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SOLUTIONS GLOBALES, LIMITE DE RELAXATION,
CONTROLABILITE ET OBSERVABILITE EXACTES
FRONTIERES POUR DES SYSTEMS HYPERBOLIQUES
QUASI-LINEAIRES

RESUME

Cette these est essentiellement composée de deux parties. Dans la premiere partie,
on étudie le system d’Euler-Maxwell. En utilisant la méthode d’intégration de 1’énergie
classique, on montre ’existence et 'unicité de solutions réguliéres globales du systeme avec
données initiales petites. Ensuite, on étudie la limite de relaxation en montrant que, le
systeme d’Euler-Maxwell converge vers les équations de dérive-diffusion quand le temps
de relaxation tend vers zéro.

Dans la deuxieme partie, on cherche la controlabilité et ’observabilité exactes frontiéres
de systemes hyperboliques quasi-linéaires dans un réseau du type d’arbre. On établit des
résultats d’existences de la controlabilité et 'observabilité par des méthodes constructives
qui sont basées sur la théorie de la solution C' semi-globale du systeme hyperbolique
quasi-linéaire du premier ordre avec conditions initiales et frontieres.

L’application concerne le modele physique du fluide non-stationnaire dans un réseau
du type d’arbre des canaux ouverts, pour lequel des résultats sont obtenus dans les cas sub-
critique et super-critique. Par une comparaison des solutions dans ces deux cas, on trouve
des dualités de la controlabilité et I’observabilité. Enfin, par une méthode semblable,
on obtient la controlabilité exacte frontiere des équations d’ondes quasi-linéaires dans un

réseau du type d’arbre des cordes.

Mots clés: équations d’Euler-Maxwell, équations de dérive-diffusion, limite de relax-
ation, existence globale de solutions réguliéres, controlabilité exacte frontiere, observabilité
exacte frontiere, systeme hyperbolique quasi-linéaire, systéme de Saint-Venant, équation

d’onde quasi-linéaire, réseau du type d’arbre






GLOBAL SOLUTIONS, RELAXATION LIMIT, EXACT
BOUNDARY CONTROLLABILITY AND
OBSERVABILITY FOR QUASILINEAR HYPERBOLIC
SYSTEMS

ABSTRACT

This thesis is essentially composed of two parts. In the first part, I study the Euler-
Maxwell system. Using the classical method of energy integral, I prove the existence and
uniqueness of global solutions to the system with small initial data. After that, I study
the relaxation limit. I prove that, as the relaxation time tends to zero, the Euler-Maxwell
system converges to the drift-diffusion models.

In the second part, I study the exact boundary controllability and observability of
quasilinear hyperbolic systems in a tree-like network. In this part, based on the theory
of the semi-global C'! solution of the mixed initial-boundary value problem for first order
quasilinear hyperbolic systems, I deal with the controllability and observability with a
constructive method.

Taking the unsteady flows in a tree-like network of open canals as a physical model,
I consider the exact boundary controllability and observability in subcritical and super-
critical situations, respectively. By the comparison of these two cases, I find some duality
of the controllability and observability. Meanwhile, using the similar way, I get the exact
boundary controllability of quasilinear wave equations on a tree-like planar network of

stings.

Keywords: FEuler-Maxwell equations, drift-diffusion equation, relaxation limit, global
existence of smooth solution, exact boundary controllability, exact boundary observability,
quasilinear hyperbolic system, Saint-Venant system, quasilinear wave equation, tree-like

network
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Chapter 1

Le systeme d’Euler-Maxwell

Dans ce chapitre, on introduit le systeme d’Euler-Maxwell et I'arriere-plan de la recherche.
On donne les résultats sur I'existence et 'unicité de solutions régulieres globales du systeme
d’Euler-Maxwell avec données initiales petites et sur la limite de relaxation vers le systeéme

de dérive-diffusion.

1.1 Présentation générale

Le systeme d’Euler-Maxwell décrit le phénomene d’électro-magnétisme. Il contient des
équations d’Euler et des équations de Maxwell. Dans le cas unipolaire, les équations

d’Euler sont composées de I’équation de la conservation de la masse
o + div(nu) =0 (1.1.1)

et des équations de la conservation de la quantité du mouvement

O(nu) + div(nu ® u) + Vp(n) = —n(E + yu x B) — % (1.1.2)

Les équations de Maxwell sont un systeme hyperbolique de lois de conservation,

YNOE —V x B =~nu, MNdivE=1—n,
(1.1.3)

vB+V x E=0, divB=0.

Ici, les inconnues sont la densité d’électrons n = n(t, x), la vitesse d’électrons u = u(t, z),

la champ électrique F = E(t,z) et la champ magnétique B = B(t,z). Les parameétres

15



16 Qilong GU

physiques ¢ = %, A, 7 sont constantes qui représentent la vitesse de la lumiere, la longueur
de Debye et le temps de relaxation, respectivement. La fonction p = p(n) représente la
pression, qui est réguliere et strictement croissante pour n > 0.

Quand (n,u, F, B) est assez réguliere, pour n > 0, 'équation (1.1.2) est équivalente a
du+ (u-V)u+ Vh(n) = —FE —~yu x B — E, (1.1.4)
T

ou h = h(n) est la fonction d’enthalpie, qui satisfait

hUU:iAnp%$d& (1.1.5)

S

En effet,
div(nu ® u) = udiv(nu) + n(u - V)u, (1.1.6)

avec (1.1.1), on obtient (1.1.4).

La premiere étude du systeme d’Euler-Maxwell avec le terme de relaxation est donnée
par Chen. Dans [7], l'existence globale de solutions faibles est prouvée en une dimension
d’espace. Récemment, Peng et Wang ont établit une série de résultats sur des limites
du systeéme lorsque des petits parameétres tendent vers zéro (voir [58]-[61]). Dans [58] et
[59], ils étudient la limite non relativiste ¢ — oo et la limite de quasi-neutralité A — 0,
respectivement. Quand ¢ — oo, le systeme d’Euler-Maxwell devient le systeme d’Euler-
Poisson compressible, et quand A — 0, il devient le systéeme d’e-MHD. Dans [60], la limite
combinée de ¢ — 0o et A — 0 est étudiée. Dans [61], ils donnent une analyse asymptotique
du systeme d’Euler-Maxwell dans le cas bipolaire avec des parametres petits.

Il convient de mentionner que les résultats sur le systeme d’Euler-Poisson sont tres
utiles pour étudier le systeme d’Euler-Maxwell, voir par exemple, [5], [6], [10], [20], [25],
[26], [57], [62], [67], [68], [69], [70], [73]. Le systeme d’Euler-Poisson s’écrit

Ogn + div(nu) = 0,

O¢(nu) + div(nu @ u) + Vp(n) = nVe — %, (1.1.7)

—NAp=1-n.
Cependant, ces deux systemes sont de nature différente. Ceci est du a la différence de
couplages et a la différence entre I’équation de Poisson, qui est elliptique, et les équations
de Maxwell qui sont hyperboliques. Donc la poursuite des recherches sur le systéeme

d’Euler-Maxwell sont significatives.
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1.2 Quelques résultats sur le systeme d’Euler-Maxwell

Dans le chapitre 3, on étudie le systeme d’Euler-Maxwell. On établit ’existence globale
de solutions régulieres en montrant que 1’énergie est contrélée dans la norme H® par les
données initiales qui sont proches de I’état d’équilibre.

On considere le systeme d’Euler-Maxwell (1.1.1)-(1.1.3) avec la condition initiale périod-
ique

t=0: (n,u,FB,B)=(nd,u},E},B}), sur T=(R/2r)3. (1.2.1)

Theorem 1.1. (Existence globale de solutions réguliéres) Soient s > % et B une

constante donnée. Alors il existe une constante § > 0 telle que si
[(n§ — 1, ug, EF, Bf — B)|ls <9, (1.2.2)

le systéeme (1.1.1)-(1.1.3) avec la condition initiale (1.2.1) admet une solution globale

unique (n,u, E, B) € C([0,00); H*(T)). De plus, pour toutt >0, on a
— t —
(0= 10 BB = BYOI+ [0~ 1,0) e < Cllof — 1.0, B 55 - B, (12:3)
0
ou C' est une constante positive.

Pour des systemes hyperboliques de lois de conservation, La condition de Kawashima
est bien connue pour étudier des solutions globales. En fait, beaucoup de modeles physiques
satisfont la condition de Kawashima. On montre que cette condition n’est pas satisfaite
par le systeme d’Euler-Maxwell. Donc, le résultat est non trivial.

On étudie ensuite la limite de relaxation 7 — 0 dans le systéme d’Euler-Maxwell. On
montre la convergence du systeme d’Euler-Maxwell vers les équations de dérive-diffusion
quand 7 — 0. De plus, on établit la convergence d'un développement asymptotique a
I'ordre quelconque.

Pour cela, on fait un changement de variable en temps sur équations (1.1.1)-(1.1.3)

s =Tt (1.2.4)
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et écrit t a la place de s encore. Soient A = v = 1, les équations (1.1.1)-(1.1.3) deviennent
1

On + —div(nu) =0,
T

1 1
Bou+ = (u-Vu+ -Vh(n) = —— - X2 ©
T T T T T (125)

1
OGE—-VxB="" divE=1—n,
T T

atB—F%VXE:O, divB = 0.
Soit (ng, uo, Eo, Bo) € H*(T), qui satisfait la condition de compatibilité
ugp = —V(h(no) — ¢o0), Eo=—Ve¢o, Byp=0, (1.2.6)
ou ¢ satisfait
—A¢y =1 — nyg, /Tgboda: =0. (1.2.7)
De méme, soit (n1,u1, E1, B1) € H*(T), qui satisfait la condition de compatibilité
up = —V(W (no)ny — ¢1), E1=—-V¢i, By = BY0,-), (1.2.8)
ou ¢, satisfait
Apr = nq, /1r¢1dx =0. (1.2.9)

Ici B! est déterminé uniquement par (ng, uo, Eo, Bo) (voir Chapitre 3).

Theorem 1.2. Soit s > % On suppose qu’il existe une constante Cq1 > 0 telle que
1
I(ng, ug, Eg. By) = > _ 7 (nj, Tuy, Ej, B)||s < Ci7°. (1.2.10)
§=0

Alors il existe T > 0, indépendant de T, tel que le systéme (1.2.5) avec la condition initiale

(1.2.1) ait une solution unique
(n",u", ET,B7) € C([0,T], H*(T)) n C([0, T], H*~1(T)). (1.2.11)

De plus,

T

I(n™, %, BT, BT) — (n°,u, E°, BY) || < Car, (1.2.12)
T
ot Cy est une constante positive indépendante de T, (n°, ¢°) est une solution des équations
de dérive-diffusion
o — div(n°V (h(n®) — ¢%)) =0,

(1.2.13)
— Aqﬁo =1- nO,
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avec la condition initiale
no(oax) = no(.%'), zeT,

et
u’ = -V(h(n°) - ¢°), E°=-Vg’

B =0.

19

(1.2.14)

(1.2.15)
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Chapter 2

La controlabilité et ’observabilité

exactes frontieres

Dans ce chapitre, on expose la contrélabilité et I’observabilité exactes frontieres de systemes
hyperboliques quasi-linéaires dans un réseau du type d’arbre. On introduit d’abord la
position du probleme et 1’état des recherches. Ensuite, on décrit les résultats sur la

controlabilité et I’observabilité des systemes.

2.1 La position du probleme

Dans cette section, on expose la position du probléme sur trois aspects, c’est-a-dire: le
concept de la controlabilité et ’observabilité exactes frontieres, le réseau du type d’arbre
et le fluide non-stationnaire dans des canaux ouverts. On considere la controlabilité et

I’observabilité des systéemes hyperboliques quasi-linéaires en une dimension d’espace:

ou ou
— +Au)— =F <z <L 2.1.1
ott u = (ug,--- ,uy)’ est une fonction vectorielle, inconnue de (,z), A(u) est une matrice
carrée d’ordre n, F(u) = (f1(u),---, fo(u))? est une fonction vectorielle de u avec
F(0) = 0. (2.1.2)

Par (2.1.2), on sait que u = 0 est une solution particuliere du systeme (2.1.1).

21
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Ici, on donne la définition de la controlabilité exacte frontiére des systémes hyper-
boliques. Pour tout état initial ¢ et tout état final ¢ donnés, il existe T > 0 et des
controles sur les noeuds, tels que la solution u du systéme (équation (2.1.1) avec les con-
ditions données) peut varier de ¢ a 1 sur U'intervalle [to,to + T, ou to est le temps initial
du controle, et 1" est le temps de la controélabilité.

Pour le systeme hyperbolique, il existe deux sortes de contréles, qui sont le contréle
frontiere qui apparait dans des conditions frontieres (toutes ou partie) et le controle interne
qui apparait dans des équations. Dans des applications, il est trés difficile d’étudier le
controle interne. En revanche, le controle frontiere est plus facile a aborder. Donc, la
controlabilité que 1'on étudie ici est juste la controlabilité frontiere.

Quand on considére la controlabilité frontiere, le temps de la controlabilité T' > 0
doit étre assez grand car le systeme hyperbolique a la vitesse finie de propagation, ce qui
empéche la controlabilité frontiere dans un instant court. En fait, pour une donnée initiale,
il y a une solution unique du probleme de Cauchy sur son domaine déterminé maximum.
De méme, pour une donnée finale, il y a une solution unique sur son domaine déterminé
maximum par la résolution du probléme de Cauchy rétrogradé. Afin d’assurer la cohérence,
les deux domaines ne doivent pas se rencontrer. Donc, T' doit étre convenablement grand.
Ceci est une condition nécessaire pour la controlabilité exacte frontiere. Dans la pratique,
T est choisi le plus petit possible.

Dans le cas linéaire, un probleme de la controlabilité peut étre transformé a un
probléme dual de I'observabilité grace a la méthode HUM (Hilbert Uniqueness Method).
Malheureusement, cette méthode ne s’applique pas au systéme quasi-linéaire. Ici on
reprend la définition de I'observabilité exacte frontiere dans [33] et [34]. Pour tout état
initial ¢, il existe T > 0 et des quantités observables. En observant les quantités sur
I'intervalle [to,to + T, la donnée initiale u(tp,z) = ¢ peut étre déterminée uniquement
par des valeurs observées. Dans cette these, on discute séparément de la controlabilité et
I’observabilité exactes frontieres et donne quelques dualités entre eux.

Maintenant on introduit le réseau du type d’arbre. Un réseau du type d’arbre peut
étre décrit comme une figure sans boucle (voir Figure 2.1.1), dans laquelle les segments
sont appelés cordes, les sommets A, B, C, D, E sont appelés noeuds simples et les sommets

F, G, H sont appelés noeuds multiples. Des conditions données sur les noeuds simples sont
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appelées conditions frontieres, alors que des conditions données sur les noeuds multiples
sont appelées conditions d’interfaces. En particulier, s’il y a un seul noeud multiple, le
réseau est du type d’étoile. S’il y a seulement deux noeuds simples, le réseau est du type

de corde (voir Figure 2.1.2).

Fig. 2.1.1 Un réseau du type d’arbre

T T

Fig. 2.1.2 Des réseaux du type d’étoile et de corde

Pour un systéeme hyperbolique sur un réseau du type d’arbre, toutes les variables
inconnues satisfont les équations sur les cordes correspondantes, les conditions frontieres
et les conditions d’interfaces sur les noeuds correspondants. L’ensemble des systémes peut

étre considéré comme beaucoup de sous-systemes sur les cordes, et soumis aux contraintes
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des conditions d’interfaces.

Donc, pour certain réseau du type d’arbre donné arbitrairement, le probleme dans
cette partie est de savoir comment choisir les controles (resp. les quantités observables)
et le temps de la controlabilité (resp. le temps de 1'observabilité) sur les noeuds (noeuds
simples ou noeuds multiples), tels que la contrélabilité (resp. 'observabilité) du systeme
hyperbolique soit construite sur ’ensemble du réseau.

Il existe beaucoup d’applications concernant la controlabilité et I’observabilité exactes
frontieres du systeme hyperbolique, par exemple, dans le fluide non-stationnaire dans des
canaux ouverts et dans des cordes vibrantes. Les travaux principaux dans cette these
concerne le fluide non-stationnaire, que 1’on introduit dans la suite.

Le modele du fluide non-stationnaire est donné dans [30]. Pour un canal horizontal et
cylindrique, soit = € [0, L] le longueur paramétrique sur le canal. Si on néglige la friction,
la vitesse moyenne du fluide V' = V(¢,x) et l'aire de la section immergée A = A(t,x)

satisfont le systéme de Saint-Venant:

0A  0(AV)
=4 =0,
ot = Oz (2.1.3)
87‘/ + @ =0, t>0, 0<z<L
ot 0r -7 - =
ol
1
S = 5V2 + gh(A) + gVs, (2.1.4)
g est la constante de la gravité, Y; est laltitude constante,
h = h(A) (2.1.5)
est la profondeur de I'eau qui est une fonction réguliere de A, avec
h'(A) > 0. (2.1.6)

Pour le probleme du fluide non-stationnaire dans un réseau du type d’arbre, sont satis-
faits sur tous les canaux, les systemes, les conditions frontieres et les conditions d’interface.
Les conditions d’interface dans les cas sub-critique (la vitesse est petite) et super-critique
(la vitesse est grande) sont données dans les chapitres 4 et 5.

On note que, comme ce probléeme a un sens physique, les controles et les quantités

observées que ’on choisit sont des quantités physiques. Une question fondamentale est de
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savoir choisir convenablement ces quantités et de déterminer le temps de la controlabilité

et de 'observabilité.

2.2 L’état des recherches

Le premier travail sur la controlabilité frontiére des équations hyperboliques aux dérivées
partielles est donné par Russell en 1960. Dans [64], il introduit la notion de la controlabilité
et de la stabilité de systemes linéaires et donne beaucoup de problemes ouverts. Plus
tard, Lions construit HUM, qui fournit un cadre général pour étudier le probleme au
systéeme hyperbolique, en particulier a I’équations d’onde (voir [53], [54]). Le HUM,
qui prouve la controlabilité par construisant une inégalité d’observabilité du probléeme
dual pour la solution faible, est un repere dans ce domaine de recherche. Ensuite, cette
méthode est développée et promue par des mathématiciens. Dans [29], Lasiecka et Trig-
giani établissent la controlabilité globale pour un systéme semi-linéaire, qui donne une ap-
plication aux équations d’onde semi-linéaires. Dans [74], [75], Zuazua obtient des résultats
de la controlabilité exacte frontiere des équations d’onde semi-linéaires et les applique au
réseau du type d’arbre [14]. Dans ce dernier article, il montre le résultat suivant. S’il y a
k noeuds simples dans un réseau, on peut trouver k — 1 controles. Dans Figure 2.2.1, il y
a b noeuds simples, donc il faut 4 controles. Ici, le symbole ”e” signifie un noeud simple

ou il y a un controle.

Fig 2.2.1 La controélabilité du systeme d’onde dans un réseau du type d’arbre
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Généralement, HUM est une méthode indirecte. Elle est utile pour des cas linéaires
et semi-linéaires, mais pas pour les cas quasi-linéaires. Un résultat pour la controlabilité
exacte du systeme hyperbolique quasi-linéaire en dimension 1 est du a Cirina [8], [9].
Par une méthode constructive directe différente de HUM, avec des controles frontiéres
linéaires, Cirina établit la controlabilité locale (la condition finale ) = 0) pour le systeme
hyperbolique quasi-linéaire sous forme diagonale.

Plus récemment, Li Tatsien et ses collaborateurs établissent une méthode constructive
générale. Ils donnent une théorie complete de la controlabilité exacte frontiere du systéme
hyperbolique quasi-linéaire en dimension 1 avec des conditions frontieres non-linéaires.
Dans la situation classique, Li Tatsien et Zhang Binyu [52], Li Tatsien, Rao Bopeng et
Jin Yi [45], [46] établissent la controlabilité exacte frontiere pour le systeme hyperbolique

quasi-linéaire:

% + A(r, s)% =0,
(2.2.1)
Os ds
a + M(n S)aix = 07
avec les conditions frontiéres non-linéaires, ou
A(r,s) <0< p(r,s). (2.2.2)

Ces résultats sont étendus au systéeme hyperbolique quasi-linéaire général avec les valeurs

propres non nulles par Li Tatsien et Rao Bopeng [41], [42]:

li(u)(?;; + )\i(u)gZ) — pi(u) (i=1,--,n), (2.2.3)
Ar(u) <0< Ag(u) (r=1,--- ,mys=m+1,---,n). (2.2.4)

Basé sur cette théorie, on étudie la controlabilité exacte frontiere du systeme hyper-
bolique quasi-linéaire dans un réseau du type d’arbre. Dans [31] et [32], 'auteur trouve la
controlabilité exacte frontiere dans un réseau du type d’étoile et dans un réseau du type de
corde. Plus tard ces résultats sont obtenus dans un réseau du type d’arbre de N canaux

(voir [43] et [44]). Ce dernier cas est décrit par le systeme de Saint-Venant

04;  O(AVi)
TR P
avi oS

ot + Ox =0,

(i=1,---,N), (2.2.5)
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ou A; = Ai(t,x) et V; = Vi(t,z) sont aire de la section immergée et la vitesse moyenne

de ’eau dans le i-éme canal, respectivement. Ici,
S; = %vﬁ +ghi(Ai) + gYy (i=1,---,N), (2.2.6)
g est la constante du gravité, Y, est l'altitude constante et
hi =hi(4;) (i=1,---,N) (2.2.7)

est la profondeur de I’eau. On montre qu’il faut N controles pour un réseau avec N cordes.
Dans Figure 2.2.2, il y a 7 cordes, donc il faut 7 contrdles. Ici, le symbole ”e” signifie le

noeud ou il y a un controle.

Fig. 2.2.2 La controlabilité exacte frontiere dans un réseau du type d’arbre I

Ces résultats sont obtenus avec beaucoup plus de controles que celui dans [14]. 11 est
donc améliorable. En effet, les équations d’onde peuvent étre transformées a un systeme
hyperbolique du premier ordre. Dans cette these, on améliore le résultat de Li Tatsien
et Rao Bopeng en utilisant autant de controles que celui dans [14]. De plus, on applique
le résultat & un réseau des cordes et trouve qu’il correspond & celui dans [14] pour le cas
quasi-linéaire.

Il existe d’autres études sur la contrélabilité frontiere du systeme hyperboliqu quasi-
linéaire, voir [23], [24], etc. Mais elles sont effectuées entre deux états stationnaires, qui

sont des solutions particulieres du systeme. Ceci est différent de I’étude dans la these. Dans
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[24], 'auteur introduit la notion super-critique, complément de la notion sub-critique. Les
méthodes qu’on utilise dans cette these sont totalement différentes dans ces deux cas.

Il y a tres peu de résultats d’observabilité dans le cas quasi-linéaire. Dans [33] et [34],
Li Tatsien établit une théorie d’observabilité exacte frontiere du systeme hyperbolique
quasi-linéaire. Pour le systeme avec les valeurs propres non nulles dans un canal, on peut
trouver des quantités observables sur les frontieres, telles que la condition initiale soit
controlée par la condition finale et les valeurs observées pour la norme C'. Dans le méme
document, I'auteur donne des dualités entre la contrélabilité et I’observabilité: le temps de
la controlibilité et le temps de ’observabilité sont équivalents et le nombre des controles et
celui des quantités observées sont aussi équivalents. On applique ces résultats au réseau

du type d’arbre dans cette these.

2.3 Quelques résultats sur la controlabilité et I’observabilité

On étudie la contrélabilité exacte frontiere du systéme hyperbolique quasi-linéaire dans
les chapitres 4 et 6.

On utilise le méme méthode pour le probleme du fluide non-stationnaire dans le réseau
du type d’arbre. D’abord, on traite des conditions frontieres et des conditions d’interface.
Comme les conditions ont des sens physiques, on mortre que le probléme mixte est bien-
posé. Ensuite, par une idée dans [37], on peut obtenir I’existence de solutions semi-globales
dans le réseau.

Puisque toutes les valeurs propres du systeme de Saint-Venant sont non nulles, on peut
permuter les variables t et . En utilisant les conditions d’interfaces et la méthode dans
[31] et [32], on construit une solution des équations étape par étape dans le réseau. Notons
que cette solution constructive n’est pas unique en général.

Enfin, on montre que la solution ainsi construite satisfait la condition initiale et la
condition finale. Ce qui détermine les controles cherchés puisque sont tous satisfaites les
équations, les conditions initiales, les conditions finales, les conditions d’interface et une
partie des conditions frontieres.

Dans le chapitre 4, on étudie la controlabilité exacte frontiere du fluide non-stationnaire

dans le cas sub-critique. Avec la méme procédure que celle dans [43] et [44], on établit la
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controlabilité en réduisant le nombre de controles. En notant le i-eme canal par indice 1,

on a

Theorem 2.1. Dans un réseau du type d’arbre avec k noeuds simples, il faut k — 1
controles pour la controlabilité exacte frontiere du fluide non-stationnaire. Dans Figure
2.8.1, le aymbole o7 signifie le noeud simple ot il faut un controle. De plus, le temps de

la controlabilité T satisfait

L; L;
T > max ~(§) + max Z Tj)’ (2.3.1)
€8 ep M S8 e, A

ou L est la longueur du canal, S\Z(z = 1,2) sont les deuz valeurs propres du systéme (dans
le cas sub-critique, une valeur propre est positive et l’autre est négative), S est l’ensemble
des noeuds privé de E et D; est l’ensemble des indices des canaux par lesquels sont joints

FE et un autre noeud simple.

Fig. 2.3.1 La controlabilité exacte frontiere dans un réseau du type d’arbre 11

On remarque que Figure 2.3.1 et Figure 2.2.1 sont la méme. Il implique que I’amélioration
des résultats dans [43] et [44] est naturelle. Mais, on a besoin de plus de temps de
controélibilité quand on réduit le nombre de controles.

Dans le chapitre 5, on étudie la controlabilité exacte frontiere du fluide non-stationnaire
dans le cas super-critique, ou les fonctions frontieres sont totalement différentes de celles
du cas sub-critique. Par les résultat ci-dessous, on sait que les nombres des controles et

les temps de la controlabilité sont aussi différents dans les deux cas.
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Theorem 2.2. Dans un réseau du type d’arbre avec k noeuds simples, il faut 2(k — 1)
controles pour la controlabilité exacte frontiére du fluide non-stationnaire. Dans Figure
2.8.1, le symbole "o signifie le noeud simple ot il faut deuzx contréles. De plus, le temps
de la contrélabilitée T satisfait
T>max<maxzimaxz Lj) (2.3.2)
icS |5\(J')|’ i€eS - ‘5\(1)| ' e
JED; 1 J€D; 2

Dans le chapitre 6, par une méthode semblable a celle dans le chapitre 4 et par la

transformation de I’équation d’onde quasi-linéaire du second ordre aux équations hyper-
boliques quasi-linéaires du premier ordre, on montre la controlabilité exacte frontiere du
systeme dans un réseau du type d’arbre des cordes vibrants. Ce résultat est le méme que
celui dans [14]. Cependant, il est valable pour des équations non-linéaires alors que la
méthode dans [14] n’est valable que dans le cas semi-linéaire.

