied (condition (3.1.2)):

(v,p) <r and (—v,w,) < N.
For a point ¢l in Fi%, we set L' = gL and equip L,/tL/ with the complete flag L; = gL; for
i=1,...,n. Here (Ly C ... C L, = L/tL) is the complete flag on L/tL preserved by Bg.
Let TI.' X FI& be the scheme classifying pairs (v, glg), where gl is in FI%, and v : U* — L'/t L
such that the induced map
v: U tU* — L' JtL

*

z/(j)+1) to L;»_l for all j =1,...,n. We have a proper map

sends Vect(uy,,...,u
T X FIE — Ty,
sending any element (v, glg) to v. By definition of ]? G
He(Lw, T") —=m(QRLy),
where Q,XL,, is normalized to be perverse.

Proposition 3.4.1. Let w be an element of Wg. Then Hg(Lwy,I“!) is canonically isomorphic
to IV, where w . pu has been defined in Definition 2.4.10 of Chapter 2.

Proof. Let w = t*r with A\ = (a1,...,a,) in Xg and 7 in Wg. Let II*XFI% be the open
subscheme of ﬁﬁim given by the additional condition that glg lies in FI# and the map
v : Vect(ur,, ... ,ul*,(j)) — L;- is surjective for j = 1,...,n. Denote by 7° the restriction of 7 to
this open subscheme. The image of 7° consist of the Iy x Ig-orbit on II N, through v such that
v(u;j(j)) = t"Wey ;) for all j = 1,...,n and v(uy) = 0 for k € I,. Therefore the image of the

map 7 is IT\" and 70 is an isomorphism onto its image. Thus

EG(LU)!’IM!):Z(W-#)!.
[

Definition 3.4.2. Let © C K(Dy, «1,(IL(F))) be the submodule over K(Pi,(Flg)) generated
by the elements TH', where I, runs through all possible subsets of n elements in {1,...,m}.

It is understood that for each such subset I, there is a unique strictly decreasing map p: I, —
{1,...,n}, so we may view p as the element (0, ) in X % Sy, as above. Our calculation yields
the following generalization of Remark 3.1.6.

Proposition 3.4.3. The module © is free of rank CT, over K(Py,(Flg)). The elements TH,
where I, runs through all possible subsets of n elements in {1,...,m}, form a basis of this
module over K(Pr,(Flg)).

The subspace © ® Q, C K(DIHX[Q(H(F))) ® Qy is different from K(Dryx1,(II(F))) ® Qy. For
example, each function from © ® Qy vanishes at 0 in II(F). Actually, © is the first term of the
filtration on K (Dy,, 1. (II(F))) ® Q; introduced in [MVW87].
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3.4.2 The action of H;, on ©

Let 7 be an element of the finite Weyl group W of H. Let us describe the complex JTI m(Lr,IH).
For any point hly in Flf, we write Ui/ = hU; and we fix a complete flag U{ C - C U;n on
U'/tU'. Let Ty X FI7; be the scheme classifying pairs (v, hIf), where hly is in Fl; and a v is
a map from L* to U /tU: such that v(ef) € U;(i) foralli=1,...,n. Let

w0 X Fly — Toa (3.4.4)
be the map sending (v, hiy) to v. By definition we have
Hy(L,,7")—=m(Q,XL,).

Let TI} X Fl%; be the open subscheme in IT} X FIf, consisting of pairs (v, hIg) in T} X FIF, such
that v(ef) ¢ U;(i)_l for all i = 1,...,n. If ¥ is the restriction of m to the open subscheme
I} x Fl7;, then we have

Hy (L, T") =m0 (Q,KL,).
For 1 < i < m we will denote by 7; the simple reflection (i,7 + 1) in Wiy.
Proposition 3.4.5. Let ¢ be an integer such that 1 < i <m
1. If i ¢ I, then the complex FIH(LTZ.,I”) is canonically isomorphic to T+ @ RT(PL, Q,)[1].
2. Ifie 1, then

— - LoV LTi—1oV if i>1landi—1¢1
H~ (L. .TH " :
w(Lr,IM)— { I7v o IC(Y) otherwise,

where Y is a specific locally closed subscheme of Iy (whose construction will be given in the
proof below).
Proof. The scheme Fl7; is the projective space of lines in Uj11/U;_1.

1. Consider the projection py : Flg — Gry. Then pm(L;,) is canonically isomorphic to
RI'(P!,Q,)[1]. This implies that
Hu(Lr, T)=T" 2 RD(P, Q) [1].

2. Let us describe the image of the map 7 in (3.4.4). It is contained in the closed subscheme
Y’ of ITy,1 given by the following two conditions:

a) For j # v=1(i), v(er) € Uy
b) For j = v~1(4), v(e}) € Uiy
Let Y be the closed subscheme in Y consisting of elements v such that v(e}) belongs to

Ui_1 if j = v=1(i). Over a point of Y the fibre of the map (3.4.4) is P! whence over a
point of Y’ — Y"” the fibre of the map (3.4.4) is a point. Thus

Hy(L,, TM=ICY) @ 1C(Y").

Now we need to identify Y and Y.
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Ifi+1¢1,, let L be the subset of {1,...,m} obtained from I, by throwing i away and

!/

adding i+1. In this case Y is isomorphic to ﬁ’&l s0 IC(Y") is canonically isomorphic to Z# .
Now let ' : {1,...,n} — {1,...,m} be strictly decreasing with image T .- Considering

v as an element of S, ,,, we get that Iy =105 ;.

Ifi+1 € I, let v {1,...,n} — {1,...,m} be the map v composed with the permutation
7;. The image of v is the subset I . ( but v is not strictly decreasing). Viewing v as an

element of S), ;,, enables us to identify Y’ with the closure of Iy x Ig-orbit 1Ig 1

Thus, in both cases v’ = 7;0v is the composition {1,...,n} == {1,...,m} —= {1,...,m}
and IC(Y") is isomorphic to Z7.

Ifi>1landi—1¢1I,then_yov:{l,...,n} — {1,...,m} is strictly decreasing and
Y" is isomorphic to the closure of Hg’;foy. So we get IC(Y") = Z7-1°”. This proves the
assertion.

O
Proposition 3.4.6. Let i be an integer such that 1 <i <m
1. If nor i neither i +1 is in I, then
Hu(Lp, ) =T" & RD(P', Q)1
2. If i is not in I, and i + 1 is in I, then the composition T; o v is again strictly decreasing

and there is a distinguished triangle

l—u![_l] N EH(LT“I;L!) N I(noy)! N

3. If i isin I, and i + 1 is not an element of I,, then there is a distinguished triangle

I(T,-ou)! _ FIH(LTZ',IM!) _ Iul[l] +_1> .

4. If both © and i + 1 are in I, then there is a distinguished triangle
T (L, T — T[] 25
Proof. 1. This is straightforward as in Proposition 3.4.5.
2. Let Y be the locally closed subscheme of 1l ; given by the conditions :
a) For 1 <j <n,v(e}) € Uy
b) For j #v (i +1), v(e}) & Uygy-1-
c¢) For j =v=1(i+1), v(e}f) ¢ Uyj)—2-
The scheme Y is the union of two Iy x Ig-orbits corresponding to v and 7; o v. Moreover,
we have
dim(ITg ;) = 1 + dim(IT§}").
Hence -
Hy(L,,, T")=IC(Y')[-1]

and the assertion follows.



78 CHAPTER 3. THE MODULE STRUCTURE OF ST#*1c(T[(F))

3. Let Y’ be the scheme classifying elements v in IIp,1 such that :
a) For j # v=1(i), v(e}f) € U,(;) and v(ej) ¢ Uyj)—-1-
b) For j = v~1(i), v(e}) € Uiy1 and v(e}) ¢ Ui_1.
Then Y is the union of two orbits II§; and ITg'1". Thus H m (L., TM) is the extension by
zero of IC(Y") from Y to Tly ;. Hence we have a distinguished triangle

7o) L 10(Y) — 7] S

4. Let Y' be a locally closed subscheme Iy 1 be the scheme given by the conditions:
a) For v(j) #i,i+1, v(e]) € Uyg) — Upgj)—1-

b) For j = v 1(i), v(e;) and v(ej_;) belong to Ujt1, and their classes modulo U;—; form

a basis of U;41/U;_1.
Then H g (L,,, ") is isomorphic to IC(Y") extended by zero to Iy ;. The scheme Y is the
union of two orbits ITf ; and 151", and we have a distinguished triangle
7o) 1Y) — 771 £
O

Proposition 3.4.7. At the level of the functions Propositions 3.4.3 and 3.4.6 define completely
the action of the finite Hecke algebra of G and H on ST#*1c(II(F)).

Proposition 3.4.8. Let w be the affine simple reflection, i.e. w = t*r where A\ = (—1,0...,0,1)
and T = (1,m) is the longest element of Wpy.

1. If nor 1 neither m lies in I, then
Hy (Lo, ") =T @ RO, Qp)[1].

2. If 1 is not in I, and m lies in I, let N =(-1,0,...,0), and w' = ()\/,TOV) be an element
of Xg X Sp,m, then there is a distinguished triangle
%' Hy(Le, M) — 701] L
3. If 1ds in I, and m is not in I, let N = 0,...,0,1), and w = ()\/,7' ov) be an element
of Xg X Sp,m, then there is a distinguished triangle

T[] — Hy(Ly, T — T01] L

4. If 1 and m are both in I, let - (-1,0,...,0,1) and w = (/\/,7- ov) then there is a

distinguished triangle

79— Hy(Le, ") — 701] L

Proof. Denote by U_y C Uy C Uy C --- C Uy, = U C Up41 the standard flag of lattices in
U(F), see [1.5.1, Chapter 1]. Assume m > 1. A point hlg in FI§ is given by a line Uy/U_; in
U1 /U_1. We set U, = t~'Up. Let II* X FI% be the scheme classifying pairs (v, hlz), where hly
is in Fl}; and v is a map from L* to Uy,41/U—_; verifying:
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a) For v(j) #m, v(e}) € Uyj).
b) For v(j) # 1, v(e}*-) € Uy — Uyg)—1-
c¢) For m € I, v(et) € U,, — Uy, _;.
(The condition m € I, is equivalent to v(1) = m).
d) If 1 € I, then v(ef) € Uy — U,
( The condition 1 € I, is equivalent to v(n) = 1).
Now let
7 I*XF1% — Homo (L*, Upt1/U-1) (3.4.9)

be the projection sending a couple (v, hIy) to v. The scheme II*x F1% is smooth. Write IC for
the intersection cohomology sheaf of II*x F1%. The sheaf IC is nothing but the constant sheaf
shifted to be perverse. Then

H (Lo, ") = m (IC).
We can now prove the assertions.
1. This is straightforward as in Proposition 3.4.5.
2. The space Homp (L*, Uppn41/Un) is an O-module on which ¢ acts trivially, hence it is a vector

«—

space. By definition H g (L, Z*) may be considered as a complex on Home (L*, Uy, 41/U1).
Let Y’ be the subscheme of Home (L*, Upyy1/Uy) given by the conditions:

a) For j > 1, 1)(6;) S Uzz(j) - Uy(j),l.
b) The vector v(e}) does not vanish in Uy,t1/Up—1.
Then ?IH(LU,,I“!) is isomorphic to IC(Y)" extended by zero to Homo(L*, Upy1/Uy). The

subscheme Y is the union of two Iy x Ig-orbits, the closed orbit corresponds to Hﬁ,ﬂq and
the open orbit passes through maps v given by

’U(@n) = Uy(n)y--- ;U(eg) = Uy(2), 'U(ef) = t_lul.

The map v can be written as follows:
a) For j € I), — {m}, v(u}) = e,
b) For all other k # 1, v(u,) = 0; and v(u}) =t e;.
So this open orbit corresponds to the element w' = ()\/,T ov) in Xg X Sy m, where

A = (—=1,0,...,0). This leads to the desired distinguished triangle.

3. In this case Hg(Ly,Z") is naturally a complex over Homo(L*,Uy,_1/U_1). The space
Homo(L*,Up—1/U-1) is an O-module on which ¢ acts trivially, hence is a vector space.
Denote by Y’ the subscheme of Homo(L*,Up,—1/U_1) given by the conditions:

a) vier) e Uy —U_;.
b) v(ej) € Uygg) = Upggy—a for L < j <.
Then the fibres of the map (3.4.9) identify with Al. So EH (L, I“!) is the sheaf IC(YI) [—1]

extended by zero to Homo(L*,Up,—1/U—1). The scheme Y’ is the union of two Iy X Io-
orbits, the open corresponding to v and the closed one passing though v given by

v(ey,) = tum, v(en_1) = Uy(n_1),- - -, V(€]) = Up(1)-
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Let w' = (N, 7ov) be in Xg x Spm with A" being equal to (0,...,0,1). Then we have a
distinguished triangle

T#[-1] — Hp (Lo, ") — 7% *1

4. In this case we have v(1) = m and v(n) = 1. Let Y be the subscheme of Homo(L*, Upy1/U_1)
classifying maps v satisfying the conditions:

a) For all 1 < j <n, v(e]) € Uyy) — Uyg)-1-

b) v(e}) e Uy —U_1.

c) v(e}) € Uny1 — Up—1.

d) {v(e}),tv(e})} are linearly independent in Uy /U_;.

Then the map (3.4.9) is an isomorphism onto Y”. Hence I?H(Lw, M) identifies with IC(Y”)

extended by zero from Y’ to Homo(L*,Up,+1/U-1). The scheme Y’ contains the closed

subscheme which is the Iy x Ig-orbit corresponding to v. The complement of the latter
scheme in Y is the Iy x Ig-orbit passing through v given by

v(e}) =t tuy,v(ey) = Uy(2)s -+ V(€p_1) = Up(n—1),V(€p) = tUsm.

