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m Advection-Diffusion-Reaction on surfaces
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Motivation

m Thin-film flow in a lung alveolus
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= Problem Formulation A

I'(t) - Family of 2-d smooth o

surfaces As/(
INO)

®(-,t):  Sufficiently smooth q><f)/ e, 0)

map, ®(I'(0),?) = I'(¢) /
u(a, t) : density of a scalar Y T0)-T,

quantity on I'(¢) .
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a Problem Formulation _—4

I'(t) - Family of 2-d smooth ula, )
surfaces A{
®(-,t): Sufficiently smooth q><m)/ 0, 0) Lo

map, ®(I'(0),¢) = T'(¢) /
u(a, t) : density of a scalar Y T0)-T,

quantity on I'(¢) 0

Find w(-, t) such that
U+ qu(t) - Ur — Vp(t) 0 ('Dovr\(t)u) =g onTI(¢)
u(-, 0) = wup(+) on Ty
+BC

vp(+, t) : Velocity field on T'(¢), ¢ : source term

Dy : Symmetric elliptic diffusion tensor on the tangent plane
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Two points flux approximation Finite Volumes (Discretization)

P(ag. t,)
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Two points flux approximation Finite Volumes (Discretization)

D (aq, 1,)
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Two points flux approximation Finite Volumes (Discretization)

L', pt

Zoom of two cells at ¢,

For the simplicity, we assume D = 7,
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Two points flux approximation Finite Volumes (Discretization)

For the simplicity, we assume D = T,

te4+1 th+1
/ / (u T qu(t) . 'Up) - / V- (Dovu)
t, St(t) tr St(t)

tet1
A
tr SL(t)
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Two points flux approximation Finite Volumes (Discretization) universitétgn!

Zoom of two cells at ¢,

For the simplicity, we assume D = 7,

tot+1

/ ( v ) /tk+1 d
U+ u - v = — u
t Si() S At Jsi
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Two points flux approximation Finite Volumes (Discretization)

Zoom of two cells at ¢,

For the simplicity, we assume D = 7,

trt+1
/ (D()VU)
tr St (t)

~

k+1 k41
U — U
T Z m(ai)%
0, COS(tg41) ” X§'+1 Xé'ci—i_l “
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Two points flux approximation Finite Volumes (Discretization) universitétgn!

Zoom of two cells at ¢,

For the simplicity, we assume D = 7,

k+1 _ , k+1
oi S

O ) ————
0; COS(tk+1) || X§’+1 Xg:j_l H

~

— Using flux balance at interfaces
1
v Z m(a-l) k:-i—l—kl) k:—i-l—kl) ’ (Ukj—l - Ug+1)
0:COS | X5 X+ | XL X5 |
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Two points flux approximation Finite Volumes (Discretization)

Zoom of two cells at ¢,

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces

universitétbonnl




Two points flux approximation Finite Volumes (Discretization)

Zoom of two cells at ¢,
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Two points flux approximation Finite Volumes (Discretization)
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Interpretation: v = {uf} = Zuf&xs
S

(@) = { @5} zg(uo’;xs

where ! (a, ty) = (ul)]; = uf on S!(ty)
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. k+1 .
Find {us }S . such that:

k]

m(S(te41)) ubT — m(S(ty)) ul

1
-7 2, mle) k+1 k41 P+l o kil |
oiCos || XEYEXEF | 4 xEFIXEFT
k+1 k+1 k+1
(uLi_ — US+ ) = Tm(S(tk+1))gS+

Interpretation: v = {uf} = Z ufxs

where ! (a, ty) = (ul)]; = u¥ on S!(ty)

1
Discrete H} semi-norm: Z m(a;) - (ub - u’g)2
ov=5(ta) |L(tx) | X5 XE, X’“ I+ XEXE |
Discrete L2 norm: |\U’“\\i2(rﬁ) = > gm(S( (US)
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Theorem: The above system has a unique solution
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Theorem: The above system has a unique solution

Proposition 1: Stability, L°°(1L?) and L?(H})

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces



(] . g
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Theorem: The above system has a unique solution
Proposition 1: Stability, L°°(1L?) and L?(H})

Uk+1

Proposition 2:  Stability, L2(12) for 8,U = U Leo(HY) for U
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Two points flux approximation Finite Volumes (Results)

Theorem: The above system has a unique solution

Proposition 1: Stability, L°°(1L?) and L?(H})

Proposition 2:  Stability, L2(L2) for 9,0 = U=U" 00

T

Theorem:
u: Real solution on T'(%),
u®: Discrete solution on I'j,(t1)