Dans les chapitre 7 et 8, on étudie I'observabilité exacte frontiere du fluide non-
stationnaire dans les cas sub-critique et super-critique, respectivement. Apres avoir montré

I’observabilité, on la compare avec la controlabilité et établit les dualités entre eux.

Theorem 2.3. Dans le cas sub-critique, ainsi que dans le cas super-critique, le nombre de
controles est le méme que le nombre de quantités observées, et le temps de la controélabilité

et de l'observabilité sont de méme.
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Chapter 3

Global existence of smooth

solutions and relaxation limit

3.1 Introduction

This work is concerned with the Euler-Maxwell equations. We consider a plasma con-
sisting of electrons of charge gqo = —1 and a single species of ions of charge ¢; = 1. Let
Ne, e (respectively, n;, u;) be the density and velocity vector of the electrons(respectively,
ions), E and B be respectively the electric field and magnetic field. They are functions of
a three-dimensional position vector = € T and of the time ¢ > 0, where T = (R/27)3 is
the torus. The fields E and B are coupled to the electron density through the Maxwell
equations and act on electrons via the Lorentz force. Let ¢ = % = (eouo)_% be the speed of
light, A be the scaled Debye length and 7., 7; be the momentum relaxation time, where ¢
and 1y are the vacuum permittivity and permeability. The dynamics of the compressible

particles obey the Euler-Maxwell system(see [4], [7], [63]):

One + div(nqus) = 0,

O (nata) + div(ngta ® us) + Vpa(nae) = qana(E + Yuq X B) — nau(x’

Ta (3.1.1)

YNO,E -V x B = Y(nete — niu;), NAivE = n; — ne,

¥B+V xE=0, divB=0,

33
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for « = e,i and (t,x) € (0,00) x T, where u, ® u, stands for the tensor product and
Pa = Pa(Nea) is the pressure with suitably smooth function of n, and strictly increasing

for ng > 0. The system is complemented with the initial conditions:

t=0: (na,Ua, B, B) = (n},0,u40, E), By), a=e,i. (3.1.2)

The first mathematical study of the Euler-Maxwell equations with extra relaxation
terms is given by Chen(see [7]), where the global existence of weak solutions in one-
dimensional case is established. And then, based on the studies of the asymptotic limits
in the Euler-Poisson system(see [5], [6], [10], [20], [25], [26], [57], [62], [67], [68], [69], [70],
[73]. In [58] and [59], the authors proved respectively that, for the Euler-Maxwell system,
the non-relativistic limit ¢ — oo is the (one-fluid) compressible Euler-Poisson system and
the quasi-neutral limit A — 0 is the electron magnetohydrodynamics equations. In [60],
the combined limit of ¢ and A has been given. And in [61], the asymptotic expansions in

the Euler-Maxwell equations with small parameters have been researched.

In this paper, we first deal with global existence of smooth solutions of the Cauchy
problem (3.1.1) with (3.1.2). With the energy integral, we prove the convergence of the H*
norms of the unknown variables, which helps us to get the conclusion. As we will see, since
this system does not satisfy the Kawashima condition, the proof is indispensable. After
that, we consider the zero-relaxation limit 7, — 0. This is different from the asymptotic
of Euler-Poisson equations since the Poisson equations, which are elliptic, are essentially
different from the Maxwell equations, which are hyperbolic. To get the conclusion, we use
the method of asymptotic expansions constructed by drift-diffusion equations and prove

the convergence of the error equations.

For the sake of convenience, we will research Euler-Maxwell equations under the unipo-
lar condition first. We assume that in the plasma the ions are non-moving and become
a uniform background with a fixed unit density. This means we consider the condition
that the density of ions n; is equal to 1 and the velocity of ions u; vanishes. Using (n,u)

instead of (ne,u.) and noting the second equation in system (3.1.1) is equivalent to

Opg + (e - Vg + Vhe(ng) = ¢o(E + yuq X B) — u—a, (3.1.3)

Ta
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where the enthalpy h(n) is defined by
Na i/
ha(na) = / Pals) (3.1.4)
1

system (3.1.1) with (3.1.2) now becomes

p

O¢n + div(nu) = 0,

8tu—|—(u~V)u—i—Vh(n):—E—vuxB—g,

(3.1.5)
YNOE —V x B=~nu, MNdivE=1-n,
~vo:B+V x E=0, divB =0,
t=0: (n,u,E,B)=(ng,uy, Ej, Bg). (3.1.6)

We will see later that the research is also valid for the biopolar system.
For the use in this paper, we recall some results about linear system of curl-div equa-

tions and calculus inequalities in Sobolev spaces.

Lemma 3.1. (see [58])For any given smooth functions f and g,

V xB=
- 4 (3.1.7)

divB = g
with divf =0 and m(g) = 0, where
m(g) = /gdx, (3.1.8)
T

this system has a unique smooth solution B, in the class m(B) = 0.

Lemma 3.2. (see [55])For any fized integer s > %, suppose A € H® and U € H*™', then

for all multi-indices o with |a| < s, 0%(AU) — AG*U € L? and

10%(AU) — AG°U|| < Cl|A[|s[[U ]|ja)-1- (3.1.9)

3.2 Global existence of smooth solutions

In this section, we construct the global existence of smooth solution of Euler-Maxwell

equations. Still considering the system (3.1.5) with the initial condition (3.1.6), we have
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Theorem 3.1. (Global existence of the smooth solutions) Assume that s > sg >
%—1— 2. Let B be any given constant. Then there exists positive constants § > 0 sufficiently

small and C > 0 such that if it holds that

then the system (3.1.5)-(3.1.6) has a unique global solution (n,u, E, B) € C([0,00); H*(T))
satisfying, for allt > 0,

t
I(n —1,u, B, B~ B)(1)] +/O I(n — L, w)[|2dt < C||(n§ — 1, uf, EF. Bf — B)|- (3.2.2)

Moreover,

lim sup|(n — 1,u)(x,t)| = 0. (3.2.3)

t—00 £eT

Remark 3.1. Theorem 3.1 can be extended easily to the two-fluid Euler-Maxwell system
by using the method of this paper. We omit it. Also, by using the method of this paper,
we can obtain a better result than the known ones about the compressible Euler system
with relaxation term given by the papers like [73, 12] et al. Namely, we can prove that
any global small smooth solution of the compressible Euler system with relaxation term

decays exponentially to the constant stationary state as t — oo.

Let (n,u, E, B) be the unknown solution to the problem (3.1.5) and (3.1.6). Denoting

(N,u,E,G) = (n—1,u, E,B — B), (3.2.4)
we have
)
ON + div((1+ N)u) =0,
Ou+ (u-V)u+ Vh(l+N) = —(E +vyux (B" +G)) — -,
T zeQt>0,325)
YAN20FE -V x G =~(1+N)u, Y9G +V x E =0,
MdivE = —N, divG =0,
with

t=0: (N,u,B,G)=(NJ,u5, E},G5) = (nf —1,ul, E},B; —B).  (3.2.6)
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Set
N
N E Wi U
Wi = , Wir= , W= = ,
u G Wit E
G
Ng
. I 0 Lyxa 0
u 4x4
WO — 0 5 Do = ) = )\2713><3 0 3
Ej 0 Dy 0
0 YI3x3
G
u; (N +1)el 0
AW, 0 B (N +1)e; u; 1
AW = : (Wr) _ ( ) 3x3 |
0 Al 0 L
0
LT o
0 0
K{(W) —E K3 (W) -7
Ki(W) = I - Ko - 11 - ’
Kit(W) u Ky (W) 0
0 0
0 0
Kiw) —vyu x BY Ki(w) —yu x G
KsW)=| 7 = KWy =| = ,
KIT(w) 0 KIE(w) Nu
0 0

where (e1, ea, e3) is the canonical basis of R3, y; denotes the i-th component of 3 € R? and

L;i(i=1,2,3) is given as

0 0 0 00 —1 0 10
Li=lo 0o 1|, La={0o0 0 |, Ls=| -1 0 0 |. (327
0 -1 0 10 0 0 00

From (3.2.5), the redundant equations A?divE = —N and divG = 0 hold as soon as they
are satisfied by the initial data. Thus the problem (3.2.5)-(3.2.6) for the unknown W can
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be rewritten into the following form

DoOyW + 23: A;(W)0,, W = 24: K;(W),
i=1 j=1 (3.2.8)
t=0: W =W,
with
NdivE(x,0) = —N(z,0), divG(z,0) =0, (3.2.9)

which can be guaranteed by the assumptions on the initial data.
It is easy to see that the equations for W in (3.2.8) are symmetrizable hyperbolic, i.e.

if we introduce

W(N+1) 0
Ag(W) = 0 (N + 1)I3x3 )
0 Isxo

which is positively definite when N+1 > My > 0 for || N| 1 < 3, then AgDg and A;(W) =
Ao(W)A;(W) are symmetric for all 1 < ¢ < 3. Note that, for smooth solutions, the Euler-
Maxwell system (3.1.5)-(3.1.6) is equivalent to that of (3.2.5)-(3.2.6) or (3.2.8). Thus,
by the standard existence theory of local smooth solutions for symmetrizable hyperbolic

equations (see [27, 55]), we have the following result.

Proposition 3.1. Let Wy satisfy Wo € H*(T), s > 3 +2 and |[No||s < & for some
given k > 0 (to be chosen so that 1 + Ny > 0, for example kCys < 1, where Cs is the
Sobolev’s embedding constant). Then there exists 0 < T'(k,||Wol|s) < oo, the mazimal

existence time, and a unique smooth solution W € ﬂllzo CH[0,T); H*~YT)) of the system
(3.2.5)-(3.2.6) or (3.2.8) on [0,T).

To prove Theorem 3.1, the key point is to establish the following a priori estimates

Proposition 3.2. (A priori estimates)If there exists § > 0 sufficiently small such that,
for any T > 0, it holds
sup [W(H)]ls <6, (3.2.10)

0<t<T
then the estimate (3.2.2) holds for allt € [0,T].

We will prove this proposition in next section.
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Remark 3.2. The proof of Theorem 3.1 is indispensable, since Kawashima condition
are not satisfied here, and we can not use the classical way to deal with the problem

(3.2.5)-(3.2.6).

Proof: Multiple Ag(TV) on both side of equation (3.2.8), we have
3 4
Ag(W) Doy W + )~ Ag(W) A;(W)0, W =Y~ Ag(W)EK;(W). (3.2.11)
i=1 j=1
If (3.2.5) satisfies Kawashima condition, for the symmetric hyperbolic system (3.2.11), we
have
For every \g € R and every X = (21, 72,23, 24)7 € R*\{0} the
vector (x1,0,---,0,z2,23,74)7 € R is not in the null space (3.2.12)

of \oAo(0)Do + 33, Ag(0)A4;(0)¢; for every € € R3\{0}.

But condition (3.2.12) cannot be true since the equation

1
Aoh'(1)  &h'(1) &A/(1) &h/(1) .
§10/(1) Ao
h(1 A
o) ’ 0o | =0 (3213
£3h'(1) Ao
2 3 L2
AoA 7133 Zi:l &Ly
3 T x3
21:1 fz‘Li /\O’YISXS
T4

has the nontrivial solution when Ag = 0 and (z1, z2, z3,z4) = (0,&1,&2,&3).

3.3 Proof of Proposition 3.2

We divide the proof of Proposition 3.2 into several steps.

Step 1: L? estimate of W (t)
Based on L? balance law of the Euler-Maxwell system (3.1.5)

d n )
- (n|u]2+2/ h(s)ds + N E]? + | B — BYP)(, t)dz —/nu|2(:n,t)d$, (3.3.1)
T T JT

one can get L? estimate of W (t).
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Lemma 3.3. Under the assumption of Proposition 3.2, we have

2 t
WO+ = [ a0t < CWO)I3, 0<t<T. (3.3.2)

Step 2: H® estimate of W (t)
For the higher order Sobolev’s estimate, one have
Lemma 3.4. Under the assumption of Proposition 3.2, we have
2 1 ! 2 1 2
W OIS + —IN®IE-1 + (HN(t)Hs + —fu(®)lls)dt
C C
< CIWOIE+ ZINOIE- + = / W1 @) 1N (#) 13-t
t
+C/ (IWrlls W@ + Wr@)lIDdt, 0<t<T. (3.3.3)
0

Proof: The basic idea of proving Lemma 3.4 is to use H® estimates of Wy () to control

H? estimates of Wyy(t). To this end, we rewrite the system (3.2.8) of matrix form as

3 4
AW+ AL(WD)oe Wy =Y K[(W), (3.3.4)
i=1 j=1
3 4
Dfo,Wir + > Allo, Wi =Y KJ(W). (3.3.5)
i=1 j=1

Here A!(W7y) is a matrix which depends only upon W; while A/ is a constant symmetric
matrix.

Let a is a multi-index with the length 0 < |a| < s.

Taking 9% of the equations (3.3.4) and acting the symmetrizer matrix AJ(N) on the

resulting equation, one can get

3
AL(NYOOW T + S AL(N)AF(W )0, 00 W, = ZJ L AS(N)OZ KT (W) + J1, (3.3.6)
=1

where the symmetrizer Jj is defined by
Z Ab(N)[ox (AL W a,, W) — AH(W)D,,00W],
which can be controlled by

I Tallg2 < CHAé(N)IILoo(I!VAf(Wz)llLocIIch—l@ziWIIILz+||0xiW1HL<x>IIchAf(WI)HLz)

IN

Clwillz (3.3.7)



Study on Euler-Maxwell equations 41

for some constant Cindependent of 7.
Similarly, taking 9% of the equations (3.3.5) and using the fact that D{! and AJU are

constant matrices, one have

3
D oco, Wi + ; A9, 00W =35 00K (W), (3.3.8)
Now adding the resulting equations of taking the inner product of the equations (3.3.6) and
(3.3.8) with 93 Wy and 05 Wy respectively, and using the fact that the matrix Aé(N)AJI»(WI)

is symmetric, one get the energy estimate

i (Ao(N)Do@?W . a‘x"W)da:
dt Jp

= 2/((J1-8§‘W1)dx+/(divA[(WI)agWI-agWI)dm
T T

4
2Y° [(ABNRERI W) Wi+ ORI W) - eWinda,  (339)
=171

where X
0AL(N) oA (W)
: I 0 7
W) = —
divA* (Wr) 5 + ; Fromt
which can be controlled by
ldiv AT (Wp)|[ Lo < C(L+ [[Wrlls)[Wills. (3.3.10)

Let us estimate each term in the right hand side of (3.3.9).
For the first two terms, by Cauchy-Schwartz’s inequality and using the estimates (3.3.7)
and (3.3.10), one have
/ (Jy - W) (x, t)da + / (div AL (W)W, - 02W) ()
T T
< CO+ [ Wrlls)wrlis. (3.3.11)
For the third term, by using the definitions of (matrix) functions A}(N), K;(W),i =

1,---,4, and noting that there exists some cancelations between K (W) and K!{(W), we

have

4
23" / (AL(N)OSKL(W) - 09W; + 02 KT (W) - 88Wp)da
=177

_ _2/(1+N)|agu|2(x,t)dx—2/[(NagE+(1+N)ag(u X G))0%u + 0% (Nu)d* Eda
T JT T

IN

1
T/|8§U|2d$+C||W11H||W1||§- (3.3.12)
T
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Here we have used the elementary Sobolev’s inequality [|[0S(fg)llrz < Ifalls < || fllsllglls

for 0 <|a| < s and s > sg.
Putting (3.3.11) and (3.3.12) into (3.3.9), and integrating on [0,t],t € [0,T], with

respect to t, one get

1 t
w2+ L / (-, )2t
T Jo

t
< C!W(t=0)|!§+0/0(IIWII\ISHWIII§+(1+IIWIHs)HWIII‘Z’)dt- (3.3.13)

Here C is a constant which depends upon A% and «, but does depend upon 7 and the time
T > 0.

To control the second term of the right hand side of (3.3.13) by its left hand side’s
term, we establish the relation between N and u by using the Euler part of Euler-Maxwell
system.

Let 8 be a multi-index with the length 0 < |8 < s — 1.

Taking 8% of the second equation of (3.2.5), and taking the inner product of the

resulting equations with BN , one get

(W(1+ N)3PVN,8°VN) + (8°E,0°VN)
= —(P(W'(1+ N)VN)—R(1+ N)I’VN,d’VN) — (8°0yu, 9°VN)

(0P (u- Vu+yu x (B + G)), 0PUN) — %(agu, DV N) (3.3.14)

Let us estimate each term in (3.3.14).

First, one have

(W' (14 N)OP’VN,9°VN) + (0°E, 0PV N)
= (R'(14+ N)O’VN,9°VN) — (8°divE,d°N)
12
= (W' (1+N)3’VN,9°VN) + 3 105N |12,

'(3)
2

>

Y

|N|%. (3.3.15)

By the estimate technique of Morse inequality, one get

H(3)
8

—(@2(R'(14+ N)VN) =K (14 N)OP’VN,9°VN) < IN|>+ C|N|L,. (3.3.16)
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—(080pu, 0IVN) = (000divu, 0P N)
= %(&fdivu, APN) — (8%divu, dP9,N)
= %(8fdivu, IPN) + (02 divu, dPdiv((1 + N)u))
i(agdwu, IPN) + (02 divu, dPdiv((1 + N)u))

dt
d .
%(ngwu, PN + (14 ||N o) ||l (3.3.17)

IN

IN

—(@%(u-Vu+yu x (B +@G)),0°VN)
K (3)
< 2

INIE + CQ A+ flulDeliy + CIGIE 1 lull—- (3.3.18)

Because we want to obtain the uniform estimate with respect to 7, we must deal with the

term containing %

Lo 00wy = LoPdivu, 0P N)
T T
1 ON +u-VN
_ _Lop 0N Fu- VN o3
G TN ), 05 N)
_ L O0IN g 1w VOIN g
- T(l-l—N 0eN) = T( 1+N 0z N)
N 0,05 N w-VN. u-VOPN
_Loog 0N OO0z N g 1oog _ N g
T(a’f(HN) 1+ N’ 0z N) (8(1+N) 1+ N 0z N)
1d 1
_tae 1 sy a8 ¢
2Tdt(1—|—N8 N,0,;N) + IIWz(t)HsHN( W21, (3.3.19)
Since
N 0,08 N
8, Ot t
H%(HN) leNH
_ o 1
< (|’V(1+N)HL°°”D; 20N | 12 + |0, N|| || D3 1(1_’_7N)HL2)
< CUINs=1 Wz (@®)lls + WO N1 s-1)
< C|IN|[s=1[[Wr (@) |ls,
3
3 u- VN _u-V&EN
Hé’(HN) TN 2
< . 5—2 o 8—1 U
< (||V(1_|_N)HL D3 *VN|[2 + VN =] D; (1_|_N)HL2)
< C(Wr®OsIN[s=1 + INlls—1 Wi (®)|ls)
< C|N[ls=1[W1 ()]s
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and52302%+2.

Thus, (3.3.14), together with (3.3.15)-(3.3.19), gives

1 t
Livwiz - Y (0Pdiou, 08 N) + / IN(5)|2dt
4 0<|B|<s—1 0

IN

WO+ ZINOE + 5 [ WL IN O

+€ [ (@) + W0l + W0

w0 [ IRk, (3:3:20
0

Combining (3.3.13) and (3.3.20), and using the assumption |[|[IW(t)|ls < ¢ for sufficiently

small ¢, one can get (3.3.3).

Step 3: The end of Proposition 3.2
Now for any given and fixed 7 > 0, by using the assumption ||[W(¢)||s < ¢ for suffi-
ciently small 0, it follows from the estimate (3.3.3) that there exists a positive constant

C, depending on 7 and not depending upon the any given time 7" > 0, such that
t
W) +/0 IWi(6)[2dt < CIIW(0)[3, 0<t<T,

which yields to the desired estimate (3.2.2).
Only if one have the estimate (3.2.2), we can obtain (3.2.3) as follows. In fact, it
follows from (3.2.2) and the equations (3.2.5) that

|l =1 < oo
0

and

10c(n — 1,u)||s—1 < C < oo,

and then we can get (3.2.3).
Theorem 3.1 follows from the standard argument by using the local existence (Proposi-
tion 3.1), the a priori estimate (3.2.2) given in Proposition 3.2 and the continuous extension

argument.

Remark 3.3. We keep the parameter 7 in the above estimates because we can obtain

the relaxation limit of the small global smooth solutions of the Euler-Maxwell system.
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Namely, it follows the a priori estimate (3.3.3) that there exist constants C' and 79 > 0
such that, for any 7 < 79, the Euler-Maxwell system (3.1.5)-(3.1.6) has a unique global
smooth solution (n”,u”, E™, BT) € C(]0, 00]; H*(T)) satisfying

T T T T 1 T
l(n” = 1,7, E7, B™ = BY)(, )l + ~[(n” = 1), )]s

9
-

< Cl|ln" =1,u",E", BT — BO)(-,O)HS + (n” —1)(-,0)||s—1 — 0 as 7 — 0.

3.4 Formal asymptotic expansion

We now study the zero-relaxation limit of Euler-Maxwell equations. To perform the

limit 7 — 0 in (3.1.5), we introduce a time scaling
s=rt (3.4.1)

still using t instead of s. Since we study the zero-relaxation limit under the conditions
v =0(1) and A = O(1), we further assume that v = A = 1. Euler-Maxwell system (3.1.5)

becomes )
on + —div(nu) = 0,
T

1 1
du+—(u-Viu+ -Vh(n) = —— - —— — —,

T T T T T (342)
GE—1vxB=" dvE—-1-n,

T T

1
HB+-VxE=0, divB=0.
T

for t > 0, z € T. And for the relaxation limit, we suppose the initial data is a periodic
one.

To obtain the existence and uniqueness of the solution of system (3.4.2) with (3.1.6),
we need to find an approximate solution (n,,u,, E-, B;) of system (3.4.2) under the form
of a power series in 7. From the momentum equation for w., it is easy to see that u, — 0
if 7 — 0. By [61], we have following conclusion:

If the initial data of (n;,u,, E7, B;) admit an asymptotic expansion with respect to 7,

(nryur, Br, Br)(0,2) = Y 7/ (nj, 7u;, Ej, B;)(2), (3.4.3)
Jj=0
where (n;,u;, Ej, Bj)j>0 are sufficiently smooth with ng > 0 in T and satisfy the compati-

bility conditions respectively(see (3.4.12)-(3.4.13),(3.4.17)-(3.4.18),(3.4.23)-(3.4.25) below),
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then the solution has the following form:

(nryur, Er,Br) =Y 79(n/, ru/, B9, BY), (3.4.4)
Jj=0

where (n/,u/, B, B) j>0 are the unique solutions of the following systems respectively:

;

on° 4 div(n®u®) = 0,

Vh(n') = —E° —4°,

(3.4.5)
VxB’=0, divB"=0,
VxE'=0, divE’=1-n",
.
o' 4 div(n'u® + n%u') =0,
V(' (n%)nt) = —E' —u® x B® —u!,
(3.4.6)

OHE? —V x B =n%°, divB'=0,

OB’ +V x E' =0, divE' = —nt,

\

J
ot + div( Zn w~ k
k=0

j—2
Oy~ 2+Z V)2 V(B ()0 + B (0¥ )reja))

(G>2)  (3.4.7)

N § uk x BITITR g
k=0

OE"' -V x Bl = Zn Wk divBI =0,

OB+ VxE =0, divE! =—
\

where h/~1(j > 2) is a function only decided by n*(k < j — 1) and is defined by

h(z nd) = h(n®) + 1/ (n Z Ind + Z TR (0 )k<jon). (3.4.8)

720 7j>1 j>2

Moreover, system (3.4.5) can be deduced to a classical drift-diffusion equations:

On” — div(n’V(h(n") — ¢°)) = t>0. zeT (3.4.9)

— A’ =1-n0,
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with the initial conditions:

n®(0,z) = no(x), = €T, (3.4.10)

and

u’ =-V(h(n’)—¢°), E"=-V¢°, B'=0. (3.4.11)
From (3.4.11) we can get the zero-order compatibility conditions:
uy = —V(h(no) — ¢0), Eo=—-Ve¢o, By=0, (3.4.12)
where ¢ is determined by
—A¢po=1—ng, m(¢o) =0. (3.4.13)
System (3.4.6) can be deduced to a linearized drift-diffusion equations:

o' — div(n®V (W (n®)n! — @) + div(n'u®) = 0,

t>0, zeT (3.4.14)
A¢l =nlt,
with the initial conditions:
n'(0,z) =ny(x), zeT, (3.4.15)
and
ut = V(K (nO)nt — o), E'=-Vel (3.4.16)

Since B! can also be solved by the third equation of (3.4.6), we get the first-order com-

patibility conditions:
up = —V(h'(ng)nl — ¢1), E1 = —V¢1, B1 = BI(O, -), (3.4.17)
where ¢ is determined by
A¢1 =Ny, m(¢1) =0. (3.4.18)

For j > 2, system (3.4.7) can be deduced to a linearized drift-diffusion equations, too.
Since B7 can be solved uniquely in the class m(B’) = 0, we deduce the existence of a

given vector function 1/ with divB? = 0 such that B/ = —V x ¢7. So
o’ — div(n®V (1 (n®)n? — ¢)) + div(n?u)
= [((n", ", E*, B ock<jor) + div(n®9pp? ™), t>0, z€T (3.4.19)

A¢) =nl + 0(divy’ ),
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with the initial conditions:

n(0,x) = nj(z), z€T, (3.4.20)

and
w = =07t = V(W (%)) — ¢7) + ¢’ ((n*, ¥, E¥, B¥)ocr<;j 1), (3.4.21)
BV = it — v, (3.4.22)

where f7, ¢’ are given smooth functions. Thus, we can get the high-order compatibility

conditions for j > 2:

’LL] = —8t¢j71(0, ) - V(hl(no)n] - ¢]) + g]((nk, Uk, Eka Bk)0§k§j71)7 (3423)
E; =00 7(0,)) = V¢, Bj=B(0,"), (3.4.24)
where ¢; is determined by

Ady =y + 0(dived(0,), mld;) = 0. (3.4.25)

3.5 The zero-relaxation limit

We construct an approximate solution following §3.4. Let

m
(', E7 B = Y 7/ (0!, 7ol BV, BY) (3.5.1)

=0
with m > 2 and (nj,uj,Ej,Bj)OSjgm being given as in §3.4. Let 77 be the maximal
existent time of the solutions to (3.4.5), (3.4.6) and (3.4.7) for 7 < m. Then, we have the

following result:

Theorem 3.2. Suppose p € C(T), (n;,u;, Ej, Bj) € H*(T) for j =0,1,--- ,m, m > 2
and satisfy the compatibility conditions (3.4.12)-(8.4.13), (8.4.17)-(3.4.18) and (3.4.23)-

: : 5
(3.4.25) respectively. Suppose for any fived integer s > 3,

—

m—

[[(ng, ug, EG, Bf) — Z Tj(njﬂ—uj’Ej’Bj)”S <Cr™. (3.5.2)

j:
Then there exists Ty € (0,T1], independent of T such that the problem (8.4.2) with (3.1.6)

has a unique solution

(n",u”, E7, B7) € C([0, T], H*(T)) N C1([0, T»], H*~1(T)) (3.5.3)
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satisfying
|(n",u™, E",BT) — (n*,u)*, ET*, B"")||s < C7T™, (3.5.4)

T YT

where C' is a positive constant independent of T.
Proof: By (3.4.5)-(3.4.7), and noting (3.5.1), the approximate solution satisfies
( 1
oy + ;div(n?u?) =R,,

1 1
Bpu™ + = (u™ - VY™ + ~Vh(n™) = — = Yr Ur X Tr | pr
T T

2
) g T T T (3.5.5)
HE™ — -V x B™ = """ 4 R, divE" =1-n",
T T

1
OB+ =V x E™ =0, divB™ =0,
T

where the remainders R}, R; and R}, satisfy

sup ||(Ry, Ry, Rp)[s < CT™, (3.5.6)
0<t<T

for any 0 < s < s, since (n*,u*, E™*, B") € H*([0,T] x T).