Let w = (A, 73 0 v) where A = (=1,0,...,0,1). Then there is a distinguished triangle

7o L 1eY) — 7]

3.5 The bimodule ©

The purpose of this section is to show that © is a submodule with respect to the right action
of K(Pr, (Flg)) on K(Dj,x1, (II(F))) introduced in Remark 2.2.12 and identify © as the in-
duced representation from the parabolic subalgebra. The considerations in this subsection are
essentially on the level of Grothendieck groups (we formulate them on the level of derived cate-
gories however when this is possible, one may assume that we work over a finite field with pure
complexes only).

Let us simply denote K (Dj,xr, II(F)) ® Q; by S. Remind that S is exactly SIHXIG(H(E)).
Let Sy be the Qg-subspace of S generated by the elements Z(***0)! where w runs through We.
Remind that Sy is a free module over Hj,, of rank one.

3.5.1 The action of H;, and H;, on ©

We will start by some preliminary lemmas.

Lemma 3.5.1. For any element w in Wg, we have

|

He(Lys, 1) =T,

where w « wq is defined in [Definition 2.4.10, Chapter 2].
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Proof. For a point glg in Flg, let L' = gL and equip L'/tL" with the flag L; = g(L;), for
1 <i < n. Let Ilzwo , x FI% be the scheme classifying pairs (v, gl¢), where gl is in FI%, and v
is a map from U* to L'/t" L such that the induced map

v U*JtU* — L' /tL/

sends uy,,...,u; 1 to zero and Vect(uy,...,uy_;) to Lj ; fori=0,...,n — 1. Let
7 2 Mgwo n X FIG — TN, (3.5.2)

be the proper map sending a couple (v, gIg) to v. By definition we have H g (L, Z%°) —=m(Q,XL,).
Let H%wo 7T>~<.7-" I¢ be the open subscheme of Ilzw, ,T>~<.7-" [ consisting of pairs (v, I¢) such that glg
is in Fl¢, and the map 7 : Vect(uy,, ..., u;_;) — Lj, is an isomorphism for i = 0,...,n — 1.

Thus Hg(Lw!,IWO!):ﬂf](@g@Lw), where 70 : H%Ti}"ﬁ}‘j — I, is the restriction of w. The
image of 7 equals IIy"° and 7 is an isomorphism onto its image. Thus we have

—

H(Lyy, T4 ) =T (w-wo)
m

Now let w = ¢*7 be an element of Wy. The cocharacter A in X is of the form (a1,...,an) with
a; in Z. Choose two integers N, r such that — N < a; < r for all ¢. Denote by Uy C Uy C --- C U,
the standard flag over U/tU. We define the scheme Ilzwo , X fil}‘; in the same way we did for G.
For any point Al in filjé}, we put U' = hU and equip U//tU/ with the complete flag Ul-/ = hU;.
Then Izwo , X fil}f[ is the scheme classifying pairs (v, hlf), where hiy is in fil}{’[ and v is a map
from L* to U’ /t"U such that the induced map

v: L*JtL* — U JtU’

*
n—

sends Vect(e),..., e} ;) to U;H for all i =1,...,n — 1. Let 7 be the projection

T HIwoﬂ« X .7'—1111_} — HNJ

then by definition we obtain ;IH(LW,I“}O):W! (QXLy). Let H%wo’r x Fl¥ be the open sub-
scheme of Ilzwo , x F1% defined by the additional condition that the above map v : L*/tL* — U,/1
above is an isomorphism. Let

70 Mg, X Flfy — T, (3.5.3)

be the restriction of 7. Then we have

«—

H (L, TN =79 (Q,X Ly,).

Lemma 3.5.4. Assume that X\ = (0,...,0,an41,-..,am) and that the coefficients a; are non
negative. If T is a permutation acting trivially on {1,...,n} and permuting {n +1,...,m}, we
have

Hir (L, T ST 0\, 0 — £(w))].
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Proof. In this case, the image of the map 7° (3.5.3) is exactly the orbit Hg’fj, and the fibre of 7 is
an affine space. We need to compute the dimension of the fibres. Note that Hé‘i?, has dimension

(r— )mn + % The scheme H%wo’p?fﬁﬁ is of dimension ¢(w) — n(\,Wy,) + (r — )nm +
%. This implies that the dimension of the fibre of 7° equals £(w) — n({\, &y, ). This yields the
result. O

Proposition 3.5.5. Let 7 be in Wy. Then
EH(LT!,Iwo!):IV![T],

where v = (0,wor 1) is an element of Xy X Spm and 1 is the dimension of the fibre of the map
70 (3.5.3).

Before proving this proposition we will need the following lemma:

Lemma 3.5.6. Let Uy C --- C Uy, = Uy be a complete flag on Uy. Consider a partial flag
icVeC---CV,CU

inside Uy. Let T be a reflection in the finite Weyl group Wx of H. Denote by Y the variety of
complete flags

Vic---CV,

which are in relative position T with respect to the standard complete flag Uy C --- C U, such
that V; =V, foralli=1,...,n. Then the variety Y is isomorphic to a finite dimensional affine

space.

Proof. The stabilizer of the complete flag Uy C --- C U,, = Uy in H is the Borel subgroup
By. For i =1,...,m fix a basis u; of Uy such that U; = Vect(uy,...,u;). The variety H/Bp is
identified with the complete flags in Uy. Given a vector subspace V of Uy of dimension k, we
associate to this subspace a subset I(V') of k elements in {1,...,m} defined by I(V) = {1 <i <
m|dim(V NU;) > dim(V N U;—1)}. Thus, for w in Wy, the orbit BywBy /By is the variety of
complete flags

U, c---cu,

on Uy such that 1 < i < m we have I(U;) = {w(1),... w(i)}.

Let V, be a flag Vi C --- C V,, C Up such that dim(V;) = i. The space Y is the variety of
complete flags Vll C - C V;z lying in the orbit BywBpy /By and satisfying VZ-/ = V; for all
1 < ¢ < n. In order that the space Y be non-empty, we must have I(V,) = {w(1),...w(n)}.
Assume that this is true. Given a subset of k elements I, in {1,...m}, denote by Z;, the variety
of subspaces V' of Uy such that I(V) = Ij; (in particular we have dim(V') = k). Given another
subset 41 of k + 1 elements containing I, let Zj, 1, ., be the variety of pairs (V C V/), where
V lies in Zj, and V' lies in Z1,,,- Denote by 7 the projection from YA o
(Vc V/) to V. Let us prove that the map 7 is By-equivariant affine fibration.

For V' in Zj, denote by U, the image of U; under the map Uy — Up/V. Then U; =U,;_; if and
only if ¢ lies in ;. Denote by s the single element of I — I. The fibre of the map 7 identifies
with the variety of 1-dimensional subspaces V' /V C Up/V such that V' /V is a subset of U, and
V' /V is not contained in Ug,_1. This fibre is affine and since the space Z 1,, is Bg-homogeneous,
the map w is a By-equivariant affine fibration.

onto Zj, sending
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For r > n denote by Y, the variety of flags V; € --- C V,, C V7;+1 cC - C V;/ such that
I(Vi) ={r(1),...,7(2)} for n < i <r. We have the forgetful maps
fmfl

f
Ym = m—1 ¢

i Y,, = Spec(k).

Any of the map f; above is obtained by a base change from the map 7w for a suitable pair
(I, C I41). The fibre of a map f, depends only on V., and not on the smaller V;»/ for j <r—2.
As any affine fibration over an affine space is trivial this leads to the result and Y is an affine
space of dimension r for some r > n. O

Proof of Proposition 3.5.5. Let us precise the definition of v, v = (0,wr™!) is an element of
Xu X Spm, where the set I,, ;1 is the set 7({1,...,n}) and wor ™! : I,,,—1 — {1,...,n} is the
corresponding bijection. Consider the map

7T0 . H:Ozwo 1 X flTH e HOJ

The fibres of the map 7¥ are affine spaces according to Lemma 3.5.6. We denote by r their
dimension. Since the image of 7 is the orbit 115 1. We obtain that

Hpy(Ln, T =T"r].

O
Remark 3.5.7. If the permutation T is a actually a permutation of {1,...,n} and acts trivially
on {n + 1,...,m} then the shift in the above formula disappears and the map 7° will be an

isomorphism onto its image 11 ;.

3.5.2 Iwahori-Hecke algebra of a Levi subgroup

Let H be a connected reductive group, By be a Borel subgroup in H, and Iy the corresponding
Iwahori subgroup. Denote by M a standard Levi subgroup of H, and by W}, the corresponding
finite Weyl group. Ipy = M(F') N Iy. The algebra Hy,, is the subalgebra of H;, generated by
(Tw)wew,,, and by the Bernstein functions (6))xex,. Our convention for Bernstein functions is
defined in [§1.2.3, Chapter 1]. According to [Pra05, § 5.4], each coset Wy, \Wp has a unique
element of minimal length. Let Wy be the set of such elements. If Ay denotes the simple
roots of M then
My = {w € Wi|w(d) > 0 for each &in Ay}

Any w in Wg can be written as w//w/, where w” and w’ are respective elements of Wj, and
My satisfying £(w) = £(w") + £(w"). Therefore T,, equals T, »T, . We recall that Hy,, is a free
module over H;,, generated by {7, /|w" in MWy}

Consider the anti-involution on Wy sending w to w~!. Then the opposite of T, is T,,~1 and for
any p in Xp, the opposite of 6, is Ty 0—wop T, -

Remark that the realization of Hy,, as a subalgebra of Hj, does not correspond to the one
that comes from viewing M as a closed subgroup of G. In particular, as we noticed above the
restriction of the opposition to Hy,, does not correspond to m — m~' in M. This is clear when
M is the torus, the opposite of 8, is not 6_,. It is hence important to distinguish between the
opposition on Hy,, and opposition in Hy,,. More details may be found in [Pra05, § 7.3].
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3.5.3 The action of Wakimoto sheaves

Consider the subspace Sy of ST#*1¢(II(F)) generated by the elements Z(*+%0)' | where wy is the
longest element of Wg as usual and w runs through in Wg. According to Lemma 3.5.1, the
subspace Sy is a free module of rank one over Hj,. Let M be the standard Levi subgroup in
H corresponding to the partition (n,m — n) of m. Then M is of the form M; x My, where
M;—GL,, and My—GL,,—,. Write Hy,, for the Iwahori Hecke algebra associated to M
viewed as subalgebra of Hy,, defined in § 3.5.2. We have naturally Hy,, :/H[Ml ®g, HIMQ- We
will denote by Xy, the coweight lattice of M;, for ¢ = 1,2. The space Sy is not a Hy,,-submodule
for the natural left action of Hy,, on STuxIc(T1(F)). For instance, let A = (1,...,1,0...,0) where
1 appears n times the complex I?H(Ltn,fw(’!) doesn’t occur in Sy. Recall that there is a right
action of Pr, (Flg) on Dy, x1,(II(F')) which is related to the left action according to Definition
3.3.5. Namely for w in WH we have

H (Lo, TN == H gy (Lyy-1,, T%").
We will consider this right action and will show that Sy is a right H ,,-module under this right
action. Remind that the right action of Hj,, commutes with the left action of Hy,.
Lemma 3.5.8. For 7 a simple reflection in the finite Weyl group Wy of M, H g (Ln, T%") lies
m 30.

Proof. According to Lemma 3.5.5, we have
Hiy (Lo, T " H (L, T T[], (3.5.9)
where v = (0, woT) is viewed as an element of Xp X S, . Thus I_{)H(LT!,I“")!) occurs in Sg. O

Lemma 3.5.10. Letw = (1,...,1) be in X, u1 = (ai,...,ayn) bein Xy and pa = (apyi, -y am)
be in Xp,. Then let X be the coweight py + po in Xy and assume that if m >4 >n > 5> 1
then a; > aj. we also fiz r, N two integers such that —N < a; < r for all i. Let v be a O-linear
map from L* to t’\U/tTU such that for 0 <1 < n, the induced map

T L*JtL* — U /MU
sends Vect(el, ..., el _,) isomorphically onto Vect(t™ uy, . ..t%+ u;11). Denote by v the element
(wo (1), wo) in X X Snm. Then v is an element of the orbit II% .

Proof. Let Uy = Ou1 &+ -® Ouy, and Us = Oupy1 B - - - B Ouyy. Then the map v can be written
as a pair (v1,v2), where v; : L* — t#U; /t"U; for i = 1,2. Let Ng C Bg be unipotent radical
of the standard Borel subgroup of GG. Acting by a suitable element of Ng C I5 on v, one may
assume that vy (e]) = t**0®u,, ;) modulo "1 T<U;.

Furthermore consider the groups
I ={g € GL(U;) | g = id mod t}

and

Igo={9 € GL(L) | g = id mod t}.
Acting by a suitable element of I ¢ x I1 we may assume that vi(e}) = t*“o@u,, ;. This implies
that T vanishes. Now viewing v as a map from L* to t~~ L, we observe that r can be replaced
by 1+ min{a,1,...,a,}. Hence v is an element of 5 - O
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Lemma 3.5.11. Let A = (a1,...,a,,0,...,0) in be a anti-dominant cocharacter in X, in
particular all a;’s are non positive. Then we have a canonical isomorphism

H g (Lo, TN =TH (N, 250G — 2pm) + (0 — m) (X, &),

where = (wo(X), wp) in Xg X Spm and wy is the longest element of the finite Weyl group of
M —=G

Proof. Consider the map
70 H%womifﬁﬁ — N,

defined in 3.5.2. By applying Lemma 3.5.10 to w = t*, we see that the image of 7¥ is the Iy x I -
orbit on Iy, passing through the map v from L* to t NU/t"U given by v(e}) = U CIORTHINEN
for 1 < i < n. This orbit corresponds to element y = (wo(A), wp) in XG X Sy m. Restricting 7°
to its image we get

9yt Mg , X Flly — TIY (3.5.12)

whose fibres are affine spaces. One has dim(]—"é@) = (\,2pg). For any point hly in .7-"5'};, let
U' = hU. Then
dim(Home (L*, " U/t"U)) = nm(r — 1) — n{\, &p,).