E* =% (u™ (XE, th) — ub) Xs

S
|| E* ||]L2(Fh(tk)) < C(h' + T)
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O-Method Finite
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O-Method Finite Volumes (Polygonal surface and surface approximation)universitétﬂ

polygonal surface

Initial surface (plane) Evolved surface
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polygonal surface

Initial surface (plane) Evolved surface
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O-Method Finite Volumes (Polygonal surface and surface approximation)umversitétgnﬂ

polygonal surface

Ps

P2

P1

Cell Evolved surface

Definition (Cell):

Given vertices p; (i =1,--- ,ng) and a center point Xg, the cell
S is the closed fan of triangles Sy; ;. 1y = [Xs, i, pit1]
(it+1=(imodng)+1).
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O-Method Finite Volumes (Weighted affine interpolation and gradient "
reconstruction) universititbonn

Problem setup

Unknown function:

u(+, tg) sufficiently smooth
on T*¥ = T'(t), extended
in Nsp = ®(Ns,0,tk) such
that Vu(-, t;)-Vd(-,T*) = 0.

Known:
Usg, values of u at cell
center Xg, + BC.
Approximate function:

Affine on subcells S,,; thus
constant gradient on subcells
S

Nemadjieu, Simplice Firmin (INS, Bonn)
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Ps

Subdivision of cells and renumbering around
the vertex p¥
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O-Method Finite Volumes (Weighted affine interpolation and gradient

reconstruction)

Problem setup
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Unknown function:

u(+,t) sufficiently smooth
on T* = T'(t), extended
in N57k = ‘b(/\/‘g’o,tk) such
that Vu(-, t;)-Vd(-,T*) = 0.

Known:
Ug, values of u at cell
center Xg, + BC.
Approximate function:

Affine on subcells S, ; thus

constant gradient on subcells
Sp; -
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k
qpl,l/Z

ok
L)
x op\2>|
k
Ps k
qP1‘3/2

Zoom into a single cell
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® O-Method Finite Volumes (Weighted affine interpolation and gradient "
- reconstruction) universititbonn
. -

. Geometric setup

[

0 Local covariant basis: Tangent plane Tﬁ ? )

_ P

Ik 15
(€py jlit1/2' €pr.li-1/2)

Local contravariant (dual)
basis:

k k
(Hp, j15+1/20 Py jli-1/2) Xk
k k _ 5l pL.j+1/2
Fopy jli+1/2 " Cp1,jli+k/2 = Ok

le{-1,1}.

Geometric setup on subcells

: . k k k
Unit outward conormals: My, ii+1/2" and My ili=1/2 € Tpl,j
—

k k. k k k. k
Mo jli+1/2 " PIPs =00 M 151/ - PIPZ =0

g B c k
Projection onto the tangent plane 7)) ;: P .
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O-Method Finite Volumes (Weighted affine interpolation and gradient "
reconstruction) universititbonn
Approximation on subcells
Diffusion tensor:
i i i Tangent plane Tp] i )
D~Dy,;="Pp PP . P2
b3 N
Gradient:
~ vk '
Vru =~ Vy u , ‘\’I’LILM‘U’UZ
_ k 77k k Py K
- (Upl,j+1/2 Up1wj)up1)j|j+l/2 . VZi X+
k k k X pL.j—1/2
+ WUpyj-172 = UpidMp, jlj-1/2 P
k
a7 n e
k = p1,jli+1/2
DVru =Dy, vam -
Geometric setup on subcells
k k k
_— mphj—kl/? (D P1,J— 1vp1;€J lu) n]g?1,j—l|j—1/2 )
= My g-1y2 (Dpl,yvpm Ik Ty ili—1/2) + BC if necessary
k
My i-1/2 = quu 1/2P% H
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O-Method Finite Volumes (Weighted affine interpolation and gradient "
reconstruction) universititbonn

Gradient reconstruction

k k ok
— mpl,jfkl/Z (Dp, - 1vp1kJ 1) ”}fl,jflljflﬂ
=My i1 mvm M ili—1/20 + BC if necessary
— k7rk  — Nk Tk
M Um o Np1 Um
Tk . (17K k T k. k k T
UPhO‘ = (Up1.1/27Up1,3/27“‘> ' U,,\ : (Um J7Up\,2'r'“)

Stabilization of the gradient:

P1 " P1,0

Find UF, , in B, = {Vk , = (Vif 15, ViE 55,) | MEVE = NE U } such that

- 2
k s k k k k k k

Up, o = g Do ” [V}n,j—l/z - Um,j] Hprili-1/2 + [me‘+1/2 - Upm’] ﬂpl,j|j+1/2H 7

€

ma 1 J

. Lk
where m’;hj = (S;fl j) approximates m(S," ).
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O-Method Finite Volumes (Weighted affine interpolation and gradient "
reconstruction) universititbonn

Gradient reconstruction

k k ok
— mpl,jfkl/Q (Dp, - 1vp1kj 1) nkpl.,jflljfl/2
=My i1 va M li—1/20 + BC if necessary
— MFTF  — NEF
M Um o Np1 Um
Tk . (17K k T k. k k T
U, = Up 1y Uy )70 Uy = (U1, Ufi 20 )

Stabilization of the gradient:
P1 " P1,0

Find UF, , in B, = {Vk , = (Vif 15, ViE 55,) | MEVE = NE U } such that

- 2
k s k k k k k k
Up,o = argmin Do ” [V}n,j—l/z - Um,j] Hprili-1/2 + [me‘+1/2 - Upm’] ﬂpl,j|j+1/2H ,

m GEBM J
koo k : Lk
where my; . :=m(S, ;) approximates m(S," ;).
7k k 17k
= U,,, = Coef, U
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O-Method Finite Volumes (Weighted affine interpolation and gradient "
reconstruction) universititbonn

Gradient reconstruction

k k ok
— mpl,jfkl/2 (Dp, - 1vp1kJ 1) ”}fl,jflljflﬂ
=My i1 mvm M ili—1/20 + BC if necessary
— MFTF  — NEF
M Um o Np1 Um
Tk . (17K k T k. k k T
U, = Up 1y Uy )70 Uy = (U1, Ufi 20 )

Stabilization of the gradient:
P1 " P1,0

Find UF, , in B, = {Vk , = (Vif 15, ViE 55,) | MEVE = NE U } such that

- 2
k s k k k k k k
Up,o = argmin Do ” [V}n,j—l/z - Um,j] Hprili-1/2 + [me‘+1/2 - Upm’] ﬂpl,j|j+1/2H ,

m GEBM J
k. k R L,k
where my; . :=m(S, ;) approximates m(S," ;).
— 7k k 17k
Upla Coef;DlUP1

MF invertible —> Coef? = (MF)™' Nk

p1
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Find u(-, t) such that

U+ uVpy) v — Vg - (DOVF(t)U) =g onT(t)
u(+, 0) = uo(") on Ty
+BC

Representation of 75'(5]’-“7 tp) NITF
(j=1,2,3)

trt1 trt1
/ / (U = UVF(t) ° ’UF) = / / V- (DOVu)
tr Sbk(t)NI(t) th Sbk(#)NC(t)

tht1
“J L
tr SLE)N(t)

SLR(t) == ®(D1(SHF 1), 1), SPR = P(SF, 1)
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Find u(-, ¢) such that

U+ uVre) - vr — Vi) (DOVF(t)u) =g onT(t)
u(+, 0) = ug(") on Iy
+BC

Representation of 73(5]’-“7 tp) NITF
(j=1,2,3)

tht1 tht1
/ / (u T UVF(t) . Ur) - / / V- (DOVu)
Stk(t)NI(¢) th SLk(£)N(t)
tht1
/z‘k /Sl & (f)ﬂl“(t)

SHR(t) TUSYE ), t), SVR = P(S, 1)

t
e ~ k1 k41
g = Ty S ,
ty Sk (t)NC(t)

G’gﬂ =g (t,Pk‘HXg‘H) )
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Find u(-, ¢) such that

U+ uVre) - vr — Vi) (DOVF(t)u) =g onT(t)
u(+, 0) = ug(") on Iy
+BC

Representation of 75'(5]’-“7 tp) NITF
(j=1,2,3)

tht1 tht1
/ / (¢ +uVrg - o) - / / V - (DoVu)
tr Sbk(t)NC(t) ty Sk (¢)NC(t)

tht1
S oo
tr SbLE(¢)NC(t)

tht1
/ / (4 + uVror)
tg SLE()N(t)
_ u k+1 . kyrk

= = U R m’ngUS mgUg.
SEk (th41)NT (1) Stk (te)ND (tk)
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Find u(-, ¢) such that