T T )

Let (n”,u”, E™, B™) be the unknown solutions to the problem (3.4.2), and denote by
(N, U ,F",G")=(n" —n",u" —u",E" — E"", B" — B"). (3.5.7)
From the equations (3.4.2) and (3.5.5), we know that the errors (N7,U7, F7,G") satisfy
the following problem:
OeNT + %div(NTUT + N+ nl'U") = —R],

T

1 1 1
QU™+ —((UT +u) - VYU + (U - V)ull + V(AN + 1) = h(n?"))
1

(NTU" + N"u* +n'U") — R, divF™ = —NT7,
1 (3.5.8)
G + ;v x FT =0, divG™ =0,

m m
t=0: (NTUTFT,GT) = (nf = rinj,up Y,
§=0 =0

m m
Ej - 7/E;,Bj— Y 1B)).
j=0 j=0

Set
NT Fr wr
Wy , Wi = , W' = ,
U G wr,
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m . m .
T . T .
ny — > mn; Ef — > TE;
j=0 Jj=0

WITO = m ) WITIO = mo ’
uld — > Ity Bl — > 7B
§=0 =0
0 NT +n™)el
A{(W]) = (UT + ul")Lawa + ( ) ,
W (NT +nl")e; 0
0 L, Al(wr)y o
A{I — 7 AZ(WT) — ’L( I)
LT o 0 Al
—(U7 - V)n* — N™divu"
—(UT - V)ul' = (W(NT +n) = b (n"))Vnl
Hy(W7) = ,
N'U™ + N +n"U”
0
0 RT
T _UT T R;
HQ(WI) = , R = )
0 R
0 0

0

R —F"— (U 4+u™) xGT —UT x B
H3(W17WH) = 0
0

where (e1, ez, e3) is the canonical basis of R3, Iyxg is a d x d unit matrix, y; denotes the
i—th component of y € R® and L;(i = 1,2, 3) is given as (3.2.7).
From (3.5.8), the redundant equations divF”™ = —N7 and divG™ = 0 hold as soon as

they are satisfied by the initial data. Then the problem (3.5.8) can be rewritten as

3
1 1 1 1
T = A; 0, W™ = = T L T - ‘r7 Ty 7'7
oW +T§ (W[)0z,W THI(”I)+TQHZ(WI)‘FTH?)(WI Wir) — R

i=1
t=0: W™ =W],
(3.5.9)
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with
divF"(x,0) = —=N"(z,0), divG"(x,0) =0, (3.5.10)

which can be guaranteed by the assumptions on the initial data.

It is easy to see that the equations of W7 in (3.5.9) are symmetrizable hyperbolic, i.e.
if we introduce

(W' (NT +n)) 0
Ay(W7) = 0 (NT +n"I5x3 )
0 Isxo

which is positively definite when 0 < C7; < (N7 4+ nl") < Cy for a sufficient small 7,
then ;L(WIT) = Ag(W])A;(W]) are symmetric for all 1 < i < 3. Here the condition
0 < Cp < (NT+n") < Cy is satisfied since n™ — n® and ||[N7||z~ — 0 as 7 — 0.

Thus, the key point for proving Theorem 3.2 is the following a priori estimate.

Proposition 3.3. Let s > % and m > 2. Suppose
W5 lls < Dir™ (3.5.11)

for some constant D1 > 0 independent of 7. Then there exists constant Do > 0, such that

the solution of (3.5.9) satisfies

sup ||WT||s < Dor™, (3.5.12)
0<t<Ty

We will prove this proposition in next section and this finishes the proof of Theorem
3.2.

Now we consider the situation for m = 2. By theorem 3.2,

|(n™,u™, E™, B7) — (n2,u2, E2, B?)||, < C7?, (3.5.13)
SO
|(n™, E™,BT) — (n°, E°, BY)||s < C7, |u™ —71u|s < C7?, (3.5.14)
which means
.
I(n", =, E7, BT) — (n°,u°, E°, BY)||, < C. (3.5.15)
T

We get
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Theorem 3.3. Suppose p € C(T), suppose (nj,uj, E;, Bj) € H*(T) for j = 0,1, and sat-
isfy the compatibility conditions (3.4.12)-(3.4.13) and (8.4.17)-(3.4.18) respectively. Sup-

pose for any fired integer s > %,
1 .
1(ng, ug, B, By) = > 7/ (nj, Tuj, Ej, Bj)lls < C7° (3.5.16)
=0
Then there exists T > 0, such that the problem (3.4.2) with (3.1.6) has a unique solution
(n",u",E",B") € C([0,T], H*(T)) n C*([0, T], H*~(T)) (3.5.17)

satisfying
.

I(n", %, E7, B7) — (n°,u, E°, BY)||, < Crr, (3.5.18)
T
where C' is a positive constant independent of T.

By Theorem 3.3, we know that when 7 — 0, the limit for the Euler-Maxwell equations
is the drift-diffusion equation. We get the existence and uniqueness of the solution of
system (3.4.2), which can be approximated by the solution of drift-diffusion system (3.4.9)
and (3.4.11).

3.6 Proof of Proposition 3.3

We first prove the following lemmas.

Lemma 3.5. Under the assumptions of Proposition 3.3, we have
1 (T
IWF)E+ 5 [ v
™ Jo
T 1
< C/O (WTIZ + IWENE + 10T IIGTIE + ;HWIHi‘)dHCTTQm- (3.6.1)

Proof: Let a € N3 with |a| < s, and (W7, W};,,) = 0%(W],W];). Differentiating the

first two equation of (3.5.9) with z for a multi-index «, we have

3
1
wT - AI WwT x‘”ﬂ'
at Ia+T§ 1( I)az Ia

1

i—1
1 (6% T o T T 1 o T (0% T
= ;(3xH1[(WI) + S HS (W, W) + ﬁatzl(WI) — 0, Ry
3
1
+- (A (W])0e, Wi, — 03 (A} (W])0x, W) (3.6.2)

1
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Employing the classical energy estimate of symmetric hyperbolic equation, we multiple

(3.6.2) by WT - AL(WT) and obtain

3
T T T 1 T e T T 2 T T\ Qo T
O (Wi, - AJWDWT,) + p Zaﬁ(fi(WIa CAL(WDWE,) — ﬁWIa - Ag(WT)og Hy (WT)
i—1
2 T T O T Q T T T T o T
= ;Wfa CASWE)(OSHL (WT) + 02 HS (W, Wip)) — 2W],, - AL(W])92 R

3
2
+= ) Wia AW (AL (WT)0r W, — 07 (AL (W) 02 W)

=1

3
1 ~
+Wio  QAGWT) + =D 0 ATW])) W, (3.6.3)
i=1

Integrate this equation on T and estimate each term one by one. We get
Wi, - 9g Hy (W) = —|UZ|*. (3.6.4)
Since

Wi, - OXHI(W]) = —NJOZ(U™ - V)nl' + N7dival)

~UZ-02((U™ - V)ul* + (W' (N7 +n™) — ' (n"))Vn)(3.6.5)
by Morse inequality, we get
1 T (63 T T € T
T/E‘Wla - OYH{ (W])|dz < C|W] Iy + ﬁHU [t (3.6.6)

here and hereafter, ¢ denotes a small constant independent of 7 and C. denotes a positive

constant depending on €. Since
W7, -0CHI (W) = U - 0%(F™ + (U™ 4+ u™) x GT + U™ x B™), (3.6.7)
by Morse inequality, we also get

1
- / (Wi, - 09 HS (W[, F™,G")|dz
TJT

IN

SIUgP+ ce/ O (™ 4 (U™ +u™) x G7 + U x B™)[2da
T

IN

6 T T T T T
SN + CW Ry + 10T IR IGTIE + (U712, (3.6.8)
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here the last inequality, we use the embedding inequality. We can also get

3
1
! / SO W, - (AL(W])2, Wi, — 02 (AL (WF)0,, W) |da
=1

T JT“—
¢ 3
< CUWEI+ 5 [ 30 IAL V)0, W, = 92 (ALOW7 )0, W) P
=1
T € T
< ClWil*+ I, (3.6.9)

here the last inequality, we use Lemma 3.2.

Since
Al = AFAF = (U™ +ul))i AL+ (NT +0™)WCi, (i =1,2,3) (3.6.10)
where C;(i = 1,2,3) is a constant matrix, we have
1o ~
=1
3 3

1 1
. IN/ T T T T\ Al - T /
= (A)/au(N —l—nm)—l—T;@wi((U +um)1A0)+T;8%(N + 0" C;

1 1
= (A) (N +nf) + “V(NT 4 np) - (U7 + ) + —div(U7 + uf) Ag

=1
. 3
T T 1
= WO g ()l + LY o e, (36)
i=1

here the last equality, we use the first equation of (3.4.2). Since
|div(U™ 4+ ul,)| < C(|W] s + 7), (3.6.12)
we obtain

/‘Wla atAI(WI Z@xlAI (WI))Wis|dz

IN

CIWELIP (1 + ;HWITHS)
T 1 T
< CUWFIS + IRl (3.6.13)

Together with (3.6.3), (3.6.4), (3.6.6), (3.6.8), (3.6.9) and (3.6.13) and noting (3.5.11),
integrating from 0 to T with 7" € (0,7%) and summing up over all |a| < s, we get (3.6.1).
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Lemma 3.6. Under the assumptions of Proposition 3.3, we have
T 2 T € T4 € T2 T2 T 112 2m
Wi (D)5 < ; (ﬁHWIHs‘Fﬁ”U |5 + elW7lls + Cel[Will5)dt + CTT=™. (3.6.14)

Proof: Similarly to the proof of Lemma 3.5, we differentiate the third and forth

equations of (3.5.9) with z for a multi-index o. We get

1 1
OF; = =V x Gl = ~0R(N"U™ + Nl + n'U") = 9} R,

1 (3.6.15)

oG, + ;V x F7 =0.

By the vector analysis formula
div(f x g) = (Vx f)-g—(V x ) f, (3.6.16)

the singular term appearing in Sobolev’s energy estimates vanishes, i.e.,
1 1 T 1 : T T
/(—V x Gl - F,+ -V xF,-Gl)dr = — / div(F] x GJ,)dx = 0. (3.6.17)
T T T T JT

Hence, we get from (3.6.15) that
d T
N Ila
WP
1 a TITT « T, m Ol MTTT T DT T
< C/ET(|833(N U )| + |8:):(N Ur )| + |8x(n‘r U )’)|Fa’ + ’8.’17 E”Fa‘dx

< SIWEly + 1Ty + elWT 17 + er®™ + Cel Wil (3.6.18)

€ €
< <

Noting (3.5.11), we integrate (3.6.18) from 0 to 7" with T" € (0,7%) and sum up over
all |a| < s, it follows (3.6.14).

Finally, we combine (3.6.1) and (3.6.14) together. We get
(W7, WI(D)|: < C/OT(H(WITa Winlis + %H(Wﬂ Wils)dt +CTr*™  (3.6.19)
Applying the Gronwall’s inequality to (3.6.19), we get
O;lngz (W7, WITI)(t)Hg < C’T27'2meCT2. (3.6.20)

This finishes the proof of Proposition 3.3.

Remark 3.4. Since the proof of Proposition 3.3 for the biopolar system is identical as
the proof for the unipolar one, Theorem 3.2, 3.3 and Proposition 3.3 are still valid under

the biopolar condition.
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Chapter 4

Exact boundary controllability of

unsteady flows

4.1 Introduction

The one-dimensional mathematical model of unsteady flows in an open canal was given
by de Saint-Venant [15]. In [30], the authors gave a corresponding model of Saint-Venant
system for a network of open canals, in which the interface conditions at any given joint
point of open canals are given.

In recent years, based on the semi-global classical solution in [37], the exact boundary
controllability for general first order quasilinear hyperbolic systems has been established
(see [41], [42]). Then this result has been applied to get the exact boundary controllability
of unsteady flows in a network of open canals(see [31], [32], [43],[44]). In [43] and [44], a
tree-like network of N open canals was treated by N controls.

On the other hand, the exact boundary observability for a tree-like network of NV open
canals has been realized in [22], in which the authors proved that if the tree-like network
has M simple nodes, then the number of the observed values is equal to M — 1, which is
much less than N. Since in many cases there is an implicit duality between controllability
and observability(see [35]), the result given in [43] and [44] should be improved. Moreover,
we can also get the same impression form [14] in which the exact boundary controllability

with less controls was established for a tree-like network of strings in the linear case. In
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fact, in [32] the author has shown that in order to get the exact boundary controllability,
it needs only one control for a string-like network no matter how many canals in it.

In this paper, by establishing the exact boundary controllability for a quasilinear hy-
perbolic system on a network with certain interface conditions, we will give the exact
boundary controllability of unsteady flows in a tree-like network of open canals with gen-
eral topology. This result is consistent with the result in [22] from the view point of the
implicit duality. In this paper we will use the basic idea of globally constructing the piece-
wise C'! solution on the whole network suggested in [32] to improve the result in [43] and
[44] so that the exact boundary controllability can be realized only by M — 1 controls, M
being the number of simple nodes in a tree-like network of N open canals.

This paper is organized as follows. The exact boundary controllability for a quasi-
linear hyperbolic system on a star-like network with certain interface conditions will be
established in §4.2. Then the exact boundary controllability of unsteady flows in a star-
like network and in a tree-like network of open canals will be presented in §4.3 and §4.4

respectively.

4.2 Exact boundary controllability in a star-like network

In this section, we consider a star-like network, composed of N ”strings” with a common
joint point O. Let F; and L; be another node and the length, respectively, of the i-th
"string” (¢ = 1,---, N)(see Figure 4.1). For i = 1,--- | N, taking the joint point O as
x = 0, the i-th ”string” can be parameterized lengthwise by = € [0, L;].

On i-th ”string”, we consider the following 2 x 2 quasilinear hyperbolic system of

diagonal form

87"1' I (97“@' I3

at +)\§)(T’L7Si) am _fl)(r’ﬂsl)a

681' 4 )\(1)(7" S')asi _ f Z)('r' < ) (4.2.1)
8t 2 7y 21 ax 2 1921/

where (r;, s;)" is the unknown vector function of (¢, x), /\gi) (riy Si), )\g)(r,-, s;) and FO (r;, ;) =

( fl(i) (74, 8i), fQ(i) (r5,5:))7 are suitably smooth vector functions with

F9(0,0) = 0. (4.2.2)
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E1

Fig.4.1 A star-like network

In what follows we suppose that on the domain under consideration
AV i s) <0< AP (i s) (=1, N, (4.2.3)

which means that there are no zero eigenvalues.
We prescribe the mixed initial-boundary value problem for system (4.2.1) with the

following initial condition
t=0: (rys)=(pi(z),¥i(x)), 0<x<L; (i=1,---,N), (4.2.4)
the boundary conditions on x = L;,
v=Li: ri=g¢"ts)+n@®) (=1, ,N) (4.2.5)

and the interface conditions on x = 0,

r=0: si=gy(tr, o rn) RS (i=1- N, (4.2.6)
where hg-i) and g](-i) (i=1,---,N,j=1,2) are suitably smooth functions and, without loss

of generality, we may suppose that
dt0=0, ¢t0,--,00=0 (i=1,--- N). (4.2.7)

In order to get the exact boundary controllability, we need the following hypotheses.
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(H1) For each i = 1,--- , N, in a neighbourhood of (r;, s;) = 0, the boundary condition

(4.2.5) on x = L; can be equivalently rewritten as

r=1L;: s = g@ (t,r;) + Bgi) (1), (4.2.8)

in which
7t 0) = (4.2.9)

and then
C! norm of hgi) (t) small enough <= C* norm of Bgi) (t) small enough. (4.2.10)

(H2) In a neighbourhood of (r;,s;) = 0(: = 1,--- , N), the interface conditions (4.2.6)

on x = 0 can be equivalently rewritten as
2=0: r;=g s, sn)+h(#) (i=1,--- N), (4.2.11)

in which

and then

C" norms of hg) (t)(i=1,---,N) small enough

<= C"' norms of Bg) (t)(i=1,---,N) small enough. (4.2.13)

(H3) In a neighbourhood of (r;,s;) =0(i = 1,--- , N), the interface conditions (4.2.6)

on x = 0 can be also equivalently rewritten as

SN = g(l)(t,rl,81, e 7SN—1) + B(l)(t)a
x=0: (4.2.14)

ri = gDt r, s, sn_1) F D@ (i=2,---,N),

in which

§9,0,---,00=0 (i=1,---,N) (4.2.15)

and then

C' norms of hg) (t)(i=1,---,N) small enough

«— C" norms of KD (t)(i = 1,---,N) small enough. (4.2.16)
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Theorem 4.1. Suppose that )\gi), FO), J(.i) (i=1,---,N,j=1,2) are all C' functions with

respect to their arguments. Suppose furthermore that (4.2.2)-(4.2.3) and (4.2.7) hold. Let

L L
T> 1 4

A (0)]

i L;
o<t max o + max —oo—. (4.2.17)
Ay 1(0) =R IAT(0)] R A7(0)

Under assumptions (H1)-(H3), for any given initial data (p;, ;) and finial data (®;, V;) (i =
1,---, N) with small piecewise C* norm Zfil (i, ¥i)llcrpo,r,) and Zfil (@i Wi)llcrpo, Ly

and for any given hgl) and hg)(i = 1,---,N) with small C' norms ||h§1)\|01[0ﬂ and
Hhéi) lci) (i =1,--+, N), such that the conditions of piecewise C' compatibility are sat-

isfied at the points (t,z) = (0, L1), (T, L1),(0,0) and (T,0) respectively, there exist bound-
ary controls hgi) € CY0,T)(i =2,---, N) with small C* norm, such that the corresponding

mized initial boundary value problem (4.2.1), (4.2.4)-(4.2.6) admits a unique semi-global

piecewise C* solution (r;(t,x), s;(t,z))(i = 1,--- , N) with small norm Zfil (7, 83) [l r, (7))
on the domain
N
R(T) = | Ri(T), (4.2.18)
i=1
in which
Ri(T) = {(t, )0 <t <T,0 <z < L;}, (4.2.19)

and (ri(t,z),si(t,z))(i =1,--- | N) exactly satisfy the finial condition
t=T: (ri,s)=(Pi(z),¥Yi(x)), 0<z<L; (i=1,---,N). (4.2.20)

Here, the number N of canals is equal to the number M of simple nodes, and the number

of controls is equal to N —1 =M — 1.
In order to get Theorem 4.1, it suffices to prove the following lemma.

Lemma 4.1. Under the assumptions of Theorem 4.1, system (4.2.1) admits a piecewise
C1t solution (ri(t,x), si(t,x))(i = 1,--- , N) with small norm Zfil (74, 83) lc1r, (7)) o the
domain R(T) = Ufil R;(T), which satisfies simultaneously the boundary condition (4.2.5)
fori=1 onx = Ly, the interface conditions (4.2.6) on x = 0, the initial condition (4.2.4)
and the finial condition (4.2.20).
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Proof. By (4.2.17) there exists €y > 0 so small that

L1 Ll
T> max —————+ max ——~——
|(r1,s1)[<eo |)\( )(r1,51)| |(r1,s1)|<eo )\( )(T1,81)
L; L.
|(7"1 sl \<50 P\ (”’Si” ‘(Z 25 SN )‘2 (T‘iasi)
Let
L L
Ti= max o max ol (4.2.22)
(vl Ay, s0) 2 N (i 50|
L.
15 = max 72, (4.2.23)
|("'z Sz ‘<€0 |)\ (T’La z)’
L L:
To= max i+ max oo (4.2.24)
(rusizeo AP sn)] - EREN AD i 51)
and
L;
T)= max —————. (4.2.25)
|(ri,8:)|<eo "2 NP7

This lemma will be proved by several steps.
(1) We first solve the following forward mixed initial-boundary value problem for system
(4.2.1) with the initial condition (4.2.4), the boundary condition (4.2.5) fori = lonz = Ly,

the interface conditions (4.2.6) on = = 0 and the artificial boundary condition
ri = fO(t) (4.2.26)

onz = Li(i = 2,---,N), where fO(t)(i = 2,---,N) are any given C' functions of t
with small C! norm on [0, 73], such that the conditions of C! compatibility are satisfied
at the points (0, L;)(i = 2,--- , N), respectively. By [37] and [51], under the assumptions

of Theorem 4.1, it is easy to see that this problem has a unique semi-global piecewise C!

solution U (¢, z) = {ul(t,r)|i = 1,--- , N} with small piecewise C'! norm on the domain
R(Ty) = Uf\il Ri(T1), where u! = (r},sl)(i =1,--- ,N). In particular, we have
UL (t,2)| < e, V(t,z) € R(TY). (4.2.27)

Then, we can determine the value of u{ = (7!, s!) on z = L; as

ul =a(t), 0<t<Ty, (4.2.28)
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which has a small C'[0,7}] norm and satisfies the boundary condition (4.2.5) for i = 1 on
x = Ly for 0 <t < T. Similarly, we can also determine the values of uf(i = 1,--- ,N) on
x =0 as

ul =), 0<t<Ty (i=1,---,N) (4.2.29)

which have small C1[0,T}] norms and satisfy the interface conditions (4.2.6) on x = 0 for
0<t<Th.

(ii)We next solve the following backward mixed initial-boundary value problem for
system (4.2.1) with the finial condition (4.2.20), the boundary condition (4.2.5) for i =1

on x = Ly, the interface conditions (4.2.6) on x = 0 and the artificial boundary condition
si = fO(t) (4.2.30)

onz = Li(i = 2,---,N), where fO(t)(i = 2,---,N) are any given C' functions of
t with small C! norm on [T — T3, T], such that the conditions of C! compatibility are
satisfied at the points (t,z) = (T, L;)(i = 2,---,N), respectively. Under assumptions
(H1)-(H2), similar to step (i), this problem has a unique semi-global piecewise C'* solution
UH(t,x) = {ull(t,r)]i = 1,--- , N} with small piecewise C! norm on the domain R/ =
Ui]i1{(t7$)’T— T3 <t <T,0 <z < L}, where ul! = (r/1 sIH)(i = 1,--- ,N). In
particular, we have

UM (t,x)| < e, V(t zx)e R (4.2.31)
Then, we can determine the value of vl on z = L; as
ull =a(t), T-T3<t<T, (4.2.32)

which has a small C![T — T, T|] norm and satisfies the boundary condition (4.2.5) for i = 1
onx = Ly for T'— T3 <t <T. In the meantime, we can also determine the values of

ulf(i=1,--- ,N)onx=0as
ull =bD(t), T-Ty<t<T (i=1,---,N), (4.2.33)

which have small C1[T — T3, T] norms and satisfy the interface conditions (4.2.6) on x = 0

for T —T3<t<T.



66 Qilong GU

(iii) We now construct a(t) € C*[0,T] with small C* norm, such that
alt) = (4.2.34)

and a(t) satisfies the boundary condition (4.2.5) for i = 1 on x = L; for the whole interval
0<t<T.

Noting that there is no zero eigenvalues for system (4.2.1), by changing the status of
t and =, we now solve the following leftward mixed initial-boundary value problem on the

domain R;(7T) for system (4.2.1) for ¢ = 1 with the initial condition
z=L1: w ¥ (r,s)=alt), 0<t<T (4.2.35)
and the boundary conditions

t=0: r=¢p(z), 0<x<Ly, (4.2.36)

t=T: s1=V(zx), 0<ax<I (4.2.37)

where ¢; and U, are given in (4.2.4) and (4.2.20), respectively.

It is easy to see that the conditions of C'! compatibility at the points (¢, z) = (0, L)
and (T, L) are satisfied, respectively. By [37] and [51] again, there exists a unique semi-
global C! solution u; = uy(t,2) = (r1(t,x), s1(t,x)) with small C! norm on R;(T). In

particular, we have

lui(t,x)| < e, V(t,x)e€ Ri(T). (4.2.38)
We now prove that
t=20: up = (801,1[)1), 0§$§L1, (4239)
t="T: uyp = (q)l,\lfl), 0§1‘§L1 (4240)
and
r=0: u =bM(t), 0<t<Dy, (4.2.41)
r=0: wu =bV1), T-Ty,<t<T, (4.2.42)

where Ty and Ty are given by (4.2.23) and (4.2.25) respectively.
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Since both ui(t,z) and ul(t,z) satisfy system (4.2.1) for i = 1, the initial condition
(4.2.35) for 0 < t < Ty and the boundary condition (4.2.36), by the uniqueness of C*

solution(cf. [51]), it is easy to see that

uy(t,z) = ul(t,z) (4.2.43)
on the domain
T — 1T
{@@M§t§B+(1L2Mﬁ§x§M} (4.2.44)
1
Thus, in particular, we get (4.2.39) and (4.2.41). In a similar way we can prove (4.2.40)

and (4.2.42).
(iv)Let b (¢) be the value of uy(t, ) on z = 0. The C[0,T] norm of b(1)(¢) is small

and

~ b (1), 0<t< Ty,
bty =1¢ (4.2.45)
VD), T-T,<t<T.