Thus the affine space of maps from L* to hU/t"U sending Vect(e, ..., e%_;) to Uy, for i =
1,...,n — 1 is of dimension ”2% +nm(r —1) — n(\,Op,). Finally

n2+n

dim (v, , X Fll) = (A, 2pm) + +nm(r — 1) — n(\, &)

Moreover, we have the following isomorphism
0 .10 ~ gtwo Ay
TG - HIwoerflG —)Hl]%,r'

By using dim(]—'@éﬂok) = (\,2pq), we get that the dimension of H‘&T equals

n2—|—n
2

+nm(r —1) — m(\, &) + (N, 206).
and hence the dimension of the fibres of the map (3.5.12) equals
<>‘7 2(ﬁG - /V)H)> + (m - n)()\, (Dm>

which allows us to calculate the announced shift in the Lemma. Additionally this proves that
H g (Lyx, T lies in Sp. O

Proposition 3.5.13. Let A = (a1,...,ay,0,...,0) an anti dominant cocharacter in X, in

particular all a;’s are non-positive. Then the complex H g (L;—x.,Z%") occurs in Sy.
Proof. According to Lemma 3.5.11, we have
H (Lo, T%) =THd],

where the shift d equals [(\, 2pc — 2pm) + (n —m){A,&m)]. Moreover, according to Proposition
[1.5.6 , Chapter 1], we have L, x, x L;» is isomorphic to L. where e is the identity element
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in the finite Weyl group of M7 and x denotes the convolution product. Combining these two
isomorphisms we obtain

T = H (L Ly—xe % Ly, T (3.5.14)
= Hy(Lyse, T%)[d]
—>HH( - A*,HG(Ltwow 7°"))]d]
(L

—Hg Fwo (V! HH(Lt Ary L 0))[d],

where the third isomorphism is due to Lemma 3.5.1 and the last one is due the fact that the

actions of H and G commute. Applying H G (L;—wyr)+,-) to both sides of (3.5.14), we obtain

He(Ly—wyne, T%) = H g (Ly—xe, T°) [d). (3.5.15)
Since Sy is a left Hj,-module, the left hand side of (3.5.15) lies in Sp. Thus so does the right
hand side. [

Lemma 3.5.16. Let A = (0,...,0,an41,-..,am) be a dominant cocharacter of M. If apy1 >
- > am > 0 then

Hpt(Lya,, T =T (A, 25) — n(\, Gn)].
Proof. Lemma 3.5.4 applied to w = A (7 being the identity) gives us
Hp (L, TY)—=Z" [n(\, Om) — (A2pm)]-
This implies the assertion for L;-x,. O

Proposition 3.5.17. Let A be a dominant cocharacter in Xy that can be written as the sum of
two cocharacters A1 and A2 in Xy, and Xy, respectively. If v = (—wo(A1),wp) then

Hp (L, T == H g (Li—x, TN =T [(A\1, 256) — (N, 201) + (mAL — nX, &),

where we identify My with G and hence py, with pg. Thus H (L, ') occurs in Sp.

Proof. Set —\ = (ay,...,ay) and choose two integers r, N such that —N < a; < r for all i. By
Lemma 3.5.10 the map
70 H%MOJQHZA — Iy,

factors through I, . by a map 7%, where v is equal (—wg (A1), wp). The dimension of ., XF KtI;A

equals nm(r — 1) + n(\, 0m,) + ”2;" + (X, 2pm). We have the isomorphism

M., % =y,
and this allows us to calculate the dimension of Iy x Ig-orbit H’]’V7r. Namely
dim(Fe5 ) = (—wo(M), 256) = (M, 256).

Remind that wy is longest element of the finite Weyl group of M;—=G. This yields

2
n“+n .

So the dimension of a fibre of the map 7% is (A, 255) — (A1, 2pG) + (nA —mA1, Oy, ). This justifies
the shift in the formula announced above and the assertion follows. O

dim(IL; ) = nm(r — 1) + m(\1, Om) +
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Remark 3.5.18. In Lemma 3.5.17 if Ao equals O then the corresponding map WIOLI 18 an isomor-
phism and the shift in the above formula disappears.

Proposition 3.5.19. For any A in X7, the complex H (L., Z%0)[d) occurs in Sy. Besides for
a dominant cocharacter p in X?I then the complex H g (Lyj—u) * Lyx,, Z"0) occurs in Sy as well.

Proof. Recall that L, x L;—x— L., combining this with Proposition 3.5.17, we get :

T =S H g (Lpn, % Lyryy %) =S H (L., T¥)[d]
:)HH(Lt)‘*7 HG(Lt_wO()\)! ) -,Z’-U)O!)> [d]
S HG(Li—won, Hi (L, T9)[d], - (3.5.20)

The shift d is also the one defined in Proposition 3.5.17. The third isomorphism is due to Lemma
3.5.1 and the fourth holds by using the commutativity of the action of G and H. Applying

HG(Lywo),, -) to both sides, we get

H( Lo T == H g (Lpn,, ) [d].

This complex occurs in Sg. Now consider the isomorphism
—

H (L= * Lyny, T == H (L, HG(LtwO(A)*’Iwo))[_d]

S HG(Lywy s Hig (L, 7)) [—d). (3.5.21)

By Lemma 3.5.17, the complex H f(L;—u, Z%") occurs in Sy. Since Sy is a Hi,-module we can

—

apply the functor EG(LtwO()\)*7) to H g (Ly—u, T%"). Then the result will still occur in Sp. [
Theorem 3.5.22. The space Sy is a submodule of S for the right action of Hy,,.

Proof. The assertion follows from (3.5.9), Lemmas 3.5.11 and 3.5.16, Propositions 3.5.17, 3.5.13
and 3.5.19. N

The inclusion of Sp in S is a homomorphism of right H;,,-modules and left Hj,-modules. By
adjoinction, we get a morphism
a: Sy ®H1M H[H — S

of right Hy,-modules and left Hj,-modules.
Theorem 3.5.23. The map a : Sy Oy, Hig — S is injective, and it’s image equals © @ Q,.

Proof. Lemma 3.5.5 and Proposition 3.4.3 imply that the image of the map « is exactly © ® Q.
More precisely, if 7 runs through My the elements L, form a basis of the left H,,-module
Hi,, § 3.5.2. Hence for w and 7 runs through W and MWy respectively, the objects

Hp (Lo, Hg(Lyt, Z9)) (3.5.24)
form a basis of Sy OHi,, Hp,, over Qy. An element v in Wy lies in MWy if and only if v
is strictly increasing on {1,...,n} and on {n +1,...,m}. For 7 in MWy let u = wer and
I, = 7 Y({1,...,n}). Consider p as a map from I, to {1,...,n} and so as an element of
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X6 % Spm- The map 7~ wg : {1,...,n} — I, is strictly decreasing because 771 : {1,...,n} — I,
is strictly increasing. According to Lemma 3.5.5 we have

Hy (Lo, T =S T[],

By Proposition 3.4.1 we have H (L, TH)—=Z""*[d ] for some d and hence the image of (3.5.24)
under the map « is Z%#[d"] for some shift d . O

The Iwahori-Hecke algebra H,, identifies canonically with Hy,, ®g, Hi,,,- The right action of
HIMl and H1M2 on Sy commute with each other. We are now going to define the action of the
Wakimoto sheaves on Z%0'.

Lemma 3.5.25. We have the following isomorphisms:

1. For any X in Xy,

—

Hyg (L, T = H g (Ly, T ST [ (A, 2as,)].

2. For X in Xy,

—

H (L, TN =STY0(N, 2501,)]. (3.5.26)
3. For any X in Xy,
Hg(00, ") =T [=(\, 2611,
where Oy is the Wakimoto sheaf associated to \ defined in 1.5.3 in Chapter 1.
4. For w in WG and X in Xy,

HH(@)\v I(w.wo)!):I(w.wo)! [_</\> ﬁM2>]

Proof. The first formula is obtained by applying Lemma 3.5.17 to the case where \; = 0. The
second one is obtained from the first and from the isomorphism L, x L,—x1——L,. The third
one holds by definition of ©) using the two first isomorphisms. Finally we prove the fourth one:

H (05, T )Y == H 11 (0, He(Luy, T°))
:EG(Lw!,ﬁH(G,\,IwO!))
TS H (Lt T [~ (A, 2601,)]) ST = (X, 255,)]. (3.5.27)

Corollary 3.5.28. For any object K in So and any A in Xy, we have
Hp(0), K)—=K[—(\,2pMm,)]-
Proposition 3.5.29. For any w in the finite Weyl group of Ms we have
H 1 (Loot, T") =5 H g (L1, T =T [ (w)).

Thus, at the level of the functions, the Iwahori-Hecke algebra Hiy, acts on So by the character
corresponding to the trivial representation of My(F)——=GLy,—n(F'). Moreover,

Hy(Os% Lo, K) S K[—(\, 201,) — £(7)]-
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Proof. At the level of functions, for any w in WG the character of Hy, corresponding to the
trivial representation sends T3,, the characteristic function of the double coset IGwIG to ¢t®),

In our geometric setting, for any w in WG this character becomes the functor H (L1, ) sending
K in Sy. to K[—£(w)]. Remind that the object Ly, corresponds to ¢~ “(¥)/2T,,. O

Remind that M is identified with G. Now let us analyse the structure of Sy as a right Hing, -
module and its relation with the left Hj,-module structure.

Lemma 3.5.30.
1. For any 7 in the finite Weyl group of My,

—

H gy (Lyt, T%0) =T,
2. For any X\ in X]\ng,
H (L, T20) =700t ™,

and _ _
He(Lywyny,, T = H g (Ly-x,, T%).

3. For any X in Xy, ,
H (03, T") == Ha(0 uy(r), 7).

4. For any T in the finite Weyl group of My and any X\ in Xy,
HH(@A * LT!vfuo):HG<@—w0A * LwQTwQIaIwO!)-

Proof. The first isomorphism is obtained from Proposition 3.5.5. The second one is a consequence
of [1.5.8, Chapter 1.] For the third one, choose A; and A2 on X}; N Xpr, such that A = A1 — Aa.
By definition of Wakimoto sheaves [§ 1.5.3, Chapter 1], ©x = L, *x Ly in My, . The
isomorphism in 2) yields that

—

HH(Lt)\l! ) HH(Lt*AQ*aIwO!)):HH(Lt)\l[, HG(LtwO(AQ)*,IwO!))
TS HG(Lywo gy Hir (L, )
= HG(Lpmyoars Ha(Li-ugo T). (3.5.31)

The element —wgAe is dominant if A9 is dominant. This implies the third assertion. The fourth
isomorphism is obtained formally in the following way:

Hy(Oy % Ly, T%) =5 H (Lo, Ho(© O-unix NI ALY)
= HG(O (), Hir (Lo, T0)
S HG(O-uor HoLugrangs T))
S H (O wor * Lugrog 7). (3.5.32)

O]

Corollary 3.5.33. The subspace So is a free right Hr,, -module of rank one generated by Two',
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Proof. The assertion follows from Lemma 3.5.30 and the fact that if A and 7 runs through X,
and Wy, respectively the elements Oy x L, form a basis of H]Ml. O

Combining Lemma 3.5.30 with Corollary 3.5.33 we obtain the following proposition:

Proposition 3.5.34. There exists an equivalence of categories
o Pry, (Flan)—Pr1,(Fla)

such that for any w in Way,, ¢ sends Ly to L, 5-1,,, ( W is the anti-involution defined in
Definition 3.1.7). Additionally for any T in Pr,, (Fla,) we have

Hy(T, 7)== Ha(5(T), T%").
At last, For any A\ a cocharacter of My, we have
5'(@/\ * LT!):)efw())\ * Lworwol-

In Proposition 3.3.6 when n = m, we have constructed an isomorphism & between the Iwahori-
Hecke algebra of G and H. This isomorphism is induced by the automorphism 3 of G(F') sending
an element g to we(g~!)wp. The isomorphism & in Proposition 3.5.34 and 3.3.6 coincides.

3.6 Thecasen=1 m>1

Assume that n = 1 and m > 1 in the entire section. In this case we will give a complete
description of DPy,, x1,(II(F')) as a module over both Pr,(Grpy) et Pr,(Grg). In this section
we work over an algebraically closed field (and ignore the Tate twists).

We use the same notation as in the beginning of this chapter. Additionally for 1 < ¢ < m
we denote by w; the cocharacter of Ty equal to (1,...,1,0,...,0), where 1 appears i times.
The Iwahori group Iy preserves t~“U and t“*U*. Let Qg be the normal subgroup in the
affine extended Weyl group Wy of elements of length zero, see [§ 1.1, Chapter 1]. Note that
wm:(l,...,l) € Qyy.

For 1 <i<m,let U =t"“U. Define U’ for all i € Z by the property that U™ = t~“m{J? for
all 7. Thus,
.cUtcUcU c. ..

is the standard flag preserved by Iy. For any integer k in Z, we denote by IC* the IC-sheaf of
Uk L.

Proposition 3.6.1. The irreducible objects of Pr, x1,(II(F')) are exactly the perverse sheaves
ICk, k € Z.