U+ uVre) - vr — Vi) (Dovp(t)u) =g onT(t)
u(+, 0) = ug(") on [y
+BC ar

Representation of P(Sk tr) NTF
(j=1,2,3)

i1 tht1
/ / (u + qu(t) / / (D()Vu)
tr Stk (t)N(t) Stk (t)N(t)
tht1
A
tr SLE)NC(t)

tht1 tet1
/ / Vr - (DVFU) = / / ('DVFU) * Hostik(t)
2% SLE()NT(¢) tr A(SLk ()N (L))

k+1 k k+1 Lkt
Z M 7 (005%)=1/2Ppi T (01,5%) Y pisd (00, 55) Y ™ e (ps,S%) 1T (pi,S*) =12

p; €OSk
k+1 k41 k4l
+ M T (i, S")+1/2DPL,J(pz,sk)vpmj(pi,Sk)u nm,J(pi,S‘“)\J(pi,S’“)+1/2) :

J (pi, S*) : local index number of the cell S* around p¥.
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O-Method Finite Volumes (Discretization)

Discrete problem:

universitétbonnl

k o (77k _ 77k K k ok N,k
me‘“ = (Upm‘—l/2 Upl,J)“pl,jlj—lﬂ + (Upl,j+1/2 Upl,J)“pl,jljJrl/?’
7k _ k 77k
Upi,a = CoefpiUpi.
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Discrete spaces:
VE = {U*:TF —>R|V S CTF, UMge = const}

koo k. oark k k 7k _ 77k - )
Vir = {UE)F 10 — R |V p; € oIy, UDF'”:ZAI/Zi const, U3F|”§Zmpv+1/27 const}

Discrete norms:
1
k .__
JJPEEEE
S p;€0SF
k k k ok
(mpi,ﬂpi,s'c)—lmppi,J(phSk)vpi,J(pi,Sk)“ i T (9i,S%)|T (pi,S*)—1/2

k k k ok
+ mm,J(pi,Sk)+1/2Dpi,J(pi,Sk)vpi,J(m,S’“)u npi,J(puS’“)IJ(m,S’“)+1/2)

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces
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Discrete spaces:
VE = {U*:TF —>R|V S CTF, UMge = const}

koo k. oark k k 7k _ 77k - )
Vir = {UE)F 10 — R |V p; € oIy, U‘(’Fl”’;“/zf const, U3F|"§Zmpv+1/27 const}

Discrete norms:

1
Dg::ﬁ Z

S p,cask
(mgm(m,s'ﬂ—uﬂ)ﬁiJ(mﬁk)vﬁhﬂm,sn“ M T, (5 SH) 1/
+ ml;i,J(PmSk)-‘rl/Q’D]];i7J(Pivsk)v]1§in7(pivsk)u ’ nl;iyj(pmSk)Lﬂprk)‘f‘l/Q)
N
e mEUEDE = T, cry (T2) 45 0%
— 2upkeark (m];i,uz Ufi,1/2 Dlgi,lvgi,lu ' nlk;hlll/?
+ ml;iy”pi +1/2 Ullji,”pi +1/2 D,;iy"m v];ix"m wr n];ix"p,- [np;+1/2 ) >

where A is a square matrix and A% 1, =0-1,, (1,, := (1,1,---)7)
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Discrete norms:
k ik Ok =N o
sk mgUgNg = Zmerﬁ (Upi) Ay, Uy,
_ k k k ko ok
pFeork (mpml/Q Upe/2 Ppit Ve, 1% g, 1172
k k k k ok
+ mpmnpi +1/2 Upi’nm +1/2 Dpi»”m vi"i’”m w nl"iﬁ”pi [np;+1/2 )
ko : k _ . T
where A7 is a square matrix and A7 1, =0-1,, (1, :=(1,1,---)")
Remark:

Ay, depends only on X . ..

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces
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Discrete norms:

~ T ~
kErrkNk — k k 77k
sk mgUgNg = Zmerﬁ (Upz) Ay, Uy,
. k k k k ok
preark (mp¢,1/2 Upi,1/2 melvpmlu npi71|1/2
k k k k ok
+ M np, +1/2 Upi’nm +1/2 Dpi»”m vi"i’”m U My np, Inp; +1/2 )
ko : k _ — T
where Api is a square matrix and Api, 1, =0-1,, (1, :=(1,1,---)")
Remark:

Ay, depends only on X . ..

Choose XJ .., 5 such that A} + (1,, ® 1,,)/ny, is strictly elliptic

Assumption:  Any interior vertex p¥ is surrounded by at least 3 cells.