We now construct s;(t) = l;gz)(t) € CY0,7T)(i = 2,---,N — 1) with small C! norm,

such that
o (), 0<t<,
by (t) =< (i=2,---,N—1). (4.2.46)
B(t), T-Ty<t<T
By assumption (H3), substituting r; = r1(¢) and s; = s;(¢)(i = 1,--- , N —1) into (4.2.14),
we can uniquely determine the value of r;(i = 2,--- ,N) and sy on z = 0. Let b (t) =
(ri(t),s:(t))(i = 2,--- , N). It is easy to see that b()(t)(i = 2,---, N) have small C''[0,T]

norms and satisfy

" (), 0<t<T,
by=<{ (i=2,---,N). (4.2.47)
@), T—-Ty<t<T
Moreover, b® (t)(i = 1,--- , N) satisfy the interface conditions (4.2.6).
(v)Finally, for ¢ = 2,--- , N, we solve the following rightward mixed initial-boundary

value problem on the domain R;(7") for system (4.2.1) with the initial condition
e=0: u ¥ (r,s)=0D1), 0<t<T (4.2.48)
and the boundary conditions

t=0: S; = wz(az), 0<z< Li, (4.2.49)

t="1T: r; = CI%(.’L‘), 0<z< Li, (4250)
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where 1;(x) and ®;(x) are given in (4.2.4) and (4.2.20), respectively.
For each i = 2,---, N, the conditions of C' compatibility at the points (¢,z) = (0,0)
and (T,0) are satisfied respectively and there exists a unique semi-global C! solution

u; = ui(t,x) = (ri(t, ), si(t,z)) with small C* norm on R;(T). In particular, we have
lui(t,z)] < e, VY(t,xz)e R(T) (i=2,---,N). (4.2.51)
We now prove that, for i =2,--- | N,

t=0: wu;=(p,vi), 0<az<Ly, (4.2.52)

t=1T: U; = (q)l, \Ifz), 0<z< Ll (4253)

In fact, for each i = 2,---, N, both u;(¢t,z) and u{(t,a:) satisfy system (4.2.1), the
initial condition (4.2.48) for 0 < ¢ < Tb and the boundary condition (4.2.49), by the

uniqueness of C! solution(cf. [51]), it is easy to see that

ui(t,z) = ul(t,z) (4.2.54)
on the domain
{to)0<t<T(1-1),0 <o < L}, (4.2.55)

Then, in particular, we get (4.2.52). In a similar way we can prove (4.2.53).

Thus, let
Ult,z) = {ui(t, ) = (ri(t, ), si(t,z)), V()€ R(T) (i=1, ,N)}. (4.2.56)

U(t,z) is the solution required by Lemma 4.1.

4.3 Exact boundary controllability of unsteady flows in a
star-like network of open canals
In this section, we use Theorem 4.1 to get the exact boundary controllability of unsteady

flows in a star-like network composed of N horizontal and cylindrical canals, which can

be parameterized as in §4.2(also see Figure 4.1).
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Suppose that there is no friction, the corresponding system can be given as a Saint-

Venant system(see [30], [31]),

0A;  0(A;Vi)

ot or > <z<L; (i N 4.3.1
8‘/;‘_'_851‘_0 t>0, 0<z<L; (i=1,---,N), (4.3.1)
ot or

where, for the i-th canal, A; = A;(¢, z) stands for the area of the cross section at x occupied

by the water at time ¢, V; = V;(t, x) the average velocity over the cross section and

1
S; = 5vf + ghi(A;i) + gYa, (4.3.2)
in which g is the gravity constant, constant Y, denotes the altitude of the bed and

(4.3.3)

is the depth of the water, h;(A;) being a suitably smooth function of A;, such that

Ri(A;) > 0. (4.3.4)
The initial condition is given by
t=0: (4;,V;) = (Aip(x),Vio(z)), 0<xz<L; (i=1,---,N). (4.3.5)
At the simple node of each canal we have the flux boundary condition
while, at the joint point O, we have the total flux interface condition
N
> AV =qo(t) (4.3.7)
i=1
and the energy-type interface conditions
(4.3.8)

S;=S8 (i=2,-,N).

For an equilibrium state (A;,V;) = (Ao, Vio) of system (4.3.1) with A;p > 0(i =

-, N), which belongs to a subcritical case, i.e.,

[Vio| < \/gAiohi(Ai) (i=1,---,N), (4.3.9)
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and, corresponding to (4.3.7)-(4.3.8), satisfies

N
> AV =0, (4.3.10)
=1
Sio =510 (1=2,---,N), (4.3.11)
where
1
Sio = 5‘/’% + ghi(Ai) +9Yei (1=1,---,N), (4.3.12)
we have
Theorem 4.2. Let
L L L; L;
‘)\(1 )’ )\é) i=2,-,N ’)\5’)‘ i=2, N /\g)

where

D = Vg — g diohl(Aig) < 0 < X = Vig + (/g Aihi(Ai) (i=1,---,N). (4.3.14)

For any given initial state (Aio(z), Vio(x)) and final state (Aip(x), Vir(z))(i = 1,--- ,N)
with small norms >_1% || (Awo(x)— Ao, Vio(@)=Vio)llc1jo,L,) and iy [|(Asr (2)—Aso, Vir(z)—
Vio)llc1jo,L,)» and for any given qo(t) and q1(t) with small norms ||qo(t)||c1(0,r) and [|q1(t) —
A10Viollcrjor)s such that the conditions of C1 compatibility are satisfied at (t,z) = (0,0), (T,0),
(0,L1) and (T, Ly), respectively, there exists boundary controls ¢;(t)(i = 2,--- ,N) with
small norms ||¢i(t) — AioViollcrjo,m(i = 2,---,N), such that the corresponding mized
initial-boundary value problem (4.5.1), (4.5.5)-(4.3.8) admits a unique semi-global piece-
wise C solution (A, Vi) = (Ai(t, @), Vi(t,2))(i = 1,--- , N) with small norm SN ||(A; —
Aio, Vi = Vio)llerir,(ry on the domain R(T) = Uf\il R;(T), which exactly satisfies the final

condition

Here, the number N of canals is equal to the number M of simple nodes, and the number

of controls is equal to N —1 =M — 1.
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Proof. In a neighbourhood of the subcritical equilibrium state (A;g, Vio)(i = 1, - - -

(4.3.1) is a hyperbolic system with real eigenvalues

A =i =\ JgAini(A;) <0,

A = Vi 4\ [g Al (A) > 0,
For ¢ =1,--- | N, introducing the Riemann invariants r; and s; as

2r; = Vi — Vio — Gi(Ai),
2s; = Vi — Vio + Gi(4A;),

where

we have
Vi=ri+si+ Vi,

Ai = HZ(SZ — T‘Z') > 0,

where H; is the inverse function of G;(A4;) and

H;(0) = Ajp,
Ao
H(0) =]/ ——— >0.
O =/ gia)

Thus, system (4.3.1) can be equivalently rewritten as

87"1 87’i

7"‘)\()(7417 1)7:0?
ot Ox t>0, 0<az<L; (i=1,---,N),
P AP s 2 =0
8t T S4 8$_ ’

where

)\gi)(ri, Si) =7r;+ 8+ Vio — \/gHi(Sl' — Tl)h;(Hl(SZ — T‘Z)) <0,

)\g)(’m, si) =ri+ 8 + Vio+ \/gHi(Si — 1) (H;(s; —13)) > 0,
For i =1,---, N, the boundary condition (4.3.6) becomes

def
x=Li: P;= (ri+si+ Vio)Hi(si — i) — qi(t) = 0.

71

7N)7

(4.3.16)

(4.3.17)

(4.3.18)

(4.3.19)

(4.3.20)

(4.3.21)

(4.3.22)
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Since in a neighbourhood of (r;, s;) = (0,0),

or;, Ao . \//—
ar; — \ ghi(Aw) ( Vio + gANOhN(ANO)) >0, (4.3.25)
OF; Ao \/—

B i Anohiy (A : 43.2
dsi  \ 9hi(An) (Vio+ y/gdxohly (Axo) ) > 0 (4.3.26)

(4.3.6) can be equivalently rewritten as

x=L;: 1= gy) (t,8:) + hgi) (t) (4.3.27)
or
z=Li: s;=g"tr)+0"@) (4.3.28)
with
Dt,0) =" 0 =0 4.3.29
91(7)—91(’)— ()
and then
lai(t) — AwoViollrgo.zy small <= [h” ()]} g0z small w30)
= ||7L§i) (t)lcrjo,7) small.
At z = 0, the interface conditions (4.3.7)-(4.3.8) now become
def al
Q1= Z(Tz + 8i + Vio)Hi(si — 1) — qo(t) = 0, (4.3.31)
=1
def 1 2
Qi = 5(ri+ i+ Vio)” + ghi(Hi(si —13)) + 9Yi

1 .
—(§(T1 + S1 + ‘/10)2 +gh1(H1(81 — Tl)) —l—ngl) =0 (’L = 2, e ,N). (4.3.32)

Since in a neighbourhood of (r;,s;) = (0,0)(i = 1,--- , N),

Q. Q)| T S
det‘w‘zg“‘“W g A0 s
gA

=1
8(Q17”'7QN) . N N
det“w‘ B _E(V \/T ; A 70 (4330
and
A(Q1, - ,Qn) _N—l | —
det'a(7“27"' J’N,SN)‘ o g(VZO_ \/«CM)
Ao (Vo — gANohy(Ano)) # 0, (4.3.35)

gh'y (Ano)
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(4.3.7)-(4.3.8) can be equivalently rewritten as

x=0: Szzgél)(tvrla7TN)+h§Z)(t) (Zzl,,N)

or
2=0: ri=g(tsy, )+ RO (i=1,---,N)
or
_ sNzg(l)(t,ﬁ,sl, ,SN 1)+ﬁ(1)(t)
7 :Q(i)(t,h,shm L SN—1) —i—iL(i)(t) (i=2,---,N)
with
g)(t,0,-,0) =g (8,0, ,0) = §D(t,0,---,0)=0 (i=1,---,N),

and then

lao®llenor) small <= 5§ (®)|crjon small (i =1, , N)
— ||7Lg)(t)||cl[07;q small (i=1,---,N)
— Hfl(i)(t)Hol[o,T] small (i=1,---,N).

Thus, Theorem 4.2 follows directly from Theorem 4.1.
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(4.3.36)

(4.3.37)

(4.3.38)

(4.3.39)

(4.3.40)

4.4 Exact boundary controllability of unsteady flows in a

tree-like network of open canals

Using a method similar to that in §4.3, in this section we consider the exact boundary

controllability of unsteady flows in a tree-like network composed by N horizontal and

cylindrical canals: C1,---,Cy. Without loss of generality, we suppose that one end of

canal C] is a simple node in the network. We take this simple node as the starting node

E(see Figure 4.2).

For the i-th canal, let d;o and d;1 be the z-coordinates of its two ends and L; = d;1 —d;p

be its length. For simplicity, in what follows we simply say node d;o(resp. d;1) instead of

the node corresponding to djp(resp. d;1). We always suppose that node d; is closer to E
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Fig.4.2 A tree-like network

than node d;; in the network(node dyg is just E). Suppose that there is no friction, the

corresponding Saint-Venant system can be written as

04;  O(AVi) 0
8V1 +051 0 t_O, dzo_l'_dzl (Z 1, ,N), (4.4.1)
ot oxr
where
1
S; = §Vi2 + ghi(A) + gYy (i=1,---,N) (4.4.2)
with
hi(A) >0 (i=1,---,n) (4.4.3)
and Yp;(i = 1,--- , N) being constants.
The initial condition is given by
di()gl‘gdﬂ (izl,"- ,N). (4.4.4)

t=0: (A V;) = (Aio(x), Vio(x)),

Let M and S be two subsets of {1,---, N}, such that i € M if and only if d;; is a

multiple node, while, ¢ € § if and only if d;; is a simple node.

At dyp, we have the flux boundary condition

r=dig: AV = QQ(t). (4.4.5)
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Similarly, for any i € S, we have the flux boundary condition
x=dj: AiVi=qlt). (4.4.6)
Moreover, for any ¢ € M, we have the following interface conditions
> AjVi=AVi+ 4(), (4.4.7)

JET:

1‘=di1:

where J; denotes the set of all the indices j such that node djq is just node d;;.

Similar to Theorem 4.2, we have

Theorem 4.3. Let

L; L;
T > max —Z— 4+ max Z - (4.4.9)
€S |)\(J)| ieS - N2
J€D; 1M1 JED; N2

where D; stands for the set of indices corresponding to all the canals in the unique string-
like subnetwork connecting nodes dig and d; .

Suppose that (Ao, Vip)(i = 1,--- ,N) is an subcritical equilibrium state of system
(4.4.1), namely, for eachi=1,--- N,

[Vio| < 1/ gAioh}(Aio) (4.4.10)
and for each i € M,
>~ AjoVjo = AiVio (4.4.11)
T = dil : Jedi
Sjo = SZ'(], Vj e J;- (4.4.12)

For any given initial state (Ajo(x), Vio(z)) and final state (Ayp(x), Vir(z))(i =1,--- | N)
with small norms 3", || (Aio(2)—Aio, Vio (2)—Vio) o1 e} @7 Yorey | (Asr(x)—Aso, Vi () —
Vio)llctidy,da]s and for any given qo(t) and gi(t)(i € M) with small norms |lgo(t) —
ArViollerpry and Y ieaq 16 () lorjo,ry, such that the corresponding conditions of piecewise
C' compatibility are satisfied at (0,d10), (T, d1o) and (0,d), (T, dio)(i € M), respectively,
there exists boundary controls ¢;(t)(i € S) with small norm s l¢i(t) — AiViollcrjo,m,
such that the corresponding mized initial-boundary value problem (4.4.1), (4.4.4)-(4.4.8)
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admits a unique semi-global piecewise C solution (A;, Vi) = (Ai(t,x), Vi(t,2))(i = 1,--- , N)
with small norm vazl [(Ai = Aio, Vi = Vio)llc1[r, (1)) on the domain R(T) = Uf\;l R;(T),

which exactly satisfies the final condition

Thus, for a tree-like network with M simple nodes, the number of controls is equal to

M —1.

Proof. By introducing the Riemann invariants as in the proof of Theorem 4.2, system
(4.4.1) can be rewritten in a diagonal form. Again by the proof of Theorem 4.2, hypotheses
(H1)-(H3) are satisfied at all related nodes respectively. Therefore, this theorem can be
proved in a completely similar way to the proof of Theorem 4.1.

Indeed, after having solved a forward problem and a backward problem on this tree-like
network as in step (i) and step (ii) of the proof of Lemma 4.1, we can solve a rightward
problem as in step (iii) and get (A1, V1) on canal C;. Then as in step (iv), we can determine
(A;,Vi)(j € Ji) by (A1, V1) at node dy;. Consider djo(j € J1) as a new starting node and
do step (iii) and then step (iv) again. Noting (4.4.9), it is easy to see that we can continue
this procedure until we get the solution (A;,V;)(i = 1,---, N) on the whole network. This
finishes the proof.

Remark 4.1. Comparing with the results given in [{3] and [{4], the number of controls
is reduced in this paper. In fact, in [43] and [44], at each node except E, one control is
needed, then the number of controls is equal to N, the number of canals(The number of
nodes is equal to N +1!). However, in this paper we need only one control acting on each
simple node except E, then the number of controls is equal to M — 1, M being the number
of simple nodes. See Figure 4.3, the left one corresponds to the result given in [43] and
[44], while, the right one shows the result given in this paper. In this figure, "o” stands
for the mode on which there is one control.

On the other hand, correspondingly, the controllability time is larger in this paper. In

fact, in [43] and [44], the controllability time T is asked to satisfy

L L

T> max (=425, (4.4.14)
AN R0 T30

Ay 2

while, the controllability time T is given by (4.4.9) in this paper.
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Fig.4.3 Comparison of two results
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Chapter 5

Exact boundary controllability of

unsteady supercritical flows

5.1 Introduction

The one-dimensional mathematical model of unsteady flows in an open canal is given by
Saint-Venant system [15], which has been frequently used by hydraulic engineers in their
practice(see [10], [11], [23], [24], [16], [17], [18]).

Using the theory on the semi-global C'! solution and the exact boundary controllability
for quasilinear hyperbolic systems(cf [37]), in the subcritical case, the exact boundary
controllability of unsteady flows in both single open canal and a star-like network of open
canals was obtained in [31]. The exact boundary controllability of unsteady flows in a
string-like network of open canals was established in [32]. And later on, the exact boundary
controllability of unsteady flows in a tree-like network of open canals with general topology
was established in [44].

In [24], the supercritical case was mentioned. The author gave the interface conditions
in a tree-like network under the supercritical hypothesis and established the controllability
of steady flows.

In this paper, we will use the interface conditions given in [24] to establish the exact
boundary controllability of unsteady supercritical flows in a tree-like network of open

canals with general topology.

79
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This paper is organized as follows. We recall the results on the exact boundary control-
lability for quasilinear hyperbolic systems in §5.2, then the corresponding exact boundary
controllability of unsteady supercritical flow in a single open canal will be given in §5.3.
The exact boundary controllability of unsteady supercritical flows in a tree-like network

of open canals will be presented in §5.4 and proved in §5.5 respectively.

5.2 Preliminaries

For the purpose of this paper, in this section we recall the results given in [37], [41] and
[42] only for quasilinear hyperbolic systems of diagonal form

()t — F =1 2.1
a2 B =1 ), (5:2.)
where u = (uy,- -+ ,u,)? is the unknown vector function of (¢,z), \;i(u) and F;(u) are C*
functions of u and

F;(0)=0 (t=1,---,n). (5.2.2)

Suppose that on the domain under consideration
Ailu) <0 (i=1,---,n) (resp. Xi(u) >0 (i=1,---,n)). (5.2.3)

Consider the mixed initial-boundary value problem for system (5.2.1) with the following

initial condition
t=0: u=¢p(x), 0<z<L (5.2.4)
and boundary conditions
r=L: wu=hi(t) (i=1,---,n) (5.2.5)

(resp. ©=0: w=hi(t) (i=1,---,n))

where ¢, hi(i = 1,---,n) are C! functions with respect to their arguments. Moreover,
the conditions of C! compatibility are assumed to be satisfied at points (t,x) = (0, L).
(resp. (t,z) = (0,0))

By [41] and [42], we have
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Theorem 5.1. Let

T > max (5.2.6)

i=1,-n |)\Z(O)‘
Under the assumptions mentioned above, for any given initial state p(x) and final state
V() with small C* norms lelleto,r) and |¥llcrjo,r), system (5.2.1) has a C* solution with

small C! norm on the domain
R(T)={(t,x)0<t<T,0<z <L} (5.2.7)
which satisfies the initial condition (5.2.4) and the final condition
t=T: u=¢x), 0<zx<L (5.2.8)

simultaneously. Then, there exist boundary controls h; € C1[0,T](i = 1,--- ,n) with small
C' norm, such that the corresponding mizred initial-boundary value problem (5.2.1) and
(5.2.4)-(5.2.5) admits a unique semi-global C' solution u = u(t,z) with small C* norm
on R(T), which satisfies the final condition (5.2.8) exactly.

5.3 Exact boundary controllability of unsteady supercritical

flows in a single open canal

Now we apply the theory on the exact boundary controllability to unsteady supercritical
flows. In this section we first consider the case of a single open canal. Let L be the length
of the canal. Taking the z-axis along the inverse direction of flow, this canal can be
parameterized lengthwise by x € [0, L]. Suppose that there is no friction and the canal is
horizontal and cylindrical, the corresponding Saint-Venant system can be written as (cf.

[15], [30], [31])
0A n 0(AV)
ot Ox
ov o5 _
ot O0r
where A = A(t,x) stands for the area of the cross section at = occupied by the water at

=0,
t>0, 0<z<lIL, (5.3.1)
0,

time ¢, V = V (¢, ) is the average velocity over the cross section and

1
S = 5V2 + gh(A) + g3, (5.3.2)
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where ¢ is the gravity constant, constant Y; denotes the altitude of the bed of canal and
h=h(A) (5.3.3)
is the depth of the water, h(A) being a suitably smooth function of A such that
h'(A) > 0. (5.3.4)
The initial condition is
t=0: (A V)= (Ap(x),W(x)), 0<z<L, (5.3.5)

while, at x = L, the boundary conditions is given as follows:

z=L: Q¥ AV =q@t), V=0 (5.3.6)

Moreover, the conditions of C' compatibility are supposed to be satisfied at the point
(t,z) = (0,L).
By means of Theorem 5.1, we have the following theorem on the exact boundary

controllability.

Theorem 5.2. Consider an equilibrium state (A, V) = (Ao, Vo) of system (5.3.1) with

Ao > 0, which belongs to the supercritical case, i.e.,

|‘/0| > N/ ngh/(Ao). (537)

Without loss of generality, corresponding to (5.3.6), we suppose that

Vo < —\/ngh/(AQ). (538)

Let

,f) , (5.3.9)

where

A1 = Vo — VgAoh'(Ag) < Ay = Vi + v/gAoh'(Ag) < 0. (5.3.10)
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For any given initial state (Ao(x),Vo(x)) € C[0,L] and final state (Arp(z),Vr(z)) €
CH0, L] with small C* norms ||Ag(x) — Ao, Vo(z) — Vollcrjo.r) and ||Ar(x) — Ag, Vi(z) —

Vollerpo,n), system (5.5.1) possesses a C' solution with small C* norm on the domain
R(T) = {(t,2)[0 <t <T,0 <z < L}, (5.3.11)
which satisfies the initial condition (5.53.5) and the final condition
t=T: (AV)=(Ap(x),Vp(x)), 0<z<L (5.3.12)

simultaneously. Then, there exist boundary controls q(t) and v(t) € C0,T] with small
Cl norms |q(t) — AoVollerjory and [[v(t) — Vollerjo,r), such that the corresponding mized
initial-boundary value problem (5.8.1) and (5.8.5)-(5.3.6) admits a unique semi-global C'*
solution (A, V) = (A(t,x),V(t,z)) with small C* norm ||[(A — Ao,V — Vo)|lcr on R(T),
which satisfies the final condition (5.3.12) exactly.

Proof: In a neighbourhood of the supercritical equilibrium state (Ao, Vp), (5.3.1) is a

strictly hyperbolic system with two distinct real eigenvalues

A =V — gAR (A) < Ay = V + \/gANW(A) < 0. (5.3.13)

Introducing the Riemann invariants r and s as follows:

2r=V —-Vy — G(A),

(5.3.14)
2s =V — Vp + G(A),
where
A
h(A
Gmyi/\ﬁ (A) 14, (5.3.15)
Ao A
we have
V=r+s+1,
(5.3.16)
A=H(s—r)>0,
where H is the inverse function of G(A) with
H(0) = Ay, (5.3.17)
A
H'(0) = 0 _>o. (5.3.18)

gh'(Ao)
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Taking (r,s) as new unknown variables, the equilibrium state (A,V) = (Ao, Vo) cor-

responds to (r,s) = (0,0) and system (5.3.1) reduces to the following system of diagonal

form: 5 9
=4 Aq(r, s)—r =0,
ot Ox
(5.3.19)
9s + Xo(r s)ﬁ =0
R
where
M(r,s)=r+s+Vy—/gH(s —r)h/(H(s — 7)) <0,
(5.3.20)
Aa(r,8) =1 +s+Vo++/gH(s — )W (H(s — 1)) < 0.
Boundary condition (5.3.6) now becomes
x=L: Ptrs) e (r+s+Vo)H(s—1)—q(t) =0, (5.3.21)
Pyt s) L (r+s+Vp) —u(t) =0. (5.3.22)
When (r,s) = (0,0), noting (5.3.8), we have
8(P1, Pg) AO
det | ————| = —2 —_— . 3.2
o[t | = 2o g >0 15329

By the implicit function theorem, in a neighbourhood of (r,s) = (0,0), (5.3.21)-(5.3.22)

can be equivalently rewritten as

x=L: r=a(t), s=0>bt), (5.3.24)
where a and b are C! functions with respect to their arguments, and
lq(t) — AoVo,v(t) — Vollcrjo,7) is suitable small < [[a(t), b(t)||c1[o,7) is suitable smghl3.25)

Thus, Theorem 5.2 follows directly from Theorem 5.1.

5.4 Exact boundary controllability of unsteady supercritical

flows in a tree-like network of open canals

Now, we consider the exact boundary controllability of unsteady supercritical flows in
a tree-like network composed of N open canals: Cp,---,Cy. Choose a single node as
the end point E and suppose the water flows from other single nodes to the point E (see

Figure 5.1, in which 7« means the direction of the flow of the water).



Exact boundary controllability and observability 85

Fig.5.1 A tree-like network

Let d;o and d;; be the x-coordinates of two ends of the i-canal C;, d;o < d;; and
L; = d;1 — djp be its length. The water in the i-canal flows from d;; to d;p. We still
suppose that there is no friction and all the canals are horizontal and cylindrical, the

corresponding Saint-Venant system can be written as(cf. [30], [44])

04A;  O0(AV;)

i FEal
Vi, 9Si _ t20, dp<w<dy (i=1---,N), (5.4.1)
ot or

where, for the i-th canal, A; = A;(t, x) stands for the area of the cross section at z occupied

by the water at time t, V; = V;(¢, x) the average velocity over the cross section and
Si = SV2+ ghi(A9) + g¥a, (5.4.2)
where ¢ is the gravity constant, constant Yj; denotes the altitude of the bed and
hi = hi(A;) (5.4.3)
is the depth of the water, h;(A;) being a suitably smooth function of A;, such that
hi(A;) > 0. (5.4.4)
The initial condition is
t=0: (4;,V;) = (Aio(z),Vio(z)), dio<z<dy (i=1,---,N). (5.4.5)
When d;; is a simple node, we have the flux boundary condition

Xr = dil : AZVz = (i1 (t), VL = Vi1 (t) (5.4.6)
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While, when d;; is a multiple node, we have the total energy interface conditions(cf.
[30],[24])
> A8 = AV (5.4.7)
J€Ji1,j#1
and the total flux interface condition
Yo AV =AY (5.4.8)
J€Ji1,J7#1

at d;1, where J;1 denotes the set of indices corresponding to all the canals jointed at d;;.