Proof. The assertion follows from [Theorem 2.4.8, Chapter 2]. O

We will denote by IC*' the constant perverse sheaf on U¥ ® L — UF~! @ L extended by zero.
This is a (non irreducible) perverse sheaf. Denote by Iy = IC? the constant perverse sheaf on
II. Let us describe H (A, Iy), for any cocharacter A of H. Remind that A% is the IC-sheaf
of the Iy-orbit O* through t*H(O) in Gry. Let A = (ai...,am,) and choose N,r such that
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—N < a; <r for all i. Let H07T>~<6/\ be the scheme classifying pairs (v, hH(O)), where hH(O)
is a point in 0" and v is a O-linear map L* — hU/t"U. Let

~—=A
m: o, xO" — 1N,

be the map sending (v, hH(O)) to the composition L* — hU/t"U — t~NU/t"U. By definition
we have

H g (A, Tp)=m (QRAY),

where @Q,X.A* is normalized to be perverse. Denote by py the projection of Flg — Gry. Note
that for any 7 in Py, (Flg) we have

Hy(T,Io)—Hpu(pu(T), Io)
For 1 < i < m, let s; be the simple reflection (i,7 + 1) in Wy

Lemma 3.6.2. For1 <17 < m we have

< J—

Hy(Ls;, Ip)=—=Iy ® RT(P*, Q) —=Ip ® (Q[1] ® Q,[-1]).

Similarly,
Hy(Ls,, Ip)—Io[—1].

Proof. One has py(Ls,)——RI'(P!,Q,)[1] and the assertion follows. O

Assume that m > 1 and let s,, = t*7, where A = (=1,0,...,0,1) and 7 = (1,m) is the reflection
corresponding to the highest root. This is the unique affine simple reflection in Wy.

Lemma 3.6.3. If m > 1, we have the following canonical isomorphisms

—

Hu(Ls,  Io)—=IC' @ 1C~" and Hy(Ls, 1, Io)—=ICH @ 107!

Proof. The composition
Flg™ — Flyg 5 Gry

is a closed immersion and so pg(Ls,, ) —.A. Thus we have
Hy(Le,,, 1o)== H (A, Io).
In this case the scheme O classifies lattices U’ such that
.cUlcU cU'c...
and dim(U'/U~") = 1. Let N = r = 1, then the image of the projection
7o x0t — Iy 4

is contained in L ® (U!/tU). Let v be a map from L* to U!/tU in the image of 7. If v factors
through U~!/tU then the fibre of m over the point v is P!, otherwise it is a point. The first
claim follows, the second is analogous. O
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In a similar way one gets the following. The symmetry in our situation is due to the fact that
Qp acts freely and transitively on the set of irreducible objects of Py x 1, (IL(F)).

Lemma 3.6.4. For for 1 <1i <m, we have
Hp (L, , ICH)~SICH @10 and Hy(Ly,, ICH) —SICHY @ 1¢1,
Proof. The proof follows from Lemma 3.6.2 and 3.6.3. O

For 1 < ¢ < m there is a unique permutation o; in Wy such that t~“ig; is of length zero. Indeed,
o; is the permutation sending

(1,2,...,m—im—i+1,...,m) — (i+1,i+2,....,m,1,...,i.

For 1 < i < m we put w; = t™“o;. Extend this definition as follows, for any ¢ € Z let
w; € Qpy be the unique element such that w;U” = U™ for any . For 1 < i < m — 1 we
have wlsiwl_l = s;4+1 and wlsmwfl = s1. Thus, the affine Weyl group of H acts on the set
{s1,...,8m} by conjugation. As above, one also similarly gets the following:

Lemma 3.6.5. 1) For any i and k in Z one has canonically
Hyy(Ly,, ICH)—S1Ck+

2) For 1 <i<m, j€Z with j #1i mod m one has

— —

Hp(Ls,, IC7) ST1C7 @ (Qg[1] @ Qg[—1)).
O

Lemma 3.6.4 and 3.6.5 describe completely the action of Py, (Flg) on the irreducible objects
IC* ke Z.

For any k in Z let I®' be the IC-sheaf of U* —U*~! extended by zero. Each I™' is an object of the
derived category Dy, 1. (II(F)). At the level of functions, the objects I*' generate a subspace
of codimension 1 in ST#*1¢(TI(F)). We are going to describe the submodule generated by 1%
under the action of the Iwahori-Hecke algebra Hj,. For A in Xy, let us provide an explicit
description of the complex E’ (L, I 0’!). For any hlg in Flg, let U " be the lattice hU endowed
with a complete flag of lattices

LU 2cU'cU =U0cU' ...,

/ A
where U'* = hU*. Let N, r be such that —N < a; < r for all i and let H07T><.7-"lHt be the scheme
A
classifying pairs (v, HI), where hly is in Fl Ht and v is a map from L* to hU/t"U preserving

the flags in the domain and in the range. If
JUPSEE—A
T HOJX}—ZH — HN,,«

is the projection, then
Hyg(Lon, I%)==m (QNL).
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- R -
Let H87T Xflz be the open subscheme of Il , XFlg' consisting of elements (v, hlp) in H87r X]:lf;
such that the composition

L' -5 U /WU —U /U +1U)
does not vanish. Let
70109, X Flly — Iy, (3.6.6)

be the restriction of 7 to the open subscheme H87T>~<.7-' ZZ. Then we have

H (L, 19 =20 (@RAN) =0 (@) [dim (113, < F137)].

Consider the standard Levi subgroup M of H of type (m — 1,1). Then M ——=M; x My, where
M; = GL,,—1 and My = GLj. Let Hy,, be the Iwahori-Hecke algebra of M viewed as the
subalgebra of H, as defined in 3.5.2. We have naturally Hy,, :HIMI ®g, HIIWQ' Let Xy, be
for the cocharacter lattice of M;. We are going to define the action of Hy,, on 104,

Lemma 3.6.7. Let \ be a dominant cocharacter of H such that A\ = (a1, ...,am—1,0). Then

—

H g (Lo, 19 =T (N, O — 255)].

Sitmilarly
HH(Lt*** ’ IOV!) NIO,! [<)‘7 20 — ‘I}m>]

Proof. First note that the subscheme H87T>~<.7:l§ is of dimension (X, 20y — &) + rm. On the
other hand I%' is the shifted constant sheaf Q, [rm] extended by zero from HS’T to Ilp . Hence
the map =¥ factors as
~ A
oy 1) x Flly — 113 ..
Each fibre of 7Y, over a point of Hgm is an affine space of dimension (\, &, — 2p5). Thus the

first assertion follows. The second assertion follows from [Proposition 1.5.6, Chapter 1] which
states that L;—x, x Ly ——Le. O]

This defines the action of the Wakimoto sheaves in Hy,, on I 0!, Indeed for any A in Xy, we
can choose A1 and Ao dominant such that A = Ay — Ao.

Lemma 3.6.8. Let w be in the finite Weyl group of M. Then
H gt (L, 1) =1 —t(w)).

Proof. Indeed ( in this case) Fl} is the scheme of complete flags in U/tU that are in relative
position w with respect to the standard flag. Hence the map 7° in (3.6.6) becomes

70 H871 x Fli — H871.

Finally combining Lemmas 3.6.7 and 3.6.8 we obtain:

Proposition 3.6.9. For any w = t*w' in the affine extended Weyl group of M, we have

Hot (L, %) =S 1%, 0 — £(w))].
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Let w=(1,...,1) be in Xp. As we mentioned before t* is of length zero. The element L. is
in the center of Hy,, and its action commutes with the action of HIMI' Moreover, the scheme
F l}; is just a point and we obtain the following proposition:

Proposition 3.6.10. Then for any integer k we have
HH(Lt“J 7 Ik,!):[k—m,!‘

This defines the action of Hy,, on I%'. Now, denote by Sy the subspace of S™#*1¢(TI(F)) over
Q, generated by the functions I¥"' for k in Z. The subalgebra of H 1y generated by Hp,, and
Lo identifies with Hy,,. According to Propositions 3.6.9 and 3.6.10 the subspace Sy is naturally
a ‘H,,-module. The inclusion of H ,,-modules

So — ST (II(F))
yields by adjoinction a morphism of H,-modules
[ HIH ®HIA4 80 — SIHXIG(H(F)).

Theorem 3.6.11. The map o : Hy, @, So — STuxla(T1(F)) is injective and its image is
the Hr,, -submodule So generated by I™ for any k in Z.

Proof. For any k in Z, denote by sj the simple reflection (k, k + 1) in W The scheme Flg°"
classifies lines in U*+1/U*~1 and we have

«—

HH(LSk!a Ik:,!):]k‘-i-l,!‘

For 0 < k < mlet vy = sgSk_1-..50- This a reduced decomposition of v and so it is of length
k + 1. Hence we have

Ly ——=Lg1 * L,y x -+ % Ly,

and _
Hy(Ly,, 1) ==1F1

Denote by P the standard parabolic subgroup of H of type (m — 1,1), with Levi factor M.
Each vy, is of the form 7}, where A = (1,0...,0,—1) and 7, = (1,m,k + 1,k,...,2). The
set {1,70,...Tm—2} is a system of representatives for the left cosets Wy /Wj,. Hence the set
{1,v0,...,Vm—2} is a system of representatives for the double cosets Iy \H (F')/P(F'). Consider
the right Hj,,-submodule in Hj, generated by L,,,. Any of the elements of this module is
an extension by zero from an element of Iy\H(F)/P(F). Both Sy ®,, Hi, and So are free

H,-modules of rank m and « is surjective on So. Thus the map « is injective. O

Remark 3.6.12. As in § 3.5.2, we have the set MWy of minimal length representatives in the
right cosets W /Wyr. As w runs through MWy, the elements Ly, form a basis of Hy,, as a right
Hp,,-module. This property is used in Theorem 3.5.23. In the present situation it is not evident
to relate MWy with the system of representatives {1,1q,...,Vm_2}. This is why we don’t the
surjectivity of a.

Let us recall that there is a central functor constructed by Gaitsgory in [Gai01] :
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Theorem 3.6.13. [Gai01, Theorem 1] Let G be a connected reductive group. There exists a
functor Z : Pgo)(Grg) — Pi,(Fla) verifying the following properties:

1. For S € Pg0)(Grg) and an arbitrary perverse sheaf T on Flg, the convolution product
T x Z(S) is a perverse sheaf.

2. For S € Pgo)(Grg) and T € Py, (Flg) there is a canonical isomorphism between Z(S)xT
and T x Z(S).

3. We have Z(b1,,,) = 0r1, and for any S!, 8% in Pe(0)(Grg) there is a canonical isomor-
phism Z(S1) x Z(8?) ~ Z(S8! « §2).

Let 0 : G x Gy — H be given by (2.3.13), this has been recalled in [§ 2.3.2 , Chapter 2].
Denote by Res? : Rep(H) — Rep(G x G,,), the corresponding geometric restriction functor.
For any G(O)-equivariant perverse sheaf 7 on Gry, 7 is naturally isomorphic to pgi(Z(7)).

The category Rep(G' x G,) acts on D Py xr,, (II(F)) as follows:

{ Ifs is the standard representation of G, then -(F_IG(Sja Ick):ICk[j]' (3.6.14)

If g is the standard representation of G then H ¢ (¢, ICk):ICk_mj.

It follows that the representation ring R(G' x Gy,) acts on K(DPy.x 1, (TI(F))), which becomes
in this way a free R(G' x Gy,)-module of rank m with basis {IC°, ..., 1C™ 1},

Theorem 3.6.15. The respective actions of the centres of Pr, (Flg) and of Pr,(Flg) on the
category DPr w1, (IL(F)) are compatible. More precisely, the center of Pr, (Fly) acts via the
geometric restriction functor Res® : Rep(H) — Rep(G x G,y,) on the irreducible objects ICF for
any integer k.

Proof. For any S in Pg(o)(Gry), we have

Hu(Z(8),1C%) == Hp (pm(Z(8)),1C°) == H (S, 1C%) == H(Res”(S), ICY),  (3.6.16)

where the last isomorphism is [Lysll, Proposition 5]. Remind that FI H(ka,ICO):ICk for
any k € Z. If S in Py (o)(Gry) then by definition Z(S) is central so

Hy(2(S),1C"Y = Hyy (L, , Hy (2(S),1C°) = He (Res” (S), ICY),

where the last isomorphism is from (3.6.16). The assertion follows. t

Assume that k is a finite field F,. Let us rewrite all useful formulas obtained above with taking
in consideration the Tate twists. These formulas will be used in the next chapter.

According to Lemmas 3.6.2 and 3.6.3.

Forl <i<m: Hy(Ly,IC)~SICH! g 1L,
Forl<i<m: Hy(Ls, ICH)=SICH1 ¢ 10T,
=0 hH( . ,) o B (3.6.17)
If j # imodm : Hp(Ls,, 107)=1CH (@[1](1/2) + Qg[—1)(—1/2)).
If j # imodm : Hy(Ls,,1C7)~S1C9[—1](~1/2).
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Finally, by Lemma 3.6.5, for any ¢ and k in Z, the action of the element w; is given by
Hi(Ly,, 1CK) 10+,

in particular we have
H g (Ly,, ICY)—=1C". (3.6.18)

In the Grothendieck group K (D Py, x1,(II(F))) of the category Pr, x1,(IL(F')) we have
IE =10k 4 1Ck1(1/2).

More generally, for a < b, denote by IC**' the sheaf Q[b — a] on (U?/U?) — {0} extended by
zero to U?/U®. This is not perverse in general. In K (D Py, «.(II(F))) we have

IC%" = 1C° — 1C*[b — al.
Let w; = (1,...,1,0,...,0) where 1 appears i times and 0 appears m — i times.

Proposition 3.6.19. We have a canonical isomorphism in K(DPr, «1,(II(F))):
I?H(LM!,ICO):ICi_m’O’![i — (wi, 2p)] +IC™™m — i — (wi, 2p1)].

Proof. First remark that

«—

H oy (Lgos, 1CO) == H g (A“3, 1CO).