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces



| L. . . . A
a O-Method Finite Volumes (Discretization) univers.‘téﬂw'm‘

Discrete norms:

- T -
k ik Nk — k k [Tk
_ZS’“ Mg US DS - Zpief‘ﬁ (Up1> Api Upz
_ k k ko ok ..k
pkeark <mp71,1/2 Upi/2 Ppit Vi 1% M, 1172

k k k k ok
+ mpi,npiJrl/Z Upi,npi+1/2 ,Dpz‘,’ﬂpi vpignp,iu npi,npi|npi+1/2 )

where A% is a square matrix and AY 1, =0-1,, (1, :=(1,1,---)")

Remark:
Ay, depends only on X . ..
Choose XJ .., 5 such that A} + (1,, ® 1,,)/ny, is strictly elliptic

Assumption:  Any interior vertex p¥ is surrounded by at least 3 cells.

_NT .~
Discrete Hj semi-norm:  [[U*||2 ., == (U;f_) Ak Uk
Tk (Y s

. 2
Discrete L? norm: ”Uk”]?ﬁ(r’;;) =5 g (08
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Theorem: The above discrete problem has a unique solution.
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Theorem: The above discrete problem has a unique solution.

Assume smooth variation of discrete points (The mesh does not stretch
too much between two time steps). The stretch is bounded by Chr.

Proposition 1:  Stability, L>°(L?) and L?(Hj})
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a O-Method Finite Volumes (Existence, uniqueness and stability) univers.‘téﬂw'mﬂ

Theorem: The above discrete problem has a unique solution.

Assume smooth variation of discrete points (The mesh does not stretch
too much between two time steps). The stretch is bounded by Chr.

Proposition 1:  Stability, L>°(L?) and L?(Hj})

Assume smooth variation of discrete points (The mesh does not stretch
too much between two time steps). The stretch is bounded by Chr and
A’;i symmetric V p¥.

Ulc+1

Proposition 2:  Stability, L?(1L?) for 0,U = U Leo(HY ) for U

Nemadjieu, Simplice Firmin (INS, Bonn) Finite Volumes Method on Evolving Surfaces



O-Method Finite Volumes (Error estimate) universitétgnﬂ

Theorem:
u: Real solution on T'(%),
U*: Discrete solution on T'j,(t)

E* =3 (' (X5 t) = US)xs

E*|

2

L) D et A (Pt 66
kmaa = x(tk) — d(x(tk), 2(tx))v(P(x(tk), tx

+7 Zk:l HE"’H?IZ < C(h arF 7‘)2 Extension of u:  Vu(-, ty) - Vd(-,T¥) = 0,

u!(, ti) = u(, b pw

akmaz ||

maxij ...
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Modeling of surfactant driven thin film flow
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Modeling of surfactant driven thin film flow (Problem setting) universitétﬂ

FS(0) FS(t)

I'(t): Family of 2-d smooth surfaces
®(-,t) : Sufficiently smooth map, ®(I'(0),¢) = I'(¢)
FS(t): Fluid Free Surface at ¢

Some variables:
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Modeling of surfactant driven thin film flow (Problem setting) universitétﬂ

FS(0) FS(t)

I'(t) : Family of 2-d smooth surfaces
®(-,t) : Sufficiently smooth map, ®(I'(0),¢) = I'(¢)
FS(t): Fluid Free Surface at ¢

Some variables:
IT - Surfactant concentration
vr:  velocity of the fluid particle, ®(I'(0),t) = I'(¢)
Ups :  velocity of the fluid particle on F'S(t)
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Modeling of surfactant driven thin film flow (Problem setting) universitétﬂ

FS(0) FS(t)

Surfactant equation

on
ot

(Vs (Vps)) = Vs (DrsViesI) on FS  (Stone 1990)

(DFSstH) nFS = 0 onoFS

Navier-Stokes equation
Mass conservation equation: V-0 = 0

Momentum equation: pV - (Vig) = pdv—f +VP-f

+ BC

dt
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a Modeling of surfactant driven thin film flow (Problem setting) univers.‘tétbo'nr‘

Thin film boundary condition
m No penetration on the substrate I'() ((17; —0p) v = O)
m Slip boundary condition on the substrate I'(¢)
(W r)ian = B(or =), (T = Vor + (Vo))
m Kinematic boundary condition (Fluid particles remain on F'S)
m Shear stress condition on F'S: BB Vs e — Vsl

m Lapla_ce—Ygung boundiry condition B
[_ (P - Po) Vps + ,UTfVF,S] Vps = YKrps

o Viscosity vps :  Free surface normal
B : Free surface tangential slip tensor 7 : Surface tension
P, : Ambient pressure P:  Pressure
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a Modeling of surfactant driven thin film flow (Problem setting) univemmm

Equation of state

¥ =5+ RT, Hooln(1 — IT/11,)

Absolute temperature (Kelvin)

Universal gas constant

Surface tension of the clean film (Il = 0)

ST

o0 : Maximum possible surfactant concentration
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Modeling of surfactant driven thin film flow (Problem setting) universitétgnﬂ

Tangent plane .t

P

Parameterization of I'(t): X (¢,5), §=(51,32).