Theorem 5.3. Consider a supercritical equilibrium state (A;,V;) = (Aio, Vio)(i =1,--- ,N)
of system (5.4.1) with Ajg > 0(i = 1,--- ,N), which satisfies

Vio < —+/gAh!(Ai) (i=1,---,N). (5.4.9)
Let
Xil =Vio— \/gAiOhg(AiO) < Xiz =Vio+ \/gAioh;(Aio) <0 (5.4.10)
and let
Lj
T > max ~, (5.4.11)
dileKjEDi ‘)\]2‘

where K stands for the set of all simple nodes except the point E, and D; the set of indices
corresponding to all the canals of the string-like subnetwork connecting the points E and
di1-

For any given initial state (Aijo(z), Vio(2)) and final state (A;p(z), Vir(x))(i=1,--- ,N)
with small norms S_1vy || Aio(2)—Aio, Vio(@)—Viollc1dz.di] and ey | Asr(z) = Aso, Vir(z)—
‘/;0”Cl[dio,d“], such that the conditions of C' compatibility are satisfied at every multiple
node ont =0 and t = T respectively, system (5.4.1) possesses a piecewise C solution on

the domain \JY., Ri(T), where
such that this solution satisfies the initial condition (5.4.5), the final condition

t="T: (AZ, V;) = (AZT(.Z'), ‘/ZT(l')), d,'() S i S dil (Z = 1, s ,N) (5413)
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and the interface conditions (5.4.7)-(5.4.8) at every multiple node. Then, there exist
boundary controls qi1 (t) and vir (t) € C'[0,T] with small C' norms || q:1 (t) — AioViollcr o,y
and ||vi1 (t) = Viollcrjo,r) for all the simple nodes diy € K, such that the corresponding mized
initial-boundary value problem (5.4.1) and (5.4.5)-(5.4.8) admits a unique semi-global C*
solution (A;, Vi) = (A;(t,x), Vi(t,x)) with small norm Zivzl 1(Ai = Ao, Vi = Vio)ll o1 [ry (1]
on the domain Uf\il R;(T), which satisfies the final condition (5.4.13) exactly .

We will prove this theorem in the next section.

Remark 5.1. If K consists of k simple nodes, namely, there are k + 1 simple nodes in

the network, then we need 2k boundary controls.

Remark 5.2. For a star-like network composed of N canals(cf. [31]), without loss of
generality, suppose that the point E belongs to the canal Cy, then we need 2(N—1) boundary
controls, and the controllability time is given by

L L;
T>-1 4 max —- (5.4.14)
[A12] =20 N | N

(see Figure 2, in which "e” means the simple nodes on which we will give boundary con-

trols).

Fig.5.2 A star-like network

Remark 5.3. For a string-like network composed of N canals(cf. [32]), we need only
2 boundary controls at another simple end of the network and the controllability time is
given by

N I,

o (5.4.15)
i=1 12
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(see Figure 5.3, in which “e” means the simple node on which we will give boundary

controls).

Fig.5.8 A string-like network

5.5 Proof of Theorem 5.3

First we consider some simpler network mentioned in remarks of Section 5.4.
Lemma 5.1. Theorem 5.3 is true if the network has a star configuration.

Proof: Suppose that the star-like network under consideration has NV canals: Cy,--- ,Cy.
Let E be the simple node of the canal C; and P be the multiple node (see Figure 5.2).

By [31], in order to prove this lemma, we only need to find a solution of system (5.4.1),
which satisfies initial condition (5.4.5), finial condition (5.4.13) and interface condition
(5.4.7)-(5.4.8).

In a neighbourhood of the supercritical equilibrium state (A, Vip)(i = 1,---,N),

(5.4.1) is a hyperbolic system with real eigenvalues

i1 =V, — gAZh;(AZ) <Xo=V;+ \/gAihg(Ai) <0 (Z =1,--- ,N). (5.5.1)

Fori=1,---, N, introducing the Riemann invariants r; and s; as follows:

2r; = Vi = Vio — Gi(4i),
(5.5.2)
2s; = Vi — Vio + Gi(4y),

A ghl (A
Gi(Ai) :/ g ;(1 )dAi, (5.5.3)
Aio t

where
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we have
Vi=ri+si+ Vi,
(5.5.4)
Ai = Hi(si — TZ‘) > 0,
where H; is the inverse function of G;(A4;) with
H;(0) = Ay, (5.5.5)
Aio
HI(0)= [ —20 . 5.5.6
© ghi(Aio) ( )
Taking (r4,s;)(i = 1,--- , N) as new unknown variables, system (5.4.1) reduces to the
following system of diagonal form:
or; or;
al + Air (74, Si)ai =0,
t x (i=1,---,N), (5.5.7)
%4_)\. (ri S.)% —0
ot i2\"1y 91 O — Y%
where
i1 (73, 8i) = 1 4+ 5i + Vip — \/gHi(Si — )Rl (H;i(si — 1)) <0,
(i=1,---,N).
Niz(riy 8i) =i + 8i + Vi + \/gHz'(Si —ri)hi(Hi(s; — 1)) <0,
(5.5.8)
The interface conditions (5.4.7)-(5.4.8) at the point P can be rewritten as
al 1
Pr2Y (ri+ si+ Vio)Hi(si — ri) (5 (ri + si + Vio)? + ghi(Hi(si — i) + gYi)
i=2 (5.5.9)
1
—(r1 + 51+ Vio)Hi(s1 — 7‘1)(5(7”1 + 514 Vio)? + ghi(Hi(s1 — 1)) + g¥1) =0,
N
P £ Z(n +si+ Vio)Hi(si — ri) — (r1 + s1 + Vig)Hi(s1 —r1) = 0. (5.5.10)
=2
Since when (r;, s;) = (0,0)(i =1,..., N),
o(Py, P») Aio 5 ;
det | ————| = 2410V —— (Vi — gA10h1 (A 0 5.5.11
¢ ‘8(7*1,81) 10V10 ghg(Aio)( io — 941001 (A1) <0, (5.5.11)

by the implicit function theorem, in a neighbourhood of (r;,s;) = (0,0)(i = 1,...,N),
(5.5.9)-(5.5.10) can be equivalently rewritten as

™ :gll(t,T’Q,SQ,"‘ aTN)SN)7 (5512)

S1 2912(t7r27827"' 7TNaSN)7 (5513)
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where g1;1 and g12 are C'! functions with respect to their arguments with

g11(t,0,---,0) = g12(¢,0,--- ,0) = 0. (5.5.14)
From Theorem 5.2, we know that, for each i = 2,--- , N, we can find a C' solution
(riysi) = (ri(t,x),si(t,x)), 0<t<T, dip<z<dn (5.5.15)

on C;, which satisfies the corresponding initial condition (5.4.5) and final condition (5.4.13)
respectively. Putting (5.5.15) into (5.5.12)-(5.5.13) gives

r1 = gui(t,ra(t,doo), -+, sn(t dno)) 2 Ry (t), (5.5.16)

s1= gra(t,ra(t, dao), -+ (t dno)) 2 ho(t), (5.5.17)

where hy(t) and ha(t) are C! functions of ¢ with small C! norms. Use Theorem 5.2 again,

we can find a solution
(7'1, 81) = (rl(t,x), Sl(t,l’)), 0 S t S T, d10 S T S d11, (5518)

which satisfies the initial condition (5.4.5) and the final condition (5.4.13) for ¢ = 1.
Obviously, (ri,s;)(i = 1,---, N) satisfy the interface conditions (5.4.7)-(5.4.8). This

finishes the proof.
Lemma 5.2. Theorem 5.3 is true if the network has a string configuration.

Noting that when N = 2 in Lemma 5.1, the network becomes the simplest string-like
one, this proof is similar to the proof of Lemma 5.1.

We now prove Theorem 5.3.

For the proof, we use the induction on the number N of the canals.

For N =1 and 2, by Theorem 5.2 and Lemma 5.1, Theorem 5.3 is true. Suppose that
Theorem 5.3 is true for N < k, we want to find a piecewise C! solution which satisfies
the initial condition (5.4.5), the final condition (5.4.13) and all the interface conditions
(5.4.7)-(5.4.8) for N =k + 1.

Introducing the Riemann invariants r; and s;(i = 1,--- , N) as in the preceding section.
Let E be the simple node of canal Cy and P be the multiple node z = dq; of C7. We
cut the network at P so that the original network is separated into some subnetworks
composed of C7 and some branches denoted by Ga,--- ,G; (see Figure 5.4, in which ”e”

means the simple nodes on which we will give boundary controls).
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G2
G3
E P E C1 P
G4
L J
Fig.5.4
By induction, we can find a piecewise C'! solution on each subnetwork G (h = 2,--- ,1),

which satisfies the initial condition (5.4.5), the final condition (5.4.13) and the correspond-
ing interface conditions (5.4.7)-(5.4.8) respectively.

Suppose that the canals C1,-- -, C} are joined at P. Since we have already known the
piecewise C! solutions on the subnetworks Ga,--- , Gy, (r2,82),--- , (17,5) are known at
the point P. From (5.5.16)-(5.5.17), the interface conditions on P can be equivalently

rewritten as

r1 = hi(t), (5.5.19)

S1 = hz(t), (5520)

where hi(t) and ho(t) are C! functions of ¢ with small C* norm. By Theorem 5.2, we can
find a C! solution on C; which satisfies the initial condition (5.4.5) and the final condition
(5.4.13). Obviously, the interface conditions (5.4.7)-(5.4.8) are satisfied on the multiple
node P, too.

This finishes the proof of Theorem 5.3.
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Chapter 6

Exact boundary controllability for

quasilinear wave equations

6.1 Introduction

There are many publications concerning the exact controllability for linear hyperbolic
systems (see [53]-[54], [64] and the references therein). In the semilinear case, some results
on the exact boundary controllability for semilinear wave equations are obtained by Zuazua
[74]-[75], Emanuilov [19] and Lasiecka and Triggiani [29], etc.

On the other hand, the exact boundary controllability for linear wave equations with
Dirichlet boundary conditions on a planar tree-like network has been studied. The first
result of this type was given in [65], in which the exact controllability for certain specific
networks is obtained by means of boundary controls acting on all but one simple nodes.
This result was later greatly extended in books [28] and [14] respectively. Thus, for a planar
tree-like network of linear strings with Dirichlet boundary conditions, if the network has
k simple nodes, then the number of controls is equal to £ — 1.

Moreover, some related study on the stabilization for linear wave equations with Dirich-
let boundary conditions can be found in [1]-[3], [14], [56].

In recent years, based on the result on the semi-global classical solution (see [37]), the

exact boundary controllability for general first order quasilinear hyperbolic systems has
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been established (see [41]-[42]), then this result has been applied to get the exact boundary
controllability for 1-D quasilinear wave equations (see [48]-[49]).

This paper is organized as follows. The exact boundary controllability for a quasilinear
wave equation on a single string will be presented in §6.2. Then, in §6.3, the existence
and uniqueness of semi-global C? solution on a star-like planar network of strings with
general boundary conditions will be established, and based on this, we get the local exact
boundary controllability for quasilinear wave equations on a star-like planar network of
strings. With a similar method, the local exact boundary controllability for quasilinear

wave equations on a tree-like planar network of strings will be presented in §6.4.

6.2 Exact boundary controllability for quasilinear wave equa-
tions
For the purpose of this paper, in this section we recall the results about the exact

boundary controllability for quasilinear wave equations on a single string given in [48] and

[49]. Consider the following 1-D quasilinear wave equation

T e ) = p 2 2 62,1
where K = K (u,v) is a given C? function of v and v, such that
Ky(u,v) >0, (6.2.2)
and F = F(u,v,w) is a given C'! function of u,v and w, satisfying
F(0,0,0) = 0. (6.2.3)
Moreover, without loss of generality, we may assume that
K(0,0) = 0. (6.2.4)

On one end x = 0, we give any one of the following physically meaningful boundary
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conditions:

(Dirichlet type), (6.2.5a
(Neumann tyae), (

(Third type), (6.2.5¢
(Dissipative type), (6.2.5d

where o and 3 are given positive constants, h(t) is a C? function (in case (6.2.5a)) or a
C* function (in case (6.2.5b)-(6.2.5d)).
Similarly, on another end x = L, the boundary condition is any one of the following

conditions:

Dirichlet type), (6.2.6a
Neumann tyae), (

(
(
(Third type), (6.2.6¢
(

Dissipative type), (6.2.6d

where @ and 3 are given positive constants, h(t) is a C? function (in case (6.2.6a)) or a
C* function (in case (6.2.6b)-(6.2.6d)).
By [48] and [49], we have

Theorem 6.1. Let
T> —. (6.2.7)

Suppose that

B+ (6.2.8)

where (B is given in (6.2.5d). For any given initial data (v,v) and final data (P, V) with
small norms ||(¢, V)| c2p0,01x 10,01 and [|(®, )20, 0)xc1j0,2), and for any given function
h(t) with small norm ||hl|c2j0m (in case (6.2.5a)) or ||hl|crjoq) (in case (6.2.5b-6.2.5d)),
such that the conditions of C* compatibility are satisfied at the points (t,z) = (0,0) and

(T,0) respectively, there exists a boundary control h(t) with small norm HBHCQ[O,T} (in case
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(6.2.6a)) or H7LH01[07T] (in case (6.2.6b-6.2.6d)), such that the mized initial-boundary value

problem for equation (6.2.1) with the initial condition
t=0: u=¢p(), w=9¢), 0<z<IL, (6.2.9)

one of the boundary conditions (6.2.5) on x = 0 and one of the boundary conditions (6.2.6)

on x = L admits a unique C? solution u = u(t,z) with small C* norm on the domain
R(T)={(t,z)] 0<t<T, 0<xz<L} (6.2.10)
which exactly satisfies the final condition

t=T: u=®(z), w=VY(x), 0<z<L. (6.2.11)

6.3 Exact boundary controllability for quasilinear wave equa-
tions in a star-like planar network of strings
In this section, we consider a star-like planar network which is composed of N strings

with a common joint point O. Take the joint point O as x = 0. Let E; and L; be another

node and the length of the i-th string(i = 1,--- , N), respectively(see Figure 6.1).

E:1

Fig.6.1 A star-like planar network of strings

We consider the following quasilinear wave equation on the i-th string

o?ut 9 - ou’ i % %
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where, for i =1,--- | N, K; = K;(u,v) is a given C? function of u and v, such that
Kiy(u,v) >0, (6.3.2)
and F; = F;(u,v,w) is a given C* function of u,v and w, satisfying
F;(0,0,0) = 0. (6.3.3)

Moreover, without loss of generality, we assume that

K;(0,0) = 0. (6.3.4)
The initial condition is given by
t=0: u'=gi(x), ul=1x), 0<xz<L; (i=1,---,N). (6.3.5)
For i = 1,--- , N, on the simple node E;, we give any one of the following boundary
conditions:
u® = h;(t) (Dirichlet type), (6.3.6a)
u’. = hi(t) (Neumann tyae), (6.3.6b)
ul. + oyu’ = hi(t) (Third type), (6.3.6¢)
ul, + Byup = hi(t) (Dissipative type), (6.3.6d)

where a; and 3; are given positive constants, h;(t) is a C? function (in case (6.3.6a)) or a
C* function (in case (6.3.6b)-(6.3.6d)) and the conditions of C? compatibility are satisfied
at (0,L;)(i=1,---,N). While, on the multiple node O, we have the interface conditions

N o
> Ki(utul) =0,
i=1 (6.3.7)

The first condition in (6.3.7) simply means that the total stress at O is equal to zero,
while, the second part of conditions in (6.3.7) shows the continuity of displacements at O.

For the purpose of getting the exact boundary controllability on the star-like network
of strings, we need the existence and uniqueness of semi-global piecewise C? solution on
it. In order to get it in a unified way, we first reduce each quasilinear wave equation to a

first order quasilinear hyperbolic system.
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For¢=1,---, N, setting

vi=wl, w'=ul, (6.3.8)

( Ou’ ,
o =
ot ow' _ 0
o oz T (i=1,---,N),  (6.3.9)
ow’ N i AN
5 Kiv(uvv)%:Fi(uav7w)+Kiu(uav)U
\ déf Fl(ui>vivwi)v

where Fj(u',v', w') is still a C' function of u’, v’ and w?, satisfying
F;(0,0,0) = 0. (6.3.10)

For ¢ = 1,---, N, noting (6.3.2), (6.3.9) is a strictly hyperbolic system with three

distinct real eigenvalues )\;'- (1 =1,2,3):
N = =/ Kip(ut, vi) < Ny =0 < Xy = /Ky (ul, vh). (6.3.11)
Thus, the characteristics for system (6.3.9) are given by
dx ,
— =\ ) =1,2,3). 6.3.12
YN =123 (6:312)

Moreover, the corresponding left eigenvectors can be taken as

L= (0, K, 1), 15=(1,0,0), &= (0,—\/Kg,1). (6.3.13)
Let
Ul = (ul, v, w')T (6.3.14)
and
vi = L(UHU" (=1,2,3), (6.3.15)
namely,

Vi = /Ky (ul, v’ +w', b =l vl = —/ K (ul,vi)v" + w'. (6.3.16)
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We have
v 4 vk = 2w,
(6.3.17)
v} — vl = 24/ Ky (u?, vt
With this reduction, the initial condition (6.3.5) now becomes
t=0: U'=(pi(2),¢i(), i), 0<a <L (6.3.18)

Fori=1,---, N, noting the condition of C” compatibility: h;(0) = ;(L;), the bound-

ary condition (6.3.6) on the i-th simple node will be correspondingly replaced by

w' = hi(t), (6.3.19a)
vt = hy(t), (6.3.19b)
v+ g = hy(t), (6.3.19¢)
v+ Bt = hi(t). (6.3.19d)

It is easy to see that, at least in a neighbourhood of U = 0, the boundary condition

(6.3.19) can be rewritten as

vl vl = 2hL(2), (6.3.20a)
v} — vl = 24/ K (v, hi(£))hi(1), (6.3.20b)
vi — vl =2 Kiy(vi, hi(t) — a;vd) (hi(t) — ;vh), (6.3.20¢)
vf — v = \/ Kio(uh, ha(t) — 53:(0h -+ v§)) (2ha(t) — (v} + 1)) (6.3.20)

Then, it can be rewritten as

Ui = Gil (t,vé, Ué) + Hil(t), (6321)
or, when
Bt —— (6.3.22)
" V/Kw(0,0) o
as

Ug = Gi3(t, Uli, U%) + Hig(t). (6.3.23)
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On the other hand, noting the conditions of C° compatibility at O, the interface
condition (6.3.7) can be correspondingly replaced by

N o
> Ki(u',v') =0,
i=1 (6.3.24)

and then it can be rewritten as

def N, P
P1 = ZKZ‘(’U,Z,UZ) :0,
i=1 (6.3.25)

PidZGfU’i—I—vg—v%—v%:O. (t=2,---,N).

Since, noting (6.3.2) and (6.3.16), in a neighbourhood of U = 0 we have

(P17
det | 22 IN) K., 20 <o, 6.3.26
o[t z n (6326)
(P17

the interface condition (6.3.7) on the multiple node O can be rewritten as
vi = Gis(t,vl, - ol vl o)+ Hiz(t) (i=1,---,N), (6.3.28)
or
= Gu(t,vg, 08 vy, o)+ Ha(t) (i=1,---,N). (6.3.29)
Then, by means of the results on the existence and uniqueness of semi-global C*
solution given in [37](also see [35]), it is easy to get the following Lemmas.

Lemma 6.1. Under the assumptions given at the beginning of this section, suppose fur-
thermore that the conditions of piecewise C? compatibility or C? compatibility are satis-
fied at the points (t,x) = (0,0) and (0,L;)(i = 1,---,N), respectively. For any given
To > 0, the forward mized initial-boundary value problem (6.3.1) and (6.8.5)-(6.3.7) ad-
mits a unique semi-global piecewise C? solution u' = u'(t,z)(i = 1,---,N) with small

piecewise C* norm on the domain R(Ty) = U, Ri(Tp), where
Ri(Ty) = {(t,z)] 0<t<Tp, 0<az<L), (6.3.30)

provided that, for i = 1,---, N, the norms ||(vi,¥i)llc2[0,0,]xco,,] @nd ||hillc2(0.1) (for
(6.5.6a)) or ||hillcrpo,my) (for (6.5.6b)-(6.3.6d)) are small enough.
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Lemma 6.2. Under the assumptions given at the beginning of this section, and suppose
that (6.3.22) hold for i = 1,--- ,N. For any given Ty > 0, suppose furthermore that
the conditions of piecewise C% compatibility or C? compatibility are satisfied at the points
(t,z) = (Tp,0) and (To, L;)(i = 1,--- ,N), respectively. Then the backward mized initial-
boundary value problem (6.53.1), (6.3.6)-(6.3.7) and the final condition

t=Ty: u' =®(x), u=Vx), 0<z<L; (i=1,---,N) (6.3.31)
admits a unique semi-global piecewise C? solution u' = u'(t,x)(i = 1,--- ,N) with small
piecewise C? norm on the domain R(Ty), provided that, for i = 1,--- N, the norms

(@i, i)llo2p0,2,)xc1j0,2,) and [[hill 2o 1) (for (6.5.6a)) or || hillc1 (0,7, (for (6.5.6b)-(6.3.6d))

are small enough.
Based on these two lemmas, we have

Theorem 6.2. Let
2L1 2Lz’

te VE0.0) iy VR 0.0) (6.3.32)
Suppose that
bt e (6.3.33)
K1,(0,0)

where (1 is gwen in (6.3.6d) for i = 1. For any given initial data (p;, ;)i =1,---,N)
and final data (®;, ;)i = 1,--- , N) with small norms Y.~ | [ (pisi)llo2j0,1xc1j0,0) and
Zﬁil (@, ¥)|lc210,1x 1 [0,), and for any given function hy(t) with small norm ||h1||c2(0 11
(in case (6.3.6a)) or ||hillcrjo) (in case (6.3.6b-6.3.6d)), such that the conditions of C?
compatibility or piecewise C? compatibility are satisfied at the points (t,x) = (0, L1), (T, L1)
and (0,0), (T,0), respectively, there exists boundary controls h;(t)(i = 2,--- , N) with small
norms ||hillczjo,m (i = 2,-++,N) (in case (6.3.6a)) or ||hi|crjom(i = 2,--- ,N) (in case
(6.3.6b-6.3.6d)), such that the mized initial-boundary value problem for system (6.3.1)
with the initial condition (6.3.5), the boundary condition (6.3.6) on x = Li(i=1,--- |N)
and the interface condition (6.3.7) on x = 0 admits a unique piecewise C? solution u' =
u'(t,x)(i =1, -+, N) with small piecewise C* norm on the domain R(T) = Uf\;l R;(T),

where

R(T)={(t,z)] 0<t<T, 0<uz<L, (6.3.34)
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which exactly satisfies the final condition
t=T: u'=&x), ui=V;z), 0<2z<L; (i=1,---,N). (6.3.35)
In order to get Theorem 6.2, it suffices to prove the following lemma.

Lemma 6.3. Under the assumptions of Theorem 6.2, system (6.3.1) admits a piecewise
C? solution u'(t,x)(i = 1,---,N) with small norm Zf\il ||ui|]02[Ri(T)] on the domain
R(T) = UY,| Ri(T), which satisfies simultaneously the boundary condition (6.3.6) for
i =1 on x = Ly, the interface condition (6.3.7) on x = 0, the initial condition (6.3.5)
and the finial condition (6.3.35).

Proof. Noting (6.3.32), there exists an ¢y > 0 so small that
2L 2L;

T> max ————+ max  max —————. 6.3.36
o) [<eo \/Krp(ul, v1) =2 N [(uioh)|<eo /K (ul, v7) ( )
Let
L L;
Ty= max —— 4+ max max ——— (6.3.37)
(o) <eo /K1y (ul,vl) =20 N [(uf 0) <eo \/ Ky (ul, 0)
and
L;
To = max max ————— (6.3.38)

=2, N |(ui )| <eo /K (ul, v7)
(i) We first consider the following forward mixed initial-boundary value problem for
system (6.3.1) with the initial condition (6.3.5), the interface condition (6.3.7), the bound-

ary condition (6.3.6) for ¢ = 1 on & = Ly, and the following artificial boundary conditions
r=1L;: u'=fi({t) (i=2---,N), (6.3.39)

where f;(i = 2,---,N) are any given C? functions of ¢ with small C?[0,7}] norm and the
conditions of C? compatibility at the point (¢,z) = (0,L;)(i = 2,--- , N) are assumed to
be satisfied, respectively. Then, by Lemma 6.1, there exists a unique semi-global piecewise

C? solution u = ur(t,z) = (u(t,z), -+ ,ul(t,x)) on the domain R = UZ]\LI RE, where

Rl ={t,z)0<t<T,0<z<L;} (i=1,---,N), (6.3.40)

i =

which has a small piecewise C? norm, in particular,

ur, 20 < e, ¥(t,3) € R, (6.3.41)
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Thus, we can determine the corresponding value of (u}, u}x) at x = Ly as
x=1L1: (uf,up,)=(a1(t),az(t)), 0<t<Ty, (6.3.42)

the C2[0, T3] norm of ai(t) and the C'[0,71] norm of ay(t) are small and (ay(t),ax(t))
satisfies the boundary condition (6.3.6) for « = 1 at x = L; on the interval 0 < t < T3.

Similarly, we can also determine the values of (ur,ur,;) at x = 0 as
r=0: (uf,ul,) = (bs(t),bp(t), 0<t<Ty (i=1,---,N), (6.3.43)

the C2[0,T}] norm of b;;(t)(i = 1,---,N) and the C'[0,T}] norm of by(t)(i = 1,---,N)
are small and (b;1(t),bi2(t))(¢ = 1,--- , N) satisfy the interface condition (6.3.7) at z =0
on the interval 0 < ¢ < T7.

(ii) We next consider the following backward mixed initial-boundary value problem
for system (6.3.1) with the final condition (6.3.35), the interface condition (6.3.7), the

boundary condition (6.3.6) for i = 1, and the following artificial boundary conditions
r=1L;: u=glt) (i=2---,N), (6.3.44)

where g;(i = 2,---,N) are any given C? functions of ¢ with small C%[T — T3, T] norms
and the conditions of C? compatibility at the point (t,x) = (T, L;)(i = 2,---,N) are
assumed to be satisfied, respectively. Then, by Lemma 6.2, there exists a unique semi-
global piecewise C? solution u = usr(t,x) = (ul;(¢,2),--- ,ul(¢,2)) on the domain R! =

Uij\il RH | where
RE—{(t,2)|T-Ty <t<T,0<x<L;j} (i=1,---,N), (6.3.45)
which has a small piecewise C2 norm, in particular,
8'&[] Il
|(U[[, W” < €0, V(t,fﬂ) eR". (6346)
Thus, we can determine the corresponding value of (u}l, u}h) at x = L1 as

r=1Ly: (ub,uly,)=(@(t),at), T-T1<t<T, (6.3.47)

the C%[T — Ty, T) norm of a;(t) and the C'[T — T1,T] norm of ay(t) are small and
(@1(t),ax(t)) satisfies the boundary condition (6.3.6) for ¢ = 1 at * = L; on the inter-

val T —T; < t < T. Similarly, we can determine the values of (urr,usr,) at x = 0
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as

r=0: (ui,uby,) = ba(t),ba(t), T-Ty<t<T (i=1,---,N), (6.3.48)

the C2[T — T, T] norm of b;1(t)(i = 1,---,N) and the C'[T — T, T] norm of b (t)(i =
1,---,N) are small and (b;1(t),bi2(t))(i = 1,--- , N) satisfy the interface condition (6.3.7)
at £ = 0 on the interval T —T; <t <T.