Let N = r = 1, the scheme O classifies lattices tU° ¢ U c U such that dim (U’ /tU°) = m —i
and (U /tU%) N (U™ /tU%) = 0. Therefore the orbit O is an affine space of dimension
0(t9) = (Wi, 2pg) = (m —4)i. Let Tlp; XO“ be the scheme classifying pairs (v,U"), where U’ is
in 0% and v is a map from L* to U /tU°. Consider the map

™ Ho’lngi — H071
sending (v,U’) to v. Then we have
H (A%, 1C%) = 1C(ITg 1 X O%)

and the assertion follows from the remark above on the elements IC%?',



Chapter 4

Geometric Langlands functoriality at
the Iwahori level

Remind that our main purpose is to extend, as much as possible, the results of [Lysl1] to the
Iwahori level. Our main object of study is the bimodule S#*1G (II(F)) over the Iwahori-Hecke
algebras H, and Hy,, introduced in § 2.1.2. In this section we propose a conjectural description
of this bimodule in terms of some stack attached to the Langlands dual groups. Our conjecture
makes sense for any dual reductive pair.

More generally, assume given two connected reductive groups G, H and a homomorphism G x
SL, — H, where G (resp., H ) denotes the Langlands dual group of G (resp., of H). We
suggest that there is a bimodule over the affine extended Hecke algebras Hg and Hp realizing
the Arthur-Langlands functoriality at the Iwahori level for this homomorphism. We propose a
definition of this bimodule on this level of generality (given in Conjecture 4.1.6). It is based to
a large extent on the Kazhdan-Lusztig isomorphism describing the affine Hecke algebra as the
equivariant K-theory of the Steinberg variety.

Consider a dual pair (G, H) in some symplectic group, and assume the metaplectic covering to
split over G(F') and H(F'), where F' = k((¢)). In this case our conjecture becomes a precise
question. Indeed, one may consider the Weyl category W introduced in [LL09] as a category
with an action of G(F) x H(F) and ask if the corresponding Grothendieck group of W!e*1u
is indeed isomorphic, as a H;, and Hj,-bimodule, to the one given by Conjecture 4.1.6. Our
main result is that this is indeed the case for any dual pair (GL1, GL,).

For basic notions in equivariant K-theory, one can refer to [CG97, Chapter 5|. Let us just recall
the Kazhdan-Lusztig isomorphism and fix some notation. Let k be an algebraically closed field.
Let G be a connected reductive algebraic group over k, and G the Langlands dual over Q.
Assume that [G,G] is simply connected.

Let g be the Lie algebra of G, B be the variety of Borel subalgebras in g, and Né be the
nilpotent cone in §. The Springer resolution Ny of Ny is given by

NG = {(z,b)

Let p: Né — N be the Springer map. Let s be the standard coordinate on Gn. We let Gy,
act on § by requiring that s sends an element x to s~2z. We also define an action of G x G, on
N by the formula

(g,5)-(2,b) = (s gzg~"', gbg ™).
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The map p is G x Gm-equivariant. The Steinberg variety is defined by
Zg = Ng xn, N = {(z,,b,6) € Ny x By x Bglz € bnb'}.

The extended affine Hecke algebra Hg introduced in Definition 1.2.3 can be considered as

2

Z[s, s !]-algebra, where v = s2. Viewing Z[s,s~!] as the representation ring of G,,, one has

the following:
Theorem 4.0.1. [CG97, Theorem 7.2.5] There is a natural Z[s, s~ ']-algebras isomorphism

K&xGn(Z,)=Hg.

4.1 Conjectural bimodule for the Langlands functoriality on the
Iwahori level

4.1.1 The statement of the conjecture

Let G and H be two connected reductive groups over Q, and denote by G and H the respective
Langlands dual groups over Q,. We assume that the respective derived groups of G' and H are
simply connected. Let a : G,, — SLg2 be the standard maximal torus and £ (resp. 7) be a
homomorphism from SLy (resp. G) to H. We fix a maximal torus T (resp. Tp) in G (resp.
H) and a Borel subgroup B¢ (resp. By) in G (resp. H) containing T (resp. Tx).
Assume we are given a morphism
c:GxGyw— H

as the composition

v id v x§ .

G X GG x SLy —— 1 - (4.1.1)
For any element g in G we will often denote its image 7(g) in H by the same letter g. Denote
by

T:GXGy — HxGy

the morphism whose first component is ¢ and whose second component is the second projection
pro : G X Gy — Gy, Let s denote the standard coordinate of G,,. The representation ring of
G X Gy over Qg is denoted by R(G x Gy,) and is isomorphic to R(G)[s, s71]. According to [Lys11],
the local Langlands functoriality at the unramified level sends the unramified representation

with Langlands parameter ~ in G to the unramified representation with Langlands parameter
o(v,¢"/?) of H. This is realized by the restriction homomorphism

Res? : Rep(H) — Rep(G x Gp)

induced by o.

We define an action of the group G x G on J\~/'é by the following formula; for any (g,¢) in
G % Gy and any (z,b) in J\TG we have

(9:0)-(2,b) = (C%gzg ", gbg™").

Remark 4.1.2. On one hand, it is understood that the standard representation s of Gu cor-
responds to the cohomological shift —1 in order to have the compatibility with [Lys11]. On the
other hand while specializing s, we should think of s as ¢/ to makes things compatible with the
theory of automorphic forms. The reader may refer to [Lus98] for more details.



4.1. CONJECTURAL BIMODULE FOR THE LANGLANDS FUNCTORIALITY ON THE IWAHORI
LEVEL 99

1
0
linearised morphism associated to &, we denote dé(e) by x.

Let e denote the nilpotent element of Lie(SLy). If d¢ : Lie(SLy) — Lie(H) is the

Lemma 4.1.3. The map f from Ny to Ny sending any element z in Ng to z 4+ x is a 7-
equivariant map. It defines a morphism of stack quotients

F:Ng/(G % G) — Ny /(H x G). (4.1.4)
Proof. We have the following equality in Lie(SLs,)
ses™! = s%e. (4.1.5)

This implies that s~2£(s)z&(s)~! = x. For (g,5) in G X Gy, let (h,s) = 7(g,s) = (g&(s), s).
Then for any z in N

s 2929t + 2 =5 2h(z+ )b,
which implies that f is #-equivariant and the morphism of stack quotients f is well-defined. [J

v

The Springer map N b — N is (H x Gp)-equivariant. By using this and Lemma 4.1.3 we
obtain the following diagram:

W/ (G % Gm)) X pr ey Nig/ (H % Gin) —— Nz /(G % Grw)

Nig/(H x G) Ny /(H % Gy),

where the bottom horizontal map is induced from the Springer map for H and the vertical right
arrow is the composition of the G x Gm-equivariant Springer map for G with the map f defined
in Lemma 4.1.3. Note that in the left top corner of the diagram we took the fibre product in
sense of stacks, see [LMBO0, §2.2.2], we denoted it by &. The K-theory K (X) of X' is naturally
a module over the associative algebras KG*Cm (N X N, Ny;) and KH*Cn (N XNy Ny), see
Appendix A. The action is by convolution. Thanks to Theorem 4.0.1, these two algebras may
be identified with the extended affine Hecke algebras Hg and Hp respectively. We may now
state the conjecture :

Conjecture 4.1.6. The bimodule over the algebras KéXGm(Zé) and KﬁXG‘"(Zﬁ) realizing the
local geometric Langlands functoriality at the Iwahori level for the map o : G X Gy, — H
identifies with K(X).

Remark 4.1.7. If G = H then the map £ is trivial, X equals Z and K(X) identifies with the
extended affine Hecke algebra Heg for G. Thus K(X) is naturally a free module of rank one over
both algebras Hy and Hg.
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4.1.2 Properties of X

Let us explain the following useful construction which we will use in several cases. Let G and
H be two algebraic groups, ¢ : G — H be a morphism and X be a G-variety. The induced
H-variety with H x¢g X respect to ¢ is the stack quotient (H x X)/G, where G acts on H x X
by

g.(h,z) = (ho(9) ™, g.).

The group H acts on the stack H xg X by
K .(h,z) = (h'h, ),

and (H xg X)/H is isomorphic to the stack quotient X/G. There exists two functors "res"
and "Ind" ( restriction and induction) which are mutually inverse and give rise to the following
isomorphisms of categories :

KY%X) s K1 (H xg X).

Proposition 4.1.8. The stack X is naturally isomorphic to (/\NfG 7 XN, /\~/'H)/(I:I X Gp), where
/\7@ ;7 s defined below.

Proof. Consider the induced variety with respect to @ defined by
NG,H = (H X Gm) XéXGm NG‘
Since the map f defined in Lemma 4.1.3 is g-equivariant, it induces a H x Gm-equivariant map
fii (H X Gr) Xgyg. Ng — N (4.1.9)

Similarly we can define the induced space

~ ~ ~

NG,H = (H X Gm) XéXGm NG‘
The map f; in (4.1.9) induces a map from N ¢ g to N, ;7 and we can consider the fibre product
/\7@ 7 XNy N . Note that /\7G H/(IEI x Gy) is isomorphic to the stack quotient NG/(CV? X Gm).

It follows that the fibre product X identifies with the stack quotient of NG 7 XNy N, ;7 by the

action of H x Gy, thanks to the following general fact : If ¢ : X — Z and ¢ : Y — Z are
equivariant morphisms of G-schemes, then the fibre product X/G xz/¢ Y/G in the category
of stacks identifies with the quotient stack (X xz Y')/G. This yields the desired equivalence of
categories. n

If the map o is the inclusion of G in H, the natural map
H % Ng = (H %X Gm) X, Nigo = Na
is an isomorphism. We can identify Né ;7 With the variety of pairs
(hG € /Cv e Ny)

satisfying h~1vh € x + N via the map sending any element of (h, z) of H x N to (hé,v =
h(z + z)h~1). The latter map makes sense because G centralizes x. Thus the map f; (4.1.9)
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becomes the projection sending any element (hé, v) of N 7 to v. In this case the left H X G-
action on NGH is such that for any (hy,s) in H x Gy, and any (G, v) in ¢.p e have

(h1,5).(hG,v) = (hih&(s) LG, s~ 2hyoh ).

Let us explain the following general result needed in the sequel. Let G be a closed algebraic
subgroup of H, Y7 be a G-scheme, and Y, Y be two H-schemes. Consider the Cartesian diagram

Yi Xy}}*)YI

|

Y Y,

where the map Y — Y is H-equivariant and the map f : Y7 — Y is G-equivariant, the action of
G on Y being induced by the action of defined H.

The group G acts diagonally on the fibre product Y; xy Y. This allows us to consider the induced
space H xg (Y1 xy Y). On the other hand, we have a H-equivariant map fi : H xg Y] — Y
given by f1(h,y1) = hf(y1). Consider the cartesian diagram

(HxgY)) xyY ——=HxgY;

| %

Y Y,

and let H act diagonally on the fibre product (H x¢g Y1) xy Y.
Lemma 4.1.10. There is a H-equivariant isomorphism of schemes

Hxg (Y1 xy Y)=(H xgY)) xy Y. (4.1.11)
Proof. The isomorphism is furnished by the H-equivariant map

Hxg(YixyY) —=(HxgY)) xyY
(h7 (ylau)) _>((h7y1)7h'u)

Proposition 4.1.12. There is a natural isomorphism

K(X) =K Cn (N <, Ny,
and the R(fl X Gu)-module structure on the right hand side is given by the functor Res” :
R(H x Gy) — R(G x Gy).

Proof. The scheme ./\~/'@ XNy NH classifies couples ((z, b1),b), where (z,b;) lies in NG and b is
Borel subalgebra in Lie(H) containing z 4+ x. We define an action of G x G on /\Nfé XNy NH as
follows: for any (g, s) in G X Gy, and any ((z,b1,b) in /\7@ XNy /\715[

(9,5).((2,1),b) = (s 2gzg™", gb1g ™", g&(s)bE(s) Lg™1).
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By Lemma 4.1.10 we have an H x Gm-equivariant isomorphism

([V{ X Gm) X %Gy (Né XNy N]}):’NG,H XNy Nf{
Combining this with Proposition 4.1.8 we get the desired isomorphism of categories. O

To understand the correspondence between the irreducible representations induced by this bi-
module, one should know in particular whether the following natural map

R(TG X Gm) ®R(C’XGm) KG*Cnm (/\7’(; XNy ./\7[;,) — KT6xCBm (./\N/'é XNy /\Nfg) (4.1.13)

is an isomorphism or not, and if K (X) is a free R(G' x Gp)-module.

4.2  Precising the conjecture in the case of (GL,,GL,,)

In this section let us assume that G = GL, and H = GL,,, where n < m. We provide a
geometric candidate for the bimodule K (X') appearing in conjecture 4.1.6.

Remind the category DPy, xi,(II(F)) defined in Chapter 3, it is a module over DPy, (Fly)
and DPr,(Flg) acting by Hecke functors. According to [IM], the Iwahori-Hecke algebra H;,,
identifies with Hg ®Z[878—1}Qg for the map Z[s, s71] — Qy, s — q%. This isomorphism is naturally
upgraded to an isomorphism

K(DPp, (Flu)) ®@Z —Hp ®z[s,s~1] @é

such that the multiplication by s in Hpg corresponds to the cohomological shift by —1 in
K(DPy, (Flg)). It is understood that we view DPy, (Fly) as an abelian category. Our conjec-
ture 4.1.6 now gives rise to the following one.

Conjecture 4.2.1. The bimodule K(X') over each extended affine Hecke algebra KG*Cn (/\7@ XN,
./\7@) and KH*Gn (./\7H XNy J\Nfﬁ) is isomorphic (after specializing s to q'/?) to the K-theory of
the category DPr, « 1., (IL(F)).

This conjecture is difficult because K(X) and K(DPy, 1, (II(F))) are essentially of different
nature. Recall that we have studied in 3 the module structure of K(DPj,xy, (II(F))) over
Iwahori-Hecke algebras Hj,, Hy,. In particular, we provided a filtration on Py, xr, (II(F))
compatible with this action. In order to prove Conjecture 4.2.1 it should be necessary we
make such a study on K(X). In the remaining of this section we will construct (under mild
assumption on o) a filtration on K(X) compatible with the action of extended affine Hecke
algebras H and Hy.