Parameterization of the neighborhood of I'(#):

7(t,5,9) = X(,5) + gv(t, s).

Curvilinear coordinate system:

Basis on I'(?): Basis in the neighborhood of I'(¢):
pa (f,5) = 209 t(£,5,9) = 2920 = (1d — §K)m
ua(f,5) = 5L ta(F, 5,9) = ZGa® = (1d — K )z
u(f,5) = (alSrela ts(f,5,9) = ZEED = y(f, 5)
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Modeling of surfactant driven thin film flow (Problem setting) universitétﬂ
Tangent plane P b

Scaling of variables: 5=Ls, y=Hy, t=Tt, K=K/L,
X(t,5) = LX(t,s), 7(t,5) = Lr(t,s);

[r(t,s) = X(t,s) + eyv(t,s), (e=H/L << 1)]
Curvilinear coordinate system:

Basis on I'(¢): Basis in the neighborhood of T'(%):
p(t, s) = 25 ta(t,s,y) = 2920 = (1d — eyK)
pa(t, s) = 252 ta(t, s,y) = %Si’y) (Id — ey K)po
t,s)Ap2(t,s or(t,s,y) _
y(t,s) = palsdrualbsl ts(t,s,y) = 2E = cu(t, 5)
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Modeling of surfactant driven thin film flow (Problem setting)

Tangent plane . B

Decomposition of the velocity:
Fluid particle at M: r(t,s1(t), s2(t), y(t))

d .
Vr = d_z - (UF + /UR,tan) + e(va + vRvVV)’ Wlth
X 0s Js
vp = 3_5' Unan = (1d — ey K) (a—;m a—fl@)
UR’V:d_?'Z, UmF—_y(vF(UF‘V)+KUF)

Height of the film: H

universitétbonnl
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Surfactant equation:

oIl 1
—— + (Vrs - (Ivrs)) = Vs (DpsVirsll) on F'S,
ot Pe

(DpsVipsII)-nlo= 0  on dFS.

Momentum equation projected on axis approximated at € order:

oP
87y = ﬁBofl,
8 an 82 an
—el TRten TRt g, Py eyKVrP — Bofoan
dy dy
Boundary condition approximated at € order:
No penetration on I": Vg, =0
8 an
Friction slip condition on T": vg fan 4 €K Vg tan = BUR,tan
Y
8 an
Shear stress condition on F'S : vg’t + €KVg tan = (Id + €HK) Vy
Y

Laplace-Young's law on FS: P =P, — C'vKys,
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Modeling of surfactant driven thin film flow (Problem setting) univers.‘tétm

Algorithm for the derivation of the reduced model of the thin-film
equation

1. Momentum equation projected on axis approximated at €2
order:

"OP !
Zdy :/ eBof.dy = P(y) = Py~ C'vKrs + eBof.(y — H)
Yy

2. Set Vpran = Vo + yv1 + Y202 + yPv3 + yhos + yPus + - -
and integrate
y 8 an a2v an y
/ _ e Lritan | O YRitan g / VP + eyKViP — By frandy
0 dy y? 0

at O(€?) order using power series.

3. Multiply the mass conservation equatlon by
ASrar = [(t1 At2) - V] [(p1 Ap2) - v] 7 =1 — eyK + *6 y*(K? = Ka)
and integrate the result along v from 0 to H.
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a Modeling of surfactant driven thin film flow (Problem setting) univers.‘tétm

or
87:+nvF'UF+VF'de:07

4 1 1
n= / dSr yardy = H— §eH21< + 662 H (K% — KCa)
0

F= /OH [(Id — ey (KTId — K)) g 1an] dy-
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Simulation of surfactant driven thin film
flow

Nemadjieu, Simplice Firmin (INS, Bonn) Modeling and Simulation of Surfactant driven Thin-Film flow



. - - . . . . |
a Simulation of surfactant driven thin film flow (Problem setting) univers.‘tétm

Thin-Film equation:

8F17

ot
+ BC

+77VFUF+VFde—O

Surfactant equation:
oIl

1
875 (VFS (HUFS)) = —Vps- (DFSVFSH) on F'S,

Pe
(DFSVFSH) nFS = 0 on aFS
Equation of state:
1+ EIn(1—20)
1+ EIlh(l-2)
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Surfactant driven thin film equation

B = —eALH

0
£ + nvr - ur + vr : [_ler (¢ + Cl'yip) + QQVF’Y + ©7VF H]
+> Ve (D;Vrw;) = 0
J
oIl
E + IV - Upv
+VFS . (DFS,IVF (¢ + 0'7‘13) + ;DFS,QVF'Y + @FS,SVF H)

1
+ZVFS~(@FSJVF%) - EVFS~(DFSVFSH) - 0.