(iii)We now construct a1(t) € C2[0,T] with small C? norm and az(t) € C'[0,T] with

small C' norm, such that

. s (a1(t),a2(t)), 0<t<Tx,
(a1(t), az(t)) = (6.3.49)
(al(t)an(t))v T_Tl <t<T

and (a1 (t),ax(t)) satisfies the boundary condition (6.3.6) for ¢ = 1 at x = Lq on the whole
interval 0 <t <T.
Noting (6.3.2), we now change the status of ¢ and x and consider the following leftward

mixed initial-boundary value problem for system (6.3.1) for ¢ = 1 with the initial condition
=1L : u'=at), ul=axt), 0<t<T (6.3.50)
and the boundary conditions

t=0: u'=¢(x), 0<z<Ly, (6.3.51)

t=T: ul=®(z), 0<z<Ly, (6.3.52)

where ! (2) and ®!(x) are given by (6.3.5) and (6.3.35) respectively.

Obviously, the conditions of C? compatibility at the points (¢,z) = (0, L1) and (T, L1)
are satisfied respectively. Then, by Lemma 6.1, there exists a unique semi-global C?
solution u! = u!(¢,z) with small C? norm on the domain R (T) = {(¢t,7)|0 <t < T,0 <
x < L;} and

, out
ul

[(u, py ) <eo, Y(tz)e€ Ri(T). (6.3.53)

Since both u!(t,z) and ul(t,z) satisfy system (6.3.1) for i = 1, the initial condition
(6.3.50) on 0 < ¢t < Ty and the boundary condition (6.3.51), it is easy to see that

ut(t,z) = uk(t, ) (6.3.54)
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on the domain

{(t,x)|0<t<T2+(lelT2)$,0<x<L1}. (6.3.55)
Thus, in particular, we get
t=0: u'=p(z), u =(z), 0<z<L (6.3.56)
and
r=0: ut=by(t), ul=0bpt), 0<t<D, (6.3.57)

where ¢;(x) and ¢ (x) are given by (6.3.5), b11(t) and bi2(¢) are given by (6.3.43).

In a similar way we get
t=T: u'=®(x), u =Vi(z), 0<x<I (6.3.58)
and
r=0: u'=0by(t), ul=>bpt), T-Th<t<T, (6.3.59)

where ®1(x) and ¥y (z) are given by (6.3.35), b11(¢) and bya(t) are given by (6.3.48).
(iv)Let (b11(t), bia(t)) be the value of (u!,ul) on 2 = 0. The C2[0,T] norm of by (t)
and the C'[0,T] norm of byo(t) are small and
(b11(t),b12(t)), 0 <t < Ty,

(bra(t), bra(t) = B (6.3.60)
(b11(t),bra(t)), T-To<t<T.

We now construct bp(t) € C*0,T](i = 2,--- ,N — 1) with small C' norm, such that

N bia(t), 0<t<Ty,
bia(t) = (i=2--- ,N—1), (6.3.61)
bia(t), T —-To<t<T
where b (t) and by (t)(i = 2,--- , N — 1) are given by (6.3.43) and (6.3.48) respectively.
Noting (6.3.2), the interface condition (6.3.7) together with u' = b1y (t) and uf, = by (t)(i =
1,---,N —1) can uniquely determine the value of u’(i = 2,---, N) and u) at £ = 0 on

the interval [0, T]. Let by (t) = u'(i = 2,--- , N) and bya(t) = u® at = 0 on the interval
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[0, 7). Tt is easy to see that b;1(t)(i = 2,--- , N) have small C2[0,T] norms, byo(t) has a
small C1[0, 7] norm and

N . (bir (1), bia(t)), 0<t<T>,

(i1 (2), bia(t)) = (i=2,---,N), (6.3.62)

(bir(t),bi2(t)), T-To<t<T,
where (b;1(t), bia(t)) and (bi1(t), bi2(t)) are given by (6.3.43) and (6.3.48) respectively. Ob-
viously, (bi1(t),bi2(t))(i = 1,--- , N) satisfy the interface condition (6.3.7).
(v)Finally, for i = 2,--- | N, we solve the following rightward mixed initial-boundary

value problem on the domain R;(T") = {(¢,2)|0 < ¢ < T,0 <z < L;} for system (6.3.1)

with the initial condition

e=0: u =0by(t), ul =bpt), 0<t<T (6.3.63)

t=0: u' =gi(z), 0<z<Ly (6.3.64)

t=T: u'=&;(z), 0<2< L (6.3.65)

where ¢;(x) and ®;(z) are given by (6.3.5) and (6.3.35) respectively.

For each i = 2,--- , N, the conditions of C? compatibility at the points (¢,z) = (0,0)
and (T,0) are satisfied respectively and there exists a unique semi-global C? solution
u® = u'(t,z) with small C? norm on each R;(T). In particular, we have

ox

|(u', =—)| < €0, V(t,z) € Ry(T) (i=2,---,N). (6.3.66)

Since for each i = 2,- -+, N, both u’(¢,z) and u' (¢, z) satisfy system (6.3.1), the initial
condition (6.3.63) for 0 < t < T and the boundary condition (6.3.64), it is easy to see

that
ul(t,z) = ut(t, ) (6.3.67)
on the domain
{@@Mgtﬁﬂ&—%ﬂogxgh} (6.3.68)

Then, in particular, we get

t=0: u'=gix), ul=1x), 0<z<L; (6.3.69)
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In a similar way we get
t=T: u'=&i(z), ul=Vi(z), 0<z<L, (6.3.70)
Thus, (u!'(t,z), - ,u’N(t,z)) is a solution required by Lemma 6.3.

Remark 6.1. From the proof of Lemma 6.3, the boundary controls which realize the exact

boundary controllability are not unique.

6.4 Exact boundary controllability for quasilinear wave equa-

tions in a tree-like planar network of strings

Using a method similar to that in §6.3, in this section we consider the local exact bound-
ary controllability for quasilinear wave equations in a tree-like planar network composed
of N strings: C1,---,Cy. Without loss of generality, we suppose that one end of string
(' is a simple node in the network. We take this simple node as the starting node F(see

Figure 2).

C

Fig.6.2 A tree-like planar network of strings

For the i-th string, let d;g and d;; be the z-coordinates of its two ends and L; = d;1 —d;o
its length. For simplicity, in what follows we simply say node d;o(resp. d;1) instead of the
node corresponding to d;o(resp. d;1). We always suppose that node d;g is closer to E than

node d;; in the network(node dyg is just E).
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For ¢ = 1,--- N, we consider the following quasilinear wave equations on the string
Ci

o?ut 0 - ou’ ; out ou

where K; = K;(u,v) is a given C? function of u and v, such that

Kiy(u,v) >0, (6.4.2)
and F; = F;(u,v,w) is a given C* function of u,v and w, satisfying

F;(0,0,0) = 0. (6.4.3)
Moreover, without loss of generality, we assume that

K;(0,0) = 0. (6.4.4)

The initial condition for system (6.4.1) is given by
t=0: u'=gx), u=z), do<z<dy (i=1,---,N). (6.4.5)

Let M and S be two subsets of {1,---, N}, such that i € M if and only if d;; is a
multiple node, while, ¢ € S if and only if d;1 is a simple node.
At any simple node dyg or d;1(i € S), the boundary condition is given as any one of

(6.3.6), while at any multiple node d;; (i € M), we have the interface condition

> Kj(uj,ug;) = K;(ut,ul),

»

J€Ti (6.4.6)
w=ul, VjeT

where J; denotes the set of all the indices j such that node djq is just node d;;.

Similar to Theorem 6.2, we have

Theorem 6.3. Let

T>2maxz

ies & JE ngO

where D; stands for the set of indices corresponding to all the canals in the unique string-

(6.4.7)

like subnetwork connecting nodes d1g and d;1. Suppose that

1

B # m, (6.4.8)
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where (1 is given in (6.3.6d) for i = 1. For any given initial data (p;,;)(i =1,--- ,N)
and final data (®;,V;)(i = 1,---, N) with small norms Zfil (i, Vi)l c2p0,L1x c1o,) and
Zf\il (@, ¥)|lc2(0,1x 1 [0,), and for any given function hy(t) with small norm ||hi||c2p0, 11

(in case (6.3.6a)) or ||h1|lciom) (in case (6.3.6b-6.3.6d)), such that the conditions of C*

compatibility or piecewise C? compatibility are satisfied at the points (t,x) = (0, L1), (T, L1)
and (0,dio), (T, dip) (i € M), respectively, there exists boundary controls h;(t)(i € S) with
small norms [|hi|c2pm)(i € S) (in case (6.3.6a)) or ||hillcrjo (i € S) (in case (6.3.6b-
6.3.6d)), such that on the domain R(T') = Ul]il Ri(T), where R;(T) is given by (6.3.34),
the mized initial-boundary value problem for system (6.4.1) with the initial condition
(6.4.5), the boundary condition (6.3.6) on all simple nodes dig and di1(i € S) and the
interface condition (6.4.6) on all multiple nodes di (i € M) admits a unique piecewise C*
solution u' = ui(t,z)(i = 1,--- , N) with small piecewise C* norm, which exactly satisfies

the final condition
t=T: u'=®;(z), ul=Vz), do<x<dy (i=1,---,N). (6.4.9)

This theorem can be proved in a completely similar way as in the proof of Theorem

6.2.

Proof. Indeed, after having solved a forward problem and a backward problem on
this tree-like network as in step (i) and step (ii) of the proof of Lemma 6.3, we can solve
a rightward problem as in step (iii) and get u! on canal C;. Then, as in step (iv), we can
determine v/ (j € J1) at node dq; (in a non-unique way!) by u! and the interface condition
(6.4.6) at di1. Consider djo(j € J1) as a new starting node and do step (iii) and step (iv)
again. Noting (6.4.7), it is easy to see that we can continue this procedure until we get

the solution u’(i = 1,--- , N) on the whole network. This finishes the proof.
Remark 6.2. In conclusion, for a tree-like network with k simple nodes, we need only
k — 1 controls. The controls are given on the simple nodes except the starting one, and

each simple node has one control on it.

Remark 6.3. If the boundary conditions (6.3.6b)-(6.3.6d) on the simple node diy or
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di1(i € S) are replaced respectively by

Ki(u',ul) = hi(t), (6.4.10)
Ki(u',ul) + au’ = hy(t) (6.4.11)

and
Ki(u',ug,) + Biug = hi(t), (6.4.12)

the conclusion of Theorem 6.3 is still valid, provided that (6.4.8) is replaced by

b1 # V/ K1,(0,0). (6.4.13)

Remark 6.4. For linear wave equations with Dirichlet boundary conditions on a planar
tree-like network, as shown in [14], [28] and [65], if we want to reduce the number of
controlled simple nodes, then the problem on the exact boundary controllability becomes
much more complicated and it depends very sensitively on both the topology of the network
and the diophantine properties of the lengths of the strings involved. What should be the

corresponding situation in the quasilinear case is still an open problem.



Chapter 7

Exact boundary observability of

unsteady flows

7.1 Introduction

The one-dimensional mathematical model of unsteady flows in an open canal was given
by de Saint-Venant [15]. In [30], the authors gave a corresponding model of Saint-Venant
system for a network of open canals, in which the interface conditions at any given joint
point of open canals are given.

In recent years, based on the result on the semi-global classical solution in [37], the
exact boundary controllability for general first order quasilinear hyperbolic systems has
been established (see [41] and [42]). Then this result has been applied to get the exact
boundary controllability of unsteady flows in a network of open canals(see [31], [32], [43]
and [44]). After that, the exact boundary observability for first order quasilinear hyperbolic
systems has been studied in [33] and [34].

In this paper we will establish the exact boundary observability of unsteady flows in
a tree-like network of open canals with general topology, in which the observed values are
physically meaningful and practically handleable. Moreover, we always assume that the
observed value is accurate, i.e., there is no measuring error in the observation. After that,
together with the result in [21], an implicit duality between controllability and observability

is this situation can be found.

111
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This paper is organized as follows. We recall the known results on the exact boundary
observability for first order quasilinear hyperbolic systems in §7.2, then the corresponding
exact boundary observability of unsteady flows in a single open canal and in a star-
like network of open canals will be presented in §7.3-§7.4 respectively. Then, the exact
boundary observability of unsteady flows in a tree -like network of open canals will be
given in §7.5. Finally, an implicit duality between controllability and observability on a

tree-like network of open canals will be given in §7.6.

7.2 Preliminaries

For the purpose of this paper, in this section we recall the results given in [33] and
[34]. We consider the following one-dimensional first order quasilinear hyperbolic system

of diagonal form

ou ou
5 + A(u)a = F(u), (7.2.1)
where u = (u1,- -+ ,u,)T is the unknown vector function of (¢, ), A(u) = diag{\i(u),..., A\ (u)}
is an n x n diagonal matrix , and F(u) = (f1(u),---, fn(u))? is a suitably smooth vector
function with
F(0) = 0. (7.2.2)

In what follows we suppose that there are no zero eigenvalues, namely, on the domain

under consideration
Ar(u) <0< Ag(u) (r=1,--- ,mys=m+1,---,n). (7.2.3)

The boundary conditions are prescribed in the following most general form for the

wellposedness:
r=0: us= Gs(t,ui, - ,um)+Hs(t) (s=m+1,---,n), (7.2.4)
x=L:  u= G(t,ums1, - ,un)+Hp(t) (r=1,---,m), (7.2.5)
where H; and G;(i = 1,--- ,n) are suitably smooth functions and

Gi(t,0,---,00=0 (i=1,---,n). (7.2.6)

By [33] and [34], we have the following two theorems.
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Theorem 7.1. (Two-side observation). Let

T>L max ( )
r=Lm A (0)]” X5(0)

s=m+1,--,n

). (7.2.7)

Suppose that the C1[0,T] norm of H(t) = (Hy(t), -, H,(t)) is suitably small. For any

given initial condition
t=0: u=¢p(z), 0<z<IL, (7.2.8)

such that ||¢p|lc1p,r) is suitably small and the conditions of C' compatibility for the mized
initial-boundary value problem (7.2.1), (7.2.8) and (7.2.4)-(7.2.5) are satisfied at the points
(t,z) = (0,0) and (0,L) respectively, if we have the observed values u, = u,(t)(r =
L---,m) atx =0 and us = us(t)(s=m+1,--- ,n) at x = L on the interval [0,T], then
the initial data p(x) can be uniquely determined and the following observability inequality

holds:

lellerory < CO - Nrllorpr + D Nusllerpr + 1 H o), (7.2.9)
r=1 s=m-+1

here and hereafter, C' denotes a positive constant.

Remark 7.1. The key points in the proof of Theorem 7.1 are as follows:
1. The value of solution uw = u(t) at x =0 can be uniquely determined by the observed
values up = Uy (t)(r =1,--- ,m) at x = 0 together with the boundary condition (7.2.4) on

x =0, and

lallcror < CO - Nrllcior + D, IHslloror)- (7.2.10)
r=1 s=m+1

2. The value of solution u = u(t) at x = L can be uniquely determined by the observed
values us = us(t)(s =m+1,--- ,n) at © = L together with the boundary condition (7.2.5)

onx =L, and

|l <CC Y Nslerpr + Y I Helloro.m)- (7.2.11)
s=m+1 r=1

3. Changing the status of t and x, two mazimum determinate domains of the leftward
Cauchy problem with the initial data v = u(t)(0 < ¢t < T) on x = 0 and the rightward

Cauchy problem with the initial data v = u(t)(0 < t < T) on x = L must intersect each
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other. Then we can find Ty(0 < Ty < T') such that the solution u at t = Ty can be uniquely

determined and

n

ulletjo,r) < C(Z |t llcrpom + Z sl + 1H |l erjo,ry)- (7.2.12)
r=1 s=m+1

With these points, by solving a backward mized initial-boundary value problem, we get

Theorem 7.1.

Theorem 7.2. (one-side observation). Suppose that the number of positive eigenvalues

s equal to that of negative ones:
n—m=m, ie, n=2m. (7.2.13)

Suppose furthermore that in a neighbourhood of u = 0, the boundary condition (7.2.5) on

x = L can be equivalently written as

r=L: wus=Gst,ur, - ,upn)+Hst) (s=m+1,---,n) (7.2.14)
with
Gs(t,0,---,0)=0 (s=m+1,---,n), (7.2.15)
then
S Mo < S e <GS I Hl e, (7.2.16)
r=1 s=m+1 r=1

where C1 and Cy are positive constants. Suppose finally that || H ||c1jo py is suitably small.

Let

1
ERERE Y P TR AW )

). (7.2.17)
For any given initial condition (7.2.8) with the same property as presented in Theorem 7.1,
if we have the observed values u, = u,(t)(r =1,--- ;m) at x = 0 on the interval [0, T], then

the initial data p(x) can be uniquely determined and the following observability inequality

holds:

lelloo.ny < €O Narllerom + 1 Hlleor)- (7.2.18)

r=1
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Remark 7.2. The key points in the proof of Theorem 7.2 are as follows:

1.The value of solution u = u(t) at x = 0 can be uniquely determined by the observed
values uyp = Uy (t)(r =1,--- ,m) at x = 0 together with the boundary condition (7.2.4) on
x =0, and (7.2.10) holds.

2. Changing the status of t and x, the maximum determinate domain of the rightward
Cauchy problem with the initial data v = u(t)(0 < ¢t < T) on x = 0 intersects the line
x = L. Then we can find To(0 < Ty < T) such that the solution u at t = Ty can be

uniquely determined and
lullero,y < CO Nlarlicrioy + 1H lerory)- (7.2.19)
r=1

With these points, by solving a backward mixed initial-boundary value problem, we get

Theorem 7.2.

We illustrate the procedure of resolution by Figure 1, in which the observation is taken

on the bold point 7e” but not on the hollow point 7o”.

Oe————— » oL

Fig.7.1 A single canal

7.3 Exact boundary observability of unsteady flows in a sin-

gle open canal

Now we apply the result on the exact boundary observability to unsteady flows. In this
section we first consider the case of a single open canal. Let L be the length of the canal.
Taking the z-axis along the direction of flow, this canal can be parameterized lengthwise
by x € [0, L]. Suppose that there is no friction and the canal is horizontal and cylindrical,

the corresponding Saint-Venant system can be written as (cf. [15], [30] and [31])

A H(AV)
ov o5 t>0, 0<z<L, (7.3.1)

E‘}'%—Oa
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where A = A(t,z) stands for the area of the cross section at x occupied by the water at

time ¢, V = V(t,x) is the average velocity over the cross section and
S = %VQ + gh(A) + Y3, (7.3.2)
where ¢ is the gravity constant, constant Y; denotes the altitude of the bed of canal and
h = h(A) (7.3.3)
is the depth of the water, h(A) being a suitably smooth function of A, such that
W(A) > 0. (7.3.4)

At two ends of the canal the flux boundary conditions are given as follows:

x=0: Q ©f oy = q(t) (7.3.5)

and

z=L: Q¥ AV =pn). (7.3.6)

By means of Theorems 7.1-7.2 and Remarks 7.1-7.2, we have the following two theorems

on the exact boundary observability.

Theorem 7.3. For any given equilibrium state (A, V) = (Ao, Vo) of system (7.5.1) with

Ag > 0, which belongs to the subcritical case, i.e.,

Vol < v/gAoh!(Ao), (7.3.7)

let

1 1
T > max —_, = |, (738)
(A1l A2

where

X1 = 1V — VoA (Ag) <0, Ro= 1 (Vo+ VoA (Ap) > 0. (739)

Suppose that |lq(t) — AoVollcrjpr) and [[p(t) — AoVollcrjo,r) are suitably small. For any

given initial condition

t=0: (A,V)=(A(z),Volz)), 0<z<L, (7.3.10)
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such that the norm ||(Ao(x) — Ao, Vo(z) — Vo)llcrjo,z) s suitably small and the conditions of
Cl compatibility with (7.3.1) and (7.3.5)-(7.5.6) are satisfied at the points (t,z) = (0,0)
and (0, L) respectively, if we have the observed values A = a(t) at x =0 and A = a(t) at
x = L on the interval [0,T], then the initial data (Ao(z), Vo(x)) can be uniquely determined
and the following observability inequality holds:

1(Ao(z) = Ao, Vo(z) = Vo)llcrjo,n) < Clllat) — Aollcrfo,ry + 1a(t) — Aollerjo,ry

+lg(t) = AoVollerpo,m + lp(t) — AoVollerjo,n)-

(7.3.11)

Theorem 7.4. Let

1 1
T>(=—+

LI (7.3.12)
Al A2

where Xl and Xg are given by (7.3.9). Under the assumptions of Theorem 7.3, if we have
the observed values A = a(t) at x = O(resp. A = a(t) at x = L) on the interval [0,T], then
the initial data (Ag(z), Vo(x)) can be uniquely determined and the following observability
inequality holds:

[(Ao(z) — Ao, Vo(z) — Vo)llcrjo,n) < C(Hd(t) — Aollcrjo,r (resp.||a(t) — AOHC’l[O,T}()? -
+la(t) = AValloroz) + Ip(t) = AoVolleaomy)-

Proof of Theorem 7.3. In a neighbourhood of the subcritical equilibrium state

(Ao, Vo), (7.3.1) is a strictly hyperbolic system with two distinct real eigenvalues

MYV - gAR(A) <0 < X ¥V + /gAR (A). (7.3.14)

Introducing the Riemann invariants r and s as follows:

QT:V—V()—G<A),

(7.3.15)
2s=V = Vp + G(A),
where
A [gh'(A)
G(A) —/ dA, (7.3.16)
Ao A
we have

V=r+s+,
(7.3.17)

A=H(s—r) >0,
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where H is the inverse function of G(A), and

H(0) = Ay, (7.3.18)
H'(0) = ghf(lilg) > 0. (7.3.19)

Taking (7, s) as new unknown variables, the equilibrium state (A4,V) = (Ao, Vo) cor-

responds to (r,s) = (0,0) and system (7.3.1) reduces to the following system of diagonal

form: 5 9
S (7, s)=— - =0,
ot ox
(7.3.20)
Os + Ao(r, 8)=— Os =0
at " e T
where
AM(r,s)=r+s+Vy—/gH(s—r)h/(H(s — 1)) <0,
(7.3.21)
Xo(r,8) =7 +s5+ Vo +\/gH(s —r)W/(H(s — 7)) > 0,
boundary conditions (7.3.5)-(7.3.6) become
x=0: (r+s+VH(s—r)=q(t), (7.3.22)
x=L: (r+s+Vo)H(s—r)=p(t), (7.3.23)
and the corresponding observed values become
x=0: H(s—r)=a(t), 0<t<T, (7.3.24)
x=L: H(s—r)=a(t), 0<t<T. (7.3.25)
Moreover, the initial condition (7.3.10) can be written as
t=0: (r,s)=(ro(x),so(z)), (7.3.26)

where
ro(e) = (Vo) — Vo — GAof@),  sole) = 5(Volw) — Vo + C(Ao(a).  (7:3.27)
Noting (7.3.16), by (7.3.22) and (7.3.24) we have

1 q(t) gh’(A

=2Ge " /A A

1 t

=5l

gh'(A)
— —Vo+ / dA),
a(t) ’ Ao

<T. (7.3.28)

A
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Then, noting that we may assume a(t) > a > 0, where a is a constant, it follows from

(7.3.28) that
[(r,8)lerjo,r) < C(lla(t) — Aollerjon + lla(t) — AoVollerpo,r)- (7.3.29)
Similarly, at x = L, (7, s) can be uniquely determined by a(t) and p(t), and
(7, 8)llerjo,r) < C(lla(t) — Aollerjor + lp(t) — AoVollerjor))- (7.3.30)

Thus, by Theorem 7.1 and Remark 7.1, and noting (7.3.8), (ro(x), so(x)) can be uniquely
determined and
[ (ro(z), s0(x))lcrjo,r) < Cla(t) — Aollero,r + la(t) — Aollcrpo

+lg(t) — AoVollcrjory + Ip(t) — AoVollerjo.rp)-

(7.3.31)

Then, noting (7.3.27), it is easy to see that (Ag(z), Vo(x)) can be uniquely determined
and (7.3.11) holds. This proves Theorem 7.3.

Theorem 7.4 can be similarly proved by the means of Theorem 7.2 and Remark 7.2.

7.4 Exact boundary observability of unsteady flows in a

star-like network of open canals

In this section, we consider unsteady flows in a star-like network of open canals, com-
posed of N horizontal and cylindrical canals with a common joint point O. Let L; be
the length of the i-th canal(i = 1,--- ,N). For i = 1,..., N, taking the joint point O as
x = 0, the i-th canal can be parameterized lengthwise by x € [0, L;] and all the quantities
associated with the i-th canal are indexed by 1.

Suppose that there is no friction, the corresponding Saint-Venant system is (cf. [30]

and [31])

0A4; n 0(A;V;)
ot ox
ov; 08
ot + or

=0,

0,

where

1
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with Y;(i = 1,--- , N) being constants and
h;(A;))>0 (i=1,---,N). (7.4.3)

The interface conditions at the joint point O are given by

N
S AV = ao(t) (7.4.4)
i=1
and
Si=8 (i=2--,N), (7.4.5)

while, at another end of each canal we have the flux boundary condition

Consider an equilibrium state (A4;, V;) = (Ao, Vio) of system (7.4.1) with A;o > 0(i =

1,--+,N), which belongs to a subcritical case, i.e.,
[Viol < \/gAioh;(Aiw) (i=1,---,N), (7.4.7)

and, corresponding to (7.4.4)-(7.4.5), satisfies

N
> AigVio =0, (7.4.8)
i=1
Sio =510 (i=2,---,N), (7.4.9)
where
1
Sio = 5‘/2% + ghi(Ai) + gYy (i=1,---,N). (7.4.10)
Theorem 7.5. Let
1 1
T> max ——+ max =, (7.4.11)

=L N | Ny | =L N Ny

~ 1 /
/\1‘1 = —(V; — gAi()h;(Ai(])) <0< )\i2 = *(V@O + gAi()h;(Aio)) (Z = 1, cee ,M)4.12)

)

5
h
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Suppose that ||qo(t)||crjo,m and [gi(t) — AiViollcrpm (i = 1,--- , N) are suitably small.