Remind that for any r the Langlands dual group of GL, is GL, over Q,. We will always use the
same notation for GL, and its Langlands dual over Q,. In this setting we choose the morphism 7
to be the canonical inclusion of GL,, into GL,,. Since ¢ is a group morphism, ¢ factors through
GL,,_,. This means that o is obtained by the composition

GL, x Gy — GL, x SLy “$ GL,, x GLy_p — GL,
where the last arrow is the inclusion of the standard Levi subgroup associated to the partition
(n,m —n) of m and & corresponds to the principal unipotent orbit. Then the restriction of the
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map £ to Gy, is the cocharacter (0,...,00m—n—1,m—n—3,...,14+n—m). Let Uy = k™ be
the standard representation of GL,,, and {u1, ..., u,} be the standard basis of Uy. The element
x = d{(e) is a nilpotent element of Lie(GL,,) such that z(u;) = 0 for 1 < i < mn+ 1 and that
z(ujy1) = u; for n +1 < i < m. Such an element is called a subregular nilpotent element in
Lie(GL,,). Let G2 = GL,,_, and By be the unique Borel subgroup in G2 such that x lies in
Lie(BQ).

Let Za,(x) be the stabilizer of z in Ga. It acts naturally on /\~fG XN, /\7H : for any y in Zg, ()
and any (z,b1,b) in Ny xn, Ny : we have

y‘(zv bla b) = (Zv bluyby_l)‘

For any s is in Gy, then the element £(s) clearly normalizes Zg, () and the semi-direct product
Za,(x) X Gy, is a subgroup of Ga. The group Zg,(x) X Gy, acts on ./\70 XNy /\TH and this action
commutes with the G-action.

For any G-orbit O on N, ¢« we denote by Yp the preimage of O in N, G XNy N ;7 under the projection

‘/\7@’ X/\/’H./\N/‘ﬁ%./\/’é

sending (z,b1,b) to z. We refer the reader to [CG97, § 3.2] for details on nilpotent orbits
and stratification of ‘Ehe nilpotent cone N, & invto é—conjugacy classes and the stratification of the
Steinberg variety of G. The orbits Yp form a G'x Gy-invariant stratification of N x a7, N7, which
is also Zg, (x)-invariant. The G-orbit @ is given by a partition § = (ng >ny > --- >n, > 1) of
n. Let My denote the standard Levi subgroup corresponding to this partition, Namely

My—GL,, x - - x GL,,.

We denote by zp the standard upper triangular regular nilpotent element in Lie(Mjy); zp lies in
the orbit Q. Let Zy be the stabilizer of zg in G x Gm, Zp is connected.
Denote by Bé,o the preimage of zp under the Springer map N o — Ng. Let B 6 be the preimage
of zg + x under the Springer map N 77 — Nj. We have an isomorphism

(é X Gm) X Zy (BG,G X Blvf,@):)y@

sending (g, s,b1,b) to (s 2gzeg~ 1, gb1g™ 1, g€(s)b&(s)"tg™!). Hence we have an equivalence of
categories

K Cn (Vo) == K% (B % By ). (4.2.2)

According to [Spa82] the scheme By, and By , respectively admit a finite paving by affine
spaces stable under the action of Zy, see also [Gorl0, Theorem 3.4]. Hence (4.2.2) is a free
R(Zy)-module of finite type.

We enumerate the nilpotent orbits Q1,Qs,...,Q, in N, ¢ in such an order that
dim(0;) < dim(0y) < --- < dim(0y).
It B = Ui<;Q;, then 7 is closed in NV, < and we have a filtration

V=F cF c...cF =N
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Let FJ be the preimage of 7 in ./\7G XN N ;- We get a G X Gp-invariant filtration
0=F'cF'C---CF =Ngxn, Ny

Let us define a more general version of the cellular fibration [CG97, § 5.5] which we will use in
the following.

Lemma 4.2.3 (Cellular fibration). Let us consider the following general situation: k is an
algebraically closed field of arbitrary characteristic and X is a k-stack of finite type equipped
with a filtration

0)=F°cFlc...cF"=2x,
by closed substacks of X. Assume that for 1 < i < r there exists an affine space E' and a
connected linear algebraic group P' such that

F’i o F171:>EZ/PZ,

where E'/ P is the stack quotient. Let U’ be the unipotent radical of P* and G* = P'/U" be the
reductive quotient. Then the natural sequence

0 — K(F"') — K(F') — K(E'/P") — 0
is exvact and K (F%) is a free Z-module.

Proof. Choose a section of the natural projection from P’ to P’ , it yields a map from E*/G* to
E*/P* incducing an isomorphism

K(E'/PY=K(E'/G)==K% (Spec(k)) —=R(GY),

where R(G?) denotes the ring of representations of G* ( which is a free Z-module.) One has an
exact sequence
Ky (E'/P") - K(F™Y) — K(E'/P") — 0.

Let us show that the map & vanishes. By [CG97, 5.2.18], we have that K (EY)—= K& (E') and
by Thom isomorphism [CG97, 5.4.17] we obtain that K& (E) ==K (Spec(k)). Now, by [Sri08,
Corollary 6.12], K 5 (Spec(k)) is isomorphic to k*®yz S, where S is a free abelian group generated
by the irreducible representations of G*. By induction on i we may assume that K*(Fi~!) is a
free Z-module. To finish the proof note that for any free Z-module S, one has Homz(k*, S) = 0.
Indeed, Let ¢ be such a morphism and take y in the image of ¢. Then there exists an element
x in k* such that ¢(z) = y. As k is algebraically closed, for any integer n , there exists ¢ in k
such that that t™ = z. This gives n¢(t) =y in S. As S is a free abelian group, the element y is
dividable by a finite number of integers. Thus, y = 0 and ¢ vanishes.

O

Let us go back to the filtration defined on j\7G XNy N ;7- We can refine the filtration F' ' in
such way that the refined filtration be G x Gu-stable and the corresponding strata of the stack
quotient of (/\7G XNy N 1)/ (G x Gp) satisfy the assumptions of Lemma 4.2.3. Then by using
this Lemma, we see that for each ¢ the sequence

0 —s KG'XGm (F’i—l) N KéXGn1 (F’L) . KGXGm (Y@) —50

3

is exact and K> Cn (F%),0 < i < r define a filtration on K (X). Moreover, for each i, KG*Cn (FY)

is a submodule over both extended affine Hecke algebras K¢ Gm (N x NGN o) and K HxGn (Vg x Ny
Nip)-
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4.3 The conjecture in the special case of n=1, m > 1

4.3.1 Statement

We will restrict ourselves to the case n =1 and m > 1. Let G = GL; and H = GL,,,, where we
consider them as Langlands dual groups. The map G x Gy, — H is the composition

éXGm—>éXSL2—>éXGLm_1—>H,

where the latter map is the inclusion of the standard Levi subgroup GL; x GL,,_1 in H and
£ :SLs — GL,,_1 corresponds to the principal unipotent orbit. In particular the inclusion G in
H is the coweight (1,0,...,0) of the standard maximal torus of H. The restriction of ¢ to the
maximal torus G, of SLy is the coweight (0, m—2,m—4,...,2—m) of H. The element z = d&(e)
in Ny is the subregular nilpotent element given by x(ul) =x(u2) =0 and x(uzﬂ) = u; for all
2 <@ < m. In this case N = — H/G in such way that the map f; : GH = H/G — Ny

defined in (4.1.9) sends hG to hazh~'. The element s in Gy, acts on the left hand side on NG i
by sending the right coset AG to hé (s )_lé The variety N« G XNy N ;7 identifies with the variety

of pairs (h@,b) such that b is a Borel subalgebra in H and hzh~! lies in b. Any element (h1, s)
in H x Gy, acts on NG i XN N by the formula:

(h1,5).(hG,b) = (h1h&(s) LG, hibhih).
Denote by Bﬁ,x the fibre of the Springer map /\7H — Ny over z. The map
7:G x Gn — H x Gm

sending (g,s) to (g&(s), s) identifies G X Gy, with the stabilizer in H x Gy, of the right coset of
the neutral element in H/G. Any element (g, s) of G x Gy, acts on the Springer fibre B, by

(9.5).6" = (9€(s)b'E(s) " g™h).
This yields an isomorphism
K(X) = KXo (N o xv, Nip) =K (B, ).
To compute K (X), we provide an explicit description of the Springer fibre B i

Lemma 4.3.1. The Springer fibre Bﬁ,x is a configuration of projective lines (V;)i<i<m—1. For
1 <i < j < m—1 the intersection V; N'V; is empty unless j = i + 1. The fived locus in
Bﬁ,x under the action ofé X Gm consists of m points p1,p2, ..., Pm—1,Pm, where p1 and p,, are
distinguished points on Vi and Vi, and for 2 < i < m — 1, the point p; is the intersection of V;
with ‘/i—i-l'

Proof. Denote by
FFCcFkhC---CF,=U

a complete flag on the standard representation Uy of H preserved by x. The vector space
Fy is a subspace of Ker(z) = Vect(ui,ug). We have Vect(uz) = Ker(z) N Im(z). If Fy #
Vect(ug) then Fy = 27 1(Fy) = Vect(uy,us), F3 = z71(F) = Vect(uy,uz,u3), ..., F =
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Figure 4.1: Configuration of the Springer fibre B

27 (F_1) = Vect(ui,us,...,un) = Up. So we may identify Vi with the projective space
of lines in Vect(uj,u2). The point py is F1 = Vect(ug). If F1 = Vect(uz) C Im(x) then
r71(F) = Vect(u,us,u3) and Vo can be identified with the space of lines in 2~ (Fy)/F}.
Inside Vect(uy,ug,us) one has a distinguished subspace Vect(uy, ug, u3) NIm(z) = Vect(ua, us).
If F3 is different from this subspace then the whole flag F; is uniquely defined. So the point
p3 of Vi corresponds to Fy = Vect(usg,us). If now F; = Vect(ug) and Fy = Vect(ug,us) then
r71(Fy) = Vect(uy,us,u3,us) and D3 is the space of lines in 2~ !(Fy)/F,. The point py of V3
corresponds to F3 = Vect(uz, us,us), and one can continue the construction till F,.
The points p; is the standard complete flag on Uy and p,, is the flag Vect(ug2) C Vect(ug,usz) C
C Vect(ug, ..., um) C Vect(ui, ..., un). O

This result combined with the Cellular fibration Lemma in [CG97, § 5.5] implies that K GxG (B
is a free R(G x Gy)-module of rank m. Moreover, the R(H)-module structure on K GXGn By )
comes from Res” : R(H) — R(G x Gy).

According to [CG97, Lemma 7.6.2] the assignment sending T}, to st@) for w in Wy, extends by
linearity to an algebra homomorphism

¢ : Hy,, — Z[s, s ]

and it is known that the induced Hpg-module Ind]HIH e = Hy OHy,, € is isomorphic to the

polynomial representation [CG97, 7.6.8]. We have the followmg crucial set of isomorphisms of
Z[s,s~1]-modules [CG97, Formula (7.6.5)]

KHXGm (T*Bﬁ) TM}H K]ZIXGm (B[:]) i) R(TH)[S, 3_1] i} Ind%;{v}[ €,

where the first arrow is the Thom isomorphism [CG97, Theorem 5.4.16], the map « is the
canonical isomorphism

KX (B )= KT¥Cn (7 /B ) == K PiCm (pt) =R(Ty x Gm) =R(Ta)[s,57],

and the map (3 is given for any \ by 8(e*) = e

2)
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There is a natural action of Hy on K GXG"‘(BH ) defined uniquely by the property that the

inclusion of By,  in By yields a R(G x Gp) R (fxGy) HH-equivariant surjection

v

R(G % Gm) O (1) KHxCn (B ) =S KO Cn(B) — K&*Cn (Byy.)-
We are now going to construct a morphism
J: KGXG’”(BH’QC) — K(DPIHxlg(H(F)))'

Consider the diagram

Hy —— K(D Py (T(F)))

|

KC? XGm ( B z)7
where 1 sends 7 to Hy (7, 1), and 2 sends 7 to the action of 7 on the structure sheaf O of
By .. Note that 71 and ~y, are surjective. The morphism J will be induced by ;. From formulas

of Section 3.6, one sees that 1 factors through the surjective morphism ~; : Hy OHy,, € —
K(DPrp, x1,(II(F))) of Hy-modules.

Remark 4.3.2. If m = 2 then both K(DPyy,xi,(Il(F))) and Hy ®mu,, € are free R(G X Gyy)-
modules of rank 2, and ¥ is an isomorphism.

Theorem 4.3.3. The morphism 1 induces an isomorphism of Hgr-modules between KG*Cn By )
and K(DPr,x1.(IL(F))), where the Z[s, s ']-module structure on Qy is given by the character
sending s to q'/2. Moreover, the modules K©*Cm (By; ) and K(DPry <1, (II(F))) are free of rank

m over R(G x Gy), and R(H) acts via Res” : R(H) — R(G x Gp).

Note that if n = m = 1 then one has Iy = H(O) and this theorem can be deduced from [Lysl11,
Proposition 4].

4.3.2 The proof of the conjecture

The first part of the theorem has essentially been already proved. Indeed:

1. We have seen in §3.6 that the module K (D P, (II(F))) is free of rank m over R(G xGy,).
In the notation of this section, a basis is given by the elements IC* for 0 < k < m—1, and
the action of R(G x Gy,) is given on this basis by (3.6.14). Besides, according to Theorem
3.6.15, R(H) acts via Res”.