J

vpy : velocity of the free surface particle parallel to v.
D; =9;(H, K, gy,) : substrate tensor.

Drs,j = Drs,;(H, K, g,) : Free surface tensor.

Wy 1= K, K2, gtan-
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Surfactant driven thin film equation

P = —cAH (1)

0

8—? F Ve U+ Vi [=D1Vr (¢ + C'P) + Do Viy + Dr Vi H]

+> Ve (D;Vrw;) = 0 ()
J

oIt

E + HVFS : Upl/

+Vies - (Drs1Vre (¢ + C'vB) + Drps2Vey + Drs,3VieH)
1
+ Z Ves - (Drs,;Viws) = 5Ves (DesVesll) = 0. (3)

(&

j
(VeH) -nb. = 0 on T (4)
[-D5Vr(® + C'yR)]-nh. = 0 on ol (5)
(DpsVipsI) -nb =0 on OFS. (6)
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B Simulation of surfactant driven thin film flow (Advection on surfaces

= VF . (UVFQ)) universitétm
Algorithm:

m For each cell S, construct a local orthonormal basis (e¥ |, ek ,, vg)

m Use the gradients of u obtained on subcells using Id, to construct
a minmod gradient V&u on the cell S

m Construct the fluxes produced by the operator V. - (V.Q) on
subedges

m Apply the standard upwind methodology using the mid point on
edges
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® Simulation of surfactant driven thin film flow (Discretization on "
U the free Surface) universitatbonn

Algorithm:

Projection onto the free surface in the direction of v:  P(-,¢)

Curved mesh on the free surface:  P(I'}, ;)

Nemadjieu, Simplice Firmin (INS, Bonn) Modeling and Simulation of Surfactant driven Thin-Film flow



® Simulation of surfactant driven thin film flow (Discretization on "
U the free Surface) universitatbonn

Algorithm:

Projection onto the free surface in the direction of v:  P(-,¢)
Curved mesh on the free surface:  P(I'}, ;)
Parameterization of the substrate I'(t):  X(s,t), s= (s1,$2)

Parameterization of the free surface FS(t):  7(s,t) = X(s,tx) + eH(s, t)v(s,t)
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® Simulation of surfactant driven thin film flow (Discretization on "
U the free Surface) universitatbonn

Algorithm:

Projection onto the free surface in the direction of v:  P(-,¢)

Curved mesh on the free surface:  P(I'}, ;)

Parameterization of the substrate I'(t):  X(s,t), s= (s1,$2)
Parameterization of the free surface FS(t): 7(s,t) = X(s,tx) + €H(s, t)v(s,t)

Unit normal to FS(t): vps = %, R, = (Id — eHK)™!

Important observation:
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® Simulation of surfactant driven thin film flow (Discretization on "
universitatbonn

the free surface)
Algorithm:

Projection onto the free surface in the direction of v:  P(-,¢)

Curved mesh on the free surface:  P(I'}, ;)

Parameterization of the substrate I'(t):  X(s,t), s= (s1,$2)
Parameterization of the free surface FS(t): 7(s,t) = X(s,tx) + €H(s, t)v(s,t)

Unit normal to FS(t): vps = %, R, = (Id — eHK)™!

Important observation:
wtangenton IT'(¢) +—  (Id — eHK)p + €[(VrH) - u]v tangent on FS(t)

Approximations on free surface curved subcell IP(SI’; rte):
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® Simulation of surfactant driven thin film flow (Discretization on

the free surface) univemmﬂ
Algorithm:

Projection onto the free surface in the direction of v:  P(-,¢)

Curved mesh on the free surface:  P(I'}, ;)

Parameterization of the substrate I'(t):  X(s,t), s= (s1,$2)
Parameterization of the free surface FS(t): 7(s,t) = X(s,tx) + €H(s, t)v(s,t)

Unit normal to FS(t): vps = %, R, = (Id — eHK)™!