For any given initial condition
t=20: (AZ',V;)Z (AZ'()(a?),Vig(:U)), Oéngi (i=1,-~- ,N), (7.4.13)

satisfying that Zf\il (| (Aio(z) — Ao, Vio(x)—Vio)llc1o,1,) 18 suitably small and the conditions
of piecewise C* compatibility with (7.4.1) and (7.4.4)-(7.4.6) are satisfied at the joint point
O and all other ends, if we have the observed values A; = a;(t) at © = Li(i =1,--- ,N)
on the interval [0,T], then the initial data (Aio(x), Vio(z))(i = 1,--- ,N) can be uniquely

determined and the following observability inequality holds:

N N
D lI(Aio(x) = Ao, Vio(x) = Vio)lloro,zy < €O llait) — Aiollerpory
=1 =1 (7.4.14)

N
+ 3 llai(t) = AiViollerpo,ry + llao®)llcromy)-
P

Proof. In a neighbourhood of the subcritical equilibrium state (Ao, Vip)(i = 1,--- , N),

(7.4.1) is a hyperbolic system with real eigenvalues

Air = Vi —/gAihj(A;) <0,

(i=1,---,N). (7.4.15)
iz = Vi + /g Aihj(A;) > 0,
Fori=1,---, N, introducing the Riemann invariants r; and s; as follows:

2r; = Vi = Vio — Gi(4i),

(7.4.16)
2s; = V; = Vio + Gi(4Ay),
where
A; /
v h' Az
Gi(As) = / I gy (7.4.17)
Ao A
we have
Vi=ri+ si + Vio,
(7.4.18)
A; = Hi(si — 7“,') > 0,
where H; is the inverse function of G;(A4;), and
H;(0) = Ajo, (7.4.19)
A;
H{(0) = | —2— >0. (7.4.20)
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Thus, system (7.4.1) can be equivalently rewritten as

?—!—)\ﬂ(ri,si)% =0,
e 95, t>0, 0<z<Li (i=1--,N), (7.4.21)
E—l—/\iz(n,si)% =0,

where

i1 (ri, si) =1i+ si + Vip — \/gHZ-(s,; - Ti)hg(Hi(Si —73)) <0,

(t=1,---,N).
Nia(riy 8:) = i + 8i + Vio + \/gHi(Sz‘ —ri)hi(Hi(si —1i)) > 0,
(7.4.22)
Moreover, the initial condition (7.4.13) becomes
t=0: (7‘1‘,8@') = (rig(x),sio(x)), 0§x SLZ (i: 1,‘-- ,N), (7.4.23)
where
1
rio(x) = i(ViO(fU) — Vio — Gi(Aio(x))),
2 (i=1---,N). (7.4.24)

sio(x) = 5 (Vio(z) = Vio — Gi(4io(2))),
As in the proof of Theorem 7.3, for : = 1,--- , N, at x = L;, r;, s; could be uniquely
determined by a;(t), gi(t) as follows:

1{ ¢ /ai(t) gh’(A;)
i== | —~ — Vio— ! dA; |, 7.4.25
N S R P A; (7.:4.25)
1 [ q(t) gh’
. Vv N 4.2
s 2 0 Vio + /10 A; (7.4.26)

Then, noting that we may assume a;(t) > ajo > 0(¢ =1,--- ,N), where ajo(i =1,--- ,N)
are constants, for i =1, --- , N, at x = L; we have
[(rs, si)llcrjor) < Clllas(t) — Aiollcrpo.ry + 14:(t) — Ao Viollerjory)- (7.4.27)

At 2 = 0, the interface conditions now become

N

pY > (i + si + Vio) Hilsi — 15) — qo(t) = 0, (7.4.28)

=1

1
p, 42
2

1 .
— (§(r1 + 514 Vio)2 4+ ghi(Hi(s1 — 1)) +gYp) =0 (i=2,---,N).

(ri + si + Vio)> + ghi(H;(s; — 1)) + gYos
(7.4.29)
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Since in a neighbourhood of (r;, s;) = (0,0)(¢ = 1,--- ,N),
0(P1,~',PN)‘ - al
det | 22PN TT(Vig + /g Aiohl( £0, (7.4.30
B L1+ /a0 Zzl Py (74.30)

a<P177PN>' N al
det | ————F| = — Vio — AZ h 7.4.31
e 1V~ sdohiCho) - 3ot 20, (s

(7.4.28)-(7.4.29) can be equivalently rewritten as

si =bi(t,r1, - ,ry)+¢lt) (i=1,---,N) (7.4.32)
or
ri = bi(t,s1,--- ,sn) +&(t) (i=1,---,N) (7.4.33)
with
bi(t,0,---,0) = b;(t,0,---,00=0 (i=1,---,N) (7.4.34)
and
lq0(®)[lc1j0,7) small <= |l¢;(D)[| o107y small (i =1,---,N)
(7.4.35)
= [lci®)]lcrpp,y small - (i =1,---,N).

Since system (7.4.21) has no zero eigenvalues, for each i, we may change the status of
t and x, use the value (r;,s;) at © = L; as the initial data and solve a leftward Cauchy
problem. Noting (7.4.11), all the maximum determined domains of these solutions must
intersect with £ = 0 and contain a common interval on it. Thus, Theorem 7.5 can be
proved by means of a method similarly to the proof of Theorem 7.2 and Remark 7.2.

We illustrate the previous procedure of resolution by Figure 2, in which the observation

b 77 9 77

is taken on all the simple nodes and there is no observation on the joint node

The total number of observed values is equal to V.

Theorem 7.6. Let

1 1 1 1
T > . Imax — + . Inax =— + ( = T)’ (7436)
=L N=T g | =heoN=1 N0 AN Ane

where Xy and Nip(i = 1,--- ,N) are given by (7.4.12). Under the assumptions of Theorem
7.5, if we observe A; = a;(t) at x = Li(i = 1,--- N — 1) on the interval [0,T], then the
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Fig.7.2 The observation on a star-like network I

initial data (Aj(x),Vio(z))(@ = 1,--- ,N) can be uniquely determined and the following
observability inequality holds:

N N-—1
> I Aio(z) — Aig, Vio(x) = Vio)llerpo.zg < CO llai(t) — Aollorjo,r
P i=1

. (7.4.37)
+) " llast) — AioViollerpor) + llao ()l crjo,m)-
=1

Proof. As in the proof of Theorem 7.5, (7.4.25)-(7.4.27) are still satisfied at x = L;
fori=1,---, N —1. Therefore, for each i =1,--- , N — 1, by changing the status of ¢t and

x and solving a leftward Cauchy problem with the initial condition:
T = Li : (’l“i, Si) = (ri(t, Li), Si(t, Li)), (7.4.38)

we get the corresponding C! solution (74, s;) on its maximum determinate domain.
Noting (7.4.36), all these maximum determinate domains must intersect with z = 0

and contain a common interval denoted by [T1,T — T3], whose length satisfies

1 1
T—(T1+T2)> = =,
IAni|]  Anz

and on this common interval, for i = 1,--- | N — 1, (r;, ;) can be uniquely determined by

a; (t)7 qi (t) ) and

(7.4.39)

(7 si)llerpry r—m5) < Cllai(t) — Aiollero.r) + l@i(t) — AiViollcrjo,m)- (7.4.40)
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Now we utilize the interface conditions (7.4.28) and (7.4.29)(in which we take i = N).
Since in a neighbourhood of (r;,s;) = (0,0)(i =1,--- , N),

(9(P1,PN)‘ Ano / 2
TV =9 [ (gh(Aneo)Avg — V > 0, 7.4.41
) N 1N0)(g N(Ano)Ano — Vo) ( )

we get that at x = 0, (ry, sy) can be written as

det

rN = RN(t,T‘l,"' yTN—1,81," " aSNfl) +§N(t)7
_ (7.4.42)
sy = Sn(t,ri,--- ,rN=1,51," - ,8n-1) + Sn(1),
where
Rn(t,0,---,0) = Sn(t,0,---,0) =0 (7.4.43)
and

lao(t) || o107y small <= || Ry (t)[|cjo.r) small <= [|Sy(t)]|cipozy small.  (7.4.44)

Thus, at © = 0, on the interval T} <t < T — T5, (rn,sy) can be uniquely determined by
ai(t), g:(8)(i = 1,-+- N — 1) and qo(t), and

N-1

trns si)llerpryr—my) < COY llai®) = Aiollerpomy

= (7.4.45)

N-1
+ Z lai(t) — AioViollcrpo,1y + lao(®)llcrjo,1y)-
=1

Then we solve a rightward Cauchy problem for system (7.4.21)(in which we take i = N),

with the initial condition
x=0: (ry,sny)=(rn(t,0),sn5(¢,0)), Ty <t<T—T. (7.4.46)

Noting (7.4.39), as in the proof of Theorem 7.4, the corresponding maximum determined
domain of the solution must intersect with x = Lpy. Therefore, there exists Ty > 0
such that at ¢t = Tp, (r;,s)(¢ = 1,--- , N) can be uniquely determined by a;(t), ¢;(t)(i =
1,--+,N —1) and ¢o(t), and

N-1 N-1
(ri; s3)lloro,rg < COY Nlai(t) = Awllerpr + Y i) — AiViollerory
i=1 i=1 (7.4.47)

+Hlaollcrpr) (E=1,---,N).
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On the other hand, the flux boundary condition (7.4.6)(in which we take i = N) can

be equivalently written as

s = gn(t,mN) + hn(t), (7.4.48)
where
gn(t,0) =0 (7.4.49)
and
AN ()llcrpo,r) small <= [[gn (t) — AnoViollc1jo,r) small. (7.4.50)

So, by solving a backward mixed initial-boundary value problem for system (7.4.21) with

the final condition
t:T[) : (ri,si) = (Ti(To,l'),Sz‘(To,x)) (i: 1,-" ,N), (7.4.51)

the interface condition (7.4.33) on z = 0, and the boundary condition (7.4.26) on x = L;

fori=1,--- N —1and (7.4.48) at x = Ly, as in the proof of Theorem 7.2, we can prove

that
N N-1
> ll(rio(@), sio(@))lloro,ryg < CO - Nait) = Aiollcrjory
P im1

N (7.4.52)
+>  llai(t) = AwViollcro,ry + llao(®)llcro,my)-
=

Finally, using (7.4.24), we get the conclusion of Theorem 7.6.

We illustrate the previous procedure of resolution by Figure 7.3, in which one obser-

vation is taken on each bold simple node ”e”, but not on a hollow simple node ”0” and
on the joint node ”o”. The total number of observed values is equal to N — 1.
Theorem 7.7. Let
N>3, 1<k<N-2 (7.4.53)
and
1 1 1
T > max —— + max X —=—+ max =—. (7.4.54)

| max —+  max —— .
=1,k |A11’ i=1k N9 i=k+1 N |)\21| i=k+1, N Ny
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Fig.7.3 The observation on a star-like network 1T

Under the assumptions of Theorem 7.5, if we observe A; = a;(t) atx = L; fori=1,--- |k
and Vi =vi(t) atx =0 fori=k+1,--- , N —1 on the interval [0,T], then the initial data
(Aio(z), Vio(z))(i = 1,--- ,N) can be uniquely determined and the following observability
inequality holds:

N k

D I Aio(z) — AioVio(x) = Vio)lloro,ry) < CO_ llai(t) — Aolloro.r

=1 =1

N-1 N

7.4.55

3 )~ Viollevor + Y lat) - AVl )
i=k-+1 i=1

+ llgo(®)[lcrjo,m)-

Proof. The proof of Theorem 7.7 is similarly to that of Theorem 7.6, we just want to
find Tp(0 < Tp < T') such that at t = Ty, (r4,s;)(i = 1,--- , N) can be uniquely determined
by ¢;(t)(i=1,---,N), qo(t) and all the observed values.

For this purpose, for each i = 1,--- | k, we first use the observed value A; = a;(t) and
the boundary condition (7.4.6) on z = L; to determine the value of solution (r4,s;) at
x = L; as the initial data, then solve the corresponding leftward Cauchy problem and get
(riysi)(t = 1,--- k) on a common and suitably large interval at x = 0. Next, we check
that at x =0, (r;,s;)(i = k+1,---,N) can be uniquely expressed by (r;,s;)(i =1,--- , k)
and the observed values V; = v;(t)(i = k+1,--- , N —1). In fact, by the interface condition
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(7.4.29) and the observed values V; = v;(t)(i =k +1,--- , N — 1), we have

def

i
al
2

o

+5; + Vio — vi(t) = 0,

d

@

(T‘Z’ + s; + Vi0)2 + ghi(Hi(si — TZ)) + gYy (7.4.56)

i
I

1
- (5(7-1 + 51+ Vig)2 4+ ghi(Hy(s1 — 1)) + gYi) = 0.

Since in a neighbourhood of (r;,s;) = (0,0)(i = 1,--- ,N), foreachm =k+1,--- N —1,

we have

(P, Pn)

det 7(3(7%“ o)

= 2v/gh (Amo)Amo > 0, (7.4.57)

then (7., S;m) can be uniquely determined by the observed value vy, (t) and (r1, s1) on the
same common interval at = 0. Finally, using the method given in the proof of Theorem
7.6, we can uniquely determine (ry, sy) on the same interval at = 0. Thus, taking the
value of solution (r;,s;)(i = k+1,--- ,N) at x = 0 as the initial data and solving the
corresponding rightward Cauchy problem, similarly to the proof of Theorem 7.6, we get
Theorem 7.7.

We illustrate the previous procedure of resolution by Figure 7.4, in which one observa-
tion is taken on each bold simple node "e”, N — k — 1 observations are taken on the joint
node ”®” and there is no observation on any hollow simple node ”o”. The total number

of observed values is equal to N — 1.

Fig.7.4 The observation on a star-like network I1I
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Theorem 7.8. Under the assumptions of Theorem 7.5, still suppose that (7.4.11) holds.
If we observe A1 = ay(t) and V; = v;(t)(i =1,--- ,N — 1) at x = 0 on the interval [0,T],
then the initial data (Ai(x),Vio(x))(@i = 1,--- ,N) can be uniquely determined and the

following observability inequality holds:

Z [(Aio(z) — Aio,Vio(z) — Vio)llcrjo,,) < Clllar(t) — Arollcrjo,m

N_
7.4.58
+ 3 i) - 1o||clm+§j||qz AoVl )

+ llao@®)llerio,my)-
Proof. We consider the conditions at the joint point x = 0. From the observed values,

at £ = 0 we have

Ay = Hi(s1 —r1) = ai(t),

(7.4.59)
Vi =r1+s1+ Vio =v1(t),
then
1 h’ (A1)
™ = 9 —Vio — T 1
A1o
(7.4.60)
1 ar(t) h’ (A
51 == - Vio +/ g 1)CMI
2 A1o
and
(1, s1)lerjo,ry < Cllar(t) — Arollerory + lv1() — Vaollerpo,ry)- (7.4.61)
Similarly to the proof of Theorem 7.7, we can uniquely determine (7, s;)(i = 2,--- , N —1)
on the interval [0,7] at x = 0 and
[(ris si)llorjory) < Cllar(t) — Arollorjory + [[v1(t) — viollorjo
(7.4.62)
+Hvl(t)_‘/;0||cl[0,T])v (1227 7N_1)
Finally, by (7.4.42), (rn, sn) can be uniquely determined on [0,7] at = 0 and
N-1
(s sv)llerporry < Clllar(t) — Avolloror + D lvit) = Violleapory
i=1 (7.4.63)

+lgo®)llcrjo,m)-
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Thus, for each i = 1,--- , N, taking the value of solution (r;,s;) on [0,7] at z = 0 as the
initial data and solving the corresponding rightward Cauchy problem, we get Theorem 7.8
by Theorem 7.2 and Remark 7.2.

We illustrate the previous procedure of resolution by Figure 7.5, in which N observa-
tions are all taken on the joint node ”e” and no observation is taken on any simple node

70”. The total number of observed values is equal to V.

Fig.7.5 The observation on a star-like network IV

Remark 7.3. From Theorems 7.5-7.8, for a star-like network of N open canals, we need
at least N — 1 observed values. In particular, when all the observed values are taken on

the joint point or on all the simple nodes, we need N observed values.

Remark 7.4. The observability time decreases when the number of observed values in-
crease. For instance, in Theorem 7.6 we need more observability time than in Theorem
7.5. Moreover, in Theorem 7.5 and Theorem 7.8, we have the same number of observed

values and the same observability time.

Remark 7.5. Sometimes, the flux boundary condition (7.4.6) on the simple nodes can be

replaced by the following water level boundary conditions
l':Ll‘ : Ai:ai(t) (i:1,--~ ,N). (7.4.64)

In this case, we should take Vi(i = 1,--- ,N) as the observed values on the simple nodes.
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It is easy to verify that all the conclusions are still valid, provided the C* norms ||a;(t) —

Apllci(i=1,---,N) are small enough.

Remark 7.6. In engineering, instead of (7.4.5) one uses also the following water level

interface conditions

r=0: hi(A)+ Yy =hi(A)+Y (i=2,---,N).

In this case, since (7.4.30)-(7.4.31) become

(P,
det e, B i0 + 1/ gAiohl(A;
6'8(817 s ‘ Zh’ ) Vio + 1/ 940 0)
N
Aol (A;
H 0 7,( 0) ¢0
i=1 g
N
o(Py, -+, Py
det | ———21—2~ i0 — 1/ gAioh}(A;
6‘8(1"1,--',77\7 ‘ Z Vio — /9 Aioh!(4:0))
ﬁ AzOh zO
i=1
(7.4.41) becomes
8(P17PN) / ANO
det | ——=| = 2Anoh/y (A —>0
“otrn.sn Vol (Axo) ghiy(Ano)
and (7.4.57) becomes
Pz,Pz zh i
det SRS 0)
Tz; 7,

we still have Theorems 7.5-7.8.

(7.4.65)

(7.4.66)

(7.4.67)

(7.4.68)

(7.4.69)

7.5 Exact boundary observability of unsteady flows in a

tree-like network of open canals

We now consider the exact boundary observability of unsteady flows in a tree-like net-

work composed by N open canals: ¢1,-- -, cy(see Figure 7.6, in which N = 7).
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Fig.7.6 A tree-like network

Let d;p and d;; be the x-coordinates of two ends of the i-canal and L; = d;1 — djp
its length. We still suppose that there is no friction and the canals are horizontal and

cylindrical, then the corresponding Saint-Venant system can be written as

04A;  O0(AV;)
_|_

ot or 0,
8%+851_0 t_O, dl()_l'_dzl (Z 17 7N)7 (751)
ot or
where
1
Si = gVi +ghi(4) + g¥yi (i=1,-- . N) (7.5.2)
with
Wi(A) >0 (i=1,--,n) (7.5.3)

and Yp;(i = 1,--- , N) being constants.

When d;p(resp.d;1) is a simple node, we have the flux boundary condition
Tr = dz‘() : szz = qio(t) (resp. Tr = dil : Al‘/; = qu(t)). (754)

While, when d;o(resp.d;1) is a multiple node, we denote by Jio(resp.J;1) the set of indices
corresponding to all the canals jointed at d;o(resp.d;1). At djo(resp.d;1) we have the energy-

type interface conditions(cf. [30],[43], [44])

SZ' = Sj, Vj S JZ'() (resp. Vj < Jil) (7.5.5)
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and the total flux interface condition

AV =Quo(t) (resp. Y £A;V; = Qult)). (7.5.6)

j€Jdio Je€Ji1
Following the results in §7.4, we choose a group of variables as observed values.

First, we arbitrarily give a direction on each canal(see Figure 7.7).

Fig.7.7 The observation on a tree-like network

For a simple node i, if the direction on the corresponding canal starts from this node,
we observe A; = a;(t). While, if the direction directs to it, we don’t take the observation
at this node. In Figure 7.7, we choose one observed value at points A and B, while there
is no observation at points C, D and E.

For a multiple node, without loss of generality, we suppose that it is the joint point
of canals c1,--- ,ci(k > 1). If all the k directions start from this node, then we observe
k values Ay = a1(t),Vi = vi(t), -+ ,Vk—1 = vg—1(t) on it. In Figure 7.7, at point F,
we choose three observed values since k = 3. If there are (0 < | < k) directions, say
c1,- - ¢, direct to it, then we observe k—1—1 values Viy1 = vp1(t), -, Vi1 = vp—1(1).
In Figure 7.7, at point G, we will choose only one observed value since k = 4 and | = 2.
If all the directions direct to this multiple node, then we don’t take the observation at this
point. In Figure 7.7, we will not take the observation at point H.

Using this way to choose the observed values, we can get the next theorem.



134 Qilong GU

Theorem 7.9. Suppose that (A, Vio)(i = 1,--- ,N) is an subcritical equilibrium state
for system (7.5.1) and (7.5.4)-(7.5.6). For any given initial condition

satisfying the conditions of piecewise C* compatibility and Zfil II(Aso(x) — Ao, Vio(z) —
Vio)llc1[ao,d,) Switably small, there exist T > 0 large enough, such that if all ||lq;(t) —
AioViollerpry and (|Qi(t)llcrjo,r) are sufficient small, then we can choose the observed
values on the interval [0,T] according to the way mentioned above, such that the initial

data can be uniquely determined and we have the corresponding observability inequality.

Proof. Introduce the Riemann invariants (r;,s;)(i = 1,---, N) as before.

To prove this theorem, we need only to verify that there exists Tp(0 < Ty < T'), such
that at t = Tp, (r;,s;)(i = 1,--- , N) can be uniquely determined by the observed values
and all given ¢;(t),Qi(t). We will prove, by induction on the number M of the multiple
nodes, that there exists 71 and T»2(0 < 77 < T3), such that on the interval [Ty, 73],
(riysi)(i=1,---,N) can be uniquely determined on the whole network.

Suppose that there is only one multiple node, it is actually a star-like network and it
is easy to see that the conclusion follows from Theorems 7.5-7.8.

Suppose that the conclusion is true for M < m. We now consider the case M = m+ 1.
We choose a multiple node P arbitrarily. Without loss of generality, we suppose there
are k canals c1,--- , ¢ jointed at this point, and, on ¢y, ..., ¢, the direction of the canal
directs to P, while on ¢;41,...,ck, the direction of the canal starts from P.

By cutting the network at the multiple node P, we get k subnetworks: Gi,--- , Gj(See
Figure 7.8, in which £ = 4 and [ = 2). In each subnetwork, since the number of multiple
nodes is certainly equal to or less than m, by the hypothesis of induction, the corresponding
conclusion holds.

For G1,---,Gy, by the hypothesis of induction, there is no need for boundary ob-
servation at point P, then by §7.4, when T > 0 is large enough, there exists T; and
To(0 < Ty < Ty < T), such that on the interval [T1,T3], (ri,s;)(i = 1,---,1) can be
uniquely determined by the corresponding observed values and ¢;(t), Q;(t). In particular

at point P, (r,s;)(i = 1,---,1) can be uniquely determined on the interval [Tl, fQ]
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Now using the interface condition (7.5.5) and (7.5.6) at point P, similarly to §7.4,
(ri,si)(i =14 1,--- k) can also be uniquely determined on the interval [T}, T5] at point
P.

When T > 0 is large enough, T , — Ty is also large enough, then by the hypothesis of
induction again, there exists 77 and T: Q(T 1< Ty < Ty < T. n), such that on the interval
[T1,Ts], (ri,si)(i =1+ 1,--- k) can be uniquely determined on the subnetwork G;(i =
[+ 1, -+, k) respectively.

Thus, Theorem 7.9 can be proved in a way similarly to the proof of Theorems 7.5-7.8.

Theorem 7.10. For any given tree-like network of open canals, if there are m simple
nodes, then we need at least m — 1 observed values. Moreover, the number of the observed
values is equal to m— 1 if and only if there is no starting or ending multiple node, namely,

no multiple node, for which all related directions point to or start from it.

Proof. According to the previous way of selecting the observed values, if a multiple

node is neither starting nor ending multiple node, we have

The number of the observed values on this multiple node+1

(7.5.8)
=The number of canals, the direction of which starts from this multiple node,
while, if a multiple node or a simple node is a starting or ending node, we have
The number of the observed values on this multiple node ( )
7.5.9

=The number of canals, the direction of which starts from this multiple node.
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The combination of (7.5.8) and (7.5.9) implies

The number of the observed values+the number of the multiple nodes ( )
7.5.10

>The number of the canals,
moreover, the equality in (7.5.10) holds if and only if there are neither starting nor ending
multiple nodes in the network.

Thus, since

The number of the simple nodes+the number of the multiple nodes
=The number of the nodes (7.5.11)

=The number of the canals+1,

we get

The number of the observed values
(7.5.12)

>the number of the simple nodes — 1 =m — 1,
moreover, the equality in (7.5.12) holds if and only if there are neither starting nor ending
multiple nodes in the network. This finishes the proof.

Finally, we give some examples.

Example 7.1. We choose a simple node arbitrarily and release a signal from this node.
This gives a direction on the corresponding canal. Then we release a signal from another
node(multiple node) of this canal and this gives the corresponding directions on all other
canals jointed at that multiple node. We continue this procedure until the directions are
given on all canals. If we select the observed values according to the previous way, then
the initial data can be uniquely determined. In this situation, since there are no starting
or ending multiple nodes in the network, by Theorem 7.10 we need only m — 1 observed
values.

See Figure 7.9, in which point A is the starting simple node chosen arbitrarily. There
are five simple nodes in the network. We need one observed value at point A, one observed
value at point F' and two observed values at point G. No observation is needed on the

multiple node H and all the simple nodes except A.
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Example 7.2. If we take all the opposite directions in Example 7.1, then the initial data
can also be uniquely determined. In this situation, there is no need of observation on any
given multiple node and on the ending simple node A, and all the observed values are
taken on the simple nodes except A. Hence, similarly to Example 7.1, we still need m — 1
observed values.

See Figure 7.10. We still need four observed values and we have one observed value on

each simple node except point A.

Example 7.3. If we choose a multiple node arbitrarily and release a signal from this
node. Any multiple node receiving a signal releases signals on all other canals jointed at
this node, until the directions are given on all canals. Select the observed values according
to the previous way, the initial data can be uniquely determined. In this situation, (7.5.8)
still holds on the multiple nodes except the starting node, on which (7.5.9) holds. Thus,
(7.5.10) should be replaced by

the number of the observed values+the number of the multiple nodes ( )
7.5.13

=the number of the canals+1.

Consequently, noting (7.5.11), we need m observed values. This time all the observed
values are taken on the multiple nodes.

See Figure 7.11, in which point G is the starting multiple node chosen arbitrarily. We
now need five observed values, of which four are taken on point G and one is taken on

point F'.
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Example 7.4. If we take all the opposite directions in Example 7.3, then the initial data
can also be uniquely determined. In this situation, the starting multiple node G in Example
7.8 becomes the ending multiple node and all the simple nodes become the starting nodes.
Then, according to the previous way of selecting the observed values, it is easy to see that
there is no need of observation on any given multiple node and all the observed values are
taken on the simple nodes. Hence, we still need m observed values.

See Figure 7.12. We still need five observed values and we have one observed value on

each simple node.

7.6 Implicit duality between controllability and observabil-
ity

Now we can get an implicity duality between the exact boundary controllability and the
exact boundary observability for unsteady flows in a tree-like network.