2. The corresponding properties for K GG (Bj; ) have been proved at the beginning of this

X
section.
In the sequel we will construct a basis of this module (specialized at s by ¢'/?) and we will
identify the action of Hjy on both bases. The morphism sending one basis to another will be
induced by ~s.
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The representation of Hy in R(Ty)[s, s ']
Consider the polynomial representation of the extended affine Hecke algebra Hpy of H in
R(Ty)[s,s™!]. For v in Hy and z in R(Ty)[s,s™!] write v % z for the action of v on z. Re-
mind that, as in [§1.2.2, Chapter 1] e* denotes the element in R(Tg)[s,s "] corresponding to
\; according to [CG97, Formula (7.6.1)], e} as an element of Hy acts on any element u of
R(T)[s,s7'] by

et s u=eu, (4.3.4)

and for any simple root «, the action of Ty, on e* is given by the formula [CG97, Theorem

7.2.16]:
A sa(N) A _ osa(N)+a
N et —e gt —e
T, xe" = o e (4.3.5)
This formula was discovered by Lusztig and was the starting point of the K-theoretic approach to
Hecke algebras. The formulas (4.3.4) and (4.3.5) together completely determine the polynomial

representation of Hy. As mentioned in [§ 1.2.3 in Chapter 1], for A dominant, the element

e corresponds in the Iwahori-Hecke algebra to the function s~ Ty, where £(\) = (X, 2pp).

Denote by w; the coweight (1,...,1,0,...,0), where 1 appears i times. For 1 < ¢ < m there
exists a unique permutation o; such that w; = t™%ig; is of length zero; o; is given by

o(l)=i+1,0i2)=i+2,...,0i(m—1i)=m,o;(m—i+1)=1,...,0;(m) =1i.

The element w; is the generator of the group Qg of length zero elements in I//IV/H; for any ¢ in Z,
w; = uﬂi . In the extended affine Hecke algebra Hpy we have

Tywi Ty, = T,

Further we have ((t“?) = £(0;) = (w;,2p;) = i(m — i) and this gives
evi = Si(i_m)Ttwi- (436)
In R(T)[s, s, Ty, 1 = 2= and this yields
(si(mfi)ewiTw_) x1 = 82i(m7i)’
and
Ty, % 1 = sM= 0w, (4.3.7)

Till now we have described the action of the Wakimoto objects and the elements of length zero.
We are going to compute the action of the simple reflections s; = (7,7 + 1) and the affine simple
reflection s,, = t*wp, where A = (—1,0...,0,1) and wg = (1,m) is the longest element of the
finite Weyl group of H. For 1 <i < m we have T, Ts, T, = Ts,,, and T, Ty, T, = Ts,. For
all integer j in Z set s; = s, and rewrite the above formulas all together as

T, Ts, T, =T

Si+1

Thus, for all ¢ and j in Z

itw; Sitj°

Ty, Ts, T, =T
For any cocharacter u we have w;t*w; b— ¢oi() and we get

—1
L, Ty, = Tiosm-
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Proposition 4.3.8. In the polynomial representation the element Ts . acts on 1 by (s> — 1) +
s2m=Deftwr yhere € = (0,0,...,0,—1).

Proof. Since T, = TgllTslTwl, we get using (4.3.7) :
T, 1= (TZ;ITSI) s sM et

Let a; = (0,...,0,1,—1,0...,0) and g; = (0,...,0,1,0...,0), where 1 appears on i'" place
then

T, et =17,

Thus,

Ty, * 1 =Tyt s g™ tew1—n (4.3.9)
If ¢ = —aflwl = (0,...,0,—1), then £ is a dominant character, and we have TthqL;l1 = Tg_ll.
Thus

-1 _ 1-m_—¢
Ty, =5 e TU_;L
Finally we have to compute

Ty, *1=58"Te ™8T 4 5 sMlewr—on,
o1

On one hand the reduced decomposition of o, LS S$pm_1...598; and it follows that T0;1 =
T, ... Ts,Ts,. From (4.3.5) we get that Ty, * /2 = (52 — 1)e#2 + s2e¥1. For 2 <i<m —1 we
have Ty, x e*! = s2e“1. We also have Ty, * eH? = eH2792 = ¢/ and more generally, for 1 < i < m,
T, * elt = eti+1. By induction we get
T 1 s el? = (82 — 1)etm 4 g2m=Dewr,
91

This implies that

T

Sm

x1 = (52— 1) + g2m=Dettwn (4.3.10)
O

In order to prove Theorem 4.3.3 we have to study the Hp-module structure of KGXG‘"(BI;, )
and compare this action with the results obtained in Chapter 3. Building on a construction due

to Lusztig [Lus02], we are going to construct a free family of vectors in K“*®m (B 17.,) which will

be a basis after specializing s to ¢'/2 and compute the Hp-action on this basis.

Construction of a basis of KG*Cn By )

Let us denote by Ly the line bundle on Bj; corresponding to coweight A of H as in [CG97,
§6.1.11]. The H-module H°(By;, L)) vanishes unless (a1 < -+ < a;,). Recall that the nilpotent
subregular element z in End(Up) is such that z(u1) = x(u2) = 0 and x(u;) = u;—y for all
3 < i < m. The natural morphism from R(T#)[s, s '] to K&*Cm (B ) sends an element et to

L_). Besides, any element £ in KHXGo (Njy) acts on KGXGn (Bj; ,) as the tensor product by
Lis,, -
Let {uy,...un} be the canonical basis of Uy and {uj,...,u},} the corresponding dual basis. For
1 << m set

U, = Vect(ul, - ,ui)
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and for 1 <7< m —1 set
U; = Vect(uz, ..., uit1),

with U, being equal to {0}. Note that for 0 < i < m — 2 the element z acts on U;42/U; by zero.
For 1 < i < m let V; be the projective line classifying flags

U C...U,_ CW; CUiy1 C -+ C Up,

where W; is i-dimensional. The line V; is isomorphic to P(Vect(u1, u;+1)) via the map sending
a line [ to the flag given by

UC..U, ,CleU,_, CUp C- CUpn.

Then we have BH@ = U;V;, (see Lemma 4.3.1). Recall that there are m fixed points on BH@
under the action of G x G,, corresponding to the following flags:
1L.pr=UCUy C--- CUp,.
2. For2<k<m-—1, , ,
pr=U, C...U_  CU,C--- CUp.
3. pm=U, CUyC---CU, _; CUpn.
Note that for 2 < k < m — 1, the point p; equals V,_1 N V}.

Each line V; is endowed with a tautological equivariant line bundle Oy, (—1) which is an equiv-
ariant subbundle of gOy, © sm_%(’)vi. Note that: for 1 <¢<m —1

Ov,(—pi) = s Oy, (—1) and Oy, (—pit1) = g 'Oy, (-1).

Thanks to Lusztig [Lus02, §4.7] the elements Op , Oy (—1),...,0y,, ,(—1) define a basis of
K&*Gn (B ) over R(G)[s, s71].

For 1 < ¢ < m, consider the line bundle L,, on B i whose fibre at a point Fy C -+ C F}, is
det( 1). Remind that det(U;)—=s5"("~1=1) ag a ( x Gy-representation. We also have L, = gO

KGXG‘“ (Bﬁ,x)

Proposition 4.3.11. The set {O,L_y,,,...L_,,,, ,} forms a basis ofKéXGm (B ) ®zs,5-1 Q-

Proof. For 1 <k <m — 1 and for any G x Gm-equivariant line bundle L on By , we have the
following equality in K GG (B )

)

m—1

L= ZL|V pJ+1 +L|v + Z L|V )
j=k+1

We apply this formula to to L, . Note that :
- Ifj <k, ka‘vj_ = gs(k—l)(m—’f)(’)vj.
-If 5=k, ka‘vj = Oy, (—1).

- I j >k Loy, = skm=k=1 0y, .
J
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Hence we get:

k—1 m—1
Ly, = Oy (=1) 4 sE DB S 0y (<1) + 30 207 M0y, (-1)].
j=1 j=k+1
Lastly
m—1
O =0, + Y, s "0y, (-1).
j=1

Since Op , Oy (—1),...,0y,_,(—1) is a basis of KGXGn (B ), the preceding formulas imply

1/2

that O, Ly, ..., Ly, , is a free family which becomes a basis after specializing s to ¢'/<. If we

apply the duality functor, we get the same result for the family O,L_,, ..., L, .
O

We will now consider the family {O, s™ 'L_,,,, sQ(m*Q)L_wZ,, oo, s™ YL, }. Thanks to Propo-
sition 4.3.11 this family is also a basis of K¢*®m (B}, ) after specialization. We are going to
prove that 7, factors through morphism J sending this basis to {IC?, ..., IC™ 1},

F'he action of length zero elements and simple reflections. According to (4.3.7), we
g
have
'72(11111') = jwi (O> = Si(m i)€Wi - Si(m i)[‘—wi'

Hence the action of length zero elements is compatible with [(3.6.18), Chapter 3]

The action of the affine simple reflection s,,. If A\ be the cocharacter (—1,0...,0,1),
and consider the associated line bundle Ly (resp. E) on B 71 Whose fibre over a flag F} C --- C
F,, = Uy is Ff ® F,/Fy—1(resp. Fp,/F—1). The section u,, of the line bundle E' yields an
exact sequence

0— >0 — E — (Lm—1.m)p,, — O.

Note that (E)p,, = gOp , and (L_y,)p, = sQ*m(’)pm. Tensoring by L_,,, we get the exact
sequence on By

0— s> ™ML, — Ly — gsz_mOpm — 0.

Consider u A+ Aug, _, as global section of L_,,,_, over By . It vanishes only at pn, and gives
an exact sequence
0—g 's* ™0 —1L, ,— Op — 0.

. . G Gm 5
Finally we conclude that in K%~ (By )
Ly=s>""L_, + gs2_m(9pm, and ng_mOpm =gs* ™ML, _, — 570,

Thus
Ly=8""L _y, +95 "L 4, , — s "0.

From Proposition 4.3.8 we obtain that

Yo(Ts,,) = Ts, (0) = (s> = 1)O + 8> 2Ly = —O + s™L_y, + gs"L_,,, _,. (4.3.12)
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Finally, s~!T}, (O) + s~1O corresponds to EH(LSm,Io), and the formula (4.3.12) is compatible
with 3.6.17 by using the fact that Lg, is isomorphic to @5[1](%) over Fly'. Moreover, for
1 < i < m one has T5, * 1 = v in the polynomial representation, hence T (0O) = vO in
KG*Cn (B Hx) The other relations are readily obtained by symmetry (the action of elements of

length zero).



Appendix A

(Generalities on convolution actions

A.0.3

For generalities on the K-theory we refer the reader to [CG97]. We work over an algebraically
closed field of characteristic zero.

Let G be a linear algebraic group, and X be a scheme of finite type. Denote by R(G) the ring
of representation of G. If Y is a smooth G-variety and 7 : ¥ — X is a proper G-equivariant
map then according to [CG97, 5.2.20] K&(Y xx Y) is an associative R(G)-algebra.

Let Z be a smooth variety and consider a G-equivariant morphism from Z to X. Then K (Y x x
Y) acts on K(Z xx Y) by convolutions on the right. This action is R(G)-linear. Namely,
for any F in K(Z xx Y) and any L in K¢(Y xx Y), consider the element pj,F X pi,L in
KC(Z xxY) x (Y xxY)). Let us apply the restriction with supports functor with respect to
the smooth closed embedding id x diag x id in the following diagram to pj,F X p3, L
ZxYyxy (O gy sy xy
U U )
ZxxY xxY — (ZxxY)x (Y xxY)

and denote the result by piy F@pis L in K(Z xxY xxY). The projection p13: ZxxY xxY —
Z xx Y is proper, and we obtain the convolution product of F’ and L denoted by

Fx L= (p13)«(pjoF @ pssL) € K9(Z xx Y).

A.04

Let H be a closed subgroup of G and assume Y’ to be smooth. Let 7’ : Y/ — X’ be a proper
morphism of H-varieties. Assume that X —— Gx g X' and Y — G x Y’ as G-varieties, and that
7 is obtained from 7" by induction in the sense of [CG97, 5.2.16]. Then Y xxY — G x g (Y x x/
Y') as G-varieties. So, we have an isomorphism of stack quotients (Y xxY)/G — (Y'x x/Y')/H,
and we get an isomorphism of algebras

KO xx V)= KI(Y' xx Y
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A.0.5

Let Y be a smooth G-variety and 7 : Y — X a proper G-equivariant morphism. Let X — X and
Z — X be G-equivariant morphisms of varieties. Assume Z to be smooth. Then K% (Y xx Y)
acts on the left by convolution on K% (Y x i Z). Indeed, for any F in K¢(Y x Z) and L in
K&(Y xxY), consider pjyL Kp5,F in K¢((Y xx Y) x (Y x5 Z)). Apply the restriction with
supports with respect to the smooth closed embedding id x diag x id in the following diagram
to pTo L W p3, F

id x diag x id
—

YxY xZ YxY xY xZ
U U
YxxY x5 Z — Y xxY)x (Y x5 Z).

and denote the result by pi, L@pi, F in K¢(Y xxY x ¢ Z). The projection p13 : Y xxY x ¢ Z —
Y X ¢ Z is proper, and we obtain the convolution product of L and F' denoted by

L+ F = (p13)«(ploL ® p34F') € KG(Y X% Z).

Note actually that the essential thing we need is the fact that the structure sheaf Oy of the
diagonal Y C Y x Y admits a finite G-equivariant resolution by coherent locally free Oy xy-
modules. Then restrict this resolution with respect to the flat projection pog : Y XY XY x Z —
Y x Y. It seems that the smoothness of Z is not necessary. Moreover, assume Z to be smooth
and Z — X to be proper, then K&(Z x  Z) acts on K(Y x ¢ Z) by convolutions on the right,
and the actions of K9(Z x ¢ Z) and of K%(Y x x Y)) commute.