Important observation:
wtangenton IT'(¢) +—  (Id — eHK)p + €[(VrH) - u]v tangent on FS(t)

Approximations on free surface curved subcell IP(SI’; rte):

Project the finite volume setup described on the substrate onto
the free surface.
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® Simulation of surfactant driven thin film flow (Discretization on "
universitatbonn

the free surface)
Algorithm:

Projection onto the free surface in the direction of v:  P(-,¢)

Curved mesh on the free surface:  P(I'}, ;)

Parameterization of the substrate I'(t):  X(s,t), s= (s1,$2)
Parameterization of the free surface FS(t): 7(s,t) = X(s,tx) + €H(s, t)v(s,t)

Unit normal to FS(t): vps = %, R, = (Id — eHK)™!

Important observation:
wtangenton IT'(¢) +—  (Id — eHK)p + €[(VrH) - u]v tangent on FS(t)

Approximations on free surface curved subcell P(SF ;. t;):

Project the finite volume setup described on the substrate onto

the free surface.

The finite volume scheme follows the same path as described
above (O-method finite volume).
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a Simulation of surfactant driven thin film flow (Numerical results) univemmm

m Surfactant-Thin-film flowing on an evolving plane

Thin-film evolution Surfactant evolution

4 I
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a Simulation of surfactant driven thin film flow (Numerical results) univers.‘tétm

m Surfactant-Thin-film flowing on an evolving plane

Thin-film evolution Surfactant evolution

4 I
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Summary

m Robust Finite Volumes scheme for convection-diffusion
reaction on polygonal surfaces

m Modeling of surfactant driven thin film flow
m Finite Volumes for PDE defined on moving free interfaces

m Fully coupled model for surfactant driven thin-film flow

Perspectives

m The technique is easily extended to tree dimension,
m One can also extend to higher order Finite volumes,

m The combination of this method with an appropriate mesh
optimization tool will give a more stable scheme for skewed
movement.
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Numerical Results: Heat equation on evolving sphere universitétblonJ
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Numerical Results: Heat equation on rotative torus N "
u universitatbonn:
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Numerical Results: Heat equation on rotative torus N "
u universitatbonn:

Time indepentent source term Periodic source term
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Numerical Results: Heat equation on rotative torus universitétblonnl

Time indepentent source term Periodic source term
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a Numerical Results: Advection-diffusion equation N "
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Numerical Results: Advection-diffusion equation universitétﬂ
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Numerical Results

universitétbonnl

m Advection-Diffusion-Reaction on surfaces
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m Advection-Diffusion-Reaction on surfaces

Evolution of surface by

Static surface

4

mean-curvature flow

4
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Numerical Results
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m Advection-Diffusion-Reaction on surfaces

Evolution of surface by

Static surface

mean-curvature flow
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m Highly anisotropic Diffusion on surfaces
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m Highly anisotropic Diffusion on surfaces

Nemadjieu, Simplice Firmin (INS, Bonn)

Modeling and Simulation of Surfactant driven Thin-Film flow



Numerical results universitétbonnl

m Pattern formation on surfaces

m Textures generation on surfaces
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m Surfactant-Thin-film flowing on an evolving plane

Thin-film evolution Surfactant evolution

4 I
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a Simulation of surfactant driven thin film flow (Numerical results) univers.‘tétm

m Surfactant-Thin-film flowing on an evolving plane

Thin-film evolution Surfactant evolution

4 I
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Simulation of surfactant driven thin film flow (Numerical results) ...

m Thin-film flow in a lung alveolus
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Simulation of surfactant driven thin film flow (Numerical results) ...

m Thin-film flow in a lung alveolus
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Simulation of surfactant driven thin film flow (Numerical results) universitétgnﬂ

m Surfactant-Thin-film flowing in a lung alveolus

Thin-film evolution Surfactant evolution

4 ¢
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Simulation of surfactant driven thin film flow (Numerical results) universitétgnﬂ

m Surfactant-Thin-film flowing in a lung alveolus

Thin-film evolution Surfactant evolution

4 ¢
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m Surfactant-Thin-film flowing on an evolving sphere

Thin-film evolution  Surfactant evolution

4 4

é ’ <—  Seen 30° from above
‘ ‘ <= Seen 50° from below

Nemadjieu, Simplice Firmin (INS, Bonn) Modeling and Simulation of Surfactant driven Thin-Film flow



Simulation of surfactant driven thin film flow (Numerical results) universitétm

m Surfactant-Thin-film flowing on an evolving sphere

Thin-film evolution  Surfactant evolution

4 4

‘ Q <—  Seen 30° from above

<—  Seen 50° from below
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Numerical Results: Thin film on sphere (with gravity) universitétm
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Numerical Results: Thin film on curved surface (without gravity) universitétgn!
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