In fact, according to the results given in [21] for unsteady flows in a tree-like network
of open canals, we choose the observed values as follows:

On simple node E, we observe A; = a;(t). On each multiple node d;;(i € M), for
any given j € 7;, we observe V; = v;(t)(j € J;,j # j). The general principle is that we
use one observed value on simple node E and k — 2 observed values on any multiple node
jointed by k canals. Thus, the number of total observed values is just equal to M — 1, M

being the number of simple nodes. See Figure 7.13, in which ”e” and ”®” stand for the
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observed simple node and the observed multiple node, respectively. We need one observed
value on simple node E, two observed values on multiple node G and one observed value

on multiple nodes F'. The total number of observed values is equal to M — 1 = 4.

Fig.7.13 The duality between the controllability and the observability

Comparing the result in this paper with the result in [21], we can find an implicit
duality between the exact boundary controllability and the exact boundary observability
for unsteady flows in a tree-like network of open canals as follows:

1. Both the number of observed values and the number of controls are equal to M — 1,
M being the number of simple nodes in the network.

2. Both the observability time and the controllability time satisfy the same inequality
(4.4.9):

L, L;

T > max Tj)—i_maXZT;)’
€S jeD; |/\1 ’ €S jeD; )\2

3. The observed values are taken only on simple node E and the multiple nodes, while

the controls are acted only on the simple nodes except E.
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Chapter 8

Exact boundary observability of

unsteady supercritical flows

8.1 Introduction

The one-dimensional mathematical model of unsteady flows in an open canal was given
by de Saint-Venant [15]. In [30], the authors gave a corresponding model of Saint-Venant
system for a network of open canals, in which the interface conditions at any given joint
point of open canals are given.

In recent years, based on the result on the semi-global classical solution in [37], the
exact boundary controllability for general first order quasilinear hyperbolic systems has
been established(see [41] and [42]). Then this result has been applied to get the exact
boundary controllability of unsteady subcritical flows in a network of open canals(see [31],
[32], [43] and [44]). On the other hand, with the interface conditions given in [23], the
exact boundary controllability of unsteady supercritical flows in a tree-like network of
open canals has been established(see [21]).

Moreover, the exact boundary observability for first order quasilinear hyperbolic sys-
tems has been studied in [33] and [34], in which an implicit duality between the exact
boundary controllability and the exact boundary observability is also given. Based on
this result, the exact boundary observability of unsteady subcritical flows in a tree-like

network of open canals has been obtained(see [22]).

141
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In this paper, under the assumption that the observed value is accurate, i.e., there is no
measuring error in the observation, we will establish the exact boundary observability of
supercritical unsteady flows in a tree-like network of open canals with general topology, in
which the observed values are physically meaningful and practically handleable. Moreover,
we will also show an implicit duality between the exact boundary controllability and the
exact boundary observability for unsteady supercritical flows.

This paper is organized as follows. We recall the known results on the exact boundary
observability for first order quasilinear hyperbolic systems in §8.2, then the corresponding
exact boundary observability of unsteady supercritical flows in a single open canal and in
a star-like network of open canals will be presented in §8.3 and §8.4. Finally the exact
boundary observability of unsteady flows in a tree -like network of open canals will be

given in §8.5.

8.2 Exact boundary observability for a kind of quasilinear

hyperbolic systems

For the purpose of this paper, in this section we recall the result given in [33] and [34]

only for the following quasilinear hyperbolic system of diagonal form

88? - )\i(u)% =F(u) (=1, ,n), (8.2.1)
where u = (u1,--- ,uy,)7 is the unknown vector function of (¢,x), A\;(u) and Fj(u)(i =
1,---,n) are C! functions of u,

F;(0)=0 (i=1,---,n) (8.2.2)

and on the domain under consideration
Aifu)< 0 (i=1,---,n) (8.2.3)
(resp. Ai(u) > 0 (i=1,---,n)).
The boundary conditions are given as follows:

r=1L: U; = hz(t) (Z = 1, s ,n) (8.2.4)

(resp. z=0: wu;= hi(t) (i=1,---,n)),
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where h;(i = 1,--- ,n) are C'! functions of ¢.

By means of [33] and [34], we have

Theorem 8.1. Let

L
T> . 8.2.5
=1 A (0)] (8.2.5)
For any given initial condition
t=0: u=¢p(x), 0<z<IL, (8.2.6)

such that [|p||c1jo,r) is suitably small and the conditions of C' compatibility for the mized
initial-boundary value problem (8.2.1), (8.2.6) and (8.2.4) are satisfied at the point (t,x) =
(0, L) (resp. (0,0)), if we have the observed values u; = w;(t)(i =1,--- ,n) at =0 (resp.
u; = ui(t)(i =1,---,n) at x = L) on the interval [0,T], then the initial data p(zx) can be
uniquely determined and the following observability inequality holds:
n n
lellcrory <CY  laillerpry,  (resp. llellcipry <CY_ Nullerpr),  (8:2.7)
i=1 i=1
here and hereafter, C denotes a positive constant.
Proof: We given the proof under the assumption that all eigenvalues A;(u)(i =
1,---,n) are negative(see (8.2.3)).
Since there is no zero eigenvalue, we may change the status of ¢ and x and solve a

rightward Cauchy problem for system (8.2.1) with the initial condition
x=0: wu=ua(t), 0<t<T, (8.2.8)

where @(t) = (@y(t),--- ,Un(t))? with small C! norm. By the theory of semi-global C*
solution for quasilinear hyperbolic systems(see [37]), there exists a unique C! solution
u = u(t,z) on the whole maximum determinate domain and
n
laler < CY asllero. (8.2.9)
i=1
Obviously, v = u(t,x) is the restriction of the solution u = wu(t,z) to the original mixed
problem on the corresponding domain.
By (8.2.5), the maximum determinate domain must intersect x = L and contains the
interval 0 < x < L on the z-axis. Thus the initial data can be uniquely determined and

the observability inequality (8.2.7) holds.
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8.3 Exact boundary observability of unsteady supercritical

flows in a single open canal

Now we apply the theory on the exact boundary observability to unsteady supercritical
flows. In this section we first consider the case of a single open canal. Let L be the
length of the canal. Taking the z-axis along the inverse direction of flow, this canal can be
parameterized lengthwise by x € [0, L]. Suppose that there is no friction and the canal is
horizontal and cylindrical, the corresponding Saint-Venant system can be written as (see.

[15], [30], [31]) 24 B(AV)
il =0
ot o T
v 05 _
ot = dr
where A = A(t,z) stands for the area of the cross section at z occupied by the water at

t>0, 0<z<L, (8.3.1)
0,
time ¢, V = V (¢, ) is the average velocity over the cross section and
S= %VQ  gh(A) + g¥;, (8.3.2)
where ¢ is the gravity constant, constant Y; denotes the altitude of the bed of canal and
h = h(A) (8.3.3)
is the depth of the water, h(A) being a suitably smooth function of A such that
W(A) > 0. (8.3.4)

Consider an equilibrium state (A, V) = (Ao, Vo) of system (8.3.1) with Ay > 0, which

belongs to the supercritical case, i.e.,

Vol > V/g Aok (4o). (8.3.5)
Without loss of generality, we suppose that
Vo < —v/gAoh!(Ap). (8.3.6)
The boundary conditions is then given as follows:
def

x=L: Q= AV =q(t), V=ouv(t). (8.3.7)

By Theorem 8.1, we have the following theorem on the exact boundary observability.
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Theorem 8.2. Under assumption (8.3.6), let

L L L
T > —— = max (T, T), (838)
A2l A1l A2l
where
M YV — VAo (Ag) < Xo ¥V + VgAgh (Ag) < 0. (8.3.9)

For any given initial condition
t=0: (AV)=(Ao(z),W(x)), 0<zx<L, (8.3.10)

such that the norm ||(Ao(z) — Ao, Vo(x) — Vo)llcrjo,r) is suitably small and the conditions
of C' compatibility with (8.3.1) and (8.3.7) are satisfied at the point (t,x) = (0,L), if
we have the observed values A = a(t) and V = v(t) at x = 0 on the interval [0,T], then
the initial data (Ag(z), Vo(x)) can be uniquely determined and the following observability
inequality holds:

[(Ao(z) — Ao, Vo(z) — Vo)llerjo,) < Cllla(t) — Aollerjo,r + lv(t) — Vollerjo,m)- (8:3.11)

Proof: In a neighbourhood of the supercritical equilibrium state (A, Vp), (8.3.1) is a

strictly hyperbolic system with two distinct real eigenvalues

MV - gAn (A) < 2 €V + gAN(4) < 0. (8.3.12)

Introducing the Riemann invariants r and s as follows:

2r=V -V — G(A),

(8.3.13)
2s =V -y + G(A),
where
A Jgh/(A
G(A) = / WE (A) 1, (8.3.14)
Ao A
we have

V=r+s+W,
(8.3.15)

A=H(s—r) >0,
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where H is the inverse function of G(A) with

H(0) = Ao, (8.3.16)

H'(0) =, /ghf(l;o) > 0. (8.3.17)

Taking (7, s) as new unknown variables, the equilibrium state (A4,V) = (Ao, Vo) cor-

responds to (r,s) = (0,0) and system (8.3.1) reduces to the following system of diagonal

form: 3 3
S (55 =0,
ot ox
(8.3.18)
Os + Xa(r s)§ =0
a2 ey T
where
M(r,s)=r+s+Vy—\/gH(s—r)h/(H(s — 7)) <0,
(8.3.19)
Aa(r,8) =1 +s+Vo++/gH(s — )W (H(s — 1)) < 0.
Boundary condition (8.3.7) now becomes
z=L: Ptrs) ¥ (r+s+Vo)H(s—1)—q(t) =0, (8.3.20)
Po(t,r,s) ¥ (r+s+ Vo) —ov(t) =0 (8.3.21)
and the corresponding observed values become
x=0: H(s—r)=ua(t), 0<t<T, (8.3.22)
r+s+Vo=ot), 0<t<T. (8.3.23)
Moreover, the initial condition (8.3.10) can be written as
t=0: (r,s)=(ro(x),so(x)), (8.3.24)

where
ro(z) = 3 (Vo() — Vo — G(Ao(@))),  sole) = (Vo) — Vo + GlAo(a)).  (8:3.25)

When (r,s) = (0,0), noting (8.3.6), we have

o(Py, Py)

a(r,s) =2V

det' — 20 . (8.3.26)
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By the implicit function theorem, in a neighbourhood of (r,s) = (0,0), (8.3.20)-(8.3.21)

can be equivalently rewritten as
x=L: r=at), s=/pt), (8.3.27)

where a and 8 are C! functions of t. Moreover, noting (8.3.14), by (8.3.22) and (8.3.23),

at x = 0 we have

of 1 at) [gn/(A
r=r(t) 2 (o) - Vo - M) 44),
AO(t) 0 0<t<T (8.3.28)
_ gy der 1 N a0 gl
s = s(t) & 5(u(ze) N S dA),
and
1, $)lerpo.r) < Clla(t) — Aollerjory + lv(t) = Vollerfo.zy)- (8.3.29)

Thus, noting (8.3.8), by Theorem 8.1 (ro(x), so(x)) can be uniquely determined by the
observed values r(t) and s(¢)(0 <t <T) at x =0 and

1(ro(2), s0(@))llcrjo,L1 < Clla(t) = Aollerjory + [0() = Vollerpory)- (8.3.30)

Then, noting (8.3.25), it is easy to see that (Ag(z), Vo(z)) can be uniquely determined and
(8.3.11) holds. This proves Theorem 8.2.

The procedure of resolution given by Theorem 8.2 can be illustrated by Figure 8.1,
in which the point E(z = 0) is the end point of the water flow and ”—” stands for the
direction of the water flow. Moreover, we need only two observed values taken at F(marked

by e), but no observation at another end(marked by o).

Fe <« o0

Fig.8.1 A single canal
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8.4 Exact boundary observability of unsteady supercritical

flows in a star-Like network of open canals

Now, we consider the exact boundary observability of unsteady supercritical flows in a
star-like network composed of N open canals: c1,---,cy. Let the multiple node be the
point O. Suppose that the single node of canal ¢; is the ending point F and the water
flows from other single nodes(through O) to the point F (see Figure 8.2, in which ”—"

stands for the direction of the water flow).

Fig.8.2 A star-like network

Let L; be the length of the i-th canal(i = 1,--- , N). For i =1,..., N, taking the joint
point O as x = 0, the i-th canal can be parameterized lengthwise by = € [0, L;] and all
the quantities associated with the i-th canal are indexed by 1.

Suppose that there is no friction and all the canals are horizontal and cylindrical, the

corresponding Saint-Venant system is (see [30], [31])

0A; | O(AV;)
+

o o O
> < < | = S
AT t20, Oswz<L; (i=L--,N) (8.4.1)
ot ox
where
1

Yyi(i =1,---, N) being constants and

hi(A;)>0 (i=1,---,N). (8.4.3)
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The interface conditions at the joint point O are given by the total energy interface

condition
N
> AViSi=0 (8.4.4)
i=1
and the total flux interface condition
Y AVi=0 (8.4.5)

(cf. [23], [21]), while, at another end of each canal except E we have the boundary

conditions

v=Li: Q¥ AVi=qg1(t), Vi=ualt) (i=2--,N). (8.4.6)

Consider an equilibrium state (4;, V;) = (Ao, Vio) of system (8.4.1) with A;o0 > 0(i =

1,---,N), which belongs to a supercritical case, i.e.,
VZ‘() < — gAiOhé(AiO) (Z = 1, cee ,N), (8.4.7)

and, corresponding to (8.4.4)-(8.4.5), satisfies

N
Z AioVioSio = 0, (8.4.8)
i=1
N
Z AioVio =0, (8.4.9)
i=1
where
1 .
Sip = §V,% + ghi(Ap) +gYy (i=1,---,N). (8.4.10)
Theorem 8.3. Let
1 1
T>—=—+ max —=— (8.4.11)

= + X —=,
|A12] =20 N | Ng|

where

g e 1 g € 1 .
it o f(vz — 1/ gAioh;(Ai)) < Ai2 o f(Vio +1/9Aioh;(Aip)) <0 (i=1,---,[8)4.12)

For any given initial condition

t=0: (A4;,V;) = (Aio(z),Vio(v)), 0<ax<L; (i=1,---,N), (8.4.13)
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satisfying that SN | ||(Asp(z) — Ao, Vio(z)—=Vio)llc1jo,1,) 18 suitably small and the conditions
of piecewise C* compatibility with (8.4.1) and (8.4.4)-(8.4.6) are satisfied at the joint point
O and all other ends except E, if we have the observed values Ay = a1(t), Vi = vi(t) at point
E and A; = a;(t),V; = vi(t)(i = 2,--- , N —1) at point O on the interval [0, T (the number
of observed values is equal to 2(N —1)), then the initial data (A(x), Vio(x))(i=1,--- ,N)

can be uniquely determined and the following observability inequality holds:

N
Z | (Aio(z) = Aio, Vio(z) — Vio)llc1po, ]
=1

N (8.4.14)

N-1
<C(_ lai(t) = Aiollerpry + D lvilt) = Viollerpor)-
=1 =1

Proof: In a neighbourhood of the supercritical equilibrium state (Ao, Vio)(i = 1,--- ,N),

(8.4.1) is a hyperbolic system with real eigenvalues

def

A1 V= JgABL(A) < Mo € Vi \JgAill(A) <0 (i=1,---,N).  (8.4.15)
For ¢ =1,---, N, introducing the Riemann invariants r; and s; as follows:

2r; = Vi = Vio — Gi(Ay),

(8.4.16)
2s; = Vi — Vio + Gi(Ay),
where
A; /
* h' Az
(%(AQ._L/) ,/QJEAJdA% (8.4.17)
Aio Ai
we have
Vi =ri+ s + Vio,
(8.4.18)
Ai = Hi(si — TZ') > 0,
where H; is the inverse function of G;(A4;), and
H;(0) = Ay, (8.4.19)
Ao
HI(0) = /-2 > 0. 8.4.20
=1/ ga0 (8:4:20)
Thus, system (8.4.1) can be equivalently rewritten as
66” + )\il(riasi)aari =0,
a; or t>0, 0<a<L; (i=1,-- N), (8.4.21)
— + Xia(riy 8i)— =0,
5 + Nia(74, 8i) o 0
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where

it (7i, Si) s+ s+ Vip — V9Hi(s;i — ri)R(H;(si — 13))

< Nialri ) v+ s+ Vio+ JoHi(si — r) W (Hi(si — 7)) <0, (i=1,---(3M)22)

Moreover, the initial condition (8.4.13) becomes

t=0: (rys;) = (rio(z),si0(x)), 0<z<L; (i=1,---,N), (8.4.23)
where )
rio(z) = 5 (Vio(x) = Vio = Gi(Aio(2))),
(i=1---,N). (8.4.24)

1
sio(2) = 5 (Vio(z) — Vio — Gi(Aio(2))),
As in the proof of Theorem 8.2, (r1,s1) at x = Ly and (r;,s;)(i = 2,--- ,N — 1) at
x = 0 can be uniquely determined by the observed values a;(t) and v;(t)(i =1,--- , N —1),

respectively, as follows:

(i=1,---,N—1) (8.4.25)

and

(i, si)llcrpo,r) < Cllai(t) — Aiollerjory + lvit) = Viollerjor) (=1, , N — 1R.4.26)

Now, for ¢ = 1, changing the status of ¢ and z in (8.4.21) and using (8.4.25) as the
initial data on x = L, we can solve a leftward Cauchy problem on canal ¢;. As in the proof
of Theorem 8.1, noting (8.4.11), we get that (r19(z), s10(z)) can be uniquely determined
by a1(t) and v (t) and

[(r10(2), s10(2))lc1jo,z,) < Clllar(t) — Arolleromy + [lv1(t) — Viollerjo,ry);  (8:4.27)

moreover, there exists T7:

1
T1 > Smax =, (8428)
BN Rl

such that at = 0, on the interval [0, T1], (1, s1) can be also uniquely determined by a;(t)

and v1(t) and

[(r1,81)lerjo,m) < Cllar(t) = Asollerjory + llvr () — Vaollerjo,r)- (8.4.29)
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At z = 0, the interface conditions (8.4.4) and (8.4.5) now become

N
o 1
P = Z(Ti + si + Vio) Hi(si — 7“1‘)(5("”2‘ + s+ Vio)® + ghi(Hi(si — 11)) + gY;)8=4080)
i=1
and
N
Py o Z(Ti + si + Vio)Hi(si — ;) = 0. (8.4.31)
i=1

Since when (r;, s;) = (0,0)(i = 1,..., N),

Ao 2 /
= 2AN0V] ———— (V%o — gAnoh'Nv (A <0, 8.4.32
NOVNO ghg(Aio)( No — gANO N( NO)) ( )

o(Py, Py)

det
© A(rn, sN)

by the implicit function theorem, in a neighbourhood of (r;,s;) = (0,0)(i = 1,...,N),
(8.4.30)-(8.4.31) can be equivalently rewritten as

TN = gn1(r1, 81,000 s TN-1, SN—1),
(8.4.33)
SN = gNQ(T].7 S1,° 3, TN—-1, SNfl)a
where gn1 and gno are C! functions with respect to their arguments with
gn1(0,--+,0) = gn2(0,---,0) = 0. (8.4.34)

So at = 0, on the interval [0,71], (rn,sn) can be uniquely determined by a;(t) and

vi(t)(i=1,--- ,N —1) and

N-1 N-1
I(rns i) llorjory < COY - llait) = Aiollerpory + Y lvit) = Viollero,ry)- (8:4.35)
=1 =1

Now, for i = 2,--- , N, changing the status of ¢ and z in (8.4.21) and using (8.4.25)
and (8.4.33) as the initial data on z = 0, we can solve the rightward Cauchy problem on

each canal ¢; respectively. Noting (8.4.28), as in the proof of Theorem 8.1, we get that

(rio(z), sio(z))(i = 2,--- ,N) can be uniquely determined and
N—1
(rio(z), si0(@))llcro,ry < CO Nast) = Aioll oo
i=1
N—-1
+ > o) = Vaolerpy) (=2, N). (8.4.36)
i=1

Noting (8.4.24), the combination of (8.4.27) and (8.4.36) yields the desired conclusion.
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The procedure of resolution given by Theorem 8.3 can be illustrated by Figure 8.3,
in which at the node marked by e, all related values should be observed, at the node
marked by ®, a part of related values should be observed, and at the node marked by o,

no observation is needed.

Fig.8.3 The observation on a star-like network

8.5 Exact boundary observability of unsteady supercritical

flows in a tree-like network of open canals

We now consider the exact boundary observability of unsteady flows in a tree-like net-
work composed by N open canals: c¢1,- -+ ,cy. Suppose that a single node is the end point
E and the water flows from other single nodes to the point E (see Figure 8.4, in which
”—7” stands for the direction of the water flow).

For i =1,---, N, let d;jp and d;; be the x-coordinates of two ends of the i-canal C;,
dio < d;1 and L; = d;1 — djp be its length. Suppose that the water in the i-canal flows from
di1 to dip(i = 1,--- , N). Under the assumption that there is no friction and all the canals

are horizontal and cylindrical, the corresponding Saint-Venant system can be written as

04A;  O0(AV;)

=0,

Vi , 95 _ t20, do<w<dy (i=1--,N), (8.5.1)
o ox

where S;(i =1,---,N) are given by (8.4.2).
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Fig.8.4 A tree-like network

When d;; is a simple node, we have the flux boundary condition

r=di: @ o AiVi=qu(t), Vi=wvul(t). (8.5.2)

While, when d;; is a multiple node, at d;; we have the total energy interface condition
> AV;S; = AV (8.5.3)
jEJin i
and the total flux interface condition
> AV = AV, (8.5.4)
Jje€Jir,j#i
where J;1 denotes the set of indices corresponding to all the canals jointed at d;1.
Based on Theorem 8.3, we choose a group of observed values as follows:
For simple nodes, we take the observation only on the end point E. Suppose E is the
simple node of canal c;, we observe A; and V; on it.
For any given multiple node, suppose that it is the joint point of k canals: ¢;,,--- , c;,,
which constitute a star-like subnetwork. Suppose that the end point for this star-like sub-
network belongs to c;,, we observe A;,, Viy,--+,A; ., Vi, , on this multiple node: there

are 2(k — 2) observed values on it.

Using this principle, we can get the following theorems.

Theorem 8.4. Consider a supercritical equilibrium state (A;, Vi) = (Aio, Vio)(i = 1,--+ , N)
of system (8.4.1) with Ay > 0(i =1,--- ,N), which satisfies

Vio < —\/gAiohj(Aiw) (i=1,---,N). (8.5.5)
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Let
N def / N def ’
Air = Vio — 1/ gAiohi(Aio) < Xiz = Vio + 1/ gAioh;(Aio) <0 (8.5.6)
and
L;
T > max Z -, (8.5.7)
dilEKjEDi |)\]2|

where K stands for the set of all simple nodes except point E, and D; the set of indices
corresponding to all the canals in the string-like subnetwork connecting the points E and
dil-

For any given initial condition

such that the conditions of piecewise C' compatibility are satisfied and Zf\il II(Aio(z) —
Aio, Vio(®) =Vio)llc1[dy0,d,1) 18 suitably small, if we choose the observed values on the interval
[0,T] according to the principle mentioned above, then the initial data can be uniquely

determined and we have the corresponding observability inequality.

This theorem can be proved similarly to the proof of Theorem 8.3.

More precisely, we have the following Theorem.

Theorem 8.5. For any given tree-like network of open canals, if there are I simple nodes,

then we need 2(1 — 1) observed values.

Proof: We prove this theorem by induction on the number m of the multiple nodes.
If there is only 1 multiple node in the network, then it is a star-like network and the
conclusion comes directly from Theorem 8.3.

Suppose that the conclusion is valid for any given network with m multiple nodes.
Consider a network with m + 1 multiple nodes and [ simple nodes. Cutting the network
at a multiple node M such that this network can be regarded as a subnetwork with m
multiple nodes plus k canals, each of which has one original simple node(see Figure 8.5).

This subnetwork should have [ — (k — 1) simple nodes, according to the assumption
of induction, we need 2[l — (k — 1) — 1] = 2(I — k) observed values for the subnetwork

and there is no observation at M. Moreover, the star-like network with M as its center
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Fig.8.5

node contains k£ 4+ 1 canals, then, by Theorem 8.4, for the original network, we need
2(k — 1) observed values at M and there is no observation at all the original simple nodes
in this star-like subnetwork. Therefore, the total number of the observed values is equal
to2(l—k)+2(k—1)=2(1-1).

Thus, Theorem 8.5 is obtained by induction.

Remark 8.1. Comparing with the results given in [21], we can find an implicit duality
between the exact boundary controllability and the exact boundary observability of unsteady
supercritical flows in a tree-like network as follows:

1.In a tree-like network, the number of the observed values is equal to the number of
the boundary controls. If the network contains | simple nodes, then both the number of the
observed values and the number of the boundary controls are equal to 2(1 — 1).

2.The observability time is equal to the controllability time. Both of them satisfy
(8.5.7).

3. The observed values are given on the ending simple node E and all the multiple nodes,
while the controls are acted only on the simple nodes except E (See Figure 8.6, in which the

observations are taken on bold nodes ”e”, while the boundary controls are acted on hollow

nodes 70”).



Fig.8.6 The duality between the controllability and the observability
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RESUME

Cette these est essentiellement composée de deux parties. Dans la premiere
partie, on étudie le system d’Euler-Maxwell. En utilisant la méthode d’intégration
de I’énergie classique, on montre I'existence et I'unicité de solutions régulieres
globales du systeme avec données initiales petites. Ensuite, on étudie la limite
de relaxation en montrant que, le systeme d’Euler-Maxwell converge vers les
équations de dérive-diffusion quand le temps de relaxation tend vers zéro.

Dans la deuxieme partie, on cherche la controlabilité et ’observabilité ex-
actes frontieres de systémes hyperboliques quasi-linéaires dans un réseau du type
d’arbre. On établit des résultats d’existences de la contrélabilité et ’observabilité
par des méthodes constructives qui sont basées sur la théorie de la solution C*
semi-globale du systeme hyperbolique quasi-linéaire du premier ordre avec con-
ditions initiales et frontieres. Ensuite, on trouve des dualités de la controlabilité

et I’observabilité.

ABSTRACT

This thesis is essentially composed of two parts. In the first part, I study
the Euler-Maxwell system. Using the classical method of energy integral, I prove
the existence and uniqueness of global solutions to the system with small initial
data. After that, I study the relaxation limit. I prove that, as the relaxation
time tends to zero, the Euler-Maxwell system converges to the drift-diffusion
models.

In the second part, I study the exact boundary controllability and ob-
servability of quasilinear hyperbolic systems in a tree-like network. In this part,
based on the theory of the semi-global C'* solution of the mixed initial-boundary
value problem for first order quasilinear hyperbolic systems, I deal with the
controllability and observability with a constructive method. Then, I find some

duality of the controllability and observability.
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