A.0.6

Let Y be a smooth G-variety, and m : ¥ — X be a proper G-equivariant morphism. Then

KY%(Y) is naturally a left module over K¢(Y x x Y). Namely, for any L in K¢(Y xx Y) and

F in K(Y), consider the restriction with supports of L X F an element of K¢((Y xx Y) x Y)

with respect to the smooth closed embedding

Yxy Ny xyxy
U U

Y Xx Y — (Y Xx Y) xY

and denote the result by LopsF € K(Y x xY). Then we have LxF = (p1)«(L@p3F) € KE(Y).



Appendix B

Weak geometric analogue of Jacquet
Functors and compatibility with
convolution product

Let k be an algebraically closed field of characteristic p > 2, F' be the field k((¢)), and O its
ring of integers k[[t]]. Let G be a reductive connected group over k, 7' be a maximal torus of
G and fix a Borel subgroup B in G containing T. Denote by Ig the corresponding Iwahori
subgroup. Let P be a parabolic subgroup of G containing B and U its unipotent radical. Let
L be the Levi subgroup of P isomorphic to P/U. Let My be a faithful representation of G, and
let M = My ®k (O).

In the classical setting, an important tool is the Jacquet module S(M (F ))U( ) of coinvariants
with respect to U(F'). We will define a weak analog of Jacquet functors in the geometric setting.
Let V be a P-stable subspace of My endowed with a trivial action of U. Set V = V{ @k (O),
we have a surjective map of L(F')-representations

S(M(F))u ) — S(V(F))
given by restriction under the inclusion V(F) — M (F'). We will geometrize the composition
S(M(F)) — S(M(F))u(ry — S(V(F)),

and we will show that in the Iwahori case, geometric Jacquet functors do not commute with
the action of the entire Iwahori-Hecke algebra of G but they commute with the action of the
Iwahori-Hecke algebra of the Levi subgroup L of P.

Let Ip be the preimage of the Borel subgroup B under the map P(O) — P. Denote by By, the
image of B in L. It is a Borel subgroup of L. In the same way consider the map L(O) — L and
denote by Iy, the preimage of By under this map in L(Q). Hence I}, is an Iwahori subgroup of
L(F). Finally we have a diagram

Iy «— Ip — Ig,

where the first map is induced by the natural projection P(O) — L(QO). According to [§ 2.2.1,
Chapter 2], the categories Dy, (M (F')) and Dy, (V(F)) are well defined. We are going to define
the following functors



APPENDIX B. WEAK GEOMETRIC ANALOGUE OF JACQUET FUNCTORS AND COMPATIBILITY
116 WITH CONVOLUTION PRODUCT

Tb,Jp : Dig(M(F)) — Dy, (V(F)).

Let N, r be two integers such that N +r > 0. Set Vi, = t*NV/t”V. Denote by iy, the natural
closed embedding of Vi, in My ,. For any s > 0, let K be the quotient of I by the kernel of
the map GO) — G(O/t*°0). Let Ip, denote the image of Ip under the inclusion

Ip < P(O) — P(O/t°0).

Similarly let I, s be the image of I7, under L(O) — L(O/t*0O). We have the following diagram

L(O/t50) < P(O/0) —= G(O/t°0)

| | |

IL,s IP,S Ks-

For s > N + r, we obtain a digram of stack quotients

[P,S\VN,T L IP,S\MN,T L> KS\MN,T

|
Ir \VNr,

where p comes from the closed inclusion Ips < I s. Set a equal to dim My — dim Vp.

Proposition B.0.1. There exists two well-defined functors
Jp, Jo : Di,(M(F)) — Dy, (V(F)). (B.0.2)
Proof. For any s > N + r, we have the following functors:

Tp N Ipne : Dr.(Mny) — Dy, (Vivy)

by
q" o Jpn[dim rel(q)] = (in,)"p*[dim rel(p) — ra]
q o JJ!;,NJ[dim rel(q)] = (in,)'p*[dim .rel(p) + ra).
The sequence
1 —UO/t°0) — Ips — I, s — 1

is exact. Hence the functor
q"[dim .rel(q)] : D1, (VNs) — Dip, (V)

is an equivalence of categories and exact for perverse ¢-structure. The functors Jp, . and J},’ Nor
are well-defined. They are compatible with the transition functors in the ind-system of categories
defining Dy, (M (F)) and Dy, (L(F)) defined in [§ 2.2.1 , Chapter 2]. By the taking the inductive
2-limit, we obtain the two well-defined functors J}% and Jp (B.0.2) which do not depend on the
choice of a section of P — P/U. The Verdier duality functor D exchanges J} and J}p, ie. we
have canonically

Do J;):J!F) o D.
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As in the case of the affine flag variety, we can define the k-space quotient P(F')/Ip and define
FLp to be the sheaf associated to this presheaf in fpqc-topology. It is an ind-scheme. Let X
be a projective smooth connected curve over the field k. Let z be a closed point in X and X*
be equal X — {z}. Denote by O, the completion of the local ring of X at x and by F, its field
of fractions. We choose a local coordinate at the point x, denoted by ¢ and we may identify
O, = K][[t]] and F, = k((t)). Let D = Spec(k][[t]]) and D* = Spec(k((t))). Then Flp classifies
(Fp,B,€), where Fp is a P-torsor on D, the map [ is a trivialization of Fp over D* and € is a
reduction of Fp|, to a B-torsor. We have the diagram

Flp & Fep 225 Fig, (B.0:3)

where tp (resp. tr) is given by extension of scalars with respect to P < G (resp. P — L).
Let Flpg be the P(F)-orbit through 1 in F/g viewed as an ind-subscheme with a reduced
scheme structure. The reduced ind-scheme F/p.,.q gives a stratification of Flpq.

Lemma B.0.4. There exists a well-defined geometric restriction functor
gRes : Dy (Flg) — Dy, (Flr).

Proof. For s1,s3 > 0,let | P(F)=P(F)n,  GF), and ,  Flp =  P(F)/Ip,, where
o5, G(F) was defined in (2.2.6) in Chapter 2. The ind-scheme ,  Flp is a closed subscheme of

Flp. Similarly we define

52

L(F) = {g € LF)[t"V C gV C -2V},

51,89

and Fli, =

81,89
tr) from

op.5o L(F) /1. Thus the map t7, in (B.0.3) induces a morphism (denoted again by
Flp to Fly. For s > s1 + s3 + 1 we have a diagram of stack quotients

51,52 $1:52

IL7S\(51,52 flL) qé IP73(51,52 flL)

lo

]Pys\(S:l ,59 flP)

|or

KN, Flo) <——Ip\,, ., Flo

81,89

Moreover, the functor

qrldim.rel(qr)] : D1, (., ., Flo) — Dip (., ., FlL)

51,89 51,89

is an equivalence of categories and exact for perverse t-structure. For any perverse sheaf K
extension by zero from Flg to Flg, we may define gRes(K) by the isomorphism

qr.gRes(K)[dim .rel(qr)]— (tr)tp€™ K[dim .rel(&)].

Lemma B.0.5. For any dominant cocharacter \ of G, we have
gRes(Lyx) ==Ly [—(A, 2(pe — pr))];

where pg (resp. pr) denote the half sum of positive roots of G (resp. positive roots of L).
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Proof. Let Up be the unipotent radical of B. The space j’-"fté is the Up(O)-orbit through t* 4
on Flg. Thus Ly is the extension by zero from a connected component of F¢p. The map
Ut p/Ip — F lf is a trivial affine fibration with affine fibre of dimension (\,2(pe — pr))-
Hence we get

gRes(Lyx) = Lin[—(A, 2(Pe — pL))]-

Lemma B.0.6. For any w in the finite Weyl group of L, we have

gRes(Ly)——Ly, gRes(Ly)—— Ly, gRes(Lyx)— Lyx.

Proof. The P-orbit through Ip gives a natural closed subscheme L/Bp——P/B — Flp. For any
w in the finite Weyl group of L, the double coset BwB is contained in P. Thus L,, initially
defined over F/q is actually an extension by zero from a connected component of F¢p. Hence
gRes(Ly1)— L. Moreover, BwB/B in G/B actually lies in P/B, so gRes(Ly)——L,. The
same result holds for L. O

The following proposition will show that the functors JI!D, Jp commute with the action of the
subalgebra Hy, of Hj,. Remind that the subalgebra structure of H;, has been defined in [§3.5.2,
Chapter 3.

Proposition B.0.7. Let T be a perverse sheaf in Pr,(Flg) which is the extension by zero from
a connected component of Flp, and K be in Dy, (M (F')) then we have

JpHe(T,K)==H 1 (gRes(T), JpK)[(\, 7 — )],

where X\ is the cocharacter whose image in w1 (L) is 0, U is the character by which L acts on
det(Vo) and fi is the character by which G acts on det(Mp).

Proof. The connected components of F¢p are indexed by 71(L). For ¢ in m; (L), denote by F¢%,
for the corresponding connected component which is the preimage of ]:l% under the map tr,
defined in (B.0.3).

Let s1 and sz be two non negative integers and 7 be the extension by zero from _ Flf, =

FlpN .7:6?3. For N 4+r >0 and s > max{N +r,s1 + so + 1} consider the diagram

81,89
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VNT X P(F) act VN+51,T—51

’ 51,89

qp qu

pr acty p
VN,T VN,T X

Iva\VN"FSlaT_Sl

s

0
Lo Flp

iN,r Z’N’TXid Z‘N+sl,r751

acty p

pr 9
MNJ« <~ MN,r X Sl,SQflP E—— IP,S\MN-i-sl,r—sl

pr 0 actq
MN,T <~ MN,r X 1,52‘7:ZG I KS\MN+S1,T7317

K]

where the map act sends (m,p) to p~*

stack quotient under the action of Ip.

m, the map ¢p sends (m,p) to (m,plp), and qy is the

Moreover, the second line of this diagram fits in the following diagram

acty p

VN,’I‘ X fl?? - IP,S\VN+81,T—81

51,89

idXtL q

acty p

0
VN,T X FZL - IL,S\VN+51,T—81'

81,89

At the level of reduced ind-schemes the map ,  F l% — Flg is a locally closed embedding,

thus the perverse sheaf 7 may be viewed as a complex over F l%. For a given K and large

51,892

enough N, r, by definition, up to a shift independent of K and 7 we have
He(T, K)—pri(acty p(K) @ pry(T)),

where pr : K\(My,x,, ., Flg) — Ks\,, ., Flg is defined in [§ 2.2.2, Chapter 2]. Thus by
definition of gRes and Jp and the commutativity of the diagram above, we get

JpHG(T,K)==H_(gRes(T), JpK)[7],

To determine the shift, one may consider the following speacial case, wehre K is the constant
perverse sheaf Iy on M and 7 equals L,n, where A is a dominant cocharacter of G. For large
enough N, r, we have the following diagram

My, < Mo, % FI% (B.0.8)

S

oy ~ A
VNr <— Vo, xFIb.
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Remind that j’-"lﬁ;A is the Up(O)-orbit through t*Ip in Flp. The scheme Moy, %flg is the scheme
classifying pairs (¢gIp,m), where glp is in Flp and m is in gM/t"M. Similarly the scheme
Vor xFlpt* is the scheme classifying pairs (glp, v), where glp is in .7-"[’? and v is in gV/t"V. For
large enough 7, we have gV Nt"M = t"V. So the right vertical arrow in Diagram (B.0.8) is a
closed immersion. Denote by IC the IC-sheaf of M, x F l}?. We have canonically

Hg (L, Ip)—apn(1C),

and additionally
dim (Mo, X FI5) = (A, 2pa) + rdim Mo — (X, ji),

Hence we have

JpHe(Loy, To) — i ram(IC)[—ra]

—ayiQu[(\, 2pg) + rdim Vo — (A, f1)]. (B.0.9)
The map ay factors through
Vor X 05 — Vo, X FO 25 Vi, (B.0.10)

where the first map is a trivial affine fibration with an affine fibre of dimension (\,2(pg — pr.)).
This gives us
dim (Vo X FO5) = (A, 251) +rdim Vy — (A, ).
By definition we have
H (L, Io)—ap (IC). (B.0.11)

This gives us the desired shift as follows

TpHo(Lin, o) = an@l(A, 256) + rdim Vo — (A, j1)] (B.0.12)
—apnQ[{\, U — it —2(pc — pr))]
SHL (L D)5 — i~ 256 — 1)
S Hop(gRes(Lyn), o)\, 7 — i),

where the first isomorphism is due to (B.0.9), the second is due to (B.0.10), the third is due to
(B.0.11) and the last one is due to Lemma B.0.5. This shift is compatible with [Lysl1, Lemma
5). O

Let 0y : G x My — My be a linear action, whose fixed points set is V. Assume dy contracts
My onto V. Let r be a integer, denote by v : G,, — L the cocharacter of the center of L acting
on V by z — z". Now consider the case where y; is the map sending x in Gy, to v(z)z™". For
any z in Gy, and m in My, consider the action of Gy on My, defined by (z,m) = xm. Let K
be a Gy-equivariant perverse sheaf in Py, (M (F)) which is with respect to this action of G,, on

My . Then for any w in Wg, both K and Hg(Ly, K) are Gy-equivariant with respect to the
dy-action on M (F'). We get a new version of Proposition B.0.7 as follows:

Corollary B.0.13. Let K be a Gy-equivariant perverse sheaf in Pr,(M(F)) for the dy-action
on My, for N,r large enough. Assume that k admits a K -structure for some finite subfield k'
of k. Assume that K is pure of weight zero on k', [see § 1.3.1 , Chapter 1]. Then J5(K) is pure
of weight zero.
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This is an analog of [Lysll, Corollary 3| in the Iwahori case which says that the geometric
Jacquet functors preserve the pure perverse sheaves of weigth zero.
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